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PerÐlhyh

Sthn paroÔsa diatrib  exet�zoume to antÐstrofo prìblhma eÔreshc thc jèshc kai

tou sq matoc enìc empodÐou sth statik  kai dunamik  grammik  elastikìthta. To

prìblhma jewreÐtai ston R2 kai to empìdio epilègetai na eÐnai sklhrì (�kampto),

koilìthta   ègkleisma topojethmèno se èna isìtropo kai omogenèc elastikì mèso.

To antÐstrofo prìblhma epilÔetai, gia ìlec tic peript¸seic empodÐwn, me th mèjo-

do twn mh grammik¸n oloklhrwtik¸n exis¸sewn pou prot�jhke apì touc Kress kai

Rundell [56] gia thn exÐswsh tou Laplace. H mèjodoc basÐzetai sthn oloklhrwtik 

anapar�stash twn pedÐwn. To prìblhma metatrèpetai se èna isodÔnamo sÔsthma

oloklhrwtik¸n exis¸sewn to opoÐo eÐnai mh grammikì wc proc to parametrikopoih-

mèno sÔnoro tou empodÐou kai mh kal� topojethmèno. H grammikopoÐhsh twn exi-

s¸sewn gÐnetai me th qr sh Fréchet parag¸gwn twn oloklhrwtik¸n telest¸n. Gia

na antimetwpÐsoume th mh kal  topojèthsh tou sust matoc, to epilÔoume proseggi-

stik� mèsw thc mejìdou omalopoÐhshc Tikhonov. Oi asjen¸c idiìmorfoi, idiìmorfoi

kai isqur� idiìmorfoi oloklhrwtikoÐ telestèc upologÐzontai arijmhtik� me th bo -

jeia eidik¸n mejìdwn sundi�taxhc kai kanìnwn tetragwnismoÔ. H arijmhtik  lÔsh

epitugq�netai mèsw epanalhptik c diadikasÐac kai h sÔgklish thc mejìdou exart�tai

apì thn arqik  prìbleyh gia th jèsh kai to sq ma tou empodÐou. Ta arijmhtik�

apotelè- smata kaj¸c kai oi anakataskeuèc tou sunìrou apodeiknÔoun thn apote-

lesmatikìthta thc mejìdou.





Abstract

In this thesis, the inverse problem of determining the position and the shape of an

obstacle in static and dynamic linear elasticity is considered. The problem is stated

in R2 and the obstacle is a rigid body, a cavity or an inclusion in a homogeneous and

isotropic elastic medium. The inverse problem is solved, for all types of obstacles,

using the method of non linear integral equations proposed by Kress and Rundell [56]

for Laplace equation. This method is derived from the integral representation of the

fields. The problem is equivalently transformed into a system of integral equations

which is non linear with respect to the parametrized boundary and ill-posed. The

linearization of the equations is performed using Fréchet derivatives of the integral

operators. To overcome the ill-posedness of the system we approximately solve

it via Tikhonov regularization. The weakly singular, singular and strongly singular

integral operators are computed using special collocation and quadrature rules. The

numerical solution is achieved via an iterative algorithm based on an initial guess

for the boundary. Numerical examples and reconstructions are given to illustrate

the applicability of the method.





Stouc goneÐc mou, Gi�nnh kai Elènh

kai ston adelfì mou Alèxandro.





EuqaristÐec

S� autì to shmeÐo ja  jela na euqarist sw ìsouc me bo jhsan sthn paroÔsa ergasÐa

all� kai kat� th di�rkeia twn spoud¸n mou.

Arqik� jèlw na euqarist sw idiaÐtera ton k. Drìso GkintÐdh, EpÐkouro Kajh-

ght  E.M.P., gia th shmantik  bo jeia pou mou pareÐqe kaj� ìlh th di�rkeia twn

metaptuqiak¸n spoud¸n mou. H olokl rwsh thc ergasÐac ofeÐletai kat� meg�lo

bajmì sthn ousiastik  kai suneq  kajod ghsh tou, stic sumboulèc kai stic eÔstoqec

parathr seic tou. Euqarist¸ gia thn �yogh kai par�llhla euq�risth sunergasÐa mac.

Ja  jela akìmh na euqarist sw thn k. Kuriak  Kuri�kh, Kajhg tria E.M.P.,

pou me parìtrune na asqolhj¸ me ta antÐstrofa probl mata kai gia th bo jeia pou

mou pareÐqe ìpote aut  thc zht jhke. Oi sumboulèc thc  tan shmantikèc kai idiaÐtera

qr simec.

Epiplèon jèlw na ekfr�sw tic euqaristÐec mou ston k. Ant¸nh Qaralampìpoulo,

Kajhght  sto Panepist mio IwannÐnwn, gia tic sumboulèc pou mou pareÐqe.

EpÐshc euqarist¸ jerm� ton k. Swt rh Karan�sio, Kajhght  E.M.P., diìti mou

èdwse to ènausma na asqolhj¸ me thn epist mh twn majhmatik¸n kai gia th suneq 

enj�rrunsh kat� th di�rkeia twn spoud¸n mou.

Tèloc ja  jela na euqarist sw touc goneÐc mou Gi�nnh kai Elènh kai ton adelfì

mou Alèxandro gia thn amèristh sumpar�stash kai thn ag�ph pou mou deÐqnoun.
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6 KAT�ALOGOS SQHM�ATWN



Kef�laio 1

Eisagwg 

To antÐstrofo prìblhma pou epilÔoume sthn paroÔsa ergasÐa afor� sthn eÔresh tou

sq matoc kai thc jèshc enìc empodÐou dedomènhc thc gn¸shc tou pedÐou metatopÐsewn

kont�   makri� apì to empìdio. Sth statik  grammik  elastikìthta, dedomèna kont�

sto empìdio jewroÔntai oi timèc tou pedÐou metatopÐsewn sto exwterikì sÔnoro tou

empodÐou. AntÐjeta sth dunamik  grammik  elastikìthta, dedomèna makri� apì to

empìdio - skedast  qarakthrÐzoume ta pl�th skèdashc tou skedazìmenou pedÐou.

To empìdio eÐnai topojethmèno mèsa se èna isìtropo kai omogenèc elastikì mèso

ston q¸ro R2, to opoÐo kajorÐzetai apì tic stajerèc Lamé λ kai µ pou ikanopoioÔn

tic sunj kec µ > 0 kai λ + µ > 0. Sto ex c to empìdio sumbolÐzetai me D kai to

sÔnoro tou me G. S� aut  thn ergasÐa exet�zoume to antÐstrofo prìblhma gia treic

peript¸seic empodÐwn, autèc eÐnai

• Sklhrì empìdio. Sto sÔnoro tou eÐnai adÔnatec oi topikèc metatopÐseic

kai gia na exasfalisteÐ h sunèqeia tou pedÐou metatopÐsewn prèpei h sunoriak 

sunj kh na exasfalÐzei ton mhdenismì tou pedÐou p�nw sto sÔnoro.

• Koilìthta. Mia perioq  mèsa sto elastikì mèso ìpou den mhdenÐzetai to

pedÐo all� h epifaneiak  t�sh sto sÔnorì thc.

• 'Egkleisma. Exet�zetai mìno sto dunamikì prìblhma kai s� aut  thn perÐptw-

sh èqoume kumatik  di�dosh kai mèsa ston skedast . Oi sunoriakèc sun-

7



8 KEF�ALAIO 1. EISAGWG�H

j kec pou prèpei na ikanopoioÔntai eÐnai h suneq c metabol  tou pedÐou twn

metatopÐsewn kai tou pedÐou twn t�sewn diamèsou tou sunìrou tou diaperatoÔ

skedast .

'Oson afor� sthn omalìthta tou sunìrou dÐnoume ton akìloujo orismì.

Orismìc 1.0.1. 'Ena fragmèno kai sunektikì qwrÐo D ⊂ R2 me sÔnoro Γ kaleÐtai

Cm−t�xhc (  to sÔnoro tou Cm- t�xhc), m ∈ N, an gia k�je x ∈ Γ up�rqei mia

perioq  Vx tou x ¸ste na isqÔoun [17]

1. To sÔnolo Vx ∩ D̄ mporeÐ na apeikonisteÐ “1-1” kai epÐ sto misì dÐsko {x =

(x1, x2) ∈ R2 : |x| < 1, x2 ≥ 0} kai h apeikìnish aut  kai h antÐstrofh thc

eÐnai m forèc suneq¸c paragwgÐsimec kai

2. to sÔnolo Vx ∩ Γ apeikonÐzetai sto di�sthma {x ∈ R2 : |x| < 1, x2 = 0}.

Gia th diereÔnhsh tou antÐstrofou probl matoc prèpei pr¸ta na exet�soume

to antÐstoiqo eujÔ prìblhma. H kal  topojèthsh twn eujèwn problhm�twn kat�

Hadamard apaiteÐ

• Ôparxh lÔshc,

• monadikìthta lÔshc,

• eust�jeia lÔshc, dhlad  mikrèc diataraqèc stic sunoriakèc sunj kec epifèroun

mikrèc diataraqèc sth lÔsh.

Gia to dunamikì prìblhma, jewroÔme ìti to D eÐnai apl� sunektikì qwrÐo ston R2

me C2−t�xhc sÔnoro Γ. To empìdio - skedast c brÐsketai mèsa ston q¸ro di�doshc

kai prokaleÐ asunèqeiec sto diadidìmeno kÔma. Elastikì kÔma eÐnai èna dianusmatikì

pedÐo u pou ekfr�zei thn topik  metatìpish tou shmeÐou apì th jèsh isorropÐac.

SumbolÐzoume me uinc to kumatikì elastikì pedÐo metatopÐsewn (prospÐpton kÔma) pou

prospÐptei p�nw ston skedast , to opoÐo parist�nei èna diam kec kÔma thc morf c

uincp (x) = d eikpx·d, (1.1)
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ìpou d eÐnai to monadiaÐo di�nusma kat� th dieÔjunsh di�doshc   parist�nei èna

egk�rsio kÔma thc morf c

uincs (x) = −Qd eiksx·d, (1.2)

ìpou Q o monadiaÐoc pÐnakac

Q =

 0 1

−1 0

 . (1.3)

EpÐshc oi kumat�rijmoi kp kai ks dÐnontai apì tic sqèseic

k2
p :=

ρω2

λ+ 2µ
, k2

s :=
ρω2

µ
, (1.4)

ìpou ρ h puknìthta tou mèsou kai ω h kuklik  suqnìthta. Skedazìmeno kÔma eÐnai

to pedÐo pou dhmiourgeÐtai apì thn prìsptwsh tou uinc sto D kai sumbolÐzetai me usc.

To kÔma autì diadÐdetai proc ìlec tic kateujÔnseic kai analÔetai kat� Helmholtz se

usc = uscp + uscs , (1.5)

ìpou

∇× uscp = 0, ∇ · uscs = 0. (1.6)

To pedÐo up orÐzei ta diam kh kÔmata (P -kÔmata) me kumat�rijmo kp, en¸ to pedÐo

us orÐzei ta egk�rsia kÔmata (S-kÔmata) me kumat�rijmo ks. EpÐshc orÐzoume to

sunolikì pedÐo metatopÐsewn utot wc

utot = uinc + usc. (1.7)

To eujÔ prìblhma orÐzetai wc h eÔresh tou usc apì th gn¸sh tou D, jèsh kai sunori-

akèc sunj kec, kai tou uinc. Ta eujèa probl mata skèdashc elastikoÔ kÔmatoc apì

sklhrì skedast    koilìthta eÐnai exwterik� probl mata thc fasmatik c exÐswshc

Navier (
∆∗ + ρω2

)
u = 0, (1.8)

ìpou ∆∗ eÐnai o telest c Navier kai dÐnetai apì th sqèsh

∆∗ = µ∆ + (λ+ µ)∇(∇·). (1.9)
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Gia to prìblhma skèdashc apì sklhrì skedast  prèpei na ikanopoioÔntai Dirichlet

sunoriakèc sunj kec

utot = 0, sto Γ, (1.10)

en¸ gia koilìthta, Neumann sunoriakèc sunj kec

Tutot = 0, sto Γ. (1.11)

Me T sumbolÐzoume ton telest  epifaneiak¸n t�sewn

Tu := λ(∇ · u)ν + 2µ (ν · ∇u) + µ(∇ · (Qu))Qν, (1.12)

ìpou ν to monadiaÐo k�jeto di�nusma sto sÔnoro Γ me kateÔjunsh proc to exwterikì

tou D. Lìgw poluplokìthtac, to eujÔ prìblhma skèdashc apì ègkleisma analÔe-

tai sto epìmeno kef�laio. H kal  topojèthsh twn eujèwn problhm�twn skèdashc

exasfalÐzetai apì thn omalìthta tou sunìrou kai th sumperifor� tou usc makri�

apì ton skedast . Gia thn asumptwtik  sumperifor� tou usc sto �peiro prèpei na

apokleÐsoume thn Ôparxh st�simwn kum�twn. Autì prokÔptei jewr¸ntac anagkaÐa

thn ikanopoÐhsh twn sunjhk¸n aktinobolÐac tou Kupradze [59]

lim
r→∞

uscj = 0, lim
r→∞

√
r

(
∂uscj
∂r
− ikjuscj

)
= 0, gia j = p, s (1.13)

ìpou r = |x| kai ta ìria jewroÔntai omoiìmorfa proc ìlec tic dieujÔnseic. Ap� autèc

tic sunj kec exasfalÐzetai h asumptwtik  sumperifor� enìc sfairik� ekteinìmenou

kÔmatoc

uscj (x) =
eikj |x|√
|x|

{
u∞j (x̂) +O

(
1

|x|

)}
, gia j = p, s (1.14)

kaj¸c to |x| → ∞ omoiìmorfa proc ìlec tic dieujÔnseic x̂ = x/ |x|. Ta dianusmatik�

pedÐa u∞j orÐzontai ston monadiaÐo kÔklo W kai kaloÔntai pl�th skèdashc tou usc.

Epiplèon, apì to L mma tou Rellich 2.5.1 [17], prosdiorÐzoun monadik� to usc. Sto

ex c sumbolÐzoume me u∞ to zeÔgoc twn plat¸n skèdashc (u∞p (x̂), u∞s (x̂)).

Gia to statikì prìblhma, oriak  perÐptwsh tou dunamikoÔ gia ω = 0, jewroÔme

ìti to D eÐnai dipl� sunektikì qwrÐo ston R2 me omalì sÔnoro Γ to opoÐo apoteleÐtai

apì dÔo kleistèc kampÔlec Γ1 kai Γ2, tètoiec ¸ste: Γ = Γ1 ∪ Γ2, Γ1 ∩ Γ2 = ∅ kai h
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Γ1 na eÐnai eswterik  thc Γ2. To eujÔ prìblhma sunÐstatai sthn eÔresh tou pedÐou

metatopÐsewn u, to opoÐo ikanopoieÐ thn elastostatik  exÐswsh Navier

∆∗u = 0 (1.15)

kai sunoriakèc sunj kec an�loga me to empìdio. Gia sklhrì empìdio prèpei na

ikanopoioÔntai Dirichlet sunoriakèc sunj kec

u = 0, sto Γ1, (1.16)

u = f, sto Γ2, (1.17)

en¸ gia koilìthta, Neumann sunoriakèc sunj kec

Tu = 0, sto Γ1, (1.18)

Tu = g, sto Γ2. (1.19)

Oi sunart seic f, g jewroÔntai gnwstèc. Ta antÐstrofa probl mata pou exet�zoume

orÐzontai wc ex c:

• Dunamikì prìblhma. Dedomènou twn plat¸n skèdashc u∞ gia èna prospÐ-

pton kÔma uinc kai twn sunoriak¸n sunjhk¸n tou D, anazhtoÔme th jèsh kai

to sq ma tou skedast , dhlad  na anakataskeu�soume to sÔnoro G.

• Statikì prìblhma. Dosmènwn twn dedomènwn Cauchy, pedÐa metatopÐsewn

kai t�sewn sto sÔnoro Γ2 (gnwst¸n   metr simwn) , anazhtoÔme to sq ma tou

sunìrou Γ1.

Aut� ta probl mata eÐnai mh grammik� lìgw thc mh grammik c ex�rthshc twn pedÐ-

wn apì to sÔnoro G, kaj¸c epÐshc kai mh kal� topojethmèna giatÐ mikrèc diataraqèc

sta dedomèna prokaloÔn meg�la sf�lmata sth lÔsh touc. Gia na antimetwpÐsoume th

mh grammikìthta k�noume qr sh Fréchet parag¸gwn twn oloklhrwtik¸n telest¸n.

'Oson afor� sth mh kal  topojèthsh twn antÐstrofwn problhm�twn anazhtoÔme pro-

seggistik  lÔsh mèsw thc mejìdou omalopoÐhshc Tikhonov ¸ste na exasfalisteÐ h

eust�jeia thc lÔshc. Gia thn arijmhtik  epÐlush aut¸n twn problhm�twn up�rqoun

arketèc arijmhtikèc mèjodoi. Autèc qwrÐzontai kurÐwc se treic kathgorÐec:
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• Epanalhptikèc mèjodoi. BasÐzontai sth mèjodo Newton kai metatrèpoun

to antÐstrofo prìblhma se mia mh kal� topojethmènh oloklhrwtik  exÐswsh

h opoÐa grammikopoieÐtai kai epilÔetai me mejìdouc omalopoÐhshc. Endeiktik�

anafèroume to biblÐo [17] kai thn ergasÐa [52].

• Mèjodoi aposÔnjeshc (decomposition). DiaqwrÐzoun to antÐstrofo

prìblhma se èna mh kal� topojethmèno grammikì prìblhma eÔreshc tou pedÐou

kai sth sunèqeia apì tic sunoriakèc sunj kec upologÐzetai to �gnwsto sÔnoro

tou empodÐou. Qarakthristik� anafèroume th mèjodo twn Kirsch kai Kress

[47, 48].

• Mèjodoi deigmatolhyÐac (sampling). BasÐzontai ston orismì miac deÐk-

triac sun�rthshc pou elègqei pìte èna shmeÐo brÐsketai mèsa   èxw apì to empì-

dio. Tètoiec mèjodoi eÐnai: h apl  deigmatik  mèjodoc (linear sampling) twn

Colton kai Kirsch [15], h mèjodoc paragontopoÐhshc (factorization) tou Kirsch

[46] kai h mèjodoc bolidoskìphshc (probe) tou Ikehata [36]. Oi mèjodoi autèc

apaitoÔn pl rh gn¸sh twn pedÐwn gia ìlec tic dunatèc prospt¸seic   diegèr-

seic.

Prìsfata emfanÐsthkan dÔo nèec mèjodoi pou sundu�zoun stoiqeÐa apì tic dÔo

pr¸tec kathgorÐec pou proanafèrame. To pleonèkthma touc eÐnai ìti den qrei�ze-

tai h epÐlush tou eujèoc probl matoc se k�je b ma thc epanalhptik c diadikasÐac.

H pr¸th prot�jhke apì ton Kress [55] kai kaleÐtai ubridik  (hybrid) kaj¸c sun-

du�zei stoiqeÐa apì dÔo kathgorÐec mejìdwn. Aut  h mèjodoc analÔjhke peraitèrw

kai efarmìsthke se antÐstrofa probl mata skèdashc apì rwgmèc kai skedastèc se

akoustik� mèsa apì touc Kress kai Serranho [57, 58, 68].

H deÔterh mèjodoc parousi�sthke apì touc Kress kai Rundell [56] kai efar-

mìsthke gia ton entopismì enìc dipl� sunektikoÔ qwrÐou mèsa se èna tèleia ag¸gi-

mo omogenèc mèso. AkoloÔjhse h ergasÐa tou Rundell [67] pou epal jeuse ta

ikanopoihtik� apotelèsmata pou parousi�sthkan sthn pr¸th ergasÐa twn dÔo. H

mèjodoc basÐzetai sthn epÐlush mh grammik¸n oloklhrwtik¸n exis¸sewn, oi opoÐec
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prokÔptoun apì touc tÔpouc tou Green. 'Ena akìmh pleonèkthma aut c thc mejìdou

se sqèsh me tic epanalhptikèc mejìdouc tÔpou Newton eÐnai ìti oi par�gwgoi twn

oloklhrwtik¸n telest¸n wc proc to �gnwsto sÔnoro eÐnai kai autèc oloklhrwtikoÐ

telestèc kai upologÐzontai analutik�. Aut  h mèjodoc èqei efarmosteÐ apì touc I-

vanyshyn kai Kress [38, 39] gia thn epÐlush tou antÐstrofou probl matoc eÔreshc

egkleism�twn kai epÐpedwn rwgm¸n se akoustik� mèsa. EpÐshc, apì touc Eckel kai

Kress [21, 22] se antÐstrofa probl mata hlektrik c antÐstashc, gia thn exÐswsh

Stokes ston R2 [2] kai ston entopismì mh prosb�simou sunìrou apl� sunektikoÔ

qwrÐou apì thn efarmog  reÔmatoc sto prosb�simo sÔnoro [8].

Sth grammik  elastikìthta, ta antÐstrofa probl mata eÔreshc tou sq matoc kai

thc jèshc enìc empodÐou èqoun idiaÐtero endiafèron lìgw tou ìti montelopoioÔn poll�

gewmetrik� kai fusik� probl mata prosdiorismoÔ elastik¸n antikeimènwn. Gia mia

ektetamènh anafor� twn antÐstrofwn problhm�twn sthn elastikìthta anafèroume

thn ergasÐa [6]. To antÐstrofo prìblhma eÔreshc rwgm c se elastikì mèso èqei lujeÐ

me thn mèjodo Newton [51]. Gia ton entopismì sklhroÔ skedast  kai koilìthtac èqei

efarmosteÐ h apl  deigmatik  mèjodoc ston R2 apì ton Arens [5] kai ston R3 apì

touc GkintÐdh kai Kuri�kh [25]. EpÐshc èqei efarmosteÐ kai se antÐstrofa probl mata

skèdashc apì ègkleisma kai mh diaperatì skedast  ston R3 [12, 13]. H mèjodoc

paragontopoÐhshc efarmìsthke epÐshc gia thn epÐlush tou antÐstrofou probl matoc

skèdashc apì ègkleisma [14].

Skopìc aut c thc diatrib c eÐnai na efarmìsoume th mèjodo twn mh grammik¸n

oloklhrwtik¸n exis¸sewn sth statik  kai dunamik  grammik  elastikìthta. Parou-

si�zoume jewrhtik� all� kai arijmhtik� apotelèsmata pou apodeiknÔoun thn apote-

lesmatikìthta thc mejìdou. H met�bash apì th statik  sth dunamik  elastikìth-

ta den eÐnai tetrimmènh kaj¸c ìqi mìno aux�netai shmantik� h poluplokìthta twn

oloklhrwtik¸n telest¸n pou emfanÐzontai stic exis¸seic all� prokÔptoun kai erwt -

mata sqetik� me th monadik  epilusimìthta twn antÐstrofwn problhm�twn. Lìgw

autoÔ, idiaÐtero b�roc dÐnetai sthn efarmog  thc mejìdou sto dunamikì prìblhma

all� se k�je perÐptwsh analÔetai kai to antÐstoiqo statikì. 'Opou h an�lush gia
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th statik  perÐptwsh eÐnai an�logh kai basÐzetai se Ðdiec teqnikèc me th dunamik ,

paraleÐpetai.

H basik  idèa thc mejìdou twn Kress kai Rundell eÐnai na metatrapeÐ to antÐstro-

fo prìblhma se èna isodÔnamo sÔsthma mh grammik¸n oloklhrwtik¸n exis¸sewn.

ApodeiknÔetai ìti h lÔsh tou sust matoc eÐnai kai h lÔsh tou probl matoc. Oi

oloklhrwtikèc exis¸seic prokÔptoun apì thn efarmog  twn tÔpwn tou Green. Sthn

elastikìthta, oi oloklhrwtikèc exis¸seic prokÔptoun apì thn efarmog  tou trÐtou

tÔpou tou Betti se sunduasmì me tic sunoriakèc sunj kec kai tic sqèseic diap dhshc.

Gia to dunamikì prìblhma, h deÔterh exÐswsh prokÔptei apì thn oloklhrwtik  ana-

par�stash tou pedÐou metatopÐsewn kai afor� sta pl�th skèdashc. 'Agnwstoi eÐnai

to sÔnoro (mh grammik  ex�rthsh) kai h puknìthta (grammik  ex�rthsh) pou ana-

parist� to pedÐo metatopÐsewn   to pedÐo twn t�sewn, an�loga me to skedast , sto

�gnwsto sÔnoro. Sthn perÐptwsh skèdashc apì ègkleisma èqoume duo puknìthtec

kai katal goume se èna sÔsthma me treic agn¸stouc.

AfoÔ katastr¸soume to sÔsthma twn mh grammik¸n oloklhrwtik¸n exis¸sewn

proqwroÔme sthn epÐlush tou. H grammikopoÐhsh tou sust matoc eÐnai to epìmeno

b ma. Oi Kress kai Rundell prìteinan dÔo mejìdouc grammikopoÐhshc. Sthn pr¸th, h

grammikopoÐhsh gÐnetai kai stic dÔo exis¸seic wc proc to G kai thn puknìthta. Aut 

h mèjodoc ìmwc katal gei se èna polÔploko sÔsthma me arketoÔc oloklhrwtikoÔc

telestèc kai h algorijmik  epÐlush tou eÐnai idiaÐtera qronobìra. H deÔterh mèjodoc

diaqwrÐzei to sÔsthma se dÔo mh kal� topojethmèna probl mata, to pr¸to grammikì

kai to deÔtero mh grammikì. Pio sugkekrimèna, dedomènhc miac arqik c prìbleyhc

gia to sÔnoro G epilÔoume th deÔterh exÐswsh wc proc thn puknìthta kai sth sunè-

qeia, dedomènhc thc puknìthtac, epilÔoume th pr¸th exÐswsh afoÔ pr¸ta thn èqoume

grammikopoi sei. To pleonèkthma aut c thc mejìdou eÐnai ìti h epÐlush duo mikr¸n

grammik¸n susthm�twn eÐnai pio gr gorh apì thn epÐlush enìc meg�lou (dipl�sioi

�gnwstoi). Mia parìmoia mèjodo parousÐasan oi Johansson kai Sleeman [41], ìpou

epilÔetai h pr¸th exÐswsh kai met� grammikopoieÐtai h deÔterh gia na prokÔyei to

�gnwsto sÔnoro. Th sugkekrimènh mèjodo efarmìzoume gia thn epÐlush twn an-
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tÐstrofwn problhm�twn gia koilìthta kai ègkleisma gia thn apofug  polu�rijmwn

upologism¸n.

H grammikopoÐhsh twn oloklhrwtik¸n exis¸sewn gÐnetai me th qr sh Fréchet

parag¸gwn twn oloklhrwtik¸n telest¸n. Apì thn ergasÐa [11] èqoume thn Fréchet

paragwgisimìthta twn oloklhrwtik¸n telest¸n ston R3, h met�bash ston R2 eÐnai

antÐstoiqh. H grammikopoÐhsh tou sust matoc all� kai h fÔsh tou probl matoc

odhgoÔn sth mh kal  topojèthsh tou. Gi� autì ton lìgo qrhsimopoioÔme th mèjodo

omalopoÐhshc Tikhonov.

H ergasÐa èqei thn akìloujh dom . Sto Kef�laio 2 arqik� parousi�zoume th

fasmatik  exÐswsh Navier kai touc tanustèc Green poÔ eÐnai anagkaÐoi gia thn

oloklhrwtik  anapar�stash twn lÔsewn. OrÐzoume ta elastik� dunamik� kai anafè-

roume tic idiìthtec pou eÐnai aparaÐthtec gia th melèth twn eujèwn all� kai twn antÐ-

strofwn problhm�twn. Sth sunèqeia epilÔoume ta eujèa probl mata basizìmenoi se

ergasÐec pou èqoun parousiasteÐ progenèstera. Sto tèloc tou kefalaÐou dÐnontai ta

pl�th skèdashc kai gia ta trÐa probl mata, twn opoÐwn h gn¸sh apaiteÐtai gia thn

epÐlush twn antÐstrofwn problhm�twn sth dunamik  elastikìthta.

To kef�laio 3 ousiastik� qwrÐzetai se trÐa mèrh. K�je èna apì aut� afor�

kai se èna antÐstrofo prìblhma an�loga me to eÐdoc tou empodÐou pou exet�zoume.

To er¸thma gia thn monadikìthta thc lÔshc twn antÐstrofwn problhm�twn sth

grammik  dunamik  elastikìthta den èqei apanthjeÐ akìma. Gia thn perÐptwsh ìmwc

skèdashc apì sklhrì skedast  parousi�zoume èna apotèlesma [26] pou exasfalÐzei

monadikìthta dedomènhc miac sunj khc pou prèpei na ikanopoieÐ o skedast c. Me

th mèjodo pou proteÐnoume to antÐstrofo prìblhma metatrèpetai se èna sÔsthma mh

grammik¸n oloklhrwtik¸n exis¸sewn tou opoÐou h lÔsh apodeiknÔoume ìti eÐnai kai

h lÔsh tou probl matoc.

H arijmhtik  melèth kai twn tri¸n susthm�twn pragmatopoieÐtai sto kef�laio

4. GrammikopoioÔme tic oloklhrwtikèc exis¸seic me th qr sh Fréchet parag¸gwn

twn oloklhrwtik¸n telest¸n kai prokÔptoun trÐa diaforetik� epanalhptik� sq -

mata. H epilog  thc epanalhptik c diadikasÐac gia thn epÐlush twn susthm�twn
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ègine me krit rio ton el�qisto upologistikì qrìno. H monadikìthta epÐlushc tou

grammikopoihmènou sust matoc epÐshc apodeiknÔetai. Sth sunèqeia parousi�zetai

perilhptik� h mèjodoc omalopoÐhshc Tikhonov, h opoÐa efarmìzetai se ìla ta pa-

radeÐgmata. EpÐshc analÔoume th sqèsh thc mejìdou Newton me to sÔsthma twn

exis¸sewn pou prokÔptei sto dunamikì prìblhma gia sklhrì skedast  kai koilìth-

ta.

Sto kef�laio 5 parousi�zoume ta arijmhtik� apotelèsmata gia tic epanalhptikèc

diadikasÐec pou orÐsame sto prohgoÔmeno kef�laio. ProseggÐzoume ta oloklhr¸-

mata mèsw kanìnwn trigwnometrik c parembol c kai efarmìzoume eidikoÔc proseg-

gistikoÔc tÔpouc gia ta oloklhr¸mata pou parousi�zoun idiomorfÐec stouc pur nec

touc. Me eisagwg  jorÔbou sta dedomèna exet�zoume kai thn eust�jeia thc proseg-

gistik c lÔshc. Sta arijmhtik� apotelèsmata qrhsimopoioÔme empìdia me diaforetik�

gewmetrik� sq mata kai diaforetikèc arqikèc problèyeic tou �gnwstou sunìrou ¸ste

na deÐxoume thn apotelesmatikìthta thc mejìdou k�tw apì diaforetikèc sunj kec.

Parousi�zoume anakataskeuèc sunìrwn gia sklhrì empìdio kai koilìthta sto sta-

tikì kai dunamikì prìblhma kai gia ègkleisma sto dunamikì.

Sto teleutaÐo kef�laio exet�zoume th dunatìthta beltÐwshc twn arijmhtik¸n

anakataskeu¸n tou �gnwstou sunìrou kaj¸c kai mellontikèc prooptikèc twn antÐ-

strofwn problhm�twn sth grammik  elastikìthta. Mellontik  prooptik  gia ta

arijmhtik� apotelèsmata ja  tan o èlegqoc thc eust�jeiac twn anakataskeu¸n gia

ligìterh plhroforÐa apì ta dedomèna kai h eisagwg  jorÔbou sta apotelèsmata twn

epanalhptik¸n mejìdwn pou anaptÔssontai se dÔo st�dia. Endiafèron ja parousÐaze

kai h arijmhtik  epÐlush twn antÐstoiqwn problhm�twn sthn perÐptwsh pollapl c

skèdashc.



Kef�laio 2

Eujèa probl mata

S� autì to kef�laio melet�me ta eujèa probl mata sth dunamik  kai statik  gram-

mik  elastikìthta. Sth dunamik  perÐptwsh, to elastikì kÔma prospÐptei se èna

sklhrì empìdio, mia koilìthta   èna ègkleisma kai sked�zetai proc ìlec tic kateu-

jÔnseic. To skedazìmeno kÔma aposuntÐjetai se diam kec kai egk�rsio, to kajèna

apì aut� me diaforetikoÔc kumat�rijmouc. Makri� apì ton skedast  ta dÔo kÔmata

sumperifèrontai wc sfairik� ekteinìmena kÔmata. To eujÔ prìblhma pou exet�zoume

afor� sthn eÔresh tou skedazìmenou pedÐou kai twn plat¸n skèdashc apì th gn¸sh

tou skedast  kai tou prospÐptontoc kÔmatoc. H gn¸sh twn dÔo pedÐwn eÐnai ar-

ket  gia na perigr�yei thn parap�nw diadikasÐa skèdashc. Sth statik  perÐptwsh,

jewroÔme èna dipl� sunektikì qwrÐo kai anazhtoÔme tic sunoriakèc timèc tou pedÐou

epifaneiak¸n t�sewn (sklhrì empìdio)   tou pedÐou metatopÐsewn (koilìthta) sto

exwterikì prosb�simo sÔnoro. To sugkekrimèno prìblhma gia omal� qwrÐa eÐnai

monadik� epilÔsimo.

H jewrÐa skèdashc sth grammik  elastikìthta parousi�zei meg�lo endiafèron

gia touc epist monec tic teleutaÐec dekaetÐec, kaj¸c perigr�fei arketèc fusikèc e-

farmogèc prosdiorismoÔ atelei¸n, rwgm¸n, koilot twn   egkleism�twn se paramor-

f¸sima mèsa. AntÐstoiqa, h statik  perÐptwsh parousi�zei idiaÐtero endiafèron sthn

episthmonik  koinìthta kaj¸c montelopoieÐ probl mata mhqanik c stere¸n.

Sth grammik  elastikìthta, to eujÔ prìblhma eÐnai grammikì kai kal� topojeth-

17
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mèno gia empìdia me omalì sÔnoro. Arqik� parousi�zoume th fasmatik  exÐswsh

Navier pou montelopoieÐ to prìblhma kaj¸c kai th jemeli¸dh lÔsh thc. Kaj¸c h

lÔsh dÐnetai se oloklhrwtik  morf , orÐzoume ta elastik� dunamik� kai tic idiìthtec

touc. Sto tèloc tou kefalaÐou parousi�zontai ta eujèa probl mata gia to dunamikì

kai statikì prìblhma. IdiaÐterh èmfash dÐnetai sthn an�lush twn eujèwn problh-

m�twn gia th dunamik  perÐptwsh, en¸ ta antÐstoiqa statik� probl mata parousi�-

zontai perilhptik� lìgw an�loghc je¸rhshc.

2.1 H fasmatik  exÐswsh Navier

Sto dunamikì prìblhma, h di�dosh enìc elastikoÔ kÔmatoc mèsa se èna isìtropo kai

omogenèc elastikì mèso ston R3 me stajerèc Lamé λ kai µ perigr�fetai apì èna

dianusmatikì pedÐo u(x, t) pou ekfr�zei thn topik  metatìpish tou shmeÐou x ∈ R3

tou mèsou th qronik  stigm  t ∈ [0,+∞) apì th jèsh isorropÐac. Oi stajerèc Lamé

λ kai µ prèpei na ikanopoioÔn tic sunj kec

µ > 0 kai 3λ+ 2µ > 0. (2.1)

H pr¸th sqèsh apaiteÐ h paramìrfwsh tou elastikoÔ mèsou na eÐnai sthn dieÔjunsh

thc dedomènhc t�shc pou askeÐtai sto mèso kai h deÔterh ìti ìtan to ulikì sumpièzetai

apì pantoÔ tìte surrikn¸netai [19].

OrÐzoume wc σ to tanustikì pedÐo pou qarakthrÐzei thn t�sh sto shmeÐo x. Apì

ton nìmo tou Hooke prokÔptei h akìloujh sqèsh [19]

σ = λ(∇ · u)I + µ
[
∇u+ (∇u)T

]
(2.2)

gia to pedÐo metatopÐsewn u. To I eÐnai to tautotikì duadikì kai me (∇u)T sumbolÐ-

zoume ton an�strofo tou (∇u). Sth sunèqeia jewr¸ntac mhdenik  thn exwterik 

epiballìmenh dÔnamh h exÐswsh tou Cauchy paÐrnei thn akìloujh morf 

∇ · σ − ρ∂
2u

∂t2
= 0, (2.3)

ìpou ρ h puknìthta tou mèsou di�doshc. Kaj¸c to mèso jewreÐtai isìtropo kai

omogenèc h tim  thc puknìthtac paramènei stajer  se ìla ta shmeÐa tou kai lìgw
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thc armonik c ex�rthshc tou pedÐou apì ton qrìno

u(x, t) = u(x)e−iωt, (2.4)

ìpou ω h kuklik  suqnìthta, h exÐswsh (2.3) gÐnetai

∇ · σ + ρω2u = 0. (2.5)

Apì thn parap�nw sqèsh lìgw thc (2.2) prokÔptei h fasmatik  exÐswsh Navier

(
∆∗ + ρω2

)
u = 0, (2.6)

ìpou ∆∗ eÐnai o telest c Navier kai dÐnetai apì th sqèsh

∆∗ = µ∆ + (λ+ µ)∇(∇·). (2.7)

Ta probl mata pou antimetwpÐzoume sthn paroÔsa ergasÐa aforoÔn ton disdi�s-

tato q¸ro R2 kai h met�bash pragmatopoieÐtai jewr¸ntac amelhtèa thn epirro  twn

pedÐwn twn paramorf¸sewn sthn trÐth di�stash. Opìte ta pedÐa den exart¸ntai apì

ton z- �xona kai h exÐswsh Navier (2.6) jewreÐtai gia u = (u1, u2)T . Ston R2, oi

sunj kec (2.1) gÐnontai

µ > 0 kai λ+ µ > 0. (2.8)

DiairoÔme thn exÐswsh (2.6) me ρ kai k�nontac qr sh thc tautìthtac

∇× (∇× u) = ∇(∇ · u)−∆u (2.9)

prokÔptei h exÐswsh

c2
p∇(∇ · u)− c2

s∇× (∇× u) + ω2u = 0, (2.10)

ìpou oi stajerèc cp kai cs dÐnontai apì touc tÔpouc

c2
p =

λ+ 2µ

ρ
, c2

s =
µ

ρ
. (2.11)

Apì thn exÐswsh (2.10) lamb�noume thn akìloujh morf  gia to pedÐo metatopÐsewn

u =
c2
s

ω2
∇× (∇× u)−

c2
p

ω2
∇(∇ · u), (2.12)
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h opoÐa orÐzei thn an�lush kat� Helmholtz tou u ∈ C2, dhlad :

u = up + us, (2.13)

ìpou

up = −
c2
p

ω2
∇(∇ · u), us =

c2
s

ω2
∇× (∇× u) (2.14)

kai isqÔoun

∇× up = 0 kai ∇ · us = 0. (2.15)

Opìte prokÔptoun oi akìloujec sqèseic gia thn astrìbilh up kai thn swlhnoeid  us

sunist¸sa tou u

∆up + k2
pup = 0, ∆us + k2

sus = 0, (2.16)

ìpou oi kumat�rijmoi kp kai ks dÐnontai apì touc tÔpouc

kp =
ω

cp
kai ks =

ω

cs
. (2.17)

Apì ta parap�nw sumperaÐnoume ìti to pedÐo metatopÐsewn u apoteleÐtai apì dÔo

diaforetik� kÔmata, ta opoÐa eÐnai lÔseic thc exÐswshc Helmholtz. To pedÐo up

orÐzei ta diam kh kÔmata (R-kÔmata) me kumat�rijmo kp kai taqÔthta di�doshc cp kai

to pedÐo us orÐzei ta egk�rsia kÔmata (S-kÔmata) me kumat�rijmo ks kai taqÔthta

di�doshc cs.

Sto statikì prìblhma, dhlad  gia ω = 0, to pedÐo metatopÐsewn ikanopoieÐ thn

elastostatik  exÐswsh Navier

∆∗u = 0. (2.18)

2.2 Tanustèc Green eleÔjerou q¸rou

Sthn perÐptwsh thc exÐswshc Navier (2.6) h jemeli¸dhc lÔsh eÐnai ènac pÐnakac D

ìpou h k-ost  st lh ikanopoieÐ thn exÐswsh

(
∆∗x + ρω2

)
D·k(x, y) = −δ(x− y)ek, gia k = 1, 2 (2.19)
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kai x, y ∈ D ⊂ R2, ìpou d h sun�rthsh Dirac kai ek to k-ostì monadiaÐo di�nus-

ma stic kartesianèc suntetagmènec. H lÔsh pou prokÔptei apì th qr sh polik¸n

suntetagmènwn eÐnai

Φ(x, y) :=
i

4µ
H

(1)
0 (ks |x− y|)I

+
i

4ρω2
∇x∇T

x

[
H

(1)
0 (ks |x− y|)−H(1)

0 (kp |x− y|)
]

(2.20)

gia x, y ∈ R2 mex 6= y, ìpou H
(1)
0 eÐnai h sun�rthsh Hankel pr¸tou eÐdouc kai

mhdenik c t�xhc. Oi sunart seic Hankel orÐzontai wc

H(1)
n := Jn + iYn, n ∈ N, (2.21)

ìpou oi sunart seic Bessel n-t�xhc dÐnontai apì ton tÔpo

Jn(t) :=
∞∑
p=0

(−1)p

p!(n+ p)!

(
t

2

)n+2p

(2.22)

kai oi sunart seic Neumann n-t�xhc

Yn(t) :=
2

π

(
ln
t

2
+ CE

)
Jn(t)− 1

π
Jn(t) (ψ(p+ n) + ψ(p))

− 1

π

n−1∑
p=0

(n− 1− p)!
p!

(
2

t

)n−2p

, (2.23)

ìpou CE ≈ 0, 57721 eÐnai h stajer� Euler kai

ψ(p) :=

 0, p = 0∑p
m=1

1
m
, p ∈ N∗.

(2.24)

Apì tic seirèc (2.22)-(2.23) prokÔptoun oi akìloujec asumptwtikèc morfèc

Jn(t) =
tn

2nn!

(
1 +O

(
1

n

))
, gia n→∞, (2.25)

omoiìmorfa se sumpag  uposÔnola tou R kai

H(1)
n (t) =

2n(n− 1)!

πitn

(
1 +O

(
1

n

))
, gia n→∞, (2.26)
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omoiìmorfa se sumpag  uposÔnola tou (0,+∞). Sunep¸c, oi sunart seic Hankel

èqoun thn akìloujh asumptwtik  sumperifor�

H(1)
n (t) =

√
2

πt
e±i(t−

nπ
2
−π

4
)

(
1 +O

(
1

t

))
, gia t→∞. (2.27)

Apì touc orismoÔc twn sunart sewn Bessel (2.22) kai Neumann (2.23) prokÔptei h

akìloujh idiìmorfh sumperifor� thc sun�rthshc H(1)
0

H
(1)
0 (t) =

2i

π

(
log

t

2
+ CE

)
+ 1 +O

(
t2 log t

)
, gia t→ 0. (2.28)

'Opwc parousÐase o Kress sthn ergasÐa [51], k�nontac qr sh thc diaforik c exÐswshc

Bessel katal goume ston tÔpo

Φ(x, y) = Φ1(|x− y|)I + Φ2(|x− y|)J(x− y), (2.29)

ìpou oi sunart seic Φ1 kai Φ2 dÐnontai apì tic sqèseic

Φ1(t) =
i

4µ
H

(1)
0 (kst)−

i

4ρω2t

[
ksH

(1)
1 (kst)− kpH(1)

1 (kpt)
]
, (2.30)

Φ2(t) =
i

4ρω2

[
2ks
t
H

(1)
1 (kst)− k2

sH
(1)
0 (kst)−

2kp
t
H

(1)
1 (kpt) + k2

pH
(1)
0 (kpt)

]
, (2.31)

me th sun�rthsh Hankel pr¸thc t�xhc H(1)
1 = −H(1)′

0 . EpÐshc I eÐnai o tautotikìc

pÐnakac kai o pÐnakac J orÐzetai wc

J(x) =
x xT

|x|2
, (2.32)

ìpou to T ekfr�zei to tanustikì ginìmeno tou x ∈ R2 me x 6= 0.

Sto statikì prìblhma, h jemeli¸dhc lÔsh thc exÐswshc Navier (2.18) dÐnetai apì

ton tÔpo

Φ0 (x, y) :=
λ+ 3µ

4πµ (λ+ 2µ)
Ψ(x, y) I +

λ+ µ

4πµ (λ+ 2µ)
J (x− y) , (2.33)

ìpou

Ψ (x, y) := ln
1

|x− y|
, gia x 6= y. (2.34)
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H parap�nw morf  prokÔptei asumptwtik� kai apì thn Φ jewr¸ntac mhdenik  th

suqnìthta ω → 0 [59]. Efarmìzontac ton telest  t�sewn T (1.12) stouc tanustèc

Green orÐzoume tic akìloujec morfèc

[TyΦ(x, y)]T , TxΦ(x, y) (2.35)

kai

[TyΦ0(x, y)]T , TxΦ0(x, y), (2.36)

gia to dunamikì kai statikì prìblhma, antÐstoiqa. O analutikìc upologismìc aut¸n

twn pin�kwn ìpwc kai twn tanust¸n Green, kaj¸c kai h idiìmorfh sumperifor�

touc kaj¸c |x − y| → 0, parousi�zetai sto par�rthma. Sta akìlouja jewr mata

sugkentr¸noume tic gnwstèc idiìthtec thc jemeli¸douc lÔshc F kai twn pin�kwn T Φ

[4].

Je¸rhma 2.2.1. Gia th jemeli¸dh lÔsh F isqÔoun:

1. EÐnai analutik  gia x 6= y.

2. EÐnai summetrik  kai oi st lec kai oi grammèc thc eÐnai lÔseic thc exÐswshc

Navier (2.6) gia x ∈ R2\{y} kai y ∈ R2\{x}, antÐstoiqa.

3. Gia C > 0 stajer� kai x 6= y ikanopoieÐ thn anÐswsh

‖Φ(x, y)‖max ≤ C (1 + |log(|x− y|)|) . (2.37)

Apìdeixh. H anisìthta prokÔptei apì thn efarmog  thc idiìmorfhc sumperifor�c

(2.28) ston tÔpo (2.29). Sunep¸c, o tanust c Green èqei thn Ðdia idiomorfÐa (loga-

rijmik ) me th jemeli¸dh lÔsh thc exÐswshc Laplace.

Je¸rhma 2.2.2.

1. Gia y ∈ R2\{x}, oi st lec tou pÐnaka [TyΦ(x, y)]T eÐnai lÔseic thc (2.6).

2. Gia x ∈ R2\{y}, oi grammèc tou pÐnaka TxΦ(x, y) eÐnai lÔseic thc (2.6).

3. Gia x, y ∈ R2 mex 6= y isqÔei [TyΦ(x, y)]T = [TxΦ(y, x)]T .
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4. Gia C > 0 stajer� kai x 6= y isqÔei h anÐswsh

‖TΦ(x, y)‖max ≤
C

|x− y|
. (2.38)

Apìdeixh. ProkÔptoun apì ton orismì twn pin�kwn kai to prohgoÔmeno je¸rhma.

Ta parap�nw jewr mata isqÔoun kai gia ton tanust  Φ0 kaj¸c emfanÐzei thn Ðdia

idiomorfÐa me thn lÔsh Φ.

Je¸rhma 2.2.3. 'Estw B ∈ R2 èna qwrÐo sto opoÐo isqÔei to je¸rhma apìklishc

tou Gauss. Tìte, gia ta dianusmatik� pedÐa u, v ∈ [C2(B̄)]2 isqÔoun:

O pr¸toc genikeumènoc tÔpoc tou Betti:∫
B

u∆∗v dx =

∫
∂B

v Tu ds−
∫
B

E(u, v)dx, (2.39)

ìpou

E(u, v) := µ
2∑
i=1

∇ui∇vi + λ divu divv

+ µ

(
∂u1

∂x1

∂v1

∂x1

+
∂u1

∂x2

∂v2

∂x1

+
∂u2

∂x1

∂v1

∂x2

+
∂u2

∂x2

∂v2

∂x2

)
. (2.40)

O deÔteroc genikeumènoc tÔpoc tou Betti:∫
B

u∆∗u dx =

∫
∂B

uTu ds−
∫
B

E(u, u)dx (2.41)

kai o trÐtoc genikeumènoc tÔpoc tou Betti:∫
B

(u∆∗v − v∆∗u)dx =

∫
∂B

(uTv − v Tu)ds. (2.42)

Apìdeixh. 'Omoia me tou Kupradze [59] ston R3. Gia ton pr¸to tÔpo arkeÐ u ∈

[C1(B̄)]2.

2.3 Dunamik� aploÔ kai diploÔ str¸matoc

Me b�sh touc tanustèc Green, orÐzoume ta dunamik� aploÔ kai diploÔ str¸matoc.

Sto ex c jewroÔme ìti oi puknìthtec an koun ston q¸ro Hilbert [L2(Γ)]2.
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Orismìc 2.3.1. Gia ϕ ∈ [L2(Γ)]2, orÐzoume to elastikì dunamikì aploÔ str¸matoc

wc

(Sϕ)(x) :=

∫
Γ

Φ(x, y)ϕ(y)ds(y), x ∈ R2\Γ (2.43)

kai to elastikì dunamikì diploÔ str¸matoc wc

(Dϕ)(x) :=

∫
Γ

[TyΦ(x, y)]T ϕ(y)ds(y), x ∈ R2\Γ. (2.44)

Ta elastik� dunamik� pou orÐsame parap�nw eÐnai lÔseic thc exÐswshc Navier

(2.6) kai epiplèon ikanopoioÔn tic sunj kec aktinobolÐac tou Kupradze (1.13).

Orismìc 2.3.2. Gia ϕ ∈ [L2(Γ)]2, orÐzoume to statikì dunamikì aploÔ str¸matoc

wc

(S0,αϕ)(x) :=

∫
Γα

Φ0(x, y)ϕ(y)ds(y), x ∈ R2\Γα, gia α = 1, 2 (2.45)

kai to statikì dunamikì diploÔ str¸matoc wc

(D0,αϕ)(x) :=

∫
Γα

[TyΦ0(x, y)]T ϕ(y)ds(y), x ∈ R2\Γα, gia α = 1, 2. (2.46)

Ta elastik� dunamik� pou orÐsame parap�nw eÐnai lÔseic thc exÐswshc Navier

(2.18). Apì touc tÔpouc tou Betti apodeiknÔetai ìti k�je lÔsh thc exÐswshc Navier

mporeÐ na anaparastajeÐ wc sunduasmìc twn dunamik¸n aploÔ kai diploÔ str¸matoc.

EpÐshc orÐzoume ta pedÐa twn t�sewn twn elastik¸n dunamik¸n

(TSϕ)(x) :=

∫
Γ

TxΦ(x, y)ϕ(y)ds(y), x ∈ R2\Γ, (2.47)

(Lϕ)(x) := Tx

∫
Γ

[TyΦ(x, y)]T ϕ(y)ds(y), x ∈ R2\Γ. (2.48)

AntÐstoiqa, gia to statikì prìblhma orÐzoume

(TS0,αϕ)(x) :=

∫
Γα

TxΦ0(x, y)ϕ(y)ds(y), x ∈ R2\Γα (2.49)

kai

(L0,αϕ)(x) := Tx

∫
Γα

[TyΦ0(x, y)]T ϕ(y)ds(y), x ∈ R2\Γα. (2.50)

Kaj¸c to shmeÐo x proseggÐzei to sÔnoro G apì to exwterikì qwrÐo tou D, ta

elastik� dunamik� kai ta pedÐa twn t�sewn ikanopoioÔn tic akìloujec sqèseic sunè-

qeiac kai diap dhshc.
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Je¸rhma 2.3.1. To aplì dunamikì (Sϕ) (2.43) kai to (Lϕ) (2.48) eÐnai suneq  se

ìlo to R2. Sto sÔnoro G isqÔoun

(Dϕ)(x) =

(
1

2
I +K

)
ϕ(x) (2.51)

kai

(TSϕ)(x) =

(
−1

2
I +K∗

)
ϕ(x), (2.52)

ìpou oi oloklhrwtikoÐ telestèc (Kϕ) kai (K∗ϕ) orÐzontai gia x ∈ Γ wc

(Kϕ)(x) :=

∫
Γ

[TyΦ(x, y)]T ϕ(y)ds(y) (2.53)

kai

(K∗ϕ)(x) :=

∫
Γ

TxΦ(x, y)ϕ(y)ds(y). (2.54)

Apìdeixh. An�logh me tou Kupradze [60] gia ton R3.

Ta oloklhr¸mata pou emfanÐzontai stouc telestèc (Sϕ) gia x ∈ Γ, (Kϕ) (2.53)

kai (K∗ϕ) (2.54) jewroÔntai me thn ènnoia twn arqik¸n tim¸n tou Cauchy (Cauchy

principal values). O oloklhrwtikìc telest c (Sϕ) eÐnai asjen¸c idiìmorfoc lìgw

thc sqèshc (2.37) pou ikanopoieÐ o pur nac tou, en¸ oi telestèc (Kϕ), (K∗ϕ) eÐnai

idiìmorfoi lìgw thc sqèshc (2.38). O oloklhrwtikìc telest c (Lϕ) gia x ∈ Γ èqei

isqur� idiìmorfo pur na. MporeÐ na ekfrasteÐ ìmwc apait¸ntac megalÔterh oma-

lìthta twn puknot twn, k�nontac qr sh tou tÔpou tou Maue (Maue’s type formu-

la), mèsw enìc telest  pou emfanÐzei thn Ðdia idiomorfÐa me ton S [10]. O analutikìc

upologismìc twn oloklhrwtik¸n telest¸n pragmatopoieÐtai sto par�rthma.

Sth statik  perÐptwsh, ta oloklhr¸mata pou emfanÐzontai stouc telestèc jew-

roÔntai me thn Ðdia logik . Oi sqèseic sunèqeiac kai diap dhshc eÐnai Ðdiec gia ta

antÐstoiqa dunamik� kai gia autì paraleÐpontai [60].

2.4 Oloklhrwtikèc exis¸seic

To eujÔ prìblhma ìpwc anafèrjhke kai sthn eisagwg  eÐnai kal� topojethmèno kai

ègkeitai sthn eÔresh tou pedÐou kont�   makri� apì ton skedast  D, dedomènhc thc
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jèshc tou kai twn sunoriak¸n sunjhk¸n. Ta eujèa probl mata pèran tou ereu-

nhtikoÔ endiafèrontoc pou parousi�zoun eÐnai aparaÐthta kai gia thn epÐlush twn

antÐstrofwn. Pio sugkekrimèna, mèsw thc epÐlushc tou eujèoc probl matoc upolo-

gÐzoume tic timèc twn plat¸n skèdashc sto dunamikì prìblhma kai ta dedomèna sto

exwterikì sÔnoro sto statikì. Aut� ta dedomèna eÐnai aparaÐthta gia thn antimet¸-

pish tou antÐstrofou probl matoc.

H epÐlush tou eujèoc probl matoc antistoiqeÐ sthn epÐlush miac oloklhrwtik c

exÐswshc pou prokÔptei lìgw thc anapar�stashc tou pedÐou wc sunduasmì dunamik¸n

aploÔ kai diploÔ str¸matoc. Gia ton lìgo autì prin proqwr soume sthn diatÔpwsh

twn eujèwn problhm�twn gia tic treic peript¸seic empodÐwn parousi�zoume suno-

ptik� thn jewrÐa epÐlushc oloklhrwtik¸n exis¸sewn deutèrou eÐdouc. Sta parak�tw

jewr mata oi apodeÐxeic paraleÐpontai kaj¸c parousi�zontai sta biblÐa [53, 61].

'Estw h oloklhrwtik  exÐswsh deutèrou eÐdouc

Bϕ = f (2.55)

ìpou B = I − A, I o tautotikìc telest c, A : X → X grammikìc telest c kai

X q¸roc me nìrma. An o telest c A eÐnai sumpag c tìte isqÔei h jewrÐa Riesz -

Fredholm pou exasfalÐzei thn Ôparxh thc lÔshc.

Je¸rhma 2.4.1 (Pr¸to je¸rhma Riesz). O pur nac tou telest  B

N(B) := {ϕ ∈ X : Bϕ = 0} (2.56)

eÐnai peperasmènhc di�stashc upìqwroc.

Je¸rhma 2.4.2 (DeÔtero je¸rhma Riesz). To sÔnolo tim¸n tou telest 

B

B(X) := {Bϕ : ϕ ∈ X} (2.57)

eÐnai kleistìc grammikìc upìqwroc.

Je¸rhma 2.4.3 (TrÐto je¸rhma Riesz). Up�rqei monadikìc mh arnhtikìc

akèraioc arijmìc r, o opoÐoc kaleÐtai arijmìc Riesz tou telest  A, tètoioc ¸ste na
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isqÔei

0 = N(B0) & N(B1) & ... & N(Br) = N(Br+1) = ..., (2.58)

X = B0(X) ' B1(X) ' ... ' Br(X) = Br+1(X) = ... (2.59)

Epiplèon isqÔei

X = N(Br)⊕Br(X). (2.60)

To sÔmbolo ⊕ dhl¸nei to eujÔ �jroisma twn grammik¸n q¸rwn kai me Br sumbolÐ-

zoume ton sumpag  epanalhptikì telest  (I − A)r.

Apì ta trÐa jemeli¸dh jewr mata prokÔptoun �mesa ta epìmena apotelèsmata

pou exasfalÐzoun thn Ôparxh lÔshc thc exÐswshc (2.55).

Je¸rhma 2.4.4. 'Estw A o telest c ìpwc orÐsthke prohgoÔmena. Tìte o telest c

B eÐnai “1-1” an kai mìno an eÐnai epÐ. EpÐshc an o telest c B eÐnai “1-1” tìte up�rqei

o antÐstrofoc telest c B−1 kai eÐnai fragmènoc.

Pìrisma 2.4.1. 'Estw A o telest c ìpwc orÐsthke prohgoÔmena. An h omogen c

exÐswsh

Bϕ = 0 (2.61)

èqei mìno thn tetrimmènh lÔsh ϕ = 0, tìte gia k�je f ∈ X h mh omogen c exÐswsh

(2.55) èqei monadik  lÔsh h opoÐa exart�tai suneq¸c apì to dexÐ mèloc.

H parap�nw jewrÐa efarmìzetai gia telestèc me suneqeÐc   asjen¸c idiìmorfouc

pur nec kai to pleonèkthma pou parèqei eÐnai ìti h Ôparxh lÔshc thc exÐswshc (2.55)

sqetÐzetai me to pio aplì prìblhma apìdeixhc ìti h exÐswsh (2.61) èqei mìno thn

mhdenik  lÔsh. 'Omwc sthn grammik  elastikìthta, ìpwc ja doÔme parak�tw, oi

exis¸seic emfanÐzoun oloklhr¸mata me idiìmorfouc kai isqur� idiìmorfouc pur nec

kai lìgw thc mh Ôparxhc sumpag¸n telest¸n akoloujoÔme diaforetik  jewrÐa gia

thn epÐlush touc. Prin proqwr soume, aparaÐthtoi eÐnai oi akìloujoi orismoÐ

Orismìc 2.4.1. OrÐzoume ton telest  thc idiìmorfhc olokl rwshc

(Kϕ)(t) := a(t)ϕ(t) +
1

πi

∫
Γ

k(t, τ)

τ − t
ϕ(τ)dτ, gia t ∈ Γ, (2.62)
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ìpou to olokl rwma jewreÐtai me thn ènnoia twn arqik¸n tim¸n tou Cauchy (Cauchy

principal values). Oi sunart seic a kai k jewroÔntai Hölder suneqeÐc. O telest c

K : C0,α(Γ)→ C0,α(Γ) me 0 < α ≤ 1 eÐnai fragmènoc.

Orismìc 2.4.2. 'Estw K : X → Y grammikìc telest c, tìte o arijmìc

indK := dimN(K)− codimK(X) (2.63)

kaleÐtai deÐkthc (index) tou telest  K. IsqÔei codimU := dimV an up�rqei pepera-

smènhc di�stashc upìqwroc V tètoioc ¸ste X = U ⊕ V, alli¸c codimU =∞.

ApodeiknÔetai ìti an o telest c A eÐnai sumpag c tìte o telest c B èqei deÐkth

mhdèn. Tìte isqÔoun ta parak�tw

Je¸rhma 2.4.5 (Pr¸to je¸rhma Noether). O pur nac tou telest  K eÐnai

peperasmènhc di�stashc.

Je¸rhma 2.4.6 (DeÔtero je¸rhma Noether). Gia ton deÐkth tou idiìmorfou

telest  K isqÔei

indK = ind
a− b
a+ b

. (2.64)

Sto dexÐ mèloc thc isìthtac o deÐkthc thc migadik c sun�rthshc dÐnetai apì ton tÔpo

ind f =
1

2π

∫
Γ

d(arg f). (2.65)

Je¸rhma 2.4.7 (TrÐto je¸rhma Noether). H idiìmorfh oloklhrwtik  exÐsw-

sh

Kϕ = f (2.66)

eÐnai epilÔsimh an kai mìno an ikanopoieÐtai h sunj kh∫
Γ

f(τ)ψ(τ)dτ = 0 (2.67)

gia k�je ψ ∈ N(K ′), ìpou K ′ o suzug c telest c tou K me tÔpo

(K ′ψ)(t) := a(t)ψ(t)− 1

πi

∫
Γ

k(τ, t)

τ − t
ψ(τ)dτ, gia t ∈ Γ. (2.68)

Sthn perÐptwsh oloklhrwtik c exÐswshc pr¸tou eÐdouc, a = 0, o idiìmorfoc

telest c èqei deÐkth (index) mhdèn, eÐnai “1-1” kai epÐ kai èqei fragmèno antÐstrofo.

H Ðdia jewrÐa, me antÐstoiqh logik , isqÔei kai sthn perÐptwsh mac ìpou oi

sunart seic a kai k eÐnai pÐnakec kai oi puknìthtec dianÔsmata [60].
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2.4.1 Sklhrì empìdio

Gia to dunamikì prìblhma, jewroÔme ènan sklhrì skedast  D mèsa se èna isìtropo

kai omogenèc elastikì mèso ston R2. O skedast c èqei omalì sÔnoro G C2−t�xhc.

To elastikì mèso kajorÐzetai apì tic stajerèc Lamé l, m kai thn puknìthta r. Me n

sumbolÐzoume to monadiaÐo k�jeto di�nusma p�nw sto sÔnoro G me kateÔjunsh proc

to exwterikì tou D.

Sq ma 2.1: Sklhrìc skedast c

To eujÔ prìblhma skèdashc apì sklhrì skedast  sunÐstatai sthn eÔresh tou

skedazìmenou pedÐou usc apì th gn¸sh tou sq matoc kai thc jèshc tou D gia do-

smèno prospÐpton kÔma uinc. Pio sugkekrimèna: Dedomènou tou uinc pou ikanopoieÐ

thn exÐswsh Navier (2.6), anazhtoÔme to pedÐo usc ∈
[
C2
(
R2\D̄

)
∩ C (R2\D)

]2
pou

ikanopoieÐ

• thn exÐswsh Navier (
∆∗ + ρω2

)
usc = 0, sto R2\D̄, (2.69)

• Dirichlet sunoriak  sunj kh

usc + uinc = 0 sto Γ, (2.70)

• kai tic sunj kec aktinobolÐac tou Kupradze

lim
r→∞

√
r

(
∂uscj
∂r
− ikjuscj

)
= 0, ìpou r = |x|, gia j = p, s (2.71)

ìpou ta ìria jewroÔntai omoiìmorfa proc ìlec tic dieujÔnseic.
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H lÔsh tou parap�nw probl matoc dÐnetai se oloklhrwtik  morf  kai to prìblhma

telik� perigr�fetai apì mia oloklhrwtik  exÐswsh. 'Etsi h lÔsh pou anazhtoÔme

eÐnai thc morf c

usc(x) = (Dϕ)(x)− iη(Sϕ)(x), gia x ∈ R2\D̄, (2.72)

ìpou to η eÐnai jetikìc pragmatikìc arijmìc.

Je¸rhma 2.4.8. 'Estw ìti to skedazìmeno kÔma usc me oloklhrwtik  anapar�-

stash (2.72) gia ϕ ∈ [L2(Γ)]2 eÐnai lÔsh tou eujèoc probl matoc skèdashc apì

sklhrì skedast . Tìte h puknìthta ϕ epilÔei thn oloklhrwtik  exÐswsh

1

2
ϕ(x) + (Kϕ)(x)− iη(Sϕ)(x) = −uinc(x), gia x ∈ Γ. (2.73)

Apìdeixh. ProseggÐzoume oriak� to sÔnoro G apì to exwterikì tou D. Lamb�nontac

upìyin th sqèsh diap dhshc (2.51) kaj¸c kai th sunoriak  sunj kh (2.70) katal -

goume sthn oloklhrwtik  exÐswsh (2.73) gia x ∈ Γ.

Je¸rhma 2.4.9. H oloklhrwtik  exÐswsh (2.73) èqei monadik  lÔsh kai epiplèon

h lÔsh exart�tai suneq¸c apì ta dedomèna (dexÐ mèloc).

Apìdeixh. O telest c (1
2
I + K − iηS) : [L2(Γ)]2 → [L2(Γ)]2 eÐnai “1-1” kai isqÔei

ind(1
2
I + K − iηS) = 0 [60]. Opìte eÐnai antistrèyimoc kai lìgw thc morf c tou

efarmìzontai ta jewr mata tou Noether. H antÐstoiqh omogen c exÐswsh antistoiqeÐ

se èna Dirichlet exwterikì prìblhma kai me efarmog  twn sunoriak¸n sunjhk¸n

(2.70) kai twn sqèsewn diap dhshc (2.51) prokÔptei ìti o mhdenismìc tou pedÐou kai

thc t�shc sto sÔnoro G antistoiqeÐ ston mhdenismì thc puknìthtac ϕ sqedìn pantoÔ

sto G. H pl rhc apìdeixh parousi�zetai sthn ergasÐa [20] gia η = −1 ston R3. H

genÐkeush ston R2 gia k�je η > 0 eÐnai parìmoia.

Gia to statikì prìblhma, jewroÔme to D wc èna dipl� sunektikì qwrÐo ston R2

me C3−t�xhc sÔnoro Γ to opoÐo apoteleÐtai apì dÔo kleistèc kampÔlec Γ1 kai Γ2,

tètoiec ¸ste: Γ = Γ1 ∪ Γ2, Γ1 ∩ Γ2 = ∅ kai h Γ1 na eÐnai eswterik  thc Γ2. Me

D1 sumbolÐzoume to fragmèno apl� sunektikì qwrÐo me sÔnoro Γ1 kai me D2 to mh

fragmèno qwrÐo me sÔnoro Γ2.
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Sq ma 2.2: Sklhrì empìdio

To eujÔ prìblhma antistoiqeÐ sthn epÐlush tou probl matoc sunoriak¸n tim¸n

∆∗u = 0, sto D, (2.74)

me Dirichlet sunoriakèc sunj kec

u = 0, sto Γ1, (2.75)

u = f, sto Γ2, (2.76)

ìpou f gnwst  sun�rthsh.

Je¸rhma 2.4.10. To prìblhma (2.74)-(2.76) èqei to polÔ mia klasik  lÔsh.

Apìdeixh. BasÐzetai se gnwst� apotelèsmata [59].

2.4.2 Koilìthta

To eujÔ prìblhma skèdashc apì koilìthta sunÐstatai sthn eÔresh tou skedazìmenou

pedÐou usc ∈
[
C2
(
R2\D̄

)
∩ C1 (R2\D)

]2
apì th gn¸sh tou sq matoc kai thc jèshc

tou D gia dosmèno prospÐpton kÔma uinc, to opoÐo epilÔei thn exÐswsh Navier (2.6).

To usc ikanopoieÐ

• thn exÐswsh Navier

(
∆∗ + ρω2

)
usc = 0, sto R2\D̄, (2.77)
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• Neumann sunoriak  sunj kh

T (usc + uinc) = 0 sto Γ, (2.78)

ìpou T o telest c t�sewn me tÔpo (1.12)

• kai tic sunj kec aktinobolÐac tou Kupradze

lim
r→∞

√
r

(
∂uscj
∂r
− ikjuscj

)
= 0, ìpou r = |x|, gia j = p, s (2.79)

ìpou ta ìria jewroÔntai omoiìmorfa proc ìlec tic dieujÔnseic.

AntÐstoiqa me to eujÔ prìblhma skèdashc apì sklhrì skedast , anazhtoÔme th

lÔsh tou parap�nw probl matoc se oloklhrwtik  morf . Kat� sunèpeia h lÔsh tou

eujèoc probl matoc prokÔptei apì to isodÔnamo prìblhma epÐlushc oloklhrwtik c

exÐswshc. H lÔsh perigr�fetai apì thn akìloujh morf 

usc(x) = (Sϕ)(x) + iη(Dϕ)(x), gia x ∈ R2\D̄, (2.80)

ìpou to η eÐnai jetikìc pragmatikìc arijmìc.

Je¸rhma 2.4.11. 'Estw ìti to skedazìmeno kÔma usc me oloklhrwtik  anapar�-

stash (2.80) gia ϕ ∈ [L2(Γ)]2 eÐnai lÔsh tou eujèoc probl matoc skèdashc apì

koilìthta. Tìte h puknìthta ϕ epilÔei thn oloklhrwtik  exÐswsh

1

2
ϕ(x)− (K∗ϕ)(x)− iη(Lϕ)(x) = (Tuinc)(x), gia x ∈ Γ. (2.81)

Apìdeixh. ProseggÐzoume oriak� to sÔnoro G apì to exwterikì tou D. Lamb�no-

ntac upìyin th sqèsh diap dhshc (2.52) kaj¸c kai th sunoriak  sunj kh (2.78)

katal goume sthn oloklhrwtik  exÐswsh (2.81) gia x ∈ Γ.

Je¸rhma 2.4.12. H oloklhrwtik  exÐswsh (2.81) èqei monadik  lÔsh kai epiplèon

h lÔsh exart�tai suneq¸c apì ta dedomèna (dexÐ mèloc).

Apìdeixh. H monadik  epilusimìthta thc exÐswshc (2.81) prokÔptei me an�loga epiqei-

r mata ìpwc gia thn antÐstoiqh oloklhrwtik  exÐswsh (2.73) gia to eujÔ prìblhma
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skèdashc apì sklhrì skedast . H omogen c exÐswsh antistoiqeÐ sthn epÐlush tou

Neumann exwterikoÔ probl matoc kai lìgw twn sunoriak¸n sunjhk¸n (2.78) kai

twn sqèsewn diap dhshc (2.52) prokÔptei me efarmog  tou deÔterou tÔpou tou Bet-

ti (2.41) ìti o mhdenismìc tou pedÐou kai thc t�shc sto sÔnoro G antistoiqeÐ ston

mhdenismì thc puknìthtac ϕ sqedìn pantoÔ sto G. Lìgw thc Ôparxhc tou isqur�

idiìmorfou telest  L den mporeÐ na efarmosteÐ h jewrÐa epÐlushc oloklhrwtik¸n

exis¸sewn kai gÐnetai qr sh enìc telest  omalopoÐhshc. Pio sugkekrimèna, gia ton

telest  L0, ìpwc orÐsthke prohgoÔmena, apodeiknÔetai ìti up�rqei o antÐstrofoc

telest c L−1
0 kai ìti o telest c L−L0 eÐnai sumpag c. H exÐswsh (2.81) dèqetai th

morf 

L−1
0

[
1

2
I −K∗ − iη(L− L0)

]
ϕ− iηϕ = L−1

0 f, (2.82)

ìpou o telest c L−1
0

[
1
2
I −K∗ − iη(L− L0)

]
eÐnai sumpag c kai mporeÐ na efarmosteÐ

h jewrÐa Riesz. H apìdeixh parousi�sthke apì thn Kuri�kh [44] gia η 6= 0 ston

R3.

Gia to statikì prìblhma, anazhtoÔme to pedÐo metatopÐsewn u wc lÔsh thc exÐsw-

shc

∆∗u = 0, sto D, (2.83)

me Neumann sunoriakèc sunj kec

Tu = 0, sto Γ1, (2.84)

Tu = g, sto Γ2, (2.85)

ìpou g gnwst  sun�rthsh. To eujÔ prìblhma èqei monadik  lÔsh an kai mìnon an

isqÔoun oi akìloujec sunj kec sumbatìthtac∫
Γ2

gds = 0 (2.86)

kai ∫
Γ2

(x× g)ds = 0. (2.87)

Je¸rhma 2.4.13. To prìblhma (2.83)-(2.85) èqei to polÔ mia klasik  lÔsh.

Apìdeixh. BasÐzetai se gnwst� apotelèsmata [59].
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2.4.3 'Egkleisma

JewroÔme Di èna fragmèno qwrÐo me sÔnoro G mia C2−t�xhc fragmènh kampÔlh. To

qwrÐo Di apoteleÐtai apì èna isìtropo kai omogenèc elastikì mèso pou perigr�fetai

apì tic stajerèc Lamé λi, µi kai th puknìthta ρi. To exwterikì tou Di ja kaleÐtai

De kai eÐnai èna apl� sunektikì mh fragmèno qwrÐo. To De eÐnai epÐshc èna isìtropo

kai omogenèc elastikì mèso me stajerèc Lamé λe, µe kai puknìthta ρe. Me n sum-

bolÐzoume to monadiaÐo k�jeto di�nusma p�nw sto sÔnoro G me kateÔjunsh proc to

De.

i

De

Sq ma 2.3: 'Egkleisma

H skèdash tou prospÐptontoc kÔmatoc uinc apì to sÔnoro G tou egkleÐsmatoc

pèran tou skedazìmenou kÔmatoc ue dhmiourgeÐ pedÐo kai sto eswterikì tou skedast .

To eswterikì pedÐo metatopÐsewn ja kaleÐtai ui. To eujÔ prìblhma skèdashc apì

ègkleisma sunÐstatai sthn eÔresh twn pedÐwn ue ∈ [C2(De) ∩ C1(D̄e)]
2 kai ui ∈

[C2(Di) ∩ C1(D̄i)]
2 ta opoÐa ikanopoioÔn

• tic exis¸seic Navier (
∆∗e + ρeω

2
)
ue = 0, sto De (2.88)(

∆∗i + ρiω
2
)
ui = 0, sto Di (2.89)

• tic sunoriakèc sunj kec

ui = ue + uinc, sto Γ (2.90)
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T iui = T e
(
ue + uinc

)
, sto Γ (2.91)

• kai to ue prèpei na ikanopoieÐ tic akìloujec sunj kec aktinobolÐac tou Kupradze

lim
r→∞

√
r

(
∂uej
∂r
− ikjuej

)
= 0, r = |x| , gia j = p, s (2.92)

ìpou ta ìria jewroÔntai omoiìmorfa proc ìlec tic dieujÔnseic.

Sto ex c h par�metroc α = i, e ja dhl¸nei thn ex�rthsh twn telest¸n apì tic

stajerèc tou eswterikoÔ kai tou exwterikoÔ qwrÐou, antÐstoiqa. Oi telestèc Navier

∆∗α kai epifaneiak¸n t�sewn Tα dÐnontai apì touc tÔpouc

∆∗αu := µα∆u+ (λα + µα)∇(∇ · u) (2.93)

kai

Tαu := λα(∇ · u)ν + 2µα (ν · ∇u) + µα(∇ · (Qu))Qν. (2.94)

AntÐstoiqa, o tanust c Green Φα èqei thn akìloujh morf 

Φα(x, y) :=
i

4µα
H

(1)
0 (ks,α |x− y|)I

+
i

4ραω2
∇x∇T

x

[
H

(1)
0 (ks,α |x− y|)−H(1)

0 (kp,α |x− y|)
]

(2.95)

ìpou

k2
p,α :=

ραω
2

λα + 2µα
kai k2

s,α :=
ραω

2

µα
. (2.96)

Me b�sh ton parap�nw tanust  orÐzoume xan� ta elastik� dunamik�

(Sαϕ)(x) :=

∫
Γ

Φα(x, y)ϕ(y)ds(y), gia x ∈ Dα (2.97)

(Dαϕ)(x) :=

∫
Γ

[
Tαy Φα(x, y)

]T
ϕ(y)ds(y), gia x ∈ Dα (2.98)

aploÔ kai diploÔ str¸matoc, antÐstoiqa. Lìgw thc kateÔjunshc tou monadiaÐou

k�jetou dianÔsmatoc oi sqèseic diap dhshc diafèroun kaj¸c to x proseggÐzei to

sÔnoro G apì to exwterikì qwrÐoDe   apì to eswterikì qwrÐoDi. Pio sugkekrimèna,

isqÔoun oi parak�tw sqèseic diap dhshc [60] ìpou h sÔgklish sto sÔnoro G apì to

De dÐnei to p�nw prìshmo kai apì to Di to k�tw prìshmo

Dαϕ =

(
±1

2
I +Kα

)
ϕ, (2.99)
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TαSαϕ =

(
∓1

2
I +K∗α

)
ϕ, (2.100)

ìpou oi telestèc Kα kai K∗α orÐzontai gia x ∈ Γ wc ex c

(Kαϕ)(x) :=

∫
Γ

[
Tαy Φα(x, y)

]T
ϕ(y)ds(y) (2.101)

kai

(K∗αϕ)(x) :=

∫
Γ

Tαx Φα(x, y)ϕ(y)ds(y). (2.102)

Oi lÔseic tou eujèoc probl matoc èqoun thn akìloujh morf 

uα(x) = τα(Dαϕ)(x) + (Sαψ)(x), gia x ∈ Dα, (2.103)

ìpou h stajer� τα dÐnetai apì ton tÔpo

τα =
λα + 2µα

µα(λα + µα)
. (2.104)

K�nontac qr sh twn sunoriak¸n sunjhk¸n (2.90)-(2.91) kai twn sqèsewn diap dhshc

(2.99)-(2.100) katal goume sto akìloujo sÔsthma oloklhrwtik¸n exis¸sewn gia tic

puknìthtec ϕ ∈ [L2(Γ)]2 kai ψ ∈ [L2(Γ)]2: Si − Se A

−I −K∗i +K∗e τeLe − τiLi

 ψ

ϕ

 =

 uinc

−T euinc

 (2.105)

ìpou oi telestèc Lα kai A gia x ∈ Γ dÐnontai apì touc tÔpouc

(Lαϕ)(x) := Tαx

∫
Γ

[
Tαy Φα(x, y)

]T
ϕ(y)ds(y) (2.106)

kai

A = −τi + τe
2

I + τiKi − τeKe. (2.107)

Je¸rhma 2.4.14. To sÔsthma twn oloklhrwtik¸n exis¸sewn (2.105) èqei monadik 

lÔsh (ψ, ϕ). Epiplèon, ta pedÐa metatopÐsewn uα (2.103) epilÔoun to eujÔ prìblhma

skèdashc apì ègkleisma.

Apìdeixh. To parap�nw sÔsthma apodeiknÔetai ìti èqei deÐkth mhdèn, dhlad  an kai

eÐnai èna sÔsthma me idiìmorfouc telestèc antimetwpÐzetai wc èna sÔsthma oloklhrw-
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tik¸n exis¸sewn deutèrou eÐdouc me asjen¸c idiìmorfouc telestèc. Opìte, efar-

mìzetai h jewrÐa Fredholm gia thn apìdeixh Ôparxhc lÔshc. An�loga me tic exis¸seic

twn dÔo �llwn eujèwn problhm�twn exet�zoume to antÐstoiqo omogenèc sÔsthma to

opoÐo katal gei na èqei mìno th mhdenik  lÔsh. H analutik  apìdeixh tou jewr matoc

parousi�sthke apì ton P. A. Martin sthn ergasÐa [62].

2.5 Pl�th skèdashc gia to dunamikì prìblhma

Gia thn epÐlush tou antÐstrofou probl matoc sth dunamik  elastikìthta eÐnai a-

paraÐthth h gn¸sh twn plat¸n skèdashc tou skedazìmenou pedÐou. Apì touc tÔpouc

tou Betti k�je lÔsh u thc morf c (2.13) thc exÐswshc Navier (2.6) pou ikanopoieÐ kai

tic sunj kec aktinobolÐac tou Kupradze (1.13) dèqetai thn akìloujh asumptwtik 

sumperifor�

uj(x) =
eikj |x|√
|x|

{
u∞j (x̂) +O

(
1

|x|

)}
, gia j = p, s (2.108)

kaj¸c to |x| → ∞ omoiìmorfa proc ìlec tic dieujÔnseic x̂ = x/ |x|. Ta dianu-

smatik� pedÐa u∞p kai u∞s orÐzontai ston monadiaÐo kÔklo W ston R2 kai kaloÔntai ta

pl�th skèdashc tou diam kec kÔmatoc up kai tou egk�rsiou kÔmatoc us, antÐstoiqa.

To zeÔgoc twn plat¸n skèdashc (u∞p , u
∞
s ) an kei ston q¸ro [L2(Ω)]2 × [L2(Ω)]2.

Apì thn asumptwtik  sumperifor� twn sunart sewn Hankel (2.27) lamb�noume tic

akìloujec asumptwtikèc morfèc gia to elastikì dunamikì aploÔ str¸matoc

S∞j (x̂) = γ1,j

∫
Γ

J∗(x̂)e−ikj x̂·yϕ(y)ds(y), gia j = p, s (2.109)

kai diploÔ str¸matoc

D∞j (x̂) = γ2,j

∫
Γ

J∗(x̂)F (x̂, y)e−ikj x̂·yϕ(y)ds(y), gia j = p, s (2.110)

ìpou oi stajerèc

γ1,j =


e
iπ
4

(λ+2µ)
√

8πkp
, an j = p

e
iπ
4

µ
√

8πks
, an j = s,

(2.111)

γ2,j =

 e−
iπ
4

λ+2µ

√
kp
8π
, an j = p

e−
iπ
4

µ

√
ks
8π
, an j = s,

(2.112)



2.5. PL�ATH SK�EDASHS GIA TO DUNAMIK�O PR�OBLHMA 39

kai oi pÐnakec J∗ kai F orÐzontai wc

J∗(x̂) =

 J(x̂), an j = p

I − J(x̂), an j = s,
(2.113)

F (x̂, y) = λx̂ν(y)T + µν(y)x̂T + µν(y) · x̂I. (2.114)

Gia to eujÔ prìblhma skèdashc apì sklhrì skedast  (2.69)-(2.71), qrhsimopoi¸n-

tac touc parap�nw tÔpouc (2.109) kai (2.110) sthn oloklhrwtik  anapar�stash thc

lÔshc (2.72) prokÔptei to akìloujo zeÔgoc twn plat¸n skèdashc

u∞j (x̂) =

∫
Γ

J∗(x̂)
(
γ2,jF (x̂, y)− iηγ1,jI

)
e−ikj x̂·yϕ(y)ds(y), gia j = p, s. (2.115)

AntÐstoiqa gia to eujÔ prìblhma skèdashc apì koilìthta (2.77)-(2.79) lìgw thc

anapar�stashc thc lÔshc (2.80) katal goume sthn akìloujh morf  twn plat¸n

skèdashc

u∞j (x̂) =

∫
Γ

J∗(x̂)
(
iηγ2,jF (x̂, y) + γ1,jI

)
e−ikj x̂·yϕ(y)ds(y), gia j = p, s. (2.116)

Gia th skèdash elastikoÔ kÔmatoc apì ègkleisma, prìblhma (2.88)-(2.92), katal -

goume sthn akìloujh anapar�stash gia ta pl�th skèdashc

u∞j (x̂) =

∫
Γ

J∗(x̂)
(
τeγ

e
2,jFe(x̂, y)ϕ(y) + γe1,jIψ(y)

)
e−ikj,ex̂·yds(y), gia j = p, s.

(2.117)

Sthn parap�nw sqèsh oi stajerèc γe1,j kai γ
e
2,j dÐnontai apì touc tÔpouc

γe1,j =


e
iπ
4

(λe+2µe)
√

8πkp,e
, an j = p

e
iπ
4

µe
√

8πks,e
, an j = s,

(2.118)

γe2,j =

 e−
iπ
4

λe+2µe

√
kp,e
8π
, an j = p

e−
iπ
4

µe

√
ks,e
8π
, an j = s,

(2.119)

kai o pÐnakac Fe orÐzetai wc

Fe(x̂, y) = λex̂ν(y)T + µeν(y)x̂T + µeν(y) · x̂I. (2.120)

Ta epìmena dÔo jewr mata apantoÔn sto er¸thma an to zeÔgoc twn plat¸n skèdashc

u∞ prosdiorÐzei monadik� to skedazìmeno pedÐo usc.
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L mma 2.5.1 (Rellich). 'Estw D èna fragmèno qwrÐo, to opoÐo eÐnai to anoiqtì

sumpl rwma enìc mh fragmènou qwrÐou, kai èstw ìti u ∈ [C2(R2\D̄)]2 eÐnai mÐa lÔsh

thc exÐswshc Helmholtz h opoÐa ikanopoieÐ thn parak�tw sqèsh

lim
r→∞

∫
|x|=r
|u(x)|2 ds = 0. (2.121)

Tìte u = 0 sto R2\D̄.

To l mma tou Rellich isqÔei kai sthn elastikìthta kaj¸c oi sunist¸sec tou

pedÐou metatopÐsewn u, up kai us, ikanopoioÔn tic exis¸seic (2.16).

Pìrisma 2.5.1. 'Estw D kai u ìpwc sto prohgoÔmeno l mma. Epiplèon èstw ìti

to u ikanopoieÐ tic sunj kec aktinobolÐac tou Kupradze kai to zeÔgoc twn plat¸n

skèdashc u∞ eÐnai tautotik� mhdèn. Tìte u = 0 sto R2\D̄.

Apìdeixh. EÐnai sunèpeia tou l mmatoc tou Rellich kai thc asumptwtik c sumperi-

for�c (2.108).



Kef�laio 3

AntÐstrofa probl mata

To antÐstrofo prìblhma, sth dunamik  grammik  elastikìthta, epilÔetai kai gia

tic treic peript¸seic skedast¸n: sklhrìc skedast c, koilìthta kai ègkleisma. H

monadikìthta epÐlushc tou antÐstrofou probl matoc gia èna prospÐpton kÔma kai

qwrÐc ek twn protèrwn gn¸sh gia th jèsh kai th gewmetrÐa tou skedast  paramènei

anoiktì prìblhma. H mèjodoc epÐlushc efarmìzetai epÐshc kai gia sklhrì empìdio

kai koilìthta sth statik  elastikìthta.

Sthn akoustik , ta pr¸ta apotelèsmata sqetik� me th monadik  epilusimìthta

tou antÐstrofou probl matoc apaitoÔsan th gn¸sh twn plat¸n skèdashc gia �peiro

pl joc prospiptìntwn kum�twn. Qarakthristik� anafèroume th mèjodo tou Schiffer

[17] pou efarmìsthke gia skedast  me Dirichlet sunoriakèc sunj kec kai th mèjodo

tou Isakov me efarmog  se diaperatì skedast  [37]. Metèpeita, h mèjodoc tou Isakov

epekt�jhke kai se probl mata me diaforetikèc sunoriakèc sunj kec apì touc Kirsch

kai Kress [49]. Mia diaforetik  mèjodoc prot�jhke apì touc Colton kai Sleeman [18]

dedomènhc thc gn¸shc ìti o skedast c brÐsketai mèsa se mÐa sfaÐra. To pleonèkthma

aut c thc mejìdou eÐnai ìti apaiteÐ peperasmèno pl joc prospiptìntwn kum�twn.

An epiplèon h aktÐna thc sfaÐrac ikanopoieÐ mia sunj kh fraxÐmatoc tìte arkeÐ èna

mìno prospÐpton kÔma. H beltÐwsh aut c thc sunj khc pragmatopoi jhke apì ton

GkintÐdh [23] me qr sh thc anisìthtac Faber - Krahn.

Sthn dunamik  elastikìthta, me efarmog  thc mejìdou tou Isakov oi Hähner

41
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kai Hsiao [30] apèdeixan ìti ta pl�th skèdashc gia diaforetikèc suqnìthtec, me è-

na prospÐpton kÔma me dedomènh kateÔjunsh kai pìlwsh, prosdiorÐzoun monadik�

ton skedast . Epèktash thc mejìdou ègine apì ton Kress [51] gia to antÐstrofo

prìblhma skèdashc apì rwgm  ston R2. An�logo apotèlesma topik c monadikìth-

tac me thn akoustik , gia skèdash apì sklhrì skedast , parousi�sthke apì ton

GkintÐdh kai basÐzetai se ektim seic me b�sh thn pr¸th idiotim  tou telest  Navier.

H apìdeixh brÐsketai sthn ergasÐa [26]. Gia skèdash elastikoÔ kÔmatoc apì sklhrì

skedast , Dirichlet sunoriakèc sunj kec, parousi�zoume èna apotèlesma monadi-

k c epilusimìthtac tou antÐstrofou probl matoc dedomènhc miac arqik c prìble-

yhc gia th jèsh tou skedast . Gia to statikì prìblhma, h monadikìthta epÐlushc

twn antÐstrofwn problhm�twn gia Dirichlet kai Neumann sunoriakèc sunj kec èqei

apodeiqjeÐ apì ton GkinÐdh [24].

Ta antÐstrofa probl mata epilÔontai me th mèjodo twn mh grammik¸n oloklhrwti-

k¸n exis¸sewn. H mèjodoc prot�jhke apì touc Kress kai Rundell [56] gia thn

epÐlush tou antÐstrofou probl matoc gia thn exÐswsh tou Laplace. To sÔsthma

twn oloklhrwtik¸n exis¸sewn prokÔptei apì thn efarmog  twn tÔpwn tou Betti.

An�loga prokÔptei kai apì thn efarmog  tou sunarthsiakoÔ amoibaiìthtac (Reci-

procity gap functional) pou prot�jhke apì touc Andrieux kai Ben Abda [3]. Sto

prìblhma mac, to sunarthsiakì orÐzetai ousiastik� wc to epikampÔlio olokl rwma

pou emfanÐzetai ston trÐto tÔpo tou Betti.

H mèjodoc twn Kress kai Rundell antistoiqeÐ to antÐstrofo prìblhma se è-

na isodÔnamo sÔsthma dÔo mh grammik¸n oloklhrwtik¸n exis¸sewn. Oi exis¸seic

prokÔptoun efarmìzontac tic sunoriakèc sunj kec kai tic sqèseic diap dhshc pou

ikanopoioÔntai sto sÔnoro tou empodÐou. Sto dunamikì prìblhma h deÔterh exÐsw-

sh prokÔptei apì thn oloklhrwtik  anapar�stash tou pedÐou metatopÐsewn kai thn

asumptwtik  sumperifor� tou makri� apì ton skedast , dhlad  ta pl�th skèdashc.

Sthn perÐptwsh skèdashc apì ègkleisma katal goume se treic exis¸seic.
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3.1 Sklhrì empìdio

Sth dunamik  grammik  elastikìthta, ìpwc anafèrjhke kai prohgoÔmena, paramènei

anoiktì prìblhma h apìdeixh Ôparxhc monadik c lÔshc tou antÐstrofou probl -

matoc. 'Oson afor� ìmwc to antÐstrofo prìblhma skèdashc apì sklhrì skedast 

apodeiknÔoume monadik  epilusimìthta tou proôpojètontac ìti o skedast c an kei

se mia kl�sh qwrÐwn. Pio sugkekrimèna, upojètoume ìti oi skedastèc an koun se

èna sÔnolo qwrÐwn S, tètoio ¸ste an D1, D2 ∈ S, tìte

0 < E (D∗) <
µπk2

01

ρω2
(3.1)

kai to sÔnolo R2\(D1 ∪D2) eÐnai sunektikì. Sthn parap�nw anisìthta orÐzoume wc

D∗ := (D1 ∪ D2)\(D1 ∩D2), E (D∗) eÐnai to embadìn tou D∗ kai k01 eÐnai h pr¸th

lÔsh thc sun�rthshc Bessel J0 (k). To prìblhma pou antimetwpÐzoume diatup¸netai

wc ex c:

AntÐstrofo prìblhma 3.1.1 (Dunamikì). Dedomènhc thc gn¸shc twn plat¸n

skèdashc u∞ gia èna prospÐpton kÔma uinc me gwnÐa prìsptwshc d anazhtoÔme to

sq ma kai th jèsh tou sklhroÔ skedast  D ∈ S.

H monadikìthta epÐlushc tou parap�nw probl matoc parousi�zetai sto akìloujo

je¸rhma

Je¸rhma 3.1.1. 'Estw D1 kai D2 dÔo sklhroÐ skedastèc me D1, D2 ∈ S tètoioi

¸ste ta antÐstoiqa pl�th skèdashc u∞1 kai u∞2 na tautÐzontai gia k�je x̂ ∈ Ω, gia èna

prospÐpton kÔma me kateÔjunsh d, kai gia dedomènouc kumat�rijmouc. Tìte D1 = D2.

To parap�nw apotèlesma parousi�sthke gia pr¸th for� apì ton GkintÐdh to 2008

sto sunèdrio “International Conference on Inverse Scattering Problems Honoring D.

Colton and R. Kress” kai h pl rhc diatÔpwsh brÐsketai sthn ergasÐa [26]. Gia thn

apìdeixh tou jewr matoc qrei�zetai na anafèroume pr¸ta ta akìlouja l mmata.

L mma 3.1.1. DiairoÔme ton telest  Navier (2.7) me th stajer� Lamé µ kai

prokÔptei

∆∗ := ∆ + α∇(∇·), (3.2)
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ìpou α = (λ+ µ)/µ > 0. JewroÔme to prìblhma idiotim¸n

∆∗u(x) = Λ(D)u(x), x ∈ D, (3.3)

tìte h pr¸th idiotim  mporeÐ na upologisteÐ me b�sh to phlÐko tou Rayleigh (Rayleigh

quotient) wc ex c

Λ1(D) = min
u6=0,u∈[H1

0 (D)]2
R(u), (3.4)

ìpou

R(u) =

∫
D
|∇u(x)|2dx+ α

∫
D
|∇ · u(x)|2dx∫

D
u(x)2dx

. (3.5)

Je¸rhma 3.1.2 (Faber-Krahn). 'Estw c > 0 kai B o dÐskoc me embadìn c. Tìte,

λ1(B) = min {λ1(Ω), ìpou Ω anoiktì uposÔnolo tou R2 embadoÔ c} . (3.6)

ìpou λ1 eÐnai h pr¸th idiotim  tou telest  −∆.

Apìdeixh. BasÐzetai sthn anadi�taxh kat� Schwarz kai sthn anisìthta tou Pòlya. H

analutik  apìdeixh brÐsketai sto biblÐo [31].

Apìdeixh. (tou Jewr matoc 3.1.1). 'Estw u∞1 = u∞2 kai D1 6= D2. Apì to L mma tou

Rellich (2.5.1) ja isqÔei kai usc1 = usc2 gia k�je x ∈ R2\(D1∪D2). Apì analutikìthta

isqÔei ìtiD1∩D2 6= ∅ [17]. OrÐzoumeD∗i = Di\(D1 ∩D2) gia i = 1, 2 kai to sunolikì

Sq ma 3.1: QwrÐo D∗2

pedÐo metatopÐsewn utot wc

utot =

 utot1 (x, d) sto D∗2

utot2 (x, d) sto D∗1.
(3.7)
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ParathroÔme ìti to utot eÐnai idiosun�rthsh tou −∆∗ (3.2) sto D∗ kai isqÔei utot ∈

[H1
0 (D∗)]2. EpÐshc to ρω2/µ eÐnai idiotim , opìte isqÔei

Λ1(D∗) ≤ ρω2

µ
. (3.8)

An λ1 eÐnai h pr¸th idiotim  tou −∆ sto D∗ tìte isqÔei λ1(D∗) ≤ Λ1(D∗) lìgw

tou tÔpou (3.5) [43]. Apì thn anisìthta Faber-Krahn (Je¸rhma 3.1.2) isqÔei ìti o

dÐskoc èqei th mikrìterh pr¸th idiotim  apì ìla ta qwrÐa me Ðdio embadìn, dhlad 

πk2
01

E (D∗)
≤ λ1, (3.9)

ìpou E (D∗) eÐnai to embadìn tou D∗ kai k01 eÐnai h pr¸th lÔsh thc sun�rthshc

Bessel J0 (k). Apì tic parap�nw sqèseic katal goume ìti

πk2
01

E (D∗)
≤ λ1 ≤ Λ1(D∗) ≤ ρω2

µ
⇒ µπk2

01

ρω2
≤ E (D∗) . (3.10)

'Omwc isqÔei h anÐswsh (3.1) giatÐ èqoume upojèsei ìti D1, D2 ∈ S, opìte katal -

goume se �topo. 'Ara D1 = D2.

H oloklhrwtik  anapar�stash thc lÔshc prokÔptei apì thn efarmog  tou trÐ-

tou tÔpou tou Betti (2.42) gia th jemeli¸dh lÔsh Φ (2.20) kai mia omal  lÔsh u

thc exÐswshc Navier (2.6). K�nontac qr sh thc an�lushc kat� Helmholtz, twn

asumptwtik¸n sumperifor¸n pou prokÔptoun apì tic sunj kec aktinobolÐac gia to

pedÐo metatopÐsewn u kai gia ton tanust  Green katal goume sthn akìloujh oloklh-

rwtik  anapar�stash thc lÔshc (tÔpoc Somigliana) [59]

δ(x)u(x) =

∫
Γ

{
[TyΦ(x, y)]T u(y)− Φ(x, y)(Tu)(y)

}
ds(y), (3.11)

ìpou

δ(x) =


1, gia x ∈ R2\D̄
1
2
, gia x ∈ Γ

0, gia x ∈ D.

(3.12)

Opìte to skedazìmeno pedÐo usc dèqetai thn akìloujh anapar�stash

usc(x) =

∫
Γ

{
[TyΦ(x, y)]T usc(y)− Φ(x, y)(Tusc)(y)

}
ds(y), x ∈ R2\D̄. (3.13)
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Me efarmog  tou trÐtou genikeumènou tÔpou tou Betti gia to prospÐpton kÔma uinc

kai gia ton tanust  Φ(x, ·) prokÔptei h sqèsh∫
Γ

{
[TyΦ(x, y)]T uinc(y)− Φ(x, y)(Tuinc)(y)

}
ds(y) = 0, x ∈ R2\D̄. (3.14)

Prosjètontac tic sqèseic (3.13), (3.14) kai lamb�nontac upìyin th Dirichlet suno-

riak  sunj kh (2.70) mporoÔme na diatup¸soume to akìloujo je¸rhma

Je¸rhma 3.1.3. Gia th skèdash prospÐptontoc kÔmatoc uinc apì sklhrì skedast 

D isqÔei

utot(x) = uinc(x)−
∫

Γ

Φ(x, y)(Tutot)(y)ds(y), x ∈ R2\D̄ (3.15)

kai ta pl�th skèdashc gia to skedazìmeno kÔma usc dÐnontai apì th sqèsh

u∞j (x̂) = −γ1,j

∫
Γ

J∗(x̂)e−ikj x̂·y(Tutot)(y)ds(y), gia j = p, s. (3.16)

Gia na diatup¸soume to sÔsthma twn mh grammik¸n oloklhrwtik¸n exis¸sewn

jètoume h = −Tutot|Γ kai me puknìthta to h orÐzoume xan� touc telestèc dunamikoÔ

aploÔ str¸matoc S : [L2(Γ)]2 → [L2(Γ)]2 kai tou pl�touc skèdashc S∞j : [L2(Γ)]2 →

[L2(Ω)]2 wc ex c

(Sh)(x) =

∫
Γ

Φ(x, y)h(y)ds(y), x ∈ Γ, (3.17)

(S∞j h)(x) = γ1,j

∫
Γ

J∗(x̂)e−ikj x̂·yh(y)ds(y), gia j = p, s. (3.18)

Sto ex c ja qrhsimopoioÔme touc akìloujouc sumbolismoÔc gia ta pl�th skèdashc

S∞ =

 S∞p

S∞s

 kai u∞ =

 u∞p

u∞s

 . (3.19)

Opìte apì tic sqèseic (3.15) kai (3.16) prokÔptei ìti to �gnwsto sÔnoro Γ kai h

�gnwsth puknìthta h, h t�sh thc antÐstoiqhc lÔshc u sto sÔnoro, ikanopoioÔn to

2× 2 sÔsthma oloklhrwtik¸n exis¸sewn

Sh = −uinc
∣∣
Γ

(3.20)

kai

S∞h = u∞. (3.21)
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Me to epìmeno je¸rhma apodeiknÔoume thn isodunamÐa metaxÔ tou antÐstrofou pro-

bl matoc kai tou parap�nw sust matoc.

Je¸rhma 3.1.4. 'Estw ìti to ω2 den eÐnai idiosuqnìthta tou eswterikoÔ probl -

matoc Dirichlet, tìte to antÐstrofo prìblhma skèdashc 3.1.1 kai to 2 × 2 sÔsthma

twn oloklhrwtik¸n exis¸sewn (3.20) kai (3.21) eÐnai isodÔnama.

Apìdeixh. H an�lush pou èqei prohghjeÐ exasfalÐzei ìti to �gnwsto sÔnoro G kai

h puknìthta h ikanopoioÔn tic dÔo oloklhrwtikèc exis¸seic (3.20) kai (3.21).

Antistrìfwc, an to sÔnoro G kai h puknìthta h ikanopoioÔn to sÔsthma (3.20)

kai (3.21) tìte to G epilÔei to antÐstrofo prìblhma skèdashc 3.1.1. Pr�gmati,

an orÐsoume me v to elastikì dunamikì aploÔ str¸matoc me puknìthta h tìte to v

ikanopoieÐ thn exÐswsh Navier sto R2\Γ kai tic sunj kec aktinobolÐac tou Kupradze.

Apì th deÔterh exÐswsh (3.21) me efarmog  tou L mmatoc tou Rellich 2.5.1 prokÔptei

ìti

v = usc, sto Γ. (3.22)

Sundu�zontac th sqèsh (3.22) me thn pr¸th exÐswsh tou sust matoc (3.20) lam-

b�noume v = 0 sto G. Tìte, lìgw monadik c epilusimìthtac tou eswterikoÔ pro-

bl matoc Dirichlet, isqÔei kai v = 0 sto D. 'Ara to sÔnoro G epilÔei to antÐstrofo

prìblhma.

Apì thn oloklhrwtik  anapar�stash thc lÔshc (3.13) kai thn asumptwtik  sumpe-

rifor� (2.108) prokÔptei h akìloujh morf  gia to zeÔgoc twn plat¸n skèdashc

u∞j (x̂) = γj

∫
Γ

{[
Ty
(
J∗(x̂)e−ikj x̂·y

)]T
u(y)− J∗(x̂)e−ikj x̂·yTu(y)

}
ds(y), (3.23)

ìpou h stajer� γj dÐnetai apì ton tÔpo

γj =
e
iπ
4√

8πkj

k2
j

ρω2
, gia j = p, s. (3.24)

OrÐzoume to sunarthsiakì amoibaiìthtac wc ex c

G(U) :=

∫
Γ

{
[TU ]Tu− U(Tu)

}
ds. (3.25)
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To sunarthsiakì G orÐzetai wc èna olokl rwma p�nw sto �gnwsto sÔnoro G gia

oloklhr¸simec sunart seic U ston R2\D̄, omalèc sto sÔnoro, èqontac to polÔ

logarijmik  idiomorfÐa. Apì thn parap�nw sqèsh gia to zeÔgoc twn plat¸n skèdashc

prokÔptei

u∞j (x̂) = γjG(J∗(x̂)v(x,−kjx̂)), gia x̂ ∈ Ω kai j = p, s (3.26)

ìpou v(x, y) = eix·y. Apì aut  thn isìthta prokÔptei h mh grammik  exÐswsh twn

plat¸n skèdashc gia to �gnwsto sÔnoro G kai thn puknìthta h = −Tutot|Γ. AntÐ-

stoiqa an sth jèsh thc sun�rthshc U epilèxoume th jemeli¸dh lÔsh Φ ston tÔpo

(3.25) prokÔptei

G(Φ(·, x)) = −uinc(x), gia x ∈ Γ. (3.27)

H parap�nw sqèsh tautÐzetai me thn exÐswsh (3.20) kai to sÔsthma twn mh grammik¸n

oloklhrwtik¸n exis¸sewn prokÔptei isodÔnama me tou tÔpouc tou Betti.

Gia to statikì prìblhma dÐnoume ton akìloujo orismì.

AntÐstrofo prìblhma 3.1.2 (Statikì). Dedomènhc thc gn¸shc twn pedÐwn

metatopÐsewn f (gnwst¸n) kai t�sewn g (metr simwn) sto sÔnoro Γ2 anazhtoÔme to

sq ma thc �gnwsthc kleist c kampÔlhc Γ1.

H monadik  epilusimìthta tou parap�nw probl matoc exasfalÐzetai apì to akìlou-

jo je¸rhma

Je¸rhma 3.1.5. 'Estw ìti Γ1 kai Γ̃1 eÐnai dÔo kleistèc kampÔlec pou perièqontai

sto eswterikì thc Γ2, orÐzoume me u kai ũ tic lÔseic twn problhm�twn Dirichlet gia

ta qwrÐa me eswterik� sÔnora Γ1 kai Γ̃1, antÐstoiqa. 'Estw ìti to dedomèno pedÐo

metatopÐsewn den eÐnai mhdenikì f 6= 0 kai ta antÐstoiqa pedÐa epifaneiak¸n t�sewn

eÐnai Ðsa, dhl. Tu = T ũ se èna anoiktì uposÔnolo thc Γ2. Tìte Γ1 = Γ̃1.

Apìdeixh. BrÐsketai sthn ergasÐa [24].

Gia na katastr¸soume to sÔsthma twn oloklhrwtik¸n exis¸sewn k�noume qr sh

tou sunarthsiakoÔ amoibaiìthtac. To opoÐo orÐzetai, me diaforetikì trìpo se sqèsh
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me to dunamikì prìblhma, wc ex c

G(U) :=

∫
Γ2

{
[TU ]Tf − Ug

}
ds, (3.28)

ìpou g = Tu sto Γ2, metr sima dedomèna apì to eujÔ prìblhma. OrÐzoume h =

−Tu|Γ1 kai me puknìthta to h orÐzoume touc telestèc S0,α, S̃0,α : [L2(Γ1)]2 →

[L2(Γα)]2 gia α = 1, 2 wc ex c

(S0,αh)(x) =

∫
Γ1

Φ0(x, y)h(y)ds(y), x ∈ Γα (3.29)

kai (
S̃0,αh

)
(x) := (S0,αh) (x) + (I − Φ0 (x, 0))

∫
Γ1

h (y) ds (y) , x ∈ Γα. (3.30)

Gia tic gnwstèc sunart seic f kai g sto Γ2, orÐzoume ton sunduasmì twn dunamik¸n

w (x) :=

∫
Γ2

{
[TyΦ0 (x, y)]T f (y)− Φ0 (x, y) g (y)

}
ds (y) , x ∈ R2\Γ2 (3.31)

kai thn tropopoÐhsh autoÔ

w̃ (x) := w (x)− (I − Φ0 (x, 0))

∫
Γ2

g (y) ds (y) , x ∈ R2\ {Γ2 ∪ {0}} . (3.32)

EpÐshc orÐzoume to dunamikì aploÔ str¸matoc

v (x) :=

∫
Γ1

Φ0 (x, y)h (y) ds (y) , x ∈ R2\Γ1 (3.33)

kai thn tropopoÐhsh autoÔ

ṽ (x) := v (x) + (I − Φ0 (x, 0))

∫
Γ1

h (y) ds (y) , x ∈ R2\ {Γ1 ∪ {0}} . (3.34)

Skopìc aut¸n twn tropopoi sewn eÐnai h exasf�lish ìti ta w̃ kai ṽ eÐnai fragmèna

sto mh fragmèno qwrÐo D2 [24]. Apì ton tÔpo tou sunarthsiakoÔ amoibaiìthtac G

(3.28) gia U = Φ (x, ·) kai x ∈ R2\D̄ prokÔptei

v = w, gia x ∈ R2\D̄ (3.35)

OmoÐwc, jètontac U = I, to tautikì duadikì, sumperaÐnoume ìti∫
Γ1

h (y) ds (y) +

∫
Γ2

g (y) ds (y) = 0 (3.36)
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kai isodÔnama

ṽ = w̃ gia x ∈ R2\
{
D̄ ∪ {0}

}
(3.37)

Apì tic sqèseic (3.35) kai (3.37) me efarmog  twn sqèsewn sunèqeiac kai diap dhshc

twn dunamik¸n aploÔ kai diploÔ str¸matoc katal goume ìti to �gnwsto sÔnoro Γ1

kai to �gnwsto pedÐo twn t�sewn h ikanopoioÔn to akìloujo sÔsthma exis¸sewn

S0,1h = w|Γ1 (3.38)

kai

S̃0,2h = w̃|Γ2 . (3.39)

Sth deÔterh exÐswsh to w|Γ1 proèkuye proseggÐzontac oriak� to Γ2 apì to eswterikì

tou D2. 'Omoia me to dunamikì prìblhma, an to sÔnoro Γ1 kai h puknìthta h

ikanopoioÔn to sÔsthma (3.38) - (3.39) tìte to sÔnoro Γ1 epilÔei to antÐstrofo

prìblhma gia sklhrì empìdio.

Je¸rhma 3.1.6. To antÐstrofo prìblhma 3.1.2 kai to 2×2 sÔsthma twn oloklhrw-

tik¸n exis¸sewn (3.38) - (3.39) eÐnai isodÔnama.

Ta sust mata twn mh grammik¸n oloklhrwtik¸n exis¸sewn (3.20) - (3.21) kai

(3.38) - (3.39) mporoÔn na anaparastajoÔn se eniaÐa graf  wc ex c

A1h = b1 (3.40)

kai

A2h = b2, (3.41)

ìpou

h =

 −Tutot|Γ gia to dunamikì

−Tu|Γ1 gia to statikì,
(3.42)

A1 =

 S gia to dunamikì

S0,1 gia to statikì,
(3.43)

b1 =

 −uinc|Γ gia to dunamikì

w|Γ1 gia to statikì,
(3.44)
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A2 =

 S∞ gia to dunamikì

S̃0,2 gia to statikì,
(3.45)

kai

b2 =

 u∞ gia to dunamikì

w̃|Γ2 gia to statikì.
(3.46)

Gia peraitèrw an�lush tou sust matoc twn oloklhrwtik¸n exis¸sewn (3.40)-

(3.41) epilègoume thn akìloujh anapar�stash gia to �gnwsto sÔnoro

x(t) = r(t)(cos t, sin t) , t ∈ [0, 2π], (3.47)

ìpou to x : R → R2 eÐnai 2π periodik , C2 omal  sun�rthsh kai “1-1” sto [0, 2π).

IsqÔei x′(t) 6= 0 ∀ t ∈ [0, 2π]. Sto statikì prìblhma, qwrÐc bl�bh thc genikìthtac,

jewroÔme ìti to exwterikì sÔnoro Γ2 eÐnai o monadiaÐoc kÔkloc, dhlad 

Γ2 = {x2(t) = (cos t, sin t) , t ∈ [0, 2π]} . (3.48)

OrÐzoume

ϕ := |x′ |(h ◦ x) (3.49)

kai kat� sunèpeia to sÔsthma twn oloklhrwtik¸n exis¸sewn (3.40)-(3.41) meta-

trèpetai sto

A1(r, ϕ) = b1(r) (3.50)

kai

A2(r, ϕ) = b2. (3.51)

S� autì to shmeÐo prèpei na dieukrinÐsoume ìti oi telestèc A1, A2 droun sth deÔterh

metablht  ϕ kai h pr¸th metablht  r dhl¸nei thn ex�rthsh twn telest¸n kai tou

dexioÔ mèlouc b1 apì to x. To b2 den exart�tai apì to parametrikopoihmèno �gnwsto

sÔnoro giatÐ antistoiqeÐ sta pl�th skèdashc (dunamikì prìblhma)   se olokl rwma

p�nw sto sÔnoro Γ2 (statikì prìblhma).

Gia to dunamikì prìblhma, orÐzoume b1(r) = −uinc ◦ x kai b2 = u∞ ◦ (cos t, sin t).

Oi telestèc orÐzontai wc A1, A2 : [L2[0, 2π]]2 → [L2[0, 2π]]
2
kai èqoun tic parak�tw

parametrikèc morfèc

(A1(r, ϕ))(t) := (S(r, ϕ))(t) =

∫ 2π

0

Φ(x(t), x(τ))ϕ(τ)dτ, t ∈ [0, 2π] (3.52)
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kai

(A2(r, ϕ))(t) := (S∞(r, ϕ))(t) =

 (S∞p (r, ϕ))(t)

(S∞s (r, ϕ))(t)

 , (3.53)

ìpou

(S∞j (r, ϕ))(t) = γ1,j

∫ 2π

0

J∗(x̂(t))e−ikj x̂(t)·x(τ)ϕ(τ)dτ, t ∈ [0, 2π] gia j = p, s. (3.54)

EpÐshc

(b1(r))(t) := (w(r))(t) =

 −d eikpd·x(t) an uinc = uincp

Qd eiksd·x(t) an uinc = uincs ,
(3.55)

ìpou d h gwnÐa prìsptwshc.

Gia to statikì prìblhma orÐzoume touc telestècA1, A2 : [L2[0, 2π]]2 → [L2[0, 2π]]
2

me parametrikèc morfèc

(A1(r, ϕ))(t) := (S0,1(r, ϕ))(x) =

∫ 2π

0

Φ0(x(t), x(τ))ϕ(τ)dτ, t ∈ [0, 2π] (3.56)

kai

(A2(r, ϕ))(t) :=
(
S̃0,2(r, ϕ)

)
(t) = (S0,2(r, ϕ))(x) + (I − Φ0 (x2(t), 0))

∫ 2π

0

ϕ(τ)dτ.

(3.57)

OrÐzoume wj := w|Γj gia j = 1, 2, opìte ta b1, b2 : [L2[0, 2π]]2 → [L2[0, 2π]]
2
dÐnontai

apì touc tÔpouc

(b1(r, ϕ))(t) := (w1(r, ϕ))(x) =

=

∫ 2π

0

{
[Tx2Φ0 (x(t), x2(τ))]T f (x2(τ))− Φ0 (x(t), x2(τ)) g (x2(τ))

}
dτ

(3.58)

kai

(b2(ϕ))(t) := (w̃2(ϕ))(x) = w (x2(t))+
1

2
f(t)−(I − Φ0 (x2(t), 0))

∫ 2π

0

g(τ)dτ (3.59)

3.2 Koilìthta

Arqik� epilÔoume to antÐstrofo prìblhma sth dunamik  elastikìthta. Gia to a-

ntÐstrofo prìblhma skèdashc apì koilìthta, dhlad  Neumann sunoriakèc sun-
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j kec, h epèktash thc mejìdou gia thn topik  monadikìthta epÐlushc tou anti-

strìfou probl matoc sthn perÐptwsh sklhroÔ skedast  den eÐnai tetrimmènh. To

prìblhma ègkeitai sthn efarmog  tou jewr matoc epilog c Rellich-Kondrachov ston

q¸ro Sobolev H1(D∗), qwrÐc Dirichlet sunoriakèc sunj kec, kaj¸c eÐnai aparaÐthtec

peraitèrw proüpojèseic omalìthtac gia to sÔnoro G tou skedast .

Par� ol� aut�, h efarmog  thc mejìdou twn mh grammik¸n oloklhrwtik¸n exi-

s¸sewn sthn perÐptwsh skèdashc apì koilìthta odhgeÐ se anakataskeu  tou sunì-

rou. Bèbaia, h arijmhtik  epÐlush me th qr sh mejìdwn omalopoÐhshc den eggu�tai

kai th monadikìthta thc lÔshc. To antÐstrofo prìblhma pou exet�zoume èqei thn

akìloujh morf 

AntÐstrofo prìblhma 3.2.1 (Dunamikì). Dedomènhc thc gn¸shc twn plat¸n

skèdashc u∞ gia èna prospÐpton kÔma uinc me gwnÐa prìsptwshc d anazhtoÔme to

sq ma kai th jèsh koilìthtac D.

AntÐstoiqa me to antÐstrofo prìblhma skèdashc apì sklhrì skedast  diatup¸-

noume to akìloujo je¸rhma

Je¸rhma 3.2.1. Gia th skèdash prospÐptontoc kÔmatoc uinc apì koilìthta D

isqÔei

utot(x) = uinc(x) +

∫
Γ

[TyΦ(x, y)]T utot(y)ds(y), x ∈ R2\D̄ (3.60)

kai ta pl�th skèdashc gia to skedazìmeno kÔma usc dÐnontai apì th sqèsh

u∞j (x̂) = γ2,j

∫
Γ

J∗(x̂)F (x̂, y)e−ikj x̂·yutot(y)ds(y), gia j = p, s. (3.61)

Apìdeixh. To je¸rhma prokÔptei apì thn efarmog  twn tÔpwn (3.13), (3.14) kai

sunupologÐzontac thn Neumann sunoriak  sunj kh (2.78).

Gia na katastr¸soume to sÔsthma twn mh grammik¸n oloklhrwtik¸n exis¸sewn

jewroÔme h = utot|Γ kai me puknìthta to h orÐzoume xan� touc telestèc dunamik¸n

D, L : [L2(Γ)]2 → [L2(Γ)]2 kai tou pl�touc skèdashc D∞j : [L2(Γ)]2 → [L2(Ω)]2 wc

ex c

(Dh)(x) :=

∫
Γ

[TyΦ(x, y)]T h(y)ds(y), x ∈ Γ, (3.62)
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(Lh)(x) = Tx

∫
Γ

[TyΦ(x, y)]T h(y)ds(y), x ∈ Γ (3.63)

kai

D∞j (x̂) = γ2,j

∫
Γ

J∗(x̂)F (x̂, y)e−ikj x̂·yh(y)ds(y), gia j = p, s. (3.64)

OrÐzoume D∞ := (D∞p D∞s )T kai apì to Je¸rhma 3.2.1 sumperaÐnoume ìti to �gnwsto

sÔnoro Γ thc koilìthtac D kai h �gnwsth puknìthta h, h antÐstoiqh lÔsh u sto

sÔnoro, ikanopoioÔn to 2× 2 sÔsthma oloklhrwtik¸n exis¸sewn

Lh = −Tuinc
∣∣
Γ

(3.65)

kai

D∞h = u∞. (3.66)

Antistrìfwc, an to sÔnoro G kai h puknìthta h ikanopoioÔn tic exis¸seic (3.65) kai

(3.66) tìte to sÔnoro G epilÔei to antÐstrofo prìblhma skèdashc apì koilìthta.

H pr¸th exÐswsh (3.65) exasfalÐzei th Neumann sunoriak  sunj kh Tutot = 0 sto

G. H deÔterh exÐswsh (3.66) eggu�tai ìti gia to sunolikì pedÐo metatopÐsewn utot

ìpwc orÐzetai apì thn (3.60) to skedazìmeno pedÐo usc, pou dÐnetai apì ton deÔtero

ìro sto dexÐ mèloc, èqei to kat�llhlo pl�toc skèdashc. 'Omoia me to antÐstrofo

prìblhma skèdashc apì sklhrì skedast  katal goume sto akìloujo je¸rhma

Je¸rhma 3.2.2. To antÐstrofo prìblhma skèdashc 3.2.1 kai to 2 × 2 sÔsthma

twn oloklhrwtik¸n exis¸sewn (3.65) kai (3.66) eÐnai isodÔnama.

To antÐstrofo prìblhma sth statik  grammik  elastikìthta orÐzetai wc ex c

AntÐstrofo prìblhma 3.2.2 (Statikì). Dedomènhc thc gn¸shc twn pedÐwn

metatopÐsewn f (metr simwn) kai t�sewn g (gnwst¸n) sto sÔnoro Γ2 anazhtoÔme to

sq ma thc �gnwsthc kleist c kampÔlhc Γ1.

To epìmeno je¸rhma exasfalÐzei ìti to antÐstrofo prìblhma èqei monadik  lÔsh.

Je¸rhma 3.2.3. 'Estw ìti Γ1 kai Γ̃1 eÐnai dÔo kleistèc kampÔlec pou perièqontai

sto eswterikì thc Γ2, orÐzoume me u kai ũ tic lÔseic twn problhm�twn Neumann

gia ta qwrÐa me eswterik� sÔnora Γ1 kai Γ̃1, antÐstoiqa. 'Estw ìti to dedomèno pedÐo
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t�sewn den eÐnai mhdenikì g 6= 0 kai ta antÐstoiqa pedÐa epifaneiak¸n metatopÐsewn

eÐnai Ðsa, dhl. u = ũ se èna anoiktì uposÔnolo thc Γ2. Tìte Γ1 = Γ̃1.

Apìdeixh. BrÐsketai sthn ergasÐa [24].

OrÐzoume h = u|Γ1 kai ta statik� dunamik� diploÔ str¸matocK0,j : [H−1/2(Γ1)]2 →

[H1/2(Γ1)]2 gia j = 1, 2

(K0,jh) (x) :=

∫
Γ1

[TyΦ0 (x, y)]T h (y) ds (y) , x ∈ Γj. (3.67)

AntÐstoiqa me to antÐstrofo prìblhma gia sklhrì empìdio, jètoume sto G (3.28)

U = Φ (x, ·) gia x ∈ R2\D̄ kai sth sunèqeia ìpou U stajer� kai prokÔptoun oi

akìloujec dÔo exis¸seic (
1

2
I −K0,1

)
h = w|Γ1

(3.68)

kai

−K0,2h = w|Γ2
. (3.69)

To w dÐnetai apì ton tÔpo (3.31). H pr¸th exÐswsh prokÔptei apì thn efarmog  twn

sqèsewn diap dhshc proseggÐzontac to Γ1 apì to D1. Sth deÔterh exÐswsh to dexÐ

mèloc orÐzetai wc to ìrio pou prokÔptei proseggÐzontac to Γ2 apì to D2. 'Omoia me

ta prohgoÔmena probl mata apodeiknÔetai kai to antÐstrofo, dhlad  ìti h lÔsh tou

parap�nw sust matoc Γ1 eÐnai kai h lÔsh tou antÐstrofou probl matoc.

Je¸rhma 3.2.4. To antÐstrofo prìblhma 3.2.2 kai to 2×2 sÔsthma twn oloklhrw-

tik¸n exis¸sewn (3.68) - (3.69) eÐnai isodÔnama.

Me b�sh thn anapar�stash tou sunìrou (3.47), orÐzoume thn puknìthta ϕ (3.49)

kai ta sust mata twn mh grammik¸n oloklhrwtik¸n exis¸sewn (3.65) - (3.66) kai

(3.68) - (3.69) dèqontai thn akìloujh genik  parametrikopoihmènh morf 

C1(r, ϕ) = d1(r) (3.70)

kai

C2(r, ϕ) = d2 (3.71)
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ìpou

ϕ =

 |x′|(utot ◦ x) gia to dunamikì

|x′|(u ◦ x) gia to statikì,
(3.72)

C1 =

 L gia to dunamikì

1
2
I −K0,1 gia to statikì,

(3.73)

d1 =

 −T (uinc ◦ x) gia to dunamikì

w|Γ1 gia to statikì,
(3.74)

C2 =

 D∞ gia to dunamikì

−K0,2 gia to statikì,
(3.75)

kai

d2 =

 u∞ ◦ (cos t, sin t) gia to dunamikì

w|Γ2 gia to statikì.
(3.76)

Oi telestèc, gia to dunamikì prìblhma, orÐzontai wc D, L,D∞ : [L2[0, 2π]]2 →

[L2[0, 2π]]
2
kai èqoun tic parak�tw parametrikèc morfèc

(D(r, ϕ))(t) =

∫ 2π

0

[
Tx(τ)Φ(x(t), x(τ))

]T
ϕ(τ)dτ, t ∈ [0, 2π], (3.77)

(L(r, ϕ))(t) = Tx(t)

∫ 2π

0

[
Tx(τ)Φ(x(t), x(τ))

]T
ϕ(τ)dτ, t ∈ [0, 2π] (3.78)

kai

(D∞j (r, ϕ))(t) = γ2,j

∫ 2π

0

J∗(x̂(t))F (x̂(t), x(τ))e−ikj x̂(t)·x(τ)ϕ(τ)dτ, t ∈ [0, 2π].

(3.79)

To dexÐ mèloc thc exÐswshc (3.70) orÐzetai wc

(d1(r))(t) =

 −d Tx(eikpd·x(t)) an uinc = uincp

QdTx(e
iksd·x(t)) an uinc = uincs .

(3.80)

Gia to statikì prìblhma, orÐzoume K0,j : [H−1/2[0, 2π]]2 → [H1/2[0, 2π]]2 gia j = 1, 2

(K0,1(r, ϕ)) (t) =

∫ 2π

0

[
Tx(τ)Φ0 (x(t), x(τ))

]T
ϕ(τ)dτ, gia t ∈ [0, 2π] (3.81)

kai

(K0,2(r, ϕ)) (t) =

∫ 2π

0

[
Tx(τ)Φ0 (x2(t), x(τ))

]T
ϕ(τ)dτ, gia t ∈ [0, 2π]. (3.82)
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3.3 'Egkleisma

'Oson afor� th monadik  epilusimìthta tou antÐstrofou probl matoc skèdashc apì

ègkleisma parajètoume ta akìlouja gnwst� apotelèsmata. Gia diaperatoÔc skeda-

stèc jewrhtik� apotelèsmata parousÐase pr¸toc o Isakov [37] kai sth sunèqeia

oi Kirsch kai Kress beltÐwsan th mèjodo gia to akoustikì antÐstrofo prìblhma

skèdashc [49]. LÐgouc m nec met�, o Hähner metèfere thn idèa thc mejìdou sto antÐ-

strofo prìblhma skèdashc ston hlektromagnhtismì kai apèdeixe monadikìthta apì

th gn¸sh twn plat¸n skèdashc gia ìla ta prospÐptonta kÔmata [29]. To prìblhma

pou epilÔoume eÐnai to akìloujo

AntÐstrofo prìblhma 3.3.1. AnazhtoÔme to sq ma kai th jèsh egkleÐsmatoc

Di gnwrÐzontac ta pl�th skèdashc u∞ gia èna prospÐpton kÔma uinc me gwnÐa prìs-

ptwshc d.

K�nontac qr sh tou trÐtou genikeumènou tÔpou tou Betti (2.42) gia to pedÐo

metatopÐsewn ue kai ton tanust  Φe sto qwrÐo De isqÔei

ue(x) = (Deue)(x)− (Se(T
eue))(x), gia x ∈ De. (3.83)

AntÐstoiqa me efarmog  tou Ðdiou tÔpou gia to prospÐpton kÔma uinc kai ton tanust 

Φe sto qwrÐo De prokÔptei

0 = (Deuinc)(x)− (Se(T
euinc))(x), gia x ∈ De. (3.84)

OrÐzoume to sunolikì pedÐo metatopÐsewn wc

utot = ue + uinc (3.85)

kai me prìsjesh twn sqèsewn (3.83) kai (3.84) lamb�noume

ue(x) = (Deutot)(x)− (Se(T
eutot))(x), gia x ∈ De (3.86)

'Omoia, efarmìzontac ton tÔpo tou Betti gia to pedÐo ui kai ton tanust  Green Φi

sto qwrÐo Di èqoume

−ui(x) = (Diui)(x)− (Si(T
iui))(x)

= (Diutot)(x)− (Si(T
eutot))(x), gia x ∈ Di. (3.87)
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Jètoume h = utot|Γ kai g = T eutot|Γ. ProseggÐzoume to sÔnoro G apì to De opìte

apì th sqèsh (3.85) prokÔptei(
1

2
I −Ke

)
h+ Seg = uinc. (3.88)

'Omoia, an proseggÐzoume to sÔnoro apì to eswterikì qwrÐo Di lìgw thc sunoriak c

sunj khc (2.91) isqÔei (
1

2
I +Ki

)
h− Sig = 0. (3.89)

AntÐstoiqa, lìgw thc sunoriak c sunj khc (2.100) katal goume stic akìloujec sqè-

seic

−Leh+

(
1

2
I +K∗e

)
g = T euinc (3.90)

kai

Lih+

(
1

2
I −K∗i

)
g = 0. (3.91)

ParathroÔme ìti prokÔptoun tèsseric oloklhrwtikèc exis¸seic gia tic dÔo �gnwstec

puknìthtec h kai g. Opìte, epilègoume dÔo exis¸seic   grammikì sunduasmì aut¸n.

Akolouj¸ntac ton P. Martin [62], katal goume sthn deÔterh perÐptwsh ¸ste na

prokÔyei tÔpou Fredholm sÔsthma oloklhrwtik¸n exis¸sewn. Pio sugkekrimèna,

prosjètoume kat� mèlh tic exis¸seic (3.88), (3.89) kai tic τe(3.90), τi(3.91), ìpou h

stajer� τα dÐnetai apì ton tÔpo (2.104) kai katal goume sto akìloujo sÔsthma I +Ki −Ke Se − Si
τiLi − τeLe τi+τe

2
I + τeK

∗
e − τiK∗i

 h

g

 =

 uinc

τeT
euinc

 . (3.92)

OrÐzoume touc telestèc plat¸n skèdashc S∞e , D∞e : [L2(Γ)]2 → [L2(Ω)]2 wc

(S∞e,jg)(x) = γe1,j

∫
Γ

J∗(x̂)e−ike,j x̂·yg(y)ds(y), gia j = p, s (3.93)

kai

(D∞e,jh)(x) = γe2,j

∫
Γ

J∗(x̂)Fe(x̂, y)e−ike,j x̂·yh(y)ds(y), gia j = p, s (3.94)

kai lìgw thc anapar�stashc tou pedÐou ue (3.86) parathroÔme ìti to �gnwsto sÔnoro

Γ kai oi �gnwstec puknìthtec g kai h twn antÐstoiqwn lÔsewn ikanopoioÔn kai thn
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akìloujh exÐswsh twn plat¸n skèdashc D∞e,p
D∞e,s

h−

 S∞e,p

S∞e,s

 g =

 u∞p

u∞s

 . (3.95)

Aplopoihmènh h exÐswsh (3.95) ja èqei th morf 

D∞h− S∞g = u∞. (3.96)

Sundu�zontac to sÔsthma (3.92) kai thn (3.96) katal goume sto akìloujo 3 × 3

sÔsthma oloklhrwtik¸n exis¸sewn
I +Ki −Ke Se − Si
τiLi − τeLe τi+τe

2
I + τeK

∗
e − τiK∗i

D∞ −S∞


 h

g

 =


uinc

τeT
euinc

u∞

 (3.97)

Antistrìfwc, an to sÔnoro G kai oi puknìthtec h kai g ikanopoioÔn to sÔsthma

twn exis¸sewn (3.97) tìte to sÔnoro G epilÔei to antÐstrofo prìblhma skèdashc

apì ègkleisma. Oi dÔo pr¸tec exis¸seic exasfalÐzoun tic sunoriakèc sunj kec ui =

ue+uinc kai T iui = T e (ue + uinc) sto G. H trÐth exÐswsh eggu�tai ìti gia to sunolikì

pedÐo metatopÐsewn utot ìpwc orÐzetai apì thn (3.85) to skedazìmeno pedÐo ue èqei

to kat�llhlo pl�toc skèdashc. 'Omoia me ta prohgoÔmena antÐstrofa probl mata

katal goume sto akìloujo je¸rhma

Je¸rhma 3.3.1. To antÐstrofo prìblhma skèdashc 3.3.1 kai to 3 × 3 sÔsthma

twn oloklhrwtik¸n exis¸sewn (3.97) eÐnai isodÔnama.

Me b�sh thn anapar�stash tou sunìrou G (3.47), orÐzoume antÐstoiqa

ϕ = |x′ |(h ◦ x), ψ = |x′ |(g ◦ x) (3.98)

kai to sÔsthma twn mh grammik¸n oloklhrwtik¸n exis¸sewn (3.97) dèqetai thn

akìloujh parametrikopoihmènh morf 

A(r, ϕ) + B(r, ψ) = C (3.99)
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ìpou

A =


A1

A2

A3

 , B =


B1

B2

B3

 kai C =


C1(r)

C2(r)

C3(x̂)

 . (3.100)

Pio analutik�, emfanÐzontai oi parak�tw parametrikèc morfèc gia t ∈ [0, 2π]

(A1(r, ϕ))(t) =
ϕ(t)

|x′(t)|
+

∫ 2π

0

[
T ix(τ)Φi(x(t), x(τ))

]T
ϕ(τ)dτ

−
∫ 2π

0

[
T ex(τ)Φe(x(t), x(τ))

]T
ϕ(τ)dτ, (3.101)

(A2(r, ϕ))(t) = τi

∫ 2π

0

T ix(t)

[
T ix(τ)Φi(x(t), x(τ))

]T
ϕ(τ)dτ

− τe

∫ 2π

0

T ex(t)

[
T ex(τ)Φe(x(t), x(τ))

]T
ϕ(τ)dτ, (3.102)

(A3(r, ϕ))(t) =

 (D∞e,p(r, ϕ))(t)

(D∞e,s(r, ϕ))(t)

 (3.103)

ìpou

(D∞e,j(r, ϕ))(t) = γe2,j

∫ 2π

0

J∗(x̂(t))Fe(x̂(t), x(τ))e−ike,j x̂(t)·x(τ)ϕ(τ)dτ, (3.104)

(B1(r, ψ))(t) =

∫ 2π

0

{Φe(x(t), x(τ))− Φi(x(t), x(τ))}ψ(τ)dτ, (3.105)

(B2(r, ψ))(t) =
τi + τe

2

ψ(t)

|x′(t)|
+ τe

∫ 2π

0

T ex(t)Φe(x(t), x(τ))ψ(τ)dτ

− τi

∫ 2π

0

T ix(t)Φi(x(t), x(τ))ψ(τ)dτ, (3.106)

(B3(r, ψ))(t) = −

 (S∞e,p(r, ψ))(t)

(S∞e,s(r, ψ))(t)

 (3.107)

ìpou

(S∞e,j(r, ψ))(t) = γe1,j

∫ 2π

0

J∗(x̂(t))e−ike,j x̂(t)·x(τ)ψ(τ)dτ (3.108)

kai

C1(r) = uinc ◦ x, C2(r) = τeT
e(uinc ◦ x), C3(x̂) = u∞ ◦ (cos t, sin t). (3.109)



Kef�laio 4

Epanalhptik  arijmhtik 

mèjodoc

Sto prohgoÔmeno kef�laio deÐxame thn isodunamÐa metaxÔ twn antÐstrofwn problh-

m�twn kai twn susthm�twn twn mh grammik¸n oloklhrwtik¸n exis¸sewn. Epìmeno

b ma eÐnai h arijmhtik  epÐlush twn susthm�twn gia ìlec tic peript¸seic empodÐwn.

Ta sust mata eÐnai grammik� wc proc tic �gnwstec puknìthtec all� mh grammik�

wc proc to �gnwsto sÔnoro. Gia th grammikopoÐhsh twn susthm�twn akoloujeÐtai

diaforetik  mèjodoc se kajèna apì ta trÐa sust mata kai k�je mèjodoc odhgeÐ se

diaforetikì trìpo epÐlushc. H grammikopoÐhsh twn oloklhrwtik¸n telest¸n kai

twn dexi¸n mel¸n twn exis¸sewn gÐnetai me th qr sh Fréchet parag¸gwn wc proc

to parametrikopoihmèno sÔnoro. H Fréchet paragwgisimìthta twn oloklhrwtik¸n

telest¸n exet�sthke gia thn akoustik  skèdash apì ton Potthast [64, 65] kai h

metafor� sthn elastikìthta gia skèdash apì sklhrì skedast  ston R3 ègine apì

ton Qaralampìpoulo [11].

Arqik� dÐnoume ton orismì kai merikèc shmantikèc idiìthtec thc Fréchet parag¸-

gou.

Orismìc 4.0.1. 'Estw X, Y q¸roi me nìrma kai U anoiktì uposÔnolo tou X.

H apeikìnish A : U → Y kaleÐtai Fréchet paragwgÐsimh sto x ∈ U an up�rqei

61
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fragmènoc telest c A′(x) : X → Y tètoioc ¸ste

‖A(x+ h)− A(x)− A′(x;h)‖ = o(‖h‖) (4.1)

omoiìmorfa kaj¸c h→ 0. O telest c A′(x) kaleÐtai h Fréchet par�gwgoc tou A sto

x kai eÐnai monadik .

Sto epìmeno je¸rhma parousi�zoume basikèc idiìthtec thc Fréchet parag¸gou

pou qrhsimopoioÔme gia ton upologismì thc.

Je¸rhma 4.0.2. 'Estw A : U ⊂ X → Y Fréchet paragwgÐsimoc telest c kai W

q¸roc me nìrma.

1. An B : U → Y Fréchet paragwgÐsimoc telest c tìte kai o telest c κ1A+κ2B

eÐnai Fréchet paragwgÐsimoc gia k�je κ1, κ2 ∈ C me tÔpo

(κ1A+ κ2B)′(x) = κ1A
′(x) + κ2B

′(x), gia x ∈ U. (4.2)

2. An B : Y → W Fréchet paragwgÐsimoc telest c tìte kai o telest c B ◦ A :

U → W eÐnai Fréchet paragwgÐsimoc me tÔpo

(B ◦ A)′(x) = B′(A(x))A′(x), gia x ∈ U. (4.3)

Apìdeixh. BrÐsketai sto biblÐo [42].

OrÐzoume to diataragmèno sÔnoro wc Γx+ζ = {x(t) + ζ(t), t ∈ [0, 2π]} ìpou ζ mia

omal  2π periodik  sun�rthsh gia thn opoÐa isqÔei ‖ζ‖C2(Γ) ≤ l, l << 1. To sÔnoro

Γx+ζ paramènei C2−t�xhc kai isqÔei

Je¸rhma 4.0.3. H Fréchet par�gwgoc enìc fragmènou telest  A : [C(Γ)]2 →

[C(Γ)]2 me asjen¸c idiìmorfo pur na K dÐnetai apì ton telest 

(A′(x, ϕ; ζ))(x) =

∫
Γ

∂K(x, y; ζ)

∂ζ
ϕ(y)ds(y). (4.4)

Apìdeixh. ProkÔptei me efarmog  tou jewr matoc Taylor sthn oloklhrwtèa sun�r-

thsh kai idiot twn paragwgisimìthtac oloklhrwm�twn pou exart¸ntai apì paramè-

trouc. H analutik  apìdeixh brÐsketai sthn ergasÐa [64].
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To parap�nw je¸rhma isqÔei kai gia telestèc me suneqeÐc pur nec kai exasfalÐzei

ìti oi par�gwgoi twn oloklhrwtik¸n telest¸n wc proc to sÔnoro G prokÔptoun apì

thn tupik  parag¸gish twn pur nwn touc wc proc to parametrikopoihmèno sÔnoro.

Sto ex c lìgw thc parametrikopoÐhshc (3.47) oi Fréchet par�gwgoi sumbolÐzontai

me A′(r, ϕ; q).

H qr sh ìmwc thc Fréchet parag¸gou gia th grammikopoÐhsh tou sust matoc

diathreÐ th mh kal  topojèthsh twn exis¸sewn. Autì sumbaÐnei giatÐ h Fréchet

par�gwgoc A′ : X → Y enìc suneqoÔc kai sumpagoÔc telest  A : U → Y , Y

q¸roc Banach, eÐnai sumpag c telest c [17]. H kal  topojèthsh kat� Hadamard

diatar�ssetai ousiastik� ìson afor� thn eust�jeia thc lÔshc kai gia na antimetw-

pÐsoume autì to prìblhma qrhsimopoioÔme th mèjodo omalopoÐhshc Tikhonov. H

mèjodoc omalopoÐhshc analÔetai sth sunèqeia.

4.1 Sklhrì empìdio

Gia thn epÐlush tou sust matoc twn oloklhrwtik¸n exis¸sewn akoloujoÔme tic

epanalhptikèc mejìdouc pou prìteinan oi Kress kai Rundell [56]. ProtoÔ parousi�-

soume tic mejìdouc diatup¸noume xan� to sÔsthma twn parametrikopoihmènwn oloklh-

rwtik¸n exis¸sewn (3.50)-(3.51) thc paragr�fou 3.1.

A1(r, ϕ) = b1(r) (4.5)

kai

A2(r, ϕ) = b2 (4.6)

H pr¸th mèjodoc afor� sthn pl rh grammikopoÐhsh tou sust matoc wc proc kai

touc dÔo agn¸stouc, thn puknìthta kai thn aktinik  sun�rthsh. H deÔterh mèjodoc

diaqwrÐzei to sÔsthma se duo mh kal� topojethmèna probl mata. To pr¸to grammikì

wc proc thn �gnwsth puknìthta ϕ kai to deÔtero mh grammikì wc proc to �gnwsto

sÔnoro. To pleonèkthma thc deÔterhc epanalhptik c diadikasÐac eÐnai o mikrìteroc

upologistikìc qrìnoc kaj¸c eÐnai protimìtero na epilÔontai dÔo mikr� sust mata
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exis¸sewn par� èna me dipl�siouc agn¸stouc. Oi dÔo algìrijmoi èqoun tic akìloujec

morfèc:

Epanalhptikì Sq ma 4.1.1.

(i) GrammikopoioÔme kai tic dÔo exis¸seic qrhsimopoi¸ntac Fréchet parag ģouc

wc proc r me kateÔjunsh q

A1(r, ϕ) + A1(r, ψ) + A
′

1(r, ϕ; q) = b1(r) + b
′

1(r; q) (4.7)

A2(r, ϕ) + A2(r, ψ) + A
′

2(r, ϕ; q) = b2 (4.8)

(ii) Dedomènhc miac arqik c prosèggishc gia ta r kai ϕ, epilÔoume to gram-

mikopoihmèno sÔsthma gia q kai ψ ¸ste na prokÔyoun oi belti¸seic r + q

kai ϕ+ ψ.

(iii) H epanalhptik  diadikasÐa suneqÐzetai mèqri k�poio dedomèno krit rio terma-

tismoÔ na ikanopoihjeÐ.

Epanalhptikì Sq ma 4.1.2.

(i) Dedomènhc miac arqik c prìbleyhc gia thn aktinik  sun�rthsh r epilÔoume

th mh kal� topojethmènh exÐswsh (4.6) gia thn �gnwsth puknìthta ϕ.

(ii) GrammikopoioÔme thn exÐswsh (4.5) k�nontac qr sh Fréchet parag ģwn wc

proc to r sthn kateÔjunsh q kai prokÔptei h exÐswsh

A1(r, ϕ) + A
′

1(r, ϕ; q) = b1(r) + b
′

1(r; q). (4.9)

Diathr¸ntac to ϕ stajerì epilÔoume th grammikopoihmènh exÐswsh (4.9) gia

na prokÔyei h beltÐwsh r + q gia thn aktinik  sun�rthsh.

(iii) To deÔtero b ma epanalamb�netai mèqri na ikanopoihjeÐ to krit rio terma-

tismoÔ.
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Gia to dunamikì prìblhma, k�nontac qr sh twn tautot twn

H
(1)
1 (x) = −H(1)′

0 (x) kai H(1)′

1 (x) = H
(1)
0 (x)− 1

x
H

(1)
1 (x) (4.10)

upologÐzoume tic Fréchet parag¸gouc tou telest  S(r, ϕ) kai tou dexioÔ mèlouc w(r)

pou emfanÐzontai sta parap�nw epanalhptik� sq mata. Met� apì pr�xeic prokÔptoun

oi akìloujec morfèc

(S
′
(r, ϕ; q))(t) =

i

4ρω2

∫ 2π

0

{
% · (ζ(t)− ζ(τ))

|%|

[(
−k3

sH
(1)
1 (ks|%|)−

1

|%|
A2(%)

+
2

|%|2
A1(%)

)
I +

(
A3(%) +

2

|%|
A2(%)− 4

|%|2
A1(%)

)
J(x(t)− x(τ))

]
−4ρω2iΦ2(|%|)

[
% (ζ(t)− ζ(τ))T

|%|2
+

(ζ(t)− ζ(τ)) %T

|%|2

−2
% · (ζ(t)− ζ(τ))

|%|2
J(x(t)− x(τ))

]}
ϕ(x(τ))dτ, t ∈ [0, 2π].

(4.11)

ìpou

A1(%) = ksH
(1)
1 (ks|%|)− kpH(1)

1 (kp|%|), (4.12)

A2(%) = k2
sH

(1)
0 (ks|%|)− k2

pH
(1)
0 (kp|%|), (4.13)

kai

A3(%) = k3
sH

(1)
1 (ks|%|)− k3

pH
(1)
1 (kp|%|). (4.14)

O pur nac tou telest  eÐnai omalìc kai gia t = τ èqei thn parak�tw diag¸nia morf 

1
4πρω2

{
−
(
k2
s + k2

p

) % ζ ′(t)
|%|2

I +
(
k2
s − k2

p

)(% ζ ′(t)T
|%|2

+
ζ
′
(t) %T

|%|2
− 2

% · ζ ′(t)
|%|2

% %T

|%|2

)}
,

(4.15)

ìpou ζ(t) = q(t)(cos t, sin t) kai me % sumbolÐzoume

% := %(t, τ) =

 x(t)− x(τ) an t 6= τ

x
′
(t) an t = τ.

(4.16)

H par�gwgoc tou w(r) dÐnetai apì ton tÔpo

(w
′
(r; q))(t) =

 −d ikpd · ζ(t) eikpd·x(t) an uinc = uincp

Qd iksd · ζ(t) eiksd·x(t) an uinc = uincs .
(4.17)
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Sto statikì prìblhma, oi par�gwgoi pou emfanÐzontai sto sÔsthma upologÐzontai

me an�logo trìpo kai den parousi�zontai lìgw poluplokìthtac. To je¸rhma pou

parousi�zoume sth sunèqeia apodeiknÔei th monadik  epilusimìthta tou grammikopoih-

mènou sust matoc (4.7)-(4.8) gia to dunamikì prìblhma. Autì to apotèlesma eÐnai

arketì gia na exasfalÐsoume ìti oi telestèc pou emfanÐzontai sta arister� mèlh tou

sust matoc (4.5)-(4.6) eÐnai “1-1” me puknì sÔnolo tim¸n. Aut  h plhroforÐa eÐnai

aparaÐthth ¸ste sth sunèqeia na mporoÔme na efarmìsoume th jewrÐa omalopoÐhshc.

Ta epìmena l mmata eÐnai anagkaÐa gia th diatÔpwsh tou jewr matoc. AntÐstoiqo

apotèlesma isqÔei kai gia th statik  perÐptwsh.

L mma 4.1.1. Gia k�je u ston R2 isqÔei h akìloujh an�lush sth k�jeth kai thn

efaptìmenh sunist¸sa, wc proc to sÔnoro Γ:

∇u = ∇Γu+
∂u

∂ν
ν (4.18)

div u = divΓ u+ div ν(u · ν) +
∂

∂ν
(u · ν) (4.19)

L mma 4.1.2. An u eÐnai to elastikì dunamikì aploÔ str¸matoc kai ϕ ∈ [C0,α(Γ)]2

tìte isqÔei

∇u±(x) =

∫
Γ

∇xΦ(x, y)ϕ(y)ds(y)∓ 1

2
ν(x)

ϕ(x)

|x′(t)|
, x ∈ Γ (4.20)

ìpou to olokl rwma up�rqei kat� th prwteÔousa tim  tou Cauchy [60].

Sto akìloujo je¸rhma apodeiknÔetai ìti to sÔsthma (4.7)-(4.8) gia to dunamikì

prìblhma èqei monadik  lÔsh. Me b�sh th jewrÐa Riesz, lìgw thc Ôparxhc sumpag¸n

telest¸n, arkeÐ na deÐxoume ìti to antÐstoiqo omogenèc sÔsthma twn oloklhrwtik¸n

exis¸sewn èqei mìno th mhdenik  lÔsh.

Je¸rhma 4.1.1. 'Estw ìti to ω2 den eÐnai idiosuqnìthta tou eswterikoÔ pro-

bl matoc Dirichlet. An q ∈ C2[0, 2π] kai ψ ∈ [L2[0, 2π]]2 eÐnai lÔseic tou omogenoÔc

sust matoc

S(r, ψ) + S ′(r, φ; q)− w′(r; q) = 0 (4.21)

kai

S∞(r, ψ) + S∞
′
(r, φ; q) = 0, (4.22)
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tìte q = 0 kai ψ = 0.

Apìdeixh. H apìdeixh basÐzetai sthn idèa twn Kress kai Rundell kai efarmìsthke

ston telest  Laplace [56]. Arqik�, orÐzoume to elastikì dunamikì

v(z) :=

∫ 2π

0

Φ(z, x(τ))ϕ(τ)dτ, gia z ∈ R2\Γ (4.23)

kai w(z) = uinc(z), z ∈ R2. Tìte to u = w − v eÐnai lÔsh tou exwterikoÔ probl -

matoc Dirichlet gia to D. 'Estw

V (z) :=

∫ 2π

0

Φ(z, x(τ))ψ(τ)dτ −
∫ 2π

0

∇zΦ(z, x(τ)) · ζ(τ)ϕ(τ)dτ, z ∈ R2\Γ. (4.24)

ParathroÔme ìti to V eÐnai lÔsh thc exÐswshc Navier kai ikanopoieÐ th sunj kh

aktinobolÐac. To pl�toc skèdashc tou V dÐnetai apì to tÔpo

V ∞j (x̂) :=

∫ 2π

0

Φ∞j (x̂, x(τ))ψ(τ)dτ +

∫ 2π

0

∇xΦ
∞
j (x̂, x(τ)) · ζ(τ)ϕ(τ)dτ (4.25)

gia j = p, s, ìpou Φ∞j (x̂, x) = γ1,je
−ikj x̂·xJ∗(x̂). ParathroÔme ìti to V ∞ tautÐzetai

me to aristerì mèloc thc (4.22), opìte V ∞ ≡ 0. Apì to L mma tou Rellich 2.5.1

èqoume V = 0 gia x ∈ R2\D̄. ProseggÐzontac to sÔnoro Γ apì to exwterikì tou D

kai lamb�nontac upìyin to L mma 4.1.2 èqoume∫ 2π

0

Φ(z(t), z(τ))ψ(τ)dτ +
1

2
ν(x(t)) · ζ(t)

ϕ(x)

|x′(t)|

−
∫ 2π

0

∇z(t)Φ(z(t), z(τ)) · ζ(τ)ϕ(τ)dτ = 0, t ∈ [0, 2π]. (4.26)

Apì tic sqèseic (4.21) kai (4.26) katal goume ìti

1

2
ν(x(t))·ζ(t)

ϕ(x)

|x′(t)|
+

∫ 2π

0

∇z(t)Φ(z(t), z(τ))·ζ(t)ϕ(τ)dτ−w′(z(t), ζ(τ)) = 0. (4.27)

H (4.27) gr�fetai wc ex c

((∇ [w − v]) ◦ x) · ζ = 0 ⇒ ∇ (u ◦ x) · ζ = 0. (4.28)

Apì to L mma 4.1.1 prokÔptei ìti

(
∂u

∂ν
◦ x)(ν ◦ x) · ζ = 0. (4.29)



68 KEF�ALAIO 4. EPANALHPTIK�H ARIJMHTIK�H M�EJODOS

IsqÔei ìmwc (∂u
∂ν
◦ x) 6= 0 kaj¸c to u eÐnai lÔsh tou probl matoc kai ikanopoieÐ kai

th sunoriak  sunj kh u = 0 sto Γ kai an (∂u
∂ν
◦ x) = 0 ⇒ T u = 0 sto Γ apì to

L mma 4.1.1. 'Atopo, giatÐ tìte to u ja  tan tautotik� mhdèn sto R2\D. Opìte apì

th sqèsh (ν ◦ x) · ζ = 0 k�nontac pr�xeic katal goume ìti q(t)r(t) = 0 ⇒ q(t) = 0.

Apì th teleutaÐa sqèsh h (4.21) gÐnetai

S(r, ψ) = 0. (4.30)

Efìson to ω2 den eÐnai idiosuqnìthta tou eswterikoÔ probl matoc Dirichlet, katal -

goume ìti ψ = 0 apì thn (4.30).

4.2 Koilìthta

To parametrikopoihmèno sÔsthma twn mh grammik¸n oloklhrwtik¸n exis¸sewn gia

to antÐstrofo prìblhma eÐnai to akìloujo

C1(r, ϕ) = d1(r) (4.31)

kai

C2(r, ϕ) = d2. (4.32)

Gia thn epÐlush tou, h mèjodoc pou akoloujoÔme eÐnai diaforetik  apì aut n gia to

antÐstoiqo sÔsthma sthn perÐptwsh tou sklhroÔ empodÐou kai oi basikoÐ lìgoi eÐnai

dÔo kai aforoÔn to dunamikì prìblhma. H pr¸th exÐswsh tou sust matoc (4.5)-

(4.6) pou antistoiqeÐ stic sunoriakèc sunj kec, gia skèdash apì sklhrì skedast ,

lìgw thc Ôparxhc tou elastikoÔ dunamikoÔ aploÔ str¸matoc kai thc logarijmik c

idiomorfÐac tou pur na odhgeÐ se mh kal� topojethmènh exÐswsh. AntÐjeta h exÐswsh

(4.31) lìgw thc morf c tou pur na, pou analÔetai sto par�rthma, k�nontac qr sh

thc jewrÐac Riesz katal gei se monadik� epilÔsimh exÐswsh 2ou eÐdouc [50].

O deÔteroc lìgoc eÐnai h apofug  polu�rijmwn pr�xewn kai polÔplokwn morf¸n

pou prokÔptoun me thn efarmog  thc Fréchet parag¸gou ston telest  (Lϕ). Opìte

efarmìzoume th mèjodo pou prìteinan oi Johansson kai Sleeman [41] kai analutik�

faÐnetai sto parak�tw epanalhptikì sq ma
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Epanalhptikì Sq ma 4.2.1.

(i) Dedomènhc miac arqik c prìbleyhc gia thn aktinik  sun�rthsh r epilÔoume

th kal� topojethmènh exÐswsh (4.31) gia thn �gnwsth puknìthta ϕ.

(ii) GrammikopoioÔme thn exÐswsh (4.32) k�nontac qr sh Fréchet parag ģwn wc

proc to r sthn kateÔjunsh q kai prokÔptei h exÐswsh

C2(r, ϕ) + C
′

2(r, ϕ; q) = d2, (4.33)

diathr¸ntac to ϕ stajerì epilÔoume th grammikopoihmènh exÐswsh (4.33) gia

na prokÔyei h beltÐwsh r + q gia thn aktinik  sun�rthsh.

(iii) To deÔtero b ma epanalamb�netai mèqri na ikanopoihjeÐ to krit rio terma-

tismoÔ.

Gia to dunamikì prìblhma, h Fréchet par�gwgoc tou telest  D∞ eÐnai

(D∞′j (r, ϕ; q))(t) = γ2,j

∫ 2π

0

J∗(x̂(t))B(t, τ)e−ikj x̂(t)·x(τ)ϕ(τ)dτ, gia j = p, s (4.34)

ìpou

B(t, τ) = F
′
(t, τ)− ikjx̂(t) · ζ(τ)F (t, τ) (4.35)

me F (t, τ) := F (x̂(t), x(τ)) kai h par�gwgoc èqei th morf 

F
′
(x̂(t), x(τ)) = λ x̂(t) g(x, ζ)T + µ g(x, ζ) x̂(t)T + µ g(x, ζ) · x̂(t) I, (4.36)

ìpou

g(x, ζ) =
1

|x′(τ)|

(
ζ
′

2(τ),−ζ ′1(τ)
)
− x

′
(τ) · ζ ′(τ)

|x′(τ)|2
ν(τ). (4.37)

H par�gwgoc tou d2 eÐnai mhdèn kaj¸c to zeÔgoc twn plat¸n skèdashc den exart�tai

apì to r.

4.3 'Egkleisma

To isodÔnamo sÔsthma twn mh grammik¸n oloklhrwtik¸n exis¸sewn me to antÐstrofo

prìblhma skèdashc apì ègkleisma ìpwc autì proèkuye sthn par�grafo 3.3 eÐnai to
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akìloujo

A(r, ϕ) + B(r, ψ) = C. (4.38)

To parap�nw sÔsthma diafèrei se sqèsh me ta sust mata gia tic dÔo prohgoÔmenec

peript¸seic empodÐwn. Autì ofeÐletai stic dÔo sunoriakèc sunj kec apì tic opoÐec

prokÔptoun dÔo diaforetikèc puknìthtec. H epanalhptik  diadikasÐa pou akolou-

joÔme basÐzetai sthn idèa twn Johansson kai Sleeman, kai qrhsimopoi jhke gia to

sÔsthma (4.31)-(4.32). Arqik�, anazhtoÔme tic timèc twn puknot twn kai sth sunè-

qeia thn aktinik  sun�rthsh apì thn exÐswsh twn plat¸n skèdashc. Analutik� h

epanalhptik  diadikasÐa eÐnai:

Epanalhptikì Sq ma 4.3.1.

(i) Dedomènhc miac arqik c prìbleyhc gia thn aktinik  sun�rthsh r anazhtoÔme

tic �gnwstec puknìthtec ϕ, ψ apì thn epÐlush tou sust matoc A1

A2

 (r, ϕ) +

 B1

B2

 (r, ψ) =

 C1

C2

 (r) (4.39)

(ii) GrammikopoioÔme thn exÐswsh A3(r, ϕ) + B3(r, ψ) = C3(x̂) kai prokÔptei

A3(r, ϕ) +A′3(r, ϕ; q) + B3(r, ψ) + B′3(r, ψ; q) = C3(x̂). (4.40)

DiathroÔme tic puknìthtec stajerèc kai epilÔoume th grammikopoihmènh exÐsw-

sh wc proc to q gia na prokÔyei h beltÐwsh r+ q gia thn aktinik  sun�rthsh

(iii) To deÔtero b ma epanalamb�netai mèqri na ikanopoihjeÐ to krit rio terma-

tismoÔ.

Oi Fréchet par�gwgoi pou emfanÐzontai sto parap�nw epanalhptikì sq ma upo-

logÐzontai wc ex c

A′3(r, ϕ; q) =

 D∞′e,p (r, ϕ; q)

D∞′e,s (r, ϕ; q)

 (4.41)

ìpou

(D∞′e,j (r, ϕ; q))(t) = γe2,j

∫ 2π

0

J∗(x̂(t))Be(t, τ)e−ike,j x̂(t)·x(τ)ϕ(τ)dτ. (4.42)
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O pÐnakac Be(t, τ) eÐnai o antÐstoiqoc pÐnakac pou proèkuye kai sto antÐstrofo

prìblhma skèdashc apì koilìthta me th mình diafor� ìti emfanÐzontai oi suntelestèc

Lamé tou exwterikoÔ qwrÐou De, dhlad 

Be(t, τ) = F
′

e(t, τ)− ike,jx̂(t) · ζ(τ)Fe(t, τ) (4.43)

ìpou Fe(t, τ) := Fe(x̂(t), x(τ)) kai antÐstoiqa h par�gwgoc eÐnai

F
′

e(x̂(t), x(τ)) = λe x̂(t) g(x, ζ)T + µe g(x, ζ) x̂(t)T + µe g(x, ζ) · x̂(t) I. (4.44)

H sun�rthsh g dÐnetai apì ton tÔpo (4.37). 'Omoia upologÐzoume kai thn par�gwgo

tou B3 wc ex c

B′3(r, ψ; q) =

 S∞
′

e,p (r, ψ; q)

S∞
′

e,s (r, ψ; q)

 (4.45)

ìpou

(S∞
′

e,j (r, ψ; q))(t) = γe2,j

∫ 2π

0

ike,jx̂(t) · ζ(τ)e−ike,j x̂(t)·x(τ)J∗(x̂(t))ψ(τ)dτ. (4.46)

4.4 Mèjodoc omalopoÐhshc Tikhonov

'Opwc anafèrjhke kai prohgoÔmena, h grammikopoÐhsh twn exis¸sewn èqei wc apotè-

lesma th mh kal  topojèthsh touc. Apì tic mejìdouc omalopoÐhshc aut  pou pro-

tim�tai kurÐwc eÐnai h mèjodoc Tikhonov, thn opoÐa kai qrhsimopoioÔme sthn paroÔsa

diatrib . AkoloÔjwc parousi�zoume th kentrik  idèa thc mejìdou kai k�poia basik�

jewr mata [7, 17].

'Estw A : X → Y grammikìc kai sumpag c telest c kai h mh kal� topojethmènh

exÐswsh

Aφ = f. (4.47)

Me th mèjodo omalopoÐhshc Tikhonov proseggÐzoume ton mh fragmèno telest  A−1

me ènan grammikì kai fragmèno telest  Rα. H lÔsh thc exÐswshc isodunameÐ me

th lÔsh tou ex c probl matoc elaqistopoÐhshc: AnazhtoÔme to φα ∈ X pou e-

laqistopoieÐ th sun�rthsh Tikhonov

Jα := ‖Aφ− f‖2 + α ‖φ‖2 . (4.48)
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IsqÔoun ta akìlouja jewr mata

Je¸rhma 4.4.1 (Tikhonov). 'Estw X, Y q¸roi Hilbert kai α > 0. Tìte h

sun�rthsh Tikhonov èqei monadik  el�qisth lÔsh φα. Autì to el�qisto eÐnai h

monadik  lÔsh thc exÐswshc

(αI + A∗A)φα = A∗f (4.49)

kai exart�tai suneq¸c apì to f .

Apìdeixh. BasÐzetai sth jewrÐa Riesz - Fredholm [17].

Je¸rhma 4.4.2. H lÔsh φα thc exÐswshc (4.49) dèqetai thn akìloujh morf 

φα = Rαf ìpou Rα : Y → X me tÔpo

Rα := (αI + A∗A)−1A∗ (4.50)

kai eÐnai monadik . An epiplèon o telest c A eÐnai “1-1” me puknì sÔnolo tim¸n tìte

up�rqei monadikì α tètoio ¸ste

‖ARαf − f‖ = δ, (4.51)

ìpou 0 ≤ δ ≤ ‖f‖.

H par�metroc omalopoÐhshc α epilègetai ex� arq c. ProtoÔ xekin soume ton

upologismì thc omalopoihmènhc lÔshc dÐnoume mia tim  sthn par�metro kai gia thn

kalÔterh sÔgklish thc mejìdou aut  exart�tai kai apì ton arijmhtikì algìrijmo.

Dhlad  metab�lletai kat� th di�rkeia twn epanal yewn tou algorÐjmou.

4.5 H mèjodoc Newton gia to dunamikì prìblh-

ma

S� aut  thn par�grafo exet�zoume th sqèsh thc mejìdou Newton me to epanalhptikì

sq ma 4.1.1 pou prot�jhke gia thn epÐlush tou sust matoc (4.5)-(4.6) kai th sÔg-

klish tou epanalhptikoÔ sq matoc sth dunamik  grammik  elastikìthta. Sto tèloc
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thc paragr�fou gÐnetai antÐstoiqh an�lush kai gia to sÔsthma pou prokÔptei apì to

prìblhma skèdashc apì koilìthta. To antÐstrofo prìblhma skèdashc tautÐzetai me

thn epÐlush thc mh kal� topojethmènhc exÐswshc

F (Γ) = u∞ (4.52)

gia to �gnwsto sÔnoro, ìpou F o telest c pou apeikonÐzei to sÔnoro G tou skedast 

D sto pl�toc skèdashc u∞ tou skedazìmenou pedÐou usc. Lìgw thc parametrikopoÐ-

hshc tou sunìrou (3.47) o telest c F (Γ) gr�fetai wc F (r) kai isqÔoun

L mma 4.5.1. H apeikìnish F : L2[0, 2π] → L2[0, 2π] eÐnai Fréchet paragwgÐsimh

kai h par�gwgoc F ′(r)ζ tautÐzetai me to pl�toc skèdashc thc lÔshc tou exwterikoÔ

probl matoc Dirichlet me sunoriak  sunj kh

−ζ · ∇(utot), sto Γ, (4.53)

ìpou ζ(t) = q(t) (cos t, sin t).

H apìdeixh tou l mmatoc ston R3 brÐsketai sthn ergasÐa [11]. Me efarmog  thc

mejìdou Newton h exÐswsh (4.52) antikajÐstatai apì th grammikopoihmènh exÐswsh

F (r) + F ′(r; q) = u∞. (4.54)

H exÐswsh (4.5) eÐnai monadik� epilÔsimh dedomènou ìti to ω2 den eÐnai idiosuqnìthta

tou eswterikoÔ probl matoc Dirichlet. O telest c F me b�sh to sÔsthma (4.5)-(4.6)

dèqetai th morf 

F (r) = S∞(r, ϕ), (4.55)

ìpou ϕ = S−1(r, ·)w(r). Sto ex c jewroÔme ìti o skedast c èqei asteroeidèc sq ma,

dhlad  dèqetai thn parametrikopoÐhsh (3.47). 'Estw rn h aktinik  sun�rthsh thc

n−ost c proseggistik c lÔshc gia to sÔnoro Γn kai r∗ h aktinik  sun�rthsh thc

lÔshc tou antÐstrofou probl matoc. An upojèsoume ìti h lÔsh u∗ tou eujèoc pro-

bl matoc mporeÐ na epektajeÐ analutik� sto sÔnoro Γn tìte mporoÔme na anaparast -

soume th lÔsh wc sunduasmì elastik¸n dunamik¸n aploÔ kai diploÔ str¸matoc kai
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na apofÔgoume thn upìjesh gia thn eswterik  idiosuqnìthta ω2. H parap�nw upì-

jesh ikanopoieÐtai gia analutik� qwrÐa. Jètoume F(r) := F (r)− u∞∗ kai h mèjodoc

Newton gia th lÔsh thc exÐswshc

F(r) = 0 (4.56)

sunÐstatai sto epanalhptikì sq ma

rn+1 = rn − (F ′(rn))−1F(rn). (4.57)

Apì ton orismì tou F , to L mma 4.5.1 kai dedomènou ìti gia k�je u ston R2 isqÔei

h an�lush (4.18) katal goume sto epanalhptikì sq ma

rn+1 = rn −Re
(
u∗/

∂un
∂ν

∣∣∣∣
Γn

)
. (4.58)

Sthn parap�nw sqèsh k�noume qr sh tou pragmatikoÔ mèrouc kaj¸c h aktinik 

sun�rthsh eÐnai pragmatikìc arijmìc en¸ h posìthta sto dexÐ mèloc thc isìthtac

eÐnai migadikìc arijmìc. An upojèsoume ìti isqÔei∣∣∣∣Re(∂un∂ν (x)

)∣∣∣∣ > 0 gia x ∈ U, (4.59)

ìpou U mikr  kleist  perioq  tou G, tìte h uper-grammik  sÔgklish thc epanalh-

ptik c mejìdou prokÔptei me aploÔc upologismoÔc [66].

Parat rhsh 4.5.1. H upìjesh (4.59) ikanopoieÐtai an o skedast c eÐnai dÐskoc  

qwrÐo ìmoio me dÐsko. Den isqÔei ìmwc se prìblhma skèdashc se uyhlèc suqnìthtec.

Me th mèjodo sundi�taxhc (collocation) kai kat�llhlh epilog  kombik¸n shmeÐwn

mporoÔme epÐshc na exairèsoume ta shmeÐa tou sunìrou ìpou mhdenÐzetai h k�jeth

par�gwgoc.

Se perÐptwsh pou èqoume eisagwg  jorÔbou sta dedomèna, pl�th skèdashc apì

to eujÔ prìblhma, me morf 

‖u∞δ − u∞‖L2(Ω) < δ, (4.60)
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tìte h exÐswsh (4.52) genik� den èqei lÔsh kai k�noume qr sh thc mejìdou oma-

lopoÐhshc Tikhonov gia na katal xoume sto epanalhptikì sq ma

rδn+1 = rδn − (anI + F ′(rδn)∗F ′(rδn))−1(F ′(rδn)∗(F (rδn)− u∞δ ) + an(rδn − r0)), (4.61)

ìpou F (r)∗ o suzug c telest c tou F (r), r0 eÐnai mia arqik  prìbleyh gia thn aktinik 

sun�rthsh tou sunìrou G kai an mia akoloujÐa paramètrwn kanonikopoÐhshc gia thn

opoÐa isqÔei

an > 0, 1 ≤ an
an+1

≤ C kai lim
n→∞

an = 0 (4.62)

gia C > 0 stajer�. H topik  sÔgklish thc epanalhptik c mejìdou prokÔptei apì to

epìmeno je¸rhma

Je¸rhma 4.5.1. 'Estw G analutikì sÔnoro, upojètoume ìti isqÔei h sunj kh

(4.59) kai epiplèon
δ2

a(δ)
→ 0 kaj¸c δ → 0, (4.63)

gia tic paramètrouc kanonikopoÐhshc. An h epanalhptik  diadikasÐa termatÐzetai ìtan

dÔo epituqeÐc proseggÐseic ikanopoioÔn th sunj kh

∥∥rδn+1 − rδn
∥∥
C(Ω)
≤ E(δ), (4.64)

me E(δ) → 0 kaj¸c δ → 0, tìte to epanalhptikì sq ma (4.61) sugklÐnei topik�,

dhlad  isqÔei ∥∥rδn+1 − r∗
∥∥
C(Ω)
≤ 0, kaj¸c δ → 0. (4.65)

Apìdeixh. AkoloujoÔme thn Ðdia diadikasÐa ìpwc kai stic ergasÐec [66, 69].

To parap�nw je¸rhma exasfalÐzei th sÔgklish thc mejìdou mìno gia to antÐstro-

fo prìblhma skèdashc apì sklhrì skedast  kai k�tw apì sugkekrimènec proüpojè-

seic gia to sÔnoro tou. H epèktash thc parap�nw an�lushc gia koilìthta kai èg-

kleisma den eÐnai tetrimmènh. To prìblhma èqei na k�nei me ta antÐstoiqa apotelèsma-

ta, ìpwc tou l mmatoc (4.5.1), kaj¸c h Fréchet par�gwgoc F ′(r; q) tautÐzetai me

pl�toc skèdashc lÔshc exwterikoÔ probl matoc me sunoriak  sunj kh h opoÐa den
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exart�tai mìno apì ton ìro q all� kai apì thn par�gwgo tou sto efaptìmeno epÐpedo

tou sunìrou G.

Gia bèltisth sÔgklish thc kanonikopoihmènhc mejìdou Newton prèpei na ikanopoi-

oÔntai epiplèon sunj kec omalìthtac (source conditions) gia th lÔsh r∗ kaj¸c kai

sunj kec pou periorÐzoun th mh grammikìthta tou telest  F (r). Endeiktik� anafè-

roume tic ergasÐec [33, 40]. IdiaÐtera shmantikì rìlo sthn swst  prosèggish thc

lÔshc mèsw thc epanalhptik c diadikasÐac paÐzei to krit rio termatismoÔ. Mia sun-

j kh termatismoÔ pou qrhsimopoieÐtai suqn� eÐnai h arq  thc asumfwnÐac (discrep-

ancy principle)∥∥F (rδnδ)− u
∞
δ

∥∥ ≤ τδ <
∥∥F (rδn)− u∞δ

∥∥ , gia τ > 1, 0 ≤ n < nδ. (4.66)

H parap�nw a posteriori sunj kh basÐzetai se ektim seic pou prokÔptoun kat� th

di�rkeia twn upologism¸n thc mejìdou kai den apaiteÐ ek twn protèrwn gn¸sh gia

to �gnwsto sÔnoro G. An epiplèon o telest c F ikanopoieÐ th sunj kh

F ′(r1) = R(r1, r2)F ′(r2) +Q(r1, r2) (4.67)

gia rk se mia perioq  tou r∗, ìpou oi telestèc R,Q ikanopoioÔn

‖I −R(r1, r2)‖ ≤ CR ‖r1 − r2‖ , ‖Q(r1, r2)‖ ≤ CQ ‖F ′(r2)(r1 − r2)‖ (4.68)

me CR, CQ jetikèc stajerèc kai an isqÔei h logarijmik  sunj kh omalìthtac (loga-

rithmic source condition)

r0 − r∗ = fρ(F
′(r∗)

∗F ′(r∗))z (4.69)

ìpou

fρ(t) =


(
−ln t

CEt0

)−ρ
gia 0 < t ≤ t0

0 gia t = 0
(4.70)

me t0 ≥ ‖F ′(r∗)‖2, gia k�poio z kai ρ > 0, tìte∥∥rδnδ − r∗∥∥ ≤ O((−logδ)−ρ). (4.71)

H sunj kh (4.67) ousiastik� apaiteÐ h mh grammikìthta thc Fréchet parag¸gou na

mhn eÐnai tìso isqur  kai dustuq¸c den èqei apodeiqjeÐ akìma ìti isqÔei se antÐstrofa
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probl mata skèdashc. H logarijmik  sunj kh omalìthtac (4.69) èqei apodeiqjeÐ gia

antÐstrofa probl mata skèdashc sthn akoustik  me Dirichlet   Neumann sunoriakèc

sunj kec kaj¸c kai gia ègkleisma [33, 34, 35]. Ousiastik� aut  h sunj kh mporeÐ na

qarakthristeÐ wc sunj kh fraxÐmatoc se èna q¸ro Sobolev gia mia dosmènh nìrma.

Oi dÔo sunj kec pou anafèrame parap�nw èmmesa sqetÐzontai kaj¸c an jewr soume

asjenèsterh sunj kh gia thn par�gwgo F ′(r), gia par�deigma Lipschitz sunèqeia,

tìte ja prèpei na upojèsoume isqurìterh sunj kh omalìthtac (Hölder) h opoÐa ìmwc

den ikanopoieÐtai se antÐstrofa probl mata skèdashc.

Me to akìloujo je¸rhma ermhneÔoume th sunj kh (4.69) sthn perÐptwsh pou o

skedast c eÐnai o monadiaÐoc dÐskoc. H apìdeixh basÐzetai sthn jewrÐa tou Hohage

kai efarmìsthke gia to antÐstrofo prìblhma akoustik c skèdashc apì malakì kai mh

diaperatì empìdio [33]. Sth sunèqeia, ìson afor� to skedazìmeno pedÐo usc jewroÔme

wc anapar�stash tou to sunduasmì elastik¸n dunamik¸n, ìpwc aut  parousi�sthke

sto antÐstoiqo eujÔ prìblhma (2.4.1), gia na apofÔgoume thn apaÐthsh to ω2 na

mhn eÐnai idiosuqnìthta tou eswterikoÔ probl matoc Dirichlet. Sundu�zontac tic

sqèseic (2.73) kai (4.52) prokÔptei h akìloujh anapar�stash gia to zeÔgoc twn

plat¸n skèdashc

u∞ = F (I + L)−1(−2uinc), (4.72)

ìpou L = 2K − 2iS. OrÐzoume ton telest  G : [Hs([0, 2π])]2 → [L2(Ω)]2 pou

apeikonÐzei thn aktinik  sun�rthsh r sto zeÔgoc plat¸n skèdashc u∞ me s > 2.5.

Sto ex c oi telestèc ja jewroÔntai me thn parametrikopoihmènh touc morf . Lìgw

thc sunoriak c sunj khc (4.53) tou l mmatoc 4.5.1 o telest c G paÐrnei th morf 

G(r; q) = F (I + L)−1Mq, (4.73)

ìpou o telest c M kaleÐtai pollaplasiastikìc telest c.

Je¸rhma 4.5.2. 'Estw r ≡ 1 kai s ≥ 0. OrÐzoume ton telest  G̃ := F (I + L)−1

tìte gia k�je ε > 0 isqÔei

[Hs+ρ+ε]2 ⊂ fρ(G̃
∗G̃)(Hs) ⊂ [Hs+ρ]2 (4.74)
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kai oi telestèc fρ(G̃∗G̃) : [Hs]2 → [Hs+ρ]2, (fρ(G̃
∗G̃))−1 : [Hs+ρ+ε]2 → [Hs]2 eÐnai

fragmènoi.

Apìdeixh. OrÐzoume gia s ∈ R

φn(t) :=
(1 + n2)−

s
2

2π
eint, ψn(t) :=

1

2π
eint (4.75)

kai ta (φn, ψn) eÐnai mia b�sh tou [Hs([0, 2π])]2. QrhsimopoioÔme polikèc sunte-

tagmènec kai h lÔsh tou probl matoc, pou ikanopoieÐ kai th sunj kh aktinobolÐac,

dèqetai thn akìloujh anapar�stash mèsw twn idiodianusm�twn Navier [45, 70]

un(r, t) = αnΦn(r, t) + βnΨn(r, t) (4.76)

ìpou

Φn(r, t) = kpH
(1)′

n (kpr)Pn(t) +
in

r
H

(1)
n,1(kpr)Bn(t), (4.77)

kai

Ψn(r, t) =
in

r
H(1)
n (ksr)Pn(t)− ksH(1)′

n (ksr)Bn(t). (4.78)

Ta Pn(t), Bn(t) eÐnai oi dianusmatikèc armonikèc kai dÐnontai apì touc tÔpouc

Pn(t) := (cos t, sin t) eint = û(t)eint, (4.79)

Bn(t) := (sin t,−cos t) eint = v̂(t)eint. (4.80)

Lìgw thc sunoriak c sunj khc prokÔptei h anapar�stash

un = φn(û(t) + v̂(t)). (4.81)

Apì tic morfèc (4.76) kai (4.81) met� apì pr�xeic katal goume stouc akìloujouc

tÔpouc gia touc suntelestèc αn kai βn

αn = −
(1 + n2)−

s
2

[
ksH

(1)′
n (ksr) + in

r
H

(1)
n (ksr)

]
2πkpks

[
H

(1)′
n (kpr)H

(1)′
n (ksr) +

(
n
r

)2
H

(1)
n (kpr)H

(1)
n (ksr)

] (4.82)

kai

βn =
(1 + n2)−

s
2

[
kpH

(1)′
n (kpr)− in

r
H

(1)
n (kpr)

]
2πkpks

[
H

(1)′
n (kpr)H

(1)′
n (ksr) +

(
n
r

)2
H

(1)
n (kpr)H

(1)
n (ksr)

] . (4.83)
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Opìte, to sÔsthma (φn,
αn
|αn|ψn, |αn|) × (φn,

βn
|βn|ψn, |βn|) gia n ∈ Z eÐnai èna idi�zon

sÔsthma gia ton telest  G̃ kai isqÔei

fρ(G̃
∗G̃)φn(û(t) + v̂(t)) = fρ(|αn|2)φnû(t) + fρ(|βn|2)φnv̂(t). (4.84)

Lìgw thc asumptwtik c sumperifor�c twn sunart sewn Hankel (2.21)

H(1)
n (t) = −i

√
2

nπ

(
2n

et

)n
, gia n→∞, (4.85)

H(1)′

n (t) =
i

t

√
2n

π

(
2n

et

)n
, gia n→∞ (4.86)

H(1)′′

n (t) = −(n+ 1)i

t2

√
2n

π

(
2n

et

)n
, gia n→∞ (4.87)

apodeiknÔetai, gia γk stajerèc, ìti

|α̃n|2 = γ1n
−2s−1

(
ekp
2n

)2n

, gia n→∞ (4.88)

∣∣∣β̃n∣∣∣2 = γ2n
−2s−1

(
eks
2n

)2n

, gia n→∞. (4.89)

Me b�sh ta parap�nw lamb�noume

−ln

(
|α̃n|2

e ‖A‖2

)
= ln

(
e ‖A‖2

γ1

)
+ (2s+ 1)ln n+ 2nln

(
2n

ekp

)
, gia n→∞ (4.90)

kai

−ln


∣∣∣β̃n∣∣∣2
e ‖B‖2

 = ln

(
e ‖B‖2

γ2

)
+ (2s+ 1)ln n+ 2nln

(
2n

eks

)
, gia n→∞ (4.91)

ìpou ‖A‖ = max |αn| kai ‖B‖ = max |βn|. Met� apì pr�xeic katal goume ìti gia

k�je ε > 0 up�rqoun stajerèc ck, Ck > 0 kai N0 ∈ N tètoiec ¸ste

c1

√
1 + n2 ≤ −ln

(
|α̃n|2

e ‖A‖2

)
≤ C1(1 + n2)

1+ε/ρ
2 , gia |n| ≥ N0 (4.92)

kai

c2

√
1 + n2 ≤ −ln


∣∣∣β̃n∣∣∣2
e ‖B‖2

 ≤ C2(1 + n2)
1+ε/ρ

2 , gia |n| ≥ N0. (4.93)
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Opìte prokÔptoun oi akìloujec anis¸seic

C−ρ1

(
1 + n2

)− ε+ρ
2 ≤ fp(|α̃n|2) ≤ c−ρ1 (1 + n2)−

ρ
2 , gia n ∈ Z (4.94)

kai

C−ρ2

(
1 + n2

)− ε+ρ
2 ≤ fp

(∣∣∣β̃n∣∣∣2) ≤ c−ρ2 (1 + n2)−
ρ
2 , gia n ∈ Z. (4.95)

Apì tic parap�nw anis¸seic sunep�getai h sqèsh (4.74) kai oi apeikonÐseic twn

telest¸n.

To parap�nw je¸rhma apodeiknÔei th sunj kh omalìthtac gia ton telest  G̃. O

telest c pou antistoiqeÐ sthn Frechét par�gwgo eÐnai o G = G̃M gia ton opoÐo ìmwc

den mporeÐ na upologisteÐ to idi�zon sÔsthma. Par� ol� aut�, ta apotelèsmata tou

jewr matoc den alloi¸nontai shmantik� apì thn efarmog  tou pollaplasiastikoÔ

telest  M [33].

'Oson afor� sth sÔndesh tou pl rouc grammikopoihmènou sust matoc me th mè-

jodo Newton gia to antÐstrofo prìblhma skèdashc apì koilìthta arqik� parousi�-

zoume to epìmeno l mma to opoÐo eÐnai antÐstoiqo tou l mmatoc 4.5.1 gia thn perÐptwsh

skèdashc apì sklhrì skedast .

L mma 4.5.2. H apeikìnish F : [L2[0, 2π]]2 → [L2[0, 2π]]2 eÐnai Fréchet paragw-

gÐsimh kai h par�gwgoc dÐnetai apì ton tÔpo F ′(r)ζ = v∞, ìpou v∞ eÐnai to pl�toc

skèdashc thc monadik c lÔshc tou exwterikoÔ probl matoc Neumann me sunoriak 

sunj kh

T v = ρω2(ζ · ν)u+R(u, v), sto Γ. (4.96)

Apìdeixh. H parap�nw sunoriak  sunj kh apodeÐqjhke gia thn exÐswsh Helmholtz

sthn ergasÐa [32]. O pr¸toc ìroc tou dexioÔ mèlouc prokÔptei me an�loga epiqeir -

mata. H analutik  morf  tou diaforikoÔ telest  R den èqei brejeÐ all� gia thn

an�lush pou akoloujeÐ arkeÐ to ìti eÐnai telest c pr¸thc t�xhc.

H sunoriak  sunj kh (4.96) dèqetai thn akìloujh aplopoihmènh morf 

T v = a1 · ζ + a2 · ζ ′, (4.97)



4.5. H M�EJODOS NEWTON GIA TO DUNAMIK�O PR�OBLHMA 81

ìpou ta ak eÐnai sunart seic kai exart¸ntai apì ta u◦x, r, r′ kai r′′. Opìte h Fréchet

par�gwgoc tou F mporeÐ na anaparastajeÐ wc ex c

F ′ = AMH. (4.98)

O telest c H orÐzetai wc H(ζ) := (ζ, ζ ′)T , o M eÐnai o pollaplasiastikìc telest c

kai o A apeikonÐzei thn puknìthta φ sto pl�toc skèdashc thc aktinoboloÔsac lÔshc

tou exwterikoÔ probl matoc Neumann me sunoriak  sunj kh T v = φ sto Γ. To

akìloujo je¸rhma ermhneÔei th sunj kh omalìthtac (4.69) gia ton telest  A.

Je¸rhma 4.5.3. 'Estw r ∈ (0,+∞) stajerì kai o telest c A ìpwc orÐsthke

prohgoÔmena, tìte gia k�je s ≥ 0 kai ε > 0 isqÔei

[Hs+ρ+ε]2 ⊂ fρ(A
∗A)(Hs) ⊂ [Hs+ρ]2 (4.99)

kai oi telestèc fρ(A∗A) : [Hs]2 → [Hs+ρ]2, (fρ(A
∗A))−1 : [Hs+ρ+ε]2 → [Hs]2 eÐnai

fragmènoi.

Apìdeixh. Efìson to q eÐnai stajerì qwrÐc bl�bh thc genikìthtac jewroÔme q = 1.

AkoloujoÔme thn Ðdia diadikasÐa me thn apìdeixh tou jewr matoc 4.5.2. Apì th

sunoriak  sunj kh

T un = φn(û(t) + v̂(t)) (4.100)

prokÔptei

T un = αnTΦn(r, t) + βnTΨn(r, t), (4.101)

ìpou

TΦn(r, t) = 2µk2
pH

(1)
n,3(kpr)Pn(t) + 2iµnk2

pH
(1)
n,1(kpr)Bn(t) (4.102)

kai

TΨn(r, t) = 2iµnk2
sH

(1)
n,1(ksr)Pn(t)− 2µk2

sH
(1)
n,2(ksr)Bn(t). (4.103)

Oi sunart seic H(1)
n,k gia k = 1, 2, 3 dÐnontai apì touc tÔpouc

H
(1)
n,1(t) =

H
(1)′
n (t)

t
− H

(1)
n (t)

t2
, H

(1)
n,2(t) = H(1)′′

n (t) +
1

2
H(1)
n (t) (4.104)
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kai

H
(1)
n,3(t) = H(1)′′

n (t)− λ

2µ
H(1)
n (t). (4.105)

Apì th sunj kh (4.100) met� apì pr�xeic katal goume stic akìloujec morfèc gia

touc suntelestèc αn kai βn

αn =
(1 + n2)−

s
2

[
H

(1)
n,2(ksr) + inH

(1)
n,1(ksr)

]
4πµk2

p

[
H

(1)
n,3(kpr)H

(1)
n,2(ksr)− n2H

(1)
n,1(kpr)H

(1)
n,1(ksr)

] (4.106)

kai

βn = −
(1 + n2)−

s
2

[
H

(1)
n,3(kpr)− inH(1)

n,1(kpr)
]

4πµk2
s

[
H

(1)
n,3(kpr)H

(1)
n,2(ksr)− n2H

(1)
n,1(kpr)H

(1)
n,1(ksr)

] . (4.107)

'Omoia me thn apìdeixh gia ton sklhrì skedast  katal goume stic akìloujec anisotikèc

sqèseic

C−ρ1

(
1 + n2

)− ε+ρ
2 ≤ fp(|α̃n|2) ≤ c−ρ1 (1 + n2)−

ρ
2 , gia n ∈ Z (4.108)

kai

C−ρ2

(
1 + n2

)− ε+ρ
2 ≤ fp

(∣∣∣β̃n∣∣∣2) ≤ c−ρ2 (1 + n2)−
ρ
2 , gia n ∈ Z. (4.109)

me ck, Ck > 0 stajerèc. Apì tic parap�nw anis¸seic sunep�getai h sqèsh (4.99) kai

oi apeikonÐseic twn telest¸n.

Me epiqeir mata pou analÔontai sthn ergasÐa [34] prokÔptei ìti h efarmog  twn

telest¸nM kai H den alloi¸nei shmantik� tic anisotikèc sqèseic. Opìte kai oi idi�-

zousec timèc tou F ′ ikanopoioÔn to parap�nw je¸rhma. Proc diereÔnhsh paramènei o

pl rhc prosdiorismìc tou telest  R kaj¸c kai h efarmog  thc parap�nw an�lushc

gia to antÐstrofo prìblhma skèdashc apì ègkleisma.



Kef�laio 5

Arijmhtik  epÐlush eujèwn kai

antÐstrofwn problhm�twn

S� autì to kef�laio pragmatopoieÐtai h arijmhtik  epÐlush twn susthm�twn twn mh

grammik¸n oloklhrwtik¸n exis¸sewn gia ta trÐa antÐstrofa probl mata pou exe-

t�same sta prohgoÔmena kef�laia. Arqik� analÔoume tic kÔriec mejìdouc epÐlushc

oloklhrwtik¸n exis¸sewn deutèrou eÐdouc thc morf c

ϕ− Aϕ = f (5.1)

ìpou A : X → X eÐnai grammikìc kai fragmènoc telest c. Oi mèjodoi pou qrhsi-

mopoioÔntai eurèwc eÐnai oi ex c

• Mèjodoc Nyström. Epilègetai mia sugklÐnousa akoloujÐa An kanìnwn

olokl rwshc gia thn prosèggish tou oloklhrwtikoÔ telest  A me suneq   

asjen¸c idiìmorfo pur na. H lÔsh thc oloklhrwtik c exÐswshc (5.1) dÐnetai

apì thn lÔsh thc

ϕn − Anϕn = f. (5.2)

H mèjodoc katal gei sthn epÐlush enìc grammikoÔ sust matoc peperasmènhc

di�stashc.

• Mèjodoc sundi�taxhc (collocation). An kei sthn kathgorÐa twn mejì-

83
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dwn probol c (projection) kai h exÐswsh (5.1) dèqetai th morf 

ϕn − PnAϕn = Pnf (5.3)

ìpou Pn oi telestèc probol c Pn : X → Xn ⊂ X. H proseggistik  lÔsh thc

(5.3) proèrqetai apì thn epÐlush thc se peperasmèno to pl joc kombik� shmeÐa

xj, dhl.

(I − PnA)ϕn(xj) = Pnf(xj), gia j = 1, ..., n. (5.4)

H mèjodoc sugklÐnei kai an k�noume qr sh thc b�shc Lagrange gia thn prosèg-

gish tou ϕn tautÐzetai me thn mèjodo Nyström.

• Mèjodoc Galerkin. H lÔsh thc exÐswshc Aϕ = f isodunameÐ me thn eÔresh

tou ϕn ∈ Xn ¸ste na isqÔei

(Aϕn, ψ) = (f, ψ) gia k�je ψ ∈ Xn. (5.5)

'Opou Xn peperasmènhc di�stashc upìqwroc tou X. H exÐswsh (5.5) anti-

stoiqeÐ stic kalÔterec proseggÐseic tou Aϕn, dhl.

PnAϕn = Pnf. (5.6)

AntÐstoiqa me th mèjodo sundi�taxhc kai aut  h mèjodoc an kei sthn kathgorÐa

twn mejìdwn probol c.

Oi parap�nw mèjodoi parousi�zontai analutik� sto biblÐo [54]. Se aut  th dia-

trib  epilègetai h mèjodoc sundi�taxhc kaj¸c apaiteÐ mikrìtero upologistikì qrìno.

ProseggÐzoume ta oloklhr¸mata mèsw parembol c thc oloklhrwtèac sun�rthshc

kai katal goume sthn epÐlush enìc peperasmènou grammikoÔ sust matoc. H parem-

bol  gÐnetai me qr sh trigwnometrik¸n sunart sewn kaj¸c oi sunart seic eÐnai pe-

riodikèc kai analutikèc kai h sÔgklish eÐnai kalÔterh se sqèsh me proseggÐseic mèsw

poluwnÔmwn (splines).

Arqik� epilègoume èna sÔnolo shmeÐwn - kìmbwn, isapèqonta metaxÔ touc

tj =
jπ

n
, gia j = 0, ..., 2n− 1. (5.7)
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Gia thn arijmhtikì upologismì twn oloklhrwtik¸n telest¸n me omaloÔc pur nec

qrhsimopoioÔme ton trapezoeid  kanìna∫ 2π

0

ϕ(τ)dτ ≈ π

n

2n−1∑
j=0

ϕ(tj). (5.8)

Gia touc asjen¸c idiìmorfouc kai isqur� idiìmorfouc pur nec antikajistoÔme ton

kanìna tou trapezÐou me sugklÐnontec kanìnec tetragwnismoÔ (quadrature rules)

b�sh trigwnometrik c parembol c, ìpwc proteÐnetai stic ergasÐec [9, 10, 50] kai sto

biblÐo [53]

1

2π

∫ 2π

0

ln

(
4sin2 t− τ

2

)
ϕ(τ)dτ ≈

2n−1∑
j=0

R
(n)
j (t)ϕ(tj), (5.9)

1

2π

∫ 2π

0

cot
τ − t

2
ϕ
′
(τ)dτ ≈

2n−1∑
j=0

T
(n)
j (t)ϕ(tj), (5.10)

1

2π

∫ 2π

0

cot
τ − t

2
ϕ(τ)dτ ≈

2n−1∑
j=0

T̃
(n)
j (t)ϕ(tj), (5.11)

me ta tetragwnik� b�rh na dÐnontai apì touc tÔpouc

R
(n)
j (t) = − 1

n

n−1∑
k=1

1

k
cos k(t− tj)−

1

2n2
cos n(t− tj), (5.12)

T
(n)
j (t) = − 1

n

n−1∑
k=1

k cos k(t− tj)−
1

2
cos n(t− tj) (5.13)

kai

T̃
(n)
j (t) = − 1

n

n−1∑
k=1

sin k(t− tj)−
1

2n
sin n(t− tj). (5.14)

ShmeÐwsh 5.0.1. Sth sunèqeia, o deÐkthc se k�je pÐnaka dhl¸nei ton pur na tou

oloklhrwtikoÔ telest  apì ton opoÐo pro lje, dhlad  meMS sumbolÐzoume ton pÐnaka

pou antistoiqeÐ ston pur na tou telest  pou prokÔptei apì to elastikì dunamikì aploÔ

str¸matoc.

5.1 Eujèa probl mata

Efarmìzoume th mèjodo sundi�taxhc kai parousi�zoume pwc epilÔjhkan arijmhtik�

ta eujèa probl mata ¸ste na prokÔyoun ta aparaÐthta dedomèna gia ta antÐstrofa
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probl mata. Oi oloklhrwtikèc exis¸seic pou prokÔptoun apì ta eujèa probl mata

epilÔontai sta 2n isapèqonta shmeÐa gia na prokÔyoun oi 2n timèc twn puknot twn kai

sth sunèqeia oi 2n timèc twn plat¸n skèdashc (dunamikì prìblhma)   twn sunoriak¸n

dedomènwn (statikì prìblhma). Parak�tw analÔoume mìno ta trÐa eujèa probl mata

gia to dunamikì prìblhma kaj¸c isqÔei h Ðdia je¸rhsh gia to statikì lìgw tou ìti

oi pur nec twn dunamik¸n emfanÐzoun thn Ðdia idiomorfÐa.

5.1.1 Sklhrì empìdio

H oloklhrwtik  exÐswsh (2.73) se parametrik  morf  gÐnetai

ϕ(x(t)) + 2

∫ 2π

0

M(t, τ)ϕ(x(τ))dτ = −2uinc(x(t)), gia t ∈ [0, 2π], (5.15)

ìpou

M(t, τ) = MK(t, τ)− iηMS(t, τ). (5.16)

O asjen¸c idiìmorfoc pur nac tou telest  S me b�sh thn an�lush pou prag-

matopoieÐtai sto par�rthma (Aþ.11), dèqetai thn akìloujh morf 

MS(tk, tj) = R|k−j|M1(tk, tj) +
π

n
M2(tk, tj). (5.17)

AntÐstoiqa o idiìmorfoc pur nac tou telest  K (Aþ.48) eÐnai

MK(tk, tj) = R|k−j|K1(tk, tj) +
π

n
K2(tk, tj) +

c0

|x′(tj)|
T̃|k−j|Q

T +
π

n
K3(tk, tj). (5.18)

Apì thn parap�nw an�lush gia thn prosèggish twn oloklhrwm�twn h exÐswsh meta-

trèpetai sto akìloujo grammikì sÔsthma

ϕ(x(tk)) + 2
2n−1∑
j=0

M(tk, tj)ϕ(x(tj)) = −2uinc(x(tk)), gia k = 0, ..., 2n− 1. (5.19)

EpilÔoume to grammikì sÔsthma (5.19) wc proc ta ϕj := ϕ(x(tj)), j = 0, ..., 2n − 1

pou antistoiqoÔn stic timèc thc puknìthtac ϕ sta shmeÐa tj. Ta pl�th skèdashc

dÐnontai apì th sqèsh (2.115) kai epeid  oi pur nec eÐnai suneqeÐc upologÐzontai

mèsw tou trapezoeid  kanìna wc ex c

u∞ ≈ π

n

2n−1∑
j=0

M∞(x̂(tk), tj)ϕj, (5.20)
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ìpou

Mj,∞(x̂(tk), t) = J∗(x̂(tk))
(
γ2,jF (x̂(tk), x(t))− iηγ1,jI

)
e−ikj x̂(tk)·x(t), gia j = p, s.

(5.21)

5.1.2 Koilìthta

H parametrik  morf  thc oloklhrwtik c exÐswshc (2.81) eÐnai h akìloujh

ϕ(x(t))− 2

∫ 2π

0

M(t, τ)ϕ(x(τ))dτ = 2(Tuinc)(x(t)), gia t ∈ [0, 2π], (5.22)

ìpou

M(t, τ) = M∗
K(t, τ) + iηML(t, τ). (5.23)

O isqur� idiìmorfoc pur nac tou telest  L me b�sh thn an�lush pou pragmatopoieÐ-

tai sto par�rthma (Aþ.3), lamb�nei thn akìloujh morf 

ML(tk, tj) = c1T|k−j| +R|k−j|B1(tk, tj) +
1

2n
B2(tk, tj). (5.24)

O idiìmorfoc pur nac tou K∗ dèqetai an�logh an�lush me ton pur na tou telest 

K (5.18). H exÐswsh metatrèpetai sto akìloujo grammikì sÔsthma

ϕ(x(tk))− 2
2n−1∑
j=0

M(tk, tj)ϕ(x(tj)) = 2(Tuinc)(x(tk)), gia k = 0, ..., 2n− 1. (5.25)

To grammikì sÔsthma (5.25) epilÔetai wc proc ta ϕj := ϕ(x(tj)), j = 0, ..., 2n − 1

pou antistoiqoÔn stic timèc thc puknìthtac ϕ sta shmeÐa tj. Ta pl�th skèdashc

dÐnontai apì th sqèsh (2.116) kai upologÐzontai mèsw tou trapezoeid  kanìna wc

ex c

u∞ ≈ π

n

2n−1∑
j=0

M∞(x̂(tk), tj)ϕj, (5.26)

ìpou

Mj,∞(x̂(tk), t) = J∗(x̂(tk))
(
iηγ2,jF (x̂(tk), x(t)) + γ1,jI

)
e−ikj x̂(tk)·x(t), gia j = p, s.

(5.27)
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5.1.3 'Egkleisma

To sÔsthma twn oloklhrwtik¸n exis¸sewn (2.105) metatrèpetai sto akìloujo zeÔ-

goc twn parametrikopoihmènwn exis¸sewn

− τi + τe
2

ϕ(x(t)) +

∫ 2π

0

(MSi(t, τ)−MSe(t, τ))ψ(x(τ))dτ

+

∫ 2π

0

(τiMKi(t, τ)− τeMKe(t, τ))ϕ(x(τ))dτ = uinc(x(t)) (5.28)

kai

− ψ(x(t)) +

∫ 2π

0

(
MK∗e (t, τ)−MK∗i

(t, τ)
)
ψ(x(τ))dτ

+

∫ 2π

0

(τeMLe(t, τ)− τiMLi(t, τ))ϕ(x(τ))dτ = −(T euinc)(x(t)), (5.29)

gia t ∈ [0, 2π]. Oi pur nec pou emfanÐzontai sta parap�nw oloklhr¸mata èqoun

analujeÐ sta dÔo prohgoÔmena probl mata, opìte parajètoume to isodÔnamo zeÔgoc

twn grammik¸n susthm�twn

− τi + τe
2

ϕ(x(tk)) +
2n−1∑
j=0

(MSi(tk, tj)−MSe(tk, tj))ψ(x(tj))

+
2n−1∑
j=0

(τiMKi(tk, tj)− τeMKe(tk, tj))ϕ(x(tj)) = uinc(x(tk)) (5.30)

kai

− ψ(x(tk)) +
2n−1∑
j=0

(
MK∗e (tk, tj)−MK∗i

(tk, tj)
)
ψ(x(tj))

+
2n−1∑
j=0

(τeMLe(tk, tj)− τiMLi(tk, tj))ϕ(x(tj)) = −(T euinc)(x(tk)), (5.31)

gia k = 0, ..., 2n − 1. To zeÔgoc twn exis¸sewn (5.30)-(5.31) epilÔetai wc proc ta

ψj, ϕj, j = 0, ..., 2n− 1 gia na prokÔyoun oi timèc twn puknot twn ψ, ϕ sta shmeÐa

tj. Ta pl�th skèdashc mèsw thc anapar�stashc (2.117) upologÐzontai, k�nontac

qr sh tou trapezoeid  kanìna lìgw twn suneq¸n pur nwn, me b�sh ton parak�tw

tÔpo

u∞ ≈ π

n

2n−1∑
j=0

{MD∞(x̂(tk), tj)ϕj +MS∞(x̂(tk), tj)ψj} . (5.32)
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Oi pÐnakec twn telest¸n plat¸n skèdashc MD∞ kai MS∞ dÐnontai apì touc tÔpouc

Mj,D∞(x̂(tk), t) = τeγ
e
2,jJ

∗(x̂(tk))Fe(x̂(tk), x(t))e−ikj,ex̂(tk)·x(t), (5.33)

Mj,S∞(x̂(tk), t) = γe1,jJ
∗(x̂(tk))e

−ikj,ex̂(tk)·x(t), gia j = p, s. (5.34)

5.1.4 'Elegqoc dedomènwn apì ta eujèa probl mata

Ta epìmena dÔo paradeÐgmata pou parousi�zoume epalhjeÔoun thn arijmhtik  mèjodo

epÐlushc twn eujèwn problhm�twn. O èlegqoc gÐnetai se dedomèna probl mata me

gnwstèc analutikèc lÔseic. Gia ta eujèa probl mata skèdashc apì sklhrì skedast 

kai koilìthta, efìson den èqoume kumatik  di�dosh sto eswterikì tou skedast ,

jewroÔme èna shmeÐo (phg ) y = (y1, y2) ∈ D. Gia to eujÔ prìblhma skèdashc apì

sklhrì skedast  jewroÔme sunoriak  sunj kh

u = f, sto Γ (5.35)

me th sun�rthsh f na antistoiqeÐ sthn pr¸th st lh tou tanust  Green gia x ∈ Γ

kai y ∈ D dosmèno. Dhlad 

f :=

 f1

f2

 =

 Φ11(x, y)

Φ21(x, y)

 . (5.36)

OrÐzoume r(t) = ((x1(t)− y1)2 + (x2(t)− y2)2)
1/2

gia t ∈ [0, 2π] kai oi sunist¸sec

thc f se parametrikopoihmènh morf  dÐnontai apì touc tÔpouc

f1(tk) = Φ1(r(tk)) + Φ2(r(tk))J11(x(tk)− y) (5.37)

kai

f2(tk) = Φ2(r(tk))J12(x(tk)− y) (5.38)

gia k = 0, ..., 2n − 1. Oi sunart seic Φ1 kai Φ2 dÐnontai apì touc tÔpouc (2.30) kai

(2.31) antÐstoiqa, en¸ ta J11 kai J12 antistoiqoÔn sthn pr¸th st lh tou pÐnaka J ,

dhlad 

J11(x(t)− y) =
(x1(t)− y1)2

r2
, J12(x(t)− y) =

(x1(t)− y1)(x2(t)− y2)

r2
. (5.39)
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H exÐswsh (5.19) metatrèpetai sthn akìloujh

ϕ(x(tk)) + 2
2n−1∑
j=0

M(tk, tj)ϕ(x(tj)) = 2(f(x(tk))− uinc(x(tk))), (5.40)

pou epilÔetai wc proc tic timèc thc puknìthtac ϕ sta shmeÐa tj gia na prokÔyoun

ta pl�th skèdashc u∞ (5.20). Gia to eujÔ prìblhma skèdashc apì koilìthta h

sunoriak  sunj kh eÐnai

T u = g, sto Γ (5.41)

me th sun�rthsh g na antistoiqeÐ sthn pr¸th st lh tou pÐnaka TxΦ(x, y) gia x ∈ Γ

kai y ∈ D dosmèno. Dhlad 

g :=

 g1

g2

 =

 TxΦ11(x, y)

TxΦ21(x, y)

 . (5.42)

Me thn efarmog  tou telest  epifaneiak¸n t�sewn T upologÐzontai oi sunist¸sec

thc g gia na epilÔsoume thn exÐswsh

ϕ(x(tk))− 2
2n−1∑
j=0

M(tk, tj)ϕ(x(tj)) = 2((Tuinc)(x(tk))− g(x(tk)))), (5.43)

gia k = 0, ..., 2n− 1, wc proc thn �gnwsth puknìthta. Ta pl�th skèdashc upologÐ-

zontai apì ton tÔpo (5.26).

'Omwc h pr¸th st lh tou tanust  Green apoteleÐ lÔsh tou probl matoc kai

ikanopoieÐ tic nèec sunoriakèc sunj kec. Opìte lìgw monadikìthtac epÐlushc twn

exwterik¸n problhm�twn ja prèpei na tautÐzetai to zeÔgoc twn plat¸n skèdashc thc

lÔshc me thn pr¸th st lh tou zeÔgouc twn plat¸n skèdashc Φ∞(x̂, y) thc shmeiak c

phg c, h opoÐa dÐnetai apì touc tÔpouc

Φ∞p,1(x̂(t), y) = γ1,pe
−ikpx̂(t)·y

 cos2 t

cos t sin t

 (5.44)

kai

Φ∞s,1(x̂(t), y) = γ1,se
−iksx̂(t)·y

 sin2 t

−cos t sin t

 . (5.45)
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Sq ma 5.1: SÔgkrish plat¸n skèdashc gia sklhrì skedast .

Endeiktik� parousi�zoume ta apotelèsmata gia to prìblhma me Dirichlet suno-

riak  sunj kh. To sugkekrimèno par�deigma afor� th skèdash diam kouc kÔmatoc

uincp me gwnÐa prìsptwshc d = (1, 0). To mèso D kajorÐzetai apì tic stajerèc Lamé

λ = 4 kai µ = 1.5 kai to sÔnoro tou èqei thn akìloujh parametrikopoihmènh morf 

x(t) =
(
0.5cos2 t+ 0.15sin2 t

) 1
2 (cos t, sin t), t ∈ [0, 2π]. (5.46)

H puknìthta tou mèsou eÐnai ρ = 1. H kuklik  suqnìthta eÐnai ω = 1.5 kai to

sÔsthma epilÔjhke gia n = 32 kombik� shmeÐa me thn phg  na èqei suntetagmènec

y = (0, 0.5). Sto Sq ma 5.1 sugkrÐnoume ta pragmatik� mèlh twn plat¸n skèdashc

gia ta S−kÔmata (aristerì mèroc) kai ta fantastik� mèlh twn plat¸n skèdashc gia

ta P−kÔmata (dexÐ mèloc). H sÔgklish twn dÔo eÐnai arket� ikanopoihtik , opìte o

algìrijmoc mac par�gei ta swst� dedomèna.

5.2 AntÐstrofa probl mata

H mèjodoc sundi�taxhc efarmìzetai kai gia ta sust mata pou prokÔptoun apì ta a-

ntÐstrofa probl mata kai h �gnwsth aktinik  sun�rthsh r tou parametrikopoihmènou
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sunìrou proseggÐzetai mèsw tou trigwnometrikoÔ poluwnÔmou

r(t) ≈
m∑
k=0

akcos kt+
m∑
k=1

bksin kt, t ∈ [0, 2π]. (5.47)

Me efarmog  thc mejìdou sta 2n isapèqonta shmeÐa gia ta sust mata pou aforoÔn

sklhrì empìdio kai koilìthta katal goume se èna (4n) × (4n) grammikì sÔsthma

me agn¸stouc touc 2m + 1 suntelestèc thc prosèggishc (5.47) gia thn aktinik 

sun�rthsh kai tic 2n timèc thc puknìthtac ϕ. Sthn perÐptwsh skèdashc apì èg-

kleisma to grammikì sÔsthma eÐnai di�stashc (8n) × (8n) kai epilÔetai gia touc

2m+ 1 �gnwstouc suntelestèc thc prosèggishc (5.47), tic 2n timèc thc puknìthtac

ϕ kai tic 2n timèc thc puknìthtac ψ.

Gia na elègxoume thn eust�jeia thc epanalhptik c mejìdou eis�goume jìrubo

sta dedomèna, èstw u, prosjètontac diataraq  me b�sh thn L2 nìrma. Dhlad 

uδ = u+ δ
‖u‖L2

‖v‖L2

v, (5.48)

ìpou v ∈ C tuqaÐec metablhtèc pou akoloujoÔn thn kanonik  katanom  kai to δ ek-

fr�zei to epÐpedo jorÔbou. Gia thn epÐlush twn eujèwn problhm�twn qrhsimopoioÔme

dipl�sia shmeÐa diamèrishc se sÔgkrish me ta antÐstoiqa antÐstrofa probl mata. Sta

parak�tw sq mata, h aqn  (gal�zia) diakekommènh gramm  antistoiqeÐ sthn arqik 

prìbleyh gia to sÔnoro G tou skedast , h èntonh (kìkkinh) diakekommènh gram-

m  antistoiqeÐ sto pragmatikì sÔnoro pou anazhtoÔme kai h suneq c gramm  (mple)

antiproswpeÔei to anakataskeuasmèno sÔnoro pou prokÔptei apì thn epanalhptik 

diadikasÐa.

Sth sunèqeia parousi�zoume thn algorijmik  morf  twn epanalhptik¸n sqhm�twn

pou qrhsimopoioÔme gia thn epÐlush twn susthm�twn twn mh grammik¸n oloklhrwti-

k¸n exis¸sewn. H beltÐwsh thc aktinik c sun�rthshc tou sunìrou G kaleÐtai q kai

proseggÐzetai me trigwnometrikì polu¸numo thc morf c

q(t) ≈
m∑
k=0

aqkcos kt+
m∑
k=1

bqksin kt, t ∈ [0, 2π]. (5.49)
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5.2.1 Sklhrì empìdio

Me b�sh thn parap�nw an�lush gia thn prosèggish twn oloklhrwm�twn oi exis¸seic

metatrèpontai se grammik� sust mata. Pio sugkekrimèna, gia to dunamikì prìblhma,

h exÐswsh (4.6) eÐnai isodÔnamh me to akìloujo grammikì sÔsthma

π

n

2n−1∑
j=0

MS∞(tk, tj)ϕn(tj) = f1(tk), gia k = 0, ..., 2n− 1. (5.50)

H sun�rthsh f1 eÐnai ta dedomèna pl�th skèdashc. To sÔsthma se morf  pin�kwn

eÐnai to akìloujo

M1φ = f1 (5.51)

ìpou M1 = π
n
MS∞ . H grammikopoihmènh exÐswsh (4.5)(

S
′
(r, ϕ)− w′(r)

)
q = w(r)− S(r, ϕ) (5.52)

dèqetai thn akìloujh morf 

M2 q = f2, (5.53)

ìpou

M2(tk, tj) =
π

n
MS′ (tk, tj)ϕn(tj)− δkjb1(tk), gia k, j = 0, ..., 2n− 1. (5.54)

H sun�rthsh - st lh b1 antistoiqeÐ sthn par�gwgo tou dexioÔ mèlouc thc (4.5). Me

b2 sumbolÐzoume th st lh pou antistoiqeÐ sto dexÐ mèloc thc exÐswshc (4.5), tìte

f2 = b2 −MSϕ. T¸ra mporoÔme na metatrèyoume to epanalhptikì sq ma 4.1.2 sthn

akìloujh algorijmik  morf 

Algìrijmoc 5.2.1.

(i) Arqik� dÐnoume mia tim  ston suntelest  α0 tou trigwnometrikoÔ poluwnÔmou

(5.47) kai stic paramètrouc omalopoÐhshc Tikhonov λ0 kai λ1.

(ii) H epanalhptik  diadikasÐa xekin�ei me thn epÐlush thc exÐswshc (5.51) me th

mèjodo omalopoÐhshc Tikhonov. To sÔsthma dèqetai thn akìloujh morf 

[M∗
1M1 + λν0I]ϕν = M∗

1f1 (5.55)

kai epilÔetai gia tic timèc thc puknìthtac sta kombik� shmeÐa tj.
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Sq ma 5.2: Anakataskeu  sunìrou sklhroÔ skedast , qwrÐc jìrubo (arister�) kai

5% (dexi�).

(iii) H exÐswsh (5.53), me qr sh thc mejìdou Tikhonov, gÐnetai

[M∗
2M2 + λν1Ireg] qν = M∗

2f2 (5.56)

kai epilÔetai wc proc to q dedomènhc thc puknìthtac ϕ. Me Ireg sumbolÐzoume

ton pÐnaka bar¸n thc mejìdou omalopoÐhshc.

(iv) To q prostÐjetai sthn arqik  prìbleyh twn suntelest¸n thc aktinik c sun�rth-

shc kai h parap�nw diadikasÐa epanalamb�netai mèqri na ikanopoihjeÐ to krit rio

termatismoÔ.

ShmeÐwsh 5.2.1. H arqik  epilog  tou suntelest  α0 antistoiqeÐ se kÔklo aktÐnac

α0 kai gÐnetai ¸ste na ikanopoieÐtai kai h sunj kh (3.1) pou exasfalÐzei thn topik 

monadikìthta tou antÐstrofou probl matoc. Oi par�metroi omalopoÐhshc Tikhonov

λ0 kai λ1 metab�llontai se k�je b ma tou algorÐjmou gia kalÔterh sÔgklish thc

mejìdou.

ShmeÐwsh 5.2.2. To sÔsthma (5.56) eÐnai uperkajorismèno kaj¸c eÐnai di�stashc

(4n)× (4n) kai epilÔetai gia touc 2m+ 1 �gnwstouc suntelestèc tou q me m < n.

Sta akìlouja probl mata jewroÔme th skèdash diam kouc kÔmatoc uincp me gwnÐa

prìsptwshc d = (1, 0). To mèso D kajorÐzetai apì tic stajerèc Lamé λ = 2.5 kai
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Sq ma 5.3: Anakataskeu  sunìrou sklhroÔ skedast , qwrÐc jìrubo (arister�) kai

4% (dexi�).

µ = 1.5 kai h puknìthta tou eÐnai ρ = 1. H stajer� η pou emfanÐzetai sto sunduasmì

twn elastik¸n dunamik¸n thc anapar�stashc tou pedÐou (2.72) gia to antÐstoiqo eujÔ

prìblhma lamb�netai Ðsh me th mon�da. Gia tic paramètrouc omalopoÐhshc Tikhonov

epilègoume L2 t�xhc sf�lma gia thn par�metro λ0 pou antistoiqeÐ sthn puknìthta

ϕ kai H1 t�xhc sf�lma gia thn par�metro λ1 pou antistoiqeÐ sto q. To pl joc twn

kombik¸n shmeÐwn eÐnai n = 64 kai gia ta dÔo epìmena sq mata.

Sthn pr¸th efarmog , to sÔnoro tou sklhroÔ skedast  pou anakataskeu�zoume

èqei to sq ma paramorfwmènhc èlleiyhc kai h aktinik  sun�rthsh èqei thn akìloujh

parametrikopoihmènh morf 

r(t) =
(
0.5cos2 t+ 0.15sin2 t

) 1
2 , t ∈ [0, 2π]. (5.57)

H kuklik  suqnìthta eÐnai ω = 1.5, opìte oi kumat�rijmoi eÐnai kp ' 0.64 kai ks '

1.22. JewroÔme m = 3 to pl joc twn suntelest¸n thc prosèggishc thc aktinik c

sun�rthshc. Oi timèc twn paramètrwn omalopoÐhshc eÐnai λ0 = 10−3 · 0.8ν kai λ1 =

10−4 · 0.8ν , ìpou to ν = 0 antistoiqeÐ sto pr¸to b ma thc mejìdou kai oi timèc

ν = 1, 2, ... antistoiqoÔn sta epìmena b mata thc epanalhptik c diadikasÐac. Oi

anakataskeuèc gia tèsseric epanal yeic parousi�zontai sto Sq ma 5.2.

Sth deÔterh efarmog , to sÔnoro tou sklhroÔ skedast  pou anakataskeu�zoume
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Sq ma 5.4: Metabol  paramètrwn Lamé : λ (1α)− (1γ) kai µ (2α)− (2γ).

èqei to sq ma “aetoÔ” kai dèqetai thn akìloujh parametrikopoÐhsh

x(t) = (0.45 cos t+ 0.3 cos 2t, 0.7 sin t), t ∈ [0, 2π]. (5.58)

H kuklik  suqnìthta eÐnai ω = 3.5 kai oi kumat�rijmoi gia to sugkekrimèno prìblhma

eÐnai kp ' 1.49 kai ks ' 2.85. JewroÔme m = 9 to pl joc twn suntelest¸n Fourier

kai oi timèc twn paramètrwn omalopoÐhshc eÐnai λ0 = 10−2 · 0.8ν kai λ1 = 10−3 · 0.8ν .

Oi anakataskeuèc gia èxi epanal yeic parousi�zontai sto Sq ma 5.3.

Gia na elègxoume pwc h elastik  fÔsh tou probl matoc ephre�zei tic anakataskeu-

èc tou sunìrou G diathroÔme sto parap�nw prìblhma ìlec tic paramètrouc stajerèc

kai metab�lloume mìno tic stajerèc Lamé. Arqik� dÐnoume tic timèc λ = 2, 2.5, 3

kai oi anakataskeuèc tou sunìrou sklhroÔ skedast  parousi�zontai sto Sq ma 5.4

stic jèseic (1α)− (1γ) kai apì tic metabolèc thc stajer�c µ = 1, 1.5, 2 prokÔptoun

oi anakataskeuèc (2α) − (2γ), antÐstoiqa. ParathroÔme ìti oi anakataskeuèc tou

sunìrou den ephre�zontai apì thn metabol  thc stajer�c Lamé λ en¸ antÐjeta h
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Sq ma 5.5: Efarmog  sunj khc topik c monadikìthtac.

metabol  thc stajer�c µ epidr� shmantik� sthn poiìthta twn anakataskeu¸n.

Anazht¸ntac thn aitÐa gia thn euaisjhsÐa tou algorÐjmou apì th metabol  thc

stajer�c Lamé µ kai pwc aut  ephre�zei thn anakataskeu  tou sunìrou exet�zoume

thn ermhneÐa twn stajer¸n. Apì fusik c �poyhc oi dÔo stajerèc Lamé arkoÔn gia

thn perigraf  thc elastik c paramìrfwshc enìc isìtropou mèsou all� sqetÐzontai

kai me �llec elastikèc stajerèc. H pr¸th stajer� λ den èqei kamÐa fusik  ermhneÐa

kai ousiastik� sumb�llei sthn aploÔsteush tou nìmou tou Hooke. AntÐjeta, h

deÔterh stajer� µ sqetÐzetai me to mètro di�tmhshc ν = 2µ, dhlad  eÐnai èna mètro

antÐstashc tou ulikoÔ sth di�tmhsh. Opìte metabolèc thc stajer�c µ epifèroun

diataraqèc sto sÔnoro tou skedast  kai kat� sunèpeia stic proseggÐseic tou.

Apì majhmatik c pleur�c, h sumperifor� twn anakataskeu¸n dikaiologeÐtai lìgw

thc megalÔterhc epÐdrashc thc stajer�c Lamé µ stouc pur nec twn oloklhrwtik¸n

telest¸n. Pio sugkekrimèna, h stajer� µ emfanÐzetai kai stouc dÔo kumat�rijmouc

opìte h metabol  thc ephre�zei perissìtero ta apotelèsmata thc epanalhptik c di-

adikasÐac kaj¸c eÐnai euaÐsjhth stic allagèc twn paramètrwn tou probl matoc.

Gia th monadik  epilusimìthta tou antÐstrofou probl matoc skèdashc apì sklhrì
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Sq ma 5.6: Anakataskeu  sunìrou sklhroÔ empodÐou, qwrÐc jìrubo (arister�) kai

6% (dexi�).

skedast  arkeÐ na isqÔei h sunj kh topik c monadikìthtac (3.1). JewroÔme to sÔno-

lo qwrÐwn S na eÐnai kÔkloi me kèntro thn arq  twn axìnwn kai aktÐna R. Apì th

sunj kh (3.1) prokÔptei h akìloujh anisìthta gia thn aktÐna R

R <

√
µ k01√
ρω

. (5.59)

H parap�nw sunj kh ikanopoieÐtai kai stic dÔo efarmogèc. Pio sugkekrimèna, oi

epilegmènoi par�metroi sthn pr¸th efarmog , skedast c sq matoc paramorfwmènhc

èlleiyhc, dÐnoun R < 0.84 kai gia th deÔterh efarmog  isqÔei R < 1.96. Grafik� to

qwrÐo S kai stic dÔo peript¸seic apeikonÐzetai sto Sq ma 5.5.

Gia to sÔsthma pou prokÔptei apì to statikì prìblhma efarmìzoume ton al-

gìrijmo 5.2.1. Oi pÐnakec M1, M2 kai ta dexi� mèlh f1, f2 prokÔptoun me an�logh

an�lush. Gia ta arijmhtik� apotelèsmata, to mèso D kajorÐzetai apì tic stajerèc

Lamé λ = 2 kai µ = 1. H sunoriak  sun�rthsh f dÐnetai apì

f(t) =

 0, gia t ∈ [0, π)

sin(2t), gia t ∈ [π, 2π].
(5.60)

To pl joc twn kombik¸n shmeÐwn eÐnai n = 16 kai m = 9 to pl joc twn sun-

telest¸n thc prosèggishc thc aktinik c sun�rthshc. Oi par�metroi omalopoÐhshc



5.2. ANT�ISTROFA PROBL�HMATA 99

eÐnai λ0 = 10−1 ·0.8ν kai λ1 = 10−2 ·0.8ν . Oi anakataskeuèc tou sunìrou thc paramor-

fwmènhc èlleiyhc me aktinik  sun�rthsh (5.57) gia dèka epanal yeic parousi�zontai

sto Sq ma 5.6.

5.2.2 Koilìthta

Gia thn epÐlush tou sust matoc pou antistoiqeÐ sto antÐstrofo prìblhma gia koilìth-

ta, Neumann sunoriakèc sunj kec, h diadikasÐa pou akoloujeÐtai eÐnai parìmoia. Gia

to dunamikì prìblhma, h exÐswsh (4.31) eÐnai isodÔnamh me to akìloujo grammikì

sÔsthma
2n−1∑
j=0

ML(tk, tj)ϕn(tj) = f(tk), gia k = 0, ..., 2n− 1. (5.61)

O pÐnakac ML èqei analujeÐ sto antÐstoiqo eujÔ prìblhma, h sun�rthsh f(tk) =

|x′(tk)|w(tk) kai to w dÐnetai apì ton tÔpo (3.55). H grammikopoihmènh exÐswsh

(4.32)

D∞′(r, ϕ)q = w∞ −D∞(r, ϕ) (5.62)

se morf  pin�kwn eÐnai

N q = g, (5.63)

ìpou o pÐnakac N antistoiqeÐ ston suneq  pur na thc parag¸gou tou D∞ (4.34) kai

to dexÐ mèloc g = b3 −MD∞ϕ. Me b3 sumbolÐzoume th sun�rthsh - st lh pou anti-

stoiqeÐ sto dexÐ mèloc thc exÐswshc (4.33). H algorijmik  morf  tou epanalhptikoÔ

sq matoc 4.2.1 eÐnai h akìloujh

Algìrijmoc 5.2.2.

(i) Arqik� dÐnoume mia tim  ston suntelest  α0 tou trigwnometrikoÔ poluwnÔmou

(5.47) kai stic paramètrouc omalopoÐhshc Tikhonov λ0 kai λ1.

(ii) Sth sunèqeia, epilÔoume to sÔsthma (5.61) gia na prokÔyoun oi timèc thc

puknìthtac sta kombik� shmeÐa tj.
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PROBLHM�ATWN

Sq ma 5.7: Anakataskeu  sunìrou koilìthtac (dunamikì), qwrÐc jìrubo (arister�)

kai 6% (dexi�).

(iii) Dedomènhc thc puknìthtac ϕ, epilÔoume thn exÐswsh (5.63) me th mèjodo

omalopoÐhshc Tikhonov

[N∗N + λν1Ireg] qν = N∗g (5.64)

gia na prokÔyoun oi 2m+ 1 suntelestèc thc prosèggishc tou q.

(iv) To q prostÐjetai sthn arqik  prìbleyh twn suntelest¸n thc aktinik c sun�rth-

shc kai h parap�nw diadikasÐa epanalamb�netai mèqri na ikanopoihjeÐ to krit rio

termatismoÔ.

Gia ta arijmhtik� apotelèsmata jewroÔme th skèdash egk�rsiou kÔmatoc uincs me

gwnÐa prìsptwshc d = (1, 0) gia to pr¸to par�deigma kai d = (0, 1) gia to deÔtero. H

kateÔjunsh tou prospÐptontoc kÔmatoc kai h gwnÐa prìsptwshc �llaxe gia na elèg-

xoume thn apotelesmatikìthta thc mejìdou. To mèso D èqei puknìthta ρ = 1 kai h

stajer� η lamb�netai Ðsh me th mon�da. Gia tic paramètrouc omalopoÐhshc Tikhonov

epilègoume L2 t�xhc sf�lma gia thn par�metro λ0 pou antistoiqeÐ sth puknìthta ϕ

kai H1 t�xhc sf�lma gia thn par�metro λ1 pou antistoiqeÐ sto q. Oi parametrikopoi-

hmènec morfèc twn sunìrwn paramènoun Ðdiec me ta antÐstoiqa antÐstrofa probl mata

gia sklhrì skedast .
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Sq ma 5.8: Anakataskeu  sunìrou koilìthtac (dunamikì), qwrÐc jìrubo (arister�)

kai 4% (dexi�).

Sto pr¸to par�deigma, sÔnoro me parametrikopoÐhsh (5.57), to qwrÐo D ka-

jorÐzetai apì tic stajerèc Lamé µ = 1.5 kai λ = 4. H suqnìthta eÐnai ω = 5 opìte

oi kumat�rijmoi èqoun timèc kp ' 1.88, ks ' 4.08. Epilègoume n = 32 isapèqonta

shmeÐa kai m = 4 suntelestèc gia thn prosèggish thc aktinik c sun�rthshc. Sto

Sq ma 5.7 parousi�zontai oi anakataskeuèc gia okt¸ epanal yeic thc mejìdou, en¸

oi par�metroi omalopoÐhshc eÐnai λ0 = 10 · 0.8ν kai λ1 = 102 · 0.8ν .

Sto deÔtero par�deigma, to sÔnoro thc koilìthtac pou anakataskeu�zoume èqei

to sq ma “aetoÔ” kai dèqetai thn parametrikopoÐhsh (5.58). H kuklik  suqnìthta

eÐnai ω = 2 kai oi kumat�rijmoi kp ' 0.78 kai ks =
√

2. To pl joc twn suntelest¸n

Fourier eÐnai m = 9 kai oi par�metroi omalopoÐhshc lamb�nontai wc λ0 = 10 ·0.7ν kai

λ1 = 102 · 0.7ν . Oi anakataskeuèc gia okt¸ epanal yeic parousi�zontai sto Sq ma

5.8.

Gia to statikì prìblhma, h algorijmik  an�lush tou sust matoc twn oloklhrwti-

k¸n exis¸sewn paraleÐpetai kaj¸c basÐzetai sthn an�lush pou èqei prohghjeÐ gia to

dunamikì prìblhma. To �gnwsto sÔnorì èqei to sq ma “aetoÔ” me parametrikopoÐhsh

x(t) = −(0.22 cos t+ 0.15 cos 2t, 0.35 sin t), t ∈ [0, 2π]. (5.65)
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PROBLHM�ATWN

Sq ma 5.9: Anakataskeu  sunìrou koilìthtac (statikì), qwrÐc jìrubo (arister�)

kai 5% (dexi�).

Epilègoume n = 32 isapèqonta shmeÐa kai oi stejerèc Lamé eÐnai µ = 2 kai λ = 1.

To pl joc twn suntelest¸n tou q eÐnai m = 9 kai oi par�metroi omalopoÐhshc

lamb�nontai wc λ0 = 10−1 · 0.8ν kai λ1 = 10−2 · 0.8ν . H sunoriak  sun�rthsh g

lamb�netai wc

g(t) =

 0, gia t ∈ [0, π)

1, gia t ∈ [π, 2π].
(5.66)

Oi anakataskeuèc gia d¸deka epanal yeic parousi�zontai sto Sq ma 5.9.

5.2.3 'Egkleisma

AntÐstoiqa me ta dÔo prohgoÔmena sust mata twn oloklhrwtik¸n exis¸sewn meta-

trèpoume to sÔsthma (4.39) sto isodÔnamo tou grammikì sÔsthma, to opoÐo èqei thn

akìloujh genik  telestik  morf 

A

 ϕ

ψ

 = b (5.67)

ìpou

A =

 A11 A12

A21 A22

 kai b =

 b1

b2

 . (5.68)
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Oi pÐnakec Akj eÐnai (2n)× (2n) di�stashc, oi bk eÐnai (2n)× 1 di�stashc kai dÐnontai

apì touc tÔpouc

A11(tk, tj) =
δkj
|x′(tk)|

+MKi(tk, tj)−MKe(tk, tj), (5.69)

A12(tk, tj) = MSe(tk, tj)−MSi(tk, tj), (5.70)

A21(tk, tj) = τiMLi(tk, tj)− τeMLe(tktj), (5.71)

A22(tk, tj) =
τi + τe

2

δkj
|x′(tk)|

+ τeMK∗e (tk, tj)− τiMK∗i
(tk, tj) (5.72)

kai

b1(tk) = C1(tk), b2(tk) = C2(tk). (5.73)

H arijmhtik  epÐlush twn parap�nw oloklhrwm�twn èqei  dh analujeÐ sta dÔo pro-

hgoÔmena probl mata. Me b�sh ta parap�nw to sÔsthma (5.67) katal gei sto

akìloujo grammikì sÔsthma

2n−1∑
j=0

{Am,1(tk, tj)ϕn(tj) + Am,2(tk, tj)ψn(tj)} = bm(tk), (5.74)

gia k = 0, ..., 2n− 1, m = 1, 2. H grammikopoihmènh exÐswsh (4.40)(
A′3(r, ϕ) + B′3(r, ψ)

)
q = C3(x̂)−A3(r, ϕ)− B3(r, ψ) (5.75)

dèqetai thn akìloujh morf 

Fq = f3. (5.76)

Sthn parap�nw exÐswsh ìloi oi pur nec twn oloklhrwm�twn antistoiqoÔn se suneqeÐc

sunart seic opìte efarmìzoume ton trapezoeid  kanìna (5.8). Gia to antÐstrofo

prìblhma skèdashc apì ègkleisma to sÔsthma twn mh grammik¸n oloklhrwtik¸n exi-

s¸sewn epilÔetai mèsw thc epanalhptik c diadikasÐac (4.3.1). H algorijmik  morf 

tou epanalhptikoÔ sq matoc parousi�zetai parak�tw

Algìrijmoc 5.2.3.

(i) Arqik� dÐnoume mia tim  ston suntelest  α0 tou trigwnometrikoÔ poluwnÔmou

(5.47) kai stic paramètrouc omalopoÐhshc Tikhonov λ0 kai λ1.
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PROBLHM�ATWN

Sq ma 5.10: Anakataskeu  sunìrou egkleÐsmatoc, qwrÐc jìrubo (arister�) kai 6%

(dexi�).

(ii) Me efarmog  thc mejìdou Tikhonov to sÔsthma (5.67) dèqetai th morf 

[A∗A + λν0I]

 ϕν

ψν

 = A∗b (5.77)

kai epilÔetai wc proc tic �gnwstec puknìthtec sta kombik� shmeÐa tj.

(iii) Me gnwstèc tic timèc twn puknot twn epilÔoume thn exÐswsh (5.76) wc proc

to q kai me th mèjodo Tikhonov gia na prokÔyei

[F∗F + λν1Ireg] qν = F∗f3. (5.78)

(iv) To q prostÐjetai sthn arqik  prìbleyh twn suntelest¸n thc aktinik c sun�rth-

shc kai h parap�nw diadikasÐa epanalamb�netai mèqri na ikanopoihjeÐ to krit rio

termatismoÔ.

Sthn akìloujh efarmog  jewroÔme th skèdash diam kouc kÔmatoc uincp me gwnÐa

prìsptwshc d = (1, 0). To exwterikì qwrÐo De kajorÐzetai apì tic stajerèc Lamé

λe = 3 kai µe = 10 kai h puknìthta eÐnai ρe = 1.1. AntÐstoiqa, to eswterikì qwrÐo

Di kajorÐzetai apì tic stajerèc Lamé λi = 9.5 kai µi = 5 kai puknìthta ρi = 2.

Gia tic paramètrouc omalopoÐhshc Tikhonov epilègoume L2 t�xhc sf�lma gia thn
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par�metro λ0 pou antistoiqeÐ stic puknìthtec ϕ kai ψ kai H1 t�xhc sf�lma gia thn

par�metro λ1 pou antistoiqeÐ sto q. To pl joc twn kombik¸n shmeÐwn eÐnai n = 32.

To sÔnoro tou egkleÐsmatoc èqei to sq ma paramorfwmènhc èlleiyhc kai h ak-

tinik  sun�rthsh èqei thn akìloujh parametrikopoihmènh morf 

r(t) =
(
0.5cos2 t+ 0.1sin2 t

) 1
2 , t ∈ [0, 2π]. (5.79)

H kuklik  suqnìthta eÐnai ω = 10, epomènwc oi kumat�rijmoi eÐnai kp,e ' 2.18, ks,e '

3.31 kai kp,i ' 3.2, ks,i ' 6.32. JewroÔme m = 3 to pl joc twn suntelest¸n

thc prosèggishc thc aktinik c sun�rthshc. Oi timèc twn paramètrwn omalopoÐhshc

eÐnai λ0 = 10 · 0.7ν kai λ1 = 102 · 0.3ν . Oi anakataskeuèc gia treic epanal yeic

parousi�zontai sto Sq ma 5.10.

ShmeÐwsh 5.2.3. Oi exis¸seic (5.56), (5.64) kai (5.78) pou epilÔontai gia na

prokÔyei h beltÐwsh q thc aktinik c sun�rthshc gia tic treic peript¸seic skedast¸n,

antÐstoiqa, mporoÔn na parastajoÔn se mÐa morf  wc

Aq = B. (5.80)

H parap�nw exÐswsh parousi�zei thn akìloujh idiaiterìthta. O pÐnakac A kai to dexÐ

mèloc mporeÐ na eÐnai migadik c morf c en¸ to q prèpei na eÐnai pragmatikìc arijmìc.

Opìte gia thn arijmhtik  epÐlush tropopoioÔme thn parap�nw exÐswsh wc ex c

[Re (A) Im (A)] q = [Re (B) Im (B)] . (5.81)
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Kef�laio 6

Sumper�smata kai prooptikèc

gia mellontik  èreuna

S� aut  th diatrib  exet�same to antÐstrofo prìblhma gia thn eÔresh thc jèshc

kai tou sq matoc empodÐwn sth dunamik  kai statik  grammik  elastikìthta. To

prìblhma epilÔjhke gia treic peript¸seic empodÐwn, sklhrì (�kampto), koilìthta kai

ègkleisma se disdi�stato isìtropo kai omogenèc elastikì mèso. Gia thn antimet¸pish

twn antÐstrofwn problhm�twn  tan anagkaÐa h gn¸sh twn plat¸n skèdashc tou

skedazìmenou pedÐou (dunamikì prìblhma) kai twn sunoriak¸n tim¸n (statikì). Gia

autì ton lìgo arqik� epilÔsame ta trÐa antÐstoiqa eujèa probl mata. Ta eujèa

probl mata antistoiqoÔn sthn epÐlush oloklhrwtik¸n exis¸sewn kai h monadikìthta

epÐlushc touc èqei apodeiqjeÐ se progenèsterec ergasÐec.

Ta antÐstrofa probl mata epilÔjhkan me th mèjodo twn mh grammik¸n oloklhrw-

tik¸n exis¸sewn. ApodeÐqjhke h isodunamÐa twn antÐstrofwn problhm�twn me ta mh

grammik� sust mata twn exis¸sewn kai parousi�sthkan tìso jewrhtik� ìso kai ari-

jmhtik� apotelèsmata. H parap�nw mèjodoc od ghse se ikanopoihtikèc anakataskeu-

èc. SqetÐzetai me mejìdouc tÔpou Newton, pou exasfalÐzoun sÔgklish kai parè-

qoun apotelèsmata gia sqetik� lÐgec epanal yeic. Ta basik� pleonekt mata thc

mejìdou eÐnai ìti se k�je b ma thc epanalhptik c diadikasÐac den qrei�zetai h epÐlush

tou antÐstoiqou eujèoc probl matoc kai h qr sh Fréchet parag¸gwn antistoiqeÐ se
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oloklhrwtikoÔc telestèc kai ìqi se epÐlush problhm�twn sunoriak¸n tim¸n.

'Oson afor� sth jewrhtik  èreuna twn sugkekrimènwn problhm�twn anoiktì er¸-

thma paramènei h monadik  epilusimìthta twn antÐstrofwn problhm�twn skèdashc.

Parìlo pou gia to antÐstrofo prìblhma skèdashc apì sklhrì skedast  parousi�sa-

me èna apotèlesma pou exasfalÐzei topik  monadikìthta, h genÐkeush tou kai gia tic

�llec dÔo peript¸seic skedast¸n den isqÔei.

H mellontik  èreuna ja epikentrwjeÐ sthn beltÐwsh kai thn peraitèrw melèth

twn arijmhtik¸n apotelesm�twn. Pio sugkekrimèna, endiafèron parousi�zei h sÔg-

klish thc kanonikopoihmènhc mejìdou Newton kai gia thn perÐptwsh skèdashc apì

ègkleisma kaj¸c kai o pl rhc prosdiorismìc twn sunoriak¸n sunjhk¸n twn isodÔ-

namwn problhm�twn gia thn taÔtish thc Fréchet parag¸gou me ta pl�th skèdashc

twn lÔsewn touc. Mellontik  prooptik  ja  tan kai o èlegqoc thc eust�jeiac

twn anakataskeu¸n gia ligìterh plhroforÐa, dhlad  an arkeÐ h gn¸sh enìc ek� twn

dÔo diam kwn   egk�rsiwn kum�twn apì to zeÔgoc twn plat¸n skèdashc (dunamikì

prìblhma)   h gn¸sh twn sunoriak¸n dedomènwn se tm ma tou sunìrou (statikì

prìblhma) ¸ste na prokÔyei sugklÐnon epanalhptikì sq ma.

Shmantik  kai endiafèrousa eÐnai h epèktash thc mejìdou kai se �lla elastik�

mèsa. 'Opwc eÐnai ta anisìtropa   ta mh omogen  mèsa kaj¸c kai h metafor� twn pro-

blhm�twn ston R3. H diadikasÐa eisagwg c jorÔbou mporeÐ epÐshc na d¸sei plhro-

forÐec gia thn eust�jeia tou algorÐjmou. Pèran apì ta pl�th skèdashc, endiafèron

ja parousÐaze kai h eisagwg  jorÔbou sta dedomèna (antÐstoiqec puknìthtec) pou

prokÔptoun apì to pr¸to b ma thc epanalhptik c diadikasÐac.

Tèloc, shmantik  exèlixh ja  tan h epal jeush twn arijmhtik¸n apotelesm�twn

me antÐstoiqa fusik� peiramatik� dedomèna ¸ste na up�rqei sÔgkrish tou majh-

matikoÔ montèlou me pragmatik� stoiqeÐa.
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Par�rthma Aþ

Upologismìc pur nwn

oloklhrwtik¸n telest¸n

Aþ.1 Telest c (Sϕ)

Lìgw thc asumptwtik c sumperifor�c twn sunart sewn Hankel prokÔptei ìti o

tanust c Green emfanÐzei logarijmik  idiomorfÐa. H parametrikopoihmènh morf  tou

oloklhrwtikoÔ telest  S : [L2[0, 2π]]2 → [L2[0, 2π]]2 (3.52) eÐnai h akìloujh

(Sϕ)(t) =

∫ 2π

0

{Φ1(t, τ)I + Φ2(t, τ)J(x(t)− x(τ))}ϕ(τ)dτ, t ∈ [0, 2π]. (Aþ.1)

Oi sunart seic Φk(t, τ) := Φk(|x(t)− x(τ)|) gia k = 1, 2 dÐnontai apì touc tÔpouc

(2.30) kai (2.31). O pur nac tou telest  pou prokÔptei apì to elastikì dunamikì

kaleÐtai asjen¸c idiìmorfoc lìgw thc logarijmik c idiomorfÐac twn sunart sewn

Φk(t, τ) gia t = τ . Sto ex c me r sumbolÐzoume r := |x(t)− x(τ)|. Opìte gia thn

arijmhtik  metaqeÐrish tou pur na, diasp�me tic sunart seic wc ex c

Φk(r) =
1

2π
M1

k (r)ln

(
4sin2 t− τ

2

)
+M2

k (r), gia k = 1, 2 (Aþ.2)

ìpou oi sunart seic M j
k(t, τ) gia k, j = 1, 2 dÐnontai apì touc tÔpouc

M1
1 (r) = − 1

4µ
J0(ksr) +

1

4ρω2r

(
ksJ1(ksr)− kpJ1(kpr)

)
, (Aþ.3)

M2
1 (r) = Φ1(r)− 1

2π
M1

1 (r)ln

(
4sin2 t− τ

2

)
, (Aþ.4)
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M1
2 (r) = − 1

4ρω2

(
2ks
r
J1(ksr)− k2

sJ0(ksr)−
2kp
r
J1(kpr) + k2

pJ0(kpr)

)
, (Aþ.5)

M2
2 (r) = Φ2(r)− 1

2π
M1

2 (r)ln

(
4sin2 t− τ

2

)
. (Aþ.6)

Stic parap�nw morfèc emfanÐzontai oi sunart seic Bessel J0 kai J1. Apì thn an�lush

twn sunart sewn Bessel kai Hankel ìpwc parousi�sthke sto kef�laio 2 prokÔptei

ìti oi sunart seicM j
k eÐnai �rtiec kai analutikèc sto R. Pio sugkekrimèna, mporoÔme

na ekfr�soume touc diag¸niouc ìrouc (r → 0) wc ex c

M1
1 (0) = − 1

8ρω2

(
k2
s + k2

p

)
+O(r2), (Aþ.7)

M2
1 (0) = − 1

4πρω2

[
k2
s ln

ks
2

+ k2
pln

kp
2

+
1

2

(
k2
s − k2

p

)
+

(
CE −

iπ

2

)(
k2
s + k2

p

)]
,

(Aþ.8)

M1
2 (0) = 0, (Aþ.9)

M2
2 (0) =

1

4πρω2

(
k2
s − k2

p

)
. (Aþ.10)

Me b�sh thn parap�nw an�lush o oloklhrwtikìc telest c S dèqetai thn akìloujh

morf 

(Sϕ)(t) =

∫ 2π

0

{
1

2π
M1(t, τ)ln

(
4sin2 t− τ

2

)
+M2(t, τ)

}
ϕ(τ)dτ, t ∈ [0, 2π]

(Aþ.11)

me tic suneqeÐc sunart seic Mj na dÐnontai apì touc tÔpouc

Mj(t, τ) = M j
1 (t, τ)I +M j

2 (t, τ)J(x(t)− x(τ)), gia j = 1, 2. (Aþ.12)

AntÐstoiqh an�lush dèqetai kai o telest c S0 tou statikoÔ probl matoc.

Aþ.2 Telest c (Kϕ)

Gia ton upologismì tou pur na [Tx(τ)Φ(x(t), x(τ))]T tou telest  pou prokÔptei apì

to elastikì dunamikì diploÔ str¸matoc akoloujoÔme th mèjodo pou parousi�sjhke

sthn ergasÐa [10] kai aforoÔse thn elastik  skèdash apì epÐpedh rwgm . 'Omoia

upologÐzetai kai o pur nac Tx(t)Φ tou pedÐou twn t�sewn (TSϕ)(t). EpÐshc aut 
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h mèjodoc upologismoÔ tou pur na axiopoieÐtai kai sth metaqeÐrish thc isqur c idi-

omorfÐac pou parousi�zei o telest c twn t�sewn tou elastikou dunamikoÔ diploÔ

str¸matoc.

O pur nac tou telest  pou prokÔptei apì to statikì dunamikì diploÔ str¸matoc

eÐnai[
Tx(τ)Φ0 (t, τ)

]T
=

1

2π (λ+ 2µ)

[(
µI + 2 (λ+ µ) J (x(t)− x(τ))

)∂Ψ(t, τ)

∂ηx(τ)

+µQ
∂Ψ(t, τ)

∂θx(τ)

]T
, (Aþ.13)

ìpou j eÐnai to monadiaÐo efaptìmeno di�nusma sto sÔnoro G. Me b�sh ta para-

p�nw k�noume thn akìloujh an�lush tou pur na gia th perÐptwsh thc dunamik c

elastikìthtac[
Tx(τ)Φ(t, τ)

]T
=
[
Tx(τ) {Φ(t, τ)− Φ0(t, τ)}

]T
+
[
Tx(τ)Φ0(t, τ)

]T
. (Aþ.14)

JewroÔme wc N(t, τ) ton pr¸to pur na sto dexÐ mèloc thc parap�nw isìthtac, o

opoÐoc èqei thn akìloujh morf 

N(t, τ) = Φ
(1)
1 (r)U1(τ, t)T+Φ

(1)
2 (r)J(x(t)−x(τ))U1(τ, t)T+Φ

(0)
2 (r)U2(τ, t)T . (Aþ.15)

Oi sunart seic Φ
(1)
1 ,Φ

(1)
2 kai Φ

(0)
2 eÐnai oi ex c

Φ
(1)
1 (r) = − ik3

s

4ρω2r
H

(1)
1 (ksr)−

i

4ρω2

{
1

r2

[
k2
sH

(1)
0 (ksr)− k2

pH
(1)
0 (kpr)

]
− 2

r3

[
ksH

(1)
1 (ksr)− kpH(1)

1 (kpr)
]}

+
λ+ 3µ

4πµ(λ+ 2µ)r2
, (Aþ.16)

Φ
(1)
2 (r) =

i

4ρω2r

{
k3
sH

(1)
1 (ksr)− k3

pH
(1)
1 (kpr) +

2

r

[
k2
sH

(1)
0 (ksr)

−k2
pH

(1)
0 (kpr)

]
− 4

r2

[
ksH

(1)
1 (ksr)− kpH(1)

1 (kpr)
]}

(Aþ.17)

kai

Φ
(0)
2 (r) =

Φ2(r)

r2
− λ+ µ

4πµ(λ+ 2µ)r2
. (Aþ.18)

Lìgw thc logarijmik c idiomorfÐac twn sunart sewn Hankel oi parap�nw sunart -

seic dèqontai an�logh an�lush me tic antÐstoiqec sunart seic pou emfanÐzontai ston
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pur na tou elastikoÔ dunamikoÔ aploÔ str¸matoc. Analutik� prokÔptoun oi akìlou-

jec morfèc

Φ
(1)
1 (r) =

1

2π
Φ

(1)
1,1(r)ln

(
4sin2 t− τ

2

)
+ Φ

(1)
2,1(r) (Aþ.19)

Φ
(1)
2 (r) =

1

2π
Φ

(1)
1,2(r)ln

(
4sin2 t− τ

2

)
+ Φ

(1)
2,2(r) (Aþ.20)

Φ
(0)
2 (r) =

1

2π
Φ

(0)
1,2(r)ln

(
4sin2 t− τ

2

)
+ Φ

(0)
2,2(r) (Aþ.21)

ìpou

Φ
(1)
1,1(r) =

k3
s

4ρω2r
J1(ksr) +

1

4ρω2

{
1

r2

[
k2
sJ0(ksr)− k2

pJ0(kpr)
]

− 2

r3
[ksJ1(ksr)− kpJ1(kpr)]

}
, (Aþ.22)

Φ
(1)
1,2(r) = − 1

4ρω2r

{
k3
sJ1(ksr)− k3

pJ1(kpr) +
2

r

[
k2
sJ0(ksr)

−k2
pJ0(kpr)

]
− 4

r2
[ksJ1(ksr)− kpJ1(kpr)]

}
, (Aþ.23)

Φ
(0)
1,2(r) = − 1

4ρω2r2

[
2ks
r
J1(ksr)− k2

sJ0(ksr)−
2kp
r
J1(kpr) + k2

pJ0(kpr)

]
(Aþ.24)

kai

Φ
(1)
2,1(r) = Φ

(1)
1 (r)− 1

2π
Φ

(1)
1,1(r)ln

(
4sin2 t− τ

2

)
, (Aþ.25)

Φ
(1)
2,2(r) = Φ

(1)
2 (r)− 1

2π
Φ

(1)
1,2(r)ln

(
4sin2 t− τ

2

)
, (Aþ.26)

Φ
(0)
2,2(r) = Φ

(0)
2 (r)− 1

2π
Φ

(0)
1,2(r)ln

(
4sin2 t− τ

2

)
. (Aþ.27)

Oi parap�nw sunart seic eÐnai suneqeÐc sto R kai k�nontac qr sh twn seir¸n Taylor

katal goume ìti gia r → 0 isqÔoun

Φ
(1)
1,j(0) = aj gia j = 1, 2 (Aþ.28)

Φ
(0)
1,2(0) =

1

2
a2, (Aþ.29)

Φ
(1)
2,j(0) =

1

π
aj + 2bj gia j = 1, 2 (Aþ.30)
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kai

Φ
(0)
2,2(0) = b2, (Aþ.31)

ìpou

a1 =
1

32ρω2

(
3k4

s + k4
p

)
, (Aþ.32)

a2 =
1

16ρω2

(
k4
p − k4

s

)
, (Aþ.33)

b1 =
1

32πρω2

[
3k4

s ln
ks
2

+ k4
pln

kp
2
− 11

4
k4
s −

5

4
k4
p +

(
CE −

iπ

2

)(
3k4

s + k4
p

)]
(Aþ.34)

kai

b2 = − 1

16πρω2

[
k4
s ln

ks
2
− k4

pln
kp
2

+

(
CE −

3

4
− iπ

2

)(
k4
s − k4

p

)]
. (Aþ.35)

Oi pÐnakec U1 kai U2 eÐnai oi akìloujoi

U1(t, τ) = λν(x(t))(x(t)− x(τ))T + µ(x(t)− x(τ))ν(x(t))T

+ µν(x(t)) · (x(t)− x(τ))I, (Aþ.36)

U2(t, τ) = (λ+ 2µ)ν(x(t))(x(t)− x(τ))T + µ(x(t)− x(τ))ν(x(t))T

+ µν(x(t)) · (x(t)− x(τ)) [I − 4J(x(t)− x(τ))] . (Aþ.37)

'Oson afor� ton deÔtero pur na sto dexÐ mèloc thc isìthtac (Aþ.14) lìgw thc morf c

tou (Aþ.13) emfanÐzontai oi ex c ìroi

∂Ψ(t, τ)

∂ηx(τ)

=
Qx

′
(τ) · (x(t)− x(τ))

|x′(τ)| |x(t)− x(τ)|2
, (Aþ.38)

∂Ψ(t, τ)

∂θx(τ)

=
x
′
(τ) · (x(t)− x(τ))

|x′(τ)| |x(t)− x(τ)|2
. (Aþ.39)

Opìte o pur nac dèqetai thn akìloujh morf [
Tx(τ)Φ0 (t, τ)

]T
=

1

2π (λ+ 2µ) |x′(τ)|
[(
µI + 2 (λ+ µ) J (x(t)− x(τ))

)
N1(t, τ)

+µQN2(t, τ)]T , (Aþ.40)

kai oi sunart seic

N1(t, τ) =
Qx

′
(τ) · (x(t)− x(τ))

|x(t)− x(τ)|2
, (Aþ.41)
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N2(t, τ) =
x
′
(τ) · (x(t)− x(τ))

|x(t)− x(τ)|2
. (Aþ.42)

H sun�rthsh N1 pou prokÔptei apì th merik  par�gwgoc thc Ψ wc proc to monadiaÐo

k�jeto di�nusma (Aþ.38) eÐnai suneq c kai gia t = τ èqei th morf 

Qx
′
(t) · x′′(t)

2 |x′(t)|2
. (Aþ.43)

AntÐjeta h sun�rthsh N2 parousi�zei idiomorfÐa thc t�xhc

1

t− τ
kaj¸c to t→ τ. (Aþ.44)

Gia na apaleÐyoume aut  thn idiomorfÐa prosjafairoÔme ton ìro 1
2
cot
(
τ−t

2

)
pou em-

fanÐzei thn Ðdia omoiomorfÐa kai katal goume sthn akìloujh morf  tou pur na gia

to statikì prìblhma

[
Tx(τ)Φ0 (t, τ)

]T
=

1

2π (λ+ 2µ) |x′(τ)|
[(
µI + 2 (λ+ µ) J (x(t)− x(τ))

)
N1(t, τ)

+µQ

(
1

2
cot

(
τ − t

2

)
+N3(t, τ)

)]T
, (Aþ.45)

ìpou

N3(t, τ) = N2(t, τ)− 1

2
cot

τ − t
2

(Aþ.46)

eÐnai suneq c sun�rthsh me diag¸nia morf 

−x
′
(t) · x′′(t)
2 |x′(t)|2

. (Aþ.47)

Me b�sh thn parap�nw an�lush o oloklhrwtikìc telest c K dèqetai thn akìloujh

morf 

(Kϕ)(t) =

∫ 2π

0

{
1

2π
K1(t, τ)ln

(
4sin2 t− τ

2

)
+K2(t, τ)

+
c0

2π |x′(τ)|
QT cot

(
τ − t

2

)
+K3(t, τ)

}
ϕ(τ)dτ, (Aþ.48)

me c0 = µ/(2λ + 4µ). Oi sunart seic K1 kai K2 prokÔptoun apì to dunamikì mèroc

tou pur na kai h K3 apì to statikì.
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Aþ.3 Telest c t�shc (Lϕ)

O upologismìc tou pur na tou telest 

(Lϕ)(t) =

∫ 2π

0

Tx(t)

[
Tx(τ)Φ(x(t), x(τ))

]T
ϕ(τ)dτ, t ∈ [0, 2π] (Aþ.49)

parousi�zetai analutik� sthn ergasÐa [10] kai basÐzetai sthn an�lush pou èqei pro-

hghjeÐ gia ton pur na tou elastikoÔ dunamikoÔ diploÔ str¸matoc (Dϕ). Apì thn

efarmog  tou telest  t�sewn Tx(t) sto pur na tou telest  (Kϕ) prokÔptei isqur�

idiìmorfoc telest c. H isqur  idiomorfÐa ofeÐletai ston ìro pou prokÔptei apo to

statikì prìblhma en¸ o ìroc

P (t, τ) := Tx(t)

[
Tx(τ) {Φ(t, τ)− Φ0(t, τ)}

]T
(Aþ.50)

parousi�zei logarijmik  idiomorfÐa kai antimetwpÐzetai antÐstoiqa me ton tanust 

Green. H analutik  tou morf  eÐnai

P (t, τ) :=
2∑
j=1

2∑
k=0

Φ
(k)
j (r)W

(k)
j (t, τ) (Aþ.51)

ìpou oi pÐnakec W (k)
j ∈ C∞(Γ)× C∞(Γ) eÐnai oi

W
(0)
1 (t, τ) = 0, (Aþ.52)

W
(2)
1 (t, τ) =

1

r2
U1(t, τ)U1(τ, t)T , (Aþ.53)

W
(1)
1 (t, τ) = Tx(t)

[
U1(τ, t)T

]
−W (2)

1 (t, τ), (Aþ.54)

W
(0)
2 (t, τ) = Tx(t)

[
U2(τ, t)T

]
− 2

r2
U1(t, τ)U2(τ, t)T , (Aþ.55)

W
(2)
2 (t, τ) =

1

r2
U1(t, τ)J(x(t)− x(τ))U1(τ, t)T , (Aþ.56)

W
(1)
2 (t, τ) = Tx(t)

[
J(x(t)− x(τ))U1(τ, t)T

]
−W (2)

2 (t, τ) +
1

r2
U1(t, τ)U2(τ, t)T .

(Aþ.57)

Gia tic sunart seic Φ
(k)
j isqÔoun oi sqèseic

Φ
(0)
j (r) :=

1

r2
Φj(r), Φ

(1)
j (r) :=

1

r
Φ
′

j(r), Φ
(2)
j (r) := Φ

′′

j (r), gia j = 1, 2 (Aþ.58)
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kai prokÔptoun oi morfèc

Φ(1)
1 (r) = − ik3

s

4ρω2r
H

(1)
1 (ksr)−

i

4ρω2

{
1
r2

[
k2
sH

(1)
0 (ksr)− k2

pH
(1)
0 (kpr)

]
− 2
r3

[
ksH

(1)
1 (ksr)− kpH(1)

1 (kpr)
]}

+
λ+ 3µ

4πµ(λ+ 2µ)r2
(Aþ.59)

Φ(1)
2 (r) =

i

4ρω2r

{
k3
sH

(1)
1 (ksr)− k3

pH
(1)
1 (kpr) +

2
r

[
k2
sH

(1)
0 (ksr)− k2

pH
(1)
0 (kpr)

]
− 4
r2

[
ksH

(1)
1 (ksr)− kpH(1)

1 (kpr)
]}

(Aþ.60)

Φ(2)
1 (r) = − ik4

s

4ρω2
H

(1)
0 (ksr) +

i

4ρω2

{
1
r

[
2k3

sH
(1)
1 (ksr)− k3

pH
(1)
1 (kpr)

]
+

3
r2

[
k2
sH

(1)
0 (ksr)− k2

pH
(1)
0 (kpr)

]
− 6
r3

[
ksH

(1)
1 (ksr)− kpH(1)

1 (kpr)
]}

− λ+ 3µ
4πµ(λ+ 2µ)r2

(Aþ.61)

Φ(2)
2 (r) =

i

4ρω2

{
k4
sH

(1)
0 (ksr)− k4

pH
(1)
0 (kpr)−

3
r

[
k3
sH

(1)
1 (ksr)− k3

pH
(1)
1 (kpr)

]
− 6
r2

[
k2
sH

(1)
0 (ksr)− k2

pH
(1)
0 (kpr)

]
+

12
r3

[
ksH

(1)
1 (ksr)− kpH(1)

1 (kpr)
]}

.(Aþ.62)

Lìgw thc logarijmik c idiomorfÐac oi sunart seic dèqontai thn akìloujh an�lush

Φ
(k)
j (t, τ) =

1

2π
Φ

(k)
j,1 (t, τ)ln

(
4sin2 t− τ

2

)
+ Φ

(k)
j,2 (t, τ), (Aþ.63)

gia j = 1, 2 kai k = 0, 1, 2, ìpou

Ψ(0)
1 (r) = − k2

s

4ρω2r2
J0(ksr) +

1
4ρω2r3

[ksJ1(ksr)− kpJ1(kpr)]

+
λ+ 3µ

4µ(λ+ 2µ)r2
, (Aþ.64)

Ψ(1)
1 (r) =

k3
s

4ρω2r
J1(ksr) +

1
4ρω2

{
1
r2

[
k2
sJ0(ksr)− k2

pJ0(kpr)
]

− 2
r3

[ksJ1(ksr)− kpJ1(kpr)]
}
, (Aþ.65)

Ψ(2)
1 (r) =

k4
s

4ρω2
J0(ksr)−

1
4ρω2

{
1
r

[
2k3

sJ1(ksr)− k3
pJ1(kpr)

]
+

3
r2

[
k2
sJ0(ksr)− k2

pJ0(kpr)
]
− 6
r3

[ksJ1(ksr)− kpJ1(kpr)]
}
, (Aþ.66)
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Ψ(0)
2 (r) =

1
4ρω2r2

{
k2
sJ0(ksr)− k2

pJ0(kpr)−
2
r

[ksJ1(ksr)− kpJ1(kpr)]
}
, (Aþ.67)

Ψ(1)
2 (r) = − 1

4ρω2r

{
k3
sJ1(ksr)− k3

pJ1(kpr) +
2
r

[
k2
sJ0(ksr)− k2

pJ0(kpr)
]

− 4
r2

[ksJ1(ksr)− kpJ1(kpr)]
}
, (Aþ.68)

Ψ(2)
2 (r) = − 1

4ρω2

{
k4
sJ0(ksr)− k4

pJ0(kpr)−
3
r

[
k3
sJ1(ksr)− k3

pJ1(kpr)
]

− 6
r2

[
k2
sJ0(ksr)− k2

pJ0(kpr)
]

+
12
r3

[ksJ1(ksr)− kpJ1(kpr)]
}

(Aþ.69)

kai

Φ
(k)
j,2 (t, τ) = Φ

(k)
j (t, τ)− 1

2π
Φ

(k)
j,1 (t, τ)ln

(
4sin2 t− τ

2

)
. (Aþ.70)

Apì thn an�lush twn sunart sewn Bessel kai Hankel prokÔptei ìti oi sunart seic

Φ
(k)
j kai Ψ

(k)
j eÐnai analutikèc sto R kai mporoÔme na ekfr�soume touc diag¸niouc

ìrouc (r → 0) wc ex c

Ψ
(0)
1 (0) =

1

64ρω2

(
3k4

s + k4
p

)
, Ψ

(0)
2 (0) =

1

32ρω2

(
k4
p − k4

s

)
, (Aþ.71)

Ψ
(k)
j (0) = 2Ψ

(0)
j (0), gia j, k = 1, 2 (Aþ.72)

kai

Ψ
(k)
j,2 (0) =

2k − 1

2π
Ψ

(0)
j (0) + 2αj, gia j, k = 1, 2 (Aþ.73)

ìpou oi stajerèc αj dÐnontai apì touc tÔpouc

α1 :=
1

32πρω2

{
3k4

s ln
ks
2

+ k4
pln

kp
2
− 11

4
k4
s −

5
4
k4
p +

(
CE −

iπ

2

)(
3k4

s + k4
p

)}
, (Aþ.74)

α2 := Φ(k)
2,2(0) = − 1

16πρω2

{
k4
s ln

ks
2
− k4

pln
kp
2

+
(
CE −

3
4
− iπ

2

)(
k4
s − k4

p

)}
. (Aþ.75)

Me b�sh ta parap�nw o pÐnakac P (t, τ) dèqetai thn akìloujh an�lush

P (t, τ) =
1

2π
P1(t, τ)ln

(
4sin2 t− τ

2

)
+ P2(t, τ), (Aþ.76)

ìpou

P1(t, τ) :=
2∑
j=1

2∑
k=0

Ψ
(k)
j (r)W

(k)
j (t, τ) (Aþ.77)
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kai

P2(t, τ) = P (t, τ)− 1

2π
P1(t, τ)ln

(
4sin2 t− τ

2

)
. (Aþ.78)

Met� apì paragontik  olokl rwsh katal goume sthn telik  morf 

(Lϕ)(t) =
1

2π|x′(t)|

∫ 2π

0

{
c1cot

τ − t
2

ϕ
′
(τ) +B(t, τ)ϕ(τ)

}
dτ, t ∈ [0, 2π] (Aþ.79)

ìpou h stajer� c1 dÐnetai apì ton tÔpo

c1 =
µ(λ+ µ)

λ+ 2µ
(Aþ.80)

kai

B(t, τ) = B1(t, τ)ln

(
4sin2 t− τ

2

)
+B2(t, τ) (Aþ.81)

ìpou oi pur nec B1 kai B2 eÐnai analutikèc morfèc ston R me tÔpouc

B1(t, τ) = |x′(t)||x′(τ)|P1(t, τ), (Aþ.82)

B2(t, τ) = 2π|x′(t)||x′(τ)|P2(t, τ) +K0(t, τ). (Aþ.83)

O pÐnakac K0, anistoiqeÐ sto statikì prìblhma kai èqei morf 

K0(t, τ) = c1 {L1(t, τ)I + L2(t, τ) [I − 2J(t, τ)]Q+ L3(t, τ) [I − 2J(t, τ)]} (Aþ.84)

ìpou

L1(t, τ) := − 1
(τ − t)2

− x
′
(τ) · x′(t)
r2

+ 2
(x(τ)− x(t)) · x′(t)

r2

(x(τ)− x(t)) · x′(τ)
r2

, (Aþ.85)

L2(t, τ) := −x
′
(τ) ·Qx′(t)

r2
+ 2

(x(τ)− x(t)) ·Qx′(t)
r2

(x(τ)− x(t)) · x′(τ)
r2

(Aþ.86)

kai

L3(t, τ) := 2
(x(τ)− x(t)) ·Qx′(t)

r2

(x(τ)− x(t)) ·Qx′(τ)
r2

. (Aþ.87)

Oi parap�nw sunart seic eÐnai apeÐrwc forèc paragwgÐsimec me diag¸niec morfèc

L1(t, t) = −
[
x
′
(t) · x′′(t)

]2
2 |x′(t)|4

+
x
′′′

(t) · x′(t)
6 |x′(t)|2

+

∣∣x′′(t)∣∣2
4 |x′(t)|2

, (Aþ.88)

L2(t, t) =
x
′
(t) · x′′(t)x′′(t) ·Qx′(t)

2 |x′(t)|4
− x

′′′
(t) ·Qx′(t)
6 |x′(t)|2

, (Aþ.89)

L3(t, t) = −
[
x
′′
(t) ·Qx′(t)

]2
2 |x′(t)|4

. (Aþ.90)



Aþ.3. TELEST�HS T�ASHS (Lϕ) 127

Parat rhsh Aþ.3.1. Sto sÔsthma twn mh grammik¸n oloklhrwtik¸n exis¸sewn

gia to eujÔ kai to antÐstrofo prìblhma skèdashc apì ègkleisma emfanÐzetai o sun-

duasmìc twn telest¸n τeLe − τiLi ìpou ta i, e sumbolÐzoun thn ex�rthsh apì to

eswterikì kai to exwterikì qwrÐo, antÐstoiqa. Lìgw thc morf c twn stajer¸n c1 kai

τα parathroÔme ìti o ìroc pou emfanÐzei thn isqur  idiomorfÐa apaleÐfetai kai o sun-

duasmìc katal gei na eÐnai idiìmorfoc telest c. H ekten c an�lush twn idiomorfi¸n

twn pur nwn twn sugkekrimènwn telest¸n parousi�zetai sthn ergasÐa [62].
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