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PerÐlhyh

Sthn paroÔsa Didaktorik  Diatrib  melet�me to sÔnolo Birkhoff-James ε-

orjogwniìthtac tou dianÔsmatoc χ wc proc to di�nusma ψ, se èna migadikì grammikì

q¸ro me nìrma. To sÔnolo autì apoteleÐ genÐkeush tou gnwstoÔ arijmhtikoÔ pe-

dÐou pin�kwn kai telest¸n. Arqik�, apodeiknÔetai ènac isodÔnamoc enallaktikìc

orismìc me qr sh grammik¸n sunarthsiak¸n kai ereun�tai h ploÔsia dom  tou wc

�nw sunìlou. O nèoc autìc orismìc odhgeÐ se basikèc idiìthtec, metaxÔ twn opoÐwn

kai h upoprosjetikìthta tou sunìlou Birkhoff-James ε-orjogwniìthtac wc proc to

di�nusma χ.

EpÐshc, eis�goume kai diereunoÔme to Birkhoff-James sunhmÐtono thc kurt c

gwnÐac, pou sqhmatÐzetai apì dÔo mh mhdenik� dianÔsmata enìc migadikoÔ grammikoÔ

q¸rou me nìrma, to opoÐo brÐsketai se �mesh sÔndesh me to sÔnolo Birkhoff-James

ε-orjogwniìthtac. To sunhmÐtono autì melet�tai kai gia fragmènouc grammikoÔc

telestèc, en¸ parousi�zontai k�poioi qarakthrismoÐ twn fragmènwn grammik¸n te-

lest¸n gia thn Birkhoff-James orjogwniìthta, sthn prosp�jeia epèktashc tou gnw-

stoÔ Jewr matoc Bhatia-Šemrl se apeirodi�statouc migadikoÔc grammikoÔc q¸rouc

me nìrma.

Tèloc, eis�goume to sÔnolo Birkhoff-James ε-orjogwniìthtac gia dianusmatik�

polu¸numa miac migadik c metablht c kai diereunoÔme tic gewmetrikèc kai topolo-

gikèc idiìthtec tou sunìlou autoÔ sto migadikì epÐpedo. Epiplèon, melet�me to

pl joc sunektik¸n sunistws¸n tou sunìlou, qarakthrÐzoume to sÔnorì tou kai

diereunoÔme thn topik  di�stash shmeÐwn tou.





Abstract

In this thesis, we study the Birkhoff-James ε-orthogonality set of a vector χ

with respect to a vector ψ in a complex normed linear space. This set is a direct

generalization of the numerical range of matrices and operators. Firstly, we give

an alternative definition for this set using linear functionals, and explore its rich

structure. Based on this new definition, we obtain some basic properties of the

Birkhoff-James ε-orthogonality set such as the subadditivity in χ.

We also introduce and investigate a cosine function for the convex angle formed

by two nonzero vectors of a complex normed linear space, in connection with recent

results on the Birkhoff-James approximate orthogonality sets. The proposed cosi-

ne function is discussed for bounded linear operators, and some characterizations

of the Birkhoff-James orthogonality of bounded linear operators are obtained ex-

tending the well-known Bhatia-Šemrl Theorem to the case of infinite dimensional

normed linear space.

Finally, we introduce the Birkhoff-James ε- orthogonality set of vector-polyno-

mials in one complex variable, and investigate its geometrical and topological pro-

perties in the complex plane. We study the connected components of the Birkhoff-

James ε-orthogonality set of vector-polynomials, we characterize the boundary of

this set, and investigate the local dimension of its points.





SumbolismoÐ

R,Rn To sÔnolo twn pragmatik¸n arijm¸n kai twn dianusm�twn,

antÐstoiqa

C,Cn To sÔnolo twn migadik¸n arijm¸n kai twn dianusm�twn,

antÐstoiqa

〈·, ·〉 Eswterikì ginìmeno

[·, ·] Hmieswterikì ginìmeno

⊥,⊥ε〈·,·〉 Orjogwniìthta kai proseggistik  orjogwniìthta mèsw e-

swterikoÔ ginomènou, antÐstoiqa

⊥[·,·],⊥ε[·,·] Orjogwniìthta kai proseggistik  orjogwniìthta mèsw h-

mieswterikoÔ ginomènou, antÐstoiqa

‖ · ‖1, ‖ · ‖∞ H nìrma-1 kai h nìrma-∞, antÐstoiqa

⊥BJ ,⊥εBJ Birkhoff-James orjogwniìthta kai Birkhoff-James ε-

orjogwniìthta, antÐstoiqa

F (T ) To klasikì arijmhtikì pedÐo telest    pÐnaka

σ(T ) To f�sma telest    pÐnaka

F[·,·](T ) To arijmhtikì pedÐo telest    pÐnaka me qr sh hmieswte-

rikoÔ ginomènou

V (T ) To arijmhtikì pedÐo telest  me qr sh sunarthsiak¸n

F ε‖·‖(χ;ψ) To sÔnolo Birkhoff-James ε-orjogwniìthtac tou χ wc

proc ψ

JF ε‖·‖(χ1, χ2, . . . , χκ;ψ) To sunjetikì sÔnolo Birkhoff-James ε-orjogwniìthtac

twn χ1, χ2, . . . , χκ wc proc ψ



SX (0, 1) H monadiaÐa sfaÐra tou q¸rou X
D(·, ·) O dÐskoc me antÐstoiqo kèntro kai aktÐna

cos
‖·‖
BJ(χ, ψ) To Birkhoff-James sunhmÐtono tou χ me to ψ

P (z) Dianusmatikì polu¸numo

W ε
‖·‖(P (z);ψ) To sÔnolo Birkhoff-James ε-orjogwniìthtac tou

P (z) wc proc to ψ

r̂ε‖·‖(χ;ψ) H eswterik  aktÐna Birkhoff-James ε-orjogw-

niìthtac tou χ wc proc to ψ

rε‖·‖(χ;ψ) H exwterik  aktÐna Birkhoff-James ε-orjogw-

niìthtac tou χ wc proc to ψ



Eisagwg 

Sthn paroÔsa Diatrib  melet�me th genÐkeush tou orismoÔ tou arijmhtikoÔ pedÐou

kai proteÐnoume th qr sh enìc sunhmitìnou se grammikoÔc q¸rouc me nìrma. Gia

perissìtero apì ènan ai¸na, h ènnoia tou arijmhtikoÔ pedÐou èqei kentrÐsei to en-

diafèron twn ereunht¸n kurÐwc apì thn perioq  thc Grammik c 'Algebrac kai apì

thn perioq  thc jewrÐac twn Grammik¸n Telest¸n. Up�rqei ploÔsia ereunhtik 

drasthriìthta ston tomèa autìn pou èqei odhg sei sth dhmosÐeush ekatont�dwn e-

pisthmonik¸n �rjrwn. Parìla aut�, mèqri prìsfata, den up rqe kanèna arijmhtikì

pedÐo pou na mporeÐ na oristeÐ se mh tetragwnikì pÐnaka miac kai autì basizìtan

sthn ènnoia tou eswterikoÔ ginomènou. Oi Chorianopoulos kai Psarrakos sto [13]

ìrisan to sÔnolo Birkhoff-James ε-orjogwniìthtac gia pÐnakec, en¸ sto [32] to

sÔnolo autì genikeÔthke se grammikoÔc q¸rouc me nìrma, apì touc Karamanlis kai

Psarrakos. EmeÐc suneqÐzoume th melèth autoÔ tou sunìlou. Kombikì shmeÐo sthn

arq  thc èreun�c mac eÐnai h kajièrwsh enìc isodÔnamou orismoÔ me qr sh sunarth-

siak¸n, o opoÐoc odhgeÐ me polÔ �meso trìpo sthn upoprosjetikìthta tou sunìlou,

h opoÐa den eÐqe apodeiqjeÐ mèqri t¸ra. Autì mac dÐnei th dunatìthta na ex�goume

kai �lla apotelèsmata pou sqetÐzontai me thn ploÔsia dom  tou sunìlou.

H ìlh mac melèth odhgeÐ ston orismì enìc sunhmitìnou, pou en¸ arqik� orÐsthke

mèsa apì aut� ta sÔnola Birkhoff-James ε-orjogwniìthtac, telik� apodeÐqjhke ìti

eÐnai Ðdioc me ton orismì tou Szostok [55]. Oi gewmetrikèc idiìthtec twn sunìlwn mac

dÐnoun th dunatìthta na ex�goume epiplèon apotelèsmata. 'Opwc eÐnai logikì, k�-

poioc ektìc apì to na ergasteÐ me sunhmÐtona kai gwnÐec metaxÔ dianusm�twn, mporeÐ

na melet sei sunhmÐtona kai gwnÐec telest¸n. Sto [53] apodeiknÔontai k�poioi ori-

smoÐ gia thn orjogwniìthta telest¸n se pragmatikoÔc q¸rouc. EpekteÐnoume touc

qarakthrismoÔc autoÔc se migadikoÔc grammikoÔc q¸rouc. Ta sugkekrimèna apote-

lèsmata apoteloÔn prosp�jeia epèktashc tou gnwstoÔ Jewr matoc Bhatia-



Šemrl to opoÐo sundèei thn orjogwniìthta twn telest¸n me thn kajetìthta (me

eswterikì eswterikì ginìmeno) eikìnwn touc.

Sugkekrimèna, sto deÔtero kef�laio, diatup¸noume ton isodÔnamo orismì gia

to sÔnolo Birkhoff-James ε-orjogwniìthtac dÔo stoiqeÐwn χ, ψ enìc (migadikoÔ)

dianusmatikoÔ q¸rou me nìrma (X , ‖ · ‖),

F ε‖·‖(χ;ψ) =
{
µ ∈ C : ‖ψ − λχ‖ >

√
1− ε2 ‖ψ‖ |µ− λ|, ∀λ ∈ C

}
,

me qr sh grammik¸n sunarthsiak¸n:

F ε‖·‖(χ;ψ) =

{
f(χ)√

1− ε2‖ψ‖
∈ C : f ∈ Lε(ψ)

}
,

ìpou

Lε(ψ) =
{
f ∈ X ∗ : f(ψ) =

√
1− ε2‖ψ‖, ‖f‖ 6 1

}
.

ApodeiknÔontai idiìthtèc tou, an�mesa stic opoÐec eÐnai aut  thc upoprosjetikìth-

tac, dhlad  F ε‖·‖(χ1 + χ2;ψ) ⊆ F ε‖·‖(χ1;ψ) + F ε‖·‖(χ2;ψ) gia k�je χ1, χ2, ψ ∈ X .
Sto trÐto kef�laio eis�getai h ènnoia tou Birkhoff-James sunhmitìnou (thc kur-

t c gwnÐac) dÔo mh mhdenik¸n dianusm�twn χ, ψ ∈ X ,

cos
‖·‖
BJ(χ, ψ) = min

{
ε ∈ [0, 1) : 0 ∈ F ε‖·‖(ψ;χ)

}
.

To wc �nw sunhmÐtono eÐnai kal� orismèno afoÔ to el�qisto zhtoÔmeno ε eÐnai mo-

nadikì lìgw thc sunèqeiac kai thc monotonÐac thc apeikìnishc ε 7→ F ε‖·‖(ψ;χ). Sthn

perÐptwsh pou h nìrma ‖·‖ ep�getai apì èna eswterikì ginìmeno 〈·, ·〉, apodeiknÔetai
ìti

cos
‖·‖
BJ(χ, ψ) =

|〈ψ, χ〉|
‖χ‖ ‖ψ‖

,

dhlad , o orismìc autìc eÐnai sumbatìc me to sun jh orismì tou sunhmitìnou stouc

q¸rouc eswterikoÔ ginomènou. Melet¸ntai oi idiìthtec tou Birkhoff-James sunhmi-

tìnou kaj¸c kai oi sqèseic tou me to P-sunhmÐtono (sunhmÐtono pou prokÔptei apì

thn Pujagìreia orjogwniìthta kai ton gnwstì Nìmo twn Sunhmitìnwn) kai me to

I-sunhmÐtono (to sunhmÐtono pou proèrqetai apì thn isoskel  orjogwniìthta).

Sto tètarto kef�laio orÐzetai to Birkhoff-James sunhmÐtono telest¸n

cos
‖·‖
BJ(T,A) = min {ε ∈ [0, 1) : T ⊥εBJ A}

= min
{
ε ∈ [0, 1) : ‖T − λA‖ ≥

√
1− ε2‖T‖, ∀λ ∈ C

}
,



ìpou T,A grammikoÐ telestèc me T, A : X −→ Y kai X , Y grammikoÐ q¸roi me

nìrma. Sto Ðdio kef�laio, gÐnetai h epèktash tou Jewr matoc Bhatia-Šemrl gia

migadikoÔc grammikoÔc q¸rouc.

Sto pèmpto kef�laio, melet¸ntai to sÔnolo Birkhoff-James ε-orjogwniìthtac

dianusmatik¸n poluwnÔmwn miac migadik c metablht c kai oi gewmetrikèc idiìthtèc

tou. Sugkekrimèna, gia èna dianusmatikì polu¸numo

P (z) = χmz
m + χm−1z

m−1 + · · ·+ χ1z + χ0, χ0, χ1, . . . , χm ∈ X , χm 6= 0,

to sÔnolo Birkhoff-James ε-orjogwniìthtac orÐzetai wc ex c:

W ε
‖·‖(P (z);ψ) =

{
µ ∈ C : 0 ∈ F ε‖·‖(P (µ);ψ)

}
=

{
µ ∈ C : ‖P (µ)− λψ‖ >

√
1− ε2 ‖ψ‖ |λ|, ∀λ ∈ C

}
.

ApodeiknÔetai ìti to sÔnolo W ε
‖·‖(P (z);ψ) eÐnai fragmèno an kai mìno an

0 6∈ F ε‖·‖(χm;ψ), kai upologÐzetai to mègisto dunatì pl joc sunektik¸n tmhm�-

twn tou W ε
‖·‖(P (z);ψ) ìtan autì eÐnai fragmèno. Melet�tai h isqur  sÔndesh enìc

sunoriakoÔ shmeÐou z0 ∈ W ε
‖·‖(P (z);ψ) me to 0 wc sunoriakì shmeÐo tou sunì-

lou F ε‖·‖(P (z0);ψ), kaj¸c kai h topik  (topologik ) di�stash tou 0 sto sÔnolo

F ε‖·‖(P (z0);ψ) dedomènhc thc topik c di�stashc tou z0 ∈W ε
‖·‖(P (z);ψ) sto sÔnolo

W ε
‖·‖(P (z);ψ).

DhmosieÔseic apì thn paroÔsa diatrib 

• V. Panagakou, P. Psarrakos and N. Yannakakis, Birkhoff-James epsilon or-
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thematical Analysis and Applications, v. 454 (2017), pp. 59-78.

• V. Panagakou, P. Psarrakos and N. Yannakakis, A Birkhoff-James cosine for
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Kef�laio 1

SÔnolo Birkhoff-James

ε-Orjogwniìthtac

1.1 Birkhoff-James Orjogwniìthta

An jewr soume opoiond pote grammikì q¸ro, tou opoÐou h nìrma tou ep�getai

apì eswterikì ginìmeno, den up�rqei amfibolÐa gia to ti eÐdouc orjogwniìthta

èqoume sto nou mac. Se ènan q¸ro eswterikoÔ ginomènou (X , 〈·, ·〉) epÐ tou

s¸matocK, (ìpouK = R   C), ta stoiqeÐa χ kai ψ eÐnai orjog¸nia an kai mìno

an 〈χ, ψ〉 = 0. Ti sumbaÐnei ìmwc ìtan h nìrma den ep�getai apì eswterikì

ginìmeno kai o q¸roc eÐnai mìno grammikìc; Ja mporoÔsame na melet soume

k�poiou eÐdouc orjogwniìthta kai me poion trìpo; ArketoÐ orismoÐ èqoun dojeÐ

apì touc ereunhtèc, ìpwc h Birkhoff-James orjogwniìthta, h Isoskel c, h

Pujagìreia klp. [2, 8, 29].

UpenjumÐzoume ton basikì orismì thc Birkhoff-James orjogwniìthtac, o

opoÐoc arqik�  tan gia pragmatikoÔc grammikoÔc q¸rouc, all� argìtera qrh-

simopoi jhke kai gia migadikoÔc, kaj¸c kai merikèc basikèc idiìthtèc [8, 29].

Orismìc 1.1. 'Estw ènac grammikìc q¸roc me nìrma (X , ‖ · ‖) kai dÔo stoi-

qeÐa tou, to χ kai to ψ. Ja lème ìti to stoiqeÐo χ eÐnai Birkhoff-James

orjog¸nio sto ψ kai ja sumbolÐzoume χ ⊥BJ ψ an kai mìno an

‖χ+ λψ‖ ≥ ‖χ‖, gia k�je λ ∈ C.



2 SÔnolo Birkhoff-James ε-Orjogwniìthtac

ParathroÔme ìti, h Birkhoff-James orjogwniìthta eÐnai omogen c, dhlad ,

an χ ⊥BJ ψ, tìte αχ ⊥BJ βψ gia opoiad pote α, β ∈ C . Pr�gmati, jewroÔme

dÔo arijmoÔc α, β ∈ C me α 6= 0. Tìte an χ ⊥BJ ψ, èqoume ìti

‖αχ+ λβψ‖ = |α|
∥∥∥∥χ+ λ

β

α
ψ

∥∥∥∥
≥ |α| ‖χ+ κψ‖

(
gia κ = λ

β

α

)
≥ |α| ‖χ‖ = ‖αχ‖.

Gia α = 0, isqÔei kat� profan  trìpo.

Parat rhsh 1.2. H Birkhoff-James orjogwniìthta den eÐnai summetrik . Pr�g-

mati, èstw o migadikìc q¸roc me nìrma (C3, ‖ · ‖1). JewroÔme ta stoiqeÐa

χ =


1

2

0

 kai ψ =


0

−1

1

 tou q¸rou C3. Tìte gia k�je λ ∈ C:

‖χ+ λψ‖1 =

∥∥∥∥∥∥∥∥


1

2− λ
λ


∥∥∥∥∥∥∥∥

1

= 1 + |2− λ|+ |λ| ≥ 3 = ‖χ‖1,

dhlad  χ ⊥BJ ψ.
AntÐjeta, gia λ =

1

2
, èqoume

‖ψ + λχ‖1 =

∥∥∥∥∥∥∥∥


λ

−1 + 2λ

1


∥∥∥∥∥∥∥∥

1

=

∥∥∥∥∥∥∥∥


1

2
−1 + 1

1


∥∥∥∥∥∥∥∥

1

=
3

2
� 2 = ‖ψ‖1,

dhlad  ψ 6⊥BJ χ.

Parat rhsh 1.3. H Birkhoff-James orjogwniìthta den eÐnai prosjetik . Pr�g-

mati, èstw o migadikìc q¸roc me nìrma (C3, ‖ · ‖1). JewroÔme ta stoiqeÐa

χ =


1

2

0

, ψ =


0

−1

1

 kai ζ =


1

2
1

2

−1

 tou q¸rou C3. Tìte gia k�je

λ ∈ C èqoume
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‖χ+ λψ‖1 =

∥∥∥∥∥∥∥∥


1

2− λ
λ


∥∥∥∥∥∥∥∥

1

= 1 + |2− λ|+ |λ| ≥ 3 = ‖χ‖1,

dhlad  χ ⊥BJ ψ kai

‖χ+ λζ‖1 =

∥∥∥∥∥∥∥∥∥∥


1 +

λ

2

2 +
λ

2

−λ


∥∥∥∥∥∥∥∥∥∥

1

=

∣∣∣∣1 +
λ

2

∣∣∣∣+

∣∣∣∣2 +
λ

2

∣∣∣∣+ | − λ| ≥ 3 = ‖χ‖1,

dhlad  χ ⊥BJ ζ.
AntÐjeta, gia λ = −2, èqoume

‖χ+ λ(ψ + ζ)‖1 =

∥∥∥∥∥∥∥∥∥∥


1 +

λ

2

2− λ

2

0


∥∥∥∥∥∥∥∥∥∥

1

=

∥∥∥∥∥∥∥∥


0

1

0


∥∥∥∥∥∥∥∥

1

= 1 � 3 = ‖χ‖1,

dhlad  χ 6⊥BJ (ψ + ζ).

H Birkhoff-James orjogwniìthta den eÐnai tetrimmènh ston grammikì q¸ro

(X , ‖ · ‖) ìpwc parathroÔme sto epìmeno l mma [29].

L mma 1.4. An χ kai ψ eÐnai dÔo stoiqeÐa enìc grammikoÔ q¸rou me nìrma,

tìte up�rqei arijmìc a ∈ K tètoioc ¸ste χ ⊥BJ (ψ + aχ).

Je¸rhma 1.5. [29] 'Estw f èna grammikì sunarthsiakì tou grammikoÔ q¸-

rou (X , ‖ · ‖) me f 6= 0. Tìte,

|f(χ)| = ‖f‖ ‖χ‖ an kai mìno an χ ⊥BJ H,

ìpou H to uperepÐpedo ìlwn twn stoiqeÐwn h gia ta opoÐa f(h) = 0.

ParathroÔme ìti, an h nìrma tou grammikoÔ q¸rou ‖ · ‖ ep�getai apì èna

eswterikì ginìmeno 〈·, ·〉, tìte h Birkhoff-James orjogwniìthta isodunameÐ me
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thn klasik  orjogwniìthta. Pr�gmati, isqÔei ìti

‖χ+ λψ‖2 = 〈χ+ λψ, χ+ λψ〉

= 〈χ, χ+ λψ〉+ λ〈ψ, χ+ λψ〉

= 〈χ+ λψ, χ〉+ λ〈χ+ λψ, ψ〉

= ‖χ‖2 + λ 〈ψ, χ〉+ λ〈χ, ψ〉+ λλ‖ψ‖2

= ‖χ‖2 + λ〈χ, ψ〉+ λ〈χ, ψ〉+ |λ|2‖ψ‖2.

Opìte, an upojèsoume ìti 〈χ, ψ〉 6= 0, gia λ = −〈χ, ψ〉
〈ψ, ψ〉

= −〈χ, ψ〉
‖ψ‖2

èqoume

‖χ+ λψ‖2 = ‖χ‖2 − 〈χ, ψ〉
‖ψ‖2

〈χ, ψ〉 − 〈χ, ψ〉
‖ψ‖2

〈χ, ψ〉+
〈χ, ψ〉2

‖ψ‖4
‖ψ‖2

= ‖χ‖2 − 〈χ, ψ〉
‖ψ‖2

〈χ, ψ〉 < ‖χ‖2.

to opoÐo shmaÐnei ìti χ 6⊥BJ ψ.
AntÐstrofa t¸ra, an 〈χ, ψ〉 = 0, tìte gia k�je λ ∈ C èqoume

‖χ+ λψ‖2 = 〈χ+ λψ, χ+ λψ〉 = ‖χ‖2 + | λ |2‖ψ‖2 ≥ ‖χ‖2.

Epomènwc, χ ⊥BJ ψ, kai katal goume sthn akìloujh prìtash.

Prìtash 1.6. 'Estw (X , 〈·, ·〉) ènac q¸roc eswterikoÔ ginomènou. Tìte gia
ta stoiqeÐa χ kai ψ tou q¸rou X isqÔei

〈χ, ψ〉 = 0 an kai mìno an χ ⊥BJ ψ.

Orismìc 1.7. H Birkhoff-James orjogwniìthta onom�zetai dexi� monadik 

an gia k�je stoiqeÐo χ 6= 0 kai ψ, up�rqei monadikìc arijmìc a tètoioc ¸ste

χ ⊥BJ (ψ + aχ).

UpenjumÐzoume ton orismì tou leÐou q¸rou, anafèrontac arqik� ton ori-

smì tou support uperepipèdou   uperepipèdou st rixhc [44].

Orismìc 1.8. 'Estw A uposÔnolo enìc grammikoÔ q¸rou X . 'Ena mh mh-

denikì sunarthsiakì f ∈ X ∗ lègetai support sunarthsiakì (  sunarthsiakì

st rixhc) gia to A, an up�rqei èna χ0 sto A tètoio ¸ste

Ref(χ0) = sup{Ref(χ) : χ ∈ A}.
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To χ0 lègetai support shmeÐo (  shmeÐo st rixhc) tou A. To sÔnolo

{χ : χ ∈ X , Re f(χ) = Re f(χ0)}

lègetai support uperepÐpedo (  uperepÐpedo st rixhc) gia to A.

Orismìc 1.9. 'Enac grammikìc q¸roc me nìrma (X , ‖·‖) lègetai leÐoc an gia
k�je stoiqeÐo χ thc monadiaÐac sfaÐrac tou q¸rou SX (0, 1) up�rqei monadikì

support uperepÐpedo sto shmeÐo autì.

Je¸rhma 1.10. [29] H Birkhoff-James orjogwniìthta eÐnai prosjetik  se

èna grammikì q¸ro me nìrma an kai mìno an eÐnai dexi� monadik  an kai mìno

an o q¸roc eÐnai leÐoc.

An upojèsoume ìti o q¸roc eÐnai di�stashc megalÔterhc   Ðshc tou 3, tìte

prokÔptei to parak�tw je¸rhma [30].

Je¸rhma 1.11. H Birkhoff-James orjogwniìthta eÐnai summetrik  an kai

mìno an h nìrma ‖ · ‖ ep�getai apì èna eswterikì ginìmeno 〈·, ·〉.

Tèloc, blèpoume th sqèsh thc Birkhoff-James orjogwniìthtac me to hmie-

swterikì ginìmeno. UpenjumÐzoume ton orismì tou hmieswterikoÔ ginomènou

[·, ·] gia grammikì q¸ro me nìrma (X , ‖ · ‖), ètsi ìpwc diamorf¸jhke apì touc

Lumer kai Giles.

Orismìc 1.12. [17, 20, 39] H apeikìnish [·, ·] : X × X −→ C lègetai

hmieswterikì ginìmeno an:

1. [χ, χ] ≥ 0, gia k�je χ ∈ X kai [χ, χ] = 0 an kai mìno an χ = 0,

2. [λχ, ψ] = λ[χ, ψ], gia k�je χ, ψ ∈ X , λ ∈ C,

3. [χ, λψ] = λ[χ, ψ], gia k�je χ, ψ ∈ X , λ ∈ C,

4. [χ+ ζ, ψ] = [χ, ψ] + [ζ, ψ], gia k�je χ, ψ, ζ ∈ X ,

5. |[χ, ψ]|2 ≤ [χ, χ] [ψ, ψ], gia k�je χ, ψ ∈ X , λ ∈ C.
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To stoiqeÐo χ eÐnai orjog¸nio sto ψ wc proc to hmieswterikì ginìmeno,

pou sumbolÐzoume χ ⊥[·,·] ψ, an isqÔei [ψ, χ] = 0.

Je¸rhma 1.13. 'Estw ènac grammikìc q¸roc me nìrma (X , ‖·‖) kai [·, ·] èna
hmieswterikì ginìmeno pou par�getai apì th nìrma. JewroÔme dÔo stoiqeÐa

χ, ψ ∈ X . An χ ⊥[·,·] ψ, tìte χ ⊥BJ ψ.

Apìdeixh. 'Estw χ ⊥[·,·] y. An χ = 0, tìte profan¸c isqÔei. 'Estw χ 6= 0.

Tìte, gia k�je λ ∈ C èqoume

‖χ‖2 = [χ, χ]

= [χ+ λψ, χ] (afoÔ [ψ, χ] = 0)

≤ ‖χ‖ ‖χ+ λψ‖.

'Ara χ ⊥BJ ψ.

Parat rhsh 1.14. To antÐstrofo den eÐnai alhjèc en gènei, lìgw thc mh mo-

nadikìthtac orismoÔ hmieswterikoÔ ginomènou. Pr�gmati, jewroÔme ton gram-

mikì q¸ro (C3, ‖ · ‖1). Tìte to

[χ, ψ] = ‖ψ‖1

3∑
k=1
ψk 6=0

χkψk
|ψk|

, ìpou χ, ψ ∈ C3,

eÐnai èna hmieswterikì ginìmeno ston q¸ro C3 pou par�getai apì th nìrma

‖ · ‖1. JewroÔme ta stoiqeÐa χ =


1

1

0

 kai ψ =


1

0

0

 tou q¸rou C3. Tìte

èqoume ìti

‖ψ + λχ‖1 =

∥∥∥∥∥∥∥∥


1 + λ

λ

0


∥∥∥∥∥∥∥∥

1

= |1 + λ|+ |λ|.

Epomènwc,

‖ψ‖1 = 1 ≤ |1 + λ|+ |λ| = ‖ψ + λψ‖1, gia k�je λ ∈ C,
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dhlad , ψ ⊥BJ χ. Parìla aut�, [χ, ψ] = 1 6= 0.

Autì pou alhjeÔei eÐnai ìti up�rqei èna hmieswterikì ginìmeno tou opoÐou

h orjogwniìthta sqetÐzetai me thn Birkhoff-James orjogwniìthta. Wc ek toÔ-

tou, h isodunamÐa alhjeÔei ìtan èqoume leÐo q¸ro, afoÔ tìte to hmieswterikì

ginìmeno eÐnai monadikì [20].

1.2 Birkhoff-James ε-Orjogwniìthta

JewroÔme ènan q¸ro eswterikoÔ ginomènou (X , 〈·, ·〉), dÔo stoiqeÐa χ, ψ ∈ X
kai ε ∈ [0, 1). Tìte, mèsw autoÔ tou eswterikoÔ ginomènou, mporeÐ na oristeÐ

kai h proseggistik  orjogwniìthta:

χ⊥ε〈·,·〉 ψ ⇔ |〈χ, ψ〉| ≤ ε‖χ‖‖ψ‖.

Me antÐstoiqh logik  orÐzontai kai oi akìloujec proseggistikèc orjogwniì-

thtec pou prokÔptoun apì thn Birkhoff-James orjogwniìthta [11, 16]:

• χ⊥εBJD ψ ⇔ ‖χ+ λψ‖ ≥ (1− ε)‖χ‖, ∀λ ∈ C.

• χ⊥εBJ ψ ⇔ ‖χ+ λψ‖ ≥
√

1− ε2‖χ‖, ∀λ ∈ C.

• χ⊥εBJC ψ ⇔ ‖χ+ λψ‖2 ≥ ‖χ‖2 − 2 ε‖χ‖‖λψ‖, ∀λ ∈ C.

Parat rhsh 1.15. 1. ParathroÔme ìti gia ε = 0 autèc oi orjogwniìthtec

tautÐzontai me thn klasik  Birkhoff-James orjogwniìthta.

2. Oi parap�nw proseggistikèc orjogwniìthtec, ìpwc mporoÔme na doÔme,

eÐnai omogeneÐc, en¸ den diajètoun summetrÐa kai prosjetikìthta.

Parat rhsh 1.16. Oi parap�nw proseggistikèc orjogwniìthtec susqetÐzon-

tai. Profan¸c isqÔei ìti

χ⊥εBJ ψ ⇔ χ⊥ρBJD ψ, me ρ = ρ(ε) = 1−
√

1− ε2,

dhlad  oi dÔo pr¸tec proseggistikèc orjogwniìthtec eÐnai praktik� isodÔna-

mec.
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Gia dÔo stoiqeÐa χ kai ψ tou grammikoÔ q¸rou me nìrma (X , ‖ · ‖) parath-
roÔme ìti, afoÔ h apeikìnish λ 7→ ‖χ+ λψ‖ èqei min, tìte up�rqei k�poio λ0

tètoio ¸ste (χ+ λ0ψ) ⊥ ψ [29], dhlad 

‖(χ+ λ0ψ) + λψ‖ ≥ ‖χ+ λ0ψ‖, gia k�je λ ∈ K.

Gia λ = −λ0, lìgw thc sqèshc thc orjogwniìthtac all� kai thc trigwnik c

anisìthtac, isqÔei ìti |λ0| ≤
2‖χ‖
‖ψ‖

. JewroÔme èna ε ∈ [0, 1). Upojètontac

ìti χ ⊥εBJC ψ kai qrhsimopoi¸ntac thn parap�nw sqèsh pou br kame gia to

λ0, katal goume sto ex c:

‖χ+ λψ‖2 ≥ ‖χ+ λ0ψ‖2 ≥ ‖χ‖2 − 2ε|λ0| ‖χ‖ ‖ψ‖ ≥ (1− 4ε)‖χ‖2, ∀λ ∈ K.

Epomènwc, an p�roume wc periorismì to ε na an kei sto

[
0,

1

4

]
tìte, jètontac

ρ = 2
√
ε, èqoume ìti χ ⊥ρBJ ψ. 'Ara, katal xame sthn akìloujh prìtash.

Prìtash 1.17. 'Estw ènac grammikìc q¸roc me nìrma (X , ‖·‖), ε ∈
[
0,

1

4

]
kai dÔo stoiqeÐa tou q¸rou, ta χ kai ψ tètoia ¸ste χ ⊥εBJC ψ. Tìte χ ⊥

ρ
BJ ψ,

ìpou ρ = 2
√
ε.

Lìgw thc isodunamÐac thc Birkhoff-James ε-orjogwniìthtac me thn Birkhoff-

James-Dragomir ε-orjogwniìthta katal goume sthn ex c prìtash:

Prìtash 1.18. [45, Prìtash 3.1] 'Estw grammikìc q¸roc me nìrma (X , ‖·‖),

èna ε ∈
[
0,

1

4

]
kai dÔo stoiqeÐa χ kai ψ tou q¸rou X tètoia ¸ste χ ⊥εBJC ψ.

Tìte, χ ⊥δBJD ψ, ìpou δ = 1−
√

1− 4ε.

'Estw (X , 〈·, ·〉) ènac q¸roc eswterikoÔ ginomènou, ε ∈ [0, 1) kai dÔo

stoiqeÐa χ kai ψ tou q¸rou autoÔ tètoia ¸ste |〈χ, ψ〉| ≤ ε‖χ‖ ‖ψ‖. Gia

λ = −〈χ, ψ〉
‖ψ‖2

parathroÔme ìti

‖χ+ λψ‖2 = ‖χ‖2 + λ〈χ, ψ〉+ λ〈χ, ψ〉+ |λ|2‖ψ‖2 ≥ (1− ε2)‖χ‖2,

 

‖χ‖2 − |〈χ, ψ〉|
2

‖ψ‖2
− |〈χ, ψ〉|

2

‖ψ‖2
+
|〈χ, ψ〉|2

‖ψ‖4
‖ψ‖2 ≥ (1− ε2)‖χ‖2,
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−|〈χ, ψ〉|
2

‖ψ‖2
≥ −ε2‖χ‖2,

 

|〈χ, ψ〉|2 ≤ ε2‖χ‖2‖ψ‖2.

Sunep¸c, prokÔptei h proseggistik  orjogwniìthtac wc proc to eswterikì

ginìmeno.

AntÐstrofa t¸ra, an upojèsoume ìti gia ta stoiqeÐa χ kai ψ tou q¸rou

X isqÔei ìti |〈χ, ψ〉| ≤ ε‖χ‖ ‖ψ‖, tìte èqoume

Reλ〈χ, ψ〉 ≤ |λ〈χ, ψ〉| ≤ ε |λ| ‖χ‖ ‖ψ‖.

Epomènwc,

‖χ+ λψ‖2 = 〈χ+ λψ, χ+ λψ〉

= ‖χ‖2 + λ〈χ, ψ〉+ λ〈χ, ψ〉+ |λ|2‖ψ‖2

= ‖χ‖2 + 2Reλ〈χ, ψ〉+ |λ|2‖ψ‖2

≥ ‖χ‖2 − 2|λ〈χ, ψ〉|+ |λ|2‖ψ‖2

≥ ‖χ‖2 − ε |λ| ‖χ‖ ‖ψ‖+ |λ|2‖ψ‖2

≥ ‖χ‖2 − ε2‖χ‖2 + ε2‖χ‖2 − 2ε |λ| ‖χ‖ ‖ψ‖+ |λ|2‖ψ‖2

≥ ‖χ‖2 − ε2‖χ‖2 + (ε‖χ‖ − |λ| ‖ψ‖)2

≥ ‖χ‖2 − ε2‖χ‖2

≥ (1− ε2)‖χ‖2,

dhlad  katal xame sthn Birkhoff-James ε-orjogwniìthta. Epomènwc, isqÔei

h akìloujh prìtash.

Prìtash 1.19. 'Estw ènac q¸roc eswterikoÔ ginomènou (X , 〈·, ·〉), dÔo

stoiqeÐa tou, χ kai ψ kai ε ∈ [0, 1). Tìte

χ ⊥ε〈·,·〉 ψ an kai mìno an χ ⊥εBJ ψ.



10 SÔnolo Birkhoff-James ε-Orjogwniìthtac

Lìgw thc isodunamÐac thc Birkhoff-James ε-orjogwniìthtac kai thc Birkhoff-

James-Dragomir ε-orjogwniìthtac, profan¸c isqÔei kai to ex c [16]: Se q¸-

ro eswterikoÔ ginomènou (X , 〈·, ·〉) h sqèsh χ⊥εBJD ψ eÐnai isodÔnamh me th

sqèsh χ⊥ρ(ε)
〈·,·〉 ψ, ìpou ρ(ε) =

√
ε(2− ε), gia χ, ψ ∈ X .

Prìtash 1.20. [11, Prìtash 2.1] An (X , 〈·, ·〉) eÐnai ènac q¸roc eswterikoÔ
ginomènou kai χ, ψ ∈ X , tìte gia opoiod pote ε ∈ [0, 1),

χ ⊥ε〈·,·〉 ψ an kai mìno an χ ⊥εBJC ψ.

Apìdeixh. JewroÔme dÔo stoiqeÐa χ kai ψ tou grammikoÔ q¸rou X . Upojè-

toume ìti |〈χ, ψ〉| ≤ ε‖χ‖ ‖ψ‖. K�nontac pr�xeic parathroÔme ìti

‖χ+ λψ‖2 = 〈χ+ λψ, χ+ λψ〉

= ‖χ‖2 + 2Reλ〈χ, ψ〉+ |λ|2‖ψ‖2

≥ ‖χ‖2 + 2Reλ〈χ, ψ〉.

Tìte, me dedomènh thn proseggistik  orjogwniìthta tou eswterikoÔ ginomè-

nou, èqoume

‖χ+ λψ‖2 ≥ ‖χ‖2 + 2Reλ〈χ, ψ〉

≥ ‖χ‖2 − 2|λ〈χ, ψ〉|

≥ ‖χ‖2 − ε |λ| ‖χ‖ ‖ψ‖,

dhlad  to zhtoÔmeno.

Gia to antÐstrofo, upojètoume ìti χ ⊥εBJC ψ. Tìte gia λ = −〈χ, ψ〉
‖ψ‖2

,

k�nontac aplèc pr�xeic, ìpwc parap�nw, prokÔptei h proseggistik  orjogw-

niìthta wc proc to eswterikì ginìmeno:

‖χ+ λψ‖2 ≥ ‖χ‖2 − ε‖χ‖ |λ| ‖ψ‖

=⇒ |〈χ, ψ〉| ≤ ε‖χ‖ ‖ψ‖,

kai h apìdeixh oloklhr¸jhke.
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H ε-orjogwniìthta mèsw hmieswterikoÔ ginomènou [·, ·], gia ε ∈ [0, 1),

orÐzetai antÐstoiqa wc ex c:

χ⊥ε[·,·] ψ ⇔ |[ψ, χ]| ≤ ε‖χ‖‖χ‖.

Se èna dianusmatikì q¸ro me nìrma (X , ‖·‖) mporoÔn na oristoÔn diaforetik�
hmieswterik� ginìmena. 'Opwc parat rhse o J. Chmielinski [4], h Birkhoff-

James-Chmielinski ε-orjogwniìthta èqei �mesh sqèsh me thn proseggistik 

orjogwniìthta mèsw tou hmieswterikoÔ ginomènou. Gia thn akrÐbeia apèdeixe

ta ex c:

Prìtash 1.21. [11, Prìtash 3.1] Se grammikì q¸ro me nìrma (X , ‖ · ‖), me
χ, ψ ∈ X kai ε ∈ [0, 1), an χ⊥ε[·,·] ψ, tìte χ⊥εBJC ψ.

Se ènan grammikì q¸ro X ja up�rqei monadikì hmieswterikì ginìmeno (to

opoÐo ja ep�gei kai th nìrma) an kai mìno an o grammikìc q¸roc X eÐnai leÐoc.

Epomènwc, gia thn antÐstrofh sunepagwg  qrei�zetai kai aut  h epiplèon

proôpìjesh. 'Ara, ja isqÔei h akìloujh prìtash.

Prìtash 1.22. [11, Prìtash 3.2] Se èna leÐo q¸ro (X , ‖ · ‖), me χ, ψ ∈ X
kai ε ∈ [0, 1), isqÔei ìti an χ⊥εBJC ψ, tìte χ⊥ε[·,·] ψ .

Lìgw twn parap�nw sunepagwg¸n, parathroÔme ìti an se ènan grammikì

q¸ro me nìrma (X , ‖ · ‖) me ε ∈
[
0,

1

4

]
kai dÔo stoiqeÐa χ, ψ ∈ X tètoia ¸ste

χ ⊥ε[·,·] ψ, tìte, lìgw thc Prìtashc 1.21, èqoume ìti χ ⊥εBJC ψ kai lìgw

thc Prìtashc 1.17, χ ⊥ρBJ ψ, ìpou ρ = 2
√
ε. Telik�, katal goume sthn

parak�tw prìtash.

Prìtash 1.23. 'Estw ènac grammikìc q¸roc me nìrma (X , ‖·‖), me χ, ψ ∈ X

kai ε ∈
[
0,

1

4

]
. An isqÔei ìti χ ⊥ε[·,·] ψ, tìte èqoume χ ⊥

ρ
BJ ψ, ìpou ρ = 2

√
ε.

1.3 Orismìc Sunìlou Birkhoff-James ε- Or-

jogwniìthtac

Sthn par�grafo aut  parousi�zetai o orismìc tou sunìlou Birkhoff-James ε-

orjogwniìthtac, ìpwc diamorf¸jhke autìc sta [13, 32]. ApoteleÐ genÐkeush,
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ìpwc ja doÔme, tou klasikoÔ arijmhtikoÔ pedÐou. O pr¸toc orismìc tou

klasikoÔ arijmhtikoÔ pedÐou dìjhke apì ton Toeplitz to 1918 sto [56] kai

aforoÔse fragmèno grammikì telest  T orismèno se ènan q¸ro Hilbert H
peperasmènhc di�stashc. Se aut  thn perÐptwsh to arijmhtikì pedÐo orÐzetai

wc ex c:

F (T ) = {〈Tχ, χ〉, χ ∈ H, ‖χ‖ = 1}.

Sthn perÐptwsh pou, antÐ gia telest , jewr soume ènan tetragwgikì pÐnaka

A tou Cn×n, prokÔptei to klasikì arijmhtikì pedÐo gia pÐnakec:

F (A) = {χ∗Aχ : χ ∈ Cn, χ∗χ = 1}.

Parousi�zoume epigrammatik� orismènec basikèc idiìthtec tou arijmhtikoÔ pe-

dÐou [24, 27]:

Prìtash 1.24. (i) F (T ) = {α} an kai mìno an T = αI, gia k�poio

α ∈ C.

(ii) F (T + αI) = F (T ) + α, gia k�je α ∈ C.

(iii) F (αT ) = αF (T ), gia k�je α ∈ C.

(iv) To arijmhtikì pedÐo èqei thn idiìthta thc upoprosjetikìthtac.

(v) To arijmhtikì pedÐo eÐnai kurtì sÔnolo.

(vi) To f�sma σ(T ) tou telest  perièqetai sthn kleistìthta tou arijmhtikoÔ

pedÐou tou.

(vii) An o telest c T eÐnai kanonikìc, tìte isqÔei F (T ) = co(σ(T )).

Oi parap�nw idiìthtec isqÔoun se tuqaÐo q¸ro Hilbert H. Sthn perÐptw-
sh pou o q¸roc Hilbert eÐnai peperasmènhc di�stashc, to arijmhtikì pedÐo

eÐnai sumpagèc sÔnolo [27], epomènwc oi dÔo teleutaÐec idiìthtec gr�fontai

aploÔstera wc σ(T ) ⊆ F (T ) kai F (T ) = co(σ(T )) me T kanonikì, antÐstoiqa.

O orismìc tou arijmhtikoÔ pedÐou genikeÔthke, apì ton Lumer, to 1961,

sto [39] me th qr sh hmieswterikoÔ ginomènou se ènan grammikì q¸ro X :

F[·,·](T ) = {[Tχ, χ], χ ∈ X , ‖χ‖ = 1},
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kai apì ton Bauer, to 1962, sto [6] me th qr sh sunarthsiak¸n, pou ja

anafèroume sto epìmeno kef�laio.

To 1999, oi Bhatia kai Šemrl asqol jhkan me èna zeÔgoc pin�kwn (A,B)

melet¸ntac thn posìthta 〈Aχ,Bχ〉, gia monadiaÐo di�nusma χ kai apèdeixan

sto [7] to parak�tw je¸rhma, to opoÐo sundèei to arijmhtikì pedÐo me thn

ènnoia thc Birkhoff-James orjogwniìthtac.

Je¸rhma 1.25. (Je¸rhma Bhatia-Šemrl) 'Estw ènac q¸roc Hilbert pe-

perasmènhc di�stash (H, 〈·, ·〉) kai dÔo pÐnakec A kai B ston q¸ro L(H). O

pÐnakac A eÐnai Birkhoff-James orjog¸nioc ston pÐnaka B an kai mìno an up�r-

qei èna monadiaÐo di�nusma χ ∈ H tètoio ¸ste ‖Aχ‖ = ‖A‖ kai 〈Aχ,Bχ〉 = 0.

Epomènwc, me th efarmog  tou jewr matoc gia B = I, h graf  tou arij-

mhtikoÔ pedÐou mporeÐ na gÐnei kai wc ex c:

F (A) = {µ ∈ C : I ⊥BJ (A− µI)}.

Apì aut n thn graf  tou arijmhtikoÔ pedÐou, oi Chorianopoulos kai Psar-

rakos odhg jhkan ston orismì tou sunìlou Birkhoff-James ε-orjogwniìthtac

gia èna zeÔgoc pin�kwn A kai B ∈ Cn×m, ìqi anagkastik� tetragwgik¸n, me

ε ∈ [0, 1) [13]:

F ε
‖·‖(A;B) = {µ ∈ C : B ⊥εBJ (A− µB)} .

Sth sunèqeia, oi Karamanlis kai Psarrakos genÐkeusan ton orismì autì stouc

migadikoÔc grammikoÔc q¸rouc [32].

Orismìc 1.26. 'Estw (X , ‖ · ‖) ènac grammikìc q¸roc me nìrma kai èstw
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dÔo stoiqeÐa χ, ψ ∈ X me ψ 6= 0. Tìte gia ε ∈ [0, 1), èqoume

F ε
‖·‖(χ;ψ) = {µ ∈ C : ψ ⊥εBJ (χ− µψ)}

=
{
µ ∈ C : ‖ψ + κ(χ− µψ)‖ ≥

√
1− ε2 ‖ψ‖, ∀κ ∈ C

}
=

{
µ ∈ C : ‖ψ − λ(χ− µψ)‖ ≥

√
1− ε2 ‖ψ‖, ∀λ ∈ C

}
=

{
µ ∈ C :

∥∥∥∥ψ − 1

λ
(χ− µψ)

∥∥∥∥ ≥ √1− ε2 ‖ψ‖, ∀λ ∈ C \ {0}
}

=

{
µ ∈ C :

1

|λ|
‖λψ − (χ− µψ)‖ ≥

√
1− ε2 ‖ψ‖, ∀λ ∈ C \ {0}

}
=

{
µ ∈ C : ‖χ− (µ− λ)ψ‖ ≥

√
1− ε2 ‖ψ‖ |λ|, ∀λ ∈ C

}
=

{
µ ∈ C : ‖χ− λψ‖ ≥

√
1− ε2 ‖ψ‖ |µ− λ|, ∀λ ∈ C

}
=

⋂
λ∈C

D
(
λ,
‖χ− λψ‖√
1− ε2 ‖ψ‖

)
.

Profan¸c, to parap�nw sÔnolo apoteleÐ genÐkeush tou arijmhtikoÔ pedÐ-

ou. Pr�gmati, sthn perÐptwsh pou jèsoume χ = T, ψ = I kai ε = 0 èqoume

F 0
‖·‖(T ; I) = {µ ∈ C : I ⊥BJ (T − µI)}

= F (T ).

1.4 Basikèc Idiìthtec

To sÔnolo Birkhoff-James ε-orjogwniìthtac èqei tic parak�tw idiìthtec, oi

apodeÐxeic twn opoÐwn mporoÔn na melethjoÔn stic antÐstoiqec anaforèc. Je-

wroÔme ènan grammikì q¸ro me nìrma (X , ‖ · ‖). Tìte isqÔoun ta parak�tw:

Prìtash 1.27. ([32, Prìtash 2.1] kai gia pÐnakec [12, L mma 3]) Gia o-

poiad pote stoiqeÐa χ, ψ ∈ X me ψ 6= 0 kai opoiod pote ε ∈ [0, 1) to sÔnolo

Birkhoff-James ε-orjogwniìthtac F ε
‖·‖(χ;ψ) eÐnai mh kenì.

Prìtash 1.28. [32, Prìtash 2.2] 'Estw dÔo stoiqeÐa χ, ψ ∈ X me ψ 6= 0

kai èstw ε ∈ [0, 1). Tìte gia opoiod pote mh mhdenikì b ∈ C,

F ε
‖·‖(χ; bψ) =

1

b
F ε
‖·‖(χ;ψ).
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Prìtash 1.29. ([32, Prìtash 2.3] kai gia pÐnakec [13, Idiìthta R4]) 'Estw

χ, ψ dÔo mh mhdenik� stoiqeÐa tou q¸rou X . Tìte gia opoiod pote ε ∈ [0, 1),{
µ−1 ∈ C : µ ∈ F ε

‖·‖(χ;ψ), |µ| ≥ ‖χ‖
‖ψ‖

}
⊆ F ε

‖·‖(ψ;χ).

Prìtash 1.30. [32, Prìtash 2.4] 'Estw ‖ · ‖a kai ‖ · ‖b dÔo isodÔnamec

nìrmec ston q¸ro X kai jewroÔme touc pragmatikoÔc arijmoÔc C, c > 0, oi

opoÐoi

c‖ζ‖a ≤ ‖ζ‖b ≤ C‖ζ‖a, gia k�je ζ ∈ X .

Tìte gia opoiad pote χ, ψ ∈ X me ψ 6= 0 kai gia opoiod pote ε ∈ [0, 1) isqÔei

ìti

F ε
‖·‖a(χ;ψ) ⊆ F ε′

‖·‖b(χ;ψ), ìpou ε′ =

√
1− c2(1− ε2)

C2
.

Je¸rhma 1.31. ([32, Je¸rhma 3.1] kai gia pÐnakec [13, Prìtash 2]) 'Estw

dÔo stoiqeÐa χ, ψ ∈ X me ψ 6= 0 kai upojètoume ìti to stoiqeÐo χ den eÐnai

pollapl�sio tou ψ. Tìte, gia opoiad pote 0 ≤ ε1 < ε2 < 1, to sÔnolo

F ε1
‖·‖(χ;ψ) brÐsketai sto eswterikì tou sunìlou F ε2

‖·‖(χ;ψ).

Pìrisma 1.32. ([32, Pìrisma 3.2] kai gia pÐnakec [13, Pìrisma 3]) 'Estw

dÔo stoiqeÐa χ, ψ ∈ X me ψ 6= 0 kai upojètoume ìti to stoiqeÐo χ den eÐnai

pollapl�sio tou ψ. Tìte gia opoiod pote ε ∈ (0, 1), to sÔnolo F ε
‖·‖(χ;ψ)

èqei mh kenì eswterikì.

Prìtash 1.33. ([32, Prìtash 3.3] kai gia pÐnakec [13, Idiìthta R1]) 'Estw

dÔo stoiqeÐa χ, ψ ∈ X me ψ 6= 0 . JewroÔme ènan migadikì arijmì a. Tìte

χ = aψ an kai mìno an F ε
‖·‖(χ;ψ) = {a} gia k�je ε ∈ [0, 1).

Prìtash 1.34. ([32, Prìtash 3.4] kai gia pÐnakec [13, Idiìthta R2]) 'Estw

dÔo stoiqeÐa χ, ψ ∈ X me ψ 6= 0 kai ε ∈ [0, 1). Tìte gia opoiad pote a, b ∈ C
èqoume,

F ε
‖·‖(aχ+ bψ;ψ) = aF ε

‖·‖(χ;ψ) + b.
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Parat rhsh 1.35. JewroÔme dÔo n × n pÐnakec A kai B me ton pÐnaka B na

eÐnai antistrèyimoc. Apì thn Prìtash 1.34, gnwrÐzoume ìti µ ∈ F 0
‖·‖2(A;B) an

kai mìno an 0 ∈ F 0
‖·‖2(A−µB;B). IsodÔnama, apì to Je¸rhma 1.25 (Je¸rhma

Bhatia-Šemrl), up�rqei monadikì di�nusma χ ∈ Cn tètoio ¸ste ‖Bχ‖2 = ‖B‖
kai

Bχ ⊥BJ (A− µB)χ ⇔ (Bχ)∗[(A− µB)χ] = 0

⇔ χ∗B∗(A− µB)χ = 0

⇔ χ∗B∗Aχ− µχ∗B∗Bχ = 0

⇔ µ =
χ∗B∗Aχ

χ∗B∗Bχ
(afoÔ Bχ 6= 0).

Epomènwc,

F 0
‖·‖(A;B) =

{
µ ∈ C : µ =

χ∗B∗Aχ

χ∗B∗Bχ
, χ ∈ Cn, ‖χ‖2 = 1, ‖Bχ‖2 = ‖B‖

}
⊆

{
µ ∈ C : µ =

χ∗B∗Aχ

χ∗B∗Bχ
, χ ∈ Cn, ‖χ‖2 = 1

}
.

To sÔnolo autì eÐnai gnwstì wc to arijmhtikì pedÐo thc grammik c dèsmhc

(linear pencil) L(z) = (B∗B)z − (B∗A).

Je¸rhma 1.36. ([32, Je¸rhma 3.5] kai gia pÐnakec [13, Prìtash 4]) 'Estw

dÔo stoiqeÐa χ, ψ ∈ X me ψ 6= 0 kai upojètoume ìti to χ den eÐnai pollapl�sio

tou ψ. Tìte gia opoiad pote fragmènh perioq  Ω ⊆ C, up�rqei εΩ ∈ [0, 1)

tètoio ¸ste Ω ⊆ F εΩ
‖·‖(χ;ψ).

Pìrisma 1.37. [32, Pìrisma 3.6] 'Estw dÔo stoiqeÐa χ, ψ ∈ X me ψ 6= 0.

An to χ den eÐnai pollapl�sio tou ψ, tìte

C =
⋃
n∈N

F
1− 1

n

‖·‖ (χ;ψ).

Prìtash 1.38. ([32, Prìtash 4.1] kai gia pÐnakec [13, Idiìthta R5]) 'Estw

dÔo stoiqeÐa χ, ψ ∈ X me ψ 6= 0. Tìte gia opoiod pote ε ∈ [0, 1)

Int
[
F ε
‖·‖(χ;ψ)

]
⊆
{
µ ∈ C : ‖χ− λψ‖ >

√
1− ε2‖ψ‖ |µ− λ|, ∀λ ∈ C

}
.
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Je¸rhma 1.39. ([32, Je¸rhma 4.2] kai gia pÐnakec [13, Prìtash 16]) 'Estw

dÔo stoiqeÐa χ, ψ ∈ X me ψ 6= 0 kai ε ∈ [0, 1). JewroÔme ìti µ0 ∈ F ε
‖·‖(χ;ψ).

(1) To µ0 brÐsketai sto sÔnoro ∂F ε
‖·‖(χ;ψ) an kai mìno an

inf
λ∈C

{
‖χ− λψ‖ −

√
1− ε2‖ψ‖ |µ0 − λ|

}
= 0.

(2) An ε > 0, tìte µ0 ∈ ∂F ε
‖·‖(χ;ψ) an kai mìno an

min
λ∈C

{
‖χ− λψ‖ −

√
1− ε2‖ψ‖ |µ0 − λ|

}
= 0,

  isodÔnama, an kai mìno an ‖χ−λ0ψ‖ =
√

1− ε2‖ψ‖ |µ0−λ0| gia k�poio
λ0 ∈ C.

Pìrisma 1.40. [32, Pìrisma 4.3] 'Estw dÔo stoiqeÐa χ, ψ ∈ X me ψ 6= 0.

Tìte gia opoiod pote ε ∈ (0, 1)

Int
[
F ε
‖·‖(χ;ψ)

]
=
{
µ ∈ C : ‖χ− λψ‖ >

√
1− ε2‖ψ‖ |µ− λ|, ∀λ ∈ C

}
.

Je¸rhma 1.41. ([32, Je¸rhma 5.1] kai gia pÐnakec [13, Par�grafoc 5])

'Estw dÔo stoiqeÐa χ, ψ ∈ X me ψ 6= 0 kai ε ∈ [0, 1). JewroÔme ìti h nìrma

‖·‖ ep�getai apì èna eswterikì ginìmeno 〈·, ·〉. Tìte to sÔnolo Birkhoff-James

ε-orjogwniìthtac tou χ wc proc to ψ eÐnai o kleistìc dÐskoc

F ε
‖·‖(χ;ψ) = D

(
〈χ, ψ〉
‖ψ‖2

,

∥∥∥∥χ− 〈χ, ψ〉‖ψ‖2
ψ

∥∥∥∥ ε√
1− ε2‖ψ‖

)
.

1.5 Sunèqeia

Oi Chorianopoulos kai Psarrakos apèdeixan sto [14] thn sunèqeia tou sunìlou

Birkhoff-James ε-orjogwniìthtac gia pÐnakec wc proc ton pr¸to pÐnaka kai

wc proc to ε. Ed¸, gia lìgouc plhrìthtac, oi apodeÐxeic metafèrontai gia

tuqaÐo grammikì q¸ro me nìrma (X , ‖ · ‖) kai tuqaÐa stoiqeÐa tou q¸rou.

Orismìc 1.42. 'Estw (X , ρX ) ènac metrikìc q¸roc kai (Y , ρY ) ènac pl rhc

metrikìc q¸roc. Epiplèon, èstw mia apeikìnish F : X −→ Y kai èna stoiqeÐo

x0 ∈ X . Tìte h F kaleÐtai:
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1. δ-�nw hmisuneq c sto x0, an gia k�je δ > 0, up�rqei perioq N (x0) ⊂ X
tou x0 tètoia ¸ste

F (x) ⊆ F (x0) +B(0, δ), ∀x ∈ N (x0),

2. δ-k�tw hmisuneq c sto x0, an gia k�je δ > 0, up�rqei perioq  N (x0) ⊂
X tou x0 tètoia ¸ste

F (x0) ⊆ F (x) +B(0, δ), ∀x ∈ N (x0),

3. δ-suneq c sto x0, an eÐnai δ-�nw kai δ-k�tw hmisuneq c.

Epiplèon, h F kaleÐtai:

1. �nw hmisuneq c sto x0, an gia k�je perioq  N (F (x0)) ⊂ Y tou F (x0),

up�rqei perioq  N (x0) ⊂ X tou x0 tètoia ¸ste

F (x) ⊆ N (F (x0)), ∀x ∈ N (x0),

2. k�tw hmisuneq c sto x0, an gia k�je y0 ∈ F (x0) kai gia k�je perioq 

N (y0) ⊂ Y tou y0, up�rqei perioq  N (x0) ⊂ X tou x0 tètoia ¸ste

F (x) ∩N (y0) 6= ∅, ∀x ∈ N (x0),

3. suneq c sto x0, an eÐnai �nw kai k�tw hmisuneq c.

L mma 1.43. [4] 'Estw (X , ρX ) ènac metrikìc q¸roc kai (Y , ρY ) ènac pl rhc

metrikìc q¸roc. Epiplèon, èstw mia apeikìnish F : X −→ Y kai èna stoiqeÐo

x0 ∈ X .

1. An h F eÐnai �nw hmisuneq c sto x0, tìte eÐnai kai δ-�nw hmisuneq c

sto x0. To antÐstrofo isqÔei an to F (x0) sumpagèc uposÔnolo tou Y .

2. An h F eÐnai δ-k�tw hmisuneq c sto x0, tìte eÐnai kai k�tw hmisuneq c

sto x0. To antÐstrofo isqÔei an to F (x0) sumpagèc uposÔnolo tou Y .
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UpenjumÐzoume ìti h apìstash (  metrik ) Hausdorff gia dÔo sumpag 

uposÔnola Ω1 kai Ω2 enìc metrikoÔ q¸rou (X , ρX ) orÐzetai wc ex c:

dH(Ω1,Ω2) = max

{
max
a∈Ω1

min
b∈Ω2

ρX (a, b),max
b∈Ω2

min
a∈Ω1

ρX (a, b)

}
.

L mma 1.44. [35] 'Estw dÔo stoiqeÐa χ, ψ ∈ X kai ε ∈ [0, 1) kai èstw ìti to

χ den eÐnai pollapl�sio tou ψ. Tìte gia k�je δ > 0, up�rqoun λ1, λ2, . . . , λκ ∈
C tètoia ¸ste

dH

(
κ⋂
i=1

D
(
λi,
‖χ− λiψ‖√
1− ε2 ‖ψ‖

)
, F ε
‖·‖(χ;ψ)

)
≤ δ,

ìpou dH eÐnai h apìstash Hausdorff.

Je¸rhma 1.45. (Gia pÐnakec [14, Je¸rhma 6]) JewroÔme ènan grammikì

q¸ro me nìrma (X , ‖ ·‖) kai ε ∈ [0, 1). 'Estw dÔo stoiqeÐa ψ kai χ0 tou q¸rou

X , me to χ0 na mhn eÐnai pollapl�sio tou ψ. H apeikìnish χ 7→ F ε
‖·‖(χ;ψ)

eÐnai suneq c sto χ0 ∈ X .

Apìdeixh. Pr¸ta ja deÐxoume thn �nw hmisunèqeia thc apeikìnishc. JewroÔme

èna stoiqeÐo χ0 ∈ X (χ0 ìqi pollapl�sio tou ψ) kai èstw δ > 0. Apì L mma

1.44 up�rqoun λ1, λ2, . . . , λκ ∈ C tètoia ¸ste

dH

(
G(χ0), F ε

‖·‖(χ0;ψ)
)
≤ δ

2
,

ìpou

G(χ0) =
κ⋂
i=1

D
(
λi,
‖χ0 − λiψ‖√

1− ε2 ‖ψ‖

)
.

EpÐshc, gia ζ ∈ X èqoume

‖χ0 − λiψ‖√
1− ε2 ‖ψ‖

=
‖χ0 + ζ − λiψ − ζ‖√

1− ε2 ‖ψ‖
≤ ‖χ0 + ζ − λiψ‖√

1− ε2 ‖ψ‖
+

‖ζ‖√
1− ε2 ‖ψ‖

gia i = 1, 2, . . . , κ. Tìte to sÔnolo

Ω(χ0, ζ) =
κ⋂
i=1

D
(
λi,
‖χ0 + ζ − λiψ‖√

1− ε2 ‖ψ‖
+

‖ζ‖√
1− ε2 ‖ψ‖

)
perièqei to
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F ε
‖·‖(χ0 + ζ;ψ) =

⋂
λ∈C
D
(
λ,
‖χ0 + ζ − λψ‖√

1− ε2 ‖ψ‖

)
.

Apì [51, Kef�laio 1.7, Je¸rhma 3] up�rqei èna γ > 0 tètoio ¸ste gia k�je

ζ ∈ X me ‖ζ‖ ≤ γ,

dH(G(χ0),Ω(χ0, ζ)) ≤ δ

2
.

Tìte gia k�je ζ ∈ X me ‖ζ‖ ≤ γ èqoume,

dH(F ε
‖·‖(χ0;ψ),Ω(χ0, ζ)) ≤ dH(F ε

‖·‖(χ0;ψ), G(χ0)) + dH(G(χ0),Ω(χ0, ζ)) ≤ δ.

'Ara isqÔei,

Ω(χ0, ζ) ⊆ F ε
‖·‖(χ0;ψ) +D(0, δ)

kai

F ε
‖·‖(χ0 + ζ;ψ) ⊆ F ε

‖·‖(χ0;ψ) +D(0, δ).

Epomènwc, h apeikìnish χ 7→ F ε
‖·‖(χ;ψ) eÐnai δ-�nw hmisuneq c sto χ0 ∈ X

kai apì to L mma 1.43 eÐnai kai �nw hmisuneq c sto χ0.

Ja deÐxoume kai thn k�tw hmisunèqeia thc apeikìnishc. Pr¸ta jewroÔme

thn perÐptwsh gia ε > 0. AfoÔ to stoiqeÐo χ0 den eÐnai pollapl�sio tou ψ,

tìte apì to Pìrisma 1.32 èqoume ìti Int[F ε
‖·‖(χ0;ψ)] 6= ∅. Lìgw kurtìthtac

tou F ε
‖·‖(χ;ψ), èqoume ìti gia opoiod pote µ ∈ F ε

‖·‖(χ0;ψ) kai δ > 0, o dÐskoc

D(µ, δ) èqei mh ken  tom  me to Int[F ε
‖·‖(χ0;ψ)]. Epiplèon, gia opoiod pote

µ0 ∈ D(µ, δ) ∩ Int[F ε
‖·‖(χ0;ψ)], isqÔei

inf
λ∈C

{
‖χ0 − λψ‖ − |λ− µ0| ‖ψ‖

√
1− ε2

}
= ξ > 0.

Tìte gia k�je ζ ∈ X me ‖ζ‖ ≤ ξ èqoume

‖χ0 − λψ‖ − ‖ζ‖ > |λ− µ0| ‖ψ‖
√

1− ε2, ∀λ ∈ C,

kai telik�,

‖χ0 + ζ − λψ‖ > |λ− µ0| ‖ψ‖
√

1− ε2, ∀λ ∈ C.

Sunep¸c, µ0 ∈ F ε
‖·‖(χ0 + ζ;ψ), gia k�je ζ ∈ X me ‖ζ‖ ≤ ξ kai

D(µ, δ) ∩ F ε
‖·‖(χ0 + ζ;ψ) 6= ∅.
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Epomènwc, gia ε > 0 h apeikìnish eÐnai k�tw hmisuneq c sto χ0.

'Estw t¸ra ìti ε = 0. Upojètoume ìti h apeikìnish χ 7→ F 0
‖·‖(χ;ψ) den

eÐnai k�tw hmisuneq c sto χ0. Tìte up�rqei µ0 ∈ F 0
‖·‖(χ;ψ) kai δ > 0 tètoia

¸ste gia k�je ξ > 0, up�rqei èna ζ ∈ X me ‖ζ‖ ≤ ξ, gia to opoÐo ja èqoume

F 0
‖·‖(χ0 + ζ;ψ) ∩ D(µ0, δ) = ∅.

Tìte, gia k�je µ ∈ D(µ0, δ), up�rqei èna λµ ∈ C (me λµ 6= µ) tètoio ¸ste

‖χ0 + ζ − λµψ‖ < |µ− λµ| ‖ψ‖.

AfoÔ h anisìthta eÐnai gn sia, h posìthta |µ−λµ| ‖ψ‖ eÐnai jetik . 'Ara, gia
k�je µ ∈ D(µ0, δ), o arijmìc

εµ =
1

2

√
1− ‖χ0 + ζ − λµψ‖

|µ− λµ| ‖ψ‖
<

√
1− ‖χ0 + ζ − λµψ‖

|µ− λµ| ‖ψ‖

eÐnai jetikìc kai ikanopoieÐ

‖χ0 + ζ − λµψ‖ <
√

1− εµ2 |µ− λµ| ‖ψ‖.

Tìte, an orÐsoume ε̂ = min{εµ : µ ∈ D(µ0, δ)} > 0, èqoume ìti

‖χ0 + ζ − λµψ‖ <
√

1− ε̂2 |µ− λµ| ‖ψ‖

kai sunep¸c,

F ε̂
‖·‖(χ0 + ζ;ψ) ∩ D(µ0, δ) = ∅.

Autì ìmwc shmaÐnei ìti h apeikìnish χ 7→ F ε̂
‖·‖(χ;ψ) den eÐnai k�tw hmisuneq c

sto χ0, �topo apì thn pr¸th perÐptwsh pou deÐxame gia ε > 0.

Je¸rhma 1.46. (Gia pÐnakec [14, Je¸rhma 7]) 'Estw ènac grammikìc q¸roc

me nìrma (X , ‖ · ‖) kai dÔo stoiqeÐa tou q¸rou autoÔ, ta χ kai ψ. Epiplèon,

jewroÔme èna ε0 ∈ [0, 1). H apeikìnish ε 7→ F ε
‖·‖(χ;ψ) eÐnai suneq c sto ε0.

Apìdeixh. Gia na deÐxoume thn �nw hmisunèqeia thc apeikìnishc, arkeÐ na deÐ-

xoume ìti gia k�je δ > 0, up�rqei mia perioq  tou ε0, èstw h N (ε0), tètoia

¸ste

F ε̂
‖·‖(χ;ψ) ⊆ F ε0

‖·‖(χ;ψ) +D(0, δ), ∀ε̂ ∈ N (ε0).
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Gia ε̂ < ε0, apì to Je¸rhma 1.31 èqoume ìti F ε̂
‖·‖(χ;ψ) ⊆ F ε0

‖·‖(χ;ψ).

'Estw t¸ra ìti ε̂ > ε0. 'Opwc sthn prohgoÔmenh apìdeixh, apì to L mma

1.44, up�rqoun λ1, λ2, . . . , λκ ∈ C tètoia ¸ste h apìstash Hausdorff metaxÔ

tou

G(ε0) =
κ⋂
i=1

D
(
λi,

‖χ− λiψ‖√
1− ε0

2 ‖ψ‖

)
kai tou F ε0

‖·‖(χ;ψ) na eÐnai mikrìterh   Ðsh me
δ

2
. Apì [51] up�rqei èna ε̂, kont�

sto ε0, tètoio ¸ste dH(G(ε̂), G(ε0)) ≤ δ

2
, ìpou

G(ε̂) =
κ⋂
i=1

D
(
λi,
‖χ− λiψ‖√
1− ε̂2 ‖ψ‖

)
.

Tìte èqoume,

dH(G(ε̂), F ε0
‖·‖(χ;ψ)) ≤ dH(G(ε̂), G(ε0)) + dH(G(ε0), F ε0

‖·‖(χ;ψ)) ≤ δ.

'Ara, isqÔei

G(ε̂) ⊆ F ε0
‖·‖(χ;ψ) +D(0, δ).

AfoÔ F ε̂
‖·‖(χ;ψ) ⊆ G(ε̂), tìte

F ε̂
‖·‖(χ;ψ) ⊆ F ε0

‖·‖(χ;ψ) +D(0, δ),

to opoÐo shmaÐnei ìti h apeikìnish ε 7→ F ε
‖·‖(χ;ψ) eÐnai δ-�nw hmisuneq c sto

ε0.

Ja deÐxoume thn k�tw hmisunèqeia thc apeikìnishc. An ε0 = 0, tìte apì

to Je¸rhma 1.31 èqoume to apotèlesma. 'Estw ε0 > 0 kai µ ∈ F ε0
‖·‖(χ;ψ). Ja

doÔme ìti gia k�je δ > 0, up�rqei anoiktì di�sthma N (ε0) = (ε0 − γ, ε0 + γ)

me γ > 0 tètoio ¸ste

F ε̂
‖·‖(χ;ψ) ∩ D(µ, δ) 6= ∅, ∀ε̂ ∈ (ε0 − γ, ε0 + γ).

Apì to Je¸rhma 1.31, gia k�je ε̂ ∈ [ε0, ε0 + γ) èqoume ìti µ ∈ F ε̂
‖·‖(χ;ψ).

Epomènwc, arkeÐ na melet soume thn perÐptwsh gia ε̂ ∈ (ε0−γ, ε0). Epiplèon,

an up�rqei èna ε̂ ≤ ε0 tètoio ¸ste F ε̂
‖·‖(χ;ψ) ∩ D(µ, δ) 6= ∅, tìte apì to

Je¸rhma 1.31, mporoÔme na jèsoume γ = ε0 − ε̂.
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Upojètoume ìti up�rqei èna δµ > 0 tètoio ¸ste F ε̂
‖·‖(χ;ψ)∩D(µ, δµ) = ∅,

gia k�je mh arnhtikì ε̂ < ε0. Tìte, epilègontac èna kat�llhla mikrì δµ, ja

up�rqei mia θ ∈ [0, 2π] tètoia ¸ste

µ+ δµe
iθ ∈ Int[F ε0

‖·‖(χ;ψ)]

kai

µ+ δµe
iθ /∈ F ε̂

‖·‖(χ;ψ), ∀ε̂ ∈ [0, ε0).

JewroÔme thn akoloujÐa {εκ}κ∈N\{0} ⊆ [0, ε0), h opoÐa sugklÐnei sto ε0. Tìte

gia k�je κ = 1, 2, . . . , up�rqei ènac λκ(µ, θ) tètoioc ¸ste

|µ+ δµe
iθ − λκ(µ, θ)| >

‖χ− λκ(µ, θ)ψ‖√
1− εκ2 ‖ψ‖

(1.1)

 

|µ+ δµe
iθ|+ |λκ(µ, θ)| >

1√
1− εκ2 ‖ψ‖

| ‖χ‖ − |λκ(µ, θ)|‖ψ‖ |.

An |λκ(µ, θ)| ‖ψ‖ < ‖χ‖, tìte èqoume |λκ(µ, θ)| <
‖χ‖
‖ψ‖

. An ìqi, tìte

|λκ(µ, θ)| ‖ψ‖ − ‖χ‖ <
√

1− εκ2 ‖ψ‖(|µ+ δµe
iθ|+ |λκ(µ, θ)|),

kai afoÔ εκ > 0, èqoume

|λκ(µ, θ)| <
‖χ‖+

√
1− εκ2 ‖ψ‖|µ+ δµe

iθ|
‖ψ‖(1−

√
1− εκ2)

.

Tìte h akoloujÐa λκ(µ, θ) (κ = 1, 2, . . . ) eÐnai fragmènh kai èqei sugklÐnousa

upakoloujÐa λκt(µ, θ) (t = 1, 2, . . . ). An λ0 = lim
κt−→∞

λκt(µ, θ), tìte apì thn

(1.1) èqoume

lim
κt−→∞

|µ+ δµe
iθ − λκt(µ, θ)| > lim

κt−→∞

‖χ− λκt(µ, θ)ψ‖√
1− εκt2 ‖ψ‖

 

|µ+ δµe
iθ − λ0| >

‖χ− λ0ψ‖√
1− ε0

2 ‖ψ‖
.

Autì eÐnai adÔnato, afoÔ to µ + δµe
iθ eÐnai eswterikì shmeÐo tou F ε0

‖·‖(χ;ψ).

Sunep¸c, h apeikìnish ε 7→ F ε
‖·‖(χ;ψ) eÐnai k�tw hmisuneq c sto ε0.
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1.6 Birkhoff-James ε-Orjog¸nio Sumpl rw-

ma

JewroÔme ènan grammikì q¸ro me nìrma (X , ‖ · ‖) kai ε ∈ [0, 1).

Orismìc 1.47. 'Estw A èna mh kenì uposÔnolo tou q¸rou X . OrÐzoume to
Birkhoff-James ε-orjog¸nio sumpl rwma tou sunìlou A, wc to sÔnolo ìlwn

twn stoiqeÐwn tou q¸rou X pou eÐnai Birkhoff-James ε-orjog¸nia me k�je

èna apì ta stoiqeÐa tou uposunìlou A, dhlad 

A⊥
ε
BJ = {ψ ∈ X : ψ ⊥εBJ , χ gia k�je χ ∈ A}.

Parat rhsh 1.48. JewroÔme èna mh kenì uposÔnolo A tou grammikoÔ q¸rou

X kai ènan tuqaÐo migadikì arijmì a. Tìte

(i) 0 ∈ A⊥εBJ , afoÔ 0 ⊥εBJ g gia k�je g ∈ G.

(ii) An χ ∈ A⊥
ε
BJ , tìte aχ ∈ A⊥

ε
BJ , lìgw omogèneiac thc Birkhoff-James

ε-orjogwniìthtac.

(iii) H tom  A ∩ A⊥εBJ eÐnai   to kenì sÔnolo   to monosÔnolo {0}.

Parat rhsh 1.49. Epilègoume ènan mh kenì grammikì upìqwro G. Parath-

roÔme ìti to sÔnolo G⊥
ε
BJ den eÐnai en gènei upìqwroc, afoÔ h Birkhoff-James

ε-orjogwniìthta den eÐnai prosjetik .

Parat rhsh 1.50. JewroÔme ènan mh kenì grammikì upìqwroG tou grammikoÔ

q¸rou X . ParathroÔme ìti

G ∩G⊥εBJ = {0}.

Pr�gmati, isqÔei ìti to 0 an kei sthn tom  G ∩ G⊥εBJ , afoÔ o upìqwroc G

perièqei to mhdenikì stoiqeÐo ex orismoÔ kai 0 ∈ G⊥εBJ . Gia thn apìdeixh tou

antÐstrofou egkleismoÔ, jewroÔme èna stoiqeÐo χ pou an kei sthn tom  twn G

kai G⊥
ε
BJ . Tìte χ ⊥εBJ χ, to opoÐo isqÔei ìtan χ = 0. 'Ara, G∩G⊥εBJ ⊆ {0}.

Telik�, èqoume G ∩G⊥εBJ = {0}.
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L mma 1.51. 'Estw ènac grammikìc q¸roc me nìrma (X , ‖ · ‖) kai G ènac mh

kenìc kleistìc grammikìc upìqwrìc tou. Upojètoume ìti G $ X . Tìte gia

k�je ε ∈ (0, 1), to Birkhoff-James ε-orjog¸nio sumpl rwma tou G perièqei

kai mh mhdenik� stoiqeÐa.

Apìdeixh. 'Estw èna stoiqeÐo ψ̂ ∈ X\G. AfoÔ o upìqwroc G eÐnai kleistìc,

èqoume ìti d(ŷ,X ) = d > 0. MporoÔme na epilèxoume èna ψε ∈ G tètoio ¸ste

d ≤ ‖ψ̂ − ψε‖ ≤
d√

1− ε2
.

Jètoume χε = ψ̂ − ψε. Tìte χε 6= 0. Gia k�je ψ ∈ G kai λ ∈ C isqÔei

‖χε + λψ‖ = ‖ψ̂ − ψε + λψ‖ = ‖ψ̂ − (ψε − λψ)‖ ≥ d ≥
√

1− ε2‖χε‖.

Epomènwc, χε ⊥εBJ ψ. Dhlad  χε ∈ G⊥
ε
BJ .

Je¸rhma 1.52. 'Estw ènac grammikìc q¸roc me nìrma (X , ‖ · ‖) kai G ènac

mh kenìc kleistìc grammikìc upìqwrìc tou. Tìte gia k�je ε ∈ (0, 1), isqÔei

X = G+G⊥
ε
BJ .

Apìdeixh. JewroÔme ìti G $ X kai èna stoiqeÐo χ ∈ X . An χ ∈ G, tìte

χ = χ + 0 me χ ∈ G kai 0 ∈ G⊥
ε
BJ . An χ /∈ G, tìte up�rqei èna stoiqeÐo

ψε ∈ G tètoio ¸ste:

0 < d < d(χ,G) ≤ ‖χ− ψε‖ ≤
d√

1− ε2
.

AfoÔ χε = χ−ψε ∈ G⊥
ε
BJ , jewr¸ntac χ = ψε+χε me ψε ∈ G kai χε ∈ G⊥

ε
BJ ,

to je¸rhma èqei oloklhrwjeÐ.

AntÐstoiqo je¸rhma up�rqei gia ε = 0 sto [18], en¸ gia thn Birkhoff-

James-Dragomir ε-orjogwniìthta sto [16].





Kef�laio 2

Orismìc me Qr sh Grammik¸n

Sunarthsiak¸n

2.1 IsodÔnamoc Orismìc kai Upoprosje-

tikìthta

To arijmhtikì pedÐo eÐnai èna sÔnolo pou èqei melethjeÐ gia dekaetÐec kai eÐnai

idiaÐtera qr simo gia pÐnakec kai telestèc, ìpwc anafèrame kai pio p�nw, mazÐ

me tic isodÔnamec ekfr�seic tou (blèpe [6, 9, 10, 27, 54]). O Bauer sto [6]

dÐnei ènan orismì me th qr sh sunarthsiakoÔ. O Ðdioc jewroÔse grammikoÔc

q¸rouc me nìrma peperasmènhc di�stashc. O periorismìc autìc stic diast�-

seic den eÐnai aparaÐthtoc ston orismì tou arijmhtikoÔ pedÐou pou diatup¸nei.

JewroÔme ènan grammikì q¸ro me nìrma (X , ‖ · ‖). Me X ∗ ja sumbolÐzoume

ton dôikì q¸ro tou X kai me SX (0, 1) th monadiaÐa sfaÐra tou X . Tìte, gia
èna telest  T : X −→ X , to arijmhtikì pedÐo orÐzetai wc ex c:

V (T ) = {f(Tχ) : χ ∈ SX (0, 1), f ∈ X ∗, ‖f‖ = f(χ) = 1}.

'Otan o q¸roc X pou èqoume jewr sei eÐnai Hilbert, tìte isqÔei h ex c iso-

dunamÐa

χ ∈ SX (0, 1), f ∈ X ∗, ‖f‖ = f(χ) = 1
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an kai mìno an

χ ∈ SX (0, 1) kai f to sunarthsiakì me tÔpo: f(ψ) = 〈ψ, χ〉 me ψ ∈ X .

Sthn perÐptwsh aut , to arijmhtikì pedÐo V (T ) sumpÐptei me to klasikì a-

rijmhtikì pedÐo F (T ). An jewr soume ènan leÐo q¸ro, ìpou èqoume monadikì

hmieswterikì ginìmeno, tìte to sÔnolo V (T ) sumpÐptei me to arijmhtikì pedÐo

F[·,·](T ). An jewr soume ènan grammikì q¸ro me nìrma (X , ‖ · ‖), tìte to

arijmhtikì pedÐo V (T ) eÐnai h ènwsh twn arijmhtik¸n pedÐwn F[·,·](T ) gia ìlec

tic epilogèc tou hmieswterikoÔ ginomènou, en¸ gia k�je epilog  tou hmiesw-

terikoÔ ginomènou èqoume [9, p. 6]:

coV (T ) = coF[·,·](T ).

AntÐstoiqa, jewr¸ntac (A, ‖ · ‖) (aploÔstera, A) mia migadik  �lgebra me
nìrma, me monadiaÐo stoiqeÐo to 1, kai me to A∗ na eÐnai o duðkìc q¸roc thc

�lgebrac A (dhlad , o q¸roc Banach ìlwn twn suneq¸n grammik¸n sunar-

thsiak¸n tou A), tìte to arijmhtikì pedÐo enìc stoiqeÐou α ∈ A mporeÐ na

oristeÐ an�loga wc ex c:

F (α) = {f(α) : f ∈ A∗, f(1) = 1, ‖f‖ = 1}

kai

F (α) = ∪{F (α, χ) : χ ∈ SA(0, 1)} ,

ìpou

F (α, χ) = {f(αχ) : χ ∈ SA(0, 1), f ∈ A∗, f(χ) = 1, ‖f‖ = 1} .

Oi Stampfli kai Williams [54, Je¸rhma 4], kai argìtera oi Bonsall kai

Duncan [10, L mma 6.22.1], parat rhsan ìti to arijmhtikì pedÐo F (α) isoÔtai

me mia �peirh tom  kleist¸n dÐskwn,

F (α) =
⋂
λ∈C

D (λ, ‖α− λ1‖) . (2.1)

Se autì to ed�fio, apodeiknÔoume mia isodÔnamh enallaktik  morf  tou

orismoÔ tou sunìlou Birkhoff-James orjogwniìthtac k�nontac qr sh gram-

mik¸n sunarthsiak¸n.
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Orismìc 2.1. 'Estw dÔo stoiqeÐa χ, ψ tou grammikoÔ q¸rou (X , ‖ · ‖) me

ψ 6= 0. Gia tuqaÐo ε ∈ [0, 1), orÐzoume ta sÔnola

Lε(ψ) =
{
f ∈ X ∗ : f(ψ) =

√
1− ε2 ‖ψ‖ kai ‖f‖ ≤ 1

}
kai

Ωε(χ;ψ) =

{
f(χ)√

1− ε2 ‖ψ‖
: f ∈ Lε(ψ)

}
.

L mma 2.2. Gia k�je mh mhdenikì stoiqeÐo ψ ∈ X kai tuqaÐo ε ∈ [0, 1), to

sÔnolo Lε(ψ) eÐnai mh kenì, kleistì kai kurtì.

Apìdeixh. JewroÔme èna stoiqeÐo χ ∈ X to opoÐo na mhn eÐnai pollapl�sio

tou ψ. Apì thn Prìtash 1.27, to sÔnolo Birkhoff-James ε-orjogwniìthtac

F ε
‖·‖(χ;ψ) eÐnai mh kenì. Epomènwc, up�rqei toul�qiston ènac migadikìc µ

entìc tou F ε
‖·‖(χ;ψ). Sto didi�stato dianusmatikì upìqwro Y = span{χ, ψ},

orÐzoume to grammikì sunarthsiakì f0 : Y −→ C me

f0(z1χ+ z2ψ) = z1µ
√

1− ε2 ‖ψ‖+ z2

√
1− ε2 ‖ψ‖, z1, z2 ∈ C.

Tìte f0(χ) = µ
√

1− ε2 ‖ψ‖ kai f0(ψ) =
√

1− ε2 ‖ψ‖. Epiplèon, afoÔ o

migadikìc µ an kei sto sÔnolo F ε
‖·‖(χ;ψ), èqoume ìti gia k�je λ ∈ C

‖χ− λψ‖ ≥
√

1− ε2 ‖ψ‖ |µ− λ|

= |
√

1− ε2 ‖ψ‖µ−
√

1− ε2 ‖ψ‖λ |

= |f0(χ)− λf0(ψ)|

= |f0(χ− λψ)|

kai ‖f0‖ ≤ 1 (wc grammikì sunarthsiakì orismèno sto didi�stato upìqwro

Y). Epomènwc, apì to Je¸rhma Hahn-Banach ja up�rqei epèktash tou f0,

èstw to f : X −→ C tètoio ¸ste

f(χ) = µ
√

1− ε2 ‖ψ‖, f(ψ) =
√

1− ε2 ‖ψ‖ kai ‖f‖ = ‖f0‖ ≤ 1.

'Ara, f ∈ Lε(ψ) kai to sÔnolo Lε(ψ) eÐnai mh kenì.
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Gia thn kleistìthta tou Lε(ψ), arkeÐ na parathr soume ìti to sÔnolo

X ∗\Lε(ψ) eÐnai anoiktì. Pr�gmati, an èna grammikì sunarthsiakì f ∈ X ∗

den an kei sto Lε(ψ), tìte

f(ψ) 6=
√

1− ε2 ‖ψ‖   ‖f‖ > 1.

Sunep¸c, lìgw sunèqeiac thc nìrmac, up�rqei mia perioq  Gf ⊂ X ∗ tou f
tètoia ¸ste gia k�je g ∈ Gf ,

g(ψ) 6=
√

1− ε2 ‖ψ‖   ‖g‖ > 1

ki ètsi Gf ⊂ X ∗\Lε(ψ).

Tèloc, gia thn kurtìthta, jewroÔme dÔo grammik� sunarthsiak� f, g pou

an koun sto sÔnolo Lε(ψ). ParathroÔme ìti, gia k�je t ∈ [0, 1], isqÔei

[(1− t)f + t g](ψ) = (1− t)f(ψ) + t g(ψ) =
√

1− ε2 ‖ψ‖

kai

‖(1− t)f + t g‖ ≤ (1− t)‖f‖+ t ‖g‖ ≤ 1,

dhlad , o kurtìc sunduasmìc (1− t)f + t g an kei sto sÔnolo Lε(ψ).

ApodeÐxame ìti gia ψ 6= 0, to sÔnolo Lε(ψ) eÐnai mh kenì. Wc ek toÔtou kai

to qwrÐo Ωε(χ;ψ) eÐnai mh kenì. Epiplèon, to sÔnolo Ωε(χ;ψ) tautÐzetai me to

sÔnolo Birkhoff-James ε-orjogwniìthtac F ε
‖·‖(χ;ψ). Epomènwc, katal goume

sto epìmeno je¸rhma.

Je¸rhma 2.3. 'Estw χ, ψ ∈ X me ψ 6= 0. Gia k�je ε ∈ [0, 1), isqÔei

Ωε(χ;ψ) = F ε
‖·‖(χ;ψ).

Apìdeixh. 'Estw èna tuqaÐo µ ∈ Ωε(χ;ψ). Tìte µ =
fµ(χ)√

1− ε2 ‖ψ‖
gia k�poio

grammikì sunarthsiakì fµ ∈ Lε(ψ). Gia k�je λ ∈ C èqoume

√
1− ε2 ‖ψ‖ |µ− λ| =

∣∣∣∣√1− ε2 ‖ψ‖ fµ(χ)−
√

1− ε2 ‖ψ‖λ√
1− ε2 ‖ψ‖

∣∣∣∣
= |fµ(χ)− λfµ(ψ)|

= |fµ(χ− λψ)|

≤ ‖fµ‖ ‖χ− λψ‖

≤ ‖χ− λψ‖.
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'Ara, µ ∈ F ε
‖·‖(χ;ψ) kai sumperaÐnoume ìti Ωε(χ;ψ) ⊆ F ε

‖·‖(χ;ψ).

Gia to antÐstrofo, diakrÐnoume dÔo peript¸seic:

(i) 'Estw χ = cψ gia k�poion stajerì c ∈ C. Tìte, lìgw thc Prìtashc 1.33

F ε
‖·‖(χ;ψ) = F ε

‖·‖(cψ;ψ) = {c}.

EpÐshc,

f(χ)√
1− ε2 ‖ψ‖

=
f(cψ)√

1− ε2 ‖ψ‖
=

cf(ψ)√
1− ε2 ‖ψ‖

= c, ∀ f ∈ Lε(ψ).

Epomènwc, Ωε(cψ;ψ) = {c}.
(ii) 'Estw dÔo stoiqeÐa χ, ψ ∈ X mh mhdenik� kai grammik� anex�rthta. Jew-

roÔme èna tuqaÐo µ ∈ F ε
‖·‖(χ;ψ). Apì thn apìdeixh tou L mmatoc 2.2, gnwrÐ-

zoume ìti up�rqei èna grammikì sunarthsiakì fµ ∈ Lε(ψ) tètoio ¸ste

fµ(χ) = µ
√

1− ε2 ‖ψ‖.

'Ara, µ ∈ Ωε(χ;ψ) kai h apìdeixh oloklhr¸jhke.

Parat rhsh 2.4. ParathroÔme ìti an to L0(ψ) eÐnai monosÔnolo, tìte up�rqei

monadikì grammikì sunarthsiakì f pou dÐnei stoiqeÐo tou F 0
‖·‖(χ;ψ), �ra kai

to sÔnolo F 0
‖·‖(χ;ψ) eÐnai monosÔnolo. Profan¸c isqÔei kai to antÐstrofo.

Sugkentrwtik�, an jewr soume ènan grammikì q¸ro me nìrma X , kai dÔo
stoiqeÐa tou χ kai ψ me mh mhdenikì to ψ, tìte isqÔoun oi ex c isodunamÐec

[17, 29, 44]:

(i) O grammikìc q¸roc X eÐnai leÐoc.

(ii) O grammikìc q¸roc X ∗ eÐnai austhr� kurtìc.

(iii) To sÔnolo Birkhoff-James 0-orjogwniìthtac F 0
‖·‖(χ;ψ) eÐnai monosÔno-

lo.

(iv) To sÔnolo L0(ψ) eÐnai monosÔnolo.

H parap�nw enallaktik  graf  tou sunìlou Birkhoff-James ε-orjogwniìthtac

sunep�getai telik� thn upoprosjetikìthta tou sunìlou.
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Prìtash 2.5. 'Estw χ1, χ2, ψ ∈ X me ψ 6= 0 kai ε ∈ [0, 1). Tìte isqÔei

F ε
‖·‖(χ1 + χ2;ψ) ⊆ F ε

‖·‖(χ1;ψ) + F ε
‖·‖(χ2;ψ).

Apìdeixh. Pr�gmati, èqoume

F ε
‖·‖(χ1 + χ2;ψ) = Ωε(χ1 + χ2;ψ)

=

{
f(χ1 + χ2)
√

1− ε2 ‖ψ‖
: f ∈ Lε(ψ)

}

=

{
f(χ1)√

1− ε2 ‖ψ‖
+

f(χ2)√
1− ε2 ‖ψ‖

: f ∈ Lε(ψ)

}
⊆

{
f(χ1)√

1− ε2 ‖ψ‖
: f ∈ Lε(ψ)

}
+

{
g(χ2)√

1− ε2 ‖ψ‖
: g ∈ Lε(ψ)

}
= Ωε(χ1;ψ) + Ωε(χ2;ψ)

= F ε
‖·‖(χ1;ψ) + F ε

‖·‖(χ2;ψ).

Lìgw thc upoprosjetikìthtac tou sunìlou F ε
‖·‖(χ;ψ) h sunèqeia wc proc

thn pr¸th metablht  eÐnai �mesh.

Pìrisma 2.6. (Je¸rhma 1.45) 'Estw dÔo stoiqeÐa ψ kai χ0 tou q¸rou

X , me to χ0 na mhn eÐnai pollapl�sio tou ψ kai ε ∈ [0, 1). H apeikìnish

χ 7→ F ε
‖·‖(χ;ψ) eÐnai suneq c sto χ0 ∈ X .

Par�deigma 2.7. JewroÔme tic akoloujÐec tou migadikoÔ grammikoÔ q¸rou

akolouji¸n `1:

χ1 =

{
1,

1

2− i
,

1

(2− i)2
,

1

(2− i)3
, . . .

}
,

χ2 =

{
1,

1

1− 2i
,

1

(1− 2i)2
,

1

(1− 2i)3
, . . .

}
kai

ψ =

{
1,

1

1 + i
,

1

(1 + i)2
,

1

(1 + i)3
, . . .

}
.
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Sq ma 2.1: To sÔnolo F 0,4
‖·‖1(χ1;ψ) (p�nw arister�), to sÔnolo F 0,4

‖·‖1(χ2;ψ) (p�nw

dexi�) kai to sÔnolo F 0,4
‖·‖1(χ1 + χ2;ψ) (k�tw).

Ta sÔnola Birkhoff-James ε-orjogwniìthtac F 0,4
‖·‖1(χ1;ψ), F 0,4

‖·‖1(χ2;ψ) kai

F 0,4
‖·‖1(χ1 + χ2;ψ) faÐnontai wc leukèc perioqèc sta trÐa mèrh tou sq matoc.

K�je prosèggish prokÔptei apì ton sqediasmì 500 kÔklwn. Oi idiìthtec thc

sump�geiac, thc kurtìthtac all� kai thc upoprosjetikìthtac epibebai¸nontai

kat� profan  trìpo.

Prìtash 2.8. 'Estw dÔo stoiqeÐa χ, ψ ∈ X , me ψ mh mhdenikì kai to χ na

mhn eÐnai pollapl�sio tou stoiqeÐou ψ kai ε ∈ [0, 1). An ènac migadikìc arijmìc

µ an kei sto sÔnoro tou sunìlou F ε
‖·‖(χ;ψ), dhlad  µ ∈ ∂F ε

‖·‖(χ;ψ), tìte gia

k�je grammikì sunarthsiakì fµ ∈ Lε(ψ) tètoio ¸ste µ =
fµ(χ)√

1− ε2 ‖ψ‖
, isqÔei

‖fµ‖ = 1.
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Apìdeixh. 'Estw µ ∈ ∂F ε
‖·‖(χ;ψ). Tìte apì to Je¸rhma 1.39 gnwrÐzoume ìti

inf
λ∈C

{
‖χ− λψ‖ −

√
1− ε2‖ψ‖ |µ− λ|

}
= 0.

Epomènwc, gia k�je fµ ∈ Lε(ψ) me µ =
fµ(χ)√

1− ε2 ‖ψ‖
èqoume

0 = inf
λ∈C

{
‖χ− λψ‖ −

∣∣∣∣√1− ε2 ‖ψ‖ fµ(χ)−
√

1− ε2 ‖ψ‖λ√
1− ε2 ‖ψ‖

∣∣∣∣}
= inf

λ∈C
{‖χ− λψ‖ − |fµ(χ)− λf(ψ)|}

= inf
λ∈C
{‖χ− λψ‖ − |fµ(χ− λψ)|}

= − sup
λ∈C
{|fµ(χ− λψ)| − ‖χ− λψ‖}

= − sup
λ∈C

{
|fµ(χ− λψ)|
‖χ− λψ‖

− 1

}
kai sumperaÐnoume ìti ‖fµ‖ = 1.

Prìtash 2.9. 'Estw dÔo stoiqeÐa χ, ψ ∈ X me mh mhdenikì to ψ, to χ na

mhn eÐnai pollapl�sio tou ψ kai ε ∈ [0, 1). Tìte isqÔei

max
{

Reµ : µ ∈ F ε
‖·‖(χ;ψ)

}
≤ inf

a>0

1

a

{
‖ψ + aχ‖√
1− ε2 ‖ψ‖

− 1

}
.

Apìdeixh. 'Estw èna tuqaÐo grammikì sunarthsiakì f ∈ Lε(ψ). Tìte gia

k�je a > 0, èqoume

f(χ)√
1− ε2 ‖ψ‖

=
1

a

[
f(ψ + aχ− ψ)√

1− ε2 ‖ψ‖

]
=

1

a

[
f(ψ + aχ)√
1− ε2 ‖ψ‖

− f(ψ)√
1− ε2 ‖ψ‖

]
=

1

a

[
f(ψ + aχ)√
1− ε2 ‖ψ‖

− 1

]
.

Epomènwc,

Re
f(χ)√

1− ε2 ‖ψ‖
= Re

1

a

[
f(ψ + aχ)√
1− ε2 ‖ψ‖

− 1

]
=

1

a

[
Re

f(ψ + aχ)√
1− ε2 ‖ψ‖

− 1

]
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kai sunep¸c,

Re
f(χ)√

1− ε2 ‖ψ‖
+

1

a
=

1

a

[
Re

f(ψ + aχ)√
1− ε2 ‖ψ‖

]
≤ 1

a

[
|f(ψ + aχ)|√

1− ε2 ‖ψ‖

]
.

Katal goume loipìn ìti gia k�je a > 0,

Re
f(χ)√

1− ε2 ‖ψ‖
≤ 1

a

[
|f(ψ + aχ)|√

1− ε2 ‖ψ‖
− 1

]
≤ 1

a

[
‖ψ + aχ‖√
1− ε2 ‖ψ‖

− 1

]
,

kai h apìdeixh oloklhr¸jhke.

2.2 Hmieswterikì Ginìmeno

UpenjumÐzoume p�li ton Orismì 1.12 tou hmieswterikoÔ ginomènou ètsi ìpwc

diamorf¸jhke apì touc Lumer kai Giles [17, 20, 39]:

Orismìc 1.12. H apeikìnish [·, ·] : X × X −→ C lègetai hmieswterikì

ginìmeno an:

1. [χ, χ] ≥ 0 gia k�je χ ∈ X kai [χ, χ] = 0 an kai mìno an χ = 0,

2. [λχ, ψ] = λ[χ, ψ], gia k�je χ, ψ ∈ X , λ ∈ C,

3. [χ, λψ] = λ[χ, ψ], gia k�je χ, ψ ∈ X , λ ∈ C,

4. [χ+ ζ, ψ] = [χ, ψ] + [ζ, ψ], gia k�je χ, ψ, ζ ∈ X ,

5. |[χ, ψ]|2 ≤ [χ, χ] [ψ, ψ], gia k�je χ, ψ ∈ X , λ ∈ C.

Prìtash 2.10. 'Estw ènac grammikìc q¸roc me nìrma (X , ‖·‖). Upojètou-
me ìti gia k�je χ, ψ ∈ X me χ, ψ 6= 0 to sÔnolo F 0

‖·‖(χ;ψ) eÐnai monosÔnolo,

dhlad  F 0
‖·‖(χ;ψ) = {µ(χ, ψ)}. Tìte mporoÔme na orÐsoume hmieswterikì gi-

nìmeno me tÔpo

[χ, ψ] =

{
µ(χ, ψ)‖ψ‖2, an ψ 6= 0,

0, an ψ = 0.
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Apìdeixh. Jètoume

[χ, ψ] = µ‖ψ‖2, ìpou µ = µ(χ, ψ) ∈ F 0
‖·‖(χ;ψ).

EpalhjeÔontac tic apaitoÔmenec idiìthtec, èqoume

(i) Jetik� orismèno:

IsqÔei: F ε
‖·‖(χ;χ) =

{
f(χ)

‖χ‖
: f ∈ L0(χ)

}
= 1 kai �ra,

[χ, χ] = ‖χ‖2 ≥ 0.

ParathroÔme ìti eÐnai Ðso me to 0 an kai mìno an χ = 0.

(ii) Dexi� omogèneia:

Apì ton tÔpo pou èqoume orÐsei èqoume

λ[χ, ψ] = λµ‖ψ‖2 kai [χ, λψ] = µ1‖λψ‖2 = λ2µ1‖ψ‖2.

ArkeÐ na deÐxoume gia λ 6= 0, ìti µ1λ
2 = µλ, dhlad  µ1 =

µ

λ
. 'Eqoume

ψ ⊥0
BJ (χ− µψ)⇔ ψ ⊥0

BJ

(
χ− µ

λ
λψ
)
⇔ ψ ⊥0

BJ (χ− µ1λψ),

kai lìgw omogèneiac telik�,

λψ ⊥0
BJ (χ− µ1λψ).

Gia λ = 0, isqÔei tetrimmèna h idiìthta.

'Ara [χ, λψ] = λ[χ, ψ].

(iii) Arister  omogèneia:

P�li apì ton tÔpo, λ[χ, ψ] = λµ‖ψ‖2 kai [λχ, ψ] = µ1‖ψ‖2. ArkeÐ na

deÐxoume ìti µ1 = λµ. 'Eqoume

ψ ⊥0
BJ (χ− µψ)

kai lìgw omogèneiac,

ψ ⊥0
BJ (λχ− µλψ),

dhlad 

ψ ⊥0
BJ (λχ− µ1ψ).

'Ara [λχ, ψ] = λ[χ, ψ].
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(iv) Arister  prosjetikìthta:

Jèloume [χ+ ζ, ψ] = [χ, ψ] + [ζ, ψ]. 'Eqoume

µ(χ+ ζ, ψ) =
f(χ+ ζ)

‖ψ‖
=
f(χ)

‖ψ‖
+
f(ζ)

‖ψ‖
= µ(χ, ψ) + µ(ζ, ψ).

'Ara, isqÔei h idiìthta.

(v) Anisìthta Cauchy-Schwarz:

Apì ton orismì èqoume, |[χ, ψ]| = |µ‖ψ‖2 ≤ ‖χ‖
‖ψ‖
‖ψ‖2 = ‖ψ‖‖χ‖.

Parat rhsh 2.11. Sthn perÐptwsh pou ìla ta F 0
‖·‖(χ;ψ) eÐnai monosÔnola, to

hmieswterikì eÐnai monadikì, �ra apì [11, 39], o q¸roc eÐnai leÐoc.

Parat rhsh 2.12. Stic isodunamÐec thc Parat rhshc 2.4 mporeÐ na prostejeÐ:

(v) Up�rqei monadikì hmieswterikì ginìmeno kai m�lista thc morf c:

[χ, ψ] = µ‖ψ‖2, ìpou µ = µ(χ, ψ) ∈ F 0
‖·‖(χ;ψ).

Autì to (monadikì) hmieswterikì ginìmeno pou orÐsame gia na eÐnai kai

eswterikì ginìmeno qrei�zetai thn idiìthta thc summetrÐac, dhlad ,

[χ, ψ] = [ψ, χ],

  isodÔnama,

µ(χ, ψ)‖ψ‖2 = µ(ψ, χ)‖χ‖2.

Par�deigma 2.13. JewroÔme ton C3 me thn nìrma ‖·‖3 kai dÔo dianÔsmata

χ =


χ1

χ2

χ3

 kai ψ =


ψ1

ψ2

ψ3

. OrÐzoume

[χ, ψ] =


1

‖ψ‖3

∑
1≤i≤3

ψi|ψi|χi, an ψ 6= 0,

0, an ψ = 0.
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Tìte to [χ, ψ] eÐnai hmieswterikì ginìmeno.

Apìdeixh. An to stoiqeÐo ψ eÐnai to mhdenikì, tìte tetrimmèna isqÔoun oi

idiìthtec tou hmieswterikoÔ ginomènou. 'Estw χ, ψ, ζ ∈ C3 me χ =


χ1

χ2

χ3

,

ψ =


ψ1

ψ2

ψ3

 mh mhdenikì, kai ζ =


ζ1

ζ2

ζ3

. Pr¸ta ja deÐxoume ìti eÐnai jetik�
orismèno.

[χ, χ] =
1

‖χ‖3

∑
1≤i≤3

χi|χi|χi

=
1

‖χ‖3

∑
1≤i≤3

|χi|3

= ‖χ‖2
3.

Omogèneia wc proc thn pr¸th metablht , gia λ ∈ C:

[λχ, ψ] =
1

‖ψ‖3

∑
1≤i≤3

ψi|ψi|(λχi)

= λ
1

‖ψ‖3

∑
1≤i≤3

ψi|ψi|χi

= λ[χ, ψ].

(Suzug c) Omogèneia wc proc th deÔterh metablht , gia λ ∈ C:

[χ, λψ] =
1

‖λψ‖3

∑
1≤i≤3

λψi|λψi|χi

=
1

|λ| ‖ψ‖3

λ |λ|
∑

1≤i≤3

ψi|ψi|χi

= λ[χ, ψ].
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Prosjetikìthta wc proc thn pr¸th metablht :

[χ+ ζ, ψ] =
1

‖ψ‖3

∑
1≤i≤3

ψi|ψi|(χi + ζi)

=
1

‖ψ‖3

∑
1≤i≤3

ψi|ψi|χi +
1

‖ψ‖3

∑
1≤i≤3

ψi|ψi|ζi

= [χ, ψ] + [ζ, ψ].

Anisìthta Cauchy-Schwarz: Jèloume na deÐxoume | [χ, ψ] | ≤ ‖ψ‖ ‖χ‖. 'Eqou-
me

|[χ, ψ]|
‖ψ‖3

=
1

‖ψ‖2
3

∣∣∣∣∣ ∑
1≤i≤3

ψi|ψi|χi

∣∣∣∣∣
≤ 1

‖ψ‖2
3

∑
1≤i≤3

|ψi| |ψi||χi|

≤ 1

‖ψ‖2
3

(∑
1≤i≤3

(
|ψi|2

) 3
2

) 2
3
(∑

1≤i≤3

|χi|3
) 1

3

= ‖χ‖3,

ìpou h teleutaÐa anisìthta isqÔei lìgw thc anisìthtac Hölder, gia p =
3

2
kai

q = 3.

O (C3, ‖ · ‖3) eÐnai leÐoc [44, Cor. 5.5.17] kai �ra autì eÐnai to monadikì

hmieswterikì ginìmeno kai prokÔptei, ìpwc anafèrame, apì ta {µ(χ, ψ)} =

F 0
‖·‖(χ;ψ). 'Ara èqoume

µ(χ, ψ)‖ψ‖2
3 = [χ, ψ] =

1

‖ψ‖3

∑
1≤i≤3

ψi|ψi|χi (ψ 6= 0)

dhlad 

µ(χ, ψ) =
1

‖ψ‖3
3

∑
1≤i≤3

ψi|ψi|χi (ψ 6= 0).

Par�deigma 2.14. JewroÔme ton C3 me thn nìrma ‖ · ‖3. JewroÔme ta

dianÔsmata χ =


1

0

1

 kai ψ =


1

0

0

. Tìte ψ ⊥0
BJ (χ− ψ) kai µ(χ, ψ) = 1.

Pr�gmati,
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‖ψ + λ(χ− ψ)‖3 =

∥∥∥∥∥∥∥∥


1

0

λ


∥∥∥∥∥∥∥∥

3

= (1 + |λ|3)
1
3 ≥ 1 = ‖ψ‖3.

Tìte [χ, ψ] = 1. Pr�gmati,

[χ, ψ] =
1

‖ψ‖3

∑
1≤i≤3

ψi|ψi|χi = 1.

Parat rhsh 2.15. Xèroume ìti, an F 0
‖·‖(χ;ψ) = {µ(χ, ψ)}, tìte up�rqei gram-

mikì sunarthsiakì f ∈ L0(ψ) = {f ∈ X ∗, f(ψ) = ‖ψ‖, ‖f‖ = 1} tètoio

¸ste

µ(χ, ψ) =
f(χ)

f(ψ)
=
f(χ)

‖ψ‖3

.

'Ara,

f(χ) =
1

‖ψ‖2
3

∑
1≤i≤3

ψi|ψi|χi.

Par�deigma 2.16. 'Estw to sunarthsiakì f : C3 −→ C me

f(χ) =
1

‖ψ‖2
3

∑
1≤i≤3

ψi|ψi|χi.

Tìte f ∈ L0(ψ) kai an (χ − µ(χ, ψ)ψ) ∈ ker f , tìte µ(χ, ψ) ∈ F 0
‖·‖(χ;ψ).

Pr�gmati, to f eÐnai grammikì afoÔ f(λχ + κζ) = λf(χ) + κf(ζ). EpÐshc,

f(ψ) = ‖ψ‖. Epiplèon, èqoume |f(ψ)| = ‖ψ‖ ≤ ‖f‖ ‖ψ‖, dhlad  1 ≤ ‖f‖.
Apì thn Cauchy-Schwarz èqoume ìti |f(χ)| ≤ ‖χ‖, gia k�je χ ∈ C3. 'Ara,

‖f‖ = 1. Telik�, f ∈ L0(ψ). 'Estw (χ− µ(χ, ψ)ψ) ∈ ker f . Tìte

f(χ− µ(χ, ψ)ψ) = 0

=⇒ f(χ)− µ(χ, ψ)f(ψ) = 0 (afoÔ to f eÐnai grammikì)

=⇒ µ(χ, ψ) =
f(χ)

f(ψ)
=
f(χ)

‖ψ‖3

.

'Ara µ(χ, ψ) ∈ F 0
‖·‖(χ;ψ).
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2.3 Sunjetikì SÔnolo Birkhoff-James

ε-Orjogwniìthtac

'Estw mia n-�da telest¸n T = (T1, T2, . . . , Tn) pou droun ston migadikì q¸ro

Hilbert H. To sunjetikì arijmhtikì pedÐo JF (T) orÐzetai wc ex c:

JF (T) = {(〈T1χ, χ〉, 〈T2χ, χ〉, . . . , 〈Tnχ, χ〉) : χ ∈ H, ‖χ‖ = 1} ⊆ Cn.

To sÔnolo autì eÐnai kurtì gia n = 1, en¸ an n ≥ 2 k�ti tètoio den isqÔei

en gènei. An�loga, èstw mia �lgebra Banach A me monadiaÐo stoiqeÐo 1.

JewroÔme mia n-�da stoiqeÐwn tou A, to a = (α1, α2, . . . , αn) ∈ An. Tìte

mporeÐ na orisjeÐ to sunjetikì algebrikì arijmhtikì pedÐo JV (a,A)

JV (a,A) = {(f(α1), f(α2), . . . , f(αn)) : f ∈ A∗, ‖f‖ = 1 = f(1)}.

To sÔnolo autì eÐnai sumpagèc uposÔnolo tou q¸rou Cn. To parak�tw

je¸rhma sundèei ta duo aut� sunjetik� arijmhtik� pedÐa.

Je¸rhma 2.17. [46, Je¸rhma 1] 'Estw T = (T1, T2, . . . , Tn) ∈ B(H)n,

ìpou H ènac migadikìc q¸roc Hilbert. Tìte

JV (T, B(H)) = coJF (T).

Perissìtera mporoÔn na brejoÔn sta [9, 10, 46]. GenikeÔontac ton para-

p�nw orismì, katal goume sto ex c:

Orismìc 2.18. JewroÔme ènan grammikì q¸ro me nìrma (X , ‖ · ‖). 'Estw

ènac arijmìc κ ∈ N kai stoiqeÐa χ1, χ2, . . . , χκ, ψ ∈ X kai ε ∈ [0, 1). OrÐ-

zoume to sunjetikì sÔnolo Birkhoff-James ε-orjogwniìthtac twn stoiqeÐwn

χ1, χ2, . . . , χκ wc proc ψ wc ex c:

JF ε
‖·‖ (χ1, χ2, . . . , χκ;ψ) =

{(
f(χ1)√

1− ε2 ‖ψ‖
,

f(χ2)√
1− ε2 ‖ψ‖

, . . . ,
f(χκ)√

1− ε2 ‖ψ‖

)
, f ∈ Lε(ψ)

}
.
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Prìtash 2.19. To sunjetikì sÔnolo JF ε
‖·‖ (χ1, χ2, . . . , χκ;ψ) eÐnai kurtì.

Apìdeixh. 'Estw dÔo stoiqeÐa c, d tou sunìlou JF ε
‖·‖ (χ1, χ2, . . . , χκ;ψ). Ja

deÐxoume ìti tc + (1 − t)d ∈ JF ε
‖·‖ (χ1, χ2, . . . , χκ;ψ), ìpou t ∈ [0, 1]. AfoÔ

c, d ∈ JF ε
‖·‖ (χ1, χ2, . . . , χκ;ψ), tìte lìgw orismoÔ

c =

(
f(χ1)√

1− ε2 ‖ψ‖
,

f(χ2)√
1− ε2 ‖ψ‖

, . . . ,
f(χκ)√

1− ε2 ‖ψ‖

)
kai

d =

(
g(χ1)√

1− ε2 ‖ψ‖
,

g(χ2)√
1− ε2 ‖ψ‖

, . . . ,
g(χκ)√

1− ε2 ‖ψ‖

)
gia k�poia grammik� sunarthsiak� f, g ∈ Lε(ψ). 'Eqoume

tc+ (1− t)d

= t

(
f(χ1)√

1− ε2 ‖ψ‖
,

f(χ2)√
1− ε2 ‖ψ‖

, . . . ,
f(χκ)√

1− ε2 ‖ψ‖

)

+(1− t)
(

g(χ1)√
1− ε2 ‖ψ‖

,
g(χ2)√

1− ε2 ‖ψ‖
, . . . ,

g(χκ)√
1− ε2 ‖ψ‖

)

=

(
tf(χ1) + (1− t)g(χ1)√

1− ε2 ‖ψ‖
,
tf(χ2) + (1− t)g(χ2)√

1− ε2 ‖ψ‖
, . . . ,

tf(χκ) + (1− t)g(χκ)√
1− ε2 ‖ψ‖

)

=

(
[tf + (1− t)g](χ1)√

1− ε2 ‖ψ‖
,
[tf + (1− t)g](χ2)√

1− ε2 ‖ψ‖
, . . . ,

[tf + (1− t)g](χκ)√
1− ε2 ‖ψ‖

)

=

(
h(χ1)√

1− ε2 ‖ψ‖
,

h(χ2)√
1− ε2 ‖ψ‖

, . . . ,
h(χκ)√

1− ε2 ‖ψ‖

)
,

ìpou h = tf + (1− t)g ∈ Lε(ψ) afoÔ to sÔnolo Lε(ψ) kurtì.

Prìtash 2.20. 'Estw χ1, χ2, . . . , χκ, ψ stoiqeÐa tou grammikoÔ q¸rou X

kai èna ε ∈ [0, 1). JewroÔme to stoiqeÐo z =


z1

z2

. . .

zκ

 ∈ Cκ. Tìte, isqÔei h

parak�tw isodunamÐa:
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(i) z ∈ JF ε
‖·‖(χ1, χ2, . . . , χκ;ψ).

(ii) Gia k�je α1, α2, . . . , ακ, λ ∈ C,∣∣∣∣∣
κ∑
i=1

αi zi + λ
√

1− ε2‖ψ‖

∣∣∣∣∣ ≤
∥∥∥∥∥

κ∑
i=1

αi
χi√

1− ε2‖ψ‖
+ λψ

∥∥∥∥∥ .
Apìdeixh. Ja apodeÐxoume pr¸ta to eujÔ. 'Estw z ∈ JF ε

‖·‖(χ1, χ2, . . . , χκ;ψ).

Tìte apì ton orismì tou sunjetikoÔ sunìlou JF ε
‖·‖(χ1, χ2, . . . , χκ;ψ), up�r-

qei grammikì sunarthsiakì f ∈ Lε(ψ) ètsi ¸ste zi =
f(χi)√
1− ε2

. 'Estw

α1, α2, . . . , ακ, λ ∈ C. Tìte∣∣∣∣∣
κ∑
i=1

αi zi + λ
√

1− ε2‖ψ‖

∣∣∣∣∣ =

∣∣∣∣∣
κ∑
i=1

αi
f(χi)√

1− ε2‖ψ‖
+ λf(ψ)

∣∣∣∣∣
=

∣∣∣∣∣f
(

κ∑
i=1

αi
χi√

1− ε2‖ψ‖
+ λψ

)∣∣∣∣∣
≤ ‖f‖

∥∥∥∥∥
κ∑
i=1

αi
χi√

1− ε2‖ψ‖
+ λψ

∥∥∥∥∥ .
AfoÔ ‖f‖ ≤ 1, isqÔei to zhtoÔmeno.

Gia to antÐstrofo t¸ra, upojètoume ìti isqÔei h anisìthta∣∣∣∣∣
κ∑
i=1

αi zi + λ
√

1− ε2‖ψ‖

∣∣∣∣∣ ≤
∥∥∥∥∥

κ∑
i=1

αi
χi√

1− ε2‖ψ‖
+ λψ

∥∥∥∥∥ ,
gia k�je α1, α2, . . . , ακ, λ ∈ C. JewroÔme ton upìqwro A, tou grammikoÔ

q¸rou X , pou par�getai apì ta stoiqeÐa χ1, χ2, . . . χκ. OrÐzoume to grammikì

sunarthsiakì f : A −→ C wc ex c:

f

(
κ∑
i=1

αi
χi√

1− ε2‖ψ‖
+ λψ

)
=

κ∑
i=1

αi zi + λ
√

1− ε2‖ψ‖.

Tìte ‖f‖ ≤ 1, f(ψ) =
√

1− ε2‖ψ‖. Epiplèon, èqoume ìti f(χi)√
1− ε2‖ψ‖

= zi,

gia k�je i = 1, 2, . . . , κ. Apì to je¸rhma epèktashc Hahn-Banach, up�rqei

èna sunarthsiakì f̂ : X −→ C pou epekteÐnei to f diathr¸ntac tic parap�nw

idiìthtec. 'Ara, f̂ ∈ Lε(ψ) kai z ∈ JF ε
‖·‖(χ1, χ2, . . . , χκ;ψ).





Kef�laio 3

Birkhoff-James SunhmÐtono

H melèth twn trigwnometrik¸n sunart sewn kai twn efarmog¸n touc me sko-

pì ton prosdiorismì tou mètrou gwni¸n, èqoun makr� istorÐa, eidik� stouc

q¸rouc ìpou mporeÐ na oristeÐ eswterikì ginìmeno. Tic teleutaÐec dekaetÐ-

ec to prìblhma twn trigwnometrik¸n sunart sewn kaj¸c kai o orismìc touc

se grammikoÔc q¸rouc me nìrma me enallaktikèc orjogwniìthtec èqei pro-

selkÔsei to endiafèron twn ereunht¸n [5]. Me th qr sh thc Birkhoff-James

orjogwniìthtac, o Szostok [55] eis gage thn sun�rthsh hmÐtono

s(χ, ψ) = inf
λ∈R

‖χ+ λψ‖
‖χ‖

gia dÔo mh mhdenik� stoiqeÐa χ, ψ enìc pragmatikoÔ grammikoÔ q¸rou me nìrma

(V , ‖ · ‖). H sun�rthsh aut  eÐnai suneq c kai an h nìrma ep�getai apì èna

eswterikì ginìmeno 〈·, ·〉, tìte h sun�rthsh s(χ, ψ) sumpÐptei me thn klasik 

sun�rthsh tou hmitìnou

√
1−

(
〈χ, ψ〉
‖χ‖ ‖ψ‖

)2

. Epiplèon, o Chmieliński [11]

parat rhse ìti, gia opoiod pote ε ∈ [0, 1),
√

1− s(χ, ψ)2 ≤ ε an kai mìno

an s(χ, ψ)2 ≥
√

1− ε2 an kai mìno an ‖χ + λψ‖ ≥
√

1− ε2‖χ‖ gia k�je

pragmatikì arijmì λ, qwrÐc na melet sei peraitèrw to jèma.

'Estw ènac grammikìc q¸roc me nìrma (X , ‖ · ‖) kai dÔo stoiqeÐa χ, ψ ∈ X
me χ 6= 0. Gia lìgouc eukolÐac sth qr sh twn sumbolism¸n, ja ergastoÔme

me to sÔnolo Birkhoff-James ε-orjogwniìthtac F ε
‖·‖(ψ;χ) antÐ tou sunìlou
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F ε
‖·‖(χ;ψ). H sumperifor� kai oi idiìthtec tou sunìlou Birkhoff-James ε-

orjogwniìthtac F ε
‖·‖(ψ;χ) odhgoÔn se ènan orismì sunhmitìnou thc kurt c

gwnÐac pou sqhmatÐzetai metaxÔ tou paragìmenou q¸rou span{χ} me ton pa-

ragìmeno q¸ro span{ψ}. Gia thn akrÐbeia, ja orÐsoume wc sunhmÐtono ton

el�qisto arijmì ε ∈ [0, 1), ètsi ¸ste 0 ∈ F ε
‖·‖(ψ;χ).

UpenjumÐzoume to epìmeno je¸rhma pou exasfalÐzei thn sunèqeia tou su-

nìlou me b�sh thn apìstash Hausdorff.

Je¸rhma 1.46. H apeikìnish ε 7→ F ε
‖·‖(ψ;χ) eÐnai suneq c.

3.1 Orismìc kai Gewmetrik  ErmhneÐa

Orismìc 3.1. 'Estw dÔo stoiqeÐa χ, ψ ∈ X me χ, ψ 6= 0. An ta stoiqeÐa

aut� den eÐnai par�llhla, tìte orÐzoume wc Birkhoff-James sunhmÐtono thc

kurt c gwnÐac pou dhmiourgeÐtai metaxÔ tou paragìmenou q¸rou span{χ} me
ton q¸ro span{ψ} thn posìthta:

cos
‖·‖
BJ(χ, ψ) = min

{
ε ∈ [0, 1) : 0 ∈ F ε

‖·‖(ψ;χ)
}

= min {ε ∈ [0, 1) : χ ⊥εBJ ψ}

= min
{
ε ∈ [0, 1) : ‖χ− λψ‖ ≥

√
1− ε2 ‖χ‖, ∀λ ∈ C

}
.

Sthn perÐptwsh pou ta stoiqeÐa χ kai ψ eÐnai par�llhla lème (kat� sÔm-

bash) ìti

cos
‖·‖
BJ(χ, ψ) = 1.

To sunhmÐtono eÐnai kal� orismèno, afoÔ o arijmìc ε eÐnai monadikìc lìgw

sunèqeiac kai monotonÐac thc apeikìnishc ε 7→ F ε
‖·‖(ψ;χ) (blèpe Je¸rhma 1.46

kai [50, Parat rhsh 2.1]).

Orismìc 3.2. An cos
‖·‖
BJ(χ, ψ) = ε0, tìte wc Birkhoff-James hmÐtono thc

kurt c gwnÐac tou q¸rou span{χ} me ton q¸ro span{ψ} jewroÔme thn po-

sìthta

sin
‖·‖
BJ(χ, ψ) =

√
1− cos

‖·‖
BJ(χ, ψ)

2
=
√

1− ε0
2.
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Oi parap�nw Birkhoff-James trigwnometrikèc sunart seic den eÐnai, en

gènei, summetrikèc gia ta stoiqeÐa χ kai ψ.

Prìtash 3.3. 'Estw ènac grammikìc q¸roc me nìrma (X , ‖ ·‖) kai èstw dÔo

stoiqeÐa χ, ψ ∈ X me χ, ψ 6= 0. Tìte isqÔoun oi ex c idiìthtec:

1. χ ⊥BJ ψ an kai mìno an cos
‖·‖
BJ(χ, ψ) = 0.

2. cos
‖·‖
BJ(αχ, βψ) = cos

‖·‖
BJ(χ, ψ) gia α, β ∈ C\{0}.

3. cos
‖·‖
BJ(χ, ψ) = cos

‖·‖
BJ(−χ, ψ) = cos

‖·‖
BJ(−χ,−ψ) = cos

‖·‖
BJ(χ,−ψ).

Apìdeixh. JewroÔme dÔo stoiqeÐa χ, ψ ston q¸ro X me to stoiqeÐo χ na mhn

eÐnai mhdenikì.

1. 'Eqoume χ ⊥BJ ψ ⇔ 0 ∈ F 0
‖·‖(ψ;χ)⇔ cos

‖·‖
BJ(χ, ψ) = 0.

2. Lìgw omogèneiac tou sunìlou Birkhoff-James ε-orjogwniìthtac isqÔei

ìti F ε
‖·‖(βψ;αχ) =

β

α
F ε
‖·‖(ψ;χ). 'Ara, 0 ∈ F ε

‖·‖(βψ;αχ) an kai mìno an

0 ∈ β

α
F ε
‖·‖(ψ;χ) an kai mìno an 0 ∈ F ε

‖·‖(ψ;χ). Epomènwc,

cos
‖·‖
BJ(αχ, βψ) = cos

‖·‖
BJ(χ, ψ) gia α, β ∈ C\{0}.

3. ProkÔptei apì thn prohgoÔmenh idiìthta me kat�llhlec epilogèc twn

α, β ∈ {1,−1}.

An h nìrma ‖ · ‖ ep�getai apì èna eswterikì ginìmeno 〈·, ·〉, tìte ìpwc

anafèrjhke prohgoumènwc sto Je¸rhma 1.41, to sÔnolo Birkhoff-James ε-

orjogwniìthtac tou ψ wc proc χ eÐnai o dÐskoc:

F ε
‖·‖(ψ;χ) = D

(
〈ψ, χ〉
‖χ‖2

,

∥∥∥∥ψ − 〈ψ, χ〉‖χ‖2
χ

∥∥∥∥ ε√
1− ε2‖χ‖

)
.

Se aut n thn perÐptwsh, o orismìc tou Birkhoff-James sunhmitìnou sumpÐptei

me ton orismì tou klasikoÔ sunhmitìnou.
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Je¸rhma 3.4. 'Estw grammikìc q¸roc me nìrma (X , ‖ · ‖) kai èstw ìti h

nìrma tou ‖ · ‖ ep�getai apì èna eswterikì ginìmeno 〈·, ·〉. JewroÔme dÔo mh

mhdenik� stoiqeÐa χ, ψ ∈ X . Tìte

cos
‖·‖
BJ(χ, ψ) =

|〈ψ, χ〉|
‖χ‖ ‖ψ‖

.

Apìdeixh. Pr�gmati, èqoume ìti ε0 = min{ε ∈ [0, 1) : 0 ∈ F ε
‖·‖(ψ;χ)} an kai

mìno an h apìstash tou kèntrou tou dÐskou apì to 0 eÐnai Ðsh me thn aktÐna,

dhlad  an kai mìno an

|〈ψ, χ〉|
‖χ‖2

=

∥∥∥∥ψ − 〈ψ, χ〉‖χ‖2
χ

∥∥∥∥ ε0√
1− ε2

0‖χ‖

⇔ |〈ψ, χ〉|
‖χ‖2

=

∥∥∥∥‖χ‖2ψ − 〈ψ, χ〉
‖χ‖2

χ

∥∥∥∥ ε0√
1− ε2

0‖χ‖

⇔ |〈ψ, χ〉| =
∥∥‖χ‖2ψ − 〈ψ, χ〉χ

∥∥ ε0√
1− ε2

0‖χ‖

⇔ |〈ψ, χ〉|2 =

(
‖‖χ‖2ψ − 〈ψ, χ〉χ‖ ε0√

1− ε2
0‖χ‖

)2

⇔ |〈ψ, χ〉|2 =
∥∥‖χ‖2ψ − 〈ψ, χ〉χ

∥∥2 ε2
0

(1− ε2
0)‖χ‖2

.

'Ara èqoume,

(1− ε2
0)‖χ‖2|〈ψ, χ〉|2 =

∥∥‖χ‖2ψ − 〈ψ, χ〉χ
∥∥2
ε2

0

⇔ (1− ε2
0)‖χ‖2|〈ψ, χ〉|2 =

〈
‖χ‖2ψ − 〈ψ, χ〉χ, ‖χ‖2ψ − 〈ψ, χ〉χ

〉
ε2

0

⇔ (1− ε2
0)‖χ‖2|〈ψ, χ〉|2 =

(
‖χ‖4‖ψ‖2 − ‖χ‖2〈ψ, χ〉2 − ‖χ‖2|〈ψ, χ〉|2 + ‖χ‖2〈ψ, χ〉2

)
ε2

0

⇔ (1− ε2
0)|〈ψ, χ〉|2 =

(
‖χ‖2‖ψ‖2 − |〈ψ, χ〉|2

)
ε2

0

⇔ |〈ψ, χ〉|2 − ε2
0|〈ψ, χ〉|2 = ‖χ‖2‖ψ‖2ε2

0 − ε2
0|〈ψ, χ〉|2.
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Autì shmaÐnei ìti

|〈ψ, χ〉|2 = ‖χ‖2‖ψ‖2ε2
0

⇔ ε2
0 =

|〈ψ, χ〉|2

‖χ‖2‖ψ‖2

⇔ ε0 =
|〈ψ, χ〉|
‖χ‖ ‖ψ‖

,

kai h apìdeixh oloklhr¸jhke.

Epomènwc, o Orismìc (3.1) eÐnai sumbatìc me ton sun jh orismì tou su-

nhmitìnou stouc q¸rouc eswterikoÔ ginomènou.

Parat rhsh 3.5. (Gewmetrik  ermhneÐa tou hmitìnou) 'Estw ènac grammikìc

q¸roc me nìrma (X , ‖ · ‖) kai èstw dÔo stoiqeÐa χ, ψ ∈ X , mh par�llhla, me

to χ na mhn eÐnai Birkhoff-James orjog¸nio sto ψ, dhlad 

0 /∈ F 0
‖·‖(ψ;χ).

An cos
‖·‖
BJ(χ, ψ) = ε0 ∈ (0, 1), tìte

0 ∈ F ε0
‖·‖(ψ;χ),   isodÔnama, ‖χ+ λψ‖ ≥

√
1− ε0

2 ‖χ‖, ∀λ ∈ C.

Epiplèon, epeid  o arijmìc ε0 eÐnai jetikìc kai 0 ∈ ∂F ε0
‖·‖(ψ;χ), prokÔptei apì

to Je¸rhma 1.39 ìti up�rqei migadikìc arijmìc λ0 tètoioc ¸ste:

‖χ+ λψ‖ ≥ ‖χ+ λ0ψ‖ =
√

1− ε2
0‖χ‖, ∀λ ∈ C.

Sunep¸c,

√
1− ε2

0 =
‖χ+ λ0ψ‖
‖χ‖

= min
λ∈C

‖χ+ λψ‖
‖χ‖

= sin
‖·‖
BJ(χ, ψ).

Aut  eÐnai h posìthta pou anafèrjhke parap�nw kai orÐsthke arqik� apì ton

T. Szostok sto [55].

Epiplèon, ja èqoume

‖χ+ λ0ψ‖ ≤ ‖χ+ λψ‖, ∀λ ∈ C,
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  isodÔnama,

‖χ+ λ0ψ‖ ≤ ‖χ+ λ0ψ + (λ− λ0)ψ‖, ∀λ ∈ C,

  isodÔnama,

‖(χ+ λ0ψ) + κψ‖ ≥ ‖χ+ λ0ψ‖, ∀κ ∈ C,

  isodÔnama,

(χ+ λ0ψ) ⊥BJ ψ.

χ+ λ0ψ

0
span{ψ}

χ χ+ λψ

λ0ψ

λ0ψ

ϕ

Dhlad  an epilèxoume ènan migadikì arijmì λ0 pou elaqistopoieÐ thn po-

sìthta ‖χ+ λψ‖, tìte mporoÔme na jewr soume ìti dhmiourgeÐtai orjog¸nio

trÐgwno, ìpou h pleur� me mètro ‖χ‖ eÐnai h upoteÐnousa kai h pleur� me

mètro ‖χ+ λ0ψ‖ eÐnai h apènanti k�jeth pleur� sth gwnÐa ϕ kai√
1− ε2

0 =
‖χ+ λ0ψ‖
‖χ‖

= sinϕ.

Par�deigma 3.6. 'Estw o grammikìc q¸roc X = C3 efodiasmènoc me th

nìrma ‖·‖∞. JewroÔme ta monadiaÐa dianÔsmata χ =


1

2

0

1

 kai ψ =


0

1

−1

.
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Sq ma 3.1: To 0 emfanÐzetai wc èna diaforÐsimo shmeÐo tou sunìrou ∂F

√
3

2

‖·‖∞(ψ;χ).

Lìgw tou pr¸tou stoiqeÐou tou dianÔsmatoc ψ (pou eÐnai mhdenikì), èqoume

profan¸c ìti

‖χ+ λψ‖∞ =

∥∥∥∥∥∥∥∥∥


1

2

λ

1− λ


∥∥∥∥∥∥∥∥∥
∞

= max

{
1

2
, |λ|, |1− λ|

}

≥ 1

2
= ‖χ‖∞

√√√√1−

(√
3

2

)2

, ∀λ ∈ C,

  isodÔnama, 0 ∈ F

√
3

2

‖·‖∞(ψ;χ). Gia λ =
1

2
, isqÔei h isìthta sthn parap�nw

anisìthta kai sunep¸c, 0 ∈ ∂F
√

3
2

‖·‖∞(ψ;χ). Epiplèon, gia k�je ε <

√
3

2
kai gia

λ =
1

2
, isqÔei

1

2
=

∥∥∥∥∥∥∥∥∥∥∥


1

2
1

2
1

2



∥∥∥∥∥∥∥∥∥∥∥
∞

=

∥∥∥∥∥∥∥∥∥∥∥


1

2
+

1

2
· 0

0 +
1

2
· 1

1 +
1

2
· (−1)



∥∥∥∥∥∥∥∥∥∥∥
∞

= ‖χ+
1

2
ψ‖∞ < ‖χ‖∞

√
1− ε2.



52 Birkhoff-James SunhmÐtono

Dhlad  gia k�je ε <

√
3

2
èqoume 0 /∈ F ε

‖·‖∞(ψ;χ), afoÔ 0 ∈ ∂F

√
3

2

‖·‖∞(ψ;χ).

'Etsi, katal goume ìti

cos
‖·‖∞
BJ (χ, ψ) =

√
3

2
kai sin

‖·‖∞
BJ (χ, ψ) =

1

2
=

min
λ∈C
‖χ+ λψ‖∞
‖χ‖∞

.

Gia na upologÐsoume ìla ta λ ∈ C pou dÐnoun isìthta sthn parap�nw anisìthta,

parathroÔme ìti

‖χ+ λψ‖∞ =

∥∥∥∥∥∥∥∥∥


1

2

λ

1− λ


∥∥∥∥∥∥∥∥∥
∞

=
1

2
,

  isodÔnama,

max

{
1

2
, |λ|, |1− λ|

}
=

1

2
,

  isodÔnama,

|λ| ≤ 1

2
kai |1− λ| ≤ 1

2
,

kai prokÔptei ìti to λ0 =
1

2
eÐnai h monadik  tim  tou λ gia thn opoÐa isqÔei

‖χ+ λ0ψ‖∞ = min
λ∈C
‖χ+ λψ‖∞.

Par� th monadikìthta tou λ0 èqoume,

cos
‖·‖∞
BJ (χ, ψ) =

√
3

2
6= 1

2
=
‖λ0ψ‖∞
‖χ‖∞

.

Epomènwc gia to cos
‖·‖∞
BJ (χ, ψ) den mporoÔme na èqoume mia gewmetrik  ermh-

neÐa (lìgoc proskeÐmenhc proc upoteÐnousa) ìpwc gia to sin
‖·‖∞
BJ (χ, ψ).

Par�deigma 3.7. 'Estw o grammikìc q¸roc X = C3 efodiasmènoc me th

nìrma ‖·‖∞. JewroÔme ta monadiaÐa dianÔsmata χ =


1

2

0

1

 kai ψ =


0
1

2

−1

.
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Lìgw tou pr¸tou stoiqeÐou tou dianÔsmatoc ψ (pou eÐnai mhdenikì), èqoume

profan¸c ìti

‖χ+ λψ‖∞ =

∥∥∥∥∥∥∥∥∥∥


1

2
λ

2

1− λ


∥∥∥∥∥∥∥∥∥∥
∞

= max

{
1

2
,
|λ|
2
, |1− λ|

}

≥ 1

2
= ‖χ‖∞

√√√√1−

(√
3

2

)2

, ∀λ ∈ C,

  isodÔnama, 0 ∈ F

√
3

2

‖·‖∞(ψ;χ). Gia λ = 1, isqÔei h isìthta kai sunep¸c,

0 ∈ ∂F
√

3
2

‖·‖∞(ψ;χ). Epiplèon, gia k�je ε <

√
3

2
kai gia λ = 1 isqÔei

Sq ma 3.2: To 0 emfanÐzetai wc èna mh diaforÐsimo shmeÐo tou sunìrou

∂F

√
3

2

‖·‖∞(ψ;χ).

1

2
=

∥∥∥∥∥∥∥∥∥∥


1

2
1

2

0


∥∥∥∥∥∥∥∥∥∥
∞

=

∥∥∥∥∥∥∥∥∥∥


1

2
+ 1 · 0

0 + 1 · 1

2

1 + 1 · (−1)


∥∥∥∥∥∥∥∥∥∥
∞

= ‖χ+ ψ‖∞ < ‖χ‖∞
√

1− ε2.
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Dhlad  gia k�je ε <

√
3

2
isqÔei 0 /∈ F ε

‖·‖∞(ψ;χ), afoÔ 0 ∈ ∂F

√
3

2

‖·‖∞(ψ;χ).

'Etsi, katal goume ìti

cos
‖·‖∞
BJ (χ, ψ) =

√
3

2
kai sin

‖·‖∞
BJ (χ, ψ) =

1

2
=

min
λ∈C
‖χ+ λψ‖∞
‖χ‖∞

.

Gia na upologÐsoume ìla ta λ ∈ C pou dÐnoun isìthta sthn parap�nw anisìthta,

parathroÔme ìti

‖χ+ λψ‖∞ =

∥∥∥∥∥∥∥∥∥∥


1

2
λ

2

1− λ


∥∥∥∥∥∥∥∥∥∥
∞

=
1

2
,

  isodÔnama,

max

{
1

2
,

∣∣∣∣λ2
∣∣∣∣ , |1− λ|} =

1

2
,

  isodÔnama,

|λ| ≤ 1 kai |1− λ| ≤ 1

2

kai prokÔptei ìti gia k�je λ0 ∈ {λ ∈ C : |λ| ≤ 1}∩
{
λ ∈ C : |1− λ| ≤ 1

2

}
(dhlad  gia �peirec timèc tou λ0 mèsa sth mh tetrimmènh tom  twn dÔo dÐ-

skwn), isqÔei

‖χ+ λ0ψ‖∞ = min
λ∈C
‖χ+ λψ‖∞.

Sthn perÐptwsh aut , èqoume �peira λ0 pou dÐnoun to minimum kai gia ta opoÐa

to phlÐko
‖λ0ψ‖∞
‖χ‖∞

lamb�nei ìlec tic timèc sto di�sthma

[
1

2
, 1

]
, opìte den èqei

nìhma na sugkrÐnoume to cos
‖·‖∞
BJ (χ, ψ) =

√
3

2
kai to

‖λ0ψ‖∞
‖χ‖∞

. Epomènwc, gia

to cos
‖·‖∞
BJ (χ, ψ) den mporoÔme na èqoume mia gewmetrik  ermhneÐa ìpwc gia

to sin
‖·‖∞
BJ (χ, ψ).



3.1 Orismìc kai Gewmetrik  ErmhneÐa 55

Sq ma 3.3: To F

√
3

2

‖·‖∞(ψ;χ) (arister�) kai kÔkloi me kèntra p�nw sto tìxo

Θ

(
0, 1,

1

2

)
− 1 kai aktÐna 1 ap' autoÔc pou par�goun to F

√
3

2

‖·‖∞(ψ;χ) (dexi�).

Sto par�deigma autì eÐnai axioshmeÐwto to ex c: GnwrÐzoume ìti

0 ∈ F
√

3
2

‖·‖∞(ψ;χ) =
⋂
λ∈C

D

(
λ,
‖ψ − λχ‖∞

1
2
‖χ‖∞

)
=

⋂
λ∈C

D

(
λ, 2 max

{
|λ|
2
,
1

2
, | − 1− λ|

})
=

⋂
λ∈C

D (λ,max {|λ|, 1, 2|1 + λ|}) .

An sumbolÐsoume me Θ

(
0, 1,

1

2

)
to tìxo tou kÔklou C(1, 1) me kèntro 1 kai

aktÐna 1 pou brÐsketai entìc tou dÐskou D
(

0,
1

2

)
, me kèntro 0 kai aktÐna

1

2
,

tìte gia k�je λ ∈ Θ

(
0, 1,

1

2

)
− 1 (dhlad , metatopÐzoume par�llhla to tìxo

kat� −1), èqoume

max{|λ|, 1, 2|λ+ 1|} = |λ| = 1.

Autì shmaÐnei ìti èqoume �peirouc kÔklouc me kèntra p�nw sto tìxo Θ

(
0, 1,

1

2

)
−

1 kai aktÐna 1 pou perilamb�noun to F
√

3
2

‖·‖∞(ψ;χ) kai dièrqontai apì thn arq 

twn axìnwn. 'Ara, to 0 eÐnai gwniakì shmeÐo tou F
√

3
2

‖·‖∞(ψ;χ).
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Sq ma 3.4: To F

√
3

2

‖·‖∞(ψ;χ) (arister�) kai kÔkloi me kèntra p�nw sta tìxa

Θ

(
0, 1,

1

2

)
− 1 kai

1

2

[
Θ

(
0, 1,

1

2

)
− 1

]
ap' autoÔc pou par�goun to F

√
3

2

‖·‖∞(ψ;χ)

(dexi�).

Parat rhsh 3.8. Sqetik� me thn sÔmbash tou orismoÔ sqetik� me ta par�l-

lhla dianÔsmata parathroÔme ìti

cos
‖·‖
BJ(χ, ψ) = 1 ⇔ sin

‖·‖
BJ(χ, ψ) = 0

⇔ inf
λ∈C
‖χ+ λψ‖ = 0

⇔ min
λ∈C
‖χ+ λψ‖ = 0

⇔ up�rqei λ0 ∈ C tètoio ¸ste ‖χ+ λ0ψ‖ = 0

⇔ χ ‖ ψ.

3.2 Basikèc Idiìthtec

Xekin¸ntac thn par�grafo, apodeiknÔoume ìti h apeikìnish tou Birkhoff-

James sunhmitìnou eÐnai suneq c wc proc to χ kai to ψ. Gia na to deÐxoume

autì, qrhsimopoioÔme thn sunèqeia tou Birkhoff-James hmitìnou. (Gia ènan

pragmatikì grammikì q¸ro [55, Je¸rhma 2.5])

Je¸rhma 3.9. H apeikìnish Birkhoff-James hmÐtono

sin
‖·‖
BJ : X \ {0} × X \ {0} −→ [0, 1]

eÐnai suneq c.
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Apìdeixh. 'Estw èna tuqaÐo stoiqeÐo (χ, ψ) ∈ X × X , χ, ψ 6= 0 kai èstw ìti

up�rqoun dÔo akoloujÐec stoiqeÐwn (χn, ψn)n∈N kai (χn
′, ψn

′)n∈N me

(χn, ψn) −→ (χ, ψ)

kai

(χn
′, ψn

′) −→ (χ, ψ)

tètoiec ¸ste

sin
‖·‖
BJ(χn, ψn) −→ α

kai

sin
‖·‖
BJ(χn

′, ψn
′) −→ α1

me α 6= α1, dÔo pragmatikoÐ arijmoÐ. Upojètoume ìti ta stoiqeÐa χn, ψn, χn′, ψn
′

eÐnai mh mhdenik� gia k�je fusikì arijmì n kai α > α1. Jètoume ε = α− α1.

AfoÔ χ 6= 0 antikajistoÔme to (χ, ψ) me to

(
χ

‖χ‖
, ψ

)
kai antÐstoiqa antika-

jistoÔme ta (χn, ψn), (χn
′, ψn

′). QwrÐc bl�bh thc genikìthtac upojètoume

‖χ‖ = ‖χn‖ = ‖χn′‖ = 1, gia k�je n ∈ N

kai

sin
‖·‖
BJ

(
χn
‖χn‖

, ψn

)
= min

λ∈C

‖χn + λψn‖
‖χn‖

= min
λ∈C
‖χn + λψn‖ −→ α,

sin
‖·‖
BJ

(
χn
′

‖χn′‖
, ψ1

n

)
= min

λ∈C
‖χn′ + λψn

′‖ −→ α1.

Tìte ‖χn + λnψn‖ −→ α kai ‖χn′ + λn
′ψn
′‖ −→ α1, ìpou {λn}, {λn′} ⊆ C

akoloujÐec tètoiec ¸ste gia k�je n ∈ C, to λn eÐnai autì pou dÐnei to min.

EpÐshc, lìgw orismoÔ tou λn isqÔei

‖χn + λnψn‖ ≤ ‖χn + λψn‖, gia k�je n ∈ N kai gia k�je λ ∈ C.

Epiplèon isqÔei ìti ‖χn′ + λn
′ψn
′‖ = sin

‖·‖
BJ(χn

′, ψn
′) ≤ 1, gia k�je n ∈ N.

Lìgw thc trigwnik c anisìthtac:

|λn′| ‖ψn′‖ − ‖χn′‖ ≤ ‖χn′ + λn
′ψn
′‖ n ∈ N,
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�ra,

|λn′| ≤
‖χn′‖+ ‖χn′ + λn

′ψn
′‖

‖ψn′‖
.

Sunep¸c, h akoloujÐa {λn′} eÐnai fragmènh. Epomènwc, apì Bolzano-Weierstrass

h akoloujÐa {λn′} èqei sugklÐnousa upakoloujÐa. Gia eukolÐa, ja jewroÔme

thn {λn′}. 'Ara, up�rqei k�poio λ′ ∈ C tètoio ¸ste λn
′ −→ λ′. Epiplèon,

isqÔoun ta ex c: Up�rqoun fusikoÐ arijmoÐ n1, n2, n3 tètoioi ¸ste

| ‖χn + λ′ψn‖ − ‖χn′ + λ′ψn
′‖ | < ε

9
gia k�je n ≥ n1, (3.1)

∣∣ ‖χ1
n + λ1ψ

1
n‖ − ‖χ1

n + λ1
nψ

1
n‖
∣∣ < ε

9
gia n ≥ n2 (3.2)

kai

|α1 − ‖χn′ + λn
′ψn
′‖ | < ε

9
gia n ≥ n3. (3.3)

Apìdeixh thc Anisìthtac 3.1. 'Eqoume

| ‖χn + λ′ψn‖ − ‖χn′ + λ′ψn
′‖ |

≤ ‖(χn − χn′) + λ′(ψn − ψn′)‖

≤ ‖χn − χn′‖+ |λ′|‖ψn − ψn′‖ −→ 0.

'Ara gia opoiod pote ε > 0, up�rqei n1 tètoio ¸ste an

n ≤ n1 tìte |‖χn + λ′ψn‖ − ‖χn′ + λ′ψn
′‖ | < ε

9
gia n ≥ n1.

Apìdeixh thc Anisìthtac 3.2. 'Eqoume

| ‖χn′ + λ′ψn
′‖ − ‖χn′ + λn

′ψn
′‖ |

≤ ‖(λ′ − λn′)ψn′‖ −→ 0.

'Ara gia opoiod pote ε > 0 , up�rqei n2 tètoio ¸ste an n ≤ n2 tìte

| ‖χn′ + λ′ψn
′‖ − ‖χn′ + λn

′ψn
′‖ | < ε

9
gia n ≥ n2.

Apìdeixh thc Anisìthtac 3.3. 'Eqoume sin
‖·‖
BJ(χn

′, ψn
′) −→ α1, epomènwc, gia

opoiod pote ε > 0 up�rqei n3 ∈ N tètoio ¸ste an n ≥ n3 tìte

| sin‖·‖BJ(χn
′, ψn

′)− α1| <
ε

9
.
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Telik� gia n ≥ max{n1, n2, n3}:

|α1 − ‖χn + λ′ψn‖ |

≤ | ‖χn + λ′ψn‖ − ‖χn′ + λ′ψn
′‖ |+ | ‖χn′ + λ′ψn

′‖ − ‖χn′ + λn
′ψn
′‖ |

+ |α1 − ‖χn′ + λn
′ψn
′‖ |

<
ε

9
+
ε

9
+
ε

9
=
ε

3
.

Apì thn �llh, ìmwc, lìgw tou orismoÔ thc sÔgklishc, up�rqei n0 ∈ N ètsi

¸ste gia n ≥ n0, isqÔei:

| ‖χn + λnψn‖ − α| <
ε

3
=⇒ α− ε

3
< ‖χn + λnψn‖.

Gia k�je n ≥ max{n0, n1, n2, n3}, apì tic parap�nw anisìthtec, èqoume

‖χn + λnψn‖ > α− ε

3
> α1 +

ε

3
> ‖χn + λ′ψn‖.

'Atopo. Epomènwc, α = α1 kai h sun�rthsh eÐnai suneq c.

Pìrisma 3.10. H apeikìnish cos
‖·‖
BJ(·, ·) eÐnai suneq c.

Apìdeixh. Lìgw thc sunèqeiac tou Birkhoff-James hmitìnou sin|(X\{0})×(X\{0}),

ja isqÔei ìti kai to Birkhoff-James sunhmÐtono cos
‖·‖
BJ(·, ·) =

√
1− sin

‖·‖
BJ(·, ·)2

eÐnai suneq c apeikìnish.

Prìtash 3.11. 'Estw ènac grammikìc q¸roc me nìrma (X , ‖·‖). Upojètou-
me ìti h di�stash tou autoÔ grammikoÔ q¸rou eÐnai megalÔterh   Ðsh tou 3. To

Birkhoff-James sunhmÐtono eÐnai summetrikì, dhlad  an gia k�je mh mhdenik�

stoiqeÐa χ, ψ tou grammikoÔ q¸rou X èqoume ìti cos
‖·‖
BJ(χ, ψ) = cos

‖·‖
BJ(ψ, χ),

an kai mìno an o q¸roc X eÐnai q¸roc eswterikoÔ ginomènou.

Apìdeixh. AfoÔ isqÔei ìti cos
‖·‖
BJ(χ, ψ) = cos

‖·‖
BJ(ψ, χ) gia k�je mh mhdenik�

stoiqeÐa χ, ψ ∈ X , tìte ja èqoume ìti

cos
‖·‖
BJ(χ, ψ) = 0 an kai mìno an cos

‖·‖
BJ(ψ, χ) = 0.

Autì ìmwc shmaÐnei ìti

χ ⊥BJ ψ an kai mìno an ψ ⊥BJ χ.
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Pr�gmati,

cos
‖·‖
BJ(χ, ψ) = 0 ⇔ 0 ∈ F 0

‖·‖(ψ;χ) ⇔ χ ⊥BJ ψ

kai

cos
‖·‖
BJ(ψ, χ) = 0 ⇔ 0 ∈ F 0

‖·‖(χ;ψ) ⇔ ψ ⊥BJ χ.

Epomènwc, h Birkhoff-James orjogwniìthta eÐnai summetrik , dhlad  h nìrma

‖ · ‖ ep�getai apì eswterikì ginìmeno.

Par�deigma 3.12. 'Estw o grammikìc q¸roc X = C3 efodiasmènoc me

th nìrma ‖ · ‖∞. JewroÔme ta dianÔsmata χ =


1
1

2

0

, ψ =


0

1
√

3

2

 kai

ζ =


1

0
1

2

. 'Eqoume ìti

‖χ+ λψ‖∞ =

∥∥∥∥∥∥∥∥∥∥


1

1

2
+ λ

λ

√
3

2


∥∥∥∥∥∥∥∥∥∥
∞

= max

{
1,

∣∣∣∣12 + λ

∣∣∣∣ , |λ|√3

2

}

≥ 1 = ‖χ‖∞, ∀λ ∈ C,

  isodÔnama, 0 ∈ F 0
‖·‖∞(ψ;χ). K�nontac antÐstoiqouc upologismoÔc ìpwc sta

prohgoÔmena paradeÐgmata, sumperaÐnoume ìti

cos
‖·‖∞
BJ (χ, ψ) = 0.

Apì thn �llh t¸ra,

‖ψ + λχ‖∞ =

∥∥∥∥∥∥∥∥∥∥


λ

1 + λ
1

2√
3

2


∥∥∥∥∥∥∥∥∥∥
∞

= max

{
|λ|,
∣∣∣∣1 + λ

1

2

∣∣∣∣ , √3

2

}

≥
√

3

2
=

√
3

2
‖ψ‖∞ =

√
1−

(
1

2

)2

‖ψ‖∞, ∀λ ∈ C,
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  isodÔnama, 0 ∈ F
1
2

‖·‖∞(χ;ψ).

Telik�

cos
‖·‖∞
BJ (ψ, χ) =

1

2
.

Epiplèon, èqoume

‖χ+ λζ‖∞ =

∥∥∥∥∥∥∥∥∥∥


1 + λ

1

2
λ

2


∥∥∥∥∥∥∥∥∥∥
∞

= max

{
|1 + λ|, 1

2
,
|λ|
2

}

≥ 1

2
= ‖χ‖∞

√√√√1−

(√
3

2

)2

, ∀λ ∈ C,

  isodÔnama, 0 ∈ F
√

3
2

‖·‖∞(ψ;χ). K�nontac antÐstoiqouc upologismoÔc ìpwc sta

prohgoÔmena paradeÐgmata, sumperaÐnoume ìti

cos
‖·‖∞
BJ (χ, ζ) =

√
3

2
.

Epiplèon, sumperaÐnoume ìti

cos
‖·‖∞
BJ (ζ, χ) =

√
3

2
.

Genik� gnwrÐzoume ìti h nìrma enìc grammikoÔ q¸rou ja ep�getai apì

eswterikì ginìmeno an kai mìno an isqÔei o Nìmoc twn Sunhmitìnwn.

Prìtash 3.13. 'Estw (X , ‖ · ‖) ènac grammikìc q¸roc me nìrma. H nìrma

‖ · ‖ ep�getai apì èna eswterikì ginìmeno 〈·, ·〉 an kai mìno an gia k�je dÔo

mh mhdenik� stoiqeÐa χ, ψ ∈ X isqÔei

cos
‖·‖
BJ(χ, ψ) =

| ‖χ‖2 + ‖ψ‖2 − ‖χ− ψ‖2|
2 ‖χ‖ ‖ψ‖

.
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Apìdeixh. 'Estw χ kai ψ dÔo mh mhdenik� stoiqeÐa tou grammikoÔ q¸rou X
gia ta opoÐa isqÔei

cos
‖·‖
BJ(χ, ψ) =

| ‖χ‖2 + ‖ψ‖2 − ‖χ− ψ‖2|
2 ‖χ‖ ‖ψ‖

.

An to stoiqeÐo χ eÐnai Birkhoff-James orjog¸nio sto stoiqeÐo ψ, tìte

cos
‖·‖
BJ(χ, ψ) =

| ‖χ‖2 + ‖ψ‖2 − ‖χ− ψ‖2|
2 ‖χ‖ ‖ψ‖

= 0,

  isodÔnama, ‖χ‖2 + ‖ψ‖2 = ‖χ−ψ‖2. 'Ara h Birkhoff-James orjogwniìthta

sunep�getai thn Pujagìreia orjogwniìthta. Epomènwc, apì [2] kai [49], o

q¸roc X eÐnai q¸roc eswterikoÔ ginomènou.

Prìtash 3.14. An χ, ψ ∈ X dÔo mh mhdenik� kai mh par�llhla dianÔsmata,

tìte gia k�je ε0 ∈ (0, 1), up�rqoun �peiroi migadikoÐ arijmoÐ µ0 tètoioi ¸ste

cos
‖·‖
BJ(χ, ψ − µ0χ) = ε0.

Eidikìtera, autoÐ oi migadikoÐ µ0 eÐnai akrib¸c ìla ta sunoriak� shmeÐa tou

sunìlou F ε0
‖·‖(ψ;χ).

Apìdeixh. 'Estw duo mh mhdenik� kai mh par�llhla dianÔsmata χ, ψ ∈ X .
JewroÔme èna tuqaÐo ε0 ∈ (0, 1). Gia k�je µ0 ∈ ∂F ε0

‖·‖(ψ;χ), èqoume ìti

0 ∈ ∂F ε0
‖·‖(ψ − µ0χ;χ)

kai

cos
‖·‖
BJ(χ, ψ − µ0χ) = ε0.

Epiplèon, to sÔnolo F ε0
‖·‖(ψ;χ) eÐnai sumpagèc kai kurtì kai afoÔ ta stoiqeÐa

χ, ψ den eÐnai par�llhla, tìte den eÐnai monosÔnolo kai èqei �peira sunoriak�

shmeÐa.

Prìtash 3.15. 'Estw dÔo tuqaÐa stoiqeÐa χ, ψ ∈ X , mh par�llhla, mh

mhdenik�. Tìte

sin
‖·‖
BJ(χ, χ± ψ) ≤ ‖ψ‖

‖χ‖
.
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Apìdeixh. 'Estw cos
‖·‖
BJ(χ, χ± ψ) = ε0 < 1. Tìte

0 ∈ F ε0
‖·‖(χ± ψ;χ) dhlad  χ ⊥ε0BJ (χ± ψ).

'Ara, ‖χ+ λ(χ± ψ)‖ ≥
√

1− ε0
2‖χ‖ gia k�je λ ∈ C.

Epomènwc, gia λ = −1 èqoume ìti

‖ψ‖ ≥
√

1− ε0
2‖χ‖, dhlad  sin

‖·‖
BJ(χ, χ± ψ) ≤ ‖ψ‖

‖χ‖
,

kai h apìdeixh oloklhr¸jhke.

An cos
‖·‖
BJ(χ, χ± ψ) = 1, tìte sin

‖·‖
BJ(χ, χ± ψ) = 0.

Pìrisma 3.16. 'Estw dÔo stoiqeÐa χ, ψ ∈ X me χ, ψ 6= 0. Tìte

cos
‖·‖
BJ(χ, χ± ψ) ≥

√∣∣∣∣1− ‖ψ‖2

‖χ‖2

∣∣∣∣.
Prìtash 3.17. 'Estw grammikìc q¸roc me nìrma (X , ‖ · ‖) kai dÔo stoiqeÐa

χ, ψ ∈ X mh mhdenik� kai mh par�llhla tètoia ¸ste ‖ψ − χ‖ = ‖ψ‖. Tìte

cos
‖·‖
BJ(ψ, χ) = cos

‖·‖
BJ(ψ − χ, χ).

Apìdeixh. 'Estw cos
‖·‖
BJ(ψ, χ) = ε1 kai cos

‖·‖
BJ(ψ − χ, χ) = ε2. Tìte, b�sei tou

orismoÔ, 0 ∈ F ε1
‖·‖(χ;ψ) kai �ra ψ ⊥ε1BJ χ. Epomènwc,

‖ψ − λχ‖ ≥
√

1− ε1
2 ‖ψ‖, ∀λ ∈ C,

  isodÔnama,

‖ψ − χ− (λ− 1)χ‖ ≥
√

1− ε1
2 ‖ψ‖, ∀λ ∈ C,

  isodÔnama,

‖(ψ − χ)− κχ‖ ≥
√

1− ε1
2 ‖ψ‖, ∀κ ∈ C,

  isodÔnama,

‖(ψ − χ)− κχ‖ ≥
√

1− ε1
2 ‖ψ − χ‖, ∀κ ∈ C.

'Ara, (ψ − χ) ⊥ε1BJ χ, dhlad , 0 ∈ F ε1
‖·‖(χ;ψ − χ). Epomènwc,
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cos
‖·‖
BJ(ψ − χ, χ) = ε2 = min

{
ε ∈ [0, 1) : 0 ∈ F ε

‖·‖(χ;ψ − χ)
}
≤ ε1.

Gia thn �llh anisìthta, jètontac ψ− χ antÐ gia ψ kai −χ antÐ gia χ, èqoume

cos
‖·‖
BJ ((ψ − χ) + χ,−χ) ≤ cos

‖·‖
BJ(ψ − χ,−χ),

dhlad 

cos
‖·‖
BJ(ψ, χ) ≤ cos

‖·‖
BJ(ψ − χ, χ).

Telik�, cos
‖·‖
BJ(ψ, χ) = cos

‖·‖
BJ(ψ − χ, χ).

Parat rhsh 3.18. H gewmetrik  ermhneÐa thc Prìtashc 3.17 eÐnai h ex c: se

èna isoskelèc trÐgwno, oi proskeÐmenec sth b�sh gwnÐec eÐnai Ðsec.

Pìrisma 3.19. 'Estw ènac grammikìc q¸roc me nìrma (X , ‖ · ‖) kai dÔo

stoiqeÐa χ, ψ ∈ X , mh par�llhla, me χ, ψ 6= 0 kai ‖ψ − χ‖ = ‖ψ‖ = ‖χ‖.
Upojètoume ìti cos

‖·‖
BJ(ψ, χ) = cos

‖·‖
BJ(χ, ψ). Tìte

cos
‖·‖
BJ(ψ, χ) = cos

‖·‖
BJ(χ, ψ) = cos

‖·‖
BJ(ψ − χ, χ) = cos

‖·‖
BJ(ψ − χ, ψ).

Apìdeixh. Apì th Prìtash 3.17, èqoume ìti cos
‖·‖
BJ(ψ, χ) = cos

‖·‖
BJ(ψ − χ, χ)

kai cos
‖·‖
BJ(χ, ψ) = cos

‖·‖
BJ(χ−ψ, χ) = cos

‖·‖
BJ(ψ−χ, χ). Lìgw thc upìjeshc thc

summetrÐac tou Birkhoff-James sunhmitìnou twn χ kai ψ, prokÔptei �mesa to

zhtoÔmeno.

Parat rhsh 3.20. H gewmetrik  ermhneÐa tou PorÐsmatoc 3.19 eÐnai h ex c: se

èna isìpleuro trÐgwno, me dedomènh th summetrÐa tou sunhmitìnou thc gwnÐac

twn χ kai ψ, oi gwnÐec eÐnai Ðsec.

Parat rhsh 3.21. An cos
‖·‖
BJ(χ+ψ, χ−ψ) = 0 gia k�je χ, ψ ∈ X mh mhdenik�,

me ‖χ‖ = ‖ψ‖ = 1, tìte h nìrma ‖ · ‖ ep�getai apì èna eswterikì ginìmeno

〈·, ·〉.

Apìdeixh. Pr�gmati, afoÔ ja isqÔei (χ + ψ) ⊥BJ (χ − ψ), tìte apì [1] kai

[2], o grammikìc q¸roc X eÐnai q¸roc eswterikoÔ ginomènou.

Parat rhsh 3.22. H gewmetrik  ermhneÐa thc Parat rhshc 3.21 eÐnai h ex c:

an up�rqei rìmboc (me k�jetec tic diagwnÐouc kai Ðsec tic diadoqikèc pleurèc

tou), tìte h nìrma ‖ · ‖ ep�getai apì èna eswterikì ginìmeno 〈·, ·〉.
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'Estw dÔo mh mhdenik� dianÔsmata χ, ψ ∈ X tètoia ¸ste 0 ∈ F 0
‖·‖(ψ;χ),  

isodÔnama, χ ⊥BJ ψ. Tìte

‖χ+ λψ‖ ≥ ‖χ‖, ∀λ ∈ C,

  isodÔnama,

s(χ, ψ) = inf
λ∈C

‖χ+ λψ‖
‖χ‖

= min
λ∈C

‖χ+ λψ‖
‖χ‖

=
‖χ+ 0ψ‖
‖χ‖

= 1,

to opoÐo eÐnai apolÔtwc sumbatì me to

cos
‖·‖
BJ(χ, ψ) = 0 kai sin

‖·‖
BJ(χ, ψ) =

√
1− cosBJ(χ, ψ)2 = 1.

Epiplèon, ac upojèsoume ìti up�rqei pragmatikìc arijmìc ρ0 ≥ 0 tètoioc

¸ste D(0, ρ0) ⊆ F 0
‖·‖(ψ;χ). Tìte apì th sqèsh

D(0, ρ0) ⊆ F 0
‖·‖(ψ;χ) =

⋂
λ∈C
D
(
λ,
‖ψ − λχ‖
‖χ‖

)
⊆ D

(
0,
‖ψ − 0χ‖
‖χ‖

)
,

eÐnai fanerì ìti ρ0 ≤
‖ψ‖
‖χ‖

kai gia k�je λ ∈ C isqÔei

D(0, ρ0) ⊆ F 0
‖·‖(ψ;χ) ⊆ D

(
λ,
‖ψ − λχ‖
‖χ‖

)
.

'Ara,
‖ψ − λχ‖
‖χ‖

≥ |λ|+ ρ0. Epomènwc,

ρ0 ≤ inf
λ∈C

{
‖ψ − λχ‖
‖χ‖

− |λ|
}

= inf
λ∈C

‖ψ − λχ‖ − ‖λχ‖
‖χ‖

≤ inf
λ∈C

‖ψ − λχ‖
‖χ‖

= inf
λ∈C

‖ψ + λχ‖
‖χ‖

=
‖ψ‖
‖χ‖

inf
λ∈C

‖ψ + λχ‖
‖ψ‖

=
‖ψ‖
‖χ‖

s(ψ, χ) =
‖ψ‖
‖χ‖

sin
‖·‖
BJ(ψ, χ).

Autì shmaÐnei ìti, an χ ⊥BJ ψ ⇔ 0 ∈ F 0
‖·‖(ψ;χ) kai D(0, ρ0) ⊆ F 0

‖·‖(ψ;χ),

tìte

sin
‖·‖
BJ(χ, ψ) = 1 kai sin

‖·‖
BJ(ψ, χ) ≥ ‖χ‖

‖ψ‖
ρ0,
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dhlad 

0 ≤ ‖χ‖
‖ψ‖

ρ0 ≤ sin
‖·‖
BJ(ψ, χ) ≤ 1 = sin

‖·‖
BJ(χ, ψ),

  isodÔnama,

cos
‖·‖
BJ(χ, ψ) = 0 ≤ cos

‖·‖
BJ(ψ, χ) ≤

√
1−

(
‖χ‖
‖ψ‖

ρ0

)2

.

Eidikìtera, an ρ0 =
‖ψ‖
‖χ‖

⇔ F 0
‖·‖(ψ;χ) = D

(
0,
‖ψ‖
‖χ‖

)
, tìte

cos
‖·‖
BJ(ψ, χ) = 0 = cos

‖·‖
BJ(χ, ψ).

Sth genik  perÐptwsh gia ε ∈ [0, 1), ac jewr soume dÔo mh mhdenik� dianÔ-

smata χ, ψ ∈ X tètoia ¸ste 0 ∈ F ε
‖·‖(ψ;χ),   isodÔnama, χ ⊥εBJ ψ. Tìte

‖χ+ λψ‖ ≥
√

1− ε2‖χ‖, ∀λ ∈ C,

  isodÔnama,

sin
‖·‖
BJ(χ, ψ) = s(χ, ψ) = inf

λ∈C

‖χ+ λψ‖
‖χ‖

≤
√

1− ε2,

  isodÔnama,

cos
‖·‖
BJ(χ, ψ) ≥ ε.

Epiplèon, ac upojèsoume ìti up�rqei pragmatikìc arijmìc ρε > 0 tètoioc

¸ste D(0, ρε) ⊆ F ε
‖·‖(ψ;χ). Tìte apì th sqèsh

D(0, ρε) ⊆ F ε
‖·‖(ψ;χ) =

⋂
λ∈C
D
(
λ,
‖ψ − λχ‖√
1− ε2‖χ‖

)
⊆ D

(
0,
‖ψ − 0χ‖√
1− ε2‖χ‖

)
,

eÐnai fanerì ìti ρε ≤
‖ψ‖√

1− ε2‖χ‖
, kai gia k�je λ ∈ C, isqÔei

D(0, ρε) ⊆ F ε
‖·‖(ψ;χ) ⊆ D

(
λ,
‖ψ − λχ‖√
1− ε2‖χ‖

)
. 'Ara,

‖ψ − λχ‖√
1− ε2‖χ‖

≥ |λ|+ ρε.
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Epomènwc,

ρε ≤ inf
λ∈C

{
‖ψ − λχ‖√
1− ε2‖χ‖

− |λ|
}

= inf
λ∈C

‖ψ − λχ‖ −
√

1− ε2‖λχ‖√
1− ε2‖χ‖

≤ inf
λ∈C

‖ψ − λχ‖√
1− ε2‖χ‖

= inf
λ∈C

‖ψ + λχ‖√
1− ε2‖χ‖

=
‖ψ‖√

1− ε2‖χ‖
inf
λ∈C

‖ψ + λχ‖
‖ψ‖

=
‖ψ‖√

1− ε2‖χ‖
s(ψ, χ) =

‖ψ‖√
1− ε2‖χ‖

sin
‖·‖
BJ(ψ, χ).

Autì shmaÐnei ìti, an χ ⊥εBJ ψ ⇔ 0 ∈ F ε
‖·‖(ψ;χ) kai D(0, ρε) ⊆ F ε

‖·‖(ψ;χ),

tìte

sin
‖·‖
BJ(χ, ψ) ≤

√
1− ε2 kai sin

‖·‖
BJ(ψ, χ) ≥

√
1− ε2

(
‖χ‖
‖ψ‖

ρε

)
,

  isodÔnama,

cos
‖·‖
BJ(χ, ψ) ≥ ε kai cos

‖·‖
BJ(ψ, χ) ≤

√
1−

(
‖χ‖
‖ψ‖

ρε

)2

(1− ε2).

'Estw X ènac grammikìc q¸roc kai èstw ‖·‖a, ‖·‖b dÔo isodÔnamec nìrmec

me c‖ζ‖a ≤ ‖ζ‖b ≤ C‖ζ‖a, ìpou c, C > 0 gia k�je ζ ∈ X . UpenjumÐzoume ìti
apì thn Prìtash 1.30, isqÔei ìti gia k�je ε ∈ [0, 1) èqoume

F ε
‖·‖a(ψ;χ) ⊆ F ε′

‖·‖b(ψ;χ), me ε′ =

√
1− c2(1− ε2)

C2
.

Prìtash 3.23. 'Estw dÔo mh mhdenik� stoiqeÐa χ, ψ ∈ X kai ‖ · ‖a, ‖ · ‖b
isodÔnamec nìrmec ìpwc parap�nw, tìte

sin
‖·‖a
BJ (χ, ψ) ≤ C

c
sin
‖·‖b
BJ (χ, ψ).

Apìdeixh. Pr�gmati, jewroÔme ìti cos
‖·‖a
BJ (χ, ψ) = ε1. Tìte, apì ton orismì,

0 ∈ F ε1
‖·‖a(ψ;χ) ⊆ F ε2

‖·‖b(ψ;χ). 'Ara, cos
‖·‖b
BJ (χ, ψ) ≤ ε2 =

√
1− c2(1− ε1

2)

C2
.
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Epomènwc,

cos
‖·‖b
BJ (χ, ψ) ≤

√
1− c2(1− ε1

2)

C2

⇔ cos
‖·‖b
BJ (χ, ψ)

2
≤ 1− c2(1− ε1

2)

C2

⇔ cos
‖·‖b
BJ (χ, ψ)

2
≤ 1− c2(1− cos

‖·‖a
BJ (χ, ψ)

2
)

C2

⇔ C2cos
‖·‖b
BJ (χ, ψ)

2
≤ C2 − c2(1− cos

‖·‖a
BJ (χ, ψ)

2
)

⇔ C2cos
‖·‖b
BJ (χ, ψ)

2
− C2 ≤ −c2(1− cos

‖·‖a
BJ (χ, ψ)

2
)

⇔ C2(cos
‖·‖b
BJ (χ, ψ)

2
− 1) ≤ −c2(1− cos

‖·‖a
BJ (χ, ψ)

2
)

⇔ C2(1− cos
‖·‖b
BJ (χ, ψ)

2
) ≥ c2(1− cos

‖·‖a
BJ (χ, ψ)

2
)

⇔ C2

c2
≥ (1− cos

‖·‖a
BJ (χ, ψ)

2
)

(1− cos
‖·‖b
BJ (χ, ψ)

2
)

⇔ C2

c2
≥ sin

‖·‖a
BJ (χ, ψ)

2

sin
‖·‖b
BJ (χ, ψ)

2

⇔ C

c
≥ sin

‖·‖a
BJ (χ, ψ)

sin
‖·‖b
BJ (χ, ψ)

⇔ sin
‖·‖a
BJ (χ, ψ) ≤ C

c
sin
‖·‖b
BJ (χ, ψ).

3.3 Orismìc me Qr sh Grammik¸n Sunar-

thsiak¸n

'Estw (X , ‖ · ‖) ènac grammikìc q¸roc me nìrma, χ, ψ ∈ X , mh mhdenik� kai

mh par�llhla. Me th bo jeia thc graf c tou orismoÔ tou sunìlou Birkhoff-

James ε-orjogwniìthtac me ta grammik� sunarthsiak�, mporoÔme na gr�youme
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kai ton orismì tou Birkhoff-James sunhmitìnou wc ex c:

cos
‖·‖
BJ(χ, ψ) = min

{
ε ∈ [0, 1) : 0 ∈ F ε

‖·‖(ψ;χ)
}

= min {ε ∈ [0, 1) : f(ψ) = 0 gia k�poio f ∈ Lε(χ)}

= min
{
ε ∈ [0, 1) : f(ψ) = 0 gia f ∈ X ∗ me f(χ) =

√
1− ε2 ‖χ‖ kai ‖f‖ ≤ 1

}
.

Sthn perÐptwsh pou ta mh mhdenik� stoiqeÐa χ kai ψ den eÐnai metaxÔ touc

Birkhoff-James orjog¸nia kai den eÐnai par�llhla, èqoume ε ∈ (0, 1) kai

cos
‖·‖
BJ(χ, ψ) = min

{
ε ∈ (0, 1) : 0 ∈ ∂F ε

‖·‖(ψ;χ)
}

= min
{
ε ∈ (0, 1) : f(ψ) = 0 gia f ∈ X ∗ me f(χ) =

√
1− ε2 ‖χ‖ kai ‖f‖ = 1

}
= min

ε ∈ (0, 1) : f(ψ) = 0 gia f ∈ X ∗, ε =

√
1−

(
f(χ)

‖χ‖

)2

f(χ) > 0, ‖f‖ = 1

 ,

'Ena bèltisto grammikì sunarthsiakì fχ;ψ ∈ X ∗ tètoio ¸ste

cos
‖·‖
BJ(χ, ψ) =

√
1−

(
fχ;ψ(χ)

‖χ‖

)2

, fχ;ψ(ψ) = 0, fχ;ψ(χ) > 0 kai ‖fχ;ψ‖ = 1

ikanopoieÐ th sqèsh

sin
‖·‖
BJ(χ, ψ) =

fχ;ψ (χ)

‖χ‖
= max

f∈X ∗
‖f‖=1
f(ψ)=0
f(χ)>0

f(χ)

‖χ‖
= min

λ∈C

‖χ+ λψ‖
‖χ‖

,

  isodÔnama,

fχ;ψ (χ) = max
f∈X ∗
‖f‖=1
f(ψ)=0
f(χ)>0

f(χ) = min
λ∈C
‖χ+ λψ‖.

Sthn perÐptwsh pou èqoume èna grammikì sunarthsiakì f ∈ X ∗ to opoÐo

ikanopoieÐ tic sunj kec f(ψ) = 0, f(χ) ∈ C kai ‖f‖ = 1, eÐnai profanèc ìti
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up�rqei θ ∈ [0, 2π) tètoio ¸ste to grammikì sunarthsiakì fθ = eiθf ∈ X ∗ na
ikanopoieÐ tic sunj kec

fθ (ψ) = eiθf(ψ) = 0, fθ (χ) = eiθf(χ) = |f(χ)| > 0 kai ‖fθ‖ = ‖eiθf‖ = 1.

Epomènwc, mporoÔme na paraleÐyoume ton periorismì f(χ) > 0 (  f(χ) ∈ R)
kai oi parap�nw sqèseic mporoÔn na grafoÔn antÐstoiqa wc ex c:

cos
‖·‖
BJ(χ, ψ) = min


√

1−
(
|f(χ)|
‖χ‖

)2

∈ (0, 1) : f ∈ X ∗ me f(ψ) = 0 kai ‖f‖ = 1


kai

sin
‖·‖
BJ(χ, ψ) =

|fχ;ψ (χ)|
‖χ‖

= max
f∈X ∗
‖f‖=1
f(ψ)=0

|f(χ)|
‖χ‖

= min
λ∈C

‖χ+ λψ‖
‖χ‖

,

  isodÔnama,

|fχ;ψ (χ)| = max
f∈X ∗
‖f‖=1
f(ψ)=0

|f(χ)| = min
λ∈C
‖χ+ λψ‖,

ìpou fχ;ψ ∈ X ∗ tètoio ¸ste

cos
‖·‖
BJ(χ, ψ) =

√
1−

(
|fχ;ψ (χ)|
‖χ‖

)2

, fχ;ψ (ψ) = 0 kai ‖fχ;ψ‖ = 1.

Epiplèon, parathroÔme ìti

cos
‖·‖
BJ(χ, ψ)2 = 1−

(
|fχ;ψ (χ)|
‖χ‖

)2

⇔
(
|fχ;ψ (χ)|
‖χ‖

)2

= 1− cos
‖·‖
BJ(χ, ψ)2 = sin

‖·‖
BJ(χ, ψ)2

⇔ |fχ;ψ (χ)| = ‖χ‖
√

1− cos
‖·‖
BJ(χ, ψ)2 = ‖χ‖ sin

‖·‖
BJ(χ, ψ)

kai

tan
‖·‖
BJ(χ, ψ) =

|fχ;ψ (χ)|√
‖χ‖2 − |fχ;ψ (χ)|2

=
min
λ∈C
‖χ+ λψ‖√

‖χ‖2 −
(

min
λ∈C
‖χ+ λψ‖

)2
.
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3.4 Sqèsh Birkhoff-James Sunhmitìnou me

�lla SunhmÐtona

Empneìmenoc apì thn Pujagìreia orjogwniìthta kai ton gnwstì Nìmo twn

Sunhmitìnwn, o Wilson sto [57] je¸rhse to P-sunhmÐtono metaxÔ dÔo mh mh-

denik¸n dianusm�twn χ, ψ enìc grammikoÔ q¸rou me nìrma (X , ‖ · ‖) wc ex c:

cosP (χ, ψ) =
‖χ‖2 + ‖ψ‖2 − ‖χ− ψ‖2

2‖χ‖ ‖ψ‖
Autì to sunhmÐtono eÐnai summetrikì all� ìqi omogenèc [5].

Prìtash 3.24. 'Estw dÔo stoiqeÐa χ, ψ ∈ X me χ, ψ 6= 0. Tìte

cosP (χ, ψ) ≤ ‖ψ‖
2‖χ‖

+ cos
‖·‖
BJ(χ, ψ)

2 ‖χ‖
2‖ψ‖

.

Apìdeixh. QwrÐc bl�bh thc genikìthtac, mporoÔme na upojèsoume ìti isqÔei

‖χ‖2 + ‖ψ‖2 ≥ ‖χ − ψ‖2. 'Estw cos
‖·‖
BJ(χ, ψ) = ε0 < 1. Tìte 0 ∈ F ε0

‖·‖(ψ;χ)

kai �ra, χ ⊥ε0BJ ψ. Epomènwc,

‖χ− λψ‖ ≥
√

1− ε0
2 ‖χ‖, ∀λ ∈ C

=⇒ ‖χ− ψ‖ ≥
√

1− ε0
2 ‖χ‖ (gia λ = 1)

=⇒ −‖χ− ψ‖2 ≤ −(1− ε0
2) ‖χ‖2.

'Ara,

0 ≤ cosP (χ, ψ) =
‖χ‖2 + ‖ψ‖2 − ‖χ− ψ‖2

2‖χ‖ ‖ψ‖

≤ ‖χ‖2 + ‖ψ‖2 − (1− ε0
2)‖χ‖2

2‖χ‖ ‖ψ‖

=
‖χ‖2 + ‖ψ‖2 − (‖χ‖2 − ε0

2‖χ‖2)

2‖χ‖ ‖ψ‖

=
‖ψ‖2 + ε0

2‖χ‖2

2‖χ‖ ‖ψ‖

=
‖ψ‖2

2‖χ‖ ‖ψ‖
+

ε0
2‖χ‖2

2‖χ‖ ‖ψ‖

=
‖ψ‖
2‖χ‖

+
cos
‖·‖
BJ(χ, ψ)

2
‖χ‖

2‖ψ‖
.
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Epomènwc,

cosP (χ, ψ) ≤ ‖ψ‖
2‖χ‖

+ cos
‖·‖
BJ(χ, ψ)

2 ‖χ‖
2‖ψ‖

.

Pìrisma 3.25. 'Estw dÔo stoiqeÐa χ, ψ ∈ X me χ, ψ 6= 0. An cos
‖·‖
BJ(χ, ψ) =

0, tìte ‖χ‖ ≤ ‖χ− ψ‖.

Apìdeixh. Apì thn parap�nw prìtash gia cos
‖·‖
BJ(χ, ψ) = 0 ja èqoume

cosP (χ, ψ) ≤ ‖ψ‖
2‖χ‖

⇔ ‖χ‖2 + ‖ψ‖2 − ‖χ− ψ‖2

2‖χ‖ ‖ψ‖
≤ ‖ψ‖

2‖χ‖
⇔ ‖χ‖2 + ‖ψ‖2 − ‖χ− ψ‖2 ≤ ‖ψ‖2

⇔ ‖χ‖2 ≤ ‖χ− ψ‖2.

Parat rhsh 3.26. AntÐstoiqa, afoÔ cosP (χ, ψ) = cosP (ψ, χ), ja èqoume ìti

cosP (ψ, χ) ≤ ‖χ‖
2‖ψ‖

+ cos
‖·‖
BJ(ψ, χ)

2 ‖ψ‖
2‖χ‖

kai �ra, an cos
‖·‖
BJ(ψ, χ) = 0, tìte h ‖χ− ψ‖ megalÔterh apì thn ‖ψ‖.

JewroÔme

cosI(χ, ψ) =
‖χ+ ψ‖2 − ‖χ− ψ‖2

4‖χ‖ ‖ψ‖
,

to sunhmÐtono pou proèrqetai apì thn isoskel  orjogwniìthta [5].

Prìtash 3.27. 'Estw dÔo stoiqeÐa χ, ψ ∈ X me χ, ψ 6= 0. Tìte

cosI(χ, ψ) ≤ ‖χ+ ψ‖2 − ‖χ‖2

4‖χ‖ ‖ψ‖
+ cos

‖·‖
BJ(χ, ψ)

2 ‖χ‖
4‖ψ‖

.
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Apìdeixh. QwrÐc bl�bh thc genikìthtac, jewroÔme ìti ‖χ + ψ‖ ≥ ‖χ − ψ‖.
'Estw cos

‖·‖
BJ(χ, ψ) = ε0. Tìte 0 ∈ F ε0

‖·‖(ψ;χ) kai χ ⊥ε0BJ ψ. Epomènwc,

‖χ− λψ‖ ≥
√

1− ε0
2 ‖χ‖, ∀λ ∈ C

=⇒ ‖χ− ψ‖ ≥
√

1− ε0
2 ‖χ‖ (gia λ = 1)

=⇒ ‖χ− ψ‖2 ≥ (1− ε0
2) ‖χ‖2

=⇒ −‖χ− ψ‖2 ≤ −(1− ε0
2) ‖χ‖2.

'Ara,

0 ≤ cosI(χ, ψ) =
‖χ+ ψ‖2 − ‖χ− ψ‖2

4‖χ‖ ‖ψ‖

≤ ‖χ+ ψ‖2 − (1− ε0
2)‖χ‖2

4‖χ‖ ‖ψ‖

=
‖χ+ ψ‖2 − (‖χ‖2 − ε0

2‖χ‖2)

4‖χ‖ ‖ψ‖

=
‖χ+ ψ‖2 − ‖χ‖2 + ε0

2‖χ‖2

4‖χ‖ ‖ψ‖

=
‖χ+ ψ‖2 − ‖χ‖2

4‖χ‖ ‖ψ‖
+

ε0
2‖χ‖2

4‖χ‖ ‖ψ‖

=
‖χ+ ψ‖2 − ‖χ‖2

4‖χ‖ ‖ψ‖
+ cos

‖·‖
BJ(χ, ψ)

2 ‖χ‖
4‖ψ‖

.

Epomènwc,

cosI(χ, ψ) ≤ ‖χ+ ψ‖2 − ‖χ‖2

4‖χ‖ ‖ψ‖
+ cos

‖·‖
BJ(χ, ψ)

2 ‖χ‖
4‖ψ‖

.

Prìtash 3.28. 'Estw dÔo stoiqeÐa χ, ψ ∈ X me χ, ψ 6= 0. Tìte

‖χ‖2 − ‖χ− ψ‖2

4‖χ‖ ‖ψ‖
− cos

‖·‖
BJ(χ, ψ)

2 ‖χ‖
4‖ψ‖

≤ cosI(χ, ψ).

Apìdeixh. QwrÐc bl�bh thc genikìthtac, jewroÔme ìti ‖χ + ψ‖ ≤ ‖χ − ψ‖.
'Estw cos

‖·‖
BJ(χ, ψ) = ε0. Tìte 0 ∈ F ε0

‖·‖(ψ;χ) kai χ ⊥ε0BJ ψ. Epomènwc,

‖χ− λψ‖ ≥
√

1− ε0
2 ‖χ‖, ∀λ ∈ C

=⇒ ‖χ+ ψ‖ ≥
√

1− ε0
2 ‖χ‖ (gia λ = −1)

=⇒ ‖χ+ ψ‖2 ≥ (1− ε0
2) ‖χ‖2.
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'Ara,

0 ≥ cosI(χ, ψ) =
‖χ+ ψ‖2 − ‖χ− ψ‖2

4‖χ‖ ‖ψ‖

≥ (1− ε0
2)‖χ‖2 − ‖χ− ψ‖2

4‖χ‖ ‖ψ‖

=
‖χ‖2 − ε0

2‖χ‖2 − ‖χ− ψ‖2

4‖χ‖ ‖ψ‖

=
‖χ‖2 − ‖χ− ψ‖2

4‖χ‖ ‖ψ‖
− ε0

2‖χ‖2

4‖χ‖ ‖ψ‖

=
‖χ‖2 − ‖χ− ψ‖2

4‖χ‖ ‖ψ‖
− cos

‖·‖
BJ(χ, ψ)

2 ‖χ‖
4‖ψ‖

.

Epomènwc,

‖χ‖2 − ‖χ− ψ‖2

4‖χ‖ ‖ψ‖
− cos

‖·‖
BJ(χ, ψ)

2 ‖χ‖
4‖ψ‖

≤ cosI(χ, ψ).

Parat rhsh 3.29. 'Estw (X , ‖ · ‖) ènac grammikìc pragmatikìc q¸roc me nìr-
ma.

• An gia k�je mh mhdenik� χ, ψ me cosI(χ, ψ) = 0 èqoume cos
‖·‖
BJ(χ, ψ) = 0,

tìte h nìrma ‖ · ‖ ep�getai apì èna eswterikì ginìmeno 〈·, ·〉.

• An gia k�je mh mhdenik� χ, ψ me cos
‖·‖
BJ(χ, ψ) = 0 èqoume cosI(χ, ψ) = 0,

tìte h nìrma ‖ · ‖ ep�getai apì èna eswterikì ginìmeno 〈·, ·〉.

Tèloc, eÐdame ìti h Birkhoff-James ε-orjogwniìthta den èqei k�poia iso-

dunamÐa me thn ε-orjogwniìthta pou prokÔptei apì to hmieswterikì ginìmeno

(sqetÐzontai upì proôpojèseic all� gia diaforetik� ε, blèpe Prìtash 1.23).

Par�deigma 3.30. JewroÔme ton q¸ro C3 me thn nìrma ‖ · ‖3 kai ta

dianÔsmata χ =


1

0

0

 kai ψ =


1

0

1

. Tìte parathroÔme ìti gia k�je arijmì
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λ ∈ C,

‖χ+ λψ‖3 =

∥∥∥∥∥∥∥∥


1 + λ

0

λ


∥∥∥∥∥∥∥∥

3

= (|1 + λ|3 + |λ|3)
1
3

≥
3
√

2

2
=

3
√

2

2
‖χ‖3 =

√√√√√1−

1−

(
3
√

2

2

)2
 ‖χ‖3.

Gia λ = −1

2
,

∥∥∥∥χ− 1

2
ψ

∥∥∥∥
3

=

∥∥∥∥∥∥∥∥∥∥


1

2

0

−1

2


∥∥∥∥∥∥∥∥∥∥

3

=

(
1

8
+

1

8

) 1
3

=
3
√

2

2
=

3
√

2

2
‖χ‖3.

Epomènwc, gia ε =

√√√√1−

(
3
√

2

2

)2

ja isqÔei ìti 0 ∈ ∂F ε
‖·‖(ψ;χ) kai �ra,

cos
‖·‖
BJ(χ, ψ) =

√√√√1−

(
3
√

2

2

)2

= 0.776.

ParathroÔme ìti to sunhmÐtono eÐnai (ìpwc anamenìtan) diaforetikì apì to

sunhmÐtono pou ja proèkupte apì to hmieswterikì ginìmeno (ton tÔpo tou

opoÐou èqoume upologÐsei sto Par�deigma 2.14)

|[ψ, χ]|
‖ψ‖3 ‖χ‖3

=
1
3
√

2
= 0.7936.





Kef�laio 4

Telestèc

4.1 SunhmÐtono Telest¸n

'Estw dÔo grammikoÐ q¸roi me nìrma X kai Y kai èstw dÔo mh mhdenik� stoiqeÐa

χ, ψ ∈ X . Epiplèon, èstw oi grammikoÐ telestèc T,A : X −→ Y . Endiafèron
parousi�zei kai h melèth twn parak�tw sunhmitìnwn:

Orismìc 4.1.

cos
‖·‖
BJ(Tχ, Tψ) = min {ε ∈ [0, 1) : Tχ ⊥εBJ Tψ}

= min
{
ε ∈ [0, 1) : ‖Tχ− λTψ‖ ≥

√
1− ε2‖Tχ‖, ∀λ ∈ C

}
,

cos
‖·‖
BJ(Tχ,Aχ) = min {ε ∈ [0, 1) : Tχ ⊥εBJ Aχ}

= min
{
ε ∈ [0, 1) : ‖Tχ− λAχ‖ ≥

√
1− ε2‖Tχ‖, ∀λ ∈ C

}
,

kai

cos
‖·‖
BJ(T,A) = min {ε ∈ [0, 1) : T ⊥εBJ A}

= min
{
ε ∈ [0, 1) : ‖T − λA‖ ≥

√
1− ε2‖T‖, ∀λ ∈ C

}
.

Orismìc 4.2. 'Estw ènac fragmènoc grammikìc telest c U : X −→ Y .
O telest c ja onom�zetai δ-isometrÐa, an up�rqei δ ∈ (0, 1) tètoio ¸ste gia

k�je χ ∈ X isqÔei:
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(1− δ)‖χ‖ ≤ ‖Uχ‖ ≤ (1 + δ)‖χ‖.

Prìtash 4.3. 'Estw ènac grammikìc telest c T pou eÐnai pollapl�sio miac

δ-isometrÐac (dhlad  T = c U , ìpou U mia δ-isometrÐa). An cos
‖·‖
BJ(χ, ψ) = ε0,

tìte

cos
‖·‖
BJ(Tχ, Tψ) ≤

√
1−

(
1− δ
1 + δ

)2

(1− ε0
2).

Apìdeixh. 'Estw cos
‖·‖
BJ(χ, ψ) = ε0 kai èstw T = cU . Tìte èqoume χ ⊥ε0BJ ψ

kai �ra gia k�je λ ∈ C,

‖Tχ− λTψ‖ = ‖T (χ− λψ)‖ = ‖cU(χ− λψ)‖

≥ |c|(1− δ)‖χ− ψ‖

≥ |c|(1− δ)
√

1− ε0
2 ‖χ‖

≥ |c|(1− δ)
(1 + δ)

√
1− ε0

2 ‖Uχ‖

≥ (1− δ)
(1 + δ)

√
1− ε0

2 ‖cUχ‖

≥ (1− δ)
(1 + δ)

√
1− ε0

2 ‖Tχ‖

≥
√

1− ρ2 ‖Tχ‖,

ìpou ρ =

√
1−

(
1− δ
1 + δ

)2

(1− ε0
2) afoÔ,

√
1− ρ2 =

(1− δ)
(1 + δ)

√
1− ε0

2

⇔ 1− ρ2 =

(
1− δ
1 + δ

)2

(1− ε0
2)

⇔ ρ2 = 1−
(

1− δ
1 + δ

)2

(1− ε0
2)

⇔ ρ =

√
1−

(
1− δ
1 + δ

)2

(1− ε0
2).

Epomènwc, cos
‖·‖
BJ(Tχ, Tψ) ≤

√
1−

(
1− δ
1 + δ

)2

(1− ε0
2).
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Parat rhsh 4.4. AfoÔ 1−ε0
2 = sin

‖·‖
BJ(χ, ψ)2, to parap�nw apotèlesma mporeÐ

na grafeÐ kai wc ex c: cos
‖·‖
BJ(Tχ, Tψ) ≤

√
1−

(
1− δ
1 + δ

)2

sin
‖·‖
BJ(χ, ψ)2.

Parat rhsh 4.5. An o T eÐnai apl  isometrÐa (δ = 0), tìte gia to parap�nw

èqoume ìti ρ = ε0 kai �ra,

cos
‖·‖
BJ(Tχ, Tψ) ≤ ε0 = cos

‖·‖
BJ(χ, ψ).

An�logo apotèlesma up�rqei to [45].

QrhsimopoioÔme touc sumbolismoÔc BX (·, ·) kai SX (·, ·) gia mp�lec kai sfaÐrec
entìc tou X , kai jewroÔme to sÔnoloMT = {χ ∈ SX (0, 1) : ‖Tχ‖ = ‖T‖}.

Prìtash 4.6. 'Estw T,A : X −→ Y dÔo fragmènoi grammikoÐ telestèc kai

èstw {χn}n∈N ⊆ SX (0, 1) mia akoloujÐa monadiaÐwn dianusm�twn tètoia ¸ste

‖Tχn‖ −→ ‖T‖. Tìte

cos
‖·‖
BJ(T,A) ≤ sup

n∈N
cos
‖·‖
BJ(Tχn, Aχn).

Apìdeixh. Upojètoume ìti sup
n∈N

cos
‖·‖
BJ(Tχn, Aχn) < 1 kai ìti up�rqei k�poio

ε0 ∈ [0, 1) tètoio ¸ste cos
‖·‖
BJ(Tχn, Aχn) ≤ ε0, gia k�je n ∈ N. Tìte gia k�je

n ∈ N, isqÔei ìti Tχn ⊥ε0BJ Aχn,  

‖Tχn − λAχn‖ ≥
√

1− ε0
2 ‖Tχn‖, ∀ λ ∈ C,

 

‖T − λA‖ ‖χn‖ ≥
√

1− ε0
2 ‖Tχn‖, ∀ λ ∈ C,

 

‖T − λA‖ ≥
√

1− ε0
2 ‖Tχn‖, ∀ λ ∈ C.

Apì thn sunèqeia, afoÔ ‖Tχn‖ −→ ‖T‖, èpetai ìti

‖T − λA‖ >
√

1− ε0
2 ‖Tχn‖, ∀ λ ∈ C,

 

‖T − λA‖ ≥
√

1− ε0
2 ‖T‖, ∀ λ ∈ C.

Tìte T ⊥ε0BJ A kai cos
‖·‖
BJ(T,A) ≤ ε0.
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Pìrisma 4.7. 'Estw T,A : X −→ Y dÔo fragmènoi grammikoÐ telestèc.

(i) AnMT 6= ∅, tìte gia opoiod pote χ ∈MT , cos
‖·‖
BJ(T,A) ≤ cos

‖·‖
BJ(Tχ,Aχ).

(ii) An {χn}n∈N ⊆ SX (0, 1) eÐnai mia akoloujÐa monadiaÐwn dianusm�twn tè-

toia ¸ste ‖Tχn‖ −→ ‖T‖, kai Tχn ⊥BJ Aχn gia k�je n ∈ N, tìte
T ⊥BJ A.

(iii) An MT 6= ∅ kai up�rqei èna χ ∈ MT tètoio ¸ste Tχ ⊥BJ Aχ, tìte
T ⊥BJ A.

4.2 GenikeÔseic tou Jewr matoc Bhatia-Šemrl

'Opwc anafèrame sto pr¸to kef�laio, oi Bhatia kai Šemrl sto [7] apèdeixan

to parak�tw je¸rhma.

Je¸rhma 1.25. 'Estw ènac peperasmènoc q¸roc Hilbert H kai dÔo tetra-

gwnikoÐ pÐnakec A kai B se autìn. O pÐnakac A eÐnai Birkhoff-James orjo-

g¸nioc ston pÐnaka B an kai mìno an up�rqei èna monadiaÐo di�nusma χ ∈ H
tètoio ¸ste ‖Aχ‖ = ‖A‖ kai 〈Aχ,Bχ〉 = 0.

Melet¸ntac thn antÐstoiqh perÐptwsh, gia tuqaÐo q¸ro me nìrma, oi Li kai

Schneider katègrayan antipar�deigma kai m�lista se peperasmènhc di�stashc

q¸ro sto [38]. Gia thn apìdeixh an�logwn apotelesm�twn gia tuqaÐo q¸ro

me nìrma qrei�sthkan epiplèon proôpojèseic [52, 53].

EpekteÐnoume dÔo qarakthrismoÔc gia thn Birkhoff-James orjogwniìthta

twn fragmènwn grammik¸n telest¸n se migadikoÔc grammikoÔc q¸rouc (gia

thn perÐptwsh twn pragmatik¸n, [53, Jewr mata 2.1 kai 2.8]). Gia thn sunè-

qeia, eis�goume ton akìloujo orismì:

Orismìc 4.8. 'Estw dÔo stoiqeÐa χ, ψ ∈ X , θ ∈ [0, 2π] kai èna ε ∈ [0, 1).

Lème ìti

ψ ∈ χ(θ,ε) an ‖χ+ (eiθr)ψ‖ ≥
√

1− ε2‖χ‖ gia k�je r ≥ 0.

Parat rhsh 4.9. 1. Gia opoiod pote ε ∈ [0, 1) isqÔei

χ ⊥εBJ ψ an kai mìno an ψ ∈ χ(θ,ε) gia k�je θ ∈ [0, 2π].
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Pr�gmati, χ ⊥εBJ ψ an kai mìno an ‖χ + λψ‖ ≥
√

1− ε2‖χ‖, gia k�je

λ ∈ C an kai mìno an ψ ∈ χ(θ,ε), gia k�je θ ∈ [0, 2π].

2. An ψ ∈ χ(θ,ε) gia k�poio θ ∈ [0, 2π] kai ε ∈ [0, 1), tìte ηψ ∈ (µχ)(θ,ε),

gia k�je η, µ ≥ 0. Pr�gmati, jewroÔme η, µ > 0. Tìte

ψ ∈ χ(θ,ε) =⇒ ‖χ+ (eiθr)ψ‖ ≥
√

1− ε2‖χ‖, ∀r ≥ 0

=⇒ ‖ηχ+ (eiθrη)ψ‖ ≥
√

1− ε2‖ηχ‖, ∀r ≥ 0

=⇒
∥∥∥∥ηχ+

(
eiθ
rη

µ

)
ψ

∥∥∥∥ ≥ √1− ε2‖ηχ‖, ∀r ≥ 0

=⇒ ‖ηχ+ (eiθκ)ψ‖ ≥
√

1− ε2‖ηχ‖, ∀κ ≥ 0.

Gia η kai µ mhdenik�, isqÔei tetrimmèna h idiìthta. 'Ara, ηψ ∈ (µχ)(θ,ε) gia

k�je η, µ ≥ 0.

3. Gia k�je θ, φ ∈ [0, 2π] me 0 < φ ≤ θ ≤ 2π, èqoume

‖χ+ (eiθr)ψ‖ = ‖χ+ (ei(θ−φ)r)eiφψ‖

kai �ra,

ψ ∈ χ(θ,ε) an kai mìno an eiφψ ∈ χ(θ−φ,ε).

Parat rhsh 4.10. An ψ ∈ χ(θ,ε) gia k�poio θ ∈ [0, π], tìte −ψ ∈ χ(θ+π,ε)

kai ψ ∈ (−χ)(θ+π,ε), en¸ an θ ∈ (π, 2π], tìte −ψ ∈ χ(φ,ε) kai ψ ∈ (−χ)(φ,ε),

ìpou φ = θ − π ∈ (0, π]. Pr�gmati, an θ ∈ [0, π], tìte isqÔei: −eiθ = ei(θ+π).

Epomènwc, èqoume ìti

ψ ∈ χ(θ,ε) =⇒ ‖χ+ (eiθr)ψ‖ ≥
√

1− ε2‖χ‖, ∀r ≥ 0

=⇒ ‖χ+ (−eiθr)(−ψ)‖ ≥
√

1− ε2‖χ‖, ∀r ≥ 0

=⇒ ‖χ+ (ei(θ+π)r)(−ψ)‖ ≥
√

1− ε2‖χ‖, ∀r ≥ 0

=⇒ −ψ ∈ χ(θ+π,ε).

EpÐshc,

ψ ∈ χ(θ,ε) =⇒ ‖χ+ (eiθr)ψ‖ ≥
√

1− ε2‖χ‖, ∀r ≥ 0

=⇒ ‖− χ+ (−eiθr)ψ‖ ≥
√

1− ε2‖ − χ‖, ∀r ≥ 0

=⇒ ‖− χ+ (ei(θ+π)r)ψ‖ ≥
√

1− ε2‖ − χ‖, ∀r ≥ 0

=⇒ −ψ ∈ (−χ)(θ+π,ε).
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An θ ∈ (π, 2π], tìte ergazìmaste omoÐwc.

L mma 4.11. JewroÔme dÔo dianÔsmata χ, ψ ∈ X , mia gwnÐa θ ∈ [0, 2π] kai

èna r0 > 0 tètoia ¸ste ‖χ+ (eiθr0)ψ‖ < ‖χ‖. Tìte gia k�je r ∈ (0, r0] isqÔei

‖χ+ (eiθr)ψ‖ < ‖χ‖.

Apìdeixh. Apì upìjesh, èqoume ìti ‖χ + (eiθr0)ψ‖ < ‖χ‖. Gia opoiod pote

r ∈ (0, r0], isqÔei ìti

‖χ+ (eiθr)ψ‖ =

∥∥∥∥χ+

(
r

r0

)
r0e

iθψ

∥∥∥∥
=

∥∥∥∥(r0 − r
r0

)
χ+

(
r

r0

)
χ+

(
r

r0

)
r0e

iθψ

∥∥∥∥
≤

(
r0 − r
r0

)
‖χ‖+

(
r

r0

)
‖χ+ r0e

iθψ‖

<

(
r0 − r
r0

)
‖χ‖+

(
r

r0

)
‖χ‖

= ‖χ‖.

Prìtash 4.12. JewroÔme dÔo dianÔsmata χ, ψ ∈ X . Tìte, gia opoiad pote
θ ∈ [0, π], ψ ∈ χ(θ,0)   ψ ∈ χ(θ+π,0).

Apìdeixh. Upojètoume ìti ψ /∈ χ(θ,0) kai ψ /∈ χ(θ+π,0). Tìte ja up�rqoun

dÔo migadikoÐ arijmoÐ λθ = eiθrθ kai λθ+π = ei(θ+π)rθ+π, me rθ, rθ+π > 0, ètsi

¸ste ‖χ + λθψ‖ < ‖χ‖ kai ‖χ + λθ+πψ‖ < ‖χ‖. Apì to L mma 4.11, an

r̂ = min{rθ, rθ+π} > 0, tìte gia k�je r ∈ [−r̂, 0)∪ (0, r̂], ‖χ+(eiθr)ψ‖ < ‖χ‖
(kai gia opoiod pote r ∈ [−r̂, 0)∪ (0, r̂], to −r brÐsketai sto [−r̂, 0)∪ (0, r̂]).

Sunep¸c,

‖χ‖ =

∥∥∥∥1

2
(χ+ (eiθr)ψ) +

1

2
(χ+ (−eiθr)ψ)

∥∥∥∥
≤ 1

2
‖χ+ (eiθr)ψ‖+

1

2
‖χ+ (−eiθr)ψ‖

<
1

2
‖χ‖+

1

2
‖χ‖

= ‖χ‖,

to opoÐo eÐnai �topo.



4.2 GenikeÔseic tou Jewr matoc Bhatia-Šemrl 83

T¸ra eÐmaste se jèsh na epekteÐnoume to Je¸rhma 2.2 tou [52] kai ta

Jewr mata 2.1 kai 2.8 tou [53] se migadikoÔc grammikoÔc q¸rouc me nìrma.

Je¸rhma 4.13. JewroÔme ènan migadikì grammikì q¸ro me nìrma (X , ‖ · ‖)
peperasmènhc di�stashc kai èstw T,A : X −→ X dÔo fragmènoi grammikoÐ

telestèc. Tìte T ⊥BJ A an kai mìno an gia opoiod pote θ ∈ [0, 2π], up�rqei

k�poio χθ ∈MT tètoio ¸ste Aχθ ∈ (Tχθ)
(θ,0).

Apìdeixh. Upojètoume ìti gia opoiod pote θ ∈ [0, 2π], up�rqei χθ ∈ MT

tètoio ¸ste Aχθ ∈ (Tχθ)
(θ,0). Tìte gia k�je θ ∈ [0, 2π] kai r ≥ 0 èqoume

‖T + (reiθ)A‖ ≥ ‖(T + (reiθ)A)χθ‖ ≥ ‖Tχθ + (reiθ)Aχθ‖ ≥ ‖Tχθ‖ = ‖T‖,

dhlad  T ⊥BJ A.
AntÐstrofa t¸ra, upojètoume ìti T ⊥BJ A. 'Estw ìti den isqÔei to

sumpèrasma. 'Ara, ja up�rqei èna θ0 ∈ [0, 2π] tètoio ¸ste Aχ /∈ (Tχ)(θ0,0),

gia k�je χ ∈MT . JewroÔme thn suneq  sun�rthsh

g : SX (0, 1)×D(0, 1) −→ [0,∞), me g(χ, λ) = ‖Tχ+ λAχ‖.

Gia opoiod pote χ ∈MT afoÔ Aχ /∈ (Tχ)(θ0,0), ja up�rqei ènac pragmatikìc

arijmìc rχ > 0 ètsi ¸ste ‖Tχ+(eiθ0rχ)Aχ‖ < ‖Tχ‖ = ‖T‖. Apì th sunèqeia
thc g up�rqoun ρχ, δχ > 0 me δχ < rχ tètoia ¸ste, gia k�je ψ ∈ BX (χ, ρχ)

kai r ∈ (rχ − δχ, rχ + δχ), ‖Tψ + (eiθ0r)Aψ‖ < ‖T‖. Apì to L mma 4.11,

h sunj kh r ∈ (rχ − δχ, rχ + δχ) mporeÐ na antikatastajeÐ me thn sunj kh

r ∈ (0, rχ).

JewroÔme èna di�nusma ζ ∈ SX (0, 1) \MT . Tìte g(ζ, 0) = ‖Tζ‖ < ‖T‖,
kai apì thn sunèqeia thc g up�rqoun ρζ , δζ > 0 tètoia ¸ste gia k�je ψ ∈
BX (ζ, ρζ) kai r ∈ (−δζ , δζ), ‖Tψ + (eiθ0r)Aψ‖ < ‖T‖. H ènwsh( ⋃

χ∈MT

(BX (χ, ρχ) ∩ SX (0, 1))

)⋃ ⋃
ζ∈SX (0,1)\MT

(BX (ζ, ρζ) ∩ SX (0, 1))


eÐnai anoiktì k�lumma thc monadiaÐac sfaÐrac SX (0, 1). AfoÔ h SX (0, 1) eÐnai

sumpag c, èqei peperasmèno upok�lumma thc morf c(
n⋃
j=1

(
BX (χj, ρχj) ∩ SX (0, 1)

))⋃(
m⋃
k=1

(BX (ζk, ρζk) ∩ SX (0, 1))

)
,
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ìpou χ1, . . . , χn ∈MT kai ζ1, . . . , ζk ∈ SX (0, 1) \MT .

JewroÔme ènan mh mhdenikì pragmatikì arijmì

r0 ∈

(
n⋂
j=1

(0, rχj)

)⋂(
m⋂
k=1

(−δζk , δζk)

)
.

AfoÔ o X eÐnai peperasmènhc di�stashc, o telest c T +(r0e
iθ0)A epitugq�nei

th nìrma tou gia èna di�nusma ψ0 ∈ SX (0, 1). Autì to di�nusma an kei sthn

mp�la BX (χj, ρχj) gia k�poio χj ∈ MT , j ∈ {1, 2, . . . , n}   sthn mp�la

BX (ζk, ρζk) gia k�poio ζk ∈ SX (0, 1) \MT , k ∈ {1, 2, . . . ,m}. Kai gia tic dÔo
peript¸seic èqoume

‖T + (eiθ0r0)A‖ = ‖(T + (eiθ0r0)A)ψ0‖ = ‖Tψ0 + (eiθ0r0)Aψ0‖ < ‖T‖.

AfoÔ T ⊥BJ A, autì eÐnai �topo.

To Je¸rhma 4.13 epekteÐnetai me diaforetik  apìdeixh se grammikoÔc q¸-

rouc �peirhc di�stashc, upì thn proôpìjesh ìti o q¸roc X eÐnai autopaj c

kai oi telestèc sumpageÐc.

Je¸rhma 4.14. JewroÔme ènan autopaj  q¸ro Banach X kai ènan gram-

mikì q¸ro me nìrma Y . 'Estw T,A : X −→ Y dÔo sumpageÐc grammikoÐ

telestèc. Tìte T ⊥BJ A an kai mìno an gia opoiod pote θ ∈ [0, 2π] up�rqei

k�poio χθ ∈MT tètoio ¸ste Aχθ ∈ (Tχθ)
(θ,0).

Apìdeixh. Upojètoume ìti gia opoiod pote θ ∈ [0, 2π], up�rqei k�poio di�nu-

sma χθ ∈ MT tètoio ¸ste Aχθ ∈ (Tχθ)
(θ,0). Tìte gia k�je θ ∈ [0, 2π] kai

r ≥ 0,

‖T + (reiθ)A‖ ≥ ‖(T + (reiθ)A)χθ‖ ≥ ‖Tχθ + (reiθ)Aχθ‖ ≥ ‖Tχθ‖ = ‖T‖,

dhlad  T ⊥BJ A.
AntÐstrofa, upojètoume ìti T ⊥BJ A. 'Estw θ ∈ [0, 2π] kai r ≥ 0. AfoÔ

oi T kai A eÐnai sumpageÐc grammikoÐ telestèc, tìte kai o

(
T +

eiθr

n
A

)
eÐnai

sumpag c grammikìc telest c gia k�je n ∈ N. AfoÔ o q¸roc X eÐnai autopa-

j c, gia k�je n ∈ N, o telest c

(
T +

eiθr

n
A

)
epitugq�nei th nìrma tou gia
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k�poio monadiaÐo di�nusma. Dhlad , gia k�je n ∈ N up�rqei χn ∈ SX tètoio

¸ste :

∥∥∥∥(T +
eiθr

n
A

)
χn

∥∥∥∥ =

∥∥∥∥T +
eiθr

n
A

∥∥∥∥. AfoÔ o X eÐnai autopaj c, h

monadiaÐa mp�la BX eÐnai asjen¸c sumpag c. 'Ara h akoloujÐa {χn} èqei a-
sjen¸c sugklÐnousa upakoloujÐa. QwrÐc bl�bh thc genikìthtac, upojètoume

ìti h {χn} sugklÐnei asjen¸c sto χ. AfoÔ oi T kai A eÐnai sumpageÐc gram-

mikoÐ telestèc, tìte Tχn −→ Tχ kai Aχn −→ Aχ. Epeid  T ⊥BJ A, tìte∥∥∥∥T +
eiθr

n
A

∥∥∥∥ ≥ ‖T‖ gia k�je n ∈ N.

Tìte

∥∥∥∥(T +
eiθr

n
A

)
χn

∥∥∥∥ =

∥∥∥∥T +
eiθr

n
A

∥∥∥∥ ≥ ‖T‖ ≥ ‖Tχ‖ gia ìla ta

n ∈ N. 'Otan n −→ ∞, parathroÔme ìti, ‖Tχ‖ ≥ ‖T‖ ≥ ‖Tχ‖. Epomènwc,

‖Tχ‖ = ‖T‖, dhlad  χ ∈MT .

Ja deÐxoume ìti Aχθ ∈ (Tχθ)
(θ,0). Gia r ≥ 1

n
isqurizìmaste ìti

‖Tχn + (eiθr)Aχn‖ ≥ ‖Tχn‖.

Alli¸c, an Tχn +
eiθ

n
Aχn =

(
1− 1

nr

)
Tχn +

1

nr
(Tχn + eiθrAχn), tìte

∥∥∥∥T +
eiθ

n
A

∥∥∥∥ =

∥∥∥∥Tχn +
eiθ

n
Aχn

∥∥∥∥
≤

(
1− 1

nr

)
‖Tχn‖+

1

nr
‖(Tχn + eiθrAχn)‖

<

(
1− 1

nr

)
‖Tχn‖+

1

nr
‖Tχn‖

= ‖Tχn‖

≤ ‖T‖,

�topo. 'Ara apodeÐqjhke o isqurismìc. Gia opoiod pote r > 0, up�rqei k�poio

n0 ∈ N tètoio ¸ste r ≥ 1

n0

. Gia k�je n ≥ n0, ‖Tχn + (eiθr)Aχn‖ ≥ ‖Tχn‖.

'Ara, ìtan n −→ ∞, èqoume ìti ‖Tχ + (eiθr)Aχ‖ ≥ ‖Tχ‖. Kai h apìdeixh

oloklhr¸jhke.

Parat rhsh 4.15. JewroÔme ènan autopaj  q¸ro Banach X kai ènan migadikì

grammikì q¸ro me nìrma Y . 'Estw T,A : X −→ Y dÔo sumpageÐc grammikoÐ
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telestèc. Upojètoume ìti cos
‖·‖
BJ(T,A) = ε0 > 0. Tìte 0 ∈ ∂F ε0

‖·‖(A;T ),  

isodÔnama, up�rqei arijmìc λ0 ∈ C tètoioc ¸ste

‖T + λ0A‖ = min
λ∈C
‖T + λA‖ =

√
1− ε0

2‖T‖ = sin
‖·‖
BJ(T,A)‖T‖.

Kat� sunèpeia, (T + λ0A) ⊥BJ A. 'Ara, apì to Je¸rhma 4.14, gia k�je

θ ∈ [0, 2π], up�rqei di�nusma χθ ∈MT+λ0A tètoio ¸ste

Aχθ ∈ [(T + µ0A)χθ]
(θ,0),

  isodÔnama, gia k�je θ ∈ [0, 2π], up�rqei monadiaÐo di�nusma χθ ∈ X tètoio

¸ste gia k�je r > 0

‖T + (λ0 + eiθr)A‖ ≥ ‖[T + (λ0 + eiθr)A]χθ‖

≥ ‖(T + λ0A)χθ‖

= ‖T + λ0A‖

= sin
‖·‖
BJ(T,A)‖T‖.

Je¸rhma 4.16. 'Estw dÔo migadikoÐ grammikoÐ q¸roi me nìrma, oi X ,Y kai

jewroÔme dÔo mh mhdenikoÔc fragmènouc grammikoÔc telestèc T,A : X −→ Y .
Tìte T ⊥BJ A an kai mìno an isqÔei èna apì ta dÔo:

(1) Up�rqei akoloujÐa {χn}n∈N ⊆ SX (0, 1) tètoia ¸ste ‖Tχn‖ −→ ‖T‖ kai
‖Aχn‖ −→ 0.

(2) Gia opoiod pote θ ∈ [0, 2π], up�rqei akoloujÐa {χθ,n}n∈N ⊆ SX (0, 1) kai

akoloujÐa pragmatik¸n arijm¸n {εθ,n}n∈N ⊆ (0, 1) tètoiec ¸ste

(i) εθ,n −→ 0,

(ii) ‖Tχθ,n‖ −→ ‖T‖ kai

(iii) Aχθ,n ∈ (Tχθ,n)(θ,εθ,n), gia k�je n ∈ N.

Apìdeixh. Upojètoume ìti isqÔei to (1). Tìte gia k�je λ ∈ C èqoume

‖T + λA‖ ≥ ‖Tχn + λAχn‖ ≥ ‖Tχn‖ − |λ| ‖Aχn‖.
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Gia n −→∞ ja isqÔei ìti ‖T + λA‖ ≥ ‖T‖. 'Ara, T ⊥BJ A.
Upojètoume ìti isqÔei to (2). 'Estw θ ∈ [0, 2π]. Tìte up�rqoun dÔo

akoloujÐec {χθ,n}n∈N ⊆ SX (0, 1) kai {εθ,n}n∈N ⊆ (0, 1) ètsi ¸ste na isqÔoun

oi (i)− (iii). Tìte gia k�je r ≥ 0 èqoume

‖T + (eiθr)A‖ ≥ ‖Tχθ,n + (eiθr)Aχθ,n‖ ≥
√

1− εθ,n2‖Tχθ,n‖.

Gia n −→ ∞, èpetai ìti ‖T + (eiθr)A‖ ≥ ‖T‖ gia k�je r ≥ 0. Aut  h

anisìthta isqÔei gia k�je θ ∈ [0, 2π]. Sunep¸c, T ⊥BJ A.
Gia to antÐstrofo t¸ra, èstw ìti den isqÔei to pr¸to. Ja apodeÐxoume

ìti isqÔei to deÔtero. 'Estw θ ∈ [0, 2π]. Upojètoume ìti ‖A‖ ≤ 1. AfoÔ

T ⊥BJ A, tìte gia k�je λ ∈ C, isqÔei ‖T + λA‖ ≥ ‖T‖. Gia k�je n ∈ N,∥∥∥∥T +
eiθ

n
A

∥∥∥∥ ≥ ‖T‖ − |e
iθ|
n
‖A‖

≥ ‖T‖ − 1

n

> ‖T‖ − 1

n3
.

Tìte, lìgw tou orismoÔ thc nìrmac, gia k�je n ∈ N up�rqei {χθ,n} ⊆ SX (0, 1)

tètoia ¸ste ∥∥∥∥(T +
eiθ

n
A

)
χθ,n

∥∥∥∥ > ‖T‖ − 1

n3

≥ ‖Tχθ,n‖ −
1

n3
.

Tìte ‖Tχθ,n‖ −→ ‖T‖. Pr�gmati,

‖Tχθ,n‖ =

∥∥∥∥(T +
eiθ

n
A

)
χθ,n −

eiθ

n
Aχθ,n

∥∥∥∥
≥

∥∥∥∥(T +
eiθ

n
A

)
χθ,n

∥∥∥∥− |eiθ|n ‖Aχθ,n‖
≥ ‖T‖ − 1

n3
− 1

n
‖A‖.

Gia n −→ ∞ èqoume ‖Tχθ,n‖ ≥ ‖T‖ kai afoÔ {χθ,n} ⊆ SX (0, 1), tìte isqÔei

‖Tχθ,n‖ ≤ ‖T‖. AfoÔ den isqÔei to (1), tìte mporoÔme na upojèsoume ìti
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inf
n∈N
‖Aχθ,n‖ = c > 0. Epilègoume n1 ∈ N tètoio ¸ste n1 ≥

2‖T‖
c

. AfoÔ

‖Tχθ,n‖ −→ ‖T‖ > 0, tìte up�rqei n2 ∈ N tètoio ¸ste ‖Tχθ,n‖ >
‖T‖

2
gia

k�je n ≥ n2. Pr�gmati, isqÔei apì ton orismì thc sÔgklishc gia ε =
‖T‖

2
.

Epiplèon, epilègoume kai èna fusikì n3 >
2

‖T‖
.

Jètoume n0 = max{n1, n2, n3}. Tìte gia k�je n ≥ n0,

0 <
1

n‖Tχθ,n‖
<

2

n‖T‖
< 1,

kai �ra gia k�je n ≥ n0,

0 < 1− 1

n‖Tχθ,n‖
< 1.

Jètoume εθ,n =

√
1−

(
1

n‖Tχθ,n‖

)2

. Tìte εθ,n −→ 0 gia n −→ ∞. Isquri-

zìmaste ìti Aχθ,n ∈ (Tχθ,n)(θ,εθ,n) gia n ≥ n0. 'Estw n ≥ n0. Tìte èqoume

(1) Gia 0 ≤ r <
1

n
,

‖Tχθ,n + (eiθr)Aχθ,n‖ ≥ ‖Tχθ,n‖ − |r| ‖Aχθ,n‖

≥ ‖Tχθ,n‖ −
1

n
‖A‖

≥ ‖Tχθ,n‖ −
1

n
.

(2) Gia
1

n
≤ r ≤ n, isqurizìmaste ìti

‖Tχθ,n + (eiθr)Aχθ,n‖ ≤ ‖Tχθ,n‖ −
1

n
.

'Estw ìti den isqÔei. Tìte up�rqei k�poio
1

n
≤ r0 ≤ n ètsi ¸ste na isqÔei

‖Tχθ,n + (eiθr0)Aχθ,n‖ < ‖Tχθ,n‖ −
1

n
.

Tìte Tχθ,n +
eiθ

n
Aχθ,n =

(
1− 1

nr0

)
Tχθ,n +

1

nr0

(Tχθ,n + eiθr0Aχθ,n).

'Ara,
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‖Tχθ,n‖ −
1

n3
≤

∥∥∥∥Tχθ,n +
eiθ

n
A

∥∥∥∥
≤

(
1− 1

nr0

)
‖Tχθ,n‖+

1

nr0

‖Tχθ,n + eiθr0Aχθ,n‖

<

(
1− 1

nr0

)
‖Tχθ,n‖+

1

nr0

(
‖Tχθ,n‖ −

1

n

)
≤ ‖Tχθ,n‖ −

1

n2r0

.

'Ara isqÔei

‖Tχθ,n‖ −
1

n3
< ‖Tχθ,n‖ −

1

n2r0

=⇒ n3 < n2r0

=⇒ n < r0,

to opoÐo eÐnai �topo.

Epomènwc, gia k�je 0 ≤ r ≤ n èqoume ‖Tχθ,n + eiθrAχθ,n‖ ≥ ‖Tχθ,n‖ −
1

n
.

AfoÔ n ≥ n0 = max{n1, n2, n3}, tìte
2‖T‖
c

< n1 ≤ n. 'Ara, gia

0 ≤ r ≤ 2‖T‖
c

ja isqÔei ‖Tχθ,n + eiθrAχθ,n‖ ≥ ‖Tχθ,n‖ −
1

n
. Gia r >

2‖T‖
c

èqoume

‖Tχθ,n + eiθrAχθ,n‖ ≥ r‖Aχθ,n‖ − ‖Tχθ,n‖

≥ r c− ‖Tχθ,n‖

>
2‖T‖
c

c− ‖Tχθ,n‖

> 2‖T‖ − ‖Tχθ,n‖

> ‖Tχθ,n‖ > ‖Tχθ,n‖ −
1

n
.

Epomènwc, gia ìla ta r ≤ 0 isqÔei

‖Tχθ,n + eiθrAχθ,n‖ ≥ ‖Tχθ,n‖ −
1

n
=
√

1− εθ,n2‖Tχθ,n‖.

Telik�, Aχθ,n ∈ (Tχθ,n)(θ,εθ,n).





Kef�laio 5

Dianusmatik� Polu¸numa

5.1 Orismìc kai Basikèc Idiìthtec

JewroÔme ènan migadikì grammikì q¸ro me nìrma (X , ‖ · ‖). 'Estw èna dianu-

smatikì polu¸numo

P (z) = χmz
m + χm−1z

m−1 + · · ·+ χ1z + χ0

me z ∈ C, χi ∈ X gia i = 0, 1, . . . ,m kai χm 6= 0. Ta dianusmatik� polu¸-

numa emfanÐzontai stic proseggÐseic twn dianusmatik¸n sunart sewn [3, 48].

Epiplèon, eidikèc peript¸seic twn dianusmatik¸n poluwnÔmwn, ìpwc poluw-

numikoÐ pÐnakec [19, 22, 23, 31, 33] kai poluwnumikoÐ telestèc [21, 22, 36, 41],

èqoun efarmogèc se sust mata Grammik¸n Diaforik¸n Exis¸sewn anwtèrac

t�xhc, sth JewrÐa Elègqou, sth JewrÐa Talant¸sewn kai sthn Akoustik .

JewroÔme èna tuqaÐo mh mhdenikì stoiqeÐo ψ tou grammikoÔ q¸rou X
tètoio ¸ste F ε

‖·‖(χm;ψ) 6= {0}. Me th qr sh twn grammik¸n sunarthsiak¸n

mporeÐ na oristeÐ to sÔnolo Birkhoff-James ε-orjogwniìthtac tou P (z) wc

proc ψ me ton ex c trìpo:

Orismìc 5.1. Gia tuqaÐo ε ∈ [0, 1), orÐzoume to sÔnolo Birkhoff-James
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ε-orjogwniìthtac tou P (z) wc proc ψ:

W ε
‖·‖(P (z);ψ) = {µ ∈ C : 0 ∈ F ε

‖·‖(P (µ);ψ)}

=

{
µ ∈ C :

f(P (µ))√
1− ε2 ‖ψ‖

= 0, f ∈ Lε(ψ)

}
= {µ ∈ C : f(χm)µm + · · ·+ f(χ1)µ+ f(χ0) = 0, f ∈ Lε(ψ)}

= {µ ∈ C : ψ ⊥εBJ P (µ)}

= {µ ∈ C : ‖P (µ)− λψ‖ ≥
√

1− ε2 ‖ψ‖ |λ|, ∀λ ∈ C}.

Shmei¸noume ìti gia χm 6= 0 kai ε ∈ (0, 1), h sunj kh F ε
‖·‖(χm;ψ) 6= {0}

ikanopoieÐtai p�nta lìgw thc Prìtashc 1.33 kai tou PorÐsmatoc 1.32.

Parat rhsh 5.2. ParathroÔme ìti

W ε
‖·‖(P (z);ψ) =

{
µ ∈ C : f(χm)µm + · · ·+ f(χ1)µ+ f(χ0) = 0,

ìpou (f(χ0), f(χ1), . . . , f(χm)) ∈ JF ε
‖·‖(χ0, χ1, . . . , χm;ψ)

}
.

Parat rhsh 5.3. 'Estw P (z) dianusmatikì polu¸numo kai èna mh mhdenikì

ψ ∈ X ètsi ¸ste F ε
‖·‖(χm;ψ) 6= {0} kai ε ∈ [0, 1). JewroÔme èna µ ∈ C ètsi

¸ste to P (µ) na mhn eÐnai pollapl�sio tou ψ. Tìte isqÔei

µ ∈ W ε
‖·‖(P (z);ψ) ⇔ ‖P (µ)− λψ‖ ≥

√
1− ε2 ‖ψ‖ |λ|, ∀λ ∈ C

⇔
∥∥∥∥1

λ
P (µ)− ψ

∥∥∥∥ ≥ √1− ε2 ‖ψ‖, ∀λ ∈ C \ {0}

⇔ ‖ψ − λP (µ)‖ ≥
√

1− ε2 ‖ψ‖, ∀λ ∈ C

⇔ inf
λ∈C
‖ψ − λP (µ)‖ ≥

√
1− ε2 ‖ψ‖ (ψ 6∈ span{P (µ)})

⇔ dist(ψ, span{P (µ)}) ≥
√

1− ε2 ‖ψ‖.

ParathroÔme epÐshc ìti

µ ∈ W 0
‖·‖(P (z);ψ) an kai mìno an dist(ψ, span{P (µ)}) = ‖ψ‖

kai

µ 6∈ W 0
‖·‖(P (z);ψ) an kai mìno an dist(ψ, span{P (µ)}) < ‖ψ‖.
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Sthn perÐptwsh aut , up�rqei èna ε0 ∈ [0, 1) tètoio ¸ste µ ∈ ∂W ε0
‖·‖(P (z);ψ)

kai dist(ψ, span{P (µ)}) =
√

1− ε0
2 ‖ψ‖. Autì to ε0 eÐnai to mikrìtero ε ∈

[0, 1) gia to opoÐo µ ∈ W ε
‖·‖(P (z);ψ).

Parousi�zontai k�poiec basikèc idiìthtec tou sunìlou Birkhoff-James ε-

orjogwniìthtac tou dianusmatikoÔ poluwnÔmou P (z) wc proc ψ, oi apodeÐxeic

twn opoÐwn eÐnai tetrimmènec kai oi opoÐec prwtoapodeÐqjhkan gia poluw-

numikoÔc pÐnakec sto [13]. Oi apodeÐxeic autèc metafèrontai �mesa kai gia

dianusmatik� polu¸numa.

Prìtash 5.4. (Gia poluwnumikoÔc pÐnakec, [13, Prìtash 10]) Gia opoiod -

pote a ∈ C \ {0}, èqoume

W ε
‖·‖(aP (z);ψ) = W ε

‖·‖(P (z);ψ),

W ε
‖·‖(P (az);ψ) = a−1W ε

‖·‖(P (z);ψ)

kai

W ε
‖·‖(P (z + a);ψ) = W ε

‖·‖(P (z);ψ)− a.

Epiplèon, an jewr soume ìti to R(z) = χ0z
m+ · · ·+χm−1z+χm = zmP (z−1)

eÐnai to antÐstrofo dianusmatikì polu¸numo tou P (z), tìte

W ε
‖·‖(R(z);ψ) \ {0} =

{
µ ∈ C : µ−1 ∈ W ε

‖·‖(P (z);ψ) \ {0}
}
.

Tèloc, an up�rqei èna grammikì sunarthsiakì f ∈ Lε(ψ) tètoio ¸ste f(χm) =

f(χm−1) = · · · = f(χ0) = 0, tìte W ε
‖·‖(P (z);ψ) = C.

Parat rhsh 5.5. JewroÔme èna dianusmatikì polu¸numo

P (z) = χmz
m+χm−1z

m−1+· · ·+χ1z+χ0, ìpou χ0, χ1, · · · , χm−1, χm ∈ X , χm 6= 0.

Gia opoiod pote ε ∈ [0, 1), to sÔnolo Birkhoff-James ε-orjogwniìthtac tou

P (z) wc proc to mh mhdenikì ψ ∈ X , ìpwc eÐdame, eÐnai

W ε
‖·‖(P (z);ψ) = {µ ∈ C : 0 ∈ F ε

‖·‖(P (µ);ψ)}

= {µ ∈ C : ψ ⊥εBJ P (µ)}

= {µ ∈ C : cos
‖·‖
BJ(ψ, P (µ)) ≤ ε}.
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Epiplèon, an ε ∈ (0, 1) tìte

µ ∈ ∂W ε
‖·‖(P (z);ψ) =⇒ 0 ∈ ∂F ε

‖·‖(P (µ);ψ) =⇒ cos
‖·‖
BJ(ψ, P (µ)) = ε.

Autì shmaÐnei ìti

∂W ε
‖·‖(P (z);ψ) ⊆ {µ ∈ C : 0 ∈ ∂F ε

‖·‖(P (µ);ψ)}

= {µ ∈ C : cos
‖·‖
BJ(ψ, P (µ)) = ε}.

Orismìc 5.6. 'Estw dÔo stoiqeÐa χ, ψ ∈ X kai to ψ mh mhdenikì. Gia

ε ∈ [0, 1) orÐzoume wc eswterik  aktÐna Birkhoff-James ε-orjogwniìthtac

tou χ wc proc to ψ

r̂ε‖·‖(χ;ψ) = min
{
|z| : z ∈ F ε

‖·‖(χ;ψ)
}
,

kai exwterik  aktÐna Birkhoff-James ε-orjogwniìthtac tou χ wc proc to ψ

rε‖·‖(χ;ψ) = max
{
|z| : z ∈ F ε

‖·‖(χ;ψ)
}
.

Je¸rhma 5.7. (Gia poluwnumikoÔc pÐnakec, [13, Je¸rhma 12] kai gia to

klasikì arijmhtikì pedÐo poluwnumik¸n pin�kwn, [37, Je¸rhma 2.3]) 'Estw

èna dianusmatikì polu¸numo

P (z) = χmz
m + χm−1z

m−1 + · · ·+ χ1z + χ0

me z ∈ C, χi ∈ X gia i = 0, 1, . . . ,m kai χm 6= 0. JewroÔme èna ε ∈ [0, 1)

kai èna mh mhdenikì stoiqeÐo ψ ∈ X ètsi ¸ste F ε
‖·‖(χm;ψ) 6= {0}. To sÔnolo

W ε
‖·‖(P (z);ψ) eÐnai fragmèno an kai mìno an 0 6∈ F ε

‖·‖(χm;ψ).

Apìdeixh. 'Estw 0 6∈ F ε
‖·‖(χm;ψ),   isodÔnama, r̂ε‖·‖(χm;ψ) > 0. Ja deÐ-

xoume ìti to sÔnolo W ε
‖·‖(P (z);ψ) eÐnai fragmèno. Sugkekrimèna, gia M =

max
0≤j≤m−1

rε‖·‖(χj;ψ)

r̂ε‖·‖(χm;ψ)
+ 1, ja deÐxoume ìti W ε

‖·‖(P (z);ψ) ⊆ D(0,M). 'Estw

µ ∈ W ε
‖·‖(P (z);ψ) me |µ| ≥ 1 (arkeÐ lìgw M ≥ 1). Apì ton orismì, up�rqei

èna grammikì sunarthsiakì f ∈ Lε(ψ) tètoio ¸ste
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f(χm)µm + f(χm−1)µm−1 + . . . + f(χ0) = 0. 'Ara −µm =

m−1∑
j=0

f(χj)µ
j

f(χm)
.

Epomènwc,

|µ|m =

|
m−1∑
j=0

f(χj)µ
j|

|f(χm)|
≤

m−1∑
j=0

|f(χj)| |µ|j

|f(χm)|

≤
max

0≤j≤m−1
rε‖·‖(χj;ψ)

|f(χm)|√
1−ε2 ‖ψ‖

|µ|m − 1

|µ| − 1

≤
max

0≤j≤m−1
rε‖·‖(χj;ψ)

r̂ε‖·‖(χm;ψ)

|µ|m − 1

|µ| − 1
.

'Ara, |µ| − 1 ≤
max

0≤j≤m−1
rε‖·‖(χj;ψ)

r̂ε‖·‖(χm;ψ)

|µ|m − 1

|µ|m
≤

max
0≤j≤m−1

rε‖·‖(χj;ψ)

r̂ε‖·‖(χm;ψ)
. Dhlad ,

|µ| ≤M .

Gia to antÐstrofo, jewroÔme ìti to sÔnolo W ε
‖·‖(P (z);ψ) eÐnai fragmèno

kai ìti 0 ∈ F ε
‖·‖(χm;ψ). Tìte up�rqei grammikì sunarthsiakì f ∈ Lε(ψ)

tètoio ¸ste f(χm) = 0. AfoÔ to sÔnolo W ε
‖·‖(P (z);ψ) 6= C, tìte f(χs) 6= 0

gia k�poio deÐkth s ∈ {0, 1, . . . ,m − 1}. AfoÔ to sÔnolo F ε
‖·‖(χm;ψ) 6=

{0}, up�rqei mia akoloujÐa suneq¸n grammik¸n sunarthsiak¸n {fj}j=1,2,... ⊂
Lε(ψ) me fj(χm) 6= 0 gia j = 1, 2, . . . tètoia ¸ste

fj(χm)√
1− ε2 ‖ψ‖

−→ 0 gia j −→∞.

'Ara fj(χm) −→ 0.

JewroÔme to

fj(P (z)) = fj(χm)zm + fj(χm−1)zm−1 + · · ·+ fj(χ1)z + fj(χ0)

gia j ∈ {1, 2, . . .} kai parathroÔme ìti fj(χs)
fj(χm)

−→∞ gia j −→∞. 'Atopo, a-

foÔ upojètoume ìti to sÔnolo Birkhoff-James ε-orjogwniìthtacW ε
‖·‖(P (z);ψ)

eÐnai fragmèno, tìte ìlec oi rÐzec twn poluwnÔmwn fj(P (z)) gia j ∈ {1, 2, . . .}
eÐnai fragmènec. Sunep¸c kai oi stoiqei¸deic summetrikèc sunart seic twn

fj(P (z)), gia j ∈ {1, 2, . . .}, eÐnai fragmènec.
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Je¸rhma 5.8. (Gia to klasikì arijmhtikì pedÐo enìc tetragwnikoÔ po-

luwnumikoÔ pÐnaka, [42, Je¸rhma 3.1]) 'Estw èna mh mhdenikì ψ ∈ X , èna
ε ∈ [0, 1) kai to dianusmatikì polu¸numo

P (z) = ψzm + χm−1z
m−1 + · · ·+ χ0 (dhlad  χm = ψ).

Tìte gia k�je migadikì µ ∈ W ε
‖·‖(P (z);ψ) èqoume ìti isqÔei h anisìthta

ρ1 ≤ |µ| ≤ 1 + ρ2,

ìpou

ρ1 =
r̂ε‖·‖(χ0;ψ)

r̂ε‖·‖(χ0;ψ) + max
1≤j≤m

rε‖·‖(χj;ψ)
, me χm = ψ

kai ρ2 = max
0≤j≤m−1

rε‖·‖(χj;ψ).

Apìdeixh. To sÔnoloW ε
‖·‖(P (z);ψ) eÐnai fragmèno afoÔ to sÔnolo F ε

‖·‖(ψ;ψ) =

{1} den perièqei to 0. 'Estw ènac tuqaÐoc migadikìc µ ∈ W ε
‖·‖(P (z);ψ). Tìte

up�rqei k�poio grammikì sunarthsiakì f ∈ Lε(ψ) tètoio ¸ste

f(ψ)µm + f(χm−1)µm−1 + · · ·+ f(χ1)µ+ f(χ0) = 0.

AfoÔ ρ1 ≤ 1, arkeÐ na doÔme, gia thn pr¸th anisìthta, gia |µ| < 1. 'Eqoume

ìti

f(χ0) = −(f(ψ)µm + f(χm−1)µm−1 + · · ·+ f(χ1)µ),

�ra,

|f(χ0)| = |f(ψ)µm + f(χm−1)µm−1 + · · ·+ f(χ1)µ|.

Epomènwc, èqoume

r̂ε‖·‖(χ0, ψ) ≤ |f(ψ)µm + f(χm−1)µm−1 + · · ·+ f(χ1)µ|√
1− ε2‖ψ‖

≤ |f(ψ)| |µ|m + |f(χm−1)| |µ|m−1 + · · ·+ |f(χ1)| |µ|√
1− ε2‖ψ‖

≤ |µ|
1− |µ|

max
1≤j≤m

rε‖·‖(χj;ψ).
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Katal xame sto ex c

r̂ε‖·‖(χ0;ψ)

r̂ε‖·‖(χ0;ψ) + max
1≤j≤m

rε‖·‖(χj;ψ)
≤ |µ|.

Gia thn apìdeixh thc deÔterhc anisìthtac arkeÐ na parathr soume ìti to

�nw fr�gma sumpÐptei me toM pou jewr same sto prohgoÔmeno je¸rhma.

Pìrisma 5.9. Gia migadikì arijmì µ ∈ W ε
‖·‖(P (z);ψ), ìpou P (z) = ψzm +

χm−1z
m−1 + · · ·+ χ0, ìpwc parap�nw, èqoume ìti isqÔei h anisìthta

ρ3 ≤ |µ| ≤ 1 + ρ4,

ìpou

ρ3 =
r̂ε‖·‖(χ0;ψ)

r̂ε‖·‖(χ0;ψ) + max
1≤j≤m

‖χj‖√
1−ε2 ‖ψ‖

kai

ρ4 = max
1≤j≤m−1

‖χj‖√
1− ε2 ‖ψ‖

.

Apìdeixh. 'Eqoume ìti

max
1≤j≤m

rε‖·‖(χj;ψ) ≤ max
1≤j≤m

|fj(χj)|√
1− ε2 ‖ψ‖

≤ max
1≤j≤m

‖fj‖‖χj‖√
1− ε2 ‖ψ‖

≤ max
1≤j≤m

‖χj‖√
1− ε2 ‖ψ‖

,

kai to apotèlesma prokÔptei apì to prohgoÔmeno je¸rhma.

Parat rhsh 5.10. Upojètoume ìti h nìrma ‖ · ‖ ep�getai apì èna eswterikì

ginìmeno 〈·, ·〉. 'Estw èna dianusmatikì polu¸numo P (z) me χm 6= 0, èna

ε ∈ [0, 1) kai èna mh mhdenikì stoiqeÐo ψ ∈ X tètoio ¸ste F ε
‖·‖(χm;ψ) 6= {0}.

Tìte èqoume
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W ε
‖·‖(P (z);ψ) = {µ ∈ C : ψ ⊥εBJ P (µ)}

= {µ ∈ C : ψ ⊥ε〈·,·〉 P (µ)}

= {µ ∈ C : |〈P (µ), ψ〉| ≤ ε‖ψ‖ ‖P (µ)‖}

= {µ ∈ C : |〈P (µ), ψ〉|2 ≤ ε2‖ψ‖2 ‖P (µ)‖2}

= {µ ∈ C : 〈P (µ), ψ〉〈ψ, P (µ)〉 ≤ ε2‖ψ‖2 〈P (µ), P (µ)〉}

=

{
µ ∈ C : 〈

m∑
i=0

χiµ
i, ψ〉〈ψ,

m∑
j=0

χjµ
j〉 ≤ ε2‖ψ‖2 〈

m∑
i=0

χiµ
i,

m∑
j=0

χjµ
j〉

}

=

{
µ ∈ C :

m∑
i,j=0

〈χi, ψ〉〈ψ, χj〉µiµj − ε2‖ψ‖2

m∑
i,j=0

〈χi, χj〉µiµj ≤ 0

}
.

Sq ma 5.1: Ta sÔnola Birkhoff-James ε-orjogwniìthtac tou P (z) (arister�) kai

tou R(z) (dexi�).

Par�deigma 5.11. JewroÔme to tess�rwn diast�sewn dianusmatikì po-

lu¸numo

P (z) =


1

0

0.8

i

 z2 +


i

−1

0.5

0

 z +


2

−3

−0.1

−i

 ,
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kai to antÐstrofo dianusmatikì polu¸numì tou

R(z) =


2

−3

−0.1

−i

 z2 +


i

−1

0.5

0

 z +


1

0

0.8

i

 ,

kai to di�nusma
[

0.6 0 0.9 0.2
]T

. Gia thn eukleÐdeia nìrma, pou ep�getai

apì to klasikì eswterikì ginìmeno, èqoume sqedi�sei ta sÔnora twn sunìlwn

Birkhoff-James ε-orjogwniìthtac W ε
‖·‖2(P (z);ψ), ε = 0.3, 0.5, 0.7, 0.73, kai

W ε
‖·‖2(R(z);ψ), ε = 0.2, 0.25, 0.26, 0.265, 0.27, oi figoÔrec twn opoÐwn eÐnai

sto aristerì kai dexÐ mèroc tou sq matoc antÐstoiqa.

5.2 Sunektikèc Sunist¸seic

Efìson to sÔnolo Birkhoff-James ε-orjogwniìthtac W ε
‖·‖(P (z);ψ) den eÐ-

nai sunektikì, prokÔptei h an�gkh ektÐmhshc tou pl jouc twn sunektik¸n

sunistws¸n to opoÐo apoteleÐ to antikeÐmeno thc paragr�fou aut c. Epish-

maÐnoume ìti me ton ìro sunektikì jewroÔme to kat� kampÔlec sunektikì.

L mma 5.12. 'Estw èna dianusmatikì polu¸numo P (z) me χm 6= 0, èna

ε ∈ [0, 1) kai èna mh mhdenikì stoiqeÐo ψ ∈ X . JewroÔme L èna mh kenì

kleistì kai kurtì uposÔnolo tou X ∗, tètoio ¸ste f(χm) 6= 0 gia k�je f ∈ L.
Tìte oi rÐzec tou poluwnÔmou

f(P (z)) = f(χm)zm + f(χm−1)zm−1 + · · ·+ f(χ1)z + f(χ0)

eÐnai suneqeÐc wc proc to grammikì sunarthsiakì f ∈ L.

Apìdeixh. EÐnai gnwstì ìti oi rÐzec enìc poluwnÔmou eÐnai suneqeÐc sunart -

seic twn suntelest¸n tou poluwnÔmou [26, Je¸rhma, Par�rthma D]. Oi sun-

telestèc χ0, χ1, . . . , χm ∈ X tou dianusmatikoÔ poluwnÔmou P (z) = χmz
m +

· · ·+χ1z+χ0 eÐnai stajerèc, kai �ra, oi suntelestèc f(χ0), f(χ1), . . . , f(χm)

tou dianusmatikoÔ poluwnÔmou f(P (z)) exart¸ntai mìno apì to grammikì su-

narthsiakì f ∈ L. An h f1, f2, . . . eÐnai mia akoloujÐa suneq¸n grammik¸n
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sunarthsiak¸n tou L h opoÐa sugklÐnei sto grammikì sunarthsiakì f ∈ L,
(dhlad , ‖fk − f‖ −→ 0, kaj¸c k −→ +∞), tìte gia k�je j = 0, 1, . . . ,m,

isqÔei ìti

‖f(χj)− fk(χj)‖ ≤ ‖(f − fk)(χj)‖ ≤ ‖f − fk‖ ‖χj‖, k = 1, 2, . . . ,

kai h apìdeixh oloklhr¸jhke.

Je¸rhma 5.13. (Gia to klasikì arijmhtikì pedÐo poluwnumik¸n pin�kwn,

[37, Je¸rhma 2.2]) 'Estw èna dianusmatikì polu¸numo P (z) me χm 6= 0, èna

ε ∈ [0, 1) kai èna mh mhdenikì stoiqeÐo ψ ∈ X tètoio ¸ste 0 /∈ F ε
‖·‖(χm;ψ)

(  isodÔnama, to sÔnolo W ε
‖·‖(P (z);ψ) eÐnai fragmèno). Upojètoume ìti to

sÔnolo W ε
‖·‖(P (z);ψ) èqei r, to pl joc, sunektikèc sunist¸sec. JewroÔme

ton fusikì arijmì κ, wc ton el�qisto arijmì twn diakekrimènwn riz¸n tou

poluwnÔmou f(P (z)) = f(χm)zm + f(χm−1)zm−1 + · · · + f(χ1)z + f(χ0) epÐ

ìlwn twn grammik¸n sunarthsiak¸n f ∈ Lε(ψ). Tìte

r ≤ κ ≤ m.

Apìdeixh. JewroÔme èna grammikì sunarthsiakì f1 ∈ Lε(ψ) tètoio ¸ste to

polu¸numo f1(P (z)) = f1(χm)zm + f1(χm−1)zm−1 + · · ·+ f1(χ1)z+ f1(χ0) na

èqei akrib¸c κ, to pl joc, diakekrimènec rÐzec. 'Estw èna grammikì sunarth-

siakì f2 ∈ Lε(ψ). AfoÔ 0 /∈ F ε
‖·‖(χm;ψ), tìte oi f1(χm) kai f2(χm) eÐnai mh

mhdenikoÐ. Epiplèon, apì thn kurtìthta tou sunìlou Lε(ψ) kai tou sunìlou

F ε
‖·‖(χm;ψ), k�je suneqèc grammikì sunarthsiakì

gt = (1− t)f1 + tf2 ∈ Lε(ψ), t ∈ [0, 1],

ikanopoieÐ thn sunj kh gt(χm) 6= 0. Tìte, apì to prohgoÔmeno l mma, oi rÐzec

tou poluwnÔmou

gt(P (z)) = gt(χm)zm + gt(χm−1)zm−1 + · · ·+ gt(χ1)z + gt(χ0), t ∈ [0, 1]

eÐnai suneqeÐc wc proc t ∈ [0, 1]. Epomènwc, oi κ, to pl joc, rÐzec tou po-

luwnÔmou f1(P (z)) sundèontai mèsw suneq¸n kampul¸n sto W ε
‖·‖(P (z);ψ) me

tic rÐzec tou f2(P (z)). Sunep¸c, o arijmìc twn sunektik¸n sunistws¸n tou

sunìlou W ε
‖·‖(P (z);ψ) eÐnai mikrìteroc   Ðsoc tou κ.
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Upojètoume ìti gia k�je grammikì sunarthsiakì f ∈ Lε(ψ), to polu¸numo

f(P (z)) èqei m, to pl joc, aplèc rÐzec. Tìte autèc oi m, to pl joc, aplèc

rÐzec orÐzoun m, to pl joc, suneqeÐc apeikonÐseic

ρi : Lε(ψ) −→ C, i = 1, 2, . . . ,m (5.1)

Orismìc 5.14. 'Estw dÔo stoiqeÐa χ, ψ ∈ X me mh mhdenikì to ψ, ε ∈ [0, 1)

kai jewroÔme èna migadikì arijmì z0 ∈ F ε
‖·‖(χ;ψ). OrÐzoume to sÔnolo

LSχ(z0) =

{
f ∈ Lε(ψ) : z0 =

f(χ)√
1− ε2‖ψ‖

}
⊆ Lε(ψ).

Epiplèon, gia to dianusmatikì polu¸numo P (z), orÐzoume to sÔnolo

LSP (z)(z0) = {f ∈ Lε(ψ) : f(P (z0)) = 0}

= LSP (z0)(0).

L mma 5.15. 'Estw χ, ψ ∈ X , me to ψ mh mhdenikì kai jewroÔme èna z0 ∈
F ε
‖·‖(χ;ψ). Tìte to sÔnolo LSχ(z0) eÐnai kurtì.

Apìdeixh. JewroÔme dÔo grammik� sunarthsiak� f1, f2 ∈ LSχ(z0) kai ènan

arijmì α ∈ [0, 1]. Tìte èqoume ìti

f1(χ)√
1− ε2 ‖ψ‖

= z0 =
f2(χ)√

1− ε2 ‖ψ‖
.

Epomènwc,
[αf1 + (1− α)f2]√

1− ε2 ‖ψ‖
(χ) = z0

kai to grammikì sunarthsiakì αf1 + (1− α)f2 brÐsketai sto LSχ(z0).

Je¸rhma 5.16. (Gia poluwnumikoÔc telestèc, [40, Je¸rhma 1]) 'Estw èna

dianusmatikì polu¸numo P (z) me χm 6= 0, èna ε ∈ [0, 1) kai èna mh mhdenikì

stoiqeÐo ψ ∈ X ètsi ¸ste 0 /∈ F ε
‖·‖(χm;ψ). Upojètoume ìti gia k�je f ∈

Lε(ψ), to polu¸numo f(P (z)) = f(χm)zm+ · · ·+f(χ1)z+f(χ0) èqei akrib¸c

m aplèc rÐzec. Tìte to sÔnolo W ε
‖·‖(P (z);ψ) èqei akrib¸c m, to pl joc,

sunektikèc sunist¸sec.
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Apìdeixh. JewroÔme tic eikìnec twn sunart sewn twn riz¸n ρ1, ρ2, . . . , ρm

apì to (5.1),

Wi = ρi(Lε(ψ)) ⊆ W ε
‖·‖(P (z);ψ), i = 1, 2, . . . ,m.

Aut� ta sÔnola eÐnai sunektik� kai ikanopoioÔn thn isìthta

W ε
‖·‖(P (z);ψ) =

⋃
1≤i≤m

Wi.

ArkeÐ na deÐxoume ìti

Wi ∩Wj = ∅ gia k�je i 6= j.

QwrÐc bl�bh thc genikìthtac, upojètoume ìti W1 ∩W2 6= ∅. Tìte up�rqei

k�poioc arijmìc z0 ∈ C tètoioc ¸ste

ρ1(f1) = z0 = ρ2(f2) gia k�poia sunarthsiak� f1, f2 ∈ Lε(ψ).

Tìte kai ta dÔo grammik� sunarthsiak� f1 kai f2 an koun sto sÔnolo LSP (z)(z0).

Epiplèon, isqÔei ìti

LSP (z)(z0) =
⋃

1≤i≤m

{f ∈ Lε(ψ) : z0 = ρi(f)} .

Dhlad , to sÔnolo LSP (z)(z0) eÐnai h ènwsh twn sunìlwn

LS1 = {f ∈ Lε(ψ) : z0 = ρ1(f)} kai LS2 =
⋃

2≤i≤m

{f ∈ Lε(ψ) : z0 = ρi(f)} .

Profan¸c, to grammikì sunarthsiakì f1 ∈ LS1 kai to f2 ∈ LS2, kai ta sÔnola

LS1 kai LS2 eÐnai mh ken�. Epiplèon, ta sÔnola LS1 kai LS2 eÐnai kleist� wc

antÐstrofec eikìnec suneq¸n apeikonÐsewn. AfoÔ to sÔnolo LSP (z)(z0) eÐnai

kurtì, eÐnai kai sunektikì, kai tìte LS1 ∩ LS2 6= ∅. Epomènwc, ja up�rqei

èna sunarthsiakì f tètoio ¸ste ρ1(f) = z = ρi(f) gia k�poio deÐkth i ≥ 2,

autì eÐnai �topo, afoÔ upojèsame ìti oi rÐzec eÐnai aplèc.
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5.3 SÔnoro

Endiafèron parousi�zei kai h melèth tou sunìrou tou sunìlou Birkhoff-James

ε-orjogwniìthtac W ε
‖·‖(P (z);ψ).

Je¸rhma 5.17. (Gia poluwnumikoÔc pÐnakec, [13, Je¸rhma 19 (i)] kai gia to

klasikì arijmhtikì pedÐo poluwnumik¸n pin�kwn, [42, Je¸rhma 1.1]) JewroÔ-

me èna dianusmatikì polu¸numo P (z) me χm 6= 0, èna ε ∈ [0, 1) kai èna mh mh-

denikì stoiqeÐo ψ ∈ X ètsi ¸ste F ε
‖·‖(χm;ψ) 6= {0}. An z0 ∈ ∂W ε

‖·‖(P (z);ψ),

tìte 0 ∈ ∂F ε
‖·‖(P (z0);ψ).

Apìdeixh. 'Estw z0 ∈ ∂W ε
‖·‖(P (z);ψ). AfoÔ to sÔnolo W ε

‖·‖(P (z);ψ) eÐnai

kleistì, tìte z0 ∈ W ε
‖·‖(P (z);ψ), kai �ra up�rqei suneqèc grammikì sunarth-

siakì f0 ∈ Lε(ψ) tètoio ¸ste f0(P (z0)) = 0. 'Ara, 0 ∈ F ε
‖·‖(P (z0);ψ). ArkeÐ

na deÐxoume ìti to 0 den eÐnai eswterikì shmeÐo tou sunìlou F ε
‖·‖(P (z0);ψ).

'Estw ìti to 0 eÐnai eswterikì shmeÐo tou F ε
‖·‖(P (z0);ψ) kai èstw mia a-

koloujÐa {zn} ⊆ C \W ε
‖·‖(P (z);ψ) ètsi ¸ste zn −→ z0. Tìte up�rqei δ > 0

ètsi ¸ste D(0, δ) ⊆ F ε
‖·‖(P (z0);ψ). 'Ara ja up�rqoun grammik� sunarthsiak�

f1, f2, f3 ∈ Lε(ψ) ètsi ¸ste to 0 na an kei sto eswterikì tou trig¸nou

Co

{
f1(P (z0))√
1− ε2 ‖ψ‖

,
f2(P (z0))√
1− ε2 ‖ψ‖

,
f3(P (z0))√
1− ε2 ‖ψ‖

}
⊆ D

(
0,
δ

2

)
.

Lìgw sunèqeiac èqoume

lim
n−→+∞

fδ,i(P (zn))√
1− ε2 ‖ψ‖

=
fδ,i(P (z0))√
1− ε2 ‖ψ‖

gia i = 1, 2, 3.

Tìte up�rqei n0 ∈ N ètsi ¸ste 0 ∈ F ε
‖·‖(P (zn);ψ), gia k�je n ≥ n0. Epomè-

nwc, gia k�je n ≥ n0 èqoume zn ∈ W ε
‖·‖(P (z);ψ), to opoÐo eÐnai �topo.

JewroÔme to dianusmatikì polu¸numo

P ′(z) = mχmz
m−1 + (m− 1)χm−1z

m−2 + · · ·+ 2χ2z + χ1.

Je¸rhma 5.18. (Gia poluwnumikoÔc pÐnakec, [13, Je¸rhma 19 (ii)] kai gia

to klasikì arijmhtikì pedÐo poluwnumik¸n pin�kwn, [34, Je¸rhma 2]) Jew-

roÔme èna dianusmatikì polu¸numo P (z) me χm 6= 0, èna ε ∈ [0, 1) kai ψ
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èna mh mhdenikì stoiqeÐo tou q¸rou X ètsi ¸ste F ε
‖·‖(χm;ψ) 6= {0}. 'E-

stw z0 ∈ W ε
‖·‖(P (z);ψ) me F ε

‖·‖(P (z0);ψ) 6= {0} kai 0 /∈ F ε
‖·‖(P

′(z0);ψ). An

0 ∈ ∂F ε
‖·‖(P (z0);ψ) tìte z0 ∈ ∂W ε

‖·‖(P (z);ψ).

Apìdeixh. 'Estw 0 ∈ ∂F ε
‖·‖(P (z0);ψ) kai jewroÔme shmeÐo z0 to opoÐo an kei

sto eswterikì tou sunìlou W ε
‖·‖(P (z);ψ). Tìte up�rqei δ > 0 tètoio ¸ste

D(z0, δ) ⊆ W ε
‖·‖(P (z);ψ).

'Ara, gia opoiod pote z ∈ D(z0, δ) \ {z0}, up�rqei grammikì sunarthsiakì

fz ∈ Lε(ψ) tètoio ¸ste fz(P (z)) = 0. Tìte

fz (P (z0) + (z − z0)P ′(z0) + (z − z0)R(z, z0)) = 0, (5.2)

ìpou R(z, z0) dianusmatikì polu¸numo me ‖R(z, z0)‖ −→ 0, kaj¸c |z−z0| −→
0.

AfoÔ 0 /∈ F ε
‖·‖(P

′(z0);ψ), to δ mporeÐ na epilegeÐ arket� mikrì ètsi ¸ste gia

k�je z ∈ D(z0, δ) \ {z0},

0 /∈ F ε
‖·‖(P

′(z0) +R(z, z0);ψ) ⊆ F ε
‖·‖(P

′(z0);ψ) + F ε
‖·‖(R(z, z0);ψ)

⊆ F ε
‖·‖(P

′(z0);ψ) +D
(

0,
‖R(z, z0)‖√
1− ε2 ‖ψ‖

)
.

Apì thn (5.2) ja èqoume z−z0 = − fz(P (z0))

fz(P ′(z0) +R(z, z0))
. Apì thn kurtìthta

tou sunìlou F ε
‖·‖(P

′(z0) +R(z, z0);ψ) ja up�rqoun gwnÐec ϑ1, ϑ2, ϑ3 ∈ [0, 2π]

tètoiec ¸ste 0 ≤ ϑ2 − ϑ1 ≤ ϑ3 < π kai

F ε
‖·‖(P

′(z0) +R(z, z0);ψ) ⊂ {w ∈ C : ϑ1 ≤ arg(w) ≤ ϑ2},

gia k�je z ∈ D(z0, δ) \ {z0}. EpÐshc, isqÔei ìti F ε
‖·‖(P (z0);ψ) 6= {0} kai

0 ∈ ∂F ε
‖·‖(P (z0);ψ). 'Ara, lìgw kurtìthtac tou F ε

‖·‖(P (z0);ψ), ja up�rqoun

gwnÐec φ1 kai φ2 me 0 < φ2 − φ1 ≤ π tètoiec ¸ste

F ε
‖·‖(P (z0);ψ) ⊂ {w ∈ C : φ1 ≤ arg(w) ≤ φ2}.

Epomènwc, to dexÐ kl�sma sthn (5.2) den mporeÐ na p�rei ìlec tic timèc metaxÔ

0 kai 2π, se sqèsh me to z − z0 kai katal xame se �topo.
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Prìtash 5.19. (Gia to klasikì arijmhtikì pedÐo enìc tetragwnikoÔ poluw-

numikoÔ pÐnaka, [42, Je¸rhma 2.1]) 'Estw èna dianusmatikì polu¸numo P (z),

èna ε ∈ [0, 1) kai èna mh mhdenikì stoiqeÐo ψ ∈ X tètoio ¸ste 0 /∈ F ε
‖·‖(χm;ψ)

(  isodÔnama, to sÔnolo W ε
‖·‖(P (z);ψ) eÐnai fragmèno). An o migadikìc arij-

mìc z0 eÐnai èna memonwmèno shmeÐo tou sunìlou W ε
‖·‖(P (z);ψ), tìte isqÔei

F ε
‖·‖(P (z0);ψ) = {0}.

Epiplèon, an ε > 0, tìte P (z0) = 0.

Apìdeixh. Upojètoume ìti to monosÔnolo {z0} eÐnai sunektik  sunist¸sa tou
sunìlou W ε

‖·‖(P (z);ψ). Tìte up�rqei èna suneqèc grammikì sunarthsiakì

f0 ∈ Lε(ψ) tètoio ¸ste

f0(P (z0)) = f0(χm)zm0 + f0(χm−1)zm−1
0 + · · ·+ f0(χ1)z0 + f0(χ0) = 0.

AfoÔ èqoume upojèsei ìti 0 /∈ F ε
‖·‖(χm;ψ), lìgw thc kurtìthtac tou sunì-

lou Lε(ψ) kai thc sunèqeiac twn riz¸n tou poluwnÔmou f(P (z)) wc proc to

f ∈ Lε(ψ), oi rÐzec tou poluwnÔmou f0(P (z)) sundèontai me tic rÐzec opoiou-

d pote poluwnÔmou f(P (z)) (ìpou f grammikì sunarthsiakì pou an kei sto

sÔnolo Lε(ψ)) mèsw suneq¸n kampul¸n sto sÔnoloW ε
‖·‖(P (z);ψ). Sunep¸c,

gia opoiod pote grammikì sunarthsiakì f ∈ Lε(ψ), to z0 eÐnai rÐza tou po-

luwnÔmou f(P (z)). Epomènwc, f(P (z0)) = 0 gia k�je grammikì sunarthsiakì

f ∈ Lε(ψ), kai �ra, F ε
‖·‖(P (z0);ψ) = {0}. Epiplèon, an ε > 0, tìte apì tic

idiìthtec tou sunìlou èpetai ìti P (z0) = 0.

5.4 Topik  Di�stash

'Estw Ω èna kleistì uposÔnolo tou C. Wc topologik  di�stash tou sunìlou
Ω ja jewroÔme to ex c [25, 28]:

1. H topologik  di�stash tou kenoÔ sunìlou ja eÐnai −1.

2. H topologik  di�stash tou sunìlou Ω eÐnai n kai ja gr�foume dim Ω = n

an gia k�je stoiqeÐo χ ∈ Ω kai gia k�je anoiktì sÔnolo U ⊆ Ω up�rqei
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èna anoiktì V me χ ∈ V , tètoio ¸ste V ⊆ U kai dim(∂V ) = n − 1, ìpou

∂V ja jewroÔme to sÔnoro tou V .

Orismìc 5.20. 'Estw Ω èna kleistì uposÔnolo tou C kai z0 ∈ Ω. H topik 

di�stash tou z0 sto Ω orÐzetai wc to ìrio

lim
h−→0+

dim {Ω ∩D(z0, h)} me h ∈ R, h > 0.

Eidikìtera, h topik  di�stash tou z0 sto Ω eÐnai Ðsh me:

0 an kai mìno an to z0 eÐnai memonwmèno shmeÐo tou Ω,

1 an kai mìno an to z0 den eÐnai memonwmèno shmeÐo tou Ω kai den brÐsketai

sthn kleist  j kh tou eswterikoÔ tou sunìlou,

2 an kai mìno an to z0 brÐsketai sthn kleist  j kh tou eswterikoÔ tou Ω.

Je¸rhma 5.21. (Gia to klasikì arijmhtikì pedÐo enìc tetragwnikoÔ po-

luwnumikoÔ pÐnaka, [47, Je¸rhma 1]) 'Estw èna dianusmatikì polu¸numo P (z)

me χm 6= 0, èna ε ∈ [0, 1) kai ψ ∈ X mh mhdenikì ètsi ¸ste F ε
‖·‖(χm;ψ) 6= {0}.

'Estw z0 ∈ W ε
‖·‖(P (z);ψ) tètoio ¸ste F ε

‖·‖(P (z0);ψ) 6= {0}, to 0 na eÐnai

diaforÐsimo shmeÐo tou sunìlou ∂F ε
‖·‖(P (z0);ψ) kai 0 /∈ F ε

‖·‖(P
′(z0);ψ). An

h topik  di�stash tou z0 sto W ε
‖·‖(P (z);ψ) eÐnai Ðsh me 1, tìte kai h topik 

di�stash tou 0 sto sÔnolo F ε
‖·‖(P (z0);ψ) eÐnai 1.

Apìdeixh. 'Estw z0 ∈ W ε
‖·‖(P (z);ψ) me topik  di�stash 1 kai jewroÔme ìti

0 ∈ F ε
‖·‖(P (z0);ψ). Upojètoume ìti eÐnai topik c di�stashc 2 gia na kata-

l xoume se �topo. Profan¸c, z0 ∈ ∂W ε
‖·‖(P (z);ψ) kai up�rqei r > 0 ètsi

¸ste

W ε
‖·‖(P (z);ψ) ∩ D(z0, r) ⊆ ∂W ε

‖·‖(P (z);ψ).

AfoÔ z0 ∈ ∂W ε
‖·‖(P (z);ψ), tìte 0 ∈ F ε

‖·‖(P (z0);ψ). EpÐshc, afoÔ to 0 eÐnai

diaforÐsimo shmeÐo tou sunìlou ∂F ε
‖·‖(P (z0);ψ), tìte up�rqei monadik  efa-

ptomènh sto shmeÐo autì, èstw h (ε), h opoÐa ja orÐzei dÔo hmiepÐpeda, èstw

to kleistì H1 kai to anoiktì H2 = C \ H1 ètsi ¸ste F ε
‖·‖(P (z0);ψ) ⊂ H1.

Gia k�je ρ ∈ [0, r] kai θ ∈ [0, 2π], to shmeÐo z0 + ρeiθ eÐnai eÐte sÔnoro eÐte

exwterikì shmeÐo tou sunìlou W ε
‖·‖(P (z);ψ). Epomènwc, gia k�je ρ ∈ [0, r]

kai θ ∈ [0, 2π], to 0 eÐnai eÐte sÔnoro eÐte exwterikì shmeÐo tou sunìlou
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∂F ε
‖·‖(P (z0 + ρeiθ);ψ). Epeid  0 /∈ F ε

‖·‖(P
′(z0);ψ), apì upìjesh, gia k�je

ρ ∈ [0, r] kai θ ∈ [0, 2π], to polu¸numo P (z0 + ρeiθ) gr�fetai

P (z0 + ρeiθ) = P (z0) + ρeiθP ′(z0) + ρeiθR(z0, ρ, θ)

me ‖R(z0, ρ, θ)‖ −→ 0, kaj¸c ρ −→ 0.

AfoÔ 0 /∈ F ε
‖·‖(P

′(z0);ψ) kai lìgw upoprosjetikìthtac, gia arket� mikrì

r, up�rqei kurtìc k¸noc

K = K(z0, r) = {z ∈ C : θ1 ≤ arg(z) ≤ θ2, 0 < θ2 − θ1 ≤ θ3 < π},

ètsi ¸ste gia k�je ρ kai θ, ìpwc prin, na isqÔei

F ε
‖·‖(P

′(z0) +R(z0, ρ, θ);ψ) ⊆ K \ {0}.

Gia kat�llhlo θ ∈ [0, 2π] èqoume

eiθF ε
‖·‖(P

′(z0) +R(z0, ρ, θ);ψ) ⊂ eiθK \ {0} ⊂ H2.

ParathroÔme ìti, gia k�je grammikì sunarthsiakì f ∈ Lε(ψ),

f(P (z0 + ρeiθ))√
1− ε2 ‖ψ‖

=
f(P (z0))√
1− ε2 ‖ψ‖

+
ρeiθf(P ′(z0) +R(z0, ρ, θ))√

1− ε2 ‖ψ‖
,

me
f(P (z0))√
1− ε2 ‖ψ‖

∈ F ε
‖·‖(P (z0);ψ) ⊂ H1 kai

ρeiθf(P ′(z0) +R(z0, ρ, θ))√
1− ε2 ‖ψ‖

⊂ eiθK \ {0} ⊂ H2.

Kaj¸c to ρ paÐrnei timèc apì to 0 sto r, èna mèroc tou F ε
‖·‖(P (z0+ρeiθ);ψ)

kont� sto 0 kineÐtai proc sto H2 me suneq  trìpo [14]. Sunep¸c, to 0 gÐnetai

eswterikì tou sunìlou

F ε
‖·‖(P (z0) + rθe

iθ[P ′(z0) +R(z0, ρ, θ)]);ψ) = F ε
‖·‖(P (z0 + rθe

iθ);ψ).

'Atopo, apì ton orismì tou r > 0.
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An z0 ∈ W ε
‖·‖(P (z);ψ) tètoio ¸ste F ε

‖·‖(P (z0);ψ) 6= {0}, tìte to P (z0)

den eÐnai pollapl�sio tou ψ. 'Etsi, an ε > 0, tìte h kurtìthta tou sunìlou

F ε
‖·‖(P (z0);ψ) kai to Pìrisma 1.32 sunep�gontai ìti h topik  di�stash tou 0

sto F ε
‖·‖(P (z0);ψ) eÐnai 2. Sunep¸c, katal goume sto epìmeno pìrisma.

Pìrisma 5.22. 'Estw èna dianusmatikì polu¸numo P (z) me χm 6= 0, èna ε ∈
(0, 1) kai ψ ∈ X mh mhdenikì ètsi ¸ste F ε

‖·‖(χm;ψ) 6= {0}. 'Estw z0 èna mh me-

monwmèno shmeÐo tou sunìrou touW ε
‖·‖(P (z);ψ) tètoio ¸ste F ε

‖·‖(P (z0);ψ) 6=
{0}, to 0 na eÐnai diaforÐsimo shmeÐo tou sunìlou ∂W ε

‖·‖(P (z);ψ) kai 0 /∈
F ε
‖·‖(P

′(z0);ψ). Tìte h topik  di�stash tou z0 sto W ε
‖·‖(P (z);ψ) eÐnai 2.

Gia ε = 0 isqÔei to parak�tw je¸rhma.

Je¸rhma 5.23. (Gia to klasikì arijmhtikì pedÐo enìc tetragwnikoÔ po-

luwnumikoÔ pÐnaka, [47, Je¸rhma 2]) 'Estw èna dianusmatikì polu¸numo P (z)

me χm 6= 0 kai ψ ∈ X mh mhdenikì ètsi ¸ste F 0
‖·‖(χm;ψ) 6= {0}. 'Estw z0

èna eswterikì shmeÐo tou sunìlouW 0
‖·‖(P (z);ψ)   èna diaforÐsimo shmeÐo tou

∂W 0
‖·‖(P (z);ψ) me topik  di�stash sto sÔnolo W 0

‖·‖(P (z);ψ) Ðsh me 2 ètsi ¸-

ste F ε
‖·‖(P (z0);ψ) 6= {0} kai 0 /∈ F 0

‖·‖(P
′(z0);ψ). Tìte h topik  di�stash tou

0 sto sÔnolo W 0
‖·‖(P (z0);ψ) eÐnai 2.

Apìdeixh. An to z0 eÐnai eswterikì shmeÐo tou sunìlou W 0
‖·‖(P (z);ψ), tìte,

apì to Je¸rhma 5.21, èqoume ìti to 0 eÐnai eswterikì shmeÐo tou sunìlou

F 0
‖·‖(P (z0);ψ). 'Ara, h topik  di�stash tou z0 sto sÔnolo W 0

‖·‖(P (z);ψ) kai

h topik  di�stash tou 0 sto sÔnolo F 0
‖·‖(P (z0);ψ) eÐnai 2.

'Estw z0 ∈ ∂W 0
‖·‖(P (z);ψ). AfoÔ to z0 eÐnai diaforÐsimo shmeÐo tou su-

nìlou ∂W 0
‖·‖(P (z);ψ) kai èqei topik  di�stash 2 sto sÔnolo W 0

‖·‖(P (z);ψ),

tìte up�rqei gwnÐa φ0 ∈ [0, 2π] tètoia ¸ste gia k�je φ ∈ (φ0, φ0 + π), na

up�rqei rφ > 0 ètsi ¸ste to z0 + rφe
iφ na brÐsketai sto eswterikì tou

sunìlou W 0
‖·‖(P (z);ψ). 'Estw ìti to 0 èqei topik  di�stash 1 sto sÔno-

lo F 0
‖·‖(P (z0);ψ). Tìte, lìgw kurtìthtac, to sÔnolo F 0

‖·‖(P (z0);ψ) ja eÐ-

nai eujÔgrammo tm ma pou pern� apì to 0. H eujeÐa pou orÐzetai apì to

F 0
‖·‖(P (z0);ψ) ja orÐzei dÔo kleist� hmiepÐpeda, èstw ta H1,H2. Parìmoia me
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prin,

P (z0 + r eiφ) = P (z0) + r eiφP ′(z0) + r eiφR(z0, r, φ)

me ‖R(z0, r, φ)‖ −→ 0, kaj¸c r −→ 0.

AfoÔ 0 /∈ F 0
‖·‖(P

′(z0);ψ), gia arket� mikrì r, up�rqei kurtìc k¸noc

K = K(z0, r) = {z ∈ C : θ1 ≤ arg(z) ≤ θ2, 0 < θ2 − θ1 ≤ θ3 < π},

tètoioc ¸ste

F 0
‖·‖(P

′(z0) +R(z0, r, φ);ψ) ⊆ K \ {0}.

Gia k�poio θ ∈ (φ0, φ0 + π) to

eiθF 0
‖·‖(P

′(z0) +R(z0, r, φ);ψ)

brÐsketai sto eswterikì tou H1   tou H2. AfoÔ isqÔei

F 0
‖·‖(P (z0 + rθe

iθ);ψ) ⊆ F 0
‖·‖(P (z0);ψ) + rθe

iθF 0
‖·‖(P

′(z0) +R(z0, r, φ);ψ),

tìte kai to F 0
‖·‖(P (z0 +rθe

iθ);ψ) ja brÐsketai sto eswterikì tou H1   tou H2.

'Ara 0 /∈ F 0
‖·‖(P (z0 + rθe

iθ);ψ). 'Atopo, afoÔ z0 + rθe
iθ ∈ W 0

‖·‖(P (z);ψ).

Je¸rhma 5.24. (Gia to klasikì arijmhtikì pedÐo enìc tetragwnikoÔ poluw-

numikoÔ pÐnaka, [47, Je¸rhma 4]) 'Estw to dianusmatikì polu¸numo χ1z+χ0,

èna ε ∈ [0, 1) kai èna mh mhdenikì ψ ∈ X ètsi ¸ste F ε
‖·‖(χ1;ψ) 6= {0}. An to

sÔnolo W ε
‖·‖(χ1z + χ0;ψ) fragmèno, tìte eÐnai apl� sunektikì.

Apìdeixh. 'Estw ìti to sÔnolo W ε
‖·‖(χ1z + χ0;ψ) den eÐnai apl� sunektikì.

Tìte up�rqei w0 /∈ W ε
‖·‖(χ1z + χ0;ψ) tètoio ¸ste gia k�je gwnÐa φ ∈ [0, 2π],

up�rqei rφ > 0 ètsi ¸ste w0 + rφe
iφ ∈ W ε

‖·‖(χ1z+χ0;ψ). Lìgw idiìthtac, gia

α ∈ C isqÔei ìti

W ε
‖·‖(χ1(z + α) + χ0;ψ) = W ε

‖·‖(χ1z + χ0;ψ)− α.

'Ara, qwrÐc bl�bh thc genikìthtac, mporoÔme na upojèsoume ìti w0 = 0.

Upojètontac ìti 0 /∈ W ε
‖·‖(χ1z + χ0;ψ) èqoume ìti 0 /∈ F ε

‖·‖(χ1;ψ) kai 0 /∈
F ε
‖·‖(χ0;ψ). Tìte up�rqoun duo kurtoÐ k¸noi

K1 =
{
z ∈ C : θ1 ≤ arg(z) ≤ θ̃1, 0 < θ̃1 − θ1 ≤ ψ1 < π

}
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kai

K2 =
{
z ∈ C : θ2 ≤ arg(z) ≤ θ̃2, 0 < θ̃2 − θ2 ≤ ψ2 < π

}
tètoioi ¸ste to F ε

‖·‖(χ1;ψ) na brÐsketai sto eswterikì touK1 kai to F ε
‖·‖(χ0;ψ)

sto eswterikì tou K2.

EpÐshc, up�rqei φ0 ∈ [0, 2π] ètsi ¸ste to F ε
‖·‖(rφ0e

iφ0χ1;ψ) = rφ0e
iφ0F ε

‖·‖(χ1;ψ)

kai to F ε
‖·‖(χ0;ψ) na brÐskontai sto eswterikì tou kurtoÔ k¸nou K0, ìpou

K0 =
{
z ∈ C : θ0 ≤ arg(z) ≤ θ̃0, 0 < θ̃0 − θ0 ≤ ψ0 < π

}
.

me max{ψ1, ψ2} ≤ ψ0. 'Ara, to

F ε
‖·‖(χ1rφ0e

iφ0 + χ0;ψ) ⊆ rφ0e
iφ0F ε

‖·‖(χ1;ψ) + F ε
‖·‖(χ0;ψ)

brÐsketai sto eswterikì tou K0 kai den perièqei to 0, to opoÐo eÐnai �topo.
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Par�rthma: PerÐlhyh sthn Agglik 

English Summary

1. Introduction

In this thesis, we study the Birkhoff-James ε-orthogonality set of χ with

respect to ψ, give an alternative definition for this set using linear functionals,

and explore its rich structure. We also investigate a cosine function for the

convex angle formed by two nonzero elements of a complex normed linear

space, in connection with recent results on the Birkhoff-James approximate

orthogonality sets.

Finally, we introduce the Birkhoff-James ε-orthogonality set of polyno-

mials in one complex variable whose coefficients are members of X , and su-

rvey and record extensions of results on matrix polynomials to these vector-

valued polynomials.

2. Birkhoff-James ε-orthogonality sets of vectors

Definition 2.1. Let χ, ψ ∈ X with ψ 6= 0. For any ε ∈ [0, 1), define the sets

Lε(ψ) =
{
f ∈ X ∗ : f(ψ) =

√
1− ε2 ‖ψ‖ and ‖f‖ 6 1

}
and

Ωε(χ;ψ) =

{
f(χ)√

1− ε2 ‖ψ‖
: f ∈ Lε(ψ)

}
.

Theorem 2.2. Let χ, ψ ∈ X , with ψ 6= 0. For every ε ∈ [0, 1), it holds that



Ωε(χ;ψ) = F ε
‖·‖(χ;ψ).

Proposition 2.3. Let χ1, χ2, ψ ∈ X , with ψ 6= 0. Then, it holds that

F ε
‖·‖(χ1 + χ2;ψ) ⊆ F ε

‖·‖(χ1;ψ) + F ε
‖·‖(χ2;ψ).

Proposition 2.4. Let χ, ψ ∈ X , with ψ 6= 0, χ not a scalar multiple of ψ,

and ε ∈ [0, 1). If µ ∈ ∂F ε
‖·‖(χ;ψ), then for every continuous linear functional

fµ ∈ Lε(ψ) such that µ = fµ(χ)√
1−ε2 ‖ψ‖ , it holds that ‖fµ‖ = 1.

Proposition 2.5. Let χ, ψ ∈ X , with ψ 6= 0, χ not a scalar multiple of ψ,

and ε ∈ [0, 1). Then, it holds that

max
{

Reµ : µ ∈ F ε
‖·‖(χ;ψ)

}
6 inf

a>0

1

a

{
‖ψ + aχ‖√
1− ε2 ‖ψ‖

− 1

}
.

3. Birkhoff-James cosine function

Definition 3.1. Consider two nonzero vectors χ, ψ ∈ X . If they are not co-

linear, then we can define the (positive) Birkhoff-James cosine of the convex

angle formed by span{χ} and span{ψ}:

cos
‖·‖
BJ(χ, ψ) = min {ε ∈ [0, 1) : 0 ∈ Fε(ψ;χ)}

= min {ε ∈ [0, 1) : χ ⊥εBJ ψ}

= min
{
ε ∈ [0, 1) : ‖χ− λψ‖ ≥

√
1− ε2 ‖χ‖, ∀ λ ∈ C

}
.

If χ and ψ are co-linear, then we assume that cos
‖·‖
BJ(χ, ψ) = 1. By the

continuity and the monotonicity of the set F ε
‖·‖(ψ;χ) with respect to ε, it

follows that the smallest value of the parameter ε ∈ [0, 1), say ε0, that

satisfies 0 ∈ F ε0
‖·‖(ψ;χ) is unique. As a consequence, the above cosine is well

defined.

Proposition 3.2. Let (X , ‖ · ‖) be a complex normed linear space, and let

χ, ψ ∈ X be nonzero.



(i) χ ⊥BJ ψ if and only if cos
‖·‖
BJ(χ, ψ) = 0.

(ii) For any scalars a, b ∈ C\{0}, cos
‖·‖
BJ(aχ, bψ) = cos

‖·‖
BJ(χ, ψ). In parti-

cular, for a, b = ±1, cos
‖·‖
BJ(χ, ψ) = cos

‖·‖
BJ(−χ, ψ) = cos

‖·‖
BJ(−χ,−ψ) =

cos
‖·‖
BJ(χ,−ψ).

Theorem 3.3. Let (X , ‖ ·‖) be a complex normed linear space. If the norm

‖ · ‖ is induced by an inner product 〈·, ·〉, then for any nonzero χ, ψ ∈ X ,

cos
‖·‖
BJ(χ, ψ) =

|〈ψ, χ〉|
‖χ‖ ‖ψ‖

.

Proposition 3.4. The norm ‖ ·‖ is induced by an inner product if and only

if for every nonzero vectors χ, ψ ∈ X , it holds that

cos
‖·‖
BJ(χ, ψ) =

|‖χ‖2 + ‖ψ‖2 − ‖χ− ψ‖2|
2 ‖χ‖ ‖ψ‖

.

Proposition 3.5. If χ, ψ ∈ X \ {0} are not co-linear, then, for any ε0 ∈
(0, 1), there are infinitely many scalars µ0 ∈ C such that cos

‖·‖
BJ(χ, ψ−µ0χ) =

ε0. In particular, these scalars µ0 are exactly the boundary points of the set

F ε0
‖·‖(ψ;χ).

Proposition 3.6. If χ, ψ ∈ X \ {0} are not co-linear and satisfy ‖ψ−χ‖ =

‖ψ‖, then cos
‖·‖
BJ(ψ, χ) = cos

‖·‖
BJ(ψ − χ, χ).

Theorem 3.7. Let X be a complex normed linear space, and suppose

that for every χ, ψ ∈ X with χ 6= 0, the set F 0
‖·‖(ψ;χ) is a singleton, say

F 0
‖·‖(ψ;χ) = {µ(ψ, χ)}. Then the map

[ψ, χ] =

{
µ(ψ, χ)‖χ‖2, if χ 6= 0,

0, if χ = 0

is a semi-inner product.



Proposition 3.8. Let χ and ψ be two nonzero vectors of a complex normed

linear space X . Then,

cosP (χ, ψ) ≤ ‖ψ‖
2‖χ‖

+ cos
‖·‖
BJ(χ, ψ)

2 ‖χ‖
2‖ψ‖

.

4. Cosines of operators

Proposition 4.1. Let T : X −→ Y be a scalar multiple of a δ-isometry.

Then, for any nonzero vectors χ, ψ ∈ X ,

cos
‖·‖
BJ(Tχ, Tψ) ≤

√
1−

(
1− δ
1 + δ

)2

sin
‖·‖
BJ(χ, ψ)

2
.

Proposition 4.2. Let T,A : X −→ Y be two bounded linear opera-

tors, and let {χn}n∈N ⊆ SX (0, 1) be a sequence of unit vectors such that

‖Tχn‖ −→ ‖T‖. Then, cos
‖·‖
BJ(T,A) ≤ sup

n∈N
cos
‖·‖
BJ(Tχn, Aχn).

Corollary 4.3. Let T,A : X −→ Y be two bounded linear operators.

(i) If MT 6= ∅, then for any χ ∈MT , cos
‖·‖
BJ(T,A) ≤ cos

‖·‖
BJ(Tχ,Aχ).

(ii) If {χn}n∈N ⊆ SX (0, 1) is a sequence of unit vectors such that ‖Tχn‖ −→
‖T‖, and Tχn ⊥BJ Aχn for all n ∈ N, then T ⊥BJ A.

(iii) If MT 6= ∅ and there exists a χ ∈ MT such that Tχ ⊥BJ Aχ, then

T ⊥BJ A.

Proposition 4.4. Consider two vectors χ, ψ ∈ X . Then, for any θ ∈ [0, π],

ψ ∈ χ(θ,0) or ψ ∈ χ(θ+π,0).

Theorem 4.5. Consider a reflexive complex Banach space X and a complex

normed linear space Y . Let T,A : X −→ Y be two compact linear opera-



tors. Then, T ⊥BJ A if and only if, for any θ ∈ [0, 2π], there is a vector

χθ ∈MT such that Aχθ ∈ (Tχθ)
(θ,0).

Theorem 4.6. Consider two complex normed linear spaces X , Y , and let

T,A : X −→ Y be two nonzero bounded linear operators. Then, T ⊥BJ A
if and only if one of the following holds:

(i) There exists a sequence {χn}n∈N ⊆ SX (0, 1) such that ‖Tχn‖ −→ ‖T‖
and ‖Aχn‖ −→ 0.

(ii) For any θ ∈ [0, 2π], there is a sequence of vectors {χθ,n}n∈N ⊆ SX (0, 1)

and a sequence of real numbers {εθ,n}n∈N ⊆ (0, 1) such that

(a) εθ,n −→ 0,

(b) ‖Tχθ,n‖ −→ ‖T‖, and

(c) Aχθ,n ∈ (Tχθ,n)(θ,εθ,n) for all n ∈ N.

5. Vector-valued polynomials

Consider a vector-valued polynomial

P (z) = χmz
m + χm−1z

m−1 + · · ·+ χ1z + χ0,

with vector coefficients χi ∈ X (i = 0, 1, . . . ,m), χm 6= 0, and a scalar

variable z ∈ C.

For any ε ∈ [0, 1), and any nonzero vector ψ ∈ X such that F ε
‖·‖(χm;ψ) 6=

{0}, we can define the Birkhoff-James ε-orthogonality set of P (z) with re-

spect to ψ.

Definition 5.1. Let P (z) be a vector-valued polynomial, ε ∈ [0, 1), and

ψ ∈ X be a nonzero vector such that F ε
‖·‖(χm;ψ) 6= {0}. The Birkhoff-James

ε-orthogonality set of P (z) with respect to ψ is defined and denoted



by

W ε
‖·‖(P (z);ψ) =

{
µ ∈ C : 0 ∈ F ε

‖·‖(P (µ);ψ)
}

= {µ ∈ C : f(P (µ)) = 0, f ∈ Lε(ψ)}

= {µ ∈ C : f(χm)µm + · · ·+ f(χ1)µ+ f(χ0) = 0, f ∈ Lε(ψ)}

= {µ ∈ C : ψ ⊥εBJ P (µ)}

=
{
µ ∈ C : ‖P (µ)− λψ‖ >

√
1− ε2 ‖ψ‖ |λ|, ∀λ ∈ C

}
.

Theorem 5.2. Let P (z) be a vector-valued polynomial, ε ∈ [0, 1), and

ψ ∈ X be a nonzero vector such that F ε
‖·‖(χm;ψ) 6= {0}. Then, the set

W ε
‖·‖(P (z);ψ) is bounded if and only if 0 6∈ F ε

‖·‖(χm;ψ).

Theorem 5.3. Consider a nonzero vector ψ ∈ X , an ε ∈ [0, 1), and the

vector-valued polynomial P (z) = ψzm + χm−1z
m−1 + · · · + χ1z + χ0 (i.e.,

χm = ψ). Then, for every µ ∈ W ε
‖·‖(P (z);ψ), it holds

r̂ε‖·‖(χ0;ψ)

r̂ε‖·‖(χ0;ψ) + max
16j6m

rε‖·‖(χj;ψ)
6 |µ| 6 1 + max

06j6m−1
rε‖·‖(χj;ψ).

Theorem 5.4. Let P (z) be a vector-valued polynomial, ε ∈ [0, 1), and

ψ ∈ X be a nonzero vector such that 0 /∈ F ε
‖·‖(χm;ψ) (or equivalently,

W ε
‖·‖(P (z);ψ) is bounded). Suppose that W ε

‖·‖(P (z);ψ) has r connected

components. If κ is the minimum number of distinct zeros of the scalar

polynomial f(P (z)) = f(χm)zm + f(χm−1)zm−1 + · · ·+ f(χ1)z + f(χ0) over

all f ∈ Lε(ψ), then r 6 κ 6 m.

Theorem 5.5. Let P (z) be a vector-valued polynomial, ε ∈ [0, 1), and

ψ ∈ X be a nonzero vector such that 0 /∈ F ε
‖·‖(χm;ψ) (or equivalently,

W ε
‖·‖(P (z);ψ) is bounded). Suppose that for every f ∈ Lε(ψ), the scalar

polynomial f(P (z)) = f(χm)zm + f(χm−1)zm−1 + · · · + f(χ1)z + f(χ0) has

exactly m simple roots. Then, W ε
‖·‖(P (z);ψ) has exactly m connected com-

ponents.



Theorem 5.6. Let P (z) be a vector-valued polynomial, ε ∈ [0, 1), and ψ ∈
X be a nonzero vector such that F ε

‖·‖(χm;ψ) 6= {0}. If z0 ∈ ∂W ε
‖·‖(P (z);ψ),

then 0 ∈ ∂F ε
‖·‖(P (z0);ψ).

Theorem 5.7. Let P (z) be a vector-valued polynomial, ε ∈ [0, 1), and

ψ ∈ X be a nonzero vector such that F ε
‖·‖(χm;ψ) 6= {0}. Let also z0 ∈

W ε
‖·‖(P (z);ψ) such that F ε

‖·‖(P (z0);ψ) 6= {0} and 0 /∈ F ε
‖·‖(P

′(z0);ψ). If

0 ∈ ∂F ε
‖·‖(P (z0);ψ), then z0 ∈ ∂W ε

‖·‖(P (z);ψ).

Proposition 5.8. Let P (z) be a vector-valued polynomial, ε ∈ [0, 1), and

ψ ∈ X be a nonzero vector such that 0 /∈ F ε
‖·‖(χm;ψ) (or equivalently,

W ε
‖·‖(P (z);ψ) is bounded). If z0 is an isolated point of W ε

‖·‖(P (z);ψ), then

F ε
‖·‖(P (z0);ψ) = {0}. If, in addition, ε > 0, then P (z0) = 0.

Theorem 5.9. Let P (z) be a vector-valued polynomial, ε ∈ [0, 1), and

ψ ∈ X be a nonzero vector such that F ε
‖·‖(χm;ψ) 6= {0}. Let also z0 ∈

W ε
‖·‖(P (z);ψ) with local dimension in W ε

‖·‖(P (z);ψ) equal to 1, such that

F ε
‖·‖(P (z0);ψ) 6= {0}, the origin is a differentiable point of ∂F ε

‖·‖(P (z0);ψ)

and 0 /∈ F ε
‖·‖(P

′(z0);ψ). Then, the local dimension of 0 in F ε
‖·‖(P (z0);ψ) is 1.

Theorem 5.10. Let P (z) be a vector-valued polynomial and ψ ∈ X be

a nonzero vector such that F 0
‖·‖(χm;ψ) 6= {0}. Let also z0 be an interior

point of W 0
‖·‖(P (z);ψ) or a differentiable point of ∂W 0

‖·‖(P (z);ψ) with local

dimension in W 0
‖·‖(P (z);ψ) equal to 2, such that F 0

‖·‖(P (z0);ψ) 6= {0} and

0 /∈ F 0
‖·‖(P

′(z0);ψ). Then, the local dimension of the origin in F 0
‖·‖(P (z0);ψ)

is equal to 2.

Theorem 5.11. Let χ1z+χ0 be a linear vector-valued polynomial, ε ∈ [0, 1),

and ψ ∈ X be a nonzero vector such that F ε
‖·‖(χ1;ψ) 6= {0}. If the set

W ε
‖·‖(χ1z + χ0;ψ) is bounded, then it is simply connected.


