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΢ΤΝΟΦΗ 
 

 

  Πξσηαξρηθόο ζθνπόο ηεο κεηαπηπρηαθήο κνπ εξγαζίαο είλαη λα παξνπζηάζσ 
θαη λα πξνηείλσ ηε κέζνδν ηεο Ιζνγεσκεηξηθήο Αλάιπζεο (IsoGeometric 
Analysis, IGA), ε νπνία αλαπηύρζεθε πξόζθαηα πξνθεηκέλνπ λα θαιύςεη ην 
ηεξάζηην θελό κεηαμύ ηεο Αλάιπζεs κε Πεπεξαζκέλα ΢ηνηρεία (Finite Element 
Analysis, FEA) θαη ησλ ζρεδηαζηηθώλ πξνγξακκάησλ CAD (Computer-Aided 
Design) θαη λα ζπλδέζεη ηα δύν απηά επηζηεκνληθά πεδία. Υάξηλ απηήο είκαζηε 
ζε ζέζε λα εληζρύζνπκε ηε κεζνδνινγία ηεο θιαζηθήο Αλάιπζεο κε 
Πεπεξαζκέλα ΢ηνηρεία κε ηηο δπλαηόηεηεο ηνπ CAD. ΢ηηο κέξεο καο, είλαη 
πνιύ ζεκαληηθό λα κπνξνύκε λα κεηαηξέπνπκε δεδνκέλα ηνπ CAD ζε 
αληίζηνηρα πνπ κπνξεί λα ρξεζηκνπνηήζεη ε IGA, πξνθεηκέλνπ εύθνια θαη 
απνδνηηθά λα είκαζηε ζε ζέζε αλαιύνπκε λέα ζρέδηα (θνξείο) θαηά ηελ 
αλάπηπμή ηνπο, γεγνλόο δύζθνιν θαζώο ε θάζε θαηεγνξία πξνγξακκάησλ 
πξνζεγγίδεη κε δηαθνξεηηθό ππνινγηζηηθό ηξόπν ηε γεσκεηξία. Η 
πξνηεηλόκελε κέζνδνο ρξεζηκνπνηεί σο ζπλαξηήζεηο βάζεο ηηο NURBS, 
δειαδή ηε πην δηαδεδνκέλε βάζε πνπ ρξεζηκνπνηείηαη από πιεηάδα 
πξνγξακκάησλ CAD. Απηό καο επηηξέπεη λα ζρεδηάδνπκε, ειέγρνπκε θαη 
αλαπξνζαξκόδνπκε ηα πξνζνκνηώκαηα ησλ αλαιύζεώλ καο κε κία θίλεζε 
ρξεζηκνπνηώληαο έλα θνηλό ζύλνιν δεδνκέλσλ. 
 
  Η ζπγθεθξηκέλε κεηαπηπρηαθή πεξηιακβάλεη δύν θύξηεο ελόηεηεο. Η πξώηε 
ελόηεηα πξαγκαηεύεηαη ην ζεσξεηηθό ππόβαζξν ηεο κεζόδνπ θαη ε δεύηεξε 
δηάθνξεο εθαξκνγέο κέζσ ησλ νπνίσλ θαηαιήγσ ζε ρξήζηκα 
ζπκπεξάζκαηα. Εηδηθόηεξα, ζηελ πξώηε ελόηεηα πεξηγξάθσ ιεπηνκεξώο ηε 
κεζνδνινγία θαη δίλσ ηδηαίηεξε έκθαζε ζε βαζηθνύο όξνπο, όπσο νκάδα 
ηζνγεσκεηξηθώλ ζηνηρείσλ (patch), ηζνγεσκεηξηθό ζηνηρείν (isogeometric 
element), ζεκείν ειέγρνπ (control point), control polygon, convex hull, 
ζπλαξηήζεηο B-SPLine (Basis Smooth Polynomial Line), αλαδξνκηθόο ηύπνο 
Cox-de Boor, πνιπσλπκηθόο βαζκόο ησλ B-SPLine, NURBS (Non Uniform 
Rational B-SPLines), B-SPLine θακπύιε, B-SPLine επηθάλεηα, B-SPLine 
ζηεξεό, θόκβνο (knot), δηάλπζκα θόκβσλ (knot vector), ρώξνο δεηθηώλ (index 
space), παξακεηξηθόο ρώξνο (parameter space), θπζηθόο ρώξνο (physical 
space). Σέινο, ζα πεξηγξάςσ πσο κπνξνύκε λα βειηηώζνπκε έλα δίθηπν 
ηζνγεσκεηξηθώλ ζηνηρείσλ. ΢ηε δεύηεξε ελόηεηα, παξαζέησ κε θάζε 
ιεπηνκέξεηα ηηο πην βαζηθέο από ηηο εθαξκνγέο (γξακκηθή ζηαηηθή αλάιπζε) 
πνπ έρσ πξαγκαηνπνηήζεη κε ηε κέζνδν απηή. Κάζε πξόβιεκα επηιύεηαη θαη 
κε πεπεξαζκέλα ζηνηρεία. Μέζσ ηεο ζύγθξηζεο ησλ απνηειεζκάησλ ηεο IGA 
κε ηα αληίζηνηρα ηεο FEA, θαζώο επίζεο θαη κε ηα ήδε ππάξρνληα ζηε δηεζλή 
βηβιηνγξαθία θαη ηηο αλαιπηηθέο ιύζεηο, έρσ εκπεδώζεη ηε ζπγθεθξηκέλε 
κέζνδν, απνδείμεη ηελ απνδνηηθόηεηά ηεο (αθόκε θαη ζε θνξείο κε πνιύπινθε 
γεσκεηξία) θαη ζπλεηδεηνπνηήζεη όηη πξόθεηηαη γηα κία παλίζρπξε επέθηαζε 
ηεο θιαζηθήο FEA. Πξνο ηελ θαηεύζπλζε απηή έρνπλ ζπκβάιεη θαζνξηζηηθά 
θαη νη παξακεηξηθέο δηεξεπλήζεηο, νη νπνίεο κε βνήζεζαλ λα κεηξήζσ ηνλ 
αληίθηππν ζεκαληηθώλ ραξαθηεξηζηηθώλ, όπσο ησλ ζεκείσλ ειέγρνπ, ησλ 
θόκβσλ θαη ηεο ηάμεο ησλ ζπλαξηήζεσλ B-SPLine. 
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ABSTRACT 
 

 

 

  My thesis’ primary goal is to introduce IsoGeometric Analysis (IGA). The 
development of this method was motivated by the existing gap between the 
worlds of Finite Element Analysis (FEA) and Computer-Aided Design (CAD), 
so its initial purpose is to unify the fields of FEA and CAD. IGA is a recently 
developed computational approach that give us the opportunity to integrate 
Finite Element Analysis into conventional NURBS-based CAD design tools. 
Currently, it is necessary to convert data between CAD and FEA packages to 
analyze new designs during development, a difficult task since the 
computational geometric approach for each is different. This method employs 
complex NURBS geometry (the basis of most CAD packages) in the FEA 
application directly. This allows models to designed, tested and adjusted in 
one go, using a common data set. I have selected NURBS as the initial basis, 
because it’s the most widely used computational geometry technology in 
engineering design. That’s why I will introduce them with an initial focus on 
geometric design and the particular features that make this technology 
unique. 
 
 
  In order to present this method with optimum way, my thesis includes two 
parts. Part 1 introduces the theory behind Isogeometric Analysis. I will analyze 
the way it works and I will explain in details IGA’s keywords, such as patch, 
isogeometric element, control point, control polygon, convex hull, B-SPLine 
functions (Basis Smooth Polynomial Line functions), Cox-de Boor recursion 
formula, polynomial order of B-SPLines, NURBS (Non Uniform Rational Basis 
SPLines), B-SPLine curve, B-SPLine surface, B-SPLine solid, knot, knot 
vector, index space, parameter space, physical space. Lastly, I will describe 
how refinement in IGA is carried out. In Part 2, I will present again in details 
applications of this method. For every problem (static linear analysis), I have 
executed parameter investigation in order to research the affection of control 
points, knots and B-SPLines’ polynomial order on the results. I have solved 
the same problems with classic Finite Element Method. Comparing the 
results, I will come into very interesting and fundamental deductions. With 
these applications I have arrived at the conclusion that IGA is simply an 
expansion and powerful generalization of traditional FEA. 
 
 
  The proposed modeling method uses NURBS as shape functions. The 
performance of the proposed modeling is demonstrated by comparing the 
numerical predictions with existing experimental results in the literature, 
analytic solutions and Finite Element Analysis’ corresponding results. The 
results show that the proposed IGA predicts accurately the static linear elastic 
behavior of structures with complex geometry achieving numerical robustness 
and computational efficiency. 
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1. 
 THE THEORY BEHIND 

 THE ISOGEOMETRIC ANALYSIS 
 
 

1.1 B-SPLine 
 

  IGA uses NURBS (Non-Uniform Rational Basis SPLines) as shape functions. With this 

mathematical model (commonly used in computer graphics), I can generate curves and 

surfaces and handle with great flexibility and precision both analytic and freeform shapes. 

NURBS are built from B-SPLines (Basis Smooth Polynomial Lines), which are described below. 

 

  In classical Finite Element Analysis (FEA), the parameter space (“reference/ parent 

element”) is local to individual elements and is mapped into a single element in the physical 

space. Each finite element has its own mapping from the reference element. 

 

 
 

Figure 1.1. Parameter (1 element) and physical space (6 finite elements). (FEA) 

 
  In Isogeometric Analysis (IGA), the B-SPLine parameter space is local to the entire patch 

rather than element. The B-SPLine mapping (a single map) takes a patch of multiple 

elements in the parameter space into the physical space, but the mapping itself is global to 

the whole patch, rather than to elements. Patches play the role of subdomains within which 

element types and material models are assumed to be uniform. Many simple domains can 

be represented by a single patch. Internal knots partition the patch into elements. 

 

 
 

Figure 1.2. Parameter (6 elements) and physical space (6 isogeometric elements). (IGA)  
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1.1.1 Knot Vector 
 

  A knot vector in one dimension is a non-decreasing coordinates’ set in the parameter 

space, written: 

 

 
1 2 n p 1{ , ,..., } (1.1) 

 
where: 

 

 Riξ : parametric coordinate of ith knot value. 

 i = 1, 2, …, n+p+1: knot index. Knot values may be repeated, that is, more than one 

knot may take on the same value. This fact has important implications for the basis’ 

properties. 

 p: basis functions’ polynomial order. Alternatively, I can use polynomial constant 

K=p+1. 

 n: number of basis functions/ control points. I combine linearly basis functions in 

order to construct B-SPLine curve. 

 
  Knots partition parameter space into isogeometric elements. Element boundaries in the 

physical space are simply the images of knot lines under the B-SPLine mapping. Figure 1.2 

shows a 3-D parameter space (ΞxHxZ) and a patch. As far as this patch is concerned, there 

are 3 knots (2 spans) in the parametric axis ξ, 2 knots (1 span) in the parametric axis η and 4 

knots (3 spans) in the parametric axis ζ. These knots partition the patch into 2 1 3 6  

isogeometric elements. Every face ξ, η, ζ has correspondingly 6, 7, 5 knot lines. 

 

  There are two different views as far as the distinction between “elements” and “patches” is 

concerned. 

 According to Kagan et all., the patches themselves are referred to as elements. This is 

not unreasonable as the parameter space is local to patches and a finite element code 

must include a loop over the patches during assembly. 

 Meanwhile, I choose the alternate Hughes’ view that patches are subdomains 

comprised of many elements, namely the “knot spans”, because it seems more 

appropriate as, in my work, numerical quadrature is carried out at the knot span level. 

Furthermore, in the case of B-SPLines, the functions are piecewise polynomials where 

the different “pieces” join along knot lines. In this way the functions are C
∞

 within an 

element. Lastly, surprisingly complicated domains can be described by a single patch. 

Describing such domains as being comprised of one element seems inconsistent with 

the traditional notion of what an element is. 

 

  I use uniform open knot vectors, which are the standard in the CAD literature. 

 Uniform knot vector means that the knots are equally spaced in the parameter 

space. If they are unequally spaced, the knot vector is non-uniform. 

 A knot vector is said to be open if its first and last knot values appear p+1 times. In 

one dimension, basis functions formed from open knot vectors are interpolatory at 
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the ends of the parameter space interval [ξ1, …, ξn+p+1] and at the corners of patches 

in multiple dimensions, but they are not, in general, interpolatory at interior knots. 

This is a distinguishing feature between IGA’s knots and FEA’s nodes. A further 

consequence of open knot vectors in multiple dimensions is that the boundary of a 

B-SPLine object with d parametric dimensions is itself a B-SPLine object of dimension 

d-1. For example, each edge of a B-SPLine surface is itself a B-SPLine curve. 

 
 

1.1.2 Basis functions 
 
 

De Boor’s algorithm 
 
  In the mathematical subfield of numerical analysis, B-SPLine is a SPLine function that has 

minimal support with respect to a given degree (p), smoothness and domain partition (knot 

vector). B-SPLines were investigated as early as the nineteenth century by Nikolai 

Lobachevsky from Kazan State University, Russia. A fundamental theorem states that every 

SPLine function of a given degree, smoothness and domain partition, can be uniquely 

represented as a linear combination of B-SPLines of that same degree and smoothness and 

over that same partition. 

 
  The term "B-SPLine" was coined by Isaac Jacob Schoenberg and is short for basis SPLine. B-

SPLines can be evaluated in a numerically stable way by the de Boor algorithm. Simplified, 

potentially faster variants of the de Boor algorithm have been created but they suffer from 

comparatively lower stability. 

 
  With a knot vector and n control points in hand, the n B-SPLine basis functions are 

defined recursively starting with piecewise constants (p=0). Every B-SPLine function 

corresponds to a control point. 

 

 i i 1
i,0

1 if

0 otherwise

 
    (1.2) 

 
  For p=1,2,3,…, they are defined by: 

 

 
i p 1i

i,p i,p 1 i 1,p 1
i p i i p 1 i 1

N ( ) N ( ) N ( )  (1.3) 

 

where i=1,…,n. 

 

  This is referred to as the Cox-de Boor recursion formula (Cox 1971; de Boor 1972). 

 

  It is worth mentioning that according to Fisher, the B-SPLine basis is equal to: 

  

http://en.wikipedia.org/wiki/Degree_of_a_polynomial
http://en.wikipedia.org/wiki/Smooth_function
http://en.wikipedia.org/wiki/Domain_(mathematics)
http://en.wikipedia.org/wiki/Nikolai_Lobachevsky
http://en.wikipedia.org/wiki/Nikolai_Lobachevsky
http://en.wikipedia.org/wiki/Kazan_State_University
http://en.wikipedia.org/wiki/Linear_combination
http://en.wikipedia.org/wiki/Term_(language)
http://en.wikipedia.org/wiki/Isaac_Jacob_Schoenberg
http://en.wikipedia.org/wiki/Numerical_stability
http://en.wikipedia.org/wiki/De_Boor_algorithm
http://en.wikipedia.org/wiki/De_Boor_algorithm
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1,K n,K,...,  

 

where Ni,K is constructed using the following recursive formula: 

 

 

i i 1

i,1 n 1

1 if  ξ

N ( ) 1 if  i=n and ξ

0 otherwise

 (1.4) 

 

 i i k
i,k i,k 1 i 1,k 1

i k 1 i i k i 1

( ) ( ) ( )  (1.5) 

 

where i=1,…,n and k=2,…,K. 

 

  Κ is BSPLine’s polynomial order according to Fisher. Because the denominators in the 

second relation can be zero, the convention 0/0=0 is used; in other words 0x(.)=0 even if (.) 

is undefined. When i=n, the second term is omitted. The connection between Fisher’s K and 

Hughes’ p is given by the following mathematical relation: 

 

 K p 1  (1.6) 

 

 

Example 1 
 

  In order to produce the 6 quadratic (p=2, K=3) B-SPLine basis functions (its support is three 
knot spans) for n=6 control points, I have to calculate the 6+1=7 corresponding linear B-
SPLine functions (its support is two knot spans) and the 6+2=8 constant B-SPLine functions 
(its support is one knot span). I work as follows using Fisher’s K: 
 

  I calculate the open uniform knot vector Ξ, which has n+p+1=6+2+1=9 knot values. Its first 

(0) and last (4) knot values appear p+1=2+1=3 times (open knot vector). The remaining 9-

2·3=3 knot values are 1, 2, 3 (equally spaced, uniform knot vector). 

 

{0,0,0,1,2,3,4,4,4}  

 

  I form below the n+2=8 constant B-SPLines. 

 

i i 1

i,1 n 1

1 if  ξ

N ( ) 1 if  i=n and ξ

0 otherwise
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 K=1 

 

 Ν1,1(ξ): 

1 2

1,1

1 if  0 0 0
   

0 otherwise
 

 Ν2,1(ξ): 

2 3

2,1

1 if  0 0 0
   

0 otherwise
 

 

 Ν3,1(ξ): 

3 4

3,1

1 if  0 1
   

0 otherwise
 

 

 Ν4,1(ξ): 

4 5

4,1

1 if  1 2
   

0 otherwise
 

 

 Ν5,1(ξ): 

5 6

5,1

1 if  2 3
   

0 otherwise
 

 

 Ν6,1(ξ): 

6 7

6,1

1 if  3 4
   

0 otherwise
 

 

 Ν7,1(ξ): 

7 8

7,1

1 if  4 4 4
   

0 otherwise
 

 

 Ν8,1(ξ): 

8 9

8,1

1 if  4 4 4
   

0 otherwise
 

 
  Then, I produce the n+1=7 linear B-SPLine functions. 
 

k 2i i k
i,k i,k 1 i 1,k 1

i k 1 i i k i 1

i i 2
i,2 i,1 i 1,1

i 1 i i 2 i 1

( ) ( ) ( )

( ) ( ) ( )
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 K=2 

 Ν1,2(ξ): 

31
1,2 1,1 2,1 1,1 2,1

2 1 3 2

0 0
N ( ) N ( ) N ( ) N ( ) N ( )

0 0 0 0  

1,2 1,1 2,1 1,2N ( ) 0 N ( ) 0 N ( ) N ( ) 0

  Ν2,2(ξ): 

2 4
2,2 2,1 3,1 2,1 3,1

3 2 4 3

2,2 3,1

2,2 2,2

0 1
N ( ) N ( ) N ( ) N ( ) N ( )

0 0 1 0

N ( ) 1 N ( )

1 1 if  0 1 1 if  0 1
N ( ) N ( )

1 0 otherwise 0 otherwise

 

 Ν3,2(ξ): 

3 5
3,2 3,1 4,1 3,1 4,1

4 3 5 4

3,2 3,1 4,1

3,2 3,2

0 2
N ( ) N ( ) N ( ) N ( ) N ( )

1 0 2 1

N ( ) N ( ) 2 N ( )

1 2 0 if  0 1 if  0 1

N ( ) 0 2 1 if  1 2 N ( ) 2 if  1 2

0 otherwise 0 otherwise
 

 Ν4,2(ξ): 

64
4,2 4,1 5,1 4,1 5,1

5 4 6 5

4,2 4,1 5,1

4,2 4,2

1 3
N ( ) N ( ) N ( ) N ( ) N ( )

2 1 3 2

N ( ) 1 N ( ) 3 N ( )

1 1 3 0 if  1 2 1 if  1 2

N ( ) 1 0 3 1 if  2 3 N ( ) 3 if  2 3

0 otherwise 0 otherwise
 

 Ν5,2(ξ): 

5,2

2 if  2 3

N ( ) 4 if  3 4

0 otherwise

 
 Ν6,2(ξ): 

6,2

3 if  3 4
N ( )

0 othewise

 

 Ν7,2(ξ): 

7,2N ( ) 0   
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 K=3 
 
  Then, I calculate the n=6 quadratic B-SPLines functions. 
 

k 3i i k
i,k i,k 1 i 1,k 1

i k 1 i i k i 1

i 3i
i,3 i,2 i 1,2

i 2 i i 3 i 1

( ) ( ) ( )

( ) ( ) ( )

 
 

 Ν1,3(ξ): 

1 4
1,3 1,2 2,2 1,2 2,2

3 1 4 2

1,3 1,2 2,2

2

1,3

0 1
N ( ) N ( ) N ( ) N ( ) N ( )

0 0 1 0

N ( ) 0 N ( ) 1 N ( )

if  0 11 1 2 1
N ( )

otherwise0

 

 

 Ν2,3(ξ): 

52
2,3 2,2 3,2 2,2 3,2

4 2 5 3

2,3 2,2 3,2

2

2

2,3

0 2
N ( ) N ( ) N ( ) N ( ) N ( )

1 0 2 0

2
N ( ) N ( ) N ( )

2

2 3
(1 ) 2 if   0 1

2 2

2
N ( ) 0 (2 ) 2 2 if  1 2

2 2

2
0 0 0 otherwise

2  

 

 Ν3,3(ξ): 
 
 

3 6
3,3 3,2 4,2 3,2 4,2

5 3 6 4

3,3 3,2 4,2

2

2

3,3 2

0 3
N ( ) N ( ) N ( ) N ( ) N ( )

2 0 3 1

3
N ( ) N ( ) N ( )

2 2

3
0 if   0 1

2 2 2

3 3
2 1 = 3 if  1 2

2 2 2
N ( )

3 9
0 3 = 3 if  2

2 2 2 2
3

3
0 0 0 otherwise

2 2

 

 
 

   Similarly, I produce Ν4,3(ξ), Ν5,3(ξ) and Ν6,3(ξ).  
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Figure 1.3.a. Constant Basis SPLine functions for open, uniform knot vector 

Ξ={0,0,0,1,2,3,4,4,4}. 
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Figure 1.3.b. Linear Basis SPLine functions for open, uniform knot vector 

Ξ={0,0,0,1,2,3,4,4,4}. 
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Figure 1.3.c. Quadratic Basis SPLine functions for open, uniform knot vector 

Ξ={0,0,0,1,2,3,4,4,4}. 

 

 

  For constant and linear B-SPLine functions, we have the same result as for standard 

piecewise constant and linear finite element shape functions, respectively. Quadratic B-

SPLine basis functions, however, differ from their FEA counterparts. They are each identical, 

but shifted relative to each other, whereas the shape of a quadratic finite element function 

depends on whether it corresponds to an internal node or an end node. This 

“homogeneous” pattern continues for the B-SPLines as we continue to higher-orders.  
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Important Features 

 

 The basis constitutes a partition of unity, that is, for every ξ: 

 

 
n

i,p

i 1

N ( ) 1  (1.7) 

 

 Each basis function is pointwise nonnegative over the entire domain, that is, for 

every ξ: 

 

 
i,pN ( ) 0  (1.8) 

 

 One of the most distinctive features of isogeometric analysis, which has many 

extremely important implications for SPLines’ use as a basis for analysis, is that each 

pth order function has p-1 continuous derivatives across element boundaries (i.e. 

across knots). 

 

 The support of B-SPLine functions of order p is always p+1 knot spans. As a 

consequence, higher-order functions have support over much larger portions of the 

domain than do classical FEA functions. It is important to mention that this 

increasing support of the functions leads to increased skyline and not bandwidth in a 

numerical method. 

 

 

 
 

Figure 1.4. Bandwidth comparison for FEA and B-SPLine functions. 
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  The total number of functions that any given function shares support with (including itself) 

is 2p+1 regardless of whether we are using an FEA basis or B-SPLines. We can observe that in 

Figure 1.4, which depicts cubic shape functions for both FEA and IGA. Regardless of whether 

I use the C0 FEA cubics or the C2 B-SPLine cubics, the bandwidth of the resulting matrices will 

be 2p+1=7. In each case, the function in black has overlapping support with each of the six 

functions in red, as well as with itself. 

 
 

Continuity 

 
  An essential B-SPLine’s feature is that a B-SPLine of order p is interpolatory at the ends of 
the interval and at those interior knots which repeat themselves p times. 
 
  With the following non-uniform knot vector in hand,  
 

Ξ={ξ1, ξ2, ξ3, ξ4, ξ5, ξ6, ξ7, ξ8, ξ9, ξ10, ξ11}={0,0,0,1,2,3,4,4,5,5,5} 

 
Figure 1.5 presents the corresponding 8 quadratic basis SPLine functions. 
 
  It is worth underlining that the use of a non-uniform knot vector allows us to obtain much 
richer behavior than is possible with a simple uniform one 
 
 

 
 

Figure 1.5. Quadratic basis functions for open, non-uniform knot vector 

Ξ={0,0,0,1,2,3,4,4,5,5,5}. 

 
 
  As far as Figure’s 1.5 basis functions, they are interpolatory at the ends of the interval and 

also at ξ=4, the location of a twice repeated knot. At this repeated knot, only C0-continuity is 

attained. Elsewhere, the functions are C1-continuous. 

 

  In general, basis functions of order p have p-mi continuous derivatives across knot ξi, where 

mi is knot values’ ξi multiplicity in the knot vector. When the multiplicity of a knot value is 

exactly p, the basis is interpolatory at that knot. When the multiplicity is p+1, the basis 

becomes discontinuous and the patch boundary is formed. 
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  This relationship between continuity and the multiplicity of the knots is even more 

apparent in Figure 1.6, in which we have a fourth order curve with differing levels of 

continuity at every element boundary. 

 
 

 
 

Figure 1.6. Quadratic (p=4) basis functions for an open, non-uniform knot vector 

Ξ={0,0,0,0,0,1,2,2,3,3,3,4,4,4,4,5,5,5,5,5}. 

 

 

  At the first internal element boundary, ξ=1, the knot value appears only once in the knot 

vector and so we have the maximum level of continuity possible: Cp-1=C3. At each 

subsequent internal knot value, the multiplicity is increased by one and so the number of 

continuous derivatives is decreased by one. Note, as before, that when a knot value is 

repeated p times, in this case at ξ=4, the C0 basis is interpolatory. The basis is also 

interpolatory at the boundary of the domain, where the open knot vector demands that the 

first and last knot value be repeated p+1 times. The result is C-1 continuity, that is, the basis 

is fully discontinuous, naturally terminating the domain. 

 

  Observe that increasing the multiplicities of the knot values seems to have decreased the 

support of some of the functions. This is not a contradiction with the trend we observed 

previously as the support of each function Ni,p still begins at knot ξi and ends at ξi+p+1. That is, 

the support of each function is still p+1 knot spans, but some of those knot spans have zero 

measure due to the repetition of knot values. Surprisingly, none of this has any effect on the 

bandwidth. 

 

  The continuity across an interior element boundary is a direct result of the polynomial 

order and the multiplicity of the corresponding knot value. 
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1.1.3 B-SPLine Geometry 
 

B-SPLine Curve 

 

  In the computer science subfields of computer-aided design and computer graphics, the 

term B-SPLine frequently refers to a SPLine curve parameterized by SPLine functions that are 

expressed as linear combinations of B-splines (in the mathematical sense above). A B-SPLine 

is simply a generalization of a Bézier curve and it can avoid the Runge phenomenon without 

increasing the degree of the B-SPLine 

 

  B-SPLine curves in Rd are constructed by taking a linear combination of B-SPLine basis 

functions, just as in classical FEA. The vector-valued coefficients of the basis functions are 

referred to as control points. That is why the number of control points is equal to the 

number of basis functions. These are analogous to nodal coordinates in finite element 

analysis in that they are the coefficients of the basis functions, but the non-interpolatory 

nature of the basis does not lead to a concrete interpretation of the control point values. 

 

  Given n basis functions Ni,p (i=1,…,n) and corresponding control points Bi Rd (i=1,…,n), a 

piecewise-polynomial B-SPLine curve is given by: 

 

 
n

i,p i

i 1

C( ) N ( )  (1.9) 

 

  Note that the index i in Bi serves to identify the control point and is not a reference to one 

of its d components. Piecewise linear interpolation of the control points gives the so-called 

control polygon. 

 

  B-SPLine curve has many important properties, that follow directly from the properties of 

their corresponding basis functions. I describe them as follows: 

 

 B-SPLine curve of degree p has p-1 continuous derivatives in the absence of 

repeated knots or control points. In general, a curve will have at least as many 

continuous derivatives across an element boundary as its basis functions have across 

the corresponding knot value. 

 

 B-SPLine curve inherits from its basis locality. Due to the compact support of the B-

SPLine basis functions, moving a single control point can affect the geometry of no 

more than p+1 elements of the curve. 

 

 B-SPLines obey a strong convex hull property. The non-negativity and partition of 

basis’ unity properties, combined with functions’ compact support, lead to the fact 

that a B-SPLine curve is completely contained within the convex hull defined by its 

control points. Convex hull of a curve of degree p is defined as the union of all of the 

convex hulls formed by p+1 successive control points.  

http://en.wikipedia.org/wiki/Computer_science
http://en.wikipedia.org/wiki/Computer-aided_design
http://en.wikipedia.org/wiki/Computer_graphics
http://en.wikipedia.org/wiki/Spline_curve
http://en.wikipedia.org/wiki/Spline
http://en.wikipedia.org/wiki/B%C3%A9zier_curve
http://en.wikipedia.org/wiki/Runge%27s_phenomenon
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  Figure 1.7.a presents convex hulls for p=1 through p=5 for a given set of control points. 

Note, in particular, that the convex hull for a piecewise linear curve is just the control 

polygon itself. Figure 1.7.b shows the corresponding curves that we obtain by pairing these 

control points with the different bases. As the polynomial order increases, the curves 

become smoother and the effect of each individual control point is diminished. 

 

  We have 9 control points. Control Points 1 is the extreme left one. For a curve of degree p, 

in order to construct the convex hulls, I connect every control point with the p following 

control points. For Figure 1.7.a, I connect with linear lines the following control points: 

 

C.P.1 C.P.2 C.P.1 C.P.2, C.P.3 C.P.1 C.P.2, C.P.3, C.P.4, C.P.5, C.P.6

C.P.2 C.P.3 C.P.2 C.P.3, C.P.4 C.P.2 C.P.3, C.P.4, C.
...

... ... ... ... ... ...

C.P.7 C.P.8 C.P.7 C.P.8, C.P.9

C.P.8 C.P.9 C.P.8 C.P.9

     

   

 

p =1 p = 2 p = 5

P.5, C.P.6, C.P.7

... ... ...

C.P.7 C.P.8, C.P.9

C.P.8 C.P.9

  

 

 

 

                     
 

Figure 1.7. (a) Convex hulls for p=1 through p=5. (b) B-SPLine curves for p=1 through p=5. 

 

 

Example 2 

 

  Considering the following open non-uniform knot vector: 

 

Ξ={0,0,0,1,2,3,4,4,5,5,5} 

 

the corresponding quadratic B-SPLine functions are shown in Figure 1.7. 
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Figure 1.7. Quadratic basis functions for open, non-uniform knot vector 

Ξ={0,0,0,1,2,3,4,4,5,5,5}. 

 

  The number of knot values is equal to: 

 

n p 1 11  

 

  The basis functions are quadratic, so the polynomial order is equal to 2. 

 

n p 1 11 n 2 1 11 n 8  

 

  The control points are eight, as we can see in Figure 1.8.a. 

 

  Figure 1.8.a presents the resulting quadratic B-SPLine curve (blue curve), the 8 control 

points (red circles, ) and the corresponding control polygon (gray piecewise polynomial 

line) (physical space). Figure 1.8.b depicts the 6 knots (red squares, ), which partition 

BSPLine curve into 5 isogeometric elements (1D knot spans) (mesh of isogeometric 

elements) (physical space). 

 

  We can observe that the curve is interpolatory at the first and last control points, as it is 

built from an open knot vector (general feature), and at the sixth control point due to the 

fact that the multiplicity of the knot ξ=4 is equal to the polynomial order. The curve is also 

tangent to the control polygon at the first, last and sixth control point. The curve is Cp-1=C1-

continuous everywhere except at the location of the repeated knot, ξ=4, where it is Cp-2=C0-

continuous. It is very important to mention for another time that it is the knots, mapped into 

the physical space, and not the control points that partition the curve into isogeometric 

elements and define the mesh of isogeometric elements. 

 

 
 

Figure 1.8. B-SPLine, piecewise quadratic curve in R2.  
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B-SPLine Surfaces 

 

  Given: 

 

 a control net {Bi,j} where i=1,2,…,n and j=1,2,…,m, 

 polynomial orders p and q and 

 knot vectors Ξ={ξ1,ξ2,…,ξn+p+1} and H={η1,η2,…,ηm+q+1} 

 

a tensor product B-SPLine surface is defined by: 

 

 
n m

i,p j,q i, j

i 1 j 1

, NS  (1.10) 

 

 

where Ni,p(ξ), Mj,q(η) are univariate B-SPLine basis functions of order p and q, corresponding 

to knot vectors Ξ and H, respectively. 

 

  B-SPLine surface has very interesting properties, which are the result of its tensor product 

nature. 

 

 The basis is pointwise nonnegative and forms a partition of unity as 

 

  1 n p 1 1 m q 1, , x ,    (1.11) 

 

I have that: 

 

 
n m n m

i,p j,q i,p j,q

i 1 j 1 i 1 j 1

N N 1

 

 (1.12) 

 

 The number of continuous partial derivatives in a given parametric direction may be 

determined from the associated one-dimensional knot vector and polynomial order. 

 

 The surface again possesses the property of affine vocariance and has a strong 

convex hull property. 

 

 The local support of the basis functions also follows directly from the 1D functions 

that produce them. The support of a given bivariate function: 

 

   i, j;p,q i,p j,qN N    (1.13) 

 

is exactly: 

i i p 1 j j q 1, x , .  
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Example 3 

 

  Let us consider a specific example: 

 of a biquadratic (p=q=2) surface formed from 

 n=4 (control points in parametric axis ξ) and 

 m=3 (control points in parametric axis η). 

 

  Figure 1.9 gives us 2D control points’ coordinates. 

 

 
 

Figure 1.9. Control points 

for the biquadratic B-SPLine surface. 

 

  For parametric axis ξ, I have that: 

 p=2 and n=4 → n+p+1=4+2+1=7 knot values, which produces knot vector 

Ξ={-1,-1,-1,0,1,1,1}. 

 

  For parametric axis η, I have that: 

 q=2 and m=3 → m+q+1=3+2+1=6 knot values, which produces knot vector 

Η={-1,-1,-1,1,1,1}. 

 

  Figure 1.10 depicts the resulting control net and mesh of 2 isogeometric elements. 

 

 
 

Figure 1.10. The control net and mesh for the biquadratic B-SPLine surface with 

Ξ={-1,-1,-1,0,1,1,1} and H={-1,-1,-1,1,1,1}.  
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  The three ways of viewing a B-SPLine are: 

 
 Index Space 

 

  Figure 1.11.a shows the support of two biquadratic basis functions, which are 1,1;2,2N ,
 

and 3,2;2,2N ,  in index space. The support of 1,1;2,2N ,  [ξ1,ξ4]x[η1,η4] is shown in red, 

while the support of 3,2;2,2N ,  ξ3,ξ6]x[η2,η5] is in blue. The region in which they overlap is 

purple. 

  By equally spacing each of the knots in the plot, I can see exactly which knot spans each of 

the functions are supported in, including where they overlap. Such a viewpoint is very useful 

when developing algorithms. 

 

 
 

Figure 1.11.a. Index Space. The support of 1,1;2,2N ,  & 3,2;2,2N , and their overlapping. 

 
  Figure 1.12.a shows the two isogeometric elements in index space. 
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Figure 1.12.a. Index Space. The support of isogeometric element 1 & 2.  
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 Parameter space 

 

  Figure 1.11.b shows the support of two biquadratic basis functions, which are 1,1;2,2N ,
 

and 3,2;2,2N ,  in parameter space. The support of 1,1;2,2N ,  [ξ1,ξ4]x[η1,η4] is shown in 

red, while the support of 3,2;2,2N ,  [ξ3,ξ6]x[η2,η5] is in blue. The region in which they 

overlap is purple. I only have two nontrivial elements (elements with positive measure), and 

therefore only two elements in which calculations need to be performed during analysis. 

Function 3,2;2,2N ,  has support in both of these elements, while 1,1;2,2N ,  is only 

supported in the leftmost element. 

  Parameter space takes into account the actual knot values. 

 

 
 

Figure 1.11.b. Parameter Space. 3,2;2,2N ,  is supported in both elements, while 

1,1;2,2N ,  is only supported in one. 

 

  Figure 1.12.b shows the two isogeometric elements in parameter space. We can see knots 

as cyan knots. 
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Figure 1.12.b. Parameter Space. Mesh of Isogeometric Elements.  
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 Physical space 

 

  Figure 1.11.c shows the support of two biquadratic basis functions, which are 1,1;2,2N ,
 

and 3,2;2,2N ,  in physical space. The support of 1,1;2,2N ,  [ξ1,ξ4]x[η1,η4] is shown in 

red, while the support of 3,2;2,2N ,  [ξ3,ξ6]x[η2,η5] is in blue. The region in which they 

overlap is purple. Function 3,2;2,2N ,  has support in both of these elements, while 

1,1;2,2N ,  is only supported in the leftmost element. This figure makes it clear which 

portions of the actual domain are influenced by each of the basis functions. 

 

 

 
 

Figure 1.11.c. Physical Space. Again, 3,2;2,2N ,  is supported in both elements, while 

1,1;2,2N ,  is only supported in one. 

 

 

  Figure 1.12.c shows the two isogeometric elements in physical space. Element 1 has purple 

color, while element 2 is blue. 

 

 

 
 

Figure 1.12.c. Physical Space. Mesh of Isogeometric Elements. 
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  Figure 1.13 has plotted the actual functions themselves in the physical space. 1,1;2,2N ,  

takes on positive values on two of the edges and it is interpolatory in the corner. 

Alternatively, 3,2;2,2N ,  is identically zero on all of the edges. 

 

 
 

Figure 1.13. Biquadratic functions 1,1;2,2N ,  and 3,2;2,2N ,  plotted in the physical 

space, from two different angles. 

 

B-SPLine Solids 

 

  Given: 

 a control lattice {Bi,j,k} where i=1,2,…,n, j=1,2,…,m and k=1,2,…,l 

 polynomial orders p, q and r 

 knot vectors Ξ={ξ1,ξ2,…,ξn+p+1}, H={η1,η2,…,ηm+q+1} and Ζ={ζ1,ζ2,…,ζl+r+1} 

 
a tensor product B-SPLine solid is defined by: 

 
n m l

i,p j,q k,r i, j,k

i 1 j 1 k 1

, , N LS   (1.14) 

 

where Ni,p(ξ), Mj,q(η), Lk,r(ζ) are univariate B-SPLine basis functions of order p, q and r, 

corresponding to knot vectors Ξ, H and Ζ, respectively. 

 

  The properties of a B-SPLine solid like the one shown in Figure 1.14 are trivariate 

generalizations of those for B-SPLine surfaces. 

 

 
Figure 1.14. A simple B-SPLine solid.  
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1.1.4 Refinement 
 

 

  One of the most interesting aspects of B-SPLines is the myriad of ways in which the basis 

may be enriched while leaving the underlying geometry and its parameterization intact. To 

fully recognize the many possibilities, it is important first to understand the subtle ways in 

which the basic mechanisms of B-SPLine refinement differ from their finite element 

counterparts. These differences lead to more richness in the overall refinement space. In 

particular, not only do I have control over the element size and the order of the basis, but I 

can also control the continuity of the basis as well. 

 

  Below, I will analyze two different types of refinement, which are: 

 Knot Insertion 

 Order Elevation. 

 

 

Knot insertion 

 

  The first mechanism by which one can enrich the basis is knot insertion. Knots may be 

inserted without changing a curve geometrically or parametrically. Given a knot vector 

1 2 n p 1, ,..., , I introduce the notion of an extended knot vector 

1 1 2 n m p 1 n p 1, ,..., , such that . As before, the new n+m basis 

functions are formed by (1.2) and (1.3), now by applying them to the new knot vector . 

The new n+m control points, 
T

1 2 n m, ,..., , are formed form linear combinations of 

the original control points, 
T

1 2 n, ,..., , by 

 

    p BT      (1.15) 

 

where 

    
i j j 10

ij

1 [ , )
T

0 otherwise
    (1.16) 

 

and 

 
i q j j q 1 i qq 1 q q

ij ij ij 1
j q j j q 1 j 1

T T T  for q = 0,1,2,...,p -1   (1.17) 

 

  Knot values already present in the knot vector may be repeated in this way, thereby 

increasing their multiplicity, but the continuity of the basis will be reduced. However, 

continuity of the curve is preserved by choosing the control points as in the three previous 

equations. 
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Example 4 

 

  Figure 1.15 depicts an example of knot insertion for a simple, one-element, quadratic B-

SPLine curve. 

 

 

 

 
 

Figure 1.15. Knot insertion. Control points are denoted by . The knots, which define a 

mesh by partitioning the curve into elements, are denoted by . 

 

  The knot vector of the original curve is: 

 

0,0,0,1,1,1  

 

  The control points, mesh and basis functions of the unrefined curve are shown on the left. 

A new knot is inserted at: 

0.5   
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  The new curve, shown on the right, is geometrically and parametrically, identical to the 

original curve, but: 

 the control points are changed 

 the mesh is partitioned and 

 the basis is richer. 

 
  There is one more control point, one more element and one more basis function than in 

the unrefined case. This process may be repeated to enrich the solution space by adding 

more basis functions of the same order while leaving the curve unchanged. Figure 1.16 

shows the more advanced case of a global refinement of the curve form Figure 1.15. 

 

 

 
 

Figure 1.16. Knot insertion. Control points are denoted by . The knots, which define a 

mesh by partitioning the curve into elements, are denoted by . 

 
  Insertion of new knot values clearly has similarities with the classical h-refinement strategy 

in finite element analysis as it splits existing elements into new ones. It differs, however,: 

 in the number of new functions that are created, as well as 

 in the basis’ continuity across newly created element boundaries (Cp-1 in this case). 

 
  To perfectly replicate h-refinement, one would need to insert each of the new knot values 

p times so that the functions will be C0 across the new boundary. The alternative to insert 

new knot values – increasing the multiplicity of existing knot values to decrease the 

continuity of the basis without creating new element – does not have an analogue in FEA, as 

FEA meshes have C0 element boundaries to begin with. In this way, knot insetion is very 

closely related, but not identical to h-redinement.  
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Order Elevation 

 

  Order elevation involves raising the polynomial order of the basis functions used to 

represent the geometry. The basis has p-mi continuous derivatives across element 

boundaries. Thus, if I increase basis’ polynomial order p and I want to preserve the 

discontinuities in the various derivatives already existing in the original curve, mi will be also 

increased. During order elevation, the multiplicity of each knot value is increased by one, but 

no new knot values are added. As with knot insertion, neither the geometry nor the 

parameterization are changed. 

 

Example 5 

 

  Figure 1.17 depicts an example of order elevation for a simple, one-element, quadratic B-

SPLine curve. 

 

 

 

 
 

Figure 1.17. Order elevation. Control points are denoted by . The knots, which define a 

mesh by partitioning the curve into elements, are denoted by .  
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  The knot vector of the original curve is: 

 

0,0,0,1,1,1  

 

  The control points, mesh and basis functions of the unrefined curve are shown on the left.  

 

  This time, no new knot values are added, but the multiplicity of the knots is increased by 

one. 

 

  The new curve, shown on the right, is geometrically and parametrically, identical to the 

original curve, but: 

 the control points are changed (increased by one) and 

 the basis is richer. The basis functions’ number increased by one. 

 
  It is important to mention that despite the fact that there is one more control point and 
one more basis function than in the unrefined case, the mesh wasn’t changed. The number 
of isogeometric elements still remains equal to one. 
 
  This process may be repeated to enrich the solution space by adding more basis functions 

of the same order while leaving the curve unchanged. Figure 1.18 shows the more advanced 

case of a global refinement of the curve form Figure 1.17. 

 

 

 

 
 

Figure 1.18. Order Elevation. Control points are denoted by . The knots, which define a 

mesh by partitioning the curve into elements, are denoted by .  
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  Order elevation clearly has similarities with the classical p-refinement strategy in finite 

element analysis as it increases the polynomial order of the basis. The major difference is 

that p-refinement always begins with a basis that is C0 everywhere, while order elevation is 

compatible with any combination of continuities that exist in the unrefined B-SPLine mesh. 

This flexibility leads to a new higher-order technique that is unique to IGA. 
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1.2 NURBS 
 

 

1.2.1 NURBS Basis Functions 
 

 

  NURBS is a Non-Uniform Rational Basis SPLine. IGA uses NURBS (Non-Uniform Rational 

Basis SPLines) as shape functions. With this mathematical model (commonly used in 

computer graphics), I can generate curves and surfaces and handle with great flexibility and 

precision both analytic and freeform shapes. NURBS are built from B-SPLines (Basis Smooth 

Polynomial Lines). Using NURBS, I gain the ability to represent exactly a wide array of objects 

that cannot be exactly represented by polynomials and non-rational B-SPLines. They are 

invaluable in designing meshes, proving theorems and a large range of other activities 

related to IGA. 

 

  I get the control points i  for the NURBS curve  C   by performing exactly the same 

projective transformation to the (projective) control points w
i  of the B-SPLine (projective) 

curve  w
C  . With a projective B-SPLine curve and its associated projective control points 

in hand, The NURBS curve’s control points are obtained by the following relations: 

 

    
 w

i
j

i j
i

B

B with j =1,...,d
w

      (1.18.a) 

 

     w
i i

d 1
w B


      (1.28.b) 

 

where (Bi)j is the jth component of the vector Bi and wi is referred to as the ith weight. 

 

  Considering the weighting function 

 

       
n

i,p i

i 1

W N w


        (1.39) 

 

where Ni,p(ξ) is the standard B-SPLine basis function, 

 

the NURBS curve is defined by the following equation: 

 

    
 

 

w

j

j

C

C where j =1,...,d
W

 

 
 

    
   (1.20) 
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  As  w
C   and  W   are both piecewise polynomial functions, the curve  C   is a 

piecewise rational function, which within an element is a polynomial divided by another 

polynomial. In the NURBS setting, the two polynomials have the same order, frequently 

called as the order of the NURBS curve. In fact, it is the order of the B-SPLine from which ita 

was generated. 

 
  To achieve an affine transformation of a NURBS object, I apply the affine transformation 

directly to its control points while leaving the weights fixed. Though each weight is 

associated with a specific control point, it is important that we do not think of it as a 

component of the control point. This is an easy mistake to make. 

 
  Part of the B-SPLines’ power is the ability to change their shape by adjusting the control 

points. It is important to manipulate NURBS in exactly the same way. For this purpose, I will 

construct a basis for the NURBS space from knot vectors, in order to built curves, surfaces 

and solids from linear combinations of basis functions and control points. 

 

  The weighting function     
n

i,p i

i 1

W N w


     is a scalar, piecewise polynomial function 

for the d+1 component of the projective curve. From the geometric point of view, it is used 

to project a B-SPLine curve from Rd+1 into Rd. From the algebraic point of view, it is used to 

construct a basis for the NURBS space directly in order to build geometries and meshes in Rd 

while does not care about the projective geometry. This NURBS basis is a piecewise rational 

function and is equal to: 

 

   
 

 

 

  

i,p i i,p ip
i n

i,p i

i 1

N w N w
R

W
N w

= 



   
 


 

   (1.21) 

 
where: 

 p is the polynomial order and 

 i=1,…,n where n is the number of control points. 

 
  Combining NURBS basis functions (equation 1.21) with control points, I can produce the 

NURBS curve equal to: 

 

        
n

p
ii

i 1

RC B


        (1.22) 

 
  NURBS Surfaces are defined in terms of rational basis functions. The corresponding relation 

is the following. 

 

   
   

   

i,p j,q i, jp,q
i, j n m

i,p j,q i, j

i 1 j 1

M w
R ,

M w
 

    
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    
   (1.23)  
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  NURBS Solids are defined in terms of rational basis functions. The corresponding relation is 

the following. 

 

  
     

     

i,p j,q k,r i, j,kp,q,r
i, j,k n m l

i,p j,q k,r i, j,k

i 1 j 1 k 1

M L w
R , ,

M L w
  

      
   

      
  (1.24) 

 

  These rational basis functions bear much in common with their polynomial progenitors. 

Particularly, the continuity of the functions, as well as their support, follows directly from 

the knot vectors exactly as before. The basis still constitutes a partition of unity and it is 

pointwise nonnegative. These properties taken together again result in a strong convex hull 

property for the NURBS functions. 

 

  Lastly, it is worth mentioning that the weights play an important role in defining the basis, 

but they are divorced from any explicit geometric interpretation in this setting. So, I am free 

to choose control points independently from their associated weights. 

 

  If the weights are all equal, then: 

 

   p
i,piR      

 

and the curve is again a polynomial. That i why B-SPLines are a special case of NURBS. 
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1.2.2 Derivatives of NURBS Basis Functions 
 

  I can calculate the derivatives of NURBS basis functions using the following equation. 

 

  
 

 
   

 

  

i,p
p i,p
i

i 2

dN dW
W N

dR d d
w

d W

 
    

  
 

 
  (1.25) 

 

where 

 

   
   n

i,p

i

i 1

dNdW
w

d d

   
  

   
     (1.26) 

 

  I can calculate higher-order derivatives of these rational functions in terms of lower-order 

derivatives as: 
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where 
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1.3 Multiple Patches 
 

 

  In Isogeometric Analysis (IGA), the B-SPLine parameter space is local to the entire patch 

rather than element. The B-SPLine mapping (a single map) takes a patch of multiple 

elements in the parameter space into the physical space, but the mapping itself is global to 

the whole patch, rather than to elements. 

 

  Patches play the role of subdomains within which element types and material models are 

assumed to be uniform. Many simple domains can be represented by a single patch. Internal 

knots partition the patch into elements. 

 

  Figure 1.19 depicts a 3D patch, which consists of 6 isogeometric elements. 

 

 
 

Figure 1.19. Parameter (6 elements) and physical space (6 isogeometric elements). (IGA) 

 

 

  It is almost the case to describe domains with multiple NURBS patches. I have to use 

multiple patches when: 

 

 different material models are to be used in different parts of the domain. 

 

 different physical models are to be used in different parts of the domain. 

 

 different subdomains are to be assembled in parallel on a multiple processor 

machine. 

 

 problem’s geometry is complex. The tensor product structure of the parameter 

space of a patch makes it poorly suited for representing complex and multiply 

connected domains. Such geometries can be handled quite simply by using multiple 

patches. 
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Figure 1.20. Structure (on left) and its isogeometric element mesh (on right). 

Physical Space. 

 

 

  Figure 1.20 shows the initial structure, which has not quite simple geometry, on the left 

and the corresponding finite element mesh on the right. We see the physical space. Mesh 

contains totally 5 patches. Patch boundaries are shown in red. The four of them have 

identical features and contain 4 3D isogeometric elements each. The different fifth patch 

consists of two isogeometric elements. Element boundaries are shown in black. 

 

 

 
                         (a)                                        (b)                                   (c)                                  (d) 

 

Figure 1.21. Flow in a patient-specific abdominal aorta with aneurysm. 

 

  Abdominal aortic aneurysm (also known as AAA, pronounced "triple-a") is a localized 

dilatation (ballooning) of the abdominal aorta exceeding the normal diameter by more than 

50 percent, and is the most common form of aortic aneurysm. It is a very complicated 

simulation problem due to its complex geometry. Figure 1.21.a shows real problem, while 

Figure 1.21.b the corresponding imaging data. The skeleton of the NURBS mesh is depicted 

at Figure 1.21.c. Lastly, we can see the NURBS mesh. We can observe 15 different patches. 

 

http://en.wikipedia.org/wiki/Dilatation
http://en.wikipedia.org/wiki/Abdominal_aorta
http://en.wikipedia.org/wiki/Aortic_aneurysm
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1.4 NURBS Mesh Generation 
 

 

  NURBS mesh generation includes the following steps: 

1. Basic Features’ Selection. 

2. Polynomial Orders’ Selection. 

3. Knot Vectors’ Selection. 

4. Control Points’ Selection. 

 

 

1.4.1 Basic Features’ Selection 
 

  In order to generate a NURBS mesh, it is strongly recommended to define at first the 

following major features: 

 

1. Corners and other points to be interpolated. 

  Corners are a natural place to begin as the parameter space is a cube. There is no 

loss of generality in assuming it to be a cube, because dividing an entire knot vector 

by a constant does not change the resulting geometry in any way at all. That is why 

the knot vectors may be always normalized such that the parameter space is the 

unit cube. As I use open knot vectors, the basis should interpolate the corners. By 

indentifying them, I can find quickly and easily a few control points. 

 

2. Edges and other lines of reduced continuity. 

  The next thing to look for is any place where the continuity is obviously decreased. 

The most obvious thing would be a crease in the geometry, as for example a sharp 

edge other than the image of one of the edges of the parametric cube. 

 

3. Geometric primitives and lower-dimensional NURBS objects. 

  The third step is to identify simple objects that I already know how to construct. 

There might be templates for these geometrical primitives, such as polynomials or 

conic sections. As I use open knot vector, each face of the NURBS patch will actually 

be a NURBS surface and each edge of those surfaces is a NURBS curve. Thus, I can be 

on the lookout for 1D objects that I may already know how to model. 

 

4. Extrusions, surfaces of revolution, symmetries or other tensor-product-like 

features. 

  The last step is to look for places in which a NURBS curve or surface has been swept 

along a patch defined by another NURBS curve. Such extrusions are very common in 

engineering design and identifying them makes the job of modeling much easier by 

effectively reducing a 3D problem into two problems of lower dimension.  
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1.4.2 Polynomial Orders’ Selection 
 

  The first thing to determine is what polynomial orders will be needed. In general, a basis 

principle is to use the lowest polynomial order possible in each of the parametric directions. 

Analysis may frequently demand higher orders than geometric design, but it is best to work 

with the lowest order possible during design. For example, higher-order functions may be 

needed to avoid locking in structural analysis. 

 

 

1.4.3 Knot Vectors’ Selection 
 

  In order to select the knot vectors, I have to decide how many elements are necessary and 

what level of continuity is required across each element boundary. For most case, integer 

knot values are perfectly sufficient. If a knot vector in [0,1] is preferable for some reason, I 

may proceed by assigning integer values and simply divide by the greatest value once I am 

finished. This has no bearing on the resulting geometry. 

 

 

1.4.4 Control Points’ Selection 
 

  Only when I have selected: 

 basic features 

 polynomial orders and 

 knot vectors 

I am in the position to assign the actual control points. 

 

  The easiest place to start is normally the corners of an object as they will be interpolated. If 

have to simulate a 3D structure, I will take into consideration that solid geometry is an 

extrusion formed by a NURBS surface being swept along a NURBS curve. So, I can start by 

using the template to construct the surface to be extruded. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Isogeometric Analysis 

49 
Karakitsios Panagiotis 

1.5 Comparison between IGA and FEA 
 

 

1.5.1 Code Architecture 
 

  For comparison purposes, I will present at first the architecture of a classical FEA code. 

 

  The following Figure depicts the flowchart of a classical finite element code. Such a code 

can be converted to a single-patch isogeometric analysis code by replacing the routines 

sown in green. 

 

 
 

Figure 1.22. Flowchart of a classical FEA code. 

 

  The program begins with the data defining the boundary value problem, the mesh, and all 

of the geometrical data being read from files. Once these data have been read, the 

connectivity information can be generated (though sometimes this will be read in from an 

external file as well) and the memory is allocated for all of the major global arrays, which are 

subsequently initialized to zero. Once these pre-processing steps are completed, assembly of 

the system begins.  



Isogeometric Analysis 

50 
Karakitsios Panagiotis 

  There is a loop through all of the elements in the mesh. Within each element, the element 

stiffness matrix and element force vector are initialized and then the code enters a loop 

through the quadrature points. 

 

  At each quadrature point, a routine is called that will evaluate all of the basis functions and 

any necessary derivatives. It is helpful to think of this routine as a black box. If I know the 

number of local basis functions, it is not important what those functions are or how they are 

evaluated. It is only important that I have a routine from which I can obtain those values 

when they are needed. With these values in hand, I proceed to build the local stiffness 

matrix and force vector. 

 

  After I have been through each quadrature point and fully assembled the local arrays, I use 

the connectivity information to add their contributions to the global stiffness matrix and 

force vector, and then move on to the next element. 

 

  After all of the elements are assembled, the global arrays are complete. I solve then the 

system and write the result to a file (postprocess). 

 

  To convert an existing file element code to a single-patch isogeometric analysis code, the 

only portions of the code that require modification are the ones shown in green in Figure 

1.22. The input will change as the file format will depend on the specific element technology 

being used. The precise forms of the connectivity arrays and the global matrices also depend 

on the basis. The structured nature of the NURBS mesh means that these arrays can be 

calculated automatically from the knot vectors and polynomial orders. Next, the “black box” 

that evaluated the basis functions must be updated to evaluate the NURBS functions. The 

type of information about the basis that it provides to the routine that calls it is exactly the 

same, but that information should now correspond to the NURBS basis. Lastly, the output 

must be written and the format of that output will be specific to the NURBS basis. 

 

 
 

Figure 1.23. Program architecture of the assembly algorithm 

in IGA. 

 

 

  The patch loop does not have a direct analog in finite element analysis, although it might 

be considered analogous to a macro-element loop. If each patch consists of a single 

element, I have the assembly algorithm that is standard in FEA. 

 

  Figure 1.24 depicts the flowchart of a multi-patch IGA code. The routines in green 

represent differences from the single-patch code.  
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Figure 1.24. Flowchart of a multi-patch IGA code. 

 

 

  A multi-patch IGA code can be made to conform to flowchart in Figure 1.22. In practice, 

however, it makes more sense to consider the slight modification shown in Figure 1.24. In 

this case, I begin by inputting enough global information to build the global connectivities. 

This information includes the polynomial orders and the knot vectors for each of the 

patches, but it does not require the control points. I can save time and memory by not 

reading the control points until they are needed. Again, the knot vectors and polynomial 

orders are all that is required. Global arrays are allocated and initialized as before. 

 

  At this point the code enters a loop through the patches. The reason for making this loop 

explicit is that the control points defining the geometry are relevant to only a patch at a 

time. I can input this information within the loop, relating only the information relevant to 

the patch I am currently working with. I now loop through the elements on the current 

patch. Everything then proceeds exactly as before until after the global system is solved. 

Lastly, the output is written to files, typically in a format that makes it easy to identify 

control variables with the patch that they correspond to and so this routine will be specific 

to the multiple-patch setting. 

 

  The only other potential source of complexity is if local refinement is to be applied. This can 

either be implemented during assembly or within the solver. In either case, modifications of 

the appropriate routine will be required.  
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1.5.2 Similarities and Differences 
 

 

Similarities 
 

  Isogeometric Analysis and classical Finite Element Analysis appear many similarities. These 

similarities are the followings. 

 

 Isoparametric concept. 

 

 Galerkin’s method. 

 

 Code architecture. 

 

 Compactly supported basis. 

 

 Bandwidth of matrices. 

 

 Partition of unity. 

 

 Affine covariance. 

 

 Patch tests are satisfied. 

 

 

Differences 
 

  Isogeometric Analysis and classical Finite Element Analysis appear many differences as well. 

These differences are described below. 

 

 Geometry. 

 IGA. Exact Geometry. 

IGA employs the exact geometry at all levels of discretization. This geometric 

exactness not only affects the accuracy of computed solutions, but even the 

analysis process as a whole as refinement requires no external description of 

the geometry. 

 FEA. Approximate Geometry. 

FEA uses piecewise polynomial approximations, even for such common objects 

as conic sections. 

 

 Points. 

 IGA. Control points. 

 FEA. Nodal points. 
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 Variables. 

 IGA. Control variables. 

 FEA. Nodal variables. 

 

 Basis. 

 IGA. Basis does not interpolate control points and variables. NURBS basis. 

Pointwise positive. 

 FEA. Basis interpolates control points and variables. Polynomial basis. Not 

necessarily positive. 

 

 Continuity. 

 IGA. High, easily controlled continuity. 

 FEA. C0-continuity, always fixed. 

 

 Refinement. 

 IGA. hpk-refinement space. 

 FEA. hp-refinement space. 

 

 Convex hull property.  

 IGA. Convex hull property. 

 FEA. No convex hull property. 

 

 In the presence of discontinuous data. 

 IGA. Variation diminishing. 

 FEA. Oscillatory. 
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2. 

APPLICATIONS 
 
 
 

2.1 Introduction (2D Problem) 
 

 

Geometry 

 height: H=3m 

 length: L=15m 

 thickness: t=0,01m 

Material (Steel) 

 elastic modulus: E=210GPa= 82,1 10 kPa  

 Poisson’s ratio: ν=0,3 

Load 

 concentrated: P=1.000kN 

 location: extreme right edge 

Boundary conditions 

 fixed 

 location: extreme left edge 

Analysis 

 static 

 linear 

Problem 

 2D 

 
  I will analyze the cantilever applying both IGA (IsoGeometric Analysis) and FEA (Finite 

Element Analysis), compare the two methods and explain differences and similarities. 

 

15

1
,
5

1
,
5

3

1000kN

1000kN

1000kN

Figure 2.1. Cantilever Profile (Geometry. Boundary. Load.) 
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2.2 Control Points/ Nodes: 33 & 
          Shape Functions: Linear. 
 

 

2.2.1. Isogeometric Analysis 
 

 

  I use the following analysis parameters: 

 

 The parametric axis ξ (parameter space) is parallel to cantilever’s length (physical 

space), means horizontal. Its direction is from left to right. 

 

 The parametric axis η (parameter space) is parallel to cantilever’s height (physical 

space), means vertical. Its direction is from bottom to cantilever’s top. 

 

 n•m=33 control points. There are 3 (m=3 for axis η) groups of 11 (n=11 for axis ξ) 

control points equally spaced across cantilever’s length in three different distances 

from its bottom. It is important to underline that the number of control points (C.P.) 

is equal to the B-SPLine’s number. Cartesian coordinate system’s origin is the 

extreme left and bottom corner. 

 

 p=q=1. I choose linear Basis SPLine functions (p=1 Hughes, K=p+1=1+1=2 Fisher). 

 

 

 

Method IGA

Patches 1

Isogeometric Elements (ΞxH) 20

Horizontal Spans (Ξ) 10

Vertical Spans (Η) 2

Control Points 33

Control Points (Ξ) 11

Control Points (H) 3

p 1

q 1

Gauss Points 5x5  
 

Figure 2.2.a. Analysis Parameters. IGA. 
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X

Y

 
 

n=11 Control Points (Ξ) 

 

 

X

Y

 
 

n=11 Control Points (Ξ) 

m=3 Control Points (H) 

 

 

X

Y

 
 

n=11 Control Points (Ξ) 

m=3 Control Points (H) 

n•m=11•3=33 Control Points (ΞxH) 

 

 

Figure 2.2.b. Cantilever Profile (Cartesian Axes. Control Points.) 
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Axis ξ 

 

Basis SPLine functions 

 

  The axis ξ is parallel to cantilever’s horizontal side (length). 

 

 n=11 (control points). 

 p=1 (linear Basis SPLine functions, 2 control points per horizontal span). 

 n+p+1=11+1+1=13 knot values. 

 

  The open uniform knot vector Ξ contains the following knot values: 

 The extreme knots -1, 1 repeated p+1=1+1=2 times → 4 knot values. Remaining, not 

recurrent: 13-4=9 knot values → 9+2=11 knots. → I will separate the interval [-1, 1] 

into 11-1=10 equal spans. Notice that spans’ number is equal to n-p=11-1=10. 

 

1 1 2
0,2

10 10
 

 

1 1 0.8 0.6 0.4 0.2 0 0.2 0.4 0.6 0.8 1 1  

 

  The corresponding linear Basis SPLine functions to knot vector Ξ are 11 (one for every 

control point). The support of each linear BSPLine is two spans. 

 

 

 
 

Figure 2.3. Linear Basis SPLine functions for open, uniform knot vector 

Ξ={-1,-1,-0.8,-0.6,-0.4,-0.2,0,0.2,0.4,0.6,0.8,1,1}. 

 

 

  According to Hughes: 

 

i i 1
i,0

1 if

0 otherwise
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  For p=1,2,3,…: 

 

i p 1i
i,p i,p 1 i 1,p 1

i p i i p 1 i 1

N ( ) N ( ) N ( )  

 

where i=1,…,n. 

 
  I prefer to use the polynomial constant K=p+1 than p. The corresponding relations are 

equal to: 

 

i i 1

i,1 n 1

1 if  ξ

N ( ) 1 if  i=n and ξ

0 otherwise
 

 

i i k
i,k i,k 1 i 1,k 1

i k 1 i i k i 1

( ) ( ) ( )  

 

where i=1,…,n and k=2,…,K. 

 
  The derivative of BSPLine function, N’i,k, is given by: 

 

'
i,k i,k 1 i 1,k 1

i k 1 i i k i 1

k 1 k 1
N ( ) N ( ) N ( )  

 
  It is very important to mention that index i refers to knots and not to knot values. Because 

the denominators in the second relation can be zero, the convention 0/0=0 is used; in other 

words 0x(.)=0 even if (.) is undefined. When i=n, the second term is omitted. 

 
 
Gauss Points (coordinates, weight factors) 

 
  The polynomial Legendre Pn(x) is a polynomial of order n. 

 
n

n 2

n n n

d x 1
1

P x
2 n! dx

 

 
  As far as concern the first 6 ( n 0 5 ) Legendre polynomials, they are equal to: 

 

2 3 4 2 5 3

0 1 2 3 4 5

1 1 1 1
1 x 3x 1 5x 3x 35x 30x 3 63x 70x 15x

2 2 8 8
n

n

P x
 

 
Figure 2.4. The first six Legendre polynomials.  
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  I use 5 Gauss Points for every horizontal span. The corresponding coordinates ξi i 1 5

are the five roots of Legendre polynomial P5(x). 

 

5 3
i

0

1 245 14 70
63 70 15 0 0.53846

8 21

245 14 70
0.90617

21

 

 

  In the following figure, we can see the curves Pn(x)-x for the first 6 polynomials n 0 5 . 

It is obvious why I have chosen the Legendre polynomials. 

 

 
 

Figure 2.5. Legendre Polynomials. 

 

 

  It is worth mentioning the recursive relation Bonnete. 

 

n n 1 n 2n P x 2n 1 x P x n 1 P x  

 

  I calculate integrals using numerical integration. That’s why I use Gauss Points. Previously, I 

explained how I calculate Gauss Points’ coordinates. Now, I will explain how I calculate the 

corresponding weight factors. 

 
1 n

i i i 2
2 'i 11 i n i

2
f d w f    where   w

(1 ) P

 

 

  For example, I will calculate the weight factor of Gauss Point ξ2=0.90617.  
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5 3
5

' 4 2 4 2
5

' ' 4 2
5 2 5

2 2 222 '
2 n 2

1
P 63 70 15

8

1 1
P 63 5 70 3 15 315 210 15

8 8

1
P P 0.90617 315 0.90617 210 0.90617 15 6.86965

8

2 2
w 0.2369

(1 0.90617 ) 6.86965(1 ) P
 

 

 

 
 

Figure 2.6. Gauss Points’ coordinate and weight factor. 

 
 
  Each point’s coordinate and weight factor is equal to (local numbering, span *-1,1]): 

 
'
i

4 0.90617 0.23692

5 0.53846 0.47862

1 0 0.56888

3 0.53846 0.47862

2 0.90617 0.23692

iG.P. ξ w

 

 
  Notice that: 

 
5

i

i 1

w 2  

 
  I use 5 Gauss Points for every horizontal span. The horizontal interval [-1,1] has 10 spans, so 

10 5 50  G.P. These points are shown as yellow rhombi in Figure 2.7, while knots as cyan 

circles. 
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  I assume a local ξ for every span with its center in the span’s middle. Then, from Gauss 

Points’ local coordinates ξ’i, I calculate the global ones ξi. Let’s calculate the coordinate ξi of 

G.P. 2 for span 1 (extreme left span). 

 
'
G.P.2 G.P.2 G.P.2

G.P.2
G.P.2

G.P.2

1 1 10.9062 1

1 1 0.8 1 1 1 0.8 1

11.9062 1.9062
0.2 1

2 0.2 2

0.80938

 

 

  Generally, the coordinate ξj of Gauss Point j in the span (ξi, ξi+1) is equal to: 

 

G.P.j G.P.j i G.P.j G.P.j i

i 1 i i 1 i

G.P.j i 1 i i 1 i i
G.P.j i 1 i i G.P.j

i 1 i i 1 i
G.P.j G.P.j

' 1 ' 1

1 1 2

' 1 2
'

2 2 2 2

'
2 2

 

 

-1 -0.8 -0.4 -0.2 0 +0.2 +0.4 +0.6 +0.8 +1

(ξ6) (ξ8)

-1 +1

-0.9062 -0.5385  0 +0.5385 +0.9062

G.P.2G.P.3G.P.1G.P.5G.P.4

-0.6

X

Y

 ξ

ξ'

 ξ

(ξ11)(ξ9)(ξ7)(ξ6)(ξ5)(ξ4)(ξ3)(ξ2)(ξ1) (ξ10)

-1 -0.8 -0.4 -0.2 0 +0.2 +0.4 +0.6 +0.8 +1

(ξ6) (ξ8)

-0.6

(ξ11)(ξ9)(ξ7)(ξ6)(ξ5)(ξ4)(ξ3)(ξ2)(ξ1) (ξ10)

 

Figure 2.7. Gauss Points (parametric axis ξ). 

 
 
B-SPLines’ value at Gauss Points 

 

  I calculate the linear BSPLine functions’ ( i,1N ) values (p=1, K=2) at the position ξi of 50 

Gauss Points in horizontal parametric axis ξ and their corresponding first derivatives 

i,1
i,1

N
N' . 
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axis ξ

G.P.1 (1) G.P.2 (2) G.P.3 (3) G.P.4 (4) G.P.5 (5)

N1,1(ξ) 0,5 0,0469 0,2308 0,9531 0,7692

N2,1(ξ) 0,5 0,9531 0,7692 0,0469 0,2308

G.P.6 (1) G.P.7 (2) G.P.8 (3) G.P.9 (4) G.P.10 (5)

N2,1(ξ) 0,5 0,0469 0,2308 0,9531 0,7692

N3,1(ξ) 0,5 0,9531 0,7692 0,0469 0,2308

G.P.11 (1) G.P.12 (2) G.P.13 (3) G.P.14 (4) G.P.15 (5)

N3,1(ξ) 0,5 0,0469 0,2308 0,9531 0,7692

N4,1(ξ) 0,5 0,9531 0,7692 0,0469 0,2308

G.P.16 (1) G.P.17 (2) G.P.18 (3) G.P.19 (4) G.P.20 (5)

N4,1(ξ) 0,5 0,0469 0,2308 0,9531 0,7692

N5,1(ξ) 0,5 0,9531 0,7692 0,0469 0,2308

G.P.21 (1) G.P.22 (2) G.P.23 (3) G.P.24 (4) G.P.25 (5)

N5,1(ξ) 0,5 0,0469 0,2308 0,9531 0,7692

N6,1(ξ) 0,5 0,9531 0,7692 0,0469 0,2308

G.P.26 (1) G.P.27 (2) G.P.28 (3) G.P.29 (4) G.P.30 (5)

N6,1(ξ) 0,5 0,0469 0,2308 0,9531 0,7692

N7,1(ξ) 0,5 0,9531 0,7692 0,0469 0,2308

G.P.31 (1) G.P.32 (2) G.P.33 (3) G.P.34 (4) G.P.35 (5)

N7,1(ξ) 0,5 0,0469 0,2308 0,9531 0,7692

N8,1(ξ) 0,5 0,9531 0,7692 0,0469 0,2308

G.P.36 (1) G.P.37 (2) G.P.38 (3) G.P.39 (4) G.P.40 (5)

N8,1(ξ) 0,5 0,0469 0,2308 0,9531 0,7692

N9,1(ξ) 0,5 0,9531 0,7692 0,0469 0,2308

G.P.41 (1) G.P.42 (2) G.P.43 (3) G.P.44 (4) G.P.45 (5)

N9,1(ξ) 0,5 0,0469 0,2308 0,9531 0,7692

N10,1(ξ) 0,5 0,9531 0,7692 0,0469 0,2308

G.P.46 (1) G.P.47 (2) G.P.48 (3) G.P.49 (4) G.P.50 (5)

N10,1(ξ) 0,5 0,0469 0,2308 0,9531 0,7692

N11,1(ξ) 0,5 0,9531 0,7692 0,0469 0,2308

horizontal span 8

horizontal span 9

horizontal span 5

horizontal span 6

horizontal span 7

horizontal span 3

horizontal span 4

horizontal span 1
Ni,1(ξ) 

(2x5,p=1)

horizontal span 10

horizontal span 2

 
 

Figure 2.8. Basis SPLine functions’ values at Gauss Points of interval ξ [-1,1] 

(N1,1 N11,1, ξG.P.1 ξG.P.50, p=1) 

 

 

  We can see the connection between local and global numbering in Figure 2.8. The local 

numbers are in brackets. 
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axis ξ

G.P.1 (1) G.P.2 (2) G.P.3 (3) G.P.4 (4) G.P.5 (5)

N'1,1(ξ) -5 -5 -5 -5 -5

N'2,1(ξ) 5 5 5 5 5

G.P.6 (1) G.P.7 (2) G.P.8 (3) G.P.9 (4) G.P.10 (5)

N'2,1(ξ) -5 -5 -5 -5 -5

N'3,1(ξ) 5 5 5 5 5

G.P.11 (1) G.P.12 (2) G.P.13 (3) G.P.14 (4) G.P.15 (5)

N'3,1(ξ) -5 -5 -5 -5 -5

N'4,1(ξ) 5 5 5 5 5

G.P.16 (1) G.P.17 (2) G.P.18 (3) G.P.19 (4) G.P.20 (5)

N'4,1(ξ) -5 -5 -5 -5 -5

N'5,1(ξ) 5 5 5 5 5

G.P.21 (1) G.P.22 (2) G.P.23 (3) G.P.24 (4) G.P.25 (5)

N'5,1(ξ) -5 -5 -5 -5 -5

N'6,1(ξ) 5 5 5 5 5

G.P.26 (1) G.P.27 (2) G.P.28 (3) G.P.29 (4) G.P.30 (5)

N'6,1(ξ) -5 -5 -5 -5 -5

N'7,1(ξ) 5 5 5 5 5

G.P.31 (1) G.P.32 (2) G.P.33 (3) G.P.34 (4) G.P.35 (5)

N'7,1(ξ) -5 -5 -5 -5 -5

N'8,1(ξ) 5 5 5 5 5

G.P.36 (1) G.P.37 (2) G.P.38 (3) G.P.39 (4) G.P.40 (5)

N'8,1(ξ) -5 -5 -5 -5 -5

N'9,1(ξ) 5 5 5 5 5

G.P.41 (1) G.P.42 (2) G.P.43 (3) G.P.44 (4) G.P.45 (5)

N'9,1(ξ) -5 -5 -5 -5 -5

N'10,1(ξ) 5 5 5 5 5

G.P.46 (1) G.P.47 (2) G.P.48 (3) G.P.49 (4) G.P.50 (5)

N'10,1(ξ) -5 -5 -5 -5 -5

N'11,1(ξ) 5 5 5 5 5

N'i,1(ξ) 

(2x5,p=1)
horizontal span 1

horizontal span 2

horizontal span 3

horizontal span 4

horizontal span 6

horizontal span 5

horizontal span 7

horizontal span 8

horizontal span 9

horizontal span 10

 
 

Figure 2.9. Basis SPLine first derivative’s values at Gauss Points of interval ξ [-1,1] 

(N’1,1 N’11,1, ξG.P.1 ξG.P.50, p=1) 

 

 

  We can see the connection between local and global numbering in Figure 2.8. The local 

numbers are in brackets.  
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Axis η 

 

Basis SPLine functions 

 

  The axis η is parallel to cantilever’s vertical side (height). 

 

 m=3 (control points). 

 q=1 (linear Basis SPLine functions, 2 control points per vertical span). 

 m+q+1=3+1+1=5 knot values. 

 

  The open uniform knot vector H contains the following knot values: 

 

 The extreme knots -1, 1 repeated p+1=1+1=2 times → 4 knot values. Remaining, not 

recurrent: 5-4=1 knot value → 1+2=3 knots. → I will separate the interval *-1, 1] into 

3-1=2 equal spans. Notice that spans’ number is equal to m-q=3-1=2. 

 

1 1 2
1

2 2
 

H 1 0 1  

 

  The corresponding linear Basis SPLine functions to knot vector H are 3 (one for every 

control point). The support of each linear BSPLine is two spans. 

 

 
 

Figure 2.10. Linear Basis SPLine functions for open, uniform knot vector 

H={-1,0,1}. 

 

 

Gauss Points (coordinates, weight factors) 

 

  I use 5 Gauss Points for every vertical span. Each point’s coordinate and weight factor is 

equal to (local numbering, span [-1,1]): 
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'
i

4 0.90617 0.23692

5 0.53846 0.47862

1 0 0.56888

3 0.53846 0.47862

2 0.90617 0.23692

iG.P. η w

 

 

  Notice that: 
5

i

i 1

w 2 . 

 
  The vertical interval [-1,1] has 2 spans, so 2 5 10  G.P. These points are shown as yellow 

rhombi in Figure 2.11, while knots as cyan circles. 

 
  I assume a local η for every span with its center in the span’s middle. Then, from Gauss 

Points’ local coordinates η’i, I calculate the global ones ηi. Let’s calculate the coordinate ηi of 

G.P. 2 for span 1 (lower span). 

 
'
G.P.2 G.P.2 G.P.2

G.P.2
G.P.2

G.P.2

1 1 10.9062 1

1 1 0 1 1 1 1

11.9062 1.9062
1

2 1 2

0.0469

 

 
  Generally, the coordinate ηj of Gauss Point j in the span (ηi, ηi+1) is equal to: 

 

i 1 i i 1 i
G.P.j G.P.j'

2 2
 

 

-
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(
η
1
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η
3
)

1
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(
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3
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(
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)
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1

1

(
η
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)

(
η
3
)

0

(
η
2
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X

Y

+
1

ηηη

 
 

Figure 2.11. Gauss Points (parametric axis η). 

 

B-SPLines’ value at Gauss Points 

 

  I calculate the linear BSPLine functions’ ( j,1M ) values (q=1, K=2) at the position ηj of 10 

Gauss Points in vertical parametric axis η and their corresponding first derivatives 

j,1

j,1

M
M' . 
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axis η

G.P.1 (1) G.P.2 (2) G.P.3 (3) G.P.4 (4) G.P.5 (5)

M1,1(η) 0,5 0,0469 0,2308 0,9531 0,7692

M2,1(η) 0,5 0,9531 0,7692 0,0469 0,2308

G.P.6 (1) G.P.7 (2) G.P.8 (3) G.P.9 (4) G.P.10 (5)

M2,1(η) 0,5 0,0469 0,2308 0,9531 0,7692

M3,1(η) 0,5 0,9531 0,7692 0,0469 0,2308

vertical span 2

vertical span 1
Mj,1(η) 

(2x5,q=1)

 
 

Figure 2.12. Basis SPLine functions’ values at Gauss Points of interval η [-1,1] 

(M1,1 M3,1, ηG.P.1 ηG.P.10, q=1) 

 

 

axis η

G.P.1 (1) G.P.2 (2) G.P.3 (3) G.P.4 (4) G.P.5 (5)

M'1,1(η) -1 -1 -1 -1 -1

M'2,1(η) 1 1 1 1 1

G.P.6 (1) G.P.7 (2) G.P.8 (3) G.P.9 (4) G.P.10 (5)

M'2,1(η) -1 -1 -1 -1 -1

M'3,1(η) 1 1 1 1 1

vertical span 2

M'j,1(η) 

(2x5,q=1)
vertical span 1

 
 

Figure 2.13. Basis SPLine first derivative’s values at Gauss Points of interval η [-1,1] 

(M’1,1 M’3,1, ηG.P.1 ηG.P.10, q=1) 

 

 

Combination Axes ξ, η (ΞxΗ) 
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-1 -0.8 -0.4 -0.2 0 +0.2 +0.4 +0.6 +0.8 +1

(ξ6) (ξ8)

-1 +1

-0.9062 -0.5385  0 +0.5385 +0.9062

G.P.2G.P.3G.P.1G.P.5G.P.4

-0.6

0

(
η
2
)

-
1

1

(
η
1
)

(
η
3
)

0

(
η
2
)

X

Y

+
1

 ξ

ξ'

 ξ

(ξ11)(ξ9)(ξ7)(ξ6)(ξ5)(ξ4)(ξ3)(ξ2)(ξ1) (ξ10)
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ηηη

 
 

Figure 2.14. Gauss Points (parameter space ΞxH). 

 

 

  I combine the 50 Gauss Points in the axis ξ with the 10 Gauss Points in the axis η and I 

produce the 50x10=500 Gauss Points of the 2D plane stress cantilever.  
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Control Net 

 
 
  I choose 33 control points with the following features. 

 
axis X

element 1 element 2 element 3 element 4 element 5 element 6 element 7 element 8 element 9 element 10

C.P.1 0 0 1,5 1,5 3 3 4,5 4,5 6 6

C.P.2 0 0 1,5 1,5 3 3 4,5 4,5 6 6

C.P.3 1,5 1,5 3 3 4,5 4,5 6 6 7,5 7,5

C.P.4 1,5 1,5 3 3 4,5 4,5 6 6 7,5 7,5

element 11 element 12 element 13 element 14 element 15 element 16 element 17 element 18 element 19 element 20

C.P.1 7,5 7,5 9 9 10,5 10,5 12 12 13,5 13,5

C.P.2 7,5 7,5 9 9 10,5 10,5 12 12 13,5 13,5

C.P.3 9 9 10,5 10,5 12 12 13,5 13,5 15 15

C.P.4 9 9 10,5 10,5 12 12 13,5 13,5 15 15

lo
ca

l n
um

be
ri

ng

XC.P.

 
Figure 2.15.a. Control Points’ Cartesian coordinate X. (physical space) 

 
 

axis Y

element 1 element 2 element 3 element 4 element 5 element 6 element 7 element 8 element 9 element 10

C.P.1 0 1,5 0 1,5 0 1,5 0 1,5 0 1,5

C.P.2 1,5 3 1,5 3 1,5 3 1,5 3 1,5 3

C.P.3 0 1,5 0 1,5 0 1,5 0 1,5 0 1,5

C.P.4 1,5 3 1,5 3 1,5 3 1,5 3 1,5 3

element 11 element 12 element 13 element 14 element 15 element 16 element 17 element 18 element 19 element 20

C.P.1 0 1,5 0 1,5 0 1,5 0 1,5 0 1,5

C.P.2 1,5 3 1,5 3 1,5 3 1,5 3 1,5 3

C.P.3 0 1,5 0 1,5 0 1,5 0 1,5 0 1,5

C.P.4 1,5 3 1,5 3 1,5 3 1,5 3 1,5 3

YC.P.

lo
ca

l n
um

be
ri

ng

 
Figure 2.15.b. Control Points’ Cartesian coordinate Y. (physical space) 

 
 

Weight Factor

element 1 element 2 element 3 element 4 element 5 element 6 element 7 element 8 element 9 element 10

C.P.1 1 1 1 1 1 1 1 1 1 1

C.P.2 1 1 1 1 1 1 1 1 1 1

C.P.3 1 1 1 1 1 1 1 1 1 1

C.P.4 1 1 1 1 1 1 1 1 1 1

element 11 element 12 element 13 element 14 element 15 element 16 element 17 element 18 element 19 element 20

C.P.1 1 1 1 1 1 1 1 1 1 1

C.P.2 1 1 1 1 1 1 1 1 1 1

C.P.3 1 1 1 1 1 1 1 1 1 1

C.P.4 1 1 1 1 1 1 1 1 1 1

WC.P.

lo
ca

l n
um

be
ri

ng

 
Figure 2.15.c. Control Points’ weight factor W. (physical space) 

 
 
  Control Points don’t partition the structure into isogeometric elements, but they are the 
coefficients (multiplicative factors) of the corresponding B-Splines that form its geometry. In 
this particular problem, the cantilever has linear geometry as its boundaries are straight 
lines. That’s why control points’ weight factor is equal to 1. 
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  In Figure 2.16 we can see the corresponding control net. 
 
 

X

Y

19 22 25 28 31

20 23 26 29 32

21 24 27 30 33

1 4 7 10 13

2 5 8 11 14

3 6 9 12 15

16

17

18

 
 

Figure 2.16. Control Net. (physical space) 

 
 

Index Space 

 
  I present every knot value in index space. The most important is that we can see which knot 

vector’s region is used by each isogeometric element. With darker green I represent the 

overlapping. 
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Figure 2.17. Index Space.  
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Parameter Space 

 

 

  I present every knot and not every knot value in parameter space. For example, extreme 

knot value -1 repeated p+1=1+1=2 times, but it has the same position, means it corresponds 

to one knot. In Figure 2.18 we can see the chosen mesh of isogeometric elements. It is very 

important to underline that knots and not control points partition the cantilever into 

isogeometric elements. 

 

  The 11 1D knots (ξ) partition the interval [-1,1] of parametric axis ξ into 10 horizontal spans. 

The 3 1D knots (η) partition the interval [-1,1] of parametric axis η into 2 vertical spans. 

Combining the two axes, we have the cantilever’s mesh in the parameter space, which 

consists of 10x2=20 isogeometric elements. 

 

0

(ξ6)

+1+0.8+0.4+0.2-0.2-0.4-0.6-0.8-1  ξ

(ξ11)(ξ9)(ξ8)(ξ7)(ξ5)(ξ4)(ξ3)(ξ2)(ξ1)

+0.6

(ξ10)

element 1 element 3 element 5 element 7 element 9 element 11 element 13 element 15 element 17 element 19

element 2 element 4 element 6 element 8 element 10 element 12 element 14 element 16 element 18 element 20

-
1

1
η

(
η
1
)

(
η
3
)

0

(
η
2
)

 

Figure 2.18.a. Parameter Space. 

Knots partition cantilever into isogeometric elements. 

 

 

0

(ξ6)

+1+0.8+0.4+0.2-0.2-0.4-0.6-0.8-1  ξ

(ξ11)(ξ9)(ξ8)(ξ7)(ξ5)(ξ4)(ξ3)(ξ2)(ξ1)

+0.6

(ξ10)

-
1

1
η

(
η
1
)

(
η
3
)

0

(
η
2
)

element 1 element 3 element 5 element 7 element 9 element 11 element 13 element 15 element 17 element 19

element 2 element 4 element 6 element 8 element 10 element 12 element 14 element 16 element 18 element 20

 

Figure 2.18.b. Parameter Space. 

Mesh of isogeometric elements.  
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Physical Space 

 
  With the mesh of isogeometric elements in parameter space in hand, I can form the 

corresponding mesh in physical space. I follow the next procedure, where control points’ 

numbering is local: 

 

 I calculate knots’ X Cartesian (physical) coordinates from their parametric ones. 

Supposing the knot i (ξi, ηi), I have that: 

 

i i C.P.1 1,1 i C.P.11 11,1 iX X N ... N  

 

  Applying this relation for every knot: 

 

1 C.P.1 1,1 1 C.P.11 11,1 1 C.P.1 C.P.1X N ... N 1 0  

 

Similarly, 

 

2 C.P.2

3 C.P.3

4 C.P.4

5 C.P.5

6 C.P.6

7 C.P.7

8 C.P.8

9 C.P.9

10 C.P.10

11 C.P.11

X 1,5m

X 3m

X 4,5m

X 6m

X 7,5m

X 9m

X 10,5m

X 12m

X 13,5m

X 15m

 

 

 I calculate knots’ Y Cartesian (physical) coordinates from their parametric ones. 

Supposing the knot i (ξi, ηi), I have that: 

 

i i C.P.1 1,1 i C.P.3 3,1 iY Y M ... Y M  

 
  Applying this relation for every knot: 

 

1 C.P.1 1,1 1 C.P.3 11,1 1 C.P.1 C.P.1M ... M 1 0  

 

Similarly, 

 

2 C.P.2

3 C.P.3

1.5m

3m
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 As I know for every knot its Cartesian coordinates (X, Y), I can draw them in 

cantilever’s geometry (physical space). We can see the knots as cyan rhombi in 

Figure 2.19. 

 

 Finally, I connect the knots with their adjacent ones. We can see the knot lines as 

black lines in Figure 2.19. 

 

X

Y
element 1 element 3 element 5 element 7 element 9 element 11 element 13 element 15 element 17 element 19

element 2 element 4 element 6 element 8 element 10 element 12 element 14 element 16 element 18 element 20

 

Figure 2.19. Physical Space. Mesh. Knots. 

 

 

  Figure 2.20 shows both knots (cyan rhombi) and control points (red circles) in the physical 

space. We observe that knots coincide with control points. There are as many knots as 

control points. That is why the Basis SPLine functions are linear (p=q=1, K=2). 

 

  Knots and not control points partition cantilever into 20 2D isogeometric elements. 

Although, the stiffness matrix refers to control points, so I form the equilibrium equation for 

them. 

1
F K U U K F  

 

  Displacements’ vector U  refers to control points. For this particular problem, there are 

33 control points, so the above equation is written as follows: 

 
1

66x1 66x1 66x1 66x166x66 66x66

F K U U K F  

 

X

Y
element 1 element 3 element 5 element 7 element 9 element 11 element 13 element 15 element 17 element 19

element 2 element 4 element 6 element 8 element 10 element 12 element 14 element 16 element 18 element 20

 

Figure 2.20. Physical Space. Mesh. Knots and Control Points.  
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Elasticity Matrix [E] 

 

  As it is a plane stress problem, the elasticity matrix [E] for every isogeometric element is 

equal to: 

 

2
3x3

1 v 0
E

E v 1 0
1 v

1 v
0 0

2

 

 

  Every isogeometric element has the same elasticity modulus 8E 210GPa 2,1 10 kPa  

and Poisson’s ratio v 0,3 , so they have all the same elasticity matrix [E], which is equal to: 

 

3x3

3x3

1 0.3 0

E 230.769.231 0.3 1 0 kPa

0 0 0.35

230.769.231 69.230.769 0

E 69.230.769 230.769.231 0 kPa

0 0 80.769.231

 

 

 

Deformation Matrix [B] 

 

  NURBS (Non-Uniform Rational B-SPLines) and not B-SPLines are used as shape functions. 

This NURBS basis is given by: 

 

i,p ip
i n

i,p i

i 1

w
R

w

 

 

where: 

 

 i=1,…,n 

 n: control points’ number 

 p: B-SPLines’ polynomial order 

 i,p : the corresponding Basis SPLine to control point i 

 wi: control point’s i weight factor 

 p
iR : the corresponding Non-Uniform Rational Basis SPLine to control point i with 

polynomial order p 
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  The Non-Uniform Rational Basis SPLine’s derivative is equal to: 

 

n

i,p in
i,p i i 1

i,p i i,p ip
i i 1

2
n

i,p i

i 1

w
w

w w
R

w

 

n n
i,p i,p

i i,p i i,p i ip
i i 1 i 1

2 2
n n

i,p i i,p i

i 1 i 1

w w w w
R

w w

 

 
n

i,pi,p
i,p i ip i

i i 1

n 2
n

i,p i
i,p i

i 1
i 1

w ww
R

w w

 

 

  The problem is 2D, so I have to calculate Rational Surfaces which are defined analogously in 

terms of the rational basis functions: 

 

i,p j,q i, jp,q
i, j n m

i,p j,q i, j

i 1 j 1

w
R ,

w

 

 

where: 

 

 i=1,…,n (axis ξ) 

 j=1,…,m (axis η) 

 n: control points’ number (axis ξ) 

 m: control points’ number (axis η) 

 p: B-SPLines’ polynomial order (axis ξ) 

 q: B-SPLines’ polynomial order (axis η) 

 i,p : the corresponding Basis SPLine to control point i (axis ξ) 

 j,qM : the corresponding Basis SPLine to control point j (axis η) 

 wi,j: control point’s weight factor (2D, ΞxH) 

 
p,q
i, jR , : the corresponding Rational Surface to control point (i,j) 

 

  In this case, the weights are all equal, so: 
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i,p i i,p i,pp
i,pi n n

i,p i i,p

i 1 i 1

w
R

1
w

 

 
and the curve is again a polynomial. B-SPLines are a special case of NURBS. 

 
  Similarly, 

i,p j,q i, j i,p j,q i,p j,qp,q
i, j n m n m

i,p j,q i, j i,p j,q

i 1 j 1 i 1 j 1

w
R ,

1
w

 

p,q
i,p j,qi, jR ,  

 
  The corresponding partial derivatives are equal to: 

 

p,q
i, j i,p

j,q

R ,
 

p,q
i, j j,q

i,p

R ,
 

 
  For every isogeometric element, I calculate: 

 

 Jacobian matrix 

 

N

4x22x2 2x4

J , D , XY  

 
where: 

 

1,1 1,1 1,1 1,1
1,1 1,2 2,1 2,2

N 1,1 1,1 1,1 1,1
2x4 1,1 1,2 2,1 2,2

R , R , R , R ,

D ,
R , R , R , R ,

 

 

C.P.1 C.P.1

C.P.2 C.P.2

C.P.3 C.P.34x2

C.P.4 C.P.4

X Y

X Y
XY

X Y

X Y

 

 
  C.P.1, …, C.P.4 are the corresponding 4 control points to every isogeometric 

element with local numbering.  
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 Deformation matrix 
 

22 12

1 21 11

3x4
21 11 22 12

J J 0 0
1

B , 0 0 J J
det J

J J J J

 

 
1,1 1,1 1,1 1,1
1,1 1,2 2,1 2,2

1,1 1,1 1,1 1,1
1,1 1,2 2,1 2,2

2 1,1 1,1 1,1 1,1
4x8 1,1 1,2 2,1 2,2

1,1
1,1 1,

R , R , R , R ,
0 0 0 0

R , R , R , R ,
0 0 0 0

B ,
R , R , R , R ,

0 0 0 0

R , R
0 0

1,1 1,1 1,1
2 2,1 2,2, R , R ,

0 0

 
  The deformation matrix is equal to: 
 

1 2

3x8 3x4 4x8

B , B , B ,  

 

1,1 1,1 1,1 1,1
1,1 1,2 2,1 2,2

1,1 1,1 1,1 1,1
1,1 1,2 2,1 2,2

3x8

1,1 1,1 1,1 1,1 1,1 1,1 1,1 1,1
1,1 1,1 1,2 1,2 2,1 2,1 2,2 2,2

R R R R
0 0 0 0

R R R R
B , 0 0 0 0

R R R R R R R R

 
 

Local Stiffness Matrix [ke] 

 
  I calculate isogeometric element’s local stiffness matrix using Gauss quadrature. I choose 

5x5 quadrature rule, means 25 Gauss Points for every element. 

 

25 T
e e e

i i i i i i i

3x3i 18x8 8x3 3x8

k B , E B , t det J , w  

 

  The weight factor of Gauss Point i is equal to 
i i

i

w w
w

n p m q
. 

 

where (n-p), (m-q) is the number of horizontal (parametric axis ξ), vertical (parametric axis η) 

spans respectively. I divide with (n-p), (m-q) in order to: 
500

i

i 1

w 2 (global numbering)
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  I used totally (25 Gauss Points per element)·(20 elements)=500 Gauss Points. 

 

  Let’s follow the previous procedure for Gauss Point 1 of isogeometric element 1. We can 

see this Gauss Point in the following Figure 2.21. It is the one in the green circle. 

 

 ξ-1 -0.8 -0.4 -0.2 0 +0.2 +0.4 +0.6 +0.8 +1

(ξ6) (ξ8)

-0.6

(ξ11)(ξ9)(ξ7)(ξ6)(ξ5)(ξ4)(ξ3)(ξ2)(ξ1) (ξ10)

-
1

1
η

(
η
1
)

(
η
3
)

0

(
η
2
)

element 1

element 3 element 5 element 7 element 9 element 11 element 13 element 15 element 17 element 19

element 2 element 4 element 6 element 8 element 10 element 12 element 14 element 16 element 18 element 20

 
 

Figure 2.21. Gauss Point 1 of isogeometric element 1. (Parameter Space) 

 

 

  For element 1 (horizontal span 1 + vertical span 1), 

 

 

axis ξ

G.P.1 (1) G.P.2 (2) G.P.3 (3) G.P.4 (4) G.P.5 (5)

N1,2(ξ) 0,5 0,0469 0,2308 0,9531 0,7692

N2,2(ξ) 0,5 0,9531 0,7692 0,0469 0,2308

horizontal span 1
Ni,1(ξ) 

(2x5,p=1)

 
 

Figure 2.22.a. Basis SPLine functions for horizontal span 1. Parametric axis ξ. 

Values at Gauss Points. 

 

 

axis ξ

G.P.1 (1) G.P.2 (2) G.P.3 (3) G.P.4 (4) G.P.5 (5)

N'1,2(ξ) -5 -5 -5 -5 -5

N'2,2(ξ) 5 5 5 5 5

horizontal span 1
N'i,1(ξ) 

(2x5,p=1)

 
 

Figure 2.22.b. First derivative of basis SPLine functions for horizontal span 1. 

Parametric axis ξ. Values at Gauss Points. 

 

  



Isogeometric Analysis 

82 
Karakitsios Panagiotis 

axis η

G.P.1 (1) G.P.2 (2) G.P.3 (3) G.P.4 (4) G.P.5 (5)

M1,1(η) 0,5 0,0469 0,2308 0,9531 0,7692

M2,1(η) 0,5 0,9531 0,7692 0,0469 0,2308

Mj,1(η) 

(2x5,q=1)
vertical span 1

 
 

Figure 2.22.c. Basis SPLine functions for vertical span 1. Parametric axis η. 

Values at Gauss Points. 

 

axis η

G.P.1 (1) G.P.2 (2) G.P.3 (3) G.P.4 (4) G.P.5 (5)

M'1,1(η) -1 -1 -1 -1 -1

M'2,1(η) 1 1 1 1 1

vertical span 1
M'j,1(η) 

(2x5,q=1)

 
 

Figure 2.22.d. First derivative of basis SPLine functions for vertical span 1. 

Parametric axis η. Values at Gauss Points. 

 
 

C.P.1 C.P.1

C.P.2 C.P.2

C.P.3 C.P.34x2

C.P.4 C.P.4

X Y 0 0

X Y 0 1,5
XY

X Y 1,5 0

X Y 1,5 1,5

 

 

  With BSPLines i,1 j,1N ,M  and their derivatives (
i,1 i,1N M

, ) in hand, I 

calculate corresponding NURBS’ values at Gauss Point 1 (isogeometric element 1). 

 

p,q 1,1
i,p j,q G.P.1 G.P.1 i,1 G.P.1 j,1 G.P.1i, j i, jR , R ,  

p,q 1,1
G.P.1 G.P.1i, j i,p i, j i,1 G.P.1

j,q j,1 G.P.1

R , R ,
 

p,q 1,1
G.P.1 G.P.1i, j j,q i, j j,1 G.P.1

i,p i,1 G.P.1

R , R ,
 

 
Control Point 1 (i=1, j=1) 

 
1,1
1,1 G.P.1 G.P.1 1,1 G.P.1 1,1 G.P.1

1,1
1,1 G.P.1 G.P.1 1,1 G.P.1

1,1 G.P.1

1,1
1,1 G.P.1 G.P.1 1,1 G.P.1

1,1 G.P.1

R ,

R ,

R ,
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Control Point 2 (i=1, j=2) 

 
1,1
1,2 G.P.1 G.P.1 1,1 G.P.1 2,1 G.P.1

1,1
1,2 G.P.1 G.P.1 1,1 G.P.1

2,1 G.P.1

1,1
1,2 G.P.1 G.P.1 2,1 G.P.1

1,1 G.P.1

R ,

R ,

R ,

 

 

Control Point 3 (i=2, j=1) 

 
1,1
2,1 G.P.1 G.P.1 2,1 G.P.1 1,1 G.P.1

1,1
2,1 G.P.1 G.P.1 2,1 G.P.1

1,1 G.P.1

1,1
2,1 G.P.1 G.P.1 1,1 G.P.1

2,1 G.P.1

R ,

R ,

R ,

 

 

Control Point 4 (i=2, j=2) 

 
1,1
2,2 G.P.1 G.P.1 2,1 G.P.1 2,1 G.P.1

1,1
2,2 G.P.1 G.P.1 2,1 G.P.1

2,1 G.P.1

1,1
2,2 G.P.1 G.P.1 2,1 G.P.1

2,1 G.P.1

R ,

R ,

R ,

 

 

Ri,j
1,1

dRi,j
1,1/dξ dRi,j

1,1/dη

i j Control Point Ni,p(ξ)*Μj,q(η) N'i,p(ξ)*Μj,q(η) Ni,p(ξ)*Μ'j,q(η)

1 1 C.P.1 0,25 -2,5 -0,5

1 2 C.P.2 0,25 -2,5 0,5

2 1 C.P.3 0,25 2,5 -0,5

2 2 C.P.4 0,25 2,5 0,5

SUM 1 0 0

element 1
G.P.1 (indexξ=1, indexη=1)

 
 

Figure 2.23. NUR-B-SPLine Surfaces and their derivatives. Parameter space ΞxH. 

Values at Gauss Points. 

 

 

1,1 1,1 1,1 1,1
1,1 1 1 1,2 1 1 2,1 1 1 2,2 1 1

N 1 1 1,1 1,1 1,1 1,1
2x4 1,1 1 1 1,2 1 1 2,1 1 1 2,2 1 1

R , R , R , R ,

2,5 2,5 2,5 2,5
D ,

0,5 0,5 0,5 0,5R , R , R , R ,
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1 1 N 1 1

4x22x2 2x4

0 0

2,5 2,5 2,5 2,5 0 1,5 7,5 0
J , D , XY

0,5 0,5 0,5 0,5 1,5 0 0 1,5

1,5 1,5

 

 

22 12

1 1 1 21 11

3x4
21 11 22 12

1 1 1

3x4

J J 0 0 1,5 0 0 0
1 1

B , 0 0 J J 0 0 0 7,5
det[J] 11,25

J J J J 0 7,5 1,5 0

0,1333 0 0 0

B , 0 0 0 0,6667

0 0,6667 0,1333 0

 

 

1,1 1,1 1,1 1,1
1,1 1,2 1,3 1,4

1,1 1,1 1,1 1,1
1,1 1,2 1,3 1,4

2 1 1
1,1 1,1 1,1 1,1

4x8 1,1 1,2 1,3 1,4

1,1 1,1 1,1 1,1
1,1 1,2 1,3 1,4

R R R R
0 0 0 0

R R R R
0 0 0 0

B ,
R R R R

0 0 0 0

R R R R
0 0 0 0

2 1 1

4x8

2,5 0 2,5 0 2,5 0 2,5 0

0,5 0 0,5 0 0,5 0 0,5 0
B ,

0 2,5 0 2,5 0 2,5 0 2,5

0 0,5 0 0,5 0 0,5 0 0,5

 
 
  The deformation matrix (isogeometric element 1, Gauss Point 1) is equal to: 

 

1 1 1 1 1 2 1 1

3x8

1 1

3x8

B , B , B ,

0,3333 0 0,3333 0 0,3333 0 0,3333 0

B , 0 0,3333 0 0,3333 0 0,3333 0 0,3333

0,3333 0,3333 0,3333 0,3333 0,3333 0,3333 0,3333 0,3333
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u C.P.1 v C.P.1 u C.P.2 v C.P.2 u C.P.4 v C.P.4 u C.P.5 v C.P.5

εx -0,3333 0 -0,3333 0 0,3333 0 0,3333 0

εy 0 -0,3333 0 0,3333 0 -0,3333 0 0,3333

γxy -0,3333 -0,3333 0,3333 -0,3333 -0,3333 0,3333 0,3333 0,3333

element 1

B(ξ,η)

 

Figure 2.24. Deformation Matrix. Isogeometric Element 1. Gauss Point 1. 

Global numbering of Control Points. 

 

  The weight factor of Gauss Point 1 (isogeometric element 1) is equal to: 

 

1 1
1 1

w w 0,56888 0,56888
w w 0,01618

n p m q 11 1 3 1
 

 

  The local stiffness matrix (isogeometric element 1, Gauss Point 1) is equal to: 

 
T

el1 el1 el1
G.P.1 1 1 1 1 1 1 1
8x8 3x38x3 3x8

k B , E B , t det J , w  

 

u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m)

FX (kN) 63.015 30.341 30.341 2.334 -30.341 -2.334 -63.015 -30.341

FY (kN) 30.341 63.015 -2.334 -30.341 2.334 30.341 -30.341 -63.015

FX (kN) 30.341 -2.334 63.015 -30.341 -63.015 30.341 -30.341 2.334

FY (kN) 2.334 -30.341 -30.341 63.015 30.341 -63.015 -2.334 30.341

FX (kN) -30.341 2.334 -63.015 30.341 63.015 -30.341 30.341 -2.334

FY (kN) -2.334 30.341 30.341 -63.015 -30.341 63.015 2.334 -30.341

FX (kN) -63.015 -30.341 -30.341 -2.334 30.341 2.334 63.015 30.341

FY (kN) -30.341 -63.015 2.334 30.341 -2.334 -30.341 30.341 63.015

local [k] (Isogeometric Element 1. Gauss Point 1. Global numbering of C.P.)

C.P.1 C.P.2 C.P.4 C.P.5

C.P.1

C.P.2

C.P.4

C.P.5

el
em

en
t 

1

 

Figure 2.25. Stiffness Matrix. Isogeometric Element 1. Gauss Point 1. 

Global numbering of Control Points. Excel. 

 

u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m)

FX (kN) 63.015 30.341 30.341 2.334 -30.341 -2.334 -63.015 -30.341

FY (kN) 30.341 63.015 -2.334 -30.341 2.334 30.341 -30.341 -63.015

FX (kN) 30.341 -2.334 63.015 -30.341 -63.015 30.341 -30.341 2.334

FY (kN) 2.334 -30.341 -30.341 63.015 30.341 -63.015 -2.334 30.341

FX (kN) -30.341 2.334 -63.015 30.341 63.015 -30.341 30.341 -2.334

FY (kN) -2.334 30.341 30.341 -63.015 -30.341 63.015 2.334 -30.341

PX (kN) -63.015 -30.341 -30.341 -2.334 30.341 2.334 63.015 30.341

FY (kN) -30.341 -63.015 2.334 30.341 -2.334 -30.341 30.341 63.015

local [k] (Isogeometric Element 1. Gauss Point 1. Global numbering of C.P.)

C.P.1 C.P.2 C.P.4 C.P.5

C.P.1

C.P.2

C.P.4

C.P.5

el
em

en
t 

1

 

Figure 2.26. Stiffness Matrix. Isogeometric Element 1. Gauss Point 1. 

Global numbering of Control Points. MatLab.  
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  I follow the same procedure for the rest 24 Gauss Points of isogeometric element 1. 

 

  Isogeometric Element’s 1 local stiffness matrix is equal to: 

 
25 25 T

e e e e
G.P.i i i i i i i i

i 1 i 1

k k B , E B , t det J , w  

 

u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m)

FX (kN) 1.038.462 375.000 115.385 28.846 -634.615 -28.846 -519.231 -375.000

FY (kN) 375.000 1.038.462 -28.846 -634.615 28.846 115.385 -375.000 -519.231

FX (kN) 115.385 -28.846 1.038.462 -375.000 -519.231 375.000 -634.615 28.846

FY (kN) 28.846 -634.615 -375.000 1.038.462 375.000 -519.231 -28.846 115.385

FX (kN) -634.615 28.846 -519.231 375.000 1.038.462 -375.000 115.385 -28.846

FY (kN) -28.846 115.385 375.000 -519.231 -375.000 1.038.462 28.846 -634.615

FX (kN) -519.231 -375.000 -634.615 -28.846 115.385 28.846 1.038.462 375.000

FY (kN) -375.000 -519.231 28.846 115.385 -28.846 -634.615 375.000 1.038.462

local [k] (kN/m) (Isogeometric Element 1. Global numbering of C.P.)

C.P.1 C.P.2 C.P.4 C.P.5

el
em

en
t 

1

C.P.1

C.P.2

C.P.4

C.P.5

 

Figure 2.27. Stiffness Matrix. Isogeometric Element 1. 

Global numbering of Control Points. MatLab. 

 

 

Total Stiffness Matrix [K] 

 

  I calculate the local (numbering) Stiffness Matrix for every Isogeometric Element. Then, I 

form the total Stiffness Matrix of the structure. 

 

u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v

PΧ 1.038.462 375.000 115.385 28.846 0 0 -634.615 -28.846 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PY 375.000 1.038.462 -28.846 -634.615 0 0 28.846 115.385 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PΧ 115.385 -28.846 2.076.923 0 115.385 28.846 -519.231 375.000 -1.269.231 0 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PY 28.846 -634.615 0 2.076.923 -28.846 -634.615 375.000 -519.231 0 230.769 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PΧ 0 0 115.385 -28.846 1.038.462 -375.000 0 0 -519.231 375.000 -634.615 28.846 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PY 0 0 28.846 -634.615 -375.000 1.038.462 0 0 375.000 -519.231 -28.846 115.385 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PΧ -634.615 28.846 -519.231 375.000 0 0 2.076.923 0 230.769 0 0 0 -634.615 -28.846 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PY -28.846 115.385 375.000 -519.231 0 0 0 2.076.923 0 -1.269.231 0 0 28.846 115.385 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PΧ -519.231 -375.000 -1.269.231 0 -519.231 375.000 230.769 0 4.153.846 0 230.769 0 -519.231 375.000 -1.269.231 0 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PY -375.000 -519.231 0 230.769 375.000 -519.231 0 -1.269.231 0 4.153.846 0 -1.269.231 375.000 -519.231 0 230.769 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PΧ 0 0 -519.231 -375.000 -634.615 -28.846 0 0 230.769 0 2.076.923 0 0 0 -519.231 375.000 -634.615 28.846 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PY 0 0 -375.000 -519.231 28.846 115.385 0 0 0 -1.269.231 0 2.076.923 0 0 375.000 -519.231 -28.846 115.385 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PΧ 0 0 0 0 0 0 -634.615 28.846 -519.231 375.000 0 0 2.076.923 0 230.769 0 0 0 -634.615 -28.846 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PY 0 0 0 0 0 0 -28.846 115.385 375.000 -519.231 0 0 0 2.076.923 0 -1.269.231 0 0 28.846 115.385 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PΧ 0 0 0 0 0 0 -519.231 -375.000 -1.269.231 0 -519.231 375.000 230.769 0 4.153.846 0 230.769 0 -519.231 375.000 -1.269.231 0 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PY 0 0 0 0 0 0 -375.000 -519.231 0 230.769 375.000 -519.231 0 -1.269.231 0 4.153.846 0 -1.269.231 375.000 -519.231 0 230.769 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PΧ 0 0 0 0 0 0 0 0 -519.231 -375.000 -634.615 -28.846 0 0 230.769 0 2.076.923 0 0 0 -519.231 375.000 -634.615 28.846 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PY 0 0 0 0 0 0 0 0 -375.000 -519.231 28.846 115.385 0 0 0 -1.269.231 0 2.076.923 0 0 375.000 -519.231 -28.846 115.385 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PΧ 0 0 0 0 0 0 0 0 0 0 0 0 -634.615 28.846 -519.231 375.000 0 0 2.076.923 0 230.769 0 0 0 -634.615 -28.846 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PY 0 0 0 0 0 0 0 0 0 0 0 0 -28.846 115.385 375.000 -519.231 0 0 0 2.076.923 0 -1.269.231 0 0 28.846 115.385 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PΧ 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -1.269.231 0 -519.231 375.000 230.769 0 4.153.846 0 230.769 0 -519.231 375.000 -1.269.231 0 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PY 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 0 230.769 375.000 -519.231 0 -1.269.231 0 4.153.846 0 -1.269.231 375.000 -519.231 0 230.769 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -634.615 -28.846 0 0 230.769 0 2.076.923 0 0 0 -519.231 375.000 -634.615 28.846 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 28.846 115.385 0 0 0 -1.269.231 0 2.076.923 0 0 375.000 -519.231 -28.846 115.385 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -634.615 28.846 -519.231 375.000 0 0 2.076.923 0 230.769 0 0 0 -634.615 -28.846 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -28.846 115.385 375.000 -519.231 0 0 0 2.076.923 0 -1.269.231 0 0 28.846 115.385 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -1.269.231 0 -519.231 375.000 230.769 0 4.153.846 0 230.769 0 -519.231 375.000 -1.269.231 0 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 0 230.769 375.000 -519.231 0 -1.269.231 0 4.153.846 0 -1.269.231 375.000 -519.231 0 230.769 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -634.615 -28.846 0 0 230.769 0 2.076.923 0 0 0 -519.231 375.000 -634.615 28.846 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 28.846 115.385 0 0 0 -1.269.231 0 2.076.923 0 0 375.000 -519.231 -28.846 115.385 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -634.615 28.846 -519.231 375.000 0 0 2.076.923 0 230.769 0 0 0 -634.615 -28.846 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -28.846 115.385 375.000 -519.231 0 0 0 2.076.923 0 -1.269.231 0 0 28.846 115.385 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -1.269.231 0 -519.231 375.000 230.769 0 4.153.846 0 230.769 0 -519.231 375.000 -1.269.231 0 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 0 230.769 375.000 -519.231 0 -1.269.231 0 4.153.846 0 -1.269.231 375.000 -519.231 0 230.769 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -634.615 -28.846 0 0 230.769 0 2.076.923 0 0 0 -519.231 375.000 -634.615 28.846 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 28.846 115.385 0 0 0 -1.269.231 0 2.076.923 0 0 375.000 -519.231 -28.846 115.385 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -634.615 28.846 -519.231 375.000 0 0 2.076.923 0 230.769 0 0 0 -634.615 -28.846 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -28.846 115.385 375.000 -519.231 0 0 0 2.076.923 0 -1.269.231 0 0 28.846 115.385 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -1.269.231 0 -519.231 375.000 230.769 0 4.153.846 0 230.769 0 -519.231 375.000 -1.269.231 0 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 0 230.769 375.000 -519.231 0 -1.269.231 0 4.153.846 0 -1.269.231 375.000 -519.231 0 230.769 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -634.615 -28.846 0 0 230.769 0 2.076.923 0 0 0 -519.231 375.000 -634.615 28.846 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 28.846 115.385 0 0 0 -1.269.231 0 2.076.923 0 0 375.000 -519.231 -28.846 115.385 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -634.615 28.846 -519.231 375.000 0 0 2.076.923 0 230.769 0 0 0 -634.615 -28.846 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -28.846 115.385 375.000 -519.231 0 0 0 2.076.923 0 -1.269.231 0 0 28.846 115.385 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -1.269.231 0 -519.231 375.000 230.769 0 4.153.846 0 230.769 0 -519.231 375.000 -1.269.231 0 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0

PY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 0 230.769 375.000 -519.231 0 -1.269.231 0 4.153.846 0 -1.269.231 375.000 -519.231 0 230.769 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0

PΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -634.615 -28.846 0 0 230.769 0 2.076.923 0 0 0 -519.231 375.000 -634.615 28.846 0 0 0 0 0 0 0 0 0 0 0 0

PY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 28.846 115.385 0 0 0 -1.269.231 0 2.076.923 0 0 375.000 -519.231 -28.846 115.385 0 0 0 0 0 0 0 0 0 0 0 0

PΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -634.615 28.846 -519.231 375.000 0 0 2.076.923 0 230.769 0 0 0 -634.615 -28.846 -519.231 -375.000 0 0 0 0 0 0 0 0

PY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -28.846 115.385 375.000 -519.231 0 0 0 2.076.923 0 -1.269.231 0 0 28.846 115.385 -375.000 -519.231 0 0 0 0 0 0 0 0

PΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -1.269.231 0 -519.231 375.000 230.769 0 4.153.846 0 230.769 0 -519.231 375.000 -1.269.231 0 -519.231 -375.000 0 0 0 0 0 0

PY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 0 230.769 375.000 -519.231 0 -1.269.231 0 4.153.846 0 -1.269.231 375.000 -519.231 0 230.769 -375.000 -519.231 0 0 0 0 0 0

PΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -634.615 -28.846 0 0 230.769 0 2.076.923 0 0 0 -519.231 375.000 -634.615 28.846 0 0 0 0 0 0

PY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 28.846 115.385 0 0 0 -1.269.231 0 2.076.923 0 0 375.000 -519.231 -28.846 115.385 0 0 0 0 0 0

PΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -634.615 28.846 -519.231 375.000 0 0 2.076.923 0 230.769 0 0 0 -634.615 -28.846 -519.231 -375.000 0 0

PY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -28.846 115.385 375.000 -519.231 0 0 0 2.076.923 0 -1.269.231 0 0 28.846 115.385 -375.000 -519.231 0 0

PΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -1.269.231 0 -519.231 375.000 230.769 0 4.153.846 0 230.769 0 -519.231 375.000 -1.269.231 0 -519.231 -375.000

PY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 0 230.769 375.000 -519.231 0 -1.269.231 0 4.153.846 0 -1.269.231 375.000 -519.231 0 230.769 -375.000 -519.231

PΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -634.615 -28.846 0 0 230.769 0 2.076.923 0 0 0 -519.231 375.000 -634.615 28.846

PY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 28.846 115.385 0 0 0 -1.269.231 0 2.076.923 0 0 375.000 -519.231 -28.846 115.385

PΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -634.615 28.846 -519.231 375.000 0 0 1.038.462 -375.000 115.385 -28.846 0 0

PY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -28.846 115.385 375.000 -519.231 0 0 -375.000 1.038.462 28.846 -634.615 0 0

PΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -1.269.231 0 -519.231 375.000 115.385 28.846 2.076.923 0 115.385 -28.846

PY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 0 230.769 375.000 -519.231 -28.846 -634.615 0 2.076.923 28.846 -634.615

PΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -634.615 -28.846 0 0 115.385 28.846 1.038.462 375.000

PY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 28.846 115.385 0 0 -28.846 -634.615 375.000 1.038.462
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Figure 2.28. Total Stiffness Matrix. (66x66) 

 

 

  Two Degrees of Freedom correspond to every Control Point, the horizontal u and the 

vertical v displacement. The cantilever’s total Stiffness Matrix is a symmetric square matrix 

with dimensions 66x66, as there are 33 Control Points and 33·2=66 Degrees of Freedom.  
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Control Points’ External Forces {P} 

 

  I calculate the External Load Vector (66x1) and I reorder it. 

 
T

tot

(66x1)

F 0 ... 0 1000 0 1000 0 1000  

 

T
f

(60x1) (60x1)
tot,m

s(66x1)
(6x1) (6x1)

F 0 ... 0 1000 0 1000 0 1000

F
F 0

 

 

 

Control Points’ Displacements {U} 

 

  I reorder the Total Stiffness Matrix and the External Load Vector and then I form the 

balance equation. I symbolize the unknown displacements with subscript f and the known 

ones (fixed Control Points) with s. 

 

ff fsf f
60x6060x1 60x160x6

tot,m tot,m tot,m

s ssf ss
6x1 6x16x60 6x6

60x1

6x1

K KF U

F K U
F UK K

0

...

0

1000

0

1000

0

1000

0

ff fs f
60x60 60x160x6 1

f ff

60x1 60x60sf ss
6x16x60 6x6

60x1

0

...

0
K K U

1000
U K

00K K

1000

0

1000

 

 

 

  Figure 2.29 shows Control Points’ horizontal and vertical displacement. 

 

The maximum horizontal displacement is equal to 9,5cm and corresponds to C.P.31 (-9,5cm) 

and C.P.33 (9,5cm). 

 

 The maximum vertical displacement is equal to 65,1cm and corresponds to C.P.31 (-65,1cm) 

and C.P.33 (-65,1cm). Negative value displays that maximum displacement’s direction is the 

negative direction of axis Y, means these Control Points move downstairs as expected.  
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horizontal u (cm) vertical v (cm)

C.P. 1 0,0 0,0

C.P. 2 0,0 0,0

C.P. 3 0,0 0,0

C.P. 4 -1,8 -1,2

C.P. 5 0,0 -0,9

C.P. 6 1,8 -1,2

C.P. 7 -3,4 -4,0

C.P. 8 0,0 -3,7

C.P. 9 3,4 -4,0

C.P. 10 -4,8 -8,2

C.P. 11 0,0 -8,0

C.P. 12 4,8 -8,2

C.P. 13 -6,1 -13,9

C.P. 14 0,0 -13,7

C.P. 15 6,1 -13,9

C.P. 16 -7,1 -20,6

C.P. 17 0,0 -20,5

C.P. 18 7,1 -20,6

C.P. 19 -8,0 -28,4

C.P. 20 0,0 -28,3

C.P. 21 8,0 -28,4

C.P. 22 -8,7 -36,9

C.P. 23 0,0 -36,8

C.P. 24 8,7 -36,9

C.P. 25 -9,1 -45,9

C.P. 26 0,0 -45,9

C.P. 27 9,1 -45,9

C.P. 28 -9,4 -55,4

C.P. 29 0,0 -55,4

C.P. 30 9,4 -55,4

C.P. 31 -9,5 -65,1

C.P. 32 0,0 -65,0

C.P. 33 9,5 -65,1

9,5 0,0

-9,5 -65,1

max

min
 

 

Figure 2.29. Control Points’ displacements.  
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Figure 2.30.a. Control Points’ horizontal displacement. 
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Figure 2.30.b. Control Points’ vertical displacement. 

 
 

Stress Field at Gauss Points 

 
  As I know Control Points’ displacements, I can calculate the stress field at Isogeometric 

Elements’ Gauss Points. 

 

i i i i i i
8x13x3 3x33x1 3x1 3x8

, , , d  

 
where: 

 

X i i

i i Y i i

3x1
XY i i

,

, ,

,

: stress field at Gauss Point i (plane stress problem)  
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2

3x3

1 v 0
E

E v 1 0
1 v

1 v
0 0

2

 (plane stress problem) 

 

X i i

i i Y i i

3x1
XY i i

,

, ,

,

: strain field at Gauss Point i 

 
8x1

d : This displacement vector refers to displacements of Isogeometric Element’s  

          Control Points (local numbering). 

 
  Let’s calculate the corresponding stress field to Gauss Point 1 of Isogeometric Element 1. 

 

 ξ-1 -0.8 -0.4 -0.2 0 +0.2 +0.4 +0.6 +0.8 +1

(ξ6) (ξ8)

-0.6

(ξ11)(ξ9)(ξ7)(ξ6)(ξ5)(ξ4)(ξ3)(ξ2)(ξ1) (ξ10)

-
1

1
η

(
η
1
)

(
η
3
)

0

(
η
2
)

element 1

element 3 element 5 element 7 element 9 element 11 element 13 element 15 element 17 element 19

element 2 element 4 element 6 element 8 element 10 element 12 element 14 element 16 element 18 element 20

 
 

Figure 2.31. Gauss Point 1 of Isogeometric Element 1. (Parameter Space) 

 
 

{d} (m)

u (m) 0

v (m) 0

u (m) 0

v (m) 0

u (m) -0,018

v (m) -0,012

u (m) 0

v (m) -0,009

C.P.1

C.P.2

C.P.4

C.P.5

el
em

en
t 

1

 
 

Figure 2.32. Control Points’ vertical and horizontal displacement. 

Isogeometric Element 1. 

 

1 1 1 1 1 1

1.288.132 1.288,13

, , d 169.330 kPa , 169,33 MPa

100.000 100,00
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σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa)

G.P.1 -1.288,13 -169,33 -100,00 1.288,13 169,33 -100,00 -1.134,45 30,75 -100,00 1.134,45 -30,75 -100,00 -1.004,23 -5,58 -100,00

G.P.2 -55,99 200,31 -24,33 2.520,27 538,97 -175,67 4,42 372,41 -122,01 2.273,32 310,92 -77,99 -5,88 293,92 -104,27

G.P.3 -555,97 50,32 -55,04 2.020,29 388,98 -144,96 -457,71 233,77 -113,08 1.811,19 172,28 -86,92 -410,99 172,39 -102,54

G.P.4 -2.520,27 -538,97 -175,67 55,99 -200,31 -24,33 -2.273,32 -310,92 -77,99 -4,42 -372,41 -122,01 -2.002,58 -305,09 -95,73

G.P.5 -2.020,29 -388,98 -144,96 555,97 -50,32 -55,04 -1.811,19 -172,28 -86,92 457,71 -233,77 -113,08 -1.597,47 -183,55 -97,46

G.P.6 -1.223,27 46,87 331,25 1.223,27 -46,87 331,25 -1.153,31 -32,13 298,60 1.153,31 32,13 298,60 -1.007,89 -17,79 249,42

G.P.7 8,87 416,51 406,92 2.455,41 322,77 255,58 -14,44 309,53 276,60 2.292,18 373,79 320,61 -9,54 281,72 245,15

G.P.8 -491,11 266,52 376,21 1.955,43 172,78 286,28 -476,57 170,89 285,53 1.830,05 235,15 311,68 -414,65 160,19 246,88

G.P.9 -2.455,41 -322,77 255,58 -8,87 -416,51 406,92 -2.292,18 -373,79 320,61 14,44 -309,53 276,60 -2.006,24 -317,29 253,69

G.P.10 -1.955,43 -172,78 286,28 491,11 -266,52 376,21 -1.830,05 -235,15 311,68 476,57 -170,89 285,53 -1.601,13 -195,76 251,96

G.P.11 -1.249,59 -40,86 156,26 1.249,59 40,86 156,26 -1.145,66 -6,62 136,86 1.145,66 6,62 136,86 -1.006,41 -12,83 107,63

G.P.12 -17,45 328,78 231,93 2.481,73 410,50 80,59 -6,79 335,05 114,85 2.284,53 348,28 158,86 -8,06 286,67 103,36

G.P.13 -517,43 178,79 201,22 1.981,75 260,51 111,29 -468,92 196,41 123,78 1.822,39 209,64 149,93 -413,17 165,14 105,10

G.P.14 -2.481,73 -410,50 80,59 17,45 -328,78 231,93 -2.284,53 -348,28 158,86 6,79 -335,05 114,85 -2.004,75 -312,34 111,90

G.P.15 -1.981,75 -260,51 111,29 517,43 -178,79 201,22 -1.822,39 -209,64 149,93 468,92 -196,41 123,78 -1.599,64 -190,80 110,17

G.P.16 -1.352,99 -385,53 -531,25 1.352,99 385,53 -531,25 -1.115,59 93,62 -498,60 1.115,59 -93,62 -498,60 -1.000,57 6,62 -449,42

G.P.17 -120,85 -15,89 -455,58 2.585,13 755,17 -606,92 23,28 435,28 -520,61 2.254,46 248,04 -476,60 -2,22 306,12 -453,69

G.P.18 -620,83 -165,88 -486,28 2.085,15 605,18 -576,21 -438,85 296,64 -511,68 1.792,32 109,40 -485,53 -407,33 184,59 -451,96

G.P.19 -2.585,13 -755,17 -606,92 120,85 15,89 -455,58 -2.254,46 -248,04 -476,60 -23,28 -435,28 -520,61 -1.998,92 -292,88 -445,15

G.P.20 -2.085,15 -605,18 -576,21 620,83 165,88 -486,28 -1.792,32 -109,40 -485,53 438,85 -296,64 -511,68 -1.593,81 -171,35 -446,88

G.P.21 -1.326,67 -297,80 -356,26 1.326,67 297,80 -356,26 -1.123,24 68,11 -336,86 1.123,24 -68,11 -336,86 -1.002,06 1,67 -307,63

G.P.22 -94,53 71,84 -280,59 2.558,81 667,44 -431,93 15,63 409,77 -358,86 2.262,11 273,55 -314,85 -3,71 301,17 -311,90

G.P.23 -594,51 -78,15 -311,29 2.058,83 517,45 -401,22 -446,50 271,13 -349,93 1.799,98 134,92 -323,78 -408,82 179,64 -310,17

G.P.24 -2.558,81 -667,44 -431,93 94,53 -71,84 -280,59 -2.262,11 -273,55 -314,85 -15,63 -409,77 -358,86 -2.000,40 -297,84 -303,36

G.P.25 -2.058,83 -517,45 -401,22 594,51 78,15 -311,29 -1.799,98 -134,92 -323,78 446,50 -271,13 -349,93 -1.595,29 -176,30 -305,10

max 8,87 416,51 406,92 2.585,13 755,17 406,92 23,28 435,28 320,61 2.292,18 373,79 320,61 -2,22 306,12 253,69

min -2.585,13 -755,17 -606,92 -8,87 -416,51 -606,92 -2.292,18 -373,79 -520,61 -23,28 -435,28 -520,61 -2.006,24 -317,29 -453,69

element 1 element 2 element 3 element 4 element 5

 

Figure 2.33.a. Stress Field at Gauss Points. 

Isogeometric Elements 1-5. 

 

 

 

σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa)

G.P.1 1.004,23 5,58 -100,00 -869,75 1,01 -100,00 869,75 -1,01 -100,00 -736,05 -0,19 -100,00 736,05 0,19 -100,00

G.P.2 2.002,58 305,09 -95,73 -3,35 260,94 -107,49 1.736,16 258,91 -92,51 -3,15 219,68 -106,91 1.468,95 220,06 -93,09

G.P.3 1.597,47 183,55 -97,46 -354,92 155,46 -104,45 1.384,59 153,44 -95,55 -300,54 130,46 -104,11 1.171,55 130,84 -95,89

G.P.4 5,88 -293,92 -104,27 -1.736,16 -258,91 -92,51 3,35 -260,94 -107,49 -1.468,95 -220,06 -93,09 3,15 -219,68 -106,91

G.P.5 410,99 -172,39 -102,54 -1.384,59 -153,44 -95,55 354,92 -155,46 -104,45 -1.171,55 -130,84 -95,89 300,54 -130,46 -104,11

G.P.6 1.007,89 17,79 249,42 -876,17 -20,39 203,24 876,17 20,39 203,24 -741,97 -19,93 156,52 741,97 19,93 156,52

G.P.7 2.006,24 317,29 253,69 -9,77 239,53 195,75 1.742,58 280,31 210,73 -9,07 199,94 149,61 1.474,87 239,80 163,42

G.P.8 1.601,13 195,76 251,96 -361,34 134,06 198,79 1.391,01 174,84 207,69 -306,47 110,72 152,41 1.177,47 150,58 160,62

G.P.9 9,54 -281,72 245,15 -1.742,58 -280,31 210,73 9,77 -239,53 195,75 -1.474,87 -239,80 163,42 9,07 -199,94 149,61

G.P.10 414,65 -160,19 246,88 -1.391,01 -174,84 207,69 361,34 -134,06 198,79 -1.177,47 -150,58 160,62 306,47 -110,72 152,41

G.P.11 1.006,41 12,83 107,63 -873,57 -11,70 80,19 873,57 11,70 80,19 -739,57 -11,92 52,43 739,57 11,92 52,43

G.P.12 2.004,75 312,34 111,90 -7,16 248,22 72,70 1.739,97 271,62 87,68 -6,67 207,95 45,52 1.472,47 231,79 59,34

G.P.13 1.599,64 190,80 110,17 -358,73 142,75 75,74 1.388,40 166,15 84,64 -304,06 118,73 48,32 1.175,07 142,57 56,53

G.P.14 8,06 -286,67 103,36 -1.739,97 -271,62 87,68 7,16 -248,22 72,70 -1.472,47 -231,79 59,34 6,67 -207,95 45,52

G.P.15 413,17 -165,14 105,10 -1.388,40 -166,15 84,64 358,73 -142,75 75,74 -1.175,07 -142,57 56,53 304,06 -118,73 48,32

G.P.16 1.000,57 -6,62 -449,42 -863,33 22,42 -403,24 863,33 -22,42 -403,24 -730,13 19,55 -356,52 730,13 -19,55 -356,52

G.P.17 1.998,92 292,88 -445,15 3,07 282,34 -410,73 1.729,74 237,50 -395,75 2,78 239,42 -363,42 1.463,03 200,32 -349,61

G.P.18 1.593,81 171,35 -446,88 -348,50 176,87 -407,69 1.378,17 132,03 -398,79 -294,62 150,20 -360,62 1.165,63 111,10 -352,41

G.P.19 2,22 -306,12 -453,69 -1.729,74 -237,50 -395,75 -3,07 -282,34 -410,73 -1.463,03 -200,32 -349,61 -2,78 -239,42 -363,42

G.P.20 407,33 -184,59 -451,96 -1.378,17 -132,03 -398,79 348,50 -176,87 -407,69 -1.165,63 -111,10 -352,41 294,62 -150,20 -360,62

G.P.21 1.002,06 -1,67 -307,63 -865,94 13,73 -280,19 865,94 -13,73 -280,19 -732,53 11,54 -252,43 732,53 -11,54 -252,43

G.P.22 2.000,40 297,84 -303,36 0,47 273,65 -287,68 1.732,34 246,19 -272,70 0,37 231,41 -259,34 1.465,43 208,33 -245,52

G.P.23 1.595,29 176,30 -305,10 -351,10 168,18 -284,64 1.380,77 140,72 -275,74 -297,03 142,19 -256,53 1.168,03 119,11 -248,32

G.P.24 3,71 -301,17 -311,90 -1.732,34 -246,19 -272,70 -0,47 -273,65 -287,68 -1.465,43 -208,33 -245,52 -0,37 -231,41 -259,34

G.P.25 408,82 -179,64 -310,17 -1.380,77 -140,72 -275,74 351,10 -168,18 -284,64 -1.168,03 -119,11 -248,32 297,03 -142,19 -256,53

max 2.006,24 317,29 253,69 3,07 282,34 210,73 1.742,58 280,31 210,73 2,78 239,42 163,42 1.474,87 239,80 163,42

min 2,22 -306,12 -453,69 -1.742,58 -280,31 -410,73 -3,07 -282,34 -410,73 -1.474,87 -239,80 -363,42 -2,78 -239,42 -363,42

element 8 element 9 element 10element 6 element 7

 

Figure 2.33.b. Stress Field at Gauss Points. 

Isogeometric Elements 6-10. 
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σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa)

G.P.1 -602,20 0,06 -100,00 602,20 -0,06 -100,00 -468,40 -0,16 -100,00 468,40 0,16 -100,00 -334,48 0,84 -100,00

G.P.2 -2,51 179,97 -107,00 1.201,89 179,85 -93,00 -2,01 139,76 -107,07 934,78 140,07 -92,93 -1,15 100,84 -106,59

G.P.3 -245,85 106,97 -104,16 958,55 106,84 -95,84 -191,26 82,98 -104,20 745,53 83,30 -95,80 -136,41 60,26 -103,91

G.P.4 -1.201,89 -179,85 -93,00 2,51 -179,97 -107,00 -934,78 -140,07 -92,93 2,01 -139,76 -107,07 -667,80 -99,15 -93,41

G.P.5 -958,55 -106,84 -95,84 245,85 -106,97 -104,16 -745,53 -83,30 -95,80 191,26 -82,98 -104,20 -532,54 -58,58 -96,09

G.P.6 -608,20 -19,94 109,89 608,20 19,94 109,89 -474,46 -20,35 63,23 474,46 20,35 63,23 -340,12 -17,97 16,66

G.P.7 -8,51 159,97 102,89 1.207,89 199,84 116,89 -8,07 119,56 56,17 940,84 160,27 70,30 -6,80 82,03 10,08

G.P.8 -251,85 86,97 105,73 964,55 126,84 114,05 -197,32 62,79 59,03 751,59 103,49 67,43 -142,05 41,45 12,75

G.P.9 -1.207,89 -199,84 116,89 8,51 -159,97 102,89 -940,84 -160,27 70,30 8,07 -119,56 56,17 -673,44 -117,97 23,25

G.P.10 -964,55 -126,84 114,05 251,85 -86,97 105,73 -751,59 -103,49 67,43 197,32 -62,79 59,03 -538,19 -77,39 20,58

G.P.11 -605,76 -11,82 24,72 605,76 11,82 24,72 -472,00 -12,16 -3,00 472,00 12,16 -3,00 -337,83 -10,34 -30,68

G.P.12 -6,07 168,09 17,72 1.205,45 191,73 31,72 -5,61 127,76 -10,07 938,38 152,07 4,07 -4,51 89,66 -37,26

G.P.13 -249,42 95,08 20,56 962,11 118,73 28,88 -194,86 70,98 -7,20 749,13 95,30 1,20 -139,76 49,08 -34,59

G.P.14 -1.205,45 -191,73 31,72 6,07 -168,09 17,72 -938,38 -152,07 4,07 5,61 -127,76 -10,07 -671,15 -110,33 -24,09

G.P.15 -962,11 -118,73 28,88 249,42 -95,08 20,56 -749,13 -95,30 1,20 194,86 -70,98 -7,20 -535,90 -69,76 -26,76

G.P.16 -596,20 20,06 -309,89 596,20 -20,06 -309,89 -462,34 20,04 -263,23 462,34 -20,04 -263,23 -328,83 19,66 -216,66

G.P.17 3,49 199,97 -316,89 1.195,89 159,85 -302,89 4,04 159,95 -270,30 928,72 119,88 -256,17 4,49 119,66 -223,25

G.P.18 -239,85 126,96 -314,05 952,55 86,85 -305,73 -185,21 103,18 -267,43 739,47 63,11 -259,03 -130,76 79,08 -220,58

G.P.19 -1.195,89 -159,85 -302,89 -3,49 -199,97 -316,89 -928,72 -119,88 -256,17 -4,04 -159,95 -270,30 -662,15 -80,34 -210,08

G.P.20 -952,55 -86,85 -305,73 239,85 -126,96 -314,05 -739,47 -63,11 -259,03 185,21 -103,18 -267,43 -526,90 -39,76 -212,75

G.P.21 -598,64 11,94 -224,72 598,64 -11,94 -224,72 -464,80 11,84 -197,00 464,80 -11,84 -197,00 -331,12 12,02 -169,32

G.P.22 1,06 191,85 -231,72 1.198,33 167,96 -217,72 1,59 151,76 -204,07 931,18 128,07 -189,93 2,20 112,02 -175,91

G.P.23 -242,29 118,85 -228,88 954,98 94,96 -220,56 -187,66 94,98 -201,20 741,93 71,30 -192,80 -133,05 71,44 -173,24

G.P.24 -1.198,33 -167,96 -217,72 -1,06 -191,85 -231,72 -931,18 -128,07 -189,93 -1,59 -151,76 -204,07 -664,44 -87,97 -162,74

G.P.25 -954,98 -94,96 -220,56 242,29 -118,85 -228,88 -741,93 -71,30 -192,80 187,66 -94,98 -201,20 -529,19 -47,40 -165,41

max 3,49 199,97 116,89 1.207,89 199,84 116,89 4,04 159,95 70,30 940,84 160,27 70,30 4,49 119,66 23,25

min -1.207,89 -199,84 -316,89 -3,49 -199,97 -316,89 -940,84 -160,27 -270,30 -4,04 -159,95 -270,30 -673,44 -117,97 -223,25

element 11 element 12 element 13 element 14 element 15

 

Figure 2.33.c. Stress Field at Gauss Points. 

Isogeometric Elements 11-15. 

 

 

σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa)

G.P.1 334,48 -0,84 -100,00 -201,20 -4,64 -100,00 201,20 4,64 -100,00 -64,37 25,56 -100,00 64,37 -25,56 -100,00

G.P.2 667,80 99,15 -93,41 -2,23 55,05 -109,26 400,16 64,33 -90,74 7,36 47,08 -94,52 136,11 -4,04 -105,48

G.P.3 532,54 58,58 -96,09 -82,97 30,83 -105,50 319,42 40,11 -94,50 -21,75 38,35 -96,74 107,00 -12,77 -103,26

G.P.4 1,15 -100,84 -106,59 -400,16 -64,33 -90,74 2,23 -55,05 -109,26 -136,11 4,04 -105,48 -7,36 -47,08 -94,52

G.P.5 136,41 -60,26 -103,91 -319,42 -40,11 -94,50 82,97 -30,83 -105,50 -107,00 12,77 -103,26 21,75 -38,35 -96,74

G.P.6 340,12 17,97 16,66 -209,13 -31,10 -30,36 209,13 31,10 -30,36 -59,68 41,22 -74,89 59,68 -41,22 -74,89

G.P.7 673,44 117,97 23,25 -10,17 28,59 -39,62 408,10 90,79 -21,10 12,06 62,74 -69,41 131,42 -19,69 -80,37

G.P.8 538,19 77,39 20,58 -90,91 4,37 -35,87 327,36 66,57 -24,86 -17,05 54,00 -71,63 102,31 -28,43 -78,15

G.P.9 6,80 -82,03 10,08 -408,10 -90,79 -21,10 10,17 -28,59 -39,62 -131,42 19,69 -80,37 -12,06 -62,74 -69,41

G.P.10 142,05 -41,45 12,75 -327,36 -66,57 -24,86 90,91 -4,37 -35,87 -102,31 28,43 -78,15 17,05 -54,00 -71,63

G.P.11 337,83 10,34 -30,68 -205,91 -20,36 -58,62 205,91 20,36 -58,62 -61,58 34,86 -85,08 61,58 -34,86 -85,08

G.P.12 671,15 110,33 -24,09 -6,95 39,32 -67,88 404,88 80,05 -49,36 10,16 56,38 -79,60 133,32 -13,34 -90,56

G.P.13 535,90 69,76 -26,76 -87,68 15,10 -64,12 324,14 55,83 -53,12 -18,95 47,65 -81,82 104,21 -22,07 -88,34

G.P.14 4,51 -89,66 -37,26 -404,88 -80,05 -49,36 6,95 -39,32 -67,88 -133,32 13,34 -90,56 -10,16 -56,38 -79,60

G.P.15 139,76 -49,08 -34,59 -324,14 -55,83 -53,12 87,68 -15,10 -64,12 -104,21 22,07 -88,34 18,95 -47,65 -81,82

G.P.16 328,83 -19,66 -216,66 -193,26 21,82 -169,64 193,26 -21,82 -169,64 -69,07 9,90 -125,11 69,07 -9,90 -125,11

G.P.17 662,15 80,34 -210,08 5,71 81,51 -178,90 392,22 37,87 -160,38 2,67 31,42 -119,63 140,81 11,62 -130,59

G.P.18 526,90 39,76 -212,75 -75,03 57,29 -175,14 311,49 13,65 -164,13 -26,44 22,69 -121,85 111,70 2,89 -128,37

G.P.19 -4,49 -119,66 -223,25 -392,22 -37,87 -160,38 -5,71 -81,51 -178,90 -140,81 -11,62 -130,59 -2,67 -31,42 -119,63

G.P.20 130,76 -79,08 -220,58 -311,49 -13,65 -164,13 75,03 -57,29 -175,14 -111,70 -2,89 -128,37 26,44 -22,69 -121,85

G.P.21 331,12 -12,02 -169,32 -196,48 11,08 -141,38 196,48 -11,08 -141,38 -67,17 16,25 -114,92 67,17 -16,25 -114,92

G.P.22 664,44 87,97 -162,74 2,49 70,77 -150,64 395,44 48,61 -132,12 4,57 37,77 -109,44 138,91 5,27 -120,40

G.P.23 529,19 47,40 -165,41 -78,25 46,55 -146,88 314,71 24,39 -135,88 -24,54 29,04 -111,66 109,80 -3,46 -118,18

G.P.24 -2,20 -112,02 -175,91 -395,44 -48,61 -132,12 -2,49 -70,77 -150,64 -138,91 -5,27 -120,40 -4,57 -37,77 -109,44

G.P.25 133,05 -71,44 -173,24 -314,71 -24,39 -135,88 78,25 -46,55 -146,88 -109,80 3,46 -118,18 24,54 -29,04 -111,66

max 673,44 117,97 23,25 5,71 81,51 -21,10 408,10 90,79 -21,10 12,06 62,74 -69,41 140,81 11,62 -69,41

min -4,49 -119,66 -223,25 -408,10 -90,79 -178,90 -5,71 -81,51 -178,90 -140,81 -11,62 -130,59 -12,06 -62,74 -130,59

element 16 element 17 element 18 element 19 element 20

 

Figure 2.33.d. Stress Field at Gauss Points. 

Isogeometric Elements 16-20. 
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(Element, G.P.)

max (2,17) 2.585,13 

min (1,19) -2.585,13 

max (2,17) 755,17 

min (1,19) -755,17 

max (1,7), (2,9) 406,92 

min (1,19), (2,17) -606,92 

σXX (MPa)

σYY (MPa)

τXY (MPa)
 

 

Figure 2.34. Maximum and Minimum Stress. 

 

 

  Figure 2.33 depicts stresses at Isogeometric Elements’ Gauss Points, while Figure 2.34 

shows maximum and minimum stress. 

 

  As expected, elements 1 and 2 (nearest to fixed boundary) suffer from larger stresses. It is a 

cantilever under concentrated load P=3.000 kN at free edge, so the upper horizontal side 

suffers from tension and the lower horizontal side suffers from compression. Maximum 

bending moment occurs at fixed edge. 

 

maxM P L 3.000kN 15m 45.000 kNm  

 

  Element 2 (G.P.17, nearest to upper horizontal side) experience the largest tension. Tensile 

stresses are equal to: 

 

XX

YY

max 2.585,13 MPa

max 755,17 MPa

 

 
 

 

  Element 1 (G.P.19, nearest to lower horizontal side) experience the largest compression. 

Compressive stresses are equal to: 

 

XX

YY

max 2.585,13 MPa

max 755,17 MPa
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2.2.2. Finite Element Analysis 
 

  I will solve the same problem applying Finite Element Method. In order to reach a safe 

conclusion, I have maintained as many nodes (FEA) as control points (IGA), means I have 

used 33 nodes with the same global numbering. The two (FEA, IGA) outgoing stiffness 

matrices will have the same dimensions (66x66). The nodes have the same distance between 

each other along the length and the height. 

 

  As it is a plane stress problem, the two stiffness matrices have both 66 rows and 66 

columns. (2•33=66, 66x66). 

 

  I use the following analysis parameters: 

 Nodes: 33. It is important to underline that number of Nodes is equal to shape 

functions’ number. Cartesian coordinate system’s origin is the extreme left and 

bottom corner. 

 Shape functions: Linear. The shape functions are linear, as I used 4-noded Finite 

Elements. 

 20 2D 4-sided, 4-noded Finite Elements. I have simulated the structure with 20 2D 

4-sided 4-noded Finite Elements. Every element has the same geometry and nodes. 

So, the local stiffness matrix is the same. The parametric axis ξ (parameter space) is 

parallel to cantilever’s length (physical space), means horizontal. Its direction is from 

left to right. The parametric axis η (parameter space) is parallel to cantilever’s height 

(physical space), means vertical. Its direction is from bottom to cantilever’s top. In 

FEA, the parameter space is local to every element. 

 

Method FEA

Finite Elements (Number) 20

Finite Elements (Type) 2D

4-sided 

4-noded 

isoparametric

Gauss Points 5x5  
 

Figure 2.35. Analysis Parameters. 

 

X

Y

 
Figure 2.36. Cantilever Profile. (Cartesian Axes. Nodes.)  
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2D 4-sided 4-noded Finite Element 
 

  It is a plane stress problem. I have used isoparametric 2-D 4-sided 4-noded Finite Elements. 
Each element has 4 nodes and 2•4=8 degrees of freedom, as each node corresponds to 2 
degrees of freedom, which are the horizontal displacement and the vertical displacement. 
 

2

3

1

4

(1,-1)

η

(-1,-1)

(1,1)(-1,1)

ξ

 
 

Figure 2.37. Isoparametric 2D 4-sided 4-noded Finite Element. 
Parameter Space. Local Numbering. 

 

Shape functions 
 

  The shape functions and their partial derivatives with respect to ξ, η are equal to: 

 

1
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4

1
N 1 1

4

1
N 1 1

4

1
N 1 1

4

1
N 1 1
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Figure 2.38. Shape functions. 
Isoparametric 2D 4-sided 4-noded Finite Element.  
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  For every element e 1 20 , I follow the below procedure. 

 
 

Elasticity Matrix [E] 

 
  As it is a plane stress problem, the elasticity matrix [E] is equal to: 

 

2
3x3

1 v 0
E

E v 1 0
1 v

1 v
0 0

2

 

 
 

Deformation Matrix [B] 

 
  I calculate the deformation matrix. 

 

e 1,e 2,e

3x8 3x4 4x8

, , ,  

 

where: 

 

e,22 e,12

1,e e,21 e,11

e3x4
e,21 e,11 e,22 e,12

J , J , 0 0
1

, 0 0 J , J ,
det J ,

J , J , J , J ,
 

 

1,e 1,e

2,e 2,e1, 2, 3, 4,
e N e

3,e 3,e1, 2, 3, 4,4x22x2 2x4

4,e 4,e

N , N , N , N ,
J , D , Y

N , N , N , N ,

 

1,e 1,e

2,e 2,e

3,e 3,e2x2

4,e 4,e

1 1 1 1
1 1 1 1

4 4 4 4
J ,

1 1 1 1
1 1 1 1

4 4 4 4

 

 
Xn,e, Yn,e: Node’s n (Finite Element e) Cartesian coordinates (local numbering) 

 

1, 2, 3, 4,

1, 2, 3, 4,
2,e

1, 2, 3, 4,4x8

1, 2, 3, 4,

N , 0 N , 0 N , 0 N , 0

N , 0 N , 0 N , 0 N , 0
,

0 N , 0 N , 0 N , 0 N ,

0 N , 0 N , 0 N , 0 N ,
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2,e

4x8

1 1 1 1
1 0 1 0 1 0 1 0

4 4 4 4

1 1 1 1
1 0 1 0 1 0 1 0

4 4 4 4
,

1 1 1 1
0 1 0 1 0 1 0 1

4 4 4 4

1 1 1 1
0 1 0 1 0 1 0 1

4 4 4 4

 
 

Local Stiffness Matrix [ke] 

 
  I produce the local stiffness matrix. 

 
1 1

T

e e e e

3x38x8 8x3 3x81 1

k B , B , t det J , d d  

 
  I have calculated the double integral using numerical integration (integration rule 5x5). 

 

5 5 T

e i j e i j e i j e i j

3x38x8 i 1 j 1 8x3 3x8

k w w B , B , t det J ,  

 

η=0.90617

2

3

1

4

ξ

η

ξ=
-0

.9
0
6

1
7

ξ=
-0

.5
3
8

4
6

ξ=
0

ξ=
0
.5

3
8
4
6

ξ=
0
.9

0
6
1
7

η=0.53846

η=0

η=-0.53846

η=-0.90617
9 14 4 24 19

10 15 5 25 20

6 11 1 21 16

8 13 3 23 18

7 12 2 22 17

 
 

Figure 2.39. Gauss Points. (Local numbering.) 

Isoparametric 2D 4-sided 4-noded Finite Element. 
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  The weight factors for the 25 five Gauss Points are equal to: 

 

G.P. ξi wi ηj wj wij=wi·wj

1 0 0,56888 0 0,56888 0,32362

2 0 0,56888 0,90617 0,23692 0,13478

3 0 0,56888 0,53846 0,47862 0,27228

4 0 0,56888 -0,90617 0,23692 0,13478

5 0 0,56888 -0,53846 0,47862 0,27228

6 0,90617 0,23692 0 0,56888 0,13478

7 0,90617 0,23692 0,90617 0,23692 0,05613

8 0,90617 0,23692 0,53846 0,47862 0,11339

9 0,90617 0,23692 -0,90617 0,23692 0,05613

10 0,90617 0,23692 -0,53846 0,47862 0,11339

11 0,53846 0,47862 0 0,56888 0,27228

12 0,53846 0,47862 0,90617 0,23692 0,11339

13 0,53846 0,47862 0,53846 0,47862 0,22908

14 0,53846 0,47862 -0,90617 0,23692 0,11339

15 0,53846 0,47862 -0,53846 0,47862 0,22908

16 -0,90617 0,23692 0 0,56888 0,13478

17 -0,90617 0,23692 0,90617 0,23692 0,05613

18 -0,90617 0,23692 0,53846 0,47862 0,11339

19 -0,90617 0,23692 -0,90617 0,23692 0,05613

20 -0,90617 0,23692 -0,53846 0,47862 0,11339

21 -0,53846 0,47862 0 0,56888 0,27228

22 -0,53846 0,47862 0,90617 0,23692 0,11339

23 -0,53846 0,47862 0,53846 0,47862 0,22908

24 -0,53846 0,47862 -0,90617 0,23692 0,11339

25 -0,53846 0,47862 -0,53846 0,47862 0,22908  
 

 

  Each Finite Element has the same local Stiffness Matrix, which is the following: 

 

u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m)

FX (kN) 1.038.462 375.000 115.385 28.846 -634.615 -28.846 -519.231 -375.000

FY (kN) 375.000 1.038.462 -28.846 -634.615 28.846 115.385 -375.000 -519.231

FX (kN) 115.385 -28.846 1.038.462 -375.000 -519.231 375.000 -634.615 28.846

FY (kN) 28.846 -634.615 -375.000 1.038.462 375.000 -519.231 -28.846 115.385

FX (kN) -634.615 28.846 -519.231 375.000 1.038.462 -375.000 115.385 -28.846

FY (kN) -28.846 115.385 375.000 -519.231 -375.000 1.038.462 28.846 -634.615

FX (kN) -519.231 -375.000 -634.615 -28.846 115.385 28.846 1.038.462 375.000

FY (kN) -375.000 -519.231 28.846 115.385 -28.846 -634.615 375.000 1.038.462

local [k] (kN/m) (Finite Element 1. Global numbering of Nodes.)

Node 1 Node 2 Node 4 Node 5

el
em
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Figure 2.40. Stiffness Matrix. Finite Element 1. 

Global numbering of Nodes.  
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Control Net 

 
 
  Figure 2.41 shows Nodes’ Cartesian coordinates. 

 
axis X

element 1 element 2 element 3 element 4 element 5 element 6 element 7 element 8 element 9 element 10

Node 1 0 0 1,5 1,5 3 3 4,5 4,5 6 6

Node 2 0 0 1,5 1,5 3 3 4,5 4,5 6 6

Node 3 1,5 1,5 3 3 4,5 4,5 6 6 7,5 7,5

Node 4 1,5 1,5 3 3 4,5 4,5 6 6 7,5 7,5

element 11 element 12 element 13 element 14 element 15 element 16 element 17 element 18 element 19 element 20

Node 1 7,5 7,5 9 9 10,5 10,5 12 12 13,5 13,5

Node 2 7,5 7,5 9 9 10,5 10,5 12 12 13,5 13,5

Node 3 9 9 10,5 10,5 12 12 13,5 13,5 15 15

Node 4 9 9 10,5 10,5 12 12 13,5 13,5 15 15

lo
ca

l n
u

m
b

e
ri

n
g

XN

 
Figure 2.41.a. Nodes’ Cartesian coordinate X. (physical space) 

 
 

axis Y

element 1 element 2 element 3 element 4 element 5 element 6 element 7 element 8 element 9 element 10

Node 1 0 1,5 0 1,5 0 1,5 0 1,5 0 1,5

Node 2 1,5 3 1,5 3 1,5 3 1,5 3 1,5 3

Node 3 0 1,5 0 1,5 0 1,5 0 1,5 0 1,5

Node 4 1,5 3 1,5 3 1,5 3 1,5 3 1,5 3

element 11 element 12 element 13 element 14 element 15 element 16 element 17 element 18 element 19 element 20

Node 1 0 1,5 0 1,5 0 1,5 0 1,5 0 1,5

Node 2 1,5 3 1,5 3 1,5 3 1,5 3 1,5 3

Node 3 0 1,5 0 1,5 0 1,5 0 1,5 0 1,5

Node 4 1,5 3 1,5 3 1,5 3 1,5 3 1,5 3

YN
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ca
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b

e
ri

n
g

 
Figure 2.41.b. Nodes’ Cartesian coordinate Y. (physical space) 

 
 
  33 Nodes partition the structure into 20 Finite Elements. 
 
  In Figure 2.16 we can see the corresponding node net. 
 
 

X

Y

19 22 25 28 31

20 23 26 29 32

21 24 27 30 33

1 4 7 10 13

2 5 8 11 14

3 6 9 12 15

16

17

18

 
Figure 2.42. Node Net. (physical space) 
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Parameter Space 
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Figure 2.43. Isoparametric 2D 4-sided 4-noded Finite Element. 

Parameter Space. Local Numbering. 

 

 

Physical Space 

 

X

Y
element 1 element 3 element 5 element 7 element 9 element 11 element 13 element 15 element 17 element 19

element 2 element 4 element 6 element 8 element 10 element 12 element 14 element 16 element 18 element 20

 
 

Figure 2.44. Finite Element Mesh. 

Nodes partition cantilever into finite elements. 

 

 

  Figure 2.44 shows nodes (red circles) in the physical space. Nodes partition cantilever into 

20 isoparametric 2D 4-sided 4-noded finite elements. The Total Stiffness Matrix refers to 

nodes, so I form the equilibrium equation for them. 

 

1
F K U U K F  

 

  Displacements’ vector U  refers to nodes. For this particular problem, there are 33 

nodes, so the above equation is written as follows: 

 
1

66x1 66x1 66x1 66x166x66 66x66

F K U U K F
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Total Stiffness Matrix [K] 

 

  I calculate the local (numbering) Stiffness Matrix for every Finite Element. Then, I form the 

total Stiffness Matrix of the structure. 

 

u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v

FΧ 1.038.412 -374.985 115.388 -28.845 0 0 -634.582 28.845 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY -374.985 1.038.412 28.845 -634.582 0 0 -28.845 115.388 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 115.388 28.845 2.076.824 0 115.388 -28.845 -519.218 -374.985 -1.269.164 0 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY -28.845 -634.582 0 2.076.824 28.845 -634.582 -374.985 -519.218 0 230.776 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 115.388 28.845 1.038.412 374.985 0 0 -519.218 -374.985 -634.582 -28.845 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 -28.845 -634.582 374.985 1.038.412 0 0 -374.985 -519.218 28.845 115.388 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ -634.582 -28.845 -519.218 -374.985 0 0 2.076.824 0 230.776 0 0 0 -634.582 28.845 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 28.845 115.388 -374.985 -519.218 0 0 0 2.076.824 0 -1.269.164 0 0 -28.845 115.388 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ -519.218 374.985 -1.269.164 0 -519.218 -374.985 230.776 0 4.153.647 0 230.776 0 -519.218 -374.985 -1.269.164 0 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 374.985 -519.218 0 230.776 -374.985 -519.218 0 -1.269.164 0 4.153.647 0 -1.269.164 -374.985 -519.218 0 230.776 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 -519.218 374.985 -634.582 28.845 0 0 230.776 0 2.076.824 0 0 0 -519.218 -374.985 -634.582 -28.845 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 374.985 -519.218 -28.845 115.388 0 0 0 -1.269.164 0 2.076.824 0 0 -374.985 -519.218 28.845 115.388 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 -634.582 -28.845 -519.218 -374.985 0 0 2.076.824 0 230.776 0 0 0 -634.582 28.845 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 28.845 115.388 -374.985 -519.218 0 0 0 2.076.824 0 -1.269.164 0 0 -28.845 115.388 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 -519.218 374.985 -1.269.164 0 -519.218 -374.985 230.776 0 4.153.647 0 230.776 0 -519.218 -374.985 -1.269.164 0 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 374.985 -519.218 0 230.776 -374.985 -519.218 0 -1.269.164 0 4.153.647 0 -1.269.164 -374.985 -519.218 0 230.776 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 -519.218 374.985 -634.582 28.845 0 0 230.776 0 2.076.824 0 0 0 -519.218 -374.985 -634.582 -28.845 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 374.985 -519.218 -28.845 115.388 0 0 0 -1.269.164 0 2.076.824 0 0 -374.985 -519.218 28.845 115.388 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 -634.582 -28.845 -519.218 -374.985 0 0 2.076.824 0 230.776 0 0 0 -634.582 28.845 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 28.845 115.388 -374.985 -519.218 0 0 0 2.076.824 0 -1.269.164 0 0 -28.845 115.388 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 -519.218 374.985 -1.269.164 0 -519.218 -374.985 230.776 0 4.153.647 0 230.776 0 -519.218 -374.985 -1.269.164 0 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 374.985 -519.218 0 230.776 -374.985 -519.218 0 -1.269.164 0 4.153.647 0 -1.269.164 -374.985 -519.218 0 230.776 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.218 374.985 -634.582 28.845 0 0 230.776 0 2.076.824 0 0 0 -519.218 -374.985 -634.582 -28.845 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 374.985 -519.218 -28.845 115.388 0 0 0 -1.269.164 0 2.076.824 0 0 -374.985 -519.218 28.845 115.388 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -634.582 -28.845 -519.218 -374.985 0 0 2.076.824 0 230.776 0 0 0 -634.582 28.845 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 28.845 115.388 -374.985 -519.218 0 0 0 2.076.824 0 -1.269.164 0 0 -28.845 115.388 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.218 374.985 -1.269.164 0 -519.218 -374.985 230.776 0 4.153.647 0 230.776 0 -519.218 -374.985 -1.269.164 0 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 374.985 -519.218 0 230.776 -374.985 -519.218 0 -1.269.164 0 4.153.647 0 -1.269.164 -374.985 -519.218 0 230.776 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.218 374.985 -634.582 28.845 0 0 230.776 0 2.076.824 0 0 0 -519.218 -374.985 -634.582 -28.845 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 374.985 -519.218 -28.845 115.388 0 0 0 -1.269.164 0 2.076.824 0 0 -374.985 -519.218 28.845 115.388 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -634.582 -28.845 -519.218 -374.985 0 0 2.076.824 0 230.776 0 0 0 -634.582 28.845 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 28.845 115.388 -374.985 -519.218 0 0 0 2.076.824 0 -1.269.164 0 0 -28.845 115.388 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.218 374.985 -1.269.164 0 -519.218 -374.985 230.776 0 4.153.647 0 230.776 0 -519.218 -374.985 -1.269.164 0 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 374.985 -519.218 0 230.776 -374.985 -519.218 0 -1.269.164 0 4.153.647 0 -1.269.164 -374.985 -519.218 0 230.776 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.218 374.985 -634.582 28.845 0 0 230.776 0 2.076.824 0 0 0 -519.218 -374.985 -634.582 -28.845 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 374.985 -519.218 -28.845 115.388 0 0 0 -1.269.164 0 2.076.824 0 0 -374.985 -519.218 28.845 115.388 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -634.582 -28.845 -519.218 -374.985 0 0 2.076.824 0 230.776 0 0 0 -634.582 28.845 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 28.845 115.388 -374.985 -519.218 0 0 0 2.076.824 0 -1.269.164 0 0 -28.845 115.388 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.218 374.985 -1.269.164 0 -519.218 -374.985 230.776 0 4.153.647 0 230.776 0 -519.218 -374.985 -1.269.164 0 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 374.985 -519.218 0 230.776 -374.985 -519.218 0 -1.269.164 0 4.153.647 0 -1.269.164 -374.985 -519.218 0 230.776 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.218 374.985 -634.582 28.845 0 0 230.776 0 2.076.824 0 0 0 -519.218 -374.985 -634.582 -28.845 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 374.985 -519.218 -28.845 115.388 0 0 0 -1.269.164 0 2.076.824 0 0 -374.985 -519.218 28.845 115.388 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -634.582 -28.845 -519.218 -374.985 0 0 2.076.824 0 230.776 0 0 0 -634.582 28.845 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 28.845 115.388 -374.985 -519.218 0 0 0 2.076.824 0 -1.269.164 0 0 -28.845 115.388 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.218 374.985 -1.269.164 0 -519.218 -374.985 230.776 0 4.153.647 0 230.776 0 -519.218 -374.985 -1.269.164 0 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 374.985 -519.218 0 230.776 -374.985 -519.218 0 -1.269.164 0 4.153.647 0 -1.269.164 -374.985 -519.218 0 230.776 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.218 374.985 -634.582 28.845 0 0 230.776 0 2.076.824 0 0 0 -519.218 -374.985 -634.582 -28.845 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 374.985 -519.218 -28.845 115.388 0 0 0 -1.269.164 0 2.076.824 0 0 -374.985 -519.218 28.845 115.388 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -634.582 -28.845 -519.218 -374.985 0 0 2.076.824 0 230.776 0 0 0 -634.582 28.845 -519.218 374.985 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 28.845 115.388 -374.985 -519.218 0 0 0 2.076.824 0 -1.269.164 0 0 -28.845 115.388 374.985 -519.218 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.218 374.985 -1.269.164 0 -519.218 -374.985 230.776 0 4.153.647 0 230.776 0 -519.218 -374.985 -1.269.164 0 -519.218 374.985 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 374.985 -519.218 0 230.776 -374.985 -519.218 0 -1.269.164 0 4.153.647 0 -1.269.164 -374.985 -519.218 0 230.776 374.985 -519.218 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.218 374.985 -634.582 28.845 0 0 230.776 0 2.076.824 0 0 0 -519.218 -374.985 -634.582 -28.845 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 374.985 -519.218 -28.845 115.388 0 0 0 -1.269.164 0 2.076.824 0 0 -374.985 -519.218 28.845 115.388 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -634.582 -28.845 -519.218 -374.985 0 0 2.076.824 0 230.776 0 0 0 -634.582 28.845 -519.218 374.985 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 28.845 115.388 -374.985 -519.218 0 0 0 2.076.824 0 -1.269.164 0 0 -28.845 115.388 374.985 -519.218 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.218 374.985 -1.269.164 0 -519.218 -374.985 230.776 0 4.153.647 0 230.776 0 -519.218 -374.985 -1.269.164 0 -519.218 374.985

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 374.985 -519.218 0 230.776 -374.985 -519.218 0 -1.269.164 0 4.153.647 0 -1.269.164 -374.985 -519.218 0 230.776 374.985 -519.218

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.218 374.985 -634.582 28.845 0 0 230.776 0 2.076.824 0 0 0 -519.218 -374.985 -634.582 -28.845

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 374.985 -519.218 -28.845 115.388 0 0 0 -1.269.164 0 2.076.824 0 0 -374.985 -519.218 28.845 115.388

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -634.582 -28.845 -519.218 -374.985 0 0 1.038.412 374.985 115.388 28.845 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 28.845 115.388 -374.985 -519.218 0 0 374.985 1.038.412 -28.845 -634.582 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.218 374.985 -1.269.164 0 -519.218 -374.985 115.388 -28.845 2.076.824 0 115.388 28.845

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 374.985 -519.218 0 230.776 -374.985 -519.218 28.845 -634.582 0 2.076.824 -28.845 -634.582

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.218 374.985 -634.582 28.845 0 0 115.388 -28.845 1.038.412 -374.985

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 374.985 -519.218 -28.845 115.388 0 0 28.845 -634.582 -374.985 1.038.412

Node 12

Node 1

Node 2

Node 3

Node 4

Node 5

Node 6

Node 7

Node 8

Node 9

Node 10

Node 11

Node 24

Node 13

Node 14

Node 15

Node 16

Node 17

Node 18

Node 19

Node 20

Node 21

Node 22

Node 23

Node 31

Node 32

Node 33

Node 25

Node 26

Node 27

Node 28

Node 29

Node 30

Node 19 Node 27 Node 28 Node 29 Node 30Node 20 Node 21 Node 22 Node 23 Node 24 Node 31 Node 32 Node 33

Total Stiffness Matrix (kN/m)
Node 14 Node 15 Node 16 Node 17 Node 18Node 1 Node 2 Node 3 Node 4 Node 5 Node 6 Node 7 Node 8 Node 9 Node 10 Node 11 Node 12 Node 13 Node 25 Node 26

 

Figure 2.45. Total Stiffness Matrix. (66x66) 

 

 

  Two Degrees of Freedom correspond to every Node, the horizontal u and the vertical v 

displacement. The cantilever’s total Stiffness Matrix is a symmetric square matrix with 

dimensions 66x66, as there are 33 Nodes and 33·2=66 Degrees of Freedom.  

 

 

Nodes’ External Forces {P} 

 

  I calculate the External Load Vector (66x1) and I reorder it. 

 
T

tot

(66x1)

F 0 ... 0 1000 0 1000 0 1000  

 

T
f

(60x1) (60x1)
tot,m

s(66x1)
(6x1) (6x1)

F 0 ... 0 1000 0 1000 0 1000

F
F 0

 

 

 

Control Points’ Displacements {U} 

 

  I reorder the Total Stiffness Matrix and the External Load Vector and then I form the 

balance equation. I symbolize the unknown displacements with subscript f and the known 

ones (fixed Nodes) with s. 
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ff fsf f
60x6060x1 60x160x6
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K KF U
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0
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1000
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00K K

1000
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1000

 

 

 

  Figure 2.46 shows Nodes’ horizontal and vertical displacement. 

 

  The maximum horizontal displacement is equal to 9,5cm and corresponds to: 

 Node 31: u=-9,5 cm 

 Node 33: u=+9,5 cm. 

 

  The maximum vertical displacement is equal to 65,1cm and corresponds to: 

 Node 31: v=-65,1 cm 

 Node33: v=-65,1 cm. 

   Negative value displays that maximum displacement’s direction is the negative direction of 

axis Y, means these Nodes move downstairs as expected. 
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horizontal u (cm) vertical v (cm)

Node 1 0,0 0,0

Node 2 0,0 0,0

Node 3 0,0 0,0

Node 4 -1,8 -1,2

Node 5 0,0 -0,9

Node 6 1,8 -1,2

Node 7 -3,4 -4,0

Node 8 0,0 -3,7

Node 9 3,4 -4,0

Node 10 -4,8 -8,2

Node 11 0,0 -8,0

Node 12 4,8 -8,2

Node 13 -6,1 -13,9

Node 14 0,0 -13,7

Node 15 6,1 -13,9

Node 16 -7,1 -20,6

Node 17 0,0 -20,5

Node 18 7,1 -20,6

Node 19 -8,0 -28,4

Node 20 0,0 -28,3

Node 21 8,0 -28,4

Node 22 -8,7 -36,9

Node 23 0,0 -36,8

Node 24 8,7 -36,9

Node 25 -9,1 -45,9

Node 26 0,0 -45,9

Node 27 9,1 -45,9

Node 28 -9,4 -55,4

Node 29 0,0 -55,4

Node 30 9,4 -55,4

Node 31 -9,5 -65,1

Node 32 0,0 -65,0

Node 33 9,5 -65,1

9,5 0,0

-9,5 -65,1

max

min
 

 

Figure 2.46. Nodes’ displacements.  
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Figure 2.47.a. Nodes’ horizontal displacement. 
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Figure 2.47.b. Nodes’ vertical displacement. 

 
 

Stress Field at Gauss Points 

 
  As I know Nodes’ displacements, I can calculate the stress field at Finite Elements’ Gauss 

Points. 

 

i i i i i i
8x13x3 3x33x1 3x1 3x8

, , , d  

 
where: 
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X i i

i i Y i i

3x1
XY i i

,

, ,

,

: stress field at Gauss Point i (plane stress problem) 

 

 
2

3x3

1 v 0
E

E v 1 0
1 v

1 v
0 0

2

 (plane stress problem) 

 

 

X i i

i i Y i i

3x1
XY i i

,

, ,

,

: strain field at Gauss Point i 

 

 
8x1

d : Displacement vector refers to displacements of Finite Element’s Nodes (local    

           numbering). 

 
 
  Let’s calculate the corresponding stress field to Gauss Point 1 of Finite Element 1. 

 
 

{d} (m)

u (m) 0

v (m) 0

u (m) 0

v (m) 0

u (m) -0,018

v (m) -0,012

u (m) 0

v (m) -0,009

Node 1

Node 2

Node 4

Node 5

el
em

en
t 

1

 
 

Figure 2.48. Nodes’ vertical and horizontal displacement. 

Finite Element 1. 

 

 

1 1 1 1 1 1

1.288.132 1.288,13

, , d 169.330 kPa , 169,33 MPa

100.000 100,00
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σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa)

G.P.1 -1.288,13 -169,33 -100,00 1.288,13 169,33 -100,00 -1.134,45 30,75 -100,00 1.134,45 -30,75 -100,00 -1.004,23 -5,58 -100,00

G.P.2 -55,99 200,31 -24,33 2.520,27 538,97 -175,67 4,42 372,41 -122,01 2.273,32 310,92 -77,99 -5,88 293,92 -104,27

G.P.3 -555,97 50,32 -55,04 2.020,29 388,98 -144,96 -457,71 233,77 -113,08 1.811,19 172,28 -86,92 -410,99 172,39 -102,54

G.P.4 -2.520,27 -538,97 -175,67 55,99 -200,31 -24,33 -2.273,32 -310,92 -77,99 -4,42 -372,41 -122,01 -2.002,58 -305,09 -95,73

G.P.5 -2.020,29 -388,98 -144,96 555,97 -50,32 -55,04 -1.811,19 -172,28 -86,92 457,71 -233,77 -113,08 -1.597,47 -183,55 -97,46

G.P.6 -1.223,27 46,87 331,25 1.223,27 -46,87 331,25 -1.153,31 -32,13 298,61 1.153,31 32,13 298,61 -1.007,89 -17,79 249,42

G.P.7 8,87 416,51 406,92 2.455,41 322,77 255,58 -14,44 309,53 276,60 2.292,18 373,79 320,61 -9,54 281,72 245,15

G.P.8 -491,11 266,52 376,21 1.955,43 172,78 286,28 -476,57 170,89 285,53 1.830,05 235,15 311,68 -414,66 160,19 246,88

G.P.9 -2.455,41 -322,77 255,58 -8,87 -416,51 406,92 -2.292,18 -373,79 320,61 14,44 -309,53 276,60 -2.006,24 -317,29 253,69

G.P.10 -1.955,43 -172,78 286,28 491,11 -266,52 376,21 -1.830,05 -235,15 311,68 476,57 -170,89 285,53 -1.601,13 -195,76 251,96

G.P.11 -1.249,59 -40,86 156,26 1.249,59 40,86 156,26 -1.145,66 -6,62 136,86 1.145,66 6,62 136,86 -1.006,41 -12,83 107,63

G.P.12 -17,45 328,78 231,93 2.481,73 410,50 80,59 -6,79 335,05 114,85 2.284,53 348,28 158,86 -8,06 286,67 103,36

G.P.13 -517,43 178,79 201,22 1.981,75 260,51 111,29 -468,92 196,41 123,78 1.822,39 209,64 149,94 -413,17 165,14 105,10

G.P.14 -2.481,73 -410,50 80,59 17,45 -328,78 231,93 -2.284,53 -348,28 158,86 6,79 -335,05 114,85 -2.004,75 -312,34 111,90

G.P.15 -1.981,75 -260,51 111,29 517,43 -178,79 201,22 -1.822,39 -209,64 149,94 468,92 -196,41 123,78 -1.599,64 -190,81 110,17

G.P.16 -1.352,99 -385,53 -531,25 1.352,99 385,53 -531,25 -1.115,59 93,62 -498,61 1.115,59 -93,62 -498,61 -1.000,57 6,62 -449,42

G.P.17 -120,85 -15,89 -455,58 2.585,13 755,17 -606,92 23,28 435,28 -520,61 2.254,46 248,04 -476,60 -2,22 306,12 -453,69

G.P.18 -620,83 -165,88 -486,28 2.085,15 605,18 -576,21 -438,85 296,64 -511,68 1.792,32 109,40 -485,53 -407,33 184,59 -451,96

G.P.19 -2.585,13 -755,17 -606,92 120,85 15,89 -455,58 -2.254,46 -248,04 -476,60 -23,28 -435,28 -520,61 -1.998,92 -292,88 -445,15

G.P.20 -2.085,15 -605,18 -576,21 620,83 165,88 -486,28 -1.792,32 -109,40 -485,53 438,85 -296,64 -511,68 -1.593,81 -171,35 -446,88

G.P.21 -1.326,67 -297,80 -356,26 1.326,67 297,80 -356,26 -1.123,24 68,11 -336,86 1.123,24 -68,11 -336,86 -1.002,06 1,67 -307,63

G.P.22 -94,53 71,84 -280,59 2.558,81 667,44 -431,93 15,63 409,77 -358,86 2.262,11 273,56 -314,85 -3,71 301,17 -311,90

G.P.23 -594,51 -78,15 -311,29 2.058,83 517,45 -401,22 -446,50 271,13 -349,94 1.799,98 134,92 -323,78 -408,82 179,64 -310,17

G.P.24 -2.558,81 -667,44 -431,93 94,53 -71,84 -280,59 -2.262,11 -273,56 -314,85 -15,63 -409,77 -358,86 -2.000,40 -297,84 -303,36

G.P.25 -2.058,83 -517,45 -401,22 594,51 78,15 -311,29 -1.799,98 -134,92 -323,78 446,50 -271,13 -349,94 -1.595,29 -176,30 -305,10

max 8,87 416,51 406,92 2.585,13 755,17 406,92 23,28 435,28 320,61 2.292,18 373,79 320,61 -2,22 306,12 253,69

min -2.585,13 -755,17 -606,92 -8,87 -416,51 -606,92 -2.292,18 -373,79 -520,61 -23,28 -435,28 -520,61 -2.006,24 -317,29 -453,69

element 1 element 2 element 3 element 4 element 5

 

Figure 2.49.a. Stress Field at Gauss Points. 

Finite Elements 1-5. 

 

 

σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa)

G.P.1 1.004,23 5,58 -100,00 -869,75 1,01 -100,00 869,75 -1,01 -100,00 -736,05 -0,19 -100,00 736,05 0,19 -100,00

G.P.2 2.002,58 305,09 -95,73 -3,35 260,94 -107,49 1.736,16 258,91 -92,51 -3,15 219,68 -106,91 1.468,95 220,06 -93,09

G.P.3 1.597,47 183,55 -97,46 -354,92 155,47 -104,45 1.384,59 153,44 -95,55 -300,54 130,46 -104,11 1.171,55 130,84 -95,89

G.P.4 5,88 -293,92 -104,27 -1.736,16 -258,91 -92,51 3,35 -260,94 -107,49 -1.468,95 -220,06 -93,09 3,15 -219,68 -106,91

G.P.5 410,99 -172,39 -102,54 -1.384,59 -153,44 -95,55 354,92 -155,47 -104,45 -1.171,55 -130,84 -95,89 300,54 -130,46 -104,11

G.P.6 1.007,89 17,79 249,42 -876,17 -20,39 203,24 876,17 20,39 203,24 -741,97 -19,93 156,52 741,97 19,93 156,52

G.P.7 2.006,24 317,29 253,69 -9,77 239,53 195,75 1.742,58 280,31 210,73 -9,07 199,94 149,61 1.474,87 239,80 163,42

G.P.8 1.601,13 195,76 251,96 -361,34 134,06 198,79 1.391,01 174,84 207,69 -306,47 110,72 152,41 1.177,47 150,58 160,62

G.P.9 9,54 -281,72 245,15 -1.742,58 -280,31 210,73 9,77 -239,53 195,75 -1.474,87 -239,80 163,42 9,07 -199,94 149,61

G.P.10 414,66 -160,19 246,88 -1.391,01 -174,84 207,69 361,34 -134,06 198,79 -1.177,47 -150,58 160,62 306,47 -110,72 152,41

G.P.11 1.006,41 12,83 107,63 -873,57 -11,70 80,19 873,57 11,70 80,19 -739,57 -11,92 52,43 739,57 11,92 52,43

G.P.12 2.004,75 312,34 111,90 -7,16 248,22 72,70 1.739,97 271,62 87,68 -6,67 207,95 45,52 1.472,47 231,79 59,34

G.P.13 1.599,64 190,81 110,17 -358,73 142,75 75,74 1.388,40 166,15 84,64 -304,06 118,73 48,32 1.175,07 142,57 56,53

G.P.14 8,06 -286,67 103,36 -1.739,97 -271,62 87,68 7,16 -248,22 72,70 -1.472,47 -231,79 59,34 6,67 -207,95 45,52

G.P.15 413,17 -165,14 105,10 -1.388,40 -166,15 84,64 358,73 -142,75 75,74 -1.175,07 -142,57 56,53 304,06 -118,73 48,32

G.P.16 1.000,57 -6,62 -449,42 -863,33 22,42 -403,24 863,33 -22,42 -403,24 -730,13 19,55 -356,52 730,13 -19,55 -356,52

G.P.17 1.998,92 292,88 -445,15 3,07 282,34 -410,73 1.729,74 237,51 -395,75 2,78 239,42 -363,42 1.463,03 200,32 -349,61

G.P.18 1.593,81 171,35 -446,88 -348,50 176,87 -407,69 1.378,17 132,03 -398,79 -294,62 150,20 -360,62 1.165,63 111,10 -352,41

G.P.19 2,22 -306,12 -453,69 -1.729,74 -237,51 -395,75 -3,07 -282,34 -410,73 -1.463,03 -200,32 -349,61 -2,78 -239,42 -363,42

G.P.20 407,33 -184,59 -451,96 -1.378,17 -132,03 -398,79 348,50 -176,87 -407,69 -1.165,63 -111,10 -352,41 294,62 -150,20 -360,62

G.P.21 1.002,06 -1,67 -307,63 -865,94 13,73 -280,19 865,94 -13,73 -280,19 -732,53 11,54 -252,43 732,53 -11,54 -252,43

G.P.22 2.000,40 297,84 -303,36 0,47 273,65 -287,68 1.732,34 246,19 -272,70 0,37 231,41 -259,34 1.465,43 208,33 -245,52

G.P.23 1.595,29 176,30 -305,10 -351,10 168,18 -284,64 1.380,77 140,72 -275,74 -297,03 142,19 -256,53 1.168,03 119,11 -248,32

G.P.24 3,71 -301,17 -311,90 -1.732,34 -246,19 -272,70 -0,47 -273,65 -287,68 -1.465,43 -208,33 -245,52 -0,37 -231,41 -259,34

G.P.25 408,82 -179,64 -310,17 -1.380,77 -140,72 -275,74 351,10 -168,18 -284,64 -1.168,03 -119,11 -248,32 297,03 -142,19 -256,53

max 2.006,24 317,29 253,69 3,07 282,34 210,73 1.742,58 280,31 210,73 2,78 239,42 163,42 1.474,87 239,80 163,42

min 2,22 -306,12 -453,69 -1.742,58 -280,31 -410,73 -3,07 -282,34 -410,73 -1.474,87 -239,80 -363,42 -2,78 -239,42 -363,42

element 10element 6 element 7 element 8 element 9

 

Figure 2.49.b. Stress Field at Gauss Points. 

Finite Elements 6-10. 
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σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa)

G.P.1 -602,20 0,06 -100,00 602,20 -0,06 -100,00 -468,40 -0,16 -100,00 468,40 0,16 -100,00 -334,48 0,84 -100,00

G.P.2 -2,51 179,97 -107,00 1.201,89 179,85 -93,00 -2,01 139,76 -107,07 934,78 140,07 -92,93 -1,15 100,84 -106,59

G.P.3 -245,85 106,97 -104,16 958,55 106,84 -95,84 -191,26 82,98 -104,20 745,53 83,30 -95,80 -136,41 60,26 -103,91

G.P.4 -1.201,89 -179,85 -93,00 2,51 -179,97 -107,00 -934,78 -140,07 -92,93 2,01 -139,76 -107,07 -667,80 -99,15 -93,41

G.P.5 -958,55 -106,84 -95,84 245,85 -106,97 -104,16 -745,53 -83,30 -95,80 191,26 -82,98 -104,20 -532,54 -58,58 -96,09

G.P.6 -608,20 -19,94 109,89 608,20 19,94 109,89 -474,46 -20,35 63,23 474,46 20,35 63,23 -340,12 -17,97 16,66

G.P.7 -8,51 159,97 102,89 1.207,89 199,84 116,89 -8,07 119,56 56,17 940,84 160,27 70,30 -6,80 82,03 10,08

G.P.8 -251,85 86,97 105,73 964,55 126,84 114,05 -197,32 62,79 59,03 751,59 103,49 67,43 -142,05 41,45 12,75

G.P.9 -1.207,89 -199,84 116,89 8,51 -159,97 102,89 -940,84 -160,27 70,30 8,07 -119,56 56,17 -673,44 -117,97 23,25

G.P.10 -964,55 -126,84 114,05 251,85 -86,97 105,73 -751,59 -103,49 67,43 197,32 -62,79 59,03 -538,19 -77,39 20,58

G.P.11 -605,77 -11,82 24,72 605,77 11,82 24,72 -472,00 -12,16 -3,00 472,00 12,16 -3,00 -337,83 -10,34 -30,68

G.P.12 -6,07 168,09 17,72 1.205,45 191,73 31,72 -5,61 127,76 -10,07 938,38 152,07 4,07 -4,51 89,66 -37,26

G.P.13 -249,42 95,08 20,56 962,11 118,73 28,88 -194,86 70,98 -7,20 749,13 95,30 1,20 -139,76 49,08 -34,59

G.P.14 -1.205,45 -191,73 31,72 6,07 -168,09 17,72 -938,38 -152,07 4,07 5,61 -127,76 -10,07 -671,15 -110,33 -24,09

G.P.15 -962,11 -118,73 28,88 249,42 -95,08 20,56 -749,13 -95,30 1,20 194,86 -70,98 -7,20 -535,90 -69,76 -26,76

G.P.16 -596,20 20,06 -309,89 596,20 -20,06 -309,89 -462,34 20,04 -263,24 462,34 -20,04 -263,24 -328,83 19,66 -216,66

G.P.17 3,49 199,97 -316,89 1.195,89 159,85 -302,89 4,04 159,95 -270,30 928,72 119,88 -256,17 4,49 119,66 -223,25

G.P.18 -239,85 126,96 -314,05 952,55 86,85 -305,73 -185,21 103,18 -267,43 739,47 63,11 -259,04 -130,76 79,08 -220,58

G.P.19 -1.195,89 -159,85 -302,89 -3,49 -199,97 -316,89 -928,72 -119,88 -256,17 -4,04 -159,95 -270,30 -662,15 -80,34 -210,08

G.P.20 -952,55 -86,85 -305,73 239,85 -126,96 -314,05 -739,47 -63,11 -259,04 185,21 -103,18 -267,43 -526,90 -39,76 -212,75

G.P.21 -598,64 11,94 -224,72 598,64 -11,94 -224,72 -464,80 11,84 -197,00 464,80 -11,84 -197,00 -331,12 12,02 -169,32

G.P.22 1,06 191,85 -231,72 1.198,33 167,96 -217,72 1,59 151,76 -204,07 931,18 128,08 -189,93 2,20 112,02 -175,91

G.P.23 -242,29 118,85 -228,88 954,98 94,96 -220,56 -187,66 94,98 -201,20 741,93 71,30 -192,80 -133,05 71,44 -173,24

G.P.24 -1.198,33 -167,96 -217,72 -1,06 -191,85 -231,72 -931,18 -128,08 -189,93 -1,59 -151,76 -204,07 -664,44 -87,97 -162,74

G.P.25 -954,98 -94,96 -220,56 242,29 -118,85 -228,88 -741,93 -71,30 -192,80 187,66 -94,98 -201,20 -529,19 -47,40 -165,41

max 3,49 199,97 116,89 1.207,89 199,84 116,89 4,04 159,95 70,30 940,84 160,27 70,30 4,49 119,66 23,25

min -1.207,89 -199,84 -316,89 -3,49 -199,97 -316,89 -940,84 -160,27 -270,30 -4,04 -159,95 -270,30 -673,44 -117,97 -223,25

element 11 element 12 element 13 element 14 element 15

 

Figure 2.49.c. Stress Field at Gauss Points. 

Finite Elements 11-15. 

 

 

σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa) σXX (MPa) σYY (MPa) τXY (MPa)

G.P.1 334,48 -0,84 -100,00 -201,20 -4,64 -100,00 201,20 4,64 -100,00 -64,37 25,56 -100,00 64,37 -25,56 -100,00

G.P.2 667,80 99,15 -93,41 -2,23 55,05 -109,26 400,16 64,33 -90,74 7,36 47,08 -94,52 136,11 -4,04 -105,48

G.P.3 532,54 58,58 -96,09 -82,97 30,83 -105,50 319,43 40,11 -94,50 -21,75 38,35 -96,74 107,00 -12,77 -103,26

G.P.4 1,15 -100,84 -106,59 -400,16 -64,33 -90,74 2,23 -55,05 -109,26 -136,11 4,04 -105,48 -7,36 -47,08 -94,52

G.P.5 136,41 -60,26 -103,91 -319,43 -40,11 -94,50 82,97 -30,83 -105,50 -107,00 12,77 -103,26 21,75 -38,35 -96,74

G.P.6 340,12 17,97 16,66 -209,13 -31,10 -30,36 209,13 31,10 -30,36 -59,68 41,22 -74,89 59,68 -41,22 -74,89

G.P.7 673,44 117,97 23,25 -10,17 28,59 -39,62 408,10 90,79 -21,10 12,06 62,74 -69,41 131,42 -19,69 -80,37

G.P.8 538,19 77,39 20,58 -90,91 4,37 -35,87 327,36 66,57 -24,86 -17,05 54,00 -71,63 102,31 -28,43 -78,15

G.P.9 6,80 -82,03 10,08 -408,10 -90,79 -21,10 10,17 -28,59 -39,62 -131,42 19,69 -80,37 -12,06 -62,74 -69,41

G.P.10 142,05 -41,45 12,75 -327,36 -66,57 -24,86 90,91 -4,37 -35,87 -102,31 28,43 -78,15 17,05 -54,00 -71,63

G.P.11 337,83 10,34 -30,68 -205,91 -20,36 -58,62 205,91 20,36 -58,62 -61,58 34,86 -85,08 61,58 -34,86 -85,08

G.P.12 671,15 110,33 -24,09 -6,95 39,32 -67,88 404,88 80,05 -49,36 10,16 56,38 -79,60 133,32 -13,34 -90,56

G.P.13 535,90 69,76 -26,76 -87,68 15,10 -64,12 324,14 55,83 -53,12 -18,95 47,65 -81,82 104,21 -22,07 -88,34

G.P.14 4,51 -89,66 -37,26 -404,88 -80,05 -49,36 6,95 -39,32 -67,88 -133,32 13,34 -90,56 -10,16 -56,38 -79,60

G.P.15 139,76 -49,08 -34,59 -324,14 -55,83 -53,12 87,68 -15,10 -64,12 -104,21 22,07 -88,34 18,95 -47,65 -81,82

G.P.16 328,83 -19,66 -216,66 -193,26 21,82 -169,64 193,26 -21,82 -169,64 -69,07 9,90 -125,11 69,07 -9,90 -125,11

G.P.17 662,15 80,34 -210,08 5,71 81,51 -178,90 392,22 37,87 -160,38 2,67 31,42 -119,63 140,81 11,62 -130,59

G.P.18 526,90 39,76 -212,75 -75,03 57,29 -175,14 311,49 13,65 -164,13 -26,44 22,69 -121,85 111,70 2,89 -128,37

G.P.19 -4,49 -119,66 -223,25 -392,22 -37,87 -160,38 -5,71 -81,51 -178,90 -140,81 -11,62 -130,59 -2,67 -31,42 -119,63

G.P.20 130,76 -79,08 -220,58 -311,49 -13,65 -164,13 75,03 -57,29 -175,14 -111,70 -2,89 -128,37 26,44 -22,69 -121,85

G.P.21 331,12 -12,02 -169,32 -196,48 11,08 -141,38 196,48 -11,08 -141,38 -67,17 16,25 -114,92 67,17 -16,25 -114,92

G.P.22 664,44 87,97 -162,74 2,49 70,77 -150,64 395,44 48,61 -132,12 4,57 37,77 -109,44 138,91 5,27 -120,40

G.P.23 529,19 47,40 -165,41 -78,25 46,55 -146,88 314,71 24,39 -135,88 -24,54 29,04 -111,66 109,80 -3,46 -118,18

G.P.24 -2,20 -112,02 -175,91 -395,44 -48,61 -132,12 -2,49 -70,77 -150,64 -138,91 -5,27 -120,40 -4,57 -37,77 -109,44

G.P.25 133,05 -71,44 -173,24 -314,71 -24,39 -135,88 78,25 -46,55 -146,88 -109,80 3,46 -118,18 24,54 -29,04 -111,66

max 673,44 117,97 23,25 5,71 81,51 -21,10 408,10 90,79 -21,10 12,06 62,74 -69,41 140,81 11,62 -69,41

min -4,49 -119,66 -223,25 -408,10 -90,79 -178,90 -5,71 -81,51 -178,90 -140,81 -11,62 -130,59 -12,06 -62,74 -130,59

element 19 element 20element 16 element 17 element 18

 

Figure 2.49.d. Stress Field at Gauss Points. 

Finite Elements 16-20. 
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(Element, G.P.)

max (3,17), (4,17) 2.585,13 

min (1,19), (2,19) -2.585,13 

max (3,17), (4,17) 755,17 

min (1,19), (2,19) -755,17 

max (1,7), (2,7), (3,9), (4,9) 406,92 

min (1,19), (2,19), (3,17), (4,17) -606,92 

σXX (MPa)

σYY (MPa)

τXY (MPa)
 

 

Figure 2.50. Maximum and Minimum Stress. 

 

 

  Figure 2.49 depicts stresses at Finite Elements’ Gauss Points, while Figure 2.50 shows 

maximum and minimum stress. 

 

  As expected (just like IGA showed), elements 1 and 2 (nearest to fixed boundary) suffer 

from larger stresses. It is a cantilever under concentrated load P=3.000 kN at free edge, so 

the upper horizontal side suffers from tension and the lower horizontal side suffers from 

compression. Maximum bending moment occurs at fixed edge. 

 

maxM P L 3.000kN 15m 45.000 kNm  

 

  Element 2 (G.P.17, nearest to upper horizontal side) experience the largest tension. Tensile 

stresses are equal to: 

 

XX

YY

max 2.585,13 MPa

max 755,17 MPa

 

 
 

 

  Element 1 (G.P.19, nearest to lower horizontal side) experience the largest compression. 

Compressive stresses are equal to: 

 

XX

YY

max 2.585,13 MPa

max 755,17 MPa
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2.2.3. Comparison 
 

 

  Comparing two methods’ results, I will reach interesting conclusions. 

 

 IsoGeometric Analysis (IGA) 

 

Method IGA

Patches 1

Isogeometric Elements (ΞxH) 20

Horizontal Spans (Ξ) 10

Vertical Spans (Η) 2

Control Points 33

Control Points (Ξ) 11

Control Points (H) 3

p 1

q 1

Gauss Points 5x5  
 

Figure 2.51.a. Analysis Parameters. IGA. 

 

 

 Finite Element Analysis (FEA) 

 

Method FEA

Finite Elements (Number) 20

Finite Elements (Type) 2D

4-sided 

4-noded 

isoparametric

Gauss Points 5x5  
 

Figure 2.51.b. Analysis Parameters. FEA. 

 

 

  Particularly, I will compare: 

 

 B-SPLine Functions (IGA) with Shape Functions (FEA). 

 Control Net (IGA) with Node Net (FEA). 

 Parameter Space (Mesh). 

 Physical Space (Mesh). 

 Total Stiffness Matrix. 

 Control Points’ Displacements (IGA) with Nodes’ Displacements (FEA). 

 Stress Field at Gauss Points. 
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Shape Functions 

 

 

 
 

Figure 2.52.a. Linear Basis SPLine Functions for open, uniform knot vector 

Ξ={-1,-1,-0.8,-0.6,-0.4,-0.2,0,0.2,0.4,0.6,0.8,1,1}. 

 

 

 
 

Figure 2.52.b. Linear Basis SPLine Functions for open, uniform knot vector 

H={-1,-1,0,1,1}. 

 

 

 
 

Figure 2.52.c. Shape Functions. Isoparametric 2-Noded Truss Finite Element. 

 

 

  For p=1, IGA’s B-SPLine Functions are exactly the same with FEA’s Shape Functions.  
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Control/ Node Net 

 

 

X

Y

19 22 25 28 31

20 23 26 29 32

21 24 27 30 33

1 4 7 10 13

2 5 8 11 14

3 6 9 12 15

16

17

18

 
Figure 2.53.a. Control Net. Physical space. 

 
 

X

Y

19 22 25 28 31

20 23 26 29 32

21 24 27 30 33

1 4 7 10 13

2 5 8 11 14

3 6 9 12 15

16

17

18

 
Figure 2.53.b. Node Net. Physical Space. 

 
 

  I choose as many Nodes as Control Points in order to have the same number of Degrees of 

Freedom. They have the same geometric features. 

 

 

Parameter Space 

 

0

(ξ6)

+1+0.8+0.4+0.2-0.2-0.4-0.6-0.8-1  ξ

(ξ11)(ξ9)(ξ8)(ξ7)(ξ5)(ξ4)(ξ3)(ξ2)(ξ1)

+0.6

(ξ10)

-
1

1
η

(
η
1
)

(
η
3
)

0

(
η
2
)

element 1 element 3 element 5 element 7 element 9 element 11 element 13 element 15 element 17 element 19

element 2 element 4 element 6 element 8 element 10 element 12 element 14 element 16 element 18 element 20

 

Figure 2.54.a. Isogeometric Elements’ Mesh. Parameter Space. 
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2

3

1

4

(1,-1)

η

(-1,-1)

(1,1)(-1,1)

ξ

 
 

Figure 2.54.b. Isoparametric 2D 4-sided 4-noded Finite Element. 
Parameter Space. Local Numbering. 

 
 
  In classical Finite Element Analysis (FEA), the parameter space (“reference/ parent 

element”) is local to individual elements and is mapped into a single element in the physical 

space. Each finite element has its own mapping from the reference element. 

 
In Isogeometric Analysis (IGA), the B-SPLine parameter space is local to the entire patch 

rather than element. The B-SPLine mapping (a single map) takes a patch of multiple 

elements in the parameter space into the physical space, but the mapping itself is global to 

the whole patch, rather than to the elements. 

 
 

Physical Space 

 

X

Y
element 1 element 3 element 5 element 7 element 9 element 11 element 13 element 15 element 17 element 19

element 2 element 4 element 6 element 8 element 10 element 12 element 14 element 16 element 18 element 20

 
Figure 2.55.a. Physical Space. Mesh. Knots and Control Points. 

 

X

Y
element 1 element 3 element 5 element 7 element 9 element 11 element 13 element 15 element 17 element 19

element 2 element 4 element 6 element 8 element 10 element 12 element 14 element 16 element 18 element 20

 
Figure 2.55.b. Physical Space. Mesh. Nodes.  
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  Figure 2.55.a. shows both knots (cyan rhombi) and control points (red circles) in the 

physical space. We observe that knots coincide with control points. There are as many knots 

as control points. That is why the Basis SPLine functions are linear (p=1, K=2). 

  Figure 2.55.b. shows nodes (red circles) in the physical space. We observe that Finite 

Element Mesh is exactly the same with Isogeometric Element Mesh. The reason is that: 

1. the Basis SPLine Functions (IGA) and Shape Functions (FEA) are linear and exactly 

the same. 

2. I have chosen Node Net exactly the same with Control Net, means that Control 

Points and Nodes have exactly the same geometric features. 

  It is important to mention that Nodes partition structure into Finite Elements and Knots 

(and not Control Points) partition structure into Isogeometric Elements. 

 

 

Total Stiffness Matrix [K] 

 

u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v u v

FΧ 1.038.462 375.000 115.385 28.846 0 0 -634.615 -28.846 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 375.000 1.038.462 -28.846 -634.615 0 0 28.846 115.385 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 115.385 -28.846 2.076.923 0 115.385 28.846 -519.231 375.000 -1.269.231 0 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 28.846 -634.615 0 2.076.923 -28.846 -634.615 375.000 -519.231 0 230.769 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 115.385 -28.846 1.038.462 -375.000 0 0 -519.231 375.000 -634.615 28.846 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 28.846 -634.615 -375.000 1.038.462 0 0 375.000 -519.231 -28.846 115.385 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ -634.615 28.846 -519.231 375.000 0 0 2.076.923 0 230.769 0 0 0 -634.615 -28.846 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY -28.846 115.385 375.000 -519.231 0 0 0 2.076.923 0 -1.269.231 0 0 28.846 115.385 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ -519.231 -375.000 -1.269.231 0 -519.231 375.000 230.769 0 4.153.846 0 230.769 0 -519.231 375.000 -1.269.231 0 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY -375.000 -519.231 0 230.769 375.000 -519.231 0 -1.269.231 0 4.153.846 0 -1.269.231 375.000 -519.231 0 230.769 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 -519.231 -375.000 -634.615 -28.846 0 0 230.769 0 2.076.923 0 0 0 -519.231 375.000 -634.615 28.846 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 -375.000 -519.231 28.846 115.385 0 0 0 -1.269.231 0 2.076.923 0 0 375.000 -519.231 -28.846 115.385 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 -634.615 28.846 -519.231 375.000 0 0 2.076.923 0 230.769 0 0 0 -634.615 -28.846 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 -28.846 115.385 375.000 -519.231 0 0 0 2.076.923 0 -1.269.231 0 0 28.846 115.385 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 -519.231 -375.000 -1.269.231 0 -519.231 375.000 230.769 0 4.153.846 0 230.769 0 -519.231 375.000 -1.269.231 0 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 -375.000 -519.231 0 230.769 375.000 -519.231 0 -1.269.231 0 4.153.846 0 -1.269.231 375.000 -519.231 0 230.769 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 -519.231 -375.000 -634.615 -28.846 0 0 230.769 0 2.076.923 0 0 0 -519.231 375.000 -634.615 28.846 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 -375.000 -519.231 28.846 115.385 0 0 0 -1.269.231 0 2.076.923 0 0 375.000 -519.231 -28.846 115.385 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 -634.615 28.846 -519.231 375.000 0 0 2.076.923 0 230.769 0 0 0 -634.615 -28.846 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 -28.846 115.385 375.000 -519.231 0 0 0 2.076.923 0 -1.269.231 0 0 28.846 115.385 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -1.269.231 0 -519.231 375.000 230.769 0 4.153.846 0 230.769 0 -519.231 375.000 -1.269.231 0 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 0 230.769 375.000 -519.231 0 -1.269.231 0 4.153.846 0 -1.269.231 375.000 -519.231 0 230.769 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -634.615 -28.846 0 0 230.769 0 2.076.923 0 0 0 -519.231 375.000 -634.615 28.846 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 28.846 115.385 0 0 0 -1.269.231 0 2.076.923 0 0 375.000 -519.231 -28.846 115.385 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -634.615 28.846 -519.231 375.000 0 0 2.076.923 0 230.769 0 0 0 -634.615 -28.846 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -28.846 115.385 375.000 -519.231 0 0 0 2.076.923 0 -1.269.231 0 0 28.846 115.385 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -1.269.231 0 -519.231 375.000 230.769 0 4.153.846 0 230.769 0 -519.231 375.000 -1.269.231 0 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 0 230.769 375.000 -519.231 0 -1.269.231 0 4.153.846 0 -1.269.231 375.000 -519.231 0 230.769 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -634.615 -28.846 0 0 230.769 0 2.076.923 0 0 0 -519.231 375.000 -634.615 28.846 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 28.846 115.385 0 0 0 -1.269.231 0 2.076.923 0 0 375.000 -519.231 -28.846 115.385 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -634.615 28.846 -519.231 375.000 0 0 2.076.923 0 230.769 0 0 0 -634.615 -28.846 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -28.846 115.385 375.000 -519.231 0 0 0 2.076.923 0 -1.269.231 0 0 28.846 115.385 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -1.269.231 0 -519.231 375.000 230.769 0 4.153.846 0 230.769 0 -519.231 375.000 -1.269.231 0 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 0 230.769 375.000 -519.231 0 -1.269.231 0 4.153.846 0 -1.269.231 375.000 -519.231 0 230.769 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -634.615 -28.846 0 0 230.769 0 2.076.923 0 0 0 -519.231 375.000 -634.615 28.846 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 28.846 115.385 0 0 0 -1.269.231 0 2.076.923 0 0 375.000 -519.231 -28.846 115.385 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -634.615 28.846 -519.231 375.000 0 0 2.076.923 0 230.769 0 0 0 -634.615 -28.846 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -28.846 115.385 375.000 -519.231 0 0 0 2.076.923 0 -1.269.231 0 0 28.846 115.385 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -1.269.231 0 -519.231 375.000 230.769 0 4.153.846 0 230.769 0 -519.231 375.000 -1.269.231 0 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 0 230.769 375.000 -519.231 0 -1.269.231 0 4.153.846 0 -1.269.231 375.000 -519.231 0 230.769 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -634.615 -28.846 0 0 230.769 0 2.076.923 0 0 0 -519.231 375.000 -634.615 28.846 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 28.846 115.385 0 0 0 -1.269.231 0 2.076.923 0 0 375.000 -519.231 -28.846 115.385 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -634.615 28.846 -519.231 375.000 0 0 2.076.923 0 230.769 0 0 0 -634.615 -28.846 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -28.846 115.385 375.000 -519.231 0 0 0 2.076.923 0 -1.269.231 0 0 28.846 115.385 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -1.269.231 0 -519.231 375.000 230.769 0 4.153.846 0 230.769 0 -519.231 375.000 -1.269.231 0 -519.231 -375.000 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 0 230.769 375.000 -519.231 0 -1.269.231 0 4.153.846 0 -1.269.231 375.000 -519.231 0 230.769 -375.000 -519.231 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -634.615 -28.846 0 0 230.769 0 2.076.923 0 0 0 -519.231 375.000 -634.615 28.846 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 28.846 115.385 0 0 0 -1.269.231 0 2.076.923 0 0 375.000 -519.231 -28.846 115.385 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -634.615 28.846 -519.231 375.000 0 0 2.076.923 0 230.769 0 0 0 -634.615 -28.846 -519.231 -375.000 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -28.846 115.385 375.000 -519.231 0 0 0 2.076.923 0 -1.269.231 0 0 28.846 115.385 -375.000 -519.231 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -1.269.231 0 -519.231 375.000 230.769 0 4.153.846 0 230.769 0 -519.231 375.000 -1.269.231 0 -519.231 -375.000 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 0 230.769 375.000 -519.231 0 -1.269.231 0 4.153.846 0 -1.269.231 375.000 -519.231 0 230.769 -375.000 -519.231 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -634.615 -28.846 0 0 230.769 0 2.076.923 0 0 0 -519.231 375.000 -634.615 28.846 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 28.846 115.385 0 0 0 -1.269.231 0 2.076.923 0 0 375.000 -519.231 -28.846 115.385 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -634.615 28.846 -519.231 375.000 0 0 2.076.923 0 230.769 0 0 0 -634.615 -28.846 -519.231 -375.000 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -28.846 115.385 375.000 -519.231 0 0 0 2.076.923 0 -1.269.231 0 0 28.846 115.385 -375.000 -519.231 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -1.269.231 0 -519.231 375.000 230.769 0 4.153.846 0 230.769 0 -519.231 375.000 -1.269.231 0 -519.231 -375.000

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 0 230.769 375.000 -519.231 0 -1.269.231 0 4.153.846 0 -1.269.231 375.000 -519.231 0 230.769 -375.000 -519.231

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -634.615 -28.846 0 0 230.769 0 2.076.923 0 0 0 -519.231 375.000 -634.615 28.846

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 28.846 115.385 0 0 0 -1.269.231 0 2.076.923 0 0 375.000 -519.231 -28.846 115.385

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -634.615 28.846 -519.231 375.000 0 0 1.038.462 -375.000 115.385 -28.846 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -28.846 115.385 375.000 -519.231 0 0 -375.000 1.038.462 28.846 -634.615 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -1.269.231 0 -519.231 375.000 115.385 28.846 2.076.923 0 115.385 -28.846

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 0 230.769 375.000 -519.231 -28.846 -634.615 0 2.076.923 28.846 -634.615

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.231 -375.000 -634.615 -28.846 0 0 115.385 28.846 1.038.462 375.000

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -375.000 -519.231 28.846 115.385 0 0 -28.846 -634.615 375.000 1.038.462
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Figure 2.56.a. Total Stiffness Matrix. (66x66). IGA. 
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FΧ 1.038.412 -374.985 115.388 -28.845 0 0 -634.582 28.845 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY -374.985 1.038.412 28.845 -634.582 0 0 -28.845 115.388 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 115.388 28.845 2.076.824 0 115.388 -28.845 -519.218 -374.985 -1.269.164 0 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY -28.845 -634.582 0 2.076.824 28.845 -634.582 -374.985 -519.218 0 230.776 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 115.388 28.845 1.038.412 374.985 0 0 -519.218 -374.985 -634.582 -28.845 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 -28.845 -634.582 374.985 1.038.412 0 0 -374.985 -519.218 28.845 115.388 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ -634.582 -28.845 -519.218 -374.985 0 0 2.076.824 0 230.776 0 0 0 -634.582 28.845 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 28.845 115.388 -374.985 -519.218 0 0 0 2.076.824 0 -1.269.164 0 0 -28.845 115.388 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ -519.218 374.985 -1.269.164 0 -519.218 -374.985 230.776 0 4.153.647 0 230.776 0 -519.218 -374.985 -1.269.164 0 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 374.985 -519.218 0 230.776 -374.985 -519.218 0 -1.269.164 0 4.153.647 0 -1.269.164 -374.985 -519.218 0 230.776 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 -519.218 374.985 -634.582 28.845 0 0 230.776 0 2.076.824 0 0 0 -519.218 -374.985 -634.582 -28.845 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 374.985 -519.218 -28.845 115.388 0 0 0 -1.269.164 0 2.076.824 0 0 -374.985 -519.218 28.845 115.388 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 -634.582 -28.845 -519.218 -374.985 0 0 2.076.824 0 230.776 0 0 0 -634.582 28.845 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 28.845 115.388 -374.985 -519.218 0 0 0 2.076.824 0 -1.269.164 0 0 -28.845 115.388 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 -519.218 374.985 -1.269.164 0 -519.218 -374.985 230.776 0 4.153.647 0 230.776 0 -519.218 -374.985 -1.269.164 0 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 374.985 -519.218 0 230.776 -374.985 -519.218 0 -1.269.164 0 4.153.647 0 -1.269.164 -374.985 -519.218 0 230.776 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 -519.218 374.985 -634.582 28.845 0 0 230.776 0 2.076.824 0 0 0 -519.218 -374.985 -634.582 -28.845 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 374.985 -519.218 -28.845 115.388 0 0 0 -1.269.164 0 2.076.824 0 0 -374.985 -519.218 28.845 115.388 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 -634.582 -28.845 -519.218 -374.985 0 0 2.076.824 0 230.776 0 0 0 -634.582 28.845 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 28.845 115.388 -374.985 -519.218 0 0 0 2.076.824 0 -1.269.164 0 0 -28.845 115.388 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 -519.218 374.985 -1.269.164 0 -519.218 -374.985 230.776 0 4.153.647 0 230.776 0 -519.218 -374.985 -1.269.164 0 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 374.985 -519.218 0 230.776 -374.985 -519.218 0 -1.269.164 0 4.153.647 0 -1.269.164 -374.985 -519.218 0 230.776 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.218 374.985 -634.582 28.845 0 0 230.776 0 2.076.824 0 0 0 -519.218 -374.985 -634.582 -28.845 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 374.985 -519.218 -28.845 115.388 0 0 0 -1.269.164 0 2.076.824 0 0 -374.985 -519.218 28.845 115.388 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -634.582 -28.845 -519.218 -374.985 0 0 2.076.824 0 230.776 0 0 0 -634.582 28.845 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 28.845 115.388 -374.985 -519.218 0 0 0 2.076.824 0 -1.269.164 0 0 -28.845 115.388 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.218 374.985 -1.269.164 0 -519.218 -374.985 230.776 0 4.153.647 0 230.776 0 -519.218 -374.985 -1.269.164 0 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 374.985 -519.218 0 230.776 -374.985 -519.218 0 -1.269.164 0 4.153.647 0 -1.269.164 -374.985 -519.218 0 230.776 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.218 374.985 -634.582 28.845 0 0 230.776 0 2.076.824 0 0 0 -519.218 -374.985 -634.582 -28.845 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 374.985 -519.218 -28.845 115.388 0 0 0 -1.269.164 0 2.076.824 0 0 -374.985 -519.218 28.845 115.388 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -634.582 -28.845 -519.218 -374.985 0 0 2.076.824 0 230.776 0 0 0 -634.582 28.845 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 28.845 115.388 -374.985 -519.218 0 0 0 2.076.824 0 -1.269.164 0 0 -28.845 115.388 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.218 374.985 -1.269.164 0 -519.218 -374.985 230.776 0 4.153.647 0 230.776 0 -519.218 -374.985 -1.269.164 0 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 374.985 -519.218 0 230.776 -374.985 -519.218 0 -1.269.164 0 4.153.647 0 -1.269.164 -374.985 -519.218 0 230.776 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.218 374.985 -634.582 28.845 0 0 230.776 0 2.076.824 0 0 0 -519.218 -374.985 -634.582 -28.845 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 374.985 -519.218 -28.845 115.388 0 0 0 -1.269.164 0 2.076.824 0 0 -374.985 -519.218 28.845 115.388 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -634.582 -28.845 -519.218 -374.985 0 0 2.076.824 0 230.776 0 0 0 -634.582 28.845 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 28.845 115.388 -374.985 -519.218 0 0 0 2.076.824 0 -1.269.164 0 0 -28.845 115.388 374.985 -519.218 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -519.218 374.985 -1.269.164 0 -519.218 -374.985 230.776 0 4.153.647 0 230.776 0 -519.218 -374.985 -1.269.164 0 -519.218 374.985 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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Figure 2.56.b. Total Stiffness Matrix. (66x66). FEA. 

 

 

  We can see that the two matrices are exactly the same, as expected. The reason is that: 

3. the Basis SPLine Functions (IGA) and Shape Functions (FEA) are linear and exactly 

the same. 

4. I choose Node Net exactly the same with Control Net, means that Control Points 

and Nodes have exactly the same geometric features.  
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C.P./ Nodes’ Displacements {U} 

 

horizontal u (cm) vertical v (cm)

C.P. 1 0,0 0,0

C.P. 2 0,0 0,0

C.P. 3 0,0 0,0

C.P. 4 -1,8 -1,2

C.P. 5 0,0 -0,9

C.P. 6 1,8 -1,2

C.P. 7 -3,4 -4,0

C.P. 8 0,0 -3,7

C.P. 9 3,4 -4,0

C.P. 10 -4,8 -8,2

C.P. 11 0,0 -8,0

C.P. 12 4,8 -8,2

C.P. 13 -6,1 -13,9

C.P. 14 0,0 -13,7

C.P. 15 6,1 -13,9

C.P. 16 -7,1 -20,6

C.P. 17 0,0 -20,5

C.P. 18 7,1 -20,6

C.P. 19 -8,0 -28,4

C.P. 20 0,0 -28,3

C.P. 21 8,0 -28,4

C.P. 22 -8,7 -36,9

C.P. 23 0,0 -36,8

C.P. 24 8,7 -36,9

C.P. 25 -9,1 -45,9

C.P. 26 0,0 -45,9

C.P. 27 9,1 -45,9

C.P. 28 -9,4 -55,4

C.P. 29 0,0 -55,4

C.P. 30 9,4 -55,4

C.P. 31 -9,5 -65,1

C.P. 32 0,0 -65,0

C.P. 33 9,5 -65,1

9,5 0,0

-9,5 -65,1

max

min

horizontal u (cm) vertical v (cm)

Node 1 0,0 0,0

Node 2 0,0 0,0

Node 3 0,0 0,0

Node 4 -1,8 -1,2

Node 5 0,0 -0,9

Node 6 1,8 -1,2

Node 7 -3,4 -4,0

Node 8 0,0 -3,7

Node 9 3,4 -4,0

Node 10 -4,8 -8,2

Node 11 0,0 -8,0

Node 12 4,8 -8,2

Node 13 -6,1 -13,9

Node 14 0,0 -13,7

Node 15 6,1 -13,9

Node 16 -7,1 -20,6

Node 17 0,0 -20,5

Node 18 7,1 -20,6

Node 19 -8,0 -28,4

Node 20 0,0 -28,3

Node 21 8,0 -28,4

Node 22 -8,7 -36,9

Node 23 0,0 -36,8

Node 24 8,7 -36,9

Node 25 -9,1 -45,9

Node 26 0,0 -45,9

Node 27 9,1 -45,9

Node 28 -9,4 -55,4

Node 29 0,0 -55,4

Node 30 9,4 -55,4

Node 31 -9,5 -65,1

Node 32 0,0 -65,0

Node 33 9,5 -65,1

9,5 0,0

-9,5 -65,1

max

min  
 

Figure 2.57. Control Points’, Nodes’ displacements. 

 

  They are exactly the same, as expected. 
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Figure 2.58. Comparison. IGA. FEA (CantiFEA/analytic and quadrature. STAP).  
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Stress Field at Gauss Points 

 

 

(Isogeometric Element, G.P.)

max (2,17) 2.585,13 

min (1,19) -2.585,13 

max (2,17) 755,17 

min (1,19) -755,17 

max (1,7), (2,9) 406,92 

min (1,19), (2,17) -606,92 

σXX (MPa)

σYY (MPa)

τXY (MPa)
 

 

Figure 2.58.a. Maximum and Minimum Stress. IGA. 

 

 

(Finite Element, G.P.)

max (2,17) 2.585,13 

min (1,19) -2.585,13 

max (2,17) 755,17 

min (1,19) -755,17 

max (1,7), (2,9) 406,92 

min (1,19), (2,17) -606,92 

σXX (MPa)

σYY (MPa)

τXY (MPa)
 

 

Figure 2.58.b. Maximum and Minimum Stress. FEA. 

 

 

  They are exactly the same, as expected. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Isogeometric Analysis 

117 
Karakitsios Panagiotis 

2.3 Control Points/ Nodes: 33 & 
       Shape Functions: Quadratic. 
 

 

2.3.1. Isogeometric Analysis 
 

 

  I use the following analysis parameters: 

 

 The parametric axis ξ (parameter space) is parallel to cantilever’s length (physical 

space), means horizontal. Its direction is from left to right. 

 

 The parametric axis η (parameter space) is parallel to cantilever’s height (physical 

space), means vertical. Its direction is from bottom to cantilever’s top. 

 

 n•m=33 control points. There are 3 (m=3 for axis η) groups of 11 (n=11 for axis ξ) 

control points equally spaced across cantilever’s length in three different distances 

from its bottom. It is important to underline that number of control points (C.P.) is 

equal to B-SPLine’s number. Cartesian coordinate system’s origin is the extreme left 

and bottom corner. 

 

 p=q=2. I choose quadratic Basis SPLine functions (p=2 Hughes, K=p+2=1+2=3 Fisher). 

 

 

 

Method IGA

Patches 1

Isogeometric Elements (ΞxH) 9

Horizontal Spans (Ξ) 9

Vertical Spans (Η) 1

Control Points 33

Control Points (Ξ) 11

Control Points (H) 3

p 2

q 2

Gauss Points 5x5  
 

Figure 2.59.a. Analysis Parameters. IGA. 
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X

Y

 
 

n=11 Control Points (Ξ) 

 

 

X

Y

 
 

n=11 Control Points (Ξ) 

m=3 Control Points (H) 

 

 

X

Y

 
 

n=11 Control Points (Ξ) 

m=3 Control Points (H) 

n•m=11•3=33 Control Points (ΞxH) 

 

 

Figure 2.59.b Cantilever Profile (Cartesian Axes. Control Points.) 
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Axis ξ 

 

Basis SPLine functions 

 

  The axis ξ is parallel to cantilever’s horizontal side (length). 

 

 n=11 (control points). 

 p=2 (quadratic Basis SPLine functions, 3 control points per horizontal span). 

 n+p+1=11+2+1=14 knot values. 

 

  The open uniform knot vector Ξ contains the following knot values: 

 The extreme knots -1, 1 repeated p+1=2+1=3 times → 6 knot values. Remaining, not 

recurrent: 14-6=8 knot values → 8+2=10 knots. → I will separate the interval *-1, 1] 

into 10-1=9 equal spans. Notice that spans’ number is equal to n-p=11-2=9. 

 

1 1 2

9 9
 

 

7 5 3 1 1 3 5 7
1 1 1 1 1 1

9 9 9 9 9 9 9 9
 

 

  The corresponding quadratic Basis SPLine functions to knot vector Ξ are 10 (one for every 

control point). The support of each quadratic B-SPLine is three spans. 

 

 

 
 

Figure 2.60. Quadratic Basis SPLine functions for open, uniform knot vector 

Ξ={-1,-1,-1,-0.7777,-0.5555,-0.3333,-0.1111,0.1111,0.3333,0.5555,0.7777,1,1,1}. 
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Gauss Points (coordinates, weight factors) 

 
 
  I use 5 Gauss Points for every horizontal span. 

 

 

 
 

Figure 2.61. Gauss Points’ coordinate and weight factor. 

 
 
 
  Each point’s coordinate and weight factor is equal to (local numbering, span *-1,1]): 

 
'
i

4 0.90617 0.23692

5 0.53846 0.47862

1 0 0.56888

3 0.53846 0.47862

2 0.90617 0.23692

iG.P. ξ w

 

 
  Notice that: 

 
5

i

i 1

w 2  

 
  I use 5 Gauss Points for every horizontal span. The horizontal interval [-1,1] has 9 spans, so 

9 5 45  G.P. These points are shown as yellow rhombi in Figure 2.62, while knots as cyan 

circles. 

 
  I assume a local ξ for every span with its center in the span’s middle. Then, from Gauss 

Points’ local coordinates ξ’i, I calculate the global ones ξi. Let’s calculate the coordinate ξi of 

G.P. 2 for span 1 (extreme left span). 
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'
G.P.2 G.P.2 G.P.2

G.P.2
G.P.2

G.P.2

1 1 10.9062 1

1 1 0.7777 1 1 1 0.7777 1

11.9062 1.9062
0.2222 1

2 0.2223 2

0.7882

 

 

  Generally, the coordinate ξj of Gauss Point j in the span (ξi, ξi+1) is equal to: 

 

G.P.j G.P.j i G.P.j G.P.j i

i 1 i i 1 i

G.P.j i 1 i i 1 i i
G.P.j i 1 i i G.P.j

i 1 i i 1 i
G.P.j G.P.j

' 1 ' 1

1 1 2

' 1 2
'

2 2 2 2

'
2 2

 

 

 

-1 -0.7778 -0.5556 -0.3333 -0.1111 +0.1111 +0.3333 +0.5556 +0.7778 +1  ξ

(ξ1) (ξ2) (ξ3) (ξ4) (ξ5) (ξ6) (ξ7) (ξ8) (ξ9) (ξ10)

-1 -0.7778 -0.5556 -0.3333 -0.1111 +0.1111 +0.3333 +0.5556 +0.7778 +1  ξ

(ξ1) (ξ2) (ξ3) (ξ4) (ξ5) (ξ6) (ξ7) (ξ8) (ξ9) (ξ10)

-1 +1

-0.9062 -0.5385  0 +0.5385 +0.9062

G.P.2G.P.3G.P.1G.P.5G.P.4

X

Y

ξ'

 

Figure 2.62. Gauss Points (parametric axis ξ). 

 
 
 
B-SPLines’ value at Gauss Points 

 

  I calculate the quadratic B-SPLine functions’ ( i,2N ) values (p=2, K=3) at the position ξi of 

45 Gauss Points in horizontal parametric axis ξ and their corresponding first derivatives 

i,2
i,2

N
N' . 
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  Figure 2.63 shows respectively constant (p=0, K=1), linear (p=1, K=2), quadratic (p=2, K=3) 

BSPLines’ values for the horizontal interval *-1, 1] (axis ξ). 

 

 

 
                           N1,0                                                 Ν2,0                                                Ν3,0 

 

 
                           N4,0                                                 Ν5,0                                                 Ν6,0 

 

 
                           N7,0                                                 Ν8,0                                                 Ν9,0 

 

 
                           N10,0                                               Ν11,0                                                Νi,0 

 

Figure 2.63.a. B-SPLines (Constant, p=0, K=1) (Ξ) 

 

  



Isogeometric Analysis 

123 
Karakitsios Panagiotis 

 

 

 
                           N1,1                                                 Ν2,1                                                 Ν3,1 

 

 

 
                           N4,1                                                 Ν5,1                                                 Ν6,1 

 

 

 
                           N7,1                                                 Ν8,1                                                 Ν9,1 

 

 

 
                           N10,1                                               Ν11,1                                                Νi,1 

 

 

Figure 2.63.b. B-SPLines (Linear, p=1, K=2) (Ξ) 
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                           N1,2                                                 Ν2,2                                                 Ν3,2 

 

 

 
                           N4,2                                                 Ν5,2                                                 Ν6,2 

 

 

 
                           N7,2                                                 Ν8,2                                                 Ν9,2 

 

 

 
                           N10,2                                               Ν11,2                                                Νi,2 

 

 

Figure 2.63.c. B-SPLines (Quadratic, p=2, K=3) (Ξ) 
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Constant 

 

 
Linear 

 

 
Quadratic 

 

Figure 2.63.d. BSPLines (Ξ)  
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axis ξ

G.P.1 (1) G.P.2 (2) G.P.3 (3) G.P.4 (4) G.P.5 (5)

N1,2(ξ) 0,2500 0,0022 0,0533 0,9084 0,5917

N2,2(ξ) 0,6250 0,5436 0,6509 0,0905 0,3817

N3,2(ξ) 0,1250 0,4542 0,2959 0,0011 0,0266

G.P.6 (1) G.P.7 (2) G.P.8 (3) G.P.9 (4) G.P.10 (5)

N2,2(ξ) 0,1250 0,0011 0,0266 0,4542 0,2959

N3,2(ξ) 0,7500 0,5447 0,6775 0,5447 0,6775

N4,2(ξ) 0,1250 0,4542 0,2959 0,0011 0,0266

G.P.11 (1) G.P.12 (2) G.P.13 (3) G.P.14 (4) G.P.15 (5)

N3,2(ξ) 0,1250 0,0011 0,0266 0,4542 0,2959

N4,2(ξ) 0,7500 0,5447 0,6775 0,5447 0,6775

N5,2(ξ) 0,1250 0,4542 0,2959 0,0011 0,0266

G.P.16 (1) G.P.17 (2) G.P.18 (3) G.P.19 (4) G.P.20 (5)

N4,2(ξ) 0,1250 0,0011 0,0266 0,4542 0,2959

N5,2(ξ) 0,7500 0,5447 0,6775 0,5447 0,6775

N6,2(ξ) 0,1250 0,4542 0,2959 0,0011 0,0266

G.P.21 (1) G.P.22 (2) G.P.23 (3) G.P.24 (4) G.P.25 (5)

N5,2(ξ) 0,1250 0,0011 0,0266 0,4542 0,2959

N6,2(ξ) 0,7500 0,5447 0,6775 0,5447 0,6775

N7,2(ξ) 0,1250 0,4542 0,2959 0,0011 0,0266

G.P.26 (1) G.P.27 (2) G.P.28 (3) G.P.29 (4) G.P.30 (5)

N6,2(ξ) 0,1250 0,0011 0,0266 0,4542 0,2959

N7,2(ξ) 0,7500 0,5447 0,6775 0,5447 0,6775

N8,2(ξ) 0,1250 0,4542 0,2959 0,0011 0,0266

G.P.31 (1) G.P.32 (2) G.P.33 (3) G.P.34 (4) G.P.35 (5)

N7,2(ξ) 0,1250 0,0011 0,0266 0,4542 0,2959

N8,2(ξ) 0,7500 0,5447 0,6775 0,5447 0,6775

N9,2(ξ) 0,1250 0,4542 0,2959 0,0011 0,0266

G.P.36 (1) G.P.37 (2) G.P.38 (3) G.P.39 (4) G.P.40 (5)

N8,2(ξ) 0,1250 0,0011 0,0266 0,4542 0,2959

N9,2(ξ) 0,7500 0,5447 0,6775 0,5447 0,6775

N10,2(ξ) 0,1250 0,4542 0,2959 0,0011 0,0266

G.P.41 (1) G.P.42 (2) G.P.43 (3) G.P.44 (4) G.P.45 (5)

N9,2(ξ) 0,1250 0,0011 0,0266 0,4542 0,2959

N10,2(ξ) 0,6250 0,0905 0,3817 0,5436 0,6509

N11,2(ξ) 0,2500 0,9084 0,5917 0,0022 0,0533

horizontal span 6

horizontal span 7

horizontal span 8

horizontal span 9

Ni,2(ξ) 

(3x5,p=2)
horizontal span 1

horizontal span 2

horizontal span 3

horizontal span 4

horizontal span 5

 
 

Figure 2.63. Basis SPLine functions’ values at Gauss Points of interval ξ [-1,1] 

(N1,2 N11,2, ξG.P.1 ξG.P.45, p=2) 

 

  We can see the connection between local and global numbering in Figure 2.63. The local 

numbers are in brackets.  
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axis ξ

G.P.1 (1) G.P.2 (2) G.P.3 (3) G.P.4 (4) G.P.5 (5)

N'1,2(ξ) -4,5000 -0,4222 -2,0769 -8,5778 -6,9231

N'2,2(ξ) 2,2500 -3,8667 -1,3847 8,3667 5,8847

N'3,2(ξ) 2,2500 4,2889 3,4616 0,2111 1,0384

G.P.6 (1) G.P.7 (2) G.P.8 (3) G.P.9 (4) G.P.10 (5)

N'2,2(ξ) -2,2500 -0,2111 -1,0384 -4,2889 -3,4616

N'3,2(ξ) 0,0000 -4,0778 -2,4231 4,0778 2,4231

N'4,2(ξ) 2,2500 4,2889 3,4616 0,2111 1,0384

G.P.11 (1) G.P.12 (2) G.P.13 (3) G.P.14 (4) G.P.15 (5)

N'3,2(ξ) -2,2500 -0,2111 -1,0384 -4,2889 -3,4616

N'4,2(ξ) 0,0000 -4,0778 -2,4231 4,0778 2,4231

N'5,2(ξ) 2,2500 4,2889 3,4616 0,2111 1,0384

G.P.16 (1) G.P.17 (2) G.P.18 (3) G.P.19 (4) G.P.20 (5)

N'4,2(ξ) -2,2500 -0,2111 -1,0384 -4,2889 -3,4616

N'5,2(ξ) 0,0000 -4,0778 -2,4231 4,0778 2,4231

N'6,2(ξ) 2,2500 4,2889 3,4616 0,2111 1,0384

G.P.21 (1) G.P.22 (2) G.P.23 (3) G.P.24 (4) G.P.25 (5)

N'5,2(ξ) -2,2500 -0,2111 -1,0384 -4,2889 -3,4616

N'6,2(ξ) 0,0000 -4,0778 -2,4231 4,0778 2,4231

N'7,2(ξ) 2,2500 4,2889 3,4616 0,2111 1,0384

G.P.26 (1) G.P.27 (2) G.P.28 (3) G.P.29 (4) G.P.30 (5)

N'6,2(ξ) -2,2500 -0,2111 -1,0384 -4,2889 -3,4616

N'7,2(ξ) 0,0000 -4,0778 -2,4231 4,0778 2,4231

N'8,2(ξ) 2,2500 4,2889 3,4616 0,2111 1,0384

G.P.31 (1) G.P.32 (2) G.P.33 (3) G.P.34 (4) G.P.35 (5)

N'7,2(ξ) -2,2500 -0,2111 -1,0384 -4,2889 -3,4616

N'8,2(ξ) 0,0000 -4,0778 -2,4231 4,0778 2,4231

N'9,2(ξ) 2,2500 4,2889 3,4616 0,2111 1,0384

G.P.36 (1) G.P.37 (2) G.P.38 (3) G.P.39 (4) G.P.40 (5)

N'8,2(ξ) -2,2500 -0,2111 -1,0384 -4,2889 -3,4616

N'9,2(ξ) 0,0000 -4,0778 -2,4231 4,0778 2,4231

N'10,2(ξ) 2,2500 4,2889 3,4616 0,2111 1,0384

G.P.41 (1) G.P.42 (2) G.P.43 (3) G.P.44 (4) G.P.45 (5)

N'9,2(ξ) -2,2500 -0,2111 -1,0384 -4,2889 -3,4616

N'10,2(ξ) -2,2500 -8,3667 -5,8847 3,8667 1,3847

N'11,2(ξ) 4,5000 8,5778 6,9231 0,4222 2,0769

N'i,2(ξ) 

(3x5,p=2)
element 1

element 8

element 9

element 2

element 3

element 4

element 5

element 6

element 7

 
 

Figure 2.64. Basis SPLine first derivative’s values at Gauss Points of interval ξ [-1,1] 

(N’1,2 N’11,2, ξG.P.1 ξG.P.50, p=2) 

 

  We can see the connection between local and global numbering in Figure 2.64. The local 

numbers are in brackets.  
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Axis η 

 

Basis SPLine functions 

 

  The axis η is parallel to cantilever’s vertical side (height). 

 

 m=3 (control points). 

 q=2 (quadratic Basis SPLine functions, 3 control points per vertical span). 

 m+q+1=3+2+1=6 knot values. 

 

  The open uniform knot vector H contains the following knot values: 

 

 The extreme knots -1, 1 repeated q+1=2+1=3 times → 6 knot values. Remaining, not 

recurrent: 6-6=0 knot value → 0+2=2 knots. → I will separate the interval [-1, 1] into 

2-1=1 span. Notice that spans’ number is equal to m-q=3-2=1. 

 

1 1 2
2

1 1
 

1 1  

 

  The corresponding quadratic Basis SPLine functions to knot vector H are 3 (one for every 

control point). The support of each quadratic BSPLine is three spans. 

 

 
 

Figure 2.65. Quadratic Basis SPLine functions for open, uniform knot vector 

H={-1,1}. 

 

 

Gauss Points (coordinates, weight factors) 

 

  I use 5 Gauss Points for every vertical span. Each point’s coordinate and weight factor is 

equal to (local numbering, span [-1,1]):  
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'
i

4 0.90617 0.23692

5 0.53846 0.47862

1 0 0.56888

3 0.53846 0.47862

2 0.90617 0.23692

iG.P. η w

 

 

  Notice that: 
5

i

i 1

w 2 . 

 
  The vertical interval [-1,1] has 1 spans, so 1 5 5  G.P. These points are shown as yellow 

rhombi in Figure 2.66, while knots as cyan circles. 

 
  I assume a local η for every span with its center in the span’s middle. Then, from Gauss 

Points’ local coordinates η’i, I calculate the global ones ηi. Let’s calculate the coordinate ηi of 

G.P. 2 for span 1. 

 
'
G.P.2 G.P.2 '

G.P.2 G.P.2

G.P.2

1 1

1 1 1 1

0.9062

 

 
  Generally, the coordinate ηj of Gauss Point j in the span (ηi, ηi+1) is equal to: 

 

i 1 i i 1 i
G.P.j G.P.j'

2 2
 

 

-
1

(
η
1
)

(
η
2
)

1

-
1

1

(
η
1
)

(
η
2
)

4
5

3
2

X

Y

+
1

ηη

 
 

Figure 2.66. Gauss Points (parametric axis η). 

 

B-SPLines’ value at Gauss Points 

 

  I calculate the quadratic B-SPLine functions’ ( j,2M ) values (q=2, K=3) at the position ηj 

of 5 Gauss Points in vertical parametric axis η and their corresponding first derivatives 

j,2

j,2

M
M' . 

  



Isogeometric Analysis 

130 
Karakitsios Panagiotis 

  Figure 2.67 shows respectively constant (q=0, K=1), linear (q=1, K=2), quadratic (q=2, K=3) 

BSPLines’ values for the vertical interval *-1, 1] (axis η). 

 

 

 
                          M1,0                                                M2,0                                                M3,0 

 

 

Figure 2.67.a. B-SPLines (Constant, q=0, K=1) (H) 

 

 

 

 
                          M1,1                                                M2,1                                                M3,1 

 

 

Figure 2.67.b. B-SPLines (Linear, q=1, K=2) (H) 

 

 

 

 
                          M1,2                                                M2,2                                                M3,2 

 

 

Figure 2.67.c. B-SPLines (Quadratic, q=2, K=3) (H) 
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Constant 

 

 
Linear 

 

 
Quadratic 

 

Figure 2.67.d. B-SPLines (H)  
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axis η

G.P.1 G.P.2 G.P.3 G.P.4 G.P.5

Μ1,2(η) 0,25000 0,00220 0,05330 0,90840 0,59170

Μ2,2(η) 0,50000 0,08940 0,35500 0,08940 0,35500

Μ3,2(η) 0,25000 0,90840 0,59170 0,00220 0,05330

vertical span 1
Mj,2(η) 

(3x5,q=2)

 
 

Figure 2.68. Basis SPLine functions’ values at Gauss Points of interval η [-1,1] 

(M1,2 M3,2, ηG.P.1 ηG.P.5, q=2) 

 

 

axis η

G.P.1 G.P.2 G.P.3 G.P.4 G.P.5

Μ'1,2(η) -0,50000 -0,04690 -0,23080 -0,95310 -0,76920

Μ'2,2(η) 0,00000 -0,90620 -0,53850 0,90620 0,53850

Μ'3,2(η) 0,50000 0,95310 0,76920 0,04690 0,23080

vertical span 1
M'j,2(η) 

(3x5,q=2)

 
 

Figure 2.69. Basis SPLine first derivative’s values at Gauss Points of interval η [-1,1] 

(M’1,2 M’3,2, ηG.P.1 ηG.P.5, q=2) 

 

 

Combination Axes ξ, η (ΞxΗ) 

 

-1 -0.7778 -0.5556 -0.3333 -0.1111 +0.1111 +0.3333 +0.5556 +0.7778 +1  ξ

(ξ1) (ξ2) (ξ3) (ξ4) (ξ5) (ξ6) (ξ7) (ξ8) (ξ9) (ξ10)

-1 -0.7778 -0.5556 -0.3333 -0.1111 +0.1111 +0.3333 +0.5556 +0.7778 +1  ξ

(ξ1) (ξ2) (ξ3) (ξ4) (ξ5) (ξ6) (ξ7) (ξ8) (ξ9) (ξ10)

-
1

(
η
1
)

(
η
2
)

1

-
1

1

(
η
1
)

(
η
2
)

4
5

3
2

-1 +1

-0.9062 -0.5385  0 +0.5385 +0.9062

G.P.2G.P.3G.P.1G.P.5G.P.4

X

Y

+
1

ξ'

ηη

 
 

Figure 2.70. Gauss Points (parameter space ΞxH). 

 

 

  I combine the 45 Gauss Points in the axis ξ with the 5 Gauss Points in the axis η and I 

produce the 45x5=225 Gauss Points of the 2D plane stress cantilever.  



Isogeometric Analysis 

133 
Karakitsios Panagiotis 

Control Net 

 
 
  I choose 33 control points with the following features. 

 
axis X

element 1 element 2 element 3 element 4 element 5 element 6 element 7 element 8 element 9 element 10

C.P.1 0 0 1,5 1,5 3 3 4,5 4,5 6 6

C.P.2 0 0 1,5 1,5 3 3 4,5 4,5 6 6

C.P.3 1,5 1,5 3 3 4,5 4,5 6 6 7,5 7,5

C.P.4 1,5 1,5 3 3 4,5 4,5 6 6 7,5 7,5

element 11 element 12 element 13 element 14 element 15 element 16 element 17 element 18 element 19 element 20

C.P.1 7,5 7,5 9 9 10,5 10,5 12 12 13,5 13,5

C.P.2 7,5 7,5 9 9 10,5 10,5 12 12 13,5 13,5

C.P.3 9 9 10,5 10,5 12 12 13,5 13,5 15 15

C.P.4 9 9 10,5 10,5 12 12 13,5 13,5 15 15

lo
ca

l n
um

be
ri

ng

XC.P.

 
Figure 2.71.a. Control Points’ Cartesian coordinate X. (physical space) 

 
 

axis Y

element 1 element 2 element 3 element 4 element 5 element 6 element 7 element 8 element 9 element 10

C.P.1 0 1,5 0 1,5 0 1,5 0 1,5 0 1,5

C.P.2 1,5 3 1,5 3 1,5 3 1,5 3 1,5 3

C.P.3 0 1,5 0 1,5 0 1,5 0 1,5 0 1,5

C.P.4 1,5 3 1,5 3 1,5 3 1,5 3 1,5 3

element 11 element 12 element 13 element 14 element 15 element 16 element 17 element 18 element 19 element 20

C.P.1 0 1,5 0 1,5 0 1,5 0 1,5 0 1,5

C.P.2 1,5 3 1,5 3 1,5 3 1,5 3 1,5 3

C.P.3 0 1,5 0 1,5 0 1,5 0 1,5 0 1,5

C.P.4 1,5 3 1,5 3 1,5 3 1,5 3 1,5 3

YC.P.

lo
ca

l n
um

be
ri

ng

 
Figure 2.7171.b. Control Points’ Cartesian coordinate Y. (physical space) 

 
 

Weight Factor

element 1 element 2 element 3 element 4 element 5 element 6 element 7 element 8 element 9 element 10

C.P.1 1 1 1 1 1 1 1 1 1 1

C.P.2 1 1 1 1 1 1 1 1 1 1

C.P.3 1 1 1 1 1 1 1 1 1 1

C.P.4 1 1 1 1 1 1 1 1 1 1

element 11 element 12 element 13 element 14 element 15 element 16 element 17 element 18 element 19 element 20

C.P.1 1 1 1 1 1 1 1 1 1 1

C.P.2 1 1 1 1 1 1 1 1 1 1

C.P.3 1 1 1 1 1 1 1 1 1 1

C.P.4 1 1 1 1 1 1 1 1 1 1

WC.P.

lo
ca

l n
um

be
ri

ng

 
Figure 2.71.c. Control Points’ weight factor W. (physical space) 

 
 
  Control Points don’t partition the structure into isogeometric elements, but they are the 
coefficients (multiplicative factors) of the corresponding B-Splines that form its geometry. In 
this particular problem, the cantilever has linear geometry as its boundaries are straight 
lines. That’s why control points’ weight factor is equal to 1. 
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  In Figure 2.16 we can see the corresponding control net. 
 
 

X

Y

19 22 25 28 31

20 23 26 29 32

21 24 27 30 33

1 4 7 10 13

2 5 8 11 14

3 6 9 12 15

16

17

18

 
 

Figure 2.72. Control Net. (physical space) 

 
 

Index Space 

 
  I present every knot value in index space. The most important is that we can see which knot 

vector’s region is used by each isogeometric element. With darker green I represent the 

overlapping. 

 

 

element 9

element 8element 2

element 7element 3

element 6element 4

element 5

element 1

(ξ7) (ξ11)(ξ9)(ξ8)(ξ6)(ξ5)(ξ4)(ξ3)(ξ2)(ξ1) (ξ10) (ξ12) (ξ13)

(η3)

(η4)

(η5)

(η2)

(η3)

(η4)

(η2)

(η3)

(η4)

(η5)

(η2)

(η3)

(η4)

(η5)

(η2)

(η3)

(η4)

(η5)

(η2)

(η1)

(η1)

(η1)

(η1)

(η1)

(ξ14)

(η6)

(η5)

(η6)

(η6)

(η6)

(η6)

1

-1

-1

-1

-1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

-1

-1

-1

-1

-1

-1

-1

-1

-1

-1

-1

-0.11-0.33-0.56-0.78-1-1-1 +0.11 +0.33 +0.56 +0.78 +1 +1 +1

 
 

Figure 2.73. Index Space.  
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Parameter Space 

 

 

  I present every knot and not every knot value in parameter space. For example, extreme 

knot value -1 repeated p+1=2+1=3 times, but it has the same position, means it corresponds 

to one knot. In Figure 2.74 we can see the chosen mesh of isogeometric elements. It is very 

important to underline that knots and not control points partition the cantilever into 

isogeometric elements. 

 

  The 10 1D knots (ξ) partition the interval [-1,1] of parametric axis ξ into 9 horizontal spans. 

The 2 1D knots (η) partition the interval [-1,1] of parametric axis η into 1 vertical span. 

Combining the two axes, we have the cantilever’s mesh in the parameter space, which 

consists of 9x1=9 isogeometric elements. 

 

element 9element 8element 7element 6element 5element 4element 3element 2element 1

-1 -0.7778 -0.5556 -0.3333 -0.1111 +0.1111 +0.3333 +0.5556 +0.7778 +1  ξ

(ξ1) (ξ2) (ξ3) (ξ4) (ξ5) (ξ6) (ξ7) (ξ8) (ξ9) (ξ10)

η

-
1

+
1

(
η
1
)

(
η
2
)

 

Figure 2.74.a. Parameter Space. 

Knots partition cantilever into isogeometric elements. 

 

 

element 9element 8element 7element 6element 5element 4element 3element 2element 1

-1 -0.7778 -0.5556 -0.3333 -0.1111 +0.1111 +0.3333 +0.5556 +0.7778 +1  ξ

(ξ1) (ξ2) (ξ3) (ξ4) (ξ5) (ξ6) (ξ7) (ξ8) (ξ9) (ξ10)

η

-
1

+
1

(
η
1
)

(
η
2
)

 

Figure 2.74.b. Parameter Space. 

Mesh of isogeometric elements.  
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Physical Space 

 
  With the mesh of isogeometric elements in parameter space in hand, I can form the 

corresponding mesh in physical space. I follow the next procedure, where control points’ 

numbering is local: 

 

 I calculate knots’ X Cartesian (physical) coordinates from their parametric ones. 

Supposing the knot i (ξi, ηi), I have that: 

 

i i C.P.1 1,2 i C.P.11 11,2 iX X N ... N  

 

  Applying this relation for every knot: 

 

1 C.P.1 1,2 1 C.P.11 11,2 1 C.P.1 C.P.1X N ... N 1 0  

 

Similarly, 

 

C.P.2 C.P.3
2 C.P.2 C.P.3

C.P.3 C.P.4 C.P.4 C.P.5
3 4

C.P.5 C.P.6 C.P.6 C.P.7
5 6

C.P.7 C.P.8 C.P.8
7 8

1,5 3
X 0,5 0,5 2,25m

2 2

X 3,75m and X 5,25m
2 2

X 6,75m and X 8,25m
2 2

X 9,75m and X
2

  

  

  C.P.9

C.P.9 C.P.10 C.P.10 C.P.11
9 10

11 C.P.11

11,25m
2

X 12,75m and X 14,25m
2 2

X 15m

  

 

 

 I calculate knots’ Y Cartesian (physical) coordinates from their parametric ones. 

Supposing the knot i (ξi, ηi), I have that: 

 

i i C.P.1 1,2 i C.P.3 3,2 iY Y M ... Y M  

 
  Applying this relation for every knot: 

 

1 C.P.1 1,1 1 C.P.3 11,1 1 C.P.1 C.P.1M ... M 1 0  

 

Similarly, 

 

2 C.P.3 3m
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 As I know for every knot its Cartesian coordinates (X, Y), I can draw them in physical 

space. We can see the knots as cyan rhombi in Figure 2.75. 

 

 Finally, I connect the knots with their adjacent ones. We can see the knot lines as 

black lines in Figure 2.75. 

 

X

Y

element 9element 8element 7element 6element 5element 4element 3element 2element 1

 

Figure 2.75. Physical Space. Mesh. Knots. 

 

 

  Figure 2.76 shows both knots (cyan rhombi) and control points (red circles) in the physical 

space. We observe that knots don’t coincide with control points as happened in the case of 

linear B-SPLines. That’s why Basis SPLine functions are not linear, but quadratic (p=q=2, K=3) 

and the overlapping is smaller for extreme elements 1 and 9 than for intermediate ones. 

 

  Knots and not control points partition cantilever into 9 2D isogeometric elements. 

Although, the stiffness matrix refers to control points, so I form the equilibrium equation for 

them. 

 

1
F K U U K F  

 

  Displacements’ vector U  refers to control points. For this particular problem, there are 

33 control points, so the above equation is written as follows: 

 
1

66x1 66x1 66x1 66x166x66 66x66

F K U U K F  

 

X

Y
element 9element 8element 7element 6element 5element 4element 3element 2element 1

 

Figure 2.76. Physical Space. Mesh. Knots and Control Points.  
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Elasticity Matrix [E] 

 

  As it is a plane stress problem, the elasticity matrix [E] for every isogeometric element is 

equal to: 

 

2
3x3

1 v 0
E

E v 1 0
1 v

1 v
0 0

2

 

 

  Every isogeometric element has the same elasticity modulus 8E 210GPa 2,1 10 kPa  

and Poisson’s ratio v 0,3 , so they have all the same elasticity matrix [E], which is equal to: 

 

3x3

3x3

1 0.3 0

E 230.769.231 0.3 1 0 kPa

0 0 0.35

230.769.231 69.230.769 0

E 69.230.769 230.769.231 0 kPa

0 0 80.769.231

 

 

 

Deformation Matrix [B] 

 

  NURBS (Non-Uniform Rational B-SPLines) and not B-SPLines are used as shape functions. 

This NURBS basis is given by: 

 

i,p ip
i n

i,p i

i 1

w
R

w

 

 

where: 

 

 i=1,…,n 

 n: control points’ number 

 p: B-SPLines’ polynomial order 

 i,p : the corresponding Basis SPLine to control point i 

 wi: control point’s i weight factor 

 p
iR : the corresponding Non-Uniform Rational Basis SPLine to control point i with 

polynomial order p 
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  The Non-Uniform Rational Basis SPLine’s derivative is equal to: 

 

n

i,p in
i,p i i 1

i,p i i,p ip
i i 1

2
n

i,p i

i 1

w
w

w w
R

w

 

n n
i,p i,p

i i,p i i,p i ip
i i 1 i 1

2 2
n n

i,p i i,p i

i 1 i 1

w w w w
R

w w

 

 
n

i,pi,p
i,p i ip i

i i 1

n 2
n

i,p i
i,p i

i 1
i 1

w ww
R

w w

 

 

  The problem is 2D, so I have to calculate Rational Surfaces which are defined analogously in 

terms of the rational basis functions: 

 

i,p j,q i, jp,q
i, j n m

i,p j,q i, j

i 1 j 1

w
R ,

w

 

 

where: 

 i=1,…,n (axis ξ) 

 j=1,…,m (axis η) 

 n: control points’ number (axis ξ) 

 m: control points’ number (axis η) 

 p: B-SPLines’ polynomial order (axis ξ) 

 q: B-SPLines’ polynomial order (axis η) 

 i,p : the corresponding Basis SPLine to control point i (axis ξ) 

 j,qM : the corresponding Basis SPLine to control point j (axis η) 

 wi,j: control point’s weight factor (2D, ΞxH) 

 
p,q
i, jR , : the corresponding Rational Surface to control point (i,j) 

 

  In this case, the weights are all equal, so:

 
i,p i i,p i,pp

i,pi n n

i,p i i,p

i 1 i 1

w
R

1
w
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and the curve is again a polynomial. B-SPLines are a special case of NURBS. 

 
  Similarly, 

i,p j,q i, j i,p j,q i,p j,qp,q
i, j n m n m

i,p j,q i, j i,p j,q

i 1 j 1 i 1 j 1

w
R ,

1
w

 

p,q
i,p j,qi, jR ,  

 
  The corresponding partial derivatives are equal to: 

 

p,q
i, j i,p

j,q

R ,
 

p,q
i, j j,q

i,p

R ,
 

 
  For every isogeometric element, I calculate: 

 

 Jacobian matrix 

 

N

9x22x2 2x9

J , D , XY  

 
where: 

 

2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2
1,1 1,2 1,3 2,1 2,2 2,3 3,1 3,2 3,3

N 2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2
2x9 1,1 1,2 1,3 2,1 2,2 2,3 3,1 3,2 3,3

R R R R R R R R R

D ,
R R R R R R R R R

 

C.P.1 C.P.1

C.P.2 C.P.2

C.P.3 C.P.3

C.P.4 C.P.4

C.P.5 C.P.5

9x2
C.P.6 C.P.6

C.P.7 C.P.7

C.P.8 C.P.8

C.P.9 C.P.9

X Y

X Y

X Y

X Y

XY X Y

X Y

X Y

X Y

X Y

 

 
  C.P.1, …, C.P.9 are the corresponding 9 control points to every isogeometric 

element with local numbering.  
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 Deformation matrix 
 

22 12

1 21 11

3x4
21 11 22 12

J J 0 0
1

B , 0 0 J J
det J

J J J J

 

 
2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2
1,1 1,2 1,3 2,1 2,2 2,3 3,1 3,2 3,3

2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2
1,1 1,2 1,3 2,1 2,2 2,3 3,1 3,2

2

4x18

R R R R R R R R R
0 0 0 0 0 0 0 0 0

R R R R R R R R
0 0 0 0 0 0 0

B ,

2,2
3,3

2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2
1,1 1,2 1,3 2,1 2,2 2,3 3,1 3,2 3,3

2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2
1,1 1,2 1,3 2,1 2,2 2,3 3,1 3,2

R
0 0

R R R R R R R R R
0 0 0 0 0 0 0 0 0

R R R R R R R R
0 0 0 0 0 0 0 0 0

2,2
3,3R

 
  The deformation matrix is equal to: 
 

1 2

3x18 3x4 4x18

B , B , B ,  

 
2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2
1,1 1,2 1,3 2,1 2,2 2,3 3,1 3,2 3,3

2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2
1,1 1,2 1,3 2,1 2,2 2,3 3,1 3,2

3x18

R R R R R R R R R
0 0 0 0 0 0 0 0

R R R R R R R R
B , 0 0 0 0 0 0 0 0 0

2,2
3,3

2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2
1,1 1,1 1,2 1,2 1,3 1,3 2,1 2,1 2,2 2,2 2,3 2,3 3,1 3,1 3,2 3,2 3,3 3,3

R

R R R R R R R R R R R R R R R R R R

 
 

Local Stiffness Matrix [ke] 

 
  I calculate isogeometric element’s local stiffness matrix using Gauss quadrature. I choose 

5x5 quadrature rule, means 25 Gauss Points for every element. 

 

25 T
e e e

i i i i i i i

3x3i 118x18 18x3 3x18

k B , E B , t det J , w  

 

  The weight factor of Gauss Point i is equal to 
i i

i

w w
w

n p m q
. 

 

where (n-p), (m-q) is the number of horizontal (parametric axis ξ), vertical (parametric axis η) 

spans respectively. I divide with (n-p), (m-q) in order to: 

 
225

i

i 1

w 2 (global numbering)  

 

  I used totally (25 Gauss Points per element)·(9 elements)=225 Gauss Points. 
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  Let’s follow the previous procedure for Gauss Point 1 of isogeometric element 1. We can 

see this Gauss Point in the following Figure 2.77. It is the one in the green circle. 

 

element 9element 8element 7element 6element 5element 4element 3element 2

-
1

+
1

(
η
1
)

(
η
2
)

-1 -0.7778 -0.5556 -0.3333 -0.1111 +0.1111 +0.3333 +0.5556 +0.7778 +1  ξ

(ξ1) (ξ2) (ξ3) (ξ4) (ξ5) (ξ6) (ξ7) (ξ8) (ξ9) (ξ10)

η

element 1

 
 

Figure 2.77. Gauss Point 1 of isogeometric element 1. (Parameter Space) 

 
 
  For element 1 (horizontal span 1 + vertical span 1), 

 
axis ξ

G.P.1 (1) G.P.2 (2) G.P.3 (3) G.P.4 (4) G.P.5 (5)

N1,2(ξ) 0,2500 0,0022 0,0533 0,9084 0,5917

N2,2(ξ) 0,6250 0,5436 0,6509 0,0905 0,3817

N3,2(ξ) 0,1250 0,4542 0,2959 0,0011 0,0266

Ni,2(ξ) 

(3x5,p=2)
horizontal span 1

 

Figure 2.78.a. Basis SPLine functions for horizontal span 1. Parametric axis ξ. 

Values at Gauss Points. 

 

axis ξ

G.P.1 (1) G.P.2 (2) G.P.3 (3) G.P.4 (4) G.P.5 (5)

N'1,2(ξ) -4,5000 -0,4222 -2,0769 -8,5778 -6,9231

N'2,2(ξ) 2,2500 -3,8667 -1,3847 8,3667 5,8847

N'3,2(ξ) 2,2500 4,2889 3,4616 0,2111 1,0384

N'i,2(ξ) 

(3x5,p=2)
element 1

 

Figure 2.78.b. First derivative of basis SPLine functions for horizontal span 1. 

Parametric axis ξ. Values at Gauss Points. 

 

axis η

G.P.1 G.P.2 G.P.3 G.P.4 G.P.5

Μ1,2(η) 0,25000 0,00220 0,05330 0,90840 0,59170

Μ2,2(η) 0,50000 0,08940 0,35500 0,08940 0,35500

Μ3,2(η) 0,25000 0,90840 0,59170 0,00220 0,05330

Mj,2(η) 

(3x5,q=2)
vertical span 1

 
 

Figure 2.78.c. Basis SPLine functions for vertical span 1. Parametric axis η. 

Values at Gauss Points.  
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axis η

G.P.1 G.P.2 G.P.3 G.P.4 G.P.5

Μ'1,2(η) -0,50000 -0,04690 -0,23080 -0,95310 -0,76920

Μ'2,2(η) 0,00000 -0,90620 -0,53850 0,90620 0,53850

Μ'3,2(η) 0,50000 0,95310 0,76920 0,04690 0,23080

vertical span 1
M'j,2(η) 

(3x5,q=2)

 
 

Figure 2.78.d. First derivative of basis SPLine functions for vertical span 1. 

Parametric axis η. Values at Gauss Points. 

 
 

C.P.1 C.P.1

C.P.2 C.P.2

C.P.3 C.P.3

C.P.4 C.P.4

C.P.5 C.P.5

9x2
C.P.6 C.P.6

C.P.7 C.P.7

C.P.8 C.P.8

C.P.9 C.P.9

X Y 0 0

X Y 0 1,5

X Y 0 3

X Y 1,5 0

XY X Y 1,5 1,5

X Y 1,5 3

X Y 3 0

X Y 3 1,5

X Y 3 3

 

 
 

  With BSPLines i,2 j,2N ,M  and their derivatives (
i,2 i,2N M

, ) in hand, I 

calculate corresponding NURBS’ values at Gauss Point 1 (isogeometric element 1). 

 

p,q 2,2
i,p j,q G.P.1 G.P.1 i,2 G.P.1 j,2 G.P.1i, j i, jR , R ,  

p,q 2,2
G.P.1 G.P.1i, j i,p i, j i,2 G.P.1

j,q j,2 G.P.1

R , R ,
 

p,q 2,2
G.P.1 G.P.1i, j j,q i, j j,2 G.P.1

i,p i,2 G.P.1

R , R ,
 

 
 
Control Point 1 (i=1, j=1) 

 
2,2
1,1 G.P.1 G.P.1 1,2 G.P.1 1,2 G.P.1

2,2
1,1 G.P.1 G.P.1 1,2 G.P.1

1,2 G.P.1

2,2
1,1 G.P.1 G.P.1 1,2 G.P.1

1,2 G.P.1

R ,

R ,

R ,
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Control Point 3 (i=1, j=3) 

 
2,2
1,3 G.P.1 G.P.1 1,2 G.P.1 3,2 G.P.1

2,2
1,3 G.P.1 G.P.1 1,2 G.P.1

3,2 G.P.1

2,2
1,3 G.P.1 G.P.1 3,2 G.P.1

1,2 G.P.1

R ,

R ,

R ,

 

 
Control Point 6 (i=2, j=2) 

 
2,2
2,2 G.P.1 G.P.1 2,2 G.P.1 2,2 G.P.1

2,2
2,2 G.P.1 G.P.1 2,2 G.P.1

2,2 G.P.1

2,2
2,2 G.P.1 G.P.1 2,2 G.P.1

2,2 G.P.1

R ,

R ,

R ,

 

 
Control Point 9 (i=3, j=3) 

 
2,2
3,3 G.P.1 G.P.1 3,2 G.P.1 3,2 G.P.1

2,2
3,3 G.P.1 G.P.1 3,2 G.P.1

3,2 G.P.1

2,2
3,3 G.P.1 G.P.1 3,2 G.P.1

3,2 G.P.1

R ,

R ,

R ,

 

 

Ri,j
2,2

dRi,j
2,2/dξ dRi,j

2,2/dη

i j Control Point Ni,p(ξ)*Μj,q(η) N'i,p(ξ)*Μj,q(η) Ni,p(ξ)*Μ'j,q(η)

1 1 C.P.1 0,0625 -1,1250 -0,1250

1 2 C.P.2 0,1250 -2,2500 0,0000

1 3 C.P.3 0,0625 -1,1250 0,1250

2 1 C.P.4 0,1563 0,5625 -0,3125

2 2 C.P.5 0,3125 1,1250 0,0000

2 3 C.P.6 0,1563 0,5625 0,3125

3 1 C.P.7 0,0313 0,5625 -0,0625

3 2 C.P.8 0,0625 1,1250 0,0000

3 3 C.P.9 0,0313 0,5625 0,0625

SUM 0,40625 -3,9375 -0,3125

element 1
G.P.1 (indexξ=1, indexη=1)

 
 

Figure 2.79. NUR-B-SPLine Surfaces and their derivatives. Parameter space ΞxH. 

Values at Gauss Points.  
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2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2
1,1 1,2 1,3 2,1 2,2 2,3 3,1 3,2 3,3

N 1 1 2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2
2x9 1,1 1,2 1,3 2,1 2,2 2,3 3,1 3,2 3,3

R R R R R R R R R

D ,
R R R R R R R R R

N 1 1

2x9

1,125 2,25 1,125 0,5625 1,125 0,5625 0,5625 1,125 0,5625
D ,

0,125 0 0,125 0,3125 0 0,3125 0,0625 0 0,0625

 

1 1 N 1 1

9x22x2 2x9

10,13 0
J , D , XY

0 1,5
 

 

22 12

1 1 1 21 11

3x4
21 11 22 12

J J 0 0 0,0988 0 0 0
1

B , 0 0 J J 0 0 0 0,6667
det[J]

J J J J 0 0,6667 0,0988 0

 

 
2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2
1,1 1,2 1,3 2,1 2,2 2,3 3,1 3,2 3,3

2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2
1,1 1,2 1,3 2,1 2,2 2,3 3,1 3,2

2

4x18

R R R R R R R R R
0 0 0 0 0 0 0 0 0

R R R R R R R R
0 0 0 0 0 0 0

B ,

2,2
3,3

2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2
1,1 1,2 1,3 2,1 2,2 2,3 3,1 3,2 3,3

2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2
1,1 1,2 1,3 2,1 2,2 2,3 3,1 3,2

R
0 0

R R R R R R R R R
0 0 0 0 0 0 0 0 0

R R R R R R R R
0 0 0 0 0 0 0 0 0

2,2
3,3R

 

2 1 1

4x18

1,13 0 2,25 0 1,13 0 0,56 0 1,13 0 0,56 0 0,56 0 1,13 0 0,56 0

0,13 0 0 0 0,13 0 0,31 0 0 0 0,31 0 0,06 0 0 0 0,06 0
B ,

0 1,13 0 2,25 0 1,13 0 0,56 0 1,13 0 0,56 0 0,56 0 1,13 0 0,56

0 0,13 0 0 0 0,13 0 0,31 0 0 0 0,31 0 0,06 0 0 0 0,06

 

  The deformation matrix (isogeometric element 1, Gauss Point 1) is equal to: 

 

1 1 1 1 1 2 1 1

3x18

B , B , B ,

 

 

u C.P.1 v C.P.1 u C.P.2 v C.P.2 u C.P.3 v C.P.3 u C.P.4 v C.P.4 u C.P.5 v C.P.5 u C.P.6 v C.P.6 u C.P.7 v C.P.7 u C.P.8 v C.P.8 u C.P.9 v C.P.9

εx -0,1111 0 -0,2222 0 -0,1111 0 0,0556 0 0,1111 0 0,0556 0 0,0556 0 0,1111 0 0,0556 0

εy 0 -0,0833 0 0,0000 0 0,0833 0 -0,2083 0 0,0000 0 0,2083 0 -0,0417 0 0,0000 0 0,0417

γxy -0,0833 -0,1111 0,0000 -0,2222 0,0833 -0,1111 -0,2083 0,0556 0,0000 0,1111 0,2083 0,0556 -0,0417 0,0556 0,0000 0,1111 0,0417 0,0556

B(ξ,η)

el
em

en
t 

1

 

Figure 2.80. Deformation Matrix. Isogeometric Element 1. Gauss Point 1. 

Global numbering of Control Points. 

 

  The weight factor of Gauss Point 1 (isogeometric element 1) is equal to: 

1 1
1 1

w w 0,56888 0,56888
w w 0,03595

n p m q 11 2 3 2
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  The local stiffness matrix (isogeometric element 1, Gauss Point 1) is equal to: 

 
T

el1 el1 el1
G.P.1 1 1 1 1 1 1 1

18x18 3x318x3 3x18

k B , E B , t det J , w  

 

u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m)

FX (kN) 18.623 7.585 31.119 8.169 12.496 583 -122 6.710 -15.559 -4.084 -15.438 -10.794 -6.248 -292 -15.559 -4.084 -9.311 -3.793

FY (kN) 7.585 14.198 7.002 10.892 -583 -3.306 8.460 19.157 -3.501 -5.446 -11.961 -24.603 292 1.653 -3.501 -5.446 -3.793 -7.099

FX (kN) 31.119 7.002 62.237 0 31.119 -7.002 -15.559 17.504 -31.119 0 -15.559 -17.504 -15.559 3.501 -31.119 0 -15.559 -3.501

FY (kN) 8.169 10.892 0 21.783 -8.169 10.892 20.422 -5.446 0 -10.892 -20.422 -5.446 4.084 -5.446 0 -10.892 -4.084 -5.446

FX (kN) 12.496 -583 31.119 -8.169 18.623 -7.585 -15.438 10.794 -15.559 4.084 -122 -6.710 -9.311 3.793 -15.559 4.084 -6.248 292

FY (kN) 583 -3.306 -7.002 10.892 -7.585 14.198 11.961 -24.603 3.501 -5.446 -8.460 19.157 3.793 -7.099 3.501 -5.446 -292 1.653

FX (kN) -122 8.460 -15.559 20.422 -15.438 11.961 23.035 -9.481 7.780 -10.211 -15.255 -729 7.719 -5.981 7.780 -10.211 61 -4.230

FY (kN) 6.710 19.157 17.504 -5.446 10.794 -24.603 -9.481 56.062 -8.752 2.723 729 -53.339 -5.397 12.302 -8.752 2.723 -3.355 -9.579

FX (kN) -15.559 -3.501 -31.119 0 -15.559 3.501 7.780 -8.752 15.559 0 7.780 8.752 7.780 -1.750 15.559 0 7.780 1.750

FY (kN) -4.084 -5.446 0 -10.892 4.084 -5.446 -10.211 2.723 0 5.446 10.211 2.723 -2.042 2.723 0 5.446 2.042 2.723

FX (kN) -15.438 -11.961 -15.559 -20.422 -122 -8.460 -15.255 729 7.780 10.211 23.035 9.481 61 4.230 7.780 10.211 7.719 5.981

FY (kN) -10.794 -24.603 -17.504 -5.446 -6.710 19.157 -729 -53.339 8.752 2.723 9.481 56.062 3.355 -9.579 8.752 2.723 5.397 12.302

FX (kN) -6.248 292 -15.559 4.084 -9.311 3.793 7.719 -5.397 7.780 -2.042 61 3.355 4.656 -1.896 7.780 -2.042 3.124 -146

FY (kN) -292 1.653 3.501 -5.446 3.793 -7.099 -5.981 12.302 -1.750 2.723 4.230 -9.579 -1.896 3.549 -1.750 2.723 146 -827

FX (kN) -15.559 -3.501 -31.119 0 -15.559 3.501 7.780 -8.752 15.559 0 7.780 8.752 7.780 -1.750 15.559 0 7.780 1.750

FY (kN) -4.084 -5.446 0 -10.892 4.084 -5.446 -10.211 2.723 0 5.446 10.211 2.723 -2.042 2.723 0 5.446 2.042 2.723

FX (kN) -9.311 -3.793 -15.559 -4.084 -6.248 -292 61 -3.355 7.780 2.042 7.719 5.397 3.124 146 7.780 2.042 4.656 1.896

FY (kN) -3.793 -7.099 -3.501 -5.446 292 1.653 -4.230 -9.579 1.750 2.723 5.981 12.302 -146 -827 1.750 2.723 1.896 3.549

local [k] (Isogeometric Element 1. Gauss Point 1. Global numbering of C.P.)

Excel

C.P.3

C.P.1

C.P.1 C.P.2 C.P.3 C.P.4 C.P.6 C.P.7 C.P.8 C.P.9

C.P.4

C.P.2

C.P.9

C.P.5

C.P.5

C.P.6

C.P.7

C.P.8

el
em

en
t 1

 

Figure 2.81. Stiffness Matrix. Isogeometric Element 1. Gauss Point 1. 

Global numbering of Control Points. Excel. 

 

u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m)

FX (kN) 18.623 7.585 31.119 8.169 12.496 583 -122 6.710 -15.559 -4.084 -15.438 -10.794 -6.248 -292 -15.559 -4.084 -9.311 -3.793

FY (kN) 7.585 14.198 7.002 10.892 -583 -3.306 8.460 19.157 -3.501 -5.446 -11.961 -24.603 292 1.653 -3.501 -5.446 -3.793 -7.099

FX (kN) 31.119 7.002 62.237 0 31.119 -7.002 -15.559 17.504 -31.119 0 -15.559 -17.504 -15.559 3.501 -31.119 0 -15.559 -3.501

FY (kN) 8.169 10.892 0 21.783 -8.169 10.892 20.422 -5.446 0 -10.892 -20.422 -5.446 4.084 -5.446 0 -10.892 -4.084 -5.446

FX (kN) 12.496 -583 31.119 -8.169 18.623 -7.585 -15.438 10.794 -15.559 4.084 -122 -6.710 -9.311 3.793 -15.559 4.084 -6.248 292

FY (kN) 583 -3.306 -7.002 10.892 -7.585 14.198 11.961 -24.603 3.501 -5.446 -8.460 19.157 3.793 -7.099 3.501 -5.446 -292 1.653

FX (kN) -122 8.460 -15.559 20.422 -15.438 11.961 23.035 -9.481 7.780 -10.211 -15.255 -729 7.719 -5.981 7.780 -10.211 61 -4.230

FY (kN) 6.710 19.157 17.504 -5.446 10.794 -24.603 -9.481 56.062 -8.752 2.723 729 -53.339 -5.397 12.302 -8.752 2.723 -3.355 -9.579

FX (kN) -15.559 -3.501 -31.119 0 -15.559 3.501 7.780 -8.752 15.559 0 7.780 8.752 7.780 -1.750 15.559 0 7.780 1.750

FY (kN) -4.084 -5.446 0 -10.892 4.084 -5.446 -10.211 2.723 0 5.446 10.211 2.723 -2.042 2.723 0 5.446 2.042 2.723

FX (kN) -15.438 -11.961 -15.559 -20.422 -122 -8.460 -15.255 729 7.780 10.211 23.035 9.481 61 4.230 7.780 10.211 7.719 5.981

FY (kN) -10.794 -24.603 -17.504 -5.446 -6.710 19.157 -729 -53.339 8.752 2.723 9.481 56.062 3.355 -9.579 8.752 2.723 5.397 12.302

FX (kN) -6.248 292 -15.559 4.084 -9.311 3.793 7.719 -5.397 7.780 -2.042 61 3.355 4.656 -1.896 7.780 -2.042 3.124 -146

FY (kN) -292 1.653 3.501 -5.446 3.793 -7.099 -5.981 12.302 -1.750 2.723 4.230 -9.579 -1.896 3.549 -1.750 2.723 146 -827

FX (kN) -15.559 -3.501 -31.119 0 -15.559 3.501 7.780 -8.752 15.559 0 7.780 8.752 7.780 -1.750 15.559 0 7.780 1.750

FY (kN) -4.084 -5.446 0 -10.892 4.084 -5.446 -10.211 2.723 0 5.446 10.211 2.723 -2.042 2.723 0 5.446 2.042 2.723

FX (kN) -9.311 -3.793 -15.559 -4.084 -6.248 -292 61 -3.355 7.780 2.042 7.719 5.397 3.124 146 7.780 2.042 4.656 1.896

FY (kN) -3.793 -7.099 -3.501 -5.446 292 1.653 -4.230 -9.579 1.750 2.723 5.981 12.302 -146 -827 1.750 2.723 1.896 3.549
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Figure 2.82. Stiffness Matrix. Isogeometric Element 1. Gauss Point 1. 

Global numbering of Control Points. MatLab. 

 

  I follow the same procedure for the rest 24 Gauss Points of isogeometric element 1. 

 

  Isogeometric Element’s 1 local stiffness matrix is equal to:  



Isogeometric Analysis 

147 
Karakitsios Panagiotis 

25 25 T
e e e e

G.P.i i i i i i i i

3x3i 1 i 118x18 18x18 18x3 3x18

k k B , E B , t det J , w  

 

u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m)

FX (kN) 910.590 375.000 257.860 19.230 20.140 9.620 -400.040 -24.040 -303.220 -208.330 -135.480 -104.170 -196.460 -4.810 -111.690 -41.670 -41.720 -20.830

FY (kN) 375.000 813.710 -19.230 -157.250 -9.620 -240.450 24.040 118.740 -208.330 -235.500 -104.170 -176.790 4.810 -35.010 -41.670 -55.970 -20.830 -31.480

FX (kN) 257.860 -19.230 672.880 0 257.860 19.230 -303.220 208.330 -232.290 0 -303.220 -208.330 -111.690 41.670 -126.480 0 -111.690 -41.670

FY (kN) 19.230 -157.250 0 730.510 -19.230 -157.250 208.330 -235.500 0 177.450 -208.330 -235.500 41.670 -55.970 0 -10.520 -41.670 -55.970

FX (kN) 20.140 -9.620 257.860 -19.230 910.590 -375.000 -135.480 104.170 -303.220 208.330 -400.040 24.040 -41.720 20.830 -111.690 41.670 -196.460 4.810

FY (kN) 9.620 -240.450 19.230 -157.250 -375.000 813.710 104.170 -176.790 208.330 -235.500 -24.040 118.740 20.830 -31.480 41.670 -55.970 -4.810 -35.010

FX (kN) -400.040 24.040 -303.220 208.330 -135.480 104.170 755.840 -93.750 167.020 -4.810 -14.620 -2.400 25.610 -103.370 -54.500 -88.140 -40.600 -44.070

FY (kN) -24.040 118.740 208.330 -235.500 104.170 -176.790 -93.750 793.290 4.810 -205.920 2.400 -269.490 -84.130 177.710 -78.530 -103.450 -39.260 -98.590

FX (kN) -303.220 -208.330 -232.290 0 -303.220 208.330 167.020 4.810 574.190 0 167.020 -4.810 -54.500 88.140 39.510 0 -54.500 -88.140

FY (kN) -208.330 -235.500 0 177.450 208.330 -235.500 -4.810 -205.920 0 729.720 4.810 -205.920 78.530 -103.450 0 182.580 -78.530 -103.450

FX (kN) -135.480 -104.170 -303.220 -208.330 -400.040 -24.040 -14.620 2.400 167.020 4.810 755.840 93.750 -40.600 44.070 -54.500 88.140 25.610 103.370

FY (kN) -104.170 -176.790 -208.330 -235.500 24.040 118.740 -2.400 -269.490 -4.810 -205.920 93.750 793.290 39.260 -98.590 78.530 -103.450 84.130 177.710

FX (kN) -196.460 4.810 -111.690 41.670 -41.720 20.830 25.610 -84.130 -54.500 78.530 -40.600 39.260 283.030 -93.750 110.110 -4.810 26.230 -2.400

FY (kN) -4.810 -35.010 41.670 -55.970 20.830 -31.480 -103.370 177.710 88.140 -103.450 44.070 -98.590 -93.750 177.810 4.810 -840 2.400 -30.190

FX (kN) -111.690 -41.670 -126.480 0 -111.690 41.670 -54.500 -78.530 39.510 0 -54.500 78.530 110.110 4.810 199.160 0 110.110 -4.810

FY (kN) -41.670 -55.970 0 -10.520 41.670 -55.970 -88.140 -103.450 0 182.580 88.140 -103.450 -4.810 -840 0 148.450 4.810 -840

FX (kN) -41.720 -20.830 -111.690 -41.670 -196.460 -4.810 -40.600 -39.260 -54.500 -78.530 25.610 84.130 26.230 2.400 110.110 4.810 283.030 93.750

FY (kN) -3.793 -7.099 -3.501 -5.446 292 1.653 -4.230 -9.579 1.750 2.723 5.981 12.302 -146 -827 1.750 2.723 1.896 3.549
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Figure 2.83. Stiffness Matrix. Isogeometric Element 1. 

Global numbering of Control Points. MatLab. 

 

Total Stiffness Matrix [K] 

 

  I calculate the local (numbering) Stiffness Matrix for every Isogeometric Element. Then, I 

form the total Stiffness Matrix of the structure. 

 

u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m)

FΧ (kN) 910.595 375.000 257.861 19.231 20.142 9.615 -400.035 -24.038 -303.223 -208.333 -135.476 -104.167 -196.457 -4.808 -111.690 -41.667 -41.717 -20.833 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 375.000 813.708 -19.231 -157.249 -9.615 -240.450 24.038 118.738 -208.333 -235.503 -104.167 -176.792 4.808 -35.010 -41.667 -55.966 -20.833 -31.476 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 257.861 -19.231 672.875 0 257.861 19.231 -303.223 208.333 -232.289 0 -303.223 -208.333 -111.690 41.667 -126.484 0 -111.690 -41.667 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 19.231 -157.249 0 730.506 -19.231 -157.249 208.333 -235.503 0 177.449 -208.333 -235.503 41.667 -55.966 0 -10.519 -41.667 -55.966 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 20.142 -9.615 257.861 -19.231 910.595 -375.000 -135.476 104.167 -303.223 208.333 -400.035 24.038 -41.717 20.833 -111.690 41.667 -196.457 4.808 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 9.615 -240.450 19.231 -157.249 -375.000 813.708 104.167 -176.792 208.333 -235.503 -24.038 118.738 20.833 -31.476 41.667 -55.966 -4.808 -35.010 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) -400.035 24.038 -303.223 208.333 -135.476 104.167 1.090.455 0 307.407 0 23.196 0 -69.907 -21.635 -160.595 -187.500 -95.412 -93.750 -149.359 -2.404 -79.167 -20.833 -27.885 -10.417 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) -24.038 118.738 208.333 -235.503 104.167 -176.792 0 977.909 0 -190.532 0 -290.007 21.635 290.532 -187.500 -213.708 -93.750 -190.894 2.404 -41.026 -20.833 -33.333 -10.417 -15.385 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) -303.223 -208.333 -232.289 0 -303.223 208.333 307.407 0 806.244 0 307.407 0 -160.595 187.500 -4.724 0 -160.595 -187.500 -79.167 20.833 -98.077 0 -79.167 -20.833 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) -208.333 -235.503 0 177.449 208.333 -235.503 0 -190.532 0 878.435 0 -190.532 187.500 -213.708 0 313.346 -187.500 -213.708 20.833 -33.333 0 -23.077 -20.833 -33.333 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) -135.476 -104.167 -303.223 -208.333 -400.035 -24.038 23.196 0 307.407 0 1.090.455 0 -95.412 93.750 -160.595 187.500 -69.907 21.635 -27.885 10.417 -79.167 20.833 -149.359 2.404 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) -104.167 -176.792 -208.333 -235.503 24.038 118.738 0 -290.007 0 -190.532 0 977.909 93.750 -190.894 187.500 -213.708 -21.635 290.532 10.417 -15.385 20.833 -33.333 -2.404 -41.026 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) -196.457 4.808 -111.690 41.667 -41.717 20.833 -69.907 21.635 -160.595 187.500 -95.412 93.750 1.167.646 0 283.182 0 -5.820 0 -191.026 -24.038 -212.179 -208.333 -109.615 -104.167 -149.359 -2.404 -79.167 -20.833 -27.885 -10.417 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) -4.808 -35.010 41.667 -55.966 20.833 -31.476 -21.635 290.532 187.500 -213.708 93.750 -190.894 0 1.162.426 0 -277.761 0 -378.912 24.038 225.641 -208.333 -220.513 -104.167 -184.615 2.404 -41.026 -20.833 -33.333 -10.417 -15.385 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) -111.690 -41.667 -126.484 0 -111.690 41.667 -160.595 -187.500 -4.724 0 -160.595 187.500 283.182 0 878.644 0 283.182 0 -212.179 208.333 -88.462 0 -212.179 -208.333 -79.167 20.833 -98.077 0 -79.167 -20.833 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) -41.667 -55.966 0 -10.519 41.667 -55.966 -187.500 -213.708 0 313.346 187.500 -213.708 0 -277.761 0 1.061.276 0 -277.761 208.333 -220.513 0 261.538 -208.333 -220.513 20.833 -33.333 0 -23.077 -20.833 -33.333 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) -41.717 -20.833 -111.690 -41.667 -196.457 -4.808 -95.412 -93.750 -160.595 -187.500 -69.907 -21.635 -5.820 0 283.182 0 1.167.646 0 -109.615 104.167 -212.179 208.333 -191.026 24.038 -27.885 10.417 -79.167 20.833 -149.359 2.404 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) -20.833 -31.476 -41.667 -55.966 4.808 -35.010 -93.750 -190.894 -187.500 -213.708 21.635 290.532 0 -378.912 0 -277.761 0 1.162.426 104.167 -184.615 208.333 -220.513 -24.038 225.641 10.417 -15.385 20.833 -33.333 -2.404 -41.026 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 -149.359 2.404 -79.167 20.833 -27.885 10.417 -191.026 24.038 -212.179 208.333 -109.615 104.167 1.219.231 0 313.462 0 5.769 0 -191.026 -24.038 -212.179 -208.333 -109.615 -104.167 -149.359 -2.404 -79.167 -20.833 -27.885 -10.417 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 -2.404 -41.026 20.833 -33.333 10.417 -15.385 -24.038 225.641 208.333 -220.513 104.167 -184.615 0 1.169.231 0 -261.538 0 -369.231 24.038 225.641 -208.333 -220.513 -104.167 -184.615 2.404 -41.026 -20.833 -33.333 -10.417 -15.385 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 -79.167 -20.833 -98.077 0 -79.167 20.833 -212.179 -208.333 -88.462 0 -212.179 208.333 313.462 0 911.538 0 313.462 0 -212.179 208.333 -88.462 0 -212.179 -208.333 -79.167 20.833 -98.077 0 -79.167 -20.833 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 -20.833 -33.333 0 -23.077 20.833 -33.333 -208.333 -220.513 0 261.538 208.333 -220.513 0 -261.538 0 1.061.538 0 -261.538 208.333 -220.513 0 261.538 -208.333 -220.513 20.833 -33.333 0 -23.077 -20.833 -33.333 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 -27.885 -10.417 -79.167 -20.833 -149.359 -2.404 -109.615 -104.167 -212.179 -208.333 -191.026 -24.038 5.769 0 313.462 0 1.219.231 0 -109.615 104.167 -212.179 208.333 -191.026 24.038 -27.885 10.417 -79.167 20.833 -149.359 2.404 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 -10.417 -15.385 -20.833 -33.333 2.404 -41.026 -104.167 -184.615 -208.333 -220.513 24.038 225.641 0 -369.231 0 -261.538 0 1.169.231 104.167 -184.615 208.333 -220.513 -24.038 225.641 10.417 -15.385 20.833 -33.333 -2.404 -41.026 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 -149.359 2.404 -79.167 20.833 -27.885 10.417 -191.026 24.038 -212.179 208.333 -109.615 104.167 1.219.231 0 313.462 0 5.769 0 -191.026 -24.038 -212.179 -208.333 -109.615 -104.167 -149.359 -2.404 -79.167 -20.833 -27.885 -10.417 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 -2.404 -41.026 20.833 -33.333 10.417 -15.385 -24.038 225.641 208.333 -220.513 104.167 -184.615 0 1.169.231 0 -261.538 0 -369.231 24.038 225.641 -208.333 -220.513 -104.167 -184.615 2.404 -41.026 -20.833 -33.333 -10.417 -15.385 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 -79.167 -20.833 -98.077 0 -79.167 20.833 -212.179 -208.333 -88.462 0 -212.179 208.333 313.462 0 911.538 0 313.462 0 -212.179 208.333 -88.462 0 -212.179 -208.333 -79.167 20.833 -98.077 0 -79.167 -20.833 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 -20.833 -33.333 0 -23.077 20.833 -33.333 -208.333 -220.513 0 261.538 208.333 -220.513 0 -261.538 0 1.061.538 0 -261.538 208.333 -220.513 0 261.538 -208.333 -220.513 20.833 -33.333 0 -23.077 -20.833 -33.333 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 -27.885 -10.417 -79.167 -20.833 -149.359 -2.404 -109.615 -104.167 -212.179 -208.333 -191.026 -24.038 5.769 0 313.462 0 1.219.231 0 -109.615 104.167 -212.179 208.333 -191.026 24.038 -27.885 10.417 -79.167 20.833 -149.359 2.404 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 -10.417 -15.385 -20.833 -33.333 2.404 -41.026 -104.167 -184.615 -208.333 -220.513 24.038 225.641 0 -369.231 0 -261.538 0 1.169.231 104.167 -184.615 208.333 -220.513 -24.038 225.641 10.417 -15.385 20.833 -33.333 -2.404 -41.026 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -149.359 2.404 -79.167 20.833 -27.885 10.417 -191.026 24.038 -212.179 208.333 -109.615 104.167 1.219.231 0 313.462 0 5.769 0 -191.026 -24.038 -212.179 -208.333 -109.615 -104.167 -149.359 -2.404 -79.167 -20.833 -27.885 -10.417 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -2.404 -41.026 20.833 -33.333 10.417 -15.385 -24.038 225.641 208.333 -220.513 104.167 -184.615 0 1.169.231 0 -261.538 0 -369.231 24.038 225.641 -208.333 -220.513 -104.167 -184.615 2.404 -41.026 -20.833 -33.333 -10.417 -15.385 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -79.167 -20.833 -98.077 0 -79.167 20.833 -212.179 -208.333 -88.462 0 -212.179 208.333 313.462 0 911.538 0 313.462 0 -212.179 208.333 -88.462 0 -212.179 -208.333 -79.167 20.833 -98.077 0 -79.167 -20.833 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -20.833 -33.333 0 -23.077 20.833 -33.333 -208.333 -220.513 0 261.538 208.333 -220.513 0 -261.538 0 1.061.538 0 -261.538 208.333 -220.513 0 261.538 -208.333 -220.513 20.833 -33.333 0 -23.077 -20.833 -33.333 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -27.885 -10.417 -79.167 -20.833 -149.359 -2.404 -109.615 -104.167 -212.179 -208.333 -191.026 -24.038 5.769 0 313.462 0 1.219.231 0 -109.615 104.167 -212.179 208.333 -191.026 24.038 -27.885 10.417 -79.167 20.833 -149.359 2.404 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -10.417 -15.385 -20.833 -33.333 2.404 -41.026 -104.167 -184.615 -208.333 -220.513 24.038 225.641 0 -369.231 0 -261.538 0 1.169.231 104.167 -184.615 208.333 -220.513 -24.038 225.641 10.417 -15.385 20.833 -33.333 -2.404 -41.026 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -149.359 2.404 -79.167 20.833 -27.885 10.417 -191.026 24.038 -212.179 208.333 -109.615 104.167 1.219.231 0 313.462 0 5.769 0 -191.026 -24.038 -212.179 -208.333 -109.615 -104.167 -149.359 -2.404 -79.167 -20.833 -27.885 -10.417 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -2.404 -41.026 20.833 -33.333 10.417 -15.385 -24.038 225.641 208.333 -220.513 104.167 -184.615 0 1.169.231 0 -261.538 0 -369.231 24.038 225.641 -208.333 -220.513 -104.167 -184.615 2.404 -41.026 -20.833 -33.333 -10.417 -15.385 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -79.167 -20.833 -98.077 0 -79.167 20.833 -212.179 -208.333 -88.462 0 -212.179 208.333 313.462 0 911.538 0 313.462 0 -212.179 208.333 -88.462 0 -212.179 -208.333 -79.167 20.833 -98.077 0 -79.167 -20.833 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -20.833 -33.333 0 -23.077 20.833 -33.333 -208.333 -220.513 0 261.538 208.333 -220.513 0 -261.538 0 1.061.538 0 -261.538 208.333 -220.513 0 261.538 -208.333 -220.513 20.833 -33.333 0 -23.077 -20.833 -33.333 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -27.885 -10.417 -79.167 -20.833 -149.359 -2.404 -109.615 -104.167 -212.179 -208.333 -191.026 -24.038 5.769 0 313.462 0 1.219.231 0 -109.615 104.167 -212.179 208.333 -191.026 24.038 -27.885 10.417 -79.167 20.833 -149.359 2.404 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -10.417 -15.385 -20.833 -33.333 2.404 -41.026 -104.167 -184.615 -208.333 -220.513 24.038 225.641 0 -369.231 0 -261.538 0 1.169.231 104.167 -184.615 208.333 -220.513 -24.038 225.641 10.417 -15.385 20.833 -33.333 -2.404 -41.026 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -149.359 2.404 -79.167 20.833 -27.885 10.417 -191.026 24.038 -212.179 208.333 -109.615 104.167 1.219.231 0 313.462 0 5.769 0 -191.026 -24.038 -212.179 -208.333 -109.615 -104.167 -149.359 -2.404 -79.167 -20.833 -27.885 -10.417 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -2.404 -41.026 20.833 -33.333 10.417 -15.385 -24.038 225.641 208.333 -220.513 104.167 -184.615 0 1.169.231 0 -261.538 0 -369.231 24.038 225.641 -208.333 -220.513 -104.167 -184.615 2.404 -41.026 -20.833 -33.333 -10.417 -15.385 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -79.167 -20.833 -98.077 0 -79.167 20.833 -212.179 -208.333 -88.462 0 -212.179 208.333 313.462 0 911.538 0 313.462 0 -212.179 208.333 -88.462 0 -212.179 -208.333 -79.167 20.833 -98.077 0 -79.167 -20.833 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -20.833 -33.333 0 -23.077 20.833 -33.333 -208.333 -220.513 0 261.538 208.333 -220.513 0 -261.538 0 1.061.538 0 -261.538 208.333 -220.513 0 261.538 -208.333 -220.513 20.833 -33.333 0 -23.077 -20.833 -33.333 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -27.885 -10.417 -79.167 -20.833 -149.359 -2.404 -109.615 -104.167 -212.179 -208.333 -191.026 -24.038 5.769 0 313.462 0 1.219.231 0 -109.615 104.167 -212.179 208.333 -191.026 24.038 -27.885 10.417 -79.167 20.833 -149.359 2.404 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -10.417 -15.385 -20.833 -33.333 2.404 -41.026 -104.167 -184.615 -208.333 -220.513 24.038 225.641 0 -369.231 0 -261.538 0 1.169.231 104.167 -184.615 208.333 -220.513 -24.038 225.641 10.417 -15.385 20.833 -33.333 -2.404 -41.026 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -149.359 2.404 -79.167 20.833 -27.885 10.417 -191.026 24.038 -212.179 208.333 -109.615 104.167 1.167.646 0 283.182 0 -5.820 0 -69.907 -21.635 -160.595 -187.500 -95.412 -93.750 -196.457 -4.808 -111.690 -41.667 -41.717 -20.833

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -2.404 -41.026 20.833 -33.333 10.417 -15.385 -24.038 225.641 208.333 -220.513 104.167 -184.615 0 1.162.426 0 -277.761 0 -378.912 21.635 290.532 -187.500 -213.708 -93.750 -190.894 4.808 -35.010 -41.667 -55.966 -20.833 -31.476

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -79.167 -20.833 -98.077 0 -79.167 20.833 -212.179 -208.333 -88.462 0 -212.179 208.333 283.182 0 878.644 0 283.182 0 -160.595 187.500 -4.724 0 -160.595 -187.500 -111.690 41.667 -126.484 0 -111.690 -41.667

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -20.833 -33.333 0 -23.077 20.833 -33.333 -208.333 -220.513 0 261.538 208.333 -220.513 0 -277.761 0 1.061.276 0 -277.761 187.500 -213.708 0 313.346 -187.500 -213.708 41.667 -55.966 0 -10.519 -41.667 -55.966

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -27.885 -10.417 -79.167 -20.833 -149.359 -2.404 -109.615 -104.167 -212.179 -208.333 -191.026 -24.038 -5.820 0 283.182 0 1.167.646 0 -95.412 93.750 -160.595 187.500 -69.907 21.635 -41.717 20.833 -111.690 41.667 -196.457 4.808

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -10.417 -15.385 -20.833 -33.333 2.404 -41.026 -104.167 -184.615 -208.333 -220.513 24.038 225.641 0 -378.912 0 -277.761 0 1.162.426 93.750 -190.894 187.500 -213.708 -21.635 290.532 20.833 -31.476 41.667 -55.966 -4.808 -35.010

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -149.359 2.404 -79.167 20.833 -27.885 10.417 -69.907 21.635 -160.595 187.500 -95.412 93.750 1.090.455 0 307.407 0 23.196 0 -400.035 -24.038 -303.223 -208.333 -135.476 -104.167

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -2.404 -41.026 20.833 -33.333 10.417 -15.385 -21.635 290.532 187.500 -213.708 93.750 -190.894 0 977.909 0 -190.532 0 -290.007 24.038 118.738 -208.333 -235.503 -104.167 -176.792

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -79.167 -20.833 -98.077 0 -79.167 20.833 -160.595 -187.500 -4.724 0 -160.595 187.500 307.407 0 806.244 0 307.407 0 -303.223 208.333 -232.289 0 -303.223 -208.333

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -20.833 -33.333 0 -23.077 20.833 -33.333 -187.500 -213.708 0 313.346 187.500 -213.708 0 -190.532 0 878.435 0 -190.532 208.333 -235.503 0 177.449 -208.333 -235.503

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -27.885 -10.417 -79.167 -20.833 -149.359 -2.404 -95.412 -93.750 -160.595 -187.500 -69.907 -21.635 23.196 0 307.407 0 1.090.455 0 -135.476 104.167 -303.223 208.333 -400.035 24.038

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -10.417 -15.385 -20.833 -33.333 2.404 -41.026 -93.750 -190.894 -187.500 -213.708 21.635 290.532 0 -290.007 0 -190.532 0 977.909 104.167 -176.792 208.333 -235.503 -24.038 118.738

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -196.457 4.808 -111.690 41.667 -41.717 20.833 -400.035 24.038 -303.223 208.333 -135.476 104.167 910.595 -375.000 257.861 -19.231 20.142 -9.615

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -4.808 -35.010 41.667 -55.966 20.833 -31.476 -24.038 118.738 208.333 -235.503 104.167 -176.792 -375.000 813.708 19.231 -157.249 9.615 -240.450

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -111.690 -41.667 -126.484 0 -111.690 41.667 -303.223 -208.333 -232.289 0 -303.223 208.333 257.861 19.231 672.875 0 257.861 -19.231

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -41.667 -55.966 0 -10.519 41.667 -55.966 -208.333 -235.503 0 177.449 208.333 -235.503 -19.231 -157.249 0 730.506 19.231 -157.249

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -41.717 -20.833 -111.690 -41.667 -196.457 -4.808 -135.476 -104.167 -303.223 -208.333 -400.035 -24.038 20.142 9.615 257.861 19.231 910.595 375.000

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -20.833 -31.476 -41.667 -55.966 4.808 -35.010 -104.167 -176.792 -208.333 -235.503 24.038 118.738 -9.615 -240.450 -19.231 -157.249 375.000 813.708

C.P. 21 C.P. 22C.P. 13 C.P. 14 C.P. 15 C.P. 16 C.P. 17
Total Stiffness Matrix (kN/m)
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Figure 2.84. Total Stiffness Matrix. (66x66) 

 

  Two Degrees of Freedom correspond to every Control Point, the horizontal u and the 

vertical v displacement. The cantilever’s total Stiffness Matrix is a symmetric square matrix 

with dimensions 66x66, as there are 33 Control Points and 33·2=66 Degrees of Freedom.  
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Control Points’ External Forces {P} 

 
  I calculate the External Load Vector (66x1) and I reorder it. 

 
T

tot

(66x1)

F 0 ... 0 1000 0 1000 0 1000  

 
T

f
(60x1) (60x1)

tot,m

s(66x1)
(6x1) (6x1)

F 0 ... 0 1000 0 1000 0 1000

F
F 0

 

 
 

Control Points’ Displacements {U} 

 
  I reorder the Total Stiffness Matrix and the External Load Vector and then I form the 

balance equation. I symbolize the unknown displacements with subscript f and the known 

ones (fixed Control Points) with s. 

 

ff fsf f
60x6060x1 60x160x6

tot,m tot,m tot,m

s ssf ss
6x1 6x16x60 6x6

60x1

6x1

K KF U

F K U
F UK K

0

...

0

1000

0

1000

0

1000

0

ff fs f
60x60 60x160x6 1

f ff

60x1 60x60sf ss
6x16x60 6x6

60x1

0

...

0
K K U

1000
U K

00K K

1000

0

1000

 

 
 
  Figure 2.85 shows Control Points’ horizontal and vertical displacement. 

 
  The maximum horizontal displacement is equal to 10,6cm and corresponds to C.P.31 (-

10,6m) and C.P.33 (10,6cm). 

 
  The maximum vertical displacement is equal to 72,1cm and corresponds to C.P.31 (-

72,1cm), C.P.32 (-72,1cm) and C.P.33 (-72,1cm). Negative value displays that maximum 

displacement’s direction is the negative direction of axis Y, means these Control Points move 

downstairs as expected. 
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horizontal u (cm) vertical v (cm)

C.P. 1 0,0 0,0

C.P. 2 0,0 0,0

C.P. 3 0,0 0,0

C.P. 4 -1,9 -1,0

C.P. 5 0,0 -0,1

C.P. 6 1,9 -1,0

C.P. 7 -3,8 -4,1

C.P. 8 0,0 -3,7

C.P. 9 3,8 -4,1

C.P. 10 -5,4 -8,9

C.P. 11 0,0 -8,4

C.P. 12 5,4 -8,9

C.P. 13 -6,8 -15,1

C.P. 14 0,0 -14,7

C.P. 15 6,8 -15,1

C.P. 16 -7,9 -22,7

C.P. 17 0,0 -22,3

C.P. 18 7,9 -22,7

C.P. 19 -8,9 -31,3

C.P. 20 0,0 -31,0

C.P. 21 8,9 -31,3

C.P. 22 -9,7 -40,7

C.P. 23 0,0 -40,5

C.P. 24 9,7 -40,7

C.P. 25 -10,2 -50,8

C.P. 26 0,0 -50,7

C.P. 27 10,2 -50,8

C.P. 28 -10,5 -61,4

C.P. 29 0,0 -61,3

C.P. 30 10,5 -61,4

C.P. 31 -10,6 -72,1

C.P. 32 0,0 -72,1

C.P. 33 10,6 -72,1

10,6 0,0

-10,6 -72,1

max

min
 

 

Figure 2.85. Control Points’ displacements.  
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Figure 2.86.a. Control Points’ horizontal displacement. 

 

 
 

Figure 2.86.b. Control Points’ vertical displacement. 

 

Stress Field at Gauss Points 

 
  As I know Control Points’ displacements, I can calculate the stress field at Isogeometric 

Elements’ Gauss Points. 

 

i i i i i i
8x13x3 3x33x1 3x1 3x8

, , , d  

 
where: 

 

X i i

i i Y i i

3x1
XY i i

,

, ,

,

: stress field at Gauss Point i (plane stress problem)  
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2

3x3

1 v 0
E

E v 1 0
1 v

0 0 1 v / 2

 (plane stress problem) 

 
T

i i X i i Y i i XY i i

3x1

, , , , : strain field at Gauss Point i 

 
18x1

d : This displacement vector refers to displacements of C.P. (local numbering). 

 
  Let’s calculate the corresponding stress field to Gauss Point 1 of Isogeometric Element 1. 

 

element 9element 8element 7element 6element 5element 4element 3element 2

-
1

+
1

(
η
1
)

(
η
2
)

-1 -0.7778 -0.5556 -0.3333 -0.1111 +0.1111 +0.3333 +0.5556 +0.7778 +1  ξ

(ξ1) (ξ2) (ξ3) (ξ4) (ξ5) (ξ6) (ξ7) (ξ8) (ξ9) (ξ10)

η

element 1

 
 

Figure 2.87. Gauss Point 1 of Isogeometric Element 1. (Parameter Space) 

 
{d} (m)

u (m) 0,000

v (m) 0,000

u (m) 0,000

v (m) 0,000

u (m) 0,000

v (m) 0,000

u (m) -0,019

v (m) -0,010

u (m) 0,000

v (m) -0,001

u (m) 0,019

v (m) -0,010

u (m) -0,038

v (m) -0,041

u (m) 0,000

v (m) -0,037

u (m) 0,038

v (m) -0,041

C.P.3

C.P.4

C.P.1

el
em

en
t 

1

C.P.5

C.P.6

C.P.7

C.P.8

C.P.9

C.P.2

 
 

Figure 2.88. Control Points’ vertical and horizontal displacement. 

Isogeometric Element 1. 

 

1 1 1 1 1 1
18x13x33x1 3x18

0 0

, , d 0 kPa , 0 MPa

87.667 87,67
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σXX σYY τXY σXX σYY τXY σXX σYY τXY σXX σYY τXY σXX σYY τXY

G.P.1 0,00 0,00 87,67 0,00 0,00 -150,86 0,00 0,00 -89,47 0,00 0,00 -103,31 0,00 0,00 -100,52

G.P.2 2.395,53 -25,33 -6,42 2.218,12 51,53 -109,47 1.878,95 -19,14 -84,38 1.640,69 6,22 -86,07 1.355,93 -1,60 -87,40

G.P.3 1.423,47 -15,05 54,44 1.318,05 30,62 -136,25 1.116,51 -11,38 -87,67 974,93 3,70 -97,22 805,72 -0,95 -95,89

G.P.4 -2.395,53 25,33 -6,42 -2.218,12 -51,53 -109,47 -1.878,95 19,14 -84,38 -1.640,69 -6,22 -86,07 -1.355,93 1,60 -87,40

G.P.5 -1.423,47 15,05 54,44 -1.318,05 -30,62 -136,25 -1.116,51 11,38 -87,67 -974,93 -3,70 -97,22 -805,72 0,95 -95,89

G.P.6 0,00 0,00 -190,23 0,00 0,00 -78,74 0,00 0,00 -121,23 0,00 0,00 -111,01 0,00 0,00 -112,90

G.P.7 2.388,40 -116,00 -120,47 2.010,00 33,34 -86,10 1.796,19 -10,12 -100,28 1.502,46 3,25 -98,63 1.237,35 -1,61 -98,66

G.P.8 1.419,23 -68,93 -165,60 1.194,38 19,81 -81,34 1.067,33 -6,01 -113,83 892,79 1,93 -106,64 735,26 -0,96 -107,87

G.P.9 -2.388,40 116,00 -120,47 -2.010,00 -33,34 -86,10 -1.796,19 10,12 -100,28 -1.502,46 -3,25 -98,63 -1.237,35 1,61 -98,66

G.P.10 -1.419,23 68,93 -165,60 -1.194,38 -19,81 -81,34 -1.067,33 6,01 -113,83 -892,79 -1,93 -106,64 -735,26 0,96 -107,87

G.P.11 0,00 0,00 24,38 0,00 0,00 -103,31 0,00 0,00 -106,36 0,00 0,00 -104,70 0,00 0,00 -105,13

G.P.12 2.367,20 -153,57 13,11 2.099,49 57,52 -90,88 1.828,13 -19,24 -91,85 1.559,05 6,13 -90,35 1.285,35 -1,99 -91,34

G.P.13 1.406,64 -91,25 20,40 1.247,56 34,18 -98,92 1.086,31 -11,44 -101,24 926,42 3,64 -99,63 763,78 -1,18 -100,26

G.P.14 -2.367,20 153,57 13,11 -2.099,49 -57,52 -90,88 -1.828,13 19,24 -91,85 -1.559,05 -6,13 -90,35 -1.285,35 1,99 -91,34

G.P.15 -1.406,64 91,25 20,40 -1.247,56 -34,18 -98,92 -1.086,31 11,44 -101,24 -926,42 -3,64 -99,63 -763,78 1,18 -100,26

G.P.16 0,00 0,00 -242,71 0,00 0,00 -261,96 0,00 0,00 -74,15 0,00 0,00 -122,01 0,00 0,00 -110,94

G.P.17 2.596,46 680,31 -424,63 2.384,45 -69,59 -171,81 1.975,31 17,15 -84,92 1.774,75 -4,68 -99,92 1.475,48 1,63 -98,94

G.P.18 1.542,87 404,25 -306,95 1.416,89 -41,35 -230,13 1.173,77 10,19 -77,95 1.054,59 -2,78 -114,21 876,76 0,97 -106,70

G.P.19 -2.596,46 -680,31 -424,63 -2.384,45 69,59 -171,81 -1.975,31 -17,15 -84,92 -1.774,75 4,68 -99,92 -1.475,48 -1,63 -98,94

G.P.20 -1.542,87 -404,25 -306,95 -1.416,89 41,35 -230,13 -1.173,77 -10,19 -77,95 -1.054,59 2,78 -114,21 -876,76 -0,97 -106,70

G.P.21 0,00 0,00 -55,15 0,00 0,00 -212,18 0,00 0,00 -78,38 0,00 0,00 -111,24 0,00 0,00 -103,96

G.P.22 2.492,07 319,98 -206,85 2.322,00 -3,65 -141,81 1.934,57 -3,04 -82,72 1.720,85 1,42 -91,12 1.426,85 -0,07 -91,51

G.P.23 1.480,83 190,14 -108,71 1.379,78 -2,17 -187,34 1.149,56 -1,81 -79,91 1.022,56 0,84 -104,13 847,86 -0,04 -99,56

G.P.24 -2.492,07 -319,98 -206,85 -2.322,00 3,65 -141,81 -1.934,57 3,04 -82,72 -1.720,85 -1,42 -91,12 -1.426,85 0,07 -91,51

G.P.25 -1.480,83 -190,14 -108,71 -1.379,78 2,17 -187,34 -1.149,56 1,81 -79,91 -1.022,56 -0,84 -104,13 -847,86 0,04 -99,56

max 2.596,46 680,31 87,67 2.384,45 69,59 -78,74 1.975,31 19,24 -74,15 1.774,75 6,22 -86,07 1.475,48 1,99 -87,40

min -2.596,46 -680,31 -424,63 -2.384,45 -69,59 -261,96 -1.975,31 -19,24 -121,23 -1.774,75 -6,22 -122,01 -1.475,48 -1,99 -112,90

MPa
element 1 element 2 element 3 element 4 element 5

 

Figure 2.89.a. Stress Field at Gauss Points. Isogeometric Elements 1-5. 

 

 

 

σXX σYY τXY σXX σYY τXY σXX σYY τXY σXX σYY τXY

G.P.1 0,00 0,00 -101,20 0,00 0,00 -100,69 0,00 0,00 -100,23 0,00 0,00 -107,53

G.P.2 1.089,02 -0,31 -86,30 812,17 1,50 -87,29 556,45 -1,17 -84,75 194,28 -6,91 -96,13

G.P.3 647,11 -0,18 -95,94 482,61 0,89 -95,96 330,65 -0,70 -94,77 115,45 -4,11 -103,50

G.P.4 -1.089,02 0,31 -86,30 -812,17 -1,50 -87,29 -556,45 1,17 -84,75 -194,28 6,91 -96,13

G.P.5 -647,11 0,18 -95,94 -482,61 -0,89 -95,96 -330,65 0,70 -94,77 -115,45 4,11 -103,50

G.P.6 0,00 0,00 -113,26 0,00 0,00 -112,77 0,00 0,00 -107,36 0,00 0,00 -99,32

G.P.7 966,11 2,17 -97,88 682,53 -4,95 -101,20 457,80 14,31 -88,16 82,31 1,01 -91,72

G.P.8 574,08 1,29 -107,83 405,57 -2,94 -108,68 272,03 8,50 -100,58 48,91 0,60 -96,63

G.P.9 -966,11 -2,17 -97,88 -682,53 4,95 -101,20 -457,80 -14,31 -88,16 -82,31 -1,01 -91,72

G.P.10 -574,08 -1,29 -107,83 -405,57 2,94 -108,68 -272,03 -8,50 -100,58 -48,91 -0,60 -96,63

G.P.11 0,00 0,00 -105,50 0,00 0,00 -104,90 0,00 0,00 -102,07 0,00 0,00 -101,73

G.P.12 1.015,93 1,00 -90,31 735,32 -1,70 -92,60 497,44 6,75 -84,39 120,22 -3,75 -92,82

G.P.13 603,69 0,59 -100,14 436,94 -1,01 -100,56 295,59 4,01 -95,83 71,44 -2,23 -98,58

G.P.14 -1.015,93 -1,00 -90,31 -735,32 1,70 -92,60 -497,44 -6,75 -84,39 -120,22 3,75 -92,82

G.P.15 -603,69 -0,59 -100,14 -436,94 1,01 -100,56 -295,59 -4,01 -95,83 -71,44 2,23 -98,58

G.P.16 0,00 0,00 -112,91 0,00 0,00 -113,17 0,00 0,00 -112,97 0,00 0,00 -110,84

G.P.17 1.212,34 -1,40 -98,51 940,24 2,69 -97,93 658,29 -6,02 -101,21 413,09 11,35 -92,36

G.P.18 720,39 -0,83 -107,83 558,71 1,60 -107,79 391,17 -3,58 -108,81 245,46 6,75 -104,32

G.P.19 -1.212,34 1,40 -98,51 -940,24 -2,69 -97,93 -658,29 6,02 -101,21 -413,09 -11,35 -92,36

G.P.20 -720,39 0,83 -107,83 -558,71 -1,60 -107,79 -391,17 3,58 -108,81 -245,46 -6,75 -104,32

G.P.21 0,00 0,00 -105,29 0,00 0,00 -105,14 0,00 0,00 -105,40 0,00 0,00 -112,26

G.P.22 1.162,25 -1,12 -90,69 888,46 2,84 -90,65 616,58 -5,33 -92,14 303,72 -1,52 -97,29

G.P.23 690,63 -0,67 -100,14 527,94 1,69 -100,03 366,38 -3,17 -100,72 180,48 -0,91 -106,97

G.P.24 -1.162,25 1,12 -90,69 -888,46 -2,84 -90,65 -616,58 5,33 -92,14 -303,72 1,52 -97,29

G.P.25 -690,63 0,67 -100,14 -527,94 -1,69 -100,03 -366,38 3,17 -100,72 -180,48 0,91 -106,97

max 1.212,34 2,17 -86,30 940,24 4,95 -87,29 658,29 14,31 -84,39 413,09 11,35 -91,72

min -1.212,34 -2,17 -113,26 -940,24 -4,95 -113,17 -658,29 -14,31 -112,97 -413,09 -11,35 -112,26

element 7 element 8 element 9element 6

 
 

Figure 2.89.b. Stress Field at Gauss Points. Isogeometric Elements 6-9.  
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(Isogeometric Element, G.P.)

max (1,17) 2.596,46 

min (1,19) -2.596,46 

max (1,17) 680,31 

min (1,19) -680,31 

max (1,1) 87,67 

min (1,17), (1,19) -424,63 

σXX (MPa)

σYY (MPa)

τXY (MPa)
 

 

 

Figure 2.90. Maximum and Minimum Stress. 

 

 

  Figure 2.89 depicts stresses at Isogeometric Elements’ Gauss Points, while Figure 2.90 

shows maximum and minimum stress. 

 

  As expected, element 1 (nearest to fixed boundary) suffer from larger stresses. It is a 

cantilever under concentrated load P=3.000 kN at free edge, so the upper horizontal side 

suffers from tension and the lower horizontal side suffers from compression. Maximum 

bending moment occurs at fixed edge. 

 

maxM P L 3.000kN 15m 45.000 kNm  

 

  Element 1 (G.P.17, nearest to upper horizontal side) experience the largest tension. Tensile 

stresses are equal to: 

 

XX

YY

max 2.596,46 MPa

max 680,31 MPa

 

 
 

 

  Element 1 (G.P.19, nearest to lower horizontal side) experience the largest compression. 

Compressive stresses are equal to: 

 

XX

YY

max 2.596,46 MPa

max 680,31 MPa
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2.3.2. Finite Element Analysis 
 

  I will solve the same problem applying Finite Element Method. In order to reach a safe 

conclusion, I have maintained as many nodes (FEA) as control points (IGA), means I have 

used 33 nodes with the same global numbering. The two (FEA, IGA) outgoing stiffness 

matrices will have the same dimensions (66x66). The nodes have the same distance between 

each other along the length and the height. 

 

  As it is a plane stress problem, the two stiffness matrices have both 66 rows and 66 

columns. (2•33=66, 66x66). 

 

  I use the following analysis parameters: 

 n=33 Nodes. It is important to underline that number of Nodes is equal to shape 

functions’ number. Cartesian coordinate system’s origin is the extreme left and 

bottom corner. 

 p=2. The shape functions are quadratic, as I used 9-noded (Lagrange) Finite 

Elements. 

 9 2D 4-sided, 9-noded (Lagrange) Finite Elements. I have simulated the structure 

with 9 2D 4-sided 9-noded (Lagrange) Finite Elements. Every element has the same 

geometry and nodes. So, the local stiffness matrix is the same. The parametric axis ξ 

(parameter space) is parallel to cantilever’s length (physical space), means 

horizontal. Its direction is from left to right. The parametric axis η (parameter space) 

is parallel to cantilever’s height (physical space), means vertical. Its direction is from 

bottom to cantilever’s top. In FEA, the parameter space is local to every element. 

 
 

Method FEA

Finite Elements (Number) 9

Finite Elements (Type) 2D

4-sided 

9-noded 

isoparametric

Gauss Points 5x5  
 

Figure 2.91. Analysis Parameters. 

 

X

Y

 
Figure 2.92. Cantilever Profile. (Cartesian Axes. Nodes.)  
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Isoparametric 2D 4-sided 9-noded (Lagrange) Finite Element 
 
  It is a plane stress problem. I have used isoparametric 2-D 4-sided 9-noded (Lagrange) 
Finite Elements. Each one has 9 nodes and 2•9=18 degrees of freedom, as each node 
corresponds to 2 degrees of freedom (horizontal and vertical displacement). 
 

2

6

3

5

9

7

1

8

4

(1,-1)

η

(-1,-1)

(1,1)(-1,1)

ξ

 
 

Figure 2.93. Isoparametric 2D 4-sided 9-noded (Lagrange) Finite Element. 
Parameter Space. Local Numbering. 

 

Shape functions 
 
  The shape functions and their partial derivatives with respect to ξ, η are equal to: 

 

1
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4

1
N 1 1
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1
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          2 2
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Figure 2.94. Shape functions. 
Isoparametric 2D Lagrange Finite Element.  
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  For every element e 1 5 , I follow the below procedure. 

 

Elasticity Matrix [E] 
 
  As it is a plane stress problem, the elasticity matrix [E] is equal to: 

 

2
3x3

1 v 0
E

E v 1 0
1 v

1 v
0 0

2

 

 
 

Deformation Matrix [B] 
 
  I calculate the deformation matrix. 

 

e 1,e 2,e

3x18 3x4 4x18

, , ,  

 

where: 

 

e,22 e,12

1,e e,21 e,11

e3x4
e,21 e,11 e,22 e,12

J , J , 0 0
1

, 0 0 J , J ,
det J ,

J , J , J , J ,
 

 

1,e 1,e

2,e 2,e1, 2, 9,
e N e

1, 2, 9,9x22x2 2x9

9,e 9,e

N , N , ... N ,
J , D , Y

... ...N , N , ... N ,

 
 
Xn,e, Yn,e: Node’s n (Finite Element e) Cartesian coordinates (local numbering) 

 

1, 2, 9,

1, 2, 9,
2,e

1, 2, 9,4x18

1, 2, 9,

N , 0 N , 0 ... ... N , 0

N , 0 N , 0 ... ... N , 0
,

0 N , 0 N , ... ... 0 N ,

0 N , 0 N , ... ... 0 N ,

 

 
 

Local Stiffness Matrix [ke] 
 
  I produce the local stiffness matrix. 

 
1 1

T

e e e e

3x318x18 18x3 3x181 1

k B , B , t det J , d d
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  I have calculated the double integral using numerical integration (integration rule 5x5). 

 

5 5 T

e i j e i j e i j e i j

3x318x18 i 1 j 1 18x3 3x18

k w w B , B , t det J ,  

 

η=0.90617

ξ=
-0

.9
0

6
1

7

ξ=
-0
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3

8
4

6

ξ=
0

ξ=
0
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4

6

ξ=
0

.9
0

6
1

7

η=0.53846

η=0
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Figure 2.95. Gauss Points. (Local numbering.) 

Isoparametric 2D 4-sided 9-noded (Lagrange) Finite Element. 

 

 

  Each Finite Element has the same local Stiffness Matrix, which is the following: 

 

u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m)

FX (kN) 971.179 375.774 40.312 9.635 -34.741 -41.753 -143.399 -9.635 -696.880 -38.901 123.298 166.871 223.244 166.891 71.109 38.121 -554.122 -667.004

FY (kN) 375.774 971.179 -9.635 -143.399 -41.753 -34.741 9.635 40.312 38.121 71.109 166.891 223.244 166.871 123.298 -38.901 -696.880 -667.004 -554.122

FX (kN) 40.312 -9.635 971.179 -375.774 -143.399 9.635 -34.741 41.753 -696.880 38.901 71.109 -38.120 223.244 -166.891 123.298 -166.871 -554.122 667.002

FY (kN) 9.635 -143.399 -375.774 971.178 -9.635 40.313 41.753 -34.741 -38.121 71.108 38.902 -696.880 -166.871 123.299 -166.891 223.244 667.002 -554.122

FX (kN) -34.741 -41.753 -143.399 -9.635 971.178 375.774 40.313 9.635 223.244 166.891 71.108 38.120 -696.880 -38.902 123.299 166.871 -554.122 -667.001

FY (kN) -41.753 -34.741 9.635 40.313 375.774 971.178 -9.635 -143.399 166.871 123.299 -38.902 -696.880 38.120 71.108 166.891 223.244 -667.001 -554.122

FX (kN) -143.399 9.635 -34.741 41.753 40.313 -9.635 971.178 -375.774 223.244 -166.891 123.299 -166.871 -696.880 38.902 71.108 -38.121 -554.122 667.002

FY (kN) -9.635 40.312 41.753 -34.741 9.635 -143.399 -375.774 971.179 -166.871 123.298 -166.891 223.244 -38.120 71.109 38.901 -696.880 667.002 -554.122

FX (kN) -696.880 38.121 -696.880 -38.121 223.244 166.871 223.244 -166.871 2.650.245 0 -554.122 -666.922 -266.350 0 -554.122 666.923 -328.378 -1

FY (kN) -38.901 71.109 38.901 71.108 166.891 123.299 -166.891 123.298 0 3.447.738 -667.082 -554.122 0 268.085 667.083 -554.122 -1 -2.996.392

FX (kN) 123.298 166.891 71.109 38.902 71.108 -38.902 123.299 -166.891 -554.122 -667.082 3.447.722 0 -554.122 667.081 268.085 0 -2.996.376 1

FY (kN) 166.871 223.244 -38.120 -696.880 38.120 -696.880 -166.871 223.244 -666.922 -554.122 0 2.650.239 666.920 -554.122 0 -266.350 1 -328.373

FX (kN) 223.244 166.871 223.244 -166.871 -696.880 38.120 -696.880 -38.120 -266.350 0 -554.122 666.920 2.650.239 0 -554.122 -666.922 -328.373 1

FY (kN) 166.891 123.298 -166.891 123.299 -38.902 71.108 38.902 71.109 0 268.085 667.081 -554.122 0 3.447.722 -667.082 -554.122 1 -2.996.376

FX (kN) 71.109 -38.901 123.298 -166.891 123.299 166.891 71.108 38.901 -554.122 667.083 268.085 0 -554.122 -667.082 3.447.738 0 -2.996.392 -1

FY (kN) 38.121 -696.880 -166.871 223.244 166.871 223.244 -38.121 -696.880 666.923 -554.122 0 -266.350 -666.922 -554.122 0 2.650.245 -1 -328.378

FX (kN) -554.122 -667.004 -554.122 667.002 -554.122 -667.001 -554.122 667.002 -328.378 -1 -2.996.376 1 -328.373 1 -2.996.392 -1 8.866.009 0

FY (kN) -667.004 -554.122 667.002 -554.122 -667.001 -554.122 667.002 -554.122 -1 -2.996.392 1 -328.373 1 -2.996.376 -1 -328.378 0 8.866.009

local [k] (Isogeometric Element 1. Global numbering of Nodes.)

Node 1 Node 7 Node 9 Node 3 Node 4 Node 8 Node 6 Node 2

Node 5

Node 5

el
em

en
t 1

Node 1

Node 7

Node 9

Node 3

Node 4

Node 8

Node 6

Node 2

 

Figure 2.96. Stiffness Matrix. Finite Element 1. 

Global numbering of Nodes. 
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Control Net 
 
 
  Figure 2.97 shows Nodes’ Cartesian coordinates. 

 
axis X

element 1 element 2 element 3 element 4 element 5

Node 1 0 3 6 9 12

Node 2 3 6 9 12 15

Node 3 3 6 9 12 15

Node 4 0 3 6 9 12

Node 5 1,5 4,5 7,5 10,5 13,5

Node 6 3 6 9 12 15

Node 7 1,5 4,5 7,5 10,5 13,5

Node 8 0 3 6 9 12

Node 9 1,5 4,5 7,5 10,5 13,5

lo
ca

l n
u

m
b

e
ri

n
g

XN

 
 

Figure 2.97.a. Nodes’ Cartesian coordinate X. (physical space) 

 
 

axis Y

element 1 element 2 element 3 element 4 element 5

Node 1 0 0 0 0 0

Node 2 0 0 0 0 0

Node 3 3 3 3 3 3

Node 4 3 3 3 3 3

Node 5 0 0 0 0 0

Node 6 1,5 1,5 1,5 1,5 1,5

Node 7 3 3 3 3 3

Node 8 1,5 1,5 1,5 1,5 1,5

Node 9 1,5 1,5 1,5 1,5 1,5

lo
ca

l n
u

m
b

e
ri

n
g

YN

 
 

Figure 2.97.b. Nodes’ Cartesian coordinate Y. (physical space) 

 
 
  33 Nodes partition the structure into 5 Lagrange Finite Elements. 
 
  In Figure 2.98 we can see the corresponding node net. 
 
 

X

Y

19 22 25 28 31

20 23 26 29 32

21 24 27 30 33

1 4 7 10 13

2 5 8 11 14

3 6 9 12 15

16

17

18

 
Figure 2.98. Node Net. (physical space) 

 
  



Isogeometric Analysis 

159 
Karakitsios Panagiotis 

Parameter Space 
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Figure 2.99. Isoparametric 2D 4-sided 9-noded (Lagrange) Finite Element. 
Parameter Space. Local Numbering. 
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Figure 2.100. Finite Element Mesh. 

Nodes partition cantilever into finite elements. 

 

 

  Figure 2.100 shows nodes (red circles) in the physical space. Nodes partition cantilever into 

5 isoparametric 2D 4-sided 9-noded finite elements. The Total Stiffness Matrix refers to 

nodes, so I form the equilibrium equation for them. 

 

1
F K U U K F  

 

  Displacements’ vector U  refers to nodes. For this particular problem, there are 33 

nodes, so the above equation is written as follows: 

 
1

66x1 66x1 66x1 66x166x66 66x66

F K U U K F

 
  



Isogeometric Analysis 

160 
Karakitsios Panagiotis 

Total Stiffness Matrix [K] 
 

  I calculate the local (numbering) Stiffness Matrix for every Finite Element. Then, I form the 

total Stiffness Matrix of the structure. 

 

u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m)

FΧ (kN) 971.179 375.774 71.109 38.121 -143.399 -9.635 -696.880 -38.901 -554.122 -667.004 223.244 166.891 40.312 9.635 123.298 166.871 -34.741 -41.753 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 375.774 971.179 -38.901 -696.880 9.635 40.312 38.121 71.109 -667.004 -554.122 166.871 123.298 -9.635 -143.399 166.891 223.244 -41.753 -34.741 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 71.109 -38.901 3.447.738 0 71.108 38.901 -554.122 667.083 -2.996.392 -1 -554.122 -667.082 123.298 -166.891 268.085 0 123.299 166.891 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 38.121 -696.880 0 2.650.245 -38.121 -696.880 666.923 -554.122 -1 -328.378 -666.922 -554.122 -166.871 223.244 0 -266.350 166.871 223.244 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) -143.399 9.635 71.108 -38.121 971.178 -375.774 223.244 -166.891 -554.122 667.002 -696.880 38.902 -34.741 41.753 123.299 -166.871 40.313 -9.635 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) -9.635 40.312 38.901 -696.880 -375.774 971.179 -166.871 123.298 667.002 -554.122 -38.120 71.109 41.753 -34.741 -166.891 223.244 9.635 -143.399 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) -696.880 38.121 -554.122 666.923 223.244 -166.871 2.650.245 0 -328.378 -1 -266.350 0 -696.880 -38.121 -554.122 -666.922 223.244 166.871 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) -38.901 71.109 667.083 -554.122 -166.891 123.298 0 3.447.738 -1 -2.996.392 0 268.085 38.901 71.108 -667.082 -554.122 166.891 123.299 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) -554.122 -667.004 -2.996.392 -1 -554.122 667.002 -328.378 -1 8.866.009 0 -328.373 1 -554.122 667.002 -2.996.376 1 -554.122 -667.001 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) -667.004 -554.122 -1 -328.378 667.002 -554.122 -1 -2.996.392 0 8.866.009 1 -2.996.376 667.002 -554.122 1 -328.373 -667.001 -554.122 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 223.244 166.871 -554.122 -666.922 -696.880 -38.120 -266.350 0 -328.373 1 2.650.239 0 223.244 -166.871 -554.122 666.920 -696.880 38.120 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 166.891 123.298 -667.082 -554.122 38.902 71.109 0 268.085 1 -2.996.376 0 3.447.722 -166.891 123.299 667.081 -554.122 -38.902 71.108 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 40.312 -9.635 123.298 -166.871 -34.741 41.753 -696.880 38.901 -554.122 667.002 223.244 -166.891 1.942.358 0 142.218 2 -286.798 0 -696.880 -38.901 -554.122 -667.004 223.244 166.891 40.312 9.635 123.298 166.871 -34.741 -41.753 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 9.635 -143.399 -166.891 223.244 41.753 -34.741 -38.121 71.108 667.002 -554.122 -166.871 123.299 0 1.942.358 1 -1.393.760 0 80.625 38.121 71.109 -667.004 -554.122 166.871 123.298 -9.635 -143.399 166.891 223.244 -41.753 -34.741 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 123.298 166.891 268.085 0 123.299 -166.891 -554.122 -667.082 -2.996.376 1 -554.122 667.081 142.218 1 6.895.460 0 142.217 -1 -554.122 667.083 -2.996.392 -1 -554.122 -667.082 123.298 -166.891 268.085 0 123.299 166.891 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 166.871 223.244 0 -266.350 -166.871 223.244 -666.922 -554.122 1 -328.373 666.920 -554.122 2 -1.393.760 0 5.300.484 -2 -1.393.761 666.923 -554.122 -1 -328.378 -666.922 -554.122 -166.871 223.244 0 -266.350 166.871 223.244 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) -34.741 -41.753 123.299 166.871 40.313 9.635 223.244 166.891 -554.122 -667.001 -696.880 -38.902 -286.798 0 142.217 -2 1.942.356 0 223.244 -166.891 -554.122 667.002 -696.880 38.902 -34.741 41.753 123.299 -166.871 40.313 -9.635 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) -41.753 -34.741 166.891 223.244 -9.635 -143.399 166.871 123.299 -667.001 -554.122 38.120 71.108 0 80.625 -1 -1.393.761 0 1.942.357 -166.871 123.298 667.002 -554.122 -38.120 71.109 41.753 -34.741 -166.891 223.244 9.635 -143.399 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 -696.880 38.121 -554.122 666.923 223.244 -166.871 2.650.245 0 -328.378 -1 -266.350 0 -696.880 -38.121 -554.122 -666.922 223.244 166.871 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 -38.901 71.109 667.083 -554.122 -166.891 123.298 0 3.447.738 -1 -2.996.392 0 268.085 38.901 71.108 -667.082 -554.122 166.891 123.299 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 -554.122 -667.004 -2.996.392 -1 -554.122 667.002 -328.378 -1 8.866.009 0 -328.373 1 -554.122 667.002 -2.996.376 1 -554.122 -667.001 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 -667.004 -554.122 -1 -328.378 667.002 -554.122 -1 -2.996.392 0 8.866.009 1 -2.996.376 667.002 -554.122 1 -328.373 -667.001 -554.122 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 223.244 166.871 -554.122 -666.922 -696.880 -38.120 -266.350 0 -328.373 1 2.650.239 0 223.244 -166.871 -554.122 666.920 -696.880 38.120 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 166.891 123.298 -667.082 -554.122 38.902 71.109 0 268.085 1 -2.996.376 0 3.447.722 -166.891 123.299 667.081 -554.122 -38.902 71.108 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 40.312 -9.635 123.298 -166.871 -34.741 41.753 -696.880 38.901 -554.122 667.002 223.244 -166.891 1.942.358 0 142.218 2 -286.798 0 -696.880 -38.901 -554.122 -667.004 223.244 166.891 40.312 9.635 123.298 166.871 -34.741 -41.753 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 9.635 -143.399 -166.891 223.244 41.753 -34.741 -38.121 71.108 667.002 -554.122 -166.871 123.299 0 1.942.358 1 -1.393.760 0 80.625 38.121 71.109 -667.004 -554.122 166.871 123.298 -9.635 -143.399 166.891 223.244 -41.753 -34.741 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 123.298 166.891 268.085 0 123.299 -166.891 -554.122 -667.082 -2.996.376 1 -554.122 667.081 142.218 1 6.895.460 0 142.217 -1 -554.122 667.083 -2.996.392 -1 -554.122 -667.082 123.298 -166.891 268.085 0 123.299 166.891 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 166.871 223.244 0 -266.350 -166.871 223.244 -666.922 -554.122 1 -328.373 666.920 -554.122 2 -1.393.760 0 5.300.484 -2 -1.393.761 666.923 -554.122 -1 -328.378 -666.922 -554.122 -166.871 223.244 0 -266.350 166.871 223.244 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 -34.741 -41.753 123.299 166.871 40.313 9.635 223.244 166.891 -554.122 -667.001 -696.880 -38.902 -286.798 0 142.217 -2 1.942.356 0 223.244 -166.891 -554.122 667.002 -696.880 38.902 -34.741 41.753 123.299 -166.871 40.313 -9.635 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 -41.753 -34.741 166.891 223.244 -9.635 -143.399 166.871 123.299 -667.001 -554.122 38.120 71.108 0 80.625 -1 -1.393.761 0 1.942.357 -166.871 123.298 667.002 -554.122 -38.120 71.109 41.753 -34.741 -166.891 223.244 9.635 -143.399 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -696.880 38.121 -554.122 666.923 223.244 -166.871 2.650.245 0 -328.378 -1 -266.350 0 -696.880 -38.121 -554.122 -666.922 223.244 166.871 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -38.901 71.109 667.083 -554.122 -166.891 123.298 0 3.447.738 -1 -2.996.392 0 268.085 38.901 71.108 -667.082 -554.122 166.891 123.299 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -554.122 -667.004 -2.996.392 -1 -554.122 667.002 -328.378 -1 8.866.009 0 -328.373 1 -554.122 667.002 -2.996.376 1 -554.122 -667.001 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -667.004 -554.122 -1 -328.378 667.002 -554.122 -1 -2.996.392 0 8.866.009 1 -2.996.376 667.002 -554.122 1 -328.373 -667.001 -554.122 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 223.244 166.871 -554.122 -666.922 -696.880 -38.120 -266.350 0 -328.373 1 2.650.239 0 223.244 -166.871 -554.122 666.920 -696.880 38.120 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 166.891 123.298 -667.082 -554.122 38.902 71.109 0 268.085 1 -2.996.376 0 3.447.722 -166.891 123.299 667.081 -554.122 -38.902 71.108 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 40.312 -9.635 123.298 -166.871 -34.741 41.753 -696.880 38.901 -554.122 667.002 223.244 -166.891 1.942.358 0 142.218 2 -286.798 0 -696.880 -38.901 -554.122 -667.004 223.244 166.891 40.312 9.635 123.298 166.871 -34.741 -41.753 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 9.635 -143.399 -166.891 223.244 41.753 -34.741 -38.121 71.108 667.002 -554.122 -166.871 123.299 0 1.942.358 1 -1.393.760 0 80.625 38.121 71.109 -667.004 -554.122 166.871 123.298 -9.635 -143.399 166.891 223.244 -41.753 -34.741 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 123.298 166.891 268.085 0 123.299 -166.891 -554.122 -667.082 -2.996.376 1 -554.122 667.081 142.218 1 6.895.460 0 142.217 -1 -554.122 667.083 -2.996.392 -1 -554.122 -667.082 123.298 -166.891 268.085 0 123.299 166.891 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 166.871 223.244 0 -266.350 -166.871 223.244 -666.922 -554.122 1 -328.373 666.920 -554.122 2 -1.393.760 0 5.300.484 -2 -1.393.761 666.923 -554.122 -1 -328.378 -666.922 -554.122 -166.871 223.244 0 -266.350 166.871 223.244 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -34.741 -41.753 123.299 166.871 40.313 9.635 223.244 166.891 -554.122 -667.001 -696.880 -38.902 -286.798 0 142.217 -2 1.942.356 0 223.244 -166.891 -554.122 667.002 -696.880 38.902 -34.741 41.753 123.299 -166.871 40.313 -9.635 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -41.753 -34.741 166.891 223.244 -9.635 -143.399 166.871 123.299 -667.001 -554.122 38.120 71.108 0 80.625 -1 -1.393.761 0 1.942.357 -166.871 123.298 667.002 -554.122 -38.120 71.109 41.753 -34.741 -166.891 223.244 9.635 -143.399 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -696.880 38.121 -554.122 666.923 223.244 -166.871 2.650.245 0 -328.378 -1 -266.350 0 -696.880 -38.121 -554.122 -666.922 223.244 166.871 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -38.901 71.109 667.083 -554.122 -166.891 123.298 0 3.447.738 -1 -2.996.392 0 268.085 38.901 71.108 -667.082 -554.122 166.891 123.299 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -554.122 -667.004 -2.996.392 -1 -554.122 667.002 -328.378 -1 8.866.009 0 -328.373 1 -554.122 667.002 -2.996.376 1 -554.122 -667.001 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -667.004 -554.122 -1 -328.378 667.002 -554.122 -1 -2.996.392 0 8.866.009 1 -2.996.376 667.002 -554.122 1 -328.373 -667.001 -554.122 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 223.244 166.871 -554.122 -666.922 -696.880 -38.120 -266.350 0 -328.373 1 2.650.239 0 223.244 -166.871 -554.122 666.920 -696.880 38.120 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 166.891 123.298 -667.082 -554.122 38.902 71.109 0 268.085 1 -2.996.376 0 3.447.722 -166.891 123.299 667.081 -554.122 -38.902 71.108 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 40.312 -9.635 123.298 -166.871 -34.741 41.753 -696.880 38.901 -554.122 667.002 223.244 -166.891 1.942.358 0 142.218 2 -286.798 0 -696.880 -38.901 -554.122 -667.004 223.244 166.891 40.312 9.635 123.298 166.871 -34.741 -41.753

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 9.635 -143.399 -166.891 223.244 41.753 -34.741 -38.121 71.108 667.002 -554.122 -166.871 123.299 0 1.942.358 1 -1.393.760 0 80.625 38.121 71.109 -667.004 -554.122 166.871 123.298 -9.635 -143.399 166.891 223.244 -41.753 -34.741

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 123.298 166.891 268.085 0 123.299 -166.891 -554.122 -667.082 -2.996.376 1 -554.122 667.081 142.218 1 6.895.460 0 142.217 -1 -554.122 667.083 -2.996.392 -1 -554.122 -667.082 123.298 -166.891 268.085 0 123.299 166.891

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 166.871 223.244 0 -266.350 -166.871 223.244 -666.922 -554.122 1 -328.373 666.920 -554.122 2 -1.393.760 0 5.300.484 -2 -1.393.761 666.923 -554.122 -1 -328.378 -666.922 -554.122 -166.871 223.244 0 -266.350 166.871 223.244

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -34.741 -41.753 123.299 166.871 40.313 9.635 223.244 166.891 -554.122 -667.001 -696.880 -38.902 -286.798 0 142.217 -2 1.942.356 0 223.244 -166.891 -554.122 667.002 -696.880 38.902 -34.741 41.753 123.299 -166.871 40.313 -9.635

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -41.753 -34.741 166.891 223.244 -9.635 -143.399 166.871 123.299 -667.001 -554.122 38.120 71.108 0 80.625 -1 -1.393.761 0 1.942.357 -166.871 123.298 667.002 -554.122 -38.120 71.109 41.753 -34.741 -166.891 223.244 9.635 -143.399

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -696.880 38.121 -554.122 666.923 223.244 -166.871 2.650.245 0 -328.378 -1 -266.350 0 -696.880 -38.121 -554.122 -666.922 223.244 166.871

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -38.901 71.109 667.083 -554.122 -166.891 123.298 0 3.447.738 -1 -2.996.392 0 268.085 38.901 71.108 -667.082 -554.122 166.891 123.299

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -554.122 -667.004 -2.996.392 -1 -554.122 667.002 -328.378 -1 8.866.009 0 -328.373 1 -554.122 667.002 -2.996.376 1 -554.122 -667.001

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -667.004 -554.122 -1 -328.378 667.002 -554.122 -1 -2.996.392 0 8.866.009 1 -2.996.376 667.002 -554.122 1 -328.373 -667.001 -554.122

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 223.244 166.871 -554.122 -666.922 -696.880 -38.120 -266.350 0 -328.373 1 2.650.239 0 223.244 -166.871 -554.122 666.920 -696.880 38.120

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 166.891 123.298 -667.082 -554.122 38.902 71.109 0 268.085 1 -2.996.376 0 3.447.722 -166.891 123.299 667.081 -554.122 -38.902 71.108

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 40.312 -9.635 123.298 -166.871 -34.741 41.753 -696.880 38.901 -554.122 667.002 223.244 -166.891 971.179 -375.774 71.109 -38.120 -143.399 9.635

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 9.635 -143.399 -166.891 223.244 41.753 -34.741 -38.121 71.108 667.002 -554.122 -166.871 123.299 -375.774 971.178 38.902 -696.880 -9.635 40.313

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 123.298 166.891 268.085 0 123.299 -166.891 -554.122 -667.082 -2.996.376 1 -554.122 667.081 71.109 38.902 3.447.722 0 71.108 -38.902

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 166.871 223.244 0 -266.350 -166.871 223.244 -666.922 -554.122 1 -328.373 666.920 -554.122 -38.120 -696.880 0 2.650.239 38.120 -696.880

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -34.741 -41.753 123.299 166.871 40.313 9.635 223.244 166.891 -554.122 -667.001 -696.880 -38.902 -143.399 -9.635 71.108 38.120 971.178 375.774

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -41.753 -34.741 166.891 223.244 -9.635 -143.399 166.871 123.299 -667.001 -554.122 38.120 71.108 9.635 40.313 -38.902 -696.880 375.774 971.178
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Figure 2.101. Total Stiffness Matrix. (66x66) 

 

 

  Two Degrees of Freedom correspond to every Node, the horizontal u and the vertical v 

displacement. The cantilever’s total Stiffness Matrix is a symmetric square matrix with 

dimensions 66x66, as there are 33 Nodes and 33·2=66 Degrees of Freedom.  

 

 

Nodes’ External Forces {P} 
 

  I calculate the External Load Vector (66x1) and I reorder it. 
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Control Points’ Displacements {U} 
 

  I reorder the Total Stiffness Matrix and the External Load Vector and then I form the 

balance equation. I symbolize the unknown displacements with subscript f and the known 

ones (fixed Nodes) with s. 
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  Figure 2.102 shows Nodes’ horizontal and vertical displacement. 

 

  The maximum horizontal displacement is equal to 10,7 cm and corresponds to: 

 Node 31: u=-10,7 cm 

 Node 33: u=+10,7 cm. 

 

  The maximum vertical displacement is equal to 72,7 cm and corresponds to: 

 Node 31: v=-72,7 cm 

 Node33: v=-72,7 cm. 

   Negative value displays that maximum displacement’s direction is the negative direction of 

axis Y, means these Nodes move downstairs as expected. 
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horizontal u (cm) vertical v (cm)

Node 1 0,0 0,0

Node 2 0,0 0,0

Node 3 0,0 0,0

Node 4 -2,0 -1,4

Node 5 0,0 -1,1

Node 6 2,0 -1,4

Node 7 -3,8 -4,4

Node 8 0,0 -4,2

Node 9 3,8 -4,4

Node 10 -5,4 -9,2

Node 11 0,0 -9,0

Node 12 5,4 -9,2

Node 13 -6,8 -15,5

Node 14 0,0 -15,3

Node 15 6,8 -15,5

Node 16 -8,0 -23,0

Node 17 0,0 -22,9

Node 18 8,0 -23,0

Node 19 -8,9 -31,7

Node 20 0,0 -31,5

Node 21 8,9 -31,7

Node 22 -9,7 -41,2

Node 23 0,0 -41,1

Node 24 9,7 -41,2

Node 25 -10,2 -51,3

Node 26 0,0 -51,2

Node 27 10,2 -51,3

Node 28 -10,5 -61,8

Node 29 0,0 -61,8

Node 30 10,5 -61,8

Node 31 -10,7 -72,7

Node 32 0,0 -72,6

Node 33 10,7 -72,7

10,7 0,0

-10,7 -72,7

max

min  
 

 

Figure 2.102. Nodes’ displacements. 
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Figure 2.103.a. Nodes’ horizontal displacement. 

 

 
 

Figure 2.104.b. Nodes’ vertical displacement. 

 
 

Stress Field at Gauss Points 
 
  As I know Nodes’ displacements, I can calculate the stress field at Finite Elements’ Gauss 

Points. 

 

i i i i i i
18x13x3 3x33x1 3x1 3x18

, , , d  

 
where: 

 

X i i

i i Y i i

3x1
XY i i

,

, ,

,

: stress field at Gauss Point i (plane stress problem)  
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2

3x3

1 v 0
E

E v 1 0
1 v

1 v
0 0

2

 (plane stress problem) 

 

 

X i i

i i Y i i

3x1
XY i i

,

, ,

,

: strain field at Gauss Point i 

 

 
18x1

d : Displacement vector refers to displacements of Finite Element’s Nodes (local    

           numbering). 

 
  Let’s calculate the corresponding stress field to Gauss Point 1 of Finite Element 1. 

 

{d} (m)

u (m) 0

v (m) 0

u (m) -0,038

v (m) -0,044

u (m) 0,038

v (m) -0,044

u (m) 0

v (m) 0

u (m) -0,020

v (m) -0,014

u (m) 0,000

v (m) -0,042

u (m) 0,020

v (m) -0,014

u (m) 0

v (m) 0

u (m) 0

v (m) -0,011

el
em

en
t 

1

Node 1

Node 2

Node 6

Node 7

Node 8

Node 9

Node 3

Node 4

Node 5

 
 

Figure 2.105. Nodes’ vertical and horizontal displacement. 

Finite Element 1. 

 

 

1 1 1 1 1 1

0 0

, , d 0 kPa , 0 MPa

69.395 69,40
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σXX σYY τXY σXX σYY τXY σXX σYY τXY σXX σYY τXY σXX σYY τXY

G.P.1 0,00 0,00 -69,40 0,00 0,00 -85,70 0,00 0,00 -87,51 0,00 0,00 -87,33 0,00 0,00 -83,92

G.P.2 2.388,96 -88,51 -118,18 1.896,44 -10,03 -78,66 1.358,68 -0,90 -74,28 816,86 1,99 -74,72 284,00 18,62 -82,98

G.P.3 1.419,57 -52,59 -86,62 1.126,90 -5,96 -83,22 807,36 -0,54 -82,84 485,39 1,18 -82,88 168,76 11,06 -83,59

G.P.4 -2.388,96 88,51 -118,18 -1.896,44 10,03 -78,66 -1.358,68 0,90 -74,28 -816,86 -1,99 -74,72 -284,00 -18,62 -82,98

G.P.5 -1.419,57 52,59 -86,62 -1.126,90 5,96 -83,22 -807,36 0,54 -82,84 -485,39 -1,18 -82,88 -168,76 -11,06 -83,59

G.P.6 0,00 0,00 -163,35 0,00 0,00 -135,59 0,00 0,00 -132,20 0,00 0,00 -129,65 0,00 0,00 -110,31

G.P.7 2.295,46 61,12 -46,23 1.683,10 11,43 -109,76 1.131,38 4,09 -117,28 584,85 -11,71 -120,76 23,96 -145,22 -144,26

G.P.8 1.364,01 36,32 -122,00 1.000,13 6,79 -126,47 672,29 2,43 -126,93 347,53 -6,96 -126,51 14,24 -86,29 -122,30

G.P.9 -2.295,46 -61,12 -46,23 -1.683,10 -11,43 -109,76 -1.131,38 -4,09 -117,28 -584,85 11,71 -120,76 -23,96 145,22 -144,26

G.P.10 -1.364,01 -36,32 -122,00 -1.000,13 -6,79 -126,47 -672,29 -2,43 -126,93 -347,53 6,96 -126,51 -14,24 86,29 -122,30

G.P.11 0,00 0,00 -118,81 0,00 0,00 -105,16 0,00 0,00 -103,45 0,00 0,00 -101,91 0,00 0,00 -89,82

G.P.12 2.299,11 -113,89 -69,01 1.765,79 -10,22 -86,95 1.223,27 0,90 -89,22 679,76 -3,58 -91,51 136,69 -54,70 -109,62

G.P.13 1.366,18 -67,67 -101,23 1.049,26 -6,07 -98,73 726,89 0,54 -98,43 403,93 -2,13 -98,23 81,22 -32,50 -96,81

G.P.14 -2.299,11 113,89 -69,01 -1.765,79 10,22 -86,95 -1.223,27 -0,90 -89,22 -679,76 3,58 -91,51 -136,69 54,70 -109,62

G.P.15 -1.366,18 67,67 -101,23 -1.049,26 6,07 -98,73 -726,89 -0,54 -98,43 -403,93 2,13 -98,23 -81,22 32,50 -96,81

G.P.16 0,00 0,00 -28,67 0,00 0,00 -120,34 0,00 0,00 -130,82 0,00 0,00 -132,67 0,00 0,00 -138,64

G.P.17 2.766,87 709,86 -243,35 2.141,99 75,91 -132,09 1.588,88 3,76 -119,28 1.042,48 -5,60 -116,33 484,21 -16,95 -102,80

G.P.18 1.644,12 421,81 -104,47 1.272,81 45,11 -124,49 944,14 2,24 -126,75 619,46 -3,33 -126,90 287,73 -10,07 -125,99

G.P.19 -2.766,87 -709,86 -243,35 -2.141,99 -75,91 -132,09 -1.588,88 -3,76 -119,28 -1.042,48 5,60 -116,33 -484,21 16,95 -102,80

G.P.20 -1.644,12 -421,81 -104,47 -1.272,81 -45,11 -124,49 -944,14 -2,24 -126,75 -619,46 3,33 -126,90 -287,73 10,07 -125,99

G.P.21 0,00 0,00 -38,78 0,00 0,00 -96,09 0,00 0,00 -102,64 0,00 0,00 -103,70 0,00 0,00 -106,66

G.P.22 2.579,23 271,60 -186,14 2.038,47 28,09 -100,22 1.495,12 0,71 -90,41 951,70 0,04 -88,88 410,18 21,52 -84,98

G.P.23 1.532,63 161,39 -90,81 1.211,30 16,69 -97,55 888,43 0,42 -98,32 565,52 0,03 -98,47 243,74 12,79 -99,00

G.P.24 -2.579,23 -271,60 -186,14 -2.038,47 -28,09 -100,22 -1.495,12 -0,71 -90,41 -951,70 -0,04 -88,88 -410,18 -21,52 -84,98

G.P.25 -1.532,63 -161,39 -90,81 -1.211,30 -16,69 -97,55 -888,43 -0,42 -98,32 -565,52 -0,03 -98,47 -243,74 -12,79 -99,00

max 2.766,87 709,86 -28,67 2.141,99 75,91 -78,66 1.588,88 4,09 -74,28 1.042,48 11,71 -74,72 484,21 145,22 -82,98

min -2.766,87 -709,86 -243,35 -2.141,99 -75,91 -135,59 -1.588,88 -4,09 -132,20 -1.042,48 -11,71 -132,67 -484,21 -145,22 -144,26

element 1 element 2 element 3 element 4 element 5
MPa

 

Figure 2.106.a. Stress Field at Gauss Points. 

Finite Elements 1-5. 

 

(Finite Element, G.P.)

max (1,17) 2.766,87 

min (1,19) -2.766,87 

max (1,17) 709,86 

min (1,19) -709,86 

max (1,16) -28,67 

min (1,17), (1,19) -243,35 

σXX (MPa)

σYY (MPa)

τXY (MPa)
 

 

Figure 2.107. Maximum and Minimum Stress. 

 

  Element 2 (G.P.17, nearest to upper horizontal side) experience the largest tension. Tensile 

stresses are equal to: 

XX

YY

max 2.766,87 MPa

max 709,86 MPa

 

 
 

  Element 1 (G.P.19, nearest to lower horizontal side) experience the largest compression. 

Compressive stresses are equal to: 

XX

YY

max 2.766,87 MPa

max 709,86 MPa
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2.3.3. Comparison 
 

 

  Comparing two methods’ results, I will reach interesting conclusions. 

 

 IsoGeometric Analysis (IGA) 

 

Method IGA

Patches 1

Isogeometric Elements (ΞxH) 9

Horizontal Spans (Ξ) 9

Vertical Spans (Η) 1

Control Points 33

Control Points (Ξ) 11

Control Points (H) 3

p 2

q 2

Gauss Points 5x5  
 

Figure 2.108.a. Analysis Parameters. IGA. 

 

 

 Finite Element Analysis (FEA) 

 

Method FEA

Finite Elements (Number) 5

Finite Elements (Type) isoparametric

2D

4-sided 

9-noded 

Gauss Points 5x5  
 

Figure 2.108.b. Analysis Parameters. FEA. 

 

 

  Particularly, I will compare: 

 

 B-SPLine Functions (IGA) with Shape Functions (FEA). 

 Control Net (IGA) with Node Net (FEA). 

 Parameter Space (Mesh). 

 Physical Space (Mesh). 

 Total Stiffness Matrix. 

 Control Points’ Displacements (IGA) with Nodes’ Displacements (FEA). 

 Stress Field at Gauss Points. 
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Shape Functions 
 
 

 
 

Figure 2.109.a. Quadratic Basis SPLine Functions for open, uniform knot vector 

Ξ={-1,-1,-1,-0.78,-0.56,-0.33,-0.11,0.11,0.33,0.56,0.78,1,1,1}. 

 
 

 
 

Figure 2.109.b. Quadratic Basis SPLine Functions for open, uniform knot vector 

H={-1,-1,-1,1,1,1}. 

 
 

 
 

Figure 2.109.c. Shape Functions. Isoparametric 2-Noded Truss Finite Element. 

 
  For p=1, IGA’s B-SPLine Functions are exactly the same with FEA’s Shape Functions. For p=2, 

something like that does not happen. IGA’s B-SPLine functions have larger support than 

FEA’s ones. Unlike in standard finite element analysis, the B-SPLine parameter space is local 

to patches rather than elements.  
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Control/ Node Net 
 

 

X

Y

19 22 25 28 31

20 23 26 29 32

21 24 27 30 33

1 4 7 10 13

2 5 8 11 14

3 6 9 12 15

16

17

18

 
Figure 2.110.a. Control Net. Physical space. 

 
 

X

Y

19 22 25 28 31

20 23 26 29 32

21 24 27 30 33

1 4 7 10 13

2 5 8 11 14

3 6 9 12 15

16

17

18

 
Figure 2.110.b. Node Net. Physical Space. 

 
 

  I choose as many Nodes as Control Points in order to have the same number of Degrees of 

Freedom. They have the same geometric features. 

 

 

Parameter Space 
 

element 9element 8element 7element 6element 5element 4element 3element 2element 1

-1 -0.7778 -0.5556 -0.3333 -0.1111 +0.1111 +0.3333 +0.5556 +0.7778 +1  ξ

(ξ1) (ξ2) (ξ3) (ξ4) (ξ5) (ξ6) (ξ7) (ξ8) (ξ9) (ξ10)

η

-
1

+
1

(
η
1
)

(
η
2
)

 

Figure 2.111.a. Isogeometric Elements’ Mesh. Parameter Space.  
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2

6

3

5

9

7

1

8

4

(1,-1)

η

(-1,-1)

(1,1)(-1,1)

ξ

 
 

Figure 2.111.b. Isoparametric 2D 4-sided 9-noded Finite Element. 
Parameter Space. Local Numbering. 

 
 
  In classical Finite Element Analysis (FEA), the parameter space (“reference/ parent 

element”) is local to individual elements and is mapped into a single element in the physical 

space. Each finite element has its own mapping from the reference element. 

 
  In Isogeometric Analysis (IGA), the B-SPLine parameter space is local to the entire patch 

rather than element. The B-SPLine mapping (a single map) takes a patch of multiple 

elements in the parameter space into the physical space, but the mapping itself is global to 

the whole patch, rather than to the elements. 

 
 

Physical Space 
 

X

Y
element 9element 8element 7element 6element 5element 4element 3element 2element 1

 
Figure 2.112.a. Physical Space. Mesh. Knots and Control Points. 
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Figure 2.112.b. Physical Space. Mesh. Nodes.  
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  Figure 2.112.a. shows both knots (cyan rhombi) and control points (red circles) in the 

physical space. We observe that knots don’t coincide with control points. That’s why B-

SPLines are not linear, but quadratic. Figure 2.112.b. shows nodes (red circles) in the physical 

space. We observe that Finite Element Mesh is not exactly the same with Isogeometric 

Element Mesh, despite the fact that I have chosen Node Net exactly the same with Control 

Net. That is why Basis SPLine Functions (IGA) and Shape Functions (FEA) are not linear and 

exactly the same.  It is important to mention that Nodes partition structure into Finite 

Elements and Knots (and not Control Points) partition structure into Isogeometric Elements. 

 
 

Total Stiffness Matrix [K] 
 

u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m)

FΧ (kN) 910.595 375.000 257.861 19.231 20.142 9.615 -400.035 -24.038 -303.223 -208.333 -135.476 -104.167 -196.457 -4.808 -111.690 -41.667 -41.717 -20.833 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 375.000 813.708 -19.231 -157.249 -9.615 -240.450 24.038 118.738 -208.333 -235.503 -104.167 -176.792 4.808 -35.010 -41.667 -55.966 -20.833 -31.476 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 257.861 -19.231 672.875 0 257.861 19.231 -303.223 208.333 -232.289 0 -303.223 -208.333 -111.690 41.667 -126.484 0 -111.690 -41.667 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 19.231 -157.249 0 730.506 -19.231 -157.249 208.333 -235.503 0 177.449 -208.333 -235.503 41.667 -55.966 0 -10.519 -41.667 -55.966 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 20.142 -9.615 257.861 -19.231 910.595 -375.000 -135.476 104.167 -303.223 208.333 -400.035 24.038 -41.717 20.833 -111.690 41.667 -196.457 4.808 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 9.615 -240.450 19.231 -157.249 -375.000 813.708 104.167 -176.792 208.333 -235.503 -24.038 118.738 20.833 -31.476 41.667 -55.966 -4.808 -35.010 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) -400.035 24.038 -303.223 208.333 -135.476 104.167 1.090.455 0 307.407 0 23.196 0 -69.907 -21.635 -160.595 -187.500 -95.412 -93.750 -149.359 -2.404 -79.167 -20.833 -27.885 -10.417 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) -24.038 118.738 208.333 -235.503 104.167 -176.792 0 977.909 0 -190.532 0 -290.007 21.635 290.532 -187.500 -213.708 -93.750 -190.894 2.404 -41.026 -20.833 -33.333 -10.417 -15.385 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) -303.223 -208.333 -232.289 0 -303.223 208.333 307.407 0 806.244 0 307.407 0 -160.595 187.500 -4.724 0 -160.595 -187.500 -79.167 20.833 -98.077 0 -79.167 -20.833 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) -208.333 -235.503 0 177.449 208.333 -235.503 0 -190.532 0 878.435 0 -190.532 187.500 -213.708 0 313.346 -187.500 -213.708 20.833 -33.333 0 -23.077 -20.833 -33.333 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) -135.476 -104.167 -303.223 -208.333 -400.035 -24.038 23.196 0 307.407 0 1.090.455 0 -95.412 93.750 -160.595 187.500 -69.907 21.635 -27.885 10.417 -79.167 20.833 -149.359 2.404 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) -104.167 -176.792 -208.333 -235.503 24.038 118.738 0 -290.007 0 -190.532 0 977.909 93.750 -190.894 187.500 -213.708 -21.635 290.532 10.417 -15.385 20.833 -33.333 -2.404 -41.026 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) -196.457 4.808 -111.690 41.667 -41.717 20.833 -69.907 21.635 -160.595 187.500 -95.412 93.750 1.167.646 0 283.182 0 -5.820 0 -191.026 -24.038 -212.179 -208.333 -109.615 -104.167 -149.359 -2.404 -79.167 -20.833 -27.885 -10.417 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) -4.808 -35.010 41.667 -55.966 20.833 -31.476 -21.635 290.532 187.500 -213.708 93.750 -190.894 0 1.162.426 0 -277.761 0 -378.912 24.038 225.641 -208.333 -220.513 -104.167 -184.615 2.404 -41.026 -20.833 -33.333 -10.417 -15.385 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) -111.690 -41.667 -126.484 0 -111.690 41.667 -160.595 -187.500 -4.724 0 -160.595 187.500 283.182 0 878.644 0 283.182 0 -212.179 208.333 -88.462 0 -212.179 -208.333 -79.167 20.833 -98.077 0 -79.167 -20.833 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) -41.667 -55.966 0 -10.519 41.667 -55.966 -187.500 -213.708 0 313.346 187.500 -213.708 0 -277.761 0 1.061.276 0 -277.761 208.333 -220.513 0 261.538 -208.333 -220.513 20.833 -33.333 0 -23.077 -20.833 -33.333 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) -41.717 -20.833 -111.690 -41.667 -196.457 -4.808 -95.412 -93.750 -160.595 -187.500 -69.907 -21.635 -5.820 0 283.182 0 1.167.646 0 -109.615 104.167 -212.179 208.333 -191.026 24.038 -27.885 10.417 -79.167 20.833 -149.359 2.404 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) -20.833 -31.476 -41.667 -55.966 4.808 -35.010 -93.750 -190.894 -187.500 -213.708 21.635 290.532 0 -378.912 0 -277.761 0 1.162.426 104.167 -184.615 208.333 -220.513 -24.038 225.641 10.417 -15.385 20.833 -33.333 -2.404 -41.026 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 -149.359 2.404 -79.167 20.833 -27.885 10.417 -191.026 24.038 -212.179 208.333 -109.615 104.167 1.219.231 0 313.462 0 5.769 0 -191.026 -24.038 -212.179 -208.333 -109.615 -104.167 -149.359 -2.404 -79.167 -20.833 -27.885 -10.417 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 -2.404 -41.026 20.833 -33.333 10.417 -15.385 -24.038 225.641 208.333 -220.513 104.167 -184.615 0 1.169.231 0 -261.538 0 -369.231 24.038 225.641 -208.333 -220.513 -104.167 -184.615 2.404 -41.026 -20.833 -33.333 -10.417 -15.385 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 -79.167 -20.833 -98.077 0 -79.167 20.833 -212.179 -208.333 -88.462 0 -212.179 208.333 313.462 0 911.538 0 313.462 0 -212.179 208.333 -88.462 0 -212.179 -208.333 -79.167 20.833 -98.077 0 -79.167 -20.833 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 -20.833 -33.333 0 -23.077 20.833 -33.333 -208.333 -220.513 0 261.538 208.333 -220.513 0 -261.538 0 1.061.538 0 -261.538 208.333 -220.513 0 261.538 -208.333 -220.513 20.833 -33.333 0 -23.077 -20.833 -33.333 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 -27.885 -10.417 -79.167 -20.833 -149.359 -2.404 -109.615 -104.167 -212.179 -208.333 -191.026 -24.038 5.769 0 313.462 0 1.219.231 0 -109.615 104.167 -212.179 208.333 -191.026 24.038 -27.885 10.417 -79.167 20.833 -149.359 2.404 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 -10.417 -15.385 -20.833 -33.333 2.404 -41.026 -104.167 -184.615 -208.333 -220.513 24.038 225.641 0 -369.231 0 -261.538 0 1.169.231 104.167 -184.615 208.333 -220.513 -24.038 225.641 10.417 -15.385 20.833 -33.333 -2.404 -41.026 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 -149.359 2.404 -79.167 20.833 -27.885 10.417 -191.026 24.038 -212.179 208.333 -109.615 104.167 1.219.231 0 313.462 0 5.769 0 -191.026 -24.038 -212.179 -208.333 -109.615 -104.167 -149.359 -2.404 -79.167 -20.833 -27.885 -10.417 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 -2.404 -41.026 20.833 -33.333 10.417 -15.385 -24.038 225.641 208.333 -220.513 104.167 -184.615 0 1.169.231 0 -261.538 0 -369.231 24.038 225.641 -208.333 -220.513 -104.167 -184.615 2.404 -41.026 -20.833 -33.333 -10.417 -15.385 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 -79.167 -20.833 -98.077 0 -79.167 20.833 -212.179 -208.333 -88.462 0 -212.179 208.333 313.462 0 911.538 0 313.462 0 -212.179 208.333 -88.462 0 -212.179 -208.333 -79.167 20.833 -98.077 0 -79.167 -20.833 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 -20.833 -33.333 0 -23.077 20.833 -33.333 -208.333 -220.513 0 261.538 208.333 -220.513 0 -261.538 0 1.061.538 0 -261.538 208.333 -220.513 0 261.538 -208.333 -220.513 20.833 -33.333 0 -23.077 -20.833 -33.333 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 -27.885 -10.417 -79.167 -20.833 -149.359 -2.404 -109.615 -104.167 -212.179 -208.333 -191.026 -24.038 5.769 0 313.462 0 1.219.231 0 -109.615 104.167 -212.179 208.333 -191.026 24.038 -27.885 10.417 -79.167 20.833 -149.359 2.404 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 -10.417 -15.385 -20.833 -33.333 2.404 -41.026 -104.167 -184.615 -208.333 -220.513 24.038 225.641 0 -369.231 0 -261.538 0 1.169.231 104.167 -184.615 208.333 -220.513 -24.038 225.641 10.417 -15.385 20.833 -33.333 -2.404 -41.026 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -149.359 2.404 -79.167 20.833 -27.885 10.417 -191.026 24.038 -212.179 208.333 -109.615 104.167 1.219.231 0 313.462 0 5.769 0 -191.026 -24.038 -212.179 -208.333 -109.615 -104.167 -149.359 -2.404 -79.167 -20.833 -27.885 -10.417 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -2.404 -41.026 20.833 -33.333 10.417 -15.385 -24.038 225.641 208.333 -220.513 104.167 -184.615 0 1.169.231 0 -261.538 0 -369.231 24.038 225.641 -208.333 -220.513 -104.167 -184.615 2.404 -41.026 -20.833 -33.333 -10.417 -15.385 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -79.167 -20.833 -98.077 0 -79.167 20.833 -212.179 -208.333 -88.462 0 -212.179 208.333 313.462 0 911.538 0 313.462 0 -212.179 208.333 -88.462 0 -212.179 -208.333 -79.167 20.833 -98.077 0 -79.167 -20.833 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -20.833 -33.333 0 -23.077 20.833 -33.333 -208.333 -220.513 0 261.538 208.333 -220.513 0 -261.538 0 1.061.538 0 -261.538 208.333 -220.513 0 261.538 -208.333 -220.513 20.833 -33.333 0 -23.077 -20.833 -33.333 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -27.885 -10.417 -79.167 -20.833 -149.359 -2.404 -109.615 -104.167 -212.179 -208.333 -191.026 -24.038 5.769 0 313.462 0 1.219.231 0 -109.615 104.167 -212.179 208.333 -191.026 24.038 -27.885 10.417 -79.167 20.833 -149.359 2.404 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -10.417 -15.385 -20.833 -33.333 2.404 -41.026 -104.167 -184.615 -208.333 -220.513 24.038 225.641 0 -369.231 0 -261.538 0 1.169.231 104.167 -184.615 208.333 -220.513 -24.038 225.641 10.417 -15.385 20.833 -33.333 -2.404 -41.026 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -149.359 2.404 -79.167 20.833 -27.885 10.417 -191.026 24.038 -212.179 208.333 -109.615 104.167 1.219.231 0 313.462 0 5.769 0 -191.026 -24.038 -212.179 -208.333 -109.615 -104.167 -149.359 -2.404 -79.167 -20.833 -27.885 -10.417 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -2.404 -41.026 20.833 -33.333 10.417 -15.385 -24.038 225.641 208.333 -220.513 104.167 -184.615 0 1.169.231 0 -261.538 0 -369.231 24.038 225.641 -208.333 -220.513 -104.167 -184.615 2.404 -41.026 -20.833 -33.333 -10.417 -15.385 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -79.167 -20.833 -98.077 0 -79.167 20.833 -212.179 -208.333 -88.462 0 -212.179 208.333 313.462 0 911.538 0 313.462 0 -212.179 208.333 -88.462 0 -212.179 -208.333 -79.167 20.833 -98.077 0 -79.167 -20.833 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -20.833 -33.333 0 -23.077 20.833 -33.333 -208.333 -220.513 0 261.538 208.333 -220.513 0 -261.538 0 1.061.538 0 -261.538 208.333 -220.513 0 261.538 -208.333 -220.513 20.833 -33.333 0 -23.077 -20.833 -33.333 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -27.885 -10.417 -79.167 -20.833 -149.359 -2.404 -109.615 -104.167 -212.179 -208.333 -191.026 -24.038 5.769 0 313.462 0 1.219.231 0 -109.615 104.167 -212.179 208.333 -191.026 24.038 -27.885 10.417 -79.167 20.833 -149.359 2.404 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -10.417 -15.385 -20.833 -33.333 2.404 -41.026 -104.167 -184.615 -208.333 -220.513 24.038 225.641 0 -369.231 0 -261.538 0 1.169.231 104.167 -184.615 208.333 -220.513 -24.038 225.641 10.417 -15.385 20.833 -33.333 -2.404 -41.026 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -149.359 2.404 -79.167 20.833 -27.885 10.417 -191.026 24.038 -212.179 208.333 -109.615 104.167 1.219.231 0 313.462 0 5.769 0 -191.026 -24.038 -212.179 -208.333 -109.615 -104.167 -149.359 -2.404 -79.167 -20.833 -27.885 -10.417 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -2.404 -41.026 20.833 -33.333 10.417 -15.385 -24.038 225.641 208.333 -220.513 104.167 -184.615 0 1.169.231 0 -261.538 0 -369.231 24.038 225.641 -208.333 -220.513 -104.167 -184.615 2.404 -41.026 -20.833 -33.333 -10.417 -15.385 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -79.167 -20.833 -98.077 0 -79.167 20.833 -212.179 -208.333 -88.462 0 -212.179 208.333 313.462 0 911.538 0 313.462 0 -212.179 208.333 -88.462 0 -212.179 -208.333 -79.167 20.833 -98.077 0 -79.167 -20.833 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -20.833 -33.333 0 -23.077 20.833 -33.333 -208.333 -220.513 0 261.538 208.333 -220.513 0 -261.538 0 1.061.538 0 -261.538 208.333 -220.513 0 261.538 -208.333 -220.513 20.833 -33.333 0 -23.077 -20.833 -33.333 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -27.885 -10.417 -79.167 -20.833 -149.359 -2.404 -109.615 -104.167 -212.179 -208.333 -191.026 -24.038 5.769 0 313.462 0 1.219.231 0 -109.615 104.167 -212.179 208.333 -191.026 24.038 -27.885 10.417 -79.167 20.833 -149.359 2.404 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -10.417 -15.385 -20.833 -33.333 2.404 -41.026 -104.167 -184.615 -208.333 -220.513 24.038 225.641 0 -369.231 0 -261.538 0 1.169.231 104.167 -184.615 208.333 -220.513 -24.038 225.641 10.417 -15.385 20.833 -33.333 -2.404 -41.026 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -149.359 2.404 -79.167 20.833 -27.885 10.417 -191.026 24.038 -212.179 208.333 -109.615 104.167 1.167.646 0 283.182 0 -5.820 0 -69.907 -21.635 -160.595 -187.500 -95.412 -93.750 -196.457 -4.808 -111.690 -41.667 -41.717 -20.833

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -2.404 -41.026 20.833 -33.333 10.417 -15.385 -24.038 225.641 208.333 -220.513 104.167 -184.615 0 1.162.426 0 -277.761 0 -378.912 21.635 290.532 -187.500 -213.708 -93.750 -190.894 4.808 -35.010 -41.667 -55.966 -20.833 -31.476

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -79.167 -20.833 -98.077 0 -79.167 20.833 -212.179 -208.333 -88.462 0 -212.179 208.333 283.182 0 878.644 0 283.182 0 -160.595 187.500 -4.724 0 -160.595 -187.500 -111.690 41.667 -126.484 0 -111.690 -41.667

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -20.833 -33.333 0 -23.077 20.833 -33.333 -208.333 -220.513 0 261.538 208.333 -220.513 0 -277.761 0 1.061.276 0 -277.761 187.500 -213.708 0 313.346 -187.500 -213.708 41.667 -55.966 0 -10.519 -41.667 -55.966

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -27.885 -10.417 -79.167 -20.833 -149.359 -2.404 -109.615 -104.167 -212.179 -208.333 -191.026 -24.038 -5.820 0 283.182 0 1.167.646 0 -95.412 93.750 -160.595 187.500 -69.907 21.635 -41.717 20.833 -111.690 41.667 -196.457 4.808

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -10.417 -15.385 -20.833 -33.333 2.404 -41.026 -104.167 -184.615 -208.333 -220.513 24.038 225.641 0 -378.912 0 -277.761 0 1.162.426 93.750 -190.894 187.500 -213.708 -21.635 290.532 20.833 -31.476 41.667 -55.966 -4.808 -35.010

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -149.359 2.404 -79.167 20.833 -27.885 10.417 -69.907 21.635 -160.595 187.500 -95.412 93.750 1.090.455 0 307.407 0 23.196 0 -400.035 -24.038 -303.223 -208.333 -135.476 -104.167

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -2.404 -41.026 20.833 -33.333 10.417 -15.385 -21.635 290.532 187.500 -213.708 93.750 -190.894 0 977.909 0 -190.532 0 -290.007 24.038 118.738 -208.333 -235.503 -104.167 -176.792

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -79.167 -20.833 -98.077 0 -79.167 20.833 -160.595 -187.500 -4.724 0 -160.595 187.500 307.407 0 806.244 0 307.407 0 -303.223 208.333 -232.289 0 -303.223 -208.333

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -20.833 -33.333 0 -23.077 20.833 -33.333 -187.500 -213.708 0 313.346 187.500 -213.708 0 -190.532 0 878.435 0 -190.532 208.333 -235.503 0 177.449 -208.333 -235.503

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -27.885 -10.417 -79.167 -20.833 -149.359 -2.404 -95.412 -93.750 -160.595 -187.500 -69.907 -21.635 23.196 0 307.407 0 1.090.455 0 -135.476 104.167 -303.223 208.333 -400.035 24.038

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -10.417 -15.385 -20.833 -33.333 2.404 -41.026 -93.750 -190.894 -187.500 -213.708 21.635 290.532 0 -290.007 0 -190.532 0 977.909 104.167 -176.792 208.333 -235.503 -24.038 118.738

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -196.457 4.808 -111.690 41.667 -41.717 20.833 -400.035 24.038 -303.223 208.333 -135.476 104.167 910.595 -375.000 257.861 -19.231 20.142 -9.615

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -4.808 -35.010 41.667 -55.966 20.833 -31.476 -24.038 118.738 208.333 -235.503 104.167 -176.792 -375.000 813.708 19.231 -157.249 9.615 -240.450

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -111.690 -41.667 -126.484 0 -111.690 41.667 -303.223 -208.333 -232.289 0 -303.223 208.333 257.861 19.231 672.875 0 257.861 -19.231

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -41.667 -55.966 0 -10.519 41.667 -55.966 -208.333 -235.503 0 177.449 208.333 -235.503 -19.231 -157.249 0 730.506 19.231 -157.249

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -41.717 -20.833 -111.690 -41.667 -196.457 -4.808 -135.476 -104.167 -303.223 -208.333 -400.035 -24.038 20.142 9.615 257.861 19.231 910.595 375.000

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -20.833 -31.476 -41.667 -55.966 4.808 -35.010 -104.167 -176.792 -208.333 -235.503 24.038 118.738 -9.615 -240.450 -19.231 -157.249 375.000 813.708
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Figure 2.113.a. Total Stiffness Matrix. (66x66). IGA. 
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FΧ (kN) 971.179 375.774 71.109 38.121 -143.399 -9.635 -696.880 -38.901 -554.122 -667.004 223.244 166.891 40.312 9.635 123.298 166.871 -34.741 -41.753 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 375.774 971.179 -38.901 -696.880 9.635 40.312 38.121 71.109 -667.004 -554.122 166.871 123.298 -9.635 -143.399 166.891 223.244 -41.753 -34.741 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 71.109 -38.901 3.447.738 0 71.108 38.901 -554.122 667.083 -2.996.392 -1 -554.122 -667.082 123.298 -166.891 268.085 0 123.299 166.891 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 38.121 -696.880 0 2.650.245 -38.121 -696.880 666.923 -554.122 -1 -328.378 -666.922 -554.122 -166.871 223.244 0 -266.350 166.871 223.244 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) -143.399 9.635 71.108 -38.121 971.178 -375.774 223.244 -166.891 -554.122 667.002 -696.880 38.902 -34.741 41.753 123.299 -166.871 40.313 -9.635 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) -9.635 40.312 38.901 -696.880 -375.774 971.179 -166.871 123.298 667.002 -554.122 -38.120 71.109 41.753 -34.741 -166.891 223.244 9.635 -143.399 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) -696.880 38.121 -554.122 666.923 223.244 -166.871 2.650.245 0 -328.378 -1 -266.350 0 -696.880 -38.121 -554.122 -666.922 223.244 166.871 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) -38.901 71.109 667.083 -554.122 -166.891 123.298 0 3.447.738 -1 -2.996.392 0 268.085 38.901 71.108 -667.082 -554.122 166.891 123.299 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) -554.122 -667.004 -2.996.392 -1 -554.122 667.002 -328.378 -1 8.866.009 0 -328.373 1 -554.122 667.002 -2.996.376 1 -554.122 -667.001 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) -667.004 -554.122 -1 -328.378 667.002 -554.122 -1 -2.996.392 0 8.866.009 1 -2.996.376 667.002 -554.122 1 -328.373 -667.001 -554.122 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 223.244 166.871 -554.122 -666.922 -696.880 -38.120 -266.350 0 -328.373 1 2.650.239 0 223.244 -166.871 -554.122 666.920 -696.880 38.120 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 166.891 123.298 -667.082 -554.122 38.902 71.109 0 268.085 1 -2.996.376 0 3.447.722 -166.891 123.299 667.081 -554.122 -38.902 71.108 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 40.312 -9.635 123.298 -166.871 -34.741 41.753 -696.880 38.901 -554.122 667.002 223.244 -166.891 1.942.358 0 142.218 2 -286.798 0 -696.880 -38.901 -554.122 -667.004 223.244 166.891 40.312 9.635 123.298 166.871 -34.741 -41.753 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 9.635 -143.399 -166.891 223.244 41.753 -34.741 -38.121 71.108 667.002 -554.122 -166.871 123.299 0 1.942.358 1 -1.393.760 0 80.625 38.121 71.109 -667.004 -554.122 166.871 123.298 -9.635 -143.399 166.891 223.244 -41.753 -34.741 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 123.298 166.891 268.085 0 123.299 -166.891 -554.122 -667.082 -2.996.376 1 -554.122 667.081 142.218 1 6.895.460 0 142.217 -1 -554.122 667.083 -2.996.392 -1 -554.122 -667.082 123.298 -166.891 268.085 0 123.299 166.891 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 166.871 223.244 0 -266.350 -166.871 223.244 -666.922 -554.122 1 -328.373 666.920 -554.122 2 -1.393.760 0 5.300.484 -2 -1.393.761 666.923 -554.122 -1 -328.378 -666.922 -554.122 -166.871 223.244 0 -266.350 166.871 223.244 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) -34.741 -41.753 123.299 166.871 40.313 9.635 223.244 166.891 -554.122 -667.001 -696.880 -38.902 -286.798 0 142.217 -2 1.942.356 0 223.244 -166.891 -554.122 667.002 -696.880 38.902 -34.741 41.753 123.299 -166.871 40.313 -9.635 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) -41.753 -34.741 166.891 223.244 -9.635 -143.399 166.871 123.299 -667.001 -554.122 38.120 71.108 0 80.625 -1 -1.393.761 0 1.942.357 -166.871 123.298 667.002 -554.122 -38.120 71.109 41.753 -34.741 -166.891 223.244 9.635 -143.399 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 -696.880 38.121 -554.122 666.923 223.244 -166.871 2.650.245 0 -328.378 -1 -266.350 0 -696.880 -38.121 -554.122 -666.922 223.244 166.871 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 -38.901 71.109 667.083 -554.122 -166.891 123.298 0 3.447.738 -1 -2.996.392 0 268.085 38.901 71.108 -667.082 -554.122 166.891 123.299 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 -554.122 -667.004 -2.996.392 -1 -554.122 667.002 -328.378 -1 8.866.009 0 -328.373 1 -554.122 667.002 -2.996.376 1 -554.122 -667.001 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 -667.004 -554.122 -1 -328.378 667.002 -554.122 -1 -2.996.392 0 8.866.009 1 -2.996.376 667.002 -554.122 1 -328.373 -667.001 -554.122 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 223.244 166.871 -554.122 -666.922 -696.880 -38.120 -266.350 0 -328.373 1 2.650.239 0 223.244 -166.871 -554.122 666.920 -696.880 38.120 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 166.891 123.298 -667.082 -554.122 38.902 71.109 0 268.085 1 -2.996.376 0 3.447.722 -166.891 123.299 667.081 -554.122 -38.902 71.108 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 40.312 -9.635 123.298 -166.871 -34.741 41.753 -696.880 38.901 -554.122 667.002 223.244 -166.891 1.942.358 0 142.218 2 -286.798 0 -696.880 -38.901 -554.122 -667.004 223.244 166.891 40.312 9.635 123.298 166.871 -34.741 -41.753 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 9.635 -143.399 -166.891 223.244 41.753 -34.741 -38.121 71.108 667.002 -554.122 -166.871 123.299 0 1.942.358 1 -1.393.760 0 80.625 38.121 71.109 -667.004 -554.122 166.871 123.298 -9.635 -143.399 166.891 223.244 -41.753 -34.741 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 123.298 166.891 268.085 0 123.299 -166.891 -554.122 -667.082 -2.996.376 1 -554.122 667.081 142.218 1 6.895.460 0 142.217 -1 -554.122 667.083 -2.996.392 -1 -554.122 -667.082 123.298 -166.891 268.085 0 123.299 166.891 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 166.871 223.244 0 -266.350 -166.871 223.244 -666.922 -554.122 1 -328.373 666.920 -554.122 2 -1.393.760 0 5.300.484 -2 -1.393.761 666.923 -554.122 -1 -328.378 -666.922 -554.122 -166.871 223.244 0 -266.350 166.871 223.244 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 -34.741 -41.753 123.299 166.871 40.313 9.635 223.244 166.891 -554.122 -667.001 -696.880 -38.902 -286.798 0 142.217 -2 1.942.356 0 223.244 -166.891 -554.122 667.002 -696.880 38.902 -34.741 41.753 123.299 -166.871 40.313 -9.635 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 -41.753 -34.741 166.891 223.244 -9.635 -143.399 166.871 123.299 -667.001 -554.122 38.120 71.108 0 80.625 -1 -1.393.761 0 1.942.357 -166.871 123.298 667.002 -554.122 -38.120 71.109 41.753 -34.741 -166.891 223.244 9.635 -143.399 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -696.880 38.121 -554.122 666.923 223.244 -166.871 2.650.245 0 -328.378 -1 -266.350 0 -696.880 -38.121 -554.122 -666.922 223.244 166.871 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -38.901 71.109 667.083 -554.122 -166.891 123.298 0 3.447.738 -1 -2.996.392 0 268.085 38.901 71.108 -667.082 -554.122 166.891 123.299 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -554.122 -667.004 -2.996.392 -1 -554.122 667.002 -328.378 -1 8.866.009 0 -328.373 1 -554.122 667.002 -2.996.376 1 -554.122 -667.001 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -667.004 -554.122 -1 -328.378 667.002 -554.122 -1 -2.996.392 0 8.866.009 1 -2.996.376 667.002 -554.122 1 -328.373 -667.001 -554.122 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 223.244 166.871 -554.122 -666.922 -696.880 -38.120 -266.350 0 -328.373 1 2.650.239 0 223.244 -166.871 -554.122 666.920 -696.880 38.120 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 166.891 123.298 -667.082 -554.122 38.902 71.109 0 268.085 1 -2.996.376 0 3.447.722 -166.891 123.299 667.081 -554.122 -38.902 71.108 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 40.312 -9.635 123.298 -166.871 -34.741 41.753 -696.880 38.901 -554.122 667.002 223.244 -166.891 1.942.358 0 142.218 2 -286.798 0 -696.880 -38.901 -554.122 -667.004 223.244 166.891 40.312 9.635 123.298 166.871 -34.741 -41.753 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 9.635 -143.399 -166.891 223.244 41.753 -34.741 -38.121 71.108 667.002 -554.122 -166.871 123.299 0 1.942.358 1 -1.393.760 0 80.625 38.121 71.109 -667.004 -554.122 166.871 123.298 -9.635 -143.399 166.891 223.244 -41.753 -34.741 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 123.298 166.891 268.085 0 123.299 -166.891 -554.122 -667.082 -2.996.376 1 -554.122 667.081 142.218 1 6.895.460 0 142.217 -1 -554.122 667.083 -2.996.392 -1 -554.122 -667.082 123.298 -166.891 268.085 0 123.299 166.891 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 166.871 223.244 0 -266.350 -166.871 223.244 -666.922 -554.122 1 -328.373 666.920 -554.122 2 -1.393.760 0 5.300.484 -2 -1.393.761 666.923 -554.122 -1 -328.378 -666.922 -554.122 -166.871 223.244 0 -266.350 166.871 223.244 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -34.741 -41.753 123.299 166.871 40.313 9.635 223.244 166.891 -554.122 -667.001 -696.880 -38.902 -286.798 0 142.217 -2 1.942.356 0 223.244 -166.891 -554.122 667.002 -696.880 38.902 -34.741 41.753 123.299 -166.871 40.313 -9.635 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -41.753 -34.741 166.891 223.244 -9.635 -143.399 166.871 123.299 -667.001 -554.122 38.120 71.108 0 80.625 -1 -1.393.761 0 1.942.357 -166.871 123.298 667.002 -554.122 -38.120 71.109 41.753 -34.741 -166.891 223.244 9.635 -143.399 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -696.880 38.121 -554.122 666.923 223.244 -166.871 2.650.245 0 -328.378 -1 -266.350 0 -696.880 -38.121 -554.122 -666.922 223.244 166.871 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -38.901 71.109 667.083 -554.122 -166.891 123.298 0 3.447.738 -1 -2.996.392 0 268.085 38.901 71.108 -667.082 -554.122 166.891 123.299 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -554.122 -667.004 -2.996.392 -1 -554.122 667.002 -328.378 -1 8.866.009 0 -328.373 1 -554.122 667.002 -2.996.376 1 -554.122 -667.001 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -667.004 -554.122 -1 -328.378 667.002 -554.122 -1 -2.996.392 0 8.866.009 1 -2.996.376 667.002 -554.122 1 -328.373 -667.001 -554.122 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 223.244 166.871 -554.122 -666.922 -696.880 -38.120 -266.350 0 -328.373 1 2.650.239 0 223.244 -166.871 -554.122 666.920 -696.880 38.120 0 0 0 0 0 0 0 0 0 0 0 0

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 166.891 123.298 -667.082 -554.122 38.902 71.109 0 268.085 1 -2.996.376 0 3.447.722 -166.891 123.299 667.081 -554.122 -38.902 71.108 0 0 0 0 0 0 0 0 0 0 0 0

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 40.312 -9.635 123.298 -166.871 -34.741 41.753 -696.880 38.901 -554.122 667.002 223.244 -166.891 1.942.358 0 142.218 2 -286.798 0 -696.880 -38.901 -554.122 -667.004 223.244 166.891 40.312 9.635 123.298 166.871 -34.741 -41.753

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 9.635 -143.399 -166.891 223.244 41.753 -34.741 -38.121 71.108 667.002 -554.122 -166.871 123.299 0 1.942.358 1 -1.393.760 0 80.625 38.121 71.109 -667.004 -554.122 166.871 123.298 -9.635 -143.399 166.891 223.244 -41.753 -34.741

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 123.298 166.891 268.085 0 123.299 -166.891 -554.122 -667.082 -2.996.376 1 -554.122 667.081 142.218 1 6.895.460 0 142.217 -1 -554.122 667.083 -2.996.392 -1 -554.122 -667.082 123.298 -166.891 268.085 0 123.299 166.891

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 166.871 223.244 0 -266.350 -166.871 223.244 -666.922 -554.122 1 -328.373 666.920 -554.122 2 -1.393.760 0 5.300.484 -2 -1.393.761 666.923 -554.122 -1 -328.378 -666.922 -554.122 -166.871 223.244 0 -266.350 166.871 223.244

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -34.741 -41.753 123.299 166.871 40.313 9.635 223.244 166.891 -554.122 -667.001 -696.880 -38.902 -286.798 0 142.217 -2 1.942.356 0 223.244 -166.891 -554.122 667.002 -696.880 38.902 -34.741 41.753 123.299 -166.871 40.313 -9.635

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -41.753 -34.741 166.891 223.244 -9.635 -143.399 166.871 123.299 -667.001 -554.122 38.120 71.108 0 80.625 -1 -1.393.761 0 1.942.357 -166.871 123.298 667.002 -554.122 -38.120 71.109 41.753 -34.741 -166.891 223.244 9.635 -143.399

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -696.880 38.121 -554.122 666.923 223.244 -166.871 2.650.245 0 -328.378 -1 -266.350 0 -696.880 -38.121 -554.122 -666.922 223.244 166.871

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -38.901 71.109 667.083 -554.122 -166.891 123.298 0 3.447.738 -1 -2.996.392 0 268.085 38.901 71.108 -667.082 -554.122 166.891 123.299

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -554.122 -667.004 -2.996.392 -1 -554.122 667.002 -328.378 -1 8.866.009 0 -328.373 1 -554.122 667.002 -2.996.376 1 -554.122 -667.001

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -667.004 -554.122 -1 -328.378 667.002 -554.122 -1 -2.996.392 0 8.866.009 1 -2.996.376 667.002 -554.122 1 -328.373 -667.001 -554.122

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 223.244 166.871 -554.122 -666.922 -696.880 -38.120 -266.350 0 -328.373 1 2.650.239 0 223.244 -166.871 -554.122 666.920 -696.880 38.120

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 166.891 123.298 -667.082 -554.122 38.902 71.109 0 268.085 1 -2.996.376 0 3.447.722 -166.891 123.299 667.081 -554.122 -38.902 71.108

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 40.312 -9.635 123.298 -166.871 -34.741 41.753 -696.880 38.901 -554.122 667.002 223.244 -166.891 971.179 -375.774 71.109 -38.120 -143.399 9.635

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 9.635 -143.399 -166.891 223.244 41.753 -34.741 -38.121 71.108 667.002 -554.122 -166.871 123.299 -375.774 971.178 38.902 -696.880 -9.635 40.313

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 123.298 166.891 268.085 0 123.299 -166.891 -554.122 -667.082 -2.996.376 1 -554.122 667.081 71.109 38.902 3.447.722 0 71.108 -38.902

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 166.871 223.244 0 -266.350 -166.871 223.244 -666.922 -554.122 1 -328.373 666.920 -554.122 -38.120 -696.880 0 2.650.239 38.120 -696.880

FΧ (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -34.741 -41.753 123.299 166.871 40.313 9.635 223.244 166.891 -554.122 -667.001 -696.880 -38.902 -143.399 -9.635 71.108 38.120 971.178 375.774

FY (kN) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -41.753 -34.741 166.891 223.244 -9.635 -143.399 166.871 123.299 -667.001 -554.122 38.120 71.108 9.635 40.313 -38.902 -696.880 375.774 971.178
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Figure 2.113.b. Total Stiffness Matrix. (66x66). FEA. 
 
  The two matrices differ. IGA’s Total Stiffness Matrix has more nonzero entries than FEA’s 

one. Figure 2.113.a depicts these additional nonzero elements as orange domains. We know 

that higher-order functions have support over much larger portions of domain than do 

classical FEA functions. We can observe this feature in the certain example. IGA’s 

overlapping is more intense than FEA’s one. It is important to mention that despite this fact, 

bandwidth doesn’t increase. It is just thicker (additional orange domains).  
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C.P./ Nodes’ Displacements {U} 
 

(cm) (cm) (cm) (cm)

horizontal u vertical v horizontal u vertical v

C.P. 1 0,0 0,0 Node 1 0,0 0,0

C.P. 2 0,0 0,0 Node 2 0,0 0,0

C.P. 3 0,0 0,0 Node 3 0,0 0,0

C.P. 4 -1,9 -1,0 Node 4 -2,0 -1,4

C.P. 5 0,0 -0,1 Node 5 0,0 -1,1

C.P. 6 1,9 -1,0 Node 6 2,0 -1,4

C.P. 7 -3,8 -4,1 Node 7 -3,8 -4,4

C.P. 8 0,0 -3,7 Node 8 0,0 -4,2

C.P. 9 3,8 -4,1 Node 9 3,8 -4,4

C.P. 10 -5,4 -8,9 Node 10 -5,4 -9,2

C.P. 11 0,0 -8,4 Node 11 0,0 -9,0

C.P. 12 5,4 -8,9 Node 12 5,4 -9,2

C.P. 13 -6,8 -15,1 Node 13 -6,8 -15,5

C.P. 14 0,0 -14,7 Node 14 0,0 -15,3

C.P. 15 6,8 -15,1 Node 15 6,8 -15,5

C.P. 16 -7,9 -22,7 Node 16 -8,0 -23,0

C.P. 17 0,0 -22,3 Node 17 0,0 -22,9

C.P. 18 7,9 -22,7 Node 18 8,0 -23,0

C.P. 19 -8,9 -31,3 Node 19 -8,9 -31,7

C.P. 20 0,0 -31,0 Node 20 0,0 -31,5

C.P. 21 8,9 -31,3 Node 21 8,9 -31,7

C.P. 22 -9,7 -40,7 Node 22 -9,7 -41,2

C.P. 23 0,0 -40,5 Node 23 0,0 -41,1

C.P. 24 9,7 -40,7 Node 24 9,7 -41,2

C.P. 25 -10,2 -50,8 Node 25 -10,2 -51,3

C.P. 26 0,0 -50,7 Node 26 0,0 -51,2

C.P. 27 10,2 -50,8 Node 27 10,2 -51,3

C.P. 28 -10,5 -61,4 Node 28 -10,5 -61,8

C.P. 29 0,0 -61,3 Node 29 0,0 -61,8

C.P. 30 10,5 -61,4 Node 30 10,5 -61,8

C.P. 31 -10,6 -72,1 Node 31 -10,7 -72,7

C.P. 32 0,0 -72,1 Node 32 0,0 -72,6

C.P. 33 10,6 -72,1 Node 33 10,7 -72,7

10,6 0,0 10,7 0,0

-10,6 -72,1 -10,7 -72,7

max

min

max

min  
 

Figure 2.114. Control Points’, Nodes’ displacements. 

 

  The displacements are not exactly the same. They differ slightly. 

max |horizontal displacement|: difference: 0.93% 

max |vertical displacement|: difference: 0.83%  
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Figure 2.115. Comparison. IGA. FEA (CantiFEA/analytic and quadrature. STAP).  
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Stress Field at Gauss Points 
 

 

(Isogeometric Element, G.P.)

max (1,17) 2.596,46 

min (1,19) -2.596,46 

max (1,17) 680,31 

min (1,19) -680,31 

max (1,1) 87,67 

min (1,17), (1,19) -424,63 

σXX (MPa)

σYY (MPa)

τXY (MPa)
 

 

Figure 2.116.a. Maximum and Minimum Stress. IGA. 

 

 

(Finite Element, G.P.)

max (1,17) 2.766,87 

min (1,19) -2.766,87 

max (1,17) 709,86 

min (1,19) -709,86 

max (1,16) -28,67 

min (1,17), (1,19) -243,35 

σXX (MPa)

σYY (MPa)

τXY (MPa)
 

 

Figure 2.116.b. Maximum and Minimum Stress. FEA. 
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