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Isogeometric Analysis
2YNOWH

MpwTapXIKOG OKOTTOG TNG METATITUXIAKAG HOU EPYACTiag €ival va TTAPOUCIACW
Kal va TpoTteivw Tn péEBodo TnG looyewpetpikng AvdaAuong (IsoGeometric
Analysis, IGA), n oTroia avatmTuxOnke TTPOCEATA TTPOKEIMEVOU VA KAAUWEI TO
TEPAOTIO KEVO PETAEU TNG AvaAuons e Metrepaouéva 2toixeia (Finite Element
Analysis, FEA) kal Twv oxedlaoTikwy TTpoypauudrwyv CAD (Computer-Aided
Design) kai va ouvd£oEl T BUO AUTA ETTIOTNHOVIKA TTEdia. XAPIV AUTHG EINOOTE
oe 0éon va evioxUooupe Tn peBodoloyia TG KAAOIKAG AvaAuong de
Memrepaouéva Ztoixeia pe TIG duvatdtnTeg Tou CAD. 2TIC PEPES Mag, Eival
TTOAU ONUAVTIKO va JTTopouuE va peTaTpéTToupe dedouéva Tou CAD o¢
avTiOTOIXO TTOU UTTOPEI va XpnolyoTtroinoel n IGA, TTPOKEIMEVOU €UKOAQ KOl
a1rodoTIKA va eipaoTte o€ Béon avaAuoupe véa oxédia (Qopeic) katad Tnv
QVATITUEN TOUG, YEYOVOG OUCKOAO KABWG n KABe KATnyopia TTPOYPOAUMATWY
TTpooeyyiCel HE  OIOPOPETIKO  UTTOAOYIOTIKO TPOTTO T YewMeTpia. H
TTpoTEIVOUEVN MEBODOG XpnolyoTrolei wg ouvapTtioelg Baong T NURBS,
onAadry ™ o diadedouévn PAcn TOU xpnoigoTroliEiTal ammd  TTAsIada
TTpoypauudTwy CAD. AuTO pag emITPETTEl va OXEDIACOUNE, EAEYXOUUE Kal
AvVATTPOCAPUOLOUHE TA TTPOCOPOIWMATA TWV AVOAUCEWV POG PE dia Kivnon
XPNOIMOTTOIWVTAG £VA KOIVO GUVOAO OEOOUEVWIV.

H OuyKekpIPEVN PETATTTUXIOKN TTEPIAQUPBAVEI BUO KUPIEG eVOTNTEG. H TTPWTN
evoTnTa TTPAYMATEUETAI TO BewpPNTIKO UTTORABPO TNG PEBOSOU Kal n deUTEPN
O1IdQopeC  €QAPUOYEG  MEOW TwV  OTTOIWV  KATaAQyw o€ XpHolua
ouutrepdopara. EIdIkOTEPQ, 0TV TTPWTN EVOTNTA TTEPIYPAPW AETTTOUEPWGS TN
peBodoAoyia kal divw 101aiTEPN EUQACn Ot PACIKOUG Opoug, OTTWG oudda
ICOYEWMETPIKWY OTOIXEIWV (patch), 100yewWPETPIKO oToIXEIO (isogeometric
element), onueio eAéyxou (control point), control polygon, convex hull,
ouvapTtioeig B-SPLine (Basis Smooth Polynomial Line), avadpouikdg TUTTOg
Cox-de Boor, TTOAUWVUNIKOG BaBudg Twv B-SPLine, NURBS (Non Uniform
Rational B-SPLines), B-SPLine kautUAn, B-SPLine em@dveia, B-SPLine
oTEPED, KOUPOGS (knot), diadvuopua kOuBwv (knot vector), Xwpog dEIKTWYV (index
space), TTapAPETPIKOG XWPOG (parameter space), QUOIKOG Xwpog (physical
space). Téhog, Ba Treplypdyw TTWG PTTOPOUME va BEATIWOOUME éva BIKTUO
IOOYEWMETPIKWY OTOIXEIWV. 2Tn OeUTEPN €vOTNTA, TIAPABETW ME KABE
AETTTOUEPEIO TIG TTIO BOCIKEG ATTO TIG €QAPHOYEG (YPAUMIKA OTaTIKY) avaAuon)
TTOU £XW TTPAyMaTOTTOINCEl JE TN MEB0DO auTh. KaBe TTpdBANpa TTIAUETAI Kal
ME TTETTEPACPEVA oToIXEID. MEOw TNG OUYKPIONG TWV ATTOTEAEOUATWY TNG IGA
ME Ta avTioToixa TNG FEA, kabwg e1miong kai ge Ta AdN uttdpyovTa oTn d1Ebvn)
BiBAIoypagia kal TIC avaAUTIKEG AUCEIG, €Xxw €EMTTEOWOEl TN OUYKEKPIPEVN
MEBODO, atrodeitel TNV ATTOBOTIKOTNTA TNG (AKOUN KAl O YOPEIG UE TTOAUTTAOKN
YEWMETPIA) Kal ouveldNTOTTOINCEl OTI TTPOKEITAI YIa Wia TTavioxupn €TTEKTACN
NG KAaoikAG FEA. Mpog Tnv kateuBuvon auth £xouv cupBdAel kaBoploTika
KAl Ol TTOPAMETPIKEG OIEPEUVNOEIG, Ol OTTOIEG YE PorBnoav va PETPAOW TOV
QVTIKTUTTO ONPOVTIKWY XAPOKTNPEIOTIKWY, OTTWG TWV OnNUEiwv gAéyxou, Twv
KOMPBwWV Kal TG TAENG Twv ouvapTriocwyv B-SPLine.
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ABSTRACT

My thesis’ primary goal is to introduce IsoGeometric Analysis (IGA). The
development of this method was motivated by the existing gap between the
worlds of Finite Element Analysis (FEA) and Computer-Aided Design (CAD),
so its initial purpose is to unify the fields of FEA and CAD. IGA is a recently
developed computational approach that give us the opportunity to integrate
Finite Element Analysis into conventional NURBS-based CAD design tools.
Currently, it is necessary to convert data between CAD and FEA packages to
analyze new designs during development, a difficult task since the
computational geometric approach for each is different. This method employs
complex NURBS geometry (the basis of most CAD packages) in the FEA
application directly. This allows models to designed, tested and adjusted in
one go, using a common data set. | have selected NURBS as the initial basis,
because it's the most widely used computational geometry technology in
engineering design. That’s why | will introduce them with an initial focus on
geometric design and the particular features that make this technology
unique.

In order to present this method with optimum way, my thesis includes two
parts. Part 1 introduces the theory behind Isogeometric Analysis. | will analyze
the way it works and | will explain in details IGA’s keywords, such as patch,
isogeometric element, control point, control polygon, convex hull, B-SPLine
functions (Basis Smooth Polynomial Line functions), Cox-de Boor recursion
formula, polynomial order of B-SPLines, NURBS (Non Uniform Rational Basis
SPLines), B-SPLine curve, B-SPLine surface, B-SPLine solid, knot, knot
vector, index space, parameter space, physical space. Lastly, | will describe
how refinement in IGA is carried out. In Part 2, | will present again in details
applications of this method. For every problem (static linear analysis), | have
executed parameter investigation in order to research the affection of control
points, knots and B-SPLines’ polynomial order on the results. | have solved
the same problems with classic Finite Element Method. Comparing the
results, | will come into very interesting and fundamental deductions. With
these applications | have arrived at the conclusion that IGA is simply an
expansion and powerful generalization of traditional FEA.

The proposed modeling method uses NURBS as shape functions. The
performance of the proposed modeling is demonstrated by comparing the
numerical predictions with existing experimental results in the literature,
analytic solutions and Finite Element Analysis’ corresponding results. The
results show that the proposed IGA predicts accurately the static linear elastic
behavior of structures with complex geometry achieving numerical robustness
and computational efficiency.
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EuxapioTieg

©a nBeAa va suxapioTiiow 181aiTepa Tov KaBnyntr) Tou EpyaoTtnpiou 2TaTIKAG

& Avtioeiopikwy Epguvwv kal AieuBuvtr) Tou Topéa AOPOOTATIKAG TNG ZXOARG
MoAiImkwv Mnxavikwyv Tou EBvikou Metodiou MNMoAuTexveiou kal TTIBAETTOVTO
TNG METATITUXIOKAG Mou epyaciag, K. [Mamadpakdkn MavoAn, yia Ttnv
kaBodrynon Tou, TNV TTioTn OTIC duVATOTNTEG POU, TO YEYOVOG OTI OTTOTEAEI
uTTédElyua TOOO €MMIOTAMOVA OCO Kal avOpwTiou yia Péva O pia €TToxn
EAAEIYNG UyIWV TTPOTUTTWV OAAG Kupiwg €1Teidf) n evaoxoAnon MeE TO
EMOTNUOVIKO Tou TTEdiO €DWOE vONUA OTIG OTTOUDEG MOU KAl ATTOTEAEOE
KivnTpO YIa TN OUVEXIOT TOUG.

Oa nBeAa va suxapioThow 1IB1aiTepa ToV Mpdedpo Tou I1dpupaTog Maideiag
kal EupwTtraikou MoAimiopou, K. N. Tpixa, yia Tnv euTTioTooUvn TTou €0€IEE OTO
TTPOOWTTO PoU KABwG TO 1dpupa TOU PE ETTEAECE WG UTTOTPOPO KAl UE OTHPIEE
OIKOVOUIKA KOTA TN OIAPKEI TwV METATITUXIOKWY MOU OTTOUdWV OTO
Alatunuartiké  MNpoypaupa  «AopooTaTIKOG  2ZXedIoouOG  Kal  AvaAuon
KaTtaokeuwvy. H oikovouikA gvioxuon ATav KaBopIoTIKY yia TNV atrpdOKOoTITN
EMTUXNMEVN MOU TTOPEIa, €I0IKA OE OTNV TTPWTOPAVI] TTEPIODO OIKOVOMIKNAG
Kpiong TTou BIWVEI N XWPA POG.

TéNOG, viwBw TNV avaykn va euxapioTAow Pabutata Tov adeppd Hou

Kapakitaio AAéEavOPO yia TNV NBIKN OTAPIEN KAl CUPTTapAcTacn kKad' OAn Tn
OIAPKEIA TWV OTTOUdWV HOU.
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1.

THE THEORY BEHIND
THE ISOGEOMETRIC ANALYSIS

1.1 B-SPLine

IGA uses NURBS (Non-Uniform Rational Basis SPLines) as shape functions. With this
mathematical model (commonly used in computer graphics), | can generate curves and
surfaces and handle with great flexibility and precision both analytic and freeform shapes.
NURBS are built from B-SPLines (Basis Smooth Polynomial Lines), which are described below.

In classical Finite Element Analysis (FEA), the parameter space (“reference/ parent
element”) is local to individual elements and is mapped into a single element in the physical
space. Each finite element has its own mapping from the reference element.

Figure 1.1. Parameter (1 element) and physical space (6 finite elements). (FEA)

In Isogeometric Analysis (IGA), the B-SPLine parameter space is local to the entire patch
rather than element. The B-SPLine mapping (a single map) takes a patch of multiple
elements in the parameter space into the physical space, but the mapping itself is global to
the whole patch, rather than to elements. Patches play the role of subdomains within which
element types and material models are assumed to be uniform. Many simple domains can
be represented by a single patch. Internal knots partition the patch into elements.

Figure 1.2. Parameter (6 elements) and physical space (6 isogeometric elements). (IGA)

13
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1.1.1 Knot Vector

A knot vector in one dimension is a non-decreasing coordinates’ set in the parameter
space, written:

E:{&Jl!gzﬂ"'im—m—l} (11)

where:

e & R :parametric coordinate of i knot value.

e i=1,2, .. n+tp+l: knot index. Knot values may be repeated, that is, more than one
knot may take on the same value. This fact has important implications for the basis’
properties.

e p: basis functions’ polynomial order. Alternatively, | can use polynomial constant
K=p+1.

e n: number of basis functions/ control points. | combine linearly basis functions in
order to construct B-SPLine curve.

Knots partition parameter space into isogeometric elements. Element boundaries in the
physical space are simply the images of knot lines under the B-SPLine mapping. Figure 1.2
shows a 3-D parameter space (=xHxZ) and a patch. As far as this patch is concerned, there
are 3 knots (2 spans) in the parametric axis ¢, 2 knots (1 span) in the parametric axis n and 4
knots (3 spans) in the parametric axis . These knots partition the patch into 2-1.-3=6
isogeometric elements. Every face §, n, { has correspondingly 6, 7, 5 knot lines.

There are two different views as far as the distinction between “elements” and “patches” is

concerned.

e According to Kagan et all., the patches themselves are referred to as elements. This is
not unreasonable as the parameter space is local to patches and a finite element code
must include a loop over the patches during assembly.

e Meanwhile, | choose the alternate Hughes’ view that patches are subdomains
comprised of many elements, namely the “knot spans”, because it seems more
appropriate as, in my work, numerical quadrature is carried out at the knot span level.
Furthermore, in the case of B-SPLines, the functions are piecewise polynomials where

the different “pieces” join along knot lines. In this way the functions are ¢” within an
element. Lastly, surprisingly complicated domains can be described by a single patch.
Describing such domains as being comprised of one element seems inconsistent with
the traditional notion of what an element is.

| use uniform open knot vectors, which are the standard in the CAD literature.
e Uniform knot vector means that the knots are equally spaced in the parameter
space. If they are unequally spaced, the knot vector is non-uniform.
e A knot vector is said to be open if its first and last knot values appear p+1 times. In
one dimension, basis functions formed from open knot vectors are interpolatory at

14
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the ends of the parameter space interval [, ..., §n.p:1] and at the corners of patches
in multiple dimensions, but they are not, in general, interpolatory at interior knots.
This is a distinguishing feature between IGA’s knots and FEA’s nodes. A further
consequence of open knot vectors in multiple dimensions is that the boundary of a
B-SPLine object with d parametric dimensions is itself a B-SPLine object of dimension
d-1. For example, each edge of a B-SPLine surface is itself a B-SPLine curve.

1.1.2 Basis functions

De Boor’s algorithm

In the mathematical subfield of numerical analysis, B-SPLine is a SPLine function that has
minimal support with respect to a given degree (p), smoothness and domain partition (knot
vector). B-SPLines were investigated as early as the nineteenth century by Nikolai
Lobachevsky from Kazan State University, Russia. A fundamental theorem states that every
SPLine function of a given degree, smoothness and domain partition, can be uniquely
represented as a linear combination of B-SPLines of that same degree and smoothness and
over that same partition.

The term "B-SPLine" was coined by Isaac Jacob Schoenberg and is short for basis SPLine. B-
SPLines can be evaluated in a numerically stable way by the de Boor algorithm. Simplified,
potentially faster variants of the de Boor algorithm have been created but they suffer from
comparatively lower stability.

With a knot vector and n control points in hand, the n B-SPLine basis functions are
defined recursively starting with piecewise constants (p=0). Every B-SPLine function
corresponds to a control point.

Nip & :{1 if & <E<&iy (1.2)

0 otherwise

For p=1,2,3,..., they are defined by:

E-&
Sivp —Si

§i+p+1 _E.,

E.;i+p+1 _§i+1

N;p(€) = “Njpa(8)+ “Nis1p-1(6) (1.3)

where i=1,...,n.
This is referred to as the Cox-de Boor recursion formula (Cox 1971; de Boor 1972).

It is worth mentioning that according to Fisher, the B-SPLine basis is equal to:
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Nl,K""’Nn,K

where N,y is constructed using the following recursive formula:

1 if §<E<g,

N, (§)=11 if isnandg=¢,, (1.4)
0 otherwise
‘:_E_vi §i+k _‘:
N; =——"— Nj|_ =N, 15
(&) E—E k(&) + E—Gi 1k-1(8) (1.5)

where i=1,...,,n and k=2,...,K.

K is BSPLine’s polynomial order according to Fisher. Because the denominators in the
second relation can be zero, the convention 0/0=0 is used; in other words 0x(.)=0 even if (.)
is undefined. When i=n, the second term is omitted. The connection between Fisher’s K and
Hughes’ p is given by the following mathematical relation:

K=p+1 (1.6)

Example 1

In order to produce the 6 quadratic (p=2, K=3) B-SPLine basis functions (its support is three
knot spans) for n=6 control points, | have to calculate the 6+1=7 corresponding linear B-
SPLine functions (its support is two knot spans) and the 6+2=8 constant B-SPLine functions
(its support is one knot span). | work as follows using Fisher’s K:

| calculate the open uniform knot vector =, which has n+p+1=6+2+1=9 knot values. Its first
(0) and last (4) knot values appear p+1=2+1=3 times (open knot vector). The remaining 9-
2°3=3 knot values are 1, 2, 3 (equally spaced, uniform knot vector).

=={0,0,0,1,2,3,4,4,4}
| form below the n+2=8 constant B-SPLines.

1 if (t’i s a < £i+l
N, (€)=41 if i=nand & =¢
0 otherwise

n+1

16
Karakitsios Panagiotis



Isogeometric Analysis

K=1
o Ny,(€):
e |t ifEsE<E ©02E<0=E-0
w s = 0 otherwise
o Nyi(f):
e b fEsE<g e05E<0=E-0
2 & = 0 otherwise
o N3,(€):
& _|F ifEst<g o0sE<
& = 0 otherwise
o Ng,(€):
. e |t ifesi<g olze<2
w s = 0 otherwise
® Ns,(€):
e |t ifEsi<g o2st<a
s & = 0 otherwise
o Neg.(€):
N 1 if g <E<E;, & 3<E<4
o & = 0 otherwise
® Ny4§):
N R B L
b= 0 otherwise
e Ng,(€):
N 1 if g <E<E @ 4<E<d4E=4
o & = 0 otherwise

Then, | produce the n+1=7 linear B-SPLine functions.

N« (&)= % ika(8)+ ;':k ;1 Nii1xa(8) =z,
&;_ éi EJI+2 i
N. __ 576, .
i,2 (E;) §i+1 _ E,u i 1(&) t—— E,>|+2 E,>|+1 |+1,1(E.~)
17
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L k=2
®  N,(§):
£-& & -¢ § 0- i
N, , = Ny, 21 N N 11 N N 21
2(8) - '(§)+§3—§2 €= (§)+ &=
N1,2 €)=0- Nl,l(g) +0- NZ,I(E_,) =
o Ny,(§):
_&-§, &, —¢ _§-0 -§
Nz,z(a)——is_iz N21(E_~)+a4 (23 N;, (€)= 0_ 0 21(&)"‘ 20 N, (&) =
Ny, ()= 1-& Ny, (§) =
B 1-¢ 1 if0<E<1 E+1 if 0<E<1
N“@)_{l—i .0 otherwise N.2(8) = { otherwise
®  N3,(§):
£-& &-¢ 2-&
N3, (8) = 31 41 = 31 41
O N N0 - ©+5= N, =
N,,(8) =& Ny, (&) + 2‘% 'N4,1(E,~):>
E1+ 2-¢ -0 if 0<E<1 3 if 0<&<1
32(6) =180+ 2-& -1 if 1<E<2=|Ng,(§)=1-E+2 if 1<E<2
0 otherwise 0 otherwise
o Ngyy(§):
&-&, 3-&
N, ()= 41 51 41 51
2(6) £t ©)+ §6 és 6= &)+ 32 N, (§) =
N4,2(§)— i -1 N4,1(§)+ 3‘% 'N5,1(§)2>
-1 -1+ 3-¢ -0 ifl<&<2 E-1 if1<E<2
N,,(E)=9 E-1-0+ 3-& -1 if 2<E<3=|N,,(§)=13-¢ if 2<E<3
0 otherwise 0  otherwise
e Ns,(§):
-2 if 2<&<3
Ng,()=1-E+4 if 3<E<4
0 otherwise
®  Ng(§):
-3 if3<E<4
No2 ()= { othewise
o Ny(§):
18
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+ k=3

Then, | calculate the n=6 quadratic B-SPLines functions.

EJ_E;i E)I k — i k=3
Nig(€)=—"—— Nj1()+=—Ni 1) ——>
' éi+k—1_§| hh §|+k ‘§|+l ke
E.s_E.si §|+3 %
Nis(€)=—"—"—Nj, (&) +=——"Nj;1,(%)
3 §i+2 _EJI 2 EJI+3 §|+1 2
o Nys(§):
— a_EA . §4_§ g 1- &
Nl,s(&)—as_gl N1,2(§)+§4_§2 z(i)— N, () + -0 N,,(E) =
N1,3(2)=0'N1,2(i)+ 1-¢ 'Nz,z(é):>
Nm@:{l—g C1-8 =2 2641 if 0<g<1
0 otherwise
®  Ny;(¢):
_&-§, & & _&-0 2-%,
Nz,g(‘i)—EM "y N,, (&) + Et, 3,z(§)—1_0 Nz,z(§)+2_0 N;,(§) =
2_
Ny (8) = £ Ny (B) 4 Ny (8) =
g-(1- §)+ g §=—%+2§ if 0<E<1
(6 2-¢ & .
23(6)=18-0+ 5 ~(2—§)—7—2a+2 if 1<&<2
2-§ .
-0+ 5 -0=0 otherwise
o Nys(§):
_ &8 = é 0 3-¢
N3,3(§)—§5_§3 N3,2(§)+&6_§4 42(8) = N, (&) + 3.1 N,,(&) =
_&. ;@.
N3,3(‘§)—2 Na,z(g)"' 5 N4,2(§):>
%a-ﬁ-% 0=% if 0<&<1
5. 2-& +ﬁ £-1=-¢ +3§—— if 1<£<2
N3,3(§): 2 E_, 3 ; iz 9
E-O+T- 3-¢ :?_3§+E if 2<£<3
é-0+ﬂ-0=0 otherwise
2 2

e  Similarly, I produce Ng3(€), Ns3(§) and Neg5(§).
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Figure 1.3.a. Constant Basis SPLine functions for open, uniform knot vector
=={0,0,0,1,2,3,4,4,4}.
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Figure 1.3.b. Linear Basis SPLine functions for open, uniform knot vector
=={0,0,0,1,2,3,4,4,4}.
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Figure 1.3.c. Quadratic Basis SPLine functions for open, uniform knot vector
=={0,0,0,1,2,3,4,4,4}.

For constant and linear B-SPLine functions, we have the same result as for standard
piecewise constant and linear finite element shape functions, respectively. Quadratic B-
SPLine basis functions, however, differ from their FEA counterparts. They are each identical,
but shifted relative to each other, whereas the shape of a quadratic finite element function
depends on whether it corresponds to an internal node or an end node. This
“homogeneous” pattern continues for the B-SPLines as we continue to higher-orders.
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Important Features

#+ The basis constitutes a partition of unity, that is, for every &:

Z N;,(§) =1 (1.7)

#+ Each basis function is pointwise nonnegative over the entire domain, that is, for
every £:

N;,(€)=0 (1.8)

+ One of the most distinctive features of isogeometric analysis, which has many
extremely important implications for SPLines’ use as a basis for analysis, is that each
pth order function has p-1 continuous derivatives across element boundaries (i.e.
across knots).

+ The support of B-SPLine functions of order p is always p+1 knot spans. As a
consequence, higher-order functions have support over much larger portions of the
domain than do classical FEA functions. It is important to mention that this
increasing support of the functions leads to increased skyline and not bandwidth in a
numerical method.

(a) Standard cubic finite element basis functions with equally spaced nodes

KESEEEEELLLL

(b) Cubic B-spline basis functions with equally spaced knots

Figure 1.4. Bandwidth comparison for FEA and B-SPLine functions.
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The total number of functions that any given function shares support with (including itself)
is 2p+1 regardless of whether we are using an FEA basis or B-SPLines. We can observe that in
Figure 1.4, which depicts cubic shape functions for both FEA and IGA. Regardless of whether
| use the C° FEA cubics or the C* B-SPLine cubics, the bandwidth of the resulting matrices will
be 2p+1=7. In each case, the function in black has overlapping support with each of the six
functions in red, as well as with itself.

Continuity

An essential B-SPLine’s feature is that a B-SPLine of order p is interpolatory at the ends of
the interval and at those interior knots which repeat themselves p times.

With the following non-uniform knot vector in hand,
E={§1, &2' E3I E4I ESI &6' &71 ESI EQI glOI Ell}z{ololol112I314I4151515}
Figure 1.5 presents the corresponding 8 quadratic basis SPLine functions.

It is worth underlining that the use of a non-uniform knot vector allows us to obtain much
richer behavior than is possible with a simple uniform one

IRV, N,

0O 1 2 3 4.4 5

Figure 1.5. Quadratic basis functions for open, non-uniform knot vector
=={0,0,0,1,2,3,4,4,5,5,5}.

As far as Figure’s 1.5 basis functions, they are interpolatory at the ends of the interval and
also at €=4, the location of a twice repeated knot. At this repeated knot, only C’-continuity is
attained. Elsewhere, the functions are C*-continuous.

In general, basis functions of order p have p-m; continuous derivatives across knot ¢, where
m; is knot values’ & multiplicity in the knot vector. When the multiplicity of a knot value is
exactly p, the basis is interpolatory at that knot. When the multiplicity is p+1, the basis
becomes discontinuous and the patch boundary is formed.
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This relationship between continuity and the multiplicity of the knots is even more
apparent in Figure 1.6, in which we have a fourth order curve with differing levels of
continuity at every element boundary.

0,0,0,0,0 B 7 2,2 3,3,3 4,4,4,4 5,5,5,5,5

Figure 1.6. Quadratic (p=4) basis functions for an open, non-uniform knot vector
=={0,0,0,0,0,1,2,2,3,3,3,4,4,4,4,5,5,5,5,5}.

At the first internal element boundary, ¢&=1, the knot value appears only once in the knot
vector and so we have the maximum level of continuity possible: C*'=C’. At each
subsequent internal knot value, the multiplicity is increased by one and so the number of
continuous derivatives is decreased by one. Note, as before, that when a knot value is
repeated p times, in this case at £=4, the C° basis is interpolatory. The basis is also
interpolatory at the boundary of the domain, where the open knot vector demands that the
first and last knot value be repeated p+1 times. The result is C* continuity, that is, the basis
is fully discontinuous, naturally terminating the domain.

Observe that increasing the multiplicities of the knot values seems to have decreased the
support of some of the functions. This is not a contradiction with the trend we observed
previously as the support of each function N still begins at knot § and ends at §;,,.:. That is,
the support of each function is still p+1 knot spans, but some of those knot spans have zero
measure due to the repetition of knot values. Surprisingly, none of this has any effect on the
bandwidth.

The continuity across an interior element boundary is a direct result of the polynomial
order and the multiplicity of the corresponding knot value.
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1.1.3 B-SPLine Geometry

B-SPLine Curve

In the computer science subfields of computer-aided design and computer graphics, the
term B-SPLine frequently refers to a SPLine curve parameterized by SPLine functions that are
expressed as linear combinations of B-splines (in the mathematical sense above). A B-SPLine
is simply a generalization of a Bézier curve and it can avoid the Runge phenomenon without
increasing the degree of the B-SPLine

B-SPLine curves in R® are constructed by taking a linear combination of B-SPLine basis
functions, just as in classical FEA. The vector-valued coefficients of the basis functions are
referred to as control points. That is why the number of control points is equal to the
number of basis functions. These are analogous to nodal coordinates in finite element
analysis in that they are the coefficients of the basis functions, but the non-interpolatory
nature of the basis does not lead to a concrete interpretation of the control point values.

Given n basis functions N;, (i=1,...,n) and corresponding control points B;eR® (i=1,...,n), a
piecewise-polynomial B-SPLine curve is given by:

CO=-Y N, @B (1.9

Note that the index i in B; serves to identify the control point and is not a reference to one
of its d components. Piecewise linear interpolation of the control points gives the so-called
control polygon.

B-SPLine curve has many important properties, that follow directly from the properties of
their corresponding basis functions. | describe them as follows:

e B-SPLine curve of degree p has p-1 continuous derivatives in the absence of
repeated knots or control points. In general, a curve will have at least as many
continuous derivatives across an element boundary as its basis functions have across
the corresponding knot value.

e B-SPLine curve inherits from its basis locality. Due to the compact support of the B-
SPLine basis functions, moving a single control point can affect the geometry of no
more than p+1 elements of the curve.

e B-SPLines obey a strong convex hull property. The non-negativity and partition of
basis’ unity properties, combined with functions’ compact support, lead to the fact
that a B-SPLine curve is completely contained within the convex hull defined by its
control points. Convex hull of a curve of degree p is defined as the union of all of the
convex hulls formed by p+1 successive control points.
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Figure 1.7.a presents convex hulls for p=1 through p=5 for a given set of control points.
Note, in particular, that the convex hull for a piecewise linear curve is just the control
polygon itself. Figure 1.7.b shows the corresponding curves that we obtain by pairing these
control points with the different bases. As the polynomial order increases, the curves
become smoother and the effect of each individual control point is diminished.

We have 9 control points. Control Points 1 is the extreme left one. For a curve of degree p,
in order to construct the convex hulls, | connect every control point with the p following
control points. For Figure 1.7.a, | connect with linear lines the following control points:

p=1 p=2 p=5
CP1 — CP2| |CP1 — CP2 CP3 CP1 — CP.2,CP.3, CP.4, CP5 CP.6
CP2 — CP3| |CP2 — CP3 CP4 CP.2 —» CP.3, CP.4, CP5 CP.6 CP.7
CP7 — CPB8| |[CP7 — CP8 CP9 CP7 - CP.8, CP.9
CP8 — CP9| |CP8 — C.P.9 CP8 — CP.9

Figure 1.7. (a) Convex hulls for p=1 through p=5. (b) B-SPLine curves for p=1 through p=5.

Example 2

Considering the following open non-uniform knot vector:
Ez{ololol1I21314I4151515}

the corresponding quadratic B-SPLine functions are shown in Figure 1.7.
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RE N
N. 3.2 42N,
22 5.2

0 1 2 3 4.4 5

Figure 1.7. Quadratic basis functions for open, non-uniform knot vector
=={0,0,0,1,2,3,4,4,5,5,5}.

The number of knot values is equal to:
n+p+1=11
The basis functions are quadratic, so the polynomial order is equal to 2.

nN+p+1=11=>n+2+1=11=>n=8

The control points are eight, as we can see in Figure 1.8.a.

Figure 1.8.a presents the resulting quadratic B-SPLine curve (blue curve), the 8 control
points (red circles, ®) and the corresponding control polygon (gray piecewise polynomial
line) (physical space). Figure 1.8.b depicts the 6 knots (red squares, M), which partition
BSPLine curve into 5 isogeometric elements (1D knot spans) (mesh of isogeometric
elements) (physical space).

We can observe that the curve is interpolatory at the first and last control points, as it is
built from an open knot vector (general feature), and at the sixth control point due to the
fact that the multiplicity of the knot £€=4 is equal to the polynomial order. The curve is also
tangent to the control polygon at the first, last and sixth control point. The curve is C*'=C'-
continuous everywhere except at the location of the repeated knot, £=4, where it is C*?=C’-
continuous. It is very important to mention for another time that it is the knots, mapped into
the physical space, and not the control points that partition the curve into isogeometric
elements and define the mesh of isogeometric elements.

N

(a) Curve and control points (b) Curve and mesh denoted by knot locations

Figure 1.8. B-SPLine, piecewise quadratic curve in R%.

28
Karakitsios Panagiotis



Isogeometric Analysis

B-SPLine Surfaces

Given:
e acontrol net {B;;} where i=1,2,..,n and j=1,2,....m,

e polynomial orders p and g and

e knot vectors =={§,,§,,...,§npe1} @and H={N1,Np, . Nimeger}

a tensor product B-SPLine surface is defined by:

S & ZZZNi,p 2 Mj,q n Bi,j (1.10)

i=1 j=1
where N;,(§), M, 4(n) are univariate B-SPLine basis functions of order p and q, corresponding
to knot vectors = and H, respectively.

B-SPLine surface has very interesting properties, which are the result of its tensor product
nature.

e The basis is pointwise nonnegative and forms a partition of unity as

v &!n €[§1-§n+p+1:lxl:n1!§m+q+l:| (1-11)

| have that:

ZZNi,p g Mj,q n :[ZNi,p gJ[le]q n le (1.12)
IE

i=1 j=1 i=1

e The number of continuous partial derivatives in a given parametric direction may be
determined from the associated one-dimensional knot vector and polynomial order.

e The surface again possesses the property of affine vocariance and has a strong
convex hull property.

e The local support of the basis functions also follows directly from the 1D functions
that produce them. The support of a given bivariate function:

|ili,j;p,q € =Njp & Mjgn (1.13)

is exactly:

[E,vi | ‘ii+p+1:| X [nj ’ ‘:j+q+1} '
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Example 3

Let us consider a specific example:
e of a biquadratic (p=g=2) surface formed from
e n=4 (control points in parametric axis £) and
e m=3 (control points in parametric axis n).

Figure 1.9 gives us 2D control points’ coordinates.

i J B,
1 1 (0,0)
1 2 (-1.0)
1 3 (—2,0)
2 1 (0, 1)
2 2 (-1.2)
2 3 (—-2,2)
3 1 (1,1.5)
3 2 (1.4
3 3 (1,5
4 1 (3. 1.5
4 2 (3.4
4 3 (3,5

Figure 1.9. Control points
for the biquadratic B-SPLine surface.

For parametric axis €, | have that:
e p=2 and n=4 = n+p+1=4+2+1=7 knot values, which produces knot vector
=={-1,-1,-1,0,1,1,1}.

For parametric axis n, | have that:
e =2 and m=3 - m+qg+1=3+2+1=6 knot values, which produces knot vector

H={-1,-1,-1,1,1,1}.

Figure 1.10 depicts the resulting control net and mesh of 2 isogeometric elements.

Control net Mesh

Figure 1.10. The control net and mesh for the biquadratic B-SPLine surface with
=={-1,-1,-1,0,1,1,1} and H={-1,-1,-1,1,1,1}.
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The three ways of viewing a B-SPLine are:
+ Index Space

Figure 1.11.a shows the support of two biquadratic basis functions, which are Nl,l;z,z &n
and N3,2;2’2 &M inindex space. The support of N1,1;2,2 EM  [€1,&]x[N1,N4] is shown in red,

while the support of N3’2;2,2 &N &,&Ix[n2,Ns is in blue. The region in which they overlap is

purple.

By equally spacing each of the knots in the plot, | can see exactly which knot spans each of
the functions are supported in, including where they overlap. Such a viewpoint is very useful
when developing algorithms.

505 & & & & &

Figure 1.11.a. Index Space. The support of N;,,, &n & Nj,,, &n and their overlapping.

Figure 1.12.a shows the two isogeometric elements in index space.

-1 -1 4 -0.50 +1 +1 +1
(ne)

(ns)
(na)
(n3)
(n2)

(n1)
(ne)
(ns)
(n4)

'
-

(n3)

'
-

(n2)

'
-

(n1)
(ne)

- -

(ns)

-

(n4)

0
-

(n3)

(n2)
) - PR

@) @2 () ()  (5) () (37)

'
- -

Figure 1.12.a. Index Space. The support of isogeometric element 1 & 2.
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4 Parameter space

Figure 1.11.b shows the support of two biquadratic basis functions, which are N1,1;2,2 &n
and N3,2;2’2 &M in parameter space. The support of Nl,1;2.2 EM  [€,&]x[N1,N4] is shown in

red, while the support of N3'2;2’2 &M  [&,8]x[N2Ns] is in blue. The region in which they

overlap is purple. | only have two nontrivial elements (elements with positive measure), and
therefore only two elements in which calculations need to be performed during analysis.

Function N3’2;2,2 &M has support in both of these elements, while N1,1;2,2 &mn s only

supported in the leftmost element.
Parameter space takes into account the actual knot values.

n=n=1

85,7570 §=05 &5
(b) Parameter space
Figure 1.11.b. Parameter Space. N3,2;2,2 &, issupported in both elements, while
N1,1;2,2 &M is only supported in one.

Figure 1.12.b shows the two isogeometric elements in parameter space. We can see knots
as cyan knots.

(n2)
(n2)

(n1)
(n1)

(€1) (52) (£3)

Figure 1.12.b. Parameter Space. Mesh of Isogeometric Elements.
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<+ Physical space

Figure 1.11.c shows the support of two biquadratic basis functions, which are N1,1;2,2 &
and N3,2;2,2 &M in physical space. The support of N1,1;2,2 &M [§,€0x[N1,N4] is shown in
red, while the support of N3,2;2,2 &N [£,8]x[N2,Ns] is in blue. The region in which they
overlap is purple. Function N3’2;2’2 &,M has support in both of these elements, while

N1,1;2,2 € is only supported in the leftmost element. This figure makes it clear which

portions of the actual domain are influenced by each of the basis functions.

3.5)

(3,1.5)

(-2,0) (0,0)

(c) Physical space

Figure 1.11.c. Physical Space. Again, N3,2;272 &M is supported in both elements, while

Nl,l;Z,Z €,n is only supported in one.

Figure 1.12.c shows the two isogeometric elements in physical space. Element 1 has purple
color, while element 2 is blue.

(3.5)

(3,1.5)

(-2,0) (0,0)

(c) Physical space

Figure 1.12.c. Physical Space. Mesh of Isogeometric Elements.
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Figure 1.13 has plotted the actual functions themselves in the physical space. N1,1;2,2 &n
takes on positive values on two of the edges and it is interpolatory in the corner.

Alternatively, N3’2;2’2 &, isidentically zero on all of the edges.

‘A I ‘
Maas@.m) Myana@.y
1 1
1 = 1
L e T 0 e ©

Figure 1.13. Biquadratic functions N1,1;2.2 &n and N3,2;2,2 E,n plotted in the physical

space, from two different angles.

B-SPLine Solids

Given:
e acontrol lattice {B;;} where i=1,2,...,n, j=1,2,..,m and k=1,2,...,|
e polynomial ordersp,gandr
o knot vectors Z={§;,&y,...,§nprals H={N1, N2, Nensqea} AN Z={T0, o, o, Qoraa}

a tensor product B-SPLine solid is defined by:

n m |
SEMNE =22 > Nip € Mjg n Ly, By (1.14)

i=1 j=1 k=1

where N (§), M;q(n), L(Q) are univariate B-SPLine basis functions of order p, q and r,
corresponding to knot vectors =, H and Z, respectively.

The properties of a B-SPLine solid like the one shown in Figure 1.14 are trivariate
generalizations of those for B-SPLine surfaces.

Figure 1.14. A simple B-SPLine solid.
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1.1.4 Refinement

One of the most interesting aspects of B-SPLines is the myriad of ways in which the basis
may be enriched while leaving the underlying geometry and its parameterization intact. To
fully recognize the many possibilities, it is important first to understand the subtle ways in
which the basic mechanisms of B-SPLine refinement differ from their finite element
counterparts. These differences lead to more richness in the overall refinement space. In
particular, not only do | have control over the element size and the order of the basis, but |
can also control the continuity of the basis as well.

Below, I will analyze two different types of refinement, which are:

e Knot Insertion
e Order Elevation.

Knot insertion

The first mechanism by which one can enrich the basis is knot insertion. Knots may be
inserted without changing a curve geometrically or parametrically. Given a knot vector

[1]

= gl,gz,...,gmpﬂ , | introduce the notion of an extended knot vector

(11l

= & =8,&, Enimipss =Gnspus + SUch that EcE. As before, the new n+m basis

functions are formed by (1.2) and (1.3), now by applying them to the new knot vector E.

- = = T
The new n+m control points, B= B;,B,,....B,,, , are formed form linear combinations of

the original control points, B= B,,B,,...,B, T , by

B-T°.B (1.15)
where
Ti?:{l Eie[éi'g-«*]+1) (1.16)
0 otherwise
and
Tq+1:m.T9+M-Tq forq=0,1,2,...p-1 (1.17)

ij i ij+1
! §j+q - aj ) §j+q+l - E.>j+1 !

Knot values already present in the knot vector may be repeated in this way, thereby
increasing their multiplicity, but the continuity of the basis will be reduced. However,
continuity of the curve is preserved by choosing the control points as in the three previous
equations.
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Example 4

Figure 1.15 depicts an example of knot insertion for a simple, one-element, quadratic B-
SPLine curve.

==10,0,0,1,1,1} ==10,0,0..5,1.1,1}
1t 1
0.8 0.8¢
0.6r 0.6f
0.4f 0.4} \
0.2 0.2
0l 0
0 1
Original curve and control points Refined curve and control points
1 1
0.8F 0.8F
0.6| 0.6}
04 04f
0.2f 0.2
0l 0
0 1 0 1
Original one element mesh Refined two element mesh
1 1
0.8 0.8
0.6 0.6
0.4 0.4F
0.2 0.2
( 0
0 1 0 1
Original basis functions New basis functions

Figure 1.15. Knot insertion. Control points are denoted by . The knots, which define a
mesh by partitioning the curve into elements, are denoted by m.

The knot vector of the original curve is:

= 000111

The control points, mesh and basis functions of the unrefined curve are shown on the left.
A new knot is inserted at:
£=05
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The new curve, shown on the right, is geometrically and parametrically, identical to the
original curve, but:
e the control points are changed
e the mesh is partitioned and
e the basisisricher.

There is one more control point, one more element and one more basis function than in
the unrefined case. This process may be repeated to enrich the solution space by adding
more basis functions of the same order while leaving the curve unchanged. Figure 1.16
shows the more advanced case of a global refinement of the curve form Figure 1.15.

==10.0,0,1,2,3.4,4,5,5,5) 2=10,0,0,.51,1572,2.5,
3,3.5.4.4,4.5,5,5,5)
[ 2

Original curve and control points Refined curve and control points

Original five element mesh Refined ten element mesh

1
WM
0 0 > - - < .

0,00 1 2 3 1.4 555 0.00 0.5 1 15 2 25 3 35 44 45 555

Original basis functions New basis functions

Figure 1.16. Knot insertion. Control points are denoted by . The knots, which define a
mesh by partitioning the curve into elements, are denoted by m.

Insertion of new knot values clearly has similarities with the classical h-refinement strategy
in finite element analysis as it splits existing elements into new ones. It differs, however,:
e inthe number of new functions that are created, as well as
e inthe basis’ continuity across newly created element boundaries (C,.; in this case).

To perfectly replicate h-refinement, one would need to insert each of the new knot values
p times so that the functions will be C° across the new boundary. The alternative to insert
new knot values — increasing the multiplicity of existing knot values to decrease the
continuity of the basis without creating new element — does not have an analogue in FEA, as
FEA meshes have C° element boundaries to begin with. In this way, knot insetion is very
closely related, but not identical to h-redinement.
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Order Elevation

Order elevation involves raising the polynomial order of the basis functions used to
represent the geometry. The basis has p-m; continuous derivatives across element
boundaries. Thus, if | increase basis’ polynomial order p and | want to preserve the
discontinuities in the various derivatives already existing in the original curve, m; will be also
increased. During order elevation, the multiplicity of each knot value is increased by one, but
no new knot values are added. As with knot insertion, neither the geometry nor the
parameterization are changed.

Example 5

Figure 1.17 depicts an example of order elevation for a simple, one-element, quadratic B-
SPLine curve.

=Z=1{0,0,0,1,1,1} =={0,0,0,0,1,1,1,1}

1 ] 1
0.8 0.8
| L
0.6 0.6
0.4 0.4
0.2 0.2
0 0
0 ] 0 ]
Original curve and control points Refined curve and control points
1 1
0.8} 0.8}
0.6 0.6
0.4 04
0.2 0.2
0 0
0 0 1

Original one element mesh Refined one element mesh

0.8¢

0.6}

0.4}

Original basis functions New basis functions

Figure 1.17. Order elevation. Control points are denoted by ¢ . The knots, which define a
mesh by partitioning the curve into elements, are denoted by m.
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The knot vector of the original curve is:

== 000111

The control points, mesh and basis functions of the unrefined curve are shown on the left.

This time, no new knot values are added, but the multiplicity of the knots is increased by

one.
The new curve, shown on the right, is geometrically and parametrically, identical to the

original curve, but:
e the control points are changed (increased by one) and
the basis is richer. The basis functions’ number increased by one.

[ )
It is important to mention that despite the fact that there is one more control point and
one more basis function than in the unrefined case, the mesh wasn’t changed. The number

of isogeometric elements still remains equal to one.
This process may be repeated to enrich the solution space by adding more basis functions
of the same order while leaving the curve unchanged. Figure 1.18 shows the more advanced

case of a global refinement of the curve form Figure 1.17.

==10,0,0,0,1,1,2,2,
3,3,4,4,4,5,5,5,5}

e

£=1{0,0,0,1,2,3,4,4,5,5,5}

X—JI
Refined curve and control points

Original curve and control points

Refined five element mesh

Original five element mesh
1

2,2 3.3 444

4.4 5,
New basis functions

O "
0,0,0 1 2 3
Original basis functions

Figure 1.18. Order Elevation. Control points are denoted by . The knots, which define a
mesh by partitioning the curve into elements, are denoted by m.
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Order elevation clearly has similarities with the classical p-refinement strategy in finite
element analysis as it increases the polynomial order of the basis. The major difference is
that p-refinement always begins with a basis that is C° everywhere, while order elevation is
compatible with any combination of continuities that exist in the unrefined B-SPLine mesh.
This flexibility leads to a new higher-order technique that is unique to IGA.
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1.2 NURBS

1.2.1 NURBS Basis Functions

NURBS is a Non-Uniform Rational Basis SPLine. IGA uses NURBS (Non-Uniform Rational
Basis SPLines) as shape functions. With this mathematical model (commonly used in
computer graphics), | can generate curves and surfaces and handle with great flexibility and
precision both analytic and freeform shapes. NURBS are built from B-SPLines (Basis Smooth
Polynomial Lines). Using NURBS, | gain the ability to represent exactly a wide array of objects
that cannot be exactly represented by polynomials and non-rational B-SPLines. They are
invaluable in designing meshes, proving theorems and a large range of other activities
related to IGA.

| get the control points B; for the NURBS curve C(Z;) by performing exactly the same
projective transformation to the (projective) control points B} of the B-SPLine (projective)

curve C% (&) With a projective B-SPLine curve and its associated projective control points

in hand, The NURBS curve’s control points are obtained by the following relations:

B").
(Bi);=—— withj=1,...d (1.18.a)

w; =(B}" )M (1.28.b)

where (B)); is the ™" component of the vector B; and w; is referred to as the i weight.

Considering the weighting function

W(g)=> {Nip(&) wi (1.39)

where N; ,(§) is the standard B-SPLine basis function,

the NURBS curve is defined by the following equation:

C"(¢)].
()], JW—E;}J where j=1,...,d (1.20)
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As C"(&) and W(E) are both piecewise polynomial functions, the curve C(&) is a

piecewise rational function, which within an element is a polynomial divided by another
polynomial. In the NURBS setting, the two polynomials have the same order, frequently
called as the order of the NURBS curve. In fact, it is the order of the B-SPLine from which ita
was generated.

To achieve an affine transformation of a NURBS object, | apply the affine transformation

directly to its control points while leaving the weights fixed. Though each weight is
associated with a specific control point, it is important that we do not think of it as a
component of the control point. This is an easy mistake to make.

Part of the B-SPLines’ power is the ability to change their shape by adjusting the control
points. It is important to manipulate NURBS in exactly the same way. For this purpose, | will
construct a basis for the NURBS space from knot vectors, in order to built curves, surfaces
and solids from linear combinations of basis functions and control points.

n

The weighting function W/(&) =Z{Ni’p (&)-Wi} is a scalar, piecewise polynomial function
i=1

for the d+1 component of the projective curve. From the geometric point of view, it is used

“1into R%. From the algebraic point of view, it is used to

to project a B-SPLine curve from R
construct a basis for the NURBS space directly in order to build geometries and meshes in R*
while does not care about the projective geometry. This NURBS basis is a piecewise rational

function and is equal to:

RP()=— i hp\s) i (1.21)

where:
e pisthe polynomial order and
e i=1,..,n where nis the number of control points.

Combining NURBS basis functions (equation 1.21) with control points, | can produce the
NURBS curve equal to:

n

C(g)=X.{RP(2)-B;} (1.22)

i=1l

NURBS Surfaces are defined in terms of rational basis functions. The corresponding relation
is the following.

Nip (&) Mjq(n) Wi

R (Em) =+ : (1.23)
Z;;Ni,p(ﬁ)"\"j,q (M) w;
1=l J=
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NURBS Solids are defined in terms of rational basis functions. The corresponding relation is
the following.

Rip,’fkr (ﬁ,n,C) - — mNi,Ip (é) Miq (11) Ly, (C) Wi jk (1.24)

2.2 2 Nip(8) Mg (n) Ly, (8)- Wi j

i=1 j=1 k=1

These rational basis functions bear much in common with their polynomial progenitors.
Particularly, the continuity of the functions, as well as their support, follows directly from
the knot vectors exactly as before. The basis still constitutes a partition of unity and it is
pointwise nonnegative. These properties taken together again result in a strong convex hull
property for the NURBS functions.

Lastly, it is worth mentioning that the weights play an important role in defining the basis,
but they are divorced from any explicit geometric interpretation in this setting. So, | am free

to choose control points independently from their associated weights.

If the weights are all equal, then:
RP(&)=Nip(8)

and the curve is again a polynomial. That i why B-SPLines are a special case of NURBS.
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1.2.2 Derivatives of NURBS Basis Functions

| can calculate the derivatives of NURBS basis functions using the following equation.

(ANip(8) _dw(g)

dRF(i):Wi.W(é) dg & el (1.25)
de (W(g))
where
aw(g) & [dN,(8)
dé ):é{ " 'Wi} (1.26)

| can calculate higher-order derivatives of these rational functions in terms of lower-order
derivatives as:

stio-3[ 4w < SO

d¥RrP 2 ]
dé.k(&): B w(e) é (1.27)
where

k deip(g)
A(E)=w dg"‘ (1.28)

d“w

k k!
(J] (k- J)! (1.30)
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1.3 Multiple Patches

In Isogeometric Analysis (IGA), the B-SPLine parameter space is local to the entire patch

rather than element. The B-SPLine mapping (a single map) takes a patch of multiple

elements in the parameter space into the physical space, but the mapping itself is global to

the whole patch, rather than to elements.

Patches play the role of subdomains within which element types and material models are

assumed to be uniform. Many simple domains can be represented by a single patch. Internal

knots partition the patch into elements.

Figure 1.19 depicts a 3D patch, which consists of 6 isogeometric elements.

¢
{

v

Ly

Figure 1.19. Parameter (6 elements) and physical space (6 isogeometric elements). (IGA)

It is almost the case to describe domains with multiple NURBS patches. | have to use

multiple patches when:

>

>

different material models are to be used in different parts of the domain.

different physical models are to be used in different parts of the domain.

different subdomains are to be assembled in parallel on a multiple processor
machine.

problem’s geometry is complex. The tensor product structure of the parameter
space of a patch makes it poorly suited for representing complex and multiply
connected domains. Such geometries can be handled quite simply by using multiple
patches.
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Figure 1.20. Structure (on left) and its isogeometric element mesh (on right).
Physical Space.

Figure 1.20 shows the initial structure, which has not quite simple geometry, on the left
and the corresponding finite element mesh on the right. We see the physical space. Mesh
contains totally 5 patches. Patch boundaries are shown in red. The four of them have
identical features and contain 4 3D isogeometric elements each. The different fifth patch
consists of two isogeometric elements. Element boundaries are shown in black.

(a) (b) (c) (d)
Figure 1.21. Flow in a patient-specific abdominal aorta with aneurysm.

Abdominal aortic aneurysm (also known as AAA, pronounced "triple-a") is a localized
dilatation (ballooning) of the abdominal aorta exceeding the normal diameter by more than
50 percent, and is the most common form of aortic aneurysm. It is a very complicated
simulation problem due to its complex geometry. Figure 1.21.a shows real problem, while
Figure 1.21.b the corresponding imaging data. The skeleton of the NURBS mesh is depicted
at Figure 1.21.c. Lastly, we can see the NURBS mesh. We can observe 15 different patches.
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1.4 NURBS Mesh Generation

NURBS mesh generation includes the following steps:
1. Basic Features’ Selection.
2. Polynomial Orders’ Selection.
3. Knot Vectors’ Selection.
4. Control Points’ Selection.

1.4.1 Basic Features’ Selection

In order to generate a NURBS mesh, it is strongly recommended to define at first the
following major features:

1. Corners and other points to be interpolated.

Corners are a natural place to begin as the parameter space is a cube. There is no
loss of generality in assuming it to be a cube, because dividing an entire knot vector
by a constant does not change the resulting geometry in any way at all. That is why
the knot vectors may be always normalized such that the parameter space is the
unit cube. As | use open knot vectors, the basis should interpolate the corners. By
indentifying them, | can find quickly and easily a few control points.

2. Edges and other lines of reduced continuity.
The next thing to look for is any place where the continuity is obviously decreased.
The most obvious thing would be a crease in the geometry, as for example a sharp
edge other than the image of one of the edges of the parametric cube.

3. Geometric primitives and lower-dimensional NURBS objects.

The third step is to identify simple objects that | already know how to construct.
There might be templates for these geometrical primitives, such as polynomials or
conic sections. As | use open knot vector, each face of the NURBS patch will actually
be a NURBS surface and each edge of those surfaces is a NURBS curve. Thus, | can be
on the lookout for 1D objects that | may already know how to model.

4. Extrusions, surfaces of revolution, symmetries or other tensor-product-like
features.

The last step is to look for places in which a NURBS curve or surface has been swept
along a patch defined by another NURBS curve. Such extrusions are very common in
engineering design and identifying them makes the job of modeling much easier by
effectively reducing a 3D problem into two problems of lower dimension.
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1.4.2 Polynomial Orders’ Selection

The first thing to determine is what polynomial orders will be needed. In general, a basis
principle is to use the lowest polynomial order possible in each of the parametric directions.
Analysis may frequently demand higher orders than geometric design, but it is best to work
with the lowest order possible during design. For example, higher-order functions may be
needed to avoid locking in structural analysis.

1.4.3 Knot Vectors’ Selection

In order to select the knot vectors, | have to decide how many elements are necessary and
what level of continuity is required across each element boundary. For most case, integer
knot values are perfectly sufficient. If a knot vector in [0,1] is preferable for some reason, |
may proceed by assigning integer values and simply divide by the greatest value once | am
finished. This has no bearing on the resulting geometry.

1.4.4 Control Points’ Selection

Only when | have selected:
e basic features
e polynomial orders and
e knot vectors
| am in the position to assign the actual control points.

The easiest place to start is normally the corners of an object as they will be interpolated. If
have to simulate a 3D structure, | will take into consideration that solid geometry is an
extrusion formed by a NURBS surface being swept along a NURBS curve. So, | can start by
using the template to construct the surface to be extruded.
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1.5 Comparison between IGA and FEA

1.5.1 Code Architecture
For comparison purposes, | will present at first the architecture of a classical FEA code.
The following Figure depicts the flowchart of a classical finite element code. Such a code

can be converted to a single-patch isogeometric analysis code by replacing the routines
sown in green.

v

Loop through elements >€———

Y
Ke=0 and F==0

Read input
data

Loop through quadrature
Build connectivities and allocate < P pgintqs <
global arrays
A
Evaluate basis functions

K=0 and F=0 and derivatives

| .

Add contributions to
K¢ and Fe

v

Solve Kd=F

Write Assem t::leE K:—=K
output data and F*—=F

Figure 1.22. Flowchart of a classical FEA code.

The program begins with the data defining the boundary value problem, the mesh, and all
of the geometrical data being read from files. Once these data have been read, the
connectivity information can be generated (though sometimes this will be read in from an
external file as well) and the memory is allocated for all of the major global arrays, which are
subsequently initialized to zero. Once these pre-processing steps are completed, assembly of
the system begins.
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There is a loop through all of the elements in the mesh. Within each element, the element
stiffness matrix and element force vector are initialized and then the code enters a loop
through the quadrature points.

At each quadrature point, a routine is called that will evaluate all of the basis functions and
any necessary derivatives. It is helpful to think of this routine as a black box. If | know the
number of local basis functions, it is not important what those functions are or how they are
evaluated. It is only important that | have a routine from which | can obtain those values
when they are needed. With these values in hand, | proceed to build the local stiffness
matrix and force vector.

After | have been through each quadrature point and fully assembled the local arrays, | use
the connectivity information to add their contributions to the global stiffness matrix and
force vector, and then move on to the next element.

After all of the elements are assembled, the global arrays are complete. | solve then the
system and write the result to a file (postprocess).

To convert an existing file element code to a single-patch isogeometric analysis code, the
only portions of the code that require modification are the ones shown in green in Figure
1.22. The input will change as the file format will depend on the specific element technology
being used. The precise forms of the connectivity arrays and the global matrices also depend
on the basis. The structured nature of the NURBS mesh means that these arrays can be
calculated automatically from the knot vectors and polynomial orders. Next, the “black box”
that evaluated the basis functions must be updated to evaluate the NURBS functions. The
type of information about the basis that it provides to the routine that calls it is exactly the
same, but that information should now correspond to the NURBS basis. Lastly, the output
must be written and the format of that output will be specific to the NURBS basis.

—— Element group or substructure

— Patch loop

I: Element loop

Figure 1.23. Program architecture of the assembly algorithm
in IGA.

The patch loop does not have a direct analog in finite element analysis, although it might
be considered analogous to a macro-element loop. If each patch consists of a single
element, | have the assembly algorithm that is standard in FEA.

Figure 1.24 depicts the flowchart of a multi-patch IGA code. The routines in green
represent differences from the single-patch code.
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Loop through patches
Read patch
input data

Loop through elements
on the current patch

K==0 and F*=0

Loop through quadrature
points

Evaluate basis functions
and derivatives

v

Add contributions to
K*= and F*

Solve Kd=F %

Assemble K*—K
Write and F*—=F

output data
?

Figure 1.24. Flowchart of a multi-patch IGA code.

Read glabal
input data

Build connectivities and allocate
global arrays

K=0 and F=0

A multi-patch IGA code can be made to conform to flowchart in Figure 1.22. In practice,
however, it makes more sense to consider the slight modification shown in Figure 1.24. In
this case, | begin by inputting enough global information to build the global connectivities.
This information includes the polynomial orders and the knot vectors for each of the
patches, but it does not require the control points. | can save time and memory by not
reading the control points until they are needed. Again, the knot vectors and polynomial
orders are all that is required. Global arrays are allocated and initialized as before.

At this point the code enters a loop through the patches. The reason for making this loop
explicit is that the control points defining the geometry are relevant to only a patch at a
time. | can input this information within the loop, relating only the information relevant to
the patch | am currently working with. | now loop through the elements on the current
patch. Everything then proceeds exactly as before until after the global system is solved.
Lastly, the output is written to files, typically in a format that makes it easy to identify
control variables with the patch that they correspond to and so this routine will be specific
to the multiple-patch setting.

The only other potential source of complexity is if local refinement is to be applied. This can
either be implemented during assembly or within the solver. In either case, modifications of
the appropriate routine will be required.
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1.5.2 Similarities and Differences

Similarities

Isogeometric Analysis and classical Finite Element Analysis appear many similarities. These
similarities are the followings.

e Isoparametric concept.

e Galerkin’s method.

e Code architecture.

e Compactly supported basis.
e Bandwidth of matrices.

e Partition of unity.

e Affine covariance.

e Patch tests are satisfied.

Differences

Isogeometric Analysis and classical Finite Element Analysis appear many differences as well.
These differences are described below.

e Geometry.

> IGA. Exact Geometry.
IGA employs the exact geometry at all levels of discretization. This geometric
exactness not only affects the accuracy of computed solutions, but even the
analysis process as a whole as refinement requires no external description of
the geometry.

> FEA. Approximate Geometry.
FEA uses piecewise polynomial approximations, even for such common objects
as conic sections.

e Points.
> IGA. Control points.
> FEA. Nodal points.
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Variables.
> IGA. Control variables.
> FEA. Nodal variables.

e Basis.
» IGA. Basis does not interpolate control points and variables. NURBS basis.
Pointwise positive.
» FEA. Basis interpolates control points and variables. Polynomial basis. Not
necessarily positive.

e Continuity.
> IGA. High, easily controlled continuity.
> FEA. C-continuity, always fixed.

e Refinement.
> IGA. hpk-refinement space.
> FEA. hp-refinement space.

e Convex hull property.
» IGA. Convex hull property.
> FEA. No convex hull property.

e Inthe presence of discontinuous data.
> IGA. Variation diminishing.
> FEA. Oscillatory.
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2.
APPLICATIONS

2.1 Introduction (2D Problem)

Geometry
e height: H=3m
e length: L=15m
e thickness: t=0,01m
Material (Steel)
e elastic modulus: E=210GPa=2,1-108kPa

e Poisson’s ratio: v=0,3

e concentrated: P=1.000kN

e |ocation: extreme right edge
Boundary conditions

o fixed

e |ocation: extreme left edge
Analysis

e static

e linear
Problem

e 2D

I will analyze the cantilever applying both IGA (IsoGeometric Analysis) and FEA (Finite
Element Analysis), compare the two methods and explain differences and similarities.

%

1000kN 19y

1000kN

‘1,5‘1

1000kN

% 15

Figure 2.1. Cantilever Profile (Geometry. Boundary. Load.)
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2.2 Control Points/ Nodes: 33 &
Shape Functions: Linear.

2.2.1. Isogeometric Analysis

| use the following analysis parameters:

e The parametric axis § (parameter space) is parallel to cantilever’s length (physical
space), means horizontal. Its direction is from left to right.

e The parametric axis n (parameter space) is parallel to cantilever’s height (physical
space), means vertical. Its direction is from bottom to cantilever’s top.

e n.m=33 control points. There are 3 (m=3 for axis n) groups of 11 (n=11 for axis €)
control points equally spaced across cantilever’s length in three different distances
from its bottom. It is important to underline that the number of control points (C.P.)
is equal to the B-SPLine’s number. Cartesian coordinate system’s origin is the
extreme left and bottom corner.

e p=g=1. | choose linear Basis SPLine functions (p=1 Hughes, K=p+1=1+1=2 Fisher).

Patches 1
Isogeometric Elements (=xH) . 20
Horizontal Spans (=) 10

Vertical Spans (H) 2
Control Points 33
Control Points (=) 11

Control Points (H) 3

p 1

q 1
Gauss Points 5x5

Figure 2.2.a. Analysis Parameters. IGA.
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n=11 Control Points (=)

n=11 Control Points (=)
m=3 Control Points (H)

n=11 Control Points (=)
m=3 Control Points (H)
n.m=11.3=33 Control Points (=xH)

Figure 2.2.b. Cantilever Profile (Cartesian Axes. Control Points.)
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Axis &
Basis SPLine functions

The axis € is parallel to cantilever’s horizontal side (length).

e n=11 (control points).
e p=1 (linear Basis SPLine functions, 2 control points per horizontal span).
e n+p+1=11+1+1=13 knot values.

The open uniform knot vector = contains the following knot values:
e The extreme knots -1, 1 repeated p+1=1+1=2 times = 4 knot values. Remaining, not
recurrent: 13-4=9 knot values - 9+2=11 knots. = | will separate the interval [-1, 1]
into 11-1=10 equal spans. Notice that spans’ number is equal to n-p=11-1=10.

1- -1 2
=202
10 10

ZE=-1 -1 -08 06 04 -02 0 02 04 06 08 11

The corresponding linear Basis SPLine functions to knot vector = are 11 (one for every
control point). The support of each linear BSPLine is two spans.

Ni,1(€)

Figure 2.3. Linear Basis SPLine functions for open, uniform knot vector
=={-1,-1,-0.8,-0.6,-0.4,-0.2,0,0.2,0.4,0.6,0.8,1,1}.

According to Hughes:

N, & :{1 if §<E&<&y

0 otherwise
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For p=1,2,3,...:

=&

§i+p+1 - E)
E_wi+p - ai

§i+p+1 - E.~i+1

Ni,p(E.:) = : Ni,p—l(i) + : Ni+1,p—1(§)

where i=1,...,n.

| prefer to use the polynomial constant K=p+1 than p. The corresponding relations are
equal to:

1 if éi S§<§i+l
N, (&)=41 if i=nand E=¢

n+l

0 otherwise
E-& ik —&
N, (6)=—"5i_.N. Stk TSN
k(%) &ik1—Ei (9 Cik —Gin raica(5)

where i=1,...,,n and k=2,...,K.
The derivative of BSPLine function, N’;, is given by:

k-1 k-1

Ny (&) =———N, e g -
|,k(E_v) E,xi+k71_§i |,k71(€) §i+k_£i+l

“Nis1k-1(8)

It is very important to mention that index i refers to knots and not to knot values. Because
the denominators in the second relation can be zero, the convention 0/0=0 is used; in other
words 0x(.)=0 even if (.) is undefined. When i=n, the second term is omitted.

Gauss Points (coordinates, weight factors)
The polynomial Legendre P,(x) is a polynomial of order n.

n 2 n
1 .d[x—lJ

2" .n! dx"

X =

As far as concern the first 6 (N =0 +5) Legendre polynomials, they are equal to:

n 01 2 3 4 5

% 3x2-1 % 5x% —3x % 35x* —30x2 +3 % 63x° —70x® +15x

Figure 2.4. The first six Legendre polynomials.
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| use 5 Gauss Points for every horizontal span. The corresponding coordinates § 1=1+5

are the five roots of Legendre polynomial P5(x).

0

%. 63:° — 7083 +155 =0= ¢, = i—mzio.53846

21

(N5 1T0 o

21

In the following figure, we can see the curves P,(x)-x for the first 6 polynomials n=0+5 .

It is obvious why | have chosen the Legendre polynomials.

legendre polynomials

2 o =
o

0.5 - 7 Po(x) ]

()

Pa(x)

()

|~ Pa(3)
-1 | | [ Ps() m
1 05 0 05 1

x
Figure 2.5. Legendre Polynomials.
It is worth mentioning the recursive relation Bonnete.
n-P, x =2n-1-x-P,, Xx — n-1-P_, X

| calculate integrals using numerical integration. That’s why | use Gauss Points. Previously, |
explained how | calculate Gauss Points’ coordinates. Now, | will explain how | calculate the
corresponding weight factors.

2
a-&) [P g |

1 n
.[f gde=>[w;-f & | where w; =
-1 i=1

For example, | will calculate the weight factor of Gauss Point £,=0.90617.
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P, & :%- 63£° —70&% +15¢

P, £ ==- 63-5-&£"-70-3-£% +15 :%- 315-&* -210-£% +15

1
8
P, & =P, 0.90617 :%- 315-0.90617* —210-0.90617% +15 = 6.86965
2 2

-——= = : - =0.2369
a-&)[r g, | (-090617%)- 6.86965

W,

Number of points, n Points, x; Weights, w;
1 0 2
2 +1/V3 1

%

0
’ i\/% %

+1/(3-2y/6/5) /7 B

+/(3+2y/6/5)/7 540

0 s
5 +14/5 - 2,/10/7 2242/
L\/542,/10/7 225/

Figure 2.6. Gauss Points’ coordinate and weight factor.

Each point’s coordinate and weight factor is equal to (local numbering, span [-1,1]):

G.P. 3 W,
4 -0.90617 0.23692
5 -0.53846 0.47862
1 0 0.56888
3 053846 0.47862
2 090617 0.23692

Notice that:

| use 5 Gauss Points for every horizontal span. The horizontal interval [-1,1] has 10 spans, so
10-5=50 G.P. These points are shown as yellow rhombi in Figure 2.7, while knots as cyan
circles.
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| assume a local € for every span with its center in the span’s middle. Then, from Gauss
Points’ local coordinates &', | calculate the global ones §;. Let’s calculate the coordinate §; of
G.P. 2 for span 1 (extreme left span).

Ecpz— 1 _Sepa— -1 _, 09062+1 CSgp,+1

1- 11 —0.8— -1 1+1  -08+1
1.9062 Egp,+1 1.9062
=26P27- =222 02-1>
2 0.2 E.:G.P.Z 2

|€6.p2 =—0.80938)

Generally, the coordinate §; of Gauss Point j in the span (§, §.1) is equal to:

Eeri— 1 Sepj—§ :>§'G.P.j+1:§G.P.j—§i

1- -1 i~ & 2 Ei — &
E)' ..'+1 i+1 7 i i+1 —Sj -&;
EﬁPJ:%‘ Cin—& *+&=Ccpy : 12 : + : 12 s +22§ =
Cepj=Serj éiﬂz_gi + E“M;E"

O {0 {1 {0 {1 0 1 {0 1 {0 O ——»
-1 -0.8 -0.6 -0.4 -0.2 (V] +0.2 +0.4 +0.6 +0.8 +1 $

(£1) (£2) (£3) (%4) (€5) (%e) (£7) (%8) (%9) (§10) (£11)

-0.9062 -0.5385 0 +0.5385 +0.9062
B— o—@ —»
-1 G.P.4 G.P.5 G.P.1 G.P.3 G.P.2 +1 3

K- O—0—0-L0-0—0—0<20 O— 0000~ 0000000 0— 00— 00— 0-L0-0— 00— 0L 00— 00— 003 ——»
-1 -0.8 -0.6 -0.4 -0.2 (V] +0.2 +0.4 +0.6 +0.8 +1 4

(£1) (£2) (£3) (%4) (£5) (%e) (£7) (%8) (89) (§10) (811)

Figure 2.7. Gauss Points (parametric axis §).

B-SPLines’ value at Gauss Points

| calculate the linear BSPLine functions’ (N;; & ) values (p=1, K=2) at the position § of 50
Gauss Points in horizontal parametric axis £ and their corresponding first derivatives
ON;
Nlll & — il g )
¥ ag
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axis § | |
N;.1(€) -
horizontal span 1
(2x5,p=1)
N.1() | 0,5 0,0469 0,2308 0,9531 07692 |
N»1(6) | 0,5 0,9531 0,7692 0,0469 0,2308 |

horizontal span 2

0,5 0,0469 0,2308 0,9531 0,7692
0,5 0,9531 0,7692 0,0469 0,2308

N3,1(€)
N3,1(§)

horizontal span 3

0,5 0,0469 0,2308 0,9531 0,7692
0,9531 0,7692 0,0469 0,2308
horizontal span 4

N 1(§)
N4,1(8)

o
%]

0,5 0,0469 0,2308 0,9531 0,7692
0,9531 0,7692 0,0469 0,2308
horizontal span 5

N,,1()
Ns,1(§)

o
o]

0,5 0,0469 0,2308 0,9531 0,7692
0,9531 0,7692 0,0469 0,2308
horizontal span 6

Ns,1(€)
Ne,1(€)

o
4]

N1 () 0,5 0,0469 0,2308 0,9531 0,7692
N7, 1(§) 0,5 0,9531 0,7692 0,0469 0,2308
horizontal span 7

N7'1(§) 0,5 0,0469 0,2308 0,9531 0,7692
N 8,1(5) 0,5 0,9531 0,7692 0,0469 0,2308
horizontal span 8

Nsg 1(€) 0,5 0,0469 0,2308 0,9531 0,7692
No 1(§) 0,5 0,9531 0,7692 0,0469 0,2308
horizontal span 9

Ng,l(ﬁ) 0,5 0,0469 0,2308 0,9531 0,7692
N10,1(§) 0,5 0,9531 0,7692 0,0469 0,2308
horizontal span 10

N1o,1(€) | 0,5 0,0469 0,2308 0,9531 0,7692
Ni1,1(€) | 0,5 0,9531 0,7692 0,0469 0,2308

Figure 2.8. Basis SPLine functions’ values at Gauss Points of interval § [-1,1]
(N1,2+Ni11, €6.p.1+ §c.p.50, P=1)

We can see the connection between local and global numbering in Figure 2.8. The local
numbers are in brackets.
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\ axis § | |
N'51(8) horizontal span 1
(2x5,p=1)
| N'3,1(8) : -5 -5 -5 -5 -5 :
I , 1 1
I N'5,1(8) | 5 5 5 5 5 I
I I horizontal span 2 \
1
N'2,1(§) | -5 -5 -5 -5 S|
N';.(8) | 5 5 5 5 5 !
I horizontal span 3 |
N's1(§) : -5 -5 -5 -5 -5 :
N's1(§) | 5 5 5 5 5 !
I horizontal span 4 |
N's.(6) | -5 -5 -5 -5 s |
N's,.(§) | 5 5 5 5 5 !
I horizontal span 5 |
N's 1(§) : -5 -5 -5 -5 -5 :
N's1(€) | 5 5 5 5 5 !
| horizontal span 6 |
N'e 1(§) -5 -5 -5 -5 -5 :
N';.1(€) 5 5 5 5 5 !
horizontal span 7
N';1(€) : -5 -5 -5 -5 -5 :
N'g1(€) | 5 5 5 5 5 |
| horizontal span 8 |
N'g 1(€) -5 -5 -5 -5 -5 :
N's.1(§) 5 5 5 5 5 !
| horizontal span 9 |
N'9,1(§) -5 -5 -5 -5 -5
N'm,l(ﬁ) 5 5 5 5 5
I horizontal span 10 |
N'o:l®) | -5 5 5 5 s
N'11,1(8) | 5 5 5 5 5 !

Figure 2.9. Basis SPLine first derivative’s values at Gauss Points of interval § [-1,1]
(N’31+N’114, §6.p.1+ §6.p.50, P=1)

We can see the connection between local and global numbering in Figure 2.8. The local
numbers are in brackets.
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Axis n
Basis SPLine functions

The axis n is parallel to cantilever’s vertical side (height).

e m=3 (control points).
e g=1 (linear Basis SPLine functions, 2 control points per vertical span).
e m+qg+1=3+1+1=5 knot values.

The open uniform knot vector H contains the following knot values:

e The extreme knots -1, 1 repeated p+1=1+1=2 times - 4 knot values. Remaining, not
recurrent: 5-4=1 knot value - 1+2=3 knots. - | will separate the interval [-1, 1] into
3-1=2 equal spans. Notice that spans’ number is equal to m-q=3-1=2.

1- -1 2
2 2
H= -1 0

=1

1

The corresponding linear Basis SPLine functions to knot vector H are 3 (one for every
control point). The support of each linear BSPLine is two spans.

Mj,1(n)

Figure 2.10. Linear Basis SPLine functions for open, uniform knot vector
H={-1,0,1}.
Gauss Points (coordinates, weight factors)

| use 5 Gauss Points for every vertical span. Each point’s coordinate and weight factor is

equal to (local numbering, span [-1,1]):
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G.P. n; w;
4 -0.90617 0.23692
5 -0.53846 0.47862
1 0 0.56888
3 0.53846 0.47862
2 0.90617 0.23692

5
Notice that: Zwi =2.
i=1

The vertical interval [-1,1] has 2 spans, so 2-5=10 G.P. These points are shown as yellow
rhombi in Figure 2.11, while knots as cyan circles.

| assume a local n for every span with its center in the span’s middle. Then, from Gauss
Points’ local coordinates n’;, | calculate the global ones n;. Let’s calculate the coordinate n; of
G.P. 2 for span 1 (lower span).

R - -1 . 1

1- 1 0- -1 1+1 1
1.9062 Mgp,+1 1.9062
=2 = =—-1=
5 1 NG.p.2 5
Ng.po = —0.0469|

Generally, the coordinate n; of Gauss Point j in the span (n;, ni.1) is equal to:

MNiv1 —MNi + MNisx TN
2 2

Nerj=Maerj

R-0—0—0~<Z-0—0—0<G———p
. 0 1
(n2) (n3)
1 3
1
(n2)
] +1
(n2) (n3)

1
(n1)
1
(n1)
1
(n1)

Figure 2.11. Gauss Points (parametric axis n).

B-SPLines’ value at Gauss Points

| calculate the linear BSPLine functions’ (Mj.l 1 ) values (g=1, K=2) at the position n; of 10

Gauss Points in vertical parametric axis n and their corresponding first derivatives
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axis n

M;1(n)
(2¢5,9=1)

vertical span 1

0,0469 0,2308 0,9531

0,7692

0,5 0,9531 0,7692 0,0469 0,2308
vertical span 2

0,5 0,0469 0,2308 0,9531 0,7692

05 0,9531 0,7692 0,0469 0,2308

Figure 2.12. Basis SPLine functions’ values at Gauss Points of interval n [-1,1]

(My,1+Ms 3, NGp1+ Nep.1or 9=1)

axis n |

M'j,1(ﬂ)
(2x5,9=1)

vertical span 1

Figure 2.13. Basis SPLine first derivative’s values at Gauss Points of interval n [-1,1]

(M’1,1+M’34, Nep.1+ Nep10r G=1)

Combination Axes § n (ExH)

]
(n2)
1

a

[ 0 0 0 0 T T o O o O ——>»

-1 -0.8 -0.6 -0.4 -0.2 o +0.2 +0.4 +0.6 +0.8 +1 g

©1) (§2) (83) 8a) s) (8e) ®7) (88) (89) (10) §11)
-0.9062 -0.5385 o +0.5385 +0.9062

o—=< O—@ ——»

-1 G.P.4 G.P.5 G.P.1 G.P.3 G.P.2 +1 g

E>O—0—0<-0—0—0<20 O—0—0L-0—0— 0L 00— 00— 000002 00— 02
-1 -0.8 -0.6 -0.4 -0.2 ) +0.2 +0.4 +0.6
1) (§2) (83) (8a) s) (8e) ®7) (88) (89)

Figure 2.14. Gauss Points (parameter space =xH).

-G ——»
+0.8 +1 g

(§10) §11)

| combine the 50 Gauss Points in the axis ¢ with the 10 Gauss Points in the axis n and |

produce the 50x10=500 Gauss Points of the 2D plane stress cantilever.
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Net

Control

| choos

e 33 control points with the following features.

axis X |

XC.P.
element 1 element 2 element3 element4 element5 element6 element7 element8 element9 element 10
C.P.1 0 0 1,5 1,5 3 3 4,5 4,5 6 6
C.P.2 I (0] (0] 1,5 1,5 3 3 4,5 4,5 6 6
‘b_:" C.P3 : 1,5 1,5 3 3 4,5 4,5 6 6 7,5 7,5
g cpa| 1,5 1,5 3 3 4,5 45 6 6 7,5 7,5
§ element 11 element 12 element 13 element 14 element 15 element 16 element 17 element 18 element 19 element 20
r_g CP.1 | 7,5 7,5 9 9 10,5 10,5 12 12 13,5 13,5
2 C.P.2 : 7,5 7,5 9 9 10,5 10,5 12 12 13,5 13,5
C.P3 I 9 9 10,5 10,5 12 12 13,5 13,5 15 15
C.P.4 : 9 9 10,5 10,5 12 12 13,5 13,5 15 15
Figure 2.15.a. Control Points’ Cartesian coordinate X. (physical space)
axis Y I
Yep
element 1 element 2 element3 element4 element5 element6 element7 element8 element9 element 10
C.P.1 I 0 1,5 0 1,5 0 1,5 0 1,5 0 1,5
cp.2! 1,5 3 1,5 3 1,5 3 1,5 3 1,5 3
®  CP3 0 1,5 0 1,5 0 1,5 0 1,5 0 1,5
E CP4 1,5 3 1,5 3 1,5 3 1,5 3 1,5 3
§ element 11 element 12 element 13 element 14 element 15 element 16 element 17 element 18 element 19 element 20
(_=n CP.11 (0] 1,5 (0] 1,5 0 1,5 0 1,5 (0] 1,5
E cp.2! 1,5 3 1,5 3 1,5 3 1,5 3 15 3
c.p.3 : 0 15 ¢} 15 (o] 1,5 0 1,5 0 1,5
CP4 : 1,5 3 1,5 3 1,5 3 1,5 3 1,5 3
Figure 2.15.b. Control Points’ Cartesian coordinate Y. (physical space)
Weight Factorl
WC.P.
element 1 element 2 element3 element4 element5 element6 element?7 element8 element9 element 10
CP.1 1 1 1 1 1 1 1 1 1 1
C.P.2 1 1 1 1 1 1 1 1 1 1
¥ cp3| 1 1 1 1 1 1 1 1 1 1
E CP4 1 1 1 1 1 1 1 1 1 1
§ element 11 element 12 element 13 element 14 element 15 element 16 element 17 element 18 element 19 element 20
Ti C.P.1 1 1 1 1 1 1 1 1 1 1
E C.P.2 1 1 1 1 1 1 1 1 1 1
CP3 : 1 1 1 1 1 1 1 1 1 1
CP4 ! 1 1 1 1 1 1 1 1 1 1

Figure 2.15.c. Control Points’ weight factor W. (physical space)

Control Points don’t partition the structure into isogeometric elements, but they are the
coefficients (multiplicative factors) of the corresponding B-Splines that form its geometry. In
this particular problem, the cantilever has linear geometry as its boundaries are straight

lines. Th

at’s why control points’ weight factor is equal to 1.
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In Figure 2.16 we can see the corresponding control net.

9 12 15 18 21 24 27 30 33
L 4 4 4 4 L 4 4 4 L 4 ®

8 11 14 17 20 23 26 29 32
© © 4 e © 4 4 © L J

7 10 13 16 19 22 25 28 31
@ @ @ @ @ @ 4 © ®

Figure 2.16. Control Net. (physical space)

Index Space

| present every knot value in index space. The most important is that we can see which knot
vector’s region is used by each isogeometric element. With darker green | represent the
overlapping.

(ns)

(na)

(-]

(n3)
(n2)

(n1)
(ns)

(na)
(n3)

(n2)
(n1)
(ns)

(n4)
(n3)

(n2) -1

(n1)
(ns)

-1
1

(n4) 1

0

(n3)
(n2) 1
(n1)
(ns)

-1
1

1

(na)

(n3) 0

(n2) -1

(n1)

-1
(81) (82) (83) (34) (85) (86) (87) (88) (39) (10)  (§11)  (312)  (313)

Figure 2.17. Index Space.
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Parameter Space

| present every knot and not every knot value in parameter space. For example, extreme
knot value -1 repeated p+1=1+1=2 times, but it has the same position, means it corresponds
to one knot. In Figure 2.18 we can see the chosen mesh of isogeometric elements. It is very

important to underline that knots and not control points partition the cantilever into
isogeometric elements.

The 11 1D knots (£) partition the interval [-1,1] of parametric axis £ into 10 horizontal spans.
The 3 1D knots (n) partition the interval [-1,1] of parametric axis n into 2 vertical spans.
Combining the two axes, we have the cantilever’s mesh in the parameter space, which
consists of 10x2=20 isogeometric elements.

| | | | |
| | | | | |

[ O 0 O 0 —

-1 -0.8 -0.6 0.4 0.2 0 +0.2 +0.4 +0.6 +0.8 +1 §
1) (£2) (83) (%4) (85) (36) (&7) (%8) (%9) (810) (811)

Figure 2.18.a. Parameter Space.
Knots partition cantilever into isogeometric elements.

(n2) (n3)

(n1)

|
0 0 O 0 0 0 O
-1 -0.8 -0.6 0.4 -0.2 0 +0.2 +0.4 +0.6 +0.8 +1 §
(£1) (82) (83) (84) (85) (%6) (£7) (88) (%9) (810) (§11)

Figure 2.18.b. Parameter Space.
Mesh of isogeometric elements.
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Physical Space

With the mesh of isogeometric elements in parameter space in hand, | can form the

corresponding mesh in physical space. | follow the next procedure, where control points’
numbering is local:

e | calculate knots’ X Cartesian (physical) coordinates from their parametric ones.
Supposing the knot i (€, n;), | have that:

Xi=X & =Xcp1-Nyy & +.o+Xcpar N &

Applying this relation for every knot:

X & =Xcp1-Nig & ++Xep11-Nipg & =Xepy-1=Xcp, =0

Similarly,

X & =Xcpz =15m
X & =Xcp3=3m

X &y =Xcpga=4,5m
X & =Xcps=6m
X & =Xcp7=9M
X & =Xcpg=12m

X &0 =Xcpio =13,5m
X &1 =Xcpa1 =15m

e | calculate knots’ Y Cartesian (physical) coordinates from their parametric ones.
Supposing the knot i (§, n;), | have that:

Yi=Y M =Ycp1 My mj +..4Yeps Mgy 1
Applying this relation for every knot:
Ym =Yepr- My m +.4Yeps- My mp =Yepy-1=Yep;=0
Similarly,

Y ny =Ycp,=1.5m
Y M3 =Ycpz=3m
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e As | know for every knot its Cartesian coordinates (X, Y), | can draw them in
cantilever’s geometry (physical space). We can see the knots as cyan rhombi in
Figure 2.19.

e Finally, | connect the knots with their adjacent ones. We can see the knot lines as

black lines in Figure 2.19.

Figure 2.19. Physical Space. Mesh. Knots.

Figure 2.20 shows both knots (cyan rhombi) and control points (red circles) in the physical
space. We observe that knots coincide with control points. There are as many knots as
control points. That is why the Basis SPLine functions are linear (p=q=1, K=2).

Knots and not control points partition cantilever into 20 2D isogeometric elements.
Although, the stiffness matrix refers to control points, so | form the equilibrium equation for
them.

Displacements’ vector U refers to control points. For this particular problem, there are

33 control points, so the above equation is written as follows:

F=K.-U>=>U?=-K K ~F

66x1 66x66 66x1 66x1 66x66 66x1

Figure 2.20. Physical Space. Mesh. Knots and Control Points.
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Elasticity Matrix [E]

As it is a plane stress problem, the elasticity matrix [E] for every isogeometric element is
equal to:

E = v o1
x3 1-V

00

0
0
1-v
2

Every isogeometric element has the same elasticity modulus E =210GPa=2,1-10%kPa
and Poisson’s ratio V=0,3, so they have all the same elasticity matrix [E], which is equal to:

1 03 0
E =230.769.231:/03 1 0 |kPa =
3x3 0 0 035
230.769.231  69.230.769 0
E =| 69.230.769 230.769.231 0 kPa
3x3 0 0 80.769.231

Deformation Matrix [B]

NURBS (Non-Uniform Rational B-SPLines) and not B-SPLines are used as shape functions.
This NURBS basis is given by:

Rlp E_, — - Lp F? 1
ZNi,p & -w;
i=1
where:
e i=1,..,n

e n:control points’ number

e p: B-SPLines’ polynomial order

* N, & :the corresponding Basis SPLine to control point i

e w;: control point’s i weight factor

. Rip & :the corresponding Non-Uniform Rational Basis SPLine to control point i with

polynomial order p
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The Non-Uniform Rational Basis SPLine’s derivative is equal to:

0 Ni,p £ -w; n (il i,p 'j
oRP & _T'éNi,p W —Nip & W = )
o n 2
& [ZNi,p é 'Wi]
i=1
aNiyp & n N aNi‘p e
aRF g :(%’.Wi'éNi,p E,, - W; _Ni,p ?; W'ETWI _
o

6Ni’ £ . n aNi,p & ‘
oRP & Tz.wi _Niyp £ -w; ;755) W,

0 n n 2
E) ;Ni,p =W [zNi,p g 'WiJ
= i-1

The problem is 2D, so | have to calculate Rational Surfaces which are defined analogously in
terms of the rational basis functions:

where:

i=1,...,n (axis §)
e j=1,.,m (axis n)

n: control points’ number (axis €)
e m: control points’ number (axis n)

p: B-SPLines’ polynomial order (axis €)

g: B-SPLines’ polynomial order (axis n)

Nj, € :the corresponding Basis SPLine to control point i (axis €)

MJ-’q & :the corresponding Basis SPLine to control point j (axis n)

w;;: control point’s weight factor (2D, =xH)

Rip”jq €M :the corresponding Rational Surface to control point (i,)

In this case, the weights are all equal, so:

78
Karakitsios Panagiotis



Isogeometric Analysis

and the curve is again a polynomial. B-SPLines are a special case of NURBS.

Similarly,
Nip & Mg n -W Ni, & Mg n Nip & Mg n
qu En =— mlp ig i g mlp ig _ i ] g M
DO Nip & Mg wi; > >N & Mg
i-1 j-1 i-1 j-1

RPY &M =Njp & -Mjq 1

The corresponding partial derivatives are equal to:

RPT Em ON, &
=——Mjg n
% g3
Rp(q % n _ ahqu n
on_ on

For every isogeometric element, | calculate:

e Jacobian matrix

[J&n ]=[Dy &n | XY

2x2 2x4 4x2

where:
Rhin R%zén Rlzlén Rlzzgn
o o€ o€ o€
[DN &m ]: 11 11 11 11
2x4 ORy1 &m ORy; §m OR3; §m OR3;, &M
on on on on

XCP& YbPi
XY = )(CP2 \QLRZ
4x2 )(QPB \Q1R3

)(CII4 \GZPA

C.P.1, .., C.P.4 are the corresponding 4 control points to every isogeometric

element with local numbering.
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e Deformation matrix

Joy  —Jpp 0 0
|:Bl & ]:d 1 0 0 —Jy Iy
3x4 et J
—Jy1 du Jp
oRY & ,  CRiBan o REim oRE, & o |
o o % g
dR11 &M 0 RT3 &M 0 R3: &M 0RZ, & 0
[Bz &m J: o 11 o 11 o 11 o 11
4x8 oRy1 &m oR1; &m 0 OR71 &m 0 OR3, &M
ot ae a€ ag
0 oRyT & 0 RS €N ) 0 R €N 0 aR%, €n )
L on on on on |
The deformation matrix is equal to:
[B&n |=[B &n [[B, &n |=
3x8 3x4 4x8
o RM o RY o RLL o R, |
: : : : 0
g g g g
el o 2R 2 Rl o RY, 2 RY,
ln =
3x8 o o on on
OR;; O0R; ORp, 0Rp 0Ry 0Ry 0RE, 0R3,
on o on o on o on o

Local Stiffness Matrix [ke]

| calculate isogeometric element’s local stiffness matrix using Gauss quadrature. | choose
5x5 quadrature rule, means 25 Gauss Points for every element.

25 T
[ke}zz [Be St J - E ‘[Be &M ]‘t'de'[[‘] SAuY :"Wi
gxg =l 8x3 3x3 3x8
. _— W& wo
The weight factor of Gauss Point i is equal to W; = .
n-p m-q

where (n-p), (m-q) is the number of horizontal (parametric axis §), vertical (parametric axis n)

spans respectively. | divide with (n-p), (m-q) in order to:

500
> w; =2 (global numbering)

i=1
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| used totally (25 Gauss Points per element)'(20 elements)=500 Gauss Points.

Let’s follow the previous procedure for Gauss Point 1 of isogeometric element 1. We can
see this Gauss Point in the following Figure 2.21. It is the one in the green circle.

0000000 00— 00— 00000 0—0—0-0- 00— 00—~ 00— 000 O0—<0—08 ——»
-1 -0.6 -0.4 -0.2 0 +0.2 +0.4 +0.6 +0.8 +1 13
1

(81) (82) (83) (84) (85) (8e) (£7) (88) (%9) (§10) (811)

Figure 2.21. Gauss Point 1 of isogeometric element 1. (Parameter Space)

For element 1 (horizontal span 1 + vertical span 1),

axis § I

N;,1(8)

horizontal span 1

0,0469 0,2308 0,9531 0,7692
0,5 0,9531 0,7692 0,0469 0,2308

Figure 2.22.a. Basis SPLine functions for horizontal span 1. Parametric axis €.
Values at Gauss Points.

axis § I

N*;,1(8)
(2x5,p=1)

horizontal span 1

Figure 2.22.b. First derivative of basis SPLine functions for horizontal span 1.
Parametric axis . Values at Gauss Points.
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axis n | |
M.
ja(n) vertical span 1
(2x5,9=1)
| Mya(n) | 05 00469 02308 09531 07692 |
| Mya(n) | 05 09531 07692 00469  0,2308 |

Figure 2.22.c. Basis SPLine functions for vertical span 1. Parametric axis n.
Values at Gauss Points.

M 1(n) axis n |
EAL vertical span 1
(2x5,9=1)
M';,1(n) : -1 -1 -1 -1 -1 :
Ll I I
M';,1(n) | 1 1 1 L ! !

Figure 2.22.d. First derivative of basis SPLine functions for vertical span 1.
Parametric axis n. Values at Gauss Points.

Xcp1 Yepa 0 0
XY = Xcp2 Yep2 _ 0 15
4x2 Xcrs Yeps 15 0

Xcpa Ycpa 15 15

. . , _— ONi; & oMj; n =
With BSPLines N;; & ,M;; n and their derivatives ( & on ) in hand, |

calculate corresponding NURBS’ values at Gauss Point 1 (isogeometric element 1).

RPY &m =Njp & Mg Rll Eep1Mepr1 =Niz Sep1 “Mj1 Nepa
aRip,'jq &m _aNi,p £ Rll Ecp1Mera aNi,l Ecpi1
= -ijq n|= 'Mj,l Ne.p.i
& & o0& &
At M4 M Rll Sep1NGpl M1 Mepa
—:Ni,p € - = =Nij; Sgp1 " —
on o on on

Control Point 1 (i=1, j=1)

11
R1,1 Ecp1 MGl =Ny, €cpa1 ‘My; Mgpa
11

Ri1 SeriMera :6N1,1 Ecp1

o€ o€ "My Mgpa
Rli Sep1Mopl -N OM;; NMgp1
P =Ny Cgp1 — 5 ——
n o
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Control Point 2 (i=1, j=2)

11
R1,2 Eepr1MNGri =Ny, €cpi1 ‘Mj1 NMepa

11
aRl,Z Ecpr1Moepl

ag

11
aRl,Z €cpr1Mepa

on

Control Point 3 (i=2, j=1)

ONy; Egpa
= i — .M
o€ 21 Ner1
OM;,1 NMgpa
=Ny &cpa T

11 _
R2,1 gG.P.l'nG.P.l _N2,1 gG.P.l 'Ml,l Ne.p.1

11
aRZ,l Ecr1Mepi

_ a1\12,1 E.:G.P.l

ag

11
oR 2.1 Ecpr1Mopl

on

Control Point 4 (i=2, j=2)

‘M
o 11 Me.pa
aMl,l Ne.pa
=N2,1 Eep1 '—an

11
R2,2 Ecp1MGrl :Nz,l &cpi1 'Mz,l Ne.p.1

11
OR35 Sep1Mepa _aNZ,l Sepi M
= *Mao1 Mepa
o€ g
oRYL & oM
22 Scpr1Neri N 21 Me.pa
=Ny Sgp1 ——F——
o o
Rij : dR;; "t/ dg ! dr;;"'/dn

- - ] . I "

i | i |ControlPoint Nio(§)*Mjq(n) | N'%p()*Mjq(n) | Nip(§)*M'j4(n)
EE 0,25 i -2,5 i -0,5 i
| 1 1 | 1
I 1 : 2 0,25 : -2,5 : 0,5 :
| 1 1 | - 1
I 2 I 1 0,25 I 2,5 | 0,5 |
122 0,25 ! 25 ! 05 !

sum | 1 | 0 E 0 |

Figure 2.23. NUR-B-SPLine Surfaces and their derivatives. Parameter space =xH.

Values at Gauss Points.

ﬁRﬂ &M aRilz &M aRlz',ll &M aR%,lz 1.1
D 3 0¢, 0¢, 0¢, ol B -2,5 -2,5
[ N ST ]_ 11 11 11 11 “1-05 05
2x4 aRl,l &M aRl,Z &M aRZ,l &M aRz,z &M ! !
on on on on
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0 O
[J& ] [D e } XY {—2,5 -2,5 2,5 2,5} 0 15 {7,5 0}
v [TIYN ST [ = : =
2 ot s |05 05 -05 05||15 O 0 15
15 15
B, &, = 0 0o -J J, |=——+| 0 0 0 75
B, ?4*11 ] det[J] 2 1|\ T0s
X Sy gy S 0 75 15 0
=
0,1333 0 0 0
(B, &my = 0 0 00,6667
3x4 0 0,6667 0,1333 0
o Ry ORG 2R 0 R
% g ac g
o Ri1 0 R 0 Ri3 o R
on on on on
[BZ ST ]: 11 11 11 11
4x8 0 9 Riy d Ry 9 Ry 9 Riy
% g8 2 g
, 8 R 0 R 0 Ry 0 Riy
L on o o on
=
25 0 -25 0 25 0 25 0
-05 0 0,5 o -05 0 05 O
BCmd| " o5 0 a5 0 25 0 25
(X8) 1 1 I 1
0 -05 0 0,5 0O -05 0 05
The deformation matrix (isogeometric element 1, Gauss Point 1) is equal to:
[B SHull ]:[Bl Sl ]'[Bz STl ]
3x8
j—
0,3333 0 0,3333 0 -0,3333 0 -0,3333 0
[B&m |=| 0 0333 0 0333 0 03333 0 0333
3x8 -0,3333 0,3333 0,3333 0,3333 -0,3333 -0,3333 0,3333 -0,3333
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| B(&n)
uC.P.1 vC.P.1 uC.P.2 vC.P.2 uC.P.4 vC.P.4 uC.P.5 vC.P.5
g, -0,3333 0 -0,3333 0 0,3333 0 0,3333 0 :
lement g, 0 -0,3333 0 0,3333 1] -0,3333 0 0,3333 :
Yxy -0,3333 -0,3333 0,3333 -0,3333 -0,3333 0,3333 0,3333 0,3333 :

Global numbering of Control Points.

The weight factor of Gauss Point 1 (isogeometric element 1) is equal to:

W g ~wm  0,56888 0,56888

Wy =

n-p

m-—q

11-1

3-1

= w, =0,01618

Figure 2.24. Deformation Matrix. Isogeometric Element 1. Gauss Point 1.

The local stiffness matrix (isogeometric element 1, Gauss Point 1) is equal to:

k‘?;l.lp.lz[Beu & ]T‘ E '[Beu &M ]'t-det[J & :|'W1
8x8 8x3 3x3 3x8
I local [k] (Isogeometric Element 1. Gauss Point 1. Global numbering of C.P.) |
CP.1 cP.2 cP.4 CP.5

u(m) v (m) u(m) v (m) u (m) v (m) u (m) v (m)
cpy | Fxl) i"s?.ElE'"36.55"'363[1"'2532'"Eo.'aZf T 2334 63015 ".'35325'5
Fy(kn) | 30.341 63.015 -2.334  -30.341 2.334 30341 -30341  -63.015 |
o cpy PN I 30341 -2.334 63.015  -30.341 = -63.015  30.341  -30.341 2334 |
= Fy(kn) 1 2.334 -30.341  -30.341 | 63.015 30341  -63.015  -2.334 30341 |
g cra Fe(kN) | -30.341 2.334 -63.015 30341 | 63.015  -30.341  30.341 -2.334 |
o o Fo(kN) | -2.334 30.341 30.341  -63.015  -30.341 | 63.015 2.334 -30.341 |
F(kN) | -63.015  -30.341  -30341  -2.334 30.341 2.334 63.015 30341 |
T nen o e | ama | w23 sow | mow |60

Figure 2.25. Stiffness Matrix. Isogeometric Element 1. Gauss Point 1.
Global numbering of Control Points. Excel.
I local [k] (Isogeometric Element 1. Gauss Point 1. Global numbering of C.P.) |
cP.1 cP.2 cP.4 CP.5

u(m) v (m) u(m) v (m) u(m) v (m) u(m) v (m)
cpq | Fxl) i"s?.&?"'3634'1"'36.;?1"'23'32"'50.'32{ T 2334 63015 ".'353'41"!
Fy(kn) 1 30.341 63.015 -2.334  -30.341 2.334 30341 30341 -63.015 |
- cpy PN I 30341 -2.334 63.015  -30.341  -63.015  30.341  -30.341 2334 |
= Fy(kn) 1 2.334 30341 -30.341 | 63.015 30341 -63.015  -2.334 30341 |
g cpa Fe(kN) | -30.341 2.334 -63.015 30341 | 63.015  -30.341 = 30.341 -2.334 |
o T RJkN) | -2.334 30341 30341 -63.015  -30.341 | 63.015 2334  -30.341 |
Po(kN) | -63.015  -30.341  -30.341  -2.334 30.341 2.334 63.015 30341 |
T o o | 2w s | e sowm | mom |60

Figure 2.26. Stiffness Matrix. Isogeometric Element 1. Gauss Point 1.
Global numbering of Control Points. MatLab.
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| follow the same procedure for the rest 24 Gauss Points of isogeometric element 1.

Isogeometric Element’s 1 local stiffness matrix is equal to:

25 25
=3 Kep = [B° gy | - B [B° gmy Jtodet[d gm Jow,
i=1 i=1
| local [k] (kN/m) (Isogeometric Element 1. Global numbering of C.P.) |
CP.1 C.p.2 C.P4 C.P.5
u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m)
AT (1038462 375.000 115385 28.846 634615 28845 -519.231 -375.000 |
Fy (kN) : 375.000 | 1.038.462 -28.846 -634.615 28.846 115.385 -375.000 -519.231 :
: CP.2 Fy (kN) i 115.385 -28.846 | 1.038.462 -375.000 -519.231 375.000 -634.615 28.846 i
5 Fy (kN) | 28.846 -634.615 -375.000 | 1.038.462 375.000 -519.231 -28.846 115.385
g cpa Fy (kN) i -634.615 28.846 -519.231 375.000 | 1.038.462 -375.000 115.385 -28.846 i
()} Fy (kN) : -28.846 115.385 375.000 -519.231 -375.000 | 1.038.462 28.846 —634.615:
CP.5 Fy (kN) : -519.231 -375.000 -634.615 -28.846 115.385 28.846 | 1.038.462 375.000 :
FN) | 375000 -S19231 2884 | 115385 28846 -634615_ 375000 | 1038462

Figure 2.27. Stiffness Matrix. Isogeometric Element 1.
Global numbering of Control Points. MatLab.

Total Stiffness Matrix [K]

| calculate the local (numbering) Stiffness Matrix for every Isogeometric Element. Then, |
form the total Stiffness Matrix of the structure.

Figure 2.28. Total Stiffness Matrix. (66x66)

Two Degrees of Freedom correspond to every Control Point, the horizontal u and the
vertical v displacement. The cantilever’s total Stiffness Matrix is a symmetric square matrix
with dimensions 66x66, as there are 33 Control Points and 33:2=66 Degrees of Freedom.
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Control Points’ External Forces {P}

| calculate the External Load Vector (66x1) and | reorder it.

Fot =0 .. 0 —1000 0 -1000 O -1000 '

(66x1)
R 0 .. 0 -1000 0 —1000 O -1000 '
F _J(60x1) | (60x1)
tot,m — F -
(66x1) s 0
(6x1) (6x1)

Control Points’ Displacements {U}

| reorder the Total Stiffness Matrix and the External Load Vector and then | form the

balance equation. | symbolize the unknown displacements with subscript f and the known
ones (fixed Control Points) with s.

|:f Kf‘f Kfs Uf
60x1 60x60 60x6 60x1
Fotm =|Kwotm |© Yiotm = = :
or,m |: (0] m:' or,m FS st KSS Us
6x1 6x60 6x6 6x1
0
0
0
-1000 0

Ke 1K 1| &
0 0x60 0x6 0x1 —1000

—1000 [ Esf ] Ess €0x1) €0x60 ) 0
0 €x60) €x6) | €xt —1000
—1000 0
60x1 1000
0 @1
6x1

Figure 2.29 shows Control Points’ horizontal and vertical displacement.

The maximum horizontal displacement is equal to 9,5cm and corresponds to C.P.31 (-9,5cm)
and C.P.33 (9,5cm).

The maximum vertical displacement is equal to 65,1cm and corresponds to C.P.31 (-65,1cm)
and C.P.33 (-65,1cm). Negative value displays that maximum displacement’s direction is the
negative direction of axis Y, means these Control Points move downstairs as expected.
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horizontal u (cm)

vertical v (cm)

Karakitsios Panagiotis
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Figure 2.29. Control Points’ displacements.
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Isogeometric Analysis

Control Points' Horizontal Displacement

15

[N
o

£ . 4 i
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3_ 09 ¢ ¢ ¢ ¢ ¢ ¢ ¢ —— 0 —  —¢ —¢ ——
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[a)
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N L 4
T -10 ¢ ¢
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Control Points
Figure 2.30.a. Control Points’ horizontal displacement.
Control Points' Vertical Displacement
"E 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33
(7] 06 & ¢ o 0 o oo o
£ -10 L 2 R 2
)] L 2K K 4
(5] -20 L 2K K 4
(1}
- 30 L K R 4
% g 40 LA A 4 ®IGA
a - L R B 2
— -50
© L K K 4
(5] -60
= L 2K K J
o
>

Control Points

Figure 2.30.b. Control Points’ vertical displacement.

Stress Field at Gauss Points

As | know Control Points’ displacements, | can calculate the stress field at Isogeometric

Elements’ Gauss Points.

c&m =E-s&n =E[Bgm | d
3x1 3x3 3x1 3x3 3x8 8x1

where:
Ox &M
e oG &M =410y .M :stressfield at Gauss Pointi (plane stress problem)
. Txy CinMi
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Isogeometric Analysis

0
o E = E 5 0 | (plane stress problem)
x3 1-V
1-v
0 0 —
L 2
ex SiuMj
. € &M =98y &M :strainfield at Gauss Point i
- Yxy oM

. d :This displacement vector refers to displacements of Isogeometric Element’s
8x1

Control Points (local numbering).

Let’s calculate the corresponding stress field to Gauss Point 1 of Isogeometric Element 1.

< OO0 00 00— 0L 00000000000 00—~ 00— 000 O0—<0—0-8 ——»
-1 -0.6 -0.4 -0.2 0o +0.2 +0.4 +0.6 +0.8 +1 13
1

(81) (82) (83) (84) (85) (%e) (£7) (88) (%9) (§10) (811)

Figure 2.31. Gauss Point 1 of Isogeometric Element 1. (Parameter Space)

{d}(m)
u(m) 0
C.P.1
v(m) 0
L u(m) 0
2 C.P.2
= v(m) 0
£ u(m) | -o0,018
Q C.P4
7] v(m) -0,012
u(m) 0
C.P.5
v(m) -0,009

Figure 2.32. Control Points’ vertical and horizontal displacement.
Isogeometric Element 1.

-1.288.132 -1.288,13
c&m =E [Bé&m |- d={-169330 ; kPa = o &,ny =4 169,33 { MPa
—100.000 ~100,00
90
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Isogeometric Analysis

element1 element 2 element3 element4 element5
Oxx (MPa) | oyy (MPa)]txy (MPa) oy (MPa)] oy (MPa)] txy (MPa) |oxx (MPa)] oy (MPa)|txy (MPa)|oxy (MPa)] oy, (MPa)]txy (MPa)| oxx (MPa) | oy, (MPa)]txy (MPa)
G.P.1 1-1.288,13 | -169,33 | -100,00 | 1.288,13 | 169,33 | -100,00 1-1.134,45| 30,75 | -100,00 | 1.134,45 | -30,75 | -100,00 | -1.004,23 | -5,58 | -100,00
G.P.2 | -5599 | 200,31 | -2433 1252027 | 53897 | -17567 | 442 | 372,41 | -122,01 1227332 | 31092 | -77,99 | -588 | 293,92 | -104,27 |
G.P.3 | -55597 | 50,32 | -5504 |2.02029| 388,98 | -14496 | -457,71 | 233,77 | -113,08 | 1.811,19 | 172,28 | -8692 | -410,99 | 172,39 | -102,54 |
G.P.4 |-2520,27 | 538,97 | -17567 | 5599 | -20031 | -2433 }-227332| -31092 | 77,99 | -442 | -37241 | -122,01 | -2.002,58 | -305,09 | -9573
G.P.5 | -2.020,29 | -388,98 | -144,96 | 55597 | -50,32 | -5504 !-1811,19| -172,28 | -86,92 | 457,71 | -233,77 | -113,08 | -1.507,47 | -183,55 | -97,46
G.P6 |-122327| 4687 | 33125 1122327 | -4687 | 331,25 !-115331| -32,13 | 29860 | 115331 | 32,13 | 29860 | -1.007,89 | -17,79 | 249,42
G.P.7 887 | 41651 2.45541 | 322,77 | 25558 | -14,44 | 309,53 | 276,60 12.292,18 | 373,79 | 32061 | -954 | 281,72 | 24515
G.P.8 | -491,11 | 26652 | 376,21 | 1.95543 | 172,78 | 286,28 | -47657 | 170,89 | 28553 | 1.830,05 | 23515 | 311,68 | -414,65 | 160,19 | 246,88
G.P.9 | -245541| 322,77 | 25558 | -887 | -41651 |AOGIO2MN -2.292,18| -373,79 | 320,61 | 14,44 | -309,53 | 276,60 | -2.006,24 | -317,29 | 253,69
G.P.10 | 195543 | -172,78 | 286,28 | 491,11 | -266,52 | 37621 |-1.830,05 -23515 | 311,68 | 47657 | -170,89 | 28553 | -1.601,13 | -19576 | 251,96 |
G.P.11 | -1.249,59 | -40,86 | 156,26 | 1.249,50 | 40,86 | 15626 1-1.14566| -662 | 136,86 | 114566 | 662 | 13686 | -1.00641 | -12,83 | 107,63
G.P.12 | -17,45 | 32878 | 231,93 | 2.481,73 | 41050 | 80,59 6,79 | 33505 | 114,85 | 2.284,53 | 34828 | 15886 | -806 | 286,67 | 103,36
Gp13 | 51743 | 17879 | 201,22 | 1.981,75 | 26051 | 111,20 | 268,92 | 196,41 | 123,78 | 1.822,39| 20964 | 149,93 | -41317 | 16514 | 10510
G.P.14 | -2.481,73 | -410,50 | 8059 | 17,45 | 32878 | 231,93 1-2.28453| -348,28 | 15886 | 679 | -33505 | 114,85 | -2.004,75 | -312,34 | 111,90 |
G.P.15 | -1.981,75 | 260,51 | 111,29 | 51743 | -17879 | 201,22 1-1822,39| -20964 | 14993 | 468,92 | -196,41 | 12378 | -1.599,64 | -19080 | 110,17
G.P.16 | -1.352,99 | -38553 | -531,25 | 1.352,99 | 38553 | -531,25 |-1.11559| 93,62 | -498,60 | 1.115,59 | -93,62 | -498,60 | -1.000,57 | 6,62 | -449,42
G.p.17 | 12085 | -1589 | -45558 60692 | 2328 | 43528 | -52061 | 225446 | 248,04 | -a7660 | -222 | 30612 | -a53,69 |
G.P.18 | -620,83 | -16583 | -486,28 | 2.085,15 | 605,18 | -576,21 | -438,85 | 296,64 | -511,68 | 1.792,32 | 109,40 | -48553 | -407,33 | 184,50 | -451,96 |
G.P.19 | -2.585,13 | -75517 | -606,92 | 120,85 | 15,80 | -455,58 |-2.254,46| -248,04 | -476,60 | -23,28 | -435,28 | -520,61 | -1.998,92 | -292,88 | -445,15
G.P.20 | -2.085,15 | -605,18 | -576,21 | 620,83 | 165,88 | -486,28 }-1.792,32| -109,40 | -485,53 | 438,85 | -296,64 | -511,68 | -1.593,81 | -171,35 | -446,88
G.P.21 | -1.326,67 | -297,80 | -356,26 | 1.326,67 | 297,80 | -356,26 |-1.123,24| 68,11 | -336,86 | 1.123,24 | -68,11 | -336,86 | -1.002,06 | 1,67 | -307,63 |
G.P.22 | 9453 | 71,84 | -28059 | 2.558,81 | 667,44 | -431,93 | 1563 | 409,77 | -358,86 | 2.262,11 | 273,55 | -314,85 | -3,71 | 301,17 | -311,90
G.P.23 | -50451 | -7815 | -311,29 | 2.058,83 | 517,45 | -401,22 | -446,50 | 271,13 | -349,93 | 1.799,98 | 134,92 | -323,78 | -408,82 | 17964 | -310,17
G.P.24 | -2.55881 | 667,44 | -43L,93 | 9453 | 71,84 | -280,59 |-2.262,11| 273,55 | -314,85 | -1563 | -409,77 | -358,86 | -2.000,40 | -297,84 | -303,36 |
G.p.25 | 2.05883 | 517,45 | -401,22 | 59451 | 7815 | 311,20 |-1799,98| -13492 | 323,78 | 446,50 | -271,13 | -349,93 | -1.595,29 | 176,30 | -305,10 |
max 887 41651 2328 43528 32061 |229218 37379 32061 | -2,22 30612 253,69
min | 258513 75517 60692 | -887  -41651 606,92 |-2.292,18 -373,79 -520,61 | -23,28 -43528 -520,61 | -2.006,24 -317,29 -453,69
Figure 2.33.a. Stress Field at Gauss Points.
Isogeometric Elements 1-5.
element 6 element7 element 8 element9 element 10
Oxx (MPa)] oyy (MPa)]txy (MPa) Joxy (MPa)] oyy (MPa)]txy (MPa) Joxx (MPa)] oy (MPa)]tyy (MPa)|oxy (MPa)| oyy (MPa)|txy (MPa) Joxx (MPa)] oy (MPa)]tyy (MPa)
100423 | 558 | -100,00 | 869,75 | 1,01 | -10000 1 86975 | -101 | -10000 ! -73605 [ -0,19 | -100,00 | 73605 | 019 | -10000 !
2.002,58 | 30509 | -9573 | -3,35 | 260,94 | -107,49 | 1.736,16 | 258,91 | -9251 | -3,15 | 219,68 | -106,91 | 1.468,95 | 220,06 | -93,09 |
1.507,47 | 18355 | -97,46 | -354,92 | 15546 | -104,45 | 1.384,59 | 153,44 | -9555 | -300,54 | 130,46 | -104,11 | 1.171,55 | 130,84 | -95,89 |
| 588 | -203,92 | -104,27 |-1.736,16| -258,91 | -92,51 | 3,35 | -260,94 | -107,49 }-1.468,95| 220,06 | -93,09 | 315 | -219.68 | -10691 |
410,99 | -172,39 | -102,54 |-1.384,59| -153,44 | -9555 | 354,92 | -15546 | -104,45 |-1.171,55| -130,84 | -9589 | 300,54 | -130,46 | -104,11 |
1.007,89 | 17,79 | 24942 | -87617 | -2039 | 20324 | 87617 | 20,39 | 20324 | -741,97 | -19,93 | 15652 | 741,97 | 1993 | 156,52 |
2.006,24 | 317,29 | 253,69 | -9,77 | 239,53 | 19575 | 1.742,58 | 280,31 | 210,73 | -9,07 | 199,94 | 149,61 |1.474,87 | 239,80 | 163,42 |
1.601,13 | 19576 | 251,96 | -361,34 | 134,06 | 198,79 | 1.391,01 | 174,84 | 207,69 | -306,47 | 110,72 | 152,41 | 1.177,47 | 150,58 | 160,62 |
| 954 | 281,72 | 24515 |-1.742,58| 280,31 | 210,73 | 9,77 | -239,53 | 19575 |-1.474,87| -239,80 | 16342 | 9,07 | -199,94 | 149,61 |
414,65 | -160,19 | 246,88 |-1391,01| -174,84 | 207,69 | 361,34 | -13406 | 198,79 |-1.177,47| -150,58 | 160,62 | 30647 | -11072 | 15241 |
1.006,41 | 12,83 | 107,63 | -87357 | -11,70 | 80,19 | 87357 | 11,70 | 80,19 | -739,57 | -11,92 | 52,43 | 739,57 | 11,92 | 52,43 |
2.004,75 | 312,34 | 111,90 | -7,06 | 24822 | 72,70 }1.739,97 | 271,62 | 8768 | -667 | 207,95 | 4552 | 1.472,47 | 231,79 | 59,34 |
159964 | 190,80 | 11017 | -35873 | 142,75 | 7574 | 138840 16615 | 84,64 | -30406 | 11873 | 4832 !117507| 14257 | 5653 |
806 | -28667 | 10336 |-1739,97| -271,62 | 87,68 | 736 | -24822 | 72,70 1-1472,47| 231,79 | 5934 | 667 | -20795 | 4552 |
413,17 | -16514 | 10510 |-1388,40| -166,15 | 8464 | 35873 | -14275 | 7574 1-117507| -14257 | 5653 | 30406 | -11873 | 4832 |
100057 | -6,62 | -449,42 | -863,33 | 2242 | -40324 | 86333 | -2242 | -40324 | -73013 | 1955 | -356,52 | 730,13 | -1955 | -356,52 |
1199892 | 292,88 | -44515 | 307 | 28234 | -410,73 | 1.729,74 | 237,50 | -39575 | 2,78 | 239,42 | -36342 | 1463,03 | 20032 | -349,61 |
1150381 | 171,35 | -446,88 | -348,50 | 176,87 | -407,60 | 1.378,17 | 132,03 | -398,79 | -294,62 | 150,20 | -360,62 | 1.165,63 | 111,10 | -352,41 |
2,22 | -306,12 | -453,60 |-1.729,74| -237,50 | -395,75 | -3,07 | -282,34 | -410,73 }-1.463,03| -200,32 | -349,61 | -2,78 | -239,42 | -363,42 |
407,33 | -184,59 | -451,96 }-1.378,17| -132,03 | -398,79 | 348,50 | -176,87 | -407,69 |-1.165,63| -111,10 | -352,41 | 294,62 | -150,20 | -360,62 |
1100206 | -1,67 | -307,63 | -865,94 | 13,73 | -280,19 | 86594 | -13,73 | -280,19 | -732,53 | 11,54 | -252,43 | 732,53 | -11,54 | -252,43 |
200040 | 297,84 | -303,36 | 047 | 273,65 | -287,68 | 1.732,34 | 246,19 | -272,70 | 037 | 231,41 | -25934 | 1.465,43 | 20833 | -24552 |
159529 | 176,30 | -30510 | -351,10 | 168,18 | -284,64 | 1.380,77 | 140,72 | -27574 | -297,03 | 142,19 | -256,53 | 1.168,03 | 119,11 | -248,32 |
371 | 301,17 | -312,90 |-1.732,34| -24619 | -272,70 | -0,47 | -273,65 | -287,68 | -1.46543| 208,33 | -245,52 | -037 | -231,41 | -259,34 |
408,82 | 179,64 | -310,17 |-1.380,77| 140,72 | -27574 | 351,10 | -168,18 | -284,64 |-1.168,03| -119,11 | -248,32 | 207,03 | -142,19 | -256,53 |
max 1200524 31720 25369 | 307 28234 21073 | 174258 28031 210,73 23942 163,42 | 147487 239,80 163,42
min 222 30612 -453,69 1-1.742,58 -28031 -410,73 | 3,07 282,34 -410,73 | 239,80 36342 | 2,78 -239,42 -363,42
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Figure 2.33.b. Stress Field at Gauss Points.
Isogeometric Elements 6-10.
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Isogeometric Analysis

element 11 element 12 element 13 element 14 element 15
Oxx (MPa)] oyy (MPa)]txy (MPa) Joxy (MPa)] oyy (MPa)]txy (MPa) Joxx (MPa)] oy (MPa)]tyy (MPa)|oxy (MPa)| oyy (MPa)|txy (MPa) Joxx (MPa)] oy (MPa)] Ty (MPa)
G.P.1 | -60220 | 006 | -10000 | 60220 | -0,06 | -10000 | -468,40 | -0,16 | -100,00 | 46840 | 016 | -100,00 | -33448 [ 084 | -100,00 |
G.P2 | -251 | 179,97 | -107,00 | 1.201,89 | 179,85 | -93,00 | -2,01 | 139,76 | -107,07 | 934,78 | 140,07 | -92,93 | -1,15 | 100,84 | -106,59 |
G.P.3 | -24585 | 10697 | -104,16 | 958,55 | 106,84 | -9584 | -191,26 | 82,98 | -104,20 | 74553 | 8330 | -9580 | -13641 | 6026 | -103,91 |
G.P.4 |-1201,80| -179,85 | -93,00 | 2,51 | -179,97 | -107,00 | -934,78 | -140,07 | -92,93 | 201 | -139,76 | -107,07 | -667,80 | -99,25 | -93,41 |
-958,55 | -106,84 | -9584 | 24585 | -10697 | -104,16 | -745,53 | -8330 | -9580 | 191,26 | -82,98 | -104,20 | -532,54 | -58,58 | -96,09 |
-608,20 | -19,94 | 109,89 | 60820 | 19,94 | 109,89 | -474,46 | -2035 | 6323 | 47446 | 2035 | 6323 | -34012 | -17,97 | 1666 |
851 | 159,97 | 102,80 11.207,89 | 199,84 | 116,80 | -807 | 11956 | 56,17 | 940,84 | 160,27 | 7030 | -680 | 82,03 | 10,08 |
251,85 | 8697 | 10573 | 964,55 | 126,84 | 114,05 | -197,32 | 62,79 | 59,03 | 751,59 | 10349 | 6743 | -142,05 | 41,45 | 12,75 |
-1.207,89| -199,84 | 116,89 | 851 | -159,97 | 102,89 | -940,84 | -160,27 | 70,30 | 807 | -11956 | 5617 | -673,44 | -117,97 | 23,25 |
-964,55 | -126,84 | 114,05 | 251,85 | -8697 | 10573 | -751,59 | -103,49 | 67,43 | 19732 | -62,79 | 59,03 | -53819 | -77,39 | 2058 |
605,76 | -11,82 | 24,72 | 60576 | 11,82 | 24,72 | -472,00 | -12,16 | -3,00 | 472,00 | 12,16 | -3,00 | -337,83 | -10,34 | -30,68 |
607 | 16809 | 17,72 |} 120545 | 191,73 | 31,72 | -561 | 127,76 | -10,07 | 93838 | 152,07 | 407 | -451 | 8966 | -37,26 |
: -249,42 | 95,08 20,56 : 962,11 | 118,73 28,88 : -194,86 | 70,98 -7,20 : 749,13 95,30 1,20 : -139,76 | 49,08 -34,59 :
120545| 191,73 | 31,72 | 607 | -16809 | 1772 | -93838 | -15207 | 407 | 561 | -12776 | -10,07 | -671,15 | -110,33 | -24,09 |
-962,11 | -118,73 | 2888 | 24942 | 9508 | 2056 | 749,13 | -9530 120 | 1948 | 7098 | 7,20 | -5359 | 69,76 | -2676 |
| -596,20 | 20,06 | -309,89 | 596,20 | -20,06 | -309,89 | -462,34 | 2004 | -26323 | 46234 | -2004 | -26323 | -328,83 | 19,66 | -216,66 |
! 349 | 199,97 | -31689 | 119589 | 159,85 | -30289 | 4,04 | 15995 | -270,30 | 928,72 | 119,88 | -25617 | 449 | 119,66 | -223,25 |
-239,85 | 12696 | -314,05 | 952,55 | 8685 | -30573 | -18521 | 103,18 | -267,43 | 73947 | 6311 | -259,03 | -130,76 | 79,08 | -220,58 |
-1.195,89| -159,85 | -302,89 | -3,49 | -199,97 | -316,89 | -928,72 | -119,88 | -256,17 | -4,04 | -159,95 | -270,30 | -662,15 | -80,34 | -210,08 |
-952,55 | -86,85 | -305,73 | 239,85 | -126,96 | -314,05 | -739,47 | -63,11 | -259,03 | 18521 | -103,18 | -267,43 | -526,90 | -39,76 | -212,75 |
-598,64 | 11,94 | -224,72 | 59864 | -11,94 | -224,72 | -464,80 | 11,84 | -197,00 | 464,80 | -11,84 | -197,00 | -331,12 | 12,02 | -169,32 |
1,06 | 191,85 | -231,72 | 1.19833 | 167,96 | 217,72} 1,59 | 151,76 | -204,07 | 931,18 | 12807 | -189,93 | 220 | 112,02 | -17591 |
242,29 | 11885 | 228,88 | 95498 | 94,96 | -22056 | 187,66 | 94,98 | 201,20 | 741,93 | 71,30 | -192,80 | -133,05 | 71,44 | 173,24 |
|-1.19833| -167,96 | -217,72 | -1,06 | -191,85 | -231,72 | -931,18 | -128,07 | -189,93 | -1,59 | -151,76 | -204,07 | -664,44 | -87,97 | -162,74 |
| 054,98 | -0496 | -220,56 | 242,29 | -118,85 | -228,88 | 741,93 | -7L,30 | -192,80 | 187,66 | -94,98 | -201,20 | -529,19 | -47,40 | -165,41 |
max 349 19997 11689 |1207,89 19984 11689 | 404 15995 7030 | 94084 16027 7030 | 449 11966 2325
min_1-1.207,89 -199,84 -31680 | -349  -199,97 -31689 | -940,84 -160,27 -27030 | 404  -159,95 -270,30 | -673,44 -117,97 -223,25
Figure 2.33.c. Stress Field at Gauss Points.
Isogeometric Elements 11-15.
element 16 element 17 element 18 element 19 element 20

oxx (MPa)] oyy (MPa)]tyy (MPa) Joxx (MPa)] oyy (MPa)| txy (MPa) |oxx (MPa)] oy (MPa)]tyy (MPa) oy (MPa)] oy (MPa)]tyy (MPa)oxx (MPa)| oyy (MPa)]tyy (MPa)
33448 | -084 | -100,00 | -201,20 | -464 | -100,00 | 201,20 | 464 | -10000 1 -6437 | 2556 | -10000 | 6437 | -2556 | -10000 |
667,80 | 99,15 | -93,41 | -2,23 55,05 | -109,26 | 400,16 | 64,33 | -90,74 | 7,36 47,08 | -9452 | 13611 | -4,04 | -10548 |
532,54 | 5858 | -9609 | -82,97 | 30,83 | -10550 | 31942 | 4011 | -94,50 | -21,75 | 3835 | -9674 | 107,00 | -12,77 | -103,26 |
1,15 | -100,84 | -106,59 | -400,16 | -64,33 | -90,74 | 2,23 | -5505 | -109,26 | -136,11 | 4,04 | -10548 | -736 | -a7,08 | -9452 |
136,41 | -60,26 | -103,91 | -319,42 | -40,11 | -9450 | 82,97 | -30,83 | -10550 | -107,00 | 12,77 | -103,26 | 21,75 | -3835 | -9674 |
34012 | 17,97 | 1666 | -20913 | -31,10 | -3036 | 20913 | 31,20 | -3036 | -5968 | 4122 | -7489 | 59,68 | -41,22 | -74,89 |
673,44 | 117,97 | 2325 | -1017 | 2859 | -39,62 I 408,10 | 90,79 | -21,10 I 12,06 | 62,74 | -69,41 | 131,42 | -1969 | -80,37 |
53819 | 77,30 | 2058 | -90,91 | 437 | -3587 | 327,36 | 6657 | -24,86 | -17,05 | 54,00 | -71,63 | 102,31 | -2843 | -7815 |
| 68 | -8203 | 1008 | -408,10 | -90,79 | -21,10 | 10,17 | -2859 | -39,62 | -131,42 | 1969 | -80,37 | -12,06 | -62,74 | -69,41 |
142,05 | -4145 | 12,75 | -327,36 | -6657 | -2486 | 091 | -437 | -3587 | 10231 | 2843 | -7815 | 17,05 | -5400 | -7.63 !
337,83 | 10,34 | -30,68 | -20591 | -20,36 | -58,62 | 20591 | 20,36 | -5862 | -61,58 | 34,86 | -8508 | 61,58 | -34,86 | -8508 I
671,15 | 110,33 | -2400 | -695 | 3932 | -67,88 | 404,88 | 80,05 | -4936 | 1016 | 5638 | -79,60 | 13332 | -1334 | -90,56 |
| 53590 | 69,76 -26,76 | -87,68 15,10 -64,12 | 32414 | 5583 53,12 | -18,95 47,65 -81,82 | 10421 | -22,07 | -8834 |
4,51 89,66 | -37,26 | -40488 | 80,05 | 4936 | 695 | 3932 | 6788 | 13332 | 1334 | -90,56 | -1016 | -5638 | -79,60 |
139,76 | -49,08 | -3450 | 32424 | 5583 | 5312 | 8768 | -1510 | 6412 | 10421 | 2207 | -8834 | 1895 | 4765 | 81,82 |
32883 | -1966 | -21666 | -193,26 | 21,82 | -169,64 | 193,26 | -21,82 | -169,64 | 69,07 | 990 | -12511) 69,07 | -99 | -12511 ]
662,15 | 80,34 | -21008 ! 571 81,51 | -17890 | 39222 | 3787 | -16038 | 2,67 31,42 | -11963 | 14081 | 11,62 | -130,59 |
| 52690 | 3976 | -21275 | -7503 | 57,29 | -17514 | 311,49 | 1365 | -16413 | -2644 | 22,69 | -121,85 | 111,70 2,89 | -12837 |
-4,49 | -119,66 | -223,25 | -392,22 | -37,87 | -160,38 | -571 | -81,51 | -178,90 | -140,81 | -11,62 | -130,59 | -2,67 | -31,42 | -119,63 |
130,76 | -79,08 | -220,58 } -311,49 | -13,65 | -164,13 | 7503 | -57,29 | -17514 | -113,70 | -2,89 | -12837 | 2644 | -2269 | -121,85 |
1 331,12 | -1202 | -169,32 | -196,48 | 11,08 | -141,38 | 196,48 | -11,08 | -141,38 | 67,17 | 1625 | -114,92 | 67,17 | -1625 | -114,92 |
664,44 | 87,97 | -162,74 | 2,49 7077 | -150,64 | 39544 | ase1 | -13212 | 457 37,77 | -109,44 | 13891 | 527 | -12040 |
52919 | 47,40 | -16541 | -7825 | 4655 | 14688 | 31471 | 2439 | -13588 | 2454 | 29,04 | -111,66 | 109,80 | -346 | -118,18 |
| 220 | -112,02 | 17591 | -39544 | -4861 | -132,02 | -249 | -70,77 | -150,64 | -138,91 | -527 | -120,40 | -457 | -37,77 | -109,44 |
13305 | 71,44 | -17324 | 31471 | -2439 | -13588 | 7825 | -4655 | -146,88 | -10980 | 346 | -11818 | 2454 | -29,04 | -111,66 |

max | 67344 11797 2325 | 571 8151 21,20 | 40810 9079 2110 | 1206 6274 6941 | 14081 1162 69,41
min -449  -119,66  -22325 | 408,10 90,79 -17890 ! -571  -81,51 -178,90 | -14081 -11,62 -130,59 | -12,06  -62,74  -130,59

Karakitsios Panagiotis

Figure 2.33.d. Stress Field at Gauss Points.
Isogeometric Elements 16-20.
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(Element, G.P.)

- (MPa)l max (2,17)

I L £/ ) I
max (2,17)

N I % W
max (1,7), (2,9)

o N min_ (119,217 ___

Figure 2.34. Maximum and Minimum Stress.

Figure 2.33 depicts stresses at Isogeometric Elements’ Gauss Points, while Figure 2.34
shows maximum and minimum stress.

As expected, elements 1 and 2 (nearest to fixed boundary) suffer from larger stresses. It is a
cantilever under concentrated load P=3.000 kN at free edge, so the upper horizontal side
suffers from tension and the lower horizontal side suffers from compression. Maximum
bending moment occurs at fixed edge.

M ax =—P-L =-3.000kN -15m = —45.000 kNm

_

Element 2 (G.P.17, nearest to upper horizontal side) experience the largest tension. Tensile
stresses are equal to:

max oy = 2.585,13 MPa
max oy = 755,17 MPa

Element 1 (G.P.19, nearest to lower horizontal side) experience the largest compression.
Compressive stresses are equal to:

max cyy =—2.585,13 MPa
maxcyy =—755,17 MPa
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2.2.2. Finite Element Analysis

| will solve the same problem applying Finite Element Method. In order to reach a safe
conclusion, | have maintained as many nodes (FEA) as control points (IGA), means | have
used 33 nodes with the same global numbering. The two (FEA, IGA) outgoing stiffness
matrices will have the same dimensions (66x66). The nodes have the same distance between
each other along the length and the height.

As it is a plane stress problem, the two stiffness matrices have both 66 rows and 66
columns. (2¢33=66, 66x66).

| use the following analysis parameters:

e Nodes: 33. It is important to underline that number of Nodes is equal to shape
functions’ number. Cartesian coordinate system’s origin is the extreme left and
bottom corner.

e Shape functions: Linear. The shape functions are linear, as | used 4-noded Finite
Elements.

e 20 2D 4-sided, 4-noded Finite Elements. | have simulated the structure with 20 2D
4-sided 4-noded Finite Elements. Every element has the same geometry and nodes.
So, the local stiffness matrix is the same. The parametric axis § (parameter space) is
parallel to cantilever’s length (physical space), means horizontal. Its direction is from
left to right. The parametric axis n (parameter space) is parallel to cantilever’s height
(physical space), means vertical. Its direction is from bottom to cantilever’s top. In
FEA, the parameter space is local to every element.

Finite Elements (Number) 20
Finite Elements (Type) 2D
4-sided
4-noded
isoparametric
Gauss Points 5x5

Figure 2.35. Analysis Parameters.

Figure 2.36. Cantilever Profile. (Cartesian Axes. Nodes.)
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2D 4-sided 4-noded Finite Element

It is a plane stress problem. | have used isoparametric 2-D 4-sided 4-noded Finite Elements.
Each element has 4 nodes and 2.4=8 degrees of freedom, as each node corresponds to 2
degrees of freedom, which are the horizontal displacement and the vertical displacement.

(-1,1) (1,1)
4 3

1
(-1,-1) (1,-1)

Figure 2.37. Isoparametric 2D 4-sided 4-noded Finite Element.
Parameter Space. Local Numbering.

Shape functions

The shape functions and their partial derivatives with respect to §, n are equal to:

1

le%l—é 1-1 Nm:—% 1-n Nl'"z_Z 1-¢
NZ:%1+E_, 1-1 Nzazi 1-n N2,n:_% 1+¢&
N3:%1+§ 1+n N3’§:% 1+n N3,n:% 1+¢&
N4:%1—E_, 1+n N4y§=—% 1+m N4,n=% 1-¢

Figure 2.38. Shape functions.
Isoparametric 2D 4-sided 4-noded Finite Element.
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For every element e =1+ 20, | follow the below procedure.

Elasticity Matrix [E]

As it is a plane stress problem, the elasticity matrix [E] is equal to:

. 1 0
E:1 > |v 1 0
ax3 17V _

00 1-v
L 2 |

Deformation Matrix [B]

| calculate the deformation matrix.

[Be &n |=[Bie &n [[Bye &m |

3x8 3x4 4x8
where:
1 ‘]e,22 a:n _‘]e,12 aﬂ'] 0 0
|:B1,e & ]:—' 0 0 —Je21 &M Jenn &M
- det[J, &7 |
—Je21 &M Jenn &M Je2 &M —Jegp &M
) Xie Yie
[J X }—[D X ] XY, = Nie &m o Npe &m Nge &m Nye Em ) Xoe Yoe
1 - N 1 -
62X2 2x4 4x2e Nl,n éln NZ,T] éin N3,n éa'ﬂ N4,n éy"] ] XS,e Y3,e
X4,e Y4,e
Xie Yy |
1 1 1 1 le le
-—1- —1- — 1+ -—— 1+
en]-| 4 T T T X Y,
e Xze Y
2x2 1 1-¢ 21 1+& 1 1+& 1 1-¢ 3e 3e
4 4 4 4 Xge Yoo
Xner Yne: Node’s n (Finite Element e) Cartesian coordinates (local numbering)
Nl,g &n 0 Nz,g &n 0 Ns,g &n 0 N4,g &n 0
[B £n ]: Nl,n | 0 Nz,n En 0 Ns,n &n 0 N4,n &n 0
ot 0 Ny é&m 0 N &m 0 Ng &m 0 N &nm
0 Ny, &M 0 No, &M 0 N3, &n 0 Ny, &M
96
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1
L 0 21 0o =1+ 0 -T14 0
1 n 1 n n n
Ly o -l o Lz o iy 0
:[BZe X ]: 4 4 4 4
© 1 1 1 1

0 —Z 1—T'| 0 Z 1—T'| 0 Z 1+T'| 0] —Z 1+T'|
0o -li 0 —% 146 0 %1+§ 0 %1—@

Local Stiffness Matrix [k°]

| produce the local stiffness matrix.

11
ke = [ [[B. &n " E[B, &n Jt-det[s, &n Jdzdn
11 8x3 3x3 3x8

| have calculated the double integral using numerical integration (integration rule 5x5).

5 5

8x8 i=1 j=1 8x3 3x3 3x8

n

~ ©o

53 -

o (32} & 3

) 0 @ S

< QP o =] o

Il Il Il 11 D

wr wr wr wr wr

I I I I I

4 | | | a3

- T & B B - - -n=0.90617

il 0 1 il 118
- & & K& & - - - -n=0.53846
oo ****"I:OH
- = - -n=-0.53846
--1 2--n=-0.90617

Figure 2.39. Gauss Points. (Local numbering.)
Isoparametric 2D 4-sided 4-noded Finite Element.

97
Karakitsios Panagiotis




Isogeometric Analysis

The weight factors for the 25 five Gauss Points are equal to:

S T T
1 0 10568881 0 10,568881 0,32362
2 0 10,568881 0,90617 1 0,236921 0,13478
3 0  10,568881 0,53846 | 0,478621 0,27228
a 0 |0,56888) -0,90617 0,23692| 0,13478
5 0 ]0,56888]-0,53846 ] 0,47862| 0,27228
6 | 0906171 0,23692! 0 !o0,56888! 0,13478
7 | 0,90617 ! 0,23692! 0,90617 ! 0,23692! 0,05613
8 | 0,90617 10,236921 0,53846 1 0,478621 0,11339
9 | 0,90617 | 0,23692 | -0,90617 0,23692| 0,05613
10 | 0,90617 | 0,23692 | -0,53846 | 0,47862} 0,11339
11 ] 0,53846 1 0,478621 0 10,56888! 0,27228
12 | 0,53846 10,478621 0,90617 1 0,236921 0,11339
13 | 0,53846 ; 0,47862| 0,53846 j 0,47862; 0,22908
14 | 0,53846 ! 0,47862!1-0,90617! 0,23692! 0,11339
15 | 0,53846 10,478621-0,538461 0,478621 0,22908
16 —0,90617iO,Z3GQZE 0 io,sssssi 0,13478
17 |-0,906171 0,23692! 0,90617 ! 0,23692! 0,05613
18 |-0,906171 0,236921 0,53846 | 0,478621 0,11339
19 |-0,90617] 0,23692 | -0,90617 | 0,23692] 0,05613
20 | -0,90617] 0,23692 ] -0,53846 | 0,47862] 0,11339
21 |-0,53846] 0,47862] 0 |0,56888] 0,27228
22 | -0,53846] 0,47862| 0,90617 | 0,23692] 0,11339
23 |-0,53846 0,47862| 0,53846 | 0,47862| 0,22908
24 |-0,538461 0,47862 | -0,90617 0,23692| 0,11339
25 |-0,5384610,478621 -0,538461 0,478621 0,22908

Each Finite Element has the same local Stiffness Matrix, which is the following:

| local [k] (kN/m) (Finite Element 1. Global numbering of Nodes.) |
Node 1 Node 2 Node 4 Node 5

u (m) v (m) u (m) v (m) u (m) v (m) u (m) v (m)
Nodeq PN (1038462 375.000 115385 28.846 634615 28845 -519.231 -375.000 |
Fy (kN) : 375.000 |1.038.462 -28.846 -634.615 28.846 115.385 -375.000 -519.231 :
L | Fy (kN) : 115.385 -28.846 | 1.038.462 -375.000 -519.231 375.000 -634.615 28.846 :
E Node 2 Fy (kN) : 28.846 -634.615 -375.000 @ 1.038.462 375.000 -519.231 -28.846 115.385 :
S Node 4 Fy (kN) i -634.615 28.846 -519.231  375.000 | 1.038.462 -375.000 115.385 -28.846 i
()] Fy (kN) : -28.846 115.385 375.000 -519.231 -375.000 | 1.038.462 28.846 -634.615 :
Node 5 Fy (kN) : -519.231 -375.000 -634.615 -28.846 115.385 28.846 1.038.462 375.000 :
Fo(kN) | 375,000 519231 2884 | 115385 -28:84 634615 375000 |1038.462|

Figure 2.40. Stiffness Matrix. Finite Element 1.
Global numbering of Nodes.
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Control Net

Figure 2.41 shows Nodes’ Cartesian coordinates.

axis X |
Xy
element 1 element2 element3 element4 element5 element6 element7 element8 element9 element 10
Node 1| 0 0 1,5 15 3 3 4,5 4,5 6 6
Node Zi 0 0 15 15 3 3 4,5 4,5 6 6
?:" Node 3: 1,5 1,5 3 3 4,5 4,5 6 6 7,5 7,5
=
g Node 4 1,5 1,5 3 3 4,5 4,5 6 6 7,5 7,5
§ element 11 element 12 element 13 element 14 element 15 element 16 element 17 element 18 element 19 element 20
(_3 Node 1: 7,5 7,5 9 9 10,5 10,5 12 12 13,5 13,5
2 Node 2: 7,5 7,5 9 9 10,5 10,5 12 12 13,5 13,5
Node 3: 9 9 10,5 10,5 12 12 13,5 13,5 15 15
Node 4: 9 9 10,5 10,5 12 12 13,5 13,5 15 15
Figure 2.41.a. Nodes’ Cartesian coordinate X. (physical space)
axis Y I
Ya
element 1 | it 2 | it 3 | it 4 | 1t5 element6 element7 element8 element9 element 10
Node 1 : 0 15 0 15 0 15 0 1,5 0 15
Node 2 : 15 3 15 3 15 3 1,5 3 1,5 3
2 Node3 : 0 15 0 15 0 15 0 15 0 15
E Node 4 15 3 15 3 15 3 15 3 15 3
§ element 11 | 1t 12 el 1t 13 el 1t 14 el 1t 15 el 1t 16 el 1t 17 element 18 element 19 element 20
Tg Node 1 : 0 1,5 0 15 0 1,5 0 1,5 0 1,5
2 Node 2 : 15 3 15 3 15 3 15 3 1,5 3
Node 3 : 0 1,5 0 15 0 15 0 15 0 15
Node 4| 15 3 15 3 15 3 15 3 15 3

Figure 2.41.b. Nodes’ Cartesian coordinate Y. (physical space)

33 Nodes partition the structure into 20 Finite Elements.

In Figure 2.16 we can see the corresponding node net.

3 6 9 12 15 18 21 24 27 30 33
J © © 4 © © 4 e © ©  J
2 5 8 11 14 17 20 23 26 29 32
L © © © © © © © © © ©
YA
1 4 7 10 13 16 19 22 25 28 31
Q—:—Q © L 4 © © € e © & L

Figure 2.42. Node Net. (physical space)
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Parameter Space

(-1,1) (1,1)
4 3

1
-1,1) (1,1

Figure 2.43. Isoparametric 2D 4-sided 4-noded Finite Element.
Parameter Space. Local Numbering.

Physical Space

Figure 2.44. Finite Element Mesh.
Nodes partition cantilever into finite elements.

Figure 2.44 shows nodes (red circles) in the physical space. Nodes partition cantilever into
20 isoparametric 2D 4-sided 4-noded finite elements. The Total Stiffness Matrix refers to
nodes, so | form the equilibrium equation for them.

F=K-U=>U=K - F

Displacements’ vector U refers to nodes. For this particular problem, there are 33

nodes, so the above equation is written as follows:

F=K.-U=U?=«K ~F

66x1 66x66 66x1 66x1 66x66 66x1
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Total Stiffness Matrix [K]

| calculate the local (numbering) Stiffness Matrix for every Finite Element. Then, | form the
total Stiffness Matrix of the structure.

Figure 2.45. Total Stiffness Matrix. (66x66)

Two Degrees of Freedom correspond to every Node, the horizontal u and the vertical v
displacement. The cantilever’s total Stiffness Matrix is a symmetric square matrix with
dimensions 66x66, as there are 33 Nodes and 33°2=66 Degrees of Freedom.

Nodes’ External Forces {P}

| calculate the External Load Vector (66x1) and | reorder it.

Fet =0 .. 0 -1000 O -1000 O -1000 T

(66x1)
F 0 .. 0 -1000 0O -1000 O -1000 T
E _j(eox1) | (60x1)
tot,m — = -
(66x1) s 0
(6x1) (6x1)

Control Points’ Displacements {U}

| reorder the Total Stiffness Matrix and the External Load Vector and then | form the
balance equation. | symbolize the unknown displacements with subscript f and the known
ones (fixed Nodes) with s.
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Ff Kff Kfs Uf
60x1 60x60 60x6 60x1
Fotm =| Kiotm | Yotm = = :
|: ° m:l o Fs st Kss Us
6x1 6x60 6Xx6 6x1
=
0
0
O en
—1000 0

Ke 1K 1| &
0 0x60 0x6 0x1 -1000
S| OO SO R T

et Esf ] Ess €0x1) €0x60 ) 0
0 €x60) €x6 €1 —1000
—1000 0
60x1 1000
0 @1
6x1

Figure 2.46 shows Nodes’ horizontal and vertical displacement.

The maximum horizontal displacement is equal to 9,5cm and corresponds to:
** Node 31:u=-9,5cm
+* Node 33: u=+9,5 cm.

The maximum vertical displacement is equal to 65,1cm and corresponds to:
< Node 31: v=-65,1cm
+ Node33:v=-65,1cm.
Negative value displays that maximum displacement’s direction is the negative direction of
axis Y, means these Nodes move downstairs as expected.
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Karakitsios Panagiotis

horizontal u (cm)

vertical v (cm)

=
o
o

Figure 2.46. Nodes’ displacements.
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Nodes' Horizontal Displacement

15

10

L 2
L 2

66— ¢ — ¢ —— ¢ — ¢ — O — O — ¢ — O — O — 00—
2 3 ‘5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 @ FEA

*
-5 *

Horizontal Displacement (cm)

-15

Nodes

Figure 2.47.a. Nodes’ horizontal displacement.

Nodes' Vertical Displacement

123 456 7 8 91011121314151617 1819202122 2324252627 282930313233

c
XX

o A PPN
£ 10 eo 0
o eoo
s XX
= TR
- O
0 ~— . L A 4 ® FEA
= eo 0
8 50
= so 0
g ©0 so 0

-70

Nodes

Figure 2.47.b. Nodes’ vertical displacement.

Stress Field at Gauss Points

As | know Nodes’ displacements, | can calculate the stress field at Finite Elements’ Gauss
Points.

c&m =E-egmn =E:[Bgmn | d
3x1 3x3 3x1 3x3 3x8 8x1

where:
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ox &M
. c &.,m; =40y &,n; :stressfield at Gauss Pointi (plane stress problem)
. Txy SisMi
e 1 0
. E = 5|V 1 0 (plane stress problem)
3x3 1-V
1-v
° 0
ex SiuMj
. e &M =13 &y &M ¢:strainfield at Gauss Point i
. Yxy SiiMi

. d : Displacement vector refers to displacements of Finite Element’s Nodes (local
8x1

numbering).

Let’s calculate the corresponding stress field to Gauss Point 1 of Finite Element 1.

{d}(m)
u(m) 0
Node 1
v(m) 0
L u(m) 0
= Node 2
o v (m) 0
£ u(m) | -o0,018
2 Node 4
[T) v(m) -0,012
u(m) 0
Node 5
v(m) -0,009

Figure 2.48. Nodes’ vertical and horizontal displacement.
Finite Element 1.

~1.288.132 -1.288,13
c&m =E [Bé&m | d={-169330 ; kPa = o &,n, =4 169,33 { MPa
—100.000 —100,00
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element1 element 2 element 3 element4 element 5 |
o (MPa)loy, (MPa)l vy, (MPa)|oy, (MPa)loy, (MPa)l <y (MPa) Joyy (MPa)]oyy (MPa)|xy, (MPa)loyy (MPa)oyy, (MPa)|y (MPa)loyy (MPa)|oyy (MPa)|xyy (MPa)]|
G.P.1 |-1.288,13| -169,33 | -100,00 | 1.288,13 | 169,33 | -100,00 {-1.134,45| 30,75 | -100,00 } 1.134,45 | -30,75 | -100,00 |-1.004,23| -5,58 | -100,00 |
G.p2 | -5599 | 20031 | -24,33 | 252027 | 53897 | -17567 | 442 372,41 | -122,01 | 2.273,32| 31092 | -77,99 | -588 | 293,92 | -104,27 |
G.P.3 | -55597 | 5032 | -5504 !202029| 38898 | -144,9 | -457,71 | 233,77 | -113,08 } 1.811,19| 172,28 | -86,92 | -410,99 | 172,39 | -102,54 |
G.P.4 :-2.520,27 -538,97 -175,67: 55,99 | -200,31 -24,33 :-2.273,32 -310,92 | -77,99 : -4,42 | -372,41 | -122,01 :-2.002,58 -305,09 | -95,73 :
G.P.5 1-2.020,29| -388,98 | -144,96 | 555,97 | -50,32 -55,04 1-1.811,19| -172,28 | -86,92 | 457,71 | -233,77 | -113,08 1-1.597,47 | -183,55 | -97,46 |
G.P.6 |-1.223,27| 4687 | 331,25 | 1.223,27 | -46,87 331,25 |-1.153,31| -32,13 | 208,61 | 1.153,31| 32,13 | 298,61 |-1.007,89| -17,79 | 249,42 |
G.P.7 8,87 416,51 _ 2.45541| 322,77 | 25558 | -14,44 | 309,53 | 276,60 | 2.292,18 | 373,79 | 320,61 | -9,54 | 281,72 | 245,15 |
G.P.8 | -491,11 | 266,52 | 376,21 |1.95543 | 172,78 | 286,28 | -47657 | 170,80 | 28553 | 1.83005| 23515 | 311,68 | -414,66 | 160,19 | 246,88 |
G.P.9 1-2.455,41| -322,77 | 25558 | -8,87 | -416,51 -2.292,18| -373,79 | 320,61 | 14,44 | -309,53 | 276,60 1-2.006,24| -317,29 | 253,69 |
G.P.10 }-1.955,43| -172,78 | 286,28 | 491,11 | -266,52 | 376,21 |-1.830,05| -23515 | 311,68 | 476,57 | -170,89 | 285,53 |-1.601,13| -195,76 | 251,96 |
G.p.11 1-124959| -40,86 | 156,26 | 1.249,59 | 40,86 156,26 1-1.14566| -662 | 13686 | 114566 | 6,62 136,86 1-1.006,41| -12,83 | 107,63 |
G.P12 | -1745 | 328,78 | 231,93 | 248173 | 410,50 80,59 | -679 | 33505 | 11485 |2284,53 | 34828 | 15886 | -806 | 28667 | 10336 |
G.P.13 | -517,43 | 178,79 | 201,22 | 1.981,75 | 260,51 111,29 | -468,92 | 196,41 | 123,78 | 1.822,39 | 209,64 | 149,94 | -413,17 | 165,14 | 105,10 |
G.P.14 |-2.481,73| -410,50 | 80,59 | 17,45 | -32878 | 231,93 |-2.284,53| -348,28 | 15886 | 679 | -33505 | 114,85 }-2.004,75| -312,34 | 111,90 |
G.P.15 |-1.981,75| -260,51 | 111,29 | 517,43 | -17879 | 201,22 |-1.822,39| -209,64 | 149,94 | 468,92 | -196,41 | 123,78 }-1.599,64| -190,81 | 110,17 |
G.P.16 |-1.352,99| -38553 | -531,25 | 1.352,99 | 38553 | -531,25 |-1.11559| 9362 | -49861 | 1.11559 | -93,62 | -498,61 }-1.000,57| 6,62 | -449,42 |
G.P.17 | -120,85 | -15,89 | -455,58 606,92 | 2328 | 43528 | -520,61 | 2.254,46 | 24804 | -476,60 | -2,22 | 30612 | -453,69 |
G.P.18 | -620,83 | -165,88 | -486,28 | 2.085,15 | 605,18 | -576,21 i -438,85 | 296,64 | -511,68 i 1.792,32 | 109,40 | -485,53 i -407,33 | 184,59 | -451,96 i
G.P.19 1-2.585,13| -755,17 | -606,92 | 120,85 | 15,89 | -455,58 :—2.254,46 -248,04 | -476,60 i -23,28 | -435,28 | -520,61 :71.993,92 -292,88 | -445,15 i
G.P.20 1-2.085,15| -605,18 | -576,21 i 620,83 | 165,88 | -486,28 E-1.792,32 -109,40 | -485,53 i 438,85 | -296,64 | -511,68 E-1.593,81 -171,35 | -446,88 E
G.P.21 1-1.326,67| -297,80 | -356,26 | 1.326,67 | 297,80 | -356,26 |-1.123,24| 68,11 | -336,86 | 1.123,24| -68,11 | -336,86 |-1.002,06| 1,67 | -307,63 |
G.p.22 | -94,53 71,84 | -280,59 : 2.558,81 | 667,44 | -431,93 : 15,63 409,77 | -358,86 : 2.262,11 | 273,56 | -314,85 : -3,71 301,17 | -311,90 :
G.P.23 | 594,51 | -78,15 | -311,29 | 2.058,83 | 517,45 | -401,22 | -446,50 | 271,13 | -349,94 | 1.799,98 | 134,92 | -323,78 | -408,82 | 179,64 | -310,17 |
G.P.24 |-2558,81| -667,44 | -43,93 | 9453 | -71,84 | -280,59 |-2.262,11| -273,56 | -314,85 | -15,63 | -409,77 | -358,86 |-2.000,40| -297,84 | -303,36 |
G.P.25 |-2.058,83| -517,45 | -401,22 | 594,51 | 78,15 | -311,29 |-1.799,98| -134,92 | -323,78 | 446,50 | -271,13 | -349,94 !-1.595,29| -176,30 | -305,10
max 8,87 416,51 2328 43528 320,61 | 2.292,18 373,79 320,61 | -2,22 30612 253,69
min |-2.58513 75517 -60692 | -887 -41651 -60692 |-2.292,18 -37379 -520,61 | -23,28 -43528 -520,61 |-2.006,24 -317,20 -453,69
Figure 2.49.a. Stress Field at Gauss Points.
Finite Elements 1-5.
element 6 I element7 I element8 element9 I element 10

!‘!MPa!Icu!MPal't MPa)loyx, (MPa)loyy (MPa)]t,y (MPa)joyx (MPa)loyy (MPa)] Ty (MPa)lox, (MPa)loyy (MPa)] tyy (MPa)jo,x (MPa)loyy (MPa)lt,y (MPa
G.P.1 | 1.004,23| 558 | -100,00 -869,75 | 1,01 | -100,00 | 869,75 -1,01 | -100,00 | -736,05 | -0,19 | -100,00 | 736,05 0,19 | -100,00 |
G.p.2 } 200258 | 30509 | -9573 | -335 | 260,94 | -107,49 } 1.736,16 | 258,91 | -92,51 -3,15 | 219,68 | -106,91 | 1.468,95 | 220,06 | -93,09 |
G.P.3 |1597,47| 183,55 | -97,46 | -354,92 | 155,47 | -104,45 | 1.384,50 | 153,44 | -95,55 | -300,54 | 130,46 | -104,11 | 1.171,55 | 130,84 | -95,89 |
G.P.4 588 | -203,92 | -10427 |-1.736,16| -25891 | -92,51 | 335 -260,94 | -107,49 1-1.468,95| -220,06 | -93,09 ! 3,15 | -219.68 | -10691 |
G.P.5 | 410,99 | -172,39 | -102,54 1-1.384,59| -153,44 | -95555 | 354,92 | -155,47 | -104,45 1-1.171,55| -130,84 | -95,89 | 300,54 | -130,46 | -104,11 |
G.P.6 | 1.007,89 | 17,79 | 249,42 | -876,17 | -20,39 | 203,24 | 876,17 | 20,39 | 203,24 | -741,97 | -1993 | 156,52 | 741,97 | 19,93 | 156,52 |
G.P.7 | 200624 | 317,29 | 25369 | -9,77 | 239,53 | 19575 | 1.742,58 | 280,31 | 210,73 | -9,07 | 199,94 | 149,61 | 1.474,87 | 239,80 | 163,42 |
GP.8 |1601,13| 19576 | 251,96 | -361,34 | 134,06 | 198,79 |1.391,01| 174,84 | 207,69 | -30647 | 110,72 | 152,41 |1.177,47| 150,58 | 160,62 |
G.P.9 9,54 | -281,72 | 245,15 |-1.742,58| -280,31 | 210,73 | 9,77 | -239,53 | 195,75 |-1.474,87| -239,80 | 163,42 | 9,07 | -199,94 | 149,61 |
G.P.10 | 414,66 | -160,19 | 246,88 |-1.391,01| -174,84 | 207,69 | 361,34 | -134,06 | 19879 }|-1.177,47 -150,58 | 160,62 | 30647 | -110,72 | 152,41 |
G.p.11 | 1.006,41 | 12,83 107,63 : -873,57 | -11,70 80,19 : 873,57 11,70 80,19 | -739,57 | -11,92 52,43 : 739,57 11,92 52,43 :
G.P.12 12.00475| 312,34 | 111, | -7,16 | 248,22 | 72,70 |1739,97| 271,62 | 87,68 | -667 | 207,95 | 4552 1147247 | 231,79 | 59,34 |
G.P.13 | 1.599,64 | 190,81 | 110,17 | -358,73 | 142,75 | 7574 | 1.388,40 | 166,15 | 84,64 | -304,06 | 118,73 | 4832 | 1.17507 | 142,57 | 56,53 |
G.pa4a | 806 | -28667 | 103,36 |-1.739,97| -271,62 | 87,68 | 716 | -24822 | 72,70 |-1.472,47| -231,79 | 5934 | 667 | -207,95 | 4552 |
G.P.15 | 413,17 | -165,14 | 105,10 }-1.388,40| -166,15 | 84,64 | 358,73 | -142,75 | 7574 |-1.17507| -142,57 | 5653 | 304,06 | -118,73 | 4832 |
G.P.16 | 1.00057 | -662 | -449,42 | 863,33 | 22,42 | -40324 | 863,33 | 22,42 | -403,24 | 730,13 | 19,55 | -356,52 | 730,13 | -19,55 | -356,52 |
G.P.17 | 1.99892 | 292,88 | -445,15 | 3,07 282,34 | -410,73 | 1.729,74 | 237,51 | 395,75 | 2,78 239,42 | -363,42 | 1.463,03 | 20032 | -349,61 |
G.p.as | 1.593,81 | 171,35 | -446,88 i -348,50 | 176,87 | -407,69 1 1.378,17 | 132,03 | -398,79 | -294,62 | 150,20 | -360,62 i 1.165,63 | 111,10 | -352,41 1
G.P.19 2,22 | -306,12 | -453,69 i-1.729,74 -237,51 | -395,75 i -3,07 | -282,34 | -410,73 :-1.463,03 -200,32 | -349,61 i -2,78 | -239,42 | -363,42 i
G.P.20 | 407,33 | -184,59 | -451,96 |-1.378,17| -132,03 | -398,79 | 348,50 | -176,87 | -407,69 |-1.165,63| -111,10 | -352,41 | 294,62 | -150,20 | -360,62 |
G.P.21 | 1.002,06 | -1,67 | -307,63 | -86594 | 13,73 | -280,19 | 86594 | -13,73 | -280,19 | 73253 | 11,54 | -25243 | 73253 | -11,54 | -252,43 |
G.P.22 12.000,40 | 297,84 | -30336 | 0,47 273,65 | -287,68 | 1.732,34 | 246,19 | -272,70 | 0,37 231,41 | -259,34 | 1.465,43 | 208,33 | -245,52 |
G.P.23 | 1.595,29 | 17630 | -30510 | -351,10 | 168,18 | -284,64 | 1.380,77 | 140,72 | -275,74 | -297,03 | 142,19 | -256,53 | 1.168,03 | 119,11 | -248,32 |
G.p24 | 371 | -301,17 | -311,90 |-1.732,34| -246,19 | -272,70 | -0,47 | -273,65 | -287,68 |-1.46543| -208,33 | -24552 | -0,37 | -231,41 | -259,34 |
G.p.25 | 408,82 | -179,64 | -310,17 |-1.380,77| -140,72 | -275,74 | 351,10 | -168,18 | -284,64 !-1.168,03| -119,11 | -248,32 | 297,03 | -142,19 | -256,53 |
max | 2.00624 317,20 253,69 | 3,07 282,34 210,73 | 1.742,58 280,31 210,73 2,78 239,42 163,42 | 1.474,87 239,80 163,42
min 2,22 -30612 -453,69 |-1.742,58 -280,31 -410,73 | -3,07  -282,34 -410,73 |-1474,87 -239,80 -363,42 | -2,78  -239,42 -363,42
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Figure 2.49.b. Stress Field at Gauss Points.
Finite Elements 6-10.
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Isogeometric Analysis

element 11 I element 12 I element 13 element 14 I element 15

MPa

0y« (MPa)loyy (MPa)]tyy (MPa)joyx (MPa)loyy (MPa)]t,y (MPa)loxy (MPa uMMPa!ItXV(MPﬂunsMPallaw(MPa T,y (MPa)loy, (MPa)loyy (MPa]
G.P.1 | -602,20 0,06 -100,00 | 602,20 -0,06 -100,00 | -468,40 -0,16 -100,00 | 468,40 0,16 -100,00 | -334,48 0,84 -100,00
G.P.2 ] -2,51 179,97 -107,00 | 1.201,89 | 179,85 -93,00 -2,01 139,76 -107,07 | 934,78 140,07 -92,93 -1,15 100,84 -106,59
G.P.3 -245,85 106,97 -104,16 ; 958,55 106,84 -95,84 -191,26 82,98 -104,20 ; 745,53 83,30 -95,80 -136,41 60,26 -103,91
G.P.4 1-1.201,89| -179,85 | -93,00 2,51 -179,97 | -107,00 | -934,78 | -140,07 | -92,93 2,01 -139,76 | -107,07 | -667,80 | -99,15 | -93,41
G.P.5 | -958,55 | -106,84 -95,84 245,85 -106,97 | -104,16 | -745,53 -83,30 -95,80 191,26 -82,98 -104,20 1 -532,54 -58,58 -96,09
G.P.6 ; -608,20 -19,94 109,89 608,20 19,94 109,89 -474,46 -20,35 63,23 474,46 20,35 63,23 -340,12 -17,97 16,66
G.P.7 -8,51 159,97 102,89 | 1.207,89 | 199,84 116,89 -8,07 119,56 56,17 940,84 160,27 70,30 -6,80 82,03 10,08
G.P.8 -251,85 86,97 105,73 964,55 126,84 114,05 -197,32 62,79 59,03 751,59 103,49 67,43 -142,05 41,45 12,75
G.P.9 1-1.207,89| -199,84 116,89 8,51 -159,97 102,89 -940,84 | -160,27 70,30 8,07 -119,56 56,17 -673,44 | -117,97 23,25
G.P.10 : -964,55 | -126,84 114,05 251,85 -86,97 105,73 -751,59 | -103,49 67,43 197,32 -62,79 59,03 -538,19 -77,39 20,58
G.p.11 | -605,77 -11,82 24,72 605,77 11,82 24,72 -472,00 -12,16 -3,00 472,00 12,16 -3,00 -337,83 -10,34 -30,68
G.P.12 -6,07 168,09 17,72 1.205,45 | 191,73 31,72 -5,61 127,76 -10,07 938,38 152,07 4,07 -4,51 89,66 -37,26
G.P.13 | -249,42 95,08 20,56 962,11 118,73 28,88 -194,86 70,98 -7,20 749,13 95,30 1,20 -139,76 49,08 -34,59

6,07 -168,09 17,72 -938,38 | -152,07 4,07 5,61 -127,76 -10,07 -671,15 | -110,33 -24,09

G.P.15 ] -962,11 | -118,73 28,88
G.P.16 | -596,20 20,06 -309,89 | 596,20 -20,06 -309,89 | -462,34 20,04 -263,24 | 462,34 -20,04 -263,24 | -328,83 19,66 -216,66
G.P.17 3,49 199,97 | -316,89 | 1.195,89 | 159,85 | -302,89 4,04 159,95 | -270,30 | 928,72 119,88 | -256,17 4,49 119,66 | -223,25
G.P.18 : -239,85 | 126,96 | -314,05 1 952,55 86,85 -305,73 | -185,21 | 103,18 | -267,43 | 739,47 63,11 -259,04 | -130,76 79,08 -220,58
G.P.19 1-1.195,89| -159,85 | -302,89 -3,49 -199,97 | -316,89 | -928,72 | -119,88 | -256,17 -4,04 -159,95 | -270,30 | -662,15 | -80,34 -210,08
G.P.20 I -952,55 | -86,85 -305,73 | 239,85 | -126,96 | -314,05 | -739,47 | -63,11 -259,04 | 185,21 | -103,18 | -267,43 | -526,90 | -39,76 -212,75
G.P.21 | -598,64 11,94 -224,72 1 598,64 -11,94 -224,72 1 -464,80 11,84 -197,00 | 464,80 -11,84 -197,00 | -331,12 12,02 -169,32
G.P.22 : 1,06 191,85 | -231,72 1 1.198,33 | 167,96 | -217,72 1,59 151,76 | -204,07 | 931,18 128,08 | -189,93 2,20 112,02 | -175,91
G.P.23 | -242,29 | 118,85 | -228,88 | 954,98 94,96 -220,56 | -187,66 94,98 -201,20 | 741,93 71,30 -192,80 | -133,05 71,44 -173,24
-1,06 -191,85 | -231,72 ; -931,18 | -128,08 | -189,93 -1,59 -151,76 | -204,07 | -664,44 | -87,97 -162,74
242,29 | -118,85 | -228,88 | -741,93 | -71,30 -192,80 |, 187,66 -94,98 -201,20 | -529,19 | -47,40 -165,41

G.P.24 |-1.198,33| -167,96 | -217,72
1.207,89 199,84 116,89 4,04 159,95 70,30 940,84 160,27 70,30 4,49 119,66 23,25

G.P.25 | -954,98 | -94,96 -220,56
max 3,49 199,97 116,89
-3,49 -199,97 -316,89 | -940,84 -160,27 —270,30: -4,04 -159,95 -270,30 | -673,44 -117,97 -223,25

min |-1.207,89 -199,84 -316,89
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i i
i i
i i
i i
i i
i i
i i
i i
i i
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i i
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G.P.14 |-1.205,45| -191,73 | 31,72 H '
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Figure 2.49.c. Stress Field at Gauss Points.
Finite Elements 11-15.

element 16 I element 17 I element 18 element 19 I element 20

0y« (MPa)loyy (MPa)]tyy (MPa)joyx (MPa)loyy (MPa)]t,y (MPa)loxy (MPa uMMPa!ItXV(MPﬂunsMPallaw(MPa T,y (MPa)loy, (MPa)loyy (MPa] MPa
G.P.1 | 334,48 -0,84 -100,00 | -201,20 -4,64 -100,00 | 201,20 4,64 -100,00 | -64,37 25,56 -100,00 64,37 -25,56 -100,00
667,80 99,15 -93,41 -2,23 55,05 -109,26 | 400,16 64,33 -90,74 7,36 47,08 -94,52 136,11 -4,04 -105,48
G.P.3 532,54 58,58 -96,09 -82,97 30,83 -105,50 ; 319,43 40,11 -94,50 -21,75 38,35 -96,74 107,00 -12,77 -103,26
G.P.4 1,15 -100,84 | -106,59 ! -400,16 -64,33 -90,74 2,23 -55,05 -109,26 ! -136,11 4,04 -105,48 -7,36 -47,08 -94,52
G.P.5 1 136,41 -60,26 -103,91 1 -319,43 -40,11 -94,50 82,97 -30,83 -105,50 1 -107,00 12,77 -103,26 21,75 -38,35 -96,74
G.P.6 ; 340,12 17,97 16,66 -209,13 -31,10 -30,36 209,13 31,10 -30,36 -59,68 41,22 -74,89 59,68 -41,22 -74,89
G.P.7 673,44 117,97 23,25 -10,17 28,59 -39,62 408,10 90,79 -21,10 12,06 62,74 -69,41 131,42 -19,69 -80,37
G.P.8 538,19 77,39 20,58 -90,91 4,37 -35,87 327,36 66,57 -24,86 -17,05 54,00 -71,63 102,31 -28,43 -78,15

1 680 -82,03 10,08 -408,10 -90,79 -21,10 10,17 -28,59 -39,62 -131,42 19,69 -80,37 -12,06 -62,74 -69,41
G.P.10 : 142,05 -41,45 12,75 -327,36 -66,57 -24,86 90,91 -4,37 -35,87 -102,31 28,43 -78,15 17,05 -54,00 -71,63

1 337,83 10,34 -30,68 -205,91 -20,36 -58,62 205,91 20,36 -58,62 -61,58 34,86 -85,08 61,58 -34,86 -85,08
-6,95 39,32 -67,88 404,88 80,05 -49,36 10,16 56,38 -79,60 133,32 -13,34 -90,56
G.P.13 535,90 69,76 -26,76 -87,68 15,10 -64,12 324,14 55,83 -53,12 -18,95 47,65 -81,82 104,21 -22,07 -88,34
G.P.14 | 4,51 -89,66 -37,26 -404,88 -80,05 -49,36 6,95 -39,32 -67,88 -133,32 13,34 -90,56 -10,16 -56,38 -79,60

G.P.12 671,15 110,33 -24,09

G.P.16 328,83 -19,66 -216,66 | -193,26 21,82 -169,64 | 193,26 -21,82 -169,64 | -69,07 9,90 -125,11 69,07 -9,90 -125,11
G.P.17 662,15 80,34 -210,08 571 81,51 -178,90 | 392,22 37,87 -160,38 2,67 31,42 -119,63 | 140,81 11,62 -130,59
G.P.18 : 526,90 39,76 -212,75 -75,03 57,29 -175,14 1 311,49 13,65 -164,13 | -26,44 22,69 -121,85 1 111,70 2,89 -128,37
G.P.19 -4,49 -119,66 | -223,25 1 -392,22 | -37,87 -160,38 -5,71 -81,51 -178,90 1 -140,81 | -11,62 -130,59 -2,67 -31,42 -119,63
G.P.20 130,76 -79,08 -220,58 | -311,49 | -13,65 -164,13 75,03 -57,29 -175,14 | -111,70 -2,89 -128,37 26,44 -22,69 -121,85
G.P.21 331,12 -12,02 -169,32 | -196,48 11,08 -141,38 | 196,48 -11,08 -141,38 | -67,17 16,25 -114,92 67,17 -16,25 -114,92
G.P.22 | 664,44 87,97 -162,74 2,49 70,77 -150,64 1 395,44 48,61 -132,12 4,57 37,77 -109,44 1 138,91 5,27 -120,40
G.P.23 529,19 47,40 -165,41 | -78,25 46,55 -146,88 | 314,71 24,39 -135,88 | -24,54 29,04 -111,66 ; 109,80 -3,46 -118,18
G.P.24 -2,20 -112,02 | -175,91 | -395,44 | -48,61 -132,12 -2,49 -70,77 -150,64 | -138,91 -5,27 -120,40 -4,57 -37,77 -109,44
G.P.25 133,05 -71,44 -173,24 | -314,71 | -24,39 -135,88 78,25 -46,55 -146,88 | -109,80 3,46 -118,18 24,54 -29,04 -111,66

max 673,44 117,97 23,25 571 81,51 -21,10 408,10 90,79 -21,10 12,06 62,74 -69,41 140,81 11,62 -69,41
min -4,49 -119,66  -223,25 | -408,10 -90,79 -178,90 -5,71 -81,51 -178,90 | -140,81  -11,62 -130,59 | -12,06 -62,74 -130,59
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G.P.15 139,76 -49,08 -34,59 : -324,14 | -55,83 -53,12 : 87,68 -15,10 -64,12 -104,21 22,07 -88,34 : 18,95 -47,65 -81,82
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
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Figure 2.49.d. Stress Field at Gauss Points.
Finite Elements 16-20.
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Isogeometric Analysis

(Element, G.P.)

oy (MPa)l max (3,17), (4,17)

e e (119, (219 ___
max (3,17), (4,17)
oo P i (1,19, (2,19) ___
el @127, (39, (39)
(119,219, (317), (4,17)

Figure 2.50. Maximum and Minimum Stress.

Figure 2.49 depicts stresses at Finite Elements’ Gauss Points, while Figure 2.50 shows
maximum and minimum stress.

As expected (just like IGA showed), elements 1 and 2 (nearest to fixed boundary) suffer
from larger stresses. It is a cantilever under concentrated load P=3.000 kN at free edge, so
the upper horizontal side suffers from tension and the lower horizontal side suffers from
compression. Maximum bending moment occurs at fixed edge.

M ax =—P - L =-3.000kN -15m = —45.000 kNm

Element 2 (G.P.17, nearest to upper horizontal side) experience the largest tension. Tensile
stresses are equal to:

Max cyy = 2.585,13 MPa
max vy = 755,17 MPa

Element 1 (G.P.19, nearest to lower horizontal side) experience the largest compression.
Compressive stresses are equal to:

max cyy =—2.585,13 MPa
maxcyy =-755,17 MPa
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Isogeometric Analysis

2.2.3. Comparison

Comparing two methods’ results, | will reach interesting conclusions.

e |soGeometric Analysis (IGA)

Patches 1
Isogeometric Elements (=xH) . 20
Horizontal Spans (=) 10

Vertical Spans (H) 2
Control Points 33
Control Points (=) 11

Control Points (H) 3

p 1

q 1
Gauss Points 5x5

Figure 2.51.a. Analysis Parameters. IGA.

e Finite Element Analysis (FEA)

Finite Elements (Number) 20
Finite Elements (Type) 2D
4-sided
4-noded
isoparametric
Gauss Points 5x5

Figure 2.51.b. Analysis Parameters. FEA.

Particularly, | will compare:

B-SPLine Functions (IGA) with Shape Functions (FEA).

Control Net (IGA) with Node Net (FEA).

Parameter Space (Mesh).

Physical Space (Mesh).

Total Stiffness Matrix.

Control Points’ Displacements (IGA) with Nodes’ Displacements (FEA).
Stress Field at Gauss Points.

YV VV VY VYV
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Shape Functions

Ni,1(€)

Figure 2.52.a. Linear Basis SPLine Functions for open, uniform knot vector
=={-1,-1,-0.8,-0.6,-0.4,-0.2,0,0.2,0.4,0.6,0.8,1,1}.

Mj,1(n}

Figure 2.52.b. Linear Basis SPLine Functions for open, uniform knot vector
H={-1,-1,0,1,1}.

Figure 2.52.c. Shape Functions. Isoparametric 2-Noded Truss Finite Element.

For p=1, IGA’s B-SPLine Functions are exactly the same with FEA’s Shape Functions.
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Control/ Node Net

e .1 2 '1 5 .1 8 .21 .24 .27 .30 .33
PR ‘1 1 .1 4 ‘1 7 .20 .23 .26 ‘29 .32
e ‘1 1] .1 3 ‘1 6 '1 9 ‘22 ‘25 ‘28 .31
Figure 2.53.a. Control Net. Physical space.
P .1 2 '1 5 .1 8 .21 .24 .27 .30 .33
PR ‘1 1 .1 4 ‘1 7 .20 .23 .26 .29 .32
e ‘1 1] .1 3 ‘1 6 '1 9 '22 ‘25 ‘28 .31
Figure 2.53.b. Node Net. Physical Space.
| choose as many Nodes as Control Points in order to have the same number of Degrees of
Freedom. They have the same geometric features.
Parameter Space
B
B
B
= | |
! !
o 0 —
A 0.8 0.6 -0.4 -0.2 0 +0.2 +0.4 +0.6 +0.8 +1
(§1) (82) (83) (84) (85) (%) (§7) (88) (89) (§10) (§11)

Figure 2.54.a. Isogeometric Elements’ Mesh. Parameter Space.
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(-1,1)
4

1
-1,-1) 1,-1)

Figure 2.54.b. Isoparametric 2D 4-sided 4-noded Finite Element.
Parameter Space. Local Numbering.

In classical Finite Element Analysis (FEA), the parameter space (“reference/ parent
element”) is local to individual elements and is mapped into a single element in the physical
space. Each finite element has its own mapping from the reference element.

In Isogeometric Analysis (IGA), the B-SPLine parameter space is local to the entire patch
rather than element. The B-SPLine mapping (a single map) takes a patch of multiple
elements in the parameter space into the physical space, but the mapping itself is global to
the whole patch, rather than to the elements.

Physical Space

Figure 2.55.b. Physical Space. Mesh. Nodes.
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Figure 2.55.a. shows both knots (cyan rhombi) and control points (red circles) in the
physical space. We observe that knots coincide with control points. There are as many knots
as control points. That is why the Basis SPLine functions are linear (p=1, K=2).

Figure 2.55.b. shows nodes (red circles) in the physical space. We observe that Finite
Element Mesh is exactly the same with Isogeometric Element Mesh. The reason is that:

1. the Basis SPLine Functions (IGA) and Shape Functions (FEA) are linear and exactly
the same.

2. | have chosen Node Net exactly the same with Control Net, means that Control
Points and Nodes have exactly the same geometric features.

It is important to mention that Nodes partition structure into Finite Elements and Knots
(and not Control Points) partition structure into Isogeometric Elements.

Total Stiffness Matrix [K]

Figure 2.56.a. Total Stiffness Matrix. (66x66). IGA.

Figure 2.56.b. Total Stiffness Matrix. (66x66). FEA.

We can see that the two matrices are exactly the same, as expected. The reason is that:
3. the Basis SPLine Functions (IGA) and Shape Functions (FEA) are linear and exactly
the same.
4. | choose Node Net exactly the same with Control Net, means that Control Points
and Nodes have exactly the same geometric features.
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C.P./ Nodes’ Displacements {U}

horizontal u (cm)

vertical v (cm)

horizontal u (cm)

vertical v (cm)

=

0,0 0,0
o0 | o0 ]
[ o0 | o0 |
s [ 1
[ 00 | 09 |
s 12|
BEY T
[ o0 | 37 ]
[ sa | a0 ]
T4 T s
[ o0 | 80 |
e T s2
61 | 3e
[ o0 37
61 | 13s ]
0 T 206
[ o0 | 205 |
T
[ s0 | 284
[ o0 s3]
| 80 | 284 |
AT
[ 00 | 368 |
[T s7 | ses
[ e1 | ase
[~ To0 | ass ]
[ o1 | ass ]
[ ea T T ssa
[ o0 | 554 ]
00 ___ -]

A
SRy
e

0,0

-9,5 -65,1

[

0,0 0,0
B e
o0 | o0
T
o0 [T Tos
s [ 12
BER T
o0 [Ty
s [T a0
s [ Ts2
o0 [ T80
T4 [ 82
61 | 139
o0 [T 137
e1 [ 139
NEEZR 206
o0 [ 205
2R 206
- s0 [ 284
o0 [T 283
s0 [ 284
s [ 369
o0 [ 368
s [ 369
.1 [ 459
o0 [ 59
o1 [ 458
.4 [ 554
o0 [ 554
e [ 554

el
Node 32| 00 [ 50
~es1

9,5 0,0

-9,5 -65,1

Figure 2.57. Control Points’, Nodes’ displacements.

They are exactly the same, as expected.
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Control Points'/ Nodes' Horizontal Displacement

_ 15
§
= 10 B
£ . " R ] R B
g s - ] @ IGA (55 G.P.)
g R )
£ ORBR_—® =’ = B’ =’ = B’ = =’ B— W FEA(analytic)
2
8 123 s ems o P 1-3 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 4 [ea (5x5 6P
= ] R
g -10 B ] R P X STAP (5x5 G.P.)
2 15
Control Points/ Nodes
e ey ' . .
Control Points'/ Nodes' Vertical Displacement
0RBRBBRR

Eol 23456 7 %% 10 m 1131415 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33
= R R R
£ 20
g mEm @ IGA (5x5 G.P.)
§ 30 RRR . A
r_;_ 20 RRR FEA (analytic)
S
8 R AR A FEA (55 G.P.)
5 50
£ BB R X STAP (5x5 G.P.)
5 -60
> RRAR

-70

Control Points/ Nodes

Max Horizontal Displacement (C.P./N. 33)

12
B 9,52 9,52 9,52 9,52
é 8 B IGA (5X5 G.P.)
§ M FEA (analytic)
a6
2  FEA (55 G.P.)
g4 B STAP (5x5 G.P.)
o
£ 2
o
==
0
Min Horizontal Displacement (C.P./N. 31)
0
E
s
)
E M IGA (55 G.P.)
Ev -4 M FEA (analytic)
.-g .  FEA (5%5 G.P.)
‘_E M STAP (55 G.P.)
2 -8
5
==
-10 9,52 -9,52 9,52 9,52
Min Vertical Displacement (C.P./N. 31, 33)
0
E 0
g -20 M IGA (5%5 G.P.)
g 30 B FEA (analytic)
~§ -40  FEA (55 G.P.)
R H STAP (5%5 G.P.)
o
5 -60
I
-70 -65,05 -65,05 -65,05 -65,05

Figure 2.58. Comparison. IGA. FEA (CantiFEA/analytic and quadrature. STAP).
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Stress Field at Gauss Points

(Isogeometric Element, G.P.)

- (1,19)
T e T 21
o P min_ i
max (1,7), (2,9)
B (MPa) (1,19), (2,17)

Figure 2.58.a. Maximum and Minimum Stress. IGA.

(Finite Element, G.P.)

o 1)

Oyy (MPa)|—— (2,17)

NSRS S €7 ) E
max (1,7), (2,9)

v (MPa) (1,19), (2,17) | -606,92

Figure 2.58.b. Maximum and Minimum Stress. FEA.

They are exactly the same, as expected.
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2.3 Control Points/ Nodes: 33 &
Shape Functions: Quadratic.

2.3.1. Isogeometric Analysis

| use the following analysis parameters:

e The parametric axis § (parameter space) is parallel to cantilever’s length (physical
space), means horizontal. Its direction is from left to right.

e The parametric axis n (parameter space) is parallel to cantilever’s height (physical
space), means vertical. Its direction is from bottom to cantilever’s top.

e n.m=33 control points. There are 3 (m=3 for axis n) groups of 11 (n=11 for axis €)
control points equally spaced across cantilever’s length in three different distances
from its bottom. It is important to underline that number of control points (C.P.) is
equal to B-SPLine’s number. Cartesian coordinate system’s origin is the extreme left
and bottom corner.

e p=@g=2. | choose quadratic Basis SPLine functions (p=2 Hughes, K=p+2=1+2=3 Fisher).

Patches 1
Isogeometric Elements (=xH) 9
Horizontal Spans (=) 9
Vertical Spans (H) 1
Control Points 33
Control Points (=) 11
Control Points (H)
p
q
Gauss Points 5x5

Figure 2.59.a. Analysis Parameters. IGA.
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n=11 Control Points (=)

n=11 Control Points (=)
m=3 Control Points (H)

n=11 Control Points (=)
m=3 Control Points (H)
nem=11.3=33 Control Points (=xH)

Figure 2.59.b Cantilever Profile (Cartesian Axes. Control Points.)
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Axis &
Basis SPLine functions

The axis € is parallel to cantilever’s horizontal side (length).

e n=11 (control points).
e p=2 (quadratic Basis SPLine functions, 3 control points per horizontal span).
e n+p+1=11+2+1=14 knot values.

The open uniform knot vector = contains the following knot values:
e The extreme knots -1, 1 repeated p+1=2+1=3 times = 6 knot values. Remaining, not
recurrent: 14-6=8 knot values - 8+2=10 knots. = | will separate the interval [-1, 1]
into 10-1=9 equal spans. Notice that spans’ number is equal to n-p=11-2=9.

1- -1 2
9 9
=04 4 4 L5 3 1 1357,,
9 9 9 9 9 9

The corresponding quadratic Basis SPLine functions to knot vector = are 10 (one for every
control point). The support of each quadratic B-SPLine is three spans.

Ni,2(§)

91 -0.7777 -0.5555 -0.3333 011 0111 0.3333 0.5555 0.7777 1

3

Figure 2.60. Quadratic Basis SPLine functions for open, uniform knot vector
=={-1,-1,-1,-0.7777,-0.5555,-0.3333,-0.1111,0.1111,0.3333,0.5555,0.7777,1,1,1}.
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Gauss Points (coordinates, weight factors)

| use 5 Gauss Points for every horizontal span.

Number of points, n Points, x; Weights, w;
1 0 2
2 +1/V3 1

0 %
’ i\/% %
/(- 2/675) /7 25/

+1/(3+2/6/5)/7 R

0 s
; +1,/5 —2,/10/7 225/

+14/542/10/7 M;@g o

Figure 2.61. Gauss Points’ coordinate and weight factor.

Each point’s coordinate and weight factor is equal to (local numbering, span [-1,1]):

G.P. 3 W
4 -0.90617 0.23692
5 -0.53846 0.47862
1 0 0.56888
3 053846 0.47862
2 090617 0.23692

Notice that:

5

> w; =2

i=1

| use 5 Gauss Points for every horizontal span. The horizontal interval [-1,1] has 9 spans, so
9-5=45 G.P. These points are shown as yellow rhombi in Figure 2.62, while knots as cyan
circles.

| assume a local € for every span with its center in the span’s middle. Then, from Gauss
Points’ local coordinates ¢’;, | calculate the global ones §;. Let’s calculate the coordinate §; of
G.P. 2 for span 1 (extreme left span).
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fepa— 1 _ Eepp— -1 _,0.9062+1 _ Egpp+1
1- -1 —0.7777- -1 1+1  —0.7777+1

1.9062 _ E_,G,P.Z +1 — E..G by = % .0.2222 -1>
2 0.2223 o 2

|§G.P.2 = —0-7882|

Generally, the coordinate § of Gauss Point j in the span (£, §.1) is equal to:

Eepj— 1 :§G.P.j—§i :>E.~'G.P.j+1=§G.P.j—§i -

1--1 S 2 Ein—E
EJI ".+1 i+1 ~ Si i+1 —Sj -&;
gGPJ:%' Eia—& +§i=§'G.P.j' : 12 2 + 5 12 S +22§ =
Eerj=C'spj §i+12—§i + E"”l;gi

o 0 0 0 0 0 0 0 0 g—»
A -0.7778 -0.5556 -0.3333 -0.1111 +0.1111 +0.3333 +0.5556 +0.7778 +1 g
1) (82) (83) (84) (85) (36) (87) (88) (89) (810)
-0.9062 -0.5385 ] +0.5385 +0.9062

0 O—@ ——»
-1 G.P.4 G.P.5 G.P.1 G.P.3 G.P2 +1 3
B-0—0—0-<D-0— 00D 0—O— OO O—O-<K-0—0— OX-O— OO0 OO O—O—O<D-O0—O0—0<3] —— B
- -0.7778 -0.5556  -0.3333  -0.1111 +0.1111 +0.3333 +0.5556 +0.7778  +1 £
(81) (§2) (83) (84) s) (8e) ©7) (88) (89) (810)

Figure 2.62. Gauss Points (parametric axis ).

B-SPLines’ value at Gauss Points

| calculate the quadratic B-SPLine functions’ (N; , & ) values (p=2, K=3) at the position § of
45 Gauss Points in horizontal parametric axis § and their corresponding first derivatives
N, §

N, & = o
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Figure 2.63 shows respectively constant (p=0, K=1), linear (p=1, K=2), quadratic (p=2, K=3)
BSPLines’ values for the horizontal interval [-1, 1] (axis €).

1 1 P —
08 108 T
06 406 ET
04 404 1 04
02 402 4 02
0 0 0

1 — | o 1 N

08 08 108

06 06 108

04 04 104

02 0z 402

Y os 06 04 02 0 02 04 06 08 1 Y 08 =5 94 D2 0 02 05 95 98 1 4 06 05 04 02 0 02 04 06 08

1 — 1 S 1
08 08 4 08
06 08 - 0B
04 0.4 -4 04
02 02 102

a o 0

-1 08 06 04 D2 i} 02 04 06 08 1T 08 08 04 02 0 02 04 0B 08 1T 08 06 04 02 a 02 04 0B 08 1

1 — 1 1
08 08 408
08 06 408
04 04 404
02 02 10z
0 . . . . . . . . . 0 L . . L L . . . L i 1 L L 1 L L L L L
4 06 06 04 02z 0 02 04 06 08 1 -1 08 06 04 02 0 02 04 06 08 1 -1 08 06 04 02 0 02 04 06 08 1

N10,0 N11,0 Ni,O

Figure 2.63.a. B-SPLines (Constant, p=0, K=1) (=)
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1 1 1o
08 1 os 108
06 { e 108
04 { oz 104
02 4 02 4 02
0 L T L L T L L 0 . T T T T 0 L TR — TH— TH— .
1 08 06 0.4 02 o 02 04 06 08 1 -1 0.8 0.6 0.4 0.2 o 02 04 06 08 1 1 08 06 0.4 02 0 02 0.4 06

1 11 11
08 { o8 ] os
06 { o8 ] os
04 1 o4 1 o4
0z { 02 {0z
YT %% 05 0¢ 02 0 02 05 06 08 1 U 08 08 0F 0z 0 02 04 05 08 1 4 08 05 07 @02 0 02 04 06

1 E 4 1
08 408 4 o8
06 406 4 06
04 404 4 04
02 402 4 02
%" 08 08 04 02 0 02 04 06 08 1 % 08 @5 04 ©2 ©0 02 07 05 06 1 4 048 05 04 02 0 02 04 06

1 4 1
08 408
06 406
04 q 04
02 q 02
U708 08 04 @02 0 02 04 06 08 1 4 08 06 04 02 0 02 04 06 05 D06 04 02 0 02 04 06

Figure 2.63.b. B-SPLines (Linear, p=1, K=2) (Z)
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1 1 1 ]
08 08 08 B
06 06 0B 1
04 04 04 4
02 02 02 B
%" os 08 04 02 0 02 04 05 08 U0z w8 a1 02 0 02 04 08 08 %8s 08 04 02 0 02 04 08 08 1
N1,2 N2'2 N3,2
1 1 1 J
o8 08 08 1
0B 06 06 1
04 04 0.4 4
02 02 0.2 1
0 T e T C T T T T 0 e T 0 I T T
-1 08 06 0.4 02 o 02 04 06 08 -1 08 06 04 02 1) 02 04 06 08 - 08 06 04 02 0 02 04 06 08 1
N4,2 N5,2 N6,2
1 1 1 1
08 oa 08 1
06 06 06 1
04 04 04 —
02 02 02 4
Er'W U‘B UIE 0‘4 0‘2 6 UI2 0‘4 U‘E U‘B E!W IJIE EI‘E EI‘4 EIIZ EI EI‘2 EI‘4 EI‘E EI‘E E!W VIJIE VEI‘E —EI‘A —EIIZ EI EI‘2 EI‘4 EI‘E EI‘E 1
N7'2 N8'2 N9,2
1 1 1
08 08 08
0B 0B 06 4
0.4 04 04 ]
02 0z 02
0 L I ! [ e 0 T
-1 0.8 06 0.4 0.2 0 02 04 06 08 -1 0.8 06 0.4 02 1) 02 04 0B 08 -1 08 06 04 02 o 02 04 06 o0& 1

Figure 2.63.c. B-SPLines (Quadratic, p=2, K=3) (Z)
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=
S
=
91 -0.7777 -0.5555 -0.3333 -0.1111 01111 0.3333 0.5555 07777 1
§
Constant
1 |
&
=
=
91 -0.7777 -0.5555 -0.3333 -0.1111 0.1111 0.3333 0.5555 0.7777 1
Linear
1 [
()
&
=
91 -0.7777 -0.5555 -0.3333 -0.1111 0.1111 0.3333 0.5555 0.7777
£
Quadratic
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Figure 2.63.d. BSPLines (Z)
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axis § I

N;2(€)

horizontal span 1
(3x5,p=2)

N,,(€ | 02500 00022 00533 0908 05917 |
Nz’z(ﬁ) : 0,6250 0,5436 0,6509 0,0905 0,3817 :
1 1
N3.(§) | 0,1250 0,4542 0,2959 0,0011 0,0266 |
horizontal span 2
N,,(€) | 01250 0,0011 0,0266 0,4542 0,2959
N3 »(€) : 0,7500 0,5447 0,6775 0,5447 0,6775 :
1 1
Nz »(§) 1| 0,1250 0,4542 0,2959 0,0011 0,0266 |
horizontal span 3
N 3,2 (§) 1 01250 0,0011 0,0266 0,4542 0,2959 |
1 1
Na(€) 1| 0,7500 0,5447 0,6775 0,5447 0,6775 1
1 1
Ns»(€) | 0,1250 0,4542 0,2959 0,0011 0,0266 |
I horizontal span 4 |
Nao(§) | 01250 0,0011 0,0266 0,4542 0,2959

]
]
Ns,(€) 1 0,7500 0,5447 0,6775 0,5447 0,6775
’ ]
]

Ng > (€) 0,1250 0,4542 0,2959 0,0011 0,0266
I horizontal span 5 |
Ns > (€) 0,1250 0,0011 0,0266 0,4542 0,2959

1
|
N »(§) : 0,7500 0,5447 0,6775 0,5447 0,6775
1
L

N, (€) 0,1250 0,4542 0,2959 0,0011 0,0266
I horizontal span 6 |
Ng > (€) 0,1250 0,0011 0,0266 0,4542 0,2959

1 1
1 1
N7 »(§) : 0,7500 0,5447 0,6775 0,5447 0,6775 :
1 1
L ]

Ng > (§) 0,1250 0,4542 0,2959 0,0011 0,0266
I horizontal span 7 |
N, (€) 0,1250 0,0011 0,0266 0,4542 0,2959

I I
I I
Ns,2(§) | 07500 0,5447 0,6775 0,5447 0,6775 |
I I
L |

N »(§) 0,1250 0,4542 0,2959 0,0011 0,0266
I horizontal span 8 |
N2 (€) 0,1250 0,0011 0,0266 0,4542 0,2959

I I
I I
No »(§) : 0,7500 0,5447 0,6775 0,5447 0,6775 :
Nio(§) | 0,1250 0,4542 0,2959 0,0011 0,0266 |

I horizontal span 9 |

Noo(§) | 01250 00011 0026 04542  0,2959
1
1

1
I
Nyoo(§) | 06250  0,0005 0,3817 0,5436 0,6509 |
Ni12(€) | 02500 0,9084 0,5917 0,0022 0,0533J'

Figure 2.63. Basis SPLine functions’ values at Gauss Points of interval § [-1,1]
(N12+ N1, &6.p.1+ Ec.p.as P=2)

We can see the connection between local and global numbering in Figure 2.63. The local
numbers are in brackets.
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axis § I

N 2(8)
(3x5,p=2)

element 1

N'y,(€) | -45000 -04222 -2,0769 -85778  -6,9231 |
N'o(€) | 22500  -3,8667 -1,3847 83667 58847 |
1 1
N'3,(§) | 22500 4,2889 3,4616 0,2111 1,0384 |
element 2 |
N',,(€) ! -2,2500  -0,2111 = -1,0384  -4,2889  -3,4616 !
N'32(€) | 0,0000 -4,0778  -2,4231  4,0778 2,4231 !
N'2(8) 12,2500 4,2889 3,4616 0,2111 1,0384 |
element 3 |
N'5,(€) ! -2,2500  -0,2111 = -1,0384  -4,2889  -3,4616 !
N's,(€) | 0,0000 -4,0778  -2,4231  4,0778 2,4231 |
1 1
N's(€) | 2,2500 4,2889 3,4616 0,2111 1,0384 |
element 4 |
N'4(€) | -2,2500  -0,2111  -1,0384  -4,2889  -3,4616 :
N's,(€) | 0,0000 -4,0778  -2,4231  4,0778 2,4231 |
! 1 1
N'c(§) | 2,2500 4,2889 3,4616 0,2111 1,0384 |
element 5 |
N's,(€) | -2,2500 -0,2111  -1,0384  -4,2889  -3,4616 |
’ 1 1
N'c,(€) 1 0,0000 -4,0778  -2,4231  4,0778 2,4231 |
62550 i
N'5,(€) | 22500 4,2889 3,4616 0,2111 1,0384 |
7,2 L 1
N's,(€) | -2,2500 -0,2111  -1,0384  -4,2889  -3,4616 |
’ 1 1
N',,(€) | 0,0000 -4,0778  -2,4231  4,0778 2,4231 |
7,2 | 1
N'g(€) | 2,2500 4,2889 3,4616 0,2111 1,0384 !
element 7 |
N',,(€) | -2,2500 -0,2111  -1,0384  -4,2889  -3,4616 |
” 1 1
N's2(€) | 00000 -4,0778  -2,4231  4,0778 2,4231 |
N's»(€) | 2,2500 4,2889 3,4616 0,2111 1,0384 |
element 8 |
N's(§) | -22500 -02111  -1,0384  -42889  -3,4616 !
N's2(€) | 0,0000 -4,0778  -2,4231  4,0778 24231 |
N';02(€) | 2,2500  4,2889 3,4616 0,2111 1,0384 |
element 9 |

N'oa(€) | -22500 02111  -1,0384 42889  -3,4616

N'jo(€) | -22500  -83667  -58847  3,8667 1,3847

I

N's1(€) | 4,5000 8,5778 6,9231 0,4222 2,0769

Figure 2.64. Basis SPLine first derivative’s values at Gauss Points of interval § [-1,1]
(N’12+ N’112, §6.p.1+ §a.p.50, P=2)

We can see the connection between local and global numbering in Figure 2.64. The local
numbers are in brackets.
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Axis n
Basis SPLine functions
The axis n is parallel to cantilever’s vertical side (height).

e m=3 (control points).
e =2 (quadratic Basis SPLine functions, 3 control points per vertical span).
e m+qg+1=3+2+1=6 knot values.

The open uniform knot vector H contains the following knot values:

e The extreme knots -1, 1 repeated gq+1=2+1=3 times > 6 knot values. Remaining, not
recurrent: 6-6=0 knot value - 0+2=2 knots. = | will separate the interval [-1, 1] into
2-1=1 span. Notice that spans’ number is equal to m-q=3-2=1.

1- -1
—=
H= -1 1

2.,
1

The corresponding quadratic Basis SPLine functions to knot vector H are 3 (one for every
control point). The support of each quadratic BSPLine is three spans.

Mj,2(n)

Figure 2.65. Quadratic Basis SPLine functions for open, uniform knot vector

H={-1,1}.

Gauss Points (coordinates, weight factors)

| use 5 Gauss Points for every vertical span. Each point’s coordinate and weight factor is
equal to (local numbering, span [-1,1]):
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G.P. n; w;
4 -0.90617 0.23692
5 -0.53846 0.47862
1 0 0.56888
3 0.53846 0.47862
2 0.90617 0.23692

5
Notice that: ZWi =2.
i=1

The vertical interval [-1,1] has 1 spans, so 1-5=5 G.P. These points are shown as yellow
rhombi in Figure 2.66, while knots as cyan circles.

| assume a local n for every span with its center in the span’s middle. Then, from Gauss
Points’ local coordinates n’;, | calculate the global ones n;. Let’s calculate the coordinate n; of
G.P. 2 for span 1.

nIG.P.Z_ -1 =nG.P.2_ -1
1- -1 1- -1

=MNgpr2 =MNepr2 =

Generally, the coordinate n; of Gauss Point j in the span (n;, ni.1) is equal to:

MNiv1 —MNi + MNisx TN

Nerj= T]'G.P.j' 5 2

(n2)
+1
(n2)

1

(n1)
1

(n1)

Figure 2.66. Gauss Points (parametric axis n).

B-SPLines’ value at Gauss Points

| calculate the quadratic B-SPLine functions’ (ijz 1 ) values (g=2, K=3) at the position n;

of 5 Gauss Points in vertical parametric axis n and their corresponding first derivatives
oM.
M'j, n _Miz M
’ an
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Figure 2.67 shows respectively constant (q=0, K=1), linear (g=1, K=2), quadratic (q=2, K=3)
BSPLines’ values for the vertical interval [-1, 1] (axis n).

1 1 1
08 08 08
05 06 06
04 04 0.4
02 02 02
0 ] . o
1 08 08 04 02 0 02 04 06 08 1 - 08 OB 04 DO2 0 02 04 06 08 1 1 08 065 04 02 0 02 04 06 08 1
M]_o M2,0 M30

Figure 2.67.a. B-SPLines (Constant, q=0, K=1) (H)

1 1

08 08

0B 0B

04 04

02 102

01 EI‘S EI‘E EI‘A EI‘E EI EI‘E EI‘A EI‘E EI‘S 1 UW 08 06 0.4 02 o 02 04 0B 08 1
\Y, P M.,

Figure 2.67.b. B-SPLines (Linear, q=1, K=2) (H)

4 1
- 08
-1 0B
104
402
S S S S o
08 06 0.4 02 0 02 04 06 08 1 -1 0.8 06 0.4 0.2 o 02 04 0B 08 1
MZ,Z M32

Figure 2.67.c. B-SPLines (Quadratic, q=2, K=3) (H)
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06|

04

02F

D 1
41 08 06 @04 02 0 02 04 0B 08
Constant

08t

06+

04F

D 1
1 08 OB 04 D2 0 02 04 06 OB
Linear

0&F

06F

D 1
41 08 06 04 02 0O 02 04 06 OB
Quadratic

Figure 2.67.d. B-SPLines (H)
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axis n

Mj,z(l"l)
(3x5,9=2)

vertical span 1

M, ,(n) | 025000 0,00220 0,05330 0,90840 0,59170 |
| |

M, ,(n) ! 0,50000 0,08940 0,35500 0,08940 0,35500 |
i

M ,(n) | 0,25000 0,90840 0,59170 0,00220 0,05330 |

Figure 2.68. Basis SPLine functions’ values at Gauss Points of interval n [-1,1]
(My2+Ms,, Ngpi1+Ners 9=2)

axis n

M’;2(n) vertical span 1
(3x5,9=2)

M’; »(n) : -0,50000 -0,04690 -0,23080 -0,95310 -0,76920 :

I
M’; »(n) | 0,00000 -0,90620 -0,53850 0,90620 0,53850 |
M'; 5(n) I 0,50000 0,95310 0,76920 0,04690 O, 23080 |

Figure 2.69. Basis SPLine first derivative’s values at Gauss Points of interval n [-1,1]
(M’;+ M35, Ngp.1+ Neps 9=2)

Combination Axes §, n (ExH)

3 2
1
(n2)

1

4

o o o ) 5 5 o ) 0 g—»
- 0.7778 -0.5556 -0.3333  -0.1111 +0.1111 +0.3333 +0.5556 +0.7778 +1 £
(3] (§2) (83) (84) (8s) (3e) (§7) (88) (%9) (§10)
-0.9062 -0.5385 [ +0.5385 +0.9062
g— o—g —»
1 G.P.4 G.P.5 G.P.1 G.P.3 G.P2 +1 3

O—O—0<D-O—O—OLD-O—O— OO0 OO0 O<D-O— OO OO0
-1 -0.7778 -0.5556 -0.3333 -0.1111 +0.1111 +0.3333 +0.5556 +0.7778 +1 §
§1) (82) (83) (84) (8s) (t] §7) (88) (89) (§10)

Figure 2.70. Gauss Points (parameter space =xH).

| combine the 45 Gauss Points in the axis § with the 5 Gauss Points in the axis n and |
produce the 45x5=225 Gauss Points of the 2D plane stress cantilever.
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Net

Control

| choose 33 control points with the following features.

axis X |

XC.P.
element 1 element 2 element3 element4 element5 element6 element7 element8 element9 element 10
C.P.1 0 0 1,5 1,5 3 3 4,5 4,5 6 6
C.P.2 I (0] (0] 1,5 1,5 3 3 4,5 4,5 6 6
‘b_:" C.P3 : 1,5 1,5 3 3 4,5 4,5 6 6 7,5 7,5
g cpa| 1,5 1,5 3 3 4,5 45 6 6 7,5 7,5
§ element 11 element 12 element 13 element 14 element 15 element 16 element 17 element 18 element 19 element 20
r_g CP.1 | 7,5 7,5 9 9 10,5 10,5 12 12 13,5 13,5
2 C.P.2 : 7,5 7,5 9 9 10,5 10,5 12 12 13,5 13,5
C.P3 I 9 9 10,5 10,5 12 12 13,5 13,5 15 15
C.P.4 : 9 9 10,5 10,5 12 12 13,5 13,5 15 15
Figure 2.71.a. Control Points’ Cartesian coordinate X. (physical space)
axis Y I
Yep
element 1 element 2 element3 element4 element5 element6 element7 element8 element9 element 10
C.P.1 I 0 1,5 0 1,5 0 1,5 0 1,5 0 1,5
cp.2! 1,5 3 1,5 3 1,5 3 1,5 3 1,5 3
®  CP3 0 1,5 0 1,5 0 1,5 0 1,5 0 1,5
E CP4 1,5 3 1,5 3 1,5 3 1,5 3 1,5 3
§ element 11 element 12 element 13 element 14 element 15 element 16 element 17 element 18 element 19 element 20
(_=n CP.11 (0] 1,5 (0] 1,5 0 1,5 0 1,5 (0] 1,5
E cp.2! 1,5 3 1,5 3 1,5 3 1,5 3 15 3
c.p.3 : 0 15 ¢} 15 (o] 1,5 0 1,5 0 1,5
CP4 : 1,5 3 1,5 3 1,5 3 1,5 3 1,5 3
Figure 2.7171.b. Control Points’ Cartesian coordinate Y. (physical space)
Weight Factorl
WC.P.
element 1 element 2 element3 element4 element5 element6 element?7 element8 element9 element 10
CP.1 1 1 1 1 1 1 1 1 1 1
C.P.2 1 1 1 1 1 1 1 1 1 1
¥ cp3| 1 1 1 1 1 1 1 1 1 1
E CP4 1 1 1 1 1 1 1 1 1 1
§ element 11 element 12 element 13 element 14 element 15 element 16 element 17 element 18 element 19 element 20
Ti C.P.1 1 1 1 1 1 1 1 1 1 1
E C.P.2 1 1 1 1 1 1 1 1 1 1
CP3 : 1 1 1 1 1 1 1 1 1 1
CP4 ! 1 1 1 1 1 1 1 1 1 1

Figure 2.71.c. Control Points’ weight factor W. (physical space)

Control Points don’t partition the structure into isogeometric elements, but they are the
coefficients (multiplicative factors) of the corresponding B-Splines that form its geometry. In
this particular problem, the cantilever has linear geometry as its boundaries are straight
lines. That’s why control points’ weight factor is equal to 1.
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In Figure 2.16 we can see the corresponding control net.

9 12 15 18 21 24 27 30 33
L 4 4 4 4 L 4 4 4 L 4 ®

8 11 14 17 20 23 26 29 32
© © 4 © © 4 4 © L J

7 10 13 16 19 22 25 28 31
@ @ @ @ @ @ 4 © ®

Figure 2.72. Control Net. (physical space)

Index Space

| present every knot value in index space. The most important is that we can see which knot
vector’s region is used by each isogeometric element. With darker green | represent the
overlapping.

-1 -1 -1 -0.78 -0.56 -0.33 -0.11 +0.11 +0.33 +0.56 +0.78 +1 +1 +1

(ne)
(ns)
(n4)
(n3)

(n2)
(n1)
(ne)

(ns)
(n4)
(n3)
(n2)
(n1)
(ns)

(ns)
(n4)

(n3)
(n2)

(n1)
(ne)
(ns)

(n4)

(n3)
(n2)

(n1)
(ns)
(ns)

(n4)
(n3)

(n2)

(n1) -
@) @G () @) (@) () (€7 (8) (B (§10) (1)  (312) (313)  (§14)

Figure 2.73. Index Space.
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Parameter Space

| present every knot and not every knot value in parameter space. For example, extreme
knot value -1 repeated p+1=2+1=3 times, but it has the same position, means it corresponds
to one knot. In Figure 2.74 we can see the chosen mesh of isogeometric elements. It is very
important to underline that knots and not control points partition the cantilever into
isogeometric elements.

The 10 1D knots (€) partition the interval [-1,1] of parametric axis € into 9 horizontal spans.
The 2 1D knots (n) partition the interval [-1,1] of parametric axis n into 1 vertical span.
Combining the two axes, we have the cantilever’'s mesh in the parameter space, which
consists of 9x1=9 isogeometric elements.

(n1)

I I I I I I I I I I
I I I I I I I I I I

T o B 0—>>
- -0.7778 -0.5556  -0.3333  -0.1111 +0.1111 +0.3333  +0.5556 +0.7778 +1 §
(£1) (£2) (83) (%4) (£s) (%6) (§7) (%8) (%9) (§10)

Figure 2.74.a. Parameter Space.
Knots partition cantilever into isogeometric elements.

o

T -
£+ -
TvO - -
~ | | | | | | | | | |

| | | | | | | | | |

[, 1 0 () I T 0 () ] O——>»
-1 -0.7778 -0.5556 -0.3333 -0.1111 +0.1111 +0.3333 +0.5556 +0.7778 +1 3
()] (52) (€3) (2] (s) (Ze) &) (8 (39) (§10)

Figure 2.74.b. Parameter Space.
Mesh of isogeometric elements.
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Physical Space

With the mesh of isogeometric elements in parameter space in hand, | can form the
corresponding mesh in physical space. | follow the next procedure, where control points’
numbering is local:

e | calculate knots’ X Cartesian (physical) coordinates from their parametric ones.
Supposing the knot i (§;, n;), | have that:

Xi=X§& =Xcp1-Nip & +..+Xcpar-Nygp &
Applying this relation for every knot:

X & =Xcp1-Nyp & ++Xepr1-Nigp § =Xcpyg:1=Xcp1 =0

Similarly,

2

_XcpatXcpa XcpatXeps

X &, 5 =3,75mand X &, = =5,25m
X & = Xcps tXcpe _ 6,75m and X & = Xcps +Xcpr ~8,25m
° 2 ° 2
X X X
X £, =2CP1 tAcps ~9,75mand X &, = Xcrpst+Xcpo ~11,25m
! 2 ° 2

X € Y 2crs Xer10 _1p 75m and X €, P 2CPL0 ; Xor11 _14 25m

2
X Ql ) Xcpa1=15m

e | calculate knots’ Y Cartesian (physical) coordinates from their parametric ones.
Supposing the knot i (§;, n;), | have that:

Yi=Y M =Ycps-Mpp mi ++Yeps-Mg,
Applying this relation for every knot:
Y =Yep1-Myy m +.4Yepa-Mpyy m =Yeps-1=Ycp, =0
Similarly,

Y n, =Ycpz=3m
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e As| know for every knot its Cartesian coordinates (X, Y), | can draw them in physical
space. We can see the knots as cyan rhombi in Figure 2.75.

e Finally, | connect the knots with their adjacent ones. We can see the knot lines as
black lines in Figure 2.75.

Figure 2.75. Physical Space. Mesh. Knots.

Figure 2.76 shows both knots (cyan rhombi) and control points (red circles) in the physical
space. We observe that knots don’t coincide with control points as happened in the case of
linear B-SPLines. That’s why Basis SPLine functions are not linear, but quadratic (p=g=2, K=3)
and the overlapping is smaller for extreme elements 1 and 9 than for intermediate ones.

Knots and not control points partition cantilever into 9 2D isogeometric elements.
Although, the stiffness matrix refers to control points, so | form the equilibrium equation for
them.

F=K-U=U-=K

Displacements’ vector U refers to control points. For this particular problem, there are

33 control points, so the above equation is written as follows:

F=K.-U=>U?=-K K ~F

66x1 66x66 66x1 66x1 66x66 66x1

Figure 2.76. Physical Space. Mesh. Knots and Control Points.
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Elasticity Matrix [E]

As it is a plane stress problem, the elasticity matrix [E] for every isogeometric element is
equal to:

E = v o1
x3 1-V

00

0
0
1-v
2

Every isogeometric element has the same elasticity modulus E =210GPa=2,1-10%kPa
and Poisson’s ratio V=0,3, so they have all the same elasticity matrix [E], which is equal to:

1 03 0
E =230.769.231:/03 1 0 |kPa =
3x3 0 0 035
230.769.231  69.230.769 0
E =| 69.230.769 230.769.231 0 kPa
3x3 0 0 80.769.231

Deformation Matrix [B]

NURBS (Non-Uniform Rational B-SPLines) and not B-SPLines are used as shape functions.
This NURBS basis is given by:

Rlp E_, — - Lp F? 1
ZNi,p & -w;
i=1
where:
e i=1,..,n

e n:control points’ number

e p: B-SPLines’ polynomial order

* N, & :the corresponding Basis SPLine to control point i

e w;: control point’s i weight factor

. Rip & :the corresponding Non-Uniform Rational Basis SPLine to control point i with

polynomial order p
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The Non-Uniform Rational Basis SPLine’s derivative is equal to:

0 Ni,p & - W; n (il T 'j
T T -
0 B . >
& [ZNi,p é 'Wi]
i=1
MNis & SN & N &

Rl & & Wi ENLP g Wi_Ni,p & W .le o wi:>
o

6Ni’ £ . n aNi,p & ‘
oRP & Tz.wi _Niyp £ -w; ;755) W,

0 n n 2
E) ;Ni,p =W [zNi,p g 'WiJ
= i-1

The problem is 2D, so | have to calculate Rational Surfaces which are defined analogously in
terms of the rational basis functions:

where:

i=1,...,n (axis €)
e j=1,..,m (axis n)

n: control points’ number (axis €)

m: control points’ number (axis n)

p: B-SPLines’ polynomial order (axis €)

g: B-SPLines’ polynomial order (axis n)

Nj, & :the corresponding Basis SPLine to control point i (axis €)

MJ-’q & :the corresponding Basis SPLine to control point j (axis n)

e w;;: control point’s weight factor (2D, =xH)

Rﬁ'jq &M :the corresponding Rational Surface to control point (i,j)

In this case, the weights are all equal, so:
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and the curve is again a polynomial. B-SPLines are a special case of NURBS.

Similarly,
Niy & M, n-w;; Niy, & ‘M, n Ni, & ‘M, n
Rip’,qu'n:nmp iq ij _nmp ig __p 1Jq -
i=l j=1 i=1 j=1
Rlp'Jq &m :Ni,p € 'Mj,q n
The corresponding partial derivatives are equal to:
8Rﬁ’jq &N ONj, €
= quq n
g o
R en L Mg
i,
on P on
For every isogeometric element, | calculate:
e Jacobian matrix
[3&m |=[Dy &m } XY
2x2 2x9 9x2
where:
8R22 oRYZ ORY OR57 OR35 AR3E ORI R3S OR::
[Dy &1 |- o€ oS oS oS oS oS o€ oS
N
2x9 8R22 oRY? ORY OR57 OR35 OR3E ORY R3S OR33
o o on on on on on on on
_XC.P.l YC.P.l_
Xepz Yepo
Xcps Yeps
Xcpa Yepa
XY =\ Xcps Yers
- Xcrs Ycrs
Xepr Yepr
Xcps Yeps
| Xcpo  Ycpo
C.P.1, .., C.P.9 are the corresponding 9 control points to every isogeometric

element with local numbering.
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e Deformation matrix

1 Jpp —Jp 0 0
|:Bl &m :|= 0 —Jun Iy
det J
3x4 _ J J -J
21 Y 22 12
[RE RE O ®RE O RE O RE R RE O RYE O RE
o o o o o o s o o
R, RE O, RE R RGO RE O RE o RE R
[B én]* on on on on on on on on on
L Em |-
s o R RE O RE R R RE O REY R, RE
o o o o o o o o
o R, ®E L ®E L RE L RE R3S RE O, RE O, RE
L on on on on on on on on
The deformation matrix is equal to:
[Ben J=[B &n }[B; &m |=
3x18 3x4 4x18
Rif Riz o RE o, ORI RGO RE O RE REY RE
a8 o o o o€ ot F3 o 2
Ben]-| o &4 R, RE R RE RE, RE O RGO RE
3x£8 o on on on on on o o on
oRPY GRIT ORI ORPY ORIY ORI ORIT OR3P ORR3 OR3F OR33 ARRY oRYY ORI @RI oRE) ORI oRES
on o on o on o 0 o on o on o on o8 on % on o
. . e
Local Stiffness Matrix [k]
| calculate isogeometric element’s local stiffness matrix using Gauss quadrature. | choose

5x5 quadrature rule, means 25 Gauss Points for every element.

25
[ke} =2 [Be i i ]T' E '[Be ST ]-t-det[.] g.m |w,
18x18 =L 18x3 3x3 3x18

WS w

The weight factor of Gauss Point i is equal to W; =

n-p

m-q

where (n-p), (m-q) is the number of horizontal (parametric axis §), vertical (parametric axis n)
spans respectively. | divide with (n-p), (m-q) in order to:

225

> w; =2 (global numbering)

i=1

| used totally (25 Gauss Points per element):(9 elements)=225 Gauss Points.
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Let’s follow the previous procedure for Gauss Point 1 of isogeometric element 1. We can
see this Gauss Point in the following Figure 2.77. It is the one in the green circle.

F—0LD-0—0—0LDO—0—0LDO—0— VD000 00D OO0 OO0 0000 —»
-0.7778 -0.5556  -0.3333  -0.1111 +0.1111 +0.3333  +0.5556 +0.7778 +1 §
(£1) (£2) (£3) (84) (£5) (%6) (€7) (88) (%9) (£10)

Figure 2.77. Gauss Point 1 of isogeometric element 1. (Parameter Space)

For element 1 (horizontal span 1 + vertical span 1),

axis § |

Ni2()

horizontal span 1

N, ,(€) | 0,2500 0,0022 0,0533 0,9084 0,5917

N, .,(€) : 0,6250 0,5436 0,6509 0,0905 0,3817
1

N3 ,(§) I 0,1250 0,4542 0,2959 0,0011 0,0266

(3x5,p=2)

Figure 2.78.a. Basis SPLine functions for horizontal span 1. Parametric axis §.
Values at Gauss Points.

axis § |

I N'1,(8) : -4,5000 -0,4222 -2,0769 -8,5778 -6,9231
bONGL8) 2,2500 -3,8667 -1,3847 8,3667 5,8847
| 1

I N'5(8) 1 2,2500 4,2889 3,4616 0,2111 1,0384

(3N;_:'2(£)2) element 1
X5,p= —

Figure 2.78.b. First derivative of basis SPLine functions for horizontal span 1.
Parametric axis §. Values at Gauss Points.

axis n | |
M.
j2(n) vertical span 1
(3x5,9=2)
| Mys(n) | 0,25000 0,00220 0,05330 0,90840 059170 |
| Myam) | 050000 0,08940 0,35500 0,08940 035500 |
| 1 |
| Msa(n) | 025000 0,90840 0,59170 0,00220 0,05330 |

Figure 2.78.c. Basis SPLine functions for vertical span 1. Parametric axis n.
Values at Gauss Points.

142
Karakitsios Panagiotis



Isogeometric Analysis

axis n |
M'; "
i2(n) vertical span 1
(3x5,9=2)
I M'1,(n) | -0,50000 -0,04690 -0,23080 -0,95310 -0,76920 |
' M) | 000000 -0,90620 -0,53850 0,90620 053850 |
| i [
| Ma,(n) | 050000 0,95310 0,76920 0,04690 023080 |

—_—_————————_—_ e, e, e e — — ———

Figure 2.78.d. First derivative of basis SPLine functions for vertical span 1.
Parametric axis n. Values at Gauss Points.

Xep1 Yepa| [0 0]
Xepz Yep2 0 15
Keps Yeps 0 3
Xepa Yepa| |15 0
XY =|Xcps Yeps [=]L5 15
2 | Xcps Yeps| |15 3
Kepr Yepa 3 0
Xcps Ycps 3 15
| Xcpo Yepo] |3 3

. . . N ONj, & M, n
With BSPLines N;, & ,Mj, n and their derivatives ( & on ) in hand, |

calculate corresponding NURBS’ values at Gauss Point 1 (isogeometric element 1).

, 2,2
Rﬁjq &n =Nip g ‘M4 n :>Ri,j Eep1Mer1 =Nip Eepa ‘Mj, Mgpa1

aRM Em 0N & M aRs]Z SepuNeri  ONin Egpa M
= Mjg M [= = “Mjo NMepa
o o€ o€ g
ORP g - M4 M 5R5'j2 SepiMerl M;, Ngpa
——=N;j, & = =Ni, Sgp1 —
on on on

Control Point 1 (i=1, j=1)

2,2
R1,1 Eepr1Mera =N, &cpi1 ‘M, NMgpa

2,2
aR1,1 cpr1Mep1 :aNl,Z Ecp1

-M
o€ o€ 1,2 Nep1
aRlz,'l2 Sep1Mapl N M, NMepa
P =Ny Cgpy —F——
n o
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Control Point 3 (i=1, j=3)

2,2
R1,3 €cpr1Mepi :N1,2 Eepi1 ‘M3,2 Ne.p1

2,2
6R1|3 c.p.1:NGp.1

ag

2,2
aR1,3 cp1:NGep.1

Control Point 6 (i=2, j=2)

2,2 _
Rz,z Ecpr1Moepa —Nz,z Eepi 'Mz,z Nepr.1

2,2
aRz,z Ecpr1Maepi

on

g

2,2
aRz,z Ecpr1Mepi

Control Point 9 (i=3, j=3)

2,2
R3,3 €cpr1Mep1 :Ns,z Eepi1 ‘M3, NMgpa

2,2
6R3'3 G.p1NGP1 =6N3,2 Ecpi1

on

ag

2,2
aR3, cp1:NGep.1

on

element 1

2,2
Ri,j

Ny, Egpa
= i b .M
o€ 32 MNepa
OM3, NMgpa
=Ni; &epa T

ONjy, Egpa
= ; M
o€ 2,2 Nep1
aMz,z Ne.pa
=Ny, Eepa T

—

1111
[
1112
|1

1113
1211
1212
1213
1311
1312
1313

Control Point

SUM

0,0625
0,1250
0,0625
0,1563
0,3125
0,1563
0,0313
0,0625

o€ ‘M3, Mgpa
=N32 Eepa '—aMB'ZaTTG'P'l
| dRr;*°/d§ | dR;;>*/dn
Ni5(£)*M; (n)1 N'; 5 (€)*M; 4(n) | N; 5(€)*M'; 4(n)
5 1 11250 1 -0,1250
i -2,2500 i 0,0000
I 11250 1 01250
: 0,5625 : -0,3125
: 1,1250 | 0,0000
| 05625 | 03125
| 05625 1  -0,0625
| 11250 | 0,0000
' o525 | 00625
77 30375 | 03125

0,40625

Figure 2.79. NUR-B-SPLine Surfaces and their derivatives. Parameter space =xH.
Values at Gauss Points.
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ORI @R7? ORI ORy;7 R3S ORZS OR3 OR3S ORES

[D e ]_ o o€ o€ o€ o o o o o€
N 11 -

%9 ORI ORIZ OR{Z OR3Z OR35 OR3 OR3T OR3S  OR3S

on on on on on on on on on

Dy G Y- -1125 -2,25 -1125 10,5625 1125 0,5625 0,5625 1125 0,5625
N qxg’gl -0125 0 0125 -0,3125 0 0,3125 -0,0625 0 0,0625

10,13 0
[J S1 M ]:[DN &1 } XY :{ }
2

2x2 2x9 9x 0 15

L Joy =i O 0 0,0988 0 0 0
(B, &.m = el 0 0 Iy Jy|=| O 0 0  0,6667
3x4
=Jo1 i Jy Ip 0 0,6667 0,0988 0
(RE 0 RE O ®RE O RE O RE O RE RE O RYE O RE
o o o ot o o o o o
R o, RE o, ORE o RE L RE RE O RE O RYE O RGO
[B £ ]7 on o on on on on on on on
, &=
a8 o R, RE o RE O RE 0 RE O RE L RY RE REY
o o o o o o E3 o o
o RE , ®E L ®RE L RE R RE L RE | RE RE
o on o o on on o on o |
=
-113 0 225 0 -113 0 05 0 113 0 05 O 05 0 113 0 05 0 |
(8, oy - 013 0 0 0o 01 0 03 0 0O 0 03 0 -006 O O O 006 O
2™ T o 113 0 225 0 -113 0 05 0 113 0 05 0 05 0 113 0 0,56
0 013 0 0o 0 013 0 03 0 0 0 03 0 -006 0 0 0 006

The deformation matrix (isogeometric element 1, Gauss Point 1) is equal to:

[B STl ]:[Bl ST ]‘[Bz &M ]3

3x18

| B(£n)
uC.P.1 vC.P.1 uC.P.2 vC.P.2 uC.P.3 vCP.3 uC.P4 vCP.4 uCP.5 vCP5 uC.P.6 vC.P.6 uC.P.7 vC.P.7 uC.P.8 vC.P.8 ucC.P.9 vC.P.9

g,]-0,1111 0 -0,2222 0 -0,1111 0 0,0556 0 0,1111 0 0,0556 0 0,0556 0 0,1111 0 0,0556 0

] o 0083 o0 00000 o0 0083 0 -0208 0 0,0000 0 0208 0 -00417 O 00000 O 0,0417

Vxy| -0,0833 -0,1111 0,0000 -0,2222 0,0833 -0,1111 -0,2083 0,0556 0,0000 0,1111 0,2083 0,0556 -0,0417 0,0556 0,0000 0,1111 0,0417 0,0556

Figure 2.80. Deformation Matrix. Isogeometric Element 1. Gauss Point 1.
Global numbering of Control Points.

The weight factor of Gauss Point 1 (isogeometric element 1) is equal to:

woo W& wm 056888 056888
“"'n-p m-gq 11-2 3-2

— w, =0,03595
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The local stiffness matrix (isogeometric element 1, Gauss Point 1) is equal to:

kssl.lp.lz[Bell & ]T‘ E '[Bell &M ]’t‘dEt[J ST :|'W1
18x18 18x3 3x3 3x18

Excel

local [k] (Isogeometric Element 1. Gauss Point 1. Global numbering of C.P.)

C.P.1 C.P.2 C.P.3 C.P4 C.P5 C.P.6 C.P.7 C.p.8 C.P.9
um) vim) u(m) vim) u(m) vim) u(m) v(m) u(m) vim) u(m) v(im) u(m) v(m) u(m) v(m) u(m) v(m)

] FX (kN) 18.623 7.585 31119 8.169 12.496 583 -122 6.710 -15.559 -4.084 -15.438 -10.794 -6.248 -292 -15.559 -4.084 -9.311 -3.793
c.p.l Fy (kN) 7.585 14.198 7.002 10.892 -583 -3.306 8.460 19.157 -3.501 -5.446 -11.961 -24.603 292 1.653 -3.501 -5.446 -3.793 -7.099
FX (kN) 31.119 7.002 62.237 o 31.119 -7.002 -15.559 17.504 -31.119 [ -15.559 -17.504 -15.559 3.501 -31.119 o -15.559 -3.501
c.p.2 FV (kN) 8.169 10.892 o 21.783 -8.169 10.892 20.422 -5.446 o -10.892 -20.422 -5.446 4.084 -5.446 o -10.892 -4.084 -5.446

F)( ( kN ) 12.496 -583 31.119 -8.169 18.623 -7.585 -15.438 10.794 -15.559 4.084 -122 -6.710 -9.311 3.793 -15.559 4.084 -6.248 292

c.p.3 Fy (kN) 583 -3.306 -7.002 10.892 -7.585 14.198 11.961 -24.603 3.501 -5.446 -8.460 19.157 3.793 -7.099 3.501 -5.446 -292 1.653
FX (kN) -122 8.460 -15.559 20.422 -15.438 11.961 23.035 -9.481 7.780 -10.211  -15.255 -729 7.719 -5.981 7.780 -10.211 61 -4.230
: C'P.4 FV (kN) 6.710 19.157 17.504 -5.446 10.794 -24.603 -9.481 56.062 -8.752 2.723 729 -53.339 -5.397 12.302 -8.752 2.723 -3.355 -9.579
g CPS FX (kN) -15.559 -3.501 -31.119 0 -15.559 3.501 7.780 -8.752 15.559 o 7.780 8.752 7.780 -1.750 15.559 o 7.780 1.750
g F. (kN) -4.084 -5.446 o -10.892 4.084 -5.446 -10.211 2.723 o 5.446 10.211 2.723 -2.042 2.723 o 5.446 2.042 2.723
) Fy (kN)! -15438 -11.961 -15.559 -20422 -122  -8460 -15255 729 7.780 10211 | 23.035 | 9.481 61 423 7780 10211  7.719  5.981
c.p.6 FV ( kN) -10.794 -24.603 -17.504 -5.446 -6.710 19.157 -729 -53.339 8.752 2.723 9.481 56.062 3.355 -9.579 8.752 2.723 5.397 12.302

FX (kN) -6.248 292 -15.559 4.084 -9.311 3.793 7.719 -5.397 7.780 -2.042 61 3.355 4.656 -1.896 7.780 -2.042 3.124 -146

c.p.7 FV (kN) -292 1.653 3.501 -5.446 3.793 -7.099 -5.981 12.302 -1.750 2.723 4.230 -9.579 -1.896 3.549 -1.750 2.723 146 -827

FX ( kN ) -15.559 -3.501 -31.119 o -15.559 3.501 7.780 -8.752 15.559 o 7.780 8.752 7.780 -1.750 15.559 o 7.780 1.750

c.p.8 Fy (kN) -4.084 -5.446 o -10.892 4.084 -5.446 -10.211 2.723 o 5.446 10.211 2.723 -2.042 2.723 o 5.446 2.042 2.723

FX (kN) -9.311 -3.793 -15.559 -4.084 -6.248 -292 61 -3.355 7.780 2.042 7.719 5.397 3.124 146 7.780 2.042 4.656 1.896

c.p.9 Fy (kN)| -3.793 -7.099 -3.501 -5.446 292 1653 4230 9579 1750 2723 5981 12302  -146 -827 1750 2723 1896 | 3.549

Figure 2.81. Stiffness Matrix. Isogeometric Element 1. Gauss Point 1.
Global numbering of Control Points. Excel.
MatLab
local [k] (Isogeometric Element 1. Gauss Point 1. Global numbering of C.P.)
c.p.1 c.p.2 c.p.3 c.p.4 C.p.5 C.P.6 c.p.7 c.p.8 C.P.9

| u(m) v(im) u(m) v(m) u(m) v(m) u(m) v(m) u(m) v(m) u(m) v(m) u(m) v(m) u(m) v(m) u(m) v(m)
F. (kN) 18.623 7.585 31.119 8.169 12.496 583 -122 6.710 -15.559 -4.084 -15.438 -10.794 -6.248 -292 -15.559 -4.084 -9.311 -3.793
c.p.1 Fy (kN) 7.585 14.198 7.002 10.892 -583 -3.306 8.460 19.157 -3.501 -5.446 -11.961 -24.603 292 1.653 -3.501 -5.446 -3.793 -7.099
FX (kN) 31.119 7.002 62.237 [ 31.119 -7.002 -15.559 17.504 -31.119 [ -15.559 -17.504 -15.559 3.501 -31.119 o -15.559 -3.501
c.p.2 Fy (kN) 8.169 10.892 o 21.783 -8.169 10.892 20.422 -5.446 o -10.892 -20.422 -5.446 4.084 -5.446 o -10.892 -4.084 -5.446

FX ( kN ) 12.496 -583 31119 -8.169 18.623 -7.585 -15.438 10.794 -15.559 4.084 -122 -6.710 -9.311 3.793 -15.559 4.084 -6.248 292

c.p.3 Fy(kN)| 583  -3.306 -7.002 10892 -7.585 | 14.198 11961 -24.603 3.501  -5446 -8.460 19.157  3.793  -7.099  3.501  -5446  -292 1.653
Fx (kN) -122 8.460 -15.559 20.422 -15.438 11.961 23.035 -9.481 7.780 -10.211  -15.255 -729 7.719 -5.981 7.780 -10.211 61 -4.230
— cpa Fy (kN)! 6710 19157 17.504 -5446 10.794 -24.603 -9.481 | 56.062 -8.752 2723 729 -53.339  -5397 12302 -8.752 2723  -3.355  -9.579
E FX ( kN ) -15.559 -3.501 -31.119 [ -15.559 3.501 7.780 -8.752 15.559 [ 7.780 8.752 7.780 -1.750 15.559 [ 7.780 1.750
E c.p.5 Fy (kN) -4.084 -5.446 o -10.892 4.084 -5.446 -10.211 2.723 o 5.446 10.211 2.723 -2.042 2.723 o 5.446 2.042 2.723
% FX (kN) -15.438 -11.961 -15.559 -20.422 -122 -8.460 -15.255 729 7.780 10.211 23.035 9.481 61 4.230 7.780 10.211 7.719 5.981
C-P-G FV (kN) -10.794 -24.603 -17.504 -5.446 -6.710 19.157 -729 -53.339 8.752 2.723 9.481 56.062 3.355 -9.579 8.752 2.723 5.397 12.302

Fx (kN) -6.248 292 -15.559 4.084 -9.311 3.793 7.719 -5.397 7.780 -2.042 61 3.355 4.656 -1.896 7.780 -2.042 3.124 -146

c.p.7 FV (kN) -292 1.653 3.501 -5.446 3.793 -7.099 -5.981 12.302 -1.750 2.723 4.230 -9.579 -1.896 3.549 -1.750 2.723 146 -827

Fy (kN)} -15.559  -3.501  -31.119 0 415559 3.501  7.780  -8.752 15559 0 7.780 8752  7.780  -1.750  15.559 o 7.780 1750

cp8 Fy (kN) 1 -a084 -5.446 o -10.892  4.084  -5446 -10.211 2723 ° 5.446 10211 2723 -2042 2723 o 5.446 2042 2723

Fx (kN) -9.311 -3.793 -15.559 -4.084 -6.248 -292 61 -3.355 7.780 2.042 7.719 5.397 3.124 146 7.780 2.042 4.656 1.896

cp.9 Fy(kN)| -3793 -7.099 -3501 -5.446 292 1653  -4230 -9.579 1750 2723 5981 12302  -146 -827 1750 2723 189 | 3.549

Figure 2.82. Stiffness Matrix. Isogeometric Element 1. Gauss Point 1.
Global numbering of Control Points. MatLab.

| follow the same procedure for the rest 24 Gauss Points of isogeometric element 1.

Isogeometric Element’s 1 local stiffness matrix is equal to:
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[ke] 255:[ E.P.i:|=§ [Be & ]T' E '[Be S }t-det[J Emi W,

18x18 1=l 18x18 i=1 18x3 3x3 3x18

MatLab |

local [k] (Isogeometric Element 1. Global nhumbering of C.P.) |
C.P.1 C.p.2 C.P.3 C.P4 C.P5 C.P.6 C.P.7 C.p.8 C.P.9
u(m) vim) u(m) vim) u(m) v(m) u(m) v(m) u(m) vim) u(m) v(m) u(m) v(m) u(m) v(m) u(m) v(m)
Fy (kN)| 910.590 375.000 257.860 19.230 20.140  9.620 -400.040 -24.040 -303.220 -208.330 -135.480 -104.170 -196.460 -4.810 -111.690 -41670 -41.720 -20.830

cp1 FV ( kN ) 375.000 | 813.710 -19.230 -157.250 -9.620 -240.450 24.040 118.740 -208.330 -235.500 -104.170 -176.790 4.810 -35.010 -41.670 -55.970 -20.830 -31.480
FX (kN) 257.860 -19.230 672.880 0o 257.860 19.230 -303.220 208.330 -232.290 o -303.220 -208.330 -111.690 41.670 -126.480 o -111.690 -41.670

cp2 FV ( kN ) 19.230 -157.250 o 730.510 -19.230 -157.250 208.330 -235.500 o 177.450 -208.330 -235.500 41.670 -55.970 1 -10.520 -41.670 -55.970

cpP3 Fyx ( kN ) 20.140 -9.620 257.860 -19.230 | 910.590 -375.000 -135.480 104.170 -303.220 208.330 -400.040 24.040 -41.720 20.830 -111.690 41.670 -196.460 4.810

Fy (kN) 9.620 -240.450 19.230 -157.250 -375.000 @ 813.710 104.170 -176.790 208.330 -235.500 -24.040 118.740 20.830 -31.480 41.670 -55.970 -4.810 -35.010

FX (kN) -400.040 24.040 -303.220 208.330 -135.480 104.170 755.840 -93.750 167.020 -4.810 -14.620 -2.400 25.610 -103.370 -54.500 -88.140 -40.600 -44.070

: cpa FV ( kN ) -24.040 118.740 208.330 -235.500 104.170 -176.790 -93.750 @ 793.290 4.810 -205.920 2.400 -269.490 -84.130 177.710 -78.530 -103.450 -39.260 -98.590

5 C.P.5 FX ( kN ) -303.220 -208.330 -232.290 0 -303.220 208.330 167.020 4.810 574.190 o 167.020 -4.810 -54.500 88.140 39.510 o -54.500 -88.140
g F. (kN)! -208.330 -235.500 o 177.450 208.330 -235.500 -4.810 -205.920 o 729.720 4.810 -205.920 78.530 -103.450 1 182.580 -78.530 -103.450
o

Fx (kN)} -135.480 -104.170 -303.220 -208.330 -400.040 -24.040 -14.620 2.400 167.020 4.810 | 755840 93.750 -40.600 44.070 -54.500 88.140 25610 103.370
C.P.6

Fy (kN) -104.170 -176.790 -208.330 -235.500 24.040 118.740 -2.400 -269.490 -4.810 -205.920 93.750 | 793.290 39.260 -98.590 78.530 -103.450 84.130 177.710

FX (kN) -196.460 4.810 -111.690 41.670 -41.720 20.830 25.610 -84.130 -54.500 78.530 -40.600 39.260 = 283.030 -93.750 110.110 -4.810 26.230 -2.400

c.p.7 Fy (kN)i -4810 -35010 41670 -55.970 20.830 -31.480 -103.370 177.710 88.140 -103.450 44.070 -98.590 -93.750  177.810 4.810 -840 2400 -30.190
Fy (kN); -111.690 -41.670 -126.480 o -111.690 41.670 -54.500 -78.530 39.510 0 -54.500 78.530 110.110 4.810 | 199.160 0 110110  -4.810

cps8 Fy (kN)} -a1.670 -55.970 [] -10.520 41.670 -55.970 -88.140 -103.450 [ 182.580 88.140 -103.450 -4.810 -840 [ 148.450  4.810 -840

P9 Fy (kN)I -41.720 -20.830 -111.690 -41.670 -196.460 -4.810 -40.600 -39.260 ~-54.500 -78.530 25.610 84.130 26230 2400 110110 4.810 | 283.030 93.750

Fy ( kN ) -3.793 -7.099 -3.501 -5.446 292 1.653 -4.230 -9.579 1.750 2.723 5.981 12.302 -146 -827 1.750 2.723 1.896 3.549

Figure 2.83. Stiffness Matrix. Isogeometric Element 1.
Global numbering of Control Points. MatLab.

Total Stiffness Matrix [K]

| calculate the local (numbering) Stiffness Matrix for every Isogeometric Element. Then, |
form the total Stiffness Matrix of the structure.

Figure 2.84. Total Stiffness Matrix. (66x66)

Two Degrees of Freedom correspond to every Control Point, the horizontal u and the
vertical v displacement. The cantilever’s total Stiffness Matrix is a symmetric square matrix
with dimensions 66x66, as there are 33 Control Points and 33:2=66 Degrees of Freedom.
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Control Points’ External Forces {P}

| calculate the External Load Vector (66x1) and | reorder it.

Fe =0 .. 0 —1000 0 —-1000 O -1000 '

(66x1)
R 0 .. 0 -1000 0 —1000 O -1000 '
F _J(60x1) | (60x1)
tot,m — F -
(66x1) s 0
(6x1) (6x1)

Control Points’ Displacements {U}

| reorder the Total Stiffness Matrix and the External Load Vector and then | form the
balance equation. | symbolize the unknown displacements with subscript f and the known
ones (fixed Control Points) with s.

I:f Kff Kfs Uf
60x1 60x60 60x6 60x1
Fotm =| Kwotm |© Yiotm = = :
or,m |: (0] m:' ot,m FS st KSS US
6x1 6x60 6x6 6x1
0
. 0
0
-1000 0

Ke 1K 1| &
0 0x60 0x6 0x1 —-1000

—1000 [ Esf ] Ess €0x1) €0x60 ) 0
0 €X60) (XG) (Xl ~1000
—1000 0
60x1 1000
0 @1
6x1

Figure 2.85 shows Control Points’ horizontal and vertical displacement.

The maximum horizontal displacement is equal to 10,6cm and corresponds to C.P.31 (-
10,6m) and C.P.33 (10,6cm).

The maximum vertical displacement is equal to 72,1cm and corresponds to C.P.31 (-
72,1cm), C.P.32 (-72,1cm) and C.P.33 (-72,1cm). Negative value displays that maximum
displacement’s direction is the negative direction of axis Y, means these Control Points move
downstairs as expected.
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horizontal u (cm) | vertical v (cm)

Figure 2.85. Control Points’ displacements.
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Control Points' Horizontal Displacement

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 @IGA

Horizontal Displacement (cm)

Control Points

Figure 2.86.a. Control Points’ horizontal displacement.

Control Points' Vertical Displacement
2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33
09 & & 4 o o
* & o
* ¢ o

* & o 4 I1GA

Vertical Displacement (cm)

-70
Control Points

Figure 2.86.b. Control Points’ vertical displacement.

Stress Field at Gauss Points

As | know Control Points’ displacements, | can calculate the stress field at Isogeometric
Elements’ Gauss Points.

c&m =E-e&m =E '[B & } d

3x1 3x3 3x1 3x3 3x8 8x1
where:
ox &M
. c &M =40y &.M; :stressfield at Gauss Pointi (plane stress problem)
3x1
X Txy GioMi
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1 v 0
. E = E 5|V 1 0 (plane stress problem)
3 12VT 0y 0 1oy 2
e &M = ex &M gy &M Yxy Giomi T strain field at Gauss Point i
3x1
. d :This displacement vector refers to displacements of C.P. (local numbering).
18x1

Let’s calculate the corresponding stress field to Gauss Point 1 of Isogeometric Element 1.

[ O~<Z-O—O—O~<D-O—O—O<-O—O—O<-O—O— <~ O—O—O<E-O—O— OO O—O<D-O0—O0—O<3 ——
-1 -0.7778 -0.5556 -0.3333 -0.1111  +0.1111 +0.3333 +0.5556 +0.7778 +1 4
(81) (§2) (83) (84) (85) (%6) §7) (88) (%9) (810)

Figure 2.87. Gauss Point 1 of Isogeometric Element 1. (Parameter Space)

{d}(m)

u(m)| 0,000
C.P.1
v (m)| 0,000

u(m)] 0,000
C.P.2
v (m)] 0,000

u (m)]| 0,000
C.P.3
v (m)| 0,000
u(m)[ -0,019
v(m)|-0,010
u(m)] 0,000

CP.5
v (m)[ -0,001

element 1

u(m)| 0,019
C.P.6
v (m)] -0,010
u(m)] -0,038
v (m)] -0,041
u(m)]| 0,000
v (m)] -0,037
u(m)] 0,038

v (m)[ -0,041

Figure 2.88. Control Points’ vertical and horizontal displacement.
Isogeometric Element 1.

0 0
c&gm =E '[B &y ] d = 0 kPa = o &,m =9 O MPa
3x1 3x3 3x18 18x1 87.667 87, 67
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P element 1 element 2 element 3 element4 element 5
? Oxx Oyy Txy Oxx Oyy Txy Oxx Oyy Txy Oxx Oyy Txy Oxx Ovy Txy
GP1 | 000 | 000 0,00 | 0,00 [-150,86; 0,00 | 0,00 | -89,47; 0,00 |0,00|-103,31; 0,00 | 0,00 -100,52;
G.P.2 :2.395,53 -25,33 | -6,42 :2.218,12 51,53 -109,47: 1.878,95 [-19,14 -84,38: 1.640,69 | 6,22 -86,07: 1.355,93 |-1,60 -87,40:
G.P.3 | 1.423,47 | -15,05 | 54,44 | 1.318,05 | 30,62 |-136,251 1.116,51 |-11,38| -87,671 974,93 | 3,70 | -97,221 805,72 |-0,95| -95,89 |
G.P.4 |-2.30553| 25,33 | -6,42 |-2.218,12|-51,53|-109,47}-1.878,95| 19,14 | -84,38 }-1.640,69|-6,22| -86,07 | -1.355,93| 1,60 | -87,40
G.P.5 :-1.423,47 15,05 | 54,44 :-1.318,05 -30,62 -136,25:-1.116,51 11,38 -87,67: -974,93 |-3,70 -97,22: -805,72 | 0,95 -95,89:
G.P.6 | 0,00 | 0,00 (-190,231 0,00 | 0,00 |-78,741 0,00 | 0,00 |-121,231 0,00 |0,00(-111,011 0,00 | 0,00 -112,90i
G.P.7 | 2.388,40|-116,00(-120,47} 2.010,00 | 33,34 | -86,10 | 1.796,19 |-10,12|-100,28} 1.502,46 | 3,25 | -98,63 | 1.237,35 |-1,61| -98,66 |
G.P.8 :1.419,23 -68,93 -165,60: 1.194,38 | 19,81 -81,34: 1.067,33 | -6,01 -113,83: 892,79 | 1,93 -106,64: 735,26 [-0,96 -107,87:
G.P.9 1-2.388,40| 116,00 |-120,471-2.010,00 |-33,34| -86,10 1-1.796,19 | 10,12 |-100,281-1.502,46 |-3,25 | -98,63 1-1.237,35| 1,61 | -98,66 |
G.P.10 |-1.419,23| 68,93 |-165,60}-1.194,38|-19,81| -81,34 }-1.067,33| 6,01 |-113,83) -892,79 |-1,93|-106,64] -735,26 | 0,96 |-107,87|
G.P.11 : 0,00 0,00 24,38: 0,00 | 0,00 -103,31: 0,00 | 0,00 -106,36: 0,00 | 0,00 -104,70: 0,00 | 0,00 -105,13:
G.P.12 1 2.367,20 |-153,57| 13,11 | 2.099,49 | 57,52 | -90,88 | 1.828,13 |-19,24| -91,85 | 1.559,05 | 6,13 | -90,35 | 1.285,35 |-1,99| -91,34 |
G.P.13 | 1.406,64 | -91,25 | 20,40 } 1.247,56 | 34,18 | -98,92 ] 1.086,31 |-11,44|-101,24) 926,42 |3,64| -99,63] 763,78 |-1,18|-100,26]
G.P.14 1-2.367,20| 153,57 | 13,11 :-2.099,49 -57,52| -90,88 1-1.828,13| 19,24 | -91,85 !-1.559,05(-6,13| -90,35 !-1.285,35| 1,99 | -91,34 !
G.P.15 1-1.406,64| 91,25 | 20,40 1-1.247,56|-34,18| -98,92 1-1.086,31| 11,44 -101,241 -926,42 |-3,64 -99,63 | -763,78 | 1,18 |-100,26I
G.p16 | 000 | 000 |-2a2,71] 0,00 | 000 |-261,96] 000 | 000 |-7415! 0,00 |0,00|-122,01] 000 |0,00/-110,94!
G.P.17 -424,63: 2.384,45 |-69,59 -171,81: 1.975,31 | 17,15 -84,92: 1.774,75 |-4,68 -99,92: 1.475,48 | 1,63 —98,94:
G.P.18 | 1.542,87 | 404,25 |-306,95 1.416,89 |-41,35|-230,131 1.173,77 | 10,19 | -77,95 | 1.054,59 |-2,78|-114,211 876,76 | 0,97 |-106,70I
G.P.19 |-2.596,46|-680,31|-424,63]-2.384,45 | 69,59 |-171,81}-1.975,31|-17,15| -84,92}-1.774,75| 4,68 | -99,92|-1.475,48|-1,63| -98,94 |
G.P.20 1-1.542,87|-404,25 -306,95:-1.416,89 41,35 -230,13:-1.173,77 -10,19 -77,95:-1.054,59 2,78 -114,21: -876,76 |-0,97 -106,70:
G.p211 000 | 000 |-55151 0,00 | 0,00 [-212,181 0,00 | 0,00 | -78,381 0,00 |0,00 -111,24I 0,00 | 0,00 -103,96I
G.P.22 | 2.492,07 | 319,98 |-206,85] 2.322,00 | -3,65 |-141,81} 1.934,57 | -3,04 | -82,72} 1.720,85 | 1,42 | -91,12 | 1.426,85 |-0,07| -91,51 |
G.p.23 :1.480,83 190,14 -108,71: 1.379,78 | -2,17 -187,34: 1.149,56 | -1,81 -79,91: 1.022,56 | 0,84 -104,13: 847,86 (-0,04 —99,56:
G.P.24 1-2.492,07|-319,98|-206,851-2.322,00| 3,65 |-141,811-1.934,57| 3,04 | -82,721-1.720,85|-1,42| -91,12 1-1.426,85| 0,07 | -91,51 |
G.P.25 |-1.480,83|-190,14|-108,71}-1.379,78| 2,17 |-187,34}-1.149,56| 1,81 | -79,91!-1.022,56/-0,84/-104,13 -847,86 | 0,04 | -99,56 |
max 2.384,45 69,59 -78,74|1.975,31 19,24 -74,15| 1.774,75 6,22 -86,07| 1.475,48 1,99 -87,40
min 1-2.596,46 -680,31 -424,63!-2.384,45 -69,59 -261,96!-1.975,31 -19,24 -121,231-1.774,75 -6,22 -122,011-1.475,48 -1,99 -112,90
Figure 2.89.a. Stress Field at Gauss Points. Isogeometric Elements 1-5.
element 6 element 7 element 8 element9
Oxx Oyy Txy Oxx Oyy Txy Oxx Oyy Txy Oxx Ovy Txy

G.P.1 | 000 |0,00/-101,20; 0,00 |0,00|-100,69; 0,00 | 0,00 [-100,23; 0,00 | 0,00 |-107,53;

G.P.2 :1.089,02 -0,31 -86,30:812,17 1,50 -87,29:556,45 -1,17 -84,75: 194,28 | -6,91 -96,13:

G.P.3 | 647,11 |-0,18| -95,94 1 482,61 | 0,89 | -95,96 | 330,65 | -0,70 | -94,77 | 115,45 | -4,11 |-103,501

G.P.4 }-1.089,02| 0,31 | -86,30 }-812,17|-1,50| -87,29 }-556,45| 1,17 | -84,75 | -194,28| 6,91 | -96,13 |

G.P.5 :-647,11 0,18 -95,94:-482,61 -0,89 -95,96:-330,65 0,70 -94,77:-115,45 4,11 -103,50:

G.P.6 | 0,00 |0,00|-113,261 0,00 |0,00|-112,771 0,00 | 0,00 (-107,36] 0,00 | 0,00 | -99,32 |

G.P.7 | 966,11 | 2,17 | -97,88 ] 682,53 |-4,95|-101,20} 457,80 | 14,31 | -88,16 | 82,31 | 1,01 | -91,72 |

G.P.8 : 574,08 | 1,29 -107,83: 405,57 |-2,94 -108,68: 272,03 | 8,50 -100,58: 48,91 | 0,60 -96,63:

G.P.9 | -966,11 |-2,17| -97,88 1-682,53| 4,95 |-101,201-457,80|-14,31| -88,16 | -82,31 | -1,01 | -91,72 |

G.P.10 | -574,08 |-1,29|-107,83}-405,57| 2,94 |-108,68|-272,03| -8,50 |-100,58| -48,91 | -0,60 | -96,63 |

G.P.ll: 0,00 | 0,00 -105,50: 0,00 | 0,00 -104,90: 0,00 | 0,00 -102,07: 0,00 | 0,00 -101,73:

G.P.12 1 1.015,93 | 1,00 | -90,31 1 735,32 |-1,70| -92,60 | 497,44 | 6,75 | -84,39 | 120,22 | -3,75 | -92,82 |

G.P.13 | 603,69 | 0,59 |-100,14] 436,94 |-1,01|-100,56] 295,50 | 4,01 | -95,83 | 71,44 | -2,23 | -98,58 |

G.P.14 :-1.015,93 -1,00 -90,31:-735,32 1,70 -92,60:-497,44 -6,75 -84,39:-120,22 3,75 -92,82:

G.P.15 | -603,69 |-0,59(-100,141-436,94| 1,01 |-100,561-295,59| -4,01 | -95,83 | -71,44 | 2,23 | -98,58 |

G.P.16 | 000 |0,00 -112,91] 0,00 |0,00|-113,17] 0,00 | 0,00 |-112,97| 0,00 | 0,00 |-110,84!

G.P.17 :1.212,34 -1,40 -98,51: 940,24 | 2,69 -97,93: 658,29 | -6,02 -101,21: 413,09 | 11,35 -92,36:

G.P.18 | 720,39 |-0,83(-107,831 558,71 | 1,60 |-107,791 391,17 | -3,58 |-108,811 245,46 | 6,75 |-104,32|

G.P.19 |-1.212,34| 1,40 | -98,51 |-940,24|-2,69| -97,93 | -658,29| 6,02 |-101,21}-413,09|-11,35| -92,36 |

G.P.20 : -720,39 | 0,83 -107,83:-558,71 -1,60 -107,79:-391,17 3,58 -108,81:-245,46 -6,75 -104,32:

G.P.21 I 0,00 |0,00|-105,291 0,00 | 0,00|-105,141 0,00 | 0,00 (-105,401 0,00 | 0,00 |-112,26l

G.P.22 | 1.162,25|-1,12| -90,69 | 888,46 | 2,84 | -90,65 | 616,58 | -5,33 | -92,14 | 303,72 | -1,52 | -97,29 |

G.P.23 : 690,63 (-0,67 -100,14: 527,94 | 1,69 -100,03: 366,38 | -3,17 -100,72: 180,48 | -0,91 -106,97:

G.P.24 1-1.162,25| 1,12 | -90,69 1-888,46 |-2,84| -90,65 1-616,58| 5,33 | -92,141-303,72| 1,52 | -97,29 |

G.P.25 | -690,63 | 0,67 |-100,14}-527,94|-1,69|-100,03} -366,38| 3,17 |-100,72}-180,48] 0,91 |-106,97]

max | 1.212,34 2,17 -86,30, 940,24 4,95 -87,29| 65829 14,31 -84,39|413,09 11,35 -91,72,

min 1-1.212,34 -2,17 -113,261-940,24 -4,95 -113,171-658,29 -14,31 -112,97!-413,09 -11,35 -112,26!

Karakitsios Panagiotis

Figure 2.89.b. Stress Field at Gauss Points. Isogeometric Elements 6-9.
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(Isogeometric Element, G.P.)

oy (MPa) | 2% (1,17)

________________ (L19) ______
max (1,17)

o e i Lo
max (1,1)

S NP Pomin @7, (L19) | 42463 |

Figure 2.90. Maximum and Minimum Stress.

Figure 2.89 depicts stresses at Isogeometric Elements’ Gauss Points, while Figure 2.90
shows maximum and minimum stress.

As expected, element 1 (nearest to fixed boundary) suffer from larger stresses. It is a
cantilever under concentrated load P=3.000 kN at free edge, so the upper horizontal side
suffers from tension and the lower horizontal side suffers from compression. Maximum
bending moment occurs at fixed edge.

M ox =—P-L=-3.000kN -15m = —45.000 kNm

max —

Element 1 (G.P.17, nearest to upper horizontal side) experience the largest tension. Tensile
stresses are equal to:

max oy = 2.596,46 MPa
max oy = 680,31 MPa

Element 1 (G.P.19, nearest to lower horizontal side) experience the largest compression.
Compressive stresses are equal to:

maxoyy =—2.596,46 MPa
max cyy =—680,31 MPa

153
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2.3.2. Finite Element Analysis

| will solve the same problem applying Finite Element Method. In order to reach a safe
conclusion, | have maintained as many nodes (FEA) as control points (IGA), means | have
used 33 nodes with the same global numbering. The two (FEA, IGA) outgoing stiffness
matrices will have the same dimensions (66x66). The nodes have the same distance between
each other along the length and the height.

As it is a plane stress problem, the two stiffness matrices have both 66 rows and 66
columns. (2¢33=66, 66x66).

| use the following analysis parameters:

e n=33 Nodes. It is important to underline that number of Nodes is equal to shape
functions’ number. Cartesian coordinate system’s origin is the extreme left and
bottom corner.

e p=2. The shape functions are quadratic, as | used 9-noded (Lagrange) Finite
Elements.

e 9 2D 4-sided, 9-noded (Lagrange) Finite Elements. | have simulated the structure
with 9 2D 4-sided 9-noded (Lagrange) Finite Elements. Every element has the same
geometry and nodes. So, the local stiffness matrix is the same. The parametric axis §
(parameter space) is parallel to cantilever’s length (physical space), means
horizontal. Its direction is from left to right. The parametric axis n (parameter space)
is parallel to cantilever’s height (physical space), means vertical. Its direction is from
bottom to cantilever’s top. In FEA, the parameter space is local to every element.

Finite Elements (Number) 9
Finite Elements (Type) 2D
4-sided
9-noded
isoparametric
Gauss Points 5x5

Figure 2.91. Analysis Parameters.

Figure 2.92. Cantilever Profile. (Cartesian Axes. Nodes.)
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Isoparametric 2D 4-sided 9-noded (Lagrange) Finite Element

It is a plane stress problem. | have used isoparametric 2-D 4-sided 9-noded (Lagrange)
Finite Elements. Each one has 9 nodes and 2¢9=18 degrees of freedom, as each node
corresponds to 2 degrees of freedom (horizontal and vertical displacement).

1,-1) (1,-1)

Figure 2.93. Isoparametric 2D 4-sided 9-noded (Lagrange) Finite Element.
Parameter Space. Local Numbering.

Shape functions

The shape functions and their partial derivatives with respect to §, n are equal to:

1 1
N, =én1-¢ 1-m Ng=-2n1-8" 1-n
1 1 2
N, =-=En 1+§ 1-n Ns=5§ 1+& 1-n , )
4 : Ng = 1-£% 1-n
N3=%§TI 1+& 147 N7 =>m 1-€% 147
1 1 )
Ny=-Z&11-¢ 1+ Ng=-281-¢ 1-n

Figure 2.94. Shape functions.
Isoparametric 2D Lagrange Finite Element.
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For every element e =1+ 5, | follow the below procedure.

Elasticity Matrix [E]

As it is a plane stress problem, the elasticity matrix [E] is equal to:

e 1 0
E:1 > |v 1 0
x3 L1V _

0 0 1-v
L 2 ]

Deformation Matrix [B]

| calculate the deformation matrix.

|:Be &m ]:[Bl,e & :|'|:B2,e & ]
3x18

3x4 4x18

where:
1 Jeoz &M —Je1p &M 0 0
|:B1,e &m J: det[J E ] 0 0 _‘]e,21 &M Je,11 &n
S ° —Jeo1 &M Jenn &M Jeo &M —Jerp &M
Xie Yie
J _ D XY _ vaé E_,:n Nzé EJ,T] Ngvé E-’,n XZ’e YZ’e
|:e E»T] ]_I: N i,rl :' e — N EJ N ‘Ct) N (: *
2x2 2x9 9x2 1n M 2mq 9N o Ny oM
Xg,e Y9,e

Xner Yne: Node’s n (Finite Element e) Cartesian coordinates (local numbering)

Nl,g En 0 Nz,g &n o .. Ng,i En 0

|:B & n :|: Nl,n @n 0 NZ,n éln o .. Ng,n ﬁxn 0
2 0 Ny &m 0 Npe &M e 0 No: &m
0 Nl,n E.nTl 0 N2,n avn """ 0 N9,n avn

Local Stiffness Matrix [k°]

| produce the local stiffness matrix.

k., =

e
18x18

[B. &n |- E-[B, &n | t-det[J, &n Jdedn
18x3 3x3 3x18

[S—
—

=
[N
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| have calculated the double integral using numerical integration (integration rule 5x5).

5 5
Ke =D aw;-w;-

18x18  i=1 j=1

o

J
18x3 3x3 3x18
n
z 3 : 3
o (92} o™ o
@ 0 0 o
S ° o o =
il J J o wn
| | |
I I I
7 &2 22 _
- g,,, 7 - ~N=0.90617
I I I I
'8 143 3 .23 .18
FE A LS~ LA B @ n=0.53846

~ n=-0.53846

.19
@6 ---1=-0.90617

Figure 2.95. Gauss Points. (Local numbering.)
Isoparametric 2D 4-sided 9-noded (Lagrange) Finite Element.

Each Finite Element has the same local Stiffness Matrix, which is the following:

element 1

Node 1

Node 7

Node 9

Node 3

Node 4

Node 8

Node 6

Node 2

Node 5

Fyx (kN)
Fy (kN)!
Fyx (kN)
Fy (kN);
Fy (kN)
Fy (kN);
Fy (kN),
Fy (kN)!
Fyx (kN)
Fy (kN);
Fyx (kN)
Fy (kN);
Fyx (kN),
Fy (kN)!
Fyx (kN)
Fy (kN);
Fy (kN)

B &, JT' E[B, &y Jtdetfs, g.m ]

local [k] (Isogeometric Element 1. Global numbering of Nodes.)

Fy (kN);

Node 1 Node 7 Node 9 Node 3 Node 4 Node 8 Node 6 Node 2 Node 5
u(m v(m) u(m) v(m) u(m) v(m) u(m) v(m) u(m) _ _v(m) um___ v(m) u(m)_ _v(m) u(m___v(m)___u(m) v(m)
971.179 375.774 40.312 9.635 -34.741 -41.753 -143.399 -9.635 -696.880 -38.901 123.298 166.871 223.244 166.891 71.109 38.121 -554.122 -667.004
375.774 | 971.179 -9.635 -143.399 -41.753 -34.741 9.635 40.312 38.121 71.109 166.891 223.244 166.871 123.298 -38.901 -696.880 -667.004 -554.122
40312 -9.635 | 971179  -375.774 -143399 9.635  -34.741 41753 -696.880  38.901 71109  -38120 223244 -166.891  123.298 -166.871 -554.122  667.002
9.635 -143.399 -375.774 971178 -9.635 40313 41753 -34.741 -38121  71.108 38902  -696.880 -166.871 123299  -166.891 223244  667.002  -554.122
34741 -41.753 -143.399 -9.635 | 971.178 375774 40313  9.635 223244  166.891 71108 38120 -696.880 -38.902 123299  166.871 -554.122  -667.001
-41.753  -34.741 9.635 40.313 375.774 £ 971.178 -9.635 -143.399 166.871 123.299 -38.902 -696.880 38.120 71.108 166.891 223.244 -667.001 -554.122
-143.399 9.635 -34.741 41.753 40.313 -9.635 971.178 -375.774 223.244 -166.891 123.299 -166.871  -696.880 38.902 71.108 -38.121 -554.122 667.002
-9.635 40.312 41.753 -34.741 9.635 -143.399 -375.774 | 971.179 -166.871 123.298 -166.891 223.244 -38.120 71.109 38.901 -696.880 667.002 -554.122
-696.880 38.121 -696.880 -38.121 223.244 166.871 223.244 -166.871 2.650.245 o -554.122 -666.922  -266.350 J -554.122 666.923 -328.378 -1
-38.901 71.109 38.901 71.108 166.891 123.299 -166.891 123.298 o 3.447.738  -667.082 -554.122 J 268.085 667.083 -554.122 -1 -2.996.392
123.298 166.891 71.109 38.902 71.108 -38.902 123.299 -166.891 -554.122 -667.082 3.447.722 o -554.122 667.081 268.085 4 -2.996.376 1
166.871 223.244 -38.120 -696.880 38.120 -696.880 -166.871 223.244 -666.922 -554.122 o 2.650.239 666.920 -554.122 o -266.350 1 -328.373
223.244 166.871 223.244 -166.871 -696.880 38.120 -696.880 -38.120 -266.350 o -554.122 666.920 = 2.650.239 o -554.122 -666.922 -328.373 1
166.891 123.298 -166.891 123.299 -38.902 71.108 38.902 71.109 o 268.085 667.081 -554.122 o 3.447.722 -667.082 -554.122 1 -2.996.376
71109 -38901 123.208 -166.891 123.299 166.891 71108 38901 -554.122  667.083  268.085 0 554122 -667.082 | 3.447.738 0 -2.996.392 B
38121 -696.880 -166.871 223244 166.871 223244 -38.121 -696.880 666.923  -554.122 0 266350 -666.922 -554.122 0 2.650.245 1 -328.378
-554.122 -667.004 -554.122 667.002 -554.122 -667.001 -554.122 667.002 -328.378 1 -2.996.376 1 -328.373 1 -2.996.392 1 8.866.009 0
-667.004 -554.122 667.002 -554.122 -667.001 -554.122 667.002 -554.122 -1 -2.996.392 1 -328.373 1 -2.996.376 -1 -328.378 o 8.866.009
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Figure 2.96. Stiffness Matrix. Finite Element 1.

Global numbering of Nodes.
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Control Net

Figure 2.97 shows Nodes’ Cartesian coordinates.

axis X I
Xn
element 1 element 2 | 3 4 1t 5

Node 1 0 3 6 9 12

Node 2 i 3 6 9 12 15
¥ Node3 I 3 6 9 12 15
S | Noded| 0 3 6 9 12
E  Nodes | 15 4,5 7,5 10,5 13,5
% Node 6 i 3 6 9 12 15
2 Node7 : 1,5 4,5 7,5 10,5 13,5

Node 8| 0 3 6 9 12

Node 9| 15 45 7,5 10,5 135

Figure 2.97.a. Nodes’ Cartesian coordinate X. (physical space)

axis Y I
YN
element 1 I | 1t 2 | it 3 1t4 element 5

Node 1 ! 0 0 0 0 0

Node 2 : 0 0 0 0 0
# Node3| 3 3 3 3 3
S Node4| 3 3 3 3 3
€ Nodes| 0 0 0 0 0
,—i Node 6 I 1,5 1,5 1,5 1,5 1,5
2 Node7| 3 3 3 3 3

Node 8 : 1,5 1,5 15 1,5 1,5

Node 9 : 15 1,5 15 1,5 1,5

Figure 2.97.b. Nodes’ Cartesian coordinate Y. (physical space)

33 Nodes partition the structure into 5 Lagrange Finite Elements.

In Figure 2.98 we can see the corresponding node net.

Figure 2.98. Node Net. (physical space)

Karakitsios Panagiotis
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Parameter Space

(-1,1) (1,1)
4 3

(-1,-1) (1,-1)

Figure 2.99. Isoparametric 2D 4-sided 9-noded (Lagrange) Finite Element.
Parameter Space. Local Numbering.

Physical Space

Figure 2.100. Finite Element Mesh.
Nodes partition cantilever into finite elements.

Figure 2.100 shows nodes (red circles) in the physical space. Nodes partition cantilever into
5 isoparametric 2D 4-sided 9-noded finite elements. The Total Stiffness Matrix refers to
nodes, so | form the equilibrium equation for them.

Displacements’ vector U refers to nodes. For this particular problem, there are 33
nodes, so the above equation is written as follows:

F=K-U=>U=-K™F

66x1 66x66 66x1 66x1 66x66 66x1
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Total Stiffness Matrix [K]

| calculate the local (numbering) Stiffness Matrix for every Finite Element. Then, | form the
total Stiffness Matrix of the structure.

Figure 2.101. Total Stiffness Matrix. (66x66)

Two Degrees of Freedom correspond to every Node, the horizontal u and the vertical v
displacement. The cantilever’s total Stiffness Matrix is a symmetric square matrix with
dimensions 66x66, as there are 33 Nodes and 33°2=66 Degrees of Freedom.

Nodes’ External Forces {P}

| calculate the External Load Vector (66x1) and | reorder it.

Fote =0 .. 0 -1000 0 -1000 0 -1000 '

(66x1)
F 0 .. 0 -1000 0O -1000 0O -1000 T
E _j(e0x1) | (60x1)
totm — = -
(66x1) s 0
(6x1) (6x1)

Control Points’ Displacements {U}

| reorder the Total Stiffness Matrix and the External Load Vector and then | form the
balance equation. | symbolize the unknown displacements with subscript f and the known
ones (fixed Nodes) with s.
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Ff Kff Kfs Uf
60x1 60x60 60x6 60x1
Fotm =| Kiotm | Yotm = = :
|: ° m:l o Fs st Kss Us
6x1 6x60 6Xx6 6x1
=
0
0
O en
—1000 0

Ke 1K 1| &
0 0x60 0x6 0x1 -1000
S| OO SO R T

et Esf ] Ess €0x1) €0x60 ) 0
0 €x60) €x6 €1 —1000
—1000 0
60x1 1000
0 @1
6x1

Figure 2.102 shows Nodes’ horizontal and vertical displacement.

The maximum horizontal displacement is equal to 10,7 cm and corresponds to:
** Node 31:u=-10,7 cm
< Node 33: u=+10,7 cm.

The maximum vertical displacement is equal to 72,7 cm and corresponds to:
< Node 31:v=-72,7 cm
% Node33:v=-72,7 cm.
Negative value displays that maximum displacement’s direction is the negative direction of
axis Y, means these Nodes move downstairs as expected.
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Karakitsios Panagiotis

horizontal u (cm)

vertical v (cm)

2
o

Q.
o

[
o
o

Figure 2.102. Nodes’ displacements.
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Nodes' Horizontal Displacement

15

5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 @FEA

Horizontal Displacement (cm)

10 *

-15

Nodes

Figure 2.103.a. Nodes’ horizontal displacement.

Nodes' Vertical Displacement
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33
09 ¢ & 4 o o
* ¢ o
= - * o 0
E 10
& * & o
4 20
5 * & o
€ 30
* & o

5]
f_nﬂ-rm * ¢ o @ FEA
2
8 o o o 0
[
=S -60 * o o
@

-70
> * o o

-80

Nodes

Figure 2.104.b. Nodes’ vertical displacement.

Stress Field at Gauss Points

As | know Nodes’ displacements, | can calculate the stress field at Finite Elements’ Gauss

Points.
G gi!ni =E-e¢ <tvi’ni = E |:B E.>i’ni :I d
3x1 3x3 3x1 3x3 3x18 18x1
where:
ox &M
c &.,m; =40y &,n :stressfield at Gauss Point i (plane stress problem)
. Txy SioMi
163
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0
E
. E = 5 0 | (plane stress problem)
x3 1-Vv 1
-V
0 0 —
L 2
ex SiiMj
e e&,m =19¢y &.m; ;:strainfield at Gauss Pointi
i Yxy GinMi
. d : Displacement vector refers to displacements of Finite Element’s Nodes (local
18x1
numbering).

Let’s calculate the corresponding stress field to Gauss Point 1 of Finite Element 1.

{d}(m)
u(m) 0
Node 1 v(m) o
u(m) -0,038
Node 2
v (m) -0,044
Node 3 u(m) 0,038
v (m) -0,044
- u (m) 0
2 Node 4 v(m) 0
(<)) -
€ Inodes u(m) 0,020
) v (m) -0,014
(7] u(m) 0,000
Node 6 v(m) -0,042
Node 7 u(m) 0,020
v (m) -0,014
Node 8 u(m) 0
v (m) 0
u(m) 0
Node 9 v (m) -0,011

Figure 2.105. Nodes’ vertical and horizontal displacement.
Finite Element 1.

0 0
c&gm =E '[B & m ] d = 0 kPa = o &,m = 0 MPa
—69.395 —69,40
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MP: element 1 element 2 element 3 element4 element 5
a
Oxx Oyy Txy Oxx Oyy Txy Oxx Oyy Xxy Oxx Oy, Txy Oxx Oy Txy
G.P.1 0,00 0,00 -69,40 0,00 0,00 -85,70 0,00 0,00 -87,51 0,00 0,00 -87,33 0,00 0,00 -83,92
G.P.2 | 2.388,96 | -8851 | -118,18 | 189644 | -10,03 | -7866 | 135868 | -090 | -7428 | 8168 | 199 | -7472 | 284,00 | 1862 | -82,98
G.p3 | 141957 | -s259 | -se62 ! 112690 | -59 8322 | 80736 | -054 | -s284 | 4ss39 | 1,18 | -s288 | 16876 | 11,06 | -8359
1 1 1 1 1
G.p.4 | -238896 | 8851 | -118,18 | -1.896,44 | 10,03 78,66 1-135868 | 090 | -7428 | -8168 | -1,99 | -7472 | -284,00 | -1862 | -82,98 |
G.P.5 -1.419,57 52,59 -86,62 -1.126,90 5,96 -83,22 -807,36 0,54 -82,84 -485,39 -1,18 -82,88 -168,76 -11,06 -83,59
G.P.6 0,00 0,00 -163,35 0,00 0,00 -135,59 0,00 0,00 -132,20 0,00 0,00 -129,65 0,00 0,00 -110,31
1 1 1 1 1
G.P.7 2.295,46 61,12 -46,23 1.683,10 11,43 -109,76 1.131,38 4,09 -117,28 584,85 -11,71 -120,76 23,96 -145,22 -144,26
G.P.8 1.364,01 36,32 -122,00 1.000,13 6,79 -126,47 672,29 2,43 -126,93 347,53 -6,96 -126,51 14,24 -86,29 -122,30
G.P.9 -2.295,46 -61,12 -46,23 H -1.683,10 -11,43 -109,76 H -1.131,38 -4,09 -117,28 H -584,85 11,71 -120,76 H -23,96 145,22 -144,26 H
G.P.10 -1.364,01 -36,32 -122,00 1 -1.000,13 -6,79 -126,47 1 -672,29 -2,43 -126,93 | -347,53 6,96 -126,51 1 -14,24 86,29 -122,30 1
G.P.11 0,00 0,00 -118,81 0,00 0,00 -105,16 0,00 0,00 -103,45 0,00 0,00 -101,91 0,00 0,00 -89,82
G.P.12 2.299,11 -113,89 -69,01 1.765,79 -10,22 -86,95 1.223,27 0,90 -89,22 679,76 -3,58 -91,51 136,69 -54,70 -109,62
1 1 1 1 1
G.P.13 | 136618 | -67,67 | -101,23 | 1.049,26 | -6,07 9873 | 72689 | 054 | -9843 | 40393 | -213 | -9823 | 81,22 | -3250 | -96,81 |
G.P.14 -2.299,11 113,89 -69,01 -1.765,79 10,22 -86,95 -1.223,27 -0,90 -89,22 -679,76 3,58 -91,51 -136,69 54,70 -109,62
G.P.15 -1.366,18 67,67 -101,23 | -1.049,26 6,07 -98,73 | -726,89 -0,54 -98,43 | -403,93 2,13 -98,23 | -81,22 32,50 -96,81
1 1 1 1
G.pa6 ! 000 0,00 0,00 0,00 -120,34 0,00 000 |-1308 ! o000 000 | -13267! 000 000 | -138,64
G.P.17 24335 | 2.141,99 | 7591 | -132,09 | 158888 | 3,76 | -119,28 | 1.042,48 | -560 | -116,33 | 48421 | -1695 | -102,80
1 1 1 1
G.P.18 1.644,12 421,81 -104,47 1.272,81 45,11 -124,49 | 944,14 2,24 -126,75 1 619,46 -3,33 -126,90 1 287,73 -10,07 -125,99 |
G.P.19 -2.766,87 | -709,86 -243,35 -2.141,99 -75,91 -132,09 -1.588,88 -3,76 -119,28 | -1.042,48 5,60 -116,33 -484,21 16,95 -102,80
GP.20 | 164412 | -421,81 | -10447 | 127281 | -a511 | -12449 | 04414 | 224 | -12675 | 61946 | 333 | -12690 | -287,73 | 1007 | -12599 |
1 1 1 1
G.P.21 0,00 0,00 -38,78 0,00 0,00 -96,09 0,00 0,00 -102,64 0,00 0,00 -103,70 0,00 0,00 -106,66
G.P.22 2.579,23 271,60 -186,14 2.038,47 28,09 -100,22 1.495,12 0,71 -90,41 951,70 0,04 -88,88 410,18 21,52 -84,98
G.P.23 | 153263 | 161,30 | -90,81 | 1.211,30 | 16,69 97,55 | 888,43 042 | -9832 | 56552 003 | -9847 | 24374 | 1279 | -99,00 |
G.P.24 | -2.579,23 | -271,60 -186,14 -2.038,47 -28,09 -100,22 -1.495,12 -0,71 -90,41 -951,70 -0,04 -88,88 -410,18 -21,52 -84,98
G.P.25 -1.532,63 | -161,39 -90,81 -1.211,30 -16,69 -97,55 -888,43 -0,42 -98,32 -565,52 -0,03 -98,47 1 -243,74 -12,79 -99,00
max 2.141,99 75,91 -78,66 1.588,88 4,09 -74,28 1.042,48 11,71 -74,72 484,21 145,22 -82,98
min : -2.766,87 -709,86 -243,35 : -2.141,99 -75,91 -135,59 -1.588,88 -4,09 -132,20 | -1.042,48 -11,71 -132,67 -484,21 -145,22 -144,26
Figure 2.106.a. Stress Field at Gauss Points.
Finite Elements 1-5.
ite Element, G.P.)
max (1,17)
oxx (MPa)
(1,19)
max (1,17)
oyy (MPa)
(1,19)
max (1,16)
Txy (MPa)
(1,17), (1,19)

Element 2 (G.P.17, nearest to upper horizontal side) experience the largest tension. Tensile

Figure 2.107. Maximum and Minimum Stress.

stresses are equal to:

max cyy =2.766,87 MPa
max o, = 709,86 MPa

Element 1 (G.P.19, nearest to lower horizontal side) experience the largest compression.

Compressive stresses are equal to:
max cyy =—2.766,87 MPa
max oy, =-709,86 MPa
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2.3.3. Comparison

Comparing two methods’ results, | will reach interesting conclusions.

e |soGeometric Analysis (IGA)

Patches

Horizontal Spans (=)

1
Isogeometric Elements (ExH) . 9
9
1

Vertical Spans (H)

Control Points 33
Control Points (=) 11
Control Points (H) 3

P 2
q 2
Gauss Points 5x5

Figure 2.108.a. Analysis Parameters. IGA.

e Finite Element Analysis (FEA)

Finite Elements (Number) 5
Finite Elements (Type) isoparametric
2D
4-sided
9-noded
Gauss Points 5x5

Figure 2.108.b. Analysis Parameters. FEA.

Particularly, | will compare:

B-SPLine Functions (IGA) with Shape Functions (FEA).

Control Net (IGA) with Node Net (FEA).

Parameter Space (Mesh).

Physical Space (Mesh).

Total Stiffness Matrix.

Control Points’ Displacements (IGA) with Nodes’ Displacements (FEA).

YV VV VYV VYV

Stress Field at Gauss Points.
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Shape Functions

Ni,2(€)

\ /N
\ /N /
N / N

L - .
-1 -0.7777 -0.5555 -0.3333 01111

. Nl v .
01111 0.3333 0.5555 07777 1

Figure 2.109.a. Quadratic Basis SPLine Functions for open, uniform knot vector
=={-1,-1,-1,-0.78,-0.56,-0.33,-0.11,0.11,0.33,0.56,0.78,1,1,1}.

Mj;2(n)

Figure 2.109.b. Quadratic Basis SPLine Functions for open, uniform knot vector
H={-1,-1,-1,1,1,1}.

Figure 2.109.c. Shape Functions. Isoparametric 2-Noded Truss Finite Element.

For p=1, IGA’s B-SPLine Functions are exactly the same with FEA’s Shape Functions. For p=2,
something like that does not happen. IGA’s B-SPLine functions have larger support than

FEA’s ones. Unlike in standard finite element analysis, the B-SPLine parameter space is local
to patches rather than elements.

167
Karakitsios Panagiotis



Isogeometric Analysis

Control/ Node Net

.9 .1 2 15 .1 8 .21 .24 .27 .30 .33
.8 .1 1 '1 4 .1 7 .20 .23 .26 ‘29 .32
.1 '1 1] ‘1 3 .1 6 '1 9 .22 .25 .28 .31
Figure 2.110.a. Control Net. Physical space.
.9 .1 2 .1 5 .1 8 .21 .24 .27 .30 .33
.8 .1 1 '1 4 .1 7 .20 '23 '26 .29 .32
'1 '1 [V] ‘1 3 .1 6 .1 9 ‘22 .25 .28 .31
Figure 2.110.b. Node Net. Physical Space.
| choose as many Nodes as Control Points in order to have the same number of Degrees of
Freedom. They have the same geometric features.
Parameter Space
T c
BRI
TTo - -
=~ | | | | | | | | | |
| | | | | | | | | |
[ 0 0 0 0 0 0 0 0 0——>»
-1 -0.7778 -0.5556 -0.3333 -0.1111 +0.1111 +0.3333 +0.5556 +0.7778 +1 3
(t3)) (82) (83) (84) (85) (8s) (87) (88) (89) (810)

Figure 2.111.a. Isogeometric Elements’ Mesh. Parameter Space.
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(-1,1) (1,1)
4 7 3

-1,-1) (1,-1)

Figure 2.111.b. Isoparametric 2D 4-sided 9-noded Finite Element.
Parameter Space. Local Numbering.

In classical Finite Element Analysis (FEA), the parameter space (“reference/ parent
element”) is local to individual elements and is mapped into a single element in the physical
space. Each finite element has its own mapping from the reference element.

In Isogeometric Analysis (IGA), the B-SPLine parameter space is local to the entire patch
rather than element. The B-SPLine mapping (a single map) takes a patch of multiple
elements in the parameter space into the physical space, but the mapping itself is global to
the whole patch, rather than to the elements.

Physical Space

Figure 2.112.a. Physical Space. Mesh. Knots and Control Points.

Figure 2.112.b. Physical Space. Mesh. Nodes.
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Figure 2.112.a. shows both knots (cyan rhombi) and control points (red circles) in the
physical space. We observe that knots don’t coincide with control points. That’s why B-
SPLines are not linear, but quadratic. Figure 2.112.b. shows nodes (red circles) in the physical
space. We observe that Finite Element Mesh is not exactly the same with Isogeometric
Element Mesh, despite the fact that | have chosen Node Net exactly the same with Control
Net. That is why Basis SPLine Functions (IGA) and Shape Functions (FEA) are not linear and
exactly the same. It is important to mention that Nodes partition structure into Finite
Elements and Knots (and not Control Points) partition structure into Isogeometric Elements.

Total Stiffness Matrix [K]

Figure 2.113.a. Total Stiffness Matrix. (66x66). IGA.

The two matrices differ. IGA’s Total Stiffness Matrix has more nonzero entries than FEA’s
one. Figure 2.113.a depicts these additional nonzero elements as orange domains. We know
that higher-order functions have support over much larger portions of domain than do
classical FEA functions. We can observe this feature in the certain example. IGA’s
overlapping is more intense than FEA’s one. It is important to mention that despite this fact,
bandwidth doesn’t increase. It is just thicker (additional orange domains).
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C.P./ Nodes’ Displacements {U}

(cm) (cm) (cm) (cm)
horizontal ujvertical v horizontal ujvertical v
CP. 1 0,0 0,0 Node 1 0,0 0,0

Figure 2.114. Control Points’, Nodes’ displacements.

The displacements are not exactly the same. They differ slightly.

max | horizontal displacement|: difference: 0.93%

max |vertical displacement|: difference: 0.83%
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Control Points'/Nodes' Horizontal Displacement
15
T
2 10 n L} L L
= - ]
c
) L]
E 5 L
o L] @ IGA (5x5 G.P.)
] ®
3 oo @B ——®m = = = = = = = = B WFEA (analytic)
% . 2 3 @ 5 6 Z 8 © 101112 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33, sy
€ " L] X STAP (3x3 G.P.)
g " " -
,6 -10 ] ] ]
==
15
Control Points/ Nodes
Control Points'/Nodes' Vertical Displacement
T i " s 9
E-IO 2 3 4 5 6 Hail31415161718192021222324252627282930313233
L R RR
£7° R AR
£ -30 R AR IGA (5x5 G.P.)
[
'_;.,40 R AR M FEA (analytic)
.‘Qﬁ -50 ] AFEA(3x3G.P)
E-GO AR R X STAP (3x3 G.P.)
> 70 REaA
-80
Control Points/Nodes
Min Horizontal Displacement (C.P./N. 31, 33)
-10,54
E -1056
E -10,58 M IGA (5x5 G.P.)
8 -106 M FEA (analytic)
-3
8 1062 = FEA (3x3 G.P)
£ 1064 M STAP (3x3 G.P.)
£ -10,
E -10,66
-10,66 -10,66 -10,66
-10,68
Max Horizontal Displacement (C.P./N. 31, 33)
10,68
_ 10,66 10,66 10,66
£ 10,66
E 10,64 M IGA (5x5 G.P.)
8 1062 M FEA (analytic)
-3
3 106  FEA (3x3 G.P)
£ 1058 B STAP (3x3 G.P.)
£ 10,
E 10,56
10,54
Min Vertical Displacement (C.P./N. 31, 32, 33)
71,8
71,9
E 72
E 72,1 M IGA (5x5 G.P.)
E -72,2 M FEA (analytic)
S 723
g0 ™ FEA (3x3 G.P)
B 725 B STAP (3x3 G.P.)
§ 72,6
72,7
72,67 72,67 72,67
72,8

Figure 2.115. Comparison. IGA. FEA (CantiFEA/analytic and quadrature. STAP).
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Stress Field at Gauss Points

(Isogeometric Element, G.P.)

oy (MPa) | 2% (1,17)

________________ (L) ______
max (1,17)

o e i Lo
max (1,1)

S NP Pomin @7, (L19) | 42463 |

Figure 2.116.a. Maximum and Minimum Stress. IGA.

(Finite Element, G.P.)

o @)
max (1,17)
fv_v(_wlpj)____________(1413)____
Txy (MPa) max (1,16)
o _[(417),(1,19) | -243,35

Figure 2.116.b. Maximum and Minimum Stress. FEA.
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