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HeptAngm

H nopodoa Swtefn avietonilel to mpolinuo e mopoxoholinone evog ovTiXEUEVoU
(T evbe Tpol opydvou) oe mpayaTixd Yeovo, xadie XoL TOUC TEPLOPLOROUE TOU UTEip-
YOUV Yia TNV extiunon tng Y€ong Tou oToV TEIGOLACTATO YOEO.

Ta xOptar Vépoatar e tor omolol Ao ONOVUAGTE GTN CUYXEXQPUIEVT) DITAOUXTIXY lvon ToL o-
xohovdo Tplo: 1.IIpcdtov, e€etdlouue TNV UToEEn BEATICTOTONUEVOY QUVTETAYUEVOY GTOV
TELOOLAG TATO Y WEO, OL OTOlEC UTopoLY v auERcoLY TNV oxp(Belo xou TNV EVPWO T TWV [E-
V60wV extoprc yopeou (localization) evée avtixepévou.
2.Acltepov, doxwdloupe Ty €€8pTNoT TwV BEATIOTOTOMUEVWY CUVTETAYUEVKDY o€ TANYOE
OLUPOPETIXWY VECEWMY TNS HGUEEAS AVAYVOONC TOV CNUEIWY.
3.Téhoc, avahbouye tnv e€dptnon tne Véone tne xduepac (andotaon and to déxtn xou ywvia
TEOPBOMAC) e TNV oxpifela TOU UTONOYIOUOU TEIGOLIC TOTWY CUVTETUYUEVGV.

Y1n ouvéyela, TpocouolwveTal Ui Tepintwon Aanapooxomixic Xewpouvpywhc Enéufaong xou
Ta Tapamdve {nTAaTta avTeTwrilovton Eavd Yol QUTAY TN CLYXEXPWEVN Tepintworn. Me
YVOUOVA T CUUTERAOUATO QUT, TEOTEVETOL EVAS TELOOLICTATOS YEWUETPIXOC CUVOUIGHUOS
Baow@y dextayv, o omolog unopel va tomodetniel oe €va Aamapooxdmio Yo var BeATiwel
1 axpifeio otn dadixacio OTTIXAC ToEUXOAOUUNCNE XATE TN OLIEXELX TV AATUPOCHOTUIXDY

YELPOURYIXOY EMEUBACEMV.

AéEeic KAeoud

Enaugnuévn payuatixotnta, Aanapooxomixéc Eneyfdoeic, BeAtiotonoinor, Boaowol Ae-

ixtee, Evtomoude oto ywpo, Pounotiny






Abstract

The present thesis addresses the problem of tracking an object (e.g. a medical instru-
ment) in real-time and estimating its pose. We mainly work on three different issues. First,
we examine the existence of optimized 3D configurations, which can increase the accuracy
and robustness of space resection methods; second, we test the dependence of optimized
3 Dimensions configurations on the camera poses. Finally, we analyze the dependence of
the camera pose (distance from the marker and angle-view) on the accuracy. Afterwards,
a Laparoscopic Surgery case is simulated and the above issues are addressed again for this
specific case. Then, a 3D Fiducial Marker is proposed, to be placed on a Laparoscope to

improve accuracy in the optical tracking process during Laparoscopic Surgeries.

Keywords

Augmented Reality, Laparoscopic Surgeries, Optimization, Fiducial Markers, Locali-

zation, Robotics
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Kegpdhawo 1

Extended Summary-Extetouevn

ITepirndm

1.1 Ewaywyn

e auTO TO ECAYOYINO XEPANAUO AVIAVOVTAL, dEyXd TO XIVNTEO TO OTolo 001 YNoE OTNV
eTAOYT) TOU GUYXEXEWEVOU VEUUTOC BITAWUTIXG epyaciog xan €nctta mapatiieTon 1 pop@o-

hoyla Twv xepohaiwy mou Yo axolovdricouy.

1.2 Kivnteo

H extiunon tneg ¥éong plag xduepag eivon uio onpavtind tedxAnor oc TANUOEA EQUEUOY MY
TIOL ATAUTOVY TOV axELPB1] EVIOTIOUO aVTIXEWEVWY 010 TEpBdAAoy. o mapdderyua, oe eqopgp-
HOYEC ETMOUUENUEVNC TREOYUOTIXOTNTOS 1) OE EQUOUOYES GTOV TOUEN TN POUTOTIXNG, YeeLdleTal
1 extiunon authc e Véong va €xel 600 UixpdTERY AnOXALoT amd TNV Teorypotixt| Véon yive-
Ton. Emimhéov, Wbaltepa ot e@apuoyEég emauinuévng meayaTixotnTag, unopel vo eugoviCovia
xou TpofAAuaTo EupEadng, OTIC TEQLTTMOELC TOU TO TRUYUATIXG AVTIXEUEVO eupavileTon va
xdver 0cchudE TNV exxovix/bnglaxh oxnvr. Mio mdov nepintwon occlusion oe egapuoyéc
EMAVENUEVNC TROYUATIXOTNTOG (polveTon Ty exxova 1.1.

‘Evog axdpo onuavtindg Teploplogog lvol 6Tt OAeg oL Yvwo Tég puédodol SLTounc yoeou
elvol EYYEVWS UM YRUUUXES xou ToAD evalointee otov Yopufo, otav expedlovion O GUVTE-
TAYPEVES TNG EMOVOC TOU TEOBIAAETAL amd TNV XYUEPA OE BIOLIC ToTY ameEtxovioT). Enouévwg,
1 oxpifBeio Tne draduaciog e€aptdton o amd TN dlaude@wor Tou marker mou yenowonoteita,
1 omnola dev etvar TEoBAEYUT o xdie epapuoYY| xou LOLTERA OE EQUPUOYES OTIOL EVaC BAoINOC
OEXTNE Topoxohoule(ton GTO YWEO.

[N va Eemepao To0v aUTéC 0L TPOXANATELS, TEETEL VoL UTOAOYIGTOVY UE OGO TO BUVATOV UEY -
NoTepn oxpifeta oL avtioTolyieg YeTol YVWo oV onueiny 6To TeptBdihov (oTov Tplodldo ToTo
YOEO0) %ot TV onueiwy Tou tpofdilovtar amd TNV xduepa (0TO BIBLECTOTO TEDIO ATEOVIONG)
[42].

Mo va emteuydel autd, yenotwonotolvton Paocwxol deixteg (fiducial markers), Snhadh avti-

1



2 1. Extended Summary-Extetouévn Iepidngn

(b) Cheek-bone detail

Yyfuo 1.1: Topdderypo occlusion otn ypfon enauinuévng mporypatikdTnTag oty totetxn [14].
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xelpeva ye mpoxadoplopévo péyedog, To omola eupovilovTon OTNY XATAYEYPAUUUEVT] ELXGVOL KO
Yenotpomolovvtor we onueio avagopde i wc uétpo evic peyédouc [34]. Ta fiducial markers
oUTd eTAEyovTon CUVATKC OE EQUPUOYES AOYW TNS EUXOMAS TOU TAPOUGLALOLVE OT1| Yeno,
xadg xan TNV axpelfBela Tou TaEEyouy 6T BLadXACIa EVIOTIOUOY TOUG.

Ye e@apuoYEc, OTWS 1) YPNHOT TOV BACIXOV GEIXTOY AUTOY GTNY LTELXY Yiol TNV TUEAUXO-
Aovnon evog eVO0GKOTIOU 1| EVOG AATUPOXOTILOU XUTA T1) OLUOXELNL YELPOURYIXWY ENEUSAUCENY,
1 Btdtodn GAwY ToV EMPEEOUE G TOLYElWY Tou GUVIETOLY To Bactxd delxtr elvon LwTnAC onua-
olog, 86Tl 600 Tor oPEApoTOL (Y1 TOEABELY oL XAUTE T UETAPEACT), TEPLO TPOPY| X0l ENAVATEOPBO-
M) xou o to condition number yewdhvovton, n axpiBeta Tng dradixaciog audvetar, xaho VTS
TAL YORUXTNPLO TIXA AUTE AVTIOTEOPLE avdloya. Ev cuveyelo, oe dAleg eqapuoyis, dmwe to
TUTWUEVO NAEXTELXO XOXAWUA Yia auTopatoroinuévo e€othioud, ta fiducials Bordolv Tic un-
YAVES VAL VoY Vwploouy ToV TOTO X0l TOV TEOGUVATOACUO TNG EXACTOTE TAUXETAS.

Etvor oxopo onuavtind mwe xdde teyviny| xan yédodog yior v dnutovpyia tepBdihoviwy
eMLENUEVNG TRy UATIXOTNTOC, TEéNel Var urtopel va eyyundel dtt Yo evapupoviler Ty gnprox
EMOVA UE TO TRoYUaTd TeptBdhhoy. Aot n emauinuévn mpaypatixdtnta Pooiletar otny
amOAUTY ELYLYPUUULCT] TOV HOVTEADY PNPLOXMY EXOVWY X0 TOU TEAYHATIXOU AVTIXEWEVOU,
TO OTO(O TEAYUATIXO AVTIXEUEVO TOIXIAEL aVEAOYOL UE TNV EQOPUOYT xou umopel vor elvon €vag
aoVEVAC, EVOL TUTWUEVO XOXAWUA, EVOL POUTOT, Eval avlp®Tivo 6pyavo xou dhla. ‘Etot, 1 ehayt-
GTOTOLNGCT TWV GPUAUATOV GTOV TEOGUVITONOUS XAl TNV AVATOOCUQUOYT| elvol €VaL NV TIXG
Brua yia T Behtiwon otn dnuovpyio TEPUBIANOVTOY ENAVENUEVNS TEOYUATIXOTNTOC. 2LUVE-
nwe, ta fiducial markers ymopolv vo elvon TEaryaTIXG eV OWo OGOV APOEE TNV oVOLY VLo
e V€ong eVOg AVTIXEWEVOU GTOV TRLOOWICTATO YWEO.

Qot600, 1 axp{Bea xdie fiducial marker urnopel var fertiwdel onuovtind, ondte anartelton
VoL eEETAOTEL EQV UTARYOUY CUYXEXPUIEVES BIUUORPOOELS 1) YEWUETEIXES DIATAEEIC ONUEIWY, TOU
elvon og V€om VoL EAXYIGTOTOLAGOUY TO GHIMIAT TEOCAUVATOAMGUOU.

Emnpdcieta etvon onuavtind va tovioel tog 1 axelfric extiunon Véong elvon pio amd Tic
Baowéc emBUOEEC TNV ORACT) TWV UTOAOYLOTOV. AT Tnyv napaxorovinon otdywy €wg
CUVAPUOAOYTON UNYOVNUATOVY, ATOUTETOL O axEB3|C EVIOTIOUOS TNG XAUEQIC XOL TWV BACIXMV
oewtwy. Ilapdho mou, LTdEYOUV TOAAES TEOTYOUUEVES EPELVEC OYETIXA PE ohYOELIUOUSC TTOU
umopolV va AUGoLY auTd To TEORANUA, To oyAua, To péyedog, ol dpoppoels Twy fiducial
markers xoi TWS T YEWUETEIXE TOUC YoEUXTNELOTIXG UTopoLY xal emdeolY otnv axpifeia
e extiunong g Yéone Tou mparyaTiXol avTIXEWWEVOU TEOoC PEAETT), OEV €xouv Oiepeuvn el
TEPALTEQR.

‘Etot, o auth| 1 SimAwpatxy epyacio, anoQacioote Vo avaAUGOUUE XAl VoL BOXLIACOUUE
cuoThUaTo Tapaxololinong, ta onola cuvidwe Basilovto oe fiducial markers xau, vo e&e-
TAOTOOV OAEC Ol YEWUETEIXES TOPHUETEOL TV CNUEIDY TV BACIXMY GELXTMY TEOXEWEVOU Vol
diepeuvnUel 1) eBPAUCT) TOUS OTOL GHAIMIATO TEOCAVATONOUOU.

O x0plog 0ToY0C AUTAC TNG SIMAWUATIXAC Vol O TEOGBLOPIOUOS TV YEWUETPIXWDY Olo-
TAEEWY TELOOWIC TUTWY Bactx®y OETOY, oL oTolec unopolv va auéhoouvy TNy axpifelo Tng
otadactag apaxorlovinong oe vay BEBOPEVO TELOOLAGTATO OYXO TEog WeAETN. O TplodL-

doTateg BLUTAEEIC AUTEG BUVAVTOL VoL £Y0LY TANUMEO EPUPUOYWOY OIS EVAL O EVIOTIOUOC Xol



4 1. Extended Summary-Extetouévn Iepidngn

1 yetaxivnon evog poumoT.

Méoo otnv nopoloa Simhwuotixy epyaota e€etdlovion eniong xaL 1 OYECT) TWV YWY
NS XQPEPOC AAPNE UE TO TEAYHATIXO TPOG UEAETH VTIXELUEVO Xou Ol OTTIXEC TAEUREC TNG
AAUEPOS TIOL TIOREYOLY UEYUAUTERT aXE(BELl GTOV EVTOTUOUO OVTIXEEVLY. AUTEC oL YwVieg 1
Ol OTITIXEC TTAEVPES TNE XAUEQEUC UTOPOUY VAL YENOLOTONDOUY Yial THEABELY UL Yia THY XUAUTERT
TonoUétnon 6Vo PoUToT UETAEY Toug, Teoxelévou va Bedtiwdel 1 axpifeo Tng otdong Toug
1660 TOU EVOG WG TPOSG TO dAAO 660 oL e Gyéon e evay otalepd onuelo 6To TERBAANOY.

Extoc autddy, otn SIMAOUATIXY aUTH UEAETOVTOL X0 EEYWELOTY LOTPXES EPUPUOYES UE
N XeHoN Pacix®Y BEXTOY Xl OAAL TA AVOTERL CUUTERAOUATA EQPUEUOLOVTAL OE qUTH TNV
nepintwon. Etol autéc ol YeEwUeTpnEG Slatdielc onuelny unopody va yenotpornoinioly yio
TUEABELYUOL VIOl TOV EVIOTIOUO XAk TNV EXTUNGCT TNG VEOTC TWV LATEIXWMY CUOKEVWY OIS €Vl
AATUPOOXOTIO AT T OLdpxeLa Wiag taTtexhc Swdixactiog. Emmiéov, ol ywvieg tng xduecpag
yioe xaAOTERN exTiunoT cuvteTaypévwy evog anueiou, utopoly va auvgricouy Ty axpifela plag
ehdylota enepPatinic Sadixactiog Ty, pog enéufaong.

Mo arye-yulded eméufoon, xo GUYXEXPUEVA 1) XEHON ETAUVENUEVNS TROYUXTIXOTNTOS OF
NATAPOOXOTUXES EMEUPAOELS, ExEL YO amodely Vel we Eva onuovTind epyahelo xadodrynong Tou
YELROLEYOU. MUYXEXPWEVA 1) ETAVENUEVT TEOY HATIXOTNTA OTLC AATOPOCKOTUXES ETEUSACELS TTa-
PEYEL EVOOEY YELRNTIXTH XV OBHYNON) UE TOV TROCGOLOPLOUO TGV UTOETLPUVELIXDY OTOY WV X0l TV
%plCLUWY BOUMDY XAl EUPAVICEDY XOTTIXWY TEOYLOY, OL OTOEG EXOVIXOTIOLOUVTOL EX TWV TEO-
€pwv.Bonid eniong Tov yeipoupyd vo anoplyel neptttéc TANpogoples amd SlapopeTIXES TNYES
oTn oxnvi| Tou yewoupyeiov. ot autd T0 AoYw Ol TEYVIXES EMAVENUEVNC TEAYUATIXOTNTAUC UE
avtioTolyeg egapuoyéc VewpolvTal eQupuoyes Yewpolvion Alyo TOA) ETTUYNUEVES, WGTOGO,
UTIEEY OLY TEOXANCELS XAl TEPLOPIOUOL, Ol oToloL TEETEL VoL EEMERUT TOLV.

ITio cuyxexpéva 1 TEYVIXY TS TaEAX0A0VINOTE AVTIXEWEVWY Elvor €V amO ToL EUTOOLAL
Y1t TNV EMAUENUEVN TEAYUOTIXOTNTA €V YEVEL. ELOXE OTIC AATOPOOHOTIXES YELROURYIXES ETEU-
Bdoelc, amoutelton Vo TEOGOLOPLOTEL 1) GTACT OAWY TV EVOOYELROLEYIXE YENOHLOTOLOVUEVLY
CUOXEVMY OMEXOVIONG UE WOLdTERA Uixpd opdhua, dlapopetind 1 9éomn toug Vo eivon of3éBoun
1) XOU QYVWO TN Xt TROPAAUATO OCCAUCLOV BUVITAL VoL ELPAVIOTOVY.

YUVENOC oUTH 1) DITAWUOTIXY EUTEQIEYEL TO ATOTEAEGUOTA TIC EPELVAC UAC OTA AVWTERR

mpofBhiuarta o cuvodilovtoan wg e€Xg:

1. Edpeon twv YEWUETEXOVY BLATAZENMY TELODIACTATOY ONUEKY, To OTolol UTOPOUYV VoL 007
YHOOUV OTNV EAAYLOTOTONOT CPUNUITWY OE UETAPEACT), TEQLC TEOPT) XAk ENAVATEOBOAY),

omw¢ emlong xaw To condition number tou Hppr mivoxa mou peietdron.

2. Tapaxohodnon TV Topamdve GHIAATOY Xt EVEEST) TN oyéong HETAED TNg 6Euvong

e oxp(BElag OTOV EVIOTUIOUS EVOS AVTIXEWEVOL XU TN VECTC TNS XAUEPAS GTO YWQO.

3. Eqopuoy?) TV Topamdve AmOTEAEOUATLV XAl EXTWACEWY, OF Wl TPOCOUOIWOT, OTTL-
x¢ mopaxohoLinong, Bactouévn ot yeron fiducial markers yia Tapoxorolinor evég

evbooxoriou o uio Aanapooxomxt| Xetpovpyin) EnéufBao.
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1.3 IlepBdrrov Ilpoypaupatiomol yia tpocopoiwon Ilet-

CAUULATWV

[Mo Ttoug oxomolc NG TaUEOUGUS BIMAWUATIXNAS AVATTOYUNXAY XATIAANAES TEOGOUOIWCELS
UE TN YeYion TN YAWooag tpoypeoupatiopnol Python. ‘'Oiwe o xoouxag mou avartiyvnxe stvan
olrd€oipog o auTHY TOV GUVOEGUO:
https://github.com/D1vt/DLT3D.

ITio cuYXEXEEVA Ol XAJOELS, Ol GUVORTACELS X0l TOL UTOTIOOY ROUHOTA TTOU TToEOoLGLalovTaL

avovovTaL w¢ eENg:

e Sphere: Mia xAdorn mou dnuloupyel ula opaipo TG axTivVAC %ot TOV YUEAXTNELOTIXOY
mou emhéyovton amd Tov Yenon. Mropel va Beedel oto axdrovdo path:
/D1vt/DLT3D/Python/sphere.py

e DLT and errors: O Alydprduoc Direct Linear Transformation mou yenowonouidnxe
YL TNV EXTEAECT) TV TEWRAUITWY TNG Oimhwuatixic. O alydpriuog autdg d€yeton onue-
for TOL TPLEBIACTUTOL Y WEOL ot EEGYEL TNV EXTIUWEVY TEQIC TEOPT| XAl UETAPEOOT TOUG
x9S %o TN VEOT TOL XEVTEOU TN XGUEPAS HATE TNV ATELXOVIOT] TOUC OE 800 Lo TAOELS
oe popyY| edvoc. Me autd tov xmduxa utoloyilovTon eniong Tar GQAIAAUTO XAUTE TNV UE-
TAPEAOT) X0 TEQLO TROYY| TWV TEAYUATIXWY ONUEIWY TOU YOEOU GE BLOLdo Tortal ouelo EL-
XOVAG, TO UECO TETPUYWVIXO GO XU TO opdiua emavarpoBorfc. Ta mapandve uro-
poLV va Beedolv otov axdhoudo civoeouo: /Divt/DLT3D/Python/dltanderrors.py
Ytov xodoxa Swtilevtar 000 evadloxtixég emhoyég extéleons Tou aiyopiduou. H
mpwtn def DLT3D déyeton w¢ elcodo axpBoe €21(6) onueio tou mpaypotikod TELodL-
Ao TATOU YWOEOU xot Tor avTioTolya Bddc TaTa onuelor 6To TAGvo TN exovag. o va
Aertoupynoelr o Alydprduog o TplodldoTato Yweo anatel €lcodo amd TouldyioTov 6
onueio wg elcodo xatd TNy epappoyn Tou. Emmiéov, n deltepn emhoyt elvan 1 ouvdie-
tnorn def HDLTwithfor, mou 6éyetan omowdrnote N apiud ToiodidoTateny onueiny we
elcodbo N >= 6. O Adyog mou urndpyouy 800 TETOLEG GUVUPTACELS Elval WS 1 TEAOTN
elvon ypoyopdtepn o éua eXTEAEGTIXOU YEOVOU Xl OTAY GTOL MELRSUATA HOG YENOYLO-

TOLVOUUE CUVTETAYUEVES 6 onuelwy yenolonotinxe auty 1 cuvdeTNnoM.

® Rpuer: Mia cuvdptnon mou dnuloupyel Tov mivoxa TS TERIGTROPHS, Tou Vo avaALUel
xou o1 oLvéyela oty eiowon (3.29) Bootouévo otic Ywvieg tou Euler. H ouvdptnon
elvon Stadéotun €8¢>: /D1vt/DLT3D/Python/RFromEulerAngles.py

e 3D Plotting: O x®dwag yior Ty onutopyia TELOOIEC TATOVY YRUPIXWDY TORAC TUACEWY YT
CLIOTOLOVTS To epyaheio mayavi elvon dlardéoiuog €66):
D1vt/DLT3D/Python/3DplotSphere.py

e Gradient Descent: H teyvixf| Bertiotomoinone ue tn yeron tne xhlong xatdBouong
(Gradient Descent Optimization), vyt 100 enavorfieic, dnwe enione xou o ahydprduog
superSAB [pioxovtoa €dhw: D1vt/DLT3D/Python/gradient3dpoints.py
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Adam optimization: I'o to Tepdpato pog yenowonoiinxe emmhéov xat o ahydprduog
Behtiotonoinone Adam optimizer pe Tic xaTIAANAES TPOTOTOLACEL GE TUPUUETEOUC YLk
TN XEHOT TOU Yol ToL MEWRAUITA TNE Topoloog dtmAnuatixic. O xmdxag PBeloxetal €66):
D1vt/DLT3D/Python/adam3dpoints.py

[Tivaixeg TepLOTEOPNG XU HETAPEACTC O GPUPXES CUVTETAYHEVES: ANAES oL pardnuoTi-
%€¢ €€LIOWOELC TTOL TAPOUGIALOVTAL GTO XEPAANLO B, OYETIXA UE To Rspherical, tspherical,
Tov ToxwBlové mivoxa Jp, xon tov mivaxar cuvBLOpavVeNg Xe g AVATTOCCOVTOL €80):
D1vt/DLT3D/Python/Rtsphericalcoordinates.py

Alyopriuog emhoync tuyalwy onuelwv: O ahyodprduog autdc emAéyel Tuyakoug ouv-
duacuole 6 onuelwy yetd and évay N oprdud emavorfewy tou tou opllel o yerotng
T omola elyay To uxpdTepo condition number ce oyéon ue Tic dhheg TuyaleS DlaTAEELS
ONUEDY TIOL BOXWAC TNV %o POEVETAL EOW:

D1vt/DLT3D/Python/randompointsconfiguration.py

Alyopriuog Yo ypoapixt| avanapdotaon Twv Error Covariance Ellipsoids: O olydpud-
HOC B€yeTal ¢ €l0000 TO EMIMEDO EUMIGTOCUVNG XU TOV TVAXO GUVOLIXOUAVOTS ol
mopdyet To avtioTorya eMewoeldr. O olyoprduoc yeeldleton emnAéoy we elcodo To a

B xou T O6nwe galvetia €8¢: D1vt/DLT3D/Python/plotellipsoid.py

Kopta Xuvdptnon: ‘Ol tor metpduator ylor TIC Topamdve cuvopThoel; Peloxovton e-
0w ot EMTAEOV €0 0pllovTon Ol TUEAUETEOL YLl TNV XAJOT TNS OQaipag, TOV Tu-
yato VopuPo mou mpootiveton xadde xaL TG WOTNTEG TNG AMEXOVIONG TWV ONUElV:
D1vt/DLT3D/Python/main.py

1.4 Aopr tng ARAQUATIXNAS

H Simhwpotin oauth éyer avahudel ota e€hg xepdhona:

4 7 7 a4 7, 4 e
Y10 Kegdhono 2 yiveton pla elooryyr) OAwY Twv Baoiny TEWUUATOY X0 CUUTEQUOUATOV

NS SimAwPATIXT epyaotiag,

Y10 Kegdhawo 3 avagépovtar ot Bacixol opiopol xat ot podnuatixéc oy€celg Tou Yenol-

pomolfunxay.

Y10 Kegdhawo 4, avolleTon T0 GTACHIO XU 1) UAOTOINGCT] TWV TROCOUOLOCENDY X0k TWV

TEROUATOY 0To TAXUOL TNG OLTAWUATIXAS.

Y10 Kegdhowo 5, gaivovton dha ot cuuTERdoaTa 0Tol 0Tolol XATOAAEAUUE AvaADOVTOS TO
TeoBAnua extiunong Véone oe opoupixéc ouvtetaypévee. Iopdhinia napatidevton xou

Tot EMNPOELDY| GPANLATOS GUYBLOXDUAVONG.

Y10 Kegdhawo 6, mtepilopfdvoviar ol YEOUETEIXES Olatdelc mou Peédnxay vo odnyoly
OE UXPOTERA CQIAUIATO XL TEOTEVOVTOL VAL YENOUOTOLOUVTOL (G DLUTAEELS XATUATHEVHC

Bacx®v BEXTOV.
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o Y10 Kegdhao 7, nopoucidalovton tepuinmtind ot diotdéelc fiducial markers mou yenot-

ponoloUvton orjucpa o Aamapooxomxéc Eneufdoeic.

o Y7o Kegdhowo 8, euncpiéyovtar OAa ToL TELQGUATO X0l TOL ATOTEAECUATOL UE TNV EQPAUPUOYY

e yewuetpc Sdtadne and fiducial markers nou npotelvoupe.

o Y10 Kegdhowo 9, nopodétouye Tol GUUTERIOUOTA OTA OTOlo XUTUANEAUUE XKoL TPOTEVOUUE

EVOELXTIXEG UEANOVTIXES LOEEC Xl EQUPUOYES EPELVAC GTO TEDLO TNG DIMAWUATIXAC AUTHS.

Xy apyr) xde xepahaion, divetan plor chvtoun Teplindn avtioTolywy UEASTMY Xl EQYACLMY,

TIOU yenotoTolUnXay WS apeTneior oTNY EEELVE UaC.

1.5 Modnpotixd YTnoBadpo xaw Bacixes Apyec

Yty mapoloa evotnta Yo avepeplolv OAeg ol facinég YewpnTinég xan Lot nuaTixéc EVVoLeg
TOU AMAUTOUYTOL YLl TN HEAETT) XL XATAVONOT| TNG CUYXEXPWEVNG OITAWUATIXAG epyaciag.

Apywd pe tov 6po Baouxol deixteg 1 fiducial markers avagepduaote oe éva avtixeluevo
TIOU UTOPEL VoL XUTAOXEVACTEL amd Ypua0, dvipoxa 1} TOAVUERES xou TO PEYEVOC TOU OIS Xou 1)
Yewpatewxr Tou didtaln Stapépet avdAoyo UE TV EQUPUOYT Yia TNV omtola yenotponoteita [34].
O Baowde delntng Tormodeteiton eite eowtepnd elte €mTEPXE Amd TO AVTIXEUEVO UEAETNC TTOL
evilaepodpaote va aneixovicoupe. Ta xprtriplo yioo TV ovdmtuén evog Booixol Belxtn elvon
o e€nc [18]:

1. Aviextieotnro xou aviyveuoiotnto: O Baowol delxteg mpénet va etvan avdextixol oe
TAndoea oLV (). Vepuoxpaoior) xou ovy velotuoL, xuplte UTO BLPOPETIXES CUY-

V1xEC POTIOUOU.

2. Axp(Beia: Oa mpénel o Baowde Seintng var €Yl XUTAOKEVAOTEL UE TPOTIO TIOL VAL ETL-

Teéneton 1 axpBnc V€on Tou péoa oE WLa TUEATNEOVUEVY XNV

3. Awoxprtixry ixavotnto: H wcavotnta plag pedosou mapaxorodinong vo xAdaxwiel o-

VAAOYO UE TIG AMOUTHCELS TTOU ETBAANOVTOL amtd Uiot CUYXEXPWIEVT] EQUQUOYT 1| GEVAQLO.
4. Owovouny) oxomdtntor H avdyxn yio @dnvoic xou ebxoha moporywmyxole deixtec.

To oyfua xou ot BlacTdoelg evog Bacixol delxtn elvol YVWoTd ey amd xde e@apuoYn xau
Yenowonoleltan cuyvd Yo Tov xadoploud plag Y€ong avapopds o ToyXOOULEG GUVTETAYUEVES
TOU UTopPoLY VX0 Vo avtyveudolv oe exdves xduepac [28].

Ytov Topéa TNE EMUENUEVNE TEAYHATIXOTNTAS, Ol Bacixol BelXTeC amoTeEAOVUY Eval YOO
gpyohelo v Tnv 0pl7) evduypduuion xal v GUVEYElX EVOTOINCT TNG TEAYUATIXAC XAl TNG
Ingroxhc/ovvietne tAnpogopiag. Luvhdne, éva clotnua Bactx@y ety anoteeiton and
éva oUvoho €yxupwy markers xou evog akyoplduou yia Tnv aviyveuor Toug, eve unopel vo
yenowonowndel o TOMES e@apuoYEg Tou oyetilovial e TNV OPUCT, TOU UTOAOYLOTT], OL OTOLEC
amoutolV Topaxohovdnom xat eVIOTous (M. ONTIXG EVIOTIOUS, avoryVOELoT OVTIXEWEVGY,

Borduovounan xduepag xou todntind TAorynon).
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LEEO®

ARToolKit ARToolKit ARTag Intersense
Plus
[ ] [
I LY ]
& A
] | —
B —
Matrix BinARylID CyberCode VisualCode

IGD SCR HOM ReacTIVision

(o) Adidotarol Baoixol deixtec [18].

(B") Terodudotato chotnua Bacixdy deixtdv [15].

Syfua 1.2: Topodelypoto Baoixdy detxtoy.

Eotdlovtag oe Blolatpinéc epopuoyé xon To CUYXEXPWEVL 0T YeNoN TNG ENAVENUEVNS
TEUYUATIXOTNTAC O AATUPOOKOTUXES ENEUBATELS, oL Pactxol deixteg elvon mparypatnd yerouiol
yioo TV enthuon mpolAnudteny tapaxorotinong, xadde UTEEYEL avdy X Yol TLO TEOMYUEVES
OTTIXOTIOLACELS IOV UTOEOUY Vo BEATIOG0UY TNV TeoBoAn (doTe va tepthau3dvouy TAnpopopieg
AATG MO TNV ETLPAVELN TOV 0pYAVKDY, ONAXDY ayyelor TNG dopThg, OYXOL XaL GPYAVA XATA T1)
OLdipxelor TS YELpoupRY X eméufoong.

Y10 Eyrua 1.2 undpyouv mapadetyuata fiducial markers, ta onola yenowonowivton Yo
extiunon tng Véong xduepac o TOANES eQapUOYES. Muyxexpéva, To Xyfua 1.207 delyvel
BLopopeTole TUTOUC ETUTESWY Baotx®y dewxtdv (Bidtdotatwy), eve oto Lyhua 1.2f", napou-

OLACETOL Lol EPAUPUOYY| TWV TELOOIAOTATOY Boacixmy SeT®V 0T Adnapooxonnon.

1.6 To povtélo tTng xAueEpaAC

Y OAeC TIC PETPNOEC TNE OIMAWUATIXAC YPNOOTOLRUNXE 1 TeosoUolwon uiog xducpa,
xS xon Oheg ol e€wyevelc xau evdoyevele mopduetpol e, Ou e€wyevelc nopduetpol xa-
YopiCouv t Véomn xou Tov TpocavaToAoud TN Xduepac (dnhadn tnv teploteopn R xou Ty
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petdpeoon t), evod ol evboyevele (K) emtpénouv tn yoptoyedgnon UeTall) GUVTETOYUEVGLY
AAPEEOS X CUVTETAYREVWY pixel oto eninedo ewdvoc. To yovtého tng xduepag yevixd etvan
L0l YORTOYREAPNOT AN TOV TEAYHATIXO XOOUO OF GUVTETAYHEVES ELXOVOG.

Emmiéov 6ty 6paon UTOAOYIOTGV EVOL GNHAVTIXG VAL YENOWIOTOLETOL TO OWOTO TAd-
{oto avapopds, BedoUEVOL OTL OL UETENOELS YIVOVTOL OE €Vl GUYXEXPWEVO GUC TN CUVTETAY-
LEVWV.AeBOPEVOU OTL UTHEYOLY TOMAAL GUGC THATO CUVTETAYUEVKVY, OGOV apOpd TNV avaAuoT
EVOC TEAYHATIXO) AVTIXEWWEVOL, OTALTOVVTOL XUATUAANAOL UETACY NUATIOUOL Yiol T1) UETATEOTY
x&le cuoTAuaTOC oE dhho. Buyxexpyéva, Ta cuoThoTe efvon Tor axdhouda [11]:

1. Opoloyevéc cbotnua cuvietayuévey (u,v): Metpd tig Véoelc twv pixel oto eninedo e
®OVoC.

2.3X00tnua ouvtetaypévey emmédou exodvac (x,y): ‘Eva eninedo oto omolo oynuotileton n
EXOVAL.

3.X00tnua cuvtetoypévey xduepas (Xe, Ye, Z:): ‘Eva obotnua tou yenowonotel 1o xévtpo
NG XAPEEOS WS HEVTEO TWV 0EOVWY TOL.

4. Ioryxbouo cbotnua cuvtetayUévey (X, Y, Zy): Eva otodepd clotnua cuvtetoryuévwy
YL TNV OVOTORAGC TUGT] AVTIXEWEVWY GTOV XOGUO.

Ta onuelo og pio etdva pmopolv vo avamapaoTadody TOCO UE TN ¥PHoT TOU GUC TAUATOS GU-
VETOYUEVOVY ETUTESOL EXOVOSC OGO X0l UE YEHON TOU CUC THUNTOS OUOLOYEVMY GUVTETAYUEVOV.
INo Toug oxomole e mapoloas SimAwUaTXg EMAEYUNXE TO OeUTEPO GUCTNUN CUVTETAY-

pévwyv. ‘Etol to onuelor mou avixouv oto eninedo tng exdvog Yo cuuBoilovion v [20]:

(1.1)

>
I
_ e

And tny dAAT, To onueior TOL AvVaPEPOVTAL GTOV TROYUATIXO TEIOOWCTATO YWEo Vo avapépo-

vton we [20]:

X
Y,
Z

1

g

X = (1.2)

g

Ané v dAAn, oL evdoyevelc mopdueTpoL TG xduepac xon ouyxexptuévo o mivoxos K [20],
Tou elvon €vag dve TErywvixoe Tivaxac PE 3 BLopopETIXES TapauéTpous (To eoTlaxd urfxoc,
™ Ao&oTNnTor Xou TN LETATOTLON Tou XUptou onueiov) unohoyileton petd tny Baduovéunon tne

xduepag, cuUPolleton OTwe Qabvetan oTNY ToEoXdTw e&iowon:

Jz s wg
K=10 fy Vo | » (13)
0O 0 1

ITo avahutxd e s ouuBohileton N AOEOTNTA, Uy X Vg EVAL OL GUVTETAYEVES TNG YETATOTLONG

Tou xUptou onueiov, donAadY g Totodesiag Tou xdplou onuelov o GYEoT) UE TNV TROEAEUOT
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TOU OTO TEUYUTIXO GOOTNUA GUVTETAYUEVWY, EVW fr xou fy elvor T0 eoTlond urxog, dnhad
1 an6oToON PETOUEY TNS 0TS Xou ToL ETNEdOL ewdvac [26]. T Tic avdryxes TV TeElpopdTeY
ToL eEXTEAECTNXAY 0T TAAloLa TNE Topoloog BtmAwUaTixc yenotworoiinxe o K nivaxag ye

TG THES TOU QOUVOVTOL TUEUXITE:

800 0 640
K=|0 800 480,
0 0 1

xou avopépeton oe o opdd Baduovounuévn xduepa pe onée (pinhole camera). To ug etvou
640 enedn) To TAdTOC TOL EMTEBOU EWOVOC TOL yenotwomotfooue eivar 1280 pixels xou o vg
etvor 480 eneidr) to OPog Tou emméEdouL edvac To oploaue we 960 pixels.

[MopdAAnha oL e€wyevelg mopdueteol Tng xducpac expedlovion and Tov mivoxa Raz3, mou
AVOPERETAL OTNV TEPLOTEOPT UETAED TOU TAAVOU NG EXOVAC XAl TOU TROYUATIXOU YOEOU
XL omo TOV VoA 3,1, TOU OVOPERETOL OTY UETAPEAOT ONAadY oTig oyeTwés Véoeg Tou
TEOYUOTIXOU TAGVOU XaL TOU TAGVOU eovos. Emmiéov oflonoudvtac toug dUo mopomdve
TUVOXES TN TEQLOTROPAC XAl TNS UETAPEAONS, UTOPOUUE Vo 0plcOUUE TNV axdrouvdn e&icwaon
Yloo ToV UTOAOYLoPG Tou %Eévtpou e xdpepoc (C), exppalduevo 6to mporyuatixd clOTNHUA
ouvtetaypévewy [20]:

C=-R't=-R"t. (1.4)

Or mivaxeg NG TEPLOTEOPNC XU TNG UETAPEACTC TOU YENOWOTOLAUTNXOY GO TELRSUATE. LS

(POUVOVTOL TTORAXATE):

1 0 0
R= |0 -1 —2.3512749 x 10716
0 2.35127499 x 1016 -1
0
t = [1.1756375 x 10716
0.5

I'vwpetlovtag Aotmoy Tig ey UoTixée CUVTETAYHEVES EVOC AVTIXEWWEVOL, XD xou TG €€-
YEVEIC X EVOOYEVELS TopaéTEoug NG Porduovounuévng xauepas Tou yenotuotoletol ot uio
£QopUOYY, Elvon BUVATY 1) €PEUCT) TWY ONUEIWY ATEOVIONG OTO TTAAVO TNE ELXOVOS EXPEUlOUE-
vo. oe pixel. Tl to oxomé autd opiletan €vag véog mivaxag, o mivaxog TeoBoihc

P= KIR | t] [20] xou dpa tor onpeia tne emdvac utoloyilovton and tn oyéon:
x=P X (1.5)

‘Ol ot onuelar Tou TEAYPATIXO) GUGTHUATOS CUVTETAYHEVWY TOU YENOLLOTOLRUNXAY GTa
mhaioto TN BIMAGUTIXAS, ETAEYINHay Tuyaia péoa and pla cupns OpLoUEVT opalp e axTiva
0.3 pétpa. H axtivae autr) emhéydnuxe, dote va dacpaiiodel 6Tt xde miavide emAeyousvo
onueto Yo umopel va tpoPAniel oto medio ameixdviong Tou €xel 0pLOVETNUEVES BLUOTACELS UE

unxog 1280 pixel xau Opog 960 pixel.
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Eyfua 1.3: To povtého plog xduepos pe oméc.

Etvor onuovtind va avagepiel mwg 1 xduepa mou yenowonotfunxe eivon uio xduepo Ue
omég, mou €yel oYAud XAEWGTOU XOUTIOL Pe éva LOVo wixpd dvorypo (Ttedma) xar AOYw Tng
evd0ypouung SLEBOCNE TOL PWTOC, dNlovEYElTaL Wia avVTIoTEOPN ELXOVA TOU EEWTERPXOV YMOEOL
otny avtidetn mhevpd Tou xoutoL. H diduetpog tng onric e€aptdton amd To E0TIAXO U YOG Kol
TO U x0¢ ®VUATOS TOU PWTOC.

H »duepa auth elvon Borduovounuévr, dnioadr| €yel nepdoel ulo yewpeTexr diepyaota Tou
umohoyilel g TapauéTEous TOoU Paxol Xol Tou acUNTARA ELXOVOG UL XAUEQUS, OOTE Vo
emteuydel n ehayioTonolnoy NG TUEAUOEPLONS TOLU PUXOL XoL O TEOGOLOEIoUOS TNE Véong
e xdpepac oo yweo [12]. H hertoupyla ploac xduepac e onéc npocopotdhvetal 0to Lyfua
1.3. "Eyovtag avagépel OheC TIC avaryXales TOQoUETEOUS TN XAUERAS, Eival oNUaVTIXG Vo YiVEL
oVopopd o€ iot ONUAYTIXY TEOXANOT TOGO GTNV GEUCT| UTOAOYLOT®OY OGO Xdl OTT POUTOTIXT,
ToL anoTeAEl xan TO X0PLO AVTIXEUEVO UEAETNG TNG OITAWUATIXAC QUTHC.

H mpdxinomn auth| elvon 0 EVIOTIOUOS AVTIXEWEVKDY OE [LOL ELXOVA OE GYECT| YUE TOV TRO-
CUVUTOMOUS TOUS OTOV TEAYHOTIXG XOOUO (UETUTROTH and CUVTETAYUEVES edVIC GE Gu-
vietaypévee mpaylatixol xocpou). ‘Ocov agopd v extiunon e Véong, t6c0 1 oxeBrc
Y€om 600 %A O TEOGAVATOAGUOS EVOSC AVTIXEWEVOL TRETEL VUL TROGOLOPLO TOUY, XoidS AUTES
Ol TANPOYOPIES YENOILOTOLOUVTAL VLol TNV TAOHYNOY EVOC POUTOT, OTKS EVOL Yial TUEAOELY UL
€val yepoLpYxd poundt [11].

[MopddAnho tor dedopévar piag emdvoag umopoly va avTAoUvTaL €TE amd Uiol UEUOVOUEVT
exova, elte and éva (ebyog 1 yior axohoudio EOVKV. Xe auT T BITAOUTIXY, AToQacioaue
VoL Y PNOWOTOLACOUUE it LOVO ExOvVa Tou Tpofdtar and wla povo xduecpa. Emmiéoyv, to avti-

xelueva Tou TEaYHATIX0) XOOUOL UTOREL VoL apopOVY OTWOHTOTE, AT EVay OAOXANE0 AVIpmTOo
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World Reference Frame

Camera Reference Frame

Eyfuo 1.4: Extiunone ¥éone tne xduepag.

uéyer amAwe o€ évar YéplL 1) axoud xou O Eval 68y TUAO.

Axéun n ¥éon tne xduepag 0To YOEO UETELETAL UE TN YEHON BVO BLOPORETIXMY TUVAXWY,
AUTOV TG TEPLOTROPNC KO TNG UETAPEACTIS TIOU oVUPERUNHAY X0 TOUEOTAVEY XOL POEVOVTOL Ko
oto Xyfua 1.4. T v extiunon e Yéong tne xduepag Umopoly va yenolonomdoly toAlol
ahyopriupot. Xta TAaloL aUTAC TNS SIMAWUATIXAC ETLAEENUE VO YENOHIOTOLCOVUE ToV ‘AuEco

Foopuixd Metaoynuatioud Direct Linear Transformation.

1.7 O AAyoewduog Direct Linear Transformation

O Direct Linear Transformation etvau évag ahydprduog mou xodopilel Tov Tpocavatoloud
(TEPLOTRPOPT XoL PETAPEUOT)) S UEUOVWUEVNS EXOVAC Ywplc Vo YVweilel X TwV TPOTEPMY
TG Topo€Teous TNE xduepag. o melpduata mou agopoly oTic 2 Bl TdoELS, 0 ahyderiuog
amoutel ToUAdyLoTOV 4 omnuelar YLol VoU AEITOURYNOEL, EVE OE TELOOIIOTATES EPUOUOYES ATOLTEL
TouAdylotov 6 onueio, omwe capng xadopileton and Tov alyoprduo " Gold Standard”, mou

avéntulay ot Hartley xau Zisserman [20].

Y1V TeplnTwon Yo avageEQOUAOTE O TELOOWIGTATO YWOEO OTOTE XaTohyouus ota e€1¢ 6

Ceuydipta e€lOOOEWY:

- mooXi + mo1Y; + moeZ; + mo3

" mooX; + ma1Y; + maaZ; + mas
_maoXi +mnYi +miaZi +mis
" mgo X + ma1Y; + maaZ; + mas
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Ou e&iotoeic (1.6) xan (1.7) poc odnyolv ato oxdroudo opoloyevée GOVOLO eEIGHOEWY:

X, Vi Z 1 0 0 0 0 —-wX, -wY; —-wZ —w]|[mo| [0]
0 0 0 0 Xi }/z Zi 1 _UiXi —viY; _UiZi —V; ma 0
X, Y, Z, 1 0 0 0 0 —u,X, —u,Y, —upZ, —u,| |mio 0
0 0 0 0 Xn Yn Zn 1 —Uan —UiYn —’L)Z'Zn —Un mi1
L 4 L7 L]
A m
(1.8)

[Mo vae Aooupe autd 10 cUoTNua eEloWoEwY expeTalhevouacte Ty Atocuvieorn Mova-
ducric AZlac (Singular Value Decomposition) [2] tou mivaxa A xou Bploxouye tov mivaxa m
(12x1), ¢ v teleutaia oTAAN Tou daviopatoc V e anocivieong. Eneita tpononoolye
xatoAMAAwe To péyedoc tou m, yia va Bpolue tov tehxé Hprr, and tov omoio xar Yo e-
EAYOLUE TEAXA TOUG EXTWMOUEVOUS THVOXES YIOL TNV TERPLOTEOPT| XU TN UETAPEACT), Ol OToloL
xou Yo cupfolilovta we R xo £.

Etvor onuovtind mwg ota onuelor g emxodvag mpoctélnxe xan tuyatog Y6pufog yio tnv
eZoYWYN O PEAALC TIXWY CUUTERUOUATMY, VLol AUTO Xou amautelton var tponyniel xovovixomno-
{non ota dedouéva ey TNV epappoyn tou Direct Linear Transformation. X0ugwve ye to
[20], ta TprodLdoToTor GNUEl XUVOVIXOTOLOVUVTOL MOTE TO XEVTPO Toug va Bploxetar oTnv opyHh
LETENOTC TV 0EEVEV XoL 1) TETEoY WV plla TN Blaipavetic Touc vau eiven iom pe V3.

Suvende o ivaxac P umopel va Bpedel and tic 3 tpwtec othheg Tou Tehxol Hprr [27].
‘Eneta yvwpetlovtag ex tov npwtépny tov mivaxa K and tnv Boduovounon tng xduepag, Ue
™ Yefon tne napayovionoinone QR [39] xatahiyouue v extiunon tou Tivaxa Tne TEPLOTRO-
¢phc. 'Etot, o nivaxag Hprr avalbetan wg:

Hpurs = KR — Hbp .= (KR)T = R'K”

7/ 7 7 /4 3 T 7/ 7. e
Axoun, n anoctvieon QR vhonoweiton we e€hc : R K™ = QB, énov Q ivon o VG TEOPOSC
TVOXOIG TNG EXTHIWUEVNE TEPLOTRUPNC, TOU UAS EVOLUPEREL Var EE8YOUUE. LUVETDC, 0 TENXOG

VOIS TNG EXTIOUEVNE TEPLo TROPNE divetan and TNy e&lowan:
R =Q". (1.9)

‘Eneita pog evola@épel 1 exTUnoT Tou mivaxo TEPLOTEOPNS, TOU YId VoL UTOAOYLOTEl 0WwoTd
oouteiton 1) €0pEOT TOL XEVTEOL TNG XdUEPAS. LUV UE To [8], 1 o)éomn Yla VoL UTONOYIoTEL
TO XEVTPO, TPOXUTTEL oV oVOADGOUUE ToV Tiivaxa Tou Adfoue and tov Direct Linear Transfor-
mation Algorithm, we e€hc Hprr = [Q | b], xou dpa 10 xévtp0o tne ©xduepos TpoxinTel 6Twe

(POLVETAL TOROHATE:
-1
— b
c- |7 QP (1.10)
1
‘Eneita alionowdvtac ty e€lowon (1.4) xou ToV EXTYOUEVO TiVaXa TEPLOTPOYHE TOU UTONO-

yiooue Topamdve, TEOXOTTEL O EXTIIWUEVOG Tvoxag Uetdppacng t.
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1.8 7Yroloyiloviag ta MpdApata oty extiunorn Yéong

H egapuoyn tou Direct Linear Transformation oiyoptduou, odniynoe cenv eaywyr| 0o
TUVAXWY YLOL TNV EXTUIWUEVT TERLC TEOYT Xal UeTdppact. 'Etotl cuyxplvovtag autol Toug miva-
XEC UE TOUG TRAYUATIXOUE UTOPOUUE VoL UTONOYICOUUE To GYETIXA GQPIAUATA TTOU TEOXVUTTOLY.
Apyxd opiletan we Bpdhua Hepiotpoghic (RE) [21], n ehdyiotn neplo tpogt mou amoutelton yia
TNV eVYUYPAUULOT) TOU EXTIUOUEVOU X0l TOU TEAYUATIXOU TVOXA TEQLG TROPNS, TOU EXPEAleTa

o€ UolpeS, OTWS TEOXVUTTEL and Tr oyEo):
RE =RR, (1.11)
xaL 1 TEAXN Ywvia pe Tov dova oe polpeg dlvetar and Tt oyéon:

E)-1
axis-angle = arccos (tmce(]i)) . (1.12)
Y1 ouvéyew opileton we Lgdhpo Metdgpaone (TE) to enl towg exotd opdhua petald

EXTIUOUEVOL X0l TEOYUOTIXOU Tivaol UETAPEAOTS OTIKS OlveTon amd T oyéon:
TE = ||t —t[, /|| t]l,100% (1.13)

Aot B pAhUaTor TOU YEEIIGTNHE VO UTOAOYLOTOUY Yol TOUG OXOTOVE oUTAHE TNG OITAWUATIXNG
avahbovton ot ouvéyeta. Ilpdtov, 1o Yéoo tetpaywvind o@dipo (RMS), eivon éva andéiuto
wétpo odhuatoc xar utohoyilel To o@dluo oe oyéon pe wa Yoot T ground truth [6].

H oyéon and v omolo e€dyetan eivon 1 mopaxdtes:

N
1 .
eRMS = \| 3 E lyi — 3il?, (1.14)
=1

OTOL WC Y; EXPEALETAL 1) TUPATNEOVPUEVY] TN XU WC P; 1 EXTYWOUEVY Ty o xdie i mopa-
TAENOT, EVG TO LPIAUA UETEIETOL OTIC (OLleg MOVAOES o XA UE TIG TUES OUTEC.
Acitepov t0 Ypdhuo Enavanpoforic etvar éva YEWUETENO G@QAAUL TOU avTioToLyEl oV
ATOCTACY) TNG EMOVOC PETAED EVOC EXTUIWUEVOU TROBAAAOUEVOU GNUEIOL XL TWV CUVTETOY-
wévov tne mporypatixic tpoBohric tou [20]. Yrmoloyileton we n Euxkeldio andotoon petadd
TWV TEUYHATIXGDY CUVTETAYUEVOY X XL Y TNG EXOVAC XAl TWV EXTUWUEV®Y CUVTETAYHEVWY X
xou §. O mporypatinée ouvtetayéves Tne emdvac Peioxovta and tnv eliowon (1.1), evew o-
VTIo TOLY Ol OL EXTWWOUEVES CUVTETAYHEVES Bploxovton and Ty (Bla e&iowon ahhd YempmvTag ¢
nivaxa tpoforic tov: P =K[R|t]. ‘Ereita npénet va tpononomdel xotdhhnha dote vo Sivet
o¢ anotéleopa uétpa avtl yio pixel. ‘Etou yio xdde éva and ta onueio tou yenowonouiinxoy

oTov alyoprdyo, utoroyileton 1 Euxeidia andotaon ye tov e€hc tono:

Distance = Z V(ui —5)2 + (v — 94)2, (1.15)
i=1

oTou 1 elvot To GUVOAO TWV ONUElWY, eVe av dev TpocTeVel ot auTd YopuBOC TO GPIAUL AUTO

elvon opLoxd uNdeEVIXO.



1.8 Troloyilovrac ta Xpdluata otny extiunon Véong 15

‘Eva axépa moAd onuavtixd péyedog otny extiunon cpdiuotog etvor o aptiude cuvirxng
mivaxa (condition number), xadde unoroyiler ndoo evaictnty eivon 1 €Z0dog oTIC SLatoparyéc
Tou egapudloviar oty gicodo [31]. Etot o aptiudc autdc pac delyver méco euaiointog etvo
€vog mivoxag o€ xeEg ahhayég oTtny €lcodd tou. O apriudg autdg TpoxdTTEL Yio Evay Tivaxa
A wc:

condition number = || A7 || || A (1.16)

H ouvdptnon axpBetag egaptdtan yevixd and T eEwYeVelc o EVOOYEVES TaROUETEOUSC TNG
xepag, Tov Blo To Bacixd delxTr, TN 6TdoN TNE AdUEPaS xou entiong Tov apriud cuvinxng,
OTWS QPUUVETOL TIOEOXATE:

Accuracy= f(K, R, t, marker size, condition number).

Téhog 1 pétenomn tne cuvdloxduavong etvan Wior XU OTUAVTIXT TUEAUETEOS TOU oG Oely Vel
NV xatebduvoT TNe Yeouuxrig oyéong uetoll petoBAnTtdy. O mivoxag cuvdlaxiuovong etvol
EVOC TETPAYWVIXOE Tivoxac, Tou yenotdornoteiton cuyva otn Yewplo xou 6To oTATIOTIXE GToLyElol

mavotnrog, mou diveton and Ty e&icwon:

LS (Bi— BB - BT, (1.17)

i=1

p=

n—1

6mou o B; elvor plo opdda dedopévwy mou uehetdue xo B; ebvon o péooc bpoc autol Tou

ouvolou dedopévev [23]. O mivaxag autdc yenoylomolelton o yior TNV eXTUNon Twv eh-
Aewpoedwy Tou opdidatog cuvdlaxipavong. ‘Eva ehieu)oeidés eumiotoobvng emtpénet Ty
ATEOVIOT| EVOC ETAEYUEVOL emmédou eumioTtoolvng. evind éva ehherpoetdé oplletan amd
v axdrovdn elowon:

$2 y2 22

mou odnyel oty e&lowaon Tou eEMeuoeldols cUVBLOUAVETC:

72 . y? . 52 ), 2 . Y2 . 52
- z — = 8C =
Az Ay A sV Az scy/Ay sV,

ME Az, Ay ovd A, vor exedlouy TIC WOLOTWES TOU TVl GUVBLAXVUOVONG XOL SC VoL ONAWVEL

1, (1.19)

™V xAipoxo Tou emnédou euniotooivng [6], xau napouctdleton otov Ilivaxa 1.1.

Confidence Level
25 % 50% 75% 95% 97 % 99%
0.10153 | 0.45494 | 1.3233 3.84146 | 4.70929 | 6.6349 n=1
0.57536 | 1.38629 | 2.77259 | 5.99146 | 7.01312 | 9.2103 | n =2
1.21253 | 2.36597 | 4.10834 | 7.81473 | 8.94729 | 11.3449 | n = 3

Dimensions

[Tivacag 1.1: Xyéomn petold sc xou emmédou eumotoouvne o€ 1,2 xou 3 SltoTAoELS.

Téhog o Bacixol d&oveg Tou elherpoeldoic €youv unxog, To omolo dlveton and T oyéon:

li = SCc\/ /\i7 Vi = 1,2,3 (1.20)
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1.9 Alyébprdpor Behtictonolnong

[o Ty epeom TwV SLUTAEEWY TV PaoIAOY SEXTWY TOU 00NYOLY GTA UIXPOTERA LPAALITA,
OTW¢ oploTNXAY TaEATAV, yenotwortolfinxay 2 diagpopeTtixol Alydpriuol Behtiotonolnone.
O mpwrog Aéyeton Gradient Descent xou elvon €vag alyoprdyog enavolnmuxhc Pehtiotonoln-
oNg TEWTNG TAENS, O OTOIOC EMUTEENEL TOV UTOAOYLIOUO TWV TOTUXOY EAAYICTOV ONUEIWY ULog
ouvdptnone [36]. Apywd emhéyetar éval Tuyaio onueio Tng cuvdpTNONg Xt 1) AZLOAGYNOT TV
otPBaduioewy apyilet oxohoudhvtog To apvnTxd TNne dtaBdduione TNe cuVdETNONG €S OTOU
emteuy Vel éva Tomxd 1 €va ohixd eldyLoTo.

Ye xdie ofohdynon (emavéindn), undpyel éva cUYXEXEWEVO TOGOGTO, Tou ovoudleTal
eLduog exudinone, to omolo opiletar we to péyedog xde Briuatog. Edv autodc o puduoc eivan
UxpeOg, Tpoywedue Tpog TNV xatebduvon g apvnTxrc xhiong. Emmiéov, oplletan xan uia
ouvdpTtnon xécToug, N omola detyvel v axp{Bela g cuvdptnone otic tpofliédec. Xenot-
HOTOLELTOL GLYVE GTY) UMy ovixY| UEUNCT Yot TNV EVNUERKOY) TV TORUUETEWY EVOS HOVTEAOU
[10].

Y10 Yyfua 1.5a" undpyet éva mopddetypa Tne eopuoyhc Tou ahyopliduou Gradient De-
scent oe éva BdLdoTATO TEOBANUA. M auTh TV Tepintwon o puiude expdinone e€opTdton
oo TOUG GEOVES X XYoL y X0 TO EMAEYMEVO oruelo olhdlel oe xde enavdindn éwg dTou dev
TeoXANYo0y ahhayéc, TEdypa Tou onuolvel OTL UTdEYEL TOTXG 1) OAxd ehdyloTto. Emniéov
OTWS UTOPOVUE Vo BOUUE amd TO UAXOS Tou BlavOoHATOS Brudtey, ohhdlel avdloya PE TO
eLOu6 exudinone. Amo tnv dAAN, 6Twe unopolue va dovue oto Lyrua 1.53", mou avagpépeTton
OTNV EQUPUOYT| Tou ahyopiluou oe TELEOLEC ToTo TEOBANUL, OTwS auTd Tou e€eTdlovTol TNy

Tapovoa BIMAWUTIXY 0 pLIULOS exudinone, euETdTon omd TOUC GEOVES X, ¥ O Z.

Jw,b)

> w : 03 S - ____I_..-

() O Ahyobprdpoc Gradient Descent oe 2 daotdoelc
[4]. (B") O Ahybprduoc Gradient Descent oe 3 Swotdoei [10].

Eyfuo 1.5: O Alyoprduoc Bedtiotonoinone Gradient Descent.

O Bebtepog alyopriuog BedtioTonoimong mou yenowonotinxe eivar o Adam Optimizer,
TIOU AMOTEAEL EMEXTACT] TNG OTOYACTIXNG xodddou daf3diuiong, xon umopet va yenowonowmdet
avti TNg xAaoinrc Sladxaciag oToyaoTIXAC XaIOB0L HAIGNC YIot TNY EVAUERWOT] ETAVOUANTITIXMY

Bopddv dixthou pe Bdom ta extondeuTixd dedopéva, yio mopddetyua pudude exmaideuong [25].
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O olyoprduoc Adam €yel T€0oeplc TORUUETEOUS BLOORPOOTG:

e alpha: Pududg exudinong 7 uéyedoc Briuatog

e betal: Exdetindg pududc amochvieong yio TI¢ EXTWUACELS TNS TEWTNG OTLYUNG
e beta2: Exdetindg pududc anochvieong yio Ti¢ exTWACES NG delTepne OTYUnC

e epsilon: Muxpy| Tiur| mou anotpénel 1) dadpeon Ye Pndév

A&ilel va onueiwdel 611 otov ahydpriuo Adam, anatodvton t6co to betal 660 xou To beta2,
xadwe o Adam, avtl vo mpocapudlel Ta TOCOCTY exudinong Twv TopaUETeny Ye Bdorn to
HECO OPO TNG TEMOTNG OTIYUAC, XAVEL YENOT TOU UEGOU GpOU TWV BEVTEPWY CTIYU®Y TWV
Sroaduloewy [9]. Axédun o pudude exudinone yenowwonoteitar eniong ouyvd otov Adam,
o omolog datnpeiton Yoo xde mapdueTEo xan TpocoupUoleTon EeywpeloTd xadwe 1 dladixacio

EXTIOUOEVOTC OLEXTIEQOULWVETAL.

1.10 T'wviec Tou Euler

O yoviecEuler elvar tpeic yovieg, ol onolec neptypdpouy ToV TEOGAVATOMCUO EVOC dxoy-
TTOU OWUATOS O GYEOT) UE €val 0Todepd GUCTNUA CUVTETAYUEVWY. XENoonoo0vial eniong
Y10 VAL VTITPOCWTEVGOUY TOV TROCAVATOMOUOS ULog YEVIXAC Bdong oTn yeouuxr| dhyeBea.

Autéc ou tpelg ywvieg evtornilovton amd Tov opywd Tivaxa tng mepoteogrc R, dmeg

oplotnxe mapoamdve, we eZhc [6]:

R
a = arctan —>2, (1.21)
3,3
b= —arcsin R3 1, (1.22)
R
¢ = arctan —2 (1.23)
Ry

)

Autéc oL yovieg yenotponotodvTal yior TNy €0pECT TOU TiVAXA TEQIOTROPNE TOU eXPEAlETIL

a6 Tic Yywvieg Euler dnwe qatvetan mopondte:

10 0
R,= 1|0 cosa —sinal, (1.24)

0 sina cosa

[ cosb 0 sinb]
R, = 0 1 0o 1, (1.25)

|—sinb 0 cosb|

[cosc —sine 0]
R.= |sinc cosc 0] . (1.26)
| 0 0 1]

Xenowornowvtog toug nivaxes Rq, Ry, xau R, xatohfyouue otov Euler Rotation nivaxo:

REuler = RcRbRa . (1 27)
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1.11  Avaidovioag to neofAnua extipunong Y€ong o opau-

ELXES CLVIETAYUEVES

Apyxd oL XUPTECIUVES CUVTEVTAYUEVES IOV AVAPEROVTUL OTOUS X, ¥, Z GEOVES UTOPOUY VoL

EXPRUCTOVV UE CPUPIXEC CUVTETAYHEVES UELOTIOLWMVTOG TIC TUEAUXATL OYETELC:

a= arccos(i), (1.28)
T

3 = arctan(2), (1.29)
x

PR (1.30)

OTOU TO T AVTITPOCWTEVEL TNV axTivar TNG o@alpag 1 dAAOS AEYETOL OXTVIXY| ATOCTACT), (v
ovoualeton xAon 1 moAwr| ywvia xau teplopileton and -90 €wg 90 polpec. Téhog, B eivon
70 alyolto xo meplopileton and 0 éwg 360 yolpec. 'Etol Aowmdv o auty| Ty evotnta Yo
avoldoouue Toug mivaxeg TeploTeoghc R xan petdgpaong t oe ogapés cuvtetayuéveg. O
ooy 0¢ elvan vo uehetniel ) Vo 1) oL Veoelg NG PP TOL 00NYOUY OTA ULXPOTERN GPUA-
pota, xomg Xl TO TWS 1) ATOCTAOY TNG XAUEEAS amd To Booixd delxtn unopel va emdpdoet
otnyv oxpBela extiunong Véong.

IMo va Bpolue Tov Tivoxa GUVBLAXOUAVOTG, VLo TNV XAUEEO TIOU TERLYRAPNXE THURATAVE,
UTOUETOUUE OTL OAEC OL EEWYEVEIC XL EVOOYEVEIC TUPAUETEOL TNC XAUEPAC EVOL YVOOTES XoL
AATOYEAPIHOY GTNY avTioToly T evotnta xou optlovial oTny T8N pog Ywelc opdApaTo xo o
Baowdg Beintng mou peletdue etvon Totovetnuévog oe otalepd onueio, eV 1) xAUEEa XIvElTAL
oe Wi ogaipo ue ouyxexpyévn axtiva T, 0.3 yétpo.

T opiloupe 12 un ypouuxéc edlonoelc xduepas Ue Bdon tny e&lowon (33), xode 0 -
yoprduog Direct Linear Transformation ypetdleton Tovhdylotov 6 onueio yio var Aettoupyr|oet

owo T4 [6]:

U .
u; = pile

q: C Wi=1,2,...6 (1.31)
vi= Py,

Y1 ouvéyel, mpootideton Tuyalog I'xaouciavog Vopufoc, ue Tumxr andxhion 4 xou péon
TN 0, oe xdde cUVTETAYPEVN T4, Y4, O QUTEC TIC U1 YROUUXES EELCMOTELC.

‘Etot, obugovo pe 1o [6], ywelc andheo YEVXOTNTOS TUpoeTeoToo0UE TIg eEwYEVels
TUPUUETEOUC TNG XAUEQRIS Y PNOHLOTOLOVTOS TRELC TUPAUUETEOUS ¢, B oU T, AVTITPOCKTEDOVTAS
N oTdon NG Xduepac Tou oyeTileTon P TO Bacind BeiXTN OF CQAUEINES CUVTETAYUEVES, OTIKC
(QolVETAL OTO OYAUA 33.

Yn ouvéyew, ta o, B xau 1 unoloyilovtan petateénovtag v Kapteowavr oe opoupiné
OLVTETOYUEVES, Yenotponothvac Tic eClowoels (1.30), 6nou x, y, z xadopilovton and tny Véon
TNC XAUEQPOC OTO TEAYUATIXG CUCTNUN CUVTEVTAYUEVWY.

‘Eneita, yenowonowlue tn uftea xducpoac K, xou ou mivaxeg R, t, petatpérovtan oe

CQAUEIXEC CUVTETAYUEVES. LTN OLVEYEL, UTohoYI{ovVToL Ol ToRdYWYOL TWY «, 3, T, Yl Vo
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Yenowonondoly Yo TN UETENOT TV TVAXKY TERIGTEOPHE XL PETAPEACTS Yo VoL Bpolue Tov
TaxwBlavé mivoxor Tou q, 6mwe opiletar otic eodaoele (1.31). Ta va Bpolue tor GUYXEXPUEVAL
ap, Bo, o, 6mou Yo agloroyniel o TaxwPBiavog mivaxog, meénet va uTohoYIoOUUE T To, Yo, 20
EXTWOVTOG TN V€oN TNG HGUERAS OF TEUYUATIXEG GUVTETOYHEVES.

Q¢ ex To0UT0U, TEéTEL Vo Bpolue To Ywbuevo tou Rt xou tou Svbopatoc [0, 0, 0, 1 7.
X1 ouvéyEld, To, Yo, 20 EVOL OL CELREC TOU YLVOUEVOU XL YEMOWOTOIWVTAS TNV eZlowor
(1.30) ta ag, Bo, T0, TOPOVLY Vol UTONOYIOTOVV.

Y1 ouvéyela, o ToxwPlovde mivaxag Tou q ot o, betag, ro ExTdTL WS:

8q 2nx3
L ¢ g2nas, (1.32)
4 8(04, 57 ’l”) a=ag, =P, r=ro

omou n eivon 0 aEiUOC TV EMAEYUEVOLY ONUElnY xou dpa TNy Tepintworn tou ToxwPlovol

nbvonca pou pehetdue Vo éxel dlootdoec pvak € R,

[Mo vae Beodue Tor Topdyeyo Tou
g, TEEMEL VoL uToAoY{ooLUE EeywEloTd xoepla and Tic 12 un yeouuuxéc e€lomoelg. Me xdle
e&lowon povo o mivaxog P emnpedleton amd to o, B xou 1, oméTe ebvan 0 uévog mivaxog mou
TEETEL VoL avaAOGOUUE Xo VoL BpoUUE Tar Toedy (Y d TOL.

To P avahbetn wg: P = K[RJt]. Qotéoo, 10 potpl ety K dev eloptdrton omd
Tic mopopéteous «, B xou 1. ‘Etol, yia va Beodue tov ToxwPlavéd tou q, amoutelton pévo o
UTIOAOYLOUOC TWV TORAYWY®Y TOU TVOXA TEPLOTROPNC XOL TOU TVOXOL UETAPEACTG.

‘Etot 9étoupe [(R)|(t)] = (Rt), xau n e&iowon (1.31) avahbetar tdpa 0C:

1
Pi
1
v =—K(Rt)y;, Vi=1,2,...,6. (1.34)
Pi

X1 ouvéyela, yio va Bpolue tov TeAixd ToxwBlovd mivaxa mpénel vo unoloyicouue Tic Topo-

yayoug pévo yia 1o (Rt) tov eiodoewy (1.33) xau (1.34), 6nwe gaiveton mopaxdto:

Gui 1 8(&) spherical
8(0&, 57 ’I”) Pi 8(0{, 67 ’F) ( )
i 1
Ovi _ Ly ORE (1.36)

8(0&, 57 ’I”) Pi 8(04> Bv 7") "

O tehixde mivaxae (Rt) Vo €yer v axdhovdn yoper:

(Rt) = |(R),,q5 | (),

‘Enetta o mpéinua uropel vo tpooeyylotel extiuodvtag uévo tov (R) xou tov (t). Ap-
Yxé o (R) eivar 10 yvouevo 10U Rpyler, TOU oplotnxe otny e&lowon (1.27), xou tou mivoxa

neplotpopnc Ry, omwe golvetar mopaxdte:

cosfBcosa —sinf cosfBsina
R, = [sinfcosa cosf  sinfBsina (1.37)

sin o 0 COSs «
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Yyfua 1.6: H mhofynomn tne x3uepas o€ oQoupixéc CUVTETOYUEVES.

xan ot {nrolueveg mopdywyol etvat:

—cosfBsina 0 cosfcosa

OR;
o —sinfsina 0 sinfcosa| , (1.38)
Ccos @ 0 —sin«
SR —sinfcosa —cosf —sinfsina
8ﬁs = | cosfcosae —sinfS cosfBsina |, (1.39)
0 0 0
OR
=0 1.40
or ( )

Omndte xan o mhvoxoag TEPLOTEOPTC CPAUPIXWY CUVTETAYUEVODY tepherical, OVETOUL AT TNV O-

%6 oviT) e&iowon:

rsin a cos 8
(t) =Rs(— |rsinfsina|) (1.41)

T COoS

Ou avaryxofeg mopdywyor e (1.41), Beloxovton yenowwonowwvtag tig (1.38), (1.39), (1.40)
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w¢ €€ng:

at) OR [ sin a cos B_ [ cos o cos I}

S = ~(= |rsinfsi — |rsi 1.42

%0 da (= |rsinfBsina|) 4+ Rg(— |rsin B‘cos al) (1.42)
rcosa | | —rsina

o) om. |/Smecoss] [~ sinacsing

- (— |rsinBsina|) +Rs(— | rcosBsina |) (1.43)

op  op
rcosa | i 0

o) _ R si'nZCf)sB (1.44)

= s | sinBsina | . )

cos o

Bptoxoupe étol Tov teAnd ToxwPlovd mivaxa Jg, Tov onolo xat yenotonololue Yo va Bpolue
ToV Tivoor GUVBLIXOPAVOTS YL TOV EVIOTLOUS Tou Bacixol delxtn. Ev cuveyela, yenowonol-

ovtog Backward propagation xatolriyouue otny napaxdtew oyéon:
=817 (1.45)

ITou oto dwd pog Tewpduota xatéAnie otnv e€Ng Lopph:

%

22)6

[0.062
0.063
0.061
0.062
0.062
0.061
0.063
0.062
0.064
0.064
0.064

0.061

Q¢ ex T00TOL, XAVOC OL Blary@Viol 6oL Tou Lw; elyay oyedov Ti¢ Bleg Tiwée oe xdle doxuu,
0 TEMXOC TVOKOC CUVBLIXOUOVONG Ly, 8, 7, ECORTATOL XURIKG amd Toug ToeBlavoic mivoxeg,

mou oyetilovta pe N Véom Tng xduepac o oyéarn Ue To Paoixd BelxTn.
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Me yVvoUovo To v Tépe GUUTERACHUATY, XAVAUE 0VO OLapopeTxd Tepduota. Eva yio
oyéon e axpifelog pe TV andoTtaon TS xduepos and to Booixd Selxtn xan €vor ylor TV
e&dptnom tne oxplBelag and T ywvio o Tou oynuatiler 1 xduepa Ue To Boaoixd delxty.

‘Etol tonodetovtag plo tuyala didtaln Baowxol delxtn oe otadepd onuelo oTo YHEO,
oMGlope Sadoyixd Ty andotacn tne xduepas (1) Eexvadvtag and 0 yépa xon avZdvovtag ye
Brua 0.2 pétpa xdie gopd. To ypdpnuo mou mpoéxule gatvetar oto Myrfua 1.7 xau Selyvel
WS T CPANIATO AUEAVOVTOL OGO UEYUAWYVEL 1) ATOCTACT] TNG XAUERAS amd To Pocind OelxTn.
To metric nou yenowonotioope Yoo vor a€LOAOYNCOUUE TN OYECT TWV GPOAUSTWY XAl TNG

ambéotaong frav To condition number tou mivaxa cuvdluavong Xq, g, 1 -

3000 1

2500 4

2000 4

1500

condition number

1000 4

300 A

0.0 05 10 15 20 25 30
r distance [meters]

Yyfua 1.7: H oyéon uetald tou Condition number xou tng andotaong Tng xAUeQaS and To
Baowxd detxtn (X ~ N(0,4)).

‘Eneita tonovetiooue xou maht plar tuyota Sidtaln Baocxol deixtn oe éva otadepd onueio
OTO YWEO, XKoL XPATWVTUS TNV ANOCTAOY I' 6 ToeRT| UeTUBIAoUE TNV Ywvia o TNG XAUEEOS UE
70 Boownd delxtn and -5 €n¢ 5 pe BAua 5 polpec xdie @opd. Xto melpapa autd dnuLovpyioae
0Lo BlapopeTind yYpapruata. To mpdTto agopd dhl 6To condition number tou mivoxa cuvdla-
nouavong Xq, g, x4 TO 0E0TEPO GTNY €0PECT] TWV ONUEIWY AUTMY TOU EAAYICTOTOOUY TNV
TOEAY YO TOU THhvoxal GUYOLIXOUAVONG Xg, 8, 1y XPATOVTOS XAl OTIC V0 TEQITTWOOELS G TOERT)
N petoBorn) tou PBriuatog o 5 polpec xdde gopd. Lta Xyruota 1.8« xan 1.8 gatvovton To
ATOTEAEGUOTA TWV TEWRAUUITWY AUTOVY, AVTIOTOLYWS.

‘Onwe gatveton, T 800 TElpdUoTa XATEANEaY O TopeUpepr] amoteAéopata, ool 1 yYwvia
a TNG xdpEpag Tou TEoxaAel Ta AyoTepa opdiata, eivon 1) ywvia 90 xou twv -90 yolpmv.
Avtideta to onueio mou epgaviCovton ta uPnAoTEPU cpdipata elvon 6Tay ToTo¥eTOVUE TNV
xdpepa o Ywvia a YOopw and Tig 0 polpeg, 6mou eupavileton xou T0 OAMXO UEYIGTO GTO LyHud
1.80"

21N OUVEYELNL XATUOXEVACOUE o To EAAELPOELDT) EXTIUNONE TOU GYIAUATOS TOU g 8.,
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2000 +

1750 1

1500 4

1250

1000 1

750 -

condition number

500

] N/\/\f\l L~ N\~ —

T T T T T T T
—75 —50 —25 4] 25 50 75
a angle(degrees)

(o) H oéon tou Condition Number xou tne ywviog a tne xduepoc pe to Baoxd deixtn.

0.005 H

0.004

0.003 A

0.002

minimum derivative of covariance

0.001

L’\/\/WN/\

T T T T T T T
—75 —50 —25 4] 25 50 75
a angle(degrees)

0.000 H

(B") H oyéon yeto€h tou ehaylotou tne mapoydyou tou Lo, g, » ot NG YwVioG o TNG

XAUEPaC UE TO Baoixd deletn.

Yyfuo 1.8: H e&dptnomn tng axpifetag tng yoviag o tne xduecpac xou tou Poaoixdu delxtn
(X ~N(0,4)).



24 1. Extended Summary-Extetouévn Iepidngn

(o) Tevie o = 0. () Tovia |af = 5.

Eyfuo 1.9: ENeupoedy) Lpdhpatog tou Ilivaxo Suvbiaxduovong Xg g -

a&tonolnvtag To doinuoatixd undfadeo mou avahinxe mopoamdve. T'a v ypopxr avamo-
pdotoon Ty eNerpoedmy Yewpfoope eninedo eumiotoobvng 95 % xou mapoxdte gaivovto
oto Lyfua 1.90" 1o eMewpoedéc oe ywvia a 0 golpdv xau oto Uyfua 5.48 1o ehheroet-
0éc oe ywvia a 90 popwv. Télog, ta ehherpoetdr) Tou mivoxor cuvBlaxiuavong Yo TAnddea
BLUPOPETIXWY TWAOV TNS YwViag «, @aivovtar oto Lyfuo 1.10.

[iveton €tot capée, 6T 1 BEATIoT Véon TonoléTnong Tng xduepag o oyéon Ue Evay Pacind
ocixtn ebvon ot Yovia —F 1 § OOV amd AUTOV XL GE 6GO TO BUVUTOV UIXEOTERT) ATOCTACT
r.

YUVETME, OTNY TAELOVOTNTA TOV TEWRUUATLY TOU Yo TERPLYRAPOVY TapaxdTe ToTo¥eT000u-

uE TNV xduepa ot BEATIoTN éom mou PBerixaue o oyéon ue To Boacixd delxt.

1.12 O tpiodidotateg dSlatdlelg PAoLXV BELXTOV UE T

peyahLTEET axeiBela oTov evIomIoUo Véong

To deldtepo oNuavTIXG AVTIXEIUEVO HEAETNE TNG TOEOUGUS OITAWUATIXAGS NTAV 1) LEAETY TOU
oY UTIARY 0LV GUYXEXPUIEVES YEWUETEIXES DLUTAEELS TWV BACIXOY BEXTOV TOU Vol EAAYLO TOTOLO-
OV ToL CQAUAUOTA OTOV TROCAUVATOMOWO, TNV EToVATpoBoAT|, TN uetdpeach xTh. Ot mp®Teg poag
Tapatneroel Paciotnxay oty emhoyn Tuyalny onuelny. Emiéyaue Aowndy 6 tuyala onueio
7oL VoL avixouy ot ogalpa oxtivag 0.3 g mou YeAeTduE, Toug TpocUETaue Tuyato VopuPo, Ue
oy améxhon 8 xou péon Twn 2, o Beloxoue ta avtioTorya onuela TpoBoiric 6To TAdVO
EOVoC.

‘Emeita xdvovtag yerion tou Direct Linear Transformation aiyoptduou Beioxoue tehixd

ToL GQPAAUTA TEPLOTEOPTC, UeTdppaong xat condition number yio xdde tuyaio clvoro on-
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Eyfuor 1.10: Axp{Bela tng Véone tne xduepac oc oyéon ue to Pooixd deixtn yia Sudpopeg
Ywviee a [6].

petwyv mou emAeyotay. Apyxd mpayuoatomoolooue 500 enavolfelc ot omoleg emAEyoue 6
Tuyador onuela xou 0To TENOG TV ETAVOAAPEDY XEATOVGOUE TO GUVOAD TWV ONUEIY oUTMV
ToL Tapovciocay Ta UixpoTepa opdiuata. ‘Eneita avgiooue Tig emavorfdeg oe 10.000. Auté
TIOU TUEATNENOOUE O OAaL Tl test Tou TpayUATOTOooUE NTOY WS Ol BLATAEELS ONueiwY Tou
odnyoloay oTa PxeOTERN opdiuaTa, TAncialay aEXETd TNV TEQLPERELX TNS OPalpac UECO amd
Vv ornola emhéyope Tor onuela. Etevay dnhady) to mo amopoxpuouéva UeTagd Toug ornuela
VoL 00N YOLUY GE UXEOTEQU GPIANIATOL.

Me yvouovo autd Tor TEWTOAELN CUUTEQUOUOTA QUTH TO EROUEVO WS BN HTAY VoL EQop-
Ho6coupE BLadoyd Toug 800 ahyopliuoug BeATIoTOTOINONE TOLU AVOAICOUE TUPATAVW™: TOV
Gradient Descent xou tov Adam Optimizer.

Sexwvovtag pe tov olyopripo Gradient Descent npoonodfcaye vo eviornicouvye to pot{o
TWV TELOOIAC TATOVY BLATIEEWY PACIUOY BEXTOY TOU eUQaviCOUV Tol UXEOTERA CPIAUATA GTOV
eviomoud toug. ‘Etol emedr| avohboupe éva Tolodldotato TeoBAnu, o puUOg exTaldEUoTS
afloloyeiton o xde Briua cuVaPTACEL 3 BLAPORETXOY TapauéTewy. To metric mou emAéyOn-
%€ TPOC BeATIOTOTONGCT UECH OO TNV EQUQUOYT] TOU CUYXEXQLIEVOU ohyoplduou, elvon To
condition number, v yia v agloAdynom Tou BrAuatog yenowonowinxe évag alyopriuog
mou ovoudletow SuperSAB mou amoTeAel Wit GTRUTNYIXY EMTAYLYOTNG YLot EXUGUINCT error
back propagation [37].

Exteléoope hoindv tov ahyderduo Bertiotonoinone Gradient Descent yio enovahrideic N
= 100. Q¢ 7o TE®TO Py b GUVOAO GTUEIWY, YENOLOTOWVoUUE Eva TUY Ao ETIAEYUEVO GUVOAO

&L onuelowv Tou avixouv oto Blo eninedo ogalpac pe Ty, ue axtivo dnhadn 0.3 uétpo. Ta
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Eyfuor 1.11: O Sratd€erg twv onueiov otnv tpadtn extéheon tou Gradient Descent.

mpoPBahhoueva onueio eixovag urohoyilovton Eavd xou mpootiveton tuyaioc YopuBoc I'owog
oe xde éva amd To pixel g ewdvag. Kdde detypo YopBou elye péon tun 2 xon tumxy
amoxhon 8. To ) Bedtiwon tne mowdtnTag Twv exThoemy pog tpocdétoue 1000 Tuyaio
oelyparta YoplBou Gauss oe xde pixel xou urohoyllaye TN péon Tiwn xodevog and auTd.

Ta amoTeAéoUOTA AUTOV TWV BOXIUGY TUEOLCIALoVTaL TUEUXAT®.  MUYXEXPWEVL, OTO
Eyfuo 1.11 undpyet to clvoro twv €L Tuydiny onueiwy mou emAéyUnxay and TN opaipo
oTNV TEAOTN ETavIANgT. XN cuvéyela, To Lyua 1.12 delyver Ti¢ Véoeig Twv 6 onueiny otny
enavéindn 50 xou oto Xyrua 1.12 undpyel n tehur ¥éon tou cuvdrou Ty 6 onuelwy YeTd
v enavdindrn 100. Autéd 1o teEAxd olvoho onueiwy €yel To ehdytoTo condition number,
ARG XoU TO EAGYLOTO CQANIA TEQLOTEOPNS, UETAPEOCTC XU ETAVATEOBOAAC.

Metd omd pepixéc doxtéc Tou ohyoplduou, CUUTERAVOUE YLo AT Wia opd, 6TL T GOVOAO
TV ONUElWY TOU TEOXAAOUY Ta XEOTERA CPAAUNTA XL TO EAAytoTo condition number, etvon
onueior TOL aVixoLY GTNY TERLPERELA TNG o@aipac, 1) TouAdyloTov elvar TOAD x0OVTd GE aUTH.
Emniéov petd and nepinou 80 enavarielc Tou alyopiduou, to onueio étewvay va oynuotiCouy
éva Tplywvixd mplopa. Hapdhhnio ye v extéleon tou alyopiluou yia BeAtioTonolnon tou
condition number, mou gaiveton 6To LyAua 1.15, yeietodooue enione nwg e€elicocovton Ta
CPIApOTA ETUVATEOBOAY|C, TEQIGTROPHC XU UETAPEACTG.

‘Etol o710 (810 Xyrjua yiveton cagéc 6Tl uxpéc uetaBoléc otny Ty Tou condition number
TpoxahoVy enione YeToBorég ota opdApaTa TERIGTEOPNG o YeTdppaons. Enlong xdle tomi-
%0 UEYIOTO OTN YRUPIXT| TURIGTUOY TOU GPIAUATOS TEQIG TROPNS, AVTIOTOLYEL OE €val TOTUXO
UEYLOTO OTN YPAPIXY| TORACTAOY TOU GOANIATOS UETAPEIUOTS, TEAYHUN TOU Lo UEL XoL Ylol To
Tomxd eNdytoTa. §2¢ ex ToUTOU, AUTE Tot GOVORA GNUEIWY, TA OTOlAL AVTIGTOLYOVY GTO TOTUXO
ENAYLOTO GTY YRAUPLXY| THEACTACT] TOU GPIAUATOS UETAPEAOTS, UTOROVY Vol YenotuoToinoly

¢ elcodog oTov ahyderiuo Direct Linear Transformation xo to anotéheoua mou Yo AdBouue

z label
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Eyfuo 1.12: O SrotdEerg twv onueiov oty 50 enavdindn tou Gradient Descent.

z label

Yyfuo 1.13: H tedinr| dtdtadn tov onuelwy mou €deiée 1 extéleon tou Gradient Descent.

2 label

2 label
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& Random Set of Points
e Final Points Configuration

0.2
0.1
0.0

z label|

-0.1

—-0.2

-0.2
-0.1

Xlapg 01

0.2

Yyfuo 1.14: Zuyxptvovtog Tig SLTdEele ONueinY TS TEOTNS XU TNG EXATOOTAS ETOVAANYNG
Tou aiyopiuou Gradient Descent.

Yo 00N yNoEL 0TV exTiunon Tou R ue Ty 600 YIVETOL TO XOVTA OTNV TEAYUATLXY) TOU.

IMapdhhnha, Omee yivetar avTIANTTO, 1 TEMXT| YEWUETEIXY), TELOOIACTOTY BIdTadn TwY o1
pelwv (otny tedeutaia enavdhndn N = 100), avtiototyel 610 olxd eNdyloto oe xde pio amd
TIC YRAUPLXES TOPAUC TUCELS, TEAYUO TOU onuaivel 6Tt auTh ebvan 1) Bidtodrn mou odnyel cuVOAXE
0€ ENAYIOTU CPANLITAL.

Emmiéov to Nyrua 1.14 ameixoviler o ohvolo onuelwy g Tentng enavdindng otny
extéleot) Tou ahyopiduov (N = 1), xou tny tehnn ditdtaln onueinv oty teheutala enaveindn
xatd Ty extéheon tou akyopiduou (N = 100). Tuvende, dnme gaiveton tor onueia ue Ty
TEOod0o TV eNAVOPewY TElVOUV Vo amopoxplvovTon To €val and To GAAO xat Vo TANCaLouv
ONO X0 TO XOVTA GTNY TEPLPERELN TNE GPalpag.

Oo unopovioaue va ToLUE Tws ahyoprduog Bedtiotonoinone Gradient Descent, emfBeou-
OVEL TIC TURATNPENCELS MG HECW TNG Tuylog EMAOYHC ONUElwY GQalpag TOU €YIVE TELROUATIXG
0TO TPWTO GTAO0 TNE DIMAWUATIXAC aLTAS. 20TOC0, ATOPACICAUUE VO YETOUOTOLACOUUE EVOY
oaxOun ohyopriuo Omwe avaépUnxe ot TUEATAVE Yl Vo O0UUE ov Vol EMLXVEMOEL Xl Tol
OTOTEAEGUOTA [OG.

O olyopripoc Adam Optimizer yenowwomolinxe TEOXEWEVOL Vo BATIGTWOOVUE oy Vol
emBefouwdolv Eavd ol mapatnenoel poc. Xenowonotoope hoLmoy xon ekl Ty (Blor opadpa
e oxtiva 0.3 pétpa xan Tov €touo ahydprduo omwe mopéyeton and Ty Python [30]. Auth
popd extehooaue Tov ahyopLiuo yia emavohideic N = 200, avtl yio N = 100 mou emAéEoue
vt tov alyoprduo Gradient Descent mponyouuévee. Kou mdht 1000 tuyado detypota Yoptou
Gauss npootéUnxav ota pixel emdvag ye p€on Ty 2 xou TUTXY amoxAon 8 ot EXTUNOUUE

N u€omn T xodevog.
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Yyfuo 1.15: Spdhpoara xatd v extéheon tou Gradient Descent(X ~ N (2, 8)).
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Z label

00 ) 02

Xlabey T 02 45 -03

()N = 1. (#) N = 200.

Yyfuo 1.16: Ov yewpetpnée dlatdlelg twv 6 onueiwy ye tn yeron tou aiyoptiuovug Adam.

Kée @opd epapudlope tov alyoprduo Direct Linear Transformation oto 6 onueio mou
mpoéxtunTay and tov ahybprduo Adam xou Beioxaue ta R, £ touc. Tio ) Behtotonoinon
YENoWonolioaue ot TEAL w¢ metric To condition number tou nivoxa Hprr, xou yio xdde
obvoho €L anueiny Tou peietolooue tpootadolcoue va Bpodue T SLdTadn Tou EAXYLOTOTOLE
NV T Tou.

Y10 Eyfua 1.160" epgoavileton 1o mendTo TUYAio EMAEYHEVO GOVORO OMUElwY, TO OTolo
replopiletan amd to xodopiouévo eninedo ogalpag. Emmiéoyv, 1o Lyfua 1.163" anewovilel tnv
TEMXT| BLdTadn TV 6 TELOBIEoTATOY oTueiwy.

[apatneriooue enione mwe 1 B1dtaln twv 6 onueiny petd and évay apriud enavaripewy
(= 100) viotetoVoave pla TeEx Véom xon ENELTol TARUTNEOVVTOY HOVO UXEES amoxhioels YUpw
am6 ot TN Héon.

Y10 Eyfua 53 mapouaidloval tor opdhpata, xodog xou to condition number 6mwe pe-
taf3drovtan otig 200 enavarfdec tou aiyoplduou. Kadwg o apriudc N twv emavoripewy
oWEAVETAL, TOL CQPAAUOTA PUELWVOVTAL UEYEL TTOL ATOXTOUV Uiat GYEDOY oTardepn Tiur, xadde To
olvoho TV 6 onuelwy optoTixomoLe(ton oe Wiot cUYXEXPWEVT VEom, oynuatilovToag TNV TEAXY
TOU YEWUETEXY SLAToET.

Axdun, mopatneodue Eavd dTL xodwg tor onueio amouaxedvovto To €val and To dANo xa
TANGLALouV 0NV TEPLPERELN TNE GPAtEOC, Ta GQIAUUTA UetdVovTaL. Emmiéov, uohg to onuela
dnutovpyoly éva telywvixd mpioua (Yewmuetpinf didtaln), to onolo elvon to BélTioTo oyfua
yioo TiC Soxég 6 onuelwv, ye Bdom TiC TPOCOUOWOCELS Hag, 0 alyopriuog Bektiotomoinong
Beloxel T0 oAb edyloto ot %ddE YRAPNUA TOV CPUAULTWY TOU UEAETAUE.

Télog, gatvetar oto oyfua 1.17 1 oyéon uetald 10U GUVOROU TWV CNUEIWY TV ETAEYUT-
xav tuyoda oty med T enavdindn (N = 1) xou tne tehxfic YewueTpxhAc SLdtodng twy onuelwy
(N = 200). Ta anoteréopata eivon mapduoLo Ue auTtd Tou ebyoue pe Tic dhheg pedddous Tou

Z label
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a Random Set of Points
e Final Points Configuration
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Yyfuo 1.17: Yovoho onueiwy tne memdTng %ot NG TEASLTHLAS ETAVIANWNG OTNY EXTEAEGT) TOU

Adam Optimizer.

doxwdooue, onote emBeBatdvoupe OTL oL To oxpUPel TELOOLC TUTES SLoTAEElC OnuelwY elvon

Yupilouv TpLywvixd Tplopato.
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(v") Ldhpata Enavanpoforfc. (8") Lpdhpara Hepiotpoprhc.

Yyfua 1.18: Eepdhparta oe xdde enavdhndn tou Adam Optimization (X ~ N (2, 8)).

Kielvovtog, ohoxhnpddvovtag tar 3 autd Baotxd TELeduUoto TG SITAWUATIXAS LAS, XUTOAAE0-
ue otic mavég TELodLdo TaTeg BITAEElS ONUElWY BaCIXWY BETOY, TOU UTOPOVLY Vo 081y HOOLY
o€ Yetwuéva opdipata. Ot dlatdielg autée tapouatdlovtar oto Ly fua 1.19. To anoteréouata
auTtd Yo yenotonoinlolv GTr GUVEYELN YIol TN CUYXEXPWEVT TEQITTWOT] TNG AATAPOCXOTUXNAG

YEWoLEYWg eméuaong.

Twisted Triangular Prism MNormal Triangular Prism Truncated Triangular Prism

Eyfuor 1.19: Ot SlatdEels TprywvIXDY TRLOPATOV.
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Yy nopoloa SimAwuoTixy Teaypatototfdnxay xou mewpduato ahhdlovtag tn Véon g
AAPEEOS, WOTOGO Yia 6oo Yo avopepdoly TNy exTETOPEVT TepiAndr, utoVEToupE TNV XduEPX
mdvtote oc ywvia 90 yolp®yv amd tov Telodidototo Bactxd Oeixtn, T Oidtaln Tou omoiou

avalnTolye.

1.13 Xyeodlovtag eva Baouxd deixtn yia Aanopooxo-

nwxeg EneufBdoeig

H omtxy) mopoaxorolinor yenowlomolelton xupleg yia TNV Tapoxohobinon Lateixdy op-
Yavev ot yewpovpyia (T.y. TopoxoholUNoTn EVO0OXOTHIOU GE AUTUPOOXOTIXES YELPOURYIXES
eneuPdoeic). Etor ou Baoixol deixtee, mou éyouv npoxadopiopéva potifo TpocupThvTal 6To
ttpd Gpyavo (Aamopooxdmio, evBooxomio), To onoio yeewdletar va Eépoupe oe molo Véam
oTo Y0Oeo Peloxetal xdlde oTLYUr|, O TEAYUATIXG YpOVO.

H ontny| napoxohotdnon npocdlopilel T 6TdoT EVOC avTIXEWEVOU TTOU TTapaxoAoLVelToL
HETPOVTOS TO PWS TOU UETAOBETOL 1) atvTovoxhdTon amd outd To avtixelyevo. 'Etol anwmtepog
O0TOY0G QUTAC TNG BIMALUATIXNS ATy 0 oyedlacuds evog Paoixol delxtn tou Yo emétpene TNV
OTTIXT] TOEOXONOLUTNOT HE TAL ALYOTEQO BUVATE CHAAUATOL.

Aedopévou Aoy, ot 1 axpifeta etvar éva xpiowo {ATNUA TN YELWOUEYIXY XL TIHO CU-
YUEXPWEVT, ANamopooxoTxn ETEUS0oT UE TN YeHOT ETAVENUEVNE TEAYUATIXOTNTAC, EEETACOUUE
€4V Ol TELOOIAC TUTES YEWUETEIXES BLUTAEEIC ONuEinY BAcXDY BEXTMY “Xahd TEOCUPUOCUEVNS
(petd ™ Baduida Bertivone xatdBaonc), mou utoloyloule Tponyouuévme, Yo odnyroouy oe
ENAYLOTOL CQAUNUOTA OE Lo TPOCOUOLWUEVT] YELCOLRYIXT| AATMUPOCKOTIOU GE OYEDT UE TO VO
emAéyope pio Tuyala yewpetp ddtaln. Apyixd, olugpova pe to [6], teptocdtepa fiducials

umopolV va Behtiwoouy TNy axplBela, xaddg HEWOVOUY TO GQIAUN CUVBLAXDUAVOTG XATA:

\}ﬁ’ where n = number of fiducials. (1.46)
And v AN mhevpd, xodwe o apliuog twv fiducials avgdvetan, audvetan eniong 1 eupdvi-
on occlusions petagd toug. 'Etot, anogaciloupe vo yenotponoticouye 6 deixteg (ovtl yia
TEOOERIC IOV YpNotorolovvTa cLVAYLS), xadde €51 etvon 0 eNdytotog aprdude onueiwy, Tou
amouteiton var EQopuocToly 010 xou oTtov olyoderipo Direct Linear Transformation, yio tnv
enthuom Tou TeofAfuatog extiunong Véong.

O Beixteg mou mpoteivouue etvar mardnTixol - xadde autd To €ldog dexTAY Yenotdoroleiton
O GLY VA OTO CUCTAUATO TUEUXONOVUTNOTC-, TOU CNUAVEL OTL AVTAVOXAOUY TNV ELOERYOUEVT
oxtvofohior mpog TV xateduvon Tou eloePYOUEVOL YrToS.  Eyouv ogoupixd oyfua xou
XAAUTITOVTOL UE avaxAaoTixd @UANa. T'iar var amogacicoupe Ty axtivar Twv Gpoupxdy dexTmY
oG, ovalNTHoOUE To Slord€aydor UEYEDT TPOLELXMY BEIXTOV GTNY 0YORd CHUERA.

‘Oha o Brardéotpo yeyedn moadnuixdy opoupixoy dewxtomy napouctdlovtat otov Ilivona 1.2.
QQo1t600, Oeixteg pe emxolupuévr, otBapy| emgdveta dtatideton Lovo oto oxdhovda UeyEDT):
0.014, 0.016 xon 0.02 pétpa. ‘Etot, emhéyoupe va €youvue 6 opoupixolc deixteg Ue BIAUETEO

1.6 exatooTtd.
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Mévyedoc [mm] | Méyedoc [1/64 in]
12 30.2
14 35.3
16 40.3
20 50.4
30 75.6

[Tivacag 1.2 Awrdéoipa pey€dn yio modntixote ogaipxois deixteg otnv ayopd.

Avtol ot tardnuxol 6 delxteg Yo tpocouptnioly oe Eva Aamopooxdmio ue uio amod Tic mdavég

dlotdelc mou atvovton oto Ly nua 1.20, tpoxeyévou vo mapaxolouoly To eV AGYW LUTELXO

OPYOVO GE TEAYHATIXO YPOVO. LUYXEXPUEV, Vo €y 0uV TO BEATIOTO Oy EVOS TEQIXOUUEVOU,

PUGLOAOYIXOU 1| AVATOBOU TELYWVIXOU TEloUaTOC.

v

wv—w

Yyfuor 1.20: H mpotewvouevn tpiodidotatn Sudtaln onuelwy yla vo mpocoptndolyv o éva

Aanapooxonelo.

Mo vor utohoyiooupe Tt Bdon tou mplopatog, TEEnel va YVepllouye EX TV TEOTERKY TNV

14 /. / 14 ’ 7 /. / / /
anootoot Yetald xadevoc and toug €€L delxtec. l¢ ex TolTOL, (YAYVOUUE TO UAXOS EVOC

hamapooxoriov, xadde o véog deixtng mou xataoxevdlouvye VYo TEENEL Vo TEOCUPUOCTE! GE

a6, TTdEY0UV TOAS AATULOCHOTILA OTNV AY0RA, AAAS ATOPAGICUUE VO YENOUOTOLAGOUKE TO

Olympus Laparoscopes HD xou SiodCovtog Tig AETTOUEREIEC TOU TEOIOVTOC, BLATIOTWVOUUE

7 7 7 Z 7. 7. e
oTL 0 eheliepog YWEOC Yia TNV Tomo¥ETNoT TwV dext®y eivon 10 exatooTd.

‘Etot, yenowonowwvtog to Iudaydeeio Yempnua Beloxoupe tnyv axtiva Tng ogaipac otny

omola eivar TpocoapTnuévol OAotL o 6 delxteg. Edv opicoupe o a = 10 exatootd oto Lyfua

1.213', téte Yo €youpe Ty axdroudn egiowon:
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a> =r*+r* = 102 =2r? = 7 =7.071cm = 0.07071m. (1.47)

Onodte o 6 onuela Yo avixouv oe pio ogaipa ye axtiva 0.07071 pétpa, 6Twe Tapovatdletal

oo Myfua 1.22.

1.6cm .
y

o

10cm
(o) TepeTpid YopoxTneLoTixd yio (B") Anbéotaon avdueoso oe xdde modnTd
TNV XATOOXELY] TOU JelxTy). opalpa otn Bdon tou nplopartoc.

Yyfuo 1.21: H yeouetplo Twv Baoinmy SeixXtmy.

r=7.071cm

Eyfuo 1.22: To tehxd mplopa eyyeypauuévo otn opalpa oxtivag 0.07071 yétpwy.
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‘Eneita ool emBeBaidooye OTL 0TN VEX UAS CUPWS OPLOUEVT opalpa UE TN YEHOoT TWV
alyopiduwy Bedtiotomoinong Gradient Descent, Adam Optimizer, xodopiler mdAl mwe ta
ONUELS TTOL 081 YOUV GTNY ENAYICTOTOMNOT TWV CPUAUATWY AVAXOUV GE TELY VXS Tplouata,
TEOYWENOUUE OTOL TEAEUTALOL LOIC TIELGUOTA OTIOU ONUoLEYioOUE 2 VEoug ahyopliuoug.

O npwrog enéheye 6 Tuyaia onueio Tne opalpac mou oynudTlay TELywVixd Telouato oTNy
ETLPAVELS TNG, EVG 0 OeLTEPOG EMEAeYE 6 eviehws Tuyalo onuelo TN ogalpag. ‘Etol Aowmdv
onuovpyfooue 1000 doxwwée pe Tuyaleg emAoyéc onueiwy and toug 8o alyopiuoug xou
ouyxplvoue to tehxd Root Mean Square c@dhya mou €dvay. e xdie enavdhndn tou mel-
eduatog auToL xaTohfyoue xat TdAL Twe To Root Mean Square Xgdipa twv onuciwv tou
TELY WVIXOU TEloUATOg NTaY XEOTERO amd autd TNE Tuyalag emAoyAg onueiny and T opalpa.

H Biagpopd twv opahudtwy ot pixel xou oe pétpo QaiveTon Topaxdte:
E€RMS,prism ~ 1674.07611847 pr = eRrnSprism ~ 0.442933 m,

€RMS,sphere ~ 1721.83215184 px = eRum S sphere = 0.455568 m.

Tavtdyeova mpayuoatomofjooue xou 100 Soxuég avd melpoua 6mou cuyxplvoue 6 Tuyaio
onueior Tou avixouv ot ogalpa xou oynuatilovy Terywvixd Tplouata ye 6 Tuyalo EVIEAMS
onuelor g ogalpag xde opd. o xdie éva and o 100 chvoro onuelnv mou Slahéyoue
CLYXEIVAUE ToL GQINIATA TEPLOTEOPNS X0 PETAPEUCTC TWV TUY WY ONUEY TNG caipag X
TwV onuelnv Tou TetywvixoL mployatog. o vo AdBouue Tor opdiota ouTd AL TeocUETUUE
1000 Betyyata I'taouctavol Yoplfou pe tumxn andxion 4 xou yéon T 2 ota pixel g
exovog xou Aowfdvaue to Yoo 6po xdde @opd, yior uPnioTee axp{Bela oToug UTOhOYIoUOUS
o

Tao amoTEAEGUOTA YOG QOVOVTOL YIoL TN CUYXELOT| TWV GQUMIATLY PETAPEUCNC OTO Ly
1.23 xou yior T 0UYXELOT TWV CQIUMNIATOY TEPLOTROPHC 0T0 Uy rua 1.24. Eivon wiaitepa onuo-
Vo Toe 010 93 % TV Teptntdoeny To Tuyaio onueio elyav uPNAOTERO GPEAUL UETAPpUOTC,
evd 010 97 % twv Tepntdoewy o Tuyoka onuela elyay xoa LPNAGTEPO GPEAUL TERLC TEOPNHC.
LUyrplvovTag AOLTOV, XATAAHYOUUE WS 1 ETLAOYT ONUEIDY TELYOVIXGV TEIoUdtwy Blvel ot
CUVTELTTIXY TAEIOVOTNTA TWV TEQITTOOENY UXPOTEQN TOANLATAL.

Y1 ouvvéyewa mpaypatonotoade To (B mewpdpator e 100 Selypato yior vor Bpolue Tig
OYEOES TWV ONUEIDY TELYWVIXOY TELOUATWY KXol TV TuYolnV ONUElwY Ue TO GPIAUL ETOVI-
mpoPohrc. ‘Omwe elvan opatd and to Lyrua 1.25, o Slatdéelc onueiwy Tprywvixol mployatog
0dnyolv 6710 90 % TV Soxtudy 070 EAAYIGTO B@dAUo ENaVaTEoBoAAC OE OYECT UE TIC TUYES
TPAYOUEVES DLATAEELS ONUEIWY TPaipaC.

Y1n ouvéyela, urtohoyilouue To UECA GHANUNTA GTY) UETAPEATT), TNV TERLOTEOPY Xl TNV
enavaneoPoin, v autd ta 100 clvoha onueiwv ogaipag xon 100 clvora mploudtwy. e
% TEOCOUOIWOT TOU EXTEAEGTNXE, TA UETPOVUEVA HECH CPIAIATO TV DATAEEWY ONUElWY
opalpag, ftay LYNAGTER ATO Tl UEGO CHANIATO TWV OLATAEEWY ONUEDY TELYWVIXOU TploUaToC,
TapaTENoT N onola emxLp®INXE eniong Y€ow TwV Topamdve oynudtwny. To uéoo opdiuata

mou petpridnxay mapovctdlovton otov Iivaxo 1.3.
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Yyhuo 1.23: Yuyxeivovtog to Lpdhpato Metdgppaong.
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Yyfua 1.24: Yuyxeivovtog ta Lpdipata Hepiotpoprc.
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Measured Mean Errors

Sphere Points Configurations

Prism Points Configurations

Mean Rotational Error [°]

37.8125

9.2809

Mean Error in Translation [%)]

79.0060

14.1995

Mean Reprojection Error [cm]

0.02143

0.02116

Hivoxag 1.3: Méoo Mgdhyato twv dtatdiewy Tuyalwy Ynuelwyv Yealpag xou twv Xnueiwy

Terywvixol Ilploparoc.

Téhog pog €uevay ol Tekeutaleg ouyxploeic, dnhady Tou condition number xou Tou mivaxa

ouvdtoxdpavong Tou Hprr. ‘Onwe goaiveton apyixd oto Xy fua 1.26, oto 97 % tov ouyxplocwy

Ta Tuyoda onuela Tng ogaipac 0dNynoav oe yeyahltepo condition number amd autd TwV

7 7. 7 4 7. 7 Z
ONUElWY TELywViXoL Tplopatog. AvtloTtorya yior Tov ivaxa GUVBLIXOUOVONG To ATOTEAEGHUOTA

o potvovton oto Ly fuo 1.27, 6mou ndht tpoéxude e oto 95 % twv cuyxploewy ta onueia

ToU emAEYOVTAL TUuyaio amd Tn opalpa 00NYOLY O UEYOAUERES TWES TOU, AN AUTEC TWV

ONUELLY TELYWVIXOY TRLOUATOV EYYEYRUUUEVLY GTNY (Bl opalpa.
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Eyfuo 1.28: H tpiobido tatn didtaln onueiwy mou npoteivouue oto Boacixd deintn npocopuo-

ouévn o éva AamapooxoTEL.

1.14 Xvunepdopata

Yy napolon Simhwuatixny eEeTdooE SLdpopa oNuavVTIXd {NTHUAT TOU apopoly GTOV
OTTIXO EVIOTIUOUO AVTIXEWEVWY GTO Ywpeo, oTa ool €xel Tonodetniel Evag Baoixde delxtne.
Apywd mapoucidoope ) BéATIoTN Véom Tng xducpac o oYEoT) UE TO Boaoixd OElNTN xou Xo-
TahhEope e meénel va onpatilel ye autov yovior 90 poledy xou Vo efval 0 XOVTIVH Tou
anéc Too.

Y1 ouvéyelo avalnthooue TIC Slotdelc onuelny Boaoixoy dextodv mou meplopilouy on-
HOVTIXG OAAL TOL GPIAIATOL EVTOTUOUOD, ONAXDY TNG METAPEACNS, TNS TEPLOTEOPNS, TNG EMO-
vompeofolfic xau tov aptdud cuviixng. To onueio autd elyav ) BidTadn evog TELYWVIXOD
nployatoc.

Téhog, epapuooaye to anoteréopata autd o plo Aanapooxominy Xetpouvpyxry Enéufaon
Y10 TOV EVTOTUOHO TOU AATOQOCKOTELOU Xall XATOIANEAUE TNV TENXT BIdTa N TwV ONUEiwY Tou

TpoTelvouue oTa TAXLCLAL AUTAS TNG OLTAWUATIXNAG Xt @aiveTton oTo My Aua 1.28.



Chapter 2

Introduction

In this introductory chapter, the motivation that led to this particular topic is explained

and afterwards the structure of the thesis is analyzed.

2.1 Motivation

Camera pose estimation is a critical challenge in many applications requiring a precise
localization in the environment, such as Augmented Reality (AR) applications, robotics
etc. Moreover, occlusion may be a problem, when a real object appears occluding the
virtual scene. To overcome these challenges, the correspondences between known points
in the environment and their camera projected points need to be accurately calculated
[42]. To achieve that, fiducial markers® are mainly used, which are easily and precisely
detected.

Furthermore, all known space resectioning methods are inherently non-linear and
highly susceptible to noise, when they are expressed in image coordinates. Thus, the accu-
racy of the process depends on the configuration of the marker, which is non-predictable
in applications where a fiducial marker is tracked in the 3 Dimensions (3D) space.

In AR applications, such as the use of fiducial markers in medicine for tracking an
endoscope during surgical interventions, the configuration of the marker is crucial, because
as the errors (e.g., translation, rotation, reprojection) and condition number are decreased,
the accuracy of the process is increased. In other applications, such as Printed Circuit
Board (PCB) for automated equipment, fiducials help the machines to recognize the type
and the orientation of each board.

Every AR method is required to guarantee that it will always augment the scene and
not diminish it; e.g., as AR is based on the absolute alignment of the virtual images
models and the real object (e.g., patient, PCB, robot, instrument). So, minimizing errors
in orientation and reprojection is an important step to improve the AR. Thus, fiducials

can be really helpful in terms of recognizing the position of an object in space.

LAn object with pre-defined size, that appears in the captured image, and is used as a point of reference

or a measure [34]

41
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However, the accuracy of each fiducial can be improved, so it is required to examine
whether there are specific points configurations for the fiducial marker in the 3D space,
that are able to minimize orientation errors.

Pose estimation is one of the fundamentals in computer vision. From target tracking
to parts assembly, the exact localization of the camera and the markers is required. Even
though, there are many previous research regarding algorithms that can solve this problem,
the shape, size and configurations of fiducials and their influence on the accuracy have not
investigated further.

Thus in this thesis, we decide to analyze and test tracking systems, which are usually
fiducial based, and thus, the 3D points configurations of fiducial markers chosen to be
examined.

The main goal of this thesis is the identification of fiducial 3D marker configurations,
which are able to increase the accuracy of the tracking process in a given 3D volume. The
3D point configurations that are better for pose estimation, can be used for localizing and
moving robots.

We also examine the estimation of camera angles or points of view, which are better
for point estimation in a given 3D space. These camera angles or points of view can be
used to better place the robots relative to each other in order to improve the pose accuracy
or relative to a fixed marker in the environment.

Moreover, medical applications, were also examined in this thesis, where these points
configurations can be used for example to detect and estimate the position of medical
devices (e.g., a Laparoscope) during a medical procedure. Furthermore, the camera angles
for better points estimation, can increase the accuracy of the Minimally Invasive Surgery
(MIS).

Image-guided surgery, and specifically Augmented Reality (AR) in Laparoscopic Surg-
eries, are trying to overcome the above challenges, and reports have already shown advan-
tages using AR as a guidance tool. Specifically, laparoscopic AR provides intraoperative
guidance with the identification of subsurface targets and critical structures and displays
cutting trajectories, which are virtualized beforehand. It also helps the surgeon to avoid
mentally match information from different sources to the scene [7]. Laparoscopic Aug-
mented Reality applications are considered more or less successful, however, there are
challenges and limitations, which are needed to be overcame.

Tracking technology is one of the bottlenecks for augmented reality in general. In La-
paroscopic Surgeries specifically, it is required to determine the pose of all intraoperatively
utilized imaging devices (i.e., endoscope), otherwise their position becomes unknown and
the augmentation inaccurate [7].

This manuscript presents our contributions on the field of Pose Estimation, which are

the following:

1. Finding 3D Points Configurations, which minimize errors in translation, rotation

and reprojection, as well as, the condition number of the Hpyr matrix.
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2. Tracking the above errors and estimating the relation between accuracy and the

position of the camera.

3. Applying the above results and estimations, simulating an optical tracking, fiducial-

based system, to track an endoscope in a Laparoscopic Surgery.

2.2 Structure

This thesis is organized as follows:

e In Chapter 3, basic definitions and principles of this thesis are presented, as required

fundamentals.
e In Chapter 4, the setup for this thesis simulations is explained.

e In Chapter 5, we analyze our results, solving the Perspective-n-Point problem in
spherical coordinates. Moreover the error covariance ellipsoids for different camera

poses are calculated and explained.

e Chapter 6 consists of our experiments and results, in the identification of 3D point

configurations, which are minimizing errors in translation, rotation and reprojection.
e In Chapter 7, current applications of fiducial markers in Laparoscopy are presented.

e In Chapter 8, we apply our previous results for 3D Points Configurations simulating
a laparoscopic surgery. Specifically, we use those results to improve the accuracy in

optical tracking in MIS.
e Chapter 9 concludes this thesis and presents future outlook.

At the beginning of each Chapter, a summary of related works is analyzed, as a preliminary

to our research.






Chapter 3

The Fundamentals

In this Chapter, we discuss some necessary preliminaries which will be used throughout
this thesis. Starting from the definition of fiducial markers, a Camera Model and the
calibration technique, then, the DLT, which is the main algorithm used in the thesis
is analyzed. Finally, the estimated errors in orientation and the condition number are

introduced.

3.1 Fiducial Markers

A fiducial marker is an object that can be made of gold, carbon or polymer and its size
may varies depending on the application [34]. It is placed either into or on the subject we
captured during the image production and can be one or more marks in the reticle of an

optical instrument. The main criteria to develop a fiducial marker [18] are:

1. Robustness: Markers must be robustly detectable (i.e., under varyinglighting con-

ditions).

2. Precision: The precise position of a marked object within an observed scene is

provided.

3. Distinguish-ability: The ability of a tracking method to be scaled accordingly to the

requirements imposed by the specific application or scenario.
4. Economic Feasibility: The need for cheap and easily producible markers.

Its shape and dimensions are well-known before its application and it is often used
to define references in world coordinates which can be easily detected in camera images.
Afterwards, using algorithms to solve the pose estimation problem we can find the camera
position (translation and rotation) in world coordinates [28].

In AR applications, fiducial markers provide a useful tool to the integration between
the real world view and the synthetic images that augment it. Generally, a fiducial marker
system is composed by a set of valid markers and an algorithm for their detection, and

possibly correction, in images. Such a system can be used in many applications related

45
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(a) Planar fiducial markers [18].
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(b) 3D fiducial marker system [15].

Figure 3.1: Examples of fiducial markers.

to computer vision, that require tracking and localization (e.g., visual inspection, object

recognition, camera calibration and passive navigation).

Focusing on biomedical applications and more specifically in AR in laparoscopic surg-
eries, fiducial markers are really helpful to solve tracking problems, as there is a need
for more advanced visualizations that can enhance the view to include information below
the surface of the organs (i.e., palpate vessels, tumors, and organs during surgery) for

planning of the procedure and for control and guidance during treatment.

In Figure 3.1 there are examples of fiducial markers, which are used for camera pose
estimation in several applications. Specifically, Figure 3.1a shows different types of planar
fiducial markers, while in Figure 3.1b, an application of 3D fiducials in Laparoscopy is

presented.
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3.2 Camera Model

In order to perform metric measurements with a camera, its extrinsic! (R, t) and
intrinsic? parameters (K) need to be known. Extrinsic parameters define the location and
orientation of the camera, while intrinsic parameters allow a mapping between camera
coordinates and pixel coordinates in the image plane. Camera model in general is a
mapping from world to image coordinates.

In computer vision, it is important to use the right frame of reference, i.e.,that mea-
surements are made with respect to a particular coordinate system. As there are plenty
of coordinate systems, in terms of a real object analysis, appropriate transformations are
needed to convert each system to another. Specifically, the systems are the following [11]:
1. Homogeneous coordinate system?® (u, v); measured in px.

2. Image plane coordinate system* (x, y); measured in m.
3. Camera coordinate system® (X, Ye, Z.); measured in m.
4. World coordinate system® (X,,, Yy, Z,); measured in m.

Image points are expressed either in image plane coordinates (x, y) or in homogeneous

coordinates (u, v), which were chosen in this thesis. Thus, image points are written as

follows [20]:

»
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Moreover real world 3D points are expressed as follows [20]:

Xuw

Yo

Z
1

X = (3.2)

A camera model is presented in Figure 3.2. The image points are projected in the focal
plane, and they are discretized in pixels in the image plane.

K is an upper triangular matrix, contains 3 different parameters (focal length, image
sensor format, and principal point) and can be calculated through camera calibration [20].

The equation for the K is:

fr s up
K=10 fy Vo | » (33)
0O 0 1

!Camera’s pose on the world.

2The internal parameters of a camera.

3A coordinate system that measures pixel locations in the image plane.
4A plane on which the image is formed.

5A coordinate system that uses the camera center as its origin.

A fixed coordinate system for representing objects in the world.
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Figure 3.2: Camera model.

where s is the skew”, ug and v are the coordinates of the principal point offset®, while £,
and f, represent focal length? in terms of px.

Additionally, the extrinsic camera parameters are expressed using: Rs.s, which rep-
resents the rotation (i.e., rotates corresponding axes of each frame into each other) and
t3z1, which represents the translation (i.e., defines relative positions of each frame).

Using these matrices the position of the camera center (C) expressed in world coordi-

nates can be estimated as [20]:

C=-R't=-Rt. (3.4)

Knowing the world coordinates of an object, as well as, the extrinsic and intrinsic param-
eters of the used camera, we can find the pixel coordinates. To achieve that a projection
matrix P= K[R | t], is used [20], with R and t being the Rotation and translation ma-

trices. Then image points can now be found as:

x=P X. (3.5)

" Axis skew causes shear distortion in the projected image [26].
8The ”principal point offset” is the location of the principal point relative to the film’s origin [26].
9Focal Length is the distance between the pinhole and the image plane [26].
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Figure 3.3: The Pinhole Camera Model.

3.3 Calibrating Camera

Camera calibration is a geometric process [12], that estimates the parameters of lens
and image sensor of an image or video camera (e.g., focal length, skew). It is also called
camera resectioning. All the parameters, which are calculated through the calibration, are

used to minimize lens distortion or determine the location of the camera in the scene.

Camera calibration is required for solving the pose estimation problem, but also in
3D scenes reconstruction. Through this geometric process all the parameters, which are
needed for the final K matrix of the camera are estimated. In this thesis, we assume that

the used camera is calibrated.

3.4 A Pinhole Camera

A real pinhole camera [5], has a shape of a closed box with a single small opening
(pinhole) and due to the rectilinear propagation of light, a reversed image of the outside
space on the opposite side of the box is created. The pinhole diameter is depending on

the focal length and the wavelength of light.

In a pinhole camera both f, and f, from the equation (3.3) have the same value, the
principal point is defined as the centre of the image plane and the skew is considered zero.

A pinhole camera model, is shown in Figure 3.3.
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World Reference Frame

Camera Reference Frame

Figure 3.4: Camera Pose Estimation.

3.5 Camera Pose Estimation

”Pose estimation is a problem which found its origin in photogrammetry, where it is
known as space resection” [29].

Both in computer vision and robotics a crucial challenge is to identify objects in an
image in relation to their orientation in the real world, 7.e., from image coordinates to real
world coordinates. In terms of pose estimation, both position and orientation must be
identified, as this information is being used to navigate a robot, such as a surgical robot
[11].

Image data can either be a single image, a pair or sequence of images. In this thesis,
we decide to use a single image that is captured by a single camera. Moreover, the real
world objects may be anything, e.g., a whole human being, just a hand or even a finger.

The pose of the camera is measured, by using two different matrices. The first one
describes the rotation and the other the translation as shown in Figure 3.4.

Camera’s pose can be estimated with several algorithms, such as: Efficient Perspective-
n-Point (EPnP); EPnP Iterative. In this thesis, we decide to use the Direct Linear Trans-
formation (DLT) algorithm.

3.6 Perspective-n-Point

PnP is the problem of estimating the pose of a calibrated camera given a set of 3D
world points and their projected 2 Dimensions (2D) image points [41]. The analysis of

the equation (3.5) for the perspective project model for cameras, in addition with the
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equations (3.1), (3.2) and (3.3) gives:

Xuw
u fo s wo| |[Rip Ri2 Rix |t v
plv]| =10 fy, w| |R21 R22 Ra3 |to Zw ; (3.6)
1 0 0 1| |Rs1 Rs2 Rsz |ts] | .°
—~— ~ 1
X K Rt N—
X

which is called the PnP problem model.

The camera pose consists of 6 Degrees-Of-Freedom (DOF) depending on Rotation and
translation of the camera with respect to the world coordinate system.

The problem stems from camera calibration and has a variety of applications in robotics

as well as in computer vision (e.g., 3D pose estimation, AR).

3.7 Direct Linear Transformation

DLT is an algorithm that determines the orientation (rotation and translation) of a
single image without knowing the camera parameters a priori. DLT requires at least 4
points to operate in 2D cases and at least 6 points for 3D cases, as the “Gold Standard”
algorithm developed by Hartley and Zisserman determines [20].

In case of applying 3D worl-points on the DLT, 6 different pairs of equations are created

as shown below [8]:

_mooXi + mo1Y; + mo2Z; + mo3
© T mgo Xy + ma1Yi + maaZ; + mas
_mioXs + muYi +miaZ; + mas
© T mgo Xy + ma1Yi + moaZ; + mos

The equations (3.7) and (3.8) lead us to the following homogeneous set of equations:

Xz' Y; Zl 1 0 0 0 0 —uiXi —uiYZ- _UiZz’ — U4 mo 0
0 0 0 0 Xl )/7, Zl 1 —UZ'Xi —UiY;' —UiZZ' —; mi
X, Y, Z, 1 0 0 0 0 —u,X, —u,Y, —u,Z, —u,| |mio 0
0 0 0 0 Xn Yn Zn 1 —Uan —UZ‘Yn —viZn —Un mi1
L d L . L
A m
(3.9)

To solve that system of equations we take advantage of the Singular Value Decompo-
sition (SVD) [2] of the A and we find the m (12x1), as the last column of the V vector
of the decomposition. Then we resize m to find the final Hpyp, from which we extract
afterwards the R and t.

If noise is added to the image pixels, a normalization is required before applying these
points on the DLT. According to [20], 3D reference points should be normalized so that
their centroid will be at the origin and their Root Mean Square (RMS) deviation from
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origin will be v/3. For 2D imaged points the normalization is the same but the RMS
deviation is v/2.
DLT is a method, which is often used to solve the PnP problem.

3.7.1 Extracting the Rotation R

R is extracted from the first 3 columns of the final Hpprr matrix [27]. Knowing al-
ready the K matrix from the calibration of the camera, a QR factorization [39] is needed
to estimate the Rotation matrix. So, HppT matrix is analyzed as:

Hprras = KR — Hbp. = (KR)T = R'K”

.- .. AT .
The QR decomposition is implemented so that R K? = QB, where Q is the transpose
of the Rotation matrix we wanted to extract. Thus, the final Rotation 3x3 R is given by

this equation:
R=QT. (3.10)

3.7.2 Extracting the Translation t

In order to find the estimated translation, the calculation of the camera center is
required. Hppr matrix encodes all the necessary camera parameters. According [8] there
is a formula to find the camera center. If we analyze the final matrix from DLT as Hpyr

= [Q | b] the camera center is:

C= (3.11)

—Q_lb
| .

Then, the equation (3.4) is used and after finding the R' and the camera center C, the t

is calculated.

3.8 Pose Estimation Errors

After applying the world- and image-points on the DLT the estimated rotation and
translation matrices are extracted. Thus, the errors between the real values and the

estimated ones can be measured.

3.8.1 Rotational Error

The Rotational Error (RE) is expressed in degrees and is defined as the minimal Rota-
tion needed to align R to R. It is obtained from the axis-angle representation of the RTR
[21]. The RE is estimated as:

RE = RR!, (3.12)
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and to measure the final axis-angle, expressed in degrees, the following equation is used:

trace(RE) — 1> ' (3.13)

axis-angle = arccos ( 5

3.8.2 Translation Error

The relative Translation Error (TE) is expressed as a percentage (%) and it is given
by this equation [21]:
TE = [[E — ¢, /|| ¢, 100% (3.14)

3.8.3 Root Mean Square Error

RMS error, is defined as the root of the mean of the squared absolute errors. It is an
absolute error measure and it calculates the error relative to a known ground truth value

[6]. The RMS error is given by the following equation:

N
1 .
eRMS = NE lyi — uil%, (3.15)
=1

where y; is the observed value for the it" observation and ¢; is the predicted value. The

RMS error is measured on the same scale, with the same units as y.

3.8.4 Reprojection Error

The Reprojection error is a geometric error corresponding to the image distance be-
tween a projected point and a measured one. It is used to quantify how closely an estimate
of a 3D point recreates the point’s true projection [20].

It can be measured by denoting the Euclidean distance between the x and X of the
image, as defined in (3.1). % is calculated, using P = K[R/f] instead of the real extrinsic
parameters and as it is expressed in px we need to convert it to find the final error in m.

Euclidean distance for each point is measured and then, the Reprojection error is the
sum of those distances. If no noise is added to the image points the Reprojection error

will be almost zero. To find each distance the following equation is used :

n
Distance = Z V(g —05)2 + (v — ¥;)2, (3.16)
i=1

where n is the number of image points.
The final Reprojection error is measured in px and thus if we need to represent it in meters

we should first converting px into m.

3.8.5 Condition Number

The condition number measures how sensitive the answer is to perturbations in the

input data and to roundoff errors made during the solution process [31].
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As some matrices are very sensitive to small changes in input data, the extent of this
sensitivity is measured by the condition number. Hence, condition number of one random

A matrix is:

Relative Error of Output
d(A) = 3.17
cond (4) = max ( Relative Error of Inputs ) ’ (3.17)
or it can be also expressed as:
condition number = HA_IH || Al (3.18)

The accuracy function is depending in general on extrinsic and intrinsic camera pa-

rameters, planar marker, camera pose and also the condition number, as showing below:

Accuracy= f(K, R, t, marker size, condition number).

3.9 Covariace Matrix

A covariance matrix give us the direction of the linear relationship between variables.

It is a square matrix, often used in probability theory and statistics, given by the equation:

! > (Bi - Bi)(Bi - B), (3.19)

i=1

Z =
B n—1

where B; is a set of data that we examine and B; is the mean of this dataset [23].

The covariance matrix can be used to estimate the error covariance ellipsoids.

3.10 Error Covariance Ellipsoids

A confidence ellipsoid allows the visualization of a selected confidence level. In general

an ellipsoid is defined by the following equation:

2 2 2
oyt oz
a> v 2 b (3.20)

which leads to the covariance ellipsoid equation:

2 2 2 , 22 2 2
+ =+ =5 = + + =1, 3.21
Az sevV Az sey/Ay  seV (3:21)

‘ <

te b
>

Y

where Az, Ay and )., are the eigenvalues of the covariance matrix and sc is the scale
related to the confidence level of the ellipsoid.
The relation between confidence level and the scale sc in the different dimensions,

according to [6], is presented in the Table 3.1.
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Confidence Level DI )
imensions
25 % 50% 75% 95% 97 % 99%
0.10153 | 0.45494 | 1.3233 | 3.84146 | 4.70929 | 6.6349 | n =
0.57536 | 1.38629 | 2.77259 | 5.99146 | 7.01312 | 9.2103 =
1.21253 | 2.36597 | 4.10834 | 7.81473 | 8.94729 | 11.3449 =
Table 3.1: Relation between scale and confidence level in different dimensions.
Furthermore, the principle axes of the ellipsoid have length, which is given by:
l; =sc\/ Ay, Yi=1,2,3 (3.22)

3.11 Back Propagation

Back propagation algorithms are used to train networks (e.g., neural networks), fol-
lowing a gradient descent approach. Back propagation is showing whether a prediction
was mistaken or not.

Back propagation algorithms update the the weights to improve the network until
it is able to perform the task for which it is being trained. At the beginning, weights
are randomly initialized and by a default loss function, which measures the discrepancy
between the expected output and the actual one, the weights are updated and the network
is trained [35].

In other words, Back propagation takes the error associated with a wrong guess by
a neural network, and uses that error to adjust the neural network’s parameters in the
direction of less error [32].

In this thesis Back Propagation techniques are used to solve optimization problems,

with the condition number being the optimization objective.

3.11.1 SuperSAB Algorithm

The SuperSAB algorithm is an acceleration strategy for error back propagation learning
[37]. It works as shown below in algorithm 1, to estimate the factors and weights in order
for the network to be well trained.

The step of the SuperSAB is changing only when the derivative of a weight has changed
its sign. Then the step is decreased as far as it does not cause any change at the weight
derivative’s sign.

Where, stepgiart is the starting step, ngiart is the starting factor, ngecrease is the decrease

factor, w; ; is each weight.

3.11.2 Gradient Descent

Gradient Descent is a first-order iterative optimization algorithm, which enables to

calculate the local minimum points of a function [36]. At first a random point of the
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Algorithm 1 SuperSAB

Input : stepstart; Wi j, Ddecreases Dstart

Output: Estimated n factors

1. Initialize all values for n; ; < ngtart

2. Do Back Propagation with stepgtart

3. while dw; ; 4 0 do
k+1

4. ’I’Li,j < Ndecrease + N

k
i?j

end

5. Undo the previous weight update

k+1 k
6. niJ’ < Ndecrease ~ ni,j

function is chosen and the evaluation of the gradients begins by following the negative of

the gradient of the function until a local or a global minimum is reached.

In each evaluation(iteration), there is a specific rate, called learning rate, which is set
as the size of every step. If this rate is small we move along to the direction of the negative
gradient. Moreover, a cost function is estimated, which shows the accuracy of the function
to predictions. It is often used in machine learning in order to update the parameters of
a model [10].

In Figure 3.5a there is an example of the Gradient Descent in a 2D case problem. In
the 2D case the learning rate is evaluated in dependence of x and y axis and the selected
point is changing in every iteration until no changes are caused, meaning there is a local
or a global minimum. As we can see from the length of the step vector, it is changing
according to the learning rate. Moreover, in the 3D case, which is shown in Figure 3.5b,

the learning rate depends on x, y and z axis.

JW,b)

(a) Gradient Descent in 2D Case [4].

Figure 3.5: Gradient Descent Optimization.

(b) Gradient Descent in 3D Case [10].
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3.11.3 Adam Optimization

Adam optimizer, which is an optimization algorithm, extension to stochastic gradient
descent, that can be used instead of the classical stochastic gradient descent procedure to
update network weights iterative based in training data [25].

Adam has four configuration parameters:

e alpha: Learning rate or step size

e betal: Exponential decay rate for the first moment estimates

e beta2: Exponential decay rate for the second moment estimates
e epsilon: Small value preventing division by zero

Both betal and beta2 are required as Adam, instead of adapting the parameter learning
rates based on the mean of the first moment, makes use of the mean of the second moments
of the gradients [9]. A learning rate is also often used in Adam, which is maintained for

each parameter and separately adapted as learning unfolds.

3.12 Euler Angles

The Euler angles are three angles, which describe the orientation of a rigid body with
respect to a fixed coordinate system. They are also used to represent the orientation of a
general basis in 3D linear algebra.

These three angles can be found from the original Rotation matrix R, that was defined

in the Camera-class, as follows [6]:

R
a = arctan —>2, (3.23)
R33
b= —arcsin R3 1, (3.24)
Ry
c = arctan ——. 3.25
Rix (3.25)
These angles are used to find the Rotation matrix expressed by Euler angles as shown
below:
10 0
R,= |0 cosa -—sinal, (3.26)

0 sina cosa

[ cosb 0 sinbd]
R, = 0 1 0 |, (3.27)

|—sinb 0 cosb]

[cosc —sine 0]
R.= |sinc cosc O0f. (3.28)
0 0 1
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Using the matrices R4, Ry, and R, we obtain the Euler Rotation matrix

REuler = RcRbRa- (329)

3.13 Gaussian (Normal) Distribution

The Gaussian distribution is used in many engineering and optimization applications

and is defined by applying the following values [3]:
e Mean (u): the square root of the variance,
e Standard deviation (0): the average deviation,

on the equation:

fx(z) = U;ﬂe(“)” 2% Wz € (—o0, o0) (3.30)

Base on this equation, the Gaussian Noise is defined, as a statistical noise equal to the

Gaussian distribution. The Guassian noise is represented as: X ~ N (p,0).

3.14 Convert Cartesian to Spherical Coordinates

The Cartesian Coordinates (x, y, z) can be converted to Spherical (r, a, (3), using the

following equations:

a= arccos(i), (3.31)
r

8= arctan(g), (3.32)
x

Pl (5.3

where r is the radius of the sphere or radial distance, « is called inclination or polar angle
and it is limited from -90 to 90 degrees; [ is the azimuth or azimuthal angle and it is

limited from 0 to 360 degrees.



Chapter 4
Simulation Setup

In this Chapter, the fundamentals that were analyzed before are applied to our specific
simulations, executed for this thesis. Starting by setting values of the matrices for the
camera model, then the real-world object is defined. Thereafter, the DLT algorithm, that
is used for the 3D case is analyzed and the measured pose estimation errors are explained.
All of the algorithms and function, which are developed for this thesis are available in
Github following this path: /D1vt/DLT3D/Python.

4.1 Camera Model

In this thesis, we use a Camera-class, by defining a pinhole camera model along with
its extrinsic (R, t) and intrinsic (K) parameters. However, our pinhole camera model,
does not include, geometric distortions or blurring of unfocused objects.

Starting with defining K matrix:

800 0 640
K=|0 800 480],
0 0 1

where ug is 640, because the image plane’s width is defined as 1280 px, while vg is 480, as
the image plane’s height is set 960 px. The above K matrix is used in every simulation
that will be presented from now on in this thesis.

Afterwards, the rotation and translation matrices are defined as follows:

1 0 0
R=|0 -1 —2.3512749 x 10716 | |
0 2.35127499 x 10~16 -1
0
t = |1.1756375 x 10716
0.5

The camera model, which is expressed from the above matrices, is placed on the top of

the marker.
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4.2 Sphere Real-World Object

All real-world points in this thesis, belong to a specific sphere with a radius of 0.3 m.
This radius was chosen as it is needed to be guaranteed that every possibly selected world-
point, will be able to be projected in the specific image plane, with a width of 1280 px
and a height of 960 px.

A class is developed that creates a sphere, and has many different function (e.g., to
rotate it, change its color or its origin). Randomly points can also be selected from this
sphere, using the algorithm, that takes as arguments the number of random points we want
to generate (the default number is 6), the radius of the sphere, the minimum distance that
we want the points to have from each other. There is also a Boolean variable argument,
which is called periphery and it determines whether the points will be randomly selected
from the sphere or only from the periphery of the sphere. The algorithm that creates the

real-world points is shown below 2:

Algorithm 2 Sphere Points Selection
Input : points, periphery, min_distance, radius
Output: X = [X;,Y;, Z;, 1T Vi=0, 1, 2, ..., points
1. if periphery = True then

| 2. Dor « radius

end

3. else
| 4. Do r « random number € (0, radius)

end

5. while 7 < points do
6. Select random a € (-3, )

7. Select random S € (0, 2m)
8. Find X using the equations (3.33)
9. i¢<1i1+4+1
10. Find Euclidean Distances between this X and each previous X using the equation
(3.16)
11. if Fuclidean Distance < min_distance then
12. Remove this X
13. i«i-1
end

end

An example of 1000 randomly selected sphere points, which are generated from the
function mentioned above is shown in Figure 4.1. The pose of the camera, which is looking
straight down into the sphere model is also presented in the same Figure. To create this

plot, the mayavi python tool was used [33].
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Figure 4.1: Plot 1000 random Sphere Points using Mayavi.

4.3 Using Direct Linear Transformation to the Perspective-

n-Point Problem

In this thesis, we are working on the 3D space, so we use 6 randomly selected real
world points for our experiments. All these points belong to the same sphere plane with a
radius of 0.3 m. Thus, from the previous defined sphere, these points are selected in each
one of our tests.

After the points selection, we calculate their projected image points expressed in ho-
mogeneous coordinates (u, v). Then, these points are applied on the algorithm, which is
shown below in 3 and the final Hpyr is calculated. As in many cases a normalization is
required before applying the points on the DLT, a cross-validation of whether our points
are normalized or not is needed. If they are normalized, a denormalization is required to
the Hpyr matrix in order to find the final one, that will be used to extract the R and £

matrices.

4.4 Pose Estimation Errors

We use the pinhole camera-class and we randomly select 3D world points, belonging to
the sphere plane mentioned before. Using these points we estimate their projected image
points and we apply them on the DLT algorithm to calculate the f{7 t.

Afterwards, we measure the translation and Rotation errors between ].?{7 t, estimated
from DLT and the real ones. The Reprojection error is also measured, as it is required for
the image resection, as well as the condition number of the covariance matrix of the Hpyr.

The error covariance ellipsoids for different positions of the camera are also measured.
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Algorithm 3 Direct Linear Transformation

Input :X =[X;,Y;, Z;, 1|1, x = [u;, v, 1]T
Output: HDLT

1. if Normalization is needed then
| 2. Do normalize X, x

end

3. fori=M do
| 4. Create A applying each X, x in the equation (3.9)

end

5. Decompose A, using SVD, into UDVT

6. Minimize ||[Am)|| by setting m < last column of V

7. Reshape m from 12x1 into the 3x4 Hppr final matrix
8

. if Normalization was required at the beginning then
| 9. Do denormalize to find the final Hppr

end

Moreover, as this thesis goal is to find the configurations of points that lead to the

minimum orientation errors, the condition number of Hppr matrix is measured, as the

“well-conditioned” matrices lead to decreased errors.



Chapter 5

Analyzing PnP in Spherical

Coordinates

In this Chapter we express the R and t camera matrices using spherical coordinates,
in order to find the covariance matrix for detecting the marker. Then, we examine the
relation between accuracy and camera’s distance from the marker, as well as, the relation
between accuracy and the angle view of the camera. We also calculate the covariance error

ellipsoids for different positions of the camera.

5.1 Preliminaries

In [6], the accuracy of monocular tracking has been examined. Even though, there are
not any tests for the marker detection, which is the main part of this thesis, it analyzes
the geometric setup of the marker and the camera and uses the error covariance matrix
to estimate the accuracy.

Using a pinhole camera model, always centered towards the origin where the marker
is placed and assuming that the camera parameters are all known without error, the error
covariance matrix is calculated.

As concluded, the markers should be positioned in such a way that the camera can
look at the marker at a certain angle view and not frontal. Those results were also verified
using Monte-Carlo simulations.

The dependence of accuracy on the camera’s distance from the marker was also an-
alyzed. It was found, that the positional error of a monocular tracking system increases
more than linearly as the distance increased.

Hence, we also test all the above, in our simulated case, where the marker points are
belonging to the sphere class we defined. By expressing the camera extrinsic parameters in
spherical coordinates, we find the covariance matrix, which is used for the error covariance
ellipsoids. Additionally, the relation between the condition number and the angle view, as

well as, the dependence of the distance on the condition number are also examined.

63



64 Chapter 5. Analyzing PnP in Spherical Coordinates

5.2 Covariance matrix for detecting the marker

Using the same pinhole camera model as described before, we assume that all the
camera parameters are known and defined in our class without errors, and the target is
fixed, while the camera is moving on a sphere with a specific radius r. We are now defining
12 nonlinear camera equations based on the equation (3.5), since the DLT algorithm needs

at least 6 points to work properly [6]:

Then, random Gaussian noise, with a standard deviation of 4 and a mean value of 0, is
added to each of the x;, y;, pixel coordinates in those nonlinear equations.

So according to [6], without loss of generality we parameterize the extrinsic camera
parameters using three parameters «, 8 and r, representing the pose of the camera related
to the marker in spherical coordinates, as shown in Figure 5.1. Thereafter, o, 5 and r are
calculated by converting Cartesian to spherical coordinates, using the equations (3.33),
where x, y, z are defined by the world position of the camera.

Afterwards, we use the K camera matrix as defined in 3.4, and the R, t matrices,
converted in spherical coordinates. Then, the derivatives of «, 5, r are calculated, to be
used for measuring the Rotation and translation matrices to find the Jacobian matrix of
the q, as defined in equations (5.1). To find the specific ag, So, 79, where the Jacobian
matrix will be evaluated, we need to calculate the xg, yg, 2o by estimating the global
position of the camera.

Hence, we have to find the dot product of Rt and the vector [0, 0, 0, 1]7. Then, x,
Yo, 20 are the rows of the dot product and using the equation (3.33) the «ag, Po, ro are
calculated.

Thereafter, the Jacobian matrix of the q evaluated at aq, B, r¢ is estimated as:

0q

j - _ 9 c §R2n:{;3’ (52)
a 8(047/87 7’) a=og, B=Po, r=ro

where n is the number of selected points, and thus, our final Jacobian matrix € R2%3.

To find the derivatives of q, we need to calculate separately each of the 12 non-linear
equations. In each equation only the P matrix is affected by the «, § and r, so it is the
only matrix that we need to analyze and find its derivatives.

P is analyzed as: P = K[R]t].

However, K matrix does not depend on the parameters o [ , r. Thus, to find the
Jacobian of q, it is only required to calculate the derivatives of the Rotation and the

translation matrices.
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Figure 5.1: Navigation of camera on spherical coordinates.

By setting [(R)[(t)] = (Rt), the equations in (5.1) are now analyzed as:

1

ui =—K(Rt)z;, Vi=1,2,...,6, (53)
Pi
1

vi =—K(Rb)y;, Vi =1,2,...,6. (5.4)

(2

Thereafter, to find the final Jacobian matrix we need to calculate the derivatives only for
the (Rt) of the equations (5.3) and (5.4), as shown below:

Gui 1 8(&)spherical
- :iK—fL’Zv 5-5
8(0&, ﬁa 7") Pi 8(0&, B7 ’l“) ( )
81;1» 1 8(&)

o B o e B0 (5.6)

The final (Rt) matrix will have the following format:

(Rt) = @3;&5 |@3m1

Therefore, the problem can be addressed by estimating only the (R) and the (t). The
(R) is the dot product of the Rpyjer, as defined in equation (3.29), and the rotation R,

as shown below:

cosffcosa —sinf cosfBsina
R;= |sinfScosa cosB sinfsina (5.7)

sin o 0 COS «
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and the required derivatives are:

—cosfBsina 0 cosfcosa

OR
o —sinfsina 0 sinfBcosal, (5.8)
cos @ 0 —sin«
—sinffcosa —cosf —sinfBsina
OR ) .
a5 = | cosBcosa —sinfB cosfsina |, (5.9)
0 0 0
OR
=0 5.10
or ( )

The translation matrix tspherical is given by the following equation:

rsin o cos 3
(t) = Rs(— |rsinBsina|) (5.11)

T COS ¥

Thus, the necessary derivatives of (5.11), can be found using the equations (5.8), (5.9),
(5.10) as follows:

[ sin o cos 8] [ cos o cos 8
) O~ | rsinpsina ) + Ru(= [rsinpeosar ) (5.12)
0~ da rsin 8 sin « s rsin 'cosa .
rcosa | | —rsina
o) OR. [ si.n Q@ c.os ] [—rsino Tc.in I}
- (= |rsinfBsina|) + Rs(— | rcosfBsina |) (5.13)
ap ap
| rcosa | i 0
o) . si'noz C'OS,B -
o s |sinfBsina | . .
CoS

Calculating the above, we find the final Jacobian matrix J,, and we use it to find the
covariance matrix for detecting the marker. Consequently, we compute the Backward

propagation as:

N=JIs 137! (5.15)
which in our case is:

E’UZ'
Yo, g, = | J7 J, | ews (5.16)

q
Y,
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The diagonal matrix was almost similar in every test we did:

Q

[0.062
0.063
0.061
0.062
0.062
0.061
0.063
0.062
0.064
0.064
0.064

0.061

Hence, as the diagonal terms of Yv; have almost the same values in every test we run,
the final covariance matrix Y, g ,, mostly depends on the Jacobian matrices, that are

related to the position of the camera or of the target.

5.3 Relation between Accuracy and the Distance

We also examine the dependence of distance on accuracy. Thus, we use the covariance
matrix Y, g, . Keeping the values of o, 3 stable, we only change the distance r with a
step of 0.2 m each time. Distance r is limited between 0 and 3, as it represents the distance
in m, where a marker is possible to be ”seen” by the camera. Therefore, a marker which
is placed more than 3m away of the camera, can not be captured. Then, we find the
different covariance matrices X, g,  for each of those r distances.

Afterwards, we calculate the condition number of these covariance matrices and we plot
their relationship to the distance as shown in Figure 5.2. Based on the results presented
in the Figure, we concluded that as we increase the distance r between the camera and
the marker, the condition number values are increased as well.

Thus, the covariance matrix is becoming "ill-conditioned” and the orientation errors

in the measurements increased too.
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Figure 5.2: Relation between Condition number and Distance r (X ~ N(0,4)).

5.4 Relation between Accuracy and the Angle View

Thereafter, we use the covariance matrix X, g, , to find the relation between accuracy

of the pose of the camera in marker coordinates and the « angle view. The «a angle is

s
25
coordinates. The step is set 5 degrees and two different plots were produced.

limited between -7 and as is the inclination in every system expressed in spherical

The first one, which is presented in Figure 5.3a shows the relation between the condition
number and the angle «, while the 8 and r are keeping the same values as before, that
are extracted from the world position of the camera. The second one is the Figure 5.3b,
that presents how the derivative of ¥, g , is affected, due to changes in o angle view.

As shown, the a angle view of the camera that causes the minimum condition number
and orientation errors is the 90 degrees angle. The same results can be extracted from
the Figure 5.3b, as local minimum are spotted in 90 and -90 degrees angle view, while the

global maximum is observed around the 0 degrees angle view.

5.5 Draw Ellipsoids to represent errors of X, 3,

The covariance error ellipsoid for an angle view « equals to zero is presented in Figure
5.4a. In addition the covariance error ellipsoid for an angle view « equals to —F or 7 is

shown in Figure 5.4b. To plot those ellipsoids we consider confidence level as 95 % .

Additionally, the covariance error ellipsoids for a variety of a angle views are presented

in Figure 5.5.
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Figure 5.3: Accuracy Depending on the o Viewing Angle (X ~ N(0,4)).
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(a) Angle view a = 0. (b) Angle view |a| = 7.

Figure 5.4: Error Covariance Ellipsoid.

N
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@

Figure 5.5: Accuracy of the pose of the camera in marker coordinates [6].
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5.6 Concluding Remarks

Analyzing the above Figures, which are showing the dependence of the distance r on
accuracy and the relation between « angle view and accuracy, we cross-confirm the results
of [6]. Specifically, we find that the worst position for the camera is to be placed on the
top of the marker, with an « angle of zero degrees. The accuracy is also decreased as we
move the camera further from the marker.

Moreover, calculating and plotting the error covariance ellipsoids, shows that the pose
error tends to be larger when the camera is pointing frontally to the marker. Thus, to be

minimized, larger tilt angles are required.






Chapter 6

Most accurate 3D Points
Configurations for Pose

Estimation

Our goal is the estimation of configurations of points in the 3D space, that minimize
the Condition Number and errors (RE, TE, Reprojection). The equations for all these

errors were mentioned in section 3.8. In such a way, three different methods are evaluated:
i Randomly selected set of points,

ii Gradient Descent,

iii Adam Optimizer.

In this chapter these methods are analyzed and the results and conclusions are ex-
plained implementing each of them separately.

Afterwards, we use the Gradient Descent Algorithm, to see the relation between these
configurations of points in the 3D space and world position of the camera. Specifically,
we evaluate whether changing the position of the camera will affect these configuration of

points (e.g., orientation).

6.1 Preliminaries

Points Configurations can influence the accuracy and robustness of pose estimation.
They also affect the local minimum in the PnP problem.

Thus, in [1], questions are raised, regarding the existence of certain point configura-
tions, that may be able to increase the accuracy by minimizing reprojection and orientation
errors; and whether there is a specific configuration of points, which is optimal for every
camera pose or not.

In [1], 2D Points Configurations were examined, using the standard linear algorithm

for homography estimation, the DLT, as explained in Chapters 2 and 3. To extract the
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final matrix, normalization was required, although it is mentioned that, the noise affection
is independent for each image pixel.

For the estimation of optimal control points configurations, the minimizing of the
condition number of matrix A of the DLT, in terms of all n control points, was selected
as optimization criterion.

World-points were selected from a circular plane with a radius of 0.15m and then
their projected image points were measured. For the optimization the gradient descent
algorithm was selected, with the condition number being the optimization objective. More-
over, in every image pixel 1000 random Guassian noise samples were added and the average
value of each one of them was calculated.

The authors of [1] concluded, that some 2D points configurations increase the accuracy
of homography and pose estimation methods. Specifically optimized points configurations
are driven to distribute in space and the points tend to increase the distance from each
other, while the most common optimal shape for the 4-points 2D configurations was a
square. They also mentioned, that the optimized points configurations do not really
depend on the pose of the camera.

In our research, the fiducial markers and thus, the configurations we examine, are
belonging to the 3D space. Hence, as mentioned, the DLT in the 3D case needs at least 6
world-points to run correctly. Therefore, we decided to expand the above tests in the 3D
case and examine the existence of optimal shape(s) of 6- 3D points. We also compare our
results with the ones extracted from the 2D case.

Finally, as the condition number was proven to be a good optimization objective, we

decide to use it in our optimization algorithms too.

6.2 Random Selection of Points

A Python algorithm is developed as explained in algorithm 4, which gets a N number
as an input, that shows the number of tests, which will be executed. In each test M
random world 3D points are selected, from a sphere with a radius r.

In our simulations, we set M number of world points as 6, in order to run the DLT for
the 3D case. In addition, we use the same sphere plane as in previous tests, with a radius
of 0.3 m.

Then, the projected image points of those 6 real world points are estimated and random
Gaussian noise, with a standard deviation of 8 and a mean value of 2, is added. To improve
the accuracy of our results, in each image point, 2000 random Gaussian noise samples are
added and we keep the average measurement of each pixel.

After normalizing the image and world points, the DLT algorithm is applied on them,
and the Reprojection error, as well as the Condition Number, the RE and TE are esti-
mated. Hence, for every test we run, we compare the condition numbers and we keep the
points configuration, that lead to the minimum one.

At first we set N as 500 tests of randomly selected set of 6-points and we examine
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Algorithm 4 Random Points Selection

Input :X =[X;,Y;, Z;, 1|7, x = [u;, v, 1]7, N, M, r
Output: Final M-Sphere Points Configuration

1. Set Best M-Points 3D Configuration := None

2. Set minimum condition number cond_min:= inf

3. for N iterations do
Get a M random Set of X

4

5. Find their Projected x

6. Add Gaussian noise to x

7. Run DLT as explained in algorithm 3, and find Hpyr
8. Find the Condition Number of Hprr

9

if cond(Hprr); cond_min then
10. cond-min gets cond(Hprr)

11. Update M-Points Configuration := This random Set of X
end

end

whether there is a specific pattern in the 6-points configurations. As we observe, every
time we run these tests, the points that have the minimum errors and Condition Number
tend to be closer to the periphery of the sphere.

In Figure 6.1, there is the set of 6-points, which compared to other 499 6-points
configurations, had the minimum condition number.

In the second round of tests the N is increased from 500 to 10.000 tests, in order
to validate whether the best set of points tend to have a constant geometric location, a
specific optimal shape. Once again, the points with the minimum errors tend to be closer
to the perimeter of the sphere.

Additionally, it is also noticed, that in almost every test, the best configuration of
points looks similar to a triangular prism (truncated®, twisted?, normal 3).

In parallel to the above, Figure 6.2a shows the points configuration, which lead to the
minimum Condition Number after the 10.000 random tests. In Figure 6.2b, it is shown
also the final set of points and the sphere plane, where all the world points are belonging.

However, as the N number of tests is increased, the time needed to execute the sim-
ulation tests in Python is also highly increased. Thus, the maximum number of tests we
run was 11.000, which lead us to similar results with the presented one, but it requires
disproportionately more time to be executed.

Even though, the results are pretty close to the 2D case of a circular plane, where the
set of points causes the minimum condition number tend to be close to the perimeter of

the circle [1], and the points increase their distance from each other, all of our results are

LA prism with non parallel top and bottom faces [40].
2A prism with one of its triangular base twisted compared to the other by a twist angle [40].
3A polyhedron made of a triangular base, a translated copy, and 3 faces joining corresponding sides

[40).
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(a) Six world-points. (b) Six world-points and the sphere plane.

Figure 6.1: Six-Points Configuration with the minimum condition number after N=500

tests.
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(a) Six world-points configuration. (b) Six world-points configuration inside the sphere plane.

Figure 6.2: Six-Points Configuration with minimum condition number after N = 10.000

tests.
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so far observations from random points selection tests.

Hence, to find out whether the points near periphery are better (in terms of causing
minimum errors) to be applied on the DLT, as well as, to examine if the optimal shape for
6 points, which lead the minimum errors (TE, RE, Reprojection) and Condition Number
is similar to a triangular prism, an alternative way than randomly selection of points is

required. Therefore, other two methods are decided to be tested.

6.3 Gradient Descent

First, the Gradient Descent Algorithm that was mentioned in Chapter 2, is used to
solve a 3D case problem of points configurations. As we work in the 3D case, a learning
rate of 3 parameters is estimated each time.

We decide to use the Gradient Descent optimization algorithm, as the second com-
putational method to estimate 3D points configurations, which are causing the minimum
Condition Number end errors. The condition number is selected as the optimization ob-
jective and we develop an algorithm in Python, explained in the algorithm 5.

To evaluate the n step(learning rate) in each iteration, the SuperSAB algorithm is

used, as it is explained in section 3.11.1.

Algorithm 5 Gradient Descent
Input : X = [X;, Y;, Z;, 1|7, x = [u, v, 1], 1
Output: Final M-Sphere Points Configuration

Initialize parameters dXi) ina dZiu dXi,evaluationv d}/i,evaluationa dZi,evaluation =0
Initialize starting gradient descent step n and ny,, ny,, nz, as none

1
2
3. nx,, Ny;, ngz, < n starting step
4. Define TNpositive; Tnegative

5

for 100 iterations do
6. Add Random Gaussian Noise to x

7. Execute DLT algorithm 3, find Hprr

8. Find the Condition Number of Hprr

9. Run SuperSAB algorithm to find nx,, ny,, nz,

10.  Find dX; cvaluations dYi evaluations dZj evaluation Py multiplying their current values
with nx;, ny,, nz,

11. Update X adding the opposite value of the gradient dX; cvaluations dYj evaluation,
dZ; evaluation to each one of the X

12. if New point doesn’t belong to the Sphere then
| 13. x « Sphere Radius / Point’s RMS Deviation

end

14. Find new x as the projection of the updated X
end

We execute the Gradient Descent optimization algorithm for N = 100 iterations. As
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Figure 6.3: Points Configuration at the first iteration of Gradient Descent.

first initial set of points, we use a randomly selected set of six points belonging to the same
sphere plane as before, with a radius of 0.3 m. Their projected image points are calculated
again and random Gaussian noise is added to each one of the image pixels. Each noise
sample had a mean value of 2 and a standard deviation of 8. To improve the quality of our
estimations we add 1000 random Gaussian noise samples to each pixel and we calculate
the average value of each one of them.

The results of those tests are presented below. Specifically, in Figure 6.3 there is the
set of six points in the first iteration, where the selection of points is totally random.
Then, Figure 6.4 shows the positions of the 6-points in the 50 iteration, and in Figure
6.4 there is the final position of the set of 6-points after the 100" iteration. This final
set of points has the minimum condition number, but also the minimum RE, TE and
reprojection error.

After a few tests, we conclude once again, that the set of points that causes minimum
errors and Condition Number, is the one where the points are belonging to the sphere
periphery, or at least are very close to it. Moreover, after a while (N & 80 iterations), the
points tend to create a triangular prism, which was happening also through the random
selection of points tests.

We also calculate the RE, TE, Reprojection error and Condition Number of these
sets of points in every iteration and they are presented in the Figure 6.6. As shown, the
final set of points at the 100" iteration, -which from Figure 6.5, we can see that they are
belonging to the sphere periphery and have a triangular prism as an optimal shape,- cause
the minimum errors.

Furthermore, the relation between the Condition Number and the TE and RE, is also

shown in Figure 6.6, as small changes in the Condition Number are causing also changes

z label
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Figure 6.5: Final Points Configuration using Gradient Descent.
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in those errors. Each local maximum in the RE corresponds to a local maximum in TE
and the same is happening with each local minimum. Hence, these sets of points, which
correspond to local minimum in TE can be used in DLT and the will also result the
estimation of a R, that has a value closer to the real one.

Additionally, we see that the final configuration of points (at the last iteration N =
100), corresponds to the global minimum in every one of the plots, which means that this
is the configuration that causes the minimum errors.

Furthermore, Figure 6.7 represents both the first set of points (N = 1), which is
randomly selected from the sphere class, and the final one (N = 100). Thus, as it is shown,
the set of points after the final iteration is sparsely arranged and closer to the limits of
the sphere comparing with the points, that were randomly selected in the first iteration.
The Gradient Descent optimization algorithm cross-confirm our observations through the
random selection of sphere points. However, we decide to use one more algorithm to see

whether it will also validate our results.

6.4 Adam Optimizer

After the above tests, we try one last method, the Adam Optimizer, as explained in
Chapter 2. An Adam optimizer tool is used, which already provided in Python [30], to
examine whether this optimization method will lead to the same results as the others or
not. We use the same sphere plane with a radius of 0.3 m to select our world points. This
time we run the algorithm for N = 200 iterations, instead of N = 100 that we chose for
the Gradient Descent algorithm. Again 1000 random Gaussian noise samples were added
to image pixels with a mean value of 2 and a standard deviation of 8 and we estimate the
average value of each one.

Each time we apply the DLT on the sets of 6-points extracted from Adam, and we
find the R, © for each set. Then the errors are calculated. For the optimization we are
comparing the Condition Number of Hprr, for each set of six points and we try to find
the set that minimizes its value.

In Figure 6.8a it is shown the first random selected set of points, which is limited by the
defined sphere plane. Moreover, Figure 6.8 illustrates the final 3D Points Configuration.

As we see the points after a number of iterations (= 100), adapt their final position,
with possible small tilts around it.

In Figure 6.10 the errors are presented, as well as, the Condition Number for the 200
iterations of the algorithm. As the number N increased Reprojection Error, Condition
Number, RE and TE are getting an almost constant value, as the set of points is finalized
in a specific 3D configuration.

Additionally, we see that as the points move away from each other and close to the
periphery of the sphere, the errors are decreased. Moreover, when the points are creating
a triangular prism, which are the optimal shape for the 6-points tests, based on our

simulations, the optimization algorithm finds the global minimum in every plot. Finally,
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Figure 6.7: Comparing Sets of Points from first and last iteration of Gradient Descent.
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Figure 6.8: Six-Points Configurations using Adam.
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Figure 6.9 is shown the relation between the set of points from the first iteration (N = 1)
and the final points configuration (N = 200). The results are similar to the ones we had
with the other methods we tried, so we cross-confirm that the most accurate 3D points

configurations are similar to triangular prisms.
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Figure 6.10: Errors in each iteration of Adam Optimization (X ~ N (2, 8)).

6.5 Estimate accurate 3D Points Configurations, using spher-

ical coordinates

In Chapter 4, we concluded that the view angle and the distance between the camera
and the marker can affect the accuracy of our measurements. More specific a small distance

r (less than a meter, as then the condition number are non-linear, highly increased) and

m
29
decide to change the world position of the camera, to calculate a new (Rt) matrix with

an « angle view equals to 7, was proved that give the most accurate results. Hence, we

the same (3 angle, but we set a angle as § and r distance as 0.8 m.
Using the above (Rt) matrix, we find the projection matrix expressed in spherical

coordinates (P) and we apply this matrix on the equation (3.5), to find the image projected
points of the real world 3D points. Once again, the world points were limited inside a
sphere with a radius of 0.3 m. The K matrix is still the same as defined in Chapter 3. Then,
we apply this points on the DLT and we calculate the TE, RE and the Condition Number
of the Hprr matrix, using this time for the error estimations, the spherical matrices (@ ,
).

To find the 3D points configuration based on the new camera pose, we use the Gradient
Descent Optimization Algorithm, as defined before, and we run 100 iterations of it. Once
again, 1000 samples of random Gaussian noise, with a mean of 2 and a standard deviation
of 8 are added to the image pixels and the average value is calculated each time. All the
errors are measured again after applying these new world-points on the DLT algorithm.
Moreover, the optimization objective is selected to be once again the condition number.

The results for the first iteration, where the points were randomly selected, are pre-

(d) Rotational Error in Adam Optimization.
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Figure 6.11: Points Configuration at the first iteration of Gradient Descent.

sented in Figure 6.11. Afterwards, Figure 6.12 is shown the 6-points configuration at the
50" iteration and Figure 6.13 presents the final Points Configuration(N=100). Thereafter,
Figure 6.14 is shown both sets of 6 Points from the first (N = 1) and the last (N = 100)
iteration of the optimization algorithm. Again, we can see how the points are moving near
to the periphery as the number of iterations is increased.

As we can see, changing the pose of the camera, doesn’t affect neither the fact that
the points tend to move closer to the sphere’s periphery in each iteration, nor the optimal
shape of the points configuration, which is still a triangular prism. However, the points
were finalizing their position faster than before, as triangular prisms can be observed even
from the 50" iteration. Thus, the orientation of the optimal is considered to be more or
less the same (i.e., not depending on the camera pose).

The RE, TE and Condition Number are also calculated in each iteration and the results
are presented in Figure 6.15. As shown, each local maximum in the Condition Number,
corresponds to a local maximum in both RE and TE, as was happening in all the other

test for different positions of the camera.

6.5.1 Comparing Errors for the 2 different positions of the Camera

We compare the RE, TE in these two different positions of the Camera. In the first
one the camera is placed looking straight down into the plane model*, while in the second
case the camera is placed with an o angle-view of § with the marker. In both cases, we
use the same set of world-points, that is randomly selected from our sphere plane. We

also add the same Gaussian noise with a mean of 2 and a standard deviation of 8, and we

4This position is also the one we used in all the above simulations, as defined in Chapter 4.

Z label
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(a) (b)

Figure 6.12: Points Configuration of Gradient Descent (N = 50).

Figure 6.13: Final Points Configuration of Gradient Descent (N = 100).
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Figure 6.15: Errors in each iteration of Gradient Descent at the new position of the Camera

(X ~ N(2, 8)).

run the Gradient Descent optimization algorithm for 100 iterations. Afterwards, we plot
the calculated errors for these two camera positions. The RE is presented in Figure 6.16
for both positions of the camera, while the TE is shown in Figure 6.17.

Comparing the results between these two camera positions we can see the following;:

1. The position of the Camera with an angle of § towards the markers, leads to mini-

mum error values in both rotation and translation (RE, TE).

2. The maximum value of RE for the same set of 6-points is bigger in the first camera
pose, where the camera is placed on the top of the marker. Specifically, in the
presented example of the simulation, the maximum RE value for the first camera

position is almost 3 degrees, while in the final position is less than 0.5 degree.

3. The maximum value of TE for the same world-points is higher in the first camera
pose than in the final one. In our example, the maximum TE for the first selected

camera position is almost 5 (%), while in the final position is less than 1.5 (%).

6.6 Concluding Remarks

In this Chapter we have introduced two optimization algorithms, in order to validate
our observations through random selection of points process. Both algorithms lead to
similar results in terms of the 3D points configurations, which are causing the minimum
errors and Condition Number between the estimated camera parameters, extracted from
DLT and the real ones.
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The points that behave better when they are applied on the DLT algorithm, are close
to the periphery of the sphere, which in our case was 0.3 m. Moreover, the optimal shape
of these points tend to be a triangular prism. The possible triangular prism shapes that
we observe throughout our tests are presented in Figure 6.18.

Furthermore, we also see that changing the position of the camera does not affect
neither the optimal shape of the points nor the fact that as the points move closer to the
sphere limits, the errors and the Condition Number are decreasing. However, the position
of the camera may not affect optimal shape’s orientation, but it affects the value of the
errors (RE, TE), as a Camera close to the marker and with a 90 degrees angle-view causes
smaller errors than placed in any other world position.

Comparing our results with the [1], we can see a few similarities between 2D and 3D

optimized object points:
1. The final optimized points configurations are located near to the object plane limits.
2. There is an optimal shape in both cases.

3. The pose of the camera does not affect the optimal shape of the final points config-

urations.

Twisted Triangular Prism MNormal Triangular Prism Truncated Triangular Prism

Figure 6.18: Observed Triangular Prisms.



Chapter 7

Current Applications of Fiducial

Markers in Laparoscopic Surgeries

In this Chapter, a current narrative review on the field of fiducials in Laparoscopy is

presented, as the results from Chapter 5 will be applied afterwards on this specific case.

7.1 Surgical Augmented Reality

Although, the first experiments using medical images are dated back to 1895, the real-
time access to 2D or 3D reconstructed images during an ongoing surgery using AR is a
new concept in medicine.

An augmented reality system produces computer-processed imaging data in real-time.
To achieve that, a set of devices is required as presented in Figure 7.1. A computer
generated image covers a real-world image captured by a camera and presented in a device
(e.g., computer).

Usually the objects that are targeted are changing during the surgical procedure. Thus,
it is important to monitor the operative field and making real-time changes to the displayed
3D model. Another important aspect is the exact alignment of a real environment and
computer-generated images. That can be achieved either by manually aligning both images
or by using a set of trackers, to determine the position of the camera and the patient’s
body. These trackers also provide real-time information regarding the position of certain
medical instruments. They are tracking markers, that provide the system with points of

reference [38].

7.2 Optical Tracking for medical devices localization

Optical tracking is mainly used for tracking medical instruments in surgical AR, e.g.,
endoscope tracking in Laparoscopic Surgeries. Fiducial markers, that have pre-defined
patterns are attached to the medical instrument (e.g., laparoscope, endoscope), which is

needed to be tracked, and at least a camera detects them, and their 3D location in the

91
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Figure 7.1: The basic principles of AR. [38]

scene is calculated in real-time. The markers are attached to the tracked object in such a
place, where the disturbance for the surgeon is minimized and the visibility by the camera

is constant.

Optical tracking identifies the pose of a tracked object by measuring light that is
either transmitted or reflected by this object. An example of attached fiducial markers on
a laparoscope, with a specific pattern, and the two cameras that detect them is shown in

Figure 7.2.

7.3 Electromagnetic Tracking Systems

Electromagnetic tracking systems represent another class of commonly used tracking
devices. This technology consists of tracking some small wired sensors inside a magnetic
field -that has a known geometry- generated by a device close to the surgical site. The
magnetic field inducing a current in the sensors at various voltages which are measured.

These measurements are then used to determine the position of the sensors [13].

Since the sensors are much smaller than the optical ones and given that the magnetic
field traverses tissues, the markers can be attached at the exact location that requires
tracking, even inside the patient. The principle of intra-operative electromagnetic tracking.

is presented in Figure 7.3.
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Figure 7.2: A fixed markers pattern placed on the laparoscope for optical tracking and

the detection cameras [7].

Field Generator (FG) |

Figure 7.3: Principle of intra-operative electromagnetic (EM) tracking [16].
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Optical Electromagnetic

Accuracy superior/good | acceptable
Workflow acceptable acceptable

Line of sight inferior/poor | acceptable
Working volume superior/good | inferior/poor
Influence of metal | acceptable inferior /poor
Instrument size inferior /poor | superior/good
Sampling speed acceptable acceptable
Number of targets | superior/good | acceptable

Table 7.1: Comparison Between Optical and Electromagnetic Tracking Systems [19].

7.4 Comparing Optical and Electromagnetic Tracking Sys-

tems

Optical and electromagnetic systems are widely used commercially for tracking, in
computer-assisted surgery. The tracking system is placed near the patient in the procedure
room. The tracker is attached to an instrument. Both passive (wireless) and active (wired)
trackers exist in the market [19].

Optical trackers are considered to have two main disadvantages. Firstly, as the accu-
racy is related to the size of each tracker, the trackers are large related to the electromag-
netic systems. Optical tracking systems consist of at least three spherical markers, that
have to be always visualized by the camera system. Secondly, they are line-of-sight de-
vices, requiring a direct optical path between the position sensor system and the markers,
which are being tracked.

Electromagnetic systems, are able to track without requiring a direct line of sight
to the instrumentation, but they have smaller tracking volumes, which is considered as
insufficient in a few cases (e.g., trauma). Furthermore, the main disadvantage of these
systems is the influence of metal, which can distort measurements and influence accuracy,
while they also requiring the use of tethering cables connected to the position sensor [19].

In Table 7.1 the comparison Between Optical and Electromagnetic Tracking Systems
is analyzed. Thus, the optical tracking system is decided to be examined and used for

designing our proposed markers in this thesis.

7.5 Fiducial Markers for Optical Tracking in Medical Ap-
plications
Fiducial markers have been a basic tool in developing AR applications, as they allow

both target identification and camera localization [29]. These fiducials are mainly passive,

spherical markers, coated with an Infrared (IR) light retroreflecting material.
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Figure 7.4: Already developed laparoscope marker body configurations [13].

This light is transmitted from an IR light source at the optical tracking system, re-
flected by the markers, and finally measured by cameras that are positioned at a defined
distance from each other. In Figure 7.4 3 different developed laparoscope marker body
with 4 fiducials configurations are presented, which according to the surgeons they are not
disadvantageous during the laparoscopic surgeries [13].

A few examples of proposed markers, which can be used in medical applications for op-
tical tracking, are presented in the following subsections. Usually, 4 spherical 3D markers

are used for optical tracking, however some other cases are also analyzed.

7.5.1 2D Fiducial Marker for Endoscope Tracking

In [17] a marker design is proposed, consists of green band and squares with five circles
inscribed in it, structured in a spiral fashion. A single square with four white and one
black circle inscribed on it forms a single module, and 12 modules in total are placed. The
distance from the green band to a square module helps, so that the exact square module
that is detected, will be known.

This marker is presented in Figure 7.5a. This printable and wrap-able marker is made
to estimate the tip pose for cylindrical surgical devices. Regarding the detection of the
marker, the center of the circles in each square are used to estimate the pose of the tool.

The authors of [17], concluded that these markers are low-cost markers for the existing
endoscopic instruments and they provide additional assistance and monitoring instead
of just relying on the experiences of the surgeons or on costly additional measurement
instruments. Figure 7.5b presents a front view of the proposed marker with camera fixed
on a 6 DOF holding stand.
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(a) Endoscopic view of marker after wrapping on the tool.

(b) Real Experimental setup: A front

view of a proposed marker with camera
fixed.

Figure 7.5: The proposed fiducial marker [17].

7.5.2 Stereoscopic augmented reality for laparoscopic surgery

A stereoscopic AR system, composed of a stereoscopic vision system and an optical
tracker has been designed in [24]. The system uses two imaging devices and an ultra-
sound scanner. The authors mention that, the optical tracker they used, is rated to have

submillimeter tracking error. The tracker is presented in Figure 7.6.

As mentioned, a series of experiments was conducted using the developed stereoscopic
AR system. It is highlighted, that low system latency and high image-to-video registra-
tion accuracy are critical for a successful clinical AR system. The system prototype has
been evaluated in phantoms and animals, having acceptable image-to-video registration

accuracy.
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Figure 7.6: Custom-designed fixtures, with reference frames attached, for the 3D laparo-

scope [24].

7.5.3 Near Infrared Optical Tracking System

In [43] a near infrared optical tracking system, to track surgical tools is designed with
its corresponding algorithms. Two IRcameras and a calibration model is used. Each near
IR camera be is calibrated to obtain the intrinsic and extrinsic parameters.

At first markers that are attached on surgical tools are captured by the two IR cam-
eras. As the authors mentioned, matching the subpixel points before computing the 3D
coordinates of markers, is a challenging problem. However, these values are needed to be
estimated in high accuracy, as positions and orientations of surgical tools are obtained
using them, in the global coordinate frame.

The performance of the above systems is characterized prominent [43], although it is
highlighted that as accuracy of calibration directly determines the tracking results and
thus, calibrated beforehand remains a critical aspect of optical tracking.

The designed system, which capture near IR images, using the two IR cameras and

send them to a computer via Universal Serial Bus (USB) is presented in Figure 7.7.

7.5.4 Augmented reality navigation system for laparoscopic splenec-
tomy in children

In [22], AR visualization that superimposed preoperative multidetector low computed
tomography images onto captured laparoscopic live images, was constructed and presented
in Figure 7.8. Optical markers were attached to the camera head for measuring its six
DOF pose parameters using an optical tracker. The rotary encoder was geared to the

scopecylinder for measuring the rotation parameters. Afterwards, directions of laparo-
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Figure 7.7: Schematic of surgical tool and the coordinate relationship between the tip of

surgical tool and markers [43].
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Figure 7.8: System configuration of AR navigation for laparoscopic splenectomy [22].

scopic views were calculated. By using the measurement of the rotation parameters, the
navigation images were able to correspond to changes of the field of view.

The presented navigation system, as mentioned in [22] provides real-time anatomical
information, that cannot be otherwise visualized without navigation. The registration
accuracy seems to be in an acceptable level in clinical laparoscopic operation. However,

the authors highlighted, that it is required to increase the system’s accuracy.



Chapter 8

Applying optimized 3D Points
Configurations for Pose
Estimation on Laparoscopic

Surgeries

In this Chapter, we present fiducial markers, which are used or proposed in medical
applications in general. Then we analyze specifically the marker configurations applied on
Laparoscopic surgeries for optical tracking. Thereafter, we describe our proposed marker
configuration for tracking medical devices, e.g., endoscope, in real-time. As it is said:
”The most important criterion in surgical AR is accuracy” [7].

In Chapter 4, we concluded, that specific 3D points configurations can increase the
accuracy of pose estimation. Hence, we decide to use our previous results, to create a
simulation of a fiducial marker, that can be used in a Laparoscopic Surgery to increase

the accuracy of the optimal tracking.

8.1 Designing our Fiducials

As the accuracy is a critical issue in surgical and most specific laparoscopic AR, we
examine whether our ”well-conditioned” (after gradient descent optimization) 3D points
configurations, that we calculate in Chapter 4, will lead to minimum errors in a simulated
laparoscope surgery than the ill-conditioned (random initial points).

To begin with, according to [6], more fiducials can improve the accuracy, as they are

decreasing the covariance error by:

1
N where n = number of fiducials. (8.1)
On the other hand, as the number of fiducials is increased, the occurrence of occlusions

between the fiducials is also increased. Thus, we decide to use 6 markers (instead of four
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Size [mm]| | Size [1/64 in]
12 30.2
14 35.3
16 40.3
20 50.4
30 75.6

Table 8.1: Available Sizes for Passive Spherical Markers in the Market.

that are mainly used), as six is the minimum number of points, that required to be applied
on the DLT, to solve the PnP problem.

The markers we suggest are passive -as that kind of markers is most commonly used in
tracking systems-, which means they reflect incoming IR radiation back in the direction of
the incoming light. They have a spherical shape and they are covered with retroreflecting
foils. To decide the radius of our spherical markers, we search the available sizes of
spherical trackers in the market nowadays. All the available passive spherical markers’
sizes are presented in the Table 8.1.

However, a coated version of the markers with a robust surface is available only in the
following sizes: 0.014m, 0.016 m, 0.02 m.

Thus, we choose to have 6 spherical markers with a diameter of 1.6 ¢m.

These passive 6 markers will be attached to a laparoscope having one of the shapes
that are shown in Figure 8.1, in order to track the endoscope in real-time. Specifically,

they will have an optimal shape of a truncated, normal or twisted triangular prism.

w v

w— v

Figure 8.1: Our Proposed 3D Point Configurations to be attached on the Laparoscope.
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To calculate the base of the prism, we need to know beforehand the distance between
each one of the six markers. Therefore, we search the length of a laparoscope, as our
fiducials will be attached on that. There are many laparoscope in the market, but we
decide to use the Olympus Laparoscopes HD and by reading the product details, we find

that the free space for the markers placement is 10 ¢m.

Thus, using the Pythagorean theorem we find the radius of the sphere in which all the
markers are inscribed. If we set a = 10 ¢m in Figure 8.2b, then we will have the following

equation:

a? =1 +1r? = 10° =2r> = r = 7.07lcm = 0.07071m. (8.2)

So the 6 points will belong to a sphere with a radius of 0.070 71 m, as presented in Figure
8.3.

1.6cm v ", s
¥ ro o

Ao

10cm

v

(a) Geometrical specifications of (b) Distance between the markers on the

each marker. prism’s base.

Figure 8.2: Fiducial’s Geometry.



Chapter 8. Applying optimized 3D Points Configurations for Pose Estimation on
102 Laparoscopic Surgeries

r=7.071cm

Figure 8.3: Final Points Configuration Inscribed in a Sphere.

8.2 Re-validate the Fiducials Configuration using Gradient
Descent Optimization Algorithm

Radius r is set as 0.070 71 m and the minimum separate distance between the selected
points equals to the diameter of each spherical marker which is 0.016 m. Afterwards, as the
radius is now ten times smaller than in our previous tests, we decrease ten times the step
in the gradient descent algorithm and the decreasing factor in the superSAB algorithm.

Then, we run the gradient descent optimization algorithm for N = 100 iterations, using
the condition number as the optimization’s objective, in order to cross-confirm that the
optimal shape is still a prism near the sphere’s periphery.

The camera pose is set with an angle of 90 degrees, as this position was found to
improves the accuracy. The camera is chosen to be placed 0.5 m away from the markers.
Again, we add the same 1000 samples of random Gaussian noise with a mean equals to 2
and a standard deviation of 8 to every image pixel, and we find the average value of each
one of them. The results from our tests are presented below.

Specifically, Figure 8.4 shows the first iteration of the algorithm (N = 1), where the
points are randomly selected. Then, in Figure 8.5 the points after 50 iterations of the
gradient descent optimization algorithm are presented. Finally, Figure 8.6 shows the final
points configuration, which once again is a triangular prism, near the perimeter of the

sphere.
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Figure 8.5: Points Configuration at N = 50.
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Z label

Figure 8.6: The final Points Configuration at N = 100.

The errors in translation,rotation and the condition number are also measured for these
100 iterations, using the new defined sphere and the new position of the camera and we
present them below. As the number of iterations is increased, the algorithm measures the
minimum value of condition number, which also lead to the minimum values in RE and

TE. These results are available in Figure 8.6.
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Figure 8.7: Errors in Gradient Descent Optimization X ~ N(2, 8)).

8.3 Comparing Errors between well- and ill-conditioned Points

Configurations

As the optimal shape was proved to be once again a triangular prism, a function is
created, that selects 6 random points, which create a triangular prism inscribed each time
to the defined sphere.

8.3.1 Root Mean Square Errors

First, we create 1000 sets of random prism points configurations (well-conditioned)
and 1000 totally random sets of points (ill-conditioned) and we compare their Root Mean
Square Error based on the equation (3.15).

In every test we cross-confirm that the RMS Error of the prism points was smaller
than the same error of the random sphere points. More specific in our test we estimate

that:
E€RM S, prism ~ 1674.07611847 P == €RMS prism ~ 0.442933 m,

€RM S,sphere ~ 1721.83215184 PT == €ERMS,sphere ~ 0.455568 m.

8.3.2 Translation Errors and Rotational Errors

We randomly select 100 set of 6-points, which belong to our sphere class with a radius
of 0.07071 m and generate the same number of sets of 6-points from our prism-points

generator function. We add again, 1000 samples of random Gaussian noise with a standard
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Figure 8.8: Comparing Errors in Translation.

deviation equals 4 and mean equals 2 to each image pixel and we measure their average

value. Then, we apply these points on the DLT and we estimate the TE and RE.

Afterwards, we compare each sphere set’s TE with the same prism set’s error.

Our results are presented in Figure 8.8. Hence, we can see that in more than 95 % of
the comparisons, the Sphere Point Configurations are causing higher TE. Moreover, we
can see that the Prism Point Configuration does not cause any TE bigger than 93 %, while
at least once of the Sphere Point Configurations cause TE higher than 100 %.

In addition, our results for the RE are shown in Figure 8.9. Here we can see even

bigger differences between the two points configurations. Specifically in more than 97 %

of the comparisons the sphere point configurations lead to higher errors in rotation.
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8.3.3 Reprojection Errors

Using the above sets of points and the methodology, that was explained in the section
2.6.4, we estimate the Reprojection Error of each set of points in px. Then we convert
px to m by multiplying each with pixel with 0.0002645833. In Figure 8.10, the Reprojec-
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tection Errors for the two different points configurations are presented. The prism points
configurations lead at the 90 % of the tests in minimum Reprojection Error than the
random generated sphere points configurations.

Thereafter, we calculate the mean errors in translation, rotation and reprojection, for
these 100 sets of sphere points and 100 sets of prism points. In every simulation which
was executed, the measured mean errors of the sphere points configurations, were higher
than the mean errors of the prism points configurations, which was also validate through

the above Figures. The mean errors are presented in the Table 8.2.

Measured Mean Errors

Sphere Points Configurations

Prism Points Configurations

Mean Rotational Error [°]

37.8125

9.2809

Mean Error in Translation [%)]

79.0060

14.1995

Mean Reprojection Error [cm]

0.02143

0.02116

Table 8.2: Mean Errors of Sphere- and Prism- Points Configurations.

8.3.4 Condition Number and Condition Number of Covariance Matrix

After applying the above random sets of points on the DLT, we extract the Hprr

matrix. Then, we calculate for each set the condition number of this matrix, as well as,

the condition number of the

covariance matrix of Hpyr.
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In Figure 8.11', we present the condition numbers of Hpgr of all the sphere- and prism-
points configurations. In more than 97 % of the comparisons, sphere points configurations
lead to higher condition numbers, proving that these set of points are ”ill-conditioned”
compared to the prism points configurations.

Moreover, Figure 8.122 shows the condition numbers of the covariance matrices of each
Hprr, which was extracted by applying the different set of points to DLT. The sphere
points configurations lead once again in higher values in the condition number in more

than 95 % of the comparisons.
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Figure 8.12: Comparing Condition Numbers of Covariance Matrices of Hprr.

8.4 Concluding Remarks

In this section we applied the 3D points configurations, which were estimated in Chap-
ter 4, specifically in the laparoscopic case. First, we adjust all the parameters (e.g., sphere
radius, separate distance between points), in order to simulate a laparoscopic surgery case.

Afterwards, we validate that triangular prism is the optimal shape for the 6-sphere
points and we design our proposed marker. The marker will be attached on the laparoscope
to provide a real-time optical tracking. It consists of six IR spherical fiducials as presented
in Figure 8.13.

We also compared the orientation errors caused by the marker with the errors caused

by random points configurations, which were belonging to the circumscribed sphere in the

!The maximum values of random points Condition Number are not included.
2The maximum values of random points Covariance Matrices are not included.
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Figure 8.13: Our Proposed Fiducial Marker attached on a Laparoscope.

triangular prism of the marker. Thus, we found out that the orientation errors, which

were caused by using the proposed marker had always lower values.



Chapter 9

Conclusion and Future Works

In this final, concluding chapter, we present an overview of this thesis, as well as our
results and consequences. Additionally, we denote a number of aspects which have not

been considered in the thesis, and we suggest to be addressed in follow-up works.

9.1 Conclusion

Improving the accuracy in surgical AR remains a critical challenge, as the real-time
localization (i.e., position and orientation) of medical instruments should be guaranteed.
Thus, in this work we have addressed the above challenges regarding pose estimation and
accuracy in optical tracking.

Specifically, 3D points configurations, which can improve the accuracy in pose esti-
mation were examined. These configurations were applied on a simulated laparoscopic
surgery case to contribute to the field of optical tracking in surgical AR.

To achieve this goal, the existence of optimized six points configurations, which can
increase the accuracy and robustness of space resection methods were examined, as well
as the relation between the pose of the camera and accuracy.

At first, a pinhole camera model and a sphere were defined in Python and we selected
randomly points, which were belonged to this sphere. Then we found the image projected
points of those world-points and we added random Gaussian noise and applied those
points on the DLT. After that, we measured the orientation and reprojection errors, and
the condition number of the final Hppr and of its covariance matrix.

Then, we changed the position of the camera (i.e., distance from the marker(s) and
angle-view), and we were keep tracking the effect of these changes in the measured errors.
Hence, we ended up, finding the pose of the camera that causes the minimum errors,
which is to be placed less than a meter away from the marker(s) and with a 90 degrees
angle-view. Moreover, placing the camera on the top of the marker, with a zero angle-view
was estimated to be the worst position as it was proven to increase the measured errors.

Secondly, we used three optimization methods to find optimized six 3D points configu-

rations, that can decrease the above errors and, thus, improve the accuracy. To begin with,

111
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we tested many random points selection from our defined sphere and we observed that the
points near sphere periphery were having lower errors, than the other points. Thus, we
used Gradient Descent Optimization and Adam Optimization algorithms to verify those
observations.

Both algorithms showed that optimized points configurations were close to the sphere
periphery. In addition, it was also shown that the optimal shape for 6 3D points configu-
rations was a triangular prism(normal, truncated or twisted). Furthermore, the triangular
prism configuration was proved to be optimal for every pose of the camera.

Afterwards, we applied our results in a simulated laparoscopic surgery case. Specifi-
cally, we proposed a triangular prism marker to be used for optical tracking in real-time
medical instruments localization. The marker is passive and consists of 6 spherical IR
trackers, which will be attached on instruments (e.g., laparoscope). The sphere that was
circumscribed to that triangular prism was also calculated. Then, all the measured er-
rors(rotation, translation, reprojection) and the condition number were measured for this
marker configuration, and they were compared with random points configurations that
were belonging to the same circumscribed sphere in the triangular prism.

As shown, our proposed marker was leading to minimum errors in every test. In
addition the mean errors(in rotation, translation and reprojection) were measured and
the triangular prisms configurations had always lower mean error values than the random

configurations of circumscribed sphere.

9.2 Outlook

We would also like to highlight some considerations on the field of 3D Point Configu-
rations in general and specifically in laparoscopy, which should be examined in follow-up

works.

o We suggest to create a 3D printed model of the proposed fiducial marker, in order

to validate our results in a lab-simulated situation.

e In our simulations we use one single camera. However, in Laparoscopic Surgeries,
two cameras are usually used. Thus, we suggest an experimental evaluation of our

markers in Laparoscopic Surgeries utilizing two cameras. a

e Currently, 4-points configurations are mainly used for tracking the medical instru-
ments. Thus, a cost-effectiveness research for our proposed 6-points configuration

marker is required.

e Even though our simulations validate that our proposed Fiducial Marker can improve
the accuracy of optical tracking, the evaluation of accuracy in a clinical set-up is

required.

e Increasing the number of control points increases the accuracy of the results in

presence of noise. Thus, all of our simulations can be executed using 8-points con-
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figurations instead of 6. Then, new questions are raised, regarding the existence
of an optimal shape for 8-points and whether the pose of the camera affect the

well-conditioned 8-points configurations.

e In our work, we select the condition number to be the optimization’s objective.
However, other metrics such as the reprojection error or the covariance matrix can

be selected as optimization objectives.
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Acronyms

2D 2 Dimensions. 50-52, 56, 73-75, 90, 91, 95

3D 3 Dimensions. 41-43, 46, 47, 49-51, 53, 56, 57, 59, 61, 73-78, 80, 82-84, 86, 88, 90,
91, 95, 99, 100, 109, 111, 112

AR Augmented Reality. 41, 42, 45, 46, 51, 91, 92, 94, 96-99, 111

DLT Direct Linear Transformation. 45, 50-52, 59, 61, 64, 73-75, 77, 80, 84, 88, 90, 100,
106, 108, 109, 111

DOF Degrees-Of-Freedom. 51, 95, 97
EPnP Efficient Perspective-n-Point. 50
IR Infrared. 94, 95, 97, 100, 112

MIS Minimally Invasive Surgery. 42, 43

PCB Printed Circuit Board. 41

PnP Perspective-n-Point. 43, 50-52, 61, 63, 64, 66, 68, 70, 73, 100

RE Rotational Error. 52, 73, 74, 77, 78, 80, 84, 85, 88, 90, 104-106

RMS Root Mean Square. 14, 36, 51-53, 77, 105
SVD Singular Value Decomposition. 51, 62
TE Translation Error. 53, 73, 74, 77, 78, 80, 84, 85, 88, 90, 104-106

USB Universal Serial Bus. 97
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