
Ejnikì Metsìbio PoluteqneÐo
Sqol  Mhqanolìgwn Mhqanik¸n
Tomèac Reust¸n
Ergast rio Jermik¸n Strobilomhqan¸n
Mon�da Par�llhlhc Upologistik c Reustodunamik c
& BeltistopoÐhshc

Efarmogèc kai Diereun seic BeltistopoÐhshc
TopologÐac se 2D/3D Strwtèc Roèc

Diplwmatik  ErgasÐa

Nikìlaoc Perant�koc

Epiblèpwn: Kuri�koc Q. Giann�koglou, Kajhght c EMP

Aj na, Febrou�rioc 2021



ii



EuqaristÐec

Sto shmeÐo autì, ja  jela na euqarist sw ton epiblèponta kajhght  K. Q. Gian-
n�koglou, gia thn eukairÐa pou mou èdwse na asqolhj¸ me èna tìso endiafèron jèma
kai tic gn¸seic pou mou prosèfere se ìlh thn perÐodo twn foithtik¸n mou qrìnwn.
Akìmh, ja  jela na euqarist sw ton Dr. E. Papouts  gia thn polÔtimh bo jei�
tou kaj'ìlh th di�rkeia diexagwg c thc diplwmatik c ergasÐac.

Tèloc, euqarist¸ polÔ thn oikogèneia mou kai touc fÐlouc mou gia thn st rixh touc.

iii



iv



Ejnikì Metsìbio PoluteqneÐo
Sqol  Mhqanolìgwn Mhqanik¸n
Tomèac Reust¸n
Ergast rio Jermik¸n Strobilomhqan¸n
Mon�da Par�llhlhc Upologistik c Reustodunamik c
& BeltistopoÐhshc

Efarmogèc kai Diereun seic BeltistopoÐhshc
TopologÐac se 2D/3D Strwtèc Roèc

Diplwmatik  ErgasÐa

Nikìlaoc Perant�koc

Epiblèpwn: Kuri�koc Q. Giann�koglou, Kajhght c EMP

Aj na, Febrou�rioc 2021

PerÐlhyh

AntikeÐmeno thc Diplwmatik c ErgasÐac eÐnai h BeltistopoÐhsh TopologÐac (Topo-
logy Optimisation) me th qr sh thc suneqoÔc suzugoÔc mejìdou (continuous adjoint
method) se probl mata thc Mhqanik c twn Reust¸n. H BeltistopoÐhsh Topo-
logÐac (BeTo) basÐzetai sthn uiojèthsh enìc pedÐou por¸douc (porosity field)  
mh-diaperatìthtac, me th bo jeia tou opoÐou epaux�nontai kat�llhla oi exis¸seic
diat rhshc thc orm c. Oi timèc twn metablht¸n thc mh-diaperatìthtac stic kuyèlec
tou qwrikoÔ plègmatoc apoteloÔn tic metablhtèc sqediasmoÔ enìc probl matoc Be-
To, to opoÐo up�getai se sunart seic stìqou kai periorismoÔc. O ìroc thc mh-
diaperatìthtac, eis�getai me skopì thn apenergopoÐhsh twn exis¸sewn ro c sto
proc stereopoÐhsh tm ma tou q¸rou sqediasmoÔ.

Sth diplwmatik  ergasÐa jÐgontai jèmata ìpwc h sumperifor� kai h apotelesma-
tikìthta thc BeltistopoÐhshc TopologÐac, h opoÐa efarmìzetai se didi�stata kai
tridi�stata probl mata strwt c ro c kai asumpÐestou reustoÔ, kaj¸c kai h axiopi-
stÐa thc sun�rthshc-stìqou, se sÔgkrish me epÐlush se plègmata sta opoÐa to ìrio
thc proc melèth gewmetrÐac tautÐzetai me to ìrio tou plègmatoc (oriìdeta plègmata).

Pio sugkekrimèna, orÐzontai oi exis¸seic thc ro c pou epilÔontai sto upologisti-
kì qwrÐo, kaj¸c kai oi majhmatikèc sqèseic pou perigr�foun th sun�rthsh-stìqo
kai touc periorismoÔc tou ek�stote probl matoc pou antimetwpÐzetai. Akìmh, kata-
str¸nontai oi exis¸seic suzugoÔc probl matoc (adjoint problem) kai twn parag¸gwn
euaisjhsÐac (sensitivity derivatives), oi opoÐec suneisfèroun sthn ananèwsh twn meta-
blht¸n sqediasmoÔ tou probl matoc. AkoloÔjwc, dhmiourgeÐtai to plègma, ìpou kai
epilÔontai ta sust mata tou prwteÔontoc kai suzugoÔc probl matoc. Diereun�tai h
sumperifor� thc BeTo kat� thn epibol  periorism¸n, en¸ sugqrìnwc metab�lletai h
sun�rthsh kai h arqikopoÐhsh tou pedÐou mh-diaperatìthtac. Epiplèon, epidi¸ketai



h eÔresh enìc omaloÔ kai duadikoÔ pedÐou efarmìzontac th mèjodo KanonikopoÐhsh-
Probol , en¸ akìmh apodeiknÔetai h qrhsimìthta thc stadiak c energopoÐhshc twn
metablht¸n sqediasmoÔ tou probl matoc.

Sth sunèqeia, èpetai metepexergasÐa tou pedÐou tou por¸douc, me skopì thn anti-
stoÐqish twn perioq¸n pou èqoun stereopoihjeÐ se toÐqwma, dhlad  thn epibol  twn
kat�llhlwn oriak¸n sunjhk¸n. H diadikasÐa aut , exuphreteÐ tìso thn prosp�jeia
eÔreshc miac axiìpisthc tim c thc sun�rthshc-stìqou, ìso kai th sÔgkrish lÔsewn
pou prokÔptoun eÐte apì BeTo, eÐte apì beltistopoÐhsh morf c.

H diakritopoÐhsh tou upologistikoÔ qwrÐou, dhlad  h gènesh plègmatoc, h epÐlu-
sh twn exis¸sewn ro c kai twn suzug¸n exis¸sewn gia ton upologismì twn para-
g¸gwn euaisjhsÐac, all� kai h beltistopoÐhsh twn problhm�twn (TopologÐac, Mor-
f c) pragmatopoi jhkan sto perib�llon tou OpenFOAM, me logismikì thc Mon�dac
Par�llhlhc Upologistik c Reustodunamik c & BeltistopoÐhshc tou EMP (MPU-
R/EMP), en¸ h epexergasÐa kai h apeikìnish twn apotelesm�twn ègine efikt  mèsw
tou logismikoÔ Paraview. M�lista, h an�gkh thc trofodìthshc tou OpenFOAM me
arqeÐa thc morf c .stl, se orismèna probl mata pou tèjhkan proc epÐlush, od ghse
sth qr sh tou emporikoÔ logismikoÔ SolidWorks.
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Abstract

The application of Topology Optimization on problems related with Fluid Mechanics
(governed by Navier-Stokes equations for incompresible flows), using the continuous
adjoint approach, is the main subject of this diploma thesis. At Topology Optimiza-
tion problems, a variable permeability (porosity) field is defined by adding an extra
term on momentum equations. The values of the permeability field, at each hive of
the computational domain, consist the design variables of a Topology Optimization
problem governed by objective functions and constraints. The permeability term is
introduced in order to deactivate the flow equations in the part of the design space
to be solidified.

The diploma thesis addresses issues such as the behavior and the effectiveness of
the Topology Optimization, applied to two or three-dimensional problems for la-
minar and incompressible flows, and also the assessment of the objective function,
compared with body fitted meshes.

More specifically, the governing flow equations and the corresponding mathemati-
cal relations of the objective function and the imposed constraints are defined. In
addition, the equations governing the adjoint system and compute the sensitivity
derivatives, which contribute on updating the design variables, are developed. The
computational grid, where the primal and adjoint problems are solved, is constru-
cted in order to find the optimal value of the permeability field and the objective
function. The behaviour of Topology Optimization, while the imposed constraints
are satisfied and the non-permeability function and initialization are alternated, is
presented. The computation of a smooth and binary field is sought, by applying the
Regularization-Projection method, and the usefulness of gradual activation of the
design variables is also proved.



Subsequently, the post-processing of the permeability field takes place, in order to
match the areas to be solidified with walls, and impose the appopriate boundary con-
ditions. This process serves both the attempt to find a reliable value of the objective
function and make a comparison between Topology and Shape Optimization.

The discretization of the computational domain (mesh generation), the solution of
flow and adjoint equations for the computation of sensitivity derivatives, and the
optimization itself (Topology, Shape) took place in the environment of OpenFOAM,
by means of solvers developed by the Parallel CFD & Optimization Unit of NTUA
(PCOpt/NTUA). The post-processing and visualization of the results was possible
through Paraview and the need to provide OpenFOAM with files in stl format, led
to the use of commercial software SolidWorks.
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Kef�laio 1

Eisagwg 

H BeltistopoÐhsh TopologÐac (BeTo), en¸ mporeÐ na efarmosteÐ kai se exwterik 
aerodunamik , brÐskei efarmog  kurÐwc se eswterikèc roèc, dhlad  sth diamìrfwsh
agwg¸n kai sthn eÔresh thc bèltisthc diadrom c pou mporeÐ na akolouj sei to reu-
stì se ènan eswterikì, kleistì q¸ro sqediasmoÔ, me dedomènec mìno tic eisìdouc
kai tic exìdouc. Autì parathreÐtai, kaj¸c se probl mata exwterik c aerodunami-
k c, ìpwc gia par�deigma h beltistopoÐhsh miac aerotom c (2D), h arqik  gewmetrÐa
kai h topologÐa eÐnai dedomènec, kai h mèjodoc thc beltistopoÐhsh morf c (shape
optimization) eÐnai arket� apotelesmatik  [1]. Sthn perÐptwsh aut , oi metablhtèc
sqediasmoÔ pou perigr�foun th gewmetrÐa thc aerotom c eÐnai ta shmeÐa elègqou (co-
ntrol points) mÐac kampÔlhc Bezier   enìc Morphing Box  , pijanìn, oi suntetagmènec
twn oriak¸n plegmatik¸n kìmbwn tou proc sqediasmì stereoÔ s¸matoc.

Se èna prìblhma BeTo sth Mhqanik  twn Reust¸n, to pedÐo thc mh-diaperatìthtac
apoteleÐ tic metablhtèc sqediasmoÔ, oi opoÐec lamb�noun timèc apì to mhdèn èwc th
mon�da. Oi perioqèc tou upologistikoÔ qwrÐou pou lamb�noun timèc kont� sth mon�da
antistoiqoÔn sto stereopoihmèno tm ma, en¸ timèc kont� sth mhdenik  tim  oriojetoÔn
perioqèc ìpou rèei reustì. Sto shmeÐo autì parousi�zetai, ìpwc ja gÐnei antilhptì
kai sth sunèqeia, h an�gkh thc duadikìthtac tou pedÐou pou perigr�fhke, ¸ste na
eÐnai saf c o diaqwrismìc tou proc stereopoÐhsh pedÐou kai autoÔ pou diapern� to
reustì. Stic abèbaiec perioqèc pou dhmiourgoÔntai, gnwstèc kai wc gkrÐzec perioqèc
(grey areas), den eÐnai saf c o diaqwrismìc tou stereoÔ apì to reustì, me apotèlesma
na kajistoÔn episfal  thn tim  thc sun�rthshc-stìqou.

H beltistopoÐhsh TopologÐac, dhlad  h qr sh enìc pedÐou por¸douc (  diapera-
tìthtac) gia to bèltisto sqediasmì problhm�twn, entopÐzetai gia pr¸th for� ston
kl�do thc Domik c Mhqanik c sto [2] kai epekt�jhke sta [3], [4], [5], sthn pro-
sp�jeia anexarthtopoÐhshc thc beltistopoÐhshc apì parametropoihmèna qwrÐa, kai
sunep¸c apofug c thc metabol c tou plègmatoc (remeshing) kat� th di�rkeia thc
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beltistopoÐhshc. AkoloÔjwc, parousi�sthke h mejodologÐa efarmog c thc BeTo se
probl mata thc Mhqanik c twn Reust¸n apì touc Borvall-Peterson [6], eis�gontac
to pedÐo thc diaperatìthtac (por¸douc   mh-diaperatìthtac), gia stajer  sunekti-
kìthta, se roèc Stokes, en¸ sto [7] epekt�jhke stic exis¸seic Darcy-Stokes.

Sth sunèqeia, dìjhke to ènausma efarmog c thc BeTo se probl mata pou perigr�fo-
ntai apì tic exis¸seic Navier-Stokes kai gia turb¸dh ro , kurÐwc me th qr sh thc
diakrit c suzugoÔc mejìdou [8], all� kai thc suneqoÔc suzugoÔc mejìdou me [9], [10]
  qwrÐc [1] met�dosh jermìthtac. Stic teleutaÐec anaforèc, gia thn ananèwsh twn
metablht¸n sqediasmoÔ tou probl matoc efarmìsthke h Mèjodoc twn KinoÔmenwn
Asumpt¸twn (Method of Moving Asymptotes), h opoÐa prot�jhke sto [11] kai qrh-
simopoi jhke sth diplwmatik  ergasÐa, en¸ sto [12] qrhsimopoi jhke enallaktik� h
proseggistik  mèjodoc Newton (truncated Newton Method).

H sÔntomh anafor� sth mèjodo beltistopoÐhshc morf c eÐnai anagkaÐa, kaj¸c ja a-
kolouj sei h �mesh sÔgkrish twn dÔo pronaferjeis¸n mejìdwn, afoÔ efarmostoÔn
se probl mata ta opoÐa qarakthrÐzontai apì thn Ðdia gewmetrÐa, sun�rthsh-stìqo kai
periorismoÔc, kaj¸c kai to Ðdio plègma pou epilÔetai h ro . Akìmh, lìgw thc aduna-
mÐac pou qarakthrÐzei th BeTo, dhlad  sthn apousÐa enìc safoÔc orÐou � toiq¸matoc
gia thn epibol  twn oriak¸n sunjhk¸n, krÐnetai anagkaÐa h metepexergasÐa, gia thn
orj  axiolìghsh thc lÔshc kai thc tim c thc sun�rthshc-stìqou. H metepexergasÐa
aut , dhlad  h antistoÐqish, met� to pèrac thc beltistopoÐhshc, twn tim¸n tou pedÐou
thc mh-diaperatìthtac kont� sth mon�da se stereì toÐqwma, mporeÐ na pragmatopoi-
hjeÐ me arketoÔc trìpouc, oi opoÐoi diafèroun wc proc thn apotelesmatikìthta, ènac
apì touc opoÐouc perigr�fetai sto [13].

Prin parousiastoÔn ta proc epÐlush probl mata thc BeTo, perigr�fetai h mèjodoc
pou akolouj jhke, kaj¸c katagr�fontai oi exis¸seic pou perigr�foun th ro , dh-
lad  to prwteÔon (primal) sÔsthma exis¸sewn, to suzugèc (adjoint) sÔsthma, all�
kai oi antÐstoiqec oriakèc sunj kec. Akìmh krÐnetai aparaÐthth, mia sÔntomh ana-
for� stic mejìdouc epÐlushc twn susthm�twn aut¸n (SIMPLE Algorithm), kai thc
ananèwshc twn metablht¸n sqediasmoÔ (MMA).
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Kef�laio 2

BeltistopoÐhsh TopologÐac

2.1 PrwteÔon Prìblhma (Primal)

Oi exis¸seic pou perigr�foun ta probl mata reustodunamik c thc diplwmatik c erga-
sÐac, eÐnai oi qronik� mìnimec exis¸seic Navier-Stokes gia strwt  ro  kai asumpÐesto
reustì, oi opoÐec epilÔjhkan mèsw tou algorÐjmou SIMPLE sto perib�llon Open-
FOAM, ìpwc perigr�fetai analutik� sth didaktorik  diatrib  [14]. Se probl mata
BeTo oi exis¸seic autèc, kai sugkekrimèna oi exis¸seic thc orm c, epaux�nontai me
ton ìro pou sunart�tai thc mh-diaperatìthtac α. Sunep¸c, oi prwteÔousec exis¸seic
prokÔptoun wc ex c

Rp = −∂vj
∂xj

= 0 (2.1)

Rv
i = vj

∂vi
∂xj
− ∂

∂xj

[
ν

(
∂vi
∂xj

+
∂vj
∂xi

)]
+
∂p

∂xi
+G(a)vi︸ ︷︷ ︸

Ta,vi

= 0, i = 1, 2(, 3) (2.2)

ìpou vi oi sunist¸sec thc taqÔthtac, p h statik  pÐesh diairemènh me thn stajer ,
lìgw asumpÐesthc ro c, puknìthta, kai ν h sunektikìthta tou reustoÔ.

O epiplèon ìroc sthn exÐswsh 2.2 pou sumbolÐzetai wc Ta,vi kajorÐzei èna prìblhma
BeTo, ìpou h metablht  α (mh-diaperatìthta) lamb�nei timèc apì to mhdèn èwc th
mon�da. 'Otan eÐnai mhdèn, dhlad  up�rqei ro  tou reustoÔ, oi exis¸seic Navier-
Stokes ikanopoioÔntai ìpwc se èna sÔnhjec prìblhma thc Mhqanik c twn Reust¸n.
Sthn perÐptwsh pou, topik�, oi timèc tou pedÐou α proseggÐzoun th mon�da, prokÔptei
èna (sqedìn) mhdenikì pedÐo taqÔthtac. Pio analutik  perigraf , se sundiasmì me
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montèlo tÔrbhc kai met�dosh jermìthtac mporeÐ na brejeÐ sto [9].

Sta probl mata BeTo, o ìroc thc mh-diaperatìthtac suqn� montelopoieÐtai wc mia
sun�rthsh tou α, thc morf c G(a) = bMAXb(a), mia pio exeidikeumènh anafor� tou
opoÐou parousi�zetai sto Kef�laio 2.5.

2.2 Stìqoc - PeriorismoÐ

Se èna prìblhma beltistopoÐhshc, eÐnai aparaÐthto na oristeÐ toul�qiston mia su-
n�rthsh stìqoc, kaj¸c kai tuqìn periorismoÐ.

2.2.1 Sun�rthsh-Stìqoc

H sun�rthsh-stìqoc pou ja qrhsimopoihjeÐ, perigr�fei tic ap¸leiec olik c pÐeshc
thc ro c, dhlad  th diafor� thc olik c pÐeshc metaxÔ thc eisìdou kai thc exìdou tou
upologistikoÔ qwrÐou, stajmismènec me thn paroq  ìgkou tou reustoÔ. Oi ap¸leiec
olik c pÐeshc thc ro c apoteloÔn mia eurèwc qrhsimopoioÔmenh sun�rthsh-stìqo se
probl mata thc Mhqanik c twn Reust¸n kai idiaÐtera sthn eswterik  aerodunamik .
H sun�rthsh-stìqoc ekfr�zetai wc

FOBJ = −
∫
SI ,O

(p+
1

2
v2
k)vini dS

[
m5

s3

]
(2.3)

ìpou SI ,O h epif�neia thc (twn) eisìdou(wn) kai exìdou(wn) antÐstoiqa, en¸ ni eÐnai
to k�jeto di�nusma se autèc, me kateÔjunsh proc thn exwterik  pleur� tou tm ma-
toc pou katalamb�nei to reustì. ParagwgÐzontac th sun�rthsh-stìqo wc proc tic
metablhtèc sqediasmoÔ, gia upologistikì plègma pou den metab�lletai kaj¸c meta-
b�lloun timèc oi metablhtèc sqediasmoÔ, prokÔptei

∂FOBJ
∂a

= − ∂

∂a

(∫
SI ,O

(p+
1

2
v2
k)vini dS

)
= −

∫
SI ,O

∂
[
(p+ 1

2
v2
k)vini

]
∂a

dS

= −
∫
SI ,O

[(
∂p

∂a
+ vk

∂vk
∂a

)
vini +

(
p+

1

2
v2
k

)
∂vi
∂a

ni

]
dS

Omadopoi¸ntac touc ìrouc prokÔptei h telik  èkfrash thc parag¸gou thc sun�rthshc-
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stìqou wc proc tic metablhtèc sqediasmoÔ

∂FOBJ
∂a

= −
∫
SI ,O

vini
∂p

∂a
dS −

∫
SI ,O

(
vivknk + pni +

1

2
v2
kni
)∂vi
∂a

dS (2.4)

'Opwc gÐnetai antilhptì apì thn exÐswsh 2.4. o eujÔc upologismìc twn parag¸gwn
euaisjhsÐac proapaiteÐ thn eÔresh thc metabol c twn roðk¸n metablht¸n wc proc tic
metablhtèc sqediasmoÔ. To upologistikì kìstoc ìmwc, gia thn eÔresh twn ∂vi/∂a, ∂p/∂a,
eÐnai an�logo tou pl jouc twn metablht¸n sqediasmoÔ, gegonìc pou dikaiologeÐ th
qr sh thc suzugoÔc mejìdou (adjoint method), ìpwc ja parousiasteÐ kai sth su-
nèqeia.

2.2.2 PeriorismoÐ

Genikìtera, sta probl mata beltistopoÐhshc, dhmiourgeÐtai h an�gkh epibol c perio-
rism¸n. 'Etsi kai sta probl mata BeTo pou akoloujoÔn, an�loga me tic apait seic
twn ek�stote sunjhk¸n, efarmìzontai oi periorismoÐ twn exis¸sewn 2.5 kai 2.7 . O
pr¸toc periorismìc eÐnai sth morf 

J1 =

∫
Ω

(1− a) dΩ∫
Ω
dΩ

− πtar ≤ 0 (2.5)

ìpou α h mh-diaperatìthta, Ω o ìgkoc tou upologistikoÔ qwrÐou kai πtar h oriak 
tim  (�nw ìrio) ikanopoÐhshc tou periorismoÔ. H exÐswsh 2.5 ekfr�zei th diafor�
tou posostoÔ tou ìgkou tou upologistikoÔ qwrÐou Ω, pou katalamb�nei to reu-
stì, me thn el�qisth tim  tou posostoÔ πtar, pou orÐzei o qr sthc an�loga me to
prìblhma beltistopoÐhshc. O periorismìc autìc, leitourgeÐ sun jwc antikrouìmena
me th sun�rthsh-stìqo thc elaqistopoÐhshc thc diafor�c olik¸n pièsewn eisìdou -
exìdou, exÐswsh 2.3, kaj¸c eÐnai pijanì na mhn epitrèpei sth ro  na akolouj sei thn
poreÐa me tic el�qistec ap¸leiec, en¸ �llote bohj� sthn pio fjhn , ìson afor� to
upologistikì kìstoc, eÔresh thc bèltisthc lÔshc. Sta probl mata BeTo, pèran thc
sqediastik c an�gkhc tou periorismoÔ, o periorismìc ìgkou thc exÐswshc 2.5 bohj�
sth duadikìthta tou pedÐou α, dhlad  na mh sunant¸ntai (suqn�) timèc an�mesa sto 0
kai to 1 (grey areas), all� kai sthn apofug  kleist¸n perioq¸n reustoÔ (α = 0), me
mhdenikì pedÐo taqÔthtac, mèsa sto stereopoihmèno tm ma tou pedÐou (α=1), dhlad 
nekr¸n perioq¸n (limn¸n me praktik� akÐnhto reustì).

H duadikìthta tou pedÐou jewreÐtai anagkaÐa, tìso gia thn apofug  endi�meswn tim¸n
thc mh-diaperatìthtac ìpou oi sunist¸sec thc taqÔthtac eÐnai pijanì na mh mhdenÐzo-
ntai, dusqeraÐnontac to saf  diaqwrismì tou reustoÔ me to proc stereopoÐhsh tm ma
tou upologistikoÔ qwrÐou, ìso kai gia thn kalÔterh ekmet�lleush tou periorismo-
Ô tou ìgkou apì th ro . Pio sugkekrimèna, to kl�sma thc exÐswshc 2.5 apoteleÐ
praktik� to �jroisma ìlwn twn ìrwn 1 − α k�je upologistik c kuyèlhc, anhgmèno
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me to sunolikì ìgko Ω tou qwrÐou. Sunep¸c, ìso teÐnei stic proc stereopoÐhsh
perioqèc h tim  thc mh-diaperatìthtac sth mon�da, tìso dÐnetai h dunatìthta sth ro 
na anaptuqjeÐ sto upologistikì qwrÐo.

M�lista, ìpwc orÐzetai h exÐswsh 2.5, apoteleÐ èna periorismì aniso-isìthtac, me
apotèlesma to mègejoc πtar na kajorÐzei th mègisth tim  pou mporeÐ na katalamb�nei
o ìgkoc tou reustoÔ (wc posostì), dhlad  den apokleÐetai h eÔresh miac bèltisthc
lÔshc me mikrìterh tim  tou ìgkou.

ParagwgÐzontac thn exÐswsh 2.5 wc proc tic metablhtèc sqediasmoÔ tou probl matoc
prokÔptei

∂J1

∂αP
=

∂

∂αP

(∫
Ω

(1− a) dΩ

Ωtotal

)
=

∫
Ω
∂(1−a)
∂αP

dΩ

Ωtotal

= −
∂αi

∂αP
dΩi

Ωtotal

ìpou h merik  par�gwgoc eisèrqetai sto qwrikì olokl rwma, epeid  to upologistikì
qwrÐo kai to plègma tou eÐnai anex�rthto twn metablht¸n sqediasmoÔ kai i ∈ N oi
kuyèlec tou upologistikoÔ qwrÐou. Telik�, h par�gwgoc tou periorismoÔ tou ìgkou
upologÐzetai apì th sqèsh

∂J1

∂aP
= −δPi

ΩP

Ωtotal

(2.6)

ìpou ΩP o ìgkoc thc kuyèlhc tou upologistikoÔ qwrÐou kai δ to dèlta tou Krìneker.
O periorismìc tou ìgkou, kaj¸c den sunart�tai �mesa twn roðk¸n metablht¸n, eÐnai
gewmetrikìc kai praktik� den apaiteÐ thn epÐlush enìc suzugoÔc probl matoc gia thn
eÔresh twn parag¸gwn tou wc proc tic metablhtèc sqediasmoÔ.

'Enac �lloc periorismìc isìthtac pou efarmìzetai suqn� se probl mata BeTo, eÐnai
h epibol  tou posostoÔ thc eiserqìmenhc sto upologistikì qwrÐo paroq c m�zac
reustoÔ, pou pern� apì k�je agwgì exìdou. Gia èna qwrÐo to opoÐo apoteleÐtai apì
K exìdouc, o periorismìc thc katanom c m�zac orÐzetai wc

J2 =
1

2

K∑
k=1

(∆mk)
2 = 0 (2.7)
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ìpou

∆mk =

∫
SOk

vini dS + rk

∫
SI

vini dS

[
m4

s2

]

h diafor� thc paroq c m�zac pou dièrqetai apì thn k�je èxodo k, me to posostì
rk thc paroq c eisìdou pou epidi¸ketai na exèrqetai apì k�je èxodo k (orÐzetai apì
to sqediast ). Shmei¸netai, pwc h epif�neia SI eÐnai dunatì na perilamb�nei peris-
sìterec thc mia eisìdouc. H parag¸gish thc sun�rthshc 2.7, wc proc tic metablhtèc
sqediasmoÔ. dÐnei

∂J2

∂a
=

∂

∂a

(
1

2

K∑
k=1

(∆mk)
2

)
∂J2

∂a
=

K∑
k=1

(∆mk)
∂(∆mk)

∂a

ìpou

∂(∆mk)

∂a
=

∫
SOk

∂vi
∂a

ni dS + rk

∫
SI

∂vi
∂a

ni dS

Antikajist¸ntac, h telik  èkfrash thc parag¸gou thc sun�rthshc tou periorismoÔ
thc m�zac prokÔptei wc

∂J2

∂a
=

K∑
k=1

(∫
SOk

vini dS+rk

∫
SI

vini dS

)(∫
SOk

∂vi
∂a

ni dS+rk

∫
SI

∂vi
∂a

ni dS

)
(2.8)

H ex�rthsh thc exÐswshc 2.8 apì th metabol  twn roðk¸n metablht¸n me tic me-
tablhtèc sqediasmoÔ, martur� thn an�gkh qr shc thc suzugoÔc mejìdou,ìpwc kai
sthn perÐptwsh thc sun�rthshc-stìqou, lìgw tou uyhloÔ upologistikoÔ kìstouc
pou apaiteÐ h eÔresh twn parag¸gwn ∂vi/∂a, ∂p/∂a.
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2.3 Suzugèc Prìblhma (Adjoint)

H epÐlush tou suzugoÔc sust matoc, apoteleÐ mia mèjodo eÔreshc twn parag¸gwn
euaisjhsÐac, dhlad  an kei stic mejìdouc upologismoÔ thc klÐshc thc sun�rthshc-
stìqou, merikèc apì tic opoÐec eÐnai h eujeÐa diafìrish (Direct Differentiation) [15],
h autìmath diafìrish (Automatic Differentiation) [16] kai h mèjodoc twn Pepera-
smènwn Diafor¸n (Finite Differences) [17], h perigraf  twn opoÐwn mporeÐ na brejeÐ
sth didaktorik  diatrib  [14]. H epilog  thc epÐlushc tou suzugoÔc probl matoc
dikaiologeÐtai apì to meg�lo arijmì twn metablht¸n sqediasmoÔ, dhlad  tou pedÐou
kombik¸n tim¸n thc mh-diaperatìthtac (α) sto upologistikì qwrÐo.

Pio sugkekrimèna, ìpwc ja gÐnei antilhptì Ôstera apì thn parousÐash twn exis¸se-
wn, se k�je kÔklo beltistopoÐhshc to upologistikì kìstoc upologismoÔ twn para-
g¸gwn euaisjhsÐac, me thn eujeÐa diafìrish eÐnai an�logo twn N + 1 isodÔnamwn
epilÔsewn thc ro c (Equivalent Flow Solutions - EFS), en¸ h suzug c mèjodoc ko-
stÐzei mìno 2 EFS, ìpou N o arijmìc twn metablht¸n sqediasmoÔ. Autì praktik�
epitugq�netai me thn apofug  upologismoÔ thc metabol c twn roðk¸n metablht¸n
me tic metablhtèc sqediasmoÔ, to opoÐo ja apaitoÔse upologistikì kìstoc perÐpou
1EFS gia k�je α. Sunep¸c, se èna prìblhma BeTo, ìpou se k�je upologistik 
kuyèlh antistoiqeÐ kai mia metablht  sqediasmoÔ, h qr sh thc suzugoÔc mejìdou
kajÐstatai anagkaÐa gia ton upologismì twn parag¸gwn euaisjhsÐac (Sensitivity
Derivatives).

Gia thn plhrìthta thc ergasÐac parousi�zontai sunoptik� o sqhmatismìc tou suzu-
goÔc sust matoc kai twn parag¸gwn euaisjhsÐac, mia pio analutik  perigraf  thc
mejìdou mporeÐ na brejeÐ sta [8], [9], [1].

Arqik�, eÐnai aparaÐthto na oristeÐ h sun�rthsh-stìqoc, epauxhmènh me tic exis¸seic
thc ro c

Faug = F +

∫
Ω

qRp dΩ +

∫
Ω

uiRvi dΩ (2.9)

ìpou q, ui oi suzugeÐc metablhtèc thc pÐeshc kai twn sunistws¸n thc taqÔthtac a-
ntÐstoiqa, kai Ω to upologistikì qwrÐo. TaRp, Rvi apoteloÔn ta upìloipa (residuals)
twn exis¸sewn ro c, ìpwc orÐsthkan stic exis¸seic 2.1 kai 2.2, en¸ se kaje f�sh thc
beltistopoÐhshc oi roðkèc metablhtèc tic ikanopoioÔn, me apotèlesma na tautÐzontai
me to mhdèn. Sunep¸c, to tèqnasma thc suzugoÔc mejìdou basÐzetai sto gegonìc ìti,
o upologismìc thc klÐshc thc sun�rthshc-stìqou gia thn ananèwsh twn metablht¸n
sqediasmoÔ, sumpÐptei me autìn thc antÐstoiqhc epauxhmènhc sun�rthshc.

ParagwgÐzontac thn exÐswsh 2.9 wc proc tic metablhtèc sqediasmoÔ prokÔptei
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δFaug
δα

=
δF

δα
+

δ

δα

∫
Ω

qRp dΩ +
δ

δα

∫
Ω

uiR
v
i dΩ

=
δF

δα
+

∫
Ω

q
δRp

δα
dΩ +

∫
Ω

ui
δRv

i

δα
dΩ +

∫
S

(qRp + uiR
v
i )nk

δxk
δα

dS (2.10)

ìpou to ìrio S tou upologistikoÔ qwrÐou mporeÐ na grafeÐ wc S = SI∪SO∪SW∪SWP
,

me ta SI , SO, SW , SWP
na antistoiqoÔn sthn eÐsodo, sthn èxodo, sto toÐqwma kai stic

parametropoihmènec perioqèc tou Ω. Akìmh, to nk antistoiqeÐ sto monadiaÐo k�jeto
di�nusma thc k�je epif�neiac, en¸ me α sumbolÐzontai oi metablhtèc sqediasmoÔ tou
probl matoc. Efìson se èna prìblhma BeTo den metab�lletai to plègma kai to
sq ma tou upologistikoÔ qwrÐou, dhlad  eÐnai anex�rthta tou α o ìroc ∂xk/∂α, thc
exÐswshc 2.10, tautÐzetai me to mhdèn. Epomènwc:

δFaug
δα

=
δF

δα
+

∫
Ω

q
δRp

δα
dΩ +

∫
Ω

ui
δRv

i

δα
dΩ (2.11)

Sunep¸c, afoÔ den ephre�zetai to sq ma tou upologistikoÔ qwrÐou kai ∂xk/∂α = 0,
dhlad  den ufÐstantai parametropoihmènec perioqèc SWP

, h olik  par�gwgoc tautÐze-
tai me thn merik , dhlad 

δ

δα
=

∂

∂α
(2.12)

kai h 2.11 gÐnetai

δFaug
δα

=
δF

δα
+

∫
Ω

q
∂Rp

∂α
dΩ +

∫
Ω

ui
∂Rv

i

∂α
dΩ (2.13)

AnalÔontac tic proc olokl rwsh posìthtec twn ìrwn thc exÐswshc 2.13 xeqwrist�
prokÔptei
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q
∂Rp

∂a
=− q ∂

∂a

(∂vj
∂xj

)
=− q ∂

∂xj

(∂vj
∂a

)
=− ∂

∂xj

[
q
∂vj
∂a

]
+

∂q

∂xj

∂vj
∂a

(2.14)

ui
∂Rv

i

∂a
=ui

∂

∂a

(
vj
∂vi
∂xj
− ∂

∂xj

[
ν

(
∂vi
∂xj

+
∂vj
∂xi

)]
+
∂p

∂xi
+G(a)vi

)
=ui

(
∂

∂a

(
vj
∂vi
∂xj

)
− ∂2

∂xj∂a

[
ν

(
∂vi
∂xj

+
∂vj
∂xi

)]
+

∂

∂a

( ∂p
∂xi

)
+

∂

∂a

(
G(a)vi

))
=ui

(
∂vj
∂a

∂vi
∂xj

+ vj
∂

∂xj

(∂vi
∂a

)
− ∂

∂xj

[
ν

(
∂

∂xj

(∂vi
∂a

)
+

∂

∂xi

(∂vj
∂a

))]
+

∂

∂xi

(∂p
∂a

)
+
∂G(a)

∂a
vi +G(a)

∂vi
∂a

)
=ui

∂vj
∂a

∂vi
∂xj

+ uivj
∂

∂xj

(∂vi
∂a

)
− ui

∂

∂xj

[
ν

(
∂

∂xj

(∂vi
∂a

)
+

∂

∂xi

(∂vj
∂a

))]
+ ui

∂

∂xi

(∂p
∂a

)
+ uivi

∂G(a)

∂a
+ uiG(a)

∂vi
∂a

=ui
∂vj
∂a

∂vi
∂xj

+
∂

∂xj

[
uivj

∂vi
∂a

]
− ∂(uivj)

∂xj

∂vi
∂a
− ∂

∂xj

[
uiν

(
∂

∂xj

(∂vi
∂a

)
+

∂

∂xi

(∂vj
∂a

))]
+
∂ui
∂xj

ν

(
∂

∂xj

(∂vi
∂a

)
+

∂

∂xi

(∂vj
∂a

))
+

∂

∂xi

(
ui
∂p

∂a

)
− ∂ui
∂xi

∂p

∂a
+ uivi

∂G(a)

∂a
+ uiG(a)

∂vi
∂a

=ui
∂vj
∂a

∂vi
∂xj

+
∂

∂xj

[
uivj

∂vi
∂a

]
− ∂(uivj)

∂xj

∂vi
∂a
− ∂

∂xj

[
uiν

(
∂

∂xj

(∂vi
∂a

)
+

∂

∂xi

(∂vj
∂a

))]
+

∂

∂xj

(
∂ui
∂xj

ν
∂vi
∂a

)
− ∂

∂xj

(∂ui
∂xj

ν
)∂vi
∂a

+
∂

∂xi

(
∂ui
∂xj

ν
∂vj
∂a

)
− ∂

∂xi

(∂ui
∂xj

ν
)∂vj
∂a

+
∂

∂xi

(
ui
∂p

∂a

)
− ∂ui
∂xi

∂p

∂a
+ uivi

∂G(a)

∂a
+ uiG(a)

∂vi
∂a

(2.15)

Omadopoi¸ntac touc ìrouc kai prosarmìzontac touc deÐktec, h 2.15 gÐnetai
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ui
∂Rv

i

∂a
=

∂

∂xj

[
uivj

∂vi
∂a

]
− ∂

∂xj

[
uiν

(
∂

∂xj

(∂vi
∂a

)
+

∂

∂xi

(∂vj
∂a

))]
+

∂

∂xj

(
∂ui
∂xj

ν
∂vi
∂a

)
+

∂

∂xi

(
∂ui
∂xj

ν
∂vj
∂a

)
+

∂

∂xi

(
ui
∂p

∂a

)
+ uj

∂vj
∂xi

∂vi
∂a
− ∂(uivj)

∂xj

∂vi
∂a
− ∂

∂xj

(∂ui
∂xj

ν
)∂vi
∂a
− ∂

∂xj

(∂uj
∂xi

ν
)∂vi
∂a

+ uiG(a)
∂vi
∂a

− ∂ui
∂xi

∂p

∂a
+ uivi

∂G(a)

∂a

 

ui
∂Rv

i

∂a
=

∂

∂xj

[
uivj

∂vi
∂a

]
− ∂

∂xj

[
uiν

(
∂

∂xj

(∂vi
∂a

)
+

∂

∂xi

(∂vj
∂a

))]
+

∂

∂xj

(
∂ui
∂xj

ν
∂vi
∂a

)
+

∂

∂xi

(
∂ui
∂xj

ν
∂vj
∂a

)
+

∂

∂xi

(
ui
∂p

∂a

)
+

(
uj
∂vj
∂xi
− ∂(uivj)

∂xj
− ∂

∂xj

(∂ui
∂xj

ν
)
− ∂

∂xj

(∂uj
∂xi

ν
)

+ uiG(a)

)
∂vi
∂a

− ∂ui
∂xi

∂p

∂a
+ uivi

∂G(a)

∂a
(2.16)

Antikajist¸ntac tic exis¸seic 2.14 kai 2.16 sthn genik  èkfrash 2.9

δFaug
δa

=
δF

δa
+

∫
Ω

[
∂

∂xj

[
− q∂vj

∂a

]
+
∂q

∂xi

∂vi
∂a

]
dΩ

+

∫
Ω

[
∂

∂xj

[
uivj

∂vi
∂a

]
− ∂

∂xj

[
uiν

(
∂

∂xj

(∂vi
∂a

)
+

∂

∂xi

(∂vj
∂a

))]
+

∂

∂xj

(
∂ui
∂xj

ν
∂vi
∂a

)
+

∂

∂xi

(
∂ui
∂xj

ν
∂vj
∂a

)
+

∂

∂xi

(
ui
∂p

∂a

)
+

(
uj
∂vj
∂xi
− ∂(uivj)

∂xj
− ∂

∂xj

(∂ui
∂xj

ν
)
− ∂

∂xj

(∂uj
∂xi

ν
)

+ uiG(a)

)
∂vi
∂a

− ∂ui
∂xi

∂p

∂a
+ uivi

∂G(a)

∂a

]
dΩ

11



 

δFaug
δa

=
δF

δa
−
∫

Ω

∂

∂xj

[
q
∂vj
∂a

]
dΩ +

∫
Ω

∂q

∂xi

∂vi
∂a

dΩ

+

∫
Ω

∂

∂xj

[
uivj

∂vi
∂a
− uiν

(
∂

∂xj

(∂vi
∂a

)
+

∂

∂xi

(∂vj
∂a

))
+
∂ui
∂xj

ν
∂vi
∂a

]
dΩ

+

∫
Ω

∂

∂xi

(
∂ui
∂xj

ν
∂vj
∂a

+ ui
∂p

∂a

)
dΩ

+

∫
Ω

(
uj
∂vj
∂xi
− ∂(uivj)

∂xj
− ∂

∂xj

(∂ui
∂xj

ν
)
− ∂

∂xj

(∂uj
∂xi

ν
)

+ uiG(a)

)
∂vi
∂a

dΩ

−
∫

Ω

∂ui
∂xi

∂p

∂a
dΩ +

∫
Ω

uivi
∂G(a)

∂a
dΩ

 

δFaug
δa

=
δF

δa
−
∫
S

niq
∂vi
∂a

dS

+

∫
S

nj

[
uivj

∂vi
∂a
− uiν

(
∂

∂xj

(∂vi
∂a

)
+

∂

∂xi

(∂vj
∂a

))
+
∂ui
∂xj

ν
∂vi
∂a

]
dS

+

∫
S

nj

(
∂uj
∂xi

ν
∂vi
∂a

+ uj
∂p

∂a

)
dS

+

∫
Ω

(
uj
∂vj
∂xi
− ∂(uivj)

∂xj
− ∂

∂xj

(∂ui
∂xj

ν
)
− ∂

∂xj

(∂uj
∂xi

ν
)

+ uiG(a) +
∂q

∂xi

)
∂vi
∂a

dΩ

−
∫

Ω

∂ui
∂xi

∂p

∂a
dΩ +

∫
Ω

uivi
∂G(a)

∂a
dΩ

 

δFaug
δa

=
δF

δa
+

∫
S

[
− niq + njuivj + njν

(
∂ui
∂xj

+
∂uj
∂xi

)]
∂vi
∂a

dS

−
∫
S

njuiν
∂

∂a

(
∂vi
∂xj

+
∂vj
∂xi

)
dS +

∫
S

njuj
∂p

∂a
dS

+

∫
Ω

(
uj
∂vj
∂xi
− ∂(uivj)

∂xj
− ∂

∂xj

[
ν
(∂ui
∂xj

+
∂uj
∂xi

)]
+ uiG(a) +

∂q

∂xi

)
∂vi
∂a

dΩ

−
∫

Ω

∂ui
∂xi

∂p

∂a
dΩ +

∫
Ω

uivi
∂G(a)

∂a
dΩ (2.17)

OrÐzetai h genik  èkfrash thc sun�rthshc F , pou antiproswpeÔei eÐte th sun�rthsh-
stìqo, eÐte ton periorismì twn exerqìmenwn paroq¸n m�zac kai apoteleÐtai apì epi-
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faneiak� oloklhr¸mata. EÐnai dunatìn na apoteleÐ �mesh sun�rthsh tou pedÐou thc
mh-diaperatìthtac   kai sun�rthsh twn roðkwn metablht¸n.

F =

∫
S

FS dS (2.18)

ìpou FS h proc olokl rwsh posìthta twn epifaneiak¸n oloklhrwm�twn thc sun�r-
thshc F . ParagwgÐzontac thn 2.18 wc proc tic metablhtèc sqediasmoÔ, dhlad  to
pedÐo thc mh-diaperatìthtac, prokÔptei

δF

δa
=

δ

δa

∫
S

FS dS

=

∫
S

δFS
δa

dS (2.19)

Efarmìzontac ton kanìna thc alusÐdac stouc ìrouc twn oloklhrwm�twn h 2.19 gÐne-
tai

δF

δa
=

∫
S

(
∂FS
∂a

+
∂FS
∂p

∂p

∂a
+
∂FS
∂vi

∂vi
∂a

)
dS

 
δF

δa
=

∫
S

∂FS
∂a

dS +

∫
S

∂FS
∂p

∂p

∂a
dS +

∫
S

∂FS
∂vi

∂vi
∂a

dS (2.20)

AfoÔ orÐsthke h par�gwgoc euaisjhsÐac thc sun�rthshc F (exÐswsh 2.20), kai Ôste-
ra apì thn ektèlesh pr�xewn kai thn omadopoÐhsh twn ìrwn, h 2.17 gÐnetai
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δFaug
δa

=

∫
Ω

∂FΩ

∂a
dΩ +

∫
S

∂FS
∂a

dS

+

∫
Ω

(
∂ui
∂xi︸︷︷︸
T1

)
∂p

∂a
dΩ

+

∫
Ω

[
uj
∂vj
∂xi
− ∂(uivj)

∂xj
− ∂

∂xj

[
ν
(∂ui
∂xj

+
∂uj
∂xi

)]
+ uiG(a) +

∂q

∂xi︸ ︷︷ ︸
T2

]
∂vi
∂a

dΩ

+

∫
S

(
∂FS
∂p

+ uini︸ ︷︷ ︸
T3

)
∂p

∂a
dS

+

∫
S

[
∂FS
∂vi
− niq + njuivj + njν

(
∂ui
∂xj

+
∂uj
∂xi

)
︸ ︷︷ ︸

T4

]
∂vi
∂a

dS

+

∫
S

−uinjν
∂

∂a

(
∂vi
∂xj

+
∂vj
∂xi︸ ︷︷ ︸

T5

)
dS +

∫
Ω

uivi
∂G(a)

∂a
dΩ

(2.21)

H exÐswsh 2.21 apoteleÐ èkfrash twn parag¸gwn euaisjhsÐac tou probl matoc, oi
ìroi thc opoÐac sundr�moun sth diatÔpwsh twn suzug¸n exis¸sewn, kaj¸c kai twn
suzug¸n oriak¸n sunjhk¸n, ìpwc diatup¸nontai sto kef�laio 2.4.2. Pio sugkekri-
mèna, h eÔresh touc basÐzetai sthn apaloif  twn ìrwn pou perilamb�noun thn �mesh
metabol  twn roðk¸n metablht¸n me tic metablhtèc sqediasmoÔ α.

Sunep¸c, gia thn apaloif  twn ∂p/∂a, ∂vi/∂a prèpei na mhdenistoÔn oi ìroi T1 kai
T2 thc exÐswshc 2.21 antÐstoiqa. Me ton trìpo autì, prokÔptei to suzugèc sÔsthma
exis¸sewn

Rq =
∂ui
∂xi

= 0 (2.22)

Ru
i = uj

∂vj
∂xi
− ∂(uivj)

∂xj
− ∂

∂xj

[
ν
(∂ui
∂xj

+
∂uj
∂xi

)]
+ uiG(α) +

∂q

∂xi
= 0 (2.23)

'Ustera apì thn apaloif  twn antÐstoiqwn ìrwn kai apì ta epifaneiak� oloklh-
r¸mata (ìroi T3, T4, T5), oi opoÐoi sumb�lloun sth diatÔpwsh twn suzug¸n oriak¸n
sunjhk¸n, oi enapomeÐnantec ìroi apoteloÔn tic parag¸gouc euaisjhsÐac (Sensitivity
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Derivatives) tou probl matoc

δFaug
δα

=

∫
S

∂FS
∂α

dS +

∫
Ω

uivi
∂G(α)

∂α
dΩ (2.24)

H sun�rthsh F twn exis¸sewn 2.22, 2.23, 2.24 ekproswpeÐ thn epijumht  sun�rthsh-
stìqo kai epiballìmeno periorismì. Sth diplwmatik  ergasÐa, gia thn ananèwsh twn
metablht¸n sqediasmoÔ qrhsimopoi jhke h Mèjodoc twn KinoÔmenwn Asumpt¸twn
(Method of Moving Asymptotes - MMA), h opoÐa perigr�fetai sthn enìthta 3. Gia
thn efarmog  thc mejìdou prèpei na epilujoÔn diaforetik� suzug  probl mata gia
th sun�rthsh-stìqo kai ton periorismì twn exerqìmenwn paroq¸n m�zac, kaj¸c h
mèjodoc aut  proapaiteÐ ton upologismì twn parag¸gwn euaisjhsÐac, xeqwrist� gia
k�je sun�rthsh-stìqo kai periorismì. Sunep¸c, akoloujeÐ h parousÐash twn suzu-
g¸n problhm�twn pou epilÔontai prin thn efarmog  thc Mejìdou twn KinoÔmenwn
Asumpt¸twn, gia thn eÔresh twn parag¸gwn ∂FOBJ

∂a
, ∂J1

∂a
, ∂J2

∂a
, ìpou oi sunart seic

FOBJ , J1, J2 orÐzontai stic exis¸seic 2.3, 2.5 kai 2.7 antÐstoiqa.

H metabol  thc sun�rthshc-stìqou (ap¸leiec olik c pÐeshc metaxÔ eisìdwn kai e-
xìdwn) wc proc tic metablhtèc sqediasmoÔ orÐzetai sthn exÐswsh 2.4, sumperaÐnontac
pwc ta qwrik� oloklhr¸mata kai oi ìroi pou aforoÔn thn �mesh metabol  thc FOBJ
me th mh-diaperatìthta na tautÐzontai me to mhdèn. Sunep¸c, prokÔptoun oi exis¸seic
tou suzugoÔc probl matoc wc

Rq =
∂ui
∂xi

= 0 (2.25)

Ru
i = uj

∂vj
∂xi
− ∂(uivj)

∂xj
− ∂

∂xj

[
ν
(∂ui
∂xj

+
∂uj
∂xi

)]
+ uiG(a) +

∂q

∂xi
= 0 (2.26)

kai h telik  èkfrash twn parag¸gwn euaisjhsÐac

δFaug
δa

=

∫
Ω

uivi
∂G(a)

∂a
dΩ (2.27)

gia th qrhsimopoioÔmenh sun�rthsh-stìqo. 'Opwc gÐnetai antilhptì, h sun�rthsh
twn apwlei¸n olik c pÐeshc den sumb�llei �mesa stic exis¸seic 2.25 kai 2.26 tou
suzugoÔc probl matoc, oÔte kai stic parag¸gouc euaisjhsÐac 2.27, par� mìno sth
diamìrfwsh twn suzug¸n oriak¸n sunjhk¸n tou probl matoc, oi opoÐec perigr�fo-
ntai sthn enìthta pou akoloujeÐ (2.4.2).

To suzugèc prìblhma pou epilÔetai gia thn eÔresh thc metabol c thc sun�rthshc
tou periorismoÔ thc m�zac wc proc tic metablhtèc sqediasmoÔ eÐnai ìmoio me to a-
ntÐstoiqo thc sun�rthshc-stìqou (2.25, 2.26) H sun�rthsh J2 apoteleÐ epifaneiakì
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olokl rwma pou sunart�tai �mesa mìno apì tic roðkèc metablhtèc (se antÐjesh me
ton periorismì tou ìgkou), me apotèlesma na suneisfèrei mìno sth diatÔpwsh twn
oriak¸n sunjhk¸n, en¸ h antÐstoiqh par�gwgoc euaisjhsÐac upologÐzetai (ìmoia me
thn δFaug/δα) wc

δJ2

δa
=

∫
Ω

uivi
∂G(a)

∂a
dΩ (2.28)

2.4 Oriakèc Sunj kec (OS)

Oi oriakèc sunj kec, dhlad  oi sunj kec thc ro c sthn eÐsodo SI , èxodo SO kai
sto toÐqwma SW tou upologistikoÔ qwrÐou Ω, eÐnai aparaÐthto na diatupwjoÔn, ¸ste
na katasteÐ dunat  h epÐlush tou prwteÔontoc kai suzugoÔc sust matoc. TonÐzetai
ìti oriakèc sunj kec epib�llontai sta ìria S tou upologistikoÔ qwrÐou Ω, kai ìqi
sto eswterikì tou Ω, ìpou h mh-diaperatìthta α teÐnei sth mon�da, dhlad  sto proc
stereopoÐhsh tm ma tou pedÐou.

2.4.1 OS PrwteÔontoc probl matoc

Oi oriakèc sunj kec pou sumplhr¸noun to prwteÔon sÔsthma exis¸sewn sto upo-
logistikì qwrÐo enìc probl matoc eswterik c aerodunamik c, eÐnai
(a) Dirichlet sunj kec gia tic sunist¸sec tic taqÔthtac vi sthn eÐsodo, kai sto toÐqw-
ma SW tou upologistikoÔ qwrÐou, gia thn ikanopoÐhsh twn sunjhk¸n mh eisq¸rhshc
kai mh olÐsjhshc,
(b) mhdenik  Neumann sunj kh gia thn pÐesh p sthn eÐsodo kai sto toÐqwma,
(g) Dirichlet sunj kh gia thn pÐesh p sthn èxodo kai kat' epilog  mhdenik , kaj¸c
oi exis¸seic pou epilÔontai perilamb�noun mìno th qwrik  par�gwgo thc pÐeshc kai
(d) mhdenikèc Neumann sunj kec gia tic sunist¸sec thc taqÔthtac vi sthn èxodo.

'Oson afor� tic OS thc mh-diaperatìthtac, sun jwc epib�llontai mhdenikèc Neu-
mann sunj kec se ìla ta ìria S tou upologistikoÔ qwrÐou (eÐsodoc, èxodoc, toÐqw-
ma), ¸ste na mhn periorÐzetai h epÐlush tou sust matoc. Parallag  twn oriak¸n
sunjhk¸n aut¸n, apoteleÐ h epibol  monadiaÐwn Dirichlet, gia ton kajorismì tou
toiq¸matoc tou upologistikoÔ qwrÐou, wc stereopohmèno tm ma (α = 1). Oi teleu-
taÐec sunj kec, brÐskoun sun jwc efarmog  sthn perÐptwsh pou prokÔptoun gkrÐzec
perioqèc polÔ kont� sta toiq¸mata tou upologistikoÔ qwrÐou.

Shmei¸netai ìti oi OS thc mh-diaperatìthtac den suneisfèroun �mesa sthn epÐlu-
sh tou prwteÔontoc probl matoc, mi�c kai to pedÐo α orÐzetai sto eswterikì tou
upologistikoÔ qwrÐou. Oi OS autèc, sumplhr¸noun th diaforik  exÐswsh pou epi-
lÔetai kat� thn efarmog  tou fÐltrou thc KanonikopoÐhshc, ìpwc ja parousiasteÐ
sto kef�laio 2.5.2.
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2.4.2 OS SuzugoÔc probl matoc

'Opwc anafèrjhke en suntomÐa kai prohgoumènwc, gia thn eÔresh twn oriak¸n sun-
jhk¸n mhdenÐzontai oi ìroi T3, T4, T5 thc exÐswshc 2.21 , oi opoÐoi epanalamb�nontai
kai ed¸

T3 =
∂FS
∂p

+ uini = 0

T4 =
∂FS
∂vi

+ niq + uivjnj + νnj

(
∂ui
∂xj

+
∂uj
∂xi

)
= 0

T5 = −uinjν
∂

∂a

(
∂vi
∂xj

+
∂vj
∂xi

)
= 0

UpenjumÐzetai ìti h sun�rthsh F twn parap�nw exis¸sewn antistoiqeÐ eÐte sth
sun�rthsh-stìqo, eÐte sth deÔterh (J2) apì tic sunart seic twn periorism¸n pou
orÐsthkan, an�loga me to suzugèc prìblhma pou epilÔetai.

Oi oriakèc sunj kec (OS), analÔontai se k�je ìrio xeqwrist� wc ex c

SuzugeÐc OS sthn eÐsodo(SI): Stic eisìdouc SI efarmìzontai Dirichlet oria-
kèc sunj kec gia tic sunist¸sec thc prwteÔousac taqÔthtac. Sunep¸c h par�gwgoc
∂vi/∂α = 0 kai to olokl rwma pou antistoiqeÐ sto T4 mhdenÐzetai. Oi ìroi T3, T5

apaitoÔn antÐstoiqa

uini = −∂FS
∂p

uinj = uiti = 0

ìpou ti ta efaptomenik� monadiaÐa dianÔsmata, k�jeta sto n.

Efìson den prokÔptei oriak  sunj kh apì tic exis¸seic gia th suzug  pÐesh, epi-
b�lletai mhdenik  Neumann gia th metablht  q sthn eÐsodo.

SuzugeÐc OS sthn èxodo(SO): Stic exìdouc SO efarmìzontai Dirichlet oriakèc
sunj kec gia thn pÐesh kai Neumann gia thn prwteÔousa taqÔthta. Sunep¸c, oi
par�gwgoi ∂p/∂α = 0, ∂vi/∂α = constant kai ta oloklhr¸mata pou antistoiqoÔn
sta T3, T5 mhdenÐzontai. O ìroc T4 apaiteÐ
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niq = −∂FS
∂vi
− uivjnj − νnj

(
∂ui
∂xj

+
∂uj
∂xi

)

H parap�nw exÐswsh epilÔetai sta ìria twn exìdwn lamb�nontac proekb�llontac thn
tim  thc suzugoÔc taqÔthtac apì to eswterikì qwrÐo.

SuzugeÐc OS sto toÐqwma(SW): Sta stajer� ìria SW efarmìzontai Dirichlet
oriakèc sunj kec gia tic sunist¸sec thc taqÔthtac. Sunep¸c h par�gwgoc ∂vi/∂α =
0 kai to olokl rwma pou antistoiqeÐ sto T4 mhdenÐzetai. Oi ìroi T3, T5 apaitoÔn
antÐstoiqa

uini = −∂FS
∂p

uinj = uiti = 0

Efìson den prokÔptei oriak  sunj kh apì tic exis¸seic gia th suzug  pÐesh, epi-
b�lletai mhdenik  Neumann gia th metablht  q sto toÐqwma.

2.5 PedÐo Mh-Diaperatìthtac

O trìpoc me ton opoÐo montelopoieÐtai stic exis¸seic o ìroc thc mh-diaperatìthtac
(Ta,v = G(a)vi), ephre�zei shmantik� th diadikasÐa thc beltistopoÐhshc kai th duna-
tìthta eÔreshc thc bèltisthc lÔshc, kai sunep¸c mia grammik , wc proc α, èkfrash
thc na mhn eÐnai p�ntote apotelesmatik . Epiplèon, ìpwc ja parousiasteÐ sth su-
nèqeia, dÔnatai na efarmosteÐ filtr�risma tou pedÐou (density filtering), kai sth
sunèqeia probol  tou sthn prosp�jeia exagwg c enìc duadikoÔ pedÐou.

2.5.1 Sun�rthsh Mh-Diaperatìthtac

H sun�rthsh thc mh-diaperatìthtac G(a) mporeÐ na oristeÐ wc

G(a) = bMAX · b(a) (2.29)

ìpou b(α) mia sun�rthsh thc mh-diaperatìthtac α, me pedÐo orismoÔ kai sÔnolo tim¸n
to [0, 1] kai bMAX ènac suntelest c, h tim  tou opoÐou diaforopoieÐtai an�loga me
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to prìblhma kai tic apait seic tou mhqanikoÔ, en¸ mia endeiktik  tim , ìpwc parou-
si�zetai kai sta [9], [8] mporeÐ na lhfjeÐ apo thn exÐswsh

bMAX =
ν

Dal2

[
1

s

]
(2.30)

ìpou ν h kinhmatik  sunektikìthta tou reustoÔ, l èna qarakthristikì m koc thc
ro c, ìpwc h di�metroc thc diatom c eisìdou kai Da o adi�statoc arijmìc Darcy. O
arijmìc Darcy orÐzetai sth mhqanik  twn Reust¸n, ìtan aut� diapernoÔn èna por¸dec
(diaperatì) mèso, kai, praktik�, antiproswpeÔei ton lìgo twn sunektik¸n dun�mewn
proc tic dun�meic pou askoÔntai apì to por¸dec ulikì. O suntelest c bMAX eÐnai
aparaÐthtoc apì diastasiologik c apìyewc, kaj¸c exuphreteÐ thn kuriarqÐa tou ìrou
thc mh-diaperatìthtac ènanti twn upìloipwn ìrwn thc exÐswshc thc orm c, sthn
perÐptwsh pou to a teÐnei sth mon�da. Me ton trìpo autì, ìtan to mèso èqei thn
t�sh na stereopoihjeÐ, to pedÐo thc taqÔthtac mhdenÐzetai ètsi ¸ste na exaleifjeÐ
o isqurìc autìc ìroc kai na ikanopoihjoÔn oi exis¸seic tic ro c. H metabol  tou
suntelest  autoÔ, sqetÐzetai me th barÔthta thc sun�rthshc thc mh-diaperatìthtac
stic exis¸seic thc ro c, me apotèlesma h tim  pou lamb�nei na ephre�zei �mesa th
poreÐa kai, sunep¸c, th dunatìthta eÔreshc thc bèltisthc lÔshc.

'Oson afor� th sun�rthsh b(a) ìpwc orÐsthke sthn exÐswsh 2.29, up�rqei mia plh-
j¸ra epilog¸n sth bibliografÐa [9], [8], merikèc apì tic opoÐec parousi�zontai kai
sth diplwmatik  ergasÐa [18]. H sun�rthsh pou qrhsimopoi jhke sth diplwmatik 
ergasÐa kai prot�jhke sto [6], parousi�zetai sthn exÐswsh 2.31 kai apotup¸netai
sto sq ma 2.1.

b(a) =
a

1 + β(1− a)
(2.31)

ìpou β suntelest c, pou orÐzetai an�loga me tic apait seic tou probl matoc, kai eÐnai
dunatì eÐte na paramènei stajerìc, eÐte na metab�lletai me th diadoq  twn kÔklwn
beltistopoÐhshc. Sth diplwmatik  ergasÐa, o suntelest c β arqikopoieÐtai me tim  0
(grammik  susqètish α − β) kai aux�netai isìposa k�je 5 kÔklouc beltistopoÐhshc
(bhmatik�), èwc ìtou l�bei thn telik  tim  10 met� apì 100 kÔklouc beltistopoÐhshc,
qwrÐc na apokleÐetai to prìblhma na èqei  dh sugklÐnei. Me ton trìpo autì, oi
exis¸seic ro c èqoun megalÔterh t�sh na apenergopoihjoÔn (b(a) teÐnei sth mon�da)
stouc arqikoÔc kÔklouc thc BeTo kai se sunduasmì me th mèjodo thc SMD (ìpwc
perigr�fetai sthn enìthta 2.6) dieukolÔnetai h stereopoÐhsh tou pedÐou kont� sto
toÐqwma tou upologistikoÔ qwrÐou. Me th diadoq  twn kÔklwn beltistopoÐhshc, to
pedÐo b(a) teÐnei na qamhl¸nei thn tim  thc mh-diaperatìthtac (aux�netai h tim  tou
suntelest  β), dhlad  na diathreÐ to pedÐo anoiqtì, periorÐzontac thn èntonh t�sh
tou periorismoÔ ìgkou.

H poreÐa thc beltistopoÐhshc exart�tai shmantik� apì thn epilog  thc sun�rthshc
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thc mh-diaperatìthtac, kaj¸c all�zoun oi exis¸seic tou proc epÐlush sust matoc,
all� kai autèc pou sqetÐzontai me thn ananèwsh twn metablht¸n sqediasmoÔ, dhlad 
oi par�gwgoi euaisjhsÐac. Sunep¸c, eÐnai dunatì na diaforopoieÐtai h exèlixh thc
beltistopoÐhshc kai, kat' epèktash, h telik  lÔsh.

Sq ma 2.1: Grafik  anapar�stash thc sun�rthshc b(a) (exÐswsh 2.31), gia di�forec
timèc tou suntelest  β, ìpou a h mh-diaperatìthta, me sÔnolo tim¸n kai pedÐo orismoÔ
to [0,1]. H b(a) gia β = 0 apoteleÐ mia grammik  èkfrash thc sun�rthshc thc mh-
diaperatìthtac α. ParathreÐtai, pwc h kurtìthta thc sun�rthshc megal¸nei me thn
aÔxhsh tou β, me apotèlesma to pedÐo b(a) na teÐnei na qamhl¸nei thn tim  thc mh-
diaperatìthtac, dhlad  na diathreÐ to pedÐo anoiqtì, reustopoihmèno.

2.5.2 KanonikopoÐhsh - Probol 

Se probl mata topologÐac BeTo eÐnai polÔ pijanì h diadikasÐa thc beltistopoÐhshc
na odhghjeÐ se èna traqÔ, anomoiìmorfo pedÐo, kaj¸c kai se èna pedÐo morf c skaki-
èrac, dusqeraÐnontac thn eÔresh enìc omaloÔ proc stereopoÐhsh pedÐou. PedÐa aut c
thc morfologÐac, sun jwc ofeÐlontai tìso sta sq mata diakritopoÐhshc twn exis¸se-
wn thc ro c ìso kai sto plègma pou efarmìzetai, en¸ eÐnai pijanì na sunant¸ntai se
probl mata pou qarakthrÐzontai apì duskolÐa sÔgklishc twn exis¸sewn tou prwte-
Ôontoc kai tou suzugoÔc sust matoc. Gia thn antimet¸pish twn duskoli¸n aut¸n,
all� kai sth prosp�jeia anexarthtopoÐhshc thc beltistopoÐhshc apì to plègma tou
upologistikoÔ qwrÐou, efarmìzetai filtr�risma sto pedÐo thc mh-diaperatìthtac α,
mia diadikasÐa h opoÐa onom�zetai KanonikopoÐhsh (Regularization).

Sth bibliografÐa sunant¸ntai arket� sq mata gia to filtr�risma enìc probl matoc,
ta opoÐa perigr�fontai analutik� sto [19] kai efarmìzontai sto [9], èna apì ta opoÐa
basÐzetai sthn epÐlush thc diaforik c exÐswshc 2.32, h opoÐa parèqei, apì to gnwstì
pedÐo α, èna filtrarismèno pedÐo α̃, to opoÐo sth sunèqeia tÐjetai wc ìrisma tou b,
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dhlad  prokÔptei to pedÐo b(α̃). 'Etsi, ed¸, uiojeteÐtai h diaforik  exÐswsh

− ∂

∂xj

(
rf (x)2 ∂α̃

∂xj

)
+ α̃ = α, x ∈ Ω (2.32)

O ìroc rf (x) sqetÐzetai me thn aktÐna Rf epirro c tou fÐltrou, kaj¸c epilÔetai h
exÐswsh 2.32 se k�je kìmbo tou upologistikoÔ qwrÐou, sÔmfwna me thn exÐswsh

rf =
Rf

2
√

3
(2.33)

H tim  thc aktÐnac Rf pou lamb�netai, sun jwc èqei thn Ðdia t�xh megèjouc me ta
keli� tou upologistikoÔ qwrÐou. Gia thn epÐlush thc diaforik c exÐswshc 2.32, h
oriak  sunj kh pou apaiteÐtai eÐnai mhdenik  Neumann (∂α̃/∂n, ìpou n to k�jeto
di�nusma sto ìrio, me kateÔjunsh proc ta èxw), en¸ eÐnai dunatìn na oristeÐ Dirichlet
oriak  sunj kh, ¸ste na orÐzontai ep' akrib¸c oi oriakèc timèc tou filtrarismènou
pedÐou, mia pio austhr  prosèggish gia pio eÔkolh sÔgklish thc diadikasÐac.

'Ustera apì thn efarmog  thc KanonikopoÐhshc, to filtrarismèno pedÐo pou pro-
kÔptei, sun jwc odhgeÐ sthn enÐsqush tou abèbaiwn perioq¸n (grey areas), eidikìtera
gia meg�lec timèc thc aktÐnac rf , alloi¸nontac th duadikìthta tou pedÐou, gegonìc
pou den eÐnai epijumhtì gia th beltistopoÐhsh. Gia to lìgo autì, afoÔ epiluje-
Ð h exÐswsh 2.32, jewreÐtai anagkaÐa h efarmog  enìc sq matoc gia thn probol 
(Projection) tou filtrarismènou pedÐou α̃ stic timèc 0-1. Sth bibliografÐa prote-
Ðnontai arketèc mèjodoi Probol c [19], en¸ sth diplwmatik  ergasÐa qrhsimopoieÐtai
proseggistik  (suneq c kai, �ra, diaforÐsimh) bhmatik  sun�rthsh (Heaviside), sth
morf 

ˆ̃α = H(α̃) =
tanh(βη) + tanh(β(α̃− η))

tanh(βη) + tanh(β(1− η))
(2.34)

ìpou β suntelest c pou metab�lletai bhmatik� me th diadoq  twn kÔklwn beltisto-
poÐhshc, ìmoia me thc exÐswshc 2.31, kai η h oriak  tim  allag c thc kurtìthtac thc
sun�rthshc. H bhmatik  sun�rthsh H sumb�llei sthn eÔresh tou filtrarismènou
pedÐou ˆ̃α, apì to gnwstì pedÐo α̃, to opoÐo upologÐsthke mèsw thc KanonikopoÐhshc
tou pedÐou α (exÐswsh 2.32).

Gia thn kalÔterh katanìhsh thc mejìdou thc Probol c tou pedÐou, paratÐjetai sto
sq ma 2.2 h grafik  anapar�stash thc exÐswshc 2.34 gia di�forec timèc tou suntele-
st  β. Epilègetai mia sqetik� qamhl  mègisth tim  gia to suntelest  β (βmax = 10),
o opoÐoc sqetÐzetai �mesa me thn klÐsh thc sun�rthshc H. Diaforetik�, to telikì
filtrarismèno pedÐo thc mh-diaperatìthtac eÐnai pijanì na emfanÐsei traqeièc perioqèc
(pedÐa skakièrac), anair¸ntac ta ofèlh thc KanonikopoÐhshc.
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Sq ma 2.2: Grafik  anapar�stash thc sun�rthshc H(α̃) = ˆ̃α (exÐswsh 2.34), gia
η = 0.5 kai gia di�forec timèc tou suntelest  β, ìpou α̃ to filtrarismèno mèsw thc
KanonikopoÐhshc pedÐo. ParathreÐtai, pwc h klÐsh thc H megal¸nei me thn aÔxhsh tou
suntelest  β, me apotèlesma na teÐnei ìlo kai perissìtero sth mh-diaforÐsimh bhmatik 
sun�rthsh kai kat' epèktash sthn eÔresh enìc duadikoÔ pedÐou mh-diaperatìthtac.

'Egine katanohtì, pwc h probol  tou pedÐou thc mh-diaperatìthtac α sumplhr¸nei th
mèjodo thc kanonikopoÐhshc, all� eÐnai dunatì na qrhsimopoihjeÐ kai autoÔsia ìpote
emfanÐzontai meg�lou eÔrouc perioqèc me endi�mesec timèc tou pedÐou b(α).

2.6 Stadiak� Metaballìmenh Diaperatìthta (SMD)

Kat� thn epÐlush enìc probl matoc BeTo, sun jwc gÐnetai energopoÐhsh ìlwn twn
metablht¸n sqediasmoÔ tou upologistikoÔ qwrÐou, apì ton pr¸to ki ìlac kÔklo.
Lìgw ìmwc thc efarmog c, kat� kanìna, tou periorismoÔ tou ìgkou, se probl mata
BeTo ìpou sto eswterikì pedÐo h arqik  tim  thc mh-diaperatìthtac eÐnai mhdenik 
(pantoÔ), h diadikasÐa thc beltistopoÐhshc proseggÐzei th lÔsh apì thn perioq  mh
ikanopoÐhshc tou. Gia to lìgo autì, o periorismìc èqei mia èntonh t�sh na kleÐnei to
qwrÐo, me apotèlesma oi timèc tou pedÐou thc mh-diaperatìthtac na eÐnai pio eÔkolo
na lamb�noun timèc kont� sth mon�da, par� na mhdenistoÔn.

Gia thn antipet¸pish tou probl matoc autoÔ, eÐnai dunatìn na efarmosteÐ h teqni-
k  thc Stadiak� Metaballìmenhc Diaperatìthtac (SMD) kat� th BeTo, kat� thn
opoÐa h mèjodoc eleujèrwshc twn metablht¸n sqediasmoÔ kajorÐzontai apì ton mh-
qanikì, me stadiak  energopoÐhs  touc kat� th diadoq  twn kÔklwn beltistopoÐh-
shc. H mèjodoc aut , fren�rei thn t�sh tou periorismoÔ na ikanopoihjeÐ gr gora,
apofeÔgontac na egklwbisteÐ h diadikasÐa se k�poio topikì akrìtato kai na stere-
opoi sei mia kateÔjunsh thc ro c pou eÐnai pijanì na apoteloÔse kalÔterh lÔsh.
Sth diplwmatik  ergasÐa, oi metablhtèc sqediasmoÔ twn problhm�twn BeTo, ìtan
qrhsimopoieÐtai h mèjodoc thc SMD, eleujer¸nontai stadiak� apì to ìrio (toÐqwma)
proc to eswterikì tou upologistikoÔ qwrÐou.
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Kef�laio 3

Algìrijmoc BeltistopoÐhshc

Sthn enìthta aut , parousi�zetai en suntomÐa h Mèjodoc twn KinoÔmenwn Asum-
pt¸twn (Method of Moving Asymptotes - MMA), en¸ mia pio analutik  perigraf 
twn exis¸sewn mporeÐ na brejeÐ sto [11]. QrhsimopoieÐtai gia thn ananèwsh twn
metablht¸n sqediasmoÔ sta probl mata BeTo pou epilÔontai, kai apoteleÐ mia aitio-
kratik  mèjodo beltistopoÐhshc kurÐwc gia thn epÐlush problhm�twn pou upìkeintai
se periorismoÔc.

Pio sugkekrimèna, h MMA eÐnai ikan  na epilÔsei probl mata beltistopoÐhshc thc
morf c

elaqistopoÐhsh thc f0(x) (3.1)

upì touc periorismoÔc fi(x) ≤ 0 , i = 1, ...,m

xminj ≤ xj ≤ xmaxj , j = 1, ..., n

ìpou X = {x ∈ Rn} oi metablhtèc sqediasmoÔ tou probl matoc (antistoiqoÔn sto
pedÐo thc mh-diaperatìthtac α sth BeTo), f0(x) h proc elaqistopoÐhsh sun�rthsh-
stìqoc kai fi(x) oi epiballìmenoi periorismoÐ. Akìmh, eÐnai aparaÐthto oi metablhtèc
sqediasmoÔX na fr�ssontai apì èna kat¸tero kai èna an¸tero ìrio. Gia thn epÐlush
problhm�twn beltistopoÐhshc thc morf c 3.1 me th bo jeia thc MMA, prèpei aut�
na l�boun thn akìloujh morf 
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elaqistopoÐhsh thc f0(x) + a0z +
∑m

i=1(ciyi + 1
2
diy

2
i ) (3.2)

upì touc periorismoÔc fi(x)− aiz − yi ≤ 0 , i = 1, ...,m

xminj ≤ xj ≤ xmaxj , j = 1, ..., n

z ≥ 0, yi ≥ 0 , i = 1, ...,m

ìpou f0, fi suneqeÐc kai paragwgÐsimec sunart seic wc proc tic metablhtèc sqe-
diasmoÔ X, kai a0, ai, ci, di gnwstèc, pragmatikèc stajerèc, gia tic opoÐec isqÔei
a0 > 0, ai ≥ 0, ci ≥ 0, di ≥ 0, ci + di > 0 kai aici > a0 gia k�je i me ai > 0.

Sthn exÐswsh 3.2 oi fusikèc metablhtèc tou probl matoc eÐnai oi X = {x ∈ Rn},
en¸ oi Y = {y ∈ Rm} kai z apoteloÔn tic teqnhtèc metablhtèc, oi opoÐec sum-
b�lloun sto sqhmatismì kai th dieukìlunsh thc epÐlushc miac seir�c problhm�twn,
ìpwc eÐnai kai aut� thc elaqistopoÐhshc pou aforoÔn thn paroÔsa ergasÐa. Oi te-
qnhtèc metablhtèc yi eis�gontai stic exis¸seic twn periorism¸n, ètsi ¸ste k�je mia
na antistoiqeÐ me mia sun�rthsh fi. Oi epiplèon ìroi pou prostÐjentai sthn proc
elaqistopoÐhsh sun�rthsh-stìqo, eÐnai p�ntote jetikoÐ kai aux�noun thn tim  thc,
ìpote oi antÐstoiqoi periorismoÐ eÐnai energoÐ.

Pio sugkekrimèna, an se èna kÔklo beltistopoÐhshc mia apì tic metablhtèc yi l�bei
tim  di�forh tou mhdenìc, dhlad  o antÐstoiqoc periorismìc fi den ikanopoieÐtai, tìte
o epiplèon ìroc thc sun�rthshc-stìqou eÐnai jetikìc, “timwr¸ntac” kai aux�nontac
thn tim  thc. H metablhtèc yi lamb�noun k�je for� th mikrìterh dunat  tim , efìson
emfanÐzontai wc sun�rthsh poluwnÔmou sth sun�rthsh-stìqo. Gia to lìgo autì, o
suntelest c ci epilègetai meg�loc sqetik� me thn tim  thc f0, ètsi ¸ste na gÐnetai
aisjhtì se aut n ìpote den ikanopoieÐtai o antÐstoiqoc periorismìc. H parousÐa twn
teqnht¸n metablht¸n, exasfalÐzei pwc to prìblhma eÐnai epilÔsimo, akìmh kai sthn
perÐptwsh pou den up�rqei pijanì di�nusma X pou na ikanopoeÐ touc periorismoÔc
tou probl matoc 3.1.

Ta ìria twn metablht¸n sqediasmoÔ xj, dhlad  tou pedÐou thc mh-diaperatìthtac
se èna prìblhma BeTo, eÐnai xminj = 0 kai xmaxj = 1, en¸ oi timèc twn upìloipwn
suntelest¸n epilègontai k�je for� ¸ste to prìblhma pou antistoiqeÐ sthn exÐswsh
3.2 na eÐnai ìmoio me autì thc exÐswshc 3.1. Oi suntelestèc di kai a0 lamb�noun th
monadiaÐa tim , kai oi ai = 0 gia k�je i. Me to pèrac miac petuqhmènhc beltistopo-
Ðhshc, prèpei ìloi oi periorismoÐ fi tou probl matoc 3.1 na ikanopoioÔntai, dhlad 
yi = 0 gia k�je i, kai o ìroc a0z na lamb�nei thn tim  0 kai sugkekrimèna z = 0, ètsi
¸ste ta dÔo probl mata, arqikì kai diamorfwmèno, na tautÐzontai.

Sunep¸c, gia thn epÐlush problhm�twn thc morf c 3.2, efarmìzetai h mèjodoc MMA,
akolouj¸ntac thn ex c diadikasÐa. Se k�je kÔklo beltistopoÐhshc k, oi metablhtèc

x
(k)
i , y

(k)
i , z(k) eÐnai gnwstèc, eÐte wc arqikopoÐhsh, eÐte apì ton prohgoÔmeno kÔklo,

en¸ epilÔetai to prwteÔon kai suzugèc prìblhma, me th bo jeia tou algìrijmou SI-
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MPLE, gia thn eÔresh twn parag¸gwn euaisjhsÐac ∂fi
∂xj

(x(k)) me i = 0, 1, ..,m. Sth

sunèqeia, orÐzetai èna upoprìblhma, kat� to opoÐo h sun�rthsh-stìqoc f0 kai oi pe-
riorismoÐ fi, antikajÐstantai apì antÐstoiqec kurtèc sunart seic, pou sumbolÐzontai

wc f̃ (k)
i (x), me i = 0, 1, ..,m.

Sunep¸c, to upoprìblhma thc MMA, pou epilÔetai gia thn ananèwsh twn metablht¸n
sqediasmoÔ se k�je kÔklo beltistopoÐhshc, lamb�nei th morf 

elaqistopoÐhsh thc f̃0(x) + a0z +
∑m

i=1(ciyi + 1
2
diy

2
i ) (3.3)

upì touc periorismoÔc f̃i(x)− aiz − yi ≤ 0 , i = 1, ...,m

α
(k)
j ≤ xj ≤ β

(k)
j , j = 1, ..., n

z ≥ 0, yi ≥ 0 , i = 1, ...,m

Sto upoprìblhma 3.3 oi proseggistikèc sunart seic diamorf¸nontai wc

f̃
(k)
i (x) =

n∑
j=1

(
p

(k)
ij

u
(k)
j − xj

+
q

(k)
ij

xj − l(k)
j

)
+ r

(k)
i , i = 0, 1, ...,m (3.4)

ìpou oi metablhtèc α(k)
j , β

(k)
j , p

(k)
ij , q

(k)
ij , r

(k)
i upologÐzontai se k�je kÔklo k thc MMA

sunart sei twn gnwst¸n orÐwn xminj , xmaxj , twn metablht¸n sqediasmoÔ x(k)
j kai twn

parag¸gwn euaisjhsÐac ∂fi
∂xj

(x(k)) pou èqoun upologisteÐ me th suzug  mèjodo. GÐne-

tai antilhptì loipìn, pwc o lìgoc gia ton opoÐo orÐsthkan kai epilÔjhkan diaforetik�
suzug  probl mata gia th sun�rthsh-stìqo kai gia k�je periorismì, eÐnai h an�gkh
pou eis�gei h MMA na eÐnai gnwstèc oi pr¸tec par�gwgoi twn sunart sewn fi xe-
qwrist�, kai ìqi miac eniaÐac, epauxhmènhc sun�rthshc-stìqou.

Akìmh, gia thn epÐlush tou upoprobl matoc, eÐnai aparaÐthth h eÔresh twn metablh-

t¸n u(k)
j , l

(k)
j , oi opoÐec ekfr�zoun tic asÔmptwtec (upper, lower) twn proseggistik¸n

sunart sewn. Autèc, upologÐzontai sunart sei tou kat¸terou xminj kai an¸terou

xmaxj orÐou, kaj¸c kai twn metablht¸n sqediasmoÔ x
(k)
j tou parìntoc kai x(k−1)

j ,

x
(k−2)
j twn dÔo teleutaÐwn kÔklwn thc mejìdou. To gegonìc autì, martur� pwc h

MMA den diajètei thn aparaÐthth plhroforÐa stouc dÔo pr¸touc kÔklouc, aduna-
t¸ntac na proseggÐsei me meg�lh akrÐbeia tic sunart seic tou probl matoc stouc
kÔklouc autoÔc.

AfoÔ brejoÔn oi proseggistikèc sunart seic pou perigr�foun th sun�rthsh-stìqo
kai touc periorismoÔc, dhlad  oloklhrwjeÐ to prìblhma 3.3, tìte autì epilÔetai
eÔkola me mia aitiokratik  mèjodo beltistopoÐhshc, kaj¸c oi f̃i(x) me i = 0, 1, ...,m
apoteloÔn poluwnumikèc sunart seic wc proc tic metablhtèc sqediasmoÔ X. Efìson
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to upoprìblhma pou orÐzetai eÐnai kurtì, h bèltisth lÔsh tou eÐnai dunatì na brejeÐ
me th mèjodo Newton, ikanopoi¸ntac tic sunj kec KKT. Gia to lìgo autì, orÐzetai
sun�rthsh Lagrange wc

L = f̃0(x) + a0z +
m∑
i=1

(ciyi +
1

2
diy

2
i ) +

m∑
i=1

λi(f̃i(x)− aiz − yi) (3.5)

+
n∑
j=1

(ξj(αj − xj) + ηj(xj − βj))−
m∑
i=1

µiyi − ζz (3.6)

ìpou λ, ξ, η, µ, ζ oi jetik� hmiorismènoi pollaplasiastèc Lagrange gia touc periori-
smoÔc tou upoprobl matoc.
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Kef�laio 4

BeltistopoÐhsh Morf c

H BeltistopoÐhsh Morf c (shape optimisation) apoteleÐ mÐa mèjodo kat� thn opoÐa
to stereì tm ma tou upologistikoÔ qwrÐou akoloujeÐ mia parametropoÐhsh pou eÐnai
gnwst  ek twn protèrwn, se antÐjesh me th BeTo. Pio sugkekrimèna, h diaperatìthta
den ufÐstatai kai, sunep¸c, den up�rqoun abèbaiec perioqèc sto upologistikì qwrÐo,
ìpou den eÐnai xek�jaro an autèc an koun sto stereì toÐqwma   se perioq  pou
rèei to reustì. Sta probl mata morf c pou epilÔontai sth diplwmatik  ergasÐa,
oi metablhtèc sqediasmoÔ pou perigr�foun thc gewmetrÐa tou stereoÔ orÐou eÐnai
ta shmeÐa elègqou (control points) enìc Plègmatoc MorfopoÐhshc (Morphing Box),
dhlad  to plègma tou qwrÐou kai ta parametropoihmèna ìria metab�llontai me to
pèrac k�je kÔklou beltistopoÐhshc.

'Opwc anafèrjhke sthn Eisagwg  thc diplwmatik c ergasÐac, h emf�nish nekr¸n pe-
rioq¸n se èna prìblhma BeTo kai genikìtera to pedÐo thc mh-diaperatìthtac, all� kai
h mh epibol  oriak¸n sunjhk¸n sta ìria twn perioq¸n pou kajorÐzoun thn perioq 
pou rèei reustì, eis�goun abebaiìthta sthn axiopistÐa thc tim c thc sun�rthshc-
stìqou, kajist¸ntac qr simh thn metepexergasÐa thc mh-diaperatìthtac gia thn e-
pÐlush enìc probl matoc morf c.

Gia thn �mesh susqètish thc BeTo kai thc BeMo ja epilujoÔn antÐstoiqa probl ma-
ta, ta opoÐa tautÐzontai ìson afor� tic sunj kec thc ro c, th sun�rthsh-stìqo kai
touc periorismoÔc pou epib�llontai. Sunep¸c, krÐnetai anagkaÐo na gÐnei mia sÔntomh
anafor� stic exis¸seic pou dièpoun to prwteÔon kai suzugèc prìblhma thc belti-
stopoÐhshc morf c, en¸ mia analutik  perigraf  thc diadikasÐac sqhmatismoÔ twn
exis¸sewn mporeÐ na brejeÐ sto [1].

Oi prwteÔousec exis¸seic eÐnai parìmoiec me autèc thc BeTo (2.1, 2.2), qwrÐc thn
parousÐa profan¸c tou ìrou thc mh-diaperatìthtac stic exis¸seic thc orm c, dhlad 
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Rp = −∂vj
∂xj

= 0 (4.1)

Rv
i = vj

∂vi
∂xj
− ∂

∂xj

[
ν

(
∂vi
∂xj

+
∂vj
∂xi

)]
+
∂p

∂xi
= 0, i = 1, 2(, 3) (4.2)

Oi oriakèc sunj kec thc pÐeshc kai twn sunistws¸n thc taqÔthtac pou sumplhr¸noun
to prwteÔon prìblhma eÐnai ìmoiec me tic antÐstoiqec enìc probl matoc BeTo, oi
opoÐec orÐsthkan sthn enìthta 2.4.1.

H sun�rthsh stìqoc tou probl matoc eÐnai aut  thc diafor�c olik c pÐeshc metaxÔ
eisìdwn kai exìdwn (exÐswsh 2.3), en¸ epib�lletai periorismìc diat rhshc tou ìgkou
(  epif�neiac) pou katalamb�netai apì reustì, kai o opoÐoc perigr�fetai apì thn
exÐswsh 4.3.

J3 = V − Vinit = 0

V = − 1

2(3)

∫
SW

xknk dS
[
m2(3)

]
(4.3)

ìpou V h epif�neia   o ìgkoc tou upologistikoÔ qwrÐou, gia 2D kai 3D prìblhma
antÐstoiqa, pou orÐzetai apì ta stere� toiq¸mata SW kai Vinit h epif�neia   o ìgkoc
thc arqik c gewmetrÐac pou kajorÐzetai apì to SW kat� thn ènarxh thc beltistopo-
Ðhshc. H metabol  thc J3, h opoÐa brÐskei efarmog  mìno se probl mata BeMo, wc
proc tic metablhtèc sqediasmoÔ upologÐzetai wc

δJ3

δbn
= −1

2

(∫
SWP

ni
∂xi
∂xm

nm
∂xk
∂bn

nk dS +

∫
SWP

xi
δni
δbn

dS +

∫
SWP

xini
δ(dS)

δbn

)
(4.4)

Sth sunèqeia, orÐzetai h sun�rthsh-stìqoc epauxhmènh me tic exis¸seic thc ro c,

Faug = F +

∫
Ω

qRp dΩ +

∫
Ω

uiR
u
i dΩ (4.5)

ìpou q, ui oi suzugeÐc metablhtèc thc pÐeshc kai twn sunistws¸n thc taqÔthtac
antÐstoiqa. ParagwgÐzontac thn exÐswsh 4.5 wc proc tic metablhtèc sqediasmoÔ bn
tou probl matoc kai Ôstera apì thn ektèlesh pr�xewn me skopì thn apaloif  twn
parag¸gwn ∂vi

∂α
, ∂p
∂α
, prokÔptoun oi exis¸seic tou suzugoÔc probl matoc wc
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Rq = −∂uj
∂xj

= 0 (4.6)

Ru
i = uj

∂vj
∂xi
− ∂vjui

∂xj
− ∂

∂xj

[
ν
(∂ui
∂xj

+
∂uj
∂xi

)]
+
∂q

∂xi
= 0, i = 1, 2(, 3) (4.7)

AfoÔ ikanopoihjoÔn oi suzugeÐc exis¸seic, h èkfrash twn parag¸gwn euaisjhsÐac
èqei thn akìloujh morf 

δFaug
δbn

=

∫
S

[
uivjnj + ν

(
∂ui
∂xj

+
∂uj
∂xi

)
nj − qni +

{
vivknk + pnk +

1

2
v2
i nk
}
SI,O

]
∂vi
∂bn

dS

+

∫
S

(ujnj +
{
vini

}
SI,O

)
∂p

∂bn
dS

+

∫
SWP

(uiR
v
i + qRp)

δxk
δbn

nk dS (4.8)

ìpou S to ìrio tou upologistikoÔ qwrÐou, to opoÐo gr�fetai wc S = SI ∪ SO ∪
SW ∪ SWP

, me S = SI , SO, SW , SWP
oi eÐsodoi, èxodoi, ta stajer� kai parametropoi-

hmèna ìria antÐstoiqa. EÐnai shmantikì na tonisteÐ, pwc h gewmetrÐa twn tmhm�twn
eisìdou kai exìdou eÐnai stajer , dhlad  den exart�tai apì tic metablhtèc sqedia-
smoÔ tou probl matoc, en¸ h sun�rthsh stìqoc oloklhr¸netai p�nw stic eisìdouc
kai exìdouc, kai o periorismìc mìno sto parametropoihmèno ìrio. H shmantikìterh
diafor� twn exis¸sewn, se sqèsh me èna prìblhma BeTo, entopÐzetai sth metabol 
pou ufÐstatai tou plègma tou upologistikoÔ qwrÐou me to pèrac k�je kÔklou belti-
stopoÐhshc, dhlad  autì exart�tai apì tic metablhtèc sqediasmoÔ tou probl matoc.

Ta dÔo pr¸ta oloklhr¸mata, me skopì na apaleifoÔn oi ìroi thc metabol c twn
roik¸n metablht¸n apì tic metablhtèc sqediasmoÔ, sumb�lloun sth diatÔpwsh twn
suzug¸n oriak¸n sunjhk¸n. Pio sugkekrimèna,

a) Stic eisìdouc tou upologistikoÔ qwrÐou SI , efarmìzontai Dirichlet oriakèc sun-
j kec gia tic sunist¸sec thc taqÔthtac kai mhdenik  Neumann gia thn pÐesh, dhlad 
δvi/δbn = ∂vi/∂bn = 0, kai epeid  eÐnai stajerì ìrio isqÔei δxk/δbn = 0. Sunep¸c,
to pr¸to olokl rwma thc exÐswshc 4.8 apaleÐfetai kai apì to deÔtero prokÔptei,

ujnj = −vini (4.9)

Efìson den prokÔptei oriak  sunj kh apì tic exis¸seic gia thn suzug  pÐesh, epi-
b�lletai mhdenik  Neumann gia thn metablht  q sthn eÐsodo.
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b) Stic exìdouc tou upologistikoÔ qwrÐou SO, efarmìzontai mhdenikèc Neumann
oriakèc sunj kec gia tic sunist¸sec thc taqÔthtac kai mhdenik  Dirichlet gia thn
pÐesh, dhlad  δp/δbn = ∂p/∂bn = 0, kai epeid  eÐnai stajerì ìrio isqÔei δxk/δbn = 0.
Sunep¸c, to deÔtero olokl rwma thc exÐswshc 4.8 apaleÐfetai kai apì to pr¸to
prokÔptei,

qni = uivjnj + vivknk + pnk +
1

2
v2
i nk (4.10)

H exÐswsh 4.10 epilÔetai sta ìria twn exìdwn lamb�nontac thn tim  thc suzugoÔc
taqÔthtac apì to eswterikì qwrÐo.

g) Sta stajer� ìria tou upologistikoÔ qwrÐou SW , efarmìzontai Dirichlet oriakèc
sunj kec gia tic sunist¸sec thc taqÔthtac kai mhdenik  Neumann gia thn pÐesh,
dhlad  δvi/δbn = ∂vi/∂bn = 0, kai epeid  eÐnai stajerì ìrio isqÔei δxk/δbn = 0.
Sunep¸c, to pr¸to olokl rwma thc exÐswshc 4.8 apaleÐfetai kai apì to deÔtero
prokÔptei

ujnj = −vini (4.11)

Efìson den prokÔptei oriak  sunj kh apì tic exis¸seic gia thn suzug  pÐesh, orÐze-
tai mhdenik  Neumann gia thn metablht  q sta stajer� ìria.

d) Sta parametropoihmèna ìria tou upologistikoÔ qwrÐou SWP
, efarmìzontai mhde-

nikèc Dirichlet oriakèc sunj kec gia tic sunist¸sec thc taqÔthtac, kai sunep¸c h
olik  par�gwgoc δvi/δbn = 0. Ta parametropoihmèna ìria ìmwc, metab�llontai stouc
kÔklouc beltistopoÐhshc, dhlad  h olik  par�gwgoc δxk/δbn 6= 0, me apotèlesma h
merik  par�gwgoc twn sunistws¸n thc taqÔthtac wc proc tic metablhtèc sqediasmoÔ
na upologÐzetai wc

∂vi
∂bn

= − ∂vi
∂bn

nk
δxm
δbn

nm

Gia to mhdenismì twn pr¸twn dÔo oloklhrwm�twn thc exÐswshc 4.8, oi suzugeÐc
metablhtèc upologÐzontai sta parametropoihmèna ìria wc

qni = uivjnj + ν

(
∂ui
∂xj

+
∂uj
∂xi

)
nj (4.12)

ujnj = 0 (4.13)

H epÐlush twn prwteÔontoc all� kai suzugoÔc probl matoc pragmatopoi jhkan me
to algìrijmo SIMPLE, en¸ h mèjodoc pou qrhsimopoi jhke gia thn ananèwsh twn
metablht¸n sqediasmoÔ se k�je kÔklo beltistopoÐhshc eÐnai h SQP.
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Kef�laio 5

Prìblhma BeTo dÔo Eisìdwn -

tri¸n Exìdwn (2D)

Ed¸ epilÔetai èna problhma BeTo dÔo eisìdwn kai tri¸n exìdwn (2I3O), ìpwc pa-
rousi�zontai ta ìria (SW , SI , SO) tou upologistikoÔ qwrÐou sto sq ma 5.1.

Sq ma 5.1: Ta ìria SW , SI kai SO tou upologistikoÔ qwrÐou tou probl matoc
pou epilÔetai, ìpou epib�llontai oriakèc sunj kec toÐqou, eisìdou kai exìdou antÐstoiqa
(2.4).

To 2D prìblhma pou epilÔetai, qarakthrÐzetai apì asumpÐesth kai strwt  ro , dh-
lad  perigr�fetai apì tic exis¸seic tou sust matoc pou parousi�sthkan stic enìth-
tec 2.1 (prwteÔon prìblhma) kai 2.3 (suzugèc prìblhma), me tic antÐstoiqec oriakèc
sunj kec pou orÐsthkan sthn enìthta 2.4, en¸ upìkeitai sth sun�rthsh-stìqo twn
apwlei¸n pÐeshc (exÐswsh 2.3) kai ton periorismì tou ìgkou (exÐswsh 2.5).
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Stic upoenìthtec pou akoloujoÔn, parousi�zetai h sumperifor� thc epÐlushc tou
probl matoc BeTo twn dÔo eisìdwn kai tri¸n exìdwn, kat� th metabol  twn perio-
rism¸n, thc sun�rthshc thc mh-diaperatìthtac kai tou trìpou energopoÐhshc twn
metablht¸n sqediasmoÔ. Gia kalÔterh katanìhsh kai sÔgkrish twn apotelesm�twn,
paratÐjetai sto sq ma 5.2 ta pedÐa thc mh-diaperatìthtac kai thc taqÔthtac, me to
pèrac twn kÔklwn beltistopoÐhshc.

(aþ) PedÐo mh-diaperatìthtac (bþ) PedÐo mètrou taqÔthtac

(gþ) Mh-
diaperatìthta

(dþ) Mètro
taqÔthtac

Sq ma 5.2: PedÐa thc mh-diaperatìthtac kai thc taqÔthtac (a kai b antÐstoiqa), me
to pèrac thc beltistopoÐhshc. ParathreÐtai, pwc to pedÐo thc mh-diaperatìthtac (sq ma
a) qarakthrÐzetai apì duadikìthta, en¸ eÐnai apallagmèno apì nekrèc perioqèc kai apì
meg�lo arijmì gkrÐzwn perioq¸n. Akìmh, sto kÔklo pou parousi�zetai o periorismìc
èqei ikanopoihjeÐ, kai h tim  thc sun�rthshc-stìqou eÐnai Ðsh me FOBJ = 0.0237908, en¸
adiastatopoihmènh me thn tim  thc sto pr¸to kÔklo isoÔtai me 0.584672. Sta sq mata
g kai d, parousi�zetai h posotikopoÐhsh twn qrwm�twn pou perigr�foun ta PedÐa thc
mh-diaperatìthtac kai tou mètrou thc taqÔthtac antÐstoiqa. Pio sugkekrimèna, to bajÔ
kìkkino qr¸ma antistoiqeÐ se tim  thc mh-diaperatìthtac Ðsh me th mon�da, dhlad 
pl rwc stereopoihmènh perioq , en¸ to skoÔro mple qr¸ma upodeiknÔei thn eleÔjerh
ro  tou reustoÔ (mhdenik  tim  mh-diaperatìthtac).

Sto prìblhma autì, qrhsimopoi jhke o periorismìc gia ton ìgko tou reustoÔ sto u-
pologistikì qwrÐo me stìqo πtar = 0.462, h mh grammik  sun�rthsh thc mh-diaperatìthtac
(2.31), me tim  tou suntelest  bMAX thc exÐswshc 2.29 Ðsh me 2500, en¸ efarmìsth-
ke KanonikopoÐhsh (Regularization) kai stadiak  energopoÐhsh twn metablht¸n sqe-
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diasmoÔ (SMD). Stic eisìdouc orÐsthke orizìntia taqÔthta proc to eswterikì tou
qwrÐou, me tim  Ðsh me th mon�da, en¸ gia kalÔterh katanìhsh twn qrwm�twn pou
perigr�foun ta pedÐa thc taqÔthtac kai thc mh-diaperatìthtac, dÐnontai ta sq mata
5.2(gþ), 5.2(dþ) gia thn posotik  antistoÐqish touc. O trìpoc me ton opoÐo domeÐtai to
prìblhma pou epilÔjhke apoteleÐ anafor� gia ta probl mata pou akoloujoÔn, en¸
oi sqetikèc diaforèc touc ja anafèrontai rht�.

Sto sq ma 5.3 parousi�zetai h tim  thc sun�rthshc-stìqou FOBJ me th diadoq  twn
kÔklwn beltistopoÐhshc. Stouc pr¸touc 30 kÔklouc diakrÐnetai mia talantwtik 
sumperiofor� sthn tim  twn apwlei¸n olik c pÐeshc thc ro c, h opoÐa ofeÐletai
sth stadiak  energopoÐhsh twn metablht¸n sqediasmoÔ tou probl matoc (SMD).
Sth sunèqeia, h sun�rthsh-stìqoc èqei anodik  poreÐa, èwc ìtou ikanopoihjeÐ o
epiballìmenoc periorismìc tou ìgkou (kÔkloc 39), en¸ akoloujeÐ h apìtomh meÐwsh
thc tim c thc, h opoÐa ofeÐletai sth mèjodo ananèwshc twn metablht¸n sqediasmoÔ
(MMA). H FOBJ èqei sugklÐnei sto 70o kÔklo, all� eÐnai shmantikì na mh termatisteÐ
�mesa h beltistopoÐhsh, ¸ste na dojeÐ h dunatìthta meÐwshc tou eÔrouc pijan¸n
nekr¸n   kai gkrÐzwn perioq¸n.

Sq ma 5.3: H tim  thc sun�rthshc-stìqou FOBJ me th diadoq  twn kÔklwn thc
BeTo (sq ma 5.2). H talantwtik  superifor�, èwc ton 30o kÔklo, dikaiologeÐtai apì
thn efarmog  thc SMD, en¸ afoÔ ikanopoihjeÐ o epiballìmenoc periorismìc tou ìgkou,
ston 39o kÔklo, h beltistopoÐhsh sugklÐnei gr gora sth bèltisth tim  twn apwlei¸n
olik c pÐeshc thc ro c, lìgw thc MMA.

Stic upoenìthtec tou kefalaÐou autoÔ, ja dojeÐ èmfash sth sumperifor� thc e-
pÐlushc diafìrwn problhm�twn BeTo, kaj¸c kai sth morf  tou telikoÔ pedÐou thc
mh-diaperatìthtac, ìso metab�llontai par�metroi ìpwc: a) oi epiballìmenoi periori-
smoÐ, b) h mèjodoc energopoÐhshc twn metablht¸n sqediasmoÔ, g) h arqikopoÐhsh thc
mh-diaperatìthtac, kai d) to filtr�risma   ìqi tou pedÐou thc mh-diaperatìthtac. Ta
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qarakthristik� tou probl matoc anafor�c pou axÐzei na shmeiwjoÔn, proc sÔgkrish
me ta probl mata pou akoloujoÔn, eÐnai

1. H ikanopoÐhsh tou(twn) periorismoÔ(¸n)

2. H tim  thc sun�rthshc stìqou FOBJ = 0.0237908

3. H duadikìthta tou pedÐou thc mh-diaperatìthtac

4. H omalìthta twn pedÐwn, ìqi traqei� pedÐa   pedÐa skakièrac

5. Oi mikroÔ eÔrouc nekrèc kai gkrÐzec perioqèc

Me to pèrac miac petuqhmènhc BeTo oi epiballìmenoi periorismoÐ èqoun ikanopoihjeÐ,
en¸ h tim  thc sun�rthshc-stìqou apoteleÐ èna krit rio sÔgkrishc dÔo ìmoiwn pro-
blhm�twn, dhlad  problhm�twn pou den diafèroun wc proc tic paramètrouc a) kai d).
Ta qarakthristik� 3, 4, 5 pou aforoÔn to pedÐo thc mh-diaperatìthtac, ephre�zoun
thn axiopistÐa thc tim c thc sun�rthshc-stìqou, dhlad  pìso diafèrei h FOBJ enìc
probl matoc BeTo kai enìc ìmoiou pou epilÔetai se oriìdeto plègma, ìpou èqoun e-
piblhjeÐ oriakèc sunj kec stic proc stereopoÐhsh perioqèc tou qwrÐou. Oi diaforèc
pou entopÐzontai kat� thn epÐlush thc ro c, ofeÐlontai kurÐwc sth metepexergasÐa
tou pedÐou thc mh-diaperatìthtac gia thn epÐlush tou probl matoc se oriìdeto plèg-
ma, kaj¸c kai sthn adunamÐa thc BeTo na par�xei èna safèc ìrio metaxÔ stereoÔ
toiq¸matoc kai reustoÔ (parousÐa gkrÐzwn perioq¸n) gia thn topojèthsh oriak¸n
sunjhk¸n. Gia thn axiolìghsh thc tim c thc sun�rthshc-stìqou enìc probl matoc
BeTo, dhlad  thc axiopistÐac thc, epilÔontai ta antÐstoiqa probl mata sthn enìthta
7.

5.1 PeriorismoÐ

Sthn enìthta aut , dÐnetai èmfash sthn epibol  diaforetik¸n periorism¸n, eÐte me-
tab�llontac thn oriak  mègisth tim  tou periorismoÔ tou ìgkou (exÐswsh 2.5), e-
Ðte epib�llontac to posostì m�zac pou exèrqetai apì k�je agwgì (exÐswsh 2.7).
H efarmog  twn periorism¸n pou akoloujoÔn, èqei antÐktupo tìso sthn tim  thc
sun�rthshc-stìqou, ìso kai sto pedÐo thc mh-diaperatìthtac pou prokÔptei.

Sta probl mata BeTo pou epilÔontai sthn paroÔsa enìthta, efarmìzetai h mèjodoc
thc KanonikopoÐhshc kai tou Stadiak� Metaballìmenh Diaperatìthta (SMD), me
mhdenik  tim  arqikopoÐhshc ìson afor� to pedÐo thc mh-diaperatìthtac sto eswte-
rikì qwrÐo sqediasmoÔ. Se sunduasmì me thn epibol  twn diaforetik¸n periorism¸n,
melet�tai h sumperifor� thc lÔshc tou probl matoc me th metabol  tou stajeroÔ
suntelest  bMAX thc sun�rthshc thc mh-diaperatìthtac.
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5.1.1 Periorismìc 'Ogkou

Sthn perÐptwsh pou akoloujeÐ, jewr¸ntac pwc den up�rqei k�poia sqediastik  a-
n�gkh, paraleÐpetai h efarmog  periorism¸n, me apotèlesma h lÔsh na odhgeÐtai sta
pedÐa pou parousi�zontai sto sq ma 5.4. H parousÐa nekr¸n perioq¸n kai endi�meswn
tim¸n thc mh-diaperatìthtac eÐnai emfan c, en¸ akìmh h mh-diaperatìthta emfanÐzei
traqeièc epif�neiec kai to pedÐo tou mètrou thc taqÔthtac orismènec perioqèc anaku-
klofori�c. Ta qarakthristik� aut� eÐnai anepijÔmhta, kaj¸c èqoun antÐktupo sthn
axiopistÐa thc sun�rthshc stìqou, h opoÐa lamb�nei tim  parapl sia tou probl matoc
anafor�c kai Ðsh me FOBJ = 0.0238085 (ènanti 0.0237908).

(aþ) PedÐo mh-diaperatìthtac, qwrÐc periorismì,
gia 100 kÔklouc beltistopoÐhshc, me FOBJ =
0.0238085

(bþ) PedÐo mètrou taqÔthtac, qwrÐc periorismì,
gia 100 kÔklouc beltistopoÐhshc

(gþ) PedÐo mh-diaperatìthtac, qwrÐc periorismì,
gia 200 kÔklouc beltistopoÐhshc

(dþ) PedÐo mètrou taqÔthtac, qwrÐc periorismì,
gia 200 kÔklouc beltistopoÐhshc

Sq ma 5.4: PedÐa thc mh-diaperatìthtac kai thc taqÔthtac, se prìblhma BeTo,
qwrÐc thn efarmog  tou periorismoÔ tou ìgkou, me èntonh emf�nish nekr¸n perioq¸n
kai endi�meswn tim¸n thc mh-diaperatìthtac. Aux�nontac touc kÔklouc beltistopoÐhshc
(sq mata g kai d), to prìblhma teÐnei na antimetwpisteÐ, en¸ h metabol  thc FOBJ
eÐnai anepaÐsjhth. Den apoteleÐ, ìmwc, gr gora upologÐsimh lÔsh, kaj¸c aux�netai
analogik� kai to upologistikì kìstoc, en¸ to pedÐo thc taqÔthtac den metab�lletai
shmantik�.

Jètontac th mègisth tim  tou periorismoÔ tou ìgkou Ðsh me πtar = 0.70, sqetik� qala-
rìc periorismìc, prokÔptoun ta pedÐa tou sq matoc 5.5. O periorismìc èqei ikanopoi-
hjeÐ, en¸ parathroÔntai arketèc, all� meiwmènec sqetik� me thn apousÐa periorismoÔ
(sq ma 5.4), nekrèc perioqèc. H tim  thc sun�rthshc-stìqou prokÔptei el�qista,
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Ðswc anepaÐsjhta, mikrìterh apì thn prohgoÔmenh perÐptwsh FOBJ = 0.0236857 (èna-
nti 0.0238085). M�lista, sugkritik� me to prìblhma anafor�c (πtar = 0.462, sq ma
5.2), ìpou h sun�rthsh-stìqoc lamb�nei parapl sia tim  (FOBJref = 0.0237908) kai
sunant�tai omoiìmorfo pedÐo mh-diaperatìthtac, diapist¸netai pwc o periorismìc tou
ìgkou, bohj� sth duadikìthta, apall�ssont�c thn apì nekrèc perioqèc. Sunep¸c,
eÐnai aparaÐthto na dojeÐ mia ex ghsh gia thn aitÐa dhmiourgÐac twn nekr¸n perioq¸n,
all� kai gia th duskolÐa tou algorÐjmou na stereopoi sei ta shmeÐa tou upologisti-
koÔ qwrÐou pou sunant�tai mhdenik  taqÔthta.

(aþ) PedÐo mh-diaperatìthtac, me periorismì
ìgkou 0.70

(bþ) PedÐo mètrou taqÔthtac, me periorismì
ìgkou 0.70

(gþ) PedÐo mètrou suzugoÔc taqÔthtac, me pe-
riorismì ìgkou 0.70

Sq ma 5.5: PedÐa thc mh-diaperatìthtac, tou mètrou thc taqÔthtac kai tou mètrou
thc suzugoÔc taqÔthtac Ôstera apì thn epÐlush tou probl matoc pou èqei oristeÐ, gia
periorismì ìgkou πtar = 0.70.

H exÐswsh pou sumb�llei sthn ananèwsh twn metablht¸n sqediasmoÔ (exÐswsh 2.27)
orÐsthke sthn enìthta 2.3 kai epanalamb�netai akoloÔjwc

δFaug
δa

=

∫
Ω

uivi
∂G(a)

∂a
dΩ

Oi par�gwgoi euaisjhsÐac exart¸ntai �mesa apì tic sunist¸sec thc taqÔthtac vi kai
thc suzugoÔc taqÔthtac ui. Autì, èqei wc apotèlesma na lamb�noun mikrèc, èwc
kai anepaÐsjhtec timèc, ekeÐ ìpou ta pedÐa thc taqÔthtac kai thc suzugoÔc taqÔthtac
teÐnoun na mhdenistoÔn, ìpwc faÐnetai sta sq mata 5.5(bþ) kai 5.5(gþ). 'Amesh sunèpeia
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autoÔ, eÐnai o sqhmatismìc twn nekr¸n perioq¸n sto upologistikì qwrÐo, oi opoÐec
den eÐnai dunatìn na stereopoihjoÔn Ôstera apì thn ikanopoÐhsh tou periorismoÔ tou
ìgkou.

EÐnai shmantikì na gÐnei antilhptì, pwc oi nekrèc perioqèc gÔrw apì stereopoihmèno
ulikì (ìpwc aut  pou sunant�tai sto sq ma 5.5), den ephre�zoun �mesa thn tim  thc
sun�rthshc-stìqou, all� katalamb�noun èna posostì tou periorismoÔ tou ìgkou,
to opoÐo k�llista ja mporoÔse na dojeÐ sth ro , ekeÐ ìpou dhlad  anaptÔssetai
taqÔthta.

Sthn perÐptwsh pou oristeÐ pio austhrìc periorismìc ìgkou, dhlad  πtar = 0.40  
πtar = 0.30, ta pedÐa pou prokÔptoun parousi�zontai sta sq mata 5.6(aþ),5.6(bþ) kai
5.6(gþ), 5.6(dþ) antÐstoiqa. O algìrijmoc epÐlushc sumperifèretai èxupna arket�,
¸ste na stereopoi sei th mesaÐa èxodo kai na epitrèyei sth ro  na exèljei mìno apì
tic akrianèc exìdouc.

(aþ) PedÐo mh-diaperatìthtac me periorismì
ìgkou 0.40

(bþ) PedÐo mètrou taqÔthtac me periorismì
ìgkou 0.40

(gþ) PedÐo mh-diaperatìthtac me periorismì
ìgkou 0.30

(dþ) PedÐo mètrou taqÔthtac me periorismì
ìgkou 0.30

Sq ma 5.6: PedÐa thc mh-diaperatìthtac kai thc taqÔthtac, se prìblhma BeTo me
periorismì ìgkou 0.40 (sq mata a, b) kai 0.30 (sq mata g, d).

O periorismìc ìgkou èrqetai antimètwpoc me thn elaqistopoÐhsh thc sun�rthshc-
stìqou, kaj¸c den epitrèpei sth ro  na kateujunjeÐ proc thn poreÐa me tic el�qi-
stec ap¸leiec. H apìtomh strof  tou reustoÔ ¸ste na exèljei apì thn antÐstoiqh
kontin  èxodo, all� kai h èntonh meÐwsh thc diatom c, eidikìtera sthn perÐptwsh
tou πtar = 0.30, odhgeÐ sthn aÔxhsh twn apwlei¸n. Apotèlesma autoÔ, eÐnai h a-
Ôxhsh thc diafor�c olik c pÐeshc metaxÔ eisìdou kai exìdou kai kat' epèktash thc
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tim c thc sun�rthshc stìqou, h opoÐa prokÔptei Ðsh me FOBJvol=0.40
= 0.026369 kai

FOBJvol=0.30
= 0.0951156 gia thn k�je perÐptwsh xeqwrist�.

5.1.2 Periorismìc M�zac

Sth f�sh aut , tÐjetai se efarmog  o periorismìc m�zac (exÐswsh 2.7), gia ton kajo-
rismì thc paroq c m�zac pou pern� apì k�je agwgì exìdou. Sugqrìnwc, epib�lletai
se k�je perÐptwsh kai o periorismìc tou ìgkou me tim  πtar = 0.462, h anagkaiìth-
ta tou opoÐou, ìpwc dikaiolog jhke sthn prohgoÔmenh enìthta, ofeÐletai tìso stic
an�gkec tou ek�stote probl matoc ìso kai sthn prosp�jeia meÐwshc twn nekr¸n
perioq¸n. Shmantikì eÐnai na diapistwjeÐ h sumperifor� thc beltistopoÐhshc enìc
probl matoc BeTo, sto opoÐo epib�llontai oi periorismoÐ m�zac kai ìgkou, parath-
r¸ntac tìso th metabol  thc sun�rthshc stìqou, ìso kai th morf  tou pedÐou thc
mh-diaperatìthtac pou prokÔptei.

H poreÐa thc beltistopoÐhshc exart�tai shmantik� apì thn epilog  thc sun�rth-
shc thc mh-diaperatìthtac, ìpwc orÐsthke sthn exÐswsh 2.29, kaj¸c all�zoun oi
exis¸seic tou proc epÐlush sust matoc, all� kai autèc pou sqetÐzontai me thn ana-
nèwsh twn metablht¸n sqediasmoÔ, dhlad  oi par�gwgoi euaisjhsÐac. Sunep¸c, eÐnai
dunatì na diaforopoieÐtai h exèlixh thc beltistopoÐhshc kai kat' epèktash h telik 
lÔsh.

Gia to lìgo autì, epilÔontai probl mata BeTo me diaforetikì stajerì suntelest 
thc sun�rthshc thc mh-diaperatìthtac bMAX kai gia diaforetikì epiballìmeno perio-
rismì m�zac. Pio sugkekrimèna, parousi�zontai ta telik� pedÐa thc mh-diaperatìthtac
kai tou mètrou thc taqÔthtac, Ôstera apì thn epÐlush problhm�twn BeTo, ìpou kai
efarmìzontai timèc tou suntelest  bMAX Ðsec me 2500 kai 5000, me katanomèc paro-
q c m�zac exìdou 0.25, 0.25, 0.50 (sq ma 5.7) kai 0.50, 0.25, 0.25 (sq ma 5.8) apì
arister� proc dexi�.

Kai stic dÔo peript¸seic tou periorismoÔ thc m�zac, h aÔxhsh tou suntelest  bMAX

bohj� sthn eÔresh miac pio apotelesmatik c lÔshc twn parìntwn problhm�twn. Pra-
ktik�, me thn aÔxhsh thc tim c tou suntelest  thc sun�rthshc G(a), enisqÔetai h
barÔthta tou ìrou thc mh-diaperatìthtac, me apotèlesma na dieukolÔnetai h apener-
gopoÐhsh twn exis¸sewn thc ro c, stic proc stereopoÐhsh perioqèc tou upologisti-
koÔ qwrÐou, kurÐwc stic endi�mesec timèc tou pedÐou thc mh-diaperatìthtac.

Sta probl mata tou sq matoc 5.7, ta telik� pedÐa diafèroun shmantik� ìson afor�
thn tim  thc sun�rthshc-stìqou kai th morf  tou pedÐou thc mh-diaperatìthtac.
Metab�llontac thn tim  tou bMAX h BeTo odhgeÐtai se diaforetik  lÔsh, kaj¸c
gia qamhl  tim  tou kai oi treic sqhmatizìmenoi agwgoÐ epikoinwnoÔn metaxÔ touc,
egklwbÐzontac th diadikasÐa se èna pijanì topikì akrìtato. Aux�nontac thn tim  tou
suntelest , sta probl mata pou antistoiqoÔn sto sq ma 5.8, h tim  thc sun�rthshc-
stìqou kai h morf  thc mh-diaperatìthtac sthn telik  lÔsh den diafèroun shmantik�,
all� bohj� sthn ex�leiyh thc nekr c perioq c pou sunant�tai sto dexÐ agwgì (sq ma
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(aþ) PedÐo mh-diaperatìthtac me suntelest 
bMAX = 2500 kai FOBJ = 0.0356241

(bþ) PedÐo mètrou taqÔthtac me suntelest 
bMAX = 2500

(gþ) PedÐo mh-diaperatìthtac me suntelest 
bMAX = 5000 kai FOBJ = 0.0266918

(dþ) PedÐo mètrou taqÔthtac me suntelest 
bMAX = 5000

Sq ma 5.7: PedÐa thc mh-diaperatìthtac kai thc taqÔthtac, se dÔo probl mata BeTo
me diaforetikèc timèc tou suntelest  bMAX kai upì thn epibol  tou periorismoÔ thc
paroq c thc m�zac pou exèrqetai apì tou agwgoÔc, me katanom  0.25, 0.25, 0.50 apì
arister� proc ta dexi�. Diapist¸netai pwc me thn aÔxhsh tou suntelest  bMAX , h
beltistopoÐhsh odhgeÐtai se kalÔterh lÔsh ìson afor� thn tim  thc sun�thshc-stìqou,
en¸ sugqrìnwc to pedÐo thc mh-diaperatìthtac diafèrei shmantik�.

5.8(aþ)).

5.2 Stadiak� Metaballìmenh Diaperatìthta (SMD)

H stadiak  energopoÐhsh twn metablht¸n sqediasmoÔ enìc probl matoc BeTo, xe-
kin¸ntac apì ta ìria tou toiq¸matoc SW tou upologistikoÔ qwrÐou, bohj�, ìpwc
perigr�fhke kai sthn enìthta 2.6, sthn eÔresh miac pijan¸c kalÔterhc lÔshc, ìson
afor� thn tim  thc sun�rthshc-stìqou. H lÔsh aut , den diafèrei mìno sta qarakth-
ristik� tou pedÐou thc mh-diaperatìthtac, dhlad  sth duadikìthta kai sthn Ôparxh
gkrÐzwn perioq¸n, all� eÐnai dunatìn na all�zei morfologik�, dhlad  na parathreÐtai
diaforetik  kateÔjunsh thc ro c, ìpwc parousi�zetai sto sq ma 5.9. Gia kalÔte-
rh epopteÐa twn problhm�twn pou epilÔontai sto kef�laio autì, anafèretai pwc sta
probl mata thc enìthtac efarmìzetai h mèjodoc thc KanonikopoÐhshc kai to pedÐo thc
mh-diaperatìthtac, sto eswterikì tou qwrÐou, lamb�nei wc arqikopoÐhsh th mhdenik 
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(aþ) PedÐo mh-diaperatìthtac me suntelest 
bMAX = 2500 kai FOBJ = 0.0250969

(bþ) PedÐo mètrou taqÔthtac me suntelest 
bMAX = 2500

(gþ) PedÐo mh-diaperatìthtac me suntelest 
bMAX = 5000 kai FOBJ = 0.0250321

(dþ) PedÐo mètrou taqÔthtac me suntelest 
bMAX = 5000

Sq ma 5.8: PedÐa thc mh-diaperatìthtac kai thc taqÔthtac, se dÔo probl mata BeTo
me diaforetikèc timèc tou suntelest  bMAX kai upì thn epibol  tou periorismoÔ thc
paroq c thc m�zac pou exèrqetai apì tou agwgoÔc, me katanom  0.50, 0.25, 0.25 apì
arister� proc ta dexi�. Diapist¸netai pwc me thn aÔxhsh tou suntelest  bMAX , h
diafor� sthn tim  thc sun�rthshc-stìqou eÐnai anepaÐsjhth, en¸ apousi�zei to komm�ti
thc nekr c perioq c pou parathreÐtai sto sq ma 5.8(aþ).

tim .

Kat� thn energopoÐhsh twn metablht¸n sqediasmoÔ apì ton pr¸to ki ìlac kÔklo
beltistopoÐhshc (sq ma 5.9(aþ)), h telik  lÔsh èqei odhghjeÐ se èna topikì akrìta-
to, kaj¸c h sun�rthsh stìqoc emfanÐzei auxhmènh tim  FOBJ = 0.026074, ènanti
thc FOBJΣMΠ

= 0.0242459, apokleÐontac thn èxodo tou reustoÔ apì ton mesaÐo ka-
takìrufo agwgì, en¸ h parousÐa nekr¸n perioq¸n kai h anakukloforÐa taqÔthtac
eÐnai emfan c.

H anomoiomorfÐa ìmwc thc mh-diaperatìthtac pou sunant�tai sto sq ma 5.9, eÐnai
pijanì na ofeÐletai sto ìti èqei ikanopoihjeÐ o periorismìc tou ìgkou kai oi nekrèc
perioqèc paramènoun sto telikì pedÐo kai ìqi sto gegonìc ìti ìlec oi metablhtèc
sqediasmoÔ af nontai eleÔjerec apì thn ènarxh thc beltistopoÐhshc. Gia to lìgo
autì, eÐnai dìkimo na sugkrijoÔn ta dÔo probl mata BeTo, me kai qwrÐc SMD, se pio
austhrì periorismì ìgkou, thc t�xhc tou πtar = 0.40, ta opoÐa kai parousi�zontai
sto sq ma 5.10.
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(aþ) PedÐo mh-diaperatìthtac me periorismì
ìgkou 0.45, se prìblhma BeTo kai FOBJ =
0.026074

(bþ) PedÐo mètrou taqÔthtac me periorismì ìgkou
0.45, se prìblhma BeTo

(gþ) PedÐo mh-diaperatìthtac me periorismì
ìgkou 0.45, se prìblhma BeTo me SMD kai
FOBJ = 0.0242459

(dþ) PedÐo mètrou taqÔthtac me periorismì ìgkou
0.45, se prìblhma BeTo me SMD

Sq ma 5.9: PedÐa thc mh-diaperatìthtac kai thc taqÔthtac, se prìblhma BeTo me
  qwrÐc SMD, kai me periorismì ìgkou 0.45. EÐnai emfanèc, tìso apì thn tim  thc
sun�rthshc stìqou ìso kai apì ta qarakthristik� tou pedÐou thc mh-diaperatìthtac,
pwc sto parìn probl ma h stadiak  energopoÐhsh metablht¸n sqediasmoÔ bohj� sthn
anaz thsh bèltisthc lÔshc.

Diapist¸netai, pwc anexart twc apì ton trìpo energopoÐhshc twn metablht¸n sqe-
diasmoÔ, h lÔsh kai sta dÔo probl mata eÐnai parìmoia, me anepaÐsjhth diafor� sthn
tim  thc sun�rthshc-stìqou. Pio sugkekrimèna, to prìblhma BeTo den egklwbÐzetai
se topikì akrìtato, me apotèlesma na prokÔptoun dÔo ìmoiec morfologik� lÔseic,
me duadikì pedÐo mh-diaperatìthtac kai qwrÐc nekrèc perioqèc.

5.3 ArqikopoÐhsh Mh-Diaperatìthtac

Genikìtera se probl mata beltistopoÐhshc, ìqi mìno se aut� thc TopologÐac, ta
opoÐa epilÔontai me epanalhptikèc mejìdouc, h epilog  twn arqik¸n tim¸n twn me-
tablht¸n sqediasmoÔ eÐnai dunatìn na odhg sei se taqÔterh eÔresh thc epijumht c
lÔshc (meÐwsh upologistikoÔ kìstouc)   akìmh eÐnai pijanì h mèjodoc na pagideuteÐ
se k�poio topikì akrìtato, adunat¸ntac na odhghjeÐ sthn kajolik� bèltisth lÔsh.
Sunep¸c, eÐnai shmantikì na diereunhjeÐ h pio apotelesmatik  tim  tou pedÐou thc mh-
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(aþ) PedÐo mh-diaperatìthtac me periorismì
ìgkou 0.40, se prìblhma BeTo kai FOBJ =
0.0264031

(bþ) PedÐo mètrou taqÔthtac me periorismì ìgkou
0.40, se prìblhma BeTo

(gþ) PedÐo mh-diaperatìthtac me periorismì
ìgkou 0.40, se prìblhma BeTo me SMD kai
FOBJ = 0.026369

(dþ) PedÐo mètrou taqÔthtac me periorismì
ìgkou 0.40, se prìblhma BeTo me SMD

Sq ma 5.10: PedÐa thc mh-diaperatìthtac kai thc taqÔthtac, se prìblhma BeTo me
  qwrÐc SMD, me periorismì ìgkou 0.40. Kai stic dÔo lÔseic, h ro  exèrqetai apì touc
kontinoÔc agwgìc, lìgw thc epibol c tou austhroÔ periorismoÔ tou ìgkou, qwrÐc na
sunant�tai shmantik  diafor� sta pedÐa, kaj¸c kai oi dÔo qarakthrÐzontai wc bèltistec
lÔseic kai ìqi wc topik� akrìtata.

diaperatìthtac, ¸ste na eisaqjeÐ sto prìblhma wc arqikopoÐhsh. Gia ton lìgo autì,
sto sq ma 5.11 parousi�zontai ta pedÐa pou prokÔptoun, jètontac wc arqikopoÐhsh
eniaÐa tim  sto pedÐo thc mh-diaperatìthtac Ðsh me 0, 0.2, 0.5, 0.8, 1 kai gia periorismì
ìgkou πtar = 0.40.

H aÔxhsh thc arqik c tim c thc mh-diaperatìthtac sto upologistikì qwrÐo, sto pa-
rìn prìblhma beltistopoÐhshc, odhgeÐ k�je for� sthn aÔxhsh twn apwlei¸n olik c
pÐeshc, dhlad  thc sun�rthshc stìqou, gegonìc to opoÐo ofeÐletai kurÐwc sto traqÔ
telikì pedÐo all� kai sthn emf�nish endi�meswn tim¸n thc mh-diaperatìthtac (apou-
sÐa duadikìthtac). Kaj¸c aux�netai h tim  thc arqikopoÐhshc, o periorismìc tou
ìgkou teÐnei na ikanopoihjeÐ, me apotèlesma apì èna shmeÐo kai met� na proseg-
gÐzei th lÔsh apì thn apodekt  perioq . Me ton trìpon autì, o periorismìc tou
ìgkou eÐnai anenergìc wc proc th mèjodo beltistopoÐhshc kai den sumb�llei sthn
ananèwsh twn metablht¸n sqediasmoÔ, me apotèlesma perioqèc me endi�mesec timèc
thc mh-diaperatìthtac kai mhdenikì pedÐo taqÔthtac na eÐnai adÔnato na stereopoih-
joÔn pl rwc (parìmoia prosèggish me to sqhmatismì nekr¸n perioq¸n). ProkÔptei
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(aþ) PedÐo mh-diaperatìthtac me eniaÐa arqik  ti-
m  Ðsh me 0 kai FOBJ = 0.0264031

(bþ) PedÐo mh-diaperatìthtac me eniaÐa arqik  ti-
m  Ðsh me 0.2 kai FOBJ = 0.0295221

(gþ) PedÐo mh-diaperatìthtac me eniaÐa arqik  ti-
m  Ðsh me 0.5 kai FOBJ = 0.0317944

(dþ) PedÐo mh-diaperatìthtac me eniaÐa arqik  ti-
m  Ðsh me 0.8 kai FOBJ = 0.0341128

(eþ) PedÐo mh-diaperatìthtac me eniaÐa arqik  ti-
m  Ðsh me 1 kai FOBJ = 0.0355388

Sq ma 5.11: PedÐa thc mh-diaperatìthtac pou prokÔptoun, Ôstera apì thn epÐlu-
sh problhm�twn BeTo me diaforetik  arqikopoihmènh tim  mh-diaperatìthtac. Diapi-
st¸netai, pwc ìso h arqik  tim  teÐnei sth mon�da, tìso alloi¸netai h duadikìthta kai
h omalìthta tou pedÐou, en¸ aux�netai h tim  thc sun�rthshc-stìqou, kajist¸ntac th
mhdenik  arqik  tim  wc bèltisth, sugkritik� me tic upìloipec pou diereun jhkan.

sunep¸c to sumpèrasma pwc sto prìblhma BeTo pou antistoiqeÐ sto sq ma 5.11,
h mhdenik  arqik  tim  thc mh-diaperatìthtac dhlad , wc e�n to qwrÐo sqediasmoÔ
na kalÔptetai arqik� apì reustì, sumperifèretai pio apotelesmatik� gia thn eÔresh
bèltisthc lÔshc.

Sta probl mata pou  dh antimetwpÐsthkan sthn enìthta aut , den efarmìsthke sta-
diak  energopoÐhsh twn metablht¸n sqediasmoÔ, BeTo me SMD, kaj¸c to arqi-

43



k� stereopoihmèno pedÐo èqei thn t�sh na odhgeÐ th ro  na kateujunjeÐ periferia-
k�, dhlad  stic perioqèc tou upologistikoÔ qwrÐou ìpou oi metablhtèc sqediasmoÔ
èqoun energopoihjeÐ. Autì èqei wc apotèlesma th dhmiourgÐa nekr¸n perioq¸n oi o-
poÐec lìgw tou  dh ikanopoihmènou periorismoÔ den eÐnai dunatì na exaleifjoÔn, en¸
kajustereÐ shmantik� th beltistopoÐhsh, kaj¸c empodÐzei th ro , stouc arqikoÔc
kÔklouc, na odhghjeÐ sthn kateÔjunsh me tic el�qistec ap¸leiec. To fainìmeno
autì, parathreÐtai ìlo kai pio èntona ìso aux�netai h tim  thc mh-diaperatìthtac
sto arqikopoihmèno pedÐo, ìpwc parousi�zetai kai sto sq ma 5.12, en¸ dikaiologeÐ
kai thn aÔxhsh thc tim c thc sun�rthshc stìqou, h opoÐa prokÔptei gia thn k�je
perÐptwsh Ðsh me FOBJainit=0.2 = 0.0264776 kai FOBJainit=1 = 0.0316846, ènanti thc
FOBJainit=0 = 0.0242459.

5.4 KanonikopoÐhsh - Probol 

Sta probl mata pou epilÔjhkan sto kef�laio autì, qrhsimopoi jhke h mèjodoc thc
KanonikopoÐhshc - Probol c, ¸ste na katasteÐ h beltistopoÐhsh anex�rthth tou
plègmatoc tou upologistikoÔ qwrÐou, all� kai gia thn apofeuqjeÐ h emf�nish perio-
q¸n morf c skakièrac sto pedÐo thc mh-diaperatìthtac. H mèjodoc aut , perilamb�nei
thn epÐlush thc diaforik c exÐswshc 2.32 gia thn eÔresh enìc filtrarismènou pedÐou
mh-diaperatìthtac, kai sth sunèqeia thn probol  tou stic timèc 0-1. H efarmog 
thc KanonikopoÐhshc den ephre�zei �mesa tic exis¸sewn ro c, kaj¸c lamb�nei q¸ra
met� thn epÐlus  touc se ìlo to upologistikì qwrÐo, kai amèswc prin thn ananèwsh
twn metablht¸n sqediasmoÔ, se k�je kÔklo beltistopoÐhshc. Praktik�, h epÐlush
thc diaforik c exÐswshc ephre�zei k�je for� ton epìmeno kÔklo kai, kat� sunèpeia,
thn poreÐa thc beltistopoÐhshc. Gia to lìgo autì, eÐnai dunatìn h telik  lÔsh na
diafèrei shmantik� me thn efarmog    ìqi thc KanonikopoÐhshc.

Oi diaforèc autèc, entopÐzontai tìso sth morf  tou pedÐou thc mh-diaperatìthtac,
dhlad  sthn kateÔjunsh thc ro c, ìso kai sthn poiìthta tou pedÐou, ìpwc eÐnai h
emf�nish endi�meswn tim¸n mh-diaperatìthtac kai nekr¸n perioq¸n. Gia ton lìgo
autì, parousi�zontai sta sq mata 5.13 kai 5.14 oi telikèc lÔseic dÔo diaforetik¸n
problhm�twn, me   qwrÐc thn efarmog  thc KanonikopoÐhshc.

Sto prìblhma pou antistoiqeÐ sto sq ma 5.13 epib�lletai periorismìc ìgkou me tim 
πtar = 0.45, en¸ sugqrìnwc apokleÐetai sth ro  na exèljei apì ton mesaÐo kata-
kìrufo agwgì. Parathr¸ntac ta pedÐa thc taqÔthtac kai thc mh-diaperatìthtac,
entopÐzetai o sqhmatismìc nekr¸n perioq¸n, sthn perÐptwsh thc efarmog c thc Ka-
nonikopoÐhshc (sq ma 5.13(aþ)). Antijètwc, sthn perÐptwsh pou den qrhsimopoihjeÐ
to filtr�risma tou pedÐou (sq ma 5.13(gþ)), h mh-diaperatìthta qarakthrÐzetai apì
traqÔthta sta noht� toiq¸mata pou sqhmatÐzontai (pedÐo skakièrac), en¸ stic ste-
reopoihmènec perioqèc oi timèc tou den teÐnoun kajar� sthn mon�da, gegonìc pou
kajist� anaxiìpisth thn tim  thc sun�rthshc stìqou. H morf  twn pedÐwn prakti-
k� ofeÐletai sthn allhlepÐdrash thc KanonikopoÐhshc me ton periorismì tou ìgkou.
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(aþ) PedÐo mh-diaperatìthtac me periorismì
ìgkou 0.45, arqik  tim  mh-diaperatìthtac sto
eswterikì tou qwrÐou Ðso me 0 kai FOBJ =
0.0242459

(bþ) PedÐo mètrou taqÔthtac me periorismì ìgkou
0.45 kai arqik  tim  mh-diaperatìthtac sto esw-
terikì tou qwrÐou Ðso me 0

(gþ) PedÐo mh-diaperatìthtac me periorismì
ìgkou 0.45, arqik  tim  mh-diaperatìthtac sto
eswterikì tou qwrÐou Ðso me 0.2 kai FOBJ =
0.0264776

(dþ) PedÐo mètrou taqÔthtac me periorismì ìgkou
0.45 kai arqik  tim  mh-diaperatìthtac sto esw-
terikì tou qwrÐou Ðso me 0.2

(eþ) PedÐo mh-diaperatìthtac me periorismì
ìgkou 0.45, arqik  tim  mh-diaperatìthtac sto
eswterikì tou qwrÐou Ðso me 1 kai FOBJ =
0.0316846

(�þ) PedÐo mètrou taqÔthtac me periorismì ìgkou
0.45 kai arqik  tim  mh-diaperatìthtac sto esw-
terikì tou qwrÐou Ðso me 1

Sq ma 5.12: PedÐa thc mh-diaperatìthtac kai thc taqÔthtac, se èna prìblhma Be-
To me SMD, me periorismì ìgkou πtar = 0.45 kai gia diaforetikèc timèc arqikopo-
Ðhshc thc mh-diaperatìthtac. Diapist¸netai pwc h aÔxhsh thc tim c tou sto arqikì
pedÐo, den dieukolÔnei th sÔgklish thc beltistopoÐhshc se lÔsh me duadikì pedÐo mh-
diaperatìthtac kai qamhlìterh tim  thc sun�rthshc-stìqou, all� antijètwc thn kaju-
stereÐ kai epitrèpei ton sqhmatismì nekr¸n perioq¸n.
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(aþ) PedÐo mh-diaperatìthtac me efarmog  thc
KanonikopoÐhshc kai FOBJ = 0.0261442

(bþ) PedÐo taqÔthtac me efarmog  thc Kanoniko-
poÐhshc

(gþ) PedÐo mh-diaperatìthtac qwrÐc efarmog  thc
KanonikopoÐhshc kai FOBJ = 0.0261236

(dþ) PedÐo taqÔthtac qwrÐc efarmog  thc Kano-
nikopoÐhshc

(eþ) PedÐo mh-diaperatìthtac
qwrÐc efarmog  thc Kanoniko-
poÐhshc, se megènjush

Sq ma 5.13: PedÐa thc mh-diaperatìthtac kai thc taqÔthtac, kaj¸c epib�lletai
periorismìc ìgkou πtar = 0.45 kai apokleÐetai sth ro  na kateujunjeÐ sthn mesaÐa èxo-
do. EntopÐzetai h epÐdrash thc KanonikopoÐhshc-Probol c, kaj¸c kat� thn efarmog 
tou (5.13(aþ)) parathreÐtai duadikì pedÐo mh-diaperatìthtac, all� emfanÐzontai nekrèc
perioqèc. Sthn antÐjeth perÐptwsh (sq ma 5.13(gþ)), parathroÔntai endi�mesec timèc
mh-diaperatìthtac kai perioqèc me morf  skakièrac.

Pio sugkekrimèna, h Probol  pou efarmìzetai sto filtrarismèno pedÐo, bohj� sthn
taqÔterh ikanopoÐhsh tou periorismoÔ, kaj¸c stic stereopoihmènec perioqèc h mh-
diaperatìthta lamb�nei timèc polÔ kont� sth mon�da. Me ton trìpon autì, eunoeÐtai
o sqhmatismìc nekr¸n perioq¸n, se antÐjesh me to sq ma 5.13(gþ), ìpou o periori-
smìc tou ìgkou ikanopoieÐtai se megalÔtero kÔklo beltistopoÐhshc, sumb�llontac
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sth stereopoÐhsh twn perioq¸n me mhdenik  taqÔthta.

'Ena �llo prìblhma, pou epilÔetai gia ton entopismì thc sumperifor�c thc Kanoni-
kopoÐhshc, parousi�zetai sto sq ma 5.14. Se autì, epib�lletai periorismìc ìgkou
me tim  πtar = 0.45, kai kajorÐzontai exarq c dÔo stereopoihmènec perioqèc sto u-
pologistikì qwrÐo (sq ma 5.14(aþ). Me ton trìpo autì, to reustì anagk�zetai na
akolouj sei anodik  poreÐa, ¸ste na ikanopoi sei tic an�gkec tou probl matoc.

(aþ) PedÐo mh-diaperatìthtac sthn ènarxh thc
beltistopoÐhshc

(bþ) PedÐo mh-diaperatìthtac me efarmog  thc
KanonikopoÐhshc kai FOBJ = 0.0403047

(gþ) PedÐo taqÔthtac me efarmog  thc Kanoniko-
poÐhshc

(dþ) PedÐo mh-diaperatìthtac qwrÐc efarmog  thc
KanonikopoÐhshc kai FOBJ = 0.0399288

(eþ) PedÐo taqÔthtac qwrÐc efarmog  thc Kano-
nikopoÐhshc

Sq ma 5.14: PedÐa thc mh-diaperatìthtac kai thc taqÔthtac, kaj¸c epib�lletai pe-
riorismìc ìgkou πtar = 0.45 kai orÐzontai exarq c dÔo stereopoihmènec perioqèc. H tim 
thc sun�rthshc stìqou eÐnai anepaÐsjhta diaforetik , en¸ me   qwrÐc thn efarmog 
thc KanonikopoÐhshc h beltistopoÐhsh èqei odhghjeÐ se diaforetik  lÔsh.

'Ustera apì thn epÐlush twn dÔo aut¸n problhm�twn, to telikì pedÐo thc mh-diaperatìthtac
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qarakthrÐzetai apo duadikìthta kai stic dÔo peript¸seic, en¸ eÐnai apallagmèno apì
nekrèc perioqèc. Oi dÔo lÔseic ìmwc, parìlo pou tautÐzontai ìson afor� thn tim 
thc sun�rthshc-stìqou, diafèroun wc proc thn kateÔjunsh pou èqei “epilèxei” h ro 
na akolouj sei. Me thn efarmog  thc KanonikopoÐhshc to reustì exèrqetai kai apì
touc treic katakìrufouc agwgoÔc, apodeiknÔontac pwc eÐnai dunatìn na ephre�sei
shmantik� thn telik  lÔsh tou probl matoc.

Sunep¸c gÐnetai antilhptì pwc me thn efarmog    ìqi thc teqnik c KanonikopoÐhshc-
Probol c, h poreÐa epÐlushc enìc probl matoc BeTo mporeÐ na diafèrei se meg�lo
bajmì, dieukolÔnontac thn eÔresh th bèltisthc lÔshc, en¸ �llote eÐnai pijanì na
egklwbisteÐ se topikì akrìtato. Gia ton lìgon autìn, parousi�zontai proc sÔgkrish
dÔo ìmoia probl mata BeTo (sq ma 5.15), ta opoÐa diafèroun wc proc thn efarmog 
  ìqi thc KanonikopoÐhshc. Pio sugkekrimèna, kai sta dÔo probl mata epib�llontai
periorismìc ìgkou me tim  πtar = 0.462 kai periorismìc m�zac me katanom  0.25, 0.25,
0.50.

(aþ) PedÐo mh-diaperatìthtac me efarmog  thc
KanonikopoÐhshc kai FOBJ = 0.0356241

(bþ) PedÐo taqÔthtac me efarmog  thc Kanoniko-
poÐhshc

(gþ) PedÐo taqÔthtac qwrÐc efarmog  thc Kano-
nikopoÐhshc kai FOBJ = 0.0266918

(dþ) PedÐo taqÔthtac qwrÐc efarmog  thc Kano-
nikopoÐhshc

Sq ma 5.15: PedÐa thc mh-diaperatìthtac kai thc taqÔthtac dÔo problhm�twn pou
diafèroun wc proc thn efarmog    ìqi thc KanonikopoÐhshc, kaj¸c epib�llontai perio-
rismìc ìgkou (πtar = 0.462) kai m�zac (0.25, 0.25, 0.50). H tim  thc sun�rthshc stìqou
diafèrei shmantik�, kaj¸c h BeTo èqei odhghjeÐ se diaforetik  lÔsh. Sunep¸c, sto
prìblhma autì h efarmog  thc KanonikopoÐhshc den sumperifèretai apotelesmatik�

'Ustera apì thn efarmog  thc KanonikopoÐhshc, h telik  lÔsh krÐnetai qeirìterh,
tìso lìgw thc tim c thc sun�rthshc-stìqou ìso kai exaitÐac thc emf�nishc nekr¸n
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perioq¸n. Kai stic dÔo peript¸seic, h duadikìthta tou pedÐou thc mh-diaperatìthtac
eÐnai ikanopoihtik . Sunep¸c, h mèjodoc KanonikopoÐhsh-Probol  bohj� sthn eÔre-
sh miac duadik c kai omal c lÔshc, all� apaiteÐtai prosoq  kat� thn prosarmog 
thc sto ek�stote prìblhma BeTo.

5.5 SÔgkrish thc Bèltisthc LÔshc

Stic upoenìthtec tou kefalaÐou autoÔ, jÐqthke to er¸thma an mia lÔsh apoteleÐ th
bèltisth   èna pijanì topikì akrìtato. Sunep¸c, jewreÐtai dìkimo na diereunhjeÐ an
h tim  thc sun�rthshc-stìqou, orismènwn diaisjhtik� logik¸n lÔsewn, eÐnai mikrìte-
rh, dhlad  kalÔterh, apì th mèqri t¸ra bèltisth lÔsh (sq ma 5.2). Pio sugkekri-
mèna, ja sugkrijeÐ to pedÐo thc mh-diaperatìthtac kai h tim  thc sun�rthshc-stìqou
tou, me ìmoia probl mata, sta opoÐa apokleÐetai k�je for� mia pijan  èxodoc. Ta
apotelèsmata thc diereÔnhshc aut c parousi�zontai sto sq ma 5.16.

Se kajèna apì ta probl mata pou epilÔontai, to telikì pedÐo thc mh-diaperatìthtac
qarakthrÐzetai ikanopoihtikì, ìson afor� thn omoiomorfÐa kai th duadikìthta tou,
en¸ eÔkola diapist¸netai h allag  thc morf c tou lìgw tou apokleismoÔ twn exìdwn.
H sÔgkrish thc tim c thc sun�rthshc-stìqou bohj� sthn eÔresh thc diadrom c thc
ro c me thc el�qistec ap¸leiec, sumperaÐnontac ìti h lÔsh tou probl matoc anafor�c
apoteleÐ th bèltisth, ìson afor� th diereÔnhsh pou èlabe q¸ra sto kef�laio autì.
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(aþ) PedÐo mh-diaperatìthtac me eleÔjerh ro  kai
apo tic treic exìdouc kai FOBJ = 0.0242459

(bþ) PedÐo taqÔthtac me eleÔjerh ro  kai apo tic
treic exìdouc

(gþ) PedÐo mh-diaperatìthtac me apokleismì thc
pr¸thc apo arister� exìdou kai FOBJ =
0.0270331

(dþ) PedÐo taqÔthtac me apokleismì thc pr¸thc
apo arister� exìdou

(eþ) PedÐo mh-diaperatìthtac me apokleismì thc
trÐthc apo arister� exìdou kai FOBJ =
0.0268609

(�þ) PedÐo taqÔthtac me apokleismì thc trÐthc
apo arister� exìdou

Sq ma 5.16: PedÐa thc mh-diaperatìthtac kai thc taqÔthtac tou probl matoc ana-
for�c kai antÐstoiq¸n tou, sthn perÐptwsh pou apokleisteÐ mia pijan  èxodoc. H tim 
thc sun�rthshc-stìqou upodeiknÔei pwc h bèltisth lÔsh sunant�tai kat� thn eleÔjerh
ro  tou reustoÔ kai stic treic exìdouc.
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Kef�laio 6

Prìblhma BeTo miac Eisìdou -

dÔo Exìdwn (2D)

Sthn prosp�jeia isquropoÐhshc twn sumperasm�twn thc enìthtac 5, epilÔetai èna
prìblhma BeTo miac eisìdou kai dÔo exìdwn, h gewmetrÐa tou opoÐou parousi�zetai
sto sq ma 6.1. Pio sugkekrimèna, h sun�rthsh-stìqoc tou probl matoc eÐnai aut 
twn apwlei¸n olik c pÐeshc thc ro c (exÐswsh 2.3) kai ja diereunhjeÐ h qrhsimìthta
thc epibol c tou periorismoÔ tou ìgkou kai thc stadiak c energopoÐhshc twn me-
tablht¸n sqediasmoÔ, en¸ efarmìzetai h mèjodoc KanonikopoÐhsh-Probol  gia to
filtr�risma tou pedÐou thc mh-diaperatìthtac. H ro  eÐnai strwt  (Re = 200), me
thn taqÔthta eisìdou na orÐzetai Ðsh me 1m/s kai ton agwgì eisìdou na èqei pl�toc
0.2m.

Sq ma 6.1: Ta ìria SW , SI kai SO tou upologistikoÔ qwrÐou tou probl matoc pou
epilÔetai, ìpou epib�llontai oriakèc sunj kec toÐqou, eisìdou kai exìdou antÐstoiqa.

Arqik�, epilÔetai to 2D prìblhma epib�llontac ton periorismì ìgkou me stìqo
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πtar = 0.80 (sqetik� qalarìc periorismìc) kai energopoi¸ntac ìlec tic metablhtèc
sqediasmoÔ tou probl matoc apì ton pr¸to kÔklo beltistopoÐhshc (qwrÐc SMD).
Ta telik� pedÐa thc mh-diaperatìthtac kai thc taqÔthtac parousi�zontai sta sq ma-
ta 6.2(aþ) kai 6.2(bþ) antÐstoiqa. H parousÐa nekr¸n kai gkrÐzwn perioq¸n eÐnai
emfan c, me th sun�rthsh-stìqo na lamb�nei thn tim  FOBJ = 0.0116951. Gia thn
antimet¸pish aut¸n twn “problhmatik¸n” perioq¸n, epib�lletai pio austhrìc perio-
rismìc ìgkou me stìqo πtar = 0.50 (sq mata 6.2(gþ) kai 6.2(dþ)). Me ton trìpo autì,
enisqÔetai h duadikìthta tou pedÐou thc mh-diaperatìthtac en¸, sugqrìnwc, den pa-
rousi�zontai nekrèc perioqèc. 'Omwc, h sun�rthsh-stìqoc parousi�zei auxhmènh tim 
(FOBJ = 0.0116951) kai h morfologÐa tou sqhmatizìmenou agwgoÔ èqei all�xei sh-
mantik�. H èntonh t�sh thc MMA na ikanopoi sei ton periorismì tou ìgkou, odhgeÐ
sth stereopoÐhsh twn perioq¸n pou brÐskontai kont� ston orizìntio agwgì, stouc
pr¸touc kÔklouc beltistopoÐhshc, egklwbÐzontac th BeTo se topikì akrìtato.

AkoloÔjwc, epilÔetai to prìblhma efarmìzontac th mèjodo SMD, ¸ste na perio-
risteÐ h èntonh t�sh ikanopoÐhshc tou periorismoÔ, me stìqo πtar = 0.50, kai na
brejeÐ mia kalÔterh morfologik� lÔsh (sq mata 6.2(eþ) kai 6.2(�þ)). Diapist¸netai,
pwc h SMD dÐnei to epijumhtì apotèlesma, kaj¸c to telikì pedÐo mh-diaperatìthtac
eÐnai arket� duadikì kai leÐo. Akìmh, sugkrÐnontac thn tim  thc sun�rthshc-stìqou,
FOBJ = 0.0117171, gÐnetai antilhptì pwc apoteleÐ thn kalÔterh (sugkritik�) lÔsh.
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(aþ) PedÐo mh-diaperatìthtac me πtar =
0.80, qwrÐc SMD kai FOBJ =
0.0116951

(bþ) PedÐo taqÔthtac

(gþ) PedÐo mh-diaperatìthtac me πtar =
0.50, qwrÐc SMD kai FOBJ =
0.0120072

(dþ) PedÐo taqÔthtac

(eþ) PedÐo mh-diaperatìthtac me πtar =
0.50, me SMD kai FOBJ = 0.0117171

(�þ) PedÐo taqÔthtac

Sq ma 6.2: PedÐa thc mh-diaperatìthtac kai thc taqÔthtac tou probl matoc, ta
opoÐa diafèroun wc proc thn ergarmog    ìqi thc SMD kai ton stìqo tou periorimoÔ
tou ìgkou. ParathreÐtai, o periorismìc tou ìgkou bohj� sth meÐwsh twn nekr¸n kai
gkrÐzwn perioq¸n, all� mia sqetik� austhr  tim  tou mporeÐ na egklwbÐsei th BeTo se
topikì akrìtato. LÔsh sto prìblhma autì dÐnei h mèjodoc SMD, h opoÐa bohj� sthn
èuresh miac kalÔterhc (sugkritik�) lÔshc.
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Kef�laio 7

EpibebaÐwsh lÔshc BeTo 2I3O

Sto prohgoÔmeno kef�laio (5), parousi�sthke mia analutik  perigraf  thc sumpe-
rifor�c enìc probl matoc BeTo, dÔo eisìdwn - tri¸n exìdwn, ìso metab�llontai oi
epiballìmenoi periorismoÐ kai h sun�rthsh thc mh-diaperatìthtac. Axiolog¸ntac wc
bèltisth, ìson afor� thn tim  thc sun�rthshc-stìqou kai thn omoiomorfÐa thc mh-
diaperatìthtac (duadikìthta, apousÐa nekr¸n perioq¸n), th lÔsh tou probl matoc
anafor�c pou orÐsthke, axiopoieÐtai to telikì pedÐo thc mh-diaperatìthtac gia ton
kajorismì twn orÐwn tou upologistikoÔ qwrÐou. Pio sugkekrimèna, h eÔresh thc
jèshc twn toiqwm�twn eÐnai anagkaÐa, gia thn akrib  epibol  twn oriak¸n sunjhk¸n
kai, sth sunèqeia, thn epÐlush thc ro c mèsa se èna agwgì kajorismènhc gewmetrÐac,
qwrÐc thn parousÐa thc mh-diaperatìthtac stic exis¸seic pou epilÔontai. Ap¸tero
skopì thc diadikasÐac aut c, apoteleÐ h axiolìghsh thc lÔshc kai thc tim c thc
sun�rthshc-stìqou thc BeTo, sugkritik� me thn epÐlush enìc ìmoiou probl matoc
me oriìdeto plègma, en¸ sth sunèqeia efarmìzetai se autì BeMo gia akìmh kalÔterh
beltÐwsh thc tim c thc sun�rthshc-stìqou.

7.1 EktÐmhsh Sun�rthshc-Stìqou

Gia thn epÐlush tou probl matoc se oriìdeto plègma apaiteÐtai h metepexergasÐa tou
pedÐou thc mh-diaperatìthtac pou prokÔptei apì thn epÐlush thc BeTo. H metepe-
xergasÐa aut  èqei skopì thn antistoÐqish twn perioq¸n tou upologistikoÔ qwrÐou
me tim  mh-diaperatìthtac kont� sth mon�da, se stere� toiq¸mata. 'Omwc, h parou-
sÐa gkrÐzwn perioq¸n kajist� adÔnato to saf  diaqwrismì tou reustoÔ apì to proc
stereopoÐhsh pedÐo, dhlad  h duadikìthta tou pedÐou apoteleÐ shmantik  par�metro
gia thn axiolìghsh thc tim c thc sun�rthshc stìqou kai gia thn apotelesmatikìthta
twn sugkrÐsewn pou akoloujoÔn.
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'Ena akìmh kaÐrio stoiqeÐo apoteleÐ h mèjodoc pou akoloujeÐtai gia th metepexergasÐa
thc mh-diaperatìthtac. Sth diplwmatik  ergasÐa, gia ton kajorismì thc gewmetrÐac
tou agwgoÔ qrhsimopoi jhke to emporikì logismikì SolidWorks, ìpou kai sqedi-
�sthke, “antigr�fontac me to m�ti” ìso dunatìn kalÔtera to apotèlesma thc BeTo,
ìpwc parousi�zetai sto sq ma 7.1(bþ). Profan¸c, h diadikasÐa aut  eis�gei sf�lma
lìgw thc anjr¸pinhc parèmbashc, kai gia to lìgo autì epilÔontai oi prwteÔousec
exis¸seic thc BeTo, me tic proc stereopoÐhsh perioqèc na kajorÐzontai apì th gew-
metrÐa tou agwgoÔ pou sqedi�sthke (sq ma 7.1(gþ)). H tim  thc sun�rthshc-stìqou
entopÐzetai megalÔterh, thc t�xhc tou 4%. H diafor� aut  ofeÐletai (a) sth mèjodo
pou efarmìsthke (mèsw tou SolidWorks) gia thn antistoÐqish twn proc stereopoÐhsh
perioq¸n se toÐqwma (sq ma 7.1(bþ)) kai (b) ston trìpo me ton opoÐo “b�fthkan” oi
proc stereopoÐhsh perioqèc kat� thn epÐlush twn exis¸sewn thc ro c me thn parou-
sÐa tou ìrou thc mh-diaperatìthtac (orÐsthke α = 1, dhlad  stereì, se k�je kelÐ
pou tèmnei o agwgìc pou sqedi�sthke, sq ma 7.1(gþ)).

(aþ) PedÐo mh-diaperatìthtac sto prìblhma Be-
To, me FOBJ = 0.0237908

(bþ) GewmetrÐa sqhmatizìmenou agwgoÔ
(designed)

(gþ) PedÐo mh-diaperatìthtac , me FOBJDesigned
=

0.0248185
(dþ) PedÐo mètrou taqÔthtac

Sq ma 7.1: PedÐa thc mh-diaperatìthtac kai thc taqÔthtac (g kai d antÐstoiqa), Ôste-
ra apì thn epÐlush tou prwteÔontoc probl matoc thc BeTo, me tic proc stereopoÐhsh
perioqèc na kajorÐzontai apì th gewmetrÐa tou sqhmatizìmenou, mèsw tou SolidWorks.
agwgoÔ. H apìklish tou pedÐou thc mh-diaperatìthtac kai thc tim c thc sun�rthshc-
stìqou (4%), apì to antÐstoiqo prìblhma thc BeTo (sq ma 7.1(aþ)), ofeÐletai kurÐwc
sth metepexergasÐa thc mh-diaperatìthtac.

AkoloÔjwc, epilÔjhke h ro  ston agwgì autì (prìblhma me oriìdeto plègma), me a-
potèlesma h sun�rthsh-stìqoc na l�bei thn tim  FOBJbodyfitted = 0.0240386, ènanti thc
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tim c pou proèkuye apì thn epÐlush tou probl matoc thc BeTo, FOBJ = 0.0237908
(sq ma 7.2). H sqetik  touc diafor�, 1%, ofeÐletai (a) sth mh epibol  oriak¸n
sunjhk¸n sta stere� toiq¸mata pou prokÔptoun apì to prìblhma thc BeTo kai (b)
sth metepexergasÐa pou upèsth to pedÐo thc mh-diaperatìthtac gia thn antistoÐqhsh
twn proc stereopoÐhsh perioq¸n se toÐqwma. Gia thn �mesh sÔgkrish twn tim¸n
thc sun�rthshc-stìqou, eÐnai anagkaÐo na epilujoÔn dÔo probl mata (BeTo kai e-
pÐlush ro c se oriìdeto plègma) Ðdiwn sunjhk¸n eisìdou kai exìdou, gewmetrÐac kai
periorism¸n.

Sq ma 7.2: PedÐo mètrou taqÔthtac Ôstera apì thn epÐlush thc ro c se oriìdeto
plègma qwrÐc thn parousÐa thc mh-diaperatìthtac, me FOBJ = 0.0240386.

7.2 BeltistopoÐhsh Morf c

Sthn enìthta aut , parousi�zetai h gewmetrÐa tou agwgoÔ kai to pedÐo thc taqÔth-
tac, Ôstera apì th beltistopoÐhsh tou agwgoÔ pou sqedi�sthke (designed) (7.1(bþ)).
Pio sugkekrimèna, epilÔetai èna prìblhma BeMo, ìpou oi metablhtèc sqediasmoÔ tou
probl matoc eÐnai ta shmeÐa elègqou (control points) enìc Plègmatoc MorfopoÐhshc
(Morphing Box), 14× 7, en¸ oi agwgoÐ eisìdou kai exìdou an koun stic mh parame-
tropoihmènec perioqèc. Me to pèrac thc beltistopoÐhshc, h gewmetrÐa tou agwgoÔ
lamb�nei th morf  tou sq matoc 7.3(bþ) kai h tim  thc sun�rthshc-stìqou lamb�nei
thn tim  FOBJshape = 0.0236285 (meÐwsh thc t�xhc tou 2%).

Sugkritik� me to prìblhma thc BeTo pou epilÔjhke, ektìc apì th sqetik� mikr ,
all� shmantik , diafor� pou entopÐzetai sthn tim  thc sun�rthshc-stìqou, h BeMo
epilègei na diamorf¸sei arket� to sq ma tou agwgoÔ, dhmiourg¸ntac mia pio kampu-
lìmorfh di�taxh. SugklÐnei se 7, mìlic, kÔklouc, ìpwc parousi�zetai sto sq ma 7.4,
kaj¸c h BeMo efarmìzetai se èna  dh beltistopoihmèno, me th mèjodo thc BeTo,
agwgì.
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(aþ) PedÐo taqÔthtac Ôstera apì thn epÐlush thc
ro c, me FOBJ = 0.0240386

(bþ) PedÐo taqÔthtac Ôstera apì thn beltisto-
poÐhsh tou agwgoÔ, me FOBJ = 0.0236285

Sq ma 7.3: PedÐa thc taqÔthtac sto eswterikì tou agwgoÔ, ston pr¸to kai ston
teleutaÐo kÔklo thc BeMo. EntopÐzetai meÐwsh thc tim c thc sun�rthshc-stìqou thc
t�xhc tou 2%.

Sq ma 7.4: H tim  thc sun�rthshc-stìqou FOBJ me th diadoq  twn kÔklwn thc
BeMo (sq ma 7.3).

7.3 BeltistopoÐhsh TopologÐac

Sto plaÐsio thc peraitèrw sÔgkrishc problhm�twn, pou diafèroun wc thn parousÐa
  ìqi thc mh-diaperatìthtac, epilÔontai sthn enìthta aut  ta ex c probl mata: a)
efarmìzontai oi exis¸seic tou prwteÔontoc probl matoc thc BeTo se orjog¸nio
upologistikì qwrÐo, me tic proc stereopoÐhsh perioqèc na kajorÐzontai apì ton bel-
tistopoihmèno agwgì pou proèkuye apì th BeMo (sq ma 7.5), b) epilÔetai prìblhma
BeTo sto eswterikì tou agwgoÔ pou diamorf¸jhke apì th BeMo (sq ma 7.6).

SusqetÐzontac th lÔsh tou (a) probl matoc me thn antÐstoiqh thc BeMo, sq ma
7.3(bþ), dÔo probl mata ìpou oi perioqèc ro c tou reustoÔ tautÐzontai, parathre-
Ðtai h auxhmènh tim  thc sun�rthshc-stìqou, thc t�xhc tou 2.5%. H sqetik  touc
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diafor� ofeÐletai sthn adunamÐa, pou eis�gei k�je prìblhma BeTo, thc mh-epibol c
oriak¸n sunjhk¸n stic proc stereopoÐhsh perioqèc tou upologistikoÔ qwrÐou, all�
kai ston trìpo me ton opoÐo kajorÐsthkan oi perioqèc autèc (ìpwc sqoli�sthke kai
prohgoumènwc).

(aþ) PedÐo mh-diaperatìthtac , me FOBJ =
0.0242768

(bþ) PedÐo taqÔthtac

Sq ma 7.5: PedÐa thc mh-diaperatìthtac kai tou mètrou thc taqÔthtac, Ôstera apì
thn epÐlush tou prwteÔontoc probl matoc thc BeTo, me tic proc stereopoÐhsh perioqèc
na kajorÐzontai apì to beltistopoihmèno agwgì pou èdwse h BeMo.

'Oson afor� to (b) prìblhma, h BeTo teÐnei na stereopoi sei tic kampulìthtec tou
 dh beltistopoihmènou agwgoÔ (me BeMo), epanafèront�c ton se mia pio omal  dia-
mìrfwsh. H sun�rthsh-stìqoc metab�lletai anepaÐsjhta, diafor� mikrìterh tou 1%
h opoÐa mporeÐ na jewrhjeÐ kai tuqaÐa.

(aþ) PedÐo mh-diaperatìthtac Ôstera apì thn e-
pÐlush enìc probl matoc BeTo, me FOBJ =
0.02358858 (kai 0.0236285 ston pr¸to kÔklo)

(bþ) PedÐo taqÔthtac Ôstera apì thn epÐlush e-
nìc probl matoc BeTo

Sq ma 7.6: PedÐa thc mh-diaperatìthtac kai thc taqÔthtac, Ôstera apì thn epÐlush
enìc probl matoc BeTo, sto eswterikì tou agwgoÔ pou proèkuye apì th BeMo.

SunoyÐzontac ta apotelèsmata tou kefalaÐou autoÔ, anafèretai pwc h metepexer-
gasÐa tou pedÐou thc mh-diaperatìthtac kai h epÐlush tou probl matoc se oriìdeto
plègma, eÐnai aparaÐthta gia thn kalÔterh ektÐmhsh thc tim c thc sun�rthshc-stìqou,
lìgw thc apousÐac twn oriak¸n sunjhk¸n se èna prìblhma BeTo. H diadikasÐa
pou akolouj jhke gia th metepexergasÐa tou pedÐou eis�gei shmantikì sf�lma, en¸
mia pio apotelesmatik  mèjodoc mporeÐ na brejeÐ sto [13]. Epiplèon, to genikìtero
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prìblhma, thc eÔreshc thc gewmetrÐac tou bèltistou agwgoÔ, epidèqetai beltÐwsh
efarmìzontac th mèjodo thc BeMo. EÐnai shmantikì ìmwc na gÐnei katanohtì, pwc
h epÐlush tou probl matoc BeTo sto orjog¸nio upologistikì qwrÐo, eÐnai anagkaÐa
proôpìjesh gia thn eÔresh thc diadrom c pou akoloujeÐ to reustì, dhlad  gia th
sÔndesh twn agwg¸n eisìdou me tic exìdouc.
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Kef�laio 8

Prìblhma BeTo mÐac Eisìdou -

tess�rwn Exìdwn (3D)

Sto kef�laio autì epilÔetai èna 3D prìblhma BeTo mÐac eisìdou kai tess�rwn e-
xìdwn, ìpwc parousi�zetai sto sq ma 8.1, to opoÐo dièpetai apì exis¸seic, sun�rthsh-
stìqo kai periorismoÔc pou perigr�fhkan sthn enìthta 2.

(aþ) 3D ìyh (bþ) k�toyh

Sq ma 8.1: GewmetrÐa tou proc epÐlush probl matoc. Me kìkkino qr¸ma sumbo-
lÐzetai to qwrÐo sqediasmoÔ, kai me mple qr¸ma o agwgìc eisìdou (0.4× 0.4× 0.5) kai
oi tèsseric agwgoÐ exìdou (0.3× 0.3× 0.5) thc ro c.

Pio sugkekrimèna, h ro  eisèrqetai me taqÔthta mètrou 1m/s kai dieÔjunsh par�l-
lhlh ston �xona z kai exèrqetai par�llhla tou epipèdou xy, en¸ o ìgkoc tou upo-
logistikoÔ qwrÐou (kÔboc) eÐnai 1m3. H ro  eÐnai strwt  (Re = 200) kai to reustì
asumpÐesto, me tic ap¸leiec olik c pÐeshc metaxÔ eisìdou kai exìdwn (exÐswsh 2.3)
na apoteloÔn th sun�rthsh-stìqo tou probl matoc. Epiplèon, epib�lletai o periori-
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smìc anisoðsìthtac gia ton ìgko tou reustoÔ sto upologistikì qwrÐo (exÐswsh 2.5),
me stìqo πtar = 0.425, en¸ se sumfwnÐa me th diereÔnhsh thc sumperifor�c tou 2D
probl matoc BeTo 2I3O thc enìthtac 5, efarmìzontai:
i) h mh grammik  sun�rthsh thc mh-diaperatìthtac (exÐswsh 2.31) me
ii) tim  tou suntelest  bMAX = 5000,
iii) h mèjodoc thc KanonikopoÐhshc-Probol c gia to filtr�risma tou pedÐou thc mh-
diaperatìthtac kai
iv) stadiak  energopoÐhsh twn metablht¸n sqediasmoÔ tou probl matoc (SMD).

Ta telik� pedÐa thc mh-diaperatìthtac kai thc taqÔthtac parousi�zontai sto sq ma
8.2. H ro  exèrqetai kai apì tou tèsseric agwgoÔc me th sun�rthsh-stìqo na lam-
b�nei thn tim  FOBJ = 0.146197. To pedÐo thc mh-diaperatìthtac eÐnai apallagmèno
apì nekrèc perioqèc (mh stereopoihmènec perioqèc me mhdenik  taqÔthta), me apo-
tèlesma h ro  na ekmetaleÔetai ton periorismì tou ìgkou sto èpakro, en¸ oi gkrÐzec
perioqèc (endi�mesec timèc tou α) eÐnai periorismènec. Gia thn kalÔterh katanìhsh
tou sqhmatizìmenou pedÐou mh-diaperatìthtac, parousi�zetai sto sq ma 8.3 to upo-
logistikì qwrÐo se diaforetikèc tomèc, par�llhlec sto epÐpedo xz, en¸ to di�gramma
sÔgklishc thc sun�rthshc-stìqou dÐnetai sto sq ma 8.4.

Sth sunèqeia, epilÔetai to 3D prìblhma BeTo me to stìqo tou periorismoÔ tou ìgkou
na lamb�nei thn tim  πtar = 0.556. H sun�rthsh-stìqoc lamb�nei, Ðswc anepaÐsjhta,
auxhmènh tim  Ðsh me FOBJ = 0.146722, kai entopÐzontai auxhmènou eÔrouc gkrÐzec
perioqèc, dhlad  perissìterec perioqèc me endi�mesec timèc thc mh-diaperatìthtac
(sq ma 8.5). Me thn qal�rwsh tou periorismoÔ tou ìgkou (aÔxhsh tou πtar) pro-
kÔptoun, sugqrìnwc, nekrèc perioqèc, apodeiknÔontac th qrhsimìthta thc efarmog c
tou gia thn eÔresh enìc omoiìmorfou pedÐou mh-diaperatìthtac.

Tèloc, diereun�tai h qrhsimìthta thc efarmog c thc mejìdou KanonikopoÐhsh-Probol .
Gia to lìgo autì, epilÔetai to 3D prìblhma BeTo qwrÐc to filtr�risma tou pedÐou
thc mh-diaperatìthtac, en¸ sugqrìnwc epib�lletai o periorismìc tou ìgkou me stìqo
πtar = 0.425. Me to pèrac thc BeTo prokÔptoun ta pedÐa thc mh-diaperatìthtac kai
thc taqÔthtac pou anaparist¸ntai sto sq ma 8.6. O proc stereopoÐhsh agwgìc
pou sqhmatÐzetai èqei diaforetik  morfologÐa se sqèsh me aut n tou probl matoc
me KanonikopoÐhsh-Probol , kai h parousÐa endi�meswn tim¸n tou por¸douc eÐnai
emfan c. Akìmh, h auxhmènh tim  thc sun�rthshc stìqou, FOBJ = 0.148558 (ènanti
FOBJ = 0.146197), martur� pwc h lÔsh aut  eÐnai lÐgo upodeèsterh.
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(aþ) PedÐo mh-diaperatìthtac se
3D prìblhma BeTo (tom  sto e-
pÐpedo y = 0.5), me FOBJ =
0.146197

(bþ) PedÐo mètrou taqÔthtac

(gþ) PedÐo mh-diaperatìthtac se
3D prìblhma BeTo, se k�toyh
(tom  sto epÐpedo z = 0.5)

(dþ) PedÐo mètrou taqÔthtac

Sq ma 8.2: PedÐa mh-diaperatìthtac kai taqÔthtac tou 3D probl matoc BeTo, e-
n¸ epib�lletai periorismìc gia ton ìgko tou reustoÔ sto upologistikì qwrÐo me stìqo
πtar = 0.425. ParathreÐtai apousÐa nekr¸n perioq¸n kai periorismènh emf�nish endi-
�meswn tim¸n thc mh-diaperatìthtac.

(aþ) y = 0.65 (bþ) y = 0.70 (gþ) y = 0.75 (dþ) y = 0.80

Sq ma 8.3: PedÐa mh-diaperatìthtac se tomèc par�llhlec to xz epÐpedo.
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Sq ma 8.4: H tim  thc sun�rthshc-stìqou FOBJ me th diadoq  twn kÔklwn thc
BeTo (sq ma 8.2). Apì to 60o kÔklo kai met�, oi ap¸leiec olik c pÐeshc thc ro c den
metab�llontai shmantik�, all� dÐnetai “qrìnoc” sth BeTo na mei¸sei to eÔroc pijan¸n
nekr¸n kai gkrÐzwn perioq¸n pou èqoun sqhmatisteÐ.
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(aþ) PedÐo mh-diaperatìthtac se
3D prìblhma BeTo (tom  sto e-
pÐpedo y = 0.5), me FOBJ =
0.146722

(bþ) PedÐo mètrou taqÔthtac

(gþ) PedÐo mh-diaperatìthtac se
3D prìblhma BeTo, se k�toyh
(tom  sto epÐpedo z = 0.5)

(dþ) PedÐo mètrou taqÔthtac

Sq ma 8.5: PedÐa mh-diaperatìthtac kai taqÔthtac tou 3D probl matoc BeTo, en¸
epib�lletai periorismìc gia ton ìgko tou reustoÔ sto upologistikì qwrÐo me stìqo
πtar = 0.556. ParathreÐtai o sqhmatismìc nekr¸n perioq¸n kai h èntonh emf�nish
endi�meswn tim¸n thc mh-diaperatìthtac.
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(aþ) PedÐo mh-diaperatìthtac se
3D prìblhma BeTo (tom  sto e-
pÐpedo y = 0.5), me FOBJ =
0.148558

(bþ) PedÐo mètrou taqÔthtac

Sq ma 8.6: PedÐa mh-diaperatìthtac kai taqÔthtac tou 3D probl matoc BeTo, qw-
rÐc na efarmìzetai h mèjodoc KanonikopoÐhsh-Probol , en¸ epib�lletai periorismìc gia
ton ìgko tou reustoÔ sto upologistikì qwrÐo me stìqo πtar = 0.425. Sugkritik� me to
sq ma 8.2 (efarmog  KanonikopoÐhshc-Probol c), parathreÐtai h emf�nish endi�meswn
tim¸n thc mh-diaperatìthtac, en¸, sugqrìnwc, h sun�rthsh-stìqoc parousi�zei auxh-
mènh tim .
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Kef�laio 9

SÔnoyh - Sumper�smata

Sth diplwmatik  ergasÐa parousi�sthke mia ekten c diereÔnhsh thc sumperifor�c
enìc 2D probl matoc BeltistopoÐhshc TopologÐac (BeTo), strwt c ro c, kaj¸c
metab�llontai oi periorismoÐ, h mèjodoc energopoÐhshc twn metablht¸n sqediasmoÔ,
h arqikopoÐhsh kai to filtr�risma tou pedÐou thc mh-diaperatìthtac. Gia to lìgo
autì, orÐsthkan, arqik�, oi exis¸seic Navier-Stokes pou perigr�foun th ro  sto u-
pologistikì qwrÐo (prwteÔon prìblhma), ki oi majhmatikèc sqèseic thc sun�rthshc-
stìqou twn apwlei¸n olik c pÐeshc metaxÔ eisìdwn kai exìdwn, kai twn epiballìme-
nwn periorism¸n ìgkou kai m�zac. Sth sunèqeia, katastr¸jhkan oi exis¸seic gia
thn eÔresh tou suzugoÔc probl matoc kai twn parag¸gwn euaisjhsÐac, pou sum-
b�lloun sthn ananèwsh twn metablht¸n sqediasmoÔ tou probl matoc mèsw thc me-
jìdou twn KinoÔmenwn Asumpt¸twn (MMA). Qrhsimopoi jhke h sun�rthsh b(α)
thc mh-diaperatìthtac, en¸ efarmìsthke filtr�risma tou pedÐou α mèsw thc mejìdou
KanonikopoÐhsh-Probol .

'Ustera apì thn epÐlush tou probl matoc BeTo qwrÐc thn epibol  periorismoÔ tou
ìgkou, parathr jhkan nekrèc perioqèc meg�lou eÔrouc, dhlad  mh stereopoihmènec
perioqèc me mhdenik  taqÔthta, gegonìc pou ofeÐletai sth �mesh ex�rthsh twn pa-
rag¸gwn euaisjhsÐac apì tic sunist¸sec thc taqÔthtac (kai suzugoÔc taqÔthtac).
Epib�llontac sth ro  na katalamb�nei èna posostì tou upologistikoÔ qwrÐou, thc
t�xhc tou 40% (exart�tai apì to ek�stote prìblhma pou epilÔetai), enisqÔetai h
duadikìthta tou pedÐou thc mh-diaperatìthtac, en¸ sugqrìnwc dÐnetai h dunatìthta
eÔreshc miac kalÔterhc lÔshc, me th sun�rthsh-stìqo na lamb�nei mikrìterh tim .

Epiplèon, parousi�sthke h sumperifor� tou probl matoc BeTo kat� th metabol  tou
suntelest  thc sun�rthshc mh-diaperatìthtac, o opoÐoc èlabe timèc 1000 ≤ bMAX ≤
5000, me thn t�xh megèjouc na kajorÐzetai apì ton arijmì Darcy. O suntelest c
autìc, sqetÐzetai me thn kuriarqÐa tou ìrou thc mh-diaperatìthtac ènanti twn upolo-
Ðpwn ìrwn thc exÐswshc thc orm c, me apotèlesma h aÔxhsh thc tim c tou na bohj�
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sthn pio eÔkolh apenergopoÐhsh twn exis¸sewn ro c, dhlad  stereopoÐhsh tm matoc
tou pedÐou, me ton kÐnduno ìmwc h BeTo na egklwbisteÐ se pijanì topikì akrìtato.
M�lista, h metabol  tou suntelest  bMAX eÐnai dunatì na metab�lei shmantik� to
telikì pedÐo thc mh-diaperatìthtac, suneisfèrontac me thn aÔxhsh thc tim c tou sthn
ex�leiyh twn nekr¸n perioq¸n.

Se èna prìblhma BeTo o arijmìc twn metablht¸n sqediasmoÔ eÐnai Ðsoc me to pl joc
twn kuyel¸n tou upologistikoÔ qwrÐou (perÐpou 20,000 gia to 2D). H tautìqronh
energopoÐhsh touc kat� thn ènarxh thc beltistopoÐhshc, elloqeÔei ton kÐnduno na
odhghjeÐ h BeTo se topikì akrìtato, kaj¸c h MMA èqei èntonh t�sh na ikano-
poi sei ton periorismì tou ìgkou. Gia ton lìgo autìn, qrhsimopoi jhke h mèjodoc
thc Stadiak� Metaballìmenhc Diaperatìthtac (SMD), fren�rontac thn t�sh tou
periorismoÔ, qwrÐc na upobajmÐzetai h diadikasÐa thc beltistopoÐhshc.

AkoloÔjwc, epilÔjhkan ìmoia probl mata BeTo metab�llontac thn arqikopoÐhsh tou
pedÐou mh-diaperatìthtac, kai sugkekrimèna gia di�forec diakritèc timèc tou pedÐou
orismoÔ thc (α ∈ [0, 1]). Diapist¸jhke, pwc ìso aux�netai h tim  thc arqikopoÐh-
shc, o periorismìc tou ìgkou teÐnei na ikanopoi jei, me apotèlesma na enisqÔetai h
emf�nish nekr¸n perioq¸n kai endi�meswn tim¸n tou pedÐou α. Sunep¸c, sthn paro-
Ôsa diereÔnhsh, h bèltisth lÔsh upologÐsthke me mhdenik  arqikopoÐhsh tou pedÐou
mh-diaperatìthtac.

Efarmìzontac to filtr�risma tou pedÐou mh-diaperatìthtac, me th mèjodo thc Ka-
nonikopoÐhshc - Probol c, diapist¸jhke pwc eÐnai dunatì na suneisfèrei sthn ane-
xarthtopoÐhsh thc BeTo apì to plègma tou upologistikoÔ qwrÐou kai kat' epèktash
sthn apofug  emf�nishc pedÐwn skakièrac. Bohj�, kat� kanìna, ston upologismì
enìc perissìtero duadikoÔ pedÐou mh-diaperatìthtac, ìmwc apaiteÐ prosoq  kat� thn
prosarmog  thc sto ek�stote prìblhma pou epilÔetai.

AkoloÔjwc, axiolog¸ntac to bèltisto pedÐo mh-diaperatìthtac pou upologÐsthke,
sÔmfwna me thn tim  thc sun�rthshc-stìqou kai thn omoiomorfÐa tou pedÐou (meiwmèno
eÔroc nekr¸n kai gkrÐzwn perioq¸n), qrhsimopoi jhke gia thn topojèthsh oriak¸n
sunjhk¸n stic proc stereopoÐhsh perioqèc sto eswterikì tou qwrÐou. Gia ton skopì
autìn, to pedÐo mh-diaperatìthtac upèsth metepexergasÐa, aux�nontac thn tim  thc
sun�rthshc-stìqou kat� 4%, lìgw thc mejìdou pou akolouj jhke, kai epilÔjhke èna
ìmoio prìblhma se oriìdeto plègma. Me ton trìpo autì, ègine kalÔterh ektÐmhsh thc
tim c thc sun�rthshc-stìqou thc BeTo, kai entopÐsthke diafor� thc t�xhc tou 2%
h opoÐa ofeÐletai, kurÐwc, sthn adunamÐa thc na epib�lei oriakèc sunj kec stic proc
stereopoÐhsh perioqèc tou upologistikoÔ qwrÐou. Proc sÔgkrish me th bèltisth lÔsh
thc BeTo, epilÔjhke èna prìblhma BeltistopoÐhshc Morf c sto oriìdeto plègma pou
sqedi�sthke, belti¸nontac peraitèrw thn tim  thc sun�rthshc-stìqou kat� 2%.

Tèloc, axiopoi¸ntac ta sumper�smata thc diereÔnushc tou 2D probl matoc, parou-
si�sthke h efarmog  thc BeTo se 3D prìblhma, me skopì th beltÐwsh thc tim c thc
sun�rthshc-stìqou, thn ikanopoÐhsh twn periorism¸n kai thn eÔresh enìc duadikoÔ
pedÐou mh-diaperatìthtac, me mikroÔ eÔrouc gkrÐzec kai nerkèc perioqèc.
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