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PerÐlhyh

Sta plaÐsia thc ergasÐac, arqik� gÐnetai bibliografik  episkìphsh diafìrwn mejìdwn pou

èqoun anaptuqjeÐ gia thn melèth thc di�doshc kumatism¸n ploÐou se perioqèc metaballì-

menhc bajumetrÐac kai kont� sthn akt , kai akoloujeÐ mia genik  perigraf  twn montèlwn

exis¸sewn Boussinesq pou qrhsimopoioÔntai gia ton metasqhmatismì twn qarakthristik¸n

ud�tinwn kumatism¸n se perioqèc metaballìmenhc bajumetrÐac kai rhqì nerì. Eidikìtera,

ja parousiasjoÔn oi arqikèc exis¸seic Peregrine (1967) kaj¸c kai antÐstoiqa arijmhtik�

sq mata pou anaptÔqjhkan apì touc Beji and Battjes (1994), gia thn arijmhtik  epÐlu-

sh problhm�twn monodi�stathc di�doshc tìso monoqrwmatik¸n kumatism¸n ìso kai polu-

qrwmatik¸n kumatik¸n susthm�twn p�nw apì topografÐa pujmèna, me kal  probleptik 

ikanìthta se sÔgkrish me ergasthriakèc metr seic. EpÐshc ja exetasjoÔn emploutismèna

montèla pou basÐzontai se exis¸seic Boussinesq me beltiwmèna qarakthristik� diaspor�c.

Sthn sunèqeia gÐnetai efarmog  twn anwtèrw montèlwn stic dÔo orizìntiec diast�seic sthn

arijmhtik  montelopoÐhsh kai melèth tou probl matoc paragwg c kai di�doshc kumatism¸n

apì arqikèc morfèc anÔywshc thc eleÔjerhc epif�neiac kaj¸c kai apì kinoÔmenh katanom 

epiballìmenhc pÐeshc, pou prosomoi�zei proseggistik� thn paragwg  kumatism¸n ploÐou

se periorismèno b�joc neroÔ. Me b�sh to anwtèrw sq ma diereunoÔntai ta qarakthristi-

k� twn paragìmenwn kumatism¸n se stajerì b�joc neroÔ, se upokritikèc kai uperkritikèc

peript¸seic, kaj¸c kai h metabol  touc sthn perioq  kont� sthn akt .
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Abstract

In this thesis, a review is initially presented concerning different methods that have been

developed to treat water waves generated by ship and moving bodies approximated by

means of moving pressure fields close to the free surface propagation over variable bathy-

metry regions and their effects close to the coast. The above introduction is followed by a

general description and derivation of some standard Boussinesq equation models, usually

exploited for calculating the transformation of the wave characteristics in areas of varia-

ble bathymetry and in shallow water depth. Specifically, the initial equations Peregrine

(1967) are presented and discussed and, subsequently, the corresponding numerical sche-

mes developed by Beji and Battjes (1994), for the numerical solution of one-dimensional

propagation problems concerning both monochromatic and polychromatic wave systems

over bottom topography. This system has shown to have good predictive capabilities in

applications characterized by moderate nonlinearity and dispersion, as demonstrated by

the previous authors through comparison with laboratory measurements. Then, enhanced

models based on Boussinesq equations with improved dispersion characteristics are discus-

sed, and the application of the system in two horizontal dimensions is presented. Based

on the present numerical scheme the characteristics of the waves propagating in constant

water depth and in variable bathymetry regions are studied, including both subcritical and

supercritical cases, and the changes of the waves at the shallow water area near the coast

is presented and discussed.
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Kef�laio 1

Eisagwg 

1.1 SÔnoyh thc ErgasÐac

Sta plaÐsia thc ergasÐac aut c ja melet soume di�dosh kumatism¸n me qr sh montèlwn

Boussinesq se perioqèc metaballìmenhc bajumetrÐac kai nerì mikroÔ b�jouc. Ja exet�sou-

me di�dosh kumatim¸n oi opoÐoi diegeÐrontai apì arqikèc kai sunoriakèc sunj kec kaj¸c

kai kumatismoÔc pou par�gontai apì kinoÔmenh katanom  pÐeshc h opoÐa askeÐtai p�nw sthn

eleÔjerh epif�neia. Arqik� ja pragamatopoihjeÐ bibliografik  episkìphsh mejìdwn pou

èqoun anaptuqjeÐ gia th melèth thc di�doshc kumatism¸n ploÐou se perioqèc metaballì-

menhc bajumetrÐac kai kont� sthn akt , bl., p.q.,(Belibassakis (2003)[1], (2009)[2]). Sth

sunèqeia ja parousiastoÔn montèla exis¸sewn Boussinesq pou qrhsimopoioÔntai gia ton me-

tasqhmatismì twn qarakthristik¸n twn ud�tinwn kumatism¸n se perioqèc me anomoiomorfÐec

pujmèna kai sthn perioq  sqetik� rhqoÔ neroÔ.

Pio sukekrimèna, ja parousiastoÔn oi arqikèc exis¸seic Peregrine (1967)[3] kaj¸c kai

antÐstoiqa arijmhtik� sq mata pou anaptÔqjhkan (Beji and Battjes (1994)[4]), gia thn a-

rijmhtik  epÐlush problhm�twn monodi�stathc di�doshc monoqrwmatik¸n kumatism¸n   kai

poluqrwmatik¸n kumatik¸n susthm�twn p�nw apì topografÐa pujmèna, me kal  problepti-

k  ikanìthta se sÔgkrish me tic antÐstoiqec ergasthriakèc metr seic ( Beji and Battjes

9



10 KEF�ALAIO 1. EISAGWG�H

(1993)[6]). EpÐshc, ja parousiastoÔn (emploutismèna) montèla Boussinesq me beltiwmèna

qarakthristik� diaspor�c (Beji and Nadaoka (1996)[7]).

Sth sunèqeia exet�zoume epèktash twn anwtèrw montèlwn se didi�stato (orizìntio)

q¸ro kumatik c di�doshc mèsw melèthc kai arijmhtik c montelopoÐhshc tou probl matoc

paragwg c kai di�doshc kumatism¸n apì arqikèc sunj kec kai kinoÔmenh katanom  pÐeshc

epiballìmenhc sthn eleÔjerh epif�neia. Me ton trìpo autì prosomoi�zoume prosseggistik�

to fainìmeno thc paragwg c twn kumatism¸n apì ploÐo pou kineÐtai se periorismèno b�joc

neroÔ. Me b�sh to anwtèrw sq ma ja diereunhjoÔn ta qarakthristik� twn paragìmenwn

kumatism¸n arqik� se stajerì b�joc neroÔ, gia upokritikèc kai uperkritikèc peript¸seic, kai

sth sunèqeia h metabol  twn qarakthristik¸n aut¸n kat� th di�dosh twn tou sust matoc

twn kumatism¸n se perioqèc kont� sthn akt .

1.2 SÔntomh Bibliografik  Episkìphsh

Sto kef�laio autì ja parousi�soume epilegmèna stoiqeÐa kai ergasÐec apì th mèqri t¸ra

exèlixh thc melèthc tou fainomènou thc di�doshc sÔnjetwn nteterministik¸n1 kumatism¸n

se perib�llonta stajer c kai metaballìmenhc bajumetrÐac kaj¸c autoÐ kinoÔntai proc thn

akt . To jèma autì eÐnai apaithtikì tìso apì jewrhtik  ìso kai apì arijmhtik  skopi�,

diìti oi metaballìmenec sunoriakèc sunj kec tou probl matoc apoteloÔn mèroc thc lÔshc.

'Htoi h dunamik  kai h kinhmatik  sunj kh sthn epif�neia ( eleÔjero sÔnoro) kajistoÔn to

prìblhma exarq c mh grammikì2,3. H metabol  (anÔywsh) thc eleÔjerhc epif�neiac sthn

1
Τέτοιοι κυματισμοί για παράδειγμα, δημιουργούνται ως αποτέλεσμα των απόνερων των πλοίων, όπως θα

δούμε στη συνέχεια.

2
Παραπέμπουμε σε μια εισαγωγική μαθηματική περιγραφή στο βλ. πηγή[8]. Η μη γραμμικότητα και η

ιδιομορφία του θέματος έγκειται στο γεγονός ότι η ανύψωση της ελεύθερης επιφάνειας αποτελεί τμήμα της

λύσης.

3
Αν και εκτός του πνεύματος της παρούσης εργασίας προτείνουμε σχετικά με τις αρχικές θεωρίες των

κυματισμών το ενδιαφέρον άρθρο του Craik(2004)[9].

http://www.ams.org/notices/201401/rnoti-p9.pdf
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opoÐa prèpei na ikanopoioÔntai oi anwtèrw sunoriakèc sunj kec eÐnai �gnwsth kai epÐ thc

ousÐac apoteleÐ to praktik� epidiwkìmeno apotèlesma thc lÔshc tou probl matoc.

Sthn paroÔsa ergasÐa den ja asqolhjoÔme me epidr�seic èntona metaballìmenhc bajume-

trÐac, p.q. Belibassakis (2003)[1], kai ja jewr soume  pia all� me elafr¸c metaballìmenh

topografÐa pujmèna (mildly varying bathymetry).

H arqik  melèth kumatism¸n ìpou sumperilamb�nontai merikèc epidr�seic diaspor�c kai

mh grammikìthtac, se perib�llon ìmwc stajer c bajumetrÐac, an�getai ston Boussinesq

(1872)[32]. Argìtera oi Mei kai Mehaute (1966)[10] kai sqedìn par�llhla o Pergrine

(1967)[3] diatÔpwsan exis¸seic tÔpou Boussinesq gia metaballìmeno b�joc neroÔ. Oi

pr¸toi anèptuxan to dunamikì taqut twn, se dun�meic thc k�jethc sunist¸sac me �gnw-

stec metablhtèc touc suntelestèc tic parag¸gouc tou proseggistikoÔ pedÐou taqut twn

<< aphlagmènou >> plèon apì thn katakìrufh sunist¸sa, en¸ o Peregrine qrhsimopoÐhse th

mèsh, wc proc thn kakìrufo, tim  thc taqÔthtac. Oi exis¸seic autèc anafèrontai wc basi-

kèc exis¸seic Boussinesq (standard Boussinesq equations, sBe) gia perib�llonta metablh-

t c bajumetrÐac. Autèc isqÔoun gia sqetik� mikrèc timèc twn paramètrwn diaspor�c kai mh

grammikìthtac.

AkoloÔjhsan di�forec prosp�jeiec me skopì th beltÐwsh twn qarakthristik¸n thc dia-

spor�c. O Witting(1984)[11] èkane mia pr¸th prosp�jeia na belti¸sei ta qarakthristik�

thc diaspor�c stic exis¸seic monodi�stathc di�doshc me thn eisagwg  thc mèshc wc proc

thn katakìrufo taqÔthtac all� kai thc epifaneiak c taqÔthtac sto sÔsthma, diathr¸ntac

ètsi (arqik�) treic agn¸stouc sto set twn dÔo exis¸sewn Boussinesq. Oi Madsen et al.

(1991)[12] kai Madsen and Sorensen(1992)[13] sumperièlaban ìrouc an¸terhc t�xhc me e-

pÐshc beltiwmènouc suntelestèc tìso gia stajer  ìso kai gia metaballìmenh bajumetrÐa.

Sta parap�nw sq mata h beltÐwsh ègkeitai sto ìti ta anaptÔgmata Taylor gia thn mèsh kai

thn epifaneiak  taqÔthta emperièqoun suntelestèc (calibration factors) oi opoÐoi prodiorÐ-

zontai me th bo jeia anaptugm�twn Padé. Oi Beji and Nadaoka (1996[7]) diatÔpwsan mia

enallaktik  paragwg  twn Madsen and Sorensen (1992)[13].
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Oi Liu kai Wu (2004)[14] parousÐasan èna mh grammikì montèlo Boussinesq me skopì thn

efarmog  se kÔmata pou dhmiourgoÔntai apì kinoÔmenec katanomèc pÐeshc se orjog¸nia kai

trapezoeid  kan�lia. Argìtera oi Torsvik et al.(2009)[15] prìteinan mia arijmhtik  diereÔ-

nhsh se kÔmata pou dhmiourgoÔntai apì mia katanom  pÐeshc pou kineÐtai me stajer  taqÔ-

thta se kan�li me metablht  bajumetrÐa qrhsimopoi¸ntac to COULWAVE long wave model

twn Lynett et al. (2002)[16] kaj¸c kai twn Liu kai Wu (2004). Thn Ðdia qroni� oi Torsvik

et al.(2009)[17] efarmìsthke to Ðdio montèlo gia thn prosomoÐwsh oqhmatagwg¸n meg�-

lhc taqÔthtac. Oi Nascimento et al. (2009)[18] qrhsimopoÐhsan to montèlo FUNWAVE

twn Wei kai Kirby (1995)[19] me skopì th melèth miac kinoÔmenhc pÐeshc sthn eleÔjerh

epif�neia.

Stic en lìgw ergasÐec pou anafèrame kai oi opoÐec diapragmateÔontai to jèma thc epÐ-

drashc thc kinoÔmenhc epiballìmenhc pÐeshc sthn eleÔjerh epif�neia, qrhsimopoieÐtai mia

sunhmitonoeid c sun�rthsh prokeimènou na prosomoi�sei thn askoÔmenh pÐesh thc g�strac.

Prìsfata oi Bayraktar Ersan kai S.Beji(2012)[20] qrhsimopoÐhsan exÐswseic Boussinesq me

beltiwmèna qarakthristik� diaspor�c (me prosj kh epiplèon ìrwn an¸terhc t�xhc), gia na

melet soun kÔmata lìgw kinoÔmenhc katanom c pÐeshc. Oi katanomèc pÐeshc pou qrhsimo-

poÐhsan oi en lìgw suggrafeÐc  tan Gaussian gia th monodi�stath perÐptwsh kai hmisfairi-

kèc - paraboloeideÐc sunart seic gia th didi�stath perÐptwsh, ¸ste na prosomoi�soun thn

katanom  pièsewn apì mia kinoÔmenh g�stra.

1.3 KinoÔmena s¸mata p�nw   kont� sthn epif�-

neia tou neroÔ

H kÔria aitÐa thc dhmiourgÐac twn kumatism¸n eÐnai h dr�sh tou anèmou. Up�rqoun ìmwc

kai �llec aitÐec pou ofeÐlontai se kinoÔmena sÔnora, ìpwc plwt� kai bujismèna s¸mata,

kaj¸c kai sth dr�sh katanemhmènhc pÐeshc kinoÔmenhc sthn eleÔjerh epif�neia. H teleutaÐa
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kathgorÐa kajÐstatai shmantik  kaj¸c oi an�gkec tou emporÐou kai thc nautilÐac, all� kai

thc anayuq c, èqoun odhg sei sth suqn  dièleush emporik¸n ploÐwn kont� apì aktèc kaj¸c

kai idiaÐtera gr gorwn ploÐwn kai taquplìwn. Ta kinoÔmena sÔnora aut� dhmiourgoÔn

pedÐa kumatism¸n me idiaÐtera qarakthristik� ta opoÐa qr zoun melèthc se sun�rthsh me tic

periballontikèc - oikologikèc - oikonomikèc epipt¸seic touc stic par�ktiec z¸nec.

'Opwc anafèrame sthn eisagwg , o skopìc thc ergasÐac den eÐnai h melèth thc dhmiour-

gÐac twn kumatism¸n exaitÐac thc allhlepÐdrashc g�strac reustoÔ. Autì to fainìmeno

apoteleÐ perissìtero nauphgikì jèma kai sqetÐzetai me th beltistopoÐhsh thc sqedÐashc

twn ploÐwn kai th leitourgÐa touc. Sthn ergasÐa aut  ja esti�soume sth di�dosh sÔnjetwn

kumatism¸n pou par�gontai apì mia epiballìmenh sthn eleÔjerh epif�neia katanom  pÐeshc,

h opoÐa kineÐtai me stajer  taqÔthta. To montèlo autì bèbaia prosomoi�zei sth di�dosh

sÔnjetwn kumatism¸n pou prokaloÔntai apì thn kÐnhsh twn ploÐwn (apìnera).

Sq ma 1.1: Proeidopoihtik  pinakÐda kat� m koc thc akt c tou Belfast, sthn IrlandÐa.

Pèran thc diaforetik c fusik c diergasÐac paragwg c twn kumatism¸n aut¸n se sqèsh

me touc anemogeneÐc, autì pou touc diaforopoieÐ kai kajist� anagkaÐa th melèth touc, eÐnai h

<< aprìsmenh >> prosèleus  touc sthn akt  kai en gènei sthn par�ktia z¸nh. H epikindunìtht�

touc ègkeitai afenìc men sthn ekd lwsh apìtomou pl�touc kumatismoÔ exaitÐac fusik¸n

paragìntwn pou pijan¸n sugkuriak� na allhlepidroÔn (p.q. kumatismoÔc diaforetik c

aitÐac   reÔmata,   di�jlash - sumbol  lìgw bajumetrÐac), kai afetèrou sto ìti akrib¸c
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ekdhl¸nontai met� th dièleush ploÐou. 'Ara h ekd lws  touc mporeÐ na mh sun�dei me me th

genikìterh sumperifor� twn epifaneiak¸n kumatism¸n sth sugkekrimènh perioq 4. Autèc oi

dÔo parathr seic kajistoÔn ta apìnera twn ploÐwn epikÐndunouc kumatismoÔc exaitÐac tou

<< aifnidiastikoÔ >> touc qarakt ra.

AxÐzei na anafèroume ìti to prìblhma twn apìnerwn twn ploÐwn melet jhke gia pr¸th

for� stic arqèc tou prohgoÔmenou ai¸na, ìtan h ap¸leia thc zw c enìc paidioÔ apì ta

apìnera tou rwsikoÔ A/T NOVIK, pou èplee me taqÔthta 37 kìmbwn, od ghse ton prw-

topìro r¸so ereunht  Aleksey Krylov[62] sthn pr¸th diereÔnhsh tou probl matoc, ìpwc

anafèretai apì ton T. Soomere(2009)[61] 5. Parìla aut� , h epikindunìthta twn apìnerwn

twn ploÐwn, kurÐwc twn taqèwc kinoÔmenwn, kai pio sugkekrimèna ta taqèwc kinoÔmena oqh-

matagwg�, se sqèsh me thn par�ktia drasthriìthta den eÐnai eurèwc gnwst . KaÐtoi èqoun

anaferjeÐ atuq mata apì epÐshmouc organismoÔc den èqei odhg sei se praktik� apotelèsma-

ta - sugkekrimènouc kanonismoÔc, ìpwc anafèretai gia par�deigma apì touc Grhgorìpouloc

k.�. (2008)[22].

Sq ma 1.2: Proeidopoihtik  pinakÐda aprìsmenwn kum�twn met� th dièleush taqÔplown.

Oi en lìgw kumatismoÐ anafèrontai sth bibliografÐa wc ship wakes   wash waves, kai

ja touc anafèroume apl� wc kumatismoÔc (  sÔnjetouc kumatismoÔc) ploÐou. 'Eqei de

4
Χαρακτηριστική είναι η έρευνα της Marine Accident Investigation Branch (MAIB),(2000)[21] σύμφωνα

με την οποία εκτιμάται ότι η διέλευση ενός ταχέως οχηματαγωγού προκάλεσε το θάνατο ενός ατόμου που

βρισκόταν εν πλω, εξαιτίας των κυματισμών που δημιουργήθηκαν.

5
βλ. στη σελ 221.



1.3. KINO�UMENA S�WMATA P�ANW �H KONT�A STHN EPIF�ANEIA TOU NERO�U 15

parousiasteÐ prosp�jeia prosomoÐwshc thc di�dos c touc, p.q. Bellibasakis (2003)[1]. Sthn

paroÔsa ergasÐa ja melethjeÐ to fainìmeno thc kumatogèneshc exaitÐac thc kinoÔmenhc

katanom c pÐeshc sthn eleÔjerh epif�neia tou neroÔ kai thc di�doshc twn kumatism¸n sta

rhq�, apotèlesma to opoÐo èqei shmasÐa wc proc thn asf�leia kai prìlhyh atuqhm�twn

sthn par�ktia z¸nh kaj¸c kai sthn prostasÐa twn par�ktiwn perioq¸n. Genik� ektim�tai

ìti to fainìmeno autì mporeÐ na fèrei arnhtik  epÐdrash ìtan h enèrgeia kumatismoÔ twn

ploÐwn kont� sthn akt  xeper�sei ta energeiak� perioqìmena twn epikratoÔntwn sunjhk¸n

sthn exetazìmenh perioq . Pio k�tw (sq ma 1.36) deÐqnoume touc kumatismoÔc ploÐou ìpwc

emfanÐzontai sthn akt .

Sq ma 1.3: Ship wakes approaching the coast of Aegna. Perioq  prosèggishc tou Tallinn.

To sq ma 1.3 parousi�zei thn eikìna twn kumatism¸n apì taqÔploo EB/OG thc gramm c

Helsinki - Tallinn kat� thn prosèggis  tou sto lim�ni tou Tallin, par�pleura sto nhs�ki

Aegna, ìpwc faÐnetai ston q�rth tou sq matoc 1.47.

Shmei¸netai ìti o anasqediasmìc thc diadrom c me mikrèc tropopoi seic wc proc thn

troqi� prosèggishc kai thn taqÔthta mporeÐ na epifèrei shmantikèc belti¸seic8 .

6
Βλ. Torsvik et al.(2009a)[17].

7
Βλ. στην ίδια εργασία (Torsvik et al.(2009a)[17]).

8
Βλ. στο ίδιο.
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Sq ma 1.4: Diadrom  tou taqÔploou EB/OG.
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1.4 Kumatogènesh apì ploÐa (Kelvin ship waves)

Sth melèth twn kumatism¸n ploÐou up�rqoun dÔo epÐpeda prosèggishc. Arqik� mporeÐ kaneÐc

na melet sei ti sumbaÐnei sthn epif�neia thc g�strac, an�loga me to sq ma thc, kai ton trì-

po pou aut  allhlepidr� me to reustì kat� th sqetik  kÐnhs  tou. Mia tètoia prosèggish,

ìpwc eÐpame, jewroÔme pwc eÐnai afor� perissìtero sth nauphgik  (bèltisth sqedÐash kai

sumperifor� - leitourgÐa ploÐou) enìc ploÐou9. Sthn paroÔsa ergasÐa ja qrhsimopoi soume

proseggistik� th je¸rhsh thc epiballìmenhc pÐeshc sthn epif�neia tou neroÔ se sundua-

smì me montèla exis¸sewn Boussinesq gia thn exètash twn qarakthristik¸n di�doshc twn

kumatism¸n. JewroÔme mia genik , katanom  pÐeshc, epibeblhmènh sthn eleÔjerh epif�neia,

9
Η θεμελίωση της θεωρητικής μελέτης των κυματισμών των πλοίων, ξεκινά από τον Kelvin. Στη θεώρησή

του, η δράση του πλοίου στο ρευστό αντικαθίσταται από μια συγκεντρωμένη πίεση παλμού, η οποία κινείται

στην επιφάνεια. Αυτή η θεώρηση αποτελεί μια βελτίωση της θεωρίας των Cauchy και Poisson σχετικά με

τη διάδοση ενός επιφανειακού κυματισμού που οφείλεται σε μια τοπική διαταραχή. Η εξάρτηση της αντίστα-

σης του πλοίου από τη μορφή της γάστρας, πρωτοθεμελιώθηκε, ανεξάρτητα, από τους Michell (1898)[23][24]

και Zhukovskii (1903)[64]. Ο πρώτος μελέτησε το δυναμικό ταχυτήτων και την αντίσταση του πλοίου στην

περίπτωση στενής γάστρας κινούμενης σε νερό απείρου βάθους, ενω ο δεύτερος μελέτησε την περίπτωση

γάστρας σχήματος κάθετου κυλίνδρου που κινείται σε ρηχό νερό. Ο δεύτερος μάλιστα, πέτυχε τη μορφή της

ισάλου γραμμής που ελαχιστοποεί την αντίσταση του κυματισμού. Για μεγάλο διάστημα, οι κατασκευαστές

αγνοούσαν τη θεωρία του Michell, έως το 1923. Η περαιτέρω μελέτη της αντίστασης των κυματισμών ενός

λεπτού πλοίου και η επέκταση σε ρηχό νερό, ή σε κανάλι τετραγωνικού σχήματος, ξεκίνησε το 1936-1937

με τους Sretenskii, Keldish, Sedov[63]. Στις εργασίες του Havelock (1932-1934)[25][26] δόθηκαν γενικές

εκφράσεις για τη δημιουργία κυματισμών, όπισθεν ενός κινούμενου αντικειμένου, καθώς και εκτιμήσεις για

την αντίστασή του. Δεν κατάφερε όμως να δώσει με ακρίβεια την ιδιομορφία της συνάρτησης κατανομής για

ένα αντικείμενο αυθαίρετου σχήματος. Η πιο γενική θεώρηση του προβλήματος του δυναμικού ταχυτήτων και

των δυνάμεων που επενεργούν πάνω στο σώμα, δόθηκε από τον Kochin το 1936. Εξέφρασε την άγνωστη

συνάρτηση της συνεχούς κατανομής των πηγών της επιφάνειας του σώματος με όρους ολοκληρωτικής εξίσω-

σης, με συνοριακή συνθήκη την επιφάνεια του σώματος. Στη συνέχεια ο Khaskind επέκτεινε τη θεωρία του

Kochin, στην περίπτωση κίνησης σε πεπερασμένο βάθος. Για λεπτομέρειες μπορεί κανείς να ανατρέξει στο

κλασσικό βιβλίο του A.A. Kostyukov (1959)[65].
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h opoÐa antistoiqeÐ proseggistik� sthn parousÐa g�strac, kai ara mporeÐ na sumb�llei sth

melèth tou fainomènou twn kumatism¸n ploÐou.

Sto sq ma 1.5 parousi�zoume mia eikìna10 prosomoÐwshc thc anapar�stashc enìc su-

st matoc kumatism¸n Kelvin .

Sq ma 1.5: Arijmhtik  kataskeu  omìrou.

O palmìc autìc me th seir� tou kaj¸c kineÐtai, dhmiourgeÐ kumatismoÔc oi opoÐoi diadÐ-

dontai (arqik� se mÐa kai èpeita se dÔo diast�seic). Gia th dièleus  touc proc sthn akt 

jewroÔme ènan pujmèna tou opoÐou to b�joc metab�lletai ètsi ¸ste na èqoume èna ìso pio

ploÔsio (apì pleur�c fusik c) apotèlesma.

H antÐstash tou reustoÔ sthn kÐnhsh enìc ploÐou, ègkeitai se treic ìrouc. Th dÔna-

mh trib c Rf , thn antÐstash lìgw sq matoc (eddy resistance) Re, kai thn antÐstash tou

kumatismoÔ Rw. H dÔnamh thc trib c anaparist� tic efaptomenikèc dun�meic pou dhmiour-

goÔntai metaxÔ tou reustoÔ kai tou breqìmenou tm matoc thc bujizìmenhc epif�neiac. To

�jroisma twn �llwn dÔo antist�sewn dhl¸nei thn antÐstash exaitÐac twn dun�mewn pÐeshc

pou dhmiourgoÔntai kat� thn kÐnhsh tou antikeimènou. H antÐstash lìgw morf c ofeÐletai

sthn epanakatanom  thc ro c sthn epif�neia tou antikeimènou, exaitÐac tou ix¸douc tou

reustoÔ. Tìso loipìn h antÐstash lìgw trib c ìso kai h antÐstash lìgw morf c ofeÐ-

lontai sto ix¸dec tou reustoÔ. H antÐstash lìgw kumatismoÔ, ofeÐletai sto ìti kat� th

10
Βλ. σελ. 427 στο βιβλίο Howard Georgi (1993)[66].
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bÔjish olìklhrou   tm matoc tou antikeimènou, up�rqei paramìrfwsh thc epif�neiac. Autì

sunep�getai mikroskopik� ìti up�rqei metatìpish twn morÐwn apì th jèsh isorropÐac me a-

potèlesma th dhmiourgÐa talant¸sewn, oi opoÐec makroskopik� dhmiourgoÔn ènan kumatismì

pou taxideÔei arket� pio makri� apì to bujizìmeno antikeÐmeno.

Ta qarakthristik� tou kumatismoÔ ja kajoristoÔn apì to pedÐo taqut twn pou ja dia-

morfwjeÐ sth geitoni� tou kinoÔmenou antikeimènou. Parathr seic kai jewrhtik  èreuna

èqoun deÐxei ìti sqhmatÐzontai dÔo om�dec kumatism¸n. MÐa om�da sthn prÔmnh kai mÐa sthn

pl¸rh. Epiplèon autèc oi om�dec apoteloÔntai apì dÔo eid¸n kÔmata. ApoklÐnonta (di-

verging waves) kÔmata kai egk�rsia (transverse waves) kÔmata, ta opoÐa sqhmatÐzoun èna

sÔsthma sÔnjetwn kumatism¸n gnwstì sth bibliografÐa wc Kelvin pattern. Oi en lìgw

kumatismoÐ anaparistoÔntai sto sq ma 1.6.

Sq ma 1.6: Sq ma apìnerwn ploÐou.

Pio analutik� mporoÔme na poÔme ìti èqoume èna montèlo11 sÔnjetwn kumatism¸n12,

apoteloÔmeno apì dÔo sust mata, ek twn opoÐwn oi egk�rsioi kumatismoÐ akoloujoÔn kat�

mÐa ènnoia to ploÐo, en¸ oi apoklÐnontec (thc poreÐac tou ploÐou) kumatismoÐ dierqìmenoi apì

perib�llonta metablht c bajumetrÐac proc thn akt  ufÐstantai di�jlash kai prospÐptoun

par�llhla proc thn akt  13.

11Schematic sketch of a ship wake (adapted from Hennings et al., 1999)
12
Βλ. στο κεφάλαιο 5 του Lokenath Debnath (1994)[67].

13
Μπελιπμασάκης,Κ.-Αθανασούλης,Γ. (2012)[68] .
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Sq ma 1.7: Kelvin pattern, klassik  fwtografÐa tou Adrian Pingstone pou eikonÐzei kai

th di�jlash twn kumatism¸n ploÐou lìgw metabol¸n bajumetrÐac.



Kef�laio 2

Exis¸seic Boussinesq

Sto kef�laio autì ja parousi�soume thn proèleush kai thn paragwg  twn basik¸n e-

xis¸sewn Boussinesq, pou parousi�sjhke apì ton Peregrine(1967)[3], kaj¸c kai tic em-

ploutismènec wc proc th diaspor� exis¸seic pou ja qrhsimopoi soume stouc arijmhtikoÔc

upologismoÔc. Sthn arq  tou kefalaÐou ja anaferjoÔme sthn kat�taxh twn kumatism¸n kai

sth shmasÐa twn exis¸sewn Boussinesq wc proc to eÔroc twn fainomènwn pou kalÔptoun,

kai wc ek toÔtou ton lìgo gia ton opoÐo tic epilèxame. Sth sunèqeia ja parousi�soume tic

en lìgw exis¸seic sthn perÐptwsh amet�blhtou pujmèna kai sth sunèqeia sthn perÐptwsh

ìpou o pujmènac metab�lletai wc proc thn topografÐa tou.

Sto teleutaÐo mèroc ja epilÔsoume mia apl  morf  twn exis¸sewn Boussinesq ana-

deiknÔontac th shmasÐa touc sthn ermhneÐa thc solitonik c sumperifor�c. KleÐnontac ja

perigr�youme exis¸seic Boussinesq me beltiwmèna qarakthristik� sumperifor�c wc proc th

diaspor�.

2.1 Qarakthrismìc ud�tinwn kumatism¸n

Oi aploÐ periodikoÐ ud�tinoi epifaneiakoÐ kumatismoÐ qarakthrÐzontai me b�sh to Ôyoc touc

H kai to m koc kÔmatìc touc λ, se sqèsh me to b�joc tou neroÔ h pou diadÐdontai.

21
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Mia pr¸th kathgoriopoÐhsh twn kum�twn gÐnetai an�loga me to << sqetikì >> b�joc thc

perioq c pou diadÐdontai1 wc proc to m koc kÔmatoc, dhlad :

1. kÔmata rhqoÔ neroÔ, ìtan h
λ
< 1

20
,

2. kÔmata endi�mesou b�jouc, ìtan 1
20
< h

λ
< 1

2
, kai

3. kÔmata se bajÔ nerì, ìtan h
λ
> 1

2
.

Sthn pr¸th kathgorÐa twn kumatism¸n rhqoÔ neroÔ, to m koc touc eÐnai polÔ megalÔ-

tero tou b�jouc, opìte kai anafèrontai wc makroÐ kumatismoÐ ( long waves). Stic �llec

kathgorÐec qarakthrÐzontai wc braqeÐc kumatismoÐ (short waves).

'Enac �lloc trìpoc kathgoriopoÐhshc twn kumatism¸n eÐnai h susqètish tou Ôyouc tou

kÔmatoc me m koc tou   kai me to b�joc thc perioq c sthn opoÐa diadÐdetai. Kat� aut  thn

ènnoia èqoume thn ex c kathgoriopoÐhsh:

1. mikroÐ kumatismoÐ (small waves), ìtan H
λ
<< 1.0,

2. kÔmata endi�mesou Ôyouc, ìtan H
λ
∼ 0.05− 0.08, kai

3. meg�loi kumatismoÐ (steep waves), ìtan H ∼ h.

MporoÔme na doÔme ìti h kathgoriopoÐhsh enìc kanonikoÔ kumatismoÔ, den mporeÐ na

gÐnei me èna mìno krit rio. O pio kat�llhloc trìpoc gia na omadopoihjoÔn oi kumatismoÐ,

eÐnai h sumfwnÐa twn exwterik¸n qarakthristik¸n (H, λ, T ), me th dunamik  sumperifor�

pou emfanÐzoun se èna sugkekrimèno b�joc neroÔ (h). Autì pou anafèroume, apokalÔptei

to gegonìc ìti o qarakthrismìc kai h kat�taxh enìc kumatismoÔ apoteleÐ mia dunamik 

diadikasÐa, me thn ènnoia ìti èna kÔma sugkekrimènou Ôyouc   m kouc kÔ-

matoc, an�loga me to perib�llon sto opoÐo brÐsketai, mporeÐ na entaqjeÐ

se diaforetikèc k�je for� kathgorÐec.

1
Βλ. Massel(1989)[69] στο Ch.2, p.26.
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Opìte oi anwtèrw par�metroi memonwmèna, den dÔnantai na apokalÔyoun th dunamik 

tou kumatismoÔ. Wc ek toÔtou ta anafèroume susqetismèna me th bo jeia adi�statwn pa-

ramètrwn. Gia autì sthn pr�xh qrhsimopoioÔntai sun jwc adi�statec par�metroi, ìpwc :

to sqetikì Ôyoc kÔmatoc , (H
λ
), to sqetikì b�joc neroÔ ( h

λ
), h klÐsh tou kÔmatoc (wave

steepness, σ = A
λ
, ìpou A to pl�toc tou kÔmatoc ) ,   h par�metroc diaspor�c/par�metroc

r qwshc ( µ = h
λ
).

2.1.1 Par�metroc Ursell

H prosèggish gia to rhqì nerì (shallow water   long wave approximation) sthrÐzetai sto

ìti to m koc kÔmatoc eÐnai shmantik� megalÔtero tou b�jouc, dhlad ,

µ = 2π
h

λ
= k h << 1,

ìpou k o arijmìc kÔmatoc. ParathroÔme ìti an sth sqèsh diaspor�c ω =
√
g k tanh(k h)

anaptÔxoume thn upìrizh posìthta wc proc to µ = k h, dhlad  , tanh(k h) = k h− 1
3
(k h)3 +

2
15

(k h)5 −O[k h]7 , èqoume gia th sqèsh diaspor�c ìti:

ω =
√
g k tanh(k h) =

√
g k

√
k h− 1

3
(k h)3 +

2

15
(k h)5 − ...

ParathroÔme loipìn ìti kaj¸c h tim  tou µ = k h aux�netai h sqèsh diaspor�c apaiteÐ ìlo

kai perissìterouc ìrouc gia na upologisjeÐ. 'Otan to µ eÐnai polÔ mikrì, tìte h sqèsh dia-

spor�c gÐnetai ω2 = k2 g h kai antistoiqeÐ sto rhqì nerì. Sto bajÔ nerì, h mh grammikìthta

twn kumatism¸n exart�tai kurÐwc apì thn par�metro klÐshc (σ). Sto rhqì nerì, h mh gram-

mikìthta exart�tai apì thn par�metro σ = A
λ
all� kai apì ton lìgo A

h
. O Ursell (1953)[27]

èdeixe ìti gia makreÐc kumatismoÔc ta mh grammik� fainìmena kajorÐzontai apì sunduasmì

tou b�jouc, kai twn idiot twn diaspor�c tou kumatismoÔ, sÔmfwna me ton arijmì:

U =
H/h

(h/λ)2
.
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Prokeimènou loipìn, ènac kumatismìc na dÔnatai na perigrafeÐ apì th grammik  jewrÐa,

ja prèpei h par�metroc Ursell all� kai h klÐsh tou kÔmatoc (σ wave steepness ) na eÐnai

arket� mikrìterec thc mon�dac. AntÐjeta, an U >> 8π2, o kumatismìc ja diadÐdetai dÐqwc

diaspor�, all� ja eÐnai mh grammikìc. Sthn perÐptwsh aut , to mètwpo kÔmatoc ja apokt�

ìlo kai pio apìtomh klÐsh mèqri th jraÔsh tou. Sthn perÐptwsh ìpou U ≈ 8π2 h diaspor�

ja ufÐstatai men, all� se sunduasmì me th mh grammikìthta, to kÔma ja emfanÐzei ta qara-

kthristik� makroÔ kÔmatoc (cnoidal wave) kai oriak� aut� tou solitonikoÔ kÔmatoc. AxÐzei

na shmei¸soume ìti sthn teleutaÐa perÐptwsh h sqèsh diaspor�c c =
√
g h ja exart�tai kai

apì thn anÔywsh thc eleÔjerhc epif�neiac tou reustoÔ.

Anakafelai¸nontac th shmasÐa thc paramètrou U kataskeu�zoume ton parak�tw pÐnaka:

U << 8π2 kai σ << 1 U ≈ 8π2 U >> 8π2

jewrÐa Airy exissorìphsh epÐdrashc diaspor�c solitonik  sumperifor�

apì th mh grammikìthta

makrioÐ kumatismoÐ jraÔsh

2.1.2 Kat�taxh Kumatism¸n

Sto shmeÐo autì, kai prin proqwr soume, ja parousi�soume apì thn ergasÐa tou Fenton

sÔmfwna me thn opoÐa, h jewrÐa Stokes pèmpthc t�xhc epalhjeÔetai gia kÔmata gia ta opoÐa

to Ôyoc touc eÐnai kat� 10 forèc mikrìtero apì to b�joc. Se genikèc grammèc mporoÔme

na poÔme ìti ìtan h par�metroc U gÐnei uyhl  tìte h jewrÐa Stokes, astoqeÐ kai jewrÐec

�llou tÔpou, ja prèpei na qrhsimopoihjoÔn( Cnoidal Theory ). EÐnai gnwstì ìti h jewrÐa

Stokes pr¸thc t�xhc, pou anafèretai kai wc jewrÐa Airy, pragmateÔetai to grammikì, udro-

dunamikì prìblhma2. H perioq  twn paramètrwn pou mac endiafèrei brÐsketai kont� sthn

grammoskiasmènh perioq  tou qwrÐou pou parajètoume, kai se aut  thn perioq  oi exis¸seic

Boussinesq parousi�zoun efarmosimìthta.

Tèloc gia lìgouc plhrìthtac parajètoume apì ton Fenton (1990)[28] th grafik  par�-

2
Μπελιμπασάκης,Κ.-Αθανασούλης,Γ. (2012)[68].
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stash thc isqÔoc twn diafìrwn jewri¸n tou H
h
sunart sei tou λ

h
.

Sq ma 2.1: H grammoskiasmènh perioq  deÐqnei poiotik� thn isqÔ tou montèlou mac.

Sto sq ma 2.1 faÐnetai h oriak  kampÔlh isqÔoc thc solitonik c sumperifor�c ìpwc

epÐshc oi perioqèc isqÔoc thc jewrÐac kumatism¸n Stokes kai Cnoidal3. Par�llhla apeiko-

nÐzetai h empeirik  kampÔlh tou Williams(1981) kaj¸c kai h antÐstoiqh kampÔlh tou Hedges

(1995) gia par�metro Ursell Ðsh me U = 40.

2.2 Exis¸seic Boussinesq

EÐnai gnwstì ìti kaj¸c ènac kumatismìc diadÐdetai proc thn akt  all�zei ta qarakthristik�

tou, prosarmìzetai dhlad  sto nèo perib�llon, sto opoÐo h allag  sth bajumetrÐa k�nei

pleìn orat� ta apotelèsmat� thc. H metabol  sta qarakthristik� tou pujmèna ìtan prìkei-

tai gia meg�la b�jh epifèrei amelhtèec allagèc sta qarakthristik� tou kumatismoÔ. Sthn

perÐptwsh ìmwc pou exet�zoume, h bajumetrÐa paÐzei shmantikì rìlo gia th diamìrfwsh twn

dunamik¸n qarakthristik¸n tou kumatismoÔ, anexart twc proeleÔsewc tou teleutaÐou. H

oikogèneia twn exis¸sewn pou dÔnatai na perigr�yei touc en lìgw kumatismoÔc proèrqetai

3
Βλ. Fenton (1990)[28].
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apì tic exis¸seic tou Euler me thn upìjesh ìti ta kÔmata èqoun meg�lo m koc se sqèsh me

to b�joc thc perioq c di�doshc, me qarakthristikìtero par�deigma tic exis¸seic Boussinesq.

O lìgoc gia ton opoÐo akìmh katafeÔgoume se montèla aplopoÐhshc twn exis¸sewn tou

Euler, eÐnai diìti den dÔnantai na epilujoÔn arijmhtik� exaitÐac tou ter�stiou upologisti-

koÔ kìstouc pou emperièqoun ìtan epijumoÔme na tic montelopoi soume se meg�la qwrÐa.

Oi exis¸seic Boussinesq, den parèqoun lÔsh se kleist  morf  all� eÐnai eukolìtero na

epilujoÔn apì �poyh upologistik¸n apait sewn.

2.2.1 Exis¸seic idanikoÔ reustoÔ

Upojètoume mh sunektikì asumpÐesto reustì. H exÐswsh sunèqeiac dÐdei:

∇v = ux + υy + wz = 0.

H diat rhsh thc orm c tou reustoÔ (exÐswsh Euler) dÐdetai apì:

Dv

Dt
= F ⇒ vt + (v · ∇)v =

−∇(P + ρ g z)

ρ
,

ìpou z o katakìrufoc jetik� prosanatolismènoc proc thn epif�neia �xonac.

H anwtèrw sqèsh gia astrìbilh ro  ∇× v = 0 dÐnei th:

vt +
1

2
∇(v2) =

−∇(P + ρ g z)

ρ
.

Sth sunèqeia, sqetik� me ton pujmèna, efarmìzontac th sunj kh mh dieÐsdushc , paÐr-

noume:

w = uhx + υhy, στo z = −h(x, y).

AntÐjeta, sto p�nw sÔnoro tou qwrÐou, pou tautÐzetai me thn eleÔjerh epif�neia (η),

up�rqei qronik  ex�rthsh kaj¸c h eleÔjerh epif�neia metab�lletai me ton qrìno, gegonìc

pou ìpwc anafèrame sthn eisagwg  kajist� to en lìgw prìblhma dÔskolo kai idiaÐtero.

H prohgoÔmenh parat rhsh se sunduasmì me thn apaÐthsh ìti h pÐesh eÐnai mia suneq c
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sun�rthsh sthn epif�neia parèqei thn kinhmatik  kai th dunamik  sunj kh thc eleÔjerhc

epif�neiac:

w = ηt + uηx + υy στo z = η(x, y, t),

P = Pα(x, y, t) στo z = η(x, y, t).

Me Pα sumbolÐzoume thn perib�llousa pÐesh . Sthn perÐptws  mac ìmwc h pÐesh aut  apote-

leÐ thn topik  kinoÔmenh katanom  pÐeshc pou ja epib�lloume, h opoÐa mporeÐ na montelopoieÐ

proseggistik� touc kumatismoÔc tou ploÐou.

Mia enallaktik  isodÔnamh epanadiatÔpwsh tou probl matìc mac gÐnetai sta plaÐsia thc

jewrÐac metabol¸n. H diatÔpwsh aut  ja mac d¸sei th dunatìthta na katal xoume stic

epijumhtèc morfèc twn exis¸sewn Boussinesq.

2.2.2 H topojèthsh tou probl matoc

Sthn enìthta aut  ja perigr�youme sunoptik� thn paragwg  twn exis¸sewn me th bo jeia

thc mejìdou twn metabol¸n4,5

H upìjesh thc mh strobilìthtac6 mac epitrèpei th qr sh thc jewrÐac tou dunamikoÔ.

Sugkekrimèna, èstw φ to dunamikì taqÔthtac pou anazhtoÔme, to opoÐo eÐnai apotèlesma

thc kÐnhshc tou reustoÔ V:

V = ∇φ.

Sthn perÐptwsh aut  mporoÔme na deÐxoume7 ìti:

P − Pα = ∆P = −%
(
g z + φt +

1

2
|∇φ|2

)
.

Autì akrib¸c to apotèlesma, ja mac bohj sei sthn ermhneÐa thc qr shc tou sunar-

thsiakoÔ. Pio sugkekrimèna, oloklhr¸nontac thn pÐesh sthn upì melèth perioq , kai en

4
Πολλές φορές αποδίδεται και ως παραλλακτική μέθοδος, βλ. H.Goldstein[70].

5
Για μια εισαγωγή παραπέμπουμε στο κλασσικό σύγγραμμα του Gilbert A. Bliss[71] αλλά και στους I. M.

Gelfand και S. V. Fomin[72].
6
Βλ. για παράδειγμα Robert G. Dean, Robert A. Dalrymple[73].

7
βλ. για παράδειγμα Belibassakis (2011)[29].
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suneqeÐa wc proc èna qronikì di�sthma, prokÔptoun diast�seic dr�shc. 'Etsi dhmiourgoÔme

to epijumhtì sunarthsiakì, to opoÐo analÔoume sth sunèqeia.

XekinoÔme me thn je¸rhsh ìti se èna di�sthma tou qrìnou (t1, t2), to k�twji sunarth-

siakì F 8 èqei thn akìloujh metabol :

F =

∫ t2

t1

dt

∫ x2

x1

∫ y2

y1

∫ z=η(x,y,t)

z=−h(x,y)

dxdydz∆P =

=

∫ t2

t1

dt

∫ x2

x1

∫ y2

y1

∫ z=η(x,y,t)

z=−h(x,y)

dxdydz (−ρ)

{
(g z + φt) +

+
1

2

(
(φx)

2 + (φy)
2 + (φz)

2)}. (2.1)

AkoloujoÔme ton sumbolismì v = (u, v, w). H sunolik  metabol  suntÐjetai9 apì

δF = δηF + δφF. (2.2)

8
΄Εχει ενδιαφέρον να πούμε ότι η Lagrangian με παρόμοια μορφή αναφέρεται στον Hargreaves (1908)(!)[30],

βλ. επίσης Bateman (1932)[74]. Παρόλα αυτά στη βιβλιογραφία έχει επικρατήσει ως συναρτησιακό του Luke

(1967)[31].

9
Αξίζει, πριν προχωρήσουμε στην ανάπτυξη της 2.2 να αναφέρουμε πολύ συνοπτικά το σκεπτικό της εν

λόγω πράξης. Ως γνωστόν ο Lagrange εισήγαγε το συμβολισμό δ για την πλασματική/δυνατή (virtual)

απειροστή μεταβολή προκειμένου να τη διαχωρίσει από την πραγματική (actual) απειροστή μεταβολή όπου

χρησιμοποιούμε τον συμβολισμό d. ΄Ετσι για μια συνάρτηση πολλών μεταβλητών μπορούμε να ορίσουμε την

πρώτη μεταβολή ως: δF = ∂F
∂x δx+ ∂F

∂y δy + ∂F
∂z + ...

Η συνθήκη για την ύπαρξη στάσιμης τιμής απαιτεί μηδενισμό της πρώτης μεταβολής. Η έννοια όμως της

δυνατής μετατόπισης μας δίδει τη συνθήκη ότι για να μηδενίζεται η πρώτη μεταβολή σε κάθε κατεύθυνση

απαιτείται ο μηδενισμός της F σε κάθε δυνατή κατεύθυνση, έτσι έχουμε ότι για όλες τις μερικές παραγώγους

ισχύει:

∂F

∂xi
= 0, i = 1, 2, 3, ...

Για περαιτέρω ανάλυση παραπέμπουμε στο εξαιρετικό βιβλίο του Cornelius Lancoz (1949)[77] αλλά και στους

Gelfand και Fomin (2000)[72].
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Me aut� kat� nou proqwroÔme stic dÔo metabolèc.

H dunamik  sunj kh thc eleÔjerhc epif�neiac

Efarmìzontac th metabol  gia thn eleÔjerh epif�neia, ja asqolhjoÔme me tic sunèpeiec

tou pr¸tou ìrou, dhlad  tou δηF = 0. H exÐswsh sto z = η(x, y, t) paÐrnei th morf :

(
g η + φt +

1

2

(
(φx)

2 + (φy)
2 + (φz)

2)) |z=η(x,y,t) =
−(P − Pα)

ρ
. (2.3)

H èkfrash 2.3, ousiastik� apoteleÐ thn epanadiatÔpwsh tou ìti, se k�je shmeÐo thc

eleÔjerhc epif�neiac h pÐes  thc isoÔtai me thn epiballìmenh katanom  fortÐou. Wc ek toÔ-

tou thn anafèroume wc dunamik  sunj kh. Na tonÐsoume ìti sth sunj kh aut  upeisèrqetai

to �kro, dhlad  h eleÔjerh epif�neia, pou eÐnai sun�rthsh: η = η(x, y, t) . MporoÔme na

xanagr�youme pio sumpuknwmèna th sqèsh aut :

g η + φt +
1

2
|∇φ|2 =

−(P − Pα)

ρ
, z = η.

Aut  akrib¸c h ex�rthsh dÐnei sto prìblhma mia monadikìthta, sthn opoÐa h sunoriak 

sunj kh exart�tai kai kajorÐzetai apì th lÔsh, eÐnai dhlad  mia peplegmènh sunoriak 

sunj kh. Sto shmeÐo autì ja anaferjoÔme p�li.

H kinhmatik  tou probl matoc

H efarmog  thc jewrÐac metabol¸n sto dunamikì φ apaiteÐ megalÔterh prosoq  diìti up�rqei

peplegmènh ex�rthsh metaxÔ tou pedÐou φ kai thc Lagrangian. Wc ek toÔtou, gia na th

doÔme analutik� ja prèpei na jewr soume th metabol  entìc tou sunarthsiakoÔ kai pio

sugkekrimèna, entìc tou tm matoc tou sunarthsiakoÔ to opoÐo perilamb�nei thn olokl rwsh

wc proc thn katakìrufh sunist¸sa. Wc ~x ≡ (x, y) kaj¸c kai stic diaforÐseic oi dÔo

orizìntiec ja dhl¸nontai me ton deÐkth i. Kaj¸c ja proqwr soume stic pr�xeic me to

sunarthsiakì ja diathr soume èna formalistikì plaÐsio se epÐpedo sumbolismoÔ, epeid  oi
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pr�xeic eÐnai idiaÐtera apaithtikèc kai puknèc. Sth sunèqeia ja epanèljoume se ènan pio litì

sumbolismì se sqèsh me tic diaforÐseic all� kai tic anex�rthtec metablhtèc. O lìgoc pou

all�zoume ton formalismì gÐnetai loipìn sta plaÐsia thc anagkaiìthtac twn pr�xewn kai

ìqi gia k�poion �llo lìgo. SuneqÐzoume loipìn me th metabol  sto sunarthsiakì:

δφF = −ρδφ

{∫ t2

t1

dt

∫ x2

x1

dx

∫ y2

y1

dy

∫ z=η(~x,t)

z=−h(~x)

dz ×

{
g z +

∂φ

∂t
+

1

2
| ∂φ
∂xi
|2 +

1

2
|∂φ
∂z
|2
}}

. (2.4)

'Eqoume loipìn ìti:

δφF = −ρ

{∫ t2

t1

dt

∫ x2

x1

dx

∫ y2

y1

dy

∫ z=η(~x,t)

z=−h(~x)

dz ×

{
∂(δφ)

∂t
+
∂φ

∂xi

∂(δφ)

∂xi
+
∂φ

∂z

∂(δφ)

∂z

}}
. (2.5)

Prokeimènou na suneqÐsoume ja l�boume upìyh ta ex c:

∂

∂t

∫ z=η(~x,t)

z=−h(~x)

dz δφ = δφ|z=η(~x,t)
∂η

∂t
+

∫ z=η(~x,t)

z=−h(~x)

dz
∂δφ

∂t

∂

∂xi

∫ z=η(~x,t)

z=−h(~x)

dz

(
∂φ

∂x

)
δφ =

∫ z=η(~x,t)

z=−h(~x)

dz
∂

∂xi

(
∂φ

∂xi

)
δφ+ (2.6)∫ z=η(~x,t)

z=−h(~x)

dz

(
∂φ

∂x

)
∂

∂xi
(δφ) +

(
∂φ

∂x

)
δφ|z=η(~x,t)

∂η

∂xi
+(

∂φ

∂x

)
δφ|z=−h(~x)

∂h

∂xi∫ η

−h
dz

∂

∂z

{(
∂φ

∂z

)
δφ

}
=

∫ z=η(~x,t)

z=−h(~x)

dz
∂

∂z

(
∂φ

∂z

)
δφ+∫ z=η(~x,t)

z=−h(~x)

dz

(
∂φ

∂z

)
∂ (δφ)

∂z
.

H teleutaÐa sqèsh thc 2.6 gÐnetai:
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(
∂φ

∂z

)
δφ|z=η(~x,t) −

(
∂φ

∂z

)
δφ|z=−h(~x) =∫ z=η(~x,t)

z=−h(~x)

dz
∂

∂z

(
∂φ

∂z

)
δφ+

∫ z=η(~x,t)

z=−h(~x)

dz

(
∂φ

∂z

)
∂ (δφ)

∂z
. (2.7)

Antikajist¸ntac tic 2.6 kai 2.7 sthn 2.5 èqoume:

δφF = −ρ

{∫ t2

t1

dt

∫ x2

x1

dx

∫ y2

y1

dy
∂

∂t

∫ z=η(~x,t)

z=−h(~x)

dzδφ+∫ t2

t1

dt

∫ x2

x1

dx

∫ y2

y1

dy
∂

∂xi

∫ z=η(~x,t)

z=−h(~x)

dz

(
∂φ

∂xi

)
δφ−∫ t2

t1

dt

∫ x2

x1

dx

∫ y2

y1

dy

∫ z=η(~x,t)

z=−h(~x)

dz

(
∂2φ

∂x2
i

+
∂2φ

∂z2

)
δφ−∫ t2

t1

dt

∫ x2

x1

dx

∫ y2

y1

dy

{(
∂φ

∂xi

)
∂η

∂xi
−
(
∂φ

∂z

)
+
∂η

∂t

}
|z=η(~x,t)δφ|z=η(~x,t) −∫ t2

t1

dt

∫ x2

x1

dx

∫ y2

y1

dy

{(
∂φ

∂xi

)
∂h

∂xi
+

(
∂φ

∂z

)}
|z=−h(~x)δφ|z=−h(~x)

}
. (2.8)

Thn parap�nw metabolik  diadikasÐa mporoÔme na thn xanagr�youme pio analutik� kai

wc:

δφF =

∫ t2

t1

dt

∫ x2

x1

∫ y2

y1

dxdy (−ρ)×

×

{
∂t

∫ z=η(x,y,t)

z=−h(x,y)

dzδφ+ ∂x

∫ z=η(x,y,t)

z=−h(x,y)

dz (φx) δφ+

∂y

∫ z=η(x,y,t)

z=−h(x,y)

dz (φy) δφ−∫ z=η(x,y,t)

z=−h(x,y)

dz (φxx + φyy + φzz) δφ− (2.9){
(φx) ηx + (φy) ηy − (φz) + ηt

}
|
z=η(x,y,t)

δφ|
z=η(x,y,t)

−{
(φx)hx + (φy)hy + (φz)

}
|
z=−h(x,y)δφ|z=−h(x,y)

}
.
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'Etsi sthn 2.8 oi dÔo pr¸toi ìroi, pou b�sei thc 2.9 eÐnai treic, mporoÔn na diagrafoÔn

diìti anafèrontai stic diaforèc twn �krwn, eÐte qronik�, eÐte qwrik� stic dÔo orizìntiec

diast�seic, me apotèlesma h dunat  metabol  stic peript¸seic autèc na jewreÐtai Ðsh me to

mhdèn. Opìte apomènoun oi ìroi autoÐ pou ja mac d¸soun thn plhroforÐa efìson anafè-

rontai se k�je dunat  metabol :

φxx + φyy + φzz = 0, (x, y, z) ∈ D,

ηt + φxηx + φyηy − φz = 0, z = η,

φxhx + φyhy + φz = 0, z = −h. (2.10)

Apì tic sqèseic autèc h pr¸th apoteleÐ thn exÐswsh Laplace, sto qwrÐo pou melet�me.

MporoÔme eÔkola na to doÔme qrhsimopoi¸ntac to sunolikì dunamikì ìpou prokÔptei:

∇2φ = 0, (x, y, z) ∈ D.

Ft�same loipìn sthn telik  diatÔpwsh tou probl matoc. MporoÔme na doÔme thn iso-

dunamÐa twn dÔo diatup¸sewn wc proc tic telikèc exis¸seic. Ousiastik� antimetwpÐzoume

èna prìblhma epÐlushc thc exÐswshc Laplace, sto qwrÐo an�mesa sthn eleÔjerh epif�neia

kai ston pujmèna. 'Opwc ìmwc anafèrame, to prìblhma autì èqei thn idiaiterìthta, ìti

oi sunoriakèc sunj kec emperièqoun th lÔsh. Autì apoteleÐ kai th basik  duskolÐa tou

probl matoc twn jalassÐwn kumatism¸n, pou apoteloÔn ousiastik� probl mata qwrÐwn

eleujèrwn �krwn.

EÐmaste plèon se jèsh na proqwr soume sthn peraitèrw diereÔnhsh.

2.3 Analutik  exagwg  twn exis¸sewn Boussinesq

DÐqwc na q�noume sth genikìthta, mporoÔme na perioristoÔme se monodi�stath ro  kai na

mhn sumperil�boume ousiastik� thn y sunist¸sa. Me aut� kat� nou, kai jewr¸ntac Pα = 0,

paÐrnoume:
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φxx + φzz = 0, (x, z) ∈ D.

ηt + φxηx = φz, z = η(x; t).

φxhx + φz = 0, z = −h(x).

φt + 1
2

((φx)
2 + (φz)

2) + g η = 0 z = η(x; t). (2.11)

H basik  idèa eÐnai h aploÔsteush dia thc l yewc thc mèshc tim c (vertical avera-

ging) thc katakìrufhc (z) sunist¸sac. Ja katagr�youme dÔo diaforetikoÔc trìpouc pou

sthrÐzontai ìmwc sthn kentrik  idèa thc << apaloif c >> thc katakìrufhc sunist¸sac. Stouc

arijmhtikoÔc upologismoÔc ja qrhsimopoi soume, ìpwc ja doÔme, thn prosèggish kat� Pe-

regrine. Sthn en lìgw prosèggish xekin�me apì mia tim  thc taqÔthtac sthn adiat�rakth

epif�neia u(x, 0, t) kai ft�noume sthn tim  ston pujmèna u(x,−h, t). Sth sunèqeia jewroÔ-

me10:

u =

∫ η

−h
u dz.

O deÔteroc trìpoc, pou ja perigr�youme eujÔc exarq c, sthrÐzetai sth mèjodo pou

akoloÔjhse o Boussinesq (1872) gia stajerì11 pujmèna.

2.3.1 Exagwg  kat� Boussinesq

Sthn prosèggish tou Boussinesq ja jewr soume ìti h taqÔthta sthn epif�neia gia rhqì

nerì eÐnai perÐpou Ðsh me aut  tou pujmèna. EpÐshc jewroÔme pwc o pujmènac èqei

stajerì b�joc, opìte to h den exart�tai apì to x.

10
Αυτή τη μεθοδολογία ακολουθεί στη σελ. 816 ο D.H. Peregrine(1967)[3] τη μέση τιμή της ταχύτητας στην

κατακόρυφη στήλη h+η . Στο εν λόγω άρθρο η μέση τιμή της ταχύτητας συμβολίζεται με Q όπου αναφέρεται

στις δύο διαστάσεις. Εμείς θα ακολουθήσουμε το συμβολισμό v για το πρόβλημα των δύο διαστάσεων και

την u για το αντίστοιχο μονοδιάστατο.
11
Σταθερό εννοούμε ότι δεν αλλάζει ούτε στο χρόνο ούτε στο χώρο. Στη συνέχεια θα αναφερθούμε

αναλυτικά στην περίπτωση χωρομεταβαλλόμενου πυθμένα.
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Sq ma 2.2: Anapar�stash apaloif c thc katakìrufhc suntetagmènhc.

Ja xekin soume oloklhr¸nontac thn exÐswsh Laplace dÔo forèc wc proc thn katakìrufh

st lh. Met� thn pr¸th olokl rwsh èqoume ìti:

∫ z′

−h
φxxdz + φz(x, z

′, t)− φz(x,−h, t) = c1(x, t). (2.12)

O ìroc φz(x,−h, t) = 0, apoteleÐ th sunj kh mh dieÐsdushc tou pujmèna. Kat� th deÔterh

olokl rwsh èqoume:

∫ z

−h
dz′
∫ z′

−h
dzφxx + φ(x, z, t)− φ(x,−h, t) = c1(x, t)z + c2(x, t). (2.13)

O ìroc c2(x, t) dÔnatai na enswmatwjeÐ sth sqèsh ϕb(x, t) ≡ φ(x,−h, t)+c2(x, t) ìpou o �nw

deÐkthc b anafèretai ston pujmèna ( bottom) . Se sqèsh me ton ìro c1(x, t), pou apoteleÐ

thn pr¸th stajer� wc proc to z, prèpei na eÐmaste lÐgo pio prosektikoÐ. Efarmìzontac th

sunj kh mh dieÐsdushc sthn exÐswsh 2.13 prokÔptei ìti:

c1(x, t) =

∫ −h
−h

φxxdz = 0.

Wc ek toÔtou prèpei na egkataleÐyoume th c1(x, t) mhdenÐzont�c th apì thn epibol  thc

sunoriak c sunj khc mh dieÐsdushc. 'Etsi katal goume gia th sun�rthsh dunamikoÔ:
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φ(x, z, t) = ϕb(x, t)−
∫ z

−h
dz′
∫ z′

−h
φxx dz. (2.14)

Sto shmeÐo autì ja jewr soume ìti gia kumatismoÔc rhqoÔ neroÔ h orÐzontia

taqÔthta φx(x, z, t) den all�zei shmantik� se sqèsh me thn taqÔthta ston

pujmèna ϕbx(x, t). Jètontac loipìn

φ ≈ ϕb

sto olokl rwma, apì thn 2.14 prokÔptei h pr¸th prosèggish:

φ(x, z, t) ≈ ϕb(x, t)− (z + h)2

2!
ϕbxx. (2.15)

ParathroÔme loipìn ìti èqoume petÔqei thn ex�leiyh katakìrufhc sunist¸sac (z) apì to

dunamikì taqut twn. Apì ed¸ kai sto ex c mporoÔme na proqwr soume se ìpoia prosèggish

jèloume antikajist¸ntac sthn 2.14. ProqwroÔme loipìn sto deÔtero b ma antikajist¸ntac

thn 2.15 sth 2.14 gia na prokÔyei h deÔterh prosèggish:

φ(x, z, t) ≈ ϕb(x, t)− (z + h)2

2!
ϕbxx +

(z + h)4

4!
ϕbxxxx. (2.16)

Kinhmatik  Sunj kh EleÔjerhc Epif�neiac

Sto shmeÐo autì ja antikatast soume to an�ptugma sthn kinhmatik  sunj kh eleÔjerhc

epif�neiac kai ja diagr�youme ìrouc megalÔterouc thc deÔterhc t�xhc wc proc tic η kai u.

ProkÔptei12 loipìn met� thn prosèggish deÔterhc t�xhc kai jètontac φx(x; t) = u(x; t) ≡ u

ìti:

ηt + u ηx −
h2

2
uxx ηx +

h4

24
uxxxx ηx = −η ux − hux +

h2

2
η uxxx +

h3

6
uxxx. (2.17)

12
Πιο κάτω θα είμαστε ιδιαίτερα αναλυτικοί ως προς την εξαγωγή των σχέσεων στην περίπτωση του μετα-

βλητού πυθμένα.
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Sthn exÐswsh aut  prèpei, prin deqtoÔme ìlouc touc ìrouc, na proqwr soume se adiasta-

topoÐhsh, prokeimènou na ektim soume th suneisfor� ìlwn twn enapomeÐnantwn ìrwn. 'Etsi

jewroÔme mia allag  stic metablhtèc:

x∗ ↔ x

λ
, u∗ ↔ u

c
, t∗ ↔ c t

λ
, η∗ ↔ η

A
. (2.18)

H adiastatopoÐhsh gÐnetai me to skeptikì thc prosèggishc twn makr¸n kai rhq¸n kumati-

sm¸n. Dhlad  ta megèjh ε = A
h
kai µ = h

λ
, eÐnai polÔ mikr�. Wc proc th metaxÔ touc sqèsh

jewroÔme ìti isqÔei µ2 ≈ ε, akolouj¸ntac ton Ursell (1953)[27]. H taqÔthta c isodunameÐ

me ènan ìro
√
g h ìpou gia tic an�gkec thc apìdeixhc stajeroÔ pujmèna h tim  thc eÐnai

kajorismènh13 . EpÐshc, wc proc tic adi�statec suntetagmènec x∗i , isqÔei

∂

∂x∗i
=

∂

∂xi

∂xi
∂x∗i

. (2.19)

Efarmìzontac thn adiastatopoÐhsh sth 2.17 lamb�noume :

cA
λ
ηt + cA

λ
u ηx − h2 cA

2λ3
uxx ηx + h4 cA

24λ5
uxxxx ηx + cA

λ
η ux − h2 cA

2λ3
η uxxx =

−h c
λ
ux + h3 c

6λ3
uxxx. (2.20)

ìpou sthn teleutaÐa sqèsh emfanÐzontai oi adi�statec plèon paramètroi.

Ja qrhsimopoi soume to gegonìc ìti h par�metroc Ursell eÐnai thc t�xhc thc mon�doc.

EpÐshc, ja ekfr�soume thn parap�nw exÐswsh sunart sei thc paramètrou r qwshc µ, kai

dedomènou ìti ε ≈ µ2 ja diathr soume ìrouc mèqri deÔterhc t�xhc thc ε   tètarthc t�xhc

13
Σχετικά με μια κατανοητή και αναλυτική συζήτηση για την αδιαστατοποίηση προτείνουμε το βιβλίο του

Lokenath Debnath, 1994[67] στο κεφάλαιο 4. Το θέμα αναφέρεται βέβαια και στον Dingenmans 1997, part

two[78] στο κεφάλαιο 5. Στην εργασία μας, ακολουθούμε ένα διαφορετικό σκεπτικό.
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tou µ. Gia ton k�je ìro qwrist� èqoume:

cA

λ
=

A

h

h

λ
c = c ε µ,

cA

λ
=

A

h

h

λ
c = cεµ,

h2Ac

2λ3
= −A

h

h3

λ3

c

2
= −εµ3 c

2
,

h4 cA

24λ5
=

h5

λ5

A

h

c

24
=

c

24
εµ5,

−Ac
λ

=
−A
h

h

λ
c = −c εµ,

−h c
λ

= −c µ,

h2 cA

2λ3
=

h3

λ3

A

h

c

2
=
c

2
εµ3,

h3 c

6λ3
=

c

6
µ3. (2.21)

'Etsi prokÔptei h:

c ε µ ηt + c ε µ u ηx − c
2c
ε µ3 uxx ηx + c

24
εµ5 uxxxx ηx =

−c ε µ η ux − c µ ux + c
2
ε µ3 η uxxx + c

6
µ3 uxxx. (2.22)

AkoloujoÔme thn antÐstrofh poreÐa, epanerqìmaste dhlad  sto arqikì sÔsthma sunte-

tagmènwn diathr¸ntac touc tèsseric ìrouc apì touc okt¸ sthn 2.17,  toi:

ηt + u ηx = −η ux − hux +
h3

6
uxxx. (2.23)

Dunamik  Sunj kh EleÔjerhc Epif�neiac

Sth sunèqeia antikajistoÔme thn 2.16 sth dunamik  sunj kh eleÔjerhc epif�neiac. H exÐ-

swsh pou prokÔptei diathr¸ntac èwc kai deuterob�jmiouc ìrouc eÐnai:
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g η + ϕt − h2

2
uxt − h η uxt + η h3

3!
uxxxt + h4

4!
uxxxt + 1

2
(u2 + h2u2

x − h2uuxx+

h4

4
u2
xx − h4

3
uxuxxx + h6

36
u2
xxx + h4

12
uuxxxx − h6

24
uxxuxxxx + h8

576
u2
xxxx

)
= 0. (2.24)

Prokeimènou na << di¸xoume >> ton ìro tou ϕ paragwgÐzoume th sqèsh wc proc x gia na

prokÔyei h taqÔthta u. Autì bèbaia mac kostÐzei sto ìti oi ìroi plhjaÐnoun, all� me th

bo jeia thc adiastatopoÐhshc ja aplopoihjeÐ h prosèggis  mac kat� polÔ. 'Eqoume loipìn

met� thn parag¸gish:

g ηx + ut − h2

2
uxxt − h ηx uxt − h η uxxt + h3

6
ηx uxxxt + h3

6
ηx uxxxt + h3

6
η uxxxxt + h4

24
uxxxt +

uux + h2 ux uxx − h2

2
ux uxxt − h2

2
uuxxxt + h2

4
uxx uxxx − h4

6
uxx uxxx − h4

6
ux uxxxx +

h6

36
uxxx uxxxx + h4

24
ux uxxxxx − h6

48
uxxx uxxxx − h6

48
uxx uxxxxx + h8

576
uxxxx uxxxxx = 0.

(2.25)

Sth 2.25 efarmìzoume adiastatopoÐhsh. H en lìgw exÐswsh apoteleÐtai apì 21 ìrouc.

Oi ìroi apì th deÔterh gramm , dhlad  apì ton ènato mèqri ton eikostì pr¸to, eÐnai oi ìroi

pou par�gontai apì ta tetr�gwna. Se sqèsh me th suneisfor� touc eÐnai aplì na doÔme ìti

oi par�gwgoi uyhl c t�xhc suneisfèroun el�qista sthn exÐswsh, gia par�deigma o ìroc 13:

h4

4
uxx uxxx ⇒

h4 c2

4λ5
uxx uxxx =

h4
√
g h

2

4λ5
uxx uxxx =

g

4
µ5 uxx uxxx.

'Etsi oi ìroi apì 13 èwc 21 thc exÐswshc 2.24 mporoÔn na paralhfjoÔn.

Se sqèsh loipìn me touc upìloipouc ìrouc, èqoume:
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oρoς1 : gηx ⇒ g A 1
λ
ηx = gA

h
h
λ
ηx = g ε µ ηx,

oρoς2 : ut ⇒ c c
λ
ut = g h

λ
ut = gµ ut,

oρoς3 : −h2

2
uxxt ⇒ − c2 h2

2λ3
uxxt = −g h3

2λ3
uxxt = −g

2
µ3uxxt,

oρoς4 : −h ηx uxt ⇒ −hA c c
λ3
ηx uxt = −g h3

λ3
A
h
ηx uxt = −g ε µ3 ηx uxt,

... ...

oρoς9 : uux ⇒ c2

λ
uux = g µ u ux,

oρoς10 : h2 ux uxx ⇒ h2 c2

λ3
ux uxx = gµ3 ux uxx,

oρoς11 : −h2

2
ux uxxt ⇒ − c3 h2

λ4
ux uxxt = g c

λ
µ3ux uxxt,

oρoς12 : −h2

2
uuxxxt ⇒ c3 h2

λ4
uuxxxt = g c

λ
µ3uuxxxt. (2.26)

Se sqèsh me touc ìrouc 11 kai 12, sthn pragmatikìthta prokÔptei apì ton lìgo c
λ

=

c√
λ

√
µ ìti eÐnai t�xewc µ7/2. O lìgoc ìmwc pou de ja tic l�boume upìyh eÐnai to ginìmeno

twn taqut twn ux uxxt kai uuxxxt. Autìc eÐnai kai o lìgoc pou jewroÔme amelhtèa kai thn

10 kaÐtoi h t�xh tou µ plhreÐ thn arqik  mac proôpìjesh, ìti dhlad  deqìmaste t�xh to

polÔ µ4.

Sunep¸c katal goume sthn:

g ηx + ut −
h2

2
uxxt + uux = 0. (2.27)

Telik� prokÔptei to set twn exis¸sewn14 :

ηt + ∂
∂x

(u (h+ η)) = h3

6
uxxx,

g ηx + ut + uux = h2

2
uxxt. (2.28)

14
Αυτές οι εξισώσεις αποτελούν τις εξισώσεις (25) όπως τις εξήγαγε ο Boussinesq το 1872.
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DÐqwc tic trÐtec parag¸gouc sto dexÐ mèloc, pou ekfr�zoun diaspor�15 oi exis¸seic

gr�fontai pio apl�:

ηt + ∂
∂x

(u (h+ u)) = 0,

g ηx + ut + uux = 0. (2.29)

Oi exis¸seic autèc apoteloÔn to set twn klassik¸n exis¸sewn gia rhqoÔc kumatismoÔc.

Na upenjumÐsoume ìti sthn an�lus  mac, den jewr same ìti o pujmènac metab�lletai se

sqèsh me to x.

2.3.2 GenÐkeush sthn perÐptwsh metablhtoÔ pujmèna

Sthn enìthta aut  ja parousi�soume èna, kat� th gn¸mh mac, pio susthmatikì trìpo exa-

gwg c sut matoc diaforik¸n ìpou upeisèrqetai h dunatìthta antimet¸pishc problhm�twn

metablhtoÔ b�jouc. H mejodologÐa pou akoloujoÔme eÐnai parapl sia me aut  thc prohgoÔ-

menhc enìthtac, mìno pou oi ìroi t¸ra exaitÐac thc ex�rthshc h = h(x) pollaplasi�zontai.

Sto pr¸to b ma ja prèpei na diereun soume thn isqÔ thc prosèggishc thc sun�rthshc

dunamikoÔ, diìti sthn perÐptws  mac plèon, h sunj kh mh dieÐsdushc mac dÐnei:

φz = −φx hx, z = −h(x). (2.30)

∫ z

−h
φxxdz + φz(x, z, t)− φz(x,−h, t) = c1(x, t). (2.31)

Sthn perÐptwsh metablhtoÔ pujmèna o ìroc φz(x,−h, t), den mhdenÐzetai kai ja antikata-

stajeÐ me th bo jeia thc 2.30. Kat� th deÔterh olokl rwsh èqoume:

∫ z

−h
dz′
∫ z′

−h
dzφxx + φ(x, z, t)− φ(x,−h, t) +

∫ z

−h
dz′φx hx = c1(x, t)z + c2(x, t).

15
βλ. Dingemans[78] στη σελίδα 478.
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O ìroc c2(x, t) dÔnatai na enswmatwjeÐ sth sqèsh ϕb(x, t) ≡ φ(x,−h, t) + c2(x, t) ìpou o

�nw deÐkthc b anafèretai, ìpwc kai sthn arqik  perÐptwsh, ston pujmèna. Se sqèsh me

ton ìro c1(x, t), efarmìzoume th sunj kh 2.30 sthn prohgoÔmenh exÐswsh kai prokÔptei:

ìti c1(x, t) = 0. Opìte h sqèsh prosèggishc 2.16 paramènei Ðdia akìmh kai sthn perÐptwsh

metablhtoÔ pujmèna.

SuneqÐzoume gr�fontac th 2.16 analutik�:

φ(x, z; t) = ϕ− h2ϕxx
2
− hzϕxx − z2ϕxx

2
+ h4ϕxxxx

24
+

1
6
h3zϕxxxx + 1

4
h2z2ϕxxxx + 1

6
hz3ϕxxxx + z4ϕxxxx

24
. (2.32)

Me autìn ton trìpo ja diaqeiristoÔme kalÔtera tic proseggÐseic. Ac tic doÔme me th

seir�:

φz = −hϕxx − z ϕxx + 1
6
h3ϕxxxx + 1

2
h2 z ϕxxxx + 1

2
h z2 φxxxx + z3

6
ϕxxxx,

φt = ϕt −
(
h2

2
+ h z + z2

2

)
ϕxxt +

(
h2

24
+ h3 z

6
+ h2 z2

4
+ h z3

6
+ z4

24

)
ϕxxxxt,

φx = ϕx − (hhx + hx z)ϕxx −
(
h2

2
+ h z + z2

2

)
φxxx +(

h3

6
hx + h2

2
hx z + h

2
hx z

2
)
ϕxxxx +(

h4

24
+ h3

6
z + h2

4
z2 + 1

24
z4
)
ϕxxxxx. (2.33)

Sth sunèqeia ja tic antikatast soume stic dÔo sunj kec eleÔjerhc epif�neiac kai ja

èqoume kat� nou ìti ja prèpei na jèsoume, efìson èqoume ulopoi sei tic antÐstoiqec pa-

ragwgÐseic th z = η, miac kai anaferìmaste sthn eleÔjerh epif�neia. Oi upologismoÐ sto

shmeÐo autì eÐnai sqetik� apaithtikoÐ. Na epanal�boume ìti arqik� ja krat soume ìrouc

mèqri deÔterhc t�xhc wc proc η kai u ≡ ϕx.
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Dunamik  sunj kh eleÔjerhc epif�neiac

Se sqèsh me thn φt ja metasqhmatisteÐ:

φt = ϕt −
(
h2

2
+ h η +

η2

2

)
ϕxxt +

(
h2

24
+
h3 η

6
+
h2 η2

4
+
h η3

6
+
η4

24

)
ϕxxxxt. (2.34)

apì thn opoÐa ja krat soume:

φt = ϕt −
(
h2

2
+ h η

)
ϕxxt +

(
h2

24
+
h3 η

6

)
ϕxxxxt. (2.35)

Se sqèsh me thn φ2
x, prokÔptei:

φ2
x = ϕ2

x − 2hhxϕxϕxx − 2ηhxϕxϕxx + h2h2
xϕ

2
xx +HOT. (2.36)

apì thn opoÐa16 ja krat soume:

φ2
x = ϕ2

x − 2hhxϕxϕxx + h2h2
xϕ

2
xx − h2ϕxϕxxx + h3hxϕxxϕxxx + 1

4
h4ϕ2

xxx +

1
3
h3hxϕxϕxxxx − 1

3
h4h2

xϕxxϕxxxx − 1
6
h5hxϕxxxϕxxxx +

1
36
h6h2

xϕ
2
xxxx + 1

12
h4ϕxϕxxxxx −

1
12
h5hxϕxxϕxxxxx − 1

24
h6ϕxxxϕxxxxx + 1

72
h7hxϕxxxxϕxxxxx + 1

576
h8ϕ2

xxxxx. (2.37)

Se sqèsh me thn φ2
z, prokÔptei:

φ2
z = h2ϕ2

xx + 2hηϕ2
xx + η2ϕ2

xx − 1
3
h4ϕxxϕxxxx −

4
3
h3ηϕxxϕxxxx − 2h2η2ϕxxϕxxxx − 4

3
hη3ϕxxϕxxxx − 1

3
η4ϕxxϕxxxx +

1
36
h6ϕ2

xxxx + 1
6
h5ηϕ2

xxxx + 5
12
h4η2ϕ2

xxxx + 5
9
h3η3ϕ2

xxxx +

5
12
h2η4ϕ2

xxxx + 1
6
hη5ϕ2

xxxx + 1
36
η6ϕ2

xxxx. (2.38)

16
Για την πλήρη έκφραση βλ. στο παράρτημα, όπου στις παραγώγους υψηλής τάξης, ανώτερης της τέταρτης,

θα χρησιμοποιήσουμε τον παραδοσιακό συμβολισμό της μερικής παραγώγου, όπου θεωρούμε ότι μπορεί να

κουράσει ή να μπερδέψει τον αναγνώστη.
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h opoÐa proseggÐzetai apì:

φ2
z = h2φ2

xx −
1

3
h4φxxφxxxx +

1

36
h6φ2

xxxx. (2.39)

'Etsi mporoÔme na antikatast soume sth sunoriak  sunj kh kai na p�roume:

ϕt −
(
h2

2
+ h η

)
ϕxxt +

(
h2

24
+ h3 η

6

)
ϕxxxxt +

1
2

(
ϕ2
x − 2hhxϕxϕxx + h2h2

xϕ
2
xx − h2ϕxϕxxx + h3hxϕxxϕxxx + 1

4
h4ϕ2

xxx+

1
3
h3hxϕxϕxxxx − 1

3
h4h2

xϕxxϕxxxx − 1
6
h5hxϕxxxϕxxxx + 1

36
h6h2

xϕ
2
xxxx + 1

12
h4ϕxϕxxxxx−

1
12
h5hxϕxxϕxxxxx − 1

24
h6ϕxxxϕxxxxx + 1

72
h7hxϕxxxxϕxxxxx + 1

576
h8ϕ2

xxxxx

)2
+

1
2

(
h2φ2

xx − 1
3
h4φxxφxxxx + 1

36
h6φ2

xxxx

)
+ gη = 0. (2.40)

Th sqèsh aut  ja thn paragwgÐsoume wc proc x gia na prokÔyei17:

ut − (hhx + hx η + h ηx)uxt −
(
h2

2
+ h η

)
uxxt +(

h
12
hx + h2

2
hx η + h3

6
ηx uxxxt + h3 η

6

)
uxxxxt +

uux − h2
x uux − hhxx uux − hhx uuxx +HOT = 0. (2.41)

Oi sqèseic autèc mporoÔn na qrhsimopoihjoÔn gia na sugkrijoÔn apì tic metagenèsterec

proseggÐseic, wc proc touc ìrouc pou eis�gontai. Gia par�deigma o ìroc emploutismoÔ sthn

taqÔthta pou eis�getai apì touc Beji - Battjes, ìpwc anafèroume sto epìmeno kef�laio,

up�rqei sthn èkfras  mac. Se autì to shmeÐo ja epanèljoume.

2.3.3 Exagwg  kat� Peregrine

Ed¸ ja katagr�youme ènan parapl sio trìpo, me th diafor� ìti sto an�ptugma thc sun�r-

thshc dunamikoÔ 2.1618 ja thn proseggÐsoume apì th

φ(x, z, t) = ϕb(x, t)− (η + h)2

6
ϕbxx +HOT (µ4). (2.42)

17
Επίσης για την πλήρη έκφραση βλ. στο παράρτημα.

18
Βλέπε Massel[69] στη σελίδα 118.



44 KEF�ALAIO 2. EXIS�WSEIS BOUSSINESQ

Autì diìti ston deÔtero ìro (z+h)2

2
ϕbxx oloklhr¸noume apì ton pujmèna wc thn eleÔjerh

epif�neia upologÐzontac trìpon tin� th mèsh tim  thc taqÔthtac:

1
h+η

∫ η
−h dzφ(x, z, t) ≈ 1

h+η

∫ η
−h dzϕ

b(x, t)− 1
h+η

∫ η
−h dz

(z+h)2

2!
ϕbxx +

1
h+η

∫ η
−h dz

(z+h)4

4!
ϕbxxxx. (2.43)

H parap�nw exÐswsh metatrèpetai sthn 2.42 dedomènou ìti o arqikìc ìroc enswmat¸netai

sthn ϕ(x, t) kai ìti apì ton trÐto kai met� ìro h t�xh eÐnai an¸terh tou µ4:

φ = ϕ
η + h

η + h
− ϕxx

(η + h)3

3!(η + h)
+ ϕxxxx

(η + h)5

5!(η + h)
+HOT. (2.44)

Sun�ma èqoume katagr�yei èna katakìrufo an�ptugma b�sei tou opoÐou:

φ(x, z; t) = ϕb(x, t)− (z + h)2

2
ϕbxx +HOT [4]⇒ φz|z=η = −(η + h)ϕxx. (2.45)

Me antikat�stash thc φz apì thn teleutaÐa sqèsh h exÐswsh gia thn kinhmatik  sunj kh

sthn eleÔjerh epif�neia gÐnetai:

ηt + φxηx − φz = 0⇒ ηt +
(
ϕbx +HOT

)
ηx + (η + h)2 ϕbxx = 0

ηt + ∂
∂x

(
(h+ η)ϕbx

)
≈ 0. (2.46)

Se sqèsh me th dunamik  sunj kh eleÔjerhc epif�neiac, jètoume ìpou ϕb ≡ ϕ kai

antikajistoÔme thn φ apì to arqikì an�ptugma:

φt + g η + 1
2

(φ2
x + φ2

z) = 0⇒

ϕt − 1
2

(η + h)2 ϕxxt − (η + h)ηtϕxx + g η + 1
2

(ϕx +HOT )2 +HOT = 0

ϕt + g η + 1
2
ϕ2
x − 1

2
(η + h)2ϕxxt ≈ 0. (2.47)
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Ston teleutaÐo ìro antikatast same thn φ2
z = (η + h)2ϕ2

xx. Apì thn 2.42 epilÔoume wc

proc ϕb ≡ ϕ kai antikajistoÔme th sqèsh pou brÐskoume sto apotèlesma thc 2.47:

φt +

(
(h+ η)2

6
− (h+ η)2

2

)
∂3 (φ−HOT )

∂x2∂t
+ g η +

1

2
φ

2

x +HOT = 0. (2.48)

Katal xame ètsi sto pr¸to set twn exis¸sewn Boussinesq:

ηt + ∂x
(
(h+ η)φx

)
= 0,

φt + g η + 1
2
φ

2

x = 1
3
(h+ η)2φxxt. (2.49)

Jètontac ìpou φx = u kai paragwgÐzontac th deÔterh sqèsh wc proc x prokÔptei:

ηt + ∂x ((h+ η)u) = 0,

ut + g ηx + uux = 1
3
(h+ η)2uxxt. (2.50)

2.3.4 EpexergasÐa twn exis¸sewn

Sto shmeÐo autì ja proqwr soume sth diadikasÐa apaloif c thc u apì to sÔsthma twn

exis¸sewn, prokeimènou na prokÔyei mia diaforik  exÐswsh wc proc thn η. Apì ed¸ kai

sto ex c ja qrhsimopoioÔme thn u anti thc u. Gia na mporèsoume na epitÔqoume thn apa-

loif  prèpei sthn poreÐa na jewr soume orismènec proseggÐseic. Autèc sthrÐzontai sth

grammikopoÐhsh twn exis¸sewn,  toi:

ηt ≈ −hux ⇒ ηtx ≈ −huxx, ηtt ≈ −huxt

ut ≈ −g ηx ⇒ utt ≈ −g ηxt ≈ g h uxx, utx ≈ −g ηxx ⇒ ηtt ≈ g h ηxx. (2.51)

EpÐshc ja qrhsimopoi soume thn

η2
t ≈ g h η2

x. (2.52)
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Me th bo jeia twn parap�nw sqèsewn mporoÔme na proqwr soume se aplopoÐhsh twn

ìrwn pou ja mac qreiastoÔn sta b mata thc apaloif c. XekinoÔme apì th:

− uuxx − u2
x ≈ u

ηtx
h
− η2

t

h2
≈ uηtx − g x2

h
. (2.53)

Apì thn exÐswsh Boussinesq (kinhmatik  sqèsh thc eleÔjerhc epif�neiac) 2.23 kai thn

pr¸th ek twn 2.50, èqoume paragwgÐzontac:

ηx u = −ηt − hux − η ux ⇒ ηtx u+ ηx ut = −ηtt − huxt − ηt ux − η uxt

ηxt u ≈ −ηtt + g h ηxx + 2 g η2
x + η g ηxx. (2.54)

Me aut� kat� nou eÐmaste se jèsh na proboÔme sthn apoloif  thc u apì to arqikì set

twn exis¸sewn. Xekin�me loipìn paragwgÐzontac th deÔterh sqèsh thc 2.50 wc proc th

qwrik  di�stash x:

utx ≈ −g ηxx − uuxx − u2
x +

1

3
(h+ η)2 uxxxt. (2.55)

Sth sunèqeia paragwgÐzoume thn pr¸th apì th 2.50 wc proc to qrìno:

ηtt + (h+ η)uxt + ηt ux + ηxt u+ ηx ut = 0. (2.56)

Sth sunèqeia antikajistoÔme th sqèsh 2.55 sth 2.56:

ηtt + (h+ η)u ηtx
h
− h+η

h
gη2

x − g (h+ eta) ηxx +

(h+η)3

3
uxxxt − η2t

h
− ηtt + g h ηxx + 2gη2

x + η g ηxx − g η2
x = 0. (2.57)

Me th bo jeia twn 2.51, 2.52, 2.54 h 2.57 paÐrnei th morf :

−ηtt + g h ηxx + 2 g η2
x + η g ηxx − η

h
ηtt + η

h
g h ηxx +

η
h

2 g η2
x + η

h
η g ηxx − g η2

x −
η
h
g η2

x − g h ηxx − g η ηxx − g η2
x +

g h ηxx + 2 g η2
x + η g ηxx − g η2

x = (h+η)3

3
uxxxt. (2.58)
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Sto teleutaÐo b ma ja qrhsimopoi soume thn

uxxxt =
∂2

∂x2
uxt ≈ −g ηxxxx. (2.59)

Opìte h 2.58 lamb�nei th morf :

(
1 +

η

h

)
ηtt −

(
1 +

η

h

)
h g ηxx =

g h3
(
1 + η

h

)3

3
ηxxxx +

(
1 +

η

h

) g
2

∂2

∂x2

(
η2
)
. (2.60)

Aplopoi¸ntac kai grammikopoi¸ntac ton ìro (1 + η
h
)2 èqoume:

ηtt − h g ηxx =
h3 g

3
ηxxxx +

g

2

∂2

∂x2

(
η2
)
. (2.61)

Prin proqwr soume, axÐzei na stajoÔme lÐgo sthn 2.61. H en lìgw exÐswsh apoteleÐ

mia tÔpou Boussinesq exÐswsh. Me thn parat rhsh aut  jèloume na poÔme pwc an akolou-

joÔsame mia diaforetik  epilog  stic proseggÐseic pou èlaban q¸ra ja katal game stouc

Ðdiouc grammikoÔc suntelestèc all� se diaforetikoÔc mh grammikoÔc.

Ac doÔme loipìn mia diaforetik  prosèggish. An gia par�deigma sth 2.54 aplopoi soume

touc dÔo pr¸touc ìrouc, akrib¸c diìti ηtt = g h ηxx, ja prokÔyei:

ηxt u ≈ −ηtt + g h ηxx + 2 g η2
x + η g ηxx ≈ 2 g η2

x + η g ηxx. (2.62)

H prosèggish aut  ja metatrèyei thn 2.53:

− uuxx − u2
x ≈ u

ηtx
h
− η2

t

h2
≈ uηtx − g x2

h
≈ g η2

x + η g ηxx
h

. (2.63)

H opoÐa me th seir� thc ja metatrèyei thn 2.55:

utx ≈ −g ηxx − uuxx − u2
x +

1(h+ η)2

3
uxxxt ≈ −g ηxx +

gη2
x + η g ηxx

h
+
−g(h+ η)2

3
.

(2.64)
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Sth sunèqeia pragmatopoi¸ntac p�li ta Ðdia b mata katal goume sth:

ηtt − h g ηxx =
h3 g

3
ηxxxx −

g

2

∂2

∂x2

(
η2
)
. (2.65)

To 1872 o Boussinesq[32] parousÐase wc set B - Boussinesq (1872), equation (26) thn

exÐswsh:

ηtt − h g ηxx =
h3 g

3
ηxxxx +

3g

2

∂2

∂x2

(
η2
)
. (2.66)

De ja anadeÐxoume to skeptikì tou Boussinesq to opoÐo diaforopoieÐtai elafr¸c apì to

dikì mac. Ja prosjèsoume sta proseggistik� mac ergaleÐa th sqèsh 24 sth selÐda 74 tou

prwtìtupou �rjrou sÔmfwna me thn opoÐa:

η = −f(x− t
√
g h), u =

√
g

h
η. (2.67)

Sthn pragmatikìthta h 2.67 anadeiknÔei lÔseic odeÔontwn kumatism¸n gia tic opoÐec

oi antÐstoiqec kumatomorfèc taxideÔoun me stajer  taqÔthta kai èqoun epÐshc stajer 

morf . Autì mac dÐnei th dunatìthta na metaboÔme se èna sÔsthma suntetagmènwn ìpou o

kumatismìc paramènei st�simoc dedomènou ìti o parathrht c kineÐtai me thn taqÔthta tou

odeÔontoc kÔmatoc. Ekmetalleuìmenoi loipìn aut  th sqèsh19, kai qrhsimopoi¸ntac gia

eukolÐa enÐote antÐ thc
√

g
h
to sÔmbolo thc fasik c taqÔthtac20 c, mporoÔme na proboÔme

sta ex c:

ξ = x− ct⇒ ∂
∂ξ

= ∂
∂x

∂x
∂ξ

= ∂
∂x
,

ξ = x− ct⇒ ∂
∂t

= ∂
∂ξ

∂ξ
∂t

= −c ∂
∂ξ
, (2.68)

19
Ο Miles(1980)[33] αναφέρει ότι αυτή η επιλογή της φοράς έχει κατά καιρούς παραμεληθεί από πολλούς

ερευνητές.

20
Θα αναφερθούμε εκτενέστερα σε αυτό το σημείο σύντομα.
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ηxt = ∂
∂t
ηx = −cηxx ⇒

u ηxt = −g η ηxx. (2.69)

Me th bo jeia thc 2.69, pou apoteleÐ �llh prosèggish21 thc 2.54 èqoume gia thn 2.53:

− uuxx − u2
x ≈ −

gη2
x + η g ηxx

h
. (2.70)

Opìte h 2.5522 gÐnetai:

utx ≈ −g ηxx −
g η ηxx + g η2

x

h
− g1

3
ηxxxx. (2.71)

Me antikat�stash sthn 2.56 èqoume diadoqik�:

ηtt + (h+ η)
(
−gηxx − g η ηxx+g η2x

h
− g(h+η)2

3
ηxxxx

)
− 2gη2

x − g η ηxx ≈ 0⇒

ηtt − 3g η ηxx − 3g η2
x − h g ηxx = g(h+η)3

3
ηxxxx + η

h
g η ηxx + η

h
g η2

x. (2.72)

Sto teleutaÐo b ma jewr¸ntac amelhtèouc touc η
h
ìrouc èqoume thn exÐswsh tou Bous-

sinesq:

ηtt − h g ηxx =
g

3
h3 ηxxxx +

3 g

2

(
η2
)
xx
. (2.73)

2.3.5 Sqèsh diaspor�c thc exÐswshc Boussinesq

Sthn exÐswsh Boussinesq mporoÔme na jewr soume lÔseic thc morf c Aei(k x±ω t) gia na

p�roume th sqèsh diaspor�c sth grammik  prosèggish. Profan¸c o mh grammikìc ìroc de

ja suneisfèrei sth mejodologÐa mac. 'Etsi ja prokÔyei:

21
Ακριβώς στο βήμα αυτό ξεκινά η διαφοροποίηση σε σχέση με την προηγούμενη προσέγγιση.

22
Προσοχή στην αλλαγή του προσήμου που έχει συμβεί στην uxt.
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− ω2 + h g k2 =
h3 g k4

3
⇒ ω2

k2
= h g

(
1− (k h)2

3

)
. (2.74)

MporoÔme na doÔme ìti epibebai¸netai h gnwst  sqèsh diaspor�c c2 = g h
k h

tanh(k h)
kh

thn

opoÐa anaptÔssoume kat� Taylor:

tanh(k h)

k h
= 1− (k h)2

3
+

2(k h)4

15
+O[k h]6. (2.75)

Prin proqwr soume sto jèma mac ac poÔme duo lìgia sqetik� me thn parat rhsh thc qr -

shc thc fasik c taqÔthtac pou anafèrame sthn prohgoÔmenh enìthta. Upojètoume lÔseic

kumatik c di�doshc, ìpou epÐ thc ousÐac susqetÐzoun tic qwrikèc me tic qronikèc metablh-

tèc. H morf  thc ex�rthshc pou prokÔptei apì th sqèsh metaxÔ thc fasik c taqÔthtac kai

tou kumat�rijmou, apokalÔptei mia sqèsh metaxÔ thc taqÔthtac di�doshc se sqèsh me to

m koc kÔmatoc. Autì apoteleÐ mia sqèsh diaspor�c. FaÐnetai dhlad  ìti ènac kumati-

smìc diamorf¸nei thn taqÔtht� tou an�loga me to m koc kÔmatìc tou. Na prosèxoume ìmwc

ìti sth fasik  taqÔthta upeisèrqetai ènac lìgoc pou susqetÐzei th qwrik  me th qronik 

suntetagmènh:
ω

k
= c. (2.76)

Aut  h sqèsh apoteleÐ thn taqÔthta me thn opoÐa diadÐdetai mia monoqrwmatik  diata-

raq , h opoÐa en gènei sqetÐzetai me th di�dosh miac tal�ntwshc. Me ton ìro tal�ntwsh

perigr�foume èna fainìmeno me qarakthristik� qronik c epanalhyimìthtac , pou mporoÔn

na perigrafoÔn apì megèjh periìdou   suqnìthtac, en¸ tautìqrona epib�lloun mia qwrik 

epanalhyimìthta, pou dhl¸netai apì to m koc kÔmatoc   ton kumat�rijmo.

Sthn perÐptwsh miac armonik c diataraq c Asin(ω t− k x), h taqÔthta di�doshc dÐnetai

apì to lìgo ω/k. Aut  ìmwc h diataraq  den perièqei kamÐa plhroforÐa, upì thn

ènnoia ìti den all�zei qwroqronik�. 'Etsi prosdÐdontac mia mikr  diamìrfwsh sta kumatik�

qarakthristik� dÔo kumatism¸n, dhlad  Asin ((ωt±∆ωt)− (k ±∆k)), mporoÔme na doÔme

gia thn upèrjes  touc ìti:
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2 sin (∆ω t−∆k x) cos (ω t− k x) . (2.77)

H diataraq  aut  apoteleÐtai apì to komm�ti thc armonik c analloÐwthc diataraq c

all� kai apì to komm�ti thc perib�llousac. Autì to deÔtero komm�ti perièqei plhroforÐa,

upì thn ènnoia ìti mac plhroforeÐ gia th diamìrfws  tou efìson de diathreÐ amet�blhth

dom , ìpwc h amig¸c armonik  diataraq . Autì mac odhgeÐ sthn eisagwg  thc ènnoiac thc

taqÔthtac om�dac :

ug = lim
∆k→0

∆ω

∆k
. (2.78)

H taqÔthta om�dac, en antijèsei me th fasik  taqÔthta, apokalÔptei thn taqÔthta

di�doshc thc plhroforÐac   thc enèrgeiac enìc kÔmatoc. En gènei, k�ti tètoio den eÐnai

swstì se ìlec tic peript¸seic, all� se genikèc grammèc mporoÔme na deqtoÔme ìti h omadik 

taqÔthta perièqei aut  thn plhroforÐa, thc ulik c di�doshc thc kumatik c diataraq c.

Prin kleÐsoume aut  thn parènjesh, na epishm�noume ìti h co ≡
√
h g, dhlad  h fasik 

taqÔthta, anafèretai sth di�dosh twn grammik¸n ìrwn. H sqèsh diaspor�c 2.75 prokÔptei

sta plaÐsia thc grammik c jewrÐac tou Airy23. H jewrÐa tou Airy epilÔei to udrodunamikì

prìblhma grammikopoi¸ntac to, en¸ h 2.76 apoteleÐ èkfrash thc taqÔthtac di�doshc miac

armonik c diataraq c pou ikanopoeÐ thn klassik  kumatik  exÐswsh:

ηtt = c2
oηxx. (2.79)

.

To udrodunamikì prìblhma loipìn, èstw kai sthn aploÔsterh ekdoq  tou, mac parèqei mia

sqèsh diaspor�c thn opoÐa mporoÔme na qrhsimopoi soume gia thn epÐlush enìc mh grammikoÔ

probl matoc, ìpwc en prokeimènw sthn exÐswsh Boussinesq. Autì bèbaia enisqÔetai kai

epibebai¸netai apì to gegonìc ìti h jewrÐa tou Airy dÐdei touc Ðdiouc arqikoÔc ìrouc sth

sqèsh diaspor�c me th grammikopoihmènh Boussinesq.

23
Βλ. Μπελιπμασάκης Κ. - Αθανασούλης Γ. (2012)[68] .
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Epanerqìmenoi sto jèma mac, h sqèsh ω = ω(k) perigr�fei thn ex�rthsh thc suqnìthtac

apì to m koc kÔmatoc, �ra kai thc fasik c taqÔthtac, dhlad  thc taqÔthtac di�doshc

thc ek�stote suqnìthtac apì to m koc kÔmatoc. ParathroÔme de ìti sthn 2.74, o ìroc

thc tètarthc parag¸gou dhmiourgeÐ thn paraboloeid  ex�rthsh. EpÐshc oi taqÔthtec pou

mporoÔme na orÐsoume periplèkontai kai kajÐstatai anèfiktoc o �mesoc prosdiorismìc touc,

ìtan ta mh grammik� fainìmena k�noun thn emf�nis  touc. En prokeimènw, anagkazìmaste

na af soume to mh grammikì ìro prokeimènou na broÔme th sqèsh diaspor�c.

Tèloc anafèroume ìti h sqèsh diaspor�c proseggÐzei thn antÐstoiqh pou mac dÐdei h

jewrÐa tou Airy.

2.3.6 EpÐlush thc exÐswshc Boussinesq

Proqwr¸ntac sthn epÐlush thc 2.73 ja qrhsimopoi soume, ìpwc k�name kai prin, thn 2.68.

B�sei thc 2.68 prokÔptei ìti:

∂2

∂t2
= ∂

∂t
∂
∂t

= c2 ∂2

∂ξ2

∂2

∂x2
= ∂2

∂ξ2
. (2.80)

Opìte me th bo eia thc 2.80 h 2.73 metasqhmatÐzetai sthn:

c2 ηξξ − h gηξξ =
(g h)3

3
ηξξξξ +

3 g

2

(
η2
)
ξξ
. (2.81)

Jètontac sthn exÐswsh 2.81, ìpou co =
√
g h, gÐnetai:

(
c2 − c2

o

)
ηξξ =

(g h)3

3
ηξξξξ +

3 g

2

(
η2
)
ξξ
. (2.82)

H exÐswsh aut  t¸ra eÐnai eÔkolo na epilujeÐ24,25,26. Oloklhr¸nontac dÔo forèc th

24
Η μεθοδολογία που ακουλουθούμε μπορεί να αναζητηθεί πιο αναλυτικά στο εξαιρετικό άρθρο του Στέ-

φανου Πνευματικού (1987)[34].

25
Επίσης βλ. σελ 229-232 στον Stephen Nettel[75].

26
Βλ. επίσης στα κεφάλαια 1 και 2 του WEINBERG[76].
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sqèsh prokÔptei:

(
c2 − c2

o

)
η =

(g h)3

3
ηξξ +

3 g

2

(
η2
)

+ c1 ξ + c2. (2.83)

Epeid  anazhtoÔme entopismènec lÔseic epib�lloume th sunj kh ìti kaj¸c to ξ megal¸nei

h η ja prèpei na mikraÐnei, �ra oi stajerèc met� apì k�je olokl rwsh ja prèpei na mac dÐnoun

mhdèn.

'Epeita pollaplasi�zoume thn 2.83 me ηξ me skopì na aplopoi soume thn èkfrash diìti

ja metatrapeÐ se mia exÐswsh diaqwrizìmenwn metablht¸n:

(c2 − c2
o) ηηξ = (g h)3

3
ηξξηξ + 3 g

2
(η2) ηξ ⇒

c2−co2
2

(η2)ξ = g h3

6

(
η2
ξ

)
ξ

+ 3 g
6

(η3)ξ ⇒

c2−co2
2

(η2) = g h3

6

(
η2
ξ

)
+ 3 g

6
(η3) + 0⇒

ηξ = ±
√

3
h3

√
η2
(
c2−c2o
g
− η
)
⇒

dη√
η2
(
c2−c2o
g
−η
) = ±

√
3
h3
dξ. (2.84)

Sto shmeÐo autì ja perigr�youme thn epilog  thc kat�llhlhc olkl rwshc:

∫
dx

x
√
ax+b

= 2√
−b tan−1

√
ax+b
−b + C, b < 0.∫

dx
x
√
ax+b

= 1√
b

ln |
√
ax+b−

√
b√

ax+b+
√
b
|+ C, b > 0. (2.85)

Epilègoume th deÔterh perÐptwsh apì ton pÐnaka oloklhrwm�twn gia dÔo lìgouc. O

pr¸toc eÐnai ìti jewr¸ntac ìti b < 0 èqoume ìti h lÔsh pou prokÔptei apì th diaforik 

katal gei na eÐnai h :

η = −
| (c2 − v2) |Sec

(√
|(c2−v2)|(

√
3ξ)

2
√
gh3/2

)2

g
. (2.86)
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H 2.86 den apoteleÐ solitonik  lÔsh diìti èqei qarakthristik� pou antitÐjentai stic a-

pait seic, ìpwc gia par�deigma, eÐnai mia apentopismènh diataraq . 'Etsi apokleÐetai na

ikanopoieÐtai kai h sqèsh diaspor�c kat� Boussinesq h opoÐa anafèretai sthn exÐswsh el-

leÐyei tou mh grammikoÔ ìrou. Me thn exÐswsh diaspor�c 2.74 èqoume ìti h fasik  taqÔthta

elatt¸netai se sqèsh me ton kumat�rijmo, wc ek toÔtou den ja anamèname na l�bei mia ek

twn mikrìterwn tim¸n apì th sqèsh diaspor�c.

O deÔteroc lìgoc, pou kat� th gn¸mh mac eÐnai kai o ousiastikìteroc, eÐnai ìti b�sei twn

peiram�twn tou Russel(1837)[35] ta opoÐa epibebaÐwse kai o Bazin (1865)[36] to solitìnio

faÐnetai na taxideÔei me taqÔthta

c =
√
g (h+ A), (2.87)

ìpou A to pl�toc tou kumatismoÔ. 'Asqeta me to bajmì akrÐbeiac thc en lìgw mètrhshc,

eÐnai profanèc ìti o solitonikìc kumatismìc taxideÔei me megalÔterh taqÔthta apì thn pro-

blepìmenh apì th grammik  jewrÐa gia to en lìgw b�joc. Sunep¸c, epib�lloume to b > 0.

Wc ek toÔtou epilÔontac me th bo jeia tou deÔterou oloklhr¸matoc kai prosèqontac ìti

ston arijmht  h Ôparxh thc apìluthc tim c all�zei ta prìshma diìti o suntelest c a tou

η isoÔtai me -1:

√
ax+ b−

√
b < 0, a < 0.

AkoloÔjwc prokÔyei:

η =
(c2 − c2

o)

g
Sech2

(√
3 (c2 − c2

o)

4 g h3
ξ

)
. (2.88)

Apì thn sqèsh 2.88 exis¸noume ton suntelest  (c2− c2
o)/g me to pl�toc tou monaqikoÔ

kumatismoÔ. Autì diìti parathroÔme (bl. sq ma 2.3) ìti to sÔnolo tim¸n tou sech2(x)

brÐsketai metaxÔ tou:

0 < sech2(x) ≤ 1
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Sq ma 2.3: Grafik  par�stash tou sech2(x).

'Etsi prokÔptei ìti:

A =
c2 − c2

o

g
⇒ Ag ≈ c2

oσ
A

h
. (2.89)

H sunepagwg  proèkuye apì ton ex c sullogismì. An sthn 2.87 uy¸soume sto tetr�gwno,

ja p�roume ìti: c2 = c2
o+Ag. Opìte ja èqoume ìti o ìroc Ag ja apoteleÐ thn anamènomenh

prosaÔxhsh thc taqÔthtac tou solitonÐou. 'Ara apoteleÐ mia diìrjwsh, ìqi upì thn ènnoia

thc sqèshc diaspor�c, all� upì thn ènnoia thc allag c thc taqÔthtac tou kumatismoÔ kat�

èna qarakthristikì tou kumatismoÔ kai sugkekrimèna tou Ôyouc tou. 'Etsi anamènoume ìti

ja apoteleÐ mia diìrjwsh tou c2
o, en prokeimènw tou σ, kai miac posìstwshc tou pl�touc,

dhlad  tou lìgou A
h
. Th stajer� σ ja thn proseggÐsoume apì ton metasqhmatismì GalilaÐou

jètontac sthn sthn 2.88 ìpou ξ = x− c t:

c =
√
c2
o + Ag =

√
c2
o

(
1 + σ

A

h

)
. (2.90)

Me antikat�stash ja prokÔyei ìti h σ = 1. 'Etsi telik� h lÔsh mac prokÔptei:

η = ASech2

(√
3A

4h3
(x− c t)

)
, (2.91)

me

c =

√
c2
o + c2

o

A

h
⇒ c2 ≈ c2

o + c2
o

1

2

A

h
. (2.92)
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H lÔsh mac eÐnai se sumfwnÐa me aut  tou Miles ìpwc diatup¸netai ston Massel, pp.

119(1989)[69].

Tèloc, sthn exÐswsh Boussinesq, ìtan to c teÐnei sto co to solitìnio Boussinesq teÐnei

sto solitìnio KdV to opoÐo perigr�fetai27 apì thn:

ηt +
√
g h

(
1 +

3

2

η

h

)
ηx +

h2

6

√
g hηxxx = 0, (2.93)

me sqèsh diaspor�c th

c =

√
g h

1 + 1
6

(k h)2 . (2.94)

Kai oi dÔo exis¸seic parousi�zoun thn idiìthta na exissoropoÔn th diaspor� me th mh

grammikìthta kai na diathroÔn stajerì profÐl ston kumatismì, k�ti pou h grammik  jewrÐa

tou Airy den problèpei.

2.3.7 Morfèc twn exis¸sewn Boussinesq

Oloklhr¸nontac th jewrhtik  enìthta toÔth prèpei na tonÐsoume th spoudaiìthta thc e-

xÐswshc Boussinesq all� kai orismèna shmeÐa pou Ðswc èqoume af sei adieukrÐnista. Ac

xekin soume apì to deÔtero.

EÐdame ìti oi suntelestèc tou mh grammikoÔ ìrou sthn exÐswsh Boussinesq mporoÔn na

p�roun di�forec timèc an�loga me th mejodologÐa pou akoloujoÔme sthn epilog  thc seir�c

twn proseggÐsewn. 'Etsi gia par�deigma sthn << prwtìtuph >> exÐswsh 2.73, o suntelest c

tou mh grammikoÔ ìrou èqei thn tim  3g
2
. EpÐshc deÐxame kai dÔo diaforetikèc epilogèc, aut 

thc tim c g
2
, ìpwc faÐnetai sthn 2.61, all� kai thc arnhtik c tim c −g

2
, ìpwc anafèretai

sthn 2.65. K�ti tètoio problèpetai sth genikìterh jewrÐa. Sth fusik  stere�c kat�stashc

gia par�deigma arnhtik  mh grammikìthta epib�llei arnhtikì η pou shmaÐnei pÔknwsh tou

27
βλ. Massel σελ.127. Να επαναλάβουμε με αφορμή την εν λόγω παραπομπή ότι η εξίσωση Boussinesq

πράγματι δεν υποθέτει μονοκατευθυντήριες διαδόσεις αλλά στη γενική της μορφή. Αυτή που εξήγαγε ο

Boussinesq και την οποία χαρακτηρίσαμε ως εξίσωση του Boussinesq, προυποθέτει αριστερή διάδοση! Πάντως

δεν χάνεται η γενικότητά της.
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plègmatoc, en¸ jetik  mh grammikìthta h lÔsh eÐnai ènac jetikìc palmìc η > 0 kai �ra

araÐwsh tou plègmatoc (Pnevmatikos (1986)[5]).

Stouc ud�tinouc kumatismoÔc, kai sÔmfwna me ta peir�mata tou Russel, o arnhtikìc

palmìc den faÐnetai na eÐnai stajerìc kai diaspeÐretai en antijèsei me ènan jetikì palmì

pou epideiknÔei stajerìthta. Af noume ìmwc to jèma autì gia peraitèrw diereÔnhsh.

2.4 Exis¸seic Boussinesq me beltiwmèna qarakth-

ristik� diaspor�c

'Opwc anafer�me sto sÔntomo istorikì thc eisagwg c, oi exis¸seic Boussinesq brÐskoun

efarmog  sth montelopoÐhsh kumatik¸n fainomènwn kont� sthn akt . To meionèkthm� touc

sqetÐzetai me to ìti apotugq�noun na perigr�youn epark¸c kumatismoÔc se b�jh megalÔ-

tera tou 20% se sqèsh me to m koc kÔmatìc touc28. Kat� thn prosp�jeia epèktashc twn

dunatot twn perigraf c twn en lìgw exis¸sewn se megalÔtero b�joc, o Witting (1984)[11]

èlabe upìyh th mèsh tim  tou katakìrufou profÐl thc taqÔthtac. 'Etsi tropopoÐhse touc

ìrouc tou anaptÔgmatoc kat� Taylor, o kajorismìc twn opoÐwn pragmatopoieÐtai telik� apì

sÔgkrish me to antÐstoiqo an�ptugma kat� Pade29.

Ekmetalleuìmenoi th mejodologÐa tou Witting oi Madsen et al. (1991a) eis gagan ènan

par�gonta diìrjwshc b pou emperièqei trÐthc t�xewc diaforik�. Sth sunèqeia oi Beji kai

Battjes (1994)[4] ef rmosan thn en lìgw teqnik  jewr¸ntac  piec metabolèc pujmèna (mild

slope approximation) kai thn opoÐa parajètoume:

ut + uux + g ηx = 1
3
h2 uxxt + hhx uxt + b h2 (uxxt + g ηxxx) + Fx,

ηt + ((h+ η)u)x = 0. (2.95)

28
Βλ. S. Beji, J.A. Battjes(1994)[4].

29
Βλ. στο ίδιο.
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O ìroc b, ìpwc anafèrame, apoteleÐ ton ìro diamìrfwshc (calibration factor) kai eis�gei

mia tritot�xia ex�rthsh 30sth diaforik  exÐswsh h opoÐa faÐnetai na up�rqei kai sth sqèsh31

pou exag�game sthn prohgoÔmenh enìthta kat� thn enswm�twsh metablhtoÔ pujmèna.

O ìroc autìc den upologÐzetai apì pr¸tec arqèc all� eÐnai eleÔjeroc na paÐrnei tic

timèc ekeÐnec gia tic opoÐec elaqistopoioÔntai ta sf�lmata thc fasik c taqÔthtac. H tim 

tou b epelèqjh wc 1/21 apì touc Madsen et al. kai 1/15 apì touc Beji kai Battjes. Pio

k�tw deÐqnoume analutik� thn epÐdrash tou diorjwtikoÔ ìrou sth sqèsh diaspor�c.

Ac doÔme t¸ra thn epÐdrash tou diorjwtikoÔ autoÔ ìrou sth diamìrfwsh thc sqèshc

diaspor�c. Profan¸c gia na upologÐsoume th sqèsh diaspor�c ja l�boume upìyh mìno

touc grammikoÔc ìrouc. Ja epilÔsoume loipìn to sÔsthma 2.95, diathr¸ntac arqik� touc

grammikoÔc ìrouc kai sth sunèqeia ja antikatast soume lÔseic thc morf c u = u0 cos(k x±

ω t) oi opoÐoi ja mac apokalÔyoun th sqèsh diaspor�c.

EpijumoÔme na melet soume thn epÐdrash kai twn dÔo suneisfor¸n thc tritot�xiac diìr-

jwshc. Wc ek toÔtou jewroÔme ton suntelest  a o opoÐoc lamb�nei timèc 0   1 ètsi ¸ste

na montelopoi soume thn sqèsh thc emploutismènhc diaspor�c me   qwrÐc h suneisfor� tou

ηxxx. 'Eqoume loipìn gia thn pr¸th ek twn 2.95, th grammikopoihmènh sqèsh:

ut + g ηx = h2

3
uxxt + b h2 uxxt + a b h2 g ηxxx

⇒ ut + g ηx = h2
(

1
3

+ b
)
uxxt + a b h2 g ηxxx. (2.96)

Grammikopoi¸ntac t¸ra kai th deÔterh sqèsh thc 2.95 kai paragwgÐzontac wc proc th

qwrik  di�stash kai prokÔptei:

ηtx = −huxx. (2.97)

30
Βλ. Madsen (1993)[12].

31
Βλ. στο παράρτημα τη σχέση Α2.
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Sth sunèqeia paragwgÐzoume wc proc ton qrìno th 2.96:

utt + g ηxt = h2

(
1

3

)
uxxtt + a b h2 g ηxxxt. (2.98)

Apì thn 2.97 èqoume ìti:

ηxxxt = (ηxt)xx = (−huxx)xx = −huxxxx. (2.99)

Antikajist¸ntac tic 2.97 kai 2.99 sthn 2.98 kai prokÔptei:

utt − h g uxx = h2

(
1

3
+ b

)
uxxtt − a b h3 g uxxxx. (2.100)

ProqwroÔme sto b ma anaz thshc lÔsewn thc morf c u = u0 cos(k x ± ω t), opìte

prokÔptei gia k�je ìro:

utt = − (±ω)2 u0 cos (k x± ω t) ,

uxx = − (k)2 u0 cos (k x± ω t) ,

uxxtt = (ω k)2 u0 cos (k x± ω t) ,

uxxxx = k4 u0 cos (k x± ω t) . (2.101)

Me th bo jeia loipìn twn 2.101 h 2.100 metasqhmatÐzetai:

−ω2 + h g k2 = h2
(

1
3

+ b
)
ω2 k2 − a b h3 g k4 ⇒

ω2
(
1 + (h k)2 (1

3
+ b
))

= k2 h g
(
1 + a b (h k)2)⇒

(2.102)

ĉ2

g h
=

1 + a b (h k)2

1 + (k h)2 (1
3

+ b
) . (2.103)
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Pio k�tw (sq mata 2.4 kai 2.5), kai me th bo jeia tou progr�mmatoc Mathematica, ja

antiparab�lloume th sqèsh diaspor�c Boussinesq 2.103 me aut  thc grammik c jewrÐac:

ω2 = g k tanh (k h)⇒ ω2

g k
= tanh (k h)⇒

(2.104)

c2

g h
=

tanh (k h)

(k h)
. (2.105)

Arqik� ( sq ma 2.4) antiparab�lloume thn 2.105 (èntonh gramm ) me thn 2.103 (diake-

kommènh gramm ) gia b = 0:

Sq ma 2.4: SÔgkrish thc kampÔlhc diaspor�c thc grammik c jewrÐac me aut  thc 2.103.
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Sth sunèqeia (sq ma 2.5) antiparab�lloume th grammik  (èntonh gramm ) me th 2.103 gia

timèc b = 0 (diakekommènh gramm ), b = 1/15 a = 0 (gkri gramm ), kai a = 1, b = 1/15

(kìkkinh gramm ) kai h pr�sinh gramm  me a = 1, b = 1/21.

Sq ma 2.5: SÔgkrish thc kampÔlhc diaspor�c thc grammik c jewrÐac gia diaforetikèc timèc

tou ìrou diamìrfwshc b.
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Kef�laio 3

Arijmhtik  EpÐlush

Sto kef�laio autì ja anafèroume ton trìpo me ton opoÐo ja qeiristoÔme arijmhtik� tic

exis¸seic Boussinesq pou èqoume par�xei. Sto kef�laio autì ja asqolhjoÔme me to mono-

di�stato qwrikì prìblhma (1DH, one dimensional horizontal problem).

Prin proqwr soume ja anafèroume sunoptik� tic ergasÐec pou aforoÔn sthn prosp�jeia

arijmhtik c montelopoÐhshc kai epÐlushc twn exis¸sewn Boussinesq. Ekten c anafor� se

sqèsh me thn arijmhtik  montelopoÐhsh twn en lìgw exis¸sewn mporoÔn na brejoÔn stouc

Kirby(2003)[79] kai stouc Madsen kai Madsen et.al(1999)[37].

Oi perissìterec ergasÐec sto pedÐo tou qrìnou uiojetoÔn th mèjodo twn peperasmènwn

diafor¸n (FDM - finite difference method). Qarakthristik  ergasÐa anafor�c stic pepe-

rasmènec diaforèc pou aforoÔn se montelopoÐhsh braqèwn kumatism¸n se rhq� ner� eÐnai

aut  twn Abbot et al.(1978)[38], sÔmfwna me thn opoÐa oi diaforikèc exis¸seic diakrito-

poioÔntai me th bo jeia enìc implicit sq matoc kentrik¸n diafor¸n qrìnou (time-centered

implicit scheme) me metablhtèc pou an koun se èna tetragwnikì plègma. EpÐshc, h ergasÐa

twn Abbott et al.(1984)[39] perilamb�nei belti¸seic tou prohgoÔmenou sq matoc.

Basismènoi sthn Ðdia arijmhtik  mèjodo epÐlushc (FDM) oi Madsen et al.(1991)[12] pa-

rousÐasan èna sq ma exis¸sewn me beltiwmèna qarakthristik� diaspor�c gia rhqì nerì,

kai oi Madsen kai Sorensen(1992)[13] ex gagan tic exis¸seic Boussinesq gia metaballìmenh

63



64 KEF�ALAIO 3. ARIJMHTIK�H EP�ILUSH

bajumetrÐa. Oi Beji and Battjes(1994)[4] qrhsimopoÐhsan parìmoiec exis¸seic gia na mo-

ntelopoi soun to fainìmeno pou dièpei th di�dosh kumatism¸n se èna bujismèno antikeÐmeno.

Oi Wei kai Kirby(1995)[19] anèptuxan èna uyhlìterhc t�xhc FDM sq ma prokeimènou na

epilÔsoun èntona mh grammikèc exis¸seic Boussinesq, en¸ oi Beji kai Nadaoka(1996)[7] qrh-

simopoÐhsan trÐthc t�xhc peperasmènec diaforèc qrìnou prokeimènou na montelopoi soun

tic diorjwmènec (pou diathroÔn thn enèrgeia) exis¸seic twn Madsen kai Sorensen.

3.1 H arijmhtik  mèjodoc

H mèjodoc pou ja qrhsimopoi soume sthrÐzetai sth diakritopoÐhsh twn agn¸stwn sunar-

t sewn1, me thn eisagwg  omoiìmorfou qwroqronikoÔ plègmatoc pou orÐzoume sth qwrik 

kai sth qronik  di�stash, kai th qr sh peperasmènwn diafor¸n an¸terhc t�xhc gia thn

prosèggish thc lÔshc. Pio sugkekrimèna to sq ma pou ja akolouj soume sthrÐzetai se

mia genÐkeush2 thc mejìdou Crank-Nickolson, kat� thn opoÐa prosomoi�zetai mia elafr¸c

mh grammik  mèjodoc kumatik c di�doshc se metablht  bajumetrÐa perioq c r qwshc.

Sta plaÐsia thc mejìdou twn peperasmènwn diafor¸n jewroÔme touc �xonec diakrito-

poihmènouc. Diakritopoi¸ntac antÐstoiqa th sun�rthsh mporoÔme na orÐsoume th diafor�:

df(x)

dx
→ f(x+ ∆x)− f(x)

∆x
=
fi+1 − fi

∆x
. (3.1)

K�je tim  thc anex�rththc metablht c dÔnatai na jewreÐtai wc èna (k�je for�) sh-

meÐo tou diakritopoihmènou plèon �xona, me antÐstoiqh << eikìna >> thn antÐstoiqh (epÐshc)

diakritopohmènh tim  thc sun�rthshc. 'Etsi mporoÔme na orÐsoume kai thn par�gwgo miac

sun�rthshc f(x) wc proc x wc to lìgo twn diakrit¸n diafor¸n pou lamb�nei h sun�rthsh

sta shmeÐa i+1 kai i tou plègmatoc proc to antÐstoiqo b ma ∆x, pou apoteleÐ thn antÐstoi-

1
Μια πολύπλευρη προσέγγιση στο θέμα της θεωρίας των σχημάτων διαφορών ο αναγνώστης μπορεί να

βρει στο Alexander A. Samarskii[80].
2
Βλ. στο κεφάλαιο 3 από το βιβλίο του Mark H. Holmes[81] .
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qh apìstash metaxÔ twn diakrit¸n shmeÐwn ston �xona. O deÐkthc i anafèretai sth jèsh,

dhlad  ston kìmbo pou anaparist� thn en lìgw jèsh sto plègma. H posìthta ∆x apoteleÐ

thn apìstash twn dÔo kìmbwn sth qwrik  di�stash. An�loga me to prìblhma pou melet�me

kajorÐzoume kai to << b ma >> ∆x, to opoÐo sta plaÐsia thc mejìdou jewreÐtai stajerì. H

exÐswsh 3.1 onom�zetai << peperasmènh diafor� proc ta emprìc >> (forward difference of first

order),   << emprìc sq ma peperasmènhc diafor�c pr¸thc t�xhc >>.

ParathroÔme ìti sthn pr¸th prosèggish (3.1) << emplèkontai >> dÔo shmeÐa sthn prosèggi-

sh thc parag¸gou. H jèsh i kai h epìmenh i+ 1. Ja mporoÔsame na èqoume qrhsimopoi sei

tic jèseic i, i−1 antÐstoiqa gia ton prosdiorismì thc pr¸thc parag¸gou3, lamb�nontac p�li

èna sq ma Ðdiac t�xhc prosèggishc. Aut  h peperasmènh diafor� anafèretai << proc ta pÐsw >>

(backward difference of first order). MporoÔme epÐshc na diplasi�soume to b ma gÔrw apì

mia << kentrik  >> tim  xi petuqaÐnoume megalÔterhc t�xhc akrÐbeia diìti lamb�noume tic meta-

bolèc thc sun�rthshc ekatèrwjen thc kentrik c tim c4 pou mac endiafèrei me apotèlesma na

èqoume th << dipl�sia >> plhroforÐa gia th sumperifor� thc. Aut  onom�zetai (sq ma 3.1) <<

kentrik  peperasmènh diafor� pr¸thc t�xhc >> (central difference of first order). 'Etsi, ìpwc

ja doÔme, ja prokÔyei èna summetrikì sq ma sthn eÔresh twn suntelest¸n thc mejìdou.

df(x)
dx
→ 1

2

(
f(x+2∆x)−f(x+∆x)

∆x
+ f(x+∆x)−f(x)

∆x

)
⇒

df(x)
dx
→ 1

2
fi+1−fi−1

∆x
. (3.2)

AntÐstoiqa mporoÔme na orÐsoume kai thn par�gwgo sth qronik  di�stash. H qroni-

k  di�stash ja èqei antÐstoiqo << b ma >> ∆t to opoÐo ja kajorÐzei thn diakritopoÐhsh sthn

antÐstoiqh di�stash. Sth qronik  par�gwgo to sÔsthma twn exis¸sewn mac epitrèpei na

qrhsimopoi soume par�gwgo pr¸thc t�xhc diìti h qr sh kentrik c tim c sth qronik  par�-

gwgo den ja prosd¸sei peraitèrw akrÐbeia.

3
Βλ. για παράδειγμα το κεφάλαιο 1 του R.J. LeVeque[82].

4
Βλ. το κεφάλαιο 5 στο J.W.Thomas[83] .
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Sq ma 3.1: Anapar�stash kentrik c tim c peperasmènwn diafor¸n.

Me parìmoio trìpo mporoÔme na orÐsoume th deÔterh par�gwgo:

d

dx

df

dx
→

fi+1−fi
∆x

− fi−fi−1

∆x

∆x
=
fi+1 − 2fi + fi−1

∆x2
. (3.3)

EÐmaste t¸ra se jèsh parousi�soume tic exis¸seic Boussinesq diakritopoihmènec. Oi

exis¸seic pou ja qrhsimopoi soume anafèrontai se  pia metabol  tou pujmèna kai tic ka-

tagr�foume sÔmfwna me ton Peregrine (1967):

ut + uux + g ηx = 1
3
h2 uxxt + hhx uxt + Fx

ηt + ((h+ η)u)x = 0, (3.4)

ìpou Fx anafèretai sthn pÐesh pou epib�lloume. Sthn perÐptwsh emploutismènhc diaspo-

r�c oi exis¸seic (me ìro diègershc pou montelopoieÐ thn exwterik  pÐesh sthn epif�neia)

gÐnontai:
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ut + uux + g ηx = 1
3
h2 uxxt + hhx uxt + b h2 (uxxt + g ηxxx) + Fx,

ηt + ((h+ η)u)x = 0. (3.5)

O ìroc b apoteleÐ ton ìro diamìrfwshc (calibration factor) kai eis�gei mia tritot�xia

ex�rthsh (Madsen 1991[12]) sth diaforik  exÐswsh h opoÐa up�rqei kai sth sqèsh pou

exag�game sto prohgoÔmeno kef�laio kat� thn enswm�twsh metablhtoÔ pujmèna.

3.2 ParousÐash tou plègmatoc

To plègma pou ja qrhsimopoi soume ja eÐnai dÔo diast�sewn. Gia par�deigma sto sq ma

3.2 anaparistoÔme èna tm ma enìc plègmatoc (faÐnetai to tm ma dèka epÐ dèka):

Sq ma 3.2: Anapar�stash plègmatoc.
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K�je kìmboc tou plègmatoc G apoteleÐ èna shmeÐo me thn antÐstoiqh plhroforÐa pou

tou prosdÐdoume. Gia par�deigma h tim  thc metablht c pou lamb�nei h ηi,n   (ηni ) apo-

teleÐ thn anÔywsh ston en lìgw kìmbo thc epif�neiac se sqèsh me thn adiat�rakt  thc

jèsh. An loipìn katafèroume na èqoume èna pl joc tim¸n twn anuy¸sewn gia ton k�je

kìmbo mporoÔme na kataskeu�soume ta stigmiìtupa tou profÐl tou kumatismoÔ all� kai tou

trìpou di�doshc aut¸n sto qrìno. En olÐgoic na anaparast soume me meg�lh akrÐbeia to

pragmatikì profÐl tou kumatismoÔ kai thn kÐnhsh autoÔ.

To plègma pou epilègoume prokeimènou na prokÔyei mia arijmhtik  lÔsh thc perioq c

tou reustoÔ (R = Ω × [t > 0]), se sunduasmì me to sÔnoro ∂R pou apoteleÐtai apì tic

grammèc x = L0, L1 kai t = 0, apoteleÐtai apì shmeÐa (x, t) = (xi, tn) = (L0 + i∆x, n∆t)

ìpou i = 0, 1, ..., N+1 kai n = 0, 1, ..., sto opoÐo to ∆x = (L1−L0)/(N+1) anaparist� mia

diakritopoÐhsh thc qronik c metablht c t. H lÔsh twn �gnwstwn sunart sewn η kai u enìc

prosseggistikoÔ sq matoc peperasmènwn diafor¸n sta en lìgw shmeÐa ja sumbolÐzetai

me ηni kai uni , antÐstoiqa, en¸ gia to skopì thc an�lushc thc stajerìthtac thc lÔshc oi

arijmhtikèc timèc ja sumbolÐzontai antÐstoiqa me η̃ni kai ũni .

'Estw ìti ta dianÔsmata thc lÔshc eÐnai

ηn = η(tn) =
(
ηn1 , η

n
2 , . . . , η

n
N , η

n
N+1

)T
, (3.6)

un = u(tn) =
(
un1 , u

n
2 , . . . , u

n
N , u

n
N+1

)T
. (3.7)

'Etsi loipìn oi sunart seic u, η b�sei twn ìswn proanafèrame ja diakritopoihjoÔn wc

ex c :

ut ≈
u(x, t+ ∆t)− u(x, t)

∆t
=

1

∆t
(un+1

i − uni ), (3.8)

ux ≈
u(x+ ∆x, t)− u(x−∆x)

2∆x
=

1

2∆x
(uni+1 − uni−1), (3.9)

en¸ sta sÔnora i = 1   i = N + 1:

ux ≈ u(x+∆x,t)−u(x,t)
∆x

= 1
∆x

(uni+1 − uni ), (3.10)

ux ≈ u(x,t)−u(x−∆x)
∆x

= 1
∆x

(uni − uni−1). (3.11)



3.3. H PROTEIN�OMENH M�EJODOS 69

EpÐshc stic an¸terec t�xeic èqoume:

uxx ≈ u(x+∆x,t)−2u(x,t)+u(x−∆x,t)
∆x2

= 1
∆x2

(uni+1 − 2uni + uni−1), (3.12)

uxt ≈ u(x+∆x,t+∆t)−u(x−∆x,t+∆t)−u(x+∆x,t)+u(x−∆x,t)
2∆x∆t

= 1
2∆x∆t

(un+1
i+1 − un+1

i−1 − uni+1 + uni−1), (3.13)

uxxx ≈ −u(x−2∆x,t)+2u(x−∆x,t)−2u(x+∆x,t)+u(x+2∆x,t)
2∆x3

= 1
2∆x3

(−uni−2 + 2uni−1 − 2uni+1 + uni+2), (3.14)

uxxt ≈ u(x+∆x,t+∆t)−2u(x,t+∆t)+u(x−∆x,t+∆t)−u(x+∆x,t)+2u(x,t)−u(x−∆x,t)
∆x2∆t

= 1
∆x2∆t

(un+1
i+1 − 2un+1

i + un+1
i−1 − uni+1 + 2uni − uni−1). (3.15)

3.3 H proteinìmenh mèjodoc

JewroÔme ìti to sÔsthma twn exis¸sewn 3.5 ikanopoieÐtai sto shmeÐo (i∆x, (n+θ)∆t) ìpou

θ ∈ [0, 1] tou plègmatoc G. ExaitÐac aut c thc upojèshc oi merikèc diaforÐseic antikajÐ-

stantai apì tic proseggÐseic peperasmènwn diafor¸n sta shmeÐa tou n kai n+ 1, �xona tou

qrìnou. Aut  h mèjodoc gia thn ux qrhsimopoi¸ntac thn 3.9, dÐnei:

(
∂u
∂x

)n+θ

i
= θ

(
∂u
∂x

)n+1

i
+ (1− θ)

(
∂u
∂x

)n
i

1
2∆x

(
θ
(
un+1
i+1 − un+1

i−1

)
+ (1− θ)

(
uni+1 − uni−1

))
. (3.16)

AntÐstoiqa gia thn uxxx qrhsimopoi¸ntac thn exÐswsh 3.12 èqoume:

(
∂3u
∂x3

)n+θ

i
= θ

(
∂3u
∂x3

)n+1

i
+ (1− θ)

(
∂3u
∂x3

)n
i

= 1
2∆x3

(
θ
(
−un+1

i−2 + 2un+1
i−1

−2un+1
i+1 + un+1

i+2

)
+ (1− θ)

(
−uni−2 + 2uni−1 − 2uni+1 + uni+2

))
. (3.17)

Oi 3.16 kai 3.17, ìtan lamb�netai θ = 1
2
, katal goun sth mèjodo Crank-Nickolson pou

qrhsimopoÐhsan oi Beji kai Battjes (1994)[4].
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3.4 Dìmhsh tou sust matoc

Arqik� jewroÔme monodi�stath di�dosh. JewroÔme wc metabol  tou pujmèna thn prosèggi-

sh  piac klÐshc (mild slope) gia thn opoÐa oi par�gwgoi an¸terhc t�xhc tou h paraleÐpontai.

Oi mh grammikoÐ ìroi (η u)x kai uux epÐshc sthn arq  paraleÐpontai.

XekinoÔme diakritopoi¸ntac thn exÐswsh 3.18. Arqik� den ja asqolhjoÔme me touc mh

grammikoÔc ìrouc tou sust matoc pou jèloume na epilÔsoume. Autì faÐnetai pio k�tw, stic

exis¸seic 3.18 kai 3.22, ìpou èqoume paraleÐyei touc mh grammikoÔc ìrouc. Ja epanèljoume

argìtera sto z thma autì.

ηt + ((h+ η)u)x = 0⇒ ηt + (h̃ u)x = 0, (3.18)

me

h̃ = h+ η, (3.19)

na apoteleÐ mia gnwst  stajer� gia to pr¸to qronikì b ma se k�je shmeÐo i tou plègmatoc.

Sth sunèqeia mporoÔme na paraleÐyoume ton sumbolismì kai na epistrèyoume ston arqikì.

H diakritopoÐhsh t¸ra gÐnetai wc ex c:

ηni −η
n−1
i

∆t
+ 1

2

(
hi+1 u

n
i+1−hi−1 u

n
i−1

2∆x
+

hi+1 u
n−1
i+1 −hi−1 u

n−1
i−1

2∆x

)
= 0⇒

ηni
∆t

+ hi+1

4∆x
uni+1 −

hi−1

4∆x
uni−1 = Bn−1

i , (3.20)

ìpou

Bn−1
i ≡ ηn−1

i

∆x
+
hi−1

4∆x
un−1
i−1 −

hi+1

4∆x
un−1
i+1 . (3.21)

H mèjodoc aut  apoteleÐ èna implicit5 sq ma peperasmènwn diafor¸n to opoÐo ìpwc

ja deÐxoume sthn epìmenh enìthta mac diasfalÐzei stajerìthta6 apì pleur�c di�doshc air-

jmhtik¸n sfalm�twn. DiaqwrÐzontac thn exÐswsh se << paroÔsec >> (n) kai << pareljoÔsec >>

5
Βλ. στο βιβλίο του K. Murawski[84] κεφάλαιο 6.

6
Βλ. για παράδειγμα το Fadugba et.al(2013)[40].
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(n− 1) stigmèc èqoume th dunatìthta thc epÐlushc diìti, emfanÐzetai mia èkfrash thc opoÐ-

ac to �gnwsto di�nusma kajorÐzetai apì thn << prohgoÔmenh >> qronik  stigm . Gia dedomènh

qronik  stigm  to n = 1 apoteleÐ to arqikì di�nusma ( arqik  sunj kh ) tou probl matoc.

Autì to di�nusma ja epanaprosdiorÐzetai k�je for� ek nèou, me th bo jeia tou epanalhpti-

koÔ upologismoÔ kai ja apoteleÐ, gia thn k�je for�, thn << prohgoÔmenh >> qronik  stigm 

sto plègma.

ProqwroÔme t¸ra sth diakritopoÐhsh thc deÔterhc exÐswshc:

ut + uux + g ηx =
1

3
h2 uxxt + hhx uxt + Fx, (3.22)

apì thn opoÐa prokÔptei:

uni −u
n−1
i

∆t
+ g

2

(
ηn−1
i+1 −η

n−1
i−1

2∆x
+

ηni+1−ηni−1

2∆x

)
−

hi
3

(
uni+1−2uni +uni−1

∆t∆x2
− un−1

i+1 −2un−1
i +un−1

i−1

∆t∆x2

)
−

hi (hx)i

(
uni+1−uni−1

2∆x∆t
− un−1

i+1 −u
n−1
i−1

2∆x∆t

)
= (Fx)i ⇒ (3.23)(

1
∆t

+
2h2i

3∆t∆x2

)
uni +

(
hi (hx)i
2∆t∆x

− h2i
3∆t∆x2

)
uni−1 +(

− h2i
3∆t∆x2

− hi (hx)i
2∆t∆x

)
uni+1 + g

4∆x
ηni+1 −

g
4∆x

ηni−1 = Bn−1
i+I ,

ìpou

Bn−1
i+I ≡

(
1

∆t
+

2h2i
3∆t∆x2

)
un−1
i +

(
hi (hx)i
2∆t∆x

− h2i
3∆t∆x2

)
un−1
i−1 +(

− h2i
3∆t∆x2

− hi (hx)i
2∆t∆x

)
un−1
i+1 −

g
4∆x

ηn−1
i+1 + g

4∆x
ηn−1
i−1 + (Fx)i. (3.24)

Kat� antistoiqÐa dhlad  me thn 3.20 èqoume to sto dexiì mèloc thc èkfrashc mìno

<< prohgoÔmenec >> qronikèc stigmèc. EpÐshc sthn exÐswsh aut  h klÐsh hx, thc opoÐac h tim 

eÐnai mikr , dÔnatai k�je for� na kajoristeÐ apì ta dedomèna tou probl matoc pou jèloume

na melet soume.
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H èkfrash Bn−1
i+I apoteleÐ èna di�nusma st lh. Se sunduasmì me to Bn−1

i , pou epÐshc

apoteleÐ di�nusma st lh, èqoume èna eniaÐo di�nusma st lh pou kajorÐzei to di�nusma thc <<

pareljoÔshc >> qronik c stigm c gia to suzeugmèno sÔsthma plèon twn exis¸sewn. O pros-

diorismìc tou sta arqik� b mata sthrÐzetai sthn epilog  twn arqik¸n kai twn sunoriak¸n

sunjhk¸n pou epilègoume k�je for� gia to prìblhma pou epijumoÔme na melet soume. Ac

to doÔme autì pio analutik�.

H exÐswsh pou kaloÔmaste na epilÔsoume apoteleÐtai apì èna sÔsthma thc morf c

AX(n) = B(n−1), (3.25)

ìpou

X(n) =



ηn1

ηn2
...

ηnN

un1

un2
...

unN



. (3.26)

Prokeimènou na katal�boume th dom  tou pÐnaka A, ac melet soume thn 3.20. Dedomènou ìti

pollaplasi�zei tic dÔo �gnwstec sunart seic parèqont�c mac thn plhroforÐa twn 3.20 kai

3.23 ja èqei th morf  enìc pÐnaka pou ja apoteleÐtai apì tèsseric diakritoÔc upopÐnakec,

ìpwc faÐnetai parak�tw:

A =

 T ∆

M Λ

 . (3.27)

Gia touc upopÐnakec autoÔc ja èqoume:
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T =


. . . 0 0

0 1
∆t

0

0 0
. . .

 ,

∆ =


0

. . . 0 0

. . . 0 hi+1

4∆x
0

0

0 hi−1

4∆x
0

. . .


,

M =


0

. . . 0 0

. . . 0 g
4∆x

0

0 −g
4∆x

0
. . .

 ,

Λ =


. . . . . . . . . 0

(hi (hx)i
2∆t∆x

− h2i
3∆t∆x2

) ( 1
∆t

+
2h2i

3∆t∆x2
) (− h2i

3∆t∆x2
− hi (hx)i

2∆t∆x
)

0
. . . . . . . . .

 .

Ta stoiqeÐa tou dianÔsmatoc B(n−1) prokÔtoun apì tic pr¸tec grammèc tou pÐnaka A

me to di�nusma Xn. ParathroÔme loipìn ìti ta stoiqeÐa pou sqetÐzontai me to η ja eÐnai

stoiqeÐa thc diagwnÐou to kajèna Ðso me Ti ≡ 1
∆t
, ston upopÐnaka T , en¸ ta stoiqeÐa pou

sqetÐzontai me to u ja brÐskontai ekatèrwjen thc diagwnÐou sto deÔtero mplok tou pÐnaka

∆, me to k�je èna na isoÔtai me ∆i−1 ≡ hi−1

4∆x
kai ∆i+1 ≡ hi+1

4∆x
antÐstoiqa. B�sei thc 3.23

o M ja apoteleÐtai apì ta stoiqeÐa Mi−1 ≡ − g
4∆x

kai Mi+1 ≡ g
4∆x

pou ja brÐskontai

epÐshc ekatèrwjen thc diagwnÐou tou. Tèloc o Λ ja eÐnai tridiag¸nioc me stoiqeÐa sth

diag¸nio Λi ≡
(

1
∆t

+
2h2i

3∆t∆x2

)
kai Λi−1 ≡

(
hi (hx)i
2∆t∆x

− h2i
3∆t∆x2

)
kai Λi+1 ≡

(
− h2i

3∆t∆x2
− hi (hx)i

2∆t∆x

)
ekatèrwjen. Ja èqoume loipìn sunolik� gia ton pÐnaka A:
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A =



. . . . . . . . .

Ti ∆i−1 ∆i+1

. . . . . . . . .

. . . . . . . . . . . . . . .

Mi−1 Mi+1 Λi−1 Λi Λi+1

. . . . . . . . . . . . . . .


, (3.28)

kai gia to sÔsthma:



. . . . . . . . .

Ti ∆i−1 ∆i+1

. . . . . . . . .

. . . . . . . . . . . . . . .

Mi−1 Mi+1 Λi−1 Λi Λi+1

. . . . . . . . . . . . . . .





...

ηni
...

...

uni
...


=



...

Bn−1
i

...

...

Bn−1
i+I

...


. (3.29)

Opìte èqontac tic arqikèc sunj kec, dhlad  to arqikì di�nusma B(1), upologÐzoume to

X(2) antistrèfontac ousiastik� ton A:

AX(2) = B(1) ⇒ X(2) = A−1B(1). (3.30)

Sth sunèqeia èqontac prosdiorÐsei ton X(2) → B(2), prosdiorÐzoume ton X(3) me thn Ðdia

diadikasÐa:

AX(3) = B(2) ⇒ X(3) = A−1B(2). (3.31)

Epanalamb�nontac th diadikasÐa aut  ft�noume èwc th qronik  stigm  pou epijumoÔme
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èqontac sth diajes  mac tic timèc ìlwn twn metablht¸n ηn, un, dhlad  tou dianÔsmatoc

X(n), gia k�je qronikì b ma. 'Etsi kataskeu�zoume th lÔsh tou sust matoc.

3.5 Eust�jeia

'Opwc anafèrame kai sthn epilog  thc mejìdou, akolouj same th mejodologÐa Crank -

Nickolson ètsi ¸ste na diasfalÐsoume eust�jeia apì pleur�c sfalm�twn pou sqetÐzontai

me thn arijmhtik  mèjodo. Prin proqwr soume na tonÐsoume ìti h epilog  thc mejìdou aut c

mac diasfalÐzei eust�jeia, ìqi ìmwc kai aparaÐthta sÔgklish upì thn ènnoia thc akrÐbeiac. H

akrÐbeia ja diasfalisteÐ an diasfalÐsoume th mh diìgkwsh twn arijmhtik¸n sfalm�twn kai

an tautìqrona pukn¸soume p�ra polÔ to plègma ¸ste na petÔqoume ìso kalÔterh sÔgklish

mporoÔme.

Ac xekin soume apì thn von Neumann Stability Analysis7. To krit rio autì mac promh-

jeÔei me th dunatìthta elègqou arijmhtik c eust�jeiac enìc algorÐjmou. Jewr¸ntac loipìn

periodikìthta stic lÔseic mac mporoÔme na antikatast soume tic �gnwstec sunart seic me

Fourier anaptÔgmata pou perièqoun koinì kumat�rijmo. Agno¸ntac loipìn th mh grammikì-

thta, th bajumetrÐa, pou katastrèfei thn periodikìthta, all� kai agno¸ntac tic sunoriakèc

sunj kec mporoÔme na elègxoume thn eust�jeia thc lÔshc. H epituqÐa thc mejìdou ègkeitai

sthn je¸rhsh enìc monadikoÔ trìpou (mode) tal�ntwshc o opoÐoc ja anaparÐstatai apì

ènan kumat�rijmo k. 'Etsi dun�meja na antikatast soume tic �gnwstec sunart seic me

ηni = an expikxi , ηni−1 = an expikxi exp−ik∆x, ηni+1 = an expikxi expik∆x

ηn−1
i = an−1 expikxi , ηn−1

i−1 = an−1 expikxi exp−ik∆x, ηn−1
i+1 = an−1 expikxi expik∆x

uni = un expikxi , uni−1 = un expikxi exp−ik∆x, uni+1 = un expikxi expik∆x (3.32)

un−1
i = un−1 expikxi , un−1

i−1 = un−1 expikxi exp−ik∆x, un−1
i+1 = un−1 expikxi expik∆x

7
Βλ. το βιβλίο του Daniel Dubin[85] στο κεφάλαιο 6.
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ìpou ta qronik� tm mata dÐnontai apì

an = Aξn , un = Uξn.

Sto shmeÐo autì eis�goume ton par�gonta aÔxhshc (growth factor)   ton par�gonta pl�touc

(amplification factor). O par�gontac ξ ja prèpei na ikanopoeÐ thn

|ξ| ≤ 1

prokeimènou na èqoume arijmhtik  eust�jeia.

Ac doÔme t¸ra analutik� thn efarmog  tou krithrÐou sthn 3.20:

1
∆t
an exp ikxi + h

4∆x
un expikxi expik∆x− h

4∆x
un expikxi exp−ik∆x =

1
∆t
an−1 expikxi + h

4∆x
un−1 expikxi exp−ik∆x− h

4∆x
un−1 expikxi expik∆x ⇒

1
∆t
Aξn + h

4∆x
Uξn expik∆x− h

4∆x
Uξn exp−ik∆x =

1
∆t
Aξn−1 + h

4∆x
Uξn−1 exp−ik∆x− h

4∆x
Uξn−1 expik∆x ⇒

ξn
(
1 + h∆

A4∆xU

(
expik∆x− exp−ik∆x

))
= ξn−1

(
1 + h∆tU

A4∆x

(
exp−ik∆x− expik∆x

))
⇒

ξ =
1− i2r sin (k∆x)

1 + i2r sin (k∆x)
, (3.33)

ìpou r = h∆t U
4A∆x

.

Blèpoume ìti o par�gontac pl�touc8 ikanopoieÐ:

|ξ| ≤ 1.

Na upenjumÐsoume ìti jewroÔme  pia klÐsh sto arqikì prìblhma, all� prokeimènou na

efarmìsoume to krit rio stajerìthtac upojètoume stajerì b�joc, �ra oi timèc twn hi kai

hi+1 eÐnai stajerèc, gia autì to lìgo tic antikajistoÔme me h. EpÐshc sthn exÐswsh 3.23

8
Αυτό το αναμέναμε βάσει του σχήματος Crank - Nicolson, βλ. για παράδειγμα στη σελ. 135 του

Wolfgang Hackbusch[86] .
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den ja jewr soume klÐsh tou pujmèna, gia ton Ðdio lìgo. 'Ara jètoume hx = 0. Se sqèsh

me th deÔterh exÐswsh (3.23) èqoume ìti:

(
1

∆t
+ 2 h2

3∆t∆x

)
Uξn expikxi +

(
− h2

3∆t∆x2

)
Uξn exp ikxi exp−ik∆x +(

−h2
3∆t∆x2

)
Uξn expik∆x expik∆x + g

4∆x
Aξn expikxi expik∆x− g

4∆x
Aξn expikxi exp−ik∆x =(

1
∆t

+ 2 h2

3∆t∆x

)
Uξn−1 expikxi +

(
− h2

3∆t∆x2

)
Uξn−1 exp ikxi exp−ik∆x +(

−h2
3∆t∆x2

)
Uξn−1 expik∆x expik∆x− g

4∆x
Aξn−1 expikxi expik∆x + g

4∆x
Aξn−1 expikxi exp−ik∆x ⇒

ξ =
(4h2U + 6U∆x2 − 4h2U cos (k∆x)− 3iAg∆t∆x sin (k∆x))

2(
4U2 (2h2 + 3∆x2 − 2h2 cos (k∆x))2 + 9A2g2∆t2∆x2 sin (k∆x)2) , (3.34)

apì ìpou eÐnai profan c h

|ξ| ≤ 1.

'Eqontac exasfalÐsei th stajerìthta arijmhtik� sth mèjodì mac, mporoÔme na prosjè-

soume ta qarakthristik� thc  piac klÐshc sth bajumetrÐa. EpÐshc mporoÔme na emploutÐ-

soume tic exis¸seic me asjen  mh grammikìthta. Sthn perÐptwsh eisagwg c twn ìrwn ηu

kai uux ja prèpei na l�boume upìyh ìti o qeirismìc twn agn¸stwn sunart sewn ũux kai

η̃ux mporeÐ na jewrhjeÐ wc peraitèrw epexergasÐa twn exis¸sewn me thn eisagwg  enìc

suntelest  η̃ kai ũ antÐstoiqa. Sthn perÐptwsh aut  epilÔoume to sÔsthma me mia arqik 

prosèggish gia tic �gnwstec sunart seic. Sth sunèqeia belti¸noume k�je for� to sÔsthma

oloklhr¸nontac sto qrìno gia na diorj¸soume touc en lìgw suntelestèc twn ìrwn pou

fèroun thn epÐdrash thc mh grammikìthtac (sq ma 3.3).
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Sq ma 3.3: Sq ma anapar�stashc diìrjwshc thc mh grammikìthtac.
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3.6 Sunoriakèc Sunj kec

'Opwc anafèrame h epilog  twn sunoriak¸n sunjhk¸n kajorÐzei to prìblhma pou k�je for�

èqoume na melet soume. H epilog  touc mporeÐ na sqetÐzetai me sunj kh an�klashc sta

�kra,   str¸matoc aporrìfhshc. Aut  h sunj kh epib�lletai tautìqrona me thn exwterik 

epiballìmenh pÐesh, h opoÐa mporeÐ na eÐnai kai ènac kumatikìc palmìc,   mia arqik  sunj kh

anÔywshc thc eleÔjerhc epif�neiac pou na sqetÐzetai me mia poikilÐa apì fusik� fainìmena.

Aut  h arqik  sunj kh se sunduasmì me th sunoriak  ja apotelèsoun to upo melèth

prìblhma. EÐnai antilhptì p�ntwc ìti den mac endiafèrei tìso, se perÐptwsh pou epilèxoume

sunj kec an�klashc sta �kra o trìpoc me ton opoÐo autèc ja l�boun q¸ra, oÔte kai o

trìpoc me ton opoÐo ja << rup�noun >> thn peraitèrw exèlixh tou probl matoc. Mac endiafèrei

kurÐwc h allhlepÐdrash tou kumatismoÔ me th bajumetrÐa. Sunep¸c mporoÔme na epilèxoume

ètsi to plègma ¸ste na eÐnai arkoÔntwc eparkeÐc oi endeÐxeic apì thn epexergasÐa twn

metr sewn prin l�boume upìyh kai tic epidr�seic apì tic sunoriakèc sunj kec. K�ti tètoio,

en¸ faÐnetai aplì sthn perigraf  tou, sthn efarmog  tou emperièqei efarmog  antÐstoiqwn

mejìdwn arijmhtik¸n sta sÔnora pou endèqetai na eÐnai apaithtikèc.

Ta str¸mata aporrìfhshc (sponge layers) brÐskoun efarmog  se plhj¸ra problhm�-

twn9 diìti epitugq�noun ton << termatismì >> thc upì melèthc perioq c me thn eisagwg  oriakoÔ

str¸matoc ìpou epitugq�netai elaqistopoÐhsh twn anakl�sewn (h opoÐa beltistopoieÐtai

kaj¸c pukn¸nei to plègma) kai h pl rhc aporrìfhsh twn kum�twn.

H epibol  sunoriak¸n sunjhk¸n me qarakthristik� strwm�twn aporrìfhshc, pou ka-

leÐtai kai perfectly matched layers - PML, èqei prokÔyei apì tic anoiktèc sunoriakèc sun-

j kec (open boundary conditions - OBC)10 . Oi anoiqtèc sunoriakèc sunj kec xekÐnh-

9
Η μέθοδος αυτή οδηγεί ορισμένες φορές σε αστάθεια όταν η περιοχή που εφαρμόζεται είναι

῾῾ αριστερόστροφη ᾿᾿ (”left handed” media), βλ. P.-R. Loh, A. F. Oskooi, M. Ibanescu, M. Skorobogatiy, and

S. G. Johnson(2009)[41].
10
Βλ. κεφάλαιο 5 nesting ocean models από το βιβλίο των E.P.Chassignet, J. Verron[87] αλλά και στο

Open boundary conditions and coupling methods for ocean flows του Eric Blayo[88].
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san me mia abebaiìthta wc proc thn apotelesmatikìtht� touc. Poll� apì ta sq mata

twn OBC prokÔptoun apì thn sunj kh aktinobolÐac (radiation condition) pou eis gage

o Sommerfeld(1949)[89] ta opoÐa tropopoi jhkan apì di�forouc ereunhtèc, ìpwc gia pa-

r�deigma oi Pearson(1974)[42], Enguist kai Majda(1977)[43], Orlsanki(1976)[44], O’ Brien

(1980)[45], Miller(1981)[46], Raymond (1984)[47], Palma (2001)[48].

H basik  idèa twn sqhm�twn PML11 sthrÐzetai sto ìti oi diataraqèc taxideÔoun p�nw

sto sÔnoro wc kÔmata, ta opoÐa perigr�fontai apì aplousteumènh dunamik  se sqèsh me to

upìloipo qwrÐo.

Mia deÔterh kathgorÐa twn OBC apoteloÔn oi mèjodoi efhsuqasmoÔ (relaxation me-

thods) oi opoÐec èqoun wc basik  idèa thn epèktash tou upologistikoÔ qwrÐou me thn eisa-

gwg  enìc str¸matoc aporrìfhshc ìpou h arijmhtik  lÔsh jewreÐtai proodeutik� fjÐnousa

proc thn exwterik  lÔsh12. H logik  tou sq matoc mporeÐ na anaparastajeÐ sto sq ma 3.4.

To parap�nw sq ma eÐnai gnwstì kai wc flow relaxation scheme - FRS . To sq ma autì

tropopoi jhke arqik� sta plaÐsia tou hlektromagnhtismoÔ apì ton Berenger (1994)[51] kai

(2007)[52] me thn eisagwg  thc idèac tou perfectly matched layer - PML h opoÐa pèrase

kai sto pedÐo thc mhqanik c twn reust¸n me ton Hu FQ (1996)[53],(2001)[54] kai (2008)[55]

kai wkeanografÐac, me touc Darblade G, Baraille R, Le Roux AY, Carton X, Pinchon D

(1997)[56] , Navon IM, Neta B, Hussaini MY (2004)[57].

'Otan h exwterik  lÔsh tÐjetai Ðsh me to mhdèn Uext = 0, tìte ta sq mata FRS kai

PML tautÐzontai. EpÐ thc ousÐac eis�goun ènan grammikì ìro apìsbeshc sto aporrofhtikì

str¸ma pou exart�tai apì thn σ. H epilog  ja prèpei na eÐnai tètoia pou na diasfalÐzetai

leÐa diakÔmansh thc paramètrou ètsi ¸ste na apofeÔgontai anakl�seic pou rupaÐnoun th

lÔsh kai afetèrou na eÐnai tètoia h apìsbesh pou na mporeÐ na pnÐxei tic diataraqèc sto

str¸ma aporrìfhshc.

Sto prìblhma pou epilègoume akoloujoÔme touc Belibassakis et al.(2001)[58] kai Beli-

11
Βλ. επίσης A. Modave et al. (2010)[49].

12
Βλ. Davies (1976)[50].
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Sq ma 3.4: Flow relaxation scheme - 2DH.
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bassakis kai Athanassoulis(2011)[59] ìpou o par�gontac σ dÐnetai apì thn

σ =


σ0|x−α−ll

|p, x < α + l

0, α + l < x < β − l

σ0|x−β+l
l
|p, x > β − l

(3.35)

ìpou σ0 mia jetik  par�metroc pou kajorÐzei to pl�toc thc katanom c σ h opoÐa eÐnai

sugkrÐsimh me to qarakthristikì m koc kÔmatoc kai p epÐshc mia jetik  par�metroc pou

kajorÐzei to rujmì aporrìfhshc tou str¸matoc13.

Sq ma 3.5: Flow relaxation scheme - 1DH.

13
Βλ. E.S. Filippas, K.A. Belibassakis[60].
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3.7 Apotelèsmata

EÐmaste plèon se jèsh na parousi�soume ta arijmhtik� apotelèsmata se mia di�stash.

Arqik� ja sugkrÐnoume ta apotelèsmat� mac me thn peiramatik  di�taxh pou qrhsimopoÐhsan

oi Beji kai Battjes (1993)[6] gia kumatismoÔc Ôyouc H = 2cm kai suqnìthtac f = 0.5Hz.

H di�taxh anaparÐstatai sto sq ma 3.6.

Sq ma 3.6: Anapar�stash thc peiramatik c di�taxhc Beji-Battjes.

To montèlo mac anaparÐstatai me th mple gramm  kai to sugkrÐnoume me ta peiramatik�

dedomèna twn stajm¸n 2 kai 3 all� kai me to MIKE 21 BW (kìkkinh gramm ).

Sto sq ma 3.7 faÐnetai h anÔywsh thc eleÔjerhc epif�neiac stouc stajmoÔc 2 kai 3 all�

kai èna qarakthristikì stigmiìtupo kaj¸c o kumatismìc èqei exeliqjeÐ kai èqei eisqwr sei

sto aporrofhtikì str¸ma.
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Sq ma 3.7: SÔgkrish twn apotelesm�twn.

3.7.1 Palmìc se stajerì b�joc

Arqik� jewroÔme palmì se stajerì b�joc o opoÐoc exelÐssetai proc tic dÔo kateujÔnseic.

Sto sq ma 3.8 parousi�zoume arqik  sunj kh gia thn anÔywsh thc eleÔjerhc epif�neiac

η(t = 0s) sunart sei thc orizìntiac jèshc (x) sto pedÐo di�doshc thc diataraq c. H arqik 

sunj kh gia thn taqÔthta lamb�netai mhdenik . H katanom  thc taqÔthtac parousi�zetai

amèswc met� to pr¸to qronikì b ma (∆t = 0.1 s). Epilègoume èna qwrÐo eparkèc ( 200 m)

tètoio ¸ste na epitrèpei thn parat rhsh sthn exèlixh tou palmoÔ.

O palmìc pou apeikonÐzoume èqei th morf 

η(t = 0) = e(−γ(x−xm)2) cos(k1(x− xm)), (3.36)

ìpou γ = −0.1 kai k1 = 0.2, en¸ to xm lamb�netai sth mèsh perÐpou tou qwrÐou.
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Sq ma 3.8: Arqik  anÔywsh kai katanom  taqÔthtac.
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ParathroÔme ìti h arqik  paramìrfwsh, pou anèrqetai sto 1 mètro, kateujÔnetai eka-

tèrwjen thc arqik c jèshc epibol c tou palmoÔ, me taqÔthtec Ðsou mètrou. Anamènoume

loipìn èna qwrik� summetrikì fainìmeno sth qronik  tou exèlixh, tìso sthn anÔywsh thc

eleÔjerhc epif�neiac ìso kai sthn katanom  thc taqut tac, ìpwc aut  diamorf¸netai kat�

thn olokl rwsh twn qronik¸n bhm�twn.

Sta epìmena diagr�mmata epibebai¸noume thn parap�nw parat rhsh. Pr�gmati sto di�-

gramma thc exèlixhc thc anÔywshc epif�neiac se sqèsh me to qrìno (sq ma 3.9) parathroÔme

ìti h klÐsh tou diagr�mmatoc thc apom�krunshc tou palmoÔ se sqèsh me to qrìno eÐnai h

Ðdia kai proc tic dÔo kateujÔnseic.

Sq ma 3.9: Qronik  exèlixh thc anÔywshc thc eleÔjerhc epif�neiac.

To Ðdio epibebai¸noume me to pedÐo taqut twn (sq ma 3.10) ìpwc autì diamorf¸netai se
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sqèsh me to qrìno.

Sq ma 3.10: Qronik  exèlixh thc katanom c tou pedÐou taqut twn.
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3.7.2 Eisagwg  bajumetrÐac

Sth sunèqeia parajètoume thn Ðdia arqik  sumj kh se perib�llon metablhtoÔ pujmèna (sq -

ma 3.11), o opoÐoc parousi�zei klÐsh 26%. Se sqèsh me thn exèlixh tou palmoÔ anamènoume

ìti, kaj¸c ja plhsi�zei proc thn kateÔjunsh r qwshc, ta qarakthristik� tou ja metab�l-

lontai se sqèsh me ekeÐna pou ja diadÐdontai se stajerì b�joc. 'Etsi anamènoume allag 

twn qarakthristik¸n twn η kai u proc tic dÔo kateujÔnseic di�doshc.

Sq ma 3.11: Arqik  anÔywsh kai katanom  taqÔthtac - Metablhtìc pujmènac.
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Epomènwc, anamènetai èna qwrik� asÔmmetro fainìmeno sth qronik  tou exèlixh. Pr�g-

mati, parathr¸ntac ta epìmena diagr�mmata (sq mata 3.12 kai 3.13), h qwrik  asummetrÐa

thc anÔywshc thc eleÔjerhc epif�neiac kai tou antÐstoiqou pedÐou taqut twn se sqèsh me

tic dÔo kateujÔnseic di�doshc eÐnai emfan c.

Sq ma 3.12: Qronik  exèlixh thc anÔywshc thc eleÔjerhc epif�neiac.

Kaj¸c o kumatismìc diadÐdetai proc to mèroc thc r qwshc èqoume mia aÔxhsh tou Ôyouc

tou kai tautìqrona meÐwsh thc taqÔtht�c tou. Autì eÐnai sunepèc me th diat rhsh thc ro c

thc mhqanik c enèrgeiac sth st lh tou neroÔ. Autì to fainìmeno apokaleÐtai fainìmeno r -

qwshc (shoaling) kai sqetÐzetai me thn anÔywsh tou pl�touc tou kumatismoÔ kai tautìqrona

th meÐwsh thc taqÔthtac tou met¸pou tou. Na upenjumÐsoume ìti sto montèlo Boussinesq

me ton ìro taqÔthta ennooÔme thn mèsh taqÔthta kat� thn katakìrufh st lh sto reustì.
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Sq ma 3.13: Qronik  exèlixh thc katanom c tou pedÐou taqut twn.
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Den prèpei to fainìmeno thc r qwshc, ìpwc to perigr�yame, na to sugqèoume me fainìme-

na trib c kai en gènei me ta fainìmena ap¸leiac enèrgeiac. Aut� nai men sumbaÐnoun sthn

pragmatikìthta all� den èqoume upojèsei k�ti tètoio sthn perÐptws  mac.

3.7.3 KinoÔmenh pÐesh - Argìc Palmìc - Stajerì b�joc

Sthn epìmenh perÐptwsh ja parousi�soume ta apotelèsmata miac kinoÔmenhc epiballìmenhc

pÐeshc me mikr  sqetik� taqÔthta (u = 0.5m/s). Arqik� th jewroÔme se stajerì b�joc

pujmèna. Sto di�gramma 3.14 parousi�zoume thn pÐesh (diakekommènh gramm ) se sqèsh

me thn anÔywsh thc eleÔjerhc epif�neiac all� kai thn antÐstoiqh katanom  taqÔthtac pou

anafèretai sto pedÐo katanom c taqut twn tou reustoÔ.

O palmìc èqei th morf 

F (x, t) = −e−γ(x−xm)2 , (3.37)

ìpou γ = 0.1 kai xm = xo − ut, me xo h arqik  jèsh kai u h proanaferjeÐsa taqÔthta.

Sthn en lìgw perÐptwsh anamènoume thn epÐdrash thc arqik c pÐeshc wc mia apìtomh

metabol  sta qarakthristik� tou reustoÔ h opoÐa ja prokalèsei mia seir� diataraq¸n pou

ja teÐnoun na apokatast soun thn isorropÐa sto fainìmeno dedomènhc miac << mìnimhc >> pa-

ramìrfwshc sthn eleÔjerh epif�neia tou reustoÔ. Efìson dhlad  o palmìc ja kineÐtai

arg� ja anamènoume na prosomoi�zei me thn topojèthsh enìc antikeimènou ston en lìgw

q¸ro kai thn exèlixh thc epÐdras c tou sto qrìno, tìso sthn epif�neia tou upìloipou adia-

t�raktou pedÐou ìso kai sthn diamìrfwsh tou antÐstoiqou pedÐou taqut twn sto reustì.

EpÐshc parìlo pou palmìc kineÐtai proc mia kateÔjunsh, efìson h taqÔtht� tou eÐnai mikr 

anamènoume na na èqoume èna sqetik� summetrikì fainìmeno kat� th qronik  tou exèlixh,

tìso sthn anÔywsh thc eleÔjerhc epif�neiac ìso kai sthn katanom  twn taqÔthtwn.

Arqik� (sq ma 3.15) parousi�zoume thn kÐnhsh tou palmoÔ se sqèsh me to qrìno.
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Sq ma 3.14: Arg� kinoÔmenh pÐesh.
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Sq ma 3.15: O palmìc taxideÔei el�qista.
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Sth sunèqeia (sq ma 3.16) parousi�zoume thn qronik  exèlixh thc anÔywshc thc eleÔ-

jerhc epif�neiac.

Sq ma 3.16: Qronik  exèlixh thc anÔywshc thc eleÔjerhc epif�neiac.

Pr�gmati epibebai¸noume mia mikr  qwrik  asummetrÐa sto exetazìmeno prìblhma. Na

tonÐsoume ìti h summetrÐa axiologeÐtai pèrix thc arq c thc kÐnhshc tou palmoÔ. H arister 

our� (dhlad  proc to mhdèn tou bajmonomhmènou �xona) sqetÐzetai me to ìti èqoume epilèxei

to asÔmmetro plègma, miac kai sth sunèqeia o en lìgw palmìc ja tejeÐ se kÐnhsh me mega-

lÔterh taqÔthta opìte kai ja qreiastoÔme perissìtero << q¸ro >> gia na ton melet soume.
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Sth sunèqeia (sq ma 3.17) parousi�zoume thn katanom  twn taqut twn se sqèsh me

ton qrìno kai se sqèsh me ton �xona di�doshc. Ed¸ h asummetrÐa tou pedÐou kat� tic dÔo

Sq ma 3.17: Qronik  exèlixh thc katanom c thc taqÔthtac.

kateujÔnseic di�doshc, eÐnai entonìterh efìson amèswc met� th qronik  stigm  t = 0 h

mikr  metabol  sth jèsh thc askoÔmenhc pÐeshc ephre�zei to pedÐo taqÔthtwn tou reustoÔ.
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3.7.4 KinoÔmenh pÐesh - Gr goroc Palmìc - Stajerì b�joc

Sth sunèqeia (sq ma 3.18) ja efarmìsoume to arijmhtikì montèlo sthn uperkrÐsimh perioq .

Dhlad  jewroÔme taqÔthta ( u = 5 m/s) sthn askoÔmenh pÐesh, tètoia pou na eÐnai arket�

megalÔterh ekeÐnhc pou antistoiqeÐ sto grammikì montèlo gia autì to b�joc.

Sq ma 3.18: AskoÔmenh pÐesh - Arqik  anÔywsh - Arqik  katanom  taqÔthtac.

Sthn exèlixh tou fainomènou anamènoume emfan  qwrik  asummetrÐa tìso sthn anÔywsh

thc eleÔjerhc epif�neiac ìso kai sto pedÐo taqut twn. Autì diìti o palmìc ja epib�llei

plèon sto reustì na alloi¸sei ta qarakthristik� tou prin to Ðdio prol�bei na apokatast sei

ta nèa dunamik� qarakthristik� stic perioqèc pou ja taxidèyei o palmìc.

Sto sq ma 3.19 parousi�zoume th di�dosh tou palmoÔ.

Ac exet�soume tic pio p�nw parathr seic sto di�gramma 3.20 thc anÔywshc thc eleÔjerhc
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Sq ma 3.19: Di�dosh tou palmoÔ.
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epif�neiac se sqèsh me to qrìno.

Sq ma 3.20: Qronik  exèlixh thc anÔywshc thc eleÔjerhc epif�neiac.

H asummetrÐa epibebai¸netai kai epÐshc parathreÐtai aÔxhsh tou Ôyouc thc eleÔjerhc

epif�neiac kaj¸c o palmìc metakineÐtai. To Ðdio parathroÔme kai sto antÐstoiqo di�gramma

katanom c thc taqÔthtac (sq ma 3.21).
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Sq ma 3.21: Qronik  exèlixh thc katanom c taqut twn.
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3.7.5 KinoÔmenh pÐesh - Metablhtìc pujmènac

Sth sunèqeia ja melet soume thn perÐptwsh kinoÔmenhc pÐeshc sthn uperkrÐsimh perioq .

H arqik  sunj kh parousi�zetai sto sq ma 3.22.

Sq ma 3.22: KinoÔmenoc palmìc - Metablhtìc pujmènac.

To taxÐdi tou palmoÔ anamènoume na eÐnai to Ðdio kai sthn perÐptwsh tou metablhtoÔ

pujmèna. Pr�gmati autì faÐnetai amèswc parak�tw sto sq ma 3.23.
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Sq ma 3.23: Di�dosh tou palmoÔ.
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Sto sq ma 3.24mporoÔme na parathr soume thn anÔywsh thc eleÔjerhc epif�neiac.

Sq ma 3.24: Qronik  exèlixh thc anÔywshc thc eleÔjerhc epif�neiac.

ParathroÔme ìti ta qarakthrhstik� moi�zoun me ekeÐna tou stajeroÔ pujmèna, all�

an koit�xoume prosektikìtera ja diapist¸soume ìti ston metablhtì pujmèna sumbaÐnei mia

sugkèntrwsh thc diataraq c thc eleÔjerhc epifèneiac gÔrw apì ton palmì. Dhlad  h klÐsh

faÐnetai na paÐzei ènan rìlo filtrarÐsmatoc thc anÔywshc sugkentr¸nont�c th gÔrw apì

thn kinoÔmenh pièsh.

Se genikèc grammèc parathroÔme to Ðdio kai sthn katanom  twn taqut twn (sq ma 3.25).



3.7. APOTEL�ESMATA 103

Sq ma 3.25: Qronik  exèlixh thc katanom c taqut twn.
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Kef�laio 4

Epèktash stic dÔo orizìntiec

diast�seic

Sto kef�laio autì ja epektajoÔme stic dÔo orizìntiec diast�seic. Ja melet soume th

di�dosh miac arqik c paramìrfwshc se stajerì arqik� kai èpeita se metablhtì pujmèna kai

sth sunèqeia ja melet soume thn epÐdrash kinoÔmenhc pÐeshc sta dÔo aut� perib�llonta.

Prin proqwr soume sthn parousÐash twn apotelesm�twn axÐzei na epishm�noume orismèna

stoiqeÐa sqetik� me tic dÔo diast�seic.

4.1 Oi exis¸seic stic dÔo diast�seic

Oi exis¸seic tou exetazìmenou sust matoc Boussinesq stic dÔo orizìntiec diast�seic, me

u = (u,w), gr�fontai sth morf :

ηt +∇ ((h+ η)u) = 0, (4.1)

kai

ut + (u · ∇)u + g∇η =
h

2

∂

∂t
∇ (∇ · (hu))− h

6

∂

∂t
∇ (∇ · u) . (4.2)

105
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Sth sunèqeia jewroÔme grammikìthta kai  pia klÐsh pujmèna. AsqoloÔmenoi me to dexÐ

mèloc thc exÐswshc 4.2 èqoume:

h

2
∇∇ (hut) =

h

2

(
h∇2ut + 2∇h∇ · ut + ut∇2h

)
. (4.3)

O teleutaÐoc ìroc thc thc 4.3 paraleÐpetai ( pia klÐsh), opìte to dexÐ mèloc thc 4.2

gÐnetai:

h2

2
∇2ut −

h2

6
∇2ut + h∇h∇ · ut. (4.4)

En tw metaxÔ èqontac upojèsei grammikìthta to aristerì mèloc thc 4.2 gÐnetai:

ut + u · ∇u + g∇h ≈ ut + g∇h. (4.5)

Sundu�zontac tic exis¸seic 4.2,4.4 kai 4.5 kai sundu�zontac kai thn exwterik  pÐesh,

katal goume sto sÔsthma twn exis¸sewn:

ηt + (hu)x + (hw)y = 0, (4.6)

ut + gηx =
h2

3
∇2ut + hhx (utx + wty) + Fx, (4.7)

wt + gηy =
h2

3
∇2wt + hhy (utx + wty) + Fy. (4.8)

Ja proqwr soume sth sunèqeia me thn diakritopoÐhsh twn exis¸sewn sth grammik 

touc morf  kai thn epÐlus  thc se di�fora qarakthristik� paradeÐgmata. Shmei¸netai ìti h

mèjodìc mac epekteÐnetai sthn antimet¸pish twn mh grammik¸n exis¸sewn qrhsimopoi¸ntac

èna sq ma epanal yewn se k�je qronikì b ma ìpou epanorÐzetai h tim  tou h+ η kai u stic

4.1 kai 4.2 apì thn progoÔmenh prìbleyh.
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4.2 DiakritopoÐhsh tou Sut matoc

Oi epiplèon ìroi pou prokÔptoun sqetik� me th diakritopoÐhsh gÐnontai:

∇2ut =
(ut)i+1,j − 2 (ut)i,j + (ut)i−1,j

2∆x2
+

(ut)i+1,j − 2 (ut)i,j + (ut)i−1,j

2∆y2
, (4.9)

∇2wt =
(wt)i,j+1 − 2 (wt)i,j + (wt)i,j−1

2∆x2
+

(wt)i,j+1 − 2 (wt)i,j + (wt)i,j−1

2∆y2
, (4.10)

ìpwc epÐshc kai:

∇ (hu) =
hi+1,jui+1,j − hi−1,jui−1,j

2∆x
+
hi,j+1wi,j+1 − hi,j−1wi,j−1

2∆y
. (4.11)

To plègma sthn perÐptwsh twn dÔo orizìntiwn diast�sewn faÐnetai ìpwc eikonÐzetai sto

sq ma 4.1.

Sq ma 4.1: To plègma stic dÔo orizìntiec diast�seic.

Ergazìmenoi ìpwc kai sthn perÐptwsh thc miac di�stashc, to sÔsthma twn exis¸sewn

pou prokÔptei ja eÐnai thc morf c:
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...

ηni,j
...

...

uni,j
...

...wni,j
...



=



...

0

...

...

fx
...

...fy
...



. (4.12)

Arqik� ja ergastoÔme se stajerì b�joc kai sth sunèqeia ja eis�goume metablhtì

pujmèna ìpwc k�name sto prohgoÔmeno kef�laio gia thn exÐswsh sth mÐa orizìntia di�stash.

Ja qrhsimopoi soume ènan palmì wc arqik  sunj kh kai sth sunèqeia mia katanom  pÐeshc

h opoÐa ja eÐnai kinoÔmenh.

Sqetik� me th bajumetrÐa epilèxame mia sun�rthsh thc morf c:

h(x, y) = 0.5 (h1 + h3)− 0.5 (h1 − h3) tanh (0.1y) , (4.13)

h opoÐa faÐnetai sto sq ma 4.2, h opoÐa perigr�fei omal  r qwsh proc thn pleur� twn

auxanìmenwn y tim¸n.

Se sqèsh me ta sÔnora, qrhsimopoioÔme str¸ma aporrìfhshc (bl. sq ma 3.4 apì to

prohgoÔmeno kef�laio) me p�qoc sugkrÐsimo tou qarakthristikoÔ m kouc kÔmatoc, pou ìpwc

ja doÔme aporrof� ton kumatismì me epituqÐa.
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Sq ma 4.2: H bajumetrÐa stic dÔo orizìntiec diast�seic.

4.3 Apotelèsmata

4.3.1 Stajerì b�joc

Wc arqik  sunj kh upojèsame mia anÔywsh thc morf c

η(x, y, t = 0) = A exp−γr
2

cos (k(x− xo)) ,

r2 = (x− xo)2 + (y − yo)2,

Oi timèc pou dÐnoume gia realistikoÔc upologismoÔc:

A = 0.1, γ = 0.05, k = 0.2.

Oi suntetagmènec xo kai yo antiproswpeÔoun tou kèntrou thc arqik c anÔywshc sto

orizìntio epÐpedo.

Ac doÔme loipìn th qronik  exèlixh aut c thc arqik c sunj khc.

H qronik  exèlixh lamb�nei q¸ra summetrik� upì thn ènnoia ìti dhmiourgeÐ mètwpa me

polik  summetrÐa kai Ðdiou pl�touc kÔmatoc. Autì ofeÐletai sto ìti den all�zei to b�joc

tou pujmèna, me apotèlesma h energeiak  diataraq  na katanèmetai omoiìmorfa kat� th

di�dosh tou kumatismoÔ. Sta stigmiìtupa twn sqhm�twn h summetrÐa aut  katadeiknÔetai
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Sq ma 4.3: H arqik  sunj kh.

Sq ma 4.4: Stigmiìtupo gia t = 0s.
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Sq ma 4.5: Stigmiìtupo gia t = 1s.

Sq ma 4.6: Stigmiìtupo gia t = 2s.
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Sq ma 4.7: Stigmiìtupo gia t = 3s.

Sq ma 4.8: Stigmiìtupo gia t = 4s.
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Sq ma 4.9: Stigmiìtupo gia t = 8s.

apì thn omoiomorfÐa sta qr¸mata pou apoteloÔn epÐ thc ousÐac tic isoôyeÐc kampÔlec sto

upì melèth plègma.

Sto sq ma 4.10 eikonÐzoume1 mia omoiìmorfh kumatik  di�dosh, ta mètwpa thc opoÐac

sqhmatÐzoun omìkentrouc kÔklouc.

EpÐshc h sunolik  qronik  di�rkeia pou epilègoume eÐnai tètoia ìpou o kumatismìc den

prolabaÐnei na aporrofhjeÐ sta �kra tou plègmatoc.

1
Φωτογραφία από τον H. Armstrong Roberts .
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Sq ma 4.10: Sqhmatismìc kumatism¸n sthn epif�neia tou neroÔ. PerÐptwsh omoiìmorfhc

di�doshc.

4.3.2 Metablhtìc pujmènac

Eis�gontac th bajumetrÐa sto upì melèth prìblhma, anamènoume mia qwrik� asÔmmetrh exè-

lixh, sunart sei tou qrìnou, h opoÐa ja ofeÐletai sth metabol  thc anÔywshc thc eleÔjerhc

epif�neiac kaj¸c ja kineÐtai proc thn perioq  r qwshc.

ParathroÔme  dh apì th qronik  stigm  t = 3 s (sq ma 4.14) thn emf�nish tou fainomè-

nou thc r qwshc kai thc perÐjlashc, dhlad  thn aÔxhsh tou pl�touc se sunduasmì me th

meÐwsh thc taqÔthtac tou met¸pou, sta plaÐsia thc diat rhshc thc mhqanik c enèrgeiac.

Apì to stigmiìtupo gia t = 4s (sq ma 4.15) arqÐzei na faÐnetai kajar� kai to fainìmeno

thc r qwshc, dhlad  h aÔxhsh tou Ôyouc tou kumatismoÔ shoaling kaj¸c autìc plhsi�zei

thn akt . Sto sq ma 4.16 blèpoume kajar� to sunduasmì twn fainomènwn thc r qwshc,

thc perÐjlashc.

Sta sq mata 4.17 kai 4.18 anadeiknÔontai2,3 ta fainìmena thc r qwshc, thc perÐjlashc

kai thc jraÔshc antÐstoiqa.

2 Southern reef power. WA on Nov 3, 2009.
3
Οι εικόνες έχουν αναρτηθεί στο Southern and Northern Australian wave climate.

http://www.coastalwatch.com/surfing/6833/southern-and-northern-australian-wave-climate
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Sq ma 4.11: Stigmiìtupo gia t = 0s.

Sq ma 4.12: Stigmiìtupo gia t = 1s.
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Sq ma 4.13: Stigmiìtupo gia t = 2s. ArqÐzei na emfanÐzetai qwrik  asummetrÐa sta mètwpa.

Sq ma 4.14: Stigmiìtupo gia t = 3s. Ta fainìmena di�jlashc kai thc perÐjlashc eÐnai plèon

emfan .



4.3. APOTEL�ESMATA 117

Sq ma 4.15: Stigmiìtupo gia t = 4s.

Sq ma 4.16: Stigmiìtupo gia t = 8s.
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Sq ma 4.17: To fainìmeno thc r qwshc (shoaling) kai thc jraÔshc (breaking) tou kÔmatoc.

Sq ma 4.18: To fainìmeno thc r qwshc, perÐjlashc kai jraÔshc enìc makrÔ kumatismoÔ,

kat� thn eÐsodì tou sto Earlham Lagoon, Tasmania.
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4.3.3 KinoÔmenh pÐesh

Sthn perÐptwsh aut  epilègoume gia thn pÐesh na èqei th morf  enìc palmoÔ (sq ma 4.19),

me kentrikì suqnotikì perieqìmeno, me stajer  taqÔthta sto orizìntio epÐpedo.

Sq ma 4.19: Anapar�stash thc kinoÔmenhc pÐeshc.

H askoÔmenh pÐesh jewroÔme ìti kineÐtai me taqÔthta u = 7m/s, b�sei thc

Fm = C exp−γr
2

cos (k (r − xr)) ,

me xr = x0 − u t kai r2 = (x− xo)2 + (y − yo)2, me xo kai yo = 0 h arqik  jèsh tou kèntrou

tou palmoÔ. O palmìc kineÐtai par�llhla me th bajumetrÐa sthn kateÔjunsh twn arnhtik¸n

x.

Parousi�zoume sth sunèqeia apotelèsmata upologism¸n se di�forec qronikèc stigmèc.

O palmìc xekin� apì th jèsh x = −40m na ft�sei sto �kro tou upologistikoÔ qwrÐou.

Anamènoume ìti h kinoÔmenh pÐesh ja dhmiourg sei summetrik� sq mata Kelvin shape ta

opoÐa ja arqÐsoun na anaptÔssontai kai na diamorf¸nontai pl rwc kat� thn qronik  touc

exèlixh.

ParathroÔme ìti pr�gmati oi kumatismoÐ eÐnai summetrikoÐ emfanÐzontac to kelvin pat-

tern4. DiakrÐnoume tic dÔo om�dec kumatism¸n pou èqoume perigr�yei apì thn eisagwg ,

4
Η φωτογραφία έχει αναρτηθεί στο πηγή

http://thatsmaths.com/2013/05/18/ducks-drakes-kelvin-wakes/
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Sq ma 4.20: Stigmiìtupo gia t = 0.7s.

Sq ma 4.21: Stigmiìtupo gia t = 1s.



4.3. APOTEL�ESMATA 121

Sq ma 4.22: Stigmiìtupo gia t = 2.5s.

Sq ma 4.23: Stigmiìtupo gia t = 4s.
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Sq ma 4.24: Stigmiìtupo gia t = 6s.

Sq ma 4.25: Stigmiìtupo gia t = 8s.
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touc egk�rsiouc kai touc apoklÐnontec. Sthn eikìna tou sq matoc 4.26, parousi�zetai5 to

fainìmeno sqhmatismoÔ kumatism¸n sthn uperkrÐsimh perioq  taqÔthtac thc kinoÔmenhc pÐ-

eshc. Dhlad  to ploÐo èqei taqÔthta megalÔterh thc antÐstoiqhc taqÔthtac pou ja eÐqe to

reustì apì th sqèsh diaspor�c thc grammik c jewrÐac gia to en lìgw b�joc. To sÔsthma

twn kumatism¸n aut¸n prosomoi¸netai kai sto arijmhtikì mac par�deigma sta sq mata apì

to sq ma 4.20 èwc to sq ma 4.25.

Sq ma 4.26: Apìnera taqÔploou sto Lyse fjord, sth NorbhgÐa.

5
Εικόνα από την Wikipedia.
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4.3.4 KinoÔmenh pÐesh - Metaballìmenh BajumetrÐa

Tèloc exet�zoume thn perÐptwsh kinoÔmenhc pÐeshc jewroÔmenhc sthn proanaferjeÐsa baju-

metrÐa. Sthn perÐptws  mac anamènoume thn emf�nish tou fainomènou thc r qwshc (shoaling)

dexi� thc kinoÔmenhc pÐeshc exaitÐac thc metabol c tou pujmèna.

Sq ma 4.27: Stigmiìtupo gia t = 0.7s.

To fainìmeno thc r qwshc lìgw thc diat rhshc thc enèrgeiac mporoÔme na to parath-

r soume na sumbaÐnei kat� th dièleush enìc ploÐou kont� apì thn akt . Oi arqikoÐ sÔnjetoi

kumatismoÐ (Kelvin pattern) elatt¸noun to m koc kÔmatìc touc proc thn pleur� thc akt c

en¸ tautìqrona aux�noun to Ôyouc touc. Autì prokÔptei efìson h taqÔtht� touc mei¸-

netai kaj¸c kateujÔnontai se perioqèc r qwshc. H diafor� thc taqÔthtac di�doshc kat�

thn prosèggis  touc sthn akt , faÐnetai apì to gegonìc ìti oi apoklÐnontec kumatismoÐ

ston omìrrou tou ploÐou, den eÐnai plèon summetrikoÐ wc proc th dieÔjunsh kÐnhs c tou,

all� pukn¸noun apì th mia meri�, dhlad  apì aut  pou taxideÔei proc thn akt . Autì

apokalÔptei to gegonìc ìti to mètwpo kineÐtai me mikrìterh taqÔthta se sqèsh me autì pou

taxideÔei proc ta megalÔtera b�jh. Autì mporoÔme na to parathr soume sthn eikìna 4.336,

6
Βλ. αντίστοιχη πηγή .

http://www.ivorbittle.co.uk/Articles/Bulbous 
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Sq ma 4.28: Stigmiìtupo gia t = 1s.

Sq ma 4.29: Stigmiìtupo gia t = 2.5s.
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Sq ma 4.30: Stigmiìtupo gia t = 4s.

Sq ma 4.31: Stigmiìtupo gia t = 6s.
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Sq ma 4.32: Stigmiìtupo gia t = 8s.

ìpou emfanÐzontai kajar� oi epidr�seic twn fainomènwn di�jlashc kai perÐjlashc, lìgw

twn metabol¸n thc bajumetrÐac, sth morf  tou sust matoc twn kumatism¸n ploÐou.
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Sq ma 4.33: Sthn eikìna aut  parathroÔme ta fainìmena perÐjlashc kai di�jlashc lìgw

metabol¸n thc bajumetrÐac. Oi kumatismoÐ pukn¸noun, kai all�zoun thn kateÔjuns  touc

kaj¸c proseggÐzoun thn akt .



Kef�laio 5

Sumper�smata

H ergasÐa aut  kin jhke se dÔo basikoÔc �xonec. Arqik� asqolhj kame me to jewrhtikì

komm�ti thc exagwg c twn exis¸sewn Boussinesq se perib�llonta stajeroÔ b�jouc neroÔ

all� kai se perib�llonta metablht c bajumetrÐac. Oi exis¸seic melet jhkan sth morf 

pou par qjhsan apì ton Peregrine(1968) gia genik  morfologÐa pujmèna (upì ton periori-

smì mikr¸n klÐsewn), kai ìpwc akoloÔjwc aplopoioÔntai gia kumatik  di�dosh se lwrÐda

reustoÔ stajeroÔ b�jouc.

Prokeimènou na exag�goume tic en lìgw exis¸seic sthriqt kame wc afethrÐa sto sunar-

thsiakì tou Luke(1967) se sunduasmì me aplèc poluwnumikèc anaparast�seic tou kumatikoÔ

dunamikoÔ kat� thn katakìrufh dieÔjunsh. Sth sunèqeia, me efarmog  thc jewrÐac twn me-

tabol¸n diatup¸same tic exis¸seic twn suntelest¸n tou anwtèrou anaptÔgmatoc, apì ìpou

me epexergasÐa kai peraitèrw aplousteÔseic proèkuyan oi exis¸seic Boussinesq. AkoloÔ-

jwc exet�same th morf  pou autèc mporoÔn na p�roun kai par qjeisan analutikèc lÔseic

se aplèc peript¸seic, pou aforoÔn solitonikoÔc palmoÔc sthn oriak  perÐptwsh periodik¸n

lÔsewn meg�lou m kouc kÔmatoc.

O deÔteroc �xonac sqetÐzetai me thn an�ptuxh tou arijmhtikoÔ montèlou, to opoÐo parou-

si�same sth mÐa kai stic dÔo orizìntiec diast�seic. Epexergazìmenoi tic exis¸seic Boussine-

sq kai eis�gontac kat�llhlh diakritopoÐhsh me thn mèjodo twn deuterot�xiwn peperasmènwn
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diafor¸n, suzht jhke h epèktash tou montèlou stic mh grammikèc exis¸seic me kat�llhlo

qeirismì twn antistoÐqwn ìrwn kai epanal yeic. K�ti tètoio ìmwc eÐnai upologistik� apai-

thtikìtero kai pio qronobìro idiaÐtera sthn perÐptwsh twn dÔo orizìntiwn diast�sewn, kai

wc ek toÔtou h diereÔnhs  tou af netai gia mellontik  ergasÐa.

Parousi�sthkan paradeÐgmata efarmog c tou montèlou se sugkekrimèna perib�llonta

kai bajumetrÐec tÔpou omal c r qwshc. H epilog  thc sugkekrimènhc bajumetrÐac, m�c

apokalÔptei ta fainìmena di�jlashc, r qwshc kai perÐjlashc. EntoÔtoic to fainìmeno

thc perÐjlashc den emfanÐzetai isqur� sthn exetasjeÐsa perÐptwsh, kajìti h sugkekrimènh

bajumetrÐa den metab�lletai wc proc ton ènan orizìntio �xona.

Se sqèsh loipìn me thn peraitèrw diereÔnhsh tou jèmatoc, ja mporoÔsame arqik�, kai

prin jewr soume asÔmmetrh topografÐa pujmèna, na melet soume katast�seic ìpou h epi-

ballìmenh pÐesh metakineÐtai se mia kateÔjunsh pou den eÐnai par�llhlh me thn aktogramm ,

opìte ta fainìmena perÐjlashc ja k�noun entonìtera thn emf�nis  touc. EpÐshc ja mpo-

roÔsame na melet soume pio sÔnjetouc kumatismoÔc metab�llontac ta qarakthristik� thc

diègershc, twn arqik¸n sunjhk¸n, kai th gewmetrÐa tou sunìrou.



Par�rthma

Sto parìn par�rthma parousi�zoume tic pl reic ekfr�seic twn ìrwn an¸terhc t�xhc (high

order terms - HOT ) twn exis¸sewn 2.36 kai 2.41.

H exÐswsh 2.41 se pl rh morf  eÐnai wc akoloÔjwc:
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EpÐshc h exÐswsh 2.36 se pl rh morf  eÐnai wc akoloÔjwc:
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