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ApagoreÔetai h antigraf , apoj keush kai dianom  thc paroÔsac ergasÐac,
ex olokl rou   tm matoc aut c, gia emporikì skopì. Epitrèpetai h
anatÔpwsh, apoj keush kai dianom  gia skopì mh kerdoskopikì,
ekpaideutik c   ereunhtik c fÔshc, upì thn proôpìjesh na anafèretai h
phg  proèleushc kai na diathreÐtai to parìn m numa. Erwt mata pou
aforoÔn th qr sh thc ergasÐac gia kerdoskopikì skopì prèpei na
apeujÔnontai proc ton suggrafèa.

Oi apìyeic kai ta sumper�smata pou perièqontai se autì to èggrafo
ekfr�zoun ton suggrafèa kai den prèpei na ermhneujeÐ ìti antiproswpeÔoun
tic epÐshmec jèseic tou EjnikoÔ Metsìbiou PoluteqneÐou.





Noi¸jw thn an�gkh na euqarist sw ìlouc ìsouc suntèlesan sthn ulo-
poÐhsh thc paroÔsac diplwmatik c ergasÐac. Euqarist¸ ìsouc  tan kont�
mou kai sunèbalan me k�je trìpo gia thn olokl rws  thc.

PrwtÐstwc, ja  jela na euqarist sw ton kajhght  k. Alèxandro Ke-
qagi� gia thn an�jesh tou jèmatoc, thn upomon  kai th st rix  tou, kaj' ìlh
th di�rkeia thc diexagwg c thc. EpÐshc, ofeÐlw èna meg�lo euqarist¸ ston
didaktorikì foitht  F¸th Far�ko gia ìlec tic ¸rec pou afièrwse sthn epÐ-
lush twn apori¸n mou. De ja mporoÔsa ìmwc na paraleÐyw na euqarist sw
touc goneÐc mou gia thn st rixh kai thn empistosÔnh pou mou èdeixan kaj' ìla
ta qrìnia twn spoud¸n mou kai ìlwn twn prohgoÔmenwn.

Euqarist¸, epÐshc olìjerma ton Z sh Eleujèrio gia th st rix  tou kai
idiaÐtera gia thn polÔtimh kai anantikat�stath sumbol  tou stic arijmhtikèc
mejìdouc epÐlushc pou qrhsimopoi jhkan sthn paroÔsa diplwmatik . Kai
tèloc, èna euqarist¸ sthn EÔh BoÔlgarh gia thn amèristh sumpar�stash
thc.



LÐsta stajer¸n pou ja qrhsimopoihjoÔn :
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PER�ILHYH

Mìno èna mikrì posostì tou sÔmpantoc, gÔrw sto 4%, apoteleÐtai apì
th gnwst  mac Ôlh. To upìloipo 96% tou q¸rou mporeÐ na qarakthristeÐ
wc kenì. O germanìc filìsofoc Hegel taÔtize tìso th ”Mon�da”ìso kai to
”Mhdèn” me to ”Apìluto”, katal gontac sto sumpèrasma ìti h Ôparxh kai
h anuparxÐa apoteloÔn diaforetikèc ekf�nseic thc Ðdiac kat�stashc. Pr�g-
mati, sÔmfwna me thn kbantomhqanik  je¸rhsh, to kenì mporeÐ na tautisteÐ
me ta zeÔgh swmatidÐwn - antiswmatidÐwn, pou suneq¸c dhmiourgoÔntai kai
katastrèfontai. To qronikì di�sthma thc Ôparx c touc eÐnai apeiroel�qista
mikrì, me apotèlesma na mhn prolabaÐnoun na katastoÔn parathr sima. E-
pomènwc, k�je shmeÐo tou q¸rou, akìmh ki an den perièqei ulik� swmatÐdia,
apoteleÐtai apì zeÔgh dunhtik¸n swmatidÐwn.

Sthn paroÔsa ergasÐa melet�tai h apìkrish tou dunamikoÔ autoÔ kenoÔ,
sthn efarmog  enìc exwterikoÔ hlektromagnhtikoÔ pedÐou. To magnhtikì pe-
dÐo prosanatolÐzei ta swmatÐdia, kajorÐzontac tic peristrofikèc touc kin seic,
qwrÐc ìmwc na eÐnai se jèsh na diaqwrÐsei ta zeÔgh. To hlektrikì pedÐo, ìmwc,
wjeÐ ta jetik� fortismèna swmatÐdia na kinhjoÔn par�llhla me th dieÔjuns 
tou, en¸ ta arnhtik� fortismèna swmatÐdia proc thn antÐjeth kateÔjunsh. E-
pomènwc, pol¸nei ta dunhtik� mìria tou kenoÔ, paramorf¸nontac th sfairik�
summetrik  dom  touc, se elleiyoeid . 'Otan h èntash tou hlektrikoÔ pedÐou
xeper�sei mia kat¸terh tim , anamènetai h jraÔsh twn desm¸n pou krat�ne
èna swmatÐdio desmeumèno me to antiswmatÐdiì tou. AnazhteÐtai, loipìn, h tim 
tou hlektrikoÔ pedÐou, gia thn opoÐa ja arqÐsei na parathreÐtai h dhmiourgÐa
swmatidÐwn.

Ex' aitÐac thc kbantomhqanik c fÔshc tou mhqanismoÔ paragwg c zeug¸n
swmatidÐwn Ôlhc - antiÔlhc, to parap�nw fainìmeno èqei mh nteterministikì qa-
rakt ra. Epomènwc den eÐnai dunatìc o upologismìc miac monos manthc tim c
gia to kat¸fli tou hlektrikoÔ pedÐou. Sthn pragmatikìthta, o upologismìc a-
for� sthn eÔresh thc pijanìthtac emf�nishc swmatidÐwn sunart sei thc tim c
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tou pedÐou, pou ja askhjeÐ ston kenì apì Ôlh q¸ro. To parap�nw fainìmeno
kai o upologismìc thc pijanìthtac melet jhkan apì ton Amerikanì fusikì
Julian Seymour Schwinger , sto �rjro pou dhmosÐeuse to 1951 ”On Gauge
Invariance and Vacuum Polarization”, sto panepist mio tou Cambridge.

Sthn paroÔsa diplwmatik  ja epiqeirhjeÐ h epal jeush thc fìrmoulac
tou Schwinger , me ton upologismì thc pijanìthtac paragwg c enìc zeÔgouc
hlektronÐou - pozitronÐou sunart sei thc èntashc tou hlektrikoÔ pedÐou.

Arqik� ja analujoÔn ta basik� stoiqeÐa thc JewrÐac thc Sqetikìthtac
kai thc Kbantomhqanik c, oi opoÐec ja qrhsimopoihjoÔn gia thn eÔresh thc
exÐswshc tou Dirac, pou perigr�fei swmatÐdia me spin 1

2
. Sto epìmeno kef�-

laio, ja melethjeÐ h fÔsh thc allhlepÐdrashc twn QED swmatidÐwn me èna
exwterikì bajmwtì pedÐo. Apì thn exÐswsh allhlepÐdrashc pou ja prokÔyei,
mporeÐ na upologisteÐ o pÐnakac met�bashc S apì mia arqik  kat�stash me
mhdenikì arijmì swmatidÐwn, pou perigr�fei to kenì, se mia telik  kat�stash
ìpou ja dhmiourghjeÐ toul�qiston èna zeÔgoc swmatidÐwn. M' autì ton trìpo
mporeÐ na upologisteÐ h zhtoÔmenh pijanìthta wc to tetr�gwno tou pÐnaka
met�bashc. H ergasÐa ja oloklhrwjeÐ me tic parathr seic pou ja exaqjoÔn
ìson afor� sth morf  thc upologismènhc pijanìthtac. Ja epiqeirhjeÐ epÐshc
na tekmhriwjeÐ h èlleiyh peiramatik¸n dedomènwn, parìlh th spoudaiìthta
tou fainomènou.

Lèxeic Kleidi� : fainìmeno Schwinger , paragwg  zeÔgouc, hlektrì-
nio - pozitrìnio, hlektrikì pedÐo, dunamik  tou kenoÔ, pijanìthta met�bashc



ABSTRACT

The universe is filled with particles only in 4% of its space. The rest 96%
of space can be considered as empty. The german philosopher Hegel claimed
that ” The Absolute is Unity ” and ”The Absolute is Nothing” reaching the
conclusion that being and not being could be considered as different states of
the same situation. Indeed, according to the Theory of Quantum Mechanics,
the vacuum can be identified to a pair of a particle and an antiparticle, which
are formed and destroyed continuously. The period of their existence is so
infinitesimally small that they can’t be observed. Therefore, every point in
space, even if it is devoid of particles, contains pairs of potential particles.

In the current essay, the response of this potential vacuum is examined,
if an external electric field is applied. The magnetic field orientates the parti-
cles causing their rotation, but it cannot cause the separation of the particle
from the antiparticle. On the other hand, the electric field, urges the positive
particles to move at the direction of the field and the negative particles to
move at the opposite direction. As a result, the electric field causes the po-
larization of those potential molecules, deforming their spherically symmetric
shape, in an elliptic shape. When the intensity of the electric field overcomes
a threshold, it is expected to observe the fracture of those bonds and thus
the creation of particles and antiparticles, moving in opposite directions.

Because of the Quantum Mechanical nature of pair production process,
the phenomenon cannot be described deterministically. Therefore, it is not
possible to calculate unambiguously the threshold of the elctric field men-
tioned. Indeed, the calculation refers to the determination of the possibility
of producing pairs of particles as a function of the intensity of the electric
field. The phenomenon described and the number of this possibility were first
studied by the American physicist Julian Seymour Schwinger in the article
published in 1951 ”On Gauge Invariance and Vacuum Polarization” at the
university of Cambridge.
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In the current thesis, it will be attempted to extract the Schwinger
formula by calculating the number of the possibility for the creation of an
electron - positron pair as a function of the intensity of the electric field.

At first, the basic principles of the Theory of Relativity and of Quantum
Mechanics will be analyzed. This study will lead to the Dirac equation, which
describes spin 1

2
particles. In the next section, the interaction between QED

particles and an external scalar field will be studied. From the equation of
the interaction, it is possible to measure the transition matrix S from the
vacuum, which contains zero pairs of particles, to the situation where at least
a single pair of particles can be observed. The requested possibility can then
be measured from the square of the transition matrix. The essay will be
completed with the observations made over the calculated possibility.

Key Words : Schwinger formula, pair production, electron - positron,
electric field, vacuum dynamics, transition possibility
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1. JEWRIA THS SQETIKOTHTAS

1.1 MetasqhmatismoÐ Lorentz

To pr¸to z thma pou apasqìlhse thn episthmonik  koinìthta kai od -
ghse argìtera sthn an�gkh jemelÐwshc thc jewrÐac thc Sqetikìthtac  tan h
perigraf  enìc sust matoc pou kineÐtai me taqÔthta u apì ènan parathrht  o
opoÐoc brÐsketai se èna akÐnhto sÔsthma. To sqetikì m koc twn antikeimènwn
sto sÔsthma parat rhshc emfanizìtan diaforopoihmèno ìtan metroÔntan apì
èna exwterikì parathrht  pou briskìtan sto akÐnhto sÔsthma. EmfanÐsthke
loipìn h an�gkh gia th jemelÐwsh enìc metasqhmatismoÔ pou ja mporoÔse na
perigr�yei autèc tic qwrikèc diaforopoi seic.

Oi pr¸toi metasqhmatismoÐ pou eis qjhsan gia thn perigraf  tou para-
p�nw fainomènou  tan oi metasqhmatismoÐ tou GalilaÐou. Oi exis¸seic autèc
periègrafan ta parathroÔmena megèjh antistoiqÐzontac tic suntetagmènec twn
dÔo susthm�twn. 'Etsi opoiad pote mètrhsh se k�poio ap' ta dÔo sust mata
mporoÔse na anaqjeÐ me th bo jeia twn metasqhmatism¸n tou GalilaÐou sthn
metroÔmenh tim  gia to antÐstoiqo epijumhtì sÔsthma. ProkÔptoun, loipìn,
gia èna kinoÔmeno sÔsthma taqÔthtac v pou perigr�fetai apì tic suntetagmè-
nec (x’,y’,z’,t’) sqetik� me to akÐnhto sÔsthma stic suntetagmènec (x,y,z,t) ,
oi exis¸seic: 

x′ = x− v ∗ t
y′ = y

z′ = z

t′ = t

(1.1)

'Omwc, oi parap�nw metasqhmatismoÐ emfanÐzoun asumbatìthta me tic ba-
sikèc arqèc thc jewrÐac thc Sqetikìthtac. To prìblhma entopÐzetai kat� ton
upologismì posot twn pou ja èprepe na paramènoun analloÐwtec upì touc
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metasqhmatismoÔc apì to kinoÔmeno sto akÐnhto sÔsthma. Oi metasqhmatismoÐ
tou GalilaÐou metèbalan jemeli¸deic posìthtec ìpwc o idiìqronoc. Up rqe,
epomènwc,h an�gkh jesmojèthshc enìc nèou metasqhmatismoÔ pou ja  tan
sumbatìc me tic basikèc arqèc thc sqetikistik c fusik c. O Einstein qrh-
simopoÐhse gia to skopì autì touc metasqhmatismoÔc Lorentz , pou dÐnontai
parak�tw :

Metasqhmatismìc Lorentz :
x = γ(x′ + v ∗ t′)
y = y′

z = z′

t = γ(t′ +
v

c2
∗ x′)

(1.2)

AntÐstrofoc Metasqhmatismìc Lorentz :
x′ = γ(x− v ∗ t)

y′ = y

z′ = z

t′ = γ(t− v

c2
∗ x)

(1.3)

Oi timèc twn g kai b orÐzontai wc ex c :

γ =
1√

1− v2

c2

(1.4)

β =
v

c
(1.5)

O metasqhmatismìc Lorentz mporeÐ na anaparastajeÐ me ton pÐnaka L :

Λ =


γ βγ 0 0
βγ γ 0 0
0 0 1 0
0 0 0 1

 (1.6)



1. JewrÐa thc Sqetikìthtac 17

1.2 Majhmatikìc Formalismìc

Parak�tw ja oristoÔn oi qr simoi majhmatikoÐ sumbolismoÐ pou ja qrh-
simopoihjoÔn gia thn an�ptuxh thc jewrÐac thc Sqetikìthtac. Ta majhmatik�
aut� sÔmbola qrhsimopoioÔntan  dh apì ta pr¸ta qrìnia thc an�ptuxhc thc
Sqetikìthtac dieukolÔnontac tic sÔnjetec pr�xeic pou èprepe na epitelestoÔn.

1.2.1 MetasqhmatismoÐ Lorentz

O pr¸toc sumbolismìc afor� ton tetradi�stato metasqhmatismì Lorentz,
pou orÐsthke parap�nw. Sto q¸ro twn tetradianusm�twn, gia to metasqhma-
tismì autì, qrhsimopoioÔme to sumbolismì: Λα

β

'Ena par�deigma metasqhmatismoÔ Lorentz apoteleÐ o pÐnakac twn stro-
f¸n kat� to x− y epÐpedo. H strof  kat� gwnÐa j apoteleÐ periodikì meta-
sqhmatismì kai mporeÐ na dwjeÐ sumbolik� apì ton parak�tw pÐnaka :

Λα
β =


1 0 0 0
0 cos θ sin θ 0
0 − sin θ cos θ 0
0 0 0 1

 (1.7)

1.2.2 TetradianÔsmata kai diaforikoÐ telestèc

Gia na katanohjeÐ ìmwc plhrèstera h dr�sh tou metasqhmatismoÔ prèpei
na oristeÐ arqik� h ènnoia tou tetradianÔsmatoc. Gia na onom�soume èna
di�nusma tess�rwn diast�sewn tetradi�nusma xα ofeÐlei na metasqhmatÐzetai
sÔmfwna me ton metasqhmatismì Lorentz , dhlad  na ikanopoieÐ th sqèsh :

x′
α

= Λα
β ∗ xβ (1.8)

AntÐstoiqa to di�nusma xα pou metasqhmatÐzetai sÔmfwna me ton antÐ-
strofo metasqhmatismì Lorentz orÐzetai ap' thn sqèsh :

x′α = (Λ−1)αβ ∗ xβ = Λ β
α ∗ xβ (1.9)
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An to tetradi�nusma xα mporeÐ na apeikonisteÐ sth genikìterh morf  tou
wc :

xα = (t,−−→x ) (1.10)

Tìte to xα dÐnetai antÐstoiqa wc xα = (t,−→x ). Epomènwc, to eswterikì
touc ginìmeno prokÔptei :

xαxα = t2 − x2 (1.11)

Gia ènan q¸ro dianusm�twn, b�sh tou opoÐou apoteleÐ to di�nusma twn
jèsewn xi, orÐzetai o stoiqei¸dhc diaforikìc telest c ∂i wc ex c :

∂i =
∂

∂xi
(1.12)

Qrhsimopoi¸ntac ton gnwstì kanìna thc alusÐdac thc �lgebrac gia ton
metasqhmatismì enìc dianÔsmatoc apì to sÔsthma suntatagmènwn x′i sto sÔ-
sthma xi isqÔei h genikeumènh morf  tou metasqhmatismoÔ :

x′β =
n∑
i=1

∂xα

∂x′β
xα (1.13)

H dr�sh tou telest  Λα
β mporeÐ epomènwc na perigrafeÐ apì thn èkfrash:

Λα
β =

∂xα

∂x′β
(1.14)

SÔmfwna me tic sqèseic (1.8) kai (1.13). H genikìterh èkfrash tou me-
tasqhmatismoÔ tou tetradianÔsmatoc jèshc apì èna sÔsthma suntetagmènwn
xα sto x′α, an prosjèsoume thn aujaÐreth stajer� thc metatìpishc, eÐnai :

x′
α

= Λα
β ∗ xβ + aα (1.15)

Epomènwc o metasqhmatismìc tou diaforikoÔ telest c dxα lamb�netai
diaforÐzontac thn parap�nw genikeumènh èkfrash wc ex c:

dx′
α

= Λα
γ ∗ dxγ (1.16)
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AntÐstoiqh sumperifor� emfanÐzei to di�nusma xα, gia to opoÐo o meta-
sqhmatismìc orÐzetai :

x′α =
∂xβ

∂x′α
xβ (1.17)

Epomènwc, h dr�sh tou telest  Λ β
α dÐnetai apì thn èkfrash :

Λ β
α =

∂xβ

∂x′α
(1.18)

Apì touc parap�nw orismoÔc mporeÐ na exaqjeÐ h dr�sh tou ginomènou
twn telest¸n Λα

β kai Λ β
α :

Λα
β ∗ Λ β

γ = δαγ (1.19)

1.2.3 SundianÔsmata

Shmantikìc eÐnai epÐshc o orismìc twn sundianusm�twn (covectors ). Wc
sundi�nusma orÐzetai h apeikìnish t�xhc (0,1) pou antistoiqeÐ me mia grammik 
sun�rthsh, k�je di�nusma se ènan pragmatikì arijmì. To sundi�nusma upa-
koÔei ston antÐstrofo metasqhmatismì Lorentz , se antÐjesh me ta dianÔsmata
pou eÐnai analloÐwta. MporeÐ, loipìn, na onomasteÐ isodÔnama sunalloÐwto
di�nusma. Gia k�je di�nusma tou q¸rou xα mporeÐ na oristeÐ to sundi�nusma
ωα

'Estw h b�sh ston q¸ro twn dianusm�twn ei kai antÐstoiqa twn sundia-
nusm�twn ei∗ : {

e1, e2, . . . , en

e1
∗, e2

∗, . . . , en
∗ (1.20)

Opìte oi metasqhmatismoÐ pou metatrèpoun tic suntetagmènec ei stic ei′

susqetÐzontac dÔo tuqaÐec diaforetikèc b�seic dÐnontai ap' tic sqèseic :{
eα → eα′ = Λα

β ∗ eβ

eα
∗ → eα

∗′ = Λ β
α ∗ eβ∗

(1.21)
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1.2.4 Tanustèc

O tanust c orÐzetai wc ton pollapl� grammikì pÐnaka pou antistoiqÐzei
èna sÔnolo dianusm�twn kai sundianusm�twn se ènan pragmatikì arijmì. An
h b�sh tou q¸rou twn dianusm�twn eÐnai t�xewc k kai h b�sh twn sundianu-
sm�twn t�xewc l tìte o tanust c T antistoiqeÐ ènan pragmatikì arijmì se
k�je sÔnolo k dianusm�twn kai l sundianusm�twn.

QrhsimopoieÐtai o sumbolismìc :

T : e∗ ∗ · · · ∗ e∗ ∗ e ∗ · · · ∗ e→ R (1.22)

OrÐzontai oi basikèc pr�xeic:

• Sustol  (Contraction ):

CT =
n∑
σ=1

T (ei∗, . . . , eσ∗, . . . , ej∗, ei, . . . , eσ, . . . , ej) (1.23)

⇒ xkl = T ikil =
n∑
σ=1

T ikil (1.24)

• Exwterikì ginìmeno(Outer product ):

T =
n∑

µ1,...,ni=1

T µ1...µk ν1...νl
eµ1 ⊗ · · · ⊗ eν1

∗
(1.25)

⇒ wij = eie∗j (1.26)

• Eswterikì ginìmeno(Inner product ):

< e|e∗ >= eie
∗i = wii = e∗ie

i (1.27)
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1.2.5 Metrikèc kai idiìqronoc

H metrik  enìc q¸rou eÐnai o tanust c pou orÐzei thn apìstash ds sto
q¸ro autì. H apìstash an�mesa se dÔo jèseic dxµ kai dxν antistoiqeÐ ènan
pragmatikì arijmì se k�je zeug�ri dianusm�twn tou q¸rou kai dÐnetai apì th
sqèsh :

ds2 =
∑
µ,ν

gµν ∗ dxµ ∗ dxν (1.28)

'Opou h gµν onom�zetai metrik  tou q¸rou. Gia par�deigma, ston eukleÐ-
deio q¸ro h apìstash ds dÐnetai :

ds2 = dx2 − dt2 (1.29)

Epomènwc, orÐzetai h metrik  tou eukleÐdeiou q¸rou wc ex c :

ηαβ =


+1, α = β = 1, 2, 3

−1, α = β = 0

0, α 6= β

(1.30)

Oi telestèc tou metasqhmatismoÔ Lorentz prèpei na plhroÔn thn sqèsh :

Λα
γ ∗ Λβ

δ ∗ η
α
β = ηγδ (1.31)

O idioqrìnoc (proper time) dt , o opoÐoc sÔmfwna me th jewrÐa thc Sqe-
tikìthtac ofeÐlei na paramènei analloÐwtoc upì metasqhmatismoÔc Lorentz ,
orÐzetai me thn èkfrash :

dτ 2 = −ηαβ ∗ dxα ∗ dxβ (1.32)

⇒ dτ 2 = dt2 − dx2 = dt2 − dx2 − dy2 − dz2 (1.33)
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Lìgw thc exÐswshc (1.16) o metasqhmatismìc tou idiìqronou prokÔptei
wc ex c :

dτ ′2 = −ηαβ ∗ dx′α ∗ dx′β

= −ηαβ ∗ Λα
γ ∗ dxγ ∗ Λβ

δ ∗ dx
δ

= −ηαβ ∗ Λα
γ ∗ Λβ

δ ∗ dx
γ ∗ dxδ

= −ηαβ ∗ dxγ ∗ dxδ

⇒ dτ ′2 = dτ 2

(1.34)

ApodeÐqthke, loipìn, ìti o idiìqronoc paramènei amet�blhtoc upì meta-
sqhmatismoÔc Lorentz ìpwc anamenìtan.

SÔmfwna me ta peiramatik� dedomèna, pou èqoun lhfjeÐ apì pollaplèc
phgèc parathr sewn, èqei exaqjeÐ to sumpèrasma ìti h taqÔthta tou fwtìc
paramènei stajer  anex�rthta apì to sÔsthma sto opoÐo metr�tai. H taqÔthta
opoioud pote met¸pou fwtìc isoÔtai me thn stajer  taqÔthta c kai dÐnetai
apì thn sqèsh : ∣∣∣∣dxdt

∣∣∣∣ = c (1.35)

'Estw oti taqÔthta tou fwtìc gia èna sÔsthma suntetagmènwn pou peri-
gr�fetai apì ton idiìqrono dt eÐnai Ðsh me th mon�da. S' aut  thn perÐptwsh,
efìson h parap�nw sqèsh gÐnetai :∣∣∣∣dxdt

∣∣∣∣ = 1 (1.36)

⇒ dx2 = dt2 (1.37)

⇒ dτ 2 = dx2 − dt2 = 0 (1.38)

⇒ dτ = 0 (1.39)

Apì thn sqèsh (1.34) kai efìson o idiìqronoc eÐnai analloÐwtoc upì
opoiond pote metasqhmatismì Lorentz sunep�getai:
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dτ ′2 = dτ 2

⇒ dτ ′ = 0
(1.40)

Apì ìpou prokÔptei kat' antistoiqÐa me thn anwtèra diadikasÐa ìti h
taqÔthta sto nèo sÔsthma anafor�c eÐnai :∣∣∣∣dx′dt′

∣∣∣∣ = 1

⇒
∣∣∣∣dx′dt′

∣∣∣∣ =

∣∣∣∣dxdt
∣∣∣∣ (1.41)

Sunep¸c mporeÐ na exaqjeÐ to sumpèrasma ìti h sqèsh (1.31) eÐnai iso-
dÔnamh me thn sunj kh h taqÔthta na paramènei analloÐwth gia opoiod pote
sÔsthma anafor�c.

Ja apodeiqteÐ, sth sunèqeia, ìti o metasqhmatismìc Lorentz apoteleÐ
ton monadikì mh idi�zwn metasqhmatismì, o opoÐoc af nei analloÐwto ton
idiìqrono. Me ton ìro mh idi�zwn perigr�fetai o pÐnakac dx′α

dxβ
tou opoÐou

o antÐstrofoc pÐnakac dxβ

dx′α
eÐnai kal� orismènoc.

'Estw o tuqaÐoc metasqhmatismìc x → x′ : ∂xα

∂x′β
. Tìte o idiìqronoc

metasqhmatÐzetai sÔmfwna me thn pr�xh :

dτ ′2 = −ηαβ ∗ dx′α ∗ dx′β

= −ηαβ ∗
∂xα

∂x′γ
∗ dxγ ∗ ∂x

β

∂x′δ
∗ dxδ

(1.42)

SÔmfwna me th sunj kh (1.34) apaiteÐtai:

dτ ′2 = dτ 2 (1.43)

Epomènwc,

dτ ′2 = −ηαβ ∗
∂xα

∂x′γ
∗ ∂x

β

∂x′δ
∗ dxγ ∗ dxδ

= dτ 2 = −ηγδ ∗ dx
γ ∗ dxδ

(1.44)
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Gia na isqÔei wc isìthta h parap�nw sqèsh prèpei :

ηγδ = ηαβ ∗
∂xα

∂x′γ
∗ ∂x

β

∂x′δ
(1.45)

Me parag¸gish thc parap�nw sqèshc :

0 = ηαβ ∗
∂2xα

∂x′γ∂xε
∗ ∂x

β

∂x′δ
+ ηαβ ∗

∂xα

∂x′γ
∗ ∂2xβ

∂x′δ∂xε
(1.46)

Me enallag  twn deikt¸n g, d, e lìgw summetrÐac thc (1.46) kai ajroÐ-
zontac tic treic exis¸seic pou prokÔptoun katal goume sthn exÐswsh:

0 = ηαβ ∗ {
∂2xα

∂x′γ∂xε
∗ ∂x

β

∂x′δ
+

∂2xβ

∂x′δ∂xε
∗ ∂x

α

∂x′γ
+

∂2xα

∂xε∂x′γ
∗ ∂x

β

∂x′δ
+

∂2xβ

∂x′δ∂x′γ
∗ ∂x

α

∂xε
− ∂2xα

∂x′γ∂x′δ
∗ ∂x

β

∂xε
− ∂2xβ

∂xε∂x′δ
∗ ∂x

α

∂x′γ
}

(1.47)

0 = 2ηαβ ∗
∂2x′α

∂xγ∂xε
∗ ∂x

′β

∂x′δ
(1.48)

Efìson ìmwc ηαβ 6= 0 kai ∂xβ

∂x′δ
6= 0 prèpei na mhdenÐzetai o deÔteroc ìroc

tou ginomènou. Dhlad  :

0 =
∂2xα

∂x′γ∂xε
(1.49)

Ex�getai, loipìn, h exÐswsh (1.15) pou eÐqame aujaÐreta orÐsei gia thn
perigraf  enìc opoioud pote genikeumènou metasqhmatismoÔ Lorentz .

x′
α

= Λα
β ∗ xβ + aα (1.50)

  isodÔnama

Λα
β =

∂xα

∂x′β
(1.51)
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Thn opoÐa an eis�goume sth sqèsh (1.45)prokÔptei h sunj kh (1.31) :

ηγδ = ηαβ ∗ Λα
γ ∗ Λβ

δ (1.52)

H om�da twn metasqhmatism¸n pou genn�tai apì touc parap�nw periori-
smoÔc, me ta qarakthristik� pou perigr�fhkan onom�zetai mh omogen c om�da
Lorentz   om�da Poincare . H om�da Poincare eÐnai kal� orismènh kai ìpwc
apodeÐxame parap�nw eÐnai monadik . Gia αα = 0 genn�tai h omogen c om�da
Lorentz , thc opoÐac h qr sh eÐnai eurÔtera diadedomènh.

1.2.6 O diaforikìc telest c thc Kampulìthtac kai to sÔmbolo Christoffel

OrÐzoume ton diaforikì telest ∇ o opoÐoc prèpei na plhreÐ tic parak�tw
idiìthtec :

1. Grammikìthta

∇c(α∗Aa1...ak b1...bl
+β∗Ba1...ak

b1...bl
) = α∗∇cA

a1...ak
b1...bl

+β∗∇cB
a1...ak

b1...bl

2. Kanìnac tou Leibnitz

∇eA
a1...ak

b1...bl
B
c1...c′k

d1...d′l
= [∇eA

a1...ak
b1...bl

]B
c1...c′k

d1...d′l
+Aa1...akb1...bl [∇eB

c1...c′k
d1...d′l

]

3. Antimet�jesh kat� th sustol 

∇c(A
a1...c...ak

b1...c...bl
) = ∇cA

a1...c...ak
b1...c...bl

4. Sunèpeia wc proc th ènnoia twn efaptìmenwn dianusm�twn wc kateuju-
nìmenh par�gwgoc bajmwtoÔ pedÐou

t(f) = tα∇αf

5. EÐnai eleÔjeroc sustrof c

∇a∇bf = ∇b∇af

⇒ [u,w]b = ua∇aw
b − wa∇au

b
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An�mesa se dÔo opoiousd pote telestèc parag¸gishc ∇a , ∇̃a mporeÐ n'
apodeiqteÐ (kef�laio 3.1 Wald, General Relativity ) ìti up�rqei ènac tanust c
pedÐou ètsi ¸ste na isqÔei h parak�tw sqèsh :

∇aωb = ∇̃aωb − Cc
abωc (1.53)

Gia ωb = ∇bf = ∇̃bf :

∇a∇bf = ∇̃a∇̃bf − Cc
ab∇cf (1.54)

H parap�nw exÐswsh eÐnai summetrik  wc proc a, b. Me enallag , loipìn,
twn deikt¸n prèpei o tanust c pedÐou Cc

ab na plhreÐ thn sunj kh summetrÐac:

Cc
ab = Cc

ba (1.55)

Apì thn idiìthta 4 sunep�getai ìti :

(∇̃a −∇a)(ωbt
b) = 0 (1.56)

Qrhsimopoi¸ntac thn idiìthta tou Leibnitz kai thn sqèsh (1.53) prokÔ-
ptei:

(∇̃a −∇a)(ωbt
b) = Cc

abωbt
b + ωb(∇̃a −∇a)t

b = 0 (1.57)

Apì thn opoÐa sunep�getai upokajist¸ntac touc deÐktec tou pr¸tou mè-
louc:

ωb[(∇̃a −∇a)t
b + Cb

act
c] = 0 (1.58)

Efìson h parap�nw sqèsh isqÔei gia k�je ωb h parènjesh prèpei na
mhdenÐzetai. Epomènwc, gia to tb isqÔei antÐstoiqa :

∇at
b = ∇̃at

b + Cb
act

c (1.59)
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H genikeumènh sqèsh pou perigr�fei th dr�sh tou∇a p�nw se ènan tuqaÐo
tanust  eÐnai :

∇aT
b1...bk

c1...cl
= ∇̃aT

b1...bk
c1...cl

+
∑
i

Cbi
adT

b1...d...bk
c1...cl

−
∑
j

Cd
acj
T b1...bk c1...d...cl

(1.60)

Sthn perÐptwsh tou diaforikoÔ telest  ∇̃a = ∂a o tanust c tou pedÐou
onom�zetai sÔmbolo Christoffel kai sumbolÐzetai Γbac. Epomènwc, sthn eidik 
perÐptwsh ìpou o diaforikìc telest c eÐnai o stoiqei¸dhc diaforikìc telest c
h (1.59) gÐnetai:

∇at
b = ∂at

b + Γbact
c (1.61)

Dedomènou tou diaforikoÔ telest  ∇a eÐnai dunatìn na oristeÐ h ènnoia
thc par�llhlhc metatìpishc enìc dianÔsmatoc va kat� m koc miac kampÔlhc C
me to efaptìmeno di�nusma ta. To di�nusma va metatopÐzetai par�llhla kat�
m koc miac kampÔlhc an ikanopoieÐ th sqèsh :

ta∇av
b = 0 (1.62)

kat� m koc thc kampÔlhc. S' aut  thn perÐptwsh prokÔptei :

⇒ ta∂av
b + taΓbacv

c = 0 (1.63)

⇒ dvν

dt
+
∑
µ,ν

tµΓνµλv
λ = 0 (1.64)

Genikìtera h par�llhlh metatìpish kat� m koc miac kampÔlhc orÐzetai
wc ex c :

ta∇aT
b1...bk

c1...cl
= 0 (1.65)
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'Opwc faÐnetai apì ta parap�nw eÐnai dunat  h Ôparxh pollapl¸n dia-
foretik¸n diaforik¸n telest¸n kai den up�rqei k�poioc trìpoc na epilegeÐ
k�poioc ex' aut¸n wc protimìmenoc. Sthn perÐptwsh ìmwc pou ja dojeÐ h
metrik  enìc q¸rou, up�rqei monadik  epilog  tou diaforikoÔ telest . Autì
sumbaÐnei ex' aitÐac tou kajorismoÔ fusik¸n proôpojèsewn pou epib�lontai
sthn ènnoia thc par�llhlhc metatìpishc, sÔmfwna me thn dosmènh metrik .
'Estw ìti dÐnontai ta dianÔsmata va kai wa. Gia par�llhlh metatìpish kat�
m koc opoiasd pote kampÔlhc, apaiteÐtai to eswterikì touc ginìmeno gabvawb

na paramènei analloÐwto. Epomènwc, apaiteÐtai :

ta∇a(gbcv
bwc) = 0 (1.66)

Efìson ta dianÔsmata va kai wa ikanopoioÔn thn (1.62) kai efarmìzontac
sthn parap�nw sqèsh ton kanìna tou Leibnitz lamb�netai :

tavbwc∇a(gbc) = 0 (1.67)

Efìson h parap�nw isìthta prèpei na isqÔei gia k�je tim  twn ta vb kai
wc h sqèsh (1.67) ikanopoieÐtai an kai mìno an :

∇a(gbc) = 0 (1.68)

H sqèsh (1.68) eÐnai h epiplèon sunj kh pou zht�me gia ton monos manto
prosdiorismì tou diaforikoÔ telest  ∇a. Ja apodeiqteÐ me to epìmeno je¸-
rhma ìti h sqèsh (1.68) eparkeÐ gia ton kajorismì tou diaforikoÔ telest ,
apì ìpou prokÔptei kai o orismìc tou Cc

ab sunart sei thc dosmènhc metrik c
gab.

'Estw ∇̃a ènac tuqaÐoc diaforikìc telest c. Ja upologisteÐ h tim  tou
Cc

ab ètsi ¸ste na ikanopoieÐtai h parap�nw sunj kh. To je¸rhma ja apodei-
qteÐ brÐskontac thn monos manth tim  tou Cc

ab gia thn opoÐa ikanopoioÔntai
ìlec oi anwtèrw proôpojèseic. Apì thn exÐswsh (1.60) prèpei na isqÔei gia
ton Cc

ab :

0 = ∇a(gbc) = ∇̃a(gbc)− Cd
abgdc − Cd

acgbd (1.69)
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Dhlad ,

Ccab + Cbac = ∇̃a(gbc) (1.70)

Me enallag  twn deikt¸n lamb�noume epÐshc,

Ccba + Cabc = ∇̃b(gac) (1.71)

Cbca + Cacb = ∇̃c(gab) (1.72)

Prosjètontac tic (1.70),(1.71) kai afair¸ntac thn (1.72) prokÔptei :

Ccab +Cbac +Ccba +Cabc−Cbca−Cacb = ∇̃a(gbc) + ∇̃b(gac)− ∇̃c(gab) (1.73)

H opoÐa me b�sh th summetrÐa thc (1.55) aplopoieÐtai sthn :

2Ccab = ∇̃a(gbc) + ∇̃b(gac)− ∇̃c(gab) (1.74)

Epistrèfontac t¸ra sthn zhtoÔmenh Cc
ab mèsw thc metrik c gcd :

Cc
ab =

1

2
gcd
{
∇̃a(gbd) + ∇̃b(gad)− ∇̃d(gab)

}
(1.75)

Aut  h èkfrash gia ton tanust  tou pedÐou Cc
ab lÔnei monos manta thn

exÐswsh (1.68) gia dedomèno diaforikì telest  ∇̃a. Epomènwc h epilog  thc
metrik c tou q¸rou kajorÐzei monos manta kai ton diaforikì telest  ∇a  
alli¸c kajorÐzei thn par�llhlh metatìpish ston q¸ro autì. Sugkekrimèna
gia ton ∂a mporoÔme na upologÐzoume to sÔmbolo Christoffel : Γbac.

Γcab =
1

2
gcd {∂a(gbd) + ∂b(gad)− ∂d(gab)} (1.76)

Opìte to sÔmbolo Christoffel analÔetai stic sunist¸sec thc b�shc twn
suntetagmènwn tou q¸rou:

Γρµν =
1

2

∑
σ

gρσ
{
∂gνσ
∂xµ

+
∂gµσ
∂xν

+
∂gµν
∂xσ

}
(1.77)
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Epomènwc, to sÔmbolo Christoffel mporeÐ na brejeÐ lamb�nontac tic meri-
kèc parag¸gouc twn suntelest¸n thc b�shc suntetagmènwn ìpwc prokÔptoun
apì thn èkfrash thc metrik c. Me ton Ðdio trìpo mporeÐ èpeita na upologisteÐ
o diaforikìc telest c ∇a gia dedomènh metrik .

1.2.7 O tanust c Riemann

Apì thn dr�sh enìc diaforikoÔ telest  ∇a p�nw se èna sundi�nusma
mporeÐ na deiqteÐ ìti dÔo diaforikoÐ telestèc den metatÐjontai ìtan askhjoÔn
p�nw se èna sundi�nusma kai m�lista h dr�sh touc mporeÐ na perigrafeÐ apì
ènan (1,3) tanust , dhlad  apì ènan tanust  pou antistoiqeÐ thn tetraplèta
enìc sundianÔsmatoc kai tri¸n dianusm�twn se ènan pragmatikì arijmì. Ta
parap�nw mporoÔn na sumbolistoÔn me thn qr sh tou tanust  R d

abc o opoÐoc
onom�zetai Riemann tanust c thc kampÔlwshc. H dr�sh tou dÐnetai apì th
sqèsh :

∇a∇bωc −∇b∇aωc = R d
abc ωd (1.78)

Apì thn idiìthta 5 twn diaforik¸n telest¸n isqÔei :

0 = (∇a∇b −∇b∇a)t
cωc (1.79)

Efarmìzontac ton kanìna tou Leibnitz h parap�nw sqèsh anaptÔssetai
:

0 = ∇a(ωc∇bt
c + tc∇bωc)−∇b(ωc∇at

c + tc∇aωc)

= ωc(∇a∇b −∇b∇a)t
c + tc(∇a∇b −∇b∇a)ωc

(1.80)

Kai qrhsimopoi¸ntac ton tanust  Riemann :

0 = ωc(∇a∇b −∇b∇a)t
c + tcR d

abc ωc

= ωc(∇a∇b −∇b∇a)t
c + tcωdR

d
abc

(1.81)

Lamb�noume telik� thn dr�sh tou tanust  p�nw se èna di�nusma :

(∇a∇b −∇b∇a)t
c = −R c

abd t
d (1.82)
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Genik� h efarmog  tou metajèth twn diaforik¸n telest¸n p�nw se ènan
tanust  dÐnei :

(∇a∇b−∇b∇a)T
c1...ck

d1...dl
= −

k∑
i=1

R ci
abe T c1...e...ckd1...dl+

l∑
j=1

R e
abdj

T c1...ckd1...e...dl

(1.83)

Gia ton tanust  Riemann prokÔptoun oi parak�tw idiìthtec sÔmfwna me
ton orismì tou:

1. R d
abc = −R d

bac

2. R d
abc −R d

acb −R d
bac +R d

bca = 0

R d
[abc] = 0

3. Gia ton diaforikì telest  ∇a pou sqetÐzetai me thn metrik  gbc isqÔei :

Rabcd = −Rbadc

4. H tautìthta Bianchi : ∇[aRbc]
e
d = 0

∇aR
e

bcd −∇aR
e

cbd −∇bR
e

acd +∇bR
e

cad = 0

UpologÐzontac th sustol  thc tautìthtac Bianchi lamb�netai h exÐswsh
:

∇aR
a

bcd +∇bRcd −∇cRbd = 0 (1.84)

Aneb�zontac ton deÐkth d me thn metrik  kai efarmìzontac sustol  p�nw
stouc deÐktec b, d lamb�netai h sqèsh :

∇aR
a
c +∇bR

b
c −∇cR = 0 (1.85)

OrÐzontac, loipìn, ton tanust  Einstein wc ex c :

Gab = Rab −
1

2
Rgab (1.86)
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H sqèsh (1.85) mporeÐ na grafeÐ isodÔnama :

∇aGab = 0 (1.87)

Efìson efarmìzontac ton diaforikì telest  ston tanust  Einstein lam-
b�netai sÔmfwna me ton kanìna tou Leibnitz h sqèsh:

∇aGab = ∇aR a
c +∇bR

b
c −

1

2
{gac∇aR +R∇agac} (1.88)

h opoÐa isodunameÐ me thn sqèsh (1.85) kai epomènwc mhdenÐzetai .

1.2.8 Gewdaisikèc

Oi gewdaisikèc eÐnai grammèc pou kampul¸nontai ìso to dunatìn ligìtero.
Dhlad , oi gewdaisikèc orÐzontai ètsi ¸ste opoiad pote diadrom  kat� m koc
touc, na eÐnai h mikrìterh dunat . Dedomènou ènoc diaforikoÔ telest  ∇a

orÐzoume mia gewdaisik  wc thn kampÔlh thc opoÐac to efaptìmeno di�nusma
paramènei par�llhlo wc proc ton eautì tou kat� m koc thc kampÔlhc. EÐnai
dhlad  h kampÔlh thc opoÐac to kèjeto di�nusma ikanopoieÐ thn exÐswsh :

T a∇aT
b = 0 (1.89)

Gr�fontac touc suntelestèc thc exÐswshc gia mia b�sh suntetagmènwn,
wc proc thn kampÔlh xµ(t) pou parametropoieÐtai me thn t, prokÔptei :

dT µ

dt
+
∑
σν

ΓµσνT
σT ν = 0 (1.90)

Lamb�nontac up' ìyin oti oi suntelestèc tou dianÔsmatoc T µ wc efa-
ptìmeno sthn kampÔlh C me b�sh suntetagmènwn to xµ(t) dÐnontai apì thn
exÐswsh :

T µ =
dxµ

dt
(1.91)
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h (1.91) gr�fetai :

d2xµ

dt2
+
∑
σν

Γµσν
dxσ

dt

dxν

dt
= 0 (1.92)

H exÐswsh (1.92) apoteleÐ èna sÔsthma apì n deÔterhc t�xhc sun jeic
diaforikèc exis¸seic gia tic n sunart seic xµ(t). Apì th jewrÐa twn dia-
forik¸n exis¸sewn eÐnai gnwstì ìti up�rqei monadik  lÔsh gia to parap�nw
sÔsthma, an dwjoÔn oi arqikèc sunj kec, dhlad  oi arqikèc timèc xµ, dxµ/dt.
Epomènwc, an dwjeÐ èna shmeÐo tou q¸rou p kai èna di�nusma T a, up�rqei p�n-
ta mia monadiklh gewdaisik  pou dièrqetai apì to p kai èqei wc efaptìmeno
di�nusma to T a, h opoÐa mporeÐ na prosdioristeÐ apì thn parap�nw sqèsh.

'Ena akìmh qarakthristikì twn gewdaisik¸n, enìc diaforikoÔ telest 
pou prokÔptei apì thn metrik  gab, eÐnai ìti elaqistopoioÔn to m koc thc
kampÔlhc pou en¸nei dÔo opoiad pote shmeÐa tou q¸rou ìpwc upologÐzetai
me b�sh thn dedomènh metrik . To m koc thc omal c kampÔlhc C orÐzetai me
b�sh thn metrik  gab :

l =

∫
(gabT

aT b)1/2dt (1.93)

Mia kampÔlh mporeÐ na onomasteÐ sÔmfwna me to prìshmo tou ginomènou
gabT

aT b :

• Qronoeid c : gabT aT b < 0

• Fwtoeid c : gabT
aT b = 0

• Qwroeid c : gabT aT b > 0

To m koc miac qwroeidoÔc kampÔlhc orÐzetai ìpwc parap�nw wc l, to
m koc mia fwtoeidoÔc kampÔlhc mhdenÐzetai en¸ to m koc mia qronoeidoÔc
kampÔlhc orÐzetai sÔmfwna me ton idiìqrono τ enall�ssontac to arnhtikì
prìshmo pou upeisèrqetai sth sqèsh (1.93) :

τ =

∫
(−gabT aT b)1/2dt (1.94)
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To m koc mia kampÔlhc mporeÐ na grafeÐ isodÔnama antikajist¸ntac to
di�nusma T µ me thn isodÔnamh èkfrash twn diaforik¸n :

l =

∫ [∑
µ,ν

gµν
dxµ

dt

dxν

dt

]1/2

dt (1.95)

Gia na ikanopoieÐtai h sunj kh elaqÐstou m kouc, pou ofeÐlei na plhroÐ
k�je gewdaisik , prèpei na isqÔei elaqistopoihjeÐ to m koc pou orÐzetai gia
k�je zeÔgoc shmeÐwn tou q¸rou. H diakÔmansh tou m kouc eÐnai :

δλ =

∫ a

b

[∑
µν

gµν
dxµ

dt

dxν

dt

]−1/2∑
α,β

{
gab

dxa

dt

d(δxb)

dt
+

1

2

∑
σ

∂gab
∂xσ

δxσ
dxµ

dt

dxν

dt

}
dt

(1.96)

QwrÐc bl�bh thc genikìthtac mporoÔme na jewr soume thn kanonikopoÐ-
hsh:

gabT
aT b = 1 =

∑
µν

gµν
dxµ

dt

dxν

dt
(1.97)

Me thn parap�nw sunj kh h sunj kh elaqistopoÐhshc (1.96) gÐnetai:

0 =

∫ a

b

∑
a,b

{
gab

dxa

dt

d(δxb)

dt
+

1

2

∑
σ

∂gab
∂xσ

dxµ

dt

dxν

dt
δxσ

}
dt

=

∫ a

b

∑
a,b

{
− d

dt

(
gab

dxa

dt

)
+

1

2

∑
λ

∂gab
∂xb

dxa

dt

dxλ

dt

}
δxbdt

(1.98)

H exÐswsh (1.98) isqÔei gia k�je tuqaÐa dianusmatik  metabol  δxb an
kai mìno an:

−
∑
a

gab
d2xa

dt2
−
∑
α,λ

∂gab
∂xλ

dxλ

dt

dxa

dt
+

1

2

∑
α,λ

∂gab
∂xb

dxa

dt

dxλ

dt
= 0 (1.99)



1. JewrÐa thc Sqetikìthtac 35

H sunj kh aut  eÐnai isodÔnamh me thn sqèsh (1.89) thn opoÐa èqoume
jewr sei wc jemeli¸dh exÐswsh apì thn opoÐa prosdiorÐzetai mia gewdaisik 
kampÔlh. Epomènwc, mia kampÔlh elaqistopoieÐ to m koc k�je diadrom c,
an kai mìno an eÐnai gewdaisik . H sunj kh kanonikopoÐhshc den epib�lei
epiplèon periorismoÔc sto sÔsthma. Epilègei ìmwc thn qrhsimìterh morf 
thc kampÔlhc, h opoÐa odhgeÐ se majhmatikèc aplopoi seic, pou eÐnai ìmwc
isodÔnamh me ìlec tic upìloipec.

1.3 H exÐswsh tou Einstein

1.3.1 H gewmetrÐa tou q¸rou sthn Eidik  jewrÐa thc Sqetikìthtac

Gia thn perigraf  tou qwroqrìnou sth fusik  prin thn emf�nish thc
Sqetikìthtac, qrhsimopoieÐtai to di�nusma thc apìstashc l an�mesa se dÔo
jèseic xa ,x′a ston trisdi�stato q¸ro orÐzetai wc ex c:

D = (x1 − x′1)2 + (x2 − x′2)2 + (x3 − x′3)2 (1.100)

H parap�nw sqèsh eÐnai anex�rthth tou sust matoc suntetagmènwn tou
kartesianoÔ q¸rou kai mporeÐ epomènwc na jewrhjeÐ wc endogenèc qarakth-
ristikì tou q¸rou. Apì ton parap�nw orismì, mporeÐ na prokÔyei o orismìc
thc metrik c tou q¸rou mèsw twn apeirost¸n metabol¸n :

hab =
3∑

µ,ν=0

hµν(dx
µ)a(dx

ν)b (1.101)

Efìson oi suntelestèc thc metrik c thc b�shc tou kartesianoÔ sust -
matoc suntetagmènwn eÐnai stajeroÐ, h diaforik  exÐswsh

∂ahbc = 0 (1.102)

mhdenÐzetai. Kat� sunèpeia, to sÔmbolo Christoffel Γabc pou exart�tai �-
mesa apì thn parap�nw parag¸gish, epÐshc mhdenÐzetai. Efìson oi sun jeic
diaforikoÐ telestèc metatÐjentai se k�je perÐptwsh metaxÔ touc, ìtan askh-
joÔn p�nw se opoiond pote tanust , h kampÔlwsh exafanÐzetai ìpwc gÐnetai
antilhptì kai apì thn sqèsh (1.78). H metrik  tou q¸rou, orÐzetai wc epÐ-
pedh. Sthn parap�nw gewmetrÐa, oi gewdaisikèc kampÔlec sumpÐptoun me tic
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eujeÐec grammèc tou kartesianoÔ q¸rou. Se aut  thn perÐptwsh, h apìstash
an�mesa se dÔo shmeÐa eÐnai stajer  kai el�qisth kai dÐnetai apì ton tÔpo
(1.101).

Sthn Eidik  JewrÐa thc Sqetikìthtac, h apìstash orÐzetai antÐstoiqa
ston tetradi�stato plèon q¸ro :

l = −(x0 − x′0)2 + (x1 − x′1)2 + (x2 − x′2)2 + (x3 − x′3)2 (1.103)

H parap�nw sqèsh kajorÐzei antÐstoiqa thn metrik  tou qwroqrìnou:

nab =
3∑

µ,ν=0

nµν(dx
µ)a(dx

ν)b (1.104)

'Opou h metrik  dÐnetai :

nab = diag(−1, 1, 1, 1) (1.105)

Efìson to pedÐo eÐnai kai p�li anex�rthto apì thn epilog  thc b�shc tou
sust matoc suntetagmènwn, isqÔei gia ton diaforikì telest  pou askeÐtai
p�nw sthn metrik  :

∂anbc = 0 (1.106)

Akolouj¸ntac thn parap�nw sulogistik  mporeÐ na exaqjeÐ to sumpè-
rasma ìti oi gewdaisikèc eÐnai kai p�li oi eujeÐec grammèc pou en¸noun duì
shmeÐa tou q¸rou, kaj¸c h kampulìthta exafanÐzetai. 'Etsi h Eidik  JewrÐa
thc Sqetikìthtac uposthrÐzei ìti o q¸roc eÐnai o R4 q¸roc me thn epÐpedh
metrik  Lorentz .

SÔmfwna me thn arq  thc Eidik c JewrÐac thc Sqetikìthtac tÐpota den
mporeÐ na taxidèyei taqÔtera apì thn taqÔthta tou fwtìc. Aut  h arq  pe-
rigr�fetai apì thn upìjesh thc Eidik c Sqetikìthtac, ìti k�je monop�ti sto
qwrìqrono twn pragmatik¸n swmatidÐwn apoteleÐ qronoeid  kampÔlh. Epomè-
nwc, mporeÐ na qrhsimopoihjeÐ h parametropoÐhsh twn qronoeid¸n kampÔlwn
mèsw tou idiìqronou:
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τ =

∫
(−nabT aT b)dt (1.107)

To efaptìmeno di�nusma ua se mia qronoeid  kampÔlh, pou perigr�fei
thn tetradianusmatik  taqÔthta prokÔptei ex' orismoÔ apì thn (1.107) ìti
èqei monadiaÐo m koc

uaua = −1 (1.108)

EpÐshc, efìson èna swmatÐdio eleÔjero apì exwterikèc dun�meic ja ta-
xideÔei p�nw stic gewdaisikèc, to tetradi�nusma thc taqÔthtac prèpei na ika-
nopoieÐ thn exÐswsh thc kÐnhshc :

ua∂aub = 0 (1.109)

H tetraorm  enìc swmatidÐou ston q¸ro pou perigr�fhke parap�nw, o-
rÐzetai sÔmfwna me thn tetrataqÔthta :

pa = mua (1.110)

Kai antÐstoiqa h enèrgeia :

E = −paua (1.111)

Sthn Eidik  Sqetikìthta, to hlektrikì kai magnhtikì pedÐo sundu�zontai
se ènan qwroqronikì tanust  pedÐou Fab, me thn antisummetrik  idiìthta Fab =
−Fba. Gia ènan parathrht  pou kineÐtai me taqÔthta ua to hlektrikì kai to
magnhtikì pedÐo prokÔptoun wc sun�rthsh tou Fab :

Ea = Fab ∗ ub

Ba = −ε cd
ab ∗ Fcd ∗ ub

(1.112)
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Oi exis¸seic tou Maxwell gr�fontai epomènwc, sÔmfwna me to sqetiki-
stikì formalismì:

∂aFab = −4πjb (1.113)

∂[aFbc] = 0 (1.114)

'Opou jb eÐnai to tetradi�nusma tou reÔmatoc puknìthtac pijanìthtac tou
hlektrikoÔ fortÐou. Lìgw thc antisummetrik c idiìthtac tou Fab:

0 = ∂a∂bFab = −4π∂bjb (1.115)

Epomènwc, apì tic exis¸seic tou Maxwell prokÔptei epÐshc h sqèsh dia-
t rhshc tou reÔmatoc :

∂bjb = 0 (1.116)

Apì thn opoÐa mporeÐ na exaqjeÐ �mesa h diat rhsh tou fortÐou.

AntÐstoiqa h exÐswsh kÐnhshc gia èna swmatÐdio fortÐou q pou kineÐtai
sto eswterikì hlektromagnhtikoÔ pedÐou Fab eÐnai :

ua∂au
b =

q

m
F b

cu
c (1.117)

Me ton tanust  thc t�shc na lamb�nei gia to hlektromagnhtikì pedÐo,
thn morf  :

Tab =
1

4π
[FacF

c
b −

1

4
nabFdeF

de] (1.118)

1.3.2 H gewmetrÐa tou q¸rou sth Gènik  jewrÐa thc Sqetikìthtac

H jewrÐa tou Maxwell mèsa sto plaÐsio thc Eidik c Sqetikìthtac, peri-
gr�fei ikanopoihtik� thn enopoihmènh jewrÐa gia ton hlektrismì, ton magnh-
tismì kai to fwc. Ja  tan, loipìn, anamènìmeno na anazhthjeÐ mia an�logh
genÐkeush thc jewrÐac tou Newton pou na perigr�fei tic idiìthtec thc ba-
rutik c dÔnamhc upì to prÐsma thc Eidik c Sqetikìthtac. Parìl' aut�, o
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Einstein anaz thse mia kajolik� kainoÔria lÔsh eis�gontac mia nèa je¸rhsh
gia thn barÔthta kai to qwrìqrono, anaptÔssontac thn Genik  JewrÐa thc
Sqetikìthtac.

Basik  diaforopoÐhsh apoteleÐ h antikat�stash thc merik c parag¸gishc
∂a, me ton genikeumèno diaforikì telest  ∇a. O diaforikìc telest c ∇a

prokÔptei apì thn metrik  gab tou qwroqrìnou, ìpwc perigr�fhke parap�nw.
'Etsi èna eleÔjero swmatÐdio ikanopoieÐ thn gewdaisik  exÐswsh thc kÐnhshc :

ab = ua∇au
b = 0 (1.119)

AntÐstoiqa gia èna epitaqunìmeno swmatÐdio p�nw sto opoÐo askeÐtai dÔ-
namh f orÐzetai to tetradi�nusma thc dÔnamhc:

f b = mab (1.120)

ìpou m eÐnai h m�za hremÐac. H orm  kai h enèrgeia orÐzontai ìpwc kai
sthn perÐptwsh thc Eidik c Sqetikìthtac apì tic sqèseic :

pa = mua

E = −paua
(1.121)

AntÐstoiqa, oi exis¸seic tou Maxwell gr�fontai sÔmfwna me to forma-
lismì thc Genik c JewrÐac thc Sqetikìthtac:

∇aFab = −4πjb (1.122)

∇[aFbc] = 0 (1.123)

Kai o tanust c enèrgeiac - orm c prokÔptei ap' thn antikat�stash thc
metrik c nab me thn èkfrash thc genikeumènhc metrik c gab :

Tab =
1

4π
[FacF

c
b −

1

4
gabFdeF

de] (1.124)
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1.3.3 H exÐswsh tou Einstein

O basikìc stìqoc thc sullogistik c pou ja akoloujhjeÐ eÐnai h eÔresh
miac kajolik c exÐswshc pou ja sqetÐzei thn katanom  thc Ôlhc sto q¸ro me
thn gewmetrÐa tou qwrìqronou.

Apì thn exÐswsh Poisson prokÔptei h sqèsh pou sqetÐzei to pedÐo tou
dunamikoÔ s' ènan q¸ro me thn puknìthta tou:

∇2Φ = 4πρ (1.125)

Apì thn melèth twn kumatik¸n exis¸sewn, me thn mhqanik  tou Newton
kai me thn Genik  Sqetikìthta mporeÐ na prokÔyei h antistoiqÐa tou barutikoÔ
dunamikoÔ φ me ton tanust  Riemann :

R a
cbd u

cud ↔ ∂b∂
aφ (1.126)

EpÐshc, h puknìthta thc Ôlhc sto q¸ro mporeÐ na susqetisteÐ me ton
tanust  enèrgeiac - t�shc pou perigr�fei thn energeiak  katanom  me thn
antÐstoiqh puknìthta :

Tabu
aub ↔ ρ (1.127)

Epomènwc, antikajist¸ntac tic parap�nw antistoiqÐec sthn exÐswsh tou
Poisson prokÔptei :

R a
cbd u

cud = 4πTabu
aub

⇒ R a
cbd = 4πTab

(1.128)

H parap�nw morf  thc exÐswshc  tan h pr¸th pou prot�jhke apì ton
Einstein . 'Omwc, h diafìrish thc exÐswshc aut c eis�gei mia sobar  antÐfash.
Gia ton tanust  thc t�shc èqei apodeiqteÐ parap�nw :

∇cTcd = 0 (1.129)
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EpÐshc èqei antÐstoiqa deiqteÐ sthn exÐswsh (1.87) oti o tanust c Ein-
stein eÐnai autìc pou mhdenÐzetai. Epomènwc, gia ton tanust  Riemann h
diafìrish thc parap�nw exÐswshc ja uponooÔse thn parak�tw sullogistik 
:

∇cTcd = 0

⇒ ∇cR a
cbd = 0

efìson ∇cGcd = ∇c

{
Rcd −

1

2
gcdR

}
= 0

∇c

{
Rcd −

1

2
gcdR

}
= ∇c {Rcd} −

1

2
gcd∇cR = 0

⇒ ∇dR = 0

(1.130)

Pou ja odhgoÔse sthn lanjasmènh upìjesh ìti h ∇dR ja prèpei na mh-
denÐzetai. Efìson aut  h upìjesh den mporeÐ na eÐnai alhj c, o tanust c
enèrgeiac - orm c ja prèpei na exiswjeÐ me ton tanust  Einstein antÐ gia ton
tanust  Riemann . Ja prokÔyei me autì ton trìpo h diorjwmènh exÐswsh pou
sqetÐzei to pedÐo thc barÔthtac Gab me ton tanust  pou perigr�fei thn ener-
geiak  katanom  tou tetradi�statou qwrìqronou. H exÐswsh aut  onom�zetai
exÐswsh Einstein .

Gab = Rab −
1

2
Rgab = 8πTab (1.131)

Lamb�nontac to Ðqnoc thc parap�nw :

R = 8πT (1.132)

Opìte antikajist¸ntac sthn exÐswsh tou Einstein :

Rab = 8π(Tab −
1

2
gabT ) (1.133)





2. KBANTOMHQANIKH

2.1 Klasik  Kbantomhqanik 

Sthn prosp�jei� tou na exhg sei thn sqèsh thc fasmatik c èntashc thc
aktinobolÐac pou ekpèmpetai apì èna mèlan s¸ma, o Planck katèlhxe sthn
an�gkh thc kb�ntwshc tou fwtìc, pragmatopoi¸ntac thn pr¸th epaf  me
ton forèa allhlepÐdrashc thc hlektromagnhtik c aktinobolÐac, to fwtìnio.
Katèlhxe sto sumpèrasma ìti h enèrgeia pou aporrof�tai   ekpèmpetai apì
èna mèlan s¸ma eÐnai kbantismènh kai m�lista eÐnai an�logh me thn suqnìthta
tou fwtonÐou. H sqèsh Planck, pou sundèei thn enèrgeia me thn suqnìthta,
eÐnai:

E = hν (2.1)

kai antÐstoiqa gia thn gwniak  taqÔthta pou orÐzetai apì th sqèsh ω =
2πν :

E = ~ω (2.2)

O Einstein sthn prosp�jei� tou na exhg sei to fwtohlektrikì fainìme-
no eÐnai o pr¸toc pou eis gage thn ènnoia twn fwtonÐwn gia thn perigraf 
thc fÔshc thc optik c aktinobolÐac. Pragmatopoi jhkan, loipìn, ta pr¸ta
b mata gia thn perigraf  thc dipl c fÔshc thc Ôlhc, pou fèrei tautìqrona
qarakthristik� swmatidÐou kai wc kÔmatoc. 'Omwc, mèqri t¸rc eÐqe parathrh-
jeÐ mìno h swmatidiak  fÔsh thc hlektromagnhtik c aktinobolÐac. H telik 
epibebaÐwsh thc parap�nw paradoq c suntelèsthke apì thn apìdeixh tou De
Broglie , o opoÐoc sunèdese thn orm  me to m koc kÔmatoc, epibebai¸nontac
kai thn kumatik  fÔsh twn swmatidÐwn pou fèroun orm .
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H sqèsh De Broglie dÐnetai :

p =
h

λ
(2.3)

kai antÐstoiqa gia ton kumatarijmì pou orÐzetai apì th sqèsh k = 2π
λ
:

p = ~k (2.4)

2.1.1 H exÐswsh Schrodinger

O Schrodinger epiqeÐrhse na dhmiourg sei mia jewrÐa pou na perigr�fei to
megalÔtero mèroc twn parathroÔmenwn fainomènwn, prospaj¸ntac na enopoi-
 sei tic up�rqousec perigrafèc gia thn fÔsh, pou meletoÔsan ìla ta fusik�
fainìmena wc anex�rthta metaxÔ touc. Katèlhxe, loipìn, sthn dhmiourgÐa miac
kajolik c exÐswshc, akolouj¸ntac ton epìmeno sullogismì.

H enèrgeia enìc swmatidÐou dÐnetai klasik� apì thn sqèsh :

E = K + V =
1

2
mu2 + V =

p2

2m
+ V (2.5)

Apì thn parag¸gish thc kumatik c exÐswshc, mporoÔn na prokÔyoun oi
antistoiqÐec gia touc telestèc thc enèrgeiac kai thc orm c, dhlad  h dr�sh
twn telest¸n p�nw se mia tuqaÐa kumatosun�rthsh. 'Estw h genik  morf 
thc kumatik c exÐswshc :

Ψ(x, t) = Aei(kx−ωt) (2.6)

Apì tic sqèseic De Broglie kai Planck :

k =
p

~

ω =
E

~

(2.7)

Opìte h kumatik  exÐswsh gÐnetai :

Ψ(x, t) = Aei
(px−Et)

~ (2.8)
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Apì thn parag¸gish thc parap�nw sun�rthshc wc proc x mporeÐ na ori-
steÐ o telest c thc orm c :

∂Ψ

∂x
= +i

p

~
Ψ

p̂Ψ = (−i~ ∂
∂x

)Ψ

(2.9)

Kai antÐstoiqa apì thn parag¸gish thc parap�nw sun�rthshc wc proc t
mporeÐ na oristeÐ o telest c thc enèrgeiac :

∂Ψ

∂t
= −iE

~
Ψ

ÊΨ = (i~
∂

∂t
)Ψ

(2.10)

Opìte prokÔptoun oi telestèc thc orm c kai thc enèrgeiac :

p̂→ (−i~ ∂
∂t

)

Ê → (i~
∂

∂t
)

(2.11)

H exÐswsh tou Schrodinger prokÔptei apì thn eisagwg  twn parap�nw
telest¸n sthn exÐswsh thc olik c enèrgeiac () :

i~
∂

∂t
Ψ(x, t) = − ~2

2m
∇2Ψ(x, t) + V (x)Ψ(x, t) (2.12)

O rujmìc el�ttwshc tou arijmoÔ twn swmatidÐwn pou dièrqontai apì ènan
dedomèno ìgko isoÔtai me thn olik  ro  swmatidÐwn pou bgaÐnoun apì autì
ton ìgko :

− ∂

∂t

∫
V

ρ · dV =

∫
S

j · n · dS (2.13)

Apì to je¸rhma tou Gauss:

− ∂

∂t

∫
V

ρ · dV =

∫
∇ · j · dV (2.14)
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Gia na isqÔei h parap�nw isìthta gia k�je tim  tou ìgkou V prèpei na
isqÔei h eponomazìmenh exÐswsh thc sunèqeiac :

∂ρ

∂t
+∇ · j = 0 (2.15)

H puknìthta pijanìthtac gia tic sunart seic pou upakoÔoun sthn exÐsw-
sh tou Schrodinger orÐzetai wc to tetr�gwno tou mètrou thc kumatosun�rth-
shc. Dhlad  :

ρ = Ψ∗Ψ = |Ψ|2 (2.16)

H migadik  suzhg c exÐswsh tou Schrodinger dÐnetai apì th sqèsh :

−i~ ∂
∂t

Ψ∗(x, t) = − ~2

2m
∇2Ψ∗(x, t) + V (x)Ψ∗(x, t) (2.17)

Pollaplasi�zontac thn exÐswsh tou Schrodinger me Ψ∗ kai th migadik 
suzhg  exÐswsh me Ψ kai prosjètontac kat� mèlh prokÔptei :

i~
(
∂Ψ∗

∂t
Ψ + Ψ∗

∂Ψ

∂t

)
=

~2

2m

(
Ψ∇2Ψ∗ −Ψ∗∇2Ψ

)
+ V (x)Ψ∗Ψ− V (x)ΨΨ∗

⇒ ∂(Ψ∗Ψ)

∂t
=

~
2im
∇ (Ψ∗∇Ψ−Ψ∇Ψ∗)

(2.18)

Proôpìjesh gia thn isqÔ thc parap�nw sqèshc eÐnai to dunamikì na eÐ-
nai pragmatik  sun�rthsh. Sthn perÐptwsh migadikoÔ dunamikoÔ h puknìthta
pijanìthtac den diathreÐtai. To reÔma puknìthtac - pijanìthtac orÐzetai sÔm-
fwna me thn parap�nw sqèsh, ètsi ¸ste na isqÔei h exÐswsh thc sunèqeiac
wc ex c :

j = − i~
2m

(Ψ∗∇Ψ−Ψ∇Ψ∗) (2.19)
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2.1.2 Kbantomhqanikìc Formalismìc

Gia na lujeÐ h exÐswsh tou Schrodinger arkeÐ na epiblhjeÐ to kat�llhlo
dunamikì pedÐo, pou ja eisaqjeÐ sthn exÐswsh, an�loga me thn fusik  tou
fainomènou pou melet�tai. H lÔsh thc exÐswshc odhgeÐ sthn eÔresh miac su-
n�rthshc tou q¸rou kai tou qrìnou Ψ(x, t). To sÔnolo twn kumatosunart -
sewn pou eÐnai lÔseic thc exÐswshc tou Schrodinger apoteloÔn ènan grammikì
q¸ro. Dhlad , an oristeÐ to eswterikì ginìmeno dÔo kumatosunart sewn Φ
kai Ψ wc ex c :

< Φ,Ψ >=

∫
Φ∗Ψdx (2.20)

Oi kumatosunart seic ofeÐloun na ikanopoioÔn tic parak�tw idiìthtec :

• < Φ,Ψ1 + Ψ2 >=< Φ,Ψ1 > + < Φ,Ψ2 >

• < Φ, aΨ >= a < Φ,Ψ >
kai antÐstoiqa a < Φ,Ψ >= a∗ < Φ,Ψ >

• < Φ,Φ > ≥ 0

• An < Φ,Φ >= 0 sunep�getai ìti Φ = 0

EpÐshc oi kumatosunart seic, pou apoteloÔn lÔseic, an koun sto q¸ro
twn tetragwnik� oloklhr¸simwn sunart sewn. IsqÔei dhlad  :∫

Φ∗Φdx <∞ (2.21)

Wc telest c Â , orÐzetai genik� mia apeikìnish S → S. Sthn kbantomh-
qanik , oi telestèc pou droÔn p�nw stic kumatosunart seic kai antistoiqoÔn
se fusikèc posìthtec eÐnai grammikoÐ kai ermitianoÐ.

H grammikìthta enìc telest  mporeÐ na apodojeÐ me thn parak�tw sun-
j kh, h opoÐa ikanopoieÐtai gia touc telestèc thc kbantomhqanik c :

Â(c1Φ1 + c2Φ2 + · · ·+ cnΦn) = c1ÂΦ1 + c2ÂΦ2 + · · ·+ cnÂΦn (2.22)
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'Enac telest c eÐnai ermitianìc an ikanopoieÐ th sqèsh :∫
Φ∗(AΨ)dx =

∫
(A∗Φ)∗Ψdx (2.23)

'H isodÔnama,

A† = A (2.24)

EpÐshc, orÐzetai o metajèthc dÔo telest¸n :[
Â, B̂

]
= ÂB̂ − B̂Â (2.25)

kai o antimetajèthc : {
Â, B̂

}
= ÂB̂ + B̂Â (2.26)

H dr�sh enìc telest  p�nw se mia sun�rthsh apodÐdetai me th sqèsh :

ÂΦ = αΦ (2.27)

H sun�rthsh Φ onom�zetai idiosun�rthsh kai o arijmìc α idiotim  tou te-
lest . Sthn perÐptwsh pou o telest c Â eÐnai ermitianìc, oi idiotimèc tou eÐnai
pragmatikoÐ arijmoÐ. Epomènwc, sthn kbantomhqanik  pou èqoume ermitianoÔc
telestèc, oi idiotimèc twn idiosunart sewn apoteloÔn metr sima megèjh kai
eÐnai pragmatikoÐ arijmoÐ.

An gia k�je dÔo idiotimèc, dÔo diaforetik¸n idiosunart sewn

ÂΦn = αnΦn

ÂΦm = αmΦm

(2.28)

isqÔei αn 6= αm, tìte den parathreÐtai ekfulismìc, dhlad  k�je idiotim 
orÐzei monos manta mia sugkekrimènh idiosun�rthsh. S' aut  thn perÐptwsh
to sÔsthma twn idiosunart sewn eÐnai orjog¸nio kai an oi kumatosunart seic
eÐnai kanonikopoihmènec to sÔsthma eÐnai orjokanonikì.
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Gia m 6= n isqÔei :

< Φn,Φm >= 0 (2.29)

H parap�nw upìjesh apodeiknÔetai wc ex c. 'Estw Φn sÔsthma idiosu-
nart sewn pou apoteloÔn lÔseic thc (2.27). EpÐshc, èstw ìti isqÔei αn 6= αm.

< Φn,Φm >=

∫
Φ∗nΦmdx (2.30)

Efarmìzontac ton telest  Â :

< Φn, ÂΦm >=

∫
Φ∗nÂΦmdx = αm

∫
Φ∗nΦmdx (2.31)

Efìson ìmwc o Â eÐnai ermitianìc :

< Φn, ÂΦm >=< ÂΦn,Φm >=

∫
(ÂΦn)∗Φmdx = αn

∫
Φ∗nΦmdx (2.32)

Epomènwc, exis¸nontac ta dÔo mèlh,

αm

∫
Φ∗nΦmdx = αn

∫
Φ∗nΦmdx (2.33)

(αm − αn)

∫
Φ∗nΦmdx = 0 (2.34)

Efìson h parènjesh eÐnai di�forh tou mhdenìc apì thn upìjesh, prèpei
na mhdenÐzetai to eswterikì ginìmeno. IsqÔei dhlad  :

< Φm,Φn >= 0 (2.35)

Efìson prèpei na isqÔei h proôpìjesh twn tetragwnik� oloklhr¸simwn
kumatosunart sewn, o arijmìc

< Φn,Φn >= a (2.36)
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prèpei na eÐnai pragmatikìc arijmìc. Epomènwc, diair¸ntac me ton a mpo-
roÔme na orÐsoume èna kanonikopoihmèno sÔsthma kumatosunart sewn, ìpou

< Φm,Φn >= δmn (2.37)

An to sÔsthma twn idiosunart sewn apoteleÐtai apì diakritèc timèc twn
idiotim¸n kai epomènwc apì diakritèc timèc twn n k�je sun�rthsh tou q¸rou,
mporeÐ na grafeÐ wc grammikìc sunduasmìc twn idiosunart sewn :

Φ =
∑
n

CnΦn (2.38)

An to sÔsthma twn idiosunart sewn apoteleÐtai apì diakritèc timèc twn
idiotim¸n kai epomènwc apì diakritèc timèc twn n k�je sun�rthsh tou q¸rou,
mporeÐ na grafeÐ wc grammikìc sunduasmìc twn idiosunart sewn :

Φ =
∑
n

CnΦn (2.39)

AntÐstoiqa, an to sÔsthma twn idiosunart sewn eÐnai suneqèc k�je ku-
matosun�rthsh tou q¸rou mporeÐ na grafeÐ :

Φ =

∫
CaΦada (2.40)

H tim  twn stajer¸n Cn mporeÐ na prosdioristeÐ wc ex c :∫
Φ∗kΦdx =

∫
Φ∗k
∑
n

CnΦndx

=
∑
n

Cn

∫
Φ∗kΦndx =

∑
n

Cnδkn = Ck

(2.41)

Epomènwc oi pollaplasiastikèc stajerèc dÐnontai apì ton tÔpo :

Ck =

∫
Φ∗kΦdx (2.42)
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H mèsh tim  miac posìthtac a sthn perÐptwsh twn diakrit¸n kumatosu-
nart sewn prokÔptei :

< Â >=
∑
k

αkPk (2.43)

'Opou Pk sumbolÐzei thn pijanìthta emf�nishc mia tim c αk kai gia tic
opoÐec isqÔei : ∑

k

Pk = 1 (2.44)

AntÐstoiqa, gia thn perÐptwsh suneq¸n kumatosunart sewn h mèsh tim 
miac posìthtac a upologÐzetai mèsw tou eswterikoÔ ginomènou tou antÐstoiqou
telest  :

< Â >=< ΨÂΨ >=

∫
Ψ∗(AΨ)dx (2.45)

'H genikìtera, me th sun�rthsh puknìthtac pijanìthtac :

< Â >=

∫ ∞
∞

aP (a)da (2.46)

AntÐstoiqa, orÐzetai h diaspor� miac posìthtac a, pou apoteleÐ mètro thc
apìklishc twn tim¸n thc apì th mèsh tim , wc ex c :

(∆Â)2 =< (Â− < Â >)2 > (2.47)

H opoÐa dÐnetai isodÔnama :

(∆Â)2 =< Â2 > − < Â >2 (2.48)
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2.1.3 H arq  thc abebaiìthtac tou Heisenberg

H posìthta (∆Â)2 prosdiorÐzetai monos manta apì thn kumatosun�rthsh
Ψ(x), pou apoteleÐ lÔsh thc exÐswshc Schrodinger kai perigr�fei to dedomè-
no fusikì sÔsthma pou melet�tai. Gia opoiad pote, ìmwc, kumatosun�rthsh,
to ginìmeno twn abebaiot twn orismènwn posot twn parousi�zei èna el�qi-
sto ìrio. To ìrio autì sqetÐzetai me thn fÔsh thc Kbontomhqanik c. Apì
thn Kbantomhqanik  JewrÐa, prokÔptoun en gènei lÔseic pou perigr�foun thn
statistik  fÔsh twn fusik¸n fainomènwn. EÐnai loipìn anamenìmeno h sum-
perifor� aut¸n twn kumatosunart sewn na upakoÔei se dedomènouc nìmouc
statistik c fÔsewc.

SÔmfwna me thn arq  thc abebaiìthtac, ìpwc diatup¸jhke apì ton Hei-
senberg , to ginìmeno thc abebaiìthtac thc jèshc epÐ thn abebaiìthta thc
orm c den mporeÐ na gÐnei mikrìtero apì thn stajer� ~ :

∆x ·∆p ≥ ~/2 (2.49)

MporeÐ, loipìn, na jewrhjeÐ ìti to ginìmeno twn abebaiot twn jèshc -
orm c lamb�nei proseggistik� thn tim  ~ :

∆x ·∆p ' ~ (2.50)

H arq  thc abebaiìthtac perilamb�nei, ìmwc kai to ginìmeno thc aprosdio-
ristÐac qrìnou - enèrgeiac, pou ofeÐlei na upakoÔei sthn parap�nw anisìthta.

∆t ·∆E ≥ ~ (2.51)

Epeid  h ènnoia tou qrìnou eÐnai sqetik  kai mporeÐ na kajoristeÐ apì
to metroÔmeno sÔsthma, sthn parap�nw anisìthta o qrìnoc lamb�nei thn èn-
noia thc qronik c di�rkeiac kat� thn opoÐa parathreÐtai èna fainìmeno. Gia
par�deigma, sthn perÐptwsh thc apodiègershc pur nwn, wc qrìnoc lamb�ne-
tai h qronik  di�rkeia mèqri thn parat rhsh thc apodiègershc. Epomènwc,
mporoÔme na antikatast soume thn qronik  abebaiìthta me ton mèso qrìno τ .
ProkÔptei, loipìn, h antÐstoiqh proseggistik  sqèsh :

∆E · τ ' ~ (2.52)
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2.1.4 Formalismìc Dirac

O Dirac sthn prosp�jei� tou na fti�xei ènan sunoptikì kai kajolikì
trìpo apeikìnishc twn kumatosunart sewn , dhmioÔrghse ton eponomazìmeno
formalismì Dirac , pou eÐnai gnwstìc kai wc formalismìc ’ bra-ket ’ . Anti-
stoÐqise thn kumatosun�rthsh Ψ me to sÔmbolo pou onìmase ’ ket ’ kai thn
suzhg  thc Ψ∗ me to ’ bra ’ :

Ψ(x)→ |Ψ >

Ψ(x)∗ → < Ψ|
(2.53)

To eswterikì ginìmeno twn parap�nw sumbolÐzetai < Ψ|Ψ > kai dÐnetai
apì th gnwst  isodunamÐa :

< Ψ|Ψ >=

∫
Ψ∗Ψd3x (2.54)

S' aut  thn perÐptwsh h mèsh tim  enìc telest  mporeÐ na grafeÐ wc ex c
:

< Ψ|Â|Ψ >=

∫
Ψ∗(ÂΨ)d3x (2.55)

En¸ mia tuqaÐa sun�rthsh Ψ sto q¸ro twn kumatosunart sewn dÐnetai
wc grammikìc sunduasmìc touc, sÔmfwna me ton sumbolismì :

|Ψ >=
∑
ν

< Ψν |Ψ > |Ψν > (2.56)

'Opou oi suntelestèc dÐnontai apì to eswterikì ginìmeno < Ψν |Ψ > ìpwc
apodeÐqthke parap�nw. MporeÐ epÐshc na oristeÐ o probolikìc telest c Pk
pou prob�lei mia tuqaÐa kumatosun�rthsh Ψ p�nw sto sÔsthma Ψk :

Pk = |Ψk >< Ψk| (2.57)

Epomènwc h dr�sh tou dÐnetai :

Pk|Ψ >= |Ψk >< Ψk|Ψ > (2.58)
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Me to �jroisma ìlwn twn suntelest¸n na dÐnei mon�da :∑
k

|Ψk >< Ψk| = 1 (2.59)

2.2 Sqetikistik  Kbantomhqanik 

Oi JewrÐec pou melet jhkan parap�nw perigr�foun ikanopoihtik� fai-
nìmena pou parathroÔntai kat� tic fusikèc diergasÐec. 'Omwc, kat� thn pei-
ramatik  melèth sÔnjetwn diergasi¸n, kai eidik� se fainìmena mikroskopi-
k c klÐmakac, prokÔptoun pollèc anakrÐbeiec pou ofeÐloun na diereunhjoÔn.
H JewrÐa thc Kbantomhqanik c kai h JewrÐa thc Sqetikìthtac mporoÔn na
sunduastoÔn gia thn plhrèsterh perigraf  tou sunìlou twn fusik¸n faino-
mènwn. Sto kef�laio pou akoloujeÐ, ex�gontai oi basikèc kbantomhqanikèc
exis¸seic, ìpwc metasqhmatÐzontai an lhfjoÔn up' ìyin oi basikèc arqèc thc
Sqetikìthtac.

2.2.1 H exÐswsh Klein-Gordon

H exÐswsh thc olik c enèrgeiac, ìpwc prokÔptei apì th JewrÐa thc Sqe-
tikìthtac dÐnetai apì th sqèsh:

E2 = p2 +m2 (2.60)

Antikajist¸ntac touc telestèc thc orm c kai thc enèrgeiac prokÔptei h
antÐstoiqh me thn Schrondiger sqetikistik  exÐswsh pou onom�zetai exÐswsh
Klein - Gordon :

−∂
2Φ

∂t2
+∇2Φ = m2Φ (2.61)

Kai orÐzontac ton telest  Laplace � = ∇2 − ∂2/∂t2 h exÐswsh Klein -
Gordon mporeÐ na grafeÐ sth morf  :

(� +m2)Φ = 0 (2.62)
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Qrhsimopoi¸ntac ton sumbolismì thc Sqetikìthtac h exÐswsh Klein-
Gordon gr�fetai :

∇a∇aΦ−m2Φ = 0 (2.63)

'H isodÔnama gia ∇µ = ∂µ :

∂a∂aΦ +m2Φ = 0 (2.64)

O tanust c thc t�shc gia to parap�nw pedÐo eÐnai :

Tab = ∇aΦ∇bΦ−
1

2
gab(∇cΦ∇cΦ +m2Φ2) (2.65)

Gia ton opoÐo isqÔei:

∇aTab = 0 (2.66)

H suzhg c migadik  exÐswsh exÐswsh Klein - Gordon eÐnai antÐstoiqa:

−∂
2Φ∗

∂t2
+∇2Φ∗ = m2Φ∗ (2.67)

Gia na broÔme to reÔma thc puknìthtac pijanìthtac pollaplasi�zoume
thn exÐswsh Klein - Gordon me Φ∗ kai thn migadik  suzhg  thc me Φ kai tic
prosjètoume. Opìte :

i

(
Φ∗
∂2Φ

∂t2
− Φ

∂2Φ∗

∂t2

)
− i
(
Φ∗∇2Φ− Φ∇2Φ∗

)
= 0 (2.68)

Epomènwc,

∂

∂t

[
i

(
Φ∗
∂Φ

∂t
− Φ

∂Φ∗

∂t

)]
+∇ [−i (Φ∗∇Φ− Φ∇Φ∗)] = 0 (2.69)
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H sun�rthsh puknìthtac pijanìthtac prokÔptei :

ρ = i

(
Φ∗
∂Φ

∂t
− Φ

∂Φ∗

∂t

)
(2.70)

Kai to reÔma puknìthtac pijanìthtac antÐstoiqa :

−→
J = i (Φ∗∇Φ− Φ∇Φ∗) (2.71)

Sthn klasik  hlektrodunamik , h kÐnhsh enìc swmatidÐou se èna hle-
ktromagnhtikì pedÐo prokÔptei apì thn antikat�stash tou telest  thc orm c
me ton telest  pou perilamb�nei kai th dr�sh tou hlektromagnhtikoÔ pedÐou
p�nw sto swmatÐdio. Dhlad  qrhsimopoieÐtai o metasqhmatismìc :

pµ → pµ − qAµ (2.72)

ìpou Aµ = (A0, A) = (V,A) eÐnai to tetradi�nusma tou dunamikoÔ tou
pedÐou kai q to fortÐo tou swmatidÐou.

QrhsimopoieÐtai, loipìn, antÐstoiqa sthn sqetikistik  kbantomhqanik  o
metasqhmatismìc :

i∂µ → i∂µ + eAµ

∂µ → ∂µ − ieAµ
(2.73)

H exÐswsh Klein - Gordon metasqhmatÐzetai, ètsi ¸ste na perilamb�nei
th dr�sh tou hlektromagnhtikoÔ pedÐou sto eleÔjero swmatÐdio :(

∂µ∂
µ − ie∂µAµ − ieAµ∂µ + e2AµA

µ
)

Φ +m2Φ = 0 (2.74)

Jètontac epomènwc,to hlektromagnhtikì dunamikì :

V = −ie (∂µA
µ + Aµ∂µ) + e2A2 (2.75)
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Epomènwc,h exÐswsh Klein - Gordon mporeÐ na grafeÐ, ètsi ¸ste na sum-
peril�bei kai th dr�sh tou hlektrikoÔ dunamikoÔ :

(∂µ∂
µ) Φ +m2Φ + V Φ = 0 (2.76)

2.2.2 H exÐswsh Dirac

O Dirac me skopì na lÔsei to prìblhma thc arnhtik c pijanìthtac pou
eis�gontan me thn lÔsh thc exÐswshc Klein-Gordon apaÐthse thn genikeumènh
morf  thc exÐswshc : (

iγµ
∂

∂xµ
− a
)

Ψ(x) = 0 (2.77)

Jètontac sth jèsh tou a thn m�za m tou swmatidÐou, mporoÔme na kata-
l xoume sthn exÐswsh Klein-Gordon wc ex c :(

iγµ
∂

∂xµ
−m

)
Ψ(x) = 0 (2.78)

H suzhg c migadik  thc exÐswshc Dirac gia a = m eÐnai:(
−iγµ ∂

∂xµ
−m

)
Ψ(x) = 0 (2.79)

Pollaplasi�zontac kat� mèlh thn dr�sh twn telest¸n p�nw sthn Ψ(x)
prokÔptei : (

−iγµ ∂

∂xµ
−m

)(
iγµ

∂

∂xµ
−m

)
Ψ(x) = 0

⇒ 1

2
(γµγν + γνγµ)

∂2

∂xµ∂xν
Ψ(x) +m2Ψ(x) = 0

(2.80)

Kai gia na isqÔei h exÐswsh Klein- Gordon prèpei na isqÔei h sunj kh:

(γµγν + γνγµ) = 2gµν (2.81)
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S' aut  thn perÐptwsh :

1

2
(γµγν + γνγµ)

∂2

∂xµ∂xν
Ψ(x) +m2Ψ(x) = �Ψ(x) +m2Ψ(x) = 0 (2.82)

Epomènwc, oi pÐnakec γµ pou prokÔptoun apì thn exÐswsh tou Dirac
prèpei na plhroÔn tic parak�tw idiìthtec :

γ0γ0 = 1

γiγi = −1, i = 1, 2, 3

γ0γi = −γiγ0

(2.83)

Kai epÐshc, 
(γ0)† = γ0

(γi)† = −γi

(γ0)2 = I

(γi)2 = −I

(2.84)

'Opou I o monadiaÐoc pÐnakac.MporeÐ na apodeiqteÐ ìti oi pÐnakec pou
ikanopoioÔn autèc tic idiìthtec eÐnai 4 × 4 kai prokÔptoun apì touc pÐnakec
tou Pauli :

σ1 =

(
0 1
1 0

)
σ2 =

(
0 −i
i 0

)
σ3 =

(
1 0
0 −1

) (2.85)

Epomènwc oi γ-pÐnakec orÐzontai wc ex c :

γ0 =

(
I 0
0 −I

)
γj =

(
0 σj

−σi 0

) (2.86)
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H exÐswsh Dirac mporeÐ na grafeÐ sthn analutikìterh morf  :

iγ0∂Ψ

∂t
+ iγj

∂Ψ

∂xj
−mΨ = 0 (2.87)

H suzhg c migadik  exÐswsh Dirac gÐnetai :

−i∂Ψ†

∂t
γ0 − i∂Ψ†

∂xj
(−γj)−mΨ† = 0 (2.88)

MporoÔme na orÐsoume :

Ψ = Ψ†γ0 (2.89)

Opìte eis�gontac thn Ψ sthn exÐswsh Dirac :

i∂µΨγµ −mΨ = 0

i∂0Ψγ0 + i∂jΨγ
j −mΨ = 0

(2.90)

Kai h suzhg c migadik  thc :

−i∂0Ψ†γ0γ0 − i∂jΨ†(−γjγ0)−mΨ†γ0 = 0 (2.91)

Efìson ìmwc γ0γj = −γjγ0 :

−i∂0Ψγ0 − i∂jΨγj −mΨ = 0 (2.92)

Dhlad ,

−i∂µΨγµ −mΨ = 0 (2.93)

Epomènwc, akolouj¸ntac th diadikasÐa pou perigr�fhke parap�nw gia
thn exÐswsh Klein - Gordon , dhlad  pollaplasi�zontac thn exÐswsh Dirac
me Ψ kai thn suzhg  migadik  me Ψ kai prosjètontac, prokÔptei:

Ψγµ(∂µΨ) + (∂µΨ)γµΨ = 0 (2.94)
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⇒ ∂µ(ΨγµΨ) = 0 (2.95)

OrÐzetai loipìn to reÔma :

jµ = (p,
−→
j ) = ΨγµΨ (2.96)

Epomènwc h puknìthta pijanìthtac eÐnai:

p = Ψγ0Ψ (2.97)

Kai to reÔma puknìthtac pijanìthtac :

−→
j = ΨγjΨ (2.98)

H exÐswsh Dirac ofeÐlei na parameÐnei analloÐwth sto tonoÔmeno sÔsthma
suntetagmènwn :

iγµ∂µΨ′(x′)−mΨ′(x′) = 0 (2.99)

Anazht�tai, loipìn, h S gia thn opoÐa :

Ψ′(x′) = SΨ(x) (2.100)

H exÐswsh Dirac mporeÐ na grafeÐ analutikìtera :[
iγµ

∂

∂xµ
−m

]
Ψ(x) = 0 (2.101)

Pollaplasi�zontac me S apì dexi� :

S

[
iγµ

∂

∂xµ
−m

]
S−1SΨ(x) = 0

S

[
iγµ

∂x′ν

∂xµ
∂

∂x′ν
−m

]
S−1Ψ′(x′) = 0[

iSγµΛν
µS
−1S

∂

∂x′ν
S−1 − SmS−1

]
Ψ′(x′) = 0

(2.102)
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[
iSγµΛν

µS
−1 ∂

∂x′ν
−m

]
Ψ′(x′) = 0 (2.103)

Kai gia na eÐnai sunep c me thn tonoÔmenh exÐswsh Dirac , prèpei :

SγµΛν
µS
−1 = γν (2.104)

2.2.3 AllhlepÐdrash exÐswshc Dirac me hlektromagnhtikì pedÐo

Gia swmatÐdio pou kineÐtai mèsa se magnhtikì pedÐo prèpei na qrhsimopoi-
 soume to metasqhmatismì tou telest  thc orm c :

p̂→ p̂− qAµ (2.105)

Dhlad  sthn perÐptwsh pou to swmatÐdio eÐnai hlektrìnio, me fortÐo
q = −e :

∂µ → ∂µ + ieAµ (2.106)

H exÐswsh Dirac metasqhmatÐzetai loipìn, ètsi ¸ste na sumperil�bei th
dr�sh tou hlektromagnhtikoÔ pedÐou :

(iγµ∂µ − eγµAµ −m) Ψ(x) = 0 (2.107)

Pollaplasi�zontac thn exÐswsh Dirac me (iγµ∂µ − eγµAµ −m) prokÔ-
ptei:

(iγµ∂µ − eγµAµ −m) (iγµ∂µ − eγµAµ −m) Ψ(x) = 0

⇒
(
(iγµ∂µ − eγµAµ)2 −m2

)
Ψ(x) = 0

(2.108)

(
(i∂ − eA)2 +

1

4
[γµ, γν ] [i∂µ − eAµ, i∂ν − eAν ]−m2

)
Ψ(x) = 0 (2.109)
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OrÐzetai o pÐnakac σµν = i
2

[γµ, γν ].EpÐshc,

[i∂µ − eAµ, i∂ν − eAν ] = i[∂µ, ∂ν − ie[∂µ, Aν ]− ie[Aµ, ∂ν ] + e2[Aµ, Aν ]

= −ie[∂µAν − ∂νAµ]
(2.110)

EpÐshc, orÐzetai :

Fµν = [∂µAν − ∂νAµ] (2.111)

Epomènwc h (2.102) eÐnai isodÔnamh me :(
(i∂ − eA)2 +

e

2
σµνFµν −m2

)
Ψ(x) = 0 (2.112)

2.2.4 SÔzeuxh thc exÐswshc Dirac me to fortÐo

AnazhteÐtai o metasqhmatismìc tou opoÐou h dr�sh sthn exÐswsh Dirac
ja epifèrei antistrof  tou fortÐou, wc ex c :

(iγµ∂µ − eγµAµ −m) Ψ = 0

(iγµ∂µ + eγµAµ −m) Ψc = 0
(2.113)

En¸ h lÔsh thc pr¸thc perigr�fei swmatÐdia me spin 1/2 kai arnhtikì
fortÐo, h deÔterh perigr�fei to antÐstoiqo swmatÐdio me jetikì fortÐo. Epo-
mènwc, h pr¸th exÐswsh anafèretai se hlektrìnia kai h deÔterh se pozitrìnia.
To antÐstoiqo reÔma puknìthtac pijanìthtac gia tic dÔo peript¸seic eÐnai :

jµe− = (−e)ΨγµΨ

jµe+ = (+e)ΨγµΨ
(2.114)

Gia to pozitrìnio, mporeÐ na grafeÐ isodÔnama :

jµe+ = (−e)Ψc
γµΨc (2.115)
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Gia na brejeÐ h zhtoÔmenh antistoiqÐa, prèpei na oristeÐ o metasqhmati-
smìc C. Gia k�je anapar�stash thc g-�lgebrac up�rqei toul�qiston ènac
pÐnakac C pou na ikanopoieÐ th sqèsh :

C(γµ)τC−1 = −γµ

CγµC−1 = −(γµ)τ
(2.116)

Kai m�lista mporeÐ na apodeiqteÐ ìti o pÐnakac :

C = −γ2γ0 (2.117)

ikanopoieÐ thn parap�nw sqèsh. An eisaqjeÐ o parap�nw pÐnakac sth
sqèsh tou reÔmatoc tou pozitronÐou :

jµe− = (+e)ΨC−1CγµC−1CΨ (2.118)

Epomènwc, qrhsimopoi¸ntac thn isodunamÐa (2.116) :

jµe− = (+e)ΨC−1(−γµ)τCΨ (2.119)

Efìson o upologismìc tou reÔmatoc dÐnei ènan stajerì arijmì h para-
p�nw sqèsh eÐnai isodÔnamh me thn an�strof  thc :

jµe− = (+e)(CΨ)τ ((−γµ)τ )τ (ΨC−1)τ (2.120)

Epomènwc,

jµe− = (+e)(Ψ)τC−1(−γµ)CΨ∗ (2.121)

Kai an oristeÐ Ψc = CΨ∗, opìte antÐstoiqa Ψc = (Ψ)τC−1 tìte mporeÐ na
lhfjeÐ o zhtoÔmenoc metasqhmatismìc gia thn exÐswsh tou reÔmatoc. Dhlad ,
h parap�nw exÐswsh gr�fetai :

jµe− = (−e)Ψc(γµ)Ψc (2.122)

O pÐnakac C antikatoptrÐzei ton metasqhmatismì tou fortÐou. 'Otan
dr�sei p�nw se mia kumatosun�rthsh pou apoteleÐ lÔsh thc exÐswshc Dirac,
prokÔptei h antÐstoiqh exÐswsh pou perigr�fei to antiswmatÐdio.





3. DRASEIS

3.1 Basikèc idiìthtec thc Dr�shc

Oi nìmoi thc klasik c fusik c mporoÔn na katanohjoÔn me th bo jeia
tou majhmatikoÔ formalismoÔ thc posìthtac pou onom�zoume Dr�sh. 'Opwc
orÐzetai sthn jewrÐa thc Kbantomhqanik c, h Dr�sh prokÔptei wc to ginìmeno
thc enèrgeiac epÐ to qrìno. 'Opwc apèdeixan oi Dirac kai Feynman h posì-
thta thc Dr�shc paÐzei kajoristikì rìlo sthn perigraf  thc fusik c, mèsw
thc kbantomhqanik c skopi�c. Oi klasikèc exis¸seic kÐnhshc kai h an�lush
twn nìmwn diat rhshc odhgoÔn sthn emf�nish diathroÔmenwn posot twn. H
Dr�sh mporeÐ n' apotelèsei mia komy  kai katanoht  èkfrash gia th met�bash
apì thn klasik  sthn kbantik  fusik , mèsw thc jewrÐac twn oloklhrwm�twn
diadrom¸n tou Feynman (FPI, Feynman Path Integrals) .

'Estw èna shmeiakì swmatÐdio sth jèsh xi(t) se qrìno t pou kineÐtai mèsa
sto qronoanex�rthto dunamikì V (xi). H Dr�sh tou swmatidÐou upologÐzetai
mèsw tou oloklhr¸matoc :

S([xi]; t1, t2) =

∫ t2

t1

{
1

2
m
dxi
dt

dxi
dt
− V (xi)

}
dt (3.1)

An to swmatÐdio apoklÐnei apì thn arqik  tou jèsh kat� thn apeirost 
metabol  :

xi(t)→ xi(t) + δxi(t) (3.2)

Tìte h antÐstoiqh metabol  thc dr�shc eÐnai :

S[xi + δxi] =

∫ t2

t1

{
1

2
m

(dxi + δxi)

dt

(dxi + δxi)

dt
− V (xi + δxi)

}
dt (3.3)
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Agno¸ntac touc ìrouc O(δx2) kai sÔmfwna me ton kanìna thc alusÐdac,
lamb�noume :

d(xi + δxi)

dt

d(xi + δxi)

dt
=
dxi
dt

dxi
dt

+ 2
dxi
dt

d(δxi)

dt
+
d(δxi)

dt

d(δxi)

dt

⇒ d(xi + δxi)

dt

d(xi + δxi)

dt
=
dxi
dt

dxi
dt

+ 2
dxi
dt

d(δxi)

dt

(3.4)

'Omwc isqÔei gia thn dxi
dt

d(δxi)
dt

:

d

dt

(
dxi
dt
δxi

)
=
d2xi
dt2

δxi +
dxi
dt

d(δxi)

dt

⇒ dxi
dt

d(δxi)

dt
=

d

dt

(
dxi
dt
δxi

)
− d2xi

dt2
δxi

(3.5)

Epomènwc,

d(xi + δxi)

dt

d(xi + δxi)

dt
' dxi

dt

dxi
dt

+ 2
d

dt

(
dxi
dt
δxi

)
− 2

d2xi
dt2

δxi (3.6)

EpÐshc,

V (xi + δxi) = V (xi) + δxi∂iV (3.7)

ProkÔptei loipìn,

S[xi + δxi] = S[xi] +

∫ t2

t1

(
−∂iV −m

d2xi
dt2

)
δxidt+m

∫ t2

t1

d

dt

(
δxi

xi
dt

)
dt

(3.8)

O teleutaÐoc ìroc mporeÐ na exaleifjeÐ me kat�llhlh epilog  twn δxi(t1)
δxi(t2) ètsi ¸ste δxi(t1) = δxi(t2) = 0. 'Etsi, jètontac :

δS

δxi
= −(m

dxi
dt2

+ ∂iV ) (3.9)
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S[xi + δxi] = S[xi] +

∫ t2

t1

(
−∂iV −m

d2xi
dt2

)
δxidt

= S[xi] +

∫ t2

t1

(
δS

δxi
δxi

)
dt

(3.10)

H parap�nw exÐswsh mporeÐ na qrhsimopoihjeÐ gia thn tautopoÐhsh twn
exis¸sewn kÐnhshc me thn elaqistopoÐhsh thc dr�shc. Parìl' aut�, prèpei
na shmeiwjeÐ ìti o mhdenismìc thc parag¸gou thc dr�shc odhgeÐ sthn eÔresh
miac kl�shc pijan¸n diadrom¸n kai ìqi se mia monos manth lÔsh. H akri-
b c perigraf  thc diadrom c ja prokÔyei apì thc epibol  twn sunoriak¸n
sunjhk¸n kai twn arqik¸n tim¸n twn xi,

dxi
dt
.

'Ena shmantikì shmeÐo pou ofeÐlei na epishmanjeÐ eÐnai h susqètish twn
summetri¸n thc S me thn Ôparxh diathroÔmenwn posot twn sto plaÐsio thc
kÐnhshc tou sust matoc. Wc epex ghsh ja anaptuqjeÐ to parak�tw par�deig-
ma:

'Estw V (xi) sun�rthsh tou m kouc thc diadrom c xi : r = (xixi)
1/2.

Tìte h S anamènetai na eÐnai analloÐwth upì metasqhmatismoÔc strof c
twn xi efìson exart�tai mìno apì to m koc r. Upì thn tuqaÐa apeirost 
strof  :

δxi = εijxi (3.11)

εij = −εji (3.12)

Efìson h S eÐnai analloÐwth:

δS = 0 (3.13)

'Omwc h S apoteleÐtai apì dÔo tm mata : th sunarthsiak  par�gwgo pou
exaleÐfetai gia klasikèc diadromèc kai ton epifaneiakì ìro.
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Gia th dedomènh metabol , den mporoÔn na epiblhjoÔn sunoriakèc sun-
j kec gia tic δxi(t). 'Etsi h metabol  thc dr�shc S, sunduasmènh me tic
exis¸seic kÐnhshc gÐnetai:

δS =

∫ t2

t1

d

dt

(
m
dxi
dt
δxi

)
dt

= εijmxj
dxi
dt

]t2
t1

(3.14)

Efìson isqÔei gia k�je εij : δS = 0, h posìthta :

`ij(t) = m

(
xi
dxj
dt
− xj

dxi
dt

)
(3.15)

⇔ Lµν(t) = m (xµ∂ν − xν∂µ) (3.16)

ikanopoieÐ th sqèsh

`ij(t1) = `ij(t2) (3.17)

O parap�nw ìroc ekfr�zei sthn pragmatikìthta tic sunist¸sec thc stro-
form c. Epomènwc, ex�getai to sumpèrasma ìti h analloiwsimìthta thc S
sunep�getai thn diat rhsh thc stroform c. Me to parap�nw par�deigma,
epalhjeÔetai to je¸rhma Noether : � Se k�je analloÐwth posìthta antistoi-
qÐzetai ènac nìmoc diat rhshc � susqetÐzontac thn analloiwsimìthta kat� to
metasqhmatismì strof c me thn diat rhsh thc stroform c.

Genikèc Idiìthtec thc Dr�shc :

Oi Sunart seic Dr�shc (Action Functions) dÐnontai apì to olokl rwma
thc Lagkratzian c puknìthtac :

S =

∫ τ2

τ1

Ld4x (3.18)

H Lagkratzian  orÐzetai wc th diafor� thc dunamik c apì thn kinhtik 
enèrgeia :

L = T − V (3.19)
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Gia dedomènh tim  tou xµ qrhsimopoieÐtai h topik  jewrÐa pedÐou. H a-
n�ptuxh thc jewrÐac twn sunart sewn Dr�shc basÐzetai stic parak�tw pro-
ôpojèseic.

1. Upojètoume oti h topik  jewrÐa pedÐou mporeÐ na genikeuteÐ kai se mh
topik� fainìmena.

2. H S prèpei na eÐnai pragmatik  sun�rthsh, gegonìc pou apoteleÐ basik 
proôpìjesh gia thn diat rhsh thc olik c pijanìthtac. Gia par�deigma,
sthn kbantomhqanik , to migadikì dunamikì odhgeÐ se dhmiourgÐa kai
katastrof  swmatidÐwn me apotèlesma na mhn diathreÐtai h olik  pija-
nìthta thc sun�rthshc.

3. H S ofeÐlei na katal gei stic klasikèc exis¸seic kÐnhshc sto ìrio thc
klasik c fusik c, stic opoÐec perilamb�nontai mèqri deÔterhc t�xhc pa-
r�gwgoi. Epomènwc, apaiteÐtai h L na perièqei ginìmena to polÔ dÔo
telest¸n merik c parag¸gishc ∂µ. Dedomènou thc proôpìjeshc aut c,
oi klasikèc exis¸seic ja perièqoun ìrouc to polÔ ∂µ∂µ pou droun sto
upì melèth pedÐo.

4. H S ofeÐlei na paramènei analloÐwth wc proc thn om�da Poincare. Prè-
pei dhlad  na paramènei analloÐwth upì metasqhmatismoÔc Lorentz.

5. Up�rqoun epÐshc, peraitèrw apait seic pou ofeÐloun na efarmostoÔn
sthn S ètsi ¸ste na ikanopoioÔntai oi klasikoÐ nìmoi diat rhshc. Gia
par�deigma : h diat rhsh tou hlektrikoÔ fortÐou kai h diat rhsh tou
qr¸matoc.

3.2 H Dr�sh mèsw tou LagkratzianoÔ formalismoÔ

H Dr�sh wc sun�rthsh tou topikoÔ pedÐou Φ kai thc diaforik c tou ∂µΦ
eÐnai :

S(τ1, τ2, [Φ]) =

∫ τ2

τ1

L(Φ, ∂µΦ)d4x (3.20)

Gia tuqaÐa apeirostik  metabol  thc Φ, δΦ h metabol  thc Lagkratzian c
puknìthtac gÐnetai:

δL =
∂L
∂Φ

δΦ +
∂L

∂(∂µΦ)
δ(∂µΦ) (3.21)
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Epomènwc h metabol  thc S gÐnetai antÐstoiqa :

δS =

∫ τ2

τ1

δLd4x

=

∫ τ2

τ1

[
∂L
∂Φ

δΦ +
∂L

∂(∂µΦ)
δ(∂µΦ)

]
d4x

(3.22)

Efìson h tim  thc xµ èqei jewrhjeÐ stajer , isqÔei:

δ(∂µΦ) = ∂µ(δΦ) (3.23)

Me qr sh tou kanìna thc alusÐdac lamb�noume :

∂L
∂(∂µΦ)

∂µ(δΦ) = ∂µ

[
∂L

∂(∂µΦ)
(δΦ)

]
− ∂µ

[
∂L

∂(∂µΦ)

]
δΦ (3.24)

Antikajist¸ntac sthn S:

δS =

∫ τ2

τ1

[
∂L
∂Φ
− ∂µ

(
∂L

∂(∂µΦ)

)]
d4x+

∫ τ2

τ1

∂µ

[
∂L

∂(∂µΦ)
(δΦ)

]
d4x (3.25)

O teleutaÐoc ìroc mporeÐ na exiswjeÐ me to epifaneiakì olokl rwma :∮
σ

[
∂L

∂(∂µΦ)
(δΦ)

]
dσµ (3.26)

Sto ìrio thc epif�neiac σ apaiteÐtai o mhdenismìc thc metabol c δΦ.
EpÐshc, proôpìjesh thc jewrÐac pedÐou apoteleÐ h Φ na paramènei statik  upì
opoiad pote tuqaÐa metabol  tou pedÐou δΦ, h opoÐa mhdenÐzetai sto sÔnoro.
ProkÔptoun, epomènwc, oi exis¸seic Euler − Lagrange :

∂µ
∂L

∂(∂µΦ)
− ∂L
∂Φ

= 0 (3.27)

H antikat�stash thc L me thn L′ qrhsimopoieÐtai gia na sumperilhfjoÔn
oi sunoriakèc sunj kec sthn posìthta thc Lagkratzian c. O metasqhmati-
smìc pou apoteleÐ thn genikìterh èkfrash thc Lagkatzian c dÐnetai apì thn
sqèsh:
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L′ = L+ ∂µΛµ (3.28)

Gia thn klasik  mhqanik , o parap�nw metasqhmatismìc L → L′ apoteleÐ
ton eponomazìmeno kanonikì metasqhmatismì. EpÐshc, h metabol  tou mètrou
olokl rwshc mèsw thc fìrmoulac Jacobi gÐnetai:

δ(d4x) = d4x∂µδx
µ (3.29)

Apì thn parap�nw isìthta, antikajist¸ntac sthn èkfrash thc dr�shc
prokÔptei :

δS =

∫ τ2

τ1

[∂µδx
µL+ δL] d4x (3.30)

Efìson h metabol  thc S mporeÐ na dwjeÐ apì th sqèsh :

δL = δxµ∂µL+ δ0L (3.31)

Qrhsimopoi¸ntac thn èkfrash :

δ = δ0 + δxµ∂µ (3.32)

Epomènwc, antikajist¸ntac sthn (3.31) :

δL = δxµ∂µL+

[
∂L
∂Φ

δ0Φ +
∂L

∂(∂µΦ)
δ0(∂µΦ)

]
(3.33)

'Omwc h δ0 apoteleÐ sunarthsiak  metabol  ap' thn opoÐa prokÔptei :

δ0∂µΦ = [δ0, ∂µ]Φ + ∂µδ0Φ

= ∂µδ0Φ
(3.34)

Opìte qrhsimopoi¸ntac ta parap�nw prokÔptei :

δL = δxp∂pL+

[
∂L
∂Φ
− ∂µ

∂L
∂(∂µΦ)

]
δ0Φ + ∂µ

[
∂L

∂(∂µΦ)
δ0Φ

]
(3.35)
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Qrhsimopoi¸ntac tic exis¸seic Euler−Lagrange, mhdenÐzetai o deÔteroc
ìroc. H metabol  thc dr�shc, eis�gontac thn parap�nw isìthta, gÐnetai :

δS =

∫ τ2

τ1

[
L∂µδxµ + δxµ∂µL+ ∂µ

[
∂L

∂(∂µΦ)
δ0Φ

]]
d4x

=

∫ τ2

τ1

∂µ

[
Lδxµ +

∂L
∂(∂µΦ)

δ0Φ

]
d4x

(3.36)

Opìte, ekfr�zontac thn δ0 wc proc th δ :

δS =

∫ τ2

τ1

∂µ

[(
Lg µ

p −
∂L

∂(∂µΦ)
∂pΦ

)
δxp +

∂L
∂(∂µΦ)

δΦ

]
d4x (3.37)

Ekfr�zontac epÐshc tic metabolèc twn suntetagmènwn kai twn pedÐwn wc
proc to kajolikì sÔsthma suntetagmènwn ( global coordinates) tou metasqh-
matismoÔ, dhlad  twn q- anex�rthtwn metablht¸n :

δxp =
δxp

δωa
δωa

δΦ =
δΦ

δωa
δωa

(3.38)

ProkÔptei:

δS =

∫ τ2

τ1

∂µ

[(
Lg µ

p −
∂L

∂(∂µΦ)
∂pΦ

)
δxp

δωa
+

∂L
∂(∂µΦ)

δΦ

δωa

]
δωad4x (3.39)

An h dr�sh paramènei analloÐwth upì touc parap�nw metasqhmatismoÔc,
sunep�getai ìti up�rqei mia diathroÔmenh puknìthta reÔmatoc h opoÐa dÐnetai
apì th sqèsh:

jµα = −
(
Lg µ

p −
∂L

∂(∂µΦ)
∂pΦ

)
δxp

δωa
− ∂L
∂(∂µΦ)

δΦ

δωa
(3.40)

Gia to opoÐo isqÔei h diaforik  exÐswsh:

∂µj
µ
α = 0 (3.41)
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Epomènwc, mporeÐ na parathrhjeÐ gia mia akìmh for� h epal jeush tou
jewr matoc Noether, efìson h diat rhsh thc dr�shc pou prokÔptei apì touc
parap�nw metasqhmatismoÔc, susqetÐzetai me thn exÐswsh diat rhshc tou reÔ-
matoc. Apì thn �llh pleur�, sthn perÐptwsh pou den diathreÐtai h dr�sh, h
diathrhtik  exÐswsh den eÐnai ègkurh. Gia par�deigma,sthn perÐptwsh pou
mhdenÐzetai h posìthta δxp h diaforik  exÐswsh tou reÔmatoc gÐnetai :

∂µj
µ
α = − ∂L

∂ωa
(3.42)

Efìson isqÔei apì tic exis¸seic Euler − Lagrange :

∂L
∂(∂µΦ)

=
∂L
∂Φ

(3.43)

Ki epomènwc,

jµα = − ∂L
∂(∂µΦ)

δΦ

δωa

= −∂L
∂Φ

δΦ

δωa

(3.44)

Oloklhr¸nontac thn exÐswsh tou reÔmatoc (3.41) se èna �peiro qwrÐ-
o twn qwrik¸n suntetagmènwn kai se mia peperasmènh perioq  tou qrìnou
(τ1, τ2) prokÔptei :

0 =

∫ τ2

τ1

dx0

∫ +∞

−∞
∂µj

µ
αd

3x

=

∫ τ2

τ1

dx0 ∂

∂x0

∫ +∞

−∞
j0
αd

3x+

∫ τ2

τ1

dx0

∫ +∞

−∞
∂ij

i
αd

3x

(3.45)

O teleutaÐoc ìroc mporeÐ na exaleifjeÐ me kat�llhlh epilog  twn qwri-
k¸n sunoriak¸n sunjhk¸n. Epomènwc :∫ τ2

τ1

dx0 ∂

∂x0

∫ +∞

−∞
j0
αd

3x = 0 (3.46)
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All�zontac th seir� thc olokl rwshc :∫ +∞

−∞
j0
α(τ1,

−→x )d3x−
∫ +∞

−∞
j0
α(τ2,

−→x )d3x = 0 (3.47)

To fortÐo mporeÐ na oristeÐ wc h sunolik  puknìthta reÔmatoc pou dièr-
qetai apì mia diatom  sth mon�da tou qrìnou. An, loipìn, oristoÔn ta fortÐa
wc ex c :

Qα(τ) =

∫ +∞

−∞
j0
α(τ,−→x )d3x (3.48)

IsqÔei h diat rhsh tou fortÐou

dQα

dt
= 0 (3.49)

ParathreÐtai ìti ta fortÐa eÐnai qronik� anex�rthta kaj¸c h sqèsh (3.48)
den exart�tai apì thn epilog  tou qronikoÔ diast matoc. EpÐshc mporeÐ na
shmeiwjeÐ ìti h annaloiwsimìthta thc dr�shc odhgeÐ se mia akìmh sqèsh dia-
t rhshc. H sqèsh aut  eÐnai isodÔnamh me thn diat rhsh tou reÔmatoc. 'Omwc
h diathroÔmenh posìthta, dhlad  to fortÐo, apoteleÐ peiramatik� metr simo
mègejoc. H analloiwsimìthta thc S (3.20) odhgeÐ epomènwc, sthn diat rhsh
enìc pragmatikoÔ megèjouc : tou fortÐou.

3.3 Lagkratzian  BajmwtoÔ pedÐou

H genikìterh morf  thc Lagkratzian c puknìthtac, pou perilamb�nei èna
mìno bajmwtì pedÐo Φ(x) eÐnai :

L =
1

2
∂µΦ(x)∂µΦ(x)− V [Φ(x)] (3.50)

O suntelest c 1
2
qrhsimopoieÐtai wc sÔmbash efìson o pr¸toc ìroc anti-

stoiqeÐ sthn kinhtik  enèrgeia kai o deÔteroc sthn dunamik . Gia opoiad pote
sun�rthsh thc dunamik c enèrgeiac oi exis¸seic kÐnhshc mporoÔn na exaqjoÔn
apì th sqèsh :

∂µ∂
µΦ(x) = −dV [Φ(x)]

dΦ
(3.51)
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O kinhtikìc ìroc tou parap�nw pedÐou eÐnai analloÐwto wc proc ton a-
peirostì metasqhmatismì Φ→ Φ + ε:

δxµ = εµ

δΦ = 0
(3.52)

kai antÐstoiqa wc proc ton metasqhmasqhmatismì Lorenz :

δxµ = αxµ

δΦ = −αΦ
(3.53)

3.4 Lagkratzian  SpinoriakoÔ pedÐou

AntÐstoiqa, o kinhtikìc ìroc thc dr�shc enìc spinoriakoÔ pedÐou dÐnetai
an diaqwristoÔn oi dexiìstrofoi ap' touc aristerìstrofouc ìrouc :

LL =
1

2
Ψ†Lσ

µ∂µΨL

LR =
1

2
Ψ†Rσ

µ∂µΨR

(3.54)

Epomènwc, h Lagkratzian  tou pedÐou Dirac lamb�nei th genikìterh mor-
f  :

L =
1

2
Ψ†σµ∂µΨ (3.55)

Oi kinhtikoÐ ìroi eÐnai analoÐwtoi wc proc ton apeirostì metasqhmatismì
Ψ→ Ψ +α kat� antistoiqÐa me touc metasqhmatismoÔc tou bajmwtoÔ pedÐou.
'Omwc, oi kinhtikoÐ ìroi tou pedÐou Dirac eÐnai epÐshc analloÐwtoi upì touc
parak�tw metasqhmatismoÔc strof c :

Metasqhmatismìc wc proc thn olik  f�sh :

Ψ→ eiαΨ (3.56)

Metasqhmatismìc wc proc thn ”chirality” :

Ψ→ eiβγ5Ψ (3.57)
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Anazht�tai o metasqhmatismìc tou diaforikoÔ telest , gia ton opoÐo h
Lagkratzian  ja paramènei analloÐwth upì ton metasqhmatismì :

Ψ→ eiα(x)Ψ (3.58)

Gia ton telest  Dµ, h Lagkratzian  dÐnetai apì th sqèsh :

L =
1

2
Ψ†σµDµΨ (3.59)

H Lagkratzian  diathreÐtai an epilegeÐ kat�llhla to pedÐo Aµ ètsi ¸ste:

∂µ → Dµ = ∂µ + iAµ (3.60)

'Opou Aµ metasqhmatÐzetai :

Aµ → Aµ − ∂µα(x) (3.61)

O kinhtikìc ìroc pou eis�gei to pedÐo Aµ prokÔptei me th bo jeia thc
èkfrashc :

Fµν = ∂µAν − ∂νAµ (3.62)

wc ex c

Lk = − 1

4g2
FµνF

µν (3.63)

Epomènwc, h Lagkratzian  pou perigr�fei thn allhlepÐdrash enìc swma-
tidÐou Dirac spin 1/2 me èna hlektromagnhtikì pedÐo, dhlad  me èna swmatÐdio
spin 1 prokÔptei :

L = − 1

4g2
FµνF

µν +
1

2
Ψ†σµ(∂µ + iAµ(x))Ψ (3.64)

Kai sthn perÐptwsh thc QED, ìpou èna hlektrìnio, pou perigr�fetai me
thn exÐswsh Dirac allhlepidr� me èna fwtìnio, h Lagkratzianlh puknìthta
tou fainomènou dÐnetai apì thn prohgoÔmenh sqèsh.
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3.5 Oloklhr¸mata diadrom¸n

Ta oloklhr¸mata diadrom¸n orÐzoun thn pijanìthta met�bashc apì mia
arqik  kat�stash se mia �llh kat�stash. 'Ena olokl rwma met�bashc apì
thn kat�stash qT sthn q′t dÐnetai apì th sqèsh :

< q′t|qT >∼ e
i
~
∫ t
T Ldt (3.65)

An to qronikì di�sthma [T, t] qwristeÐ se N apeiroel�qista diast mata
Ðsou m kouc, h parap�nw tim  isodunameÐ me :

< q′t|qT >=

∫
dq1 . . . dqN−1 < q′t|q1 >< q1|q2 > · · · < qN−1|qT > (3.66)

An h (3.58) jewrhjeÐ ìti anaparist� mia isìthta, to olokl rwma tou
ekjetikoÔ tm matoc mporeÐ na qwristeÐ sta epimèrouc qronik� diast mata o-
lokl rwshc. H tim  pou ja brejeÐ diafèrei apì thn pragmatik  tim  tou o-
loklhr¸matoc kat� to èlleima twn endi�meswn oloklhr¸sewn, apì th stigm 
pou o qwrismìc tou diast matoc eÐnai diakritìc. An ìmwc jewrhjeÐ èna mìno
di�sthma olokl rwshc : [t, t+ δt] h zhtoÔmenh tim  dÐnetai apì th sqèsh:

< q′t|qt + δt >= A exp

{
− i
~
δtL(q′t, qt + δt)

}
(3.67)

An to di�sthma gÐnei δt → dt, orÐzetai to olokl rwma diadrom¸n, ìpwc
diatup¸jhke apì ton Feynman . To olokl rwma diadrom¸n prokÔptei apì
thn eisagwg  thc (3.59) sthn (3.60) ìpwc dÐnetai apì th sqèsh :

< q′t|qT >= lim
N→∞

AN
∫ (N−1∏

i=1

dqi

)
e
i
~
∫ t
T L(q,q̇)dt (3.68)

Dhlad ,

< q′t|qT >=

∫
Dqe

i
~S[t,T,[q]] (3.69)
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H parap�nw èkfrash dÐnei thn pijanìthta eÔreshc enìc swmatidÐou sth
jèsh q′ thn qronik  stigm  t dedomènou ìti thn qronik  stigm  T briskìtan
sth jèsh q kai upologÐzetai apì to �jroisma ìlwn twn pijan¸n diadrom¸n
an�mesa sta dÔo akraÐa shmeÐa stajmismèno apì to ekjetikì thc dr�shc thc
dedomènhc diadrom c epÐ thn posìthta kanonikopoÐhshc i/~.

To parap�nw olokl rwma orÐzetai, sunep¸c, wc to olokl rwma diadro-
m¸n tou Feynman. Apì ton upologismì tou mporeÐ na eurejeÐ h pijanìthta
met�bashc apì mia arqik  kat�stash, se mia telik  kat�stash sthn opoÐa to
sÔsthma mporeÐ na metabeÐ. H qrhsimìtht� tou ègkeitai sto gegonìc ìti den
eÐnai aparaÐthth h peraitèrw melèth tou fainomènou, arkeÐ o upologismìc thc
posìthtac thc Dr�shc, apì thn opoÐa mporeÐ na eurejeÐ to olokl rwma dia-
drom¸n gia na upologisteÐ h parap�nw pijanìthta. H shmasÐa thc parap�nw
parat rhshc, mporeÐ na gÐnei antilhpt  mìno an l�boume up' ìyin tic dusko-
lÐec pou eis�gontai ston upologismì posot twn pou ekfr�zoun pijanìthta,
ìpwc h energìc diatom , pou od ghsan sthn an�gkh thc an�ptuxhc thc Jew-
rÐac EpakanonikopoÐhshc. Ta oloklhr¸mata diadrom¸n apoteloÔn, epomènwc,
ènan komyì kai eÔqrhsto trìpo upologismoÔ twn perÐplokwn pÐjanot twn
met�bashc.



4. TO FAINOMENO SCHWINGER

4.1 Perigraf  tou fainomènou

To fainìmeno Schwinger anafèretai sthn mh diataraqtik  paragwg  zeÔ-
gouc hlektronÐou - pozitronÐou, kat� thn efarmog  hlektromagnhtikoÔ pedÐou
se QED kenì. H endogen c ast�jeia tou kenoÔ, kat� thn efarmog  hlektri-
koÔ pedÐou  tan mia ap' tic pr¸tec mh tetrimènec problèyeic thc kbantik c
hlektrodunamik c. Parìl' aut� to fainìmeno paragwg c enìc zeÔgouc hle-
ktronÐou - pozitronÐou den èqei parathrhjeÐ peiramatik�, lìgw thc asjen c
tou fÔshc. Sto kef�laio autì ja anazhthjeÐ h tim  thc pijanìthtac pa-
ragwg c toul�qiston enìc zeÔgouc, sunart sei thc èntashc tou pedÐou pou
efarmìzetai.

Oi S pÐnakec perigr�foun kurÐwc tic isqurèc allhlepidr�seic, dÐnontac
th sqèsh met�bashc apì ta arqik� swmatÐdia, sta telik� swmatÐdia pou pro-
kÔptoun. H pijanìthta pragmatopoÐhshc thc antÐdrashc prokÔptei apì to
tetr�gwno S2. H paragwgik  prosèggish thc jewrÐac twn S pin�kwn basÐze-
tai sthn idèa tou �mesou upologismoÔ, pou eis gage o Heisenberg, qwrÐc thn
qr sh twn exis¸sewn thc jewrÐac pedÐou.

Kat� thn allhlepÐdrash enìc sust matoc me èna exwterikì pedÐo, o pÐ-
nakac S mporeÐ na upologisteÐ mèsw thc Qamiltonian c tou sust matoc H(t)
apì th sqèsh :

S = T exp

[
−i
∫ ∞
−∞

H(t′)dt′
]

(4.1)

Epeid  ìmwc h Qamiltonian  mporeÐ na dwjeÐ sunart sei thc Lagkratzia-
n c puknìthtac :

H(t) = −
∫ ∞
−∞
Ld3x (4.2)
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H allhlepÐdrash prokÔptei :

S = T exp

[
i

∫ ∞
−∞
Ld4x

]
(4.3)

Gia ta swmatÐdia Dirac me exÐswsh :

[iγµ∂µ − eγµAµ(x)−m] Ψ = 0 (4.4)

'Opou Aµ(x) to exwterikì hlektrikì pedÐo allhlepÐdrashc. H antÐstoiqh
Lagkratzian  puknìthta dÐnetai apì th sqèsh (). Opìte an lhfjeÐ up' ìyin h
allhlepÐdrash me to pedÐo :

L(x) = −eΨ(x)γµΨ(x)Aµ(x) (4.5)

Antikajist¸ntac, loipìn, sthn (4.3) :

S = T exp

[
−ie

∫ ∞
−∞

Ψ(x)γµΨ(x)Aµ(x)d4x

]
(4.6)

AnaptÔssontac se dunamoseir� thn parap�nw sqèsh, kai gia thn tim 
S0(A), dhlad  sthn perÐptwsh pou den ja dhmiourghjeÐ kanèna zeÔgoc swma-
tidÐwn :

S0(A) =< 0|S|0 >=
∞∑
n=0

(−ie)n

n!

∫
dx1 . . . dxn < 0|T[

Ψ(x1)γµAµ(x1)Ψ(x1) . . .Ψ(xn)γµAµ(xn)Ψ(xn)
]
|0 >

(4.7)

SÔmfwna me to je¸rhma Wick k�je ìroc tou parap�nw ginomènou eÐnai
èna �jroisma ginomènwn twn sustol¸n pou ja sumbolistoÔn C(ak, xk, al, xl) :

C(ak, xk, al, xl) = −ie
∑
a

< 0|TγaAa(xn)Ψak(xk)Ψal(xl)|0 > (4.8)
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An eisaqjeÐ o parap�nw sumbolismìc sto an�ptugma thc S0(A) prokÔ-
ptei:

S0(A) =
∞∑
n=0

(−1)n

n!

∫
dx1 . . . dxn

∑
P

εP
∑

a1,...,an

C(a1, x1, aPl , xPl) . . . C(an, xn, aPn , xPn)

(4.9)

An oristeÐ to sÔsthma suntetagmènwn |x, a > me ton bra− ket sumboli-
smì, h parap�nw sqèsh mporeÐ na grafeÐ wc sun�rthsh tou pÐnaka Γ :

< x, a|Γ|y, b >= C(x, a; y, b) (4.10)

H tim  tou S0(A) upologÐzetai sunart sei tou pÐnaka Γ, kai qrhsimo-
poi¸ntac thn idiìthta 5. par�rthma Aþ gia thn orÐzousa enìc pÐnaka :

S0(A) = det(1− Γ) = exp[Tr(ln(1− Γ)] (4.11)

O upologismìc tou pÐnaka Γ dÐnei :

Γ = eγµAµ
1

γµpµ −m+ iε
(4.12)

'Opou ε→ 0. Epomènwc h S0(A) dÐnetai apì th sqèsh :

lnS0(A) = Trln

{
γµpµ − eγµAµ(x)−m+ iε

γµpµ −m+ iε

}
(4.13)

OrÐzoume touc ex c pÐnakec :

M = γµpµ − eγµAµ(x)−m+ iε (4.14)

kai gia mhdenikì hlektromagnhtikì pedÐo :

M0 = γµpµ −m+ iε (4.15)
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Epomènwc, h sqèsh

lnS0(A) = Trln

{
γµpµ − eγµAµ(x)−m+ iε

γµpµ −m+ iε

}
(4.16)

mporeÐ na grafeÐ

lnS0(A) = Trln
M

M0

(4.17)

4.2 Upologismìc thc pijanìthtac

Apì thn parap�nw exÐswsh prokÔptei epomènwc, h pijanìthta paragwg c
enìc zeÔgouc hlektronÐou - pozitronÐou, sto kenì q¸ro, ston opoÐo askeÐtai
hlektrikì pedÐo èntashc E. Apì thn idiìthta 5. par�rthma Aþ isqÔei tr(Aτ ) =
tr(A). Epomènwc lamb�nontac ton an�strofo prokÔptei :

lnS0(A) = Trln

{
(γµ)τ (pµ)τ − e(γµ)τ (Aµ)τ (x)−m+ iε

(γµ)τ (pµ)τ −m+ iε

}
= Tr {ln [(γµ)τ (pµ)τ − e(γµ)τ (Aµ)τ (x)−m+ iε]− ln [(γµ)τ (pµ)τ −m+ iε]}

(4.18)

EpÐshc gia ton pÐnaka C, pou melet jhke sto kef�laio 2.2.4 isqÔoun oi
idiìthtec :

C(γµ)τC−1 = −γµ

C(xµ)τC−1 = xµ
(4.19)

Kai lìgw thc idiìthtac 4. tr(CAC−1) = tr(A) mporoÔme na p�roume thn
isodÔnamh èkfrash :

lnS0(A) =Tr ln
[
C(γµ)τ (pµ)τC−1 − eC(γµ)τ (Aµ)τ (x)C−1 − CmC−1 + iCεC−1

]
−Tr ln

[
C(γµ)τ (pµ)τC−1 − CmC−1 + iCεC−1

]
=Tr ln

[
C(γµ)τC−1C(pµ)τC−1 − eC(γµ)τC−1C(Aµ)τ (x)C−1 −m+ iε

]
−Tr ln

[
C(γµ)τC−1C(pµ)τC−1 −m+ iε

]
=Tr ln [−γµpµ − eγµAµ(x)−m+ iε]

−Tr ln [−γµpµ −m+ iε]
(4.20)
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Epomènwc,

lnS0(A) = Trln

{
γµpµ − eγµAµ(x) +m− iε

γµpµ +m− iε

}
(4.21)

Prosjètontac thn parap�nw sqèsh me thn arqik  :

2 lnS0(A) = Trln

{
γµpµ − eγµAµ(x)−m+ iε

γµpµ −m+ iε

}
∗
{
γµpµ − eγµAµ(x) +m− iε

γµpµ +m− iε

}
= Trln

{
(γµpµ − eγµAµ(x))2 − (m− iε)2

(γµpµ)2 − (m− iε)2

}
(4.22)

Epeid  ìmwc ε→ 0 isqÔei :

(m− iε)2 = m2 − iε(2miε)
= m2 − iε

(4.23)

Telik� prokÔptei :

2 lnS0(A) = Trln

{
(γµpµ − eγµAµ(x))2 −m2 + iε

(p)2 −m2 + iε

}
(4.24)

Ja apodeiqteÐ h isìthta :

I =

∫ ∞
0

ds

s

(
eis(b+iε) − eis(a+iε)

)
= ln

b

a
(4.25)

To parak�tw olokl rwma gÐnetai me paragontik  olokl rwsh :∫ ∞
0

ds

s
eias =

∫ ∞
0

(ln s)′eiasds

= ln seias
∣∣∞
0
−
∫ ∞

0

ln s(ia)eiasds

(4.26)
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Apì èna pÐnaka oloklhrwm�twn -   me th bo jeia tou Mathematica
upologÐzetai : ∫ ∞

0

ln s(ia)eiasds =
i(γ + ln(−ia))

a
(4.27)

'Opou γ stajer�, pou prokÔptei apì to �jroisma

γ = lim
n→∞

{
(
n∑
k=1

1

k
)− lnn

}
(4.28)

Opìte ∫ ∞
0

ds

s
eias = ln seias

∣∣∞
0
− (ia)

i(γ + ln(−ia))

a
(4.29)

Epomènwc eis�gontac thn parap�nw sto I:

I = (ln sei(b+iε)s − ln sei(a+iε)s)
∣∣∞
0

+ (γ + ln(−i(b+ iε))− (γ + ln(−i(a+ iε))
(4.30)

I = ln(−i(b+ iε)− ln(−i(a+ iε)

= ln
(−i(b+ iε)

(−i(a+ iε)

= ln
(b+ iε)

(a+ iε)

(4.31)

'Opou ε → 0. Qrhsimopoi¸ntac loipìn to parap�nw olokl rwma h zh-
toÔmenh pijanìthta, h opoÐa eÐnai an�logh tou S0

2(A) dÐnetai apì thn sqèsh
:

w(x) = lnS0
2(A) = Trln

{
(γµpµ − eγµAµ(x))2 −m2 + iε

(p)2 −m2 + iε

}
= Tr

∫ ∞
0

ds

s

(
eis((γ

µpµ−eγµAµ(x))2−m2+iε) − eis((p)2−m2+iε)
) (4.32)
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Qrhsimopoi¸ntac tic idiìthtec 6. kai 2. gia to Ðqnoc twn pin�kwn :

w(x) =

∫ ∞
0

Re
ds

s
eis(−m

2+iε) < x|
(
eis((γ

µpµ−eγµAµ(x))2) − eis(p)2
)
|x > (4.33)

Kai antikajist¸ntac apì thn (2.106):

w(x) =

∫ ∞
0

Re
ds

s
eis(−m

2+iε) < x|
(
eis((p−eA(x))2+ e

2
σµνFµν(x)) − eis(p)2

)
|x >

(4.34)

Efìson to pedÐo eÐnai stajerì, h pijanìthta w(x) prèpei na eÐnai anex�r-
thth tou x. Epomènwc F µν anex�rthto tou x.

To pedÐo sto opoÐo ofeÐletai to fainìmeno Schwinger eÐnai to hlektrikì
pedÐo. Epomènwc, h tim  tou magnhtikoÔ pedÐou mporeÐ na lhfjeÐ Ðsh me mhdèn.
B = 0 EpÐshc, qwrÐc bl�bh thc genikìthtac, h dr�sh tou hlektrikoÔ pedÐou
mporeÐ na jewrhjeÐ par�llhlh me ton �xona twn ẑ. Efìson isqÔei :

∇A = −E (4.35)

To pedÐo dÐnetai :

Aµ = (0, 0, 0,−Et) (4.36)

EÐnai dunatìn na upologisteÐ xeqwrist� h tim  tou ekjetikoÔ par�gonta
σµνF

µν , o opoÐoc metatÐjetai me ta upìloipa ekjetik�. IsqÔei :

F µν = ∂µAν − ∂νAµ (4.37)

kai

σµν =
i

2
[γµ, γν ] (4.38)
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Lamb�nontac epomènwc, to ginìmeno

σµνF
µν =

i

2
[γµγν − γνγµ][∂µAν − ∂νAµ]

=
i

2
[γµγν − γνγµ]∂µAν − i

2
[γµγν − γνγµ]∂νAµ

(4.39)

Efìson Aµ = (0, 0, 0,−Et) ìlec oi sunist¸sec mhdenÐzontai ektìc apì
thn A3. EpÐshc h diafìrish thc parap�nw posìthtac eÐnai diaforetik  tou
mhdenìc mìno gia ∂0. Epomènwc,

σµνF
µν =

i

2
[γ0γ3 − γ3γ0]∂0A3 − i

2
[γ3γ0 − γ0γ3]∂0A3

=
2i

2
[γ0γ3 − γ3γ0](−E)

(4.40)

ki efìson γ0γi = −γiγ0 :

σµνF
µν = 2iγ0γ3(−E) (4.41)

Epomènwc,

iseσµνF
µν

2
= γ0γ3seE (4.42)

H exp mporeÐ na anaptuqjeÐ se seir� :

eA =
∑
n

(A)n

n!
(4.43)

Opìte h zhtoÔmenh posìthta gÐnetai :

e
iseσµνF

µν

2 = eγ0γ3seE

=
∑
n

(γ0γ3seE)n

n!

(4.44)
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'Omwc (γ0γ3)2 = I. 'Etsi :

e
iseσµνF

µν

2 =
∑
n

(γ0γ3)(seE)(2n+1)

(2n+ 1)!
+
∑
n

(γ0γ3)2(seE)(2n)

(2n)!

=
∑
n

(γ0γ3)(seE)(2n+1)

(2n+ 1)!
+
∑
n

I(seE)(2n)

(2n)!

(4.45)

EpÐshc :

tr(γ0γ3) = 0

tr(I) = 4
(4.46)

Epomènwc,

Tr(e
iseσµνF

µν

2 ) = 0 + 4
∑
n

(seE)(2n)

(2n)!
(4.47)

Kai apì ton orismì tou uperbolikoÔ sunhmitìnou :

Tr(e
iseσµνF

µν

2 ) = 4 cosh(seE) (4.48)

EpÐshc mporeÐ na upologisteÐ h tim  tou Ðqnouc eisp
2
. To tetradi�nusma

thc orm c dÐnetai apì th sqèsh :

p2 = p0
2 − pτ 2 (4.49)

Epomènwc to Ðqnoc dÐnetai :

Treisp
2

=

∫
d4x < x|eisp2|x > (4.50)

Sto q¸ro twn orm¸n, to eswterikì ginìmeno upologÐzetai mèsw tou me-
tasqhmatismoÔ Fourier wc ex c :

< x|eisp2|x >=

∫
d4p

(2π)4
e−ipxeisp

2

eipx (4.51)
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Kai eis�gontac thn parap�nw sqèsh sto Ðqnoc,

Treisp
2

=

∫
d4x

∫
d4p

(2π)4
e−ipxeisp

2

eipx

=

∫
d4x

(∫
dpi

(2π)
e−isp

2
i

)3(∫
dp0

(2π)
eisp

2
0

) (4.52)

Apo gnwst  isìthta upologÐzetai :∫
e−ax

2

dx =

√
π

a
(4.53)

Kai efìson oi sunart seic eÐnai kanonikopoihmènec
∫
d4x = 1, prokÔptei:

Treisp
2

=

(
1

2π

√
π

is

)3
(

1

2π

√
−π
is

)
= − i

(4π)2

1

s2

(4.54)

EpÐshc, mporeÐ na upologisteÐ h tim  tou ekjetikoÔ ìrou Π̂2 = (p− eA)2.
IsqÔei :

Π̂2 = (p− eA)(p− eA)

= p2 − eAp− epA+ e2A2
(4.55)

Efìson p = i(∂t, ∂x, ∂y, ∂z) kai A = (0, 0, 0,−Et):

pA = 0

Ap = 0

A2 = −E2t2
(4.56)

ProkÔptei

Π̂2 = p2 − e2E2t2

= p0
2 − pτ 2 − e2E2t2

(4.57)
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Qrhsimopoi¸ntac thn parak�tw antistoiqÐa gia tic posìthtec :
P0 → P

−X0 → Q

2ieE → ω0

2m0 → 1

(4.58)

ProkÔptei :

P0
2 − e2E2X0

2 → P 2

2m0

+
1

2
m0ω0

2Q2 (4.59)

H posìthta aut  eÐnai an�logh thc olik c enèrgeiac enìc talantwt .
Epomènwc, mporoÔn na upologistoÔn oi idiotimèc thc enèrgeiac tou parap�nw
sust matoc, sÔmfwna me tic energeiakèc st�jmec enìc talantwt , gia tic
timèc twn posot twn pou antistoiq jhkan parap�nw. Efìson oi energeiakèc
st�jmec enìc talantwt  dÐnontai apì th sqèsh :

E =

(
n+

1

2

)
ω0 (4.60)

Oi idiotimèc thc P0
2 − e2E2X0

2 prokÔptoun :

ξn =

(
n+

1

2

)
2ieE = (2n+ 1)ieE (4.61)

UpologÐzetai to Ðqnoc :

Tre−is(Π̂)2 =< x|e−ispτ 2e−is(p02−e2E2t2)|x > (4.62)

Tre−is(Π̂)2 =

∫
e−ispτ

2
∞∑
n=0

e−isξnd4x =

∫
d4xe−ispτ

2
∞∑
n=0

e−is(2n+1)ieE (4.63)

'Estw N h stajer� kanonikopoÐhshc ètsi ¸ste sto ìrio E → 0 h tim 
tou oloklhr¸matoc na teÐnei sthn tim  tou oloklhr¸matoc (4.52). An N∗ =
N
∫
d4xe−isp

2
τ tìte h (4.63) gÐnetai :
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Tre−is(Π̂)2 = N∗eseE
∞∑
n=0

es(2n)eE

= N∗
(
eseE

1

1− e2seE

)
= N∗

(
eseE

1− e2seE

)
= N∗

(
1

e−seE − eseE

)
(4.64)

Epomènwc,

Tre−is(Π̂)2 =
1

2sinh(seE)

(
N

∫
d4xe−isp

2
τ

)
(4.65)

Gia E → 0 to olokl rwma prèpei na paÐrnei thn tim  :

lim
E→0

Tre−is(Π̂)2 = Tre−is(P )2 =
1

(4π)2

1

is2
(4.66)

Efìson isqÔei:

lim
u→0

sinu

u
= lim

u→0

u

sinu
= 1 (4.67)

Gia

N∗ =
1

(4π)2is2
(iseE) (4.68)

to ìrio gÐnetai

lim
E→0

1

(4π)2is2

iseE

sin(iseE)
=

1

(4π)2is2
lim

iseE→0

iseE

sin(iseE)
=

1

(4π)2is2
(4.69)
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Epomènwc, gia A = 1
2i(2π)2

, h zhtoÔmenh pijanìthta dÐnetai apì èna olo-
kl rwma thc morf c :

w(E) = A

∫ +∞

0

ds

s2

[
eE coth(eEs)− 1

s

]
Re(ie−is(m

2−iε)) (4.70)

Kai an upologisteÐ gia ε→ 0:

Re(ie−is(m
2−iε)) = Re(i cos(sm2)− i2 sin(sm2))

= sin(sm2)
(4.71)

'Omwc, oi sunart seic :

f ′1(s) =
coth(eEs)

s2
sin(sm2) =

(e2eEs + 1))

s2(e2eEs − 1)
sin(sm2)

f ′2(s) =
sin(sm2)

s3

(4.72)

EÐnai �rtiec, wc phlÐka peritt¸n. Epomènwc mporoÔme na epekteÐnoume to
olokl rwma apì to - �peiro sto + �peiro :

w(E) =
A

2

∫ +∞

−∞

ds

s2

[
eE coth(eEs)− 1

s

]
sin(sm2) (4.73)

Apì to 2o je¸rhma tou parart matoc Bþ :

A

∫ +∞

−∞

ds

s2

[
eE coth(eEs)− 1

s

]
sin(sm2) = 2πA

k∑
i=1

ReRes(f(s), si) (4.74)

ìpou h f(s) orÐzetai :

f(s) = f1(s) + f2(s) =
1

s2
[eE coth(seE)] eim

2s − 1

s3
eim

2s (4.75)
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MporoÔn na upologistoÔn xeqwrist� ta oloklhrwtik� upìloipa gia tic
dÔo sunart seic.

f1(s) =
eim

2seE

s2
coth(eEs) (4.76)

Apì to 3o je¸rhma tou parart matoc Bþ

+∞∑
n=−∞

g(n) =
m∑
k=1

Res(h(z), zk) (4.77)

ìpou

h(z) = πg(z) cot(πz) (4.78)

An jewr soume th sun�rthsh :

g(z) =
eE

π

e−
im2πz
ieE

( πz
ieE

)2
(4.79)

Tìte :

h(z) =
e−

im2πz
ieE eE

( πz
ieE

)2
cot(πz) (4.80)

Kai antikajist¸ntac z = −iseE/π :

h(s) =
e−

im2π(−iseE/π)
ieE eE

(πiseE/π
ieE

)2
cot(πiseE/π)

=
eism

2
eE

(s)2
cot(−iseE)

=
eism

2
eE

(s)2
coth(seE) = f1(s)

(4.81)
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An sto olokl rwma pragmatopoihjeÐ h allag  metablht c s→ z = −ieE
π
s

to oloklhrwtikì upìloipo pou upologÐzetai, prèpei na pollaplasiasteÐ me thn
stajer� :

π

−ieE
(4.82)

Epomènwc mporeÐ na upologisteÐ :

m∑
k=1

Res(h(z), zk) =
+∞∑

n=−∞

g(n) =
+∞∑

n=−∞

eE

π

e−
m2πn
eE

( πn
ieE

)2

=
+∞∑

n=−∞

−(eE)3

π3

e−
m2πn
eE

n2

(4.83)

Efìson ìmwc

+∞∑
n=−∞, 6=0

−(eE)3

π3

e−
m2πn
eE

n2
= 2

+∞∑
n=1

−(eE)3

π3

e−
m2πn
eE

n2
(4.84)

⇒
m∑
k=1

Res(h(z), zk) = 2
+∞∑
n=1

−(eE)3

π3

e−
m2πn
eE

n2
(4.85)

Kai telik�

∫ +∞

−∞
f1(s)ds = 2

π

−ieE

+∞∑
n=1

−(eE)3

π3

e−
m2πn
eE

n2
=

2(eE)2

iπ2

+∞∑
n=1

e−
m2πn
eE

n2
(4.86)

AntÐstoiqa,

f2(s) =
eism

2

s3
(4.87)
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Opìte apì to 1o je¸rhma :

Res(
eism

2

s3
, 0) =

1

2!

[
s3d2eism

2

s3ds2

]∣∣∣∣∣
s=0

=
(im2)2

2
eism

2
∣∣∣
s=0

= −(m2)2

2

(4.88)

Kai to olokl rwma gÐnetai :∫
c

f2(s)ds = −π(−i|A|m
4

2
) =

iπm4

2
|A| (4.89)

'Omwc, efìson h sun�rthsh eÐnai pollaplasiasmènh me sin(sm2) apì to
olokl rwma apomènei mìno to pragmatikì mèroc, to opoÐo sth dedomènh perÐ-
ptwsh mhdenÐzetai. Epomènwc o upologismìc tou oloklhr¸matoc thc olik c
sun�rthshc f(s) odhgeÐ sth lÔsh :

w(E) =
A

2

∫ +∞

−∞

ds

s2

[
eE coth(eEs)− 1

is

]
sin(sm2)

= πA
k∑
i=1

ReRes(f1(s), si)

= 2πA
+∞∑
n=1

(eE)2

iπ2

e−
m2πn
eE

n2

(4.90)

Epomènwc, h pijanìthta w(E) dÐnetai :

w(E) = 2πA
(eE)2

iπ2

+∞∑
n=1

e−
m2πn
eE

n2
(4.91)

Kai antikajist¸ntac thn tim  tou A :

w(E) = 2
π

2(2π)2

−(eE)2

π2

+∞∑
n=1

e−
m2πn
eE

n2
(4.92)
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|w(E)| =
(
e2

4π

)
E2

π2

+∞∑
n=1

e−
m2πn
eE

n2
(4.93)

Epomènwc, h apìluth tim  w(E) sunart sei tou hlektrikoÔ pedÐou E
dÐnetai :

|w(E)| = αE2

π2

+∞∑
n=1

e−
m2πn
eE

n2
(4.94)

'Opou α = e2

4π
kai an eisaqjoÔn oi timèc c, ~, ε0, pou eÐqan jewrhjeÐ mo-

nadiaÐec α = e2

4πε0~c , ètsi ¸ste o suntelest c tou ekjetikoÔ tm matoc na eÐnai
adi�statoc :

|w(E)| = αE2

π2

+∞∑
n=1

e−
nπm2c3

e~E

n2
(4.95)

Kai isodÔnama,

|w(E)| = αE2

π2

+∞∑
n=1

1

n2
exp

(
−nπm

2c3

e~E

)
(4.96)

Efìson w(E) = lnS0
2(A) h pijanìthta paragwg c mhdenikoÔ zeÔgouc

swmatidÐwn prokÔptei :

S0
2(A) = e−|w(E)| (4.97)

Sunep¸c, h pijanìthta paragwg c toul�qiston enìc zeÔgouc swmatidÐwn
an� mon�da qrìnou kai an� mon�da ìgkou prokÔptei :

P (E) = 1− S0
2(A) = 1− e−|w(E)| (4.98)

Efìson h olik  pijanìthta prèpei na ajroÐzetai sth mon�da.

P (E) = 1− exp

[
−αE

2

π2

+∞∑
n=1

1

n2
exp

(
−nπm

2c3

e~E

)]
(4.99)



5. SUMPERASMATA

H parap�nw èkfrash dÐnei thn pijanìthta paragwg c zeug¸n swmatidÐwn-
antiswmatidÐwn, kat� thn efarmog  hlektrikoÔ pedÐou E sto kenì. 'Opwc a-
namenìtan, h pijanìthta aut  aux�netai, kaj¸c aux�netai h èntash tou hle-
ktrikoÔ pedÐou. ParathreÐtai epÐshc, mia ex�rthsh thc pijanìthtac apì thn
tim  tou e−m

2
. Lìgw thc mikr c m�zac twn upì melèth swmatidÐwn - hle-

ktrìnia, pozitrìnia- anamènetai h tim  tou hlektrikoÔ pedÐou gia thn opoÐa h
pijanìthta kajÐstatai upologÐsimh, na eÐnai polÔ meg�lh. Ex' aitÐac thc duna-
moseir�c, den eÐnai dunat  h exagwg  enìc analutikoÔ tÔpou gia thn tim  tou
pedÐou sunart sei thc zhtoÔmenhc pijanìthtac. Par' ìl' aut� eÐnai dunatì na
sqediasteÐ, me th bo jeia tou programmatistikoÔ majhmatikoÔ perib�llontoc
”Matlab”,h grafik  anapar�stash thc pijanìthtac sunart sei thc tim c tou
hlektrikoÔ pedÐou.

Fig. 5.1: H pijanìthta sunart sei tou pedÐou
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MporeÐ epomènwc, na brejeÐ h t�xh megèjouc tou pedÐou, ètsi ¸ste h tim 
thc pijanìthtac na ft�sei sta epijumht� epÐpeda. To kl�sma tou ekjetikoÔ
par�gonta dÐnei thn tim  :(

πm2c

e~

)
=

(
π(mec

2)2

ec~

)
= 4, 15722 ∗ 1018 V

m
(5.1)

Apì thn grafik  par�stash kai apì ton upologismì tou parap�nw lìgou,
parathreÐtai ìti gia na gÐnei shmantik  h pijanìthta, to pedÐo prèpei na eÐnai
thc t�xhc megèjouc :

E ∼ 1016 V

m
(5.2)

Sugkekrimèna, mporeÐ na anazhthjeÐ arijmhtik� h tim  sÔgklishc tou pe-
dÐou gia thn opoÐa h tim  thc pijanìthtac lamb�nei tic antÐstoiqec timèc. Gia
par�deigma prokÔptei gia tic pijanìthtec :

P (E) = 60% : E = 5.4 ∗ 1016 V
m

P (E) = 90% : E = 5.5 ∗ 1016 V
m

H mèjodoc sÔgklishc pou qrhsimopoieÐtai, den epitrèpei megalÔterh akrÐ-
beia ston upologismì thc èntashc tou pedÐou. 'Omwc, ta parap�nw apotelè-
smata eÐnai antiproswpeutik�. 'Ena hlektrikì pedÐo thc parap�nw t�xhc den
eÐnai epiteÔximo me ta shmerin� episthmonik� mèsa pou diatÐjontai. Gia par�-
deigma, akìmh kai stic peiramatikèc diat�xeic twn uyhlìterwn episthmonik¸n
dunatot twn, to hlektrikì pedÐo apotugq�nei na xeper�sei to fr�gma twn :

E ∼ 10
GV

m
= E ∼ 1010 V

m
(5.3)

EÐnai epomènwc, anamenìmeno na mhn up�rqoun peiramatik� apotelèsmata
pou na epibebai¸noun thn jewrÐa tou Schwinger, kaj¸c h tim  tou hlektrikoÔ
pedÐou, pou eÐnai aparaÐthto na efarmosteÐ, gia na katast sei thn pijanìthta
emf�nishc zeug¸n upologÐsimh, eÐnai 106 forèc megalÔterh twn megÐstwn tim¸n
pedÐou pou eÐnai dunatìn na epiteuqjoÔn sÔgqrona peiramatik� mèsa.
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Parìlo pou h parap�nw melèth kajist� emfan  th duskolÐa kataskeu c
peiramatik¸n diat�xewn pou ja sunteloÔsan sthn epibebaÐwsh twn apotele-
sm�twn pou upologÐsthkan, oi sÔgqronec peiramatikèc diat�xeic laser apojè-
toun nèec elpÐdec. Epitugq�nontac ìlo kai uyhlìterec energeiakèc st�jmec,
ta laser , kai sugkekrimèna ta laser eleujèrwn hlektronÐwn (Free Electron
Laser ) mporoÔn na apotelèsoun ton basikìtero upoy fio gia ton peiramatikì
èlegqo tou fainomènou Schwinger.

Oi sÔgqronec diat�xeic optik¸n kai uperÔjrwn laser aux�noun oloèna kai
perissìtero thn isqÔ sthn opoÐa leitourgoÔn, kat� pollèc t�xeic megèjouc.
Sugkekrimèna, ta laser eleujèrwn hlektronÐwn pou qrhsimopoioÔntai se meg�-
la peir�mata, ìpwc ston grammikì epitaqunt  hlektronÐwn - pozitronÐwn tou
peir�matoc DESY kai ston epitaqunt  SLAC tou CERN perièqoun suneqeÐc
dèsmec fwtonÐwn, me enèrgeiec pou xepernoÔn ta merik� keV , apojètontac
meg�la pos� isqÔoc se mikr� qronik� diast mata. Upì autèc tic nèec pei-
ramatikèc dunatìthtec, eÐnai anagkaÐa h melèth tou fainomènou Schwinger me
perissìterec leptomèreiec, pou na lamb�noun up' ìyin ta qarakthristik� twn
parap�nw diat�xewn.

H spoudaiìthta tou fainomènou Schwinger kai thc peiramatik c tou epibe-
baÐwshc eÐnai ousiastikìterh apì aut  pou diafaÐnetai me thn pr¸th entÔpwsh.
Mèqri stigm c, ta peiramatik� dedomèna èrqontai se pl rh sumfwnÐa me touc
jewrhtikoÔc upologismoÔc epibebai¸nontac thn QED jewrÐa, me akrÐbeia pou
ft�nei mèqri thn t�xh 10−12, ìpwc gia par�deigma ston upologismì thc a-
n¸malhc magnhtik c rop c tou hlektronÐou kai tou mionÐou. H peiramatik 
epibebaÐwsh thc exÐswshc Schwinger, ja odhgoÔse sthn �mesh epal jeush
thc exÐswshc Dirac. Epomènwc, oi jewrhtikèc melètec pou sthrÐzontai stic
paradoqèc twn anwtèrw jewri¸n, ja exasf�lizan thn isqÔ twn apotelesm�-
twn touc. Ja kajÐstato dunat  h asfal c epal jeush twn apotelesm�twn
pou ex�gontai apì th mh diataraktik  melèth twn exis¸sewn thc QED , q�rh
sth dunatìthta sÔgkrishc me ta nèa peiramatik� dedomèna. H shmasÐa tou fai-
nomènou Schwingerègkeitai sto gegonìc ìti apoteleÐ akrib  apìrroia thc exÐ-
swshc Dirac, qwrÐc na apaiteÐtai h summetoq  thc jewrÐac diataraq¸n gia ton
upologismì thc pijanìthtac. Sunep¸c, to telikì apotèlesma antapokrÐnetai
sthn akrib  fÔsh thc Sqetiskistik c Kbantomhqanik c, antikatoptrÐzontac
tic fusikèc diergasÐec, qwrÐc th mesol�bhsh proseggistik¸n aplopoi sewn,
pou pl ttoun thn akrÐbeia thc mejìdou. EÐnai, epomènwc ousiastik c shma-
sÐac h peiramatik  epibebaÐwsh tou, apì thn opoÐa den apèqoume polÔ, an h
isqÔc twn suneq¸c anaptussìmenwn laser suneqÐsei na aux�netai me ton Ðdio
rujmì.



PAR�ARTHMA



Aþ. IDIOTHTES PINAKWN

Idiìthtec Ðqnouc pÐnaka :

1. tr(A+B) = tr(A) + tr(B)

2. tr(cA) = ctr(A), grammikìthta Ðqnouc

3. tr(AB) = tr(BA), sqèsh met�jeshc

4. tr(P−1AP ) = tr(A)

5. tr(Aτ ) = tr(A)

6. tr(A) =< x|A|x >, gia x orjokononikopoihmèno sÔsthma suntetag-
mènwn

Idiìthtec orÐzousac pÐnaka:

1. det(AB) = det(A)det(B)

2. det(Aτ ) = det(A)

3. det(A−1) = 1
det(A)

4. det(eA) = etr(A)

5. det(A) = etr(lnA)

6. det(eA) = edet(A)



Bþ. JEWRIA OLOKLHRWTIKWN UPOLOIPWN

To je¸rhma oloklhrwtik¸n upoloÐpwn apoteleÐ genÐkeush tou jewr ma-
toc tou Cauchy. Ta oloklhrwtik� upìloipa eÐnai èna apotèlesma thc migadi-
k c an�lushc, pou qrhsimopoieÐtai gia ton upologismì sÔnjetwn oloklhrw-
m�twn, pou suqn� den epidèqontai �llo trìpo epÐlushc.

Je¸rhma 1o :

'Estw f olìmorfh sun�rthsh se ìlo to C ektìc tou shmeÐou z0. An
to an�ptugma kat� Laurent thc f perièqei peperasmèno pl joc ìrwn pou
mhdenÐzoun ton paranomast  gia z = z0 to z0 onom�zetai pìloc thc f t�xewc
k, ìpou k to pl joc twn ìrwn aut¸n. To z0 onom�zetai aplìc pìloc an k = 1.
An h f èqei aplì pìlo sto z0, to olokl rwm� thc p�nw se opoiad pote kleist 
kampÔlh, pou perièqei ton pìlo autì, mporeÐ na upologisteÐ wc ex c :∫

c

f(z)dz = 2πiRes(f, z0) (Bþ.1)

O suntelest c tou a−1 ìrou tou anaptÔgmatoc onom�zetai oloklhrwti-
kì upìloipo thc sun�rthshc f . An h f èqei parap�nw apì ènan pìlo, to
olokl rwma upologÐzetai wc to �jroisma twn oloklhrwtik¸n upoloÐpwn twn
epimèrouc pìlwn : ∫

c

f(z)dz = 2πi
n∑
k=1

Res(f, zk) (Bþ.2)

An h f èqei pìlo k t�xhc sto z0, h tim  tou oloklhrwtikoÔ upoloÐpou
prokÔptei :

Res(f, z0) = lim
z→z0

1

(k − 1)!

dk−1

dzk−1

[
(z − z0)kf(z)

]
(Bþ.3)
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Je¸rhma 2o :

'Estw R(x) = P (x)
Q(x)

rht  sun�rthsh me bajmQ(x) ≥ bajmP (x) + 1. An

f(z) = eiazR(z), a > 0 tìte ta parak�tw oloklhr¸mata upologÐzontai wc
ex c : ∫ ∞

∞
R(x) cos(ax)dx = −2π

k∑
i=1

ImRes(f, zi)

∫ ∞
∞

R(x) sin(ax)dx = 2π
k∑
i=1

ReRes(f, zi)

(Bþ.4)

Je¸rhma 3o :

'Estw f olìmorfh sun�rthsh sto C ektìc apì ta peperasmènou pl jouc
shmeÐa z1, . . . , zm pou apoteloÔn pìlouc thc sun�rthshc. 'Estw oti up�rqoun
m,R > 0 tètoioi ¸ste |z2f(z)| ≤ m gia |z| > R. S' aut  thn perÐptwsh, an
oristeÐ h sun�rthsh :

g(z) = πf(z) cot(πz) (Bþ.5)

IsqÔei h sqèsh :

∞∑
n=−∞

f(z) = −
m∑
k=1

Res(g(z), zk) (Bþ.6)
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