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ɚʉʐʅʆʀʚʈʀʉʋ ʆɻʅ ʎʐʝʔʋʅ ɿʅɿɻʆʐʋʍʅʆʙʏ ɿʅɻʐʍʅɼʙʏ 

ɆŰɖɜ ˊŬɟɞɨůŬ ŭɘŭŬəŰɞɟɘəɐ ŭɘŬŰɟɘɓɐ ŭɘŮɟŮɡɜɐɗɖəŮ ˊŮɘɟŬɛŬŰɘəɎ ɖ ɛɖɢŬɜɘəɐ 

ůɡɛˊŮɟɘűɞɟɎ Ɏɛɛɞɡ ɡˊɧ ůɡɜɗɐəŮɠ ŰɟɘŬɝɞɜɘəɐɠ əŬɘ ɔŮɜɘəŮɡɛɏɜɖɠ űɧɟŰɘůɖɠ. 

ɆɡɔəŮəɟɘɛɏɜŬ, ŭɘŮɟŮɡɜɐɗɖəŮ ɖ ŬɜɘůɧŰɟɞˊɖ ůɡɛˊŮɟɘűɞɟɎ Űɖɠ Ɏɛɛɞɡ ɀ31 ůŮ 

ůɡɜɗɐəŮɠ ɛɞɜɧŰɞɜɖɠ ɟŮɡůŰɞˊɞɑɖůɖɠ (flow deformation) əŬɗɩɠ əŬɘ ůŰɖɜ əɟɑůɘɛɖ 

əŬŰɎůŰŬůɖ (critical state). Ƀɘ ˊŮɘɟŬɛŬŰɘəɏɠ ŭɞəɘɛɏɠ ŮəŰŮɚɏůŰɖəŬɜ ůŰɖ ůɡůəŮɡɐ 

ůŰɟŮˊŰɘəɐɠ ŭɘɎŰɛɖůɖɠ əɞɑɚɞɡ əɡɚɘɜŭɟɘəɞɨ ŭɞəɘɛɑɞɡ əŬɘ ůŮ ŭɨɞ ůɡůəŮɡɏɠ ŰɟɘŬɝɞɜɘəɐɠ 

űɧɟŰɘůɖɠ Űɞɡ ȺɟɔŬůŰɖɟɑɞɡ ȺŭŬűɞɛɖɢŬɜɘəɐɠ, Űɞɡ Ⱥɗɜɘəɞɨ ɀŮŰůɧɓɘɞɡ ɄɞɚɡŰŮɢɜŮɑɞɡ.  

Ƀ ˊɟɩŰɞɠ ůŰɧɢɞɠ ˊɞɡ ŰɏɗɖəŮ ɐŰŬɜ ɖ ɛŮɚɏŰɖ Űɖɠ Ⱦɟɑůɘɛɖɠ ȾŬŰɎůŰŬůɖɠ (ȾȾ) Űɖɠ 

Ɏɛɛɞɡ əŬɘ ɞ ˊɟɞůŭɘɞɟɘůɛɧɠ Űɤɜ ŬɜŰɑůŰɞɘɢɤɜ ɛɖɢŬɜɘəɩɜ ˊŬɟŬɛɏŰɟɤɜ ɡˊɧ ůɡɜɗɐəŮɠ 

ŰɟɘŬɝɞɜɘəɐɠ űɧɟŰɘůɖɠ. Ƀ ŭŮɨŰŮɟɞɠ ůŰɧɢɞɠ ŬűɞɟɞɨůŮ Űɖɜ ŮɝɏŰŬůɖ Űɖɠ ŮˊɑŭɟŬůɖɠ Űɖɠ 

ŮɔɔŮɜɞɨɠ ŬɜɘůɞŰɟɞˊɑŬɠ (inherent anisotropy) (Casagrande and Carrillo 1944) əŬɘ Űɖɠ 

ɘůŰɞɟɑŬɠ űɧɟŰɘůɖɠ (loading history) ůŰŬ ɛɖɢŬɜɘəɎ ɢŬɟŬəŰɖɟɘůŰɘəɎ Űɖɠ Ɏɛɛɞɡ ɡˊɧ 

ůɡɜɗɐəŮɠ ɛɞɜɧŰɞɜɖɠ ɟŮɡůŰɞˊɞɑɖůɖɠ (flow deformation) (Ishihara 1993) əŬɘ 

ɔŮɜɘəŮɡɛɏɜɖɠ ŬůŰɞɢɑŬɠ. ȾŬŰɎ Űɖ ɛɞɜɧŰɞɜɖ ɟŮɡůŰɞˊɞɑɖůɖ Űɞ ŮŭŬűɘəɧ ŭɞəɑɛɘɞ 

ɡˊɧəŮɘŰŬɘ ůŮ ɛɖ-ůɡɔəŮɜŰɟɤɛɏɜɖ ˊŬɟŬɛɧɟűɤůɖ (diffuse deformation) Ůɜɩ ɖ 

ůɡɛˊŮɟɘűɞɟɎ Űɞɡ ůɡůŰɐɛŬŰɞɠ ŭɞəɑɛɘɞ ï ůɡůəŮɡɐ űɧɟŰɘůɖɠ ŮɑɜŬɘ ɞɘɞɜŮɑ ŬůŰŬɗɐɠ 

(Daouadji et al. 2011). ɇŬ ˊŮɘɟŬɛŬŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ əɟɑɗɖəŬɜ əŬŰɎɚɚɖɚŬ ɜŬ 

ɢɟɖůɘɛɞˊɞɘɖɗɞɨɜ ɔɘŬ Űɖɜ ŮˊŬɚɐɗŮɡůɖ ɐ ŭɘɎɣŮɡůɖ Űɤɜ ˊɟɞɓɚɏɣŮɤɜ ɞɟɘůɛɏɜɤɜ 

ˊɟɞůɞɛɞɘɤɛɎŰɤɜ, əŬŰŬůŰɟɤɛɏɜɤɜ ůŰŬ ˊɚŬɑůɘŬ Űɖɠ ŪŮɤɟɑŬɠ ȹɘŬəɚɎŭɤůɖɠ 

(Bifurcation Theory), ůɢŮŰɘəɎ ɛŮ Űɖɜ ŬůŰŬɗɐ ůɡɛˊŮɟɘűɞɟɎ Űɤɜ ɔŮɤɦɚɘəɩɜ (Darve 

and Laouafa 2000, Darve et al. 2004, Prunier et al. 2009). ɇɏɚɞɠ, ŰɏɗɖəŮ ɤɠ ůŰɧɢɞɠ ɜŬ 

ŮəŰŮɚŮůŰŮɑ ůŮ űɡůɘəɏɠ ůɡɜɗɐəŮɠ Űɞ çˊŮɑɟŬɛŬ ůəɏɣɖɠè ˊɞɡ ŮˊɘɜɞɐɗɖəŮ Ŭˊɧ Űɞɜ 

əŬɗɖɔɖŰɐ ȹŬűŬɚɘɎ (Dafalias 2016) əŬɘ ŬűɞɟɎ Űɖɜ Ůˊɘɓɞɚɐ ůŰɟɞűɐɠ Űɤɜ əɡɟɑɤɜ 

ɞɣɬɞɦɠɫ ɫɭɦɨɰɠ 
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Ŭɝɧɜɤɜ ŰɎůŮɤɠ ůŰɖɜ ȾȾ, ŭɘŬŰɖɟɩɜŰŬɠ ůŰŬɗŮɟɏɠ Űɘɠ ŮɜŮɟɔɏɠ əɨɟɘŮɠ Űɘɛɏɠ ŰɎůŮɤɠ. 

ȷɡŰɧ Űɞ ˊŮɑɟŬɛŬ, Űɞ ɞˊɞɑɞ ŮɑɢŮ ˊɟɞůɞɛɞɘɤɗŮɑ ˊɟɞɔŮɜɏůŰŮɟŬ Ŭˊɧ Űɞɡɠ Theocharis et 

al. (2017, 2019) ɛŮ ɢɟɐůɖ Űɖɠ ɀŮɗɧŭɞɡ ȹɘŬəɟɘŰɩɜ ɆŰɞɘɢŮɑɤɜ (Discrete Element 

Method), ɏɢŮɘ ɤɠ ůəɞˊɧ ɜŬ ŬɜŬŭŮɑɝŮɘ Űɖɜ ŮˊɑŭɟŬůɖ Űɖɠ ŬɜɘůɧŰɟɞˊɖɠ ŮůɤŰŮɟɘəɐɠ 

ŭɞɛɐɠ (fabric) (Brewer 1964, Oda 1972) ůŰɖ ɛɖɢŬɜɘəɐ ůɡɛˊŮɟɘűɞɟɎ Ɏɛɛɞɡ ůŰɖɜ ȾȾ 

əŬɘ ɜŬ ŬˊɞŭŮɑɝŮɘ Űɖɜ ŬɜŬɔəŬɘɧŰɖŰŬ ŬɜŬɗŮɩɟɖůɖɠ Űɖɠ əɚŬůůɘəɐɠ ŪŮɤɟɑŬɠ Ⱦɟɑůɘɛɖɠ 

ȾŬŰɎůŰŬůɖɠ (ŪȾȾ) (Roscoe et al. 1958, Schofield and Wroth 1968), ɧˊɤɠ 

ˊɟɞŰɎɗɖəŮ Ŭˊɧ Űɞɡɠ Li and Dafalias (2012) ɞɘ ɞˊɞɑɞɘ ŮɘůɐɔŬɔŬɜ Űɖ ŪŮɤɟɑŬ 

ȷɜɘůɞŰɟɞˊɘəɐɠ Ⱦɟɑůɘɛɖɠ ȾŬŰɎůŰŬůɖɠ (ŪȷȾȾ). 

ȼ ŪȾȾ ŭɘŬŰɡˊɩɜŮɘ ɧŰɘ ŰŬ əɞəəɩŭɖ ɡɚɘəɎ ˊɞɡ ɡˊɞɓɎɚɚɞɜŰŬɘ ůŮ űɧɟŰɘůɖ űŰɎɜɞɡɜ 

ůŰɖɜ əɟɑůɘɛɖ əŬɘ ůŰŬɗŮɟɐ əŬŰɎůŰŬůɖ (critical and steady state) ɨůŰŮɟŬ Ŭˊɧ 

ŮəŰŮŰŬɛɏɜɖ ˊŬɟŬɛɧɟűɤůɖ. ȼ əŬŰɎůŰŬůɖ ŬɡŰɐ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ ˊŬɟŬŰɖɟɞɨɛŮɜɞ 

űŬɘɜɧɛŮɜɞ ŭɘŬɟəɞɨɠ ŭɘŬŰɛɖŰɘəɐɠ ˊŬɟŬɛɧɟűɤůɖɠ Űɞɡ əɞəəɩŭɞɡɠ ɡɚɘəɞɨ ɡˊɧ ůŰŬɗŮɟɧ 

ɧɔəɞ əŬɘ ůŰŬɗŮɟɏɠ ŰɎůŮɘɠ (ŬˊɞəɚɑɜɞɡůŬ əŬɘ ɘůɞŰɟɞˊɘəɐ). ȼ ŬɝɑŬ Űɖɠ ŪȾȾ ɏɔəŮɘŰŬɘ 

ůŰɞ ɔŮɔɞɜɧɠ ɧŰɘ ɖ ŬɜŬűɞɟɎ ůŰɖɜ ŰŮɚɘəɐ əŬŰɎůŰŬůɖ (ultimate state) ɛɏůɤ əɎˊɞɘŬɠ 

əŬŰŬůŰŬŰɘəɐɠ ˊŬɟŬɛɏŰɟɞɡ ŬˊɞŰŮɚŮɑ Űɖɜ ˊŮɛˊŰɞɡůɑŬ Űɖɠ ŬˊɞŰŮɚŮůɛŬŰɘəɐɠ 

ˊŮɟɘɔɟŬűɐɠ əŬɘ ˊɟɞůɞɛɞɑɤůɖɠ Űɖɠ ŮɚŬůŰɞˊɚŬůŰɘəɐɠ ůɡɛˊŮɟɘűɞɟɎɠ  Űɤɜ əɞəəɤŭɩɜ 

ɡɚɘəɩɜ (Wroth and Basset 1965, Been and Jefferies 1985, Triantafyllos et al. 2020b). 

ɆŰŬ ˊɚŬɑůɘŬ Űɖɠ ŪȾȾ ŭɘŬŰɡˊɩɜɞɜŰŬɘ ŭɨɞ ɘəŬɜɏɠ əŬɘ ŬɜŬɔəŬɑŮɠ ůɡɜɗɐəŮɠ ɔɘŬ Űɖɜ 

ŮˊɑŰŮɡɝɖ əŬɘ ŭɘŬŰɐɟɖůɖ Űɖɠ əɟɑůɘɛɖɠ əŬŰɎůŰŬůɖɠ ůɨɛűɤɜŬ ɛŮ Űɘɠ ɞˊɞɑŮɠ ɞ 

Ŭˊɞəɚɑɜɤɜ ɚɧɔɞɠ ŰɎůŮɤɜ (deviatoric stress ratio, ɖc = (q / pô)c = M) ŮɑɜŬɘ ɛɑŬ ůŰŬɗŮɟɎ 

Űɞɡ ɡɚɘəɞɨ əŬɘ ɞ ŭŮɑəŰɖɠ ˊɧɟɤɜ (void ratio, ec) ŮɑɜŬɘ ɛɑŬ ɛɞɜŬŭɘəɐ ůɡɜɎɟŰɖůɖ Űɖɠ 

ɘůɞŰɟɞˊɘəɐɠ ŰɎůɖɠ (isotropic stress, pô)Ț ůɖɛŮɘɩɜŮŰŬɘ ɧŰɘ q ŮɑɜŬɘ ɖ ŬˊɞəɚɑɜɞɡůŬ ŰɎůɖ 

əŬɘ ɧŰɘ ɞ əɎŰɤ ŭŮɑəŰɖɠ c ůɖɛŬɑɜŮɘ çůŰɖɜ əɟɑůɘɛɖ əŬŰɎůŰŬůɖè.  

ɀɑŬ Ŭˊɧ Űɘɠ ɡˊɞɗɏůŮɘɠ Űɖɠ ŪȾȾ ŮɑɜŬɘ ɧŰɘ Űɞ ŮŭŬűɘəɧ ɡɚɘəɧ ůŰŮɟŮɑŰŬɘ ŬɜɘůɧŰɟɞˊɖɠ 

ŮůɤŰŮɟɘəɐɠ ŭɞɛɐɠ ɚɧɔɤ Űɖɠ ɏɜŰɞɜɖɠ ŬɜŬɛɧɢɚŮɡůɖɠ ˊɞɡ ɡˊɧəŮɘŰŬɘ ɔɘŬ ɜŬ űŰɎůŮɘ ůŰɖɜ 

ȾȾ (Schofield and Wroth 1968). ȹɘŬŰɡˊɩɜŮŰŬɘ, Ůˊɑůɖɠ, ɧŰɘ Űɞ ŮŭŬűɘəɧ ɡɚɘəɧ űŰɎɜŮɘ 

ůŰɖɜ ȾȾ əŬɘ ˊŬɟŬɛɞɟűɩɜŮŰŬɘ ŭɘŬɟəɩɠ ɡˊɧ ůŰŬɗŮɟɧ ɧɔəɞ ɧŰŬɜ əŬɘ ɛɧɜɞ ɧŰŬɜ 

ŰɖɟɞɨɜŰŬɘ ɞɘ Ůɝɐɠ ůɡɜɗɐəŮɠ: q = Mpô  əŬɘ ɜ = ũ - ɚlnpô  (Schofield and Wroth 1968); 

ɧˊɞɡ v ŮɑɜŬɘ ɞ Ůɘŭɘəɧɠ ɧɔəɞɠ Űɞɡ ŮŭŬűɘəɞɨ ɡɚɘəɞɨ əŬɘ ɀ, ũ əŬɘ ɚ ŮɑɜŬɘ ůŰŬɗŮɟɏɠ Űɞɡ 

ŮŭŬűɘəɞɨ ɡɚɘəɞɨ. ȺɑɜŬɘ ˊɟɞűŬɜɏɠ ɧŰɘ ɖ ŮůɤŰŮɟɘəɐ ŭɞɛɐ ůŰɖɜ ȾȾ ɗŮɤɟŮɑŰŬɘ ˊɟŬəŰɘəɎ 

ɘůɧŰɟɞˊɖ əŬɘ ɔɘŬ ŬɡŰɧɜ Űɞɜ ɚɧɔɞ ɞɘ ɘəŬɜɏɠ əŬɘ ŬɜŬɔəŬɑŮɠ ůɡɜɗɐəŮɠ ɔɘŬ Űɖɜ ŮˊɑŰŮɡɝɖ 

əŬɘ ŭɘŬŰɐɟɖůɖ Űɖɠ ȾȾ ˊŮɟɘɚŬɛɓɎɜɞɡɜ ɛɧɜɞ ɓŬɗɛɤŰɎ ɛŮɔɏɗɖ (scalar quantities). 

ȷɜŰɘɗɏŰɤɠ, ůɨɔɢɟɞɜŮɠ ɛŮɚɏŰŮɠ ɏɢɞɡɜ ŭŮɑɝŮɘ ɧŰɘ ɖ ŮůɤŰŮɟɘəɐ ŭɞɛɐ ůŰɖɜ ȾȾ ŮɑɜŬɘ 

ŮɜŰɧɜɤɠ ŬɜɘůɧŰɟɞˊɖ əŬɘ ˊɟɞůŬɜŬŰɞɚɘůɛɏɜɖ ˊɟɞɠ Űɖɜ əŬŰŮɨɗɡɜůɖ Űɖɠ űɧɟŰɘůɖɠ ůŰɖɜ 

ɞˊɞɑŬ ɡˊɞɓɚɐɗɖəŮ Űɞ əɞəəɩŭŮɠ ɡɚɘəɧ ɛɏɢɟɘ ɜŬ űŰɎůŮɘ ůŰɖɜ ȾȾ (Thornton 2000, 

Masson and Martinez 2001, Zhang and Thornton 2007, Li  and Li  2009, Fu and 

Dafalias 2011, Wiebicke et al. 2017, Theocharis et al. 2017 and 2019). Ⱥˊɞɛɏɜɤɠ, ɖ 

ŬɜɘůɧŰɟɞˊɖ ŮůɤŰŮɟɘəɐ ŭɞɛɐ ŮˊɖɟŮɎɕŮɘ ůɖɛŬɜŰɘəɎ Űɖ ɛɖɢŬɜɘəɐ ůɡɛˊŮɟɘűɞɟɎ Űɤɜ 

əɞəəɤŭɩɜ ɡɚɘəɩɜ ůŮ əɎɗŮ əŬŰɎůŰŬůɖ ůɡɛˊŮɟɘɚŬɛɓŬɜɞɛɏɜɖɠ əŬɘ Űɖɠ əɟɑůɘɛɖɠ 

əŬŰɎůŰŬůɖɠ.  



ɞʆʐʀʉʙʏ ʎʞʉʋʕʂ 
 

X 

 

ɇɞ çˊŮɑɟŬɛŬ ůəɏɣɖɠè ˊɞɡ ˊŮɟɘɔɟɎűɖəŮ ˊɟɞɖɔɞɡɛɏɜɤɠ (Dafalias 2016) ůŰɞɢŮɨŮɘ ůŰɞ 

ɜŬ ŭɘŮɟŮɡɜɖɗŮɑ ŮɎɜ Űɞ ŮŭŬűɘəɧ ɡɚɘəɧ ˊɞɡ ɓɟɑůəŮŰŬɘ ůŰɖɜ ȾȾ, ɧŰŬɜ ɘəŬɜɞˊɞɘɞɨɜŰŬɘ 

ŰŬɡŰɧɢɟɞɜŬ ɞɘ ŭɨɞ ŭɘŬŰɡˊɤɛɏɜŮɠ ɘəŬɜɏɠ əŬɘ ŬɜŬɔəŬɑŮɠ ůɡɜɗɐəŮɠ, ˊŬɟŬɛŮɑɜŮɘ ůŰɖɜ 

ȾȾ əŬɗɩɠ ŮəəɘɜŮɑŰŬɘ ɖ ůŰɟɞűɐ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ, ŭɘŬŰɖɟɩɜŰŬɠ ůŰŬɗŮɟɏɠ 

Űɘɠ ŮɜŮɟɔɏɠ əɨɟɘŮɠ Űɘɛɏɠ ŰɎůŮɤɠ. ɆŰɖɜ ˊŮɟɑˊŰɤůɖ ˊɞɡ ɞ ŭŮɑəŰɖɠ ˊɧɟɤɜ Űɞɡ ŮŭŬűɘəɞɨ 

ɡɚɘəɞɨ ɛŮŰŬɓɚɖɗŮɑ, ɧˊɤɠ ɏɢŮɘ ˊɟɞɔŮɜɏůŰŮɟŬ ŭŮɘɢɗŮɑ ůŰɖɜ ŬɟɘɗɛɖŰɘəɐ ˊɟɞůɞɛɞɑɤůɖ 

Űɞɡ ˊŮɘɟɎɛŬŰɞɠ Ŭˊɧ Űɞɡɠ Theocharis et al. (2017, 2019),  ŰɧŰŮ ŬɡŰɧ ŮɔəŬŰŬɚŮɑˊŮɘ Űɖɜ 

ȾȾ əŬɘ ɞɘ ŭɨɞ ŭɘŬŰɡˊɤɛɏɜŮɠ ůɡɜɗɐəŮɠ ŮɑɜŬɘ ŬɜŬɔəŬɑŮɠ ŬɚɚɎ ɧɢɘ ɘəŬɜɏɠ ɔɘŬ Űɖ 

ŭɘŬŰɐɟɖůɖ Űɖɠ ȾȾ. Ƀɘ Li and Dafalias (2012) ˊɟɧŰŮɘɜŬɜ Űɖɜ ŬɜŬɗŮɩɟɖůɖ Űɖɠ ŪȾȾ 

ɛŮ Űɖɜ ˊɟɞůɗɐəɖ ɛɑŬɠ ŰɟɑŰɖɠ ůɡɜɗɐəɖɠ ɖ ɞˊɞɑŬ ŬˊŬɘŰŮɑ ɛɑŬ ɜɏŬ ˊŬɟɎɛŮŰɟɞɠ 

ŬɜɘůɧŰɟɞˊɖɠ ŭɞɛɐɠ (fabric anisotropy variable) ɜŬ ɚɎɓŮɘ Űɖɜ əɟɑůɘɛɖ Űɘɛɐ Űɖɠ 

ŰŬɡŰɧɢɟɞɜŬ ɛŮ Űɞɜ ŬˊɞəɚɑɜɞɜŰŬ ɚɧɔɞ ŰɎůŮɤɜ əŬɘ Űɞɜ ŭŮɑəŰɖ ˊɧɟɤɜ ɩůŰŮ ɜŬ 

ŮˊɘŰŮɡɢɗŮɑ əŬɘ ɜŬ ŭɘŬŰɖɟɖɗŮɑ ɖ ȾȾ. ȼ ɜɏŬ ˊŬɟɎɛŮŰɟɞɠ ɚŬɛɓɎɜŮɘ Űɖɜ əɟɑůɘɛɖ Űɘɛɐ Űɖɠ 

ɧŰŬɜ ɞ ŰŬɜɡůŰɐɠ ŭɞɛɐɠ (Satake 1978, Oda et al. 1985) ˊɟɞůŬɜŬŰɞɚɘůŰŮɑ ɛŮ Űɖɜ 

əŬŰŮɨɗɡɜůɖ űɧɟŰɘůɖɠ əŬɘ ŰŬɡŰɧɢɟɞɜŬ ŬˊɞəŰɐůŮɘ Űɖɜ əɟɑůɘɛɖ, əŬŰɎ ɛɏɔŮɗɞɠ (norm), 

Űɘɛɐ Űɞɡ. Ⱥˊɞɛɏɜɤɠ, ɖ ɢɟɐůɖ Űɖɠ ɜɏŬɠ ˊŬɟŬɛɏŰɟɞɡ ŮɝɖɔŮɑ ɔɘŬŰɑ Űɞ ŮŭŬűɘəɧ ɡɚɘəɧ 

ŮɔəŬŰŬɚŮɑˊŮɘ Űɖɜ ȾȾ ɧŰŬɜ ŮəəɘɜŮɑŰŬɘ ɖ ůŰɟɞűɐ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ ˊŬɟɧɚɞ 

ˊɞɡ ŭŮɜ ˊŬɟŬɓɘɎɕɞɜŰŬɘ Ŭɟɢɘəɩɠ ɞɘ ŭɨɞ ůɡɜɗɐəŮɠ Űɖɠ əɚŬůůɘəɐɠ ŪȾȾ, Ůɜɩ ɖ 

ˊɟɞůɗɐəɖ Űɖɠ ŰɟɑŰɖɠ ůɡɜɗɐəɖɠ əŬɗɘůŰɎ Űɖ ɗŮɤɟɑŬ ˊɚɐɟɖ ůŰɖɜ ŬɜŬɗŮɤɟɖɛɏɜɖ Űɖɠ 

ɛɞɟűɐ (ŪȷȾȾ).                          

ɚʉɻɼʗʃʈʅʎʂ ʆɻʅ ʐʍʋʌʋʌʋʚʂʎʂ ʐʖʉ ʎʑʎʆʀʑʡʉ ʒʝʍʐʅʎʂʏ 

ũɘŬ Űɖɜ ŮˊɑŰŮɡɝɖ Űɤɜ ůŰɧɢɤɜ ˊɞɡ ŰɏɗɖəŬɜ ůŰɖɜ ˊŬɟɞɨůŬ ŭɘŭŬəŰɞɟɘəɐ ŭɘŬŰɟɘɓɐ 

ŮəŰŮɚɏůŰɖəŬɜ, Ŭɟɢɘəɩɠ, ŮɟɔŬůɑŮɠ ˊɞɡ ŬűɞɟɞɨůŬɜ Űɖɜ Űɟɞˊɞˊɞɑɖůɖ əŬɘ ŬɜŬɓɎɗɛɘůɖ 

Űɤɜ ůɡůəŮɡɩɜ ŰɟɘŬɝɞɜɘəɐɠ űɧɟŰɘůɖɠ əŬɘ ůŰɟŮˊŰɘəɐɠ ŭɘɎŰɛɖůɖɠ. ȾɘɜɖŰɎ ɛɏɟɖ 

ůɢŮŭɘɎůŰɖəŬɜ, əŬŰŬůəŮɡɎůŰɖəŬɜ əŬɘ ˊɟɞůŬɟŰɐɗɖəŬɜ ůŰɘɠ ůɡůəŮɡɏɠ űɧɟŰɘůɖɠ ɛŮ 

ůəɞˊɧ Űɖɜ Ůˊɘɓɞɚɐ ůɡɜɞɟɘŬəɩɜ ůɡɜɗɖəɩɜ ˊɞɡ ŬˊɞŰɟɏˊɞɡɜ Űɖɜ Ůəŭɐɚɤůɖ 

ŬɜŮˊɘɗɨɛɖŰɤɜ ŭɘŬəɚŬŭɘůɛɏɜɤɜ ɛɞɟűɩɜ ˊŬɟŬɛɧɟűɤůɖɠ (bifurcated deformation 

modes; Vardoulakis and Sulem 1995). ȼ ůɡůəŮɡɐ ɡɣɖɚɩɜ ˊɘɏůŮɤɜ ŰɟɞˊɞˊɞɘɐɗɖəŮ 

ɩůŰŮ ɜŬ ŮəŰŮɚŮůŰɞɨɜ ŭɞəɘɛɏɠ ůŮ Ŭɟɢɘəɐ ɛɏůɖ ŮɜŮɟɔɧ ŰɎůɖ ɏɤɠ əŬɘ 6 MPa ɛŮ ůəɞˊɧ 

Űɖɜ əŬɗɡůŰɏɟɖůɖ Űɖɠ ŬɜɎˊŰɡɝɖɠ Űɤɜ ɕɤɜɩɜ ůɡɔəŮɜŰɟɤɛɏɜɖɠ ˊŬɟŬɛɧɟűɤůɖɠ (strain-

localisation zones) ůŰŬ ˊɡəɜɧŰŮɟŬ ŭɞəɑɛɘŬ Ɏɛɛɞɡ (Desrues and Hammad 1989). ȼ 

ůɡůəŮɡɐ ůŰɟŮˊŰɘəɐɠ ŭɘɎŰɛɖůɖɠ ŬɜŬɓŬɗɛɑůŰɖəŮ ɩůŰŮ ɜŬ əŬŰŬůŰŮɑ ŭɡɜŬŰɧɠ ɞ 

ŬɜŮɝɎɟŰɖŰɞɠ ɏɚŮɔɢɞɠ Űɤɜ ˊɘɏůŮɤɜ ˊŮɟɑůűɘɔɝɖɠ ɛɏůŬ əŬɘ ɏɝɤ Ŭˊɧ Űɞ əɞɑɚɞ əɡɚɘɜŭɟɘəɧ 

ŭɞəɑɛɘɞ (Hight et al. 1983). Ⱥˊɑůɖɠ, ɞ ɏɚŮɔɢɞɠ Űɨˊɞɡ çəɚŮɘůŰɞɨ ɓɟɧɢɞɡè (closed-loop 

control) ɧɚɤɜ Űɤɜ ůɡɜɞɟɘŬəɩɜ űɞɟŰɑɤɜ ˊɞɡ ŭɟɞɡɜ ůŰɞ əɞɑɚɞ əɡɚɘɜŭɟɘəɧ ŭɞəɑɛɘɞ 

ŮˊŮŰŮɨɢɗɖ ɛŮ ɢɟɐůɖ Ůɜɧɠ ɜɏɞɡ ɚɞɔɘůɛɘəɞɨ ůŮ ˊɟɞɔɟŬɛɛŬŰɘůŰɘəɧ ˊŮɟɘɓɎɚɚɞɜ 

LabVIEW Űɞ ɞˊɞɑɞ ŬɚɚɖɚŮˊɘŭɟɎ ɛŮ ŰŬ ůɡůŰɐɛŬŰŬ ůɏɟɓɞ-Ůɚɏɔɢɞɡ Űɖɠ ůɡůəŮɡɐɠ 

ůŰɟŮˊŰɘəɐɠ ŭɘɎŰɛɖůɖɠ. ȼ ŬɜŬɓɎɗɛɘůɖ ŬɡŰɐ ŮˊɏŰɟŮɣŮ Űɖɜ ŮəŰɏɚŮůɖ ŰŬůɘəɩɜ 

ɞŭŮɨůŮɤɜ ɔŮɜɘəŮɡɛɏɜɖɠ űɧɟŰɘůɖɠ, əŬŰɎɚɚɖɚɤɜ ɔɘŬ Űɖ ŭɘŮɟŮɨɜɖůɖ Űɖɠ ŮˊɑŭɟŬůɖɠ Űɖɠ 

ŮɔɔŮɜɞɨɠ ŬɜɘůɞŰɟɞˊɑŬɠ əŬɘ Űɖɠ ɘůŰɞɟɑŬɠ űɧɟŰɘůɖɠ ůŰɖ ɛɖɢŬɜɘəɐ ůɡɛˊŮɟɘűɞɟɎ Űɖɠ 

Ɏɛɛɞɡ. 
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ɩʀʅʍɻʈɻʐʅʆʗ ɻʌʋʐʀʇʘʎʈɻʐɻȟ ʈʘʍʋʏ ɢȡ ɣʍʚʎʅʈʂ ɣɻʐʗʎʐɻʎʂ 

ʗʈʈʋʑ 

 ũɘŬ Űɖ ɛŮɚɏŰɖ Űɖɠ əɟɑůɘɛɖɠ əŬŰɎůŰŬůɖɠ Űɖɠ Ɏɛɛɞɡ ɀ31, ɛŮ ŰŬ űɡůɘəɎ 

ɢŬɟŬəŰɖɟɘůŰɘəɎ ˊɞɡ ŬɜŬɔɟɎűɞɜŰŬɘ ůŰɞɜ ɄɑɜŬəŬ 3, ˊŬɟŬůəŮɡɎůŰɖəŬɜ ŭɞəɑɛɘŬ ɛŮ Űɖ 

ɛɏɗɞŭɞ ŬˊɧɗŮůɖɠ ůŮ ɜŮɟɧ, ŰŬ ɞˊɞɑŬ ůŰŮɟŮɞˊɞɘɐɗɖəŬɜ ɘůɧŰɟɞˊŬ (Ɏɛɛɞɠ IC) ůŮ ɛɏůɖ 

ŮɜŮɟɔɧ ŰɎůɖ, pôin, əɡɛŬɘɜɧɛŮɜɖ Ŭˊɧ 100 ɏɤɠ 6000 kPaȚ ůɖɛŮɘɩɜŮŰŬɘ ɧŰɘ  ɞ ŭŮɑəŰɖɠ in 

ůɖɛŬɑɜŮɘ çůŰɖɜ Ŭɟɢɘəɐ əŬŰɎůŰŬůɖè. ȰˊŮɘŰŬ, ŰŬ ŭɞəɑɛɘŬ ɡˊɞɓɚɐɗɖəŬɜ ůŮ ɛɞɜɞŰɞɜɘəɐ 

ŰɟɘŬɝɞɜɘəɐ ůɡɛˊɑŮůɖ ɡˊɧ ůɡɜɗɐəŮɠ ŮɚŮɨɗŮɟɖɠ ɐ ŮɛˊɞŭɘɕɧɛŮɜɖɠ ůŰɟɎɔɔɘůɖɠȚ ɞɘ 

ŭɞəɘɛɏɠ ŬɡŰɏɠ Ŭɜɐəɞɡɜ ůŰɖɜ əŬŰɖɔɞɟɑŬ A (A-series tests). ɇŬ ɆɢɐɛŬŰŬ 1a əŬɘ b 

ŭŮɑɢɜɞɡɜ Űɘɠ ŮɜŮɟɔɏɠ ŰŬůɘəɏɠ ɞŭŮɨůŮɘɠ (effective stress paths) ůŰɞ  q ï pô ŮˊɑˊŮŭɞ əŬɘ 

Űɘɠ əŬɛˊɨɚŮɠ ŬˊɞəɚɑɜɞɡůŬɠ ŰɎůɖɠ ï ˊŬɟŬɛɧɟűɤůɖɠ (q ï Ůq), ŬɜŰɘůŰɞɑɢɤɠ, Ŭˊɧ Űɘɠ 

ŭɞəɘɛɏɠ ŮɚŮɨɗŮɟɖɠ ůŰɟɎɔɔɘůɖɠ, Ůɜɩ ŰŬ ɆɢɐɛŬŰŬ 1c əŬɘ d ŭŮɑɢɜɞɡɜ ŰŬ ɑŭɘŬ 

ŭɘŬɔɟɎɛɛŬŰŬ Ŭˊɧ Űɘɠ ŭɞəɘɛɏɠ ŮɛˊɞŭɘɕɧɛŮɜɖɠ ůŰɟɎɔɔɘůɖɠ. ɇŬ ˊŮɘɟŬɛŬŰɘəɎ 

ŬˊɞŰŮɚɏůɛŬŰŬ ɡˊɞŭŮɘəɜɨɞɡɜ Űɖɜ ɨˊŬɟɝɖ ɛɑŬɠ ɛɞɜŬŭɘəɐɠ ɔɟŬɛɛɐɠ ůŰɞɜ pô ï e ï q 

ɢɩɟɞ ůŰɖɜ ɞˊɞɑŬ əŬŰŬɚɐɔɞɡɜ ɞɘ ɞŭŮɨůŮɘɠ űɧɟŰɘůɖɠ (loading paths) ɧŰŬɜ ɞ ɟɡɗɛɧɠ 

Űɤɜ ŰɎůŮɤɜ əŬɘ Űɤɜ ˊɚŬůŰɘəɩɜ ɞɔəɞɛŮŰɟɘəɩɜ ˊŬɟŬɛɞɟűɩůŮɤɜ Űɖɠ Ɏɛɛɞɡ 

ɛɖŭŮɜɑɕŮŰŬɘ ˊɟŬəŰɘəɩɠ ɨůŰŮɟŬ Ŭˊɧ ŮəŰŮŰŬɛɏɜɖ ˊŬɟŬɛɧɟűɤůɖ (Roscoe et al. 1958, 

Been et al. 1991, Verdugo and Ishihara 1996, Triantafyllos et al. 2020b). ȼ ũɟŬɛɛɐ 

Ⱦɟɑůɘɛɖɠ ȾŬŰɎůŰŬůɖɠ (ũȾȾ) ˊɟɞůŭɘɞɟɑůŰɖəŮ ŬɜŮɝŬɟŰɐŰɤɠ Űɖɠ Ŭɟɢɘəɐɠ Űɘɛɐɠ Űɞɡ 

ŭŮɑəŰɖ ˊɧɟɤɜ əŬɘ Űɖɠ ɛɏůɖɠ ŮɜŮɟɔɞɨ ŰɎůɖɠ əŬɘ ŬɜŮɝŬɟŰɐŰɤɠ Űɞɡ Űɨˊɞɡ Űɖɠ ɧŭŮɡůɖɠ 

űɧɟŰɘůɖɠ (ŮɚŮɨɗŮɟɖɠ ɐ ŮɛˊɞŭɘɕɧɛŮɜɖɠ ůŰɟɎɔɔɘůɖɠ), ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰŬ ɆɢɐɛŬŰŬ 2a 

əŬɘ b ŰŬ ɞˊɞɑŬ ŬˊŮɘəɞɜɑɕɞɡɜ Űɖɜ ˊɟɞɓɞɚɐ Űɖɠ ũȾȾ ůŰŬ q ï pô əŬɘ e ï pô ŮˊɑˊŮŭŬ. Ƀ 

ɄɑɜŬəŬɠ 4 ŭɑɜŮɘ Űɘɠ ˊŬɟŬɛɏŰɟɞɡɠ əɟɑůɘɛɖɠ əŬŰɎůŰŬůɖɠ Űɖɠ Ɏɛɛɞɡ ɀ31 ůɨɛűɤɜŬ ɛŮ 

Űɖɜ Ůɝɑůɤůɖ ˊɞɡ ˊɟɧŰŮɘɜŬɜ ɞɘ Li and Wang (1998).   

ȼ ˊɟɞɓɞɚɐ Űɖɠ ũȾȾ ůŰɞ e ï pô əŬŰŬůŰŬŰɘəɧ ŮˊɑˊŮŭɞ ɢɟɖůɘɛɞˊɞɘɐɗɖəŮ ɔɘŬ ɜŬ 

ˊɟɞůŭɘɞɟɘůŰŮɑ ɖ əŬŰŬůŰŬŰɘəɐ ˊŬɟɎɛŮŰɟɞɠ, ɣ = e ï ec(pô), Űɤɜ Been and Jefferies 

(1985) ůŮ əɎɗŮ ůŰɎŭɘɞ Űɖɠ űɧɟŰɘůɖɠ. ȼ ˊŬɟɎɛŮŰɟɞɠ ŬɡŰɐ ŮəűɟɎɕŮɘ Űɖ ŭɘŬűɞɟɎ Űɖɠ 

ŰɟɏɢɞɡůŬɠ Űɘɛɐɠ Űɞɡ ŭŮɑəŰɖ ˊɧɟɤɜ, e, Ŭˊɧ Űɖɜ Űɘɛɐ Űɞɡ ŭŮɑəŰɖ ˊɧɟɤɜ ůŰɖɜ ȾȾ ɔɘŬ 

Űɖɜ ŰɟɏɢɞɡůŬ Űɘɛɐ Űɖɠ ɘůɞŰɟɞˊɘəɐɠ ŰɎůɖɠ, ec(pô). ɇŬ ˊŮɘɟŬɛŬŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ 

ɡˊɞŭŮɘəɜɨɞɡɜ ɛɑŬ ůŬűɐ ŮɝɎɟŰɖůɖ Űɖɠ ɛɖɢŬɜɘəɐɠ ůɡɛˊŮɟɘűɞɟɎɠ Űɖɠ Ɏɛɛɞɡ Ŭˊɧ Űɖɜ 

əŬŰŬůŰŬŰɘəɐ ˊŬɟɎɛŮŰɟɞ, ɣ (Manzari and Dafalias 1997, Li  and Dafalias 2000). ȼ 

Ůɝɏɚɘɝɖ Űɤɜ ˊŬɟŬɛɏŰɟɤɜ ɖ əŬɘ Ůvol (ɐ ȹu / pôin) ɓɟɏɗɖəŮ əŬɚɎ ůɡůɢŮŰɘůɛɏɜɖ ɛŮ Űɖɜ 

Ůɝɏɚɘɝɖ Űɖɠ əŬŰŬůŰŬŰɘəɐɠ ˊŬɟŬɛɏŰɟɞɡ, ɣȚ ɧˊɞɡ ɖ = q / pô ŮɑɜŬɘ ɞ Ŭˊɞəɚɑɜɤɜ ɚɧɔɞɠ 

ŰɎůŮɤɜ, Ůvol ŮɑɜŬɘ ɖ ɞɔəɞɛŮŰɟɘəɐ ˊŬɟŬɛɧɟűɤůɖ əŬɘ ȹu / pôin ŮɑɜŬɘ ɖ ɡˊŮɟˊɑŮůɖ Űɞɡ 

ɨŭŬŰɞɠ ˊɧɟɤɜ əŬɜɞɜɘəɞˊɞɘɖɛɏɜɖ ɤɠ ˊɟɞɠ Űɖ ɛɏůɖ ŮɜŮɟɔɧ ŰɎůɖ ůŰɞ Űɏɚɞɠ Űɖɠ 

ɘůɧŰɟɞˊɖɠ ůŰŮɟŮɞˊɞɑɖůɖɠ. ũɘŬ ˊŬɟɎŭŮɘɔɛŬ, ɞ Ŭˊɞəɚɑɜɤɜ ɚɧɔɞɠ ŰɎůŮɤɜ, ɖpt, ůŰɞ 

ůɖɛŮɑɞ ŬɚɚŬɔɐɠ űɎůɖɠ (phase transformation point) (Ishihara et al. 1975) ŬɡɝɎɜŮŰŬɘ 

Ůɜɩ ɞ Ŭˊɞəɚɑɜɤɜ ɚɧɔɞɠ ŰɎůŮɤɜ, ɖp, əŬɘ ɖ ŬˊɧɚɡŰɞɠ Űɘɛɐ Űɞɡ ɚɧɔɞɡ ŭɘŬůŰɞɚɘəɧŰɖŰŬɠ, 

Dp = (Ä‐   / Ä‐ )p, ůŰɖɜ əŬŰɎůŰŬůɖ əɞɟɡűŬɑŬɠ ŬůŰɞɢɑŬɠ (peak failure) ɛŮɘɩɜɞɜŰŬɘ 

ɧŰŬɜ ɖ əŬŰŬůŰŬŰɘəɐ ˊŬɟɎɛŮŰɟɞɠ, ɣ, ɔɑɜŮŰŬɘ ɚɘɔɧŰŮɟɞ ŬɟɜɖŰɘəɐ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ 

ɆɢɐɛŬ 3Ț ůɖɛŮɘɩɜŮŰŬɘ ɧŰɘ ɞ Ɏɜɤ ŭŮɑəŰɖɠ p ůŰɞɜ ɞɟɘůɛɧ Űɞɡ D ůɖɛŬɑɜŮɘ çˊɚŬůŰɘəɧɠè 

əŬɘ ɧŰɘ ůŰɖ ůɡɔəŮəɟɘɛɏɜɖ ŮɟɔŬůɑŬ ɢɟɖůɘɛɞˊɞɘɐɗɖəŬɜ ɞɘ ŮɚŬůŰɞˊɚŬůŰɘəɏɠ 
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ˊŬɟŬɛɞɟűɩůŮɘɠ ɔɘŬ Űɞɜ ˊɟɞůŭɘɞɟɘůɛɧ Űɞɡ D, Ůɜɩ ɞ əɎŰɤ ŭŮɑəŰɖɠ p ůɖɛŬɑɜŮɘ çůŰɖɜ 

əŬŰɎůŰŬůɖ əɞɟɡűŬɑŬɠ ŬůŰɞɢɑŬɠè ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɖ ɛŮɔɘůŰɞˊɞɑɖůɖ Űɞɡ ɚɧɔɞɡ 

ŰɎůŮɤɜ ɖ. Ⱥˊɑůɖɠ, ɖ ůɢɏůɖ ɚɧɔɞɡ ŰɎůŮɤɜ ï ŭɘŬůŰɞɚɘəɧŰɖŰŬɠ, ɖ ï D, ŮɑɜŬɘ 

ŭɘŬűɞɟŮŰɘəɐ ɔɘŬ ˊɡəɜɐ əŬɘ ɢŬɚŬɟɐ Ɏɛɛɞ, ŭɖɚŬŭɐ ŮɝŬɟŰɎŰŬɘ Ŭˊɧ Űɖɜ əŬŰŬůŰŬŰɘəɐ 

ˊŬɟɎɛŮŰɟɞ, ɣ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ ɆɢɐɛŬ 4. 

ɩʀʅʍɻʈɻʐʅʆʗ ɻʌʋʐʀʇʘʎʈɻʐɻȟ ʈʘʍʋʏ ɢɢȡ ɥʂʔɻʉʅʆʗ 

ʔɻʍɻʆʐʂʍʅʎʐʅʆʗ ʗʈʈʋʑ ʑʌʝ ʎʑʉʃʙʆʀʏ ʈʋʉʝʐʋʉʂʏ 

ʍʀʑʎʐʋʌʋʚʂʎʂʏ ʆɻʅ ɾʀʉʅʆʀʑʈʘʉʂʏ ɻʎʐʋʔʚɻʏ  

ũɘŬ Űɖ ɛŮɚɏŰɖ Űɖɠ ɛɖɢŬɜɘəɐɠ ůɡɛˊŮɟɘűɞɟɎɠ Űɖɠ Ɏɛɛɞɡ ˊŬɟŬůəŮɡɎůŰɖəŬɜ ɢŬɚŬɟɎ 

ŭɞəɑɛɘŬ ɛŮ Űɖ ɛɏɗɞŭɞ ŬˊɧɗŮůɖɠ ůŮ ɜŮɟɧ, ŰŬ ɞˊɞɑŬ ůŰŮɟŮɞˊɞɘɐɗɖəŬɜ ɘůɧŰɟɞˊŬ (Ɏɛɛɞɠ 

IC) ůŮ ɛɏůɖ ŮɜŮɟɔɧ ŰɎůɖ, pôc = 200 kPa (ɐ 100 kPa ɐ 300 kPa). ȰˊŮɘŰŬ, ŰŬ ŭɞəɑɛɘŬ 

ɡˊɞɓɚɐɗɖəŬɜ ůŮ ɛɞɜɞŰɞɜɘəɐ űɧɟŰɘůɖ ŮɛˊɞŭɘɕɧɛŮɜɖɠ ůŰɟɎɔɔɘůɖɠ ɡˊɧ ůŰŬɗŮɟɐ ɛɏůɖ 

ɞɚɘəɐ ŰɎůɖ, p, əŬɘ ůŰŬɗŮɟɐ ˊŬɟɎɛŮŰɟɞ ŮɜŭɘɎɛŮůɖɠ əɨɟɘŬɠ ŰɎůɖɠ, b = (ůô2 ï ůô3) / (ůô1 

ï ůô3) = 0.5, ŭɘŬŰɖɟɩɜŰŬɠ Űɞɜ ˊɟɞůŬɜŬŰɞɚɘůɛɧ Űɞɡ ɎɝɞɜŬ Űɖɠ ɛɏɔɘůŰɖɠ əɨɟɘŬɠ ŰɎůɖɠ, 

ůô1, ůŰŬɗŮɟɧ ůŮ ŭɘɎűɞɟŮɠ əŬŰŮɡɗɨɜůŮɘɠ ɤɠ ˊɟɞɠ Űɖɜ əŬŰŬəɧɟɡűɞ, ɛŮŰɟɞɨɛŮɜŮɠ ɛŮ Űɖ 

ɔɤɜɑŬ Ŭ (ɐ Ŭůô1) (ɓɚ. ɆɢɐɛŬ 5)Ț ɞɘ ŭɞəɘɛɏɠ ŬɡŰɏɠ Ŭɜɐəɞɡɜ ůŰɖɜ əŬŰɖɔɞɟɑŬ A (A-series 

tests). ɆɖɛŮɘɩɜŮŰŬɘ ɧŰɘ əŬŰɎ Űɖɜ ŬˊɧɗŮůɖ Űɖɠ Ɏɛɛɞɡ ɡˊɧ Űɖɜ ŮˊɑŭɟŬůɖ Űɖɠ ɓŬɟɨŰɖŰŬɠ 

ŭɖɛɘɞɡɟɔɞɨɜŰŬɘ ɞɟɘɕɧɜŰɘŬ ŮˊɑˊŮŭŬ ŭɘŬůŰɟɤɛɎŰɤůɖɠ (bedding planes) ˊɎɜɤ ůŰŬ ɞˊɞɑŬ 

ˊɟɞůŬɜŬŰɞɚɑɕɞɜŰŬɘ ŮˊɘɚŮəŰɘəɎ ɞɘ ɛŮɔɎɚɞɘ ɎɝɞɜŮɠ Űɤɜ ɛɖ ůűŬɘɟɘəɩɜ əɧəəɤɜ 

ůɢɖɛŬŰɑɕɞɜŰŬɠ ɛɑŬ ŮɔɔŮɜɩɠ ŬɜɘůɧŰɟɞˊɖ ŮůɤŰŮɟɘəɐ ŭɞɛɐ (inherently anisotropic 

fabric) (Arthur and Menzies 1972, Oda 1972). Ⱥˊɞɛɏɜɤɠ, ɧŰŬɜ ŬɚɚɎɕŮɘ ɞ 

ˊɟɞůŬɜŬŰɞɚɘůɛɧɠ Űɞɡ ɎɝɞɜŬ Űɖɠ ɛɏɔɘůŰɖɠ əɨɟɘŬɠ ŰɎůɖɠ ɤɠ ˊɟɞɠ ŰŬ ɞɟɘɕɧɜŰɘŬ ŮˊɑˊŮŭŬ 

ŭɘŬůŰɟɤɛɎŰɤůɖɠ ɛŮŰŬɓɎɚɚɞɜŰŬɘ ŰŬ ɛɖɢŬɜɘəɎ ɢŬɟŬəŰɖɟɘůŰɘəɎ Űɖɠ Ɏɛɛɞɡ. ȷɝɑɕŮɘ, 

ɧɛɤɠ, ɜŬ ŮˊɘůɖɛŬɜɗŮɑ ɧŰɘ ŬɜɘůɧŰɟɞˊɖ ŮůɤŰŮɟɘəɐ ŭɞɛɐ ˊŬɟɎɔŮŰŬɘ ɧɢɘ ɛɧɜɞ ŮɝŬɘŰɑŬɠ 

Űɞɡ ŮˊɘɚŮəŰɘəɞɨ ˊɟɞůŬɜŬŰɞɚɘůɛɞɨ Űɤɜ ɛŮɔɎɚɤɜ Ŭɝɧɜɤɜ Űɤɜ ɛɖ ůűŬɘɟɘəɩɜ əɧəəɤɜ 

ŬɚɚɎ əŬɘ ŮɝŬɘŰɑŬɠ Űɞɡ ŮˊɘɚŮəŰɘəɞɨ ˊɟɞůŬɜŬŰɞɚɘůɛɞɨ Űɤɜ əɎɗŮŰɤɜ ŭɘŬɜɡůɛɎŰɤɜ 

ŭɘŮˊŬűɐɠ (contact normal vectors) Űɤɜ əɧəəɤɜ (ůűŬɘɟɘəɩɜ ɐ ɛɖ) əŬɘ Űɤɜ ɛŮɔɎɚɤɜ 

Ŭɝɧɜɤɜ Űɤɜ əŮɜɩɜ ɛŮŰŬɝɨ Űɤɜ əɧəəɤɜ. ɇŬ ŰɟɑŬ ŬɡŰɎ ůŰɞɘɢŮɑŬ ŮůɤŰŮɟɘəɐɠ ŭɞɛɐɠ 

ŮɝŮɚɑůůɞɜŰŬɘ əŬŰɎ Űɖ űɧɟŰɘůɖ Űɤɜ əɞəəɤŭɩɜ ɡɚɘəɩɜ ɛŮ ŭɘŬűɞɟŮŰɘəɞɨɠ ɟɡɗɛɞɨɠ 

(Oda et al. 1985, Wang et al. 2017). 

ȼ ɢŬɚŬɟɐ Ɏɛɛɞɠ ŮˊɏŭŮɘɝŮ ŮɜŰɧɜɤɠ ŬɜɘůɧŰɟɞˊŬ ɛɖɢŬɜɘəɎ ɢŬɟŬəŰɖɟɘůŰɘəɎ ůŰɘɠ 

ŭɞəɘɛɏɠ űɧɟŰɘůɖɠ ŮɛˊɞŭɘɕɧɛŮɜɖɠ ůŰɟɎɔɔɘůɖɠ əŬŰɎ Űɘɠ ɞˊɞɑŮɠ ɞɘ Űɘɛɏɠ Űɤɜ Ŭ, b əŬɘ p 

ˊŬɟŬɛɏŰɟɤɜ ŭɘŬŰɖɟɐɗɖəŬɜ ůŰŬɗŮɟɏɠ (ŭɞəɘɛɏɠ ŬəŰɘɜɘəɐɠ űɧɟŰɘůɖɠ) (radial loading 

tests). ɇŬ ɆɢɐɛŬŰŬ 6a əŬɘ b ŭŮɑɢɜɞɡɜ Űɘɠ ŮɜŮɟɔɏɠ ŰŬůɘəɏɠ ɞŭŮɨůŮɘɠ ůŰɞ qd ï pô ŮˊɑˊŮŭɞ 

əŬɘ Űɘɠ əŬɛˊɨɚŮɠ ɞəŰŬŮŭɟɘəɩɜ ŭɘŬŰɛɖŰɘəɩɜ ŰɎůŮɤɜ ï ˊŬɟŬɛɞɟűɩůŮɤɜ (Űoct ï ɔoct), 

ŬɜŰɘůŰɞɑɢɤɠȚ ůɖɛŮɘɩɜŮŰŬɘ ɧŰɘ qd ŮɑɜŬɘ ɖ ŭɘŬűɞɟɎ ŰɎůŮɤɜ ůô1 ï ůô3, ɖ ɞˊɞɑŬ ɘůɞɨŰŬɘ ɛŮ 

Űɖɜ ŬˊɞəɚɑɜɞɡůŬ ŰɎůɖ, q, ɧŰŬɜ b = 0 ɐ 1. ɆŰŬ ŭɘŬɔɟɎɛɛŬŰŬ ˊŬɟŬŰɖɟŮɑŰŬɘ ɖ Űɡˊɘəɐ 

ůɡɛˊŮɟɘűɞɟɎ ˊŬɟɞŭɘəɐɠ ɛɞɜɧŰɞɜɖɠ ɟŮɡůŰɞˊɞɑɖůɖɠ (limited flow deformation) 

(Nakata et al. 1998) ɔɘŬ Űɖ ɢŬɚŬɟɐ əɞɟŮůɛɏɜɖ Ɏɛɛɞ ɖ ɞˊɞɑŬ ŮəŭɖɚɩɜŮŰŬɘ ɛŮ Űɖɜ 

ˊŰɩůɖ Űɖɠ ŬɜŰɞɢɐɠ, qd, ɛŮŰɎ Űɞ ůɖɛŮɑɞ ˊŬɟɞŭɘəɞɨ ɛŮɔɑůŰɞɡ (transient-peak state) əŬɘ 

ɛŮ ŰŬɡŰɧɢɟɞɜɖ ůɡůůɩɟŮɡůɖ ɛɞɜɧŰɞɜɖɠ ŭɘŬŰɛɖŰɘəɐɠ ˊŬɟŬɛɧɟűɤůɖɠ əŬɘ ɡˊŮɟˊɑŮůɖɠ 
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Űɞɡ ɨŭŬŰɞɠ ˊɧɟɤɜ (Vaid and Chern 1983). ȼ ˊŰɩůɖ Űɖɠ ŬɜŰɞɢɐɠ, qd, ɞűŮɑɚŮŰŬɘ ůŰɖɜ 

ŬɜɎˊŰɡɝɖ Űɖɠ ɡˊŮɟˊɑŮůɖɠ Űɞɡ ɨŭŬŰɞɠ ˊɧɟɤɜ (Sassitharan et al. 1993) Ůɜɩ ɞ 

Ŭˊɞəɚɑɜɤɜ ɚɧɔɞɠ ŰɎůŮɤɜ, ɖ = q / pô, ŬɡɝɎɜŮŰŬɘ, ŭɖɚŬŭɐ Űɞ ŬɛɛɩŭŮɠ ɡɚɘəɧ əɟŬŰɨɜŮŰŬɘ 

ɛŮ ŰŬɡŰɧɢɟɞɜɖ ɛŮɑɤůɖ Űɤɜ ŮɜŮɟɔɩɜ ŰɎůŮɤɜ (Lade et al. 1988). ȿɧɔɤ Űɤɜ 

ˊŬɟŬɛɏŰɟɤɜ Ůɚɏɔɢɞɡ (control parameters) ˊɞɡ ŮˊɘɚɏɢɗɖəŬɜ ɖ ɛŮɑɤůɖ Űɖɠ ŬɜŰɞɢɐɠ 

ɞŭɖɔŮɑ ůŮ ŬůŰɎɗŮɘŬ (instability) ɛŮ ůŰɞɘɢŮɑŬ ŭɡɜŬɛɘəɐɠ Ŭˊɧəɟɘůɖɠ (Castro 1969, Chu 

and Leong 2001) əŬɘ ŭɘŬəɚɎŭɤůɖ (bifurcation) Űɖɠ ůɡɛˊŮɟɘűɞɟɎɠ Űɞɡ ůɡůŰɐɛŬŰɞɠ 

ůɡůəŮɡɐ űɧɟŰɘůɖɠ ï ŭɞəɑɛɘɞ ɛɏɢɟɘ Űɞ ůɖɛŮɑɞ ŬɚɚŬɔɐɠ űɎůɖɠ ˊɏɟŬɜ Űɞɡ ɞˊɞɑɞɡ 

ŬɜŬəŰɎŰŬɘ ɖ ŬɜŰɞɢɐ, ɞ ɏɚŮɔɢɞɠ Űɤɜ ˊŬɟŬɛɏŰɟɤɜ űɧɟŰɘůɖɠ əŬɘ ɖ ŮɡůŰɎɗŮɘŬ 

(Triantafyllos et al. 2020a).  

ȼ ůɡɛˊŮɟɘűɞɟɎ Űɖɠ Ɏɛɛɞɡ ɔɑɜŮŰŬɘ, Ůɜ ɔɏɜŮɘ, ˊŮɟɘůůɧŰŮɟɞ ůɡůŰɞɚɘəɐ ɧŰŬɜ ɞ ůô1-

ɎɝɞɜŬɠ ŬˊɞɛŬəɟɨɜŮŰŬɘ Ŭˊɧ Űɖɜ əŬŰŬəɧɟɡűɞ ɛŮ ŬˊɞŰɏɚŮůɛŬ ɖ ŬɜŰɞɢɐ, qd, ůŰɞ ůɖɛŮɑɞ 

ˊŬɟɞŭɘəɞɨ ɛŮɔɑůŰɞɡ əŬɘ ůŰɞ ůɖɛŮɑɞ ŬɚɚŬɔɐɠ űɎůɖɠ ɜŬ ɛŮɘɩɜŮŰŬɘ ɛŮ Űɖ ɔɤɜɑŬ ŬȚ 

Ůˊɑůɖɠ, ɖ əŬɜɞɜɘəɞˊɞɘɖɛɏɜɖ ɡˊŮɟˊɑŮůɖ Űɞɡ ɨŭŬŰɞɠ ˊɧɟɤɜ, ȹu / pôin, əŬɘ ɖ ɞəŰŬŮŭɟɘəɐ 

ŭɘŬŰɛɖŰɘəɐ ˊŬɟŬɛɧɟűɤůɖ, ɔoct, ůŰɞ ůɖɛŮɑɞ ŬɚɚŬɔɐɠ űɎůɖɠ ŬɡɝɎɜɞɜŰŬɘ ɧŰŬɜ 

ŬɡɝɎɜŮŰŬɘ ɖ ɔɤɜɑŬ Ŭ. ɆŰɖɜ əŬŰɎůŰŬůɖ əɞɟɡűŬɑŬɠ ŬůŰɞɢɑŬɠ ɖ Űɘɛɐ Űɞɡ ɚɧɔɞɡ ŰɎůŮɤɜ, 

sin űp (ɞ ŭŮɑəŰɖɠ p ůɖɛŬɑɜŮɘ çůŰɖɜ əŬŰɎůŰŬůɖ əɞɟɡűŬɑŬɠ ŬůŰɞɢɑŬɠè ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ 

ůŰɖ ɛŮɔɘůŰɞˊɞɑɖůɖ Űɤɜ ɚɧɔɤɜ ŰɎůŮɤɜ sin ű əŬɘ ɖ), ɛŮɘɩɜŮŰŬɘ, Ůɜ ɔɏɜŮɘ, ɛŮ Űɖɜ 

Ŭɨɝɖůɖ Űɖɠ ɔɤɜɑŬɠ Ŭ. ɀɞɚŬŰŬɨŰŬ, ɖ ˊŮɟɘůůɧŰŮɟɞ ŬůɗŮɜɐɠ Ŭˊɧəɟɘůɖ ˊŬɟŬŰɖɟŮɑŰŬɘ 

ɧŰŬɜ ɖ ɔɤɜɑŬ Ŭ ɚŬɛɓɎɜŮɘ Űɘɛɏɠ ɛŮŰŬɝɨ 60ɞ əŬɘ 75ɞ, ŭɘɧŰɘ ŰɧŰŮ ɏɜŬ Ŭˊɧ ŰŬ ŮˊɑˊŮŭŬ ůŰŬ 

ɞˊɞɑŬ ɞ ɚɧɔɞɠ Űɖɠ ŭɘŬŰɛɖŰɘəɐɠ ˊɟɞɠ Űɖɜ ɞɟɗɐ ŰɎůɖ ɔɑɜŮŰŬɘ ɛɏɔɘůŰɞɠ (maximum stress 

obliquity planes ï Ů́ ɑˊŮŭŬ ɞɘɞɜŮɑ ŬůŰɞɢɑŬɠ) ŰŮɑɜŮɘ ɜŬ ˊɟɞůŬɜŬŰɞɚɘůŰŮɑ ɛŮ Űɞ ɞɟɘɕɧɜŰɘɞ 

ŮˊɑˊŮŭɞ ŭɘŬůŰɟɤɛɎŰɤůɖɠ. Ⱥˊɞɛɏɜɤɠ, ɖ ŮɔɔŮɜɐɠ ŬɜɘůɞŰɟɞˊɑŬ ŮˊɖɟŮɎɕŮɘ ŰŬ ɛɖɢŬɜɘəɎ 

ɢŬɟŬəŰɖɟɘůŰɘəɎ Űɖɠ Ɏɛɛɞɡ ůŰɞ ůɖɛŮɑɞ ˊŬɟɞŭɘəɞɨ ɛɏɔɘůŰɞɡ ŬɜŰɞɢɐɠ, ůŰɞ ůɖɛŮɑɞ 

ŬɚɚŬɔɐɠ űɎůɖɠ əŬɘ ůŰɖɜ əŬŰɎůŰŬůɖ əɞɟɡűŬɑŬɠ ŬůŰɞɢɑŬɠ.   

ɇŬ ůɖɛŮɑŬ ˊŬɟɞŭɘəɞɨ ɛŮɔɑůŰɞɡ ŬɜŰɞɢɐɠ ůŰɘɠ ŭɞəɘɛɏɠ ŬəŰɘɜɘəɐɠ űɧɟŰɘůɖɠ 

ŮɛˊɞŭɘɕɧɛŮɜɖɠ ůŰɟɎɔɔɘůɖɠ ŰŬɡŰɑɕɞɜŰŬɘ ˊɟŬəŰɘəɩɠ ɛŮ ŰŬ ůɖɛŮɑŬ Ůəəɑɜɖůɖɠ Űɖɠ 

ŬůŰɎɗŮɘŬɠ (instability points) əŬɘ ůŮ ŬɡŰɎ ŬɜŰɘůŰɞɘɢŮɑ ɏɜŬɠ ɚɧɔɞɠ ŰɎůŮɤɜ, sin űip (ɞ 

ŭŮɑəŰɖɠ ip ůɖɛŬɑɜŮɘ çůŰo ůɖɛŮɑɞ ŬůŰɎɗŮɘŬɠè), ɞ ɞˊɞɑɞɠ ɛŮɘɩɜŮŰŬɘ ɛŮ Űɖɜ Ŭɨɝɖůɖ Űɖɠ 

ɔɤɜɑŬɠ Ŭ. ȺɜɩɜɞɜŰŬɠ, Ůˊɞɛɏɜɤɠ, ŰŬ ůɖɛŮɑŬ ˊŬɟɞŭɘəɞɨ ɛŮɔɑůŰɞɡ ŬɜŰɞɢɐɠ ɛŮ Űɖɜ Ŭɟɢɐ 

Űɤɜ Ŭɝɧɜɤɜ ůŰɞɜ qd ï pô ɢɩɟɞ ŰɎůŮɤɜ ˊɟɞəɨˊŰɞɡɜ ɔɟŬɛɛɏɠ ɛŮ ŭɘŬűɞɟŮŰɘəɐ əɚɑůɖ 

ŬɜɎɚɞɔŬ ɛŮ Űɖɜ Űɘɛɐ Űɖɠ ɔɤɜɑŬɠ Ŭ, ɞɘ ɞˊɞɑŮɠ ɞɡůɘŬůŰɘəɎ ŬˊɞŰŮɚɞɨɜ Űɘɠ ũɟŬɛɛɏɠ 

ȷůŰɎɗŮɘŬɠ (Instability Lines) əŬŰɎ Űɞɜ ɞɟɘůɛɧ Űɞɡ Lade (1993). ɆŰɖɜ  ˊŬɟɞɨůŬ 

ŭɘŭŬəŰɞɟɘəɐ ŭɘŬŰɟɘɓɐ ɞɟɑůŰɖəŮ ɖ ȺˊɘűɎɜŮɘŬ ȷůŰɎɗŮɘŬɠ (Instability Surface, IS) ůŰɞɜ 

Y ï X ɢɩɟɞ ŰɎůŮɤɜ, ɧˊɞɡ Y = 2Űzɗ / (ůôzz + ůôɗɗ) əŬɘ X = (ůôzz - ůôɗɗ) / (ůôzz + ůôɗɗ), ɖ 

ɞˊɞɑŬ ŭɘɏɟɢŮŰŬɘ Ŭˊɧ ŰŬ ůɖɛŮɑŬ ŬůŰɎɗŮɘŬɠ əŬɘ ŬˊɞŰŮɚŮɑ Űɖ ɔŮɜɑəŮɡůɖ Űɖɠ ɏɜɜɞɘŬɠ Űɖɠ 

ɔɟŬɛɛɐɠ ŬůŰɎɗŮɘŬɠ Űɞɡ Lade (Triantafyllos et al. 2020a). ɆŰɖ ůɡɜɏɢŮɘŬ, ŮɝŮŰɎůŰɖəŮ 

Ŭɜ ɖ Ůəəɑɜɖůɖ Űɖɠ ɛɞɜɧŰɞɜɖɠ ɟŮɡůŰɞˊɞɑɖůɖɠ ɡˊɧ ůɡɜɗɐəŮɠ űɧɟŰɘůɖɠ ŮɛˊɞŭɘɕɧɛŮɜɖɠ 

ůŰɟɎɔɔɘůɖɠ ˊɞɡ ˊŮɟɘɚŬɛɓɎɜɞɡɜ ůɡɜŮɢɐ ůŰɟɞűɐ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ ɛˊɞɟŮɑ 

ɜŬ ůɡůɢŮŰɘůŰŮɑ ɛŮ Űɖ ŭɘɎůɢɘůɖ Űɖɠ ȺˊɘűɎɜŮɘŬɠ ȷůŰɎɗŮɘŬɠ (Ⱥȷ) ɐ əɎˊɞɘŬɠ 

ŮɜŬɚɚŬəŰɘəɐɠ ŮˊɘűɎɜŮɘŬɠ ɧˊɤɠ ɖ ɇɞˊɘəɐ ɃɟɘŬəɐ ȺˊɘűɎɜŮɘŬ (Local Boundary Surface) 

ˊɞɡ ɞɟɑůŰɖəŮ Ŭˊɧ Űɞɡɠ Symes et al. (1984) əŬɘ Shibuya et al. (1987, 2003a, 2003b). 
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ȺˊŮɝɖɔɐůŮɘɠ ůɢŮŰɘəɎ ɛŮ Űɞɜ ˊɟɞůŭɘɞɟɘůɛɧ Űɤɜ ůɖɛŮɑɤɜ ŬůŰɎɗŮɘŬɠ, Űɤɜ ɔɟŬɛɛɩɜ 

ŬůŰɎɗŮɘŬɠ əŬɘ Űɖɠ ŮˊɘűɎɜŮɘŬɠ ŬůŰɎɗŮɘŬɠ ŭɑɜɞɜŰŬɘ ůŰŬ ɆɢɐɛŬŰŬ 7a əŬɘ b ŰŬ ɞˊɞɑŬ 

ŭŮɑɢɜɞɡɜ Űɘɠ ŰŬůɘəɏɠ ɞŭŮɨůŮɘɠ ůŰɞ qd ï pô əŬɘ Ɉ ï ɉ ŮˊɑˊŮŭɞ, ŬɜŰɘůŰɞɑɢɤɠ, Ŭˊɧ ŰɟŮɘɠ 

ŭɞəɘɛɏɠ ɛɞɜɞŰɞɜɘəɐɠ űɧɟŰɘůɖɠ ŮɛˊɞŭɘɕɧɛŮɜɖɠ ůŰɟɎɔɔɘůɖɠ ɛŮ ŭɘŬűɞɟŮŰɘəɏɠ Űɘɛɏɠ Űɖɠ 

ɔɤɜɑŬɠ əŬŰŮɨɗɡɜůɖɠ Űɖɠ ɛɏɔɘůŰɖɠ əɨɟɘŬɠ ŰɎůŮɤɠ, Ŭ, əŬɘ əɞɘɜɏɠ Űɘɛɏɠ Űɤɜ b əŬɘ p 

ˊŬɟŬɛɏŰɟɤɜ. ɆŰɞ ɆɢɐɛŬ 7a ŮˊɘůɖɛŬɑɜɞɜŰŬɘ ŰŬ ůɖɛŮɑŬ ŬůŰɎɗŮɘŬɠ (ůɡɛˊŬɔŮɑɠ əɨəɚɞɘ) 

əŬɘ ɞɘ ɔɟŬɛɛɏɠ ŬůŰɎɗŮɘŬɠ (ŭɘŬəŮəɞɛɛɏɜŮɠ ɔɟŬɛɛɏɠ) Ůɜɩ ɞɘ ɑŭɘŮɠ ɞɘ ŰŬůɘəɏɠ ɞŭŮɨůŮɘɠ 

(ůɡɛˊŬɔŮɑɠ ɔɟŬɛɛɏɠ) ŬˊɞŰŮɚɞɨɜ Űɖɜ ˊɟɞɓɞɚɐ Ůɜɧɠ ŰɛɐɛŬŰɞɠ Űɖɠ ɇɞˊɘəɐɠ ɃɟɘŬəɐɠ 

ȺˊɘűɎɜŮɘŬɠ Ŭˊɧ Űɞɜ qd ï pô ï a ï b (= 0.5) ɢɩɟɞ ůŰɞ qd ï pô ŮˊɑˊŮŭɞ. ɆŰɞ ɆɢɐɛŬ 7b 

ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ůŰɞ Ɉ ï ɉ  ŮəŰɟɞˊɘəɧ ŮˊɑˊŮŭɞ ɞɘ ŰŬůɘəɏɠ ɞŭŮɨůŮɘɠ Ŭˊɧ Űɘɠ ɑŭɘŮɠ 

ŭɞəɘɛɏɠ űɧɟŰɘůɖɠ ŮɛˊɞŭɘɕɧɛŮɜɖɠ ůŰɟɎɔɔɘůɖɠ əŬɘ ɏɜŬ ŰɛɐɛŬ Űɖɠ ŮˊɘűɎɜŮɘŬɠ ŬůŰɎɗŮɘŬɠ, 

ɧˊɤɠ ŬɡŰɧ ˊɟɞůŭɘɞɟɑɕŮŰŬɘ ŮɜɩɜɞɜŰŬɠ ŰŬ ŰɟɑŬ ůɖɛŮɑŬ ŬůŰɎɗŮɘŬɠ.  

ɆŰɞ ɆɢɐɛŬ 8 ˊɟɞůŭɘɞɟɑɕɞɜŰŬɘ ɔŮɤɛŮŰɟɘəɎ ɞɘ əɨɟɘŮɠ əŬŰŮɡɗɨɜůŮɘɠ ŰɎůŮɤɠ əŬɘ 

ˊŬɟŬɛɞɟűɩůŮɤɠ ůŰŬ Ɉ ï ɉ  əŬɘ Ɉs ï ɉs ŮəŰɟɞˊɘəɎ ŮˊɑˊŮŭŬ, ɧˊɞɡ Ɉs =  2Űzɗ əŬɘ  ɉs = 

ůôzz - ůôɗɗ, ŰŬ ɞˊɞɑŬ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ əŬŰɎ əɧɟɞɜ ůŰɖɜ ˊŬɟɞɨůŬ ŭɘŭŬəŰɞɟɘəɐ 

ŭɘŬŰɟɘɓɐ, Ůɜɩ ůŰɞɜ ɄɑɜŬəŬ 1 ŭɑɜɞɜŰŬɘ ɞɘ ŬɚɔŮɓɟɘəɞɑ Űɨˊɞɘ ɔɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɤɜ 

ɔɤɜɘɩɜ əɨɟɘŬɠ əŬŰŮɨɗɡɜůɖɠ ŰɎůŮɤɠ əŬɘ ˊŬɟŬɛɞɟűɩůŮɤɠ əŬɗɩɠ əŬɘ Űɤɜ ɟɡɗɛɩɜ 

ŬɡŰɩɜ. ȼ ŰŬůɘəɐ ɧŭŮɡůɖ ˊɞɡ ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŰŬ Ɉ ï ɉ  əŬɘ Ɉs ï ɉs ŮˊɑˊŮŭŬ Űɞɡ 

ɆɢɐɛŬŰɞɠ 8 ŬűɞɟɎ ůŰɟɞűɐ Űɤɜ əɡɟɑɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ əŬɘ ɖ əɨɟɘŬ əŬŰŮɨɗɡɜůɖ 

ŰɎůŮɤɠ, ˊɟɞůŬɡɝɖŰɘəɐɠ ŰɎůŮɤɠ əŬɘ ˊɟɞůŬɡɝɖŰɘəɐɠ ˊŬɟŬɛɞɟűɩůŮɤɠ ɡˊɞŭŮɘəɜɨŮŰŬɘ 

ɛŮ Űɖɜ ɡˊɏɟɗŮůɖ Űɤɜ ɛɞɜŬŭɘŬɑɤɜ ŭɘŬɜɡůɛɎŰɤɜ, ů, dů əŬɘ dŮ, ŬɜŰɘůŰɞɑɢɤɠ, ůŰɞ Űɟɏɢɞɜ 

ŰŬůɘəɧ ůɖɛŮɑɞ. ɆɖɛŮɘɩɜŮŰŬɘ ɧŰɘ ɞɘ ŰŬɜɡůŰɏɠ ŬɜŰɘɛŮŰɤˊɑɕɞɜŰŬɘ ůŰɞ Ůɝɐɠ ɤɠ 

ŭɘŬɜɨůɛŬŰŬ ɢɎɟɘɜ ŮɡəɞɚɑŬɠ Űɞɡ ɔŮɤɛŮŰɟɘəɞɨ ˊɟɞůŭɘɞɟɘůɛɞɨ Űɤɜ əɨɟɘɤɜ 

əŬŰŮɡɗɨɜůŮɤɜ.  

ȼ ɔɤɜɑŬ ˊɞɡ ůɢɖɛŬŰɑɕɞɡɜ ŰŬ ŭɘŬɜɨůɛŬŰŬ ů, dů əŬɘ dŮ ɛŮ Űɞɜ ɞɟɘɕɧɜŰɘɞ ɎɝɞɜŬ (ɉ ɐ ɉs) 

ŮɑɜŬɘ ɑůɖ ɛŮ 2Ŭůô1, 2Ŭdůô1 əŬɘ 2ŬdŮ1, ŬɜŰɘůŰɞɑɢɤɠ, Ůɜɩ ɖ ɔɤɜɑŬ ˊɞɡ ůɢɖɛŬŰɑɕŮɘ Űɞ 

ŭɘɎɜɡůɛŬ ds ɛŮ Űɞɜ ɉs-ɎɝɞɜŬ ŭŮɜ ɘůɞɨŰŬɘ əŬŰô ŬɜɎɔəɖ ɛŮ 2Ŭdůô1. ɀŮ ɓɎůɖ Űɖ 

ůɨɛɓŬůɖ ˊɞɡ ɡɘɞɗŮŰɐɗɖəŮ ɖ ɔɤɜɑŬ Ŭůô1 ɛŮŰŬɓɎɚɚŮŰŬɘ Ŭˊɧ Űɖɜ Űɘɛɐ 0
ɞ ůŰɖɜ Űɘɛɐ +45ɞ 

ůŰɖɜ Űɘɛɐ Ñ90ɞ ůŰɖɜ Űɘɛɐ -45ɞ əŬɘ ˊɎɚɘ ůŰɖɜ Űɘɛɐ 0ɞ ɧŰŬɜ Űɞ ŭɘɎɜɡůɛŬ ů ůŰɟɏűŮŰŬɘ 

ŬɜŰɑɗŮŰŬ Ŭˊɧ Űɖɜ űɞɟɎ əɑɜɖůɖɠ Űɤɜ ŭŮɘəŰɩɜ Űɞɡ ɟɞɚɞɔɘɞɨ, ŭŮɑɢɜɞɜŰŬɠ ˊɟɞɠ ŰŬ ɗŮŰɘəɎ 

Űɞɡ Xs-ɎɝɞɜŬ ɧŰŬɜ Ŭůô1 = 0ɞ əŬɘ ˊɟɞɠ ŰŬ ɗŮŰɘəɎ Űɞɡ Ys-ɎɝɞɜŬ ɧŰŬɜ Ŭůô1 = +45ɞȚ ɖ ɑŭɘŬ 

ůɨɛɓŬůɖ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɔɘŬ Űɘɠ ɔɤɜɑŮɠ Ŭdůô1 əŬɘ ŬdŮ1. ȺɜŬɚɚŬəŰɘəɎ, ɖ ɔɤɜɑŬ Ŭ*
ůô1 (ɐ 

Ŭ*
důô1 ɐ Ŭ

*
dŮ1) ɛŮŰŬɓɎɚɚŮŰŬɘ Ŭˊɧ Űɖɜ Űɘɛɐ 0

ɞ ůŰɖɜ Űɘɛɐ +45ɞ ůŰɖɜ Űɘɛɐ +90ɞ ůŰɖɜ Űɘɛɐ 

+135ɞ əŬɘ Űɏɚɞɠ ůŰɖɜ Űɘɛɐ +180ɞ / 0ɞ ɧŰŬɜ Űɞ ŭɘɎɜɡůɛŬ ů (ɐ dů ɐ dŮ) ůŰɟɏűŮŰŬɘ 

ŬɜŰɑɗŮŰŬ Ŭˊɧ Űɖɜ űɞɟɎ əɑɜɖůɖɠ Űɤɜ ŭŮɘəŰɩɜ Űɞɡ ɟɞɚɞɔɘɞɨ ɝŮəɘɜɩɜŰŬɠ Ŭˊɧ Űɞɜ ɉs-

ɎɝɞɜŬ. ȼ ŭŮɨŰŮɟɖ ůɨɛɓŬůɖ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɔɘŬ Űɞɜ ˊɟɞůŭɘɞɟɘůɛɧ Űɖɠ ɔɤɜɑŬɠ ɛɖ 

ɞɛɞŬɝɞɜɘəɧŰɖŰŬɠ (non-coaxiality angle), ɝ = Ŭ*
dŮ1 -  Ŭ*

ůô1, ɖ ɞˊɞɑŬ ɡˊɞŭŮɘəɜɨŮɘ Űɖɜ 

Ŭˊɧəɚɘůɖ Űɖɠ əɨɟɘŬɠ əŬŰŮɨɗɡɜůɖɠ Űɖɠ ˊɟɞůŬɡɝɖŰɘəɐɠ ˊŬɟŬɛɞɟűɩůŮɤɠ Ŭˊɧ Űɖɜ 

əɨɟɘŬ əŬŰŮɨɗɡɜůɖ ŰɎůŮɤɠ. ɆɖɛŮɘɩɜŮŰŬɘ ɧŰɘ ůŰɖɜ ˊŬɟɞɨůŬ ŮɟɔŬůɑŬ 

ɢɟɖůɘɛɞˊɞɘɐɗɖəŬɜ ɞɘ ŮɚŬůŰɞˊɚŬůŰɘəɏɠ ˊŬɟŬɛɞɟűɩůŮɘɠ ɔɘŬ Űɞɜ ˊɟɞůŭɘɞɟɘůɛɧ Űɞɡ ɝ 

ɛŮ Űɖɜ ˊŬɟŬŭɞɢɐ ɧŰɘ ɞɘ ɞɟɗɏɠ ˊŬɟŬɛɞɟűɩůŮɘɠ Ůɗɗ  əŬɘ Ůrr ŮɑɜŬɘ ɑůŮɠ.                                                                                        
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ɇɞ ɆɢɐɛŬ 9 ŭŮɑɢɜŮɘ Űɖɜ ŮˊɘűɎɜŮɘŬ ŬůŰɎɗŮɘŬɠ, IS, Űɖɠ ɢŬɚŬɟɐɠ Ɏɛɛɞɡ əŬɘ ŰŬ 

ˊŮɟɘɔɟɎɛɛŬŰŬ ɑůɤɜ Űɘɛɩɜ ɔoct əŬɘ ȹu / pôin əŬŰɎ Űɖ ůɡůŰɞɚɘəɐ űɎůɖ Ŭˊɧəɟɘůɖɠ ůŰɞ Ɉ 

ï ɉ ŮˊɑˊŮŭɞ, ɧˊɤɠ ˊɟɞůŭɘɞɟɑůŰɖəŬɜ Ŭˊɧ ŰŬ ŭŮŭɞɛɏɜŬ Űɤɜ ŭɞəɘɛɩɜ ŬəŰɘɜɘəɐɠ 

űɧɟŰɘůɖɠ ŮɛˊɞŭɘɕɧɛŮɜɖɠ ůŰɟɎɔɔɘůɖɠ. ȼ ŮˊɘűɎɜŮɘŬ ŬůŰɎɗŮɘŬɠ əŬɘ ŰŬ ˊŮɟɘɔɟɎɛɛŬŰŬ 

ŮɑɜŬɘ ŮɚɚŮɑɣŮɘɠ (ɐ ŰɛɐɛŬŰŬ ŮɚɚŮɑɣŮɤɜ) ůɡɛɛŮŰɟɘəɏɠ ɤɠ ˊɟɞɠ Űɞɜ X-ɎɝɞɜŬ, Űɤɜ 

ɞˊɞɑɤɜ ɞ ɛɘəɟɧɠ ɎɝɞɜŬɠ ŮɑɜŬɘ ˊŬɟɎɚɚɖɚɞɠ ˊɟɞɠ Űɞɜ Y-ɎɝɞɜŬ ůŮ ɗɏůɖ ɛŮ ɉ > 0. 

Ⱥˊɞɛɏɜɤɠ, ɖ Ůəəɑɜɖůɖ Űɖɠ ŬůŰɎɗŮɘŬɠ əŬɘ ɖ ŬɜɎˊŰɡɝɖ ɛɑŬɠ ŭŮŭɞɛɏɜɖɠ Űɘɛɐɠ Űɖɠ 

ˊŬɟŬɛɏŰɟɞɡ ȹu / pôin ɐ ɔoct ŬɜŰɘůŰɞɘɢŮɑ ůŮ ɛɘəɟɧŰŮɟɞ ɚɧɔɞ ŰɎůŮɤɜ, sin ű, ɧŰŬɜ ɖ ɔɤɜɑŬ 

Ŭ (Ŭůô1) ŬɡɝɎɜŮŰŬɘ, ɡˊɞŭŮɘəɜɨɞɜŰŬɠ Űɖɜ ŮˊɑŭɟŬůɖ Űɖɠ ŮɔɔŮɜɞɨɠ ŬɜɘůɞŰɟɞˊɑŬɠ ůŰɖɜ 

ˊŬɟŬɛɞɟűɤůɘɛɧŰɖŰŬ Űɖɠ Ɏɛɛɞɡ. ȼ ŮˊɘűɎɜŮɘŬ ŬůŰɎɗŮɘŬɠ əŬɘ Űɞ ˊŮɟɑɔɟŬɛɛŬ ȹu / pôin 

= 0.60 ŮɑɜŬɘ çŬɜɞɘəŰɎè ůŰɞ ɏɜŬ Ɏəɟɞ ŭɘɧŰɘ ɖ Ɏɛɛɞɠ ŬɜŬˊŰɨůůŮɘ ȹu / pôin < 0.60 əŬɘ 

ˊŬɟŬɛɏɜŮɘ ŮɡůŰŬɗɐɠ ɧŰŬɜ ɖ əŬŰŮɨɗɡɜůɖ Űɞɡ ůô1-ɎɝɞɜŬ ŮɑɜŬɘ əɞɜŰɎ ůŰɖɜ əŬŰŬəɧɟɡűɞ. 

ɆŰɞ ɆɢɐɛŬ 9 ŬˊŮɘəɞɜɑɕɞɜŰŬɘ, Ůˊɑůɖɠ, əŬɘ ŰŬ ŭɘŬɜɨůɛŬŰŬ dŮ ůŰŬ ůɖɛŮɑŬ ŬůŰɎɗŮɘŬɠ ŰŬ 

ɞˊɞɑŬ Ŭˊɞəɚɑɜɞɡɜ Ŭˊɧ Űɖɜ əŬŰŮɨɗɡɜůɖ Űɖɠ əɨɟɘŬɠ ŰɎůɖɠ (ŬəŰɘɜɘəɐ əŬŰŮɨɗɡɜůɖ) əŬɘ 

əɚɑɜɞɡɜ ˊɟɞɠ Űɖɜ əŬŰŮɨɗɡɜůɖ Űɞɡ Y-ɎɝɞɜŬ. ȹŮŭɞɛɏɜɞɡ ɧŰɘ ɖ əɨɟɘŬ əŬŰŮɨɗɡɜůɖ 

ˊɟɞůŬɡɝɖŰɘəɐɠ ˊŬɟŬɛɧɟűɤůɖɠ ŬdŮ1 = ±45ɞ (Ŭ*
dŮ1 = +45ɞ ɐ +135ɞ) ŬɜŰɘůŰɞɘɢŮɑ ůŮ 

ˊŬɟŬɛɧɟűɤůɖ Űɨˊɞɡ Ŭˊɚɐɠ ŭɘɎŰɛɖůɖɠ (simple-shear deformation mode) ůɡɜɎɔŮŰŬɘ 

ɧŰɘ ɖ ɨˊŬɟɝɖ ɞɟɘɕɧɜŰɘɤɜ Ůˊɘˊɏŭɤɜ ŭɘŬůŰɟɤɛɎŰɤůɖɠ ˊɘɗŬɜɩɠ ɜŬ ˊɟɞɎɔŮɘ Űɖɜ 

ˊŬɟŬɛɧɟűɤůɖ ŬɡŰɞɨ Űɞɡ Űɨˊɞɡ ɚɧɔɤ Űɖɠ əɘɜɖɛŬŰɘəɐɠ ŭɘŮɡəɧɚɡɜůɖɠ Űɖɠ ɞɚɑůɗɖůɖɠ 

ůŰŬ ŮˊɑˊŮŭŬ ŭɘŬůŰɟɤɛɎŰɤůɖɠ (Miura et al. 1986, Triantafyllos et al. 2020a). 

ũɘŬ Űɖ ɛŮɚɏŰɖ Űɖɠ ŮˊɑŭɟŬůɖɠ Űɖɠ ɘůŰɞɟɑŬɠ ůŰŮɟŮɞˊɞɑɖůɖɠ əŬɘ űɧɟŰɘůɖɠ ůŰɖ ɛɖɢŬɜɘəɐ 

ůɡɛˊŮɟɘűɞɟɎ Űɖɠ Ɏɛɛɞɡ ˊŬɟŬůəŮɡɎůŰɖəŬɜ ɢŬɚŬɟɎ ŭɞəɑɛɘŬ ɛŮ Űɖ ɛɏɗɞŭɞ ŬˊɧɗŮůɖɠ 

ůŮ ɜŮɟɧ, ŰŬ ɞˊɞɑŬ ůŰŮɟŮɞˊɞɘɐɗɖəŬɜ ŬɜɘůɧŰɟɞˊŬ (Ɏɛɛɞɠ AC) ůŮ ɛɏůɖ ŮɜŮɟɔɧ ŰɎůɖ, 

pôc = 200 kPa (ɐ 100 kPa), əŬɘ ůŮ ŭɘɎűɞɟɞɡɠ ɚɧɔɞɡɠ ŰɎůŮɤɜ ůŰŮɟŮɞˊɞɑɖůɖɠ, Kc = ůô3c 

/ ůô1c (ɞ ŭŮɑəŰɖɠ c ůɖɛŬɑɜŮɘ çůŰɖɜ əŬŰɎůŰŬůɖ ůŰŮɟŮɞˊɞɑɖůɖɠè), ɛɏɢɟɘ Űɖɜ Űɘɛɐ Kc = 

0.40 ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ˊɟŬəŰɘəɎ ůŮ ůɡɜɗɐəŮɠ Ko-ůŰŮɟŮɞˊɞɑɖůɖɠ ɔɘŬ Űɖ ɢŬɚŬɟɐ Ɏɛɛɞ. 

ɆŰɖ ŭŮɨŰŮɟɖ űɎůɖ ůŰŮɟŮɞˊɞɑɖůɖɠ ɛŮŰŬɓɚɐɗɖəŮ ɖ Űɘɛɐ Űɖɠ ˊŬɟŬɛɏŰɟɞɡ b Ŭˊɧ 0 ůŮ 

0.5 əŬɘ Űɖɠ ŰɎůŮɤɠ pô Ŭˊɧ pôc ůŮ pôin (> pôc) əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ ŮˊɘɓɚɐɗɖəŮ ɛɞɜɞŰɞɜɘəɐ 

űɧɟŰɘůɖ ŮɛˊɞŭɘɕɧɛŮɜɖɠ ůŰɟɎɔɔɘůɖɠ ɛŮ ůŰɟɞűɐ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ əŬɘ 

ůŰŬɗŮɟɏɠ p əŬɘ b (= 0.5) ˊŬɟŬɛɏŰɟɞɡɠ. ɆŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ ȸ (B-series tests) ɖ 

ŬˊɞəɚɑɜɞɡůŬ ŰɎůɖ, q, ŬɡɝɎɜŮŰŬɘ ɛɞɜɧŰɞɜŬ Ůɜɩ ŰŬɡŰɧɢɟɞɜŬ ůŰɟɏűɞɜŰŬɘ ɞɘ əɨɟɘɞɘ 

ɎɝɞɜŮɠ ŰɎůŮɤɠ. ɆŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ C (C-series tests) ɖ ŬˊɞəɚɑɜɞɡůŬ ŰɎůɖ, q, 

ŭɘŬŰɖɟŮɑŰŬɘ ůŰŬɗŮɟɐ Ůɜɩ ůŰɟɏűɞɜŰŬɘ ɞɘ əɨɟɘɞɘ ɎɝɞɜŮɠ ŰɎůŮɤɠ ˊɟɞəŬɚɩɜŰŬɠ Űɖɜ 

ŬɜɎˊŰɡɝɖ ɡˊŮɟˊɑŮůɖɠ Űɞɡ ɨŭŬŰɞɠ ˊɧɟɤɜ əŬɘ, Ůˊɞɛɏɜɤɠ, Űɖɜ Ŭɨɝɖůɖ Űɞɡ 

ŬˊɞəɚɑɜɞɜŰɞɠ ɚɧɔɞɡ ŰɎůŮɤɜ, ɖ = q / pô, əŬɗɩɠ ɞɘ ŮɜŮɟɔɏɠ ŰɎůŮɘɠ ŬˊɞűɞɟŰɑɕɞɜŰŬɘ 

ɘůɧŰɟɞˊŬ (důô1 = důô2 = důô3 = -du < 0) (Symes et al. 1984, Nakata et al. 1998, 

Sivathayalan and Vaid 2002, Yang et al. 2007, Triantafyllos et al. 2020a). ȷɝɑɕŮɘ ɜŬ 

ůɖɛŮɘɤɗŮɑ ɧŰɘ ůŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ ȸ ɖ ɔɤɜɑŬ Űɖɠ əɨɟɘŬɠ əŬŰŮɨɗɡɜůɖɠ ŰɎůɖɠ, Ŭůô1, ŭŮɜ 

ɛˊɞɟŮɑ ɜŬ ɛŮŰŬɓɚɖɗŮɑ ˊɏɟŬɜ Űɖɠ Űɘɛɐɠ +45ɞ ŭŮŭɞɛɏɜɞɡ ɧŰɘ ɖ ɔɤɜɑŬ Űɖɠ əɨɟɘŬɠ 

əŬŰŮɨɗɡɜůɖɠ ˊɟɞůŬɡɝɖŰɘəɐɠ ŰɎůɖɠ, Ŭdůô1, ŮɑɜŬɘ ůŰŬɗŮɟɐ əŬɘ ɑůɖ ɛŮ +45
ɞ (ɡˊɧ 

ŮɡůŰŬɗŮɑɠ ůɡɜɗɐəŮɠ), Ůɜɩ ůŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ C ŮɑɜŬɘ ŭɡɜŬŰɧɜ ɜŬ ŮəŰŮɚŮůŰɞɨɜ 

ˊɞɚɚŬˊɚɞɑ əɨəɚɞɘ ɛɞɜɧŰɞɜɖɠ ůŰɟɞűɐɠ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ.     
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ɇŬ ɆɢɐɛŬŰŬ 10a əŬɘ b ŭŮɑɢɜɞɡɜ Űɘɠ ŰŬůɘəɏɠ ɞŭŮɨůŮɘɠ ůŰɞ qd ï pô əŬɘ Ɉ ï ɉ ŮˊɑˊŮŭɞ, 

ŬɜŰɘůŰɞɑɢɤɠ, Ŭˊɧ Űɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ ȸ əŬɘ C* (C* ŮɑɜŬɘ ɞɘ ŭɞəɘɛɏɠ Űɨˊɞɡ C əŬŰɎ Űɘɠ 

ɞˊɞɑŮɠ ɖ ŬůŰɎɗŮɘŬ ˊɟɞəɚɐɗɖəŮ əŬŰɎ Űɞ ˊɟɩŰɞ ɛɘůɧ Űɞɡ ˊɟɩŰɞɡ əɨəɚɞɡ ůŰɟɞűɐɠ Űɤɜ 

əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ). ɆŰɞ ɆɢɐɛŬ 10a ɞɘ ŭɘŬəŮəɞɛɛɏɜŮɠ ŮɡɗŮɑŮɠ ɔɟŬɛɛɏɠ ˊɞɡ 

ŭɘɏɟɢɞɜŰŬɘ Ŭˊɧ Űɖɜ Ŭɟɢɐ Űɤɜ Ŭɝɧɜɤɜ ŮɑɜŬɘ ɞɘ ɔɟŬɛɛɏɠ ŬůŰɎɗŮɘŬɠ Űɞɡ Lade ɔɘŬ Űɖ 

ɢŬɚŬɟɐ ɘůɧŰɟɞˊŬ ůŰŮɟŮɞˊɞɘɖɛɏɜɖ Ɏɛɛɞ ɧˊɤɠ ˊɟɞůŭɘɞɟɑůŰɖəŬɜ ůŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ ȷ. 

ȼ Űɘɛɐ Űɖɠ ɔɤɜɑŬɠ Ŭůô1 ɡˊɞŭŮɘəɜɨŮŰŬɘ ɛŮ ŮŰɘəɏŰŮɠ ůŮ ɞɟɘůɛɏɜŬ ŰŬůɘəɎ ůɖɛŮɑŬ (əɞɑɚɞɘ 

əɨəɚɞɘ) ůɡɛˊŮɟɘɚŬɛɓŬɜɞɛɏɜɤɜ Űɤɜ ůɖɛŮɑɤɜ ŬůŰɎɗŮɘŬɠ (ůɡɛˊŬɔŮɑɠ əɨəɚɞɘ). ȼ 

ŭɘŬəŮəɞɛɛɏɜɖ əŬɛˊɨɚɖ ɔɟŬɛɛɐ ŬˊɞŰŮɚŮɑ ɛɑŬ ŮəŰɑɛɖůɖ Űɖɠ ŰŬůɘəɐɠ ɧŭŮɡůɖɠ C2 əŬŰɎ 

Űɖɜ ŬůŰŬɗɐ űɎůɖ Ŭˊɧəɟɘůɖɠ, ɔɘŬ Űɖɜ ɞˊɞɑŬ ŰŬ əŬŰŬɔŮɔɟŬɛɛɏɜŬ ŭŮŭɞɛɏɜŬ ŮɑɜŬɘ 

ŬɜŮˊŬɟəɐ ɚɧɔɤ ɢɟɐůɖɠ ɢŬɛɖɚɐɠ ůɡɢɜɧŰɖŰŬɠ əŬŰŬɔɟŬűɐɠ ůŮ ŬɡŰɐɜ Űɖ ŭɞəɘɛɐ. ɆŰɞ 

ɆɢɐɛŬ 10b ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ɖ ŮˊɘűɎɜŮɘŬ ŬůŰɎɗŮɘŬɠ ɔɘŬ Y Ó 0 əŬɘ ŰŬ ůɖɛŮɑŬ ŬůŰɎɗŮɘŬɠ, 

Ůɜɩ ŰŬ ɛɞɜŬŭɘŬɑŬ ŭɘŬɜɨůɛŬŰŬ dŮ ɡˊɞŭŮɘəɜɨɞɡɜ Űɖɜ əɨɟɘŬ əŬŰŮɨɗɡɜůɖ Űɖɠ 

ˊɟɞůŬɡɝɖŰɘəɐɠ ˊŬɟŬɛɧɟűɤůɖɠ ůŰŬ ůɖɛŮɑŬ ŬůŰɎɗŮɘŬɠ.  

ɇŬ ŬˊɞŰŮɚɏůɛŬŰŬ ˊɞɡ ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ůŰŬ ɆɢɐɛŬŰŬ 10a əŬɘ b əŬɘ ɖ ŬɜɎɚɡůɖ Űɤɜ 

ˊŬɟŬɛɞɟűɩůŮɤɜ ɡˊɞŭŮɘəɜɨɞɡɜ ɧŰɘ ůŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ ȸ ɖ ŬɜɎˊŰɡɝɖ ɛɑŬɠ 

ůɡɔəŮəɟɘɛɏɜɖɠ Űɘɛɐɠ ˊŬɟŬɛɧɟűɤůɖɠ, ɔoct, əŬɘ ɖ ˊɟɧəɚɖůɖ ŬůŰɎɗŮɘŬɠ ŬˊŬɘŰŮɑ 

ɛɘəɟɧŰŮɟɖ Ŭɨɝɖůɖ Űɖɠ ɔɤɜɑŬɠ ȹŬůô1 əŬɘ Űɖɠ ŰɎůɖɠ, qd, ɧŰŬɜ ɖ Űɘɛɐ Űɞɡ Kc ɛŮɘɩɜŮŰŬɘȚ ɖ 

ˊŬɟɎɛŮŰɟɞɠ ȹŬůô1 ŮəűɟɎɕŮɘ Űɖ ɛɞɜɧŰɞɜɖ Ŭɨɝɖůɖ Űɖɠ ɔɤɜɑŬɠ Űɖɠ əɨɟɘŬɠ əŬŰŮɨɗɡɜůɖɠ 

ŰɎůŮɤɠ. ɇŬ ŬˊɞŰŮɚɏůɛŬŰŬ ŬɡŰɎ ɡˊɞŭɖɚɩɜɞɡɜ Űɖɜ ŰɟɤŰɧŰɖŰŬ Űɖɠ ɢŬɚŬɟɐɠ AC Ɏɛɛɞɡ 

ɏɜŬɜŰɘ ɟŮɡůŰɞˊɞɑɖůɖɠ ˊɞɡ ˊɟɞəŬɚŮɑŰŬɘ Ŭˊɧ ɛɘəɟɏɠ ŭɘŬŰŬɟŬɢɏɠ ůŰɞ ɛɏɔŮɗɞɠ əŬɘ Űɖɜ 

əŬŰŮɨɗɡɜůɖ Űɤɜ əɨɟɘɤɜ ŰɎůŮɤɜ ɧŰŬɜ ɖ ůŰŬŰɘəɐ ŭɘŬŰɛɖŰɘəɐ ŰɎůɖ ŮɑɜŬɘ ɡɣɖɚɐ, ɔɘŬ 

ˊŬɟɎŭŮɘɔɛŬ ůŮ ůɡɜɗɐəŮɠ Ⱦɞ-ůŰŮɟŮɞˊɞɑɖůɖɠ (Sivathayalan and Vaid 2002, 

Georgiannou and Konstadinou 2014, Georgiannou et al. 2018, Triantafyllos et al. 

2020a). ȷˊɧ Űɖɜ Ɏɚɚɖ ˊɚŮɡɟɎ, ɧŰŬɜ ɖ ůŰŬŰɘəɐ ŭɘŬŰɛɖŰɘəɐ ŰɎůɖ ŮɑɜŬɘ ɛɘəɟɐ ɖ ɔɤɜɑŬ 

Ŭůô1 ůŰɞ ůɖɛŮɑɞ ŬůŰɎɗŮɘŬɠ ɛŮɔŬɚɩɜŮɘ əŬɘ ɖ ŬɜŰɞɢɐ, qd, ůŰɞ ůɖɛŮɑɞ ŬůŰɎɗŮɘŬɠ əŬɘ ůŰɞ 

ůɖɛŮɑɞ ŬɚɚŬɔɐɠ űɎůɖɠ ɛɘəɟŬɑɜŮɘ. ɆɖɛŮɘɩɜŮŰŬɘ ɧŰɘ ɖ ŬɜɘůɧŰɟɞˊɖ ůŰŮɟŮɞˊɞɑɖůɖ 

ŮɜɘůɢɨŮɘ Űɖɜ ŬɜɘůɞŰɟɞˊɑŬ ˊɞɡ ŭɖɛɘɞɡɟɔŮɑŰŬɘ əŬŰɎ Űɖɜ ŬˊɧɗŮůɖ Űɖɠ Ɏɛɛɞɡ (Hu et al. 

2010) əŬɘ ŬɡŰɐ ɖ ŬɚɚŬɔɐ ŮɜŰɞˊɑɕŮŰŬɘ ɛŬəɟɞůəɞˊɘəɎ ůŰɖ ŭɘɧɔəɤůɖ Űɖɠ ɇɞˊɘəɐɠ 

ɃɟɘŬəɐɠ ȺˊɘűɎɜŮɘŬɠ ɔɨɟɤ Ŭˊɧ Űɞ ůɖɛŮɑɞ ůŰŮɟŮɞˊɞɑɖůɖɠ ůŰɞɜ qd ï pô ï a  ɢɩɟɞ 

(Shibuya et al. 2003b). Ⱥˊɞɛɏɜɤɠ, ɞɘ ŰŬůɘəɏɠ ɞŭŮɨůŮɘɠ Ŭˊɧ Űɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ ȸ 

ŬˊɞŰŮɚɞɨɜ ɑɢɜɖ ˊɎɜɤ ůŮ ŭɘŬűɞɟŮŰɘəɏɠ ɇɞˊɘəɏɠ ɃɟɘŬəɏɠ ȺˊɘűɎɜŮɘŬɠ ŬɜɎɚɞɔŬ ɛŮ Űɖɜ 

Űɘɛɐ Űɞɡ ɚɧɔɞɡ Kc. ɄŬɟɞɛɞɑɤɠ, ůŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ C ɖ ŬɜɎˊŰɡɝɖ ůɡɔəŮəɟɘɛɏɜɖɠ 

Űɘɛɐɠ ˊŬɟŬɛɧɟűɤůɖɠ, ɔoct, əŬɘ ɖ ˊɟɧəɚɖůɖ ŬůŰɎɗŮɘŬɠ ŬˊŬɘŰŮɑ ɛɘəɟɧŰŮɟɖ Ŭɨɝɖůɖ Űɖɠ 

ɔɤɜɑŬɠ ȹŬůô1 ɧŰŬɜ ɖ Űɘɛɐ Űɞɡ Kc ɛŮɘɩɜŮŰŬɘ. Ⱥˊɑůɖɠ, ɔɘŬ ɛɑŬ ŭŮŭɞɛɏɜɖ Űɘɛɐ Űɞɡ ɚɧɔɞɡ 

Kc ɖ ɛɞɜɧŰɞɜɖ ůŰɟɞűɐ ȹŬůô1 ɛɏɢɟɘ Űɖɜ Ůəəɑɜɖůɖ Űɖɠ ŬůŰɎɗŮɘŬɠ ŮɑɜŬɘ ɛŮɔŬɚɨŰŮɟɖ ůŰɘɠ 

ŭɞəɘɛɏɠ Űɨˊoɡ C ůŮ ůɨɔəɟɘůɖ ɛŮ Űɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ ȸ. 

ɇɞ ɆɢɐɛŬ 10b ŭŮɑɢɜŮɘ ɧŰɘ ůŰɘɠ ŭɞəɘɛɏɠ űɧɟŰɘůɖɠ Űɨˊɞɡ ȸ əŬɘ C*, ůŰɘɠ ɞˊɞɑŮɠ 

ŮˊɘɓɎɚɚŮŰŬɘ ůŰɟɞűɐ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ, ɖ ŬůŰɎɗŮɘŬ Űɖɠ ɢŬɚŬɟɐɠ AC Ɏɛɛɞɡ 

ůɡɛɓŬɑɜŮɘ ɧŰŬɜ ɖ ŰŬůɘəɐ ɧŭŮɡůɖ ŭɘŬůɢɑɕŮɘ Űɖɜ ŮˊɘűɎɜŮɘŬ ŬůŰɎɗŮɘŬɠ, IS, ˊɞɡ ɏɢŮɘ 

ɞɟɘůŰŮɑ Ŭˊɧ Űɘɠ ŭɞəɘɛɏɠ ŬəŰɘɜɘəɐɠ űɧɟŰɘůɖɠ ůŮ ɢŬɚŬɟɐ IC Ɏɛɛɞ. ȷɡŰɎ ŰŬ 

ŬˊɞŰŮɚɏůɛŬŰŬ ɡˊɞŭŮɘəɜɨɞɡɜ ɧŰɘ ɖ ɔɤɜɑŬ ŭɘŬŰɛɖŰɘəɐɠ ŬɜŰɑůŰŬůɖɠ, ű, ůŰɞ ůɖɛŮɑɞ 
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ŬůŰɎɗŮɘŬɠ ŮɝŬɟŰɎŰŬɘ ɛɧɜɞ Ŭˊɧ Űɖɜ Űɘɛɐ Űɖɠ ɔɤɜɑŬɠ Űɖɠ əɨɟɘŬɠ əŬŰŮɨɗɡɜůɖɠ ŰɎůŮɤɠ, 

Ŭůô1, Ůɜɩ ŮɑɜŬɘ ŬɜŮɝɎɟŰɖŰɖ Ŭˊɧ Űɞɜ ɚɧɔɞ ŰɎůŮɤɜ ůŰŮɟŮɞˊɞɑɖůɖɠ, Kc, əŬɘ Űɖɜ ɘůŰɞɟɑŬ 

űɧɟŰɘůɖɠ ˊɞɡ ˊɟɞɖɔŮɑŰŬɘ Űɖɠ əɘɜɖŰɞˊɞɘɐůŮɤɠ Űɖɠ əŬŰɎůŰŬůɖɠ (Ŭůô1 , ű), 

ŮˊɘɓŮɓŬɘɩɜɞɜŰŬɠ ŰŬ ŮɡɟɐɛŬŰŬ Űɤɜ Nakata et al. (1998), Sivathayalan and Vaid (2002). 

ɇɞ ɆɢɐɛŬ 11a ŭŮɑɢɜŮɘ Űɘɠ ŰŬůɘəɏɠ ɞŭŮɨůŮɘɠ əŬɘ ŰŬ ůɖɛŮɑŬ ŬůŰɎɗŮɘŬɠ ůŰɞ Y ï X ŮˊɑˊŮŭɞ 

Ŭˊɧ Űɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ ȷ, ȸ əŬɘ C* ůŮ ɢŬɚŬɟɐ Ɏɛɛɞ ůŰŮɟŮɞˊɞɘɖɛɏɜɖ ůŮ ɛɏůɖ ŮɜŮɟɔɧ 

ŰɎůɖ pôc = 200 kPa, Ůɜɩ Űɞ ɆɢɐɛŬ 11b ŭŮɑɢɜŮɘ ŰŬ ůɖɛŮɑŬ ŬůŰɎɗŮɘŬɠ Ŭˊɧ Űɘɠ ɑŭɘŮɠ 

ŭɞəɘɛɏɠ ůŰɞ ű ï Ŭůô1 ŮˊɑˊŮŭɞ. ɄŬɟɧɛɞɘŬ ůɡɛˊŮɟɘűɞɟɎ Ɏɛɛɞɡ ˊŬɟŬŰɖɟɐɗɖəŮ ůŮ 

ŭɞəɘɛɏɠ űɧɟŰɘůɖɠ Űɨˊɞɡ ȷ əŬɘ ȸ ɛŮ ɛɏůɖ ŮɜŮɟɔɧ ŰɎůɖ ůŰŮɟŮɞˊɞɑɖůɖɠ pôc = 100 kPa, 

ŭɖɚŬŭɐ ɖ ŬůŰɎɗŮɘŬ ůɡɜɏɓɖ ɧŰŬɜ ɖ ŰŬůɘəɐ ɧŭŮɡůɖ ŭɘɏůɢɘůŮ Űɖɜ ŮˊɘűɎɜŮɘŬ ŬůŰɎɗŮɘŬɠ, 

IS. ɀɞɚŬŰŬɨŰŬ, ɗŬ ˊɟɏˊŮɘ ɜŬ ůɖɛŮɘɤɗŮɑ ɧŰɘ ɧɚŮɠ ɞɘ ŰŬůɘəɏɠ ɞŭŮɨůŮɘɠ ůŰɞ ɆɢɐɛŬ 11a 

ŭɘŬůɢɑɕɞɡɜ Űɖɜ ŮˊɘűɎɜŮɘŬ ŬůŰɎɗŮɘŬɠ ɡˊɧ ɛɑŬ ɛŮɔɎɚɖ ɔɤɜɑŬ. ŪŮɤɟɖŰɘəɎ, Űɞ ɏɟɔɞ 

ŭŮɡŰɏɟŬɠ ŰɎɝŮɤɠ, d2W (Hill  1958), ˊɟɏˊŮɘ ŬɜŬɔəŬůŰɘəɎ ɜŬ ɛɖŭŮɜɘůŰŮɑ ɔɘŬ ɜŬ ůɡɛɓŮɑ 

ŬůŰɎɗŮɘŬ əŬɘ ŮˊŮɘŭɐ ŬɡŰɐ ɖ ˊɞůɧŰɖŰŬ ŮɝŬɟŰɎŰŬɘ Ŭˊɧ Űɖɜ əŬŰŮɨɗɡɜůɖ ˊɟɞůŬɡɝɖŰɘəɐɠ 

ŰɎůɖɠ əŬɘ Űɖɜ ɘůŰɞɟɑŬ űɧɟŰɘůɖɠ (Darve et al. 1995) ŮɑɜŬɘ ˊɘɗŬɜɧɜ ɖ ŮɡůŰɎɗŮɘŬ ɜŬ 

ŭɘŬŰɖɟɖɗŮɑ ŮɎɜ ɖ ŮˊɘűɎɜŮɘŬ ŬůŰɎɗŮɘŬɠ ŭɘŬůɢɘůɗŮɑ ɡˊɧ ŭɘŬűɞɟŮŰɘəɏɠ əŬŰŮɡɗɨɜůŮɘɠ. 

ȷɝɑɕŮɘ ɜŬ ůɖɛŮɘɤɗŮɑ ɧŰɘ ɞɟɘůɛɏɜŮɠ Ŭˊɧ Űɘɠ ŰŬůɘəɏɠ ɞŭŮɨůŮɘɠ ůŰɞ Y ï X ŮˊɑˊŮŭɞ Űɞɡ 

ɆɢɐɛŬŰɞɠ 11a ˊŬɟɞɡůɘɎɕɞɡɜ ɏɜŬ ŭɘŬəɟɘŰɧ ɢŬɟŬəŰɖɟɘůŰɘəɧ ɛŮŰɎ Űɞ ůɖɛŮɑɞ ŬůŰɎɗŮɘŬɠ 

ˊɞɡ ɡˊɞŭŮɘəɜɨŮɘ ɧŰɘ ůɡɛɓŬɑɜŮɘ ůŰɟɞűɐ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ ŮɑŰŮ ˊɟɞɠ Űɖɜ 

əŬŰŮɨɗɡɜůɖ Ŭůô1 = 0ɞ ŮɑŰŮ ˊɟɞɠ Űɖɜ əŬŰŮɨɗɡɜůɖ Ŭůô1 = 90ɞ ŭɘɧŰɘ ɖ ŰɎůɖ Ys 

ŬˊɞűɞɟŰɑɕŮŰŬɘ ɛɖ ŬɜŬɚɞɔɘəɎ ɤɠ ˊɟɞɠ Űɖɜ ŰɎůɖ Xs. ȷɡŰɐ ɖ ŬɡɗɧɟɛɖŰɖ (ŬɜŮɝɏɚŮɔəŰɖ) 

ůɡɛˊŮɟɘűɞɟɎ, ɖ ɞˊɞɑŬ ˊŬɟŬŰɖɟŮɑŰŬɘ əŬɘ ůŰɘɠ ŭɞəɘɛɏɠ ŬəŰɘɜɘəɐɠ űɧɟŰɘůɖɠ, ŬˊɞŰŮɚŮɑ 

ɏɜŬ Űɡˊɘəɧ ˊŬɟɎŭŮɘɔɛŬ ŭɘŬəɚɎŭɤůɖɠ Ŭűɞɨ ɖ ŰŬůɘəɐ ɧŭŮɡůɖ ŬəɞɚɞɡɗŮɑ ɛɑŬ 

ŬˊɟɧɓɚŮˊŰɖ, ɛɖ ɛɞɜŬŭɘəɐ ˊɞɟŮɑŬ ˊɞɡ ŮɝŬɟŰɎŰŬɘ Ŭˊɧ Űɘɠ ŬŰɏɚŮɘŮɠ Űɞɡ ůɡůŰɐɛŬŰɞɠ 

ůɡůəŮɡɐ űɧɟŰɘůɖɠ ï ŭɞəɑɛɘɞ (Chu and Leong 2001, Desrues and Georgopoulos 2006). 

Ƀɘ Triantafyllos et al. (2020a) ˊɟɧŰŮɘɜŬɜ ɧŰɘ ɖ ŮɔɔŮɜɐɠ ŬɜɘůɞŰɟɞˊɑŬ, ɛŮŰŬɝɨ Ɏɚɚɤɜ 

ˊŬɟŬɔɧɜŰɤɜ, ŮˊɖɟŮɎɕŮɘ Űɖ ŭɘŬəɚɎŭɤůɖ Űɖɠ ůɡɛˊŮɟɘűɞɟɎɠ Űɞɡ ůɡůŰɐɛŬŰɞɠ 

ŭŮŭɞɛɏɜɞɡ ɧŰɘ ŰŬ ɢŬɟŬəŰɖɟɘůŰɘəɎ ŭɘŬəɚɎŭɤůɖɠ ŮɑɜŬɘ ˊŮɟɘůůɧŰŮɟɞ ŮɡŭɘɎəɟɘŰŬ ɧŰŬɜ ɖ 

ŬůŰɎɗŮɘŬ ůɡɛɓŬɑɜŮɘ ůŮ ůɡɜŭɡŬůɛɞɨɠ ŰɎůŮɤɜ ɛŮ 22.5ɞ Ò Ŭůô1 Ò 35
ɞ ɐ ɛŮ 60ɞ Ò Ŭůô1 Ò 

75ɞ, ŭɖɚŬŭɐ ŮɑŰŮ ɧŰŬɜ ɏɜŬ Ŭˊɧ ŰŬ ŮˊɑˊŮŭŬ ɞɘɞɜŮɑ ŬůŰɞɢɑŬɠ ŰŮɑɜŮɘ ɜŬ ˊɟɞůŬɜŬŰɞɚɘůŰŮɑ 

ɛŮ Űɞ ɞɟɘɕɧɜŰɘɞ ŮˊɑˊŮŭɞ ŭɘŬůŰɟɤɛɎŰɤůɖɠ ɐ ɧŰŬɜ ɖ ɞɚɑůɗɖůɖ ůŰɞ ɞɟɘɕɧɜŰɘɞ ŮˊɑˊŮŭɞ 

ŮɑɜŬɘ ɞ əɡɟɑŬɟɢɞɠ ɛɖɢŬɜɘůɛɧɠ ˊŬɟŬɛɧɟűɤůɖɠ (ŭɖɚ. ɧŰŬɜ ŬdŮ1 = +45ɞ, ɓɚ. əŬɘ ɆɢɐɛŬ 

10b). Ⱥˊɑůɖɠ, ˊŬɟŬŰɖɟɐɗɖəŮ ɧŰɘ ɞɘ ŰŬůɘəɏɠ ɞŭŮɨůŮɘɠ ɛŮŰɎ Űɖ ŭɘŬəɚɎŭɤůɖ 

Ŭəɞɚɞɡɗɞɨɜ ˊŬɟɧɛɞɘŮɠ ŭɘŬŭɟɞɛɏɠ ŬɜŮɝŬɟŰɐŰɤɠ Űɖɠ ˊɟɞɖɔɞɨɛŮɜɖɠ ɘůŰɞɟɑŬɠ űɧɟŰɘůɖɠ 

(ˊ.ɢ. ɓɚ. Űɘɠ ŰŬůɘəɏɠ ɞŭŮɨůŮɘɠ ȷ4, ȷ6, ȸ1, ȸ4, C1) əŬɘ ŬɡŰɐ ɖ ůɡɛˊŮɟɘűɞɟɎ ůɡɜŭɏŮŰŬɘ 

ůɡɢɜɎ ɛŮ Űɖɜ əɑɜɖůɖ Űɞɡ ůɖɛŮɑɞɡ ŰɎůŮɤɜ ˊɎɜɤ ůŮ əɎˊɞɘŬ ɞɟɘŬəɐ ŮˊɘűɎɜŮɘŬ ˊɞɡ 

ˊŮɟɘɔɟɎűŮɘ Űɖɜ əŬŰŬůŰŬŰɘəɐ ůɡɛˊŮɟɘűɞɟɎ Űɞɡ Ŭɛɛɩŭɞɡɠ ɡɚɘəɞɨ (Roscoe et al. 1958, 

Symes et al. 1984). 

ɇŬ ɆɢɐɛŬŰŬ 12a əŬɘ b ŭŮɑɢɜɞɡɜ Űɘɠ ŰŬůɘəɏɠ ɞŭŮɨůŮɘɠ ůŰɞ qd ï pô əŬɘ Ɉ ï ɉ ŮˊɑˊŮŭɞ, 

ŬɜŰɘůŰɞɑɢɤɠ, Ŭˊɧ Űɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ C, ůŰɘɠ ɞˊɞɑŮɠ ɖ ŬůŰɎɗŮɘŬ ůɡɜɏɓɖ ɛŮŰɎ Űɖɜ 

ɞɚɞəɚɐɟɤůɖ Űɞɡ ˊɟɩŰɞɡ əɨəɚɞɡ ůŰɟɞűɐɠ Űɤɜ əɡɟɑɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ. ȷɡŰɧ 

ŮˊŮŰŮɨɢɗɖ ŮˊɘɚɏɔɞɜŰŬɠ ɡɣɖɚɧŰŮɟŮɠ Űɘɛɏɠ Űɞɡ ɚɧɔɞɡ ŰɎůŮɤɜ ůŰŮɟŮɞˊɞɑɖůɖɠ, Kc, ɞɘ 
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ɞˊɞɑŮɠ, ɤůŰɧůɞ, ŬɜŰɘůŰɞɘɢɞɨɜ ůŮ ůŰŬŰɘəɐ ŰɎůɖ, qd, ɛŮɔŬɚɨŰŮɟɖ Ŭˊɧ Űɖɜ ŮɚɎɢɘůŰɖ 

ŬɜŰɞɢɐ Űɖɠ ɘůɧŰɟɞˊŬ ůŰŮɟŮɞˊɞɘɖɛɏɜɖɠ Ɏɛɛɞɡ ɔɘŬ Ŭůô1 Ó 45
ɞ. ȹŮŭɞɛɏɜɞɡ ɧŰɘ ɞ ɟɡɗɛɧɠ 

ŬɜɎˊŰɡɝɖɠ Űɖɠ ɡˊŮɟˊɑŮůɖɠ Űɞɡ ɨŭŬŰɞɠ ˊɧɟɤɜ ɡˊɧ ŮɡůŰŬɗŮɑɠ ůɡɜɗɐəŮɠ ɛŮɘɩɜŮŰŬɘ ɛŮŰɎ 

Űɞɜ ˊɟɩŰɞ əɨəɚɞ ůŰɟɞűɐɠ Űɤɜ əɡɟɑɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ (Ishihara and Towhata 1983, 

Nakata et al. 1998, Yang et al. 2007) ɖ ŰŬůɘəɐ ɧŭŮɡůɖ Ŭˊɧ Űɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ C 

ŭɘŬůɢɑɕŮɘ Űɖɜ ŮˊɘűɎɜŮɘŬ ŬůŰɎɗŮɘŬɠ ɡˊɧ ɛɘəɟɐ ɔɤɜɑŬ. ȳˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ ɆɢɐɛŬ 12b ɖ 

ŮɡůŰɎɗŮɘŬ ŭɘŬŰɖɟŮɑŰŬɘ ɧŰŬɜ ɖ ŮˊɘűɎɜŮɘŬ ŬůŰɎɗŮɘŬɠ ŭɘŬůɢɑɕŮŰŬɘ ɡˊɧ ɛɘəɟɐ ɔɤɜɑŬ 

(ůɢŮŭɧɜ ŮűŬˊŰɞɛŮɜɘəɎ) Ůɜɩ, ɧˊɤɠ ɗŬ ŭŮɘɢŰŮɑ ůŰɖ ůɡɜɏɢŮɘŬ, ɢɎɜŮŰŬɘ ɧŰŬɜ ɖ ŰŬůɘəɐ 

ɧŭŮɡůɖ ůŰɞ qd ï pô ŮˊɑˊŮŭɞ ŭɘŬŰɏɛɜŮɘ Űɞɜ űɗɑɜɞɜŰŬ əɚɎŭɞ Űɖɠ ɇɞˊɘəɐɠ ɃɟɘŬəɐɠ 

ȺˊɘűɎɜŮɘŬɠ ɛŮ űɞɟɎ ˊɟɞɠ ŰŬ ɏɝɤ. 

Ƀɘ ŮŰɘəɏŰŮɠ ˊɞɡ ŮˊɘůɡɜɎˊŰɞɜŰŬɘ ůŰɞɡɠ əɞɑɚɞɡɠ əɨəɚɞɡɠ ůŰɞ ɆɢɐɛŬ 12a ɡˊɞŭŮɘəɜɨɞɡɜ 

Űɖɜ Űɘɛɐ Űɖɠ ɔɤɜɑŬɠ Ŭůô1 ůŰɘɠ ŬɜŰɑůŰɞɘɢŮɠ ŰŬůɘəɏɠ əŬŰŬůŰɎůŮɘɠ, Ůɜɩ ɞɘ ŮŰɘəɏŰŮɠ ˊɞɡ 

ŮˊɘůɡɜɎˊŰɞɜŰŬɘ ůŰɞɡɠ ůɡɛˊŬɔŮɑɠ ɟɧɛɓɞɡɠ ɡˊɞŭŮɘəɜɨɞɡɜ Űɖɜ Űɘɛɐ Űɖɠ ɔɤɜɑŬɠ Ŭůô1 ůŰŬ 

ůɖɛŮɑŬ ŬůŰɎɗŮɘŬɠ. ɆŰɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ ŰŬůɘəɐɠ ɧŭŮɡůɖɠ C6, ɞ ůɡɛˊŬɔɐɠ ɟɧɛɓɞɠ 

ɡˊɞŭŮɘəɜɨŮɘ Űɖɜ əŬŰɎůŰŬůɖ ůŰɖɜ ɞˊɞɑŬ ɖ Ɏɛɛɞɠ ŬůŰɞɢŮɑ ůŰɖɜ əɞɟɡűŬɑŬ Űɘɛɐ qd / pô 

(ɐ q / pô) əŬɘ ɢɎɜŮŰŬɘ ɞ ɏɚŮɔɢɞɠ Űɞɡ ˊɟɞɔɟɎɛɛŬŰɞɠ űɧɟŰɘůɖɠ (loss of controllability) 

(Nova 1994), Ůɜɩ ɖ ŭɡɜŬɛɘəɐ ŬůŰɎɗŮɘŬ ˊɞɡ ɞŭɖɔŮɑ ůŰɖɜ ˊŬɟɞŭɘəɐ ɛɞɜɧŰɞɜɖ 

ɟŮɡůŰɞˊɞɑɖůɖ (flow instability) ůɡɛɓŬɑɜŮɘ ůŮ ɛɑŬ Ɏɚɚɖ əŬŰɎůŰŬůɖ əɞɟɡűŬɑŬɠ 

ŬůŰɞɢɑŬɠ ˊɞɡ ɡˊɞŭŮɘəɜɨŮŰŬɘ ɛŮ ɏɜŬ ŰŮŰɟɎɔɤɜɞ Űɞ ɞˊɞɑɞ ɏɢŮɘ ɏɜŬ ůɨɛɓɞɚɞ x ůŰɞ 

əɏɜŰɟɞ ŰɞɡȚ ɞɡůɘŬůŰɘəɎ, ɖ Ɏɛɛɞɠ ɟŮɡůŰɞˊɞɘŮɑŰŬɘ Ŭűɞɨ ˊɟɞɖɔɞɡɛɏɜɤɠ ɏɢŮɘ ŮˊɘɓɚɖɗŮɑ 

ůŰɟɞűɐ Űɤɜ əɡɟɑɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ ˊɎɜɤ ůŰɖɜ ŮˊɘűɎɜŮɘŬ əɞɟɡűŬɑŬɠ ŬůŰɞɢɑŬɠ.  

ȼ əŬɛˊɨɚɖ ˊɞɡ ˊɟɞůŬɟɛɧɕŮŰŬɘ ůŰɞɡɠ ůɡɛˊŬɔŮɑɠ ɟɧɛɓɞɡɠ (ůɖɛŮɑŬ ŬůŰɎɗŮɘŬɠ) ůŰɞ Y 

ï X ŮˊɑˊŮŭɞ Űɞɡ ɆɢɐɛŬŰɞɠ 12b ɞɜɞɛɎɕŮŰŬɘ ɖ ŮɝŮɚɘɔɛɏɜɖ ŮˊɘűɎɜŮɘŬ ŬůŰɞɢɑŬɠ (evolved 

instability surface) əŬɘ ŮɑɜŬɘ ɏɜŬ ŰɛɐɛŬ ɏɚɚŮɘɣɖɠ (ɛŮ Űɞɜ əɨɟɘɞ ɎɝɞɜɎ Űɖɠ ɜŬ 

ŰŬɡŰɑɕŮŰŬɘ ɛŮ Űɞɜ X-ɎɝɞɜŬ əŬɘ Űɞɜ ŭŮɡŰŮɟŮɨɞɜŰŬ ɎɝɞɜŬ Űɖɠ ɜŬ ŮɑɜŬɘ ˊŬɟɎɚɚɖɚɞɠ ůŰɞɜ 

Ɉ-ɎɝɞɜŬ ůŮ ɗɏůɖ ɛŮ ɉ > 0) ˊɞɡ ɓɟɑůəŮŰŬɘ ɛŮŰŬɝɨ Űɖɠ Ŭɟɢɘəɐɠ ŮˊɘűɎɜŮɘŬɠ ŬůŰɎɗŮɘŬɠ 

(initial instability  surface) əŬɘ Űɖɠ ŮˊɘűɎɜŮɘŬɠ əɞɟɡűŬɑŬɠ ŬůŰɞɢɑŬɠ. ɇɞɜɑɕŮŰŬɘ ɧŰɘ ŮɑɜŬɘ 

ŭɡɜŬŰɧɜ ɜŬ ɞɟɘůŰɞɨɜ ŭɘŬűɞɟŮŰɘəɏɠ ŮˊɘűɎɜŮɘŮɠ ŬůŰɎɗŮɘŬɠ ˊɞɡ ŬɜŰɘůŰɞɘɢɞɨɜ ůŮ 

ŭɘŬűɞɟŮŰɘəɏɠ ɘůŰɞɟɑŮɠ űɧɟŰɘůɖɠ əŬɘ ůŰŮɟɞɨɜŰŬɘ ŮɔɔŮɜɞɨɠ ŬɝɑŬɠ (Darve et al. 1995). 

ɀɞɚŬŰŬɨŰŬ, ɖ ɢɟɖůɘɛɧŰɖŰŬ ŬɡŰɩɜ Űɤɜ ɜɞɖŰɘəɩɜ əŬŰŬůəŮɡŬůɛɎŰɤɜ ɏɔəŮɘŰŬɘ ůŰɞ 

ɔŮɔɞɜɧɠ ɧŰɘ ŮˊɘůɖɛŬɑɜɞɡɜ Űɖɜ ŮɝɎɟŰɖůɖ Űɖɠ ůɡɜɗɐəɖɠ Ůəəɑɜɖůɖɠ Űɖɠ ŬůŰɎɗŮɘŬɠ Ŭˊɧ 

Űɖɜ ɘůŰɞɟɑŬ ŰɎůŮɤɜ ï ˊŬɟŬɛɞɟűɩůŮɤɜ. Ⱥˊɑůɖɠ, ɡˊɞŭŮɘəɜɨɞɡɜ ɧŰɘ ɖ ůɡɛˊŮɟɘűɞɟɎ Űɖɠ 

Ɏɛɛɞɡ əŬŰɎ Űɖ űɎůɖ Űɖɠ ˊŬɟɞŭɘəɐɠ ɛɞɜɧŰɞɜɖɠ ɟŮɡůŰɞˊɞɑɖůɖɠ ŮˊɖɟŮɎɕŮŰŬɘ Ŭˊɧ Űɖɜ 

ŮɔɔɨŰɖŰŬ Űɞɡ ůɖɛŮɑɞɡ ŬůŰɎɗŮɘŬɠ ˊɟɞɠ Űɖɜ ŮˊɘűɎɜŮɘŬ əɞɟɡűŬɑŬɠ ŬůŰɞɢɑŬɠ, ˊɘɗŬɜɩɠ Ůɝ 

ŬɘŰɑŬɠ Űɖɠ ŮɝŮɚɘůůɧɛŮɜɖɠ ŬɜɘůɞŰɟɞˊɑŬɠ (evolving / induced anisotropy). 

ȼ ŮˊɑŭɟŬůɖ Űɖɠ ɘůŰɞɟɑŬɠ ŰɎůŮɤɜ ůŰɖ ůɡɜɗɐəɖ ŬůŰɎɗŮɘŬɠ ɢŬɚŬɟɐɠ Ɏɛɛɞɡ 

ŮˊɘůɖɛŬɑɜŮŰŬɘ ůŰɞ ɆɢɐɛŬ 13 Űɞ ɞˊɞɑɞ ŭŮɑɢɜŮɘ Űɖ ɔɤɜɑŬ ŭɘŬŰɛɖŰɘəɐɠ ŬɜŰɑůŰŬůɖɠ, ű, ůŮ 

ůɡɜɎɟŰɖůɖ ɛŮ Űɖ ɔɤɜɑŬ əɨɟɘŬɠ əŬŰŮɨɗɡɜůɖɠ ŰɎůŮɤɠ, Ŭůô1, ůŰŬ ůɖɛŮɑŬ ŬůŰɎɗŮɘŬɠ əŬɘ 

əɞɟɡűŬɑŬɠ ŬůŰɞɢɑŬɠ. ɇŬ ůɖɛŮɑŬ ŬůŰɎɗŮɘŬɠ ůŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ ȷ ůɡɛɓɞɚɑɕɞɜŰŬɘ ɛŮ 

ůɡɛˊŬɔŮɑɠ (ɐ əɞɑɚɞɡɠ) əɨəɚɞɡɠ, ůŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ B ɐ C* (C1-2) ɛŮ ůɡɛˊŬɔɐ 

ŰŮŰɟɎɔɤɜŬ əŬɘ ůŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ C (C3-6) ɛŮ ůɡɛˊŬɔŮɑɠ ɟɧɛɓɞɡɠ (ɐ ɛŮ Űɞ 

ŰŮŰɟɎɔɤɜɞ ˊɞɡ ɏɢŮɘ Űɞ ůɨɛɓɞɚɞ x ůŰɞ əɏɜŰɟɞ Űɞɡ). ɇŬ ůɖɛŮɑŬ əɞɟɡűŬɑŬɠ ŬůŰɞɢɑŬɠ 
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ůŰɘɠ ŭɞəɘɛɏɠ ɧɚɤɜ Űɤɜ Űɨˊɤɜ ŬˊŮɘəɞɜɑɕɞɜŰŬɘ ɛŮ ŰŬ ůɨɛɓɞɚŬ x. ɇɞ ɆɢɐɛŬ 13 Ůˊɑůɖɠ 

ŭŮɑɢɜŮɘ Űɖɜ Ŭɟɢɘəɐ ŮˊɘűɎɜŮɘŬ ŬůŰɎɗŮɘŬɠ, Űɖɜ ŮɝŮɚɘɔɛɏɜɖ ŮˊɘűɎɜŮɘŬ ŬůŰɎɗŮɘŬɠ, Űɖɜ 

ŮˊɘűɎɜŮɘŬ əɞɟɡűŬɑŬɠ ŬůŰɞɢɑŬɠ əŬɘ Űɖɜ ɧŭŮɡůɖ Ůɝɏɚɘɝɖɠ Űɤɜ ůɡɜŭɡŬůɛɩɜ (Ŭůô1 , ű) 

ůŰɖ ŭɞəɘɛɐ C6. ȺɑɜŬɘ ˊɟɞűŬɜɏɠ ɧŰɘ ɖ Űɘɛɐ Űɖɠ ɔɤɜɑŬɠ űip ůŰɞ ůɖɛŮɑɞ ŬůŰɎɗŮɘŬɠ ŭŮɜ 

ŮɑɜŬɘ ŬˊɞəɚŮɘůŰɘəɐ ůɡɜɎɟŰɖůɖ Űɖɠ ɔɤɜɑŬɠ Ŭůô1 ŬɚɚɎ ŮɝŬɟŰɎŰŬɘ, Ůˊɑůɖɠ, əŬɘ Ŭˊɧ Űɖɜ 

ɘůŰɞɟɑŬ űɧɟŰɘůɖɠ. ũɘŬ ˊŬɟɎŭŮɘɔɛŬ, ɖ ɔɤɜɑŬ űip ŮɑɜŬɘ ɑůɖ ɛŮ 20.0
ɞ, 25.6ɞ ɐ 39.1ɞ ůŰɘɠ 

ŭɞəɘɛɏɠ ȷ13, C3 əŬɘ C6, ŬɜŰɘůŰɞɑɢɤɠ, Ůɜɩ ɖ ɔɤɜɑŬ Ŭůô1 ŮɑɜŬɘ ˊŮɟɑˊɞɡ ɑůɖ ɛŮ 60
ɞ. 

Ⱥˊɑůɖɠ, ɖ ɧŭŮɡůɖ Ůɝɏɚɘɝɖɠ Űɤɜ ůɡɜŭɡŬůɛɩɜ (Ŭůô1 , ű) ůŰɖ ŭɞəɘɛɐ C6 ŭɘŬůɢɑɕŮɘ 

ŮɡůŰŬɗɩɠ Űɖɜ Ŭɟɢɘəɐ ŮˊɘűɎɜŮɘŬ ŬůŰɎɗŮɘŬɠ əŬɘ űŰɎɜŮɘ ůŰɖɜ ŮˊɘűɎɜŮɘŬ əɞɟɡűŬɑŬɠ 

ŬůŰɞɢɑŬɠ, ˊɎɜɤ ůŰɖɜ ɞˊɞɑŬ əɘɜŮɑŰŬɘ ˊɟɞŰɞɨ ˊɟɞəɚɖɗŮɑ ɖ ŬůŰŬɗɐɠ ɛɞɜɧŰɞɜɖ 

ɟŮɡůŰɞˊɞɑɖůɖ. ɆɖɛŮɘɩɜŮŰŬɘ ɧŰɘ Űɞ ůɢɐɛŬ Űɖɠ ŮˊɘűɎɜŮɘŬɠ əɞɟɡűŬɑŬɠ ŬůŰɞɢɑŬɠ 

ɡˊɞŭŮɘəɜɨŮɘ Űɖɜ ŮˊɑŭɟŬůɖ Űɖɠ ŮɔɔŮɜɞɨɠ ŬɜɘůɞŰɟɞˊɑŬɠ ůŰŬ ɢŬɟŬəŰɖɟɘůŰɘəɎ ŬůŰɞɢɑŬɠ. 

ȼ ŮˊɑŭɟŬůɖ Űɖɠ ɘůŰɞɟɑŬɠ ˊŬɟŬɛɞɟűɩůŮɤɜ ůŰɖ ůɡɜɗɐəɖ ŬůŰɎɗŮɘŬɠ əŬɘ ůŰɖ 

ůɡɛˊŮɟɘűɞɟɎ ɢŬɚŬɟɐɠ Ɏɛɛɞɡ əŬŰɎ Űɖ ɛɞɜɧŰɞɜɖ ɟŮɡůŰɞˊɞɑɖůɖ ŮˊɘůɖɛŬɑɜŮŰŬɘ ůŰɞ 

ɆɢɐɛŬ 14 Űɞ ɞˊɞɑɞ ŭŮɑɢɜŮɘ Űɖɜ Űɘɛɐ Űɖɠ əŬɜɞɜɘəɞˊɞɘɖɛɏɜɖɠ ɡˊŮɟˊɑŮůɖɠ Űɞɡ ɨŭŬŰɞɠ 

ˊɧɟɤɜ, ȹu / pôin, ůŮ ůɡɜɎɟŰɖůɖ ɛŮ Űɖ ɔɤɜɑŬ əŬŰŮɨɗɡɜůɖɠ Űɖɠ əɨɟɘŬɠ ŰɎůŮɤɠ, Ŭůô1, 

ůŰŬ ůɖɛŮɑŬ ŬůŰɎɗŮɘŬɠ əŬɘ ŬɚɚŬɔɐɠ űɎůɖɠ ˊɞɡ ˊŬɟŬŰɖɟɐɗɖəŬɜ ůŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ ȷ 

əŬɘ C (C3-6)Ț ůŮ ŬɡŰɧ Űɞ ůɢɐɛŬ ɗŮɤɟŮɑŰŬɘ ɧŰɘ Ŭpt ſ Ŭip. ɀŮ ůəɞˊɧ ɜŬ ŭɘŬɢɤɟɘůŰŮɑ ɖ 

ˊɚŬůŰɘəɐ ůɡůŰɞɚɐ ˊɞɡ ůɡɛɓŬɑɜŮɘ ŬůŰŬɗɩɠ əŬŰɎ Űɖ ɛɞɜɧŰɞɜɖ ɟŮɡůŰɞˊɞɑɖůɖ Ŭˊɧ 

ŬɡŰɐɜ ˊɞɡ ůɡɛɓŬɑɜŮɘ ˊɟɘɜ Űɖɜ Ůəəɑɜɖůɖ Űɖɠ ŬůŰɎɗŮɘŬɠ (Borja 2006) əŬɘ ɜŬ 

ˊɞůɞŰɘəɞˊɞɘɖɗŮɑ ɏɛɛŮůŬ ɖ ˊɟɩŰɖ ɞɟɑůŰɖəŮ ɖ ˊŬɟɎɛŮŰɟɞɠ ɛɞɜɧŰɞɜɖɠ ɟŮɡůŰɞˊɞɑɖůɖɠ 

(flow parameter) UI = (upt ï uip) / pôin. ɄɟɞůɞɛɞɘɩůŮɘɠ űɧɟŰɘůɖɠ əɞəəɤŭɩɜ ɡɚɘəɩɜ ɛŮ 

Űɖ ɛɏɗɞŭɞ ŭɘŬəɟɘŰɩɜ ůŰɞɘɢŮɑɤɜ (DEM) ɏɢɞɡɜ ŭŮɑɝŮɘ ɧŰɘ ɖ ŬˊɞűɧɟŰɘůɖ Űɤɜ ŰɎůŮɤɜ pô 

əŬɘ q əŬŰɎ Űɖɜ ɘůɧɢɤɟɖ ɛɞɜɞŰɞɜɘəɐ ɟŮɡůŰɞˊɞɑɖůɖ ůɡɜŭɏŮŰŬɘ ɛŮ Űɖ ɛŮɑɤůɖ Űɞɡ 

Ŭɟɘɗɛɞɨ Űɤɜ ůɖɛŮɑɤɜ ŭɘŮˊŬűɐɠ Űɤɜ əɧəəɤɜ əŬɘ Űɖɜ ŬˊɞŭɡɜɎɛɤůɖ Űɤɜ űɞɟŰɘůɛɏɜɤɜ 

ŭɞɛɩɜ əɧəəɤɜ (force chains) (Gong et al. 2012, Guo and Zhao 2013), ȼ ˊŬɟɎɛŮŰɟɞɠ 

UI ŮɜŭɏɢŮŰŬɘ ɜŬ ŮəűɟɎɕŮɘ ɛŬəɟɞůəɞˊɘəɎ ŬɡŰɐɜ Űɖɜ Ŭˊɞŭɧɛɖůɖ, ɖ ɞˊɞɑŬ ŮɝŬɟŰɎŰŬɘ 

Ŭˊɧ Űɖɜ ɘůŰɞɟɑŬ ŰɎůŮɤɜ ï ˊŬɟŬɛɞɟűɩůŮɤɜ ɧˊɤɠ ɗŬ ŭŮɘɢŰŮɑ ůŰɖ ůɡɜɏɢŮɘŬ.    

ɇɞ ɆɢɐɛŬ 14 ŭŮɑɢɜŮɘ ɧŰɘ ůŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ ȷ ɞ ɚɧɔɞɠ (ȹu / pôin)ip ŮɑɜŬɘ ˊɟŬəŰɘəɎ 

ůŰŬɗŮɟɧɠ əŬɘ ɑůɞɠ ɛŮ 0.30, ŬɜŮɝŬɟŰɐŰɤɠ Űɖɠ Űɘɛɐɠ Űɖɠ ɔɤɜɑŬɠ Ŭůô1, Ůɜɩ ɞ ɚɧɔɞɠ (ȹu / 

pôin)pt ŮɑɜŬɘ ɑůɞɠ ɛŮ 0.44 ɧŰŬɜ Ŭůô1 = 10ɞ, ɏˊŮɘŰŬ ŬɡɝɎɜŮŰŬɘ ůŮ 0.90 ï 0.91 ɧŰŬɜ ɖ ɔɤɜɑŬ 

Ŭůô1 ɚŬɛɓɎɜŮɘ Űɘɛɏɠ ůŰɞ Ůɨɟɞɠ 60
ɞ ï 75ɞ əŬɘ ŰŮɚɘəɎ ɛŮɘɩɜŮŰŬɘ ŮɚŬűɟɩɠ ůŰɖɜ Űɘɛɐ 0.83 

ɧŰŬɜ Ŭůô1 = 90ɞ. ȷɜŰɘɗɏŰɤɠ, ůŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ C (C3-6) ɞ ɚɧɔɞɠ (ȹu / pôin)ip ŮɑɜŬɘ 

ɑůɞɠ ɛŮ 0.68 ï 0.69 ɧŰŬɜ ɖ ɔɤɜɑŬ Ŭůô1 əɡɛŬɑɜŮŰŬɘ ɛŮŰŬɝɨ 57.4
ɞ əŬɘ 64.4ɞ əŬɘ ɛŮɘɩɜŮŰŬɘ 

ůŮ 0.55 ɧŰŬɜ ɖ ɔɤɜɑŬ Ŭůô1 əɡɛŬɑɜŮŰŬɘ ɛŮŰŬɝɨ 79.6
ɞ əŬɘ 90.0ɞ, Ůɜɩ ɞ ɚɧɔɞɠ (ȹu / pôin)pt 

ŮɑɜŬɘ ɑůɞɠ ɛŮ 0.85 ɧŰŬɜ ɖ ɔɤɜɑŬ Ŭůô1 əɡɛŬɑɜŮŰŬɘ ɛŮŰŬɝɨ 57.4
ɞ əŬɘ 90.0ɞ. ȰɜŬ 

ůɖɛŬɜŰɘəɧ ůɡɛˊɏɟŬůɛŬ ŮɑɜŬɘ ɧŰɘ ɖ Űɘɛɐ Űɞɡ ɚɧɔɞɡ (ȹu / pôin)pt ŭŮɜ ŮˊɖɟŮɎɕŮŰŬɘ 

ˊɟŬəŰɘəɩɠ Ŭˊɧ Űɖɜ ɘůŰɞɟɑŬ űɧɟŰɘůɖɠ (ɧŰŬɜ Kc Ó 0.64) əŬɘ ŮɝŬɟŰɎŰŬɘ ɛɧɜɞ Ŭˊɧ Űɖɜ 

Űɘɛɐ Ŭpt, Ůɜɩ ɖ Űɘɛɐ Űɖɠ ˊŬɟŬɛɏŰɟɞɡ UI = (upt ï uip) / pôin ɛŮɘɩɜŮŰŬɘ ŭɟŬůŰɘəɎ ůŰɘɠ 

ŭɞəɘɛɏɠ C3 ɏɤɠ C6. ɄŬɟɧɛɞɘŬ ŬˊɞŰŮɚɏůɛŬŰŬ ˊɞɡ Ŭűɞɟɞɨɜ Űɖɜ ŮɝɎɟŰɖůɖ Űɞɡ ɚɧɔɞɡ 

(ȹu / pôin)pt Ŭˊɧ Űɖɜ Űɘɛɐ Űɖɠ ɔɤɜɑŬɠ Ŭpt, ɖ ɞˊɞɑŬ ˊɘɗŬɜɩɠ ɞűŮɑɚŮŰŬɘ ůŰɖɜ ŮɔɔŮɜɐ 

ŬɜɘůɞŰɟɞˊɑŬ Űɖɠ Ɏɛɛɞɡ, ɏɢɞɡɜ ŬɜŬűŮɟɗŮɑ Ŭˊɧ Űɞɡɠ Yoshimine et al. (1998), 
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Yoshimine and Ishihara (1998). ɆɖɛŮɘɩɜŮŰŬɘ ɧŰɘ ɢŬɛɖɚɧŰŮɟŮɠ Űɘɛɏɠ Űɖɠ ˊŬɟŬɛɏŰɟɞɡ 

UI ŬɜŰɘůŰɞɘɢɞɨɜ ůŮ ɡɣɖɚɧŰŮɟŮɠ Űɘɛɏɠ Űɖɠ ˊŬɟŬɛɏŰɟɞɡ sin űip (ůŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ C), 

ɡˊɞŭŮɘəɜɨɞɜŰŬɠ ɧŰɘ ɖ ůɡɛˊŮɟɘűɞɟɎ Űɖɠ Ɏɛɛɞɡ əŬŰɎ Űɖ ɛɞɜɧŰɞɜɖ ɟŮɡůŰɞˊɞɑɖůɖ 

ɔɑɜŮŰŬɘ ɚɘɔɧŰŮɟɞ ůɡůŰɞɚɘəɐ ůŮ ɛɑŬ ŭŮŭɞɛɏɜɖ əɨɟɘŬ əŬŰŮɨɗɡɜůɖ ŰɎůŮɤɠ, Ŭůô1, ɧŰŬɜ ɖ 

ɟŮɡůŰɞˊɞɑɖůɖ ˊɟɞəŬɚŮɑŰŬɘ ˊɘɞ əɞɜŰɎ ůŰɖɜ ŮˊɘűɎɜŮɘŬ əɞɟɡűŬɑŬɠ ŬůŰɞɢɑŬɠ, ˊɘɗŬɜɩɠ 

ɚɧɔɤ Űɖɠ ŮɝŮɚɘůůɧɛŮɜɖɠ ŬɜɘůɞŰɟɞˊɑŬɠ. 

ɇŬ ɆɢɐɛŬŰŬ 15a əŬɘ b ŭŮɑɢɜɞɡɜ Űɖɜ ŰŬůɘəɐ ɧŭŮɡůɖ ůŰɞ qd ï pô əŬɘ Ɉ ï ɉ ŮˊɑˊŮŭɞ, 

ŬɜŰɘůŰɞɑɢɤɠ, Ŭˊɧ Űɖ ŭɞəɘɛɐ C3 ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ Űɞɡɠ ɑŭɘɞɡɠ ůɡɛɓɞɚɘůɛɞɨɠ ɛŮ 

ŬɡŰɞɨɠ ůŰɞ ɆɢɐɛŬ 12. ɆŰɞ ɆɢɐɛŬ 15a Ŭ́ ŮɘəɞɜɑɕɞɜŰŬɘ, Ůˊɑůɖɠ, ɞɘ ŰŬůɘəɏɠ ɞŭŮɨůŮɘɠ 

Ŭˊɧ Űɘɠ ŭɞəɘɛɏɠ ȷ8 əŬɘ ȷ13 ɛŮ ůəɞˊɧ ɜŬ ŬˊɞŰɡˊɤɗŮɑ ɖ Űɞˊɘəɐ ɞɟɘŬəɐ ŮˊɘűɎɜŮɘŬ 

(LBS) Űɖɠ ɘůɧŰɟɞˊŬ ůŰŮɟŮɞˊɞɘɖɛɏɜɖɠ ɢŬɚŬɟɐɠ Ɏɛɛɞɡ ɔɘŬ Ŭůô1 = 45ɞ  əŬɘ 60ɞ. ȼ 

ŰŬůɘəɐ ɧŭŮɡůɖ C3 ŭɘŬůɢɑɕŮɘ Űɖɜ Ŭɟɢɘəɐ ŮˊɘűɎɜŮɘŬ ŬůŰɎɗŮɘŬɠ (initial IS) ůŰɞ ůɖɛŮɑɞ 1 

ɛŮ Ŭůô1 = 45ɞ əŬɘ ű = 22.1ɞ əŬŰɎ Űɖ ŭɘɎɟəŮɘŬ Űɞɡ ˊɏɛˊŰɞɡ əɨəɚɞɡ űɧɟŰɘůɖɠ, 

ɛɞɚŬŰŬɨŰŬ, ɖ ŮɡůŰɎɗŮɘŬ ŭɘŬŰɖɟŮɑŰŬɘ ɛɏɢɟɘ Űɞ ůɖɛŮɑɞ ɧˊɞɡ ɞ űɗɑɜɤɜ əɚɎŭɞɠ Űɖɠ 

Űɞˊɘəɐɠ ɞɟɘŬəɐɠ ŮˊɘűɎɜŮɘŬɠ ŭɘŬŰɏɛɜŮŰŬɘ ɛɏůŬ ůŰɞɜ ɑŭɘɞ əɨəɚɞ űɧɟŰɘůɖɠ ůŰɞ ůɖɛŮɑɞ 2 

ɛŮ Ŭůô1 = 57.4ɞ əŬɘ ű = 25.6ɞ. ɆɖɛŮɘɩɜŮŰŬɘ ɧŰɘ ɖ Ŭɟɢɘəɐ ŮˊɘűɎɜŮɘŬ ŬůŰɎɗŮɘŬɠ 

ŭɘŬůɢɑɕŮŰŬɘ ɡˊɧ ɛɑŬ ɛɘəɟɐ ɔɤɜɑŬ Ůɜɩ ɖ Űɞˊɘəɐ ɞɟɘŬəɐ ŮˊɘűɎɜŮɘŬ ŭɘŬŰɏɛɜŮŰŬɘ ɛŮ űɞɟɎ 

ˊɟɞɠ ŰŬ ɏɝɤ. Ⱥˊɑůɖɠ, Űɞ ɏɜŬ Ŭˊɧ ŰŬ ŮˊɑˊŮŭŬ ɞɘɞɜŮɑ ŬůŰɞɢɑŬɠ ůɢɖɛŬŰɑɕŮɘ ɔɤɜɑŬ 11ɞ ɛŮ 

Űɞ ɞɟɘɕɧɜŰɘɞ ŮˊɑˊŮŭɞ ŭɘŬůŰɟɤɛɎŰɤůɖɠ ůŰɞ ůɖɛŮɑɞ 1, Ůɜɩ ŰŬɡŰɑɕŮŰŬɘ ɛŮ ŬɡŰɧ ůŰɞ 

ůɖɛŮɑɞ 2. ȷɡŰɎ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ ɡˊɞŭŮɘəɜɨɞɡɜ ɧŰɘ Űɞ ůɖɛŮɑɞ ŬůŰɎɗŮɘŬɠ ɡˊɧ 

ůɡɜɗɐəŮɠ űɧɟŰɘůɖɠ ŮɛˊɞŭɘɕɧɛŮɜɖɠ ůŰɟɎɔɔɘůɖɠ ɛŮ ůɡɜŮɢɐ ůŰɟɞűɐ Űɤɜ əɡɟɑɤɜ Ŭɝɧɜɤɜ 

ŰɎůŮɤɠ çˊɟɞůŮɚəɨŮŰŬɘè ůŮ ůɡɜŭɡŬůɛɞɨɠ (Ŭůô1 , ű) ˊɞɡ ŬɜŰɘůŰɞɘɢɞɨɜ ůŮ ŭɡůɛŮɜŮɑɠ 

əɘɜɖɛŬŰɘəɏɠ ůɡɜɗɐəŮɠ ˊŬɟŬɛɧɟűɤůɖɠ.  

Ƀɘ Űɘɛɏɠ Űɤɜ ˊŬɟŬɛɏŰɟɤɜ (ȹu / pôin)pt əŬɘ UI = (upt ï uip) / pôin ůŰɖ ŭɞəɘɛɐ C3 ŮɑɜŬɘ 

0.86 əŬɘ 0.18, ŬɜŰɘůŰɞɑɢɤɠ. ȳŰŬɜ ůɡɔəɟɘɗɞɨɜ ɛŮ Űɘɠ ŬɜŰɑůŰɞɘɢŮɠ Űɘɛɏɠ ůŰɖ ŭɞəɘɛɐ ȷ11, 

ɞɘ ɞˊɞɑŮɠ ŮɑɜŬɘ 0.70 əŬɘ 0.39, ɛˊɞɟŮɑ ɜŬ ůɡɜŬɢɗŮɑ ɧŰɘ Űɞ ɢŬɚŬɟɧŰŮɟɞ ŭɞəɑɛɘɞ C3 (e = 

0.721), Űɞ ɞˊɞɑɞ ɟŮɡůŰɞˊɞɘɐɗɖəŮ ůŰɖɜ əɨɟɘŬ əŬŰŮɨɗɡɜůɖ ŰɎůŮɤɠ Ŭip = 57.4ɞ, ŮɑɜŬɘ 

ɚɘɔɧŰŮɟɞ ůɡůŰɞɚɘəɧ əŬŰɎ Űɖ űɎůɖ Űɖɠ ɛɞɜɧŰɞɜɖɠ ɟŮɡůŰɞˊɞɑɖůɖɠ Ŭˊɧ Űɞ ˊɡəɜɧŰŮɟɞ 

ŭɞəɑɛɘɞ ȷ11 (e = 0.699), Űɞ ɞˊɞɑɞ ɟŮɡůŰɞˊɞɘɐɗɖəŮ ůŰɖɜ əɨɟɘŬ əŬŰŮɨɗɡɜůɖ ŰɎůŮɤɠ 

Ŭip = 49.5ɞ. ɇɞ ɑŭɘɞ ůɡɛˊɏɟŬůɛŬ ůɡɜɎɔŮŰŬɘ əŬɘ Ŭˊɧ Űɖ ůɨɔəɟɘůɖ Űɤɜ Űɘɛɩɜ Űɖɠ 

ŭɘŬŰɛɖŰɘəɐɠ ˊŬɟŬɛɧɟűɤůɖɠ, ɔoct, ůŰɞ ůɖɛŮɑɞ ŬɚɚŬɔɐɠ űɎůɖɠ ůŰɘɠ ŭɞəɘɛɏɠ C3 əŬɘ 

ȷ11, ˊɞɡ ŮɑɜŬɘ 3.9% əŬɘ 3.5%, ŬɜŰɘůŰɞɑɢɤɠ. ɄɟɞűŬɜɩɠ, ɖ ɘůŰɞɟɑŬ ŰɎůŮɤɜ - 

ˊŬɟŬɛɞɟűɩůŮɤɜ ˊɞɡ ˊɟɞɖɔŮɑŰŬɘ Űɖɠ ɏɜŬɟɝɖɠ Űɖɠ ɛɞɜɧŰɞɜɖɠ ɟŮɡůŰɞˊɞɑɖůɖɠ 

ŮˊɖɟŮɎɕŮɘ Űɖɜ ɛŮŰŬɔŮɜɏůŰŮɟɖ ůɡɛˊŮɟɘűɞɟɎ ˊŬɟɧɚɞ ˊɞɡ ɖ Űɘɛɐ Űɞɡ ɚɧɔɞɡ (ȹu / pôin)pt  

ŮɝŬɟŰɎŰŬɘ ɛɧɜɞ Ŭˊɧ Űɘɠ ˊŬɟŬɛɏŰɟɞɡɠ Ŭpt əŬɘ e (ɓɚ. ɆɢɐɛŬ 14).    

ɇŬ ɕŮɨɔɖ ůɖɛŮɑɤɜ 3 ï 4 əŬɘ 5 ï 6 ůŰɞ ɆɢɐɛŬ 15b ɡˊɞŭŮɘəɜɨɞɡɜ Űɖɜ ɏɜŬɟɝɖ əŬɘ ɚɐɝɖ 

ŭɨɞ ɏɜŰɞɜɤɜ ɔŮɔɞɜɧŰɤɜ ŬɜɎˊŰɡɝɖɠ ůɡɔəŮɜŰɟɤɛɏɜɤɜ ˊŬɟŬɛɞɟűɩůŮɤɜ ŰŬ ɞˊɞɑŬ 

ůɡɜɏɓɖůŬɜ ůŮ ɛŮɔɎɚŮɠ ˊŬɟŬɛɞɟűɩůŮɘɠ (ůŮ ɞɜɞɛŬůŰɘəɐ ˊŬɟŬɛɧɟűɤůɖ ɔoct å 16% əŬɘ 

18%, ŬɜŰɘůŰɞɑɢɤɠ) əŬɘ ɏɔɘɜŬɜ ŬɜŰɘɚɖˊŰɎ ɛɏůɤ ɞˊŰɘəɐɠ ˊŬɟŬŰɐɟɖůɖɠ əŬɘ ŮɟɛɖɜŮɑŬɠ 

Űɞɡ Űɟɧˊɞɡ ŬɜɎˊŰɡɝɖɠ Űɤɜ ɞɜɞɛŬůŰɘəɩɜ ŰɎůŮɤɜ əŬɘ ˊŬɟŬɛɞɟűɩůŮɤɜȚ ŬůɗŮɜɐɠ 

ůɡɔəɏɜŰɟɤůɖ Űɤɜ ˊŬɟŬɛɞɟűɩůŮɤɜ, ɛŮ ɛɖ ŬɜɘɢɜŮɨůɘɛɖ ŮˊɑŭɟŬůɖ ůŰŬ ɛŮŰɟɞɨɛŮɜŬ 

ɛŮɔɏɗɖ ůŰŬ ůɨɜɞɟŬ Űɞɡ ŭɞəɘɛɑɞɡ, ˊŬɟŬŰɖɟɐɗɖəŮ ɔɘŬ ˊɟɩŰɖ űɞɟɎ ůŰɞ ůɖɛŮɑɞ H (ɔoct 
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= 8.2%) ɧŰŬɜ ɖ ŬɜŰɞɢɐ Űɖɠ Ɏɛɛɞɡ ŮˊŬɜŬəŰɐɗɖəŮ ɡˊɧ ůɡɜɗɐəŮɠ ˊɚŬůŰɘəɐɠ ŭɘŬůŰɞɚɐɠ 

ɛŮŰɎ Űɞ ůɖɛŮɑɞ ŬɚɚŬɔɐɠ űɎůɖɠ. Ƀɘ ɞɜɞɛŬůŰɘəɏɠ Űɘɛɏɠ Űɤɜ Ŭůô1 əŬɘ ű ɡˊɞŭŮɘəɜɨɞɡɜ ɧŰɘ 

Űɞ ɏɜŬ Ŭˊɧ ŰŬ ŮˊɑˊŮŭŬ ɞɘɞɜŮɑ ŬůŰɞɢɑŬɠ ůɢɖɛŬŰɑɕŮɘ ɔɤɜɑŬ 11ɞ ɛŮ Űɞ ɞɟɘɕɧɜŰɘɞ ŮˊɑˊŮŭɞ 

ŭɘŬůŰɟɤɛɎŰɤůɖɠ ůŰŬ ůɖɛŮɑŬ 3 əŬɘ 4, Ůɜɩ ŰŬɡŰɑɕŮŰŬɘ ɛŮ ŬɡŰɎ ůŰŬ ůɖɛŮɑŬ 5 əŬɘ 6. 

Ⱥˊɞɛɏɜɤɠ, ŰŬ ůɖɛŮɑŬ ŬůŰŬɗɞɨɠ ŭɘŬəɚɎŭɤůɖɠ ɛŮ ůɡɔəɏɜŰɟɤůɖ Űɤɜ ˊŬɟŬɛɞɟűɩůŮɤɜ 

ŮɜŭɏɢŮŰŬɘ ɜŬ çˊɟɞůŮɚəɨɞɜŰŬɘè ůŮ ůɡɜŭɡŬůɛɞɨɠ (Ŭůô1 , ű) ˊɞɡ ŬɜŰɘůŰɞɘɢɞɨɜ ůŮ 

ŭɡůɛŮɜŮɑɠ əɘɜɖɛŬŰɘəɏɠ ůɡɜɗɐəŮɠ ˊŬɟŬɛɧɟűɤůɖɠ, ɧˊɤɠ Ŭəɟɘɓɩɠ əŬɘ ŰŬ ůɖɛŮɑŬ 

ŬůŰŬɗɞɨɠ ŭɘŬəɚɎŭɤůɖɠ ɢɤɟɑɠ ůɡɔəɏɜŰɟɤůɖ Űɤɜ ˊŬɟŬɛɞɟűɩůŮɤɜ. ȳˊɤɠ ŮɑɜŬɘ 

ŬɜŬɛŮɜɧɛŮɜɞ, ɖ ŬůŰŬɗɐɠ ŭɘŬəɚɎŭɤůɖ ɢɤɟɑɠ ůɡɔəɏɜŰɟɤůɖ ˊŬɟŬɛɞɟűɩůŮɤɜ 

ˊɟɞɖɔŮɑŰŬɘ ŮəŮɑɜɖɠ ɛŮ ůɡɔəɏɜŰɟɤůɖ ˊŬɟŬɛɞɟűɩůŮɤɜ əŬŰɎ Űɖɜ Ůɝɏɚɘɝɖ Űɖɠ 

ɛɞɜɧŰɞɜɖɠ űɧɟŰɘůɖɠ (Desrues and Viggiani 2004, Nicot and Darve 2011, Lü et al. 

2018). 

ɇŬ ɛɞɜŬŭɘŬɑŬ ŭɘŬɜɨůɛŬŰŬ, dŮ, ůŰɞ ɆɢɐɛŬ 15b ɡˊɞŭŮɘəɜɨɞɡɜ ɧŰɘ ɖ əɨɟɘŬ əŬŰŮɨɗɡɜůɖ 

Űɖɠ ˊɟɞůŬɡɝɖŰɘəɐɠ ˊŬɟŬɛɧɟűɤůɖɠ ɓɟɑůəŮŰŬɘ ɛŮŰŬɝɨ Űɤɜ əɨɟɘɤɜ əŬŰŮɡɗɨɜůŮɤɜ Űɖɠ 

ŰɎůɖɠ (ŭɘɎɜɡůɛŬ ů) əŬɘ Űɖɠ ˊɟɞůŬɡɝɖŰɘəɐɠ ŰɎůɖɠ (ŭɘɎɜɡůɛŬ dů) ɡůŰŮɟɩɜŰŬɠ ˊɑůɤ 

Ŭˊɧ Űɖ ŭŮɨŰŮɟɖ. ɆɖɛŮɘɩɜŮŰŬɘ ɧŰɘ Űɞ ŭɘɎɜɡůɛŬ dů ŮɑɜŬɘ əɎɗŮŰɞ ˊɟɞɠ Űɞ ŭɘɎɜɡůɛŬ ů 

əŬɘ ŭŮɜ ɏɢŮɘ ŬɜŬɔəŬůŰɘəɎ Űɖɜ ɑŭɘŬ əŬŰŮɨɗɡɜůɖ ɛŮ Űɞ ŭɘɎɜɡůɛŬ ds. ȼ ŬɜɎɚɡůɖ Űɤɜ 

ŭŮŭɞɛɏɜɤɜ ŭŮɑɢɜŮɘ ɧŰɘ ɖ ɔɤɜɑŬ ɛɖ ɞɛɞŬɝɞɜɘəɧŰɖŰŬɠ,  ɝ = Ŭ*
dŮ1 -  Ŭ

*
ůô1, űɗɑɜŮɘ ɛŮ Űɖɜ 

Ŭɨɝɖůɖ Űɖɠ ɔɤɜɑŬɠ ŭɘŬŰɛɖŰɘəɐɠ ŬɜŰɑůŰŬůɖɠ, ű, əŬɗɩɠ ɞ ɏɜŬɠ əɨəɚɞɠ ůŰɟɞűɐɠ Űɤɜ 

əɡɟɑɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ ŭɘŬŭɏɢŮŰŬɘ Űɞɜ Ɏɚɚɞɜ, ɧɛɤɠ ŮˊɖɟŮɎɕŮŰŬɘ əŬɘ Ŭˊɧ Űɖɜ ŬɚɚŬɔɐ 

Űɞɡ ˊɟɞůŬɜŬŰɞɚɘůɛɞɨ Űɞɡ ůô1-ɎɝɞɜŬ ɤɠ ˊɟɞɠ Űɖɜ əŬŰŬəɧɟɡűɞ ɛɏůŬ ůŮ əɎɗŮ əɨəɚɞȚ 

Űɞ ɆɢɐɛŬ 19 ˊɞɡ ˊŬɟɞɡůɘɎɕŮŰŬɘ ůŰɖ ůɡɜɏɢŮɘŬ ůɡɜɞɣɑɕŮɘ ŰŬ ɢŬɟŬəŰɖɟɘůŰɘəɎ ɛɖ 

ɞɛɞŬɝɞɜɘəɧŰɖŰŬɠ Űɖɠ Ɏɛɛɞɡ ůŰɖ ŭɞəɘɛɐ C3 əŬɗɩɠ əŬɘ ůŰɘɠ ɎɚɚŮɠ ŭɞəɘɛɏɠ Űɨˊɞɡ ȸ 

əŬɘ C. ȼ ɛɖ ɞɛɞŬɝɞɜɘəɐ ůɡɛˊŮɟɘűɞɟɎ ŬɚɚɎɕŮɘ ŬˊɧŰɞɛŬ ůŰɞ ůɖɛŮɑɞ ŬůŰɎɗŮɘŬɠ ɛɖ 

ůɡɔəŮɜŰɟɤɛɏɜɖɠ ˊŬɟŬɛɧɟűɤůɖɠ (ůɖɛŮɑɞ 2) ɧˊɞɡ ˊŬɟŬŰɖɟŮɑŰŬɘ ɞ ɛɖŭŮɜɘůɛɧɠ Űɖɠ 

ɔɤɜɑŬɠ ɝ əŬɗɩɠ ɖ ɧŭŮɡůɖ ŬəɞɚɞɡɗŮɑ Űɖɜ ŬəŰɘɜɘəɐ əŬŰŮɨɗɡɜůɖ əŬŰɎ Űɖ ɛɞɜɧŰɞɜɖ 

ɟŮɡůŰɞˊɞɑɖůɖ (dŮ = ů = -dů), ŭɘɧŰɘ ɞɘ ŰɎůŮɘɠ Ys əŬɘ Xs ŬˊɞűɞɟŰɑɕɞɜŰŬɘ ŬɜŬɚɞɔɘəɎ ůŮ 

ŬɡŰɐɜ Űɖ ŭɞəɘɛɐȚ ɡˊɧ ŬɡŰɏɠ Űɘɠ ůɡɜɗɐəŮɠ ŮɚŬɢɘůŰɞˊɞɘŮɑŰŬɘ Űɞ əŬɜɞɜɘəɞˊɞɘɖɛɏɜɞ ɏɟɔɞ 

ŭŮɡŰɏɟŬɠ ŰɎɝŮɤɠ, d2Wnorm (ɄɑɜŬəŬɠ 1). ɀŮŰɎ Űɖɜ əɞɟɡűŬɑŬ ŬůŰɞɢɑŬ Űɖɠ Ɏɛɛɞɡ ɖ 

ŰŬůɘəɐ ɧŭŮɡůɖ əɘɜŮɑŰŬɘ ˊɎɜɤ ůŰɖɜ ŮˊɘűɎɜŮɘŬ ŬůŰɞɢɑŬɠ Ůɜɩ ɖ Ɏɛɛɞɠ ˊŬɟŬɛɞɟűɩɜŮŰŬɘ 

ɡˊɧ ˊɟŬəŰɘəɎ ůŰŬɗŮɟɧ ŬˊɞəɚɑɜɞɜŰŬ ɚɧɔɞ ŰɎůŮɤɜ, ɖ, ůŰŬɗŮɟɐ ɛɏůɖ ŮɜŮɟɔɧ ŰɎůɖ, pô, 

əŬɘ ůŰŬɗŮɟɐ ɔɤɜɑŬ ɛɖ ɞɛɞŬɝɞɜɘəɧŰɖŰŬɠ, ɝ.  

ȼ ůŰŬɗŮɟɐ əŬŰɎůŰŬůɖ ůŰɖɜ ɞˊɞɑŬ ŮɘůɏɟɢŮŰŬɘ ŰŮɚɘəɩɠ ɖ Ɏɛɛɞɠ ɛŮŰɎ Űɖɜ ŬůŰɞɢɑŬ ŭŮɜ 

ŬɜŰɘůŰɞɘɢŮɑ ůŰɖɜ əɟɑůɘɛɖ əŬŰɎůŰŬůɖ, əŬɗɩɠ ɖ Űɘɛɐ e ŮɑɜŬɘ ɢŬɛɖɚɧŰŮɟɖ Űɖɠ ec(pô), 

Ůɜɩ ŭɘŬəɧˊŰŮŰŬɘ Ŭˊɧ Űɖɜ Ůəəɑɜɖůɖ ŬůŰŬɗŮɘɩɜ ůɡɔəŮɜŰɟɤɛɏɜɖɠ ˊŬɟŬɛɧɟűɤůɖɠ  ůŰŬ 

ůɖɛŮɑŬ 3 əŬɘ 5 (Triantafyllos et al. 2020a). ɆŰŬ ůɖɛŮɑŬ ŬɡŰɎ ɖ ɔɤɜɑŬ ɝ ŬɡɝɎɜŮŰŬɘ 

ŬˊɧŰɞɛŬ əŬɗɩɠ ɖ əɨɟɘŬ əŬŰŮɨɗɡɜůɖ ˊɟɞůŬɡɝɖŰɘəɐɠ ˊŬɟŬɛɧɟűɤůɖɠ ŭɘŬəɚŬŭɑɕŮŰŬɘ 

ˊɟɞɠ Űɖɜ Űɘɛɐ ŬdŮ1 = -45ɞ (Ŭ*
dŮ1 = 135ɞ) ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŮ ˊŬɟŬɛɧɟűɤůɖ Űɨˊɞɡ 

Ŭˊɚɐɠ ŭɘɎŰɛɖůɖɠ, ɖ ɞˊɞɑŬ ůɡɔəŮɜŰɟɩɜŮŰŬɘ ůŰɞ əɎŰɤ ɛɘůɧ ɛɏɟɞɠ Űɞɡ ŭɞəɘɛɑɞɡ. 

ɀɞɚŬŰŬɨŰŬ, ɞɘ ɞɛɞŬɝɞɜɘəɏɠ ůɡɜɗɐəŮɠ ˊŬɟŬɛɧɟűɤůɖɠ ŬˊɞəŬɗɑůŰŬɜŰŬɘ ůŰɞ Űɏɚɞɠ Űɤɜ 

ɔŮɔɞɜɧŰɤɜ ŬůŰɎɗŮɘŬɠ ůɡɔəŮɜŰɟɤɛɏɜɖɠ ˊŬɟŬɛɧɟűɤůɖɠ, ŭɖɚŬŭɐ ůŰŬ ůɖɛŮɑŬ 4 əŬɘ 6 

(Roscoe 1970, Vardoulakis et al. 1978, Zhang and Thornton 2007). ɄŬɟɞɛɞɑɤɠ, ŰŬ 



ɞʆʐʀʉʙʏ ʎʞʉʋʕʂ 
 

XXII  

 

ɔŮɔɞɜɧŰŬ ŬůŰɎɗŮɘŬɠ ůɡɔəŮɜŰɟɤɛɏɜɖɠ ˊŬɟŬɛɧɟűɤůɖɠ ŬˊɞŰɡˊɩɜɞɜŰŬɘ əŬɘ ůŰɖ 

ɛŮŰɟɞɨɛŮɜɖ (ŮɝɤŰŮɟɘəɩɠ) ˊɑŮůɖ Űɞɡ ɨŭŬŰɞɠ ˊɧɟɤɜ ɖ ɞˊɞɑŬ ůŰɞ Ŭɟɢɘəɧ ůŰɎŭɘɞ 

ŬɡɝɎɜŮŰŬɘ ŬˊɧŰɞɛŬ, ɡˊɞŭɖɚɩɜɞɜŰŬɠ Űɖɜ ŬɜɎˊŰɡɝɖ ˊɚŬůŰɘəɐɠ ůɡůŰɞɚɐɠ ɛɏůŬ ůŰɖ 

ɕɩɜɖ ůɡɔəŮɜŰɟɤɛɏɜɤɜ ˊŬɟŬɛɞɟűɩůŮɤɜ ˊɘɗŬɜɩɠ ɚɧɔɤ Űɖɠ ɏɜŰɞɜɖɠ ɛɖ 

ɞɛɞŬɝɞɜɘəɧŰɖŰŬɠ, Ůɜɩ ůŰɞ ŰŮɚɘəɧ ůŰɎŭɘɞ ɛŮɘɩɜŮŰŬɘ, ŮˊŮɘŭɐ ɖ Ɏɛɛɞɠ ˊŬɟŬɛɞɟűɩɜŮŰŬɘ 

ˊɟɞɠ Űɖɜ əɟɑůɘɛɖ əŬŰɎůŰŬůɖ (Desrues et al. 1996, Vardoulakis and Georgopoulos 

2005). 

ɇŬ ɆɢɐɛŬŰŬ 16a əŬɘ b ŭŮɑɢɜɞɡɜ Űɖɜ ŰŬůɘəɐ ɧŭŮɡůɖ ůŰɞ qd ï pô əŬɘ Ɉ ï ɉ ŮˊɑˊŮŭɞ, 

ŬɜŰɘůŰɞɑɢɤɠ, Ŭˊɧ Űɖ ŭɞəɘɛɐ C6 ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ Űɞɡɠ ɑŭɘɞɡɠ ůɡɛɓɞɚɘůɛɞɨɠ ɛŮ 

ŬɡŰɞɨɠ ůŰɞ ɆɢɐɛŬ 12. ȼ ŰŬůɘəɐ ɧŭŮɡůɖ əɘɜŮɑŰŬɘ Ŭˊɧ Űɖɜ əŬŰɎůŰŬůɖ ůŰŮɟŮɞˊɞɑɖůɖɠ 

(ůɖɛŮɑɞ 1 ɛŮ ɖ = 0.38) ůŰɖɜ əŬŰɎůŰŬůɖ əɞɟɡűŬɑŬɠ ŬůŰɞɢɑŬɠ (ůɖɛŮɑɞ 3 ɛŮ ɖ = 1.23) 

ɡˊɧ ŮɡůŰŬɗŮɑɠ ůɡɜɗɐəŮɠ Ůɜɩ ɞɘ ŮɜŮɟɔɏɠ əɨɟɘŮɠ ŰɎůŮɘɠ ŬˊɞűɞɟŰɑɕɞɜŰŬɘ ɘůɧŰɟɞˊŬ (důô1 

= důô2 = důô3 = -du < 0), ɚɧɔɤ Űɖɠ ŬɜŮɝɏɚŮɔəŰɖɠ ŬɜɎˊŰɡɝɖɠ Űɖɠ ˊɑŮůɖɠ Űɞɡ ɨŭŬŰɞɠ 

ˊɧɟɤɜ. ȷɡŰɎ ŰŬ ŮɡɟɐɛŬŰŬ ŮɑɜŬɘ ˊɟɤŰɧŰɡˊŬ ŭɘɧŰɘ, ůɨɛűɤɜŬ ɛŮ ůɨɔɢɟɞɜŬ 

ˊɟɞůɞɛɞɘɩɛŬŰŬ əŬŰŬůŰɟɤɛɏɜŬ ůŰŬ ˊɚŬɑůɘŬ Űɖɠ ŪŮɤɟɑŬɠ ȹɘŬəɚɎŭɤůɖɠ, ɖ 

əŬŰŮɨɗɡɜůɖ ɘůɧŰɟɞˊɖɠ ŬˊɞűɧɟŰɘůɖɠ ˊŮɟɘɚŬɛɓɎɜŮŰŬɘ ůŰɞ ůɨɜɞɚɞ Űɤɜ ŬůŰŬɗɩɜ 

əŬŰŮɡɗɨɜůŮɤɜ Űɖɠ ɢŬɚŬɟɐɠ Ɏɛɛɞɡ ŬəɧɛŬ əŬɘ ůŮ ɢŬɛɖɚɏɠ Űɘɛɏɠ Űɞɡ ŬˊɞəɚɑɜɞɜŰɞɠ 

ɚɧɔɞɡ ŰɎůŮɤɜ, ɛŬəɟɘɎ Ŭˊɧ Űɖɜ əɞɟɡűŬɑŬ ŬůŰɞɢɑŬ (Darve and Laouafa 2000, Darve et 

al. 2004, Sibille at al. 2007, Prunier et al. 2009). ɆɖɛŮɘɩɜŮŰŬɘ ɧŰɘ ɖ Ŭɟɢɘəɐ ŮˊɘűɎɜŮɘŬ 

ŬůŰɎɗŮɘŬɠ ŭɘŬŰɏɛɜŮŰŬɘ ůŮ ŭɘŬűɞɟŮŰɘəɎ ůɖɛŮɑŬ ŮɑŰŮ ŮűŬˊŰɞɛŮɜɘəɎ (ˊ.ɢ. ůŰɞ ůɖɛŮɑɞ 2) 

ŮɑŰŮ ɡˊɧ ɛɘəɟɐ ɔɤɜɑŬ, Ůɜɩ ɖ ŰŬůɘəɐ ɧŭŮɡůɖ əɘɜŮɑŰŬɘ ůɡɜŮɢɩɠ əɎŰɤ Ŭˊɧ Űɖɜ Űɞˊɘəɐ 

ɞɟɘŬəɐ ŮˊɘűɎɜŮɘŬ ɛɏɢɟɘ ɜŬ űŰɎůŮɘ ůŰɖ ɔɟŬɛɛɐ əɞɟɡűŬɑŬɠ ŬůŰɞɢɑŬɠ, ůŰɞ ůɖɛŮɑɞ 3. ɆŮ 

ŬɡŰɧ Űɞ ůɖɛŮɑɞ ɖ Űɘɛɐ Űɖɠ ůŰŬŰɘəɐɠ ŰɎůɖɠ qd ŮɑɜŬɘ ɛɘəɟɧŰŮɟɖ Ŭˊɧ Űɖɜ ŮɚɎɢɘůŰɖ 

ŬɜŰɞɢɐ Űɖɠ Ɏɛɛɞɡ ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɖɜ ŰɟɏɢɞɡůŬ Űɘɛɐ Űɖɠ ɔɤɜɑŬɠ Ŭůô1 (= 30.2ɞ) əŬɘ 

ɤɠ Ůə ŰɞɨŰɞɡ ŭŮɜ ˊɟɞəŬɚŮɑŰŬɘ ɛɞɜɧŰɞɜɖ ɟŮɡůŰɞˊɞɑɖůɖ (Poulos et al. 1985).   

ɆŰɞ ůɖɛŮɑɞ 3 (ɔoct = 1.7%) ɖ ˊɑŮůɖ Űɞɡ ɨŭŬŰɞɠ ˊɧɟɤɜ ŬɟɢɑɕŮɘ ɜŬ ɛŮɘɩɜŮŰŬɘ ŮɚŬűɟɩɠ 

ɡˊɞŭŮɘəɜɨɞɜŰŬɠ ɧŰɘ ůɡɛɓŬɑɜŮɘ ɐˊɘŬ ˊɚŬůŰɘəɐ ŭɘŬůŰɞɚɐ ɖ ɞˊɞɑŬ ɞŭɖɔŮɑ ůŮ ɢŬɚɎɟɤůɖ 

(softening) ɡˊɧ ůɡɜɗɐəŮɠ ɛɖ ůɡɔəŮɜŰɟɤɛɏɜɖɠ ˊŬɟŬɛɧɟűɤůɖɠ ŭɘɧŰɘ Űɞ ŰŬůɘəɧ ůɖɛŮɑɞ 

əɘɜŮɑŰŬɘ ɡˊɞɢɟŮɤŰɘəɎ ůŰɖɜ ŮˊɘűɎɜŮɘŬ əɞɟɡűŬɑŬɠ ŬůŰɞɢɑŬɠ, Űɖɠ ɞˊɞɑŬɠ Űɞ ůɢɐɛŬ 

ŮˊɖɟŮɎɕŮŰŬɘ Ŭˊɧ Űɖɜ ŮɔɔŮɜɐ ŬɜɘůɞŰɟɞˊɑŬ Űɖɠ Ɏɛɛɞɡ (ɓɚ. ɆɢɐɛŬ 13 əŬɘ Űɖɜ ŬɜŬűɞɟɎ 

Symes et al. 1984). ɇŬɡŰɧɢɟɞɜŬ, ɖ ŰɎůɖ qd ŬɟɢɑɕŮɘ ɜŬ ɛŮɘɩɜŮŰŬɘ Ůɜ ɛɏɟŮɘ ɚɧɔɤ Űɤɜ 

ŰɎůŮɤɜ ˊɞɡ ŬɜŬˊŰɨůůɞɜŰŬɘ ůŰɘɠ ɛŮɛɓɟɎɜŮɠ ˊɞɡ ˊŮɟɘɓɎɚɚɞɡɜ Űɞ ŭɞəɑɛɘɞ əŬɘ Ůɜ ɛɏɟŮɘ 

ɚɧɔɤ Űɖɠ Ŭˊɧəɟɘůɖɠ Űɖɠ Ɏɛɛɞɡ (ŭɘɧŰɘ Űɞ ŰŬůɘəɧ ůɖɛŮɑɞ ɞűŮɑɚŮɘ ɜŬ ˊŬɟŬɛŮɑɜŮɘ ˊɎɜɤ 

ůŰɖɜ Űɞˊɘəɐ ɞɟɘŬəɐ ŮˊɘűɎɜŮɘŬ ˊɞɡ əŬŰɏɟɢŮŰŬɘ) əŬɘ, Ůˊɞɛɏɜɤɠ, ɞ ɏɚŮɔɢɞɠ Űɞɡ 

ˊɟɞɔɟɎɛɛŬŰɞɠ űɧɟŰɘůɖɠ ɢɎɜŮŰŬɘ. ȼ ŬˊɩɚŮɘŬ Űɞɡ Ůɚɏɔɢɞɡ Űɞɡ ˊɟɞɔɟɎɛɛŬŰɞɠ 

űɧɟŰɘůɖɠ ɡˊɧ ɞɘɞɜŮɑ ůŰŬŰɘəɏɠ ůɡɜɗɐəŮɠ ɡˊɞŭɖɚɩɜŮɘ Űɖɜ Ůəəɑɜɖůɖ ɛɑŬɠ ŬůŰɎɗŮɘŬɠ ɛɖ 

ůɡɔəŮɜŰɟɤɛɏɜɖɠ ˊŬɟŬɛɧɟűɤůɖɠ ɖ ɞˊɞɑŬ ŬɜŰɘůŰɞɘɢŮɑ ůŮ ŬɡɝŬɜɧɛŮɜŮɠ ŮɜŮɟɔɏɠ əɨɟɘŮɠ 

ŰɎůŮɘɠ (důô1, důô2, důô3 Ó 0) əŬɘ ɛŮɘɞɨɛŮɜɞ ŬˊɞəɚɑɜɞɜŰŬ ɚɧɔɞ ŰɎůŮɤɜ (dɖ < 0), ɢɤɟɑɠ 

Űɖɜ ˊɟɧəɚɖůɖ ɛɞɜɧŰɞɜɖɠ ɟŮɡůŰɞˊɞɑɖůɖɠ, ŮˊɘɓŮɓŬɘɩɜɞɜŰŬɠ ɔɘŬ ˊɟɩŰɖ űɞɟɎ ɛŮ 

űɡůɘəɧ ˊŮɑɟŬɛŬ Űɘɠ ˊɟɞɓɚɏɣŮɘɠ Űɤɜ ˊɟɞůɞɛɞɘɤɛɎŰɤɜ Űɞɡ Darve (Darve and Laouafa 

2000, Darve et al. 2004, Sibille at al. 2007, Prunier et al. 2009). ȰˊŮɘŰŬ, ɖ ˊɑŮůɖ Űɞɡ 
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ɨŭŬŰɞɠ ˊɧɟɤɜ ŬɟɢɑɕŮɘ ɜŬ ŬɡɝɎɜŮŰŬɘ ɝŬɜɎ əŬɘ ůŰɞ ůɖɛŮɑɞ 4 ˊɟɞəŬɚŮɑŰŬɘ ŭɡɜŬɛɘəɐ 

ŬůŰɎɗŮɘŬ ˊɞɡ ɞŭɖɔŮɑ ůŮ ɛɞɜɧŰɞɜɖ ɟŮɡůŰɞˊɞɑɖůɖ. 

ɆŰɞ ůɖɛŮɑɞ 4 ɖ ɔɤɜɑŬ Ŭůô1 ŮɑɜŬɘ 64.4
ɞ, ɖ ɔɤɜɑŬ ű ŮɑɜŬɘ 39.1ɞ əŬɘ ɖ ˊŬɟŬɛɧɟűɤůɖ ɔoct  

å 6.6% (ɖ Ŭəɟɘɓɐɠ Űɘɛɐ Űɞɡ ɔoct ŮɑɜŬɘ ɎɔɜɤůŰɖ ŭɘɧŰɘ Űɞ ɧɟɔŬɜɞ ɛɏŰɟɖůɖɠ Űɖɠ ɔɤɜɑŬɠ 

ůŰɟɏɣɖɠ ɓɔɐəŮ ŮəŰɧɠ ɞɟɑɤɜ ɚŮɘŰɞɡɟɔɑŬɠ Ŭəɟɘɓɩɠ ˊɟɘɜ Ŭˊɧ Űɞ ůɖɛŮɑɞ 4). ȷˊɧ ɛɑŬ 

űŬɘɜɞɛŮɜɞɚɞɔɘəɐ ůəɞˊɘɎ ɖ ɛɞɜɧŰɞɜɖ ɟŮɡůŰɞˊɞɑɖůɖ ůɡɜɏɓɖ ɧŰŬɜ əŬŰɎ Űɖ ůŰɟɞűɐ 

Űɤɜ əɡɟɑɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ ɖ Űɞˊɘəɐ ɞɟɘŬəɐ ŮˊɘűɎɜŮɘŬ ɓɟɏɗɖəŮ əɎŰɤ Ŭˊɧ Űɞ ŰŬůɘəɧ 

ůɖɛŮɑɞ əŬɘ ɖ ŮɚɎɢɘůŰɖ ŬɜŰɞɢɐ Űɖɠ Ɏɛɛɞɡ ɏɔɘɜŮ ɛɘəɟɧŰŮɟɖ Ŭˊɧ Űɖɜ ŰɟɏɢɞɡůŬ Űɘɛɐ Űɖɠ 

ůŰŬŰɘəɐɠ ŭɘŬŰɛɖŰɘəɐɠ ŰɎůɖɠ (ɓɚ. ɆɢɐɛŬ 16a). ȷˊɧ ɛɑŬ ɛɘəɟɞůəɞˊɘəɐ ůəɞˊɘɎ ɖ 

ɛɞɜɧŰɞɜɖ ɟŮɡůŰɞˊɞɑɖůɖ ůɡɜɏɓɖ ɧŰŬɜ ɏɜŬ Ŭˊɧ ŰŬ ŮˊɑˊŮŭŬ ɞɘɞɜŮɑ ŬůŰɞɢɑŬɠ ɏɔɘɜŮ 

ɞɟɘɕɧɜŰɘɞ, ɡˊɞŭŮɘəɜɨɞɜŰŬɠ ɧŰɘ ɞɘ ŬůŰŬɗŮɑɠ ŭɘŬəɚŬŭɩůŮɘɠ ɡˊɧ űɧɟŰɘůɖ ŮɛˊɞŭɘɕɧɛŮɜɖɠ 

ůŰɟɎɔɔɘůɖɠ ɛŮ ůŰɟɞűɐ Űɤɜ əɡɟɑɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ ůɡɛɓŬɑɜɞɡɜ ŮˊɘɚŮəŰɘəɎ ůŮ 

ŰŬůɘəɞɨɠ ůɡɜŭɡŬůɛɞɨɠ ˊɞɡ ŬɜŰɘůŰɞɘɢɞɨɜ ůŮ ŭɡůɛŮɜŮɑɠ əɘɜɖɛŬŰɘəɏɠ ůɡɜɗɐəŮɠ 

ˊŬɟŬɛɧɟűɤůɖɠ, ŭɖɚŬŭɐ ůŮ ɞɚɑůɗɖůɖ / ŭɘɎŰɛɖůɖ ˊɎɜɤ ůŰŬ ŮˊɑˊŮŭŬ ŭɘŬůŰɟɤɛɎŰɤůɖɠ 

Űɖɠ Ɏɛɛɞɡ.  

ȳůɞɜ ŬűɞɟɎ Űɖɜ ˊŬɟŬɛɧɟűɤůɖ Űɖɠ Ɏɛɛɞɡ ůŰɖ ŭɞəɘɛɐ C6 ˊɟɘɜ Űɖɜ Ůəəɑɜɖůɖ Űɖɠ 

ŬůŰɎɗŮɘŬɠ ɛɞɜɧŰɞɜɖɠ ɟŮɡůŰɞˊɞɑɖůɖɠ ˊŬɟŬŰɖɟɐɗɖəŬɜ ˊŬɟɧɛɞɘŬ ɢŬɟŬəŰɖɟɘůŰɘəɎ ɛɖ 

ɞɛɞŬɝɞɜɘəɧŰɖŰŬɠ ɧˊɤɠ ŬɡŰɎ ůŰɖ ŭɞəɘɛɐ C3. ɆɡɔəŮəɟɘɛɏɜŬ, ɖ ɔɤɜɑŬ ɛɖ 

ɞɛɞŬɝɞɜɘəɧŰɖŰŬɠ, ɝ, ɛŮɘɩɜŮŰŬɘ ɛŮ Űɖɜ Ŭɨɝɖůɖ Űɞɡ ű, ɧɛɤɠ, ɛɏůŬ ůŰɞɜ əɨəɚɞ 

űɧɟŰɘůɖɠ ɡˊɎɟɢŮɘ ɖ ˊŮɟɘɞɢɐ Űɞɡ Ŭůô1 Ŭˊɧ -45ɞ ɏɤɠ -22.5ɞ, ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŮ 

ŬˊɞűɧɟŰɘůɖ Űɖɠ ŰɎůŮɤɠ Űzɗ, ůŰɖɜ ɞˊɞɑŬ Űɞ ɝ ɚŬɛɓɎɜŮɘ ɡɣɖɚɏɠ Űɘɛɏɠ, ˊɞɡ ɛŮɘɩɜɞɜŰŬɘ 

əŬɘ ŬɡŰɏɠ ɛŮ Űɖɜ Ŭɨɝɖůɖ Űɖɠ ɔɤɜɑŬɠ ű. ȷɡŰɐ ɖ ůɡɛˊŮɟɘűɞɟɎ ŭɘŮɟŮɡɜɐɗɖəŮ ˊŮɟŮŰŬɑɟɤ 

ɔɘŬ ɜŬ ŮɝŬəɟɘɓɤɗŮɑ ŮɎɜ ůɢŮŰɑɕŮŰŬɘ ɛŮ Űɖ ůɨɕŮɡɝɖ Űɤɜ ŮɚŬůŰɘəɩɜ əŬɘ ˊɚŬůŰɘəɩɜ 

ɢŬɟŬəŰɖɟɘůŰɘəɩɜ ˊŬɟŬɛɧɟűɤůɖɠ Űɖɠ Ɏɛɛɞɡ (elastic ï plastic coupling) (Tatsuoka 

and Ishihara 1974, Hueckel 1976, Dafalias 1977). ȼ Ɏɛɛɞɠ ˊŬɟŬɛɞɟűɩɜŮŰŬɘ ɛŮŰɎ Űɞ 

ůɖɛŮɑɞ 3 ůŮ ɛɑŬ ůŰŬɗŮɟɐ əŬŰɎůŰŬůɖ ˊɞɡ ɢŬɟŬəŰɖɟɑɕŮŰŬɘ Ŭˊɧ ɛɘəɟɏɠ ŬɚɚŬɔɏɠ ůŰɞɜ 

ŬˊɞəɚɑɜɞɜŰŬ ɚɧɔɞ ŰɎůŮɤɜ, ɖ, ůŰɖ ɛɏůɖ ŮɜŮɟɔɧ ŰɎůɖ, pô, əŬɘ ůŰɖ ɔɤɜɑŬ ɛɖ 

ɞɛɞŬɝɞɜɘəɧŰɖŰŬɠ, ɝ, ɖ ɞˊɞɑŬ, ɧɛɤɠ, ŭɘŬəɧˊŰŮŰŬɘ Ŭˊɧ Űɖɜ Ůəəɑɜɖůɖ Űɖɠ ŬůŰɎɗŮɘŬɠ 

ɛɞɜɧŰɞɜɖɠ ɟŮɡůŰɞˊɞɑɖůɖɠ ůŰɞ ůɖɛŮɑɞ 4. ɇɞ ɆɢɐɛŬ 19 ˊɞɡ ˊŬɟɞɡůɘɎɕŮŰŬɘ ůŰɖ 

ůɡɜɏɢŮɘŬ ůɡɜɞɣɑɕŮɘ ŰŬ ɢŬɟŬəŰɖɟɘůŰɘəɎ ɛɖ ɞɛɞŬɝɞɜɘəɧŰɖŰŬɠ Űɖɠ Ɏɛɛɞɡ ůŰɖ ŭɞəɘɛɐ 

C3 əŬɗɩɠ əŬɘ ůŰɘɠ ɎɚɚŮɠ ŭɞəɘɛɏɠ Űɨˊɞɡ ȸ əŬɘ C. 

ȼ ŰŬůɘəɐ ɧŭŮɡůɖ D1 ɛŮ ŰŬ ɢŬɟŬəŰɖɟɘůŰɘəɎ ˊɞɡ űŬɑɜɞɜŰŬɘ ůŰɞ ɆɢɐɛŬ 17 ŮɑɜŬɘ 

əŬŰɎɚɚɖɚɖ ɜŬ ɢɟɖůɘɛɞˊɞɘɖɗŮɑ ɔɘŬ ɜŬ ŮˊɘɓŮɓŬɘɤɗŮɑ, ˊɟɩŰɞɜ, ɧŰɘ ɖ əŬŰŮɨɗɡɜůɖ 

ŭɘɎŰɛɖůɖɠ Űɖɠ Ŭɟɢɘəɐɠ ŮˊɘűɎɜŮɘŬɠ ŬůŰɎɗŮɘŬɠ ůŰɞ Y ï X ŮˊɑˊŮŭɞ əŬɘ Űɖɠ Űɞˊɘəɐɠ 

ɞɟɘŬəɐɠ ŮˊɘűɎɜŮɘŬɠ ůŰɞ qd ï pô ŮˊɑˊŮŭɞ ŮˊɖɟŮɎɕŮɘ Űɖ ůɡɜɗɐəɖ ŬůŰɎɗŮɘŬɠ Űɖɠ ɢŬɚŬɟɐɠ 

Ɏɛɛɞɡ əŬɘ, ŭŮɨŰŮɟɞɜ, ɧŰɘ ɖ ŬˊɞűɧɟŰɘůɖ Űɖɠ ɛɖ ŭɘŬɔɩɜɘŬɠ ůɡɜɘůŰɩůŬɠ, Űzɗ, Űɞɡ 

ŰŬɜɡůŰɐ ŰɎůŮɤɠ ŮˊɖɟŮɎɕŮɘ Űɖ ɛɖ ɞɛɞŬɝɞɜɘəɐ ůɡɛˊŮɟɘűɞɟɎ Űɖɠ Ɏɛɛɞɡ ůŮ ɏɜŬ 

űŬɘɜɧɛŮɜɞ ŮɚŬůŰɘəɐɠ ï ˊɚŬůŰɘəɐɠ ůɨɕŮɡɝɖɠ. ȼ ɛɞɜɧŰɞɜɖ ůŰɟɞűɐ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ 

ŰɎůŮɤɠ ˊɟŬɔɛŬŰɞˊɞɘŮɑŰŬɘ ůŰɖ ŭɞəɘɛɐ D1 ɛŮ ůɡɢɜɧŰɖŰŬ f = 10-3 Hz Ůɜɩ ɖ ɛɏůɖ ɞɚɘəɐ 

ŰɎůɖ, p, ŭɘŬŰɖɟŮɑŰŬɘ ˊɟŬəŰɘəɩɠ ůŰŬɗŮɟɐ, ɖ ˊŬɟɎɛŮŰɟɞɠ ŮɜŭɘɎɛŮůɖɠ əɨɟɘŬɠ ŰɎůɖɠ, b, 

ŰŬɚŬɜŰɩɜŮŰŬɘ ɛŮŰŬɝɨ Űɖɠ Űɘɛɐɠ 0.40, ɧŰŬɜ Ŭůô1 = ±90ɞ, əŬɘ Űɖɠ Űɘɛɐɠ 0.52, ɧŰŬɜ Ŭůô1 = 

0ɞ, əŬɘ ɞɘ ŰɎůŮɘɠ q əŬɘ qd ɛŮŰŬɓɎɚɚɞɜŰŬɘ ˊŮɟɘɞŭɘəɎ ɛŮ Űɟɧˊɞ ˊɞɡ ŮɝŬůűŬɚɑɕŮɘ Űɖɜ 
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ŬˊɞűɧɟŰɘůɐ Űɞɡɠ ɧŰŬɜ ɖ ɔɤɜɑŬ Ŭůô1 ɛŮŰŬɓɎɚɚŮŰŬɘ Ŭˊɧ -35ɞ ůŮ 0ɞ ɐ Ŭˊɧ 35ɞ ůŮ 90ɞ, 

ŭɖɚŬŭɐ ůŰɘɠ ˊŮɟɘɞɢɏɠ ŬˊɞűɧɟŰɘůɖɠ Űɖɠ ŰɎůŮɤɠ Űzɗ. ɆɖɛŮɘɩɜŮŰŬɘ ɧŰɘ ɞɘ ŰɎůŮɘɠ q əŬɘ qd 

ŬˊɞűɞɟŰɑɕɞɜŰŬɘ ŮɜŰɧɜɤɠ əŬɘ ŮɚŮɔɢɧɛŮɜŬ ɧŰŬɜ ɖ ɔɤɜɑŬ Ŭůô1 ɛŮŰŬɓɎɚɚŮŰŬɘ Ŭˊɧ 45
ɞ ůŮ 

90ɞ, ŭɖɚŬŭɐ ůŰɖɜ ˊŮɟɘɞɢɐ ˊɞɡ ůɡɜɏɓɖůŬɜ ɞɘ ŬůŰɎɗŮɘŮɠ ůŰɘɠ ŭɞəɘɛɏɠ C3 ɏɤɠ C6 (ɓɚ. 

ɆɢɐɛŬ 12). Ⱥˊɑůɖɠ, ˊŬɟŬŰɖɟŮɑŰŬɘ ɧŰɘ ɖ ɛɘəɟɐ ɛŮŰŬɓɞɚɐ Űɞɡ b ŭŮɜ ŬɜŬɛɏɜŮŰŬɘ ɜŬ 

ɛŮŰŬɓɎɚɚŮɘ Űɖɜ Űɞˊɘəɐ ɞɟɘŬəɐ ŮˊɘűɎɜŮɘŬ Űɖɠ ɢŬɚŬɟɐɠ Ɏɛɛɞɡ, ŮɘŭɘəɎ ůŰɖɜ ˊŮɟɘɞɢɐ 

çŮűŮɚəɡůɛɞɨè (Lam and Tatsuoka 1988, Shibuya et al. 2003a). 

ɇŬ ɆɢɐɛŬŰŬ 18a əŬɘ b ŭŮɑɢɜɞɡɜ Űɖɜ ŰŬůɘəɐ ɧŭŮɡůɖ ůŰɞ qd ï pô əŬɘ Ɉ ï ɉ ŮˊɑˊŮŭɞ, 

ŬɜŰɘůŰɞɑɢɤɠ, Ŭˊɧ Űɖ ŭɞəɘɛɐ D1 ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ Űɞɡɠ ɑŭɘɞɡɠ ůɡɛɓɞɚɘůɛɞɨɠ ɛŮ 

ŬɡŰɞɨɠ ůŰɞ ɆɢɐɛŬ 12. ɇŬ ˊŮɘɟŬɛŬŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ ɡˊɞŭŮɘəɜɨɞɡɜ ɧŰɘ ɞ ɛŮɟɘəɧɠ 

ɏɚŮɔɢɞɠ Űɖɠ əŬŰŮɨɗɡɜůɖɠ ˊɟɞůŬɡɝɖŰɘəɐɠ ŰɎůɖɠ ůŰɞ Y ï X ŮˊɑˊŮŭɞ ɛɏůɤ Űɖɠ 

ŮɚŮɔɢɧɛŮɜɖɠ ŬˊɞűɧɟŰɘůɖɠ Űɖɠ ŬˊɞəɚɑɜɞɡůŬɠ ŰɎůŮɤɠ, q, əŬɗɡůŰŮɟŮɑ Űɖɜ Ůəəɑɜɖůɖ Űɖɠ 

ŬůŰŬɗɞɨɠ ɛɞɜɧŰɞɜɖɠ ɟŮɡůŰɞˊɞɑɖůɖɠ. ɆɡɔəŮəɟɘɛɏɜŬ, ɧŰŬɜ ɖ Ŭɟɢɘəɐ ŮˊɘűɎɜŮɘŬ 

ŬůŰɎɗŮɘŬɠ əŬɘ ɖ Űɞˊɘəɐ ɞɟɘŬəɐ ŮˊɘűɎɜŮɘŬ ŭɘŬŰɏɛɜɞɜŰŬɘ ůɢŮŭɧɜ ŰŬɡŰɧɢɟɞɜŬ ůŰɖ 

ɔŮɘŰɞɜɘɎ Űɞɡ ůɖɛŮɑɞɡ 1, ɖ əŬŰŮɨɗɡɜůɖ ŭɘɎŰɛɖůɖɠ ŮɑɜŬɘ ŮűŬˊŰɧɛŮɜɖ ůŰɖɜ ˊɟɩŰɖ 

ŮˊɘűɎɜŮɘŬ əŬɘ ˊɟɞůŬɜŬŰɞɚɘůɛɏɜɖ ˊɟɞɠ Űɞ ŮůɤŰŮɟɘəɧ Űɖɠ ŭŮɨŰŮɟɖɠ, Ůˊɞɛɏɜɤɠ, ŭŮɜ 

ˊɟɞəŬɚŮɑŰŬɘ ŬůŰɎɗŮɘŬ. ȰˊŮɘŰŬ, ɖ ŰŬůɘəɐ ɧŭŮɡůɖ ůɡɜŮɢɑɕŮɘ ɜŬ əɘɜŮɑŰŬɘ ˊɎɜɤ ůŰɖɜ 

Ŭɟɢɘəɐ ŮˊɘűɎɜŮɘŬ ŬůŰɎɗŮɘŬɠ əŬɘ əɎŰɤ Ŭˊɧ Űɖɜ Űɞˊɘəɐ ɞɟɘŬəɐ ŮˊɘűɎɜŮɘŬ ŭɘɧŰɘ ɖ 

ŮɚŮɔɢɧɛŮɜɖ ŬˊɞűɧɟŰɘůɖ Űɖɠ ŰɎůɖɠ q ˊŮɟɘɞɟɑɕŮɘ Űɞɜ ɟɡɗɛɧ ŬɜɎˊŰɡɝɖɠ Űɖɠ ɡˊŮɟˊɑŮůɖɠ 

Űɞɡ ɨŭŬŰɞɠ ˊɧɟɤɜ. 

ȺɑɜŬɘ ŮɜŭɘŬűɏɟɞɜ ɜŬ ůɡɔəɟɘɗɞɨɜ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ Ŭˊɧ Űɘɠ ŭɞəɘɛɏɠ D1 əŬɘ C3 ůŰɘɠ 

ɞˊɞɑŮɠ ɖ ŰŬůɘəɐ ɧŭŮɡůɖ ŭɘŬŰɏɛɜŮɘ Űɖɜ Ŭɟɢɘəɐ ŮˊɘűɎɜŮɘŬ ŬůŰɎɗŮɘŬɠ ˊŮɟɑˊɞɡ ůŰɞ ɑŭɘɞ 

ůɖɛŮɑɞ ůŰɞ Y ï X ŮˊɑˊŮŭɞ. ɆŮ ŬɜŰɑɗŮůɖ ɛŮ Űɖ ŭɞəɘɛɐ C3, ůŰɖ ŭɞəɘɛɐ D1 ɖ ŬůŰŬɗɐɠ 

ɛɞɜɧŰɞɜɖ ɟŮɡůŰɞˊɞɑɖůɖ ˊɟɞəŬɚŮɑŰŬɘ ůŰɞ ůɖɛŮɑɞ 2, ɛŬəɟɘɎ Ŭˊɧ Űɞ ůɖɛŮɑɞ 1, ɧŰŬɜ ɞ 

űɗɑɜɤɜ əɚɎŭɞɠ Űɖɠ Űɞˊɘəɐɠ ɞɟɘŬəɐɠ ŮˊɘűɎɜŮɘŬɠ ŭɘŬŰɏɛɜŮŰŬɘ ɛŮ űɞɟɎ ˊɟɞɠ ŰŬ ɏɝɤ. 

ɆɖɛŮɘɩɜŮŰŬɘ ɧŰɘ ŰŬ ůɖɛŮɑŬ ŬůŰɎɗŮɘŬɠ ůŰɘɠ ŭɞəɘɛɏɠ D1 əŬɘ C3 ɓɟɑůəɞɜŰŬɘ əɞɜŰɎ ůŰɞɜ 

ůô1 ï ůô2 ï ůô3  ɢɩɟɞ ŰɎůŮɤɜ əŬɘ ɧŰɘ ɖ ɧŭŮɡůɖ ŬəɞɚɞɡɗŮɑ ůŰŬ ůɖɛŮɑŬ ŬɡŰɎ Űɖɜ 

əŬŰŮɨɗɡɜůɖ ɘůɧŰɟɞˊɖɠ ŬˊɞűɧɟŰɘůɖɠ, ɧɛɤɠ ɞɘ Űɘɛɏɠ Űɖɠ ɔɤɜɑŬɠ Ŭip ŮɑɜŬɘ ŭɘŬűɞɟŮŰɘəɏɠȚ 

Ůˊɑůɖɠ, ŰŬ ůɖɛŮɑŬ ŬůŰɎɗŮɘŬɠ Ŭɜɐəɞɡɜ ůŰɖɜ ɑŭɘŬ ŮɝŮɚɘɔɛɏɜɖ ŮˊɘűɎɜŮɘŬ ŬůŰɎɗŮɘŬɠ. ȼ 

ůɨɔəɟɘůɖ Űɖɠ Ŭˊɧəɟɘůɖɠ Űɖɠ Ɏɛɛɞɡ ůŰɘɠ ŭɞəɘɛɏɠ D1 əŬɘ A17 ŬɜŬŭŮɘəɜɨŮɘ Űɖɜ 

ŮˊɑŭɟŬůɖ Űɖɠ ɘůŰɞɟɑŬɠ űɧɟŰɘůɖɠ ůŰɖɜ ˊŬɟɞŭɘəɐ ɛɞɜɧŰɞɜɖ ɟŮɡůŰɞˊɞɑɖůɖ: ɖ Űɘɛɐ Űɤɜ 

ˊŬɟŬɛɏŰɟɤɜ (ȹu / pôin)pt, UI = (upt ï uip) / pôin əŬɘ ɔoct,pt ŮɑɜŬɘ 0.90, 0.23 əŬɘ 3.3%, əŬɘ 

0.91, 0.59 əŬɘ 4.5%, ŬɜŰɘůŰɞɑɢɤɠ, ɡˊɞŭŮɘəɜɨɞɜŰŬɠ ɧŰɘ Űɞ ŭɞəɑɛɘɞ D1, ɛŮ e = 0.738 əŬɘ 

Ŭip  = -85.5ɞ, ůɡɛˊŮɟɘűɏɟŮŰŬɘ ɚɘɔɧŰŮɟɞ ůɡůŰɞɚɘəɎ Ŭˊɧ Űɞ ŭɞəɑɛɘɞ A17, ɛŮ e = 0.727 

əŬɘ Ŭip  = 79.1ɞ, əŬŰɎ Űɖɜ ˊŬɟɞŭɘəɐ ɛɞɜɧŰɞɜɖ ɟŮɡůŰɞˊɞɑɖůɖ ɚɧɔɤ Űɖɠ ŭɘŬűɞɟŮŰɘəɐɠ 

ɘůŰɞɟɑŬɠ ŰɎůŮɤɜ ï ˊŬɟŬɛɞɟűɩůŮɤɜ. 

ȼ ˊŬɟŬɛɧɟűɤůɖ Űɖɠ Ɏɛɛɞɡ ůŰɖ ŭɞəɘɛɐ D1 ŮɑɜŬɘ ɛɖ ɞɛɞŬɝɞɜɘəɐ ɛŮ ɢŬɟŬəŰɖɟɘůŰɘəɎ 

ˊŬɟɧɛɞɘŬ ŮəŮɑɜɤɜ Űɖɠ Ɏɛɛɞɡ ůŰɘɠ ŭɞəɘɛɏɠ C3 əŬɘ C6 (ɓɚ. ɆɢɐɛŬ 19b ůŰɖ ůɡɜɏɢŮɘŬ). 

ȼ ɔɤɜɑŬ ɝ ɛŮɘɩɜŮŰŬɘ, Ůɜ ɔɏɜŮɘ, ɛŮ Űɖ ɔɤɜɑŬ ű, ɛɖŭŮɜɑɕŮŰŬɘ ŬˊɧŰɞɛŬ ůŰɞ ůɖɛŮɑɞ 

ŬůŰɎɗŮɘŬɠ (ůɖɛŮɑɞ 2) əŬɘ ɔɑɜŮŰŬɘ ŬɜŬˊɎɜŰŮɢŬ ɛɘəɟɐ ůŰɞ ůɖɛŮɑɞ 1, ŭɘɧŰɘ ɖ ɞɚɑůɗɖůɖ 

ˊɎɜɤ ůŰɞ ɞɟɘɕɧɜŰɘɞ ŮˊɑˊŮŭɞ ŭɘŬůŰɟɤɛɎŰɤůɖɠ ˊɞɡ ŮɑɢŮ ŮɜŮɟɔɞˊɞɘɖɗŮɑ ˊɟɞɔŮɜɏůŰŮɟŬ 

ŮɛɛɏɜŮɘ. ȼ ŭɘŬűɞɟɎ Űɖɠ Ŭˊɧəɟɘůɖɠ Űɖɠ Ɏɛɛɞɡ ůŰɖ ŭɞəɘɛɐ D1 ůŮ ůɨɔəɟɘůɖ ɛŮ Űɘɠ 
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ŭɞəɘɛɏɠ C3 əŬɘ C6 ɏɔəŮɘŰŬɘ ůŰɞ ɔŮɔɞɜɧɠ ɧŰɘ ɖ ɔɤɜɑŬ ɝ ŮɑɜŬɘ ɘŭɘŬɑŰŮɟŬ ɡɣɖɚɐ əŬɘ ůŰɘɠ 

ŭɨɞ ˊŮɟɘɞɢɏɠ ŬˊɞűɧɟŰɘůɖɠ Űɖɠ ŰɎůɖɠ Űzɗ, ŭɖɚŬŭɐ ɧŰŬɜ ɖ ɔɤɜɑŬ Ŭůô1 ɛŮŰŬɓɎɚɚŮŰŬɘ Ŭˊɧ 

-35ɞ ůŮ 0ɞ ɐ Ŭˊɧ 45ɞ ůŮ 90ɞ. ȹŮŭɞɛɏɜɞɡ ɧŰɘ ɖ ŬˊɞűɧɟŰɘůɖ Űɖɠ ŬˊɞəɚɑɜɞɡůŬɠ ŰɎůɖɠ, q, 

ɞŭɖɔŮɑ ůŰɖ ɛŮɑɤůɖ Űɞɡ ŬˊɞəɚɑɜɞɜŰɞɠ ɚɧɔɞɡ ŰɎůŮɤɜ, ɖ, ɛɞɚɞɜɧŰɘ ɖ ˊɑŮůɖ Űɞɡ ɨŭŬŰɞɠ 

ˊɧɟɤɜ, u, ŬɡɝɎɜŮŰŬɘ, ŰŬ ŮɚŬůŰɘəɎ ɢŬɟŬəŰɖɟɘůŰɘəɎ Űɖɠ Ɏɛɛɞɡ ŮɑɜŬɘ ˊŮɟɘůůɧŰŮɟɞ 

ŰɞɜɘůɛɏɜŬ ůŰɘɠ űɎůŮɘɠ ŰŬɡŰɧɢɟɞɜɖɠ ŬˊɞűɧɟŰɘůɖɠ Űɤɜ ŰɎůŮɤɜ q əŬɘ Űzɗ. ȾŬɗɩɠ ɞ 

Ŭɟɘɗɛɧɠ Űɤɜ əɨəɚɤɜ űɧɟŰɘůɖɠ ŬɡɝɎɜŮŰŬɘ ɞ Űzɗ ï ɔzɗ ɓɟɧɢɞɠ ɡůŰɏɟɖůɖɠ ŮˊɘŭŮɘəɜɨŮɘ 

ɛŮɘɞɨɛŮɜŬ ɛɏŰɟŬ ŬˊɞűɧɟŰɘůɖɠ, ˊɘɗŬɜɩɠ ɚɧɔɤ Űɤɜ ˊɚŬůŰɘəɩɜ ɛŮŰŬɓɞɚɩɜ ůŰɖɜ 

ŮůɤŰŮɟɘəɐ ŭɞɛɐ ˊɞɡ ŮˊɐɚɗŬɜ əŬŰɎ Űɖ űɧɟŰɘůɖ, ɡˊɞŭŮɘəɜɨɞɜŰŬɠ ɧŰɘ ɖ ŮɝɎɟŰɖůɖ Űɖɠ 

ɔɤɜɑŬɠ ɝ Ŭˊɧ Űɖ ɔɤɜɑŬ ű ůŰɘɠ űɎůŮɘɠ ŬˊɞűɧɟŰɘůɖɠ ŮɑɜŬɘ ɏɜŬ űŬɘɜɧɛŮɜɞ ůɨɕŮɡɝɖɠ Űɤɜ 

ŮɚŬůŰɘəɩɜ əŬɘ ˊɚŬůŰɘəɩɜ ɢŬɟŬəŰɖɟɘůŰɘəɩɜ ˊŬɟŬɛɧɟűɤůɖɠ Űɖɠ Ɏɛɛɞɡ. 

ɇŬ ɆɢɐɛŬŰŬ 19a əŬɘ b ŭŮɑɢɜɞɡɜ Űɖ ůɢɏůɖ ɛŮŰŬɝɨ Űɤɜ ɔɤɜɘɩɜ ɝ əŬɘ ű  ɡˊɧ ŮɡůŰŬɗŮɑɠ 

ůɡɜɗɐəŮɠ ůŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ C (C1 ɏɤɠ C6) əŬɘ ȸ, ŬɜŰɘůŰɞɑɢɤɠ, Ůɜɩ ůŰɞ ŭŮɨŰŮɟɞ 

ůɢɐɛŬ ůɡɛˊŮɟɘɚŬɛɓɎɜɞɜŰŬɘ əŬɘ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ Ŭˊɧ Űɖ ŭɞəɘɛɐ D1. ȼ Ɏɛɛɞɠ ůŰɘɠ 

ŭɞəɘɛɏɠ Űɨˊɞɡ C ůŰŮɟŮɞˊɞɘɐɗɖəŮ ŬɜɘůɧŰɟɞˊŬ ůŮ ɛɏůɖ ŮɜŮɟɔɧ ŰɎůɖ pôc = 200 kPa əŬɘ 

ůŮ ɚɧɔɞ ŰɎůŮɤɜ Kc = 0.48 ï 0.75, əŬɘ ŰŬ ɢŬɚŬɟɎ ŭɞəɑɛɘŬ (e = 0.704 ï 0731) 

ɡˊɞɓɚɐɗɖəŬɜ ůŮ ůŰɟɞűɐ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ ŭɘŬŰɖɟɩɜŰŬɠ Űɖɜ ŬˊɞəɚɑɜɞɡůŬ 

ŰɎůɖ, q, ůŰŬɗŮɟɐ. ɆŮ ŬɡŰɏɠ Űɘɠ ŭɞəɘɛɏɠ ɖ ɔɤɜɑŬ Űɞɡ ŭɘŬɜɨůɛŬŰɞɠ dů ɛŮ Űɞ ŭɘɎɜɡůɛŬ ů 

ůŰɞɜ Ys ï Xs ɢɩɟɞ (ɓɚ. ɆɢɐɛŬ 8a) ˊŬɟŬɛɏɜŮɘ ůŰŬɗŮɟɐ ůŰɘɠ 90ɞ ɧůɞ ŭɘŬŰɖɟŮɑŰŬɘ ɖ 

ŮɡůŰɎɗŮɘŬ Űɞɡ ůɡůŰɐɛŬŰɞɠ. ȼ Ɏɛɛɞɠ ůŰɘɠ ŭɞəɘɛɏɠ ȸ1, ȸ2 əŬɘ ȸ3 ůŰŮɟŮɞˊɞɘɐɗɖəŮ 

ŬɜɘůɧŰɟɞˊŬ ůŮ ɛɏůɖ ŮɜŮɟɔɧ ŰɎůɖ pôc = 200 kPa əŬɘ ůŮ ɚɧɔɞ ŰɎůŮɤɜ Kc = 0.80, 0.50 

əŬɘ 0.40, ŬɜŰɘůŰɞɑɢɤɠ, Ůɜɩ ůŰɖ ŭɞəɘɛɐ ȸ7 ɖ Ɏɛɛɞɠ ůŰŮɟŮɞˊɞɘɐɗɖəŮ ůŮ ɛɏůɖ ŮɜŮɟɔɧ 

ŰɎůɖ pôc = 100 kPa əŬɘ ůŮ ɚɧɔɞ ŰɎůŮɤɜ Kc = 0.40. ɇŬ ɢŬɚŬɟɎ ŭɞəɑɛɘŬ (e = 0.711 ï 

0.728) ɡˊɞɓɚɐɗɖəŬɜ ůŮ ůŰɟɞűɐ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ ŭɘŬŰɖɟɩɜŰŬɠ Űɖɜ 

əŬŰŮɨɗɡɜůɖ Űɞɡ ŭɘŬɜɨůɛŬŰɞɠ dů ůŰŬɗŮɟɐ ůŰɘɠ Ŭdůô1 = +45ɞ əŬɘ ŬɡɝɎɜɞɜŰŬɠ ɛɞɜɧŰɞɜŬ 

Űɖɜ ŬˊɞəɚɑɜɞɡůŬ ŰɎůɖ, q. ɆŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ B ɖ ɔɤɜɑŬ ɛŮŰŬɝɨ Űɤɜ ŭɘŬɜɡůɛɎŰɤɜ dů 

əŬɘ ů ɛŮɘɩɜŮŰŬɘ ɝŮəɘɜɩɜŰŬɠ Ŭˊɧ Űɖɜ Űɘɛɐ 90ɞ.     

ȹɨɞ ŭɘŬəɟɘŰɏɠ əŬɛˊɨɚŮɠ, ɞɘ ɞˊɞɑŮɠ ŮˊɘůɖɛŬɑɜɞɜŰŬɘ ɛŮ Űɞ ɔɟɎɛɛŬ L ɐ U, ŬˊŮɘəɞɜɑɕɞɡɜ 

Űɖ ůɢɏůɖ ɛŮŰŬɝɨ Űɞɡ ɝ əŬɘ Űɞɡ ű ůŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ C, ŬɜŮɝŬɟŰɐŰɤɠ Űɖɠ Űɘɛɐɠ Űɞɡ Kc 

(ɛŮ ŮɝŬɑɟŮůɖ Űɖɜ Űɘɛɐ Kc = 0.48, ůŰɖ ŭɞəɘɛɐ C1, ˊɞɡ ɗŬ ůɡɕɖŰɖɗŮɑ ůŰɖ ůɡɜɏɢŮɘŬ), Űɞɡ 

e əŬɘ Űɞɡ Ŭɟɘɗɛɞɨ Űɤɜ ˊɟɞɖɔɞɨɛŮɜɤɜ əɨəɚɤɜ űɧɟŰɘůɖɠ. ȼ L-əŬɛˊɨɚɖ, ˊɞɡ 

ŬɜŰɘůŰɞɘɢŮɑ ůŮ ŰŬůɘəɏɠ əŬŰŬůŰɎůŮɘɠ ɛŮ Űɞ Ŭůô1 ŮəŰɧɠ Űɖɠ ˊŮɟɘɞɢɐɠ (-45ɞ , -22.5ɞ), 

ŭŮɑɢɜŮɘ ɧŰɘ ɖ ɔɤɜɑŬ ɝ ɛŮɘɩɜŮŰŬɘ ɛɖ ɔɟŬɛɛɘəɎ ɛŮ Űɖ ɔɤɜɑŬ ű əŬɘ ŰŮɑɜŮɘ ɜŬ ɔɑɜŮɘ ůŰŬɗŮɟɐ 

ɔɘŬ ű Ó 35ɞ, ŭɖɚŬŭɐ ɧŰŬɜ ɖ Ɏɛɛɞɠ ŬůŰɞɢŮɑ. ȼ ůŰŬɗŮɟɞˊɞɑɖůɖ Űɞɡ ɝ ɛŮ Űɞ ű ůɢŮŰɑɕŮŰŬɘ 

ɛŮ Űɖɜ ŮˊɑŰŮɡɝɖ Űɖɠ ůŰŬɗŮɟɐɠ əŬŰɎůŰŬůɖɠ ɢɤɟɑɠ ŰɎůɖ ɔɘŬ ɛŮŰŬɓɞɚɐ Űɞɡ ɧɔəɞɡ, ɧˊɤɠ 

ˊŬɟŬŰɖɟɐɗɖəŮ ůŰɖ ŭɞəɘɛɐ C3, ɐ ɛŮ ŰɎůɖ ɔɘŬ ɐˊɘŬ ˊɚŬůŰɘəɐ ŭɘŬůŰɞɚɐ, ɧˊɤɠ 

ˊŬɟŬŰɖɟɐɗɖəŮ ůŰɘɠ ŭɞəɘɛɏɠ C1 əŬɘ C6Ț ɛɞɚŬŰŬɨŰŬ, ɖ ůŰŬɗŮɟɐ əŬŰɎůŰŬůɖ 

ŭɘŬəɧˊŰŮŰŬɘ Ŭˊɧ Űɖɜ Ůəəɑɜɖůɖ ŬůŰŬɗŮɘɩɜ ɛɖ ůɡɔəŮɜŰɟɤɛɏɜɖɠ ɐ ůɡɔəŮɜŰɟɤɛɏɜɖɠ 

ˊŬɟŬɛɧɟűɤůɖɠ. ɆɖɛŮɘɩɜŮŰŬɘ ɧŰɘ ˊɟɞůɞɛɞɘɩůŮɘɠ Űɖɠ ůŰɟɞűɐɠ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ 

ŰɎůŮɤɠ ɡˊɧ ůɡɜɗɐəŮɠ ŮɚŮɨɗŮɟɖɠ ůŰɟɎɔɔɘůɖɠ əŬɘ ůŰŬɗŮɟɏɠ ŮɜŮɟɔɏɠ əɨɟɘŮɠ Űɘɛɏɠ 

ŰɎůŮɤɠ ɛŮ ɢɟɐůɖ Űɖɠ ɀŮɗɧŭɞɡ ȹɘŬəɟɘŰɩɜ ɆŰɞɘɢŮɑɤɜ (Discrete Element Method) 

ɏɢɞɡɜ ŭŮɑɝŮɘ ɧŰɘ ŰŬ əɞəəɩŭɖ ɡɚɘəɎ ŮɘůɏɟɢɞɜŰŬɘ ŰŮɚɘəɩɠ ůŮ ůŰŬɗŮɟɐ əŬŰɎůŰŬůɖ ɛŮ 
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ˊŬɟɧɛɞɘŬ ɢŬɟŬəŰɖɟɘůŰɘəɎ (Tong et al. 2014, Li  et al. 2016, Theocharis et al. 2019). 

ȷɜŰɑɗŮŰŬ, ɖ U-əŬɛˊɨɚɖ, ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŮ ŰŬůɘəɏɠ əŬŰŬůŰɎůŮɘɠ ɛŮ Űɞ Ŭůô1 ŮɜŰɧɠ Űɖɠ 

ˊŮɟɘɞɢɐɠ (-45ɞ , -22.5ɞ), ŭŮɑɢɜŮɘ ɧŰɘ Űɞ ɝ ɛŮɘɩɜŮŰŬɘ ɛɖ ɔɟŬɛɛɘəɎ ɛŮ Űɞ ű ɢɤɟɑɠ 

ůɖɛɎŭɘŬ ůŰŬɗŮɟɞˊɞɑɖůɖɠ, Ůɜɩ ɚŬɛɓɎɜŮɘ ůɖɛŬɜŰɘəɎ ɛŮɔŬɚɨŰŮɟŮɠ Űɘɛɏɠ Ŭˊɧ ŬɡŰɏɠ ˊɞɡ 

ŬɜŰɘůŰɞɘɢɞɨɜ ůŰɖɜ L-əŬɛˊɨɚɖ ɔɘŬ ű Ò 25ɞ. ɄŬɟɧɛɞɘŬ ŬˊɞŰŮɚɏůɛŬŰŬ Ŭˊɧ ŭɞəɘɛɏɠ 

ůŰɟɞűɐɠ Űɤɜ əɡɟɑɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ ŭɘŬŰɖɟɩɜŰŬɠ ůŰŬɗŮɟɏɠ Űɘɠ ŮɜŮɟɔɏɠ əɨɟɘŮɠ Űɘɛɏɠ 

ŰɎůŮɤɠ ɏɢɞɡɜ ŬɜŬűŮɟɗŮɑ Ŭˊɧ Űɞɡɠ Tong et al. (2010).       

ɇɞ ɆɢɐɛŬ 19b ŭŮɑɢɜŮɘ ɧŰɘ ɖ ůɢɏůɖ ɛŮŰŬɝɨ Űɞɡ ɝ əŬɘ Űɞɡ ű ůŰɖ ŭɞəɘɛɐ D1 

ˊŮɟɘɔɟɎűŮŰŬɘ Ŭˊɧ Űɘɠ ɑŭɘŮɠ əŬɛˊɨɚŮɠ (L əŬɘ U) ɛŮ ŬɡŰɏɠ ůŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ C, ɛŮ 

ɛɧɜɖ ŭɘŬűɞɟɎ Űɞ ɧŰɘ ɖ ɔɤɜɑŬ ɝ ŮɑɜŬɘ ɘŭɘŬɑŰŮɟŬ ɡɣɖɚɐ əŬɘ ůŰɘɠ ŭɨɞ ˊŮɟɘɞɢɏɠ 

ŬˊɞűɧɟŰɘůɖɠ Űɖɠ ŰɎůɖɠ Űzɗ. ȷɜŰɘɗɏŰɤɠ, ůŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ ȸ ŭɘŬűɞɟŮŰɘəɏɠ əŬɛˊɨɚŮɠ 

ˊŮɟɘɔɟɎűɞɡɜ Űɖ ůɢɏůɖ Űɞɡ ɝ ɛŮ Űɞ ű ˊɟɘɜ Űɖɜ əɞɟɡűŬɑŬ ŬůŰɞɢɑŬ, ɛŮ Űɖ ɔɤɜɑŬ ɝ ɜŬ 

ŬɡɝɎɜŮŰŬɘ ɔɘŬ ŭŮŭɞɛɏɜɖ Űɘɛɐ Űɞɡ ű (ɐ Űɞɡ ɖ) ɧŰŬɜ ɞ ɚɧɔɞɠ Kc ɛŮɘɩɜŮŰŬɘȚ ɛɞɚŬŰŬɨŰŬ, 

ɖ ŮɝŮɚɘůůɧɛŮɜɖ Űɘɛɐ Űɖɠ ɔɤɜɑŬɠ Ŭůô1 ˊɞɡ ŬɜŬɔɟɎűŮŰŬɘ ůŰɘɠ ŮŰɘəɏŰŮɠ ˊɟɏˊŮɘ əŬɘ ŬɡŰɐ 

ɜŬ ɚɖűɗŮɑ ɡˊɧɣɖ. ȼ Űɘɛɐ Űɖɠ ɛɏůɖɠ ŮɜŮɟɔɞɨ ŰɎůɖɠ pôc ůŰɘɠ ŭɞəɘɛɏɠ ȸ3 (200 kPa) əŬɘ 

ȸ7 (100 kPa) ɛŮ Kc = 0.40 əŬɘ e = 0.727 ï 0.728 űŬɑɜŮŰŬɘ ɜŬ ɛɖɜ ŮˊɖɟŮɎɕŮɘ Űɖɜ Űɘɛɐ 

Űɞɡ ɝ ˊɟɘɜ Űɖɜ ŬůŰɞɢɑŬ. ɀŮŰɎ Űɖɜ ŬůŰɞɢɑŬ ɖ Űɘɛɐ Űɞɡ pôc ɏɢŮɘ ɛŮɔŬɚɨŰŮɟɖ ŮˊɑŭɟŬůɖ 

ůŰɖ ɔɤɜɑŬ ű Ŭˊɧ ɧŰɘ ůŰɖ ɔɤɜɑŬ ɝ, Ůɜɩ ɖ Űɘɛɐ Űɞɡ Kc ɏɢŮɘ ɛɘəɟɐ ŮˊɑŭɟŬůɖ ůŰɖ ɔɤɜɑŬ ɝ, 

ɛŮ ŰŬ ůɖɛŮɑŬ (ű , ɝ) ɜŬ ɓɟɑůəɞɜŰŬɘ əɞɜŰɎ ůŰɖɜ L-əŬɛˊɨɚɖ ˊɞɡ ɞɟɑůŰɖəŮ ůŰɘɠ ŭɞəɘɛɏɠ 

Űɨˊɞɡ C. ɀɞɚŬŰŬɨŰŬ, ɖ ůŰŬɗŮɟɐ əŬŰɎůŰŬůɖ ŭŮɜ ŮˊɘŰɡɔɢɎɜŮŰŬɘ ɛŮŰɎ Űɖɜ ŬůŰɞɢɑŬ ůŰɘɠ 

ŭɞəɘɛɏɠ Űɨˊɞɡ B ŭɘɧŰɘ ůɡɛɓŬɑɜŮɘ ɏɜŰɞɜɖ ˊɚŬůŰɘəɐ ŭɘŬůŰɞɚɐ əŬɘ Űɞ ɝ ɛŮɘɩɜŮŰŬɘ, Ůɜɩ ɞ 

ɟɡɗɛɧɠ ůŰɟɞűɐɠ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ ɛŮɘɩɜŮŰŬɘ əŬɘ ŬɡŰɧɠ, əŬɗɩɠ ɖ əɨɟɘŬ 

əŬŰŮɨɗɡɜůɖ ŰɎůŮɤɠ Ŭůô1 = +45ɞ ˊɟɞůŮɔɔɑɕŮŰŬɘ ɛŮ ůŰŬɗŮɟɐ əŬŰŮɨɗɡɜůɖ 

ˊɟɞůŬɡɝɖŰɘəɐɠ ŰɎůŮɤɠ Ŭdůô1 = +45ɞ.  

ȷɝɑɕŮɘ ɜŬ ůɖɛŮɘɤɗŮɑ ɧŰɘ ɖ ɔɤɜɑŬ ɝ ́ɟɘɜ Űɖɜ əɞɟɡűŬɑŬ ŬůŰɞɢɑŬ ůŰɘɠ ŭɞəɘɛɏɠ ȸ3 əŬɘ ȸ7 

ŮɑɜŬɘ ɛŮɔŬɚɨŰŮɟɖ Ŭˊɧ ŬɡŰɐɜ ˊɞɡ ˊŬɟŬŰɖɟŮɑŰŬɘ ůŰɖ ŭɞəɘɛɐ C6 ɔɘŬ ˊŬɟɧɛɞɘŬ Űɘɛɐ Űɤɜ 

ɔɤɜɘɩɜ ű əŬɘ Ŭůô1, ˊŬɟɎ Űɞ ɔŮɔɞɜɧɠ ɧŰɘ ɞ ɟɡɗɛɧɠ ůŰɟɞűɐɠ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ 

ŮɑɜŬɘ ɛɘəɟɧŰŮɟɞɠ ůŰɘɠ ˊɟɩŰŮɠ ŭɞəɘɛɏɠ (ɓɚ. ŰŬ ůɖɛŮɑŬ ůɨɔəɟɘůɖɠ P, P1 əŬɘ P2). ɆŰɘɠ 

ŭɞəɘɛɏɠ ȸ3 əŬɘ ȸ7 ɞ ɚɧɔɞɠ ŰɎůŮɤɜ ůŰŮɟŮɞˊɞɑɖůɖɠ Kc ŮɑɜŬɘ 0.40 (əŬɘ ŬɜŰɘůŰɞɘɢŮɑ 

ˊɟŬəŰɘəɎ ůŮ ůɡɜɗɐəŮɠ Ko-ůŰŮɟŮɞˊɞɑɖůɖɠ) Ůɜɩ ůŰɖ ŭɞəɘɛɐ C6 ŮɑɜŬɘ 0.64. 

ȺˊɘˊɟɞůɗɏŰɤɠ, ɖ ůɨɔəɟɘůɖ ɛŮŰŬɝɨ Űɤɜ Űɘɛɩɜ Űɞɡ ɝ ŬűɞɟɎ əŬŰŬůŰɎůŮɘɠ ůŰɟɞűɐɠ Űɤɜ 

əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ ˊɞɡ ɏˊɞɜŰŬɘ Űɖɠ ŬɜɘůɧŰɟɞˊɖɠ ůŰŮɟŮɞˊɞɑɖůɖɠ ɛŮ Ŭůô1 = 0ɞ ůŰɖɜ 

ˊŮɟɑˊŰɤůɖ Űɤɜ ŭɞəɘɛɩɜ ȸ3 əŬɘ ȸ7, Ůɜɩ ůŰɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ ŭɞəɘɛɐɠ C6 ɏɢŮɘ ɐŭɖ 

ˊɟɞɖɔɖɗŮɑ ɏɜŬɠ əɨəɚɞɠ űɧɟŰɘůɖɠ. ȷɜŰɘɗɏŰɤɠ, ůŰɖ ŭɞəɘɛɐ C1 ɛŮ Kc = 0.48 ɖ Űɘɛɐ Űɞɡ 

ɝ ůŰɖɜ Ŭɟɢɘəɐ űɎůɖ űɧɟŰɘůɖɠ ɛŮŰɎ Űɖɜ ŬɜɘůɧŰɟɞˊɖ ůŰŮɟŮɞˊɞɑɖůɖ ŮɑɜŬɘ ɡɣɖɚɧŰŮɟɖ 

Ŭˊɧ ŬɡŰɐɜ ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɖɜ L-əŬɛˊɨɚɖ əŬɘ ɡɣɖɚɧŰŮɟɖ Ŭˊɧ Űɘɠ Űɘɛɏɠ ˊɞɡ 

ˊŬɟŬŰɖɟɐɗɖəŬɜ ůŰɘɠ ŭɞəɘɛɏɠ ȸ3 əŬɘ ȸ7. ɆɖɛŮɘɩɜŮŰŬɘ, Ůˊɑůɖɠ, ɧŰɘ ɖ ŭɘŬŰɛɖŰɘəɐ 

ˊŬɟŬɛɧɟűɤůɖ, Ůq, ˊɞɡ ŬɜŬˊŰɨůůŮŰŬɘ ůŰɖ űɎůɖ Űɖɠ ŬɜɘůɧŰɟɞˊɖɠ ůŰŮɟŮɞˊɞɑɖůɖɠ 

ɛŮɘɩɜŮŰŬɘ ůŰɘɠ ŭɞəɘɛɏɠ ȸ3, ȸ7, C1 əŬɘ C6 əŬŰɎ Űɖ ůŮɘɟɎ ŬɜŬɔɟŬűɐɠ əŬɘ ɧŰɘ ɖ 

ŬɜɘůɧŰɟɞˊɖ ůŰŮɟŮɞˊɞɑɖůɖ ˊŮɟɘɚŬɛɓɎɜŮɘ ɛɑŬ űɎůɖ ˊɟɞ-ŭɘɎŰɛɖůɖɠ əŬŰɎ Űɖɜ ɞˊɞɑŬ ɞ 

ɚɧɔɞɠ ɖ ŬɡɝɎɜŮŰŬɘ ɡˊɧ ůŰŬɗŮɟɐ ŰɎůɖ pô.      
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ɇŬ ŭŮŭɞɛɏɜŬ Ŭˊɧ Űɘɠ ŭɞəɘɛɏɠ ȸ3, ȸ7, C1 əŬɘ C6 ɡˊɞŭŮɘəɜɨɞɡɜ ɧŰɘ ɖ ůɡɛˊŮɟɘűɞɟɎ Űɖɠ 

Ɏɛɛɞɡ ɔɑɜŮŰŬɘ ŮɜŰɧɜɤɠ ɛɖ ɞɛɞŬɝɞɜɘəɐ ɧŰŬɜ ɞɘ əɨɟɘɞɘ ɎɝɞɜŮɠ ŰɎůŮɤɠ ůŰɟŬűɞɨɜ 

ɨůŰŮɟŬ Ŭˊɧ ɛɑŬ ŭɘŬŭɘəŬůɑŬ ŭɘɎŰɛɖůɖɠ əŬɘ ˊŬɟŬɛɧɟűɤůɖɠ ɛŮ ůŰŬɗŮɟɐ əɨɟɘŬ 

əŬŰŮɨɗɡɜůɖ ŰɎůŮɤɠ. ɈˊɞŭŮɘəɜɨɞɡɜ, Ůˊɑůɖɠ, ɧŰɘ ɞ ɟɡɗɛɧɠ ůŰɟɞűɐɠ Űɤɜ əɨɟɘɤɜ 

Ŭɝɧɜɤɜ ŰɎůŮɤɠ ɏɢŮɘ ŰɧŰŮ ŭŮɡŰŮɟŮɨɞɡůŬ ŮˊɑŭɟŬůɖ ůŰɖ ɛɖ ɞɛɞŬɝɞɜɘəɧŰɖŰŬ Űɖɠ Ɏɛɛɞɡ 

ůŮ ůɨɔəɟɘůɖ ɛŮ Űɖɜ ɏɜŰŬůɖ Űɖɠ ˊɟɞ-ŭɘɎŰɛɖůɖɠ. Ⱥˊɞɛɏɜɤɠ, ɖ ˊɚŬůŰɘəɐ ůɡůŰɞɚɐ ɚɧɔɤ 

Űɖɠ ɏɜŰɞɜɖɠ ɛɖ ɞɛɞŬɝɞɜɘəɧŰɖŰŬɠ ůŮ ŬɡŰɐɜ Űɖɜ ˊŮɟɑˊŰɤůɖ ŮɜŭɏɢŮŰŬɘ ɜŬ ŭɟŬ ɤɠ 

ŬˊɞůŰŬɗŮɟɞˊɞɘɖŰɘəɧɠ ˊŬɟɎɔɞɜŰŬɠ əŬɘ ɜŬ ůɡůɢŮŰɑɕŮŰŬɘ ɛŮ Űɖɜ ŰɟɤŰɧŰɖŰŬ Űɤɜ 

ŬɜɘůɧŰɟɞˊŬ ůŰŮɟŮɞˊɞɘɖɛɏɜɤɜ Ɏɛɛɤɜ ɏɜŬɜŰɘ ɟŮɡůŰɞˊɞɑɖůɖɠ ɧŰŬɜ ɖ ůŰŬŰɘəɐ 

ŭɘŬŰɛɖŰɘəɐ ŰɎůɖ ŮɑɜŬɘ ɡɣɖɚɐ (ɓɚ. ɆɢɐɛŬ 10), ɧˊɤɠ ɔɘŬ ˊŬɟɎŭŮɘɔɛŬ ůŰɖɜ ˊŮɟɑˊŰɤůɖ 

Űɤɜ Ⱦɞ-ůŰŮɟŮɞˊɞɘɖɛɏɜɤɜ ŮŭŬűɩɜ ɐ ůŰɖɜ ˊŮɟɑˊŰɤůɖ ŮŭŬűɘəɩɜ ˊɟŬɜɩɜ. 

ɆɡɔəŮəɟɘɛɏɜŬ, ɛɑŬ ɛɘəɟɐ ŰŬůɘəɐ ŭɘŬŰŬɟŬɢɐ ɖ ɞˊɞɑŬ ˊŮɟɘɚŬɛɓɎɜŮɘ ůŰɟɞűɐ Űɤɜ 

əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ (ˊ.ɢ. ɖ ŬɚɚŬɔɐ Űɖɠ ɔŮɤɛŮŰɟɑŬɠ ɛɑŬɠ ˊɚŬɔɘɎɠ ůŰɞ ˊŮŭɑɞ) 

ˊɟɞəŬɚŮɑ ɏɜŰɞɜɖ ɛɖ ɞɛɞŬɝɞɜɘəɧŰɖŰŬ əŬɘ ˊɚŬůŰɘəɐ ůɡůŰɞɚɐ ˊɞɡ ɞŭɖɔŮɑ ůŰɖɜ 

ŬůŰɎɗŮɘŬ ɛɖ ůɡɔəŮɜŰɟɤɛɏɜɖɠ ˊŬɟŬɛɧɟűɤůɖɠ ɛŮ Űɟɧˊɞ ŬɜɎɚɞɔɞ ɤɠ ˊɟɞɠ ŬɡŰɧɜ ˊɞɡ 

ˊŮɟɘɔɟɎűɖəŮ Ŭˊɧ Űɞɜ əŬɗɖɔɖŰɐ ȸŬɟŭɞɡɚɎəɖ (Vardoulakis et al. 1978, Vardoulakis 

and Graf 1985, Vardoulakis and Georgopoulos 2005) ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ 

ŬůŰɎɗŮɘŬɠ ůɡɔəŮɜŰɟɤɛɏɜɖɠ ˊŬɟŬɛɧɟűɤůɖɠ.         

ɩʀʅʍɻʈɻʐʅʆʗ ɻʌʋʐʀʇʘʎʈɻʐɻȟ ʈʘʍʋʏ ɢɢɢȡ ɩʍʘʌʀʅ ʂ ɡʀʖʍʚɻ 

ɣʍʚʎʅʈʂʏ ɣɻʐʗʎʐɻʎʂʏ ʉɻ ɻʉɻʃʀʖʍʂʃʀʚ ʡʎʐʀ ʉɻ ʌʀʍʅʇɻʈɼʗʉʀʅ 

ʐʂʉ ʀʌʚɿʍɻʎʂ ʐʂʏ ɻʉʅʎʝʐʍʋʌʂʏ ʀʎʖʐʀʍʅʆʙʏ ɿʋʈʙʏȠ   

ũɘŬ Űɖ ŭɘŮɟŮɨɜɖůɖ Űɖɠ ŮˊɑŭɟŬůɖɠ Űɖɠ ŬɜɘůɧŰɟɞˊɖɠ ŮůɤŰŮɟɘəɐɠ ŭɞɛɐɠ Űɖɠ Ɏɛɛɞɡ ůŰɖɜ 

əɟɑůɘɛɖ əŬŰɎůŰŬůɖ ˊŬɟŬůəŮɡɎůŰɖəŬɜ ɢŬɚŬɟɎ ŭɞəɑɛɘŬ ŰŬ ɞˊɞɑŬ ɡˊɞɓɚɐɗɖəŬɜ ůŮ 

ɛɞɜɞŰɞɜɘəɐ űɧɟŰɘůɖ ŮɛˊɞŭɘɕɧɛŮɜɖɠ ůŰɟɎɔɔɘůɖɠ ɛŮ ůŰŬɗŮɟɐ əɨɟɘŬ əŬŰŮɨɗɡɜůɖ 

ŰɎůŮɤɠ (ŬəŰɘɜɘəɐ űɧɟŰɘůɖ). ȼ ɛɞɜɞŰɞɜɘəɐ űɧɟŰɘůɖ ŮɛˊɞŭɘɕɧɛŮɜɖɠ ůŰɟɎɔɔɘůɖɠ 

ŰŮɟɛŬŰɑůŰɖəŮ ůŰɘɠ ŭɘɎűɞɟŮɠ ŭɞəɘɛɏɠ ůŮ ŰŬůɘəɏɠ əŬŰŬůŰɎůŮɘɠ ɛŮŰɎ Űɖɜ əɞɟɡűŬɑŬ 

ŬůŰɞɢɑŬ əŬɘ ɧůɞ Űɞ ŭɡɜŬŰɧɜ ˊɚɖůɘɏůŰŮɟŬ ůŰɖɜ əɟɑůɘɛɖ əŬŰɎůŰŬůɖ. ȰˊŮɘŰŬ, ɞɘ 

ůɡɜɗɐəŮɠ ůŰɟɎɔɔɘůɖɠ ɎɚɚŬɝŬɜ ɛŮ ůˊɞɡŭɐ ɩůŰŮ ɜŬ ɛɖɜ ˊɟɞəɚɖɗŮɑ ɛŮŰŬɓɞɚɐ ůŰɘɠ 

ŮɜŮɟɔɏɠ ŰɎůŮɘɠ Űɖ ůŰɘɔɛɐ Űɖɠ ŬɚɚŬɔɐɠ əŬɘ ɜŬ ŮɝŬůűŬɚɘůŰŮɑ ůŰɖɜ ŮˊɧɛŮɜɖ űɎůɖ 

ůŰɟɞűɐɠ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ (Ⱦȷ) ŰɎůŮɤɠ ɞ ɏɚŮɔɢɞɠ Űɤɜ ŮɜŮɟɔɩɜ əɨɟɘɤɜ Űɘɛɩɜ (Ⱦɇ) 

ŰɎůŮɤɠ əŬɘ ɖ ŮɚŮɨɗŮɟɖ ůŰɟɎɔɔɘůɖ Űɞɡ ŭɞəɘɛɑɞɡ. ȼ ůŰɟɞűɐ Űɤɜ Ⱦȷ ŰɎůŮɤɠ 

ŮəŰŮɚɏůŰɖəŮ ŭɘŬŰɖɟɩɜŰŬɠ ůŰŬɗŮɟɏɠ Űɘɠ ŮɜŮɟɔɏɠ Ⱦɇ ŰɎůŮɤɠ ůɨɛűɤɜŬ ɛŮ Űɞ çˊŮɑɟŬɛŬ 

ůəɏɣɖɠè Űɞɡ əŬɗɖɔɖŰɐ ȹŬűŬɚɘɎ (Dafalias 2016). ȺəŰŮɚɏůŰɖəŮ, Ůˊɑůɖɠ, ůŰɟɞűɐ Űɤɜ 

Ⱦȷ ŰɎůŮɤɠ ɛŮ ůŰŬɗŮɟɏɠ ŮɜŮɟɔɏɠ Ⱦɇ ŰɎůŮɤɠ ɛŮŰɎ Űɖɜ ŬɜɘůɧŰɟɞˊɖ ůŰŮɟŮɞˊɞɑɖůɖ Űɖɠ 

Ɏɛɛɞɡ, ɢɤɟɑɠ ɜŬ ˊɟɞɖɔɖɗŮɑ űɧɟŰɘůɖ. 

ɇŬ ɆɢɐɛŬŰŬ 20a əŬɘ b ŭŮɑɢɜɞɡɜ Űɖɜ ɧŭŮɡůɖ ŰɎůŮɤɜ əŬɘ ˊŬɟŬɛɞɟűɩůŮɤɜ, 

ŬɜŰɘůŰɞɑɢɤɠ, Ŭˊɧ Űɖ ŭɞəɘɛɐ PAR1 ůŰɞ ŮəŰɟɞˊɘəɧ ŮˊɑˊŮŭɞ ŰɎůŮɤɜ əŬɘ 

ˊŬɟŬɛɞɟűɩůŮɤɜ, ŬɜŰɘůŰɞɑɢɤɠ. ɇɞ ŭɞəɑɛɘɞ ůŮ ŬɡŰɐɜ Űɖ ŭɞəɘɛɐ ůŰŮɟŮɞˊɞɘɐɗɖəŮ 

ŬɜɘůɧŰɟɞˊŬ ůŮ ɖ = 1.01 (Kc = 0.40, ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ˊɟŬəŰɘəɎ ůŮ ůɡɜɗɐəŮɠ Ko-

ůŰŮɟŮɞˊɞɑɖůɖɠ) əŬɘ pôc = 100 kPa əŬɘ ɡˊɞɓɚɐɗɖəŮ ůŮ ɏɜŬɜ ˊɚɐɟɖ əɨəɚɞ ůŰɟɞűɐɠ 

Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ ɛŮ ůŰŬɗŮɟɏɠ Űɘɛɏɠ pô = 100 kPa, ɖ = 1.01 əŬɘ b = 0, ɢɤɟɑɠ 
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ɜŬ ˊɟɞɖɔɖɗŮɑ űɧɟŰɘůɖ. ɇɞ ɆɢɐɛŬ 20a ŭŮɑɢɜŮɘ ɧŰɘ ɖ ˊŬɟŬɛɧɟűɤůɖ Űɖɠ Ɏɛɛɞɡ ŮɑɜŬɘ 

ŮɜŰɧɜɤɠ ɛɖ ɞɛɞŬɝɞɜɘəɐ Ŭűɞɨ ɖ əɨɟɘŬ əŬŰŮɨɗɡɜůɖ Űɖɠ ˊɟɞůŬɡɝɖŰɘəɐɠ 

ˊŬɟŬɛɧɟűɤůɖɠ (ŭɘɎɜɡůɛŬ dŮ) ɓɟɑůəŮŰŬɘ ɛŮŰŬɝɨ Űɤɜ əɨɟɘɤɜ əŬŰŮɡɗɨɜůŮɤɜ Űɖɠ 

ŰɎůɖɠ (ŭɘɎɜɡůɛŬ ů) əŬɘ Űɖɠ ˊɟɞůŬɡɝɖŰɘəɐɠ ŰɎůɖɠ (ŭɘɎɜɡůɛŬ dů) ɡůŰŮɟɩɜŰŬɠ ˊɑůɤ 

Ŭˊɧ Űɖ ŭŮɨŰŮɟɖ. ȼ ɧŭŮɡůɖ ˊŬɟŬɛɞɟűɩůŮɤɠ ůŰɞ ɆɢɐɛŬ 20b ɡˊɞŭŮɘəɜɨŮɘ ɧŰɘ ɖ 

ˊɚŬůŰɘəɐ ˊŬɟŬɛɞɟűɤůɘɛɧŰɖŰŬ Űɖɠ Ɏɛɛɞɡ ŮˊɖɟŮɎɕŮŰŬɘ ɏɜŰɞɜŬ Ŭˊɧ Űɖɜ ŮɔɔŮɜɐ əŬɘ 

ŮɝŮɚɘůůɧɛŮɜɖ ŬɜɘůɞŰɟɞˊɑŬ Űɖɠ ŮůɤŰŮɟɘəɐɠ ŭɞɛɐɠ: ɇɞ ɗŮŰɘəɧ əŬɘ ŬɟɜɖŰɘəɧ ɛɏɔɘůŰɞ 

Űɞɡ XŮ ŮɑɜŬɘ 0.08% əŬɘ -1.06%, ŬɜŰɘůŰɞɑɢɤɠ, ɛŮ Űɞ ŬɟɜɖŰɘəɧ ɛɏɔɘůŰɞ ɜŬ ŬɜŬˊŰɨůůŮŰŬɘ 

ɛŮŰɎ Űɖɜ əŬŰɎůŰŬůɖ ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŮ Ŭůô1 = 90ɞ, Ůɜɩ Űɞ ɗŮŰɘəɧ əŬɘ ŬɟɜɖŰɘəɧ 

ɛɏɔɘůŰɞ Űɞɡ YŮ ŮɑɜŬɘ 0.93% əŬɘ -1.14%, ŬɜŰɘůŰɞɑɢɤɠ. ȼ ŮˊɑŭɟŬůɖ Űɖɠ ŮɔɔŮɜɞɨɠ 

ŬɜɘůɞŰɟɞˊɑŬɠ ɡˊɞŭɖɚɩɜŮŰŬɘ Ŭˊɧ Űɞ ɔŮɔɞɜɧɠ ɧŰɘ Űɞ ŬəŰɘɜɘəɧ ŭɘɎɜɡůɛŬ ůŰɞ Űɏɚɞɠ Űɞɡ 

əɨəɚɞɡ űɧɟŰɘůɖɠ (Űɞ ɞˊɞɑɞ ŭŮɑɢɜŮɘ Űɖɜ ˊŬɟŬɛɏɜɞɡůŬ ˊŬɟŬɛɧɟűɤůɖ) ɏɢŮɘ 

ˊɟɞůŬɜŬŰɞɚɘůɛɧ Ŭ*
dŮ1 = 135ɞ əŬɘ Űɞ əɏɜŰɟɞ Űɖɠ ŬɜɞɘəŰɐɠ ŮɚɚŮɘˊŰɘəɐɠ ŰɟɞɢɘɎɠ 

ˊŬɟŬɛɞɟűɩůŮɤɜ ɓɟɑůəŮŰŬɘ ůŮ ɗɏůɖ ɛŮ XŮ < 0. 

ɇɞ ɆɢɐɛŬ 21a ŭŮɑɢɜŮɘ Űɖɜ Ůɝɏɚɘɝɖ Űɤɜ ɛŮɔŮɗɩɜ Ůvol, ůô1, ůô2 əŬɘ ůô3 ɛŮ Űɖ ɔɤɜɑŬ Ŭ*
ůô1 

Ůɜɩ Űɞ ɆɢɐɛŬ 21b ŭŮɑɢɜŮɘ Űɖɜ Ůɝɏɚɘɝɖ Űɤɜ ɔɤɜɘɩɜ Ŭ*
dŮ1 əŬɘ Ŭ

*
důô1 ɛŮ Űɖ ɔɤɜɑŬ Ŭ*

ůô1. Ƀɘ 

ŭɘŬəŮəɞɛɛɏɜŮɠ ɔɟŬɛɛɏɠ ůŰɞ ɆɢɐɛŬ 21b ŬɜŰɘůŰɞɘɢɞɨɜ ůŰɖ ůɡɜɗɐəɖ ɞɛɞŬɝɞɜɘəɐɠ 

ˊŬɟŬɛɧɟűɤůɖɠ, Ŭ*
dŮ1 = Ŭ*

ůô1, əŬɘ ɞɘ ŮŰɘəɏŰŮɠ Ɂ ŬˊŬɟɘɗɛɞɨɜ Űɞ ˊɚɐɗɞɠ Űɤɜ 

ɞɚɞəɚɖɟɤɛɏɜɤɜ əɨəɚɤɜ ůŰɟɞűɐɠ Űɤɜ Ⱦȷ ŰɎůŮɤɠ. ȳˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ ɆɢɐɛŬ 21a, 

əŬŰɎ Űɖ ŭɘɎɟəŮɘŬ Űɞɡ ˊɟɩŰɞɡ əɨəɚɞɡ ůŰɟɞűɐɠ Űɤɜ Ⱦȷ ŰɎůŮɤɠ ůɡůůɤɟŮɨŮŰŬɘ 

ˊɟɞɞŭŮɡŰɘəɎ ůɡůŰɞɚɘəɐ ɞɔəɞɛŮŰɟɘəɐ ˊŬɟŬɛɧɟűɤůɖ ˊŬɟɎ Űɞ ɔŮɔɞɜɧɠ ɧŰɘ ɞɘ ŮɜŮɟɔɏɠ 

Ⱦɇ ŰɎůŮɤɠ ŭɘŬŰɖɟɞɨɜŰŬɘ ˊɟŬəŰɘəɩɠ ůŰŬɗŮɟɏɠ. ȼ əɚɑůɖ dŮvol / dŬ
*
ůô1 ŮɑɜŬɘ ˊɞɚɨ ɛɘəɟɐ 

ɧŰŬɜ ɖ ɔɤɜɑŬ Ŭ*
ůô1 ŬɡɝɎɜŮŰŬɘ Ŭˊɧ 0

ɞ ůŮ 22.5ɞ, ɏˊŮɘŰŬ ŬɡɝɎɜŮŰŬɘ əŬɘ ɚŬɛɓɎɜŮɘ Űɖ 

ɛɏɔɘůŰɖ Űɘɛɐ Űɖɠ ɧŰŬɜ Ŭ*
ůô1 = 114ɞ (Ŭůô1 = -66ɞ), ɧˊɤɠ ɡˊɞŭŮɘəɜɨŮŰŬɘ ɛŮ Űɖ 

ŭɘŬəŮəɞɛɛɏɜɖ ŮűŬˊŰɧɛŮɜɖ ɔɟŬɛɛɐ, əŬɘ ŰŮɚɘəɎ ɛŮɘɩɜŮŰŬɘ ɛŮŰɎ Ŭˊɧ ŬɡŰɧ Űɞ ůɖɛŮɑɞ. 

ɇɞ ɆɢɐɛŬ 21b ŭŮɑɢɜŮɘ ɧŰɘ ɖ ɔɤɜɑŬ ɛɖ ɞɛɞŬɝɞɜɘəɧŰɖŰŬɠ, ɝ = Ŭ*
dŮ1 - Ŭ

*
ůô1, ɛŮŰŬɓɎɚɚŮŰŬɘ 

ɛɏůŬ ůŰɞɜ əɨəɚɞ űɧɟŰɘůɖɠ, ɧɜŰŬɠ ˊŮɟɑˊɞɡ ɑůɖ ɛŮ 11.5o ɧŰŬɜ Ŭ*
ůô1 = 33.5o (Ŭ*

dŮ1 = 45o), 

ŭɖɚŬŭɐ ɧŰŬɜ ɖ ˊŬɟŬɛɧɟűɤůɖ Űɞɡ ŭɞəɘɛɑɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŮ ɞɘɞɜŮɑ Ŭˊɚɐ ŭɘɎŰɛɖůɖ (dŮzz 

= 0, dŮɗɗ = dŮrr   O0
+, dŮzɗ  0), əŬɘ ɛŮɘɩɜŮŰŬɘ ɟŬɔŭŬɑŬ əŬɗɩɠ ɖ ɔɤɜɑŬ Ŭ*

ůô1 ŬɡɝɎɜŮŰŬɘ 

Ŭˊɧ 33.5ɞ ůŮ 45ɞ ŭɘɧŰɘ ɞ ɛɖɢŬɜɘůɛɧɠ ɞɚɑůɗɖůɖɠ ůŰŬ ŮˊɑˊŮŭŬ ŭɘŬůŰɟɤɛɎŰɤůɖɠ 

ŮɛɛɏɜŮɘ. ȼ ɛɏɔɘůŰɖ ɔɤɜɑŬ ɝ = 21ɞ ˊŬɟŬŰɖɟŮɑŰŬɘ ɔɘŬ Ŭ*
ůô1 = 114ɞ (ŬdŮ1 = 135ɞ) ɧŰŬɜ ɞ 

ɟɡɗɛɧɠ dŮvol / dŬ
*
ůô1 ɔɑɜŮŰŬɘ ŰŬɡŰɧɢɟɞɜŬ ɛɏɔɘůŰɞɠ əŬɘ Űɞ ŭɞəɑɛɘɞ ˊŬɟŬɛɞɟűɩɜŮŰŬɘ ůŮ 

ɞɘɞɜŮɑ Ŭˊɚɐ ŭɘɎŰɛɖůɖ. ɄŬɟŬŰɖɟŮɑŰŬɘ, Ůˊɑůɖɠ, ɧŰɘ ɖ ɔɤɜɑŬ ɝ ŬɡɝɎɜŮŰŬɘ ɧŰŬɜ ɖ ŰɎůɖ Űzɗ 

ŬˊɞűɞɟŰɑɕŮŰŬɘ.   

ɇɞ ɆɢɐɛŬ 22 ŭŮɑɢɜŮɘ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ Ŭˊɧ Űɖ ŭɞəɘɛɐ PAR3: ɇɞ ɆɢɐɛŬ 22a ŭŮɑɢɜŮɘ 

Űɖɜ ŰŬůɘəɐ ɧŭŮɡůɖ ůŰɞ q ï pô ŮˊɑˊŮŭɞ, Űɞ ɆɢɐɛŬ 22b ŭŮɑɢɜŮɘ Űɖɜ Ůɝɏɚɘɝɖ Űɤɜ ɛŮɔŮɗɩɜ 

ɖ, Ůvol (ŬɟɘůŰŮɟɧɠ əŬŰŬəɧɟɡűɞɠ ɎɝɞɜŬɠ) əŬɘ ȹu / pôin (ŭŮɝɘɧɠ əŬŰŬəɧɟɡűɞɠ ɎɝɞɜŬɠ) ɛŮ 

Űɖɜ ˊŬɟŬɛɧɟűɤůɖ Ůq, Űɞ ɆɢɐɛŬ 22c ŭŮɑɢɜŮɘ Űɖɜ ŰŬůɘəɐ ɧŭŮɡůɖ ůŰɞ Ys ï Xs ŮˊɑˊŮŭɞ 

əŬɘ Űɞ ɆɢɐɛŬ 22d ŭŮɑɢɜŮɘ Űɖɜ ɧŭŮɡůɖ ˊŬɟŬɛɞɟűɩůŮɤɠ ůŰɞ YŮ ï XŮ ŮˊɑˊŮŭɞ. ɇɞ 

ŭɞəɑɛɘɞ ůŮ ŬɡŰɐɜ Űɖ ŭɞəɘɛɐ ůŰŮɟŮɞˊɞɘɐɗɖəŮ ɘůɧŰɟɞˊŬ ůŮ ɛɏůɖ ŮɜŮɟɔɧ ŰɎůɖ pôc = 100 

kPa əŬɘ ɡˊɞɓɚɐɗɖəŮ ůŮ ɛɞɜɞŰɞɜɘəɐ ŬəŰɘɜɘəɐ űɧɟŰɘůɖ ŮɛˊɞŭɘɕɧɛŮɜɖɠ ůŰɟɎɔɔɘůɖɠ ɛŮ b 

= 0.5 əŬɘ Ŭůô1 = 15ɞ. ȼ ɛɞɜɞŰɞɜɘəɐ ŬəŰɘɜɘəɐ űɧɟŰɘůɖ ŰŮɟɛŬŰɑůŰɖəŮ ůŰɖɜ ŰŬůɘəɐ 
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əŬŰɎůŰŬůɖ ɛŮŰɎ Űɖɜ əɞɟɡűŬɑŬ ŬůŰɞɢɑŬ ɛŮ pô = 343 kPa, ɖ =1.05 əŬɘ Ůq = 7.6%, Ůɜɩ ɖ 

Ɏɛɛɞɠ ŭɘŬůŰŮɚɚɧŰŬɜ ˊɚŬůŰɘəɎ ɡˊɧ ɞɛɞŬɝɞɜɘəɏɠ ůɡɜɗɐəŮɠ ˊŬɟŬɛɧɟűɤůɖɠ əŬɘ ɢɤɟɑɠ 

ŮɛűŬɜɐ ůŰɞɜ ɔɡɛɜɧ ɞűɗŬɚɛɧ ůɖɛɎŭɘŬ ůɡɔəŮɜŰɟɤɛɏɜɖɠ ˊŬɟŬɛɧɟűɤůɖɠ. ɆŰɖ 

ůɡɜɏɢŮɘŬ, ŮəŰŮɚɏůŰɖəŮ ůŰɟɞűɐ Űɤɜ Ⱦȷ ŰɎůŮɤɠ ɡˊɧ ůŰɟŬɔɔɘɕɧɛŮɜŮɠ ůɡɜɗɐəŮɠ əŬɘ 

ŭɘŬŰɖɟɩɜŰŬɠ ůŰŬɗŮɟɏɠ Űɘɠ ŮɜŮɟɔɏɠ Ⱦɇ ŰɎůŮɤɠ. ɇɞ ɆɢɐɛŬ 23a ŭŮɑɢɜŮɘ Űɖɜ Ůɝɏɚɘɝɖ Űɤɜ 

ɛŮɔŮɗɩɜ Ůvol, ůô1, ůô2 əŬɘ ůô3 ɛŮ Űɖ ɔɤɜɑŬ Ŭ*
ůô1 əŬŰɎ Űɖ űɎůɖ Űɖɠ ůŰɟɞűɐɠ Űɤɜ Ⱦȷ 

ŰɎůŮɤɠ, Ůɜɩ Űɞ ɆɢɐɛŬ 23b ŭŮɑɢɜŮɘ Űɖɜ Ůɝɏɚɘɝɖ Űɤɜ ɔɤɜɘɩɜ Ŭ*
dŮ1 əŬɘ Ŭ

*
důô1 ɛŮ Űɖ ɔɤɜɑŬ 

Ŭ*
ůô1 əŬŰɎ Űɖ ŭɘɎɟəŮɘŬ əŬɘ Űɤɜ ŭɨɞ űɎůŮɤɜ. 

ɇŬ ŭŮŭɞɛɏɜŬ ˊɞɡ ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ůŰŬ ɆɢɐɛŬŰŬ 22 əŬɘ 23 ɡˊɞŭŮɘəɜɨɞɡɜ ɧŰɘ ɖ 

ˊŬɟŬɛɧɟűɤůɖ Űɖɠ Ɏɛɛɞɡ əŬŰɎ Űɖɜ ŬəŰɘɜɘəɐ űɧɟŰɘůɖ ŮɑɜŬɘ ŬɟɢɘəɎ ɛɖ ɞɛɞŬɝɞɜɘəɐ 

ɧɛɤɠ ɔɑɜŮŰŬɘ ůŰŬŭɘŬəɎ ɞɛɞŬɝɞɜɘəɐ ůŰɖ űɎůɖ Űɖɠ ˊɚŬůŰɘəɐɠ ŭɘŬůŰɞɚɐɠ əŬɘ 

ɢŬɚɎɟɤůɖɠ ɛŮŰɎ Űɖɜ əɞɟɡűŬɑŬ ŬůŰɞɢɑŬ. ȰˊŮɘŰŬ, ɖ ˊŬɟŬɛɧɟűɤůɖ ɔɑɜŮŰŬɘ ŬəŬɟɘŬɑŬ 

ɛɖ ɞɛɞŬɝɞɜɘəɐ əŬɘ ɖ Ɏɛɛɞɠ ŬɟɢɑɕŮɘ ɜŬ ůɡůŰɏɚɚŮŰŬɘ ˊɚŬůŰɘəɎ Ŭəɟɘɓɩɠ Űɖ ůŰɘɔɛɐ ˊɞɡ 

ŬɟɢɑɕŮɘ ɖ ůŰɟɞűɐ Űɤɜ Ⱦȷ ŰɎůŮɤɠ ɛŮ ůŰŬɗŮɟɏɠ Űɘɠ ŮɜŮɟɔɏɠ Ⱦɇ ŰɎůŮɤɠ. Ƀɘ Űɘɛɏɠ Űɤɜ 

ɛŮɔŮɗɩɜ dŮvol / dŮq əŬɘ ɝ Űɖ ůŰɘɔɛɐ ŮəŮɑɜɖ ŮɑɜŬɘ 0.47 əŬɘ 27.8ɞ, ŬɜŰɘůŰɞɑɢɤɠ, əŬɗɩɠ 

ɧɛɤɠ ɖ ɔɤɜɑŬ Ŭůô1 ɛŮŰŬɓɎɚɚŮŰŬɘ Ŭˊɧ 15.0ɞ ůŮ 42.3ɞ ɞ ɚɧɔɞɠ dŮvol / dŬůô1 ˊŬɟŬɛɏɜŮɘ 

ˊɟŬəŰɘəɎ ůŰŬɗŮɟɧɠ Ůɜɩ ɖ ɔɤɜɑŬ ɝ ɛŮɘɩɜŮŰŬɘ ɟŬɔŭŬɑŬ. ȼ ŬɜɎɚɡůɖ Űɤɜ ŭŮŭɞɛɏɜɤɜ 

ɡˊɞŭŮɘəɜɨŮɘ ɧŰɘ ɖ Ɏɛɛɞɠ ůŰɖ ŭɞəɘɛɐ PAR3 ɓɟɑůəŮŰŬɘ əɞɜŰɎ ůŰɖɜ əɟɑůɘɛɖ əŬŰɎůŰŬůɖ 

ɧŰŬɜ ŮəəɘɜŮɑŰŬɘ ɖ ůŰɟɞűɐ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ əŬɘ, ˊŬɟɎ Űɞ ɔŮɔɞɜɧɠ ɧŰɘ 

ˊɟɞɖɔɞɡɛɏɜɤɠ ˊŬɟŬŰɖɟŮɑŰŬɘ ˊɚŬůŰɘəɐ ŭɘŬůŰɞɚɐ ɡˊɧ ɞɛɞŬɝɞɜɘəɏɠ ůɡɜɗɐəŮɠ 

ˊŬɟŬɛɧɟűɤůɖɠ, Űɖ ůŰɘɔɛɐ Ůəəɑɜɖůɖɠ ɖ ůɡɛˊŮɟɘűɞɟɎ Űɖɠ Ɏɛɛɞɡ ɔɑɜŮŰŬɘ ŬəŬɟɘŬɑŬ 

ůɡůŰɞɚɘəɐ əŬɘ ŮɜŰɧɜɤɠ ɛɖ ɞɛɞŬɝɞɜɘəɐ. 

ɇɞ ɆɢɐɛŬ 24 ˊŬɟɞɡůɘɎɕŮɘ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ Ŭˊɧ Űɘɠ ŭɞəɘɛɏɠ PAR2 əŬɘ PAR4 ɛŬɕɑ ɛŮ 

ŬɡŰɎ Ŭˊɧ Űɖ ŭɞəɘɛɐ PAR3. ɆɡɔəŮəɟɘɛɏɜŬ, Űɞ ɆɢɐɛŬ 24a ŭŮɑɢɜŮɘ Űɖɜ Ůɝɏɚɘɝɖ Űɤɜ 

ɛŮɔŮɗɩɜ ɖ (ŬɟɘůŰŮɟɧɠ əŬŰŬəɧɟɡűɞɠ ɎɝɞɜŬɠ) əŬɘ Ůvol (ŭŮɝɘɧɠ əŬŰŬəɧɟɡűɞɠ ɎɝɞɜŬɠ) ɛŮ 

Űɖɜ ˊŬɟŬɛɧɟűɤůɖ Ůq, Űɞ ɆɢɐɛŬ 24b ŭŮɑɢɜŮɘ Űɖɜ Ůɝɏɚɘɝɖ Űɤɜ ɛŮɔŮɗɩɜ Ůvol (ŬɟɘůŰŮɟɧɠ 

əŬŰŬəɧɟɡűɞɠ ɎɝɞɜŬɠ) əŬɘ ɝ (ŭŮɝɘɧɠ əŬŰŬəɧɟɡűɞɠ ɎɝɞɜŬɠ) ɛŮ Űɖ ɔɤɜɑŬ Ŭůô1, Űɞ ɆɢɐɛŬ 

24c ŭŮɑɢɜŮɘ Űɘɠ ɞŭŮɨůŮɘɠ ˊŬɟŬɛɧɟűɤůɖɠ ůŰɞ YŮ ï XŮ ŮˊɑˊŮŭɞ əŬɘ Űɞ ɆɢɐɛŬ 24d ŭŮɑɢɜŮɘ 

Űɖɜ Ůɝɏɚɘɝɖ Űɞɡ ůɡɜŭɡŬůɛɞɨ (pô , e) ůŰɞ əŬŰŬůŰŬŰɘəɧ ŮˊɑˊŮŭɞ ɛŬɕɑ ɛŮ Űɖ ɔɟŬɛɛɐ 

əɟɑůɘɛɖɠ əŬŰɎůŰŬůɖɠ, ɖ ɞˊɞɑŬ ɗŮɤɟŮɑŰŬɘ ɛɞɜŬŭɘəɐ ŬɜŮɝŬɟŰɐŰɤɠ Űɞɡ Űɨˊɞɡ űɧɟŰɘůɖɠ 

(Li  and Dafalias 2012, Salvatore et al. 2017, Zhou et al. 2017). ɆŰɘɠ ŭɞəɘɛɏɠ PAR2-4 

ɖ Ɏɛɛɞɠ ůŰŮɟŮɞˊɞɘɐɗɖəŮ ɘůɧŰɟɞˊŬ ůŮ ɛɏůɖ ŮɜŮɟɔɧ ŰɎůɖ pôc = 100 kPa ɐ 200 kPa, 

ɏˊŮɘŰŬ ɡˊɞɓɚɐɗɖəŮ ůŮ ɛɞɜɞŰɞɜɘəɐ űɧɟŰɘůɖ ŮɛˊɞŭɘɕɧɛŮɜɖɠ ůŰɟɎɔɔɘůɖɠ ɛŮ b = 0.5 əŬɘ 

Ŭůô1 = 15ɞ əŬɘ ɨůŰŮɟŬ ůŮ ůŰɟɞűɐ Űɤɜ Ⱦȷ ŰɎůŮɤɠ ɛŮ ůŰŬɗŮɟɏɠ Űɘɠ ŮɜŮɟɔɏɠ Ⱦɇ ŰɎůŮɤɠ, 

ɡˊɧ ůɡɜɗɐəŮɠ ŮɚŮɨɗŮɟɖɠ ůŰɟɎɔɔɘůɖɠ. ɇɞ ɆɢɐɛŬ 24b ŭŮɑɢɜŮɘ ɛɧɜɞ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ 

Ŭˊɧ Űɖ űɎůɖ ůŰɟɞűɐɠ Űɤɜ Ⱦȷ ŰɎůŮɤɠ, Ůɜɩ ŰŬ ɡˊɧɚɞɘˊŬ ůɢɐɛŬŰŬ əŬɘ Ŭˊɧ Űɘɠ ŭɨɞ 

űɎůŮɘɠ. Ƀɘ ůɡɜɗɐəŮɠ əŬŰɎ Űɖɜ Ůəəɑɜɖůɖ Űɖɠ ůŰɟɞűɐɠ Űɤɜ Ⱦȷ ŰɎůŮɤɠ ůŰɘɠ ŭɞəɘɛɏɠ 

Űɨˊɞɡ PAR ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ůŰɞɜ ɄɑɜŬəŬ 5. ȺɑɜŬɘ ůɖɛŬɜŰɘəɧ ɜŬ ůɖɛŮɘɤɗŮɑ ɧŰɘ ůŰɖ 

ŭɞəɘɛɐ PAR4 ɖ Ůəəɑɜɖůɖ Űɖɠ ůŰɟɞűɐɠ Űɤɜ Ⱦȷ ŰɎůŮɤɠ ɏɔɘɜŮ ůŮ ɛɘəɟɧŰŮɟɖ 

ŭɘŬŰɛɖŰɘəɐ ˊŬɟŬɛɧɟűɤůɖ, Ůq, Ŭˊɧ ɧŰɘ ůŰɖ ŭɞəɘɛɐ PAR3, Ůɜɩ ůŰɖ ŭɞəɘɛɐ PAR2 ɏɔɘɜŮ 

ůŮ ɛŮɔŬɚɨŰŮɟɖ. Ⱥˊɑůɖɠ, ůɖɛŮɘɩɜŮŰŬɘ ɧŰɘ ůŰɖ ŭɞəɘɛɐ PAR2 ɡˊɐɟɢŬɜ ŮɛűŬɜŮɑɠ ɕɩɜŮɠ 
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ůɡɔəŮɜŰɟɤɛɏɜɖɠ ˊŬɟŬɛɧɟűɤůɖɠ ůŰɞ ŭɞəɑɛɘɞ ɧŰŬɜ ɝŮəɑɜɖůŮ ɖ ůŰɟɞűɐ Űɤɜ Ⱦȷ 

ŰɎůŮɤɠ.    

ɇŬ ŬˊɞŰŮɚɏůɛŬŰŬ ůŰɞ ɆɢɐɛŬ 24 ŭŮɑɢɜɞɡɜ əŬɗŬɟɎ ɧŰɘ ɖ Ɏɛɛɞɠ ŮˊɘŭŮɘəɜɨŮɘ ɏɜŰɞɜɖ ɛɖ 

ɞɛɞŬɝɞɜɘəɧŰɖŰŬ əŬɘ ˊɚŬůŰɘəɐ ůɡůŰɞɚɐ ɧŰŬɜ ɖ ɛɞɜɞŰɞɜɘəɐ űɧɟŰɘůɖ ɛŮ ůŰŬɗŮɟɞɨɠ 

Ⱦȷ ŰɎůŮɤɠ ŭɘŬəɞˊŮɑ ůŰɖ űɎůɖ Űɖɠ ɢŬɚɎɟɤůɖɠ Ŭˊɧ ɛɑŬ ůɡɜŮɢɐ ůŰɟɞűɐ Űɤɜ Ⱦȷ 

ŰɎůŮɤɠ ɛŮ ůŰŬɗŮɟɏɠ ŮɜŮɟɔɏɠ Ⱦɇ ŰɎůŮɤɠ. ɀɎɚɘůŰŬ, ɖ ɏɜŰŬůɖ Űɖɠ ɛɖ ɞɛɞŬɝɞɜɘəɧŰɖŰŬɠ 

əŬɘ Űɖɠ ůɡůɢŮŰɘůɛɏɜɖɠ ˊɚŬůŰɘəɐɠ ůɡůŰɞɚɐɠ ɔɑɜŮŰŬɘ ɛŮɔŬɚɨŰŮɟɖ ɧŰŬɜ ɖ ˊɟɞɖɔɞɨɛŮɜɖ 

ŭɘŬŰɛɖŰɘəɐ ŭɘŬŭɘəŬůɑŬ (ˊɟɞ-ŭɘɎŰɛɖůɖ) ŮɑɜŬɘ ŮɜŰɞɜɧŰŮɟɖ ůŮ ɧɟɞɡɠ ůɡůůɩɟŮɡůɖɠ 

ŭɘŬŰɛɖŰɘəɐɠ ˊŬɟŬɛɧɟűɤůɖɠ. ɆɡɔəŮəɟɘɛɏɜŬ, əŬŰɎ Űɖɜ Ůəəɑɜɖůɖ Űɖɠ ůŰɟɞűɐɠ Űɤɜ Ⱦȷ 

ŰɎůŮɤɠ ůŰɘɠ ŭɞəɘɛɏɠ PAR4, PAR3 əŬɘ PAR2 ɖ ŭɘŬŰɛɖŰɘəɐ ˊŬɟŬɛɧɟűɤůɖ, Ůq, ŮɑɜŬɘ 

4.7%, 7.6% əŬɘ 12.4%, ŬɜŰɘůŰɞɑɢɤɠ, ɖ ɔɤɜɑŬ ɝ ŮɑɜŬɘ 25.9ɞ, 27.8ɞ əŬɘ 32.5ɞ, 

ŬɜŰɘůŰɞɑɢɤɠ, əŬɘ ɞ ɚɧɔɞɠ dŮvol / dŮq ŮɑɜŬɘ 0.10, 0.47 əŬɘ 0.97, ŬɜŰɘůŰɞɑɢɤɠ. ȾŬɗɩɠ, 

ɧɛɤɠ, ɖ ůŰɟɞűɐ Űɤɜ Ⱦȷ ŰɎůŮɤɠ ůɡɜŮɢɑɕŮŰŬɘ ɖ ɔɤɜɑŬ ɛɖ ɞɛɞŬɝɞɜɘəɧŰɖŰŬɠ, ɝ, űɗɑɜŮɘ 

ɟŬɔŭŬɑɤɠ əŬɘ ɖ Ůɝɏɚɘɝɖ Űɞɡ ɝ ɛŮ Űɞ Ŭůô1 ɔɑɜŮŰŬɘ əɞɘɜɐ ůŰɘɠ ŰɟŮɘɠ ŭɞəɘɛɏɠ ŬɜŮɝɎɟŰɖŰŬ 

Ŭˊɧ Űɖɜ ɘůŰɞɟɑŬ űɧɟŰɘůɖɠ, Ůɜɩ ɞ ɚɧɔɞɠ ŭɘŬůŰɞɚɘəɧŰɖŰŬɠ, dŮvol / dŮq, ˊŬɟŬɛɏɜŮɘ 

ŭɘŬűɞɟŮŰɘəɧɠ. ɇɞ çˊŮɑɟŬɛŬ ůəɏɣɖɠè Űɞɡ əŬɗɖɔɖŰɐ ȹŬűŬɚɘɎ (Dafalias 2016) ŮɑɜŬɘ ɖ 

ɞɟɘŬəɐ ˊŮɟɑˊŰɤůɖ Űɖɠ ŬəɞɚɞɡɗɑŬɠ Űɤɜ ˊŮɘɟŬɛɎŰɤɜ ˊɞɡ ˊŬɟɞɡůɘɎɕɞɜŰŬɘ Ůŭɩ əŬɘ 

ŭŮŭɞɛɏɜɞɡ ɧŰɘ ŰŬ ˊŬɟŬŰɖɟɞɨɛŮɜŬ ɢŬɟŬəŰɖɟɘůŰɘəɎ ɛɖ ɞɛɞŬɝɞɜɘəɧŰɖŰŬɠ əŬɘ 

ˊɚŬůŰɘəɐɠ ůɡůŰɞɚɐɠ ɔɑɜɞɜŰŬɘ ůŰŬŭɘŬəɎ ŮɜŰɞɜɧŰŮɟŬ əŬɗɩɠ ˊɟɞůŮɔɔɑɕŮŰŬɘ ɖ əɟɑůɘɛɖ 

əŬŰɎůŰŬůɖ ůɡɜɎɔŮŰŬɘ ɧŰɘ ŰŬ ˊŮɘɟŬɛŬŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ Űɖɠ ˊŬɟɞɨůŬɠ ŮɟɔŬůɑŬɠ 

ŮˊŬɚɖɗŮɨɞɡɜ Űɞɜ ɘůɢɡɟɘůɛɧ ɧŰɘ ɖ ŪŮɤɟɑŬ ȷɜɘůɞŰɟɞˊɘəɐɠ Ⱦɟɑůɘɛɖɠ ȾŬŰɎůŰŬůɖɠ ˊɞɡ 

ˊɟɞŰɎɗɖəŮ Ŭˊɧ Űɞɡɠ Li and Dafalias (2012) ŬˊɞŰŮɚŮɑ ɛɑŬ ŬɜŬɔəŬɑŬ ŬɜŬɗŮɩɟɖůɖ Űɖɠ 

əɚŬůůɘəɐɠ ŪŮɤɟɑŬɠ Ⱦɟɑůɘɛɖɠ ȾŬŰɎůŰŬůɖɠ. 

ȷɝɑɕŮɘ ɜŬ ůɖɛŮɘɤɗŮɑ ɧŰɘ ŰŬ ˊŮɘɟŬɛŬŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ ŮɑɜŬɘ ˊɟɤŰɧŰɡˊŬ ŭɘɧŰɘ 

ɡˊɞŭŮɘəɜɨɞɡɜ ɧŰɘ ɖ ŮˊɑŭɟŬůɖ Űɖɠ ˊɟɞ-ŭɘɎŰɛɖůɖɠ ůŰɖɜ ɏɜŰŬůɖ Űɖɠ ɛɖ 

ɞɛɞŬɝɞɜɘəɧŰɖŰŬɠ əŬɘ ˊɚŬůŰɘəɐɠ ůɡůŰɞɚɐɠ əŬŰɎ Űɖ ɛŮŰŬɔŮɜɏůŰŮɟɖ ůŰɟɞűɐ Űɤɜ Ⱦȷ 

ŰɎůŮɤɠ ŮɑɜŬɘ ůɖɛŬɜŰɘəɧŰŮɟɖ Ŭˊɧ Űɖɜ ŮˊɑŭɟŬůɖ Űɤɜ ˊŬɟŬɛɏŰɟɤɜ ɖ, pô, b əŬɘ e. ũɘŬ 

ˊŬɟɎŭŮɘɔɛŬ, ůɨɛűɤɜŬ ɛŮ Űɞɡɠ Tong et al. (2010), Űɞ ɛɏɔŮɗɞɠ Űɖɠ ůɡůŰɞɚɘəɐɠ 

ɞɔəɞɛŮŰɟɘəɐɠ ˊŬɟŬɛɧɟűɤůɖɠ, Ůvol, ˊɞɡ ůɡůůɤɟŮɨŮŰŬɘ əŬŰɎ Űɖ ůŰɟɞűɐ Űɤɜ Ⱦȷ 

ŰɎůŮɤɠ ɛŮ ůŰŬɗŮɟɏɠ ŮɜŮɟɔɏɠ Ⱦɇ ŰɎůŮɤɠ ŬɡɝɎɜŮŰŬɘ ɧŰŬɜ əɎɗŮ ɛɑŬ Ŭˊɧ Űɘɠ 

ˊŬɟŬɛɏŰɟɞɡɠ ɖ, pô, b əŬɘ e ŬɡɝɎɜŮŰŬɘ. ɀɞɚŬŰŬɨŰŬ, ɖ Ɏɛɛɞɠ ůŰɖ ŭɞəɘɛɐ PAR4 

ůɡůŰɏɚɚŮŰŬɘ ɚɘɔɧŰŮɟɞ Ŭˊɧ ɧŰɘ ɖ Ɏɛɛɞɠ ůŰɖ ŭɞəɘɛɐ PAR3 ˊŬɟɧɚɞ ˊɞɡ ɖ Űɘɛɐ Űɤɜ 

ˊŬɟŬɛɏŰɟɤɜ ɖ əŬɘ pô ŮɑɜŬɘ ɛŮɔŬɚɨŰŮɟɖ ůŰɖɜ ˊɟɩŰɖ ŭɞəɘɛɐ, Ůɜɩ ɖ Űɘɛɐ Űɤɜ 

ˊŬɟŬɛɏŰɟɤɜ b əŬɘ e ŮɑɜŬɘ ˊɟŬəŰɘəɎ ɖ ɑŭɘŬ (ɓɚ. ɄɑɜŬəŬ 5).  

Ⱥˊɑůɖɠ, ůɨɛűɤɜŬ ɛŮ Űɞɡɠ Miura et al. (1986), Gutierrez et al. (1991), Li and Yu 

(2010) əŬɘ Tong et al. (2010, 2014) Űɞ ɛɏɔŮɗɞɠ Űɖɠ ɔɤɜɑŬɠ ɛɖ ɞɛɞŬɝɞɜɘəɧŰɖŰŬɠ, ɝ, 

ɛŮɘɩɜŮŰŬɘ ɧŰŬɜ ɖ ůŰɟɞűɐ Űɤɜ Ⱦȷ ŰɎůŮɤɠ ŮəŰŮɚŮɑŰŬɘ ůŮ ɛŮɔŬɚɨŰŮɟɞ ɖ, ůŮ ɛŮɔŬɚɨŰŮɟɞ 

b əŬɘ ůŮ ɛŮɔŬɚɨŰŮɟɞ e. ɀɞɚŬŰŬɨŰŬ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ ɆɢɐɛŬ 25 Űɞ ɞˊɞɑɞ 

ŬˊŮɘəɞɜɑɕŮɘ Űɖɜ Ůɝɏɚɘɝɖ Űɞɡ ɝ ɛŮ Űɞ Ŭ*
ůô1 ůŰɘɠ ŭɞəɘɛɏɠ PAR1-4,  ɖ ɔɤɜɑŬ ɝ ůŰɖ ŭɞəɘɛɐ 

PAR4 ŮɑɜŬɘ ɛŮɔŬɚɨŰŮɟɖ Ŭˊɧ ŬɡŰɐɜ ůŰɖ ŭɞəɘɛɐ PAR1 ˊŬɟɧɚɞ ˊɞɡ ůŰɖɜ ˊɟɩŰɖ ŭɞəɘɛɐ 

ɖ Űɘɛɐ Űɤɜ ˊŬɟŬɛɏŰɟɤɜ ɖ, b əŬɘ e ŮɑɜŬɘ ɛŮɔŬɚɨŰŮɟɖ. ɇɞ ˊŬɟŬŰɖɟɞɨɛŮɜɞ űŬɘɜɧɛŮɜɞ 

ɛŮŰɎ Űɖɜ ŬɚɚŬɔɐ Űɖɠ əŬŰŮɨɗɡɜůɖɠ Űɤɜ Ⱦȷ ŰɎůŮɤɠ ŮɑɜŬɘ, ɧɛɤɠ, ˊŬɟɞŭɘəɧ əŬɘ ɖ ŭɏůɛɖ 
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Űɤɜ ůɖɛŮɑɤɜ Ŭˊɧ Űɘɠ ŭɞəɘɛɏɠ PAR2-4 űŬɑɜŮŰŬɘ ɜŬ əɘɜŮɑŰŬɘ ˊɟɞɠ ŰŬ ůɖɛŮɑŬ Ŭˊɧ Űɖ 

ŭɞəɘɛɐ PAR1 əŬɗɩɠ ɖ ůŰɟɞűɐ Űɤɜ Ⱦȷ ŰɎůŮɤɠ ŮɝŮɚɑůůŮŰŬɘ. ɇɏɚɞɠ, ŰɞɜɑɕŮŰŬɘ ɧŰɘ Űɞ 

ˊŬɟɞŭɘəɧ ŬɡŰɧ űŬɘɜɧɛŮɜɞ ˊŬɟŬŰɖɟŮɑŰŬɘ əŬɘ ůŰɖɜ ˊŮɟɑˊŰɤůɖ ˊɞɡ ɖ ˊɟɞ-ŭɘɎŰɛɖůɖ 

ŮˊɘɓɎɚɚŮŰŬɘ əŬŰɎ Űɖɜ ŬɜɘůɧŰɟɞˊɖ ůŰŮɟŮɞˊɞɑɖůɖ Űɖɠ Ɏɛɛɞɡ ɛŮ ɡɣɖɚɐ ůŰŬŰɘəɐ 

ŭɘŬŰɛɖŰɘəɐ ŰɎůɖ (ɔɘŬ ˊŬɟɎŭŮɘɔɛŬ, ůŮ ůɡɜɗɐəŮɠ Ko-ůŰŮɟŮɞˊɞɑɖůɖɠ), ɧˊɤɠ ŮŭŮɑɢɗɖ ůŰɘɠ 

ŭɞəɘɛɏɠ ŬůŰɟɎɔɔɘůŰɖɠ űɧɟŰɘůɖɠ Űɨˊɞɡ B əŬɘ C (ɓɚ. ɆɢɐɛŬ 19b). ȼ ˊɟɤŰɞŰɡˊɑŬ ůŮ 

ŬɡŰɐɜ Űɖɜ ˊŮɟɑˊŰɤůɖ ɏɔəŮɘŰŬɘ ůŰɞ ɔŮɔɞɜɧɠ ɧŰɘ ɖ ŮˊɑŭɟŬůɖ Űɖɠ ˊɟɞ-ŭɘɎŰɛɖůɖɠ ůŰɖɜ 

ɏɜŰŬůɖ Űɖɠ ɛɖ ɞɛɞŬɝɞɜɘəɧŰɖŰŬɠ ŮɑɜŬɘ ůɖɛŬɜŰɘəɧŰŮɟɖ Ŭˊɧ Űɖɜ ŮˊɑŭɟŬůɖ Űɞɡ ɟɡɗɛɞɨ 

ůŰɟɞűɐɠ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ ˊɞɡ ɏɢŮɘ ŮˊɘůɖɛŬɜɗŮɑ Ŭˊɧ Űɞɡɠ Gutierrez et al. 

(1991).  

ɫʑʈʌʀʍʗʎʈɻʐɻ 

ɆŰɖɜ ˊŬɟɞɨůŬ ŭɘŭŬəŰɞɟɘəɐ ŭɘŬŰɟɘɓɐ ŭɘŮɟŮɡɜɐɗɖəŮ ˊŮɘɟŬɛŬŰɘəɎ ɖ ɛɖɢŬɜɘəɐ 

ůɡɛˊŮɟɘűɞɟɎ Űɖɠ Ɏɛɛɞɡ ɀ31 ɡˊɧ ůɡɜɗɐəŮɠ ŰɟɘŬɝɞɜɘəɐɠ əŬɘ ɔŮɜɘəŮɡɛɏɜɖɠ űɧɟŰɘůɖɠ. 

ɆɡɔəŮəɟɘɛɏɜŬ ɛŮɚŮŰɐɗɖəŮ ɖ ŮˊɑŭɟŬůɖ Űɖɠ ŬɜɘůɞŰɟɞˊɑŬɠ Űɖɠ Ɏɛɛɞɡ ůŰɖ ɛɞɜɧŰɞɜɖ 

ɟŮɡůŰɞˊɞɑɖůɖ, ůŰɖ ɔŮɜɘəŮɡɛɏɜɖ ŬůŰɞɢɑŬ əŬɘ ůŰɖɜ əɟɑůɘɛɖ əŬŰɎůŰŬůɖ. ɇŬ ŭɞəɑɛɘŬ 

Űɖɠ Ɏɛɛɞɡ ˊŬɟŬůəŮɡɎůŰɖəŬɜ ɛŮ Űɖ ɛɏɗɞŭɞ ŬˊɧɗŮůɖɠ ůŮ ɜŮɟɧ əŬɘ ůŰŮɟŮɞˊɞɘɐɗɖəŬɜ 

ůŮ ɛŮɔɎɚɞ Ůɨɟɞɠ ŰɎůŮɤɜ pôc = (ůô1c + ůô2c + ůô3c) / 3 əŬɘ ɚɧɔɞɡ ŰɎůŮɤɜ Kc = ůô3c / ůô1c. 

ȼ ɛɞɜɞŰɞɜɘəɐ ɐ ŬɜŬəɡəɚɘəɐ űɧɟŰɘůɖ Űɤɜ ŭɞəɘɛɑɤɜ ˊɟŬɔɛŬŰɞˊɞɘɐɗɖəŮ ɛŮ ůŰŬɗŮɟɞɨɠ 

ɐ ůŰɟŮűɧɛŮɜɞɡɠ əɨɟɘɞɡɠ ɎɝɞɜŮɠ (Ⱦȷ) ŰɎůŮɤɠ əŬɘ ɛŮ ŭɨɞ ŭɘŬűɞɟŮŰɘəɏɠ Űɘɛɏɠ Űɖɠ 

ˊŬɟŬɛɏŰɟɞɡ ŮɜŭɘɎɛŮůɖɠ əɨɟɘŬɠ ŰɎůɖɠ, b = (ůô2 ï ůô3) / (ůô1 ï ůô3). Ƀɘ ˊŮɘɟŬɛŬŰɘəɏɠ 

ŭɞəɘɛɏɠ ŮəŰŮɚɏůŰɖəŬɜ ůŰɖ ůɡůəŮɡɐ ůŰɟŮˊŰɘəɐɠ ŭɘɎŰɛɖůɖɠ əɞɑɚɞɡ əɡɚɘɜŭɟɘəɞɨ 

ŭɞəɘɛɑɞɡ əŬɘ ůŮ ŭɨɞ ůɡůəŮɡɏɠ ŰɟɘŬɝɞɜɘəɐɠ űɧɟŰɘůɖɠ Űɞɡ ȺɟɔŬůŰɖɟɑɞɡ 

ȺŭŬűɞɛɖɢŬɜɘəɐɠ, Űɞɡ Ⱥɗɜɘəɞɨ ɀŮŰůɧɓɘɞɡ ɄɞɚɡŰŮɢɜŮɑɞɡ. ȳɚŮɠ ɞɘ ůɡůəŮɡɏɠ 

Űɟɞ́ɞˊɞɘɐɗɖəŬɜ ɐ ŬɜŬɓŬɗɛɑůŰɖəŬɜ ɔɘŬ Űɘɠ ŬɜɎɔəŮɠ Űɖɠ ˊŬɟɞɨůŬɠ ŮɟɔŬůɑŬɠ.  

ũɘŬ Űɞɜ ˊɟɞůŭɘɞɟɘůɛɧ Űɤɜ ɢŬɟŬəŰɖɟɘůŰɘəɩɜ əɟɑůɘɛɖɠ əŬŰɎůŰŬůɖɠ Űɖɠ Ɏɛɛɞɡ 

ŮəŰŮɚɏůŰɖəŬɜ ŭɞəɘɛɏɠ ɛɞɜɞŰɞɜɘəɐɠ ŰɟɘŬɝɞɜɘəɐɠ ůɡɛˊɑŮůɖɠ ɡˊɧ ůɡɜɗɐəŮɠ ŮɚŮɨɗŮɟɖɠ 

əŬɘ ŮɛˊɞŭɘɕɧɛŮɜɖɠ ůŰɟɎɔɔɘůɖɠ ůŮ ŭɞəɑɛɘŬ Ɏɛɛɞɡ ůŰŮɟŮɞˊɞɘɖɛɏɜŬ ɘůɧŰɟɞˊŬ ůŮ ɛɏůɖ 

ŮɜŮɟɔɧ ŰɎůɖ, pôc, Ŭˊɧ 100 kPa ɏɤɠ 6000 kPa. ɄɟɞůŭɘɞɟɑůŰɖəŮ ɛɑŬ ɛɞɜŬŭɘəɐ ɔɟŬɛɛɐ 

əɟɑůɘɛɖɠ əŬŰɎůŰŬůɖɠ ůŰɞɜ pô ï e ï q ɢɩɟɞ, ŬɜŮɝɎɟŰɖŰɖ Űɤɜ Ŭɟɢɘəɩɜ ůɡɜɗɖəɩɜ əŬɘ 

Űɞɡ Űɨˊɞɡ Űɖɠ ɧŭŮɡůɖɠ űɧɟŰɘůɖɠ (ŮɚŮɨɗŮɟɖɠ ɐ ŮɛˊɞŭɘɕɧɛŮɜɖɠ ůŰɟɎɔɔɘůɖɠ). ȼ 

ůɡɛˊŮɟɘűɞɟɎ Űɖɠ Ɏɛɛɞɡ əŬɗô ɧɚɖ Űɖ ŭɘɎɟəŮɘŬ Űɖɠ űɧɟŰɘůɖɠ ɛɏɢɟɘ Űɖɜ əɟɑůɘɛɖ 

əŬŰɎůŰŬůɖ ɛˊɞɟŮɑ ɜŬ ůɡůɢŮŰɘůŰŮɑ ɛŮ Űɖɜ Ůɝɏɚɘɝɖ Űɖɠ əŬŰŬůŰŬŰɘəɐɠ ˊŬɟŬɛɏŰɟɞɡ, ɣ, 

Űɤɜ Been and Jefferies (1985). ũɘŬ ˊŬɟɎŭŮɘɔɛŬ, ɞ Ŭˊɞəɚɑɜɤɜ ɚɧɔɞɠ ŰɎůŮɤɜ, ɖ, ůŰɞ 

ůɖɛŮɑɞ ŬɚɚŬɔɐɠ űɎůɖɠ ŬɡɝɎɜŮŰŬɘ Ůɜɩ ɞ Ŭˊɞəɚɑɜɤɜ ɚɧɔɞɠ ŰɎůŮɤɜ, ɖ, əŬɘ ɖ ŬˊɧɚɡŰɞɠ 

Űɘɛɐ Űɞɡ ɚɧɔɞɡ ŭɘŬůŰɞɚɘəɧŰɖŰŬɠ, D, ůŰɖɜ əŬŰɎůŰŬůɖ əɞɟɡűŬɑŬɠ ŬůŰɞɢɑŬɠ ɛŮɘɩɜɞɜŰŬɘ 

ɧŰŬɜ ɖ əŬŰŬůŰŬŰɘəɐ ˊŬɟɎɛŮŰɟɞɠ, ɣ, ɔɑɜŮŰŬɘ ɚɘɔɧŰŮɟɞ ŬɟɜɖŰɘəɐ. Ⱥˊɑůɖɠ, ɖ ůɢɏůɖ 

ɚɧɔɞɡ ŰɎůŮɤɜ ï ŭɘŬůŰɞɚɘəɧŰɖŰŬɠ, ɖ ï D, ŮɑɜŬɘ ŭɘŬűɞɟŮŰɘəɐ ɔɘŬ ɢŬɚŬɟɐ əŬɘ ˊɡəɜɐ 

Ɏɛɛɞ. 

ũɘŬ Űɖ ɛŮɚɏŰɖ Űɖɠ ɛɖɢŬɜɘəɐɠ ůɡɛˊŮɟɘűɞɟɎɠ Űɖɠ Ɏɛɛɞɡ ˊŬɟŬůəŮɡɎůŰɖəŬɜ ɢŬɚŬɟɎ 

ŭɞəɑɛɘŬ ŰŬ ɞˊɞɑŬ ůŰŮɟŮɞˊɞɘɐɗɖəŬɜ ɘůɧŰɟɞˊŬ (Ɏɛɛɞɠ IC) ůŮ ɛɏůɖ ŮɜŮɟɔɧ ŰɎůɖ, pôc = 

200 kPa (ɐ 100 kPa ɐ 300 kPa). ȰˊŮɘŰŬ, ŰŬ ŭɞəɑɛɘŬ ɡˊɞɓɚɐɗɖəŬɜ ůŮ ɛɞɜɞŰɞɜɘəɐ 



ɞʆʐʀʉʙʏ ʎʞʉʋʕʂ 
 

XXXII  

 

űɧɟŰɘůɖ ŮɛˊɞŭɘɕɧɛŮɜɖɠ ůŰɟɎɔɔɘůɖɠ ɛŮ ůŰŬɗŮɟɐ ɛɏůɖ ɞɚɘəɐ ŰɎůɖ, p, əŬɘ ůŰŬɗŮɟɐ 

ˊŬɟɎɛŮŰɟɞ ŮɜŭɘɎɛŮůɖɠ əɨɟɘŬɠ ŰɎůɖɠ, b = 0.5, ŭɘŬŰɖɟɩɜŰŬɠ Űɞɜ ˊɟɞůŬɜŬŰɞɚɘůɛɧ Űɞɡ 

ɎɝɞɜŬ Űɖɠ ɛɏɔɘůŰɖɠ əɨɟɘŬɠ ŰɎůɖɠ, ůô1, ůŰŬɗŮɟɧ ůŮ ŭɘɎűɞɟŮɠ əŬŰŮɡɗɨɜůŮɘɠ ɤɠ ˊɟɞɠ 

Űɖɜ əŬŰŬəɧɟɡűɞ, ɛŮŰɟɞɨɛŮɜŮɠ ɛŮ Űɖ ɔɤɜɑŬ Ŭůô1 (ɐ Ŭ) (ŬəŰɘɜɘəɐ űɧɟŰɘůɖ). ȹɞəɘɛɏɠ 

ŮəŰŮɚɏůŰɖəŬɜ ɔɘŬ Űɘɛɏɠ Űɖɠ ɔɤɜɑŬɠ Ŭůô1 Ŭˊɧ 0
ɞ ɏɤɠ 90ɞ əŬɘ ɔɘŬ b = 0.5. ȼ ɢŬɚŬɟɐ 

Ɏɛɛɞɠ ŮˊɏŭŮɘɝŮ Űɡˊɘəɐ ůɡɛˊŮɟɘűɞɟɎ ˊŬɟɞŭɘəɐɠ ɛɞɜɧŰɞɜɖɠ ɟŮɡůŰɞˊɞɑɖůɖɠ (limited 

flow deformation) ɛŮ ˊŰɩůɖ Űɖɠ ŬɜŰɞɢɐɠ, q, ɛŮŰɎ Űɞ ůɖɛŮɑɞ ˊŬɟɞŭɘəɞɨ ɛŮɔɑůŰɞɡ, 

ɚɧɔɤ Űɖɠ Ŭɨɝɖůɖɠ Űɖɠ ˊɑŮůɖɠ Űɞɡ ɨŭŬŰɞɠ ˊɧɟɤɜ, əŬɘ ŬɜɎəŰɖůɖ Űɖɠ ŬɜŰɞɢɐɠ ɛŮŰɎ Űɞ 

ůɖɛŮɑɞ ŬɚɚŬɔɐɠ űɎůɖɠ. ɆŰɖ űɎůɖ Űɖɠ ˊŬɟɞŭɘəɐɠ ɛɞɜɧŰɞɜɖɠ ɟŮɡůŰɞˊɞɑɖůɖɠ ɖ 

Ŭˊɧəɟɘůɖ Űɞɡ ůɡůŰɐɛŬŰɞɠ ŭɞəɑɛɘɞ ï ůɡůəŮɡɐ űɧɟŰɘůɖɠ ɔɑɜŮŰŬɘ ŬůŰŬɗɐɠ ɚɧɔɤ Űɤɜ 

ŮˊɘɚŮɔɛɏɜɤɜ ˊŬɟŬɛɏŰɟɤɜ Ůɚɏɔɢɞɡ, Ůɜɩ Űɞ ŭɞəɑɛɘɞ ŭŮɜ ŮɛűŬɜɑɕŮɘ ůɖɛɎŭɘŬ 

ůɡɔəŮɜŰɟɤɛɏɜɖɠ ˊŬɟŬɛɧɟűɤůɖɠ.    

ȼ ůɡɛˊŮɟɘűɞɟɎ Űɖɠ Ɏɛɛɞɡ ůŰɘɠ ŭɞəɘɛɏɠ ŬəŰɘɜɘəɐɠ űɧɟŰɘůɖɠ (ŭɞəɘɛɏɠ Űɨˊɞɡ ȷ) 

ɔɑɜŮŰŬɘ, Ůɜ ɔɏɜŮɘ, ˊŮɟɘůůɧŰŮɟɞ ůɡůŰɞɚɘəɐ ɧŰŬɜ ɞ ůô1-ɎɝɞɜŬɠ ŬˊɞɛŬəɟɨɜŮŰŬɘ Ŭˊɧ Űɖɜ 

əŬŰŬəɧɟɡűɞ ɛŮ ŬˊɞŰɏɚŮůɛŬ ɖ ŬɜŰɞɢɐ, q, ůŰɞ ůɖɛŮɑɞ ˊŬɟɞŭɘəɞɨ ɛŮɔɑůŰɞɡ əŬɘ ůŰɞ 

ůɖɛŮɑɞ ŬɚɚŬɔɐɠ űɎůɖɠ ɜŬ ɛŮɘɩɜŮŰŬɘ ɛŮ Űɖ ɔɤɜɑŬ Ŭůô1Ț Ůˊɑůɖɠ, ɖ əŬɜɞɜɘəɞˊɞɘɖɛɏɜɖ 

ɡˊŮɟˊɑŮůɖ Űɞɡ ɨŭŬŰɞɠ ˊɧɟɤɜ, ȹu / pôin, əŬɘ ɖ ɞəŰŬŮŭɟɘəɐ ŭɘŬŰɛɖŰɘəɐ ˊŬɟŬɛɧɟűɤůɖ, 

ɔoct, ůŰɞ ůɖɛŮɑɞ ŬɚɚŬɔɐɠ űɎůɖɠ ŬɡɝɎɜɞɜŰŬɘ ɧŰŬɜ ŬɡɝɎɜŮŰŬɘ ɖ ɔɤɜɑŬ Ŭůô1. ɆŰɖɜ 

əŬŰɎůŰŬůɖ əɞɟɡűŬɑŬɠ ŬůŰɞɢɑŬɠ ɖ Űɘɛɐ Űɞɡ ɚɧɔɞɡ ŰɎůŮɤɜ, sin ű, ɛŮɘɩɜŮŰŬɘ, Ůɜ ɔɏɜŮɘ, 

ɛŮ Űɖɜ Ŭɨɝɖůɖ Űɖɠ ɔɤɜɑŬɠ Ŭůô1. ɀɞɚŬŰŬɨŰŬ, ɖ ˊŮɟɘůůɧŰŮɟɞ ŬůɗŮɜɐɠ Ŭˊɧəɟɘůɖ 

ˊŬɟŬŰɖɟŮɑŰŬɘ ɧŰŬɜ ɖ ɔɤɜɑŬ Ŭůô1 ɚŬɛɓɎɜŮɘ Űɘɛɏɠ ɛŮŰŬɝɨ 60ɞ əŬɘ 75ɞ, ŭɘɧŰɘ ŰɧŰŮ ɏɜŬ Ŭˊɧ 

ŰŬ ŮˊɑˊŮŭŬ ɞɘɞɜŮɑ ŬůŰɞɢɑŬɠ (maximum stress obliquity planes) ŰŮɑɜŮɘ ɜŬ 

ˊɟɞůŬɜŬŰɞɚɘůŰŮɑ ɛŮ Űɞ ɞɟɘɕɧɜŰɘɞ ŮˊɑˊŮŭɞ ŭɘŬůŰɟɤɛɎŰɤůɖɠ. Ⱥˊɞɛɏɜɤɠ, ɖ ŮɔɔŮɜɐɠ 

ŬɜɘůɞŰɟɞˊɑŬ ŮˊɖɟŮɎɕŮɘ ŰŬ ɛɖɢŬɜɘəɎ ɢŬɟŬəŰɖɟɘůŰɘəɎ Űɖɠ Ɏɛɛɞɡ ůŰɞ ůɖɛŮɑɞ 

ˊŬɟɞŭɘəɞɨ ɛŮɔɑůŰɞɡ ŬɜŰɞɢɐɠ, ůŰɞ ůɖɛŮɑɞ ŬɚɚŬɔɐɠ űɎůɖɠ əŬɘ ůŰɖɜ əŬŰɎůŰŬůɖ 

əɞɟɡűŬɑŬɠ ŬůŰɞɢɑŬɠ. 

ɇŬ ůɖɛŮɑŬ ˊŬɟɞŭɘəɞɨ ɛŮɔɑůŰɞɡ ůŰɘɠ ŭɞəɘɛɏɠ ŬəŰɘɜɘəɐɠ űɧɟŰɘůɖɠ ŰŬɡŰɑɕɞɜŰŬɘ 

ˊɟŬəŰɘəɎ ɛŮ ŰŬ ůɖɛŮɑŬ ůŰŬ ɞˊɞɑŬ ˊɟɞəŬɚŮɑŰŬɘ ɖ ŬůŰɎɗŮɘŬ ɛɖ ůɡɔəŮɜŰɟɤɛɏɜɖɠ 

ˊŬɟŬɛɧɟűɤůɖɠ əŬɘ ŮəəɘɜŮɑŰŬɘ ɖ űɎůɖ Űɖɠ ɛɞɜɧŰɞɜɖɠ ɟŮɡůŰɞˊɞɑɖůɖɠ. ɇŬ ůɖɛŮɑŬ 

ŬɡŰɎ ɞɟɑɕɞɡɜ ůŰɞ Y ï X ŮˊɑˊŮŭɞ ŰɎůŮɤɜ Űɖɜ ȺˊɘűɎɜŮɘŬ ȷůŰɎɗŮɘŬɠ (IS) ɖ ɞˊɞɑŬ 

ŬˊɞŰŮɚŮɑ Űɖ ɔŮɜɑəŮɡůɖ Űɖɠ ũɟŬɛɛɐɠ ȷůŰɎɗŮɘŬɠ Űɞɡ Lade (Lade 1993) Ŭűɞɨ 

ɡˊɞŭŮɘəɜɨŮɘ Űɞɡɠ ůɡɜŭɡŬůɛɞɨɠ (Ŭůô1 , ű) ůŰɞɡɠ ɞˊɞɑɞɡɠ ˊɟɞəŬɚŮɑŰŬɘ ɖ ŬůŰɎɗŮɘŬ ɡˊɧ 

ůɡɜɗɐəŮɠ ɔŮɜɘəŮɡɛɏɜɖɠ ŬəŰɘɜɘəɐɠ űɧɟŰɘůɖɠ. ɄŬɟŬŰɖɟɐɗɖəŮ ɧŰɘ ɖ ŬůŰɎɗŮɘŬ 

ˊɟɞəŬɚŮɑŰŬɘ ůŮ ɛɘəɟɧŰŮɟɞ ɚɧɔɞ ŰɎůŮɤɜ sin ű ɧŰŬɜ ɖ ɔɤɜɑŬ Ŭůô1 ɔɑɜŮŰŬɘ ɛŮɔŬɚɨŰŮɟɖ. 

ɄŬɟɞɛɞɑɤɠ, ɛɑŬ ŭŮŭɞɛɏɜɖ Űɘɛɐ Űɖɠ ˊŬɟŬɛɧɟűɤůɖɠ, ɔoct, ɐ Űɖɠ əŬɜɞɜɘəɞˊɞɘɖɛɏɜɖɠ 

ɡˊŮɟˊɑŮůɖɠ Űɞɡ ɨŭŬŰɞɠ ˊɧɟɤɜ, ȹu / pôin, ůŰɖ ůɡůŰɞɚɘəɐ űɎůɖ Ŭˊɧəɟɘůɖɠ 

ŬɜŬˊŰɨůůŮŰŬɘ ůŮ ɛɘəɟɧŰŮɟɞ ɚɧɔɞ ŰɎůŮɤɜ sin ű ɧŰŬɜ ɖ ɔɤɜɑŬ Ŭ ɔɑɜŮŰŬɘ ɛŮɔŬɚɨŰŮɟɖ. 

ɇŬ ŭŮŭɞɛɏɜŬ ŬɡŰɎ ɡˊɞŭŮɘəɜɨɞɡɜ ɧŰɘ ɖ ŮɔɔŮɜɐɠ ŬɜɘůɞŰɟɞˊɑŬ ŮˊɖɟŮɎɕŮɘ Űɖɜ 

ˊŬɟŬɛɞɟűɤůɘɛɧŰɖŰŬ əŬɘ Űɖ ůɡɜɗɐəɖ ɟŮɡůŰɞˊɞɑɖůɖɠ Űɖɠ Ɏɛɛɞɡ. 

ũɘŬ Űɖ ɛŮɚɏŰɖ Űɖɠ ŮˊɑŭɟŬůɖɠ Űɖɠ ɘůŰɞɟɑŬɠ ůŰŮɟŮɞˊɞɑɖůɖɠ əŬɘ űɧɟŰɘůɖɠ ůŰɖ ɛɖɢŬɜɘəɐ 

ůɡɛˊŮɟɘűɞɟɎ Űɖɠ Ɏɛɛɞɡ ˊŬɟŬůəŮɡɎůŰɖəŬɜ ɢŬɚŬɟɎ ŭɞəɑɛɘŬ ɛŮ Űɖ ɛɏɗɞŭɞ ŬˊɧɗŮůɖɠ 

ůŮ ɜŮɟɧ, ŰŬ ɞˊɞɑŬ ůŰŮɟŮɞˊɞɘɐɗɖəŬɜ ŬɜɘůɧŰɟɞˊŬ (Ɏɛɛɞɠ AC) ůŮ ɛɏůɖ ŮɜŮɟɔɧ ŰɎůɖ, 
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pôc = 200 kPa (ɐ 100 kPa), əŬɘ ůŮ ŭɘɎűɞɟɞɡɠ ɚɧɔɞɡɠ ŰɎůŮɤɜ ůŰŮɟŮɞˊɞɑɖůɖɠ, Kc (= 

0.40 ï 0.80). ɆŰɖ ŭŮɨŰŮɟɖ űɎůɖ ůŰŮɟŮɞˊɞɑɖůɖɠ ɛŮŰŬɓɚɐɗɖəŮ ɖ Űɘɛɐ Űɖɠ ˊŬɟŬɛɏŰɟɞɡ 

b Ŭˊɧ 0 ůŮ 0.5 əŬɘ Űɖɠ ŰɎůŮɤɠ pô Ŭˊɧ pôc ůŮ pôin (> pôc) əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ ŮˊɘɓɚɐɗɖəŮ 

ɛɞɜɞŰɞɜɘəɐ űɧɟŰɘůɖ ŮɛˊɞŭɘɕɧɛŮɜɖɠ ůŰɟɎɔɔɘůɖɠ ɛŮ ůŰɟɞűɐ Űɤɜ Ⱦȷ ŰɎůŮɤɠ əŬɘ 

ůŰŬɗŮɟɏɠ p əŬɘ b (= 0.5) ˊŬɟŬɛɏŰɟɞɡɠ. ɆŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ ȸ ɖ ŬˊɞəɚɑɜɞɡůŬ ŰɎůɖ, q, 

ŬɡɝɎɜŮŰŬɘ ɛɞɜɧŰɞɜŬ Ůɜɩ ŰŬɡŰɧɢɟɞɜŬ ůŰɟɏűɞɜŰŬɘ ɞɘ Ⱦȷ ŰɎůŮɤɠ. ɆŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ 

C ɖ ŬˊɞəɚɑɜɞɡůŬ ŰɎůɖ, q, ŭɘŬŰɖɟŮɑŰŬɘ ůŰŬɗŮɟɐ Ůɜɩ ůŰɟɏűɞɜŰŬɘ ɞɘ Ⱦȷ ŰɎůŮɤɠ 

ˊɟɞəŬɚɩɜŰŬɠ Űɖɜ ŬɜɎˊŰɡɝɖ ɡˊŮɟˊɑŮůɖɠ Űɞɡ ɨŭŬŰɞɠ ˊɧɟɤɜ əŬɘ, Ůˊɞɛɏɜɤɠ, Űɖɜ 

Ŭɨɝɖůɖ Űɞɡ ŬˊɞəɚɑɜɞɜŰɞɠ ɚɧɔɞɡ ŰɎůŮɤɜ, ɖ = q / pô, əŬɗɩɠ ɞɘ ŮɜŮɟɔɏɠ ŰɎůŮɘɠ 

ŬˊɞűɞɟŰɑɕɞɜŰŬɘ ɘůɧŰɟɞˊŬ (důô1 = důô2 = důô3 = -du < 0). ɆŰɖ ŭɞəɘɛɐ D1 ɖ 

ŬˊɞəɚɑɜɞɡůŬ ŰɎůɖ, q, ɛŮŰŬɓɎɚɚŮŰŬɘ ˊŮɟɘɞŭɘəɎ Ůɜɩ ůŰɟɏűɞɜŰŬɘ ɞɘ Ⱦȷ ŰɎůŮɤɠ ɛŮ 

ˊɟŬəŰɘəɎ ůŰŬɗŮɟɏɠ p əŬɘ b (= 0.40 ï 0.52) ˊŬɟŬɛɏŰɟɞɡɠ. 

ȼ ŬůŰɎɗŮɘŬ ůŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ ȸ ˊɟɞəŬɚŮɑŰŬɘ ɛŮŰɎ Ŭˊɧ ɛɑŬ ɛɘəɟɐ Ŭɨɝɖůɖ Űɖɠ 

ŬˊɞəɚɑɜɞɡůŬɠ ŰɎůɖɠ əŬɘ ůŰɟɞűɐ Űɤɜ Ⱦȷ ŰɎůŮɤɠ ɧŰŬɜ ɞ ɚɧɔɞɠ Kc ŮɑɜŬɘ ɛɘəɟɧɠ, 

ɡˊɞŭɖɚɩɜɞɜŰŬɠ Űɖɜ ŰɟɤŰɧŰɖŰŬ Űɖɠ ŬɜɘůɧŰɟɞˊŬ ůŰŮɟŮɞˊɞɘɖɛɏɜɖɠ Ɏɛɛɞɡ ɏɜŬɜŰɘ 

ɟŮɡůŰɞˊɞɑɖůɖɠ ɧŰŬɜ ɖ ůŰŬŰɘəɐ ŭɘŬŰɛɖŰɘəɐ ŰɎůɖ ŮɑɜŬɘ ɛŮɔɎɚɖ, ɧˊɤɠ ɔɘŬ ˊŬɟɎŭŮɘɔɛŬ 

ůŮ ůɡɜɗɐəŮɠ Ⱦɞ-ůŰŮɟŮɞˊɞɑɖůɖɠ. ȼ ůŰɟɞűɐ Űɤɜ Ⱦȷ ŰɎůŮɤɠ ɡˊɧ ůŰŬɗŮɟɐ 

ŬˊɞəɚɑɜɞɡůŬ ŰɎůɖ ůŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ C ŮˊɘűɏɟŮɘ ˊɚŬůŰɘəɐ ůɡůŰɞɚɐ, ŬůŰɎɗŮɘŬ, 

ˊŬɟɞŭɘəɐ ɛɞɜɧŰɞɜɖ ɟŮɡůŰɞˊɞɑɖůɖ əŬɘ ŰŮɚɘəɎ ŬůŰɞɢɑŬ Űɖɠ ɢŬɚŬɟɐɠ Ɏɛɛɞɡ ɔɘŬ Űɘɠ 

Űɘɛɏɠ Űɞɡ Kc ˊɞɡ ŮɝŮŰɎůŰɖəŬɜ ůŮ ŬɡŰɐɜ Űɖɜ ŮɟɔŬůɑŬ. ũɘŬ ɛɑŬ ŭŮŭɞɛɏɜɖ Űɘɛɐ Űɞɡ Kc ɖ 

ůŰɟɞűɐ Űɤɜ Ⱦȷ ŰɎůŮɤɠ ɛɏɢɟɘ Űɖɜ Ůəəɑɜɖůɖ Űɖɠ ŬůŰɎɗŮɘŬɠ ŮɑɜŬɘ ɛŮɔŬɚɨŰŮɟɖ ůŰɘɠ 

ŭɞəɘɛɏɠ Űɨˊɞɡ C ůŮ ůɨɔəɟɘůɖ ɛŮ Űɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ ȸ. ɄŬɟŬŰɖɟɐɗɖəŮ, Ůˊɑůɖɠ, ɧŰɘ ɖ 

ŬůŰɎɗŮɘŬ ˊɟɞəŬɚŮɑŰŬɘ ɧŰŬɜ ɖ ŰŬůɘəɐ ɧŭŮɡůɖ Ŭˊɧ Űɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ B əŬɘ C ŭɘŬŰɏɛɜŮɘ 

Űɖɜ ŮˊɘűɎɜŮɘŬ ŬůŰɎɗŮɘŬɠ ˊɞɡ ɞɟɑůŰɖəŮ ůŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ ȷ ɡˊɧ ɛɑŬ ɛŮɔɎɚɖ ɔɤɜɑŬ. 

ȷɜŰɘɗɏŰɤɠ, ŭŮɜ ˊɟɞəŬɚŮɑŰŬɘ ŬůŰɎɗŮɘŬ ɧŰŬɜ ɖ ŭɘɎŰɛɖůɖ ɔɑɜŮŰŬɘ ɡˊɧ ɛɘəɟɐ ɔɤɜɑŬ ɐ 

ŮűŬˊŰɞɛŮɜɘəɎ.   

ȾŬɘ ůŰɞɡɠ ŭɨɞ Űɨˊɞɡɠ ŭɞəɘɛɩɜ ɖ ˊŬɟŬɛɧɟűɤůɖ Űɖɠ Ɏɛɛɞɡ əŬŰɎ Űɖ ůŰɟɞűɐ Űɤɜ Ⱦȷ 

ŰɎůŮɤɠ ŮɑɜŬɘ ɛɖ ɞɛɞŬɝɞɜɘəɐ, ɛŮ Űɖ ɔɤɜɑŬ ɛɖ ɞɛɞŬɝɞɜɘəɧŰɖŰŬɠ, ɝ, ɜŬ ɛŮɘɩɜŮŰŬɘ, Ůɜ 

ɔɏɜŮɘ, əŬɗɩɠ ŬɡɝɎɜŮŰŬɘ ɞ ɚɧɔɞɠ ŰɎůŮɤɜ sin ű (ɐ ɖ). ɆŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ C əŬɘ ůŰɖ 

ŭɞəɘɛɐ D1 ˊŬɟŬŰɖɟɐɗɖəŬɜ ŭɘŬəɟɘŰɎ ɛɞŰɑɓŬ ɛɖ ɞɛɞŬɝɞɜɘəɐɠ ůɡɛˊŮɟɘűɞɟɎɠ 

ŬɜŰɘůŰɞɘɢɞɨɜŰŬ ůŰɖ űɧɟŰɘůɖ əŬɘ ŬˊɞűɧɟŰɘůɖ Űɖɠ ɛɖ ŭɘŬɔɩɜɘŬɠ ůɡɜɘůŰɩůŬɠ, Űzɗ, Űɞɡ 

ŰŬɜɡůŰɐ ŰɎůŮɤɠ. ɇŬ ɛɞŰɑɓŬ ŬɡŰɎ ɐŰŬɜ əɞɘɜɎ ůŮ ɧɚŮɠ Űɘɠ ŭɞəɘɛɏɠ, ŬɜŮɝŬɟŰɐŰɤɠ Űɖɠ 

Űɘɛɐɠ Űɞɡ Kc əŬɘ Űɞɡ Ŭɟɘɗɛɞɨ Űɤɜ əɨəɚɤɜ ůŰɟɞűɐɠ Űɤɜ Ⱦȷ ŰɎůŮɤɠ, ɛŮ ŮɝŬɑɟŮůɖ Űɖɜ 

Ŭɟɢɘəɐ űɎůɖ ůŰɟɞűɐɠ ɛŮŰɎ Ŭˊɧ Űɖɜ ŬɜɘůɧŰɟɞˊɖ ůŰŮɟŮɞˊɞɑɖůɖ ůŮ ɢŬɛɖɚɧ Kc. ɆŰɖɜ 

ˊŮɟɑˊŰɤůɖ Űɖɠ űɧɟŰɘůɖɠ, ɖ ɔɤɜɑŬ ɝ ɛŮɘɩɜŮŰŬɘ ɛɖ ɔɟŬɛɛɘəɎ ɛŮ Űɖ ɔɤɜɑŬ ű, Ůɜɩ ɛŮŰɎ 

Űɖɜ ŬůŰɞɢɑŬ Űɖɠ Ɏɛɛɞɡ ɖ ɔɤɜɑŬ ɝ ůŰŬɗŮɟɞˊɞɘŮɑŰŬɘ əŬɗɩɠ ɖ Ɏɛɛɞɠ ˊŬɟŬɛɞɟűɩɜŮŰŬɘ 

ůŰɖɜ ůŰŬɗŮɟɐ əŬŰɎůŰŬůɖȚ ɛɞɚŬŰŬɨŰŬ, ɖ ůŰŬɗŮɟɐ əŬŰɎůŰŬůɖ ŭɘŬəɧˊŰŮŰŬɘ Ŭˊɧ Űɖɜ 

ˊɟɧəɚɖůɖ ŬůŰŬɗŮɘɩɜ ůɡɔəŮɜŰɟɤɛɏɜɖɠ ɐ ɛɖ ˊŬɟŬɛɧɟűɤůɖɠ. ɆŰɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ 

ŬˊɞűɧɟŰɘůɖɠ, ɖ ɔɤɜɑŬ ɝ ŮɑɜŬɘ ɘŭɘŬɑŰŮɟŬ ɡɣɖɚɐ əŬɘ ɛŮɘɩɜŮŰŬɘ ɛɖ ɔɟŬɛɛɘəɎ ɛŮ Űɖ 

ɔɤɜɑŬ ű, ɢɤɟɑɠ ɜŬ ŭŮɑɢɜŮɘ ůɖɛɎŭɘŬ ůŰŬɗŮɟɞˊɞɑɖůɖɠ, ˊɘɗŬɜɩɠ ɚɧɔɤ Űɖɠ ůɨɕŮɡɝɖɠ Űɤɜ 

ŮɚŬůŰɘəɩɜ əŬɘ ˊɚŬůŰɘəɩɜ ɢŬɟŬəŰɖɟɘůŰɘəɩɜ ˊŬɟŬɛɧɟűɤůɖɠ (elastic ï plastic 

coupling). ɆŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ ȸ ˊŬɟŬŰɖɟɐɗɖəŬɜ ŭɘŬəɟɘŰɎ ɛɞŰɑɓŬ ŮɝɎɟŰɖůɖɠ Űɞɡ ɝ 
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Ŭˊɧ Űɞ ű ˊɟɘɜ Űɖɜ əɞɟɡűŬɑŬ ŬůŰɞɢɑŬ ŬɜɎɚɞɔŬ ɛŮ Űɖɜ Űɘɛɐ Űɞɡ Kc, Ůɜɩ ɛŮŰɎ Űɖɜ 

əɞɟɡűŬɑŬ ŬůŰɞɢɑŬ ɖ ůɡɛˊŮɟɘűɞɟɎ ŮɑɜŬɘ ˊŬɟɧɛɞɘŬ ɔɘŬ ɧɚŮɠ Űɘɠ Űɘɛɏɠ Űɞɡ Kc ɢɤɟɑɠ, 

ɧɛɤɠ, ɜŬ ˊŬɟŬŰɖɟŮɑŰŬɘ ɖ  ůŰŬɗŮɟɐ əŬŰɎůŰŬůɖ.  

ɆŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ ȸ əŬɘ C ůŰɘɠ ɞˊɞɑŮɠ ɖ Ɏɛɛɞɠ ůŰŮɟŮɞˊɞɘɐɗɖəŮ ůŮ ˊɞɚɨ ɢŬɛɖɚɧ Kc 

ˊŬɟŬŰɖɟɐɗɖəŮ ɏɜŰɞɜɖ ɛɖ ɞɛɞŬɝɞɜɘəɧŰɖŰŬ əŬɘ ˊɚŬůŰɘəɐ ůɡůŰɞɚɐ əŬŰɎ Űɖ ůŰɟɞűɐ 

Űɤɜ Ⱦȷ ŰɎůŮɤɠ ˊɞɡ ŬəɞɚɞɨɗɖůŮ Ŭɛɏůɤɠ ɛŮŰɎ Űɖɜ ŬɜɘůɧŰɟɞˊɖ ůŰŮɟŮɞˊɞɑɖůɖ. ȼ 

ŮˊɑŭɟŬůɖ Űɖɠ ˊɟɞ-ŭɘɎŰɛɖůɖɠ ůŰɖɜ ɏɜŰŬůɖ Űɖɠ ɛɖ ɞɛɞŬɝɞɜɘəɧŰɖŰŬɠ ŬˊɞŭŮɑɢɗɖəŮ 

ůɖɛŬɜŰɘəɧŰŮɟɖ Ŭˊɧ Űɖɜ ŮˊɑŭɟŬůɖ Űɞɡ ɟɡɗɛɞɨ ůŰɟɞűɐɠ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ 

ˊɞɡ ɏɢŮɘ ŮˊɘůɖɛŬɜɗŮɑ Ŭˊɧ Űɞɡɠ Gutierrez et al. (1991). ɇɞ űŬɘɜɧɛŮɜɞ ŬɡŰɧ 

ŭɘəŬɘɞɚɞɔŮɑ, ɑůɤɠ, Űɖɜ ŰɟɤŰɧŰɖŰŬ Űɤɜ ŬɜɘůɧŰɟɞˊŬ ůŰŮɟŮɞˊɞɘɖɛɏɜɤɜ Ɏɛɛɤɜ ɏɜŬɜŰɘ 

ɟŮɡůŰɞˊɞɑɖůɖɠ, ůŮ ůɡɜɗɐəŮɠ ůŰɟɞűɐɠ Űɤɜ Ⱦȷ ŰɎůŮɤɠ, ɧŰŬɜ ɖ ůŰŬŰɘəɐ ŭɘŬŰɛɖŰɘəɐ 

ŰɎůɖ ŮɑɜŬɘ ɡɣɖɚɐ. ɆɡɔəŮəɟɘɛɏɜŬ, ɛɑŬ ɛɘəɟɐ ŰŬůɘəɐ ŭɘŬŰŬɟŬɢɐ ˊɞɡ ˊŮɟɘɚŬɛɓɎɜŮɘ 

ůŰɟɞűɐ Űɤɜ Ⱦȷ ŰɎůŮɤɠ (ˊ.ɢ. ɖ ŬɚɚŬɔɐ Űɖɠ ɔŮɤɛŮŰɟɑŬɠ ɛɑŬɠ ˊɚŬɔɘɎɠ) ŮˊɘűɏɟŮɘ ɏɜŰɞɜɖ 

ɛɖ ɞɛɞŬɝɞɜɘəɧŰɖŰŬ əŬɘ ˊɚŬůŰɘəɐ ůɡůŰɞɚɐ ɚɧɔɤ Űɖɠ ˊɟɞ-ŭɘɎŰɛɖůɖɠ ɛŮ ŬˊɞŰɏɚŮůɛŬ 

ɜŬ ˊɟɞəŬɚŮɑŰŬɘ ŬůŰɎɗŮɘŬ ɛɖ ůɡɔəŮɜŰɟɤɛɏɜɖɠ ˊŬɟŬɛɧɟűɤůɖɠ, ɛŮ Űɟɧˊɞ ŬɜɎɚɞɔɞ 

ˊɟɞɠ ŬɡŰɧɜ ˊɞɡ ˊŮɟɘɔɟɎűɖəŮ Ŭˊɧ Űɞɜ əŬɗɖɔɖŰɐ ȸŬɟŭɞɡɚɎəɖ ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ 

ŬůŰɎɗŮɘŬɠ ůɡɔəŮɜŰɟɤɛɏɜɖɠ ˊŬɟŬɛɧɟűɤůɖɠ (Vardoulakis et al. 1978, Vardoulakis and 

Graf 1985, Vardoulakis and Georgopoulos 2005). 

ɇŬ ŬˊɞŰŮɚɏůɛŬŰŬ Ŭˊɧ Űɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ C ɡˊɞŭŮɘəɜɨɞɡɜ ɧŰɘ ɞɘ ůɡɜŭɡŬůɛɞɑ ű əŬɘ Ŭůô1 

ůŰɞ ůɖɛŮɑɞ Ůəəɑɜɖůɖɠ Űɖɠ ɛɞɜɧŰɞɜɖɠ ɟŮɡůŰɞˊɞɑɖůɖɠ (ůɖɛŮɑɞ ŬůŰɎɗŮɘŬɠ) ŭŮɜ ŮɑɜŬɘ 

ɛɞɜŬŭɘəɞɑ, ˊŬɟɧɚɞ ˊɞɡ əɎŰɘ ŰɏŰɞɘɞ ŭɘŬŰɡˊɩɜŮŰŬɘ ůŮ ˊŬɟŮɚɗɞɜŰɘəɏɠ ɏɟŮɡɜŮɠ (Nakata 

et al. 1998, Sivathayalan and Vaid 2002). ȼ ůɡɜɗɐəɖ Ůəəɑɜɖůɖɠ əŬɘ ŰŬ 

ɢŬɟŬəŰɖɟɘůŰɘəɎ ˊŬɟŬɛɧɟűɤůɖɠ Űɖɠ ɛɞɜɧŰɞɜɖɠ ˊŬɟɞŭɘəɐɠ ɟŮɡůŰɞˊɞɑɖůɖɠ 

ŮɝŬɟŰɩɜŰŬɘ Ŭˊɧ Űɖɜ ɘůŰɞɟɑŬ ŰɎůŮɤɜ ï ˊŬɟŬɛɞɟűɩůŮɤɜ, ůɡɛˊŮɟɘɚŬɛɓŬɜɞɛɏɜɖɠ Űɖɠ 

ŮˊɑŭɟŬůɖɠ Űɞɡ ɚɧɔɞɡ ŰɎůŮɤɜ ůŰŮɟŮɞˊɞɑɖůɖɠ, Kc, əŬɘ Űɖɠ əŬŰŮɨɗɡɜůɖɠ Űɖɠ 

ˊɟɞůŬɡɝɖŰɘəɐɠ ŰɎůŮɤɠ. ȼ ŮɝɎɟŰɖůɖ ŬɡŰɐ ŮɑɜŬɘ ɗŮɤɟɖŰɘəɩɠ ŬɜŬɛŮɜɧɛŮɜɖ Ŭűɞɨ Űɞ 

ɏɟɔɞ ŭŮɡŰɏɟŬɠ ŰɎɝŮɤɠ, d2W, Űɞ ɞˊɞɑɞ ˊɟɏˊŮɘ ɜŬ ɛɖŭŮɜɘůŰŮɑ ɔɘŬ ɜŬ ˊɟɞəɚɖɗŮɑ ɖ 

ŬůŰɎɗŮɘŬ, ŮɑɜŬɘ ɛɑŬ əŬŰŮɡɗɡɜŰɘəɐ ˊɞůɧŰɖŰŬ ˊɞɡ ŮɝŬɟŰɎŰŬɘ Ŭˊɧ Űɖɜ ɘůŰɞɟɑŬ űɧɟŰɘůɖɠ 

(Daouadji et al. 2011). Ⱥˊɑůɖɠ, ŭɘŬˊɘůŰɩɗɖəŮ ɧŰɘ ɖ Ůəəɑɜɖůɖ ŬɛűɞŰɏɟɤɜ Űɤɜ 

ŬůŰŬɗŮɘɩɜ ɛɖ ůɡɔəŮɜŰɟɤɛɏɜɖɠ əŬɘ ůɡɔəŮɜŰɟɤɛɏɜɖɠ ˊŬɟŬɛɧɟűɤůɖɠ əŬŰɎ Űɖ 

ɛɞɜɧŰɞɜɖ űɧɟŰɘůɖ ŮɛˊɞŭɘɕɧɛŮɜɖɠ ůŰɟɎɔɔɘůɖɠ ɛŮ ůŰɟɞűɐ Űɤɜ Ⱦȷ ŰɎůŮɤɠ ůɡɛɓŬɑɜŮɘ 

ŮˊɘɚŮəŰɘəɎ ůŮ ŰŬůɘəɏɠ əŬŰŬůŰɎůŮɘɠ ˊɞɡ ŬɜŰɘůŰɞɘɢɞɨɜ ůŮ ŭɡůɛŮɜŮɑɠ əɘɜɖɛŬŰɘəɏɠ 

ůɡɜɗɐəŮɠ ˊŬɟŬɛɧɟűɤůɖɠ, ŭɖɚŬŭɐ ůŮ ŭɘɎŰɛɖůɖ ɐ / əŬɘ ɞɚɑůɗɖůɖ ůŰŬ ɞɟɘɕɧɜŰɘŬ 

ŮˊɑˊŮŭŬ ŭɘŬůŰɟɤɛɎŰɤůɖɠȚ ŮˊɘɓŮɓŬɘɩɗɖəŮ, ɛɎɚɘůŰŬ, ɧŰɘ ɖ ŬůŰɎɗŮɘŬ ɛɖ 

ůɡɔəŮɜŰɟɤɛɏɜɖɠ ˊŬɟŬɛɧɟűɤůɖɠ ůɡɛɓŬɑɜŮɘ ˊɟɘɜ Űɖɜ ŬůŰɎɗŮɘŬ ůɡɔəŮɜŰɟɤɛɏɜɖɠ 

ˊŬɟŬɛɧɟűɤůɖɠ. ɇŬ ŭŮŭɞɛɏɜŬ ŬɡŰɎ ɡˊɞŭŮɘəɜɨɞɡɜ Űɖɜ ŮˊɑŭɟŬůɖ Űɖɠ ŮɔɔŮɜɞɨɠ 

ŬɜɘůɞŰɟɞˊɑŬɠ əŬɘ Űɖɠ ɘůŰɞɟɑŬɠ űɧɟŰɘůɖɠ ůŰɖɜ ŬůŰŬɗɐ ůɡɛˊŮɟɘűɞɟɎ Űɖɠ Ɏɛɛɞɡ. 

ɇŬ ŬˊɞŰŮɚɏůɛŬŰŬ ŬɡŰɐɠ Űɖɠ ŮɟɔŬůɑŬɠ ɡˊɞŭŮɘəɜɨɞɡɜ ɧŰɘ ɖ ŰŬůɘəɐ əŬŰɎůŰŬůɖ Űɖɠ 

ɢŬɚŬɟɐɠ Ɏɛɛɞɡ ˊɞɡ ɡˊɞɓɎɚɚŮŰŬɘ ůŮ ůŰɟɞűɐ Űɤɜ Ⱦȷ ŰɎůŮɤɠ ɡˊɧ ůɡɜɗɐəŮɠ 

ŮɛˊɞŭɘɕɧɛŮɜɖɠ ůŰɟɎɔɔɘůɖɠ əŬɘ ɛŮ ůŰŬɗŮɟɐ ŬˊɞəɚɑɜɞɡůŬ ŰɎůɖ ɛˊɞɟŮɑ ɜŬ ɛŮŰŬɓɚɖɗŮɑ 

əŬŰɎ Űɖɜ əŬŰŮɨɗɡɜůɖ ɘůɧŰɟɞˊɖɠ ŬˊɞűɧɟŰɘůɖɠ (důô1 = důô2 = důô3 < 0) Ŭˊɧ Űɞ ůɖɛŮɑɞ 

ŬɜɘůɧŰɟɞˊɖɠ ůŰŮɟŮɞˊɞɑɖůɖɠ ɏɤɠ Űɖɜ əŬŰɎůŰŬůɖ əɞɟɡűŬɑŬɠ ŬůŰɞɢɑŬɠ ɢɤɟɑɠ ɜŬ 
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ˊɟɞəɚɖɗŮɑ ŬůŰɎɗŮɘŬ ɛɖ ůɡɔəŮɜŰɟɤɛɏɜɖɠ ˊŬɟŬɛɧɟűɤůɖɠ (ɛɞɜɧŰɞɜɖ ɟŮɡůŰɞˊɞɑɖůɖ). 

ȷɡŰɎ ŰŬ ŮɡɟɐɛŬŰŬ ŮɑɜŬɘ ˊɟɤŰɧŰɡˊŬ ŭɘɧŰɘ, ůɨɛűɤɜŬ ɛŮ ůɨɔɢɟɞɜŬ ˊɟɞůɞɛɞɘɩɛŬŰŬ 

əŬŰŬůŰɟɤɛɏɜŬ ůŰŬ ˊɚŬɑůɘŬ Űɖɠ ŪŮɤɟɑŬɠ ȹɘŬəɚɎŭɤůɖɠ, ɖ əŬŰŮɨɗɡɜůɖ ɘůɧŰɟɞˊɖɠ 

ŬˊɞűɧɟŰɘůɖɠ ˊŮɟɘɚŬɛɓɎɜŮŰŬɘ ůŰɞ ůɨɜɞɚɞ Űɤɜ ŬůŰŬɗɩɜ əŬŰŮɡɗɨɜůŮɤɜ Űɖɠ ɢŬɚŬɟɐɠ 

Ɏɛɛɞɡ ŬəɧɛŬ əŬɘ ůŮ ɢŬɛɖɚɏɠ Űɘɛɏɠ Űɞɡ ŬˊɞəɚɑɜɞɜŰɞɠ ɚɧɔɞɡ ŰɎůŮɤɜ, ɛŬəɟɘɎ Ŭˊɧ Űɖɜ 

əɞɟɡűŬɑŬ ŬůŰɞɢɑŬ (Darve and Laouafa 2000, Darve et al. 2004, Sibille at al. 2007, 

Prunier et al. 2009). ɆŰɖ ůɡɜɏɢŮɘŬ, ŮŭŮɑɢɗɖ ɧŰɘ ɛɑŬ ɞɘɞɜŮɑ ůŰŬŰɘəɐ ŬůŰɎɗŮɘŬ ɛɖ 

ůɡɔəŮɜŰɟɤɛɏɜɖɠ ˊŬɟŬɛɧɟűɤůɖɠ ɛˊɞɟŮɑ ɜŬ ˊɟɞəɚɖɗŮɑ ɡˊɧ ŬɡɝŬɜɧɛŮɜŮɠ ŮɜŮɟɔɏɠ 

ŰɎůŮɘɠ əŬɘ ɛŮɘɞɨɛŮɜɞ ŬˊɞəɚɑɜɞɜŰŬ ɚɧɔɞ ŰɎůŮɤɜ, ŬəɞɚɞɡɗɞɨɛŮɜɖ Ŭˊɧ ɛɑŬ ŭɡɜŬɛɘəɐ 

ŬůŰɎɗŮɘŬ ɛɖ ůɡɔəŮɜŰɟɤɛɏɜɖɠ ˊŬɟŬɛɧɟűɤůɖɠ (ɛɞɜɧŰɞɜɖ ɟŮɡůŰɞˊɞɑɖůɖ) ɡˊɧ 

ɛŮɘɞɨɛŮɜŮɠ ŮɜŮɟɔɏɠ ŰɎůŮɘɠ əŬɘ ŬˊɞəɚɑɜɞɜŰŬ ɚɧɔɞ ŰɎůŮɤɜ.  ȼ ˊɟɤŰɞŰɡˊɑŬ Ůŭɩ 

ɏɔəŮɘŰŬɘ ůŰɞ ɔŮɔɞɜɧɠ ɧŰɘ ŮˊɘɓŮɓŬɘɩɜɞɜŰŬɘ ɔɘŬ ˊɟɩŰɖ űɞɟɎ ɛŮ űɡůɘəɧ ˊŮɑɟŬɛŬ ɞɘ 

ˊɟɞɓɚɏɣŮɘɠ Űɤɜ ˊɟɞůɞɛɞɘɤɛɎŰɤɜ Űɞɡ Darve ůɢŮŰɘəɎ ɛŮ Űɖ ŭɡɜŬŰɧŰɖŰŬ ˊɟɧəɚɖůɖɠ 

ŬůŰɎɗŮɘŬɠ ůŮ əŬŰŮɨɗɡɜůɖ ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŮ ŬɡɝŬɜɧɛŮɜŮɠ ŮɜŮɟɔɏɠ ŰɎůŮɘɠ (Darve and 

Laouafa 2000, Darve et al. 2004, Sibille at al. 2007, Prunier et al. 2009). 

ũɘŬ Űɖ ŭɘŮɟŮɨɜɖůɖ Űɖɠ ŮˊɑŭɟŬůɖɠ Űɖɠ ŬɜɘůɧŰɟɞˊɖɠ ŮůɤŰŮɟɘəɐɠ ŭɞɛɐɠ Űɖɠ Ɏɛɛɞɡ ůŰɖɜ 

əɟɑůɘɛɖ əŬŰɎůŰŬůɖ ˊŬɟŬůəŮɡɎůŰɖəŬɜ ɢŬɚŬɟɎ ŭɞəɑɛɘŬ ŰŬ ɞˊɞɑŬ ɡˊɞɓɚɐɗɖəŬɜ, 

ˊɟɩŰŬ, ůŮ ɛɞɜɞŰɞɜɘəɐ űɧɟŰɘůɖ ŮɛˊɞŭɘɕɧɛŮɜɖɠ ůŰɟɎɔɔɘůɖɠ ɛŮ ůŰŬɗŮɟɐ əɨɟɘŬ 

əŬŰŮɨɗɡɜůɖ ŰɎůŮɤɠ (ŬəŰɘɜɘəɐ űɧɟŰɘůɖ) əŬɘ, ɏˊŮɘŰŬ, ůŮ ůŰɟɞűɐ Űɤɜ Ⱦȷ ŰɎůŮɤɠ ɛŮ 

ůŰŬɗŮɟɏɠ ŮɜŮɟɔɏɠ Ⱦɇ ŰɎůŮɤɠ ɧůɞ Űɞ ŭɡɜŬŰɧɜ ˊɚɖůɘɏůŰŮɟŬ ůŰɖɜ əɟɑůɘɛɖ əŬŰɎůŰŬůɖ. 

ɄŬɟŬŰɖɟɐɗɖəŮ ɧŰɘ ɖ Ɏɛɛɞɠ ŮˊɘŭŮɘəɜɨŮɘ ɏɜŰɞɜɖ ɛɖ ɞɛɞŬɝɞɜɘəɧŰɖŰŬ əŬɘ ůɡůŰɏɚɚŮŰŬɘ 

ˊɚŬůŰɘəɎ ɧŰŬɜ ɖ űɧɟŰɘůɖ ɛŮ ůŰŬɗŮɟɞɨɠ Ⱦȷ ŰɎůŮɤɠ ŭɘŬəɧˊŰŮŰŬɘ Ŭˊɧ ɛɑŬ ůɡɜŮɢɐ 

ůŰɟɞűɐ Űɤɜ Ⱦȷ ŰɎůŮɤɠ. ȼ ɏɜŰŬůɖ Űɖɠ ɛɖ ɞɛɞŬɝɞɜɘəɧŰɖŰŬɠ əŬɘ Űɖɠ ůɡůɢŮŰɘůɛɏɜɖɠ 

ˊɚŬůŰɘəɐɠ ůɡůŰɞɚɐɠ ɔɑɜŮŰŬɘ ɛŮɔŬɚɨŰŮɟɖ ɧŰŬɜ ɖ ˊɟɞɖɔɞɨɛŮɜɖ ŭɘŬŰɛɖŰɘəɐ ŭɘŬŭɘəŬůɑŬ 

(ˊɟɞ-ŭɘɎŰɛɖůɖ) ŮɑɜŬɘ ŮɜŰɞɜɧŰŮɟɖ ůŮ ɧɟɞɡɠ ůɡůůɩɟŮɡůɖɠ ŭɘŬŰɛɖŰɘəɐɠ 

ˊŬɟŬɛɧɟűɤůɖɠ. ɇŬ ŬˊɞŰŮɚɏůɛŬŰŬ ŮɑɜŬɘ ˊɟɤŰɧŰɡˊŬ ŭɘɧŰɘ ɡˊɞŭŮɘəɜɨɞɡɜ ɧŰɘ ɖ 

ŮˊɑŭɟŬůɖ Űɖɠ ˊɟɞ-ŭɘɎŰɛɖůɖɠ ůŰɖ ůɡɛˊŮɟɘűɞɟɎ Űɖɠ Ɏɛɛɞɡ ŮɑɜŬɘ ůɖɛŬɜŰɘəɧŰŮɟɖ Ŭˊɧ 

ŬɡŰɐɜ Űɤɜ ˊŬɟŬɛɏŰɟɤɜ ɖ, pô, b əŬɘ e ˊɞɡ ɏɢŮɘ ŮˊɘůɖɛŬɜɗŮɑ ůŮ ˊŬɟŮɚɗɞɜŰɘəɏɠ ɏɟŮɡɜŮɠ 

(Miura et al. 1986, Li  and Yu 2010, Tong et al. 2010 and 2014), ɧɛɤɠ ɖ ŮˊɑŭɟŬůɖ 

ŬɡŰɐ ŮɑɜŬɘ ˊŬɟɞŭɘəɐ əŬɘ űɗɑɜŮɘ əŬɗɩɠ ůɡɜŮɢɑɕŮŰŬɘ ɖ ůŰɟɞűɐ Űɤɜ Ⱦȷ ŰɎůŮɤɠ.  

ɆɡɔəŮəɟɘɛɏɜŬ, ŮŭŮɑɢɗɖ ɧŰɘ ɖ Ɏɛɛɞɠ ůɡɛˊŮɟɘűɏɟŮŰŬɘ ŮɜŰɧɜɤɠ ɛɖ ɞɛɞŬɝɞɜɘəɎ əŬɘ 

ůɡůŰɏɚɚŮŰŬɘ Ŭɛɏůɤɠ ɧŰŬɜ ŮəəɘɜŮɑŰŬɘ ɖ ůŰɟɞűɐ Űɤɜ Ⱦȷ ŰɎůŮɤɠ ɛŮ ůŰŬɗŮɟɏɠ Űɘɠ 

ŮɜŮɟɔɏɠ Ⱦɇ ŰɎůŮɤɠ ˊɞɚɨ əɞɜŰɎ ůŰɖɜ əɟɑůɘɛɖ əŬŰɎůŰŬůɖ, ɛɞɚɞɜɧŰɘ ůŰɖɜ 

ˊɟɞɖɔɞɨɛŮɜɖ űɎůɖ ŬəŰɘɜɘəɐɠ űɧɟŰɘůɖɠ ŭɘŬůŰŮɚɚɧŰŬɜ ˊɚŬůŰɘəɎ ůŰɖɜ əŬŰɎůŰŬůɖ 

ŬůŰɞɢɑŬɠ ɡˊɧ ɞɛɞŬɝɞɜɘəɏɠ ůɡɜɗɐəŮɠ ˊŬɟŬɛɧɟűɤůɖɠȚ ɛɎɚɘůŰŬ, Űɞ űŬɘɜɧɛŮɜɞ ɔɑɜŮŰŬɘ 

ˊɟɞɞŭŮɡŰɘəɎ ŮɜŰɞɜɧŰŮɟɞ əŬɗɩɠ ˊɟɞůŮɔɔɑɕŮŰŬɘ ɖ əɟɑůɘɛɖ əŬŰɎůŰŬůɖ. ɇɞ çˊŮɑɟŬɛŬ 

ůəɏɣɖɠè Űɞɡ əŬɗɖɔɖŰɐ ȹŬűŬɚɘɎ (Dafalias 2016) ŮɑɜŬɘ ɖ ɞɟɘŬəɐ ˊŮɟɑˊŰɤůɖ Űɖɠ 

ŬəɞɚɞɡɗɑŬɠ Űɤɜ ŭɞəɘɛɩɜ ˊɞɡ ŮəŰŮɚɏůŰɖəŬɜ ůŰɖɜ ˊŬɟɞɨůŬ ŮɟɔŬůɑŬ, Ůˊɞɛɏɜɤɠ, ŰŬ 

ˊŮɘɟŬɛŬŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ ˊɞɡ ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ŮˊŬɚɖɗŮɨɞɡɜ Űɞɜ ɘůɢɡɟɘůɛɧ ɧŰɘ ɖ 

ŪŮɤɟɑŬ ȷɜɘůɞŰɟɞˊɘəɐɠ Ⱦɟɑůɘɛɖɠ ȾŬŰɎůŰŬůɖɠ ˊɞɡ ˊɟɞŰɎɗɖəŮ Ŭˊɧ Űɞɡɠ Li and 

Dafalias (2012) ŬˊɞŰŮɚŮɑ ɛɑŬ ŬɜŬɔəŬɑŬ ŬɜŬɗŮɩɟɖůɖ Űɖɠ əɚŬůůɘəɐɠ ŪŮɤɟɑŬɠ 

Ⱦɟɑůɘɛɖɠ ȾŬŰɎůŰŬůɖɠ. 
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ɇŬ ŬˊɞŰŮɚɏůɛŬŰŬ Űɖɠ ˊŬɟɞɨůŬɠ ŭɘŭŬəŰɞɟɘəɐɠ ŭɘŬŰɟɘɓɐɠ ˊɟɞůűɏɟɞɡɜ ɜɏŬ ɔɜɩůɖ əŬɘ 

ůɡɛɓɎɚɚɞɡɜ ůŰɖ ɓŬɗɨŰŮɟɖ əŬŰŬɜɧɖůɖ Űɖɠ ŮˊɑŭɟŬůɖɠ Űɖɠ ŬɜɘůɞŰɟɞˊɑŬɠ əŬɘ Űɖɠ 

ɘůŰɞɟɑŬɠ űɧɟŰɘůɖɠ ůŰɖ ɛɖɢŬɜɘəɐ ůɡɛˊŮɟɘűɞɟɎ Űɖɠ Ɏɛɛɞɡ. ȼ ŭɘŬŭɘəŬůɑŬ ŬˊɧɗŮůɖɠ 

əŬɘ ɖ ɘůŰɞɟɑŬ űɧɟŰɘůɖɠ ŮˊɖɟŮɎɕɞɡɜ Űɞɜ ůɢɖɛŬŰɘůɛɧ əŬɘ Űɖɜ Ůɝɏɚɘɝɖ Űɖɠ ŮůɤŰŮɟɘəɐɠ 

ŭɞɛɐɠ əŬɘ ŬɡŰɐ ɖ ŭɘŬŭɘəŬůɑŬ ůŰɞ ɛɘəɟɞůəɞˊɘəɧ ŮˊɑˊŮŭɞ əŬɗɞɟɑɕŮɘ Ůɜ ŰɏɚŮɘ Űɖ 

ɛŬəɟɞůəɞˊɘəɐ ɛɖɢŬɜɘəɐ ůɡɛˊŮɟɘűɞɟɎ Űɖɠ Ɏɛɛɞɡ ůŮ əɎɗŮ əŬŰɎůŰŬůɖ, 

ůɡɛˊŮɟɘɚŬɛɓŬɜɞɛɏɜɖɠ Űɖɠ əɟɑůɘɛɖɠ. ȷɜŬŭŮɘəɜɨŮŰŬɘ, Ůˊɞɛɏɜɤɠ, ɖ ŬɜŬɔəŬɘɧŰɖŰŬ 

ŬɜɎˊŰɡɝɖɠ ˊɟɞůɞɛɞɘɤɛɎŰɤɜ ˊɞɡ ŭɨɜŬɜŰŬɘ ɜŬ ˊɟɞůɞɛɞɘɩůɞɡɜ Űɖɜ ŮˊɑŭɟŬůɖ Űɖɠ 

ŮůɤŰŮɟɘəɐɠ ŭɞɛɐɠ ůŰɖ ɛɖɢŬɜɘəɐ ůɡɛˊŮɟɘűɞɟɎ Űɖɠ Ɏɛɛɞɡ ɡˊɧ ɔŮɜɘəŮɡɛɏɜŮɠ əŬɘ 

ůɨɜɗŮŰŮɠ ůɡɜɗɐəŮɠ űɧɟŰɘůɖɠ, ɧˊɤɠ ŬɡŰɏɠ ˊɞɡ ŮˊɘɓɚɐɗɖəŬɜ ůŰɖɜ ˊŬɟɞɨůŬ ŮɟɔŬůɑŬ. 

ɋɠ ɛŮɚɚɞɜŰɘəɧɠ ůŰɧɢɞɠ ɏɟŮɡɜŬɠ ŰɑɗŮŰŬɘ ɖ ŮűŬɟɛɞɔɐ ŰŮɢɜɘəɩɜ ˊŮɘɟŬɛŬŰɘəɐɠ ɛɏŰɟɖůɖɠ 

Űɞɡ ŰŬɜɡůŰɐ ŭɞɛɐɠ əɞəəɤŭɩɜ ɡɚɘəɩɜ ɛɏůɤ űɡůɘəɩɜ ɘŭɘɞŰɐŰɤɜ ɧˊɤɠ ɖ ɖɚŮəŰɟɘəɐ 

ŬɔɤɔɘɛɧŰɖŰŬ əŬɘ ɖ ŰŬɢɨŰɖŰŬ ŭɘɎŭɞůɖɠ Űɤɜ ɛɖɢŬɜɘəɩɜ əɡɛɎŰɤɜ. Ⱥˊɑůɖɠ, ɏɜŬ 

ŮɚəɡůŰɘəɧ ŬɜŰɘəŮɑɛŮɜɞ ɔɘŬ ɛŮɚɚɞɜŰɘəɐ ɏɟŮɡɜŬ ŬűɞɟɎ Űɖ ŭɘŮɟŮɨɜɖůɖ Űɖɠ ɛɖɢŬɜɘəɐɠ 

ůɡɛˊŮɟɘűɞɟɎɠ Ɏɛɛɞɡ ɡˊɧ ůɡɜɗɐəŮɠ ˊɟŬɔɛŬŰɘəɐɠ ŰɟɘŬɝɞɜɘəɐɠ űɧɟŰɘůɖɠ. 
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ɩʚʉɻʆʀʏ  

ɄɑɜŬəŬɠ 1 ȾŬŰɎɚɞɔɞɠ Űɤɜ ůɡɛɓɧɚɤɜ əŬɘ Űɤɜ ŮɝɘůɩůŮɤɜ ˊɞɡ ɢɟɖůɘɛɞˊɞɘɐɗɖəŬɜ ɔɘŬ 

Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɤɜ ɛɏůɤɜ ŰɎůŮɤɜ, ˊŬɟŬɛɞɟűɩůŮɤɜ əŬɘ Ɏɚɚɤɜ ˊŬɟŬɛɏŰɟɤɜ ůŰɘɠ 

ŭɞəɘɛɏɠ ůŰɟŮˊŰɘəɐɠ ŭɘɎŰɛɖůɖɠ 

Table 1 List of symbols and equations used to calculate the average stresses, strains 

and other parameters in torsional-shear tests 
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ɄɑɜŬəŬɠ 2 ȾŬŰɎɚɞɔɞɠ Űɤɜ ɓŬůɘəɩɜ ůɡɛɓɧɚɤɜ əŬɘ ůɡɜŰɞɛɞɔɟŬűɘɩɜ 

Table 2 Notations and abbreviations  

Ŭ  material constant used in the relationship of the critical state line in the e ï (pô/pa)
Ŭ 

plane 

Ů1  major principal strain  

Ů2  intermediate principal strain  

Ů3  minor principal strain 
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Ůq  deviatoric strain, Ůq = 21/2/3[(Ů1 - Ů2)
2 + (Ů2 - Ů3)

2 + (Ů3 - Ů1)
2]1/2  

Ůvol  volumetric strain,  Ůvol = Ů1 + Ů2 + Ů3 

ɖ  deviatoric stress ratio, ɖ = q/pô 

ɚ  slope of the critical state line in the e ï (pô/pa)
Ŭ plane 

ɝ  non-coaxiality angle, ɝ = ŬdŮ1 - Ŭůô1 

ůô1  major principal effective stress  

ůô2  intermediate principal effective stress  

ůô3  minor principal effective stress 

ű  angle of shearing resistance (degrees) 

űc  angle of shearing resistance at the critical state (degrees) 

ɣ  state parameter of Been and Jefferies, ɣ = e - ec(pô)    

ACST  anisotropic critical state theory 

B  Skemptonôs pore-pressure coefficient 

c  cohesion 

CSL  critical state line in the pô ï e ï q space 

CST  critical state theory 

D  dilatancy ratio, D = dŮpvol / dŮ
p
q (the superscript p stands for plastic) 

e  void ratio, e = Vv / Vs     

ec(pô)  void ratio at the critical state at mean effective stress pô 

eũ  material constant indicating the intercept of the critical state line in the e ï (pô/pa)
Ŭ 

plane with the pô = 0 axis 

HCA  hollow cylinder apparatus 

IP  instability point 

IS  instability surface 

M  deviatoric stress ratio, q / pô, at the critical state 

PA  principal axes 

PTP  phase-transformation point 
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PV  principal values 

pô  mean effective stress, pô = (ůô1 + ůô2 + ůô3) / 3  

pa  atmospheric pressure at zero elevation (101 kPa) 

q  deviatoric stress, q = [1/2 {(ůô1 - ůô2)
2 + (ůô2 - ůô3)

2 + (ůô3 - ůô1)
2}] 1/2 

u  pore-water pressure in excess of atmospheric pressure 

Vs  volume of sand particles 

Vv  volume of voids 

ɄɑɜŬəŬɠ 3 ūɡůɘəɎ ɢŬɟŬəŰɖɟɘůŰɘəɎ Űɖɠ Ɏɛɛɞɡ ɀ31 

Table 3 Physical characteristics of M31 Sand 

 

Dp is the grain size (diameter) corresponding to p% finer in the grain size distribution 

curve. The coefficient of uniformity is Cu = D60 / D10 while the coefficient of curvature 

is Ch = (D30)
2 / (D60*D10) 

ɄɑɜŬəŬɠ 4 ɄŬɟɎɛŮŰɟɞɘ əɟɑůɘɛɖɠ əŬŰɎůŰŬůɖɠ Űɖɠ Ɏɛɛɞɡ ɀ31 

Table 4 Critical-state parameters of M31 Sand 

ec(pô) = eũ - ɚ(pô/pa)Ŭ, pa=101 kPa and ɖc = (q / pô)c = M 

 eũ ɚ Ŭ ɀ (for b = 0) 

M31 Sand 0.7682 0.0112 0.70 1.24 

 

ɄɑɜŬəŬɠ 5 ɆɡɜɗɐəŮɠ əŬŰɎ Űɖɜ ɏɜŬɟɝɖ Űɖɠ ůŰɟɞűɐɠ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ ůŰɘɠ 

ŭɞəɘɛɏɠ Űɨˊɞɡ PAR 

Table 5 Conditions at the initiation of stress rotation in PAR-series tests 

Test ɖ 

(-) 

pô 

(kPa) 

b 

(-) 

Ŭ 

(o) 

Ůq 

(%) 

e 

(-) 

ɣ 

(-) 

Pre-shearing 

PAR1 1.01 100 0 0 0.78 0.693 -0.064 AC 

PAR2 1.02 507 0.5 15 12.4 0.726 -0.008 RL 

PAR3 1.05 343 0.5 15 7.6 0.744 0.003 RL 

PAR4 1.12 402 0.5 15 4.7 0.733 -0.006 RL 

Specific gravity, Gs (-): 2.66 

Minimum void ratio, emin (-): 0.50 

Maximum void rat io, emax (-): 0.80 

Grain size D10 (mm): 0.214 

Grain size D30 (mm): 0.258 

Grain size D50 (mm): 0.310 

Grain size D60 (mm): 0.339 

Coefficient of uniformity, Cu (-): 1.58 

Coefficient of curvature, Ch (-): 0.92 
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Ɇɢ. 1 ȷˊɧəɟɘůɖ ɘůɧŰɟɞˊŬ ůŰŮɟŮɞˊɞɘɖɛɏɜɖɠ Ɏɛɛɞɡ ůŮ ɛɞɜɞŰɞɜɘəɐ ŰɟɘŬɝɞɜɘəɐ ůɡɛˊɑŮůɖ ɡˊɧ ůŰɟŬɔɔɘɕɧɛŮɜŮɠ 

(a & b) əŬɘ ŬůŰɟɎɔɔɘůŰŮɠ (c & d) ůɡɜɗɐəŮɠ. a & b ȺɜŮɟɔɏɠ ŰŬůɘəɏɠ ɞŭŮɨůŮɘɠ ůŰɞ q ï pô ŮˊɑˊŮŭɞ. c & d 

ȾŬɛˊɨɚŮɠ ŬˊɞəɚɑɜɞɡůŬɠ ŰɎůɖɠ ï ˊŬɟŬɛɧɟűɤůɖɠ (q ï Ůq)  

Fig. 1 Response of IC sand to monotonic triaxial compression under drained (a & b) and undrained (c & d) 

conditions. a & b Effective stress paths in the q ï pô plane. c & d Deviatoric stress ï strain curves (q ï Ůq) 
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Ɇɢ. 2 Ʉɟɞɓɞɚɐ Űɖɠ ũɟŬɛɛɐɠ Ⱦɟɑůɘɛɖɠ ȾŬŰɎůŰŬůɖɠ Űɖɠ Ɏɛɛɞɡ ɀ31 ůŰɞ q ï pô ŮˊɑˊŮŭɞ ŰɎůŮɤɜ (a) əŬɘ ůŰɞ 

e ï pô əŬŰŬůŰŬŰɘəɧ ŮˊɑˊŮŭɞ (b)  

Fig. 2 Projection of the Critical State Line of M31 Sand in the q ï pô stress plane (a) and in the e ï pô state 

diagram (b) 

 

   

Ɇɢ. 3 ȿɧɔɞɠ ŰɎůŮɤɜ, ɖ, ůŮ ůɡɜɎɟŰɖůɖ ɛŮ Űɖɜ əŬŰŬůŰŬŰɘəɐ ˊŬɟɎɛŮŰɟɞ, ɣ, ůŰɞ ůɖɛŮɑɞ ŬɚɚŬɔɐɠ űɎůɖɠ (a) 

əŬɘ ɚɧɔɞɠ ŰɎůŮɤɜ, ɖ, əŬɘ ɚɧɔɞɠ ŭɘŬůŰɞɚɘəɧŰɖŰŬɠ, D, ůŮ ůɡɜɎɟŰɖůɖ ɛŮ Űɖɜ əŬŰŬůŰŬŰɘəɐ ˊŬɟɎɛŮŰɟɞ, ɣ, ůŰɖɜ 

əŬŰɎůŰŬůɖ əɞɟɡűŬɑŬɠ ŬůŰɞɢɑŬɠ (b)  

Fig. 3 Stress ratio, ɖ, against the state parameter, ɣ, at phase transformation point (a) and stress ratio, ɖ, and 

dilatancy ratio, D, against the state parameter, ɣ, at peak failure state (b) 



ɞʆʐʀʉʙʏ ʎʞʉʋʕʂ 
 

L 

 

      

Ɇɢ. 4 Ɇɢɏůɖ ɚɧɔɞɡ ŰɎůŮɤɜ ï ŭɘŬůŰɞɚɘəɧŰɖŰŬɠ, ɖ ï D,  əŬɘ Ůɝɏɚɘɝɖ Űɖɠ əŬŰŬůŰŬŰɘəɐɠ ˊŬɟŬɛɏŰɟɞɡ, ɣ, ůŮ 

ůɡɜɎɟŰɖůɖ ɛŮ Űɞɜ ɚɧɔɞ ŭɘŬůŰɞɚɘəɧŰɖŰŬɠ, D, ɔɘŬ ɢŬɚŬɟɐ (a) əŬɘ ˊɡəɜɐ Ɏɛɛɞ (b)  

Fig. 4 Stress ï dilatancy relationship, ɖ ï D, and evolution of state parameter, ɣ, with the dilatancy ratio, D, 

for loose (a) and dense sand (b) 

 

 

Ɇɢ. 5 a Ⱦɞɑɚɞ əɡɚɘɜŭɟɘəɧ ŭɞəɑɛɘɞ əŬɘ ŮˊɘɓŬɚɚɧɛŮɜŬ ůɡɜɞɟɘŬəɎ űɞɟŰɑŬ. b ɆɡɜɘůŰɩůŮɠ ŰɎůŮɤɠ ůŰɞ ɛɖ 

ˊŬɟŬɛɞɟűɤɛɏɜɞ ŮŭŬűɘəɧ ůŰɞɘɢŮɑɞ. c ɆɡɜɘůŰɩůŮɠ ˊŬɟŬɛɞɟűɩůŮɤɠ ŬɜŰɘůŰɞɘɢɞɨůŮɠ ůŮ ůɡɜŭɡŬůɛɧ ˊɞɚɨ-

Ŭɝɞɜɘəɐɠ əŬɘ ůŰɟŮˊŰɘəɐɠ ˊŬɟŬɛɧɟűɤůɖɠ  

Fig. 5 a Hollow cylindrical specimen and applied boundary loads. b Stress components on the undeformed 

soil element. c Strain components associated with the combined multiaxial and torsional deformation 
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Ɇɢ. 6 ȷˊɧəɟɘůɖ ɢŬɚŬɟɐɠ ɘůɧŰɟɞˊŬ ůŰŮɟŮɞˊɞɘɖɛɏɜɖɠ Ɏɛɛɞɡ ůŮ ɛɞɜɞŰɞɜɘəɐ űɧɟŰɘůɖ ŮɛˊɞŭɘɕɧɛŮɜɖɠ 

ůŰɟɎɔɔɘůɖɠ ɛŮ ůŰŬɗŮɟɏɠ Ŭ, b əŬɘ p ˊŬɟŬɛɏŰɟɞɡɠ a ȺɜŮɟɔɏɠ ŰŬůɘəɏɠ ɞŭŮɨůŮɘɠ ůŰɞ qd ï pô ŮˊɑˊŮŭɞ. b 

ȾŬɛˊɨɚŮɠ ɞəŰŬŮŭɟɘəɐɠ ŭɘŬŰɛɖŰɘəɐɠ ŰɎůɖɠ ï ˊŬɟŬɛɧɟűɤůɖɠ (Űoct ï ɔoct)  

Fig. 6 Response of loose IC sand to monotonic undrained loading with constant Ŭ, b and p parameters a 

Effective stress paths in the qd ï pô plane. b Octahedral shear stress ï strain curves (Űoct ï ɔoct) 

   

Ɇɢ. 7 Ƀɟɘůɛɧɠ Űɖɠ ɇɞˊɘəɐɠ ɃɟɘŬəɐɠ ȺˊɘűɎɜŮɘŬɠ, Űɤɜ ũɟŬɛɛɩɜ ȷůŰɎɗŮɘŬɠ əŬɘ Űɖɠ ȺˊɘűɎɜŮɘŬɠ ȷůŰɎɗŮɘŬɠ 

Űɖɠ ɢŬɚŬɟɐɠ ɘůɧŰɟɞˊŬ ůŰŮɟŮɞˊɞɘɖɛɏɜɖɠ Ɏɛɛɞɡ ɛŮ Űɖ ɓɞɐɗŮɘŬ Űɤɜ ŰŬůɘəɩɜ ɞŭŮɨůŮɤɜ a ůŰɞ qd ï pô ŮˊɑˊŮŭɞ 

əŬɘ b ůŰɞ Y ï X ŮˊɑˊŮŭɞ  

Fig. 7 Definition of the Local Boundary Surface (Symes et al. 1984, Sibuya and Hight 1987), Instability 

Lines (Lade 1993) and Instability Surface (Triantafyllos et al. 2020a) of loose isotropically consolidated 

sand by means of stress paths a in the qd ï pô plane and b in the Y ï X plane  
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Ɇɢ. 8 ɇŬůɘəɐ ɧŭŮɡůɖ ˊɞɡ ůɢŮŰɑɕŮŰŬɘ ɛŮ ůŰɟɞűɐ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ əŬɘ əɨɟɘŮɠ əŬŰŮɡɗɨɜůŮɘɠ  

ŰɎůŮɤɠ, ů, ˊɟɞůŬɡɝɖŰɘəɐɠ ŰɎůŮɤɠ, dů, əŬɘ ˊɟɞůŬɡɝɖŰɘəɐɠ ˊŬɟŬɛɞɟűɩůŮɤɠ, dŮ: a ůŰɞ Ys ï Xs ŮˊɑˊŮŭɞ əŬɘ b 

ůŰɞ Y ï X ŮˊɑˊŮŭɞ  

Fig. 8 Stress path associated with rotation of the stress principal axes and principal directions of stress, ů, 

incremental stress, dů, and incremental strain, dŮ: a in the Ys ï Xs plane and b in the Y ï X plane 

 

 

Ɇɢ. 9 ȺˊɘűɎɜŮɘŬ ŬůŰɎɗŮɘŬɠ Űɖɠ ɢŬɚŬɟɐɠ ɘůɧŰɟɞˊŬ ůŰŮɟŮɞˊɞɘɖɛɏɜɖɠ Ɏɛɛɞɡ əŬɘ ˊŮɟɘɔɟɎɛɛŬŰŬ ɑůɤɜ Űɘɛɩɜ 

ɔoct əŬɘ ȹu / pôin əŬŰɎ Űɖ ůɡůŰɞɚɘəɐ űɎůɖ Ŭˊɧəɟɘůɖɠ ůŰɞ Y ï X ŮˊɑˊŮŭɞ  

Fig. 9 Instability surface (IS) of loose isotropically consolidated sand and contours of equal ɔoct and ȹu / pôin 

during the contractive phase of response in the Y ï X plane 
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Ɇɢ. 10 ȷˊɧəɟɘůɖ ɢŬɚŬɟɐɠ ŬɜɘůɧŰɟɞˊŬ ůŰŮɟŮɞˊɞɘɖɛɏɜɖɠ Ɏɛɛɞɡ ůŮ ɛɞɜɞŰɞɜɘəɐ űɧɟŰɘůɖ ŮɛˊɞŭɘɕɧɛŮɜɖɠ 

ůŰɟɎɔɔɘůɖɠ ɛŮ ůŰɟɞűɐ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ əŬɘ ůŰŬɗŮɟɏɠ b əŬɘ p ˊŬɟŬɛɏŰɟɞɡɠ. a ȺɜŮɟɔɏɠ ŰŬůɘəɏɠ 

ɞŭŮɨůŮɘɠ ůŰɞ qd ï pô ŮˊɑˊŮŭɞ. b ɇŬůɘəɏɠ ɞŭŮɨůŮɘɠ ůŰɞ Y ï X ŮˊɑˊŮŭɞ 

Fig. 10 Response of loose AC sand to monotonic undrained loading with rotating stress principal axes and 

constant b and p parameters. a Effective stress paths in the qd ï pô plane. b Stress paths in the Y ï X plane 

 

   

Ɇɢ. 11 ɆɖɛŮɑŬ ŬůŰɎɗŮɘŬɠ ɢŬɚŬɟɐɠ Ɏɛɛɞɡ ɔɘŬ ŭɘŬűɞɟŮŰɘəɏɠ ɘůŰɞɟɑŮɠ ůŰŮɟŮɞˊɞɑɖůɖɠ əŬɘ ŬůŰɟɎɔɔɘůŰɖɠ 

űɧɟŰɘůɖɠ. a ɆɖɛŮɑŬ ŬůŰɎɗŮɘŬɠ əŬɘ ŰŬůɘəɏɠ ɞŭŮɨůŮɘɠ ůŰɞ Y ï X ŮˊɑˊŮŭɞ. b ɆɖɛŮɑŬ ŬůŰɎɗŮɘŬɠ ůŰɞ ű ï Ŭůô1 

ŮˊɑˊŮŭɞ 

Fig. 11 Instability points of loose sand for different histories of consolidation and undrained loading. a 

Instability points and stress paths in the Y ï X plane. b Instability points in the ű ï Ŭůô1 plane 
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Ɇɢ. 12 ȷˊɧəɟɘůɖ ɢŬɚŬɟɐɠ ŬɜɘůɧŰɟɞˊŬ ůŰŮɟŮɞˊɞɘɖɛɏɜɖɠ Ɏɛɛɞɡ ůŮ ɛɞɜɞŰɞɜɘəɐ űɧɟŰɘůɖ ŮɛˊɞŭɘɕɧɛŮɜɖɠ 

ůŰɟɎɔɔɘůɖɠ ɛŮ ůŰɟɞűɐ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ əŬɘ ůŰŬɗŮɟɏɠ q, p əŬɘ b ˊŬɟŬɛɏŰɟɞɡɠ. a ȺɜŮɟɔɏɠ ŰŬůɘəɏɠ 

ɞŭŮɨůŮɘɠ ůŰɞ qd ï pô ŮˊɑˊŮŭɞ. b ɇŬůɘəɏɠ ɞŭŮɨůŮɘɠ ůŰɞ Y ï X ŮˊɑˊŮŭɞ 

Fig. 12 Response of loose AC sand to monotonic undrained loading with rotating stress principal axes and 

constant q, p and b parameters. a Effective stress paths in the qd ï pô plane. b Stress paths in the Y ï X plane 

 

   

Ɇɢ. 13 ȺˊɑŭɟŬůɖ Űɖɠ ɘůŰɞɟɑŬɠ ŰɎůŮɤɜ ůŰɖ ůɡɜɗɐəɖ ŬůŰɎɗŮɘŬɠ ɢŬɚŬɟɐɠ Ɏɛɛɞɡ: ɔɤɜɑŬ ŭɘŬŰɛɖŰɘəɐɠ 

ŬɜŰɑůŰŬůɖɠ, ű, ůŮ ůɡɜɎɟŰɖůɖ ɛŮ Űɖ ɔɤɜɑŬ əɨɟɘŬɠ əŬŰŮɨɗɡɜůɖɠ ŰɎůŮɤɠ, Ŭůô1, ůŰŬ ůɖɛŮɑŬ ŬůŰɎɗŮɘŬɠ əŬɘ 

əɞɟɡűŬɑŬɠ ŬůŰɞɢɑŬɠ 

Fig. 13 Stress history effects on the flow instability condition of loose sand: mobilised angle of shearing 

resistance, ű, against the principal stress direction angle, Ŭůô1, at the instability and peak-failure states 
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Ɇɢ. 14 Ⱥ́ɑŭɟŬůɖ Űɖɠ ɘůŰɞɟɑŬɠ ˊŬɟŬɛɞɟűɩůŮɤɜ ůŰɖ ůɡɜɗɐəɖ ŬůŰɎɗŮɘŬɠ əŬɘ ůŰɖ ůɡɛˊŮɟɘűɞɟɎ Űɖɠ ɢŬɚŬɟɐɠ 

Ɏɛɛɞɡ əŬŰɎ Űɖ ɛɞɜɧŰɞɜɖ ɟŮɡůŰɞˊɞɑɖůɖ: əŬɜɞɜɘəɞˊɞɘɖɛɏɜɖ ɡˊŮɟˊɑŮůɖ Űɞɡ ɨŭŬŰɞɠ ˊɧɟɤɜ, ȹu / pôin, əŬɘ 

ˊŬɟɎɛŮŰɟɞɠ ɛɞɜɧŰɞɜɖɠ ɟŮɡůŰɞˊɞɑɖůɖɠ, UI, ůŮ ůɡɜɎɟŰɖůɖ ɛŮ Űɖ ɔɤɜɑŬ əɨɟɘŬɠ əŬŰŮɨɗɡɜůɖɠ ŰɎůŮɤɠ, Ŭůô1, 

ůŰŬ ůɖɛŮɑŬ ŬůŰɎɗŮɘŬɠ əŬɘ ŬɚɚŬɔɐɠ űɎůɖɠ 

Fig. 14 Strain history effects on the triggering condition and deformation pattern of flow of loose sand: 

normalised excess pore-water pressure, ȹu / pôin, and flow parameter, UI, against the principal stress 

direction angle, Ŭůô1, at the instability and phase-transformation points    

 

   

Ɇɢ. 15 ɇŬůɘəɐ ɧŭŮɡůɖ Űɖɠ ŭɞəɘɛɐɠ C3: a ůŰɞ qd ï pô ŮˊɑˊŮŭɞ əŬɘ b ůŰɞ Y ï X ŮˊɑˊŮŭɞ 

Fig. 15 Stress path of test C3: a in the qd ï pô plane and b in the Y ï X plane 
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Ɇɢ. 16 ɇŬůɘəɐ ɧŭŮɡůɖ Űɖɠ ŭɞəɘɛɐ C6: a ůŰɞ qd ï pô ŮˊɑˊŮŭɞ əŬɘ b ůŰɞ Y ï X ŮˊɑˊŮŭɞ 

Fig. 16 Stress path of test C6: a in the qd ï pô plane and b in the Y ï X plane 

 

 

 

   

Ɇɢ. 17 ɉŬɟŬəŰɖɟɘůŰɘəɎ Űɖɠ ŰŬůɘəɐɠ ɧŭŮɡůɖɠ D1. a ɄŮɟɘɞŭɘəɐ ɛŮŰŬɓɞɚɐ Űɤɜ ŰɎůŮɤɜ q əŬɘ qd ɛŮ Űɖ ɔɤɜɑŬ 

Ŭůô1. b ɄŮɟɘɞŭɘəɐ ɛŮŰŬɓɞɚɐ Űɖɠ ŰɎůɖɠ  p əŬɘ Űɖɠ ˊŬɟŬɛɏŰɟɞɡ b ɛŮ Űɖ ɔɤɜɑŬ Ŭůô1 

Fig. 17 Characteristics of the stress path D1. a Periodic change of q and qd with Ŭůô1. b Periodic change of p 

and b with Ŭůô1 
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Ɇɢ. 18 ɇŬůɘəɐ ɧŭŮɡůɖ Űɖɠ ŭɞəɘɛɐ D1: a ůŰɞ qd ï pô ŮˊɑˊŮŭɞ əŬɘ b ůŰɞ Y ï X ŮˊɑˊŮŭɞ 

Fig. 18 Stress path of test D1: a in the qd ï pô plane and b in the Y ï X plane 

 

 

     

Ɇɢ. 19 ȺˊɑŭɟŬůɖ Űɖɠ ɘůŰɞɟɑŬɠ ŰɎůŮɤɜ ï ˊŬɟŬɛɞɟűɩůŮɤɜ ůŰɖ ɛɖ ɞɛɞŬɝɞɜɘəɐ ůɡɛˊŮɟɘűɞɟɎ Űɖɠ Ɏɛɛɞɡ ɡˊɧ 

űɧɟŰɘůɖ ŮɛˊɞŭɘɕɧɛŮɜɖɠ ůŰɟɎɔɔɘůɖɠ ɛŮ ůŰɟɞűɐ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ. a Ɇɢɏůɖ ɛŮŰŬɝɨ Űɤɜ ɔɤɜɘɩɜ ɝ 

əŬɘ ű ůŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ C. b Ɇɢɏůɖ ɛŮŰŬɝɨ Űɤɜ ɔɤɜɘɩɜ ɝ əŬɘ ű ůŰɘɠ ŭɞəɘɛɏɠ Űɨˊɞɡ ȸ əŬɘ ůŰɖ ŭɞəɘɛɐ D1  

Fig. 19 Stress ï strain history effects on the non-coaxiality of sand under undrained loading with rotation of 

the stress principal axes. a Relationship between the angles ɝ and ű in the C-series tests. b Relationship 

between the angles ɝ and ű in the B-series tests and in test D1 
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Fig. 20 ɆŰɟɞűɐ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ ɛŮ ůŰŬɗŮɟɏɠ Űɘɠ ŮɜŮɟɔɏɠ əɨɟɘŮɠ Űɘɛɏɠ ŰɎůŮɤɠ ůŰɖ ŭɞəɘɛɐ PAR1 

ɛŮ ɖ = 1.01, b = 0 əŬɘ pô = 100 kPa. a ɇŬůɘəɐ ɧŭŮɡůɖ ůŰɞ Ys ï Xs ŮˊɑˊŮŭɞ. b ȳŭŮɡůɖ ˊŬɟŬɛɞɟűɩůŮɤɠ ůŰɞ 

ɈŮ ï XŮ ŮˊɑˊŮŭɞ 

Fig. 20 Rotation of the stress principal axes at constant effective stress principal values in test PAR1 at ɖ = 

1.01, b = 0 and pô = 100 kPa. a Stress path in the Ys ï Xs plane. b Strain path in the ɈŮ ï XŮ plane 

    

Fig. 21 ɆŰɟɞűɐ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ ɛŮ ůŰŬɗŮɟɏɠ Űɘɠ ŮɜŮɟɔɏɠ əɨɟɘŮɠ Űɘɛɏɠ ŰɎůŮɤɠ ůŰɖ ŭɞəɘɛɐ PAR1 

ɛŮ ɖ = 1.01, b = 0 əŬɘ pô = 100 kPa. a Ⱥɝɏɚɘɝɖ Űɤɜ ɛŮɔŮɗɩɜ Ůvol, ůô1, ůô2 əŬɘ ůô3 ɛŮ Űɖ ɔɤɜɑŬ Ŭ*
ůô1. b Ⱥɝɏɚɘɝɖ 

Űɤɜ ɛŮɔŮɗɩɜ Ŭ*
dŮ1 əŬɘ Ŭ

*
důô1 ɛŮ Űɖ ɔɤɜɑŬ Ŭ*

ůô1 

Fig. 21 Rotation of the stress principal axes at constant effective stress principal values in test PAR1 at ɖ = 

1.01, b = 0 and pô = 100 kPa. a Evolution of Ůvol, ůô1, ůô2 and ůô3 with Ŭ*
ůô1. b Evolution of Ŭ*

dŮ1 əŬɘ Ŭ*
důô1 

with Ŭ*
ůô1 
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Fig. 22 ɆŰɟɞűɐ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ ɛŮ ůŰŬɗŮɟɏɠ Űɘɠ ŮɜŮɟɔɏɠ əɨɟɘŮɠ Űɘɛɏɠ ŰɎůŮɤɠ ůŰɖ ŭɞəɘɛɐ PAR3 

ɛŮ ɖ = 1.05, b = 0.5 əŬɘ pô = 343 kPa. a ɇŬůɘəɐ ɧŭŮɡůɖ ůŰɞ q ï pô ŮˊɑˊŮŭɞ. b Ⱥɝɏɚɘɝɖ Űɤɜ ɛŮɔŮɗɩɜ ɖ, Ůvol 

əŬɘ ȹu / pôi ɛŮ Űɖɜ ˊŬɟŬɛɧɟűɤůɖ Ůq. c ɇŬůɘəɐ ɧŭŮɡůɖ ůŰɞ Ys ï Xs ŮˊɑˊŮŭɞ. d ȳŭŮɡůɖ ˊŬɟŬɛɞɟűɩůŮɤɠ ůŰɞ 

YŮ ï XŮ ŮˊɑˊŮŭɞ  

Fig. 22 Rotation of the stress principal axes at constant effective stress principal values in test PAR3 at ɖ = 

1.05, b = 0.5 and pô = 343 kPa. a Stress path in the q ï pô plane. b Evolution of ɖ, Ůvol and ȹu / pôi with Ůq. c 

Stress path in the Ys ï Xs plane. d Strain path in the YŮ ï XŮ plane  
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Fig. 23 ɆŰɟɞűɐ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ ɛŮ ůŰŬɗŮɟɏɠ Űɘɠ ŮɜŮɟɔɏɠ əɨɟɘŮɠ Űɘɛɏɠ ŰɎůŮɤɠ ůŰɖ ŭɞəɘɛɐ PAR3 

ɛŮ ɖ = 1.05, b = 0.5 əŬɘ pô = 343 kPa. a Ⱥɝɏɚɘɝɖ Űɤɜ ɛŮɔŮɗɩɜ Ůvol, ůô1, ůô2 əŬɘ ůô3 ɛŮ Űɖ ɔɤɜɑŬ Ŭ*
ůô1. b 

Ⱥɝɏɚɘɝɖ Űɤɜ ɛŮɔŮɗɩɜ Ŭ*
dŮ1 əŬɘ Ŭ

*
důô1 ɛŮ Űɖ ɔɤɜɑŬ Ŭ*

ůô1 

Fig. 23 Rotation of the stress principal axes at constant effective stress principal values in test PAR3 at ɖ = 

1.05, b = 0.5 and pô = 343 kPa. a Evolution of Ůvol, ůô1, ůô2 and ůô3 with Ŭ*
ůô1. b Evolution of Ŭ*

dŮ1 əŬɘ Ŭ*
důô1 

with Ŭ*
ůô1 
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Ɇɢ. 24 ȺˊɑŭɟŬůɖ Űɖɠ ɘůŰɞɟɑŬɠ ŰɎůŮɤɜ ï ˊŬɟŬɛɞɟűɩůŮɤɜ, ˊɚɖůɘɎɕɞɜŰŬɠ Űɖɜ əɟɑůɘɛɖ əŬŰɎůŰŬůɖ, ůŰɖ 

ŭɘŬůŰɞɚɘəɧŰɖŰŬ əŬɘ ɛɖ ɞɛɞŬɝɞɜɘəɧŰɖŰŬ Űɖɠ Ɏɛɛɞɡ əŬŰɎ Űɖ ůŰɟɞűɐ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ. a Ⱥɝɏɚɘɝɖ 

Űɤɜ ɛŮɔŮɗɩɜ ɖ əŬɘ Ůvol ɛŮ Űɖɜ ˊŬɟŬɛɧɟűɤůɖ Ůq. b Ⱥɝɏɚɘɝɖ Űɤɜ ɛŮɔŮɗɩɜ Ůvol əŬɘ ɝ ɛŮ Űɖ ɔɤɜɑŬ Ŭůô1. c 

ɃŭŮɨůŮɘɠ ˊŬɟŬɛɞɟűɩůŮɤɠ ůŰɞ YŮ ï XŮ ŮˊɑˊŮŭɞ. d Ⱥɝɏɚɘɝɖ Űɖɠ əŬŰɎůŰŬůɖɠ Űɖɠ Ɏɛɛɞɡ ůŰɞ e ï pô ŮˊɑˊŮŭɞ  

Fig. 24 Stress ï strain history effects, nearing critical state, on the dilatancy and non-coaxiality of sand 

during rotation of the stress principal axes. a Evolution of ɖ and Ůvol with Ůq. b Evolution of Ůvol and ɝ with 

Ŭůô1. c Strain paths in the YŮ ï XŮ plane. d Evolution of the state of sand in the e ï pô plane 
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Ɇɢ. 25 ȺˊɑŭɟŬůɖ Űɖɠ ɘůŰɞɟɑŬɠ ŰɎůŮɤɜ ï ˊŬɟŬɛɞɟűɩůŮɤɜ ůŰɖ ɛɖ ɞɛɞŬɝɞɜɘəɧŰɖŰŬ Űɖɠ Ɏɛɛɞɡ əŬŰɎ Űɖ 

ůŰɟɞűɐ Űɤɜ əɨɟɘɤɜ Ŭɝɧɜɤɜ ŰɎůŮɤɠ ɛŮ ůŰŬɗŮɟɏɠ ŮɜŮɟɔɏɠ əɨɟɘŮɠ Űɘɛɏɠ ŰɎůŮɤɠ: Ⱥɝɏɚɘɝɖ Űɖɠ ɔɤɜɑŬɠ ɝ ɛŮ Űɖ 

ɔɤɜɑŬ Ŭ*
ůô1  

Ɇɢ. 25 Stress ï strain history effects on the non-coaxiality of sand under rotation of the stress principal axes 

at constant effective stress principal values: Evolution of the angle ɝ with angle Ŭ*
ůô1  
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This thesis investigates experimentally the mechanical behaviour of sand under 

triaxial and generalised loading. The anisotropic flow deformation and critical state of 

M31 Sand were investigated using the hollow cylinder apparatus and two triaxial 

apparatuses of the National Technical University of Athens, all of which were either 

updated or modified for the needs of the present study. Monotonic and cyclic loading 

was imposed on water pluviated sand specimens under a broad range of consolidation 

effective stresses, pôc = (ůô1c + ůô2c + ůô3c) / 3, and stress ratios, Kc = ůô3c / ůô1c, with 

fixed or rotating stress principal axes (PA) and with two different values of the 

intermediate principal stress parameter, b = (ůô2 ï ůô3) / (ůô1 ï ůô3). 

The results of monotonic triaxial compression tests indicate the existence of a unique 

critical state line in the pô ï e ï q space for M31 Sand, irrespective of the initial value 

of void ratio and mean effective stress and drainage conditions. The state parameter, ɣ, 

proposed by Been and Jefferies (1985) normalises the strength and dilatancy 

characteristics of sand while the stress ï dilatancy relationship depends on state. The 

results of monotonic undrained loading tests at different fixed directions of the ůô1-

axis with respect to the vertical, measured by the angle Ŭůô1, and with constant p and b 

= 0.5 showed that the inherent anisotropy affects the strength and deformability of 

isotropically consolidated loose sand at the instability point, phase transformation 

point and peak-failure state. The response of sand becomes, in general, more 

contractive and less stiff when the angle Ŭůô1 increases yet the weakest response is 

observed when one of the maximum stress obliquity planes tends to align at failure 

with the horizontal bedding plane. The same amount of shear strain or normalised 

excess pore-water pressure is accumulated in the contractive phase of response at a 

lower deviatoric stress ratio when Ŭůô1 is higher. Moreover, flow instability is 

triggered at a lower deviatoric stress ratio when Ŭůô1 is higher. Despite the fixity of the 

stress PA the deformation of sand is (weakly) non-coaxial up to the peak-failure state, 
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becoming coaxial only after intense dilative straining post-peak, while the principal 

direction of incremental stain is biased towards ŬdŮ1 = +45ɞ, possibly because sliding 

occurs more easily along the horizontal bedding plane. 

Undrained loading tests were conducted on anisotropically consolidated loose sand 

with monotonically rotating stress PA at constant p and b = 0.5 and with either 

monotonically increasing, constant or cyclically changing deviatoric stress, q, in order 

to investigate the effect of consolidation and loading history on the mechanical 

behaviour of sand. It was found that the combinations of ű = sin-1 [(ůô1 ï ůô3) / (ůô1 + 

ůô3)] and Ŭůô1 at the triggering of flow instability are not unique, albeit being stated 

differently in previous studies (Nakata et al. 1998, Sivathayalan and Vaid 2002). On 

the contrary, the triggering condition and deformation pattern of flow depend on the 

stress - strain history, including the effect of Kc and incremental stress direction; a 

new flow parameter indicates this dependence. It was also shown that a small stress 

disturbance involving rotation of the stress PA can trigger flow when the sand is 

consolidated at low Kc, e.g. under Ko-conditions. For higher values of Kc the rotation 

of the stress PA at constant q may still induce plastic contraction, flow instability and 

failure of sand. Apart from the effects of stress - strain history on bifurcation the 

inherent anisotropy also plays an important role since the triggering of both diffuse 

and localised instabilities occurs preferably at stress states corresponding to 

unfavourable deformation kinematics, i.e. to shearing and sliding along the horizontal 

bedding plane. 

The rotation of the stress PA is associated with strong non-coaxiality that persists past 

the state of peak failure. Distinct non-coaxiality patterns and elastic - plastic coupling, 

associated with the unloading of the non-diagonal component of the stress tensor, 

were observed during the first cycles of stress rotation, at low deviatoric stress ratio, 

when the deviatoric stress was kept constant. The non-coaxiality angle, ɝ, decreases 

with the deviatoric stress ratio in both non-coaxiality patterns, though, the sand 

ultimately deforms in a steady state corresponding to a stabilised angle of non-

coaxiality, mean effective stress and deviatoric stress ratio, only to be arrested by the 

triggering of diffuse or localised instabilities. These non-coaxiality patterns are, in 

general, independent of the value of Kc and the number of the previous stress rotation 

cycles and are also observed in the case that the deviatoric stress changes periodically. 

On the other hand, distinct non-coaxiality patterns are observed before peak failure 

depending on the value of Kc when the rate of stress rotation decreases as the 

deviatoric stress increases, though, the differences become less pronounced past the 

peak-failure state. Interestingly, stronger non-coaxiality corresponds to a lower Kc and 

the effect of pre-shearing on non-coaxiality appears to be more important than the 

effect of the rate of stress rotation, which has been previously pointed out by 

Gutierrez et al. (1991). 

Among the novel findings of this study are those indicating that the stress state of 

loose sand subjected to undrained principal stress rotation at constant deviatoric stress 

may move along the direction of isotropic stress unloading from the consolidation 
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state to the failure state without triggering flow. This behaviour is a contrast to the 

predictions of recent models developed within the framework of Bifurcation Theory 

which indicate that the direction of isotropic unloading belongs to the set of unstable 

directions of loose sand even at low deviatoric stress ratio, away from the peak failure 

state (Darve and Laouafa 2000, Darve et al. 2004, Sibille at al. 2007, Prunier et al. 

2009). Once the failure surface has been reached it was shown that a quasi-static 

diffuse instability can be triggered under increasing effective stresses and decreasing 

stress ratio, followed by a dynamic diffuse instability under decreasing stresses and 

stress ratio. Consequently, the experimental results verify for the first time the 

predictions of the numerical analyses by Darve that instability may occur under 

increasing effective stresses and decreasing stress ratio (Darve and Laouafa 2000, 

Darve et al. 2004, Sibille at al. 2007, Prunier et al. 2009). 

This study shows that sand exhibits strong non-coaxiality and contracts whenever the 

loading with fixed stress PA is interrupted by a continuous rotation of the stress PA. 

The degree of non-coaxiality and associated contractancy becomes higher when the 

previous shearing becomes more intense in terms of shear strain accumulation. The 

novel findings reported herein indicate that the influence of pre-shearing on sandôs 

behaviour is more important than the influence of the degree of stress rotation and the 

level of ɖ, pô, e and b, reported in previous studies (Miura et al. 1986, Gutierrez et al. 

1991, Li and Yu 2010, Tong et al. 2010 and 2014), but diminishes gradually as the 

stress rotation continues. Specifically, it is shown that sand exhibits strong non-

coaxiality and contracts immediately upon initiating the rotation of the stress PA at 

constant effective stress principal values (PV) very close to critical state despite the 

fact that it was previously dilating on the failure surface in a coaxial deformation 

mode, under radial loading; the phenomenon becomes increasingly intense as critical 

state is approached. Dafaliasôs (2016) thought experiment is the limiting case of the 

sequence of experiments performed herein thus the presented experimental evidence 

is supporting the claim that the Anisotropic Critical State Theory by Li and Dafalias 

(2012) constitutes a necessary revision of the classical Critical State Theory.  

Accordingly, the effect of pre-shearing on the non-coaxiality and contractancy of 

highly-stressed sand is also apparent when undrained loading is imposed after 

anisotropic consolidation. In this case, a small stress disturbance involving rotation of 

the stress PA induces strong non-coaxiality and the associated plastic contraction 

triggers flow instability. This situation is the diffuse analogue of the mechanism in the 

incipient shear band described by Vardoulakis (Vardoulakis et al. 1978, Vardoulakis 

and Graf 1985, Vardoulakis and Georgopoulos 2005) and may explain the 

vulnerability of sands to spontaneous liquefaction, in stress-rotation conditions, when 

the static shear stress is high. 

The results of this thesis offer new knowledge and contribute towards the deeper 

understanding of the effects of anisotropy and loading history on the mechanical 

behaviour of sand. The deposition process and loading history influence the formation 

and evolution of fabric and this microscopic process controls the macroscopic 
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mechanical behaviour of sand at every state, including the critical one. Consequently, 

the necessity is highlighted to develop models that can simulate the effects of fabric 

on the mechanical behaviour of sand under generalised and complex loading 

conditions, similar to those imposed in the present study. The future research will be 

directed towards the application of techniques for measuring the fabric tensor of 

granular media by means of physical properties like the electrical conductivity and the 

mechanical wave velocity. Likewise, the investigation of the mechanical behaviour of 

sand under true triaxial loading conditions is an attractive subject for future research.             
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1.1 NECESSITY AND SCOPE OF THE THESIS  

Understanding the behaviour of soil is an essential prerequisite for protecting both the 

built environment and human life since the majority of human-made structures 

interact with soil masses in plenty of different ways, rendering them exposed to the 

catastrophic phenomena associated with the failure of soils. Liquefaction of soils is 

such a catastrophic phenomenon that has caused severe damage to built environment 

and loss of human lives in the past, while it remains a challenging issue for academic 

research over time.   

Although liquefaction is frequently triggered by strong seismic events, as for example 

the 1925 Santa Barbara earthquake, the 1964 Niigata earthquake and the 1995 Kobe 

earthquake, to name a few, flow deformation of soil slopes has been reportedly 

induced by small stress disturbances under quasi-static conditions (Ishihara 1993, 

Lade 1993). From the viewpoint of soil mechanics, it is noteworthy the fact that the 

stress state at the triggering of liquefaction is frequently located inside the plastic limit 

surface and at this state there may exist a diversity of incremental stress or strain 

directions along which unstable flow deformation can be induced (Lade et al. 1988, 

Chu et al. 1993). On top of this the corresponding kinematic field can be diffuse, 

showing no obvious signs of strain localisation (Castro 1969, Lade et al. 1988, Chu et 

al. 1993, Desrues and Georgopoulos 2006).  

Albeit unambiguously fascinating these mechanical peculiarities that characterise the 

non-associated soil materials may also become quite unsettling as soon as it is realised 

that the application of the conventional plastic limit analysis in engineering problems, 

such as the stability of slopes, may in some cases fail to predict the triggering of flow 

instability (Lade 1993, Darve and Laouafa 2000). Furthermore, the consideration of 

the triggering of localised instabilities in the hardening regime does not remedy the 

problem since flow deformation frequently manifests itself in chaotic patterns 

preceding the formation of a distinct failure surface (Nicot and Darve 2011). In an 

attempt to remedy this problem some researchers developed models within the 

framework of Bifurcation Theory (Vardoulakis and Sulem 1995) that rely upon the 

second-order work criterion (Hill 1958) in order to determine the conditions that 

trigger diffuse instabilities (Darve et al. 1995, Darve et al. 2004, Nicot et al. 2007, 

Prunier et al. 2009, Daouadji et al. 2011, Lü et al. 2018).  
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From the bifurcation analysis perspective diffuse instabilities initiate at points with 

perturbed physical properties or concentrated stress from which they spread in all 

directions through the surrounding soil volume, ergo a localised failure mechanism is 

physically absent. On a theoretical basis the triggering of instability in the 

homogeneous system requires that the stress state is located inside the bifurcation 

domain, the incremental stress (or strain) direction belongs in the set of unstable 

directions along which the second-order work becomes non-positive and the control 

parameters of the loading programme are proper, in the sense that they allow the 

instability to occur (Daouadji et al. 2011). In other words, at a given stress state the 

necessary condition for instability is the non-positive sign of the second-order work 

which is a directional quantity that depends on the previous stress - strain history.  

Having these theoretical considerations as point of departure the present study 

embarks upon the experimental investigation of the effects of the stress - strain 

history and direction of incremental stress on the flow-instability condition of 

sand. The aim is to perform undrained loading tests on both isotropically and 

anisotropically consolidated sand with either fixed or rotating stress principal axes 

(PA), at constant p = (ů1 + ů2 + ů3) / 3 and b = (ůô2 ï ůô3) / (ůô1 ï ůô3) = 0.5. The 

loading programme includes rotation of the stress principal axes with either 

monotonically increasing, constant or periodically changing deviatoric stress, 

simulating a variety of loading situations occurring in situ, hence the data set that is 

going to be collected can be scarcely found in the literature (Symes et al. 1984, 

Shibuya and Hight 1987, Nakata et al. 1998, Sivathayalan and Vaid 2002, Shibuya et 

al. 2003a and b, Yang et al. 2007).  

Another research topic in the present study concerns the effects of fabric (Brewer 

1964, Oda 1972) on the mechanical behaviour of sand. The gravity deposited sand 

exhibits different mechanical properties when subjected to loading with the stress 

major principal axis orientated at different angles with respect to the direction of 

deposition (Oda et al. 1978, Tatsuoka 1986, Miura et al. 1986, Shibuya and Hight 

1987, Yoshimine et al. 1998, Nakata et al. 1998, Uthayakumar and Vaid 1998, Lade 

et al. 2014). The anisotropy in the mechanical properties of sand is attributed to the 

directional characteristics of fabric in the microscopic level, i.e. the preferred 

orientation of the long axes of particles or voids and the preferred orientation of 

contact normals, which can be described using a fabric tensor (Oda 1972, Satake 1978, 

Oda et al. 1985). The anisotropy formed during the process of deposition under the 

action of gravity is termed the inherent anisotropy (Cassagrande and Carillo 1948).  

Physical and numerical studies have shown that the anisotropy of fabric of granular 

materials resembling sands evolves in response to the applied stresses after deposition 

and this phenomenon is known as the stress-induced anisotropy (Oda et al. 1985, 

Rothenburg and Bathurst 1989), though the different characteristics of fabric evolve 

under a different rate (Wang et al. 2017). Specifically, the internal structure has been 

found to rotate following the rotation of the stress PA (Oda and Konishi 1974, Li and 

Yu 2010), while in the case that the latter are kept fixed during loading coaxiality 
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between the principal directions of fabric and stress is achieved ultimately (Li and Yu 

2009). The magnitude of fabric anisotropy, defined as the difference or the ratio 

between the major and minor principal values of the fabric tensor, also evolves as the 

level of the deviatoric stress ratio increases during loading with fixed or rotating stress 

PA.   

Dafalias (2016) pointed out that the premise of the classical Critical State Theory 

(CST) (Roscoe et al. 1958, Schofield and Wroth 1968) concerning the isotropy of 

fabric at critical state, which is supposedly the result of the intense remoulding needed 

to reach such a state, does not comply with the results of recent studies indicating the 

existence of a strongly anisotropic fabric at critical state, coaxial in direction with the 

stress (Thornton 2000, Masson and Martinez 2001, Zhang and Thornton 2007, Li and 

Yu 2009, Li and Li 2009, Fu and Dafalias 2011, Wiebicke et al. 2017, Theocharis et 

al. 2017 and 2019). According to the CST, the phenomenon during which a granular 

material keeps deforming in continuing shearing, under constant volume and stress, is 

termed the critical state (CS) and the analytical conditions stated to be necessary and 

sufficient for reaching and maintaining CS are given by: ɖ = q / pô = ɖc = M and e = ec 

= ec(pô), where ɖc = M is the value of the deviatoric stress ratio at CS, which is a 

material constant, and ec = ec(pô) is the value of the void ratio at CS, which is a unique 

function of pô.  

Dafalias (2016) conceived a thought experiment that may prove that the CST is 

incomplete because it does not take into account the role of fabric anisotropy: a soil 

specimen is first loaded monotonically with fixed stress PA until it reaches CS and 

afterwards the stress PA are rotated while keeping the effective stress principal values 

(PV) constant. The question raised then is whether the specimen will remain at CS or 

not while shearing continues with rotating directions of stress and strain rate at fixed 

effective stress PV. The fixity of the effective stress PV means that pô and q remain 

constant thus the critical void ratio, ec, at the corresponding pô also remains constant, 

while the current value of void ratio, e, at the instant that the rotation of the stress PA 

is initiated is equal to ec. Consequently, if the two analytical conditions presented 

above are indeed necessary and sufficient for reaching and maintaining CS the 

specimen should remain at CS because these conditions remain valid during the stress 

PA rotation. On the contrary, if the CS is abandoned then the two analytical 

conditions are necessary but not sufficient for maintaining CS, unless the fixity of the 

directions of stress and strain rate relative to the specimenôs axes is tacitly assumed at 

CS (Theocharis et al. 2019), and the CST is incomplete.     

Theocharis et al. (2017, 2019) performed numerical simulations of this experiment 

using the Discrete Element Method (DEM) and showed that the granular material 

contracts immediately upon initiating the rotation of the stress PA at CS while 

keeping the effective stress PV constant. These results showed that the two analytical 

conditions presented above are necessary but not sufficient for maintaining CS and 

proved the incompleteness of the CST. As a means to remedy this incompleteness Li 

and Dafalias (2012) proposed the Anisotropic Critical State Theory (ACST) which 
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introduces a third analytical condition at CS that is satisfied when an evolving fabric 

tensor becomes aligned with the loading direction and attains its critical value 

normwise. The three analytical conditions in the new theory become both necessary 

and sufficient for reaching and maintaining CS. 

The present study sets out with the aim to perform physically the thought 

experiment proposed by Dafalias (2016) and simulated by Theocharis et al. (2017, 

2019) in order to investigate the effects of fabric anisotropy on the critical state 

behaviour of sand. Achieving this aim means that unique experimental data of great 

value will be acquired proving physically that the Anisotropic Critical State Theory 

by Li and Dafalias (2012) constitutes a necessary revision of the classical Critical 

State Theory.                  

1.2 ORGANISATION OF THE THESIS 

This thesis consists of eight chapters and one Appendix. Chapter 2 presents an 

extended review of past literature on aspects concerning the fabric of sands. The way 

is discussed in which the microscopic aspects related to fabric affect the strength and 

deformation frictional characteristics of sand, placing emphasis on the dilatancy 

mechanism. It is shown that the behaviour of sands depends on the combination of 

mean effective stress and void ratio but is also directional dependent meaning that it is 

highly affected by the direction of loading with respect to the specimenôs axes. An 

effort is made to correlate the anisotropy in sandsô behaviour with the anisotropy in 

fabric characteristics and present the techniques used to quantify these characteristics. 

Finally, it is shown that the localisation of strain results in specific localised patterns 

of anisotropy and inhomogeneity of void ratio. The detailed presentation of fabric 

aspects reported in literature is justified since it aids the interpretation of the results of 

the present study.          

Chapter 3 discusses the concept of critical state of soils and other granular materials 

and presents the experimental results that led to the foundation of the Critical State 

Theory (CST) by Roscoe et al. (1958) and Schofield and Wroth (1968). The critical 

state can be used as a reference state for describing and simulating the mechanical 

behaviour of sands, especially their dilatancy. Then, the effects of fabric anisotropy 

on dilatancy and critical state are discussed and the question is raised concerning the 

necessity of revisiting the classical CST to include these fabric anisotropy effects, as 

proposed by Li and Dafalias (2012) who introduced the Anisotropic Critical State 

Theory (ACST). This study aims at giving an answer to this question. 

Chapter 4 discusses the concept of flow deformation of sands which is a catastrophic 

liquefaction phenomenon. Aspects such as the effects of state, anisotropy and 

principal stress rotation on the flow behaviour of sands are discussed in the light shed 

by previous experimental studies. This chapter also presents the results of numerical 

studies that use the principles of Bifurcation Theory in order to predict the triggering 
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of flow instability. Some predictions of the numerical models are viewed through a 

critical prism in the present study. 

Chapter 5 presents the capabilities of the hollow cylinder apparatus (HCA) of the 

National Technical University of Athens before and after the upgrade accomplished 

for the needs of the present study. The relationships used to calculate the average 

stresses and strains in torsional-shear testing are derived and the limitations that the 

inevitable non-uniformities of stress and strain impose are discussed. This chapter 

also presents the physical characteristics of the material tested (M31 Sand) and 

describes the specimen preparation method. 

Chapter 6 presents the results of the drained and undrained triaxial compression tests 

performed in this study for determining the critical state characteristics of M31 Sand. 

Using the unique critical state line that was determined the dependence of strength 

and dilatancy characteristics of sand on the state parameter proposed by Been and 

Jefferies (1985) was verified. Then, an attempt was made to perform loading tests in 

the HCA in accordance with the requirements of the thought experiment proposed by 

Dafalias (2016). The dilatancy and non-coaxiality of sand were also investigated 

under generalised loading conditions with either fixed or rotating stress PA. 

Chapter 7 presents the results of the undrained generalised loading tests performed in 

this study for investigating the effects of inherent anisotropy and stress - strain history 

on the flow deformation of sand. Isotropically and anisotropically consolidated sand 

specimens were subjected to loading with either constant or rotating stress PA and 

with constant p and b = 0.5. The deviatoric stress ratio was increased monotonically, 

kept constant or changed periodically in the course of principal stress rotation. The 

experimental results obtained were used to verify or falsify some of the predictions of 

numerical models developed within the framework of Bifurcation Theory. 

Chapter 8 presents the summary and conclusions of the thesis. Finally, the directions 

towards which future research will be oriented are discussed. 

The Appendix at the end of the thesis presents the articles in which the results of this 

this study were published. 

1.3 SYMBOLS AND ABBREVIATIONS 

The symbols and abbreviations used in this study are presented in the tables of the 

Extended Abstract, Chapter 6 and Chapter 7.       
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2.1 INTRODUCTION 

Sands are granular soil materials deposited in the field mainly under the action of 

gravity. The geometrical arrangement of sand grains described with the term fabric 

(Brewer 1964, Oda 1972a) is characterised by the density of packing as well as the 

orientational distribution of contact normal vectors and particles. Although sands are 

frequently treated as continuum media in the field of Soil Mechanics the effects of the 

particulate nature and fabric of sands on their mechanical behaviour cannot be 

overlooked.    

The present chapter presents an extended review of past literature on aspects 

concerning the fabric of sands. The way in which the microscopic aspects related to 

fabric affect the strength and deformation characteristics of sand is discussed, placing 

emphasis on the dilatancy mechanism. It is shown that the behaviour of sands depends 

on the combination of mean effective stress and void ratio but is also directional 

dependent meaning that it is highly affected by the direction of loading with respect to 

the specimenôs axes. An effort is made to correlate the anisotropy in sandsô behaviour 

with the anisotropy in fabric characteristics and present the techniques used to 

quantify these characteristics. Finally, it is shown that the localisation of strain results 

in specific localised patterns of anisotropy and inhomogeneity of void ratio. The 

detailed presentation of fabric aspects reported in literature is justified since it aids the 

interpretation of the results of the present study. 

2.2 EFFECTS OF THE NON-DIRECTIONAL CHARACTERISTICS OF 

FABRIC AND GRAIN PROPERTIES ON THE FRICTIONAL 

BEHAVIOUR OF SANDS  

Sand grains that lack bonding are packed together under the action of gravity and 

remain at static equilibrium via the normal and shear forces that act at interparticle 

contact points. Figure 2.1 shows the interaction of two grains at their contact point. It 

is noted that there exists always a contact surface between grains, instead of a 

geometrical point, otherwise the stress (i.e. the force over surface) becomes infinite; 

nevertheless, the term contact point is used hereinafter. The normal and shear force 

are related by the well-known law of friction, introduced by Leonardo da Vinci circa 

CHAPTER 2: FABRIC OF SANDS 
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1493 (Hutchings 2016), which states that ñthe force of friction acting between two 

sliding surfaces is proportional to the load pressing the surfaces togetherò.  

Since the frictional phenomenon of slippage occurs at the intergranular contacts when 

the sand deforms it is apparent that the greater normal force makes slippage difficult 

to occur and increases the sandôs stiffness and strength (Towhata 2008). If the two 

grains are not sliding then the obliquity of the direction of the resultant contact force 

(i.e. the vector sum of normal force and friction) with respect to the vertical defines 

the mobilised friction angle which is lower than the intergranular friction angle (Horn 

and Deere 1962).    

The simple and fundamental direct-shear test offers insight into the frictional, 

confining-stress-dependent mechanism that controls sandôs stiffness and strength. A 

schematic diagram of the direct shear apparatus is shown in Fig. 2.2. A prismatic 

specimen is formed by pouring sand into the space between two rigid containers. A 

normal effective stress, ůôn, is applied along the vertical direction and confinement of 

sand is achieved. Afterwards, a horizontal displacement of the container induces shear 

distortion of sand and the mobilised shear force, T, is monitored.  The shear stress, Ű, 

is calculated as the ratio of shear force over the current area of the cross-section of the 

specimen, and plotted against shear displacement, as shown in Fig. 2.3. The stress ůôn 

is maintained constant throughout shearing in the case described here. Figure 2.3a 

shows that if different sand specimens with the same relative density, Dr, are sheared 

under drained conditions at different normal effective stresses, ůôn, the peak shear 

stress Űp increases with ůôn; these results indicate the frictional characteristics of sand 

at peak state. Moreover, the initial slope of the stress-displacement curve (which is 

non-linear) indicates that the stiffness of sand, also, increases with confining stress. 

The failure of sand occurs on the horizontal plane and Coulombôs criterion states: 

'

p nŰ tanű ů= Ö                                                                                                             (2.1) 

The term tanű is the friction coefficient and ű is the angle of internal friction.  

It is apparent that there exists no unique value of shear strength of sand, in terms of 

peak shear stress. However, if Eq. 2.1 is rearranged to yield the ratio of mobilised 

shear stress over the constant effective stress then the following equation is formed: 

mob '

n

Ű
tanű

ů
=                                                                                                               (2.2) 

The term űmob is the mobilised friction angle. Failure of sand occurs when the stress 

ratio of Eq. 2.2 reaches its maximum value. For the drained shear loading described 

previously this condition concurs with the maximum shear stress condition, but this is 

not always the case. Consequently, it can be stated that regarding failure sand is a 

stress-ratio-dependent material. The mobilised stress ratio plays an important role in 

all aspects of the mechanical behaviour of sand, as will be shown in the following.   
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The failure stress ratio, tan ű or tan űp, for a given relative density of sand is less 

sensitive to the effective confining stress than the peak shear stress, tp; in general, it 

increases considerably at extremely low stresses (5 kPa - 50 kPa; Tatsuoka et al. 

1986b) and decreases considerably at extremely high stresses (> 1 MPa; Yamamuro 

and Lade 1996). The mobilised friction angle, before and after peak failure, can be 

divided into various components (Terzaghi et al. 1996, Sadrekarimi and Olson 2011) 

according to the equation: 

= + = + +mob ɛ g ɛ d pű ű ű ű ű ű                                                                                      (2.3) 

The interparticle friction angle, űɛ, depends on the constituent minerals of grains and 

the surface roughness in the microscopic scale; this component of shearing resistance 

is purely frictional. The angle űg expresses the geometrical interference (or 

interlocking) that mobilises shearing resistance by means of particle relative 

movement and interaction, i.e. by dilation or particle climbing (űd) and by particle 

rearrangement and damage (űp) (Lupini et al. 1981, Sadrekarimi and Olson 2011). 

Owing to the important contribution of dilation and constant-volume remoulding 

mechanisms to shearing resistance, some engineers prefer the term mobilised angle of 

shearing resistance to describe űmob.  

Each of the components of űmob contributes to shearing resistance to a different degree 

depending on whether the sand is at pre- or post-failure state. The degree of 

contribution depends, also, on the void ratio, e, of sand and on the effective confining 

stress. For example, at dense packing and low stresses, the dilation mechanism 

prevails, while at high stresses dilation is suppressed and breakage of grains 

dominates. Sture et al. (1998) reported values of űmob in the range of 46.7Ј to 70Ј and 

dilation angles in the range of 30Ј to 31Ј for sand subjected to drained triaxial 

compression under extremely low confining stress, in the range of 0.05 kPa to 1.3 kPa. 

The tests were performed in a space shuttle during space missions. Anastasopoulos et 

al. (2010) also reported values of űmob higher than 50Ј in direct-shear tests under 

normal stresses lower than 10 kPa.             

Dense sand at a given effective confining stress demonstrates higher peak shear stress, 

Űp, and peak stress ratio, (Ű/ůôn)p, than loose sand, as can be seen in Fig. 2.3b. However, 

at large shear displacements, both sands reach a common ultimate strength, Űult, which 

increases with confining stress. The void ratio, e, is a non-directional characterictic of 

fabric which indicates how densely the grains are packed. When e is low the grains 

are closely packed and the average number of contact points per grain, called the 

coordination number, is large (Oda 1977). This means that the skeleton structure is 

stable, since each grain is well supported by the neighbouring grains, and also each 

grain has to climb over the adjacent grains in order to move, resulting in a high 

dilation angle, űd. It is apparent that the variation in the value of the fabric 

characteristic e can explain the different peak strengths and stress ratios of loose and 

dense sand, at the same confining stress.  



Chapter 2: Fabric of sands 
 

13 

 

Regarding the ultimate state of sand, Casagrande (1936 and 1938) observed that when 

loose and dense sand specimens are sheared under drained triaxial conditions at the 

same confining stress they ultimately reach a common void ratio. Loose sand 

contracts and reaches the critical void ratio, ec, while dense sand initially contracts 

and then dilates until it reaches the same void ratio ec, which is unique at a given 

effective confining stress. This behaviour is presented in Fig. 2.4 that shows the stress 

- strain and stress - void ratio curves for loose and dense sand sheared at the same 

confining stress. It is noted that the sand continues to accumulate shear deformation 

under constant volume and stresses (shear and normal) at the ultimate state. Figures 

2.3a and b show that different ultimate shear strengths are mobilised at different 

confining stresses, indicating the frictional characteristics of sand at ultimate states; 

the different values of ultimate void ratio may also justify the different ultimate 

strengths. If the critical void ratio is defined for different values of the effective 

confining stress then the critical void ratio (CVR) line can be drawn in the e ï ůôc 

state plane, where ůôc is the effective confining stress. The CVR line is shown in Fig. 

2.5a in linear scale and in Fig. 2.5b in semi-logarithmic scale.    

Casagrande (1936 and 1938) performed only drained triaxial compression tests 

because the instrumentation required to measure the pore-water pressure changes was 

not available at that time; yet, he had the ingenuity to predict that if loose sand is 

subjected to undrained loading the tendency to contract would squeeze the 

incompressible water and impose a pressure increase inside the water-saturated sand 

pores. This would result in a decrease of the effective confining stress, since the 

compressive load is partly removed from the interparticle contact surfaces and applied 

on the pore water, under overall constant void ratio. The state point (ůôc , e) of loose 

sand would travel horizontally until the ultimate state is reached at the effective stress 

corresponding to the specific critical void ratio. The path of the state point can be seen 

in Fig. 2.5 for both loose and dense sand, subjected to drained or undrained loading. 

The prediction of Casagrande was verified later (Penman 1953, Castro 1969, Poulos 

1981, Been et al. 1991, Verdugo and Ishihara 1996) and nowadays the change in the 

state of sand when loaded under undrained conditions towards the ultimate state is 

common knowledge.     

The ultimate state of sand was thoroughly investigated by Verdugo and Ishihara (1996) 

who performed drained and undrained triaxial compression tests on very loose, loose, 

medium loose and medium dense specimens, consolidated to mean effective stress 

varying in a very broad range (0.1 - 3 MPa). The conventional triaxial apparatus and 

the applied stress state (axisymmetric) are shown in Fig. 2.6. However, Verdugo and 

Ishihara (1996) used a more sophisticated triaxial apparatus with enlarged lubricated 

end platens to avoid strain non-uniformities and shear banding (see Section 2.9). They 

observed that the sand ultimately keeps deforming in continuing shearing, under 

constant deviatoric stress, q (= ůô1 ï ůô3), constant mean effective stress, pô (= {ůô1 + 

ůô2 + ůô3} / 3), and constant volume, in the case of drained loading, or constant pore-

water pressure, in the case of undrained loading.  
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The results from the study by Verdugo and Ishihara (1996) are in perfect agreement 

with the observations made by Casagrande (1936 and 1938) concerning the ultimate 

state of sand, termed the ultimate steady state or steady state or critical state by other 

researchers (Roscoe et al. 1958, Schofield and Wroth 1968, Been et al. 1991). 

Specifically, it was found that the combinations (pô , e)ss at steady state in triaxial 

compression form a unique line, called the ultimate steady state line (USSL) or 

critical void ratio line (CVRL) or critical state line (CSL), irrespective of the initial 

combinations (pô , e)in. Consequently, the existence of a unique fabric in terms of void 

ratio at the ultimate state was verified. 

Figure 2.7a shows the stress - strain curves from tests on medium dense sand 

consolidated to 0.1 MPa, 1 MPa, 2 MPa and 3 MPa and subjected to undrained 

triaxial compression (Verdugo and Ishihara 1996). The corresponding effective stress 

paths are presented in Fig. 2.7b. The void ratio at the beginning of shearing (initial 

void ratio) is common for all specimens. It can be seen that at large axial strain (Ůax > 

20%) all specimens mobilise a common ultimate strength, qult, irrespective of the 

initial effective stress. This deviatoric stress would have remained constant if shearing 

had continued, however, unloading was performed. During unloading all stress -strain 

curves are coincident. The effective stress paths in Fig. 2.7b demonstrate that all 

medium dense specimens are contractive in the initial phase of shearing and dilative 

afterwards, until the ultimate state is reached in which there exists no volume-change 

tendency. The initial response becomes more contractive as the initial confining stress 

increases. The response of sand changes from contractive to dilative at the phase 

transformation point (Ishihara et al. 1975), which can be identified as an ñelbow pointò 

on the stress-path curve. All the sand specimens reach the ultimate state at a common 

stress, pôult, since they have the same void ratio, and the stress paths from all tests 

coincide during unloading indicating that a common fabric was developed at large 

deformations.  

Figures 2.8a and b present the stress - strain curves and the effective stress paths from 

tests on medium loose sand consolidated to 0.1 MPa, 1 MPa, 2 MPa and 3 MPa and 

subjected to undrained triaxial compression, while Figs 2.9a and b display the results 

from similar tests on loose sand (Verdugo and Ishihara 1996). All medium loose 

specimens reach the ultimate steady state at large deformation at common stresses qult 

and pôult, irrespective of the initial confining stress. Both ultimate stress values are 

lower than the respective ones from tests on medium dense sand. Loose sand 

demonstrates even lower steady-state strength and ultimate mean effective stress. It is 

important to note that in the case that loose sand is sheared at high mean effective 

stress (1 MPa and 2 MPa) it remains contractive until the ultimate state is reached. On 

the other hand, the medium loose sand sheared at pôo = 2 MPa or 3 MPa is very 

contractive, yet, it exhibits phase transformation before it reaches the ultimate state.  

Figure 2.10 shows the steady state line (SSL) or ultimate steady state line (USSL) 

obtained from undrained triaxial compression tests on sand specimens at various 

initial states (Verdugo and Ishihara 1996). The steady state line of this sand (Toyoura 
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sand) is curved in semi-logarithmic scale and straight in linear or exponential scale 

(Verdugo and Ishihara 1996, Li and Wang 1998). Sand specimens with an initial state 

to the right and above the SSL demonstrate contractive behaviour until reaching the 

ultimate state while those with an initial state to the left and below demonstrate 

dilative behaviour. However, some medium loose specimens located initially to the 

right of the SSL exhibit phase transformation and dilative response before the ultimate 

state is reached.  

It is very important to recognise that whether the sandôs response is contractive or 

dilative depends both on the void ratio and the mean effective stress. Dense sand 

demonstrates contractive response if the mean effective stress is very high, and vice 

versa, loose sand demonstrates dilative response if the mean effective stress is very 

low. Specifically, the distance of the current point (pô , e) from the respective ultimate 

point at the same stress (pô , ec) was defined as the state parameter ɣ = e ï ec(pô) by 

Been and Jefferies (1985) and it was shown that ɣ is well correlated with the 

mechanical characteristics of sand; detailed discussion on this subject will be 

presented in Chapter 3. At the current point of discussion, it is highlighted that 

specimens consolidated to 0.1 MPa and to 3 MPa (that is a ratio of consolidation 

stresses equal to 30) and having the same void ratio reach the same ultimate state (pô , 

ec) when subjected to undrained compression. This is strong experimental evidence 

indicating the existence of a unique ultimate combination of mean effective stress and 

void ratio, irrespective of the initial state of sand.   

At the ultimate state a higher mean effective stress corresponds to a lower void ratio 

and a higher strength. Figure 2.11 shows the ultimate stress states in the q / 2 - pô 

space from all undrained triaxial compression tests performed by Verdugo and 

Ishihara (1996). It is apparent that the ultimate states form a straight line that passes 

through the origin, called the ultimate strength envelope. Using the M symbol to 

denote the unique value of the stress ratio, ɖ = q / pô, at the ultimate state then the 

following equation holds in triaxial conditions (Schofield and Wroth 1958): 

Ö
=
+

ult

3 M
sinű

6 M
                                                                                                         (2.4) 

The term űult is the ultimate angle of shearing resistance, while sin űult = [ (ůô1 ï ůô3) / 

(ůô1 + ůô3 ) ]ult. It is important to note that in the study by Verdugo and Ishihara (1996) 

the term ñultimate stress ratioò represents the stress ratio at the ultimate material state. 

Similarly, Li (1997), Li et al. (1999) and Li and Dafalias (2000) pointed out that ñthe 

failure surface characterised by an ultimate deviatoric stress ratio does not necessarily 

represent the ultimate material state (which is in fact the critical state), unless the void 

ratio also reaches a critical valueò.  

From Eq. 2.4 it is apparent that a unique angle of shearing resistance is mobilised at 

ultimate steady state. Since at steady state the sand keeps deforming in continuing 

shearing at constant stress and volume (or constant pore-water pressure) the dilatancy 
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contribution is zero. The ultimate angle of shearing resistance is suggested to be an 

intrinsic material property, yet, for most sands the value of űult is greater than the 

interparticle friction angle, űɛ. The friction angle űɛ is influenced by the roughness 

and mineralogy of grains (Skinner 1969, Negussey et al. 1988, Sadrekarimi and Olson 

2011), while the angle of shearing resistance űult depends also on the particle shape 

(Guo and Su 2007) that affects the constant-volume remoulding mechanism (Rowe 

1962).  

Koerner (1970) reported that angularity can increase the ultimate angle of shearing 

resistance of a single-mineral soil by as much as 8Ј. Certainly, the angularity 

increases the angle of shearing resistance prior to the ultimate state as well, since it 

causes an interlocked fabric and provides extra restraint to particle rolling that 

enhances dilatancy (Guo and Su 2007, Tsomokos and Georgiannou 2010, Sadrekarimi 

and Olson 2011). It is noted that Taylor (1948) used the term ñinterlockingò to 

describe the effect of dilatancy, while Guo and Su (2007) suggested that interlocking 

may exist at the peak state, as a supplementary mechanism to dilatancy, but not at the 

ultimate state. Moreover, Penman (1953) reported a slight decrease in the measured 

residual angle of shearing resistance of silt subjected to drained triaxial compression 

when the initial void ratio increased (see also Been et al. 1991); Penman (1953) 

suggested that a mechanism different than Taylorôs interlocking, which is suppressed 

at the ultimate state, might justify this finding.   

Verdugo and Ishihara (1996) reported that the ultimate behaviour of sand subjected to 

drained triaxial compression (TC) loading can be described within the steady state 

framework proposed for undrained TC loading. Figures 2.12a and b present the stress 

- strain and deviatoric stress - void ratio curves, respectively, for Toyoura sand with 

various initial void ratios eo, consolidated to stress pôo = 0.1 MPa and subjected to 

drained TC. The comparison of the stress - strain curves indicates that the initial 

stiffness of sand (i.e. the initial slope of the stress - strain curve) decreases with eo. 

For axial strains Ůax  20%, the same amount of Ůax corresponds to a lower deviatoric 

stress when eo is higher. However, at axial strains Ůax > 20% all stress - strain curves 

merge into a single one. This indicates that a unique ultimate strength, qult, is 

mobilised irrespective of the initial void ratio. The deviatoric stress - void ratio curve 

indicates a similar behaviour: a unique strength and void ratio are exhibited at 

ultimate state, irrespective of eo. When the sand is consolidated to stress pôo = 0.5 MPa 

the behaviour is qualitatively the same (see Figs 2.13a and b), yet, the ultimate 

strength is higher and the void ratio is lower. These results clearly show that the sand 

reaches a steady state of deformation when sheared under drained conditions.  

Verdugo and Ishihara (1996) found that the steady states of Toyoura sand are unique, 

irrespective of the stress - path history. Figure 2.14 illustrates this concept since a 

unique steady state line in the e - pô plane captures well all the ultimate states of 

Toyoura sand, irrespective of the drainage conditions and initial state (pô , e)o. Similar 

conclusions were drawn by Been et al. (1991) who subjected Erksak and Toyoura 

sand to both triaxial compression and extension loading. However, a detailed 
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discussion on the ultimate states of sand subjected to different modes of shearing (i.e. 

compression, extension etc.) will be presented in Chapter 3. The uniqueness of the 

ultimate stress ratio (q / pô)ult is also evidenced here. Figure 2.15 shows the mobilised 

stress ratio, q / pô, against the axial strain, Ůax, for Toyoura sand subjected to drained 

triaxial compression. Figures 2.15a and b refer to sand with various initial void ratios 

eo, consolidated to stresses pôo = 0.1 MPa and 0.5 MPa, respectively. It is apparent 

that a unique stress ratio q / pô is mobilised at the ultimate state, irrespective of the 

initial void ratio and confining stress, and its value M is the same as the one mobilised 

ultimately under undrained loading conditions. Consequently, it can be inferred that 

there exists a unique line in the q - pô - e space that consists of the ultimate states of 

sand subjected to triaxial compression loading (Roscoe et al. 1958, Schofield and 

Wroth 1968).  

2.3 EFFECTS OF THE NON-DIRECTIONAL CHARACTERISTICS OF 

FABRIC ON THE STIFFNESS OF SANDS 

Deformation of sands is generally irreversible. The stress - strain curve is non-linear, 

even at very small strain, and unloading does not fully erase previously accumulated 

strain. The strain range at which linear elastic deformation occurs is Ů < 0.001% or Ů < 

10-5 (Iwasaki et al. 1978, Jardine et al. 1984, Burland 1989, Shibuya et al. 1992, Jiang 

et al. 1997). Moreover, the reversible part of strain is in most cases negligible in 

comparison with the irreversible part (Barden et al. 1969, Tatsuoka 1976). The 

particulate nature of sands accounts for this inelastic mechanism of deformation. If a 

load is applied to an assembly of grains then the ratio of shear over normal force at 

some contacts inevitably reaches the limiting value tan űɛ and sliding occurs. Some 

grains roll and override other grains, while others lose contact and fall into the void 

space. It is apparent that these patterns of deformation at the microscopic scale are 

irreversible and this is reflected in the deformational behaviour of sand at the 

macroscopic scale.       

The stiffness moduli of sand are highly affected by the irreversible deformation. The 

definition of various stiffness moduli of sand subjected to monotonic triaxial 

compression is presented in Fig. 2.16 on a non-linear stress - strain curve. The initial 

slope of the curve at very small strain (< 10-5) is the elastic Youngôs modulus Emax. 

The slope of the tangent line at point A, corresponding to strain ŮA, is the tangent 

Youngôs modulus Etan at that point, while the slope of the line connecting point A with 

the origin O is the secant Youngôs modulus Esec. If a small amplitude cyclic stress is 

induced at one point of the stress - strain curve via unloading and reloading then the 

equivalent Youngôs modulus Eeq is defined as the slope of the narrow stress loop 

formed. If the stress amplitude is small enough to produce strain ȹŮ < 10-5 then linear 

elastic unloading and reloading is performed and the loop becomes a line with slope 

equal to the elastic modulus. This modulus is affected by the stress history and the 
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current stress state and stress ratio (Yu and Richart 1984, Jiang et al. 1997, Hoque and 

Tatsuoka 1998) so it can be different than the initial modulus Emax.  

Figures 2.17a and b present the elastic and inelastic deformation characteristics of two 

granular geomaterials subjected to drained compression under plane-strain and triaxial 

conditions, respectively, in the tests performed by Shibuya et al. (1992). The axial 

strain is measured externally (i.e. outside the cell environment) using proximity 

transducers, which capture the response at moderate strains plotted on the lower 

horizontal axes, while it is also measured internally (i.e. inside the cell environment) 

by means of very sensitive local displacement transducers (LDT) (Goto et al. 1991), 

which capture the response at small strains plotted on the upper horizontal axes. The 

LDTs are placed on the specimen, as can be seen in Figure 2.18, and provide accurate 

measurement of small strains ( ͯ10-6), free of bedding and compliance error.  Figure 

2.17a displays the results from monotonic plane strain compression (PSC) test on 

sand and from one small stress amplitude unloading - reloading cycle. Figure 2.17b 

displays the results from monotonic triaxial compression (TC) test on gravel and from 

three small stress amplitude unloading - reloading cycles. It is noted that the modulus 

E in PSC, defined as the local slope, is related to Youngôs modulus E in TC, but these 

moduli are not the same. 

It is apparent in Fig. 2.17 that the tangent and secant moduli of both granular 

materials decrease as the axial strain increases since the non-linear stress - strain 

curves are concave downward. It can be suggested that as the deviatoric stress, q, 

increases monotonically, so does the stress ratio, q / pô, hence at the grain scale more 

and more contacts become unstable and slide because the ratio FS / FN (see Fig. 2.1) 

reaches the limit value tan űɛ. The soil yields and strain is accumulated, while the 

stiffness decreases due to the damage induced to fabric. Moreover, it can be seen that 

yielding of soil occurs at strain higher than 0.001%, while at lower strain the response 

is linear elastic with modulus Emax. The unloading and reloading by a small amount of 

stress occur along a line or a narrow loop with slope approximately equal to the initial 

slope Emax. During unloading a smaller amount of strain than the one induced during 

virgin loading is erased. This strain is mainly related to the elastic rebound of grains, 

while some extremely small sliding may still occur (Shibuya et al. 1992). Reloading 

by the same small amount of stress does not induce irreversible strain (at least not a 

significant amount) and the same sloped line is followed. The grain contacts are more 

stable during this re-increase in stress ratio due to the memory of the previous loading 

and straining at the same stress ratio. 

The discussion on the degradation of elastoplastic stiffness presented previously 

implied that the monotonic increase in stress ratio induces strain and decreases the 

tangent modulus (Vardoulakis 1980). However, it should be noted that if large stress 

amplitude cycles are imposed and the stress ratio changes repeatedly between +ɖ and 

ïɖ under drained conditions then the induced inelastic strain amplitude, after the 

stabilisation of the hysteresis loop, is the predominant factor that controls the 

degradation of elastoplastic stiffness, excluding the densification effects (Iwasaki et al. 
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1978, Tatsuoka et al. 1979, Seed et al. 1986, Vucetic and Dobry 1991). The 

characteristic degradation curve of elastoplastic modulus with strain amplitude is 

presented in Fig. 2.19. It can be seen that the ratio G / Go (where G is the elastoplastic 

shear modulus at strain amplitude ɔ, further discussed later, and Go ḳ Gmax is the 

elastic shear modulus at ɔo = 10-6) decreases as the strain amplitude increases. Higher 

strain amplitude is induced by higher cyclic stress amplitude and, thus, higher extreme 

stress ratio, ɖ. Moreover, it can be seen that the degradation of G / Go is less 

significant when the effective confining stress is higher. This is because the ñsoil 

discretenessò is limited under high confinement (Towhata 2008). Lastly, it is observed 

that most sands exhibit similar G / Go degradation curves irrespective of the 

differences in testing conditions.     

The effect of strain amplitude on the degradation of stiffness is always apparent and 

predominant, irrespective of the initial shear stress and stress ratio or past cyclic stress 

history and over-consolidation history (Tatsuoka et al. 1979). This type of modulus 

strain dependence is at least as important as the dependence on confining stress and in 

many applications can even be more important (Houlsby et al. 2005; Roscoe 1970, 

Vardoulakis 1980, Cubrinovski and Ishihara 1998, Michaelides et al. 1998). 

Nevertheless, the effect of void ratio and confining stress on the elastic and 

elastoplastic moduli is discussed next. 

The dependence of the elastoplastic moduli on the void ratio, e, is considered first. It 

is apparent in Figs 2.12a and 2.13a that the tangent and secant elastoplastic moduli at 

a given strain and confining stress level increases when the void ratio decreases. 

Dense sands are stiff and deform less under a given shear stress increment because the 

closely packed grains are mutually well supported and move only if the fabric is 

unlocked by means of dilative processes. Elastoplastic moduli depend, also, on the 

level of effective confining stress for a given strain level and void ratio, as can be seen 

in Figs 2.7a, 2.8a and 2.9a. Inelastic deformation is related to a frictional sliding 

mechanism, among other mechanisms such as dilatancy, so the confining stress 

dependence is justified. However, the dilatancy contribution is suppressed gradually 

as the confining stress increases.  

On the other hand, the justification of the dependence of the elastic moduli on void 

ratio and confining stress needs a more scholastic interpretation. The reason is that the 

mechanism of irreversible frictional sliding and the coupled (via dilatancy) 

irreversible volume change, resulting from grains overriding other grains, is inert 

during elastic deformation. To begin with, we present the classic relationship that 

highlights this dependence (Hardin and Richart 1963): 

2
0.5 2

max max

( 2.17 e )
G 2630 ( p')    (p' and G  in lb/in )

1 e

-
= Ö Ö

+
                                      (2.5a) 

for rounded sands (0.3 < e < 0.8), or: 
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for angular sands (0.6 < e < 1.3). The term Gmax is the elastic shear modulus (i.e. the 

slope dŰ / dɔ at very low ɔ, where Ű and ɔ are the shear stress and shear strain in simple 

shear or torsional shear mode), e is the void ratio and pô is the mean effective stress. If 

S.I. units are used (i.e. kN/m2 are used instead of lb/ m2) then the angularity 

parameters 2630 and 1230 are substituted by 700 and 330, respectively (Richart et al. 

1970).  Affifi and Richart (1973) studied the time dependence of Gmax and reported 

that the length of time the confining pressure is applied on certain soil materials may 

introduce important changes in Gmax depending on the value of mean grain dimension 

D50. Nevertheless, the stiffness of sands is not significantly affected.  

According to Eq. 2.5, the elastic modulus of sand decreases with void ratio and 

increases with mean effective stress. Higher void ratio means looser packing and less 

grain contact points in a given volume of stressed sand. When a small increment of 

stress causes elastic deformation we can imagine that the induced increment of strain 

is higher if the grain contact points are fewer, because the load increment is applied 

on fewer points. This means that the excess intergranular stress is higher. 

Consequently, the elastic modulus is lower when void ratio is higher, and vice versa.  

On the other hand, if the same small increment of stress is applied on sand having the 

same void ratio but subjected to higher effective confining stress then the elastic 

modulus is higher. In order to understand why this happens, we recall that a single 

point stressed contact between two solids cannot physically exist (Hertz 1882). 

Johnson (2003) suggests that ñunder the action of the slightest load the solids deform 

in the vicinity of their point of first contact so that they touch over an area which is 

finite, though small compared with the dimensions of the two solidsò. Figures 2.20a 

and b display the interference fringes at the contact of two equal cylindrical lenses, 

with their axes inclined at 45Ј, before and after the loading of contact, respectively. It 

is now reasonable to suggest that the grain contact surfaces are broader when the sand 

is confined under a higher effective stress.  Consequently, the increment of load that 

causes elastic deformation induces less increment of strain because this load is applied 

on a broader surface at grain contacts and the excess intergranular stress is lower. This 

means that the elastic modulus of sand is higher under higher effective confining 

stress.           

2.4 EFFECTS OF THE NON-DIRECTIONAL CHARACTERISTICS OF 

FABRIC ON THE DILATANCY OF SANDS 

Sands subjected to shear deformation undergo irreversible volume changes. Loose 

sands contract and decrease in volume, while dense sands dilate and increase in 

volume. If the total volume changes of water saturated sands are restricted via 
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imposing undrained conditions of shear deformation (i.e. blocking the drainage of 

pore water) then an increase in pore-water pressure is observed under contractive 

response, while a decrease in pore-water pressure is observed under dilative response. 

The change in pore-water pressure corresponds to the occurrence of plastic volumetric 

strain albeit the zero condition on total volumetric strain; in this case, the plastic 

volumetric strain is equal in magnitude with the elastic one but of different sign hence 

the total volumetric strain is zero.  

The dilatancy of granular materials, which is the coupling between the plastic 

incremental shear and volumetric strains, was first described scientifically by 

Reynolds in 1885. It can be stated that the dilatancy of sands is due to their particulate 

nature: particle movements during deformation and failure of sands are not 

necessarily in the direction of the applied shear stress (Rowe 1962). On the contrary, 

solid steel can deform in shear isochorically (before the growth of plastic holes) 

because the ñsea of negative electronsò, as described by Feynman et al. (1964), holds 

the dislocated positive ions together ñlike some kind of glueò. However, solidifying 

metals exhibit dilative behaviour, as reported by Gourlay and Dahle (2007), in a 

pattern similar to the one exhibited by granular materials. The plastic incremental 

volumetric strain of a granular material is related to the plastic incremental shear 

strain via the dilatancy ratio, which is a function of the mobilised stress ratio; the 

latter function is called the stress - dilatancy relationship.   

Taylor (1948) proposed a stress - dilatancy theory based on energy considerations and 

experimental results from direct shear tests on sand. Figure 2.21 presents the 

idealisation of the kinematics and statics of the shear zone of sand (shear band) that 

dilates under shear distortion in plane strain mode. The reference to the positive axes 

in Fig. 2.21 provides the convention of positive stress and displacement. Following 

Taylorôs energy considerations, the incremental work done by the external shear and 

normal force per unit area of the shear plane is: 

h vŭW Ű ŭu ů' ŭu= Ö - Ö                                                                                                  (2.6) 

where Ű and ůô are the shear and normal effective stress acting on the shear planes, 

and uh and uv are the relative 2D-displacements of the shear zone boundaries in the 

horizontal and vertical direction, respectively (see Fig. 2.21). Equation 2.6 can be 

rewritten in terms of rate of work done by the stresses: 

 ( )s s

h

ŭW
ů' tanű tanɣ

ŭu
= Ö -                                                                                          (2.7) 

where űs is the mobilised Coulomb friction angle, and ɣs is the mobilised dilatancy 

angle, while the two mobilised stress ratios, tan űs and tan ɣs, are functions of the 

loading history parameter uh (Vardoulakis and Georgopoulos 2005), that is: 

s s s h

Ű
tanű , tanű f (u ) 

ů'
= =                                                                                    (2.8a) 
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and: 

v
s s s h

h

ŭu
tanɣ , tanɣ d (u )

ŭu
= =                                                                                  (2.8b) 

Granular materials are frequently assumed to be purely dissipative media. This means 

that the grains are rigid enough and the elastic deformations are minimal hence the 

elastic energy stored is practically negligible and the work done by internal forces is 

almost completely dissipated, that is: 

 ŭW ŭDº                                                                                                                    (2.9) 

where ŭD is the dissipated energy in heat production, acoustic emission, grain 

crushing and grain attrition. It is noted that on the basis of the 2nd Law of 

Thermodynamics (Fermi 1936) this assumption yields that the first-order incremental 

work is positive, ŭW > 0, which in turn results in the condition that the mobilised 

dilatancy angle is always lower than the mobilised friction angle (i.e. ŭW > 0 => ɣs < 

űs) (Vardoulakis and Sulem 1995, Vardoulakis and Georgopoulos 2005). Moreover, 

Vardoulakis (1980) stated that the breakdown of the normality rule in sands and the 

consequent non-associative flow rule (Schofield and Wroth 1968) also result in the 

inequality ɣs < űs. However, Vardoulakis and Graf (1985) reported novel 

experimental results indicating that inside the shear band it can exist a short-lived 

transient phase of post-failure deformation during which the normality rule 

approximately holds (i.e. ɣs  űs).  

The stress - dilatancy theory proposed by Taylor assumes that the energy dissipation 

rate is constant and independent of the hardening parameter tan űs: 

eq eq

h

ŭD
ů' tanű , ű const.

ŭu
= Ö =                                                                                   (2.10) 

According to Eq. 2.10, the sand dissipates energy in the same way as a purely-

frictional Coulomb material that deforms at constant volume with a constant friction 

angle, as can be seen in Fig. 2.22. Many authors assumed that the mobilised friction 

angle, űeq, of the equivalent (in energy dissipation aspects) purely-frictional solid 

should be taken as the friction angle at the ultimate state of sand, űult, or at the phase 

transformation point, űcv, because at these states the sand deforms at constant volume 

with a constant friction angle. Some authors (Rowe 1962, de Josselin de Jong 1976) 

have proposed that the parameter űeq is a true angle of friction and considered it to be 

the interparticle friction angle, űɛ. However, Skinnerôs (1969) and Koernerôs (1970) 

physical experiments and Calvettiôs et al. (2003) numerical experiments (Discrete 

Element Method simulations) do not verify this hypothesis.    

Vardoulakis and Georgopoulos (2005) derived the following equation from Eqs 2.6, 

2.9 and 2.10:  
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s s eqtanű tanɣ tanű- =                                                                                            (2.11a) 

or 

s eq stanű tanű tanɣ= +                                                                                            (2.11b) 

Equation 2.11b indicates that the shear strength of sands is attributed both to frictional 

resistance and to resistance due to the geometrical interference of grains. Notice that 

Eq. 2.11b, which is obtained based on energy considerations, is similar to Eq. 2.3, 

both indicating that non-frictional mechanisms, such as dilatancy, contribute to the 

shearing resistance of sands. Vardoulakis and Georgopoulos (2005) also used Eqs 

2.8a and b to re-write Eq. 2.11b in the form: 

s s eqd f f= -                                                                                                            (2.12a) 

in which they have considered the equivalent stress ratio function: 

eq eqf tanű=                                                                                                             (2.12b) 

Equation 2.12a states that the dilatancy ratio is a function of the mobilised stress ratio 

and becomes zero when the latter becomes equal to the intrinsic equivalent stress ratio. 

Consequently, Eq. 2.12a is a stress - dilatancy relationship. 

Gutierrez and Ishihara (2000) modified the stress ï dilatancy relationship of sand in 

order to take into account the effects of non-coaxiality on the stress ï dilatancy and 

energy dissipation mechanisms. Non-coaxiality is the non-coincidence of the principal 

directions of stress and plastic incremental strain. This behaviour is in contrast to the 

notion of coaxiality in plasticity (St. Vénant 1870) or in isotropic linear elasticity 

(Ishihara and Towhata 1983) and is reminiscent of the non-coaxiality observed in 

anisotropic linear elasticity (Vaniello 1996, Raftoyiannis 2007). Particularly, sands 

exhibit strong non-coaxiality when subjected to loading with rotating stress principal 

axes and weak non-coaxiality when subjected to loading with fixed stress principal 

axes, non-coincident with the principal axes of fabric (see Section 2.5), yet the degree 

of non-coaxiality diminishes as the sand is sheared to failure (Symes et al. 1984, 

Wong and Arthur 1985, Miura et al. 1986, Gutierrez and Ishihara 1991).  

The modified Taylor ï Gutierrez ï Ishihara stress - dilatancy rule is: 

p

v
cp

q

dŮ q
ɖ c

p'dŮ
= - Ö                                                                                                      (2.13) 

where the dilatancy ratio under triaxial loading is: 

p

v

p

q

dŮ
D

dŮ
=                                                                                                                   (2.14) 
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The term dŮv
p is the plastic (irreversible) incremental volumetric strain and dŮq

p is the 

plastic incremental deviatoric strain. The dilatancy ratio, D, defines the direction of 

plastic flow in the q (dŮq
p) - pô (dŮv

p) space (Schofield and Wroth 1968). The 

parameter ɖc = (q / pô)c represents the stress ratio q / pô at which dilatancy is zero 

either at the ultimate or at the phase-transformation state (Gutierrez and Ishihara 

2000). The non-coaxiality parameter c which multiplies the mobilised stress ratio q / pô 

varies with the stress ratio level and direction of incremental stress, and is introduced 

to account for the non-coaxiality effects on the stress - dilatancy relationship of sands. 

It is noted that the right parts of Eqs 2.12a and 2.14 differ in sign due to the different 

conventions for positive quantities used. Figures 23a and b present the stress - 

dilatancy plots from loading tests with both fixed and rotating stress principal axes; in 

the latter case, principal stress rotation was performed at fixed effective stress 

principal values. The results in the first figure are not corrected for non-coaxiality 

while the results in the second are. It can be seen that a practically unique stress ï 

dilatancy relationship may describe the behaviour of sand under loading with both 

fixed and rotating stress principal axes after the correction for non-coaxiality is 

applied.  

Vardoulakis and Georgopoulos (2005) pointed out that Taylorôs stress - dilatancy 

formulation holds only for coaxial deformation. In the case that non-coaxial 

deformation is developed smoothly, Vardoulakis and Georgopoulos (2005) suggested 

that the modified relationship proposed by Gutierrez and Ishihara (2000) should be 

applied to account for non-coaxiality effects. However, if during a deformation 

process an abrupt rotation of the principal stress directions is induced, as in the case of 

an incipient shear band, then the modified dilatancy rule collapses. Gutierrez and 

Vardoulakis (2007) reported that significant differences are observed in the stress - 

dilatancy response of dilative sand subjected to triaxial loading before and after the 

occurrence of shear band bifurcation. These differences were attributed to the strong 

non-coaxiality occurring due to the sudden rotation of the stress principal axes in the 

incipient shear band (Vardoulakis et al. 1978). Figure 2.24a and b show the stress - 

dilatancy plots, before and after bifurcation, of the sheared sand at pô = 40 kPa and 

120 kPa, respectively. It is apparent that the stress - dilatancy path follows different 

routes pre- and post-peak.  

Many authors proposed various models to describe the stress - dilatancy relationship 

of sands after Taylorôs theory was published. Newland and Allely (1957) proposed a 

model for the deformation mechanism of sand which is based on geometrical 

consideration of the spatial arrangement of grain particles, instead of applying energy 

considerations. The fundamental assumptions of their theory are shown in Fig. 2.25. 

The spherical particles under the arbitrary geometrical packing displayed in Fig. 2.25a 

represent the sand grains. The sliding of particles is the only deformation mechanism 

considered and occurs along the direction of the tangent at the contact point between 

adjacent particles. Even though different directions of particle sliding are physically 

manifested, a unique inclination of the sliding planes is considered, in order to aid the 
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algebraic calculations. The direction of the sliding planes is different than the 

direction of the planes along which the shear stress Ű is applied, as can be seen in Fig. 

2.25c. The angle ɗ between the two families of planes justifies the dilatancy 

mechanism, while the evolution of this angle justifies the peak and the residual 

strength of sand in terms of peak (ɗ = max) and zero (ɗ = 0) dilatancy rates. Under 

these assumptions the theory suggests: 

max

max
ɛ'

n

Ű
tan(ű ɗ )

ů
= +                                                                                               (2.15a) 

max

max

ŭv
tanɗ

ŭȹ

å õ
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ç ÷
                                                                                                 (2.15b)   

r
ɛ'

n

Ű
tanű

ů
=                                                                                                             (2.15.c) 

where the term űɛ is the interparticle friction angle, ɗmax is the maximum angle 

between the planes of sliding and planes of shearing, Ű and ůôn are the shear and 

normal stress acting on the plane of shearing, and (ŭv / ŭȹ)max is the maximum ratio of 

volume expansion to shear displacement. The residual strength Űr is mobilised when 

ñparticles rise up on top of each other and individual values of ɗ become equal to 

zeroò, while the maximum strength is mobilised when the value of ɗ is maximum (i.e. 

the dilatancy rate is maximum). 

Rowe (1962) studied the stress - dilatancy relationship for regular and irregular 

packings of uniform rigid rods and spheres. Two different regular packings of rods are 

shown in Fig. 2.26, while an assembly of spheres before and after being compressed 

to failure is shown in Fig. 2.27. Rowe (1962) considered only the mechanism of 

sliding between the rods or spheres in his study. For the two different packings, 

shown in Fig. 2.26, subjected to two-dimensional compression loading, he found that 

there exists a unique energy ratio: 
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                                                                (2.16a)   

1

dV
D 1

V Ů
= +

Ö
                                                                                                          (2.16b) 

where the term on the left is the ratio of the work done per unit volume by the active 

stress ůô1, to the work done by the passive stress ů2ô, the intermediate term is the 

energy ratio manipulated algebraically, the term űɛ is the interparticle friction angle 

and the term ɓ is the deviation of the tangent at the contact points from the direction 

of ůô1 (Fig. 2.26). Notice that compressive stress and strain are taken as positive, 

while when the stress is in the same direction with strain rate (incremental strain) the 
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work done is positive and the stress is termed ñactiveò. The dot above the symbols 

indicates the rate of the symbolised quantity. Obviously, the ratio D is a dilatancy 

quantity. Rowe (1962) hypothesised that Nature is efficient so the rate of internal 

work done Ⱥ(i.e. the term on the left side of Eq. 2.16a) should be minimum. The 

algebraic relationships for a minimum to occur are dȺ / dɓ = 0 and d2Ⱥ / dɓ2 > 0 and 

yield ɓ = 45Ј - űɛ / 2, consequently the following stress - dilatancy relationship is 

produced: 

'
21

ɛ
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= = ¯+
å õ
+æ ö
Öç ÷

                                                                   (2.17) 

The stress - dilatancy relationship given by Eq. 2.17 was produced adopting the 

minimum energy rate principle. De Josselin de Jong (1976) obtained the same result 

by considering the same model as Rowe (1962) but applying the friction laws only. It 

is important to note that the energy rate minimisation makes the stress ratio R = ůô1 / 

ůô2 uniquely related to dilatancy ratio D, and independent of the particle packing, 

described by the angle ɓ, and void ratio, e (Li and Dafalias 2000). However, Li and 

Dafalias (2000) showed that the stress ratio R and dilatancy ratio D are indeed 

uniquely related for a given packing of rods, as indicated by the equilibrium at rod 

contacts in packing A or B in Fig. 2.26, yet the value of R (or D) is volume dependent. 

The dependence D = D(e) or D(ɓ) (since e = e(ɓ)) ñis due to the equilibrium and 

kinematic microscopic constraints imposed by the given packingò. Figure 2.28 shows 

that for a given stress ratio ɖ = (ůô1 ï ůô2) / (ůô1 + ůô2) the dilatancy D depends not only 

on ɖ but also on e and ɓ. 

The recognition of the factors that affect dilatancy is the key to understanding the 

behaviour of sands and modelling it within a unified framework. The stress - dilatancy 

relationships proposed by Taylor (1948) and Rowe (1962) suggest that dilatancy is a 

unique function of the stress ratio. This consideration contradicts the experimental 

evidence and makes the unified modelling of sand behaviour difficult (Li and Dafalias 

2000). For example, Fig. 2.29 shows that Toyoura sand (tested by Verdugo and 

Ishihara 1996) may be contractive or dilative at the same stress ratio ɖ. The observed 

difference in the dilatancy behaviour is due to the difference in the material state, 

expressed by means of the state parameter, ɣ, proposed by Been and Jefferies (1985).  

Li and Dafalias (2000) pointed out that one more paradox arises if the dilatancy is 

considered as a unique function of stress ratio. Let us consider a medium-to-dense 

sand subjected to undrained triaxial compression. As loading proceeds and the stress 

ratio increases the sand response changes from contractive to dilative at the phase 

transformation state (Ishihara et al. 1975), corresponding to stress ratio ɖ = Md. 

Afterwards, the material reaches the failure envelope, which is the peak stress ratio 

line in the q - pô space, and continues to exhibit dilative response; for many sands the 

failure stress ratio ɖf is equal to the critical stress ratio M though the failure state is not 
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identical to the critical state (the latter being the ultimate material state) because the 

void ratio is not critical (i.e. ɖf = M but e  ec; Penman 1953, Roscoe et al. 1958, Li 

1997). Consequently, the effective stress path in the q - pô space travels to the right 

along the failure envelope with slope ɖf = M still the dilation tendency ceases only 

when the ultimate material state is reached. In fact, the dilatancy is gradually 

exhausted during the constant-ɖ phase that is termed dilative shear failure (Li 1997). 

It is obvious that if the dilatancy is considered a unique function of stress ratio (and of 

some intrinsic material properties) then an inexhaustible dilatancy would be related to 

the constant-ɖ phase. However, this behaviour is not supported by experimental 

evidence.                                                                                                                                                                                                                                                                                                                              

Moreover, the dilatancy of sand is zero at both the phase transformation and critical 

state. If D = D(ɖ , űɛ), as proposed by Taylor (1948) and Rowe (1962), then Md 

should be equal to M and because M is an intrinsic material property so should also be 

Md. According to Li and Dafalias (2000), this means that the phase transformation is 

intrinsic and the stress ratio Md is independent of e and pô, while the response of sand 

should change from contractive to dilative whenever the stress ratio reaches the value 

Md (or M). However, it has been observed that when e is very high or pô is very high 

(or both) the sand does not exhibit phase transformation. More importantly, 

experimental results indicate that as the sand becomes denser (due to the combined 

effects of e and pô) phase transformation is realised at a lower stress ratio. This 

behaviour is evidenced in Fig. 2.30 which shows the results from the loading tests on 

Toyoura sand performed by Verdugo and Ishihara (1996).  

On the other hand, an opposite argument is stated in the literature. According to Vaid 

and his colleagues, the constant-volume friction angle, űcv, is indeed an intrinsic 

material property and so the stress ratio ɖcv is unique; ɖcv is related to sin űcv in triaxial 

compression conditions via the relationship (see also Eq. 2.4) (Negussey et al. 1988, 

Uthayakumar and Vaid 1998): 

 cv
cv

cv

6 sinű
ɖ

( 3 sinű )

Ö
=
-

                                                                                                    (2.18) 

The uniqueness of stress ratio ɖcv indicates that all constant-volume states, either 

transient or steady, should have stress points in the q - pô space that lie on the same 

constant-ɖ line (see also Wood 1990). This concept is visualised in Fig. 2.31 which 

shows the phase-transformation state, the steady state reached after fully contractive 

deformation and the steady state reached after dilative deformation all lying on the 

same line. However, experimental data reported by various researchers indicate that 

the phase-transformation line has not a unique slope (Verdugo and Ishihara 1996, 

Nakata et al. 1998, Zdravkovic and Jardine 2001, Georgiannou et al. 2018). 

The state-dependent dilatancy of sands was modelled by Manzari and Dafalias (1997), 

Li et al. (1999), Li and Dafalias (2000) and other researchers. Cubrinovski and 

Ishihara (1998) also proposed a stress - dilatancy relationship that depends on the 
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material state via the implicit dependence of the introduced dilatancy parameter ɛ 

(the evolving ɛ is used instead of the fixed M or ɖc in Eq. 2.13) on the plastic shear 

strain, while this strain is linked to the evolution of state (e , pô) through the stress - 

strain model. However, even though the strain-dependent behaviour of sand is well 

acknowledged (see Section 2.3), the strain is not a direct state parameter so this 

formulation may become problematic (see also Li 1997). On the other hand, Wan and 

Guo (1998) modified Roweôs stress - dilatancy relationship to incorporate the density 

dependence using the critical void ratio as a reference.  

Presented in summary, Dafalias (Manzari and Dafalias 1997, Li and Dafalias 2000) 

models take into account that the phase-transformation line is moving as the state of 

sand changes. The current state of sand is described by the state parameter ɣ = e - 

ec(pô), introduced by Been and Jefferies (1985). The state parameter, ɣ, measures the 

distance of the current void ratio, e, of sand subjected to mean effective stress, pô, 

from the respective critical void ratio, ec, at the same stress pô, as can be seen in Fig. 

2.32. The virtual phase-transformation stress ratio or dilatancy stress ratio, Md, is 

given by the relationships: 

dM M k ɣ= + Ö                                                                                                      (2.19a) 

according to Manzari and Dafalias (1997), or: 

d mɣM M e Ö= Ö                                                                                                         (2.19b) 

according to Li and Dafalias (2000). In the above relationships, the term M is the 

critical stress ratio (q / pô)cs in triaxial mode of loading (being different in 

compression compared to extension mode), the terms k and m are positive modelling 

parameters, the term ɣ is the state parameter and e is the base of the natural logarithm. 

It is noted that the critical stress ratio is Lode-angle-dependent and in the general 

mode of loading is obtained from the values Mc and Me corresponding to triaxial 

compression and extension, respectively, as described by Wang et al. (1990) and 

Manzari and Dafalias (1997).   

The dilatancy function, D = dŮv 
p / p

qdŮ , is given by the relationship:  

( )mɣoD
D M e ɖ

M

Ö= Ö Ö -                                                                                             (2.20) 

where ɣ is the state parameter, Do and m are positive modelling parameters, M is the 

critical stress ratio and ɖ is the mobilised stress ratio q / pô. It is apparent from Eq. 

2.20 that ñthe dilatancy D depends on the difference of the current stress ratio ɖ from 

a reference stress ratio Memɣ, which is similar to the stress - dilatancy theory proposed 

by other researchers (Rowe 1962, Schofield and Wroth 1958, Roscoe and Burland 

1968) but with the reference stress ratio varying with ɣ instead of being fixedò (Li 
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and Dafalias 2000). It is noted that phase transformation occurs when the mobilised 

stress ratio, ɖ, becomes equal to the virtual dilatancy stress ratio, Md. 

Up to this point of presentation, only the non-directional characteristics of the fabric 

of sands, measured by the void ratio e, were taken into consideration. In the next 

section, the directional characteristics of fabric are introduced and methods for 

measuring these characteristics are presented. The strength, deformability, dilatancy 

and ultimate state of sands are considered under a revised framework in order to take 

into account the fabric anisotropy.           

2.5 FABRIC ANISOTROPY 

Sands are particulate materials consisting of discrete grains of various shapes put 

together in the field or in the laboratory mainly under the action of gravity. The 

geometrical arrangement of sand grains described with the term fabric (Oda 1972a, 

Brewer 1964) is characterised by the density of packing as well as the orientational 

distribution of contact normal and particle directions. Fabric anisotropy results from 

the shape and packing of the deposited grains and can be described quantitatively in 

the microscopic scale. Anisotropy in the microscopic scale accounts for the 

anisotropic mechanical behaviour of sands observed macroscopically hence it is very 

important to study the former in order to understand the latter.  

Kjellman (1936) was possibly the first to notice that when the gravity-deposited sand 

is subjected to isotropic compression it exhibits anisotropic deformability. He 

observed that the vertical normal strain (i.e. the normal strain along the direction of 

deposition) is lower than the horizontal normal strains, which are practically equal. 

Ladd et al. (1977) reported that specimens of natural undisturbed sand subjected to 

isotropic compression demonstrated a ratio of volumetric to axial strain equal to 5.8 

and, thus, a ratio of horizontal to vertical compressibility equal to around 2.4 (Gazetas 

1981). For isotropic materials subjected to isotropic compression, the three normal 

strains are expected to be identical. Sands formed in the field or in the laboratory by 

means of gravity deposition are cross-anisotropic (or transversely isotropic) materials; 

they exhibit a vertical axis of rotational symmetry and horizontal planes of isotropy. 

Nowadays, the simple procedure of hydrostatic compression is used in order to 

characterise macroscopically the initial cross-anisotropic characteristics of fabric by 

means of deviation of the direction of incremental strain from the hydrostatic axis 

(Lade and Abelev 2005). 

An even more extreme example of shear deformation of an anisotropic geomaterial 

subjected to isotropic compression was reported by Allirot at al. (1977). These 

researchers studied a soft stratified rock with cross-anisotropic fabric. They formed 

cylindrical specimens with the axis of the cylinder oriented at various angles ɗ with 

respect to the normal to the strata, as shown in Fig. 2.33. The specimens were 

subjected to many cycles of isotropic loading and unloading at elevated pressures; the 



Chapter 2: Fabric of sands 
 

30 

 

pressure was increased in each cycle, reaching a maximum value of 1000 bars (1 bar 

= 0.987 atm) during the last cycle, and the anisotropic plastic deformation was 

observed. The specimens characterised by an angle 0Ј < ɗ < 90Ј deformed into elliptic 

inclined cylinders. The specimen with ɗ = 0Ј remained a right cylinder with circular 

cross-section, while the one with ɗ = 90Ј remained a right prism but with elliptic 

cross-section. All the deformed specimens are shown in Fig. 2.34a, while the cross-

sections before and after deformation of the specimens with ɗ = 0Ј and 90Ј are shown 

in Figs 2.34b and c, respectively. Similar distortional patterns of deformation of 

specimens with inclined axis of rotational symmetry subjected to triaxial or plane-

strain compression along the vertical direction were reported by Boehler and Sawczuk 

(1977) and Oda et al. (1978).                

The aforementioned examples highlight the anisotropic deformation of geomaterials 

under hydrostatic or deviatoric loading. These results indicate that the fabric of 

geomaterials formed by means of mere deposition in the laboratory or sedimentation 

and lithification in the field is anisotropic. From a microscopic point of view, there are 

some fabric-related directional quantities that give a measure of anisotropy. These 

quantities, as well as the techniques used to measure them in the case of sands, are 

discussed next. 

A. The orientational distribution of contact normal vectors gives a measure of 

fabric anisotropy. The grains of sand deposited under the action of gravity 

have more contact surfaces with normals oriented along the direction of 

deposition (Oda 1972a). The contact normal orientation is the direction of the 

normal vector, Ni, to the tangential contact plane between two grains; in fact, 

there exist two opposite normal vectors at a given contact, each ñattachedò to a 

different grain. Figure 2.35b shows a grain (G1) with four contact surfaces 

characterised by the contact normals Ni. The contact normals Ni can be 

determined by measuring two direction angles Ŭ and ɓ with respect to three 

fixed reference axes in the physical space, as can be seen in Fig. 2.36. The 

angular frequency distribution of the contact normals or probability density of 

the contact normals, E(Ŭ,ɓ), can thus be determined as a function of Ŭ and ɓ. 

This distribution provides, after tensor-calculus manipulations (Satake 1978, 

Oda et al. 1985), the intensity of anisotropy, i.e. the ratio of the major to the 

minor principal component of the contact-normal tensor, and the preferred 

orientation of the contact normals, i.e. the direction along which the major 

principal component of the contact-normal tensor is observed. In order to 

detect the contact points in a sand mass and determine the contact-normal 

directions, Oda (1972a and b) impregnated a low-viscosity polyester resin into 

the pores of the sand specimens without disturbing the depositional fabric. 

After a curing period, the resin turned into a hard vitreous matrix that kept 

steadily the sand grains in their depositional configuration. The stabilised sand 

was cut with a diamond saw and polished in order to prepare thin sections that 

were studied by means of a petrographic microscope. Thin sections were cut 
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along vertical, horizontal and inclined planes, as can be seen in Fig. 2.37. The 

inclined planes were cut at 45Ј above the horizontal plane. The directions of 

contact normals were, then, determined by means of visual inspection. 

B. The orientational distribution of non-spherical grains gives a measure of 

fabric anisotropy. The long axes of non-spherical grains tend to align with the 

horizontal planes, called the bedding planes, when sand is deposited under the 

action of gravity. The directions of the long axes of the grains (L-axes) with 

respect to the reference fixed horizontal axis (X-axis) can be determined in 

order to quantify fabric anisotropy. The angle ɗ between the L-axis and the X-

axis is shown in Fig. 2.38 for a natural grain captured on a thin section; a 

parallelogram is used to enclose the grain in order to determine the apparent 

dimensions of the long and short axes.  The ratio of the length of the long axis 

to the length of the short axis, called aspect ratio, affects the intensity of 

anisotropy (Oda 1978), as will be shown next. If regular shaped elements (e.g. 

oval prismatic elements) are used in physical or numerical experiments then 

the exact shape and orientation of each element can be described by means of 

a second-order tensor (Oda et al. 1985). Oda (1972a) presented the 

orientational distributions of the long axes of sand grains in the form of 

frequency histograms. 

C. The orientational distribution of elongated voids gives a measure of fabric 

anisotropy. The volume occupied by grains inside a sand mass is 

complementary to the volume occupied by voids, thus, anisotropy is 

associated not only with the shape (and packing) of grains but also with the 

shape of voids. The process B described previously can be applied with some 

modifications (Oda et al. 1985) in order to determine the relative dimensions 

of the principal axes of the voids and the directions of the long axes of the 

voids. The orientational distribution of elongated voids can, then, be used to 

describe and quantify the anisotropy of fabric by means of a second-order 

fabric tensor.     

Figure 2.39 shows the results reported by Oda (1972a) in the form of frequency 

histograms of the orientation angles ɗ of the apparent long axes of sand grains in a 

vertical (V), an inclined (at 45Ј above the horizontal plane) and a horizontal (H) thin 

section. The thin sections were cut from specimens formed by pouring sand into a 

cylindrical mould, tapping the side walls to achieve densification and impregnating 

the sand pores with the stabilising resin; the angles ɗ were measured on the thin 

sections by means of microscope inspection. It can be seen that in the case of vertical 

and incline sections there exists an almost unimodal frequency distribution with a 

peak value indicating a preferred orientation at around ɗ=0Ј. On the other hand, the 

frequency distribution in the horizontal section does not show any preferred 

orientation of the apparent long axes. Consequently, the grains tend to align their long 

axes along the horizontal bedding planes perpendicular to the direction of gravity 
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deposition. On the horizontal planes though, the grains are randomly oriented 

meaning that the sand exhibits transverse isotropy.  

The transverse isotropy of sand makes the function that gives the probability density 

of the contact normals E(Ŭ,ɓ) degenerate to E = E(ɓ), meaning that the distribution of 

the contact normals depends only on the polar angle ɓ and not on the azimuth angle Ŭ 

shown in Fig. 2.36. This function is plotted in Fig. 2.40 for the same sand for which 

the histograms are presented in Fig. 2.39 (Oda 1972a). The angles ɓ are measured on 

the thin sections by means of microscope inspection. The dashed horizontal line in the 

plot corresponds to the isotropic fabric with no preferred orientation of the contact 

normals. It is obvious that the sandôs fabric is anisotropic in the sense that the contact 

normals are highly concentrated at around ɓ = 0Ј, close to the vertical direction of 

gravity deposition.  

Figure 2.41 shows a cubic volume of a gravity deposited sand with elongated grains 

and distinct bedding planes, called sand A; the frequency histograms and probability 

density function of sand A are shown in Figs 2.39 and 2.40, respectively, indicating 

the anisotropy of fabric in terms of particles and contact normals orientation. A cubic 

volume of a gravity deposited sand with rounded grains, called sand D, is also 

presented in Fig. 2.41 for comparison. Sand D cannot exhibit anisotropy in terms of 

preferred orientation of the long axes of grains because the grain shape is nearly 

spherical. Still, the fabric of sand D is anisotropic in terms of orientational distribution 

of the contact normals and elongated voids. For example, Graton and Fraser (1935) 

showed that when identical spheres are put into a random packing most of the 

interparticle contact planes have small -angle dips. Moreover, Kallstenius and Bergau 

(1961) found that the density of gravity deposited spheres is different in vertical than 

in horizontal sections, and identified chain-like sphere structures (see also Oda 1972a). 

Li  (2006) and Li and Dafalias (2012) reported that the packing anisotropy of identical 

rods with circular cross-section affects dilatancy. These observations justify why 

granular materials with nearly spherical grain shape can exhibit strongly anisotropic 

behaviour (Arthur and Dunstan 1969 and 1970, Arthur and Menzies 1972, Shibuya 

and Hight 1987).        

Casagrande and Carillo (1944) distinguished the inherent anisotropy of granular 

materials, which is the result of the deposition process and grain shape characteristics, 

from the induced anisotropy, which evolves due to straining in response to the applied 

stresses. However, many researchers argue that the deposition is, actually, a specific 

stress - strain history and propose the term depositional anisotropy instead of the term 

inherent anisotropy. In general, whenever a granular material is subjected to a 

deviatoric load the fabric characteristics evolve in order to sustain this load as 

efficiently as possible. The deviatoric stress, q, is given by the relationship:  

( ){ }2 2 2

1 2 2 3 3 1

1
q ů ů (ů ů ) (ů ů )

2
= - + - + -                                                          (2.21) 
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where ů1, ů2, ů3 are the principal values of stress. Note that only stress differences are 

participating in the equation thus the total or the effective stresses (Terzaghi 1925) 

can be used interchangeably. The deviatoric stress, q, given by Eq. 2.21 is an 

invariant quantity regardless of the orientation of the coordination system used. If 

axisymmetric stress conditions are applied, that is ůô2 = ůô3 Í ůô1 or ůô2 = ůô1 Í ůô3, the 

invariant quantity q takes the simpler form: 

1 3q ů ů= -                                                                                                                 (2.22) 

The maximum deviatoric stress that can be sustained when a cross-anisotropic sand is 

subjected to drained loading depends not only on the value of mean effective stress pô 

but also on the direction of the ůô1-axis with respect to the direction of the normal to 

the bedding planes. This is a typical example of strength anisotropy of sands.    

Oda et al. (1978) investigated the effect of inherent anisotropy on the strength, 

stiffness and dilatancy characteristics of gravity deposited sand subjected to drained 

triaxial and plane strain compression (TC and PSC in abbreviation). The direction of 

the ů1-axis was fixed and vertical in both types of testing, while the bedding planes of 

the specimens were inclined at various angles ŭ with respect to the vertical plane. This 

practically means that the bedding planes were horizontal when ŭ = 90Ј and vertical 

when ŭ = 0Ј. The techniques used to form specimens with non-horizontal bedding 

planes are presented in Fig. 2.42, for both types of testing. The sand was poured into a 

tilted container, forming horizontal bedding planes. The longitudinal axis of the 

container made an angle ŭ with the horizontal. Afterwards, the saturated sand was 

frozen, rotated until the tilted container became vertical and trimmed to the 

dimensions which fitted the apparatus used. The frozen specimens were covered with 

a rubber membrane and placed inside the cell of the apparatus. A low suction was 

applied during the period of thawing. Afterwards, the specimens were consolidated 

isotropically and subjected to monotonic drained PSC or TC. 

Figures 2.43a and b show the stress - strain and volumetric behaviour of Toyoura sand 

specimens with inclined bedding planes subjected to drained PSC and TC, 

respectively (Oda et al. 1978). The influence of fabric anisotropy on the mechanical 

behaviour of sand is immediately recognised. The peak strength at failure, qp, and the 

concurrent peak dilatancy ratio, (dŮvol / dŮ1)p, increase with the angle ŭ, for both PSC 

and TC loading tests, though at higher strain a common ultimate strength is mobilised, 

possibly due to the erasure of the initial fabric and evolution of a new fabric common 

to all specimens. The tangent and secant shear moduli, also, increase with ŭ, though 

the initial slope seems to be independent of ŭ. Figure 2.43a shows that, in the case of 

PSC tests, the specimens with ŭ = 24Ј and 30Ј exhibit the minimum values of peak 

strength. This is because when ŭ = 15Ј - 30Ј the direction of the ůô1-axis makes an 

angle of 60Ј - 75Ј with the normal to the bedding planes and one of the planes of 

maximum stress obliquity (i.e. the planes on which the stress ratio Ű / ůôn is maximum) 

coincides or almost coincides with the bedding planes (see also Matsuoka 1974, 
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Matsuoka and Ishizaki 1981, Tatsuoka et al. 1986b, Miura et al. 1986, Nakata et al. 

1998, Lade et al. 2014).  

Figure 2.43 shows that the peak strength is more sensitive to ŭ in PSC than in TC tests, 

which means that the effect of anisotropy on strength is more profound under plane 

strain conditions (Oda et al. 1978). Moreover, the peak state is reached at smaller 

strain and the peak strength is higher for a given ŭ in PSC than in TC tests, at least for 

the case with ůô3 = 2.0 kgf/cm2 shown in Figs 2.43a and b. The peak dilatancy ratio is 

higher under PSC than TC loading though this ratio is mobilised at lower strain and 

decreases quickly in the post-peak regime, resulting in a lower ultimate dilation (see 

also Cornforth 1964). These observations may indicate that the constraint Ů2 ḳ 0 

provides lateral support and enhances the fabric interlocking resulting in a beneficial 

effect on strength (Tatsuoka et al 1986b, Shibuya and Hight 1987, Zdravkovic and 

Jardine 2000 and 2001; OôSullivan et al. 2013). Moreover, the interlocking slows 

down the evolution of fabric up to the failure state and this may be the reason why the 

initial fabric anisotropy has more profound effect on the peak strength in the case of 

PSC tests. Nevertheless, the fabric is unlocked after the peak state, possibly due to 

shear banding (Vardoulakis et al. 1978, Vardoulakis 1980), and evolves more quickly 

as the sand is sheared towards the ultimate state.         

In the study by Oda et al. (1978), the effect of inherent anisotropy on the mechanical 

behaviour of sand was highlighted, yet, it was also suggested that the initial properties 

of fabric evolve due to the imposed stress-strain history. Oda (1972b) had already 

measured one directional property of sand fabric as it evolved during deformation 

under drained TC loading. This property was the ratio Sz / Sx of the summation of 

projected areas of grain contact surfaces on the vertical YZ-plane (Sz) to the 

summation of projected areas of grain contact surfaces on the horizontal XY-plane 

(Sx). The methodology used to determine the fabric index Sz / Sx is presented in Fig. 

2.44a. The projected areas of grain contact surfaces were measured on thin sections 

cut from resin-stabilised sand using a petrographic microscope; the stabilisation and 

inspection techniques used were the same as the ones described previously. Two 

vertical (V) and two horizontal (H) thin sections are shown in Fig. 2.44b. The first 

pair of thin sections corresponds to specimen T-2 which was loaded until the stress 

ratio, ůô1 / ůô3, and the axial strain, Ůa, reached the values 2.65 and 0.37%, respectively. 

Afterwards, the axial load was removed and the specimen, which had pores saturated 

with water-resin solution, was left to cure under suction until it became hard enough 

to be treated and cut. The second pair of thin sections corresponds to specimen T-6 

which was loaded until the values ůô1 / ůô3 = 4.09 and Ůa = 5.18% were reached and 

then it was unloaded, left to cure and treated.       

Oda (1972b) interpreted the experimental results and measurements of the fabric 

property Sz / Sx and reported a finding with great importance for the comprehension of 

sand behaviour. He stated that the mobilised stress ratio, ůô1 / ůô3, and dilatancy ratio, 

dŮvol / dŮ1, depend on the current value of the evolving fabric property, Sz / Sx, in the 

way described by the following equations: 
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The terms k1 to k4 are material constants which Oda (1972b) suggested to be 

independent of fabric and grain shape. Despite the dependence of the stress and 

dilatancy ratio on Sz / Sx, Oda (1972b) stated that the stress - dilatancy relationship is 

actually independent of Sz / Sx (see also Tatsuoka 1976) and can be given by the 

following equation: 
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The stress - dilatancy relationship expressed by Eq. 2.24 was found to fit well, with a 

unique set of parameters k5 and k6, the data corresponding to pre-failure and failure 

states from loading tests on specimens with inclined bedding planes at various angles 

with respect to the major principal axis of stress, formed using two quartz sands and 

different compaction methods (Oda 1972b). The tested specimens had different initial 

void ratios and were consolidated to different initial effective confining stresses (ůô3c 

= 0.5 - 3.0 kgf/cm2). Consequently, the constants k5 and k6 are independent of the 

current value of the fabric property Sz / Sx and are determined for each granular 

material without being related to fabric. It was suggested that only the type of mineral 

(or, alternatively, the intergranular friction angle, űɛ) affects these constants and not 

the grain shape (see also Rowe 1962). The stress - dilatancy plots of the two quartz 

sands are shown in Fig. 2.45. However, it is important to note that recent physical and 

numerical experiments showed the dependence of stress ï dilatancy behaviour on 

both the state and anisotropy of sand (Verdugo and Ishihara 1996, Yoshimine et al. 

1998, Wan et al. 2010, Huang et al. 2014) which was successfully simulated by state-

of-the-art constitutive models (Manzari and Dafalias 1997, Li and Dafalias 2000, Li 

and Dafalias 2002, Dafalias and Manzari 2004, Dafalias et al. 2004, Li and Dafalias 

2012).  

Oda et al. (1974b, 1982, 1985) investigated the stress-induced anisotropy of granular 

assemblies consisted of photoelastic rods with circular or oval cross sections. The 

photoelastic rods were placed by hand in tilted containers, as shown in Fig. 2.46, in 

order to form assemblies with inclined initial bedding planes. The bedding planes 

inclination angle, ɗ, is measured from the horizontal X1-axis in these studies, meaning 

that horizontal bedding planes correspond to ɗ = 0Ј, while vertical ones correspond to 

ɗ = 90Ј. The granular assemblies were subjected to bi-axial compression or simple-

shear loading and photoelastic pictures were taken at various states in the course of 

deformation. In this way, the fabric properties of the granular assemblies were 

monitored during the successive phases of monotonic loading and straining, without 
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the need to follow the previously used methodology (Oda 1972b) of unloading 

different specimens and stabilising them with resin, in order to inspect the fabric at 

one state at a time. Figure 2.47 shows the photoelastic pictures of an assembly of 

oval-shaped rods, with horizontal initial bedding planes, subjected to biaxial 

compression. The pictures are taken at various states, namely the initial, the pre-

failure, the failure and the post-failure state. 

Oda et al. (1985) used second-order tensors (Satake 1978) in order to describe the 

fabric anisotropy associated with contact normals, particles shape and voids shape. 

Specifically, the fabric tensor Nij  describes the orientational distribution of contact 

normals. If N1 and N2 are the major and minor principal components of Nij  then the 

ratio N1 / N2 is an index showing the intensity of anisotropy due to the different 

density of contact normals along the different directions. The preferred orientation of 

contact normals is defined by the inclination angle Ŭ, which shows the direction along 

which the maximum value, N1, is observed. In the same way, the fabric tensor Sij  

describes the orientational distribution of rod particles with non-circular cross sections. 

If S1 and S2 are the major and minor principal components of Sij then the ratio S1 / S2 is 

an index showing the intensity of anisotropy due to the different density of particlesô 

long axes along the different directions. The preferred orientation of the particlesô 

long axes is defined by the inclination angle ɓ, which shows the direction along which 

the maximum value, S1, is observed. Lastly, the fabric tensor V ij  describes the 

orientational distribution of elongated voids. The ratio of the major and minor 

principal values, V1 / V2, is an index showing the intensity of anisotropy due to the 

different density of voidsô long axes along the different directions. The preferred 

orientation of the voidsô long axes is defined by the inclination angle ɔ, which shows 

the direction along which the maximum value, V1, is observed. The inclination angles 

Ŭ, ɓ and ɔ are measured with respect to the horizontal reference X1-axis.  

Figure 2.48 shows the evolution of the anisotropy indices N1 / N2, S1 / S2 and V1 / V2, 

inclination angles Ŭ, ɓ and ɔ, stress ratio, ůô1 / ůô2, and volumetric strain, Ůvol, with 

increasing axial strain, Ůa. The results shown are from bi-axial compression tests on 

three different assemblies consisted of two different types of oval-shaped rods (Oda et 

al. 1985). The oval I rod has an aspect ratio equal to 1.1, so the particle has an almost 

circular cross section, while the oval II rod has an aspect ratio equal to 1.4, showing 

an elongated shape of cross section. Figure 2.48 shows that the anisotropy index N1 / 

N2 follows always the same evolution trend as the stress ratio ůô1 / ůô2, increasing pre-

peak, attaining the maximum value at failure and then decreasing post-peak. High but 

different values of the index N1 / N2 are mobilised at failure depending on the type of 

oval rods and the value of ɗ, for example N1 / N2 > 30 in the case of oval II rods 

assembly with ɗ = 0Ј, N1 / N2 > 3.5 in the case of oval II rods assembly with ɗ = 60Ј 

and N1 / N2  7 in the case of oval I rods assembly with ɗ = 0Ј.  

Figure 2.48 also shows that the preferred orientation of contact normals remains fixed 

when ɗ = 0Ј, irrespective of the type of oval rods, since the inclination angle Ŭ shows 

a constant value of around 90Ј (Oda et al. 1985). This means that when the ůô1-axis is 
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normal to the bedding planes the major principal direction of the fabric tensor Nij  

remains fixed as the assembly is compressed and only the fabric intensity changes. On 

the other hand, in the case of oval II rods assembly with ɗ = 60Ј the inclination angle 

Ŭ has an initial value of around 130Ј and changes gradually in the course of 

deformation towards the value of 90Ј. This means that the major principal direction of 

the fabric tensor Nij  rotates because the density of the contact normals builds up along 

the direction of the ůô1-axis which is initially different than the principal direction of 

the fabric tensor Nij .   

Oda et al. (1985) drew two important conclusions regarding the evolution of the fabric 

tensor Nij . The first is that the strain hardening process of a granular assembly (i.e. the 

increase in stress ratio with shear strain) is closely related to the appearance of new 

contacts along the direction of the ůô1-axis and elimination of existing contacts along 

the direction of the ůô2-axis. This mechanism results in increasing fabric anisotropy 

intensity associated with the formation of column-like structures of particles bearing 

the compressive load along the direction of the ůô1-axis (see Fig. 2.47c). These 

structures will be called force bearing chains or force chains hereinafter. After the 

peak state (failure state) is reached, the force chains begin to buckle and collapse 

leading to strain softening (i.e. to a decrease in stress ratio with shear strain). Oda et al. 

(1985) stated that the structural collapse leads to a ñdiffuse distributionò of contact 

normals at the ultimate state, as indicated by the rapid decrease in the index N1 / N2 

post-peak (see Fig. 2.48). However, the fabric at the ultimate state is definitely 

anisotropic as has been recently shown by physical and numerical micromechanical 

studies (Thornton 2000, Fu and Dafalias 2011b, Li and Dafalias 2012, Zhao and Guo 

2013, Wiebicke et al. 2017). The second conclusion drawn by Oda et al. (1985) is that 

the major principal direction of the fabric tensor Nij rotates in order to become 

coincident with the fixed major principal direction of the stress tensor. Consequently, 

the contact normal fabric tensor evolves norm-wise and direction-wise during loading 

with fixed stress principal axes.  

Oda and Konishi (1974a) pointed out that the major principal direction of the contact 

normal fabric tensor rotates towards the major principal direction of the stress tensor 

also in the case that the latter rotates as well. They performed 2D simple-shear 

loading tests using photoelastic cylinders of different radii, which were packed 

randomly in dense and loose assemblies with horizontal bedding planes. Figure 2.49a 

shows the results from these tests in terms of the shear force and volumetric strain 

plotted against shear distortion. The direction angle, ɓ, was defined as the angle 

between the normal to the contact of two adjacent cylinders and the reference Z-axis 

shown in Fig. 2.49b. The evolution of ɓ at each contact was monitored using 

successive photoelastic pictures taken during loading and the evolving orientational 

distribution of contact normals was then determined as shown in Figs 2.49 c and d for 

the cases a dense and a loose assembly of cylinders, respectively. It is apparent that 

the predominant orientation of contact normals changes from 0Ј towards 45Ј in order 

to align with the rotating ůô1-axis during the simple shear loading (Roscoe et al. 1967, 
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Roscoe 1970). It can be also inferred that as the shear force increases new contact 

normals appear near the direction of the ůô1-axis and existing contact normals vanish 

near the direction of the ůô2-axis. Consequently, the contact normal fabric tensor 

evolves norm-wise and direction-wise under the concurrent increase in shear stress 

and rotation of the stress principal axes.  

Oda et al. (1985) showed that the fabric tensors related to particles and voids 

orientation also evolve in the course of deformation though at a different rate than that 

corresponding to the contact normals fabric tensor. With reference to Figs 2.46, 2.47, 

2.48 the evolution of the fabric tensor related to particles orientation is discussed next. 

It is apparent that the fabric anisotropy intensity is higher in the case of particles with 

elongated shape of cross section (e.g. oval II rods). The oval I rods have almost 

circular cross sections so the anisotropy index S1 / S2 expressing the ratio of the 

principal values of the fabric tensor Sij  does not exceed 1.1 and is omitted in Fig. 

2.48c. In the case of oval II rods assembly with ɗ = 0Ј (Fig. 2.48a) the preferred 

orientation of the long axes of particles is initially at an angle of ɓ = 0Ј to the 

horizontal and increases slightly at post-failure states. Accordingly, the anisotropy 

index S1 / S2 has an initial value of approximately 1.3 and drops to 1.2 at the ultimate 

state. In the case of oval II rods assembly with ɗ = 60Ј (Fig. 2.48b), the direction 

angle ɓ is initially equal to 60Ј and decreases slightly with vertical strain, while the 

anisotropy index S1 / S2 is initially equal to 1.3 and drops to 1.1 at the ultimate state. It 

is important to notice that the direction angle ɓ and the anisotropy index S1 / S2 remain 

approximately constant until the failure state is reached. This means that the particles 

orientation evolves very slowly and can be thought of as a fabric characteristic that 

endures during shearing up to the failure state, justifying the observed effects of the 

inherent anisotropy on the strength and dilatancy of granular materials.  

Oda et al. (1985) observed that the initial shape of voids is almost circular in all 

assemblies tested, as can be seen in Figs 2.48a, b and c which show that the value of 

the anisotropy index V1 / V2 expressing the ratio of the principal values of the fabric 

tensor V ij is around 1.1. However, the shape of voids becomes elongated in the course 

of deformation since the anisotropy index V1 / V2 increases and reaches its maximum 

value of around 1.5 at large strains related to post-failure states, and afterwards begins 

to decrease. It is interesting to notice that the voids become slender and 

simultaneously their growing long axis rotates in order to align with the direction of 

the ůô1-axis. Figure 2.50 illustrates in successive photoelastic pictures the evolution 

mechanism that makes the smaller voids connect with each other to form elongated 

voids that exist between the column-like structures of particles that support the 

compressive load. Oda et al. (1985) suggested that the slender voids are prone to 

collapse upon stress reversal or lateral loading and this microscopic mechanism 

associated to stress-induced anisotropy may justify the macroscopically observed 

contractive behaviour of sands under such loading conditions (Ishihara et al. 1975, 

Goldscheider 1975, Yamada and Ishihara 1981, Vaid and Chern 1983, Papadimitriou 

et al. 2001, Dafalias and Manzari 2004a).  
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Up to this point, the directional fabric characteristics that are the source of anisotropy 

of granular materials have been presented and the physical techniques used to 

measure these evolving characteristics have been discussed. Apart from physical 

techniques, there are also numerical techniques which allow the measurement of the 

directional fabric characteristics, as well as a number of other properties at the micro 

scale. The most popular of these techniques is the Discrete Element Method (DEM), 

introduced by Cundall and Strack (1979).  

The basic idea of DEM is that the mechanical behaviour of an assembly of discs, 

spheres or otherwise shaped elements can be described by applying the fundamental 

laws of Mechanics. A small number of mechanical parameters, such as the 

intergranular friction angle, űɛ, and the normal and shear stiffnesses at the grain 

contact points, kn and ks, respectively, are used in the force - displacement law 

(Hookeôs law), Coulombôs friction law and Newtonôs Laws of Mechanics in order to 

define the position, velocity and acceleration of the discrete elements, as well as their 

interaction (Cundall and Strack 1979). As stated by Cundall and Strack (1979), ñthe 

interaction of particles is monitored contact by contact and the motion of the particles 

modelled particle by particleò.  

DEM simulations offer the advantage of scholastic monitoring and direct 

measurement of the fabric properties, at any state during loading. Complex stress and 

strain histories can be applied under various boundary conditions, manipulated 

skillfully. Specimens can be formed to have the desired initial fabric characteristics 

(anisotropic or isotropic, homogeneous or intentionally inhomogeneous etc.), while 

identical specimens can be tested multiple times. Moreover, local measurements of 

strain or void ratio are easily acquired when performing DEM simulations, for 

example inside the shear band or in an arbitrary domain inside the specimen (Fu and 

Dafalias 2011a). Despite the small number of elements that is usually used due to 

computational limitations it has been shown that many aspects of the macroscopic 

behaviour of granular materials can be simulated efficiently using DEM, while 

concurrently insight is gained into the mechanisms governing the microscopic 

behaviour. Selected results from DEM studies will be presented next, without 

investigating the details in the numerical techniques used.  

2.6 EFFECTS OF THE DIRECTIONAL CHARACTERISTICS OF 

FABRIC AND GRAIN PROPERTIES ON THE FRICTIONAL 

BEHAVIOUR OF SANDS   

Coulombôs failure criterion for granular materials describes the condition for shear 

failure on a plane. The maximum value of shear stress Űp that a non-cohesive granular 

material can mobilise on a plane, for a given normal stress ůôn acting on this plane, is 

given by Eq. 2.1; that is: Űp = tanű ůôn, where ű is the materialôs angle of shearing 

resistance. This relation is the well-known Coulombôs shear failure criterion. The 
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strength characteristics of granular materials are frequently determined experimentally 

by means of triaxial and plane strain compression tests under drained conditions. In 

both testing procedures, the minor principal effective stress ůô3 is held constant while 

ůô1 increases, due to the imposed increments of displacement or force, until it reaches 

the maximum value ůô1p at failure; note that the material fails when stress ratio ɖ = q / 

pô or sin űb =  (ůô1 ï ůô3) / (ůô1 + ůô3) becomes maximum. In this case, Mohrôs failure 

criterion suggests: 

' '

1p 3

' '

1p 3

ů ů
sinű

ů ů

-
=

+
                                                                                                        (2.25) 

Notice that Coulombôs criterion, expressed by Eq. 2.1, is a shear plane based 

formulation of failure condition, while Mohrôs criterion, expressed by Eq. 2.25, is a 

principal stress space based formulation (Fu and Dafalias 2011a, Tong et al. 2014). 

Nevertheless, it is common in soil mechanics practice to convert the one criterion into 

the other and use the so-called Mohr - Coulomb failure criterion. The graphical 

representation of the Mohr - Coulomb criterion is shown in Fig. 2.51c. The Mohrôs 

circle expands, as ůô1 increases, until it touches the failure line which is a boundary to 

the admissible stress states. Note that both stress ratios tan ű and sin ű can be 

determined using the Mohrôs circle shown in Fig. 2.51c. The material is assumed to 

fail on the plane of maximum stress obliquity, along which the maximum ratio Ű / ůôn 

is mobilised. The slope of the failure line is (Ű / ůôn)max or tan ű; the shear and normal 

stresses acting on the failure plane are given by the coordinates of the point at which 

the circle touches the failure line (point a in Fig. 2.51c). 

Let us consider the case in which the material tested exhibits fabric anisotropy. The 

tilting angle, ŭ, is defined as the angle between the bedding plane of the granular 

material and the plane on which the principal stress ůô1 acts, as shown in Fig. 2.51a. 

The tilting angle ŭ is substantially the same as the angle ɗ defined in Fig. 2.46, 

ranging between 0Ј and 90Ј. As has been already presented, if a granular material 

with tilted bedding planes is subjected to drained plane strain compression the failure 

stress ratio (or the failure major principal stress ůô1p) is strongly dependent on ŭ (see 

Fig. 2.43a). Consequently, in many studies the angle of shearing resistance is 

suggested to be a function of ŭ and is expressed by reorganising Eq. 2.25 to yield: 
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However, Fu and Dafalias (2011a) pointed out that the applicability of Eq. 2.26 to 

anisotropic materials needs careful consideration because some noteworthy 

assumptions are implied. Specifically, it is assumed that along any potential failure 

plane the maximum feasible shear stress, Űp, is proportional to the normal effective 

stress, ůôn, via the relation Űp = tanű ůôn, where the angle of shearing resistance, ű, 

depends on ŭ; ű does not depend, though, on the inclination of the actual failure plane 
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with respect to the bedding plane. Secondly, it is assumed that failure occurs when the 

mobilised stress ratio Ű / ůôn becomes equal to tan ű in any plane.  

Concerning these assumptions, Fu and Dafalias (2011a) stated that ñfor materials with 

anisotropic strength characteristics, shear strength is apparently dependent on the 

orientation of the potential shear plane with respect to the bedding plane, but such 

shear plane does not have to coincide with the plane of maximum stress obliquityò 

(see also Roscoe 1970, Vardoulakis et al. 1978, Vardoulakis 1980); note that the 

terms shear plane and failure plane are used interchangeably. For example, in Fig. 

2.51b the maximum stress obliquity plane (a - a) is displayed together with two other 

potential failure planes (b - b and c - c). Failure actually occurs on the plane along 

which the mobilised stress ratio Ű / ůôn first reaches the maximum feasible stress ratio 

Űp / ůôn which in fact depends on the orientation of the potential failure plane with 

respect to the bedding plane. Consequently, a ï a plane is not necessarily the failure 

plane even though on this plane the mobilised stress ratio Ű / ůôn is higher than that 

corresponding to the other planes. This is because the maximum feasible stress ratio Űp 

/ ůôn (i.e. the strength in terms of stress ratio) on a - a plane may be greater than that 

on the other planes in a higher extend (Fu and Dafalias 2011a). 

Fu and Dafalias (2011a) described the orientation of the bedding plane with respect to 

the failure plane by means of the inclination angle, ɣ (or ɣb), which is the angle that 

the failure plane should rotate in the direction of shear (clockwise or counterclockwise) 

in order to coincide with the bedding plane. The inclination angle ɣ has values in the 

range between 0Ј and 180Ј; Figure 2.52 shows how the inclination angle ɣ is defined 

and highlights its usage in geotechnical analysis and design. For example, in the 

analysis of foundation bearing capacity (Fig. 2.52a) and slope stability (Fig. 2.52b) 

problems the failure plane is known or assumed and the normal effective stresses 

acting along it can be approximately calculated based on the current conditions 

(though, the previous stress - strain history also influences these stresses, as indicated 

by Tavenas et al. 1980), while the principal stresses in the soil body are typically 

unknown. Consequently, a failure criterion based on ɣ instead of ŭ is preferable. 

Moreover, Tatsuoka et al. (1990) reported two types of shear bands in laboratory 

testing, namely the A-type and B-type shear bands shown in Fig. 2.51d, which cannot 

be distinguished if the failure criterion is formulated in principal stress space; this 

means that it cannot be predicted whether the failure plane (shear band) in a triaxial or 

plane strain compression test points upwards of downwards from left to right. Finally, 

Desrues et al. (1985) stated that localisation of strain (shear banding) occurs rather 

inevitably at large strains thus the deformation of sand masses bifurcates ultimately 

into the plane strain mode, irrespective of the initial boundary conditions, justifying 

the usage of a shear plane based failure criterion.           

Fu and Dafalias (2011a) performed 2D DEM simulations of direct shear and biaxial 

compression loading on assemblies of ellipse-shaped particles. The fabrication of the 

master pack from which the various specimens were ñtrimmed outò was carried out 

by pluviating the particles under gravity and achieving a strong bias in the orientation 
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of the long axes of particles. The master pack was homogeneous in terms of void ratio 

distribution and exhibited strong fabric anisotropy since most of the long axes of 

particles were aligned parallel to the horizontal. The results of the numerical 

fabrication process are shown in Fig. 2.53. Afterwards, the master pack was rotated 

counterclockwise by an angle ɣ and a specimen appropriate for direct shear testing at 

this value of ɣ was trimmed out in a horizontal direction, as can be seen in Fig. 2.54. 

Numerous direct shear tests were performed by Fu and Dafalias (2011a) at various 

inclination angles ɣ under two different normal effective stresses ůôn. Selected results 

are shown in Fig. 2.55 in the form of plots of the mobilised stress ratio Ű / ůôn and 

volumetric strain Ův versus the horizontal relative displacement of the two virtual 

loading walls (Fig. 2.54b). The fundamental behavioural patterns of granular 

materials were reproduced in the 2D DEM simulations: the peak value of the stress 

ratio, Űp / ůôn, was found to depend on ɣ, while the ultimate value was not; higher 

value of Űp / ůôn was associated with higher peak dilatancy rate and higher ultimate 

dilation; after the peak state was reached, a softening behaviour was occasionally 

evidenced towards the ultimate state. The response in terms of evolution of the stress 

ratio with shear distortion for a given inclination angle ɣ was the same for the two 

different normal effective stresses. It is worthy to note that the maximum value of Űp / 

ůôn is exhibited when ɣ = 115Ј, instead of 90Ј, while the minimum value of Űp / ůôn is 

exhibited when ɣ = 60Ј, instead of 0Ј. 

Figure 2.56 shows the variation of the peak stress ratio Űp / ůôn with the inclination 

angle ɣ in linear and polar coordinates system reported by Fu and Dafalias (2011a). 

Strong anisotropy in the strength characteristics is evidenced, with the maximum and 

minimum values of Űp / ůôn corresponding to ɣ = 115Ј and ɣ = 60Ј, respectively. 

Similar findings were reported earlier by Mahmood and Mitchell (1974) and Guo 

(2008), who used modified direct shear apparatuses to test physical granular materials 

with tilted bedding planes. Mahmood and Mitchell (1974) tested specimens with ɣ = 

0Ј and ɣ = 90Ј, and found that the latter exhibited much higher shear strength than the 

former. Guo (2008) performed direct shear tests on specimens with ɣ varying 

between 0Ј and 90Ј, and found a minimum of strength at ɣ between 30Ј and 45Ј, 

depending on the type of sand tested, void ratio and stress level. The maximum 

strength was always exhibited at ɣ = 90Ј. Guo (2008) did not perform tests at ɣ > 90Ј, 

presumably due to the false hypothesis that the strength variation with ɣ is 

symmetrical about the vertical axis of ɣ = 90Ј (Tong et al. 2014). However, the 

distribution tan űp(ɣ), shown in Fig. 2.56, is neither symmetrical nor anti-symmetrical 

about a vertical axis, though it is periodic with the prime period of  ́(i.e. 180Ј) (Tong 

et al. 2014).   

The distribution of peak stress ratio with ɣ, shown in Fig. 2.56, indicates that a shear 

failure criterion for granular materials with inherent fabric anisotropy can be 

formulated in the following equation:      
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Equation 2.27 states that ñthere exists a unique association of the failure stress ratio 

acting on a shear failure plane, with the inclination angle ɣ of the original bedding 

plane with respect to the shear planeò (Fu and Dafalias 2011a). In this way, the failure 

criterion accounts for the kinematics of the failure mechanism instead of considering 

only the stresses in the principal stress space; this is achieved by comparing the 

mobilised stress ratio Ű / ůôn and the maximum feasible stress ratio Űp / ůôn on each 

kinematically viable failure plane.  

Fu and Dafalias (2011a) checked the peak strength prediction in accordance to Eq. 

2.27, which was based on numerical simulations of direct shear loading, against the 

results from numerical simulations of biaxial compression loading. The specimen 

preparation method, consolidation and shearing process in the biaxial compression 

tests are shown in Fig. 2.57. Note that the tilting angles ŭ of the specimens tested 

varied between 0Ј and 90Ј due to the symmetry of biaxial stress conditions, as can be 

seen in Fig. 2.57a. The variation of the peak stress ratio ůô1p / ůô3 with the tilting angle 

ŭ is shown in Fig. 2.58: the results from the biaxial compression tests are in good 

agreement with the predictions based on the results from direct shear tests. The peak 

stress ratio firstly decreases and then increases slightly with ŭ, exhibiting a minimum 

at ŭ = 60Ј. It should be noticed that the minimum strength is exhibited at the same 

value of ɣ = 60Ј and ŭ = 60Ј (Fig. 2.56 and 2.58) in the simulations of direct shear 

and biaxial compression loading, respectively, only by coincidence. Different 

mechanisms are responsible for the minimum strength in each case. For example, in 

the case of biaxial compression loading the maximum stress obliquity plane coincides 

with the bedding plane when ŭ = 60Ј, resulting in low strength because sliding occurs 

more easily along the bedding plane (Matsuoka 1974, Matsuoka and Ishizaki 1981, 

Tatsuoka et al. 1986b, Miura et al. 1986, Nakata et al. 1998, Lade et al. 2014).  

The results from the simulation of biaxial compression loading on the specimen with 

a tilting angle of ŭ = 30Ј are shown in Fig. 2.59 (Fu and Dafalias 2011a). Specifically, 

Fig. 2.59a shows the calculated mobilised stress ratio Ű / ůôn on all potential failure 

planes for two values of ůô1 / ůô3, together with the predicted peak stress ratio Űp / ůôn at 

the same potential failure planes, determined using Eq. 2.27 fitted to the results from 

direct shear tests. The loci of equal mobilised stress ratio are plotted against ɣ and ɓ, 

the latter of which is the angle between the horizontal and the potential failure plane, 

called the shear plane angle. The graphical definition of angle ɓ is shown in Fig. 2.60, 

while Eq. 2.28 gives the relation between ŭ, ɓ and ɣ: 

ŭ ɓ             if 0<ɓ<ŭ

ɣ 180 ŭ ɓ  if ŭ<ɓ<90

ɓ ŭ             if 90 <ɓ<180

-ë û
î î
= ¯+ - ¯ì ü
î î- ¯ ¯í ý

                                                                         (2.28) 
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As can be seen in Fig. 2.59a, failure is predicted to occur at ůô1 / ůô3 = 3.97 along the 

shear plane with ɓ = 113Ј, which is close but not identical to one of the maximum 

stress obliquity planes. The corresponding inclination angle of the bedding plane is ɣ 

= 83Ј (reported by mistake equal to 73Ј in the original text by Fu and Dafalias 2011a). 

Moreover, the plane with ɓ = 58Ј is on the verge of failure, since the mobilised stress 

ratio is Ű / ůôn = 0.98 Űp / ůôn. The plane with ɓ = 58Ј is thus termed the secondary 

failure plane, with the primary being the one with ɓ = 113Ј. It is noted that the 

secondary failure plane is close but not identical to the second maximum stress 

obliquity plane. The predictions are in very good agreement with the results from the 

biaxial compression test, as the material actually failed at ůô1 / ůô3 = 3.84, which is 

only 3% lower than the predicted value of 3.97; moreover, the inclination of the 

primary and secondary failure plane observed in the biaxial compression test (Figs 

2.59b to e) agrees remarkably well with the predicted value in each case. The 

simulation also showed that the secondary failure plane dominates the localisation 

pattern at large strains, a phenomenon observed in physical experiments and reported 

by Desrues et al. (1996) and Desrues and Viggiani (2004).  

The failure criterion proposed by Fu and Dafalias (2011a), which was based on 2D 

DEM simulations of direct shear tests, predicts accurately the failure stress ratio and 

orientation of the failure planes of a granular material with inclined bedding planes, 

subjected to virtual biaxial compression. However, the success of the criterion and 

DEM simulation techniques was far more than that. Tong et al. (2014) performed 

physical direct shear tests on two sands and one blend of glass beads and validated the 

DEM predictions concerning the variation of peak stress ratio in the full range of 

bedding plane orientations with respect to the failure plane. Specifically, the DEM 

prediction that the peak stress ratio is attained for ɣ beyond 90Ј, a fact that is 

somewhat counterintuitive and not reported in literature at the time of predicting, was 

verified by the physical direct shear tests carried out subsequently. This event is called 

an A-class prediction.  

For the sake of History of Science, we note that possibly the most famous A-class 

prediction was made by Albert Einstein in 1915 when he published his work on 

General Relativity. General Theory of Relativity (GTR) is the geometric theory of 

gravitation which generalises Newtonôs law of Universal Gravitation (Isaac Newton 

1687) and states that gravity is a geometric property of space and time. GTR 

predicted that a beam of light is bent when it passes next to an object with big mass 

due to the curvature induced in the spacetime by that mass. The prediction was 

verified at the eclipse of 1919 by Eddington (Hobson et al. 2006). Regarding Soil 

Mechanics, another famous A-class prediction was made by Vardoulakis et al. (1978), 

a few years after Roscoeôs historical lecture (Roscoe 1970; Tenth Rankine Lecture); 

Vardoulakis et al. (1978) predicted theoretically and verified experimentally the effect 

of non-coaxiality on the inclination angle of shear band and showed that Coulombôs 

and Roscoeôs solutions are actually two extreme cases depending on the degree of 

non-coaxiality (see also Arthur et al 1977b, Vardoulakis 1980). It is noted that one of 
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the aims of the present study is to validate the prediction made by Dafalias (2016) 

which states that the sand will contract plastically if the stress principal axes are 

rotated at critical state while keeping the effective stress principal values constant.  

The results from the physical direct shear tests performed by Tong et al. (2014) are 

shown in Figs 2.62 to 2.67. Tong et al. (2014) investigated the behaviour of Fujian 

sand, mica sand and a blend of glass beads. The scanning electron microscope images 

of the grains as well as the gradation curves of the materials are presented in Fig. 2.61. 

The influence of the bedding plane inclination angle ɣb on peak friction angle űp for 

all the granular materials tested is shown in Fig. 2.62. The variation of űp with ɣb for 

the 2D virtual material used in the DEM simulations of direct shear tests performed 

by Fu and Dafalias (2011a) is also shown, for qualitative comparison. It is apparent 

that the novel findings of the latter authors are verified physically since the maximum 

űp is exhibited for ɣb beyond 90Ј in all cases expect of glass beads. The actual values 

of ɣb corresponding to maximum and minimum űp depend mainly on the shape, 

surface texture and angularity of the material grains. However, both the natural 

materials and artificial material exhibited ɣb - űp curves that have an ascending 

segment followed by a steeply-descending segment. The strongly anisotropic 

characteristics of the packing of almost spherical glass beads, which demonstrated a 

difference between the maximum and minimum űp equal to 6Ј, are notable (Fig. 

2.62d).  

Figure 2.63 shows the stress ratio Ű / ůôn and vertical displacement ŭv plotted against 

the horizontal displacement ŭh for mica sand sheared at ůôn = 150 kPa (Tong et al. 

2014); it is noted that the relative vertical and horizontal displacements of the two 

shear boxes are related to the volumetric and shear strain, respectively, hence the 

slope dŭv / dŭh is a measure of dilatancy (see Eq. 2.8b). It is apparent that the bedding 

plane inclination angle ɣb affects significantly the evolution of the stress and 

dilatancy ratio until the peak state is reached. The maximum peak stress ratio for mica 

sand is exhibited for ɣb = 120Ј and the concurrent peak rate of dilation demonstrates a 

maximum value as well. Mica sand is not at the ultimate material state when shearing 

is terminated at ŭh = 7.2 mm. However, the stress ratio curves show a trend to 

converge into a unique line, irrespective of the initial bedding plane inclination angle. 

This trend indicates that the behaviour of sand at ultimate state is governed by the 

intrinsic characteristics of the material, while the initial fabric characteristics have 

been altered dramatically (see also Sadrekarimi and Olson 2011 and 2012).  

Figure 2.64 shows the Ű / ůôn - ŭh and ŭv - ŭh curves for Fujian sand sheared at ůôn = 300 

kPa (Tong et al. 2014). The behaviour of Fujian sand is qualitatively similar to the 

behaviour of mica sand, yet, some differences are apparent due to the different 

physical and morphological characteristics of their grains. The peak stress ratio in the 

case of Fujian sand is reached at lower ŭh than in the case of mica sand; however, in 

both cases the influence of the bedding plane inclination angle ɣb on the displacement 

ŭh corresponding to peak state is minimal. Tong et al. (2014) suggested that this 

behavioural pattern is due to the variation of the thickness of shear band, which is a 
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function of the mean grain dimension d50 (Roscoe 1970, Mühlhaus and Vardoulakis 

1987, Oda et al. 1998, Oda and Kazama 1998). Higher value of d50 means wider shear 

band and, consequently, larger shear displacement is required to reach the peak state. 

It is also apparent that the mobilised peak stress ratio depends on ɣb, while the 

ultimate stress ratio does not. However, in some tests, the severe distortion of 

specimen at large displacements and, possibly, the tilting of the loading plate lead to 

an increase in stress ratio and decrease in volume. Fujian sand exhibits the maximum 

peak stress ratio for ɣb = 105Ј, while it exhibits two local minimums of Ű / ůôn for ɣb = 

30Ј and 150Ј; the peak dilatancy rate and ultimate dilation are, also, maximum for ɣb 

= 105Ј.  

Figure 2.65 shows the Ű / ůôn - ŭh and ŭv - ŭh curves for the glass beads blend sheared at 

ůôn = 150 kPa (Tong et al. 2014). Despite the high sphericity of glass beads, this 

granular assembly exhibits strong anisotropy. The peak stress ratio, peak dilatancy 

rate and ultimate dilation depend on ɣb; the difference between maximum and 

minimum űp is 6Ј. The blend of glass beads exhibits the maximum peak stress ratio 

for ɣb = 90Ј, while it exhibits two local minimums of Ű / ůôn for ɣb = 15Ј - 30Ј and ɣb = 

165Ј; the peak dilatancy rate and ultimate dilation are, also, maximum for ɣb = 90Ј. 

The peak state is reached at ŭh < 1 mm because the value of d50 is low, hence, the 

thickness of shear band is small. Moreover, the grain interlocking is weak because the 

grains have smooth surface and spherical shape, thus, the dilatancy rate reaches 

quickly its peak value. 

Figure 2.66 shows the value of űp - űp
min plotted against ɣb in a polar coordinates 

system for the three sands tested by Tong et al. (2014), in order to highlight the 

influence of particle sphericity, roughness and angularity on the direction dependent 

component of űp. The radial coordinate is űp - űp
min, while the angular coordinate is ɣb. 

An interesting conclusion drawn by Tong et al. (2014) is that ñthe particle shape but 

not surface texture determines the degree of dependency of shear strength on loading 

directionò. The flaky shape of the grains of mica sand corresponds to a high value of 

the difference űp - űp
min, equal to almost 10Ј, while the more spherical shape of the 

grains of Fujian sand and glass beads corresponds to a lower value of around 5Ј, 

irrespective of the different degree of surface roughness and angularity that 

characterises the latter two materials. On the other hand, Tong et al. (2014) pointed 

out that the surface texture does affect the absolute value of peak and ultimate shear 

strength, as can be seen in Figs 2.63, 2.64 and 2.65. 

The mobilised friction angle and dilatancy angle are quantitatively related by the 

equation proposed by Bolton (1986): 

p r d

maxű ű 0.8 ɣ= + Ö                                                                                                   (2.29a) 

where űp is the peak friction angle, űr is the residual friction angle at ultimate state 

and ɣd
max is the maximum angle of dilation, calculated from the results of drained 

plane strain compression tests using the following equation: 
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where 1Ůand 3Ůare the major and minor principal strain rates, which correspond to the 

increments of vertical and horizontal strain, respectively. Notice that Eq. 2.29b can be 

applied, also, with a minus sign in the numerator of the fraction, in accordance with 

the convention for the positive strain rates used. Tong et al. (2014) found that Eq. 

2.29a is valid qualitatively when direct shear tests are performed on specimens with 

different bedding plane inclination angles ɣb. Specifically, they found that the 

maximum dilation angle ɣd
max and the angle difference űp - űr show similar variation 

trends with ɣb, as can be seen in Fig. 2.67.   

2.7 EFFECTS OF THE DIRECTIONAL CHARACTERISTICS OF 

FABRIC ON THE STIFFNESS OF SANDS   

The dependence of elastic stiffness moduli on void ratio, e, and mean effective stress, 

pô, has already been discussed in Section 2.3 and microscopic mechanisms that may 

explain this dependence have been presented. In the present section, the effects of 

fabric anisotropy on the elastic stiffness moduli are discussed. It can be reasonably 

suggested that both inherent and induced fabric anisotropy affect these moduli. For 

example, gravity deposited sand demonstrates a fabric with the contact normals 

oriented more densely, in the statistical sense, along the vertical direction and more 

sparsely along the horizontal. This means that the vertical Youngôs modulus, Ev, is 

higher than the horizontal Youngôs modulus, Eh, even under isotropic stress 

conditions, because the small increment of macroscopic stress důô is distributed as 

increment of intergranular stress at more contacts when the direction of důô is vertical. 

Moreover, if sand is loaded to attain an anisotropic stress state by increasing ůvô, let it 

be ůôv / ůôh > 1, then the initial fabric is altered as new contact normals appear in the 

vertical direction and existing contacts disappear in the horizontal (Oda 1972b). 

Consequently, the stress-induced anisotropy, which is related to the condition ůôv / ůôh > 

1, causes the ratio Ev / Eh to increase further. Some of the experimental techniques 

used to measure the ratio Ev / Eh are discussed next. 

Jiang et al. (1997) and Hoque and Tatsuoka (1998) tested various granular materials 

in a specially designed triaxial apparatus, equipped with sophisticated instrumentation 

for measuring local strains of very small values (< 0.001%), in order to measure the 

horizontal and vertical elastic moduli. This instrumentation included linear variable 

displacement transducers (LVDTs) located outside the triaxial cell, vertical and 

horizontal gap sensors (GSs) located on the cap and the side surfaces of the specimen, 

and vertical and horizontal local displacement transducers (LDTs) (Goto et al. 1991) 

located on the four side surfaces of the prismatic specimen. The instrumentation and 

prismatic specimen are shown in Fig. 2.68. Jiang et al. (1997) performed small 

amplitude stress cycles (drained) on Chiba gravel material, by means of applying 
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cyclic stress increments either in the vertical direction (důôv Í 0 and důôh = 0) or in 

the horizontal direction ( důôh Í 0 and důôv = 0). Five stress cycles were performed at 

various isotropic and anisotropic stress states shown as circles with a cross in the 

centre in Fig. 2.69. At each stress state, the gravel material was aged for around 30 

minutes or more. One triaxial compression (TC) test was, also, performed at constant 

ůôh = 29 kPa by increasing ůôv until the failure state was reached. During the TC 

loading process small amplitude stress cycles were performed at various intermediate 

stress states, without allowing ageing to occur.   

The definitions of the elastic moduli and Poissonôs ratios in the studies by Jiang et al. 

(1997) and Hoque and Tatsuoka (1998) are based on the assumption of cross-

anisotropic material, with a vertical axis of rotational symmetry. The Youngôs 

modulus Ev and Poissonôs ratio ɜvh are acquired by small cyclic stress increments 

along the vertical direction as follows:          
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The lateral strain of an elastic cross-anisotropic material subjected to simultaneous 

changes důôv and důôh is given by the following equation: 
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In the case of lateral stress cycles the condition důôv = 0 holds so the following 

equations are obtained: 

( )h h hhE F 1 ɜ= Ö -                                                                                                     (2.32a) 
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where ɜhh is the Poissonôs ratio that expresses the expansion along one horizontal 

direction when a normal stress increment causes contraction along the other 

horizontal direction; notice that the independent control of ůôv and ůôh along the two 

horizontal directions is required to apply simultaneously the conditions of důôh  0 

and důôv = 0. However, the stresses ůôv and ůôh along the two horizontal directions can 

be controlled independently in the true triaxial or hollow cylinder apparatus but not in 

the triaxial apparatus used by Jiang et al. (1997). On the other hand, the square 

prismatic triaxial specimen used by Jiang et al. (1997) (Fig. 2.68) has numerous 

advantages that can be found only partly in the case of true triaxial or hollow cylinder 

apparatus (Hight et al. 1983, Zdravkovic and Jardine 1997). For example, the 
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compliance and bedding errors, as well as the membrane penetration errors, are fully 

eliminated when local instrumentation is set up in the way shown in Fig. 2.68. 

Lacking the capability of controlling independently the two horizontal stresses, the 

terms ɜhh, ɜhv and Eh are calculated unavoidably based on assumptions (see Jiang et al. 

1997 and Hoque and Tatsuoka 1998). Nevertheless, the terms Fh and ɛhv are 

determined by linear regression of data from the five small amplitude stress cycles, as 

shown in Fig. 2.70, where ɛhv is given by the equations: 
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Figure 2.70 shows that the material response is approximately linear elastic when the 

single-amplitude strain is ŮSA < 0.001% (Jiang et al. 1997). The measurement of 

extremely small displacements dictates the necessity to eliminate the compliance and 

bedding errors, as well as membrane penetration errors. Figure 2.71 shows the ůôv - Ův 

and ůôh - Ůh response curves when the material is subjected to isotropic loading - 

unloading that induces strain of the order of magnitude 0.1%. The solid lines 

represent the two response curves produced by the most accurate measurements 

provided by the LDTs; stiffer response is evidenced along the vertical direction due to 

the inherent anisotropy of fabric. The broken line representing the ůôv - Ův curve is 

determined from the GS measurements, which suffer from bedding error that causes 

overestimation of strain, while the dotted / broken line representing the ůôv - Ův curve is 

determined from the external LVDT measurements, which suffer from both bedding 

and compliance errors that cause significant overestimation of strain. The dotted line 

representing the ůôh - Ůh curve is determined from the GS measurements, which suffer 

from the penetration of membrane that supports the taped plate of the gap sensor into 

the voids of the coarse grain material. It is obvious that testing prismatic square 

triaxial specimens with horizontal LDTs (Fig. 2.68) mounted on the vertical 

boundaries of the prism is an advantageous technique concerning the accuracy in the 

determination of small strains.  

Figure 2.72 shows the Youngôs moduli Ev, Fh and Eh and Poissonôs ratio ɜvh at 

isotropic stress states (Jiang et al. 1997). The value ɜhh = 0.24 is assumed in order to 

determine Eh as a function of the measured Fh (Eq. 2.32a). The normalising factor 

proposed by Hardin and Richart (1963), f(e) = (2.17 - e)2 / (1 + e), is used to make the 

results from tests on specimens with different void ratios comparable. Two types of 

results are shown: the first corresponds to (small amplitude) stress cycles performed at 

isotropic stress states before any stress cycles are performed at anisotropic stress 

states, while the second type corresponds to stress cycles performed at isotropic stress 

states after similar stress cycles are performed at anisotropic stress states. It is 

apparent that both moduli Ev and Eh are stress dependent, having values proportional 

to ůôv 
0.52 = ůôh 

0.52 = pô 0.52 (see also Eq. 2.5), while ɜvh is independent of mean 
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effective stress; both the stiffness moduli and Poissonôs ratio are independent of the 

previous stress history applied at anisotropic states. The most important result is that 

the ratio Ev / Eh is around 2.2 indicating the significant effect of inherent anisotropy on 

the small-strain stiffness of gravel.  

Figure 2.73 shows the plot of Ev / f(e) against ůôv, for the values of Ev acquired by 

means of small amplitude stress cycles at isotropic and anisotropic stress states, 

imposed after a short period of ageing (Jiang et al. 1997). The black line displays the 

average trend in the variation of Ev when the stress cycles are performed at isotropic 

stress states, while the various hollow symbols correspond to the results when the 

stress cycles are performed at anisotropic stress states. Moreover, the values of Ev 

acquired when the stress cycles are performed at anisotropic states during TC loading, 

without previous ageing, are indicated by black solid squares. Similarly, the plot of Eh 

/ f(e) against ůôh is displayed at isotropic stress states, with the average trend shown 

by a broken line, and at anisotropic stress states, with the results indicated by hollow 

symbols; ageing was not allowed in both cases. It is apparent that the modulus Ev 

measured after ageing at each stress state is proportional to ůôv 
0.50 and independent of 

ůôh, while the modulus Eh is proportional to ůôh 
0.50 and independent of ůôv. This means 

that the ratio Ev / Eh increases in proportion to (ůôv / ůôh) 
0.50, as can be seen in Fig. 

2.74, indicating the effect of stress-induced anisotropy.  

Another important observation in Fig. 2.73 is that the value of Ev acquired at 

anisotropic stress states without any previous ageing is similar to the value acquired at 

the same states after ageing when ůôv / ůôh < 2 (and ůôv < 100 kPa; see also Fig. 2.69). 

However, as the stress ratio ůôv / ůôh increases while the gravel is sheared towards 

failure, the value of Ev acquired without ageing at a given ůôv > 100 kPa is lower than 

the value acquired at the same ůôv (but different ůôh) after ageing (see black solid 

squares at states with high ůôv in Fig. 2.73). Jiang et al. (1997) suggested that ñthis 

behaviour is due to the damage induced to fabric by shear deformation and recovery 

from the damage by ageingò.  

2.8 EFFECTS OF THE DIRECTIONAL CHARACTERISTICS OF 

FABRIC ON THE DILATANCY OF SANDS   

Although the direction of loading with respect to the normal to the bedding plane has 

been acknowledged as a factor affecting the dilatancy ratio, D := dŮv
p / dŮq

p, of cross 

anisotropic sands (Oda 1972b, Tatsuoka 1976) it has been the consensus for many 

years that the stress ï dilatancy relationship does not depend strongly on fabric 

anisotropy (Taylor 1948, Rowe 1962, Schofield and Wroth 1968, Roscoe and Burland 

1968: for clays, Oda 1972b, Tatsuoka 1976, Nova and Wood 1979, Wood 1990, 

Gutierrez et al. 1993, Wood et al. 1994, Gutierrez and Ishihara 2000, Gutierrez and 

Vardoulakis 2007). Few past studies have indicated that the stress ï dilatancy 

relationship indeed depends on fabric anisotropy (Tatsuoka et al. 1986b, Lam and 
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Tatsuoka 1988), a fact that has been well documented by recent studies (Li and 

Dafalias 2002, Dafalias and Manzari 2004, Dafalias et al. 2004, Wan et al. 2010, Li 

and Dafalias 2012). A detailed discussion on this subject is presented in Chapter 3. 

2.9 STRAIN LOCALISATION EFFECTS ON THE EVOLUTION OF 

FABRIC INHOMOGENEITY AND ANISOTROPY    

The ideal loading test on a soil specimen involves a uniform deformation field 

attained by means of uniform stressing of a homogeneous material. However, the 

fabric of soils is not perfectly homogeneous while inevitable stress and strain non-

uniformities develop during testing due to boundary conditions effects. Refinements 

in the boundary conditions and achievement of practically homogeneous fabric cannot, 

in fact, prevent the development of non-uniform strain fields which means that the 

loss of homogeneity may occur spontaneously in granular materials (Vardoulakis 

1979, Vardoulakis 1983, Hettler and Vardoulakis 1984, Papamichos and Vardoulakis 

1995); in this case, strains begin to concentrate at subliminal imperfections causing 

failure that spreads to other soil elements progressively while the existence of stronger 

imperfections can only intensify this tendency. A characteristic example is that of a 

triaxial compression test on a cylindrical soil specimen using enlarged and lubricated 

end platens (Bishop and Green 1965, Drescher and Vardoulakis 1982): although the 

deformation is practically uniform at low strains the specimen barrels or bulges at 

higher strains and zones of localised shear strain (shear bands) may appear ultimately, 

at very high strains. 

As far as the deformation of the specimen remains diffuse (non-localised) and 

homogeneous the global behaviour of the specimen under stable conditions can be 

considered representative of the elemental (constitutive) behaviour of the soil material 

since the different elements inside the soil mass deform in the same way; the global 

behaviour is observed by means of the measurement of displacements, volume 

changes, pressures and forces at the boundaries of the specimen. On the other hand, 

after the occurrence of strain localisation the global behaviour becomes nominal 

because the local behaviour inside the shear band is different than that outside the 

shear band and the measured mechanical quantities at the specimenôs boundaries do 

not represent either (Casagrande and Watson 1938, Roscoe 1970, Vardoulakis et al. 

1978, Vardoulakis and Sulem 1995, Desrues et al. 1996, Georgiannou and Burland 

2006, Fu and Dafalias 2011a and b). The shear bands, which are also called failure 

surfaces or rupture surfaces of shear surfaces of slip surfaces, are formed in physical 

and numerical experiments as well as in the field (see Figs 2.27, 2.52 and 2.59) 

though there have been reported cases in which soils fail in a seemingly diffuse mode 

(Castro 1969, Lade et al. 1988, Chu et al. 1992, Desrues and Georgopoulos 2006, 

Nicot and Darve 2011, Jiang et al. 2017, Wang et al. 2017).                    
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Figure 2.27 shows the sole shear plane which was formed in an assembly of uniform 

rigid spheres subjected to triaxial compression (under vacuum confinement) by Rowe 

(1962). On the other hand, Fig. 2.59 shows the progressive formation of many parallel 

and conjugate (i.e. approximately symmetrical about the vertical ůô1-axis) shear 

planes in the DEM simulation of biaxial compression of a granular material 

performed by Fu and Dafalias (2011a). The zones of concentrated strain that 

correspond to the shear planes are identified in this study as areas of increased particle 

rotation because at the shear band boundaries the gradient of particle rotation is 

particularly high (Oda et al. 1982, Mühlhaus and Vardoulakis 1987, Oda and Kazama 

1998, Oda et al. 1998, Hall et al. 2010a). A similar phenomenon is observed at the 

interface of soil layers with different stiffnesses penetrated by a pile when a seismic 

event occurs, i.e. strain and stress is induced kinematically, due to the increased 

curvature, at the layersô interface (Kavvadas and Gazetas 1993). In other studies, the 

zones of shear strain localisation are recognised also as zones of intense dilation 

(Desrues et al. 1996, Fu and Dafalias 2011b). Apparently, the shear bands in granular 

materials can be viewed as zones of intense evolution of the directional and non-

directional characteristics of fabric.    

Figure 2.75 illustrates the concept of failure and shear banding in soil materials. 

According to Coulombôs failure criterion (Eq. 2.1), the soil fails when the stress ratio 

Ű / ůôn along the maximum stress obliquity plane reaches the peak value tan ű, where ű 

is the angle of shearing resistance. The maximum stress obliquity plane makes an 

angle of ɗC = 45Ј + ű / 2 with the direction of the minor principal stress ů3. Coulombôs 

theory states that the shear band is formed along the direction ɗC when the peak 

failure state is reached. However, it is frequently suggested that the narrow shear band 

is distinct in dense sands only, while in loose sands a diffuse distribution of parallel 

and conjugate shear planes develops. The inclination of shear band has been 

extensively investigated in the literature, for example, Fu and Dafalias (2011a) 

showed that the shear band does not necessarily coincide with the plane of maximum 

stress obliquity due to the effects of the inherent anisotropy on the shear strength of 

granular materials, as discussed previously in Section 2.6.     

Roscoe (1970) was among the first to state that the inclination of the shear band 

should be related to the plastic flow rule of the granular material (Vardoulakis et al. 

1978); Roscoe (1970) assumed that St. Venantôs (1870) rule of coaxiality between the 

principal directions of stress and plastic strain rate is valid at failure under simple 

shear loading and proposed a solution for the shear band inclination angle, ɗR, with 

respect to the direction of the ů3-axis given by the following equation: 

Rɗ 45 ɜ/ 2= ¯+                                                                                                         (2.34) 

where the term ɜ is the angle of dilatancy (at failure), which defines the direction of 

plastic flow (see Section 2.4). The dilatancy angle is given by the following equation 

(Hansen 1958) that corresponds to biaxial conditions (see also Eq. 2.29b): 
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where pl

1Ů and pl

2Ů are the rates of the principal plastic strains. In the case of simple 

shear loading the ratio of the rate of the plastic normal strain along the vertical 

direction over the rate of the plastic shear strain corresponding to the distortion of the 

specimenôs boundaries is equal to sin ɜ. Roscoeôs equation (Eq. 2.34) indicates that 

the rupture surfaces in sand masses coincide with zero-extension lines. This statement 

was based on experimental evidence from simple shear tests performed at Cambridge 

(Roscoe et al. 1967, Cole 1967); the application of radiograph techniques in simple 

shear tests (Coumoulos 1968) revealed horizontal dark bands of concentrated shear 

strain and validated Roscoeôs suggestion. Two superimposed radiographs of dense 

sand with embedded lead shots subjected to simple shear loading are shown in Fig. 

2.76. It is noted, though, that the horizontal direction corresponds perforce to a zero-

extension line in simple shear testing.  

Vardoulakis et al. (1978) carried out a bifurcation analysis of the results from drained 

biaxial compression tests on both dense and loose sand. A specially designed biaxial 

apparatus was used in order to impose boundary conditions that allow the occurrence 

of the bifurcation modes shown in Fig. 2.77. The specimen is seated on a bottom plate 

which, in turn, is placed on a roller bearing, while the cap plate is either clamped or 

hinged at the loading piston, as shown in Fig. 2.78. The roller bearing allows the free 

relative movement of the two parts of the specimen after the formation of the shear 

band while the measurement of the dilatancy angle inside the shear band can be 

achieved using a hodograph. Vardoulakis et al. (1978) reported that shear banding 

occurred spontaneously (out of subliminal imperfections, under uniform strains) at 

peak failure, for both dense and loose sand, and an almost plane failure surface was 

formed. Vardoulakis et al. (1978) showed that Coulombôs solution for the inclination 

angle of shear band with respect to the ů3-axis (i.e. ɗC = 45Ј + ű / 2) constitutes an 

upper bound corresponding to non-rotating principal stress axes. On the other hand, 

Roscoeôs solution (i.e. ɗR = 45Ј+ ɜ / 2, see Eq. 2.34) constitutes a lower bound 

corresponding to co-rotating principal axes of stress and strain rate during failure. 

Vardoulakis et al. (1978) stated that both solutions can be correct theoretically and 

experimentally, while intermediate inclination angles are also possible.   

Vardoulakis (1980) studied the spontaneous occurrence of shear banding in the 

biaxial (plane-strain) compression test on dry sand and reported that due to fail of the 

normality rule the localisation of strain always occurs in the hardening regime (i.e. 

pre-peak). Desrues et al. (1985) used the stereophotogrammetric method and verified 

this observation, while Oda et al. (1978) reported that no shear band was observed at 

peak failure of dense Toyoura sand (Dr = 90%) in plane-strain compression, though, 

parallel shear bands were formed in the post-peak regime. Tatsuoka et al. (1990) used 

the laser-speckle technique (Yamaguchi 1981) and observed that shear bands can be 

formed in the pre-peak regime when sand is subjected to plane-strain compression, 
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while the development of these bands become intense in the post-peak regime. Finno 

et al. (1997) used the stereophotogrammetric method and observed that the stress state 

at the onset of strain localisation under plane-strain compression is very close, yet, 

precedes the peak state.Vardoulakis (1980) stated that ñthe theoretical solution of the 

shear band inclination is a geometrical mean of the classical Coulomb and Roscoe 

solutionsò, which was also verified experimentally by Arthur et al. (1977b). The 

equation for the shear band inclination angle with respect to the ů3-axis proposed by 

Arthur et al. (1977b) and Vardoulakis (1980) is: 

A V p p

1
ɗ 45 (ű /2 ɜ /2)

2
- = ¯+ +                                                                                 (2.36) 

where űp and ɜp is the angle of shearing resistance and dilatancy angle at peak, 

respectively.           

Finno et al. (1997) performed drained and undrained plane-strain compression tests on 

loose sand and monitored the evolution of strains both globally and locally using the 

stereophotogrammetric method. They found that shear banding occurs in loose sand at 

an inclination angle between the Arthur - Vardoulakisô and Coulombôs solutions. 

They also noticed that the local normal strain parallel to the shear band is essentially 

zero, verifying Roscoeôs observation. Tatsuoka et al. (1990) suggested that for 

inherently anisotropic sands the Arthur - Vardoulakisô solution cannot be exclusively 

used in any mode of loading (simple shear, torsional shear, plane-strain compression); 

in these cases Coulombôs, Roscoeôs and Arthur - Vardoulakisô solutions are feasible, 

while the bedding plane orientation with respect to the zero extension direction is an 

important factor that influences the shear band inclination. On the other hand, Fu and 

Dafalias (2011a) suggested that the bedding plane orientation with respect to the 

kinematically viable shear planes is an important factor that determines the shear band 

inclination.   

Mühlhaus and Vardoulakis (1987) incorporated the principles of Cosseratôs Theory 

into the framework of Bifurcation Theory and made predictions about the shear band 

inclination and evolution of its thickness. In short, Cosseratôs (or micro-polar) 

continuum theory is an extension of the classical continuum theories that includes the 

couple stresses, defined as torque per unit area, together with the classical stresses, 

defined as force per unit area. Cosseratôs theory describes the non-classical behaviour 

of materials, which have at least one important length scale derived from the 

microstructure, when localised deformation occurs, for example, in the case of shear 

banding. Both the theoretical predictions of Mühlhaus and Vardoulakis (1987) and the 

hypothesis of Roscoe (1970) concerning the shear band thickness in granular 

materials were verified experimentally. Mühlhaus and Vardoulakis (1987) reported 

that the shear band thickness is a small multiple of the mean grain dimension d50 (  

16d50). Roscoe (1970) had already suggested a value of around 10d50, while Oda and 

Kazama (1998) reported a value of 7d50 to 8d50, and Finno et al. (1997) measured a 
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value ranging from 10d50 to 25d50. It is important to notice that the couple stresses 

affect the development of the micro-fabric of shear bands (Oda 1993), and that the 

importance of particle rotations inside the shear bands (Oda and Kazama 1998, Fu and 

Dafalias 2011b) justifies the use of micro-polar models (Bardet and Prubet 1992, 

Vardoulakis and Sulem 1995).   

The study by Mühlhaus and Vardoulakis (1987) pointed out that the microstructure of 

granular materials should be taken into consideration when shear banding is modelled. 

The constitutive equations, in this case, should include a physical property with the 

dimension of length (e.g. the length d50); otherwise, for continuum materials without 

microstructure only the first gradient of deformation is used to describe straining and, 

hence, the thickness of shear band cannot be predicted because the formulation of the 

problem does not include a physical property with the dimension of length. Han and 

Vardoulakis (1991) introduced a second distinct length scale which is derived from 

the intrinsic permeability k of sand that governs fluid flow inside the saturated pores; 

this formulation eases the mathematical modelling of water-saturated porous materials 

with strain-rate sensitivity. According to the aforementioned studies, it is questioned 

whether in the small-scale physical models a material with scaled-down grain 

dimension with respect to the prototype material (e.g. powder used instead of sand) 

should be used or not. Mühlhaus and Vardoulakis (1987) suggested that the effect of 

microstructure can be described in numerical studies by a finite element method 

incorporating Cosseratôs principles (see also Vardoulakis 1989, Vardoulakis and 

Aifantis 1989, Vardoulakis and Aifantis 1991).   

The relation between the mean grain size d50 and the inclination angle of shear band 

has been reported in past experimental studies. Arthur and Dunstan (1982) performed 

plane strain tests on sand with isotropic initial fabric, attained by deposition along the 

direction of ů2, and reported that the shear band inclination angle increased from 

Roscoeôs value ɗR to Coulombôs value ɗC as the particle size decreased, or 

equivalently as the specimen size in relation to the constituent particles increased. 

Tatsuoka et al. (1990) and Mokni (1992) reported a similar behaviour. On the other 

hand, Viggiani et al. (2001) performed drained plane-strain compression tests on 

blends of a single-origin sand having different gradations and sizes of mean grain, and 

reported that these factors cannot be related to the orientation of the shear band in a 

simple and direct way. 

What happens inside the shear bands is a fundamental question in Soil Mechanics and 

Geotechnics, and the answers we seek are both qualitative and quantitative. As a 

matter of fact, failure of geomaterials is frequently manifested in a localised mode of 

straining. Desrues and Viggiani (2004) stated that ñthe phenomenon of shear banding 

has quite a practical relevance, as stability and deformation characteristics of earth 

structures are often controlled by the soil behaviour within the shear bandsò. 

Moreover, many elastoplastic constitutive models use a unique reference state, the so-

called Critical State, in order to simulate the behaviour of geomaterials under various 
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stress and strain conditions. The critical state of sands is reached after intense 

monotonic straining; consequently, it is possible that it can be reached only inside the 

shear band, especially in the case of dense sands (Vardoulakis 1977). For these 

reasons, it is essential to investigate the sand response inside the shear band. 

Some qualitative hypotheses regarding the sand behaviour inside the shear band have 

been reported throughout the years. Casagrande and Watson (1938) suggested that 

after the localisation of strain in a sand specimen, the expansive volume change 

measured globally takes place in the shear band only, thus, the evolution of the void 

ratio in that domain is expected to be very substantial. Roscoe (1970) presented the 

superimposed radiograph images shown in Fig. 2.76 and suggested that ñthe dark 

band represents the rupture surface, in which the sand has dilated to the critical stateò. 

Vardoulakis (1977) stated that ñfor an overcritically dense sand the critical state 

cannot be reached following an overall homogeneous deformation. The critical state 

can only be reached inside the shear bandsò.  

Desrues et al. (1985) performed loading tests on dry dense sand using the true triaxial 

apparatus and the biaxial apparatus; the main goal of their study was to investigate 

qualitatively and quantitatively the strain localisation patterns of dense sand. The 

biaxial apparatus was specially designed so photographs could be taken during the 

deformation of the specimen and the stereophotogrammetric method could be applied. 

The stereophotogrammetric method, firstly used in Grenoble by Beynet and 

Trampczynkski (1977) who studied qualitatively the displacement fields in continuum 

media, was developed further by Desrues and Duthilleul (1984) to obtain quantitative 

results concerning the strain fields in sand specimens. Moreover, the cubic and 

parallelepipedic specimens tested in the true triaxial apparatus were stabilised and 

investigated post-mortem using the gamma-ray absorption method, apart from being 

observed with the naked eye.  

Desrues et al. (1985) performed plane strain tests (Ů2 ḳ 0) in the true triaxial apparatus 

with constant ůô3 and dŮ1 > 0 (compression) or dŮ1 < 0 (extension), as shown in Fig. 

2.79. It is noted that the plane of biaxial shearing is defined by the vertical ů1-axis and 

the horizontal ů3-axis and that the vertical strain, Ů1, is not necessarily the major 

principal strain (the principal stresses and strains are unordered). Moreover, it is 

important to note that six rigid boundary platens were used to impose strain-controlled 

loading and localisation of strain actually occurred, in contrast to the established 

belief up to that day that shear banding is prevented under these conditions (e.g. Lade 

1982). The localised deformation patterns in the stabilised, dyed specimens are visible 

to the naked eye in Fig. 2.80. It can be inferred that shear bands begin at the corner 

points, which are strong singularities of non-smooth topology, then propagate until 

they reach a rigid boundary on which they are reflected (Figs 2.79 and 2.80). 

Moreover, Desrues et al. (1985) observed that the specimens which were loaded first 

in compression and then in extension showed two shear bands which ñdeveloped 

successively in a quite independent wayò, as can be seen in Fig. 2.79. 
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The local sand density, ɟ, inside the shear bands of the parallelepipedic specimen 

shown in Fig. 2.80 (Photo 1) was measured by Desrues et al. (1985) using the gamma-

ray absorption technique. The results shown in Fig. 2.81 indicate the density 

distribution along the Ŭɓ-line that crosses the shear band before and after testing. It 

can be seen that the density inside the shear bands decreased dramatically while the 

density outside the shear bands remained practically constant. Desrues et al. (1985) 

reported that the volumetric strain inside the shear bands was as high as ȹV / V = 5 - 

7%, verifying previous conjectures that the shear bands are areas of strong dilation. 

Mooney et al. (1998) tested sand in plane strain compression and used the technique 

of stereophotogrammetry to verify that high incremental volumetric strains occur 

inside the shear band, yet, the dilatancy ratio drops slightly just after its formation at 

peak failure, because the local incremental shear strains are accordingly high.  

On the other hand, Vardoulakis and Goldscheider (1981), Vardoulakis and Graf 

(1985), Han and Drescher (1993) and Vardoulakis and Georgopoulos (2005) reported 

that the dilatancy in the incipient shear band is at first negative (contractancy) and 

then turns to positive, even in the case of dense sand. The results indicating the initial 

contractancy inside the incipient shear band are shown in Fig. 2.82. The contractancy 

of sand was attributed to the non-coaxiality resulting from the rotation of the principal 

direction of stress and incremental strain as the simple-shear mechanism takes over 

(Vardoulakis and Graf 1985, Vardoulakis and Georgopoulos 2005 and Gutierrez and 

Vardoulakis 2007). An attenuating dynamic oscillation in the regime of positive 

dilatancy (see Fig. 2.82) was also reported by Vardoulakis and Goldscheider (1981), 

Vardoulakis and Graf (1985) and Vardoulakis and Georgopoulos (2005), indicating ña 

sequence of collapsing and restructuring of the granular microstructureò and ñmaterial 

growth of the shear bandò.  

Desrues et al. (1985) performed axisymmetric compression tests, with ů2 = ů3 < ů1 in a 

stress-controlled mode or with Ů2 = Ů3 < Ů1 in a strain-controlled mode, and 

axisymmetric extension tests, with ů2 = ů3 > ů1 in a stress-controlled mode or with Ů2 = 

Ů3 > Ů1 in a strain-controlled mode, in the true triaxial apparatus, as shown in Fig. 2.83; 

it is recalled that the principal stresses and strains are unordered. The schematic 

patterns of the localised deformation are also displayed in Fig. 2.83. Desrues et al. 

(1985) reported the occurrence of two different plain deformation mechanisms: the 

simple mechanism occurring in stress-controlled tests and the double mechanism 

occurring in both stress- and strain-controlled tests. In spite of the imposed 

axisymmetric stress conditions the deformation kinematics switch suddenly to the 

plane-strain mode when the simple mechanism of shear banding is triggered. This 

situation is illustrated in Fig. 2.84 where can be seen that the specimen stops 

deforming along the Ů2-axis while it keeps deforming along the directions of the other 

two axes; concurrently, the globally measured strength and dilatancy rate decrease.       

Desrues et al. (1985) observed that the plane deformation mechanism can occur 

simultaneously along the two directions of equal stress or strain. Figure 2.83 shows 
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schematically the double mechanism observed in axisymmetric compression and 

extension tests, while Photo 2 in Fig. 2.80 shows this specific strain localisation 

pattern developed in a specimen subjected to axisymmetric compression. In Photo 2, a 

cross is evidenced on the upper face of the specimen and reflected shear bands can be 

seen on each lateral side. Desrues et al. (1985) stated that when the double mechanism 

occurs, ñthe overall kinematics can remain axisymmetric as though no localization 

takes place inside the sampleò. Desrues et al. (1996) and Desrues and Viggiani (2004) 

showed that a similar axisymmetric mechanism of localised deformation can be 

formed in cylindrical sand specimens subjected to axisymmetric loading and, as a 

consequence, the localisation of strain may remain concealed to the naked eye. The 

detection of strain localisation becomes even more difficult in the case of loose sand 

due to the small change in the void ratio inside the zones of strain localisation and the 

relatively increased width of these zones (Tatsuoka et al. 1986b, Desrues and Viggiani 

2004).   

Desrues et al. (1985) performed plane-strain compression tests in a specially designed 

biaxial apparatus and investigated the initiation and propagation of the shear band, as 

well as the evolution of the void ratio and shear distortion (dɔ = (dŮ1 - dŮ3) / 2) inside 

the shear band. The technique of stereophotogrammetry was used to analyse the 

photographs taken along the direction of the Ů2-axis (Ů2 = 0), as can be seen in Fig. 

2.85a. The tests were performed in a strain-controlled mode. Figure 2.85b shows the 

typical axial load ï axial displacement curve and volumetric strain ï axial 

displacement curve. The numbers on the former curve indicate the serial numbers of 

the photographs. It can be seen that the successive photographs 3, 4 provide 

information about the response just before the peak state. The deformation 

characteristics during the 3-4 stage are shown in Fig. 2.86; the contours of equal axial 

displacement are displayed in Fig. 2.86a, the contours of equal lateral displacement 

are displayed in Fig. 2.86b, the contours of equal shear distortion are displayed in Fig. 

2.86c and the contours of equal volume change are displayed in Fig. 2.86d. It is noted 

that these contours offer quantitative information about the deformation field. 

The results in Fig. 2.86 indicate that during the 3-4 stage the deformation field is non-

homogeneous, since the contours in Fig. 2.86a (Fig. 2.86b) are not parallel horizontal 

(vertical) lines. The contours are distorted showing a dense configuration in the 

middle of the specimen, along an inclined direction, which indicates a high 

displacement gradient. The concentrated shear distortion in two parallel diagonal 

zones in the middle of the specimen, shown in Fig. 2.86c, indicates that shear banding 

occurred during the 3-4 stage just before the peak state (Vardoulakis 1980). The fact 

that the two parallel shear bands were initiated in the central part of the specimen and 

not at the corners was explained by Desrues et al. (1985) as a result of progressive 

accumulation of strains in this part in previous stages possibly due to a random 

perturbation. Artificial perturbations were, also, induced in other experiments and 

validated the conclusion drawn by Vardoulakis and Graf (1982) that ñthe location of 

the first localisation is very sensitive to the imperfections of the testò. However, 
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Desrues et al. (1985) suggested that intense deformation heterogeneities are observed 

at the corners of the cubic and parallelepipedic specimens tested in the true triaxial 

apparatus even before the triggering of localisation. 

The mechanism of shear band propagation during a biaxial compression test can be 

monitored during the post-peak deformation increments 4-5 and 5-6 by analysing the 

equal shear distortion contours, shown in Figs 2.87a and b, respectively. The two 

parallel shear bands propagate independently in the same direction, without 

converging, and the upper one bisects the specimen when it reaches the upper 

boundary. Desrues et al. (1985) also captured the shear band reflection on the rigid 

boundary (upper or lower platen) in other tests. For example, Fig. 2.88 shows the 

equal shear distortion contours in a different test just before and after the propagating 

shear band reaches the rigid boundary. It is noted that these results prove the 

potentiality of shear band reflection since the propagation of the shear band is 

monitored step by step. On the other hand, if the strain localisation patterns are 

observed and analysed only at the final state (see Fig 2.80) then it cannot be stated 

with certainty whether a single shear band was reflected at the rigid boundary or two 

different shear bands were initiated at the same point of the rigid boundary and 

propagated along different directions. 

The results from the gamma-ray investigation of the specimen post-mortem (i.e. after 

the termination of the test), shown in Fig. 2.81, revealed that significant dilation 

occurred inside the shear band, while the volume outside the shear band changed only 

slightly. The loosening of the soil inside the shear band is an ñessential damaging 

factorò that may justify the post-failure strain softening, since the coordination 

number decreases and the mutual support of the grains is weakened (Oda 1977). 

Desrues et al. (1985) also observed the local dilation in situ using the technique of 

stereophotogrammetry. The square symbols shown in Fig. 2.86d display the 

quantitative information concerning the change of volume obtained by 

stereophotogrammetric analysis; these symbols have size proportional to the local 

volumetric strain increment during the 3-4 stage, just before the peak state. The 

volumetric strain increment is higher than 0.03 inside the incipient shear band, while 

outside is almost zero. However, Desrues et al. (1985) observed that the local 

dilatancy ratio dŮvol / dɔ attenuated inside the shear band soon after its formation. 

These findings support the notion that the critical void ratio is attained inside the shear 

band while the void ratio of sand outside the shear band remains almost unaltered 

(Casagrande and Watson 1938, Roscoe 1970, Vardoulakis 1977). 

On the other hand, Mooney et al. (1998) reported that the local dilatancy rate 

attenuates slowly inside the shear band yet the ultimate void ratio is not uniquely 

related to mean effective stress. Drescher and Vardoulakis (1982) pointed out that the 

true material softening inside the shear band is very slow, while Goldscheider and 

Vardoulakis (1980) measured the post-failure softening characteristics inside the 

shear band in the biaxial test. Moreover, Fu and Dafalias (2011b) performed DEM 
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simulations of direct shear and biaxial compression tests to investigate the fabric 

evolution inside the shear band and found that the material attains a unique ultimate 

void ratio that depends only on the mean effective stress, irrespective of the initial 

fabric characteristics and boundary conditions. However, Fu and Dafalias (2011b) 

reported that the ultimate state of the tested virtual material is reached only at shear 

strains as high as 300 - 350%.  

Desrues and his colleagues used Computed Tomography (CT) (Desrues 1984, Colliat-

Dangus et al. 1988, Desrues et al. 1991, Desrues et al. 1996) in order to monitor the 

evolution of void ratio of sand specimens during triaxial testing. In computed 

tomography an X-ray scanner is used to acquire ñcross-sectional images of the 

attenuation of an X-ray beam through a bodyò. In soil testing this is achieved by 

rotating and translating the X-ray source and detector around and along the soil 

specimenôs axis. The details of the procedure, which produces a radiographic density 

map of slices of a body, are shown in Fig. 2.89. The radiographic density, expressed 

in modified Hounsfield units (MHU), is linearly correlated to the mass density of a 

material with homogeneous chemical composition. Desrues at al. (1996) calibrated 

the radiographic density against the mass density of carefully prepared homogeneous 

sand specimens having various densities. The calibration of the CT measurements on 

Hostun sand is shown in Fig. 2.90.  

A typical density profile along a line that crosses the shear band and the density map 

of a cross section of a dense specimen are shown in Fig. 2.91. Desrues et al. (1996) 

observed that ñthis profile appears more as a round trench with a smooth transition to 

the neighbouring soil mass (rather) than a sharp cut with homogeneous density insideò. 

Desrues at al. (1996) suggested that the observed density profile can be interpreted in 

different ways: first, it is probable that the spatial resolution of the computed 

tomography apparatus is responsible for obtaining such a profile, second, the true 

density profile in shear bands may actually be a smooth curve and, third, it is also 

probable that, so close to the grain scale, only an average measure over the shear band 

has a physical meaning at the continuum level. Moreover, Oda et al. (1998) examined 

the X-ray photographs of thin plates cut from resin-stabilised specimens and observed 

that large voids appear periodically along the shear band. These observations indicate 

that the shear bands are heterogeneous, a fact that was verified in the DEM 

simulations performed by Fu and Dafalias (2011b). The inception of the idea that 

shear bands are heterogeneous is rather attributed to Dr. G. Mandl who reported some 

microscopic observations in a seminar back in 1974. In 1974, Vardoulakis 

commented on Mandlôs experiments and reported that ñthe shear band consists of 

three parallel layers with different deformation patternsò (Vardoulakis and Sulem 

1995). On the other hand, Roscoe (1970) reported that the results from the simple 

shear tests performed by Stroud (1970), who used a regular pattern of embedded lead 

shots in order to determine the local strains by means of displacement gradient 

calculations, indicate that the strains inside the shear band are uniform.    
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Desrues et al. (1996) performed drained triaxial compression tests on dense and loose 

cylindrical sand specimens and analysed the deformation using computed tomography. 

The specimens were loaded, unloaded and placed in the X-ray apparatus in order to be 

scanned; afterwards, the specimens were reloaded and the procedure was repeated at 

different strain levels. A fixed initial mean effective stress was imposed in all tests. 

The boundary conditions involved lubricated and non-lubricated end platens, as well 

as long and short specimens with initial height to diameter ratio ho / do equal to 1.9 and 

1.0, respectively. Desrues et al. (1996) tested both homogeneous specimens and 

specimens with slight perturbations and found that strain localisation can develop in 

different complex patterns depending on the test conditions.  

Figure 2.92 shows the trace of the shear band in Specimen rfdt4 (dense specimen with 

ho / do = 196 / 101 mm / mm and non-lubricated ends), at global axial strain Ůa = 13%, 

in a section perpendicular to the specimenôs axis, located 72 mm above the bottom 

platen initially, and in a second section containing the specimenôs axis. Figure 2.93 

shows the evolution of stress ratio and global void ratio with global axial strain during 

test rfdt4. A single shear band appeared in the post-peak regime at global axial strain 

Ůa = 7% and remained the sole localisation zone throughout shearing at higher strains; 

the shear band was not perfectly planar. It is noted that these results verify that strain 

softening precedes the localisation of strain in triaxial compression loading (Drescher 

and Vardoulakis 1982, Lade and Prabucki 1995). The dilation of dense sand stopped 

suddenly at Ůa = 7% and the global void ratio curve reached a plateau, which as will be 

shown next lacks physical relevance. It can be seen that the stress ratio curve exhibits 

a narrow peak and a steeply descending branch. 

A different localisation pattern was observed in Specimen hfdt1 (dense specimen with 

ho / do = 100 / 100 mm / mm and non-lubricated ends) which was tested under extreme 

end restraint due to the lack of lubrication and squat shape (see Bishop and Green 

1965). Figure 2.94 shows two computed tomography images at different cross-

sections of Specimen hfdt1, the first (Fig. 2.94a) located near the upper platen (80 mm 

from the bottom platen) and the second (Fig. 2.94b) located at middle height (50 mm 

from the bottom platen) between the two platens; both images correspond to global 

axial strain Ůa = 13%. A complex localisation pattern is revealed, consisting of a rigid 

cone attached to the upper platen with its tip pointing downwards (see also Deman 

1975, Drescher and Vardoulakis 1982). The cone is delimited by a surface of large 

dilation, shown as a dark circle of decreasing diameter when the cross-section is 

located nearer to the bottom platen.  The sand outside the rigid cone also exhibits 

severe localisation patterns in the form of dilation surfaces with approximately 

straight traces on the cross-section planes. 

On the other hand, the use of squat specimens and lubricated end platens (Vardoulakis 

1979, Drescher and Vardoulakis 1982, Hettler, and Vardoulakis 1984) postpones the 

onset of localisation. For example, in test rfdt8 (on a dense specimen with ho / do = 

100 / 100 mm / mm, lubricated ends and an embedded soft perturbation) the density 
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field was still non-localised at Ůa = 19%. However, the computed tomography images 

at Ůa = 27%, shown in Fig. 2.95, indicate the existence of complex localisation 

patterns. Figure 2.96 shows the illustration of the void ratio field in a tomogram 

across the axis of specimen rfdt8. In the tomogram can be seen that the shear bands do 

not pass through the artificial imperfection that is embedded in the specimenôs axis 

(see the dark disc in the middle of the image). Figure 2.97 shows the evolution of the 

stress ratio and global void ratio with global axial strain during test rfdt8. It can be 

seen that a significant decline in strength (strain softening) occurs before the onset of 

localisation in the triaxial compression test, for example up to Ůa = 19%. However, the 

studies by Deman (1975) and Drescher and Vardoulakis (1982) show that even in the 

case of testing with lubricated end platens an amount of strain softening is attributed 

to bulging at large strains, while the true material softening develops very slowly (see 

also Mooney et al. 1998). Consequently, the apparent strain softening just after the 

peak state in triaxial compression loading is not necessarily associated with strain 

localisation yet it may be affected to some degree by other types of deformation 

heterogeneities.  

The comparison of the response of a dense squat specimen under loading with 

lubricated end platens (Specimen rfdt8) with the response of a dense slender specimen 

under loading with non-lubricated end platens (Specimen rfdt4) highlights the effects 

of slenderness and end restraint on the global behaviour and strain localisation of sand 

specimens. The peak in the stress ratio ï axial strain curve from the test on Specimen 

rfdt8 (Fig. 2.97) is flat and corresponds to a large global axial strain, while the dilation 

rate attenuates slowly after localisation. On the other hand, the peak in the stress ratio 

ï axial strain curve from the test on Specimen rfdt4 (Fig. 2.93) is narrow and 

corresponds to a small global axial strain, while the dilation rate diminishes rapidly 

after localisation. The residual stress ratio is practically the same for the two 

specimens however the final global void ratio is not, even though the initial mean 

effective stress is common. Moreover, there is no obvious correlation between the 

stabilisation of void ratio and mobilisation of the peak stress ratio in both tests.  

From the results presented by Desrues et al. (1996) and discussed previously it can be 

inferred that the global measurements at large strains may provide erroneous 

information about the critical void ratio of sand, especially in the case of dense 

specimens subjected to loading with non-lubricated end platens. In the case of loose 

specimens, the ultimate global void ratio is more representative of the void ratio at 

critical state, as will be shown next, since the localised zones are wider, less distinct 

and the difference between the void ratio inside and outside them is not so important. 

For example, the computed tomography image of Specimen rflt2 (loose specimen 

with ho / do = 100 / 100 mm / mm and lubricated ends) at Ůa = 42%, shown in Fig. 2.98, 

reveals only faint localisation patterns. An investigation of shear banding in loose 

sand subjected to undrained plane strain compression was, also, carried out by Finno 

et al. (1997) and Mooney et al. (1997) using the technique of stereophotogrammetry.  
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Desrues et al. (1996) compared the computed tomography images of Specimens rfdt4, 

hfdt1, rfdt8 and rfdt8 shown in Figs 2.92, 2.94, 2.95 and 2.96, correspondingly, and 

drawn some interesting conclusions. Specimen hfdt1 (dense specimen with ho / do = 

100 / 100 mm / mm and non-lubricated ends) exhibited a complex and axisymmetric 

pattern of severe localisation (Fig. 2.94). This is because multiple localisation 

mechanisms are favoured in lieu of a single localisation mechanism that breaks the 

initial symmetry due to the extreme end restraint. On the other hand, Specimen rfdt4 

(dense specimen with ho / do = 196 / 101 mm / mm and non-lubricated ends) exhibited 

a single localisation mechanism because the ñglobally biased initial density 

distributionò acted as a symmetry-breaking imperfection. Other symmetry-breaking 

factors are the bad centring of the specimen, non-symmetrically placed artificial 

perturbations and non-parallel end platens. However, the symmetrically placed soft 

perturbation inside Specimen rfdt8 did not break the symmetry and the shear bands 

did not pass through it.  

A spectacular localisation pattern, which was proved to be somewhat generic, was 

exhibited in Specimen rfdt8 (dense specimen with ho / do = 100 / 100 mm / mm, 

lubricated ends and an embedded soft perturbation). Figure 2.99 shows a density 

profile of this specimen reconstructed from a set of six computed tomography slice 

images (see Fig. 2.95) placed next to each other. Two structures are apparent as traces 

on the plane parallel to the specimenôs axis, the first with the shape of an inverted V 

and the second with the shape of a parabola oriented towards the lower platen. The 

geometrical interpretation given by Desrues et al. (1996) is shown in Fig. 2.100. A 

cone structure with its side surface being the region of intense dilation is centred on 

the specimenôs axis, having ñits tip outside the specimen and its contour matching 

exactly the specimenôs bottom sectionò. A set of inclined ñplane strain mechanisms 

associated in pairsò also exists; each pair creates a structure which resembles a 

triangular roof enclosing a gable of relatively intact sand material, at least up to the 

point where the cone surface is reached. The top line of this roof-like structure is a 

diameter of the specimenôs top section. The angle of the cone is approximately the 

same with the angles between the two planes forming each roof-like structure. This 

means that the conjugate shear surfaces have the same dip angle with respect to the 

horizontal top plane.   

It is noted that the complex localisation pattern in the cylindrical specimen, presented 

in Figs 2.95, 2.99 and 2.100, can be seen as the generalisation of the double plane-

strain mechanism arrested by Desrues et al. (1985) when they tested cubic specimens 

in the true triaxial apparatus (Fig. 2.80). In the latter case, the two plane strain 

mechanisms took place simultaneously in such a way that the overall axisymmetry 

was preserved; these two mechanisms were found to be particularly sensitive to the 

geometry of the specimen and apparatus (e.g. they were initiated at the corner 

singularities). On the other hand, in cylindrical specimens with ñperfectò boundary 

conditions and initial density homogeneity there is no constraint that would favour a 

particular mechanism. In this case, Desrues et al. (1996) suggested that the complete 
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development of a given mechanism is a matter of global organisation of the 

deformation over the specimen. However, imperfections such as bad centring of the 

specimen, non-parallel end platens and asymmetrically embedded perturbations can 

induce one single and predominant localisation mechanism. 

Desrues at al. (1996) measured both the global and local void ratio inside the strain-

localisation zones. Figure 2.101 presents the evolution of these two void ratios with 

global axial strain for the various tests performed at ůô3 = 60 kPa. The ñglobalò 

measurement is averaged over the cross-section of the specimen, while the ñlocalò is 

averaged over the strain-localisation zone. The results discussed next were obtained 

from tests on dense and loose specimens of Hostun RF sand.  

Figure 2.101 indicates that the dense specimens with lubricated ends (Specimens rfdt3, 

rfdt6, rfdt7 and rfdt8) exhibit a similar pattern of evolution of the global void ratio: 

the sand is dilative up to an axial strain of around 20% whereupon dilation is arrested 

and a common void ratio plateau is reached. On the other hand, the dense and slender 

specimen with non-lubricated ends (Specimen rfdt4) behaves differently showing an 

initial rapid dilation that is exhausted quickly at around Ůa = 7%; when dilation is 

arrested in test rfdt4 a plateau that differs from the one observed in the 

aforementioned tests is reached. In all cases, the local void ratio curves diverge from 

the global ones when localisation occurs; the slope of the former curves is steeper 

compared with the slope of the latter still one should consider that both sets of curves 

are plotted against global axial strain. The most remarkable finding is that all dense 

specimens attain a common ultimate void ratio that is considerably higher than the 

various ultimate global void ratios, proving than the latter lack physical relevance. 

Furthermore, it can be seen that the local and global void ratio curves of loose 

specimens (rflt1 and rflt2) do not differ much, when being discernible; both curves 

converge towards the same ultimate plateau, which is identical to the plateau of the 

local void ratio curves of dense specimens. This intriguing finding indicates that a 

critical void ratio exists inside the shear band in the drained tests with a common 

effective confining stress ůô3 = 60 kPa; similar results were reported earlier by 

Coumoulos (1968) and Stroud (1970) (see also Roscoe 1970 and Fu and Dafalias 

2011b). 

Oda and his colleagues (Oda 1993, Oda and Kazama 1998, Oda et al. 1998) studied 

the evolution of the microstructure of shear bands and the way that strain localisation 

is related to the induced anisotropy and dilatancy of dense sands. Oda et al. (1998) 

suggested that the anisotropy induced in the strain-hardening regime is an absolutely 

necessary condition to generate the shear band structure. If a well-developed 

anisotropy does not exist then a distinct shear band cannot be formed, as in the case of 

very loose sand (see for example Fig. 2.98). It is well documented that the failure of 

dense sand under drained plane strain compression is associated with localisation near 

the peak state, followed by intense softening and strong, yet attenuating, dilation. Oda 

and Kazama (1998) suggested that this behaviour is attributed to the buckling of 

column-like grain structures inside the shear band. These structures are gradually 
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formed along the direction of the major principal stress during hardening (see also 

Section 2.5) as the fabric is reorganised to carry the compressive load more efficiently. 

When these columns buckle, large voids are formed between them inside the growing 

shear band, as shown in Fig. 2.103, resulting in ultimate local void ratio higher than 

the maximum void ratio emax determined by standard procedures. Consequently, this 

microstructure evolution model justifies the extensive dilation inside the shear band 

and growth of the shear band thickness. Moreover, it justifies the strain softening 

behaviour since the buckled columns lose the ability to carry load. 

Experimental evidence of the existence of large voids between buckled grain columns 

inside the shear band is shown in Fig. 2.102. Figures 2.102a and b show an assembly 

of photoelastic rods at the peak and residual state, respectively, in plane strain 

compression (Oda et al. 1982). Moreover, Fig. 2.102c displays the microscope image 

of a thin section of stabilised Toyoura sand showing a periodic appearance of large 

voids (marked with the letters a-e) along the shear band (delimited by the lines 0-1). 

The geometrical interpretation of the microstructure evolution model proposed by 

Oda and Kazama (1998) is shown in Fig. 2.103 (see also Fig. 2.50). It can be inferred 

that the particles comprising the buckled column undergo an important amount of 

rotation. In a previous study, Oda et al. (1982) found that particle rolling rather than 

particle sliding is the major mechanism of micro-deformation in an assembly of rods, 

while this mechanism is also important in the case of natural sands (Mühlhaus and 

Vardoulakis 1987, Vardoulakis and Sulem 1995). Moreover, Oda and Kazama (1998) 

observed that the particle orientation changes abruptly at the shear band boundaries 

and that particle rotation inside the shear band occurs, on average, in parallel to the 

corresponding macroscopic rotation in the continuum sense (Fig. 2.103b). 

Consequently, the particle rolling that is related to grain-column buckling seems to be 

associated with the extensive dilation inside the shear band.  

The X-ray computed tomography (CT) was developed further throughout the years to 

improve the spatial resolution. Oda et al. (2004) reported that the conventional X-ray 

CT does not provide spatial resolution high enough to generate an image in which the 

individual grains and voids can be distinguished. On the other hand, the development 

of microfocus X-ray CT (or X-ray ɛCT) allows the generation of images in which 

each grain can be clearly distinguished from the others, even if its size is of the order 

of magnitude of tens of micrometres. The basic principle of X-ray ɛCT is that a 

decelerating charged particle produces electromagnetic radiation (James Clerk 

Maxwell 1865). X-ray radiation is artificially generated when electrons that are firstly 

accelerated under high voltage (of the order of hundreds of kV) collide against a 

heavy metal (tungsten) target and reduce speed. Oda et al. (2004) reported that this 

heavy metal target should be small enough to minimise the scattering areas on the X-

ray detector (image intensifier); in a microfocus X-ray apparatus the target is about 5 

ɛm in size. Figure 2.104 shows schematically the difference between conventional 

and microfocus X-ray CT. Oda et al. (2004) verified the findings reported by Oda and 
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Kazama (1998) and Oda et al. (1998) using the X-ray ɛCT, as can be seen in the 

images shown in Fig. 2.105.  

Microfocus X-ray CT is used by many researchers around the world (Viggiani et al. 

2004, Lenoir et al. 2007, Hall et al. 2010a, Hasan and Alshibli 2010 and 2012, And  

et al. 2012a) and is considered a powerful and promising tool for the investigation of 

the microstructure of granular materials. When combined with mathematical 

processes such as Digital Image Correlation (DIC) (Hall et al. 2010b), Volumetric 

Digital Image Correlation (V-DIC) (Lenoir et al. 2007, Hall et al. 2010a), Particle 

Image Velocimetry (PIV) (White et al. 2003) and ID-Track (And  et al. 2012a and b), 

the so-called full-field measurements (Viggiani and Hall 2008) are obtained and the 

kinematics of individual grains are observed. This means that displacements and 

rotations in three dimensions are monitored continuously for each individual grain in 

a specimen, either being inside or outside the shear band. Consequently, the evolution 

of fabric of natural granular materials is observed in situ and valuable microscopic 

information is obtained (And  et al. 2013, Wiebicke et al. 2017).  

2.10 SOPHISTICATED TESTING APPARATUSES FOR 

INVESTIGATING THE INFLUENCE OF FABRIC ANISOTROPY ON 

THE MECHANICAL BEHAVIOUR OF SANDS 

As has been discussed in the previous sections, fabric anisotropy has a strong effect 

on the mechanical behaviour of sands. However, conventional testing apparatuses do 

not possess the qualities needed for investigating the fabric anisotropy effects. For 

example, in the triaxial apparatus (Fig. 2.6), two of the three controlled normal 

stresses are obligingly equal to each other (i.e. ůx ḳ ůy, where the xy-plane is the 

horizontal plane and the z-axis is the vertical axis of the specimen). In the triaxial 

compression (TC) test, the vertical stress (ůz) is increased under constant horizontal 

stresses, thus, ůz = ů1 and ůx = ů2 = ůy = ů3; note that ů1  ů2  ů3 are the ordered 

principal stresses. In the triaxial extension (TE) test, the vertical stress (ůz) is 

decreased (unloading) under constant horizontal stresses, thus, ůz = ů3 and ůx = ů1 = ůy 

= ů2. The specimens tested in the triaxial apparatus have typically a cross-anisotropic 

fabric with horizontal bedding planes. This means that the ů1-axis is either normal (in 

TC) or parallel (TE) to the bedding planes, while the ů2-axis is always parallel to the 

bedding planes. Moreover, the change in the direction of the ů1-axis from normal to 

parallel to the bedding planes is necessarily associated with a change in the value of 

the intermediate principal stress parameter, b = (ů2 ï ů3) / (ů1 ï ů3) (Bishop 1966; see 

also Habib 1953), from 0 to 1.   These constraints, which are also imposed in the 

plane strain (biaxial) apparatus, pose limitations to the investigation of sand 

anisotropy.  

There is always the choice of preparing specimens with inclined bedding planes in 

order to be tested in the triaxial or plane strain apparatus (see Section 2.5 and Fig. 
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2.42). Nevertheless, if the principal axes of stress do not coincide with the principal 

axes of fabric, parasitic strains and / or stresses may develop in the specimens (see Fig. 

2.34). Moreover, even if this problem is overcome, for example by using the 

stereophotogrammetry or laser-speckle technique to measure the non-uniform 

deformation field, there is a serious limitation of the conventional apparatuses that 

cannot be overcome: the principal directions of stress remain fixed or change with a 

90Ј jump during homogeneous testing. Consequently, a continuous rotation of the 

principal axes of stress, which occurs frequently in situ, cannot be applied during 

homogeneous testing. The soil behaviour under principal stress rotation has been 

investigated using other apparatuses, as will be presented in the next chapters of this 

study (Broms and Casbarian 1965, Roscoe et al. 1967, Ishihara and Li 1972, Arthur et 

al. 1977a, Tatsuoka et al. 1982, Ishihara and Towhata 1983, Hight et al. 1983, Symes 

et al. 1984, Miura et al. 1986, Tatsuoka et al. 1986a, Nakata et al. 1998, Georgiannou 

et al. 2018).  

The true triaxial apparatus, shown in Fig. 2.106, is appropriate for testing cubical or 

parallelepipedic soil specimens under the independent control of the three principal 

stresses. The value of the intermediate principal stress parameter, b, can be changed 

continuously from 0, corresponding to triaxial compression with ů1 > ů2 = ů3, to 1, 

corresponding to triaxial extension with ů1 = ů2 > ů3; accordingly, the Lode angle ɗ 

(Lode 1926) can be fully controlled in the true triaxial apparatus, as shown in Fig. 

2.107. Figure 2.107 shows the octahedral plane which is perpendicular to the diagonal 

of the principal stress space; every stress state P (ů1 , ů2 , ů3) in the principal stress 

space can be depicted on a octahedral plane. The distance of the octahedral plane 

from the origin of the principal stress space is related to the mean effective stress, the 

distance of the stress point from the origin of the octahedral plane is related to the 

deviatoric stress and the angular coordinate of the stress point is related to the Lode 

angle. In the case that a soil specimen with cross-anisotropic fabric is tested and the 

material axes coincide with the principal axes of stress (i.e. the bedding planes are 

either horizontal or vertical) each of the three principal stresses can act either normal 

or parallel to the bedding planes, allowing the investigation of aspects related to fabric 

anisotropy together with the effects of the stress system on soilôs behaviour.  

Yamada and Ishihara (1979) performed monotonic true triaxial tests on saturated 

cross-anisotropic sand. Drained loading was imposed using flexible membrane 

boundaries under constant mean effective stress. Most of the specimens had 

horizontal bedding planes, while some specimens were rotated by 90Ј about the 

horizontal x-axis after the sand had been deposited along the vertical z-axis. The 

principal axes of stress and the bedding planes of a regular (non-rotated) specimen are 

shown in Fig. 2.108; the stress condition at point P and the performed radial stress 

paths on the octahedral plane (corresponding to constant Lode angle, ɗ, and 

intermediate principal stress parameter, b) are also shown in Fig. 2.108.  

Figures 2.109a and b show the plot of the principal strains against the stress ratio in 

the compression ZC-test (with ůz = ů1 and ůx = ů3 = ůy = ů2 and b = 0 and ɗ = 0Ј) and in 
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the compression YC-test (with ůy = ů1 and ůx = ů3 = ůz = ů2 and b = 0 and ɗ = 120Ј), 

respectively; both tests were performed on regular specimens (with horizontal 

bedding planes). The results from the ZC-test indicate that the horizontal strains Ůx 

and Ůy are essentially equal due to the isotropy of fabric on the horizontal planes and 

symmetric stress conditions about the z-axis (i.e. ůx = ůy). On the other hand, the 

strains Ůx and Ůz are not equal in the YC-test, despite the fact that ůx = ůz, due to fabric 

anisotropy. It can be also seen that the expansive strain Ůz in the YC-test is larger than 

the respective expansive strain Ůy in the ZC-test. This means that the specimen 

expands more easily along the direction of deposition than along the direction 

perpendicular to the direction of deposition. Conversely, the compressive strain Ůz in 

the ZC-test is lower than the respective compressive strain Ůy in the YC-test, 

indicating that the specimen contracts less easily along the direction of deposition 

than along the direction perpendicular to the direction of deposition.    

The hollow cylinder torsional shear apparatus (HCA) is the most sophisticated device 

for investigating the effects of anisotropy and principal stress rotation on the 

mechanical behaviour of soils. A hollow specimen is subjected to different pressures 

inside and outside, while a vertical normal load and a torque load are applied on the 

specimenôs horizontal boundaries. In the HCA, the magnitude of the three principal 

stresses and the direction of the major principal stress with respect to the vertical, 

measured by angle Ŭ or Ŭůô1, can be controlled independently. It is noticed that the 

angle Ŭ can be changed continuously from 0Ј to 90Ј, a capability that is not provided 

by the conventional triaxial, true triaxial or simple shear apparatus. The continuous 

rotation of the stress principal axes can be imposed under changing or constant 

principal stresses and under the control of the b-parameter. Moreover, in contrast to 

the simple shear apparatus, the application of the shear stress Űzɗ results in the 

automatic development of the complementary shear stress, Űɗz, while there is no 

restriction on the zero-extension directions (Hight et al. 1983). Figure 2.110 shows the 

HCA, the boundary pressures and loads, and the internal stresses in a soil element.  

Yoshimine et al. (1998) performed an extensive series of monotonic undrained 

torsional shear tests on saturated sand under different combinations of Ŭ and b. Figure 

2.111 shows some indicative results from tests at different Ŭ and common b = 0.5 and 

from tests at different b and common Ŭ = 45Ј. It can be seen that the behaviour of 

sand becomes more contractive and less stiff when Ŭ increases under fixed b or when 

b increases under fixed Ŭ. These results indicate the influence of fabric anisotropy and 

stress system on the mechanical behaviour of sand, which should be taken into 

consideration in the geotechnical design and analysis. The tests in the present study 

are performed in a hollow cylinder apparatus in order to investigate the behaviour of 

sand under loading with both fixed and rotating stress principal axes. 
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2.11 SUMMARY 

Sands are granular materials that are deposited in the field mainly under the action of 

gravity and as such they exhibit frictional mechanical characteristics, as well as the 

property of dilatancy. This is because the sand masses equilibrate by means of the 

normal and shear stresses acting at the intergranular contacts, thus, the mechanical 

behaviour of sands is particularly sensitive to density and effective confinement, 

while the direction of deformation does not necessarily coincide with the direction of 

shearing due to micromechanical constraints. Moreover, sands exhibit anisotropic 

mechanical characteristics because the grain arrangements formed under gravity 

deposition exhibit different geometrical properties along the different directions. For 

example, the contact normals are densely oriented along the vertical direction of 

deposition, while the long axes of non-spherical grains are preferentially aligned with 

the horizontal bedding planes. The statistical distribution of the orientations of the 

contact normals and long axes of grains (or voids) can be described mathematically 

by means of a second-order tensor, called the fabric tensor, which provides a measure 

of fabric anisotropy. The fabric anisotropy attributed to gravity deposition is called 

the inherent anisotropy and affects the strength, stiffness and dilatancy of sands.  

Under the application of external loads the internal fabric is reorganised in order to 

sustain these loads more efficiently. The mechanism of fabric reorganisation is called 

the (stress-) induced anisotropy. For example, as the granular material is subjected to 

deviatoric loading the increase in the stress ratio ůô1 / ůô3 causes new grain contacts to 

form along the direction of the ůô1-axis and existing grain contacts to vanish along the 

direction of the ůô3-axis, which means that the fabric anisotropy intensity increases in 

response to the increase in stress ratio. In the case that the principal directions of 

stress rotate during shearing the principal directions of fabric follow suit, which 

means that the fabric anisotropy evolves not only in terms of intensity but also in 

terms of orientation; the principal directions of fabric also rotate in order to align with 

the fixed principal directions of stress when the initial fabric axes are inclined with 

respect to the stress axes. However, the grains orientations evolve more slowly than 

the contact normals or voids orientation during shearing, yet, inside the zones of strain 

localisation considerable re-alignment of grains accrues from the intense remoulding.    

The plastic incremental shear strain of sands is generally coupled to the plastic 

incremental volumetric strain and this fundamental property shared by all granular 

materials is called dilatancy. Many researchers proposed, in the past, theories and 

models that rely upon micromechanics in order to explain the dilatancy of sands. 

According to these theories, the dilatancy ratio, defined as the plastic incremental 

volumetric strain over the plastic incremental shear strain, is correlated with the 

current value of the deviatoric stress ratio and the intergranular friction characteristics 

of the material; the mathematical description of this dependence is called the stress ï 

dilatancy relationship. However, recent micromechanical studies have shown that 

both the dilatancy ratio and the stress ï dilatancy relationship depend, additionally, on 

the material state, determined as the current combination of void ratio and mean 
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effective stress with reference to an ultimate material state (critical state), as well as 

on the state of fabric anisotropy.  

The critical state of granular materials is frequently attained inside the zones of strain 

localisation and the intense remoulding of fabric inside these zones is associated with 

considerable changes in the non-directional and directional characteristics of fabric. 

The next chapter presents the classical Critical State Theory by Roscoe et al. (1958) 

and Schofield and Wroth (1968) and the the Anisotropic Critical State Theory, 

proposed recently by Li and Dafalias (2012) as a revision that takes into account the 

fabric effects at critical state. 
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Fig. 2.1 Interaction between two grains via normal and shear force at the interparticle contact (after Towhata 

2008) 

 

 

Fig. 2.2 The direct-shear apparatus (after Towhata 2008) 

 

  

Fig. 2.3 Shear stress - displacement curves of sand subjected to direct-shear loading. a Influence of 

confining stress on drained stress - strain behaviour of sand. b Influence of relative density of sand on 

drained stress - strain behaviour of sand (after Towhata 2008) 
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Fig. 2.4 The concept of critical void ratio of dense and loose sand loaded under drained conditions at the 

same confining stress (Casagrande 1936). a Stress - strain curves. b Stress - void ratio curves 

 

Fig. 2.5 Critical void ratio (CVR) line in the e ï ůô3c plane (Casagrande 1936). a CVR line in linear scale. b 

CVR line in semi-logarithmic scale (after Kramer 1996) 

 

 

Fig. 2.6 The triaxial apparatus for axisymmetric loading of cylinders (after Bishop and Bjerrum 1960) 
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Fig. 2.7 Monotonic undrained triaxial compression tests on medium dense sand, consolidated to different 

mean effective stresses. a Stress - strain curves. b Effective stress paths (after Verdugo and Ishihara 1996) 

 

Fig. 2.8 Monotonic undrained triaxial compression tests on medium loose sand, consolidated to different 

mean effective stresses. a Stress - strain curves. b Effective stress paths (after Verdugo and Ishihara 1996) 
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Fig. 2.9 Monotonic undrained triaxial compression tests on loose sand, consolidated to different mean 

effective stresses. a Stress - strain curves. b Effective stress paths (after Verdugo and Ishihara 1996) 

 

 

 

Fig. 2.10 The steady state line in the e - pô plane obtained from undrained triaxial compression tests on sand 

specimens under different initial states (after Verdugo and Ishihara 1996) 
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Fig. 2.11 The steady state strength envelope in the q / 2 - pô plane obtained from undrained triaxial 

compression tests on sand specimens under different initial states (after Verdugo and Ishihara 1996) 

 

 

Fig. 2.12 Monotonic drained triaxial compression tests on very loose, loose and medium loose sand, 

consolidated to stress pôo = 0.1 MPa. a Stress - strain curves. b Deviatoric stress - void ratio curves (after 

Verdugo and Ishihara 1996) 
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Fig. 2.13 Monotonic drained triaxial compression tests on very loose, loose and medium loose sand, 

consolidated to stress pôo = 0.5 MPa. a Stress - strain curves. b Deviatoric stress - void ratio curves (after 

Verdugo and Ishihara 1996) 

 

 

Fig. 2.14 Ultimate states in the e - pô plane of sand subjected to triaxial compression under both drained and 

undrained conditions (after Verdugo and Ishihara 1996) 



Chapter 2: Fabric of sands 
 

92 

 

 

Fig. 2.15 Mobilised stress ratio of sand subjected to drained triaxial compression versus axial strain. a pôo = 

0.1 MPa. b pôo =0.5 MPa (after Verdugo and Ishihara 1996) 

 

Fig. 16 Definition of stiffness moduli of a soil material subjected to monotonic triaxial compression (after 

Shibuya et al. 1992) 
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Fig. 2.17 Elastic and inelastic deformation characteristics of two granular geomaterials subjected to 

compression. a Sand subjected to drained plane strain compression. b Gravel subjected to drained triaxial 

compression (after Shibuya et al. 1992) 

 

 

Fig. 2.18 Local displacement transducers (LDTs) placed directly on a sand specimen with the shape of a 

rectangular prism prepared for triaxial testing (after Towhata 2008) 
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Fig. 2.19 Left: Degradation curves of elastoplastic shear modulus with strain amplitude for sands subjected 

to cyclic loading at various stress amplitudes (after Towhata 2008 and Kokusho 1987). Right: Definition of 

elastoplastic shear modulus G after stabilisation of the hysteresis loop (after Iwasaki et al. 1978) 

 

 

Fig. 2.20 The contact surface of two equal cylindrical lenses with their axes inclined at 45Ј visualised by the 

interference fringes. a Unloaded contact. b Loaded contact  (after Johnson 2003) 
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Fig. 2.21 Idealisation of the kinematics and statics of the shear zone (shear band) of sand that dilates under 

shear distortion in plane-strain mode (after Vardoulakis and Georgopoulos 2005) 

 

Fig. 2.22 Stress, deformation and energy dissipation in direct shear mode of loading of: a a granular material 

with frictional - dilatant characteristics and b an equivalent purely-frictional solid that dissipates energy in 

constant rate according to Taylorôs theory (after Vardoulakis and Georgopoulos 2005) 

 

Fig. 2.23 Comparison of stress - dilatancy plots from loading tests with both fixed and rotating stress 

principal axes; principal stress rotation is performed while keeping the effective stress principal values 

constant. a Stress - dilatancy relationship without correction for non-coaxiality. b Stress - dilatancy 

relationship with correction for non-coaxiality (after Gutierrez and Ishihara 2000) 
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Fig. 2.24 Stress - dilatancy plots prior to and after the shear-band bifurcation for dilatant sand subjected to 

triaxial compression at: a pô = 40 kPa and b pô = 120 kPa (after Gutierrez and Vardoulakis 2007) 

 

 

Fig. 2.25 The basic assumptions of the deformation model for sands proposed by Newland and Allely 

(1957). a Geometrical packing of spherical particles representing grains. b Sliding of adjacent particles 

along the direction of the tangent at contact points. c Non-coincidence of the directions of the plane of 

sliding and the plane of shearing. d Equivalent mechanism of sliding between two blocks along the serrated 

contact surface (after Newland and Allely 1957) 
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Fig. 2.26 Two different regular packings of uniform cylindrical rods, in dense and loose state, subjected to 

loading in order to study the stress - dilatancy relationship. a Dense (left) and loose (right) packing A. b 

Loose (left) and dense (right) packing B (after Li and Dafalias 2000) 
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Fig. 2.27 Assembly of uniform rigid spheres subjected to compression: a before the formation of shear zone, 

b after the formation of shear zone (after Rowe 1962) 

 

 

Fig. 2.28 Influence of the kinematic constraints at rod contacts on the stress - dilatancy relationship. Note 

that Equation 7 that produces the dotted curve shown in this figure corresponds to Equation 2.17 of the 

present study (after Li and Dafalias 2000) 
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Fig. 2.29 Undrained response of sand under triaxial compression at initial states corresponding to: a the 

same effective confining stress but different void ratios, b the same void ratio but different effective 

confining stresses (after Li and Dafalias 2000; data from Verdugo and Ishihara 1996) 

 

 

Fig. 2.30 The dependence of the stress ratio at phase transformation on the state of sand (after Li and 

Dafalias 2000; data from Verdugo and Ishihara 1996) 
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Fig. 2.31 States of zero dilatancy of sand subjected to undrained loading (after Negussey et al. 1988) 
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Fig. 2.32 The state parameter ɣ = e ï ec(pô) of sand being denser than critical (1) and looser than critical (2) 

(after Li and Dafalias 2000) 

 

Fig. 2.33 Cylindrical test specimen of stratified soft rock formed with the cylinder axis at an angle ɗ with 

respect to the normal to the strata (after Allirot et al. 1977) 
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Fig. 2.34a Deformed cylindrical specimens of stratified soft rock, with a variety of angles ɗ between the 

cylinder axis and the normal to the strata, subjected to many high-pressure isotropic loading - unloading 

cycles. b The specimen with ɗ = 0Ј before and after deformation. c The specimen with ɗ = 90Ј before and 

after deformation (after Allirot et al. 1977) 

 

Fig. 2.35 Definition of particle and contact normal orientation. 1 The orientation of the long axis of grains. 2 

The orientation of the normal vector to the tangent plane at the contact point between two grains (after Oda 

1972a)   
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Fig. 2.36 Determination of the contact normal direction by means of the direction angles Ŭ and ɓ (after Oda 

1972a) 

 

Fig. 2.37 Preparation of thin sections along vertical, horizontal and inclined planes by cutting a resin-

stabilised cylindrical specimen of sand (after Oda 1972a) 

 

Fig. 2.38 Determination of the direction of the apparent long axis of a grain on a thin section (after Oda 

1972a) 
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Fig. 2.39 Frequency histograms of the orientation angle ɗ of the apparent long axis of grains in various thin 

sections cut from a stabilised sand specimen. 1 Vertical section. 2 Section inclined at 45Ј above the 

horizontal plane. 3 Horizontal section (after Oda 1972a) 

 

Fig. 2.40 Probability density of contact normals as a function of the direction angle ɓ. The dashed line 

represents the uniform distribution of contact normals corresponding to isotropic fabric (after Oda 1972a) 

 

Fig. 2.41 1 A cubic volume of sand A consisted of elongated grains. 2 A cubic volume of sand D consisted 

of round grains (after Oda 1972a) 
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Fig. 2.42 Experimental techniques used to form specimens with inclined bedding planes. a The bedding 

plane direction with respect to the vertical plane. b The tilted container used to form specimens with inclined 

bedding planes for plane strain compression tests. c The titled container used to form specimens with 

inclined bedding planes for triaxial compression tests (after Oda et al. 1978) 
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Fig. 2.43 Influence of fabric anisotropy on the strength, stiffness and dilatancy characteristics of Toyoura 

sand. a Stress - strain and volumetric behaviour of sand specimens with inclined bedding planes subjected to 

plane strain compression b Stress - strain and volumetric behaviour of sand specimens with inclined bedding 

planes subjected to triaxial compression. Note that v stands for volumetric strain -Ůvol (after Oda et al. 1978) 
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Fig. 2.44 Determination of the fabric index Sz / Sx of sand. a Projected grain contact areas. b Two pairs of 

thin sections cut from two specimens that were compressed until different values of stress ratio and strain 

were reached (after Oda 1972b) 
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Fig. 2.45 Stress - dilatancy plots for two quartz sands subjected to drained triaxial compression. a Pre-failure 

states of sand B. b Pre-failure states of sand D. c Failure states of sands B and D (after Oda 1972b) 
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Fig. 2.46 Definition of the bedding plane angle ɗ with respect to the reference X1 and X2 axes (after Oda et 

al. 1985) 

 

Fig. 2.47 Photoelastic pictures of an assembly of oval-shaped rods subjected to biaxial compression. a Initial 

state. b Pre-failure state. c Failure state. d Post-failure state. Note that the major principal stress ů1 is 

oriented along the vertical X2-direction (after Oda et al. 1985) 








































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































