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Hepidnyn

H Siapdpewon cuvaosmiopdv eivon BepeAiddeg mpoPAnpa oe moAlovg Topeig tng Lwng, g
EMLOTANNG Ko TNG TeXvoAoyiag. ITotyvio 07OV oL GUHHETEXOVTEG EVOLAPEPOVTAL HOVO YLOL TNV
TAVTOTNTO EKELVWV |IE TOLG OTTOLOVG ELVOLL CUVAOTILGPEVOL, Tat NOOVIKGR TTOolyVia, elval emiong
dnpo@iAn Adyw NG amAoTnTAG Ko NG evpeiong e@appoyng tovg. H mapovoa Sumhwpatiky
epyocio elvon pla emiokomion ota ndovikd maiyvie. Ieprypdgpovton pia oelpd otd 3ot Teg
TOV TPOTIUACEDY TOV TOUKTOV Kot ouviiBelg évvoleg otabepodtnTag Kabng Kot oL HeTaEd Toug
oyxéoelg. Atvovtou emapkeig ouvOnkeg yuo tnv dmoapén otabepdv diopepicewv kot alyopiBpol
YLt TOV VITOAOYLOHO TOLG, 610V awTd eivar dvvatd. EEetdleton n molvmhokdTnTor amdpoong
vmapéng otabepov dwapepicewv ko vroAoylopod touvg. H ndovikny cvctadomoinon eivon
HLOL EQAPHOYT TOV TAALGLOL TV NOOVIKGOV TTalyviwv 6mov oL maikteg ocuvdéovtal HEGH N
katevBouvopevou ypdgpov. Ilapovoidlovtal n cuoyetiotik kot 1 tpokabopiopévou AnBoug
oLGTASOTTOLNOELG GE SLAUPOPOUS HETPLKOVG XDPOUG KO Hiat TTepintwon Paciopévn oe diktuo,
vroBétovtag Suvopkn TomKdTNTA.

AéEerg kAedd: Zynpatiopdg cvvacmiopev, Hdovikd maiyvia, Ztabepég diopepioelg,
IMoAvmtAokdTnTa LITOAOYLIGHOD, ZvcTadomoinon, AAyoptBuikn Bewpia matyviov






Abstract

Coalition formation is a fundamental problem in numerous aspects of life, science and
technique. Games where players are interested only in the identity of their partners, namely
hedonic games, are also popular because of their simplicity and widespread applicability.
The present thesis consists a review of hedonic games. The basic properties on players 's
preferences are described along with the stability concepts and their relation. Moreover
sufficient conditions for the existence of stable outcomes are introduced and algorithms for
finding them, where possible. The complexity of deciding the existence of stable outcomes
and of finding them, are embedded in the research. Hedonic clustering consists an application
of hedonic games' framework, where players are interrelated through an undirected graph.
Correlation and fixed clustering are presented in various metrics and also a network based
model, assuming dynamic locality.

Keywords: Hedonic games, Coalition formation, Stable partitions, Complexity of
computation, Clustering, Algorithmic game theory
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KepaAairo 1

Elcaywyn

Ta matyvia oxnpatiopod GLVOGTILoH®Y evTacoovtal 6To 1edio g Bewpiag matyviov, Tng
HEAETNG TNG CAANAETIS paoT G HETOED TTOUKTOV e SLAPOPOL ALKOA KOL GUYKPOVOHEV GUHPEPO-
vta. H eproyr| mapovoidotnke amd tovg Von Neumann & Morgenstern (1947) pe to Oeoprnpo
NG WPEAELOG, TTOL LITOCTNPILEL OTL OL TAlKTEG KATW ATd TTPOTIUICELS TTOL LKOVOTTOLODV OpL-
opéva aflopata, Tposmafoiy Vo HEYLGTOTOLGOUV TNV OVOUEVOUEVT) TN LG CUVAPTNONG
7oL auteLkovilel tnv a€LloAdynon tovg mhvew oe mboava e€aydpeva tov maryviov. H avérttuén
NG TANPoPopLkng yévvnoe tnv alyoptBpikn Bewpio maryviov, tov kAddo tng Bewpiog mot-
yviwv mov emiyelpel va voloyioel e€oryOpeva onyviwv pe ToAAoVG TAKTEG, XPTOYLOTOLD-
vtog bA0Y0 Xpovo kot artodoTikodg alyopibpougs.

O oXNUATIOHOG GUVAGTILOPGV elvat o cuvrOng dadikacio mov Aopfavel xdpo cOPPWVL
HE Eva paopa KpLTNplwv.

Hdovikd ovopdlovtal To maiyvio Kté To omoior oL ToUKTeG EVOLOLPEPOVTOL HOVO YLOL TT)
oVvBeon g opddag otnv omoia Ba avrikouvv kat eival adidpopol yix Tig oxécelg PeTaED mal-
KTOV EKTOG TOL GUVAGTILEHOD TOVG. Ol GUHHETEXOVTEG ONADVOUV TIG TTPOTIUNGELS TOVS YLK TOUG
GUVOOTILGHOUG TTOL SVVAVTL VO GUHHETATYOLY Kot emtfupodv va cuatabel o vynmAdtepog du-
VATOG GTLG TTPOTIUNCELS TOVG, GLVACTILOHOG. HO0VIKEG TTPOTIHROELS GLVAVTOVTOL KATA TH) GU-
OTAOT) ETULPLOV, KOLVOVIKOV YKPOUTT, AOANTIKOV OpHASwV, SIOOKTIKOV TPOCKOITLKOV, KOLVW®VL-
KOV ekONAOCEWV, KOLVOVLOV KTA

O tithog mpoépyetat amd tnv eAAnvikt) AéEn ndie, YAukog Kot avTikatomTpilel To yeyovog
TNG OXETIKA HUWTIKNG AVTLHETOMLONG oV amoteAel 1) adiapopio evOg yla TNV KaTdoTao
€KTOG TOV CLVAGTLOHOD TOU.

To ndovikd maiyvia eivor pn pndevikod abpoicpatog, ®GTOGO GLYVA ELVAL AVTAYWVICTIKK
KOUL € OPLOPEVEG TTEPUTTMOGELG EPITUITTOVY GTNV LITOKATNYOPix TV TaLyviov pndevikot abpoi-
OHOTOG.

To vTdAoLTO TOL TAPOVTOG KEPAAXLOL ITOCKOTEL GTNV TEPLYPOLPT] TNG OOUNG TNG Tapov-
00G SIMAWUATIKNG epyaciag Kot TG oxetikng PipAtoypapiog mepl twv ndovikdv monyviwv.
Y10 deltepo kepdahato Sivovtal T facikd TV NSOVIKGOV Tonyvieov kabmg kot mokileg viTo-
TEPLITTAOCELS TWV YEVIKOV TTPoTIroewv. Ilpaktikd mapadeiypata cuvodebovy Toug opLlopone
Ko to ekTifépeva mpoPAnpata. Katomy mapovoidlovtal kpitripio otabepotnTog Ko 1 Le-
papyio wov ta dramvéel. To tedevtaio Bépa mov exTiBetort 6TO KEPAAXLO 2 XPOPE APV TIKK



2 KEPAAAIO 1. EDXAI'QI'H

QUTOTEAEGHOLTAL YLOL T TTPOOVOLPEPOEVTA KPLTTPLOL, GYETIKA e KAAOELS TIPOTIUNCEDV. 2TO KEPA-
Aaio 3 amodetkvibovtan tkavég auvOnkeg yioe Ty vitopEn Moapéto PéAtiotwv ko Noag otabepodv
AVGE®V YLt TN PN KEVOTNTO TOV TTUPHVA KL TOU QUGTNPOL TTUpnva. XTo KepaAoto 4 e€etdle-
TAL 1) TOALTTAOKOTH T TNG ATOPACTG VITAPENG KOL TOL LTTOAOYLGHOV, Siapepioewy oTabepndv
kot mopnva, Nag ko atoptkd. 1o 50 ke@dAoo mapovoldlovtal malyvia 6TTov oL ToikTeg
QVOTTOPLOTAVTOL WG KOPLPES YPAPOL KO OL oYECELS HETRED Tovg wg akpés. H ovoyetiotikn
oVGTAdOTTOLNGT), TTOL AVIKEL GTNV OLKOYEVELR TwV afpoLoTikd Stoywplotpwy oty viov, diveton
otV evotnta 5.1, 1 ovotadomoinon tpokabopiopévouv TARBoUG TapovoLdlEToL OTNV EVOTN T
5.2 ko Téhog éva ouvepyartikd mAaiclo cvstadomoinong avalveton oty evotnta 5.3. Khei-
VOVTOG, 0TO KEQGAALO 6, ekTiBevTo TPOTAGELS Yior pEAAOVTIKT] epyasict.

H épevva 610 medio twv moryvinv oxNIaTIopod CUVAGTILOHMV OTTOL OL TiKTEG eVOLaPEPO-
VTOL TOKAELOTIKG Yio T1) oUVOEST) TNG OPASAG TOUG, APYLOE HE TNV TTPWOTOTUIN EPYOCLX TV
Dréze xou Greenberg to 1980, 6mov oL cuyypogeig é0ecav v ndovikn évvola. Eto mAaicio
OV TTAPOLCLACOV, EVETLITTAY TTPOPARHATH TALPLAGHATOS OTWS TO TTPOPANHa Tov oTabepol
yapov kot to TpoPAnpa Twv cvykatoikwv. Ot Gale & Shapley (1962) opilouv kou emtAdovv o
pdPANpa ToL 6TABEPOD YOOV, 0 Irving (1985) To TPOPANHA TV cuykaToikwy Kot oL Roth &
Sotomayor (1990), divovv o kaAn) mepiAnyn yio o Sipepég Taiplacpa.

To Paoikd evilapépov yla T TOlyvio GXNUATIGHOD GUVOGTILGH®V ETLKEVIPOVETAL GTNV
ebpeoT eEQYOHEVOV OV LKAVOTTOLOUV kpLthpla aTabepdtnrag, 6mwg 1 otabepdTnta mTuprva
1 1 Nag. Autég ot évvoleg OIS ETTIOTG KAL 1) ETLKPATOVCX OTHELOYpO@Pia Yl Ta OOVIKA TTati-
yvia mapovotdlovtal atd Toug Banerjee, Konishi & Séonmez (2001) ko tovg Bogomolnaia &
Jackson (2002).

Onwg e€nyndnke otic mapamdve epyacieg, n avoalntnon dwapéplong mov Kovomotel
Ta KkpLrpla otabepotnTag pmopel va eivor pétaia kaBodg popel vor pnv vmdpyeL TéTola.
Qotdco dev vapyel acvpPfatotnta pe To amotedéoporto tov Nog (1951), epdoov e€etdlo-
vt povo optyeig otpatnyikéc. Iapakapntovtag To epmodio, avalntodvtol tkaveég cuvon-
keg Umapéng otabepdv dxpepicewv. Or Bogomolnaia & Jackson (2002) asrodewkviouvv tnv
vnoapén otabepidv diopepicewv, dtav oL TpoTfoelg Topovcldlovy povadikn kopuen el
TWV XOPOKTNPLOTIKOV TV TOLKTOV 1] elvol cUPpETPLKES Kol afpoloTikd dioywpioipeg. Emi-
mAéov deiyvouv 0TL abpolotikd dxywpioya maiyvia emdéyovrar Nog otabepég Avoelg. Ot
Banerjee, Konishi & Sénmez (2001) eiodyovv 800 18LOTNTEG "KOPLPALWY CUVOGTLOHOV", LITO
TIC OTTOLEG O TTUPHVOLG ATTOSELKVVETLL 1] KEVOG.

Ot Cechlarova & Romero-Medina (2001) vrtéBecov piot KAGOT) TPOTIUHGEWVY ETTL TWV GYNHO-
TIOH®V TTOV TTPOEPYOVTAL ATTO TIG TTPOTUNACELS €TTL TV TTALKTOV. Elodyouv évav moAvwvupLkod
aAyopBpo ebpeong otabepidv diopepicewv OTaY OL TalKTEG KATATAGGOLV TIG Stapepioelg Pa-
o€l TOL TTAEOV eBLPNTOD TOVG ETALPOV KoL XPTOLHOTOLOVY ToV adyopLBpo tov TpPivyk yia Tig
TEPUTTOCELS KATA TIG OTTOleG OL TaikTeg TAELVOHOUV TOVG LIOYNHPLOVG GLVAGTIGHOVG Phoel
oL ALyoTepo emBupntol Tovg eTaipov.

Ot Alcalde & Revilla (2004) elo&youv TNV otOKPLOLHOTHTA KOPLPT|G KAl AITOJELKVVOLY LITO
Vv oxs g, v Omapén dwapepicewv otov mupnva. Hapovsidlovv tov aryopilBpo kaAv-
Umng xopuerng yu tnv ebpeot otabepdv katd muprjva dwapepicewv. EmmAéov amodeikviovv
TNV PovadIKOTNTA TOU PIAOATO0VG HXOVIGHOD YO TTPOTIHHCELS TTOV EXOUV TNV LOLOTNTA TNG
amokplopotnTag kopueng. Ot Aziz & Brandl (2012) amAomoiotv tov alyopiBpo kdAvyng ko-



PLPNG KL TTPOTELVOLY TNV QITOKPLOLHOTNTA TUOPEVE, TNV avTioTolyT aouclodotrn ékpovor
TNG OTOK PLOLHOTNTAG KOPLYPTIG, OTTOVL OL TAUKTEG SNADVOLY TIG LITOOUASES TTALKTOV TTOL BEAOLY
vo ato@oyovv. O Dimitrov & Sung (2005) evioybouv To aote Aéopata Twv AAkaAvte ko Pe-
Bidda Seiyvovtag oyvpr otabepdtnTo Tuprva vTd TNV ATOKPLEILOTNTO KOPLPTG. EmitAéov
e€eTlovV TNV eKTIUNOT) Ge PIAOVG KaL TNV atosTpoyt] o€ exOpolg, kKAACELS TTPOPLA TPOTLUY-
oewv, 6mov k&be maiktng Bewpel k&Be Evav amd Tovg dAlovg wg @ido 1) exBpd Tov. Agiyvouv
otL 1) pw TN cuvOnKn Pefarwvel Tn pn kevoTnTo TOL TTLPHVE EVH 1) deTEPT) TOL KGBEVODG TTL-
priva. Akopa fplokovv ToAvwVLpLKE, Stapéplon oTov muprva kKot orodetkvoouvy NP dvokoin
TNV gbpeon otolxelov otov acBeviy TupvVA LITO TNV ATOGTPOPT| 6TOVG £XHPOVG.

O Aziz et al. (2015) pedetodv ndovikd maiyvia pe Svadikéc TPOTHAOELS, OOV OL TALKTEG
eKPPAlouV HOVO TNV LKOVOTIOINGN 1] TNV OTTUPECKELR TOVG YLOL TOLS LITOYTNPLOVG TOVG GLVA-
GTLOHOVG.

H molvmhokdtnto tng amoépaong vmapéng otabepdv diapepicewv oe ndovikd malyvio pe-
Aetdron amd tov Ballester (2004) yio oty via pe pin) TEPLOPLOHEVEG KOLL YLOL TTOLLY VIOL HE GV VUHEG
npoTipficels. Ot Dimitrov et al. (2004) Swatpifovran pe o St epotipaTa yio abporotikd da-
xwplopo matyvie. O Gairing ko Savani epevvolv v moAvmAokotnta edpecng otabepdv
GUVOOTILGHOV G€ TOlyVLa OTTOL TLGTOTOLNHEVY LITEPYOLV. Ta aroTeAéopaTo LT eivor GO-
owva pe avtd Twv Deng & Papadimitriou (1994).

Ou Elkind & Wooldridge (2009) emiyetpotv piot eVOAAXKTIKT] TV OTOUKE 0pBoAoyLKkdv
MotV mpoTiunoewy, Ta ndovikd diktva cuvvaomiopov. O TpoTiuncelg ekppalovtal HEGK
Kovovwv, oxnpotilovtog pla katd to Suvatdv cuvortiky avarapdotoot. Katom yopoktn-
pilouv TV TOALTAOKOTNTA AITOPAGTG LOLOTHTWV TTOL GYETIOVTOL € TOV TTUPHVA.

Hdovikr) cuetadomoinor eivon 1 Stxdikaoior StopépLong ToUKTOV Ge Evay HETPLKO XDOPO.
OuBansal, Blum & Chawla (2004) topovoidlouvv éva HovTéAo GUOKETIOTIKNG GLGTASOTOINGNG
yia okpég mov eivou eite OeTikég eite apvnTikég Ko TpoTELVOUY TTPOCEYYLOTLKOUG ahyopifpoug.
Ot Feldman, Eytan & Naor (2015) apéxovv Tipfpata avapyiog kot otadepotntag yio pia o-
popota wepintwon. EmmAéov, avalntodv Nag .oopportieg otnyv mepintwon tng cvetadomnoi-
nong mpokabopiopévov mAnBovg. H cvctadomoinon mpokabopiopévov mAnbovg cvetddwy
peAetdéron ko ad toug Abbasi & Younis (2007) ko tovg Bandyopadhyay & Coyle (2004)67twg
eniong ko amd touvg Koltsidas & Pavlidou (2011). Ov Hoefer, Vaz & Wagner (2015) deiyvouv
OTL HOVO TTANPELS YpapoL Ko aoTépla aTobepomolobvTal ypriyopa o€ HOVTEAX [e 0paTOTN T
Baoiopévn oe diktvo yio Suvopikn TomikdTnTa, Paciopévol oe 18éeg Tov Myerson (1976) kou
twv Esteban & Sergei (2009).
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KepaAairo 2

Ta pacikd Towv ndovikwv Taryviov

Y& avto TO Ke@aAato yiveton emelepyacio TV PACLKOV EVVOLOV TV TALYVIOV GXNHOTL-
OOV GLVAGTILOPMV. EEKLVOVTOG 0TO TOV 0PLOHO TV NOOVIKOV oLy viKV Topovatd{ovTol pio
TANOOPA KATNYOPLOV TPOPLA TTpoTIoemVy kat evvolwy otabepodtntag. Emutiéov extiBevron
oL oyéoelg PeTakl TV SLoPOPETIKOV PETPWV oTabepOTNTG KOL OL AVTIGTOLYOL EYKAELGHOL.

2.1 Hbéovued maiyvia

Onwg avagépdnke oty eloaywyn, oTa NdoViKd Talyvio KATATACCOVTOL TTalyVia GYTHO-
TIOHOV GUVOGTILOHWOV OTT0L K&Be TaikTng evdiopépetal povo yia tnv cOvBect tng Sikng Tov
opadag ko eivor adtdpopog yio tr ovBeon Twv vtoAowy cuvaoTiop®y. Kabe maiktng da-
TNpel Eva TPOPLA TPOTIUNTEWV YO TOVG SLVATOVS GLVAGTILGHOVG TTOL TOV TEPLEXOLY WG LEAOG
Ko emBupel va cuvaomiotel oty vYMAOTEPNG SuvaTHg TPOTiUNONG OPAdaL, 1} TTLO TLTTLKA

Opiopog 2.1. (Hdovikd maiyvio), [Banerjee, Konishi & Sonmez, 2001]. Eva ndovikd maiyvio
oxnpatiopot cvvacmiopov G eivar éva (evyog (N, (7Z;)ien), 6mov N eivar éva memepacpévo
oUVOAO TTAUKTOV, TO 7 elvar £va AVTITPOCWIEVTIKO TOL oToLyelo Ko (22;)ic N TO TPOPik Tpo-
Troe®v Toug. H 77; eivan puot avok Ao TLKT], GVTLOLPHETPLKT, TTAYPNG Kot HeToParTikT] SyeAnC
oxéon oto cbvoro S;(N) = {S € 2V : i € S}, mov kahovvTan TpoTyGelg Tov maikTn 7. H
OY£€0T) LOOTIHIOG KoL 1) oX€0T) ALGTNPNG TTPOTIUNGTG SLHPOAIlOVTOL WG ~; KAl >; AVTIGTOLY
ko S~ TS [S, T NT 7 Slxan S = T[S, T NS T).

H dwatdnwon twv ndovikdv matyviov yivetal HEcw avamtapacTaoemy atopkd opboio-
YIKOV AoT®V cuvaoTlopdv (AOAY), dnAadr) 0oL oL GUVAGTILoHOL TTOL eival EAKLGTLKOTEPOL
yla évay malktn ammd to va eivan povog, divovtou oe pia AMoto pe oAwer) Sidtakn. o ndovikd
natyvio (N, 72), ovpPolilovpe pe N; 10 GUVOLO TV GUVAGTILGRMV TTOL VoL EPLKTOL yLaL TOV
oKy €.

Hapaderypa 2.1. Tpio moudic éxovy ot dudbeot] Tovg pia prdde, éve Tpaméll avtiopaipions ko
Evav vrodoyioth pe éva Tipovi. Me v purdda Oa wailov mayvidi pe Tpeis 1j mepIooOTEPOVS TAIKTEG.
H Tewpyio wpotiuder va waiter pe tnv Evyevia kou tov ITétpo to mauyvidl pe ) pmdde kot ov avto
dev yivetau Oéder évav emavainmniko ayove mvyk movyk pe tov IIéTpo ko av ko autd de yivel Ox

5
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1j0ede va waiker pe v Evyevia evdd tedevtaio tng emidoyn eivou o vroloyiotrs. O Tlétpog mpotipdet

10 TTay vidL pe ) prddae, petd thv avriocpaipion pe v lewpyia adldd oyt pe tqv Evyevia AGyw evig

TPOoPATOL Ao TELOL TOUS Kot avTi autov O Emoule pe tov vmoloyiorh. Tédog n Evyevia mpotiuder thv

QVTIOPQUPLOTN ACYETWS QVTITAAOV, KATOMLY TO Touy VIOl e TH UTAAQ Ko TEAOG TO mauyvidt ayddvav.
O1 mapardvew rpotiurjoeis ocvpforilovrar wg

{I1étpog, Evyevia, I'ewpyia)—1{IIétpog, Iewpyia)—{IIétpog)

{Evyevia, T'ewpyio)~{TIétpog, Evyevia) =g {TIétpog, Evyevia, I'cwpyio)— g {Evyevia)

{ITézpog, Evyevia, F'ewpyia)—r{I1étpog, I'ewpyio)—r {Evyevia, I'ewpyiof—r {[cwpyica)

H Siapiépion twv maktov 6e GUVRGTLOHOVG KOAELTAL SOU GUVOCTILOHOV.

Opropog 2.2. (EEayopevo ndovikod maryviov), [Banerjee, Konishi & Sénmez, 2001]. Mia Sopr
ovvoomopov ™ = {S1,952,..., 5k} (K < |N| Oeticdg axéponog) eivor pioe Swpépion tov
N. Anhadh, S, # 0y ké0e k € {1,2,...,K}, UK Sy = N, xow S N S; = 0 yiox k60
k,l e {1,2,..., K} pe k # I. T k&Be Sopr) ouvaomiopov 7 ko k&be maiktn i éotw m(i) =
{S € 7:i€ S} 10060vONO TV TAUKTOV TOL GUVAGTILGHOD TOV.

H cvlloyr 6Awv twv dopdv cvvacmiopdy tov N mapiotator wg II(V). Hapdpowx opi-

Covpe II(V) yie k&be V. C N, pe V 4 ().

Hapdaderypa 2.2. Avvarda eéaydueva tov mapardve moryviov Tov wapadeiyuaros (2.1) eiven T
a) {[Iézpog, Evyevia, I'ewpyia)

B) {{TIézpog, Evyevia), {Tewpyial)

v) {ITétpog), {Evyevia, Tewpyic})

) {{ITérpog, Tewpyia), {(Evyevia))

¢) {{lTétpog), {Evyevia), {Tcwpyiaj).

2.2 1810TNTEG TV TPOTIUNCE®V TOV TALKTOV

Yrépyovv moAA& Teploplopéva ndovikd maiyvia mpoepyopeva amd avticTolyovg mepLo-
PLOHOVG OTLG TTPOTLUNCELG TWV CUHHETEXOVTWV. AKOAOVOEL pl GUYKEVTPWTLKT) AloTa TOLKIAWY
TEPUTTOOEWV.

Opiopog 2.3. (Avwvupia), [Banerjee, Konishi & S6nmez, 2001]. Haiyvio G ikavormotei Ty avw-
vopio edv e kaBe i € N, yua k&e S, T € S;(N) pe |S| = |T| eivou S ~; T'.

AnAod, ebv oL TaikTeg eVOLXPEPOVTOL HOVO YL TNV TANOIKOTNTA TOL GLVAGTLGHOV TOUG.
IMoaiyvie oe auth TV KoTnyopio avostaploTavtol otd atoptkd opBoroyukég Aloteg peyeBodv
ouvvaomiopov (AOAM).

Hapdderypa 2.3. Evag padnrig emAéyer to ueAdovrikd medio épevvds tov pie povadiké KpitHpio
10 TA00G TV PoITHTOV T€ AUTO TO TEdIO, TKETTOUEVOS 0Tt QUTO TO Tedio Oa Eyer mpoomriky. Ot
rpoTirioels Tov avarapiotavion wgl < 2 < ... <n < n+ 1, yua kdben € N.

Opropog 2.4. (Awxywpiopotnta), [Banerjee, Konishi & Sonmez, 2001]. Haiyvio G kodeiton
Sroywpioyo e yo ke i € N, yioe ke S € S;(N) ko yua k&be j ¢ S, eivon [SU{j} 7
S e {i, g} Zi {1}]
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SUVETOG 1) ELGAYWYT] TOV § 6TO CLUVACTILOPO TTaikTr ¢ elvon BeTikr] yia Tov 2, povo edv yia
TOV 7, 0 GLUVOGTILGHOG HE TOV j elvail TPOTILOTEPOG TNG AITOUOVWGTG.

Opiopodg 2.5. (Apoifoudtnrta), [Banerjee, Konishi & Sénmez, 2001; Bogomolnaia & Jackson,
2002]. TTatyvio G eivar apotPaio ebv yio k&be i, 7 € N, eivon
i, 5} Zi {i} & {i, 5} =5 {iH won [{4, 7} Zi {i} < {i, 5} 35 {0}

Evvowvtag 6Tt 0tav o maiktng ¢ embupel cuveTALPLOPO pe TOV TalKTY J, 0 TAlKTNG J EXEL

v 8l tpdBeom yia Tov i Ko OTOV 0 TAIKTNG ¢ TPOTLUA TNV AITOPOVWGT) ATTO TOV GUVETALPLOHO
HE TOV j, 0 TAlKTNG J TPOTLHA TNV WTOUOVWGT] OTO TOV GUVETALPLGHO HE TOV 4.

Hapdaderypa 2.4. O mpotyurjoelg Tov wapadeiyparog 2.1 Sev ikarvomoLovV v cpolfaiotnra e@o-
oov 1 Evyevia emiBupei ovvetaupioud pe tov Iétpo eva o TTétpog Sev éxel mpdbeon ovvaormiopol.

Opiopog 2.6. (ABpoiotikr) Siaywplopotnta), [Banerjee, Konishi & Sénmez, 2001]. Haiyvio G
elvo aBpototikd Saywpiopo ebv yio kabe maiktn ¢ € N, vrdpyet cvvaptmon v; : N — R
tétow wote Y kée S, T € Si(N), S Z T < 3 icsvi(d) = D per vi(k), dmov xwpic Prapn
NG yevikoTnTag, Kavovikomolotpe Oétovrag v;(i) = 0.

Ilpétaon 2.1. O cvvdvacpog avovouiag kKo SioaywploloTnTag cuVErayetal adpoioTiky dloywpi-
ootnTa.

Amodetn. Adyw tng doywplopdtnTag, yio k&be maiktn i, K&rolov mailktn j kol cLVACTTL-
opovg {S,T € Ny|j ¢ S, T NSH = T} < {{i, 5} =i {i}}, 6mov ST cuvtopoypégel v
évwon S U {j}. Qotdoo, cvpmepidnyn g avovopiog diveem +1 72, n+ 1 < 2 77; 1, 6mov
2 7=; 1 ovpPolilet 1L 0 TAUKTNG ¢ TPOTPA GLVACTILOPRODG SVO PEADV aTd TOLG HOVOpEAELS.
YnoOétovrag 6Tt maikTng @ aroTIpd TV oo cuveTaipov Tov j oo péyedog v;; ko AapPdvo-
vtog VoYY TV oL NG TeAevtaiog wwodvvapiag Ym,n € N, n diotnta g abpolotikig
SLoYWPLOHOTNTOG LKAVOTTOLELTOLL. O

Opiopog 2.7. (Svppetpia), [Bogomolnaia & Jackson, 2002]. Iaiyvio G eival ocvppetpikd edv
UZ(]) = Uj(i)7Vi7j-
JUvendG 1) cuppeTpio eykAeiel TNV apolPondTnToL.

Hapddevypa 2.5. To ndoviké maiyvio (N, 7)) mov opileran ard Tig anotiurjoels kdbe maiktn yio
T0UG Aoirrovs, Tov mapadeiyparog 2.1, eivon abpolotikd Siaywpioiyio Ko CUUUETPIKO.

Mivaxag 2.1: ABpoiotikd Siaywployies Ko TUUHETPIKES TPOTIUNOELS.

1 2 3 4
V1 0 3 2 -10
V2 3 0 25 —6
U3 2 25 0 3

vy —10 -6 3 0

H ovupetpia eivou mpopaviig. H afpoiotikij dioywpiowétnta tov naikty 1 endyer tig mpotiut-
oeig ovvaomiopdv{1,2,3} =1 {1,2} =1 {1,3} =1 {1}. Alemordverar ém1 n eloaywyr mouktdv
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ytee Tovg omoiovg o maikthg 1 Siatnpei OeTicés amoTiutoels, o€ Evay VITAPYOVTE CUVAOTILOUG 00N YEL
o€ ovVaoToo o embuunTo yia Tov waikty 1, avniBéTg elodyovTag TaiKTES e ApVHTIKY amoTi-
unon pokvrovy Atyotepo embuuntoi ovvaomiopol yia tov aiktn 1.

Opropog 2.8. (Pirot ko exOpot), [Dimitrov et al., 2004]. Pilol maiktn ¢ ovopdletan To GHVOLO
G, mov amotedeitan and tovg maikteg j € Ny Tovg omoiovg {i, 7} 7Zi i. ExOpol maiktn
Bewpotdvtal pédn tov cuvorov B; = N\ G;.

(Extipnon twv gidwv). OL tpotiprioelg Pacilovtal otny eKTipnom Twv eilwv edv yio 6Aa
o X, Y € Ny X 7Z; Y avkarpovo av o) |G; N X| > |G, NY |/ P) |G N X| = |G; NY]| kaw
|B; N X| < |B; NY]. O naixteg dnAadn katatdooovy tnv embupio ToUg va GUPHETAOYOLY
0€ KQITOLO GUVOGTILOHO, COHPWV e TOV aplBpd TV @idwv mov mepLéyet.

(Amootpogn otoug exBpovc). O mpotipfoelg Bacilovtal 6TV atosTpoPr) 6Tovg exOpoig
ebvyukdfe X, Y € N, X 7, Y eavkoupovoedv o) |[B;NX| < |B;NY|RqP) |BiNX| = |B;N
Y| ko |G; N X| > |G NY|. Zovendg péow g arrostpogric otoug exOpoie, meptypdgoval
Talyvia OOV OL TTAKTEG TPOTLHOVV éva CLVACTILGHO S G€ o)éom e évav GAlo So, Hovo edv
mepLéYEL AydTepoug ex0povg amd tov So.

(ITp6PAnpa twv ovykatoikwv), [Irving, 1985]. Ilepropiopdg tov peyéBovg twv cuvaomL-
op®v og dV0 kol Tov TAOOVG TV TAUKTOV Ge ApTio aplBpd odnyel oto TPOPANUX TwV oTa-
Bepodv ocvykatoikwv. Xe avtd To TAxiclo k&Be maikTng SlatdooEL OALKA TOVG LTTOAOLTOUVG.
Katomwy avalntdron éva otabepd taipiaopa, SnAadn Stoxwplopods Tov malktodv oe (edyn
MOTE VoL UV LITEPYOLY VO €' AVTOV OV VUL TPOTYLOVY EKXGTOG TOV ETALPO TEPLOGOTEPO OATTO
Tov ouykdroikd toug. Eva mopdderypo mpofAfportog cvykatoikwy diveton otnv opdypago
2.5.2.

Emnexteivovtag TIG TPOTYOELS OTOPWY G TTPOTLUNOELS GUVOGTILGHMVY, YEVVOVTOL OL KAQ-
oelg twv B ko W ndovikav maryviev avrictoryo.

Hapaderypa 2.6. OL mpoTiufoels Teaodpwy CUUHaONTOV OV PIIT0pOUY Vor KAVOUY OUAOIKG TYOALKT
epyaoia kai n tedevtaia Tovg emidoyn eivar va thv Kavovy atopikd, divoviar aro tig§ akodovfeg
Aioteg

{A,E} =2 {A,B,E} ~py{A,E,P} =4 {A,B,E,P} =4 {A,B} ~4 {A, P} ~4 {A, B, P}

{BvE} ~B {AaBaE} ~B {B7E7P} ~B {A,B,E,P} ~B {A7B} ~B {B7P} ~B {A7B7P}
{E7P} ~E {A7E7P} ~E {B7E7P} ~E {A7B7E7P} ~E {AaE} ~E {B7E} ~E {AvaE}
{va} ~P {AaBaP} ~P {BvE7P} P {A,B,E,P} ~P {AaP} ~P {E7P} ~pP {A,E,P}

H 6ym twv mpotiprjoewv apudlei e to B povtédo. H AAikn mpotiuder ve epyaorei pe v Eva amd 6t
e Tov Baoiln 1j tov Pagpand. O Baoilng exiong npotiuder thv Eba ard thv AAikn 1j tov Pagarl, n
Eva mporipder thy ovvepyaoia e tov Papand énerta pe thv AAixn 1 tov BaciAn kau o PoapaniA emiAéyer
mv epyacia pe tov Baciln ko karomy wwootaluiler Tig ovvepyaoies ue v Adikn kou thv Eda.
Avtég o1 mpotiurioeis kabopilovv v odiky didraén oe mbavols cuvaomiopovs Kot apovoidlovral
i€ TUVOTTTIKO TPOmo oToV mivaka 2.2.
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Hivaxag 2.2: IpoTiutjoelg o€ TAIKTEG TOV EXEKTEIVOVTQL G TUVATTIOUOUG.

Haixtng Hpotyrjoeig
Alixn Eva > Bacilng ~ PagarA
Baoidng Eva >~ Alixn ~ Pagpanl
Eva Pagand — Adikn ~ Bacilng
PagpariA Bacoilng > Alikn ~ Eva

Opiopog 2.9. (B & W maiyvia), [Cechlarova & Romero-Medina, 2001]. T maiktn ¢ ko ov-
vaomiopd {S | i € S} kalovpe B;(S) tov mAéov mpoTpmdpevo TtaikTn Y Tov i 670 S, 1
Bi(S)={jlj ok, Yk € S}. laiktng i, B-npotipd cvvaomiopd S évavtt cuvaomiopod T
otav eite B;(S) =i Bi(T) 1 Bi(S) ~; Bi(T) xau |S| < |T|.

T aiktn @ ko cvvaomiopd {S | i € S} xahodpe W;(S) tov Aydtepo mpoTipdpevo
naiktn ywx tov aiktn i oto S, 4 Wi(S) = {j|j Zi k, Yk € S}. Taiktng 4, W-npotipé évov
ovvaomiopd S évavt cuvaomiopot 1" ey Wi(S) =; Wi(T).

Hdoviko maiyvio eivon B maiyvio edv ol tpotipnoelg kabe maiktn eivor B kot éva aiyvio
elvor W edv oL mpotipfoelg twv mouktadv eivon W.

Y& ouTH) TNV KOTNYOpio ERTTIITOLY KATAGTAGELS OTTOL OL TTALKTES TTPOTLHOVY £VOL GUVAOTIL-
OO EVOVTL EVOG AAAOL €Gv TTepLEXEL TOV TAEOV TTPOTIHONEVO TTALKTH atd TNV €vwot) TV d00o
ouvvaomiopov. To mhaiclo avtioTolyel oe abAntég ov emdidkovy va evrayBodv otnv opddo
JLE TOV TTAEOV TTETELPAPEVO TLPOTTOVITH, EPEVLVNTEG TTOV GTOXEVOLY TNV EVOWUATMOGT) GTNV OP&S
TOU TTLO AVRYVWPLOUEVOL KaBnynTh K.AT.

Ytov avtimoda, OTav 1) HETPLKT] EVOLOPEPOVTOG Elval 1) TOS00T) TOV ALYOTEPO TTPOTLUMHE-
VOU TTaiKTH TNG opddag, kataotpovetor éva W-naiyvio. Xopoktnplotikd tophdetypo oto-
teAel opddo avBpwmwv mov emtBupodv va kdvouv opelfacio Ko avalnTody GLVTPOPOLS HE
mopopolo pubpd Padicpatog. XTnv mepinTwon ot oL TaikTeg eviloupépovTal yio Ty ela-
XLOTOTOLNOT TNG HEYLOTNG oTOKALONG otd Tov pLBpd Tovg. Xuvendg mailovv évo minmax
Ay VIO KoL TTPOTLHOVV €V GLVAGTILORO S évavTt GAAov T' povo edv TPOTIHOVV TOV XELPOTEPO
ylot avToG ok T TOL S éVOVTL TOL avTicToLyov Tov 1.

T'evikevon tov B malyviov amotelodv ta malyvia kopupaiag amokpioipotntog. Ilpoti-
HNOELG TTOV LKAVOTTOLOUV TNV KOPLPALX ATTOKPLOLUOTI TR AVTIKATOTTPLLOUV KATAGTAGELS OTTOV
KB maiktng emAéyel petakld §00 cLVACTIOHOV, SlxwPllovTag KoL GLYKPLVOVTOG TNV TTPO-
TIHOTEPT) LITOOUADA TOV G K&BE GUVAGTLONO. ZUVETMOS, ALTA TA TALYVIX elval o evpUTEPT
owkoyévela B onyviov, oot ota B maiyvia, oL TPoTHRCEL ATORWV eKTELVOVTOL GE TTPOTLUT-
O€LG GUVACTILOPMVY EVE GTO TTOLY VIO KOPLPOLNG AITOKPLOLHOTN TG, TTPOTLHUICELS O DITOGUVOAX
TOLKTOV ETEKTELVOVTAL GE€ TTPOTIUNOELS CUVUCTILOHMV.

Opiopog 2.10. (Zdvola emhoyrg & kopugaia amokpiopdtnta), [Alcalde & Revilla, 2004; Aziz
& Brandl, 2012]. Aoopévov maryviov (N, =), obvola emhoyig Ch(i, S) maiktn i oe cOvolo
noukTOV S € Nj, eivon ta péylota vtocHVOAX TOL S WG TPOG TNV oXEST 27,

IIpoTIHNGELG TOLY VIOV LKAVOTTOLOOV TNV KOPLPALO AITOKPLEILOTNTX AV Yia k&De Tariictn
ko kéBe 600 cOvora mouktdyv S, T € Nj:

« |Ch(i, S)| = 1. ZvpPoriCouvpe to povadikd owtd cbvolo emhoyig wg: ch(i, S).
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« eav ch(i,S) =; ch(i,T) tote S >=; T
o €& ch(i,S) ~; ch(i,T)xow S C T t6te S >=; T

Heapdderypa 2.7. O mpotiptioeis Tov wapadelyparos 2.6 IKaVomoloUV TNV KopuYaia arroKpLoijio-
TNTA VG TPOTOTOIOVTAG TIS TPOTIUNOELS TOV TTaikTh A o€

{A,E} A {A,B,P} ~A {A,E,P} ~ A {A,B,E} A {A,B,E,P} - A {A,B} ~A {A,P}

npokUntel mapafiaon g ibiétnrag kabds Ch(A,{A,E,P}) = {A,E} =4 {A,B,P} =
Ch(A,{A, B, P}) ovvendg n devrepn ovvbijkn mov vrrayopever ont {A, E, P} =4 {A, B, P},
dev exmAnpdverat.

Opropog 2.11. (Zovora amoguyng), [Aziz & Brandl, 2012]. ZvoAo amopuyng maiktn ¢ petad
ovvorov S C N, ovopdletal T0 GOVOAO TV EAGXLOTA ETLOVUNTOV LITOGLVOAWY TOUL S YL TOV

noikTn 4, Tov cvpPorilovron Av(i, S) ={S' C S: (i€ S) A (S Z; 8", VS" CS)}.

Opropog 2.12. (Amokpioydtnta mubpéva), [Aziz & Brandl, 2012]. Haiyvio (N, 77) exmAnpol
TIG TPOVTODETELG TNG TOKPLOLUOTN TG TTUOHEVOL XV OL TTPOTIUNGELG EKAGTOV TTOULKTT § LKOLVO-
OOV TIG akOAovBeg ocuvOTKeg

o petad dvo cvvaomiopev S, T € Nj;, mpotipdtepog yio tov i eivar o S, 4 § = T, edv
ig > ir, Vig € Av(i,S),ip € Av(i,T) dnladn ekeivog pe to mo embopntd cbvolo
amoguyng, S 7= T < Av(i,S) Z; Av(i,T), xou

oy k&Be maiktn i € N xou S, T € N; tétowx wote Av(i, S) N Av(i, T) # O pe |S| > |T)|
ovvermtdyeton S =; T

Eav emmhéov ke maiktng ¢ ko k&be ovvoro mouktdv S C Nj éxel éva povadikd cbvoro
amoguyng 1) |Av(i, S)| = 1, mov cupPolrileton wg av(i, S), To maiyvio kodeitan toyvpd arto-
kpioyov mubpéva.

Opiopog 2.13. (Khaopatikdtnta), [Aziz, Brandl & Harrenstein, 2014]. ITaiyvio G = (N, )
omov k&be maiktng i € N éxel ouvaptnon koéotovg v; : N — R oOppwva pe tnv onoia,
Katataooel kbe cuvaomiopd S € N; Bacel TOL HEGOVL OPOL TWV TAKTOV GTOV GLVAGTILOHO
Hvi(S) = W kaheiton kAaopaticd ndovikd matyvio.

To mAaiclo TV KAAGHATIKGOV NOVIKGOV oty Vi eQoplolel e eTLTUXIN 08 KATAOTACELG
omov eival emBopunti 1 opotoyévera. [epimtddroerg 6mov k&be maiktng emilntel oTOV CLVAGCTIL-
o6 TOL, Vo LYNAO TOGOOTO HEADV JLE KOV YVOUN 1] av&YKeG, epmtinTel o€ avtr ) Bewpnon.
To VoYY Tayvia propoy va avamapactofody atd katevBuvopevo ypdeo G pe TIG OKpESG
va ametkoviCouv v aia wov divetal ot ovvdeot amtd To k&b dkpo tng avtiotorya. Haiyvia
omov k&be axpr) eivon povadiaiov Pépouvg kalodvtal aTAd.

Opiopog 2.14. (Movr] kopuer), [Bogomolnaia & Jackson, 2002]. Ov mpotipufioelg maiktn i o€
Kdmoto cvolo {x1, xa, ..., Tk} éxovv povadikr kopven edv viTdpyel aplOPdG p;, TOL OVOpA-
Cetan kopLYT) TOL TTAKT 7, T.0. VS1, 82 € {X1, X2, ..., Tk}, [$1 < s2 < pi ) 81 > S92 > pi]
= S9 > S1.
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Opiopog 2.15. (Iooppomia kou SrateTarypévn looppomia), [Bogomolnaia & Jackson, 2002]. ZvA-
Aoyn cuvaoTiopdv B, gival tcoppomnpévr edv vrdpyel dSiavuopa Betikdv Popav ds eml TV
CUVAGTIIGPOV, TETOLO OGTE YL K&Oe okt 4, ) g picg ds = 1.

IMaiyvio ovopdleton Sratetarypéva LGOpPOTNHEVO eV Yio k&Be Looppomnpévr) GLAAOYT) cUVa-
omopdv B, vrtdpyel Swopépion T tétow dote yia k&Be maiktn 4, vdpxer S € Buei € S
Tétolo wote Sy i S.

Apa éva maiyvio eivon drotetaypéva looppomnpévo edv yio k&Be L.ooppomnpév) cLALOYT)
OUVOOTILGHGOV, VTTAPXEL Yo kK&Be maikTn, pio Sapépion mov tov eival TpoTipdTepn ad TOV
ALYOTEPO TTPOTIUNTED GUVAGTILOUO GTNV LGOPPOTNUEVT) SEGHN).

Opiopog 2.16. (Zvvéyela), [Bogomolnaia & Jackson, 2002; Greenberg & Weber, 1986;
Greenberg, 1994]. Mia Sibtakn mouktdv eivan opopopeiopdg f : N — N.

Svvaomiopdg S C N elvou cvvexig wg mpog dihtakn f, eav f(i) < f(j) < f(k),i € S
ko k € S ovvemayeton j € S.

Haiyvio (N, {Zi}ien) eivan aoBevirg ovvexég wg mpog didtakn f edv omotednimote Storpé-
plon T eivon katdTEPN 0d cuvacmiopd T, vapyel cvvacmiopdc T cuveyrg wg Tpog v f
OV €lVOL AVOTEPOG ALTTO TNV T.

Haiyvio (N, {7 }ien) kadeital cvvexég wg mpog diataln f, edv omotednmote S 7; {i},
n S elvai cvvexng wg Tpog f.

Awopépion 7 eivon ovuvexng wg mtpog dwatakn f, edv k&Be S € 7 eivan cuvexrig wg mpog f.

Opiopog2.17. (Iddtnta kopvpaiov cuvacTicpov), [Banerjee, Konishi & S6nmez, 2001]. Aedo-
pévou pn kevod cuvorov marktev V' C N, pun xevo vtoctivoro tov S C V ammotelel kopugaio
ouvvaoTiopd tov V oeav yio k&be maiktn ¢ € S ko kaBe T C V tétowo wote ¢ € T, eivan
S T.

Haiyvio oxnuoaticpod cvvaomiopodv (N, 7)) kavorotel tnv 181OTHTA TOL KOPLYALOL GL-
VaoTILOHOD edv Yia k&Be oOvoro maktov V' C N, vrdpyel Kopupaiog GLVAGTIGHOG.

SUUTEPACHATIKA, 1) LOLOTNTA TOL KOPLPALOL GLVAGTILGHOD eEacPaAileTal edv yia KOO
UVTTOGUVOAD TTALKTAOV LITAPYEL KALKQ 7TOL TPOTIHE TN SaThpnotn NG aopdOVwong Evavtl
omolcdNTOTE AAANG TTPOTAOTC.

Opropog 2.18. (Idwotnta asBevidg xopuvgaiov cvvacmicpov), [Banerjee, Konishi & Sénmez,
2001]. Aedopévou pn kevod cvvorov mouktdv V. C N, un kevd vroovvoro S C V' amo-

telel acevag kopvpaio cuvacTiopd tov V, edv veiotatol dwatetaypévn Sapéplorn Tov
{81,582, ..., S*} tétowa tote:

o T k&Be maixtn i € ST xou k&e vrocvvoro T C V tétowo dote i € T éxovpe S 25 T
Kot

o T ké0e maixtn i € S* kou k&Oe virocvvoro T C V tétoro dote i € T éyovpe T =; S
povo ebv T'N (Uj<p57) # 0.

IS6tnTor aoBevidg KopLPALOL CLVAGTILGHOD LKAVOTIOLELTOL OO TOLYVIO OYNUATIOHOD GUVO-
omop®v (N, 72) ebv yw kdbe ovvoro mauktov V' C N vrapyel acbevog kopvgaiog ouvva-
OTOHOG. QG €k TODTOV, OL TPOTIUNGELS TTartyViov enaAnBebovy Tnv I8LOTNTA TOL KOPLPALOL GL-
VOGTILGHOD €0V o€ K&Be LTTOGOVOAO TTALKTMOV LITAPYEL tKOAOLOLX LITOGUVOAWY ATTOTEAOVEVT]
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oo o) LITOGVVOAO TPOTIHOVTWV TO S €VavTL 0TTOLOLSNTOTE AAAOV LITOGUVOAOUL P) LTOOUADES
IOV QLPTJVOUV AVOLYTO TO £VOEXOUEVO VAL TTPOTLHGOUY SLXPOPETLKS VITOGVVOAO QT LT TTOVL
oviiKouv, VTG TOV PO OTL B GUPHETEXOLY GE QT TALKTEG OV ALVIKOLY G€ LITOGVVOAX TTOV
TPONyoLVTOL 0TNV akoAovBia.

Hapadevypa 2.8. Bcwpovye waiyvio (N, 27), 6mwov o1 mpoTitioels eivan

{A,B,C,D} ~A {A7B7C} ~A {A707D7E} ~A {A}

{A,B,C,D} = {B,C,D} = {A,B,D} - {A,B,C} -5 {A,C} =5 {B}
{A,B,C,E} =c {B,C,D} =c {A,C} =¢ {C, D} ~¢ {B,C} »c {C}

{A,C,D} =p{B,D} >p{C,D} =p {A,D,E} ~p {B,D} =p {D}

{A,B,C,E} - {B,C,D,E} - {A,C,E} - {C,D,E} ~p {B,C,E} - {E}.

To mpopid mpotiurjoewv apuoler oty 1diotnTa acbevdg kopvpaiov cvvaomiopov. To {evyog
{A, B} npotiud tov ovvaomioud {A, B,C, D}, petav twv Svvatdv e ooppetoyr mouktdv amd
0 obvodo (A, B,C, D), évavti omowovdijrote dAlov Suvatol ouvaomiopov. Luvends amoteAel
aobevids kopvpaio cvvaormioud yix tovg A, B. O1 C, D mpotiovv cvvaomiopois Sidpopovg tov
{A, B,C, D} pévo arnv nepintwon émov ovppetéyovv o A 1i/keu o B. H Siatetarypévn Sapépion
eivan { S, 8%} = {{A, B}, {C, D}}.

Ilpétaon 2.2. [Bogomolnaia & Jackson, 2002]. H 1610ThTa TOU KOPLPQIOV CUVACTIOUOD CUVETAYEL
acbevij ovvéyeia eav oi mpotiutioeis eivar avothpés. H aobeviic 1d1otnTa kopvpaiov cuvaormiopot,
n aobeviig ovvéyeia kou 1 SiateTaypuévn icopporic eivon EEVeS (kO Kal [ie QUOTNPES TPOTIUNOEIG:
yia Sedopévn 1d10tnTO UIAPYEL TALY VIO TTOV TRV IKAVOTTOLEL £V Sev tkavomolel Tig viéAoumes §vo.)

2.3 'Evvoleg otabepotnrag

Opropog 2.19. [Bogomolnaia & Jackson, 2002; Aziz & Brandl, 2012; Sung & Dimitrov, 2007;
Karakaya, 2011; Gairing & Savani, 2011]

« Awpépion 7 eivon atopkd opboroywkr) (I R) eav yi k&be maiktn 4, 7(i) 2Z; {i}. Ev
aAdoig, dev vmapyel moikTng oL Bo TPoTIHoVGE VO toKOAANBeL atd Tov oXNHATIGHO
TOL WOTE VA VTOVOUN DL,

Iapaderypa 2.9. Xto mapdaderypa 2.1 o ovvaomopudos {I1étpog, Evyevia) eivar atopxd pn
opBoloyikos yix tov IIéTpo kabids O mpotyiovoe var peiver povog amd 1o v cUVAOTILOTEL [IE
v Evyevia, kat' enékraon xou 5 Siepépion {{ITétpog, Evyevia), {Tewpyia J} eivan arouxd un
opBolroyik.

« Awpéplon 7 eivon télewa edv ya ke maixtn i, (i) 2Z; S, ywx k&Be cvvoomiopd
S 8 € S;. Anhadn kdBe maixtng i Ppiloketal oe évav artd TOUg TAEOV TPOTIUNTEOVG
OULVAGTILGHOVG TOV.

Hapdaderypa 2.10. O1 mpotirjoeis Tov mapadeiyparog 2.6 Sev emidéyovran téAetor diopé-
pion, apov n évraén e AAIKNG aTOV TPWTO CUVACTILONUG TPOTIUNTTG TS aprivel otov Baciln
dvo vrroynjpiovs ovvaomiouots, tovs { B, P} ka1 { B}, kaveis ex' twv omolwv dev tov eivau
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tédetog. Mia Tpomomoinon 0TS TPOTIUNOELS TWV TAUKTAV IOV Tapéyel SuvaToTnTA TEAEIOG
Sropépiong eivaun 1 SjAwon amé 6Aovg ToVG TAKTEG TOV UEYAAOV CUVAOTIOUOU (TTOV TEPLE-
XEL 6lovg Tovg maikteg) wg Tov mAfov embuuntov. Téte o ovvaomouds {A, B, E, P} eiva
TéA€10G.

« Awpépion 7 eivon Nog otabepr] (NS) edv Sev vitapyet maiktng i ko cvvoomiopdg m(j) #
7(i) tétowor wote w(j) Ui >; (i) ovte {i} >; m(7). Zovenmdg po Swopépiomn eivanr Nog
otabepr], OTav dev vTApyeL TaikTNG oL BéAeL va petakivnOel oe GAAO é0Tw Ko GideLo
GUVOCTILOHO.

Hapadevypa 2.11. H Siopépion {{A, E}, {B, P}} dev eivau Nog otabeprj yia o mapd-
derypa 2.6, kabBdg ovte o BaoiAng ovte n Eba Oa aréxdivay orov oupmAnpwuatiko tovg ov-
VOOTTLOO.

« Awpépion 7 eivon atopké otalbepn (1.5) edv dev viapyel maikTng @ téTorog wote {i} >;
(1) xou yioe kavéve waiktn dev vndpyel cvvaoiopds w(j): w(j) # (i) tétolog dote

m(j) Ui =i (i) Am(G) Ui Z5 w(5), Vi € m(4).

Qote pio Soapépromn eivor atopkd otabepr) edv kaveig maikTng dev propei va eivon me-
PLOCOTEPO LKAVOTIOLNHEVOG TPOGKOAADIEVOG & AAAO TBAVOG KEVO GLVACTILGHO, XWPLG
VO KAVEL PEAT) TOV VEOL TOUL GUVACTILOGROD ALYOTEPO LKAVOTTOLNLEVAL.

Hapdaderyua 2.12. O ovvaomiouds {{A, E},{B, P}} oo napddeiyua 2.6 eivou aropikd
orabepés. O Baoilng embupei va ovvdebel pe tovg { A, E'}, wotdoo kdvovrds to, n AAikn
OUPUETEYEL O€ TUVAOTIIONO ALyGTepO emBuunTo yicx exeivy amd ot mpiv v édevon Tov BaoiAn.
Opoiwg, n Eva embupei v ovoowpatwlei orov ovvaomioud { B, P}, wotéoo o Papail ackel
Béro kabag o ovvaomiouds { B, P} tov eivan tédeiog.

o Awpépion m eivor oopPePAnpéva Nog otabepr) (CNS) eqv dev vmapyel mailktng @ ko
ovvaoTiopog m(j): w(j) # w(i) térowa dote (j) Ui —; w(i) A (i) \ i Zj w(i), Vj €
(i) \ 4, ] # i. Sovendg 1 Sopépron eivan copPefAnuévn Nog otabepn, dtav kaveig mai-
KTNg dev pmopel va eivol mepLocOTEPO LKAVOTTOLNHEVOS HETAKLVOOHEVOG G€ SLOLPOPETLKO
oLVAOTILGHO, TLBOVOG KEVO, TNG SLopépLong Xxwpig v duoyepdvel tn Béorn kdtolov atd
TOUG GUVETALPOLG TOV GTOV TWPLVO TOL CUVAGTILGHO.

Hapadevypa 2.13. HSiopépion {{ A, E},{B, P}} oro napddetyua 2.6 eivan oopfefinuévn
Noag otabepy kabos n Eva O 1j0ele va amokAiver ko va mpooywprjoel aTov cUVACTILONUG
{B, P} wotdoo n Adikn dev O svvnyopotoe kabog o ovvaomiouds { A, E'} eivau o féltiorog
ovvdvaouog tg. Iapopoing o Baoidng Oa 10ede va amokAiver Kau va mpooywprjoel aTov
ovvaomopé { A, E'}, ev tobtois o Pagaijd dev Oa ovykararedétav kau O apvoitav o kUpog
¢ Tpocypnans. Aev vrdpyovv aAdor exidoéor avtéuolot.

+ Awapépion m kodeiton cupPefAnpévn, atopkda otabepny (C'1S) edv dev vapyel TaikTng
i xou ovvooTiopdg m(j): w(j) # m(i) térow dote

m(J) Ui =i w(@) Am(f) Uiy w(i) Vi € m(f) Am(i) \ i Zp w(@) VK € m(i) \ 4,
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k # i. Svvenog pia Stopéplon kadeiton ocvpPefAnpévn, atopukd otabepr dtav koveig
TOUKTNG SV PITOPEL VO KATAOTEL TEPLOGOTEPO LKAVOTIOLNEVOG HEGW PETAKIVNOTG o€ SLo-
POPETLKO, TOAVOG KEVO GUVOGTILGHO, XWPLG VO KAVEL TOUG TTALKTEG TOL APXLKOV 1] TOU
KOTOATKTLKOD GUVAGTILGHOD TOU ALYOTEPO LKALVOTTOLHEVOUG.

Suvaomiopog S C N kwhvet Swopépion meav S =; m, Vi € S.'Evag ocvvaomiopds dn-
Aodn) elval KOADWV edv To HEAT TOL PeATIOVOVTOL YVNGILWG €V oLYKpLoEL pe TG oA aEC
TOVG oTNV TpEXoLaa SLopépLoT).

Hapadevypa 2.14. Xro napdSerypa 2.6 0 ovvaomopés { A, B, E'} eivar kwAvwv yia ) Sia-
pépron { A, B, E, P} apoU 6yi uévo n AAikn adAd ko o Bacidng kau n Eba avédvovy thv ika-
vomoinon tovg evrdg avtris ¢ opddag. Avtifétwg, o cvvaomiopds { A, E'} dev eivar kwAvwv
yie avtrj ) Swapépion, awov n Eva mpotiud tov{A, B, E, P}, i {A,E} g {A, B, E, P}.

Awopépion Pploketon otov mupriva edv dev LTTAPYEL GUVAGTILORAG TTOL VO TNV KWADEL.

Svvaomiopog S C N acBevarg kwlvel Stoapépion meav S 72; w(i), Vi € S kou 35 tétoto
wote S > 7(j). Anhadn), cuvaomiopds eivar aoBevidg KWADWY, edv 0 OXNUATIOHOG
Tov dev eivon emLlNLOG Yo KaevEva HEAOG TOL KoL elvorl ETw@eANG Yot TOLAGLGTOV évar,
OUYKPIVOVTOG HE TIG AWTOAXPES TV TAUKTOV GTN SLAPEPLOT) TTPO TOL CYNHATIGHOD TOV.

Ilapaderypor 2.15. Ocwpoljie VOTOKOUEIO OOV TPELG YEIPOUPYOL S1, S2, S3 KAl TPEIS VOOT)-
AevTés s1, S2, 83, OV epyalovrar oo (10 TUUA XPEIGLETAL VO TUVEPYQTTOUY Yiax TN SLEVEp-
yewx mapdAindov eyyeipticewv. Ot TPOTIHOELS TWV IXTPAV Kotk TOV VOOHAEVTIKOU TPOCWITL-
KoU eivau

nyp ~sy N2 ~sy N3
N1 =gy N2 ~sy N3
ng ~gy N1 g3 N3
S1 > ny 82 > n, S3
82 ™ ny S1 ™ ngy S3
82 ™ ng 83 P ng S1

n Swpépion {{s2, n1}, {s1,n2}, {s3,n3}} emdéyerar wg acbevis kwAvovra cvvaomious to
taipiaopia {s1,n1 }. Xe autov tov aobevds kwdbovta ovvaomiopd o s1 amodepfdver to (Sio
6pedog, woTooo N Ny Pedtidver T Oéon e ev ayéon pe TIS TPOTIUNOTELS THG.

Awopépion avrker otov awotnpd mupiva (SC) edv dev vtdpyel GUVOCTIGPOG TOV Vvt
NV KOAVEL ae0evag.

Yuvaomiopog T eivon Ioapéto Pédtiotog (PO) dtav A Stoépion ', TéTola (o Te yio ke
nadktn ¢ 2 7w’ (1) i w(i) xou 7 (f) =5 w(J), yw éva madktn j. EEnydvrag mepaitépo,

Ol GUHHETEXOVTEG G Eva NOOVLKO TTalyvio tkavostolovy BeAtiototnta katd [lapéto oTay
dev vapyeL StopépLoT) oL va elval acBevadg kKaAbTepn atd TV TPEXOLGA TOVG.
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Hapddevypa 2.16. Xto nopdderypa 2.6 n Siapépion {{ A, E}, { B, P}} eivou Ilapéro fédti-
att), epooov dev vrdpyel dAAY Siapépion mov va tkavoroiel e€ioov 1 mepioodtepo thv AAikn,
Qo TV TWPIVH.

« Awpépion ' kodeiton mpooith) ad v T pécw petaxivicewy mouktodv H C N, wov
ovpPorilovron wg T A, ebvVi,j e N \H:7(i) =n(j) & 7' (i) = 7'(j).

Iapdderypar 2.17. Ocwpovye enta epevvntés A, B, C, D, E, F, G mov epydlovtai o€ opd-
dec wg S1 ={A,C,F}, Sy ={B, E}, Ss = {D,G}. O1 oudSes epyaciag

{A,B,C},{D,E, F} {G}

npoceyyilovrar and v apyikl Siaudppwon péow twv petakwvijocwv {B — S, F —
Sa, D — S} tov ovvérov mauktdy Hy = {B, F, D}. Ipopavadg vrdpyovy kot eval-
Aaktikd oUvola amokAvevTwv e avtioTolyes peTakivioels yia va emtevyBel n idia Soprf
oVVaoTIoUY Ortwg To ovvodo maukteyv He = {A,C, E, D} va npayparonoujoer {A —

SQ,C—> SQ,E—> Sl,D—> Sl}

Yroobvoro mouktov H C N woyvpd Nag kwdvel dioapépion m eqv vhpyet pioe Stopé-
plon 7 TéTol WoTE T Ay 2k Vi e H (i)' = (7). Awogiépion 7 eivon toyvpé Nag
otadepr} (SN S) edv # vtoostvoro H mov toxvpd Nag va tnv kwAvet. Ilapatnpodpe 6Tt
pio Srapépiom eivan toxvpd Nog otabepr] edv ev vTdpyeL LITOGVUVOAO TALKTMV TTOL OAOL
vou €xouv képAOG atd GLVOLAGUEVT) AVASLATOET TOVG GTOVS GLVACTILGHOVG TNG SLOEPL-
ong.

Hapadevypar 2.18. H Sipépion {A, E},{B},{P} yia 1o mpopid mpotiurjoecwv tov ma-
padeiyparog 2.6 dev eivau 1oyvpd Nag orabepr, kabdg o maikteg H = {B, P} pmopotv
Vo K&vovy KatdAAndes petaxivijoeis mpog t Siapudppwon g dapépions { A, B, E, P} mov
Bpioketar ymAdrepa oTig mpotiutoels Tovg.

» Ynooovoro mauktov H C N acBevig Nag kwAvel Siopépion m edv vmapyet Stapépion
' tétow dote T 5 ! ywe v onola Vi € H : (i) 7o; w(i) xou 3 waktng j tétorog
wote ©'(j) =; (). Aopépion 7 eivon awotnpé 1oxvpé Nog otabepr| (SSNS) ebv F
vrocvoro H mov aoBevidg Nog vo tnv kwAveL.

Hapdderyua 2.19. H Siopépion { A, B, E, P} yix tig npotiurjoeis tov mapadeiyparog 2.6
eivar avotnpd wyvpd Nag otabepés, kabdg dev vrdpyer aUvodo amokAIVOVTWV TaUKTWY OV
Uropel vt wpeAnBOei amé dAAa oxfpoTa CLVACTIOUY.

« YrooOvoAro moukt®dv H kwAlel loyupd otopikd Stapépion m, eav KN 7!, w(i) =
m(i),¥i € H xoau 7'(j) Z; 7(4), ¥j € 7'(i), yio x&0e i € H. Awpépion m xahei-
T LoLpd atopkd otabepr) (S1.5) dtav dev vITAPXEL LITOGVVOLO TALKTAOV TTOL LEYXVP&
aTopLkd va TNV kwAvel. EreEnyovtag, dev umdpyel cUVOAO AITOKALVOVT®WV 6TTOL OAOL VX
enw@elodvtol otd T1 6OVOEST] TV VE®V TOUG GUVAOTILOPU®OV XWPLg va {nuidvovTot ot
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POV GLVETAULPOL TOVG. ZUVETMG Hict SLopéPLoT) X petdleTan AydTepo TVEDHA CLVEPYOL-
olog amd Touvg maikteg y va eivon SIS amd 61t yio va eivar SN S, Aoyw twv meplo-
OOTEPWV QUITALTICEWV TTOL TPOTACOEL 1) TPOTH évvola otabepotnTag yia va ddoeL To
TPAoIVO PG Yo ATOKALOT).

Hapadevypar 2.20. H Siapépion {{A, E}, {B, P}} Sev eivau Nag otabeprj yia to maiyvio
oto mapdderypa 2.6 kabig 0 A kar 0 B pmopotv va amokAivovy, amevavriag eivar 1oxupd,
aropxd otabeptj xkabog or mbavés amoxldioeig, empépovv anwleies otovg A ko B avri-
aroiya.

T pia vtokatnyopior Twv Ndovik®v moyvinv opilovtal emtpocbeta pétpa otabepdTn-
T0G.

Opropog 2.20. T abporotika dwaywpioipo ndovikd moiyvio:

o Awpépion  éxel otaBepotnTo TAeloymlag eloddov edv eival atopikd opBoroyikn ko
dev vTAPYEL TALKTNG ¢ TETOLOG DOTE

In(j) | w(5) # m(@) Aw(G) =i m@) A Y [oi(r() Vi) = vi(w(5))] = 0.

jer(d)

Anhadn), dev vapyel maiktng mov BéAeL v atokAivel kat dev B pelwve TNV KoWVIKT
WEPEAELD TOV GLVAGTILGHOV 01OV B evTacodOTAY.

o Awpépion T éxel otabepotnta mhetoynelag e£6dov edv eivor atoptkd opBoroyikog Ko
dev vTApyEL TALKTNG ¢ TETOLOG DOTE

3n(j) | w(j) # 7@ Am() =iw(@) A Y o)\ {i}) = o(a(@)] = 0.

kem(i),k#i

SUVenmg, dev LTTAPYEL TAUKTNG TTOL TPOTLUA SLOUPOPETLKO CUVAGTILOUO Kot Oev Bar pelwve
TO KOLVWVLKO OQEAOC TOV TPEXOVTOS GUVOGTILGHOD TOU OV OUTEKALVE.

Ilpétaon 2.3. H avwvupia dev cvvendyeton atouktj otabepdtnra.

Amodeitn. Ov axdrovBeg Aioteg mpoTiroewy enti TV peyeBodv, Teplypdpovy avidvLpo mTai-
yvio.

87121 7%>=16>11
7922957 >956>91
2>3T7>36>31
T>4-86>4-85>4-84>4-83>4-82>431

O maikTeg 9 £wg 63 EXOUV TPOTLUNGELS He HOVADLKT] KOPLYPT] TO 63.

To peyé0n mov dev emdéxovtan emumAéov maikteg elvar ta 1 £wg 7 ko to 57. MéyeBog 57 onpai-
veL 0TL oL TaikTeg 3 éwg 8 dev cupmepllapfavovral, 10Tt avtd To péyebog Sev eivan aTopkd
opBoioyikod yia avtove. T To Adyo awtd, otovg 57 meptiopfavovtal ot maikteg 9 éwg 63.
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EmutAéov, atopikd otabepog cuvaomiopdg mAndikotntag 1 éwg 7 cuvenmdyetal OTL GUHHETE-
XEL TOLVAGLoTOV évog atd TOug Torikteg petad 1 kou 8, cuvoAlikd H6 malkteg, aprivovtag pic
opdda 7 mok TV ov B cuvasTioTovV ko B amoppogricovy maikteg 6To £0pog 9 — 63. Zu-
VETIOG, Yla var elvat ylor va eiva To mtadyvio atopikd otabepd ot maikteg 9 éwg 63 amatteiton
va eivon ot 18w Srapépion Si.

Am6 toug Aowmovg maikteg Tapatnpeital 6t ot 4 €wg 8 B GLVAGTILETOVY GTOV GUVAGTILGHO
Sa. H cuvévwon pe tov Sp dev aumotedel eAOYT] YL TOUG TTOUKTEG AVTOVG QPO 1) WTOPOVKGT)
TOUG elvor eAKLOTIKOTEPT. OL LTLOYLY TAiKTEG £XOLY AVEOVLGEG WG TPOG TO TATIHOC TPOTIHUNTELS
GLVETMG TELVOLY v GLVETALPLETOVV. O pOVOGg AOYOG VO IV GLVETALPLETODV elvat va LITAPEOLY
aAAeg Srapoppracel. Ot poveg mepLITOOELS eival cUVAOTILOHOG peyéBoug 7 mov e€oupel Eva
€K TV ToukTdV 4 £0g 8 alAd tOTe KdToLog ek Twv maktev 1 kat 3 Oa TpookoAldTaV GTOV
povnpn maikTh.

H endpevn onpeiwon eival 6tL oL maikteg 1 — 3 dev pmopodv vaw GuveTaLploTodY 081y K-
vtog oe péyebog 58, 8 1 3 aod Kkaveig Tovg dev KATATATGEL WG eMBVUNTE avTd Tor Pey£O.
EmmAéov dev pmopodv 6loL va elvan ywplotd dnpovpydvrog peyédn 56, 6 kar 1 dott Tov
povopeAr] cuvaoTiopd Bo arotelovoe o mailktng 3 kot ot maikteg 1 ko 2 Ba TpookoAAOTOVY
0TOVG GUVACTILOHOVG Sg kot S1 avtioTouya. EmumAéov Aappavovrog vtoyv 6tL 57 =1 6, o
moiktng 1 B atéxAive oTov cLUVAOTLOPS S).

Suvendg edv oL maikteg 1 kol 2 elvan cuvaeTopéVOL Kol 0 TTaikTng 3 € So TOTE 0 ik TNG 2
aokAivel otov So ko eEeTAloVTaG KT OHOLO TPOTO TOLG AoUTOVG GUVOLAGHOVE SLATLE TGO VE-
Tau Ot dev pmopel va vtdpel atopikd otabepr) opadomoinon yia To tpokeipevo maiyvio. [

2.4 Yyxéoelg TV evvolwv otafepoTnTOg
OL TéAELOL GLVACTILGHOL TTPOPAVAOG LKAVOTTOLODY OAQ TA KPLTTpLor 6TaBEPOTNTAG.

Hpotaon 2.4. O avatypd ioyvpa Nag otabepés diapepioeis ikavomoiovy thv avathpl] otabepo-
mta muphva (ko popavids thv woyvpl Nag otabepotnta).

Amodeitn. YmoBétovpe O6TL avotnpd toyvpd otabepr) Nog diopépion 7 Sev eppoavilel avotnp
otobepotnTar Toprva. Tdte vhpyel cvvaomiopds S tétowog wote S 72 w(i), Vi € S ko

vrthpyerj: S =5 w(j). Apom A2 H = SxouVie H: 7' (i) 7 (i) xou 3j = 7' () =5 7(j).

Sovenadg 1) Srapépion m dev eivan avotnpd woxvpd Nag otabepr). Avtipoon. 0

Ipéraon 2.5. H woyvprj Nag orabBepotnra Sev ovverdyetal ioyvptj orabepdtnre muptva Ko ToU-
LIy,

Amodeitn. Bewpovpe To akdAovOx aiyvios:

« {1,2} =1 {1,2,3} =1 {1,3} =1 {1}
{172} ~2 {L 273} 72 {2>3} 2 {2}
{17273} >3 {173} >3 {273} ~3 {3}
H Swopépion {{1,2,3}} eivou toxvupd Noag otobepr) alhé& ot .oxvpd otabepr) katd so-
prjva.
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- {1}
{1,2} =2 {2}
H Swpépion {{1},{2}} eivon avotnpé mupnvikd otabepry adlé dev epmintel oTIG
oxvpa Nog otabepéc Sapepioels.

O]

Ilpéraon 2.6. a) H avomnprj otabepotyra muptjva ovverdayerar Hapéro fedtiorotnra ) H woyvptj
Nag orabepotnta Sev eivou emapxris yia Hapéro feAdtiorérnra.

Amodeitn. (o) Ilpoxidmrel eVOEWS AITO TOLG AVTIGTOLYOVG OPLGHOVG.
(b) Bewpdvtag To TPoNYoLHEVO TTalyvio:

{1}
{1,2} =2 {2}

H Swapépon {{1}, {2}} eivan Mapéto Pédtiotn addé dev kavomotel tnv oyvph) Nog otabe-
poTNTO. O

Ilpétaon 2.7. H avotnpij orabepotnta muphve avvayel ioyvpy atopkt otabepotnta.

Amddeitn. Eotw m avotnpn katd mupfva Stapépion oAl ot loxvupd atopikd otabepr. Tote

IH, 7' tétowo Gote T o 7' H = SxuVie H :7n'(i) =; n(i) xau 7' (j) zZ; 7(j), Vi € 7'(4),
ywu k6O i € H. Svpmepocpoatikd, yio cuvacmiopd 7 (i) yio kéoroo maiktn ¢ € H xé&be
moiktng dev {nuodveton ko o ¢ €xel PeAtiwpévn Béon oty m. Katadnyovtag 6tL n) Sapépion

7 dev elvar avotnpd mupnvikd otabepn. O
Ilpétaon 2.8. H oyvpr arouxtj otabepdtnta ovvendyetan otabepdtnTa muphve.

Anédeifn. Eotw m woyupd atopkd otabepny dwopépion kow oyt mupnvikd otabepr]. Yrdpyet
VITOGVVOAO TTALKTMV TTOL HITOPOVY va PeATIOO0LV T1) BE0T) TOVG GLGTHVOVTAG VEO CLVACTILGHO,
xwpig va mpokaiécovy ducapéckeln o€ TPITOLS TAiKTEG. AvTipoon. O

Ilpéraon 2.9. Avomnptj mupnviky oraBepotnra, o ocvvdvaoud ue Nag otalepotnta, eivar ave-
mapky yix woyvpt Nag otabeportnra.

Amddeitn. Bewpoipe To axdAovbo maiyvio:

{1,2,3} =1 {1,3} =1 {1,2} =1 {1}
{2}
{1,2,3} >3 {1,3} >3 {2,3} >3 {3}

H dwpépion {{1,3},{2}} eivoau avotnpd mopnvikd otabepry kow Nag otabepr), emdéxeton
0o t600 Wyvph Nog kwlvov vtochvolo, to H = {1, 2}. O

AmodeucvoeTon OTL:
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(SNS) = (NS) = (CNS) = (CIS)

(NS) = (IS) = (IR)

(SNS) = (SIS) = (IS) = (CIS)
(C) = (IR).

SSNS

7N

SNS

/\/\
/\/\

CNS

\/\/

Sxnpo 2.1: Avcypoppo Hasse tov eyKAelGPOV TV evvoldv aTobepdtnTog.

2.5 Apvntikd anotedéopata

SNV Tapodoa eVOTNTA TALPOLGLALOVTAL APV TIKE ATOTEAEGHATA Yia TNV DapEn oTade-
poV Stopepioewv.
2.5.1 Tevikég mpotTunoelg

Onwg paiveton otnv akdAovdn vITeVOTNTA, LITEPYOLV NSOVIKA Ty Ve pe &deLo TLPT VL.

2.5.2 IIpofAnpa t@v cvykatoikmyv

Yrapyouvv oTiypLloTUTTO TOL deVv emLdEXOVTaL GTADEPR TALPLAGHATA TT.X. TO ETTOUEVO TTALY VIO
4 ovppetexovtov [Gale & Shapley, 1962].

To taipioopa {{1,2}, {3,4}} kwldeton amd v opdda {{2, 3}, evod to {1,3}},{2,4} xo-
Meton artd to cvvaomiopd {1,2} ko n Swoepépron {{1,4}, {2,3}}, xwhdeton amd ) dvada
{1,3}.

253 Iaiyvia W

ATO Ta pYNTIKG ATTOTEAECHATA YL TO TTPOPANHA TV CUYKATOIK®V, ATTOppéeL 1) SuVaTO-
TNTo KEVOTNTAG TOL QLGTNPOL uprvae Twv W ndovikodv matyviewv, 6tnv mepintwor mov 1o



20 KEPAAAIO 2. TA BAXIKA TQN HAONIKON ITAII'NIQN

Mivakog 2.3: Etryptétumo mpoPANpHatog cLYKATOKWY oL dev emidéyeTon
otabepd Tailplocor.

Maixtng [Ipotiproelg

1 2 3 4
2 3 1 4
3 1 2 4
4 otidrjmote

ovTioTOLXO0 GTLYHLOTLTTO TOL TTPOPANHATOS TV cuyKaToikwy dev emidéyetal otabepr) dtopé-
pton. 1o kepdrato 3 mapovoldleton ) oxéon twv W maryviewv pe To TpdPAnpa twv cuyko-
TOlKWV.

2.5.4 ABfpoiwotikn StaxwpropoTnra

H Nog otafepotnra dev eivon eyyevig ota abpolotikd daywpioa taiyvie. To maiyvio
(N, 7)) 6mov N = {A, B,C} xau oL Tyiég tov Tpotpioewy eival kukAtkéc, 0mwmg divovtot
otov Tivako 2.4.

[Mivakog 2.4: Ztiypiotomo pn Noag otabepoo, abpototikd dixywpioipov

oLy viov.
Maiktng Akia
A 0 5 —6
B 3 0 4
C 7 —6 0

v mepintwon ov cvvaomioTooy ot (A, B), o maiktng B 0o atokAivel yio v cvveta-
protet pe Tov C. Edv ovvaomiotov ol (B, C), o taiktng C O atokAivel yia va tpooywprioet
oty opdda Tov A xai t6Te 0 maikTng A O aroxAivel Tpog Tov cuvaoTiopd B.

2.5.5 Klaopatukd ndovika naiyvio

Oewpovpe KVKALKT AloTa TéVTE TALKTOV, 070V 0 Kabévag amotid d0o Tov emOpeVO Tov,
éva TOV TTPoTYoUReVO ToL Kat peiov déxa OAovg Tovg AAAOLG TaikTeS (OXAH 2.2).

K&Be cvvaomiopog mov mepthapfdvel tpelg maikteg eivor aotabng Adyw, tng aficg —10
7ov emiokilel omolodnmote dAAo 6perog. Tuvemakoiovba, pior vITOYRELX yiow TOV TUPTVEL
Swopépron mepthapPavel cuvacTiopong pe péyioto péyebog dvo. Qotdco, kébe dbo Lebyn dev
anote oV otabepn) Swapépion kabwg kamolog maiktng embupel va amrokAivel pe ToV pepove-
pévo moikTn 7oL emiong mPOTIHG évar Talpl atd TNV amopoveeoT. Ev katakAeidt, o mupnvag
popet vo eivat Kevog Yol KAAGHATIKE NOOVIKG Taiyvia.

O awotnpog tuprvag propet va eivor kevog acopa kat yioe artAd ndovikd maiyvia. Otkelo
OTLYHLOTUTTO aroTeAel KUKALKY SOUN TTEVTE TALKTOV.
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:%
1/ 5

\@/'\ 4

2

Zxnpo 2.2: Khaopotucd ndovikd maiyvio pe adelo muprvo.
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KepaAaro 3

YtaBepég Orapepioerg

Y& avtd 10 KEPhAowo mapovoidlovtal ol cuvlrkeg VIO TIG omoieg LTTdpyoLvy oTabepég
dopepioelg yia didpopa kpLtrplar oTabepOTNTOG KoL OL AVTIGTOLYOL OAYOPLOpOL Yo TOV LTTO-
Aoylopd Toug.

3.1 TIlapéto BéATioTEG drapepioelg

[Aziz, Brandt & Harrenstein, 2013]. Hapoatnpovrag 6Tt pic pun PéAtiotn kotd Hapéto Suot-
péplon pmopel vor 0dnynoeL TOUG CUUHETEXOVTEG VOGS NOOVLKOD TTaLyVviov vor atokAivouy, 1)
BeAtiototnTo Kota Mapéto exdapfavetar wg évvola otabepotntag. Yrdpyovv Iapéto PEA-
Tioteg Sropepioetg yia kdbe ndovikd maiyvio oe avtiBeon pe dAieg emBopntég 1dLoTnTEC.

H BeAtiotéomra katd Hopéto cuvdéeton oteva pe Tig TéAeLeg diopepioelg kabBodG Yohapod-
VOVTOG T TTPOPLA TPOTLHACEDY TV TOLKTOV TNV KATAAANAN ékTaot, piax [opéto BéATio
Swpépion avaPabpiletal oe télewo. TumkdTepQ,

Opiopog 3.1. OL TpoTfoELg 27 atoTeEAOVV ApUVET) TwV TPOTIHAGE®Y 1) OTAY CUHPWVX e
TIG 24, 0 kTG @ ptopel va éxel YV oLeg TPOTIUNGELS €Tl KATTOLV PEYLOTAL eTOUUN TRV GLVa-
OTOPGOV TOL GOHPVA pE TIG 27;. ZupPorilovpe awth ) oxéon wg R, >; R; 6mov R, onpaivel
™ oxéon 2k xou R; v ;. Tote 72} elvan pio exhémtovon tng 7. Avédoya o cUpPoAlopog
R, >; R; onpaiver R, >; R; xou ox1 R; >; RY.

Eva mpogih m= R = (R, Ro,..., R,) xadeiton &dpuven tov mpogid =—'= R’
(R, Ry, ..., R],) ebv R; <; R}, yix k&Be maixn i.

Evdidpeca mpoil twv R, R’ : R < R’ xadobvtal ekeiva ta R” yux ta omotoe R” >

RAR' > R.ZvpfoAilovpe tétota mpopil wg R’ € [R, R']. Ze avadoyio pe Tnv avorapdotoon
oty oty avédvon, R’ € (R, R'] wwodvvapei pe R < R < R'.
Ocdpnua 3.1. T gbvoro mauktdyv N vrobérovue R < RT yiax 8to mpoid mpotiuricewv
R, RT xou 611y Sroépion m eivan tédere yia to R+, téte 0 eivon Hapéto fédtiorn yia 1o mpogpi)
RT edv xou piévo edv vrdpyet mpopid mpotyuoewv R € (R, RT] yier to omoio n 0 eivau téderar ko
Sev vmdpyer dAro mpogil mpotyioewv R' € (R, RT] mov va emdéyerau tédewar Siapépion.

I v anddelén mapatnpovpe 6Tt To R elvat To AeTTOTEPO TPOPIA TPOTIUNGEWDV YOt TO
ormoto N 7 eivon Tédelx. Av viToBécoupe 6TL LL&P)XEL TPOPIA TpoTyoewy Ry € (R, RT] yix

23
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TO 07010 1) 71 €lvol TEAELD, LITAPYEL TAUKTNG %, TTOV €XEL HEYLOTT TTPOTipN O Vo To 1 kdmolo
OUVOOTILGHO TTOV ELVAL YVIGLO VITOGUVOAD TWV HEYLOTX EMLOVUNTOV GUVAGTLGHMY TOL VIO TO
R. Yuventag, vro to mpogil tpotyficewy R, 0w Sev prropei vat eivon Hapéto BéATiotn Stopé-
pion. H acvpatotnra amoppéel o To culloyitopd OtL shpgova pe Tic R, o maiktng i éxet
TOUAGYLGTOV TOGO EKAETTTUGUEVES TIPOTIUNOELG OGO He TO [ KoL 1) 1 TOV LKAVOTIOLEL G TEAELO
Bobpo. Anevavtiog, n m dev eivan Téhela yio To Ry oo tkarvorolel Tov ¢ vroPéATioTa. Zuve-
nHg umd o R, kéBe maiktng Ppicketarl TovddyioTov eEicou Lkavoronévog 6To Ty Omeg Kot
OTO T, ®GTOGO, 0 & £lvol ALyOTEPO. ZUpTTEPACHATIK, 1) T Oev propel va eivon Tlapéto PéATion
ywto RT.

Avtictpoga, LTo®éTovpe 6TL T T eivan TéNetar yio éva Tpo@id Tpotipficewy R € [RT RT]
ko 6Tt ARy € [R, RT] mov var emidéyetan téderx Siopépion, tote n 7 eivon Hapéto PéATIOTY
yio to R'. YnoBétovpe mpog dtomo 6Tt Sev eivau, TOTE LIhpyel Stoqiépion 71, 1) omoia eivau
e€ioov koM yio Toug maikTeg vd To R ko vmdpyel TOLAGYIGTOV vag TaikTNG 4, Yiot TOV
oroio 71 (1) = (). Qotdc0 adpivovtag Pripa - fripa o R pe oxomd va Snpiovpyfcoupe o
R, otopotdype vo adpOvoupe TIG TPOTIUGELS TOV TToKTH ¢ OTOV 0 GLUVACTILOHOG 1 (1) CUpITE-
pAngOei otig éATioTeg TpoTIproElg Tov 4. [ Tovg Aoutoig maikteg j € N\ {i} otapoatdpe
v &dpvvon otov 7(j). Tote n 71 elvon Télerar Srapépiomn yio To TPOKVOITTOV TPOPIA TPOTIUH-
oewV, v 1) T dev elval, avtifaivovtag otnv vdbeon tng pn dopEng Télelng StapépLong yio
L0 EKAETTTUGHEVO TTPOPIA TpoTIpcewy amd to R.

AANyop1Bpog 1: AAyopiBpog eKAETTLVONG TTPOTLHNCEWV.

input : A general hedonic game
output An individually stable, Pareto optimal partition for (N,R)

1 QZ-T < R;, foreachi € N

: QFf < R; U ((X,Y): X R; {i},Y R; {i}, foreachi € N)

s while Qll % Q;r for at least ani € N do

4 1 < Choose(player i € N : Qf- =+ QI)

5 Q) + Refine (i : Q- Q")

6 if Perfect partition (N, (Q],Qs ,...,Q] 1,Q", ;:_1, ., Q1)) # () then

, Q-=0Q!

8 else

. Q;.r = QY for cover(Q)) = Q)
10 end

11 end

12 return PerfectPartition(N, Q')

Y10 mponyovpevo Bewpnpa fociletar adyopiBpog yix virodoyiopo Mapéto PéATioTwv do-
pepicewv, o alydppog exAémtuvong mpotiprioewv (AEI). Onwg dnAdvet to dvopd tov, o AETT
vroAoyilel pia Bértiotn katd [opéto Srapépion exkAemtivovag Pripa - Prpa TIG TPOTIUNOELG
TOV TOUKTOV TTOL apyLkd TIBeVTaL 6TIG AeTOTEPEG Ylat TIG OTOleG LITapy el TéAelx Stapépiom. O
AEII apyiler avaBétovtag oo QZ-T TIG TPOTIUAGELG TOV TTaiKTY) 4, ylo k&Be TTaixTn i ko 6o QF
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enimedeg MPOTUNOELS YL TOV TTOUKTT ¢ PeTAED OAWV TV ATOpLKE 0pBOAOYLKOV TOL TPOTLY-
cewv. Ipopavag k&de atopkd opbodoyikr Stapépion eivan Téleto cOpQwva pe Tig Qi Tote,
emléyetat vag TaikTng kat Yivetan ekAETTUVOT () TV TPOTIUAGEDY TOV, GTO SLACTIHA TTOV
opileton a6 Tig Q) xou Qi Karomv, ehéyyeton ebv vmbpyel TéNelor SqiépLoT ylor auTég TIg
TPOTICELS. TTHV TEPINTOOT TTOL LITAPYEL, To QF evnuepdvetal oe Q' aAidg avartiBevran
oto Q] oL mpotyrioeg QY yix Tig omoieg cover(QY) = Q', Snhadn o1 QY eivou éva Pripa
adpotepeg amd Tig Q.

Amo v mapomtdve epLypogr yivetal gavepod 0t oe k&Be etavaAnym tov fpdyov evocw,
1 amdoTact petad Tov Q. kou QF HeLOVETAL Yiot KATTOLOV TaikTY 7. AQoD oL GUVAGTILGHOL
petaE TV omoiwv emAéyel K&Be moiKkTNG KAl TO GOVOAO TOV TOUKTOV Elval TemePAoHEVA, O
aAyopibpog teppartilel eyyvnpévo petd amd koo aplBpd kbkAwv. Emmpdcbeta, dev vmdp-
XEL EKAETTTUVGT] TOU EMLOTPEPOPEVOL TTPOPLA TPOTIUNGEWY YLOL TNV OTTOLoL VO LITAPYEL TEAELAL
Swxpépion. H Béon yio v tedevtaio mapatrprorn mpoépxeTal amd To YEYovog OTL TNV TEAEL-
Taio opd oL 0 ahyopLOpog emédeEe To HOVOTTATL "OAALDG eav" iTa emeldn] Sev LT pye TEAELL
Siopépion ko To aroTédesa yio avtd To Pripa frav ot Q) vor yivouv ot kahOTepeg TPOTYLY-
OELG YLOL TIG OTT0LeG PTTOPEL var LITAPYEL TETOL SLoPEPLOT). ATTO EKELVO TO GTUELO OL TTPOTIUNCELG
Tov maikTn ¢ dev adpvvOnKaAY.

O 80%0 cuvapthoelg Tov kahovvtol atov adyopLBpo,  Choose kot 1 Refine opilouv koo
XOUPOKTNPLOTIKA TNG ToPOyOpEVNS SOUNG CUVACTILOUMV.

Mivakog 3.1: Idotnteg AEII wg mpog Tig ovvaptroelg Choose kot Refine.

ISuotnta Choose Refine
1 T
Avodikny avalTnon Toxaio [refs(@l ) —; refs(Q; )-‘
AxolovBokr) diktatopior  kaBopiopévn, emipovn celpd oK TOV AemtoTepn duvartn
JovTnpnTikn Tuyaio ehdrxiotn duvartn ekAémTuvon
Iootipio LRU eAdyLotn duvart ekAémTuvon

H cvvéaptnon refs:Preference Profiles for given players — N déxetat éva atopiikd opforoyikd mpo@id
TPOTIUNCEWV KL ETMLOTPEPEL TOV APLOPO TWV OTALTOOHEVOV EKAETTUVOEWV (OOTE VAL KOTOGTOUV OL
TPOTIUNOELS eTtimedeg, SnAadn TpoPid TpoTipricewy 6oL K&Be maikTng elvor adtdpopog petakd OAwV
TOV ATOHLKA 0PBOAOYLKOV YL EKEIVOV, GUVAGTILOHMV.

LRU — Awyotepo ovyxva xpnotpomolovpevos. O maiktng mov emAéyetou eival ekeivog mou éxel maikel
Ayotepo.

Qg map&derypoa ng dradikaciag wov akorovbei o alyopiBpog AEII Bewpotpe To oakdAovbo
W ndovikod maiyvio

(N, Rz) = ({1’2?3}7 {([273]7 [1])>
([1],12,3])
(12, 131, 1D}

670V oL oécelg R SNADOVOLV TIG TTPOTIHNGELS TV TOUKTOV €Tl TV TouktoVv. H ektéAeon Tov
ahyopiBpov emeEnyeiton 6to oyfux 3.1. Apyikd, avatifevion oto Q1 eminedeg mpoTiprceig

)

3
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CUHPOVX JiE TIC 0TOoieC k&Be TaikTNG ekTIHG OpOiwG Tovg dAAovS kot 670 Q| o1 TpaypaTikég
npotroels. H apyikd emheypévn exdémtovon Q% yivetan oTig mpoTipoelg tov maiktn tpia
Ko ka®ig e€acolovBei var vTipyet Télela Staépior), To QL evipepiovetar Aapfhvovtag vid-
Ywv v exkhémtovon. Enerta emyerpeiton pua Sraefdbuion Q) otnv Aota tov mpdrov maikty
oM & eppavileton Siéveln pe T SuvatdTnTa edpecng TéAeLag SlapépLong SLVETTEG To Qf vTo-
Babpileton oto QY | Q) = cover(QY). H televtaia avébeon mov emiyelpeiton meptlapPével
EKAETITUVGT] OTIG TTPOTLUNOELG TOL dEVTEPOL TALKTH WGTOGO, OVTE VTEG OL TTPOTLUNOELG ETLOE-
xovtal Télelx Stoqiéplon ko kat cuvémela o Q| mposappdletan oto QY | Qh = cover(QY)
T0 oroio cupminTel pe To Q3 ko 1) Sradikacio Teppartiletar.

12, 3 12, 3]
RT—qQT: 2: [IL[2. 3 QT: 2 [1L[2, 3]
a: [2,[3).11) a: [2L. [3l.[1]
1 1: (2, 3.1 1: [2,3,1] :f2, a1 @4 1 (2, 3L 1: 2,3, 1]
2; 2: 1,2, 3 2: 1,2, 3] 2: [1],[2. 3] 2: 1,2, 3 2: 1,2, 3)
2 3: [2). 3L 1] 3: (2], [3). [1] 1 2, 3], [1] 3: (2, [3l,[1] x 3: (2], (3. [1)
1: (2, 3.1 1 (2,3, 1) 1: 2,3, 1] 2, 3. 1: 2,3, 1] 1- 2,3, 1)
2: 1,2, 3 2: [1L[2. 3) 2:1,2,3 2. 11,2, 3] 2: [LI2.3 Q% 2: 1,2, 3
a: 2, 3[4 3: 2, 3] @ 3 [2LEnl v 32, AL 3 [2, 31 1 (2030 v
D 2,31 1: |2,
Q2 1,2, 3] 2: 1
3: [2,3).]1) ¥ 3: (2,3
(initial assignment) (second assignment)
1: j2. 3Lp 1: [2, 3L[1]
2: 1.2, 2 2: [1L[2. 3]
3: 230 a: [21. [3.[1]
1 12,8 QT 12,31 2, 3,[1] 1: |2 1: 2,3, 1]
2: | 2:1,2,3 @ 2 [1.[2.3 2: [1],[2. 3] 2: 1 2: 1,2, 3)
a: | 3: [2). 3L 1] 32,080,010 X 30 2, 3.0 3 (2 3: (2], (3. [1)
i 2, 1: 2,3, 1) 1: 2,3, 1] 2. 301 1: 2 QT 1: 2.3, 1
2. 1 2: [1L[2.3 Q% 2:[1,2,3 2. 11,2, 3] 2. 01 Qs 2:[1,2,3
3 2, a: [2,3).]1) 3 BLELA Y 3 2. 3L - 2 a: 2Ll v
1: (2,3, 1] 1: |2,
2: 1,23 2: [1,
a: [2, 3.1 3 [2, 3L [1]
(third assignment ) (final assignment)

Sxnua 3.1: Extéleon tov aiyopibpov AEIL oe W ndovikod maiyvio.

O aAyopiBpog exAémtvvong mpotipuficewv (AEIL) ypnoomotel éva povteio enilvong tov
npoPAfpartog téAelag diapépiong. H molvmhokdtnta Tov AEIL pmopet va eivarl TOAVWVULKT
WG TTPOG TO UKOG TNG £L60J0L TOL Totyviov. To amodotikd amotédeopa SiatiBetan Gtov Téleteg
Swopepicelg propovv v LITOAOYLETOUV € TOAVWVUHLKO XpOvo, Owg oupPaivel e TOAAEG
evdlapépovaeg mepurtdoeic. Av kot to mAéypa (lattice) ov oynpatiCeton amd to Q T, ko k&Be
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Suvar) axolovbia adpivoewy péxpt To QL pmopel va éxer exBetikd VYoc, pEcw SLadIKHG
ovolnTnong ekTEAOVVTOL HOVO TTOAVWVUHLKOD aptBpod 6To pkog tng eL.6ddov KARoELS otV
Choose. Qot600 0mwg e€nyeital oto kepdiaro 4, to HPER eivou NP-mArpeg, ovvenwg o AEIT
dev OAOKANPOVETAL GE TTOAVWVLHLKO XPOVO GTN) YEVIKY TEPITTWOT]. ZOUPOVA e To Be@prpo
3.1, 1 é€0d0g Tov adyopiBpov 1 amotedei féATiotn Katd apéto Sioapépion yia ndovikd maiyvio
eLlcodov.

O aAyopiBpog ekAETTUVONG TTPOTIHNOEWY PITopel va X priopotoLnBel o€ TePLTTOOELS OTTOV
n oeiprokt] diktatopio mapovotdletar adovaprn. H oeprokn diktatopia (SD), vmoroyilel
pio Hapéto PéAtiotn dwupépion pe tnv Choose va xpnotpomotet pio tpokabopiopévn Aloto
TPOTIUNCEWV €T TV TALKTOV. LTNV TEPITTOCT TOV LILAPYOLV LEOTNTEG OTLG TPOTLUNOELS,
o diktartopag, dnAady o maiktng otov omoio diverow mpotepotdTnTa otd v Choose pé-
xpL vo koBoplotel 0 cLUVAOTILOPOG Tov, dev eival epPovéG o€ OO0 cLVOOTILONO Ba mpémel
va evtoxBel dote va mpoxdel Mopéto otabepr] dwapépion. Emmpdobeta, vrdpyovv ndo-
vik& otypiotune 6mov o AEIT emotpéper Sikoueg [apéto PéATioteg Sinpepioelg mov 1 oetl-
prokn diktatopio dev pmwopel va voroyicel. ILy. To maiyvio mov opiletal amd TIg KATWOL
npotTipunoelg emdéyeton oyetikd dikain [apéto PéATioTn Stopéplon oAAE KAl PLETOKPATLKT).
Qotdco 1 oepakn duktatopio pwopel v violoyicel povo tn dedTepr), KaTaAARyovTag o€
KOTAOTAOT OTTOL KATOLog maiktng PplokeTal 6Tov ALyOTEPO TPOTIHDOUEVO GUVACTILGHO TOU.
{1,2,3} 1 {1,3,4} ~1 {1,2,4} ~1 {1,2} 1 {1,3} 1 {1,4} 1 {1,2,3,4} 1 {1},
{2,3,4} 2 {1,2,4} ) {1,2,3} =2 {1,2} ~2 {2,4} ~2 {2,3} =2 {1,2,3,4} =2 {2},
{1,3,4} =3 {1,2,3} >3 {2,3,4} =3 {3,4} =3 {1,3} =3 {2,3} =3 {1,2,3,4} =3 {3},
{1,2,4} >4 {2,3,4} ~4 {1,3,4} 4 {3,4} ~4 {2,4} 4 {1,4} >4 {1,2,3,4} ~4 {4}
Axopa, o wootipog AEIL, evtdooel k&be maiktn 6Tov TETOPTO KATA TPOTIUNOT GCUVACTLONO
tov poteivovtag tn Swopépion {1, 2}, {3, 4}.

3.2 IIpO6PAnpa TV cUYKATOIK®V

[Irving, 1985]. O ady6ptBpog emtiAvong Tov TPoPAHATOS TV GUYKATOIKWV EEKLVA e TTpo-
Thoelg ov yivovton outd Toug TaKTEG € GUMTHikTEG TOLG. Evog maiktng amoppimtel pio wpod-
TaoT eqv éxel kdurolx kaAUTepn, dnAadn tpdTOCT) ot TALKT TOV 000 KATATAGGEL LYNAO-
TePQ 0T AOTA TTPOTLHNGEDY TOV. X avTibetn mepintwon Kkpatd TV TPOTAGT YLt VoL T GKe-
@tel ko amoppintel omowadnmote xelpdtepn mpdtact péxpt ekeivn tn otiypr. Evog maiktng
TPOTELVEL AVAAOYQL LE T GELPA TPOTUNCEWDY TOV, EEKLVOVTAG QTO TOV TAEOV TTPOTIUNTEO KO
OTOPATOVTAG 0TV TTPOTacT) Tov Tebel vtd okéym. Eqv apyodtepa 1) mpodTaon amopprpbet, o
ik TG ovveyilel va TpoTeivel G AYOTEPO TTPOTIUNTEOLG TTAKTEG. AUTH) 1] TPAOTN PACT) OAO-
KAnpdveton pe k@be moiktn vo éxel kamola podTaot 1 éva malktn va éxel omopprpbel otd
6lovg. Metd autd awtd o 6TAd10, Yo kdbe Taiktn & mov £xel amopplpBel otd maiktn Yy TO
taipraopo {z, y} dev eivon otabepd.

Qg mopLopa, e&v 0 TPHOTOG YOPOG ToL ahyopibpov Teppatiotel pe k&be maiktn va €xel kK&-
7oL TTPOTACT), TOTE OL AGTES TTPOTIUNOEMY SUVITIK®OV GUYKATOIK®OV Yl k&Be y mov Sratnpel
npdTacT atd KAToLlov &, LItopovv va cuppLkvoBoiv Sy pdpovtag amd avtdv

o TTOUKTEG TTOV €LVOL ALYOTEPO TTPOTLUNTEOL YL TOV Y QTTO OTL O T
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o ToiKTEG TTOL SLATN POV TPOTOGT) OITO TALKTI) TOV OTOL0 TPOTLHOVY EVOVTL TOV Y

To endpevo otédio Tov aiyopibpov amotedeital amd mepattépw dioypopés oTig AoTeg Tpo-
Tipioewv. Ia v enitevén Tovg, avalntodpe KOKAOLS TNG HOPPNG G1, ..., Ay OTTOL 1) deTEPT
TPOTLHNGT] YLIOL TOV @; ELVOL TTPOTT YL TOV G4 1, He TOLG deikteg ¢ va eival modulo r. Kahotpe
bit+1 Tov 8ebTeEpO Tk TN OTN AlOTO TPOTIUCEWV TOL TALKTT) @;.

Tétowog kOkAog PpiokeTal, EeKVOVTAG QIO TOUKTH P1 TOL 0TOLOL 1) AloTo TPOTIUHCEWY
TEPLAUPAVEL 2 1) TTEPLEGOTEPOUS TAUKTES KOl TAPAYOVTOG TLG arkoAovBieg

* @; pe tn Sevtepn mportipnon tng Alotog Tov p;
o Pit+1 He TOV TEAeLTALO TTatikTn 6T AloTa TOU ¢;.

KopPikod onpeio Tov alyopiBpov eivou 011 oe k&Be otabepd Taiplacpa, oTig petwpéveg MoTeg,
eite oL a; xau b; elva cvykdroikol yio ke i 1 yio kovéva i. [pog amddeién vobétovpe 611 TO
Cevyog {ag, by} amotelel otabepd taiploopo. Tuvendg opov o maikTng ay eivon tedevtaiog
OTIG TTPOTUNGELS TOV by, O Tpémel 0 a1 vo elval Ge Talplaopo pe KATTOLOV TTOV TTPOTLUOVGE
EvovTL TOL by, ko KaBdG o by, eivon Sedtepog ot Alota TOU a1, 0 HOVOS LTTOYTNPLOG eival O
br—1. Katd ovvémeln emoryoykd katoadfjyovpes 0Tt edv 0 ToUkTnG ag Touplalel pe Tov moikTn
bi. y xémowo k, avtd ovpfaiver yioe ke k. Eva akopa kaiplo onpeio eivor 0TL av vmépyet
otobepd taiplacpa 67oL 0 a; kKot 0 b; elvat opdda, TOTE LILAPYEL KO KAITTOLO AKOWXL TTOV ELVOL G
xwplotég opddec. I'a va to Sovpe, Bewpoipe otabepd Taipraopo M dmov kdbe a; Ledyverton
pe 1o by, 1 < i < r.'Eotw M’ 10 taipiacpa 6mov kébe a; Ledyvertan pe to biy1 dnAadn
devrepn emdoyr) Tov oTIg petwpéveg Aioteg kot ke maiktng oto ovvoro N \ A U B (6émov
N eivou to ovolo O wv twv taktov, A = {ai1,...,a,}, B = {b1,..., b, }) Cevyverton dmwg
oto M. Tote, k&Be maiktng oto ovvolo B Lebyveltan pe kdmolov o emfupntd maiktn omod
otL oto M apod cOppwva pe to M Cedyverton OAoL pe TNV TeAevTOiX TOVG ETLAOYT] ATTO TLIG
pelwpéveg AMotec. Tuvenmdg n povn duvvatdtnta yix va eivon to M’ actadéc eved to M otabepd,
elvat ovykatolkrioelg 6oL GuPPETEXOLY PEAN Tov A.

YroBétovtog 0tL 0 & elvan TPOTHOTEPOS Yiot TOV a; atd OTL O bt 1, drokpivovpe Tig €€ng
TEPLTTOCELG

« 0 a; Cebyvertan pe Tov & oto M mov onpaivel 6tL z = b;, Tov yia Tov b; elvon To yeipioto
Suvatod Taiplacpo COPPWVA e TIG HeLwEVES AMoTeS.

e 0 @ TPOTLHA TOV TOUKT T EVOVTL TOV b, CLVETWG 0 T £xelL amahelpBel ammd TIG opyLKéG
AMoTeg ko dev TopoLGLALETOL GTO PELWHEVO KATAAOYO TOV a;, OV OTpaivel OTL O T EXEL
amoppiyel Tov a; ko dev amotehel mbovr) emihoyr] tov.

+ 0 @; TPOTIUG TOV b; £VAVTL TOL X 0 OTTOLOG e TN GELPK TOL TPOTLHE TOV bt 1. Aedopévou
OTL 0 & G& QTH TNV TEPINTOOT deV TaPoLGLAleTal 6T HelwUEVT AloTo TpoTIpoEwy
TOU a; LITOSNAWVEL OTL 0 X E€XEL amoppiel TOV ;.

Supmepacpatikd, dev vdpyel amokAivov Taipiacpa yio to M.

Omnote Phoel twv do onpeiwv, edv vapyel otabepd Taiplocpa yio To apykd maiyvio,
UTTAPXEL VI K&OE PHELWPEVO VITOGVOVOLO TWV KATAAOYWV TPOTIUNGEWY. XPNGLHOTOLOVTHG TLG
KaTéAAnAeg Sopég SeSopévev, N TOALTAOKOTNTA Tov adyopibuov eivan O(n?).
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AAyop1Bpog 2: Ahyopibpog otabepov cuykatoikwv tov Tpfivyk.

input : A roommates problem instance (N, )
output A stable matching for the input roommates problem

1 has_a_proposal = ()
: fork =1to|N|do

3 proposer = k

4 do

5 propose to next_choice

6 if not rejected then

7 if next_choice € has_a_proposal then

8 proposer = next_choice’s reject

9 end

10 end

11 while next_choice € has_a_proposal,

12 has_a_proposal = has_a_proposal U next_choice

13 end

1 for every playery holding a proposal from x do

15 reduce y 's list and the symmetric ones by all those y considers worse than x

16 reduce y 's list and the symmetric ones by all those who hold a proposal from a
player which they prefer to y

17 end

1s while some reduced preference list has length > 1 A no reduced list has length < 1 do
19 detect all cycles

20 eliminate the cycles

21 end

2 return Stable matching

3.3 IIpotwnoseig P&oel Tov PEATIGTOU KL TOV XEIPLOTOV

[Cechlarova & Romero-Medina, 2001]. Evog tp6mog VITOAOYLOHOD AUGTHPR TUPVIKOV
dwpepicewv o maiyvia pe avatnpég B mpotiprioeig diveton amd ) Sadikacioc BSTABLE mov
neprypapetot otov alyoptOpo 3. H BSTABLE eival apopola pe Tov alyoplbpo kOkAwv kopu-
oaiov avtodloydv [Shapley & Scarf, 1974] tov NtéiBvt I'kél, o omoiog pe tov Advvt Zdthet
képdioe to PpaPeio Nopmel owcovopiog to 2012.Anewkovilovtag tn oxéon B petad twv mar-
KTOV TPokLITEL KoteLBLVOUEVOG YPapog. O ypapog avtdg £XeL TPOPAVAOS TOLAKYLETOV EVa
kOKAo. EmumAéov, apol k&Be moaitng éxel povaducd maiktn péylotng mpotipnong oto V, ke
ik Tng éxeL mpokabopiopéva povadikr gkt avabeorn. H mpoxdmtovoa Siapépion eivor av-
otnpd mupnvikd otabepr] apov vtobétovtag OTL maiktng ¢ emBupel v aokAivel, onpaivel
OTL 0 TAEOV TIPOTIHWOHEVOS TTALKTIG TOL AVIKEL OTOVG ATOKALvovTeG elGAA®G 0 ¢ Bo {npiw-
VOTAV QIO TNV AITOKALGT). ZUVETMOG 0 KWAD®V GLUVAGTIOHOG S elval LITEPGVUVOAO TOL KOKAOU
ke maiktn @ € S. OndTE 0 KVKAOG elvarl TPOTHOTEPOG ATTO TOV KWAVOVTA GUVAGTILGHO KO-
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AANyop1Bpog 3: AAyopiOpog BSTABLE.
input : A hedonic game (N, 27) with B strict preferences
output A strict core stable partition

IV(—N;

2 VieV: flag(i) < 0O;
3%(—0);71'(—@

+ while V # () do

5 1 < select a player € V'

6 flag(i) <1

7 while flag(B;(V)) == 0do

8 ] < Bl(V)
9 flag(j) <+ 1
10 14 ]

11 end

12 € Bl(V)
13 k + B(BZ(V))
14 while & 75 BZ(V) do

15 C—C Uk
16 k <+ Bk(V)
17 end

18 V + V\(g
19 T aUE
20 end

21 return m

B¢ 0 TAéov emBupnTog maikTng mepthapPhvetal oe apEOTEPOLS Kot 0 KOKAOG ExeL AydTepa
pEAN atd TOV KWADOVTOL GUVOGTILOHO. ZUVETYOUEVO 0 KWADOV GLVACTILONOG TavTileTon pe
TOV KOKAO, CUVETTOG deV LITAPXEL ATTOKALGT).

O B otabepdg alydpiBpog eivor emiong @uAaAnOng ocOppwva pe tnv epyocio tov Roth
[Roth, 1982]. H emaAnfevon eivar e0koAn apod 0 TPHOTOG TALKTNG TOV 00io 0 aAyopLBpog
ouvetaupilel pe Tov ToUKTN ¢ elvol ekelvog TOL 0 ¢ AVOKOLVMOVEL WG TOV TTAEOV TTPOTLUMHEVO
TOV. DTNV MEPUTTMOOT) TTOL KAITTOLOG TTalkTNG dev dNA®GceL TOV TAEOV TPOTIHDPEVO TOV TOUKTY
avdvel Tig TOaVOTNTEG TOL Vo pnv Ppebei cuvaomiopévog pall Tov, evd oe mepinTwot) Tov
ekeivog oupmepiAngBet, ) adlvcida B cuvexloTel WG edv Vo PNV eiye TOPOTTOLNGEL TIG TTPOTL-
U oeLg Tov.

Sto W naiyvia, avotnpd mopnvikd otabepéc diapepioelg mpokdmTovy touptalovtog moi-
kteg oe Levyn. T Siapepioelg pe vPnAoTepeg PéyLoteg TANOIKOTNTEG GUVOGTILOUWDVY, TAUKTNG
1 IOV AVNKEL € QLTOVG TOLG GLVACTILOHOVG Ba elye KivnTpo vo amokAivel oe {edYog e TOV
nAéov emlBupunTo Touv maiktn B;(S| [S| > 2) petokd twv peddv tov cLVaoTGROD S EVD 0
Aéov TTPOTOHEVOG Tov Taiktng B;i(.S) O fjtav tovddyiotov adidpopog petabd twv dvo
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GUVOCTILOH®V.

H mapatipnon avt odnyel omnv avaywyn tov mpofAfpartog twv W otabepdv Soqie-
pioewv 610 TPOPANHA Twv cuykatoikwv. IIpaypatt oty mepintwon mov divovtot avotnpég
npotipnoelg P enl twv maktov, k&be Aborn tov mpofAfjpartog Twv cvykartoikwv vid To P
elvor W avetnpa opnviké otabepr). Ag vtobécouvpe 0Tt Sev elvon kol vTapyel aoBevodg kKw-
Aowv obvolo Z. Ttnv mepintwon mov 1o Z eivon povocOvolo i, tote i =; {i,j} d6mov j eivon
0 oLYKATOLKOG TOV. QOTOGO 0 GLVETALPLEHOG TOU e TOV j elval ATOpLKA [ opBoloyLkdg yio
TOV 1. ZUVETMG, OEV LILAPYEL HOVOUEATG KOADWV CUVAGTILGHOG.

v nepintwon mov |Z] > 2, évag naiktng ¢ € Z i tov onoio Z =; M (i) (dmov M (7)
elvot 0 ouvétoupog tov ¢ vtd TN AVon oto TPOPANHA TwV cvyKaToikwv) Ba emBupodoe va
astokAivel pe tov j = By(Z), cvvendg Z' = {i, j} eivon emtiong évag achevidg kwlbwv cuva-
omopog. YroBétovpe 0tL k, I eiva oL cuvétaipol Twv ¢, § avtiotolya 6to otobepd taiplaopo
TOV oLYKATOiKWY. Agod Z' eivon aoBevidg kwAdwv cuvaoTiopds, j =; k ko i 2Z; 1. Svve-
TG eite i ~; | mov odnyel oe {7, j} € otabepéc Adoelg cuykatoikwv i) ¢ >; [ mov onpaivel
ot {4, j} elvon kwAdwv taiplacpo yio To otafepd Taipiacpa twv cuykatoikwy, avtigaotn. H
ToPOTTAVe oulTNnon KataAfyel 6to akoiovBo Bedprnpa.

Ocwpnua 3.2. Ta avotnpés mpotiurioeis oe maixtes ta W ndovikd maiyvia emidéyovial auotnpd
mupnvikd otaBepés Srapepioeis péyiotns tAnbikétntag ovvaormiouot 2. EmiwAéov 6Aes ot o1 otalepés
Aboeig Tov mpofAfpaTog TV TUYKATOIKWY EiVaL QUOTHPE TUPNVIKES SLIUEPLOEIS YIQ TO AVTIOTOLYO
W maiyvio pe Tig idieg mpotitjoelg.

3.4 Kopugaix anokplopotnta-AAyoplfpog kopupaiog kdAvyng

T k&Be TPOPANHA OTTOL OL TPOTIUHTELG TWV TTALKTOV LKOLVOTTOLOVV TNV KOPLPALQ RITOKPL-
COTN T

Optopog 3.2. [Alcalde & Revilla, 2004]. H cuvéaptnon kéAvyng emhoyig C : N x 2V — 2V
opiletar wg C(S,N) = S | ch(i, N). Eppwlevpévn epappoyn tng cuvéptnong kéAvyng
€S
emAoyrg C! opileton wg:
Cl(S,N)=C(S,N)
CHYS N)= |J ch(i,N).
i€Ct(S,N)

Egappolovrag emavalnmtiké tn ocvvéptnon C(i, V) éwg d6Tov va yivel Towtoddvoyn kot
Vo Unv eLodyel kKouvovpylo ototyelo, mopdyetot 1) cLVIESEUEVT) GLVIOTOCK TOL TOUKTN ¢ WG
1pog o oVvoro mtoukt®v V. ZupBorilovpe pe k(i) tov aplBpd enavaAning kot tnv onoic o
TOUKTNG ¢ OVOp&leTol PEAOG GUVAGTILGHOD TNG SLopEPLOTG ﬂl(f?v’i).

Anjppa 3.1. [Dimitrov & Sung, 2005]. I ndovikd maiyvio (N, 7)) mov ikavorolel tnv Kopugatic
QITOKPLOIOTHTA, 0 AAYOPIOUOS Kopupaias KEAVYNG KaTaAlyel eviog memepaoévou apibuot Prud-
TV Kot emoTpépel diopépion tov N.
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AANyopiBpog 4: ALyopiBpog kopugaiog k&ALYNG.

input : A hedonic game satisfying top responsiveness
output A strict core stable partition

1 RV N;m 0

» fork=1to|N|do
3 Enile€e i € RF mov va ikavorotet |CC (i, RF)| < |CC (5, R¥)|, Vj € R*
4 Sk« CC(i, RF)
5 7+ mU{S*}

p Rk+1 — Rk\sk
7 if R¥1 = () then
8 return 7

9 end

10 end

u return

Amodetn. TIpopavadg o alyoplBpog kopuvgaing kdAvyng teppatilel oe memepaocpévo apldpd
Brpdtov eravolapfavopevog and 1o 1 wg to |N|. EmutpdoBeta, vrobétovtag 6tL 0 alyod-
p1Opog oTapat petd TV k-00Th emavéAnym, n é€086¢ Tov eivan (ST, 52, ..., S¥), RFFL = (),
AopBévovtag vroyy 6Tt S° N ST = 0, yue i # 7, n é€odog W?E?V,i) elvan pio Sopépion tov
GLVOAOL TV ToUKTOV V. O

Anuua 3.2. [Dimitrov & Sung, 2005]. Epappuélovrag tov adyopifuo kopvpaiog kaAvymg oe waiyvio
(N, 7)) AapPdverar drapépion ﬂ'éf\/’t) TéToL (DoTE Yo KaBe maikTh 4, ﬂ'é?\/’i) (i) = CC(i, R*),

Amddetn. T tov m 00T KOKAO, 01OV K = M, 0 GUVAOTILOPOG 777(5@.5) oxnuatiletal yio Tov mai-
ki € RFO: |CC (i, R*D)| < |CC(j, R¥D)|Vj # i. T Tov maiktn 4 mpogavi WEJCV })(i) =
CC(i, RF®). T tov Aowrovg maikteg j € wff\,&) (i) \ {i}, CC(j, RFD) C CC(i, R*D) e
opilopov, kat ypealeton va Seiovpe CC (i, RFW) C CC(j, R*W). Mpéypat eqv vrapyel
naiktng n € ﬂ'ffv >_)(i) tétolog dote n ¢ CC(j, RFM) ote |CC(5, RFD)| < |CC (i, RFD)),
avtigaor). - O

Ocwpnua 3.3. [Dimitrov & Sung, 2005]. Eotw (N, 7)) ndovikd maiyvio mwov ikavosoiel tnv Kopv-
paia arokprodtyra. H Siauépion mov emotpéperar ard tov adydpiuo kopupaing amokployioty-
tag ¢ elvau avotnpd mupnvikd otabepr.

AnéSeién. YnoBétoupe 6T vdpyel pn kevd vtooctvolo X C N tétolo wote X 7-; mie Vi € X.
Eotw j € X o mpdrog maiktng antd to X mov yiveror péAog TOU GUVACTILGHOD AITO TOV
AKK, dnhadiy k(j) < k(i) Vi € X. Svvendog X C RFU). To stvodo emdoyric Tov j oTo
7T§-C elvon ch(y, 7T§-C) = ch(j, R*0)) (mjppa 3.2) o éxovrag 6t X 77 71';5-C ocuvvemdyeton

ch(j, X) = ch(j, R*).
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©élovpe va dei€ovpe OTL T tc C X. Eivaw C1(j, R*9)) = ch(j, R*U)) C X. YnoBétoupe 611

C'(j,R*9)) C X. T Kaee i € C'(j, R*9)), ch(i, 7rt ) = ch(i, R*Y9). Emméov, X ; mle

cuverndyetan 6t ch(i, X) 7 ch(i, m¢) = ch(i, R*U )) nov onpatvel 6t ch (i, X) = ch(i, 7).

Sovenaog ch(i, RFU)) € X. Onote CH1(j, RFU)) = U ch(i, R*9)) C X, xou maip-
i€Ct( RMG))

voupe CC(7, RFU)) C X xarafyovrag oe X = 7r§c Kot kavelg ovvaomiopog dev eitvan aoBe-

VOGS KOADOV. O

Ocopnua 3.4. [Alcalde & Revilla, 2004]. Eotw N ovvoldo mauktdv ken T R, n oukoyéveia ndovikv
rayviov (N, 77) térox dote, kdbe i € N, 7; ikavoroiel v kopvpaia anokpioyérnre. Eotw

axdua U o kavévag mov ovvdéer kdbe tétolo mpoPAnua pe ) Siapépion mov eédyeran amd Tov
adydpifuo kopvgaiag kdAvymg. Tore o W eivaur pidaibng oro T R.

Xpnowomolode Tn onpetoypopio [, = 10L VO TTOLPOLOTHGOVHE TO TTPOPIA TTPOTLUN-
PO HE TN oNUEoYpOP Y pactrcoouvu poo pOTLUN

Nl? ~—1

OEWV 2, OTTOV OL TPOTLHNOELG TOV ¢ £XOLV avTikatactadel and Tig 27)

Amodeitn. Ag vmobécoupe OTL évag TaikTng ¢ XeLpLileTo TOV PIXOVIGHO KOpLpaiag KAALYNG
emITUYXGVOVTOG LYNAOTEPO OPeLOG, SnAdvovTag Tig TtpoTiuroels 7). o k&Oe maiktn j TéTolo
oote k(j) < k(7),

VN, ] = WFIN, [ -l

~T) ~ T

Sovenog ov WE[N, [, 7] amotehovvran amd maikteg oto RFV. And ) Siadikasio tov

~L) ~

aAyopiBpouv kopvpaiog kaAvyng,
\Ijtc[N [N;at l]] ) U CC(]a Rk(l)at/)
jech(i,(RFG), 7))
Katomy e€etalovpe Tig d00 mepLnTdoELg:
« WIRMD =] C WIRFO) [h = ] Téte ch(i, RFV) = ch(i, Pl [RFD ])

ch(i, W[RF() [ = _1]). Kou oo v tpitn cuv@rkn cuvrkn tng kopugaiag auo-
KPLOHOTNTAG,

NZ’/\J 3

WRMD, =] iy WTRFO), [, i)

~TL) ~— i

avtifaivovtag otny xetpaywynon tov U pécw tov 7.

« WE[RED) -1 ¢ Wi[RFG) [ =], Tote vmapyel maiktng m yix tov omoio m €
\Iftc[Rk(’) *] Ko m §§ \Iltc[Rk() (75, o—il]- Zvpmepaopatiké vdpyel maiktng n €

ch(i, R*)) térolog dote: n ¢ WIC[RFO) [ = 1)), Svvéyetan, amd ) Sebrepn cuv-

B1kn Kopvpaing aokpiopdTnTAg OTL: \Iifc [RED) =] = Wie[RFO) [ =], Ev xata-
kAetdt 0 i dev yepaywyel Tov ¥ péow twv k.

O]

Sopeova pe To amoté ecpa Tov [Sénmez, 1999], mov vtootnpilel 4TL mEpiTWOT £VPECTG
QL aAnBoug pnyaviopot vtdpyel povov edv o TUPHVOG elval HovooOVOAO, 1) SLopépLloT) Tov
eMLOTPEPETOL ATTO TOV AAYOPLOpO KOpLEOLAS OTTOKPLOHOTNTAG elvat 1) povadikr) GLAAANONG
UTTO TNV KOPLPALA ATOKPLGIHOTNTA, woTOG0 oto [Alcalde & Revilla, 2004] mepihapPaveton
pioe cLYKEKPLUEVT) CTOSELEN Yo TNV TEPITTWOT] HOG.
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Ilpétaon 3.1. H kopvpaia arokpioyiotyta dev eivar ikavy cuvlrnxn yie Nag orabepotnra.

Amddein. Méow avtimapadeiyparog. Yrobétovpe aiyvio (N, 27) pe mpotiproelg:

{1,2} =1 {1,2,3} =1 {1,3} =1 {1},
{2} =2 {1,2} ~2 {2,3} =2 {1,2,3},
{1,2,3} =3 {1,3} >3 {2,3} >3 {3}

Onwg evkolo eAéyxeTAL, TO TPOPIA TPOTIUHCEWY LKAVOTIOLEL TNV KOPLPALO ATTOKPLOLHOTITAL.
Qotoc0 dev vdpyel Nag atabepr} Siopépion apot k&be voynia Srapépion mepLéxet aiktn
7oL emBupel va peTovocTeVGEL.

«eavm = {{1,2},{3}} 1{{1,2,3}} o maixtng 2 embupei va poyeL
« eavm = {{1, 3}, {2}} o maiktng 1 embuopei vo pOyeL.
« eavm = {{1},{2}, {3}} o maixteg 1 kou 3 emibupovv va pvyouv.
« eavm = {{1},{2,3}} o maixteg 2 kau 3 emBupodv va pUyoLV.
O

[Moiyvio tkovomotel TNV opolPatdTNTA VIO TNV KOPLPXLK TOKPLEHOTHTA €AV YLoL KOO
oovoho X kot maikteg 4, j tétowovg wote X € N; N Nj : i € ch(j,X) = j € ch(i, X).
SNHELWTEOV OTL 1] KAAOT] TOV ALY VIOV TTOL LKOVOTToLloOV TNV apolPodtnta utd TV Kopupaia
OTTOKPLOLLOTN T VAL EKTETAPEVX TTEPLOPLOHEVT).

T v kAdomn avtr aodetkvietal 1 Oap€n SSNS Siapépiong kar To akdAovbo Arjppa
elvan atapaitnto.

Afjppa 3.3. Y kopvaia amokpiopdtnta kai epofaidtnra aipvouye Wf?\f,z) (1) = ch(i,N).

Amédeitn. Ymootnpilovtag Ot vdpyel TAKTNG ¢ TETOLOG DOTE VO LITAPYEL TAIKTNG j €
ch(i, N) Nj ¢ 7'('1(55\[7})(@') Siver i ¢ 71'66\,’})(]') ®woTO660 amd TNV apolPatdTnTo EXOVHE § €
ch(j, N). Eite k(i) <Nk(j) nk(y) < k(z)NZ?_ APPOTEPES TIG TEPUTTOCELS, VITAPYEL AVTIPAOT)
Bewpdvtag To Appa 3.2 To omoio amattel 6Tl 0 aikTng yiar Tov omoio k = min(k(i), k(j))
elval ouvooTLIoPEVOG e TO GVVOAO ETTLAOYHG TOL GUHPOVA HE TOV aAyOpLOpo Kopupaiag oto-
KPLOOTNTOG. O

Ocwpnua 3.5. [Aziz & Brandl, 2012]. T waiyvio (N, 72) o omoio ikavorotel tnv Kopupaie aro-
KpiowotnTa kot Thv apofaidtnta, o adyopifuog kopvpaiag kaAvyng rapdyer avotnpd woyvpt Nag
otabepr Siauépiom.

C

Amédeikn. Aeyopevol 0TL 1) Sropépion wat) dev elvan awopd toxvpd Noag otabepr, 0dnyov-

poote oty vmapén cuvorov maiktwv H mov aocbevidg Nag v kwhlet, dniady 7 2o
ywu to omoio cbvoho Vi € H : w(i)! Z=; m(i) xou 3 maixtng j € H tétolog wote
7'(j) =i 7(j). Boto 7(j) N 7'(j) € H.H xopvgpaio asokpiopdtnta eyyvarar 6t Vi €
(7)) N 7'(j) : ch(i,7'(j)) =i ch(i,7(j)). Qotéco ch(i,m(j)) = ch(i, N) ocOppwva pe to
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Mppoa 3.3, ovvekdoyikd ch(i, 7' (7)) = ch(i, m(j)) = ch(i, N). Zvvenmg katalfyovpe 6To OTL
ch(i, N) C 7(j)Na'(j) mov onpaivet 6tvmw(5) N7’ () = 7(j) ko 7(5) N7’ (§) woxvpd kwAdel
mv 7(j), avtipdokovtag oto Bedpnpa 3.3.

Sovenodg () N7’ () ¢ H xon vidpyovy maikteg mov amooyioTnkey amd ToV GLVOGTIGHO
7(7). Meta€b avtdv vrdpyet tovhdyiotov évag k yo tov onoto [ € ch(k, N) : 1 € 7'(j) xou
ch(k,m(j)) = ch(k,7'(k)) AN7(j) >, 7' (k) to omolo avtifaivel oo 611 0 k eivon omoxAivewv.

O]

3.5 Amokpiopotnta nubpéva

Yné v amokpiopotnta tubpéva, xpnotpomoteitor Siktakn diopepicewv yio tnv mapo-
YY1 AmoTeAeoUATOV 6TadepOTNTOG.

Oplopdg 3.3. Oewpolpe to cOVolo ouktdV N Ko dbo ad Tig Siapepiceig tov m, ' wov
astotelobvtan and ovvaomiopovg {S1, Se, ..., Sk} xou {11, T, ..., T;} avtictoxa, pe |S;| >
|Sit1| ko |T5| > |Tjqa] ywed € [1,k—1] ko j € [1,1—1]. Opilovpe o) m > 7" e&v 3y : |S;] >
IT;| xou |S;| = |T3], Vi < jxouB) m =7’ ebv k = Lxou |S;| = |T;|, Vi < k.

Ocwpnua 3.6. Iaiyvio (N, 7)) mov ikavomotel TNV amokpiodtyta muluéva éyel 1Ioyvpd aTopikd
otabepn Siopépiom.

Amodeitn. Metakb OAwv twv atopikd opboloyikov dwopepicewv tov N eotidlovpe oe pia
HEYLOTN WG TTPog TN oxéon >, Tnv . Jvvendg © > w V' Swpépion tov N. YroBétovpe
otL n w dev eivou SIS, toTE LAp)eL vTocOVoro mouktdy H C N tétowo dote 7 i) 7,
m'(1) = m(i),Vi € Hxan7'(j) 25 w(j), Vj € 7' (1), yya xéBe i € H.

A6Yyw tov atopikod opboroyiopol g T, yio k&be amoxAivovta maiktn ¢ € H, 1 €
Av(i,m(7)) xar woydel 6TL yiox va vtdpyel w@éelor ard TV amOKALeT) otd TOV TPOTYOUHEVO
ovvaomopd {i} € Av(i,n'(i)) addg 7(i) =; 7'(i). Emmpocheta yio k&be éva and tovg
pn amokAivovteg maikteg ov cvvaoTiotnkay pe amokiivovteg, j € 7', 7' () Z; w(j) dw-
popeTikd dev Ba eiyav amodexBel tovg amoxAivovteg. Télog k&be évag atd Tovg LITOAOLTOVG
naikteg k O éxeLk € Av(k, 7' (k)) xabdg dev mpootédnkay maikteg otnv opddo tov. Zuvermdg
n 7 elvou emiong atopké& opOoroyik.

KaBopilovpe éva cvvaomiopd S péylotov peyéboug evrdg tov 7 petald ekelivwv mou me-
piExovv amokAivovta, dnladn S € 7 : |S| > |S'| VS’ € 7. Evag amoxhiveov i € S mpooywpel
oe évav GAho ovvaomiopd S”. Ev téher S Ui —; Sxou S Ui Z; S'Vj € S' . Eqv |S"Ui| < |S]|
o moiktng ¢ dev Bor autokopLle OPEAOG QIO TNV OUTOKALGT) COHPWVA HE TNV OITOKPLOLHOTTO
nubpéva, &pa |S’ Ui| > |S| avtikpodovrag tnv peylotdTnTa TNG T HETOED TV artoptkd opbo-
AOYLKOV OHAdOTTOLCEWV. O

3.6 Kopugaiol cuvacmicpol

Ocwpnua 3.7. Edv waiyvio (N, 7)) ikavorotel tnv acOevij 1810THTa KOpL@aiov cUVACTTIoNOU, EXEl
1N KeVO auathpld uphva.
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AméSein. YnoBétovpe 6T Vo = N xou ST eivou acBevirg kopugaiog cuvasmiopdg tov Vo pe
Swaretarypévn Sopépion {S1,5%, ..., Si(l)}, Vi = Vo \ St xou S? acBevirg kopugaio cova-
omopd tov V1 pe Swatetaypévn Swapépion {53,553, ..., Sé(Q)} Ko 00T ko' e€ng €wg 6ToL
Vi = Vi1 \ S xou S* = {S], 52, ..., S]lc(k)}. Mmnopotpe va Befardcovpe 6TL LITAPXEL TETOLO
k dote Vipr = 0 eved Vi, # 0 ago? yio k40e pn kevd V; prropoodpe va Ppodpe pn kevd Sitq.
Tote n Swogépion (ST, 5%, ..., Si ! , 53,82 .., Sé 2 o, SES2 S,i(k)) elva o TN pé TL-
pnviké otadepr. IIpdypatt kaveig maiktng evrdg Tov S Sev propei vo atokopicet peyokbrepo
6peN0G 6VTOG PéAOG amokAivovtog oyfipatog. Emimpocdeta, xwpig T cuppetoxr Tov ST ka-
veig maixtng 6to S7 ev PeATicdvel TNV ATOKOpIST) TOV PEG® ITOKALOTC. O

Ocwpnua 3.8. Ta kdbe maiyvio (N, 77) mov ikavoroiel TV 1010TNTA KOPLPAIOL CUVACTTIOLOU 0
QUOTHPOG TUPHVASG KAl 0 TTUPHVAS Vet HOVOTUVOAQ.

Anddeitn. Opilovpe M (V) = {S c 2IVI: S ¢ivou kopvgaioc svvasmiopsc tov V}, yia kébe
ocbvolo mauktdv V' C N. E&v oL potrioelg eivon avotnpég, To ovvoro M (V') amotedeiton
amnd Eéva ovvola yia k&Be V' C N. YnoBétovrag Vy = N katackevalovpe akolovbia opilo-
viag Vi = Vo\M (Vp), Va = V1 \ M (V4) xou 00t ka®' e€ng, dmov M (V;) = (SE, S2, ..., S’Zn(l)).
Yrapyer axéparog K tétorog wote V(K +1) = DA V(K) # (. Qg ovvénewa tng KaTaokevng,
n Swopépion m = (S, 9%, ..., Sin(l), S 82 .., S;n@), oy SEL 52 SE(K)) elvou 1) povadik
Siopépion otov moprive Tov (N, 27). Kébe maixtng evrog tov Y,k € {1,...,m(1)} mpotpd
aLTO TOV GLVACTILOUO £varvTL 0LoLdNTTOTE GANOVL, GUVETMG dev popel va eival PEAog aaBevddg
KoAbOVTOg GLVaGTIGHoV. EmutAéov, maikteg evidg Tov S§, k € {1, ...,m(2)} mpotyiodv avtd
TO GUVOOTILORO EvarvTL K&BE GAANG ETTLAOYTG TTOL TOUG OUTOPEVEL KOIL ETTAYWYLKG Yo kéBe © € N
dev vmdpyel Tpocododpa amdkAion amd v Siopépion . O

3.7 AwateTarypévn tooppomia - TuvExElo

Ocwpnua 3.9. [Greenberg & Weber, 1986; Bogomolnaia & Jackson, 2002]. E¢v maiyvio eivai Sia-
TETAYUEVA LOOPPOTTHIEVO, VTGP EL TUPNVIKG oTabept Stapépion Twv maukTddv Tov. Edv maiyvio eivau
acBevids ovveyés we mpog diaratln f, vmapyer wupnvika otabepy Siapépion o€ CLVAOTLONUOUS TOV
elvou ovveyeig wg mpog v f.

3.8 Iloaiyvia TOoU IKOVOTTOL00V AV VUHIX KOl S100X W PLOTUOTN T

Ot ev AOyw 816tNnTeG moTOmOLOOY TV pr) Kevotnta Tov muprva [Banerjee, Konishi &
Sénmez, 2001]. Adyw tng avwvopiog, kdbe maiktng eite mpoarlpeitar v eivar oLTOVOHOG 1)
embopel ovvetouplopd. Tuverdg to ovvoro N twv maktdv droywpiletal oe 0o LITOGVVOAX
Nt =i {i,5} =i {i} xaw N™ =i : {i,5} Zi {i}. T x&be vmocOvoro V mauktayv,
o péAn tov N~ € V €xouv wg Kopupaio GLUVACTILOUO TOV HOVOUEAT]. ZTNV TEPITTWOOT] TOL
NNV =0,V C N xouo V eivou xopvpaiog cuvacmiopdg tovg. Ev kataxheidt, yio k&be
vrocbvoro V tov N, 1 18LOTNTA TOL KOPLPALOL CLUVAGTILGHOD LKOVOTTOLELTOL KOl GLVEKDOY LKA
vrtdpyxeL TupNVIKa oTadepr) Stopépior.
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3.9 AOporoTikd® S1oXwPIoIHO KOl CUPPETPLKA TTOLYVIC

H aBpoiotikn diaywpioypdtnta oe suvdvacpo e tn cvppetpio eEacpaiilovv tnv drapén
Nog otobeprig Sioapépiong [Bogomolnaia & Jackson, 2002]. @ewpodpe to maiyvio (N, 7) mov
ikavortotel Tig mapantave vobécels. Eotw maiktng @ € Sp pe ehatripia va amokAivel otov
oLVOOTIIGRO S2 KAl £6TW Ol ATOTIUACELG TOL V;; emi k&Oe maiktn j # . Edv o maiktng ¢

av€avel TIg amoAaféc Tov, 1
g Vij > E Vij,
JES2 JESL

antokAivovtag, To idto toyveL ko yior TiG arodofBég

szj: Zvij-l- Zvij-l- Z Vij-

JEN JESL JES2 JEN\(S1US2)

Juvendg, kdbe amdkAion avfavel TNV Kowvwvikr weélelx. EmmpocOeta o apBpog dwopepi-
CEWV ELVOL TIETEPATPEVOG KL GUVETMOG LIT&PXEL PEYLOTO TTOL awvTioTolyel o Nog otabepr ko~
TAVOUT TOV THLKTOV 6€ OpAdES.

To i8to0 amotédeopa Srapaivetor otd TNV avamopioTocT) TV adpoloTikd dixwplopwy
KOl GUHHETPLKOV Ty VioV pécw pn katevbuvopevoy yphowv [Gairing & Savani, 2010]. Evag
QUTOKALVOV TAUKTNG PLELOVEL TNV LTTAPYOVOX TOLT), 1) OLKOYEVELX TWV OTOLWV ELVOLL TTETTEPACUEVT]
KOl GUVETOG TTAPOLOLALeL EAGYLOTO.

Tt To AdYo awtd 1 Suvopikn PéATiotng avtidpaong odnyel oe avtr Tn KAAGT oLy viny
oe Nag otabepr Avon.

3.10 KAaopotucd ndovikd maiyvia
Adon

Y& A& GUPPETPLKA KAaoHaTIKA NdoVIKE Taiyvia Tov avostapicTaval omtd ddor, dev-
dpoetdeig dnAadr) CLUVEKTIKEG CUVIOTOOEG, 0 aVOTNPOG TLPHVAG eival pn kevog. Evag tpodmog
EMAOYNG Lo TNP& TUPNVIKAG SLopépLong eivae 1) ekTéleoT) o€ K&BE GLVEKTIKY) CLVLIGTHOOQ,
avaliTnong Katd TAATOG, He GKOTO TNV KATATOEN TV KOpPwV ot oTpOpata, EeKvedvTag
ad Tuxovra kOpPo u. Emerta yuo k&Be kOpPo tov mpotedevtaiov oTPOUATOS oXNHATI TN
OLVOOTILGHOG OTTOVL GUHHETEXEL e TOLG BuyaTplkog Tov kopPoug. Katomv ot koépPor avtod
TOL GUVOOTILOROV astopakpOvovtat atd To dévrpo. H Swadicacio emavoropfavetal éwg 6tov
Vo UnVv vtapyel kKOUPog EKTOG GLVAGTILGHOD.

H avotnpd mupnvikn otabepdtnta Tov GYXNHATIOROD TPOKVTTEL PUOLKE otd TNV EAAeLYn
KWNTpwv andkAtong. Ta kOpfoug mov mponyolpevo avijkoy 0TV TeAevTalo GTPOGCT], £Vag
KOADTEPOG CLVAGTILOHOG CTJLOLVEL GUUITTEPIAN YT KOl TOV TTATEPX TOVG. ZE CLUTT] TNV TEPITTWOT)
OpwG, o KEPSOG Twv oudLdv petdvetor. Ta va éxovv tor moudi vmAdtepeg amolofég Bo
npémel va eivar oe opada pe Arydtepa adédgia. Qotdc0 oTNV TEpinTron avtr to kKEPSog Tov
TUTEPA KOVPEVETUL. ZUVETWG, OeV LTTAPYEL AGOEVHOG KWADOV GUVOGTILGHOG YLOL UTT] TT) SLOLé-
pron ko Staspariletor n avatnpn Tupnvikn otabepotnta. H mapamdve aitioddynon toyvel
yia k&Be Pripa Tov alyopiBpov xal cuven®g yior oAOKANpT TN StopépLoT).



38 KEDPAAAIO 3. XTAGEPEY AIAMEPIYEDY

ApTtomoroi kot puAwVadEG

Mio oxOpa evdiopépovoa mepintwon mov propet v povtehormolnOetl pe atAd GUPPETPLKE
KAooHoTIKE Ndovikd maiyvia eivot avTh TV Povpvapndwv kot Twv puAwvadwny. To tiaicto
XPTCLLOTOLELTAL VIOt AVATTOPAGTOGT) KATOGTAGEWY OOV VIIAPYOLY GUHUETEXOVTES OLAPOPWV
wiottwv kot k&be maiktng embupel vo opadomomn el pe 660 to Suvatdv TEpLEOTEPOLG ML~
KTEG SLAPOPETIK®OV atd T Sikt] Tov WLOTHT®WVY KoL 660 TO SLVATOV ALYOTEPOLG TTAIKTES TNG
WLoTNTAG Tov. O TITAOG vapépeTa o€ APTOTOLOVG TTOL eTLOVHOVV VaL Pnv X0V cLVASEAPOLG
TOUG KOVTQ, OOTE VoL LITAPXEL AOYOG VoL TTopAEOLY PWLL KotL VoL LITAPYEL ETTAPKELA OE TTPOGPEPO-
pevo adevpL. XTov avtimoda, oL aAeaTEG £XOUV TAPOHOL EAOTHPLL VO £XOUV HEYAAO TTOGOGTO
QPTOTTOLOV GTN) YELTOVLA TOVG, Vo LIdpyel SnAadn) xpnotpotnta twv mpoidvtwv tovg. To TAg-
Boc twv KAdoewv dev meplopiletal oe dvo. H avamapdotaoct tov matyviov pmopel va yivel
péow pn kotevfuvopeEVoL Yp&pou Omov (eDYT TOUKTOV ETOLPOVUL®VY OOTHTWV cuvdiovTon
péow akpov povadioiov Papoug.

I Swapépron m otov avotnpd muprva vitobétovpe katnyopio 6 pe peyalbtepn avaroyia
o€ ouvaoTopd S amd Ot oe cuvacTiopd T, pe S, T € 71 ‘ﬁ?f L > |T‘rp|9| . Yrobétovpe maiktn

i € SN 6. Ipogavag otov T vrdpyet katnyopio 6 yio tnv omoia |S|r;¢|9’\ < |T|2?,| doTL

Sno Sno Tne Tné
Snel L ISnel _ITnel 708

I e N

Awakpivovpe tnv mepintwon ywe tnv omoia |[SNE'| = |TNO| = 0 ko Oewpovdpe x.p.1.y. 6011 |S| <
|T'|, ToTe 0 otk TN G 7 £xel AOYO v petakvnOei oTov suvasTiopud T epdcov o cuvasiopog T
B éxelL meplocoTepa PEAN atd ToV S Ko 0 ¢ Bar eivar 0 povog PeTaEd avT®VY oL Bot avrikeL TNV
kotnyopia 6 1

THngl 1 <|Sm9|
T T T S ST

1 TeAevTaia avicOTNTA amoppéel ard to yeyovog ot [T > [S| ko |S N O] > 1. Zvvenadg o
naiktng i éxel otov T vymAdTepec amodafég. Ot vdAowmoL maikTeg Tov 1’ TOL AVHKOLY Ge
Srapopetiicég katnyopieg amtd Tov i, fedtidvouy T Béom Tovg Adyw Tov OTL OL AVaAOYiES TNG
KATyoplag Tovg 6To GUVONO petdvovTal, 1§ Dewpwvtag katnyopieg 6,

Tt ne"|  |Tno"| - |T No"|
T Tt T T

61oUL 1) LoOTNTA LoYLEL YIx kKaTnyopieg ov dev ekmpocwmovvtal otov 1.

Xwpig PAaPN Tng yevikdtnTog, otny mepintwon mov appdtepot ou S, T éxovv avrutpo-
owmovg Tov tomov b, dnhadn T' N 6 # B, To ceviplo TG AVTIKATACTAGNG EVOG TOLKTY TOL
diov TOmoUL § ad maikTn ¢ TPoodiopilel acBevidrg KwAdovTa cuvacTiopd. Yrobétovpe maikTn
j € 0NT, nov avtikadictato amd maiktn i. O TPoKHITWY GuVacTIoOS eivor T = T—7 U i
ko Tpopavddg o T Suatnpel Tnv TAnOkdTTA TOL T KO GLVETDG TNV awvahoyia k&be katn-

yopiag 1 [T" N @"| = [T N§"|, V&"|0" NT # 0 xau \T|’Q/9|”\ = \Tlf;ﬁ‘”I’ vo"0" N'T # 0. Av

KO AVTUTPOGWITOL KATHYOPLOV Slar@opeTikv amd T 6 eivon adidgpopor avdpesa otig T, 17, o
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TOUKTNG ¢ €XEL avEnpéveg omohafég amd tnv ardkAlor kabwg

\Sm9|>|Tm9|_|T'm9\

!
5] T "]
JUVETAOG Yot Vo lvail TO TTalyvio atoAAaypEVo artd aeBevidg KwADOVTEG GLVACTLOLOVG OTTAL-
, [SNE| _ |TNé|
Telton g = S

Emutpoobétng, n mponyodpevn cuvOrkrn eivo tkovr] ylow pr KEVOTITOL TOU QUG THPOV TTU-
priva. @ewpdvTag TNV LoD TNG Yia OAES TIG KATNYOpPLes kat GAOUG TOVG GLVAGTILGHOUG TNG Lot

pépong m, aoBevaig kwAVwv cuvaoTiopog T' dev propet va vtdpéel kabmg B mpémel va ko~
ITNO@)| . |m()no()] ‘ ' ITNO@)|  |m()NO(E)]
T < e Yl Ty katnyopia 0(1) xawr v T S ]

yto Tig vidhoureg katnyopieg. H amaitnon mpokvntel dote évag maiktng tng katnyopiog 6(7)
va e€acparioel VYMAOTEPO KEPSOG ad TO TPEXOV MOV loa TapéxeTaL atd KAbe cLUVACTIOHO
Ko K&Oe ol TG oo TIg AOLTEG KT YOpieg oL ekmposwiovvtal otov 1 vo pn {npiwbel otd
v anokAion. Qotdco, abpoilovtag Tig avicoOTNTEG TPOKVITEL

voTolel TNV avicwor

[T N6y [T 0] _ |w(@) N6 |7 (i) N 0|
+ .t < , s
T T Wol Wol

oL 6oL oL cuvacTiopol potpdlovtol To i8l0 ToG0oTO aVTITpocHOTWwY kdbe Katnyopiag 1
”(Z)rr(g(’) = “(]ﬂ)(mjg(z). Tote opwg 1 < 1, avtigaon. Ot tponyodpeveg damoTodoelg 0dnyodv

o710 akO6AovBo amotélecpo.

Ocwpnua 3.10. TN waiyvio pe TPOTIUHOES THS HOPPHS APTOMOIDY Ko aAeaTdv, Siauépion

S1, ..., Sk €lvar auotnpd Tupnvikd otabeprj edv kau pévo edv yia kdbe karnyopia 0 € {61, ..., 0.}

. . . 0 0
kot kKdBe {evyos ovvaomoucy Sy, Se € S1, ..., Sk, |S‘g;| | — |S‘§2| 5

H cuvbnkn tov Bewprjpatog propet va emovadiatunwbel e xprion Tov pEYLETOL KOLvoU
Sroupétn Twv TAnBikotritev TV katnyopuov d = ged(|61], |62], ..., |0¢]) wg [S N O| = ks|0]/d.
SUHUTEPACHATIKY, 1) L0 AETTOREPNG Stopépion T mov propel vou emitevyDel, AapPdvetar yuo
ks =1, VS € mxou eivou povadikn.
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KepaAairo 4

Antégpaon & vtoAoylopog otabepov
OLPEPLOEWV

310 mopoV Ke@AAo TapovoLdleTal 1 TOALTAOKOTN T TNG AdPacng OITapEng KoL Tov
vrtoAoyLopot oTabepdv Slapepioewy TV NOOVIKGOV oy viwy.

4.1 Tevued ndovika noiyvia
[Ballester, 2004; Aziz, Brandt & Harrenstein, 2013]

Opiopog 4.1. Ta mpoPAnpata andeacng vapéng mupnvikd, Noag kot atopikd otabepov,
téhewwv kot Mapéto PéAtiotwv diopepicewv, dedopévov avamapactdoewy atopkd opforo-
YIKOV KATOAOYWV GUVOGTILOU®OV d0VIK®OV oty viev, kahovvtalr HCORE, HNASH, HIS ko HPER
avticTolyo.

IMopatnpodpe 6tL Ta TpoPfAnpoto Tov oplopot 4.1 mepLéyovtor oTnv KAACT) TOAVTAOKO-
tntog NP(rov emAvovTot P altlokpatikd e mToALVOVULKO Xpdvo) KaBdg vitdpyeL Lo ToTTOoL-
NTKo yix Betikd otiypLotuma yuo kabéva otd awtd Tor TpoPAnpata wov piopel vo edeyyBet
o€ TOAVWVUHLKO XPpOVO. ApKel TOAVWVUILIKOG XPOVOGS YL var SLatioTwdel OTL GTLYHLOTLTTO TOV
npoPAnportog HCORE emdéyeton mupnvikd otabepr) Swapépion. EmumAéov, dev vapyel moto-
TONTLKO Yot GTLYHLOTUTTO 7oV dev emidéyetal mupnvikd otabepr) dopépion. H moAvwvupiicod
xpovou Sradikacio emainBevong mapovoidletal otov alyopibpo 5. H diadikacio eival mpo-
POVOG TOAVWVLLKY G Tpog To péyefog Tov oTiyplotvov Tov HCORE.

To mpoPAnpata ov divovtor 6Tov oplopo 4.1 eppaviovv eyyevi opoloTnTa pe TN o
tov poPAnpotog EXACTCOVER 7oL €€l KATOUPATIKT AITAVTIOT) €4V VOl GUVOAO DTTOGUVOAWY
C Sedopévov cuvorov X, mepiéyet dapépion tov X. To obvoro X avticTolyel oto chvoro
TV ToukTOV N 1doviKoD Ty viov kot oL ok teg elvot adtdpopol petafd TV GUVUGTILOUOV
tov C' 6Tovg omoiovg ouppetéyouvv. [ TV TAN PN avTioToiylon TwV TPoPfAnpdTwy yiveTon 1)
e€alpeon ortd Tig Tupn vk otabepég Srapepioelg yioe To N, TEPLTTOOE®Y OTOL Tk TG J elvor
HELOG HOVOUEAODG GUVAGTILOHOD, £V 0 cuvaoTiiopog {j} dev eivon péhog tov C. Oewpoipe el

napadetyport X = {u,v,w}, C = {{u,v}, {v,w}}, N = {u,v,w}, tote n {{u,v}, {w}}
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AANyop1Opog 5: Eleyyxog Stoéplong wg mpog To avijKeLY 6TO TTUPTVA GTLYPHLOTOITOV
Tov HCORE.

input : An instance of HCORE and a partition 7 of its players

output Characterization of the partition concerning core stability

1 fork=1to|N|do
2 for coalition S'| S >, w(k) do

3 for playerj € S| j # k do
4 skip < 0

5 ifS>-j 7(7) then

6 Continue;

7 else

8 skip < 1 ; break;
9 end

10 end

1 if skip == 0 then

12 return "7 ¢ core"

13 end

14 end

15 end

16 return "m € core”

elvon wopnvikd otabepr] Swapépion dpwg w ¢ C. T vo amo@Oyovpe TNV avavTioTolyion pe-
a0 Twv 300 TpoPANpATWY, TpoobéTovpe yio k&bt aikTn j ov dev eppovileton oto C, dvo
TOLKTEG TALOLA, TOUG Jg KOL Jp KOL TLG OYETIKES TIPOTIUNOELG

{jaja} " ja {javjb} " ja {ja}

{Ja> Jo} b 4. Jv} b {dv}-
ETMLITAEOV OL TTPOTLUNOELG
{jvjb}7>_j {j?j(z}- >'j {j}

TPOCOAPTHOVTOL WG embépata ot AMota mpotoewy tov maiktn j. Edv tdpa to maiyvio
(N, ) eivan mopnviké otabepd, mapatnpoipe 6t kopPor moudik pe kowod matépa, amontei-
TAL VAL GLVAGTILGTOVY XWwpig emmAéov maikteg. H 816t ta amoppéel amd tnv KukALkT @oom
TWV TPOTUACEWV TTOL ALPOPOLY TATPLKO KOUPO KoL Tor TTartdL& TOV. ZUVETMG OL AOLTTOL TTAKTEG,
dnAadn) ta péAn tov X Ba cuVACTLETOOV AITOKAELTTIKA pe Kartola péAT tov C.

Ed&v 1o maiyvio (N, ) dev emdéyxeton mupnviké otabepr] Stopépion cuvendyeton OTL TO
otowyela Tov C dev kaAOTTOUV YWPIg PN KeVEG TOUES TO GUVOAO TwV ToukT®v. Ot Buyatpikol
ToiKTEG PTopolV va oxnpaticovy adedgicég duvadeg ool kavéva amtd T péAn tov X dev
TPOTIUG var elvort pe Ttordud mop& e péAn tov X.

Svvenwg, 1 mpoavagepbeica Swadikacio amotedel avaywyn omd TO  TPOPANpO
EXACTCOVER o710 mpofAnpo HCORE kot o@pod 11 TOALTAOKOTNTO TNG KATAOKELNG TOL
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(N, ) amd 1o EXACTCOVER eivo ypappikr og mpog 1o | X|, n avayoyn eivar molvw-
vopikr). Mio xatdAAnAn ovvéptnon prkovg yuwe 1o mpoPfAnpuo EXACTCOVER eivar 1)
lengthpe = |C||X| evé ywe to HCORE eivou n lengthe = |K.||N|, 6mov to K. nopiotd
Tov apdpd twv ocvvaomiopov otnv RIRLC. ‘Eva Gve @pdypo mTpokdmITel TopatnpovTag
Ot Yo k@Be pédog tov | X |, mpootifevran to Mol ebo emutiéov maikteg oto |N| cvvendg
|IN| < 3|X]. To mAr0og twv cuvaomiopdv ov epgavilovtal otnv RIRLC tov HCORE givou
Ke = |C] + Xo4j1¢c6 < |C| + 6[X]. Onote 10 prixog lengthe dev Eenepvé v tipr
3IC||X| + 6]X]| - 3|X| < 3lengthpc + 18|X|* < 3lengthpc + 18length%, mov etvan
TOAVWVUHLKG QPaypévn) oG TTpog to pNkog lengthpo. Qotdéco to mpdfAnpa EXACTCOVER
elvor ammodedetypéva NP mArpeg kabodg eivan avapeso oto 21 NP-mtAnpn mpofAfporta tov
Koapr [Karp, 1972].

EEGANov To podPAnpa TV cuykaToikwy eivon o meploplopdg tov HCORE o¢ mpoTiprioetg
opddwv 1o TOAD 2 ToukTOV Ko eivor NP-tAnpeg [Ronn, 1986].

Opoiwg to poPAnpa HIS aviiket otnv kA&on NP. o va To SLommio Tdo ovpie, Topatnpovpe
OTL yo vou emtaAnBedoovpe edv pio Stopépion eivan atopkd otabepn atarteiton yio k&Be mai-
kTN ¢ € N va amopacicovpe edv LITAPYEL CLVOGTLOROG

Sern|iuS=;n(i),ST =; SVjeS.

H avaywyr) mov amodeukvoel tnv NP-tAnpotnta tov HCORE epoppdletar ko e8¢, To autote-
Mopata g ovlntnong cvvoyilovtal 6To emdpevo Bewprnpae.

Ocwpnpua 4.1. Ta mpofAiuara HCORE kau HIS eivau ioyvpa NP-mAnpn.

Me tov 6po Loyupd dnhodvetar 6Tt dev emidéxovtal ovTe PevdoTOALOVULULKS adydpLBpo.

Oocov apopd otnv moAvmAokotnTa amdeavong vmapéng Nag otabepric Siopépiong yio
dedopévo oTLYpHLOTUTIO TOL TTaLyViov, Topatnpovpe OTL yia K&Be BeTikd oTiypdtumo, vtdpyel
TLOTOTOLNTIKO 7 TETOLO (OO TE Vo emtaAnBeletal o€ TOALWVUILKO XpOVO, 0TL TO T eivo Nog ota-
Bepny Sropépion. H emadnBevon diveton amd Tov adyopiBpo 6. Qg cuvaptnon Pikovg Tov Tpo-
BARpatog Aappavetarn lengthe. O adyopiBpog amtantei O(|N|K,) Pripatoa, dpo eivor mohvw-

AAyop1Bpog 6: EAeyyog dapépiong ndovikod matyviov wg mpog Nag otabepotnra.

input : A hedonic instance (N, ;) and a partition 7 of its players
output Characterization of the partition concerning Nash stability

i1 fork =11to|N|do
2 for coalition S € 7 | S # w(k) do

3 if S** = 7(k) then

4 return "7 is not Nash stable."
5 end

6 end

7 end

s return "7 is Nash stable."
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VOHLKOG G Tpog To péyeBog Tou lengthe. O avadoyieg avapesa oto TpoPfAnpua EXACTCOVER
ko 610 TpOPANpa HNASH eivon eppaveic. Eotw N = X 10 60VOAO TV TaK TGOV £VOG GTLYHLO-
TOTTOUL ToL HNASH kot uvaemiopol ov avtiotoryovv oe péAn tov C. Ot TaiKkTEG ATOTHOOY
OHOLOHOPPQ TOVG GLVAGTILGHOVG 6TOVG 01t0iovg cuppetéyouy. N kébe i € X | i ¢ C npoorti-
Beton maiktng i* pe karddoyo mpotpfioewy {i*} ko emumAéov oTov katdhoyo Tov TaikTn 4,
TPocapTaTOL TO THpa tpotrioewy ” —; {i,7*} >=; {i}”. Hapatnpodpe 6tL oTnVv mepintwon
7oL deV LILAPYEL TOUKTNG TTOL ptopel vor weAnBel amd povopepr) ToL TPookOAANoT o€ GANO
OLVAOTILOPO, OL TTAUKTEG HE TO AOTEPL OXNUATICOLY HOVOpEAELS GLVAGTILOHOVG, ELOGAA®G B
TPOTLHOVG AV Vo ok Alvouy otnv amopdvwor). Emurpdcheta, ol xwpic aotépt maikteg Srope-
pilovtau o€ cuvaoTLopOG ToL AvTLoToLK oV 6To C, elddAAWG B atékAvay oo {i,i* }. Kotk
ovvémela éva Betucd oTiypoTLTo Yia o TpOPANpe HNASH avtiotolyel o€ BeTikd oTiypLotumo
yia to EXACTCOVER ev 1) aovsio Nog otabeprg Stopéplong yio ndovikd otiyptdTumo emdyet
amovoia dapépiong tov X oto C. H avaywyr) mov epappdotnike omoitel ToALOVUpLIKS TAY-
Boc Pnpatwv wg mpog to péyebog Tov HNASH. Katadyouvpe Aoutdv oto e€fg cupmépaca.

Ocwpnua 4.2. To npdfAnua HNASH eivar ioyvpda NP-mAtpeg.

3T1 GUVEXELR, GTPEPOUILE TV TPOCOXT] HAG GTO TPOPANHO atdPaong TG btapéng Télelag
Sropéprong yia dedopévo ndovikd maiyvio HPER. Ilapatnpodpe ot to mpoPAnpa akptfodg kd-
Aoymg pe tpLadeg (exact cover by 3 sets (X3C) avayetat oto HPER. To mpofAnpa X3C opileton
péow piog dvddog (X, C), 6mov to cvvoro X = 1,...,3m, m € N* kai to obvoro C amorte-
Aeital oo vrootvola Tov X pe TANOLKOTNTA 3 KoL TO EpAOTNHA elval e&v LITAPYEL AKPLPES
kéAvppa tov X € C. Eotw 10 ndovikd maiyvio (N, R) 6mov N = X xou ya k&be maikn 4,
oL povol atopkd opBooyikoi cuvaomicpoi eivon Ta ototyeior Tov C, oTa 0ol GUPHETEYXOLV.
Yovendg, Aovovtog to tpdPfAnpo HPER cuvdyeton pioe Abom oto mpdfAinua X3C. Qotdéco 1o
exact cover by 3 sets outodeikvoeton NP-nAnpeg [Garey & Johnson, 1979], omdte ko to HPER.

Ocwpnua 4.3. To mpdfAnua HPER eivar ioyvpd NP-mArpeg.

H Siapopd otnv mOALTAOKOTNTA TOL TPOPATUATOS TWV CUYKATOLK®V |LE KOl (VEL LGOTH-
TWV OTLG TTPOTNOELS, TTOV GTNV TPOTH epintwot) eivor NP-tAfpng evd ot dedtepn avrkel
oto P, mpokadel tn okéYn g SLapopdg TV TOAVTAOKOTHTWV 6TO Yevikd Ndovikd maiyvio,
4TV OL TPOTIUNCELG Elva TUYLieg koL OTav elvor avatnpég. Ilpopavmg To mpoPAnpa mopopié-
vel 610 NP ago0 1 Siadikacio erainbevong eivat 1 idia kot Tapovsio Twv LIGOTHTOV.

H avaywyr oo HCORE 6to HCORE ywpig .ootnTeg Srapaivetal guotkr). Ta Prjpata ostote-
Aovvton ad TNV eMAOYT TV TOLKTOV TOV VEOL TALYVIOL KL TOUG KATAAOYOUS TTPOTIUHCEDVY
toug. To véo obvoro auktdV o epthapPdvel Tovg maikteg Tov HCORE pe Tuyoieg TpotTiun-
o€Lg IOV €YoV LooTNTEG 6TOUG Katahdyoug IRLC tovg. OL mpotiprjoelg toug mapoapévooy idieg.
TN maikTn u pe 10oTNTEG, £0TW Kk 0 PEYLOTOG OPLOPOG TV OHOL TTPOTLUNTEWY CUVOCTILON®V,
TOTE, 6TO VEO GUVOAO TTALKT®OV TPOcTiBevTon oL TaiKTeG Uy, U2, ..., Ug. K&Oe eppdvion Tov mai-
ktn u ot IRLCs avtikabiototor ord 10 6OVOAO TOUKTOV U, U2, ..., Ug. OOV elval eQLKTO,
0 TTalKTNG U; TPOTIUA TOV 1-00TO PETAED ap)LKd LGOTHOY cUVACTILOPOV (dev epappoletal o
KOOVLG GTNV TTEPITTOOT 1odTnTag Atyotepwv amd k cuvacmiopmv). Katd ta Ao, ot mpo-
TIHAOELS TWV TTOUKTOV UL, U, ..., U ELVOL TUXALEG YL TOVG TTPONV LOOTYLOVS GUVOGTLGHOVG
KoL Sltnpovv TIg yvoleg mpoTiprioels. TéAog n mpoTipnon 6Tov HovoGOVOAO GLVOGTILOHO
npockoAldtol ot Aot k@be otk TOL TN GTEPELTAL.
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IMopatnpodpe 6TL v évor GTLYHLOTUTIO TOL AVYHEVOL Ttatyviov eival upnvikd otabepd
TOTE KO 1) €LKOVOL TOV 6TO TeEALKO TTaiyvio eival mopnvikd otabepr). Mia e€rjynomn eivou 6tL )
ovoywyn dev emipépel aAAayéG 0TI GELPA TWV TPOTUNCEWY OTATE OL TALKTES TTOV TTPOEPYO-
VTOL OO QVTLIKOTAGTAGT] HITOPObY PHOVO Vo w@eANBo0v amd GUVACTLOUO OTTOV GUHPETEXOLVY
OAOL OL TTALLKTEG TTOV TTPOEPYOVTAL OO AVTLKATAGTOCT] £VOG TTATPLkoD. 26TO00 Yl ioeg Tpo-
TIHNOELG S~y S, 0 TalkTng u; O TPoTIHOVOE TOV GUVAGTIOHO S; HETA TNV AVTIKATAGTOOT)
eV 0 maikTng u; O TpoToGE TOV GLUVAGTIGHO 5.

Ytov avtinoda, edv GTLYHLOTLITO TOL APXLKOD TTALYVIOU €XEL pUr) KEVO TTUPT|VA, TO i810 Lo DEL
Ko Yl To TeAkO malyvio. Atoxkpivoupe dvo mepuntioels. Eite ol amokAivovteg eivan maikteg
7OV deV EXOLV TTPOKVYEL OUITO TNV AVTIKATAOTOGT] KOl GUVETMG 1] artdkALon Ba yivel ko 6To véo
oLy VL0 ) 6TOVG ATTOKALVOVTES TTEPLAOPPAVOVTOUL TTOKTEG ATTO AVTIKATAGTOGT) TOL Bt oTtOKAL-
VOUV atd KOO 6TO VEO TTalyVLo KOBMOG VUG TTPOTLUNTEOG CUVACTILOROG YL TOV TTATPLKO TOVG
nalkTn elvor TPOTIUNTEOS KOl Yot ekeivoug. Apa To Nd0oViKO TaiyVio e VO TNPEG TPOTIUAOELS
ePPavileL pn KEVO TUPTVAL AV KoL HOVO OV TO OPYLKO TTaly VIO HE TIG YEVIKEG TTPOTLUNOELS £XEL
H1) KEVO TTLPTVAL.

Hoapoatnpodvrog 6Tt To véo mAfBog kOpPwv eivon to oA |N'| = | N|k kw61t K. < K. +
|N'| xatomy g mposOHfKng TV HOVOGUVOAMY GUVAGTILGHMVY, 1] Avay®YT eivol TOADWVUHLKT
G 1tpog To Pnkog lengtho. Katd cuvémela To prjkog Tov tpokdnTovtog oTLyptotdmov Qo eivor
lengthy, = |N'|K. < |N|k(K. + |N|k) = k- lengthc + |N|*k*. Onéte cvvéyovpe to
akOAovBo amotéleapa.

Ocwpnua 4.4. To mpdfAnpa HCORE e QuoTHPES TPOTIUHOELS ETTL TWV CUVAOTIOUWV EivaL IoYUPE
NP-rAnpes.

Tt To tpoPAnpo HNASH pe avotnpég mpotipnoelg diatifeton pia oavorywyn) mapopolo pe
ot ov 800nke yix To poPAnpa HNASH. To cbvoro twv mowktedv N amoteleital amd otol-
xela tov X. KéBe pédog tov C petaoynpatileton e cuvaomiopd otovg katahdyovg RIRLCs
TV TOLKTOV OV GUHHETEYOLY o€ aLTO. Ol TPOTIHNACELS TWV TOUKTOV OVAPECK G ACVTOVG
TOUG GUVAGTILGHOUG elval Tuxaieg kol avotnpés. Xe k&be cLVAOTIGHO TOL OVOKDITTEL OTTO
to C, ywx k&Be maiktn © mpocOéTovpe ToV maikTn U1 0TOV i810 CLVACTIONS. ZUVENTMG 1) EL-
kova tov C' = {(u,w), (u,v,z)} oto HNASH pe avotnpég mpotiproelg yo Tov maiktn u 0o
elvaw: (u, up, w,wy) =y (u,ur,v,v1,2,21) M (w,ur,v,v1,2,21) =y (U, ur, w,wy). Emmpod-
ofeta, yux k&be ovvoro (u,ui) | {u} ¢ C mpootifetan to Ledyog (u*, u}) kan o kaTdho-
YOL TLPOTIUAGEWV ETUNKOVOVTOL TPOCAPTMOVTOG TIG TPOTHNOELS >, {u, u™} =y {u, u1} xou
uy {ut,ul} oy {u,ur}. Ovmaikteg pe aotépl Sev éxovv GAleg mpoTiuroelg Tapd vo ma-
papeivouv povrpelg. o va e€axcpaiicovpe TNV avamopioTacT ToL TALyviov Hog e AMoTeg
IRLCs, 6mov anatteitol TpocapTATOL O HOVOHEATG CUVAGTILGHOG.

H Omapén dwapéprong tov X oto C cuvendyetal OTL OL AVTIOTOLYOL GLUVAGTILONOL 6TO Ndo-
vik6 aiyvio ouvietovv Nag otabepr] Stopépion yio k&Be moiktn u Adyw Tov OTL emiBupel va
BplokeTot pe TOV OLVEPYHTT) TOV U]. ZUVEOG ATTOKAgiovTOL POoVOpepeig amokAioels. Emurpo-
oBeta, 1 amovoia dxpepicewv Tov X ot1o C onpaivel 4Tt kdwolog moiktng w eite Topapével
HOVIPNG 1) oLveTapileTon e TOV GLVEPYATT TOV, 0mtdTe 0 (U, u™) eivar KWADWV CLVAGTIGHOC,
1) cuvooTileton pe Tov u* ko 0 {u*} aotelel kwAvoVTo CLVAGTILOHS. ZUPTEPACPATIKE, OL-
véryoupe TNV tooduvaypia 6Tt vtdpyet pio Stoapépion Tov X oto C, av kat povo av 1o avticToryo
ndovikod matyvio emidéyetal Nog otabepny diopépio.
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Me oxomod va exTiunOei 1 TOALVTAOKOTNTA TG VayWYNG, YivovTal oL akdAovbeg mapotn-
prioelg. H mtAn0iotnta tov N yux to otiyptdtumo tov HNASH pe auotnpég TpoToELS TTov
Snuovpyeiton eivar |N| < 4] X|. Evod o apBpodg cvvaomiopodv eivar K. < |C| + 4|X|. Qg
QITOTENEGHA, T) CLVAPTNOT) HHKOVG TOL TeALKOL TPOPAHATOG eivat

lengthy = |[N|K, < 4|X||C| + 16| X|?* < 4lengthpc + 16length%c.
Apa 1 avorywyn) eival TOAVWVUHLKT] ©OG TPOG TO PIKOG TOL ap)LKOD TPOPAYHATOG.

Ocwpnua 4.5. To mpofAnpa HNASH pie auOTHPES TPOTIUHOELS ETTE TWV CUVACTIICUWOV EivaL I0YUPK
NP-rAnpes.

H amégpoaon Omapéng atopkd otabepr|g dwapépiong amodetkvieton 6Tt eivar NP-30cKoAn,
péow ovorywyng ov ePLAopPaveL apreTd GTOLYELO OUITO TLG TTPOTYOUHEVES KOl EKPETAAAEVETOL
N cuvagela pe 7o TpoPAnpuo EXACTCOVER. YroBétovpe Eavd ototyeia tov X wg maikteg kot
npocBétovpe cuvetaipo uy V u € X. Ta vtoovvola tov X € C' petaoynpatiCovtol méht oe
OUVOOTILGHOUG e kGOe TaiKTN TOL GUHHETEXEL VA EXEL TUXALEG AVOTNPEG TTPOTLUNGELS HeTaED
avtov. Kabe epoavion maiktn v oe opada emupépel TNV eVeOPATOOT TOUKTN %] 6TV Opado.
To THApOTA TPOTIHNGEWY TTOL €T XONGAY GTNV TPOTYOOHEVT] AVOYWYT], ELCAYOVTOL KL €8
pe TN SLopopd OTL VT Yl Tk TEG e AT TEPL, XPNOLOTOLODVTOL KUKALKEG Opcdeg {uw, tg, up }
wot {ug, Uiq, Uy} Y k6O u ) ug téroo wote {u} ¢ C. Emnpdobeta, mpootiBevrar o avti-
OTOLYEG TIPOTILUNOELG ETTL TWV KUKALKOV OPUAdwV, OIS 0TV avaywyn yia To TpofAnua HCORE.
Eav vapyet Siopépion tov C, ot maikteg O cuvaomiotodv pe dAlovg maikteg otd to X ko
TOUG VTG TOLYOVG GLVEPYATES (TTaikTeg pe vtodeiktn 1). Or vtdAoior Taikteg B cveTHGOLY
oOvVoAa NG RopPTG (Ug, Up) KoL (U1g, U1p). TéTOL OpOSOTTOINOT) TV TOUKTOV givon oTadepn
kotd Nag kabdg dev vapyel maikTng ov va fedtiddvel Tnv gunpepia Tov opov kaveig dev Bo
petakivnBel xwpig Tov cuvepydtr TOu Ko Ta TOUSLA TV KUKALKOV OpAdwV (aikteg a, b) dev
VTLAPYEL TTPOTIHOTEPOG GUVACTILOHOG OTTO TOV (Ug, Up ), TPOSPACLOG oTtd HOVOpEPT) ATTOKALOT).

H mAnBucdtnta Tov 6UvOAOL TV TOUKTOV TOL TEALKOD 1dOVIKOD TaLyviov QpAcCETaL
kafodg |[N| < 4]X]| kot or cvvacmiopol Tov monyviov mepropifovion ad TNV avicdHTTA
Ke = |C| + Xqjec 12 < |C] + 12]X]. Zvvenag to prikog tov telkot ndovikod maryviov
etva

length;s = |N|K, < 4|X||C| + 48| X |? < 4lengthpc + 48length%c,
TOAVWVLHLKO G TTPOG TO Pjkog Tov EXACTCOVER.

Ocwpnua 4.6. To mpdfAnua HIS e avotnpég mponyrjoeis eivar ioyvpd NP-rAtpeg.

4.2 Avovopeg TpoOTIUNCELG

To tponyoldpevo amoteAEo AT LoXDOLY Kol OTOV OL TTPOTIUNGELG VOl AVOVUHES (OPLOHOG
2.3). @ewpovpe tétola maiyvia Statvmtopéva péow RIRLSs, dniadn avaropactdoewy oo ato-
pik& opBoroylicovg kataddyoug peyedov. O maikteg avTi va ekppalovV TIG TPOTIUNCELS TOVG
0€ GUYKEKPLUEVOUG GUVAOTILOROVG, ST polv pic otoTipnor yix Heyédn cuvaoTop®y.
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Hekwvovtag and to tpodfAnpo HCORE mapatnpodpe 6TL mopapével evtdg tov NP ywpic
va elval mepLeedTEPO TOADTAOKO AOYW TNG avewvupiag, va eAéyEoupe edv dedopévn Sapépion
QVTKEL GTOV TLPT|VAL.

Eexwvovtag and yevikd ndoviko maiyvio (N, 7)), ou atopikd opbodoyikoi cuvacmiopol
to€vopovvton oe adEovoa oelpd peyebmv (S, ..., S¢). Tl va KATAoKELAGOVpE AVOVUHO TToti-
yvio, o€ k&Be cuvaomiopd avartiBetal pla afio cOpPwva pe T oxéon

1 Sil=1
o(si) = i
max{v(S;—1) + 1,|S|} else

ko Tpocbétovpe yix k&be cuvvaomiond Sy, n; = v(S;) — | S| emmAéov naikteg Iy, ..., Iy, éTOL
®oTe oL TLEG Vo TopLlalouv pe To TAN00G TV peAdv. Ta tpo@il TpoTIUNoEWV TV TOUKTOV eTtl
TOV GUVOCTILOHOV HeTaoXNpatilovTal o€ Tpo@id mpotipoewy enti twv peyeddv ko 1) RIRLC
oe RIRLS. To ntpogi) mpotpfioewy enuthéov maktowv l; | 1 € {1,...,L}, i € {1,...,n;} eivon
v(S)) =1, 1. Zovendg oxnportiletat éva Yevdoavdvopo maiyvio, dniadn éva maiyvio 6mov dev
eppavifovtal cuvaomicpol idtag TAnbikotntog.

Exovtag dopépiomn tov apytkol maryviov, ametkovilovpe k&be cLUVACTIOHO COPPOVA pE
™ ovvaptnon akiag, dniadn S; — S; U {11, ..., Iy, }. Hapatnpodpe 6TL edv Siopépion m Sev
eiva oTov uprva, dnAadn viapyer S | S > 7(j) Vj € S, to idio oxdet kot yio TV ekodvar
NG 0To TEAKO TTaiyvio.

AvticTpoga, 6TNV TEPITTOOT TOL LILAPYEL KOADWV CUVACGTILONOG YLt SLHEPLOT) TOL Tée-
ALo0 ToLyviov, opoimg VITAPYEL CUVAGTILOHOG TTEPLOCOTEPO TPOTOSOPOPOG YLoL OAOVG TOUG
GUHHETEXOVTEG GE AVTOV KL GTO ap) Lk oiyvio.

To maiyvio pe Tig avovopeg tpotiproelg éxel |[N'| < (|N|+ C)C xou C + |N'| cvvaomi-
opoVG omtOTE 1) SLadLkacion AITELKOVIONG TOV apXLKOD 6TO TeEALKO TTalyvio elval amrodoTik).

Ocwpnua 4.7. To npdfAnuc HCOREAN (HCORE jie QVOVULES TPOTIUNOEIG) LE Tf VEV LOOTHTWYV, Eiva
avotnpd NP-mArpeg.

Ac e€etdioovpe topa ta Nag otabepd ndovikd maiyvia pe obpolotikéc mpoTiprioels. AQod
n ddwkacia emarfBevong tng Nag otabepodtnTag piog Stapépiong eivar avaAoyn avThg evog
yevikob HNASH mtpofAfpatoc, pe tn pukpr dioepopd tov eAéyyxov oe RIRLS, to tpofAnpa HNASH
pe avadVupeg tpoTipnoelg 1) HNASHAN avrjkel 6to NP.

Kataotpobvovtog avoywyn arnd to tpofAnuo EXACTCOVER 6to HNASHAN, é6Tw m 1) 0-
cotnta ototyeiowv {j ¢ C} tov X. Ynobétovpe m > 2 mopoatnpodvrag 0Tt yio LKpOTEPES
Tyég o pOPANpa EXACTCOVER € P. Agot tagvoprcovpe ta péAn tov C' oe adovoa oelpd
S1, ..., S1, avabétovpe pio Tipn o k&Be Sropitod S; wg

1 15| = 1
v(S) =
max{m + 2,v(S;—1) + 2,|S;|} else

Dot k&Be maiktn w 0 TPOPIA TpoTiuricewy opiletar Tuxaia enti v oy v(S;) | u € S
dedopévou 0Tl 1) avastapaotaot mopopével opBoloyikr), dnAadn oL povopedeig cuvaomicpol
napopévovv otn de€lotepn Oéon twv IRLS. EmAéyovtog tnv eAdyiotn andstact dvo diadoyi-
KOV [11] HOVOHEADV GLVAGTILGHOV VAL elval TOLAGYLGTOV S0, OL HOVONEPTG ATOKALTELS TTOUKTOV
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OV AVTLOTOLYOVV o€ péAT Tov X, amokAeiovtal. Me okomd va e€ovdetepwbodv Nag otobepég
Swapepioerg 6ov cvppetéyxouvv aikteg 7 | {j} ¢ C xpnoyomoteitar katdAAnlo e€dpTnpa

m=;im—1=;m—2»;...=;2>;1,i=1,....m

2m+1)—j5>=1,j=m+1,...,2m — 1.

H npotn ypappn tov e€aptripatog tpocaptdtan 6to mpoid mtpotipnong k&be j | {j} ¢ C.
Emunpoobeta, oovoro m — 1 mouktdv {p1, ..., Pm—1} EVOWHATOVETAL GTO TALYVLO HE TPOTLUY-
oelg Omwg 1) debtepn ypappun Tov e€aptnpatoc. Me okomd va avTioTolyoVv oL TIHéG o€ TANON
TOUKTOV TTPooTiBevTal emmAéov TalkTeg OTWG GTNV TPONYOUHEVT avarywyr, dnAiadn yio kdbe
Si, elvauny = v(S;) — 51| kau TpootiBevtan o maikteg Iy, .., Iy, . OL TpOTIUTOELG TWV ETUTAEOV
ok TRV divovran amd to mpoik v(S;) =, 1.

YroBétovrog 6Tt vmépyetl dopépion ™ tov X t.w. m € C, Bewpolpe TNV amekdvion g
070 ndovikd maiyvio. O naikteg u | {u} ¢ C O opadomonBovv oe cuvacTiopd peyébovg
> m~+2 padi pe Tovg avtiotolyovg emiwAéov maikteg. Ol apyikol, oot dnAadn katdyovtal amd
otolyeia Tov X, 8ev Ba amokAivouy kabwg emikepdésTepol yia ekeivovg, GLVAGTLGHOL £€XOVV
peyé0n peyodOtepa meplocdtepo amo pia povada. O emumAéov maikteg dev Oa éxouvv kivnTpo
amoxAong kabag Ppiokovrol atovg BEATIOTOVG TOVG GLVACTLEHOVS. Téhog peTa&d Twv m — 1
TOUKTOV {P1, ..., Pm—1} LITGPYOLY TpOTHROELS Yo peyéOn amd 2(m + 1) — (2m — 1) = 3 éwg
2(m+1) — (m+ 1) = m + 1, ovvenmg dev £xouv kivTpo aTOKALOTC POV OL LILAPXOVTEG
ouvaoTLopoL £xouv povadiaio j > m + 2 peyeon.

E€aAdov, eqv vrtapyel Nag otabepr] Stopépion oto ndovikd maiyvio, oL apyLkol moikteg
yia toug ormoiovg j | {j} ¢ C Ba mpémer va SropeploTodv 68 GUVAGTILOPO HE TTEPLETOTEPOVG
amd m + 2 cLPPETEXOVTEG AAALOG KAITOLOG 0Ttd TOVG TTaikTeG {P1, ..., Pm—1} Oat éxeL edatripra
amokAong. Opowa kan ow maikteg j | {j} € C, mpotyodv pévo cvvaomiopovg peyedov >
m + 2. Télog, ol emumAéov maikteg O Aoy va evowpatwdodv 6e GLVAGTIGHOVG YL TOVG
omoiovg dnpovpyrOnkay 1 va eivor povipels. Apa amd ) Sapépion tTov N Ko ayvodvTag
TOUG p-TratikTeg Ko Tovg emutAéov maikteg Aapfavoupe akpifég kbdAvppo tov C' ad apyLtkog
TOUKTEG.

T TNV moAvmhokoTnTa TG avaywyng éxovps, |N| < |C|(| X ] + 2|C|) + | X| + | X| — 1,
K. < |C| + 2|X| mov odnyei otnv avicotnta lengthy = |[N|K. < |C]?|X| + 4|C]%| X]| +
2|C12 + 2|01 X|? + 20| X |* + 4]X]? — 2|X]| — |C| = poly(lengthpc) dmov to lengthy
TOPLOTA T1 GLVAPTN T Prjkovg Tov TtpofAfpatoc HNASH pe avovupeg TpoTIUoeLs.

Ocwpnua 4.8. To mpdfAnua HNASHAN pe 1j dvev wootitwy, eivau ioyvpd NP-mAnpeg.

IIpocappolovtag tnv avaivot atnv vapén atopkd otabepdv diapepioewv, 1 Sradiko-
ol miotomoinong yux o edv dedopévo ohvorlo cuvacToH®V amotelel BeTkd oTiypLldTULTITO
yiae o HIS pe avdvopeg mpotiproelg 1} HISAN, diveton otov aiydpiOpo 7.

O é\eyyog amoutel ToAvwvLpLkd TANB0G PpdTwY WG TPog TO pKog mepLypopng tov HIS,
ovvenwg HISAN € N P.

T v anddelén tng mAnpodtntag mapepPorrovpe ko e8¢ to TpoPAnpua EXACTCOVER.
‘Eotw m o apbuds tev ototyeiov j € X | {j} ¢ C. Apod dwypagodv devtepeg eppavicelg
and 1o C' ta€vopovvton ta oTolyeio Tov oe adéovoa oepd S, ..., St ko avatiBeton oTo
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AAyop1Bpog 7: Eleyyog wg mpog atopikn otobepotnta, Stoapépiong ndovikod mou-
YVIOU [E AVOVUHEG TTPOTIUNGELS.

input : A hedonic instance (N, ) and a partition 7 of its players
output Characterization of the partition concerning individual stability

i1 fork =11to|N|do
2 for coalition S € w | S # w(k) do

3 if STF =y 7(k) && STF =, foreach j € S, j # k then
4 return "7 is not individually stable."

5 end

s end

7 end

s return "7 is individually stable."

KkoBéva pia povodikr) T cOpPva pe TNV XN

1 1S =1
v(S1) =
max{m + 64,v(S;_1) + 2,|5;|} else

O apyikol maikteg eivar ta otolyeia Tov X oL SLATNPOVY TUXLES TTPOTIUNGELS ETTL TV e~
yebov v(S)) yix 6Aa T S; ot omoiar cuppeTéxovy. Akdpa TtpooTifevton emuTAéov TaiKTEG
l1, ..., ln, ®ote va avtiotorynbodv ta S; pe to peyédn v(S;) ko oL mpoTproelg Tovg eivan
v(S;) =1, 1. Emméov, npootifetan axopa éva obvoro 62 mauktodv {1,2,...,62} pe mpotipn-
cElg

56+m =121 7=16>11

T>92%956+m>=255+m =51

2>37>36>31

T=;6>=;5=;4>=;3>=;2>;1,1=4,5,6,7,8

62+m =;61+m>=;60+m ;... =;2=;1,9=9,10,...,62+m

E€apdvtag v nepintwon m = 0 nmpocaptovpe oe k&be j € X | {j} ¢ C, to anod-
OTMOGHO TPOTNGEWDY 5 62 +m =; 61 +m =; ... =; 1. AkoAovBwvTag Ta emiyelprpotor
7oL Tapatédnkay otnv amodelfn tng mpoOTacng 2.3 KATAAYOUHE GTNV PN DITOPEN ATOHLKE
otabepng StoépLong Tov TeAKoD atyviov edv dev vTapyel atopkd otabepr| Slopéplor Tov
X € C'. Eniong, Betikd otrypdotumo tov EXACTCOVER cuvenmdyetot atopik otabepry Sroqé-
pLom yro To n8ovikd Talyvio pe AVOVUHEG TPOTTGELS OOV OL TAUKTES {P1, ..., Pe2 } OLOTEL-
povovto ot pio dxiteprn opddo. H mohvmAokdTnTa TG HETATPOTHS 0T TO OVOLYDHEVO GTO
TeAKO TpOPANpa amontel ToAvwvuptkd xpovo. H mAnBikdtnta tov véov cuvOAoL TOUKTOV
glvan [N| < |X| 4 (64 + 2|C|)|C| evéd T0 6OVOLO TV GUVAGTILOHOV €XEL ETTIGTG TTOAVWOVL-
pd péyebog wg mpog to pnKog length po KATAAYOVTOG G& TOAVWVUHLKO @P&YHO TOV HRKOUG
lengthrs wg mpog to pnkog lengthpc.

Ocwpnua 4.9. To mpdfAnua HISAN pie 1j ywpis 100tnteg, eivar ioyvpd NP-wAtpeg.
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4.3 AOpoloTIKEG KU GUPPETPLKEG TIPOTIUNCELG

[Gairing & Savani, 2010], [Gairing & Savani, 2011]. Onwg avagépbnke oto kepdioto 3,
pio xatnyopiot Ndovik®V oy viwv mov gyyvatot TNy vrapén otabepodv eEayopevev eival To
OUPHETPLKE, abpoloTikd dtoxywpioyta. To eidog avtd emdéyeton pe oxond va e€etaotel 1) mo-
AvmAokOTNTA 0PECTIG OOUNG CUVACTILOUOV ATTUPOPANTNG EVAVTL ATOKALICEWOY KATW OO SLiX-
(POpPOLG TTEPLOPLOHOVG eLaddoL 1} e€H6S0U.

Apykd e€etdlovpe TNV TEPITTOGT OOV eV VITAPYOUVV TTEPLOPLGHOD.

Opiopog 4.2. Ovopalovpe NASHSTABLE to mtpoPAnpa evpeong Nog otabepr|g Swapépiong oe
oULPHETPLKO aBpoloTikd Ndovikd maiyvio.

Mio avaywyn omd to mpofAnpo PARTYAFFILIATION QOUVETOL QUGLKT. EEKLVOVTOG HE ej-
Bapn ypago G(V, E, w) mov avamaplotd To oTiyptdtumo Tov PARTYAFFILIATION, tpocBétoupie
dvo emutAéov kopPoug Siknv moAwv. T va emtitevyBei 1) emBopntn WioTnTe, K& ¢ € V cuv-
Séetou pe Tovg S00 TOAOLG pESW kY oL Luyiloov W > 37 o pw (i, ), mov Tov divovy
TO OLOLVALYOVLOTO KIvTPo va ouvdebel pe TovAdyiotov éva e€' avtov. T va SratnpnBoiv ot
nmoAoL o€ drxpopeTikég cvoTddeg, cvvdéovtan pe axpn Bapovg —M pe To M v eivon peyahv-
Tepo amd kdbe Suvatd képdog Tovg oo maiyvio, dnhady M > |V |W. Svvendg, n ebpeon Nog
otabepng SLopépLong yLa To KoTaoKevaopévo maiyvio mopéxel otabepr) Adon yLo To apyLkd
Tolyvio Kol avTleTpoP»s. Aapfavovtag vdPy 6Tt To PARTYAFFILIATION eival PLS-tArpeg
Toipvoupe

Ocwpnua 4.10. To npofAnuo NASHSTABLE eivau PLS-mArjpeg.

Ztnv ovvéyelo eEeTALOVHE TALY VIO TTOV ETLTPETOLY LITO OPOULG TNV ATTOKALGT) EVOG ALK TN
OV TLPOTLUX AAAO GLVAGTILGHO ATO AVTOV TTOL AVIKEL.

Mo v mepintwon vote-in  mapatnpodpe 6Tl Eekwvodvtag amd To  TPOPANpa
ONEENEMYPARTYAFFILIATION, avomtoploTodpevo amd ypbeo G, pmopodue va mopepfon-
Aovpe petoEd kdBe 800 apvnTikd ocuvdedepévov kOpPwv a,b, 2x emmAéov kopPoug, ko
v oLVdEooLpE X €€ aLTOV péow akpig Papoug d pe To a ko péow akpng Papoug € pe To
b. O cuvdéoelg Twv voloimwv x yivetal avticTpoga, dnAadn cvvdéovtal pe T0 a PECW
akpng Papoug € ko pe to b péow akpng Papoug d. Ta xpnoipomotodpeva Péaprn emréyovton
00TWG KoTe oe 6Tadepd GUVAOTLONO, OL ool emuTAéov KOPPOL var cuvdéovTal e TO @ Ko
oL vtoAoLToL pe To b Ko eTTALOV ETOL MOTE 1) TOPOLGLN TOVG VAL IV TPOTOTOLEL T TTPOPIA
TPOTIUNCEWV TV KOPPwV a,b d6cov apopd aTovg apytkovg kopPoug. Ta va emitevyBel To
{ntovpevo, emAéyovtan 0 < § < e. H katackevn mapovoidletal oto oxnpa 4.1.

XpNopomoLdvTag TNV WOLOKATACKELT, eMLTPETETAL 1 EVTOEN GE 0TTOLOdTTTOTE CUVACTILGHO
OTOV TO ATTXLTOVEVO TTOGOCTO GLVALVESTC YL TNV TPOGAPTNOT EVOG TTALKTI G€ VO YKPOLT
elvou 70 TOAD 0 AdYog ToL péyioTou Pabpot kopPov A(G) pelov éva mpog tov péytoto Babpod

, , A(G)—1
koppov, § Tiy < A

EmutAéov mpootiBevton o vmepkoppor 0mwg meprypdpnke otn cvlrjtnorn tov Bewpnpo-
t0G 4.10. Katd cvvémeia kdbe otabepri Sdopr) cuvaomiopdv yio To VOTEIN eivon otabepr] ko
yiae To ONEENEMYPARTYAFFILIATION kot avTloTpopws. H avaywyn elvor ToAvwvupLkr ektog
eav Tiy, = 1 0mov 1o mpoPAnpa tavtiCeton pe TNV evpecn atopikd otabepng drapépiong. Ka-
TAATYOUHE GUVETMOG 6TO akOAovBo Bewpnpa
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Sxnuo 4.1: ¥noeida vepyneiong etoddov yior apvnTiKéG oKHES.

Ocwpnua 4.11. T kardpr vrepyripiong evrés rov Sieorhparog [0, 1) o mpéfAnua VOTEIN eivau
PLS-rAtjpes.

I To cvpmAnpopaticd Tov tpoPArpatog VOTEIN, dnAadr to VOTEOUT, vmtdpyel Yoo
ovoywyn and PLS-mAnpeg mpoPAnpa povo e Tov meploplopd Tou aptfpol TV GUVAGTILGHOV.

To avaydpevo poPAnpa eivar to ONEENEMYNASHSTABLE. T kéBe maiktn vmapyet to
TOAD €évag maiktng pe Tov omoio dev Ba éxave taipiaopa. Anhadn yia kdbe maiktn v,
Hulvy(u) < 0} < 1. Me oxomd va vioBetioovpe avtd t0 povtédo yux to mpoPfAnuo k-
VOTEOUT, astateiton AOYog vimootnpLlkTedv TovAdyxtotov Ty, dote va eivon duvatr} omotadry-
note amoywpnort. Ondte ypelalodpoote oe kdbe cuvaeTIoNS T véoug kKOpPovg ouvdedepévoug
pe ocpn) Papovg —e < 0 pe kdbe TpwTapykd kopPo, 6ov

X Tout
T s> AG)
1A 2 Tow 7 w2 MG T

kot A(G) eivar o péyiotog Pabpog kopfov oo ypdeo G. Oélovtag va Staucatiotel 1) looka-
TaVopn TV VéwV KOPPwv 6Tovg k cuvaomiopos, oxnpatilovpe & TAfpeLg yphpous, kabévag
€K TV omoiwv mepthapPavel k €€ avtdv. O akpég Tov TAfpwv ypaewv {uyilovv —M, 6mov
M > €|V]. Méow autig NG Kataokevrg Sev vdpyet maiktng mov va epmodiletar amd v
artdKALon, ovvenwg atabepr) Abon 610 TeALkd TPOPANpa cuvertdyetal otobepr] Stopéplom yio
TO apyko TPOPANUX Kot avticTpoga. éxovtag mpocbécel déopun kOpPwv mAnBovg avaioyov
Tov TAB0VG TOV TAUKTWOV, 1) VYWY VL TTOAVWVUHLKT] GTO UKOG ELGOJOV TOL KPYLKOD
poPAfipatog.

E€aAhov, to mpoPAnua  ONEENEMYPARTYAFFILIATION oavayetar oto  mpOPAnpa
ONEENEMYNASHSTABLE 0w EVOOPATOONG GTO YPAPO TOL TPMOTOL, dV0 ULIePKOHPOUGS
7OV TOA®VOLY TOL LIOAOLToLG. Kébe otabepd otiypotumo tov ONEENEMYNASHSTABLE Qo
éxeL povo 8o cuvvaoTiopong kot Ba elval emiong £YKupo GTLYHLOTLTTO Yo TO TTPOPANpa
eMAOYNG TAPTL He Evav amooTpe@opevo. OmdTe cuvdyetol OtL

Ocwpnua 4.12. Ta katdel vrepyrjpiong evrds Tov Siaotijparog [0, 1) to mpéfinua k-VOTEOUT,
k > 2 eivou PLS-mArjpeg.
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To mpoPAnpa vote-in pe xatd@AL ewoddov T;, = 1 mov tawrtiletar pe to TPOPANpHA
evpeong atopkd otabepng Siapéplong, amodetkvietal SOUGKOAO, HE AVOYWYH 0€ QUTO TOU
npoPAnpoatog ONEENEMYPARTYAFFILIATION™. To maiyvio awtd eivor Opoto pe to mpdfAnpo
ONEENEMYPARTYAFFILIATION pe 1) Stoepopd 0Tt kavelg maiktng dev eivan OpoLa tkavostoLnpé-
VOG 6TOLG d00 GUVAGTILEHOVG TTOL GLVLGTOLV 1) dtopépiot). H idlokatackeur) mov eppavileton
0TO GXNHO 4.2 XPTOLHOTOLELTAL YIOL TNV OVOITTOUPACTAOT) OPVITIKOV AKHOV TOL OUPLTAELpOL
OeV EMITPETOVV PHETUKLVAOELG, GTO TAALGLO TNG ATOUKNG oTafepodTNTaAG.

Sxrpo 4.2: Ineido avTikatdoToong ApvTIKOV oKPOV.

O apbudg cvvaomiopov tepropiletar oe téooepig {0, 1,2, 3} xpnoyonowwdvrog ico TAn-
Boc vepkOpPPwV TOL GUVEOoVTOL G TTAYPT) YPAWYO e POPLEG APVNTIKEG AKPES KAl GUVOEOVTOL
e Toug apxtkovg kopPoug pe Papiég Betikég axpég xabiotdvtag dromn v amoyr and cv-
vepyooio pe é0Tw évav amd avtovg. Ot apylkol kOpPol avikovy eite 6Tov cvvacmiopod 0 eite
otov 1. O x6pPog ¢ éxer Tnv emdoyr va evroyBel otovg cvvacmiopovg 2 1 3 eve ot a’ ko b’
éxouv  dvvatotnta twv 0,1, 2 ko 0,1, 3 avtictoiyor.

YroBétovtog 6TL otabepn) Stoapépion yiax o poPAnpa INDIVIDUALLYSTABLE eival actodng
yia To opytkd mpoPAnpa, koppog o B €xel tn dvvartodtnTa va av€noel To kEPSOg TOL GTO
ONEENEMYPARTYAFFILIATION™ 6vtag Toautd)Xpova atopikd otafepodg oto maiyvio otdyo. Ot
evilapépovteg KOpPPOL ylar EAeyX0 aUTNG TNG SLUVATOTNTOG elval OGOL EYOUV APV TLKT QKT
TPOG TOV GLVAGTILOHO TTOL BEAoVV va petafoiv, kab®g oL Aouroi kopfol £xovy TpoPavmg idieg
npobécelg ot dvo matyvia.

Eotw 611 0 maiktng a propel v Pedtiwbel, tote 0 maiktng ¢ molwvetar 6o 3 ko 0 o
o710 2. E&v o b propetl eriong va fedtidoel Tig autodafég tov, o maiktng b’ moldvetal oto 3
aA& T0Te 0 b’ cuvaoTileton pe Tov ¢ kou O ctokAivel. Soveradg o b dev popet va avkroel Ta
0@éNn Tov, omtdTe 0 aikTng b’ moAdvetan oo {0, 1} mov akodovBeiton ard b = —b'. Topo e
a # b, a =V xoun andxAion Tov a 6To apyikd TpOPANpa empépel vTOPLPacd W 6To KEPSOG
TOU WG TTPOG Tov b. Zuvenwg oto TeAkd TPOPANHa 0 TaikTng a B TpoTYovsE Vo aTtoAécel
10 k¢pdog oL Tov amépepe 1) cOVSEST] ToL pe Tov b peyéBoug w, pe okomd va weenBel ad
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AMyop1Bpog 8: Look at ko Bias yia Tnv 1d10katackevn avTikatdoTaoG APV TIKOV
OKHOV.

1 if o can improve then
2 bias cto 3

3 bias o = 2

4 else

5 bias o/ to 0,1

6 bias ¢ to 2

7 end

s if b can improve then
9 bias ¥/ = 3

10 else

11 bias &’ to 0,1

12 end

TO PEYOADTEPO TAEOVOGHA L0 TLG VITOAOLTIEG GUVIEGELS TOV KATOTILY TNG TTPOCYDPTOTS TOV
otov ouvaoTopd Tov b. Omdte o maikTng o dev elvon otabepdg 0vTe oTO NSOVIKS Ty VLO.

3TN GUUTTANPWHATIKT TEPTTWOT) OOV @ = b 6T0 aPYLKO T VidL, 1) ATTOKALGT) TOL (¢ TOU
diver av€nom oe oxéon pe tov b peyéBouvg w oo amopedyel £vay £TAipo TOL TOL EMLPEPEL
peiwon w. Opoiwg kot 6To oy vidl 6TdY0g eival etw@eAng pia ardKALoT TOL & 1) ool 0dn-
yel omnv idra adEnon képdovg Tov G TPog Tov TaikTn b. Zvvayeton kot TaAL acTdBeLor TOL
ndovikot matyviov avtifaivovtag otnv vtdbeon.

Omodte 1 avaywyr OAOKANPOVETOL Kol €lvol TOAVWVUMIKY G TTPOG TO HIKOG
lengthogpax xaBOG TO TOAD %3 + 4 véol xopPol elodyovtotl. TUVer®g opoD To TPOPANHa
ONEENEMYPARTYAFFILIATION* autodetkvieton PLS-mtArjpeg oto [Gairing & Savani, 2010] koto-
Arjyoupe 6to

Ocwpnua 4.13. To mpdfAnpa INDIVIDUALLYSTABLE eivan PLS-mArpeg.

lNa ta moiyvie sum-in-out, &exlvOVTOG omd OTLYHOTLUTO TOL  TPOPARHATOG
PARTYAFFILIATION 7ov meptypgetal amo to ypago G = (V,E, w) pe axépouo apvn-
Tikd Papn, tpocBétovpe dvo vrepkopPoug mov cuvdéovtal pe kdbe apyikd KOUPO pe aKpES
Bapovg —5+ + %, 010V 0; To ABPOLoHA TWV PAPOV AKHOV TTOL TPOCTITTOVY GTOV TAIKTY ¢
OTO GTLYHLOTUTIO TOL TTPOPANpaTog PARTYAFFILIATION. Ot vmepkopfot éxouv To poAo mOAWY
Koyl va peivoov Siaywplopévol cvvdéovton pe e€apetikd Popetég opég mov Luyilovv
MM >3 (5 + %) ‘Exovtag dnpovpynoet to otiypidtusto SUMCIS, apatnpoipe otu
et eivon otabepod, 1 vdbeor VIaPENG TaiKTn U 6TO OTLYHLOTLTTO TOLV PARTYAFFILIATION 7TOUL
emiBupet vor ok Aiver onpaiver 6tL yio v omokoptd tov woyde vy (m(u)) < vy ((7(w)¢) ),
6mov o vrepdeiktng ¢ oupPorilel GUUTANPWHA WG TPOG TO TANPEG GOVOAD TWV OPYLKOV
kopPwv V. Epdoov ta Papn eivor axépota, to eAdyioto duvatd kivntpo yio armdkAlom
elvar 1. Xe oot TV mepintwon, o idlog maiktng oto otTiypotuo tov SUMCIS Ba éxet
oLVoALKkéG amoAaPég To TOAD 5 — % + ==+ % = —% < 0 eve aokAivovTag TovAdyLoTOV
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T+ % + ==+ i = % > 0. ZUVENTAOG GTLYHLOTUTIO TOL apXLkoL TTpoPANpatog eivor aotabég
povo eév to 8o oupPaivel kat yio To TeAKO maiyvio. Agov 1) Stadikacio eival TOAVWVULKT
WG TPOG TO UIKOG TOL GTLYMLOTUTOU TOL TPofApatog PARTYAFFILIATION, KOTOAYOUHE GTO

akolovbo amotédecpo.
Ocwpnua 4.14. To mpofinpa SUMCIS eivau PLS-mAtipeg.

Aedopévov todpa 0tTL kK&Be oTryploTLIO NdoViKOL Tayviov emidéxeton [apéto PéAtion
Swopépion opilovpe to avticToryo TpoOPANpe.

Opiopog 4.3. Amokarotpe HPAR to mtpofAnpa tng evpeong lapéto PéATiong Sroé prong yuo
dedopévo ndovikd otrypLodTLTO.

Suvdvalovtag To Bempnpa 4.3 pe to Bedpnpa 3.1 TPOKOITEL 1) TOAVTAOKOTITA TOV TTPO-
BAjpatog g evpeong Hapéto Pértiotng drapépiong yro dedopévo ndovikd GTLypLOTLTTO.

Ocowpnua 4.15. To npofAnue HPAR eivou TFNP-§vckoAlo.



KepaAaro 5

Hdovikr cvotadoroinon

Svotadomnoinomn ovopddletor 1 Stadikacio Siapépiong kOpPwv oe SikTvo COPPWVA pE TNV
OHOLOTNTA TOLG HETPNUEVT pécw Kkamolov deiktn. E€etdlovton dvo pn ovvepyatikd ko éve
oLVEPYATLKO TAQicLO GuGTAdOTOINGNC.

5.1 XvoxetioTikn cvotadonoinon

[Feldman, Eytan & Naor, 2015]. Xe awtr] 1 Stoapdppwar o aplBpdg twv cuetddwv dev eival
npokabopiopévog. Kébe maiktng v éxel fapog w wg pétpo tng empporg tov. H opotdtnTar
HeTOED 800 TaUKTOV U, v aretkovileTal oty petpikt] ng ardotoctg tovg d(u, v) € [0, 1], pe
TIHEG KOVTG GTO PNOEV VAL GTHAIVOLY OPOLOTNTA KOL KOVTX GTO Ve SLatpopd. 2TV TePINTWOT)
omov kaBe kOpPog v popel va emBupel vo EAoLGTOTOLGEL TO KOGTOG TOU

ZueCU wyd(u,v) + Eu¢0v wy (1 — d(u,v)),

TO KOLVWVLIKO KOG TOG eiva To K60 TOG 1oL emiPapivel cLVOALKE TOUG TaikTeg. OToy oL oK TEG
EMLOLOKOVV VO PEYLGTOTTOLOOLY TIG TOAPEG TOVG

ZuGCU wu(l - d(u7 U)) + Zu%CU wud(ua 'U),

1 Kowovikh w@éleia eivor oL atoAafég Tov GLUVOAOL TwV KOpPwV. O Tapardvew exkdoyég o
povotdlovv duikdtnta. Eva mopadetypo cuoxeTIoTIKNG 6LGTAd0TOINGTG UTOTEAODY TodLi
7oL B¢ ovv va Tai&ouv oe pia oyoAlkn avAn. AveEapTritwg Tov aptBpot Tovg, 660 KovTLVOTEPT
elva 1 Akio toug, T6o0 evkoAdTepa Taillovv éva oy vidt pali. AANO TTopadeLypor atoTeAOOV
péAn AEII navemotnpiov mov oyedidlouvv ta kat' emthoynv pobnpota mov Ba tpocpepbodv
oo to idpupa. Kabnyntég pe xowvod vmofabpo kot evdiagpépovta oxnpatilovv cuotddeg mov
yevvooLv déopeg HabnpaTev LYNANG cuVAaYeLag TOL opadomolobvTaL o€ KAGSOUG.

Anpua 5.1. Mia cvoradomoinon eivon Nog ioopporior yix T Siapoppwot eEAayioTomoinong edv
KL JI0vo eav eivat yia Th SIaUOPPwWOT LEYICTOTOMONG.

Amnddeitn. Eotw ovotadomoinon maryviov. ABpoilovtag to kdoTog maiktn v vobétovrag ki-
vITpa ehayioTonoineng kot o képdog LIToBéTovTag PeYIoTOTOINGT), TAiPVOLpE D, vy Wy,

55
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6mov V' 1o 6Ovoro Twv kOPPwv ToL Tayviov. ZuVeT®g TPocodoPopa AAAXYT) GTPATNYLKNG
yLo TNV €kS0oy 1] HEYLOTOTOINGTG ETLPEPEL HELWOT) TOL KOGTOUG YL TNV £kdoyr) eAoXLOTOTOLN-
onge. O

Ké&be mouyvidt cvoyetiotiknig cvotadomnoinong eivar abpoiotikd Sroywpicyo ndovikd
maiyvio xwpig va toybel 1 avtiotpoen katevBuvon. llaiyvia cvoyetiotikig cvoTadomoinong
prtopovv va awvoyBoilv oe abpolotikd dwywpioya ndovikd maiyvia viobetdvtog yior kdbe
maikTn @ TNV Tin g ovvaptong vi(j) = w;i(l — 2d(4, j)) wg amotipnon k&be &Ahov mai-
kTN j. YroBétovrag Sioapépion, 1 ouvoAlkr] amodafr Tov maikTn ¢ 6To Tolyvio GUOYETIOTIKNAG
ovotadomoinong eivo

> wi(l=d(i, ) + X wyd(i,j) = 2 wi(1—2d(i, 7)) + > w;d(i, ])

JeC; JjeC; JeC; JEV
i#] i#] i#j i#]
evd 610 abpotoTikd dtywplopo ndovikd Taiyvio eivol
J€C;
i#]
H dapopd peto€d twv kepdov eivou évog otabepdg dpog mov eEaptdtot povo amd Tov ik ¢
Ko oL oo v Stopéprom. Tuvenog ta dvo malyvia Exovy ta idix chvora Nag tooppomiov. H
TOPOLTH PIIOT) EPUPUOTETOU OPOLWG GTNV TTOPOAAYT] TNG EACYLOTOTOLNONG HEGW TNG ALVTLGTOL-
XLOTG HE TNV TApaAAOyT] TNG HEYLOTOTOINONG TTOL amoppéel artd To Afppa 5.1. Qotdco abpot-
otk Stoywpioo ndovikd maiyvio propel va pnyv éxel Nog wooppomio [Gairing & Savani,
2010].

Hapdaderypa 5.1. Eotw maiyvio Tpiidv TouKTOV jie amoTiioels 6nws divovrar otov mivaka 5.1.
Evxoda Siamiordveran 6t eivar abpoiotika diaywpioyio, woroco dev vrapyer Nag orabeprj Siopé-
piot Tov.

Hivaxag 5.1: ABpoiotikd Swxywpioyo waiyvio.

1 2 3
v 0 1 -2
vg —2 0 1
V3 1 —2 0

Avtibétwg, k&be maiyvio cvoyetioTikig cvatadomoinong éxel looppormia Nog kot ot moti-
KTEG KAVOVTOG TLG PEATLOTEG Yol LTOVG KLVOELG o€ Tuyaio oeLpd elval eyyunuévo 6Tt Bo TV
emtoyovv. H amodelén yivetar xpnoporoidvtag cuvaptnon SuVapkod Tng omoiag 1 T
eEAATTOVETOL KABMG OL TAULKTEG KAVOULV KLVIOELG EAATTWOTNG TO KOGTOG TOUG,.

Ocwpnua 5.1. Yrdpyer Nag 1ooppomio oe kdBe maiyvio cUOYETIOTIKYG cLUOTASOTOMONG Kai 1)
Svvayuxtj PEATioTng adkpiong mavra otafepormoteitai o€ TETOIA SLoépian.

Amédeiln. Eexivovtog pe tnv ekdoyn tng elayiotonoinong Bewpoipe v akdAovbn cuvap-
o1 duvoplkos
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D1 =3 ey WX yec, wud(u,v) + Zugcv wy(1 — d(u, v))).

Kot kivion PéAtiotng amodkpiong amd maiktn v. H pepida tng @1 mov ennpedletal amd avt
TNV kivnon oroteleiton atd TIG TPOSKEIUEVEG GTOV U OUKPEG KOLL 1) GUVOALKT) TOUG GUVELG(POPX
otn O eivon

QwU(Zuer wud(“? U) + Euezcv wu(l - d(u’ U)))

H mocdtnta evtdg g mopévBeong petdveTon Katomy piag BEATIOTNG otdKPLOTG TOV ¥ TTOV
HELOVEL TO KOGTOG TOV. ZUVETWG APOV TO TOLYVIO €lvol TETEPACUEVO, PTAVEL GE LOOPPOTTLCL
Nog émeita amd plo oepd xvjoewv BéATiotng amtdkpiong. H 1oyt tov Bewpnpartog yio tnv
ekdoyn NG peyloTomoinong aoppéet amd TN SutkdTNTa TV dV0 TapaAiay®v ov deiyOnie
o070 Afppa 5.1 O

Av kai vapyovv Nog Loopportieg yio kdbe malyvio cuoXeToTIKG cuoTtadonoinong, o
VITOAOYLOPOG TOUG Sev eivan "ToAD evkoAog". Axpiféotepa eivor PLS-mAripng. T v ama-
TOOHEVT] OVOLYWYT] OUTOULTELTOL VTTOAOYLOHOG PPAYHOTOG GTNV amdaTaot) peta&d d00o cuvaoTL-
opévav kOpPwv ot looppomio Nog, wg ouvaptnot Twv Papdv Toug kal Twv Popidv Twv cuva-
oGOV ToLG. To ppaypa tpokvITTEL Atd TO OTL 0L dVO KOpPoL Sev amooyilovtol oe povopeeig
GLVAGTIGHOVG,.

Anpua 5.2. Edv vdpyer Nog iooppornuévy diopépion omov dvo kéufor u, v va eivar ovvetaipl-

ouévor oe ovvaomioud C téte d(u,v) < 1 — gzj(ré,”)“

Arddeitn. T maiktn u xopig xivntpo va omokAivel ce povopeAr] cvotddo eiva

> wpd(u,w) < Y wy(l —du,w)) 42 ), wed(u,w) < W(C) — w(u). Opoiwg y
wel weC wel

wH#EU w#u wHu
naiktn v, 2 Y wyd(v,w) < W(C) — w(v), dmov W(C') to cuvolikd Pépog Tov cuvaoTL-
C
ko
opoo C. Ilpocbétovtag Tig dVo avicotnteg ko drapodvtag pe dVo maipvovpe
Z wyd(u, w) + Z wyd(v,w) < W(C) — w
wel weC
wH#u wHv

Ewsdyovtag v tprywvikl avicotnta d(u, w) + d(v, w) > d(u,v) ctpokdrtel

wyd(u, v) + wyd(u, v) + Z wyd(u,v) < W(C) — w
wel
WHUV
f +
W (O)d(u,v) < W(C) = ==
" +
Wy, + Wy
d <1l———.
() < 1= Sy
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Onwg mapovoidotnke 6to kepdlowo 4, o viroroyopdg Nag t.ooppomiadv yia abpoloTiké
ndovikd maiyvia eivar PLS-tAfpng. Xtn cuvéyxela mapovotdletal kot pio avoywyr mpofAin-
HOLTOG LKAVOTIOLNGLHOTN TS O TTAlYVI0 GUGYETLOTIKHG GUOTAOTOLNGTG.

Ocwpnua 5.2. To mpdéfAnua vrodoyiouov Nag ioopporiog yio malyvio CUCYETIOTIKIG oLOTAd0-
moinong eivau PLS-rAnpeg.

Arodeitn. TIpopavng to tpdfAnpa avrkel otnv kAdor PLS. H SvckoAio tov propet va amodet-
x0ei péow avaywyng tov PLS-tAfpoug ntpoPArjpatog POS-NAE-3SAT (positive not all equal 3
satisfiability) (tkavoronopdTnTa EPaoewy TPLOV AEKTNHATOV, Xwplg apvrioeLg, 6TTov dAa To
AekTripata otn @pdon dev éxovv idia Tipr)) [Schaffer & Yannakakis, 1991] oto matyvio cuoye-
TIoTIKNG cvotadornoinong. Xto mpoPAnpo POS-NAE-3SAT Sivetal pio tpodTaon (¢oppovin)
arotehovpevn outd epaoelc. Kabe ppdon éxel Sikd tng Phpog ko Tpior AekTripaTa Kovéva ek
TV omoiwv pe dpvnor. Katdmv g ammovopnig Tipov otig HeToANTEC, OL PPAGELS TTOV LKOVO-
TOLOLVTL elval ekelveg OV Sev éxouv Tpelg idLeg TéG ota AekTpatd Toug. Tomkd PéATiotn
Abomn oto TpOPANpa amotedel atovopr ov adloyr) aAnBoTiprg piag ek Twv peTtafAnTtov dev
pitopet v acv€noel To ouvoALkd képdog, dSnAadn To dBpolopa TV PapdV TOV LKAVOTOLODHEVHOY
PPACEWV.

[Mopatnpodpe 6Tt oTiypdotuno tov tpofAnipatog POS-NAE-3SAT propel va exAngBet wg
OTLYHLOTUITO TTALYVIOU GUGYETLOTIKTG oLGTAdOTOINOTG:
Oewpodpe éva kopPo yuo kabe petafAntr ko TpocBétovpe dvo emmAéov kOpPoug, Toug 1, Co
oL vaToPLoToV Tig avabéoelg ainBég kat Yevdég avtiotoryo. H amdotaom petakd koppouv
Uy KoL TV emutAéov KOpPwv eivon d(uy, ¢1) = d(ug, c2) = %— m Sivovtragd(ey, o) = 1—
m, omov d(, ) n amdotact. Avtd to e0pog artobappivel TOVG €1, C2 VOL HOLPAGTOVY KATTOLX
ovotado oe Nog looppomio sOppwva e To Afppa 5.2. Zovenog oxnpotifovrol TovAdyloTov
dbo ovotadec. H amdotacn petafd dvo kOpPfwv mov avtioTorxobV oTig HeTaPANTEG Uy, Uy
opiletal wg % + %, omov w(x, y) T0 cLVOALKO BAPOG TWV PPAGEWVY GOV GLVLTTAPYOLY OL
x,y, W to &Bpolopa twv fapdv OA0V TV ¢pacewy kal n o aplBpog twv Aoyikodv petafAnTtodv
(AextnpdTov).

Ou oxnuatioTodv akpng dvo cuotddeg, pio ov Bo mepthapfdver To ¢1 Ko pic Tov Ba
mepthopfavel To co. IIpog &rtomo vtobétovpe 6TL KOPPOG Uy OPASOTOLELTAL XWPLETA ATTO TOVG

1, c2. Evat v @paypor Tov orrodoxmv ToL TPOKVITTEL (G

1 1 1 w(z,y) n+l n-1 1
P e — = < -
[2 4(n+2)} * EVZ{ ) [2+ 5n2W] ST T e 2(n+2)
yeV—{x

AvtiBétog amokAivovtag oe cuotada pe "c kOpPo" To eAdyloto AapPoavopevo képdog Tou eival

el b ()l 5, b G

yeV—{z}

Y11g petafAnTéc twv kOpPwv mov porpalovror cvoTdda pe Tov kopPo ¢ avartiBetal 1 Tn
aAnbég, eve otoug kopPoug mov Bpickovtarl oty idia cueTAda pe ToV KOPPO C2 amovépeTaL 1)

Tin Yevdéc.
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Ioyuplopaote 6TL kABe Nog toopporio Tov oy viov GLETAS0TOLNGTG AVTLOTOLYXEL O€ TO-
mikd PédTioTo yia to mpoPAnpa POS-NAE-3SAT. Ipaypatt dexdpevol to avtifeto katohi-
youpe oe &romo. 't va to dodpe voBétovpe 6TL éxovtag Nag tooppornpévn cvetadomoinon
& 1 avtictoryn amovopn aAndeiag ¢ dev eivon tomika PédTiotn. Tote vapyel dixpopetikm
amovopr] aAnBeiog 1 mov mapéyel vYMAOTEPO KEPSOG ad TNV P Ko AopPaveTon avTIoTpé-
povtag v ainbotipr pioag ek Tov petapAntodv mg ¥, éotw g x. Eotw &' n Siapépion mov
avtiotoixel otnv ¥, kou Aapfdvetan amd Ty amdkAion kOpBov u, otnv avtifern cuoTdda.
Egooov n Siapdpewon € eivar Nag tooppomia, 1 £’ Oa mpémer va Sivel (8o 1) Aydtepo képdog
oo v E. Opilovpe

« Wi 0o cuvoAlkd PApog TV PPAGEWMY TOL LKAVOTTOLODVTOL OO TNV 1) KoL TTEPLEXOLV TO
2 KoL 6To omoio avartifeton amtd TNV P Srapopetikn T atd To Aowwd dbo AekThporta,

« Wy 10 ouvoALkd Bapog TwV paoewy oL SeV LKAVOTOLOVVTAL OTTO TNV 2, KOL TTEPLEXOLY
10 Z,

« W3 T0 cuvoALkd PAPOGg TV PPAGEWMY TOL LKAVOTTOLODVTL QIO TNV 1) KoL TTEPLEXOLV TO
Z Ko oTLIg Aowég S00 PeTaPANTEG ATOVELOVTOL SLoLPOPETLKEG TUHES QT TNV .

H Sixpopé 610 képdog mov emiTuyX&veTon amd tnv 1 kai oe ekeivo amd v Y etvon Wi —
Wa ko eivan apvntikn. To képdog Tov amokAivovtog kopfouv u, otn Sapdppwon £ amd Tov

Koppoug ¢, co elvon
1 1 4 1 1 _1
2 4(n+2) 2 4(n+2))]

Mia yettovikr) 6Tov 1, akpr} ov tov ouvdéel pe kopfoug g idlag cuotddog cuvelopépel T

1 w(z,y)
1 (= .
(2 * 5n2w>

H ocvvolikr) aoAafr] tov u, atd dheg Tig akpés, ovpPoArilovrog tnv TANOKOTNTA TOUg WG £

KEPSOG TOV Uy

elvo
g _ 2Wo + W3

2 5n2W

Kou avéhoyo yior Tig oicpég mov cuvdéeouv Tov Uy pe kOpPfoug GAAwY cveTAd WV

n—1—€+2W1+W3
2 Sn2W -

ABpoilovtag 10 kéPdog TOL Uy oV € Taipvoupe

n+1 Wi — Wy
2
2 + 5n2W

Me mapopoto tpdmo, n weéhn akio Tov u, otnv £ eivan

n+1 Wy — W
2
2 + 5n2W
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Qo 1600 TO TEAevTAIO elval peYaADTEPO ot TO KEPSOG TOL Uy oTNV € AOYw ToL 6TL W —Wo <
0, avtipaivovrog oto 6TL 1) Katdotaon £ eivan Nog .ooppomnpévr). Zovenadg 1 avdBeon ¢ eivon
TOTLKO PEYLOTO YLO TNV TTPOTAOT). O

‘Exovtag e€acpalioel 6TL To maiyvio ovykAivel tavta oe Nog woopporia, eEetdllovpe to
Tipnpo tng otabepdtnTog. XTnVv edikr mepintwon mov ta Papr elvol OpoLOPOpPa, HITOPOVHE
va éxovpe otobepoTnTa dvev K6GTOLG. ATodetkvieTon pubpilovtog Ta Baprn TG cLVAPTNONG
dvvapkov @1 oo Bedpnpa 5.1, Tapdyovtag

Oy (F) =w? > [ Y du,v)+ ) (1 - d(u,v))

veV \ueC, ugCy

Inpewdvouvpe 6Tt €1 = w- (Kowowvikd ké6ctog). H moootnta tng mapévBeong petdvetal oe
kaBe kivnong PéAtiotng avtidpaong omdte 1 féATioTn Adon eivor Nog loopportio mov mopéyet
povadiaio tipnpo otabepdtnTag. To amotédeopo loyvetL ko yio T ekdoxr] EAxyLOTOTOINONG
AOY® Tov Afjppatog 5.1.

Anppa 5.3. Me opotdpoppa Papn o tiunue g orabepdtnrog eivon 1.

St yevikn mepintoon avbopétwv Papov yio k&be kopPo, To tipnpa g avapyiog dio-
@épeL peTaf TV koY MV EAAYLGTOTOLNGTG KOIL LEYLOTOTTOLN GG KOl HITOPEL VO ELVOL UG TN PG
peyoddtepo amd 1. Oewpoivpe To Topdderypo TAPoLS Ypaprpatog Tpldv kopfwv K3 6mwg
nmapovotdletol oto mapddetypa 5.1. Movn duvartr) Nog toopponnpévn cvotadomoinon eivat o
HEYAAOG GLVAGTILGHOG, O GLVETALPLOPOG dNAdT) TV TPLOV ok TOV. QoT000 PéATIoTH Ao
amotelel 0 ocuveTapLopog Tov Papitepouv kOPPoL e Evay atd TOLg EAXPPVTEPOLG. TNV €K-
doxn elayiotonoinong tov matyviov 1 Nog otabepomonpévn Stapépior epeavilel KOWWVIKO
K6070G 5.6 evod N BéATIoTN 5.4, 0dNYydVTOG 08 KOGTOG oTaBepoTNTOG 1.037 £VERd GTNV eKSOXT)
[EYLOTOTTOLNONG OL TEG eivat 6.4 Ko 6.6 avTicToLya, divovtag Adyo emiPapuvong yio n oto-
BepoTnTOL 1.031.

w, =4

X

0.4 0.4

0.8
w,=1 w,=1

Sxnpo 5.1: Tpdepog pe tipnpo otabepdtntag > 1 yia GUoYETIOTIKY cvaTadomoinoT.

To emtdpevo evdiopépov epodTnpa elvor TOc0 vitoPéAtioTn propel va eivon pio Nog otabepr
Abom. ZTnv amtddeln ToL TPOTOL HAG ATTOTEAEGHATOC X PELXCOHAGTE EVOL PPAYIA TTALPOHOLO JLE
ekeivo Tov Afjppartog 5.4. Xe mepintwon mov vdpyel Nog .oopportia pe 2 kOpPfoug oe xwpt-
0TéG 6LOTAdEC, Ol adoTAcT) TOug elval TOVAGXLGTOV loT) e To AdYo ToL afpoiopaTog TWV
Boapwv touvg mpog to Adyo tov abpoiopatog Twv Papdv TV GLVAGTLGH®Y Toug. To dpLo avtd
dev mapaPraletan eldAAA®G oL kKOpBol Ba TPOTIHODY VA TPOGYWPTGOLY GTOVG GCLVAGTLEHOVG
OAANA®V 00N Y®OVTAG 68 YUYAdELOT) TNG LOOPPOTTLOS.
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Anpua 5.4. Edv vrdpyer Nog iooppornuévy Siauépion 6mov Svo képfor u, v cvaradomoovvra

xwpiotd, tote d(u,v) > 2(111(5”5)—%

Amodeién. Tlaiktng u dev Ba éxel kivnTpo va TPOSYWPTIoEL GTOV GUVAGTILGHO TOV TTalkTn v €4V
Z wyd(u, z) + Z w,(1 —d(u,z2)) < Z w,(1 —d(u,2)) + Z wyd(u, 2)
2€Cy zeCly 2€Cy, zeCly
KO(L GUPTTTOOCOVTOG TOVG KOLVOUG OpOLG
2> " wad(u,2) + W(C) <2 wad(u, 2) + W(Cy) — wy
ZECu ZEC'U
z#u
TOPOHOLX AVICWOT) LoYVEL YIOL TOV U
2 Z wyd(v, z) + W(C,,) <2 Z w,d(v, z) + W(Cy) — wy.
ZECU ZECu

z#£v

ABpoilovtag ta tedevtaio S0 amoteéopata Ko StopdvTag pe dvo Talpvoupe

Wy + W
E wyd(u, z) + E wd(v, z) < g wyd(u, z) + E w,d(v, z) — UTU
2€Cy 2€Cy 2€Cy 2€Cy,
z#u 24V

Ewodyovtag Tig tprynvikég avicodtnteg d(u, z) — d(z,v) < d(u,v) xou d(v, z) — d(z,u) <
d(u,v) mpokvmTel

w < Z wyd(u,v) + Z w,d(u, v) + wyd(u, v) + wed(u,v).
zeCy 2€Cy,
zF#U 24V

Avayvopifovtag oto deki péhog to ywopevo (W (Cy) + W(Cy))d(u, v) xatalfyovpe otnv

Wey, + Wy

= (W (C) + W (L)

d(u,v)

O]

Ocwpnua 5.3. Xty eidikt] TePITTWON OPOIOHOPPWV Papddv W TO Tiunue TG avapyias piooeTal
avw and v moootntan — 1.

Amodeitn. Bewpovpe dvo dwapepiocels, pioe Nog tooppomnuévn € kou pia féAtiotn Adon O. Emi-
nAéov Bewpoope akpr] e Tov TApovg Ypapnpatog K, 6Awv twv kopPwv. Edv n akpri ouvdéel
ouvetouplopévoug koppoug atnv € ko oty O, T0Te TO KOGTOG OV elodtyel eivat idLo oTig Svo
TEPLTTAOCELS, Pe UNdeviK cuveloPopd otV avEnomn tov Tiufpatog g avapyiag. Tnv idue
enidpacm oto Tipnpa g avapyiog éxovv Kot okpég Tov cuvdéovv kOpPoug oL omolot eivor
draywpilopévol otny kataotacn £ onwg kot otnv O. Avvntikég Tnyég adENoNG TOL KOLVWVL-
KOV KOOGTOUG oToTEAODV



62 KEPAAAIO 5. HAONIKH YXYXTAAOIIOIHYH

1. akpég e mov cuvdéovy dVo kOpPovg otV 8l GVETAdA GTNV £ VK eival G€ SLAPOPETIKEG
ovotddeg oty O Kal avTicTpoPa

2. axpég e mov ovvdéouvv cuvaomiopévoug kopBoug otnv O mov Ppickovion o€ StpopeTt-
kég ovotadeg oty £.

St mepintwon 1 1o kowwvikd kdotog g e otnv & eivon 2wd(u, v) evéd otnv O givan 2w(1 —
Woy Wy

d(u,v)). Ard to Mppa 5.2 wyver d(u,v) < 1 — 5y mov odnyel oe d(u,v) < 1-— 1.

Qg ovvémewx to k6otog NG Nag oopponnuévng Sropépiong eivor to moAd 2w(l — %) Stov
avtimoda, To k6oTOog TNG PEATIOTNG ADOTG eivan TOLAG LG TOV Zw%. O AéY0G TV GUVELGPOPDV
NG € 6TO KOWWVLKO KOGTOG 6TLG S0 AVTEG TTEPLTTMOCELS Elvol TO TOAD 1 — 1.

Sy nepintwon 2 to kdéoTog mov cupfariel n e otny € eivan 2w(l — d(u,v)) eve> oty
O eivan 2wd(u, v). Topgwva pe To Ajppa 5.4, d(u, v) > W‘% 1 d(u,v) > L. Zvpme-
POCHATIKE, TO PéYLoTO KOOTOG TNG € otny € givon 2w(1l — %) eve otnv O eival Tovhdyiotov
Qw%. Suvenag o Adyog twv emiPoapvvaewy g e otny € kot atnv O eivon to moAd n — 1.

SVVen®g To TP TNG avapyiog eival To TOAD n — 1. O

Emtpénovtag avapyio ot Péapn, Bewpovtag dniadn avbaipeteg Tig TIpég TOLS, TTaip-
VOUHE TETPAYWOVLKO TINHA TNG ovopxlog oG mTpog To TARB0G TV ok TOV n.

Ocwpnua 5.4. To tiunua g avapyiog The ekdOYNS EAXYIOTOTOMNONS TOV AUy VIOV CUCYETIOTIKHG
ovotadomoinong pe avlaipeta fapn eivar O(n?).

Amodeitn. XpnoyomoldvTag TNy enLyelpniatoroyia tng amtddeléng tov Bewprpartog 5.3, dio-
kpivoupe S0 GOVOAX OKUOV.

« To mpddto TEpLEYeL ekelveg oV evedvouv KOpPoug mou eivon cuvdedepévol pe tov idio
tpodmo amd v Nog tooppomnpévn katdotaon € ko pio féAtiotn Aoon O dnhadn, edv
ot koppot eivar cuvetaipiopévol oty £, to id1o toyvel ko otnv O ko edv eivor xwpLoTd
oty € elvau eniong ywprotd xat otnv O.

+ %70 de0TEPO GVVOLO AKPWV avikoLV ekeiveg Tov cuvdéovtal dtxpopetikd otig & kat O.
Anlodn, axpég mov eivat cuvaomicpéveg atny £ dev eivar otnv O ko avticTpoga.

Eotw D 1 6uvolikr cuvelsQopd ToL TPHOTOL GUVOAOL 6TO KOLVWVIKO kOoTOg TNg £.
I axpn e g dedtepng opddog To cuvelsPepOpevo KOGTOG GTNV £ GOHPWVX e TO AT

5.2 O eivon v @poypévo artd v mocodtnTa (wy, + wWy) (1 — “2’;‘0’{&”)“) OTNV TEPINTMOOT)

mov ot kopPor eivor oty S cvotddo C' oty € ko cOpEOvE pe T0 Afppa 5.4 T0 TOAD

(W, +wy) (1 — W%) otav ot kopPot dev eivan cuvaoTiopévol aTny E. TUVETADGC, O€

APPOTEPEG TIG TEAEVTALEG TEPLTTMOOELG 1) GUVELGPOPA TNG € GTO KOLVVLKO kO06TOG NG & elvan
, (wu+wv)2 , /. , , ,
70 TTOND (Wy, + Wy) — “Sw(v7) > 070V V' eivan to obvoro TV KOPPwV TOL 0 GLVETALPLGHOG
toug otnv € dev tawrtileton pe avtov oty O.
Aoppéavovtag vrdoyy 61t To k60T0G NG € otnv O givan ico pe (w,y, + wy) peiov T0 K6OTOG
g e otV £ TOLPVOLHE OTL TO TIUNHO TNG avapXiog TOL TTaLyviou eivon v @poypévo amod
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TNV TOCOTNT
2
D+ Sep [(wa+wy) — e’

u+ v 2
D+ ZquE’ (uéw(s’))

Iopatnpodpe OTL Wy, + Wy — (1;1;0?‘1/”7))2 > (I;Z}Jw?))Q. SUVen®g

D wweE |:(wu + wy) — %]

PoA <
- Wo, +Wo 2
ZU’UEE’ W
_ (V) Zzwwepy (Wu T w”)2 —1
ZquE’(wu + wv)
(V)| B )y

ZquE’(wu + wU)z ZuUEE’ 1

omov E’ elvou 10 60volo Twv akpdv ov evevooy kopfouvg i, € V' i # j. Eeappolovrag
v avicotnta Cauchy - Schwartz, katd tnv omoia yia dvo akolovbieg a;, by

n

n n 2
Sy s (zb) ,
=1

i=1 =1

TPOKVITEL
/ 2w(V"|E
POASQ?U(V/)‘E/’ ZquV (wU+wv)2 1= w( )‘ ’ -1
(ZquV’ (wu —+ U)U)) ZquV’(wu =+ wv)
Iox0eL 0TL Y e pr (Wu + wy) > w(V'). Svvenag PoA < 2|E'| — 1 = O(n?). O

T kétw epaypa Bewpovtag edaylotomoinor, vtofétovpe dpTio aplOpd TALKTOV.

Ocwpnua 5.5. Tia dptio apiBud TaUKTOV T0 KATW Qpayic TOV TIUHUeToS TS avapyiog eivain — 1.
To ppdypa 1oyVer axdua kou eav e Papn eiven povadiaia kot To SIKTUO YPoUKO.

Amodeién. Ynobétouvpe povadiaia Papn yio 6Aovg toug kopBoug. Atapodpe Tovg kKOpPoug Tov
nouyviov oe 8o cOvola A, B, 1o xabéva pe n/2 kdéppoug. Or kopPor tov A tomobetodvron
oto onpeio 0 evbeiog ypopprg eved ot kopPor Tov B tomobBetodvtan oto onpeio 1/n. Eotw
Swpépion oe 2 ovotddeg, pio pe Toug kOpPouvg Ttov A kou étepn pe Touvg kopPouvg tov B. To
k6otog KOpPouv u Ou eivon (n — 1)/2. Yrapyovv dbo duvartdtnteg amdkAiong, eite o oynpa-
TIOHOG VEXG 0LOTADNG, ELTE 1) HETOKIVOT) G€ LITAPYXOLGA. ZTNV TPOTH TEPUTTWGCT] TO KOGTOG
B eivo (% — 1) 1+ 3 (1 — %) = n — 3/2, mov dev elvon TPOTOTEPO ATTO TNV TWPLVY Kot
TdoTOooT ko 6T SebTepn MepinTwon To KOGTOG elval (% — 1) 1+ %% = (n —1)/2 mov dev
divel kivnTpa yla amdkALon ad TNy TwpLvl oveTdda. Zuvenag 1 dtapépior eivor Nag toop-
poria. Xtov avtimoda, edv Aot ot kOpPol Tpocywprcovy 6TV Sl cvoTdda, TO KOLVWVLKO
KOOTOG elval n [(% — 1) 0+ %%] = n/2. Apa to tipnpa tng avapyiog eivon TovAdyLoTOV
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Toe éva v epaypor oTo Tinpo TG avopyiag tng ekdoxng HeyloTomoinong, to medio Twv
Noag wooppomnpévev matyviov xwpileta ot dVo vokatnyopieg. H mpotn vobétel cuotddeg
Béapoug to oAb w(V')/\/n kou n cvpmAnpwpatiky tng vrobétel Hropén TOLAXLETOV EVOG
ovvaomiopo? nov va {uyiler tovAdyiotov w(V)/v/n. To KOWwVIKO KOGTOG APPOTEPOV TWV
vrokatnyoptdv amodetkvoetot 01t eivon Q(v/n) - w(V).

Anjupea 5.5. Xe Nog ooppornuévn Swopépion omov yia kdbe ovorada C, w(C) < w(V)/\/n n
xowvoviky wpéreia eivar Q(y/n)w(V).

Amédeikn. v mepinTmon akp®V oL cLUVIEOLY KOPPOLG U, U SLXPOPETIKOV CLOTASWV, LoYVEL
Wy, + Wy Wy + Wy

(@W(C) T w(C)) = dw(V)/ i

Opolwg, ylor akpEG TTOL GUVSEOUV GLVETALPLOPEVOLG KOPPOLS GLVAYOUHE

d >

Wy, + Wy Wy =+ Wy
20(C) — 2w(V)/Vn

JUVETAGC, Yo apPOTEPOVS TOVG TOTOVG TV AKUWOV TO GUUPaAAOpevo kEpdOg eivar ToLAGL-
(wu+wv)2

OTOV 1V
(wu+wv)2

eivou AMyotepo amd Y oy () m IIpog amddel€n Tov APPATOG ELGAYOLHE TNV akOAovOn

d(u,v) <1-—

Kat' enéxtaon to cuvorikd képdog mov AapPdvetal amd avtég Tig akpég dev

oVLoOTN T

2
w?(V) = <Z wy> = Zw%%—? Z Wy Wy

veV veV uwveV
9 mMm—2 n
:Zw”+n—1 Z wuwv+n—1 Z Wty
veV uveV uveV
2
2, N—2 ) n
§Zwv+m (n=1DY wl| +— > wa
veV veV uveV
n 9 n n 9
DI D e (D SERED oy
veV uveV veV uveV
_ n 2
= m Z (wy + wy)
uveV
2(n—1
= Z (wy + wy)* > ( - )w(V)2
uveV

AvtikaOioTovToag TV Tedevtaio avicOTNTA, TO GLVOALKO EVPLOKOUEVO KEPSOG elvarl

Wy + Wy)? n 2(n—
S Gueril o e 2= — aymuw)

uveV
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Anpua 5.6. YnoOérovue xardoraony Nag ioopporios € xou cvorada C' pe Papog tovAdyiorov
w(V')//n, téte 10 KOowwvikd dpedog E eivar Q(y/n)w(V).

Amddeitn. Bewpovpe kOpPo u mov dev avijkel oty C. Adyw tov 61L 1) € eivar Nag toopportia,
0 TailkTng u otepeital eratnpinv otdkAlong. Ondte to képdog Tov Ba eival TovAdyLoTOV TO
péyloto drabéoipo amd dAovg Tov kOpPoug ov Tov cuvdéouy pe kopPoug g C. Tuvenng to
HEYLOTO PETOED TOV QVIKELY KaL TOL P avijkewy otnv C' 1

mazx (Z wyd(u,v), Z(l — d(u, v)))

velC veC

Aedopévov 6tL max(a,b) > “T*'b, yia o képdog Tov maiktn u, p(u) waipvovpe

p(u) > > vec Wod(u,v) + 3 o wy(1 — d(u,v)) > > vec Wy _ w(0) . w(V

)
2 2 2 T /n-2

Apa 0 oLVOAKO kEPSOg KOpPwv ektog TG C' elvon TovAd LGTOV %(\V! —|C|). Me tov {810

TpoTO, 6TOV 0 TaikTNG U dev avrikel otn C' 1o képdog Tou aumatteiTon vor eivon peyarhvTepo
pévovtag otn C' amd 1o vo arrokAivel. ZUvenmg

p(u) > max Z wy(1 — d(u,v)), Z wyd(u,v)

vel veC

v#EU vu
f
pw) > | Y wed(u,v) + > wy(1—du,v) [ /2> [ Y w, | /2> w(C) —wy
= , 7 > > :
velC vel vel
vEu vFU vFEU

KataAfyovtag oe cuvoAiko képdog ylo Toug ev AOYw KOpBOLG TOLAGXLOTOV

€1 w(©) —w(C) _ (€] - Dw(@) , (¢] =D wl)

2 2 2 Jn

ABpoilovtag To ehdiyloTo arvapevopevo kEpdog kdbe kOB KATOATYOULE 6TV eEA&XLOTT) KOL-
vovikr ogérew (V] — Dw(V)/v/n = Q(v/n)w(V). O

Yovdvalovtag ta Appata 5.5, 5.6 1 EAGYLOTI KOLWVWVIKT WOENELX VIO HEYLOTOTTOLNTLKO
natyvio ovoyetiotikrig cvstadomnoinong eivan Q(v/n)w(V). Enuthéov n PEATIOTH KOWV®VIKY
w@élewx eivar (n—1)w (V). Sovenog to tipnpa g avapyiog eivar O(y/n). Me okomd tnv e€a-
YOYT KATW QPAYHATOS YL TO TN TG AvopY Lo 6TV KO0YT] HEYLGTOMTOLNGTG TOV LY VioU
OUGYETIOTIKNG cvoTadomnoinong mapovotdlovpe pia mepintwon émov to TTA eivon Q(v/n).
Oewpolpe n kOpPoug pe povadiada fapn Sroupepévoug oe k = /n opddeg A1, Ag, ..., Ag (e&v
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10 TAB0C Tovg 1 Sev elvan TéAELO TETphywvo k = v/n/, 61mov 0/ givan To péyioTo Téleto TETPA-
YOVO HikpOTEPO amtd N Kal elodryovpe n — n' emupdobetoug kOpBoug £ToL oTE 0 GLVOMKOG
opBpog Twv kOpPwv va mapoapével n. Ot emutAéov kOpPol éxovv amdotaot 1 yia k&be GAlo
moikTn ko Bewpovvton povopedeic cuvaomiopol oe OAeg TIg akdAovbeg cucTadomooelg) e
kaBepio va mepiéxer /n kopPoug. Or atootdoelg peTa€d TV KOpPPwv givon

V1/n else

Oewpoipe dapépion mov akolovbel tnv A opadomoinom, dniadn kébe A opddo amotelel
pioe ovotdda. Avth 1 custadomnoinon eivon Nag toopportia. Avtd pmopel va dioumiotwbel ou-
ykpivovtag to képdog evog KOpPov ad TNV Topapovyy 6Ty Tapovoa Tov BEcT) Kot KATOTLY
amokAiong. To tpéxov képdog kopPov u mov avijkel oe opdda A, eivon

Y1+ > Y Vin=vin—1+(/n—1)vVny/1/n=2yn-2.

UGAJ‘ 1<i<kveEA;
vFEU i#£]

d(u,v) = {O u,v € same group A; '

AmoxAivovtog oe GAAN opdda A,y,, 0 képSOG TOL YiveTon

S=VI/n)+ D Y Vit 0= Va(l—y/1/n)+(Vn-2)vny/1/n = 2¢/n-3.
vEAm, 1<i<kveEA; ’UEA]'

vFEU 1#j,m

H xowovik w@élewor tov maryviov eivon n - (2¢/n — 2). H péylotn xowvoviky ogé-
A yio ovtd 1O maiyvio mpoklmTeL OTay OAOL Ol TOUKTEG MHOLPALOVTAL KOWT GUL-
otada AOYyw NG Hopeng tng ouvvaprtnong amdotacns H kowwvikn weéleia tote eivon

n {(\/ﬁ —1)-14+(n—+yn)(1- ﬁ)] = n(n — y/n) Katadjyovtag oe tipnpa g avopyiog

TOUL Ty viov % = Q(y/n).

SOpTEPLAXPPAVOVTOG TO TEAELTALO QUTOTEAEGHO GTO TTPOTYOVHEVA, TO TIHNHA TNG avap-
xtag ywa tnv exdoyn peyiotomoinong mpokvmter O(y/n). To gparypo eivon epappootd akdpa
KO YLo ATAEG SLHOPPAOTELG otV KoL Yiow TV mepimtwor tng evbeiag dev eivon T660 evpl OAAL
neplopileton oe O(nl/3).

To tipnpo tng avapyiog propel va gparyel kbvovtog kKApokeTh adénon oto tAnbog twv
ETMLTPETOUEVWV GLGTADWV.

Ocwpnua 5.6. Eav o apifués twv cvotadwv mepiopiotei oe k, Téte To Tiunpa g avapyiag eival
70 oAU k.

Yuvendg popet va epappootel 1 akdAovdn otpatnyikr). Emitpénovpe otouvg maikteg va
@toovy oe Nog Loopportia pe eploplopévo aplipd cuotddwy, éotw k. To avticTolyo Tipnpo
NG avapyiog eivorn to ToA0 k ka0 kowwvikd 6@elog tovAdyxiotov OPT [k, bmov O PT givon
n PéATioTn emiTuyXOvOpEVT KowwvikT weédela. Katomy ol maikteg agprivovtal ehedBepot va
oxnpaticovv omotodnmote aplBpd cvoTddwv pécw duvapkng PEATIoTNG aodkplong. Onwg
TpoavaépOnKe, 1 KOLVWVIKN w@éAela Sev eAATTOVETAL GTN SLVOHLKT] BEATIOTNG QUITOKPLOTG.
Qg anotéleopa, oxnpatifeton Nog woopporio pe kowvwvikn ogéleta tovhdyiotov OPT /k.
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5.2 Xvotadomoinon npokabopiopévov tAnbovg cuoTddwv

[Feldman, Eytan & Naor, 2015]. Xe avtr] tnv katnyopio otyviov, to TAn0og v 6LoTd-
dwv elvar mpokabopiopévo atov aplbuod k. EEetadlovtar dbo pétpa cvotadomoinong, to aBpot-
OO TWV OTTOGTAGEWV HETOED TOV KEVTPOELSOUG TNG GUGTASAG KOL TV HEADV TNG KL T) LEYLOTN)
andotaot HeTaEd Tov kevTpoeldols TNG GLGTASAS KOl TOV TTAEOV QITOUOKPUOHEVOL QTTd QLTO
KopPov. IV TPAOTN TEPUTTWOT TO TPOKVILTOV HOVTEAO elval To Kk-pésov evd otn dedtepn To
k-xévtpouv. To kevtpoeldég oe k&be mepinTwon eivor 0 KOUPOG TOL YPAPHHATOG TTOV eAaL-
otomolel To avtioTolyo pétpo, dnAadn oto povtéro k-pécov To onpeio mov elayLlotomolel To
abpolopa twv amootdoewv artd ta onpeia g ovotddag C' 1) to onpeio ¢ mov divetan ad
v e€icwon

¢ = argmin Z d(u,v)
veC  co
Ko 6to povtéro k-kévtpou to onpelo mov elaylotomolel TV PEYLoTH tdOoTACT ald OAOLG
Toug kOpPoug tng ocvetadag C 1
¢ = argmin max(d(u, v)).
vec u€eC
Yrapxel woTOCO0 1) TEPITTOOT VO LITAPYOLY TEPLETOTEPOL TOL £VOG LITOYTPLoL G k&be ekdoym
OV TALTOYPOVA VO TANPOVY TIC ATOLTHOELS VO atoTeAécovy kevtpoeldn) g ovotddog. Ot
KOTUGTACELG RVTEG KAAOVVTOL LOOTAALEG. TNV TEPUTWOT) TTOL OL LooTaAleg ADvovTaL Xpnot-

HOTTOLOVTAG OTOTIKOVG KOtVOVEG, TO TTalyvio propel va pnv ovykAivel oe Nag .oopportio okdpo
KOlL G€ QTTAEG TIEPUTTOOELG.

Hpotaon 5.1. Me oratikols kavoves emiAvong twv ioomaticv pmopei va unv vrapyer Nag ioop-
portia yio Tig ekdoxéc k-péoov kau k-kévrpouv, akdue xou yio evOVypapes LETPIKES pie TPELS KOpPOUG.

E€etalovpe malyvio TpLodv TaKT®OV oL emBupody vor xwplotobv oe d00 opddesg. Ymobé-
TOULE TOVG OTATLKOVG KOUVOVES eTTIAVONG LEGOTOALOV TToL divovtol artd 1 petdBeom Tov mivorko
5.2.

IMivakog 5.2: Ztatikol kKavoveg eXLAVONG LOOTTAALDV.

Koppor otn ovotada  Kevrpoeidég

A, B A
B,T B
AT r

Aev vTApyEL SLUPEPLOT) TWV TTOULKTOV TTOV VAL MV LITOKLVEL TOLAGYLOTOV évar TTOUKTT) O€ OTo-
KALoT), 08N ydvTog étol o EAAerym duvnTikng tooppomiog. [Ipotevopevn Abom eivat oL Kavoveg
emiAvong woomaddv mov e€optdvtar atd v otopia. H eloaywyn tétowov eidovg kavovwy
amotelel emmpdobeto oToLyeio oty ndovikr SlapdPPwGT), TOL LITAYOPEVEL OTL TO POVASLKO
KPLTPLO eVOC TTalkTn elvarl cUPTalKTEG TOU Ko O)L TO ToepeABOV Tov maryviov. Emunpocherta,
To KeEVTPOELdT) AAAALOVV HOVO GV avary KOG TOUV, SNAdT) HOVO eV 1) AAyT) HELOVEL QUG TN PG
TO KOLVWVLKO KOGTOG TNG GLOTAdNG.
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5.2.1 AvOaipeteg dratdEerg

Ocwvpnua 5.7. X wepinrwon yevikhg Sidtaéns twv kpufwv vro o povtédo k-péoov 1j to povrédo
k-xévrpov Sev vrdpyer moTomonTikd yia emitevén Nag toopporiog.

Mopadeiypota amote AoV To YPAPHHOATA TV OXNHATOV 5.2 Kot 5.3, yio Stopépion oe S0
oLOTAOEG.

Ixnpo 5.3: Aev vtdpyet Nog tooppormia vrobétovtag 2 cvotddeg vd to povtédo k-kévtpov.

H am6deén g un dmapéng Noag tooppormiog yia Tig mapostdve mepintdoelg épyetal eke-
tdlovtag OAeg TIg duvartég Béoelg TV kevtpoelddv yia OAeg Tig duvartég Siapepicels. H mo-
pamave Siepedvnomn propei va Ppebel otnv apyikd avagpepbeica epyacia.

Mio mapaxopym tov tpofAnpatog ov propel va e€ocparicel tnv dmopén piog TOLAA-
xtotov Nag otabeprig Siapéplong oe k&be oTiypdTUTTO e aképateg amootioelg petakd dvo
KOpPwv, etvar 1 atodoy1] tng TomobETnong TV KEVTPoELdOV Ge 0TOLOdNTOTE GNUELD OKHNG.

Eotw a1 atdoTaet Tov kevipoetdoic amd to dkpo TngG akpnig oTnv omoia eivon tomobe-
pévo. Tote x.p.1.y. emdéyovpe a € [0,1/2] ko akoroOBwe, To kdGTOG KOPPOL U eivan eite
™G HOPPNG Oy, + e ) &y, + (1 — ). Metartomnilovtag ehawpd o o otnv meproyn [0, 1/2] kou
TOLPVOVTAG TNV TAp&ywYo Tov afpoiopatog twv THnpdTov, Ba eivon eite otabepd, mov or-
paivel Ot tar eAdXLoTO TOL GLVOALKOD KOGTOVG oLOTAS0G evpiokovtatoe v = 0 v = 1/2 7
undév, mov onpaivet pn VILaPEN SLAPOPAG WG TPOG TO GLVOALKO KOGTOG TOL GLVAGTILGHOV ATTO
TNV Tomobétnon Tov kevipoeldovg oe Nui aképata Béor).

[apatnpodpe cLVETKOG, OTL Yl k&Be kOpPo u NG cvoTddag LITaP)eL KEVTPOELOEG, TOV
woaméxel pe k&Be GAlo kevTpoeldég otd To u ko elvat Tomobetnpévo oe Nuaképoia Béon.
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Oélovtog va epappocovpe eEavtintikn avalrtnon yia Nog .oopporic 68 GTLYHLOTUTTO
TOUL TToLyviov, Tapotpovpe 0Tl acBevécTepr) Llooppormia LITAPYEL LOVO &V LITAPXEL KoL OTOLY
OAo Tow xevTpoeldny eivar tomobetnuéva oe nuaképateg Béoelg. H ev Adyw toopportia eivor
n aocBeviig Nag, vrtd v omoia kaveig maiktng dev embupel vo adléEel cvotdda edv Ka-
TOTLY TNG XAAXYNG, TO KEVTPOELDEG TNG VEAS GLOTAONG HETATOMLIOTEL GTO HOKPLVOTEPO OTTO
ovtdv duvatd onpeio. Anradn, acBevrig Nag toopportia eivar cuestadomoinon omov yia kdbe
naixtn u cvotddag C1 ko k&de cvotdda Co, d(u, c(Ch)) < d(u,c(CF™)), dmov Cf ™ ei-
vou 1) ovotdda Cy KaTOMY TG TPOoYDPNoNG o€ avtr Tov maiktn w. EEnynon tng mpon-
YoUpeEVNG Tapathprong yiveton pe ovykplon acBevoig Nag wooppormiog £ pe kevrpoeldn
KOTO HKOG atkpadV Ko TG idag ocvotadomoinong pe kevrpoeldr] petotedelpévo oTig mAn-
cléotepeg Nuaképaueg Béoerg &' Tuvenng yi k&be kopfo u mov avikel oe cvotdda C1,
|d(u, c(C),E") — d(u,c(Ch),E)| < 1/4 dmov d(u, ¢(Ch), E) n ardotacn tov kOPPoL U ad
To kevtpoeldég g ovotddag C vrd v cvotadomoinon £. Epdoov 1 € eivaun katdotaon
wopporioag d(u, c(Cy),E) < d(u, c(Ca), Euscy,) 6mov 0 cvpPoriopodg £,—.c, CNHAivEL TN OL-
otadomoinon &£ katomy g petakivnong Tov u ot ovatada Co TG 0molag To KeVTPOELSES
peTaTédNKe 6TV pokpvoTepn atd tov u dvvarr Béon. Emumpocbeta ou &y o, ko £y
éxouv touvg idtovg kOPPoLg 0TTOTE CUUPWVA HE TOL TTPOTYOVUEVA ETTLYELPHHOTA TO KEVTPOEL-
dég Tov O tibetou oe nuaképona Béon divovrag d(u, c(C2), Eycy) = d(u, c(Co),E ey
Avaxeparoudvovtag éxovpe d(u, ¢(Ch),E) < d(u,c(C2),Eucy) B d(u, c(C1),E") — 1/4 <
d(u, c(Ca), Euscy) 1 d(u, e(Ch), &) — 1/4 < d(u, c(Co),E vy ), amodewkviovtag 6tLn &’
elvou emtiong acBevrig Nag toopporic.

AoV amovoio acBevoig Nog L.ooppomiog oHaivel amovsio TG LoXLPOTEPNG EVVOLOG 0T
Bepotnrag Nag ioopportiag, propovpe vo atopavBoipe yix tn Suvatdtnta katdAnéng otry-
protumov oe Nag toopportia eAéyyovtag tnv vmapén acbevoig Nag .ooppormiog je kevTpoeldr)
oe nuoképateg Béoers.

Ocwpnuea 5.8. X1 yevikl mepintwon vro aupdtepa ta poviéda k-uéoov i k-kévrpov, omov ta
KEVIPOEISH LITOPOVV Vet eVpioKOVTaL OTTOVSHITOTE KATA UIKOS AKUHG, Sev vIdpyeL moTomoinon yia
anokaraotacn Nag icoppormiog.

Y10 mAaiclo Tov povtélov k-pécov to amotédeopa omodelkvibeTon atd ToL TPOYoUpEva
ETLYELPTLATOL EQAPHOCHEVEL GTO TTALY VIO 2 6VETAdWVY TOL oxfpaTog 5.2. IIpaktikd 6AoL oL Guv-
dvaopol Sropepioewv 800 GLETAIWY KoL AVTIGTOLYWV SUVATOV KEVTPOELI®OV SLATTLOTOVETOL
ot dev amotelobv acBevi) Nog toopporic. Aoylopiko mov epappolel tn Siadikacio avapépe-
tat oty epyacio twv Feldman et al.

Soppwva pe To povtédo k-kévtpov, Ta kevrpoeldr] Tomobetovvtal povo oe naképateg 0¢-
oelg. Aev vTapyel GAAN TEPITTOOT APOL LITOBETOVTOG U NHLOKEPALO KEVTPOELDT] HE U OKé-
pato pépog a € (0,1/2) draywpilovpe Tig dv0 mepuntoelg. Eotw D 10 60volo Twv kKOpfwv
pe péyloTn ammdctoon and to kevtpoeldés. Eite Aol ou kopPor u € D éyouvv kdoTog idL0g
HOPPNG HETOED TV Jy, + « ko §y, + (1 — ) ko cvvendg eivon duvath peiwon kéoTOLG Yia
6Aovg TOVG KOPPOLE AVEAVOVTOG 1] HELOVOVTAG OVTIOTOLYOL TO (¢ 1) UTTAPYEL TOLAXYLOTOV VOGS
KkopPog amd k&be eidovg ocLVAPTNON KOOTOVG. e QT TNV TEPLTTWACT] Ol UTOGTACELS TOUG
and 1o kevrpoeldég Oa émperne va eivan ioeg 1) Oy, + @ = dy, + (1 — @) oL cvvendyeTan

5"141 +6’U.2 +]- 4 /4 ’ ’ ’- ’ ’ ’
a = ——=2— anodeikvbovtag 6Tl To a eivon nuiaképato. Etot pe tov idlo alydpiBpo 6mwg



70 KEPAAAIO 5. HAONIKH YXYXTAAOIIOIHYH

070 povtédo k-pécov, Touv oxfpatog 5.3, amodelkvieTal o LoXVPLoHOG ToL BewpripaTog.

M) éxovtag wg Topa Betikd amoteAéopata drapéng Nag .ooppormiag, emPariovpe wov
otovg amokAivovteg kOpPoug. To emimpdoBeto KOGTOG TOL ATOPPOPOVV OL ATOKALVOVTES elvor
1N amolnpinon yio v emovoatonodétnon Tov kevipoeldong mov KataBdAlovy 6T cLETAd
vrtodoxng. Avtr 1 emPapuver) LGovTL HE TNV ATTOoTACT) TTOL JLVOETOL AITO TO KEVTPO AOY®
NG oLpmepiANYng Tov véou pédovg. Katw amd autég Tig ouvOnkeg, kopfog o atokAivel povo
€QV 1) ATTOGTAOT) TOV ATO TO PO TNG WTOKALOTG KEVTPOELIEG TOV HEAAOVTLKOD TOV GUVACTIL-
opov, elval pkpOTEPT) QT TNV ATOGTACT) TOV ATTO TO KEVTPOELSES TOV TPEXOVTOG CUVIGTILGHOD
TOV. ZUVETKOG Loy Vel To akOAovBo Bewprpa.

Ocaopnua 5.9. Ta naiyvia cvaradoroinons rpokabopiopévov TAjfovg ovoTddwy o€ yevikés Sia-
tdéeis yix povrédo k-péoov eite k-kévrpov, ue moivés ovykdivovy oe Nag 1oopportieg mov emtvyyd-
vovtau pe Suvagukt PEATIOTHS QTOKPLOTG.

Amddeitn. T to povtéro k-péoov, vmobétovpe OtTL maiktng u embupel vo amokAivel atd
™ ovotdda Cy oty Ca. Mapovsia twv mowedv éxovpe d(u, c(CF™)) + d(c(Cy ™), e(Cs)) <
d(u, c(Ch)). Zoven®g o TaikTng u HELOVEL TO KOGTOG TOL ammokAivovtag. IIpogavag kébe dh-
Aog kopfog v € C eite dev petafdAdel TO KOGTOG TOL €iTE TO HELOVEL AOY® TNG KiVNoTG TOL
kévtpov tov C. Tehkd ot kopfol otn Co katOTLY TNG £vTaEng Tov U, amogacilovv véo ke-
VTPoeLdEG OV eAAYLOTONOLEL TO KOOTOG TNG CLGTADNG TOVG, AP KOl TO KOLVWOVLKO KOGTOG.
KaBog to xowvwvikd kdotog petdveton pe kabe kivion BéAtiotng ammdkpiong, 1 duvopkr PEA-
TIoTNG atoKpLong ovykAivel oe Nag tooppormio. O

Aot ol kwvrjoelg PEATIOTNG bk pLog PEATLOVOLY TO KOLVWVIKO KOGTOG, AHECK GUVETO-
yetou OTL

Ocawpnua 5.10. To tiunua s orabepétnrag yia k-péoov 1 k-kévrpov maiyvio mpoxabopiopévov
mAfBovg cvotddwy, eivau 1.

H BéAtiotn Adon dnAadr) mov emtuyydvetol amd kOpPoug mov emtAéyovy Tig TAEOV TPO-
c0dopopeg aTpatnyLkég eivar Nog toopportio Aapfdvovtog vmoyiy Tn pelwsot Tou KowvLkoD
KOOTOUG o€ KOs pia Ao TIG KLVHOELS TV TTOULKTOV.

Ooov agopd oto tipnpa tng avapyiog tng cvotadonoiong mpokabopiopévou aptbpod
KkopPwv, eEetdlovtog tnv apln dvew EPAYHIATOC SLOUTLETOVOULHE OTL 1] ATTAVTNOT) ELVaL op-
VI TIKT.

Ocwpnua 5.11. To tiunua g avapyios apupdtepwV Twv k-péoov ki k-kévipov maiyviowv mpoka-
Bopiopévov mAnifovs cvoradwv eivar un ppaypévo.

Mopaderypo omotedel oTLYPLOTUTO pe TPeLS TaikTeg oTIg cvvteTaypéveg 0, 1 ko M emi ev-
Belog, pe M >>.H dwapépion {0}, {1, M} 6mov to 1 eivan to kevipoeidég tov tedevtaiov, etvan
Noag woppomio kabmg kaveig maiktng dev evdiopépeton va emAéel dAAov amd Tovg vtdpyo-
vteg ovvaomopovg. To avticTolyo kowvwvikd k6aTog eivar M. H o emBuountr outd mhevpdg
KOWVWVIKTG weéhelog cvotadomnoinon eivon {0, 1}, { M} pe kowwvikd kéotog 1. Zvvendg to
TINHO TNG avapXiog oTNV TEPLTTWOT) CUTH) Elvot % = M, amdvtog supremum.
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5.2.2 Aevdpikég datgerg

Ewdikn evliopépovoa dudtakn eivan i) devrpukr. [aiyvio pe owtry tn dudtakn outoteAei n) e0-
PECT] CLYKEKPLUEVOL TANOOVG XXPAKTPLOTIKGOV ATOUWY GTNV Lepapyict LOVTOV OPYOVIGHOV.
O x6pPot tov dévtpou eivor e€elrypéva eidn mov elvor amdyovol Kovos poydvou kot kdbe
akpr) ovvdéel éva eidog pe Tov apeco mpdyovd tov. Yrotibevron eidn mov e€ehicoovtal péow
petdAAa€ng ko oL diotavpwoslg edwv. H amdotacn petad eldov avtavokAd tnv opold-
TITO TOL YEVETIKOD TOLG KAOSLKOL.

Movtého pécov

Baowr] dotnta otnv amddeén Nag .ooppomiog oe auth} TNV mepintworn ammotedel ) Tod-
TLOT) TOL KEVTPOELDOVG SEVTPOU e Kdoto artd ta péoa tov. To péco dévtpov opiletal kotd TOV
810 TpoTO TTOL OpileTan To péco deiypatog otn otatioTikn. Eivon dnAadr évag kopfog mov
ov opatpedel oad dEvTpo, TOPOPEVOLY GUVOEDEPEVES CUVIOTMOGES TV OTTOLWV 1) TANOLKOTN T
elvo To oAb [%W ©éAovTag va SLoTPrICOLE TO TPOVOHLO XPHoNG LTS TNG LOLOTNTAG,
epappolovpe oTPATNYLKT Katd TNV omoix kabe cvotddo mapoapével cupmayng dnAadn dev
mepLéxel 0o kOpPoug oL avdpesd Tovg va vitdpyel kKOpPog mov dev avrikel ot cuoTddo.
H xataotoot kakeital custadonoinon pe Tnv OLOTNTA TNG KAELGTOTNTAG 1] KAELGTT] SLopop-
Qwor.

To kevtpoeldég keitan oe Péco NG oLoTAdAg VIO TNV WLOTNTA THG KAELOTOTNTOG KOBMOG
vroBétovtag to avtifeto odnyodpaocte oe dromo. Eotw Ot dev keiton oe péco. Tote apar-
POVTOG TO KEVTPOELOEG U, TTAPOUHEVEL CUVEKTLKY CUVIOTAOGCA gy HE TOUAGXLOTOV (%] +1
kOppovg. Qotdoo av kot To kevrpoetdég petakivnBel 6TV YeLTovid Tov % 670 Qmaz, TO KOGTOG
NG mAelOYNPilag TV KOPPBWV TNG 6LGTASNG HELOVETAL, 0SNYOVTOG G€ AVTIPACT) e TO OTL TO
U elval KevTpoeLdEg.

Topa akorovBeital ) akdAovdn diadikacio. ZKOTEVOVTHG GTOV HETAGYNHATIOHO dLopodp-
PWoNG oe opola 1 KahOTePT) KAELGTH], OL BEGELG TWV KEVTPOELODV KAPPDVOVTOL GTNV TPEXOVO
0¢om Toug KO oL TTaiKTEG EMTIAEYOUV TNV TANOLEGTEPT TOVG. MéY pL otvTOD TOL GTpELOL TO KOGTOG
K&Be kOpPov dev avEdvetat, o0Te Ko TO KOVWVIKO K6GTOG. Katdmiv yiveral 1 emavatomobé-
TNOT] TV KEVIPOELIDV TTOV TTPOPAVAS EAATTMOVEL TO KOLVWVLKO KOGTOG.

H Omap€n koppou u mov embupel va atokAivel amd mn ovotdda C ot ovetdda Co pop-
TUP& 6TL 6AoL o1 kKOpPol peta&d Tov u kot TG Co TPOTYOVVY opoiwg TN Co. Zuven®dS KOpPog u
npookeipevog otn Co agprjvetal va kavel kivnon BéATiotng andkplong tpooywpavtag otn Co.
Yty nepintwon mov 1 C mopapeivel cuvdedepévn, n dwadikacio cuveyileton pe Tnv kivnon
BérTioTng amokpiong dAlov kopPov, elddAlwg petatiBevtal otnv Co 6AoL oL evamopeivavTeg
koppPor tng C1 eKTOG ekeivwv oL avijkouy 6T oLvdedepévn cvviot®on tng C oL TTEPLEYEL
10 kevrpoedég g C7 . H xatadnktikr Stopdpwon eivar kAeloTr.

IIpoiovong tng Sadikaciog To KOLVWVIKO KOGTOG HELOVETAL.

Apyd, xatodmy g evowpdtwong Tov u otnv C1, Ta k6ot Tov u kot Tov Cf * TpoPavdg
petdvovtat. Qg pog o k6ot TV KOpPwv Tov Co dtokpivovton dbo meputtooels. Ag' evogo u
npooywpel o ovvdedepévn ovviotdoa tpookeipevn oto ¢(Cy), peyéboug To ToAD [%W —1.
SUVETOG KATOTLY TNG EVOWHATWOOTNG TOU U, To ¢(C2) apoapével kevtpoeldég kot To KOGTOG TV
kOpPwv Tov Co mopapével apetdfANTO. A’ ETALPOL, GTNV TEPUTTWGT) TOL O U TPOTYWPTOEL GE
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Sebeud , . o , Ca . ,
cuvdedepévn cuvicthoa tpockeipevn oto ¢(Cy), peyéBoug [ 52 | To kevrpoeldég petaxtveiton

otov kopfo mov mpdokertan oto ¢(Cy), oty katevbvvorn tov u. O képPfog awtdg eEokolovbel
va givar péoo tov Co dpa kaL oL aooTdoelg Tov otd kOppfoug Tov Cy eivon TarvtdoNpeg pe
avtég mov o c(Cy ") éxer amd kopPoug tov Co.

AebTepov, 10 K66TOG TV Ao®V KOPPwv Tov C HELOVETOL WG CUVETELR TNG CUUITEPL-
ANYng Tovg, TANV ekelvwv ov mepthapfdvouy Tt cuvdedepévn CLVIOTOOK TOL TEPLEYEL TO
kevtpoeldég tov C] . O tedevtaiog Loyvplopodg amodetkvietan kabng edv o u éxeL kivTpo va
amokAiver otnv Cy, d(u, ¢(Cy)) > d(u, c(C?)). Emmpdoheta, yio 6Aovg tovg kdppouvg v otnv
C1 \ {nodes € connected component of ¢(C1)}, wox0et

d(v,c(Cy)) = d(v,u) + d(u, c(Cy)) kou d(v, ¢(C1)) = d(v,u) + d(u, c(CT™))
KOLL TTPOPOVAG
d(u, c(C)) < d(u,c(C7™)) xou d(u, c(Cs)) < d(u, c(C5™)).
YuvBéTovTag TIG AVIGOTNTEG TTALPVOLLE
d(v,e(C5™)) < d(v,c(CT™)).

Juvendg avtd To Pripa dev av€dvel To KOWVwVIKO KOGTOG.

H entavatonobétnon twv kevtpoelddv twv vEnV KAELOTOV cLoTASWV dev avEdvel TO KoL-
VoVikd K66T0G KOO elvat evépyela mov yivetal yix T pelwaot] Tov.

Apoa vtdpyer cuvaptnon SUVOLKOD HE (00 KOLVWVIKO KOGTOGC, TOL HELOVETOL e K&Oe Ki-
vnon PéAtiotng amdkpiong kot Aapfavovtag vOYLy OTL Ol GTPATNYLKEG TWV TTOLKTOV givol
TLETEPACUEVES, TO ALY VIO GUYKALVEL & eAdYLOTO.

Ocwpnua 5.12. Yrdpyet Nag orabepri Siauépion pe to povrédlo k-péoov yia Sevépiktj didral.

Sopewva pe Ty Tponyovpevr culritnon, n PEATIoT ADGT) TTOU ENMLTUYXAVETAL OTAY KOVELG
moikTng dev propel va k&vel emutAéov kivnon PéATioTng amdkplong, eivon emiong Nag .ooppo-
mtio koL VTTOAOYICETOL G TTOAVWVUHLKO XPOVO KaBMG KOVEVX TUHO TNG TTOPATTAV® dtadtkaciog
dev elodyel meploodOTEPT TOALTAOKOTHTCL.

Ocwpnua 5.13. To tipnpa ¢ otabepotnrag tov povrédov k-piéoov yiar devdpikt diatatén eivau 1.

MovtéAdo kévipov

Ewaletan 011 vtapyel Nag woopporia oe kdbe otiyptdTuIo Tov matyviov cvatadomoin-
ong vmd 1o povtéro k-kévrpov. QoTd00 T amodedeLypéva atoTEAETHOTA EKTELVOVTAL PEXPL
TOU onpeiov 6oL oTa kevtpoeldn] emitpémetan va TtooBetnBovv oe k&be onpeio Tov dévtpov,
dnAodn) oe k&Be KOpPO TOVG 1] KATA PIKOG OLOGOTTTOTE AKPNG. ZNpeElwTéoV OTL GE auTH T1) dLo-
HOPPWOT), Tt KeEVTPOELdT] TOTOOETOVVTAL 6TO PEGO SLOPETPOL SEVTPOV. Xe TEPLTTWOT) TTEPLGGO-
TéEPWV NG plog SapéTpwy evkoda Stotiotdveton OTL Ta péoa Tovg TarvTilovTal. Qg StapeTpog
opiletal To pokpOTEPO UTAO povomatt petafl kOpPwv Tov dévrpou.

E€etalovpe todpar T Suvopikn BéATioTng amdkpiong tov onyviov. Aedopévng dropépiong
& voBétovpe maikteg oe pn POIvovca GELPA COPPWVX LE TNV ATOGTAGT) TOVG OTTO TO KEVTPOEL-
dégtovgoto D = (d(uy, c(Cyy)), d(uz, ¢(Cuy))-.., d(tn, ¢(Cy,,)). Yrobétovpe topa maiktn u
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mov emiBupel va amokAivel oo tn Cp oy TPoTHdTEPT) TOL Yiar Tr) dedopévn oTLypr cLGTASX
Cs. Katomw g kivinong ot maikteg tng C Oa éxouv pkpdtepeg 1) loeg AmooTACELS QUTO TO
kevtpoeldég. To kevrpoeldég g Co dev Ba petakivnBel otny mepinTwon mov o u dev elvo
TepaTLRg KOpPog Stogiétpov Tov Cf * kau ot kopPoL Tov Cy Ba Sratnpricovy T kKOGTN TOLG.
AvtiBétwg, edv To kevtpoeldég tov Cy petakivnBel akolovBovtag tnv mpocdrkn Tov Taikt
u, 0 u arodetkvieTon dkpo Stogiétpov Tov o ko cuVendg To kdoTog K&de KopBov Tov Co,
610 C5 ™ Ba eivon AMydTepo aurd To véo k6GTOg ToL u. 211 Sidtaén D dhot ot képBot aploTepd
TOL U KATOMY NG adkAlong Ba éxouv kO6oTOG opeTdPAnTo 1 petwpévo, o u Ba éxel Arydtepo
K6GTOG Ko oL vTdAoLTOL KOpBoL pe adhaypévo k6oTog o éxovy Atyotepo amd d(u, c(C5™)).
Apoa Aappdvovtag wg cuvaptnon duvopkot tn didta€n D, mopatnpolpe OTL KATOmTLY Kivn-
ong PéAtiotng avtidpoong pedveton AeEKOYpaPLKE, ONHAIVOVTOG HELWOT] TOV KOGTOUG TNG
SLopdpPwoNG oL ekPPALeTaL He TNV aploTePOTEPT) TN TNG SLATOENG. ZUVETHOS 0POoD 0 apLd-
HOG TV GTPOTNYIKOV TOV TULKTOV elvol TETEPACUEVOS, ) SUVOLKT] BEATIOTNG QUTOKPLOTG
ovykAivel oe Nog loopportior OTov dev LITAPYEL TALKTNG TTOL VAL HITOPEL VAL HELDOEL TO KOGTOG
TOU AAAGLOVTAG HOVOHEPDG CTPATIYLKT).

EmutAéov oe BérTiotn Abon pe eAdyloTo KOOTOG Kavelg malktng dev pmopel va kel ki-
vnort PEATIOTNG ook pLoNG, KaTaAyovTog oe povadiaio Tipnpa otobepodTntag.

Ocwpnpue 5.14. To povrédo k-kévipov 0mov Ta KEVIPOELDH ETUTPETETAL VO EVPICKOVTAL T AKIES
éxel mavra Nag ioopporia. EmimAéov to kéotog T orabepithnrag otny mepintwon auty eivar 1.

Qo1oo0 1 emtevyBeica Nog tooppormion prropet va elval ameplopiota voféATioTn. Osw-
povpe €EL kOpPoug oe evbeia otig Oéoerg 0, M, M +€,2M, L, L 4 € pe M << L. H cvotado-
noinon {{0, M}, {M + ¢,2M },{L},{L + €}} eivau Nag wooppomio mov kootilel 6Tnv kol-
vovia M /2, wotdco n Swopépron {{0}, {M, M + e}, {2M},{L, L + €}} ewotyer koot €/2.
Apa TO TIPNHO TNG vopX oG EKTIVAOOETOL TTEPLOPLOTAL OTNV T %

5.2.3 Tpappikég dratgelg

Mio akdpa puoikn dbtakn eivon n ypoppukn. Eva mopdderypa eivar o mpokoabopiopévog
oplBpog e£60wV atd Spopo Tayelog KLKAOPOPLAG TPOG TAPAKELUEVES KOHOTOAELG KL XWPLA.
O maikteg eivar oL Tpoforéc Twv Srpwv 6To dpopo kot T HeTafD Twv KOPPwv SitxoTripoTo
elval Ta TUNpAT TOL SPOHOL PeTAED TV XWPLAOV.

Movtého pécov

Mia tpotn mapatrpron eivol OTL TO KEVIPO 0LOTADOG GUUTLTTEL e KATTOLo amd To péca
™g. Méoa evvooipe kOpPoug yia Toug omoioug 1 dtapopd Tov TARBoLE TwV KOPPwY aploTepd
Ko de€Ld Toug eival To oAl povadiaio. Ymobétovpe ypappikrn SLOHEPLOT) KO TOUKTH U TTOV
emBupel v amokAiver amd ) dwopépion C otn ovetada Cy kot eEeTdlovE TNV eMINTOON
OTO KOOTI TOV TTOLKTOV.

« Hpogavdg ta pén tov O] Ba éxovv petwpéva 1} opeTdfAnto KOGTN KATOMLY TNG AUTo-
KALONG, apob aAAayr TOL keVTpoeldovg TOVG HITOPEL HOVO VO HELOOEL TNV ATOGTACT]
TOUG OO CLUTO KOLL 1] HETAKLVIGT] TOUL QLPT)VEL TIG ATTOGTACELG WG EXOUV.
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o O x6pPocg u éxel pcpoTePo KOGTOG KATOMLY TNG WTOKALGTG.

« T Toug kopPovg Tov C ™ eketéilovon Vo TepinTGTELS.

1) 0 aplBudg Toug eiva APTLOG Kol KATOTLY TOV GLVETALPLOHOD TOUG HE TOV U O apLOPOG
Toug yiveton eptrtdg. Eqv xatd tn Siapreta g Sradikaciog To kevrpoeldég mopopleivel
apeTdPAnto, oL aootdoelg tapapévouv otabepéc. Eav to kevtpoeldég petakivnBei oto
&Aro péco touv Cy, oL amootdoelg Twv kKOpPwv tov Co atd T0 vEo TOLG KeVTPOELdEG,
mopapévouy dieg aupov kopPog cvoTddag toaméxel amd T 0o péoa. 2) 0 aplBpodg Tovg
elval eplTtog Ko 1) TPoabiKn TOL U K&VEL TO GOVOAO &PTLO. e QLT TNV TEPITTWOT
n Ca éxeL povo dvo péoa m. OmdTe émerta otd TV oTOKALGT) TOL U, kdbe m mopopével
Héco Ko kevtpoeldEg.

JUVETHOG TO LY VLO TTEPLYPAPETAL 0O GLVAPTNGT duvapLkoD, dSNAadn 1] GLVAPTNGT) GLVOAL-
KoU k6o ToUg Kot 1) Suvayikn BEATIOTNG amdkplong cvykAivouv e Nog toopporticr.

Movtédo kévtpov

Eotw C1 1 ovotdda tov apiotepdtepov kOpPou g ddrtakns. Kivodpevor de€id kalodpe
Cs 1 6VETASA TOL TPHOTOL KOPPOL ¥ TTOL cLVAVTAHE Kat dev eival pélog g C . Xe mepintwon
7ov To kevtpoeldég g C keiton aplotepd amd to v toTe ite oL kOpPor ng C' ot omoiot eivor
de€1d Tov v B TpoTpovoav va atokAivovv 1} o v Ba mpotipovoe va artokAivel. EE' dAAov,
edv To KevTpoeldég tov Ch keitan de€id Tov v ToTE eite oL kOpPor tov C aprotepd Tov v Ba
amokAivouy eite 0 v O amokAiver. Katd ovvémeia vapyovv dvo mibova eEayopevea. To mpoto
eivow 1 C1 va Pploketon oe kavoviky poper], va autoteAeiton dSnAadr] povo amd Sradoxtkong
KOppoug kot o dedtepo elval o v va evowpatwdel otn C). Emaywylkd, cuvayetol 6Tt k&b
OTLYHLOTUTTO POAVEL KATOTLY TTeMEPATHEVOL aPLOPOD autoKAloEwVY Ge Kotvovikt] pop@r], dniadn
k&Be cvoTddo PpickeTon oe KaAvVoOVLKY HOPPT).

Qg éva axopa evdidpeso Pripo otnv mpocéyyion g vmapéng Nog ooppomiog Topatn-
povpe OTL k&Be oTLypLdTUTO TOL TTaLyviov £xetl nui-Nog toopportio. Xtnv toopportic avtr) dev
UITAPYEL OPLOTEPOTEPOG TTALKTNG O€ KAVOVLKT] Hop@1] pe kivnTpo amdkAtong. Tétora Siapépion
oe kaBe oTryptdTUTTO MO VIdLOL aoteAovy ot k — 1 Se€ldTtepol kopPot dtav avijkovy ce po-
vopeleig ovotddeg evd ot vodoutol V| — k 4+ 1 avijkovv otnv apiotepdtepn cvotdda. Ot
k — 1 dekldtepeg cvotadeg dev mepLEYovV aTOKALVOVTEG oLpol Tl KOOTI elvol Tor XOUNAO-
tepa duvatd, dniadn undév. O aplotepdtepog maikTng tng aplotepdTepng cvothdog de Bo
emBupovoe amodkAlon koG To kavolpylo Tov kevtpoeldég dev B tav TANCLEGTEPA TOV
tomoBeTnpévo.

T v Tpéyovoa Sopdppwon npi-Nag otabepdtnrog, emttpémovpe otov de€loTepo mai-
ktn right(i) g ovoTAd0G © va TeAéoel amdKALoT). Be TEPINTWOT) TOL WTOKALVEL 1) TAEOV €TTL-
Oupntn cvoTdda Tov Ba eivar 1 ¢ + 1, Bewpwvtag €€ aploTépdv amapifpnon Twv cuoTAdwV.
JUVETOG 1] CUVAPTNOT SUVOLKOD

® =" d(left(1),left(i)

ick

ehattdvetan Kabdg o aplotépog kOpPog g i+ 1 cvotddag tAnowlet tov le ft(1) kan oL vIO-
Mool mapopévouv otabepol. KabBog or Suvartég dekiéc amokAioelg eivon memepaopéveg, 1
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naipvel eAdylotn Tun ov avtiotoyel oe Nog .oopportia apod olte de€ldtepol olte aplote-
poTATOL KOPPOL TNG KAVOVIKHG SLApOPP®OTG £XOLV KivTpa AITOKALOTG.

5.3 Xvvepyatikn cvotadonoinon oe dikToa

[Hoefer, Vaz & Wagner, 2015]. Ilepuntdoelg 6mov oL maikteg xpetdletal mpv cuvepyo-
6TOUV VO YVOPLOTOVY 1 TTOL 1) TPOSPACIHOTNTA eiva PELWPEVT) AOY® EAAELYNG 0pATOTNTOG 1)
eMmLKOLVOVLAG, TTEpLYpapovTaL otd avtd To TAaicto. E@lktol cuvaomiopot eivon ekeivol mov Ta
péAN Toug elvon oLVOESEPEVO PECW LTTAPYOVTMOV GUVAGTILOU®DV KOL/T) HOVIHWV GLVOEGEWV TOV
SiktOov. OL LVaCTLoROL TPOCPEPOLY IS 0PEAT GE OAX TO PHEAT) TOUG. ZUVOPELS KATAGTACELG
eppavifovtor oe TOAA®V €0V ovvepyaoieg. Katd tn cbotoon piog emotnpovikig opddog
7oL Qo TparypaToToLGEL SHOCLEVHEVT) EPELYNTIKT epyacia, 1) Yvwpipio elvan atapaitnTn.
Opolwg oe emayYEALATIKEG GUVEPYELES ATTOLTELTOL ALPXLKT], EGTW HLKPT), KOLVY) TpooTtdBeLa TpLy
TOV GUVETOLPLOHO |LE OHOLOHOPPO SLOHOLPAGHO TWV KEPODV.

To vrtoPodokov diktvo cuvpPorileton wg N(V, L) émov oto V ameikovifovtan oL n ok Teg
ToL TTaLyviov ko 6To L ot povipeg ouvdéoelg petad kOpPwv Tou oty viov. uven®g 6To TTa-
paTTAvVe emeTNHOVIKO TTapddetypa, To V' cupfoArilel Toug epevvntég evd To L pmopel va oup-
BoAilel Tnv mponyolpevn oyxéon emPAémovta kabnynti-vroyneiov diddktopa. Oewpdvag
S ™V TPEYOLOA KATAOGTAOT) GLUVACTILOUGV, 0pllovpe WG G TO GOVOAO TV SOHGOV UTOKALOTC.
Ipapog G € G xaieiton ypapog Stapdpewacng, dniadn pia wpdtumrrn Siktakn mov dHTav ava-
YVOPLOTEL GTNV Vo) TOL SLKTVOV pe OAEG TIG SUVATEG OKES HETOED VUV GLVEPYATMV, OLTTO-
telel vroYn@Lo cuvaoTiopd. Eav vroypagog C tov N (V, L) U E(K¢) eivon .oopop@Lkog pe
pélog tov G, tote 0 C kadeitan mpoosPhoipog, 6mov Ko 0 TANPNG YP&Pog ToUKTOV TG GL-
otadog C. Emumpdobeta, eqv yio k&be maiktn v, w(C) > w(C,), mov onpaiver 6t to Bapog
tov C eivon peyodvtepo amd 1o fApog ToL TPEXOVTOG GLVAGTILOHOD KGBe TAiKTN TTOL aviiKel
otov C, tote 0 C' givon tomikd kwAdwv ovvaomiopdg yuo tnv S. To Pépog povopedodv ouvva-
omopcyv Cy, v € V, Bewpeiton pndevikd 1 w(Cy) = 0. To TA}00g Tev SuvaT®OV CUVACTLOUMV
|C| cvpPoliletar pe m 6mov C to 6VVoro Twv duvatdv cuvaoTiopdv. Enidvon tomkd kwho-
ovtog ouvvaomiopot C' onpaivel OTL CUVOGTILGHOL TTOV TEUVOVTOL WG TTPOG TOVG TOIKTEG TOUG
pe tov C kotapyolvTaL KoL EL0AYOVTOL TOTLKEG OUVOEGELG 6TV TpéYOovoa Kathotaot S £Tol
wote o pEAN Tov C va ouvie oy KAlka. Ot TomikéG GUVIETELG KATNPYNHEVOY GUVACTILOUMOVY
eEakelpovrar.

11 ovvéyela Sroywpilovpe TEPLITTOOELS Yot To SuVTLKA PéAN Tov G.

1. 'Eotw OTL T0 60VOLO TV SOPOV UTOKALOTG AITOTEAELTAL HOVO OUTO TTAT|PT) YPAPHHOLTA JUE
An00og kOpPwv i, TOTE KATOMLY TOL PripaTog TomikTg BeAtiwong, dnAadn g ovpepi-
ANYng evog KOADWVTOS CLVAGTILGHOD OTI CLETAOOTOLNOT) e TAPAAANAN KaTdpynoN
TWV EMKAAVITTOUEVOV GUVAGTILOHOV, dev elodyovTtal véeg akpég. QoTOGO KATTOoLEG TTPO-
owpvég okpég mbavag e€aieipovtatl.

EmnpdoBeta, évag emAvpévog KwAbwV cLVAGTILONOG peyioTwy amohafov dev Ba ko-
tapynOei, cuvenag 1 Suvopikn emilvong PEATIOTOV KOALOVTWV GUVACTLOPOV GUYKAL-
Vel G TO TOAD 1 Pripata. ZUPTEPACHATIKE, edv evTdooeTal oe k&be yOpo Tng cvotado-
7olNoNG £VOg TOTLKA KWAVWY 6LVACTILGHOG, 1) SLVaLLKT] CUYKALVEL 0T péoT) TepinTwon
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oe to oAV O(mn) Prjpata, oL eiva TOAVOVUULKO ATTOTELECHA.

Ocwpnua 5.15. Eoto G C {G; | i = 1,..,n} émov G; mAijpns ypdpog i mauktdv. Kdbe
TOTTIKO TTQUYVIO CYNUATIONOU CUVACTILOWWVY TV XPHOUUOTToLEl TO G EXEL HOVOTATI TTPOG T1) 0T~
OepétnTa pe n o oAV Pripara felticwons, Eekivdvrag amo omoiadijmote apyiky Kardoraon
S. Emmpéobera, Suvaqukti tuyaiov emAloewy ovykAivel oe aTabeplj KartdoTaon o€ avoyie-
Vvéuevo ypdvo to modv O(mn).

. E&v tdpa to ohvoro twv Sdopdv amdkAiong mepiéxel povo actépe G C {H; | i =

1,..,n} and i k6pPoug, dev propel v epappootel n tponyodpevn tpocéyyion, kabng
k&Be Sopny amdkAiong mov dev eivar AN PG, SuvnTikd elodyel cuVOETELS OTAY EPAPO-
Cetar. QoT000 TO TalyVIo QUTO popel va StatutwBel WG TALYVIO GYNHATIOROD GUVOL-
omop®v pe meproplopots [Hoefer & Wagner, 2014]. e tétowa malyvia 1o cOVOAO T®V
ONULOVPYODHEVOV KL KATOPYOUHEVWY GUVAGTILOU®DV 0pileTot atd Evar GOVOAO KOVOVWV
ToPoYWYNG Kot kKuptapxnong. Ot kavoveg Topoywynig TpoPAETOUV TOLOL GLVACTLGHOL
HITopolV va dnpovpynbodv eved oL KavOVeEG KUPLAPYTIOTG AITOKAELOUY TOVG ALYOTEPO
TP0G0d0POPOLG QIO TOVG VITOYT|PLOVG GLVAGTLGHOVG.

Ot kawvdveg mapaywyng oto maiyvid pog avtikarortpilovv tnv Wddtnta 6AoL oL mpo-
ofdoipor cuvaomiopol va Pacilovtar oe 1o TOAD éva cuvaomiopd C € S, 6mov S 1)
TpEYOLOX KATAOTHOT. ADO GLOTAdES HOPPNG Ao TEPLOD TTOV HOLPALOVTOL CtKpT), HOLPA-
CovTal koL To KEVTPO TOUG GLVETIMG TO KEVTPO VEOPLOVG GUVAGTILGHOV TTOL X PTCLHOTTOLEL
KkopPovg atd TePLEGOTEPOLS TOL £VOG GLVACTILGHOVG TTOV KATOPYEL, AVIKE GE TTEPLOGO-
TEPOLG TOV EVOG GUVOCTILGHOVG. APol KOpPPOg avike ce 2 GLOTADES, 1) TPOTEPT) KATA-
otaoTn dev )TaV GLETASOTOLNGT], AVTLPAGT]. ZVVETMG OL KAVOVES TTAPAYWYT|G ELVAL TNG
HOPPTG

T :{(Q),C) ‘ Ce C,H|C‘ € N, H|Cv| S Q}U
{({C,},C) | C, c'ec,onc’ # @,H‘q e NU {C,},H|C| € G}

YrevOupileton 6TL TO TPAOTO OPLoPA TNV TaPEVOEST] AVTLOTOLYEL GTOVG ATTALTOVHEVOLG
KOpPoug 6to S, evid TO deVTEPO AVaLPEPETAL BTNV TPOKOTTTOVOR GLATAdA. Ol Korvoveg

KLPLAPXMONG elvat TG HOPPTIG
D={{C'},0)|C,C"ec,CnC #0,w(C") > w(C)}.

Omov pwto dpLopa oty Tapévheon eivat LITEPY WV CLVAGTILGHOG 6TO S TTOL £XEL LYM-
Aotepn akio artd TNV viroYn L cLoTEda ToL devTEpoL opiopartoc. Exovtag meprypdyet
TO TTOLLY VIO [LE GUVETELC KAVOVES TTAPOYWwYT|G KoL KUPLAPYTOTG KOl ap) LK) cLGTOSOTOL-
non S,, opiovpe tov LITEPYPAPO Kivong aVTIKEEVOL Grow = (V. Vg, Tnovs Dimov)-
Me awtd 10 Yphpo, k&be cuvaomiopog amd to C amnetkoviletor oe KOO Kol GLVOGTL-
opot ov PacilovTol ATOKAELGTIKE 08 HOVIHOUG GUVOEGHOVG KL CUVETHOG lval ouTOo-
pueig eivan pédn tov V. Svvenaog V = {v. | C € C} xan Vy = {v. | C € Cy}, pe Cy
T0 6UVOAO TV Paciopévav kabapd aTnV VITodopr), CUVACTIoHOV. Mia cusTadomoinon
QVTLOTOLYEL GTOVG YEHLOHEVOLG KOUPOUG TOL LITEPYPAPOL KiVIONG OVTIKELUEVODL, (PO
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yepopévol koppol tpoodopilovv Toug TpéxovTeg LITEPYXOVTEG GLVAGTLGHOVS. Ot duvr)-
TKéG otokAloelg AOyw LTTAPYXOVTOV CLVACTIGHOV GLHBoALlovTaL atd TIG KaTevBLVO-
peveg akpég avtaAAoyns Ty = {(vey, vey) | ({C1}, C2) € C,w(Ch) < w(Ca)}. Orev
AOY® okpég oxnpotiCouy akvkAkd kotevBuvopevo yYphpo kaBdg 1 viap€r Toug elohyel
pepikn drato€n otovg cuvaoTiopos. TéAog pe Doy = D ovpPorilovton katevBuvo-
peveg akpég kupLépynong mov katevfovovtal and cuvaomiopd C) oe cvvaomicpd Cy
yta tovg omoiovg w(Cy) > w(Ca).

IMopaderypo vITEPYPAPOL KIVNONG AVTLIKELLEVOL TTapovotdletal oTo oxfpa 5.4. H duva-

zci/ . o1
— — .7

- -

Sxnuo 5.4: Aprotepd: oty vio GXNHOTIOHOD CUVAGTILGUOV HE TTEPLOPLOREVT|
opatotnta. Or cuvdécelg TOL POVIHOL SLKTVOL EPPAVILOVTOL YKPL EVED OL
TPOYHATOTOLGHOL GLVAGTILGHOL padpot. O Ypapog oxnpatiopo? eivot d0o
ouvdedepévol kopPot, dnAadn éva taipiacpa. O apibpoi avtiotolyovv ota
Bapn TwvV cUVOCTILOUOV.

Ae€ii: O avtioTolyog vepypaPog kivinong avtwkelpévov. KopPor pe yépi-
OO VTLETOLYOVV GE VUV TTPOGPACLUOVG GUVOGTILGHOVG, EVK Kevol KOpPol
ot vtoAouta péAN Tov C. ZuveXOPEVEG OKHES AVITKOLY 6TO GUVOAO Ton
EVE SLOKEKOPHEVEG 6TO GVUVOAO Doy

Jkr xwpiletal oe d00 PAaceLs.

o ®don 1
HEKLVOVTOG atd KOITOLovg apLkd yepiopévoug kopPoug, eEetdlovpe tnv vropén
TPOTELVOHEVOV ETUAVGEWV aTtO TO Ty IOV 001 YOUV GE PN KLPLOPYOVHEVOLS GU-
vaomiopovs. Edv Bpebolv tétolol, emAdovtatl, SnAadr e evtomiotel mpooPaoin
0éom oL KLPLAPYEL TPEXOVTA CUVAGTILGHO, TO YEHLOHO TTOL AVTLGTOLYEL GTOV U Slat-
oyieL Tig akpég avtadlayng péxpt tn Béon Kuplopylag koL 0 YOPOg OAOKANpOVe-
TaLL.

o ®b&on 2
Me tov idio tpémo eoTidlovpe o OAeg TIG pooPhoipeg Oéoelg amd to v € V.
Enavalnntikd Stoywpilovton mpooPaoor kopfor ve pe péyioto Papog w(C),
yepilovtaun ot avtictolyol Tovg apyikol kopPol v € V, ko T yepioparto Sooyi-
{ouv TO POVOTIATL TV akP®OV avTaAAayrig wov odnyel amd To v oto ve. H péon
emovaapPaveton £wg TNV eEAVTANGT TV TPocPaoipmwy KOPPwv.

I Tov pocdloplopd NG TOALTAOKOTNTAG TNG SVVOPIKNG TAPATNPOVHE OTL 1} KOTO-
oxevr] oV Gy ammantel O(m + n) Pripata. Emmpdobeta otn @hon 1 éva yépopa
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avtikaBiototon amtd amodotikdtepo. Ta vioOAoa yepiopata eite mopopévouy adpoavry
eite katapyovvtal. Eva yépiopa prropei va avaPadpiotel To mohd m @opég ko 1) tAnOi-
KOTNTO TOV YEULOUATOV ppAooeTal and To n divovtag péyloto mTAnBog yopwv yia tnv
PO p&on mn. Emmnpdécheta otn paon dvo, to mAnBog twv diaoyioewv akp®v mTov
prtopel va k@vel éva Yépopo tov Pacileton opytcd povo oto diktuo, dev Eemepva Tig m.
To tehikd oAikd TAHO0g Prpdtwv Bedtioong eivar O(m?n).

'EXOVTOG EVOWHATOOEL TO TOLY VIO TOTLKMOV OYNHATIOHOV GUVAGTLOPMY 6TO TARIGLO TOV
OYNHATIOLOV GUVACTILGH®MV JLE TTEPLOPLOUOVG, GUVAYOUHE TO ETTOpHEVO DedprpaL.

Ocwpnua 5.16. Eotw G C {H; | i = 1,..,n} énov H; aotépi amotedobuevo and kévipo
kat i — 1 @UAde, 10Te KAOe Tty VIO TOTIKWV CYNUATIONWY CUVACTILOUWY IOV XPHOYLOTOLEL TO
G pmopei va SratvmwBel ¢ Talyvio CYNUATIOUOD CUVACTIOUOY JiE TEPIOPLOLOUS KOl CUVETELS
KQVOVES TIOPOLYwYHG Kol KUPLAPYNONG. ZUVETLWG 0€ KAOE TETOL0 Ay VIO UTAPYEL HOVOTTATL OTH
otabepomnra yior kdbe apyik kardotaoy S pe prixoc o moAv O(nm?), ypnooroidvrag
Hovo tomikd Pripara Pedtivong.

. 21N mepintwor mov ol dopég amdkAiong dev elval TANpeLg ypapol 1) aoTépla, LITApXEL

oTypLoTLUTTo oL amottel ekBetikd TANBOG PUATOV WG TPOG TOVG GUHUETEXOVTES T~
kteg. IIpv 10 KATAUOKEVAGOUHE GMUELOVOLHE Hict ILOTNTA TOV YPAPOV SLapOPPOONG

QUTHAG TNG Kot yopiog.

Anupa 5.7. Eoto G = (V, E) tuyaiog pn katevfuvdpevog ouvdedepévog ypdpog. Edv yia
KOs povordti v vovsvy pe (v1,v2), (v, v3), (v, v4) € E vrdpyer eriong n axurj (v1,v3) €
E, 16te 0 ypapog G eiva eite mAtjpng ypdpog eite aoTépl.

Amddeién. Amovoia povoratiod TeEcodpwV PHAToV onpaivel 0TL 0 Ypapogs eivol oo TépL.
Ovtog o Tp®Tog Kot 0 Tpitog kKOpPog kdbe povomatiod Tecodpwv KOpPwV ouvdedepévol,
oUVETTAYETOL OTL WTAPLOPDOVTOG TOVG GE AVTIOTPOPT) GELPG, LTTAPYEL emTiong oOvdeoT) e-
&b Tov debtepov kot Tov Tétaptov kKopPov. Emnpdcbeta, Siaoyilovtag To povordtt
HE GELPA TTPAOTOV, SeVTEPOV, TETAPTOL KoL TPLTOV, TPOKLTTEL cVVIEST) PeTAED TOL SelTe-
POV KoL TOL TETOPTOL KOpPov. Suvéyoupe 1L o vioypapog {vy, va, v3,v4} € G amotelel
kAika. Eotw mépmrog kOpPog vs ouvdedepévog e Toug Técoepig Tponyodpevoug x.B.1.y.
JLE OKHT) GTOV V1, TOTE LITAPYOLY HOVOTIATLAL TTOV EEKLVODV QIO TOV V5 KOL £XOVV WG TPLTO
kOpPo k&be éva amd tovg {vg, v3, V4 } TAYLOVOVTAG OKPEG HETOED TOV U5 Kot KaBevog
€' auTMOV. Zuvendg to oOvolo kKOpUPwv {v1, va, V3, Vg, U5 } amotelel kKAika ko 00TW Ko’
e€Ng £wg 0ToL va amodelyBel 6TL To V' eivan AN png ypdipog. U

Yrobétouvpe tdpa ypago Siopdpgpwong G(V, E) amotehodpevo and técoeplg KOPPoug
IOV OEV AVIKEL OTNV KATNYOPLa EVOONG TATPWV YPAPWY KOL AOTEPLOV HE

{vi,v2,v3,04} € V, (v1,02), (v2,v3), (v3,v4) € E, (v1,v3) ¢ E.
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Ewsdyeton 8lokatackeut] pe 14 kopvgég {v1, ..., v14} ko okpiég

(Ulu U5)7 (Ul7 1}9)7 (U27 U3)7 (/U27 7)11)7 (U37 U4))
(v3,v11), (vs,v6), (vs, v7), (V7,08), (V9, V10),

(U117 ’012)7 (1111, 013)7 (013, ’U14)

Omwg ewkoviletal oto oynua 5.5. Yrdpyovv 7 emitpentol cuvaoTiopol pe ta Bépn mov

divovtal otov mivaka 5.3.

Sxnuo 5.5: H bokataokeun mov yprnotpomoteital yio tnv amddelén tov ex-
Betikot mANB0oUGg PNPETWV TOL ATALTOVVTOL YLt ATOKXTAGTAOT) oTodepd-
TNTOG, HE YPAPOLG SLpOPPOATG IOV dev elvol AT PELS 00TE GTEPLAL.

[Tivokag 5.3: Zuvaomiopol katl Ta avtiotoryo Pépn, Sitktoou pe exBetied
TOAAG frjpota yio T otafepoTnTa, OTaV 0 YPAPog Stopdppwaong dev
elvo KAiko 00Te Qo TEPL.

JUVOGTILGHOG Kopugég Bapog

Cl v1,V92,U3, V4 4+1
02 V1, V3, U5, Vg 442
Cg v3, V5, U7, U8 443
Cy v1,v2,v9,010  4+1
Cs v2,V9,vV11,V12 4+ 2
Cs v, V11, v13,v14 4+ 3
Cy VU3, Vs, Vg, U11 444

EmutpooBeta ov Bondnrtikoi kopPor wy, wa, ov akpég (wi,v1), (wi, v2), (we, v2) Ko o
ocvvaomiopog Cp pe povadiaio képdog, mailovv 1o poAo ekkvnTh kabhdg Tapdyovy v
atapoitnTn Yoo TNy évapén tng duvouknig, axpn (vi, v2). Eekvovtag ad kev amd
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OUVOOTILOHOVG kKatdoTaon, 1 ovatada Cp eivon mpoosPaoyn kor oxnpatiletol. Svve-
G eppavileton ) axpr (v, v2). Ondte oL cuvaomiopoi C, Cy kabicTavTon kKwAbovTeg
dedopévav twv vYnAdTEPLVY Tapoxdv Tovg ev oxéor pe tnv Cp. Yrobétovpe x.p.t.y. 6T
oxnpartiCeton n C kou aokabictavton cuvdéselg petald Twv vy kot v3. Katd cuvémeia
0 VOV KOAVWV cuvasTiopog Cy oynuatileton empépoviag Ty évwon (vs, Us) TOL oKOV-
dahilel To oXNHATIORO TOL emikepdéaTepOL cLVacTIoHoL (3. Xe LT TNV KATAGTACT
N povadikn mpocPaon cvotdda eivor 11 Cp kaL 0 oXNUATIOROG TNG Kavel Sobéoiun
Eavd v axpn (v1,v2) Opwg TOpa N povadiky kwAbovoa cvotdda eivar  Cy kabodg
o koppog v3 avikel otov emikepdéctepo ovvaomiopd Cs. Me tov idlo tpdmo, Xxpnoipo-
owdvTag TNV évwor (ve, vg), oxnpartileton n cvotdda Cs Kol eTLPEPEL AVTATOKPLOT]
HETOED TWV Vg KOL V1] TTOL HE TN GELP& TNG cuvelo@épel otnv ovvakn eite tov Cg ko
kotomy tov Cr 1) katevBeiav tov Cr. Zuven®g o oxNUaTiopog tov atabepot C amartel
dvo oxnpoartiopots tov Cp. ZXNHATIKY avamapdoTaoT) TG Suvapiknig divetol 6To oy
5.6.

Sxnuoe 5.6: H aAAnAovyic TV GXNHATIOUOV GUVACTLOHOV KATOMTLY TNG 6U-
otaong tng akpig (vy, v2).

Yy mpodn Wokatackevr) topatifetal akopo pio. Exkivnig topa eivat ot kopPol vs
KO Vg TNG TPOTNG LOLOKATAGKEVHG TTOL TAVTILOVTAL HE TIG KOPLPEG V1 KOL V2 OVTIGTOLY O
g véag Wiokataokevng. Emitpendpevol cuvacmiopol tng véag tdlokatackeuvng eivol
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OL VTG TOLYOL TNG TPWTNG, WG TOGO Tar kéPDN elvar 4-2+1 yix tovg C 2 ko Cy 2, 4-2+-2
yra Toug C 2 ko Cs 2, 4 - 2 + 3 yioe tovg C3 2 ko Cp 2 kot TéAog 4 - 2 + 4 yioe tov C7 9.
Onote o C7 xatapyeital mpog oxnuatiopd tov Ch 2 kot 1) Suvogukn eedicoeTan Omwg
TPOTNYOUHEVWG, WOTOGO Yl v oxnpatioTel ) ovotdda C1 2 Sebtepn popd, o cLVAGTL-
opog Cy xperdleton vo oxnuatiotel Tl S0 popéc. Xuvenmg 1 eEEMEN Tng Suvopikhg
amnoutel 4 gopég oynpaticpod tov Cp. Kabe mapopola mapabeon tng dlokatackeuvng
av€avel katd mopdryovta 00 Tov aplbpd TV amouToOpEVOY oxnpatiopody Tov Cpy. Apa
1 andAnEn ot woppomia yia k okatackevég amoutei ©(2F) Prpara. To oxfua 5.7
elvan évae oxaplonpa g évwong SladoyKdV LOLOKATOGKEVMV.

Zxnpo 5.7: H j-ootn 1dokatackevn. O kopPog vy ; poiphleton akpég pe Tig
KOPLQPEG Vg j—1,V7,j—1, V8 j—1, V5,5, V9,j EVO 1) KOPLPT V2 j HOLPEETO OLKpEG
He TI§ V1,51, V10,5—1, V3,5, V11,5

Iopde To Ot BewpriBnke wg ypAPog StopdpPmong Hovortdtt amd Tov kOpPo vy oTov vy,
HITOpEl VO TAPIOTAVTOL OKHEG TTOL VAL GLVSEOLV TOV U1 HE TOV U4 1)/KOL TOV Vg HE TOV V4.
Tote yio va TpocapproGTEL 1) KATAGKELT], ELGAYOVTOL OL AVTIOTOLYEG OLKHES OTTWS TOPOVL-
owxovtat 6ToV Tmivaka 5.4.

H ocvpmepiinym tov tapardve emmpdobetwv povipov cuvdécewv dev arldlel ) dv-
VOLLKT] TOU Tttty viov, katBdg koot €€ aut®dv eppoaviletol oe 10 TOAD £Va GUVAGTILGHO.
H Swadikaoio yevikevetal oe ypa@ouvg e mePLoGOTEPOVS TV TEGTAP®Y KOPPOV Ko
k&Be ovvdvaopd akpdv petagd tovg. H diebpuven tov ypaeou dioapdppwong dev emt-
@épeL aANGyeg o SuVOLKT] TOL oy viov, kKaBmg OAa Ta emTAéov oToLyeln, KOPLPEG
KOl OKHEG QVALPEPOVTAL EKAGTO G€ HOVAOLKO GuvaoTLopd. ITio Tumikd To amoTélecpa
neplkAeieton oto akO6AovBo Bewpnpa
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[Mivakog 5.4: Axpég mov tpootiBevton 6To SIKTLO GOHPWVA HE TNV
TOTOAOYLO TOV YPAPOUL SIAPOPPWOTG.

JUVOOTIOHOS U1 — V4 KM V2 — Vg OKUN

C1 (v1,v4) (v2,v4)
Ca (v3,v6) (v1,v6)
Cs (vs,v3) (v7,v3)
C, (v2,v10) (v1,v10)
Cs (vg,v12) (v2,v12)
Cs (v14,v9) (v13,v9)
C7 (vg,vs5) (v11,vs5)

Ocwpnua 517. Eotw G = (V, E) avbaipera ovvdedeuévo ypapnua otabepot ueyédoug,
mov Sev eivar wAnpeg ovte aotépl. I kabe n € N vmapyer maiyvio cynuaTiopov TomKdy
ovvaomioudy pe n képPovs, m = O(n) cvvaomopovs, G = {G} kar apyikij kardoraon
téroa dote kdbe axolovbia ov amoxabiord orabepérnTa ameutei 20 Bripara Perrivong.



KepaAairo 6

MeAAovTikég kaTevBOVoELS

Toa ndovika maiyvia éxovv pedetnOei Oewpwvrtag dwapepicelg omov kabe maiktng €xel povo
pio B¢om, dnAadn) oL cuvacmiopol £xovv ava dbo keviy topr). I'evikdtepo mAaiclo AapfdveTon
EVOWHUTOVOVTOG OTO HOVTELOD TN SUVATOTNTA, OL TALKTEG VO GUUHETEXOVV GE TTEPLECOTEPOVG
TOV evOg oLVAGTILGHOUG. To TANB0g AVTOV TV CLVACTILGUOV PTopEl eite va eivat TpokaBopt-
opévo yior OAovg Toug TaikTeG ) var e€apTatan ard T SnpotikdTnTa Tov K&Be Taiktn dniad
TO TAEOVAGHA TTOV ETLPEPEL GTOVG VITOAOLTOVG TTAULKTEG.

EmutAéov, Svadikh avamapdotoct twv ndovikev motyviov propei vo odnyrioet oe epop-
HOYT EMAVTGOV TOL TPOPARHATOS dANBevaIHOTNTOG Yia TOV LITOAOYLGHO oTaBepdv Sropepi-
cewv [Aziz et al., 2015].

Onwg deixOnke oto kePAato 4, VITAPXOLV TOAAES TTEPLITTOOELS, OOV 1) EVPEST] dLopéPL-
oG 1oV tkarvortolel emmtBupntr évvola ataBepotnTag piopetl va eivat dookon. Ilpoceyyiotikd
otabepég Sapepioelg propovv v avalntnBodv oe AUTEG TIG TEPITTMOCELS, OTWG GTNV EPYQ-
olo v Bhalgat, Chakraborty & Khanna (2010), wov tapovoidlovv tpocéyyton kaboprig Nog
woopporiag yio dedopéva Talyvia.

EmutpdoBeta, otnv péxpL topa mopovoioon kot yevikotepa otn PipAloypapio, mopou-
owalovtal didpopeg emapkeig ovvOrkeg yia TNV VapEn otabepdv diopepicewv wG TPog emL-
Aeypéveg évvoleg oTafepOTNTAG, WGTOGO TO GOVOAO TOV XITAPULTNTWV GUVONKOV TopapéVveL
AYVOOTO.

Axopa, dev vItdpyEL TPOTOG LTTOAOYLGHOL TOV GLVOAOL TV oTabepdV diapepioewy 1) TPO-
710G LILOAOYLOHOV TNG TANOWKOTN TG Toug. Exovtag To ohvolo Twv otabepdv Siopepicewv, Bo
propovoae v TPoXwPHoovpe oe TpoPAfpata PeAtioTomoinong pe emBupuntovg otdyoug,
OTWG TN HEYLOTOTOLNGOT) TOV ALYOTEPO LKAVOTOLNHEVOL TTaikTn, TNV éAAewyn {rAog, tnv €o0-
VOl GTOV TEPLOCOTEPO GLVEPYAGIHO KTA. Mia akopa evdiapépovoa katevBuven Ba tav 1
GUUTTEPIANYT) HELKTAOV GTPATNYIKOV G oLy VLI OTTOV VITAPYEL GLVALYWOVLIOHOG KOL 1) EDPECT) TTE-
PLOPLOUWDV GTO TPOPLA TPOTIUACEWY OV ATTOPeVYOLV TIG avemiBvpunteg cuvéneteg tng PPAD
TANPOTNTOG oL Tapovotdlovton amd tovg Daskalakis, Goldberg & Papadimitriou (2006).

Méoa amd v mopovoa épevva eppovicTnkay avolktd mpoPAnpata. Aev éxel amopo-
OLOTEL 1) 1) KEVOTNTO TOL TUPHVA Yot otAd KAaopatikd ndovikd maiyvie. Emiong n mo-
Avmhokotnta tov mpoPArpatog VOTEINOUT pe katd@Ala Y@y mov SV LKAvoToLobV TG
Tin, Tout > % kot Ty + Tour > 1, SnAadn) o mpdPAnpa Tov voroyiopot otobepric Sropé-

33
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pLOTG HE KATOPALL OXL HOVO Yo TNV 10080 dAAX Ko TNV €080 OTd évary GLUVOGTILONO, OTTOV
oL dedopévol mepLoplopol dev Loy DOLV, TaPOPEVEL AVOLKTO, OTIWG emTiong kot To TPOPANpa 0-
peong otabepdv diopepioewv dtav amotteiton T0606Td Yewv yio tnv elcodo kot TARB0g
ynewv yia v ¢é€odo.

Yto povtéha ndovikng ocvotadomoinong mov mopovotdlovron antd tovg Feldman, Eytan
& Naor (2015), eivar avoamavtnTo yio tpofAnpata k-pécwv oe §évdpa, to ebv péow dvvoytt-
kNG Pértiotng amokplong mpokmtel Nog toopportic. Xto povtédo k-kévtpwv Ba prtopovoe va
yiver Sovdeld yia va amopaciotel 1) vmapén Nag toopporiog oe k&be oTiydTUTTO OTOAY TO Ke-
vtpoeldég dev emitpémetal va tomofetnOel katd prkog axpnig ektodg omtd T dkpa tnG. EmutAéov
dev éyel dohevkavBel v 1) Suvoikn BEATIoTNG ook plong kataAnyel oe Nag toopporio yio
devdpikég kal evbeieg Sratdéels. Ymapyel akOpa EAAELYT YVOOTOV GPAYHATOV YO TO TIHNHO
NG avopylog okopo Ko yuor ortAég ypopptkés diotakelg. TéEAog 6To PHOVTELO GLOYETLOTLKNAG
ovoTadomoinong aroveLdlovy Gvw PPAYHATA YL TO TIHNHA TNG 6TaBePOTNTOS KL T TTLGTO-
TOLNUEVOL KATW Qpaypoto eivae povo pikpég otabepéc. ExAémtuvon emiong Tov ¢poypdtony
TOV TIUAHATOG TNG avapyiog Oewpeitot eQLkTr.
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Abstract

Coalition formation is a fundamental problem in numerous aspects of life, science
and technique. Games where players are interested only in the identity of their
partners, namely hedonic games, are also popular because of their simplicity and
widespread applicability. The present thesis consists a review of hedonic games. The
basic properties on players ’s preferences are described along with the stability concepts
and their relation. Moreover sufficient conditions for the existence of stable outcomes
are introduced and algorithms for finding them, where possible. The complexity of
deciding the existence of stable outcomes and of finding them, are embedded in the
research. Hedonic clustering consists an application of hedonic games’ framework, where
players are interrelated through an undirected graph. Correlation and fixed clustering
are presented in various metrics and also a network based model, assuming dynamic
locality.

Keywords: Hedonic games, Coalition formation, Stable partitions, Complexity of
computation, Clustering, Algorithmic game theory
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Chapter 1

Introduction

Coalition formation games lie in the field of game theory, the study of the interaction
between players with various, even conflicting interests. This discipline was introduced
by Von Neumann and Morgenstern (1947) with the utility theorem, supporting that
players under preferences satisfying certain axioms, try to maximize the expected value
of a function depicting their evaluation over the possible outcomes of the game. The
evolution of informatics gave birth to algorithmic game theory, the branch of game
theory attempting to compute outcomes of games with many players, using rational
amount of time and efficient algorithms.

Coalition formation is a commonplace procedure evolving according to a variety of
criteria.

Hedonic games arise when players are only interested to the synthesis of their own
group and are indifferent in the relations among agents out of their coalition. Partici-
pants declare their preferences over their potential coalitions to be and desire to become
members of as high a coalition in their ranking possible. Hedonic preferences are met
when forming socials groups, enterprises, sports teams, faculties, parties, societies etc.

The origin of the title is the Greek word for ”sweet”, namely offering pleasure and
is chosen in order to draw the relatively myopic attitude of not being interested in the
situation out of one’s coalition.

Hedonic games are non-zero-sum although often are competitive and in some cases
fall into the zero-sum subfamily.

The rest of this chapter is dedicated to the structure of the thesis and the respective
work done in the field of hedonic games. In the second chapter the needed preliminaries
for hedonic games are given, along with various subdomains within the domain of general
preferences. Practical examples accompany the definitions of the miscellaneous settings.
Stability criteria and the hierarchy transpiring them, are presented next. The last topic
exposed in chapter two is negative results for the aforementioned criteria, regarding
the classes of preferences. In chapter 3 sufficient conditions for the existence of Pareto
optimal partitions, Nash stable partitions and non emptiness of the core and the strict
core are proved. In chapter 4 the complexity of deciding the existence and of computing
core, Nash and individually stable partitions is put under examination. In chapter 5
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games where players are represented as nodes and the relations between them as edges
of a graph are presented. Correlation clustering, which belongs to the family of additive
separable games, is given in section 5.1, fixed clustering where the number of allowed
coalitions is predefined, is introduced in section 5.2 and finally a cooperative clustering
framework in networks is analysed in section 5.3. Concluding, in chapter 6, are exposed
elements of beyond the current frontier of the region of hedonic games, for future work.

The research on the field started with the seminal paper of Dréze and Greenberg in
1980, where the authors stated the hedonic concept. In the framework they presented,
pertained matching problems as the stable marriage and the roommates ones. Gale
and Shapley (1962) set and solve the stable marriage problem, Irving (1985) the stable
roommates problem, and Roth and Sotomayor (1990), give a good review over two-sided
matching.

The main interest in the field of hedonic games has been finding outcomes which sat-
isfy stability criteria, as core stability or the Nash one. Those notions, as also the preva-
lent notation for hedonic games are presented by Banerjee, Konishi, and Sénmez (2001)
and Bogomolnaia and Jackson (2002).

As explained in the aforementioned papers, searching for coalition structures fulfill-
ing the stability requirements may be vain as there may not exist one. Although, no
conflicts with the results of Nash (1951) occur, since only pure strategies are considered.
Detouring this obstacle, sufficient conditions ensuring the existence of stable outcomes
are sought after. Bogomolnaia and Jackson (2002) prove the existence of individually
stable partitions when preferences demonstrate single peakedness over players’ charac-
teristics or when they are symmetric and additively separable. Moreover they show that
additively separable games always admit Nash stable solutions. Banerjee, Konishi, and
Sénmez (2001) introduce two top coalition properties, under which the core is shown
non empty.

Cechlarova and Romero-Medina (2001) suggested a class of preferences over coali-
tions coming from the preferences over players. They introduced a polynomial algorithm
for finding stable outcomes when players rank the partitions according to their most
wanted teammate and used Irving ’s algorithm for cases where players classify candidate
coalitions with respect to their less desired teammate.

Alcalde and Revilla (2004) introduce top responsiveness and prove hereunder the
existence of core stable partitions. They provide the top covering algorithm for finding
core stable partitions. Moreover they argue for the uniqueness of truthful mechanisms in
this setting, which coincides with the top covering one. Aziz and Brandl (2012) simplify
the top covering algorithm and suggest bottom responsiveness, the analogous pessimistic
setting for top responsiveness, consisting of players assert the coalitions they want to
avoid and the respecting stable results. Dimitrov and Sung (2005) strengthen the re-
sults of Alcalde and Revilla by showing strict core stability under top responsiveness.
Moreover, (2004) they examine appreciation of friends and aversion to enemies, classes
of preference profiles where each player considers the others as friends or enemies. They
show that the first condition certifies the non emptiness of the core while the second of
the weak core and find polynomially an element of the strong core and prove NP hard



the problem of finding an element of the weak core under aversion to enemies.

Aziz et al. (2015) study hedonic games with Boolean preferences, where players
express only satisfaction or dissatisfaction over their candidate coalitions.

The complexity of deciding the existence of stable partitions in hedonic games is
studied by Ballester (2004), for games with general and anonymous preferences. Dim-
itrov et al. (2004) engage with the same questions concerning additively separable games.
Gairing and Savani (2010,2011), enlighten the complexity of finding stable outcomes in
games having such. Those results are in accordance with those of Deng and Papadim-
itriou (1994).

Elkind and Wooldridge (2009) attempt an alternative to individually rational lists of
coalitions representation, the hedonic coalition nets. Preferences are expressed through
rules forming an, as succinct as possible, representation. Subsequently they characterize
the complexity of deciding core related properties.

Hedonic clustering is the process of partitioning players on a metric space. Bansal,
Blum, and Chawla (2004) present a correlation clustering model for edges being ei-
ther positive or negative and propose approximation algorithms. Feldman, Eytan, and
Naor (2015) provide prices of anarchy and stability for a similar setting. They also search
for Nash equilibria in the fixed clustering model. Fixed clustering is also examined by
Abbasi and Younis (2007) and by Bandyopadhyay and Coyle (2004) as also by Koltsidas
and Pavlidou (2011). Hoefer, Vaz, and Wagner (2015) show that only complete graphs
and star graphs stabilize quickly in network based visibility models for dynamic locality,
based on ideas of Myerson (1976) and Esteban and Sergei (2009).
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Chapter 2

Hedonic games - basics

In this chapter the fundamental notions concerning hedonic games are elaborated.
Starting with the definition of hedonic games, a multitude of categories concerning pref-
erence profiles and stability concepts are presented. Moreover the relations among those
different stability measures and the corresponding inclusions come to the forefront.

2.1 Hedonic games

As mentioned in the introduction, hedonic games include coalition formation games,
where each player is interested only for the synthesis of his team and is completely
indifferent for the synthesis of the rest of the coalitions. Every player has a preference
profile over the possible coalitions having her as a member and desires to be coalized
with as higher a preference as possible, or formally

Definition 2.1. (Hedonic game), [Banerjee, Konishi, and Sénmez, 2001]. A hedonic
coalition formation game G is a pair (N, (2Z;)ien), where N is a finite player set with
i being a representative element, and (77;);en their preference profile. Moreover, 7=; is
a reflexive, antisymmetric, complete and transitive binary relation on S;(N) = {S €
2N . i € S}, called preferences of player i. Indifference relation and the strict preference
relation are denoted by ~; and >=; respectively and S ~; T < [S 7=; T and T 7-; S| and

ST [S7iTand S ~; T].

The formulation of hedonic games is done via representation of individually rational
lists of coalitions (IRLCs), that is, all coalitions that are more attractive for a player
than being alone, are given in a total order list. For a hedonic game (N, ), we denote
N; the set of coalitions possible for 1.

Example 2.1. Consider three children having at their disposal a ball, a ping-pong table
and a pc with one wheel. With the ball they would only like to play a game needing three
or more players. Peter prefers to play with Jenny and Georgia the ball game, but if this
is not possible he wants a rematch in table tennis with Georgia if this is also impossible
he would like playing table tennis with Jenny and his last alternative is playing alone the

5
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computer game. On the other hand, Georgia prefers playing with the ball, then she likes

table tennis with Peter, but she doesn’t want to play table tennis with Jenny, because of a

recent joke of them and instead of that would like the pc game. Finally Jenny would like

to play table tennis no matter with who, then with the ball and finally the racing game.
Those preferences are notated as

{Georgia, Jenny, Peter} =g {Georgia, Peter} =g {Georgia}

{Jenny, Peter} ~; {Georgia, Jenny} = ; {Georgia, Jenny, Peter} =; {Jenny}
{Georgia, Jenny, Peter} »p {Georgia, Peter} »=p {Jenny, Peter} =p {Peter}

The partition of players in coalitions is called coalition structure.

Definition 2.2. (Outcome of a hedonic game), [Banerjee, Konishi, and Sénmez, 2001].
A coalition structure m = {51, 52, ..., Sk} (K < |N| is a positive integer) is a partition
of N. That is, Sy # 0 for any k € {1,2,...,K}, UK S, = N, and Sy NS, = § for
any k,l € {1,2,..., K} with k # [. For any coalition structure 7 and any player i let
m(i) = {S € m: i € S} be the set including her and her partners.

The collection of all coalition structures in N is denoted by II(N). We similarly define
II(V) for any V C N with V # 0.

Example 2.2. Possible outcomes of the previous example (2.1) are
a) {Georgia, Jenny, Peter} b) {{Georgia, Jenny},{Peter}} c) {{Georgia}, {Jenny, Pe-
ter}} d) {{Georgia, Peter}, {Jenny}} e) {{Georgia}, {Jenny}, {Peter}}.

2.2 Properties on agents’ preferences

There are a plenty of restricted hedonic games coming from respective restrictions
on the preferences of the participants. A collective list of various cases follows.

Definition 2.3. (Anonymity), [Banerjee, Konishi, and Sénmez, 2001]. A game G satisfies
anonymity if for any i € N, for any S,T € S;(N) with |S| = |T'| we have S ~; T

That is, if players are only interested in the cardinality of their coalitions. Games in
this category are represented by individually rational lists of sizes of coalitions or IRLS.

Example 2.3. A student choosing his future subject of study in a specific field, with
only criterion the size of its students community, thinking that such a subject would be
promising. Those preferences can be written 1 <2 < ... <n <n+1 for every n € N.

Definition 2.4. (Separability), [Banerjee, Konishi, and Sénmez, 2001]. A game G is
separable if for any i € N, for any S € S;(N) and for any j ¢ S, we have [SU{j} =

S e {i,j} Zi {i]

So j ’s insertion to an ¢ ’s coalition is positive for i, only if ¢ prefers being with j
than being alone.
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Definition 2.5. (Mutuality), [Banerjee, Konishi, and Sénmez, 2001; Bogomolnaia and
Jackson, 2002]. A game G satisfies mutuality if for any i, j € N, we have

{i g}y Zi {i}y & {i, 5} Z5 {5} and [{i, 5} Zi {i} < {i,5} 35 {5}

Meaning that when player ¢ likes player j, player j also likes player ¢ and when 4
prefers staying alone than being with j, player j prefers staying alone than being with .

Example 2.4. The preferences of example 2.1 do not satisfy mutuality since Jenny likes
Georgia while Georgia avoids Jenny.

Definition 2.6. (Additive separability), [Banerjee, Konishi, and Sénmez, 2001]. A game
G is additively separable if for any ¢ € N, there exists a function v; : N — R such that for
any S,T € Si(N), S Z T < > ;c5vi(d) = D per vi(k), where without loss of generality,
we normalize by setting v;(i) = 0.

Proposition 2.1. Anonymity along with separability imply additive separability.

Proof. Because of separability, for every player i, a player j and two coalitions {S,T €
Nilj ¢ S, T ANST —; T} < {{i,j} =i {i}}, where ST/ shortens S U {j}. However,
including anonymity yields m +1 77; n+ 1 < 2 ; 1, where 2 7Z; 1 denotes that ¢
prefers coalitions with two members to coalitions with one. Supposing that a player ¢
has a valuation for a partner j,v;; and taking into account that the last equivalence
holds Vm,n € N, the additively separability property is satisfied. O

Definition 2.7. (Symmetry), [Bogomolnaia and Jackson, 2002]. A game G satisfies
symmetry if v;(j) = v;(4), Vi, j.

Therefore symmetry implies mutuality.

Example 2.5. The hedonic game (N, 7)) which is determined by the valuations of each
player for the others, given in table 2.1, is additively separable and symmetric.

Table 2.1: Additively separable and symmetric preferences.

1 2 3 4
V1 0 3 2 =10
V2 3 0 25 -6
U3 2 25 0 3
vy —10 -6 3 0

Symmetry is easily shown. Additive separability of player 1 ’s preferences is translated
to preferences among coalitions as {1,2,3} =1 {1,2} »=1 {1,3} =1 {1}. It can be seen
that by inserting players for which 1 holds positive values, to an existing coalition makes
the coalition more desirable for 1, while inserting players for which 1 holds negative value
makes the coalition less desirable for her.
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Definition 2.8. (Friends and enemies), [Dimitrov et al., 2004]. We call friends of a
player i the set of players G; consisting of j € N for which {7, j} -; i. Enemies of player
i are considered the members of the set B; = N \ G;.

(Appreciation of friends). Preferences are based on appreciation of friends if for all
X,Y e NX ;Y iff a) |GzﬂX‘ > ‘G,ﬂY’ or b) ’GzﬁX’ = ’GZQY‘ and |BZﬂX| <
|B; N Y|. Namely, players rank their willing to participate to a coalition by the number
of her friends being in each of them.

(Aversion to enemies). Preferences are based on aversion to enemies if for all X, Y €
N, X il Y iffa) ‘BzﬂX‘ < ‘Bsz’ or b) ‘BzﬁX‘ = ‘Bsz‘ and |GzﬁX‘ > ‘GlﬂY’
So by aversion to enemies, are described games where players prefer a coalition S7 to
another Ss, only if contains less enemies than the Ss.

(Roommates problem), [Irving, 1985]. The restriction of the size of coalitions to the
number 2 gives rise to the roommates problem. In this setting every player ranks the
others of odd cardinality in strict order. A stable matching is then desired to be found,
meaning, that by this pairing there will not exist two players preferring each other more,
than their partner. An exemplary roommates problem is given in section 2.5.2.

By extending preferences over individuals to preferences over coalitions, the classes
of B and W hedonic games respectively arise.

Example 2.6. Consider the following preferences for a game with four players Alice,
Bob, Eve and Peter who have to collaborate for a homework and their last choice is doing
it alone.

{A,E} A {A,B,E} ~A {A,E,P} A {A,B,E,P} A {A,B} ~ A {A,P} ~A {A,B,P}

{BaE} =B {AaBaE} ~B {B,E,P} =B {AaBaEaP} ~B {A7B} ~B {B7P} ~B {A7B>P}
(E,P} 5 {A,E,P} ~p {B,E,P} = {A,B,E,P} = {A,E} ~p {B,E} ~p {A,B,E}
{va} P {A,B,P} ~P {BvE7P} =P {A7B7E7P} P {A,P} ~P {E7P} ~P {A7E7P}

This profile conforms to B model. Alice prefers being with Eve and secondly with Bob
or Peter, Bob also prefers Fve and then Alice or Peter, Eve prefers being with Peter
after him prefers being with Alice or Bob and Peter prefers being working with Bob and
after that is indifferent between Alice and Eve. Those preferences determine their total
ordering on potential coalitions and are presented in a succinct way in table 2.2.

Table 2.2: Preferences over players extended to coalitions.

Player Preferences
Alice  Eve > Bob ~ Peter
Bob  Eve = Alice ~ Peter
Eve  Peter > Alice ~ Bob
Peter  Bob = Alice ~ Eve
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Definition 2.9. (B & W games), [Cechlarova and Romero-Medina, 2001]. For a player
i and a coalition {S |i € S} we call B;(S) the most preferred player for 7 in S, or
Bi(S)={jlj 7k, Vk €S} A player i, B-prefers a coalition S over a coalition 7" when
either B;(S) =; Bi(T) or B;(S) ~; Bi(T) and |S| < |T.

For a player i and a coalition {S'|i € S} we call W;(S) the less preferred player for i
in S, or Wi(S)={j|j ZJi k,Vk € S}. A player i, W-prefers a coalition S over a coalition
T when Wz(S) i WZ(T)

A hedonic game is B game if the preferences of each player are B and a game is W
if the preferences of the players are W.

Situations pertaining to this model are those, where players prefer a coalition to
another, solely according to which between them contains their most preferred player in
the union of the two coalitions. This setting conforms to athletes seeking to incorporate
to the team of the most experienced coach, researchers striving to become members to
the team of the most renowned professor etc.

On the other hand, when the crucial metric is the performance of the last player, then
a W game is formulated. A characteristic example is people who want to go climbing and
wish to collaborate with partners having similar pace with them. In this case, players
are interested in minimizing the maximum deviation from their own rhythm, they play
thus a minmax game and they prefer a coalition against another only if they prefer the
worst for them player, in this coalition, more than their worst in the other.

A generalization of B games are top responsive games. Preferences satisfying top
responsiveness reflect situations where each player decides which between two coalitions
she prefers, by separating her most preferred subgroup in each coalition and comparing
them. Thereby, those games are a broader family of B games, since in B games, prefer-
ences over individuals are extended to preferences over coalitions while in top responsive
games preferences over subsets of players are extended to preferences over coalitions.

Definition 2.10. (Choice sets & top responsiveness), [Alcalde and Revilla, 2004; Aziz
and Brandl, 2012]. Given a game (XN, ), choice sets Ch(i,S) of player i in a set of
players S € N;, are the maximal subsets of S under ;.

A game ’s preferences satisfy top responsiveness if for every player i and any two sets
of players S, T € N;:

e |Ch(i,S)| = 1. We denote this unique choice set: ch(i, S).
o if ch(i,S) =i ch(i,T) then S =; T
o ifch(i,S) ~i ch(i,T) and S C T then S >=; T

Example 2.7. Preferences of example 2.6 satisfy top responsiveness while changing the
preferences of player A to

{A')E} ~A {AvB7P} ~A {A,E,P} ~A {A7B7E} ~A {A,B,E,P} A {AaB} ~A {A,P}

leads to wviolation of this property, because Ch(A,{A, E,P}) = {A,E} =4 {A,B,P} =
Ch(A,{A, B, P}) thus the second condition dictating that {A,E, P} =4 {A, B, P}, is
not fulfilled.
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Definition 2.11. (Avoid sets), [Aziz and Brandl, 2012]. We call avoid set of a player
1 among a set of players S C N, the set of least wanted subsets of S for i, denoted

Av(i,S) ={S' C S:(ieS)A(S % S, ¥S" C 8)}.

Definition 2.12. (Bottom responsiveness), [Aziz and Brandl, 2012]. A game (N,27)
fulfils the prerequisites of bottom responsiveness if the preferences of every player ¢
satisfy the following conditions

e between two coalitions S,T € N;, more preferable for ¢ is S, or S > T, if ig »;
ir, Vig € Av(i,S),ip € Av(i,T) the one with the less unwanted avoid set namely,
ST < Av(i,S) i Av(i,T), and

o for each player i € N and S,T € N; such that Av(i, S)NAv(i,T) # () with |S| > |T|
implies S =; T.

If additionally each player ¢ and set of players S C N; has a unique avoid set or
|Av(i, S)| = 1, denoted av(i, S), the game is said to be strongly bottom responsive.

Definition 2.13. (Fractionality), [Aziz, Brandl, and Harrenstein, 2014]. A game G =
(N, 7) is called fractional if each player i € N has a valuation function v; : N — R
according to which, ranks each coalition S € N; based on the mean value of players in
the coalition or v;(S) = w

The fractional hedonic games setting applies successfully to situations where there
is the willing of homogeneity. Modelling situations where people want to form in their
coalition, a high fraction of members with the same opinions or needs, pertains to this
framework. These games can be represented by a directed graph G with the edges de-
picting the valuation from both ends of connection for the other respectively. For games
where each edge has weight 1, the term simple is used.

Definition 2.14. (Single peakedness), [Bogomolnaia and Jackson, 2002]. A player i’s
preferences on some set {x1, xg, ..., xx } are single peaked if there exists a number p;, called
i peak, such that Vsi, so € {x1,22,..., 21}, [s1 < s2 < p; or s1 > s2 > pi] = s2 > s1.

Definition 2.15. (Balance and ordinal balance), [Bogomolnaia and Jackson, 2002]. A
collection of coalitions B, is balanced if there exists a vector of positive weights ds over
the coalitions, such that for every player i, Y ¢ p.cqds = 1.

A game is ordinally balanced if for every balanced collection of coalitions B, there exists
a partition m such that for every player ¢, there exists S € B with ¢ € S such that
Sr i S.

Thus, a game is ordinally balanced if for every balanced collection of coalitions, for
every player, there exists a partition which is preferable for her, than her least preferable
coalition in the balanced bundle.

Definition 2.16. (Consecutiveness), [Bogomolnaia and Jackson, 2002; Greenberg and
Weber, 1986; Greenberg, 1994]. An ordering of players is a bijection f: N — N.
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A coalition S C N is consecutive with respect to an ordering f, if f(i) < f(j) <
f(k),i € Sand k € S imply j € S.

A game (N, {7 }icn) is weakly consecutive with respect to an ordering f if whenever
partition 7 is inferior to a coalition T', there exists T” that is consecutive with respect to
f that is superior to .

A game (N, {7Z; }ien) is consecutive with respect to an ordering f, if whenever S 7Z;
{i}, S is consecutive with respect to f.

A partition 7 is consecutive with respect to an ordering f, if each S € 7 is consecutive
with respect to f.

Definition 2.17. (Top coalition property), [Banerjee, Konishi, and Sénmez, 2001].
Given a non-empty set of players V' C N, a non-empty subset S C V is a top coalition
of V if for every player i € S and any T' C V such that ¢ € T, it holds that S =—; T.

A coalition formation game (N, ) satisfies the top coalition property if for every set
of agents V C N, there exists a top coalition.

Therefore, the top coalition property holds when in every subset of players, there
exists a clique preferring being a ghetto than any other suggestion.

Definition 2.18. (Weak top coalition property), [Banerjee, Konishi, and Sénmez, 2001].
Given a non-empty set of players V' C N, a non-empty subset S C V is a weak top
coalition of V, if S has an ordered partition {S*, S?, ..., S*} such that:

« For every player i € S' and every subset T C V such that i € T we have S »=; T
and

« For every player i € S* and every subset ' C V such that i € T we have T =; S
only if TN (U;j<xS7) # 0.

A coalition formation game (N, 27) satisfies the weak top coalition property if for every set
of agents V' C N there exists a weak top coalition. In other words, a game ’s preferences
verify the weak top coalition property when in every subset of players there exists a
sequence consisting of a) some preferring S than any other subset b) some other teams
leaving open the possibility of preferring an other subset but under the condition that
some players belonging to teams earlier in the sequence participate to the other subset.

Example 2.8. Consider the game (N, ), where the preferences are
{A,B,C,D} =4 {A,B,C} =4 {A,C,D,E} -4 {A}

{A7B7C7D} ~B {B,C,D} ~B {AvBaD} ~B {AvBaC} ~B {A,C} ~B {B}
{A,B,C,E} ¢ {B,C,D} =¢c {A,C} =c {C,D} ~c {B,C} ¢ {C}

{A707D} =D {BaD} =D {CaD} =D {A7D>E} ~D {BaD} =D {D}

{A,B,C,E} ~E {B,C,D,E} ~E {A,C,E} ~E {C,D,E} ~E {B,C,E} ~E {E}

The preference profile conforms to weak top coalition property. The pair {A, B}
prefers {A, B,C, D} in (A, B,C, D) more than every other possible coalition. Hence it is
a top coalition for them. C, D prefer other coalitions to {A, B,C, D} only in case A or
B participate too. The ordered partition is {S', S?} = {{A, B},{C, D}}.
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Proposition 2.2. [Bogomolnaia and Jackson, 2002]. Top coalition property implies weak
consecutiveness if preferences are strict. Weak top coalition property, weak consecutive
property, ordinal balance property are completely distinct (even with strict preferences):
for any given property there exists a game that satisfies the given property but fails to
satisfy the other two.

2.3 Stability Concepts

Definition 2.19. [Bogomolnaia and Jackson, 2002; Aziz and Brandl, 2012; Sung and
Dimitrov, 2007; Karakaya, 2011; Gairing and Savani, 2011]

o A partition 7 is individually rational (IR) if for every player ¢, m(i) 2Z; {i}. That
is no player has an incentive to stay alone.

Example 2.9. In example 2.1 the coalition {Georgia, Jenny} is individually ir-
rational for Georgia since she would prefer staying alone than pairing with Jenny,
therefore also the partition {{Georgia, Jenny}, {Peter}}.

o A partition 7 is perfect when for each player i, (i) 7=; S, for every coalition
S : S € 5;. That is every player ¢ is in one of his most preferred coalitions.

Example 2.10. The preferences of example 2.6 admit no perfect partition since
satisfying perfectly Alice leaves Bob just two candidate coalitions {B, P} and { B},
none of which is perfect for him. A modification to the preferences of the players
allowing a perfect partition would be the declaration by all of them of the grand coali-
tion, namely the one including all players, as their favourite. Then {A, B, E, P}
would be a perfect partition.

o A partition 7 is Nash stable (NS) when there is no player i and coalition 7(j) # 7(4)
such that m(j) Ui >; 7(i) nor {i} >; m(¢). Thus a partition is Nash stable, when
no player wants to move to another, possibly empty, coalition.

Example 2.11. The partition {{A, E},{B, P}} is not Nash stable for example 2.6,
as either Bob or Eve would deviate to the complementary coalition.

o A partition 7 is individually stable (IS) when there is no player ¢ such that {¢} >;
m(i) and for no player i there is a coalition 7(j): w(j) # 7 (i) such that

m(J) Ui =i w(i) Am(f) Uiz m(4), Vi€ n(d).

Thus a partition is individually stable, when no player can be more satisfied to an
another, possibly empty coalition, without making its members less satisfied.

Example 2.12. The partition {{A, E},{B,P}} in example 2.6 is individually
stable. Bob wants to be affiliated with {A, E}, though by doing so, Alice would be
worse off. Similarly, Eve strives to be assimilated in { B, P}, though Peter exercises
veto power for {B, P} is a perfect coalition for him.
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o A partition 7 is contractually Nash stable (CNS) when there is no player ¢ and
coalition 7(j): m(j) # m(i) such that w(j) Ui >; w(i) Anw(i)\ i Z; (i), Vj €
7(i)\ i,7 # i. Thus a partition is contractually Nash stable, when no player can be
more satisfied to another, possibly empty coalition, without making the members
of his current coalition less satisfied.

Example 2.13. The partition {{A, E},{B, P}} in example 2.6 is contractually
Nash stable since Eve would like to deviate and join {B, P}, nevertheless Alice
wouldn’t leave her, since {A, E'} is her most preferred combination. Similarly Bob
would like to deviate and be affiliated with { A, E}, although Peter would not consent
and would exercise veto power. There are no more aspiring deviators.

o A partition 7 is contractually individually stable (CIS) when there is no player 4
and coalition 7(j): w(j) # 7(i) such that

m(J) Ui =i w(@) Am(j) Uiz () Vi€ m(G) Am(i) \ i Zp (i) Vk € m(i),

k # i. Thus a partition is contractually individually stable, when no player can be
more satisfied to an another, possibly empty coalition, without making its members
or the members of her current coalition less satisfied.

e A coalition S C N blocks a partition 7 if S =; m, Vi € S. In other words, a coalition
is blocking if its members are all strictly better off, comparing to their earnings in
the current partition.

Example 2.14. In example 2.6 {A, B, E} is a blocking coalition for the partition
{A, B, E, P} since not only Alice but also Bob and Eve increase their satisfaction
through this coalition. On the contrary, { A, E} consists no blocking coalition for this
partition since for Eve isn’t better than {A, B, E, P}, or {A,E} Zp {A, B, E, P}.

A partition is in the core if there is no coalition blocking it.

e A coalition S C N weakly blocks a partition 7 if S =; 7(i), Vi € S and 3Jj such
that S >; 7(j). So a coalition is weakly blocking if none of its members is worse
off and at least one is strictly better off by participating in it, comparing to their
earnings in the current partition.

Example 2.15. Consider a hospital where three surgeons si, s, s3 and three nurses
ni, no,ng, working in the same department, have to cooperate in order to perform
surgeries in parallel. The preferences of doctors and medical staff are

nip ~sp N2 ~g; N3
Ny gy N2 ~gy N3
N ~gg N g3 N3
81 7 ny $2 ¥y 83
82 mny S1 > ny S3
82 7 ng 83 7 ng S1
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then the partition {{s2,n1},{s1,n2}, {s3,n3}} admits as a weakly blocking coalition
the pairing {s1,n1}. In this weakly blocking coalition s1 enjoys the same profit,
although no ameliorates her position with respect to her preferences.

A partition is in the strict core (SC) if there exists no coalition weakly blocking it.

A partition 7 is Pareto optimal (PO) when 7 partition 7/, such that for each
player ¢ : 7'(i) 7Z; w(¢) and 7'(j) >=; 7(j), for a player j. By way of explanation

the participants of a hedonic game satisfy Pareto optimality when there exists no
partition which is weakly better than their current one.

Example 2.16. In ezample 2.6 the partition {{A, E},{B, P}} is Pareto optimal
since there is no other partition satisfying better or equally Alice, than the current.

A partition 7’ is called reachable from 7 by transitions of players H C N, denoted
by © 5 ' if Vi, j € N\ H : 7(i) = 7(j) < 7'(i) = 7'(j).

Example 2.17. Consider seven researchers A, B,C, D, E, F,G working in teams
as S1 ={A,C,F},Sy ={B,E},S3 ={D,G}. The working teams

{A,B,C},{D,E, F} {G}

are reachable by the starting formation through the transitions {B — S1,F —
Sa, D — Ss} of the set Hi = {B, F, D}. Obuviously there are alternative deviator
sets along with the respective transitions to reach the same coalition structure as

Hy, ={A,C,E, D} performing {A — S2,C — So, E — S1,D — Si}.

A subset of players H C N strongly Nash blocks a partition 7 if a partition 7’
exists such that 7 -5 7/ and Vi € H : 7(i)" =; w(i). A partition 7 is strong
Nash stable (SNS) if A subset H strongly Nash blocking it. Therefore a partition
is strong Nash stable if there exists no subset of players who all have a benefit by
rearranging themselves to the coalitions of the partition.

Example 2.18. The partition {A, E},{B},{P} for the preference profile of ex-
ample 2.6 is not strong Nash stable, as H = {B, P} can make the adequate moves
towards the partition {A, B, E, P} which is more preferable to them.

A subset of players H C N weakly Nash blocks a partition 7 if a partition 7’
exists such that 7 -5 7/ for which Vi € H : 7(i)" 7; m(i) and 3 a player j such

~t

that 7/(j) =; m(j). A partition 7 is strict strong Nash stable (SSNS) if # subset H
weakly Nash blocking it.

Example 2.19. The partition {A, B, E, P} for the preferences given in example 2.6
is strict strong Nash stable, as there is no set of deviators that can benefit from
other coalition schemes.
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e A subset H of players is strongly individually blocking a partition , if « LN 7,
7'(i) = w(i),Vi € H and 7'(j) 7; 7(j), Vj € «'(¢), for any i € H. A partition 7
is strongly individually stable (SIS) when no players’ subset strongly individually
blocks it. That is, there is no set of deviators which all are elevated by the synthesis
of their new coalitions without their former colleagues to be dropped. Therefore
a partition needs less ”"cooperation” from the players in order to be SIS than to
be SNS because of the more prerequisites that poses the first stability notion for
giving the green light for deviation.

Example 2.20. The partition {{A, E},{B, P}} is not Nash stable for the game
of example 2.6 as A or B can deviate, though it is strongly individually stable as
the potential deviations incur hindrance to A and B respectively.

For a specific class of hedonic games there are some additional stability concepts.

Definition 2.20. For additively separable hedonic games we have the following charac-
terizations.

e A partition 7 is sum-in stable in case it is individually rational and there is no
player ¢ such that

In(j) | 7(5) # 7 (@) Aw(G) =i m(@) A Y [oi(r() Vi) — vi(w(5))] > 0.
jen(j)
That is, there is no one wanting to deviate, who would not decrease the social
welfare of the coalition she wants to join.

e A partition 7 is sum-out stable in case it is individually rational and there is no
player ¢ such that

3n(j) | m(G) # m(@D) Am() =im(@) A D [o(r()\ {i}) —v(m(@))] = 0.

kem(i),k#i

That is, there is no player preferring another coalition, who would not decrease
the social welfare of the coalition she belongs by deviating.

Proposition 2.3. Anonymity does not imply individual stability.

Proof. Consider the anonymous game given by the following preference lists on sizes

97T =12»=17>16>11
T>92%957>956>91
2>37»>36>=31
T>4-86>4-85>4-84>4-83>4-82>4-3g1

players 9 to 63 have single peaked preferences with 63 being the peak.
The only cardinalities of coalitions which do not accept more players are 1 to 7 and
57. Size 57 means that players 3 to 8 are not included for this size is not individually
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rational for them. Hence 9 to 63 are included. Besides, being the size 1 to 7 means that
at least one player among 1 to 8 is at an individually stable subset, however those suffice
for 56 players leaving a group of 7 players which are going to coalize and absorb players
in the range 9 — 63. Thus, for this game to be individually stable, players 9 to 63 have
to be in the same partition Sj.

Now from the rest of the players it is observable that 4 to 8 are going to be coalized
together in Sy. Joining S7 is not in the options of none of them since isolation motivates
them more. These players have increasing preferences so they tend to be together. The
only reason not to is other formations. The only cases are a formation of 7 agents leaving
out one of 4 to 8 but then someone between 1 and 3 would join the lone player.

Our next note is that agents 1 — 3 cannot coalize altogether leading to a size either
58, 8 or 3 since none of them likes such. Moreover they can not be all separated, creating
sizes 56, 6 and 1 because the singleton coalition would have to be 3 and players 1 and
2 would join Sy and S respectively. Furthermore considering 57 =1 6, player 1 would
deviate to S7.

So if 1 and 2 are together and 3 € S then 2 deviates to So and examining by the
same way the rest combinations no individually stable partition can be found for this
situation. O

2.4 Relations of stability concepts

Perfect partitions obviously satisfy all stability criteria.

Proposition 2.4. Strict strong Nash stable partitions satisfy strict core stability (and
obviously strong Nash stability).

Proof. Suppose a strict strong Nash stable partition 7 is not strict core stable. Then
there is a coalition S such that S 77; 7(7), Vi € S and there is j : S >; m(j). Therefore

7w H=SandVieH : 7'(1) 7z m(i) and 3j : ©’(j) =, 7(j). Thus 7 is not strict

~t

strong Nash stable. Contradiction. O

Proposition 2.5. Strong Nash stability does not imply strict core stability and vice
versa.

Proof. Consider the following games:

. {1,2} 1 {1,2,3} ~1 {1,3} 1 {1}
{1,2} ~2 {1,2,3} =2 {2,3} =2 {2}
{1,2,3} ~3 {1,3} ~3 {2,3} ~3 {3}
{{1,2,3}} is strong Nash stable but not strict core stable.

- {1}
{1,2} 2 {2}

{{1},{2}} is strict core stable but fails to satisfy strong Nash stability.
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Proposition 2.6. a)Strict core stability implies Pareto optimality b)strong Nash stability
does not.

Proof. (a) comes straightforward from the relative definitions.
For (b) consider the previous game:

{1}
{1,2} -2 {2}

{{1},{2}} is Pareto optimal but fails to satisfy strong Nash stability. O

Proposition 2.7. Strict core stability implies strong individual stability.

Proof. Let 7 be strict core stable and not strong individually stable. 3H, 7’ such that
' H=SandVieH : 7' (i) =; w(i) and 7'(j) 7=; 7(j), Vj € 7'(i), for any i € H.

~,

Thus for a coalition 7’(7) for some player i € H every player isn’t worse off and i is
better than in 7. Concluding that 7 isn’t strict core stable. O

Proposition 2.8. Strong individual stability implies core stability.

Proof. Let m be strong individually stable and not core stable. Then there is a subset of
players who can ameliorate their status by constituting a new coalition without dislike
from third players. Contradiction. O

Proposition 2.9. Strict core stability coupled with Nash stability do not imply strong
Nash stability.

Proof. Consider the following game :

{1,2,3} =1 {1,3} =1 {1,2} > {1}
{2}
{1,2,3} >3 {1,3} >3 {2,3} >3 {3}

The partition {{1,3},{2}} is strict core stable and Nash stable, admits however a
strong Nash blocking subset H = {1, 2}. O

It can now be seen that:

(SNS)= (NS)= (CNS) = (CIS)
(NS)=(IS)= (IR)
(SNS) = (SIS) = (IS) = (CIS)
(C) = (IR).
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Perfect
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Figure 2.1: Hasse diagram of the implications of stability notions.

2.5 Negative results

In this section, negative results concerning the existence of stable outcomes are pre-
sented.

2.5.1 General preferences

As shown in the following subsection, there are hedonic games with empty core.

2.5.2 Roommates problem

There exist instances admitting no stable matching. Consider for example the fol-
lowing 4 player case [Gale and Shapley, 1962].

Table 2.3: Roommates problem instance admitting no stable

matching.
Player Preferences
1 2 3 4
2 3 1 4
3 1 2 4
4 whatever

Matching {{1,2},{3,4}} is blocked by {{2, 3}, {1,3}},{2,4} is blocked by {1,2} and
{{1,4}, {2,3}}, is blocked by {1, 3}.
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2.5.3 W games

As a result of the negative result for the roommates problem, the W hedonic games
may have their strict core empty in case the respective roommate problem has no stable
matching. In chapter 3 is explained the relation of W games to roommate games.

2.5.4 Additive separability

There exists additive separable instance which is not Nash stable. Consider the game
(N, ) where N = {A, B,C} and the values for the preferences are circular, namely as
demonstrated in table 2.4.

Table 2.4: Additive separable instance admitting no Nash stable

matching.
Player Valuation
A 0 5 —6
B 3 0 4
C 7 —6 0

In case (A, B) coalize, B would deviate to join C. If (B, C) coalize, C' will deviate to
join A and then A will deviate to join B.

2.5.5 Fractional hedonic games

Consider a circular list of five players, each evaluating two the next, one the previous
and minus ten for all other players (fig. 2.2).

Figure 2.2: Fractional instance with empty core.

Each coalition including three players is unstable because of the —10 valuation which
clouds every other benefit. Thus a candidate partition for the core includes coalitions
with maximum size two. However, each two pairs are not a stable partitioning since some
player wants to coalize with the singleton left who also prefers a pair than being single.
Thus the core may be empty for fractional hedonic games.



20 CHAPTER 2. HEDONIC GAMES - BASICS

The strict core can be empty even for simple fractional hedonic games. An instance
in this category is a circular structure of five players.



Chapter 3

Stable coalition partitions

In this chapter, conditions under which stable coalitions exist for various stability
notions and the respective algorithms for calculating them, are presented.

3.1 Pareto optimal partitions

[Aziz, Brandt, and Harrenstein, 2013]. Considering that a non Pareto optimal par-
tition can lead the participants of a hedonic game to deviate in their totality, Pareto
optimality is perceived as a stability notion. Pareto stable partitions exist for every
hedonic game in contrast with other desired properties.

Pareto optimality is closely related to perfect partitions in the sense that by relaxing
the preference profiles of the players in the appropriate extend, a Pareto optimal partition
can be upgraded to a perfect one. More formally,

Definition 3.1. Preferences 7Z; are a coarsening of preferences 7, when according to 2/,
player ¢ may have strict preferences over some of his equally most favourite coalitions in
7i- We denote this relation as R, >; R; where R, stands for the relation 7} and R; for
Zi- Then =/ is a refinement of 7Z;. In an analogous way R, >; R; denotes that R, >; R;
and not R; >; R

A profile = R = (R, Ra, ..., R;,) is called a coarsening of preference profile ='=
R = (R}, R, ...,R)) if R; <; R., for every player i.

Mediate profiles of R, R’ : R < R’ are called the preference profiles R” for which
R’" > R AN R' > R. We denote such relations as R” € [R, R']. In analogy with interval

representation, R” € (R, R'] means that R < R” < R'.

Theorem 3.1. For a set of players N assume R~ < RT for two preference profiles
R+, R" and the coalition structure 7 is perfect for R+, then  is Pareto optimal for R
if and only if there is a preference profile R € [R*, R"] for which w is perfect and there
is no other preference profile R' € (R, R"] admitting a perfect partitioning.

To see that, consider that R is the finest preference profile for which 7 is perfect.
Assume that there exists a preference profile Ry € (R, R"] for which 7 is perfect, then

21
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a player 7 exists, most preferring under R; some coalitions which are proper subset of
his most preferred coalitions under R. Therefore, under the preference profile R, 7
cannot be a Pareto optimal partition. This incompatibility results from the reasoning
that according to R, player i has at least as fine preferences as by Ry and m; satisfies
her in a perfect degree. On the other hand, 7 isn’t perfect for Ry satisfying ¢ less than
perfectly. Thus by R, every player is at least equally satisfied in 7 as in 7, nevertheless,
i is less. Consequently, 7 cannot be Pareto optimal for R'.

In the other direction, suppose that 7 is perfect for a preference profile R € [R+, R]
and AR, € (R, RT] accepting a perfect partitioning, then 7 is Pareto optimal for R'.
By way of contradiction suppose it is not, then there exists a partitioning w1, which is
better for players under R' and there is at least one player i, for whom (i) = (7).
However by coarsening step by step R' in order to create R, we stop coarsening i’s
preferences when 71(4) is included at i’s most preferred coalitions. For the rest of the
players j € N\ {i} we stop the coarsening at m(j). Then m; is a perfect partition for
the resulting preferences profile, while 7 is not, contradicting the assumption of the non
existence of a perfect partition for a finer preference profile than R.

Algorithm 1: Preference refinement algorithm.

input : A general hedonic game
output: An individually stable, Pareto optimal partition for (N,R)

1 QZ-T + R;, for eachi € N

2 QFf « R; U ((X,Y): X R; {i},Y R; {i}, for each i € N)

3 while QiL #* QZ-T for at least an i € N do

4 i +— Choose(player i € N : Qi # Q,)

5 Q! + Refine (i : Q;-Q])

6 if Perfect partition (N, (Q;,Qs ,...,Q, |,Q", ;_1, .y Q1)) # 0 then

7 QZL = Q;

8 else

0 QZT = QY for cover(QY) = Q;
10 end

11 end

12 return PerfectPartition(N, Q+)

The previous theorem gives birth to an algorithm computing Pareto optimal parti-
tions, the preference refinement algorithm (PRA). As its name suggests, PRA computes
a Pareto optimal partition by refining step by step the preferences of the players which
are initially been set to the finer ones for which a perfect partition exists. PRA starts
by assigning to QZT the preferences of player ¢, for each player ¢ and to Q% flat prefer-
ences for ¢ among all of his individually rational coalitions. Obviously every individually
rational partition is perfect for QZ-L. Then, a player is chosen and a refinement @) of
his preferences, in the interval defined by QZT and Qf, is determined. Subsequently, it
is checked whether there exists a perfect partition for those preferences. In case there
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exists, Q; is updated to Q' otherwise Q, is assigned with Q” for which cover(Q?) = Q!,
that is @7 is one step coarser than Q).

From the previous description, becomes clear, that in every iteration of the while
loop, the gap between Q;r and QZJ- decreases for some player i. Since the coalitions
among which each player chooses and the set of players are finite, the algorithm is
guaranteed to terminate after several number of cycles. Moreover, there is no refinement
of the returned preference profile for which a perfect partition exists. The mounting for
this observation comes from the fact that the last time the algorithm took the else-if
path was because it couldn’t find a perfect partition and the result for that step was QiT
to become the finest preferences for which there may exist such a partition. Since that
point the preferences of player i are never coarsened.

The two functions, called in the algorithm, namely Choose and Refine define some
of the characteristics of the generated coalition structure.

Table 3.1: PRA properties with respect to Choose and Refine functions.

Property Choose Refine
1L T
Binary search random F’efs(@z ) ;— refs(@Q; )-‘
Serial dictatorship specified, persistent player order most delegate possible
Conservative random slightest possible refinement
Egalitarian LRU slightest possible refinement

Function refs:Preference Profiles for given players — N takes an individually rational
preference profile and returns the number of refinements needed to obtain a flat list of
preferences, that is a preference profile where every player is indifferent among all her
individually rational coalitions.

LRU — Least recently used. The player chosen is the player who has played less.

As an example of the procedure followed by the PRA algorithm consider the W
hedonic game

(Na R’L) = ({17 2, 3}7 {([27 3]7 [1])7

(11],2,3])
(12, 13, 1))
where the relations R; declare the preferences of players over players. The execution of
the algorithm is illustrated in fig. 3.1. Initially, Q" is assigned with flattened preferences
by which each player likes all others equally and Q' with the true preferences. The
starting chosen refinement ()% concerns the third player and because there still exists
perfect partition, Q=+ is updated taking the refinement under consideration. After that
a gradation @ is attempted in fist players’ list but conflicts with the possibility of

a perfect partition so @ is degraded to QY | @ = cover(QY). The last assignment
tried, includes refinement on second players’ preferences, though neither these preferences

)

3

)
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admit a perfect partition and therefore Q" adjusts to Q41QY5 = cover(QY) which coincides
with Q5 and the procedure is terminated.

2, 3L 12, 3L
BT =QT: 2: [1.[2, 3 QT 2: (112, 3
3: (2], (3], [1] 3: [2),[3L[1
1: [2, 3,01 1: [2, 3,01 1 2,3, 1) Go2LaL] @ 1: 2, 3L 1: 2,3, 1]
2: 1,12, 3| 2: 1,2, 3) 2: [1L.[2, 3 2: [1],[2. 3] 2: 1,2, 3 2: (1.2, 3]
3: 2, 3L 1] 3: (2], [3),[1) 3: (2,31, 1) 3: 2, 3,1 3: [2],[3L 1) X 3: (2], [3), [1]
1 [2, 3] 1: [2, 3, 1] 1 [2.3,1) 12,301 1:[2, 3, 1] 1: 2,3, 1]
2: 1,2, 3 2: 1.2, 3] 2: 1,2, 3 2: [1,2,3 2: (112,38 Q% 2:[1,2,3
3: 2, 3L 1] a: (2,301 @ 3 [2lEn e 3 2,34 3: [2, 3),[1] 3 LI
1: [2, 3, 1] 1: 2,3, 1)
Q:2: [1.2,3 2: 1,2, 3
3: (2, 3,[1) # 3: 2, 3 [1)
(initial assignment) (second assignment)
1: (2, 3),[1] 1: [2, 3).]1)
2: [1L[2, 3] 2: [1,[2, 3]
3: (23,1 3: [2),[3. 1]
1 f2, 301 2,301 @T: 12,3, 1) 12, 3,01 1: [2, 301 1: [2,3,1
2: 1,12, 3| 2: (1,2,  @: 2 [1.[2,3 2: [1],[2. 3] 2: 1,2, 3 2: [1.]2, 3
3: 2, 3L 1] 3: (2], [3),[1) 3 23,00 x 3 [2, 30 3: [21.(3), 1] 3: [2),[3], 1
oA 1: 2, 2, 1] Dl 2.3l R 1:[2,3,1 0 QT 1 2,3, 1]
2: 1,2, 3 2: 112,38 @ 2:[1,2,3 2: [1,2,3 2: (112,38 Q% 2:[1,2,3
3: [2, 3, 1] 3: 2, 3),[1] 1 [LELI ¢ 3 2,301 3: [2, 3,1 3: (2,131, 1] ¥
1: 2,3, 1 1: 2,3, 1)
2: [1,2,3 2: 1,2, 3
3: 2, 3, [1] 3: [2, 3, [1]
(third assignment) (final assignment)

Figure 3.1: Execution of PRA algorithm in W hedonic game.

Preferences refinement algorithm (PRA) uses an oracle solving perfect partition prob-
lem. The complexity of PRA can be polynomial in the input size of the game. This
efficient result occurs when perfect partition can be calculated in polynomial time. This
is the case for most interesting situations. Although the lattice consisting of QT, and
all possible coarsening sequences until @+ can have exponential height, through binary
search only polynomial, on the size of the input, calls of Choose, are executed. However
as explained in chapter 4, HPAR is NP-complete, therefore PRA runs in exponential
time in the general case. By virtue of theorem 3.1, the output of algorithm 1 constitutes
a Pareto optimal partition for the input hedonic game.

Preference refinement algorithm can be used in cases where serial dictatorship is
presented incapable. Serial dictatorship (SD), computes a Pareto optimal partitioning
by Choose using a predefined list over players. Especially where there are indifferences,
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the dictator, namely the player which by priority is being chosen by function Choose,
until its coalition is determined, is not clear to which coalition should be assigned in
order to arise a Pareto stable outcome. Moreover there are hedonic instances where
PRA returns fair Pareto optimal partitionings that serial dictatorship never produces.
Example gratia the game defined by the following preferences admits both a quite fair
Pareto optimal partitioning and an aristocratic one. Thought serial dictatorship can
compute only the second resulting to a situation where a player joins her least preferred
coalition. {1,2,3} =1 {1,3,4} =1 {1,2,4} =1 {1,2} »=1 {1,3} =1 {1,4} >1 {1,2,3,4} =
{1}, {2,3,4} ) {1,2,4} ) {1,2,3} ) {1,2} ) {2,4} ~2 {2,3} ~2 {1,2,3,4} ~2 {2},
{1,3,4} =3 {1,2,3} =3 {2,3,4} =3 {3,4} >3 {1,3} =3 {2,3} >3 {1,2,3,4} =3 {3},
{1,2,4} >4 {2,3,4} ~4 {1,3,4} ~4 {3,4} ~4 {2,4} 4 {1,4} >4 {1,2,3,4} ~4 {4}
Despite of this fact, egalitarian PRA, integrates every player in his fourth most preferred
coalition by proposing {1,2}, {3,4}.

3.2 Roommates problem

[Irving, 1985]. The algorithm solving the stable roommates problem starts with pro-
posals made by players to one another. A player rejects a proposal if he already has a
better one, that is a proposal for a player ranking higher in his preferences list. Other-
wise he holds for consideration the proposal and rejects any worse proposals so far. A
player proposes according to his preference list, starting from the most preferred and
stops when a promise for consideration is given to her. If later the proposal is rejected
the player continues proposing to less preferred players.

This first phase of the algorithm ends with every player having a proposal or with
one person rejected by everyone. After this stage, for every player x rejected by a player
y the matching {z,y} is not stable.

As a corollary, if the first stage of the algorithm terminates with every person holding
a proposal, then the preference list of possible partners for 4 holding a proposal from x,
can be reduced by deleting from it

o players who are worse for y than x
e players who hold a proposal from a player who they prefer more than y

The next stage of the algorithm consists of further elimination on the preferences lists.
To achieve that, we search for cycles of the form aq, ..., a, where the second preference
for a; is first for a;y1, indices i being modulo . We call b; 1 the second player in the
preference list of player a;.

To find such a cycle, we start from a player p; whose preference list includes 2 or
more players and generate the sequences

e ¢; with the second preference of p; ’s list

e p;+1 with the last person in ¢; ’s current list.
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A key point of the algorithm is that in any stable matching, in the reduced until this
point lists, either a; and b; are partners for all ¢ or for no i. To see that suppose that
{ag, b} consist a stable matching. Then since ay, is last in by ’s preferences, it has to be
that ax_1 is matched with somebody who preferred to by and since by, is second in a;_1
’s list the only candidate is bg_1. Thus inductively we conclude that if aj is matched
with b for some k, this holds for each k. Another key point is that if there is a stable
matching where a; and b; share a pair, then there is another stable matching where they
are separated. For a closer look consider a stable matching M where every a; is matched
with b;, 1 <4 <r. We call M’ the matching where every a; is matched with b; 11 namely
his second choice in the reduced lists and every player in N \ AU B (where N is the
set of all players, A = {a,...,a,}, B = {b1,...,b,}) is matched as in M. Then every
player in B is matched with a more preferred player than in M since in M they were all
matched with their last choice among the reduced lists. So the only possibility for M’
being unstable while M is stable, is for matchings where members of A are involved.
Supposing x is better for a; than b;;; is, there are the following cases

e a; is matched with z in M meaning that x = b;, which makes for b; the worst
possible matching in accordance with the reduced lists.

e a; prefers x to b;, so r has been eliminated from the initial lists and it is not
presented in the reduced list of a; signifying that x has rejected a; and does not
consist a choice for her.

e a; prefers b; to x which in turn prefers more than b;41. Given that x in this case is
not present in a; ’s reduced preference list asserts once again that = has rejected
a;.

Therefore, there is no deviating matching for M’.

As a consequence of the two points, if a stable matching exists for the original game,
then such exists for any reduced set of preference lists. By using the adequate data
structures the complexity of the algorithm is O(n?).

3.3 Preferences derived from the Best or Worst

[Cechlarova and Romero-Medina, 2001]. A way for computing strict core stable out-
comes in games with strict B preferences is given by the BSTABLE procedure described
in algorithm 3. BSTABLE is similar to the top-trading-cycles algorithm [Shapley and
Scarf, 1974] of David Gale which earned Lloyd Shapley the Nobel price in Economics
in 2012. By depicting the relation B among the players, a directed graph emerges. This
graph has obviously at least one cycle. Moreover, since every player has a unique best in
V', every node is determined to have only one feasible allocation. The resulting partition
is strict core stable since supposing that a player ¢ wants to deviate, means that his
favourite player i+ 1 is also in the deviating set, otherwise ¢ would lose out by deviating.
Therefore the blocking coalition .S has to be a superset of the cycle of every player i € S.
Then, the cycle is more preferable than the deviating coalition because the best player
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Algorithm 2: Irvings stable roommates algorithm.

input : A roommates problem instance (N, )
output: A stable matching for the input roommates problem

1 has_a_proposal =)
2 for k=1 to |N| do

3 proposer = k

4 do

5 propose tonext__choice

6 if not rejected then

7 if next_choice € has__a_ proposal then

8 proposer = next__choice’s reject

9 end

10 end

11 while next_ choice € has__a__proposal;

12 has__a_ proposal = has__a_ proposal U next__choice

13 end

14 for every player y holding a proposal from x do

15 reduce y ’s list and the symmetric ones by all those y considers worse than
x

16 reduce y ’s list and the symmetric ones by all those who hold a proposal
from a player which they prefer to y

17 end

18 while some reduced preference list has length > 1 A no reduced list has length

<1ldo

19 detect all cycles

20 eliminate the cycles

21 end

22 return Stable matching

is included in both sets and the cycle is has less members than the deviating coalition.
Hence it has to be that the blocking coalition identifies with the cycle, which means no
deviation.

B stable algorithm is also strategy proof hereunder Roth ’s work [Roth, 1982]. This
is simply verified since the first player that B algorithm coalizes with a player ¢ is his
declared as favourite. In case a player does not assert his favourite player he only increases
his chances of not being in the same coalition with him while in case his favourite player
is included, the chain will continue as if he hadn’t misreported his preferences.

As far as W games are concerned, strict core outcomes occur by matching players
in couples. For partitionings with higher maximum coalition cardinality, a player ¢ be-
longing to such coalition, would have incentives to deviate in a pair with his best player
B;(S||S| > 2) among the members of the coalition S while his best player B;(S) would
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Algorithm 3: BSTABLE algorithm.

input : A hedonic game (N, ) with B strict preferences
output: A strict core stable partition

1V « N;

2 VieV: flag(i) « 0;

3 € (Z);?T +— 0

4 while V # () do

5 1 < select a player € V

6 flag(i) <1

7 while flag(B;(V)) ==0do

8 j — BZ(V)
9 flag(j) «+ 1
10 147

11 end

12 C Bi(V)
13 k + B(Bz(V))

14 while k # B;(V) do
15 €<+ CUEk
16 k + Bk(V)

17 end

18 V<V \ 4
19 T TUE
20 end

21 return 7

at least be indifferent between the two coalitions.

This observation leads to the reduction of the problem of W stable partitions to
stable roommates problem. Indeed in case strict preferences P over players are given,
every solution of stable roommates problem under P is W strict core stable. Suppose it
is not, and a weakly blocking set Z exists. In case Z is a singleton i, then i =; {i,j}
where j is his roommate. However, then, coalizing with j is individually irrational for i.
Hence, there is no singleton weakly blocking coalition.

The other possibility is |Z| > 2. A player ¢ € Z for who Z >~; M(i) (where M (7)
is the partner of ¢ under stable roommates solution) would also like to deviate with
j = Bi(Z), therefore Z' = {i, j} is also a weakly blocking coalition. Suppose k, [ are the
partners of 7, j in the stable roommate matching respectively. Then since Z’ is a weakly
blocking coalition, j >; k and i 27; [. So either ¢ ~; [ leading to {i,j} € stable roommate
solutions or ¢ >; | meaning that {4, j} is a blocking matching for the stable roommate
matching, contradiction. The former discussion concludes in the following theorem.

Theorem 3.2. For strict preferences over individuals W hedonic games may accept
strict core partitions of maximum coalition cardinality 2. Moreover all stable roommates
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problem solutions are strict core partitions for the W game with the same preferences.

3.4 Top responsiveness and the top covering algorithm
For each problem where agents’ preferences satisfy top responsiveness:

Definition 3.2. [Alcalde and Revilla, 2004]. The choice covering function C' : N x 2V —
2N is defined as C(S,N) = S |J ch(i, N). Nested application of the choice covering
€S
function C* is defined as:
CY(S,N)=C(S,N)
CHYS,N)= |J ch(i,N).
1€C*(S,N)

Applying iteratively the function C(¢, V') until it turns idempotent and adds no new
different elements, yields the connected component of player ¢ with respect to the set of
players V. We denote by k(i) the iteration in which ¢ is nominated part of a coalition of

Algorithm 4: Top Covering Algorithm.

input : A hedonic game satisfying top responsiveness
output: A strict core stable partition

1 RV« Nym 0

2 for k=1 to |N| do

s Select i € R* satisfying |CC(i, RF)| < |CC(j, R¥)|, Vj € RF

4 Sk CC(i, Rk)

5 7+ wU{S*}

. RF+L Rk gF

7 if R*+1 = () then

8 return w
9 end
10 end

11 return w

the partition wfﬁv’i )-

Lemma 3.1. [Dimitrov and Sung, 2005]. For a hedonic game (N,Z7) satisfying top
responsiveness, the top covering algorithm concludes in finite steps and returns a partition

of N.

Proof. Obviously top covering algorithm ends in finite steps looping from 1 to |N|. More-
over supposing that the algorithm stops after k-th repetition, its output is (S*, S2, ..., S),
RF+1 = (). Taking into account that S*NS? = @, for i # j, the output ﬂffv,t) is a partition
of the set of players N. O
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Lemma 3.2. [Dimitrov and Sung, 2005]. Applying the top covem’ng algorithm to a game
(N, =) outputs a partition ’7T(N -y such that for every player i, 7r(N >)( i) = CC(i, R*),

Proof. For m-th round, meaning k = m, coalition 7r() is formed for a player i € RF():
|CC(i, RFD)| < |CC(j, RF®D)| Vj # i. For player i obviously 7'('( )() CC(i, RFM).
For all other agents j € 7T(N7i)< i)\ {i}, CC(j, R*)) C CC(i, Rk(l)) by definition, and we
need to show CC(i, R*?)) C CC(j, R*?). Indeed if there is a player n € w’§ )(z) such

(N.z
that n ¢ CC(j, R*9) then |CC(j, R*¥))| < |CC(i, R*®)]|, contradiction. O

Theorem 3.3. [Dimitrov and Sung, 2005]. Let (N, ) be a hedonic game satisfying top
responsiveness. The partition returned from the top covering algorithm w'¢ is strictly core
stable.

Proof. Suppose there exists nonempty X C N such that X =; 7/¢ Vi € X. Let j € X
be the first player from X becoming a member of a coalition by the TCA, that is
k(j) < k(i) Vi e X. Thus X C Rk(j) The choice set of j in 7 is ch(j, 75) = ch(j, RF))
(lemma 3.2) and having X Z; 1mphes ch(j, X) = ch(j, R*9)).

We want to show that 71';0 g X. It’s C'(j,R*9)) = ch(j,R*0)) C X. Suppose
C'(j, R*9)) C X. For every i € C*(j, Rk(j)) ch(i,m'¢) = ch(i, R*). On the other hand,
X =; wi¢ implies that ch(i, X) =; ch(i, wi¢) = ch(i, Rk(J)), meaning ch(i, X) = ch(i, 7).
Hence ch(z RFI)) C X. Therefore Ct+1(j RFG)) = U ch(i, R*9)) C X, follow-

i€Ct(j,RF0))
ing CC(j, R*Y)) C X concluding to X = 7T§C and no coalition is weakly blocking. O

Theorem 3.4. [Alcalde and Revilla, 200}]. Let N be a fized set of agents and TR, the
family of hedonic games (N, ) such that, for each i € N, 7; satisfies top responsiveness.
Let also W be the rule that associates each such problem with the partition extracted by
the top covering algorithm. Then W' is strategy-proof in TR.

We notate as [Z}, 77_;] the preference profile 7 where ¢’s preferences have been sub-

~L) ~

stituted from 2.

Proof. Let us assume that a player ¢ manipulates top covering mechanism achieving
better payoff by declaring preferences ;. For every player j such that k(j) < k(i),

VN, 2] = TN, [Z5, 2]

~T) ~ L

So WI[N, [}, 7—i]] conmsists of players in R¥()_ By the procedure of the top covering
algorithm,

N, 5 2] O U CC(j, R, ).
JEch(i,(RH )

Subsequently we examine the two cases:
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o WIRFO =] C WIRFO) [ = _J]]. Then ch(i, RF®) = ch(i, Pl [RFD =]) =

~1? N_i

ch(i, W[RFO) [ >~ ,]]). And from the third top responsiveness condition,

~i) ~o—t
VIR, 7] i WHRMY, [0, i)
contradicting manipulation of W via .

o WI[RFO) -] ¢ W[RFO [=! = _]]. Then there is a player m for whom m €
Te[REE) ] and m ¢ WE[RFO [ = ;]]. As a consequence there is a player
n € ch(i, R*®)) such that: n ¢ W[RFO [/ >_/]]). Leading, according to the

second top responsiveness condition, to: WIC[RF) -] W[RF() [ > .]]. Thus
i does not manipulate U via /.

O]

Following the result of [Sonmez, 1999], stating that the only possibility of finding a
strategy proof stable mechanism is if the core is a singleton, the partitioning returned by
the top covering algorithm is the only truthful under top responsiveness, though [Alcalde
and Revilla, 2004] includes a specific proof for our case.

Proposition 3.1. Top responsiveness does not imply Nash stability.

Proof. By counterexample. Consider the game (N, 72) with preferences:
{172} ~1 {17273} =1 {173} ~1 {1}7
{2} =2 {172} ~2 {253} =2 {152’3}7
{172a3} ~3 {173} ~3 {273} ~3 {3}
As it can be easily checked the preference profile satisfies top responsiveness. However

there is no Nash stable partition since each candidate partition has a player who wants
to migrate.

o if m={{1,2},{3}} or {{1,2,3}} player 2 wants to leave.

if m = {{1,3},{2}} player 1 wants to leave.

if m = {{1},{2},{3}} players 1 and 3 want to leave.

it m = {{1},{2,3}} players 2 and 3 want to leave.

O

A game satisfies mutuality under top responsiveness if for every set X and players
i,j such that X € N;NN; : i € ch(j, X) = j € ch(i,X). Note that the class of games
satisfying mutuality under top responsiveness is extensively limited.

For this class SSNS can be proven, though the following lemma is essential.

Lemma 3.3. Under top responsiveness and mutuality 71'1(‘/?\[7i) (1) = ch(i, N).
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Proof. Insisting that there is a player i such that there is player j € ch(i, N) A j ¢
W'E?V,t) (1) gives i ¢ ﬂff\,’i) (7) although by mutuality ¢ € ch(j, N). Either k(i) < k(j) or
k(j) < k(7). In both cases there is contradiction considering lemma 3.2 which demands
that the player with k = min(k(7), k(7)) has his choice set in his coalition according to
the top covering algorithm. d

Theorem 3.5. [Aziz and Brandl, 2012]. For a game (N, ) which satisfies top respon-
siveness and mutuality the top covering algorithm produces strict strong Nash stable
partition.

Proof. Admitting that Wfﬁv - is not strict strong Nash stable, leads to the existence

of a set of players H weakly Nash blocking it, that is =« M, 7 for which Vi € H :
7(i) 7 7(i) and 3 a player j € H such that «'(j) =; m(j). Suppose «(j) N7'(j) € H.
Top responsiveness implies that Vi € 7(j) N #'(j) : ch(i,7'(j)) Zi ch(i,7(j)). However
ch(i,m(j)) = ch(i, N) according to lemma 3.3, therefore ch(i,n’'(j)) = ch(i,n(j)) =
ch(i, N). Thus we ’ve reached that ch(i, N) C 7(j) N7'(j) meaning that w(5) N 7'(j) =;
7(j) and 7(j) N #'(j) strongly blocks 7(j), contradicting theorem 3.3.

So w(j)N~'(j) ¢ H and there have to be players who left 7(j). Among them there is
at least one k for whom [ € ch(k,N) : 1 € ©'(j) and ch(k,w(j)) > ch(k, 7' (k)) A7 (j) >k
7/(k) which contradicts & being a deviator. O

3.5 Bottom responsiveness

An ordering of partitions is used to produce the stability results under bottom re-
sponsiveness.

Definition 3.3. Consider a set of players N and two of its partitions 7, 7’ consisting of
coalitions {S1, S, ..., Sk} and {T1,T>, ..., T;} respectively, with |S;| > [S;11| and |T}| >
|Tj41] for i € [1,k — 1] and j € [1,1 — 1]. We define a) 7 > =’ if 35 : |S;| > |Tj| and
|S;| =|Ti], Vi <jand # =7’ if k =1 and b) |S;| = |T;|, Vi < k.

Theorem 3.6. A game (N,77), satisfying bottom responsiveness has a strongly individ-
ually stable partition.

Proof. Among all individually rational partitions of N we focus on a maximal with
respect to relation > and call it 7. Thus 7 > «’ V7’ partition of N. Assume 7 is not SIS,

then there exists a subset of players H C N such that 7 KN 7' (i) »; w(i),Vi € H and
7'(j) z; 7(3), Vj € @'(i), for any i € H.

Because of the individual rationality of 7, for each deviator ¢ € H, i € Av(i,m(i))
and it holds that in order to profit from the deviation from his previous coalition
{i} € Av(i,n’(i)) otherwise 7 (i) >=; (7). Moreover for each of the non deviator players
who were grouped with deviators, j € 7/, 7'(j) 2Z; m(j) differently they wouldn’t have ac-
cepted the deviators. Finally each of the rest of the players k will have k € Av(k,n'(k))
because no new players were added to her coalition. Therefore 7’ is also individually
rational.
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We identify a coalition S of maximum size in 7 among these containing a deviator,
that is S € 7 : |S| > || VS" € . A deviator i € S affiliates with another coalition
S’ So S'Ui =; Sand S"Ui z; §'Vj e S I |ST Ui < |S| player ¢ wouldn’t profit
from the deviation according to bottom responsiveness, so |S’ U i| > |S| contradicting
the maximality of m among individually rational coalition partitions. O

3.6 Top coalitions

Theorem 3.7. If a game (N, 72) satisfies the weak top coalition property it has a non
empty strict core.

Proof. Assume Vy = N and S! is a weak top coalition of V with ordered partition
{51,852, ..., Si(l)}, Vi = Vo \ S and S? a weak top coalition of V! with ordered partition
{S%,S%,...,S;(Z)} and so on until V3 = Vi1 \ S¥ and S* = {S%,S,%,...,Sli(k)}. We can
certify that there exists such k that Vi1 = () while Vi, # 0 since for every non empty V;
we can find a non empty S;y1.

Then the partition (S}, 5%, ..., Si(l), 5383, .., Sé(z), o SE S22 S,i(k)) is a strict core
stable partition. Indeed no player in S} could gain more being a member of a deviation.
Moreover without S{ ’s participation no player in S? could ameliorate his payoff by a
coalitional deviation. O

Theorem 3.8. For every game (N,77) satisfying the top coalition property the strict
core and the core are singletons.

Proof. Define M(V) = {S c 2IVl: S is a top coalition of V}, for every set of players
V' C N. If the preferences are strict, M (V') consists of disjoint sets for every V. C N.
Supposing Vp = N we construct a sequence by defining Vi = Vo \ M (Vp), Vo = V1 '\
M (V4) and so on, where M (V;) = (S}, S2, ..., Sim(l)). There should be an integer K such
that V(K +1) = 0 AV(K) # 0. As a consequence of the construction the partition
= (51,52, .., Sin(l), 5382, ..., 51(2), - S}(, S%(, e S}?(K)) is the only core partition of
(N, ). Every player in S¥, k € {1,...,m(1)} prefers this coalition to anyone else, so can’t
be a member of a weakly blocking coalition. Subsequently players in S5,k € {1,...,m(2)}
prefer this coalition to any choice left for them and inductively for all ¢ € N there in no
beneficial deviation to . O

3.7 Ordinal Balance - Consecutiveness

Theorem 3.9. [Greenberg and Weber, 1986; Bogomolnaia and Jackson, 2002] If a game
is ordinally balanced then there exists a core stable coalition partition.

If a game is weakly consecutive with respect to an ordering f, then there exists a core
stable coalition partition that is consecutive with respect to f.
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3.8 Games satisfying anonymity and separability

Those two properties certify the nonemptiness of the core [Banerjee, Konishi, and
Soénmez, 2001]. Because of anonymity, a player either wants to be alone or would like
company. Consequently the set N of players is divided in two subsets N* =i : {i,j} =;
{i} and N= =i : {i,j} Zi {i}. For every subset V of players, members of N~ € V
have as top coalition the singleton. In case where N~ NV =0, V C Nt and V is a top
coalition for them. Thus for every subset V of N, the top coalition property is satisfied,
therefore there is core stable partition.

3.9 Additively separable and symmetric games

Additive separability combined with symmetry secure the existence of Nash stable
partition [Bogomolnaia and Jackson, 2002]. Consider a game (N, 27) satisfying the men-
tioned hypotheses. Let a player ¢ € S; have incentive to deviate to coalition Se and let
her valuations be v;; over every player j # i. Then if ¢ increases her utility or

ZUU‘ > Z’Uz‘j

JES2 JEST

by deviating, the same holds for the utility

Zvij: Zvij—l-ZUij—l- Z Vij-

JEN JEST JES2 JEN\(S1US2)

Therefore, by every deviation the social welfare increases. Additionally the number of
partitions is finite and a maximum has to exist which corresponds to a Nash stable
solution.

The same result can be seen by depicting additively separable and symmetric games
by undirected graphs [Gairing and Savani, 2010]. A deviating player decreases the exist-
ing cut the family of which are finite and therefore has a minimum.

Therefore best response dynamics in this class of games leads to a Nash stable solu-
tion.

3.10 Fractional hedonic games

Forests

In simple symmetric fractional hedonic games which are represented by forests, that
is treelike connected components, the strict core is non empty. A way of choosing a strict
core stable partition is by running in each connected component breadth first search in
order to classify the nodes to layers, starting from an arbitrary node u. Hereafter for
each player belonging to the previous of the last layer a coalition is formed, which she
shares with her children. Then those nodes stop being on the tree. This procedure is
repeated until no node remains uncoalized.
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The strict core stability of this partitioning arises, as usual, from lack of deviation
incentives. For nodes being previous to the last layer, a better coalition means that their
father should be included, but in this case the children have their profit reduced. On
the other hand for the children to achieve a better utility means that they should be in
the same group with less siblings. However in this case the gain of the parent node is
trimmed. Thus there is no weak blocking coalition for this partitioning concluding the
strict core stability. The aforementioned reasoning holds for every step of the algorithm
and therefore for the whole partition.

Bakers and Millers

Another interesting situation which can be modelled by simple symmetric fractional
hedonic games is the Bakers and Millers setting. This framework is used to represent
situations where several classes exist and every player desires to be clustered with as
many people as possible, from classes different than hers. The title refers to Bakers
which want to not have fellow-craftsmen close, so that there is a reason for them to
produce bread and so that there exists sufficient wheat. On the other hand, Millers have
their own similar incentives to have a high ratio of Bakers at their vicinity so as their
products to be useful. The number of classes is not restricted to two. The representation
of the game can be done with an undirected graph, where each player is connected via
a 1 weighting edge with each player belonging to a different class.

For a partition 7 being in the strict core, assume a class 6 which has a greater analogy
in coalition S than in T, with S,T € 7 or |S|g|9‘ > ‘T|Q|9“ Suppose a player i € SN 4.

Obviously in coalition T will exist a category €' for which |S|g|9/‘ < |T|;?,| for

\Sﬁ91|+ +’Sﬁ9t\_’Tﬂ91’+ +\Tﬁ9t\
5] N S| S| N |5

We distinguish the case where |SN#'| = |T'N 6| = 0 and consider w.l.o.g. |S| < |T|, then
i has an incentive to move to T since T will have more members than S and ¢ will be
the only among them belonging to 6 or

Tt el 1 <|Smm
T T S|

the last inequality follows since |T%| > |S| and |S N @] > 1. Therefore i has by T her
utility strictly ameliorated. For the rest of the nodes of T" which all belong to different
than ¢ categories, the augmentation of their coalition makes them strictly better or
regarding types 6",
\Tﬂqu_miyq<miaq
T T S

where the equality stands for categories not represented in 7.

Without loss of generality, in case both S, T have representatives of type 6, that is
T'N6 # () then the scenario of ¢ substituting a player of the same type in 6 gives rise to a
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weak blocking coalition. To see that, assume j € § T, and ¢ taking its place in T'. The
resulting coalition is 7" = T~7 Ui and obviously 7" maintains the cardinality of 7" and
consequently the proportion of every category or |T"N#"| = [T'NO"|, V8"|0"NT # 0 and

‘TE,Q‘”' = |T|r;9|”‘, v0"16” N'T # 0. Although, representatives of categories different than

0 are indifferent between T, T”, player ¢ has his profit elevated by the deviation because

|Sm€]>|Tm91_|T’m0|
5] T "]

Therefore for the game not to have a weakly blocking coalition, |S‘g‘9| = |T|7r]|9 L is necessary.

Moreover, this condition is sufficient for having a non empty strict core. To see that,
take into account that when it holds for all types and coalitions in the partition 7, a
weakly blocking coalition T' cannot exist since it has to satisfy [T0@] - [m(DA6E)

T |7 (4)]
category 6(i) and lTT;l'(Z)‘ < |”(|17)rr(1§|(1)| for the rest of the categories. This is demanded in

| for

order for a player of category 0(i) to secure a higher profit than the currently equally
provided by every coalition and for players of the rest of the categories represented in T'
to not be harmed by the deviation. Nevertheless, adding those inequalities yields

Tne TNneo m(i)No w(e)Né

oo, L IT06l _m@nel, | lx)nel

T T =@ =@

since all coalitions share the same percentage of a category ’s representatives or W(Qr&?(i) =

%. But then 1 < 1 contradiction. The previous ascertainments lead to the following

result.

Theorem 3.10. For a game with preferences of the form of Bakers and Millers, a

partition S, ..., Sk is strict core stable if and only if for all categories 6 € {01, ...,0,} and
‘S1ﬂ€| o ‘Sgﬂﬂ

each two coalitions S1, 52 € Si, ..., Sk, ST = e

The condition of the theorem can be rewritten using the greatest common divisor of
the cardinalities of categories d = gcd(|61], |02, ..., |0¢|) as |S N 8| = ks|0]/d. Therefore
the most refined achievable partitioning 7 is received for ks = 1, VS € 7 and is unique.



Chapter 4

Deciding and computing stable
partitions

In this chapter we present the complexity of deciding and computing stable partitions
of concerning hedonic games.

4.1 General hedonic games

[Ballester, 2004; Aziz, Brandt, and Harrenstein, 2013]

Definition 4.1. We call HCORE, HNASH, HIS and HPER the problems of determin-
ing whether there exists a core, a Nash, an individually stable and a perfect partition
respectively, given an IRLC representation of a hedonic game.

We observe that the problems in definition 4.1 lie in NP for there is a certificate for
a yes instance of each of them that can be checked in polynomial time. For an HCORE
instance, having a core stable partition, takes polynomial time to verify it. Additionally
there is no certificate for a no instance to prove it core stable. The polynomial verification
procedure is presented in algorithm 5.

This procedure is obviously polynomial in the size of HCORE.

The problems given by definition 4.1 are very similar to the nature of the prob-
lem EXACT COVER, namely to decide whether a set of subsets C of a given set X,
includes a partition of X. To see that X corresponds to the set of players N of a
hedonic game and players are indifferent among all coalitions of C' in which they par-
ticipate. A modification which should be made for the full correspondence of the two
problems is the exclusion of having a core stable partition for N where a player j is
member of a singleton coalition while {j} is not a member of C. Consider for example
X = {u,v,w}, C = {{u,v},{v,w}}, N = {u,v,w}, then {{u,v},{w}} is a core stable
partition but w ¢ C. To avoid this mismatch between the two problems, we add for each
player j which does not appear in C, two children players j, and j, and the relative
preferences

{j7ja} " ja {javjb} " ja {ja}

37
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Algorithm 5: Algorithm for testifying whether a partition is in the core of an
HCORE instance.

input : An instance of HCORE and a partition 7 of its players

output: Characterization of the partition concerning core stability

1 for k=1 to |N| do
2 for coalition S | S > w(k) do

3 for player j € S|j # k do
4 skip <+ 0

5 if S >; 7(j) then

6 Continue;

7 else

8 skip < 1 ; break;
9 end

10 end

11 if skip == 0 then

12 return "7 ¢ core”
13 end

14 end

15 end

16 return "r € core”

{Jas dot =3, 13, 0} =5, {do}
Moreover the preferences
{J,dv}, = {4 dat- =5 {5}

are appended to players’ j RIRLC. Now if (N, ) is core stable, we observe that sibling
children nodes, should be coalized together alone. This property derives from the cyclic
nature of preferences concerning a father node along with its children. So the rest of
the players, namely the members of X are going to be partitioned according to some
members of C.

On the other hand, (N, ) has no core stable partition implies that members of C
cannot cover without intersections the set of players. The children players could form
sibling ’s dyads since none of the members of X prefers being with children nodes than
with other nodes in X.

Thus, the aforementioned process constitutes a reduction from EXACT COVER to
HCORE and since the complexity of the construction of (N, 7)) from EXACT COVER is
linear with respect to |X|, the reduction is polynomial. An appropriate length function
for EXACTCOVER is lengthpc = |C||X| while for HCORE lengthc = |K,.||N|, where
K. stands for the number of the different partitions in RIRLC. A specific upper bound
arises by observing that at most for every member of |X|, two more players are added
to |N| thus |N| < 3|X|. The number of coalitions which appear at RIRLC of HCORE
is Ke = |C|+ X(j3¢c 6 < |C| + 6|X|. Therefore a value not exceeded by lengthc is
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3IC|1X| + 6] X - 3|X| < 3lengthpe + 18|X|? < 3lengthpc + 18length?,, polynomial
in lengthpc. However, EXACTCOVER is shown NP-complete as it is among Karp’s 21
NP-complete problems [Karp, 1972].

The NP-completeness is also implied by the fact that the roommate problem, which
is the HCORE problem having preferences over coalitions of 2 players, is NP-complete
[Ronn, 1986].

Similarly HIS is in NP. To show that, consider that the verification whether a partition
is individually stable demands for every player ¢ € N to decide the existence of a coalition

Sern|iuS=;n(i),ST =; SVjeS.

A reduction proving the NP-completeness is the one made for HCORE. The results of
this discussion are summarized in the next theorem.

Theorem 4.1. The HCORE and HIS problems are strongly NP-complete.

Concerning the complexity of deciding whether a Nash stable partition exists for a
given instance of the game, observe that for every yes instance of the game, a certificate
7 exists such that it is verifiable in polynomial time that 7 is a Nash stable partition. The
verification is given in algorithm 6. The length function of this problem is also taken to
be lengthc. This algorithm requires O(|N|K,) steps, therefore it is polynomial in the size

Algorithm 6: Algorithm for testifying whether a partition of a hedonic instance
is Nash stable.
input : A hedonic instance (N, ) and a partition 7 of its players
output: Characterization of the partition concerning Nash stability

1 for k=1 to |N| do
2 for coalition S € 7| S # n(k) do

3 if S*t% 4 7(k) then

4 return " is not Nash stable.”
5 end

6 end

7 end

s return "m is Nash stable.”

of lengthc. The analogies between EXACTCOVER and HNASH are apparent. Let N = X
be the set of players of an HNASH instance and coalitions correspond to members of C.
Every player is indifferent among all coalitions he participates. For each i € X | i ¢ C
a player i* is added, the IRLC for which is {i*} and the following preference snippet is
appended to i’s IRLC ” >=; {i,i*} =; {i}”. We notice that in case there is no player who
can benefit by unilaterally joining another coalition, ”star” players are partitioned alone,
otherwise they would prefer to deviate at their singleton coalitions. Furthermore, "not
star” players are partitioned in coalitions corresponding to C, otherwise they would
deviate in {i,i*}. Therefore a yes instance for HNASH corresponds to a yes instance
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for EXACTCOVER. On the other hand, the absence of a Nash stable partition for the
hedonic instance induces an absence of a partition of X in C. The applied reduction
needs polynomial steps in the size of HNASH. We reach hence the following conclusion.

Theorem 4.2. The HNASH is strongly NP-complete.

Next, we turn our attention to the problem of determining whether a hedonic game
admits a perfect partition. We observe that the problem exact cover by 3 sets (X3C)
is reduced to our problem of interest. X3C is defined by a tuple (X,C), where X =
1,....3m,m € N* and C consists of subsets of X with cardinality 3 and the question
whether there exists an exact cover of X € C. Consider the hedonic game (N, R) where
N = X and for each player i the only individually rational coalitions are those in C,
in which they participate. Thus, by solving the HPER a solution to X3C is incurred.
However exact cover by 3 sets is proven NP-complete [Garey and Johnson, 1979], so
HPER.

Theorem 4.3. The HPER is strongly NP-complete.

The difference in the complexity of the roommate problem with and without indif-
ferences which in the first case is NP-complete while in the second belongs to P, makes
us suspend a difference in the complexity of the general hedonic game when preferences
are arbitrary and when they are strict. Definitely the problems remain in NP since the
verification procedure is the same despite the absence of indifferences.

The reduction of HCORE to HCORE without indifferences seems natural. The steps to
achieve it consist of the players of the new game and their IRLCs. The new set of players
will include players of HCORE with arbitrary preferences who have no indifferences in
their IRLCs. Their preferences remain the same. For a player u with indifferences let
k be the maximum number of same-preferred coalitions, then to the new set of players
the players ui, ug, ..., ux will be added. Every of player u to the IRLCs is substituted by
the set o players ui, us, ..., ux. Player u; prefers the i-th among initially equal coalitions,
where possible (the rule is not implemented in case less than k coalitions). The rest of
preferences of players uq,us, ..., u over formerly equally valued coalitions are random
and strict preferences are retained. Finally the preference to the singleton coalition is
appended for each player lacks one.

We now observe that if an instance of the reduced problem is core stable then the
same holds for the target problem. The reason is that the reduction incurs no changes
in the order of preferences so players becoming from substitutions could only benefit
from a coalition where all substitute players of one of the reduced game, are in the same
coalition. However for S; ~, S;, player u; would prefer S; after the substitution while
player u; would prefer S;.

On the other hand if an instance of the initial problem has a non empty core then
the same holds for the target problem. There are two cases. Either the deviators will be
non substituted players, thus the deviation will also take place in the new problem or
the deviators include players from substitutions who will deviate together as a preferred
coalition for their parent node will also be beneficial for them. Having those said, the



4.1. GENERAL HEDONIC GAMES 41

hedonic game with strict preferences has a non empty core if and only if the initial
hedonic game has a non empty core.

This reduction is polynomial in lengthc observing that the new number of nodes is
at most |[N'| = |N|k and K. < K.+ |N’| after the addition of the singleton coalitions.
Therefore the length of the resulting instance will be lengthly, = |N'|K. < |N|k(K. +
IN|k) = k - lengthc + |N|?k?. Thus we deduce the following result.

Theorem 4.4. The HCORE with strict preferences over coalitions is strongly NP-
complete.

For the HNASH with strict preferences problem a reduction similar to the one given for
HNASH is at our disposal. The set of players IV consists of the elements of X. Every mem-
ber of C is transformed to a coalition in the RIRLCs of players participating to it. The
preferences of players among those coalitions are random and strict. In every coalition
emanating from C, for every player u we add the player u; in the same coalition. Thus
the image of C' = {(u,w), (u,v,z)} in HNASH with strict preferences for player u would
be: (u,uy, w,wy) >y (w,u1,v,v1,2,21) or (u,ur,v,v1,2,21) =y (u,u1,w,w;). Moreover
for every set (u,u1) | {u} ¢ C the pair (u*,u}) is added and their IRLCs is elongated
by entailing the preferences =, {u,u*} >, {u,u1} and =, {ui,uj} =, {u,u1}. Star
players have no other preferences than being alone. To ensure the representation of our
game with IRLCs the stand alone coalition is entailed where needed.

The existence of a partition of X in C' means that the corresponding coalitions in the
hedonic game constitute a Nash stable partition for every player u because she desires
to be with her counterpart w1, so unilateral deviations are out of the question. Moreover
the absence of partitions of X in C' means that some player u is coalized either alone,
or along with his partner, thus (u,u*) is a blocking coalition, or is coalized with «* and
{u*} is a blocking coalition. Thus we deduct the equivalence that iff a partition for X
exists in C then the corresponding hedonic game has a Nash stable partition.

In order to check the complexity of the reduction the following observations are
made. The cardinality of N for the HNASH with strict preferences instance created is
|N| < 4]X]|. Concerning the number of coalitions, it is K. < |C| + 4|X|. Hence for the
length function of the target problem holds

lengthy = |[N|K, < 4|X||C| + 16| X|? < 4lengthpc + 16length%.
Therefore the reduction is polynomial in the length of the initial problem.

Theorem 4.5. The HNASH with strict preferences over coalitions is strongly NP-
complete.

The determination of the existence of an individually stable partition is shown to be a
problem as difficult as the hardest NP problem by a reduction using elements of previous
ones which takes advantage of the relevance to the problem EXACTCOVER. Again we
consider elements of X as players and we add a partner u; V u € X. Subsets of X € C
give again rise to coalitions with random strict preferences for each player participating
in them. In those coalitions every appearance of a player u incurs the incorporation of
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u1 in the team. The preference snippets introduced in the previous reduction are again
present but instead of engaging star players, cyclic families {u, ugq, up} and {uy, uiq, uip}
for each uw or u; such that {u} ¢ C are used. Moreover, the corresponding preferences
over the cyclic families are added as in the reduction used for HCORE. Now if there is a
partition of C', the players are going to be coalized along with other players from X and
the respecting partners (players with subscript 1). The rest of the players will compose
groups of the form (ug,up) and (w14, u1p). The former player partitioning is Nash stable
as no unique player can ameliorate her welfare since no player is going to move without
its partner and for children of cyclic families (a,b players) there is no more preferred
coalition than (u,,up), reachable by a unilateral deviation.

The cardinality of the set of players of the target hedonic game is bounded, namely
|IN| < 4]X| and the coalitions of the hedonic game are limited by the inequality K. =
|IC| + Z{j}¢c 12 < |C| + 12|X|. Hence the length of the target hedonic game is

lengthrs = |N|K. < 4| X||C| + 48| X |? < 4lengthpc + 48lengthq
therefore polynomial in the length of EXACTCOVER.

Theorem 4.6. The HIS with strict preferences over coalitions is strongly NP-complete.

4.2 Anonymous preferences

The previous results hold also when preferences are anonymous (definition 2.3). We
consider such games in the formation of RIRLSs, namely represented by individually
rational lists of sizes. Players instead of expressing their preferences on specific coalitions,
maintain a valuation over the coalition sizes.

Starting with the HCORE we observe that this problem remains in NP having no
more complexity, because of anonymity, in testifying whether a given partition is core
stable or not.

Having a general hedonic game (N, 77), the individually rational coalitions are sorted
in increasing order of size (51, ..., S¢). In order to construct an anonymous game, every
coalition is assigned a value according to the formula

1 Sl =1
o(si) = i
max{v(S;_1) + 1,|S|} else

and we add for every coalition S;, n; = v(S;) — |5;| extra players [y, ..., [, in order for the
values to match with the number of members. The coalition preference profile of players
are transformed to length preference profiles and RIRLC to RIRLS. The preference
profiles of extra players I; | [ € {1,...,L}, i € {1,...,n;} are v(S;) >;, 1. Hence a pseudo
anonymous preferences game, that is, a game where no same cardinality coalitions exist,
arises.

Having now a partition of the initial game we map each coalition according to the
value function, namely S; — S; U {l1, ..., 15, }. We observe that if a partition 7 in the
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original game is not core stable, that is, there is a coalition S | S >; m(j)Vj € S then
the same holds for its image in the target game.

Conversely, in case there is a blocking coalition for a partition of the target game
there equally exists a coalition more profitable for all players participating in it, in the
initial game.

The anonymous preferences game has |N'| < (|N| + C)C and C + |N’| coalitions so
the mapping procedure of the initial to the target game is efficient.

Theorem 4.7. The problem HCOREAN (HCORE with anonymous preferences) with or
without indifferences, is strongly NP-complete.

Let us turn our attention to Nash stable hedonic games with additive preferences.
Since the verification of a partition being Nash stable is analogous to that of the general
HNASH problem, with the slight modification that the check is done in RIRLS, the
HNASH with anonymous preferences or HNASHAN is in NP.

On the way of a reduction from EXACTCOVER to HNASHAN, we call m the quan-
tity of elements {j ¢ C} of X. We assume m > 2 observing that for smaller values
EXACTCOVER € P. After sorting the members of C in the increasing order Si, ..., S,
we assign a value in every distinct S; as

1 S| =1
v(51) =
max{m + 2,v(S;—1) + 2,|5;|} else

For each player u the preference profile is defined randomly over the values v(S)) | u € S;
given that the representation remains rational, that is singleton coalitions are placed at
the rightmost position of IRLS. Choosing the minimum distance of two successive non
singleton coalition to be at least two, the singleton deviations of players which correspond
to members of X, are excluded. Aiming to neutralize Nash stable partitions where a
player j | {j} ¢ C participates, a Nash penalizing component is used

m=;m—1=;m—=2=;...=;2>;1,i=1,....m

2m+1)—j>=1,j=m+1,..,2m — 1.

The first line of this component is appended to the preference profile of each j | {j} ¢ C.
Moreover, a set of m — 1 players {p1,...,pm—1} is incorporated to the game, preferring
coalitions as shown in the second line of the Nash penalizing component. Furthermore,
in order for the values to correspond to numbers of players, extra players are added as
in the previous reduction, namely for each S, it is n; = v(S;) — |'S;| and players l1, ..., [,
join the game. The preferences of those extra players are given by the profile v(S;) >, 1.

Supposing there is a partition 7 of X such that X € C', we consider the corresponding
mapping to a partition instance of the hedonic game. Players u | {u} ¢ C are going to
be partitioned to a coalition of size > m + 2 along with the corresponding extra players.
The native players, namely those who stem from elements of X, will not deviate since
other possible better coalitions for them have sizes larger more than a unit. The extra
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players will not have an incentive to deviate since they are all in their favourite valued
coalitions. Finally among the m — 1 players {p1, ..., pm—1} exist preferences for sizes from
2(m+1)—(2m —1) =3 to 2(m + 1) — (m + 1) = m + 1, thus no motivation exist for
them to deviate while the existent coalitions have unitary or > m + 2 sizes.

Besides, if there exists a Nash stable partition of the hedonic game, native players
for which j | {7} ¢ C must be partitioned to a coalition of more than m + 2 participants
otherwise some of the penalizing players {pi1, ..., pm—1} will have incentives to deviate.
The same holds for players j | {j} € C, they only prefer coalitions of size > m + 2.
Finally, extra players would like to be at the coalitions for which they were created or
else alone. So considering the partition of N and ruling out p-players and extra players
we acquire an exact cover of C' by native players.

As far as the complexity of the reduction is concerned, |N| < |C|(|X]| + 2|C|) +
| X|+|X| -1, K. < |C| +2|X]| leading to the inequality lengthy = |N|K. < |C]?|X| +
4ICPHX]| + 2|C)2 + 2|C||X |2 4 2|C)|X|? + 4| X|* — 2|X| — |C| = poly(lengthpc) where
lengthy stands for the length function of HNASH with anonymous preferences.

Theorem 4.8. The problem HNASHAN with or without indifferences, is strongly NP-
complete.

Adjusting the analysis to the existence of individually stable partitions, the procedure
for certifying whether a given set of coalitions constitutes a yes instance for HIS with
anonymous preferences or HISAN is given in algorithm 7.

Algorithm 7: Algorithm for testifying whether a partition of a hedonic game
instance with anonymous preferences is individually stable.

input : A hedonic instance (N, ) and a partition 7 of its players
output: Characterization of the partition concerning individual stability

1 for k=1 to |N| do
2 for coalition S € 7| S # n(k) do

3 if STF =) 7(k) && ST* =, foreachj € S, j # k then
4 return "7 is not individually stable.”

5 end

6 end

7 end

s return "m is individually stable.”

This check needs polynomial number of steps in the length of HIS, thus HISAN € N P.

For the other stage of NP-completeness proof EXACTCOVER is once more employed.
Calling m the number of elements j € X | {j} ¢ C, after removing duplicates from C
its elements are sorted in increasing order 51, ..., St and each is assigned a unique value
according to the formula

1 1S =1
v(S1) =
max{m + 64,v(S;-1) + 2,|S1|} else
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Native players are the elements of X who maintain arbitrary preferences over sizes v(.5;)
for all S they participate in. Extra players l1, ..., l,, are added to match S; to size v(S))
preferring v(S;) >=;, 1. Another set of 62 players {1, 2, ...,62} is added having preferences

64+m>=12>=17>16>11

T>02%9b564+m>=955+m o1

2>3T7>36>31

T=i6>=;5m=;4>=;3>=;2»;1,1=4,56,7,8
62+m>=;61+m>=;60+m>;...=;2>;1,1=9,10,...,62+m

Excluding the case m = 0 we append for each j € X | {j} ¢ C, the preference
snippet >; 62 +m >; 61 +m >; ... =; 1. Now following the same arguments as in
the proof of proposition 2.3 we conclude that if there is no partition of X € C, there
is no individually stable partition in the target game. On the contrary, a yes instance
for EXACTCOVER implies an individually stable partition for the hedonic game with
anonymous preferences where players {pi, ..., ps2} are coalized in a group of their own.
The complexity of the conversion between the two problems requires polynomial time.
The cardinality of the new set of players is |[N| < |X| + (64 + 2|C|)|C| and of the set of
coalitions is also polynomial with respect to lengthgc resulting to a polynomial bound
of lengthrg in lengthgc.

Theorem 4.9. The problem HISAN with or without indifferences, is strongly NP-
complete.

4.3 Additive and symmetric preferences

[Gairing and Savani, 2010], [Gairing and Savani, 2011]. As mentioned in chapter 3, a
category of hedonic games assuring the existence of stable outcomes is that of symmetric
and additively separable ones. This species is chosen in order to examine the complexity
of finding an immune coalition structure, against deviations under various entering or
leaving restrictions.

Firstly the case under no restrictions is taken under consideration.

Definition 4.2. We call NASHSTABLE the problem of finding a Nash stable partition
in a symmetric additively separable hedonic game.

A reduction from PARTYAFFILIATION problem seems “natural”. Starting with a
weighted graph G(V, E,w) representing the instance of PARTYAFFILIATION, we add
two extra nodes to play the role of poles. To achieve that property, each i € V is
connected to the two poles by edges weighting W > Zj | (i’j)eEw(i,j), which give her
unrivalled incentives to coalesce with at least one of them. To keep the poles in sep-
arated coalitions, they are connected by an edge weighting —M with M being bigger
than any possible gain for them in the game, namely M > |V|W. Therefore, finding a
Nash stable partition for the constructed game provides a stable solution for the original
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game and the other way around. Taking under consideration that PARTYAFFILIATION
is PLS-complete follows that

Theorem 4.10. NASHSTABLE is PLS-complete.

Next we turn our attention to games allowing under terms the deviation of a player
who prefers another coalition than the one she belongs to.

For the vote-in case we observe that starting from the problem
ONEENEMYPARTYAFFILIATION, represented by graph G, we can interpose be-
tween each two negatively connected nodes a, b, 2z extra nodes, and connect x of them
via an § weighting edge with a and via a € weighting edge with b. The connections of
the rest = is done vice versa, namely they are connected to a via an € weighting edge
and with b via a § weighting edge. The used weights are chosen so that in a stable
coalition structure half of the extra nodes are connected to a and the rest to b and
moreover so that their existence does not change the preference profiles of nodes a,b
concerning the original nodes. To achieve this objective it is taken 0 < § < e. The
gadget is demonstrated in fig. 4.1.

Figure 4.1: Vote-in block for negative edges.

Using this construction, the affiliation of every coalition is allowed when the required

approval percentage for the annexation of a player in a group is at most the ratio of the
S
Additionally two supernodes, as in the discussion of theorem 4.10 was de-
scribed, are added. Hence a stable coalition structure for VOTEIN is also stable for
ONEENEMYPARTYAFFILIATION and vice versa. The reduction is polynomial unless
T;» = 1 in which case the problem identifies with that of finding an individually stable

partition. We thus conclude that

maximum degree of G, A(G) minus one over the maximum degree, or T}, <

Theorem 4.11. For voting threshold in [0,1) VOTEIN is PLS-complete.

For the counterpart of VOTEIN, namely VOTEOUT, there is a known reduction from
a PLS-complete problem only assuming that the number of coalitions is predefined.
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The reduced problem is ONEENEMYNASHSTABLE. For each player there is at most
one partner with whom he would not make a pair coalition. That is for each player v,
{ulvy(u) < 0}] < 1. In order to adapt this model to k-VOTEOUT, a ratio of supporters
of no matter which extraction, greater than T,,;, is demanded. Therefore we need in
each coalition z new nodes connected with every original node by a negative edge —e,

where T
€T out
ST s> AG)
$+A(G) - t v ( )1_Tout

A(G) is a the maximum degree of a node in graph G. Aiming at assuring that those
nodes are equally divided to the k coalitions, we form x complete graphs, each containing
k of them. The edges of the complete graphs weight —M, where M > €|V|. By this
construction there is no player restricted from deviating, hence a stable solution to the
target problem means also a stable partition for the initial problem and vice versa.
Having added a proportional to the number of players bundle of nodes, the reduction is
polynomial to the length of the initial problem.

Besides ONEENEMYPARTYAFFILIATION reduces to ONEENEMYNASHSTABLE by in-
corporating in the graph of the first, two supernodes polarizing all the rest. Each stable
instance of ONEENEMYNASHSTABLE will have only two coalitions and will also be a
valid stable outcome for the party affiliation problem with one enemy. It follows then
that

Theorem 4.12. For voting threshold in [0,1) k-VOTEOUT, k > 2 is PLS-complete.

The vote-in problem with insertion threshold 7T;, = 1, in other words
the problem of finding an individually stable partition, can be proven hard
by reducing ONEENEMYPARTYAFFILIATION* to it. This problem identifies with
ONEENEMYPARTYAFFILIATION with the property that no player is equally satisfied
to the two coalitions that consist a stable partition. In order to represent a negative
edge which does not allow both sides transfers, in the framework of individual stability,
we use the gadget appeared in fig. 4.2.

The number of coalitions is restricted to four {0,1,2,3} by using equal number of
supernodes connected in a complete graph with large negative edges and connected with
the original nodes by large positive edges constituting absurd the abstention from a
cooperation with one of them. The original nodes belong to either 1 or 2. Node ¢ has
the choice to join either coalition 2 or 3 while a’ and ¥’ are qualified for 0,1,2 and 0,1,3
respectively.

Now assuming that a stable partition for INDIVIDUALLYSTABLE is unsta-
ble for the initial problem, a node « will be able to increase its profit in
ONEENEMYPARTYAFFILIATION* being at the same time individually stable in the tar-
get game. The interesting nodes for checking this possibility are those having a negative
link to the coalition they intend to deviate to, because the other have obviously same
incentives in both problems.

Consider that o can improve, then c is biased to 3 and o is biased to 2. If b can also
improve, V' is biased to 3 but then ¥’ is coalized with ¢ and would deviate. Then b cannot
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Figure 4.2: Individual stability block for negative edges.

improve, so b’ is biased to {0,1} which is followed by b = —b'. Now if o # b, & = ' and
the deviation of « in the initial problem, incurs an amount of degradation w to his profit
with respect to b. So in the target problem a would prefer to lose the profit earned by
his connection with & of amount w in order to benefit from the greater surplus of the
rest of his connections after joining b. Therefore « is not stable neither for the target
problem.

On the other hand in case where a = b then in the original problem, «’s deviation
gives him an augmentation with respect to b of the magnitude of w since she avoids a w
negative partner. Subsequently in the target game it is also beneficial a deviation of «
which leads to the same augmentation with respect to b. Again instability of the target
problem is implied contradicting our assumption.

Therefore, the reduction is completed and is polynomial to the lengthorppa« since
less or equal to %3 -+ 4 new nodes are added. So as ONEENEMYPARTYAFFILIATION*
is shown PLS-complete in [Gairing and Savani, 2010] we reach to

Theorem 4.13. INDIVIDUALLYSTABLE is PLS-complete.

Turning our attention to sum-in-out problems, starting from a PARTYAFFILIATION
instance described by G = (V, E, w) with negative integer weights, two supernodes are
introduced which are connected to each initial node with edges of importance =3+ + %,
where o; is the sum of weights of edges incident to player ¢ in PARTYAFFILIATION
instance. The supernodes are playing the role of poles and in order to remain separated
are connected with an enormously heavy edge of weight —M,M > Y. (=2 + 1).
Having created the SUMCIS instance, if this is stable, assuming there is a player u wanting
to deviate in PARTYAFFILIATION means that for her utility vy, (m(u)) < vy ((7(uw)) ),
where the superscript ¢ denotes complement with respect to the complete set of initial
nodes V. Since the weights are integer, the minimum possible incentive for deviation
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Algorithm 8: Look at and Bias for gadget replacing negative edges.

1 if a can improve then

2 bias ¢ to 3

3 bias o/ = 2

4 else

5 bias o/ to 0,1
6 bias ¢ to 2

7 end

s if b can improve then
0 bias o/ = 3

10 else

11 bias b to 0,1

12 end

is 1. In this case the same player in SUMCIS instance would have at most total utility
g 14+ =%+1=—120and by deviating at least 3 + 5 + =% + 1 = 3 > 0. Thus
an instance of the original problem is unstable only when the same holds for the target
problem and on the grounds that the procedure followed for the parallelization of the
two problems was polynomial in the length of PARTYAFFILIATION, we come up with
the following result.

Theorem 4.14. SUMCIS is PLS-complete.

Given that a Pareto optimal partition exists for every hedonic instance we define the
problem of finding such as HPAR.

Definition 4.3. We call HPAR the problem of finding a Pareto optimal partition for a
given hedonic instance.

Combining theorem 4.3 with theorem 3.1, a measure of the complexity of the problem
of finding a Pareto optimal partition for a given instance, given that such exists, arises.

Theorem 4.15. The HPAR problem is TFNP-hard.
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Chapter 5

Hedonic clustering

Clustering is the process of partitioning nodes of a network according to their similar-
ity measured via an index. Two noncooperative and a cooperative clustering frameworks
are examined.

5.1 Correlation clustering

[Feldman, Eytan, and Naor, 2015]. In this setting the number of clusters is not fixed.
Every player v has a weight w as a measure of his influence. The similarity between
two players u, v is depicted in the distance metric d(u,v) € [0, 1], with near zero values
meaning resemblance and near one, contrast. In case where each agent v may desire to
minimize her cost

> uec, Wad(u, v) + Zum wy (1 — d(u,v)),
the social cost is the total cost paid by all players. When the players intend to maximize
their utility

ZuGCU ’U)u(l - d(u7 U)) + Zu¢CU wud(ua U)?

the social welfare is the total utility accumulated by the entirety of the nodes. The
aforementioned variants exhibit duality. An example of correlation clustering is kids
wanting to play in the school yard. No matter how many, the more similar their age, the
more easy they play a game together. Another one is the faculty of a university which
makes a plan for the optional courses offered by the institution. Professors who have
common background and interests form clusters which give rise to a bunch of courses of
high similarity which are grouped in branches.

Lemma 5.1. A clustering is a Nash equilibrium for the minimization setting iff it is for
the mazimization one.

Proof. Consider a clustering of a game then summing up the cost of a player v supposing
minimization incentive and the profit assuming maximization, we get )y, w,, where
V is the set of the nodes of the game. Therefore a profitable change of strategy for the
maximization variant incurs a reduction of the cost of the minimization variant. O

51
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A correlation clustering game is an additively separable hedonic game but the reverse
is not true. Consider a correlation clustering game. It can be reduced to an additively
separable hedonic game by adopting for each player i the value function v;(j) = w;(1 —
2d(i, j)) for every other player j. Supposing a partition, the total profit of player i in the
correlation clustering game is

> wi(l—d(i,j)) + X wid(i,j) = > w;i(1—2d(i,5)) + > w;d(i,j)
jeC; j¢C; jeC; JjeEV
i i i#j i

and in the additively separable hedonic game is

Z wj(]- - 2d(17]))

JEC;

i#]
The difference between the two profits is a constant term depending only from player
7 and not the partition. Therefore the two games have the same set of Nash equilibria.
The observation applies also to the minimization variant through the correspondence
with the maximization variant resulting from lemma 5.1. However additively separable
hedonic games are likely not to have Nash equilibria [Gairing and Savani, 2010].

Example 5.1. Consider a three player game with the valuations indicated in table 5.1. It
can easily be seen that it is additively separable, though there is no Nash stable partition.

Table 5.1: Additively separable game.

On the contrary every correlation clustering game has a NE and players performing
their most profitable moves in random sequence is guaranteed to reach it. This can
be shown using a potential function which gives lower values as players make moves
improving their cost.

Theorem 5.1. There always exists a Nash equilibrium of a correlation clustering game
and best response dynamics always stabilize to such a state.

Proof. Starting with the minimization variant let us consider the potential function

D1 =2 v wo(Xuee, Wud(w, ) + g0, wull = d(u,v))).

and a best response move by player v. The portion of ®; that is affected by that move
is that consisting of the edges adjacent to v and their total contribution to ®; is

2wy (X yec, Wud(u, v) + 32,00, wu(l — d(u, v))).
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The quantity in parentheses always reduces following a best response move of v which
diminishes its cost, hence the game reaches a Nash equilibrium, succeeding a row of best
response moves, since the game is finite. The strength of the theorem for the maximiza-
tion variant comes from the duality of the two variants which is shown in lemma 5.1. [

Although there exists Nash equilibria for every correlation clustering game, their
computation is not "very easy”. Specifically it is PLS-complete. For the required reduc-
tion, a bound on the distance of two coclustered nodes in Nash equilibrium, as a function
of their and their coalition weights, is needed. This bound is a consequence of the fact
that the two nodes do not start their own coalitions.

Lemma 5.2. If there exists a Nash equilibrated partitioning where two nodes u,v are
Wy +Wy

clustered together in coalition C then d(u,v) <1 — TR

Proof. For u not having an incentive to deviate to a singleton cluster it is
Y wpd(u,w) < > wy(l = d(u,w)) or 2 > wyd(u,w) < W(C) — w(u). Similarly
welC

welC welC

wH#u wH#u wH#u

for v, 2 > wyd(v,w) < W(C) — w(v), where W(C) denotes the total weight of coali-
wel
wWHV

tion C. Adding the two inequalities and dividing by two leads to

Wy + Wy

< _u T Tv

E wyd(u, w) + g wyd(v,w) < W(C) 5
wel weC
w#EU WAV

Introducing the triangle inequality d(u,w) + d(v,w) > d(u,v) produces

wyd(u, v) + wed(u, v) + Z wyd(u,v) < W(C) — w
wel
WHU,V
or N
W(C)d(u,v) < W(C) =
or N
Wy + Wy
<l————.
dluv) < 1= S0

O]

As presented in chapter 4, computing a Nash equilibrium for additive hedonic games
is PLS-complete. Here another reduction is given, starting from a satisfiability problem.

Theorem 5.2. The problem of computing a Nash equilibrium for a correlation clustering
game is PLS-complete.

Proof. Obviously it is a PLS problem. The hardness can be shown via reduction of the
PLS-complete problem POS-NAE-3SAT (positive not all equal 3 satisfiability) [Schéffer
and Yannakakis, 1991] to the correlation clustering game. In POS-NAE-3SAT we are
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given a formula consisting of clauses. Each clause has its own weight and 3 logical
variables, none of which is negated. After the truth assignment to the variables, the
satisfied clauses are those who don’t have 3 same values for its variables. A locally
optimal solution to the problem is one in which no flip of the value of a variable can
increase the total profit, namely the sum of weights of the satisfied clauses.

Note that an instance of POS-NAE-3SAT can be shown as an instance of a correlation
clustering game:
Consider a node for every variable and add two extra nodes c1, co representing the truth
and false assignment respectively. The distance between a node u; and the extra nodes
is d(ug,c1) = d(ug,c2) = 3 — m resulting to d(cj,co) = 1 — m, where d(,)
denotes the metric distance. This magnitude prohibits c;, c3 to share a cluster in a Nash
equilibrium according to lemma 5.2. Thus at least two clusters are formed. The distance
between two nodes corresponding to variables u;, u, is defined as %—i— 1;7(1951/2‘//) , where w(z, y)
denotes the total weight of clauses where z,y coexist, W the sum of the weights of all
clauses and n the number of logical variables.

There are going to form exactly two clusters, one containing ¢; and the other con-
taining cs. Aiming at a contradiction suppose a node u, is clustered apart from both

c1,¢2. An upper bound of its profit is

1 1 1 w(z,y) n+l n-—1 1
P e — = < -
[2 4(n+2)} * 6;{}[2+ 5n2W] e T Ty
yeV—{z

On the other hand by deviating to a cluster having a ”c node” the minimum of the profit
received is

e R Gl [N N G e

yeV —{z}

The nodes which share a cluster with ¢; have their variables assigned the value truth,
while the nodes being in the same cluster with co are assigned the value false.

We claim that each Nash equilibrium of the clustering game corresponds to a lo-
cal optimum for the POS-NAE-3SAT problem. Indeed insisting the opposite leads to
contradiction. Let’s see it. Assume that having a Nash equilibrated clustering & the
corresponding truth assignment v is not locally optimal. Then there is another truth
assignment 1)’ which provides higher profit than v and is derived by flipping the value
of one of 1) ’s variables x. Let & be the corresponding partition of 1)’ which is acquired
by the deviation of a node u; to the opposite cluster. Since £ is a Nash equilibrium, &’
should give less or equal profit than £. By defining

o Wj the total weight of clauses satisfied by ¥ where x belongs and is assigned by ¥
different value from the other two,

o Wy the total weight of clauses not satisfied by 1, where x belongs,

o W3 the total weight of clauses satisfied by v where x belongs and the other two
variables are assigned different values by .
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The difference to the gain achieved by ¢ and 1’ is Wi — W5 and is negative. The
profit of the deviating node wu, in £ by the nodes ¢, cs is

iwr) - G

An edge adjacent to u, connecting it with nodes of the same cluster contributes to u;’s

profit
1 w(z,y)
1—1( = .
(2 + 5n2W >

The total utility of all those edges, denoting their cardinality with ¢, for u, is

£ 2Wso + W3

2 5n?W
And analogously for the edges connecting u, with nodes of other clusters

n—1—€+2W1+W3
2 5n2W

Summing up the profit of u, in £ gives

TL+1+ Wy — Wo
2 5n2W

In a similar manner, the utility of u, in &’ is

n-+1 Wy — Wh
2
2 + 5n2W

However the later is greater than the profit of u, in £ due to W7 — W5 < 0, contradicting
that &€ constitutes a Nash equilibrium. Therefore the assignment 1 is a local maximum
for the formula. O

Having ensured that the game always converges to a Nash Equilibrium we go on to
examine the price of stability. In the special case of uniform weights w, we can have
stability free of charge. This can be seen by tuning the weights in the potential function
®; of theorem 5.1, yielding

oy (F)=w? ) | Y dw,v)+ D> (1 —d(u,v))

veV \ueC, ugCly

Notice that ®1 = w- (Social Cost). The quantity in parenthesis is reduced on every best
response move. So the optimal solution is a Nash equilibrium which provides a unitary
price of stability. This holds also for the minimization variant due to lemma 5.1.

Lemma 5.3. In the case where all node weights are identical, the price of stability is 1.
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In the general case of arbitrary weights for every node the price of stability differs
between the minimization and the maximization variants and can be strictly larger than
1. Consider the example of a complete graph of three nodes K3 as shown in fig. 5.1.
The only Nash equilibrated clustering is that of a common coalition of the three nodes,
however the optimal solution is that of the higher weighted vertex joining a low weight
one. For the minimization version of the game the Nash stabilized partitioning exhibits
5.6 social cost while the optimal one produces 5.4, leading to 1.037 price of stability.
Moreover for the maximization variant the values are 6.4, 6.6 respectively, leading to an
overhead ratio for stability 1.031.

w,=4
04 0.4
0.8
w,=1 w,=1

Figure 5.1: Graph with price of stability > 1 for correlation clustering.

The next interesting question is how suboptimal a Nash stable solution can be. To
prove our first result we need a bound similar to that of lemma 5.4. In case where there
is a Nash equilibrium having two nodes separated, their distance is at least half the ratio
of the sum of their weights over the sum of the weights of their coalitions. This bound
cannot be violated otherwise the nodes will prefer to join each other ’s cluster leading
to an abolishment of the equilibrium.

Lemma 5.4. If there exists a Nash equilibrated partitioning where two nodes u,v are
separately clustered then d(u,v) > 2(w(wu+wv

Cu)+w(Cy))
Proof. For player u to have no reason to join v’s coalition it has to be
> wed(u,2) + > w(l—d(u,2) < D wo(l—d(u,2) + > wad(u,2)

zeCy zeCly zeCly zeCly
zF#u zF#u

and by merging common terms

2 Z wyd(u, z) + W(Cy) <2 Z w.d(u, z) + W(Cy) —wy

zeCly 2€Cy
z#u

a similar inequality holds for v

2 " wd(v,z) + W(CW) <2 w.d(v,2) + W(Cy) — wy.

ZEC’U ZECu
z#£v
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Adding the last two results and dividing by two leads to

Wy, + W
E wyd(u, 2) + E w,d(v, z) < g wyd(u, z) + g wzd(v,z)f%
2€Cy, 2€Cy 2€Cy 2€Cy,
zF#u 2#v

Introducing the triangle inequalities d(u, z) — d(z,v) < d(u,v) and d(v, z) — d(z,u) <
d(u,v) produces

w < Z wyd(u,v) + Z wod(u, v) + wyd(u, v) + wyd(u, v).
zeCly 2€C,
zF#U 24V

Identifying at the right hand side the product (W (C,,) + W (C,))d(u,v) we conclude

Wey, + Wy

= 2(W(Cy) + W(Ch)

d(u,v)

O]

Theorem 5.3. For the special case of identical weights w the price of anarchy is upper
bounded by n — 1.

Proof. Consider two partitions, a Nash equilibrium £ and an optimal solution O. Con-
sider also an edge e of the complete graph K, of all nodes. If the edge connects two
coclustered nodes in £ and also in O, then the cost it introduces to both is equal, with
zero contribution to the augmentation of the price of anarchy. The same impact on PoA
has an edge which connects nodes which are separately clustered in both £ and O. The
source of raising of the social cost can be

1. an edge e connecting two nodes in the same cluster in £ which are in different
clusters in O and conversely

2. an edge e connecting coalized together nodes in O which are in different clusters
in £.

In case 1 the social cost of e in & is 2wd(u,v) while in O is 2w(1 — d(u,v)). From

lemma 5.2 holds d(u,v) < 1— ‘;5{8’)” which leads to d(u,v) < 1— 1. As a result the cost

of the Nash equilibrated partition is at most 2w(1 — 1). On the other hand the cost of
the optimal solution is at least 2w%. The ratio of the contribution of e to the social cost
in these two cases is at most n — 1.

In case 2 the cost that e contributes in & is 2w(1 — d(u,v)) while in O is 2wd(u, v).
According to lemma 5.4, d(u,v) > W‘% or d(u,v) > % Conclusively the max-
imum cost of e in & is 2w(1 — %) while in O is at least 2w%. So the ratio of the costs of
e in £ and in O is at most n — 1.

Thus the price of anarchy is at most n — 1. O
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Permitting some “anarchy” in the weights, namely considering arbitrary node
weights, results in the elevation of the upper bound of the price of anarchy which is
quadratic with respect to n.

Theorem 5.4. The price of anarchy of the minimization variant of the correlation
clustering game with arbitrary weights is O(n?).

Proof. Using the reasoning elaborated in the proof of theorem 5.3, we distinguish two
groups of edges.

e The first contains those who connect nodes that are clustered in the same way by
the Nash equilibrated state £ and an optimal solution O that is, if the nodes are
in the same cluster in &£, they are also in the same cluster in O and if they are in
separated clusters in £ they are also clustered separately in O.

e In the second group of edges belong those who connect differently clustered nodes
by € and O. That is, edges that are coclustered in £ are not in O and vice versa.

Let the total contribution of the first group to the social cost of £ be D.
For an edge e of the second group, its contributed cost to £ according to lemma 5.2

will be upper bounded by (w, + w,) (1 — “5;1}'&“;) in case the nodes are in the same

cluster C' by £ and according to lemma 5.4 at most (w,, +w,) <1 - W‘%) when
the nodes are not coalized in £. Thus, in both the latter cases the contribution of e to
the social cost in £ is at most (w, + w,) — %, where V' is the set of nodes that
have not exactly the same coalition in £ and in O.

Taking under consideration that the cost of e in O is equal to (w, + w,) minus the

cost of e in £ we get that the price of anarchy of the game is upper bounded by

Wy T Wy 2
D+ ZquE’ (wu + wv) B %]

U+ v 2
D + ZquE’ %

Notice that w, + w, — (wutwe)® ~ (Wutwe)® oy orefore

2w(V') = 2w(V)

Wy Wy )?

Pod < ZquE’ (wu + wv) B W
- Z (wu+wv)2
wek’  2w(V’)

= 2w(V’) e (Vut wU)Q -1
EUUEE’ (wu + ’U)wu)
— 2'ZU(VI)’EI| EquE’ (’U}u + w'b') 1

ZuveE’ (wu + wU)Q ZuUEE’ 1
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where E’ is the set of edges connecting nodes i, € V',i # j. Implementing Cauchy -
Schwartz inequality, stating that for any two sequences a;, b;

n n n 2
i=1 =1 =1

yields
!’ U v 2 ! El
POASQU)(V’)‘EW ZU’UGV (UJ +w )271: QU(V)| | _1.
(X uvev (Wu +wy)) 2 uvey (Wu + wy)
It holds that Y-, c g (wu + wy) > w(V’). Hence PoA < 2|E'| — 1 = O(n?). O

For a lower bound in the context of minimization, even number of players is assumed.

Theorem 5.5. For even number of players the lower bound of the price of anarchy is
n — 1. The bound holds even if weights are unitary and the metric is a line metric.

Proof. Assume unitary weights for all nodes. We divide the nodes of the game in two
disjoint sets A, B, each having n/2 nodes. The points of A are located on point 0 of
a line while the points of B are located at point 1/n. Consider partitioning them in 2
clusters, one containing the nodes of A and the other containing those of B. The cost
of a node u will be (n — 1)/2. There are two deviation capabilities, either to form a
new cluster or to move to the other existing cluster. In the first case its cost will be
(% — 1) 1+ 35 (1 — %) = n — 3/2, no preferable than its current state and in the second
case the cost is (2 —1)1+ 21 = (n — 1)/2 which gives no incentive for leaving the
current cluster. Thus the partitioning is a Nash equilibrium. On the other hand if all
nodes join the same cluster, the social cost is n [(% — 1) 0+ %%] = n/2. And the price

nnl2 1, 0

of anarchy is at least = 73

For an upper bound at the price of anarchy of the maximization variant, the domain of
Nash equilibrated games is split in two subdomains. The first supposes clusters weighting
at most w(V)/y/n and its complementary assumes existence of at least one coalition
weighting not less than w(V')//n. The social welfare of both subdomains is proved to

be Q(y/n) - w(V).

Lemma 5.5. For a Nash equilibrated partition where for every cluster C, w(C) <
w(V)/\/n the social welfare is Q(y/n)w(V).

Proof. For edges connecting separately clustered nodes u, v, holds

Wy + Wy Wy, + Wy

(w(C) + w(Cy) = 2w (V)

Similarly, for edges connecting coclustered nodes we deduce

d >
(u7v) — 2

d(u,v)gl—iwu—FMU <1—7MU+MU

20(C) = 20(V)/va
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As a result for both types of edges the contributed profit is at least iwz(“j)u/)’:)f Conse-
quently the total profit gained by those edges is not less than > (wutws)® 7, order

weV 4w(V)//n’
to prove the lemma’s claim the following inequality is introduced

- <Zwv>2:ng+2 > waw,

veV veV wveV
n—2

:Zw?)—l— E wuwv+71 E Wy Wy

veV quV uveV

2
2, N—2 ) n

S wU—Fm (n—l)Zwv +n_1Zwuwv

veV veV uveV

Substituting the last inequality, the total profit is found to be

(wu+wv)2 \/ﬁ 2(n_1)w 2 _ mw
WXE:V )y Zaw) V)= avne®).

O]

Lemma 5.6. Suppose a Nash equilibrium £ and a cluster C' with weight at least

w(V)/v/n, then € ’s social welfare is Q(y/n)w(V).

Proof. Consider a node u which does not belong to C. Because of £ being a Nash
equilibrium, u has no incentive to deviate. Thus its profit has to be at least the maximum
available by all edges connecting it with nodes of C. That is the maximum between
belonging to C or not or

mazx (Z wyd(u,v), » (1 —d(u, v)))
veC vel

Given that maz(a,b) > ‘%“b, for u’s profit p(u) holds

pl) 2 s Pl ) 4 oo moll ZA0)) 5 Tacote _ w(C), (V)
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Therefore the total profit of nodes outside C' is at least %(W\ —|C]). By the same
way, on the other hand where u does belong to C' its profit has to be more by staying in
C than by leaving. Thus

p(u) > mazx Z wy (1 — d(u,v)), Z wyd(u, v)

vel veC
vF#U vFEU
or
(u) > wyd(u,v) + Y wy(l—d(u,v)) | /2> wy | /2 > w(C) — wy
g 2
vel velC vel
vF#u v#U vEu

Resulting to a total profit for these nodes at least

€] w(C) —w(C) _ (€] = Dw(©) (€] =1)wl)

2 2 2

Summing up the minimum expected profit of every node we conclude to minimum social

welfare (|V] — Dw(V)/v/A = Q(v/rm)w(V). 0

Combining lemmata 5.5, 5.6 the least social welfare for a maximization correlation
clustering game is Q(y/n)w(V). Moreover the optimum social welfare is (n — 1)w (V).
Therefore the price of anarchy is O(y/n). To export a lower bound for the price of anarchy
of the maximization version of the correlation clustering game we present a case where
PoA is Q(y/n). Consider a game where the n nodes are unit equalweighted and divided
in k = /n groups Ay, A, ..., A, (if n is not a perfect square k = v/n/, where n’ is the
greatest perfect square less than n and n — n’ additional nodes are introduced so that
the total number remains n. Those additional nodes have distance 1 for every other and
are considered single clustered in all the following configurations) each containing \/n
nodes. The distances between the nodes are

d(u, v) = {0 u,v € same group A; .

V1/n else

Consider the partitioning according to A groups, that is every A group constitutes a
cluster. This clustering is a Nash equilibrium. This can be seen by comparing the gain
earned by a node in staying to its current position and in changing team. Currently the
profit of a node u belonging to a group A; is

o1+ > > Vin=vin—1+(/n—1)vVny/1/n=2yn-2.

UGAj 1<i<kwv€eA;
vFEU i#£]
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By deviating to another group A,,, the gain becomes

S VTt Y X VTt Y 0= Vi) (Va2 T = 2y

VEAmM 1<i<kwveA; vEA;
vFU 1#j,m

The social welfare of the game is n - (2y/n — 2). The maximum social welfare for this
game arises when all players share a common cluster due to the nature of the distance

function. The social welfare then is n [(\/ﬁ —1)-14+(n—+yn)(1- ﬁ)} = n(n —/n)

Concluding that the price of anarchy of the game is :((%7;/_@) = Q(y/n).

Putting the last result in the same picture with the previous ones, the price of
anarchy for the maximization variant is ©(y/n). This bound is tight even for simple
settings although for line metrics is not so extended as it is of order ©(n'/3).

The price of anarchy can also be bounded by making a scaling augmentation in the

number of clusters.

Theorem 5.6. If the number of clusters is restricted to k, then the price of anarchy is
at most k.

Hence the following strategy can be implemented. Allow the players to reach a Nash
equilibrium with a limited number of clusters say k. The respective price of anarchy
will be at most k and the social welfare derived, at least OPT'/k, where OPT is the
optimal achievable social welfare. Then the players can be left free to form any number
of clusters by best response dynamics. As was previously referred, the social welfare does
not decrease in best response dynamics. As a result a Nash equilibrium with at least
OPT /k social welfare can be formed.

5.2 Fixed clustering

[Feldman, Eytan, and Naor, 2015]. According to the fixed clustering setting the num-
ber of clusters is predefined to k. Two different cluster measures are of interest, the sum
of distances between the centroid of the cluster and its members and the maximum dis-
tance between the centroid of the cluster and the node which is farthest from it. In the
first case the arising model is the k-median and in the latter the k-center. The centroid
in each case is the node of the graph minimizing the respective measure, namely in the
k-median model the point which minimizes the sum of distances to the points of the
cluster C' or the node ¢ given by

¢ = argmin Z d(u,v)
veC wel

and in the k-center model the point which minimizes the maximum distance from all
nodes of the cluster C' or

¢ = arg min max(d(u,v)).
veCc ueC
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There is the possibility however, that there are more than one candidates in either
variant, which simultaneously fulfil the requirements to be called centroids of the cluster.
Those situations are called ties. In case where those ties are broken using static rules,
the game may not reach a Nash equilibrium even in very simple settings.

Proposition 5.1. With (static) tie breaking rules, there may not exist a Nash equilibrium
for both the k-median and k-center variants, even for line metrics with three nodes.

To see that, let’s examine the game of 3 players wanting to split to 2 groups. Assume
the static tie breaking rules given by the permutation given in table 5.2.

Table 5.2: Static tie breaking rules.

Nodes in the cluster Centroid

A, B A
B, C B
A, C C

There is no partition of the players which does not induce incentives to at least one
agent, to deviate, thus leading to lack of a potential equilibrium. The proposed solution
is that of history dependent tie breaking rules. Introducing this kind of rules constitutes
an additional feature of fixed clustering to the hedonic setting, defining that the only
criterion of a player is her teammates and not the past of the game. Moreover centroids
change only when forced, that is, only if the change strictly reduces the social cost of
the cluster.

5.2.1 General metrics

Theorem 5.7. In the general metric case under either the k-median or the k-center
model there is no certification for reach of a Nash equilibrium.

Two examples are the graphs in fig. 5.2 and fig. 5.3, taking partitioning in two clusters
for granted.

8 ' 4 . 10

Figure 5.2: There is no Nash equilibrium assuming 2 clusters under k-median model.

The proof of the non existence of Nash equilibria for those cases comes by examining
all the possible positions of the centroids for all possible partionings. This examination
can be found in the original aforementioned work.
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Figure 5.3: There is no Nash equilibrium assuming 2 clusters under k-center model

A detour being likely to assure the existence of at least one Nash stable partition
in every instance with integral distances between nodes, is allowing the centroids to be
placed at every point along an edge.

Let the distance of the centroid to an end of the edge on which it lies be a. Then
w.l.o.g. we choose a € [0,1/2] and consequently, the cost of a node u is of the form either
0y + v or 0y, + (1 — a). If now we impose a small displacement on « in the range [0,1/2]
and take the derivative of the sum of the costs the result will be either constant, which
means that the minima of total cluster cost are at a = 0 or &« = 1/2 or zero, meaning
indifference on whether the centroid is placed at half integral position or not, as far as
the total cost of a coalition is concerned.

We observe thus, that for every cluster node u there exists a centroid, that is as far
as any other possible centroid from u and is located in a half integral position.

In order to be able to search exhaustively for a Nash equilibrium in an instance
of the game, we observe that a weaker equilibrium exists only if it exists also when
all centroids are placed on half integral positions. This equilibrium is the weak Nash,
under which no player wants to change cluster if after that, the centroid of her new
cluster will move to the farthest possible position from her. In other words, a weak Nash
equilibrium is a clustering where for each player u in cluster C; and any other cluster Cy,
d(u, c(Ch)) < d(u,c(C5™)), where C5™ is the cluster Cy after u has joined it. To explain
the former observation we compare a weak Nash equilibrium £ with centroids along edges
and the same clustering with centroids moved on the closest half integral positions &’
and thus for every node u belonging to cluster C1, |d(u,c(C1),E") —d(u,c(C1),E)| < 1/4
where d(u, c¢(C1), ) stands for the distance of node u to the centroid of cluster C; under
the clustering £. Since £ is an equilibrium d(u,c(C1),&) < d(u,c(Cs),Eu—c,) where
the notation &, ,c, means clustering £ after node u has moved to cluster Cy and the
centroid of which was set to the farthest possible position to u. Moreover &,_,c, and
&' u—c, have the same nodes, so according to the previous points the centroid of Cj
is set at a half integral position resulting to d(u,c(C2),Eusc,) = d(u, c(C2),E vscy)-
By recapping we have d(u,c(C1),€) < d(u,c(C2),Eusc,) or d(u,c(Ch),E) —1/4 <
d(u, c(Ca), Euscy) or d(u,e(Cy),E) —1/4 < d(u,c(C2),E w—c,), proving that &’ is also
a weak Nash equilibrium.

Since lack of existence of a weak Nash equilibrium means absence of the stronger
stability notion namely the Nash equilibrium we can assert whether an instance can
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reach a Nash equilibrium by checking whether there exists a weak Nash equilibrium
with half integral centroids.

Theorem 5.8. In the general metric case under either the k-median or the k-center
model, where the centroids are allowed to be anywhere along edges, there is no certification
for reach of a Nash equilibrium.

For the k-median setting the result comes from the previous arguments applied to
the 2 cluster game of fig. 5.2. Practically all the combinations of 2 cluster partitions and
possible corresponding centroids are shown not to constitute a weak Nash equilibrium.
A computer program for this procedure is cited at the original work of Feldman et al.

By the k-center model, centroids are placed only on half integral positions. There is
no other possibility since assuming a non half integral centroid with non integral part
a € (0,1/2) we distinguish two cases. Let D be the set of all nodes with maximum
distance to the centroid. Either all nodes u € D have a cost of the same form between
du+a and §,+ (1—«) and therefore a cost reduction is possible for all nodes by increasing
or decreasing correspondingly « or there is at least one node of each kind of cost function.
In this case their distances to the centroid should be equal or §,, + a = 6y, + (1 — @)
which gives a = W%“ proving « half integral. So by the same algorithm as in the
k-median model, on fig. 5.3, the claim of the theorem is being proved.

Having so far no positive Nash equilibrium existence results, we impose a penalty
at the deviating nodes. This additional cost that deviators absorb is actually the com-
pensate paid to the receiving cluster for reestablishing the centroid. This charge is equal
to the distance travelled by the centroid because of the inclusion of the new member.
Under those circumstances a node will deviate only if its distance from the prior to the
deviation centroid of its future cluster is less than its distance from the centroid of its
current cluster. Consequentially the following theorem holds.

Theorem 5.9. Fized clustering games in general metrics either k-median or k-center,
with penalties tmposed, converge to a Nash equilibrium which can be reached by best
response dynamics.

Proof. For the k-median model, suppose that a player u wants to deviate from cluster C
to Co. By the presence of penalties we have d(u, c(C5™))+d(c(C5™), e(C2)) < d(u, c(Ch)).
So u lessens its cost by deviating. Obviously every other node v € C; has its cost
unchanged or reduced due to a move of the center of C'1. Finally the nodes in C5 after
u has been incorporated, decide a new centroid minimizing their cluster’s cost thus the
social cost. As social cost is reduced by every best response move, best response dynamics
converge to a Nash equilibrium. O

Since best response moves ameliorate the social cost, it is straightforward implied
that

Theorem 5.10. The price of stability of either k-median or k-center fized clustering
games s 1.
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In other words the optimal solution reached by nodes choosing their most beneficial
strategies is a Nash equilibrium taking under consideration the deduction of the social
cost at each one of the players’ moves.

Turning our attention to the price of anarchy of clustering with predefined number of
coalitions and examining the existence of an upper bound, the answer we get is negative.

Theorem 5.11. The price of anarchy of either k-median or k-center fixed clustering
games is unbounded.

An exemplary instance is three players on coordinates 0,1 and M on a line, with
M >>. The partitioning {0}, {1, M} where 1 is the centroid of the latter, is a Nash
equilibrium as no player is interested in choosing another of the existing coalitions. The
corresponding social cost is M. On the other hand the most preferable for the public
welfare clustering is {0, 1}, { M} with social cost 1. Hence PoA in this situation is % =M,
lacking supremum.

5.2.2 Tree metrics

A special interesting metric is that of a tree. An exemplary game for this metric is
that of finding a certain number of characteristic individuals in living organisms’ hier-
archy. The nodes of the tree are evolved species which are descendants of a common
ancestor and every edge connects a species with its immediate ancestor. Species which
evolved through mutation and not crossbreeds are supposed. The distance between play-
ers reflects their DNA similarity.

Median model

A key property to the proof of the existence of a Nash equilibrium in this case is the
identification of the centroid of a tree with one of its two medians. A median of a tree is
defined the same way a median of a sample is defined in statistics, that is it’s a node which
if deducted from a tree, connected components remain, whose node cardinality is at most
[%1 In order to sustain the privilege of using this correspondence, a strategy where
every cluster remains compact, namely contains no two nodes having between exocluster
nodes, is implemented. We call this situation clustering with the closure property or
closed configuration.

Let us now see the reason of the centroid lying on a median of a cluster under the
closure property. Suppose that this is not the case. Then the deduction of the centroid
u leaves a connected component Q.. With at least (%1 + 1 nodes. Though if the
centroid is moved to the neighbour of u in (4, the majority of the clusters’ nodes has
its cost reduced, leading to the contradiction to w being a centroid.

Now the following procedure is followed. Aiming at the transformation of a configu-
ration to an equal or better closed one, the locations of the centroids are pined to their
current positions and players are let to choose their closer one. So far the cost of each
node can only decrease and similarly the social cost. After that the relocation of the
centroids takes place which obviously is in favour of the social cost.
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The existence of a node u wanting to deviate from C to cluster Cy implies that all the
nodes between u and Cy prefer Cs too. Therefore a node u adjacent to Cs is left to make
a best response move joining C5. In case C] remains connected, the procedure continues
with another node ’s best response move, otherwise we move to Cs all remaining nodes
of C1 except those who belong to the connected component of C containing the centroid
of C". The resulting configuration is closed.

During this procedure the social cost is reduced.

Firstly following the incorporation of u in Cy, u ’s and C]" ’s costs are obviously
reduced. Concerning Co nodes’ costs two cases are distinguished. On the one hand u
joins a connected component adjacent to ¢(C2) of size at most ['CQV—QW — 1. Hence after the
inclusion of u, ¢(Cy) remains a centroid and the cost of nodes of Cy remain unchanged.
On the other hand, in case u joins a connected component adjacent to c¢(Cy) of size
[Io—;l] the centroid is moved to the node adjacent to ¢(Cs), towards u. This node is still
a median of Cy and thus its distances from nodes of Cy are identical to those ¢(C5 ")
has to nodes of Cs.

Secondly, as a result of the inclusion of the rest of nodes of C1, except those including
the connected component which contains the centroid of C| ", their cost is reduced. That
holds since if u has an incentive to deviate to Ca, d(u, ¢(C1)) > d(u, c(C2)). Furthermore,
for all nodes v in C7 \ {nodes € connected component of ¢(C1)}, holds

d(v,c(Cy)) = d(v,u) + d(u, c(Cq)) and d(v, c(Cy)) = d(v,u) + d(u, c(C;™))
and obviously
d(u,c(Ch)) < d(u,c(C;™)) and d(u,c(C2)) < d(u, c(CS™)).
Putting these inequalities together we get
d(v,e(C5™)) < d(v,c(CT™)).

Thus this step can only decrease the social cost.

Finally the rearrangement of the centroids of the resulting new closed clusters can
only decrease the social cost as it is an action performed on this purpose.

So there is a potential function equal to the social cost, which is decreased with every
best response move and taking under consideration that the players’ strategies are finite,
a minimum is reached.

Theorem 5.12. A Nash equilibrium for tree metrics always exist by k-median model.

Following the previous discussion, the optimal solution which is reached when no
player can make a further best response move, is also a Nash equilibrium and can be
computed in polynomial time, since no part of the previous procedure introduces higher
complexity.

Theorem 5.13. The price of stability of k-median model for tree metrics is 1.
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Center model

A conjecture supporting the existence of Nash equilibria at every instance of the
clustering game under the k-center model exists. However, the proven results extend to
the point where centroids are allowed to be placed at every point of the tree, namely
on every node or along any edge. Notice that in this setting, centroids are placed at the
median of the tree cluster diameter. In case of more than one diameters it is easy to
certify that their medians coincide. As diameter is defined the longer path between two
nodes of the tree.

Let us now examine best response dynamics of this game. Given a partitioning &
assume players in nondecreasing order according to their distance to their centroid in
D = (d(u1,c(Cu,)),d(uz, c(Cyy))..., d(un, c(Cy,, ). Suppose now a player u wanting to
deviate from Cj to her preferable for the time cluster Co. After that move players in
C will have less or equal distances to the centroid. The centroid of C5 will not move
in case u is not a terminal node of a diameter of C;™* and Cy’s nodes will retain their
costs. On the contrary, if the centroid of Cs moves following u ’s addition, u is proven an
end of a diameter of C’; “ and thus the cost of every node of Cs in C’; “ will be less than
the new cost of u. In ordering D all nodes being on the left of u after the deviation will
have their cost unchanged or reduced, u will have less cost and the rest of changed
costs will be less than d(u,c(C5™)). Therefore adopting as a potential function the
ordering D, we observe that after a best response move it is lexicographically decreased
signifying a reduction of the cost of the configuration which is expressed by the leftmost
value of the ordering. Therefore since the number of players’ strategies is finite, best
response dynamics converge to a Nash equilibrium where no player can lower its cost by
unilaterally changing strategy.

Moreover in an optimal solution with minimum cost no player can make a best
response move, resulting to unitary price of stability.

Theorem 5.14. The k-center model where centroids are allowed on edges has always a
Nash equilibrium. Moreover for this setting the price of stability is 1.

However the reached Nash equilibrium may be by far worse than the optimal one.
Consider for example six nodes on a line in positions 0, M, M + €,2M, L, L + ¢ with
M << L. The clustering {{0,M},{M + €,2M},{L},{L + €}} is a Nash equilibrium
costing to the society M /2, although the partitioning {{0}, {M, M +¢€},{2M },{L, L+€}}
introduces expenses €/2. Thus the price of anarchy explodes unlimited to the value %

5.2.3 Line metrics

Another natural metric is that of a line. A real world case that could be modelled
in this setting is a predefined number of exits from a highway towards the nearby towns
and villages. Players are the projections of the centres of municipalities on the road and
the internode segments are the intervillage highway parts.
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Median model

A first observation is that the centroid of a cluster coincides with one of its medians.
By the term median is characterized a node for which the difference of number of nodes
left and right of it is at most 1. Suppose a line clustering and a player v wanting to
deviate from partition C to C2 and let’s examine the consequences on the costs of the
players.

o Obviously the members of C] " will have their cost reduced or unchanged after
the deviation, since a change of a centroid can only put it closer to them and the
idleness of it leaves the distances unaffected.

e Node u has a smaller cost after the deviation.

e For the nodes of C;r " two case are examined.

On the first hand, their number is even and after the affiliation of u their number
becomes odd. If during this process the centroid doesn’t change, the distances
remain constant. If the centroid moves to the other median of Cs, the distances
of (5 ’s nodes to this new centroid remain the same since a node of a cluster has
equal distances to the two medians. On the other hand their number is odd and the
addition of u makes the total number even. In this case Cy had only one median
m. Thus after the deviation of u, m remains a median and a centroid.

Accordingly, the game has a potential function, namely the total cost function and best
response dynamics converge to a Nash equilibrium.

Center model

We call C; the cluster of the leftmost node of the metric. Moving rightwards we
call Cy the cluster of the first node v we meet which is not a member of 1. In case
the centroid of C] lies to the left of v then either the nodes of C; which are right of v
would prefer to deviate or v would do so. Besides if the centroid of C lies to the right
of v then either the nodes of Cy to the left of v will deviate or v will. As a result there
are two possible outcomes. The first is C7 to be formatted in standard form, that is to
consist only of consecutive nodes and the second is v to affiliate with C'. Inductively
it is inferred that every instance reaches after a finite number of deviations a standard
form, namely every cluster is in standard form.

As another middle step to the approach of the existence of a Nash equilibrium we
observe that every instance of the game has a half Nash equilibrium. Such an equilibrium
is a state where no leftmost node in a standard formation has an incentive to deviate.
Such a partitioning in every game instance is that where the k — 1 rightmost players
belong to a singleton cluster when the rest |V| — k + 1 belong to the leftmost cluster.
The k — 1 rightmost clusters contain no deviators since the costs are the lowest possible,
namely zero. The leftmost player of the leftmost cluster would not desire a deviation
because its new centroid would not be placed closer for her.
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For the current setting of half Nash equilibrium we allow the rightmost agent right(7)
of cluster ¢ to perform a deviation. If this is the case, the most preferred cluster for her
will be ¢ 4+ 1, considering rightwards enumeration of clusters. Therefore the potential
function

O = d(left(1),left(i))

i€k

reduces as the leftmost node of i + 1 cluster comes closer to left(1) and the rest re-
main steady. As a consequence of the finiteness of the potential rightmost deviations, ®
reaches a minimum which corresponds to a Nash equilibrium because neither leftmost
nor rightmost nodes of the standard configuration would have an incentive to deviate.

5.3 Cooperative clustering in networks

[Hoefer, Vaz, and Wagner, 2015]. This framework models situations where players
have first to get to know each other in order to cooperate or where the accessibility is
limited due to lack of visibility and communication. The feasible coalitions are those
whose members share connectivity of currently existing clusters and/or permanent net-
work links. Coalitions offer to their members equal benefits. Relative situations occur
in many real world collaborations. For the formation of a scientific team which is going
to make a relative publication, the acquaintance is necessary. Additionally by business
synergies, the first even small joint effort is needed before going on with a partnership
with equally shared profits.

The underlying network is denoted as N(V, L) where V depicts the n players of the
game and L the permanent relations between nodes of the game. Thus in the afore-
mentioned scientific example V' stands for the researchers whereas L could represent the
former supervisor - phd candidate link. Calling S the current clustering state, we define
as G the set of deviation structures. A graph G € G is called a formation graph, that is a
template pattern that when recognized in the union of the network with all the possible
edges between currently coalized players, constitutes a candidate coalition. If a subgraph
C of N(V,L)UE(K() is isomorphic to a member of G, then C is called accessible, where
K¢ denotes the complete graph of players of cluster C'. Moreover, if for every player
v, w(C) > w(Cy), meaning that the weight of C' is greater than the weight of the current
coalition of every player belonging to C', then C is a local blocking coalition for S. For
singleton coalitions C,, v € V, the weight is considered zero or w(C,) = 0. The number
of possible coalitions |C| is denoted by m where C stands for the set of realizable coali-
tions. Resolution of a local blocking coalition C' means that coalitions that intersect with
C are dropped and temporary links are added to the current state S so that members
of C constitute a clique. The temporary links of dropped coalitions are eliminated.

We distinct some cases respectfully of the different potential members of G.

1. Suppose that the set of deviation structures consists only of cliques of variable
number ¢ of nodes, then after the local improvement step, namely the inclusion
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of a blocking coalition to the clustering with simultaneous drop of all overlapping
coalitions, no new edges are added but some temporary links may be abolished.

Moreover, a most profitable resolved local blocking coalition is not going to be
substituted, thus the dynamics when only optimal blocking coalitions are resolved
converge to at most n steps. Consequently if a local blocking is included to the
clustering in every round, the dynamics will converge in expectation in at most
O(mn) steps, which is a polynomial result.

Theorem 5.15. Let G C {G; | i = 1,..,n} where G; denotes a complete graph
of © players. Every local coalition formation game using G has a path to stability
of length at most n using only local improvement steps from any starting state S.
Furthermore, random dynamics converge to a stable state in expected time at most

O(mn).

2. If now the set of deviation structures contains only star shaped graphs G C
{H;|i=1,..,n} of i nodes, we cannot use the former approach since a non-clique
formation graph potentially introduces links when applied. However this game can
be formulated in terms of a coalition formation game with constraints [Hoefer and
Wagner, 2014]. In such a game the set of created and dropped coalitions is defined
by a set of generation and domination rules. Generation rules suggest which coali-
tions could be formatted while domination rules exclude the less feasible of the
candidate coalitions.

Our generation rules depict the fact that no accessible coalition relies on temporary
links of more than one C' € S, where S is the current state. This is obvious since
two star clusters sharing an edge means they share the center leading to a non
zero intersection between clusters and contradicting that the current state is a
partitioning. Thus our such rules are of the form

T:{(Q),C) ’ C e C,H|C‘ € N,H|C| € Q}U
{({C"},C) | C,C" € C,CNC" 40, Hp € NU{C'}, Hey € G-

It is reminded that the first argument in the parentheses corresponds to the prereq-
uisite clusters in S, when the second refers to the resulting cluster. The domination
rules of our game are formalized as follows

D={({C,C)|C,C eC,cnC #0,w(C)>w(C)}

Where the first argument in parentheses stands for an existing coalition is S which
has a greater value than the candidate coalition of the second argument. Having
described the game with consistent generation and domination rules and a starting
clustering S,, the object movement hypergraph Groo = (V, Vy, Tinovs Dmov) is de-
fined. By this graph every coalition in C is mapped to a vertice and the coalitions
which are based only on permanent links and thus are self seed are the members
of V,. Therefore V.= {v. | C € C} and V; = {v. | C € Cy}, where C, the set of
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pure infrastructure-dependent coalitions. A clustering corresponds to a marking
of the object movement hypergraph, so markings indicate the currently existing
coalitions. The potential deviations due to existing coalitions is denoted by the
directed exchange edges Tnow = {(vcy,ve,) | ({C1},C2) € C,w(Cy) < w(Ca)}.
These edges form a directed acyclic graph as their existence suggest a total order
on coalitions. Finally D,,,, = D stands for the directed domination edges which
direct from a coalition C; to a coalition Co for which w(C1) > w(Cy2).

For an exemplary object movement hypergraph confer to fig. 5.4. The dynamics

ch:’ . 291
- -

- -

Figure 5.4: Left: A coalition formation game with limited vision. The
permanent network links are shown grey and realizable coalitions,
black. The formation graph is just two connected nodes, namely a
matching. The numbers indicate the weights of the coalitions.

Right: The corresponding object movement hypergraph. Nodes with
markings (filled nodes) correspond to currently reachable coalitions,
while unmarked nodes to the rest members of C. Solid edges belong to
Timov While dashed to Dyy,00.

are separated in two phases.

e Phase 1l

In order to reach a steady state, starting with some initial markings we exam-
ine the existence of suggested resolutions by T3, which lead to undominated
coalitions. If such are found, they are resolved, that is in case a reachable
position is detected dominating a current coalition, then the marking corre-
sponding to v traverses the exchange edges to the dominating position and
the round finishes.

e Phase 2

By the same way we focus on all the reachable positions from v € V. Iter-
atively reachable vertexes vo with maximum weight w(C') are distinguished,
their corresponding starting nodes v € V, are marked and the markings tra-
verse the path of exchange edges leading from v to ve. This phase is repeated
until the exhaustion of reachable vertexes.

To export the complexity of the dynamics we observe that the construction of
Gmov takes O(m + n) steps. Additionally in phase 1, a marking is replaced by a
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more beneficial. The rest of the markings either remain idle or are being abolished.
However a marking can be upgraded at most m times and the cardinality of mark-
ings is upper bounded by n resulting in a maximum of mn rounds for the first
phase. Furthermore in phase two the number of edge traversals a marking relying
for start, only on the network, can do, are no more than m. The resulting total
number of improvement steps is O(m?n).

Having incorporated the local coalition formation game to the framework of coali-
tion formation with constraints, the following theorem is implied.

Theorem 5.16. Let G C {H; | i = 1,..,n} where H; denotes a star consisting
of a center and i — 1 leaves then every local coalition formation game using G
can be formulated as a coalition formation game with constraints and consistent
generation and domination rules. Therefore, in every such game there is a path to
stability of length at most O(nm?) using only local improvement steps from any
starting state S.

3. In case where the deviation structures are neither complete graphs nor stars, there
exists an instance requiring exponentially many steps with respect to players in-
volved. Aiming to construct it, we observe a property of those formation graphs.

Lemma 5.7. Let G = (V, E) be some arbitrary undirected connected graph. If for
every path vivavsvy with (v1,v2), (ve,v3), (v3,v4) € E there also exists (v1,v3) € E,
then G is either a complete graph or a star.

Proof. Absence of a path of 4 steps means that the graph is a star. Having the first
and third nodes of a four step path connected implies that numbering them in re-
verse order, the link between the second and the fourth exist. Moreover by travers-
ing the path in the order first, second, fourth and third, a connection between
the first and the fourth is deducted. Conclusively the subgraph {vy,vs,v3,v4} € G
constitutes a clique. Let a fifth node vs be connected with the former four w.l.o.g.
to vy, then there are paths starting from vs having as third node each of {ve, v3,v4}
suggesting edges between vs and each of them. Thus {vy, ve, v3, v4,v5} is a clique
and so on until V' is proven a complete graph. O

Suppose now a formation graph G(V, E) consisting of four vertexes falling out of
the category of the union of complete graphs and stars with

{vi,v2,v3,v4} € V, (v1,02), (v2,v3), (v3,v4) € E, (v1,v3) ¢ E.

A gadget with 14 vertexes {vy,...,v14} and edges

(Ulu /U5)7 (’Ul, Ug)u (UQ, ’Ug), (/U27 /Ull)u (U37 1)4))
(v3,v11), (vs,v6), (vs, v7), (V7,08), (V9, V10),

(U117 1112)7 (1111, U13)7 (013, ’U14)
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Figure 5.5: Gadget used to prove exponential many steps to stability
for formation graphs which are neither cliques nor stars.

Table 5.3: Coalitions and their weights of network with exponentially
many steps to stability, when the formation graph is neither a clique
nor a star.

Coalition Vertexes Weight

Cl V1, V2,V3, V4 441
Cy U1, V3, Vs, Ug 442
03 V3, U5, U7, U] 443
Cy V1, V9, Vg, V10 441
Cs v2,v9, V11,012 4+ 2
Cs V9, V11, V13,v14 4+ 3
Cr v3, Us, Vg, V11 444

is introduced as shown in fig. 5.5. There are 7 allowed coalitions as shown in
table 5.3.

Additionally auxiliary vertexes wi,ws, edges (wy,v1), (wi,v2), (we,v2) and coali-
tion Cy with unitary profit, play the role of the starter as they generate the neces-
sary for the evolution of the dynamics edge (v1,v2). Starting from a state empty
of coalitions, Cy is accessible and formed. Therefore edge (v1,vy) shows up. Thus
coalitions C7,Cy are blocking now given their equally higher profit comparing to
Cy. Suppose w.l.o.g. that C is formed and connection between v; and vs is set-
tled. As a result the now blocking coalition Cy is formed introducing link (v, vs)
triggering the formation of the more profitable cluster Cs5. In this state the only
accessible coalition is again Cy the formation of which makes available again the
edge (v1,v2) but know the only blocking coalition is Cy as v is affiliated with the
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more lucrative Cs. In the same manner using (vg,vg), C5 is created and brings
correspondence between vg and v1; which in turn contributes to the gathering of
either Cg and then C7 or immediately of C7. Hence the formation of the stable
C7 requires two formations of Cy. A schematic illustration of these dynamics is
depicted in fig. 5.6.

Figure 5.6: The sequence of the formation of coalitions after the cre-
ation of edge (v1,v2).

An identical gadget is added aside of the first. The initiator now are vertexes vs
and vg of the first gadget which identify with vertices v; and vy respectively of
the new gadget. The allowed coalitions at the new gadget are the corresponding of
those of the first, although the profits are 4-24-1 for C'y o and Cy 2, 4-2+2 for Cs 2
and Cs 2, 4-243 for C3 2 and Cp 2 and 4-24-4 for C7 2. As a result C7 is dropped in
favour of C'1 o and the dynamics continue as previously, however in order for C 2 to
be formed for the second time, Cy has to be formed twice again. Thus the evolution
of the dynamics requires 4 creations of Cy. Every likewise addition of such gadgets
increases by a factor 2 the number of required formations for Cy. Therefore the
reach of an equilibrium for & gadgets demands ©(2%) steps. Figure 5.7 sketches the
connection among successive gadgets.

Despite of the fact that the given formation graph is supposed a path from vy to
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Figure 5.7: The j; gadget. Node wv;; shares edges with
V6j—1,V7,j—-1,V8,j—1,V5,5,V9;  while wp; shares edges with
U1,j—1,010,j—1, V3,5, V11,5

vy4, there may be present edges connecting v; to v4 or/and vy to vy. Then, to adjust
our construction, we add the corresponding edges, that are presented in table 5.4.

Table 5.4: Edges added to network according to the topology of the
formation graph.

Coalition wv; —v4 edge vy — vy edge

Cq (v1,v4) (v2,v4)
Cy (v3,v6) (v1,v6)
Cs3 (vs,v3) (v7,v3)
Cy (v2,v10) (v1,v10)
Cs (v, v12) (v2,v12)
Cs (v14,v9) (v13,v9)
Cy (vg, vs) (v11,v5)

The inclusion of those additional permanent links does not change the dynamics
of the game, as each of them appears to a single coalition. This procedure can
be generalized to graphs having more than four nodes and every combination of
edges among them. This dilation of the formation graph makes no difference to
the dynamics for the reason that all additional elements, nodes and edges, refer to
only one coalition each. Formalizing our result the following theorem arises.
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Theorem 5.17. Let G = (V, E) be an arbitrary connected graph of constant size,
which is neither a clique nor a star. For every n € N there is a local coalition
formation game with n agents, m = ©(n) coalitions, G = {G} and an initial state
such that every sequence leading to a stable state requires 22 improvement steps.
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Chapter 6

Future directions

So far hedonic games have been studied admitting partitions where each players has
only one position. A more general framework would be created by assimilating in our
model the potential of a player being able to participate to more than one coalitions. The
number of those coalitions could either be fixed for all players or variant with respect to
the popularity of this player, namely to the surplus he incurs on other players.

Furthermore, logical representation of hedonic games may lead to the implementation
of SAT solvers in order to compute stable partitions [Aziz et al., 2015].

As shown in chapter 4, there are many cases where finding a partition satisfying a
desired stability concept may be hard. For these cases, approximately stable coalitions
could be searched for as done by Bhalgat, Chakraborty, and Khanna (2010) who present
approximation of pure Nash equilibria for certain games.

Moreover, in what was presented so far and generally in the hedonic literature, many
sufficient conditions for the existence of stable partitions with respect to determined
stability notions are presented, though the set of necessary conditions remains unknown.

In addition, there is no proposed way for computing the stable set or its cardinality.
Having the stable set we could solve several optimization problems with respect to desired
goals as maximizing the less satisfied, envy freeness, favouring the more cooperative
etc. Another interesting direction would be the inclusion of mixed strategies for games
where competition occurs and the tracing of restrictions of preference profiles avoiding
the unpleasant results of PPAD completeness introduced by Daskalakis, Goldberg, and
Papadimitriou (2006).

Through the course of this review several problems are found to be open. It is not
determined the non emptiness of the core for simple fractional hedonic games. Moreover
the complexity of VOTEINOUT with voting thresholds that do not satisfy T, Tour > %
and T, 4+ Tout > 1, namely the problem of computing a stable partition with thresholds
not only for the entrance, but also for the extraction from a coalition, where the given
restrictions do not hold, remains open, as also the problem of finding a vote-in and
sum-out stable partition.

In the models of hedonic clustering presented by Feldman, Eytan, and Naor (2015), it
is unanswered for the k-median problem in trees, whether a Nash equilibrium is reached
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by best response dynamics. In k-center model work could be done to determine the
existence of Nash equilibrium in every instance when also the centroid is not allowed to
be placed along an edge except at its end points. Moreover it’s left to be known whether
the ending of best response dynamics is a Nash equilibrium, for both tree and line
metrics. There is also lack of known bounds for the price of anarchy even for the simpler
line case. Finally for the correlation clustering model, no upper bounds are known and
the certified lower bounds are just small constants for the price of stability. A refinement
of the bounds for the price of anarchy is also considered feasible.
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