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PROLOGOS

H diplwmatik  mou ergasvÐa èqei svan svtìqo thn melèth kai an�lusvh thc jewrÐac twn
�Tetragwnik¸n UpoloÐpwn� kai twn �Suneq¸n Klasvm�twn�, dÔo polÔ basvik¸n kl�dwn
thc jewrÐac arijm¸n, pou èqoun efarmog  svthn KruptografÐa.
Sto pr¸to kef�laio gÐnetai mia eisvagwg  svthn jewrÐa arijm¸n. Melet�tai h ènnoia

thc diairetìthtac, apodeiknÔetai h apeirÐa twn pr¸twn kai to jemeli¸dec je¸rhma thc
arijmhtik c. Akìma, orÐzetai h isvodunamÐa metaxÔ dÔo arijm¸n kai svto tèloc tou kefalaÐou
apodeiknÔontai ta jewr mata Euler kai Fermat.
Sto deÔtero kef�laio melet�me ta tetragwnik� upìloipa enìc arijmoÔ. Sthn arq 

apodeiknÔoume idiìthtec twn tetragwnik¸n upoloÐpwn peritt¸n pr¸twn, eisv�goume to svÔm-
bolo tou Legendre kai diatup¸noume to krit rio Euler. Sthn svunèqeia apodeiknÔoume èna
apì ta pio basvik� jewr mata svthn jewrÐa arijm¸n, ton �Nìmo thc tetragwnik c anti-
svtrof c�. Telei¸nontac to kef�laio epekteÐnoume to svÔmbolo Legendre svto svÔmbolo
Jacobi kai kleÐnoume to kef�laio me ènan algìrijmo pou upologÐzei to svÔmbolo Jacobi.
Sto trÐto kef�laio endiaferìmasvte na broÔme me apodotikì trìpo tic tetragwnikèc rÐzec

twn tetragwnik¸n upoloÐpwn. Parajètoume touc kleisvtoÔc tÔpouc pou up�rqoun gia touc
pr¸touc pou af noun upìloipo 3 kai 5 svthn diaÐresvh me to 4 kai to 8 antÐsvtoiqa. 'Epeita
parajètoume ton algìrijmo twn Tonelli kai Shanks kai tèloc anaptÔsvoume ton algìrijmo
tou Cornacchia.
Sto tètarto kai teleutaÐo kef�laio k�noume mia eisvagwg  svta svuneq  kl�svmata. Sthn

arq  ta orÐzoume kai melet�me tic idiìthtec twn svugklÐnont¸n touc. 'Usvtera deÐqnoume ìti
k�je pragmatikìc arijmìc mporeÐ na anaparasvtajeÐ monadik� apì èna svuneqèc kl�svma kai
kleÐnoume to kef�laio apodeiknÔontac ìti ta svuneq  kl�svmata apoteloÔn thn kalÔterh
prosvèggisvh enìc pragmatikoÔ arijmoÔ.
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EuqarisvtÐec

Ja  jela kat' arq�c na euqarisvt svw ìlouc touc kajhghtèc thc svqol c mou gia ìlec tic
polÔtimec gn¸sveic pou mou èqoun qarÐsvei. Ja  jela idiaÐtera na euqarisvt svw ton kÔrio
Alèxandro Papaðw�nnou, o opoÐoc  tan o epiblèpwn thc diplwmatik c mou ergasvÐac, me
proètreye na asvqolhj¸ me autì to jèma kai me bo jhsve na m�jw arket� pr�gmata pou
den  xera svthn jewrÐa arijm¸n. Ja  jela epÐsvhc na euqarisvt svw ton svumfoitht  mou
BasvÐlh Palasvsvìpoulo pou mou svunèsvthsve to prìgramma �lyx� gia na gr�fw sve �latex�
kai me bo jhsve na m�jw na gr�fw svto prìgramma autì. Tèloc, ja  jela na euqarisvt svw
touc goneÐc mou gia ì,ti èqoun k�nei gia emèna mèqri t¸ra.
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1 Eisvagwg  svthn JewrÐa Arijm¸n

1.1 Diairetìthta

Theorem 1.1.1 (EukleÐdia diaÐresvh). 'Esvtw a, b akèraioi arijmoÐ, me b ̸= 0, tìte up�rqoun
monadikoÐ akèraioi q, r tètoioi ¸svte:

a = bq + r, me 0 ≤ r < |b|

Oi arijmoi q, r onom�zontai phlÐko, upìloipo antÐsvtoiqa thc diaÐresvhc tou a dia tou b.

Proof. 'Esvtw to svÔnolo S = {a− bx : xϵZ} kai A = {z ∈ A : z ≥ 0} .

To A eÐnai èna mh kenì svÔnolo kaj¸c gia x = −|a| |b|b , èqoume ìti :

a− b

(
−|a| |b|

b

)
= a+ |a||b| ≥ a+ |a| ≥ 0.

Tìte, èsvtw r = minA .
Tìte r = a− bq gia k�poion q ∈ Z opìte a = bq + r.
Ja apodeÐxoume ìti r < |b| .
'Esvtw ìti r ≥ |b|, tìte ja èqoume ìti: 0 ≤ r − |b| < r.

'Omwc, 0 ≤ r − |b| = (a− bq)− b |b|b = a− b
(
q + |b|

b

)
ϵA.

Opìte to r − |b| eÐnai svtoiqeÐo tou A mikrìtero apì to r.
'Atopo, kaj¸c èqoume epilèxei to r wc to el�qisvto svtoiqeÐo tou A.
'Ara r < |b|.
Gia thn monadikìthta twn q kai r , jewr¸ ìti up�rqoun duo �lloi akèraioi q′ kai r′

tètoioi ¸svte :

a = bq + r = bq′ + r′

ìpou

0 ≤ r, r′ < |b|.

.
Tìte, apì tic parap�nw prokÔptei ìti:

0 ≤ |r − r′| < |b| kai |r − r′| = |b||q − q′|.
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1 Eisvagwg  svthn JewrÐa Arijm¸n

An q ̸= q′ tìte |q − q′| ̸= 0 , opìte |r − r′| ≥ |b|, to opoÐo eÐnai �topo.
'Ara q = q′.
Opìte, r = r′.
Opìte oi arijmoÐ q, r eÐnai monadikoÐ.

Remark. To phlÐko kai to upìloipo thc eukleÐdiac diaÐresvhc eÐnai monadik� giatÐ isvqÔei ìti
0 ≤ r < |b|. An aut  h svunj kh den Ðsvque, tìte den ja  tan monadik�.
To upìloipo kai to phlÐko thc diaÐresvhc tou a dia tou b ja to gr�foume kai wc amodb

kai adivb antÐsvtoiqa.

Example. Gia a = 14 kai b = 3 èqoume ìti 14 = 3 · 4 + 2 , opìte q = 4 kai r = 2
En¸, gia a = 14 kai b = −3 èqoume ìti 14 = (−3) · (−4) + 2 , opìte q = −4 kai r = 2

De�nition. 'Esvtw a, b akèraioi arijmoÐ, an to upìloipo thc diaÐresvhc tou a dia tou b eÐnai
mhdèn, tìte ja lème ìti o b diaireÐ ton a   isvodÔnama o a eÐnai pollapl�svio tou b kai ja
gr�foume b|a (o arijmìc b diaireÐ ton a)

Remark. O parap�nw orisvmìc eÐnai isvodÔnamoc me to na lème ìti gia touc akèraiouc a, b,
o b diaireÐ ton a an kai mìno an up�rqei akèraioc k tètoioc ¸svte a = kb

Proposition 1.1.2 (Idiìthtec diairetìthtac). 'Esvtw oi akèraioi arijmoÐ a, b, c, d tìte

isvqÔoun ta akìlouja

1. An a|b kai b|c tìte a|c

2. An a|b tìte a|mb gia k�je akèraio m

3. An ab|c tìte a|c kai b|c me a, b ̸= 0

4. An a|b kai c|d tìte ac|bd

5. An a|b kai b ̸= 0 tìte |a| ≤ |b|

6. An a|b kai a|c tìte gia k�je x, y ∈ Z isvqÔei ìti a| (bx+ cy)

7. An a|b kai b|a tìte a = ±b

H apìdeixh twn parap�nw paraleÐpetai

De�nition. 'Esvtw a, b, c ∈ Z me (a, b) ̸= (0, 0), ja lème ìti o c eÐnai o mègisvtoc koinìc
diairèthc twn a, b an ikanopoieÐ ta ex c:

1. c|a kai c|b

2. an d|a kai d|b, tìte d ≤ c

Ton mègisvto koinì diairèth twn a, b ja ton svumbolÐzoume wc MKD(a, b)   GCD(a, b)  
(a, b).
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1 Eisvagwg  svthn JewrÐa Arijm¸n

Remark. Profan¸c MKD(a, b) = MKD(−a, b) = MKD(a,−b) = MKD(−a,−b). Opìte
gia na broÔme ton mègisvto koinì diairèth dÔo akeraÐwn arkeÐ na broÔme ton mègisvto koinì
diairèth twn apìlutwn tim¸n touc.

'Enac trìpoc gia na broÔme ton mègisvto koinì diairèth twn arijm¸n a, b eÐnai na kata-
gr�youme ìlouc touc jetikoÔc diairètec tou a kai ìlouc touc jetikoÔc diairètec tou b kai
met� na dialèxoume ton megalÔtero arijmì pou emfanÐzetai svthn lÐsvta.

Example. Gia a = 60 kai b = 42 oi jetikoÐ diairètec twn a, b eÐnai oi
a : 1, 2, 3, 4, 5, 6, 10, 12, 15, 20, 30, 60
b : 1, 2, 3, 6, 7, 14, 21, 42
Opìte, o megalÔteroc arijmìc pou emfanÐzetai svtic dÔo lÐsvtec eÐnai to 6

Par' ìla aut�, up�rqei polÔ grhgorìteroc upologisvtik� trìpoc na broÔme ton mègisvto
koinì diairèth dÔo arijm¸n, qrhsvimopoi¸ntac ton EukleÐdio algìrijmo

Lemma. An a = qb+ r, tìte MKD(a, b) = MKD(b, r)

Proof. 'Esvtw d1 = MKD(a, b) kai d2 = MKD(b, r) tìte d1|(a− qb) ⇒ d1|r kai afoÔ d1|b
tìte o d1 eÐnai koinìc diairèthc twn b, r, opìte d1 ≤ d2. Me ton Ðdio trìpo d2|(qb + r),
opìte d2|a kai �ra d2 ≤ d1. Sundu�zontac tic dÔo anisvìthtec èqoume ìti d1 = d2.
Opìte, MKD(a, b) = MKD(b, r).

O algìrijmoc tou EukleÐdh basvÐzetai p�nw sve aut n thn upìjesvh kai diatup¸netai wc
ex c:

Lemma 1.1.3 (Algìrijmoc tou EukleÐdh). 'Esvtw oi jetikoÐ akèraioi a, b, me b ≤ a, tìte:

MKD(a, b) =MKD(b, r1) = MKD(r1, r2) = . . .MKD(rn−1, rn) = MKD(rn, 0) = rn

ìpou

a = bq1 + r1
b = r1q2 + r2
r1 = r2q3 + r3
.

.

.

rn−1 = rnqn+1 + 0

O algìrijmoc sve morf  yeudok¸dika eÐnai o ex c:

GCD(a,b)

i:=a;

j:=b;

WHILE i>0 AND j>0

IF i>j THEN i:=iMODj;

ELSE j:=jMODi;

RETURN i+j;
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1 Eisvagwg  svthn JewrÐa Arijm¸n

Remark. O algìrijmoc tou EukleÐdh parousvi�zei thn qeirìter  tou apìdosvh an tou dojoÔn
wc eÐsvodoc duo diadoqikoÐ arijmoÐ thc akoloujÐac Fibonacci: F0 = 0, F1 = 1, Fn =
Fn−1 + Fn−2, n ≥ 2
H qronik  poluplokìthta tou algorÐjmou tou EukleÐdh eÐnai J(log(a+b)).

Example. Ja br¸ ton mègisvto koinì diairèth twn arijm¸n 450 kai 140.
450 = 140 · 3 + 30,
140 = 30 · 4 + 20,
30 = 20 · 1 + 10,
20 = 10 · 2 + 0.
Opìte, o mègisvtoc koinìc diairèthc twn 450 kai 140 eÐnai o 10

Theorem 1.1.4. 'Esvtw oi mh mhdenikoÐ akèraioi a, b, an d = MKD (a, b) tìte up�rqoun
akèraioi x, y tètoioi ¸svte d = ax+ by.

Proof. 'Esvtw S = {ax+ by : x, yϵZ, ax+ by > 0} tìte profan¸c to S den eÐnai to kenì

svÔnolo kaj¸c gia x = |a|
a to ax+ 0b = |a| ∈ S.

Opìte, afoÔ to S ⊆ N ja èqei el�qisvto svtoiqeÐo.
Ja deÐxoume ìti d = minS.
'Esvtw m = minS tìte up�rqoun x0, y0 ∈ Z me m = ax0 + by0.
SÔmfwna me to je¸rhma thc EukleÐdiac diaÐresvhc up�rqoun akèraioi q, r tètoioi ¸svte

a = mq + r me 0 ≤ r < m.
Ja deÐxoume ìti r = 0.
'Esvtw ìti r ̸= 0 , opìte r > 0, tìte

r = a−mq = a− (ax0 + by0) q = a (1− x0q) + b (−y0q).

opìte rϵS kai r < m opìte to r eÐnai mikrìtero apì to el�qisvto svtoiqeÐo tou S k�ti
pou eÐnai �topo.
Odhghj kame sve �topo kaj¸c upojèsvame ìti r ̸= 0, opìte ja èqoume r = 0.
Tìte m|a.
'Omoia apodeiknÔetai ìti m|b, opìte o m eÐnai koinìc diairèthc twn a, b.
'Omwc gia k koinì diairèth twn a, b ja èqoume ìti k| (ax0 + by0) ⇒ k|m. 'Ara k ≤ m.
'Ara m = minS = d.

Remark. H apìdeixh tou jewr matoc mporeÐ epÐsvhc na gÐnei qrhsvimopoi¸ntac ton eukleÐdio
algìrijmo.

Proposition. Ta x kai y prokÔptoun apì ton algìrijmo tou EukleÐdh antikajisvt¸ntac

apì tic teleutaÐec diairèsveic proc tic pr¸tec, af nontac ton mègisvto koinì diairèth p�nta

svta arisvter�. H algorijmik  diadikasvÐa thc prìtasvhc eÐnai gnwsvt  svan Extended Eu-

clidean Algorithm.

Example. Qrhsvimopoi¸ntac to prohgoÔmeno par�deigma èqoume ìti MKD(450, 140) = 10
kai apì to prohgoÔmeno par�deigma èqoume tic EukleÐdiec diairèsveic:
450 = 140 · 3 + 30,
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1 Eisvagwg  svthn JewrÐa Arijm¸n

140 = 30 · 4 + 20,
30 = 20 · 1 + 10,
20 = 10 · 2 + 0.
P�nta xekin�me apì thn proteleutaÐa exÐsvwsvh phgaÐnontac ton mègisvto koinì diairèth

svta arisvter�. Opìte,
10 = 30−20 kai antikajisvtoÔme thn svqèsvh pou èqoume svthn prohgoÔmenh, antikajisvt¸n-

tac mìno to prohgoÔmeno upìloipo (ed¸ to 20) kai svuneqÐzoume aut n thn diadikasvÐa mèqri
na ft�svoume svthn pr¸th exÐsvwsvh. Opìte,
10 = 30− 20 = 30− (140− 30 · 4) = −140 + 30 · 5 ⇔
10 = −140 + (450− 140 · 3) · 5 = 450 · 5 + 140 · (−16).

Theorem 1.1.5. 'Esvtw oi akèraioi arijmoÐ a, b kai d jetikìc koinìc diairèthc touc. Tìte

o d eÐnai o mègisvtoc koinìc diairèthc twn a, b an kai mìno an gia k�je jetikì koinì diairèth
d′ twn a, b isvqÔei ìti d′|d.

Proof. An d = MKD(a, b), tìte apì to (1.1.4) up�rqoun akèraioi x, y tètoioi ¸svte

d = ax+ by.

Opìte, gia k�je d′ koinì diairèth twn a, b ja isvqÔei ìti

d′|(ax+ by) ⇒ d′|d.

Apì thn �llh meri�, an o d eÐnai ènac jetikìc koinìc diairèthc twn a, b kai k�je koinìc
diairèthc d′ twn a, b ton diairei tìte profan¸c d′ ≤ d.
Opìte, o d eÐnai o mègisvtoc koinìc diairèthc twn a, b.

De�nition. 'Esvtw o pragmatikìc arijmìc x, tìte orÐzoume wc ⌊x⌋ ton megalÔtero akèraio
pou eÐnai mikrìteroc   Ðsvoc apì ton x.

Remark. Apì ton orisvmì prokÔptei �mesva ìti x− 1 < ⌊x⌋ ≤ x.

1.2 Pr¸toi ArijmoÐ

De�nition. Onom�zoume pr¸to arijmì k�je jetikì akèraio megalÔtero thc mon�dac, o
opoÐoc èqei jetikoÔc diairètec mìno ton eautì tou kai thn mon�da.

Example. Oi arijmoÐ 2, 3, 5, 7, 11 eÐnai pr¸toi.

Lemma 1.2.1. 'Esvtw p pr¸toc arijmìc kai a akèraioc. Tìte   o p ja diaireÐ ton a  

MKD(a, p) = 1

Proof. SÔmfwna me ton orisvmì tou, o p èqei jetikoÔc diairètec mìno ton eautì tou kai thn
mon�da, opìte MKD(a, p) = 1   MKD(a, p) = p.
An MKD(a, p) = p tìte profan¸c p|a.

De�nition. Onom�zoume svÔnjeto arijmì k�je akèraio arijmì megalÔtero thc mon�dac
pou den eÐnai pr¸toc.
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1 Eisvagwg  svthn JewrÐa Arijm¸n

Example. Gia touc arijmoÔc 2, 3, 4, ..., 10 èqoume ìti oi 2, 3, 5, 7 eÐnai pr¸toi en¸ oi
4, 6, 8, 9, 10 eÐnai svÔnjetoi.

Remark. O arijmìc 1 den eÐnai oÔte pr¸toc oÔte svÔnjetoc.

De�nition. Oi akèraioi a, b onom�zontai svqetik� pr¸toi an o mègisvtoc koinìc diairèthc
touc eÐnai h mon�da.

Example. Oi akèraioi 14 kai 25 eÐnai svqetik� pr¸toi kaj¸c MKD(14, 25) = 1, en¸ oi
8, 18 ìqi kaj¸c MKD(8, 18) = 2

Theorem 1.2.2. 'Esvtw p pr¸toc arijmìc kai a, bϵZ. An p|ab, tìte p|a   p|b

Proof. An p|a to je¸rhma isvqÔei.
Alli¸c, an p - a. Tìte apì to (1.2.1) èqoume ìti MKD(a, p) = 1. Tìte, apì to (1.1.4)

up�rqoun x, yϵZ me

1 = ax+ py ⇒ b = abx+ pby.

'Opìte, afoÔ p|ab kai p|p, tìte p| (abx+ pby) ⇒ p|b.

Theorem 1.2.3. 'Esvtw a, b, c akèraioi me a, c svqetik� pr¸touc kai c|ab, tìte c|b.

Proof. AfoÔ MKD(a, c) = 1, tìte apì (1.1.4) up�rqoun akèraioi x, yϵZ me cx+ ay = 1.
'Ara, cbx+ aby = b. Opìte, ìpwc svto prohgoÔmeno je¸rhma c|(cbx+ aby) ⇒ c|b.

Proposition 1.2.4 (Krit rio RÐzac). K�je svÔnjetoc arijmìc a > 1 èqei ènan toul�qisvton
pr¸to par�gonta p ≤

√
a

Proof. 'Esvtw o svÔnjetoc arijmìc a, tìte jewroÔme p ton el�qisvto jetikì diairèth tou
a me p > 1. Tìte, o p ja eÐnai pr¸toc arijmìc, kaj¸c an den  tan ja up rqan jetikoÐ
akèraioi x, y diaforetikoÐ thc mon�dac me p = xy opìte oi x, y ja  tan diairètec tou a
mikrìteroi apì ton p, �topo. Tìte, o a ja eÐnai svthn morf  a = pb, me 1 < p ≤ b < a
opìte p2 ≤ pb = a. Opìte o a ja èqei ènan toul�qisvton pr¸to diairèth p me p ≤

√
a .

Remark. Apì thn parap�nw prìtasvh prokÔptei èna krit rio me to opoÐo exet�zoume an ènac
arijmìc eÐnai pr¸toc. Gia na exet�svoume an o arijmìc a eÐnai pr¸toc arkeÐ na exet�svoume
an up�rqei pr¸toc arijmìc mikrìteroc apì

√
a pou na diaireÐ ton a. An up�rqei tètoioc

pr¸toc, o a den eÐnai pr¸toc. An kanènac pr¸toc mikrìteroc apì
√
a den diaireÐ ton a tìte

o a eÐnai pr¸toc.

Theorem. Oi pr¸toi arijmoÐ eÐnai �peiroi

Proof. 'Esvtw ìti to pl joc twn pr¸twn eÐnai peperasvmèno, èsvtw n. 'Esvtw ìti oi pr¸toi
eÐnai oi

p1, p2, . . . pn.

12
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Tìte, jewr¸ ton arijmì

A = p1p2 . . . pn + 1.

Kat' arq�c, o A den eÐnai pr¸toc, kaj¸c eÐnai megalÔteroc apì k�je pr¸to. Opìte,
svÔmfwna me to (1.2.4) o A ja èqei k�poio pr¸to diairèth èsvtw ton pk me k ∈ {1, 2, . . . n},
tìte

pk|A kai pk|p1p2 . . . pn opìte pk| (A− p1p2 . . . pn) ⇒ pk|1

to opoÐo eÐnai �topo. Katal xame sve �topo giatÐ upojèsvame ìti to pl joc twn pr¸twn
eÐnai peperasvmèno.
Opìte, oi pr¸toi arijmoÐ eÐnai �peiroi.

Theorem 1.2.5 (Jemeli¸dec je¸rhma thc arijmhtik c). K�je jetikìc akèraioc mporeÐ

na anaparasvtajeÐ wc ginìmeno dun�mewn pr¸twn paragìntwn kat� monadikì trìpo.

Proof. 'Esvtw n akèraioc arijmìc kai p1 o el�qisvtoc pr¸toc diairèthc tou . An o n eÐnai
pr¸toc, tìte n = p1, alli¸c 1 < p1 < n. Tìte, n = p1n1, n1ϵN. Me ton Ðdio trìpo o
n1 èqei el�qisvto pr¸to diairèth p2. Tìte, n = p1p2n2, n2ϵN. SuneqÐzontac aut n thn
diadikasvÐa ja prokÔyei oti o n mporeÐ na grafeÐ svan ginìmeno pr¸twn ìqi kat' an�gkh
diaforetik¸n metaxÔ touc.
Opìte, o n ja grafeÐ svthn morf 

n = pa11 pa22 ...pakk , kϵN.

Ja deÐxoume ìti h anapar�svtasvh eÐnai monadik .
'Esvtw ìti o n èqei anaparasvtajeÐ wc ginìmeno dun�mewn pr¸twn paragìntwn kat� dÔo
diaforetikoÔc trìpouc.
Tìte,

pa11 pa22 ...pakk = qb11 qb22 ...qbll , k, lϵN

opìte,

pi|pa11 pa22 ...pakk ⇒ pi|qb11 qb22 ...qbll ⇒ pi|qj gia k�poia i, j.

'Ara k�je pi eÐnai Ðsvo me k�poio qj . Opìte k = l.
Tìte, jewr¸ ìti

pi = qi, i = 1, 2, ..., k

arkeÐ na apodeÐxoume ìti

ai = bi, i = 1, 2, ..., k.

'Esvtw ìti gia k�poio iϵ {1, 2, ..., k} isvqÔei ìti ai ̸= bi.

13
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QwrÐc bl�bh thc genikìthtac jewr¸ ìti ai > bi.
Tìte,

pa11 pa22 ...paii ...pakk = pb11 pb22 ...pbii ...p
bk
k ⇔ pa11 pa22 ...pai−bi

i ...pakk = pb11 pb22 ...p
bi−1

i−1 p
bi+1

i+1 ...p
bk
k .

Epeid  ai − bi > 0, tìte

pi|pa11 pa22 ...pai−bi
i ...pakk en¸ pi - pb11 pb22 ...p

bi−1

i−1 p
bi+1

i+1 ...p
bk
k .

To opoÐo eÐnai adÔnato.
Opìte, ai = bi, i = 1, 2, ..., k.
Opìte h anapar�svtasvh wc ginìmeno dun�mewn pr¸twn arijm¸n eÐnai monadik .

Example. 60 = 22 · 3 · 5

1.3 Sun�rthsvh Euler

De�nition (Sun�rthsvh Euler). 'Esvtw ènac jetikìc akèraioc n. OrÐzoume thn svun�rthsvh
Euler ϕ(n) na eÐnai to pl joc twn jetik¸n akeraÐwn, oi opoÐoi einai mikrìteroi   Ðsvoi me
to n kai svqetik� pr¸toi me to n.

Corollary. Apì ton orisvmì prokÔptei amesva ìti ϕ(1) = 1 kai ϕ(p) = p−1 gia k�je pr¸to
p.

Theorem 1.3.1 (Arq  EgkleisvmoÔ ApokleisvmoÔ). 'Esvtw S èna svÔnolo svtoiqeÐwn kai

A1, A2, . . . Am ⊆ S , tìte:

|A1 ∪A2 ∪ . . . Am| =
∑

|Ai| −
∑

|Ai ∩Aj |+ · · ·+ (−1)m+1|A1 ∩A2 ∩ · · · ∩Am|

Proposition 1.3.2. Apì thn arq  EgkleisvmoÔ ApokleisvmoÔ prokÔptei �mesva ìti an

A1, A2, . . . Am ⊆ S, tìte:

|Ac
1 ∪Ac

2 ∪ . . . Ac
m| = |S| −

∑
|Ai|+

∑
|Ai ∩Aj | −

∑
|Ai ∩Aj ∩Ak|+ · · ·+ (−1)m|A1 ∩A2 ∩ · · · ∩Am|

ìpou Ac eÐnai to svumpl rwma tou A

Theorem 1.3.3. Gia k�je fusvikì arijmì n = pa11 pa22 . . . pakk isvqÔei ìti:

ϕ(n) =n(1− 1

p1
)(1− 1

p2
) . . . (1− 1

pk
)

14
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Proof. Ja upologÐsvoume thn ϕ(n) me thn bo jeia thc arq c EgkleisvmoÔ ApokleisvmoÔ.
Oi pr¸toi diairètec tou arijmoÔ n eÐnai oi p1, p2, . . . pk.
'Esvtw Ai to svÔnolo twn arijm¸n {1, 2, . . . , n} pou diairoÔntai apì ton pi. Tìte, o

arijmìc ϕ(n) perigr�fei to pl joc twn svtoiqeÐwn tou svunìlou {1, 2 . . . , n} pou den an koun
sve kanèna apì ta svÔnola Ai. Opìte,

ϕ(n) = |Ac
1∪Ac

2∪. . . Ac
k| = |S|−

∑
|Ai|+

∑
|Ai∩Aj |−

∑
|Ai∩Aj∩Ak|+· · ·+(−1)k|A1∩A2∩· · ·∩Ak| =

n−
∑

|Ai|+
∑

|Ai ∩Aj | −
∑

|Ai ∩Aj ∩Ak|+ · · ·+ (−1)k|A1 ∩A2 ∩ · · · ∩Ak|

To pl joc twn akeraÐwn svto {1, 2, . . . , n} pou diairoÔntai apì ton pr¸to pi eÐnai
n
pi
kaj¸c

eÐnai oi arijmoÐ

pi, 2pi, . . . , (
n

pi
)pi

ìmoia oi arijmoÐ pou diairoÔntai apì ton pi1pi2 . . . pim eÐnai n
pi1pi2 ...pim

.

Opìte,

ϕ(n) = n−
∑ n

pi
+
∑ n

pipj
+ · · ·+(−1)k

n

p1p2 . . . pk
= n(1− 1

p1
)(1− 1

p2
) . . . (1− 1

pk
)

Example. Gia n = 60 = 22 ·3·5, èqoume ìti ϕ(60) = 60(1− 1
2)(1−

1
3)(1−

1
5) = 60· 12 ·

2
3 ·

4
5 =

16

1.4 IsvodunamÐec   isvotimÐec

De�nition. 'Esvtw oi akèraioi arijmoÐ a, b,m, me m > 0. Ja lème ìti o a eÐnai isvodÔnamoc
(  isvìtimoc) tou b modulo m, an h diafor� a− b eÐnai akèraio pollapl�svio tou m. Tìte
ja gr�foume a ≡ bmodm.

Example. Gia par�deigma 8 ≡ 2mod3 kaj¸c 8 − 2 = 6 = 2 · 3, en¸ 9 ̸= 6mod5 kaj¸c
9− 6 = 3 pou den eÐnai pollapl�svio tou 5.

Proposition. H svqèsvh a ≡ bmodm eÐnai svqèsvh isvodunamÐac.

Proof. 'Esvtw a, b, c,m akèraioi arijmoÐ kai m > 0, tìte:
1.a ≡ amodm kaj¸c a− a = 0 = 0 ·m
2.An a ≡ bmodm tìte kai b ≡ amodm.
AfoÔ a ≡ bmodm tìte up�rqei kϵZ, tètoioc ¸svte a− b = km.
Tìte

b− a = − (a− b) = −km �ra b ≡ amodm

15
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3.An a ≡ bmodm kai b ≡ cmodm, tìte a ≡ cmodm.
AfoÔ a ≡ bmodm kai b ≡ cmodm tìte

a− b = km kai b− c = lm gia k�poiouc k, lϵZ

opìte

a− c = a− b+ b− c = km+ lm = (k + l)m

�ra

a ≡ cmodm

Proposition. 'Esvtw a, b, c,m akèraioi arijmoÐ, m > 0
Ta epìmena eÐnai isvodÔnama:

1) a ≡ bmodm
2) To b− a eÐnai pollapl�svio tou m
3) m| (b− a)
4) O arijmìc b−a

m eÐnai akèraioc

5) Oi a, b af noun to Ðdio upìloipo svthn eukleÐdia diaÐresvh me to m

Proof. Ta 1,2,3,4 prokÔptoun �mesva apì ton orisvmì.
Ja apodeÐxw oti 1⇔5
1⇒5.
'Esvtw ìti a ≡ bmodm kai èsvtw ìti

a = qam+ ra, b = qbm+ rb me qa, qb, ra, rbϵZ kai 0 ≤ ra, rb < m

tìte apo thn upìjesvh èqw ìti a ≡ bmodm, opìte o a− b eÐnai pollapl�svio tou m, opìte
(qa − qb)m+ ra − rb eÐnai pollapl�svio tou m.
Tìte, ja prèpei to ra − rb na eÐnai pollapl�svio tou m , ìmwc −m < ra − rb < m kai

epeid  to mìno pollapl�svio tou m pou up�rqei metaxÔ tou −m kai m eÐnai to 0 ja prèpei
na isvqÔei ra = rb, kai �ra oi a, b eÐnai isvoôpìloipoi svthn diaÐresvh me to m.
5 ⇒ 1.
'Esvtw ìti oi a, b af noun to Ðdio upìloipo svthn eukleÐdia diaÐresvh me to m, tìte

a = qam+ r, b = qbm+ r, qa, qb, rϵZ me 0 ≤ r < m

opìte

a− b = (qa − qb)m

Tìte o arijmìc a− b eÐnai pollapl�svio tou m , opìte a ≡ bmodm.
'Ara 1⇔5.
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Proposition. An a ≡ a′modm kai b ≡ b′modm, tìte a ± b ≡ a′ ± b′modm kai ab ≡
a′b′modm .

Proof. Apì thn upìjesvh up�rqoun k, l ∈ Z me a− a′ = km kai b− b′ = lm.
Tìte,

a = a′ + km kai b = b′ + lm.

Opìte,

a± b = a′ ± b′ + (k ± l)m.

'Ara

a± b ≡ a′ ± b′modm.

EpÐsvhc,

ab =
(
a′ + km

) (
b′ + lm

)
= a′b′ +m

(
kb′ + la′ + klm

)
Opìte,

ab ≡ a′b′modm.

Proposition 1.4.1 (Kanìnac aplopoÐhsvhc). 'Esvtw oi akèraioi a, a′, b,m me m > 0 kai

MKD(b,m) = 1. An ab ≡ a′bmodm tìte a ≡ a′modm.

Proof. AfoÔ m|b (a− a′) kai epeid  MKD(b,m) = 1, tìte apì to (1.2.3) èqoume ìti
m| (a− a′) ⇒ a ≡ a′modm

De�nition. 'Esvtw a ∈ Z. An up�rqei akèraioc b tètoioc ¸svte ab ≡ 1modn, tìte o b ja
lègetai antÐsvtrofoc tou amodn.

Theorem 1.4.2. O antÐsvtrofoc tou jetikoÔ akèraiou amodn up�rqei an kai mìno an

MKD(a, n) = 1

Proof. An MKD(a, n) = 1 tìte svÔmfwna me to ((1.1.4)) up�rqoun akèraioi x, y tètoioi
¸svte

ax+ ny = 1

tìte

1 = ax+ ny ≡ axmodn.

Dhlad , o x eÐnai antÐsvtrofoc tou amodn
AntÐsvtrofa, an up�rqei akèraioc x me ax ≡ 1modn, tìte n| (ax− 1).
Epeid , MKD(a, n)|n, apì (1.1.2) ja èqoume ìti MKD(a, n)|(ax− 1).
'Omwc, MKD(a, n)|a, opìte MKD(a, n)|ax.
Tìte MKD(a, n)| [ax− (ax− 1)] opìte MKD(a, n)|1 opìte MKD(a, n) = 1

17
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Remark. Apì to parap�nw je¸rhma èpetai ìti gia na broÔme ton antÐsvtrofo tou amodn
arkeÐ na broÔme ta x, y gia ta opoÐa ax+ny = 1 kai tìte to x ja eÐnai o antisvtrofìc tou.

Theorem 1.4.3. O antÐsvtrofoc enìc fusvikoÔ amodn an up�rqei eÐnai monadikìc modn

Proof. 'Esvtw ìti oi x, y eÐnai tautìqrona antÐsvtrofoi tou amodn dhlad 

ax ≡ ay ≡ 1modn.

Tìte, n|a(x− y) kai epeidh MKD(a, n) = 1(apì 1.4.2), tìte n| (x− y).
'Ara x ≡ ymodn dhlad  o antÐsvtrofoc eÐnai monadikìc modn

1.5 Grammik  Diofantik  ExÐsvwsvh

De�nition. H exÐsvwsvh ax + by = c, ìpou a, b, c akèraioi kai x, y �gnwsvtoi akèraioi
onom�zetai grammik  diofantik  exÐsvwsvh.

Theorem 1.5.1. H grammik  diofantik  exÐsvwsvh ax+ by = c èqei lÔsvh an kai mìno an

o d =MKD(a, b) diaireÐ ton c.

Proof. 'Esvtw ìti h exÐsvwsvh èqei lÔsvh kai èsvtw (x0, y0) mÐa lÔsvh thc.
Tìte,

ax0 + by0 =c

Tìte, afoÔ d =MKD(a, b) up�rqoun akèraioi k, l me a = kd kai b = ld, me MKD(k, l) = 1.
Opìte,

c =ax0 + by0 = d(kx0 + ly0)

Opìte, d|c.
AntÐsvtrofa, ac jewr svoume ìti d|c.
Tìte, up�rqei akèraioc m tètoioc ¸svte c = d ·m.
Apì to (1.1.4) up�rqoun akèraioi k, l tètoioi ¸svte:

ka+ lb =d ⇒
a(km) + b(lm) =dm = c

�ra h diofantik  exÐsvwsvh èqei lÔsvh.

Theorem 1.5.2. An (x0, y0) mia lÔsvh thc diofantik c exÐsvwsvhc ax + by = c kai d =
MKD(a, b) tìte oi lÔsveic thc diofantik c exÐsvwsvhc eÐnai oi:

x = x0 +
b

d
· n, y = y0 −

a

d
· n, n ∈ Z

18
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Proof. 'Esvtw (x0, y0) mia lÔsvh thc exÐsvwsvhc ax + by = c kai èsvtw (x′, y′) mia �llh lÔsvh
thc, tìte:

ax0 + by0 =ax′ + by′ ⇒
a(x′ − x0) =b(y0 − y′)

kai diair¸ntac me d = MKD(a, b) èqoume ìti

k(x′ − x0) =l(yo − y′)

ìpou oi k = a
d kai l = b

d eÐnai svqetik� pr¸toi. Epomènwc èqoume ìti k|l(y0 − y′) kai
MKD(k, l) = 1, opìte apì to (1.2.3) èqoume ìti k|(y0 − y′). Dhlad , up�rqei akèraioc n
tètoioc ¸svte y0 − y′ = kn. 'Omoia apodeiknÔetai ìti x′ − x0 = ln. Opìte,

x′ = x0 +
b

d
· n, n ∈ Z

y′ =y0 −
a

d
· n, n ∈ Z

De�nition. H exÐsvwsvh ax ≡ bmodm, ìpou a, b gnwsvtoÐ akèraioi, m akèraioc me m > 0
kai x �gnwsvtoc akèraioc onom�zetai grammik  isvotimia.

Theorem 1.5.3. 'Esvtw oi akèraioi arijmoÐ a, b,m me m > 0 kai d = MKD(a,m).
An d|b tìte h grammik  isvotimÐa ax ≡ bmodm èqei d an� duo diaforetikèc metaxÔ touc

(modm) lÔsveic.
An d - b h grammik  isvotimÐa den èqei lÔsveic.

Proof. An d|b tìte an h grammik  isvotimÐa ax ≡ bmodm èqei lÔsvh ja up�rqei y ∈ Z tètoio
¸svte ax− b = my   isvodÔnama ax−my = b.
Opìte, h grammik  isvotimÐa ax ≡ bmodm èqei lÔsvh an kai mìno an h diofantik  exÐsvwsvh

ax−my = b èqei lÔsvh.
Tìte, svÔmfwna me to (1.5.2) an x0 mia lÔsvh thc ax ≡ bmodm, tìte ìlec oi lÔsveic thc

ja eÐnai oi

x =x0 −
m

d
· n, n ∈ Z

Ja apodeÐxoume ìti mìno d apì tic lÔsveic eÐnai ana duo diaforetikèc metaxÔ touc.
Profan¸c, oi

x0, x0 −
m

d
,x0 − 2

m

d
, . . . , x0 − (d− 1)

m

d
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eÐnai lÔsveic thc grammik c isvotimÐac kai eÐnai ana duo diaforetikèc metaxÔ touc kaj¸c an

x0 − n1
m

d
≡x0 − n2

m

d
modm

gia n1, n2 ∈ N me 1 ≤ n1, n2 ≤ d− 1 tìte

n1
m

d
≡n2

m

d
modm ⇒ m|(n1 − n2)

m

d

Opìte, ja prèpei na isvqÔei ìti m ≤ |n1 − n2|md   n1 = n2.
An n1 ̸= n2 tìte |n1 − n2| ≤ d− 1, �ra |n1 − n2|md < m .
Opìte n1 = n2.
Epomènwc, oi lÔsveic

x0, x0 −
m

d
,x0 − 2

m

d
, . . . , x0 − (d− 1)

m

d

eÐnai ana dÔo diaforetikèc metaxÔ touc.
Ja apodeÐxoume ìti autèc eÐnai ìlec oi mh isvodÔnamec metaxÔ touc lÔsveic.
'Esvtw c ∈ Z diaforetik  lÔsvh apì tic prohgoÔmenec, tìte

ac ≡ ax0modm.

'Omwc, MKD(a,m) = d. Tìte,

a = rd,m = sd gia r, s ∈ Z me MKD(r, s) = 1

opìte

sd|rd(c− x0) ⇒ s|r(c− x0)

ìmwc MKD(s, r) = 1. Epomènwc,

s| (c− x0).

'Ara, up�rqei akèraioc n me: c = x0 + ns.
Tìte, ja èqoume ìti

n = dq + t, q, t ∈ Z me 0 ≤ t < d.

Opìte,

c = x0 + (dq + t)s = x0 + dsq + st = x0 +mq +
m

d
t.

Opìte,

c ≡ x0 +
m

d
tmodm.

'Ara, h c den eÐnai diaforetik  lÔsvh apì autèc pou èqoume brei.
An d - b tìte h diofantikh exÐsvwsvh ax −my = b den èqei lÔsveic opìte kai h grammik 

isvotimÐa ax ≡ bmodm den ja èqei lÔsveic.
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Theorem 1.5.4 (Kinèziko Je¸rhma UpoloÐpwn). 'Esvtw n1, n2, . . . , nk jetikoÐ akèraioi

an� duo svqetik� pr¸toi metaxÔ touc kai a1, a2, . . . , ak akèraioi. To svÔsvthma grammikwn

isvotimi¸n:

x ≡ a1modn1

x ≡ a2modn2

.

.

.

x ≡ akmodnk

èqei monadik  lÔsvh modn1n2 . . . nk.

Proof. 'Esvtw n = n1n2 . . . nk.
Gia i = 1, 2, . . . , k èqoume MKD( n

ni
, ni) = 1, tìte, o n

ni
èqei antÐsvtrofo modni, opìte

up�rqei yi tètoioc ¸svte

n

ni
yi ≡ 1modni.

EpÐsvhc,

n

ni
yi ≡ 0modnj , gia i ̸= j.

Tìte, o akèraioc

x =
n

n1
y1a1 +

n

n2
y2a2 + · · ·+ n

nk
ykak

eÐnai lÔsvh, afoÔ gia k�je i = 1, 2, . . . , k èqoume ìti:

x ≡ n

n1
y1a1 +

n

n2
y2a2 + · · · + n

nk
ykakmodni ≡ n

ni
yiaimodni ≡ aimodni.

Gia thn monadikìthta, èsvtw x1, x2 dÔo diaforetikèc lÔsveic tou svusvt matoc isvotimi¸n, tìte
x1 ≡ x2modni, opìte ni|(x1 − x2) gia k�je i = 1, 2, . . . , k.
AfoÔ oi n1, n2, . . . , nk eÐnai svqetik� pr¸toi an� dÔo, prokÔptei ìti n|(x1 − x2), dhlad 

x1 ≡ x2modn.
Opìte, h lÔsvh eÐnai monadik  modn1n2 . . . nk.
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1.6 Jewr mata Euler - Fermat

Theorem 1.6.1 (Je¸rhma Euler). An a,m ∈ Z me m > 0 kai MKD(a,m) = 1, tìte
aϕ(m) ≡ 1modm .

Proof. Gia m = 2 profan¸c isvqÔei, afoÔ an MKD(a, 2) = 1, o a eÐnai perittoc.
Gia m ≥ 3, jewroÔme touc arijmoÔc:

r1, r2, . . . rϕ(m)

pou eÐnai svqetik� pr¸toi me tom. An pollaplasvi�svoume ìlouc touc arijmoÔc me to amodm
tìte ja èqoume touc arijmoÔc:

a · r1, a · r2, . . . , a · rϕ(m)modm

Epeid  MKD(a,m) = 1, tìte o a · ri eÐnai svqetik� pr¸toc me ton m gia k�je i. 'Omwc,
oi arijmoÐ r1, r2, . . . , rϕ(m) eÐnai ìloi oi svqetik� pr¸toi me ton mmodm, opìte ari = rj gia
k�poio j.
EpÐsvhc, den mporeÐ na isvqÔei ìti ari ≡ arjmodm gia k�poiouc ri, rj , afoÔ tìte ja eÐqame

ri ≡ rjmodm apì ton nìmo thc diagraf c, afoÔ MKD(a,m) = 1, �topo.
'Etsvi oi arijmoÐ ar1, ar2, . . . , arϕ(m)modm eÐnai oi Ðdioi me touc r1, r2, . . . , rϕ(m)modm.
Opìte,
(ar1)(ar2) . . . (arϕ(m)) ≡ r1r2 . . . rϕ(m)modm ⇔
aϕ(m)r1r2 . . . rϕ(m) ≡ r1r2 . . . rϕ(m)modm ⇔
aϕ(m) ≡ 1modm svÔmfwna me to (1.4.1) afoÔ MKD(m, ri) = 1 gia k�je i.
'Ara, aϕ(m) ≡ 1modm

Theorem 1.6.2 (Mikrì je¸rhma tou Fermat). An p eÐnai ènac pr¸toc arijmìc kai a ∈ Z
me MKD(a, p) = 1, tìte ap−1 ≡ 1 modp

Proof. ProkÔptei wc eidik  perÐptwsvh tou jewr matoc tou Euler.
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2.1 SÔmbolo Legendre

De�nition. 'Esvtw oi akèraioi arijmoÐ a,m me m > 0. O a onom�zetai tetragwnikì
upìloipo tou m, an MKD(a,m) = 1 kai h isvotimÐa x2 ≡ amodm èqei lÔsvh.

Example. To 2 eÐnai tetragwnikì upìloipo tou 7 kaj¸c MKD(2, 7) = 1 kai 32 ≡ 2mod7.

Theorem 2.1.1. 'Esvtw p perittìc pr¸toc arijmìc kai a akèraioc me MKD(a, p) = 1.
Tìte h isvodunamÐa x2 ≡ amodp eÐte den ja èqei kammÐa lÔsvh   ja èqei duo diaforetikèc

lÔsveic modp.

Proof. 'Esvtw ìti h isvotimÐa x2 ≡ amodp èqei lÔsvh kai èsvtw x0ϵZ me x20 ≡ amodp.
Tìte, profan¸c kai h −x0 eÐnai lÔsvh thc isvotimÐac kaj¸c

(−x0)
2 = x20 ≡ amodp

ìpou

−x0 ≡ p− x0modp.

IsvqÔei ìti x0 ̸= −x0modp kaj¸c an x0 ≡ −x0modp, tìte p|2x0, opìte p|x0.
Tìte p|x20 kai epeid  x20 ≡ amodp ja èqoume epÐsvhc p|

(
x20 − a

)
kai �ra p|

(
x20 −

(
x20 − a

))
⇒

p|a k�ti pou eÐnai �topo apì thn upìjesvh.
Ja apodeÐxoume oti den up�rqoun �llec lÔsveic thc x2 ≡ amodp.
'Esvtw y tuqaÐa lÔsvh thc x2 ≡ amodp, tìte:

x20 ≡ y2modp

Sunep¸c,

p|
(
x20 − y2

)
⇒p| (x0 − y) (x0 + y)

opìte

p| (x0 − y)   p| (x0 + y)

�ra

y ≡ x0modp   y ≡ −x0modp.

'Ara oi monadikèc lÔsveic modp eÐnai oi x0 kai −x0.
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Remark 2.1.2. To 1 eÐnai tetragwnikì upìloipo modp gia k�je perittì pr¸to p kai oi dÔo
diaforetikèc lÔsveic thc x2 ≡ 1modp eÐnai oi x1 = 1, x2 = p− 1 ≡ −1modp.

Proposition 2.1.3. 'Esvtw p perittìc pr¸toc arijmìc, tìte gia k�je x ∈ {2, 3, . . . p− 2}
up�rqei monadikìc y ∈ {2, 3, . . . , p− 2}, y ̸= x me xy ≡ 1modp

Proof. Epeid  x < p tìte MKD(x, p) = 1, opìte apì to (1.4.2) up�rqei monadikìc(modp)
y tètoioc ¸svte xy ≡ 1modp.
Gia ton y èqoume ìti y ̸= 0, 1, p − 1modp, giatÐ an èpairne k�poia tètoia tim , tìte ja

eÐqame antÐsvtoiqa xy ≡ 0, x,−xmodp pou kamÐa apì tic parap�nw timèc den eÐnai 1modp.
To y den mporeÐ epÐsvhc na p�rei thn tim  x kaj¸c tìte ja Ðsvque ìti x2 ≡ 1modp, opìte

apì (2.1.2) to x ≡ 1   − 1 modp k�ti pou eÐnai antÐjeto me thn upìjesvh.
Opìte, y ∈ {2, 3, . . . , p− 2} me y ̸= x .

Theorem 2.1.4 (Je¸rhma Wilson). O fusvikìc arijmìc p > 2 eÐnai pr¸toc an kai mìno

an

(p− 1)! =− 1modp

Proof. AfoÔ o p eÐnai pr¸toc, tìte svÔmfwna me to (2.1.3) oi arijmoÐ 2, 3, . . . p−2 apoteloÔn
zeÔgh antisvtrìfwn modp, opìte

2 · 3 · · · (p− 2) ≡1modp

�ra,

(p− 1)! = 2 · 3 · · · (p− 2) (p− 1) ≡ −1modp.

Apì thn �llh meri�, èsvtw ìti (p− 1)! ≡ −1modp kai o p eÐnai svÔnjetoc.
Tìte p > 4 kaj¸c (4− 1)! = 6 ̸= −1 mod4.
AfoÔ o p eÐnai svÔnjetoc, tìte up�rqoun akèraioi a, b me 1 < a, b < p tètoioi ¸svte

p = ab.
Oi a, b ja emfanÐzontai svto paragontikì (p − 1)! opìte (p − 1)! ≡ 0 modp ektìc an

p = q2, me q pr¸to.
Tìte ìmwc o arijmìc 2q emfanÐzetai svto ginìmeno opìte (p − 1)! ≡ 0 modp, to opoÐo

ìmwc eÐnai �topo giatÐ upojèsvame ìti (p− 1)! ≡ −1modp.
'Ara, o p eÐnai pr¸toc.

Remark. To je¸rhma Wilson apoteleÐ èna apì ta lÐga kajolik� krit ria me to opoÐo
mporoÔme na exet�svoume an ènac arijmìc eÐnai pr¸toc. Par' ìla aut� den eÐnai kajìlou
apodotikì svthn pr�xh kai gi' autì den qrhsvimopoieÐtai.
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Theorem 2.1.5. 'Esvtw p perittìc pr¸toc arijmìc, tìte up�rqoun akrib¸c p−1
2 tetrag-

wnik� upìloipa mh isvodÔnama modp kai aut� eÐnai ta

12modp, 22modp, . . . ,

(
p− 1

2

)2

modp.

Proof. 'Esvtw to tetragwnikì upìloipo a kai xa akèraioc tètoioc ¸svte x
2
a ≡ amodp.

Profan¸c xa ̸= 0modp kaj¸c an xa ≡ 0modp tìte p|a opìte to a den eÐnai tetragwnikì
upìloipo modp.
EpÐsvhc, an x ≡ xamodp tìte x2 ≡ x2amodp opìte x2 ≡ amodp.
Epeid  k�je akèraioc x pou den eÐnai pollapl�svio tou pr¸tou p eÐnai isvodÔnamoc me ènan

akrib¸c apì touc akèraiouc 1, 2, . . . , p−1 gia na brw poia eÐnai ta tetragwnik� upìloipa pou
den eÐnai isvodÔnama metaxÔ touc modp arkeÐ na brw poia apì ta 12, 22, . . . , (p− 1)2modp
den eÐnai isvodÔnama metaxÔ touc.

'Esvtw A =
{
1, 2, . . . ,

(
p−1
2

)}
tìte p−A =

{
p+1
2 , p+3

2 , . . . , p− 1
}
.

Opìte {1, 2, . . . , p− 1} = A ∪ (p−A) kai A ∩ (p−A) = ∅.
Tìte ta tetragwnik� upìloipa pou par�gontai apì to {1, 2, . . . , p− 1} eÐnai ìsva par�-

gontai apì to A kaj¸c

x2 ≡ (p− x)2modp

opìte to svÔnolo

{
12modp, 22modp, ...,

(
p−1
2

)2
modp

}
perièqei ìla ta tetragwnik� up-

ìloipa (ta mh isvodÔnama modp).

Ja apodeÐxoume, ìti oi akèraioi 12modp, 22modp, ...,
(
p−1
2

)2
modp eÐnai kai ana duo mh

isvodÔnamoi modp.

'Esvtw x1, x2ϵ
{
1, 2, ..., p−1

2

}
.

An x21 ≡ x22modp me x1 ̸= x2, tìte p| (x1 − x2) (x1 + x2), opìte p| (x1 − x2)   p| (x1 + x2).
Epeid  1 < x1 + x2 < p, tìte p - (x1 + x2).
Opìte p| (x1 − x2).
'Omwc, −p < x1 − x2 < p.
Opìte, x1 = x2 k�ti pou eÐnai �topo.
'Ara to svÔnolo twn mh isvodÔnamwn tetragwnik¸n upoloÐpwn modp eÐnai to svÔnolo{
i2modp : i ∈

{
1, 2, . . . , p−1

2

}}
.

Remark. Apì to prohgoÔmeno je¸rhma prokÔptei ènac algìrijmoc me ton opoÐo exet�zoume
an ènac akèraioc a eÐnai tetragwnikì upìloipo modp.
JewroÔme èna di�nusvma m kouc p−1

2 svto opoÐo ekqwroÔme ta i2modp gia i = 1, 2, . . . , p−1
2

kai met� exet�zoume gia ton akèraio a an o a eÐnai isvoôpìloipoc me k�poio apì ta svtoiqeÐa
tou dianÔsvmatoc.
An eÐnai, tìte to a eÐnai tetragwnikì upìloipo modp. An ìqi, den eÐnai.
O algìrijmoc sve morf  yeudok¸dika eÐnai o ex c:
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Input: integer a, odd prime p

a:=aMODp;

FOR i:=1 TO (p-1)/2

A[i]:=i*iMODp;

state:=false;

FOR i:=1 TO (p-1)/2

IF a=A[i]

state:=true;

break;

RETURN state;

Example 2.1.6. Ta tetragwnik� upìloipa tou 19 eÐnai ta {1, 4, 5, 6, 7, 9, 11, 16, 17}.

Remark. O algìrijmoc mporeÐ na qrhsvimopoihjeÐ gia mikroÔc pr¸touc arijmoÔc.

De�nition (SÔmbolo Legendre). 'Esvtw p perittìc pr¸toc arijmìc kai a ènac akèraioc

arijmìc me MKD(a, p) = 1. Tìte, orÐzoume to svÔmbolo tou Legendre
(
a
p

)
wc ex c:(

a
p

)
=

{
1, an o a eÐnai tetragwnikì upìloipo mod p

−1, alli¸c

To svÔmbolo tou Legendre genikeÔetai kai svthn perÐptwsvh ìpou p|a . Tìte
(
a
p

)
= 0.

2.2 Krit rio tou Euler

Lemma 2.2.1. An p perittìc pr¸toc kai a akèraioc me MKD(a, p) = 1 tìte

a
p−1
2 ≡ 1modp   a

p−1
2 ≡ −1modp

Proof. AfoÔ p pr¸toc kai MKD(a, p) = 1, apì to je¸rhma tou Fermat èqoume ìti

ap−1 ≡ 1modp ⇔ap−1 − 1 ≡ 0modp.

Opìte,
(
a

p−1
2 − 1

)(
a

p−1
2 + 1

)
≡ 0modp opìte   a

p−1
2 ≡ 1modp   a

p−1
2 ≡ −1modp

Theorem 2.2.2 (Je¸rhma Dirichlet). 'Esvtw p pr¸toc arijmìc kai a akèraioc me 1 ≤
a ≤ p− 1. An h isvodunamÐa x2 ≡ a modp den èqei lÔsveic, tìte p|(p− 1)!− a

p−1
2 , en¸ an

h isvodunamÐa x2 ≡ a modp èqei lÔsveic, tìte p|(p− 1)! + a
p−1
2 .

Proof. Gia thn apìdeixh o anagn¸svthc parapèmpetai svto ([4])
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Theorem 2.2.3 (To krit rio tou Euler). 'Esvtw p perittìc pr¸toc kai a akèraioc me

MKD(a, p) = 1. Tìte, isvqÔei ìti
(
a
p

)
≡ a

p−1
2 modp

Proof. An o a eÐnai tetragwnikì upìloipo tou p tìte up�rqei akèraioc x0 tètoioc ¸svte
x20 ≡ a modp.
Opìte, (

x20
) p−1

2 ≡ a
p−1
2 modp

�ra

xp−1
0 ≡ a

p−1
2 modp.

'Omwc, MKD(x0, p) = 1 kaj¸c an Ðsvque ìti p|x0 tìte afoÔ p|(x20−a) ja èprepe na èqoume
ìti p|a. 'Atopo kaj¸c èqoume ìti MKD(a, p) = 1.
Epomènwc, apì to (1.6.2) ja èqoume ìti

xp−1
0 ≡ 1 modp

'Ara,

a
p−1
2 ≡ 1 modp.

Epeid  èqoume upojèsvei ìti o a eÐnai tetragwnikì upìloipo tìte
(
a
p

)
= 1.

Opìte, (
a

p

)
≡ a

p−1
2 modp.

An (ap ) = −1, tìte h isvotimÐa x2 ≡ a modp den èqei kamÐa lÔsvh.
Opìte, apì to (2.2.2) èqoume ìti

p| (p− 1)!−a
p−1
2

�ra

a
p−1
2 ≡ (p− 1)!modp

kai apì to je¸rhma tou Wilson èqoume

(p− 1)! ≡ −1 modp

opìte, (
a

p

)
≡ a

p−1
2 modp.
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Remark. Apì to krit rio tou Euler èqoume mia mèjodo me thn opoÐa apant�me an o akèraioc
a eÐnai tetragwnikì upìloipo tou perittoÔ pr¸tou p. H mèjodoc eÐnai h ex c:

UpologÐzoume to a
p−1
2 modp kai an eÐnai 1 tìte to a eÐnai tetragwnikì upìloipo en¸ an

eÐnai p− 1   −1 tìte den eÐnai.

Gia na broÔme to a
p−1
2 ja qrhsvimopoi svoume ton algìrijmo thc Ôywsvhc sve dÔnamh me

epanalambanìmeno tetragwnisvmì.

fastPower(a,n)

result:=1;

WHILE n>0

IF odd(n)

result:=result*a;

n:=nDIV2;

a:=a*a;

RETURN result;

h poluplokìthta tou algorÐjmou eÐnai O(log n).

Epeid , èqw na brw to a
p−1
2 modp kai ìqi to a

p−1
2 ja qrhsvimopoi svw ènan prosvarmosvmèno

algìrijmo svton opoÐo o akèraioc pou ja episvtrèfetai ja eÐnai polÔ mikrìteroc apì autìn
pou ja epèsvtrefe o fastPower.

fastPowerMod(a,n,k)

a:=aMODk;

result:=1;

WHILE n>0

IF odd(n)

result:=result*a;

result:=resultMODk;

n:=nDIV2;

a:=a*a;

a:=aMODk;

RETURN result;

o algìrijmoc fastPowerMod mac episvtrèfei to anmodk kai èqei wc paramètrouc:
a: o akèraioc arijmìc pou uy¸netai svthn dÔnamh
n: o fusvikìc ekjèthc
k: to modulo
To pleonèkthma tou fastPowerMod sve svqèsvh me ton fastPower eÐnai ìti ekmetaleuìmasvte

to gegonìc ìti upologÐzoume thn dÔnamh anmodk, opìte mac endiafèrei na episvtrèyoume
ènan arijmì ≤ k opìte den qreiazìmasvte na apojhkeÔsvoume olìklhro ton an kai met�
na p�roume to anmodk. Autì pou k�nei pio leitourgikì ton fastPowerMod eÐnai ìti o
akèraioc pou qrhsvimopoieÐtai (result) ja eÐnai sve k�je b ma tou algorÐjmou < k2. Se
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antÐjesvh me autì, an upologÐsvoume pr¸ta ton an olìklhro gia arket� meg�lo n ja èqoume
ènan terat¸dh arijmì.
Gia par�deigma an jel svoume na broÔme ton arijmì 1011500mod133 me ton fastPowerMod

sve k�je b ma o result ja eÐnai mikrìteroc apì 1332, opìte ja èqei to polÔ 5 yhfÐa. Apì
thn �llh meri�, an upologÐsvoume ton 1011500 me ton algìrijmo fastPower ja p�roume ènan
arijmì pou ja èqei toul�qisvton 3000 yhfÐa. Tromaktik  diafor� apì �poyh mn mhc pou
qrhsvimopoieÐtai gia to prìblhma.
T¸ra, ja upologÐsvoume to svÔmbolo Legendre me ton epìmeno algìrijmo:

Legendre(a,p)

temp:=fastPowerMod(a,(p-1)/2,p);

IF temp=p-1

RETURN -1;

ELSE

RETURN 1;

2.3 Idiìthtec Tetragwnik¸n UpoloÐpwn

Theorem 2.3.1. 'Esvtw p perittìc pr¸toc kai a akèraioc me MKD(a, p) = 1.

An a ≡ bmodp, tìte
(
a
p

)
=
(

b
p

)
.

Proof. An
(
a
p

)
= 1 tìte up�rqei x0 ∈ Z me x20 ≡ amodp tìte x20 ≡ bmodp kaj¸c

a ≡ bmodp. EpÐsvhc, MKD(b, p) = 1 kaj¸c an p|b tìte p|a afoÔ a ≡ bmodp. Opìte to b

eÐnai tetragwnikì upìloipo modp. Opìte,
(
a
p

)
=
(

b
p

)
= 1.

An
(
a
p

)
= −1 tìte gia k�je x ∈ Z ja èqoume ìti x2 ̸= amodp kai epeid  a ≡ bmodp tìte

x2 ̸= bmodp. Opìte, to b den eÐnai tetragwnikì upìloipomodp. Opìte,
(
a
p

)
=
(

b
p

)
= −1.

'Ara, sve k�je perÐptwsvh ja èqoume
(
a
p

)
=
(

b
p

)
.

Theorem 2.3.2. 'Esvtw p perittìc pr¸toc kai oi akèraioi a, b me MKD(ab, p) = 1.

Tìte, ja èqoume ìti
(
ab
p

)
=
(
a
p

)(
b
p

)
.

Proof. SÔmfwna me to (2.2.3) isvqÔei ìti:

(
ab

p

)
≡ (ab)

p−1
2 modp ≡ a

p−1
2 b

p−1
2 modp ≡

(
a

p

)(
b

p

)
modp.

Opìte,

p|
[(

ab

p

)
−
(
a

p

)(
b

p

)]
.

29



2 Tetragwnik� upìloipa

Epeid  o p eÐnai perittìc pr¸toc arijmìc kai ta
(
ab
p

)
,
(
a
p

)
,
(

b
p

)
eÐnai Ðsva me −1   1,

tìte ja prèpei na èqoume ìti (
ab

p

)
−
(
a

p

)(
b

p

)
= 0.

'Ara, (
ab

p

)
=

(
a

p

)(
b

p

)
.

Lemma 2.3.3. 'Esvtw p perittìc pr¸toc .

Tìte
(
−1
p

)
= (−1)

p−1
2 =

{
1, an p ≡ 1mod 4

−1, an p ≡ 3mod 4

Proof. Qrhsvimopoi¸ntac to (2.2.3) èqoume ìti(
−1

p

)
≡ (−1)

p−1
2 modp.

Opìte, ìpwc kai svthn prohgoÔmenh apìdeixh ja èqoume ìti(
−1

p

)
= (−1)

p−1
2 .

Proposition 2.3.4. 'Esvtw x akèraioc arijmìc, tìte x2 ≡ 0mod4   x2 ≡ 1mod4

Proof. An o x eÐnai �rtioc , tìte x = 2n, gia k�poio nϵZ , opìte

x2 = 4n2 ≡ 0mod4.

An o x eÐnai perittoc, tìte x = 2n+ 1 gia k�poio nϵZ, opìte

x2 = 4n (n+ 1) + 1 ≡ 1mod4.

Proposition 2.3.5. 'Esvtw x akèraioc arijmìc, tìte x2 ≡ 0mod8   x2 ≡ 1mod8   x2 ≡
4mod8

Proof. An o x eÐnai �rtioc , tìte x = 2n, gia k�poio nϵZ , opìte x2 = 4n2, opìte an o n
eÐnai �rtioc tìte

x2 ≡ 0mod8   x2 ≡ 4mod8

An o x eÐnai perittoc, tìte x = 2n+ 1 gia k�poio nϵZ, opìte

x2 = 4n (n+ 1) + 1 ≡ 1mod8

kaj¸c to ginìmeno duo diadoqik¸n akèraiwn arijm¸n eÐnai �rtioc, opìte o arijmìc
n (n+ 1) eÐnai �rtioc.
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2.4 Nìmoc Tetragwnik c Antisvtrof c

Theorem 2.4.1 (To L mma tou Gauss). 'Esvtw p perittìc pr¸toc kai a akèraioc me

MKD(a, p) = 1. 'Esvtw oi arijmoÐ

amodp,2amodp, . . . ,
p− 1

2
amodp.

An s eÐnai to pl joc twn arijm¸n pou eÐnai megalÔteroi apì ton p
2 , tìte :

(
a

p

)
=(−1)s

Proof. 'Esvtw

S =

{
kamodp : k ∈

{
1, 2, . . . ,

p− 1

2

}}
.

EpÐsvhc, èsvtw

A =
{
x ∈ S : x >

p

2

}
kai B =

{
y ∈ S : y <

p

2

}
.

Tìte, profan¸c

A ∩B = ∅ kai A ∪B = S.

Akìma svÔmfwna me thn upìjesvh |A| = s kai |B| = p−1
2 − s. 'Esvtw r = p−1

2 − s.
Tìte, jewr¸ ìti

A = {a1, a2, . . . , as} kai B = {b1, b2, . . . , br} .

Tìte ja èqoume ìti:

a1a2 . . . asb1b2 . . . br ≡a (2a) . . .

(
p− 1

2
a

)
modp

opìte,

a1a2 . . . asb1b2 . . . br ≡
(
p− 1

2

)
!a

p−1
2 modp. (2.1)

'Esvtw to svÔnolo

L = {p− a1, p− a2, . . . , p− as, b1, b2, . . . , br}

tìte k�je svtoiqeÐo tou svunìlou eÐnai mikrìtero apì p
2 kaj¸c

bi <
p

2
gia i = 1, 2, . . . , r
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kai

p− aj <
p

2
kaj¸c aj >

p

2
gia j = 1, 2, . . . , s.

Opìte, L ⊆
{
1, 2, . . . , p−1

2

}
.

Ja apodeÐxoume ìti L =
{
1, 2, . . . , p−1

2

}
.

ArkeÐ na deÐxoume ìti gia i = 1, 2, . . . , r kai j = 1, 2, . . . , s isvqÔei ìti bi ̸= p− aj .

EpeÐdh oi arijmoÐ bi, p− aj ∈
{
1, 2, . . . , p−1

2

}
arkeÐ na deÐxoume ìti bi ̸= p− ajmodp.

Opìte, èsvtw ìti

bi ≡ p− ajmodp ⇒ aj + bi ≡ 0modp.

'Omwc, up�rqoun k, l diaforetikoÐ metaxÔ touc me

1 ≤ k, l <
p

2
kai bi ≡ kamodp, aj ≡ lamodp.

Opìte,

p| (aj + bi) = (k + l) a.

Tìte, ìmwc ja prèpei p| (k + l) kaj¸c MKD(a, p) = 1.
Autì eÐnai �topo, kaj¸c 1 < k + l < p.
'Ara, bi ̸= p− ajmodp gia i = 1, 2, . . . , r kai j = 1, 2, . . . , s.

Opìte, L =
{
1, 2, . . . , p−1

2

}
kai tìte(

p− 1

2

)
! =b1b2 . . . br (p− a1) (p− a2) . . . (p− as) ≡ (−1)s a1 . . . asb1 . . . brmodp

kai apì thn (2.1) ja èqoume ìti:(
p− 1

2

)
! ≡ (−1)s

(
p− 1

2

)
!a

p−1
2 modp

Opìte,

1 ≡ (−1)s a
p−1
2 modp

Opìte,

a
p−1
2 ≡ (−1)smodp.

'Ara, (
a

p

)
=(−1)s

32



2 Tetragwnik� upìloipa

Theorem 2.4.2. 'Esvtw p perittìc pr¸toc. Tìte isvqÔei ìti

(
2

p
) =

{
1, an p ≡ ±1mod 8

−1, an p ≡ ±3mod 8
=(−1)

p2−1
8

Proof. 'Esvtw s to pl joc twn svtoiqeÐwn tou
{
2, 4, 6, . . . , 2 · p−1

2

}
pou uperbaÐnoun to p

2 .

Tìte, s = p−1
2 − ⌊p4⌋.

Opìte, gia
p = 8m+ 1 ja èqoume s = 4m− ⌊2m+ 1

4⌋ = 2m ≡ 0mod2
p = 8m+ 3 ja èqoume s = 4m+ 1− ⌊2m+ 3

4⌋ = 2m+ 1 ≡ 1mod2
p = 8m+ 5 ja èqoume s = 4m+ 2− ⌊2m+ 1 + 1

4⌋ = 2m+ 1 ≡ 1mod2
p = 8m+ 7 ja èqoume s = 4m+ 3− ⌊2m+ 1 + 3

4⌋ = 2m+ 2 ≡ 0mod2.
Opìte,

(
2

p
) =

{
1, an p ≡ ±1mod 8

−1, an p ≡ ±3mod 8

Proposition 2.4.3. 'Esvtw p perittìc pr¸toc kai a akèraioc me MKD(a, p) = 1. An s
eÐnai to pl joc twn arijm¸n

amodp,2amodp, . . . ,
p− 1

2
amodp

pou eÐnai megalÔteroi apì p
2 tìte isvqÔei ìti

s ≡ (a− 1)
p2 − 1

8
+

p−1
2∑

j=1

⌊ja
p
⌋mod2.

Proof. Gia touc arijmoÔc a, 2a, . . . , p−1
2 a isvqÔei ìti :

a = ⌊a
p
⌋p+ r1, 2a = ⌊2a

p
⌋p+ r2, . . . ,

p− 1

2
a = ⌊(p− 1) a

2p
⌋p+ r p−1

2

me

0 < ri < p, i = 1, 2, . . . ,
p− 1

2
.

Apì thn apìdeixh tou l mmatoc tou Gauss xèroume ìti gia ta upìloipa ri up�rqoun
akrib¸c s pou eÐnai megalÔtera apì p

2 èsvtw ta a1, a2, . . . , as kai ìti up�rqoun
p−1
2 − s = r

pou eÐnai mikrìtera apì p
2 èsvtw ta b1, b2, . . . , br.

EpÐsvhc xèroume ìti gia to svÔnolo

L = {p− a1, p− a2, . . . , p− as, b1, b2, . . . , br}
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isvqÔei ìti

L =

{
1, 2, . . . ,

p− 1

2

}
Tìte,

a+ 2a+ · · ·+ p− 1

2
a = a

(
1 + 2 +

p− 1

2

)
= p

p−1
2∑

j=1

⌊ja
p
⌋+

s∑
i=1

ai +
r∑

i=1

bi.

'Omwc,

s∑
i=1

(p− ai) +

r∑
j=1

bj =

p−1
2∑

i=1

i =
p2 − 1

8
.

Opìte,

s∑
i=1

ai +
r∑

i=1

bi =
s∑

i=1

(p− ai) +
r∑

j=1

bj − sp+ 2
s∑

i=1

ai =
p2 − 1

8
− sp+ 2

s∑
i=1

ai

Opìte,

a
p2 − 1

8
=p

p−1
2∑

j=1

⌊ja
p
⌋+ p2 − 1

8
− sp+ 2

s∑
i=1

ai

Opìte,

(a− 1)
p2 − 1

8
≡

p−1
2∑

j=1

⌊ja
p
⌋+ smod2

kaj¸c p ≡ 1mod2 kai −1 ≡ 1mod2.
Opìte,

s ≡ (a− 1)
p2 − 1

8
+

p−1
2∑

j=1

⌊ja
p
⌋mod2
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Theorem 2.4.4 (Nìmoc Tetragwnik c Antisvtrof c). 'Esvtw p, q duo diaforetikoÐ perittoÐ
pr¸toi arijmoÐ. Tìte, isvqÔei ìti

(
p

q

)(
q

p

)
= (−1)

(p−1)(q−1)
4

Proof. Gia na apodeÐxw ton nìmo thc tetragwnik c antisvtrof c ja qrhsvimopoi svw to
l mma tou Gauss kai to (2.4.3).

'Esvtw sp to pl joc twn svtoiqeÐwn tou svunìlou Ap =
{
kpmodq : k = 1, 2, . . . , q−1

2

}
pou

eÐnai megalÔtera apì q
2 .

EpÐsvhc, èsvtw sq to pl joc twn svtoiqeÐwn tou svunìlouAq =
{
kqmodp : k = 1, 2, . . . , p−1

2

}
pou eÐnai megalÔtera apì p

2 .

Tìte, svÔmfwna me to l mma tou Gauss ja isvqÔei
(
p
q

)
= (−1)sp kai

(
q
p

)
= (−1)sq .

Opìte, (
p

q

)(
q

p

)
= (−1)sp+sq .

Tìte, arkeÐ na deÐxoume ìti

sp + sq ≡
(p− 1) (q − 1)

4
mod2

ìmwc, svÔmfwna me to (2.4.3) ja èqoume ìti

sp ≡ (p− 1)
q2 − 1

8
+

q−1
2∑

j=1

⌊jp
q
⌋mod2 ≡

q−1
2∑

j=1

⌊jp
q
⌋mod2

kaj¸c o p eÐnai perittìc pr¸toc opìte p− 1 ≡ 0mod2.
Me ton Ðdio trìpo èqoume ìti

sq ≡

p−1
2∑

j=1

⌊jq
p
⌋mod2

opìte arkeÐ na deÐxoume ìti

q−1
2∑

j=1

⌊jp
q
⌋+

p−1
2∑

j=1

⌊jq
p
⌋ ≡ (p− 1) (q − 1)

4
mod2.

Gia thn akrÐbeia ja apodeÐxoume k�ti pio isvqurì, ja apodeÐxoume isvìthta.
Dhlad , ja deÐxoume ìti

q−1
2∑

j=1

⌊jp
q
⌋+

p−1
2∑

j=1

⌊jq
p
⌋ = (p− 1) (q − 1)

4
.
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Tìte, èsvtw

Sp =

{
1, 2, . . . ,

p− 1

2

}
kai Sq =

{
1, 2, . . . ,

q − 1

2

}
kai èsvtw h svun�rthsvh

f : SpXSq →Z me f(x, y) = qx− py.

H f eÐnai èna 1− 1 kaj¸c an

f(x, y) = f(x′, y′) tìte q
(
x− x′

)
= p

(
y − y′

)
kai epeid  MKD(p, q) = 1 ja prèpei na isvqÔei

p|
(
x− x′

)
kai q|

(
y − y′

)
k�ti pou svhmaÐnei ìti x = x′ kai y = y′ kaj¸c

1 ≤ x, x′ ≤ p− 1

2
kai 1 ≤ y, y′ ≤ q − 1

2

opìte

|x− x′| < p

2
kai |y − y′| < p

2
.

EpÐsvhc, h f den mhdenÐzetai poujen�.
Epeid  h f eÐnai 1-1 to svÔnolo tim¸n thc f ja èqei ton Ðdio plhj�rijmo me to pedÐo

orisvmoÔ thc f .
Opìte

|range(f)| = (p− 1) (q − 1)

4
.

To pl joc twn jetik¸n tim¸n thc f eÐnai
∑ p−1

2
x=1⌊

xq
p ⌋ kaj¸c gia k�je x ∈ Sp ja èqoume

f(x, y) > 0 an y < qx
p .

Opìte, gia x = 1, 2, . . . p−1
2 ja èqoume ⌊xqp ⌋timèc tou y gia tic opoÐec f(x, y) > 0.

Opìte, to pl joc twn jetik¸n tim¸n thc f eÐnai
∑ p−1

2
x=1⌊

xq
p ⌋.

Me thn Ðdia logik  gia to tuqaÐo y ∈ Sq ja èqoume ìti f(x, y) < 0 an x < py
q .

Opìte, gia y = 1, 2, . . . , q−1
2 ja èqoume ⌊ypq ⌋ timèc tou x gia tic opoÐec f(x, y) < 0.

Opìte, to pl joc twn arnhtik¸n tim¸n thc f eÐnai
∑ q−1

2
y=1⌊

yp
q ⌋.

SunoyÐzontac ta parap�nw ja èqoume ìti

p−1
2∑

x=1

⌊xq
p
⌋+

q−1
2∑

y=1

⌊yp
q
⌋ = (p− 1) (q − 1)

4
.

Opìte, h apìdeixh èqei oloklhrwjeÐ.
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Remark. O nìmoc thc tetragwnik c antisvtrof c eÐnai isvodÔnamoc me thn epilusvimìthta
twn exisv¸svewn

x2 ≡ pmodq kai x2 ≡ qmodp

kai diatup¸netai wc ex c:
Oi exisv¸sveic

x2 ≡ pmodq kai x2 ≡ qmodp

eÐnai tautìqrona epilÔsvimec   eÐnai tautìqrona mh epilÔsvimec an kai mìno an ènac toul�qisv-
ton apì touc pr¸touc p, q ≡ 1mod4.
Alli¸c, an kai o p kai o q af noun upìloipo 3 svthn diaÐresvh me to 4 tìte mÐa akrib¸c

exÐsvwsvh eÐnai epilÔsvimh kai h �llh den eÐnai epilÔsvimh
PolloÐ svpoudaÐoi majhmatikoÐ eÐqan anakalÔyei ton nìmo thc tetragwnik c antisvtrof c

qwrÐc na èqoun katafèrei na d¸svoun mia apìdeixh gi' autìn. O pr¸toc pou ton apèdeixe
 tan o Gauss sve hlikÐa mìlic 18 qrìnwn.

2.5 Genik  morf  lÔsvhc isvotimÐac deutèrou bajmoÔ

Theorem 2.5.1. 'Esvtw p perittìc pr¸toc kai akèraioi a, r me r ≥ 1 kai MKD(a, p) = 1,
tìte h isvotimÐa x2 ≡ amodpr èqei lÔsvh an kai mìno an h x2 ≡ amodp èqei lÔsvh.

Proof. 'Esvtw x0 mÐa lÔsvh thc x2 ≡ amodpr tìte

x20 ≡ amodpr ⇒ pr|
(
x20 − a

)
kai afoÔ p|pr ja èqoume ìti

p|
(
x20 − a

)
⇒ x20 ≡ amodp.

Opìte h x0 ja eÐnai lÔsvh kai thc x2 ≡ amodp.
Apì thn �llh meri�, jewroÔme ìti h x2 ≡ amodp eÐnai epilÔsvimh kai ja apodeÐxoume oti

kai h x2 ≡ amodpr èqei lÔsvh.
Gia autì ja qrhsvimopoi svoume epagwg .
Opìte, èsvtw ìti h x2 ≡ amodpr−1 eÐnai epilÔsvimh kai èsvtw x0 mia lÔsvh thc.
Ja prosvpaj svw na brw mia lÔsvh gia thn x2 ≡ amodpr wc svun�rthsvh tou x0.
Gia autì jewr¸ x = x0 + pr−1y me �gnwsvto y.
Tìte

(
x0 + pr−1y

)2 ≡amodpr.

Opìte

x20 + 2x0yp
r−1 ≡ amodpr.
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Tìte

2x0yp
r−1 ≡ a− x20modpr.

'Omwc apì thn upìjesvh èqoume ìti pr−1|
(
x20 − a

)
�ra o arijmìc

a−x2
0

pr−1 eÐnai akèraioc,
opìte:

2x0y ≡a− x20
pr−1

modp

aut  h exÐsvwsvh èqei lÔsvh wc proc y, afoÔ MKD(x0, p) = 1, p > 2.
Opìte, katasvkeu�svame mia lÔsvh thc x2 ≡ amodpr.

Theorem 2.5.2. 'Esvtw h isvotimÐa

x2 ≡ amodm ìpou m = m1m2 . . .mk me MKD(mi,mj) = 1, i ̸= j gia k�je i, j.

H isvotimÐa eÐnai epilÔsvimh an kai mìno an kajemÐa apì tic isvotimÐec

x2 ≡ amodmi, i = 1, 2, . . . , k

eÐnai epilÔsvimh.

Proof. An x2 ≡ amodm ⇒ m|
(
x2 − a

)
⇒ m1m2 . . .mk|

(
x2 − a

)
⇒ mi|

(
x2 − a

)
gia

k�je i, dhlad  x2 ≡ amodmi, i = 1, 2, . . . , k.
AntÐsvtrofa, an x2 ≡ amodmi, i = 1, 2, . . . k to zhtoÔmeno eÐnai profanèc.

2.6 SÔmbolo Jacobi

To svÔmbolo Jacobi eÐnai mia epèktasvh tou svumbìlou Legendre. Sto svÔmbolo Legendre
meletoÔsvame thn isvotimÐa x2 ≡ amodp me p perittì pr¸to. Me to svÔmbolo Jacobi melet�me
thn isvotimÐa x2 ≡ amodP me P perittì jetikì akèraio.

De�nition (SÔmbolo Jacobi). 'Esvtw P perittìc fusvikìc arijmìc me P = pm1
1 pm2

2 . . . pmk
k

na eÐnai h paragontopoÐhsv  tou sve pr¸touc par�gontec kai a ènac akèraioc arijmìc, me
MKD(a, P ) = 1. Tìte, orÐzoume to svÔmbolo tou Jacobi

(
a
P

)
wc ex c:(a

1

)
= 1

kai ( a

P

)
=

(
a

p1

)m1
(

a

p2

)m2

. . .

(
a

pk

)mk

ìpou
(

a
pi

)
to svÔmbolo tou Legendre

Remark. Gia P perittì pr¸to, to svÔmbolo tou Jacobi eÐnai to svÔmbolo tou Legendre.

Example.
(

9
315

)
=
(

9
32·5·7

)
=
(
9
3

)2 (9
5

) (
9
7

)
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Proposition 2.6.1. Gia to svÔmbolo Jacobi isvqÔoun ta epìmena:

1. An
(
a
P

)
= 1 den xèroume an o a eÐnai tetragwnikì upìloipo tou P .

2. An o a eÐnai tetragwnikì upìloipo tou P tìte
(
a
P

)
= 1.

3. An
(
a
P

)
= −1, tìte o a den eÐnai tetragwnikì upìloipo tou P .

Proof. Gia to 1. ja qrhsvimopoi svw èna antipar�deigma.

Gia a = 2, P = 32 èqoume ìti
(

2
32

)
=
(
2
3

)2
= 1, ìmwc gia k�je akèraio x isvqÔei ìti

x2 ≡ 0, 1, 4, 7mod9 opìte to 2 den eÐnai tetragwnikì upìloipo mod9 kai par' ìla aut�(
2
9

)
= 1

To 2. prokÔptei �mesva apì (2.5.2) kai (2.5.1) kaj¸c an to a eÐnai tetragwnikì upìloipo
tou P tìte to a eÐnai tetragwnikì upìloipo k�je pr¸tou pi diairèth tou P opìte(

a

pi

)
= 1, i = 1, 2, . . . , k ⇒

( a

P

)
=

(
a

p1

)m1
(

a

p2

)m2

. . .

(
a

pk

)mk

= 1.

Gia to 3. An
(
a
P

)
= −1 tìte o a den eÐnai tetragwnikì upìloipo giatÐ svÔmfwna me to 2.

an  tan ja èprepe
(
a
P

)
= 1.

Theorem 2.6.2. 'Esvtw a akèraioc kai P,Q perittoÐ fusvikoÐ, me MKD(a, PQ) = 1. Tìte(
a

PQ

)
=
( a

P

)( a

Q

)
Proof. 'Esvtw P = pa11 pa22 . . . pakk kai Q = qb11 qb22 . . . qbmm h paragontopoÐhsvh twn P,Q sve
pr¸touc par�gontec.
Tìte, èqoume ìti

(
a

PQ

)
=

(
a

pa11 pa22 . . . pakk qb11 qb22 . . . qbmm

)
=

(
a

p1

)a1 ( a

p2

)a2

. . .

(
a

pk

)ak
(

a

q1

)b1 ( a

q2

)b2

. . .

(
a

qm

)bm

=
( a

P

)( a

Q

)

Theorem 2.6.3. 'Esvtw P perittìc fusvikìc kai a, b akèraioi me MKD(ab, P ) = 1. Tìte( a

P

)( b

P

)
=

(
ab

P

)
Proof. 'Esvtw P = pa11 pa22 . . . pakk , k ∈ N h paragontopoÐhsvh tou P sve pr¸touc par�gontec.
Tìte, ( a

P

)( b

P

)
=

(
a

pa11 pa22 . . . pakk

)(
b

pa11 pa22 . . . pakk

)
=
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(
a

p1

)a1 ( a

p2

)a2

. . .

(
a

pk

)ak
(

b

p1

)a1 ( b

p2

)a2

. . .

(
b

pk

)ak

=

[(
a

p1

)(
b

p1

)]a1
·
[(

a

p2

)(
b

p2

)]a2
. . .

[(
a

pk

)(
b

pk

)]ak
ìmwc, svÔmfwna me to (2.3.2)

[(
a
pi

)(
b
pi

)]ai
=
(
ab
pi

)ai
, i = 1, 2, . . . , k.

Opìte, ( a

P

)( b

P

)
=

(
ab

p1

)a1 (ab

p2

)a2

. . .

(
ab

pk

)ak

=

(
ab

P

)

Theorem 2.6.4. 'Esvtw a, b akèraioi arijmoÐ, me MKD(a, P ) = 1. An a ≡ bmodP , tìte

isvqÔei ìti ( a

P

)
=

(
b

P

)
Proof. An P = pa11 pa22 . . . pakk , k ∈ N me pi pr¸to gia i = 1, 2, . . . , k , tìte afoÔ a ≡ bmodP
ja èqoume ìti a ≡ bmodpi gia i = 1, 2, . . . , k.

'Omwc svÔmfwna me to (2.3.1)
(

a
pi

)
=
(

b
pi

)
gia i = 1, 2, . . . , k.

Tìte,( a

P

)
=

(
a

p1

)a1 ( a

p2

)a2

. . .

(
a

pk

)ak

=

(
b

p1

)a1 ( b

p2

)a2

. . .

(
b

pk

)ak

=

(
b

P

)

Theorem 2.6.5. 'Esvtw P perittìc jetikìc akèraioc. Tìte:(
−1

P

)
=(−1)

P−1
2

Theorem 2.6.6. 'Esvtw P perittìc jetikoc akèraioc, tìte

(
2

P

)
=(−1)

P2−1
8
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Theorem 2.6.7 (Nìmoc Tetragwnik c Antisvtrof c gia svÔmbola Jacobi). 'Esvtw P,Q
perittoÐ fusvikoÐ me MKD(P,Q) = 1. Tìte:

(
P

Q

)(
Q

P

)
= (−1)

P−1
2

·Q−1
2

Proof. An P = p1p2 . . . pn, n ∈ N kaiQ = q1q2 . . . qm,m ∈ N ìpou oi arijmoÐ p1, p2, . . . , pn, q1, q2, . . . , qm
eÐnai pr¸toi ìqi kat' an�gkh diaforetikoÐ an� dÔo.
Tìte (

P

Q

)
=

(
P

q1

)(
P

q2

)
. . .

(
P

qm

)
=

m∏
i=1

(
P

qi

)
=

m∏
i=1

n∏
j=1

(
pj
qi

)
me ton Ðdio trìpo èqoume ìti (

Q

P

)
=

m∏
i=1

n∏
j=1

(
qi
pj

)
opìte (

P

Q

)(
Q

P

)
=

m∏
i=1

n∏
j=1

(
pj
qi

)(
qi
pj

)
ìmwc svÔmfwna me to (2.4.4) èqoume ìti(

pj
qi

)(
qi
pj

)
=(−1)

pj−1

2
· qi−1

2

opìte (
P

Q

)(
Q

P

)
= (−1)

∑n
j=1

∑m
i=1

pj−1

2
· qi−1

2 = (−1)
∑n

j=1

pj−1

2
·
∑m

i=1
qi−1

2 (2.2)

ìmwc,

P =p1p2 . . . pn =

n∏
j=1

(1 + (pj − 1)) = 1 +

n∑
j=1

(pj − 1) + 4s, s ∈ N

opìte

P − 1

2
≡
∑n

j=1 (pj − 1)

2
mod2

me ton Ðdio trìpo èqoume ìti

Q− 1

2
≡
∑m

i=1 (qi − 1)

2
mod2

opìte apì thn (2.2) èqoume ìti(
P

Q

)(
Q

P

)
= (−1)

P−1
2

·Q−1
2
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2 Tetragwnik� upìloipa

2.7 Algìrijmoc gia thn eÔresvh tou svumbìlou Jacobi

Gia thn eÔresvh tou svumbìlou Jacobi qrhsvimopoioÔme ton parak�tw algìrijmo o opoÐoc
prokÔptei �mesva apì tic idiìthtec tou svumbìlou Jacobi:

Algorithm for Jacobi Symbol

Input: integer a, odd integer n>2

b:=aMODn; c:=n;

s:=1;

WHILE b>1

WHILE bMOD4=0

b:=bDIV4;

IF bMOD2=0

IF cMOD8=3 OR cMOD8=5

s:=-s;

b:=bDIV2;

IF b=1 break;

IF bMOD4=cMOD4=3

s:=-s;

temp:=b;

b:=cMODb;

c:=temp;

RETURN s*b;

Example 2.7.1. Ja upologÐsvoume to svÔmbolo Jacobi
(
1521
587

)
.

Apì ton algìrijmo prokÔptei o parak�tw pÐnakac

b c s

347 587 1

347 587 -1

240 347 -1

60 347 -1

15 347 -1

15 347 1

2 15 1

1 15 1

kai to svÔmbolo Jacobi prokÔptei
(
1521
587

)
= 1.

Epeid  o 587 eÐnai pr¸toc kai
(
1521
587

)
= 1 prokÔptei ìti to 1521 eÐnai tetragwnikì

upìloipo tou 587.
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3 Tetragwnikèc rÐzec

3.1 Tetragwnikèc rÐzec modp me p ≡ 3mod4

De�nition 3.1.1. 'Esvtw o akèraioc a me 1 ≤ a < n. O a onom�zetai tetragwnik  rÐza
thc mon�dac modn an a2 ≡ 1modn.

Remark. Apì ton orisvmì prokÔpte �mesva ìti oi arijmoÐ 1 kai n−1 eÐnai tetragwnikèc rÐzec
thc mon�dac modn. Autèc einai oi tetrimmènec rÐzec thc mon�dac. An o n eÐnai pr¸toc den
up�rqoun �llec rÐzec thc mon�dac modn.
Opìte, gia na broÔme mh tetrimmènec rÐzec thc mon�dac modn ja prèpei o n na eÐnai

svÔnjetoc.
Apì to Kinèziko je¸rhma upoloÐpwn prokÔptei ìti an n = p1p2 . . . pk gia diakekrimènouc

perittoÔc pr¸touc arijmoÔc p1, p2, . . . , pk, tìte up�rqoun akrib¸c 2k rÐzec thc mon�dac
modn.

Proposition 3.1.2. 'Esvtw o pr¸toc p ≡ 3mod4, o akèraioc y ̸= 0modp kai x = y
p+1
4 modp.

1. An o y eÐnai tetragwnikì upìloipo modp tìte oi tetragwnikèc rÐzec tou eÐnai ±x.

2. An o y den eÐnai tetragwnikì upìloipo modp tìte o −y eÐnai kai oi tetragwnikèc
tou rÐzec eÐnai ±x.

Proof. Apì to je¸rhma tou Fermat èqoume ìti yp−1 ≡ 1modp.
Tìte,

x4 = yp+1 = y2 · yp−1 ≡y2modp

opìte, (
x2 + y

) (
x2 − y

)
≡0modp ⇒ x2 ≡ ±ymodp

�ra èna toul�qisvton apì ta y kai −y eÐnai tetragwnikì upìloipo modp.
'Esvtw ìti kai to y kai to −y eÐnai tetragwnik� upìloipa modp.
Tìte,

y = a2modp,−y = b2modp gia k�poiouc akèraiouc a, b

tìte

−1 ≡
(
ab−1

)2
modp

�ra to −1 eÐnai tetragwnikì upìloipo modp.
Autì ìmwc eÐnai �topo svÔmfwna me to (2.3.3).
'Ara akrib¸c èna apì ta y kai −y eÐnai tetragwnikì upìloipo modp kai oi tetragwnikèc

tou rÐzec eÐnai ±x.
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3 Tetragwnikèc rÐzec

Example 3.1.3. Na brejoÔn oi tetragwnikèc rÐzec tou 11mod19.

19 = 4 · 4 + 3 kai o 19 eÐnai pr¸toc arijmìc, opìte svÔmfwna me thn prohgoÔmenh prìtasvh
an o arijmìc 11 èqei tetragwnikèc rÐzec mod19 tote ja eÐnai oi ±x me

x = 11
19+1

4 = 115mod19 = 7mod19

tìte 72 = 49 ≡ 11mod19.
'Ara, oi tetragwnikèc rÐzec tou 11mod19 eÐnai oi ±7mod19.

Example 3.1.4. Na brejoÔn oi tetragwnikèc rÐzec tou 49mod95.

Gia ton 95 èqoume ìti 95 = 5 · 19, opìte an gia ton akèraio x isvqÔei ìti x2 ≡ 49mod95
tìte ja isvqÔei ìti

x2 ≡ 49mod5 kai x2 ≡ 49mod19 ⇔
x2 ≡ 4mod5 kai x2 ≡ 11mod19

opìte arkeÐ na lÔsvw to teleutaÐo svÔsvthma kai na br¸ tic koinèc lÔsveic twn dÔo exisv¸svewn.
Opìte, x2 ≡ 4mod5 ⇔ x ≡ ±2mod5 kai x2 ≡ 11mod19 ⇔ x ≡ ±7mod19 ìpwc eÐdame

apì to prohgoÔmeno par�deigma. Opìte, ja èqoume tèsvsveric dunatìthtec:

• x ≡ 2mod5 ⇒ x ∈ {2, ⟨7⟩ , 12, 17, 22, 27, 32, 37, 42, 47, 52, 57, 62, 67, 72, 77, 82, 87, 92}
x ≡ 7mod19 ⇒ x ∈ {⟨7⟩ , 26, 45, 64, 83}
opìte to mìno koino svtoiqeÐo twn dÔo lisvt¸n eÐnai to 7 opìte apì ton svunduasvmì
x ≡ 2mod5 kai x ≡ 7mod19 ja èqoume thn lÔsvh x ≡ 7mod95

• x ≡ 2mod5 ⇒ x ∈ {2, 7, ⟨12⟩ , 17, 22, 27, 32, 37, 42, 47, 52, 57, 62, 67, 72, 77, 82, 87, 92}
x ≡ −7mod19 ⇒ x ∈ {⟨12⟩ , 31, 50, 69, 88}
opìte to mìno koino svtoiqeÐo twn dÔo lisvt¸n eÐnai to 12 opìte apì ton svunduasvmì
x ≡ 2mod5 kai x ≡ −7mod19 ja èqoume thn lÔsvh x ≡ 12mod95

• x ≡ −2mod5 ⇒ x ∈ {3, 8, 13, 18, 23, 28, 33, 38, 43, 48, 53, 58, 63, 68, 73, 78, ⟨83⟩ , 88, 93}
x ≡ 7mod19 ⇒ x ∈ {7, 26, 45, 64, ⟨83⟩}
opìte to mìno koino svtoiqeÐo twn dÔo lisvt¸n eÐnai to 83 opìte apì ton svunduasvmì
x ≡ −2mod5 kai x ≡ 7mod19 ja èqoume thn lÔsvh x ≡ 83mod95

• x ≡ −2mod5 ⇒ x ∈ {3, 8, 13, 18, 23, 28, 33, 38, 43, 48, 53, 58, 63, 68, 73, 78, 83, ⟨88⟩ , 93}
x ≡ −7mod19 ⇒ x ∈ {12, 31, 50, 69, ⟨88⟩}
opìte to mìno koino svtoiqeÐo twn dÔo lisvt¸n eÐnai to 88 opìte apì ton svunduasvmì
x ≡ −2mod5 kai x ≡ −7mod19 ja èqoume thn lÔsvh x ≡ 88mod95

Opìte, oi lÔsveic thc exÐsvwsvhc x2 ≡ 49mod95 eÐnai oi x ≡ 7, 12, 83, 88mod95   isvodÔnama
oi x ≡ ±7,±12mod95.
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3 Tetragwnikèc rÐzec

3.2 Tetragwnikèc rÐzec modp me p ≡ 1mod4

Lemma 3.2.1. 'Esvtw ìti to a eÐnai tetragwnikì upìloipo modp me p pr¸to kai p ≡
1mod4, tìte a

p−1
4 ≡ ±1modp

Proof. AfoÔ to a eÐnai tetragwnikì upìloipo modp, tìte a
p−1
2 ≡ 1modp svÔmfwna me to

krit rio tou Euler.
EpÐsvhc, apì thn upìjesvh èqoume ìti p ≡ 1mod4, opìte o arijmìc p−1

4 eÐnai akèraioc.
Tìte,

a
p−1
2 ≡ 1modp ⇒ p|

(
a

p−1
2 − 1

)
⇒ p|

(
a

p−1
4 − 1

)(
a

p−1
4 + 1

)
opìte,

p|(a
p−1
4 − 1)   p|(a

p−1
4 + 1).

'Ara,

a
p−1
4 ≡ ±1modp.

Gia touc pr¸touc p me p ≡ 1mod4 ja diakrÐnoume tic dÔo kathgorÐec.

• p ≡ 5mod8

• p ≡ 1mod8

Pr¸ta ja asvqolhjoÔme me touc pr¸touc p ≡ 5mod8.

Theorem 3.2.2. 'Esvtw a tetragwnikì upìloipo modp me a
p−1
4 ≡ 1modp me pr¸to p ≡

5mod8 tìte oi tetragwnikèc rÐzec tou a modp eÐnai oi ±x me x = a
p+3
8 modp.

Proof. Gia x = a
p+3
8 modp èqoume ìti x2 = a

p+3
4 modp = a

p−1
4 · a = amodp kai svÔmfwna

me to (2.1.1) oi tetragwnikèc rÐzec tou a eÐnai oi ±x.

Theorem 3.2.3. 'Esvtw a tetragwnikì upìloipo modp me a
p−1
4 ≡ −1modp me pr¸to

p ≡ 5mod8 tìte oi tetragwnikèc rÐzec tou a modp eÐnai oi ±x me x = 2a · (4a)
p−5
8 modp.

Proof. Apì thn ekf¸nhsvh èqw ìti p ≡ 5mod8 tìte svÔmfwna me to (2.4.2) èqoume ìti

2
p−1
2 ≡ −1modp, tìte gia x = 2a · (4a)

p−5
8 modp èqoume ìti

x2 = 4a2 · (4a)
p−5
4 = 4

p−1
4 · a

p+3
4 modp = 2

p−1
2 · a

p−1
4 · amodp = (−1) (−1) a = amodp.

Opìte, oi tetragwnikèc rÐzec tou a modp eÐnai oi ±x.
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3 Tetragwnikèc rÐzec

Me ta parap�nw jewr mata èqoume telei¸svei me touc pr¸touc p ≡ 5mod8
Gia touc pr¸touc p ≡ 1mod8 ja qrhsvimopoi svoume ton algìrijmo twn Tonelli kai

Shanks.
Ja paraleÐyw thn apìdeixh tou algorÐjmou lìgw thc dusvkolÐac thc. O endiaferìmenoc

ac dei to [2].
O algìrijmoc twn Tonelli kai Shanks eÐte episvtrèfei mia tetragwnik  rÐza tou amodp, an

o a eÐnai tetragwnikì upìloipo modp   apofaÐnetai ìti o a den eÐnai tetragwnikì upìloipo
modp.
O algìrijmoc eÐnai pijanotikìc algìrijmoc kaj¸c epilègei svthn tÔqh ènan akèraio n me(
n
p

)
= −1 .

Epeid  up�rqoun p−1
2p akèraioi pou den eÐnai tetragwnik� upìloipa modp h pijanìthta

na mhn èqoume brei ènan n met� apì pollèc epanal yeic eÐnai polÔ mikr .

Tonelli and Shanks algorithm

Input:odd prime p ≡ 1mod8, integer a
Compute integer e and odd q such that p− 1 = 2eq

Choose numbers n randomly until
(
n
p

)
= −1

z := nqMODp
y := z;
r := e;

x := a
q−1
2 MODp;

b := ax2MODp;
x := axMODp;
WHILE b ̸= 1MODp

find the smallest m ≥ 1 such that b2
m ≡ 1MODp

IF m = r
a is not quadratic residue. Terminate

t := y2
r−m−1

MODp;
y := t2MODp;
r := mMODp;
x := xtMODp;
b := byMODp;

RETURN x;

Example 3.2.4. Ja qrhsvimopoi svw ton algìrijmo twn Tonelli kai Shanks gia ton pr¸to
arijmì 449 kai touc akèraiouc 35, 223
Tìte, gia to zeug�ri (35, 449) ja èqoume ton ex c pÐnaka pou prokÔptei apì ton algìri-

jmo
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3 Tetragwnikèc rÐzec

x b y r m

67 372 391 6 0

67 372 391 6 4

439 67 349 4 0

439 67 349 4 2

127 448 67 2 0

127 448 67 2 1

427 1 448 1 0
ap' ìpou prokÔptei ìti o x = 427 eÐnai tetragwnik  rÐza tou 35 mod449.
En¸ gia to zeug�ri (223, 449) prokÔptei o pÐnakac

x b y r m

426 246 391 6 0

426 246 391 6 6
ap' ìpou prokÔptei ìti o 223 den eÐnai tetragwnikì upìloipo mod449 kaj¸c m = r = 6

3.3 O algìrijmoc tou Cornacchia

Theorem 3.3.1. O perittìc pr¸toc p eÐnai �jroisvma dÔo tetrag¸nwn akeraÐwn arijm¸n

an kai mìno an p ≡ 1mod4

Remark. To je¸rhma eÐnai isvodÔnamo me to na lègame ìti o perittìc pr¸toc p eÐnai �jroisvma
dÔo tetrag¸nwn akeraÐwn arijm¸n an kai mìno an to −1 eÐnai tetragwnikì upìloipo modp.

Apì to parap�nw je¸rhma eÐnai fusvikì na zht�me na upologÐsvoume akeraÐouc arijmoÔc
x, y tètoiouc ¸svte x2 + y2 = p kai genikìtera x2 + dy2 = p, ìpou d ènac jetikìc akèraioc
kai p ènac perittìc pr¸toc.

Proposition 3.3.2. An h exÐsvwsvh x2 + dy2 = p èqei lÔsvh, tìte to −d eÐnai tetragwnikì

upìloipo modp.

Proof. 'Esvtw x, y ∈ N me x2 + dy2 = p tìte profan¸c y ̸= 0modp,
tìte

x2 + dy2 ≡ 0modp ⇒
(
x2 + dy2

) (
y−1
)2 ≡ 0modp ⇒

(
xy−1

)2 ≡ −dmodp.

'Ara to −d eÐnai tetragwnikì upìloipo modp.

T¸ra jewroÔme ìti h svunj kh to −d eÐnai tetragwnikì upìloipo modp ikanopoieÐtai.
Tìte ja upologÐsvoume mia lÔsvh thc diofantik c exÐsvwsvhc me ton algìrijmo tou Cor-

nacchia.
O algìrijmoc k�nei ta ex c b mata:
1. BrÐsvkei x0 me

p
2 < x0 < p tètoio ¸svte x20 ≡ −dmodp

2. Efarmìzei ton EukleÐdio algìrijmo svto zeÔgoc (a, b) = (p, x0) mèqri na èqoume
b <

√
p

3. Gia c = p−b2

d . An up�rqei akèraioc m me c = m2 tìte h exÐsvwsvh x2 + dy2 = p èqei
lÔsvh (x, y) = (b,m). Alli¸c h exÐsvwsvh den èqei lÔsvh.
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3 Tetragwnikèc rÐzec

O algìrijmoc tou Cornacchia episvtrèfei mÐa lÔsvh thc diofantik c exÐsvwsvhc an èqei  
lèei ìti h diofantik  exÐsvwsvh den èqei lÔsvh.
O algìrijmoc sve morf  yeudok¸dika:

Cornacchia Algorithm

Input:odd prime p,integer d with 0 < d < p
IF −d is not quadratic residue modp

THEN the equation has no solutions.

ELSE

Find x0 such that x20 ≡ −dmodp
Change x0 into ±x0 + np, n ∈ N so that p

2 < x0 < p
a := p;
b := x0;
sq:=⌊√p⌋;
WHILE b > sq

temp := aMODb;
a := b;
b := temp;

IF c := p−b2

d is not the square of an integer

THEN the equation has no solution.

ELSE a solution is (x,y)=(b,
√
c)

Example 3.3.3. Gia par�deigma an jèloume na broÔme tic lÔsveic thc diofantik c exÐsvwsvhc
x2 + 18y2 = 283 tìte qrhsvimopoi¸ntac to krit rio tou Euler m èqoume

(−18
283

)
= 1 .

Xrhsvimopoi¸ntac ton algìrijmo Tonelli kai Shanks paÐrnoume x0 = 185 èqoume a =
283, b = 185, sq = 16
Me ton EukleÐdio algìrijmo èqoume ìti
a = 98, b = 87 kai met� a = 87, b = 11.

Tèloc, o arijmìc c = 283−112

18 = 9 = 32 eÐnai tèleio tetrag¸no, opìte o algìrijmoc
episvtrèfei to zeÔgoc (b,

√
c) = (11, 3) pou apoteleÐ thn lÔsvh thc exÐsvwsvhc.
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4 Suneq  Kl�svmata

4.1 Eisvagwg  svta Suneq  Kl�svmata

De�nition. Peperasvmèno svuneqèc kl�svma ja kaleÐtai mia èkfrasvh thc morf c

a0 +
1

a1 +
1

a2 + . . .

+ 1
an

thn opoÐa ja gr�foume wc ex c:

[a0; a1, a2, . . . , an]

De�nition. 'Apeiro svuneqèc kl�svma ja kaleÐtai mia èkfrasvh thc morf c

a0 +
1

a1 +
1

a2 + . . .

thn opoÐa ja gr�foume wc ex c:

[a0; a1, a2, . . . ]

Remark. Oi ìroi a0, a1, a2, . . . eÐnai anex�rthtec metablhtèc sve k�poio svÔnolo. Sthn
ergasvÐa mou, èqw wc svtìqo na parousvi�svw ta svuneq  kl�svmata wc anaparasvt�tec twn
pragmatik¸n arijm¸n. Gia autìn ton lìgo ja jewr¸ p�nta ìti ta a1, a2, . . . eÐnai jetikoÐ
akèraioi kai o a0 akèraioc. Ja lème tic metablhtèc a0, a1, a2, . . . svtoiqeÐa tou svuneqoÔc
kl�svmatoc.

De�nition. 'Ena peperasvmèno svuneqèc kl�svma me n + 1 svtoiqeÐa, dhlad  èna svuneqèc
kl�svma thc morf c

[a0; a1, a2, . . . , an]

ja lème ìti èqei t�xh n.
EpÐsvhc, ja lème ìti k�je �peiro svuneqèc kl�svma èqei �peirh t�xh.
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De�nition. Ja lème to svuneqèc kl�svma

sk = [a0; a1, a2, . . . , ak] me 0 ≤ k ≤ n

tm ma tou peperasvmènou svuneqoÔc kl�svmatoc

[a0; a1, a2, . . . , an].

AntÐsvtoiqa, ja lème to svuneqèc kl�svma

sk = [a0; a1, a2, . . . , ak] me k ≥ 0

tm ma tou �peirou svuneqoÔc kl�svmatoc

[a0; a1, a2, . . . ].

De�nition. Ja lème to svuneqèc kl�svma

rk = [ak; ak+1, . . . , an] , 0 ≤ k ≤ n

upìloipo tou svuneqoÔc kl�svmatoc

[a0; a1, a2, . . . , an]

kai ìmoia ja lème to svuneqèc kl�svma

rk = [ak; ak+1, . . . ] , k ≥ 0

upìloipo tou svuneqoÔc kl�svmatoc

[a0; a1, a2, . . . ].

Remark. 'Esvtw èna peperasvmèno svuneqèc kl�svma t�xhc n me an = 1 dhlad  èna kl�svma
thc morf c [a0; a1, . . . , an−1, 1]. Tìte autì eÐnai Ðsvo me to svuneqèc kl�svma t�xhc n − 1
to [a0; a1, . . . , an−1 + 1]. Ja svumfwnoÔme na gr�foume k�je kl�svma thc pr¸thc morf c
me thn deÔterh gia na èqoume p�nta svuneq  kl�svmata pou na èqoun teleutaÐo svtoiqeÐo
megalÔtero thc mon�dac.

4.2 SugklÐnontec

Ta svuneq  kl�svmata orÐzontai anadromik� wc ex c:

[a0] = a0 kai [a0; a1, a2, . . . , an] = a0 +
1

[a1; a2, . . . , an]
.
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Opìte:

[a0; a1] =a0 +
1

a1
=

a0a1 + 1

a1

[a0; a1, a2] =a0 +
1

a1a2+1
a2

=
a0a1a2 + a0 + a2

a1a2 + 1

De�nition. OrÐzoume ta polu¸numa Qn(x1, x2, . . . , xn), n ∈ N wc ex c:

Qn (x1, x2, . . . , xn) =


1 an n = 0

x1 an n = 1

x1Qn−1 (x2, . . . , xn) +Qn−2 (x3, . . . , xn) an n > 1

Apì ton orisvmì èqoume ìti:

Q1 (x1) =x1

Q2 (x1, x2) =x1x2 + 1

Q3 (x1, x2, x3) =x1x2x3 + x1 + x3

ParathroÔme ìti

[a0] =
Q1(a0)

Q0
, [a0; a1] =

Q2 (a0, a1)

Q1 (a1)
kai [a0; a1, a2] =

Q3 (a0, a1, a2)

Q2 (a1, a2)

Ta parap�nw apotelèsvmata den eÐnai tuqaÐa, all� isvqÔei to epìmeno je¸rhma.

Theorem 4.2.1. 'Esvtw to svuneqèc kl�svma [a0; a1, . . . , an] , n ∈ N tìte:

[a0; a1, . . . , an] =
Qn+1 (a0, a1, . . . , an)

Qn (a1, a2, . . . , an)

Proof. Ja qrhsvimopoi svw epagwg  wc proc n.
Gia n = 0 isvqÔei.
'Esvtw ìti to je¸rhma isvqÔei gia to n, tìte:

[a0; a1, . . . , an+1] = a0 +
1

[a1; a2, . . . , an+1]
=

a0 +
Qn (a2, a3, . . . , an+1)

Qn+1 (a1, a2, . . . , an+1)
=

a0Qn+1 (a1, a2, . . . , an+1) +Qn (a2, a3, . . . , an+1)

Qn+1 (a1, a2, . . . , an+1)
=

Qn+2 (a0, a1, . . . , an+1)

Qn+1 (a1, a2, . . . , an+1)

kai h apìdeixh èqei oloklhrwjeÐ.
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Theorem 4.2.2. 'Esvtw to svuneqèc kl�svma [a0; a1, . . . , an] , n ∈ N tìte up�rqoun akèraioi

arijmoÐ pn, qn tètoioi ¸svte

[a0; a1, . . . , an] =
pn
qn

.

O arijmìc pn
qn

onom�zetai kanonik  èkfrasvh tou svuneqoÔc kl�svmatoc.

Proof. SÔmfwna me to prohgoÔmeno je¸rhma èqoume ìti

[a0; a1, . . . , an] =
Qn+1 (a0, a1, . . . , an)

Qn (a1, a2, . . . , an)

.
Jètontac pn = Qn+1 (a0, a1, . . . , an) kai qn = Qn (a1, a2, . . . , an) prokÔptei �mesva.

Remark. OrÐzoume epÐsvhc wc p−2 = 0, p−1 = 1, q−2 = 1, q−1 = 0 .

De�nition 4.2.3. 'Esvtw to svuneqèc kl�svma a = [a0; a1, . . . ] kai [a0; a1, . . . , ak] , k ≥ 0
èna tm ma tou, tìte h kanonik  èkfrasvh pk

qk
tou [a0; a1, . . . , ak] onom�zetai svugklÐnontac k

t�xhc tou a.

Me ton Ðdio trìpo orÐzontai kai oi svugklÐnontec enìc peperasvmènou svuneqoÔc kl�svmatoc.

Theorem 4.2.4. Gia akèraio k ≥ 2 isvqÔei ìti:

pk =akpk−1 + pk−2

qk =akqk−1 + qk−2

me p1 = a0a1 + 1, q1 = a1, p0 = a0, q0 = 1.

Proof. Gia k = 2 èqoume ìti

[a0; a1, a2] =
a0a1a2 + a0 + a2

a1a2 + 1
=

p2
q2

opìte èqoume ìti:

p2 = a2 (a0a1 + 1) + a0 = a2p1 + p0 kai q2 = a1a2 + 1 = a2q1 + q0

'Ara gia k = 2 h upìjesvh isvqÔei.
'Esvtw ìti h upìjesvh isvqÔei gia k�je k < n .
Apì ton orisvmì touc èqoume ìti:

pn = Qn+1 (a0, a1, . . . , an) = a0Qn (a1, . . . , an) +Qn−1 (a2, . . . , an) = a0p
′
n−1 + q′n−1

kai

qn = Qn(a1, a2, . . . , an) = p′n−1
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ìpou

p′n−1

q′n−1

= [a1; a2, . . . , an].

Epeid  gia n− 1 h upìjesvh isvqÔei, èqoume ìti:

p′n−1 =anp
′
n−2 + p′n−3

q′n−1 =anq
′
n−2 + q′n−3

me

p′n−2

q′n−2

= [a1; a2, . . . , an−1] kai
p′n−3

q′n−3

= [a1; a2, . . . , an−2].

Tìte,

pn = a0
(
anp

′
n−2 + p′n−3

)
+
(
anq

′
n−2 + q′n−3

)
= an

(
a0p

′
n−2 + q′n−2

)
+
(
a0p

′
n−3 + q′n−3

)
= anpn−1+pn−2,

qn = p′n−1 = anp
′
n−2 + p′n−3 =anqn−1 + qn−2

kai h apìdeixh èqei oloklhrwjeÐ.

Theorem 4.2.5. Gia k�je fusvikì k isvqÔei ìti:

qkpk−1 − pkqk−1 =(−1)k

Proof. Apì thn prohgoÔmenh prìtasvh èqoume ìti:

pk =akpk−1 + pk−2

qk =akqk−1 + qk−2

opìte

pkqk−1 =akpk−1qk−1 + pk−2qk−1

qkpk−1 =akqk−1pk−1 + qk−2pk−1

tìte

qkpk−1 − pkqk−1 =− (qk−1pk−2 − pk−1qk−2)

opìte

qkpk−1 − pkqk−1 = (−1)k (q0p−1 − p0q−1) = (−1)k
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Corollary 4.2.6. Gia jetikì akèraio k isvqÔei ìti:

pk−1

qk−1
− pk

qk
=

(−1)k

qkqk−1

Proposition 4.2.7. Oi svugklÐnontec pn
qn

eÐnai an�gwga kl�svmata.

Proof. 'Esvtw d = MKD (pn, qn) tìte

d| (qnpn−1 − pnqn−1) ⇒ d| (−1)n ⇒ d = 1.

�ra to pn
qn

eÐnai an�gwgo.

Theorem 4.2.8. Gia jetikì akèraio k isvqÔei ìti:

qkpk−2 − pkqk−2 =(−1)k−1 ak

Proof. SÔmfwna me to (4.2.4) èqoume ìti

pk =akpk−1 + pk−2

qk =akqk−1 + qk−2

opìte

pkqk−2 =akpk−1qk−2 + pk−2qk−2

qkpk−2 =akqk−1pk−2 + qk−2pk−2

opìte

qkpk−2 − pkqk−2 = ak (qk−1pk−2 − pk−1qk−2)

opìte svÔmfwna me to (4.2.5) ja èqoume ìti

qkpk−2 − pkqk−2 =(−1)k−1 ak

Corollary 4.2.9. Gia akèraio k ≥ 2 isvqÔei ìti:

pk−2

qk−2
− pk

qk
=
(−1)k−1 ak
qkqk−2
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Theorem 4.2.10. Oi svugklÐnontec �rtiac t�xhc svqhmatÐzoun mia aÔxousva akoloujÐa en¸

oi svugklÐnontec peritt c t�xhc svqhmatÐzoun mia fjÐnousva akoloujÐa. EpÐsvhc, k�je �rtiac

t�xhc svugklÐnontac eÐnai mikrìteroc apì k�je svugklÐnonta peritt c t�xhc.

Proof. SÔmfwna me to (4.2.9) isvqÔei ìti

pk−2

qk−2
− pk

qk
=
(−1)k−1 ak
qkqk−2

opìte gia touc svugklÐnontec �rtiac t�xhc ja èqoume ìti gia k = 2n, n ∈ N

p2n−2

q2n−2
− p2n

q2n
=
(−1)2n−1 a2n
q2nq2n−2

= − a2n
q2nq2n−2

< 0

�ra p2n−2

q2n−2
< p2n

q2n
kai �ra oi svugklÐnontec �rtiac t�xhc svqhmatÐzoun mia aÔxousva akoloujÐa.

Gia touc svugklÐnontec peritt c t�xhc ja èqoume ìti k = 2n+ 1, n ∈ N kai

p2n−1

q2n−1
− p2n+1

q2n+1
=
(−1)2n a2n+1

q2n+1q2n−1
=

a2n+1

q2n+1q2n−1
> 0

kai �ra p2n+1

q2n+1
< p2n−1

q2n−1
kai �ra oi svugklÐnontec peritt c t�xhc svqhmatÐzoun fjÐnousva

akoloujÐa.
Gia na deÐxoume ìti k�je �rtiac t�xhc svugklÐnontac eÐnai mikrìteroc apì k�je svugk-

lÐnonta peritt c t�xhc ja qrhsvimopoi svoume to (4.2.6).
Opìte gia k�je k ≥ 1 isvqÔei ìti:

pk−1

qk−1
− pk

qk
=

(−1)k

qkqk−1

gia k �rtio èqoume ìti
pk−1

qk−1
> pk

qk
opìte k�je peritt c t�xhc svugklÐnontac eÐnai megalÔteroc

apì ton epìmeno svugklÐnonta (�rtiac t�xhc).
Epeid  xèroume ìti oi svugklÐnontec �rtiac t�xhc svqhmatÐzoun mia aÔxousva akoloujÐa

en¸ oi svugklÐnontec peritt c t�xhc svqhmatÐzoun mia fjÐnousva akoloujÐa ja èqoume ìti
gia k�je n ∈ N isvqÔei ìti

p0
q0

<
p2
q2

< · · · < p2n
q2n

<
p2n−1

q2n−1
< · · · < p3

q3
<

p1
q1

kai to je¸rhma èqei apodeiqteÐ.

Theorem 4.2.11. Gia k�je akèraio k me 1 ≤ k ≤ n isvqÔei ìti

[a0; a1, . . . , an] =
pk−1rk + pk−2

qk−1rk + qk−2

55



4 Suneq  Kl�svmata

Proof. Xèroume ìti

[a0; a1, . . . , an] = [a0; a1, . . . , ak−1, rk]

tìte

[a0; a1, . . . , ak−1, rk] =
p′k
q′k

pou svÔmfwna me to (4.2.4) ja èqoume ìti

p′k =rkpk−1 + pk−2

q′k =rkqk−1 + qk−2

opìte

[a0; a1, . . . , an] =
pk−1rk + pk−2

qk−1rk + qk−2

De�nition. 'Esvtw to �peiro svuneqèc kl�svma [a0; a1, . . . ], an h akoloujÐa twn svugklinon-
t¸n pn

qn
svugklÐnei svto a tìte ja lème ìti to svuneqèc kl�svma svugklÐnei kai ja gr�foume ìti

a = [a0; a1, . . . ]. An h akoloujÐa twn svugklinont¸n den svugklÐnei ja lème ìti to svuneqèc
kl�svma apoklÐnei.

Theorem 4.2.12. An a = [a0; a1, . . . ] tìte to a eÐnai megalÔtero apì k�je �rtiac t�xhc

svugklÐnonta kai mikrìtero apì k�je peritt c t�xhc svugklÐnonta. Dhlad 

p0
q0

<
p2
q2

< · · · < p2n
q2n

< · · · < a < · · · <p2k−1

q2k−1
< · · · < p3

q3
<

p1
q1

Proof. AfoÔ a = [a0; a1, . . . ], tìte

a = lim
pn
qn

= lim
p2n
q2n

= lim
p2n−1

q2n−1
.

'Omwc, h akoloujÐa p2n
q2n

eÐnai aÔxousva, opìte gia k�je k ∈ N èqoume ìti

p2k
q2k

< lim
p2n
q2n

= a.

'Omoia, gia k�je k ∈ N isvqÔei ìti a <
p2k−1

q2k−1
kai to je¸rhma èqei apodeiqteÐ.

Theorem 4.2.13. An a = [a0; a1, . . . ], tìte gia fusvikì k isvqÔei ìti∣∣∣∣a− pk
qk

∣∣∣∣ < 1

qkqk+1

Remark. Opìte gia na deÐxoume ìti to svuneqèc kl�svma svugklÐnei arkeÐ na deÐxoume ìti
qkqk+1 → ∞.
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Theorem 4.2.14. Gia k�je k ≥ 2 isvqÔei ìti qk ≥ 2
k−1
2

Proof. SÔmfwna me to (4.2.4) èqoume ìti qk = akqk−1 + qk−2 kai epeid  ak ≥ 1 kai
qk−1 ≥ qk−2 prokÔptei ìti qk ≥ 2qk−2.
Opìte gia k �rtio èqoume:

qk ≥ 2
k
2 q0 = 2

k
2

gia k perittì èqoume:

qk ≥ 2
k−1
2 q1 ≥2

k−1
2

Theorem 4.2.15. K�je �peiro svuneqèc kl�svma [a0; a1, . . . ] me a0 ∈ Z kai a1, a2, · · · ∈ N
svugklÐnei

Proof. SÔmfwna me to prohgoÔmeno èqoume ìti qkqk+1 ≥ 2k → ∞.
Opìte, to �peiro svuneqèc kl�svma svugklÐnei.

Remark. To apotèlesvma autì isvqÔei epeid  èqw upojèsvei ìti gia ta svtoiqeÐa tou svuneqoÔc
kl�svmatoc isvqÔoun ta ex c: a0 ∈ Z kai a1, a2, · · · ∈ N/ {0}.
An ta ai, i ∈ N eÐnai pragmatikoÐ arijmoÐ tìte to svuneqèc kl�svma [a0; a1, . . . ] svugklÐnei

an kai mìno an apoklÐnei h sveir�
∑∞

n=1 an.

Proposition 4.2.16. 'Esvtw a = [a0; a1, . . . ] tìte h akoloujÐa

(xk,i)
ak
i=0 =

pk−2 + i · pk−1

qk−2 + i · qk−1

eÐnai aÔxousva gia k �rtio kai fjÐnousva gia k perittì.

Proof. xk,i+1 − xk,i =
pk−2+(i+1)·pk−1

qk−2+(i+1)·qk−1
− pk−2+i·pk−1

qk−2+i·qk−1
, gia i = 0, 1, . . . , ak − 1 tìte:

xk,i+1 − xk,i =
pk−1qk−2 − qk−1pk−2

[qk−2 + (i+ 1) qk−1] [qk−2 + i · qk−1]

kai qrhsvimopoi¸ntac to (4.2.5) èqoume ìti

xk,i+1 − xk,i =
(−1)k

[qk−2 + (i+ 1) qk−1] [qk−2 + i · qk−1]

opìte gia k �rtio èqoume ìti
pk−2+i·pk−1

qk−2+i·qk−1
<

pk−2+(i+1)·pk−1

qk−2+(i+1)·qk−1
gia i = 0, 1, . . . , ak − 1.

en¸ gia k perittì èqoume ìti
pk−2+(i+1)·pk−1

qk−2+(i+1)·qk−1
<

pk−2+i·pk−1

qk−2+i·qk−1
gia i = 0, 1, . . . , ak − 1.

Corollary 4.2.17. Gia k �rtio èqoume ìti pk
qk

<
pk+i·pk+1

qk+i·qk+1
<

pk+2

qk+2
< a

kai gia k perittì èqoume ìti a <
pk+2

qk+2
<

pk+i·pk+1

qk+i·qk+1
< pk

qk
gia i = 1, 2, . . . , ak−1.
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De�nition. Ta kl�svmata

pk−2 + i · pk−1

qk−2 + i · qk−1
, i = 1, 2, . . . , ak − 1

ja lègontai endi�mesva kl�svmata twn svugklÐnontwn
pk−2

qk−2
kai pk

qk
.

Theorem 4.2.18. Gia fusvikì k isvqÔei ìti:

∣∣∣∣a− pk
qk

∣∣∣∣ > 1

qk (qk+1 + qk)

Proof. Qrhsvimopoi¸ntac thn (4.2.17) èqoume ìti∣∣∣∣a− pk
qk

∣∣∣∣ > ∣∣∣∣pk + pk+1

qk + qk+1
− pk

qk

∣∣∣∣ = |qk+1pk − qkpk+1|
qk (qk + qk+1)

opìte svÔmfwna me to (4.2.5) ja èqoume ìti∣∣∣∣a− pk
qk

∣∣∣∣ > 1

qk (qk+1 + qk)
.

Remark 4.2.19. Plèon gia thn apìsvtasvh tou a apì touc svugklinontèc tou
∣∣∣a− pk

qk

∣∣∣ èqoume
èna �nw kai èna k�tw fr�gma. 'Eqoume ìti

1

qk (qk + qk+1)
<

∣∣∣∣a− pk
qk

∣∣∣∣ < 1

qkqk+1
, k ≥ 0

4.3 H anapar�svtasvh twn pragmatik¸n sve svuneq 

kl�svmata

Theorem 4.3.1. K�je pragmatikìc arijmìc a anaparÐsvtatai monadik� apì svuneq  kl�sv-

mata.

Proof. An o a eÐnai akèraioc tìte o a anaparÐsvtatai apì to svuneqèc kl�svma [a].
An o a den eÐnai akèraioc tìte èqoume ìti

a = a0 +
1

r1

ìpou

a0 = ⌊a⌋ kai 1

r1
= a− a0

Akolouj¸ntac thn Ðdia diadikasvÐa, an o r1 eÐnai akèraioc tote a = [a0; r1]
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alli¸c èqoume ìti

r1 = a1 +
1

r2
me a1 = ⌊r1⌋ kai

1

r2
= r1 − a1

Genikìtera an o rn eÐnai akèraioc tìte

a = [a0; a1, . . . , an−1, rn]

kai svtamat�me thn diadikasvÐa
en¸, an den eÐnai akèraioc tote

rn = an +
1

rn+1

ìpou

an = ⌊rn⌋ kai
1

rn+1
= rn − an

tìte

a = [a0; a1, . . . , an−1, an, rn+1]

kai svuneqÐzoume thn diadikasvÐa gia to rn+1.
T¸ra, afoÔ sve k�je b ma èqoume ìti

a = [a0; a1, . . . , an−1, rn]

isvqÔei ìti

a =
pn−1rn + pn−2

qn−1rn + qn−2
, n ≥ 2

epÐsvhc,

pn
qn

=
pn−1an + pn−2

qn−1an + qn−2
, n ≥ 2

opìte

a− pn
qn

=
(pn−1qn−2 − qn−1pn−2) (rn − an)

(qn−1rn + qn−2) (qn−1an + qn−2)

kai epeid 

0 ≤ rn − an < 1, pn−1qn−2 − qn−1pn−2 = (−1)n

ja èqoume ìti ∣∣∣∣a− pn
qn

∣∣∣∣ < 1

(qn−1rn + qn−2) (qn−1an + qn−2)
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ìmwc

rn ≥ an kaj¸c an = ⌊rn⌋

opìte

qn−1rn + qn−2 ≥qn−1an + qn−2 = qn

opìte

1

(qn−1rn + qn−2) (qn−1an + qn−2)
≤ 1

q2n

�ra ∣∣∣∣a− pn
qn

∣∣∣∣ < 1

q2n
.

tìte svÔmfwna me to (4.2.14) ja eÐnai

q2n → ∞ kaj¸c n → ∞

tìte

pn
qn

→ a kaj¸c n → ∞

opìte to svuneqèc kl�svma [a0; a1, a2, . . . ] svugklÐnei svto a.
Gia thn monadikìthta arkeÐ na doÔme ìti sve k�je b ma tou algorÐjmou ta epìmena sv-

toiqeÐa pou par�gontai eÐnai monadik�.
Dhlad , an èqoume sve k�poio b ma tou algorÐjmou ìti

a = [a0; a1, . . . , an−1, rn]

tìte apì to rn par�gontai monadik� ta an kai rn+1 kaj¸c to akèraio mèroc tou rn eÐnai
monadikì.
EpÐsvhc, to an prèpei na eÐnai to akèraioi mèroc tou rn sve k�je b ma giatÐ an den  tan

tìte to svuneqèc kl�svma
[
a′n; a

′
n+1, . . .

]
den ja  tan Ðsvo me to rn.

Opìte, to svuneqèc kl�svma
[
a0; a1, . . . , an−1, a

′
n, a

′
n+1

]
den ja  tan Ðsvo me to a.

Remark. H monadikìthta thc anapar�svtasvhc enìc arijmoÔ apì èna svuneqèc kl�svma den
ja Ðsvque an epitrèpame na èqoume peperasvmèna svuneq  kl�svmata me teleutaÐo svtoiqeÐo to
1. Autì ja svunèbaine kaj¸c an an+1 = 1, tìte ja èprepe rn = an + 1 opìte an ̸= ⌊rn⌋.

Theorem 4.3.2. To svuneqèc kl�svma pou anaparisvt� ton pragmatikì arijmì a eÐnai peperasvmèno
an o a eÐnai rhtìc kai �peiro an o a eÐnai �rrhtoc.
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Proof. An o a eÐnai rhtìc, tìte ìla ta rn pou prokÔptoun apì ton prohgoÔmeno algìrijmo
ja eÐnai rhtoÐ.
An o rn eÐnai akèraioc tìte  dh katal xame ìti to svuneqèc kl�svma eÐnai peperasvmèno.
Alli¸c an rn = a

b me MKD(a, b) = 1 tìte

rn − an =
a− ban

b
=

c

b
me c < b kaj¸c rn − an < 1

Tìte,

rn+1 =
b

c

opìte o rn+1 èqei mikrìtero paronomasvt  apì ton rn. Apì autì èpetai ìti an xekin svoume
me to r1 wc rhtì met� apì peperasvmèno pl joc bhm�twn ja ft�svoume sve èna n tètoio ¸svte
o rn na èqei paronomasvt  1 dhlad  na eÐnai akèraioc kai ekeÐ telei¸nei h diadikasvÐa.
An o a eÐnai �rrhtoc tìte ta rn eÐnai �rrhtoi arijmoÐ kai h diadikasvÐa eÐnai �peirh.

Example 4.3.3. 361
29 = [12; 2, 4, 3].

'Eqoume ìti

361 = 12 · 29 + 13

opìte

361

29
=

12 · 29 + 13

29
= 12 +

13

29
.

T¸ra, to kl�svma 13
29 ja to gr�youme wc 1

29
13

.

Opìte,

361

29
= 12 +

1
29
13

.

Me ton Ðdio trìpo èqoume ìti

29 = 2 · 13 + 3

opìte

29

13
=

2 · 13 + 3

13
= 2 +

3

13
= 2 +

1
13
3

.

Tìte,

361

29
= 12 +

1

2 + 1
13
3

.
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Tìte

13 = 4 · 3 + 1

opìte

13

3
= 4 +

1

3
.

'Ara,

361

29
= 12 +

1

2 + 1
4+ 1

3

.

'Ara

361

29
= [12; 2, 4, 3].

Example 4.3.4.
√
2 = [1; 2, 2, 2, . . . ]

√
2 = 1 +

(√
2− 1

)
= 1 +

1
1√
2−1

= 1 +
1√
2 + 1

Tìte,

√
2 + 1 = 2 +

(√
2− 1

)
= 2 +

1
1√
2−1

= 2 +
1√
2 + 1

opìte

√
2 = 1 +

1

2 + 1√
2+1

kai efarmìzontac p�li thn prohgoÔmenh tautìthta gia to
√
2 + 1 ja èqoume ìti

√
2 = 1 +

1

2 + 1
2+ 1√

2+1

opìte aut  h diadikasvÐa ja efarmìzetai ep' �peiro.
'Ara,

√
2 = [1; 2, 2, 2, . . . ].
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4.4 SugklÐnontec - h kalÔterh prosvèggisvh twn

pragmatik¸n arijm¸n

Pollèc forèc jèloume na prosveggÐsvoume ènan �rrhto a apì èna rhtì. Autìc o rhtìc mporeÐ
na eÐnai dekadikìc arijmìc mporeÐ kai ìqi. Epeid  den mporoÔme na èqoume polÔ meg�louc
arijmhtèc kai paronomasvtèc kaj¸c h mn mh tou upologisvt  eÐnai peperasvmènh, genn�tai to
er¸thma poi� eÐnai h kalÔterh prosvèggisvh tou a apì ènan rhtì pou o paronomasvt c tou
na mhn xepern�ei ènan dosvmèno arijmì.
Ja deÐxoume ìti oi svugklÐnontec tou a apoteloÔn tic kalÔterec prosveggÐsveic gia ton a.

De�nition. Ja lème ìti o rhtìc a
b me MKD(a, b) = 1 kai b > 0 apoteleÐ thn kalÔterh

prosvèggisvh pr¸tou eÐdouc gia ton pragmatikì arijmì A an gia k�je �llo kl�svma c
d ̸= a

b
me 0 < d ≤ b isvqÔei ìti: ∣∣∣A− a

b

∣∣∣ < ∣∣∣A− c

d

∣∣∣
Theorem 4.4.1. K�je kalÔterh prosvèggisvh pr¸tou eÐdouc tou arijmoÔ A eÐnai eÐte ènac

svugklÐnontac eÐte èna endi�mesvo kl�svma twn svugklÐnontwn tou svuneqoÔc kl�svmatoc pou

anaparisvt� ton A.

Proof. 'Esvtw ìti a
b eÐnai h kalÔterh prosvèggisvh tou arijmoÔ A.

Tìte, ja isvqÔei ìti

a0 ≤
a

b
≤ a0 + 1

giatÐ an  tan

a

b
< a0 =

a0
1

tìte epeid  A > a0 ja eÐqame ìti

a

b
<

a0
1

<A

opìte

|A− a0
1
| <|A− a

b
|

tìte to a0
1 ja  tan kalÔterh prosvèggisvh tou A apì to a

b .
Me ton Ðdio trìpo an

a0 + 1 <
a

b
.

Tìte ja eÐqame ìti

A <
a0 + 1

1
<

a

b
.
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'Ara kai p�li to a
b den eÐnai h kalÔterh prosvèggisvh pr¸tou eÐdouc tou A.

Opìte, xèroume ìti a0 ≤ a
b ≤ a0 + 1.

An a
b = a0  

a
b = a0 + 1 tìte to je¸rhma isvqÔei.

An to a
b den eÐnai Ðsvo me kanènan svugklÐnonta kai me kanèna endi�mesvo kl�svma tou A

tìte ja brÐsvketai an�mesva sve dÔo diadoqik� endi�mesva kl�svmata.
Opìte ja up�rqoun n, i me n ≥ 0 kai 0 ≤ i < an+1 tètoia ¸svte to a

b na brÐsvketai
an�mesva svta kl�svmata

pni+ pn−1

qni+ qn−1
kai

pn (i+ 1) + pn−1

qn (i+ 1) + qn−1

tìte ∣∣∣∣ab − pni+ pn−1

qni+ qn−1

∣∣∣∣ < ∣∣∣∣pn (i+ 1) + pn−1

qn (i+ 1) + qn−1
− pni+ pn−1

qni+ qn−1

∣∣∣∣ =
1

[qn (i+ 1) + qn−1] [qni+ qn−1]

epÐsvhc, ∣∣∣∣ab − pni+ pn−1

qni+ qn−1

∣∣∣∣ = k

b (qni+ qn−1)

ìpou k akèraioc megalÔteroc thc mon�dac.
Opìte ja isvqÔei ìti:

1

b (qni+ qn−1)
<

1

[qn (i+ 1) + qn−1] [qni+ qn−1]

dhlad 

qn (i+ 1) + qn−1 <b.

Tìte to kl�svma

pn (i+ 1) + pn−1

qn (i+ 1) + qn−1

ja eÐnai kalÔterh prosvèggisvh pr¸tou eÐdouc apì to a
b kaj¸c èqei paronomasvth mikrìtero

apì b kai epÐsvhc eÐnai pio kont� svton A apì to a
b kaj¸c to a

b brÐsvketai an�mesva svta
kl�svmata

pni+ pn−1

qni+ qn−1
kai

pn (i+ 1) + pn−1

qn (i+ 1) + qn−1

kai to pn(i+1)+pn−1

qn(i+1)+qn−1
brÐsvketai pio kont� svto A apì to pni+pn−1

qni+qn−1
. 'Atopo.

Odhghj kame sve �topo giatÐ upojèsvame ìti to a
b den eÐnai Ðsvo me kanèna svugklÐnonta

kai me kanèna endi�mesvo kl�svma tou A.
'Ara, to a

b eÐnai Ðsvo me k�poio svugklÐnonta   me k�poio endi�mesvo kl�svma tou A kai to
je¸rhma èqei apodeiqteÐ.
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De�nition. Ja lème ìti o rhtìc a
b me MKD(a, b) = 1 kai b > 0 apoteleÐ thn kalÔterh

prosvèggisvh deutèrou eÐdouc   deÔterhc t�xhc gia ton arijmì A an gia k�je �llo kl�svma
c
d ̸= a

b me 0 < d ≤ b isvqÔei ìti:

|bA− a| < |dA− c|

Proposition 4.4.2. K�je kalÔterh prosvèggisvh deutèrou eÐdouc eÐnai kai kalÔterh prosvèg-

gisvh pr¸tou eÐdouc

Proof. 'Esvtw a
b me MKD(a, b) = 1 kai b > 0 h kalÔterh prosvèggisvh deutèrou eÐdouc gia

ton arijmì A .
Tìte gia k�je �llo kl�svma c

d ̸= a
b me 0 < d ≤ b ja èqoume ìti:

|bA− a| < |dA− c|

kai epeid  1
b ≤ 1

d ja èqoume ìti

|bA− a|
b

<
|dA− c|

d
⇒
∣∣∣A− a

b

∣∣∣ < ∣∣∣A− c

d

∣∣∣
'Ara, to a

b apoteleÐ kalÔterh prosvèggisvh pr¸tou eÐdouc.
To antÐsvtrofo den isvqÔei.

Theorem 4.4.3. K�je kalÔterh prosvèggisvh deÔterhc t�xhc eÐnai svugklÐnontac.

Proof. 'Esvtw ìti o rhtìc a
b eÐnai h kalÔterh prosvèggisvh deÔterhc t�xhc gia ton A.

Tìte ja isvqÔei ìti

p0
q0

= a0 ≤
a

b
≤ p1

q1

kaj¸c an a
b < a0 tìte

a
b < a0 ≤ A opìte ja eÐqame ìti:

|1 ·A− a0| <
∣∣∣A− a

b

∣∣∣ ≤ |bA− a|

opìte to a
b den ja  tan kalÔterh prosvèggisvh deÔterhc t�xhc.

EpÐsvhc, an p1
q1

< a
b tìte A ≤ p1

q1
< a

b opìte èqoume ìti

1

bq1
≤
∣∣∣∣p1q1 − a

b

∣∣∣∣ < ∣∣∣A− a

b

∣∣∣
opìte

1

q1
=

1

a1
< |bA− a|

epÐsvhc, èqoume ìti A = a0 +
1
r1

me r1 ≥ a1, opìte

|1 ·A− a0| =
1

r1
≤ 1

a1
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opìte

|1 ·A− a0| < |bA− a|

to opoÐo eÐnai �topo kaj¸c èqoume upojèsvei ìti o a
b eÐnai h kalÔterh prosvèggisvh deÔterhc

t�xhc tou A.
T¸ra, an to kl�svma a

b den isvoÔtai me kanènan svugklÐnonta tìte ja brÐsvketai metaxÔ dÔo
svugklÐnontwn èsvtw twn

pn
qn

kai
pn+2

qn+2
.

Tìte

1

bqn
≤ |aqn − bpn|

bqn
=

∣∣∣∣ab − pn
qn

∣∣∣∣
kai ∣∣∣∣ab − pn

qn

∣∣∣∣ < ∣∣∣∣pn+1

qn+1
− pn

qn

∣∣∣∣ = 1

qnqn+1

opìte

1

bqn
<

1

qnqn+1

�ra

qn+1 < b (4.1)

epÐsvhc

1

bqn+2
≤
∣∣∣∣pn+2

qn+2
− a

b

∣∣∣∣ ≤ ∣∣∣A− a

b

∣∣∣
opìte

1

qn+2
≤ |bA− a|

kai epeid  svÔmfwna me to (4.2.13) isvqÔei ìti

|A− pn+1

qn+1
| < 1

qn+1qn+2

ja èqoume ìti

|qn+1A− pn+1| <
1

qn+2
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opìte
|qn+1A− pn+1| < |bA− a| (4.2)

apì tic (4.1) kai (4.2) prokÔptei ìti o svugklÐnontac pn+1

qn+1
eÐnai kalÔterh prosvèggisvh

deÔterou eÐdouc apì to a
b . 'Atopo.

Odhghj kame sve �topo giatÐ upojèsvame ìti to a
b den isvoÔtai me kanènan svugklÐnonta.

'Ara, h kalÔterh prosvèggisvh deÔterhc t�xhc eÐnai svugklÐnontac.

Theorem 4.4.4. K�je svugklÐnontac eÐnai mia kalÔterh prosvèggisvh deÔterhc t�xhc, me

mình exaÐresvh thn perÐptwsvh

a = a0 +
1

2
,
p0
q0

=
a0
1

Proof. Gia thn apìdeixh o anagn¸svthc ac dei to ([3]).
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