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Abstract

The goal of this PhD thesis is to further develop continuous adjoint-based
shape optimization methods of high accuracy and low computational cost, able
to deal with one- (fluid mechanics) or many-discipline problems (two disciplines:
Conjugate Heat Transfer, CHT). In addition, adjoint-based methods for tracing the
Pareto front in multi-objective optimization are proposed and assessed. Finally,
gradient-based methods for the analysis and optimization under uncertainties in
CHT problems, based on the intrusive variant of the Polynomial Chaos Expansion
method are developed, programmed and applied. To facilitate the above methods,
continuous adjoint methods, developed in previous PhD theses for incompress-
ible fluid flows [174, 125, 70] and successfully applied in industrial aero- and
hydrodynamic shape optimizations, are enriched and extended. This PhD thesis
is structured along the following four axes:

The first axis is about the proper treatment of grid sensitivities i.e. grid nodes
variations w.r.t. the design variables, when developing the continuous adjoint
method. Internal grid displacement was initially considered in the computa-
tion of sensitivity derivatives (SDs) in which grid sensitivities appear within Field
Integrals; this method is abbreviated as the FI adjoint. The computation of the
grid sensitivities in the interior of the domain requires as many grid displace-
ments as the number of the design variables. To avoid this costly computation,
in [70], the first continuous adjoint method involving the formulation and so-
lution of adjoint grid displacement equations was presented. The so-computed
SDs consisted solely of Surface Integrals and, thus, this method is abbreviated
as the E-SI (Enhanced-SI) adjoint. ‘‘Enhanced’’ is used to distinguish this method
from frequently used adjoint formulations also leading to SDs with surface in-
tegrals, in which the corresponding terms are omitted (Severed SI adjoint). In
[70], to derive the E-SI adjoint, grid displacement was assumed to be governed by
Laplace PDEs, since this was convenient for developing the adjoint method to the
grid displacement model (GDM). In this PhD thesis, this assumption is assessed,
by taking into account that, in many cases, GDMs other than Laplace PDEs are
used. Comparisons between SDs computed for commonly used GDMs (volumetric
B-Splines, Delaunay Graph, Inverse Distance Weighting) and the Laplace PDEs
conclude that the choice of the GDM has negligible effect on the SDs. This is a
relieving finding since there is no need to reformulate the E-SI adjoint, if different
GDMs are in use.

The second axis of this thesis concerns the extension of the E-SI and FI con-
tinuous adjoint methods, developed in previously completed PhD theses in the
PCOpt/NTUA for pure flow problems by considering eddy viscosity variations, to
CHT problems. In the latter, except for the fluid flow, the energy equation in the
fluid and the heat conduction in the solid, are simulated by also accounting for in-
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teractions along their interface. To derive the adjoint method in an exact way, the
turbulence model PDEs (in this thesis the Spalart–Allmaras is used) are differen-
tiated. Through numerical investigations, it is recorfirmed also in CHT problems
that the ‘‘frozen turbulence’’ assumption, i.e. any approach that neglects the eddy
viscosity variation, during the formulation of the adjoint equations, mitigates the
accuracy of SDs. In addition, the proper treatment of grid sensitivities is extended
to CHT problems as well. Laplace PDEs are assumed to govern the internal grid
displacement of the fluid and solid grids. Adjoint grid displacement equations are
derived for the solid domain and those for the fluid, acquired for pure fluid flows,
are extended by terms emanating from the differentiation of the fluid energy equa-
tion. A comparison between the E-SI and FI methods reconfirm the computational
gain from the use of the E-SI adjoint, this time in CHT problems. Also, it is shown
that neglecting the internal grid displacement, by using the Severed SI method,
damages the SDs accuracy in CHT problems. Studies similar to those performed
for pure fluid flows demonstrate that, the choice of the GDM has negligible effect
on the SDs, in CHT problems too.

In the third axis of this thesis, adjoint methods for pure fluid flows and CHT
problems are used to assist gradient-based methods tracing the front of non-
dominated solutions, a.k.a. the Pareto front, in multi-objective optimization prob-
lems. In this PhD thesis, a prediction-correction algorithm (in some variants) trac-
ing the Pareto front is developed. The prediction-correction variants are initialized
by a point on the front, obtained by carrying out a single objective optimization
for one of the objectives only. In the prediction and correction steps, different
systems of equations are derived by treating the Karush-Kuhn-Tucker optimality
conditions in two different ways. The costly computation of the exact Hessian
matrix of the objective functions, which appear in the equations solved to update
the design variables, is avoided. Instead, two alternative approaches are used: (a)
the computation of Hessian-vector products driving a Krylov subspace solver and
(b) the approximation of the Hessian via the BFGS method. To compute Hessian-
vector products at the lowest cost possible, new systems of equations are derived
by applying the Direct Differentiation method on the primal and adjoint PDEs.
Between the two approaches, the one approximating the Hessian matrices in the
prediction step is shown to be the less expensive. It is also demonstrated that
omitting the prediction step increases the cost of tracing the Pareto front. Further
comparisons of the less expensive prediction-correction variant and weighted-sum
approaches for computing Pareto fronts demonstrate the superiority of the former
in terms of computational cost.

The last axis of this thesis regards shape optimizations with the presence of
environmental and manufacturing uncertainties for CHT problems, based on the
intrusive Polynomial Chaos Expansion (iPCE). Primal fields in the correspond-
ing equations and boundary conditions for a single operation point (deterministic
equations) are expanded by using weighted sums of orthogonal polynomials for
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chaos order equal to 2. Adjoint equations are then derived by differentiating the
iPCE primal PDEs. The new systems of equations are solved to compute statistical
moments and their derivatives at low cost. To verify the accuracy of the computed
moments, comparisons are made between the iPCE method and more computa-
tionally expensive ones, such as the non-intrusive PCE (niPCE) and Monte Carlo.
Problems, in which uncertainties are related to the flow boundary conditions
along the inlet of the fluid domain and the insulation thickness between fluids
and solids, are investigated. These uncertainties are considered by performing
expansions of the inlet and Fluid-Solid Interface conditions, leading to new con-
ditions for the PCE coefficients.

Case studies regarding both pure fluid flow and CHT problems, are presented.
Developed methods are first validated/tested in 2D problems with pure fluid flows
around isolated airfoils or inside ducts and CHT problems with a duct attached
to a solid body. Regarding pure fluid flow problems, multi-objective optimizations
for isolated airfoils, with contradictory goals being the exerted lift and drag forces,
are performed. Regarding CHT problems, an internally cooled turbine cascade
vane is optimized targeting min. mean solid temperature. To do so, its contour
shape and the positions of the internal cooling holes are modified. The shape of
the 2D cooling channel is also optimized for min. total pressure losses subjected
to constraints which prevent the solid body from overheating. In addition, the
cooling efficiency of a 3D internal cooling system is optimized. The cooling channel
is redesigned for two different objective functions: the heat flux absorbed by
the coolant and the part of the solid body volume with the highest temperature
values. Moreover, shape optimizations are performed for a car-engine cylinder
head. The internal cooling channel immersed in the engine block is redesigned for
two different targets: min. max. solid temperature values and min. total pressure
losses in the coolant. Finally, a multi-objective optimization is performed in a case
in which cooling fins are attached to a heated solid body. In specific, a Pareto front
is computed, with the same objective functions as in the optimization of the car
engine cylinder-head.

The necessary software has been programmed in the open-source CFD toolbox
OpenFOAM©, which provides a cell-centered, collocated, finite-volume infrastruc-
ture for discretizing PDEs and solving linearized systems of equations.

Keywords: Conjugate Heat Transfer, Aerodynamic Shape Optimization, Con-
tinuous Adjoint Method, Adjoint Turbulence Model, Grid Sensitivities, Grid Dis-
placement Method, Pareto Fronts, Uncertainty Quantification, Optimization un-
der Uncertainties, Intrusive Polynomial Chaos Expansion
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Chapter 1

Introduction

The rapid increase in computational power and the development of efficient com-
putational methods allowed the widespread usage of computational fluid dynam-
ics (CFD) in many engineering applications, concerning the flow analysis around
aircrafts and automotive vehicles, simulations of flows through thermal and hy-
draulic turbomachines and so on. The availability of reliable CFD codes has been
followed by the development of a variety of methods aiming at the design/opti-
mization of aero/hydrodynamic components. This is the scientific area, called
CFD-based optimization, this thesis contributes to.

In shape optimization, the geometry to be redesigned is controlled by a number
of variables bn, n = 1, ..., N , referred to as the design or optimization variables.
These, for instance, can be the coefficients of the Bézier–Bernstein polynomials
parameterizing the shape of an airfoil. The mapping from the design variables to
the geometry is called shape parameterization. The aerodynamic performance of
the geometry to be optimized is quantified by the objective function J , which is
usually expressed in terms of a volume or surface integral. Examples of objec-
tive functions are force components, such as the drag or lift (likely in the form of
non-dimensional coefficients) exerted on isolated airfoils, the total pressure losses
between the inlets and outlets of a duct, the efficiency of turbomachinery blade
rows etc. The optimization problem is often constrained by equality or inequality
constraints pertinent to the aerodynamic or hydrodynamic performance or geo-
metrical properties of the shape to be optimized. The values objective function
and constraints take on depend on the design variables and the flow variables;
the latter are obtained by numerically solving the equations governing the fluid
flow, the so-called ‘‘primal’’ equations, such as the Reynolds Averaged Navier-
Stokes (RANS) PDEs. The cases studied in this thesis are either pure fluid flow
problems, in which only the fluid flow equations are solved or Conjugate Heat
Transfer (CHT) problems, in which the heat transfer between fluids and solids is
considered while solving the governing equations on both of them. To do so, along
with the equations governing the pure fluid flows, the energy equation in the fluid

1



2 1. Introduction

and the heat conduction one in the solid are also solved. In all cases studied in
this thesis, the fluid flow is governed by the RANS equations, for viscous, incom-
pressible flows. The developed optimization methods aim at computing the values
of the design variables that minimize the objective function and satisfy the con-
straints, if any. Throughout this thesis, maximization problems are reformulated
as minimization ones.

CFD-based optimization methods are either stochastic [24, 100, 133, 13] or
deterministic [47, 14, 15, 113, 91, 102, 157]. Among the stochastic optimization
methods, Evolutionary Algorithms (EAs) are in widespread use. EAs apply natural
evolution operations, like crossover, mutation and elitism, so that a set of candi-
date solutions forming a generation evolves to the next one while searching the
optimal solution. Due to the randomized search, almost the entire design space
is explored and entrapment to local minima can be avoided. Thus, the global ex-
trema of the investigated objective functions can be reached, provided that enough
candidate solutions are evaluated (i.e. the flow equations are solved for them and
the values of the objective function are evaluated). An additional advantage of
EAs is their flexibility; since no access to the source code of the flow solver is
required, EAs may accommodate black box evaluation software. Also, EAs can
compute fronts of non-dominated solutions in multi-objective optimization (MOO)
problems, the so-called Pareto fronts. On the other hand, a high computational
cost is required to reach the optimal solution(s), since the number of the CFD eval-
uations scale with the number of the design variables. Different kinds of methods
have been developed to decrease the computational cost of EA-based optimiza-
tions. These include the use of Parallel EAs with the concurrent, centralized or
decentralized, evaluation and evolution of candidate solutions [52, 4], the use of
asynchronous EAs which are suitable for heterogeneous multiprocessor platforms
[5, 11], the use of metamodel-assisted EAs where a surrogate evaluation model
is used as often as possible to avoid the execution of time-consuming evaluation
software [30, 43] and the use of hierarchical EAs [52, 87]. Contributions to these
techniques, in addition to their hybridization with deterministic optimization al-
gorithms, have been developed in PhD theses accomplished at the Parallel CFD &
Optimization Unit of the National Technical University of Athens (PCOpt/NTUA),
[48, 69, 10, 68, 41, 80, 83], and will not be discussed further.

Deterministic or gradient-based methods (GBMs) start with a given geometry
and improve it by using the derivatives of the objective function J in hand with
respect to (w.r.t.) the design variables (the gradient components are also referred
to as the sensitivity derivatives, SDs). Since the random spawning of candidate
solutions is avoided and the computed SDs yield the direction along which the de-
sign variables should be updated to minimize an objective function, GBMs require
less optimization cycles than EAs, although entrapment in local minima is possi-
ble. The efficiency of GBMs is strongly related to the method used to compute the
required SDs. Finite Differences (FDs) stand for the simplest method to compute
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SDs. Infinitesimally small perturbations ε are imposed to each design variable bn.
By perturbing each design variable, both the boundary and the interior grid nodes
are displaced. Then, the primal equations are numerically solved to compute the
corresponding values of J . For second-order accurate SDs, central differences are
used

δJ(b)

δbn
=
J(b1, . . . , bn + ε, . . . , bN)− J(b1, . . . , bn − ε, . . . , bN)

2ε
(1.1)

So, for each design variable, the primal equations are solved twice, resulting in a
total cost of 2N solutions of the primal PDEs, i.e. 2N Equivalent Flow Solutions
(EFS). Thus, using FDs in large scale/industrial optimization problems is practi-
cally infeasible. Another weakness of the FDs method is that SDs are sensitive to
the chosen value of ε and, often, FDs are computed for several values of ε, by thus
performing an ε-independence study. This process increases the computational
cost even more. Despite the aforementioned weaknesses, FDs are often used to
verify the accuracy of adjoint-computed SDs, due to their simplicity.

A second way to compute SDs is through the complex variable method [109,
112]. Derivatives of J w.r.t. bn are computed as

δJ(b)

δbn
=
Im [J(b1, . . . , bn + iε, . . . , bN)]

ε
(1.2)

where i=
√
−1 and Im is the imaginary part of J . The cost also scales linearly

with N . In addition, to compute the imaginary part of J , the source code has
to be modified to handle complex variables, instead of real ones. For those two
reasons, the complex variable method is not a common approach for computing
SDs. An advantage of this method is that the dependence of the SDs accuracy on
the choice of ε is practically negligible.

The direct differentiation (DD) is an additional way of computing SDs [134]. J
is differentiated w.r.t. bn, leading to equations which include the variations of the
flow variables, e.g. velocity, pressure etc, a.k.a. the primal flow variables, w.r.t. bn.
To compute these variations, the primal equations are also differentiated w.r.t. bn
[134], giving rise to N systems of equations similar to the primal ones. Thus,
a new solver has to be developed. By solving the newly derived equations, the
derivatives of the flow variables w.r.t. bn are computed, at a cost of N EFS, and,
then, the SDs can be computed. Due to the aforementioned shortcomings, the
use of DD is preferred in algorithms computing high-order SDs, [120, 123] and in
Truncated-Newton methods [125].

Compared to the aforementioned methods, the adjoint method is the most
cost-efficient one since SDs are computed at a cost which is independent of N .
In the adjoint method, the costly computation of the primal variables derivatives
appearing in DD is avoided. To do so, additional degrees of freedom, in the
form of Lagrange multipliers, a.k.a. the ‘‘adjoint’’ variables, are introduced in the
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optimization problem. Instead of computing the derivative of J , an augmented
objective function or Lagrangian L, is defined, being equal to the sum of J and
the integrated residuals of the primal equations, multiplied by the adjoint vari-
ables. Since the primal equations are satisfied, computing the derivatives of either
J or L w.r.t. bn is the same. The additional degrees of freedom help overcoming
the expensive computation of the primal variables derivatives, by zeroing the ex-
pressions that multiply them. This leads to the adjoint equations and boundary
conditions. The terms that remain in the derivatives of L w.r.t. bn depend on both
the primal and adjoint variables and form the adjoint SDs. To compute them, the
primal and adjoint equations have to be solved first. Thus, the relevant cost per
optimization cycle is two EFS only.

Adjoint methods are classified into continuous and discrete ones. In the contin-
uous adjoint method [57, 62, 58, 8], J is augmented by the residuals of the primal
equations in their continuous form. A mathematical development of L leads to
the adjoint equations which are linear PDEs (together with their boundary condi-
tions); the PDEs need to be discretized and numerically solved, for computing the
fields of the adjoint variables. Regarding the discrete adjoint method [33, 6, 46], J
is augmented by the discretized residuals of the primal equations. After differen-
tiating L, a system of adjoint equations derived directly in discrete form, is solved
to compute the adjoint variables.

Apart from assisting GBMs, adjoint methods are also used to compute sen-
sitivity maps. These stand for an illustration of the normal component of the
derivative of J w.r.t. the coordinates of the wall boundary nodes. Sensitivity maps
are used to highlight the areas where improvement in the performance according
to the selected objective function has the greatest potential and are a valuable
tool for the designer, even if automatic optimization is not applied. Even when
an optimization process takes place, sensitivity maps are often computed before-
hand to locate which areas of the geometry make sense to be parameterized. In
addition, sensitivity maps can be used to update the geometry during a shape
optimization process, without using any other parameterization. In such a case,
filters smoothing out the noizy parts of the sensitivity maps are applied before
updating the geometry.

When an optimization process is carried out, the computation of the adjoint
SDs is followed by the update of the design variables, leading to the deformation of
the shape. When updating the design variables, two cases are possible: (a) Only
the boundary of the computational domain is controlled by bn and the internal grid
nodes coordinates xi are adapted accordingly, in a separate phase. (b) Both the
boundary and internal grid nodes are simultaneously controlled by bn. In both
cases, there is an underlying model governing the displacement of the internal
grid nodes, referred to as the Grid Displacement Model (GDM).

Regarding the continuous adjoint method, this thesis is dealing with three
different ways to formulate the adjoint problem and compute SDs. Two aspects
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differentiate those three formulations (a) the appearance or not of field integrals,
except for surface ones, in the SDs expressions and (b) the consideration (or not)
of the internal grid displacement. The former is related to the cost of the adjoint
method, for reasons explained below. The latter is crucial for the accuracy of the
computed SDs, as demonstrated for either continuous [70, 72] or discrete adjoint
methods [163]. The three continuous adjoint formulations are listed below:

1. According to [57, 90], SDs expressions including Field Integrals arise; for this
reason, this method is abbreviated as the FI adjoint. This method considers
internal grid displacement, due to the presence, inside these field integrals,
of the derivatives of the grid coordinates w.r.t. bn, i.e. δxi/δbn, which are
the so-called ‘‘grid sensitivities’’. To compute them, one may use central
FDs, which require 2N grid displacements. An alternative is to differentiate
the GDM equations w.r.t. bn. As a result, expressions similar to the GDM
equations arise, which provide δxi/δbn, at the cost of N grid displacements.
By using either of the two alternatives, the cost of computing δxi/δbn might
become comparable to 1 EFS, depending on the grid size and the used GDM.
It is important that the FI adjoint computes accurate SDs [57, 72, 90].

2. In [70, 72], a different approach is followed to account for the internal grid
displacement, yielding SDs which consist of surface integrals, computed at
lower cost. Instead of computing the costly δxi/δbn as in the FI adjoint, the
GDM equations are considered as additional primal PDEs included into L
with additional Lagrange multipliers. Then, the adjoint GDM equations are
derived and solved, to compute the adjoint grid displacement field. In other
words, the main idea behind the adjoint method used to avoid the costly
computation of the flow variables derivatives w.r.t. bn, is now implemented to
avoid that of δxi/δbn in the interior of the domain. Deriving adjoint equations
for a selected GDM has become a common practice in discrete adjoint [56,
99, 103, 104, 105, 111]. Nevertheless, in continuous adjoint, the adjoint to
a GDM has been developed more recently [70, 72], for a Laplace-based GDM
[63]. The so-computed SDs are as accurate the FI-computed ones [70, 72],
but the relevant cost is much lower. This method stands for an Enhanced
version of methods presented earlier in the literature which compute less
accurate SDs. This is why this method is referred to as the E-SI adjoint.

3. Following [8, 60], SDs consisting of surface integrals arise but, in contrast
to the E-SI adjoint, the internal grid displacement is neglected, by eliminat-
ing the corresponding terms in the SDs, for reasons explained later in this
chapter. This reduces the accuracy of the so-computed SDs, but the rele-
vant cost is much lower than that of the FI adjoint, since the computation of
δxi/δbn in the interior of the domain is avoided. The presence of only Surface
Integrals in the SDs expressions and the omission of terms considering the
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internal grid displacement result in calling this method as the ‘‘Severed’’
SI adjoint.

This thesis is structured along the four following axes:

• Develop the continuous adjoint method for CHT problems, by considering
eddy viscosity variations and properly treating the grid sensitivities.

• Investigate the effect of the choice of the GDM on the SDs values and extend
the adjoint GDM technique to various GDMs used in shape optimization.

• Develop efficient GBMs for Pareto tracing, assisted by the continuous adjoint
method.

• Perform cost-efficient Uncertainty Quantification and Optimization under
Uncertainties for CHT problems, based on iPCE for evaluating statistical
moments and their derivatives.

A literature survey of the fields, which the aforementioned methods belong to,
follows. For the sake of completeness, contributions in adjoint methods developed
in previous PhD theses completed at PCOpt/NTUA are summarized. Finally, the
outline of the thesis is given in section 1.6.

1.1 Literature Survey on Adjoint Methods for Single-Discipline

Problems

Optimization in problems governed by PDEs was firstly carried out by means of the
control theory by Lions in [88]. In aerodynamics, Pironneau [136] was the first to
develop adjoint methods for potential flows [136]. In [57], Jameson presented, for
the first time in the literature, the adjoint method for compressible inviscid flows,
without though demonstrating its use. Applications based on the adjoint method
were later presented in [59, 61, 139, 140, 142, 143]. In [140], the adjoint to the
potential flow equations was used to perform optimizations in 2D airfoils. Both
drag reduction and inverse design problems were tackled. In [143], the adjoint to
inviscid flows was used to assist similar optimization problems as in [140] as well
as problems with constraints, which were imposed as penalty functions in the
Lagrangian. In [141], the adjoint method for 3D compressible inviscid flows was
used in the inverse design of wing and wing-body configurations. In [139, 142],
complete aircraft optimizations for inviscid flows and compressible fluids using
the adjoint method were performed; distributed memory computer systems were
used to solve the equations. In [59, 61], the adjoint method was extended to
problems governed by the compressible Navier–Stokes equations. In [61], shape
optimizations of the ONERA M6 wing and, in [59], multipoint constrained opti-
mizations of aircrafts can be found. The aforementioned adjoint methods were
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developed for structured grids. All previous works were based on SD expressions
including both surface and field integrals, resembling the FI adjoint presented in
this thesis.

In [8], Anderson presented a continuous adjoint formulation which leads to
SDs consisting only of surface integrals, or the SI adjoint. The grid sensitivities,
i.e. the grid nodes derivatives w.r.t. the design variables, are neglected in the inte-
rior of the domain. Inviscid compressible and laminar incompressible flows were
studied on unstructured grids. The SDs were compared with those computed by
discrete adjoint and FDs. On coarser grids, small discrepancies between the SDs
of continuous adjoint method and FDs appeared. By refining the grid, differences
tended to vanish, except for the regions close to the trailing edge, where they be-
came larger. This indicated that the effect of neglecting the grid sensitivities in the
interior of the domain does not vanish as the mesh is refined. Avoiding the com-
putation of the grid sensitivities over the whole domain made this adjoint method
preferable to the FI adjoint, due to the gains in the computational cost. In [60],
a new continuous adjoint formulation for compressible inviscid flows, leading to
SDs with only surface integrals, was presented by Jameson, for structured grids.
This method was referred to as ’’reduced-gradient’’ adjoint since no grid sensitiv-
ities were needed inside the computational domain; in this thesis, it is referred to
as ‘‘Severed’’ SI adjoint. This method was generalized in [118], by Papadimitriou
and Giannakoglou, for any grid type. Recently, in [72], Kavvadias et al. were the
first to develop the continuous adjoint method to the GDM; that is the aforemen-
tioned E-SI adjoint. This method still leads to SDs consisting of surface integrals
and, hence, is almost as cheap as the (Severed) SI adjoint. Also, considering the
internal grid displacement makes the E-SI method as accurate as the FI adjoint.
The differentiation of a Laplace GDM yields adjoint grid displacement PDEs, which
provide the adjoint grid displacement field. In this way, the costly computation
of the grid sensitivities in the interior of the computational domain is avoided. In
this thesis, the effect of assuming that a Laplace GDM governs the internal grid
displacement is investigated in Chapter 5.

In [21] and [33], the first second-order discrete adjoint methods were presented
for compressible inviscid flows and applied to the inverse design of multi-element
2D airfoils and wings. In [34], a parallelized software solving the adjoint to the
Euler equations was used in shape optimizations of a complete aircraft and a
wing-body configuration. The first discrete adjoint method for viscous flows was
presented in [35]. In [44, 46], an iterative scheme based on the Runge-Kutta
algorithm was proposed for solving the adjoint PDEs, which guarantees duality
between the primal and adjoint systems in discrete form. This property ensures
that the same value of the objective function is computed at each iteration, using
either the primal or adjoint variables. Also the same asymptotic convergence
rate between the primal and adjoint systems is acquired. This property is of
high importance, since the adjoint PDEs are guaranteed to converge as long as
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the primal ones do so. On the other hand, when the (steady) primal equations
converge only up to a point and, then, their residuals start to oscillate, such
as in cases with vortex-shedding, convergence of the adjoint equations is not
guaranteed. Various methods have been proposed to circumvent this problem,
such as those presented in [44, 46, 27, 99], based on the usage of Krylov subspace
methods. In [103, 56, 99, 111], the adjoint method to the used GDMs was used,
to avoid the computation of the grid sensitivities and reduce the computational
cost even further.

Comparisons between the continuous and adjoint methods are made in [8, 45,
106, 107, 134]. During the first years of the development of adjoint methods for
CFD-based optimization there was a debate on the superiority of the continuous
or discrete adjoints. However, nowadays, the maturity of both of them is such
that they can compute accurate SDs. Still, some main differences between the two
methods remain. First, discrete adjoint methods compute SDs which are consis-
tent with the discretized primal equations, leading to machine accurate SDs. In
continuous adjoint methods, discretization schemes, applied to the adjoint equa-
tions and SDs, which are on their continuous form, lead to different stencils than
those existing in their discrete adjoint counterparts. Secondly, differences arise
in the treatment of the boundary conditions in continuous and discrete adjoint,
leading to noticeable differences in the computed fields. A relevant demonstra-
tion can be found in [106], in which differences in the computed adjoint fields in
the cells inside the boundary layer are presented, whereas at cells away from the
boundary, fields are similar. Finally, the CPU cost and memory requirements of
continuous adjoint are significantly lower than those of the discrete adjoint.

In turbulent flows, the differentiation of the turbulence model equations is nec-
essary to guarantee that SDs are accurately computed. In the literature of discrete
adjoint methods, the differentiation of the turbulence model PDE(s) is common.
In [7, 19, 75, 76, 97, 108, 110, 135] , the discrete adjoint to commonly used tur-
bulence models, such as the Spalart-Allmaras, k-ε, k-ω and k−ω SST ones can be
found. Neglecting the variation of the eddy viscosity and making the ‘‘frozen tur-
bulence’’ assumption was demonstrated to often deteriorate the accuracy of the
SDs [29]. In the same publication, it was shown that even when differentiating
a different turbulence model than that included in the primal problem, the SDs
accuracy is mitigated. One decade ago, the differentiation of the turbulence mod-
els was not a common practice in the continuous adjoint method. Zymaris et al.,
[175] (work performed at PCOpt/NTUA) was the first to develop the continuous
adjoint for a turbulence model. In particular, the adjoint equation to the low-
Reynolds number (low-Re) Spalart–Allmaras turbulence model for incompressible
flows was derived. In [176], the adjoint to the high-Reynolds number (high-Re)
k-ε model along with the notion of adjoint wall functions were introduced. In
[20], Bueno-Orovio et al., extended the adjoint to the Spalart–Allmaras model to
compressible flows. Also, to avoid computing the derivatives of the distance field
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w.r.t. design variables, an adjoint PDE pertaining to the Eikonal equation was
derived for computing the adjoint distance field. In [127], the adjoint to the high-
Re Spalart-Allmaras turbulence model was derived. The notion of adjoint wall
functions, first presented in [176], was extended to the Spalart–Allmaras model
and the adjoint to the Eikonal equation was extended to incompressible flows
for both low- and high-Re turbulence models. In [131], the adjoint to the low-
Re number Launder-Sharma k-ε model was developed. In [70, 71], the adjoint
to the k−ω SST turbulence models was presented, for both the low- and the
high-Re model variants. Also, in [171], the adjoint to the k−ω SST model for
compressible flows can be found. In this thesis, the Spalart–Allmaras turbulence
model and the corresponding adjoint method are used.

1.2 Literature Survey on Adjoint Methods for CHT Problems

The simulation of heat transfer between fluids and solids, known as CHT analysis,
appears in a variety of applications, such as turbine cooling systems that make
use of internal and film cooling [55, 82, 84, 73], cooling of electronics [3], heat
sinks [78, 156] etc.

Beyond just solving the CHT problem (analysis problem), there is a great inter-
est in the shape or topology optimization of relevant devices. In shape optimiza-
tion, evolutionary algorithms [16, 39] and GBMs [12, 94] have been utilized. For
the latter, an adjoint method can be used to compute the gradient of J , since its
cost does not scale with the number of design variables.

The continuous adjoint method for topology optimization in CHT problems,
used to design fluid passages inside solid bodies for a given objective function
and possible constraints, was presented in recent publications [64, 93, 165]. In
porosity-based topology optimization, due to the changing Fluid Solid Interface
(FSI), the heat conductivity of fluids and solids is usually interpolated in the design
domain in terms of the porosity field. In [165], optimizations under geometrical
and thermal constraints were performed in a 2D square domain with various inlets
and outlets and immersed heat sources. In [93], a U-bend and a straight duct
with a backward-facing step, considered as simplified components of a turbine
cooling system, were optimized. However, in both [93] and [165], the adjoint
method was based on the ‘‘frozen turbulence’’ assumption, since the adjoint to
the turbulence model equations was not formulated. In [64], the adjoint method
was developed for the solid and simplified fluid flow PDEs, in order to perform
topology optimization in 2D cross-sections of heat exchangers and increase their
conductance. In [155], the continuous adjoint method was derived by using a
2D reduced model based on the Navier-Stokes equations, in order to optimize 2D
finned heat sinks in contact with a flat heat source at their bottom.

Adjoint methods have also been developed for shape optimization in CHT prob-
lems, [2, 95]. In fact, only recently the continuous adjoint method for the equa-
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tions governing both the fluid and solid domains was introduced, in [95]. Before
[95], adjoints to the PDEs governing either the fluid [1, 51] or the solid [36] were
developed. By imposing appropriate temperature conditions along the wall bound-
aries [1, 2, 36] or by using surrogate objective functions [51], no adjoint PDEs for
the solid domain were derived and only the fluid flow ones were solved and vice-
versa. In [1, 2], adjoint-based optimizations under constraints were performed
for internal and film-cooled turbine blades. Assuming a constant temperature
distribution along the wall, the solid heat conduction PDEs were either not solved
at all [1] or not differentiated [2], even though the complete CHT primal problem
was solved in [2]. In [51], the adjoint method to the Navier-Stokes equations
was used to drive the multi-objective optimization of a 3D duct, with turbulent
flow, in contact with a heat-conducting solid body. By amalgamating the total
pressure losses within the duct and a surrogate heat transfer metric based on
the wall-shear stress affecting the heat flux through the FSI into J , a pure fluid
flow problem and its adjoint were solved. In [36], the adjoint to the solid heat
conduction equation was developed for and applied to turbine blades, for con-
strained inverse design problems. For the turbine wall temperature, a Robin-type
condition was imposed along the gas-blade and blade-cooling holes interfaces,
by equating the heat fluxes through the solid and the fluid, using an empirical
heat transfer coefficient and assuming constant gas and coolant temperatures. In
contrast to [1, 2, 36, 51], in [95] the continuous adjoint method to the equations
of both domains was derived, without though the adjoint to the turbulence model
PDEs. Adjoint gradients were used to perform constrained optimizations, in order
to minimize the entropy generation in non-cooled and internally cooled turbine
blades.

In the context of this PhD thesis, in [49], the continuous adjoint method for
CHT shape optimization was developed by avoiding, for the first time, the ‘‘frozen
turbulence’’ assumption and by considering the internal grid displacement, by
means of both the FI and E-SI adjoint methods. The significance of both practices
is discussed in Chapter 2, for pure fluid flows, and results are extended and
reconfirmed in Chapter 3 which pertains to CHT problems.

1.3 Literature Survey on Pareto Tracing using GBMs

The maturity of adjoint methods which compute the necessary gradients at low
cost allowed the development of a few gradient-based Pareto front tracing algo-
rithms. In the most common approach, a number of different single-objective
optimization (SOO) problems, handling the sum of differently weighted objective
functions, are solved. In [173], the latter was demonstrated to be computation-
ally less expensive than evolutionary algorithms. However, the lack of an obvious
mapping between weights and the Pareto front members may lead to a poor dis-
tribution of the latter [22, 77, 148, 152]. Also, if the Pareto front is not convex,



1.3. Literature Survey on Pareto Tracing using GBMs 11

this approach fails to compute all Pareto Points (PPs) [22, 77, 152, 173].

The method proposed in [77] can be seen as a possible remedy to the poor
exploration of the Pareto front caused by the improper selection of the weight
value-sets. First, a few SOO problems are solved by choosing different weight
values. Then, by evaluating euclidean distances between the computed PPs, less
explored front areas are enriched by solving a series of constrained optimization
problems. The method is supposed to compute non-convex Pareto fronts, being
though sensitive to the initialization. In [152], a steepest descent method, tackling
non-convex and discontinuous Pareto fronts, was presented. To compute the front
in two-objective problems, its two edges are initially computed. Then, starting
from the optimal solution w.r.t. the first objective function, a two-step algorithm
is used. At the first step, a new point, which does not necessarily lie on the front,
is computed by perturbing the design variables using the gradient of the second
objective. At the second step, an auxiliary problem, presented in [37], is solved to
bring the point back to the Pareto front.

In [23], the Normal-Boundary Intersection (NBI) method was presented. Min-
ima of each objective function are first computed and, then, independent con-
strained optimization subproblems are solved, in which one objective function is
minimized, whereas the rest are constrained to reach a target value. The selected
target values correspond to equidistributed PPs. Equality constraints of [23], can
be replaced by inequality ones [40, 150, 151] in each subproblem solved to trace
a new PP.

In the Pareto tracing algorithm proposed in [148], the very first PP results from
the solution of a SOO problem, in which one objective function is minimized. To
compute each new PP, a constrained minimization problem is solved by means of
a prediction-correction scheme. Equality constraints are imposed to all but the
objective function to be minimized, by defining target values for them. The ad-
vantage is the control over the distance (in the objective space) between two PPs.
In both steps, the equations updating the design variables are formulated based
on the Karush-Kuhn-Tucker (KKT) conditions. In the prediction step, a linear
system providing the derivatives of the design variables and Lagrange multipliers
w.r.t. the target objectives is formulated and solved. The current PP is, then, up-
dated using these derivatives. Upon completion of this step, due to non-linearities,
an iterative correction step is required to bring this point onto the front. This is
based on the Sequential Quadratic Programming (SQP) method [113]. Hessian
matrices appear on the l.h.s. of the systems solved to update the design variables
in both steps; their exact computation comes at a prohibitive cost, since it scales
with the number of design variables. In [148], in order to avoid computing the
Hessian matrix, the prediction step is omitted; the effect of the prediction step on
the efficiency of the method, if the Hessian matrix is approximated, is an unan-
swered question further investigated in this thesis. Instead, in [148], a constant
update of the design variables and Lagrange multipliers is used at the prediction
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step, followed by a BFGS-assisted SQP algorithm for the correction step.
In [160, 161], a prediction-correction algorithm was also developed to compute

Pareto fronts in 3D shape optimizations of turbomachinery rows. To compute a
new PP, an infeasible target point in the objective space is defined and the eu-
clidean distance from it is minimized. To do so, the prediction step of [148] is
reformulated and an unconstrained minimization problem is solved in the correc-
tion step.

In this PhD thesis, in Chapter 6, the Pareto front is computed through succes-
sive applications of a prediction-correction algorithm, conceptually based on the
formulation proposed in [148] and further investigated by the authors’ group in
[67]. Three variants of the prediction-correction scheme are assessed, looking for
the least expensive one. In all variants, the exact computation of the Hessian ma-
trix is avoided in both steps, and this makes the cost independent of the number
of design variables.

1.4 Literature Survey on Uncertainty Quantification and Opti-

mization under Uncertainties

In either pure fluid flow or CHT problems, environmental and/or manufactur-
ing uncertainties, expressed by the ‘‘uncertain variables’’, propagate in the device
performance. This causes uncertainties in its operation, regarding for instance
the exerted forces in external aerodynamics or the cooling effectiveness in CHT
problems etc, also referred to as the Quantities of Interest (QoI). In most of the
CFD applications, uncertainties in both simulations and optimizations are ne-
glected and investigations are carried out at the same application without un-
certainties, based on the so-called ‘‘deterministic’’ methods. In the last decades
though, various methods quantifying the uncertainty in the performance of de-
vices have emerged, with the aim of computing statistical moments, such as the
mean value and standard deviation of the QoI. Processes and methods computing
the statistical moments of QoI are considered as Uncertainty Quantification (UQ)
techniques.

According to [54], UQ methods can be classified into intrusive and non-intrusive
ones. Non-intrusive methods utilize the simulation software as a ‘‘black-box’’ and
run it a number of times to evaluate the statistical moments. Non-intrusive
methods can be classified into Sampling-based, Numerical Integration, Stochas-
tic Metamodel and Local Estimation methods [54]. The main representative of
Sampling methods is the Monte Carlo method [81]. In the latter, a number of
samples, corresponding to different values of the uncertain variables, are gener-
ated by assuming a probability distribution. Each such sample is used as input
to the deterministic simulation software. Upon completion of the evaluations, the
solution corresponding to each sample is post-processed in order to compute the
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value of the QoI and then, the statistical moments. The Monte Carlo method is
straightforward in its use and the moments convergence rate does not depend
on the number of the uncertain variables. However, to accurately compute the
moments, a huge number of the single-point software evaluations are needed,
which might reach even the order of O (106) for aerodynamic applications, [172].
Numerical Integration methods apply numerical integration algorithms, such as
the Gauss Quadrature method [86], to compute statistical moments of the QoI. To
do so, products of weights and values of objective functions at selected operating
points are summed up. The main drawback is that the cost scales exponentially
with the number of the uncertain variables [54].

Stochastic Metamodel approaches produce representations of the QoI in the
form of weighted sums of basis functions in order to estimate the moments. Main
representatives are the Polynomial Chaos Expansion [31, 26] (PCE; in its non-
intrusive form, it is abbreviated as niPCE) and Stochastic Collocation [26, 31, 137].
In the niPCE, the coefficients are unknown and given the distribution of the un-
certain variables, specific classes of orthogonal polynomials are used as basis
functions. The unknown coefficients are computed through Galerkin projections
and Gauss Quadrature Integration [31, 32, 115], the Linear Regression method
[31, 32, 53] etc. In Stochastic Collocation, the same Gaussian nodes as those
in the niPCE method based on Gauss Quadrature Integration can be used, but
Lagrange polynomials are used as basis functions. In Local Estimation methods,
such as the method of moments [138, 66], the QoI is expanded around the mean
values the uncertain variables, by means of Taylor-series. The number of eval-
uations is small for first and second-order Taylor series, but the accuracy of the
estimated moments is reduced in highly non-linear systems. In the second-order
accurate method, to compute the mean-value and standard deviation of a QoI,
its first and second derivatives w.r.t. the uncertain variables, computed at their
mean value, are needed.

Regarding intrusive UQ methods, the equations governing the problem without
uncertainties are modified and new software must be programmed. The most
common representative is the intrusive Polynomial Chaos Expansion (iPCE) [17,
114, 124], in which the flow variables of the equations without uncertainties are
analyzed in sums of orthogonal polynomials and unknown coefficient fields. For
each unknown coefficient, a new equation is derived by using Galerkin projections.
For the same order of accuracy, iPCE is less expensive than niPCE. A drawback
of iPCE is that the equations must be mathematically derived and programmed
anew, when the number of uncertain variables or the desired order of accuracy
change.

Beyond computing statistical moments, interest lays in redesigning a device,
so that its performance becomes less sensitive to uncertainties. Such a prob-
lem is often referred to as Optimization under Uncertainties (OuU). Before the
appearance of UQ methods, OuU was performed in a naive way, by multiplying
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QoI, evaluated at various operating points, with empirical or predefined weights,
such as safety factors in structural problems. The risk of such approaches was
the appearance of either conservative solutions or less reliable ones, depending
on the choice of the weights [169]. To perform OuU by means of UQ methods and
GBMs, the adjoint method is beneficial due to the low cost of computing SDs of
the mean value and standard deviation w.r.t. the design variables. So far, in the
literature, adjoint methods were developed for pure fluid flows based on the PCE
method [147, 153] and the method of moments [38, 126]. In this PhD thesis, iPCE
primal and adjoint PDEs for CHT problems undergoing uncertainties are derived,
see Chapter 7. In the studied problems, there are both environmental and man-
ufacturing uncertainties. With the developed methods, shape optimizations are
carried out, too.

1.5 Adjoint Methods Developed at PCOpt/NTUA

PCOpt/NTUA has been developing and using adjoint methods for almost two
decades. During this period of time, eight PhD theses have primarily or partially
dealt with adjoint methods. Their contributions are listed below:

In Papadimitriou’s thesis, [117], mostly continuous and also discrete adjoint
methods were developed for inviscid and viscous compressible flows solved with
the in-house time-marching code, to solve optimization problems in thermal tur-
bomachinery cascades and external aerodynamics. Regarding the continuous
adjoint method, emphasis was laid on formulating a method, in a common way
for both structured and unstructured meshes, so that SDs are computed based
only on surface integrals. The discrete adjoint method was used for the opti-
mal adaptation of unstructured meshes, targeting the computation of functions,
expressed in terms of integrals, with increased accuracy on the coarsest mesh
possible. Finally, a new radial basis function network, assisted by adjoint SDs,
was developed, with improved predictive capabilities for use along with EAs as a
surrogate evaluation model. Applications included the design/optimization of 2D
and 3D thermal turbomachinery cascades and isolated airfoils.

In Asouti’s thesis, [10], both continuous and discrete adjoint methods for low-
Mach compressible flows have been developed within the CPU-based version of the
in-house software ‘‘PUMA’’. The continuous adjoint method was formulated in two
ways: (a) the preconditioning of the derived adjoint PDEs and (b) the development
of the adjoint to the preconditioned flow equations. Also, the discrete adjoint
was derived for the preconditioned flow equations. Applications included the
design/optimization of 2D compressor cascades and isolated airfoils.

In Zymaris’ thesis [174], the first continuous adjoint formulation for turbulent
flows was developed. In particular, the adjoint method was derived for (a) the
low-Reynolds (low-Re) number variant of the Spalart–Allmaras turbulence model
and (b) the high-Reynolds (high-Re) number k − ε model, both for incompressible
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flows. An additional topic investigated was flow control optimization for turbulent
flows, in which the goal was to redesign active flow control devices, by optimizing
the positions and types (suction or blowing) of jets. The method and software, pro-
grammed in OpenFOAM©, were applied to the design/optimization of 2D ducts,
isolated airfoils and turbomachinery cascades. Also, sensitivity maps were com-
puted for simplified and real 3D car geometries.

In Zervogiannis’ thesis [170], a ‘‘hand differentiated’’ discrete adjoint for turbu-
lent flows was developed within the CPU-based version of the in-house software
‘‘PUMA’’, for hybrid meshes, in order to compute first- and second-order deriva-
tives. The adjoint was also used in a posteriori error analysis, for the optimal
adaptation of hybrid grids, targeting a certain level of error in the computation of
objectives functions, using the coarser possible mesh. Optimizations of isolated
airfoils and turbomachinery cascades were presented.

Kontoleontos, [80], expanded the adjoint method developed in [174], to deal
with optimization problems governed by incompressible, turbulent flows in the
presence of heat transfer. Also, the continuous adjoint method for topology
optimization problems was developed, based on the low-Re Spalart–Allmaras
model. Finally, the combination of the developed adjoint with an asynchronous,
metamodel-assisted EA was studied, to accelerate the solution of MOO problems
concerning 2D turbomachinery cascades, heat exchangers and ducts.

In Papoutsis-Kiachagias’ thesis, [125], shape, flow control and topology opti-
mization techniques were investigated. Code development was made in OpenFOAM©.
The continuous adjoint was developed for the low-Re Launder-Sharma k-ε, [131],
and the high-Re Spalart–Allmaras, [127], models, For the Spalart–Allmaras model,
the adjoint wall functions technique was extended to cell-centered finite-volume
schemes by applying a no-slip velocity condition at the wall boundaries. A further
enhancement for both low- and high-Re variants of the Spalart–Allmaras model
was the development of the adjoint Hamilton-Jacobi (Eikonal) equation, to com-
pute the adjoint distance field and avoid, thus, using FDs for the variation of the
distance field. In addition, a new method for OuU, based on the method of mo-
ments, was developed. Novelties of the proposed method were the combined use
of DD and discrete adjoint for the computation of third-order derivatives, [126].
The DD was also used to compute, at low cost, matrix-vector products needed
by the Truncated-Newton method which was used for topology optimization. Ap-
plications included, among others, optimization of real car geometries as well as
hydraulic turbomachines, [128].

In the PhD thesis of Kavvadias [70], various developments regarding the ad-
joint method have been made. First, the adjoint to the k − ω SST , for both its
low-Re and high-Re variants, was developed. In addition, the E-SI adjoint was for-
mulated, in which the development of the adjoint grid displacement PDEs allowed
the computation of accurate SDs, expressed by surface integrals, at low cost.
Also, the Recursive Projection Method [74, 149] was programmed, to increase the
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stability of the continuous adjoint solvers. Moreover, the adjoint to the unsteady
Navier-Stokes was developed too. Finally, adjoint methods for rotor-stator inter-
action flows were developed. Applications included the computation of sensitivity
maps and optimizations for cars, hydraulic turbomachines etc. The software
accommodating the aforementioned methods was developed within OpenFOAM©.

Finally, in Tsiakas’ thesis [158], the adjoint to compressible flows was devel-
oped in the GPU-based version of the in-house software ‘‘PUMA’’, by following the
FI and SI adjoint formulations. Among others, this thesis includes the applica-
tion of the developed adjoint methods along with enhanced parameterization tools
also developed in the context of the same PhD thesis, to 3D turbomachines and
transonic wings.

The present thesis builds upon material developed during the previous ones
and, especially, [125] and [70]. In particular, both the adjoint to the turbulence
model and the adjoint to the GDM (i.e. the E-SI adjoint), developed for pure fluid
flows, are extended to CHT problems. In addition, the assumption in the E-SI
adjoint that the grid displacement is governed by Laplace PDEs is assessed. The
developed adjoint methods for pure fluid flows and CHT problems are used to
assist GBMs for Pareto front tracing in multi-objective optimization problems.
Finally, to carry out UQ and OuU for CHT problems at as low cost as possible,
the iPCE method is developed for the primal and adjoint CHT equations.

1.6 Thesis Outline

This PhD thesis consists of seven chapters, including the Introduction, which are
summarized below.

In Chapter 2, the derivation of the FI and E-SI adjoint methods is presented
for steady-state flows of incompressible fluids. For turbulent flows, closure is
effected by the Spalart–Allmaras model. Verifications of SDs are presented and
also shape optimizations are illustrated.

In Chapter 3, the derivation of the FI, SI and E-SI adjoint methods for CHT
problems is presented. As in Chapter 2, the Spalart–Allmaras model is used.
Through academic cases, the accuracy of the adjoint SDs is verified against FDs
and results regarding the ‘‘frozen-turbulence’’ assumption and the proper treat-
ment of grid sensitivities, presented in Chapter 2, are extended from pure fluid
flows to CHT problems. Two 2D applications are examined, regarding the shape
optimization of an internally cooled turbine cascade and a cooling channel.

In Chapter 4, two 3D CHT applications regarding internal cooling systems are
investigated. In the first application, two independent Single-Objective Optimiza-
tions (SOOs) are performed for a U-Bend cooling duct immersed inside a heated
solid body. In the first SOO, the goal is to minimize the max. temperature over
the solid body whereas, in the second, to maximize the heat flux passing from the
solid body to the fluid. The optimized geometries are compared. In the second ap-
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plication, two different optimizations are performed to study how the minimization
of the max. solid temperature affects the volume-weighted total pressure losses of
the flow in the cooling channel of a car-engine cylinder head, and vice versa.

In Chapter 5, the effect of the selected GDM on the sensitivities is investigated.
First, FDs are used to compute SDs for incompressible and CHT problems, by us-
ing four different GDMs, namely a volumetric B-Splines morpher, Laplace PDEs,
Delaunay Graph and Inverse Distance Weighting. Also, the E-SI and the FI ad-
joints are used; the latter considers the aforementioned GDMs through properly
computed grid sensitivities. A term-by-term analysis of the FI-computed SDs is
carried out and shape optimizations are presented to support the findings of the
survey.

In Chapter 6, variants of a prediction-correction algorithm for computing
Pareto fronts with GBMs are presented. First, the mathematical background
of the prediction and correction steps and a complete shape optimization frame-
work incorporating the variants are given. The variants are compared for flows
around isolated airfoils. For this kind of problems, the Direct Differentiation of
the primal and adjoint PDEs, needed to compute matrix-vector products driving
a linear-Restarted GMRES solver, is also presented. It is consistently shown that
using Quasi-Newton methods in both the prediction and correction steps is the
fastest way to trace the Pareto front. This is used to compute the Pareto front
in a 3D CHT shape optimization problem, in which the contradictory goals are:
min. volume-weighted total pressure losses of the air passing through cooling fins
attached to a solid body and min. max. solid temperature values.

In Chapter 7, a detailed derivation of the primal and adjoint PDEs regarding
the intrusive version of the Polynomial Chaos Expansion method for CHT prob-
lems is presented. Uncertain variables are independent from each other and are
governed by the normal probability density function (PDF). Problems with manu-
facturing and environmental uncertainties are studied. To verify the accuracy of
the computed mean values and standard deviations of the QoI, the non-intrusive
version of PCE as well as the Monte Carlo method are programmed and used.
To perform shape optimizations, the iPCE adjoint equations are derived and the
derivatives of the mean value and standard deviation of the QoI are verified against
FDs. Then, shape optimizations are performed, either for the mean value or the
standard deviation of the mean temperature of a solid body attached to S-shaped
duct, by considering uncertainties in the inlet velocity magnitude and tempera-
ture. Studies are also performed for problems with manufacturing uncertainties
in the thickness of the thermal insulation between the solid and the fluid domains.

Software was programmed/extended in the open-source CFD toolbox OpenFOAM©,
which provides a cell-centered, collocated, finite-volume infrastructure for dis-
cretizing PDEs on hybrid grids and solving algebraic systems of equations.
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Chapter 2

The Continuous Adjoint Method for
Incompressible Turbulent Flows

In this chapter, the derivation of the FI, (Severed) SI and E-SI adjoint methods
for turbulent flows of incompressible fluids is presented. Closure is effected by
the Spalart–Allmaras turbulence model, which is differentiated when deriving the
continuous adjoint method. This is done to avoid making the ‘‘frozen turbulence’’
assumption, in which the variation of the eddy viscosity w.r.t. bn is neglected,
often damaging the accuracy of sensitivity derivatives (SDs), [125, 70, 174].

2.1 Primal Equations

The governing equations of the (turbulent) flow problems studied in this thesis
are the steady-state RANS equations for incompressible fluids, written as [85]

Rp = − ∂vi
∂xi

= 0 (2.1a)

Rv
i = vj

∂vi
∂xj

+
∂p

∂xi
− ∂τij
∂xj

=0 (2.1b)

Rν̃ =vj
∂ν̃

∂xj
− ∂

∂xj

[(
ν+ν̃

σ

)
∂ν̃

∂xj

]
− cb2
σ

(
∂ν̃

∂xj

)2

−ν̃P(ν̃) + ν̃D(ν̃)=0 (2.1c)

R∆ =
∂ (cj∆)

∂xj
−∆

∂2∆

∂x2
j

−1=0, cj =
∂∆

∂xj
(2.1d)

which correspond to the continuity, momentum, turbulence model (Spalart-Allmaras)
and Hamilton-Jacobi (Eikonal) equations. These equations are solved using the
SIMPLE algorithm [132]. In the above equations, p, vi, τij are the static pres-
sure divided by the constant fluid density, velocity and stress components (τij =

19
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(ν+νt)
(
∂vi
∂xj

+
∂vj
∂xi

)
where ν, νt stand for the bulk and turbulent viscosities), re-

spectively. The eddy viscosity coefficient νt is expressed for the Spalart–Allmaras
model in terms of ν̃ as follows

νt = ν̃fv1 (2.2)

The production and dissipation terms are given by

P(ν̃)=cb1Ỹ , D(ν̃)=cw1fw(Ỹ )
ν̃

∆2
(2.3)

where Ỹ is computed through

Ỹ =Yfv3 +
ν̃

∆2κ2
fv2 , Y =

∣∣∣∣eijk ∂vk∂xj

∣∣∣∣ (2.4)

with Y standing for the vorticity magnitude and ∆ being the min. distance of
cell-centres (since a cell-centered finite-volume scheme is used) from the wall
boundaries, [159] computed by solving eq. 2.1d. The turbulence model functions
read

fv1 =
χ3

χ3 + c3
v1

, fv2 =
1(

1 + χ
cv2

)3

fv3 =
(1 + χfv1)

cv2

[
3

(
1+

χ

cv2

)
+

(
χ

cv2

)2
](

1+
χ

cv2

)−3

χ =
ν̃

ν
, fw=g

(
1 + c6

w3

g6 + c6
w3

)1/6

g = r+cw2(r6−r) , r=
ν̃

Ỹ κ2∆2

and the constants are cb1 = 0.1355, cb2 = 0.622, κ= 0.41, σ= 2/3, cw1 = cb1
κ2 + (1+cb2)

σ
,

cw2 = 0.3, cw3 = 2, cv1 = 7.1 and cv2 = 5. The Levi–Civita symbol, eijk, used in the
vorticity magnitude, is

eijk =


+1 (i, j, k) ∈ (1, 2, 3), (2, 3, 1), (3, 1, 2)
−1 (i, j, k) ∈ (1, 3, 2), (3, 2, 1), (2, 1, 3)

0 i = j, j = k, k = i
(2.5)
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The boundary conditions used to ‘‘close’’ the primal problem are (a) Dirichlet ones
for vi and ν̃ along with a zero Neumann condition for p at the inlet SI and wall SW
(which is decomposed into SWp ∪SWnp pertaining to the controlled/parameterized
and unparameterized boundaries)1 domain boundaries and (b) a, usually zero,
Dirichlet condition for p along with zero Neumann conditions for vi and ν̃ at the
outlet SO.

2.2 The FI Continuous Adjoint

The FI continuous adjoint method is derived for problems governed by the RANS
equations, see eqs. 2.1a-2.1d, following the technique presented in [57, 90]. The
mathematical development presented in the next sections is based on the total/-
material derivative of an arbitrary quantity Φ, δΦ/δbn, which accounts for the total
change in Φ due to variations in bn, as

δΦ

δbn
=
∂Φ

∂bn
+
∂Φ

∂xk

δxk
δbn

(2.6)

In eq. 2.6, ∂Φ
∂bn

pertains to the Φ variations caused by changes in the design and
flow variables, without considering space deformations from the continuous point
of view (or the displacement of the internal grid nodes from the discrete point of
view); space deformation is considered by the second term on the r.h.s. of eq. 2.6.

2.2.1 Objective Function Definition and Differentiation

In gradient-based optimization, the gradient of the objective function should be
computed, in order to update the design variables. A general objective function
J , consisting of both surface and field integrals, is expressed as

J=JS+JΩ (2.7)

where

JS =

∫
S

jSinidS (2.8a)

JΩ =

∫
Ω

jΩdΩ (2.8b)

1When using high–Re number turbulence models with wall functions, the ‘‘law of the wall’’ is
used along the walls.
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In the above equations, jS and jΩ are the integrands defined along the boundary S
and within the volume Ω of the computational domain, respectively, and n stands
for the outward normal unit vector along S.

2.2.2 Differentiation of JS

The derivative of JS is written as

δJS
δbn

=

∫
S

δjSi
δbn

nidS+

∫
S

jSi
δni
δbn

dS+

∫
S

jSini
δ(dS)

δbn
(2.9)

Using the chain rule, δjSi/δbn becomes

δjSi
δbn

=
∂jSi
∂vk

δvk
δbn

+
∂jSi
∂p

δp

δbn
+
∂jSi
∂τkj

δτkj
δbn

+jgSi,k
δxk
δbn

(2.10)

where jgSi,k considers any dependency of jSi on the grid nodes xi, i.e. jgSi,k =
∂jSi
∂xk

.
After substituting eq. 2.10 to eq. 2.9, we get

δJS
δbn

=

∫
S

∂jSi
∂vk

ni
δvk
δbn

dS+

∫
S

∂jSi
∂p

ni
δp

δbn
dS+

∫
S

∂jSi
∂τkj

ni
δτkj
δbn

dS

+

∫
S

jgSi,k
δxk
δbn

nidS+

∫
S

jSi
δni
δbn

dS+

∫
S

jSini
δ(dS)

δbn
(2.11)

Derivatives of geometrical quantities appearing in eq. 2.11 are further developed
by using the following identities from the differential geometry [50],

δni
δbn

= − ∂t
∂xi

(
δxk
δbn

nk

)
(2.12a)

δ(dS)

δbn
= −κδxk

δbn
nkdS (2.12b)

where ∂t()/∂xi and κ stand for the tangential derivative and mean curvature of
the surface, respectively.
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2.2.3 Differentiation of JΩ

The derivatives of JΩ are

δJΩ

δbn
=

∫
Ω

δjΩ
δbn

dΩ+

∫
Ω

jΩ
δ(dΩ)

δbn
(2.13)

to be further expanded by considering the dependency of J on the primal variables.
In general, jΩ may contain:

(a) non-differential expressions of vi, p, ν̃ which, if differentiated w.r.t. bn, yield
∂jΩ
∂Φ

δΦ
δbn

, with Φ denoting any of the aforementioned three flow variables,

(b) spatial derivatives of vi, p, ν̃, the differentiation of which yields δ
δbn

(
∂Φ
∂xi

)
,

further developed through the following formula

δ

δbn

(
∂Φ

∂xi

)
=

∂

∂xi

(
δΦ

δbn

)
− ∂Φ

∂xk

∂

∂xi

(
δxk
δbn

)
(2.14)

applied to any quantity Φ (its proof can be found in [116]). After applying this
in terms included inside field integrals, the Gauss divergence theorem and
integration by parts are used and, both surface and field integrals including
δΦ/δbn, arise,

(c) both (a) and (b).

Therefore, eq. 2.13 becomes

δJΩ

δbn
=

∫
Ω

jvΩ,i
δvi
δbn

dΩ+

∫
Ω

jpΩ
δp

δbn
dΩ+

∫
Ω

j ν̃Ω
δν̃

δbn
dΩ+

∫
S

jvS,i
δvi
δbn

dS

+

∫
S

jpS
δp

δbn
dS+

∫
S

j ν̃S
δν̃

δbn
dS (2.15)

where jΦ
Ω includes the partial derivative ∂jΩ/∂Φ plus any term that might re-

sult from the use of the Gauss divergence theorem for integrals of the form∫
Ω

δ
δbn

(
∂Φ
∂xj

)
dΩ. Also, jΦ

S accounts for the terms multiplying δΦ/δbn inside sur-
face integrals; the latter are non-zero only if jΩ includes spatial derivatives2 of vi,
p or ν̃.

2 The objective functions used in this thesis don’t yield, when differentiated w.r.t. bn, surface
integrals containing the derivatives of τij w.r.t. bn; hence, the latter are not included in eq. 2.15,
in order to keep the notation as simple as possible.
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Regarding the last integral of eq. 2.13, it can be proven, see [60] for structured
and [119] for unstructured grids, that

δ(dΩ)

δbn
=

∂

∂xk

(
δxk
δbn

)
dΩ (2.16)

Instead of the above equation, δ(dΩ)/δbn could be computed by either Finite Dif-
ferences (FDs) or by differentiating the cell volume algebraic expressions, which
are functions of the grid nodes, w.r.t. bn. By substituting eqs. 2.15 and 2.16 into
eq. 2.13, this becomes

δJΩ

δbn
=

∫
Ω

jvΩ,i
δvi
δbn

dΩ+

∫
Ω

jpΩ
δp

δbn
dΩ+

∫
Ω

j ν̃Ω
δν̃

δbn
dΩ+

∫
S

jvS,i
δvi
δbn

dS

+

∫
S

jpS
δp

δbn
dS+

∫
S

j ν̃S
δν̃

δbn
dS+

∫
Ω

jΩ
∂

∂xk

(
δxk
δbn

)
dΩ (2.17)

2.2.4 Final Expression of the J Derivatives

Herein, a distinction is made between the controlled/parameterized wall bound-
aries SWp, the shape of which is controlled by the design variables bn, and the
uncontrolled/unparameterized walls, which remain fixed when bn are updated.
Thus, only along SWp, δxk/δbn are not zero. With this in mind, and by substitut-
ing eqs. 2.11 and 2.17 into the derivative of eq. 2.7, the final expression for the
derivatives of any function J w.r.t. to bn becomes

δJ

δbn
=

∫
S

(
∂jSk
∂vi

nk+jvS,i

)
δvi
δbn

dS+

∫
S

(
∂jSi
∂p

ni+j
p
S

)
δp

δbn
dS+

∫
S

∂jSi
∂τkj

ni
δτkj
δbn

dS

+

∫
S

j ν̃S
δν̃

δbn
dS+

∫
SWp

jgSi,k
δxk
δbn

nidS+

∫
SWp

jSi
δni
δbn

dS+

∫
SWp

jSini
δ(dS)

δbn

+

∫
Ω

jvΩ,i
δvi
δbn

dΩ+

∫
Ω

jpΩ
δp

δbn
dΩ+

∫
Ω

j ν̃Ω
δν̃

δbn
dΩ+

∫
Ω

jΩ
∂

∂xk

(
δxk
δbn

)
dΩ (2.18)

Eq. 2.18 includes the material derivatives δ()/δbn of the flow variables w.r.t. the
design variables. To compute them, the Direct Differentiation (DD) of the primal
equations would be required, leading to the solution of N systems of equations,
similar to the primal ones. Hence, DD has a computational cost of approximately
N Equivalent Flow Solutions (EFS), i.e. as if the flow PDEs were solved N times.
This cost is drastically reduced by formulating and numerically solving the adjoint
equations.
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2.2.5 Augmented Objective Function L

The first step in developing the adjoint method is the definition of the augmented
objective function (Lagrangian) L

L=J+

∫
Ω

qRpdΩ+

∫
Ω

uiR
v
i dΩ+

∫
Ω

ν̃aR
ν̃dΩ+

∫
Ω

∆aR∆dΩ (2.19)

where q, ui, ν̃a, ∆a are the adjoint to the pressure, velocity, turbulence model
variable and distance fields. Differentiating L w.r.t. bn yields

δL

δbn
=
δJ

δbn
+

∫
Ω

q
δRp

δbn
dΩ+

∫
Ω

ui
δRv

i

δbn
dΩ+

∫
Ω

ν̃a
δRν̃

δbn
dΩ+

∫
Ω

∆a δR
∆

δbn
dΩ

+

∫
Ω

(
qRp+uiR

v
i +ν̃aR

ν̃+∆aR∆
) ∂

∂xk

(
δxk
δbn

)
dΩ (2.20)

where the last term on the r.h.s. of eq. 2.20 is equal to zero, due to the presence
of the residuals of the primal equations. Of course, since the residuals of the
primal PDEs are equal to zero, the objective function gradient can be given by
δL/δbn instead of δJ/δbn. As seen in eqs. 2.19, additional degrees of freedom, in
the form of the adjoint variables, are introduced in L, allowing to get rid of the
terms multiplying the derivatives of the primal variables in δL/δbn. Otherwise, the
gradients of the primal variables w.r.t. bn must be computed, through the DD of
the primal PDEs [134], at cost equal to N EFS. The elimination of the expressions
multiplying the derivatives of the primal variables results to as many adjoint
PDEs as the primal ones per objective function, along with the corresponding
boundary conditions and the SD expression. Solving the adjoint PDEs has almost
the same cost as for the primal PDEs. Thus, by using the adjoint method during
each optimization cycle, the cost of computing the derivatives of each objective
function becomes equal to 2 EFS instead of N+1.

The derivation of the adjoint PDEs, boundary conditions and the SD expres-
sions require, first of all, the mathematical development of each field integral on
the r.h.s. of eq. 2.20. The development for the first term is presented in sections
2.2.2–2.2.4, leading to eq. 2.18. The detailed development for the rest of the terms
follows in the next sections.
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2.2.6 Differentiation of the Rp Integral

The first integral on the r.h.s. of eq. 2.20 is developed through the Gauss diver-
gence theorem and eq. 2.14, yielding

∫
Ω

q
δRp

δbn
dΩ=−

∫
Ω

q
δ

δbn

(
∂vi
∂xi

)
dΩ=−

∫
Ω

q
∂

∂xi

(
δvi
δbn

)
dΩ+

∫
Ω

q
∂vi
∂xk

∂

∂xi

(
δxk
δbn

)
dΩ

=−
∫
S

qni
δvi
δbn

dS+

∫
Ω

∂q

∂xi

δvi
δbn

dΩ+

∫
Ω

q
∂vi
∂xk

∂

∂xi

(
δxk
δbn

)
dΩ (2.21)

2.2.7 Differentiation of the Rv
i Integral

The second integral on the r.h.s. of eq. 2.20 is developed as

∫
Ω

ui
δRv

i

δbn
dΩ=

∫
Ω

ui
δ

δbn

(
vj
∂vi
∂xj

)
dΩ︸ ︷︷ ︸

Av

+

∫
Ω

ui
δ

δbn

(
∂p

∂xi

)
dΩ︸ ︷︷ ︸

Bv

−
∫

Ω

ui
δ

δbn

(
∂τij
∂xj

)
dΩ︸ ︷︷ ︸

Cv

(2.22)

Each of the three terms is developed as

Av=

∫
Ω

ui
∂vi
∂xj

δvj
δbn

dΩ+

∫
Ω

uivj
∂

∂xj

(
δvi
δbn

)
dΩ−

∫
Ω

uivj
∂vi
∂xk

∂

∂xj

(
δxk
δbn

)
dΩ

=

∫
Ω

uj
∂vj
∂xi

δvi
δbn

dΩ+

∫
S

uivjnj
δvi
δbn

dS−
∫

Ω

∂(uivj)

∂xj

δvi
δbn

dΩ

−
∫

Ω

uivj
∂vi
∂xk

∂

∂xj

(
δxk
δbn

)
dΩ (2.23)

Bv=

∫
Ω

ui
∂

∂xi

(
δp

δbn

)
dΩ−

∫
Ω

ui
∂p

∂xk

∂

∂xi

(
δxk
δbn

)
dΩ

=

∫
S

uini
δp

δbn
dS−

∫
Ω

∂ui
∂xi

δp

δbn
dΩ−

∫
Ω

ui
∂p

∂xk

∂

∂xi

(
δxk
δbn

)
dΩ (2.24)

Cv=−
∫

Ω

ui
∂

∂xj

(
δτij
δbn

)
dΩ+

∫
Ω

ui
∂τij
∂xk

∂

∂xj

(
δxk
δbn

)
dΩ

=−
∫
S

uinj
δτij
δbn

dS+

∫
Ω

∂ui
∂xj

δτij
δbn

dΩ+

∫
Ω

ui
∂τij
∂xk

∂

∂xj

(
δxk
δbn

)
dΩ

=−
∫
S

uinj
δτij
δbn

dS+

∫
Ω

ui
∂τij
∂xk

∂

∂xj

(
δxk
δbn

)
dΩ+

∫
Ω

∂ui
∂xj

(
∂vi
∂xj

+
∂vj
∂xi

)
δνt
δbn

dΩ

+

∫
Ω

(ν + νt)
∂ui
∂xj

[
∂

∂xj

(
δvi
δbn

)
− ∂vi
∂xk

∂

∂xj

(
δxk
δbn

)
+

∂

∂xi

(
δvj
δbn

)
− ∂vj
∂xk

∂

∂xi

(
δxk
δbn

)]
dΩ
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=−
∫
S

uinj
δτij
δbn

dS+

∫
Ω

ui
∂τij
∂xk

∂

∂xj

(
δxk
δbn

)
dΩ+

∫
Ω

∂ui
∂xj

(
∂vi
∂xj

+
∂vj
∂xi

)
δνt
δbn

dΩ

+

∫
S

νeff

(
∂ui
∂xj

+
∂uj
∂xi

)
nj
δvi
δbn

dS−
∫

Ω

∂

∂xj

[
νeff

(
∂ui
∂xj

+
∂uj
∂xi

)]
δvi
δbn

dΩ

−
∫

Ω

νeff

(
∂ui
∂xj

+
∂uj
∂xi

)
∂vi
∂xk

∂

∂xj

(
δxk
δbn

)
dΩ (2.25)

Substituting eqs. 2.23–2.25 into eq. 2.22 leads to∫
Ω

ui
δRv

i

δbn
dΩ=

∫
Ω

uj
∂vj
∂xi

δvi
δbn

dΩ+

∫
S

uivjnj
δvi
δbn

dS−
∫

Ω

∂(uivj)

∂xj

δvi
δbn

dΩ

−
∫

Ω

uivj
∂vi
∂xk

∂

∂xj

(
δxk
δbn

)
dΩ+

∫
S

uini
δp

δbn
dS−

∫
Ω

∂ui
∂xi

δp

δbn
dΩ

−
∫

Ω

uj
∂p

∂xk

∂

∂xj

(
δxk
δbn

)
dΩ−

∫
S

uinj
δτij
δbn

dS+

∫
Ω

ui
∂τij
∂xk

∂

∂xj

(
δxk
δbn

)
dΩ

+

∫
Ω

∂ui
∂xj

(
∂vi
∂xj

+
∂vj
∂xi

)
δνt
δbn

dΩ+

∫
S

νeff

(
∂ui
∂xj

+
∂uj
∂xi

)
nj
δvi
δbn

dS

−
∫

Ω

νeff

(
∂ui
∂xj

+
∂uj
∂xi

)
∂vi
∂xk

∂

∂xj

(
δxk
δbn

)
dΩ

−
∫

Ω

∂

∂xj

[
νeff

(
∂ui
∂xj

+
∂uj
∂xi

)]
δvi
δbn

dΩ (2.26)

2.2.8 Differentiation of the Rν̃ Integral

The third field integral on the r.h.s. of eq. 2.19, namely that including the residual
of the Spalart–Allmaras model, is differentiated w.r.t. bn, yielding

δ

δbn

∫
Ω

ν̃aR
ν̃dΩ=

δ

δbn

∫
Ω

ν̃avj
∂ν̃

∂xj
dΩ︸ ︷︷ ︸

Aν̃

− δ

δbn

∫
Ω

ν̃a
∂

∂xj

[(
ν+ν̃

σ

)
∂ν̃

∂xj

]
dΩ︸ ︷︷ ︸

Bν̃

− δ

δbn

∫
Ω

ν̃a
cb2
σ

(
∂ν̃

∂xj

)2

dΩ︸ ︷︷ ︸
C ν̃

+
δ

δbn

∫
Ω

ν̃aν̃ [−P(ν̃)+D(ν̃)] dΩ︸ ︷︷ ︸
Dν̃

(2.27)

Each of the terms on the r.h.s. of eq. 2.27 is further developed as

Aν̃ =

∫
Ω

ν̃a
∂ν̃

∂xi

δvi
δbn

dΩ+

∫
Ω

ν̃avj
∂

∂xj

(
δν̃

δbn

)
dΩ−

∫
Ω

ν̃avj
∂ν̃

∂xk

∂

∂xj

(
δxk
δbn

)
dΩ
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=

∫
Ω

ν̃a
∂ν̃

∂xi

δvi
δbn

dΩ+

∫
S

ν̃avjnj
δν̃

δbn
dS−

∫
Ω

∂ (ν̃avj)

∂xj

δν̃

δbn
dΩ

−
∫

Ω

ν̃avj
∂ν̃

∂xk

∂

∂xj

(
δxk
δbn

)
dΩ (2.28)

Bν̃ =−
∫

Ω

ν̃a
∂

∂xj

{
δ

δbn

[(
ν+ν̃

σ

)
∂ν̃

∂xj

]}
dΩ+

∫
Ω

ν̃a
∂

∂xk

[(
ν+ν̃

σ

)
∂ν̃

∂xj

]
∂

∂xj

(
δxk
δbn

)
dΩ

=−
∫
S

ν̃anj
δ

δbn

[(
ν+ν̃

σ

)
∂ν̃

∂xj

]
dS+

∫
Ω

∂ν̃a
∂xj

δ

δbn

[(
ν+ν̃

σ

)
∂ν̃

∂xj

]
dΩ

+

∫
Ω

ν̃a
∂

∂xk

[(
ν+ν̃

σ

)
∂ν̃

∂xj

]
∂

∂xj

(
δxk
δbn

)
dΩ

=−
∫
S

ν̃a
σ
nj
∂ν̃

∂xj

δν̃

δbn
dS−

∫
S

ν̃a

(
ν+ν̃

σ

)
nj

δ

δbn

(
∂ν̃

∂xj

)
dS+

∫
Ω

∂ν̃a
∂xj

∂ν̃

∂xj

1

σ

δν̃

δbn
dΩ

+

∫
Ω

∂ν̃a
∂xj

(
ν+ν̃

σ

)
δ

δbn

(
∂ν̃

∂xj

)
dΩ+

∫
Ω

ν̃a
∂

∂xk

[(
ν+ν̃

σ

)
∂ν̃

∂xj

]
∂

∂xj

(
δxk
δbn

)
dΩ

=−
∫
S

ν̃a
σ

∂ν̃

∂xj
nj
δν̃

δbn
dS−

∫
S

ν̃a

(
ν+ν̃

σ

)
nj

δ

δbn

(
∂ν̃

∂xj

)
dS+

∫
Ω

∂ν̃a
∂xj

∂ν̃

∂xj

1

σ

δν̃

δbn
dΩ

+

∫
Ω

∂ν̃a
∂xj

(
ν+ν̃

σ

)
∂

∂xj

(
δν̃

δbn

)
dΩ−

∫
Ω

∂ν̃a
∂xj

(
ν+ν̃

σ

)
∂ν̃

∂xk

∂

∂xj

(
δxk
δbn

)
dΩ

+

∫
Ω

ν̃a
∂

∂xk

[(
ν+ν̃

σ

)
∂ν̃

∂xj

]
∂

∂xj

(
δxk
δbn

)
dΩ

=−
∫
S

ν̃a
σ

∂ν̃

∂xj
nj
δν̃

δbn
dS−

∫
S

ν̃a

(
ν+ν̃

σ

)
nj

δ

δbn

(
∂ν̃

∂xj

)
dS+

∫
Ω

∂ν̃a
∂xj

∂ν̃

∂xj

1

σ

δν̃

δbn
dΩ

+

∫
S

∂ν̃a
∂n

(
ν+ν̃

σ

)
δν̃

δbn
dS−

∫
Ω

∂

∂xj

[
∂ν̃a
∂xj

(
ν+ν̃

σ

)]
δν̃

δbn
dΩ

+

∫
Ω

ν̃a
∂

∂xk

[(
ν+ν̃

σ

)
∂ν̃

∂xj

]
∂

∂xj

(
δxk
δbn

)
dΩ

−
∫

Ω

∂ν̃a
∂xj

(
ν+ν̃

σ

)
∂ν̃

∂xk

∂

∂xj

(
δxk
δbn

)
dΩ (2.29)

C ν̃ =−
∫

Ω

2ν̃a
cb2
σ

∂ν̃

∂xj

δ

δbn

(
∂ν̃

∂xj

)
dΩ

=−
∫

Ω

2ν̃a
cb2
σ

∂ν̃

∂xj

∂

∂xj

(
δν̃

δbn

)
dΩ+

∫
Ω

2ν̃a
cb2
σ

∂ν̃

∂xj

∂ν̃

∂xx

∂

∂xj

(
δxk
δbn

)
dΩ

=−
∫
S

2ν̃a
cb2
σ

∂ν̃

∂xj
nj
δν̃

δbn
dS+

∫
Ω

∂

∂xj

(
2ν̃a

cb2
σ

∂ν̃

∂xj

)
δν̃

δbn
dΩ
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+

∫
Ω

2ν̃a
cb2
σ

∂ν̃

∂xj

∂ν̃

∂xx

∂

∂xj

(
δxk
δbn

)
dΩ (2.30)

Dν̃ =

∫
Ω

ν̃a [−P(ν̃)+D(ν̃)]
δν̃

δbn
dΩ+

∫
Ω

ν̃aν̃

(
− δP
δbn

+
δD
δbn

)
dΩ (2.31)

The differentiation of the production and dissipation terms, in the last integral of
eq. 2.31, yields

−δP
δbn

+
δD
δbn

=Cν̃
∂ν̃

∂bn
+C∆

∂∆

∂bn
+CY

1

Y
emjk

∂vk
∂xj

emli

[
∂

∂xl

(
δvi
δbn

)
− ∂vi
∂xλ

∂

∂xl

(
δxλ
δbn

)]
(2.32)

where

CY =−
(
cb1 +cw1C

rν̃

Ỹ∆2

)
fv3 (2.33)

C∆ =− 2

∆3

[
cw1rC

ν̃

∆2

(
∆2+

ν̃fv2

κ2Ỹ

)
+cw1fwν̃−cb1

fv2

κ2
ν̃

]
(2.34)

Cν̃ =−
(
cb1 +cw1C

rν̃

Ỹ∆2

)(
∂fv3

∂ν̃
Y +

fv2

κ2∆2
+
∂fv2

∂ν̃

ν̃

κ2∆2

)
+cw1C

r

∆2
+cw1

fw
∆2

(2.35)

C=
[
1+cw2(6r5−1)

] c6
w3

g6+c6
w3

(
1+c6

w3

g6+c6
w3

)1/6

(2.36)

∂fv1

∂ν̃
=

1

ν̃

3χ3c3
v1(

χ3+c3
v1

)2 (2.37)

∂fv2

∂ν̃
=− 3

νcv2

(
1+

χ

cv2

)−4

(2.38)

∂fv3

∂ν̃
=

1

cv2

(
fv1

ν
+χ

∂fv1

∂ν̃

)[
3

(
1+

χ

cv2

)
+

(
χ

cv2

)2
](

1+
χ

cv2

)−3

+
1+χfv1

νc2
v2

(
3+2

χ

cv2

)(
1+

χ

cv2

)−3

−3
1+χfv1

νc2
v2

[
3

(
1+

χ

cv2

)
+

(
χ

cv2

)2
](

1+
χ

cv2

)−4

(2.39)
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By substituting eq. 2.32 into eq. 2.31, the following expression

Dν̃ =

∫
Ω

ν̃a [−P(ν̃)+D(ν̃)]
δν̃

δbn
dΩ+

∫
S

ν̃aν̃
CY
Y
ejql

∂vl
∂xq

ejkink
δvi
δbn

dS

−
∫

Ω

ejki
∂

∂xk

(
ν̃aν̃

CY
Y
ejql

∂vl
∂xq

)
δvi
δbn

dΩ+

∫
Ω

ν̃aν̃Cν̃
δν̃

δbn
dΩ

+

∫
Ω

ν̃aν̃C∆
δ∆

δbn
dΩ−

∫
Ω

ν̃aν̃
CY
Y
eiql

∂vl
∂xq

eijλ
∂vλ
∂xk

∂

∂xj

(
δxk
δbn

)
dΩ (2.40)

arises. Finally, by substituting eqs. 2.28, 2.29, 2.30 and 2.40 to eq. 2.27, then

δ

δbn

∫
Ω

ν̃aR
ν̃dΩ=

∫
Ω

ν̃a
∂ν̃

∂xi

δvi
δbn

dΩ+

∫
S

ν̃avjnj
δν̃

δbn
dS−

∫
Ω

∂ (ν̃avj)

∂xj

δν̃

δbn
dΩ

−
∫

Ω

ν̃avj
∂ν̃

∂xk

∂

∂xj

(
δxk
δbn

)
dΩ−

∫
S

ν̃a
σ

∂ν̃

∂n

δν̃

δbn
dS

−
∫
S

ν̃anj

(
ν+ν̃

σ

)
δ

δbn

(
∂ν̃

∂xj

)
dS+

∫
Ω

∂ν̃a
∂xj

∂ν̃

∂xj

1

σ

δν̃

δbn
dΩ

+

∫
S

∂ν̃a
∂n

(
ν+ν̃

σ

)
δν̃

δbn
dS−

∫
Ω

∂

∂xj

[
∂ν̃a
∂xj

(
ν+ν̃

σ

)]
δν̃

δbn
dΩ

−
∫

Ω

∂ν̃a
∂xj

(
ν+ν̃

σ

)
∂ν̃

∂xk

∂

∂xj

(
δxk
δbn

)
dΩ

+

∫
Ω

ν̃a
∂

∂xk

[(
ν+ν̃

σ

)
∂ν̃

∂xj

]
∂

∂xj

(
δxk
δbn

)
dΩ

−
∫
S

2ν̃a
cb2
σ

∂ν̃

∂xj
nj
δν̃

δbn
dS+

∫
Ω

∂

∂xj

(
2ν̃a

cb2
σ

∂ν̃

∂xj

)
δν̃

δbn
dΩ

+

∫
Ω

2ν̃a
cb2
σ

∂ν̃

∂xj

∂ν̃

∂xx

∂

∂xj

(
δxk
δbn

)
dΩ+

∫
Ω

ν̃a [−P(ν̃)+D(ν̃)]
δν̃

δbn
dΩ

+

∫
S

ν̃aν̃
CY
Y
ejql

∂vl
∂xq

ejkink
δvi
δbn

dS−
∫

Ω

ejki
∂

∂xk

(
ν̃aν̃

CY
Y
ejql

∂vl
∂xq

)
δvi
δbn

dΩ

−
∫

Ω

ν̃aν̃
CY
Y
eiql

∂vl
∂xq

eijλ
∂vλ
∂xk

∂

∂xj

(
δxk
δbn

)
dΩ+

∫
Ω

ν̃aν̃Cν̃
δν̃

δbn
dΩ

+

∫
Ω

ν̃aν̃C∆
δ∆

δbn
dΩ (2.41)
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2.2.9 Differentiation of the R∆ Integral

The field integral of the residual of the Eikonal equation is developed as

∫
Ω

∆a δR
∆

δbn
dΩ=

∫
Ω

∆a δ

δbn

[
∂ (cj∆)

∂xj

]
dΩ︸ ︷︷ ︸

A∆

−
∫

Ω

∆a∂
2∆

∂x2
j

δ∆

δbn
dΩ

−
∫

Ω

∆a∆
δ

δbn

(
∂2∆

∂x2
j

)
dΩ︸ ︷︷ ︸

B∆

(2.42)

The first and last integrals on the r.h.s. of eq. 2.42 are rewritten as

A∆=

∫
Ω

∆a ∂

∂xj

[
δ (cj∆)

δbn

]
dΩ−

∫
Ω

∆a∂ (cj∆)

∂xk

∂

∂xj

(
δxk
δbn

)
dΩ

=

∫
S

∆a δ (cj∆)

δbn
njdS−

∫
Ω

∂∆a

∂xj

δ (cj∆)

δbn
dΩ−

∫
Ω

∆a∂ (cj∆)

∂xk

∂

∂xj

(
δxk
δbn

)
dΩ

=

∫
S

∆a δ (cj∆)

δbn
njdS−

∫
Ω

∆a∂ (cj∆)

∂xk

∂

∂xj

(
δxk
δbn

)
dΩ−

∫
Ω

cj
∂∆a

∂xj

δ∆

δbn
dΩ

−
∫

Ω

∆
∂∆a

∂xj

∂

∂xj

(
δ∆

δbn

)
dΩ+

∫
Ω

∆
∂∆a

∂xj

∂∆

∂xk

∂

∂xj

(
δxk
δbn

)
dΩ

=

∫
S

∆a δ (cj∆)

δbn
njdS−

∫
Ω

∆a∂ (cj∆)

∂xk

∂

∂xj

(
δxk
δbn

)
dΩ−

∫
Ω

cj
∂∆a

∂xj

δ∆

δbn
dΩ

−
∫
S

∆
∂∆a

∂n

δ∆

δbn
dS+

∫
Ω

∂

∂xj

(
∆
∂∆a

∂xj

)
δ∆

δbn
dΩ+

∫
Ω

∆
∂∆a

∂xj

∂∆

∂xk

∂

∂xj

(
δxk
δbn

)
dΩ (2.43)

B∆=−
∫

Ω

∆a∆
∂

∂xj

(
δcj
δbn

)
dΩ+

∫
Ω

∆a∆
∂cj
∂xk

∂

∂xj

(
δxk
δbn

)
dΩ

=−
∫
S

∆a∆nj
δcj
δbn

dS+

∫
Ω

∂ (∆a∆)

∂xj

δcj
δbn

dΩ+

∫
Ω

∆a∆
∂cj
∂xk

∂

∂xj

(
δxk
δbn

)
dΩ

=−
∫
S

∆a∆nj
δcj
δbn

dS+

∫
Ω

∆a∆
∂cj
∂xk

∂

∂xj

(
δxk
δbn

)
dΩ

+

∫
Ω

∂ (∆a∆)

∂xj

∂

∂xj

(
δ∆

δbn

)
dΩ−

∫
Ω

∂ (∆a∆)

∂xj

∂∆

∂xk

∂

∂xj

(
δxk
δbn

)
dΩ

=−
∫
S

∆a∆nj
δcj
δbn

dS+

∫
Ω

∆a∆
∂cj
∂xk

∂

∂xj

(
δxk
δbn

)
dΩ+

∫
S

∂ (∆a∆)

∂xj
nj
δ∆

δbn
dS

−
∫

Ω

∂2 (∆a∆)

∂x2
j

δ∆

δbn
dΩ−

∫
Ω

∂ (∆a∆)

∂xj

∂∆

∂xk

∂

∂xj

(
δxk
δbn

)
dΩ (2.44)
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By substituting eqs. 2.43 and 2.44 into eq. 2.42, this becomes

∫
Ω

∆a δR
∆

δbn
dΩ=

∫
S

∆a δ (cj∆)

δbn
njdS−

∫
Ω

∆a∂ (cj∆)

∂xk

∂

∂xj

(
δxk
δbn

)
dΩ

−
∫

Ω

cj
∂∆a

∂xj

δ∆

δbn
dΩ−

∫
S

∆
∂∆a

∂n

δ∆

δbn
dS

+

∫
Ω

∂

∂xj

(
∆
∂∆a

∂xj

)
δ∆

δbn
dΩ+

∫
Ω

∆
∂∆a

∂xj

∂∆

∂xk

∂

∂xj

(
δxk
δbn

)
dΩ

−
∫

Ω

∆a∂
2∆

∂x2
j

δ∆

δbn
dΩ−

∫
S

∆a∆nj
δcj
δbn

dS+

∫
Ω

∆a∆
∂cj
∂xk

∂

∂xj

(
δxk
δbn

)
dΩ

+

∫
S

∂ (∆a∆)

∂xj
nj
δ∆

δbn
dS−

∫
Ω

∂2 (∆a∆)

∂x2
j

δ∆

δbn
dΩ

−
∫

Ω

∂ (∆a∆)

∂xj

∂∆

∂xk

∂

∂xj

(
δxk
δbn

)
dΩ (2.45)

2.2.10 Final Expression of δL/δbn

By gathering and re-arranging terms included in eqs. 2.18, 2.21, 2.26, 2.41 and
2.45, the derivatives of L w.r.t. bn become

δL

δbn
=

∫
S

(
uivjnj+τ

a
ijnj−qni+ν̃aν̃

CY
Y
ejql

∂vl
∂xq

ejkink+
∂jSk
∂vi

nk+jvS,i

)
δvi
δbn

dS

+

∫
S

(
uini+

∂jSi
∂p

ni+j
p
S

)
δp

δbn
dS+

∫
S

(
−uinj+

∂jSk
∂τij

nk

)
δτij
δbn

dS

+

∫
S

[
ν̃avjnj−

ν̃a
σ

∂ν̃

∂n
+
∂ν̃a
∂n

(
ν+ν̃

σ

)
−2ν̃a

cb2
σ

∂ν̃

∂n
+j ν̃S

]
δν̃

δbn
dS

−
∫
S

ν̃anj

(
ν+ν̃

σ

)
δ

δbn

(
∂ν̃

∂xj

)
dS+

∫
S

(
∆a∂∆

∂n
+∆acjnj

)
δ∆

δbn
dS

+

∫
Ω

[
uj
∂vj
∂xi
− ∂ (uivj)

∂xj
−
∂τaij
∂xj

+
∂q

∂xi
+ν̃a

∂ν̃

∂xi
− ∂

∂xl

(
ν̃aν̃

CY
Y
emjk

∂vk
∂xj

emli

)
+jvΩ,i

]
δvi
δbn

dΩ+

∫
Ω

{
− ∂(vj ν̃a)

∂xj
− ∂

∂xj

[(
ν+ν̃

σ

)
∂ν̃a
∂xj

]
+

1

σ

∂ν̃a
∂xj

∂ν̃

∂xj

+2
cb2
σ

∂

∂xj

(
ν̃a
∂ν̃

∂xj

)
+ν̃aν̃Cν̃−(P−D) ν̃a+

∂ui
∂xj

(
∂vi
∂xj

+
∂vj
∂xi

)
δνt
δν̃

+j ν̃Ω

}
δν̃

δbn
dΩ

+

∫
Ω

(
−∂ui
∂xi

+jpΩ

)
δp

δbn
dΩ+

∫
Ω

[
−2

∂

∂xj

(
∆a ∂∆

∂xj

)
+ν̃ν̃aC∆

]
δ∆

δbn
dΩ

+

∫
Ω

(
−uivj

∂vi
∂xk
−uj

∂p

∂xk
−τaij

∂vi
∂xk

+ui
∂τij
∂xk

+q
∂vj
∂xk

+Θjk

)
∂

∂xj

(
δxk
δbn

)
dΩ
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+

∫
Ω

jΩ
∂

∂xk

(
δxk
δbn

)
dΩ+

∫
SWp

jgSi,k
δxk
δbn

nidS+

∫
SWp

jS,i
δ (nidS)

δbn
(2.46)

where τaij =(ν+νt)
(
∂ui
∂xj

+
∂uj
∂xi

)
is the adjoint stress tensor and

Θjk=−ν̃avj
∂ν̃

∂xk
+ν̃a

∂

∂xk

[(
ν+ν̃

σ

)
∂ν̃

∂xj

]
−
(
ν+ν̃

σ

)
∂ν̃a
∂xj

∂ν̃

∂xk

−ν̃aν̃
CY
Y
eiql

∂vl
∂xq

eijλ
∂vλ
∂xk

+2ν̃a
cb2
σ

∂ν̃

∂xj

∂ν̃

∂xk
−2∆a ∂∆

∂xj

∂∆

∂xk
(2.47)

2.2.11 Field Adjoint Equations

By eliminating the expressions multiplying vi, p, ν̃ and ∆ w.r.t. bn inside field
integrals, the following adjoint PDEs arise

Rq=−∂ui
∂xi

+jpΩ = 0 (2.48a)

Ru
i =uj

∂vj
∂xi
− ∂(vjui)

∂xj
−
∂τaij
∂xj

+
∂q

∂xi
+ν̃a

∂ν̃

∂xi
− ∂

∂xl

(
ν̃aν̃

CY
Y
emjk

∂vk
∂xj

emli

)
+jvΩ,i=0, i=1, 2(, 3) (2.48b)

Rν̃a =−∂(vj ν̃a)

∂xj
− ∂

∂xj

[(
ν + ν̃

σ

)
∂ν̃a
∂xj

]
+

1

σ

∂ν̃a
∂xj

∂ν̃

∂xj
+2

cb2
σ

∂

∂xj

(
ν̃a
∂ν̃

∂xj

)
+ν̃aν̃Cν̃−(P−D) ν̃a+

∂ui
∂xj

(
∂vi
∂xj

+
∂vj
∂xi

)
δνt
δν̃

+j ν̃Ω =0 (2.48c)

R∆a

=−2
∂

∂xj

(
∆a ∂∆

∂xj

)
+ν̃ν̃aC∆ =0 (2.48d)

where Rq and Ru
i are the adjoint continuity and momentum PDEs, Rν̃a stands for

the adjoint Spalart–Allmaras PDE and R∆a is the adjoint Eikonal equation. In
this PhD thesis, eqs. 2.48a–2.48c are solved by the SIMPLE algorithm [132], i.e.
the same algorithm used to solve the primal PDEs, eqs. 2.1a–2.1d. Eq. 2.48d can
be solved once the rest of the adjoint equations have converged, since ∆a is not
included in any other adjoint equation.

2.2.12 Adjoint Boundary Conditions

The detailed derivation of the adjoint boundary conditions can be found in Ap-
pendix A. Along the inlet boundary SI , the uncontrolled SWnp and controlled SWp
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walls

ujnj =u〈n〉=−
∂jSI,i
∂p

ni−jpSI (2.49a)

uI〈t〉=
∂jSI,k
∂τij

nkt
I
inj+

∂jSI,k
∂τij

nkt
I
jni (2.49b)

uII〈t〉=
∂jSI,k
∂τij

nkt
II
i nj+

∂jSI,k
∂τij

nkt
II
j ni (2.49c)

where tIi , tIIi are the components of the tangent to the surface unit vectors, see
Appendix A. Also, ∂q/∂n=0 and ν̃a=0. Regarding ∆a, along SI , ∆a=0 and along
SWnp and SWp a zero Neumann condition is imposed.

Along the outlet boundary SO,

q=u〈n〉v〈n〉+2(ν + νt)
∂u〈n〉
∂n

+ν̃aν̃
CY
Y
ejql

∂vl
∂xq

ejkinkni+
∂jSO,k
∂vi

nkni+j
v
SO,i

ni=0 (2.50)

Regarding the normal component of the adjoint velocity, the condition ∂u〈n〉/∂n=0
is imposed and the tangential adjoint velocity components are given by

v〈n〉u
l
〈t〉+(ν+νt)

(
∂ul〈t〉
∂n

+
∂u〈n〉
∂tl

)
+ν̃aν̃

CY
Y
ejql

∂vl
∂xq

ejkinkt
l
i+
∂jSO,k
∂vi

nkt
l
i+j

v
SO,i

tli=0 (2.51)

Regarding ν̃a,

ν̃avjnj+
∂ν̃a
∂n

(
ν+ν̃

σ

)
+j ν̃S =0 (2.52)

and ∆a=0.

Over the symmetry planes SS, if any,

u〈n〉=0 (2.53)

and
∂ul〈t〉
∂n

=0 (2.54)

As seen in eqs. 2.53 and 2.54, the symmetry plane conditions for the adjoint
velocity are similar to those of the primal problem. Regarding q and ν̃a, zero
Neumann boundary conditions are imposed. Also, ∆a=0.
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2.2.13 FI Adjoint Sensitivities

After satisfying the adjoint mean-flow PDEs and boundary conditions, and con-
sidering eqs. 2.46 and A.39, the final expression of the SDs arises, reading

δJ

δbn

∣∣∣∣
FI

=

∫
Ω

(
−uivj

∂vi
∂xk
−uj

∂p

∂xk
−τaij

∂vi
∂xk

+ui
∂τij
∂xk

+q
∂vj
∂xk

+Θjk

)
∂

∂xj

(
δxk
δbn

)
dΩ

+

∫
Ω

jΩ
∂

∂xk

(
δxk
δbn

)
dΩ+

∫
SWp

jgSi,k
δxk
δbn

nidS+

∫
SWp

jS,i
δ (nidS)

δbn

−
∫
SWp

[
∂jSWp,k

∂τlm
nkt

I
l t
I
mτij

δ(tIi t
I
j )

δbn

]
dS−

∫
SWp

[
∂jSWp,k

∂τlm
nkt

II
l t

II
mτij

δ(tIIi t
II
j )

δbn

]
dS

−
∫
SWp

[(
−u〈n〉+

∂jSWp,k

∂τlm
nknlnm

)
τij
δ(ninj)

δbn

]
dS

−
∫
SWp

[(
∂jSWp,k

∂τlm
nk(t

II
l t

I
m+tIl t

II
m)

)
τij
δ(tIIi t

I
j )

δbn

]
dS (2.55)

Due to the presence of Field Integrals on the r.h.s. of the above equation, this
adjoint method is abbreviated as the FI adjoint. The first term on the r.h.s. of
eq. 2.55 requires the computation of the grid sensitivities at the internal grid
nodes, which is conducted after differentiating w.r.t. bn the equations of the Grid
Displacement Model (GDM). This results in expressions which are similar to the
GDM equations and have to be evaluated N times. Thus, the computation of grid
sensitivities increases the cost of the FI adjoint.

2.3 The (Severed) SI and E-SI Adjoints

To overcome the need of computing δxk/δbn in the interior of Ω and to reduce,
even further, the cost of computing the adjoint sensitivities, alternative continu-
ous adjoint formulations have also been developed [60, 8, 70, 72]. In [60, 8], the
proposed method avoids considering internal grid displacement, by neglecting
terms which were proven in [70, 72] to account for the internal grid displace-
ment. In [70, 72], a different approach is followed. To consider the internal grid
displacement mi but avoid at the same time the expensive computation of grid
sensitivities, the adjoint to the GDM equations is derived. The same idea has been
applied in the FI adjoint to avoid the expensive computation of the variations of
the flow variables, when computing the SDs. In [70, 72], a Laplace-based GDM is
assumed and the Lagrangian, given by eq. 2.19, is extended by the field integrals
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of the Laplace PDEs residuals, reading

Rm
i =

∂2mi

∂x2
j

=0 (2.56)

multiplied by the adjoint grid displacement field ma
i ; the new Lagrangian reads

L=J+

∫
Ω

qRpdΩ+

∫
Ω

uiR
v
i dΩ+

∫
Ω

ν̃aR
ν̃dΩ+

∫
Ω

∆aR∆dΩ+

∫
Ω

ma
iR

m
i dΩ (2.57)

Developing the adjoint method for a Laplace-based GDM is convenient for two
reasons. First, adjoint PDEs can be derived for GDMs expressed as PDEs, in
contrast to GDMs, which are described by algebraic equations, such as those
based on a volumetric B-Splines morpher [129], the Delaunay Graph [89] and
the Inverse Distance Weighting model [92], see section 5.1. Also, as seen below,
the simple form of the Laplace PDEs allows for a straightforward derivation of
the adjoint GDM equations, in contrast to GDMs governed by more complicated
PDEs, such as the Linear Elasticity Model, [28]. This assumption of a Laplace-
based GDM is assessed in Chapter 5.

The derivation of the E-SI and (Severed) SI adjoint methods can be carried out
following [70, 72] and [125], respectively, where the Leibniz theorem for integral
variations is applied to develop the derivatives of eqs. 2.19 and 2.57. To avoid
the lengthy mathematical development from scratch, an alternative derivation of
the SDs expressions is followed. Based on the use of the material derivative for
differentiating eq. 2.57 w.r.t. bn, the first 5 terms on its r.h.s. are differentiated
as presented in section 2.2, leading to eq. 2.46. The last term is differentiated by
considering that

xnewi (bn)=xi (bn)=xoldi +mi

(
bn, x

old
i

)
(2.58)

where superscripts old and new denote the current mesh, where the primal PDEs
are solved, and the displaced one. Based on eq. 2.58,

δxi
δbn

=
δmi

δbn
(2.59)

and by differentiating the integral including eq. 2.56

δ

δbn

∫
Ω

ma
iR

m
i dΩ=

∫
Ω

ma
i

δ

δbn

(
∂2mi

∂xoldj
2

)
dΩ=

∫
Ω

ma
i

∂2

∂xoldj
2

(
δmi

δbn

)
dΩ

=

∫
S

ma
i nj

δ

δbn

(
∂mi

∂xoldj

)
dS−

∫
Ω

∂mi

∂xoldj

∂

∂xoldj

(
δmi

δbn

)
dΩ
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=

∫
S

ma
i nj

δ

δbn

(
∂mi

∂xoldj

)
dS−

∫
S

∂ma
i

∂n

δmi

δbn
dS+

∫
Ω

∂2ma
i

∂xoldj
2

δmi

δbn
dS

=

∫
S

ma
i nj

δ

δbn

(
∂mi

∂xoldj

)
dS−

∫
S

∂ma
i

∂n

δxi
δbn

dS+

∫
Ω

∂2ma
i

∂xoldj
2

δxi
δbn

dS (2.60)

To simplify notation, spatial derivatives on the current grid are denoted as ∂/∂xi
instead of ∂/∂xoldi and regarding grid sensitivities, δxi/δbn is used instead of
δxnewi /δbn. By substituting eqs. 2.46 and 2.60 into the derivative of eq. 2.57
and applying the Gauss divergence theorem to the fifth field integral of eq. 2.46,
the following expression arises

δL

δbn
=

∫
S

(
uivjnj+τ

a
ijnj−qni+ν̃aν̃

CY
Y
ejql

∂vl
∂xq

ejkink+
∂jSk
∂vi

nk+jvS,i

)
δvi
δbn

dS

+

∫
S

(
uini+

∂jSi
∂p

ni+j
p
S

)
δp

δbn
dS+

∫
S

(
−uinj+

∂jSk
∂τij

nk

)
δτij
δbn

dS

+

∫
S

[
ν̃avjnj−

ν̃a
σ

∂ν̃

∂n
+
∂ν̃a
∂n

(
ν+ν̃

σ

)
−2ν̃a

cb2
σ

∂ν̃

∂n
+j ν̃S

]
δν̃

δbn
dS

−
∫
S

ν̃anj

(
ν+ν̃

σ

)
δ

δbn

(
∂ν̃

∂xj

)
dS+

∫
S

(
∆a∂∆

∂n
+∆acjnj

)
δ∆

δbn
dS

+

∫
S

ma
i nj

δ

δbn

(
∂mi

∂xj

)
dS−

∫
S

∂ma
i

∂n

δxi
δbn

dS

+

∫
Ω

Ru
i

δvi
δbn

dΩ+

∫
Ω

Rq δp

δbn
dΩ+

∫
Ω

Rν̃a
δν̃

δbn
dΩ+

∫
Ω

R∆a δ∆

δbn
dΩ

+

∫
S

(
−uivj

∂vi
∂xk
−uj

∂p

∂xk
−τaij

∂vi
∂xk

+ui
∂τij
∂xk

+q
∂vj
∂xk

+Θjk

)
nj
δxk
δbn

dS

+

∫
Ω

[
∂2ma

k

∂xj2
− ∂

∂xj

(
−uivj

∂vi
∂xk
−uj

∂p

∂xk
−τaij

∂vi
∂xk

+ui
∂τij
∂xk

+q
∂vj
∂xk

+Θjk

)
− ∂jΩ

∂xk

]
δxk
δbn

dΩ+

∫
SWp

jΩnk
δxk
δbn

dS+

∫
SWp

jgSi,k
δxk
δbn

nidS+

∫
SWp

jS,i
δ (nidS)

δbn
(2.61)

By setting the multipliers of δvi
δbn

, δp
δbn

, δν̃
δbn

and δ∆
δbn

to zero, the same adjoint PDEs,
boundary conditions and contributions to adjoint SDs arise. To avoid the ex-
pensive computation of δxk/δbn in the interior of the domain, the expressions
multiplying them, included in the fifth field integral of eq. 2.61, are set equal to
zero, giving rise to the adjoint grid displacement PDEs, reading

∂2ma
k

∂xj2
=

∂

∂xj

(
−uivj

∂vi
∂xk
−uj

∂p

∂xk
−τaij

∂vi
∂xk

+ui
∂τij
∂xk

+q
∂vj
∂xk

+Θjk

)
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+
∂jΩ

∂xk
=0, k=1, 2(, 3) (2.62)

Since ∂mi/∂xj is unknown along all boundaries, the seventh integral in eq. 2.61
is eliminated by setting ma

i = 0. Eq. 2.62 is solved after the adjoint mean-flow
PDEs, eqs. 2.48a–2.48d, and before computing the adjoint SDs, which are given
by the following expression

δJ

δbn

∣∣∣∣
E−SI

=

∫
SWp

(
−uivj

∂vi
∂xk
−uj

∂p

∂xk
−τaij

∂vi
∂xk

+ui
∂τij
∂xk

+q
∂vj
∂xk

+Θjk

)
nj
δxk
δbn

dS

+

∫
SWp

jΩnk
δxk
δbn

dS+

∫
SWp

jgSi,k
δxk
δbn

nidS+

∫
SWp

jS,i
δ (nidS)

δbn
−
∫
SWp

∂ma
i

∂n

δxi
δbn

dS

−
∫
SWp

[
∂jSWp,k

∂τlm
nkt

I
l t
I
mτij

δ(tIi t
I
j )

δbn

]
dS−

∫
SWp

[
∂jSWp,k

∂τlm
nkt

II
l t

II
mτij

δ(tIIi t
II
j )

δbn

]
dS

−
∫
SWp

[(
−u〈n〉+

∂jSWp,k

∂τlm
nknlnm

)
τij
δ(ninj)

δbn

]
dS

−
∫
SWp

[(
∂jSWp,k

∂τlm
nk(t

II
l t

I
m + tIl t

II
m)

)
τij
δ(tIIi t

I
j )

δbn

]
dS (2.63)

As demonstrated in [70, 72] and section 2.4, SDs computed by either eqs. 2.55
and 2.63 are practically equivalently accurate. The fifth integral on the r.h.s. of
eqs. 2.63 requires the solution of the adjoint grid displacement PDEs, eq. 2.62.
In [70, 72], it was demonstrated that

−
∫
SWp

∂ma
i

∂n

δxi
δbn

dS=

∫
SWp

(
qRp+uiR

v
i +ν̃aR

ν̃+∆aR∆
)
nk
δxk
δbn

dS (2.64)

Thus, SDs could alternatively be computed as

δJ
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∣∣∣∣
SI
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∂xk
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∫
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∫
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−
∫
SWp

[(
−u〈n〉+

∂jSWp,k

∂τlm
nknlnm

)
τij
δ(ninj)

δbn

]
dS

−
∫
SWp

[(
∂jSWp,k

∂τlm
nk(t

II
l t

I
m+tIl t

II
m)

)
τij
δ(tIIi t

I
j )

δbn

]
dS (2.65)

In this case, eqs. 2.62 are not solved, since the so-computed SDs do not depend
on ma

i . More details about this derivation can be found in [125]. In both eqs. 2.63
and 2.65, SDs consist only of surface integrals in contrast to the FI adjoint. A
common approach in the literature [60, 8] is the elimination of the fifth on the
r.h.s. of eq. 2.65, by assuming that since the residuals of the primal PDEs are
zero in the interior of the computational domain, they asymptotically tend to zero
on the boundaries. Even when this term is computed though, numerical error
might be introduced due to the discretization of higher-order spatial derivatives
along the boundary, impairing the accuracy of the computed SDs, [70, 72]. It
is there shown that the elimination of this term may lead to less accurate SDs,
compared to SDs computed by eqs. 2.55 and 2.63. Thus, the adjoint method
which leads to SDs computed by eq. 2.65 without the fifth integral, is expressed
exclusively by Surface Integrals and is, thus, called (Severed) SI adjoint. On the
other hand, the adjoint method leading to eq. 2.63 is called Enhanced-SI adjoint.
Term ‘‘Enhanced’’ is used since SDs are of higher accuracy than those computed
by the (Severed) SI adjoint [72, 70].

In the next section, applications are used to investigate the differences between
the various adjoint formulations.

2.4 Indicative Comparisons of the Adjoint Formulations

In this section, the differences in the SDs values computed by the aforementioned
adjoint methods and the effect on the results of shape optimizations, are studied
using some new test cases, over and above to [72, 70, 125]. Case 1, fig. 2.1,
aims at the comparison between the FI, (Severed) SI and E-SI adjoint methods
for the turbulent flow around the NACA4412 isolated airfoil, for which Re= 106,
the farfield flow angle is α∞ = 0o and the non-dimensional distance of the first
cell-center off the wall is y+<0.06. Adjoint sensitivities are computed for the lift,
given by

Jforces=

∫
SWp

(
pδji − τij

)
rinjdS (2.66)

with r being the vector upon which the total force vector is projected. For the
lift, this is perpendicular to the freestream flow. Design variables are the x and y
coordinates of 18 NURBS curve control points (CPs), fig. 2.1a, parameterizing the
pressure and suction sides of the airfoil. SDs based on the FI, SI and E-SI adjoint
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Figure 2.1: Case 1: (a) Geometry and parameterization. 22 NURBS CPs parameterize
the pressure and suction sides of the NACA4412 airfoil. (b) Lift SDs computed by the
FI, SI and E-SI adjoint methods and FDs. The first and last CPs for each side of
the airfoil are excluded. The first half SDs correspond to the x coordinates and the
second half to the y coordinates of the CPs.

methods are compared with FDs in fig. 2.1b. The E-SI and FI SDs reproduce
the FDs, whereas the (Severed) SI ones have noticable differences and for some
CPs, they have even the opposite sign. More details about the differentiation of
this objective function can be found in Appendix B. The presented results are in
agreement with applications presented in [70, 72] for other flow problems and
suggest that the (Severed) SI adjoint should be avoided. This application also
shows that neglecting the internal grid displacement mitigates the accuracy of
the computed SDs; this finding is in agreement with [163], based on discrete
adjoint.

In fig. 2.2, the fields of the primal and adjoint velocity magnitudes are plotted.
Regarding the adjoint flow, since ui=−ri along the airfoil wall, see eqs. A.24 and
Appendix B, the adjoint velocity vector at each point has the opposite direction of
the lift, see fig. 2.2c. Also, the adjoint flow follows a circular counter-clockwise
path around the airfoil, fig. 2.2b, entering the domain through the airfoil pressure
side and exiting through the suction side. Finally, a part of the adjoint flow
seems to recirculate between the inlet and the leading edge of the airfoil. Since
ui
∣∣
SI

= 0, the adjoint flow reaches the inlet and reflects back towards the airfoil,
as if rebounding on a solid wall.

Case 2, fig. 2.3, concerns the comparison of the FI and E-SI adjoints for the
turbulent flow (Re=105, y+ < 1) through an S-shaped duct. The objective function
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is the volume-weighted total pressure losses difference between SI and SO,

Jpt=−
∫
SI,O

(
p+

1

2
v2
k

)
vjnjdS (2.67)

and design variables are the y coordinates of 9 volumetric B-Splines CPs param-
eterizing the central part of the duct, fig. 2.3a. More details on the volumetric
B-Splines morpher used in this thesis can be found in Chapter 5, where the
choice of the grid displacement models on the SDs accuracy is discussed.

In fig. 2.3b, FI and E-SI-computed SDs are verified against FDs. Both adjoint
methods are reproducing the outcome of FDs. The FI and E-SI adjoints are also
used to carry out shape optimizations, with a Quasi-Newton updating the design
variables. The convergence of this method is known to be more sensitive than
Steepest Descent or the Conjugate Gradient method to the accuracy of SDs [29].
This is because BFGS approximates the Hessian matrix, i.e. second derivatives of
J w.r.t. bn, by using differences between SDs of the current and previous optimiza-
tion cycles to update the previous Hessian matrix [113]. Thus, slight differences
in SDs values computed by different methods cause deviations between the cor-
responding Hessian matrices. Here, the damped version of the BFGS method is
used [113]. The convergence histories of the two optimizations, plotted in fig. 2.3c,
are practically the same. The optimized shape, with ∼ 8.5% lower Jpt value, is
obtained after 8 optimization cycles and the difference in the value of the objective
function between the optimized geometries is 0.005%. These results confirm that
the differences between SDs computed by the FI and E-SI adjoints are negligible.
In fig. 2.4, the fields of velocity magnitude are plotted for the baseline and opti-
mized geometries. To minimize Jpt, the cross-section area at the middle of the
duct becomes larger and the S-shape is smoothed out. As a result, the velocity
magnitude at the middle of the duct is reduced, leading to lower friction losses
and, thus, Jpt.

In Case 3, fig. 2.5, it is demonstrated that considering the internal grid dis-
placement is not enough for computing accurate SDs; the latter is achieved if
the adjoint to the turbulent model equation and wall functions are implemented.
The exact differentiation of the wall functions technique for the Spalart–Allmaras
model, as described in [125], is used. In this case, the lift SDs are computed
for the turbulent flow (Re = 6 106, y+ < 10) around the NACA4415 airfoil, with
the farfield flow angle being α∞ = 3o. Design variables are the y components of
the 20 volumetric B-Splines CPs parameterizing the airfoil contour, see fig. 2.5a.
FDs are used to compute reference SDs. In fig. 2.5b, the adjoint method based
on the adjoint to the wall function technique perfectly matches the FDs. On the
other hand, significant discrepancies from the FD-computed SDs occur, in case
turbulence is not differentiated.
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2.5 Summary

In this chapter, the detailed derivation of the FI and E-SI continuous adjoint meth-
ods has been presented, for steady-state turbulent flows of incompressible fluids.
The system of primal PDEs was closed by the Spalart–Allmaras turbulence model
and the Eikonal PDE provided the required distance field; in the E-SI adjoint,
the Laplace PDE governing the internal grid displacement are considered as addi-
tional PDEs. In contrast to the (Severed) SI adjoint, which made the assumption
of fixed internal grid nodes, both FI and E-SI adjoints considered the internal grid
displacement in different ways and computed accurate SDs. The FI adjoint led to
SDs including field integrals of grid sensitivities which were computed by solving
PDEs, arising after differentiating the used Laplace GDM w.r.t. the design vari-
ables, at a cost of N equivalent grid displacements. The E-SI adjoint led to SDs
expressed only in terms of surface integrals. The costly computation of the grid
sensitivities was avoided by developing and solving the adjoint GDM equations.
In this way, the adjoint displacement field was provided and used to compute the
SDs.

In two applications, the differences between the alternative adjoint formula-
tions were studied. For the flow around an isolated airfoil, the FI and E-SI adjoints
were able to reproduce FDs, in contrast to the (Severed) SI adjoint, for the lift being
the objective function. In an internal aerodynamics problem, SDs of the volume-
weighted total pressure losses, computed by the FI and E-SI adjoints and verified
against FDs, assisted shape optimizations. It was demonstrated that differences
between the SDs of the FI and E-SI adjoints are negligible, since the outcome
of optimizations driven by Quasi-Newton methods, which are known to be quite
sensitive to the SDs accuracy, was practically the same. Finally, in an external
aerodynamics problem, it was demonstrated that even if the internal grid dis-
placement is considered, accurate SDs are not computed if the turbulence model
PDEs were not differentiated.
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(a)

(b)

(c)

Figure 2.2: Case 1: Magnitude of (a) primal and (b,c) adjoint velocity fields. In (b)
adjoint velocity vectors in the interior of the field and in (c) only along the airfoil wall
are plotted.
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(a) Geometry and parameterization
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(b) Total pressure losses SDs
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Figure 2.3: Case 2: (a) Red CPs are considered in SDs computation. (b) FI and E-SI
sensitivities verified against FDs. (c) Convergence of shape optimizations driven by
the FI and E-SI adjoint methods.
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(a)

(b)

Figure 2.4: Case 2: Fields of velocity magnitude over (a) the initial and (b) optimized
geometries.
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Figure 2.5: Case 3: (a) Geometry and parameterization, based on volumetric B-
Splines CPs. Red CPs are considered in SDs computation. (b) SDs are computed for
the y coordinates of the red colored CPs of (a).
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Chapter 3

Continuous Adjoint Method for Conjugate
Heat Transfer Problems

In this chapter, the mathematical development of the FI, E-SI and (Severed) SI
adjoint methods for Conjugate Heat Transfer (CHT) problems with incompressible
flows is presented. Emphasis is laid on the differentiation of the fluid energy and
solid heat conduction equations. The differentiation of the rest of the primal PDEs
has already been presented in detail in Chapter 2. In section 3.4, the accuracy of
the SDs computed by the three adjoint methods is validated against FDs. Also,
the effect of the ’’frozen turbulence’’ assumption on the accuracy of the adjoint SDs
in CHT problems is investigated. In sections 3.5 and 3.6, optimizations of a 2D
internally cooled turbine blade and an S-shaped cooling channel are presented.

3.1 The CHT Primal Problem

Throughout this chapter, quantities pertaining to the fluid and the solid domains
are marked with superscripts F and S, respectively. For the sake of simplicity,
the derivation of the adjoint method is presented for a single fluid ΩF and a single
solid ΩS domain; extension to problems with more that one fluid or solid domains
is straightforward.

Over ΩF , the energy equation is solved along with the steady-state RANS
equations for incompressible turbulent flows, closed by the one-equation Spalart-
Allmaras turbulence model and the Hamilton-Jakobi (Eikonal) PDEs. The fluid
flow PDEs read

Rp=−∂vj
∂xj

=0 (3.1)

Rv
i=vj

∂vi
∂xj
− ∂τij
∂xj

+
∂p

∂xi
=0, i=1, 2(, 3) (3.2)

47
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RTF=ρFvjcp
∂T F

∂xj
+ ρF

vj
2

∂v2
k

∂xj
− ∂

∂xj

(
kF
∂T F

∂xj

)
=0 (3.3)

Rν̃ =vj
∂ν̃

∂xj
− ∂

∂xj

[(
ν+ν̃

σ

)
∂ν̃

∂xj

]
−Cb2

σ

(
∂ν̃

∂xj

)2

−ν̃P(ν̃) + ν̃D(ν̃)=0 (3.4)

R∆=
∂ (cj∆)

∂xj
−∆

∂2∆

∂x2
j

−1=0, cj =
∂∆

∂xj
(3.5)

where
kF=ρFcpαeff =ρFcp

(
ν

Pr
+

νt
Prt

)
(3.6)

is the fluid thermal conductivity, ρF the constant fluid density, cp the specific
heat transfer coefficient under constant pressure, Pr and Prt are the laminar
and turbulent Prandtl numbers. The laminar, turbulent and effective thermal
diffusivities are also defined as α, αt and αeff , with αeff = α+αt, α = ν/Pr,
αt=νt/Prt. The rest of the terms in eqs. 3.1–3.5 can be found in Chapter 2.

On the other hand, heat conduction over ΩS is governed by

RTS=− ∂

∂xj

(
kS
∂T S

∂xj

)
=0 (3.7)

where kS is the solid head conductivity. In CHT problems tackled in this thesis,
the fluid and solid primal PDEs are discretized and solved in different grids, which
are in contact with each other through the Fluid-Solid Interface (FSI), S. Since
eqs. 3.1, 3.2, 3.4 and 3.5 do not depend on T F (and T S), eqs. 3.3 and 3.7 can be
solved after making the rest of the primal PDEs converge.

In fig. 3.1, an indicative CHT problem is presented, along with the different
types of boundaries enclosing ΩF and ΩS. For vi, p, ν̃ and ∆, the boundary
conditions can be found in Chapter 2. Regarding T F , along SFI and SFO , Dirich-
let and zero Neumann conditions are imposed, respectively. Different kinds of
boundary conditions can be imposed along SFW , which is decomposed as SF =

SFW,D ∪ SFW,F l ∪ S
F

. SFW,D and SFW,F l are walls with fixed temperature T F and heat

flux distributions and S
F

corresponds to the FSI, as seen from ΩF , see fig. 3.1b.

The ΩS boundaries are decomposed as SS =SSD∪SSF l∪S
S∪SSCH , where SSD and

SSF l are boundaries with fixed T S and fixed heat-flux distributions, respectively,
see see fig. 3.1c. In both ΩF and ΩS, adiabatic boundaries are represented by
SFFl and SSF l, with a zero Neumann condition being imposed on temperature along
them. Along SSCH , regarding 2D cooling holes, a heat flux preservation condition
is imposed, reading

− kS ∂T
S

∂n
=h

(
T S−Tcool

)
(3.8)
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(a) CHT Example

(b) Boundaries of ΩF
(c) Boundaries of ΩS

Figure 3.1: (a) An indicative CHT problem: A solid body (red) in contact with a fluid
(blue) passing through an S-shaped duct. The flow enters through SFI in ΩF and exits
from SFO . The green line stands for the FSI. (b,c) Classification of boundary types for
ΩF and ΩS respectively. FSI boundaries are denoted by S while non-FSI ones by S∗.
Regarding SFW and SS , in this chapter, subscripts p, np, are used to denote whether
the boundaries are controlled, or not, by the parameterization.

where Tcool the temperature value of a fluid passing by SSCH .

Along both sides of the FSI boundaries (S
F

, S
S
), heat-flux conservation and

temperature equality lead to the FSI conditions

T S
∣∣
SS

=T F
∣∣
SF

(3.9)

kS
∂T S

∂n

∣∣∣∣
S
S
= −kF ∂T

F

∂n

∣∣∣∣
S
F

(3.10)

For the outward unit normal vector at any point of the interface, n
∣∣
S
F =−n

∣∣
S
S. By

discretizing eq. 3.10 as

kF
T F
∣∣
S
F−T FI

FFI
=−kS

T S
∣∣
S
S−T SI

SSI
(3.11)

where T FI and T SI are the T F and T S values at the first barycenter off the wall,
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see fig. 3.2, and due to eq. 3.9, eq. 3.11 yields

T F
∣∣
S
F =

kF

FFI
T FI + kS

SSI
T SI(

kF

FFI
+ kS

SSI

) (3.12a)

T S
∣∣
S
S =

kF

FFI
T FI + kS

SSI
T SI(

kS

SSI
+ kF

FFI

) (3.12b)

This means that a Dirichlet boundary condition is used for both T F and T S along
the FSI boundary. In each iteration of the primal CHT solver, since the fluid
energy PDE (eq. 3.3) is solved prior to the solid heat conduction equation (eq. 3.7),
T FI and T SI values might differ during the numerical solution of eqs. 3.3 and 3.7.
Thus, only when the primal PDEs are converged for both ΩF and ΩS, eqs. 3.9 and
3.10 are valid.

Figure 3.2: The Fluid-Solid Interface. Faces F and S coincide. FI and SI are the
barycentres of the first cells off the fluid and solid boundaries, respectively.

3.2 The FI Adjoint for CHT Problems

To derive the FI adjoint for CHT problems, L is redefined as

L=J+

∫
ΩF
qRpdΩ+

∫
ΩF
uiR

v
i dΩ+

∫
ΩF
ν̃aR

νdΩ+

∫
ΩF

∆aR∆dΩ+
∑
D=F,S

∫
ΩD
TDa R

TDdΩ (3.13)
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with TDa standing for the adjoint temperature for the fluid (D=F ) and solid (D=S)
domains. The derivative of L w.r.t. bn reads

δL

δbn
=
δJ

δbn
+

δ

δbn

∫
ΩF
qRpdΩ+

δ

δbn

∫
ΩF
uiR

v
i dΩ+

δ

δbn

∫
ΩF
ν̃aR

νdΩ+
δ

δbn

∫
ΩF

∆aR∆dΩ

+
δ

δbn

∫
ΩF
T Fa R

TF dΩ+
δ

δbn

∫
ΩS
T Sa R

TSdΩ (3.14)

The mathematical development of the second, third, fourth and fifth terms on
the r.h.s. of eq. 3.14 can be found in Chapter 2. The mathematical development
of the first term has to be extended, since in CHT problems objective functions
are defined not only for the fluid but also for the solid and, the dependence of J
on both T F and T S has to be considered, see section 3.2.1. The mathematical
development of the last two terms on the r.h.s. of eq. 3.14 is due, in order to derive
the adjoint method for CHT problems, see sections 3.2.2 and 3.2.3.

In the development that follows, subscripts p, np are used for the fluid or solid
wall boundaries which are either controlled or not by the parameterization.

3.2.1 Objective Functions and their Derivatives

In CHT problems, objective functions J can be defined for either the fluid or the
solid or both. In these problems, the definition of J for the fluid, see sections
2.2.2 and 2.2.3, has to be extended, to account for the dependence of jFSi and jFΩ
(eqs. 2.8a and 2.8b) on T F . Also, objective functions defined along the boundary
are extended to take the following form

JFS =

∫
SF
jFS,ini

δ(dS)

δbn
+

∫
SF
jFS
δ(dS)

δbn
(3.15)

The last term on the r.h.s. eq. 3.15 is necessary to consider the dependence of JFS
on the heat flux QF =kF ∂T

F

∂n
and is developed as

δJFS
δbn

=

∫
SF

∂jFS
∂QF

δQF

δbn
dS+

∫
SF
jFS
δ(dS)

δbn
(3.16)

Hence, by considering eq. 3.16 and following a similar procedure as in sections
2.2.3– 2.2.4,

δJF

δbn
=

∫
SF

(
∂jFSk
∂vi

nk+jF,vS,i

)
δvi
δbn

dS+

∫
SF

(
∂jFSi
∂p

ni+j
F,p
S

)
δp

δbn
dS
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+

∫
SF

∂jFSi
∂τkj

ni
δτkj
δbn

dS+

∫
SF

(
∂jFSi
∂T F

ni+j
F,T
S

)
δT F

δbn
dS

+

∫
SF

∂jFS
∂QF

δQF

δbn
dS+

∫
SFWp

jF,gSi,k

δxk
δbn

nidS+

∫
SFWp

jFSi
δni
δbn

dS

+

∫
SFWp

jFSini
δ(dS)

δbn
+

∫
SFWp

jFS
δ(dS)

δbn
+

∫
ΩF
jF,vΩ,i

δvi
δbn

dΩ+

∫
ΩF
jF,pΩ

δp

δbn
dΩ

+

∫
ΩF
jF,ν̃Ω

δν̃

δbn
dΩ+

∫
ΩF
jF,TΩ

δT F

δbn
dΩ+

∫
ΩF
jFΩ

∂

∂xk

(
δxk
δbn

)
dΩ (3.17)

Similarly for JS, its gradient w.r.t. bn reads

δJS

δbn
=

∫
SS

(
∂jSSi
∂T S

ni+j
S,T
S

)
δT S

δbn
dS+

∫
SS

∂jSS
∂QS

δQS

δbn
dS

+

∫
SSWp

jS,gSi,k
δxk
δbn

nidS+

∫
SSWp

jSSi
δni
δbn

dS+

∫
SSWp

jSSini
δ(dS)

δbn
+

∫
SSWp

jSS
δ(dS)

δbn

+

∫
ΩS
jS,TΩ

δT S

δbn
dΩ+

∫
ΩS
jSΩ

∂

∂xk

(
δxk
δbn

)
dΩ+

∫
ΩS
jS,gΩ

∂

∂xk

(
δxk
δbn

)
dΩ (3.18)

In eq. 3.18, the last term accounts for dependencies of JS on geometrical quan-
tities. Such terms in JF do not appear in any case in this thesis and are, thus,
omitted. To clarify the notation used, the superscript in jSSi denotes that J is
defined for the solid and the subscript that the objective is defined along (part of)
the ΩS boundary.

3.2.2 Differentiation of the RTF

Integral

The integral on the r.h.s. of eq. 2.20 is developed as

∫
Ω

T Fa
δRTF

δbn
dΩ=

∫
ΩF
T Fa

δ

δbn

(
ρF cpvi

∂T F

∂xi

)
dΩ︸ ︷︷ ︸

ATF

+

∫
ΩF
T Fa

δ

δbn

(
ρFvivj

∂vj
∂xi

)
dΩ︸ ︷︷ ︸

BTF

−
∫

ΩF
T Fa

δ

δbn

[
∂

∂xj

(
kF
∂T F

∂xj

)]
dΩ︸ ︷︷ ︸

CTF

(3.19)
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Each of the three terms is developed as

AT
F

=

∫
ΩF
ρF cpT

F
a

∂T F

∂xi

δvi
δbn

dΩ+

∫
ΩF
ρF cpT

F
a vi

δ

δbn

(
∂T F

∂xi

)
dΩ

=

∫
ΩF
ρF cpT

F
a

∂T F

∂xi

δvi
δbn

dΩ+

∫
ΩF
ρF cpT

F
a vi

∂

∂xi

(
δT F

δbn

)
dΩ

−
∫

ΩF
ρF cpT

F
a vj

∂T F

∂xk

∂

∂xj

(
δxk
δbn

)
dΩ

=

∫
ΩF
ρF cpT

F
a

∂T F

∂xi

δvi
δbn

dΩ+

∫
SF

ρF cpT
F
a vini

δT F

δbn
dS

−
∫

ΩF

∂

∂xi

(
ρF cpT

F
a vi
) δT F
δbn

dΩ−
∫

ΩF
ρF cpT

F
a vj

∂T F

∂xk

∂

∂xj

(
δxk
δbn

)
dΩ (3.20a)

BTF =

∫
ΩF
ρFT Fa vj

∂vj
∂xi

δvi
δbn

dΩ+

∫
ΩF
ρFT Fa vi

∂vj
∂xi

δvj
δbn

dΩ+

∫
ΩF
ρFT Fa vivj

δ

δbn

(
∂vj
∂xi

)
dΩ

=

∫
ΩF
ρFT Fa vj

∂vj
∂xi

δvi
δbn

dΩ+

∫
ΩF
ρFT Fa vi

∂vj
∂xi

δvj
δbn

dΩ+

∫
ΩF
ρFT Fa vivj

∂

∂xi

(
δvj
δbn

)
dΩ

−
∫

ΩF
ρFT Fa vivj

∂vj
∂xk

∂

∂xi

(
δxk
δbn

)
dΩ

=

∫
ΩF
ρFT Fa vj

∂vj
∂xi

δvi
δbn

dΩ+

∫
ΩF
ρFT Fa vj

∂vi
∂xj

δvi
δbn

dΩ+

∫
SF
ρFT Fa vjnjvi

δvi
δbn

dS

−
∫

ΩF

∂

∂xj

(
ρFT Fa vjvi

) δvi
δbn

dΩ−
∫

ΩF
ρFT Fa vjvi

∂vi
∂xk

∂

∂xj

(
δxk
δbn

)
dΩ (3.20b)

CTF =−
∫

ΩF
T Fa

∂

∂xj

[
δ

δbn

(
kF
∂T F

∂xj

)]
dΩ+

∫
ΩF
T Fa

∂

∂xk

(
kF
∂T F

∂xj

)
∂

∂xj

(
δxk
δbn

)
dΩ

=−
∫
SF
T Fa nj

δ

δbn

(
kF
∂T F

∂xj

)
dS+

∫
ΩF
ρF cp

∂T F

∂xj

∂T Fa
∂xj

δαeff
δbn

dΩ

+

∫
ΩF
kF
∂T Fa
∂xj

δ

δbn

(
∂T F

∂xj

)
dΩ+

∫
ΩF
T Fa

∂

∂xk

(
kF
∂T F

∂xj

)
∂

∂xj

(
δxk
δbn

)
dΩ

=−
∫
SF
T Fa nj

δ

δbn

(
kF
∂T F

∂xj

)
dS+

∫
ΩF
ρF cp

∂T F

∂xj

∂T Fa
∂xj

δαeff
δbn

dΩ

+

∫
ΩF
kF
∂T Fa
∂xj

∂

∂xj

(
δT F

δbn

)
dΩ−

∫
ΩF
kF
∂T Fa
∂xj

∂T F

∂xk

∂

∂xj

(
δxk
δbn

)
dΩ

+

∫
ΩF
T Fa

∂

∂xk

(
kF
∂T F

∂xj

)
∂

∂xj

(
δxk
δbn

)
dΩ (3.20c)



54 3. Continuous Adjoint Method for Conjugate Heat Transfer Problems

Since αeff =νt/Prt, then δαeff
δbn

= 1
Prt

δνt
δν̃

δν̃
δbn

and eq. 3.20c becomes

CTF =−
∫
SF
T Fa nj

δ

δbn

(
kF
∂T F

∂xj

)
dS+

∫
ΩF
ρF cp

∂T F

∂xj

∂T Fa
∂xj

1

Prt

δνt
δν̃

δν̃

δbn
dΩ

+

∫
SF
kF
∂T Fa
∂n

δT F

δbn
dS−

∫
ΩF

∂

∂xj

(
kF
∂T Fa
∂xj

)
δT F

δbn
dΩ

+

∫
ΩF

[
−kF ∂T

F
a

∂xj

∂T F

∂xk
+ T Fa

∂

∂xk

(
kF
∂T F

∂xj

)]
∂

∂xj

(
δxk
δbn

)
dΩ (3.21a)

Substituting eqs. 3.20a, 3.20b and 3.21a into eq. 3.19 leads to the following
expression

∫
Ω

T Fa
δRTF

δbn
dΩ=

∫
ΩF
ρF cpT

F
a

∂T F

∂xi

δvi
δbn

dΩ+

∫
SF

ρF cpT
F
a vini

δT F

δbn
dS

−
∫

ΩF

∂

∂xi

(
ρF cpT

F
a vi
) δT F
δbn

dΩ−
∫

ΩF
ρF cpT

F
a vj

∂T F

∂xk

∂

∂xj

(
δxk
δbn

)
dΩ

+

∫
ΩF
ρFT Fa vj

∂vj
∂xi

δvi
δbn

dΩ+

∫
ΩF
ρFT Fa vj

∂vi
∂xj

δvi
δbn

dΩ

+

∫
SF
ρFT Fa vjnjvi

δvi
δbn

dS−
∫

ΩF

∂

∂xj

(
ρFT Fa vjvi

) δvi
δbn

dΩ

−
∫

ΩF
ρFT Fa vjvi

∂vi
∂xk

∂

∂xj

(
δxk
δbn

)
dΩ−

∫
SF
T Fa nj

δ

δbn

(
kF
∂T F

∂xj

)
dS

+

∫
ΩF
ρF cp

∂T F

∂xj

∂T Fa
∂xj

1

Prt

δνt
δν̃

δν̃

δbn
dΩ+

∫
SF
kF
∂T Fa
∂n

δT F

δbn
dS

+

∫
ΩF

[
T Fa

∂

∂xk

(
kF
∂T F

∂xj

)
−kF ∂T

F
a

∂xj

∂T F

∂xk

]
∂

∂xj

(
δxk
δbn

)
dΩ

−
∫

ΩF

∂

∂xj

(
kF
∂T Fa
∂xj

)
δT F

δbn
dΩ (3.22)

3.2.3 Differentiation of the RTS

Integral

The last term on the r.h.s. of eq. 3.14 is developed as

δ

δbn

∫
ΩS
T Sa R

TSdΩ=
δ

δbn

∫
ΩS
T Sa

[
− ∂

∂xj

(
kS
∂T S

∂xj

)]
dΩ

=−
∫

ΩS
T Sa

∂

∂xj

[
δ

δbn

(
kS
∂T S

∂xj

)]
dΩ
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+

∫
ΩS
T Sa

∂

∂xk

(
kS
∂T S

∂xj

)
∂

∂xj

(
δxk
δbn

)
dΩ

=−
∫
SS
T Sa nj

δ

δbn

(
kS
∂T S

∂xj

)
dS+

∫
ΩS

∂T Sa
∂xj

δ

δbn

(
kS
∂T S

∂xj

)
dΩ

+

∫
ΩS
T Sa

∂

∂xk

(
kS
∂T S

∂xj

)
∂

∂xj

(
δxk
δbn

)
dΩ

=−
∫
SS
T Sa nj

δ

δbn

(
kS
∂T S

∂xj

)
dS+

∫
ΩS
kS
∂T Sa
∂xj

∂

∂xj

(
δT S

δbn

)
dΩ

+

∫
ΩS
T Sa

∂

∂xk

(
kS
∂T S

∂xj

)
∂

∂xj

(
δxk
δbn

)
dΩ

−
∫

ΩS
kS
∂T S

∂xk

∂T Sa
∂xj

∂

∂xj

(
δxk
δbn

)
dΩ

=−
∫
SS
T Sa nj

δ

δbn

(
kS
∂T S

∂xj

)
dS+

∫
SS
kS
∂T Sa
∂n

δT S

δbn
dS

+

∫
ΩS

[
T Sa

∂

∂xk

(
kS
∂T S

∂xj

)
−kS ∂T

S

∂xk

∂T Sa
∂xj

]
∂

∂xj

(
δxk
δbn

)
dΩ

−
∫

ΩS

∂

∂xj

(
kS
∂T Sa
∂xj

)
δT S

δbn
dΩ (3.23)

3.2.4 Final Expression of δL/δbn

By gathering together the terms developed in sections 3.2.1–3.2.3, as well as the
derivatives of second, third and fourth terms on the r.h.s. of eq. 3.14, see Chapter
2, and after rearranging terms, the following expression arises

δL

δbn
=
δL

δbn

∣∣∣∣
inco

+

∫
ΩF

[
ρF cpT

F
a

∂T F

∂xi
+ρFT Fa vk

∂vk
∂xi

+ρFvjT
F
a

∂vi
∂xj
− ∂

∂xj

(
ρFvivjT

F
a

)] δvi
δbn

dΩ

+

∫
SF
ρFT Fa vivjnj

δvi
δbn

dS+

∫
ΩF

[
− ∂

∂xj

(
ρF cpvjT

F
a

)
− ∂

∂xj

(
kF
∂T Fa
∂xj

)
+jF,TΩ

]
δT F

δbn
dΩ

+

∫
SF

(
ρF cpT

F
a vjnj+k

F ∂T
F
a

∂n
+
∂jFSi
∂T F

ni+j
F,T
S

)
δT F

δbn
dS︸ ︷︷ ︸

I1

+

∫
SF

(
−T Fa nj

) δ

δbn

(
kF
∂T F

∂xj

)
dS︸ ︷︷ ︸

I2

+

∫
SS

(
−T Sa nj

) δ

δbn

(
kS
∂T S

∂xj

)
dS︸ ︷︷ ︸

I3
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+

∫
SS

(
kS
∂T Sa
∂n

+
∂jSS,i
∂T S

ni+j
S,T
S

)
δT S

δbn
dS︸ ︷︷ ︸

I4

+

∫
SF

∂jFS
∂QF

δQF

δbn
dS︸ ︷︷ ︸

I5

+

∫
SS

∂jSS
∂QS

δQS

δbn
dS︸ ︷︷ ︸

I6

+

∫
ΩF
ρF cp

∂T F

∂xj

∂T Fa
∂xj

1

Prt

δνt
δν̃

δν̃

δbn
dΩ

+

∫
ΩF

[
−ρF cpT Fa vj

∂T F

∂xk
−ρFT Fa vivjT Fa

∂vi
∂xk
−kF ∂T

F
a

∂xj

∂T F

∂xk

+T Fa
∂

∂xk

(
kF
∂T F

∂xj

)]
∂

∂xj

(
δxk
δbn

)
dΩ−

∫
ΩS

∂

∂xj

(
kS
∂T Sa
∂xj

)
δT S

δbn
dΩ

+

∫
ΩS

[
−kS ∂T

S
a

∂xj

∂T S

∂xk
+T Sa

∂

∂xk

(
kS
∂T S

∂xj

)]
∂

∂xj

(
δxk
δbn

)
dΩ

+

∫
SSWp

jS,gSi,k
δxk
δbn

nidS+

∫
SSWp

jSSi
δ(nidS)

δbn
+

∫
ΩS

(
jSΩ+jS,gΩ

) ∂

∂xk

(
δxk
δbn

)
dΩ

+

∫
SFWp

jFS
δ(dS)

δbn
+

∫
SSWp

jSS
δ(dS)

δbn
(3.24)

where δL
δbn

∣∣
inco

is given by eq. 2.46.

3.2.5 Field Adjoint Equations

In CHT problems, the Field Adjoint Equations arise by setting the expressions
multiplying the variations of the primal variables, inside field integrals, to zero.
By doing so, the adjoint momentum and turbulence model PDEs derived for pure
fluid flows, see Chapter 2, receive additional contributions from the differentiated
energy equation over ΩF . The resulting adjoint CHT PDEs are

Rq=−∂uj
∂xj

+jF,pΩ =0 (3.25a)

Ru
i =uj

∂vj
∂xi
− ∂ (vjui)

∂xj
−
∂τaij
∂xj

+
∂q

∂xi
+ν̃a

∂ν̃

∂xi
− ∂

∂xl

(
ν̃aν̃
CY
Y
emjk

∂vk
∂xj

emli

)
+ρF cpT

F
a

∂T F

∂xi
+ρFT

F
a vk

∂vk
∂xi
−ρFvivk

∂T Fa
∂xk

+jF,vΩ,i =0, i=1, 2(, 3) (3.25b)

RTa
F =−∂(vjT

F
a )

∂xj
− ∂

∂xj

(
αeff

∂T Fa
∂xj

)
+jF,TΩ =0 (3.25c)

Rν̃a =−vj
∂ν̃a
∂xj
− ∂

∂xj

[(
ν + ν̃

σ

)
∂ν̃a
∂xj

]
+

1

σ

∂ν̃a
∂xj

∂ν̃

∂xj
+2

Cb2
σ

∂

∂xj

(
ν̃a
∂ν̃

∂xj

)
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+ν̃aν̃Cν̃ (ν̃, vi)−(P−D) ν̃a+
∂ui
∂xj

(
∂vi
∂xj

+
∂vj
∂xi

)
δνt
δν̃

+ρF
cp
Prt

∂T Fa
∂xj

∂T F

∂xj

δνt
δν̃

+jF,ν̃Ω =0 (3.25d)

R∆a

=−2
∂

∂xj

(
∆a ∂∆

∂xj

)
+ν̃ν̃aC∆ =0 (3.25e)

RTSa =− ∂

∂xj

(
kS
∂T Sa
∂xj

)
+ jS,TΩ =0 (3.25f)

Eqs. 3.25a–3.4 are solved in ΩF and eq. 3.25f in ΩS. In the above equations,
eq. 3.25c is the adjoint energy PDE in the fluid domain and eq. 3.25f the adjoint
heat conduction equations of the solid. Since both of these equations do not
involve any adjoint variable other than T Fa and T Sa , they can be solved prior to
solving the rest of the adjoint PDEs. Finally, the seventh, eighth and ninth terms
on the r.h.s. of eq. 3.25b and the eighth term on the r.h.s. of eq. 3.25d are
contributions from the differentiated fluid energy PDE. The rest of the terms on
the r.h.s. of eqs. 3.25b and 3.25d form the adjoint momentum eq. 2.48b and
turbulence model eq. 2.48c PDEs in pure fluid flow problems.

3.2.6 Adjoint Boundary Conditions

In this section, the adjoint boundary conditions for CHT problems are derived in
detail. Distinction is made between parameterized walls (denoted by subscript p),
which stand for walls controlled by the design variables and non-parameterized
ones (denoted by np).

3.2.6.1 Extension of Pure-Flow Boundary Conditions to CHT Problems

Differences in the boundary conditions regarding ui, q and ν̃a between CHT and
pure fluid flows are discussed. As in the adjoint momentum and turbulence model
PDEs, some of the boundary conditions of the aforementioned variables receive
contributions from the differentiated fluid energy equation. Along SFI and SFW ,
since Dirichlet conditions are imposed on vi and ν̃, δvi/δbn = 0 and δν̃/δbn = 0,
eliminating the second and sixth integrals on the r.h.s. of eq. 3.24. As a result,
along SFI and SFW , the boundary conditions for pure fluid flow problems, see
section 2.2.12, remain the same in CHT problems.

On the other hand, differences occur in the boundary conditions along SFO ,
regarding ui and q. Since ∂vi/∂n = 0, δvi/δbn is not zero and to eliminate the
second integral on the r.h.s. of eq. 3.24, its integrand has to be considered in the
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boundary conditions for ui and q, which now become

q=u〈n〉v〈n〉+2 (ν+νt)
∂u〈n〉
∂n

+ν̃aν̃
CY
Y
ejql

∂vl
∂xq

ejkinkni+
∂jFSO,k
∂vi

nkni

+jF,vSO,i
ni+ρ

FT Fa v
2
〈n〉=0 (3.26)

Also, ∂un/∂n=0 and the tangential adjoint velocity components are given by

v〈n〉u
l
〈t〉+(ν+νt)

(
∂ul〈t〉
∂n

+
∂u〈n〉
∂tl

)
+ν̃aν̃

CY
Y
ejql

∂vl
∂xq

ejkinkt
l
i+
∂jFSO,k
∂vi

nkt
l
i

+jF,vSO,i
tli+ρ

FT Fa v〈n〉v
l
〈t〉=0 (3.27)

Finally, since ∂T F/ ∂n=0 along SFO , the sixth integral vanishes and the boundary
condition for ν̃a is the same as in pure fluid flow problems, see eq. 2.52.

3.2.6.2 Derivation of Boundary Conditions for T Fa and T Sa along the FSI

Since eqs. 3.9 and 3.10, then

δT S

δbn

∣∣∣∣
S
F

=
δT F

δbn

∣∣∣∣
S
S

(3.28a)

δ

δbn

(
kS
∂T S

∂n

) ∣∣∣∣
S
S
= − δ

δbn

(
kF
∂T F

∂n

) ∣∣∣∣
S
F

(3.28b)

To derive the adjoint FSI conditions for T Fa and T Sa , integrals I1, I3, I4 and I6,
written along S

F
and S

S
are used. Also, one has to consider that n is the outward

unit normal vector and, thus, ni
∣∣
S
F = −ni

∣∣
S
S By using eqs. 3.28a and 3.28b and

since vi=0 along the FSI, the following expressions are derived

I1+I2+I3+I4+I5+I6 =

∫
S
F

(
kF
∂T Fa
∂n

+
∂jFSi
∂T F

ni+j
F,T
S

)
δT F

δbn
dS+

∫
S
F

(
∂jFS
∂QF

−T Fa
)
δQF

δbn
dS

+

∫
S
F
T Fa k

F ∂T
F

∂xj

δnj
δbn

dS+

∫
S
S

(
∂jSS
∂QS

−T Sa
)
δQS

δbn
dS

+

∫
S
S
T Sa k

S ∂T
S

∂xj

δnj
δbn

dS+

∫
S
S

(
kS
∂T Sa
∂n

+
∂jSS,i
∂T S

ni+j
S,T
S

)
δT S

δbn
dS

=

∫
S
F

(
kF
∂T Fa
∂n

+
∂jFSi
∂T F

ni+j
F,T
S +kS

∂T Sa
∂nS

+
∂jSS,i
∂T S

nSi +jS,TS

)
δT F

δbn
dS
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+

∫
S
F

(
∂jSF
∂QF

−T Fa −
∂jSS
∂QS

+T Sa

)
δQF

δbn
dS+

∫
S
F
T Fa k

F ∂T
F

∂xj

δnj
δbn

dS

+

∫
S
S
T Sa k

S ∂T
S

∂xj

δnj
δbn

dS (3.29)

By eliminating the first two integrals on the r.h.s. of the above equation, the
following boundary conditions arise

∂jSF
∂QF

−T Fa
∣∣
S
F =

∂jSS
∂QS

−T Sa
∣∣
S
S (3.30a)(

kF
∂T Fa
∂n

+
∂jFSi
∂T F

ni+j
F,T
S

)∣∣∣∣
S
F

=−

(
kS
∂T Sa
∂n

+
∂jSS,i
∂T S

ni+j
S,T
S

)∣∣∣∣
S
S

(3.30b)

and the last two integrals contribute to the SDs.

3.2.6.3 Derivation of Boundary Conditions for T Fa along SF,∗

The detailed derivation of the adjoint boundary conditions for the non-FSI bound-
aries, SF,∗, of ΩF , see fig. 3.1b, follows. To do so, I1, I2 and I5 integrals on the
r.h.s. of eq. 3.24 are used.

Along SFI , T F takes a fixed value; thus δTF

δbn
=0 and, consequently, I1 vanishes.

To eliminate I2 +I5,
∂jFS
∂QF

= T Fa . Along SFO , ∂T F/∂n = 0 and thus, δ
δbn

(
∂TF

∂n

)
= 0.

Since SFO is not parameterized, δni
δbn

=0. As a result, I2 =I5 =0. To eliminate I1, the
following boundary condition is used for T Fa along SFO

ρF cpT
F
a vjnj+k

F ∂T
F
a

∂n
+
∂jFSi
∂T F

ni+j
F,T
S =0 (3.31)

To derive the boundary conditions along SF,∗, I2+I5 is written as

I2+I5 =

∫
SF,∗W

(
∂jFS
∂QF

−T Fa
)

δ

δbn

(
kF
∂T F

∂n

)
dS+

∫
SF,∗Wp

T Fa k
F ∂T

F

∂xj

δnj
δbn

dS=0 (3.32)

Along SFW,D, since T F = ct, δTF

δbn
= 0 and I1 is zeroed. To avoid computing the

first integral on the r.h.s. of eq. 3.32, written for SFW,D, ∂jFS
∂QF

=T Fa and the second
integral is a contribution to the SDs.

Along, SFW,F l, defining an objective function depending on QF makes no sense,

thus ∂jF/∂QF is neglected. Also, δ
δbn

(
kF ∂T

F

∂n

)
= 0 and the first integral on the
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r.h.s. of eq. 3.32, written for SFW,F l, is zeroed; the second is a contribution to the
SDs. To eliminate I1, since vi=0 along SFW,F l,

kF
∂T Fa
∂n

+
∂jFSi
∂T F

ni+j
F,T
S =0 (3.33)

The same condition is imposed on adiabatic walls, being a special case of SFW,F l.

Along SFS , JF is not defined, δni
δbn

=0 and ∂TF

∂n
=0 δ

δbn

(
∂TF

∂n

)
=0. Thus, I2 =I5! =0.

To eliminate I1, since v〈n〉=0, then

∂T Fa
∂n

∣∣∣∣
SFS

=0 (3.34)

is used as the boundary condition for T Fa along SFS .

3.2.6.4 Derivation of Boundary Conditions for T Sa along SS,∗

The adjoint boundary conditions for the non-FSI boundaries SS,∗ of ΩS, see
fig. 3.1c, are derived based on the I3, I4 and I6 integrals on the r.h.s. of eq. 3.24.
The sum of I3 and I6 is written as

I3+I6 =

∫
SSW

(
∂jSS
∂QS

−T Sa
)

δ

δbn

(
kF
∂T S

∂n

)
dS+

∫
SSWp

T Sa k
S ∂T

S

∂xj

δnj
δbn

dS=0 (3.35)

Along SSW,D, since T S takes on a fixed value, δTS

δbn
=0. As a result, I4 along SSW,D

is zeroed. In eq. 3.35, written for SSW,D, the first integral on the r.h.s. is zeroed by

setting ∂jSS
∂QS

=T Sa . Also, the second integral is a contribution to the SDs.
For the same reason as for SFW,F l, also ∂jS/∂QS is neglected. The first integral

of the r.h.s. of eq. 3.35, written along SSW,F l, is zeroed since δ
δbn

(
kF ∂T

S

∂n

)
= 0; the

second is a contribution to the SDs. To eliminate I4,

kS
∂T Sa
∂n

+
∂jSS,i
∂T S

ni+j
S,T
S =0 (3.36)

Regarding SSCH , by differentiating eq. 3.8 w.r.t. bn, the following equation arises

− kS δ

δbn

(
∂T S

∂n

)
=h

δT S

δbn
(3.37)
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and the sum of the I3, I4 and I6 integrals can be written as

I3+I4+I6 =

∫
SSCH

(
kS
∂T Sa
∂n

+
∂jSS,i
∂T S

ni+j
S,T
S +hT Sa −

∂jSS
∂QS

)
δT S

δbn
dS

+

∫
SSCH,p

T Sa k
S ∂T

S

∂xj

δnj
δbn

dS (3.38)

The elimination of the first integral on the r.h.s. of eq. 3.38 yields

kS
∂T Sa
∂n

+
∂jSS,i
∂T S

ni+j
S,T
S +h

(
T Sa −

∂jSS
∂QS

)
=0 (3.39)

and the last integral is a contribution to the SDs.
Along SSS , the objective function is not defined and since δni

δbn
= 0 and ∂TS

∂n
= 0.

δ
δbn

(
∂TS

∂n

)
=0. Thus, I3 =I6 =0. To eliminate I4, the following condition

∂T Sa
∂n

∣∣∣∣
SSS

=0 (3.40)

must be imposed.

3.2.6.5 Contributions to the SDs

During the derivation of the adjoint boundary conditions, contributions to the
SDs arise; these are gathered together as

CBCs=

∫
S
F
p ∪SFW,D,p∪S

F
W,Fl,p

T Fa k
F ∂T

F

∂xj

δnj
δbn

dS+

∫
S
S
p∪SSW,D,p∪S

S
W,Fl,p∪S

S
CH,p

T Sa k
S ∂T

S

∂xj

δnj
δbn

dS

(3.41)

3.2.7 FI Adjoint Sensitivities

After satisfying the adjoint mean-flow PDEs and boundary conditions and con-
sidering eqs. 3.24, 2.46 and 3.41, the SDs take the form

δJ

δbn

∣∣∣∣
FI

=

∫
ΩF

[
− uivj

∂vi
∂xk
−uj

∂p

∂xk
−τaij

∂vi
∂xk

+ui
∂τij
∂xk

+q
∂vj
∂xk

+Θjk−ρF cpT Fa vj
∂T F

∂xk
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−ρFT Fa vivjT Fa
∂vi
∂xk
−kF ∂T

F
a

∂xj

∂T F

∂xk
+T Fa

∂

∂xk

(
kF
∂T F

∂xj

)]
∂

∂xj

(
δxk
δbn

)
dΩ

+

∫
ΩS

[
−kS ∂T

S
a

∂xj

∂T S

∂xk
+T Sa

∂

∂xk

(
kS
∂T S

∂xj

)]
∂

∂xj

(
δxk
δbn

)
dΩ

−
∫
SFWp

[
∂jFSWp,k

∂τlm
nkt

I
l t
I
mτij

δ(tIi t
I
j )

δbn

]
dS−

∫
SFWp

[
∂jFSWp,k

∂τlm
nkt

II
l t

II
mτij

δ(tIIi t
II
j )

δbn

]
dS

−
∫
SFWp

[(
−u〈n〉+

∂jFSWp,k

∂τlm
nknlnm

)
τij
δ(ninj)

δbn

]
dS

−
∫
SFWp

[(
∂jFSWp,k

∂τlm
nk(t

II
l t

I
m + tIl t

II
m)

)
τij
δ(tIIi t

I
j )

δbn

]
dS+

∫
ΩS
jS,gΩ

∂

∂xk

(
δxk
δbn

)
dΩ

+
∑
D=F,S

[∫
SDWp

jD,gSi,k

δxk
δbn

nidS+

∫
SDWp

jDSi
δ(nidS)

δbn
+

∫
SDWp

jDS
δ(dS)

δbn
+

∫
ΩD
jDΩ

∂

∂xk

(
δxk
δbn

)
dΩ

]

+

∫
S
F
p ∪SFW,D,p∪S

F
W,Fl,p

kFT Fa
∂T F

∂xj

δnj
δbn

dS+

∫
S
S
p∪SSW,D,p∪S

S
W,Flp

∪SSCHp

kST Sa
∂T S

∂xj

δnj
δbn

dS (3.42)

As expected also for CHT problems, in the FI adjoint, field integrals in both ΩF and
ΩS on the r.h.s. of eq. 3.42 arise, including the grid sensitivities. As explained in
section 2.2.13, grid sensitivities are computed through the differentiation w.r.t. bn
of the used GDM equations or FDs, at a cost that scales with N .

3.3 The E-SI and Severed SI Adjoint Methods

To develop the E-SI adjoint for CHT problems [49], the Lagrangian expression given
by eq. 3.13 is extended by field integrals including the Laplace GDM residuals,
for both ΩF and ΩS. In this way, L is redefined as

L=J +

∫
ΩF
qRpdΩ +

∫
ΩF
uiR

v
i dΩ +

∫
ΩF̃
νaR

νdΩ +

∫
ΩF

∆aR∆dΩ +
∑
D=F,S

[∫
ΩD

TDa R
T
DdΩ

+

∫
ΩD
mD,a
i RD,m

i dΩ

]
(3.43)

Following an approach similar to Chapter 2, the five first terms on the r.h.s. of
eq. 3.43 are developed as in section 2.3, leading to eq. 3.24. Also, the last term is
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developed as in section 2.3, for both ΩF and ΩS. As a result,

δL

δbn
=

∫
SF

(
uivjnj+τ

a
ij−qni+ν̃aν̃

CY
Y
ejql

∂vl
∂xq

ejkink+ρFT Fa vivjnj+
∂jSk
∂vi

nk+jvS,i

)
δvi
δbn

dS

+

∫
SF

(
uini+

∂jSi
∂p
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p
S

)
δp

δbn
dS+

∫
S

(
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∂jSk
∂τij
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)
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δbn
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+

∫
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σ

∂ν̃
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∂n
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σ

)
−2ν̃a

cb2
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∂n
+j ν̃S
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(
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σ
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∂xj
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)
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(
∂mi

∂xj

)
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∫
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i

∂n

δxi
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∫
SDWp

jDS,i
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+

∫
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∫
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]
+
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+
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−
∂
(
jSΩ+jS,gΩ

)
∂xk

}
δxk
δbn

dΩ (3.44)

By comparing eqs. 3.24 and eqs. 3.44, it can be observed that expressions mul-
tiplying the derivatives of p, vi, ν̃, ∆, T F and T S w.r.t. bn inside field and surface
integrals are the same. Thus, the same adjoint PDEs and boundary conditions
arise as in the FI adjoint. In addition, by zeroing the multipliers of δxk/δbn inside
field integrals over ΩF and ΩS, the adjoint grid displacement PDEs

∂2mF,a
k

∂xj2
=

∂

∂xj

[
− uivj

∂vi
∂xk
−uj

∂p

∂xk
−τaij

∂vi
∂xk

+ui
∂τij
∂xk

+q
∂vj
∂xk

+Θjk−ρF cpT Fa vj
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∂xk
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∂xk
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∂

∂xk

(
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)]
− ∂j

F
Ω

∂xk
(3.45a)

∂2mS,a
k

∂xj2
=

∂

∂xj

[
−kS ∂T

S
a

∂xj

∂T S

∂xk
+T Sa

∂

∂xk

(
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∂T S

∂xj

)]
−
∂
(
jSΩ+jS,gΩ

)
∂xk

(3.45b)

arise. To eliminate the seventh term on the r.h.s. of eq. 3.44, mF,a
i =mS,a

i =0 along
the boundaries of ΩF and ΩS. The remaining terms in eq. 3.44 lead to the E-SI
adjoint SDs
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Figure 3.3: Geometry and FSI parameterization in Cases 4 and 5, involving the
turbulent flow in a 2D S-shaped duct (ΩF ) attached to the solid body (ΩS ).

+
∑
D=F,S

[ ∫
SDWp

jDS,i
δ (nidS)

δbn
+

∫
SDWp

jDS
δ (dS)

δbn
−
∫
SDWp

∂mD,a
i

∂n

δxi
δbn

dS

]
(3.46)

As in Chapter 2, by omitting the last term on the r.h.s. of eq. 3.46, written for
both the fluid and solid, the (Severed) SI adjoint for CHT problems arises. In such
a case, since mD,a

i is not needed, eqs. 3.45a and 3.45b are not solved.

3.4 Comparison of the Alternative Adjoint Formulations

In this section, two studies are carried out to demonstrate the advantages of de-
veloping the continuous adjoint method according to the way presented in section
3.3, namely by (a) formulating and solving the adjoint to the turbulence model
equation(s) and (b) considering internal grid displacement according to the E-SI
adjoint. In both studies, the same CHT problem is considered, involving the tur-
bulent flow (Re= 104, y+<0.018 at the first cell barycentres off the wall) in a 2D
S-shaped duct and the adjacent solid body (fig. 3.3). Along SFI , T F =291.2 K and
along the non-FSI solid walls T S = 300 K. Also, cp = 4181 J/kg/K, Pr= 0.1 and
kS = 60 J/K/m/sec. The two studies are based on different objective functions.
SDs are computed w.r.t. the x and y coordinates of 12 NURBS CPs (in blue as
seen in fig. 3.3, connected by a dotted line), excluding the first and last of them,
which parameterize the central part of the FSI boundary (in red in fig. 3.3).

In Case 4, SDs are computed with the FI, (Severed) SI and E-SI adjoints and
FDs, for the JpenT function defined as

JpenT =

∫
ΩS
jS,TΩ dΩ (3.47)

where jS,TΩ = jpenT

VS
, and

jpenT =

{[
1− 1

1+ek2(TS−Tcrit)+k1

]
, if T S ≤ Tcrit

α
(
T S − Tcrit

)
+ β , if T S > Tcrit

(3.48)
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Figure 3.4: Case 4: SDs of JpenT computed using the FI, (Severed) SI and E-SI
adjoints as well as FDs.

V S =

∫
ΩS
dΩ (3.49)

and k1 = log
(

1
1−fmax−1

)
, k2 =

log
(

1
1−fmim

−1
)
−k1

Tsafe−Tcrit
, α= k2ek1

(1+ek1 )2 , β= ek1

1+ek1
with fmin, fmax

being two user-defined constants and Tsafe and Tcrit (Tsafe<Tcrit) two temperature
thresholds. T S>Tcrit corresponds to an absolutely undesirable local overheating
whereas Tsafe pertains to the temperature below which safe operation is guaran-
teed. The choice of these values depends on the thermal properties of the solid
body material. Eq. 3.47 measures the part of ΩS with temperature values exceed-
ing a threshold defined by the designer. More details about this objective function
can be found in Appendix B.3. In fig. 3.4, it can be seen that the SDs computed
by the E-SI adjoint match those resulting from the FI adjoint and FDs, whereas
the (Severed) SI-based SDs are wrongly signed for some of the CPs and are scaled
down by 10 to fit into the same plot.

In Case 5, the effect of omitting the differentiation of the turbulence model
equation is investigated. Also, the assumption of omitting the contribution of
the fluid energy equation to the adjoint turbulence model i.e. the eighth term in
eq. 3.25d, is evaluated. To investigate the error introduced due to the ‘‘frozen
turbulence’’ assumption, the E-SI adjoint is exclusively used. In addition, the
SDs computed by the three adjoint methods are compared to FDs. The objective
function is the mean temperature over the solid domain, defined as

JmeanT =

∫
ΩS
T SdΩ

V S
(3.50)

The computed SDs are presented in fig. 3.5. Fig. 3.5 convincingly shows that it is
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important to solve the adjoint turbulence model PDEs since such an omission may
result in wrongly signed SD for at least the last 4 design variables. In addition,
it is shown that solving the adjoint to the Spalart–Allmaras model PDE without
considering the contributions stemming from the differentiated energy equation
(i.e. omitting the eighth term from eq. 3.25d) leads to wrongly signed SDs as well.
Also, in fig. 3.5, SDs computed with the FI, (Severed) SI and E-SI adjoints, by also
considering the adjoint turbulence model equation, are shown. The E-SI gradient
matches those computed by the FI adjoint and FDs whereas some (Severed) SI
derivatives are wrongly signed and need to be divided by 100 to fit into the same
plot. In terms of cost to compute the SDs, after numerically solving the primal and
adjoint systems of equations, the time needed to compute the E-SI-based SDs is
7 % of that needed by the FI adjoint, see table 3.1. The difference in cost becomes
higher by increasing the design variables number.

Adjoint formulation CPU Cost [sec] % of FI

FI 36.74 100

(Severed) SI 0.43 1.2

E-SI 2.67 7.2

Table 3.1: Case 5: Cost of computing the SDs of JmeanT with the FI, (Severed) SI
and E-SI adjoints, for N=20. Computations are performed in parallel on four Intel(R)
Xeon(R) CPU E5-2630 v2 @ 2.60GHz cores.

3.5 Case 6: Shape Optimization of an Internally Cooled 2D

Turbine Cascade

In Case 6, a 2D CHT optimization of an internally cooled turbine blade is pre-
sented; the ΩF and ΩS grids consist of ∼ 30K and ∼ 19K cells, respectively.
Regarding the fluid flow Re = 53000, the non-dimensional distance of the first
barycentres off the wall is y+ < 0.15. Ten distinct circular cooling holes exist
inside the blade. Since the flow inside the coolant passages is perpendicular to
the plane on which the CHT problem is solved, heat transfer along the coolant
hole contours is modeled through eq. 3.8, with hcoolant = 2000 J/m2/sec/K and
Tcool=432 K being the constant/uniform coolant temperature.

The function to be minimized is JmeanT . The design variables are (a) the x
and y coordinates of 62 NURBS CPs parameterizing the pressure and suction
sides of the blade airfoil and (b) the displacements of the 10 cooling holes in the
x and y directions; the radii of the holes are kept fixed. In fig. 3.6, the initial
and optimized designs are presented. By comparing them, one may notice that



68 3. Continuous Adjoint Method for Conjugate Heat Transfer Problems

-0.2

-0.15

-0.1

-0.05

 0

 0.05

 0  5  10  15  20  25

S
e
n
s
i
t
i
v
i
t
y
 
D
e
r
i
v
a
t
i
v
e

Design Variables

E-SI            
E-SI Fr.En.Turb.
E-SI Fr.Turb    
FD              

-0.2

-0.15

-0.1

-0.05

 0

 0.05

 0  5  10  15  20  25

S
e
n
s
i
t
i
v
i
t
y
 
D
e
r
i
v
a
t
i
v
e

Design Variables

FI    
SI/100
E-SI  
FD    

Figure 3.5: Case 5: SDs of JmeanT . Left: Effect of the ‘‘frozen turbulence’’ as-
sumption on the SDs. Apart from computing SDs with the E-SI adjoint, the E-SI
formulation was additionally used without differentiating the Spalart-Allmaras PDE
(E-SI Fr.Turb.) as well as having differentiated it but omitting the contribution of the
differentiated energy equation to the adjoint turbulence equation (E-SI Fr.En.Turb.).
Right: Comparison of the FI, (Severed) SI and E-SI adjoints; in all of them, the adjoint
to the Spalart-Allmaras PDE is included.

the optimization algorithm brings the pressure and suction sides closer to the
cooling holes. The largest displacement occurs close to the leading and trailing
edges where temperature values are higher. Also, the first five cooling holes (as
seen from the leading to the trailing edge) are displaced closer to the leading
edge, in order to lower the locally high T S values. Close to the trailing edge, the
blade thickness decreases but the optimization does not displace the holes there,
even if these are free to move. In fig. 3.7, the objective function convergence is
shown. After 8 optimization cycles, the mean temperature of the blade is reduced
by 2.7 K; in this figure, the zero-th cycle corresponds to the initial geometry. In
figs. 3.8 and 3.9, the distributions of T F and T S and the corresponding adjoint
temperature distributions are presented over the initial and optimized geometries.
Higher T S values occur close to the leading and trailing edges, since those areas
are mostly exposed to the increased fluid temperature. Also, the adjoint wake
travels from the leading edge towards the inlet, in contrast to the primal one. By
focusing on ΩS, the decrease in the mean temperature results from the T S drop in
each and every cell of the blade, fig. 3.10; T S mostly changes between the leading
edge and the upper cooling hole which came closer, whereas a smaller drop in T S

occurs close to the trailing edge.
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Figure 3.6: Case 6: Initial and optimized geometries, details close to the leading and
trailing edges.
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Figure 3.7: Case 6: Convergence of the objective function.

Figure 3.8: Case 6: Temperature distribution in both domains for the initial (left)
and optimized (right) geometries.
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Figure 3.9: Case 6: Adjoint temperature distribution in both domains for the initial
(left) and optimized (right) geometries.

Figure 3.10: Case 6: TS distributions over the initial (left) and optimized (mid)
geometries along with their difference (right), plotted over the optimized geometry.

Figure 3.11: Case 7: Parameterization, based on volumetric B-Splines. The red CPs
are free to move and the blue ones are kept fixed. More details on the volumetric
B-Splines morpher can be found in Chapter 5, where the effect of the choice of the
grid displacement models on the SDs values is discussed.

3.6 Case 7: Constraint Shape Optimization of an S-Shaped

Cooling Channel

Case 7 regards a solid body which is cooled by a fluid passing above it, through an
S-shaped cooling channel, fig. 3.11. To impose a max. T S constraint during the
shape optimization process, the CHT problem is needed to be solved. Comparisons
are made with the case when the constraint is not imposed. The coolant flow is
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Figure 3.12: Case 7: Convergence for (left) Optimization 1 and (right) Optimization
2. In both cases, cΩ denotes the equality constraint imposed on the ΩS volume. Also,
cpenT is the equality constraint imposed on JpenT .

turbulent (y+ < 1, Re= 10000), entering with T F = 291.2 K, the rest of the non-
FSI fluid boundaries are adiabatic and a constant temperature T S =500 K along
the rest of the non-FSI boundaries is considered. Two different optimizations are
carried out:

• Optimization 1: The target is to minimize Jpt, eq. B.3, under the equality
constraint that the solid volume,

∫
ΩS
dS remains the same. Also, JpenT is

not considered during the optimization and its value is only computed and
shown.

• Optimization 2: The target is to minimize Jpt, eq. B.3, under the equality
constraints that both (a) the volume of the solid,

∫
ΩS
dΩ and (b) JpenT remain

fixed. The second constraint is imposed to prevent the max. T S values from
increasing, when Jpt is minimized.

The parameterization can be seen in fig. 3.11. The results of the two optimiza-
tions are presented in fig. 3.12 and in Table 3.2. Both constrained problems

Optimization 1 Optimization 2

∆Jpt −36.3% −26.9%

∆JpenT +8.2% +0.003%

Table 3.2: Case 7: Change of Jpt and JpenT for Optimizations 1 and 2.

are solved by using Sequential Quadratic Programming (SQP) [39]. Further dis-
cussion on the SQP method is made in Chapter 6. As seen in table 3.2. in both
optimizations, the equality constraint imposed on the ΩS volume is satisfied; also,
in Optimization 2, the equality constraint imposed on JpenT is met. In addition, in
both optimizations, Jpt is reduced. However, in Optimization 1, a larger reduction
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Figure 3.13: Case 7: Temperature (left) and velocity magnitude (right, x,y axes
not in scale) fields over the baseline geometry (top) and the optimized geometries of
Optimization 1 (middle) and Optimization 2 (bottom). In both cases, the same volume
constraint is imposed.

Figure 3.14: Case 7: Contours of the optimized geometries resulted from Optimiza-
tion 1 (blue) and Optimization 2 (red).

in Jpt is achieved and a 8% increase in JpenT occurs. This is due to the fact that,
in Optimization 1, focusing exclusively on Jpt, heat conduction between the solid
and the coolant is slightly reduced compared to Optimization 2, due to a shorter
FSI length, see figs. 3.13 and 3.14. Also, to minimize Jpt, velocity magnitudes are
decreased, see fig. 3.13, deteriorating thus heat convection and inevitably leading
to higher T S and JpenT . In Optimization 2, velocity magnitude is again reduced
so that Jpt is minimized. In this case though, to prevent JpenT from increasing,
as happened in Optimization 1, the FSI contour became wavy. This increased the
contact area between ΩF and ΩS and thus, the solid was cooled more effectively
than the outcome of Optimization 1. Hence, the value JpenT remained the same
as the initial one.

3.7 Conclusions

In this chapter, the continuous adjoint method for Conjugate Heat Transfer prob-
lems with turbulent flows was developed, according to the FI, (Severed) SI and E-SI
adjoint methods. Emphasis was laid on the proper treatment of grid sensitivities
and the exact differentiation of the turbulence model. Through numerical inves-
tigations, the advantages of the E-SI continuous adjoint, as initially proposed for
pure fluid flow problems, see Chapter 2, were reconfirmed in CHT problems too.
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In particular, it was shown that, by developing the adjoint to the grid displacement
PDEs and avoiding the computation of grid sensitivities at the interior of the fluid
and solid domains, accurate SDs were computed by the E-SI adjoint at a lower
computational cost. Regarding the importance of differentiating the turbulence
model equations, it was shown that the ‘‘frozen turbulence’’ assumption can have
a deteriorating effect on the SDs accuracy and may even lead to wrongly signed
SDs. In two optimization problems, thanks to the computation of accurate SDs,
a noticeable reduction in the objective functions was observed within just a few
optimization cycles, whereas constraints were also satisfied.
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Chapter 4

3D Shape Optimizations in CHT Problems

In this chapter, two 3D shape optimization cases are studied by using the de-
veloped adjoint for CHT problems. The first one concerns a U-shaped cooling
channel, fully placed inside a rectangular solid body (Case 8). In the second,
optimizations are carried out for the cooling system of a car-engine cylinder-head
(Case 9).

4.1 Case 8: U-Shaped Internal Cooling Channel

In Case 8, the cooling effectiveness of the internal cooling system of fig. 4.1a
is optimized. The geometry to be optimized comprises a 3D U-shaped cooling
duct, located inside a rectangular solid body. Along the non-FSI walls of ΩS,
a Dirichlet temperature condition (T S = 400 K) is imposed. The fluid flow is
turbulent (Re=84000 based on the duct hydraulic diameter, average y+ =0.77 for
the first barycenters off the wall), with inlet velocity magnitude equal to 16.8m/s
being parallel to the axial direction and T F

∣∣
SFI

= 288 K. Also, cp = 4181 J/K/kg,
Pr=0.1, Prt = 1 and kS =60 J/K/m/s.

Two different optimizations, each focusing on a different objective function, are
carried out:

• Optimization 1: The goal is to minimize the volume of the solid with higher
T S values. This can be achieved by minimizing JpenT , see eq. B.5, for which
Tsafe=360 K and Tcrit=395 K.

• Optimization 2: The goal is to increase the heat flux from the heated solid
body to the coolant (or, equivalently, to maximize the heat absorbed by the
coolant), which is equivalent to minimizing JHF , given by

JHF =−
∫
S
F
kF
∂T F

∂n
dS (4.1)

75
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corresponding to the integral of the heat flux over S
F

. The differentiation of
JHF w.r.t. bn can be found in Appendix B.5.

Design variable are the x, y, z coordinates of the CPs in fig. 4.1a and all boundary
CPs are kept fixed. Optimization 1 results in a reduction in JpenT by 2.7% and
Optimization 2 in a reduction in JHF by 7.5%. In figs. 4.1b and 4.1c, the cumu-
lative displacement of the FSI boundary, for the two optimizations, is presented.
Similarities between the two optimized solutions are observed: For both objective

(a) Parameterization (b) Min. JpenT (c) Max. JHF

Figure 4.1: Case 8: (a) A 11× 20× 9 Volumetric B-Splines control box parameterized
the geometry. CPs in blue are kept fixed and red ones are allowed to move. (b,c) FSI
cumulative displacement for min. JpenT and min. JHF , respectively.

functions, the FSI, as seen from ΩF is displaced inwards, in order to reduce the
cross-sectional area of the cooling channel, along its turning part. By looking at
figs. 4.2 and 4.3, plotting the temperature and velocity magnitudes for the op-
timized geometries, the aforementioned geometric changes cause an increase in
the velocity magnitude at the top of the U-shaped duct and at the part follow-
ing the flow turning. As a result, heat convection is positively affected and thus
smaller temperatures near the FSI occur, reducing thus JpenT ; a larger temper-
ature gradient and a bigger surface of the FSI leads also to the minimization of
JHF .

4.2 Case 9: Car-Engine Cooling System

Case 9 focuses on the behavior of the total pressure losses in the coolant flowing
inside the cooling system of a car-engine cylinder-head when minimizing max. T S

values and vice-versa.
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(a) Initial Geometry (b) Min. JpenT (c) Max. JHF

Figure 4.2: Case 8: Temperature fields for ΩF and ΩS , plotted on a slice in the middle
of the duct width. Initial (a) and optimized geometries regarding (b) min. JpenT and
(c) min. JHF .

(a) Initial Geometry (b) Min. JpenT (c) Max. JHF

Figure 4.3: Case 8: Velocity magnitude over ΩF for the initial (a) and optimized
geometries regarding (b) min. JpenT and (c) min. JHF .

The geometry can be seen in fig. 4.4. The fluid domain is enclosed by the
cooling channel which is formed by the FSI boundary (in purple; it consists of two
horizontal ducts connected by five curved ducts positioned between the cylinders),
the inlet and outlet surfaces, with the coolant entering from the lower horizontal
duct (marked as ‘‘inlet’’) and exiting from the upper horizontal duct (‘‘outlet’’). The
domain enclosed by the cylinders, the intake manifold, the exhaust pipes, the
surface of the cooling channel and the outer rectangular surface, corresponds to
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Figure 4.4: Case 9: Two perspective views of the same geometry.

Figure 4.5: Case 9: Frontal (left) and top (right) views of the parameterization of
each curved duct, based on Volumetric B-Splines. Each control box consists of
4 × 4 × 6 CPs (along the x, y and z axis, respectively) with a degree of 3 for all
parameterized directions. CPs are coloured based on their first parametric coordinate
in their respective structured control grid.

ΩS. The outer rectangular surface of the solid body is an adiabatic boundary. A
constant heat flux is imposed along the air-intake manifolds (Q = 1000 W/m2),
the four cylinders (Q = 2000 W/m2) and the exhaust duct (Q = 2000 W/m2).
Inside the cylinder-head, high temperature values occur due to the high heat flux
emanating from the four cylinders and the exhaust duct. The coolant flow is
turbulent Re=34000, cp=3554 J/kg/K, kS =168 J/m/sec/K, T F

∣∣
SFI

=382.15 K.
Shape parameterization is based on Volumetric B-Splines, using 5 indepen-

dent control boxes, one for each curved duct. fig. 4.5. One boundary CP is
kept fixed along the x and y axes and two along the z axis in order to preserve
continuity between the parameterized and non-parameterized parts of the grids.

Two independent optimizations are carried out:

1. Optimization 1: The goal is to minimize the max. T S values, expressed by
JpenT , i.e. eq. B.5, in which Tsafe = 410 K and Tcrit = 480 K. The volume-
weighted total pressure losses Jpt, given by eq. B.3, between the inlet and
the outlet of the cooling system is not considered during the optimization,
but its value is computed.

2. Optimization 2: The goal is to reach min. Jpt, without considering JpenT as
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Figure 4.6: Case 9: Frontal (left) and rear (right) views of the cumulative displacement
of the FSI, projected on nS, for Optimizations 1 (top) and 2 (bottom). Blue and red
colored areas indicate inwards and outwards displacement w.r.t. ΩF , respectively.

a target; the value of JpenT is though computed and discussed.

The outcome of Optimization 1 is a reduction in JpenT by 15.9%. Although min-
imizing Jpt was not considered during the optimization, it was reduced by 1.5%.
Regarding Optimization 2, Jpt was minimized by 5.6%. Also, JpenT was reduced
by 0.8%, although it was not considered to be minimized. It can be observed that
there is not a unique design corresponding to min. JpenT and min. Jpt at the same
time. By looking at fig. 4.6, it can be observed that in order to minimize JpenT , the
cooling ducts move downwards, closer to the cylinder-heads. On the other hand,
Jpt is reduced by inflating the junctions between the horizontal duct leading to the
outlet and the five vertical curved ducts. As seen in figs. 4.7, these geometrical
changes have the following results in the velocity magnitude:

1. In Optimization 1, the velocity magnitude increases inside the lower hori-
zontal duct, whereas in Optimization 2, this remains practically the same.

2. In Optimization 1, the velocity magnitude increases in the four vertical
curved ducts, as seen in figs. 4.7 from right to left and in the fifth duct,
becomes lower. In Optimization 2, the opposite changes in the velocity mag-
nitude occur.

3. In Optimization 1, the velocity magnitude increases in the junctions of the
upper horizontal duct and the first two vertical curved ducts, as seen in
figs. 4.7 from right to left. In Optimization 2 though, the velocity magnitude
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Figure 4.7: Case 9: Difference in velocity magnitude between the optimized and
initial geometries for Optimizations 1 (left) and 2 (right).

decreases at each junction between the upper horizontal duct and the five
vertical ducts.

An increase in the velocity magnitude in Optimization 1 is desired to enhance the
temperature convection in the coolant. However, in Optimization 2, in order to
minimize the energy dissipated due to friction and, thus, Jpt, the reduction in the
velocity magnitude is necessary.

Regarding Optimization 1, as seen in fig. 4.8, the ΩS volume with T S between
Tsafe and Tcrit becomes smaller. Finally, close to the cylinder-heads, it can be
observed that T S drops.

4.3 Conclusions

In this chapter, the continuous adjoint method for CHT problems with turbulent
flows, presented in Chapter 3, has been used to drive shape optimizations of 3D
internal cooling systems, namely of a U-shaped cooling channel and an internally
cooled car-engine cylinder-head. To optimize the cooling efficiency of the U-shaped
cooling channel, two optimizations with different targets were performed. In the
first optimization, the goal was the maximization of the heat flux absorbed by
the coolant and in the second the minimization of max. T S values. Both of the
optimizations yielded similar mechanisms for optimized cooling effectiveness: By
increasing the velocity magnitude of the coolant and the FSI area, the temperature
convection and the temperature conduction were positively affected. Finally, by
performing in a car-engine cylinder-head two different optimizations, one aiming
to minimize Jpt and a second to minimize JpenT , it was observed that it was
not possible to produce a new design that minimizes both of the targets at the
same time. This was justified by the opposite change in the velocity magnitude
for the two optimizations. To minimize Jpt, the velocity magnitude reduced so
that friction losses become smaller. On the other hand, increasing the velocity
magnitude was beneficial for minimizing JpenT , since in this way the temperature
convection is enhanced.
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(a) Initial geometry: Top view (b) Initial geometry: Bottom view

(c) Optimization 1: Top view (d) Optimization 1: Bottom view

Figure 4.8: Case 9: Volume of ΩS with TS > Tsafe, for the initial (a and b) and
optimized for min. JpenT (c and d) geometries.
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Chapter 5

Effect of Grid Displacement Models on
Sensitivity Derivatives in Shape
Optimization

For both continuous [72, 49] and discrete [163] adjoint methods, it has been
demonstrated that considering the displacement of the grid interior is important
for accurately computing SDs. A few recent articles [105, 163] discuss the effect
of the selected GDM on SDs, in discrete adjoint. Both are concerned with external
aerodynamics and compressible fluid flows, with the force exerted on bodies being
the objective function. In [163], GDMs such as a Finite Element analogy, Radial
Basis Functions and a modified version of the spring analogy, are utilized to
compute lift SDs for an isolated airfoil and all lead to practically identical results.
In [105], a similar study is conducted using the Radial Basis Functions, linear
elasticity and Delaunay Graph based GDMs and a minor effect on the SDs of a
transonic wing is observed. In addition, [105] takes the study one step further and
demonstrates that the effect of an inconsistent GDM differentiation (differentiating
a GDM in the adjoint which is different than that used in the shape optimization
loop) is almost negligible.

The goal here is to carry out a broader investigation of the effect of the selected
GDM on the SDs values. The outcome of this study will show whether the E-SI
adjoint, in which the convenient assumption of a Laplace GDM is made, needs to
be reformulated when the GDM changes. To investigate the effect of the selected
GDM on the SDs values, not only external aerodynamics as in [105, 163] but, also,
internal aerodynamics, this time for incompressible fluid flows, are studied. In
an attempt to generalize findings even further, CHT problems, with two domains
controlled by the same GDM, are investigated too. A distinguishing difference
w.r.t. [105, 163] which used discrete adjoint is that this study is exclusively based
on continuous adjoint. For a thorough investigation, four successive steps are
performed:

83
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1. First, SDs computed by FDs for various GDMs are compared. This step
refrains from involving adjoint SDs. Considering that FDs compute reference
SDs, the objective of this investigation is to show if the latter are affected by
the selected GDM or not. The outcome of this investigation is of interest for
researchers developing both continuous and discrete adjoint methods.

2. SDs computed by the E-SI adjoint, in which a Laplace GDM is assumed
and the adjoint to it is developed, are compared with the FDs based on the
various GDMs of the first investigation.

3. A term-by-term analysis on the adjoint-based SDs is performed, to shed
light into the findings of the first two steps. To facilitate this investigation,
the FI continuous adjoint, including grid sensitivities at the interior of the
computational domain is used. Grid sensitivities are directly influenced by
the GDM, making the FI adjoint a good candidate for investigating the results
of the first two steps.

4. Finally, the effect of GDM on the outcome of shape optimization loops is
investigated. To do so, SDs are computed by considering GDMs which are
either consistent or not with the actual GDM in use.

Beyond the Laplace GDM, studies include three GDMs frequently used in aerody-
namic shape optimization, namely:

• a Delaunay Graph (DG) based model [89],

• the Inverse Distance Weighting (IDW) model [92] and

• a volumetric B-Splines morphing model (VBS) [129].

Below, first a brief description of each GDM is presented in section 5.1. Then,
Cases 1,2 and 4 for which the adjoint SDs were verified against FDs in Chapters
2 and 3 are revisited, to carry out the four aforementioned steps.

5.1 Description of used GDMs

Laplace PDEs;

The grid displacement field mi is assumed to be governed by a system of
Laplace PDEs [63]

Rm
i =

∂2mi

∂x2
j

=0, i=1, 2(, 3) (5.1)

with Dirichlet conditions corresponding to the known displacements along the
boundaries.
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IDW Model:

The IDW method [92, 164] explicitly interpolates the known boundary dis-
placements mB

i at the interior of the domain. The displacement mI
i at an interior

grid point is the sum of a displacement %Ii due to a rotation around the origin and
a pure translation ξIi , i.e. mI

i =%Ii +ξIi . Field ξIi is computed as

ξIi =

∑
B

ωBξ
B
i∑

B

ωB
(5.2)

where ωB = A

[(
Ldef

||xIi−xBi ||

)a
+
(

αLdef
||xIi−xBi ||

)b]
are the IDW weights, with A, a, α, b be-

ing user-defined constants, Ldef is an estimated length of the deformation region
[92] and ξBi = mB

i −%Bi . To compute %Bi , rotation quaternions RB = RB
1 RB

2 are
defined at the boundary points as the inner product of two quaternions, with RB

1

representing the rotation around the origin (in order to retain the angle between
the normal unit vector at the boundary nodes and their position vector) and RB

2

representing the rotation around the axis of the unit normal vector at the bound-
ary point [145, 98]. In 2D cases, RB =RB

1 , since no rotation takes place around
the unit normal vector at the boundary points. To compute %Bi , the displacement
due to rotation is given by PB = RBXB

[
RB
]T − XB where PB =

[
0,%B

]
and

XB = [0,xB,old] [145], with xB,oldi corresponding to the boundary grid nodes co-
ordinates before updating bn. RB are interpolated to the internal grid points as

RI =

∑
B
ωBRB∑
B
ωB

and quaternions corresponding to the displacement due to rotation

are computed as P I =RIXI
[
RI
]T − XI where P I =

[
0,%I

]
and XI = [0,xI,old]

[145], with xI,oldi being the internal grid nodes before displacing the grid. The
interpolation of the boundary nodes rotation is optional but is preferred in cases
structured-like layers are generated around geometries in viscous flows, in order
to preserve grid orthogonality close to the boundary.

Delaunay Graph Model:

Regarding the Delaunay Graph GDM, first a set of representative boundary
grid nodes are selected and for them, a Delaunay triangulation of the compu-
tational domain, is generated. Then, the graph element in which each internal
grid node resides, is identified. By updating the boundary point positions, the
graph elements are displaced and new coordinates of the internal grid nodes are
computed as

xi=ωkDk
i (5.3)
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where Dk
i are the coordinates of the vertices of the graph element enclosing an

internal node [89] and ωk are the barycentric coordinates of this node w.r.t. the
graph element nodes.

VBS Morpher:

The volumetric B-Splines GDM uses a lattice of CPs, Ci, enclosing (part of)
the domain. Volumetric B-Splines can be used as either a surface parameteri-
zation tool or a GDM, depending on the set of controlled grid nodes [129]. The
relationship between the grid nodes and Ci reads

xi
(
u, v, w, Cklm

i

)
=Uk,pu (u)Vl,pv (v)Wm,pw (w)Cklm

i (5.4)

where u, v, w are the parametric coordinates of the grid nodes, U, V,W are the
volumetric B-Splines functions [129] and pu, pv, pw are their corresponding de-
grees. The basis functions are given by a recursive function, which is defined, for
example for U , as

Uk,pu (u)=
u− ξi
ξi+pu−ξi

Uk,pu−1 (u)+
ξi+pu+1 − u
ξi+pu+1−ξi+pu

Uk+1,pu−1 (u) (5.5)

with

Uk,0 (u)=

{
1 if ξk ≤ pu < ξk+1

0 elsewhere
(5.6)

In the above expression, ξk ∈ [0,m], m = n + pu + 1 are the components of a
uniform knot vector ξ

ξ=[0, ...., 0︸ ︷︷ ︸
pu+1

,
1

Nu
, .....,

Nu − 1

Nu
, 1....1︸ ︷︷ ︸
pu+1

] (5.7)

where Nu=nu−pu+1 and nu is the number of CPs along the parametric coordinate
u.

To compute u, v, w at each grid node, a 3 × 3 non-linear system of equations
xi(u, v, w)−xri = 0, i= 1, 2, 3 is solved once for each grid point, with xri being the
nodal coordinates. With known parametric coordinates, the new coordinates of
displaced grid nodes are computed using eq. 5.4 for the new Ci values.

5.2 Comparison of FD-based SDs for various GDMs

The effect of GDMs on the SDs computed by FDs is investigated for three cases
already examined in previous chapters. In Case 1, the external aerodynamics
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problem regarding the flow around the NACA4412 isolated airfoil, presented in
section 2.4, is studied. Lift SDs are computed using the Laplace, DG and IDW
GDMs. In Case 2, the internal flow problem within an S-shaped duct, presented
in section 2.4, is investigated, by using all four GDMs mentioned above. The
VBS are implemented in two different ways: (a) their CPs parameterize only the
duct shape, without affecting the coordinates of the internal grid nodes, which
are displaced separately using the other three GDMs and (b) the VBS morpher
simultaneously displaces boundary and internal grid nodes.

Case 4 is concerned with the CHT problem presented in section 3.4, with JpenT

being the objective function. Since NURBS CPs parameterize the geometry, all but
the VBS-based GDMs are used here.

The FD-based SDs, computed for Cases 1,2 and 4 for the various GDMs are
presented in fig. 5.1. Average deviation values are given in the captions of the
corresponding figures. It is observed that the effect of the chosen GDM on the
FD SDs is negligible, since the SDs corresponding to different GDMs practically
coincide.

5.3 Comparison of E-SI Adjoint SDs and FDs

Based on results already presented in figs. 2.1b, 2.3b and 3.4 for Cases 1,2 and 4
respectively, the E-SI adjoint computes SDs which match those computed by FDs
assuming a Laplace GDM. In particular, the average relative differences between
the SDs are 5%, 5.5% and 8.6% respectively (without considering points with
almost zero SDs). Since FDs performed for different GDMs lead to the same SDs,
as shown in section 5.2, it is concluded that the E-SI adjoint, which assumes a
Laplace GDM, can be safely used to compute accurate SDs at low computational
cost, irrespective of the GDM in use.

5.4 Why SDs for Different GDMs are the Same?

A thorough investigation on the reasons of the matching of SDs computed with
various GDMs is presented here. To do so, the FI adjoint is used. Although being
computationally more expensive than the E-SI adjoint, the FI one does not assume
a Laplace GDM. Instead it leads to SDs that include field integrals of grid sensitiv-
ities, which are directly affected by the used GDM, see eqs. 2.55 and 3.42. First,
the differentiation of the GDMs expressions, which yields equations providing the
grid sensitivities, is presented. Then, the SD expressions are scrutinized to shed
light into the results of sections 5.2 and 5.3.
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Figure 5.1: Comparison of FD-based SDs for Cases 1,2 and 4, computed for different
GDMs. In Case 1, SDs computed for the IDW and DG differ from those computed for a
Laplace GDM by 1.4% and 1.6%, on average, respectively (the 1fifth DV was excluded,
since the Laplace-based SD value is close to zero). In Case 2, SDs computed for the
IDW, DG and VBS differ from those computed for a Laplace GDM by 0.2%, 0.7% and
3%, on the average, respectively. In Case 4, SDs computed for the IDW and DG GDMs
differ from those computed for a Laplace GDM by less than 0.5%.

5.4.1 Grid Sensitivities Computation for the used GDMs

In case of GDMs described by differential equations, as the Laplace one,N systems
of PDEs resembling the GDM ones arise and are solved to compute δxi/δbn. When
GDMs are described by algebraic expressions, such as the VBS, DG and IDW ones,
their differentiation w.r.t. bn yields N closed-form expressions, which are similar
to the GDMs equations. Computing the grid sensitivities as described above has
a cost equivalent to N grid displacements.

Laplace PDEs;

To compute grid sensitivities based on the Laplace GDM, eq. 5.1 is differenti-
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ated w.r.t. bn, yielding
∂2

∂x2
j

(
δxi
δbn

)
=0 (5.8)

The above PDEs are solved by using the known values of δxi/δbn from the param-
eterization as boundary conditions.

IDW Model:

To derive the closed-form expressions for the grid sensitivities, first the depen-
dence of the internal and boundary grid nodes should be defined as xIi

(
bn, x

I,old
i (boldn )

)
=

mI
i

(
xoldi (boldn ),mB

i (bn)
)
+xI,oldi (boldn ) and xBi (bn)=mB

i (bn)+xBi (boldn ). By differentiating
them w.r.t. bn, δxi

δbn

∣∣I
bn=boldn

= δmi
δbn

∣∣I
bn=boldn

and δxi
δbn

∣∣B
bn=boldn

= δmi
δbn

∣∣B
bn=boldn

. This means that
δmi
δbn

∣∣B
bn=boldn

is also given by considering the analytical expression of the boundary

parameterization. To compute δmi
δbn

∣∣I
bn=boldn

and, thus, δxi
δbn

∣∣I
bn=boldn

.

δxi
δbn

∣∣∣∣I
bn=boldn

=
δ%i
δbn

∣∣∣∣I
bn=boldn

+
δξi
δbn

∣∣∣∣I
bn=boldn

(5.9)

where δξi
δbn

∣∣∣∣I
bn=boldn

=

∑
B
ωB

δξi
δbn

∣∣B
bn=boldn∑

B
ωB

 and δ%i
δbn

∣∣I
bn=boldn

=0, since δP
δbn

∣∣I
bn=boldn

= δR
δbn

∣∣I
bn=boldn

XI
[
RI
]T
+

RIXI
[
δR
δbn

∣∣I
bn=boldn

]T
= 0. For the same reason δ%i

δbn

∣∣B
bn=boldn

= 0 and thus δξi
δbn

∣∣B
bn=boldn

=

δxi
δbn

∣∣B
bn=boldn

As a result

δxi
δbn

∣∣∣∣I
bn=boldn

=

∑
B

ωB
δxi
δbn

∣∣B
bn=boldn∑

B

ωB
(5.10)

If the interpolation of the boundary rotation to the interior of the grid is not used,
the total boundary displacement is interpolated to the interior of the grid through
eq. 5.2, in which ξBi and ξIi are substituted by mB

i and mI
i respectively. In such

a case, it can be proven in a straightforward way that grid sensitivities are also
given by eq. 5.10.

Delaunay Graph Model:

Grid sensitivities are given by differentiating eq. 5.3 w.r.t. bn, yielding

δxi
δbn

=ωk
δDk

i

δbn
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where δDki
δbn

is either zero at the non-parameterized boundary points or known at
the parameterized ones.

VBS Morpher:

To compute the grid sensitivities, eq. 5.4 is differentiated w.r.t. bn, which co-
incide with the x, y(, z) coordinates of the CPs, Ci. The grid sensitivities for the
boundary and internal grid nodes are computed as

δxi
δbn

=
δxi
δCabc

j

(
u, v, w, Cklm

i

)
=Uk,pu (u)Vl,pv (v)Wm,pw (w)

δCklm
i

δCabc
j

⇒ δxi
δbn

=
δxi
δCabc

j

(
u, v, w, Cklm

i

)
=Ua,pu (u)Vb,pv (v)Wc,pw (w) δji (5.11)

5.4.2 Comparison of FI Adjoint SDs and FDs

Before the term-by-term analysis of the FI-based SDs, a necessary verification of
the FI-computed SDs is first made for all three examined cases, to demonstrate
that the so-computed SDs are accurate and can safely be used in the term-by-
term analysis that follows in section 5.4.3. In figs. 5.2, 5.3 and 5.4 for Cases
1,2 and 4, respectively, it is observed that the FI-computed SDs coincide with the
corresponding FDs based on the same GDM.

5.4.3 Scrutinizing Field Integrals of the Adjoint SDs

Considering eqs. 2.55 and 3.42, the terms that consider the effect of the chosen
GDM are the field integrals including the grid sensitivities, i.e.

W (E)=

∫
ΩF
FFjk (E)

∂

∂xj

(
δxk
δbn

)
dΩ+E

[ ∫
ΩS
FSjk

∂

∂xj

(
δxk
δbn

)
dΩ

+
∑

D=F,ES

∫
ΩD
jDΩ

∂

∂xk

(
δxk
δbn

)
dΩ

]
(5.12)

where

FFjk (E)=−uivj
∂vi
∂xk
−uj

∂p

∂xk
−τaij

∂vi
∂xk

+ui
∂τij
∂xk

+q
∂vj
∂xk

+Θjk+E
[
−ρF cpT Fa vj

∂T F

∂xk

−ρFT Fa vivjT Fa
∂vi
∂xk
−kF ∂T

F
a

∂xj

∂T F

∂xk
+T Fa

∂

∂xk

(
kF
∂T F

∂xj

)]
(5.13a)
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Figure 5.2: Comparison of FD-based and FI adjoint SDs, for Case 1; grid sensitivities
used in the adjoint SDs are computed using the GDMs mentioned underneath the
plots. Relative differences between the FD-based and adjoint SDs are on average
below 5% (after excluding points with almost zero SDs).

FSjk=−kS ∂T
S
a

∂xj

∂T S

∂xk
+T Sa

∂

∂xk

(
kS
∂T S

∂xj

)
(5.13b)

In the above equations, E is a switch variable, introduced to distinguish between
pure fluid flows (E=0) and CHT problems (E=1). The W term requires the com-
putation of the grid sensitivities at the internal grid nodes, which is conducted
through either analytical expressions (for the algebraic IDW, VBS and DG models)
or by solving PDEs (for the Laplace GDM), see section 5.4.1. The cost of com-
puting the grid sensitivities in such a way is proportional to N ‘‘equivalent’’ grid
displacements.

In what follows, the F symbol corresponds to FF and/or FS, see eqs. 5.13a
and/or 5.13b, depending on the case. To understand the reasons for computing
the same SDs for various GDMs, theW term, see eq. 5.12, including field integrals
with the spatial gradients of the grid sensitivities is scrutinized. Note that the rest
of the SD terms comprising the FI-computed SDs, see eqs. 2.55 and 3.42, consist
only of surface integrals and are, hence, not affected by the GDM. In addition, the
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Figure 5.3: Comparison of FD-based and FI adjoint SDs, for Case 2; grid sensitivities
used in the adjoint SDs are computed according to the GDMs mentioned underneath
the plots. Relative differences between the FD-based and adjoint SDs are on average
below 4.9%.

contribution of the W term to the SDs seems to be much more significant than
that of the rest of the SDs terms, for almost all design variables, fig. 5.5.

5.4.4 Analysis of the W term

All field integrals within W include the product of terms depending on (a) the
primal and adjoint fields which are independent of the grid sensitivities and (b)
the spatial derivatives of the grid sensitivities. In this section, both of them are
plotted, in an attempt to shed light into findings associated with fig. 5.1. Regarding
figs. 5.6–5.16, studies focus on the y coordinates of the CPs, since their SDs have
the largest (absolute) values.

In figs. 5.6 to 5.9, iso-areas of the magnitude of grid sensitivities for various
GDMs over a part of the flow domain, along with their differences, are plotted for
a selected CP in Cases 1,2 and 4. In all of them, close to the walls, δxi/δbn seems
to be very similar for all GDMs; in contrast, larger differences are observed far
from the boundary. In figs. 5.10, 5.11 and 5.12, the magnitude of F is plotted
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Figure 5.4: Comparison of FD-based and FI adjoint SDs for Case 4; grid sensitivities
used in the adjoint SDs are computed according to the GDMs mentioned underneath
the plots. Relative differences between the FD-based and adjoint SDs are on average
below 5.7%.
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Figure 5.5: Comparison of the FI adjoint SD values and the W term, in Case 1 and
Case 4. In Case 2 (omitted), SDs consist only of the W term (see Appendix B.2), so
the two plotted curves coincide by definition. Since all GDMs lead to almost identical
adjoint SD values, only those computed by the Laplace GDM are plotted.

for the three cases; in fig. 5.12, the multiplier of ∂
∂xk

(
δxk
δbn

)
(in the last integral of

W term, see eq. 5.12), corresponding to the objective function defined over ΩS,
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is also plotted for Case 4. Large F values appear close to the walls, where grid
sensitivities are practically the same for all GDMs, and decay rapidly away from
them. This means that large differences in grid sensitivities away from the walls
are multiplied with an almost zero valued F , leading to negligible contributions
to the SDs from these areas. A similar behavior of the terms arising from the
objective function used in Case 4, can be observed in fig. 5.12. This can also be
seen by examining figs. 5.13, 5.14 and 5.16, which present the integrand ofW at
each cell centre, normalized by the W value, in %. It can be observed that cells
close to the parameterized walls contribute the most to W. For instance, some
cells next to the walls contribute up to almost 20% to its value. On the other
hand, cells away from the walls contribute much less. It is thus clear that, for the
cases examined, the highest contributions to the total SD values are close to the
boundary. Moreover, in all cases, differences in the (normalized) integrands ofW
for the DG and IDW methods are minor. In figs. 5.13, 5.15 and 5.16, differences
in the integrands of W, computed for various GDMs and normalized by the total
value ofW, in %, are presented. Close to the walls, small areas of slight differences
inW appear, which are of different sign and same magnitude and are practically
cancelled out. Away from the walls, larger areas in which W is different appear;
here, also, differences in integrands have different sign and same magnitude.

The findings justify the reasons for computing practically the same SDs with
different GDMs, even when large differences in the computed grid sensitivities
exist far from the wall boundaries. Conclusions drawn in this thesis in problems
of different physics, are in agreement with [105, 163], in which the objective
functions are forces exerted on isolated airfoils in compressible flows.

5.5 Effect of the Choice of the GDM on Shape Optimization

In the fourth and last step of the investigation, the aim is to carry out some
optimization loops and demonstrate that differences in the adjoint SDs when
assuming various inconsistent GDMs are so small that they do not, practically,
affect the convergence of a shape optimization loop, when a Quasi-Newton method
is used to update the design variables. The convergence of such methods is known
to be more sensitive than Steepest Descent or the Conjugate Gradient method to
the SD values, due to reasons explained in [29]. Here, the damped version of the
BFGS method is used [113]. To do so, Case 2 is indicatively chosen among the
three investigated cases to carry out shape optimization loops. Since, in this case,
all four GDMs are used to compute the adjoint SDs, a wide range of comparisons
between the performed optimizations can be made. Similar results are acquired
in the other two cases and are omitted in the interest of space.

Three different GDMs, the VBS, DG and IDW ones, are used to deform the
mesh. For each GDM, five optimizations are performed, in which adjoint SDs are
computed by using either the E-SI or the FI methods; in the former, the adjoint
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(a) Laplace (b) IDW (c) DG

(d) DG-Laplace (e) DG-IDW (f) IDW-Laplace

Figure 5.6: Case 1: First row: Magnitude of δx/δbn computed using three GDMs.
Second row: Difference in δx/δbn magnitude between the GDMs used, normalized by
the max. value of δx/δbn computed by the parameterization along the whole bound-
ary. Computations made for the sixteenth CP. Similar behavior (at least qualitatively)
is exhibited for all CPs.

(a) VBS (b) Laplace

(c) IDW (d) DG

Figure 5.7: Case 2: Magnitude of δx/δbn computed using four GDMs, for the fifth
CP.

to Laplace GDM is used and in the latter, grid sensitivities are computed by
assuming all four GDMs. In each optimization, the stopping criterion is set as
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(a) DG-Laplace (b) DG-IDW (c) DG-volumetric B-Splines

(d) IDW-Laplace (e) IDW-VBS
(f) Laplace-VBS

Figure 5.8: Case 2: Difference in δx/δbn magnitude among the various GDMs, nor-
malized by the max. value of δx/δbn along the whole boundary. Comparisons made
for the same CP as in fig. 5.7.

(a) Laplace (b) IDW (c) DG

(d) DG-Laplace (e) DG-IDW (f) IDW-Laplace

Figure 5.9: Case 4: First row: Magnitude of δx/δbn computed using different GDMs,
for the fifth CP. Second row: Difference in δx/δbn magnitude among GDMs, normal-
ized by the max. value of δx/δbn along the whole boundary. The black line signifies
the FSI boundary.

a lower than 0.01% difference in the objective function between two successive
steps. Also, the update of the design variables is scaled by a coefficient η, the
value of which is computed anew, in each optimization cycle, by a backtracking
line-search algorithm satisfying the Armĳo conditions [113]. The convergence
histories of the optimizations are compared in fig. 5.17. For each one GDM used
to deform the grid, convergence histories and optimized solutions are practically
the same. When different GDMs are actually deforming the grid, in fig. 5.17d it is
observed that negligible deviations in the convergence paths arise. In fig. 5.17e,
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Figure 5.10: Case 1: Magnitude of FF (left) and a close-up view (right) near the wall
boundary (suction side; around 50% of chord).

Figure 5.11: Case 2: Magnitude of FF (top) and a close-up view of its distribution
near the lower wall (bottom).

Figure 5.12: Case 4: Magnitude of FF , FS (top) and distribution of 1
VS

(
jS−JS

)
in

ΩS (bottom); the latter is included in the last integral on the r.h.s. ofW.

a comparison of some representative optimized geometries is made; optimizations
with different SD-GDM pairs not included in the figure in the sake of clarity
resulted to the same findings. It can be observed that, despite the use of different
GDMs, the optimized geometries are almost identical. The optimized shape, with
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(a) Laplace (b) IDW (c) DG

(d) IDW-Laplace (e) IDW-DG (f) DG-Laplace

Figure 5.13: Case 1: First row: Integrand of W, computed for different GDMs,
normalized by theW value, in %, for the sixteenth CP. Second row: Difference, in %,
among the integrand ofW computed for different GDMs, normalized by theW value.

(a) Laplace (b) IDW

(c) DG (d) VBS

Figure 5.14: Case 2: Integrand of W, computed using different GDMs, normalized
by theW value, in %, for the fifth CP.

∼ 8.5% lower value of Jpt (expressed by eq. B.3), is obtained after 8 optimization
cycles. A comparison between the initial and optimized geometries and the velocity
magnitudes over them is made in section 2.4. It is concluded that, in the examined
case, differences between the computed SDs are small enough, so that the same
number of cycles is needed in each optimization to meet the above-mentioned
convergence criterion.



5.6. Conclusions 99

(a) IDW-Laplace (b) IDW-VBS (c) IDW-DG

(d) DG-Laplace (e) DG-VBS (f) Laplace-VBS

Figure 5.15: Case 2: Difference, in %, among the integrand of W computed for
different GDMs, normalized by theW value.

(a) Laplace (b) IDW (c) DG

(d) IDW-Laplace (e) IDW-DG (f) DG-Laplace

Figure 5.16: Case 4: First row: A close-up view of the integrand ofW, computed for
different GDMs, normalized by the W value, in %, for the fifth CP. Fields are plotted
only in ΩF , since the equivalent in ΩS are much smaller. Second row: Difference,
in %, among the integrand ofW computed for different GDMs, normalized by theW
value, for both ΩF and ΩS .

5.6 Conclusions

This chapter focused on whether the choice of the grid displacement model in an
optimization loop affects the SDs of the objective function and, through them, the
outcome of the optimization. Investigations initially presented in [163, 105] were
extended and enriched by focusing on (a) incompressible fluid flows, including
internal and external aerodynamics and Conjugate Heat Transfer problems and



100 5. Effect of GDMs on SDs

-9

-8

-7

-6

-5

-4

-3

-2

-1

 0

 1  2  3  4  5  6  7  8

∆
J
 [

%
]

Optimization Cycle

δxi/δbn by VBS
δxi/δbn by Lapl.

δxi/δbn by DG
δxi/δbn by IDW

adjGMD

(a) VBS

-9

-8

-7

-6

-5

-4

-3

-2

-1

 0

 1  2  3  4  5  6  7  8

∆
J
 [

%
]

Optimization Cycle

δxi/δbn by VBS
δxi/δbn by Lapl.

δxi/δbn by DG
δxi/δbn by IDW

adjGDM

(b) DG

-9

-8

-7

-6

-5

-4

-3

-2

-1

 0

 1  2  3  4  5  6  7  8

∆
J
 [

%
]

Optimization Cycle

δxi/δbn by VBS
δxi/δbn by Lapl.

δxi/δbn by DG
δxi/δbn by IDW

adjGDM

(c) IDW

-9

-8

-7

-6

-5

-4

-3

-2

-1

 0

 1  2  3  4  5  6  7  8

∆
J
 [

%
]

Optimization Cycle

VBS
DG

IDW
adjGDM-IDW

(d) Various GDMs
VBS-VBS
Lapl.-VBS
IDW-IDW

DG-DG
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Figure 5.17: Case 2: (a to c) Comparisons of Jpt convergence during optimizations
using the GDMs mentioned underneath the plots to deform the mesh. In all cases,
SDs are computed by both the E-SI (denoted as adjGDM) and FI; for the latter, grid
sensitivities are computed by assuming all four GDMs in the adjoint method. (d):
Comparison of the Jpt convergence during optimizations using different GDMs. In
convergence paths denoted as VBS, DG and IDW, grid sensitivities are computed by
means of the GDM used to deform the grid. Regarding the convergence path denoted
as ‘‘adjGDM-IDW’’, E-SI adjoint SDs are computed and the IDW is the actual GDM
in use. (e): Comparison of optimized geometries; the first component in the legends
denotes which GDM is considered in the adjoint SDs, while the second which GDM
is used to deform the mesh.

(b) the use of continuous adjoint. For this investigation, first FDs were used, in
which the grid displacement was carried out by means of different GDMs, based
on Laplace PDEs, a VBS morpher, the Delaunay Graph and the IDW model. This
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study yielded very similar SDs for three different cases, regarding internal and ex-
ternal pure fluid flow problems and a CHT one. Since FDs stand for the reference
method to compute SDs, results are equally significant for both continuous and
discrete adjoint methods. An investigation on shape optimizations demonstrated
that differences in the adjoint SDs were indeed small enough that even the BFGS
method, relying on approximated Hessian matrices, is not affected throughout the
optimization. A term-by-term analysis of the FI-based SDs revealed that, close to
the parameterized/changing boundaries: (a) grid sensitivities are practically the
same, for all GDMs and (b) the term (that depends on primal and adjoint fields)
which multiplies the grid sensitivities inside field integrals takes on its highest
values; that term decays rapidly away from the wall. This leads to almost identi-
cal SD values for all GDMs, despite large differences in δxi/δbn, for some of them,
away from the walls. Based on these findings, it was concluded that the choice of
the GDM does not affect the SD values, at least for the cases investigated in this
chapter. As a result, the E-SI continuous adjoint which yields SDs free of field
integrals of grid sensitivities by making the convenient assumption of a Laplace
GDM, can safely be used to compute SDs at low cost, irrespective of the GDM
used in the optimization.
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Chapter 6

Adjoint-assisted Pareto Front Tracing in
Aerodynamic and CHT Shape Optimization

In this chapter, the adjoint method is used to assist gradient-based methods
tracing the Pareto front in multi-objective optimization (MOO) problems. The de-
veloped methods are conceptually based on a prediction-correction algorithm first
presented in [148] and further studied by the author’s group in [67]. This algo-
rithm starts from an already computed Pareto Point (PP). Targets, corresponding
to the values, on the next PP, of all but one of the contradictory goals of the MOO
problem, are set. Then, by solving a constrained optimization problem, a new
PP is computed. The prediction step is used to speed up the process of moving
between two PPs. In the prediction step, based on the information for an already
available PP, each new one is extrapolated. The extrapolated point in the objective
space does not usually belong to the Pareto front. To bring the extrapolated point
on the Pareto front, a correction step, aiming to satisfy the Karush-Kuhn-Tucker
(KKT) first-order optimality conditions, is then used.

Three variants of the prediction-correction scheme are assessed, looking for
the least expensive one. In all variants, the exact computation of the second
derivatives of the Lagrangian w.r.t. bn, i.e. the Hessian matrix, is avoided, since
that would make the computation of the Pareto front unaffordable. In brief, the
three evaluated schemes are:

1. Variant 1 in which, in the prediction step, the system of linear equations up-
dating design variables and Lagrange multipliers is solved iteratively, using
the linear-Restarted GMRES method [144]. The necessary Hessian-vector
products result from the Direct Differentiation of the primal and adjoint
equations. Such an approach is inspired from the truncated Newton method
for single-objective aerodynamic shape optimization problems, proposed by
the authors’ group in [42, 122]. The correction step follows, by repetitively
approximating the Hessian matrix through the damped BFGS method [113];
the latter requires the gradients of the objective and constraint functions

103
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w.r.t. the design variables, computed by the continuous adjoint method.

2. Variant 2 which applies the BFGS method to approximate the Hessian in
both the prediction and correction steps.

3. Variant 3 which omits the prediction step and solves only the system of
equations corresponding to what is referred to as the ‘‘correction’’ step, to
find the location of the new PP.

As seen above, the correction step is the same in all three variants. These are
initially used to solve optimization problems pertaining to the drag minimization
and lift maximization of two isolated airfoils. The less expensive variant among
them is then used to compute the Pareto front in a 3D Conjugate Heat Transfer
(CHT) problem. The minimization of the highest temperature in a solid device
equipped with cooling fins to enhance heat transfer, and the total pressure losses
of the air passing though the fins are the two objectives. Both laminar (isolated
airfoil problems) and turbulent (in the CHT problem) flows are encountered.

In section 6.1, the systems of equations solved to update the design variables
during the prediction and correction steps are discussed, followed by their combi-
nations that form the proposed variants of the Pareto tracing algorithm, in section
6.2. In sections 6.3 and 6.4, the primal and adjoint methods for incompressible
flows and the computation of matrix-vector products are presented. In section
6.5, the three variants are compared in external aerodynamics and, then, the one
with the lowest computational cost is used to solve a 3D CHT problem. A com-
parison between the variant with the lowest computational cost and the weighted
sum approach, is also made.

6.1 Mathematical Background

The presentation is limited to the minimization of two objective functions, J1

and J2, controlled by the design variables bn, n ∈ [1, N ], subjected to an equality
constraint (cg = 0); a discussion on how to handle problems with more objective
functions and/or constraints is deferred to the next section.

The process of computing each new PP is initialized by an already available
one, denoted by (J1, J2)=

(
Jold1 , Ĵ2

old
)

; the first PP is obtained by minimizing one
objective (J1, in all cases presented here) while satisfying the equality constraint
cg = 0. To move from one PP to the next, J1 is minimized by simultaneously
imposing an equality constraint cf= J2−Ĵ2

new
= 0, where Ĵ2

new
is a target value.

Hence, the Lagrangian L becomes

L
(
bn, λ1, λ2, Ĵ2

)
=J1 (bn)−λ1cf

(
bn, Ĵ2

)
−λ2cg (bn) (6.1)
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where λ1, λ2 are Lagrange multipliers. To compute a new PP, the KKT first-order
optimality conditions [113], expressed in an array form with N+2 equations,

K
(
z, Ĵ2

)
=

 ∂L
∂b

∣∣
λi,Ĵ2=ct

cf
cg

=0 (6.2)

where z=[b λ]T , should be satisfied.

A standard way to solve the constrained optimization problem described by
eq. 6.2 is through the SQP method [113]. By linearizing eqs. 6.2 w.r.t. z,Ki (z

new)=
Ki

(
zold
)
+ δKi

δzj

∣∣
zoldj

∆zj =0, the following system of equations

 H − δcf
δb

T
− δcg

δb

T

δcf
δb

0 0
δcg
δb

0 0


old︸ ︷︷ ︸

M


∆b

∆λ1

∆λ2

=−


δL
δb

cf

cg


old

(6.3)

must be solved, where H is the Hessian matrix of L w.r.t. b. Then, b and λ are
updated as

bnew=bold+α∆b,

λnew=λold+∆λ
(6.4)

where α is either user-defined or computed by means of line-search (see next
section). The successive application of eqs. 6.3 and 6.4 leads to a new PP.

A different way to move from one PP to the next emerges by considering
that the KKT conditions are satisfied at both PPs. Since Ĵ2 can be seen as
the parameter that controls the position on the Pareto front [148], along which
δKi
δĴ2

∣∣
Ĵ2
old = ∂Ki

∂Ĵ2

∣∣
Ĵ2
old+∂Ki

∂zj

δzj

δĴ2

∣∣
Ĵ2
old =0. This leads to the following system of equations

[148]  H − δcf
δb

T
− δcg

δb

T

δcf
δb

0 0
δcg
δb

0 0


old︸ ︷︷ ︸

M= ∂K
∂z

∣∣
Ĵ2
old


δb

δĴ2

δλ1

δĴ2

δλ2

δĴ2


︸ ︷︷ ︸
X= δz

δĴ2

∣∣
Ĵ2
old

=

 0

1

0


︸ ︷︷ ︸

B=− ∂K
∂Ĵ2

∣∣
Ĵ2
old

(6.5)
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After solving eq. 6.5, b and λ are updated as

bnew=bold+α
δb

δĴ2

(
Ĵ2

new
− Ĵ2

old
)
,

λnew=λold+
δλ

δĴ2

(
Ĵ2

new
− Ĵ2

old
) (6.6)

Note that, in eqs. 6.5, the l.h.s. coefficient matrix is the same as in eqs. 6.3. A
key feature of any iterative method that makes use of eqs. 6.5 and 6.6 is that the
KKT conditions must be satisfied at the starting point, within each step, which is
not a requirement for any solver based on eqs. 6.3 and 6.4.

So far, two different methods, one based on eqs. 6.3 and 6.4 and the other
on eqs. 6.5 and 6.6 have been presented, to move between two PPs. In the next
section, these will be combined into three algorithmic variants, able to trace the
Pareto front.

6.2 Pareto-Front Tracing Algorithms

To move from one PP to the next, it is possible to either use the SQP method
(eqs. 6.3 and 6.4) or solve eqs. 6.5 and update b and λ through 6.6. In both
cases, a single iteration leads to a point that does not generally belong to the
Pareto front, due to non-linearities. Since the KKT conditions, eqs. 6.2, are not
valid at that intermediate point, eqs. 6.5 cannot be solved there. Therefore, the
SQP method is used to move from the intermediate point back to the Pareto
front. The first step based on eqs. 6.5 and 6.6 performs the prediction, whereas
successive solutions of eqs. 6.3 and 6.4 undertake the corrections.

Solving constrained SOO problems exclusively by means of the SQP method,
i.e. without the prediction step, could certainly be a stand-alone procedure to
compute the Pareto front. Thus, to investigate computational benefits when using
the prediction step, three variants are programmed and compared. In all of them,
the exact computation of the Hessian matrix is avoided, as its cost would be N+ 1
EFS, [121]; Hessian-vector products and approximations of the Hessian matrix
are used instead. The three schemes devised to compute the Pareto front are (see
also fig. 6.1):

• Variant 1: In the prediction step, eqs. 6.5 are solved by using the linear-
Restarted GMRES method [144], to compute δb/δĴ2 and δλ/δĴ2 and update
b and λ through eqs. 6.6. The necessary Hessian-vector products result
from the Direct Differentiation of the primal and adjoint equations, at a
cost of 2 EFS. The correction step is iteratively carried out by means of
eqs. 6.3 and 6.4 and the required Hessian matrix is approximated through
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the damped BFGS method [113]; the latter requires the gradients of the ob-
jective and constraint functions w.r.t. the design variables, computed using
the continuous adjoint method, see section 6.3.

• Variant 2: The damped BFGS method provides approximations to the Hes-
sian for use in both the prediction and correction steps.

• Variant 3: The prediction step is omitted and only the system of equations
corresponding to what is referred to as the ‘‘correction’’ step in the previous
two variants is utilized, i.e. eqs. 6.3, are solved and, then, eqs. 6.4 are used
to update b and λ. From a certain point of view, Variant 3 presents some
similarities with the Normal-Boundary Intersection (NBI) method presented
in [23]. Both approaches solve constrained optimization problems to com-
pute the next PP, however the way of choosing the constraint values differs
slightly. In NBI, the extreme PPs are computed first and the values of the
objective(s) acting as constraints are, then, equi-distributed between them
in the objective space. In contrast, Variant 3 computes only one extreme PP
and updates the constraint values by a user-defined step size.

It can be observed that the correction step is the same in all variants. After
computing a new PP, Ĵ2 is updated and the same procedure is repeated. The
computation of the new PP terminates when the relative change in J1 between two
consecutive optimization cycles is less than a user-defined threshold ε1 and, also,
the absolute values of cf/Ĵ2 and cg/Ω̂ (Ω̂ is defined in section 6.3) become less
than thresholds ε2 and ε3. A maximum number Ncorr of allowed correction steps
per PP computation, the desired number NPP of PPs and ∆Ĵ2 are also defined by
the user.

In eqs. 6.4 and 6.6, the resulting ∆bn is optionally scaled by a step length
α, computed by the Armĳo backtracking line-search algorithm [113]; α should
satisfy the Armĳo condition

φnew<φold+c1αDφ∆bn (6.7)

In eq. 6.7, φ = J1 + µ (|cf |+|cg|), µ is equal to max (|λ1|, |λ2|) + 2δ when µ <
max (|λ1|, |λ2|)+δ, with δ, c1 positive user-defined constants andDφ∆bn= δJ1

δbn
∆bn−

µ (|cf |+|cg|). For J1, cf and cg known, starting from a= 1, a is regularly updated
by fitting a quadratic polynomial of α to φ, the shape and mesh are updated, the
primal equations are solved and J1, cf and cg are re-evaluated until eq. 6.7 is
satisfied.

In cases with more than two objectives, similar systems of equations are solved
to trace the Pareto front, requiring though an algorithm providing the target values
(Ĵ2), so that the front becomes well-populated and the overall computational cost
remains as low as possible.
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1 A SOO problem is solved, starting from the baseline geometry, in order to
compute the first PP, (J0

1 , J
0
2 ), for which the constraint, cg, is satisfied; set

Ĵ0
2 =J0

2 .
2 for k = 1, 2, . . . , NPP do

3 Update Ĵk2 .
4 Solve the adjoint PDEs to compute δJ1/δbn, δcf/δbn; compute δcg/δbn

analytically.
5 if Variant= 1 or 2 then
6 Update b and λ through eqs. 6.5 and 6.6 (Prediction step) by

optionally using line-search.
7 else
8 Update b and λ through eqs. 6.3 (SQP; optional use of line-search).
9 end

10 Update the shape/grid.

11 Solve the primal equations; evaluate
(
Jk;0

1 , Jk;0
2

)
, cf and cg.

12 Set j=0 and Jk;j−1
1 =Jk−1

1

13 while (j < Ncorr) and ( |Jk;j
1 − J

k;j−1
1 |/|Jk;j−1

1 | > ε1 or |cf/Ĵ2| > ε2 or

|cg/Ω̂| > ε3 ) do
14 Solve the adjoint equations to compute δJ1/δbn, δcf/δbn; compute

δcg/δbn analytically.
15 Update b and λ through eqs. 6.3 (SQP; optional use of line-search).
16 Update the shape/grid and set j ← j+1

17 Solve the primal equations; evaluate
(
Jk;j

1 , Jk;j
2

)
, cf and cg.

18 end
19 New PP

(
Jk1 , J

k
2

)
computed.

20 end

Figure 6.1: Two-objective optimization algorithm, used to compute NPP points on
the front. Indices k and j denote the ID of the PP and the counter for the intermediate
steps between two PPs, respectively.

6.3 Primal and Adjoint Equations in External Aerodynamics

To demonstrate the developed/programmed Pareto tracing method, without loss
of generality, isolated airfoil cases aiming at min. drag (J1) and max. lift (J2) are
used. Additionally, cg=

∫
Ω
dΩ−Ω̂=0 must be satisfied throughout the optimization

loops, with Ω being the volume of the computational domain and Ω̂ a target value;
in the examined cases, Ω̂ is set equal to the volume of the initial domain. This
constraint is imposed to maintain the airfoil area constant. The primal equations
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for laminar flows are given by eq. 2.1a and 2.1b. The gradient of Jforces w.r.t. bn
is given by eq. B.1. and is used for both δJ1/δbn and δJ2/δbn. Also, δcf

δbn
= δJ2

δbn
and

the gradient of cg, given by an analytical expression, reads δcg
δbn

=
∫

Ω
∂
∂xk

(
δxk
δbn

)
dΩ.

By taking advantage of the linearity of the adjoint PDEs, only a single system of
adjoint PDEs could be solved, for computing δL/δbn. However, since δJ1/δbn and
δcf/δbn are needed separately by eqs. 6.3 and 6.5 separately, the cost of computing
the adjoint sensitivities becomes equal to 2 EFS per optimization cycle. The final
expression of δL/δbn is

δL

δbn
=
δJ1

δbn
−λ1

δJ2

δbn
−λ2

δcg
δbn

(6.8)

Here, the volumetric B-Splines morpher [129] given by eq. 5.4 is used to param-
eterize the geometries and the surrounding grid; grid sensitivities are computed
by eq. 5.11.

6.4 Matrix-Vector Product Computation

In the prediction step, eqs. 6.5 can be solved iteratively using the linear-Restarted
GMRES method [144] which requires only matrix-vector products. This approach

1 r0 = MX0 −B, s1 = r0

‖r0‖2
2 for j = 1, 2, . . . ,M do
3 wj = Msj

4 for i = 1, 2, . . . , j do
5 hi,j = wj · si

6 sj+1 = wj −
j∑
i=1

hi,js
i

7 end
8 hj+1,j = ‖sj+1‖2

9 sj+1 = sj+1

hj+1,j

10 end
11 Compute β1, . . . , βM by solving the minimization problem

min‖‖r0‖2e1 −Hβ‖2

12 XM = X0 +
M∑
i=1

βis
i

Figure 6.2: The Linear Restarted GMRES method, used to solve eqs. 6.5 MX = B.
M stands for the number of GMRES bases si, e1 = (1, 0, ..., 0) is of size M + 1 and
H ij =hi,j .
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overcomes the computation of the exact Hessian matrix included in matrix M .
The multiplication of M with the vector s required by the GMRES method, see
fig. 6.2, reads

Ms=


P

N∑
m=1

δcf
δbm

sm

N∑
m=1

δcg
δbm

sm

 (6.9)

where P is the product of the firstN rows of matrixM with the firstN components
of vector s, reading

Pn=
N∑
m=1

δ2L

δbnδbm
sm −

δcf
δbn

sN+1 −
δcg
δbn

sN+2, n= 1, ..., N (6.10)

The first term on the r.h.s. of eq. 6.10 is the Hessian-vector product of the La-
grangian, given by

δ2L

δbnδbm
sm=

δ2J1

δbnδbm
sm−λ1

δ2J2

δbnδbm
sm−λ2

δ2cg
δbnδbm

sm, n=1, ..., N (6.11)

For any field Φ, let Φ be defined as

Φ=
δΦ

δbm
sm (6.12)

In eq. B.1, jS,i=
(
pδji−τij

)
ri and thus,

jS,i=
(
pδji−τij

)
ri

=

[
pδji−ν

(
∂vi
∂xj

+
∂vj
∂xi

)
+ν

(
∂vi
∂xk

∂xk
∂xj

+
∂vj
∂xk

∂xk
∂xi

)]
ri (6.13)

Then, based on eq. C.9, the projected second derivative of Jforces is

δ2Jforces

δbnδbm
sm=

∫
Ω

{
− uivj

∂vi
∂xk
−uivj

∂vi
∂xk
−uivj

∂vi
∂xk

+uivj
∂vi
∂xλ

∂xλ
∂xk
−uj

∂p

∂xk
−uj

∂p

∂xk
+uj

∂p

∂xλ

∂xλ
∂xk

−ν
(
∂ui
∂xj

+
∂uj
∂xi

)
∂vi
∂xk

+ν

(
∂ui
∂xλ

∂xλ
∂xj

+
∂uj
∂xλ

∂xλ
∂xi

)
∂vi
∂xk
−τaij

∂vi
∂xk

+τaij
∂vi
∂xλ

∂xλ
∂xk

+ui
∂τij
∂xk

+ui
∂

∂xk

[
ν

(
∂vi
∂xj

+
∂vj
∂xi

)]
−ui

∂

∂xk

[
ν

(
∂vi
∂xλ

∂xλ
∂xj

+
∂vj
∂xλ

∂xλ
∂xi

)]
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−ui
∂τij
∂xλ

∂xλ
∂xk

+q
∂vj
∂xk

+q
∂vj
∂xk
−q ∂vj

∂xλ

∂xλ
∂xk

}
∂

∂xj

(
δxk
δbn

)
dΩ

+

∫
Ω

(
−uivj

∂vi
∂xk
−uj

∂p

∂xk
−τaij

∂vi
∂xk

+ui
∂τij
∂xk

+q
∂vj
∂xk

)[
∂

∂xj

(
δ2xk
δbnδbm

)
sm

− ∂

∂xλ

(
δxk
δbn

)
∂xλ
∂xj

+
∂

∂xj

(
δxk
δbn

)
∂xλ
∂xλ

]
dΩ+

∫
SW

(
pδji−τij

)
ri
δ(njdS)

δbn

+

∫
SW

[
pδji−ν

(
∂vi
∂xj

+
∂vj
∂xi

)
+ν

(
∂vi
∂xk

∂xk
∂xj

+
∂vj
∂xk

∂xk
∂xi

)]
ri
δ(njdS)

δbn
(6.14)

To compute the product of δ2cg/δb
2 and s, since cg =

∫
Ω
dΩ− Ω̂, then by using

eq. C.8 with jΩ =, then

δ2cg
δbnδbm

sm=

∫
Ω

∂

∂xk

(
δxk
δbn

)
∂xλ
∂xλ

dΩ−
∫

Ω

∂

∂xλ

(
δxk
δbn

)
∂xλ
∂xk

dΩ

+

∫
Ω

∂

∂xk

(
δ2xk
δbnδbm

)
smdΩ (6.15)

where, since the grid displacement model, eq. 5.4, is linear w.r.t. bm, by differen-
tiating eq. 5.11 w.r.t. bm and multiplying with sm, leads to δ2xi

δbnbm
=0.

To evaluate eqs. 6.14, PDEs governing vi, p, ui, and q are developed and solved;
these are obtained by differentiating eqs. 2.1a, 2.1b, 2.48a and 2.48b w.r.t. bn and
projecting them to s, see Appendix C

Rp=
∂vj
∂xj
− ∂vj
∂xk

∂xk
∂xj

=0 (6.16)

Rv
i =

∂(vivj)

∂xj
+
∂(vivj)

∂xj
− ∂

∂xj

[
ν

(
∂vi
∂xj

+
∂vj
∂xi

)]
+
∂p

∂xi
− ∂(vivj)

∂xk

∂xk
∂xj
− ∂p

∂xk

∂xk
∂xi

+
∂

∂xj

[
ν

(
∂vi
∂xk

∂xk
∂xj

+
∂vj
∂xk

∂xk
∂xi

)]
+

∂

∂xk

[
ν

(
∂vi
∂xj

+
∂vj
∂xi

)]
∂xk
∂xj

=0 (6.17)

Rq=
∂uj
∂xj
− ∂uj
∂xk

∂xk
∂xj

=0 (6.18)

Ru
i =uj

∂vj
∂xi

+uj
∂vj
∂xi
− ∂(uivj)

∂xj
− ∂(uivj)

∂xj
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∂xj

[
ν

(
∂ui
∂xj

+
∂uj
∂xi

)]
+
∂q

∂xi

−uj
∂vj
∂xk

∂xk
∂xi

+
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∂xk
∂xj

+
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∂xj

[
ν

(
∂ui
∂xk

∂xk
∂xj

+
∂uj
∂xk

∂xk
∂xi

)]
+

∂

∂xk

[
ν

(
∂ui
∂xj

+
∂uj
∂xi

)]
∂xk
∂xj
− ∂q

∂xk

∂xk
∂xi

=0 (6.19)

The boundary conditions for vi, p are discussed in section C.1. The derivation
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Inlet ui=0, ∂q
∂n

=0

Outlet
∂u〈n〉
∂n

=0, q=u〈n〉v〈n〉+unv〈n〉 +2ν
∂u〈n〉
∂n

v〈n〉u〈t〉+v〈n〉u〈t〉+ν
(
∂u〈n〉
∂t

+
∂u〈t〉
∂n

)
=0

Walls ui=0, ∂q
∂n

= ∂q
∂xj

∂xj
∂n
− ∂q

∂xi
ni

Table 6.1: Boundary conditions for the equations providing the Hessian-vector prod-
ucts for problems with the force as the objective function.

of ui and q can be found in Appendix C.2 for any objective function; regarding
Jforces, they are summarized in table 6.1. To acquire their specialized expressions
for Jforces, one has to consider that along the inlet and the outlet, no contributions
from the objective function arise, since Jforces are defined along the walls. Also,
along the walls, ui=−ri (already discussed in 2.4),

∂jSI,i
∂p

ni= rini, −
∂jSI,k
∂τij

nktinj −
∂jSI,k
∂τij

nktjni=riti,
∂jSI,i
∂p

ni=0, and −
∂jSI,k
∂τij

nktinj −
∂jSI,k
∂τij

nktjni=0.
The additional cost for computing each matrix-vector productMs is practically

equal to that of solving eqs. 6.16 to 6.19. As already discussed, two different sys-
tems of adjoint PDEs are solved in each optimization cycle (separately for J1 and
J2). Nevertheless, eqs. 6.18 and 6.19 are solved only once per matrix-vector com-
putation (i.e. in each GMRES inner iteration), by taking advantage of the linearity
of the adjoint equations, eqs. 2.48a, 2.48b. This allows the linear combination of
the two sets of adjoint variables corresponding to J1 and J2 (or cf ) into a single
set of adjoint variables, as

ui
∣∣
un

=ui
∣∣
J1
−λ1ui

∣∣
cf
, q
∣∣
un

=q
∣∣
J1
−λ1q

∣∣
cf

(6.20)

Here, subscripts J1, cf and un (‘‘unified’’) denote the adjoint variables computed by
solving the adjoint equations for J1, cf and their linear combination, respectively.
Once the unified adjoint variables are computed by eq. 6.20, they are used to
solve eqs. 6.18 and 6.19.

6.5 Applications

6.5.1 Shape Optimization in External Aerodynamics

In this section, the three proposed variants (1 to 3) are compared in the shape
optimization of the NACA0012 (Case 10) and NACA4412 (Case 11) airfoils. In
both cases, the two objectives are min. drag and max. lift, under the (geometric)
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constraint of airfoil area preservation. The chord-based Reynolds flow number
is Re = 1000 in both cases and the infinite flow angles are α∞ = 20 and 10 for
Cases 10 and 11, respectively. Also, structured grids with ∼ 38K and ∼ 60K
cells, max. distances of the first cell barycenters off the wall, normalized with the
chord length, equal to 2.5 10−4 and 10−6 and airfoil contours consisting of 399
and 599 points, have been generated for Cases 10 and 11, respectively. Once
a PP has been computed, Ĵ2 is changed by 10% and 30% in Cases 10 and 11,
respectively. The termination criteria, see fig. 6.1, for reaching the next PP are set
to ε1 =ε2 =ε3 =0.1% for Case 10 and 0.3% for Case 11.

In fig. 6.3, the initial geometry of each airfoil along with its parameterization,
based on volumetric B-Splines, are presented. The airfoil of Case 10 is parame-
terized by a 5× 4 control box while, in Case 11, a 5× 8 box is used. The x and y
coordinates of the red control points (CPs) in fig. 6.3 are used as design variables,
resulting to 12 and 24 design variables in total for Cases 10 and 11, respectively.

Figure 6.3: Parameterization based on volumetric B-Splines control boxes for Case
10 (left) and Case 11 (right).

To obtain the first PP, starting from the baseline geometries of both airfoils,
constrained SOO problems are solved using the SQP method, for min. drag under
the equality constraint on the airfoil area. In fig. 6.4, the convergence of the two
SOO problems is presented. The baseline and optimized geometries along with
the corresponding velocity fields are presented in figs. 6.6 and 6.7, respectively. In
Case 10, the suction side becomes more flat and in Case 11, the mean camber line
becomes less curved. Additionally, in Case 10, the drag integrand has decreased
along the first 40% of the airfoil chord length and in Case 11, along the first 10%
and between 35 to 100%, leading to a reduced drag force, see fig. 6.5.

Having computed the first PP, Variants 1 to 3 are used to trace the front of
non-dominated solutions, see fig. 6.8. In Variant 1, two Restarted GMRES bases
are used in both cases. The fronts of non-dominated solutions consist of 13 and
15 points for Cases 10 and 11, respectively, computed at the cost shown in table
6.2.

In table 6.3, the corresponding values of the hypervolume indicator [25] are
presented; the PP corresponding to the min. J2 computed by all variants was
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Figure 6.4: Convergence of the constrained SOO problems solved to find the first
PP for Case 10 (left) and Case 11 (right) In both cases, the relative difference in the
objective function values between the last two optimization cycles is below 0.01 %,
which was the chosen stopping criterion. Also, the relative difference between the
airfoil surface area and its initial value is of the order of 10−6 % for both cases. The
euclidean norm of the KKT conditions, normalized with their initial value, are reduced
to 0.11 and 0.04 for Case 10 and Case 11, respectively.
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(a) Case 10: Min. drag
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(b) Case 10: Max. lift
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(c) Case 11: Min. drag
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(d) Case 11: Max. lift

Figure 6.5: Difference in the drag (left) and lift (right) integrands, between the air-
foils resulting from the min. drag and max.lift optimization and the baseline airfoils,
computed along the chord length c. Changes in the force integrands are normalized
with the resultant force value of the baseline geometry. Continuous lines pertain to
the pressure and dashed lines to the suction sides of the airfoils.
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Figure 6.6: Min. drag (left) and max. lift (right) for the baseline (blue) and optimized
(red) airfoils for Case 10 (top) and Case 11 (bottom).

Figure 6.7: Velocity magnitude over the baseline (first row), the min. drag (second
row) and the max. lift (third row) airfoils for the Case 10 (left) and Case 11 (right).

chosen as the nadir point. It can be observed that all fronts of non-dominated
solutions are practically equivalent, since their hypervolume indices differ by no
more than 1.2%. In terms of computational cost though, the difference between
the three variants is more significant. Variant 1 is by far the most expensive one;
the solution of additional PDEs (see eqs. 6.16 to 6.19) to compute matrix-vector
products makes the cost for tracing the Pareto front more expensive. Variant 3
requires about 20% more EFS than Variant 2 due to, mainly, the higher number
of optimization cycles required for the same number of PPs and, secondly, due to
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Figure 6.8: Pareto front approximations in Case 10 (left) and Case 11 (right), along
with the baseline points in the objective space.

Case Variant Total EFS
Total EFS EFS for

Optimization due to paths of
Cycles line-search fig. 6.10

1
1 152 35 25 8
2 81 26 5 6
3 110 34 10 10

2
1 71 18 1 8
2 50 17 1 6
3 61 18 9 7

Table 6.2: Computational cost, measured in EFS, to move (a) from the first PP to
the last (third to fifth columns) and (b) between the two PPs presented in fig. 6.10
(last column), for Cases 10 and 11. The total number of EFS spent for the solution of
the primal equations during line-search iterations is presented in the second-to-last
column. The cost for reaching the first PP is the same for all variants and is, thus,
excluded from this table.

an increased line-search cost.
In fig. 6.9, the paths from each PP to the next one are illustrated while, in

fig. 6.10, indicative close-up views are presented. In both cases, it can be observed
that, in Variant 1, even though just a few GMRES bases are used, the prediction
step yields a solution quite close to the next PP. In Case 10, the first step of
Variant 3 fails to lead close to the next PP for the central part of the Pareto front;
additionally, more line-search iterations are required, on average, compared to
Variant 2. Therefore, it is concluded that the prediction step in Variant 2 is
beneficial and should be retained, since it reduces the overall number of EFS
compared to Variant 3.

In both cases, to maximize lift, the pressure side close to the trailing edge
moves downwards, fig. 6.6. Both the lift integrand, fig. 6.5, and the pressure
difference between the airfoil sides, fig. 6.11, increase over the first part of the
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Variant Case 10 Case 11
1 0.89241 0.89157
2 0.89214 0.90113
3 0.90363 0.89881

Table 6.3: Hypervolume indicator values for the computed fronts of non-dominated
solutions.
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-0.24

-0.2

-0.16

-0.12

-0.08

-0.04

 0.12  0.122  0.124  0.126  0.128

-C
L

CD

PP

path

(b) Case 11: Variant 1
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(c) Case 10: Variant 2
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(d) Case 11: Variant 2
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(e) Case 10: Variant 3
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(f) Case 11: Variant 3

Figure 6.9: Paths connecting one PP to the next using Variants 1 to 3, for Cases 10
and 11.
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(a) Case 10: Variant 1
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(c) Case 10: Variant 2
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(d) Case 11: Variant 2
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Figure 6.10: Indicative paths connecting one PP (top point) to the next (bottom point)
In Case 10 (Case 11), the path between the fifth and sixth PPs (sixth and seventh PPs)
are plotted.

chord length, leading to higher lift.
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Figure 6.11: Pressure coefficient (Cp) distributions for Case 10 (left) and Case 11
(right) airfoils; distributions over the baseline (black), the min. drag (red) and the
max. lift (blue color) airfoils are shown.

6.5.2 Comparison of Variant 2 with the Weighted-Sum Approach

In section 6.5.1, Variant 2 appeared to consistently be the cheapest one. Here, for
one of the two cases presented (Case 11), Variant 2 is compared to the weighted
sum minimization method [22], in which the goal is to minimize J =w1J1 +w2J2

constrained by cg=0. To do so, the SQP method is used. To compute a new PP, an
optimization problem for a different combination of weights, here with w1+w2 =1,
is solved. Regarding the initialization of each of them, two different approaches are
used. The first, denoted by WS-BSL, starts from the initial/baseline geometry. In
the second, denoted by WS-cont, the previously computed PP is used to initialize
the search for the new PP corresponding to the new values of weights. The latter
‘‘moves’’ along the Pareto front, as Variants 1 to 3 do, after the first PP has been
computed. In both weighted sum minimization approaches, convergence to a
PP is achieved when the relative difference in both drag and lift between two
optimization cycles is below ε1, with the same convergence criterion for cg as in
Variants 1 to 3. Results are presented in fig. 6.12 and the relevant computational
cost is presented in table 6.4. Compared to Variant 2, WS-BSL and WS-cont are
×2.1 and ×3 more expensive. Finally, moving along the Pareto front by perturbing
the weights, as in WS-cont, is by ∼ 33% cheaper than restarting the optimization
from the baseline geometry for each point of the Pareto front.
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Figure 6.12: Case 11: Comparison of WS-BSL and WS-cont and Variant 2,
over a part of the front. In the weighted sum minimization problems, w1 =
1, 0.99, 0.98, 0.977, 0.974, 0.971, 0.978 and w2 = 1 − w1. Regarding Variant 2,
each time a new PP has been found, Ĵ2 is changed by 17%.

Method Total EFS
Variant 2 29
WS-BSL 92
WS-cont 62

Table 6.4: Case 11: Cost of computing the Pareto fronts of fig. 6.12, based on Variant
2, WS-BSL and WS-cont. The cost for the first PP, which is the same for all methods,
is excluded.

6.5.3 Case 12: Shape Optimization in a 3D CHT Problem

The computation of a Pareto front pertaining to a CHT shape optimization problem
is studied, using Variant 2 which has shown to consistently be the least expensive
one, according to the studies performed in section 6.5.1. This case addresses the
turbulent fluid flow of air passing between two successive cooling fins of a heated
device. Objectives are the minimization of the volume-weighted total pressure
losses between the inlet and outlet of the flow domain (J1 =Jpt, eq. B.3) and the
minimization of the high T S areas, (J2 = JpenT , eq. B.5, with Tsafe = 650 K and
Tcrit=730 K). The primal and adjoint PDEs for both the fluid and solid domains,
as well as the gradient expression can be found Chapter 3.

The geometry is presented in fig. 6.13. The cell numbers of the fluid and solid
grids are ∼ 370K and ∼ 74K, respectively. Also, Re= 2.83 × 105, y+ of the first



6.6. Conclusions 121

cell barycenters off the wall is less than 0.6, Pr = 0.7, Prt = 1, cp = 1006J/kg/K
and kS = 60J/m/s/K. At the bottom surface of the solid body, a constant heat
flux of magnitude Q= 4800 W/m2 is imposed. The side walls of ΩF and ΩS are
periodic. Along S

F
and S

S
, conditions given by eqs. 3.9 and 3.10 for the primal

problem and, eqs. 3.30a and 3.30b for the adjoint problem, are imposed. The rest
of the non-FSI and non-periodic solid boundaries are assumed to be adiabatic.

To compute the first PP, a SOO for minimum Jpt is solved. This converges
in 12 cycles and reduces Jpt by ∼ 18%. After the computation of the first PP,
Variant 2 computes the remaining PPs, see fig. 6.14, at a cost of 120 EFS. In
figs. 6.15 and 6.16, the velocity magnitude and the T S values are presented for
the baseline geometry and the ones corresponding to min. Jpt and min. JpenT .
In order to minimize Jpt, the cross-section area of the fluid passage between
two consecutive fins becomes wider and the velocity magnitude reduces. This,
however, increases JpenT by almost 40%, with the max. T S value increasing by
24.6 K. On the other hand, to minimize JpenT , the opposite changes are made,
i.e. the fluid passage between the fins becomes narrower, the flow accelerates and
thus, heat convection is enhanced. As a result, the max. T S value reduces by
32.1 K compared to the baseline geometry, at the expense of an increased Jpt by
27.8%.

6.6 Conclusions

Three variants of a prediction-correction algorithm for computing Pareto fronts in
multi-objective optimization problems, solved by means of gradient-based meth-
ods supported by continuous adjoint, were investigated; the background of the
prediction-correction algorithm has theoretically been founded in [148]. The three
variants were compared in terms of computational cost, after ensuring that they
computed practically the same approximations to the Pareto fronts. All of them
required a starting point on the Pareto front, computed through a SOO run; for
a fair comparison, the same starting point was used in all of them. The costly
computation of the exact Hessian matrix to be used on the l.h.s. of the predic-
tion and correction step equations was avoided through (a) the computation of
Hessian-vector products, driving a linear-Restarted GMRES method and (b) the
damped BFGS method, which approximates the Hessian by using the gradient
of objective and constraint functions w.r.t. the design variables. The continuous
adjoint method computed the latter. Matrix-vector products were computed after
applying the Direct Differentiation method on the primal and adjoint equations.
The three variants were used to compute fronts of non-dominated solutions on
the drag-lift plane of two isolated airfoils, while retaining the airfoil area constant.
All produced practically equivalent fronts of non-dominated solutions, with the
variant that approximates the Hessian matrix in both steps through BFGS being
the least expensive. The simplest variant, in which the prediction step is omit-
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Figure 6.13: Case 12: Left: Fluid (blue) and solid (grey) domains. Arrows denote
the fluid flow direction. Right: Parameterization based on volumetric B-Splines. The
blue CPs are kept fixed while the red ones can be displaced during the optimization.
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Figure 6.14: Case 12: Pareto front for min. Jpt and min. JpenT .

ted and only consecutive constrained optimization problems based on SQP are
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(a) Baseline (b) min. Jpt (c) min. JpenT

Figure 6.15: Case 12: Velocity magnitude at a cross-section in the middle of the
length of the fluid passage. Due to symmetry, only half of the fluid domain is pre-
sented.

solved, proved to be more expensive. Hence, it can be concluded that including
the prediction step becomes beneficial in terms of cost reduction. Directly com-
puting matrix-vector products in the prediction step has been shown to lead to
the most expensive variant, since additional PDEs must be solved to compute
the Hessian-vector products. The prediction-correction variant in which, BFGS
approximated the Hessian in both steps was demonstrated to be less expensive
than the weighted sum method, with the additional advantage of controlling the
distance between the PPs in the objective space. Finally, using the most efficient
variant, the Pareto front for a 3D Conjugate Heat Transfer application under tur-
bulent flow conditions, with total pressure losses and max. solid temperature as
the contradicting targets, was computed. The cost to compute 10 Pareto front
members, being equal to 150 EFS, was affordable.
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(a) Baseline (b) min. Jpt (c) min. JpenT

Figure 6.16: Case 12: TS values. Due to symmetry, only half of the computational
domain is presented.



Chapter 7

UQ and Optimization under Uncertainties
in CHT Problems using intrusive PCE

This chapter contributes to the field of Uncertainty Quantification (UQ) and Opti-
mization under Uncertainties (OuU), for CHT problems using continuous adjoint
methods. First, the theory of the Polynomial Chaos Expansion (PCE) method,
based on the expansion of any quantity into the weighted sum of orthogonal poly-
nomials, is presented. As explained in section 1.4, PCE methods are discerned to
intrusive (iPCE) and non-intrusive (niPCE) ones. In this section, emphasis is laid
on the former, which has lower computational cost than the latter. The niPCE
method is used to verify the iPCE one. First, the iPCE method is presented for
CHT problems and laminar flows for computing the mean value and standard de-
viation of a Quantity of Interest (QoI), which could stand for the mean temperature
of a solid body, the heat flux passing from the fluid to the solid etc. In the iPCE
method, the flow variables inside the primal equations, corresponding to a single
point of operation (deterministic1 equations), are expanded and new systems of
PDEs arise. Problems with uncertainties associated with the inlet conditions of
the fluid flow and the thickness of the thermal insulation material between the
fluid and solid are investigated and the corresponding iPCE boundary conditions
are derived. To compute SDs of the mean value and standard deviation of the QoI,
the iPCE primal PDEs are differentiated w.r.t. the design variables. This leads to
new adjoint PDEs, boundary conditions and SD expressions. FDs are used to
verify the iPCE-based adjoint SDs. Next, the niPCE method is presented. In the
niPCE method, the PCE is applied to the QoI, rather than the flow variables. This
yields unknown coefficients computed, in this thesis, through Galerkin Projec-
tions. The estimated, by both the iPCE and niPCE methods, statistical moments
are also compared with Monte Carlo results. Finally, shape optimizations under
uncertainties, based on the derived iPCE primal and adjoint equations, are car-

1Throughout this chapter, term ‘‘deterministic’’ refers to equations and/or quantities pertinent
to the same case without uncertainties.
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ried out. The optimizations aim at min. mean value or standard deviation of the
QoI, in order to assess the developed iPCE method and, also, compare trends in
the geometry deformations when minimizing each one of the two moments.

7.1 Theory of the PCE Method

The PCE method is a way to compute statistical moments, such as the mean value
and/or standard deviation J ′, of the QoI J . To do so, any function f , which could
stand for the flow variables (pressure, velocity components, etc) or even the QoI
itself, is expressed in terms of a weighted sum of proper polynomials as

f=
M∑
m=0

fmψm(ξ) (7.1)

where ξ = (ξ1, ..., ξK) is the vector of the K independent uncertain variables,
defined in the multi-dimensional set D=D1 ×D2 × ...×DK ⊂ RK , where Di ⊂ R
is the support range of the i-th uncertain variable. Uncertain variables could be
related to environmental conditions, such as the infinite/inlet velocity magnitude
or the fluid temperature etc, or even to manufacturing dimensions, such as the
thickness of the thermal insulation between solids and fluids in the examined
CHT problems. Each uncertain variable ξi is governed by its own stochastic
distribution expressed by a specific Probability Density Function (PDF). Regarding
eq. 7.1, ψm(ξ), m= 0, ...,M are multivariate orthogonal polynomials and fm the
unknown PCE coefficients. Two different approaches can be used to compute the
mean value and standard deviation of a QoI. When eq. 7.1 is used to expand the
deterministic primal and adjoint variables, then new PDEs arise. On the other
hand, when applying eq. 7.1 to the QoI, the arising PCE coefficients fm pertain
to the QoI and are computed without deriving new PDEs; in this case, solving
the deterministic primal PDEs at various value-sets of the uncertain variables
is enough. The former approach corresponds to the iPCE and the latter to the
niPCE. The number M+1 of PCE coefficients is given by

M+1=

(
K+$

K

)
=

(K+$)!

K!$!
(7.2)

where $ is the user-defined chaos order and controls the accuracy of the iPCE
and niPCE methods [167]. Each multivariate polynomial ψm(ξ) used in eq. 7.1 is
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Distribution PDF Polynomial Class wi (ξi) Di
Uniform 1

2
Legendre Pn (ξi) 1 [−1, 1]

Normal 1√
2π
e−

ξ2i
2 Hermite Hen (ξi) e−

ξ2i
2 (−∞,∞)

Beta (1−ξi)α(1+ξi)
β

2(α+β+1)B(α+1,β+1)
Jacobi Jα,βn (ξi)

(1− ξi)α (1 + ξi)
β

[−1, 1]
α, β > −1

Exponential e−ξi Laguerre Ln (ξi) e−ξi [0,∞)

Gamma ξαi e
−ξi

Γ(α+1)

Generalized
xαe−ξi [0,∞)Laguerre Lαn (ξi)

Table 7.1: List of uncertain variable distributions with their PDFs, the corresponding
orthogonal polynomials, weight functions and support ranges (Di) of ξi [167, 32, 31].

the product of K univariate orthogonal polynomials p as

ψm(ξ)=
K∏
l=1

pil(ξl) (7.3)

where il denotes the degree of each univariate polynomial and
∑K

l=1 il = $. The
inner product of two univariate orthogonal polynomials is defined as

〈pi(ξk), pj(ξk)〉w=

∫
Dk
pi(ξk)pj(ξk)wk(ξk)dξk=〈pi(ξk), pi(ξk)〉wδji = ||pi||2wδ

j
i =h2

i δ
j
i (7.4)

where wk(ξk) is a weighting function pertaining to the stochastic distribution of ξk.
Term ‘‘orthogonality’’ stems from the fact that the inner product of two polynomi-
als of different degree is zero; otherwise their inner product is equal of h2

i . If hi=1,
the polynomials are referred to as ‘‘orthonormal’’, herein denoted by the symbol ∼
above them, i.e. p̃i (ξk)=pi (ξk) /hi. Different classes of univariate orthogonal poly-
nomials exist, each of them being suitable for a specific stochastic distribution,
see table 7.1 for frequently used distributions. In [167], a discussion is made on
the usage of less suitable polynomials for some stochastic distributions. The ad-
vantages of choosing the suitable polynomial class instead of unsuitable ones are
that (a) the distribution of an uncertain variable can be accurately reproduced by
using less PCE coefficients and (b) by increasing M , the error in the estimations
of the QoI mean value and standard deviation reduces faster (at an exponential
rate). A common feature of all classes of orthogonal polynomials is that p0 =1. Let
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the product of the weighting functions be defined as

W(ξ)=
K∏
i=0

wi(ξi) (7.5)

By using eqs. 7.4 and 7.5, the inner product of two multivariate orthogonal poly-
nomials is given by

〈ψi(ξ), ψj(ξ)〉w=

∫
D
ψi(ξ)ψj(ξ)W(ξ) dξ=

∫
D

K∏
l=1

pil(ξl)
K∏
l=1

pjl(ξl)
K∏
l=1

wl(ξl) dξ

=δji

K∏
l=1

∫
Dl
p2
il
(ξl)wl(ξl)dξl=δji

∫
D
ψ2
i (ξ)W(ξ) dξ=〈ψi(ξ), ψi(ξ)〉wδji (7.6)

To compute the w-norm of a ψi(ξ) polynomial, since

〈ψi(ξ), ψi(ξ)〉w=
K∏
l=1

||pi||2w=
K∏
l=1

h2
i (7.7)

then

||ψk||w=
K∏
l=1

||pil ||w=
K∏
l=1

hi (7.8)

7.2 The intrusive PCE Method

In the iPCE method, each primal and adjoint variable Φ is expanded by means of
eq. 7.1, i.e.

Φ=
M∑
m=0

Φmψm(ξ) (7.9)

leading to PDEs including unknown coefficient fields Φm multiplied by the orthog-
onal polynomials ψm(ξ). Galerkin projections of these PDEs are then performed,
leading to as many equations as the unknown coefficient fields. The newly derived
equations are numerically solved by properly adapting the functionalities of the
deterministic primal solver, [17, 124, 114]. In eq. 7.9, the multivariate orthogonal
polynomials ψm(ξ) are found after having defined the univariate ones. Let each
uncertain variable follows the normal distribution with mean value µ and vari-
ance σ2, i.e.N (µ, σ2), as in this thesis. Then, the probabilist’s univariate Hermite
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orthogonal polynomials [9] must be used. The first six of them are listed below

He0(ξi)=1,

He1(ξi)=ξi,

He2(ξi)=ξ2
i −1,

He3(ξi)=ξ3
i −3ξi,

He4(ξi)=ξ4
i −6ξ2

i +3,

He5(ξi)=ξ5
i −10ξ3

i +15ξi,

. . .

A recursive formula may derive the polynomial of degree k + 1, based on the
polynomials of degrees k and k − 1

Hek+1(ξi)=ξiHek−kHek−1 (7.10)

The w-norm of a Hermite polynomial of degree k is

‖Hek‖2
w=〈Hek(ξi), Hek(ξi)〉w=

∫ +∞

−∞
He2

k(ξi)w(ξi)dx = k! (7.11)

where w is given by

w(ξi)=
1√
2π
e−

ξ2
i

2 (7.12)

In this thesis, problems with two uncertain variables (K = 2) are solved and the
chaos order is chosen to be $=2. Thus, M=5, see eq. 7.2, and the multivariate
orthogonal polynomials used in eq. 7.9 are

ψ0(ξ)=He0(ξ1)He0(ξ2)=1

ψ1(ξ)=He1(ξ1)He0(ξ2)=ξ1

ψ2(ξ)=He0(ξ1)He1(ξ2)=ξ2

ψ3(ξ)=He1(ξ1)He1(ξ2)=ξ1ξ2

ψ4(ξ)=He2(ξ1)He0(ξ2)=ξ2
1−1

ψ5(ξ)=He0(ξ1)He2(ξ2)=ξ2
2−1

(7.13)

Below, the development of the iPCE method is presented for CHT problems with
laminar flows. By omitting the iPCE energy equation of the fluid and the iPCE
heat conduction equations for the solid, the remaining PDEs can be used in pure
fluid flow problems with uncertainties.
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7.2.1 The iPCE Primal PDEs

The deterministic PDEs for CHT problems with laminar flows are repeated here
for the sake of completeness

Rp=−∂vj
∂xj

=0 (7.14)

Rv
i=vj

∂vi
∂xj
− ∂

∂xj

[
ν

(
∂vi
∂xj

+
∂vj
∂xi

)]
+
∂p

∂xi
=0, i=1, 2(, 3) (7.15)

RTF=ρF cpvj
∂T F

∂xj
− ∂

∂xj

(
kF
∂T F

∂xj

)
=0 (7.16)

RTS=− ∂

∂xj

(
kS
∂T S

∂xj

)
=0 (7.17)

Since M+1=6, by expanding each of vi, p, T F , T S fields according to eq. 7.9, six
unknown PCE coefficient fields for each variable emerge, resulting in 30 (in 2D, 36
in 3D) unknown fields in total. By expanding eqs. 7.14 to 7.17, 30 PDEs (in 2D,
36 in 3D) are derived. Their numerical solver is programmed in the OpenFOAM©

software. For different values of K or $, the number of PCE fields, in which each
flow variable field is expanded, would change and different iPCE equations would
arise. By expanding each of the primal variables using eq. 7.9, the following PDEs
arise

Rp=−
M∑
m=0

∂vj,m
∂xj

ψm(ξ)=0 (7.18)

Rv
i=

M∑
m=0

M∑
n=0

vj,mψm(ξ)
∂vi,n
∂xj

ψn(ξ)−
M∑
m=0

∂

∂xj

[
ν

(
∂vi,m
∂xj

+
∂vj,m
∂xi

)
ψm(ξ)

]

+
M∑
m=0

∂pm
∂xi

ψm(ξ)=0, i=1, 2(, 3) (7.19)

RTF=
M∑
m=0

M∑
n=0

ρF cpvj,mψm(ξ)
∂T Fn
∂xj

ψn(ξ)−
M∑
m=0

∂

∂xj

[
kF
∂T Fm
∂xj

ψm(ξ)

]
=0 (7.20)

RTS=−
M∑
m=0

∂

∂xj

[
kS
∂T Sm
∂xj

ψm(ξ)

]
=0 (7.21)

To compute the 30 unknown coefficient fields, 30 new PDEs are derived by per-
forming Galerkin projections of eqs. 7.18 to 7.21 onto multivariate Hermite poly-
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nomials ψk(ξ), k = 0, ...,M , i.e.

kRp=−
M∑
m=0

∫
D

∂vj,m
∂xj

ψm(ξ)ψk(ξ)W(ξ) dξ=−
M∑
m=0

∂vj,m
∂xj
〈ψm(ξ), ψk(ξ)〉w=0 (7.22)

kRv
i=

M∑
m=0

M∑
n=0

∫
D
vj,m

∂vi,n
∂xj

ψm(ξ)ψn(ξ)ψk(ξ)W(ξ) dξ

+
M∑
m=0

∫
D

∂pm
∂xi

ψm(ξ)ψk(ξ)W(ξ) dξ

−
M∑
m=0

∫
D

∂

∂xj

[
ν

(
∂vi,m
∂xj

+
∂vj,m
∂xi

)
ψm(ξ)

]
ψk(ξ)W(ξ) dξ

=
M∑
m=0

M∑
n=0

vj,m
∂vi,n
∂xj
〈ψm(ξ), ψn(ξ)〉wψk(ξ)+

M∑
m=0

∂pm
∂xi
〈ψm(ξ), ψk(ξ)〉w

−
M∑
m=0

∂

∂xj

[
ν

(
∂vi,m
∂xj

+
∂vj,m
∂xi

)]
〈ψm(ξ), ψk(ξ)〉w=0, i=1, 2(, 3) (7.23)

kRTF=
M∑
m=0

M∑
n=0

∫
D
ρF cpvj,mψm(ξ)

∂T Fn
∂xj

ψn(ξ)ψk(ξ)W(ξ) dξ

−
M∑
m=0

∫
D

∂

∂xj

[
kF
∂T Fm
∂xj

ψm(ξ)

]
ψk(ξ)W(ξ) dξ

=
M∑
m=0

M∑
n=0

ρF cpvj,m
∂T Fn
∂xj
〈ψm(ξ), ψn(ξ),ψk(ξ)〉w

−
M∑
m=0

∂

∂xj

(
kF
∂T Fm
∂xj

)
〈ψm(ξ), ψk(ξ)〉w=0 (7.24)

kRTS=−
M∑
m=0

∫
D

∂

∂xj

[
kS
∂T Sm
∂xj

ψm(ξ)

]
ψk(ξ)W(ξ) dξ

=−
M∑
m=0

∂

∂xj

(
kS
∂T Sm
∂xj

)
〈ψm(ξ), ψk(ξ)〉w=0 (7.25)

where k denotes the index of the orthogonal polynomial ψk(ξ), defined in eq. 7.13,
which the primal PDEs are projected on. By evaluating the double and triple inner
products of the multivariate Hermite polynomials 〈ψm(ξ), ψk(ξ)〉w and 〈ψm(ξ), ψn(ξ),ψk(ξ)〉w,
see Appendix D, 30 equations with 30 unknown PCE coefficient fields arise. The
PDEs, grouped according to the k index value, read
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• k=0:

0Rp=−∂vj,0
∂xj

=0 (7.26a)

0Rv
i =vj,0

∂vi,0
∂xj

+vj,1
∂vi,1
∂xj

+vj,2
∂vi,2
∂xj

+vj,3
∂vi,3
∂xj

+2vj,4
∂vi,4
∂xj

+2vj,5
∂vi,5
∂xj

+
∂p0

∂xj
− ∂

∂xj

[
ν

(
∂vi,0
∂xj

+
∂vj,0
∂xi

)]
=0 (7.26b)

0RTF=ρF cp

(
vj,0

∂T F0
∂xj

+vj,1
∂T F1
∂xj

+vj,2
∂T F2
∂xj

+vj,3
∂T F3
∂xj

+2vj,4
∂T F4
∂xj

+2vj,5
∂T F5
∂xj

)
− ∂

∂xj

(
kF
∂T F0
∂xj

)
=0 (7.26c)

0RTS=− ∂

∂xj

(
kS
∂T S0
∂xj

)
=0 (7.26d)

• k=1:

1Rp=−∂vj,1
∂xj

=0 (7.27a)

1Rv
i =vj,1

∂vi,0
∂xj

+(vj,0+2vj,4)
∂vi,1
∂xj

+vj,3
∂vi,2
∂xj

+vj,2
∂vi,3
∂xj

+2vj,1
∂vi,4
∂xj

+
∂p1

∂xj
− ∂

∂xj

[
ν

(
∂vi,1
∂xj

+
∂vj,1
∂xi

)]
=0 (7.27b)

1RTF =ρF cp

[
vj,1

∂T F0
∂xj

+(vj,0+2vj,4)
∂T F1
∂xj

+vj,3
∂T F2
∂xj

+vj,2
∂T F3
∂xj

+2vj,1
∂T F4
∂xj

]
− ∂

∂xj

(
kF
∂T F1
∂xj

)
=0 (7.27c)

1RTS =− ∂

∂xj

(
kS
∂T S1
∂xj

)
=0 (7.27d)

• k=2:
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2Rp=−∂vj,2
∂xj

=0 (7.28a)

2Rv
i =vj,2

∂vi,0
∂xj

+vj,3
∂vi,1
∂xj

+(2vj,5+vj,0)
∂vi,2
∂xj

+vj,1
∂vi,3
∂xj

+2vj,2
∂vi,5
∂xj

+
∂p2

∂xj
− ∂

∂xj

[
ν

(
∂vi,2
∂xj

+
∂vj,2
∂xi

)]
=0 (7.28b)

2RTF =ρF cp

[
vj,2

∂T F0
∂xj

+vj,3
∂T F1
∂xj

+(2vj,5+vj,0)
∂T F2
∂xj

+vj,1
∂T F3
∂xj

+2vj,2
∂T F5
∂xj

]
− ∂

∂xj

(
kF
∂T F2
∂xj

)
=0 (7.28c)

2RTS =− ∂

∂xj

(
kS
∂T S2
∂xj

)
=0 (7.28d)

• k=3:

3Rp=−∂vj,3
∂xj

=0 (7.29a)

3Rv
i =vj,3

∂vi,0
∂xj

+vj,2
∂vi,1
∂xj

+vj,1
∂vi,2
∂xj

+(vj,0+2vj,4+2vj,5)
∂vi,3
∂xj

+2vj,3
∂vi,4
∂xj

+2vj,3
∂vi,5
∂xj

+
∂p3

∂xj
− ∂

∂xj

[
ν

(
∂vi,3
∂xj

+
∂vj,3
∂xi

)]
=0 (7.29b)

3RTF =ρF cp

[
vj,3

∂T F0
∂xj

+vj,2
∂T F1
∂xj

+vj,1
∂T F2
∂xj

+(vj,0+2vj,4+2vj,5)
∂T F3
∂xj

+2vj,3
∂T F4
∂xj

+2vj,3
∂T F5
∂xj

]
− ∂

∂xj

(
kF
∂T F3
∂xj

)
=0 (7.29c)

3RTS =− ∂

∂xj

(
kS
∂T S3
∂xj

)
=0 (7.29d)

• k=4:

4Rp=−∂vj,4
∂xj

=0 (7.30a)

4Rv
i =vj,4

∂vi,0
∂xj

+vj,1
∂vi,1
∂xj

+vj,3
∂vi,3
∂xj

+(vj,0+4vj,4)
∂vi,4
∂xj

+
∂p4

∂xj
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− ∂

∂xj

[
ν

(
∂vi,4
∂xj

+
∂vj,4
∂xi

)]
=0 (7.30b)

4RTF =ρF cp

[
vj,4

∂T F0
∂xj

+vj,1
∂T F1
∂xj

+vj,3
∂T F3
∂xj

+(vj,0+4vj,4)
∂T F4
∂xj

]
− ∂

∂xj

(
kF
∂T F4
∂xj

)
=0 (7.30c)

4RTS =− ∂

∂xj

(
kS
∂T S4
∂xj

)
=0 (7.30d)

• k=5:

5Rp=−∂vj,5
∂xj

=0 (7.31a)

5Rv
i =vj,5

∂vi,0
∂xj

+vj,2
∂vi,2
∂xj

+vj,3
∂vi,3
∂xj

+(vj,0+4vj,5)
∂vi,5
∂xj

+
∂p5

∂xj

− ∂

∂xj

[
ν

(
∂vi,5
∂xj

+
∂vj,5
∂xi

)]
=0 (7.31b)

5RTF =ρF cp

[
vj,5

∂T F0
∂xj

+vj,2
∂T F2
∂xj

+vj,3
∂T F3
∂xj

+(vj,0+4vj,5)
∂T F5
∂xj

]
− ∂

∂xj

(
kF
∂T F5
∂xj

)
=0 (7.31c)

5RTS =− ∂

∂xj

(
kS
∂T S5
∂xj

)
=0 (7.31d)

Assuming that the cost of solving the deterministic PDEs is equal to that of solving
the iPCE PDEs corresponding to each value of k, then the cost for evaluating µJ
and σJ with the iPCE method is equivalent to M+1=6 EFS.

A segregated algorithm is used to solve eqs. 7.26 to 7.31. Within each iteration
of the primal iPCE solver, each system of equations corresponding to a value of
k = 0, ..., 5 is solved by means of the SIMPLE algorithm, [132]. The solution of
the iPCE heat transfer PDEs could start after making the iPCE continuity and
momentum equations converge, instead of solving all of them simultaneously. All
convection terms are discretized using second-order upwind schemes. Diffusion
fluxes are discretized using central schemes and correction for non-orthogonality
is additionally used. Also, spatial gradients are computed through the Gauss
divergence scheme, using a linear interpolation from the cell-centers to the cell-
faces.
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7.2.2 iPCE Primal Boundary Conditions

Different procedures are followed to expand boundary conditions that include the
moments of the uncertain variables and those that don’t.

7.2.2.1 Conditions not Including Uncertain Variable Moments

Since most of the deterministic primal boundary conditions are either of Dirichlet
or Neumann type, the iPCE conditions are derived as generally as possible for any
quantity Φ; FSI conditions are studied separately.

Dirichlet conditions: Let c being a constant non-stochastic quantity, then

Φ=c⇒
M∑
m=0

Φmψm(ξ)=c⇒
M∑
m=0

∫
D

Φmψm(ξ)ψk(ξ)W(ξ) dξ=

∫
D
cψk(ξ)W(ξ) dξ

⇒ Φm〈ψm(ξ), ψk(ξ)〉w=Φm||ψm(ξ)||2wδkm=c

∫
D
ψk(ξ)ψ0(ξ)W(ξ) dξ

=c||ψ0(ξ)||wδ0
k (7.32)

Thus, a Dirichlet condition for any deterministic primal variable Φ results to the
same condition for Φ0 and zero Dirichlet conditions for any Φi, i > 0.

Neumann conditions: For the Neumann condition ∂Φ
∂n

= c, where c is constant
non-stochastic quantity, in case uncertainties do not affect the nodal coordinates

∂Φ

∂n
=c⇒

M∑
m=0

∂Φm

∂n
ψm(ξ)=c⇒

M∑
m=0

∫
D

∂Φm

∂n
ψm(ξ)ψk(ξ)W(ξ) dξ=

∫
D
cψk(ξ)W(ξ) dξ

⇒ ∂Φm

∂n
〈ψm(ξ), ψk(ξ)〉w=

∂Φm

∂n
||ψm(ξ)||2wδkm=c

∫
D
ψk(ξ)ψ0(ξ)W(ξ) dξ=cδ0

k (7.33)

Thus, when a Neumann condition is to a deterministic field Φ, the same Neumann
condition holds for Φ0, whereas a zero Neumann condition is imposed to any
Φi, i > 0.

FSI conditions: By expanding T F , T S into their coefficients, eqs. 3.9 to 3.10
are expanded as

M∑
m=0

T Sm

∣∣∣∣
S
S
ψm(ξ)=

M∑
m=0

T Fm

∣∣∣∣
S
F
ψm(ξ)
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⇒
M∑
m=0

∫
D
T Sm
∣∣
S
Sψm(ξ)ψk(ξ)W(ξ) dξ=

M∑
m=0

∫
D
T Fm
∣∣
S
Fψm(ξ)ψk(ξ)W(ξ) dξ

⇒ T Sm
∣∣
S
S ||ψm(ξ)||2wδkm=T Fm

∣∣
S
F ||ψm(ξ)||2wδkm

⇒ T Sm
∣∣
S
S =T Fm

∣∣
S
F (7.34)

and

M∑
m=0

kS
∂T Sm
∂n

∣∣∣∣
S
S
ψm(ξ)=−

M∑
m=0

kF
∂T Fm
∂n

∣∣∣∣
S
F
ψm(ξ)

⇒
M∑
m=0

∫
D
kS
∂T Sm
∂n

∣∣∣∣
S
S
ψm(ξ)ψk(ξ)W(ξ) dξ=−

M∑
m=0

∫
D
kF
∂T Fm
∂n

∣∣∣∣
S
F
ψm(ξ)ψk(ξ)W(ξ) dξ

⇒ kS
∂T Sm
∂n

∣∣∣∣
S
S
||ψm(ξ)||2wδkm=−kF ∂T

F
m

∂n

∣∣∣∣
S
F
||ψm(ξ)||2wδkm

⇒ kS
∂T Sm
∂n

∣∣∣∣
S
S
=−∂T

F
m

∂n

∣∣∣∣
S
F

(7.35)

7.2.2.2 Conditions Including Uncertain Variable Moments

Below two problems, the first with environmental and the second with manufac-
turing uncertainties, are studied. In both of them, the magnitude of the fluid
velocity at the inlet is the first uncertain variable. The second uncertain variable
is either T F at the fluid domain inlet or the thickness of the thermal insulation
L between ΩF and ΩS, respectively. The derivation of the relevant boundary con-
ditions for the iPCE coefficients is based on formulas presented in Appendix D,
eqs. 7.13 and the fact that the skewness of the uncertain variables, which are
governed by a normal distribution, is zero.

Inlet Velocity Magnitude: Let the velocity magnitude v= |vi| follow the normal
distribution N(µv, σ

2
v), with the inlet flow angle being unaffected. Then, each iPCE

coefficient of v is acquired as

v=
M∑
m=0

vmψm(ξ)=µv+σvξ1

⇒
M∑
m=0

∫
D
vmψm(ξ)ψk(ξ)W(ξ) dξ=

∫
D
(µv+σvξ1)ψk(ξ)W(ξ) dξ

⇒ vm〈ψm(ξ), ψk(ξ)〉wδkm=vk||ψk(ξ)||2w=

∫
D
(µv+σvξ1)ψk(ξ)W(ξ) dξ (7.36)
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Thus

• k=0:

v0||ψ0(ξ)||2w=

∫
D

(µv+σvξ1)ψ0(ξ)W(ξ) dξ=

∫
D

(µv+σvξ1)W(ξ) dξ

⇒ v0 =

∫
D
µvW(ξ) dξ+

∫
D
σvξ1W(ξ) dξ=µv (7.37)

• k=1:

v1||ψ1(ξ)||2w=

∫
D

(µv+σvξ1)ψ1(ξ)W(ξ) dξ=

∫
D

(µv+σvξ1) ξ1W(ξ) dξ

⇒ v1 =

∫
D
µvξ1W(ξ) dξ+

∫
D
σvξ

2
1W(ξ) dξ=σv (7.38)

• k=2, ..., 5:

vk||ψk(ξ)||2w=

∫
D

(µv+σvξ1)ψk(ξ)W(ξ) dξ=0 (7.39)

Inlet T F : Let T F follow the normal distribution N(µT , σ
2
T ). The derivation of the

boundary conditions follows a similar procedure as for the velocity magnitude. By
doing so, it is proven that

T Fk =


µT , if k = 0

σT , if k = 2

0, if k = 1, 3, 4, 5

(7.40)

Insulation Thickness L: The uncertainty in thermal insulation thickness L
following the normal distribution N(µL, σ

2
L) is modeled by starting from the equa-

tions expressing the preservation of the heat flux along each point of the FSI,
i.e.

kF
∂T F

∂n
=−kcT

F−T S

L

kS
∂T S

∂n
=−kcT

S−T F

L

(7.41)
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where kc is the thermal conductivity of the insulation material and T F , T S the
fluid and solid temperatures at the FSI. The development of the iPCE conditions
is presented below for the fluid; the development for the solid is similar. Let,
∆T F,S =T F − T S, then

QF =−kc∆T
F,S

L
⇒(µL+σLξ2)

M∑
m=0

QF
mψm(ξ)=−

M∑
m=0

kc∆T F,Sm ψm(ξ)

⇒
M∑
m=0

∫
D

(µL+σLξ2)QF
mψm(ξ)ψk(ξ)W(ξ) dξ

=−
M∑
m=0

∫
D
kc∆T F,Sm ψm(ξ)ψk(ξ)W(ξ) dξ (7.42)

Hence,

M∑
m=0

QF
m [µL〈ψm(ξ), ψk(ξ)〉w+σL〈ψ2(ξ), ψm(ξ),ψk(ξ)〉w]

=−kc∆T F,Sm ||ψm(ξ)||2wδkm (7.43)

Thus,

• k=0:

M∑
m=0

QF
m [µL〈ψm(ξ), ψ0(ξ)〉w+σL〈ψ2(ξ), ψm(ξ),ψ0(ξ)〉w]

=−kc∆T F,Sm ||ψm(ξ)||2wδ0
m

⇒µLQ
F
0 +σLQ

F
2 =−kc∆T F0 (7.44)

• k=1:

M∑
m=0

QF
m [µL〈ψm(ξ), ψ1(ξ)〉w+σL〈ψ2(ξ), ψm(ξ),ψ1(ξ)〉w]

=−kc∆T F,Sm ||ψm(ξ)||2wδ1
m

⇒µLQ
F
1 +σLQ

F
3 =−kc∆T F1 (7.45)

• k=2:
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M∑
m=0

QF
m [µL〈ψm(ξ), ψ2(ξ)〉w+σL〈ψ2(ξ), ψm(ξ),ψ2(ξ)〉w]

=−kc∆T F,Sm ||ψm(ξ)||2wδ2
m

⇒µLQ
F
2 +σL

(
QF

0 +2QF
5

)
=−kc∆T F2 (7.46)

• k=3:

M∑
m=0

QF
m [µL〈ψm(ξ), ψ3(ξ)〉w+σL〈ψ2(ξ), ψm(ξ),ψ3(ξ)〉w]

=−kc∆T F,Sm ||ψm(ξ)||2wδ3
m

⇒µLQ
F
3 +σLQ

F
1 =−kc∆T F3 (7.47)

• k=4:

M∑
m=0

QF
m [µL〈ψm(ξ), ψ4(ξ)〉w+σL〈ψ2(ξ), ψm(ξ),ψ4(ξ)〉w]

=−kc∆T F,Sm ||ψm(ξ)||2wδ4
m

⇒µLQ
F
4 =−kc∆T F4 (7.48)

• k=5:

M∑
m=0

QF
m [µL〈ψm(ξ), ψ5(ξ)〉w+σL〈ψ2(ξ), ψm(ξ),ψ5(ξ)〉w]

=−kc∆T F,Sm ||ψm(ξ)||2wδ5
m

⇒µLQ
F
5 +σLQ

F
2 =−kc∆T F5 (7.49)

Eqs. 7.76 to 7.80 are used to impose the boundary conditions for T Fm . By sub-
stituting QS = −QF and ∆T S,F = T S−T F = −∆T F,S into eqs. 7.76 to 7.80, the
same boundary conditions for T Sm arise. It is observed that the derived boundary
conditions expressed by eqs. 7.76 to 7.80 couple PCE temperature coefficients of
different indices, compared to the rest of the PCE boundary conditions.

7.2.2.3 Computation of the Mean Value and Standard Deviation of the QoI

Here, the expressions of the mean value and standard deviation of the QoI inves-
tigated in this thesis, which are the mean solid temperature, eq. B.10, and the
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heat flux across the FSI, eq. B.12, are derived. The ν-th statistical moment of the
QoI J is given by

〈yν〉=
∫
D
JνW(ξ) dξ (7.50)

which, for ν= 1 and ν= 2 yields µJ and µ2
J+σ2

J , respectively. The expressions of
the mean value and standard deviation of JmeanT are, thus, acquired as

µJmeanT =

∫
D

(∫
ΩS
T SdΩ

)
W(ξ) dξ=

∫
D

∫
ΩS

[
M∑
m=0

T Smψm(ξ)

]
W(ξ) dΩdξ

=

∫
ΩS

[
M∑
m=0

∫
D
T Smψm(ξ)ψ0(ξ)W(ξ) dξ

]
dΩ=

∫
ΩS
T S0 dΩ (7.51)

and

σ2
JmeanT =

∫
D

(∫
ΩS
T SdΩ

)2

W(ξ) dξ−µ2
JmeanT

=

∫
D

∫
ΩS

(
M∑
m=0

T Smψm(ξ)

)2

W(ξ) dΩdξ−µ2
JmeanT

=

∫
D

∫
ΩS

(
M∑

m1=0

M∑
m2=0

T Sm1
T Sm2

ψm1(ξ)ψm2(ξ)

)
W(ξ) dΩdξ−

∫
ΩS
T S0

2
dΩ

=
M∑
m=1

∫
ΩS
T Sm

2||ψm(ξ)||2wdΩ (7.52)

Hence,

σJmeanT =

√√√√ M∑
m=1

∫
ΩS
T Sm

2||ψm(ξ)||2wdΩ (7.53)

The moments of JHF are derived through a similar development and read

µJHF =

∫
ΩS
kS
∂T S0
∂n

dΩ (7.54)

and

σJHF =

√√√√ M∑
m=1

∫
ΩS

(
kS
∂T Sm
∂n

)2

||ψm(ξ)||2wdΩ (7.55)
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7.2.3 Continuous Adjoint Method for the iPCE Primal Problem

The adjoint method is developed here for the iPCE primal PDEs, which were
derived for CHT problems in section 7.2.1. The outcome of this development
will allow the computation of SDs µJ and σJ , where J is a QoI. The mathematical
development takes into account that the inlet velocity magnitude and temperature
as well as the thermal insulation thickness are the uncertain variables and not
the nodal coordinates xi. In particular, the adjoint method is developed for the
function J ′

J ′=γ0µJ+γ1σJ =
∑
D=F,S

(
J
′D
S +J

′D
Ω

)
(7.56)

where γ0, γ1 are user-defined weights. Thus, by selecting the values of γ0, γ1,
the SDs of either µJ or σJ (or any other linear combination), are computed. The
gradient of J ′ w.r.t. bn is developed by expanding eqs. 3.17, if defined for the fluid,
or 3.18, if defined for the solid, i.e.

δJ ′F

δbn
=

5∑
l=0

{∫
SF

(
∂j′FSk
∂vi,l

nk+j′F,vS,i

)
δvi,l
δbn

dS+

∫
SF

(
∂j′FSi
∂pl

ni+j
′F,p
S

)
δpl
δbn

dS

+

∫
SF

∂j′FSi
∂τkj,l

ni
δτkj,l
δbn

dS+

∫
SF

(
∂j′FSi
∂T Fl

ni+j
′F,T
S,l

)
δT Fl
δbn

dS+

∫
SF

∂j′FS
∂QF

l

δQF
l

δbn
dS

+

∫
ΩF
j′F,vΩ,i

δvi,l
δbn

dΩ+

∫
ΩF
j′F,pΩ

δpl
δbn

dΩ+

∫
ΩF
j′F,TΩ

δT Fl
δbn

dΩ

}
+

∫
SFWp

j′F,gSi,k

δxk
δbn

nidS

+

∫
SFWp

j′FSi
δni
δbn

dS+

∫
SFWp

j′FSi ni
δ(dS)

δbn
+

∫
SFWp

j′FS
δ(dS)

δbn
+

∫
ΩF
j′FΩ

∂

∂xk

(
δxk
δbn

)
dΩ (7.57)

and

δJ ′S

δbn
=

5∑
l=0

{∫
SS

(
∂j′SSi
∂T Sl

ni+j
′S,T
S

)
δT Sl
δbn

dS+

∫
SS

∂j′SSi
∂QS

l

δQS
l

δbn
dS+

∫
ΩS
j′S,TΩ

δT Sl
δbn

dΩ

}
+

∫
SSWp

j′SS
δ(dS)

δbn
+

∫
SSWp

j′SSini
δ(dS)

δbn
+

∫
SSWp

j′SSi
δni
δbn

dS+

∫
SSWp

j′S,gSi

δxk
δbn

nidS

+

∫
ΩS

(
j′SΩ +j′S,gΩ

) ∂

∂xk

(
δxk
δbn

)
dΩ (7.58)
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7.2.3.1 iPCE Adjoint PDEs

The adjoint to the iPCE primal CHT PDEs starts by defining the Lagrangian L as

L=J ′+
5∑
l=0

[ ∫
ΩF
ql
lRpdΩ+

∫
ΩF
ui,l

lRv
i dΩ+

∑
D=F,S

(∫
ΩD

TDa,l
lRTDdΩ

)]
(7.59)

The derivative of the first term on the r.h.s. of the above equation w.r.t. bn is
given by eqs. 7.57 and 7.58. When differentiating the iPCE primal PDEs, eqs. 2.21,
2.23, 2.24, 2.25, 3.20a, 3.20b, 3.21a and 3.23 derived in sections 2,3 for CHT
problems without uncertainties can be used here, enriched with indices corre-
sponding to the iPCE coefficient fields, as

−
∫

ΩF
qµ
∂vi,ν
∂xi

dΩ=−
∫
SF
qµni

δvi,ν
δbn

dS+

∫
ΩF

∂qµ
∂xi

δvi,ν
δbn

dΩ

+

∫
ΩF
qµ
∂vi,ν
∂xk

∂

∂xi

(
δxk
δbn

)
dΩ (7.60a)

δ

δbn

∫
ΩF
ui,µvj,ν

∂vi,o
∂xj

dΩ=

∫
ΩF
uj,µ

∂vj,ν
∂xi

δvi
δbn

dΩ+

∫
SF
ui,µvj,νnj

δvi,o
δbn

dS

−
∫

ΩF

∂(ui,µvj,ν)

∂xj

δvi,o
δbn

dΩ

−
∫

ΩF
ui,µvj,ν

∂vi,o
∂xk

∂

∂xj

(
δxk
δbn

)
dΩ (7.60b)

δ

δbn

∫
ΩF
ui,µ

∂po
∂xj

dΩ=

∫
SF
ui,µni

δpo
δbn

dS−
∫

ΩF

∂ui,µ
∂xi

δpo
δbn

dΩ

−
∫

ΩF
ui,µ

∂po
∂xk

∂

∂xi

(
δxk
δbn

)
dΩ (7.60c)

δ

δbn

∫
ΩF
ui,µτij,νdΩ=−

∫
SF
ui,µnj

δτij,ν
δbn

dS+

∫
ΩF
ui,µ

∂τij,ν
∂xk

∂

∂xj

(
δxk
δbn

)
dΩ

+

∫
SF
νeff

(
∂ui,µ
∂xj

+
∂uj,ν
∂xi

)
nj
δvi,ν
δbn

dS

−
∫

ΩF

∂

∂xj

[
νeff

(
∂ui,µ
∂xj

+
∂uj,ν
∂xi

)]
δvi,ν
δbn

dΩ

−
∫

ΩF
νeff

(
∂ui,µ
∂xj

+
∂uj,µ
∂xi

)
∂vi,ν
∂xk

∂

∂xj

(
δxk
δbn

)
dΩ

(7.60d)
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δ

δbn

∫
ΩF
ρF cpT

F
a,µvi,ν

∂T Fo
∂xi

dΩ=

∫
ΩF
ρF cpT

F
a,µ

∂T Fo
∂xi

δvi,ν
δbn

dΩ+

∫
SF
ρF cpT

F
a,µvi,νni

δT Fo
δbn

dS

−
∫

ΩF

∂

∂xi

(
ρF cpT

F
a,µvi,ν

) δT Fo
δbn

dΩ

−
∫

ΩF
ρF cpT

F
a,µvj

∂T Fo
∂xk

∂

∂xj

(
δxk
δbn

)
dΩ (7.60e)

δ

δbn

∫
ΩF
T Fa,µ

∂

∂xj

(
kF
∂T Fν
∂xj

)
dΩ=

∫
ΩF

[
−kF

∂T Fa,µ
∂xj

∂T Fν
∂xk

+ T Fa,µ
∂

∂xk

(
kF
∂T Fν
∂xj

)]
∂

∂xj

(
δxk
δbn

)
dΩ

−
∫
SF
T Fa,µnj

δ

δbn

(
kF
∂T Fν
∂xj

)
dS+

∫
SF
kF
∂T Fa,µ
∂n

δT Fν
δbn

dS

−
∫

ΩF

∂

∂xj

(
kF
∂T Fa,µ
∂xj

)
δT Fν
δbn

dΩ (7.60f)

δ

δbn

∫
ΩS
T Sa,µ

∂

∂xj

(
kS
∂T Sν
∂xj

)
dΩ=−

∫
SS
T Sa,µnj

δ

δbn

(
kS
∂T Sν
∂xj

)
dS+

∫
SS
kS
∂T Sa,µ
∂n

δT Sν
δbn

dS

+

∫
ΩS

[
T Sa,µ

∂

∂xk

(
kS
∂T Sν
∂xj

)
−kS ∂T

S
ν

∂xk

∂T Sa,µ
∂xj

]
∂

∂xj

(
δxk
δbn

)
dΩ

−
∫

ΩS

∂

∂xj

(
kS
∂T Sa,µ
∂xj

)
δT Sν
δbn

dΩ (7.60g)

To derive the field adjoint equations, boundary conditions and SDs expres-
sions, the procedure is the same as for the CHT problems without uncertainties.
By using the formulas for the inner products of the multivariate Hermite polyno-
mials presented in Appendix D and zeroing, inside field integrals, the derivatives
of the iPCE flow variables w.r.t. bn, the following PDEs arise

• k=0:

0Rq=−∂uj,0
∂xj

+jF,pΩ,0 =0 (7.61a)

0Ru=uj,0
∂vi,0
∂xj

+uj,1
∂vi,1
∂xj

+uj,2
∂vi,2
∂xj

+uj,3
∂vi,3
∂xj

+2uj,4
∂vi,4
∂xj

+2uj,5
∂vi,5
∂xj

− ∂ (vj,0ui,0)

∂xj
− ∂ (vj,1ui,1)

∂xj
− ∂ (vj,2ui,2)

∂xj
− ∂ (vj,3ui,3)

∂xj
−2

∂ (vj,4ui,4)

∂xj
−2

∂ (vj,5ui,5)

∂xj

+ρF cp

(
T Fa,0

∂T F0
∂xi

+T Fa,1
∂T F1
∂xi

+T Fa,2
∂T F2
∂xi

+T Fa,3
∂T F3
∂xi

+2T Fa,4
∂T F4
∂xi

+2T Fa,5
∂T F5
∂xi

)
+
∂q0

∂xi
− ∂

∂xj

[
ν

(
∂ui,0
∂xj

+
∂uj,0
∂xi

)]
+jF,vΩ,i,0 =0, i=1, 2(, 3) (7.61b)
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0RTFa =−ρF cp
[
∂
(
vj,0T

F
a,0

)
∂xj

+
∂
(
vj,1T

F
a,1

)
∂xj

+
∂
(
vj,2T

F
a,2

)
∂xj

+
∂
(
vj,3T

F
a,3

)
∂xj

+2
∂
(
vj,4T

F
a,4

)
∂xj

+2
∂
(
vj,5T

F
a,5

)
∂xj

]
− ∂

∂xj

(
kF
∂T Fa,0
∂xj

)
+jF,TΩ,0 =0 (7.61c)

0RTSa =− ∂

∂xj

(
kS
∂T Sa,0
∂xj

)
+jS,TΩ,0 =0 (7.61d)

• k=1:

1Rq=−∂uj,1
∂xj

+jF,pΩ,1 =0 (7.62a)

1Ru=uj,1
∂vi,0
∂xj

+(uj,0+2uj,4)
∂vi,1
∂xj

+uj,3
∂vi,2
∂xj

+uj,2
∂vi,3
∂xj

+2uj,1
∂vi,4
∂xj

− ∂ (vj,1ui,0)

∂xj
− ∂ ((vj,0+2vj,4)ui,1)

∂xj
− ∂ (vj,3ui,2)

∂xj
− ∂ (vj,2ui,3)

∂xj
−2

∂ (vj,1ui,4)

∂xj

+ρF cp

(
T Fa,1

∂T F0
∂xi

+T Fa,0
∂T F1
∂xi

+T Fa,3
∂T F2
∂xi

+T Fa,2
∂T F3
∂xi

+2T Fa,1
∂T F4
∂xi

+2T Fa,4
∂T F1
∂xi

)
+
∂q1

∂xi
− ∂

∂xj

[
ν

(
∂ui,1
∂xj

+
∂uj,1
∂xi

)]
+jF,vΩ,i,1 =0, i=1, 2(, 3) (7.62b)

1RTFa =−ρF cp
[
∂
(
vj,1T

F
0

)
∂xj

+
∂
(
(vj,0+2vj,4)T F1

)
∂xj

+
∂
(
vj,3T

F
2

)
∂xj

+
∂
(
vj,2T

F
3

)
∂xj

+2
∂
(
vj,1T

F
4

)
∂xj

]
− ∂

∂xj

(
kF
∂T Fa,1
∂xj

)
+jF,TΩ,1 =0 (7.62c)

1RTSa =− ∂

∂xj

(
kS
∂T Sa,1
∂xj

)
+jS,TΩ,1 =0 (7.62d)

• k=2:

2Rq=−∂uj,2
∂xj

+jF,pΩ,2 =0 (7.63a)

2Ru=uj,2
∂vi,0
∂xj

+uj,3
∂vi,1
∂xj

+(2uj,5+uj,0)
∂vi,2
∂xj

+uj,1
∂vi,3
∂xj

+2uj,2
∂vi,5
∂xj

− ∂ (vj,2ui,0)

∂xj
− ∂ (vj,3ui,1)

∂xj
− ∂ ((2vj,5+vj,0)ui,2)

∂xj
− ∂ (vj,1ui,3)

∂xj
−2

∂ (vj,2ui,5)

∂xj

+ρF cp

(
T Fa,0

∂T F2
∂xi

+T Fa,1
∂T F3
∂xi

+T Fa,2
∂T F0
∂xi

+2T Fa,2
∂T F5
∂xi

+T Fa,3
∂T F1
∂xi

+2T Fa,5
∂T F2
∂xi

)
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+
∂q2

∂xi
− ∂

∂xj

[
ν

(
∂ui,2
∂xj

+
∂uj,2
∂xi

)]
+jF,vΩ,i,2 =0, i=1, 2(, 3) (7.63b)

2RTFa =−ρF cp
[
∂
(
vj,2T

F
a,0

)
∂xj

+
∂
(
vj,3T

F
a,1

)
∂xj

+
∂
(
(2vj,5+vj,0)T Fa,2

)
∂xj

+
∂
(
vj,1T

F
a,3

)
∂xj

+2
∂
(
vj,2T

F
a,5

)
∂xj

]
− ∂

∂xj

(
kF
∂T Fa,2
∂xj

)
+jF,TΩ,2 =0 (7.63c)

2RTSa =− ∂

∂xj

(
kS
∂T Sa,2
∂xj

)
+jS,TΩ,2 =0 (7.63d)

• k=3:

3Rq=−∂uj,3
∂xj

+jF,pΩ,3 =0 (7.64a)

3Ru=uj,3
∂vi,0
∂xj

+uj,2
∂vi,1
∂xj

+uj,1
∂vi,2
∂xj

+(uj,0+2uj,4+2uj,5)
∂vi,3
∂xj

+2uj,3
∂vi,4
∂xj

+2uj,3
∂vi,5
∂xj

− ∂ (vj,3ui,0)

∂xj
− ∂ (vj,2ui,1)

∂xj
− ∂ (vj,1ui,2)

∂xj
− ∂ ((vj,0+2vj,4+2vj,5)ui,3)

∂xj
−2

∂ (vj,3ui,4)

∂xj

+ρF cp

(
T Fa,0

∂T F3
∂xi

+T Fa,1
∂T F2
∂xi

+T Fa,2
∂T F1
∂xi

+T Fa,3
∂T F0
∂xi

+2T Fa,3
∂T F4
∂xi

+2T Fa,3
∂T F5
∂xi

+2T Fa,4
∂T F3
∂xi

+2T Fa,5
∂T F3
∂xi

)
−2

∂ (vj,3ui,5)

∂xj
+
∂q3

∂xi

− ∂

∂xj

[
ν

(
∂ui,3
∂xj

+
∂uj,3
∂xi

)]
+jF,vΩ,i,3 =0, i=1, 2(, 3) (7.64b)

3RTFa =−ρF cp
[
∂
(
vj,3T

F
a,0

)
∂xj

+
∂
(
vj,2T

F
a,1

)
∂xj

+
∂
(
vj,1T

F
a,2

)
∂xj

+2
∂
(
vj,3T

F
a,4

)
∂xj

+
∂
(
(vj,0+2vj,4+2vj,5)T Fa,3

)
∂xj

+2
∂
(
vj,3T

F
a,5

)
∂xj

]
− ∂

∂xj

(
kF
∂T Fa,3
∂xj

)
+jF,TΩ,3 =0 (7.64c)

3RTSa =− ∂

∂xj

(
kS
∂T Sa,3
∂xj

)
+jS,TΩ,3 =0 (7.64d)

• k=4:

4Rq=−∂uj,4
∂xj

+jF,pΩ,4 =0 (7.65a)

4Ru=uj,4
∂vi,0
∂xj

+uj,1
∂vi,1
∂xj

+uj,3
∂vi,3
∂xj

+(vj,0+4vj,4)
∂vi,4
∂xj
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− ∂ (vj,4ui,0)

∂xj
− ∂ (vj,1ui,1)

∂xj
− ∂ (vj,3ui,3)

∂xj
− ∂ ((vj,0+4vj,4)ui,4)

∂xj

+ρF cp

(
T Fa,0

∂T F4
∂xi

+T Fa,1
∂T F1
∂xi

+T Fa,3
∂T F3
∂xi

+T Fa,4
∂T F0
∂xi

+4T Fa,4
∂T F4
∂xi

)
+
∂q4

∂xi
− ∂

∂xj

[
ν

(
∂ui,4
∂xj

+
∂uj,4
∂xi

)]
+jF,vΩ,i,4 =0, i=1, 2(, 3) (7.65b)

4RTFa =−ρF cp

[
∂
(
vj,4T

F
a,0

)
∂xj

+
∂
(
vj,1T

F
a,1

)
∂xj

+
∂
(
vj,3T

F
a,3

)
∂xj

+
∂
(
(vj,0+4vj,4)T Fa,4

)
∂xj

]

− ∂

∂xj

(
kF
∂T Fa,4
∂xj

)
+jF,TΩ,4 =0 (7.65c)

4RTSa =− ∂

∂xj

(
kS
∂T Sa,4
∂xj

)
+jS,TΩ,4 =0 (7.65d)

• k=5:

5Rq=−∂uj,5
∂xj

+jF,pΩ,5 =0 (7.66a)

5Ru=uj,5
∂vi,0
∂xj

+uj,2
∂vi,2
∂xj

+uj,3
∂vi,3
∂xj

+(vj,0+4vj,5)
∂vi,5
∂xj

− ∂ (vj,5ui,0)

∂xj
− ∂ (vj,2ui,2)

∂xj
− ∂ (vj,3ui,3)

∂xj
− ∂ ((vj,0+4vj,5)ui,5)

∂xj

+ρF cp

(
T Fa,0

∂T F5
∂xi

+T Fa,2
∂T F2
∂xi

+T Fa,3
∂T F3
∂xi

+T Fa,5
∂T F0
∂xi

+4T Fa,5
∂T F5
∂xi

)
+
∂q5

∂xi
− ∂

∂xj

[
ν

(
∂ui,5
∂xj

+
∂uj,5
∂xi

)]
+jF,vΩ,i,4 =0, i=1, 2(, 3) (7.66b)

5RTFa =−ρF cp

[
∂
(
vj,5T

F
a,0

)
∂xj

+
∂
(
vj,2T

F
a,2

)
∂xj

+
∂
(
vj,3T

F
a,3

)
∂xj

+
∂
(
(vj,0+4vj,5)T Fa,5

)
∂xj

]

− ∂

∂xj

(
kF
∂T Fa,5
∂xj

)
+jF,TΩ,5 =0 (7.66c)

5RTSa =− ∂

∂xj

(
kS
∂T Sa,5
∂xj

)
+jS,TΩ,5 =0 (7.66d)

The iPCE adjoint PDEs are solved using similar discretization and numerical
schemes to the primal PDEs. The difference is that the iPCE adjoint continuity
and momentum PDEs can be solved after making the iPCE heat transfer PDEs
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converge, instead of solving all of them simultaneously, since the iPCE heat trans-
fer PDEs do not include any PCE adjoint velocity or pressure coefficient fields.

7.2.3.2 iPCE Adjoint Boundary Conditions

The boundary conditions for the PCE coefficient fields arise after zeroing the mul-
tipliers of the variations of the PCE fields included inside the surface integrals.

Along SFI ,

uI〈t〉,m=
∂jSI,k,m
∂τij

nkt
I
inj+

∂jSI,k,m
∂τij

nkt
I
jni (7.67a)

uII〈t〉,m=
∂jSI,k,m
∂τij

nkt
II
i nj+

∂jSI,k,m
∂τij

nkt
II
j ni (7.67b)

Also, T Fa,m=
∂j
′F
S

∂Qm
and ∂qm/∂n=0, m=0, ..., 5.

Along SFO , the boundary conditions for qm, ui,m and T Fa,m read

• k=0:

q0 =u〈n〉,0v〈n〉,0+u〈n〉,1v〈n〉,1+u〈n〉,2v〈n〉,2+u〈n〉,3v〈n〉,3+2u〈n〉,4v〈n〉,4+2u〈n〉,5v〈n〉,5

+2ν
∂u〈n〉,0
∂n

+
∂jSO,j ,0

∂vi
njni+j

v
SO,i,0

ni=0 (7.68a)

ul〈t〉,0v〈n〉,0+ul〈t〉,1v〈n〉,1+ul〈t〉,2v〈n〉,2+ul〈t〉,3v〈n〉,3+2ul〈t〉,4v〈n〉,4+2ul〈t〉,5v〈n〉,5

+ν

(
∂ul〈t〉,0
∂n

+
∂u〈n〉,0
∂tl

)
+
∂jSO,j ,0

∂vi
njt

l
i+j

v
SO,i,0

tli=0 (7.68b)

ρF cp
(
T Fa,0v〈n〉,0+T Fa,1v〈n〉,1+T Fa,2v〈n〉,2+T Fa,3v〈n〉,3+2T Fa,4v〈n〉,4+2T Fa,5v〈n〉,5

)
+ρFαeffcp

∂T Fa,0
∂n

+
∂jFSi,0
∂T F

ni+j
F,T
S,0 =0 (7.68c)

• k=1:

q1 =u〈n〉,0v〈n〉,1+u〈n〉,1v〈n〉,0+u〈n〉,2v〈n〉,3+u〈n〉,3v〈n〉,2+2u〈n〉,4v〈n〉,1+2u〈n〉,1v〈n〉,4

+2ν
∂u〈n〉,1
∂n

+
∂jSO,j ,1

∂vi
njni+j

v
SO,i,1

ni=0 (7.69a)

ul〈t〉,0v〈n〉,1+ul〈t〉,1v〈n〉,0+ul〈t〉,2v〈n〉,3+ul〈t〉,3v〈n〉,2+2ul〈t〉,4v〈n〉,1+2ul〈t〉,1v〈n〉,4 (7.69b)

ρF cp
(
T Fa,0v〈n〉,1+T Fa,1v〈n〉,0+T Fa,2v〈n〉,3+T Fa,3v〈n〉,2+2T Fa,4v〈n〉,1+2T Fa,1v〈n〉,4

)
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+ρFαeffcp
∂T Fa,1
∂n

+
∂jFSi,1
∂T F

ni+j
F,T
S,1 =0 (7.69c)

• k=2:

q2 =u〈n〉,2v〈n〉,0+u〈n〉,3v〈n〉,1+u〈n〉,0v〈n〉,2+2u〈n〉,5v〈n〉,3+u〈n〉,1v〈n〉,4+2u〈n〉,2v〈n〉,5

+2ν
∂u〈n〉,2
∂n

+
∂jSO,j ,2

∂vi
njni+j

v
SO,i,2

ni=0 (7.70a)

ul〈t〉,2v〈n〉,0+ul〈t〉,3v〈n〉,1+ul〈t〉,0v〈n〉,2+2ul〈t〉,5v〈n〉,3+ul〈t〉,1v〈n〉,4+2ul〈t〉,2v〈n〉,5

+ν

(
∂ul〈t〉,2
∂n

+
∂u〈n〉,2
∂tl

)
+
∂jSO,j ,2

∂vi
njt

l
i+j

v
SO,i,2

tli=0 (7.70b)

ρF cp
(
T Fa,2v〈n〉,0+T Fa,3v〈n〉,1+T Fa,0v〈n〉,2+2T Fa,5v〈n〉,3+T Fa,1v〈n〉,4+2T Fa,2v〈n〉,5

)
+ρFαeffcp

∂T Fa,2
∂n

+
∂jFSi,2
∂T F

ni+j
F,T
S,2 =0 (7.70c)

• k=3:

q3 =u〈n〉,3v〈n〉,0+u〈n〉,2v〈n〉,1+u〈n〉,1v〈n〉,2+u〈n〉,0v〈n〉,3+2u〈n〉,4v〈n〉,3+2u〈n〉,5v〈n〉,3

+2u〈n〉,3v〈n〉,4+2u〈n〉,3v〈n〉,5+2ν
∂u〈n〉,3
∂n

+
∂jSO,j ,3

∂vi
njni+j

v
SO,i,3

ni=0 (7.71a)

ul〈t〉,3v〈n〉,0+ul〈t〉,2v〈n〉,1+ul〈t〉,1v〈n〉,2+ul〈t〉,0v〈n〉,3+2ul〈t〉,4v〈n〉,3+2ul〈t〉,5v〈n〉,3

+2ul〈t〉,3v〈n〉,4+2ul〈t〉,3v〈n〉,5+ν

(
∂ul〈t〉,3
∂n

+
∂u〈n〉,3
∂tl

)
+
∂jSO,j ,3

∂vi
njt

l
i+j

v
SO,i,3

tli=0

(7.71b)

ρF cp
(
T Fa,3v〈n〉,0+T Fa,2v〈n〉,1+T Fa,1v〈n〉,2+T Fa,0v〈n〉,3+2T Fa,4v〈n〉,3+2T Fa,5v〈n〉,3

+2T Fa,3v〈n〉,4+2T Fa,3v〈n〉,5
)
+ρFαeffcp

∂T Fa,3
∂n

+
∂jFSi,3
∂T F

ni+j
F,T
S,3 =0 (7.71c)

• k=4:

q4 =u〈n〉,0v〈n〉,0+u〈n〉,1v〈n〉,1+u〈n〉,3v〈n〉,3+u〈n〉,0v〈n〉,4+4u〈n〉,4v〈n〉,4

+2ν
∂u〈n〉,4
∂n

+
∂jSO,j ,4

∂vi
njni+j

v
SO,i,4

ni=0 (7.72a)

ul〈t〉,0v〈n〉,0+ul〈t〉,1v〈n〉,1+ul〈t〉,3v〈n〉,3+ul〈t〉,0v〈n〉,4+2ul〈t〉,4v〈n〉,4

+ν

(
∂ul〈t〉,4
∂n

+
∂u〈n〉,4
∂tl

)
+
∂jSO,j ,4

∂vi
njt

l
i+j

v
SO,i,4

tli=0 (7.72b)
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ρF cp
(
T Fa,0v〈n〉,0+T Fa,1v〈n〉,1+T Fa,3v〈n〉,3+T Fa,0v〈n〉,4+2T Fa,4v〈n〉,4

)
+ρFαeffcp

∂T Fa,4
∂n

+
∂jFSi,4
∂T F

ni+j
F,T
S,4 =0 (7.72c)

• k=5:

q5 =u〈n〉,5v〈n〉,0+u〈n〉,2v〈n〉,2+u〈n〉,3v〈n〉,3+u〈n〉,0v〈n〉,5+4u〈n〉,5v〈n〉,5

+2ν
∂u〈n〉,5
∂n

+
∂jSO,j ,5

∂vi
njni+j

v
SO,i,5

ni=0 (7.73a)

ul〈t〉,5v〈n〉,0+ul〈t〉,2v〈n〉,2+ul〈t〉,3v〈n〉,3+ul〈t〉,0v〈n〉,5+4ul〈t〉,5v〈n〉,5

+ν

(
∂ul〈t〉,5
∂n

+
∂u〈n〉,5
∂tl

)
+
∂jSO,j ,5

∂vi
njt

l
i+j

v
SO,i,5

tli=0 (7.73b)

ρF cp
(
T Fa,5v〈n〉,0+T Fa,2v〈n〉,2+T Fa,3v〈n〉,3+T Fa,0v〈n〉,5+2T Fa,5v〈n〉,5

)
+ρFαeffcp

∂T Fa,5
∂n

+
∂jFSi,5
∂T F

ni+j
F,T
S,5 =0 (7.73c)

Finally, the boundary condition for the normal component of the adjoint velocity
PCE coefficients reads ∂u〈n〉,m/∂n=0, m=0, ...,M .

Along SFW , the boundary conditions for vi,k and qk are the same as for the fluid

inlet. Along SFW,D and SSW,D, T Fa,k =
∂j
′F
S

∂QFk
, k= 0, ..., 5 and T Sa,k =

∂j
′S
S

∂QSk
, k= 0, ..., 5 and

along SFW,F l and SSW,F l, k
F ∂T

F
a,k

∂n
+

∂j
′F
S,i

∂TFa,k
ni+j

′F,T
S,k =0 and kS

∂TSa,k
∂n

+
∂j
′S
S,i

∂TSa,k
ni+j

′S,T
S,k =0, k=

0, ..., 5.
Regarding S

F
and S

S
,

T Fa,k
∣∣
S
F− ∂j

′F
S

∂QF
k

=T Sa,k
∣∣
S
S− ∂j

′S
S

∂QS
k

(7.74a)(
kF
∂T Fa,k
∂n

+
∂jFSi,k
∂T F

ni+j
F,T
S,k

)∣∣∣∣
S
F

=−

(
kS
∂T Sa,k
∂n

+
∂jSSi,k
∂T S

ni+j
S,T
S,k

)∣∣∣∣
S
S

(7.74b)

Regarding the boundary conditions along the FSI boundaries with thermal
insulation thickness, the following conditions are derived

• k=0:

µL
∂T Fa,0
∂n

+σL
∂T Fa,2
∂n

=−kc
(

∆T Fa,0+
∂j
′F
S

∂QF
0

− ∂j
′S
S

∂QS
0

)
(7.75)



150 7. UQ and OuU in CHT Problems using iPCE

• k=1:

µL
∂T Fa,1
∂n

+σL
∂T Fa,3
∂n

=−kc
(

∆T Fa,1+
∂j
′F
S

∂QF
1

− ∂j
′S
S

∂QS
1

)
(7.76)

• k=2:

µL
∂T Fa,2
∂n

+σL

(
∂T Fa,0
∂n

+2
∂T Fa,5
∂n

)
=−kc

(
∆T Fa,2+

∂j
′F
S

∂QF
2

− ∂j
′S
S

∂QS
2

)
(7.77)

• k=3:

M∑
m=0

µL
∂T Fa,3
∂n

+σL
∂T Fa,1
∂n

=−kc
(

∆T Fa,3+
∂j
′F
S

∂QF
3

− ∂j
′S
S

∂QS
3

)
(7.78)

• k=4:

µL
∂T Fa,4
∂n

=−kc
(

∆T Fa,4+
∂j
′F
S

∂QF
4

− ∂j
′S
S

∂QS
4

)
(7.79)

• k=5:

µL
∂T Fa,5
∂n

+σL
∂T Fa,2
∂n

=−kc
(

∆T Fa,5+
∂j
′F
S

∂QF
5

− ∂j
′S
S

∂QS
5

)
(7.80)

7.2.3.3 iPCE Adjoint SDs

The adjoint SD expressions are derived similarly to the SDs for CHT problems
without uncertainties; the following expressions are obtained

δJ ′

δbn

∣∣∣∣
FI

=

∫
ΩF

[
(ui,0vj,0+ui,1vj,1+ui,2vj,2+ui,3vj,3+2ui,4vj,4+2ui,5vj,5)

∂vi,0
∂xk

+(ui,0vj,1+ui,1vj,0+2ui,1vj,4+ui,2vj,3+ui,3vj,2+2ui,4vj,1)
∂vi,1
∂xk

+(ui,0vj,2+ui,1vj,3+ui,2vj,0+2ui,2vj,5+ui,3vj,1+2ui,5vj,2)
∂vi,2
∂xk
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+

(
ui,0vj,3+ui,1vj,2+ui,2vj,1+ui,3vj,0+2ui,3vj,4+2ui,3vj,5+2ui,4vj,3

+2ui,5vj,3

)
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∂xk
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∂xk
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∂xk
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(7.81)



152 7. UQ and OuU in CHT Problems using iPCE

where S
D

Ins,p denote FSI boundaries with thermal insulation thickness and

cl=

{
1, if l=0, 1, 2, 3

2, if l=4, 5
(7.82)

7.3 The non-intrusive PCE Method

7.3.1 The niPCE Method for any Distribution

In the niPCE method, the PCE coefficients of the QoI are computed either by
performing Galerkin projections [32, 31], as in this thesis, or through the Linear
Regression method [101]. The normalized orthogonal polynomials ψ̃m(ξ), with
||ψ̃m(ξ)||w=1, are used to expand J as

J=
M∑
m=0

Jmψ̃m(ξ) (7.83)

The mean value of J is given by eq. 7.50 for ν=1, i.e.

µJ =〈y1〉=
∫
D

[
M∑
m=0

Jmψ̃m(ξ)

]
W(ξ) dξ (7.84)

Since ψ̃0(ξ)=1 for all distributions, eq. 7.84 becomes

µJ =
M∑
m=0

Jm

[∫
D
ψ̃m(ξ)ψ̃0(ξ)W(ξ) dξ

]
=Jm||ψ̃0(ξ)||wδm0 =J0 (7.85)

The variance σ2
J is computed as

σ2
J =〈y2〉 − µ2

J (7.86)

where

〈y2〉=
∫
D
J2 W(ξ) dξ=

∫
D

[
M∑
m=0

Jmψ̃m(ξ)

]2

W(ξ) dξ



7.3. The non-intrusive PCE Method 153

=
M∑
m1=0

M∑
m2=0

Jm1Jm2

∫
D
ψ̃m1(ξ)ψ̃m2(ξ)W(ξ) dξ

=
M∑
m1=0

M∑
m2=0

Jm1Jm2 ||ψ̃m1(ξ)||wδm2
m1

=
M∑
m=0

J2
m||ψ̃m(ξ)||w (7.87)

Therefore, the standard deviation of J is given by

σJ =

√√√√ M∑
m=0

J2
m−J2

0 =

√√√√ M∑
m=1

J2
m (7.88)

By comparing eqs. 7.85 and 7.88, in contrast to µJ , the accuracy of σJ is affected
by the chaos order $, since the latter is used to compute M . To compute both µJ
and σJ , the PCE coefficients of the QoI, Jm, m=0, ...,M , are needed. To compute
them, Galerkin projections of J on each ψ̃i(ξ), i=0, ...,M are performed, i.e.

〈J, ψ̃i(ξ)〉w=

∫
D
Jψ̃i(ξ)W(ξ) dξ=

∫
D

[
M∑
m=0

Jmψ̃m(ξ)

]
ψ̃i(ξ)W(ξ) dξ=Ji (7.89a)

(7.89b)

So, the PCE coefficients are given by

Ji=

∫
D
J ψ̃i(ξ)W(ξ) dξ (7.90)

where the integral is computed by the Gauss Quadrature (GQ) method [86], i.e.

Ji=

NGQ∑
j=1

J
∣∣
z(j)ψ̃i

(
z(j)
) K∏
l=0

w
(j)
l (7.91)

where NGQ = ($ + 1)K . To compute Ji, the QoI J has to be evaluated at each
combination z(j) of the roots z(j)

l of the l-th univariate polynomial of degree $+1,
with z(j) =

(
z

(j)
1 , ..., z

(j)
K

)
, j = 1, ..., NGQ. This means that to compute µJ and σJ ,

the governing equations have to be solved NGQ = ($ + 1)K times. For the same
chaos order, the cost of the iPCE method is M EFS, which is smaller that the
NGQ EFS required by the niPCE method, for $ > 1. By increasing either K or
$, the cost of computing µJ and σJ increases exponentially. This can be avoided
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by using the Smolyak Sparse Grids [65, 166]; in this thesis, it doesn’t make any
sense to use them, since computation gains appear for problems with higher $

and K than those in this thesis. Each weight w(j)
l is computed as

w
(j)
l =

Aq+1

Aq

||pq(z(j)
l )||w

p′q+1(z
(j)
l )pq(z

(j)
l )

(7.92)

where Aq is the multiplier of zql in p̃q(zl) and p′q is the derivative of pq w.r.t. z(j)
l

[115].

7.3.2 The niPCE Method for Normal Distributions

Assuming that all uncertain variants undergo normal distributions, the univariate
orthonormal Hermite polynomials are used, which are given by

H̃ek(ξi)=
Hek(ξi)

‖Hek‖w
=
Hek(ξi)√

k!
(7.93)

the w-norm of which is equal to 1. The PCE coefficients of J are computed as

Ji=
1

√
2π

K

∫
D
J(ξi)ψ̃i(ξ)W(ξ) dξ=

NGQ∑
j=1

ψ̃i
(
z(j)
)( K∏

l=0

w
(i)
l

)
J(ξ(j)) (7.94)

where z(j) stands for j-th Gaussian node, the components of which are uncer-
tain variables following the standard normal distribution, i.e. with N (0, 1). To
compute each ξ

(j)
i , the following relationship is used

ξ
(j)
i = σ z

(j)
i +µ and dξ

(j)
i = σ dz

(j)
i (7.95)

which is a transformation from the standard normal distribution to the normal
distribution N (µ, σ2).

7.3.3 A niPCE Algorithm for Computing Moments of J

Here, an algorithm for computing the mean value and standard deviation of J ,
with uncertain variables undergoing normal distributions, is presented. In this
thesis, the algorithm is applied to CHT problems; of course it can be also used to
deal with problems that are not CHT.
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Figure 7.1: Geometry and parameterization in Cases 1 and 2. The CPs in blue are
kept fixed and the red ones are free to move.

1. Having decided the chaos order $, M is computed from eq. 7.2.

2. Gaussian nodes z(i), i = 1, ..., NGQ, are selected and the weights are com-
puted by eq. 7.92. Roots and weights are tabulated in Appendix E. Then,
ξ

(i)
j are computed by eq. 7.95.

3. For each ξ(i), eqs. 7.14 to 7.17 are solved and J(ξ(i)) are computed. Also,
ψ̃k(z

(i)) is computed from 7.13, respectively.

4. Each PCE coefficient Ji is computed from eq. 7.94.

5. The mean value and standard deviation of J are computed from eqs. 7.85
and 7.88.

7.4 Applications

In the two cases of this section, a CHT problem involving an S-shaped duct, being
in contact with a solid body, is investigated. The geometry is presented in fig. 7.1.

7.4.1 Case 13: Uncertain Inlet Temperature and Velocity Mag-

nitude

In Case 13, the QoI is the solid mean temperature JmeanT . Uncertain variables
are the magnitude of the inlet velocity and the inlet fluid temperature; undergoing
normal distributions with mean values 1 m/s and 310 K and standard deviations
0.1 m/s and 20 K. The upper wall of the S-shaped duct is adiabatic. At the lower
wall of ΩS, a constant heat flux Q = 4800 W/m2 is provided and the rest of the
non-FSI walls are adiabatic. Also, cp = 1006 J/kg/K, ρF = 1.21 kg/m3, Pr = 0.7
and kS = 60 J/m/s/K. The mean value of the Reynolds number based on the
velocity inlet magnitude is Re=909.

First, the primal iPCE method and programmed software are verified against
Monte Carlo and niPCE. The values of µJ and σJ , computed with the various
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Figure 7.2: Case 13: Magnitude of PCE velocity fields over the initial geometry.
Fields regarding the PCE coefficients indexed by 2, 3, 5 are not plotted as their values
are practically zero.

methods, are presented in table 7.2. The cost of the iPCE method is 0.006% and
67% of that required by the Monte Carlo and niPCE methods, respectively. The
difference in the µJ and σJ values between the iPCE method and the Monte Carlo
is 0.1% and 0.3%, respectively. These differences between the iPCE and the niPCE
methods are 0.01% and 0.1%, respectively. Under the assumption that the Monte
Carlo method (with a sufficient number of replicates) computes reference values
of µJ and σJ , it is concluded that, for chaos order $ = 2, accurate statistical
moments are computed by both PCE variants, with iPCE requiring 33 % less EFS
than niPCE. In figs. 7.2 to 7.4, the non-zero iPCE primal coefficients fields, as

Method µJ [K] σJ [K] EFS
Monte Carlo 770.7 27.88 1000

niPCE 772.1 27.83 9
iPCE 771.5 27.80 6

Table 7.2: Case 13: Computed µJ and σJ of JmeanT with the Monte Carlo, niPCE
and iPCE methods and computational cost, in EFS.

computed after solving the iPCE primal PDEs, are presented. By comparing the
primal deterministic and PCE fields indexed by 0, in fig. 7.5, small differences
between them can be seen, yielding that the PCE fields indexed by 0 are the
dominant ones when expanding the corresponding deterministic fields. On the
other hand, this does not happen when comparing the adjoint deterministic and
PCE fields indexed by 0 for J ′ = µJ , as seen in eqs. 7.10; smaller differences occur
for J ′ = σJ , see fig. 7.14.

In fig. 7.6, adjoint SDs of µJ and σJ w.r.t. the x and y coordinates of the red
colored CPs of fig. 7.1 are computed and verified against FDs; the differences
between the two curves are practically negligible. In figs. 7.7 to fig. 7.13, the PCE
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Figure 7.3: Case 13: PCE pressure fields over the initial geometry. Fields regarding
the PCE coefficients indexed by 2, 3, 5 are not plotted as their values are practically
zero.

Figure 7.4: Case 13: PCE temperature fields over the fluid and solid domains of
the initial geometry. Fields regarding the PCE coefficients indexed by 1, 4, 5 are not
plotted as their values are practically zero.

adjoint fields are presented; in the first three, the PCE adjoint fields have been
computed for J ′=µJ and in the last three, for J ′=σJ .

Having verified the primal and adjoint iPCE solvers, two independent shape
optimizations are performed. In the first one, the goal is to minimize the mean
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Figure 7.5: Case 13: Difference (%) of the primal deterministic fields and PCE fields
indexed by 0, over the initial geometry, for the velocity magnitude, pressure and
temperature fields, from top to bottom, respectively. Top and middle: Absolute dif-
ferences normalized with the max. value of the corresponding deterministic field.
Bottom: Relative difference.

Optimizations µJ σJ
min. µJ −12.6% −5.9%
min. σJ −6.6% −7.2%

Table 7.3: Case 13: Results of the optimizations for min. µJ and min. σJ . For each
optimization, both of them tabulated.

value of JmeanT . In the second, the standard deviation is minimized. Even if
minimizing just the standard deviation does not practically make any sense, as
long as the mean value of J remains high, this test is very useful in the assessment
of the developed iPCE method. Having seen the way an optimization loop behaves
for min. mean value and min. standard deviation is all we need in view of real
applications in which the objective function is a weighted combination of both.
Setting either µJ or σJ as targets could reveal whether there is not a new design
minimizing both of them at the same time. Results of the two optimizations
are tabulated in table 7.3. The optimized geometries pertaining to min. µJ and
min. σJ are presented in fig. 7.15. Similar trends in the geometry deformation are
observed in both optimized geometries. When performing a SOO for one of the
two quantities, the other gets reduced but not as much as when being the target
in a SOO. As seen in fig. 7.15, to minimize both µJ and σJ , the S-shaped duct
becomes more curved and the cross-sectional area reduces.
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Figure 7.6: Case 13: Adjoint SDs of µJ (top) and σJ (bottom) compared with FDs.
First half of the SDs correspond to the x and the second half to the y coordinates of
the red colored CPs of fig. 7.1.

7.4.2 Case 14: Uncertain Inlet Velocity Magnitude and Insula-

tion Thickness

In Case 14, the QoI is the heat flux JHF passing from ΩF to ΩS. Uncertain vari-
ables are the inlet velocity magnitude and the thickness of insulation between
the two domains, with mean values 1 m/s and 1 mm and standard deviations
0.1 m/s and 0.1 /mm respectively. The upper wall of the S-shaped duct is adia-
batic. At SFI , T F = 700 K. Along the lower wall of ΩS, T S = 300 K and the rest
of the non-FSI walls are adiabatic. Also, the mean value of Reynolds number is
Re = 909, cp = 1006 J/kg/K, ρF = 1.21 kg/m3, Pr = 0.7, kS = 60 J/m/s/K and
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Figure 7.7: Case 13: Magnitude of PCE adjoint velocity fields over the initial geome-
try, for J ′=µJ .

kc=0.1 J/m/s/K.
The niPCE and iPCE methods are used to compute the mean value and stan-

dard deviation of the heat flux JHF from the fluid to the solid. The results are
tabulated in table 7.4. The relative difference between the two methods is below
0.08 %, with the iPCE method requiring 2/3 of the cost of the niPCE method.

In fig. 7.19, a comparison is made between the primal deterministic field and
those corresponding to the PCE coefficients indexed by 0. As in Case 13, it is
observed that the difference between them is very small.

Method µj [W ] σj [W ] EFS
niPCE 2288.11 85.54 9
iPCE 2287.17 85.47 6

Difference [%] 0.04 0.08 50

Table 7.4: Case 14: µJ and σJ of JHF computed using the niPCE and iPCE methods.
Computational cost, in EFS, is also provided.

In figs. 7.16 to 7.18, the non-zero fields of the iPCE primal coefficients are
presented.
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Figure 7.8: Case 13: PCE adjoint pressure fields over the initial geometry, for J ′=µJ .

7.5 Conclusions

In this chapter, the intrusive Polynomial Chaos Expansion (iPCE) method was
developed, programmed and applied for the primal CHT equations and laminar
flows; the iPCE primal PDEs were differentiated w.r.t. the design variables to ac-
quire iPCE adjoint equations. Extension to turbulent flows is possible, though
this chapter is dealing only with laminar flows. The mathematical development
was made for K=2 independent uncertain variables, by assuming that these un-
dergo normal distributions, and chaos order $=2. Uncertainties were related to
the magnitude of the inlet velocity, the inlet fluid temperature and the thickness
of thermal insulation. In the latter case, the iPCE primal FSI conditions couple
PCE temperature fields T Fk , T

S
k of different values of k= 0, ...,M , in contrast the

rest of the iPCE boundary conditions. A disadvantage of the iPCE method is that,
by changing either $ or K, the necessary number M+1 of the PCE coefficient
fields changes and thus, the deterministic primal and adjoint variables expan-
sions change. This would lead to new iPCE primal and adjoint PDEs, boundary
conditions and adjoint SDs expressions and, requires new mathematical devel-
opment and programming. In terms of computational cost, though, the iPCE
method is superior to the niPCE one; both of them are far cheaper than the Monte
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Figure 7.9: Case 13: PCE adjoint temperature fields over the fluid and solid domains
of the initial geometry, for J ′=µJ .

Carlo method. By selecting chaos order $ = 2 and K = 2, the cost of solving
the iPCE equations is equal to M = 6 EFS, whereas the niPCE method required
($ + 1)K = 9 EFS. Comparisons with the Monte Carlo method yielded that, in
CHT problems with two uncertain variables, K = 2, selecting chaos order $ = 2
was enough to guarantee high accuracy in the computed µJ and σJ by the iPCE
and niPCE methods. Differences between the iPCE and Monte Carlo methods
were found to be below 0.1 % and 0.3 %, respectively; differences between the
iPCE and niPCE methods were smaller than 0.1 %. In order to reduce the cost of
shape optimization under uncertainties, compared to the niPCE method based on
Galerkin projections, the iPCE adjoint PDEs, boundary conditions and SDs ex-
pressions were derived; the latter have been verified against FDs. In the studied
cases, it was observed that the differences between the primal deterministic and
PCE fields indexed by 0 were quite small, yielding that the latter are the dominant
PCE fields when expanding the deterministic fields; this was not the case how-
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Figure 7.10: Case 13: Absolute differences with the max. value of the deterministic
field, in (%) of the adjoint deterministic fields and PCE fields indexed by 0, computed
for J ′ = µJ , over the initial geometry, for the adjoint velocity magnitude, pressure
and temperature fields, from top to bottom, respectively.

Figure 7.11: Case 13: Magnitude of PCE adjoint velocity fields over the initial geom-
etry, for J ′=σJ .

ever for their adjoint counterparts. Shape optimizations targeting min. µJ and
σJ of JmeanT were performed for an S-shaped duct attached to a solid body. To
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Figure 7.12: Case 13: PCE adjoint pressure fields over the initial geometry, for
J ′=σJ .

reach the minimum values of µJ and σJ , similar trends in the deformation of the
geometry were observed.
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Figure 7.13: Case 13: PCE adjoint temperature fields over the fluid and solid do-
mains of the initial geometry, for J ′=σJ .
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Figure 7.14: Case 13: Absolute differences with the max. value of the deterministic
field, in (%) of the adjoint deterministic fields and PCE fields indexed by 0, computed
for J ′ = σJ , over the initial geometry.

(a) min. µJ

(b) min. σJ

Figure 7.15: Case 13: Optimized geometries for (a) min. µJ and (b) min. σJ , along
with the initial geometry (in black). For min. µJ , a reduction of 12.6 % was achieved,
with a reduction appearing in the σJ value, by 6.6 %. For min. σJ , a reduction by
almost 7.2 % was achieved together with a reduction by 5.9 % in the value of µJ .
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Figure 7.16: Case 14: Magnitude of PCE velocity fields over the initial geometry.
Fields regarding the PCE coefficients indexed by 2, 3, 5 are not plotted as their values
are practically zero.

Figure 7.17: Case 14: PCE pressure fields over the initial geometry. Fields regarding
the PCE coefficients indexed by 2, 3, 5 are not plotted as their values are practically
zero.
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Figure 7.18: Case 14: PCE temperature fields over the fluid and solid domains of
the initial geometry.
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Figure 7.19: Case 14: Difference (%) of the primal deterministic fields and PCE fields
indexed by 0, over the initial geometry. Top and middle: Absolute differences for
velocity magnitude and pressure fields, respectively, normalized with the max. value
of the corresponding deterministic field. Bottom: Relative difference for the tempera-
ture.
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Chapter 8

Closure

8.1 Conclusions

The purpose of this thesis was to extend and further develop/program adjoint-
assisted shape optimization methods and tools for pure fluid flow and CHT prob-
lems. In addition, methods for multi-objective problems, with or without the
presence of uncertainties were developed. Steady-state flows of incompressible
fluids were studied and turbulence was considered by using the Spalart–Allmaras
model. The know-how acquired from pure fluid flow problems for computing ac-
curate SDs at low computational cost, such as by differentiating the turbulence
model equation [175, 125] and developing adjoint grid displacement equations
[70], was extended to CHT problems. The developed methods were first tested
in 2D academic cases and, then, applied to 3D ones. The relevant software has
been programmed in the open-source CFD toolbox OpenFOAM©. In the next para-
graphs, the methods developed in this thesis along with the conclusions drawn
from each chapter are summarized.

• First, the derivation of the FI and E-SI continuous adjoint methods was
presented, by differentiating the Spalart–Allmaras and Eikonal (Hamilton-
Jacoby) equations. The less accurate (Severed) SI adjoint method was occa-
sionally used too and comparisons were made. In contrast to the (Severed)
SI adjoint, which assumes that the internal grid nodes are fixed, in the FI
and E-SI adjoints, internal grid displacement is considered in different ways,
leading to more accurate SDs. The FI adjoint led to SDs with field integrals
of the grid nodes variations w.r.t. the design variables, a.k.a. the ‘‘grid sen-
sitivities’’. To compute the latter, PDEs arising after differentiating w.r.t. the
design variables the Laplace PDEs, which are assumed to govern the inter-
nal grid displacement, are solved. The relevant cost is N equivalent grid
displacements, with N being the number of the design variables. In the E-SI
adjoint, the adjoint to the Laplace PDEs, which governs the internal grid
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displacement, was derived to provide the adjoint grid displacement field. In
this way, the costly computation of grid sensitivities is avoided. Results
known from [70] were reconfirmed in two new applications, in internal and
external aerodynamics. Both the FI and E-SI adjoints are able to reproduce
the SDs computed by FDs, whereas discrepancies appeared when the (Sev-
ered) SI method is used. The differences between the FI and E-SI adjoints
are so small that they could not affect the outcome of shape optimizations
driven by the BFGS method; it is important to keep in mind that the latter is
known to be quite sensitive to the SDs accuracy, since it relies on Hessian
matrices approximated by differences.

• The FI and E-SI continuous adjoint methods with turbulent flows were ex-
tended from pure fluid flows to CHT problems. The differentiation of the
fluid energy PDE resulted into new terms in the adjoint momentum and tur-
bulence model equations; regarding the E-SI adjoint, also the adjoint grid
displacement PDEs in the fluid were enriched by new terms. In the solid,
the differentiation of the primal PDEs led to the adjoint heat conduction and
grid displacement equations. When solving the adjoint PDEs, the ‘‘coupling’’
between the fluid and solid disciplines follows FSI conditions similar to the
primal problem; additional terms in the adjoint FSI conditions emerge only
when objective functions are defined along the FSI. SDs computed by the FI
and E-SI adjoints for the mean solid temperature and the volume of the solid
within a user-defined temperature threshold reproduced the FDs. On the
other hand, the (Severed) SI adjoint led to wrongly signed SDs and two or-
ders of magnitude off, compared to FDs. Regarding the cost, the E-SI adjoint
was cheaper than the FI one, since the computation of grid sensitivities over
the whole domain is avoided, by solving the adjoint grid displacement PDEs.
These results are in full agreement with those reached for pure fluid flows
in [70] and reconfirmed in two new cases in Chapter 2. Moreover, it was
demonstrated that the exact differentiation of turbulence model equations
is crucial for computing accurate SDs.

• By using the adjoint method for CHT problems with turbulent flows, a se-
ries of 2D and 3D optimization problems, with or without constraints, were
investigated; applications vary from a 2D turbine cascade vane and cool-
ing ducts to 3D cooling serpentines, cooling fins and a car engine cylinder
head. The cooling efficiency in internal cooling systems, expressed by ei-
ther the heat flux absorbed by the coolant or the max. solid temperatures,
was improved by increasing both the FSI area and the flow velocity magni-
tude of the coolant since, in this way, the heat conduction and temperature
convection were enhanced. Also, the effect on the total pressure losses of
the coolant flowing inside the cooling system of a car-engine cylinder-head,
when minimizing max. T S values, and vice-versa, was investigated. It was
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observed that a single design of the cooling channel cannot minimize both
targets at the same time. This was justified by the opposite trends in the
change of the velocity magnitude. Regarding the cascade vane, by reducing
the distance between the cooling holes and the cascade contour, especially
close to the overheated leading edge, the cooling was improved and the mean
solid temperature reduced.

• It was demonstrated that the choice of the GDM has negligible effect on the
computed SDs. For internal and external aerodynamics and CHT problems,
four different GDMs, based on Laplace PDEs, a volumetric B-Splines mor-
pher, Delaunay Graph and the IDW method were considered and FDs yielded
similar SDs. Assuming that FDs compute reference SDs, this outcome is
equally significant for both continuous and discrete adjoint methods. A
term-by-term analysis on the FI-based SDs shed light into the findings. It
was revealed that close to the parameterized/changing boundaries: (a) grid
sensitivities are practically the same, irrelevant of the GDM in use, and (b)
the term (that depends on primal and adjoint fields) which multiplies the
grid sensitivities inside field integrals takes on its highest values; that term
decays rapidly as moving away from the wall. As a result, almost identical
SD values arose for the various GDMs, despite large differences in δxi/δbn,
for some GDMs, away from the walls. Differences in the adjoint SDs were
so small that the outcome of shape optimizations was practically the same,
even when the BFGS method, which is sensitive to the SDs accuracy, was
used. Based on these findings, it was concluded for the cases investigated
in this chapter, that the SD values are not affected by the GDM choice.
Also, the E-SI adjoint which avoids the computation of grid sensitivities by
making the convenient assumption of a Laplace GDM, can safely be used to
compute SDs at low cost, irrespective of the GDM used in the optimization.

• Three variants of a prediction-correction algorithm conceptually based on
[148] were developed, in order to compute Pareto fronts of non-dominated
solutions with gradient-based algorithms. The three variants were initial-
ized by a Pareto front member, acquired through a SOO run. After ensur-
ing that the three variants compute similar fronts, they were compared in
terms of cost. In all variants, a common feature is that the computation
of the exact Hessian on the l.h.s. of the prediction and correction steps
systems is avoided. Instead, a linear-Restarted GMRES solver assisted by
Hessian-vector products and the damped BFGS method providing Hessian
approximations through adjoint SDs, were used. To compute Hessian-vector
products at low cost, DD was applied to the primal and adjoint equations.
First, the three variants were compared for computing Pareto fronts on the
drag-lift plane of two isolated airfoils, while preserving the airfoil area. The
variant that proved to be the less expensive was the one approximating the
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Hessian through the BFGS method in both the prediction and correction
steps. The variant omitting the prediction step and solving constrained op-
timization problems through the SQP method proved to be more expensive.
It required ∼ 20% more EFS, since more optimization cycles and also more
objective function re-evaluations due to the use of line-search were both
needed, for the same number of PPs. Also, at the first step, this variant
often failed to lead close to the next PP. Thus, including the prediction step
has led to gain in computational cost. Computing Hessian-vector products
in the prediction step required the solution of additional PDEs and as a re-
sult, led to a variant with higher cost. To keep the cost as low as possible,
the min. number of bases were used in the GMRES solver, requiring the so-
lution of the newly derived PDEs only once. This did not prevent though the
prediction step from computing a point close to the next PP. The less expen-
sive prediction-correction variant was also 2 to 3 times less expensive than
the weighted sum method, with the additional advantage of controlling the
distance between the PPs in the objective space. The prediction-correction
variant that consistently proved to be the less expensive, was used to com-
pute the Pareto front for a 3D CHT problem with a turbulent flow. The
total pressure losses of the coolant and max. solid temperature were the
contradicting targets and 10 Pareto front members were computed at the
affordable cost of 150 EFS.

• To perform UQ at low cost, the development of the iPCE method for the pri-
mal CHT problems with laminar flows was carried out, with uncertainties at
the inlet fluid conditions and the thermal insulation thickness. Associating
uncertainties with the inlet fluid conditions leads to uncoupled boundary
conditions, for the iPCE coefficients. On the other hand, regarding the ther-
mal insulation thickness, coupled iPCE boundary conditions emerged. In
terms of accuracy, the differences between the iPCE-based estimations of
the mean value and standard deviation and those computed by the Monte
Carlo and niPCE methods, were below 0.3 %. Comparisons between the
deterministic primal fields and the PCE ones of zero index yielded that the
latter are the significant components of the expanded deterministic vari-
ables. However, larger differences occurred in their adjoint counterparts. A
comparison between the iPCE method with the niPCE yielded that the for-
mer requires 67 % of the cost of the latter, to estimate the mean value and
standard deviation of a QoI, for the same chaos order; both required orders
of magnitude less EFS compared to the Monte Carlo method which was also
implemented.

• To perform OuU at reasonable computational cost, new adjoint equations,
boundary conditions and SDs expressions were derived after differentiating
w.r.t. the design variables the iPCE primal equations. Instead of solving the
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deterministic adjoint PDEs multiple times, at various Gaussian nodes, to
compute the mean value and standard deviation through the niPCE method
at higher computational cost, the iPCE adjoint PDEs were solved and the
so-computed SDs proved to be accurate, compared with FDs. Adjoint iPCE
SDs were used to assist independent shape optimizations for min. mean
value and standard deviation of the mean solid temperature; similar shape
modifications emerged for both targets.

8.2 Novel Contributions

• The continuous adjoint method for CHT shape optimization was developed.
The adjoint turbulent equations for CHT problems were derived for the first
time in the literature. Also, the adjoint grid displacement PDEs for the fluid
and solid regions, to assist the E-SI adjoint method, were developed for CHT
problems for the first time.

• The effect of the selected GDM on the SDs values was investigated for a
variety of problems, including internal and external pure fluid flows and CHT
problems. The similarities among the SDs computed for different GDMs is a
clear indication that there is no need to derive new adjoint grid displacement
PDEs, in the E-SI adjoint, when GDMs different than the Laplace PDEs
are used. A term-by-term analysis of the FI-based SDs shed light into the
reasons of the similarities of the SDs for different GDMs.

• Three variants of a prediction-correction algorithm conceptually based on
[148] were developed and applied in Pareto front computations for aerody-
namic and CHT shape optimization problems, for the first time. To compute
Hessian-vector products at the lowest possible cost and solve the prediction
step equations by means of a Krylov subspace method, DD was applied to
the primal and adjoint equations. Also, a comparison between the least
expensive prediction-correction variant and the weighted-sum minimization
method was carried out.

• The iPCE method was developed and applied for the first time in CHT prob-
lems, allowing the efficient estimation of the mean value and standard devi-
ation of QoI, as well as their derivatives. To do so, new primal and adjoint
PDEs and boundary conditions for environmental and manufacturing un-
certainties were derived. Also, expansions of objective functions defined
either in the fluid or solid domains were made.
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8.4 Future Work

• Continuous adjoint methods for steady-state CHT problems could be ex-
tended to unsteady ones. To do so, the steady-state adjoint PDEs should
include terms arising from the differentiation of the transient terms. Since
the unsteady adjoint PDEs must be solved backwards in time, the com-
putational overhead regarding the memory and storage requirements could
be lifted by using either checkpointing methods [79], reduced-order models
such as [162] or efficient algorithms for data compression [168]. Recent
research in the PCOpt/NTUA regarding these techniques can be found in
[146, 96].

• Adjoint methods for CHT problems may be enriched to account for the de-
pendence of the specific heat transfer coefficient, thermal conductivity and
viscosity on temperature. Buoyancy effects could also be considered by
developing the adjoint to the Boussinesq approximation [18].

• The adjoint to other turbulence models than the Spalart–Allmaras one, such
as the k−ω SST [71] and the k-ε [130] ones, could be extended from pure
fluid flow to CHT problems.

• The Pareto front tracing methods presented in this thesis can be extended
to deal with problems with more than two objective functions. This requires
the development of an algorithm providing the target values Ĵi of the various
objective functions, so that a well-distributed Pareto front is computed at
low computational cost.

• The iPCE method for the primal and adjoint CHT problems developed in this
thesis can be extended to turbulent flows.

• Pareto front tracing methods developed in this thesis could be extended to
topology optimization for pure fluid flow and CHT problems. The number
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of design variables in topology optimization is equal to the number of the
cells of the fluid and solid regions. Thus, computational gains are expected
to arise by applying gradient-based methods, instead of evolutionary algo-
rithms, in this kind of problems. On the other hand, when using gradient-
based methods, BFGS turns to be inefficient in terms of computational cost,
due to the necessity of storing dense square matrices, with dimensions
equal to the cell number. Thus, to deal with topology optimization prob-
lems, gradient-based methods presented in this thesis could be extended,
by computing Hessian-vector products in the prediction step with methods
inspired by the truncated Newton methods for topology optimization in [125]
or by approximating the Hessian with the Limited-Memory BFGS (L-BFGS)
method, [113]. Also, the developed prediction-correction algorithms could
be enriched by using the MMA method [154] at the correction step.



Appendix A

Derivation of Adjoint Boundary Conditions
in Pure Flow Problems

In this Appendix, the detailed derivation of the adjoint boundary conditions for
steady-state flows of turbulent incompressible fluids is presented. The derivation
of the adjoint boundary conditions, presented for the FI and E-SI adjoints, has
many similarities with [125], which were derived for developing the SI adjoint
method. The main difference with [125] is that, here, adjoint boundary conditions
are derived based on the material derivative δ()/δbn of the primal variables instead
of ∂()/∂bn, as in [125], in which the Leibniz theorem for integral variations is
used to derive the adjoint method. After satisfying the field adjoint equations in
eq. 2.46, the remaining terms in the derivative of L
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are used to derive the adjoint boundary conditions.
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A.1 Inlet Boundaries, SI

Along SI , Dirichlet conditions are imposed on vi and ν̃ and a zero Neumann
condition on p. Thus, δvi/δbn=0 and δν̃/δbn=0. As a result, the first and fourth
integrals in eq. A.1, written along SI , vanish.

The second and third integral in eq. A.1 are eliminated by setting
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where tIi , tIIi are the components of the tangent to the surface unit vectors. The
first tangent vector tIi is an arbitrarily selected unit vector parallel to SI whereas
tIIi results from tIIi = eijknjt

I
k, with eijk being the permutation symbol. Quantities

uI〈t〉 and uII〈t〉 are the components of the adjoint velocity in the tIi , t
II
i directions,

respectively. It should be noted that if J is not defined at SI (for instance, the
drag or the lift objective function), all the adjoint velocity components are zero
along SI .

Since no boundary condition for q results from the need to eliminate any of
the boundary integrals in eq. A.1, a zero Neumann condition is imposed on it.
Finally, to eliminate the fifth and sixth integrals in eq. A.1 written along SI , ν̃a=0
and ∆a=0.

Proof of eqs. A.2b and A.2c

The third integral on the r.h.s. of eq. A.1, written along SI , is repeated below for
the sake of completeness
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where φij =
∂jSIk
∂τij

nk. In order to further develop the r.h.s. of eq. A.3, terms included
in its integrand are expressed in the Frenet-Serret frame, which is an orthogonal
system defined at each point of the inlet by the outward normal unit n and two
tangential unit vectors tI, tII. Decomposition of vectors into a normal and two
tangential components is performed by projecting them on the three unit vectors.
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Term φij is expressed in terms of its Frenet-Serret components, as follows
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where φ〈n〉〈n〉=φlmnlnm, φ〈tI〉〈n〉=φlmt
I
l nm and so forth.

The integrand of eq. A.3 is written as
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Since SI is fixed during the optimization, the first term on the r.h.s. of eq. A.5 is
developed as
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Then, the r.h.s. term in eq. A.6 is written as
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The term on the r.h.s. of eq. A.8 vanishes automatically for flows with a uniform
tangential velocity profile at the inlet, which is the case for all flows examined in
this thesis.

After using eq. A.4, the remaining terms in the integrand of eq. A.5 are
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Following a procedure similar to that used for the first term in eq. A.5 (eqs. A.6 to
A.8) and assuming a tangentially uniform inlet velocity profile
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Under the same assumption, a similar mathematical development for T5, T6, T8,
and T9 yields
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since these terms depend only on the tangential derivatives of the tangential ve-
locity components, assumed to be uniformly distributed.

Terms T1, T2, T4 and T7 are developed as
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=φ〈n〉〈tI〉nit
I
j

δτij
δbn

=φ〈n〉〈tI〉
δ

δbn

[
(ν+νt)

(
∂vi
∂xj

+
∂vj
∂xi

)
nit

I
j

]
=φ〈n〉〈tI〉

δ

δbn

[
(ν+νt)

(
∂v〈n〉
∂tI

+
∂vI〈t〉
∂n

)]
(A.14)
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T7
δτij
δbn

=φ〈n〉〈tII〉nit
II
j

δτij
δbn

=φ〈n〉〈tII〉
δ

δbn

[
(ν+νt)

(
∂vi
∂xj

+
∂vj
∂xi

)
nit

II
j

]
=φ〈n〉〈tII〉

δ

δbn

[
(ν+νt)

(
∂v〈n〉
∂tII

+
∂vII〈t〉
∂n

)]
(A.15)

Taking eqs. A.10 to A.15 into consideration, eq. A.9 becomes

TI =(−uI〈t〉+φ〈tI〉〈n〉+φ〈n〉〈tI〉)
δ

δbn

[
(ν+νt)

(
∂vI〈t〉
∂n

+
∂v〈n〉
∂tI

)]

+(−uII〈t〉+φ〈tII〉〈n〉+φ〈n〉〈tII〉)
δ

δbn

[
(ν+νt)

(
∂vII〈t〉
∂n

+
∂v〈n〉
∂tII

)]
(A.16)

In order to make TI independent of variations in stresses, their multipliers are set
to zero, i.e.

uI〈t〉=φ〈tI〉〈n〉+φ〈n〉〈tI〉=φijt
I
inj+φijnit

I
j

uII〈t〉=φ〈tII〉〈n〉+φ〈n〉〈tII〉=φijt
II
i nj+φijnit

II
j

giving rise to eqs. A.2b and A.2c. �

A.2 Outlet Boundaries, SO

Along SO, Dirichlet condition is imposed on p and zero Neumann conditions on vi
and ν̃. With this in mind and since SO is fixed, δp/δbn = 0 holds and the second
integral in eq. A.1, written along SO, vanishes. Also, δnj/δbn = 0 and the fifth
integral of eq. A.1 vanishes. An almost uniform velocity profile is assumed along
SO. Hence, the third term on the r.h.s. of eq. A.1 is neglected. In order to eliminate
the first integral in the same equation, its integrand must be zeroed

uivjnj+τ
a
ijnj−qni+

∂jSO,k
∂vi

nk+ν̃aν̃
CY
Y
ejql

∂vl
∂xq

ejkink+jvSO,i =0

i=1, 2(, 3) (A.17)

In 3D flows, eq. A.17 includes four unknown quantities (the three components of
the adjoint velocity and pressure. Therefore, one of them must be extrapolated
from the interior of the domain. This is chosen to be the normal component of
the adjoint velocity, u〈n〉. By multiplying eq. A.17 with the normal to the surface
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vector, ni, the adjoint pressure is determined

q=u〈n〉v〈n〉+2(ν+νt)
∂u〈n〉
∂n

+ν̃aν̃
CY
Y
ejql

∂vl
∂xq

ejkinkni+
∂jSO,k
∂vi

nkni+j
v
SO,i

ni (A.18)

The tangential adjoint velocity components is obtained by multiplying eq. A.17
with the tangent to the surface unit vectors, tli, l=1, 2

vnu
l
〈t〉+(ν+νt)

(
∂ul〈t〉
∂n

+
∂u〈n〉
∂tl

)
+ν̃aν̃

CY
Y
ejql

∂vl
∂xq

ejkinkt
l
i+
∂jSO,k
∂vi

nkt
l
i+j

v
SO,i

tli=0 (A.19)

and imposing the resulting Robin type condition.

Eq. A.17 is also treated in different ways to obtain the adjoint outlet conditions.
For example, instead of using eqs. A.18 and A.19, the whole vector of the adjoint
velocity is computed through eq. A.17, after imposing a zero Neumann condition
on q. Numerical experiments have shown that the different formulations have a
negligible impact on the computed SDs.

In order to eliminate the fourth integral in eq. A.1, the following condition

ν̃avjnj+
∂ν̃a
∂n

(
ν+ν̃

σ

)
+j ν̃S =0 (A.20)

results for ν̃a along SO. Finally, to eliminate the sixth integral of eq. A.1, written
along SO, ∆a=0.

A.3 Symmetry Planes, SS

Along the symmetry planes, if any, the normal velocity and the normal gradient
of the tangential velocity components are zero (v〈n〉 = 0, ∂vl〈t〉/∂n = 0) whereas
zero Neumann conditions are imposed on p and ν̃, resulting for the latter to the
elimination of the fifth integral of eq. A.1 along SS. Since the objective function is
never defined along the symmetry planes of the domain, quantities depending on
J do not exist in the integrals of eq. A.1. In order to eliminate the second integral
in the same equation, a zero normal adjoint velocity is imposed

u〈n〉=0 (A.21)
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The integrand of the third integral in eq. A.1

−uinj
δτij
δbn

=(−u〈n〉ninj − ul〈t〉tlinj)
δτij
δbn

=−ul〈t〉tlinj
δτij
δbn

=−ul〈t〉
δ

δbn

[
(ν+νt)

(
∂vi
∂xj

+
∂vj
∂xi

)
njt

l
i

]
=−ul〈t〉

δ

δbn

[
(ν+νt)

(
∂vl〈t〉
∂n

+
∂v〈n〉
∂tl

)]
=0

vanishes automatically since ∂vl〈t〉/∂n=0 and ∂v〈n〉/∂tl=0 for the entire surface.
The first integrand in eq. A.1 can be expressed as

(
uiv〈n〉+τ

a
ijnj−qni

) δvi
δbn

=

[
(ν+νt)

(
∂ui
∂xj

+
∂uj
∂xi

)
nj−qni

]
δvl〈t〉
δbn

tli

=(ν+νt)

(
∂ui
∂xj

+
∂uj
∂xi

)
njt

l
i

δvl〈t〉
δbn

=(ν+νt)

(
∂u〈n〉
∂tl

+
∂ul〈t〉
∂n

)
δvl〈t〉
δbn

=(ν+νt)
∂ul〈t〉
∂n

δvl〈t〉
δbn

(A.22)

In order to eliminate this term in eq. A.22, the normal derivative of the tangential
adjoint velocity is set to zero

∂ul〈t〉
∂n

=0 (A.23)

Eqs. A.21 and A.23 comprise the set of symmetry plane conditions for the adjoint
velocity which are equivalent to those of the primal problem.

Similar to SI , since no boundary condition for q results from eq. A.1, a zero
Neumann condition is imposed. Regarding the fourth integral of the same equa-
tion, all of the integrated terms, are zero, since vn = 0 and ∂ν̃/∂n= 0, except for
the third term, which is eliminated by imposing ∂ν̃a/∂n= 0. Also, along SS, for
the same reasons as for SI and SO, ∆a=0.

A.4 Wall Boundaries, SW

Since vi = 0 and ν̃ = 0 are imposed on SWp, δvi/δbn = 0 and δν̃/δbn = 0 and thus,
the first and fourth integrals on the r.h.s. of eq. A.1 vanish. The second and third
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integrals in eq. A.1 are eliminated by setting

u〈n〉=−
∂jSWp,i

∂p
ni−jpSWp (A.24a)

uI〈t〉=
∂jSWp,k

∂τij
nkt

I
inj+

∂jSWp,k

∂τij
nkt

I
jni (A.24b)

uII〈t〉=
∂jSWp,k

∂τij
nkt

II
i nj+

∂jSWp,k

∂τij
nkt

II
j ni (A.24c)

It is convenient to chose tIi to be parallel to the primal velocity vector at the first
cell centre adjacent to the wall.

The proof of eqs. A.24 is similar to that of eqs. A.2 for SI , with a significant
difference though: along the controlled wall boundaries SWp, δxk/δbn 6= 0. This
gives rise to integrals contributing to the SDs.

To eliminate the fifth integral written along SWp, ν̃a = 0. Along SW , ∆ = 0 and
the sixth integral in eq. A.1 is set to zero. Since no boundary condition for ∆a

results from the elimination of any of the boundary integrals in eq. A.1, a zero
Neumann condition is imposed.

Proof of eqs. A.24

In order to eliminate the second integral in eq. A.1, written along SWp, its integrand
is set to zero, giving rise to eq. A.24a.

For the sake of simplicity, let φij =
∂jSWp,k

∂τij
nk. The integrand of the third term

on the r.h.s. of eq. A.1 is written as

T =(−uinj+φij)
δτij
δbn

=−u〈n〉ninj
δτij
δbn︸ ︷︷ ︸

Tn

+(−uI〈t〉tIinj−uII〈t〉tIIi nj+φij)
δτij
δbn︸ ︷︷ ︸

Tt

(A.25)

The first term on the r.h.s. of eq. A.25 is developed as

Tn=−u〈n〉ninj
δτij
δbn

=−u〈n〉
δ (τijninj)

δbn
+u〈n〉τij

δ(ninj)

δbn
(A.26)

Using eq. A.7 (this time written for SWp ), the first term on the r.h.s. of the last
equality in eq. A.26 is written as

−u〈n〉
δ

δbn

[
(ν+νt)

(
∂vi
∂xj

+
∂vj
∂xi

)
ninj

]
=2u〈n〉

δ

δbn

[
(ν+νt)

∂vl〈t〉
∂tl

]
(A.27)
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which vanishes, since a zero Dirichlet condition is imposed on the primal velocities
along SWp. The two remaining terms in the same equation contribute to the SDs
expression.

After taking eqs. A.26 and A.27 into consideration and decomposing φij ac-
cording to eq. A.4, eq. A.25 becomes

T =

(−uI〈t〉+φ〈tI〉〈n〉)tIinj︸ ︷︷ ︸
T1

+(−uII〈t〉+φ〈tII〉〈n〉)tIIi nj︸ ︷︷ ︸
T2

+φ〈n〉〈n〉ninj︸ ︷︷ ︸
T3

+φ〈n〉〈tI〉nit
I
j︸ ︷︷ ︸

T4

+φ〈tI〉〈tI〉t
I
i t
I
j︸ ︷︷ ︸

T5

+φ〈tII〉〈tI〉t
II
i t

I
j︸ ︷︷ ︸

T6

+φ〈n〉〈tII〉nit
II
j︸ ︷︷ ︸

T7

+φ〈tI〉〈tII〉t
I
i t
II
j︸ ︷︷ ︸

T8

+φ〈tII〉〈tII〉t
II
i t

II
j︸ ︷︷ ︸

T9

δτij
δbn

+u〈n〉τij
δ(ninj)

δbn
(A.28)

The term depending on T1 is developed as

T1
δτij
δbn

=(−uI〈t〉+φ〈tI〉〈n〉)
δτij
δbn

=(−uI〈t〉+φ〈tI〉〈n〉)
δ

δbn

[
(ν+νt)

(
∂vi
∂xj

+
∂vj
∂xi

)
tIinj

]
−(−uI〈t〉+φ〈tI〉〈n〉)(ν+νt)

(
∂vi
∂xj

+
∂vj
∂xi

)
δ(tIinj)

δbn

=(−uI〈t〉+φ〈tI〉〈n〉)
δ

δbn

[
(ν+νt)

(
∂vI〈t〉
∂n

+
∂v〈n〉
∂tI

)]

−(−uI〈t〉+φ〈tI〉〈n〉)τij
δ(tIinj)

δbn
(A.29)

Similarly, the rest of the terms on the r.h.s. of eq. A.28 read

T2
δτij
δbn

=(−uII〈t〉+φ〈tII〉〈n〉)
δ

δbn

[
(ν+νt)

(
∂vII〈t〉
∂n

+
∂v〈n〉
∂tII

)]

−(−uII〈t〉+φ〈tII〉〈n〉)τij
δ(tIIi nj)

δbn
(A.30)
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δτij
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=φ〈n〉〈n〉ninj
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=2φ〈n〉〈n〉
δ
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∂v〈n〉
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δbn
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=−φ〈n〉〈n〉τij
δ(ninj)

δbn
(A.31)
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(A.32)
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(A.35)
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(A.36)
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T9
δτij
δbn

=φ〈tII〉〈tII〉t
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(A.37)

After taking eqs. A.29 to A.37 into consideration, eq. A.28 takes the following form

T =
(
−uI〈t〉+φ〈tI〉〈n〉+φ〈n〉〈tI〉

) δ
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δ(tIinj)

δbn
−
(
−uII〈t〉+φ〈tII〉〈n〉+φ〈n〉〈tII〉
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(A.38)

In order to make eq. A.38 independent of variations in stresses, the following
conditions,

uI〈t〉=φ〈tI〉〈n〉+φ〈n〉〈tI〉

uII〈t〉=φ〈tII〉〈n〉+φ〈n〉〈tII〉

must be met, giving rise to eqs. A.24b and A.24c. The remaining terms in eq. A.28

T =−
(
−u〈n〉+φ〈n〉〈n〉

)
τij
δ(ninj)

δbn
−φ〈tI〉〈tI〉τij

δ(tIi t
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δbn

−(φ〈tII〉〈tI〉+φ〈tI〉〈tII〉)τij
δ(tIIi t

I
j )

δbn
−φ〈tII〉〈tII〉τij

δ(tIIi t
II
j )

δbn
(A.39)

can be computed since they include quantities depending on the primal and ad-
joint variables as well as variations in the geometry, contributing to the SDs
expression. These expressions are zero along uncontrolled boundaries SWnp. �
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Appendix B

Objective Functions and their
Differentiation

Below, the detailed differentiation of the objective functions J used in this PhD
thesis is presented. The mathematical expressions of the integrands included
in eqs. 3.17 and 3.18 corresponding to a generalized objective function, are also
given below.

B.1 Forces Component

The function expressing the forces component along a specified direction r, reads

Jforces=

∫
SW

(
pδji−τij

)
rinjdS (B.1)

To compute the drag or the lift, r is defined to be parallel and perpendicular to
the flow, respectively. The derivative of Jforces w.r.t. bn is

δJforces

δbn
=

∫
SW

(
δp

δbn
δji −

δτij
δbn

)
rinjdS+

∫
SW

(
pδji−τij

)
ri
δ (njdS)

δbn
(B.2)

The last integral on the r.h.s. of eq. B.2 contributes to the SDs, whereas contri-
butions to the adjoint boundary conditions arise from the first integral, where

∂jSj
∂p

nj =δji rinj,
∂jSj
∂τil

nj =−δljrinj,

and δji is the Kronecker delta.
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B.2 Volume-Averaged Total Pressure Losses

The volume-weighted total pressure losses between the inlet SI and the outlet SO
of the flow domain are defined as

Jpt=−
∫
SI,O

(
p+

1

2
v2
j

)
vinidS (B.3)

Differentiating eq. B.3 w.r.t. bn yields

δJpt

δbn
=−

∫
SI,O

vini
δp

δbn
dS−

∫
SI,O

[
vivjnj+

(
p+

1

2
v2
j

)
ni

]
δvi
δbn

dS (B.4)

The first surface integral on the r.h.s. of eq. B.4 contributes to the boundary
condition of the normal to SI component of the adjoint velocity, which reads

∂jSI,i
∂p

ni=vini

The second integral along SI is equal to zero, since a Dirichlet condition is imposed
on vi and, thus, δvi/δbn= 0. Along SO, the first integral is eliminated, since p= 0
and thus, δp/δbn = 0. The second integral contributes to q and v = ui boundary
conditions along SO through

∂jSO,j
∂vi

nj =vivjnj+

(
p+

1

2
v2
k

)
njδ

j
i

.

B.3 Solid Overheating Function, JpenT

JpenT is defined on the solid domain in an CHT problem and is expressed as

JpenT =

∫
ΩS
jΩdΩ (B.5)
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Figure B.1: Graph of eq. B.6 for fmin=0.001 and fmax=0.999.

where jS,TΩ = jpenT

VS
, and

jpenT =

{[
1− 1

1+ek2(TS−Tcrit)+k1

]
, if T S ≤ Tcrit

α
(
T S − Tcrit

)
+ β , if T S > Tcrit

(B.6)

V S =

∫
ΩS
dΩ (B.7)

and k1 = log
(

1
1−fmax−1

)
, k2 =

log
(

1
1−fmim

−1
)
−k1

Tsafe−Tcrit
, α= k2ek1

(1+ek1 )2 , β= ek1

1+ek1
with fmin, fmax

being two user-defined constants and Tsafe and Tcrit (Tsafe < Tcrit) two tempera-
ture thresholds. T S>Tcrit corresponds to absolutely undesirable local overheating
whereas Tsafe pertains to the temperature below which safe operation is guaran-
teed. The choice of these values depends on the thermal properties of the solid
body material. The goal of using eq. B.6 is to suppress areas where the temper-
ature values exceed Tcrit, without resorting to non-differentiable step functions.
The graph of jpenT is illustrated in fig. B.1. The reason for which a two-branch
function is chosen can be understood by looking at the contribution of the differ-
entiated objective function T Spen to the adjoint solid heat conduction equation (last
term in eq. 3.25f). If jpenT was given only by the first branch of eq. B.6, T S values
higher than Tcrit would contribute to JS without practically affecting ∂jS,TΩ /∂T S.
Instead, with the two-branch function, eq. B.6, the last term in eq. 3.25f takes on
large values for T S > Tcrit, with the optimization process trying to reduce them.
The derivative of JpenT w.r.t. bn is

δJpenT

δbn
=

1

V S

[∫
ΩS

∂jpenT

∂T S
δT S

δbn
dΩ+

∫
ΩS
jpenT

∂

∂xk

(
δxk
δbn

)
dΩ−JpenT

∫
ΩS

∂

∂xk

(
δxk
δbn

)
dΩ

]
(B.8)
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where
∂jpenT

∂T S
=


ek2T

S
k2

(1+ek2(TS−Tcrit)+k1)
2 , if T S ≤ Tcrit

α , if T S > Tcrit

(B.9)

Following the generalized definition of objective functions presented in section
3.2.1, jS,TΩ = jpenT

V S
. jS,gΩ =−JpenT

V S
.

B.4 Solid Mean Temperature, JmeanT

In CHT problems, the mean temperature of ΩS, JmeanT , is expressed as

JmeanT =

∫
ΩS
T SdΩ

V S
(B.10)

The derivative of JmeanT w.r.t. bn is

δJmeanT

δbn
=

1

V S

[∫
ΩS

δT S

δbn
dΩ+

∫
ΩS
T S

∂

∂xk

(
δxk
δbn

)
dΩ−JmeanT

∫
ΩS

∂

∂xk

(
δxk
δbn

)
dΩ

]
(B.11)

Following the generalized definition of objective functions presented in section
3.2.1, jS,TΩ = TS

V S
. jS,gΩ =−JmeanT

V S
.

B.5 FSI Heat Flux, JHF

This objective function can be defined either along S
F

or S
S
; here, the former is

chosen and JHF is defined as

JHF =−
∫
S
F
kF
∂T F

∂n
dS (B.12)

and its derivatives w.r.t. bn are given by

δJHF

δbn
=−

∫
S
F

δ

δbn

(
kF
∂T F

∂n

)
dS−

∫
S
F
kF
∂T F

∂n

δ(dS)

δbn
(B.13)

According to the generalized definition of objective functions presented in section
3.2.1, jFS,i=−kF ∂T

F

∂xj
and ∂jFS /∂QF =−1.



Appendix C

The Projected Direct Differentiation
Method for the Primal & Adjoint Equations

The derivation of the Projected Direct Differentiation (PDD) method for the primal
and adjoint equations for laminar fluid flows is presented. The developed method
is of use when computing Hessian-vector products in Variant 1 for the Pareto front
tracing, in Chapter 6. To compute Hessian-vector products, first the adjoint SDs
are differentiated w.r.t. the design variables and, then, are multiplied with a vector
S. The arising expressions include the projected variations of the primal and
adjoint fields which are computed by deriving new PDEs and boundary conditions,
as presented below.

Let Φ be defined as
Φ=

δΦ

δbm
sm (C.1)

where Φ is any field. Based on

δ

δbn

(
∂Φ

∂xi

)
=

∂

∂xi

(
δΦ

δbn

)
− ∂Φ

∂xk

∂

∂xi

(
δxk
δbn

)
(C.2)

[116], then

∂Φ

∂xi
=

δ

δbm

(
∂Φ

∂xi

)
sm=

∂

∂xi

(
δΦ

δbm

)
sm−

∂Φ

∂xk

∂

∂xi

(
δxk
δbn

)
sm (C.3)

or
∂Φ

∂xi
=
∂Φ

∂xi
− ∂Φ

∂xk

∂xk
∂xi

(C.4)

According to the FI adjoint, the projected second derivative of an objective function
J for laminar flows is derived by differentiating eq. 2.55 w.r.t. bm and multiplying
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it with sm, i.e.

δ2J

δbnδbm

∣∣∣∣
FI

sm=
δ

δbm

[∫
Ω

Ajk
∂

∂xj

(
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)
dΩ

]
sm︸ ︷︷ ︸
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+
δ

δbm

[∫
Ω
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(
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)
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]
sm︸ ︷︷ ︸

I2

+
δ
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SWp
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)
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]
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∂τlm
nkt

I
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I
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I
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sm (C.5)

where Ajk =−uivj ∂vi∂xk
−uj ∂p∂xk −τ

a
ij
∂vi
∂xk

+ui
∂τij
∂xk

+q
∂vj
∂xk

. In the above equation, I1 is
further developed as
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Ω
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∂

∂xj

(
δxk
δbn

)
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∫
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Ajk is developed as

Ajk=
δ
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(C.7)

Also, in eq. C.5, I2 is further developed as
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By substituting eqs. C.6, eqs. C.7 and eqs. C.8 into eqs. C.5 and by applying the
rule of product diffentiation to all terms except for the I1 and I2 integrals, the
projected second derivative of J is computed as
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Eq. C.9 includes vi, p, ui and q. To compute them, new PDEs and boundary
conditions are derived, see below. Also, xi included in eq. C.9 is computed by
applying the DD method on the GDM, see section 5.1, and multiplying the arising
equations with sm.

C.1 The PDD Method for the Primal PDEs

To compute vi, p included in eq. C.9, eqs. 2.1a and 2.1b are differentiated w.r.t. bm
and multiplied with sm, yielding
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and
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The boundary conditions in laminar flows are either of Dirichlet or zero Neumann
type. For any variable Φ, applying the PDD on the Dirichlet conditions of the form
Φ = c, yields

Φ=
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sm=
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sm=0 (C.12)

where c is a constant. Regarding the zero Neumann conditions ∂Φ
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Thus,
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In case the boundary is not parameterized, δxk
δbm

=
δnj
δbm

= 0 and, thus, the last two
terms of eq. C.14 are zero.

C.2 The PDD Method for the Adjoint Equations

The computation of ui and q is done by differentiating eq. 2.48a w.r.t. bm and
multiplying with sm, i.e.
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Similarly, for eqs. 2.48b,
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Along SI and SWnp,
δnj
δbm

=
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=
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=0 and the PDD for eqs. 2.49 leads to
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and, due to eq. C.14, ∂q/∂n=0
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Along SWp,
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δbm
(uini) sm=− δ

δbm

(
∂jSI,i
∂p

ni

)
sm−

δ

δbm

(
jpSI
)
sm

⇒ u〈n〉=−uini−
∂jSI,i
∂p

ni−
∂jSI,i
∂p

ni−jpSI (C.18a)

ul〈t〉=
δ

δbm

(
uit

l
i

)
sm=− δ

δbm

(
∂jSI,k
∂τij

nkt
l
inj

)
sm−

δ

δbm

(
∂jSI,k
∂τij

nkt
l
jni

)
sm

⇒ ul〈t〉=−uitli−
∂jSI,k
∂τij

nkt
l
inj−

∂jSI,k
∂τij

(
nkt

l
inj+nkt

l
inj+nkt

l
inj

)
−
∂jSI,k
∂τij

nkt
l
jni−

∂jSI,k
∂τij

(
nkt

l
jni+nkt

l
jni+nkt

l
jni

)
, l=I, II (C.18b)

and due to eq. C.14, ∂q
∂n

= ∂q
∂xk

∂xk
∂n
− ∂q

∂xj
nj.

Along SO, since δnj
δbm

=
δtIi
δbm

=
δtIIi
δbm

=0, the PDD for eq. 2.50 and 2.51 leads to

q=u〈n〉v〈n〉+u〈n〉v〈n〉+2ν
∂u〈n〉
∂n

+
∂jSO,k
∂vi

nkni+jvSO,ini=0 (C.19a)

v〈n〉u
l
〈t〉+v〈n〉u

l
〈t〉+ν

(
∂ul〈t〉
∂n

+
∂u〈n〉
∂tl

)
+
∂jSO,k
∂vi

nkt
l
i+j

v
SO,i

tli=0 (C.19b)

Finally, the boundary condition on the normal component of the adjoint velocity
is ∂v〈n〉/∂n=0.

Over the symmetry planes SS, applying the PDD method on eqs. 2.53 and 2.54
leads to

u〈n〉=0 (C.20a)
∂ul〈t〉
∂n

=0 (C.20b)

Also, ∂q/∂n=0.
Both the PDD primal (eqs. C.15 and C.15) and adjoint (eqs. C.15 and eqs. C.15)

systems are solved in this thesis by using the SIMPLE algorithm [132]. Second-
order upwind schemes are used to discretize the convection terms, central schemes
including a correction for non-orthogonality are used for diffusion fluxes and spa-
tial gradients are computed through the Gauss divergence scheme, using a linear
interpolation from the cell-centers to the cell-faces.
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Appendix D

Computation of Hermite Polynomials Inner
Products

When applying the iPCE method in problems with uncertain variables ξ following
the normal distribution, Galerkin projections result into integrals of the form∫ ∞

−∞

(
ξk+αk−1ξ

k−1+· · · a0

)
w (ξ) dξ (D.1)

where
w(ξ)=

1√
2π
e−

ξ2

2 (D.2)

is the weighting function. In eq. D.1, k is an integer and αi, i=0, ..., k−1 is a real
number multiplying ξi. For the mathematical development required in the iPCE
method, a general rule for computing integrals of the form∫ ∞

−∞
ξkw (ξ) dξ=

∫ ∞
−∞

ξk
1√
2π
e−

ξ2

2 dξ (D.3)

is required. Let l be an integer, then, regarding the value of k, two cases exist:

• k is odd, i.e. k=2l − 1:

The integrand in eq. D.3 is an odd function and, thus, the integral is zero.

• k is even, i.e. k=2l:

Since the integrand in eq. D.3 is an even function∫ ∞
−∞

ξ2l 1√
2π
e−

ξ2

2 dξ=(2l−1)!! (D.4)
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where

l!!=



l/2∏
k=1

(2l)= l (l−2) · · · 2, if l is even

(l+1)/2∏
k=1

(2l−1)= l (l−2) · · · 1, if l is odd

(D.5)

Thus, ∫ ∞
−∞

w(ξ)dξ=1∫ ∞
−∞

ξ2w(ξ)dξ=1∫ ∞
−∞

ξ4w(ξ)dξ=3∫ ∞
−∞

ξ6w(ξ)dξ=15∫ ∞
−∞

ξ8w(ξ)dξ=105

· · ·

These rules are applied to the computation of the inner product of the mul-
tivariate Hermite polynomials. Below, the non-zero inner products of the multi-
variate polynomials are presented.

Double inner products:

〈ψ0(ξ), ψ0(ξ)〉w=1

〈ψ1(ξ), ψ1(ξ)〉w=1

〈ψ2(ξ), ψ2(ξ)〉w=1

〈ψ3(ξ), ψ3(ξ)〉w=1

〈ψ4(ξ), ψ4(ξ)〉w=2

〈ψ5(ξ), ψ5(ξ)〉w=2

Indicatively, the proof of the last relationship is as follows:

〈ψ5(ξ), ψ5(ξ)〉w=

∫ ∞
−∞

∫ ∞
−∞

(ξ2−1)2W(ξ) dξ1dξ2 =

∫ ∞
−∞

∫ ∞
−∞

(
ξ4

2−2ξ2
2 +1

)
W(ξ) dξ1dξ2
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=

∫ ∞
−∞

∫ ∞
−∞
ξ4

2W(ξ) dξ1dξ2−
∫ ∞
−∞

∫ ∞
−∞

2ξ2
2W(ξ) dξ1dξ2+

∫ ∞
−∞

∫ ∞
−∞
W(ξ) dξ1dξ2

=4−2+1=2 (D.7)

Triple inner products:

〈ψ0(ξ), ψ0(ξ),ψ0(ξ)〉w=1

〈ψ1(ξ), ψ1(ξ),ψ0(ξ)〉w=〈ψ1(ξ), ψ0(ξ),ψ1(ξ)〉w=〈ψ0(ξ), ψ1(ξ),ψ1(ξ)〉w=1

〈ψ2(ξ), ψ2(ξ),ψ0(ξ)〉w=〈ψ2(ξ), ψ0(ξ),ψ2(ξ)〉w=〈ψ0(ξ), ψ2(ξ),ψ2(ξ)〉w=1

〈ψ3(ξ), ψ3(ξ),ψ0(ξ)〉w=〈ψ3(ξ), ψ0(ξ),ψ3(ξ)〉w=〈ψ0(ξ), ψ3(ξ),ψ3(ξ)〉w=1

〈ψ4(ξ), ψ4(ξ),ψ0(ξ)〉w=〈ψ4(ξ), ψ0(ξ),ψ4(ξ)〉w=〈ψ0(ξ), ψ4(ξ),ψ4(ξ)〉w=2

〈ψ5(ξ), ψ5(ξ),ψ0(ξ)〉w=〈ψ5(ξ), ψ0(ξ),ψ5(ξ)〉w=〈ψ0(ξ), ψ5(ξ),ψ5(ξ)〉w=2

〈ψ5(ξ), ψ5(ξ),ψ5(ξ)〉w=8

〈ψ1(ξ), ψ1(ξ),ψ4(ξ)〉w=〈ψ1(ξ), ψ4(ξ),ψ1(ξ)〉w=〈ψ4(ξ), ψ1(ξ),ψ1(ξ)〉w=2

〈ψ2(ξ), ψ2(ξ),ψ5(ξ)〉w=〈ψ2(ξ), ψ5(ξ),ψ2(ξ)〉w=〈ψ5(ξ), ψ2(ξ),ψ2(ξ)〉w=2

〈ψ3(ξ), ψ3(ξ),ψ4(ξ)〉w=〈ψ3(ξ), ψ4(ξ),ψ3(ξ)〉w=〈ψ4(ξ), ψ3(ξ),ψ3(ξ)〉w=2

〈ψ3(ξ), ψ3(ξ),ψ5(ξ)〉w=〈ψ3(ξ), ψ5(ξ),ψ3(ξ)〉w=〈ψ5(ξ), ψ3(ξ),ψ3(ξ)〉w=2

〈ψ1(ξ), ψ2(ξ),ψ3(ξ)〉w=〈ψ3(ξ), ψ1(ξ),ψ2(ξ)〉w=〈ψ2(ξ), ψ3(ξ),ψ1(ξ)〉w
=〈ψ3(ξ), ψ2(ξ),ψ1(ξ)〉w=〈ψ1(ξ), ψ3(ξ),ψ2(ξ)〉w=〈ψ2(ξ), ψ1(ξ),ψ3(ξ)〉w=1

The proof of the first six relationships is straightforward; the Galerkin projection
of the non-zero double inner products on ψ0(ξ)=1 is required. Among the rest of
them, indicatively the last relationship is proven, as

〈ψ1(ξ), ψ2(ξ),ψ3(ξ)〉w=

∫ ∞
−∞

∫ ∞
−∞
ξ1ξ2 (ξ1ξ2)W(ξ) dξ1dξ2=

∫ ∞
−∞

∫ ∞
−∞
ξ2

1ξ
2
2W(ξ) dξ1dξ2 =1

(D.9)
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Appendix E

Roots and Weights for Univariate Hermite
Polynomials

In table E.1, the roots and the weights for univariate Hermite polynomials are
tabulated, for NGQ=1, ..., 6, for use in the Gauss Quadrature integration method
computing the PCE coefficients of the QoI, in the niPCE method.
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NGQ

Hen H̃en

Gaussian nodes Weights Gaussian nodes Weights

1 0 2.506628275 0 1

2
1 1.25331414 1 0.5

−1 1.25331414 −1 0.5

3

1.732050808 0.417771379 1.732050808 0.1666666667

0 1.671085516 0 0.6666666667

−1.732050808 0.417771379 −1.732050808 0.1666666667

4

2.334414218 0.11499371 2.334414218 0.04587585477

0.7419637843 1.13832042 0.7419637843 0.4541241452

−0.7419637843 1.13832042 −0.7419637843 0.4541241452

−2.334414218 0.11499371 −2.334414218 0.04587585477

5

2.856970014 0.028218146 2.856970014 0.01125741133

1.35562618 0.55666179 1.35562618 0.222075922

0 1.336868413 0 0.5333333333

−1.35562618 0.55666179 −1.35562618 0.222075922

−2.856970014 0.028218146 −2.856970014 0.01125741133

6

3.324257434 0.0064064014 3.324257434 0.002555784402

1.889175878 0.22212673 1.889175878 0.08861574604

0.6167065902 1.02478100 0.6167065902 0.4088284696

−0.6167065902 1.02478100 −0.6167065902 0.4088284696

−1.889175878 0.22212673 −1.889175878 0.08861574604

−3.324257434 0.0064064014 −3.324257434 0.002555784402

Table E.1: Gaussian nodes and weights to be used in Gauss Quadrature integration
method, for the univariate non-orthonormal and orthonormal Hermite polynomials.
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ii

Περίληψη

Η διδακτορική διατριβή στοχεύει στην ανάπτυξη, προγραµµατισµό και πιστο-
ποίηση µεθόδων ϐελτιστοποίησης µορφής (shape optimization) οι οποίες χαρακτη-
ϱίζονται από υψηλή ακρίβεια και χαµηλό υπολογιστικό κόστος και στηρίζονται στη
συνεχή συζυγή µέθοδο (continuous adjoint method). Οι µέθοδοι που αναπτύσσο-
νται αντιµετωπίζουν προβλήµατα είτε (µόνο) ϱοής ϱευστού είτε συζευγµένης µεταφο-
ϱάς ϑερµότητας (Conjugate Heat Transfer, CHT). Επιπλέον, διερευνώνται µέθοδοι
υπολογισµού του µετώπου µη-κυριαρχούµενων λύσεων (Pareto) σε προβλήµατα πο-
λυκριτηριακής ϐελτιστοποίησης, οι οποίες ϐασίζονται στην κλίση των συναρτήσεων-
στόχου. Τέλος, αναπτύσσεται η επεµβατική µέθοδος αναπτύγµατος πολυωνυµικού
χάους (intrusive Polynomial Chaos Expansion, iPCE) για προβλήµατα ϐελτιστοπο-
ίησης CHT µε αβεβαιότητες. Προκειµένου να διαµορφωθούν οι προαναφερθείσες
µέθοδοι, επεκτάθηκαν και εµπλουτίστηκαν συζυγείς µέθοδοι που είχαν παρουσια-
στεί σε προηγούµενες διδακτορικές διατριβές στην ΜΠΥΡ&Β ΕΜΠ [50, 40, 27] και
είχαν επιτυχώς εφαρµοστεί σε προβλήµατα αεροδυναµικής και υδροδυναµικής ϐελ-
τιστοποίησης µορφής. Η διδακτορική διατριβή κινείται σε τέσσερις άξονες :

Ο πρώτος άξονας της διατριβής αφορά στη διαχείριση των παραγώγων ευαισθη-
σίας πλέγµατος, δηλαδή των παραγώγων της ϑέσης των κόµβων του πλέγµατος ως
προς τις µεταβλητές σχεδιασµού, στη συνεχή συζυγή µέθοδο (Κεφάλαιο 5). Μέχρι
τώρα, οι µετατοπίσεις των εσωτερικών κόµβων του πλέγµατος λαµβανόταν υπόψη
κατά στην κλίση της συνάρτησης-στόχου, στις οποίες εµφανίζονται οι παράγωγοι
ευαισθησίας πλέγµατος µέσα σε Χωρικά Ολοκληρώµατα (Field Integrals - συζυγής
διατύπωση FI ). Ο υπολογισµός των παραγώγων ευαισθησίας πλέγµατος στο εσωτερι-
κό του χωρίου έχει κόστος ίσο µε τη µετατόπιση του πλέγµατος τόσες ϕορές όσες είναι
και οι µεταβλητές σχεδιασµού. Αποφεύγεται δε διατυπώνοντας το συζυγές πρόβληµα
του µοντέλου µετατόπισης πλέγµατος [27]. ΄Ετσι προκύπτουν παράγωγοι που απο-
τελούνται µόνο από επιφανειακά ολοκληρώµατα και η µέθοδος ονοµάζεται συζυγής
διατύπωση E-SI (Enhanced Surface Integrals). Με τον όρο ‘Enhanced’ διαφορο-
ποιείται από προγενέστερές της στις οποίες η µετατόπιση των εσωτερικών κόµβων
του πλέγµατος δεν λαµβάνεται υπόψη (Severed SI ). Η ανάπτυξη της µεθόδου E-SI
ϐασίστηκε στην υπόθεση ότι τη µετατόπιση των κόµβων του πλέγµατος διέπουν ε-
ξισώσεις Laplace. Εδώ εξετάζεται, εάν αυτή η παραδοχή είναι ασφαλής ακόµα και
όταν χρησιµοποιούνται διαφορετικά µοντέλα µετατόπισης πλέγµατος. Συγκρίνονται
παράγωγοι που υπολογίζονται µε ϐάση άλλα, ευρέως διαδεδοµένα, µοντέλα µετα-
τόπισης (ογκοµετρικές B-Splines, Γράφοι Delaunay, µέθοδος Inverse Distance W-
eighting), δείχνοντας ότι το είδος του µοντέλου µετατόπισης δεν επιδρά στις τιµές
των παραγώγων. Συνεπώς, δεν απαιτείται η ανάπτυξη της συνεχούς συζυγούς δια-
τύπωσης E-SI εξαρχής, κάθε ϕορά που αλλάζει το µοντέλο µετατόπισης πλέγµατος
το οποίο υποστηρίζει µεθόδους ϐελτιστοποίησης µορφής.

Στον δεύτερο άξονα της διατριβής επεκτείνονται οι συζυγείς διατυπώσεις E-SI και
FI (παρουσιάζονται στο Κεφάλαιο 2) που είχαν αναπτυχθεί σε προηγούµενες διδα-
κτορικές διατριβές στην ΜΠΥΡ&Β ΕΜΠ για προβλήµατα µόνο ϱοής, σε προβλήµατα
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CHT (Κεφάλαιο 3). Ο υπολογισµός παραγώγων µε ακρίβεια εξασφαλίζεται µέσω της
διαφόρισης του µοντέλου τύρβης, που στη διατριβή αυτή είναι το Spalart–Allmaras.
Στα προβλήµατα CHT, εκτός από τις εξισώσεις συνέχειας, ορµής και µοντέλου τύρ-
ϐης, επιλύονται η ενεργειακή εξίσωση στο ϱευστό και η εξίσωση αγωγής της ϑερ-
µότητας στο στερεό, λαµβάνοντας υπόψη και τη συναλλαγή ϑερµότητας µέσω της
διεπιφάνειας ϱευστού-στερεού. Επιβεβαιώθηκε ότι, και σε προβλήµατα CHT µει-
ώνεται η ακρίβεια των παραγώγων, όταν υιοθετείται η παραδοχή της ‘παγωµένης
τύρβης’, µε την οποία ϑεωρείται αµελητέα η εξάρτηση της τυρβώδους συνεκτικότητας
από τις µεταβλητές σχεδιασµού. Επιπλέον, επεκτείνεται η κατάλληλη διαχείριση των
παραγώγων ευαισθησίας πλέγµατος σε προβλήµατα CHT διατυπώνοντας συζυγείς
εξισώσεις µετατόπισης για το στερεό πέρα από το ϱευστό. Συγκρίσεις ανάµεσα στις
µεθόδους FI και E-SI επιβεβαιώνουν ότι και σε προβλήµατα CHT η δεύτερη µέθο-
δος είναι οικονοµικότερη. Επίσης, ο υπολογισµός παραγώγων µέσω της διατύπωσης
(Severed) SI συχνά ϐλάπτει την ακρίβεια των παραγώγων. Τέλος, και σε προβλήµατα
CHT είναι αµελητέα η επίδραση της επιλογής του µοντέλου µετατόπισης πλέγµατος
στις παραγώγους.

Στον τρίτο άξονα της διατριβής, παραλλαγές ενός αλγορίθµου πρόβλεψης-διόρθωσης
οι οποίες ϐασίζονται στη συζυγή µέθοδο, υπολογίζουν το µέτωπο Pareto για προ-
ϐλήµατα πολυκριτηριακής ϐελτιστοποίησης (Κεφάλαιο 6) . Οι παραλλαγές του αλ-
γορίθµου πρόβλεψης-διόρθωσης αρχικοποιούνται εντοπίζοντας ένα σηµείο του µε-
τώπου Pareto µέσω ϐελτιστοποίησης για µία µόνο από τις αντικρουόµενες συναρτήσεις-
στόχους. Στα συστήµατα, για την ανανέωση των µεταβλητών σχεδιασµού, στα ϐήµατα
πρόβλεψης και διόρθωσης, αποφεύγεται ο ακριβός υπολογισµός του ακριβούς Εσ-
σιανού µητρώου των συναρτήσεων-στόχου, είτε µε : (α) τον υπολογισµό γινοµένων
Εσσιανού-διανυσµάτων, που χρησιµοποιούνται σε έναν αλγόριθµο επίλυσης εξι-
σώσεων τύπου Krylov είτε µε (ϐ) την προσέγγιση του Εσσιανού µητρώου µέσω της
µεθόδου BFGS. Προκειµένου να υπολογιστούν οικονοµικά τα γινόµενα Εσσιανού-
διανυσµάτων, διατυπώνονται νέες εξισώσεις µέσω της Ευθείας ∆ιαφόρισης των πρω-
τευουσών και συζυγών εξισώσεων. Συγκρίνοντας τις δύο εναλλακτικές, αυτή που
προσεγγίζει το Εσσιανό µητρώο στο ϐήµα πρόβλεψης έχει το χαµηλότερο κόστος
ενώ δείχνεται ότι η παράλειψη του ϐήµατος πρόβλεψης οδηγεί στην αύξηση του υ-
πολογιστικού κόστους. Περαιτέρω συγκρίσεις κόστους µεταξύ του πιο οικονοµικού
αλγορίθµου πρόβλεψης-διόρθωσης και µεθόδων ϐελτιστοποίησης µε χρήση ϐαρών
δείχνουν την υπεροχή της πρώτης µεθόδου.

Ο τελευταίος άξονας αφορά στη ϐελτιστοποίηση µορφής σε προβλήµατα CHT µε
αβεβαιότητες, µε τη µέθοδο iPCE (Κεφάλαιο 7). Εξετάζονται προβλήµατα µε δύο
αβέβαιες µεταβλητές που ακολουθούν κανονική κατανοµή. Οι µεταβλητές στις πρω-
τεύουσες και συζυγείς εξισώσεις χωρίς αβεβαιότητες και οι αντίστοιχες οριακές συν-
ϑήκες αναλύονται σε γραµµικούς συνδυασµούς ορθογωνίων πολυωνύµων για τάξη
χάους ίση µε δύο. Προκύπτουν νέα συστήµατα εξισώσεων, που επιλύονται για να υ-
πολογιστούν οι στατιστικές ϱοπές και οι παράγωγοί τους. Η ακρίβεια των στατιστικών
ϱοπών, που προσεγγίζονται µε τη µέθοδο iPCE, πιστοποιείται χρησιµοποιώντας πιο
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κοστοβόρες µεθόδους, τη µη-επεµϐατική µέθοδο PCE (non-intrusive PCE-niPCE)
και τη Monte Carlo. Επιπλέον, λαµβάνουν χώρα ϐελτιστοποιήσεις µορφής µε αβε-
ϐαιότητες στις συνθήκες εισόδου του ϱευστού και το πάχος ϑερµικής µόνωσης στη
διεπιφάνεια ϱευστού-στερεού.

Οι προαναφερθείσες µέθοδοι πιστοποιούνται αρχικά σε 2∆ προβλήµατα µόνο
ϱοής, για ϱοές γύρω από αεροτοµές και µέσα σε αγωγούς σχήµατος ‘S’ και σε προ-
ϐλήµατα CHT µε αγωγό σχήµατος ‘S’ σε επαφή µε στερεό. Σε προβλήµατα ϱοής
γύρω από αεροτοµές υπολογίζονται µέτωπα Pareto για αντικρουόµενους στόχους
την άνωση και την αεροδυναµική αντίσταση. Σε πρόβληµα CHT για ένα εσωτερικά
ψυχόµενα 2∆ πτερύγια σταθερής πτερύγωσης στροβίλου, ελαχιστοποιείται η µέση
ϑερµοκρασία του, µεταβάλλοντας το σχήµα του και τις ϑέσεις των οπών εσωτερικής
ψύξης. Επίσης, ϐελτιστοποιείται 2∆ αγωγός σε επαφή µε στερεό, για ελάχιστες α-
πώλειες ολικής πίεσης του ϱευστού, επιβάλλοντας περιορισµούς που αποτρέπουν
την υπερθέρµανση του στερεού. Επιπλέον, πραγµατοποιούνται ϐελτιστοποιήσεις σε
αγωγό ψύξης µέσα σε στερεό, ϑέτοντας ως στόχους τη µεγιστοποίηση της ϑερµορροής
από το στερεό προς το ψυκτικό και την ελαχιστοποίηση του ποσοστού του όγκου του
στερεού µε υψηλές ϑερµοκρασίες. Επίσης, ϐελτιστοποιείται ο αγωγός ψύξης κυλιν-
δροκεφαλής σε µηχανή εσωτερικής καύσης ενός αυτοκινήτου, µε δύο διαφορετικούς
στόχους : (α) ελάχιστες µέγιστες ϑερµοκρασίες της κυλινδροκεφαλής και (ϐ) ελάχι-
στες απώλειες ολικής πίεσης στο ψυκτικό. Τέλος, υπολογίζεται µέτωπο Pareto σε
πτερύγια ψύξης, µε τις δύο προαναφερθείσες συναρτήσεις ως τους δύο στόχους.

Οι προαναφερθείσες µέθοδοι προγραµµατίστηκαν στο περιβάλλον ανοιχτού κώδι-
κα OpenFOAM©, το οποίο παρέχει υποδοµή που ϐασίζεται στην κεντροκυψελική
διατύπωση πεπερασµένων όγκων.

Η ερευνητική εργασία υποστηρίχτηκε από το Ελληνικό ΄Ιδρυµα ΄Ερευνας και
Καινοτοµίας (ΕΛ.Ι∆.Ε.Κ.) και από τη Γενική Γραµµατεία ΄Ερευνας και Τεχνολο-
γίας (ΓΓΕΤ), στο πλαίσιο της ∆ράσης «Υποτροφίες ΕΛΙ∆ΕΚ Υποψηφίων ∆ιδακτόρων»
(αρ.Σύµβασης 1796).
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Κεφάλαιο 1

Εισαγωγή

Η ϱαγδαία αύξηση της υπολογιστικής ισχύος και η ανάπτυξη υπολογιστικών µεθόδων
οδήγησαν στην ευρεία χρήση της υπολογιστικής ϱευστοδυναµικής (Computational
Fluid Dynamics, CFD) για προλέξεις ϱοών σε προβλήµατα αερο- και υδροδυναµι-
κής. Επόµενο της διαθεσιµότητας λογισµικών CFD ήταν η δηµιουργία µεθόδων ϐελ-
τιστοποίησης στη ϱευστοδυναµική (CFD-based optimization). Αυτή η διδακτορική
διατριβή συνεισφέρει σε αυτό πεδίο, επεκτείνοντας τις µεθόδους και σε προβλήµατα
Συζευγµένης Μεταφοράς Θερµότητας (Conjugate Heat Transfer - CHT).

Στη ϐελτιστοποίηση µορφής οι γεωµετρίες προς ϐελτιστοποίηση ελέγχονται από
τις µεταβλητές σχεδιασµού bn, n = 1, ..., N . Η συσχέτιση των κόµβων της γεωµε-
τρίας µε τις µεταβλητές σχεδιασµού ονοµάζεται παραµετροποίηση. Η ϱοϊκή επίδοση
της γεωµετρίας προς ϐελτιστοποίηση ποσοτικοποιείται από τις συναρτήσεις-στόχους
J (objective functions), που υπολογίζονται µέσω της επίλυσης των εξισώσεων που
διέπουν το ϕυσικό πρόβληµα (‘πρωτεύουσες εξισώσεις/primal equations’). ΄Ολα τα
προβλήµατα ϱοής που διερευνώνται σε αυτήν τη διατριβή διέπονται από τις Reynolds-
Averaged Navier Stokes (RANS) εξισώσεις για µόνιµες ϱοές ασυµπίεστων ϱευστών.

Οι µέθοδοι ϐελτιστοποίησης στην αεροδυναµική διακρίνονται σε στοχαστικές
[11, 36, 44, 7] και αιτιοκρατικές [18, 8, 9, 38, 34, 37, 48]. Κύριοι εκπρόσωποι
των πρώτων είναι οι εξελικτικοί αλγόριθµοι (Evolutionary Algorithms, EAs), στις ο-
ποίες προγραµµατίζονται αλγόριθµοι που µιµούνται διαδικασίες ϕυσικής εξέλιξης,
ώστε να ανανεώνονται σε κάθε κύκλο ϐελτιστοποίησης οι µεταβλητές σχεδιασµού.
Πλεονεκτήµατά τους είναι η δυνατότητα εύρεσης ολικού ακροτάτου της συνάρτησης-
στόχου, η ευελιξία χρήσης τους αντιµετωπίζοντας το λογισµικό CFD µε τη λογική του
‘µαύρου κουτιού’ και η δυνατότητα υπολογισµού του µετώπου µη-κυριαρχούµενων
λύσεων (µέτωπο Pareto) σε προβλήµατα πολλών στόχων. Μειονέκτηµα είναι η εξάρ-
τηση του κόστους από το πλήθος των µεταβλητών σχεδιασµού. Με σκοπό τη µείωση
του υπολογιστικού κόστους των EAs αναπτύχθηκαν οι Παράλληλοι [20, 1], Ασύγ-
χρονοι [2, 6] και οι Ιεραρχικοί EAs, ενώ ιδιαιτέρως διαδεδοµένη είναι και η χρήση
Μεταπροτύπων (υποκατάστατων του CFD µοντέλων αξιολόγησης) [13, 16].

Οι αιτιοκρατικές µέθοδοι ϐασίζονται στην κλίση της συνάρτησης-στόχου (Gradient-
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Based Methods, GBMs). Η ανανέωση των µεταβλητών σχεδιασµού γίνεται µε ϐάση
τις παραγώγους της συνάρτησης-στόχου ως προς τις µεταβλητές σχεδιασµού, που
αναφέρονται ως παράγωγοι ευαισθησίας (‘Sensitivity Derivatives’). Πλεονέκτηµα
αυτών των µεθόδων είναι το µικρότερο κόστος σε σχέση µε τους EAs σε προβλήµατα
ϐελτιστοποίησης ενός στόχου, αν και είναι πιθανός ο εγκλωβισµός σε τοπικό ακρότα-
το. Η απόδοση των GBMs εξαρτάται από τη µέθοδο υπολογισµού των παραγώγων
ευαισθησίας. Η απλούστερη µέθοδος είναι οι Πεπερασµένες ∆ιαφορές (Finite Dif-
ferences, FDs), στις οποίες επιβάλλονται απειροστά µικρές αλλαγές +/− ε σε κάθε
µεταβλητή σχεδιασµού προκειµένου να υπολογιστούν οι παράγωγοι ευαισθησίας, µε
αποτέλεσµα να στοιχίζει συνολικά 2N ‘ισοδύναµες’ επιλύσεις των εξισώσεων ϱοής (E-
quivalent Flow Solutions, EFS), όταν χρησιµοποιούνται κεντρικές διαφορές. Οι FDs
υπολογίζουν παραγώγους αναφοράς και χρησιµοποιούνται για την πιστοποίηση της
ακρίβειας των παραγώγων που υπολογίζονται µε τις συζυγείς µεθόδους. Μία εναλλα-
κτική των FDs είναι η µέθοδος της Ευθείας ∆ιαφόρισης (Direct Differentiation, DD).
Σε αυτήν, η J παραγωγίζεται ως προς bn και εµφανίζονται οι παράγωγοι των ϱοϊκών
µεταβλητών ως προς bn. Για να υπολογιστούν οι τελευταίες ποσότητες, οι πρωτεύου-
σες εξισώσεις διαφορίζονται ως προς bn και προκύπτει σύστηµα N εξισώσεων µε N
αγνώστους, µε κόστος επίλυσης N EFS.

Οι συζυγείς µέθοδοι (adjoint methods) χαρακτηρίζονται από το µικρότερο κόστος
υπολογισµού των παραγώγων ευαισθησίας. Με αυτές αποφεύγεται ο υπολογισµός
των παραγώγων των ϱοϊκών ποσοτήτων ως προς bn που εµφανίζεται στη µέθοδο DD.
Για να γίνει αυτό δυνατό, εισάγονται τόσα πεδία νέων ϐαθµών ελευθερίας ή πολ-
λαπλασιαστών Lagrange, όσες και οι πρωτεύουσες εξισώσεις και διαµορφώνεται η
επαυξηµένη συνάρτηση L η οποία ισούται µε τη J συν τα υπόλοιπα των εξισώσεων
ϱοής πολλαπλασιασµένα µε τα πεδία των συζυγών µεταβλητών. Με την παραγώγι-
ση της L ως προς bn µηδενίζονται οι πολλαπλασιαστές των παραγώγων των ϱοϊκών
µεγεθών και προκύπτουν οι συζυγείς εξισώσεις και οριακές συνθήκες. Οι εναπο-
µείναντες όροι αποτελούν τις παραγώγους ευαισθησίας. Το κόστος υπολογισµού
των παραγώγων είναι ίσο µε την επίλυση των πρωτευουσών και συζυγών εξισώσεων,
δηλαδή περίπου 2 EFS σε προβλήµατα ϐελτιστοποίησης χωρίς περιορισµούς.

Ανάλογα µε τη σειρά διαφόρισης και διακριτοποίησης οι συζυγείς µέθοδοι κα-
τηγοριοποιούνται στη συνεχή (continuous adjoint) [21, 24, 22, 5] και τη διακριτή
(discrete adjoint) [14, 3, 4, 17]. Αυτή η διατριβή ασχολείται αποκλειστικά µε τη
συνεχή συζυγή µέθοδο, η οποία διατυπώνεται µε τους εξής τρεις τρόπους :

1. Η ανάπτυξη της συνεχούς συζυγούς µεθόδου σύµφωνα µε τους [21, 33] οδηγεί
σε παραγώγους ευαισθησίας που περιλαµβάνουν Χωρικά Ολοκληρώµατα Field
Integrals· γι΄ αυτό καλείται αυτή η µέθοδος ως η διατύπωση FI. Η µετατόπιση
των εσωτερικών κόµβων του πλέγµατος λαµβάνεται υπόψη µέσω των ‘παρα-
γώγων ευαισθησίας πλέγµατος’ δxi/δbn, (grid sensitivities). Ο υπολογισµός
αυτών των ποσοτήτων γίνεται είτε µέσω FDs, µε κόστος ίσο µε 2N µετατοπίσεις
πλέγµατος, είτε µέσω της διαφόρισης των εξισώσεων του µοντέλου µετατόπι-
σης πλέγµατος (Grid Displacement Model, GDM). Στην τελευταία περίπτωση,
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προκύπτουν µαθηµατικές εκφράσεις παρόµοιες µε τις εξισώσεις του GDM, που
επιτρέπουν τον υπολογισµό των παραγώγων ευαισθησίας πλέγµατος µε κόστος
N µετατοπίσεις πλέγµατος. Ανάλογα µε το µέγεθος του πλέγµατος και το ε-
ίδος του GDM, το κόστος υπολογισµού των δxi/δbn µπορεί να πλησιάζει το 1
EFS. Πλεονέκτηµα της διατύπωσης FI είναι η υψηλή ακρίβεια των παραγώγων
ευαισθησίας, [21, 33, 29].

2. Στις [29, 27], προκειµένου να αποφευχθεί ο υπολογισµός των δxi/δbn µε
κόστος που εξαρτάται από το πλήθος των µεταβλητών σχεδιασµού, αναπτύχθη-
καν συζυγείς εξισώσεις ως προς το GDM, το οποίο έγινε η υπόθεση ότι δι-
έπεται από εξισώσεις Laplace. Αναπτύσσοντας µε αυτόν τον τρόπο τη συνεχή
συζυγή µέθοδο, οι παράγωγοι ευαισθησίας αποτελούνται αποκλειστικά από ε-
πιφανειακά ολοκληρώµατα (Surface Integrals). Αυτό έχει ως αποτέλεσµα το
υπολογιστικό κόστος να είναι µικρότερο της συζυγούς διατύπωσης FI. Αυτή
η µέθοδος καλείται συζυγής διατύπωση Enhanced SI (E-SI ), επειδή αποτελεί
ϐελτίωση µεθόδων που παρουσιάστηκαν παλαιότερα στη ϐιβλιογραφία [23, 5]
και οδηγούσαν σε παραγώγους αποτελούµενες επίσης µόνο από επιφανειακά
ολοκληρώµατα, ωστόσο χαµηλότερης ακρίβειας, γιατί δεν λαµβανόταν υπόψη
η µετατόπιση των εσωτερικών κόµβων.

3. Η προαναφερθείσα συζυγής διατύπωση που οδηγεί σε παραγώγους που αποτε-
λούνται από επιφανειακά ολοκληρώµατα αλλά δεν λαµβάνει υπόψη το GDM,
ονοµάζεται διατύπωση ‘‘Severed’’ SI και χαρακτηρίζεται από χαµηλότερη α-
κρίβεια παραγώγων ευαισθησίας.

Εκτενής ϐιβλιογραφική επισκόπηση των µεθόδων που αναπτύσσονται σε αυτήν τη
διατριβή καθώς και λεπτοµερής αναφορά στις συζυγείς µεθόδους που αναπτύχθηκαν
στην ΜΠΥΡ&Β ΕΜΠ παρατίθενται στο πλήρες κείµενο της διατριβής.



Κεφάλαιο 2

Η Συνεχής Συζυγής Μέθοδος για Τυρβώδεις
Ροές Ασυµπίεστου Ρευστού

Σε αυτό το κεφάλαιο παρουσιάζονται οι διατυπώσεις FI, (Severed) SI και E-SI της
συνεχούς συζυγούς µεθόδου, για µόνιµες τυρβώδεις ϱοές ασυµπίεστων ϱευστών. Η
µοντελοποίηση της τύρβης γίνεται µε το µοντέλο Spalart–Allmaras. Για τον υπολο-
γισµό παραγώγων µε ακρίβεια αποφεύγεται η παραδοχή της ‘παγωµένης τύρβης’ και
παραγωγίζεται το µοντέλο τύρβης [40, 27, 50].

2.1 Εξισώσεις του Πρωτεύοντος Προβλήµατος

Οι εξισώσεις για µόνιµες τυρβώδεις ϱοές ασυµπίεστων ϱευστών είναι οι εξής [30]:

Rp = − ∂vi
∂xi

= 0 (2.1αʹ)

Rv
i = vj

∂vi
∂xj

+
∂p

∂xi
− ∂τij
∂xj

=0 (2.1βʹ)

Rν̃ =vj
∂ν̃

∂xj
− ∂

∂xj

[(
ν +

ν̃

σ

)
∂ν̃

∂xj

]
− cb2
σ

(
∂ν̃

∂xj

)2

−ν̃P(ν̃) + ν̃D(ν̃)=0 (2.1γʹ)

R∆ =
∂ (cj∆)

∂xj
−∆

∂2∆

∂x2
j

−1=0, cj =
∂∆

∂xj
(2.1δʹ)

οι οποίες αντιστοιχούν στις εξισώσεις συνέχειας, ορµής, του µοντέλου Spalart–Allmaras
και της Hamilton-Jacobi (Eikonal) που επιλύονται µε τον αλγόριθµο SIMPLE [43].
Επαναλαµβανόµενοι δείκτες υποδηλώνουν άθροιση. Στις παραπάνω εξισώσεις, p
είναι το πεδίο της στατικής πίεσης διαιρεµένο µε τη σταθερή πυκνότητα, vi οι συ-
νιστώσες της ταχύτητας, τij = (ν+νt)

(
∂vi
∂xj

+
∂vj
∂xi

)
ο τανυστής των τάσεων, ν και νt η

κινηµατική και η τυρβώδης συνεκτικότητα, ν̃ η µεταβλητή του µοντέλου τύρβης και

4
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∆ το πεδίο της απόστασης κάθε σηµείου από το πλησιέστερο όριο.

2.2 ∆ιατυπώσεις της Συνεχούς Συζυγούς Μεθόδου

Για την ανάπτυξη της συζυγούς µεθόδου ορίζεται η επαυξηµένη συνάρτηση L

L=J+

∫
Ω

qRpdΩ+

∫
Ω

uiR
v
i dΩ+

∫
Ω

ν̃aR
ν̃dΩ+

∫
Ω

∆aR∆dΩ (2.2)

όπου J η συνάρτηση-στόχος του προβλήµατος ϐελτιστοποίησης, q, ui, ν̃a και ∆a τα
πεδία της συζυγούς πίεσης, ταχύτητας, µεταβλητής µοντέλου τύρβης και απόστασης,
αντίστοιχα. Η διαφόριση της εξ. 2.2, που παρουσιάζεται στο πλήρες κείµενο της
διατριβής, οδηγεί στις παρακάτω συζυγείς εξισώσεις

Rq=−∂ui
∂xi

+jpΩ = 0 (2.3αʹ)

Ru
i =uj

∂vj
∂xi
− ∂(vjui)

∂xj
−
∂τaij
∂xj

+
∂q

∂xi
+ν̃a

∂ν̃

∂xi
− ∂

∂xl

(
ν̃aν̃

CY
Y
emjk

∂vk
∂xj

emli

)
+jvΩ,i=0, i =1, 2(, 3)

(2.3βʹ)

Rν̃a =−∂(vj ν̃a)

∂xj
− ∂

∂xj

[(
ν +

ν̃

σ

)
∂ν̃a
∂xj

]
+

1

σ

∂ν̃a
∂xj

∂ν̃

∂xj
+2

cb2
σ

∂

∂xj

(
ν̃a
∂ν̃

∂xj

)
+ν̃aν̃Cν̃−(P−D) ν̃a+

∂ui
∂xj

(
∂vi
∂xj

+
∂vj
∂xi

)
δνt
δν̃

+j ν̃Ω =0 (2.3γʹ)

R∆a

=−2
∂

∂xj

(
∆a ∂∆

∂xj

)
+ν̃ν̃aC∆ =0 (2.3δʹ)

Οι παράγωγοι της J ως προς bn είναι οι εξής

δJ

δbn

∣∣∣∣
FI

=

∫
Ω

(
−uivj

∂vi
∂xk
−uj

∂p

∂xk
−τaij

∂vi
∂xk

+ui
∂τij
∂xk

+q
∂vj
∂xk

+Θjk

)
∂

∂xj

(
δxk
δbn

)
dΩ

+

∫
Ω

jΩ
∂

∂xk

(
δxk
δbn

)
dΩ+

∫
SWp

jgSi,k

δxk
δbn

nidS+

∫
SWp

jS,i
δ (nidS)

δbn

−
∫
SWp

[
∂jSWp,k

∂τlm
nkt

I
l t
I
mτij

δ(tIi t
I
j )

δbn

]
dS−

∫
SWp

[
∂jSWp,k

∂τlm
nkt

II
l t

II
mτij

δ(tIIi t
II
j )

δbn

]
dS

−
∫
SWp

[(
−u〈n〉+

∂jSWp,k

∂τlm
nknlnm

)
τij
δ(ninj)

δbn

]
dS
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−
∫
SWp

[(
∂jSWp,k

∂τlm
nk(t

II
l t

I
m + tIl t

II
m)

)
τij
δ(tIIi t

I
j )

δbn

]
dS (2.4)

Λόγω της παρουσίας Χωρικών Ολοκληρωµάτων (Field Integrals) στην εξ. 2.4, αυτή
η διατύπωση της συζυγούς µεθόδου ονοµάζεται FI. Προκειµένου να υπολογιστεί το
ογκικό ολοκλήρωµα στην εξ. 2.4, είναι αναγκαίος ο υπολογισµός των παραγώγων
ευαισθησίας πλέγµατος, δxi/δbn (grid sensitivities). Αυτό κοστίζει όσο η µετατόπιση
του υπολογιστικού πλέγµατος N ϕορές, κάτι που αυξάνει το κόστος υπολογισµού
των παραγώγων της J .

Για να αποφευχθεί ο υπολογισµός των παραγώγων ευαισθησίας πλέγµατος και να
µειωθεί το υπολογιστικό κόστος, χωρίς να αµεληθεί η µετατόπιση του πλέγµατος, α-
ναπτύχθηκε για πρώτη ϕορά από τους [27, 29], στο πλαίσιο διατριβής στην ΜΠΥΡ&Β
ΕΜΠ, η συνεχής συζυγής µέθοδος για τις εξισώσεις µετατόπισης πλέγµατος. Γίνεται
η υπόθεση ότι εξισώσεις Laplace Rm

i διέπουν τη µετατόπιση του πλέγµατος και η
επαυξηµένη συνάρτηση ορίζεται πλέον ως

L=J+

∫
Ω

qRpdΩ+

∫
Ω

uiR
v
i dΩ+

∫
Ω

ν̃aR
ν̃dΩ+

∫
Ω

∆aR∆dΩ+

∫
Ω

ma
iR

m
i dΩ (2.5)

όπου ma
i αντιστοιχεί στο πεδίο της συζυγούς µετατόπισης. Μετά από µαθηµατική α-

νάπτυξη προκύπτουν οι ίδιες συζυγείς εξισώσεις ϱοής και οριακές συνθήκες όπως στη
διατύπωση FI. Επιπλέον, προκύπτουν οι συζυγείς εξισώσεις µετατόπισης πλέγµατος

∂2ma
k

∂xj2
− ∂

∂xj

(
−uivj

∂vi
∂xk
−uj

∂p

∂xk
−τaij

∂vi
∂xk

+ui
∂τij
∂xk

+q
∂vj
∂xk

+Θjk

)
− ∂jΩ

∂xk
=0, k=1, 2(, 3) (2.6)

και η έκφραση της παραγώγου της J ως προς bn δίνεται από την ακόλουθη σχέση

δJ

δbn

∣∣∣∣
E-SI

=

∫
SWp

(
−uivj

∂vi
∂xk
−uj

∂p

∂xk
−τaij

∂vi
∂xk

+ui
∂τij
∂xk

+q
∂vj
∂xk

+Θjk

)
nj
δxk
δbn

dS

+

∫
SWp

jΩnk
δxk
δbn

dΩ+

∫
SWp

jgSi,k

δxk
δbn

nidS+

∫
SWp

jS,i
δ (nidS)

δbn
−
∫
SWp

∂ma
i

∂n

δxi
δbn

dS

−
∫
SWp

[
∂jSWp,k

∂τlm
nkt

I
l t
I
mτij

δ(tIi t
I
j )

δbn

]
dS−

∫
SWp

[
∂jSWp,k

∂τlm
nkt

II
l t

II
mτij

δ(tIIi t
II
j )

δbn

]
dS

−
∫
SWp

[(
−u〈n〉+

∂jSWp,k

∂τlm
nknlnm

)
τij
δ(ninj)

δbn

]
dS
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−
∫
SWp

[(
∂jSWp,k

∂τlm
nk(t

II
l t

I
m + tIl t

II
m)

)
τij
δ(tIIi t

I
j )

δbn

]
dS (2.7)

Σε αντίθεση µε τη διατύπωση FI, η παράγωγος της J που δίνεται από την εξ. 2.7
αποτελείται µόνο από επιφανειακά ολοκληρώµατα. Σε προγενέστερες µελέτες της
[29], η µετατόπιση του πλέγµατος δεν λαµβανόταν υπόψη [23, 5] και οι παράγωγοι
της J υπολογίζονταν από την εξ. 2.7 χωρίς το 5ο ολοκλήρωµα, κάτι που µειώνει
την ακρίβεια των παραγώγων [29, 27]. ∆ιατυπώσεις της συζυγούς µεθόδου όπως
αυτές που παρουσιάζονται από τους [23, 5] και οδηγούν σε παραγώγους µε επι-
ϕανειακά ολοκληρώµατα (Surface Integrals) ονοµάζονται (Severed) SI. Αντίθέτως, η
ακριβέστερη (Enhanced) διατύπωση που οδηγεί στην εξ. 2.7 ονοµάζεται E-SI.

2.3 Συγκρίσεις των ∆ιατυπώσεων της Συζυγούς Μεθόδου

Εξετάζονται οι διαφορές ανάµεσα στις διατυπώσεις FI, E-SI και (Severed) SI µέσα από
εφαρµογές. Στο Πρόβληµα 1 συγκρίνονται οι FI, (Severed) SI και E-SI διατυπώσεις
για τη ϱοή γύρω από τη µεµονωµένη αεροτοµή NACA4412, µε Re= 106, γωνία της
επ΄άπειρον ϱοής α∞ = 0o και αδιαστατοποιηµένη απόσταση του ϐαρυκέντρου του
πρώτου κελιού από τον τοίχο y+<0.06. Υπολογίζονται παράγωγοι της άνωσης

Jforces=

∫
SWp

(
pδji − τij

)
rinjdS (2.8)

ως προς τις x και y συντεταγµένες των 18 σηµείων ελέγχου NURBS που παραµετρο-
ποιούν το σχήµα της αεροτοµής, σχ. 2.1αʹ. Οι παράγωγοι που υπολογίζονται από τις
E-SI και FI διατυπώσεις ταυτίζονται µε αυτές που υπολογίζονται µε πεπερασµένες
διαφορές (Finite Differences, FD), σχ. 2.1βʹ. Στο Πρόβληµα 2 συγκρίνονται οι συζυ-
γείς διατυπώσεις FI και E-SI για τη τυρβώδη ϱοή (Re= 105, y+ < 1) µέσα σε έναν
αγωγό σχήµατος S. Υπολογίζονται παράγωγοι για τις απώλειες ολικής πίεσης µεταξύ
των διατοµών εισόδου και εξόδου του αγωγού

Jpt=−
∫
SI,O

(
p+

1

2
v2
k

)
vjnjdS (2.9)

ως προς τις y συντεταγµένες 9 σηµείων ελέγχου ογκοµετρικών B-Splines που παρα-
µετροποιούν τον αγωγό σχ. 2.2αʹ. Οι παράγωγοι που υπολογίζονται από τις συζυγείς
διατυπώσεις FI και E-SI ταυτίζονται µε τις FDs. Οι διαφορές ανάµεσα στις δύο συζυ-
γείς διατυπώσεις είναι τόσο µικρές που δεν επηρεάζουν την πορεία σύγκλισης ϐελ-
τιστοποιήσεων οι οποίες ϐασίζονται στη µέθοδο BFGS [38], η οποία είναι ευαίσθητη
στην ακρίβεια των παραγώγων [12]. σχ. 2.2γʹ. Στο τέλος κάθε ϐελτιστοποίησης, η Jpt
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(αʹ) Γεωµετρία και παραµετροποίηση
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(ϐʹ) Παράγωγοι της άνωσης

Σχήµα 2.1: Πρόβληµα 1: (α) 22 σηµεία ελέγχου NURBS παραµετροποιούν το σχήµα της
αεροτοµής, µε το πρώτο και τελευταίο για κάθε πλευρά της αεροτοµής να παραµένουν
ακίνητα. (ϐ) Οι πρώτες 18 παράγωγοι αντιστοιχούν στις x και οι επόµενες 18 στις y
συντεταγµένες των σηµείων ελέγχου.

(αʹ) Γεωµετρία και παραµετροποίηση
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(ϐʹ) Παράγωγοι απωλειών ολικής πίεσης
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(γʹ) Πορεία σύγκλισης ϐελτιστοποιήσεων

Σχήµα 2.2: Πρόβληµα 2: (α) Τα κόκκινα σηµεία ελέγχου µετακινούνται ενώ τα µπλε
παραµένουν ακίνητα. (ϐ) Οι διατυπώσεις FI και E-SI αναπαράγουν τις παραγώγους των
πεπερασµένων διαφορών. (γ) Βελτιστοποιήσεις µε FI και E-SI παραγώγους.

µειώθηκε κατά ∼ 8.5%. Περισσότερες λεπτοµέρειες και επιπρόσθετες διερευνήσεις
περιλαµβάνονται στο πλήρες κείµενο της διατριβής. Με αυτές τις εφαρµογές επιβε-
ϐαιώθηκαν συµπεράσµατα που ήταν γνωστά από τις εργασίες [29, 27], σύµφωνα µε
τα οποία η διατύπωση E-SI είναι τόσο ακριβής όσο και η υπολογιστικά ακριβότερη
FI. Αντίθετα, οι παράγωγοι που υπολογίζονται µε τη διατύπωση (Severed) SI είναι
λιγότερο ακριβείς, επειδή αµελούν τη µετατόπιση του πλέγµατος.



Κεφάλαιο 3

Η Συνεχής Συζυγής Μέθοδος για τη
Συζευγµένη Μεταφορά Θερµότητας

Σε αυτό το κεφάλαιο επεκτείνονται οι διατυπώσεις FI, E-SI και Severed SI της
συνεχούς συζυγούς µεθόδου σε προβλήµατα Συζευγµένης Μεταφοράς Θερµότητας
(Conjugate Heat Transfer, CHT), µε τη ϱοή του ασυµπίεστου ϱευστού να είναι χρο-
νικά µόνιµη και τυρβώδης.

3.1 Πρωτεύον Πρόβληµα CHT

Οι ποσότητες που αναφέρονται στο ϱευστό και στο στερεό συµβολίζονται µε τους
εκθέτες F και S αντίστοιχα. Σε προβλήµατα CHT, εκτός από τις εξισώσεις ϱοής
εξ. 2.1αʹ–2.1δʹ, επιλύονται η ενεργειακή εξίσωση στο ϱευστό και η εξίσωση αγωγής
της ϑερµότητας στο στερεό

RTF

=ρFvjcp
∂T F

∂xj
+ ρF

vj
2

∂v2
k

∂xj
− ∂

∂xj

(
kF
∂T F

∂xj

)
=0 (3.1)

RTS

=− ∂

∂xj

[
kS
∂T S

∂xj

]
=0 (3.2)

όπου kF= ρFcpαeff = ρFcp

(
ν
Pr

+ νt
Prt

)
και kS είναι οι συντελεστές ϑερµικής αγωγι-

µότητας του ϱευστού και στερεού, ρF η πυκνότητα του ϱευστού, cp ο συντελεστής
µεταφοράς ϑερµότητας υπό σταθερή πίεση, Pr και Prt οι αριθµοί Prandtl για στρω-
τές και τυρβώδεις ϱοές. Επιπλέον, ορίζονται οι συντελεστές ϑερµικής διάχυσης για
στρωτές και τυρβώδεις ϱοές α, αt µε αeff , µε αeff =α+αt, α=ν/Pr, αt=νt/Prt.

Σε κάθε σηµείο στη διεπιφάνεια ϱευστού-στερεού (Fluid-Solid Interface, FSI),
S
F

και S
S
, επιβάλλονται συνθήκες διατήρησης της ϑερµορροής και ισότητας της

9
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ϑερµοκρασίας, ως εξής

T S
∣∣
SS

=T F
∣∣
SF

(3.3)

kS
∂T S

∂n

∣∣∣∣
S
S
= −kF ∂T

F

∂n

∣∣∣∣
S
F

(3.4)

Λεπτοµερής αναφορά στις υπόλοιπες οριακές συνθήκες γίνεται στο πλήρες κείµενο
της διατριβής.

3.2 Η Συνεχής Συζυγής Μέθοδος για Προβλήµατα CHT

Μετά από µαθηµατική ανάπτυξη προκύπτουν οι συζυγείς εξισώσεις µεταφοράς ϑερ-
µότητας του ϱευστού και του στερεού

RTa
F =−∂(vjT

F
a )

∂xj
− ∂

∂xj

(
αeff

∂T Fa
∂xj

)
+jF,TΩ =0 (3.5)

RTS
a =− ∂

∂xj

(
kS
∂T Sa
∂xj

)
+ jS,TΩ =0 (3.6)

όπου T Fa , T Sa τα πεδία των συζυγών ϑερµοκρασιών. Επιπλέον όροι προκύπτουν από
τη διαφόριση της εξ. 3.1 στο αριστερό µέλος των συζυγών εξισώσεων ορµής εξ. 2.3βʹ
και της συζυγούς εξίσωσης του µοντέλου τύρβης εξ. 2.3γʹ. Οι συζυγείς οριακές
συνθήκες στο FSI είναι οι εξής

T Fa
∣∣
S
F =T Sa

∣∣
S
S (3.7αʹ)(

kF
∂T Fa
∂n

+
∂jFSi

∂T F
ni+j

F,T
S

) ∣∣∣∣
S
F

=−

(
kS
∂T Sa
∂nS

+
∂jSS,i
∂T S

nSi +jS,TS

)∣∣∣∣
S
S

(3.7βʹ)

ενώ λεπτοµερής αναφορά στις υπόλοιπες οριακές συνθήκες γίνεται στο πλήρες κε-
ίµενο της διατριβής. Οι παράγωγοι των συζυγών διατυπώσεων FI και E-SI για προ-
ϐλήµατα µόνο ϱοής επεκτείνονται στα προβλήµατα CHT ως εξής

δJ

δbn

∣∣∣∣
FI

=
δJ

δbn

∣∣∣∣
FI,inco

+

∫
ΩS

[
−kS ∂T

S
a

∂xj

∂T S

∂xk
+T Sa

∂

∂xk

(
kS
∂T S

∂xj

)]
∂

∂xj

(
δxk
δbn

)
dΩ

+

∫
ΩF

ρF cp

[
−T Fa vj

∂T F

∂xk
−T Fa vivjT Fa

∂vi
∂xk
−αeff

∂T Fa
∂xj

∂T F

∂xk

+T Fa
∂

∂xk

(
αeff

∂T F

∂xj

)]
∂

∂xj

(
δxk
δbn

)
dΩ+

∫
S
F
p ∪SF

W,Fl,p

kFT Fa
∂T F

∂xj

δnj
δbn

dS
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+

∫
S
S
p∪SS

W,Flp
∪SS

CHp

kST Sa
∂T S

∂xj

δnj
δbn

dS (3.8)

και

δJ

δbn

∣∣∣∣
ESI

=
δJ

δbn

∣∣∣∣
ESI,inco

+

∫
SF
WP

ρF cp

[
−αeff

∂T Fa
∂xj

∂T F

∂xk
+T Fa

∂

∂xk

(
αeff

∂T F

∂xj

)
δxk
δbn

dS

+

∫
SS
Wp

{[
−kS ∂T

S
a

∂xj

∂T S

∂xk
+T Sa

∂

∂xk

(
kS
∂T S

∂xj

)
+jS,gSi,k

]
nj+

(
jSΩ+jS,gΩ

)
nk

}
δxk
δbn

dS

−
∫
SF
Wp

[(
∂jFSWp,k

∂τlm
nk(t

II
l t

I
m + tIl t

II
m)

)
τij
δ(tIIi t

I
j )

δbn

]
dS+

∫
S
F
p ∪SF

W,Fl,p

kFT Fa
∂T F

∂xj

δnj
δbn

dS

+

∫
S
S
p∪SS

W,Flp
∪SS

CHp

kST Sa
∂T S

∂xj

δnj
δbn

dS+

∫
SS
Wp

jSS,i
δ (nidS)

δbn
−
∫
SS

∂mS,a
i

∂n

δxi
δbn

dS (3.9)

όπου οι όροι δJ
δbn

∣∣
FI,inco

και δJ
δbn

∣∣
ESI,inco

δίνονται από τις εξ. 3.8 και 2.7 αντίστοιχα. Τα
πεδία των συζυγών µετατοπίσεων υπολογίζονται επιλύοντας τις ακόλουθες εξισώσεις

∂2mF,a
k

∂xj2
=

∂

∂xj

[
− uivj

∂vi
∂xk
−uj

∂p

∂xk
−τaij

∂vi
∂xk

+ui
∂τij
∂xk

+q
∂vj
∂xk

+Θjk−ρF cpT Fa vj
∂T F

∂xk

−ρFT Fa vivjT Fa
∂vi
∂xk
−ρFαeffcp

∂T Fa
∂xj

∂T F

∂xk
+T Fa

∂

∂xk

(
ρFαeffcp

∂T F

∂xj

)]
− ∂j

F
Ω

∂xk
(3.10αʹ)

∂2mS,a
k

∂xj2
=

∂

∂xj

[
−kS ∂T

S
a

∂xj

∂T S

∂xk
+T Sa

∂

∂xk

(
kS
∂T S

∂xj

)]
−
∂
(
jSΩ+jS,gΩ

)
∂xk

(3.10βʹ)

Στη διατύπωση E-SI, τα επιφανειακά ολοκληρώµατα που περιλαµβάνουν το πεδίο
της συζυγούς µετατόπισης πλέγµατος παραλείπονται.

3.3 Εφαρµογές

Στο Πρόβληµα 3, σχ. 3.1, γίνεται µελέτη για µια περίπτωση CHT µε τυρβώδη ϱοή
(Re = 104, y+ < 0.018). Στην είσοδο, T F = 291.2 K και στα στερεά όρια που
δεν ανήκουν στο FSI, T S = 300 K. Επίσης, cp = 4181 J/kg/K, Pr = 0.1 και
kS = 60 J/K/m/sec. Υπολογίζονται παράγωγοι της συνάρτησης JpenT που δίνεται
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(αʹ) Γεωµετρία και παραµετροποίηση
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Σχήµα 3.1: Πρόβληµα 3: (α) Το κόκκινο τµήµα του FSI παραµετροποιείται από 12
σηµεία ελέγχου. (ϐ) Παράγωγοι της JpenT υπολογισµένες από τις διατυπώσεις FI, E-SI
και (Severed) SI συγκρίνονται µε FDs.

από τη σχέση

JpenT =

∫
ΩS

jpenT∫
ΩSdΩ

dΩ, jpenT =

{[
1− 1

1+ek2(T
S−Tcrit)+k1

]
, if T S ≤ Tcrit

α
(
T S − Tcrit

)
+ β , if T S > Tcrit

(3.11)

µε Tsafe=297 K, Tcrit=300 K, ως προς τις x και y συντεταγµένες σηµείων ελέγχου
NURBS στο σχ. 3.1αʹ, µε τις διατυπώσεις FI, E-SI και (Severed) SI και συγκρίνο-
νται µε FDs. Περισσότερες λεπτοµέρειες για τη συνάρτηση JpenT ϐρίσκονται στο
πλήρες κείµενο της διατριβής. ΄Οπως ϕαίνεται στο σχ. 3.1, οι διατυπώσεις FI και
E-SI υπολογίζουν ακριβείς παραγώγους, σε αντίθεση µε την SI.

Για την ίδια γεωµετρία αλλά συνάρτηση-στόχο τη µέση ϑερµοκρασία του στερεού

JmeanT =

∫
ΩST

SdΩ

V S
(3.12)

υπολογίζονται παράγωγοι µε τις διατυπώσεις FI, (Severed) SI και E-SI, σχ. 3.2. Και
σε αυτήν την περίπτωση, ϕαίνονται τα πλεονεκτήµατα από τη χρήση της διατύπωσης
E-SI, η οποία µε κόστος ίσο µε το 2, 67 % της FI (υπολογισµοί σε 4 επεξεργαστές
τύπου Intel(R) Xeon(R) CPU E5-2630 v2 @ 2.60GHz) υπολογίζει εξίσου ακριβείς
παραγώγους. Αντίθετα, η διατύπωση SI οδηγεί σε παραγώγους αντίθετου προσήµου
και µέτρου που διαφέρει κατά µια τάξη µεγέθους. Τα αποτελέσµατα αυτά έρχονται
σε πλήρη συµφωνία µε αυτά που παρουσιάστηκαν στο κεφάλαιο 2 και στο [29, 27]
για προβλήµατα µόνο ϱοής. Επιπλέον, στο σχ. 3.2 ϕαίνεται ότι είτε η παραδοχή
της ‘παγωµένης τύρβης’ είτε η επίλυση των εξισώσεων του συζυγούς µοντέλου τύρ-
ϐης χωρίς ωστόσο να έχουν ληφθεί υπόψη οι συνεισφορές από την παραγώγιση της
ενεργειακής εξίσωσης στο ϱευστό έχουν σχεδόν την ίδια επίδραση στην ακρίβεια των
παραγώγων.
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Σχήµα 3.2: Αριστερά: Παράγωγοι της JmeanT υπολογισµένες µε τις διατυπώσεις FI, E-SI
και (Severed) SI συγκρίνονται µε FDs. ∆εξιά : Επίδραση της παραδοχής της ‘παγωµένης
τύρβης’ (Fr. Turb.) και της χρήσης του συζυγούς µοντέλου τύρβης στις E-SI παραγώγους
χωρίς να ληφθούν υπόψη οι συνεισφορές από την παραγώγιση της ενεργειακής εξίσωσης
(Fr. En. Turb.).
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Σχήµα 3.3: Βελτιστοποίηση 2∆ πτερυγίου σταθερής πτερύγωσης στροβίλου. (α) και (ϐ)
Σύγκριση αρχικής (µπλε) και ϐελτιστοποιηµένης (κόκκινο) γεωµετρίας. (γ) Πεδίο δια-
ϕοράς ϑερµοκρασίας ανάµεσα σε αρχική και ϐελτιστοποιηµένη γεωµετρία, σχεδιασµένο
στη ϐελτιστοποιηµένη γεωµετρία. (δ) Πορεία σύγκλισης ϐελτιστοποίησης.

Στο CHT πρόβληµα του σχ. 3.3 γίνεται ελαχιστοποίηση της JmeanT σε 2∆ πτερύγιο
σταθερής πτερύγωσης στροβίλου, στο οποίο υπάρχουν 10 οπές εσωτερικής ψύξης (για
το ψυκτικό µέσο hcoolant = 2000 J/m2/sec/K και Tcool = 432 K). Η ϱοή γύρω από
το πτερύγιο είναι τυρβώδης (Re= 53000, y+ < 0.15). Μεταβλητές σχεδιασµού είναι
οι συντεταγµένες 62 σηµείων ελέγχου NURBS που παραµετροποιούν το σχήµα του
πτερυγίου και οι ϑέσεις των οπών ψύξης. Μετά από 8 κύκλους ψύξης, η µέση ϑερµο-
κρασία έχει ελαττωθεί κατά 2.7 K, σχ. 3.3δʹ. ΄Οπως ϕαίνεται στο σχ. 3.3βʹ, κατά την
ελαχιστοποίηση της JmeanT , µειώθηκε η T S σε κάθε σηµείο του στερεού, σχ. 3.3γʹ,
µειώνοντας της απόσταση µεταξύ των οπών ψύξης και του εξωτερικού τοιχώµατος του
πτερυγίου κοντά στην ακµή προσβολής και κοντά στην ακµή εκφυγής. Περισσότε-
ϱες λεπτοµέρειες για αυτό το πρόβληµα και άλλες εφαρµογές παρουσιάζονται στο
πλήρες κείµενο της διατριβής.



Κεφάλαιο 4

3∆ Προβλήµατα Βελτιστοποίησης Μορφής
CHT

4.1 Αγωγός Ψύξης Σχήµατος U

Σε αυτήν την εφαρµογή γίνεται η ϐελτιστοποίηση της ψύξης για το σύστηµα εσωτερι-
κής ψύξης που ϕαίνεται στο σχ. 4.1αʹ. Στα τοιχώµατα του στερεού που δεν είναι FSI,
T S = 500 K, η ϱοή µέσα στον αγωγό είναι τυρβώδης (Re = 84000 υπολογισµένος
µε ϐάση την υδραυλική διάµετρο, µέσο y+ =0.77), µε ταχύτητα στην είσοδο µέτρου
16.8m/s και ϑερµοκρασία στην είσοδο T F

∣∣
SF
I

= 288 K. Επίσης, cp = 4181 J/K/kg,
Pr=0.1, Prt = 1 και kS =60 J/K/m/s.

Πραγµατοποιούνται δύο ϐελτιστοποιήσεις. Στη Βελτιστοποίηση 1, σκοπός είναι η
ελαχιστοποίηση των υψηλότερων ϑερµοκρασιών που αναπτύσσονται στο στερεό. Αυτό
επιτυγχάνεται µέσω της ελαχιστοποίησης της συνάρτησης-στόχου JpenT , εξ. 3.11,
όπου Tsafe = 360 K και Tcrit = 395 K. Στη Βελτιστοποίηση 2, στόχος είναι η
µεγιστοποίηση της ϑερµορροής προς το ϱευστό, η οποία δίνεται από τη σχέση

JHF =

∫
S
F
kF
∂T F

∂n
dS (4.1)

Η παραµετροποίηση ϕαίνεται στο σχ. 4.1αʹ, όπου οι x, y, και z συντεταγµένες των
κόκκινων σηµείων ελέγχου ογκοµετρικών B-Splines είναι οι µεταβλητές σχεδιασµού.
Στο τέλος της Βελτιστοποίησης 1, η JpenT έχει µειωθεί κατά 2.7 % και στο τέλος της
Βελτιστοποίησης 2, η JHF έχει αυξηθεί κατά 7.5 %. Οι ϐελτιστοποιηµένες γεωµετρίες
συγκρίνονται στο σχ. 4.1. Και στις δύο περιπτώσεις, στη στροφή του αγωγού µειώνε-
ται η διατοµή του, ώστε να αυξηθεί η ταχύτητα και η συναγωγή της ϑερµοκρασίας,
ϐελτιώνοντας µε αυτόν τον τρόπο την ψύξη του στερεού.

14
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(αʹ) Παραµετροποίηση (ϐʹ) Βελτιστοποίηση 1 (γʹ) Βελτιστοποίηση 2

Σχήµα 4.1: Βελτιστοποίηση ψυκτικού καναλιού σχήµατος U:(α) Παραµετροποίηση µε
πλέγµα 11 × 20 × 9 σηµείων ελέγχου ογκοµετρικών B-Splines. (ϐ) και (γ) Συνολική
µετατόπιση του FSI για τις Βελτιστοποιήσεις 1 (ϐ) και 2 (γ).

4.2 Κυλινδροκεφαλή Μηχανής Καύσης Αυτοκινήτου

Σε αυτό το πρόβληµα διερευνάται η σχέση ανάµεσα στην ελαχιστοποίηση της µέγι-
στης ϑερµοκρασίας της κυλινδροκεφαλής µηχανής εσωτερικής καύσης (Βελτιστο-
ποίηση 1, ελάχιστη τιµή της εξ. 3.11 µε Tsafe = 410 K και Tcrit = 480 K) και της
ελαχιστοποίησης των απωλειών ολικής πίεσης Jpt, εξ. 2.9, (Βελτιστοποίηση 2) στο
ψυκτικό ϱευστό. Η γεωµετρία και η παραµετροποίηση παρουσιάζονται στο σχ. 4.2.
Το εξωτερικό όριο της µηχανής είναι αδιαβατικό, οι κεφαλές των κυλίνδρων, οι αγω-
γοί εισαγωγής και εξαγωγής αέρα και καυσαερίων από τους κυλίνδρους παρέχουν
σταθερή ϑερµορροή διαφορετικού µέτρου. Η ϱοή του ψυκτικού είναι τυρβώδης
(Re= 34000), cp = 3554 J/kg/K, kS = 168 J/m/sec/K. Για κάθε συνάρτηση-στόχο
πραγµατοποιείται µια ξεχωριστή ϐελτιστοποίηση µε µεταβλητές σχεδιασµού τις x, y,
z συντεταγµένες των σηµείων ελέγχου που ϕαίνονται στο σχ. 4.2.

Στο τέλος της Βελτιστοποίησης 1, η JpenT µειώθηκε κατά 15.9% και αν και δεν
τέθηκε ως στόχος η Jpt, µειώθηκε και αυτή κατά 1.5%. Στη Βελτιστοποίηση 2, η Jpt

µειώθηκε κατά 5.6% και η JpenT επίσης ελαττώθηκε κατά 0.8%, παρότι δεν τέθηκε ως
στόχος. Φαίνεται ότι δεν υπάρχει σχεδιασµός της κυλινδροκεφαλής που να οδηγεί
ταυτόχρονα στο ελάχιστο των JpenT και Jpt. Από το σχ. 4.3 παρατηρείται ότι για
την ελαχιστοποίηση των µέγιστων ϑερµοκρασιών στο στερεό οι 5 κάθετοι αγωγοί
ψύξης µετακινούνται προς τα κάτω, ώστε να ϐρίσκονται πιο κοντά στις κεφαλές των
κυλίνδρων και να απάγουν περισσότερη ϑερµότητα. Για την ελαχιστοποίηση των
απωλειών ολικής πίεσης, οι µεγαλύτερες αλλαγές παρατηρούνται στα σηµεία ένωσης
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(αʹ) (ϐʹ)
(γʹ)

Σχήµα 4.2: Βελτιστοποίηση κυλινδροκεφαλής : (α) και (ϐ) Γεωµετρία. (γ) Παραµετρο-
ποίηση: Πλέγµα ελέγχου αποτελούµενο από 4 × 4 × 6 σηµεία ελέγχου ογκοµετρικών
B-Splines. Τα µπλε παραµένουν ακίνητα ενώ τα κόκκινα είναι ελεύθερα να µετακινη-
ϑούν.

(αʹ) Βελτιστοποίηση 1

(ϐʹ) Βελτιστοποίηση 2

Σχήµα 4.3: Βελτιστοποίηση κυλινδροκεφαλής : ΄Οψη από µπροστά (αριστερά) και πίσω
(δεξιά) των ϐελτιστοποιηµένων καναλιών ψύξης µαζί µε το πεδίο της συνολικής µετα-
τόπισης, η οποία είναι προβεβληµένη στη κάθετη ως προς την επιφάνεια διεύθυνση. Οι
χρωµατισµένες µε µπλε και κόκκινο περιοχές υποδηλώνουν µετακίνηση προς τα µέσα
και προς τα έξω ως προς το χωρίο του ϱευστού αντίστοιχα.

των πέντε κάθετων αγωγών και του πάνω οριζόντιου αγωγού.



Κεφάλαιο 5

Επίδραση του Είδους του Μοντέλου
Μετατόπισης Πλέγµατος στις Παραγώγους
για τη Βελτιστοποίηση Μορφής

Η µετατόπιση του πλέγµατος έχει ϕανεί ότι είναι σηµαντικό να λαµβάνεται υπόψη
προκειµένου να υπολογίζονται ακριβείς παράγωγοι, τόσο στη συνεχή [29, 19] όσο
και τη διακριτή [49] συζυγή µέθοδο. Σε αυτό το κεφάλαιο το ενδιαφέρον εστιάζεται
στο αν το είδος του µοντέλου µετατόπισης πλέγµατος (Grid Displacement Model,
GDM) επιδρά στην ακρίβεια των παραγώγων. Προκειµένου να εξασφαλιστεί η γε-
νικότητα των αποτελεσµάτων, γίνεται µελέτη σε προβλήµατα διαφορετικής ϕυσικής,
συγκεκριµένα σε εξωτερικής, εσωτερικής αεροδυναµικής και CHT. Χρησιµοποιο-
ύνται τέσσερα διαφορετικά µοντέλα µετατόπισης, εξ. Laplace [25], Γράφοι Delaunay
[32], ογκοµετρικές B-Splines [41] και η µέθοδος Inverse Distance Weighting (I-
DW) [35]. Λεπτοµέρειες για καθένα από αυτά παρατίθενται στο πλήρες κείµενο της
διατριβής. Η διερεύνηση σε αυτό το κεφάλαιο γίνεται σε τέσσερα ϐήµατα:

1. Υπολογίζονται παράγωγοι αναφοράς µε FDs για τα διαφορετικά GDMs.

2. Υπολογίζονται παράγωγοι µε τη συζυγή διατύπωση E-SI, στην οποία αναπτύσ-
σονται συζυγείς εξισώσεις ως προς το GDM, κάνοντας την υπόθεση ότι αυτό
ϐασίζεται σε επίλυση εξισώσεων Laplace.

3. Γίνεται ανάλυση των όρων που αποτελούν τις παραγώγους που υπολογίζονται
από τη διατύπωση FI. Σε αυτές το είδος του GDM λαµβάνεται υπόψη µέσω
των παραγώγων ευαισθησίας πλέγµατος που περιέχονται µέσα σε χωρικά ολο-
κληρώµατα. Μέσω αυτού του ϐήµατος δικαιολογούνται τα ευρήµατα των δύο
παραπάνω ϐηµάτων.

4. ∆ιερευνάται η επίπτωση από τη χρήση διαφορετικών GDMs για τη µετατόπιση
πλέγµατος και τον υπολογισµό συζυγών παραγώγων στα αποτελέσµατα της
ϐελτιστοποίησης µορφής.

17
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Σχήµα 5.1: Σύγκριση FDs για διαφορετικά GDMs στα προβλήµατα Προβλήµατα 1-3.

5.1 Σύγκριση Παραγώγων για ∆ιαφορετικά GDMs

Στο σχ. 5.1 διαπιστώνεται ότι παράγωγοι που υπολογίζονται µε FDs για διαφορετικά
GDMs στα Προβλήµατα 1-3 έχουν µεταξύ του αµελητέες διαφορές.

Στα κεφάλαια 2 και 3 πιστοποιήθηκε η ακρίβεια των παραγώγων που υπολογίζο-
νται µε τις διατυπώσεις E-SI και FI. Εφόσον οι παράγωγοι µε FDs δεν διαφέρουν
για τα διαφορετικά GDMs, αυτό σηµαίνει ότι το είδος του GDM δεν επιδρά στην
ακρίβεια των παραγώγων. Εποµένως, η διατύπωση E-SI, στην οποία γίνεται η πα-
ϱαδοχή ότι εξισώσεις Laplace διέπουν τη µετατόπιση του πλέγµατος, δεν χρειάζεται
να αναπτυχθεί εκ νέου για κάθε διαφορετικό GDM. Στο πλήρες κείµενο της δια-
τριβής παρατίθενται περισσότερες συγκρίσεις παραγώγων που υπολογίζονται µε τη
διατύπωση FI και FDs για διαφορετικά GDMs.

Προκειµένου να διερευνηθούν οι λόγοι για τους οποίους το είδος του GDM δεν
επιδρά στις παραγώγους, γίνεται όρο-προς-όρο ανάλυση των παραγώγων που υπολο-
γίζονται από τη διατύπωση FI, παρά το υψηλότερο κόστος σε σχέση µε τη διατύπωση
E-SI, γιατί δεν γίνεται η παραδοχή ότι εξισώσεις Laplace διέπουν τη µετατόπιση του
πλέγµατος. Αντιθέτως, οι παράγωγοι της διατύπωσης FI, που δίνονται συνοπτικά
από τη σχέση

δJ

δbn

∣∣∣∣
FI

=

∫
Ω

F ∂

∂xj

(
δxk
δbn

)
dΩ︸ ︷︷ ︸

W

+

∫
S

· · · dS (5.1)

εξαρτώνται από το είδος του GDM, γιατί περιλαµβάνουν χωρικά ολοκληρώµατα (όρος
W ) τα οποία περιέχουν τις παραγώγους ευαισθησίας πλέγµατος. Στην παραπάνω
σχέση, ο όρος F εξαρτάται από τα πρωτεύοντα και συζυγή ϱοϊκά µεγέθη και το επι-
ϕανειακό ολοκλήρωµα στο δεξί µέλος της σχέσης δεν επηρεάζεται από το είδος του
GDM. Η ανάλυση εστιάζει στον όρο W και παρουσιάζεται ενδεικτικά για το Πρόβλη-
µα 2, µε τα υπόλοιπα δύο προβλήµατα να αναλύονται µε µεγάλη λεπτοµέρεια στο
πλήρες κείµενο. Στο σχ. 5.2 ϕαίνεται ότι ενώ κοντά στον τοίχο οι παράγωγοι ευαι-
σθησίας πλέγµατος διαφέρουν ελάχιστα, µακριά από αυτόν οι διαφορές αυξάνονται.
Ωστόσο, µόνο κοντά στον τοίχο το µέτρο του F είναι µεγάλο, ενώ αυξάνοντας της
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Σχήµα 5.2: Αριστερά: Μέτρο του δx/δbn υπολογισµένο µε ϐάση το Laplace GDM για
το 5ο σηµείο ελέγχου. Κέντρο : ∆ιαφορά των µέτρων του δx/δbn υπολογισµένο για τα
Laplace και VBS GDMs, αδιαστοποιηµένο µε τη µέγιστη τιµή του µέτρου του δx/δbn
του τοιχώµατος. ∆εξιά : Μέτρο του F .
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Σχήµα 5.3: Αριστερά: Πορεία σύγκλισης της Jpt, λαµβάνοντας υπόψη διαφορετικά
GDMs για τον υπολογισµό παραγώγων, ενώ η µετατόπιση πλέγµατος γίνεται µε χρήση
ογκοµετρικών B-Splines. Αντίστοιχα σχήµατα για άλλα µοντέλα µετατόπισης ϐρίσκονται
στο πλήρες κείµενο της διατριβής. ∆εξιά : Βελτιστοποιηµένες γεωµετρίες. Το πρώτο
συνθετικό δηλώνει το GDM που χρησιµοποιήθηκε για τον υπολογισµό των παραγώγων
και το 2ο το GDM για τη µετατόπιση του πλέγµατος.

απόσταση από τον τοίχο το µέτρο του F µειώνεται. Συνεπώς, οι διαφορές ανάµε-
σα στις παραγώγους ευαισθησίας πλέγµατος µακριά από τον τοίχο δεν οδηγούν σε
διαφορετικές παραγώγους, επειδή εκεί µηδενίζεται ο όρος F που πολλαπλασιάζει
τα διαφορετικού µέτρου δxk/δbn. Περισσότερες συγκρίσεις και λεπτοµέρειες στο
πλήρες κείµενο της διατριβής.

5.2 Επίδραση του είδους του GDM στη Βελτιστοποίηση

Ενδεικτικά για το Πρόβληµα 2 πραγµατοποιούνται ϐελτιστοποιήσεις µε διαφορετικά
GDMs για τον υπολογισµό των παραγώγων και τη µετατόπιση πλέγµατος. Χρησιµο-
ποιείται η µέθοδος damped BFGS για την ανανέωση των µεταβλητών σχεδιασµού,
µιας και η µέθοδος αυτή σε σύγκριση µε άλλες είναι πιο ευαίσθητη στην ακρίβεια των
παραγώγων [45]. Στο σχ. 5.3 διαπιστώνεται η απουσία διαφορών τόσο στην πορεία
σύγκλισης της Jpt όσο και στις ϐελτιστοποιηµένες γεωµετρίες.



Κεφάλαιο 6

Η Συζυγής Μέθοδος για τον Υπολογισµό
Μετώπου Pareto στη Βελτιστοποίηση
Μορφής

Σε αυτό το κεφάλαιο γίνεται χρήση της συνεχούς συζυγούς µεθόδου για την αντιµε-
τώπιση προβληµάτων ϐελτιστοποίησης αντικρουόµενων στόχων και τον υπολογισµού
του µετώπου µη κυριαρχούµενων λύσεων (µέτωπο Pareto). Αναπτύσσονται παραλ-
λαγές αλγορίθµου πρόβλεψης-διόρθωσης ϐασιζόµενου στην κλίση της συνάρτησης-
στόχου, ο οποίος παρουσιάστηκε για πρώτη ϕορά στο [47] και διερευνήθηκε πε-
ϱαιτέρω στο [26]. Χαρακτηριστικό του αλγορίθµου είναι ο έλεγχος της απόστασης
µεταξύ των σηµείων του µετώπου Pareto (Pareto Point, PP). Η µετάβαση σε επόµε-
νο PP ξεκινά από ένα ήδη υπολογισµένο PP. Για όλες τις συναρτήσεις-στόχους πλην
µίας, τίθενται τιµές ως στόχοι που αντιστοιχούν στο επόµενο PP, διαµορφώνοντας έτσι
περιορισµούς ισότητας. Στη συνέχεια, επιλύεται πρόβληµα ϐελτιστοποίησης µε πε-
ϱιορισµούς για τη µετάβαση στο επόµενο PP. Εφόσον εντοπιστεί το νέο PP, οι στόχοι
στους περιορισµούς ισότητας ανανεώνονται και ξεκινά η µετάβαση στο επόµενο PP.
Για προβλήµατα δύο στόχων J1 και J2 και ενός γεωµετρικού περιορισµού cg ορίζεται
η συνάρτηση Lagrangian ως

L
(
bn, λ1, λ2, Ĵ2

)
=J1 (bn)−λ1cf

(
bn, Ĵ2

)
−λ2cg (bn) (6.1)

όπου cf =J2−Ĵ2, µε Ĵ2 να είναι η τιµή στόχος που αντιστοιχεί στη J2 για το επόµενο
PP και λ1, λ2 είναι πολλαπλασιαστές Lagrange. Στο ϐήµα πρόβλεψης, που χρησι-
µοποιείται για να µειωθεί το κόστος υπολογισµό του µετώπου Pareto, επιλύεται το
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παρακάτω σύστηµα εξισώσεων

 H − δcf
δb

T
− δcg

δb

T

δcf
δb

0 0
δcg
δb

0 0


old


δb

δĴ2

δλ1
δĴ2

δλ2
δĴ2

=

 0

1

0

 (6.2)

µε τα b καιλ να ανανεώνονται µέσω των σχέσεων bnew=bold+α δb

δĴ2

(
Ĵ2

new
−Ĵ2

old
)
, λnew=

λold+ δλ

δĴ2

(
Ĵ2

new
−Ĵ2

old
)
. Στις παραπάνω σχέσεις, οι δείκτες old και new δηλώνουν

το τρέχον και νέο PP, αντίστοιχα. Επίσης, H είναι το Εσσιανό Μητρώο της L ως
προς τα b και α ο πολλαπλασιαστής του ∆b. Στο ϐήµα διόρθωσης χρησιµοποιείται
η µέθοδος SQP, στην οποία επιλύεται το σύστηµα

 H − δcf
δb

T
− δcg

δb

T

δcf
δb

0 0
δcg
δb

0 0


old


∆b

∆λ1

∆λ2

=−


δL
δb

cf

cg


old

(6.3)

προκειµένου να ανανεωθούν τα b και λ ως bnew = bold+α∆b, λnew= λold+∆λ.
Σε αυτήν τη διατριβή, αναπτύσσονται τρεις παραλλαγές της µεθόδου πρόβλεψης-
διόρθωσης, στις οποίες κοινό στοιχείο είναι η αποφυγή του υπολογισµού του ακρι-
ϐούς Εσσιανού, λόγω του υψηλού υπολογιστικού κόστους :

1. Στην Παραλλαγή 1 (Variant 1) το σύστηµα του ϐήµατος πρόβλεψης επιλύε-
ται µε χρήση της µεθόδου GMRES [46], στην οποία τα απαραίτητα γινόµενα
Εσσιανού-διανύσµατος υπολογίζονται µε εφαρµογή της µεθόδου ευθείας δια-
ϕόρισης στις πρωτεύουσες και συζυγείς εξισώσεις [15, 39]. Περισσότερες λεπτο-
µέρειες παρατίθενται στο πλήρες κείµενο της διατριβής. Στο ϐήµα διόρθωσης,
το Εσσιανό προσεγγίζεται µε τη µέθοδο damped BFGS (DBFGS) [38].

2. Στην Παραλλαγή 2 (Variant 2) η διαφορά µε την Παραλλαγή 1 είναι ότι το
Εσσιανό µητρώο στο αριστερό µέλος του συστήµατος πρόβλεψης προσεγγίζεται
µε τη µέθοδο DBFGS.

3. Στην Παραλλαγή 3 (Variant 2) το ϐήµα πρόβλεψης παραλείπεται και η ανανέω-
ση των b, λ γίνεται µέσω της µεθόδου SQP. Με αυτόν τον τρόπο διερευνάται
αν επιβραδύνεται ο υπολογισµός του µετώπου Pareto, παραλείποντας το ϐήµα
πρόβλεψης.

Περισσότερες λεπτοµέρειες για τις τρεις παραλλαγές παρατίθενται στο πλήρες κείµε-
νο της διατριβής.
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6.1 Εφαρµογή στην Αεροτοµή NACA4412

Οι τρεις παραλλαγές της µεθόδου πρόβλεψης-διόρθωσης συγκρίνονται µεταξύ τους
κατά τον υπολογισµό του µετώπου Pareto στην αεροτοµή NACA4412. Αντικρουόµε-
νοι στόχοι είναι η ελαχιστοποίηση της αεροδυναµικής αντίστασης και η µεγιστοπο-
ίηση της άνωσης, µε περιορισµό σταθερού εµβαδού που περικλείει η αεροτοµή. Ο
αριθµός Reynolds της ϱοής είναι Re= 1000 και η γωνία της επ΄ άπειρον ϱοής είναι
α∞=10. Κάθε ϕορά που εντοπίζεται ένα νέο PP, η τιµή του Ĵ2 αλλάζει κατά 30%. Πε-
ϱισσότερες πληροφορίες παρατίθενται στο πλήρες κείµενο της διατριβής. Στο σχ. 6.1
παρουσιάζονται η παραµετροποίηση, η ϐελτιστοποίηση για το 1ο PP, στην οποία ελα-
χιστοποιήθηκε η αεροδυναµική αντίσταση µε περιορισµό στην επιφάνεια που περι-
κλείει η αεροτοµή και το µέτωπο Pareto. Η Παραλλαγή 2 ήταν αυτή µε το µικρότερο
κόστος (50 EFS), ενώ η Παραλλαγή 1 είχε το υψηλότερο (71 EFS), λόγω της επίλυ-
σης επιπλέον εξισώσεων για τον υπολογισµό των γινοµένων Εσσιανού-διανύσµατος.
Η Παραλλαγή 3 (61 EFS) είχε υψηλότερο κόστος από την 2, κάτι που δείχνει πώς
το ϐήµα πρόβλεψης όντως µειώνει το κόστος υπολογισµού του µετώπου Pareto. Στο
πλήρες κείµενο της διατριβής η µελέτη αυτή επαναλαµβάνεται για την αεροτοµή
NACA0012. Επιπλέον, περιλαµβάνονται περισσότερες λεπτοµέρειες όσον αφορά στη
σύγκριση των τριών παραλλαγών. Τέλος, η Παραλλαγή 2, αυτή µε το µικρότερο
υπολογιστικό κόστος, ϕαίνεται ότι έχει χαµηλότερο κόστος και από τον υπολογισµό
του µετώπου Pareto µε χρήση χρήση ϐαρών για τις αντικρουόµενες συναρτήσεις-
στόχους, όπως ϕαίνεται από διερευνήσεις που παρουσιάζονται στο πλήρες κείµενο
της διατριβής.
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Σχήµα 6.1: Αριστερά: Παραµετροποίηση ϐασισµένη στις ογκοµετρικές B-Splines. Τα
κόκκινα σηµεία ελέγχου είναι ελεύθερα να µετακινηθούν ενώ τα µπλε παραµένουν α-
κίνητα. Κέντρο : Σύγκλιση της ϐελτιστοποίησης για το 1ο PP. ∆εξιά : Μέτωπο Pareto.

6.2 Εφαρµογή σε 3∆ Πρόβληµα CHT

Η Παραλλαγή 2 της µεθόδου πρόβλεψης-διόρθωσης χρησιµοποιείται για τον υπολο-
γισµό του µετώπου Pareto σε ένα 3∆ πρόβληµα CHT που παρουσιάζεται στο σχ. 6.2.
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Σχήµα 6.2: Αριστερά: Υπολογιστικά χωρία που αντιστοιχούν στο ϱευστό (γαλάζιο) και
στερεό (γκρι). Κέντρο : Παραµετροποίηση ϐασισµένη σε ογκοµετρικές B-Splines. Τα
κόκκινα σηµεία ελέγχου µετακινούνται ελεύθερα κατά τη ϐελτιστοποίηση ενώ τα µπλε
παραµένουν ακίνητα. ∆εξιά : Μέτωπο Pareto.
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Σχήµα 6.3: Μέτρο ταχύτητας στο ϱευστό (α-γ) και ϑερµοκρασία στο στερεό (δ-ς), για την
αρχική γεωµετρία (α,δ) και τις γεωµετρίες για ελάχιστες Jpt (ϐ,ε) και JpenT (γ,ς).

Αντικρουόµενοι στόχοι είναι η ελαχιστοποίηση της Jpt, εξ. 2.9, στο ϱευστό που
ϱέει ανάµεσα στα ψυκτικά πτερύγια και η ελαχιστοποίηση της JpenT , εξ. 3.11 µε
Tsafe = 650 K και Tcrit = 730 K, στο στερεό. Η ϱοή είναι τυρβώδης Re= 2.83 × 105,
y+ < 0.6, Pr = 0.7, Prt = 1, cp = 1006J/kg/K και kS = 60J/m/s/K. Στην κάτω
επιφάνεια του στερεού παρέχεται σταθερή ϑερµορροή Q=4800 W/m2, τα πλευρικά
όρια των ΩF και ΩS είναι περιοδικά και το πάνω όριο του ϱευστού είναι αδιαβατικό.

Το 1ο PP υπολογίζεται ελαχιστοποιώντας την Jpt, η οποία µειώνεται κατά ∼ 18%
µέσα σε 12 κύκλους ϐελτιστοποίησης. Το µέτωπο Pareto, που παρουσιάζεται στο
σχ. 6.2, υπολογίστηκε µε κόστος ίσο µε 120 EFS. Για να ελαχιστοποιηθεί η Jpt,
η διατοµή ανάµεσα στα πτερύγια ψύξης αυξήθηκε, µε αποτέλεσµα να ελαττωθεί η
συναγωγή της ϑερµοκρασίας στο ϱευστό και να αυξηθεί συνεπώς η ϑερµοκρασία στο
στερεό. ΄Οπως ϕαίνεται στο σχ. 6.3, το αντίθετο συνέβη ώστε να ελαττωθεί η JpenT .
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Επεµβατική Μέθοδος Αναπτύγµατος
Πολυωνυµικού Χάους για Προβλήµατα CHT
µε Αβεβαιότητες

Σε αυτό το κεφάλαιο, η επεµβατική µέθοδος Αναπτύγµατος Πολυωνυµικού Χάους
(intrusive Polynomial Chaos Expansion, iPCE) αναπτύσσεται σε προβλήµατα CHT
µε αβεβαιότητες, µε σκοπό τον υπολογισµό στατιστικών ϱοπών (Uncertainty Quanti-
fication, UQ) της ποσότητας ενδιαφέροντος (Quantity of Interest, QoI), π.χ. τη µέση
ϑερµοκρασία του στερεού JmeanT , τη ϑερµορροή στο FSI JHF κ.ο.κ. και τη Βελ-
τιστοποίηση µε Αβεβαιότητες (Optimization under Uncertainties, OuU) µε χαµηλό
υπολογιστικό κόστος. Οι µεταβλητές των πρωτευουσών και συζυγών εξισώσεων χωρίς
αβεβαιότητες αναπτύσσονται σε αθροίσµατα ορθογωνίων πολυωνύµων µε άγνωστους
συντελεστές, µέσω της σχέσης

f=
M∑
m=0

fmψm(ξ) (7.1)

όπου f µια οποιαδήποτε συνάρτηση, ξ το διάνυσµα των NUV αβέβαιων µεταβλητών,
που σε αυτήν τη διατριβή είναι ανεξάρτητες µεταξύ τους και ακολουθούν κανονική
κατανοµή. Επίσης, ψm(ξ) είναι τα πολυδιάστατα ορθογώνια πολυώνυµα Hermite,
ενώ

M+1=

(
NUV +Nch

NUV

)
=

(NUV +Nch)!

NUV !Nch!
(7.2)

όπου Nch είναι η τάξη χάους που καθορίζεται από το χρήστη.
Εφαρµόζοντας την εξ. 7.1 στις εξ. 2.1αʹ, 2.1βʹ, 3.1 και 3.2 για NUV = Nch =

2 και χρησιµοποιώντας προβολές Galerkin, προκύπτουν τα iPCE πρωτεύοντα και
συζυγή συστήµατα µε 30 εξισώσεις για 30 άγνωστα πεδία iPCE συντελεστών (για 2∆
προβλήµατα, 36 για 3∆). Ενδεικτικά, οι εξισώσεις του πρωτεύοντος προβλήµατος που

24
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προκύπτουν µετά από προβολές Galerkin στο πολυώνυµο ψ0(ξ)=1 είναι οι εξής

0Rp=−∂vj,0
∂xj

=0 (7.3αʹ)

0Rv
i =vj,0

∂vi,0
∂xj

+vj,1
∂vi,1
∂xj

+vj,2
∂vi,2
∂xj

+vj,3
∂vi,3
∂xj

+2vj,4
∂vi,4
∂xj

+2vj,5
∂vi,5
∂xj

+
∂p0

∂xj

− ∂

∂xj

[
ν

(
∂vi,0
∂xj

+
∂vj,0
∂xi

)]
=0 (7.3βʹ)

0RTF

=ρF cp

[
vj,0

∂T F0
∂xj

+vj,1
∂T F1
∂xj

+vj,2
∂T F2
∂xj

+vj,3
∂T F3
∂xj

+2vj,4
∂T F4
∂xj

+2vj,5
∂T F5
∂xj

]
− ∂

∂xj

(
kF
∂T F0
∂xj

)
=0 (7.3γʹ)

0RTS

=− ∂

∂xj

(
kS
∂T S0
∂xj

)
=0 (7.3δʹ)

Μειονέκτηµα της µεθόδου iPCE είναι ότι κάθε ϕορά που αλλάζουν τα NUV ή/και
Nch, πρέπει να γίνει η µαθηµατική ανάπτυξη των iPCE εξισώσεων και ο προγραµ-
µατισµός τους από την αρχή. Το κόστος επίλυσης των iPCE εξισώσεων είτε για το
πρωτεύον είτε το συζυγές πρόβληµα είναι ίσο µε M = 6 EFS. Οι µαθηµατικές εκ-
ϕράσεις για τη µέση τιµή και η τυπική απόκλιση της QoI δίνονται από την εξίσωση
της ν-ιοστής στατιστικής ϱοπής της J

〈Jν〉=
∫
D
JνW(ξ) dξ (7.4)

ϑέτοντας ν=1 και ν=2, αντίστοιχα.

7.1 Η µη-Επεµβατική Μέθοδος Αναπτύγµατος Πολυωνυµικού

Χάους

Ηµη-επεµβατικήΜέθοδος Αναπτύγµατος Πολυωνυµικού Χάους (non intrusive Poly-
nomial Chaos Expansion, niPCE) χρησιµοποιείται σε αυτήν τη διατριβή για την πι-
στοποίηση της µεθόδου iPCE. Η ϐασική διαφορά µε τη µέθοδο iPCE είναι ότι η εξ. 7.1
εφαρµόζεται στην QoI και όχι στα πρωτεύοντα και συζυγή πεδία. Αποδεικνύεται ότι
η µέση τιµή και η τυπική απόκλιση υπολογίζονται από τις σχέσεις

µJ =J0 (7.5αʹ)
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Σχήµα 7.1: Γεωµετρία και παραµετροποίηση. Τα κόκκινα σηµεία ελέγχου µετακινο-
ύνται ελεύθερα ενώ τα µπλε παραµένουν ακίνητα.

σJ =

√√√√ M∑
m=1

J2
m (7.5βʹ)

Οι συντελεστές Jm υπολογίζονται µέσω της ολοκλήρωσης µε τη µέθοδο Gauss Qua-
drature [31] από τη σχέση

Jm=

NGQ∑
i=1

J
∣∣
z(i)
ψ̃m
(
z(i)
)NUV∏
l=0

w
(i)
l (7.6)

όπου ψ̃m τα ορθοκανονικά πολυδιάστατα πολυώνυµα Hermite, z(i) =
(
z

(i)
1 , ..., z

(i)
NUV

)
, j =

1, ..., NGQ ο i-οστός συνδυασµός των ϱιζών z(i)
l των µονοδιάστατων πολυωνύµων Her-

mite ϐαθµού l ή αλλιώς ο i-οστός κόµβος ολοκλήρωσης Gauss και w(i)
l τα ϐάρη της

ολοκλήρωσης κατά Qauss Quadrature.
Για τον υπολογισµό των Jm απαιτείται η κλήση του λογισµικού επίλυσης των

εξισώσεων CHT χωρίς αβεβαιότητες NGQ = (Nch + 1)NUV ϕορές. Συνεπώς, το κόστος
της µεθόδου niPCE είναι µεγαλύτερο από της µεθόδου iPCE (ίσο µε Μ EFS), µιας
και για Nch =NUV = 2, NGQ = 9 ενώ M = 6. Ωστόσο, το πλεονέκτηµα της µεθόδου
niPCE είναι ότι δεν απαιτείται µαθηµατική ανάπτυξη και προγραµµατισµός νέων
εξισώσεων, όπως στη µέθοδο iPCE.

7.2 Εφαρµογή

Για το CHT πρόβληµα που παρουσιάζεται στο σχ. 7.1 πιστοποιείται η ακρίβεια υπο-
λογισµού της µέσης τιµής και της τυπικής απόκλισης της µέσης ϑερµοκρασίας στο
στερεό JmeanT , εξ. 3.12, καθώς και των παραγώγων τους, µε τη µέθοδο iPCE. Στη
συνέχεια πραγµατοποιούνται ϐελτιστοποιήσεις. Αβέβαιες µεταβλητές είναι το µέτρο
της ταχύτητας και η ϑερµοκρασία στην είσοδο του ΩF , µε µέση τιµή 1 m/s και
300 K και τυπική απόκλιση 0.1 m/s και 20 K αντίστοιχα. Θερµορροή σταθερού
µέτρου Q = 4800 W/m2 παρέχεται στο ΩS µέσω του κάτω τοιχώµατός του, ενώ τα
υπόλοιπα τοιχώµατα του ΩS και το άνω τοίχωµα του ΩF είναι αδιαβατικά. Επίσης,
cp=1006 J/kg/K, ρF =1.21 kg/m3, Pr=0.7 και kS =60 J/m/s/K.

Στον πίνακα 7.1 ϕαίνεται ότι η µέθοδος iPCE για Nch = 2 χαρακτηρίζεται από
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Σχήµα 7.2: Πιστοποίηση συζυγών παραγώγων της µέσης τιµής (αριστερά) και τυπικής
απόκλισης (δεξιά) της JmeanT µε FDs.

Σχήµα 7.3: Γεωµετρίες για ελαχιστοποιηµένη µέση τιµή (πάνω) και τυπική απόκλιση
(κάτω) της JmeanT . Η αρχική γεωµετρία ϕαίνεται µε µαύρο χρώµα.

υψηλή ακρίβεια όσον αφορά στον υπολογισµό των στατιστικών ϱοπών, ενώ έχει πολύ
µικρότερο κόστος από τς µεθόδους Monte Carlo και niPCE. Στο σχ. 7.2 ϕαίνεται ότι

Μέθοδος Μέση Τιµή Τυπική Απόκλιση EFS
Monte Carlo 770.7 27.88 1000

niPCE 772.1 27.83 9
iPCE 771.5 27.80 6

Πίνακας 7.1: Μέση τιµή και τυπική απόκλιση της JmeanT , υπολογισµένες µε τις µε-
ϑόδους iPCE, niPCE και Monte Carlo και υπολογιστικό κόστος.

η µέθοδος iPCE στις συζυγείς εξισώσεις οδηγεί σε ακριβείς παραγώγους της µέσης
τιµής και τυπικής απόκλισης της JmeanT .

Στο σχ. 7.3 ϕαίνονται τα αποτελέσµατα από δύο διαφορετικές ϐελτιστοποιήσεις,
µία µε στόχο την ελάχιστη µέση τιµή της JmeanT και µια δεύτερη µε στόχο την ε-
λάχιστη τυπική απόκλιση της ίδιας QoI. Στην πρώτη ϐελτιστοποίηση, η µέση τιµή
της JmeanT µειώθηκε κατά 12.6 % και προέκυψε και µείωση στην τιµή της τυπικής
απόκλισης, αν και αυτή δεν τέθηκε ως στόχος, κατά 5.9 %. Στη δεύτερη ϐελτιστο-
ποίηση η τυπική απόκλιση µειώθηκε κατά 7.2 %, ενώ η µέση τιµή µειώθηκε κατά
6.6 %, αν και δεν τέθηκε ως στόχος.
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Σύνοψη-Συµπεράσµατα

Στόχος της διατριβής ήταν να αναπτυχθούν περαιτέρω και να επεκταθούν µέθοδοι
που ϐασίζονται στη συνεχή συζυγή µέθοδο για προβλήµατα µόνο ϱοής και CHT
ενός ή περισσότερων στόχων, µε ή χωρίς αβεβαιότητες. Στα προβλήµατα που µελε-
τήθηκαν οι ϱοές ήταν χρονικά µόνιµες, το ϱευστό ασυµπίεστο και η τύρβη λήφθηκε
υπόψη µέσω του µοντέλου Spalart–Allmaras. Η τεχνογνωσία που αποκτήθηκε α-
πό προβλήµατα µόνο ϱοής για τον υπολογισµό παραγώγων µε ακρίβεια και χαµηλό
κόστος, όπως η διαφόριση της τύρβης [51, 40] και η κατάλληλη διαχείριση των πα-
ϱαγώγων ευαισθησίας πλέγµατος [27] επεκτάθηκαν σε προβλήµατα CHT. Οι µέθοδοι
που αναπτύχθηκαν αρχικά δοκιµάστηκαν/πιστοποιήθηκαν σε 2∆ ακαδηµαϊκά προ-
ϐλήµατα και, στη συνέχεια, εφαρµόστηκαν σε 3∆ εφαρµογές. Το λογισµικό για την
υλοποίηση των αναπτυχθεισών µεθόδων προγραµµατίστηκε στο περιβάλλον ανοιχτού
κώδικα OpenFOAM©.

8.1 Στοιχεία Καινοτοµίας και Σχετικές ∆ηµοσιεύσεις

Συνοπτικά, οι καινοτοµίες τις διατριβής είναι οι εξής :

• Αναπτύχθηκε η συνεχής συζυγής µέθοδος για τη ϐελτιστοποίηση µορφής σε
προβλήµατα CHT. Για πρώτη ϕορά στη ϐιβλιογραφία διαφορίστηκαν για προ-
ϐλήµατα CHT οι εξισώσεις του µοντέλου τύρβης. Επίσης, αναπτύχθηκαν συ-
Ϲυγείς εξισώσεις µετατόπισης πλέγµατος, για το ϱευστό και το στερεό, ώστε να
διαµορφωθεί η συζυγής διατύπωση E-SI σε προβλήµατα CHT.

• ∆ιερευνήθηκε η επίδραση του GDM στις παραγώγους, σε προβλήµατα εξωτε-
ϱικής, εσωτερικής αεροδυναµικής και σε CHT. Η όρο-προς-όρο ανάλυση των
παραγώγων έριξε ϕως στις αιτίες για τις οποίες δεν υπάρχουν διαφορές στις
παραγώγους που αντιστοιχούν σε διαφορετικά GDMs.

• Αναπτύχθηκαν τρεις διαφορετικές παραλλαγές αλγορίθµου πρόβλεψης-διόρθωσης,
για τον υπολογισµό µετώπου Pareto, ϐασιζόµενες στο [47]. Και στις τρεις πα-
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ϱαλλαγές αποφεύχθηκε ο υπολογισµός του ακριβούς Εσσιανού µητρώου που
εµφανίζεται στο αριστερό µέλος των προς επίλυση συστηµάτων, λόγω του υ-
ψηλού κόστους. Για αυτόν το σκοπό, (α) υπολογίστηκαν γινόµενα Εσσιανού-
διανυσµάτων µέσω του συνδυασµού της συζυγούς µεθόδου και της µεθόδου
ευθείας διαφόρισης και χρησιµοποιήθηκαν ώστε να επιλυθεί το σύστηµα στο
ϐήµα πρόβλεψης µε τη µέθοδο GMRES και (ϐ) προσεγγίστηκε το Εσσιανό µη-
τρώο µέσω της µεθόδου damped BFGS.

• Αναπτύχθηκε για πρώτη ϕορά η µέθοδος iPCE για τις πρωτεύουσες και συζυγε-
ίς εξισώσεις των προβληµάτων CHT, µε σκοπό τον υπολογισµό των στατιστικών
ϱοπών και των παραγώγων τους µε όσο το δυνατόν χαµηλότερο κόστος.

∆ηµοσιεύσεις σε επιστηµονικά περιοδικά:

• K.T. Gkaragkounis, E.M. Papoutsis-Kiachagias, and K.C. Giannakoglou.
‘‘The continuous adjoint method for shape optimization in conjugate heat
transfer problems with turbulent incompressible flows’’. Applied Thermal
Engineering, 140:351{362, 2018.

• K.T. Gkaragkounis, E.M. Papoutsis-Kiachagias, A.G. Tsolovikos, K.C Gian-
nakoglou. ‘‘Effect of Grid Displacement Models on Sensitivity Derivatives
computed by Continuous Adjoint in Aerodynamic and Conjugate Heat Tran-
sfer Shape Optimization’’. Engineering Optimization, doi
10.1080/0305215X.2020.1796998.

• K.T. Gkaragkounis, E.M. Papoutsis-Kiachagias, K.C Giannakoglou. ‘‘Adjoint-
assisted Pareto Front Tracing in Aerodynamic and Conjugate Heat Transfer
Shape Optimization’’. Computers and Fluids (δεκτό προς δηµοσίευση).

∆ηµοσιεύσεις σε συνέδρια :

• K.T. Gkaragkounis, E.M. Papoutsis-Kiachagias, K.C. Giannakoglou, ‘‘Con-
jugate heat transfer shape optimization of internal cooling systems using
continuous adjoint in OpenFOAM’’. 7th OpenFOAM Conference, Berlin, Ger-
many, 2019

• K. Gkaragkounis and E. Papoutsis-Kiachagias and V. Asouti and K. Gian-
nakoglou. ‘‘Adjoint-based Pareto front tracing in aerodynamic shape opti-
mization’’. In ICCFD10-2018-322, Barcelona, Spain, 9-13 July 2018.

• E.M. Papoutsis-Kiachagias, J. Koch, K. Gkaragkounis, K. Giannakoglou.
‘‘A Continuous Adjoint Framework for Shape and Topology Optimization and
their Synergistic Use’’. 2018 AIAA/ASCE/AHS/ASC Structures, Structural
Dynamics, and Materials Conference, Florida, USA, 2018



8.2. Πιθανές Μελλοντικές Εργασίες 30

• K.T. Gkaragkounis, E.M. Papoutsis-Kiachagias, K.C. Giannakoglou . ‘‘Con-
jugate Heat Transfer shape optimization based on the continuous adjoint
method’’. VII International Conference on Coupled Problems in Science and
Engineering, Rhodes, Greece, 2017

• K.C. Giannakoglou, E.M. Papoutsis-Kiachagias, I.S. Kavvadias, K.T. Gkaragkounis.
‘‘Continuous Adjoint in Shape & Topology Optimization-Recent Develop-
ments & Applications’’. Seminar on Adjoint CFD Methods in Industry and
Research, NAFEMS, 2016

Κεφάλαια σε ϐιβλία :

• K.C. Giannakoglou, E.M. Papoutsis-Kiachagias, K.T. Gkaragkounis, K.D.
Samouchos, C.A. Vezyris, C.A. J.R.L. Koch. ‘‘The continuous adjoint me-
thod in aero/hydrodynamic optimization’’. Von Karman Institute Lecture
Series, 2019

Βραβεία :

• Academic Best Paper Award: K.T. Gkaragkounis, E.M. Papoutsis-Kiachagias,
K.C. Giannakoglou, ‘‘Conjugate heat transfer shape optimization of internal
cooling systems using continuous adjoint in OpenFOAM’’. 7th OpenFOAM
Conference, Berlin, Germany, 2019

8.2 Πιθανές Μελλοντικές Εργασίες

• Η συζυγής µέθοδος για µόνιµα προβλήµατα CHT µπορεί να επεκταθεί σε µη-
µόνιµα προβλήµατα. Επειδή οι συζυγείς εξισώσεις λύνονται µε αντίθετη ϕορά
στο χρόνο σε σχέση µε τις εξισώσεις του πρωτεύοντος προβλήµατος, απαιτείται
η χρήση ή ανάπτυξη µεθόδων µε σκοπό να µειωθούν οι αυξηµένες απαιτήσεις
σε υπολογιστική µνήµη και αποθηκευτικό χώρο.

• Η συζυγής µέθοδος για προβλήµατα CHT µπορεί να επεκταθεί για να λη-
ϕθούν υπόψη οι εξαρτήσεις των συντελεστών ειδικής µεταφοράς ϑερµότητας,
ϑερµικής αγωγιµότητας και η συνεκτικότητα από τη ϑερµοκρασία. Επιπλέον,
µπορεί να ληφθούν υπόψη και οι δυνάµεις λόγω άνωσης διαφορίζοντας τους
όρους της προσέγγισης Boussinesq [10].

• Η διαφόριση των µοντέλων τύρβης για προβλήµατα CHT µπορεί να επεκταθεί
για άλλα µοντέλα τύρβης, όπως το k−ω SST [28], το κ-ε [42] κοκ.

• Ο αλγόριθµος πρόβλεψης-διόρθωσης για τον υπολογισµό µετώπου Pareto µπο-
ϱεί να επεκταθεί σε προβλήµατα µε περισσότερους από δύο στόχους. Αυτό προ-
ϋποθέτει τη δηµιουργία ενός αλγορίθµου που ϑα ϑέτει τιµές-στόχους Ĵi στις
συναρτήσεις του πολυκριτηριακού προβλήµατος ϐελτιστοποίησης, µε σκοπό
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την εξερεύνηση όλων περιοχών του µετώπου Pareto, τον έλεγχο της απόστα-
σης των σηµείων του µετώπου και τη διατήρηση του υπολογιστικού κόστους σε
χαµηλό επίπεδο.

• Η µέθοδος iPCE για προβλήµατα CHT µπορεί να επεκταθεί σε τυρβώδεις ϱοές.

• Σε πολυκριτηριακά προβλήµατα ϐελτιστοποίησης τοπολογίας η χρήση εξελι-
κτικών µεθόδων έχει πρακτικά απαγορευτικό κόστος, επειδή οι µεταβλητές
σχεδιασµού είναι τόσες όσες οι κυψέλες του υπολογιστικό πλέγµατος. Συνε-
πώς, ο αλγόριθµός πρόβλεψης-διόρθωσης αυτής της διατριβής που ϐασίζεται
στην κλίση των συναρτήσεων-στόχου µπορεί να επεκταθεί και σε τέτοια προ-
ϐλήµατα ώστε να µειωθεί δραστικά το κόστος υπολογισµού µετώπου Pareto.
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