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Abstract

This master's thesis was written in the contexdlfining a master's degree in the field of applied
mathematics and in particular in the field of prolbty and statistics. It deals with goodness-af-fi
tests for exponential distribution. In part it prats older but also newer tests for the exponential
distribution and in part this is research work anelsents a new test for the exponential distriloutio

In the introduction we will look at the Poissorstdibution and process, the exponential
distribution and how it occurs quite normally undbe Poisson process, we will present the
goodness-of-fit tests, the importance of thesestdst the exponential distribution will be
emphasized, which plays a key role in survival gsial but also in natural sciences, and finally we
will look at some historical facts about expondrdiatribution tests.

In Chapter 1 we will start the presentation of theodness-of-fit tests for the exponential

distribution by some "empirical” tests, which aknd through some graphs, in order to get a first
visual picture of the data, and then we will stugyious tests old and new. Also in chapter 1
reference is made to the empirical cumulative ithstion function (e.c.d.f.)- we quote its definitio

as well as some of its useful properties.

In Chapter 2 we will get to know the theoreticatkground of the proposed test and then
we will meet and study the new (proposed) tesefqronentiality with an alternative distribution of
light or heavy tail based on the principle of tlecalled, single big jump.

In Chapter 3 we will present the size and powethaf proposed test with tables made
through simulations. Excellent results making test &an important tool for practical purposes in
reliability theory whenever the underlying distrilmn needs to be established for inferential puegos

There is also an appendix (for chapter 1) and aenske bibliography with sources from
Greek and international sources.
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05

0.0

$ I/ *1 /) * t. $ 1 & I( S #5! * 3& |
N(),t 0, ,# I8 + &+1")y 00"+ ('$!1 ) Poisson (Poisson stochastic
process).
1.2. $ ¥ F*(
*1 3
1*)8 * $' $( (Exponential) !*( ,)* & (, &0), ! $ I'¥
Fl . -l
1 e
F(t) =
(t) 0
211 $ S $ ¥ , $!
f(t) = e, t O
t 0
TuvAapTnon KATOVOUNG
) _— A=0.1
— A=0.5
A=1
| _— =2
0 , X 5 ‘
VIO TIHEC TNC TTapapéTpou A=0.1, 0.5, 1, 2
* 1
/$1 I R" 1 0"5%( *1 1

t =seq(0, 11, by=0.01)
yl = pexp(t, 0.1)

y2 = pexp(t, 0.5)

y3 = pexp(t, 1)

y4 = pexp(t, 2)

plot(t, y1, type="1", Ity=1, ylab="F(t)", xlim=c(Q,1), ylim=c(0,2), Iwd=2, col=1)

lines(t, y2, Ity=1, lwd=2, col=2)
lines(t, y3, Ity=1, lwd=2, col=5)
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1.0

ek}

0.0

lines(t, y4, Ity=1, lwd=2, col=6)

legend(8, 2, Ity=c(1,1,1,1), col=c(1,2,5,6), legeod&=0.1","&=0.5", "&1", "&=2"), lwd=2)
title(main="1) $ '*(1 "cex.main=2,sub=" *1 1, * &=0.1, 0.5, 1,

2" cex.sub=2)

ZuvdpTnon TTUKVOTNTAG TTIBavOeTNTAC

— =01
—— 05
A=1

1 T 1 T 1 T
0 2 4 6 8 10

VIO TIEC TN TTapapéTPoU A=0.1, 0.5, 1, 2
* 2
/1$1 ' R" I 0"5%( *1 2

t =seq(0, 11, by=0.01)

yl =dexp(t, 0.1)

y2 = dexp(t, 0.5)

y3 = dexp(t, 1)

y4 = dexp(t, 2)

plot(t, y1, type="1", Ity=1, ylab="f(t)", xlim=c(Q,1), ylim=c(0,2), lwd=2, col=1)
lines(t, y2, Ity=1, lwd=2, col=2)

lines(t, y3, Ity=1, lwd=2, col=5)

lines(t, y4, Ity=1, lwd=2, col=6)

legend(8, 2, Ity=c(1,1,1,1), col= c(1256) Iegeo@&—Ol "8&=0.5", "&=1", "&=2"), lwd=2)

title(main="1) 31 ol 'cex.main=2,sub=" *1 1, *
0.5, 1, 2",cex.sub=2)

) 1. 5% 1 "1l $&'# //$# Poisson7 5
x g Gk I$C "™ ,$ .5 T 11, ., 1 k1x %)
I %21 # o 2) *) I t,. 11 1*11 (waiting time) T, #!
kg *1 12 $ 1% 1. 211, Uil T ot # # o+
N@ 1,/ |, oKLk T L B ) JH
Q'S & | *x 2) * 1$ It %
#!
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& 25! *) 5! $&'# ¢ $( $ IF( , *# ) 5 1*& | "
2& # , *I (0% $# . &1 &25I(* 1 ».
"1
$&)%$ , . (2006), N b, & 1Y & !'$
*(*
http://www.des.upatras.gr/amm/daskalaki/Usefulibstions_2006.pdf
A, &1 - ( , 5,1$ I ‘1
https://www.aua.gr/gpapadopoulos/files/6discr_th4®.pdf

# 1 , . (1988),« % ( -
N)», $/ 1 |, *# !
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21.7&"  $&1, *"(1 (Goodness of fit tests)

701 s 3&* $(  # 0- & 2 #1 $) *
*2( 1% '*(1 , r# A # /#* . # "5 , -
&L , I G ( o B, -
y "$$ *! $ ¥ LT&" a 1*21 $&-! $ %&!'")
+ %) (goodness of fit testsp! //*.15! * "8 $ *d $I*C (1 9% .!
CH S # L 1&, &' $&@L, *"@ ML 3%
*?251#1 (1 3™ o1 5!, -* 151 *1  (observed values) 1 *1,
L* 11 (expected values) ' ( * "$$ *! $!*(C (1 o). .&1,.!
I/ 2. ! , 2 .1 , 3&* 2) [- [#™% $ ! &" 1,1 [ #'* -
) Lo CoovH# & (I&IC ., Y #$ IR ).

22, *1'$ 51 &"51 " 1 $ $( $ 1%

$ $ $ !X , 5L .0 (/ M# ‘5 # $ )1, &3
.6 [ (* * 0- 5l *)I5 . #1 $ , # $)&&& * &O0($ ! -
(. $ $ $!*( .,#8 3% & | D& 351 .7&"  $&(1, * -
"t S S I # 41 o+ + 0 %1 12 %1, (*1 , *I1
,1$11 ok, o+l $1*1 , 51 $ !*1 )* $ Weibull, # * -
2 *11  $ 1 5 $ $! $ 1*1

23. %) ¥ $) * 1 &1 " 1§ S $ I

[ [y ( *1* &) &5 1§ $( S I .
O#/ I A O . #l &&H, 1 v 11 12, -
* & 1. ’ ' -* $)’ 1 ’1 1

o#/ Lo, R R D & 1y * .-
&" X, ., | %"&1*'* $1  Karl Pearson 1900" , /(, V(0 () -
$($!'*( .To1933 3 $1 *'* $1  Andrey Nikolaevich Kolmogorod *.!'l
' % Glivenco-Cantelli (1933) | .11 .&" " 0 [#w ", I
($ ' . 1939 3 $1 *'* $1 Nikolai Vasilyevich Smirnov,.$ ! ! -
$ &" Kolmogorov (1933)' -"$ - $ 1*! 3) /- 10) -
50 /™5  , $) &"'* . $# .&" 5! Kolmogorov$ Smirnov (&" 1
Kolmogorov-Smirnov' ! /#™ $ " [- [#* ) #8! . R {
N $ 1@ (...9. (/- ), &&"( &." Kolmogorov 0 )'$
: Io* $! *r g Hubert Whitman Lilliefors 1969. .&" 1 1 -
, # ! r.&" 1.,'1 01 &' 1 #0$ $1 ,, )"15
> 1 I $*'# * 3) [1*] AL 1969 V. Seshadri, M. Csorg6
M. A. Stephens # ! &" 1, * 11 $) - Kolmogorov.(* -
Kolmogorov -

$

L& -
% Lilliefors  1967.+
Lilliefors. & Kolmogorov

)

Lilliefors 1973
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1&& $ $( I .&" Kolmogorov-Smirnov (1933)#! .&" 1 Cramér-von

Mises (CVM) ( Cramér-von Mises-Smirnov (CMS)) , )'$ R 2) !

/ *r g Harald Craméis ! $ -3# ** $ Richard Edler von
Mises . 1928-1930. "#$ - | #™ 2 #& rox gl '3
Theodore Wilbur Anderson (1962). Theodore Wilbur Anderson8# * | * $!1 -

$ Donald Allan Darling 1954 (""! L&t $)" s , "5 -

51.&" Anderson-Darling. &" ! (1 Anderson-Darlings Cramér-von Mises
I($ ! I )0 5! "51$! edf (empirical distribution functiong " ! ( 5! (
&" 3 #8! . ) $ 12 ). -"$ o Cramér-
von Mises, Anderson-Darling#! *" &- 31 1, (1 1 1
1% !'*(1 . .&" 1 Anderson-Darling!*)8 $ .&" 1 )5 )1 Anderson-Darling.
1968. * 1/)*1 "2%-1 &" 1, pp$ qq/")* (probability-
probability plot percent-percent plot p value plot quantile-quantile plgt ,H# 13 -
&0 ($)!9), [1*] y . . 9), "$$ *! $ I+ (
, 8 8()% Ho, ) $! , Y $&" Ramanathan Gnanadesikan
$ 11 $ Martin Bradbury Wilk. ." 1,.%6 I o*, $1 "#1

Lo #5! (speakers)$'l /, '$ $C I Lt 1o*-

0- 5! 851 1 (5! (72 $ " 12 9 # (speakers). ,& 12 *!
1" 2# 1977 I D& /]*.15! ,&& & |, &&"! . *2 #

5'$) 8 5% $ * /- B/ /* -'$ 1997.

1972 * $!1 $1 $ * 1$1 Samuel Sanford Shapifo /1
$1  Martin Bradbury Wilk, !! & -1 . 18 % -

1. &"1 # "5 1 51.&" 1 Shapiro-Wilk. # 1 1972 Dahiya$ Gurland, -

#1 01 &" $&1, *"(1 LS g S I, 11 1" -

I$*11 &# X2 $* .1

%&& 0 &" &" " 1 $ $ #! F-&" 1 Gnedenko (1969),
, H# Harris ! F-&" Gnedenko (1980), Bivariate F:&" 1 5! Lin $
Mudholkar (1980), #! $) g1y *1 5 [- , "-*I5l &"5!
0 $ -5 , .&" 1 "New Better Than Used5! Hollander$ Proschan (1972),
&" 1 WE (WE1) 5! Hahn$ Shapiro (1967), $)  Gini, Lorenz$ Pietra (Gail$
Gastwirth (1978)), .&" 1 Epstein (1960), o& 1 Deshpande (1983), 6 Max .&" 1
Hartley (1950), $6 , A &" Fox ol 5/, ! , Score.-
&" 1 5! Cox$ Oakes (1984 &"1 $# ,&#$ 5! Wong$ Wong (1979).

), & # O&" " 1 $ S , &*3)! | ( 5! $!
Cramér-von Miseg &"$ *.! []*.) (Pettit (1977% Sirvanci$ Levent (1982)), , -
, (1 &." Epstein K *)/1 5! R #5! (Epstein (1960)), $) 1
WEL1 &." (Shapiro$  Wilk (1972)), ,, ( 1 1//%$ #1 5! Kolmogorov-Smirnov
(Margolin$ Maurer (1976% Durbin (1975)),!1 .&" 1 3 #8 A $ -

$C N (Epps$ Pulley (1986))$ //$ #1 (&" ), )$! , !
Jackson (1967), Moran (1951), Proschan Pyke (1967), Bickel$ Doksum (1969), Chen,
HoIIander$ Langberg (1983), Koul (1978), Kimber (1985) Spinelli$ Stephens (1987).
& # , 0! ! &" 1 , 3 #8! Loox $( )] $ 11 (!
, &I *
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! ! FHy* r.&" Klar (2001)*.5 1 &%$& 5*!1 -
%1 ) 1 $!*1 , 1 &" 1 5! Grzegorzewskis Wieczorkowski (1999),
Ebrahimi$ )&&5! (1992)$ Taufer (2002) #! 3 *.I $ * I
1 &" 1 5! Baringhauss Henze (2000) #!' 3 *.! L $ *5
1) 1 *1 ,&,*!'1 851, 1 &" 1 5! Baringhauss Henze (1991)
Henze (1993% 5! Henze$ Meintanis (2002a) , . ! , S -
*ox Laplace, ! .&" 5! Henze$ Meintanis (2002b% ! .&" 5! Henze$
Meintanis (2002c) , . ! R $ ¥ )] :

L #81 1 ! ! Fy* 1 &" 1 5! Fortiana$ Grané (2002)
$ 5! Montazeri$ Torabi (2013), #!' 3 *! $ I/ $-*1
L # , &” Tchirina (2005), ! .&" 5! M|m0t0$ Zitikis (2008), " -
" $ Atkinson" $' $ , & X? Wang (2008)" , "*!
(progressively)-, &"$ *.! []*] , I .&" 5! Acosta$ Rojas (2009) $ -
$- ! & #$ & 2 #1  (misspecification)&"  ,  *, # I 2 * #
*1& 1)$81 % &" ) $&'# I XP$ 1 * 0 3% &'HI1
& Volkova (2010), #!' 3 *1!1 ! $ 5! Riedl$ Rossberg
(1994) 1 ¢ $1 $ '*2 , ! .&" 5! Alizadeh$ Arghami (2011), #' 3 * -
M1 1 $*21 ! #1 , ! &" 5! Baratpour$ Habibi Rad (2012) #' 3 -
*11 T & L% M # . 1 .&" 5Bl Zardasht, Parss Mousazadeh
(2014), # 3 *11 Lo s ¥ & %I L# &1, #
I3 *lI 1/'58%1 .1 51 & * | F#L & Adhikari (2014)

*O# g vy & Lilliefors, 1 &." 1 5! Alizadeh$
Balakrlshnan (2016) # 3 *I -, $& , /- .&" 1 5! Hamzeh Torabi,
Narges H. Montazei$ Aurea Grané (2017-2018), #!' 3 *. -'$ 5/ -
(9! 1'5 $1 $ 1 * $1 s$!*(2 $ ! &" "ol Madukaife
Mbanefo S. (2019) #! 3 *!1 I ) , * #5l

&1 202111 1.1 &"1 , # * 18&S S $ ! &2)1 (3 )1
I , 3 #8 I &"*1 L l# *M& )& 1 $ , )8
( ' "# (3&, $ Karagrigoriou, A., Papasotiriou, G., Vonta, |. 240).

"1
1"&5 1

Adhikari, A. P. (2014)Exponentiality Test Using a Modified Lilliefors Tddniversity of Northern
Colorado, Dissertations, Paper 63
https://digscholarship.unco.edu/cgi/viewcontenReagiicle=1062&context=dissertations

Anderson, T. W. and Darling D. A. (1954), test of goodness of,filournal of the American
Statistical Association, Vol. 49, No. 268, pp. 7859
http://www.hep.caltech.edu/~fcp/statistics/hypoitigsst/PoissonConsistency/AndersonDarling195
4.pdf

Ascher, S. (1990)A survey of tests for exponentialitfommunications in Statistics - Theory and
Methods, 19:5, 1811-1825
https://ami.nstu.ru/~post/teaching/ktad/Ascher_ 18980

Baratpour, S. and Habibi, R. A. (201Zgsting goodness-of-fit for exponential distribatlmased on
cumulative residual entropommunications in Statistics - Theory and Methdds8, 1387-1396
https://profdoc.um.ac.ir/articles/a/1027517.pdf
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Henze, N. and Meintanis, S. G. (200Recent and classical tests for exponentiality: atiph
review with comparisond/etrika 61: 29-45
https://ami.nstu.ru/~post/teaching/ktad/Henze _204i5.

Madukaife, M. S. (2019)An adaptive test for exponentiality based on erogirquantile function
International Journal of Statistics and Applicai&919, 9(4): 111-116
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Novikov, A., Pusev, R. and Yakovlev, M. (20153ksts for Exponentialityl ests for the composite
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https://cran.r-project.org/web/packages/exptestéstpdf

Rahman, M. and Wu, H. (201 7ests for exponentiality: A comparative studlynerican Journal of
Applied Mathematics and Statistics, vol. 5, no2@1(7): 125-135.
https://www.researchgate.net/publication/321217988ts_for Exponentiality A Comparative_Study

Rogozhnikov, A. P. and Lemeshko, B. Yu. (2012),review of tests for exponentialityt1th
international conference, conference paper
https://www.researchgate.net/publication/236170Review_of Tests_for_Exponentiality

Seshadri, V., Csorgd, M. and Stephens, M. A. (1968%ts for the exponential distribution using
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_two_competitive_proposals_with_application_on afaility

Wikipedia
Wilk M. B. and Gnanadesikan R. (196@&robability plotting methods for the analysis oftala
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&&1$.1
, #1 o, . . (2014)« »,, , *( -
o gl , *1 "I (5! - $1 &, $(1 711, (r
5 lI#!15!
http://users.uoi.gr/abatsidis/NonParametricClaseb14.pdf
- $1 , . (2004), « ( », *(* $1 &
2& 31 , 1, 1
http://www.unipi.gr/faculty/mbouts/statprog/SPSSsien5-6.pdf
$&)3$ , .(2001)- ( (K $(1 $I¥$- 1, -
*# )

http://www2.stat-athens.aueb.gr/~exek/NPar-Statisthapter4.pdf
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0$!( * ! # 5 &"5! $&(1, *"(1 L8 S8 X

$), 1 «* $-1 »&" 1, ,# "#! *5 $), 5 "2%5  PP$ Q-Q
plots (1968)) . o, o $( $! " []*.) ( "2 )
[Vt (0 «2)&  »  $), ,2 ), ! . g (% -
X%( - ) (1900) Kolmogorov (1933) Smirnov
(2939)( Kolmogorov-Smirngy Lilliefors
(1969) Cramér-von Mises-Smirnov (CMS) (1928-1930, 1937)
Cramér-von Mises (CVM)) Anderson-Darling (1954), Shapiro-Wilk (1972),

S. Ascher (1990) -
N. Henze S. G. Meintanis (2005) H. Torabi,

N. H. Montazeri & A. Grané (2018) Mbanefo S. Madukaife (2019)# 1
, 1 $2)& H THEOL (0 ¥( ) $*a (.. .%), -
Lo¥ 1o 1,$'1 ¢ %), 1 (*1 / 1 1.
1.1.P-Pplot  Q-Q plot(P-P Q-Q )

Wilk and Gnanadesikan (1968)

5!" $ %&

12, * $) P-P plot (Probability-Probability plot Percent-Percent plot P
value plo} $ Q-Q plot (Quantile-Quantile ploty! /- " 2(* J# o p13 -l !
&."0 * I $), []1*.] y oo ! . 9), "$$ *! $ (.., !
$ B ). "2 ) 3 #8! I $&° ;

1.1.1

Lottt L e [# (10) 1 M), B (P )$ I(
$. F, Ll H.1=F(X),.2=F(Xa),...,.n=FX) # & .1 10) 1 $ $ -
& - Iox x 2 Uu@,1)$ !*(

/ 0

I #0 * : Foo1=F(XD), 2= F(X2), .., . n = F(OX) # 10) 1
/& I( - P(C1 T2 1o, on I)=P (1 1) -P(2 12 ...P(n 10"
I(, , -1& 1,1 2.1 n & 5/, ™ $! A

CP(1 Sz Taenn 1) =P EXKD 11 FR) Lo FOG) )
=PXy FY ). X2 F¥ 2,...% FYX ).
I R s #10) 1L %
PO FY U)X FY2X FUN=P& FUNPK FY2)..P& F.).
%151

P(1 /1.2 loreeeyon I0)=P & FYY)PX FY2)..P& FY/ )
PF(Xy) /)P EFEX) 712)...PFX) 1n)
~ 24..,



P<1 /)P (2 /2)...P(n /0.

% *=F(X), . 2= F(X)seer, . n=F(X) # 10) 1
y & ! Koo = F(X]_), .2 = F(Xz) ..... .n= F(Xn) $& '-! Io*x *x2 U(O,l)
$ 1% /" $) i=1,2...n# :

PFX) XN=P& F'x)=FF'x)=xx [0,1].

y & ! - $& "
1.1.2
! .1,.2,...,.n"‘U(O,l)(l,.z,...,.n lO) 1 L #] ), $)' V1 ) 1
[ ™11 M@y - @peeer - (™01 $.1 , order statisticsl$& '# ! $ -
I 3( $ "$3$ *! @ ~Beta,n i+1)p  (Yp) =i/ (n+l),i=1,2,..,n
/0
75 f $I( )$! 1 51 10) 5! K1 2menen Ry
I # # * X # * 3& (. i 1, 1n *1 5! #5!
* 3& ! ‘L. 2eeen b #O*S 1 , XN i *1 L # o *nEg ] , X$
$31 % (! #H # *x ) T R ¢ 1& *1 5
#5! * 3& ! e Ly e Dyeeeren - i1 *1! # &1*$ 1 , XN i
*1! # &1*M& 1 , X$ $31 *# *(! # # * x #
[Fy]" [ (1" " (9.
oy e o B, gy
I Ln il (0 D'(n D G DI'(n i)

o1& n *1 Bl #5! * 3& ! s 1y - 2y en VO #H i1 *1
# &1*$ 1 , Xn i *1 I # &1*"& 1 , xX$ $31 *#
*( Lo#l # % x$ &M ! ) B 1 #1 *
3& (1. #

n! i ni
fy, 0= @ DI iy [Fy1" 1 Fy()]1™ " ().
) $ 1%L 1i-/ ™11 $L .t # ! 0'#H &$& -
i P, -l . . #l
_ nl X i1 ni
E(i) x) = m [F,(0] "L F @] " f,(t)dt. (1.1.1)
0 1
I n 2 e n~U0,D),. * Fy(x)=;(—=§:x,0 X 18 f09= o=

:—1L:1,o x 1,, , ! (111). *
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t' '@ t)"'dt,0 x 1. (1.1.2)

0

_ nl
T

L/ (+l=n! ! n' $1 $. 1 , (1L.1.2)")2

ny °

Y!i:)(x)z TR ot' @ t)"'dt,0 x 1. (1.1.3)
9*51 B(i,ni+1)=—) 1 H_ O @1 Y (1.1.3)")2
i nil (n 1
— 1 g i1 ni
YE(X)_—(i,n ) ot @ o"'dt,0 x 1.
& I( F (x):+ Xti '@ "' tdt, 0 x 1. (1.1.4)
® (hn i 1,
I (1.1.4). * . oy~ Beta{, n i+1).
#o (@)= | |

i nilnit

U510 " *M& nt -, ™ §) =120,
ey | 1
- ()= F(Xp) 1 Xy F (n 1)
| ] N i(n i 1 _in % |
¢ % Vo) o 0.2 V(Yo) (i niGnild (n DN 2 $
) # 0$'1 n # ).
)&& &" 1 i~F,, *1* n *# o

(Fo(Xq), ni_l)’ i=1,2,...n

( /1 n *# ol
Xy, I:ol(nl—l)), i=1,2,...n

) I ( 5! 0!8 . P-Pplot -

*8# /"] ) ! Q-Q plot #!

. '# 1 ,&"@A i/ (n+D), ) ! $
A P! #0051 &1




,)* 1% !'*(1 Fo. ( ' ,#5 )"'15 ,)* $ *!
[1*.)
0 P-P plot (*) !
( ) Fo(+). O-
Q-Q plot ! ( ;
)
[~ " 20* , ! *# 3#%! $!) » /"] $ « # »"--
5, ( )B&&,* 1 ! ), * # | 'G5 # /1%
! , ! Fe
$1 -'$ 11 /#* 1 * *# $ ¥ ,* -* I "g#l o /-
[#* (/- $1*1 * 0- 1.
, " # 5! M. B. Wilk$ R. Gnanadesikan “Probability plotting methodstfar
analysis of data” (1968) * $&° * ( .111), .,# [I#! |- $.1
(1 $ I*! $ , 348 ! * 5! P-P$ Q-Qplots( " **) 5! ).
1 $ (1 ™11 p,) !
g - *1, *#5 a.®$ a,/.,
E seling i I -1 .7 Q-Quoplot5! /"5l x$ y
§ #! &) )t *#5! 51 q,(p)
;:’ ¥ MoosigqmE" N2 p $ K1
= **11 g, ! /- *1 5l $!
2.0 (58 1! P.@S P, !#-
2 ’ . 7' P-P plot5! /™)5l x$ y #
gh(g) &) ) *#51 51 p,(q).!!
" 5! p,(@" /)2 q
9 ¢,(P)a:(p)
Quantiles
* 1.1.1., %! P-P$ Q-Q plots.
$ 3¢ I'$ $( 1 Q-Q plot #! &' F1L (0 $# 5!,
* #5] A ) M1 ($ /- )orl 1 Q-Qplot3 #8 (3 #-
g1 ) * 5 $( $ !*( * % | ( ! $( !) $ !*(1 ( . $), &
, ¥ , | #8! * 13 $ * - F&2-t 12101
oS #'5 $( (L1 0 S #H # 1/- % -
1*1 "$# * 1 , , = *# 1 *1 #8] , 151
L D A * o3& L) Q-Q plot3 #8 []*.) : -
*0- ,&&# $* 1, * #5 . s ! *o* 5! Q-Q plots !
, g >l (' ,%6! *  *@P& !%8! 1 -
1 (plotting positionk
*! . 54-56
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# ,&"( , *#5 WIAN 11 /#* 1 *'1 n # i/n" i=1,
2,...,n$'1 ) # , ¥ 1% !1*2a /™ &6#1 . & # ),
nin ! # 100 $ * - x" * 1'5 $@a $ '@ , ,#
*$1 2.1 # ), L %&& 1, &".1 # ( (i —1/2) In( (i—3/8)/ o+ 1/4)
(,'# ,*&1 [/ 5 *1 5l *#51 1 * * 2 $ 1, *, 11 i/ (n+1)
( # 12'(%* L $2&# )7 ! , '# ,&&1)&&1,&"1 *
3) '5# (1, * 1 S (*"& [#™* /1 ) $C /2
) G $2 $ ! ,&0*

7 , 1 [)8* 1 Q-Qplot, $ *.! I 1 &2 -+ 1o # O #™

5 2 hy . &Y * ) $ 1*1 F, , $#8 * * 4
Xiy B ) ((R'P), Xp),i=1,2,...n,,  p; =i/(+1)( (—1/2)/In( (i—3/8)/(+1/4)
(i/In()&& $ F,*(p,) # $)5)p, -, # *#001$ 1*(1  Fo ! *

AR il | "$&)8 ! I '#  y=x *f o #I#r . -

L&Y x $1¥1 R ! *#"$&)8 ! * )&& '# (.-

5 1 y= x+!), #oI#r . , - $".! $ 11 ,
*& 1/2. v *I 51,1 . (! $&#$$ 1 «,$1 »!, 51 1

#! Fo. J# . $1 $* 1 5, * Bl $&H*$LS 1 I# 1
'5 $1 $ ' ., , ")2*  (Q-Qplot)$ *-* %) , * 1 18-
I*1 (3&, $ , $5 ).

) ! L&&H#&" " 1 L # 1 * #3 5l *#51 ' 1 Q-Qplot*, # !
Lol e g Lox I $&*' #9$ (, 8 (1 5 Chamber$ )&&5!

(1983)$ Fowlkes (1987)):
111.1%*+1"3  +$ Q-Q plot

1% 5) : -, o ()
%% $1, *9%$ *# ,2 i O 7$ *# (outliers) //*! .
)$ *#3  # $)5 el (N I | 1 $ - )% 19-
/ 0#)$ * #3  # )5 | oek( %1 //*.15!
)$ *#3  # )5 el (R B A | 1 $ - )% 13$-
1 0#)$ *#3  # $)5 "ok %1 //*.15!
*-&  *#3 * $&# 0)! , ) $ 1% //*15! # &0(,1
, 1 /0) . /0) .
*-&  *#3 * $&H# , * | : ) $ 1% [/*15! # &0(,1
, 1 /10) . ) .
[]*) S &, '# (
#3  $&1 ( ,/ $ $1)). TS
((  : SAS Institute)
9! /)8 * 1 Q-Q plot, $ *.! 1 &2 -* ! $ 1*1 /-
1&5! //*.15! (5 5/ 10) 5! [ "™)51 gt o, v Yo Y., Ym) # #/ 1
(/72 ! *1 51,1 ' [/$&H#S, 2! /- -1& [/*]15] Sbo# o
(n=m), , $1#8 * 8 -" (X(i)’ Y(i)), i=1,2,..n$ ! ot #)! (5 n>
m), , $1#8 * 8-" %, Yo)i=L12,..m ,  p =i/ ((-22)In((i-3/8)/
(n+14)(i/In()&& $ X, #! ®5)p -, *# *# : [#* 1 ]
*# [ ")y 1 .2 ! * (' [~ -1& []*]5!
! , L # g $ I*I . F( "# *#, * ly=x [- $!
*1# o #1L,0 # [ )&&& 1 D y=x/2. 0 *I 51,1 "' .
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Yooos( ) Q-Qoplot# , #/ , " y=x $ %

, $ 148 18l )l o# [ $, % L LS I, $148
I $$ 2 )0 L# ) tIs( ) Q-Qplot# , , * ,
nek(y=x $ I, $148 1 $$2 0! # , [$,* -
,L s I, S48 I 8! )0! . Q-~Qplots ) *#8! *
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, b, 12 '# "# 5! M.B.Wik$ R.Gnanadesikaj * $&
(* ( .112- .117)% 1 *!1#1 1.

007 T T T T T T
0_06_ P
(*  1.1.2/#! 1 Q-Qplot//
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(* 1.1.10.P-Pplot "$# 1 * $1 -1 $ ! &"5 " $1I$
(1&&$ $( #  2,*"'1 [#% 1 15).
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$1 1 F(). '5 % , * , & "#8 ! o U8 S 11 1% -
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&"1 . (! $&#*$. 'l P-Pplot, &&"1 . (! $&#*$ 0' 0Ol .
% I"#
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3) ' QQplot, % ) '53 1, 5,- * 'gg x5 $(

$ 1% 131 ., 1,% 1 1 $ $&#SL1 (1 1S I*L .11 X
(intercept)$ $&# (slopey# 1* 1, * 1 "1 $ $&#*$1. ! P-Pplot, % -
) '53 % 10) ") o3 01%21 % ) y=x
T .. |, ( 1 Q-Q plof} 1 1 # 1 -
"$ #! IS 1% 5! [/ *15! R $ I*! , 0!5% ) # o+ ($+
e ,10"3 " (% toth)+ ! $ %+ """ # % 3
5 .
! oo+ + 1&S ) ,H -
I('# , $'1 d 1, 1 *$1 $ '5 8.1 B $! -
*1 &8)8 ! , (" # O#1+ 185 & ) # I( '# L) -
[t ) $# IR [[/*IB1 ok ox o gkl $UIS( $ IR, ] -
2 1 Bl J- $ 11 g 1B +$ P-Pplot 3 +$ 0Q-Qplot.
&"1 u5 5, )5 " 2*) 5l /v L # 0, 1,/
/! 3 #8 $), $ S ( , pi/v# 5( ,2 .. la%
50, , 51 . I(5L "Wt L) * g, TG L - L N
Ly %), 1 % ,1 , . ou 1ixi*11 .l Fy, (1
& * I 12)  *1 P-P$ Q-Q plots/#! ! 1 ) 1.1.
N I 2)0* *H#1 ) [ " )** , 3 * ! *o(0*
51.&" $&1, *"(1 .
) 1.1.1
*(1 1, 1 *o0- /- ,1 , $3! 502-&& )&3 ,' -
$-! 51 *1 1* 3& (1 $&"° & /1*15]

9.80 10.20 10.27 9.70 9.76
10.11 10.24 10.20 10.24 9.63
9.99 9.78 10.10 10.21 10.00
9.96 9.79 10.08 9.79 10.06
10.10 9.95 9.84 10.11 9.93
10.56 10.47 9.42 10.44 10.16
10.11 10.36 9.94 9.77 9.36
9.89 9.62 10.05 9.72 9.82
9.99 10.16 10.58 10.70 9.54
10.31 10.07 10.33 9.98 10.15

&"'# "2%) (*.5 Q-Qplot$ P-P plot)! , )5 -1& [ /*.15]
, S S S !*( (! S8 8 1'%
(( - SAS Institute)
&"0 * * Q-Qplot! [1*] , o) , g $( $ 1'%

L x I $! & 1R! , $5 $/%
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z <- ¢(9.80, 10.20, 10.27, 9.70, 9.76, 10.11, 10120, 10.24, 9.63, 9.99, 9.78, 10.10, 10.21,
10.00, 9.96, 9.79, 10.08, 9.79, 10.06, 10.10, 9984, 10.11, 9.93, 10.56, 10.47, 9.42, 10.44,
10.16, 10.11, 10.36, 9.94, 9.77, 9.36, 9.89, 916205, 9.72, 9.82, 9.99, 10.16, 10.58, 10.70, 9.54,
10.31, 10.07, 10.33, 9.98, 10.15)

p <- ppoints(100) # 100 equally spaced points oh)(@xcluding endpoints

g <- quantile(z, p=p) # percentiles of the sampdtridbution

plot(gexp(p), q, main="Exponential Q-Q plot", xldheoretical quantiles”, ylab="Sample
qguantiles”, col ='steelblue’)

ggline(q, distribution=gexp, col="red", lwd=2, It@¥

x L # )y * 100/ ™ $) o+ $ | # 100'5 $) (, !
$ S S I S L #H!* Q-Qplot" ! $ $( $ !

Exponential Q-Q plot
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(* 1111.$ $ Q-Qplot1 , 1 5/ ,1 5l 502-&&5! )& 3
*#, ] , &, Rl (R L § []*.) /! , !
$ $( 8 I'¥
%&&1 ,1 " !V, '# $ $ QQplot# I .0* I $/%

z <- ¢(9.80, 10.20, 10.27, 9.70, 9.76, 10.11, 101120, 10.24, 9.63, 9.99, 9.78, 10.10, 10.21,
10.00, 9.96, 9.79, 10.08, 9.79, 10.06, 10.10, 9984, 10.11, 9.93, 10.56, 10.47, 9.42, 10.44,
10.16, 10.11, 10.36, 9.94, 9.77, 9.36, 9.89, 9162)5, 9.72, 9.82, 9.99, 10.16, 10.58, 10.70, 9.54,
10.31, 10.07, 10.33, 9.98, 10.15)

StatDA::qgplot.das(z, distribution="exp", col=2 vetope=FALSE, datax=FALSE, ylab="z",
xlab="Quantiles of exponential distribution”, mafExponential Q-Q plot", line="quartiles",
pch=3, cex=1)

, JHD , $)5 *
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Exponential Q-Q plot
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* 111B.$ $ QQplot1 , 1 5 ,1 5 502-&&5! )&3
¢ 111B# |, * 1+ 1111 $ Lo #l
&."0 * * Q-Qplot! //*1 1 L LSS S ¥
. * I $! & 1R! |, $5 $/%

z <-¢(9.80, 10.20, 10.27, 9.70, 9.76,10.11,4,01P.20, 10.24, 9.63,9.99, 9.78, 10.10, 10.21,
10.00, 9.96, 9.79, 10.08, 9.79, 10.06,10.105,9984, 10.11, 9.93,10.56, 10.47, 9.42, 10.44,
10.16, 10.11, 10.36, 9.94, 9.77, 9.36,9.892,916.05, 9.72, 9.82,9.99, 10.16, 10.58, 10.70,

9.54,10.31, 10.07, 10.33, 9.98, 10.15)

p <- ppoints(100) # 100 equally spaced points oh)(@xcluding endpoints

g <- quantile(z, p=p) # percentiles of the sampérithution

ggnorm(qg, main="Normal Q-Q plot", xlab="Theoreticplantiles", ylab="Sample quantiles", col
='steelblue’)

qgline(q, distribution=gnorm, col="red", lwd=2, #2)

x o # L )yr 100/ ™), % $ | # 100'5 $) (, !
SIS $ 1% ) L #! Q-Qplot" I $1I$( $ ¥
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Hoo# & $1) "k ()15 moek( L *IB1 x k1
T [1*.) ! CL SIS S K

%&&1 ,1 " I, '# $!11$ Q-Qplot# ! .0* I $/%

z <- ¢(9.80, 10.20, 10.27, 9.70, 9.76, 10.11, 101120, 10.24, 9.63, 9.99, 9.78, 10.10, 10.21,
10.00, 9.96, 9.79, 10.08, 9.79, 10.06, 10.10, 9984, 10.11, 9.93, 10.56, 10.47, 9.42, 10.44,
10.16, 10.11, 10.36, 9.94, 9.77, 9.36, 9.89, 9162)5, 9.72, 9.82, 9.99, 10.16, 10.58, 10.70, 9.54,
10.31, 10.07, 10.33, 9.98, 10.15)

StatDA::qgplot.das(z, distribution="norm", col=2nwelope=FALSE, datax=FALSE, ylab="z",
xlab="Quantiles of normal distribution”, main="NoaiQ-Q plot", line="quartiles", pch=3, cex=1)

, JHD , $)5 *

Normal Q-Q plot
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* 1113 I'$ QQplot1 , 1 5/ ,1 5! 502-&&5! )& 3
* 1113 # , * * o 1112 % X #l .
O &" * P-Pplot. g B8 X
. I $! & 1R !, $5 $/$

z <-¢(9.80, 10.20, 10.27, 9.70, 9.76, 10.11, 101P420, 10.24, 9.63, 9.99, 9.78, 10.10, 10.21,
10.00, 9.96, 9.79, 10.08, 9.79, 10.06, 10.10, 9IH4, 10.11, 9.93, 10.56, 10.47, 9.42, 10.44,
10.16, 10.11, 10.36, 9.94, 9.77, 9.36, 9.89, 4645, 9.72, 9.82, 9.99, 10.16, 10.58, 10.70, 9.54,
10.31, 10.07, 10.33, 9.98, 10.15)
stdz=(z-mean(z))/sd(z)
probDist <- pexp(stdz)
plot(ppoints(length(stdz)), sort(probDist), maifiExponential PP plot", xlab = "Observed
probability”, ylab = "Expected probability”, coleagreen3’, lwd=2)
abline(0,1,col="coral3’,lwd=2)
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$ #!* P-Pplot' ! $ $( $ !*

Exponential PP plot

Expected probability

Observed probability

* 1113.$ $ P-Pplotl1 , 1 5 ,1 5 502-&&5! )&3

I ) *  1&&"( 5! , $ 5 1 )0!1, .11 I $1& 1R !
$/$

z <- ¢(9.80, 10.20, 10.27, 9.70, 9.76, 10.11, 101120, 10.24, 9.63, 9.99, 9.78, 10.10, 10.21,
10.00, 9.96, 9.79, 10.08, 9.79, 10.06, 10.10, 9984, 10.11, 9.93, 10.56, 10.47, 9.42, 10.44,
10.16, 10.11, 10.36, 9.94, 9.77, 9.36, 9.89, 9162)5, 9.72, 9.82, 9.99, 10.16, 10.58, 10.70, 9.54,
10.31, 10.07, 10.33, 9.98, 10.15)

stdz=(z-mean(z))/sd(z)

probDist <- pexp(stdz)

plot(sort(probDist), ppoints(length(stdz)), main "Exponential PP plot", xlab = "Expected
probability”, ylab = "Observed probability”, colxtwn3', Iwd=2)

abline(0, 1, col="olivedrab2’, Iwd=2)
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* 1113.$ $ P-Pplot1 , 1 5/ ;1 5! 502-&&5! )& 3
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9,51 2#! (* 1113 $ 1113 *# .| & " e

L R [1%1 [r CL s s S IK
&'0* * P-Pplot! //*1 .| ,L SIS S K
. * I $!1 & 1R!, $5 $/%

z <- ¢(9.80, 10.20, 10.27, 9.70, 9.76, 10.11, 101120, 10.24, 9.63, 9.99, 9.78, 10.10, 10.21,
10.00, 9.96, 9.79, 10.08, 9.79, 10.06, 10.10, 9984, 10.11, 9.93, 10.56, 10.47, 9.42, 10.44,
10.16, 10.11, 10.36, 9.94, 9.77, 9.36, 9.89, 9162)5, 9.72, 9.82, 9.99, 10.16, 10.58, 10.70, 9.54,
10.31, 10.07, 10.33, 9.98, 10.15)

stdz=(z-mean(z))/sd(z)

probDist <- pnorm(stdz)

plot(ppoints(length(stdz)), sort(probDist), mairidormal PP plot", xlab = "Observed probability",
ylab = "Expected probability”, col="skyblue4’, Wgj=

abline(0, 1, col='seagreen3’, lwd=2)

$ . #x P-Pplot" ! $I1$( $ !%
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(* 1114. 1'$ P-Pplotl, 1 5 .1 5 502-&&5! )&3
#oO#H & $) "k ()15 "ok %157 [*r -
! , SIS $ 1%
I $)* 1&&"( 5! , $# 5 1 )0!1, .11 I $1& 1R !

$/%

z <- ¢(9.80, 10.20, 10.27, 9.70, 9.76, 10.11, 10120, 10.24, 9.63, 9.99, 9.78, 10.10, 10.21,
10.00, 9.96, 9.79, 10.08, 9.79, 10.06, 10.10, 9984, 10.11, 9.93, 10.56, 10.47, 9.42, 10.44,
10.16, 10.11, 10.36, 9.94, 9.77, 9.36, 9.89, 9162)5, 9.72, 9.82, 9.99, 10.16, 10.58, 10.70, 9.54,
10.31, 10.07, 10.33, 9.98, 10.15)

stdz=(z-mean(z))/sd(z)

probDist <- pnorm(stdz)
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plot(sort(probDist), ppoints(length(stdz)), mairiNormal PP plot", xlab = "Expected probability",
ylab = "Observed probability”, col="tomato2’, lwg=2
abline(0, 1, col="darkseagreen3’, lwd=2)

'#l * (*
Normal PP plot

- - - Expected probability - - -

(* 1118. !'$ P-Pplotl, 1 5/ ,1 5! 502-&&5! )& 3

9,51 2#! (* 1114 $ 1118  *# # & $!) O (
)15 el (R | A A L [1*.) , ! , !
SIS $ 1%
"1

1"&5 1
SAS Institute
https://v8doc.sas.com/sashtml/gc/index.htm

Thode, H. C. (2002)Testing for NormalityCRC Press

Universita di Trento
http://www.cs.unitn.it/~taufer/SR/V-Distributiongrhl
Wikipedia

Wilk, M. B. and Gnanadesikan, R. (196®¥obability plotting methods for the analysis oftala
Biometrika, 55, 1
https://citeseerx.ist.psu.edu/viewdoc/download?80i%.1.860.6347&rep=repl&type=pdf

&& 1$.1
18 &%1 , . (2013),1 : R,
, $1 & 2& 3$(1 , (*1 " , -
$! /! 2 **1 T (R A 1
http://www.unipi.gr/faculty/dantz/Introduction_to . [RIf
*)$1 |, .(2008), «2 ( 33, *(* $(1
& 1&" $! 4 * $1*$! ' $! ¢ "#,)*1

http://www.samos.aegean.gr/math/dimitheo/ THEORIAHPANOTHTON-II.htm
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- $1 . (2004), « ( », *(* $(1 &
2& $(1 , 1, 1
http://www.unipi.gr/faculty/mbouts/statprog/SPSSsien5-6.pdf

«2 ( 33 (1990), *(* g ¢

Ramanathan Gnanadesikan
1932 - 2015
("( :Wikipedia)

Martin B. Wilk
1922 - 2013
("( : Institute of Mathematical Statistics)
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1.2. X2( - )

Pearson (1900)

6 %& %!
75 "Ll a # #1 ., (1 #1 #1 * 3& (1 X* ' $(
) $1*1 (. $)FX), ,# # )5 . &* 1 &'0O* 1

$0: F(X) =Fo(X),

Fo(X) # *# [$( . .5, # * # | # # 11 # [$ (

1 $ "5 1 &' 1 $&1, *' #oOX?, L #1
, )'$ 1900 , I Karl Pearson. (! I1$# , )~ 11 r -
3& (1 X,.5 (,!), 5#8 k* ,$&, *! VAN = (X 2= (%,
Xoloon k= (X u1). U # 1&IC TS, - ($ ", 1 $ 1X( k
$ "#1 ! * p, *3&H# * Lo, #  # ., ( )5 * 3& (
X1 u$ I $"# i,$)5 , ! Fo(X) #! ) $ 11 1
X, .

Po =Fo(x,) Fo( ), P5 =Fo(X,) FoXy),...,Ps =Fo(!)  Fo(X, ).

- .5 n , 1 11 5/ I;,i=1,2,...k/&/ n, #
&1 B! /" $I * | /) * I,* n+n,+..+n.=n. ;111
*1 51, (5 , NS ) * b, ! $o# e=np,i=12,..k
&" 1 X* Pearson! , 3)&& oo 51, (5 . (B! i,

[y * % 1 1xlx] e 1,1 $0% , $( )
k 2
= (&) (1.2.1)
i1 q
I ] [#* 1 n# *M& $ * | e, 5(! I -
N, # L, - 1*$ 1 $ "#1 . I - ),%$5
, AL G Lo * $ 1% -, )5 $- , "#8 ,
X2$ 1% * k—13%-1 & '#1 . "&1 *1 1 1) 1 @a , &1 W#-
01, 1 1&&$$Q ," 1 ., %51 ,, # * l $o #/1 *1$ 1
I
X2 Ii:l.l '
i, # 1# 2 $ # *g 1 "2 (*1 5! 1# 25 $
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#5!  *#51 | #'| I #$ 1 * 1 )$  #8

: # *3&( 'Z,%$&'# ! X®$ !*( * k-13"*-1 &'"#1 . , -
)5 *'/&"# 5 '*&'$ , | Fisher (1924% *# &( ,/0( 1, # -
' I Cramer (1946). !'# ¢ ™ $ ) p-value #!

pvalue P(X? X?*(obg)=1 kazl(xz(obs),

,  X*(obg #! (1 .. X%, &" * 3) 1, (1
, #,5 #1,&( 1 *11 % s @ # & ) 1, -
$$12*"1 | & N 1 *5#8 * o, 1, I (

oo M5 51 ) x5l : "3 , #,5 . &." . * s
* s<k-1), / 1 , 501 B R I *3&# *
1&$) * (.951 ,5- , 5#8 * )& -1& *1 1 #1 * 3& (1 k
$ "#1 , *51 A py /! # ) &' 1 81 #1 (1

(. (! I(' , #,5 R $* * 1,/ 1 , 1 :

[&IC 1 & * * (* 9), /) * $* 1 ,.5 (.
2 $1 *' $# 1 5! , * bl P, 1 1$&-! 1/ 1 1
I $1 $ 1*1 X2, & 1 -"1 1 (0
$
&

Kk |

XZ — (nl npo(a)) (1.2'2)
't onp()

A : I @a21)!'s$" 11 1)1 , 1 * 1 $* .1
1.# 238 1V, ,(* I #* 1$& 1 *1 5!, * 5l .

X2 1 .1 (122! "# /1 *$ o # "5 $(
33& " 2# 51 minimum chi-square method of estimatidri{1  $#* 1 &) X2).

Sl & 10 1
n 2
17X =0,, 1i=12,..s. (1.2.3)
2 "/
$C S 1% G ( *s# 1 1,8 : 1 Neyman
$ E.S. Pearson (1928%* $ &1, , 1 - % 1.23)# (51 ,&-
-$& ! L &'# ,. - 51 $* 1 # [-$& . , )5 $ !
M [#* 1 n# *M& $ IS # o &'(Q , *5% 9 $ -
L* 51' 2, ., /&I $&'# *# X’$ !'*( * k-1-s3*-1 &'#1 ,, 51
& 5,/ 5 , *. bl . , &0 1 $*.1 5 ., ,,..,
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. 511 (1 5 $! n,i=1,2..s7 ,, # * * .
s 1'$ *1 1 )5 $  # :

2 1 2
x k 1s,1

*OH G ™ $ ) p-value:

p-value P(X*> X*(obg |$0) =1 Fxﬁls(xz(ObS)-

1.2.1.  )+!

1., )5 $ Li=1,2,..8 $ *(S$! * 11 n, #
51" 2y $ nmt! 1 = 5 (5l TN i
) J2- 1 )0 K # Lok )21 .1, #5  *51
(1 #wo/v1 ., $), 1 o # 1 S Li=1,2...s, , & -
* $) * 11 L1 s vt 1 i1, 3 #8 1, -
(1 "1'2.0'n0! . $*.1 o, - C8($ X X?
. (122),- ' # X®* k—1-s3"*-1 &'#1 .951 /0!  Chernoff$
Lehmann (1954), ,# ' | )$ 51/ ¥5 "5) , 1 s, ) $ -
* , | $( B 1% X? 1 .1 (122)2) * 0- 1

X?* k—=1-s3™-1 &'#1 $ *#1X°* k-13*-1 &'#1

*M&1 *1 k) *$( /12) * 0- 5! Iils,l $ lil,l $ % -

#1 " '#E &))" *$ k#H 1 (1 12, $'!'*(¢ " &" 1 * #
Py 3) 2)&*
2. &"1 X* 1, 1 2.1 /7 # $& 1 &"1 $&1, *"(1
(1™ / | # 5! /[ *.15! (/ * #8 * J# -
*1 51 (5 k-1& )* L, L& & 2#1 (#1 | *
#1, 1 2.1 '# ). (! L #,5 (//*! , e ¢! -
*() (51, %) &" 1 Kolmogorov-Smirnov (K-S) ,#1 3 #8 boox $(
N $ 1+ [#* 1 & /', $), |, # 5! [/*15!
I .&" Kolmogorov-Smirnov  -"$ oo ) $') []*.) $
$&) 1 1 #1 $ L*! o X% &." "l &” 1 -"1 o
1 8!'$ 1 /o, # &5 1 *$(1 -1 -'$ * 1 ,&,1
[1$#1 . # - $ " ! &" Kolmogorov-Smirnov.,, ' 51 12,
$ D.S.Moore (1986) # ( X? &." 1,, 1 : /1%
#o/ ,, ) ¥ 1L IS #8 * 1 ! 1 20 1 I (* )o! 5l
gl w
3. .&"1 X*, % T ) B , LB *1 0, -
, *l -1& .91 [#™*  #1 *$ . &"1 X! *I151  $ 1 Kl x # 1 -
2*'# 1 .&" 1 Kolmogorov-Smirnov. .1 1, , 1 # o, 1 &"1.
I'$ ( ,#5 1#! * $& T (.!8&%1 (2013)):
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) = 1.2.1 (chisg.test$ !*(  Poisson)

I $&" HE *1 5 "$&, *($! 1 & #1 n=232
12 $-1 "11 1 SuperLeague
#$& (i) 0o|1|2|3|4|5|6]|7]|8

#"15! (n;)| 19|49|60|47|32|18| 3 | 3 | 1

& I &"0 * ! []*] , .| , 'S 1 Poissort =2.5.
"g* * 1 R510(1: $) *1n,i=01,..,8, '$-! /) -
| *  Obsl. . , & "H8 * 1,' 1 p, =PX=i,01i 7,$ ! -
p, =P(X 8)" X~P(2.5) (# /) *  Probl). * 1 * Pyt Pyt ...t Pg= 1.
! L& "#8 * 1, 1 np(# IN* Expl). &"1 , *1 Y -
2. #!
$0:P(E0)=po’P(El)zpll---'P(Es)ZPS
$.:9 %o
E,,O i 7,# I/ *1 I * 5. i "$& I *1$ Eg; # I/ * -
[ * 5 &) ! 8"$ & JoF1. , 6 1 $0/"# *.0*
[y .1 $ 1% P(@25).
X I $! & 1R!, $5 $/%
a =c(0:8)

Obs1 =¢(19,49,60,47,32,18,3,3,1)

goals = rep(a, Obsl)

table(goals)

Probl = c(dpois(0:7,2.5), 1-ppois(7,2.5)) ; Exp232*Prob1

ansl = cbind(Probl, Expl, Obsl)

row.names(ansl) = c("X=0", "X=1", "X=2", "X=3", "X&, "X=5", "X=6", "X=7","X>=8")
ansl

$ #!I*

>a=¢(0:8)
> Obs1 =¢(19,49,60,47,32,18,3,3,1)
> goals = rep(a, Obsl)
> table(goals)
goals
0123456738
194960473218 3 3 1
> Prob1l = c(dpois(0:7,2.5), 1-ppois(7,2.5)) ; Exp232*Probl
> ansl = cbind(Prob1, Expl, Obsl)
> row.names(ansl) = ¢("X=0", "X=1", "X=2", "X=3"X=4", "X=5", "X=6", "X=7","X>=8")
> ansl

~ 45 ~



Probl Explbsd
X=0 0.082084999 19.0437197 19
X=1 0.205212497 47.6092992 49
X=2 0.256515621 59.5116240 60
X=3 0.213763017 49.5930200 47
X=4 0.133601886 30.9956375 32
X=5 0.066800943 15.4978188 18
X=6 0.027833726  6.4574245 3
X=7 0.009940617 2.3062230 3
X>=8 0.004246695 0.9852334 1
-* np,=2.3062230 <% n py=0.9852334 <5, &" 1 X*$&(1
, (1 /v #o 0, 1 . | -* $ * | R )2¢* I $! &
1R
chisq.test(x=0bs1, p=Prob1l)
$ $&!1 F.&" J#I*
Chi-squared test for given probabilities
data: Obsl
X-squared = 2.6769, df = 8, p-value = 0.953
Warning message:
In chisq.test(x = Obs1, p = Probl) :
Chi-squared approximation may be incorrect
,33#5 1 p-valug . * L I $! & 1R !, $5

$/%

chi.obsl = sum((Obs1-Expl)*2/Expl)

df = length(Obs1)-1

cat(",33#5

$ H#H!*

, 33 #5

0,

,2 #8 *

. p-value =

0.9529691

1
I'($

L, (*

np;

1,

. p-value =", 1-pchisq(chi.obs1,df), "\n")

*(! *
5 n

(1

$0:P(E,) =Py, P(Ey) =Py, P(E) =P

$1:9 $o
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., p, =P(X=i),0 i 5% p,=P(X 6)" X~P(25). &-!1
/) * Prob$ ,&"#8 * [ 1-* Exp$ Obs.

F#81 1 I $! & 1R . * I $/%

Prob = c(dpois(0:5,2.5),1-ppois(5,2.5))

Exp = 232*Prob

Obs =¢(19,49,60,47,32,18,7)

ans = cbind(Prob,Exp,0Obs)

row.names(ans) = ¢("X=0", "X=1", "X=2", "X=3", "X24"X=5", "X=6")
ans

$ #HI*

> Prob = c¢(dpois(0:5,2.5),1-ppois(5,2.5))

> Exp = 232*Prob

> Obs =¢(19,49,60,47,32,18,7)

> ans = chind(Prob,Exp,Obs)

> row.names(ans) = c("X=0", "X=1", "X=2", "X=3", "¥4", "X=5", "X=6")
> ans

Prob Exp Obs
X=0 0.08208500 19.043720 19
X=1 0.20521250 47.609299 49
X=2 0.25651562 59.511624 60
X=3 0.21376302 49.593020 47
X=4 0.13360189 30.995638 32
X=5 0.06680094 15.497819 18
X=6 0.04202104 9.748881 7
-* np, >5" 0 i 6,, , 5 -* I $.&
)2 * I $! & 1R
chisg.test(x=0bs, p=Prob)
$ $&!1 F.&" J#1*
Chi-squared test for given probabilities
data: Obs

X-squared = 1.3919, df = 6, p-value = 0.9663

,33#5 1 p-value . * . I $1 &
$/%

chi.obs = sum((Obs-Exp)"2/Exp)
df = length(Obs)-1
cat(",33#5 : p-value =", 1-pchisq(chi.obs,df), "\n")
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$ H#H!*
, 33#5 . p-value = 0.9663469

,¥I51 % &(" * o )" []*] *1, .1
' $ !'*(  Poissonr =25(! , #, IS ).

9! , 3)8 'S np, 5" &) ! doia, 61, " *I51 R
1&8&$ $( & ,,.! 1% %2 & 1 1 */,# 1 5! //*15] : #*  #
! R - . Monte Carlo y, ] Hope (1968) ( #* 1
simulate.p.valuez " ) 1.21 . * I $! & 1R! $/%
a =c(0:8)

Obsl =¢(19,49,60,47,32,18,3,3,1)

goals = rep(a, Obsl)

table(goals)

Probl = c(dpois(0:7,2.5), 1-ppois(7,2.5)) ; Exp232*Prob1

ansl = cbind(Probl, Expl, Obsl)

row.names(ansl) = c("X=0", "X=1", "X=2", "X=3", "X, "X=5", "X=6", "X=7","X>=8")
ansl

chisqg.test(x=0bs1, p=Probl, simulate.p.value = TRB¥E2000)

(simulate.p.value: *  TRUE/ &! r *,H# , *#5 Monte Carlo"
& * 1 p.value (default*( FALSE), B:/ &! oo 5! [ 1&(65! 1
*#5 1 )

$ #!*

Chi-squared test for given probabilities with siated p-value (based
on 2000 replicates)

data: Obsl
X-squared = 2.6769, df = NA, p-value = 0.9555

R Y A IS : []*.] *1, . 1! : !
$ !'*( Poissorr =2.5.

VAR *( A B T =y ¥, - -
xoro&" LS I¥ X2, # M5 C)> 1 #ooo* (1
$ !'*(1 Poisson., *!151 |, $ *( 1, * #!

=X (. ..
(¢ ,#5 1#! * $& , ) (North Dakota State University
(2002)):
) 1.2.2 (chisg.test$' $( $ !'*( )
$& "' /%! #o* | "™ &6# 1, -*11 /)$ 1 851 -
*1 50*$ ,0" ! , & " 152 .1 !'* $ ) ", (0 1%$*!
Mo
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79.919 3.081 0.062 1.961 5.845
3.027 6.505 0.021 0.013 0.123
6.769 59.899 1.192 34.760 5.009
18.387 0.141 43.565 24.420 0.433
144.695 2.663 17.967 0.091 9.003
0.941 0.878 3.371 2.157 7.579
0.624 5.380 3.148 7.078 23.960
0.590 1.928 0.300 0.002 0.543
7.004 31.764 1.005 1.147 0.219
3.217 14.382 1.008 2.336 4.562
4
3 24
6 9
9 5
12 1
15 1
18 1
21 1
24 1
27 1
30 0
33 1
36 1
39 0
42 0
147 4
+ #% +& )*
Histogram
20
g 25
£ 8-
) E 15 1 O F-eouency
% E 10
g 4
N n } I t t . t
& A VS S S #;@;P%@“
Bin
K\doeis (6p10 kAGoNc)
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* ) L g) L& *M&5I K1 &&) 1
, 1 *1 # & *$ 1 (.., # 30, 150# 5*1 (&" ) "
I$( * ) [1*0 % &*31%] 11 "2%- "y 1 /&

$ S S I % # L o# &"S(.

x4 $ S S . L1 1,

fx)= e * 0.

* *, *( 51 [/*15] #11.905* *( ! 2 -
50
(reciprocal rate value) = 0.084 (. . . =n/ x, , X, [1*] . -* 1
i1
50
1% 85(1 % n =50 I R3($* x = 594.674. ) : !
il
"(In@E f(x 7)) "(InE e ™)
H& 1 0#5 1 L =0$% L =0.
! * (0 drorret &1, *1 I F20* 1.,
1 51 O(1:
11 $( , $o: # * 3&( $&'# I & B P I'¥
1&&$ $( ' $1 # * 3& (/! $&'# I 0§ B % I¥
5)* $&!1 [ I B #1,'! 1 )Y ,&0* Kk
=8/ (* y ooy *1, (1 I , ( , ) ' # p=
0.125. /*. BT O T ] (R B TG -2
F( i) =1-exp(- i),
: i # &$ *# [ (* 1 ihbi=1,2,....k /5 *1 -1 1
0 *11 * 3& (1 # * #OF()=ip, A T [
ip=1-exp(- ),
Lo#ox I & * 51,1 ;* $& ' , & *

i =— (/) In(1-ip),i =1, 2,....k

I $#* , I# , 0.084% k=8, #!* : *# 1 $ -

l(l
1 =—(1/0.084) In(1 4-0.125) = 1.590.

2*811 I 0#5 O0!) ,#!~* , * *# 3.425,5.595,...
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, $)5 HS1 [# 1, *11 $ 11*1*11 *1.
) * n, € (n, _ei)zlei

[0, 1.590) 19 6.25 26.01
[1.590, 3.425) 10 6.25 225
[3.425, 5.595) 3 6.25 1.69
[5.595, 8.252) 6 6.25 0.01
[8.252, 11.677) 1 6.25 4.41
[11.677, 16.504) 1 6.25 4.41
[16.504, 24.755) 4 | 6.25 0.81
[24.755, ) 6 | 6.25 0.01

) * 1 & #1 (&1 /# *( X2=39.6. 3"*# & '#1 [#! ,

k-s—-1=8-1-1=6, #$1 1 X?(

. #,
H& * IR

I $! & 1R . * I $/%
a =c(1:8)

Obs =¢(19,10,3,6,1,1,4,6)
lifetime = rep(a, Obs)
table(lifetime)

Prob = ¢(0.125, 0.125, 0.125, 0.125, 0.125, 0.0285, 0.125)
Exp = c(6.25, 6.25, 6.25, 6.25, 6.25, 6.25, 6.2856

ans = chind(Prob, Exp, Obs)

*1$ 1 005 *( , #$ # 126./

(

* |

1 ( ), * H#

12.6<39.6, */1$( '

row.names(ans) = c("[0, 1.590)", "[1.590, 3.425|8,425, 5.595)", "[5.595, 8.252)", "[8.252,

11.677)", "[11.677, 16.504)", "[16.504, 24.755)24.755, )")

ans
chisq.stat = sum((Obs-Exp)"2/Exp)
chisq.stat

#p-value
1-pchisq(sum(chisq.stat),df=6)

#$ # * *(

gchisqg(0.95, df=6)

$ H#!*

>a=c(1:8)

> Obs =¢(19,10,3,6,1,1,4,6)
> lifetime = rep(a, Obs)

> table(lifetime)
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lifetime
1 23456738
1910361146
> Prob = ¢(0.125, 0.125, 0.125, 0.125, 0.125, Q.02B5, 0.125)
> Exp = c(6.25, 6.25, 6.25, 6.25, 6.25, 6.25, 66285)
> ans = cbind(Prob, Exp, Obs)
> row.names(ans) = c¢("[0, 1.590)", "[1.590, 3.425]3.425, 5.595)", "[5.595, 8.252)", "[8.252,
11.677)", "[11.677, 16.504)", "[16.504, 24.755)24.755, )"
> ans
Prob Exp Obs
[0, 1.590) 0.125 6.25 19
[1.590, 3.425) 0.125 6.25 10
[3.425, 5.595) 0.125 6.25 3
[5.595, 8.252) 0.125 6.25 6
[8.252,11.677) 0.125 6.25 1
[11.677, 16.504) 0.125 6.25 1
[16.504, 24.755) 0.125 6.25 4
6

[24.755, ) 0.125 6.25

> chisqg.stat = sum((Obs-Exp)"2/Exp)
> chisq.stat

[1] 39.6

> #p-value

> 1-pchisq(sum(chisg.stat),df=6)
[1] 5.458441e-07

>SHE# * *(

> qchisq(0.95, df=6)

[1] 12.59159

<51 <1$( . #,
1.2.2. 4% (*+ +,'$& ! , Yates
CI( &' 1 X?3#8 Lo, 1$!*C 1 &" ) 1 X2
CO# IS ( (., &1 , 5, 1% L,o(* L)y, (% -
*( #1 Xz, # , ! #5 , 3*# &'#1 # *1 11,01 "# -
« '5 L1 » I 3& ! , o $ ! | 2&#8 &'l
"#! ) H *1$ 1 $ " &- . "% , b H#-
, D : 3*# &"#1 # *1 11, # 51 $( N &." !
*H# Xz,
x2= (n gl 09°
i €
/'5 ( # "5 33& " 2# 51 Yates(Yates
correction for continuity). +.3 *H# 51 ,. I'# $ ¥ 3)!
L& () s L&l 0)! $) I, & 1 - .
+3 ! n# & *"& R 1 L1 ($* $ " 1 3* &' -
#1) # *$1$  &&"( ! * 1X%&"5 1/ 51 # #1*$(.
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1"&5 1

North Dakota State University (2002)
http://www.cs.ndsu.nodak.edu/~nygard/csci418/lectslides/lec3_stat2.htm

&&1$.1

18 &%1 , . (2013),1 ; R,

, R $1 & 2& (1 , 1, " : -
$ ! P2 **1 Y (O I 1
http://www.unipi.gr/faculty/dantz/Introduction_to . [RIf
, #1 ., . . (2014)« »,, » *C -
* ot g , *1 "1 (5! - $1 & , $(1 71,0, (*
5 lI#15!
http://users.uoi.gr/abatsidis/NonParametricClasesz14.pdf
- $1  , . (2004), « ( », *(* $1 &
2& 31 , 1, 1

http://www.unipi.gr/faculty/mbouts/statprog/SPSSsien5-6.pdf

,/,&.1 . 5’!$ !’ (* |||
https://www.aua.gr/gpapadopoulos/files/14x2testhfpdf

KéPearson
1857 - 1936
"( : Wikimedia Commons)
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1.3. Kolmogorov-Smirnov

$#  &" 5! Kolmogorov$ Smirnov #8! T G { -
) $ 151 (.. .$) &" . Lk Iox 1,$'1
$ %,1 (*1 [/ 1 1.
*1 1.3.1
75 "1, 2001y "nd # /#* , N &' * * o g( N $ -
1*1 (. $)FO). % $( ' $( $ %, *3&#8  * F,(0$ #8 51 0O(L:
Fo(X) = &1 9 X, X,X R,
n
( 1
) I( ,x](xi)
Fi})= -2X——+  x R,
n
gy LXoc
c(Xi)= 0 X (C.
oL x s s N 1 s oM 1& -
, . $ "ok $ ) ) $  $'1 o# 0 ) 51 /" -
O R B R, . L -l $), 1 (*1 / 1 1
81 ' %@ D 1 $ 11
* 1.3.1
75 "4, 9.., "l # o /#x 1 & * o1 ¥( N

$ '*1 F(x), " X, $ 1% $- nFn(x), , Fa®) %

$(C " ¥ )] $ I*@  # [5G *, * 1 n$ F(X).
/0
, ! * 1 * 32 ' 31 N 1 $ ' $& %,

M1 1 *1 S ! $&' -1& : 01/n,2/n,...(n D/n,1. ! X,
(1% $(1 ' s@ N 1 # # * kin,k=0,...n ! $ *I 1k
&(1 /™ $1 *1 # *$ 1 (#1 x

,* 151 &' 1 1,1 PG4@=-E)D" I 1,1

11 . * k&1 , #1 n/$*1 11 /51*$- 1 ., #

'5 # Lo [ $( K # (7S , SN (X%,

'l . #1 p=P(; x)=F().%
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PR = )= | [FT*IL F91" K =0,m,
2k
P(NFn(x) = k) = E [FOI*[1 F¥]"*, k=0,..,n,
&$& | 1,/ 0
* 1.3.2
) I - ) $ 11 F#® 1A $*@ 1°
$L N 1% I*l  FX.
3 % % ¥ ) $ 151 Fu¥) $&'# %58 S
$ I+ * o *(CFX$ [ $-+! F(X)@ F(x) /n.
10
) L ,/#0* W $ X s ) 5 Tu*1, *
w1 a % 1, * 1 ,/&/N ImP( - <To< +)=1,
*4)0, $# | /40 * To #l * &, « 5% *&, )$X 1
&I Ta= ,*/ (T /,n  )%$ ,&! VaT, 0,$'1
n .
151 $) ' /#0 * s () $ 1ML #H * -
&, $% 1 $a ) 1 . * 1.31,/# $ N Fa(X) ~
BI*$( (0, FX). ,*151 * %, ., 1/ 1 1 5I*$1 $ '*1 $
1% 1 *1,
(NFr(X) =nF(X)$  (Fn(X) = F(X).
& *
Var(nFa(¥) = nF((1 —~F(x) $ Var(Fy(x) = ) (1n F()
$ ,*151 Var(Fy(x)) 0,%$'1 n ,$ .10 ) &3& 'S
Y# M5 1 ox 1x gL s N 1 $ 11
_n I( ,x](xi)
Fn(X):Il—,X R.
n
%151 $ R # /™ $1 %1 5 #5 *3& 1 1 (X)
$ 1% 51 ,#51 # Bernoulli* ,'! L #1 FX, Y. FRS /% -
*1 FM)(L-F(K). 2 *81 1 I $ $ * - )* :
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n n

_ I ,x](xi) s E_ I ,x](xi) Var_ ' 'X](Xi)
Fn(X) — i1 - N i1 ’ i1l .
n n n
( /1>
L F@_F(x)
R="2— ~ 4 F®, :
n n
: , )5 , $-, ! 1'$), 1 U2 g X bt ¥(
N $ '*(1 FX," 9 x (& T, : $1) # * o $(
t¥( ) o $( N .
, <1 b , 10 , , &#, P& ot -
1 -"$& 1 F® ! F(x) # * *2 x(/12 $ " *™& *"'1
[#™* 1 , 1 FX , PR #  $) $371.
* 1.3.3 (Glivenco-Cantelli, 1933)
I Fo(X) # 8 ¥ ) $ 1x@ 11 o# [#t 1
"oy n, A& o ¥( ) $ 1'*(1  FX
, 2+1 + /24
sup Fa(x) ~F(x) 0,
1&I( P(supFn(X) —F(x)| 0)=1.
4 * 11 , )5 v Kolmogorov (1933), ! *# $(
) : $) , &#H O 1 ™ 1 5 F(X$ FX.
Smirnov (1939 a, b).$ ! $ s - & FAL 8*11
210) | #"™* o, 8 : -1  (3&., Conover (1971),& . 317).
$#  # .&" , &-! L $#*! 5/ ,*I51 | ")25!
1.3.1. Kolmogorov
Kolmogorov (1933)
6 %& %!
75 "1," 2., 0t # /@, A& * 1 ( &&))'5
$C $1*Q1 FX. .&* ! &"'0* * , 101 1 ,.1
VAR (. $o:FX)=Fo(X), * x R,.!! 1 1&&% $(1 $1:F(X) 3 Fo(¥),"
$), x R
+. *[0$C ! $o:F(X)=Fo(X), * x R,.!! 1 1&&$ $(1 $1+ F(X) >Fo(x), "
$), x R
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VAL $o0:F(X)=Fo(X), * x R,.! 1 1&&9% $(1 $1-: F(X) <Fo(x),"
$), x R,

FoX) # *#,"5 ( , I1$( ' % ) $ 11
$C ) " 1 &" 51, )5 .5 3 #8 S
Y (R N $!'*(1 ,$'1 51* &, $ X 1 ' 31 )]
181 /' ., 1, $&#  *1$) 1 & # . $
/2 $ -1& ,.5 | $ 0 #8 51 O(L:
4 *x # $( )
Vn Dn =+/n sup Fa(X) —Fo(X)|,
L # ) $&H SR, ! L8 F()$ '8) LA

$$ 2 , * 0- 5l "2%5 5 F(X)$ F(X.,*51 "#  -$&
I &, . #, IE G $o" *M&1 *1 1 $(1 1 -

‘1T R()# ,0 *- 0 1,3% () $ Fo()51" $( )
$ 1@ o# oxo2w X ,$& - *2Bl * 0- 1 *3# #
1, -*I1 *1 # , ) .,*I151 % ;

JnDy=Vnmax max|F,(x) F(X)lmax|F,(X, ) Fy(x,)E.

$& ' | $l- $ 1% Dn | g, #
o# " &1 1F(), &&) /2 $( " /2 $) *" [#* 1 n

* 134

! C¥( ) $ 1*1  Fox) # (@ $ 1% Dn =
sup Fn(X) =Fo(X)| #! '0) 1 Fo.

/0

! /08 Fy(7)

P(sup Fn(x) —Fo(x)| d) P(supFn(Fo *(V)) -yl d).

I A I T I N

n n

o min D) T y(R(X0))

FalFo ) = - =

, %151
~57 ~



1 (R(X)

P(supFn(Fo *(¥)) =yl d)=P sup-t - d .
311 .6 $ 1% 1 31 N 1 $Ix1  # ox *2
/) * (0,1) B& 1.1.10)$ . !'1  U=Fo(X)~U(@,1),i=1,..,n,. *
I (R(X) o wU)
P suptt d '
X n
/1 0) , ! Fo, &&) 0 )
& 1 *21 1% !'*1 Dn, ! $0$ #$1 1 1) 1 $1*1
n 100* -! I 3"l 33& " 2# (Birnbaum, 1952). Kolmogorov (1933),. -
/ 0 $( !X Kn=+/n Dy , FIE G #Ho&&™ | *,
5! (distribution-free).
* 1.35
I $o# &'(1, B *5 8 % I¥ Ko # HX),
( M .o
H=[1 -2 (D™ ]I, ().
i1
7 &"1 " &t 1,01 #8 51 0O(1:
, #, * F $o!' $ *1 1 Ky Gy
. Ca. PKn ) . *(  ca/nmt . #$  (Miler (1956)),
# ) * (#$1 2% #1 * # ,51"' [+ | $5 1 =
Ho* $)&&& L # $ " 1*1& 1 &" 1 (&" +$ )
( 1.3.1
711 )&&1 ,1 *- -, )5 $- . ., # 33& -
"o# % (. 5!/ "5 $1 Xapeoo Xy # $& "1

D, = SUp Fn(X) —Fo(X) = max max(i/n  Fy(X)), o§,
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D, = sup Fo(X) —Fn(X)) = max m‘ax(FO(X(i)) @i 1)/n),0§.

$l- $ 1% 5 D,$ D,, <% #ooH

4 ot # $
JnD, = Jn sup En(x) ~Fo() = Vnmax maxi/n  Fy(X,)), og,

$ * [T $( , ! , H#, "FM&1 *1 % , H,F I $o
1§ 1
\/ﬁDn C /12
Ca P(Kn G
4 * # $

JnD, = /n sup Eo(X) - Fa(¥)) = Vnmax max(Fy(Xy) (i 1)/n),0§,

$ * [T $( , , H, "FM&1 *1 . %, , H#,O* I $o
g *I !
\/ﬁDn C /12
Ca - P(Kn Ca)
) 131 (, &1 ., #/1 (2014))

75 $&'1 5/ "™ $1 *1:0.1, 0.3, 0.24, 0.58, 0.68. &."0 ! /1
*ro, , I U@, 1),* #/ *1$g 1 5%.

7 * A # /#* *"'1 5% '&* I &"0 * !

H:F() =Fox), * x R
I 1 18&$ S
HiF(Q) 3 Fo(®¥." $), x R,
FoX) " $( ) $ I*1 1 U(@,1).,*51
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Jl
—
=
I
©
x
X O X
)
=

JnDy=Vnmax max|F,(X) Fo(X)|, max|F,(X; ) FO(Xi)|§

$ /) * 1, (1 -0 )0 $ ,&"#8 * 1, 1
Fa(X), Fn(Xi 9 $  Fo(X). #!

Xi Fn (X)) Fn(Xi 9 Fo(X) | Fn(X) — Fo(X)) | | Fn(Xi—) = Fo(X3) |
0.1 1/5=0.2 0 0.1 10. 0.1
0.24 2/5=0.4 0.2 0.24 0.16 0.04
0.3 3/5=0.6 0.4 0.3 .30 0.1
0.58 4/5=0.8 0.6 0.58 0.22 0.02
0.68 5/5=1 0.8 0.68 0.32 0.12

, 151, $'1 #3$1 2 * 1 N1 R *1 ca//n "$#
Fo¥( D,=0.32* | ¥ HE = 0.05, #' # * 0.563.,*151 /!
, H#, g, ,) []*) * - I '5 -l , L] ,
& )2 , 1 U, 1).
H& $ * 'R
I $!1& 1 R")2*
x=c(0.1, 0.24, 0.3, 0.58, 0.68)
ks.test(x, "punif”, 0, 1)
$ #!1*
One-sample Kolmogorov-Smirnov test
data: x
D = 0.32, p-value = 0.585
alternative hypothesis: two-sided
, Fop-* * #* , 1Y H, g ! . % []*) *
215 L] Lo & )2 , 1 U(,1).
+ % %
1.3.1 % U, 1) 50.
I $! & 1 R")2*

z1=c(0.1, 0.24, 0.3, 0.58, 0.68)
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z2=runif(50, 0, 1)

plot.ecdf(z1, verticals=TRUE, col.p="white", colired", main="Empirical CDF of z1 and z2")
plot(ecdf(z2), add=TRUE, verticals=TRUE, col.p="wdli col.v="red", Ity="dotted")
legend(0.1, 0.8, Ity=c(1,3), col=c("1","1"), legera{"z1 ","z2"), lwd=1)

$ #I* , $)5 *

Empirical CDF of z1 and z2

¢ 131
+&., * - "2%1 , )1 #O&1) »%  [/*]  *x 1 '5 .
= . Y , 1 U0, 1. (* 13.13&-
,* " x=068 ! $ $ 2 , 51 /- $ 1% | # Dn=0.32.
) 1.3.3.1 "&* 1 0)* 1 5/™ $1 *1 | [#% 1

1.31 , . ! , ¢ $( $ |*( * ')* = 2.63,* -* * 3(:
1R, & -$& ! $& * I &" .

I $1& 1R")2*

x=c(0.1, 0.24, 0.3, 0.58, 0.68)
ks.test(x, "pexp", 2.63)

$ #!I*
One-sample Kolmogorov-Srairtest

data: x
D = 0.26805, p-value = 0.7847
alternative hypothesis: two-sided

) p-* * #* , 1Y # I, . % [1*.] * -
-5t , oo ! , A& N VA , F$ $ $ -
I*( * =2.63.



(1 1.3.2

1. .&" 1 Kolmogorov-Smirnov &(1, *"(1 AR (.
# o &(51  *1 &I &" *  # & . )&& &" 'S5 # Fo(X) #
I &(51 *. 5#1 | « # »)1551  * 5 ) 1 #51!'5'# $-
), 1.1 &"1 x #1 ($'# . &." -l A
1 .1 supFn(X) —Fo(X)],,- ! # $ ,2- 0) , )15 1
T .71, 21 1 &&"-* ) 1)% 1 , * 1 , 1 ,#1
*B&HE ¢ H# 1 1 G (¢ 1) 1, % 1 * 1 $* .1 1.
1 *51 $ , o 8 &I(
D\, = supFn(x) —F(x,/ )|
A I S Dn$ $& ( *2( " # )5 L9551, 1 *[1g(
, # o &'(1, $ JnD’ . $C $ 1% $'1 n . Stephens
(1974)./5 *5%) |, # goo$ sl 1o [ 33& -
" 2% .
2. $1 .&" 1 5!' Kolmogorov-Smirnov2 *8 $ 11 * +'&)
(+1 ") $ # ! o# #' 1 $.! 1% 1*(1 ' 1
I
3. 33&"2# .l *& '# $.1 , &&"1 &." Kolmogorov-Smirnov,
JHL o, L] ( | , ;) $ *! , [1*.
T , $( ) , % # o, &&) *, - /
2 $# #3$1, #5! *#51 $ $# B I . #S1 # /! # #o"
&1 1% !*1 ,&&) 0 ! , [ 1 $( .
1.3.2. Smirnov
Smirnov (1939)
Smirnov (1939 a, b).$ ! ! $ &" Kolmogorov (1933}’
"6 - 1 3) /- 10) B /™5 $) &' *
& $ , . O " 2y "l # o /# 0 & * )5
- ) $ 1*1 Fx()$ Yy Yo, Ym.  # [#m™ Jo&
)"15 ¥( N $ 1*1 Gy(:).75 ,, Fa() S Gm(Y) L# -
1 * $1 ' $1 (1 $ 1*1 ! 5/ &' *! & I&"-

o* * , 101 1 ,.1
1 1&8&$ $(1 $1: Fx(X)3 Gy(X),

*/!$( . $0:Fx(X)=Gy(X),*X R, .l
" %), x R
+. * 1 ( , ! $o:Fx(X) =Gy(X), * x R,.I" 1 1&&$ $(1 $1+: Fx(¥) > Gy(X),
" %), x R
Vs, $o:Fx(X) =Gy(X), * x R,.!I' 1 1&&$ $(1 $i1<: Fx(X) < Gv(X),
$), x R
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, * $, % * ,  L,-'$ " I .&" Kolmogorov" .! [#"-

* l &, $( N o &" B )5 ,'. Bl "3 -
#8 1 * $1 (1 $ 1*1 s, &# K 1 "™ )1
1./% , $( N gl , 1 1 /72 $-1 &" 1
[
A4 # $

Dmn= Slx,lp Fr(X) —Gm(¥)| = miax Fn(Z) —Gn(Z)I ,

, S1,+.+, On+m H#! [ [#* %, , - 5 "4, 2.," 0 $
Y, Yoo, Y 211 IS , #, "orM&1 *1 Dmn.

+.4 * # $

D mn = Sgp IFH(X) _Gm(X)L

4 * # $
D m,n = sup [Gm(X) - Fn(X)]
Sl $& "' (3&., ,* 0- )&&5!, Kvam and Vidakovic (2007)):
* 1.3.6
Y9! n=m $ !I'¥ 5! $!
D nn = SUp [Fn(X) —Gm(X)]
D nn = sup [Gm(X) - Fn(X)]
S, $o:Fx(X) =Gy(X), * X R,/#!
2n
_ _ [n{d DI
P(D nn >d) - P(D n,n >d) - 2n ’
n
* [n(d+1)] *3 &#8 * * &~ $. , # *$ 1 ,  n(d+1).
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3)9! n$ m*"& (n, m>30) * 5 $) -
P/ Dy d) 1-2 e’
m n i1
4 * 11 , & * , )5 '5* 1 , 3, ! $ 3, -
# *# (, #,5 m = n) $ , "# 1 )2 *! [#™* 1
TS $o:Fx(X) =Gy(X), * x R,, #, . LB 1§ 1 , ! -
1 &" *M&- , 1$#*1 *1 $- Smirnov,
# 1 #$1 3% 4 * 1
) 1.32( &1 ., #H1  (2014))
TR $&'# $ ")2! *1 /- 10) 5! #51 | "™)51
SR X Lo &l ¢ s 1 (1 $IHL Fx()
$ Gv(), '# . &"'# ,* #,1/ 1§ 1 5%, */1$( . $o:
Fx(X) =Gy(X), * x R,.!' 1 188 3% $(1 $1:Fx(¥)3Gv(x)," %), x R.
X 5.2 54 59 6.5 8.2 9.1
Yi 7.4 9.8 8.4 9.3 10.1 7.5 6.4 6.9 7.2
, * &" ) : *O'H# #!
De,9 = sup Fn(x) — Gm(X)| =max Fn(Z) — Gm(Z)|,
, 51,..., Sp+m #! [ "] [#* %, , -l 5 "4, 2, ' n S
Y, Yoo, Yo, | Fa()$ Gm(:) ! " x $.1 $.1 (1 $ -
I*1 . # / $&! *oo0x , & *1 X$ ** |, 5 8 -*53
*-1 . |)
Si Fn(5) Gm(5i) IFn(Zi) — Gm(Z)|
5.2 1/6 0 1/6 = 3/18
54 2/6 0 2/6 = 6/18
5.9 3/6 0 3/6 =9/18
6.4 3/6 1/9 3/6 —1/9=7/18
6.5 4/6 1/9 4/6 —1/9 = 10/18
6.9 4/6 2/9 4/6 — 2/9 = 8/18
7.2 4/6 3/9 4/6 — 3/9 = 6/18
7.4 4/6 4/9 4/6 — 4/9 = 4/18
7.5 4/6 5/9 4/6 —5/9 = 2/18
8.2 5/6 5/9 5/6 —5/9 = 5/18
8.4 5/6 6/9 5/6 — 6/9 = 3/18
9.1 6/6 (=1) 6/9 3/9 = 6/18
9.3 1 7/9 2/9 =4/18
9.8 1 8/9 1/9 = 2/18
10.1 1 9/9 (=1) 0
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,*151  #! Dsg = 10/18 0.556. , I #$ 4 * 1 *

$#* X I1#,& &." 1 *1$ 1 5% # # * 2/3 l0.667. , -
*I51 /Y # 1 2'# e B (1 5 /- $ -
P>l *H#, |

HE& $ * 'R
I $!& 1 R")2*

x=c(5.2,5.4,5.9, 6.5, 8.2,9.1)
y=c(7.4,9.8,8.4,9.3,10.1,7.5,6.4, 6.9, 7.2)
ks.test(x, y)

$ #HI*

Two-sample Kolmogorov-Snovrtest

data: xandy
D = 0.55556, p-value =0.1758
alternative hypothesis: two-sided

) ' p- *( *l #I* ’ /I *) # !,’ 2'# */I$( ’I )
$1 ' (1 5/ $ Il YH#,

+ % %
1.3.2

I $!& 1 R")2*

x1=c(5.2,5.4,5.9, 6.5, 8.2, 9.1)

yl=c(7.4,9.8,8.4,9.3,10.1,7.5,6.4,6.9, 7.2)

plot.ecdf(x1, verticals=TRUE, col.p="white", col.\red", main="Empirical CDF of x1 and y1")
plot(ecdf(yl), add=TRUE, verticals=TRUE, col.p="wdli, col.v="red", Ity="dotted")

legend(5, 0.8, Ity=c(1,3), col=c("1","1"), legend>cl ","y1"), lwd=1)

$ .#1> , $)5 (*
Empirical CDF of x1 and y1
O
— x1 i
........ Vi
o |
o
& .l
fa)
s v
(=)
3 dimeuys ey e s s ey ‘ ,,,,,,,,,,,,,,,,,,
L)
T T T T T
5 6 7 8 9
X
* 132



+&., * - "2%1 , )1 #ooS1) »$ N&  $'1 *"&! X

& )8!l & $!I) % /! g IV, 2'# AR G : * 1.3.23&-
, ¥ " x=6518% % 2 , 5/ /- $ I*] I #' D =0.556.
) 1.338 *! 1 .5%! &4.4 &* 1 (2010))
"$ - " 29) $!*x1 /- /™5 ] , S $(
$ I % $*x1 /[ /™50, ] , L $IISC $ ! & $( $-
(. "#1'1' ' $ .&" Kolmogorov - Smirnov.

I $1& 1R")2*

z1=rnorm(50)

z2=rnorm(50)

z3=rexp(50)

par(mfrow=c(2,1))

plot.ecdf(z1, verticals=TRUE, col.p="white", colired", main="Empirical CDF of z1 and z2")
plot(ecdf(z2), add=TRUE, verticals=TRUE, col.p="wdi col.v="red", Ity="dotted")

legend(-2, 0.8, Ity=c(1,3), col=c("1","1"), legenz(*z1 ","z2"), Iwd=1)

plot.ecdf(z1, verticals=TRUE, col.p="white", colired", main="Empirical CDF of z1 and z3")
plot(ecdf(z3), add=TRUE, verticals=TRUE, col.p="wdli col.v="red", Ity="dotted")

legend(-2, 0.8, Ity=c(1,3), col=c("1","1"), legenz(=z1 ","z3"), lwd=1)

ks.test(z1,"pnorm")

ks.test(z2,"pnorm")

ks.test(z3,"pexp")

ks.test(z1,z2)

ks.test(z1,z3)

$ #H!* o, $)5 *

Empirical CDF of z1 and z2

o 5] — x e o
Empirical CDF of z1 and z3
I T o ; : ; ;
* 133.-"$ "2 1 * %1 NH 1 $!'*@ /- [ ™)5!
$ , & * 5! &"5! Kolmogorov - Smirnov:
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One-sample Kolmogorov-Srairtest

data: z1
D = 0.093605, p-value = 0.7381
alternative hypothesis: two-sided

One-sample Kolmogorov-Srairtest

data: z2
D = 0.12597, p-value = 0.3743
alternative hypothesis: two-sided

One-sample Kolmogorov-Srautest

data: z3
D = 0.14464, p-value = 0.2237
alternative hypothesis: two-sided

Two-sample Kolmogorov-Snovrtest

data: z1 and z2
D = 0.16, p-value = 0.5487
alternative hypothesis: two-sided

Two-sample Kolmogorov-Snovrtest

data: z1 and z3
D = 0.58, p-value = 4.048e-08
alternative hypothesis: two-sided

)5 ")2* * 1 133 "$#!! [~ [#"™* : L # $ 1 -
(SIS ), ! /- - | #"™* 12 3 S I BSOS % ().
/2) 1 # *21(1

, 1 .&" 1 Kolmogorov-Smirnov "$#! .1 [#* ( z1)* | $!11$( $ -
I, /- 1 , *#51 s I# (o z2)r D SIS I, #1
"$ #! dog# (oz3) L $ s sk, .01 [0 | #"™* * 0-
1 ( z1%$ z2%$ 51 [- 12 %) [#™* *0- 1 ( z1$ z3)., 1 p-
*1 . % o - , #0$ . &" e I #-
: , ! S , #, , ,D1 I*1 1

( 1.3.3

33& "2# .V, '# )21 , &&"1 - $- &." $ -
1% ,%)1 I #,5 k/ "™)5 |k 3. , 1 & 2 #1 -

¥ 1 Kvam and Vidakovic (2007).

~67 ~



I"&5 1
Wikipedia
&&1%$.1
, #1 , . .(2014)« »,,
* ot g , %1 "1 (5! - $1 & , $(1 71,0, (*
5 lI#15!
http://users.uoi.gr/abatsidis/NonParametricClases14.pdf
56!'1 K. &4 &* 1 ,4.(2010),« R.( », *(*
'* B! & $Q !, -

https://cran.r-project.org/doc/contrib/mainfokianbaralambous. pdf

Aﬁdrey Nikolaevich Kolmogorov
1903 - 1987
("( : Britannica)

Nikolai Vasilyesth Smirnov
90D - 1966
( "( :Wikipedia)
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1.4. Lilliefors
Lilliefors (1969)

(/- ), &&"( &." Kolmogorov 0 )'$ , I Lilliefors  19609.
&"1 1 L # ol &" 1,"1 % ") (+# 'l
(M * N $ I*1

FX)=1- e* ,x>0,
# 4 )'I5 )1, L # I $*'# * 3) [1*]
951 '2.'%$ ! 5T, 8 B(% X *, # R B
1% !1*1 '$- / (*1 *0- /- 1] $! "trsr ) *3# -
Il # % oo,k 11 &1 ¢ g %I, 51 1
o, ")6 A ™ $ $ #5151.&" 1 1 :
75 "1, 2.0, 0l # /#* n, (5 )5 ! # *3&( X1
JH1 ) $ 1*(1 #
F(X),x R.
o1, 2 I &"0* #
x/ " * a
Ho Fr (¥) = 1l e x) 0, )"5 . ) %
0, 12 $ )

Hi $ 1% 1" /1 # $ $( .

, *2( 1% !*  1*/1$@ 01 L, 211 $)&& &1
Y| 5I[/*I51 . #1 [ 1, &&"( &"  Kolmogorov
# I $*1 L #5 , #

Zi="'i /X,i:1,2, O

X= X /n7 |, $( ) , o JI# L $2)8
il
*, 1, 1 *0- 1% $a2 nH 1 $ 1*1  FuX¥ , ) $ -
I*(1 $)5 , IS, FoX) =1-¢e* ,x>0, $2)8 ro, * .
0- 1 * $1 1 1 $ 1*(1 F, (@ 5 * * *I5 [1*151 54,5, ...,
5n , ) $ 1*a
F@=1-e?*2z>0.

&I( ,51 $( N b8k L #,5 ., Y, # $
$ 2 * 0- 5! 1 (5! Filr@$ F (2:

T=supF (2 -F. (2|
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#2101 &l *1 1 $1 n 1 L &1 N0

S, [V &' - .,*I51 , sl 21 . * 2(
T I Ho #/ *1$ 1 Iox( 1 -
$1 H 1 , 3# (1-)-, # *# 1% 1*1 1,51 1# -
I #'$ 5 * 1
Lilliefors * &. g 1% 1 $(1 n 1 $ ,/ $)
o L # #Ho1,8&8) L, "™ $( $ 1% 1) 1 (1 *& -
‘s , | Durbin 1975. #$1 5 * 1 12, Lo

£ $ 1% 1 $L ) 1
) 1.41(/$%  $&$ (2001))

- *1 51, $I &251%) 51  *5 $), &25!'$ -
$.! #wo% # [/$# * 11 *0- 5 //$! & 25! *) 5! #
$8& - L $ $( $ I .1,k 10, & 251(* *) 1 1:00

*x ¢, 1 .1 "Il $) 101 1°:

1:06 1:08 1:16 1:22 1:23 1:34 1:44 1:4711857.

&"'# 1T *0- // $! & 25! *) 5| $&'# ! $-
T T e G 1 18&8&$ $(1 $ 1% ! -/ # $ $(
I $# I * 0- &25!%5  * I'1 51, /) * /) *

* 0- 1:00$ 1:06,# ( |, &,))6,2,8,6,1,11,10,3,4,%6,* X =57. , -
$, 1 *1 5! 5,F,(Z)$ F@Z)=1-e%,i=1,2,..n,$'1 $ 5 /2
*0- F 9% F@$ 1/ & .1 $'11 V&* 1 F, (2 ! !
H#HS , $&'# (* ! *1 51 X,i=1,2,..n. ! | '# $) --
0 ) *trlo).
[ Xi Zi = Xi /Y F* (Zi) =1-e 4 Fn* (Zi) F* (Zi) —Fn* (Zi) F* (Zi) —Fn* (Zi—l)
11 0.1754 0.1609 1/10 = 0.1 0.0609 0.1609
2| 2 0.3509 0.2959 2/10 = 0.2 0.0959 0.1959
3| 3 0.5263 0.4092 3/10 = 0.3 0.1092 0.2092
4| 4 0.7018 0.5043 4/10 = 0.4 0.1043 0.2043
5/ 6 1.0526 0.6510 7/10 = 0.7 —0.0490 0.2510
6| 8 1.4035 0.7543 8/10 = 0.8 —0.0457 0.0543
7110 1.7544 0.8270 9/10 = 0.9 —0.0730 0.0270
8|11 1.9298 0.8548 10/10 = 1.4 -0.1452 0.0452

, 1/- & #1 (&1 #S$ #2111 * " & , $&
*0- Fi@% F@# # * 02510. */!1$( ,° $ 1 1 #1 * -
& 1 X# $ % ,., !V, 2# #1 *1$ 1 =0.05*! )! -
(1 $(1 N 1 R I *( 0.3244, ,# ,$-, , 1 #1%$ 5

* 1 " n=10% 1- =0.95., /( , *51, =0.2510, */!'$( ' /-
, #, #1 *1$ 1 5%. S$#* #I/1 %, , ! $ L # -
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$,* ( "l o, *3&(1 # # * =0.25.,*151 ,
'1*0- // $! & 25! *) 5l $&'# ! $ $( $ K # *#

&'l 1, ! )0 ,"# $#51* " 283 R A
23(,) 1% $12 1 $1*1 FR@$ 1H) 1  $1x1

"2%1 1, )1 "®L o 3) *1 *| n *# &5l *x x *I5l

[]*.15! 2y, Zy,..., Zp.

I $! & 1 R")2 *
x=c(1,2,3,4,6,6,6,8,10,11)
z=x/5.7
y=1-exp(-z)
plot.ecdf(z, verticals=TRUE, col.p="white", col.v€d", xlab="z", ylab="Fn*(z),
cex.lab=1.5, main="23$( ,) 1 * $@1 N 1 $ 1A Fn*(2 %

)

1

$ 11

F*(z)", cex.main=1.5)

legend(0.2, 0.9, Ity=c(1,1), col=c("1","lightseagng), legend=c("Fn*(z) "," F*(2)"), lwd=2)

$ #!I*
Fpa@Ikn TApdaTAOT TNG EMTTEIPIKAG OUVAPTNONG KATAvVoung Fn*(z) kal Tng ouvdpTnong Karavoung F*(z)
.| = e N P
=7 /ﬁ,/“/ 4
o
s s//‘/
! i ] 5
¢ 141
(* 1412 #! * $ 3% 2 5 [- " 28%!
TR L Z&H *)  1("$$ *. 51 12.'$ " 1.0526)
# "5 025(51 !2.'$ # 0.2510).
"( (&&!'$():
$&)$ . (2001),- ( , (¢ $(1 $!1*$-
o),

http://www?2.stat-athens.aueb.gr/~exek/NPar-Statisthapter4.pdf
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1.5. Cramér-von Mises-Smirnov (Cramér-von Mises)
Anderson-Darling

$) 5! Anderson-Darlingg Cramér-von Mised($ ! )0 5l "5I'$!
EDF (Empirical Distribution Function) $! (&" , 3 #8! I -
$I1*(1 ). ) , H# $ I # F$ 8 (™ () ¥
! $ 151 # F "51$)  EDFE $)  * -1 1 x
0-F  Fp*

n (F(x) F())*wx)dF(x),

n o *"'1 [#% 1 $ wO)*# 1) 3) 1 .9! ) 3) 1 #

w(x) = 1, $ # " n2.1 $ 5! Cramér-von Mises. .&" 1 5!
Anderson-Darling (19543 #8 !

ar ey (RO FOO?

Foo@ Fog) &

JH# & *3)! ! ) 31 #H wX=[FX@A-F)] .7 , -"$
r, Cramér-von Mises, |, Anderson-Darling#! *" &- 31 1
(1 1 1 1% !'*(1
I $ $( $!'*( 75 Exp() $ $ $!'*( * ! ¥ f(x) =
exp(x/ )/ ,x 0, = '>0% '4'2...'n [*11 o) 1 #1 , (1
1* 1 3@ #1 * 3& (1 X -F . ,  &" # 1$0: X & '#
Exp( )" 9), *(
$) 5! &"5I " (0 3*5.1 ($&*$5.1), (1
Yi=X//,( 1* * *xI1 *1 1 Z=1-exp(j)),1 | n,, /n:X_n:

nt X, #! $*@ *" 1 121 1, *

j1

1 *3&# * 1/ ™11 $1 5! X,V $ Z51XH Yp$ Zp !#-

1.5.1. Cramér-von Mises-Smirnov (CMS) Crameér-von Mises (CVM))

Cramér Harald, von Mises Richard Edler (1928-1930)
Smirnov Nikolai Vasilyevich (1937)

$ &" L #! * 2(

2( CMS) = (F,(x) @ exp( x))*exp( x)dx,

1 0 2j 1°
7t Ly 5
12n 2n
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) $ 1*1 5! 351 ($&*$5! ), (5 Y,

. 1¢$$ 1 , #, "oRM&l $-
p-value, & "#8 *  *#5 Monte Carlo.
1.5.2. Anderson-Darling ( Anderson-Darling)

Anderson Theodore Wilbur, Darling Donald Allan $%9

$ &." JH# * 2(
AD,= n—-2 -tz 1 A Ly 22
Jl@ 2n 2n =
18 % 1 , H, orM&1 *1 $-
p-value, & "#8 * , *#5 Monte Carlo.

L e A o :

S'BB F S o ....___..__l ................ IR S | I_......_____....: ................ S E

-~ CMS: Johnsons SB (3.3738:1. 2145
: 1. 0792 0. 0110)

8.58 || -
7.51
6.44

5.37 || --------------- AD 88{3 8386;1. 3429 75 0. 09)

429 |- T e e oot ety

K (9. 109.?., 0. 0861 0. 795}

322 | --------------- e e e
2'!5 __.___............é ............... Feeemssaaas ) = = e b in e i --; .............. i ................ i
1.07 -
: . : POX
0.00 — ——T— T T T —
0.00 0.21 0.42 0.63 0.83 1.04 1.25
* 151 % 1 5/ ¢ 1*! 5! $! K,CMS$ AD 2 ! # &'(1

e .((  : Rogozhnikov Andrey P., Lemeshko Boris Yu. (204 2¢view of tests for
exponentiality,11th international conference, conference paper)

91
Kn= (6nDp + 1) / 64N ( $ &." Kolmogorov*  / '5 +olshev
I *5'# 0 $-  , 1 "$ J#* 1)
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_ Al > j 1>6 x x
Dn = max Enjar% nggnja%(j) Téf{ (, , # 51.1 * 1/
2)1 *0- 1* $21 $!'*2 % $ $- I* )
7N $& *1.& " 'S I Kn* [/*] # &'l -l */
'$( ! $ n 25# 0 T A (5.1092; 0.0861; 0.2950) , $!
f(x)=—1 (X— g0 te * /N x>
TONS A oo
CMS - $ I'% Johnson SBSK3.3738; 0.2145; 1.0792; 0.011) , $!
f(x) = /s exp9 1, In—= & Zg X + 4
- ~ y 3 3 2
V2. (x 1), 13 X 9 2 v f, 13 X 9
" AD, —SK3.8386; 1.3429; 7.500; 0.09®& .1.5.1)
) 1.5.1
#1* : ) 141 1 /1 $-1 1T * 0- 5! &25!%
5,, # ( , &,))6,2,8,6,1,11, 10,3,4,6. &"'# . 1
*0- /1] $! & 25! *) 5! $&'# I $ $( I M 1 1&&9 $(1
$ ¥ ! - /Y # $ $ * 1 &" 1 Cramér-von Misess
Anderson-Darling.
I .&" Cramér-von Mises:
.x I $! & 1R ! $/%
x=c(6, 2, 8, 6, 1, 11, 10, 3, 4, 6)
exptest::cvm.exp.test(x, nrepl=20000)
: nrepl #! *1 5! | 1&(65! I, *#5 Monte Carlds ,#! *

Cramer-von Mises test fgp@nentiality

data: x
Wn = 0.15128, p-value =1

e, e I #,
I .&" Anderson-Darling:
.x I $! & 1R ! $/%
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x=c(6, 2, 8, 6, 1, 11, 10, 3, 4, 6)
EWGoF::EDF_NS.test(x, type = "AD", nsim = 20000)

, nsim# 11 $ 1 *1 *1 5! ,1&(6 5! I, *#5 Monte
Carlo$ ,#! *

Test of Anderson Darling foe Exponential distribution

data: x

S =0.87904, p-value =0.1751
sample estimates:

[1] 0.1754386

CLpr(, KIS I #,
"1 (0!"& 1 )

Anderson, T. W. and Darling, D. A. (1953symptotic theory of certain "Goodness of fit" erih
based on stochasti¢he Annals of Mathematical Statistics, Vol. 23, [dppp. 193-212
http://www.hep.caltech.edu/~fcp/statistics/hypotsieest/PoissonConsistency/AndersonDarling195
2.pdf

Anderson, T. W. and Darling, D. A. (1954), test of goodness of,fiflournal of the American
Statistical Association, Vol. 49, No. 268, pp. 7859
http://www.hep.caltech.edu/~fcp/statistics/hypoitigsst/PoissonConsistency/AndersonDarling195
4.pdf

Henze, N. and Meintanis, S. G. (200Recent and classical tests for exponentiality: atiph
review with comparisondletrika 61: 29-45
https://www.researchgate.net/publication/240606 2t eRt _and_classical_tests _for_exponentiality
_A_partial_review_with_comparisons

Krit, M. (2019), Goodness-of-fit tests for the exponential and taameter Weibull distributions,
package ‘EWGoOF ', CRAN
https://cran.r-project.org/web/packages/EWGoOF/EW@dF

Novikov, A., Pusev, R. and Yakovlev, M. (2019ksts for exponentialityests for the composite
hypothesis of exponentialitgackage ‘exptest’, CRAN
https://cran.r-project.org/web/packages/exptestéstpdf

Rahman, M. and Wu, H. (201 7ests for exponentiality: A comparative studlynerican Journal of
Applied Mathematics and Statistics, vol. 5, no2@1(7): 125-135.
https://www.researchgate.net/publication/321217988ts_for Exponentiality A Comparative_Study

Rogozhnikov, A. P. and Lemeshko, B. Yu. (2018),review of tests for exponentialit}lth
international conference, conference paper
https://www.researchgate.net/publication/236170Review_of Tests_for_Exponentiality

Wikipedia
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1.6. Shapiro-Wilk
Shapiro and Wilk (1972)

75 '4,"9.., "l # /# , H 1( N $ ' F(x). &'l
Shapiro-Wilk" * 1 $(

$o:FX)=1—-exp (x )/ ,x

*,# $&° $
W(E):”(Y Xun)” —  N(X Xyp)?
[(n 1) S]2 (n 1) " (X Y)Z
il
s# 1™ 8 L8 %% L 'min &) *( 5 //*I51 $ n xrd
[#% 1.
$3(1 /18 B ¥ WE)/! # "5 ( ,&&)/1 0) $
|, Shapiro$ Wilk (1972), # !  #$1* )5 % $5 § * W(E)
&2 ! * , *#5 " n, 3.51100.
4 %, 11 I #$ 6 1 3#$ *  1$#*1 1" |
&"  Shapiro-wWilk" 1 $ $ . - $#*1 1.,/ * * -
nse o, ) $ &" W(E),2 I 1/ *1.

WIE)

* 1.6.1. $ &." W(E) ( : https://mvpprograms.com)
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1 *5'# $#*1L *1 #  *1*I(1 )1, *, 1 *1

128 (1—)/2" | &3 * 1$)8&&1 $# *1 *1,//*) S g
& & , ,* = 0.05,,&" * 1$#*1 *1 , ! -1
0.025% 0.975.

p-value, & "#8 *  *H5 Monte Carlo.

) 1.6.1

#1* , ) 141 1 /1 $-1 1 * 0- 5 &25'*% -
5.,  # (), &,))6,28,6,1,11,10,3,4,6. &"'# 11
*0- /] $! &25!%)51  $&'# 1 $ $ $ ! M 11883 $(1
$ 1 ! - /¢ $ $ * ! .&" Shapiro-Wilk.

.* I $!1 & 1R ! $/%

x=c(6, 2, 8, 6, 1, 11, 10, 3, 4, 6)
exptest::shapiro.exp.test(x, nrepl=2000)

,  hnrepl #! *1 5! 1, "5"1 L, *#5 Monte Carld , #! *
Shapiro-Wilk test for exgoriality

data: x
W = 0.2502, p-value = 0.943

% </ I #

$* , | #1%$ 6 * 1 #1 *1$ 1 0.053#$ *
1$#*1 *1, | - 0.025$ 0.975$ # 0.0487$ 0.2879! #51
7 * W=02502% ,/ - 0.0487<W<0.2879,/ * I G

"1 (0!"& 1 )

Novikov, A., Pusev, R. and Yakovlev, M. (20153ksts for Exponentialityl ests for the composite
hypothesis of exponentialifgackage ‘exptest’, CRAN
https://cran.r-project.org/web/packages/exptestéstpdf

Petrovich, M. V. (2000 - 2021), MVP Programs
https://mvpprograms.com/help/mvpstats/distributishapiro-wilk-expon-test

Samanta, M. and Schwarz, C. J. (1988) Shapiro-Wilk test for exponentiality based ensored
data, Journal of the American Statistical Associatiow].\83, No. 402 (Jun., 1988), pp. 528-531 (4
pages), published by: Taylor & Francis, Ltd.

https://www.jstor.org/stable/22888737?seq=1

~77 ~



1.7. (Ascher Steven (1990))

75 "4 o tad B IHT 1 &TF x)) Bl k(). *
I'$( , 0)8 # S0 fx(x)= e (&I , # *3&( " # $ 9
$ 1*x Y Yy, x 0% >0.) J1 , 1 &"1 , 8- -
L) # *)3& 1 $&HS (&I, /! )8 I A T
1$, *I1 , ) 1 , JH *, - )2 1 &" 1 , #8! 51: b =
(I’\—i+:|.)(I (i)_l (i—1))1 , i=1,2,..n" 0 = 0,% ' (1) ' @2 - ' " #! / "1
$1 . $&'# * | "2 5/ &"5! .
1.7.1.F- Gnedenko Q(R)

( 11$ # 2 #& I Gnedenko (1969% 8 ('$ , 1 Lin$
Mudholkar (1980)% 1 Fercho$ Ringer (1972). n//*.! #eo/ o " $
5 #8 | T TV A , R$ ! % /- &

n—R. $ &." #
R
D, /R
QR = ——.
D//(n R
i R1
YK TG 1$$ 1 # &I, QR). * F$ !*( * 2R
$ 2h-R)3™*-1 &'#1 . ' . #, "1l st *M&1 %1
QR. Fercho$ Ringer ! -! I '# R=n/2$ #8 1 | &"1 #0$ -
)&&&1$ " 1 Weibull$ !*( 5118&&$ $( $ " 1) $ I*x1  * o+
1 *-1 $U!
1.7.2. Harris F- GnedenkoQ ' (R)

1 &"1 ,)$ : I Harris (1976)$ 8 ('$ : 1 Lin$

Mudholkar (1980). $ &." #o

R

( D D,) /2R

Q'R = ilnR inR1

D, /(n 2R)
i R1
Q'RS$ I* I *# F* 4R$ 2(n-2R)3™*-1 & "#1 ,* [/*] *[ -
I'$C ! # &' . , #, "1 S " &l *1 Q'R.
( 1 1$# 2# I#l ( M 1&" *$113$Q2 $I'*(2 (1 ,#1
N $ /- . * uUs$ 'L R B I (1 $ /-
Harris ! ) | '"# R=n/4.
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1.7.3. Bivariate F- Lin Mudholkar: BF(R)

1 &"1,, # $ 11y =1 5, )15 &"5! 1.7.1%
1.72,, )'$ : 1 Lin$ Mudholkar (1980)7 5 :
R n
D, /R D, /R
FLGRil $ Fuanian .
D,/(n 2R) D, /(n 2R)
i R1 i R1
)5, IS , R$ R, $!- $&"'-! * [* 3& ( (bivariate)
F$ 1% ., 6 1$ 3% 1 ' *3# ) ) F(F, /! # =
$), /) * (a, b). /) * , | #8 * 11 ,x ' -
, 1 Hewett$ Bulgren(1971): $) 0 a b<+ ,P(@ F b, a R bJ|Hy
[P@ F b]°,, F# F Snedecor # * 3& ( * 2R$ 2(n-2R)3™*-1 -
& '#1 . /O#*&1 1 ! 1 #8 # * 1- (, #! . 2)&*
-, N ,.!1 #1 1 't 1 " I F, a$ b* - $& ! &-
2'-1 . | 1% # 2 #! I#l ( ! 1&&$ $! * * *1 11 ! -
(1 $UI51 (..&" *$11 ). Lin $ Mudholkar (1980) ! -! ! -
, '# R=n/10.
1.7.4. (Skewness and KurtosisKUSK
$ &" ., ., # /| # :K=( ,+05)/,, , =
2 2 (/™ $1 1& @ &0 1)$ ,= ,/ 2(/m™s$1 1&(
$-51 )9l  */1$( #  &'(1, (3,+05)/3,,#! I *( 0.5.
$ 1 3 L $#*1 *1 " K&*3)!! * 1l .
*$) " /#* 1, 1 &L&"1 Y o# & $1 ,$'1 3 -, 9%
, ##! *$ (), ) *# (outliers).
1.7.5. "New Better Than Used" Hollander Proschan HP
( [11$# , # ,)%$ , 1 Hollander$ Proschan (1972)2 *8 -
I('51 *1& 1 1&&3$ $1 ,". 1 ¢ # $& , ! -
* x| ( Lo #! A ). ( v ot#
[]*.] : , # /1 "5 #8 * P 1&&S$ $( ' , &ML () *2#-
& 1. $ &." #
T= " G(Xy X5 Xgh
) i)k
1, ) a)b
Gab)= 05 ) a b
90, ) 3,
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"2#1 o, . ! doHs ), $ 1 $ ! 1 $#*1

*1$ ! $& ¥
.. B E(T[H,)
[VAR(T|H)]"?’

E(B|H,) =n(n D(n 2)/8
$ VAR(B|H,) = 15n(n 1(n 2)(52592(n 3)(n 4) (n 3)(7/432 @49l.

91 x/I$( # o &'@ $ n # ), T. * *5§)
g 1% * v x(0$ /,) 1

1.7.6. WE: WE1

To $ &." WE, )'$ , 1 Hahn$ Shapiro (19675 8 (
'$ , ! Lee(1980% 1 Lee, Lockeb Spurrier (19805 #!

WEL1= (X, X)*/( X)?=(n 1)S*/n*X?

il il

2 /Mg /L) S X # /™ $1l o * 1 .71 #M$1L*$ 1

3; 1 $#*1 *1* # | 3'# | Lee (1980).
1.7.7." Gini G
( 11$# ('$ 1 Gail$ Gastwirth (1978), $& '
$ &"

1

G=[ i )Xy X/ D X]

nil n
= iD,/(n 1 X.
i1l i1l
"2#1 , # ! do#s %), $ 1 $ ! 1 $# *1
*1$ ! $&"  $11¥ ;
.. _G EG[H)
[VAR (G |H)"*’
. E(G|$0)=05% VARG |$0)=1/[12(-1)]., !, 1$ % 1
G* $&'# * *59) B SIS B I, 8 O e *$)
# * 10.7 $&( - " 1&&$ 1 ,. 1 , 1% !'*1  Weibull, Uniform (
x k2 )% ) . Gini0$ % # #1, * # [1*)
I &"$ *! ‘@ ., R n
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1.7.8." Lorenz 'L

Gail$ Gastwirth (19788 ($! Lorenz $ , &- Al
&" " 1 $S% : $ &." #o

[np] o
Lin(P) = ‘ X(i)/nx’

il

., 0<p<1$ [np# *"& 1 $. 1 , # *$ 1 (#1* np( -

$. * 1 np). "m2H#1 o, .| $ 1 $ ! 1 $#*1 *1 $ -
1 '# p=0.5.
1.7.9." Pietra P
( [ 1% # 8 (% , 1 Gail$ Gastwirth (1978), ,# , . !
$&" $ &." )

P= |X, X|/2nX.

i1
"2#1 ., .| $ 1 $ ! 1 $#*1 *1.

1.7.10.Epstein EPS

1 &" 1 2#& | Epstein (1960 8 ('$ , 1 Fercho$ Ringer
(1972). $ &"  # o

EPS = A[Ln( n D/n)-nt ’ Ln(D)]/[L (n 2)/6n],

il i1

, Ln #! 2 $1 &M *1

/[ *.! g ! #  &'(1 ,oEPSH# $) , ™ $1* -
*I1 1 * ' 2* n_13%-1 &'#1 . . , #, "orM&l 1
EPS. ( 1% # #l ( M 1&&$ $! ) $ Weibull.
1.7.110 % % Kolmogorov-Smirnov(-Lilliefors)KSL,
1.4
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1.7.12. DeshpandeJ.b

( I1$# ,)$ , ! Deshpande (1983) ! .&" 1% 1
J1 $ I*I o O R B *-1 , #1 . $ &." , & "#8
51 O(1: &&,& )8 * 'wi=1,2,..n* b(=05(09/ )$ /) *
"' n$ D' 4. b o *8# -0 O *tr 1L, &"H8 * !

S= R-05n(n+1)-n

il

, R # )0 X. #*1 *1" o1& 1 &" 1, $($! -
*#5 " Wilcoxon--, $ ! , om2 " b=05%
09, ' n 15 "2.1 , # ! L # 0.5, ! 1&&$ $( $ ! -
*( ) , 6# $ ! - $ "H -

' $ 0.9, ! 1&&$ $( , #8 I $ " # * 0r*l *, '
* 0 #1 . 2- ]! "I5#8 * $ 5, .5 I 1&&S $( & !'*( ,$#*1 *1

*2#,& &" " n=20,%$($! * %45 $ (3! ©(

*& . Deshpand##! #1 ! $&' $!'$ , ™ I &" : n"?[b—M(F)]

# o *58$)  $I11$) $ I** x x % 0% /,) 4c, 95 , -
1$%$ 1 ,MF=0+t1)"'$

c-1A b 1 20 b 2b 4 >
4 b2 21 bl bbbl (b 1=
1.7.13. F Max Hartley: HARTF
1 &"1, ,#1 ,)$ , ! Hartley (1950)$ 8 ('$ .1
Fercho$ Ringer (1972), .$6 , 1! .&" " 1 * " 51,1 . -
$ &'  #
HARTF = Max(W) / Min(W), , 1 i K,
iR
i JDR1
K= ™1 5 %5 $ R= *"'1 $) */1 . /*! e, #
I &'l , HARTF. *# FMax$ !*( * 2R$ K3%*-1 &'#1 . ' -
# " *m&1 *1  HARTF.9! n=20, Fercho$ Ringer !. ! "

K=2%$ R=10.
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1.7.14. Score Cox Oakes COX

( [I$# , # 3#% 1 Cox$ Qakes (19843 #8 N -
score:

n

U=d+ Ln(X)-d X Ln(X)/ X

i1 i1
: : )y * & *3)! )15 & * &"$ G (* ) *# 0 $
d # *1 51 * &"$ *15] *#50 . 1 - , #,5 , & o #
., (* (/& .d=n). ( HS$ & 2#1 ,*# *59) (B! -
I$( , $& *H# L J&" # O , 1$9$ 1 , #, $ " /-,
FM&1T S " O *$1 11 ,$& 1 L # ) & "# @ 1//s#1
#1 $! ! #8 &"$ *.! []*.) . " 2#1 #8 ! &'l
#oo(*1 0 1&&$ $! Y JH#1 | #8 ] *1 11 (1
$ /-
1.7.15. Wong  Wong EXQT
1 L&' 1, #1 ,)$ , 1 Wong$ Wong (1979)3 #8 *#
: "5 ( 51 $# L&#:Q="w/!'aw., ‘w% '@ # *$ $
" &- [ "] $( [#* 1 |, ' # . "2#1L M) S#H*1 -
*1" ! &, J#1 | # IS "rM&1 * Q.
9! 8)> $#*1, 1 " , 6 1*/1$1 ,' 1 1, )5
&" 1, * ) "l 1 1&&$3$12 ,"1 .1 $ - &S -
T, o - (! *1& ( *2#,& (% ,&"( *2#-
& L&t (0 L&, &2 ! 1 "*-1 (1.7)1,2,4% 14
L& H -1, *, 11 A | 0ty IS H . -
*.1 & G- . Gnedenko (1969)5! Lin$ Mudholkar (1980), Harris (1976),5!
Cox$ Oakes (1984% Deshpande (1983 ! $&( ,/ "1&&$ $1 S I*1
kXl 1$ gL )&& (.. Deshpande (1983)5! Gail $ Gastwirth

(1978), 5! Kolmogorov-Smirnov (Lilliefors (1969)), 5! Hahn$ Shapiro (1967)5! Hollander
$ Proschan (1972 5! Cox$ Oakes (1984 "Rl 1$-1 '
-, &1 1//$#1 "$H S !

248 1 #
"$$ ! 1&&$ $( .

, ) ! $1#1

"( (0'"&5 ):
Ascher, S(1990),A survey of tests for exponentialitfommunications in Statistics - Theory and
Methods, 19:5, 1811-1825
https://ami.nstu.ru/~post/teaching/ktad/Ascher_ 18980
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1.8.#% ( ) (Henze N.  Meintanis S. G. (2005))

75 Exp( ) ,/&! O T A G exp(x/ )/ ,x O. -
0)8* &" 1 $&1, *"@ " ! )0 xp= Exp/)/)0 5 $ $!
$ 1%L L $S vl /1 +1¢ s #1 * 3& (1 X* 9 f,
) $ 151 F$ *  * =EX),,'** ! &"0* I
Ho: !*1 1X# Exp)" $), ' >0,
Jomigr 18&$ $! ,3) 51 10) 5l 1")250 ', 'n 1. 2- )
$  6,, '5# ' # *# ) 5| $&*$5 1 , (5! Y, =X/ /4
( 51 * * *I5] 11 Z=1-exp™),1 j n, /o=Xo=n'/ X
#woo$*@ *m o1 201 1, *  # % )38& | $&H S .
) L, <IIS( S K 6,/! ' 0 ) L, .
. . $1 5 ',V $ Z' *3&HB!  * 'Y
$ Z | # 11 /&! /#$ 11 "tr 11, # 1) *3#  1$ 0,
/12 $ ,#5
1.8.1. Klar (2001) %
Klar (2001)* &. noer t$s , 348 * k| L2
$

Tha=n ° [E,(t) E(®]"exp( ddt,

>(t) = t @ FxD)dx=exp()$ >q(t) = t @ Fn(x))dx:% ’ max(y; t,0)
i1
#l & $& 5*.! N 351 1 *1/#1 $ $21 $ 1A 0% * o $( 1
*&" 1 # $ >0# * ") 71L& 9) 3&%1 -,1 " Tha #!
_ 2@ 2n , " exp( y) 2 ¢ 2
Tt e da T, PP W 8l o) el Y,),
71 &" 1, , #, I Hp" *M&1 *1 Tha #2511 1] $) & -
&S 21 $ '*a * ,, *I S, I (. *().
+ *I1 ,or 1 Klar (2001) ! ) ! , 2'# Ho )l &) !
J1 1 &" 1 , 3 #8! T1$ Thio, # I' Ho. L ['# *#
$(, "2 (1 1//$#1 , *3&#8 * KL,$ .5 % =1T, )z () *3
&8 ! .l - -&" 3 *I Tn. &"1 . ,.&* 1(, 6 )(0(
, 6 ). U *11 - --&" 1 # %.id ) = maxfa,, %o), , /12 !
$ ' $' #8 *11$) '$ [Y81d )] = $)5 I Ho. ! ,)0 ,
$ $ , * 5/ Thi$ Taio, - I 3'- *  $) , JP &
18( 1 (3&., Klar(2001)" /$1 ™ $1  *1).4 * 11 .
L — /% &"
) / $ &
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182. $ Grzegorzewski  Wieczorkowski (1999), Ebrahimi (1992)
Taufer (2002)&

# & "5 * 0- &5! 5! $ 1*] * 8 f, B

o, ) '( =~ <, ! # - . f(X)log f(x)dx*" , # : I $-
"$( $ !'*( . Grzegorzewsk$ Wieczorkowski (1999% Ebrahimi et al. (1992) -
x L& " 1S $) ! &" 1 $&1, *"1 " $$ -

, 3 #8! oS ( 1 #1
1" n 6
Hnn=— log —[X, . X,
™ 9 2m[ Gm o 2 m)]g

Vasicek (1976)./ , m# 11 $ 1 , $!, # 1 m n/2$ '@m="w

Yem =@ ) j—m O0(j+m n 1# ., 6 1He"# " *$1 *1  Hmp

Ebrahimi et al. (1992)#! ! , )b mn $ m/n 0, &"1 1 #
2*8 AR A * o, *, *, ! Grzegorzewsk$ Wieczorkowski

(1999)2# ! I, - "G .( * $& N& 1 -"$& 1 Hmnn !
I # & $( I # A y 0 I Song (2000)). Taufer (2002)
0)8 Hon$'1 & ! $*( 11 #1 Van Es (1992)$ '&&$ $-1 * -
A | 5,5 5! , (5 ¥, *tO# 1 -1 , -

$-, 11 &." .951 ! [ #5 , "-* $- - ( #!
( 5 * * xIg . (5! U,1 | n-1% | # $*( -
I #1 Hmpa Taufer (2002) * ! &' 1, , H, I H" *$.1 *1

Hnnt # 1,(1 .(+ Ebrahimi (1992)! 1.9.1)

1.8.3. Baringhaus Henze (2000% ’ -

A 0< < , $ I¥ 1X# $ $ NS )N (X—t
X>t)= " $) t>0.2- ( I'($ #oo *  [min(X, )] = -F)" $) t>0,
Baringhauss Henze (2000) !! $ - Kolmogorov-Smirnov

}@n:\/ﬁsup1 min(Y;.t) 1 1Y, t
t 0 n]l njl

=/n maxKs, , KS, ),

>
KS, = m%l%(\(a) v Yy) Y 1 ﬁ ﬁg
>
KS, = ET}?".‘.&% %(Ym Y)Yy 1 ﬁg
$ $ -, Cramér-von Mises
n n 2
CM, =n . E min(Y;,t) E 1Y, t exp(t)dt
n il n i1



1n in'Y. Y, - Y '
=170 gemw 2minY, Y,.e" e,
Njx1

6 1 H"# " *M&1 *1 5! KS (CM,. .&" , 3 #8! KS, (
CM, 2 *8! g @ 1&&s s $ @, . %, 1), -
*(
1.8.4.% Laplace
101 &" 1, * ox o x1 Laplace7(t) = (1 +t) * 1 *1/ #1 ¢ -
$1S$ 1 $ : % | # F (t)=n" ?lexp( tv,).
1.8.4.1. Baringhaus  Henze (1991)
( , x# "l 7 $!, # 12 $ O#5
1L+t F()+7®) =0,t R. ) 1, L& ) >08 , # 11

' Ho" *M)&1 *1

Ben @ HFG) £, Bexp( at)t

1 ALY)LY) Y, Y, 2V, VY, >
= ’) <
N« 1@Y, Yo a (Yj Y a)’ (Y, Yi a)’ (Yj Y a)sé
D I/ I L I H. O.&" 1 2 *8 g $ -
@ o 8 ),, ! *. *(
1.8.4.2. Henze (1993)
1 # * BH, .&"1 Henze (1993) *, # A " L2-, -
-, $ * Q- Fn$ 7% , #, *[1( ) "FM&1 *1
1 2
Hn=n F.(t) 11 exp( at)dt
=171 o exp, JECY, ) n@ aexp@ ()
NikaY; Y i1 : ] a

(9= [exp(D/tdt#  $ $ &$&S5 $ >0# W ') .0&"1

2 *8 gy ‘(1 1&&$ $(1 $ '*(1 * $2& *11 0.
1.8.4.3. Henze  Meintanis (2002a)
$1 1 &" 1 , 3#8! BH.$ H ., ,% * , & -
* , *#5 1 , 1 Henze$ Meintanis (2002a) ,# "1g $/

La=n _[@ OF, 1) 112 w(t)exp( at)dt
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H.'5# G V&M w(t) =1/ (L +t)%, /# $ H ). O
3

&' 1 #8 L, 2 *8 A %) (1 1&&$ $(1 $ '*1 * $-
2& *!1 0 by w() >0" $)' t.
1.8.5. Henze  Meintanis (2002b) -
T F.&" $ ¥ ) CRH%) =CH+igt) 1 X$%
I * $( CF(ECF)
%)== " expliX ) =Col) +iS )
i1
( //$# 3#8 "t $ 1% 1 X# Exp() ) $ *I
), CF 1 X $!, # I O#5 dt) = tC(t),t R (Meintanis$ lliopoulos (2003)).
211 ()% s()" , "™ %08 21 ¢ 1, 1# , 1 ECF%(t) =
nt ';1equth) 51 $&*$5 | //*I51 4. .. $ 5! Henze$ Meintanis
(2002b) #!
Wo=n s (t) tc,(t),>wt)dt, (1.8.5.1)
w(-) ,/&! ok g( ) 3y 1, S, # Otzw(t)dt .71 .-
&" 1" $$ ., H I Ho" *"&1 *.1 W, # $'&$%$) !,1
$2)1 $& - -, " W, 1 ' %5l , $-, ! "1 (-
1 .3) 1 wy(t) =exp@t) $ wy(t) = exp(at®), >0, ! (1.85.1). )21 W,®$
Wn(Z) " ’ $_, I $) L%
Wo- A1 1 4(Y, Y) 2 2 6(Y, Y) 2 7% 6, Yk)zz
2njpag” O YD) TG YT (0 G YD (7 Y)Y @ (Y X))
$
W, @ = \/_ n él 2 (Y, Yk)2 exp (YJ Yk)2 2a (Y, Yk)2 Y, Y 1 exp (Y] Yk)zz
any g 4a? 4a 48 d4a o

Henze | Meintanis (2005).
"( (0!"&5 ):

Henze, N. and Meintanis, S. G. (200Recent and classical tests for exponentiality: atiph
review with comparisond/etrika 61: 29-45

https://www.researchgate.net/publication/2406062ZdRt_and_classical_tests_for_exponentiality
_A_partial_review_with_comparisons
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19.#% (& (Torabi H., Montazeri N. H. & Grané A. (2018)
& Baratpour S. & Habibi Rad A. (2012))

II5II(
'$)
75 "4,..,'an'10) 1 % $ $ I**l1 #1 * 3& .1 * ' ( ' -
$C $ (1 F(). /& * 1/ ™11 $1  * (@ M)
3) ,  =* [#™ Xgyeoy X, 11 2, $&'1 &"1 $&(1, -
A" #H1T -$&#* 31 B :
Ho: F
(1.9.1)
H]_:F(

: = R(;) R(x )L (,)H, =R (0, )$ & # * § * -
1L, ) .%md $&# ' #1 -$&#*$1 $" ., Fo()=Fo(; ) #
! ,$( , #5 " = (0, 1).

1 &"1 % 1
75 "4,..,'anl!10) 1 % $ $ I**l1 #1 * 3& .1 * ' ( ' -
$C N $ 11 F().75 Fox;, )=1-e', >0,/&! *# $ $( -
"% ) $ 1xa >0 # *# )5 ) 1 ., 3&* ! -
/2. 11 # o
Ho: F(X) = Fo(X, )
(1.9.2)
Hi: F(X) 3 Fo(X, ).
, 3&* $&(1, *"(1 I O#5 (1.9.2# *# I$( , #5 1 0#51 (1.9.2).
1.9.1. Ebrahimi (1992) & Alizadeh Arghami (2011),
& Baratpour and Habibi Rad (2012 -
)y 2 1.82#* | * 1! #1 ,$'1 & ! $*( ! #1
Vasicek (1976).1 0!/-* /[ # % 1/ *3& * 1.
75 " # *3&( * ' ¥ ) $ 14 F$ () -
Y R R | f.  Shannon (1948) [ 1 X51
Hf)=— f(x)log f (x)dx
b $*'# I # , Van Es (1992), Correa (1995), Vasicek (1976), Eipnaet
al. (1994), Zamanzadg Arghami (2011), Alizadel$ Arghami (2010)$ Arghami (2010)
I $*.1, 1 HVEmw HGun HVimn HEnn HZmn, HALL HAZG, T # ( -

Torabi$ ., Montazeri N. H. & Grané A. (2018))
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1) ,3&*  $&@D, *"d o, o, ")2 | O#5 (1.9.2)$ -

Lo S {04 I R - , (O : -*k Kullback-Leibler
, 11, * //*) ) 31 1 fo /#! ,
_ : fFO67) 4 = : :
O, fo) = f(x;/)log ; (X./)dx— —Hf) — f(x/)logf,(x;/)dx. (1.9.3)
D(f,fo) 0% ST L T D L A G #oo&'Y

91 fo#  $ B S IF * ) 3
D(f, fo) =— Hf) —log + E:(X)=—Hf) +log + 1.

s 11 LI T G A R ) LI i ,A$ 2*81'1 .-
*1 g oK% D(f, fo), . *

exp(-D(f, f)) = exp(Hf) — logx — 1) =—=XPH(T)
exp(logx 1)

, HR* # | $*'# , 1 $*.1 | #1 ,/* "11 /2 $1 ., -
) 1 I &" $$ 1

Ebrahimi et al. (1992) *,# ! F$*( ! #1 Vasicek (1976) (
182% , ! $

Vi = PV
exp(logX) 1

+ = 1 $*.1 ! #1 5! Ebrahimi et al. (1994% Alizadeh (2010),
Alizadeh and Arghami (2011) !! $)

_ expHE_, TAL = _&XP HAL,.,
n— — y n— — .
exp(logX) 1) exp(logX) 1)

Ebrahimi et al. (1994y 0! *# " **$( . * 0- I$- 1 $*( $
Vasicek.7 " . ' *"1 O /#* 1 n$ ' m .&" , 3 #38!
TV1inm$ TElnn. ! b # -

Ebrahimi et al. (1992)! -! m=3" n=10m=4" n=20% m=6" n=50.
S, Ho , #, " *$.1 *1 5 TVin, TELm$ TAlm.

Baratpour$ Habibi Rad (2012) (" "! L, *0- /- $ 1]
* * | Kullback-Leibler , $& ,o. )2 I O#5 (1.9.3). -
$ &" # 3 I Lo & L% L # S o#

n n

inll((n /n)log((n )/n)(X; 4 Xg) ( ilXiZ/Z 1 %0)
" X227 X '

i1o !

Th=

e, Ho , #, " *mg1l *1  T,(  Baratpour H.Rad (2012)).
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1.9.2. & $

Park$ Park (2003) (""! A N $ !'*(1 5! Vasicek
HVmn$ EbrahimiHE, $ * !
90 X 4 X) o
Ov(x) = 2m X0 L.,
9n(x(i my X m))
$
9O x I/, x)/,,
Oe(X) = 1 i
—— N X n ;1 1..n,
9n(ni1 n) I l
I # . i = Xi=m) ...+ Xirm-1))/2M, $
im .
9Jm1 — (X(m k) X(l)) 11 m
91 My
9 .
:ﬁ(x(im) e Ximay) m1li n m]1
9 1 .
97n m1 Tk 1 1knm(x(n) Xkmy) N M 2 i n 1L
*3)N 1 , ' 6! 1 Park$ Park (2003), Alizadeh$ Arghami (2013)$
Zamanzadé& Arghaml (2011) ! *or ¥ N $ 12 5 $* !
1,1# X
0 X /1, x)/,,
GBe)="__ 1 n x n,i 1..n
9n(nl 1 nl) I i ' .
oJ im( Xy 1i m
8m1 m. Xm X
1 .
(x(,m) e Ximay) m1li n m1
1 .
gjnml I (X(n) X(kml)) nm2i nl
mknm2
$
9O X /1, x)/,,
(x) = 1 :
9 —— N X n,i 1..n,
gn(nil n) I
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9‘Jm1 (X(m k) X(]_)) 1 i m
9

ki

91 .
= ﬂ(x“ m e X ml)) m1li n ml1l
8‘Jn m1 (X(n) X(k m 1)) n m 2 i n 1

knm2n k 2

211 ,3&*%  &" ., ")2 | o#5 (1.9.2),. *

D(f, fo) = — Hf) + log + 1,

H(f) *, o $*'# 1 $*1 ! #1 5! Vasicek (1976) Ebrahimi
et al. (1994), AllzadeB Arghami (2010% Zamanzad& Arghami (2011)/* "! 1 1
$&'1 , ) 1

TV 24 = — Vi + log/, + 1,

TE2m= — HEm + log/, + 1,

TAZ2m = — HAZm + log/, + 1,
TZun = — HZm + log/, + 1,

L =By (X)L =B (X), /=Eg (X), 1, =B, (X)$ m=[Yn-1],, [x] *# :

$. * 1 X. "$$ *.! ,m=2" n=10m=3" n=20% m=6" n=50. */ -
I$(C ' Ho , #, "*M&1 *1 5! TV2mn TEZ2nn TA2m$  TZmn
1.9.3. Alizadeh  Balakrishnan (2016)& ( -
Alizadeh$ Balakrishnan (2016) (""! $& ' $) , 3 #8!
-, $& :

D=+ " fo(X gy FOX)
e f(x) (%)

Hf#  $% 1,8 1 (!
X X
li:_ k i j
(9 . -
, ) (0 kL& # S SIS ) $1 -
‘" 1 $ -1 8!1 h=1.06sn*®,&" | # $!11$1 3.& 1 -1 0% -
&1 ,* st # /™ $ % ,%& . $1 $)&&&1 ,&"1 " %#
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* Kullback-Leibler (KL) , $& - %t) = tlog(t)

« Hellinger , - o4t) = %(\/f— 1)?
* Jeffreys, S =(t 1) log(t)
« &1/ ,)1 : o) =t 1]

e 22 $& %) =( 1)°

Alizadeh$ Balakrishnan (2016) *,# ! 1 1 TKL TH, TJ,TT$ T
P /& ! $) &." , 3 #8! I KL, Hellinger, Jeffreys,& $(1
/,)1 $ 4- )s , 1 # AT T . #, mooEmy L
&1 *1 5! TKL, TH, T3, TT$ T.
1.94. Volkova (2010 Riedl  Rossberg
(1994)
Volkova (2010% $- I &$& 5¢ $- - & "9 S 3 -
* ! $ * 5! Riedl$ Rossberg(1994) ! $ $ !* . 1"$# $
$I(C MG " #HOF$ S, I #/ $ !*( 51 #51 * 3& |
(=" @)% "sgo..ni" ), s 1% n, 'sgo.oni # s/ ™!
$( [#™* 1 " 1,...," ni $ -*25! * o $ 5! Riedl$
Rossberg#!

=" H.(@®) C,(t).dF, (),

1

n n
H(t) = 3 I[XZ,{i,j,k} Xl{i,j,k} t]" t O,

1i jn

1

Grlt) = 2 “imin(X, X,) t] "t 0,

1i jn
"sfijS=1,2#! s .1/ ™Il $.1 T#™ 1 "5 e YITE(
Ho, #, rEl (*M&1 *1 l1.
1.9.5. Fortiana Grané (2002) Montazeri  Torabi (2013)& -
( )
Fortiana$ Grané, !! $& ' $ , 3 #8 ! .-

Hoeffding,

"X
Qn= % ( Fn, Fo)zlnl—lxm,
0

<
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Cox# ™1 1% s /™S /,) $

li=(n-=1ilogh—-1i)—n-i+21)log(n—-i+l)+logh),i=1, ...,n,* 0log0=0.

g, Ho , #, kgl (*M&1 *1 $-  Qn.951 0"#-
1 Grané$ Fortiana (2009), /0) ) Q. # *I'$ " DFR (decreasing
failure rate) @& -*! - , #1 ) 1&&%$ $1 ! ( ) # *l -
$(" IFR (increasing failure rate) @ ! *.! o #1 ) 1&&% $.1 .
*#51 , Montazeri$ Torabi (2013)2) * ! P, "l /. 3 *I
/" $( I/ $-*! *0- Fp$ *1/*11 (1 N 1 $ '*(1 Fo*
*2( 11 /$- &" . 1 1 (! L $# 11 & &1 $ L& -
1.&"1" §°% Y = e Yo, Foy) = FoYw), - Folym)) $ Faly) =

(Fnlyw),---» Fn(Ym))-
COV : = COVEo(y), Fn(y))

1n . 1n 1.
== Fo(y)iln) =  F(y,) — i/n
n (Fo(Yq))i/n) n o(Ye) n
1. n1nr
=Fi . | FO(y(i)) Wi . Fo(y(i))
1 5
"z?i ) @i n DF(Yq)-
9,51 *3# * , $ VAT Ho , #, noxg ]
*1 COv.
$ CoOv* # | '5'# 51"I#$ $- 5! Fortiana$
Grané (2003). # "2#1 3! ! $3( $ %5 % F*( -
- &." I #5 , S # 1 2* # b Tl * ook -
*.1 &$& * 1 (Probability Integral Transformation Theoremg . Fo(. ) i X, ,
~U(0, 1)(d = : )-
+ Torabi Hamzeh,

Montazeri Narges H. & Grané Aurea (2018).
"1 (0!"& 1 ):

Baratpour, S. and Habibi, R. A. (201Zgsting goodness-of-fit for exponential distribntlmased on
cumulative residual entropfCommunications in Statistics - Theory and Methdds8, 1387-1396
https://profdoc.um.ac.ir/articles/a/1027517.pdf

Torabi, H., Montazeri, N. H. and Grané, A. (2018)wide review on exponentiality tests and two
competitive proposals with application on reliatyili Journal of Statistical Computation and
Simulation, 88:1, 108-139
https://www.researchgate.net/publication/319983296vide_review_on_exponentiality tests_and
_two_competitive_proposals_with_application_on afality
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1.10. Madukaife Mbanefo S. (2019

& k-
p- )
LT X # *# * 1§ # * 3& ( JHO#H$ IR $ %)
* 0 1 1 flx, )= e’*,x>0, >0% ' ¥ ) $ -
I*1 F(X)=1l-e’*,x>0, >0. ) , * #5 Q(p) /#!

o) =F ‘p= —2P 5 0,1)

yoooxX# o, %l ($&*$5() Y=X/ . V)1 !
, $-, *3& (Yl # o# * 1, ) B 1 1 8

$( ) $ 1xa ' o# # f(y)=e?,y>0% F(y)=1-e’,y>0
$ ) , * #5] , #3 xRy !

Qp) =F, (p) =-log(2-p),p (0, 1).

U # T #EY X, Xoee Xy L B(S . )5 o $(
L( $ 1%, | ™11 $1 , ,$($! , #I# # X,
Xommeey Xon » Xin #1 - ( *$ ,( [#* 5! n, (5!
# o Xen Xon ... Xan.  Xu$ Miao (2011) -5 ! p- , * * 1
$ 1YL K # L S H # /™ & p , * 1$ 1*1  #

I $)&& & k- ([ "I $( 11 /# 1, . , 1 s
., [/™$ p o, * *1$ 151 ,, *3&#8  * J ,$($ 51
1# 2 1/™ $1 H 1 $1*2 , #1"M5( 51 * $ $ -
11 , #  *B&H#8  * Fy(%)( % ). p (0,1),

J, =F H(p) = inf{x: Fn(x) P}
. YFa(X) =n* ';1|(x x), # *1 51, (5! #
[#* ,  # *$ 1 (#1* x/ *11  * n75 *1 51, (5!

[#* . # *$ 1 (#1* x# Fi@=j/n. 1,1 , p (0,1)* #
! " , j/n.  Madukaife (2018)/ 0 - ,2 1! jIn p
‘X;;n J|KKK 0,3&, # 1 Xu$ Miao (2011)$ Serfling (1980).

, , " , /™% p o, * *1 % Ixd ok # ! #
! Xmp (0,1), p j/n ,3&* I ) , -
1 D(Xin, Qu (@), P=j/nj=1,2,...n,, " § j*) b 5 ) * 0
51 /™ $1  $ &' *$I , * #5] o ( ) (S ,
Madukaife (2017% 1 Madukaife$ Okafor (2018, 20191 )' * 51 "51$!
,$&# 5! 5l /" I | * #5] , &' *e), * . I &"
$$ 1

~ 04 ~



DO4n. Q. ()= [X;, logh P

j1

s # 0 v ]l 0) , A 1% %1 $-
'*a , /™ $1 (1 , gl $&*$5.1 (,, '-! ) 5.5 Y
=x/X , X=n' " x. [l $1 5 $&*$5! , (-
5' &*3)|| 51 = 1ny « 2Ny=sy = NN - .j:n #I j' ( / ”*.! $( 5'
$&*$5 1 , (5 CHL, S p, j/n' M ,211 $)&&& -
, & F /$) 1 $#1 /] ™11 $.1 . van der Vaart (1998y 0
FiP)=.jn" P 71% #1101 * 5! )$ 5! /) * p -
EEEE 1§ I - % o (] $(
| p= no.5_% l$)8&& $ " 1 &' 1$&1, *L " $ -
$ ' '& []*.15! [#! ,
. 2
M= 5, log (11 09> (1.10.1)
1@ n =
$ I o@in)# /-, ™1$1  *)3& $  -*250 I

&5! 51 ' 1&&$ $! . " g( * 3& ) . , A

#H o3 %l I $&*$5( */I1$( $ ! $ 1,1 /1 0) ) -
* AL, 2% g @ 1e&S s # o Ml
) . % #5 1T*/1$1 $ '*@  # *$( . &"1 , # *
I 1$$ 1 " *M&1 *1 $- M,
"( (0!"&5 ):

Madukaife, M. S. (2019)An adaptive test for exponentiality based on erogirquantile function
International Journal of Statistics and Applicai&019, 9(4): 111-116
http://article.sapub.org/10.5923.j.statistics.2E®002.html
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¢ v otE @ 0l&" $&1, *A 0" ! $S$ -
X1 g ") *0 1% $1 $!*L $ 5 &2 1 (3-

! I $ I*1 L& 3 #8 ! ( &"*1 ,VH#HFN&
)&* 1 . . 1, !*11 &" ) 1 0 )8 *5 *1 $ *I1
*& 1, *#51  ( % 3 ).

2.1. & )
*1 211
$ 1% *1 #1 *3& (1 X* $ 151 F&" . % 3
) /0)) ) $'*( 3)1 )1 ) ) I N 1 X, Mx(t), # )-
: & t>0.
* #l :
e*dF(x)= " & t>0.
L, - #
Ixim e"P[X)x= " & t>0.
)2 #1 1 1) 110) 1 $1*1

F (X L PX>X

$
lim e“F(x)= " & t>0. (2.1.1)
$ 1% 3)1 )y .o o*r ) , # 3- O A
(Bryson (1974)). )&& &" ,* $ I!*(  * 3 ) ) ,"# Ly
* r sl 1 (3&, % . (211)% ) : 1 "$1 (1 )9)-
5, !'$*x& 1) 1 ¢ 1 11 . $1*x1 3| L #
Lror oo L 8&) L8 (), *# 0 * & 6&1 *1.9 3- #! )
& oo | &2'# (., 1/ h&"1 x1 b
fix)
$ %
Exponential oyl L

NTT . L .
J.L'J. 'r._'i-" 1&' 11-' Tl‘-'!.l.'l'r._-"f‘.

U

* 2118 $ $!'*( $ $'*( 3)1 n
( "( : bhttps://www.statisticshowto.com)

@

= X

~ 08 ~



1*1 3 )1 )1 # .. Weibull$ !¥ R* "3 ,) (-

* 1 (shape) <1, Paretds !*( R , Cauchy$ !*( R.
*1 2172
$ 1% *1 #1 * 3& (@1 X* ) $ I*(1 F&" .k
&2) ) (B I &2 )1 )1 ), ) , N 1 X, Mx(t), #!
* | " $), t>0.
* #l :
e*dF(x) < " %), t>0,
[&IC Y $ *1 )N | - Io# 3 )1 )1 .
$ 11 11 L.l &, 1 1, 3 s s
$1*x1 * &2) ) . OTH &, (" , F$ $ $
& "8 1)
1*1  &2)1 )1 # .. $1I$( $ !*( , Gumbel, Weibull* ,) -
* * 1 (shape)> 1.
fix)
$ ¥
Exponential

\% I )T

— X

* 2128 $ $!'*( ,$!'( 3)L )N &$ !¥ &2)1 )
( "( : https://www.statisticshowto.com)

" 0% "o S22
) ") &3 3 1 $ 1% 3)1 )1 ), )
oM $ I, g (T [#Y *3)&& &
1&$ ) *  (Mikosch, 1999) 2.3.
% ) I3 .3 1 S IF 31 )1 * *M& )
*1 213
$ 1% *1 #1 * 3& (1 X* ) $ I*1 F&" Lok

$)/0) ), )N " & t>0,
~99~



Ixim P[X)x t|X)x] =1

(1%
Fx+)~F(X$'1 x
A A [ D R
oL L, 38 %), 6& A/, 1 & )8 1
T3, )8&& 6 & #1
9&1 $ 11 * *M& ) .1 3) ) &) # 2 /I # &'1
$ # J1( % S( S IFl 23y ) /11 Mg )

"1 (0!"& 1 ):

S. G. Foss, S., S., Korshunov, D., Zachary, S.@)},3¥eavy-tailed and long-tailed distributionis,
book: An introduction to heavy-tailed and subexpuia distributions (pp.7-38)
https://www.researchgate.net/publication/226229¢thvy-Tailed_and_Long-
Tailed_Distributions

Statistics how to
https://www.statisticshowto.com/heavy-tailed-distition/

Wikipedia
2.2. - (log-concave) - (log-
convex)
*1 221
7V ) I #5! * 3& ! X, $ L* &" ™  -$#& (log-concavely)
N, ) X, X L x R*:f(x))0o,, f(X:R* R, S 1, -
1 ( (" 1$!1*1 )$ " % & [0,1],
f&xa+ (1 -8 %)  [f (x)]* [f (x2)] "™ (2.2.1)
X$ L* &" * -$ ) (log-convexly),)! ! (2.2.1) - L # $ - -
S
* -$ #& 1(log-concavep !*1 # .. /) SIS $ 1'%
*1/) (V8 ) S $ I, *U) Weibull $ *( * , )
* 1 (shape) 1, *!/) Gammas$ !*( * ,)* * 1 (shape) 1.
"o -$ .1 (log-convex)$ !*1 # .. (! $ )$ S $ '*( , Weibul
$ ¥ ) * 1 (shape) 1, Gamma$ !*( ) * 1
(shape) 1.
"( (0!"&5 ):

An, M. Y. (1995),Log-concave probability distributions: theory anttsstical testing,department
of Economics, Duke University, Durham, NC 27708-D09
https://econwpa.ub.uni-muenchen.de/econ-wp/gamerpé$11/9611002.pdf
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2.3." &

IS $"# S I¥ *3) ) # 51 #H* $ I | 2.1,
,$ S ) L # " - 10 1 #1 * 3& .1 X$ Y* $1( ' ¥
) $ I*1 (cdfF, #8 , | |/

P(X+Y >d) ~ 2F(d).

* &1 ,$ $1 $I1*1 .1 *M& ) ,&8) # 2 /!
Ho # & . | # . 3 #8 R ( 11 1 #
*M& )& 1 (Foss$ )&& ,2007): ) *  X+Y#H *"M& )N X, Y #!
& 1 )&&, * $ . (0, ( L #

r= X VI (2.3.1)
X Y

#o$1) 1., 1 )&& & ) ,) /- *3&.1 *3)&&! 0# ! ) (
1, R' # $!) 0$ * &2) ) # 'Y

P "k 8 H #51 * 3& | Xy...,Xn* X = max
Kooy Xo), 5 )5/ x # 1 "2 # 510(1:

P(Xy+ X +...+ Xn > d) ~ P(X(ry > d).

2 J#'S (Lehtomaa, 2015) A /1 R -! & -
"1$ $ *5 $.1 /1 11'# 1 [**11 #1 * 3& -
(1
G=R|X+Y>d (2.3.2)
L] * 8 $C " * 0 &" * -$ 1  (log-convexity)$ &" ' -
*-$& 1 (log-concavity). * &" * -3 & (log-concavity) #8
*$1x1 &2)1 )1, ! &" * -3 (log-convexity)* 3 .1 .1 (3&.,
An 1998). , () &#H Cs ! (232, # :
>
E(Cy) L h(d):EﬁX—YI X Y)d< (2.3.3)
@ Y <
* # 1 '5'#  51"4$ 5!, )5 ok Ok 14 # 8 0"
*M& d)! /- * 3& .1 *3)&& ! O# ) $ $!) 1" *M& d
)}, 1* 3& .1 #! o1 )y * :
Asmussers Lehtomaa (2017),./ 0! " 1&" ™ -$#&1(log-concave)
$ 1*1 ¢
limsuph(d) = (2.3.4)
d

" &" ™ -$ .1 (log-convex)$ !'*1 . *
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iminf h(c) % (2.3.5)

Asmussers Lahtomaa (2017) *,# ! box $( # 1 (2.3.3)
k2% D& . (! "# 1& * &(51 * 0 2) 1 * 331
# 1 1 (2.3.3)$ *, F LS 8 ( ' &" $&1, * -
"ar ' $$ g 1&&$ $! 3 ! $ /( &2 ! ro.

"( (0!"&5 ):

Karagrigoriou, A., Papasotiriou, G., Vonta, I. (202Goodness of fit exponentiality test against
light and heavy tail alternativedn “Statistical Modeling of Reliability Structureand Industrial
Processes”, CRC Press, Taylor & Francis Group

2.4.
S5 # * 1) $& # #5! * 3& ! Xee0y X0 & Yi,..., Y -
* % # 1 (2.3.3) #8 51 &" ) . # )
" RIX, Y)d
T(d, n) = 'ﬁRl( ) d) (2.4.1)
L AX X)) d)
| X Y|
=——i=1,...,n 2.4.2
R= (24.2)
1(A) 1.
Nonparametric Estimate of pdf of Test Statistic
O.‘O O.‘2 OLI O.‘E O!S 1.‘0

Exponential (shape parameter = 1), n = 100, 15000 simulations

& 2419% $( $!'*( - (* 1&" ) 1 Td,n)" /2 $1 *1 d
4&., $ Karagrigoriou, A., Papasotiriou, G., Vonta, |. 240)

x . )5 )2k $ 1% 1&" N 1 o #,
$11$( * *  * 05% -0 I)) d oy . & d' 0"'#
, $5.
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$ -

) -

) + 241 &" ) (24.1), # 51 "5°(C * /)

& '# #5! * 3& ! . I, #,5 5!/ 10) 5! $ $) $ !**15
#5! * 3& ! Zi,...,Lon" ¥, - $I#1! * , O#1l & 1"1'$
1.,/ 8-"1 5! $! * 3& ! . ) ), 10K - !
Xi=2Zoia Yi=2i

Nonparametric Estimate of pdf of Test Statistic
§ ©
O!O O.‘2 O!4 O.‘S O.‘8 170
Weibull (shape parameter = 1.5), n = 100, 15000 simulations
&) 2.4.2.Weibull* &2 ) ) () 1 * 1 (shape)=1.5n=100- (* 1
&" ) 1 "2 $1 *1 d
{&., $ Karagrigoriou, A., Papasotiriou, G., Vonta, |. 220)
") Weibull -3 ,3 n=50&n=100
Nonparametric Estimate of pdf of Test Statistic
0.‘0 Of2 0.‘4 O.‘G Ofﬁ 1.‘0
Weibull (shape parameter = 0.5), n = 50, 15000 simulations
&) 24.3..Weibull* 3 ) ) () 1 * 1 (shape)=0.5n=50- (* 1

&" ) 1 12 $1 *1 d
#&., $ Karagrigoriou, A., Papasotiriou, G., Vonta, |. 220)
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Nonparametric Estimate of pdf of Test Statistic

aaaao

=q80
=q85
=g90
=q95

T T T T T T
0.0 02 04 06 08 1.0

Weibull (shape parameter = 0.5), n = 100, 15000 simulations

&) 24.3: . Weibull* 3 ) ) () 1 * 1 (shape) =0.5n=100- (* 1
&" h 1 12 $1 *1 d
H&., $ Karagrigoriou, A., Papasotiriou, G., Vonta, |. 220)

(* 24.1,242, 244.8&245. [#!!1 09%) &" 1) ,

J#1 I (24.1). *  *( 05" ! $ $ $!¥ ,! " $1*1 &2)1
)1 51 Weibull* |, )* (* 1 (shape}t * 156 ,)* $&#* $1 1), (
Gamma* , )* * 1 (shapey * 168 ,)* $&A*S1LL)( &" *
$II$( LN* ) 1 (* 1 (sdlog)# * 04 & ,)* $&#* $ 1 (meanlog) 1)

% *$ , 05 $!*1 3)L )1 51 Weibull* ,)* (
* 1 (shape)# * 05($ ,)* $&#*$1 1),( Gamma* |, )* * 1
(shapey * 068 , )* $&A*SLL)( &" *HITH( LN* | )* * 1
(sdlog)# * 166 ,)* $&#* $ 1 (meanlog) 1) &" V) . *(ox
&- , 05 @&, (* 2.4.3.,24.33 2443 & 2.453). ( . &
* 1o )21 *a [#$ d. ' (! "$$ x| #,5 *
(O /2 $.1 *1 " d# 1* . /12 %) $ * 1 *, -
11$ 1%L $)5 , S, "$S 80 (g80), 85 (q85), 90 (q90)$ 95
@95)$ * ,$1 ., ! #5 1&" *$11$(1 LN$ 1*1
£ (0 " d , 12" $ , *51 1$!1*(1 $)5 ,
1, &) 1 1&&$S1 $ !*1 LN. ! $ ¢ 1$1*1 $ 1,1
* 38 /2. ., * A 2@ 1 % O G #o) -
! *"&- , 05" 3 .1 1 $ *3 , 05" &2 .1 d 0 &1 -
* *1 5!, * 5l *,-l (* 241, 2.4.2, 2.4.3,
24.33,24.4.,24.43,245. $ 2453/I , )8! "\ 1 $21 $ '*(1

. 1% 31 $ 11 (* 241#  # 10) L1
*, (/I '5# #o# 2. # - ") 1 1
Welbull$ I*@ , 1 Gamma$ !'*(1 $ 1 &" *$!1$1 LNS$ !'*(1 ( "
&2) $ " 3) )) (* 24.2,243.% 2433  Weibull, ( -
* 244. % 2443(" Gamma) $ * 245. % 2453(" &" * -
$I1$( LNY (¢ '1 L) $&HSL (S # * 12- $ I #
I&&#5  $&#* $ 1).

~ 104 ~



") Gamma 5138 --13 ,3

Nonparametric Estimate of pdf of Test Statistic

Q |
o _|
— d=q80
— d=g85
d=q90
® — d=q95
=
‘0
e L
[
[a]
< 4
_—
&
T T T T T T
00 02 04 06 08 1.0

Gamma (shape parameter = 1.6), n = 70, 15000 simulations

&  2.4.4..Gammad &2) ) () 1 (* 1 (shape)=1.6p=70- (* 1
&" ) 1 "2 $1  *1 d

Nonparametric Estimate of pdf of Test Statistic

T T T T T
00 02 04 086 08

Gamma (shape parameter = 0.6), n = 150, 15000 simulations

& 24.4:.Gamma 3 ) ) () 1 * 1 (shape)=0.6p=150- (* 1
&" ) 1 "2 $1  *1 d
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") LN ( % I( """ ) 513 --13 |3

Nonparametric Estimate of pdf of Test Statistic

=q80
=q85
=q%0
=q95

T T T T T
0.0 0.2 04 086 08

LN (shape parameter (sdlog) = 0.4), n = 20, 15000 simulations

& 245 . IN* &2) ) () 1 * 1 (sdlog) =0.4)n=20- (*

&" N 1 "2 %1 *1 d

Nonparametric Estimate of pdf of Test Statistic

o |
& 2|
— d=g80
— d=qg85
d=q90
© — d=q%
-
=
w
Ve
@
(]
o )
|
o5 ]
T T T T T T
0.0 02 04 06 0.8 1.0

LN (shape parameter (sdlog) = 1.6), n = 100, 15000 simulations

& 245 .LN* 3) ) () 1 * 1 (sdlog) = 1.6)n =100 - (*

&" N 1 "2 %1 *1 d
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$5 , )8* 1% $1 ' $1 1 (1 $!*L (.$)
&" ) 1 "1, 1281 C 1 1,-1 1 1 ., %
Sl * ) * * ) Bl /-, "-xI5] , ")25!  (3&, (*

2.4.6,2.4.7,2.4.8,2.4.83 2.409.., 2493, 2410 $ 2.4.103)

Empirical CDF of Test Statistic

1

= -
@O .|
o — d=q80
- d=q85
© | — e
= ©
E <
&
™
o
O‘ | T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
Exponential (shape parameter = 1), n = 100, 15000 simulations
& 246.% S $'*( -* $ .$ 1&" D 1 "2 %1
*1 d
Empirical CDF of Test Statistic
Q]
(<]
=
O .
= o
E <
=
(9]
=
et
o

T T
0.4 0.6 0.8
Weibull (shape parameter = 1.5), n = 100, 15000 simulations

& 247Webbul* &2) ) () 1 (* 1 (shape)=1.5n=100-%
. %1 & ) 1 " /2 $1  *1 d
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Fn(x)
00 02 04 06 038

") Weibull  -13 ,3 n=50&n=100

Empirical CDF of Test Statistic

o |
i
Q|
o — d=q80
d=q85
d=q90
© | — d=q95
-~ O
X
£
<
o
N
o i
L= R __‘(,sﬁ/
o

0.0 0.2 0.4 0.6 0.8 1.0
Weibull (shape parameter = 0.5), n = 50, 15000 simulations

& 248 .Webul* 3 ) ) () 1 (*1 (shape)=05p=50-* $
. $ 1 &) 1 " /2 $1  *1  d

Empirical CDF of Test Statistic

1.0

Weibull (shape parameter = 0.5), n = 100, 15000 simulations

&) 24.8-.Weibull* 3 ) ) () 1 * 1 (shape)=0.5n=100-* $(
.31 &)1 12 $1 *1 d
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Fn(x)

")

Gamma 513 --13 ,3

Empirical CDF of Test Statistic

cr
=
@ .
© — d=q80
d=085
d=q90
o | — d=q95
~ O
o
&
<
o
™
o
ol I
o

0.6 0.8 1.0

Gamma (shape parameter = 1.6), n = 70, 15000 simulations

&) 24.9..Gamma &2)
.31 &)

) () 1 (* 1 (shape)=1.6n=70-*$(
1 "2 $4 *1 d

Empirical CDF of Test Statistic

1.0

06 0.8

00 02 04

&) 2.4.9:. Gamma 3 )
.31 &)

0.4 0.6 0.8 1.0

Gamma (shape parameter = 0.6), n = 150, 15000 simulations

)y () 1 (* 1 (shape)=0.6p=150-* $(
1 "2 %1 *1 d
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") LN ( % I( """ ) 513 --13 |3

Empirical CDF of Test Statistic

Ccr——— |/ |/ —
b
«Q |
© — d=q80
d=q85
d=q90
o | — d=q95
—~ O
S
i
|
o
N
o
2.
O T T T T
04 0.6 0.8 1.0

LN (shape parameter (sdlog) = 0.4), n = 20, 15000 simulations

& 2410..LN* &2) ) () 1 (* 1 (sdlog)=04)n=20-% 3
LS 1 &Ny 1 "2 $1  *1 d

Empirical CDF of Test Statistic

=
0 |
o — d=q80
d=q85
d=qg0
w© — d=q95
= o
E <
-
(o]
S
o |
O. 777777;7777777777777777777777777777; 7777777777777777777777777777 — T T T
0.0 0.2 0.4 0.6 0.8 1.0

LN (shape parameter (sdlog) = 1.6), n = 100, 15000 simulations

& 2410:.LN* 3 ) ) () 1 * 1 (sdlog) = 1.6)n=100-* $(
C$ 1 &) 1 " /2 $1  *1  d
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91 , )5  $61 /" ( 1&" ) 1 I !

(241" &" $ $ 1 11 &2 (3! I 1&&$ S L1
$ 1 hd ,3&* ,'1 [ ! 51 O(1:
1 1
Hoh(d)== 1!  Heh(d) <= (2.4.3)
2 2
I, #,5 1&"™* -$& 1 (log-concavity), $ $( $ ¥ )]
J1 1&&$ $! &2 ! %
1 1
Hohd)== 11 Hyhd)> = (2.4.4)
2 2
I, #5 1&"* -$ 1  (log-convexity) , $ B $ ¥ )]
J1 r1&&$ $! 3 ! o
L&t 1 (2.43)$ (2.44),%-1 " 1 $&6 &5! 5
, $ 5! $,' ., 1 *5'# J1 *2#& 1 &"1 # /1] ! 1'"#
" I, #5 * $ B! 1&8&$ $!
1 1
Hoh(d)= 2 11 Hyh(d) 7 >0. (2.4.5)

"( (0!"& )

Karagrigoriou, A., Papasotiriou, G., Vonta, I. (202Goodness of fit exponentiality test against
light and heavy tail alternativedn “Statistical Modeling of Reliability Structuresnd Industrial
Processes”, CRC Press, Taylor & Francis Group

2.5.%

o L *1$) 8¢ " 1 o&" L, | (2.4.1)
#1 * 5 S 1* % $ * 5 $( 1/ $-+1 w0 &
201, *( d. I i I* Bl *M&5L %1 $ | R3#
$* 1 *x5$  *x K $ I *5$  [$* . 1 &"0* - -
"$& ,1&*3)! * [I1$# . 1 219 2). (* 251. $ 2513
, )8 * I *5$  *x. K $ 1 *5$ [ $+! & -
) $5 , 1S (/7 $ $ * ) 2)* n=75% * ¥
d# * 95 § * 1% 1*1 $)5 , *[1$( .9,51 2# x5 -
$(*. * # 050! *5 $( | $*! 0.00595
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meanz4

meanz4

meanz4

meanz4

varz4 varzd varzd

varz4

+, *I) $+ 1) -+ *I or" '+ %& +,'3 +
I
9]
= 0 5000 10000 15000
Index
21 i
o 0 5000 10000 15000
Index
al o
o 0 5000 10000 15000
Index
—x
$1 T
< 0 5000 10000 15000
Index
&) 251.. % ¥ F*( - * 5§ *, * (=050 1 &" ) 1 ,
n =75 d=q95
b —
g |
b= 0 5000 10000 15000
Index
= 0 5000 10000 15000
Index
1 =
o
= 0 5000 10000 15000
Index
o
<. 5 5000 10000 15000
Index
&) 25.1-. $ ¥ F*( - %5 [ $-*! (=0.00595 1 &" H 1

n=75d=q95
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I #'$ 251, )8* x5 $( *. *(, ! %59 [ $*! -

$ I x5 g (& 1 &" ) 1 $H5 , ! $°$
1 *1 d# 1* . /12 % $ = 1% %1 $!'*1 (1
$ 151 1*/1$@L "1 ) S "$$ o+ 80 (g80), 85 (485), 90 (q90)$ 95
@95)$ * $ n=3050 75 100 150,200$ 500 )2 1 *$/2 .1 - -
T Io*21 , I ( NG * (% $ -
$($ 1K * ) $&H$1 2, &&) 2- $ &"  #  18&#5
| $&#* S, *, - $), 11 )&& K" (1) *
#oo, &% .
251."( 1M ") S R $+ 1) L+ *IM o, '+
I b N # %& +,'3 +
trt )
d
( )
0.5 0.0055 0.074
0.5 0.00325 0.057
0.5 0.00216 0.0465
q80 0.5 0.0016 0.04
0.5 0.001065 0.0326
0.5 0.000805 0.0284
0.5 0.00032 0.018
0.5 0.00675 0.082
0.5 0.00395 0.06285
0.5 0.00262 0.0512
q85 0.5 0.00193F 0.044
0.5 0.001285 0.03585
0.5 0.000965 0.031
0.5 0.000385 0.0196
0.5 0.0091 0.0954
0.5 0.0053 0.0728
0.5 0.0035 0.0592
q90 0.5 0.00255 0.0505
0.5 0.0017 0.0412
0.5 0.00127 0.03564
0.5 0.00051 0.0226
0.5 0.0165 0.128
0.5 0.00925 0.096
0.5 0.00595 0.077
995 05 0.00435 0.066
0.5 0.00286 0.0535
0.5 0.00215 0.0464
0.5 0.00084 0.029
)5 $ $ x5S * K # ) # * %10) ,

X dG3&., (* 241$% 246%'1 $ #$ 251).,.&! , .
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, vy N *l/#1 (A n *$.1 30. ! -
L '# )91 2) * 38 (5% [$*! , *5 B, B& -
), ,51 2#! (* 241, 24.2, 24.3, 2433, 2.4.4., 2443, 2.45., 2.4.53,
246,24.7,2.4.8,24.83,24.9.,24.93,24.10. $ 24.103% I #$ 2510 )
, d$ n9 *"&! n" # d,*$ # *5 $( [ $-+1 (,
wgxll " $*-&1)$ KU g | d*  # n, 0) *5 $( | $*!
( ",&5*11 " $*-&1). o881 &1L, ! *o(*
(" *x 38 ., 0) *1 d$ , Nt $) K I#m -
1 (n=30.51n=500$ $*# * 3& ("$$ ! * 5 $( B -
,$& ), 95 , ¢ $ , , 0.047(" d# * 80 $ ~* 1% 31
$ !'*(1 ).510.077" d# * 9% $ ¢ R d# 1* 85 $
9 $ * 1% 30 $'*@ (&I( $5 , IS ), %5 $( -
$( L B& # # * 0.051$% 0.060!# (3&., Karagrigoriou, A., Papasotiriou, G.,
Vonta, I. (2021)). *5%1 /$% 1 " 1, )5 1 *1 d,& ) -
81,51 1*x1'1 1 *02- *58) &" ) #O$31 # * %
$5 , ! 1$%$ 1 . 3 !, )5 8( $&"'  O#5
2 #! ! - " NE) I - S |

Z : T(d ’n) 05 &N, +O0',/M

~ 40,1 2.5.1
sdd) O, 1) (2.5.1)
. sd(d) *# LS, $& 1&" 1) 1 $5 , ! $ S
N T L R #8 1 % [#$ d. !,1 , 51 I*1 1 x
( 1 *5$1 *1 *1$ /$*11 , , =l &" 1) #1
* 5 $) S $1I$( 51 2# (* 252..$ 25.23.

Nonparametric Estimate - The Standardized Test Statistic

1.0

08

06

= — d=q80
& — d=q85
@ d=q90
a

T T T T T T T
-3 -2 -1 0 1 2 3

Exponential (shape parameter = 1), n = 30, 15000 simulations

&) 252.. ,, *I &" N n=30
(+&., $ Karagrigoriou, A., Papasotiriou, G., Vonta, |. 220)
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Nonparametric Estimate - The Standardized Test Statistic

Density

S — d=q80
— d=g85
d=qa0
7 7 Exponentiali(shape parameter = 1), n = 75, 15000 simulations
& 25.2:.,, *I &" ) n=75
(+&., $ Karagrigoriou, A., Papasotiriou, G., Vonta, |. 220)

& , % -* M3 - ! N &" ) ! !
$&(, *"( * ) $#*  *#  (,..1.645" a=5%$ 1.28" a=10%),*, #
$, 1 !, " I $( oo, $#* *# $ | *(

*8#* 1 $( &" ) S, (* $) SH* r# Y2# | #
Log( 2- $#* *#  # 10) , xmr] [#* 1 , $')
r, Il *&MH# & $( " M& #1

H#H$1 2524 )15 $ $5* ,, *I $#* ¢ -
o1 $ 5/ ,&21 $ 3! ! 1&&$ $! ) ! , -
, * $#* HOo,, # 7 I $ $ .o 1 1&&$ $(1 3 )1 )1
(3&., (2.4.4) .| 5% # [ )

Z = M > 1645
sd(d)

$ . *1 1&&$$1 &2)1 )1 (3&, (2.4.3))!

Z = M < _1645
sd(d)

# 1 *1 " 10% #,/ *1$ 1 #  1.28% -1.28
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/)81 1 , )5 v, *l $#*  *# *8#E* 1 x5 §( *.

*( (0.510) : d$ ! *5 VB, $& ( 0) , d)
JHL* 1* ,, *xl1 *1,  [#) , 5 (" "$$ !l *1 d 3&.,
H'$  25.2):

Td, n) > 0.5 +z,sdd) (2.5.2)

3.1 1% " &2.1 1

T(d, n) < 0.5 +z, , sd(d). (2.5.3)

* " wp e &' (0 1&&S S( H IS( )

| T(d, n) | > 0.5 +z,,,sdd).

"$ $-1 &"1 #$1 253, . $ o, * O O*BH*
$3( $#H* *# . *1 121 ! *# o ($ 11 3 )1 )1 ).
$ *# $ 1 &2)1 )1 H)y# #1/'.* $ *214#8! LoH -
$ 254 , & * 1 #$1 253% 254/#! ! $# * #o, , -
#1 " ,8$8%1 $,-1 " & oo # 1 (*2 148! I #1$ 252
$ #1 * 11" 1 #'$1 253% 254)# $!) *, 5/ $ 3!
$# *51  *gHl ovooxn g1 $rH , n=30.51n=500 )"* ,od
=q95%$ 3 ) ), S$#* <# " ) *"'1 [#* 1 " a=5%#H # *
0.626665 ~ #! *  ,#,  *0- 1 *1 0547311Y$ 3.1 $#* *# " n=
500 .51 0.7066($ 3.1 $#* *# " n=30. $ &&& 1, !*11 -
&" ) 1 * $#* *# 51 | #$ 252, 0 ! *1 o
d$ ) *Mh [#* 1 ' *2! # *5 *1 )1 , * 5l
" *"l $ " - ,* 1 $2)&
25.2. +! + %! " P %&") + %) "(I"#
d=q95 d=q90 , .+
5% 1.645*0.077+0.56.626665 1.645*0.060+0.56€.5987 1.645
10% 1.28*0.077+0.56.5986 1.28*0.060+0.59.5768 1.28
5% -1.645*0.077+0.56.373335  -1.645*0.060+0.59.4013 -1.645
10% -1.28*0.077+0.58.4014 -1.28*0.060+0.59.4232 -1.28

( "( :Karagrigoriou, A., Papasotiriou, G., Vonta, 10¢21))
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25.3. +! %! ' $ %&") + %) "(I"# -3 ,3)
a=5%
n d=q95 d =qg90
0.626665 0.5987
500 0.5473111 0.5367998
(0.547705) (0.537177)
100 0.6081175 0.5836378
(0.60857) (0.5830725)
75 0.6258382 0.59744 1.645
(0.626665) (0.597384)
50 0.6544912 0.6182006
(0.65792) (0.619756)
30 0.7066 0.6537647
(0.71056) (0.656933)
a=10%
0.5986 0.5768
500 0.5372985 0.5290265
(0.53712) (0.528928)
100 0.5849879 0.565686
(0.58448) 56464
75 0.5974592 0.575677 1.28
(0.59856) (0.575776)
50 0.6195537 0.5921176
(0.62288) (0.593184)
30 0.659948 0.6195243
(0.66384) (0.622112)
( "( :Karagrigoriou, A., Papasotiriou, G., Vonta, I0221))
*+ 251:& 253 7
251
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25.4. + + % ' $ %&") + %) (1 (53 ,3)
a=5%
n d=995 d=q90
0.373335 0.4013
500 0.452295 0.462823
100 0.39143 0.4169275
75 0.373335 0.402616 -1.645
50 0.34208 0.380244
30 0.28944 0.343067
a=10%
0.4014 0.4232
500 0.46288 0.471072
100 0.41552 0.43536
75 0.40144 0.424224 -1.28
50 0.37712 0.406816
30 0.33616 0.377888
*y 252:& 254 7 25.1
"( (0!"&5 )

Karagrigoriou, A., Papasotiriou, G., Vonta, I. (202Goodness of fit exponentiality test against

light and heavy tail alternativedn “Statistical Modeling of Reliability Structureand Industrial
Processes”, CRC Press, Taylor & Francis Group

2.6.

"5 1*21 1&" ) 1 N L (41), # # o X
$), 5! )R, 10 (51 ! # ( $5, ! $$ A &" -
) I $&'# %58 SIS $ I . U I# L ;
X, (51 (,$) *"0 /#* 1), $ 1% 1&" ) 1 [no#) -
I o$11$( , 51 21#  , $5  (* L, - "H#, #l # S -
P B &1 1, 1, 1 *& #
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Histogram - Nonparametric Estimate of pdf of Test Statistic, Normal, Johnson SB
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5. 7 N
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0,‘3 O,‘4 0?5 O?G D??
Exponential (shape parameter = 1), d = g90, n = 100, 15000 simulations
& 26.1.$ $( B I*( - " - 1&"H 1 " d=q90,
n=100!!$( & Johnson SB !*(
, $! 1$11$1 $ !*1 * 2611/) % ok k(] %
1 & D) 1 (/' 0.4999394% ,3$( ,3%& FoLs( L $& 1 -
&" N 1 (/ :0.05109458). ! | # , 3! 1 Johnson SB$ !*(1
$ (3! : ) O# 1. $# 5! , * b5l 1 Johnson SB !*(1
) 1%$'1 $ Q-Q$ P-P/ ") MLox 1 RS 2#1 (*
2.6.2.
Histogram of data
Q-QPlot P-P Plot
& 262.% S $!'* () 1 (* 1 (shape)= 1) =q90 n =100 15000
*

, 1 -$# 5
5 *1 1&" N 1 &,$
Q- P-P/ ")
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3) (* 261 & 262 &" ) $&'# SIS, &&) $

Johnson SBb !*( . &1 1)&&1, , 1 Lo L x&H ()] R20 -
8! ),%5 , ! &% , k% #l #o, &" ) $& '#
$11$( , &&) $ Johnson SBS !*( . ,.&! ,&"# * I (, 3)&& )$- 5
((excess) kurtosis¥h &0 (skewness) 5! * | 1 &" ) 1 $ #
-0.000959406% -0.005878913! # A&IC , #, 0,51 13%$!''$1 $ !'*a
, 151, 2- $- 5 #o, #, 0, *1 1 & ) 1 $ #! , 1
)$ 51, # 1$11$1 $1*1 $ 2- &0 #o,# 0 1 1
&" ) 1 # 51 | # 1$11$1 $ 1*1
3)Weibull &2 ) ) () 1 (* 1 (shape)=15(&&3$ $( ' )
Histogram - Nonparametric Estimate of pdf of Test Statistic, Normal, Johnson SB
= L.TX:V_-'T\\‘\ == Johnson SB
A L Ne Normal
; f W Test Statistic
g < Ffjj_ b
ofz 03 074 05

Weibull (shape parameter = 1.5), d = 90, n = 100, 15000 simulations
&) 2.6.3.Weibull* &2) ) () 1 * 1 (shape) =1.54=9q90 n=100-

"ok - o1& N 1 , 11$( & Johnson SB ! %(

, ¥ : S5L 1 & 8 $ ! ,, .86 * 263" !'$ -
1% Weibull* &2) ) () 1 * 1 (shape) =13 , ) 1  $&#$1
(scale) = 1)./ *, (% (0, 8& 1 &" ) 1 #! 0.346592%
0.04780165 ! # ! (, 3)&& )$-5 $ &0 #  0.01707696%
0.09283394! # L&, * *1 1(,3)&& 1 )$51 $ 1&0 1 #
sl 2- &™) % $5 , *1 1$# 1 )%

, , A1 1811 '@ $ 2- . " P &O vy )8 * -
$( ) ,1 /0) (,*$ =11 *x1,1 /0).

3) (* 26.3% * | * &" ) $& '#
Johnson SB !'*( , &&) $ , #, SIS $ I*( ! - *)x :
12, * |,k Y2, , 1'$5 $ &0 .

&1 1)&&1, , 1 , .1 *& '# (/I [ *2w8! ), $)5 , Weibul & -
2) ), *F #! #o, &" ) $& '# Johnson SB !'*( , &-
&S$ ,# SIS B! = ) ,, ] , !'$5 %
&0 .
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Weibull (shape parameter = 0.5), d = q95, n = 50, 15000 simulations

2.6.4. . Weibull* 3 )
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, ., 51 1,, 1 $ 3($ $( $ Weibull &2) ) ),
, $6! (* 264.$ 2643" | $ I*( Weibull* 3 ) ) () 1
(* 1 (shape)=0% ,)* 1 $&#* $ 1 (scale) = 1)./ *, (% 8, -
$& 1 &" H 1 " (* 2.6.4. # 0.73491133 0.06835904! # $
" * 2.6.43 #! 0.7345843% 0.04831066! # , ! (, 3)&& )$- 5
$ &0 " * 2.6.4. #!' 0.1455739% -0.2593728!# $ " *
2.6.43 #!' 0.078025665 -0.1748451!# B *1L 1 (,3)&& 1 )
$51 # "$1,! 1&0 1 ! $1 .2- &" ) T
5 , *x1 1$# 1 )% 1 1sUs@ s IfQ (-
* 264 , $5 # *"& )$ 2- . 1 $ &0
, )8 *s( ) L1 ) (,*$ %11 *1,1 ) G
* 264. , &0 $ ', & X(# *U & ).

3) (* 26.4.$ 2.643*% -* | * &" 1)
$& '# Johnson SB !'*( , ,# 8 $& , SIS $ 1% (/19)
" x$1 *1  n3&, (* 264.) +3#1$ SIS $ ¥ )8 (/9)
*M&g1 *1  n), &&) - ! ) . 12.% Y ) -
"2, - , I $- 5 $ &0 : &1 1)&&1, , 1 y .-
I ox& '# (/ /! *2wm8! ), $)5 , Weibull3 ) ) , *. * #! #
/I, &" $& '# Johnson SBb !'*( , &&) $ , #, SIS $ ¥
(/%) " *M& n)* * ) ,, ] , !'%5 §% &0

/)Gamma&2) ) () 1 * 1 (shape)=1.6)(&&S$ $( ,' )
&Gamma3 ) ) (,)* 1 * 1 (shape)=0.6)(&&$ $( ,° )

Histogram - Nonparametric Estimate of pdf of Test Statistic, Normal, Johnson SB
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Gamma (shape parameter = 1.6), d = g85, n = 70, 15000 simulations
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.o - (* 1&" ) 1 , 11$( & Johnson SB !*(



Histogram - Nonparametric Estimate of pdf of Test Statistic, Normal, Johnson SB

— = Johnson SB
Normal
Test Statistic S
r ]
# . S
© o I A
r
i N
/ 5
= 4 i
% ;.f LY
% 4 &
a f.’ L ¥
e 1
LY
rd 3
/ b
o
y
&
& . \ﬁ
o i — | ""'-n.,
T T T T 1
04 05 06 07 08

Gamma (shape parameter = 0.6), d = q85, n = 150, 15000 simulations

&) 265 .Gamma 3 ) ) () 1 * 1  (shape) =0.64 =085, n=150 -

mee L 1&" ) 1 , 11$( &Johnson SB !*(
* 51 * "ol (* @ 11! 1 ,.$6! (*
265 $ 2653" | $ I* Gamma &2) ) () 1 (* 1 (shape)=1.6

$ ) 1 $&H#*$1(scale)=1% * 3 ) ) () 1 (* 1 (shape) = 0.6
D I | $&#* $ 1 (scale) = 1)./ *, (% S, $& 1 &" ) 1

(* 2.6.5. #!' 0.4132566% 0.03637321!# $ " * 2.6.53 #!
0.60011665 0.05691612! # 1, 3)8& )$-5 $ &0 " ( -
* 2.6.5. # 0.03576991% 0.06826947! # $ " * 2.6.53 # -0.00439130
$ -0.07354873! # ., %151 - | *)* , . F , 12 -
$($5 $ &0 (* 265)$ " $5 ,# 0$ " ! $ &0
((* 2.6.53).

3) (* 265 $ 2.653*% -* | * &" )
$& '# Johnson SB !'*( , &&) $ , #, SIS & I¥( ¢ *)* ,
] , 1'$5 $ &0 $) 2) . &1 1)&&1, , 1 , .-
Lo*& "# (] ! *2148! ),$)5 , Gamma&2) $ 3 ) ) , . -
o #, &" $& '# Johnson SB '*( ,&&%)$ ,# B! -
(P I¥ *)* ,, ! , !'%5 § &0
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JLN &2) ) () 1 (* 1 (sdlog)=0.4)(&&$ $( ' )
&LN3 ) ) () 1 * 1 (sdlog)=1.6)(&&$ $( ,° )

Histogram - Nonparametric Estimate of pdf of Test Statistic, Normal, Johnson SB
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951 " ($* , "RIBL L s *) 5 @ 1! 1 ," -
($* $ " I, "5Y( 5!/ *) 5l 26.6. $ 2.6.63" &" *H11$( LN
$ I * &2) ) () 1 (* 1 (sdlog)=04% ,)* 1 $&#* $ 1 (scale)
=% *3) ) () 1 (* 1 (sdlog)=1.6 ,)* 1 $&#* $ 1 (scale) = 1).

/ xS S, $& 1 &" ) 1 " * 266 #
0.2186727% 0.03606583! # $ " * 2.6.63 # 0.6861717% 0.04368113 -
| # L1, 3)8& )$-5 $ &0 " (*  26.6. # 0.003687514
$ 0.1875808! # $ " (* 2.6.63 # 0.0781598% -0.1037471!# C, -
*151 - | * ) * L. 12 " $5 ,# 0% ' $ &O -
((* 266)% " "$ $5 $ ! $ &0 ((* 2.6.63).
3) (* 2.66. $ 2.6.63*% * | * &" )

$& '# Johnson SBS !*( , ,# )8 $& , P$Isg $ 1% , &&)
$ .#  $IIB $ 1 7 ) ,, ) , !'$5 $ & -
0 $) 2) . &1 1)&&1, , 1 ., .1 *& # (/ [ *2mw8l ),

$)5 , &" *$11¥ LN &2) $ 3) ), *. * W, &

)] $& '# Johnson SBb '*( , &&)$ ,#  $!I$( B ¥ * *,

) * , , ] , ' $ 5 $ &0

(* 2.6.1,26.2,26.3,2.6.426.43,265. $ 2653 *,('$ d -
L $ $!'*( ,! " (* 266. % 2663 *, (% d, I $) -

1&&$ $( (&" *$!1$( L)$ %
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)& 3

Exp(2) L+

n =20, 50, 70, 100, 200



3.1."

N RS & $$ 1 . 0 # 51,1 *"'1 &." -
( # # (" ), /), 01 2& 1 - /&I (2&.11 ) -
C 61 112 01,0 (o# &'(1) $, ¢ -
$! 15000, * 1 )2 R 1 $R#L , n=20.51n=200
("$$*! n=20,50, 70,100,209 " d# * 80,85,90$ 95 $ *
1% $1 $ %1 . *'# $ 1% # 1&&#5 ! $&#*$ $ ,*I51
(1 ,&™I1 % V. v # (] ,&0* $&#*$ 2). , &* -
non =1%$ = 5%/# ! 1 #$1 3138 $ $ * !
G N

- &" (=P(/l ) 0)8* $ /- $ &2.1 % 3 .1 ( -

A1) 1&&$ $1 * ™ L # 15000, * 5! " 1)2 AR I - S A
$*# , Nn=2051n=200("$$ *! n=20,50, 70, 100, 200). , )8 *

- $ I'*(  Weibull* , )* (* 1 (shape parameter) * $!# , ! ¥
$C,1 , $ -1 Co*1 o *m& 1, 1121 &2)1 )1
18&% $.1 (#1$1 3.1-32),! *1*$ 1 , 1 3)1 )1 '&8&$$1 (#$1
3.3-34). -1 0) $'1 , 5% , *$) m!1 0 .3 & -
$* $ " 1&&$ $1 $I1*1 & $!) ! S S ! /s ).
11 , 1 b5l *H$ o # -1, ,.%$6 * 11 d# * 80,85, 90
$ 95 $ ¢ 1$ 31 $'*a2a ! $1, !5 *# o #l -1
, , .56 * 11 d# * , 12" $ 1 1&&$ $(1 $ -
11 ( # - $ 1 ,*11 #$1l). 1&*3)* $ 15 # -
18&&#5 | $&H#*S . 1 Weibull &2 .1 .1 *, ($ $&HS 1 (#H  #
[ *b1 | | * (% $&H#*$ 2), ! " 1 Weibull3 .1 .1 $&#*3$ 2. #-
I$1 3.5-3.6$ 3.7-3.8, . ! N 1 18&$ $.1 $ 1%1 )
$ &" *$II$( . 0 8*I11 ,, 1 * $I- on , ! $ % $
5,1 %) $ - . "$$ KL, ) 1)) "2 1 1
() 1, * (* 1 (shape parameter)! , #,5 13$!1*(2 )™ (&2 .1
1 " *1*"& 1, 1$ 3.1 1 " *1*$ 1 . 1D$ (3! &"-
1 ,$(1 ,$& 1 (sdlog) ! , #5 1&" *$11$(1 $ 1%L (& -
2.1 1" *1*$ 1 , 1$ 3.1 .1 " *1 *"& 1 , 1) 1% -
*1 )y &" *$I$H( A P&H* S 2. &" *$I1$(

- &" # 1&&#5 I $&#*$ | *O# d, !
1&&$ $( (&" SIS IS !I*( $ ., ! $ $( .951 I*1 |

& * & 18&%$ %) ) #o &, * &"5 "1l

k1 & ) . I (24.0),# *5%)  $!I1$ 10) ,
LoS#l S IR . L [ 2)  # ,$! 1&" ) 1 $)5 ,

I $ 3 31 05! $5 , &1 1)&&1%$ !'*1 , & 1
R L (*$ . 05N0&" * 1 .$ " 3) (&2) )
I # G..3& (* 24.1,24.2,243,24.33,24.4..,2443,245. $ 2.453).
1 0 $'1  n*r&! o, 00 #1 | * # d# * 80 $

* (1% $1 ( 1'1&&$$1 $!*@ ), $1 , !  #5 18" ™% -
$11$L 3 )L )L * d, ! 1&&$ H( (&" *SUS(  )$ 1% . & #
Lorrg) 1 x # d, ! $ $ $!'* " &2.1 1 ,%$1, !, -
#,5 1$ 1*@ ), # $& Ik # d, | 18&$$( $ -
%, 131 1 # "1$) $& 1 x # d, | 188&$ $(
$ 1% ,$1, ! ,#5 1)y, #H $& Lox # d, |
$ S 5 X
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3.1. $% ( %! ' I'# ! $ & "("#
& +&. $%&, -" "I" 51% ,$ Weil9-1.2
=1%
I'g ! $ %&

513 3 20 50 70 10( 200
d=q95 9% *

0.009 0.012 0.010 0.010 0.012
Wei 1.9 0.001 (0.195)  0.365 (0.667) _ 0.78BQ6)  0.968 (0.902)  1.000 (0.991)
Wei 1.8 0.002 (0.170) 0.273(0.600)  0.632%9) 0.913 (0.873) 1.000 (0.988)
Wei 1.7 0.003 (0.140)  0.190 (0.531)  0.50888)  0.800 (0.819) 0.998 (0.978)
Wei 1.6 0.002 (0.112) 0.131(0.421)  0.359 (0.587) 0.635 (0.735) 0.980 (0.948)
Wei 1.5 0.004 (0.088) 0.085 (0.326)  0.241 (0.465) 0.433 (0.611) 0.906 (0.887)
Wei 1.4 0.005 (0.067)  0.058 (0.224)  0.18336) 0.266 (0.453) 0.708 (0.757)
Wei 1.3 0.005 (0.044) 0.036 (0.138)  0.002Q7) 0.136(0.283)  0.416 (0.527)
Wei 1.2 0.006 (0.029)  0.023(0.071)  0.083Q5) 0.061 (0.134)  0.170 (0.265)
d=q90 9 %

0.009 0.009 0.009 0.012 0.010
Wei 1.9 0.100 (0.329) 0.798 (0.856)  0.964 (0.958) 0.998 (0.993)  1.000 (1.000)
Wei 1.8 0.075 (0.278) 0.681 (0.775) 0.902 (0.919) 0.991 (0.981) 1.000 (1.000)
Wei 1.7 0.059 (0.217) 0.540 (0.683) 0.796 (0.847) 0.961 (0.954) 1.000 (1.000)
Wei 1.6 0.045 (0.164) 0.395 (0.549) 0.650 (0.729) 0.878 (0.891) 0.999 (0.997)
Wei 1.5 0.036 (0.121) 0.265 (0.407) 0.468 (0.582) 0.703 (0.767) 0.988 (0.981)
Wei 1.4 0.028 (0.086) 0.162 (0.271) 0.288 (0.408) 0.481 (0.573) 0.908 (0.912)
Wei 1.3 0.020 (0.057) 0.089 (0.156) 0.152 (0.237) 0.259 (0.348) 0.667 (0.702)
Wei 1.2 0.016 (0.034) 0.046 (0.078) 0.072 (0.108) 0.105 (0.156) 0.317 (0.368)
d =85 8 $

0.010 0.008 0.010 0.010 0.012
Wei 1.9 0.247 (0.392) 0.916 (0.934)  0.988 (0.988) 1.000 (1.000) 1.000 (1.000)
Wei 1.8 0.189 (0.323) 0.839 (0.875)  0.957 (0.963) 0.998 (0.998) 1.000 (1.000)
Wei 1.7 0.142 (0.254) 0.722(0.779) 0.890 (0.913) 0.988 (0.985) 1.000 (1.000)
Wei 1.6 0.104 (0.184) 0.570 (0.641) 0.769 (0.805)  0.944 (0.951) 1.000 (1.000)
Wei 1.5 0.077 (0.129) 0.401 (0.485)  0.589 (0.649) 0.826 (0.854) 0.995 (0.994)
Wei 1.4 0.052 (0.091) 0.257 (0.322) 0.385 (0.451) 0.614 (0.668) 0.946 (0.951)
Wei 1.3 0.034 (0.058) 0.141 (0.184) 0.203 (0.255) 0.358 (0.411) 0.743 (0.759)
Wei 1.2 0.024 (0.034) 0.069 (0.092) 0.091 (0.113) 0.153 (0.184) 0.367 (0.393)
d =80 8 $ *

0.011 0.009 0.010 0.010 0.012
Wei 1.9 0.370 (0.452) 0.956 (0.965) 0.995 (0.995) 1.000 (1.000) 1.000 (1.000)
Wei 1.8 0.293 (0.371) 0.903 (0.917) 0.979 (0.982) 0.999 (0.999) 1.000 (1.000)
Wei 1.7 0.218 (0.286) 0.806 (0.838) 0.935 (0.947) 0.993 (0.993) 1.000 (1.000)
Wei 1.6 0.157 (0.209) 0.670 (0.703) 0.841 (0.852) 0.968 (0.968) 1.000 (1.000)
Wei 1.5 0.112 (0.143) 0.491 (0.540) 0.674 (0.709) 0.871 (0.887)  0.998 (0.997)
Wei 1.4 0.075 (0.099) 0.327 (0.359) 0.467 (0.502) 0.681 (0.708) 0.968 (0.969)
Wei 1.3 0.045 (0.059) 0.179 (0.204) 0.249 (0.287) 0.411 (0.441) 0.809 (0.811)
Wei 1.2 0.030 (0.033) 0.086 (0.098)  0.108 (0.125)  0.173(0.192) 0.422 (0.444)
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3.2. $% ( %! ' I'# % %& (M#
& +&. $%&, -" "I" 51% ,$ Weil9-1.2
=5%

I'# ! $ %&
513 3 20 50 70 100 200
d=q95 %Bg *

0.049 0.050 0.048 0.053 0.054
Wei 1.9 0.216 (0.543)  0.887 (0.830) 0.986 (0.905) 0.999 (0.955) 1.000 (0.997)
Wei 1.8 0.180 (0.498) 0.803 (0.788) 0.957 (0.881) 0.996 (0.943) 1.000 (0.996)
Wei 1.7 0.148 (0.442)  0.695 (0.740) 0.898 (0.845) 0.979 (0.920) 1.000 (0.993)
Wei 1.6 0.126 (0.379)  0.562 (0.662) 0.795 (0.784) 0.934 (0.879) 1.000 (0.984)
Wei 1.5 0.111 (0.316)  0.431(0.574) 0.656 (0.700) 0.815 (0.804) 0.992 (0.964)
Wei 1.4 0.091 (0.247)  0.304 (0.463) 0.484 (0.585) 0.642 (0.687) 0.938 (0.906)
Wei 1.3 0.074 (0.192)  0.208 (0.337) 0.318 (0.438) 0.433(0.525) 0.766 (0.760)
Wei 1.2 0.063 (0.131)  0.130 (0.213) 0.192 (0.277) 0.243(0.324) 0.471 (0.523)
d=q90 9 % *

0.051 0.050 0.049 0.055 0.050
Wei 1.9 0.555 (0.670)  0.979 (0.965) 0.999 (0.993) 1.000 (0.999) 1.000 (1.000)
Wei 1.8 0.475 (0.603) 0.950 (0.931) 0.993 (0.983) 1.000 (0.998) 1.000 (1.000)
Wei 1.7 0.384 (0.529) 0.891 (0.889) 0.973 (0.961) 0.998 (0.992) 1.000 (1.000)
Wei 1.6 0.312 (0.442) 0.797 (0.805) 0.922 (0.909) 0.986 (0.974) 1.000 (0.999)
Wei 1.5 0.245 (0.361) 0.659 (0.695) 0.820 (0.829) 0.936 (0.928) 0.999 (0.997)
Wei 1.4 0.185 (0.277)  0.491 (0.562) 0.657 (0.689) 0.817 (0.823) 0.984 (0.978)
Wei 1.3 0.130 (0.205)  0.331 (0.399) 0.447 (0.510) 0.609 (0.642) 0.893 (0.883)
Wei 1.2 0.098 (0.138) 0.194 (0.240) 0.261 (0.307) 0.348 (0.397) 0.606 (0.625)
d =85 8 $ *

0.051 0.047 0.048 053 0.053
Wei 1.9 0.717 (0.763)  0.994 (0.991)  1.00@99)  1.000 (1.000) 1.000 (1.000)
Wei 1.8 0.638 (0.690) 0.979 (0.976) 0.998 (0.997) 1.000 (1.000) 1.000 (1.000)
Wei 1.7 0.531 (0.604) 0.944 (0.944) 0.990 (0.986) 0.999 (0.998) 1.000 (1.000)
Wei 1.6 0.438 (0.511)  0.875 (0.876) 0.961 (0.958) 0.995 (0.992) 1.000 (1.000)
Wei 1.5 0.346 (0.402)  0.760 (0.769) 0.891 (0.892) 0.962 (0.964) 1.000 (0.999)
Wei 1.4 0.254 (0.315) 0.589 (0.622) 0.755 (0.764) 0.874 (0.878) 0.993 (0.991)
Wei 1.3 0.180 (0.223) 0.405 (0.446) 0.541 (0.565) 0.675 (0.697) 0.931 (0.927)
Wei 1.2 0.125 (0.141) 0.240 (0.262) 0.322 (0.349) 0.395 (0.428) 0.663 (0.677)
d =80 8 $ *

0.051 0.049 0.048 0.049 0.052
Wei 1.9 0.785 (0.803)  0.997 (0.997)  1.000Q0)  1.000 (1.000) 1.000 (1.000)
Wei 1.8 0.708 (0.733) 0.989 (0.989) 0.999 (0.998) 1.000 (1.000) 1.000 (1.000)
Wei 1.7 0.603 (0.649) 0.965 (0.966) 0.994 (0.993) 1.000 (1.000) 1.000 (1.000)
Wei 1.6 0.499 (0.544)  0.912(0.908) 0.973(0.974) 0.998 (0.997) 1.000 (1.000)
Wei 1.5 0.397 (0.426)  0.812 (0.816) 0.917 (0.919) 0.979 (0.980) 1.000 (1.000)
Wei 1.4 0.295 (0.328) 0.650 (0.667) 0.796 (0.793) 0.913(0.913) 0.997 (0.997)
Wei 1.3 0.207 (0.226) 0.460 (0.481) 0.582 (0.602) 0.733 (0.744) 0.953 (0.951)
Wei 1.2 0.140 (0.145) 0.270 (0.289) 0.343 (0.367) 0.450 (0.463) 0.720 (0.723)
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3.3 $% ( %! ' I'# ! $ & "("#
& +&. $%&, - " "I" - 1% . $ Wei0.9-0.2
a=1%
13 3 I'# ! $ %&
’ 20 50 70 10( 200
d=q95 95 $
0.009 0.012 0.010 0.010 0.012
Wei 0.9 0.027 (0.011)  0.043 (0.022) 0.048 (0.025) 0.059 (0.033) _ 0.110 (0.080)
Wei 0.8 0.050 (0.015)  0.117 (0.050) 0.156 (0.080) 0.215 (0.125) 0.422 (0.336)
Wei 0.7 0.100 (0.021)  0.265 (0.129) 0.357 (0.216) 0.474 (0.355) 0.788 (0.775)
Wei 0.6 0.197 (0.032)  0.478 (0.299) 0.605 (0.486) 0.756 (0.703) 0.959 (0.980)
Wei 0.5 0.333(0.060)  0.690 (0.581) 0.818 (0.799) 0.917 (0.946) 0.996 (1.000)
Wei 0.4 0.505 (0.127) _ 0.844 (0.853) 0.927 (0.967) 0.981 (0.997) 1.000 (1.000)
Wei 0.3 0.697 (0.280) 0.937 (0.978) 0.981 (0.999) 0.996 (1.000) 1.000 (1.000)
Wei 0.2 0.840 (0.536) 0.978 (0.999)  0.995 (1.000) 0.999 (1.000) 1.000 (1.000)
d=q90 9 %
0.009 0.009 0.009 0.012 0.010
Wei 0.9 0.027 (0.016) 0.044 (0.033) 0.056 (0.044) 0.077 (0.057)  0.131 (0.116)
Wei 0.8 0.065 (0.039) 0.143 (0.098) 0.197 (0.149) 0.288 (0.234) 0.537 (0.491)
Wei 0.7 0.146 (0.073) 0.344 (0.261) 0.460 (0.392) 0.625 (0.578) 0.900 (0.902)
Wei 0.6 0.279 (0.154) 0.611 (0.530) 0.746 (0.728) 0.891 (0.887) 0.993 (0.997)
Wei 05 0.447 (0.300) 0.819 (0.817) 0.927 (0.937) 0.981(0.990) 1.000 (1.000)
Wei 0.4 0.637 (0.524) 0.942 (0.967) 0.984 (0.996) 0.998 (1.000) 1.000 (1.000)
Wei 0.3 0.801 (0.754) 0.987 (0.998) 0.998 (1.000) 1.000 (1.000) 1.000 (1.000)
Wei 0.2 0.905 (0.929) 0.998 (1.000)  1.000 (1.000) 1.000 (1.000) 1.000 (1.000)
d =85 8 $
0.010 0.008 0.010 0.010 0.012
Wei 0.9 0.029 (0.026) 0.046 (0.041) 0.064 (0.058) 0.085 (0.071) 0.157 (0.149)
Wei 0.8 0.081 (0.060) 0.163 (0.136) 0.243 (0.215) 0.332 (0.302) 0.619 (0.589)
Wei 0.7 0.187 (0.134) 0.400 (0.356) 0.552 (0.512) 0.708 (0.684) 0.947 (0.951)
Wei 0.6 0.346 (0.268) 0.692 (0.650) 0.828 (0.835) 0.941 (0.941) 0.998 (0.999)
Wei 05 0.552 (0.478) 0.887 (0.894) 0.967 (0.974) 0.994 (0.997) 1.000 (1.000)
Wei 0.4 0.735 (0.709) 0.974 (0.987) 0.996 (0.999) 1.000 (1.000) 1.000 (1.000)
Wei 0.3 0.882 (0.884) 0.998 (0.999) 1.000 (1.000) 1.000 (1.000) 1.000 (1.000)
Wei 0.2 0.957 (0.976)  1.000 (1.000) 1.000 (1.000) 1.000 (1.000) 1.000 (1.000)
d =80 8 $
0.011 0.009 0.010 0.010 0.012
Wei 0.9 0.031 (0.028) 0.050 (0.046) 0.064 (0.062) 0.085 (0.075)  0.184 (0.178)
Wei 0.8 0.085 (0.071) 0.181 (0.160)  0.260 (0.246) 0.356 (0.334) _ 0.681 (0.667)
Wei 0.7 0.196 (0.163) 0.436 (0.410) 0.599 (0.573) 0.747 (0.732)  0.970 (0.971)
Wei 0.6 0.375 (0.326) 0.736 (0.717) 0.870 (0.875) 0.961 (0.958)  0.999 (1.000)
Wei 0.5 0.587 (0.556) 0.922 (0.928) 0.981 (0.985) 0.998 (0.998) 1.000 (1.000)
Wei 0.4 0.784 (0.779) 0.986 (0.994) 0.998 (1.000) 1.000 (1.000) 1.000 (1.000)
Wei 0.3 0.920 (0.924) 0.999 (1.000)  1.000 (1.000)  1.000 (1.000) 1.000 (1.000)
Wei 0.2 0.978 (0.988)  1.000 (1.000) 1.000 (1.000) 1.000 (1.000) 1.000 (1.000)
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3.4 $% ( %! ' I'# ! $ & "("#
& +&. $%&, - " "I" - 1% . $ Wei0.9-0.2
a=5%
13 3 I'# ! $ %&
’ 20 50 70 100 200

d=q95 %Bg *

0.049 0.050 0.048 0.053 0.054
Wei 0.9 0.103 (0.066)  0.140 (0.103) 0.150 (0.116) 0.192 (0.149)  0.271 (0.236)
Wei 0.8 0.176 (0.102)  0.280 (0.201) 0.344 (0.268) 0.441 (0.376) 0.641 (0.617)
Wei 0.7 0.291 (0.156)  0.487 (0.393) 0.580 (0.519) 0.706 (0.688)  0.907 (0.934)
Wei 0.6 0.435 (0.248)  0.690 (0.640) 0.785(0.801) 0.892(0.921)  0.986 (0.997)
Wei 0.5 0.590 (0.407)  0.836 (0.870) 0.914 (0.958) 0.968 (0.993)  0.999 (1.000)
Wei 0.4 0.728 (0.610)  0.928 (0.976) 0.967 (0.998) 0.992 (1.000) _ 1.000 (1.000)
Wei 0.3 0.850 (0.810)  0.971(0.999) 0.991 (1.000) 0.999 (1.000)  1.000 (1.000)
Wei 0.2 0.924 (0.949)  0.991 (1.000) 0.998 (1.000)  1.000 (1.000) 1.000 (1.000)
d=q90 9 % *

0.051 0.050 0.049 0.055 0.050
Wei 0.9 0.110 (0.091)  0.154 (0.135) 0.177 (0.157) 0.221 (0.189)  0.316 (0.300)
Wei 0.8 0.206 (0.167) 0.342(0.302) 0.419(0.385) 0.526 (0.494)  0.755 (0.752)
Wei 0.7 0.352 (0.288) 0.591 (0.559) 0.697 (0.674) 0.822 (0.821)  0.968 (0.976)
Wei 0.6 0.524 (0.452) 0.809 (0.804) 0.888 (0.912) 0.964 (0.973)  0.999 (1.000)
Wei 05 0.693 (0.654) 0.926 (0.953) 0.976 (0.989) 0.994 (0.999)  1.000 (1.000)
Wei 0.4 0.824 (0.834) 0.980 (0.995) 0.996 (1.000) 0.999 (1.000) _ 1.000 (1.000)
Wei 0.3 0.913 (0.947) 0.996 (1.000) 0.999 (1.000) 1.000 (1.000)  1.000 (1.000)
Wei 0.2 0.964 (0.991) 1.000 (1.000) 1.000 (1.000) 1.000 (1.000) 1.000 (1.000)
d =85 8 $ *

0.051 0.047 0.048 0.053 0.053
Wei 0.9 0.115 (0.104) 0.164 (0.152) 0.187 (0.174) 0.233(0.212)  0.354 (0.345)
Wei 0.8 0.223 (0.199) 0.375 (0.358)  0.457 (0.444) 0.574 (0.551)  0.820 (0.811)
Wei 0.7 0.382 (0.350) 0.645 (0.638) 0.759 (0.748) 0.868 (0.871)  0.985 (0.989)
Wei 0.6 0.574 (0.539) 0.866 (0.863) 0.932 (0.944) 0.983 (0.986)  1.000 (1.000)
Wei 05 0.748 (0.741) 0.961 (0.972) 0.990 (0.995) 0.999 (1.000)  1.000 (1.000)
Wei 0.4 0.872 (0.896) 0.991 (0.998) 0.999 (1.000) 1.000 (1.000)  1.000 (1.000)
Wei 0.3 0.949 (0.972) 0.999 (1.000) 1.000 (1.000) 1.000 (1.000) _ 1.000 (1.000)
Wei 0.2 0.983 (0.996) 1.000 (1.000)  1.000 (1.000) 1.000 (1.000) 1.000 (1.000)
d =80 8 $ *

0.051 0.049 0.048 0.049 0.052
Wei 0.9 0.118 (0.108) 0.169 (0.164) 0.198 (0.189) 0.238 (0.227)  0.378 (0.376)
Wei 0.8 0.231 (0.217) 0.398 (0.387) 0.493 (0.489) 0.605 (0.589)  0.857 (0.848)
Wei 0.7 0.402 (0.389) 0.682 (0.683) 0.800 (0.792) 0.896 (0.899)  0.993 (0.994)
Wei 0.6 0.605 (0.583) 0.895 (0.892) 0.954 (0.961) 0.990 (0.991)  1.000 (1.000)
Wei 05 0.782 (0.787) 0.977 (0.982) 0.995 (0.997) 0.999 (1.000)  1.000 (1.000)
Wei 0.4 0.904 (0.921) 0.996 (0.999) 1.000 (1.000) 1.000 (1.000)  1.000 (1.000)
Wei 0.3 0.968 (0.980) 1.000 (1.000) 1.000 (1.000) 1.000 (1.000) 1.000 (1.000)
Wei 0.2 0.993 (0.998) 1.000 (1.000)  1.000 (1.000) 1.000 (1.000) 1.000 (1.000)
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3.5 $% ( %! ' I'# ! $ & "("#
& +&. , $%&,-' "I" 51% . $
Gamma 1.6, 1.8, 2.0, LN 0.8, 0.6, 0.4
a=1%
' $ %&
513 .3 20 50 70 10( 200

d=q95 9% *

0.009 0.012 0.010 0.010 0.012
Gamma 1.6 0.006 (0.000)  0.025 (0.004) 0.059 (0.015) 0.099 (0.035)  0.279 (0.212)
Gamma 1.8 0.005 (0.000)  0.036 (0.005) 0.088 (0.028) 0.156 (0.081)  0.492 (0.484)
Gamma 2.0 0.004 (0.000)  0.050 (0.007) 0.134 (0.048) 0.255 (0.271)  0.708 (0.774)
LN 0.8 0.008 (0.000)  0.007 (0.000) 0.009 (0.006) 0.009 (0.043) 0.012 (0.572)
LN 0.6 0.003 (0.000)  0.057 (0.114) 0.16640) 0.342(0.967) 0.852 (1.000)
LN 0.4 0.002 (0.000)  0.918 (0.994) 0.99®00)  1.000 (1.000)  1.000 (1.000)
d =90 9 % *

0.009 0.009 0.009 0.012 0.010
Gamma 1.6 0.018 (0.003)  0.071 (0.035) 0.122 (0.079)0.213 (0.158)  0.572 (0.590)
Gamma 1.8 0.021 (0.003)  0.117 (0.064) D@2155) 0.370 (0.336) 0.833(0.888)
Gamma 2.0 0.026 (0.003) 0.192 (0.121) @@®4297) 0.555 (0.583) 0.949 (0.986)
LN 0.8 0.010 (0.000)  0.021 (0.049) 0.03168)  0.044 (0.408) 0.124 (0.968)
LN 0.6 0.036 (0.021)  0.392 (0.782) 0.66478)  0.894 (1.000) 0.999 (1.000)
LN 0.4 0.450 (0.538)  1.000 (1.000) 1.00000)  1.000 (1.000) 1.000 (1.000)
d =85 8 $ *

0.010 0.008 0.010 0.010 0.012
Gamma 1.6 0.031(0.012)  0.125 (0.082) 0.188(0.143)0.331 (0.302)  0.704 (0.743)
Gamma 1.8 0.043 (0.015) 0.212 (0.172) H(@®290) 0.543(0.559) 0.918 (0.957)
Gamma 2.0 0.059 (0.021)  0.336 (0.294) ®@498) 0.747 (0.804)  0.985 (0.996)
LN 0.8 0.019 (0.009)  0.056 (0.186) 0.083%@)  0.146 (0.689)  0.377 (0.991)
LN 0.6 0.130 (0.156)  0.730 (0.950) 0.904996)  0.993 (1.000) 1.000 (1.000)
LN 0.4 0.863 (0.908) 1.000 (1.000) 1.00@00) 1.000 (1.000)  1.000 (1.000)
d = 980 80 $ *

0.011 0.009 0.010 0.010 0.012
Gamma 1.6 0.044 (0.024)  0.173(0.134) 0.249 (0.218)0.405 (0.395)  0.802 (0.843)
Gamma 1.8 0.065 (0.034)  0.293 (0.267) D@2418) 0.645 (0.669)  0.962 (0.984)
Gamma 2.0 0.094 (0.054) 0.443 (0.432) @@2642) 0.832(0.883)  0.996 (0.999)
LN 0.8 0.029 (0.030) 0.117 (0.318) 0.174{@) 0.291(0.795)  0.679 (0.997)
LN 0.6 0.248 (0.326)  0.890 (0.982) 0.90999)  0.999 (1.000)  1.000 (1.000)
LN 0.4 0.965 (0.978)  1.000 (1.000) 1.00000) 1.000 (1.000)  1.000 (1.000)
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& +&. $%&, - " "I" 51% . $
Gamma 1.6, 1.8, 2.0, LN 0.8, 0.6, 0.4
a=5%
' $ %&
513 3 20 50 70 10( 200

d=q95 9% *

0.049 0.050 0.048 0.053 0.054
Gamma 1.6 0.069 (0.019)  0.159 (0.091)  0O(®5181) 0.335(0.282)  0.639 (0.673)
Gamma 1.8 0.071 (0.015)  0.225 (0.142) 0(B6BD2)  0.482 (0.477) 0.834 (0.913)
Gamma 2.0 0.079 (0.014)  0.304 (0.217)  0(@882) 0.638(0.706) 0.941 (0.989)
LN 0.8 0.039 (0.001)  0.045 (0.091) 0.05281)  0.053 (0.542) 0.069 (0.980)
LN 0.6 0.086 (0.046) 0.362 (0.875) 0.573 (0.9¢  0.764 (1.000) 0.986 (1.000)
LN 0.4 0.524 (0.697)  1.000 (1.000) 1.00000)  1.000 (1.000) 1.000 (1.000)
d =90 9 % *

0.051 0.050 0.049 0.055 0.050
Gamma 1.6 0.120 (0.067)  0.290 (0.242) 0.396 (0.376)0.545 (0.554)  0.842 (0.893)
Gamma 1.8 0.152 (0.088)  0.413 (0.393) @®7585) 0.733(0.791) 0.963 (0.990)
Gamma 2.0 0.190 (0.121)  0.550 (0.562) D(D2780) 0.874 (0.942) 0.994 (0.999)
LN 0.8 0.065 (0.060) 0.115 (0.436) 0.15683) 0.201 (0.899) 0.362 (0.999)
LN 0.6 0.303 (0.471) 0.814 (0.994) 0.98900)  0.992 (1.000) 1.000 (1.000)
LN 0.4 0.974 (0.993)  1.000 (1.000) 1.00000) 1.000 (1.000) 1.000 (1.000)
d =85 8 $ *

0.051 0.047 0.048 0.053 0.053
Gamma 1.6 0.169 (0.121)  0.383 (0.361) 0.512 (0.521)0.644 (0.674)  0.913 (0.950)
Gamma 1.8 0.225(0.177)  0.535 (0.546) ®(00744)  0.836 (0.884) 0.988 (0.997)
Gamma 2.0 0.291 (0.244)  0.685 (0.724) D@®4896) 0.940 (0.977)  0.999 (1.000)
LN 0.8 0.109 (0.172) 0.226 (0.637) 0.32B42) 0.411 (0.955) 0.705 (1.000)
LN 0.6 0.534 (0.730)  0.953 (0.999) 0.99000)  1.000 (1.000) 1.000 (1.000)
LN 0.4 0.998 (0.999)  1.000 (1.000) 1.00000) 1.000 (1.000)  1.000 (1.000)
d =980 8 $ *

0.051 0.049 0.048 0.049 0.052
Gamma 1.6 0.199 (0.160)  0.452 (0.444) 0.581 (0.599)0.733 (0.771) 0.954 (0.976)
Gamma 1.8 0.275(0.241)  0.626 (0.643) H(07812) 0.900 (0.937) 0.996 (0.999)
Gamma 2.0 0.356 (0.326) 0.770 (0.813) D @8933) 0.972 (0.990) 1.000 (1.000)
LN 0.8 0.157 (0.258) 0.363 (0.738) 0.48B93) 0.638 (0.977) 0.909 (1.000)
LN 0.6 0.681 (0.826) 0.988 (1.000) 0.99900) 1.000 (1.000) 1.000 (1.000)
LN 0.4 1.000 (1.000)  1.000 (1.000) 1.00@00) 1.000 (1.000) 1.000 (1.000)
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Gamma 0.8,0.6,0.4,LN 1.2,1.4, 1.6
a=1%
13 3 ' $ %&
' 20 50 70 10( 200

d=q95 9% *

0.009 0.012 0.010 0.010 0.012
Gamma 0.8 0.024 (0.047)  0.044 (0.074) 0.048 (0.086) 0.056 (0.098)  0.115 (0.157)
Gamma 0.6 0.064 (0.142)  0.144 (0.252) 0.188 (0.290) 0.250 (0.325) 0.478 (0.490)
Gamma 0.4 0.171 (0.307)  0.373 (0.489) 0.491 (0.529) 0.616 (0.580) 0.896 (0.738)
LN 1.2 0.107 (0.000)  0.347 (0.000) 0.455 (0.000) 0.612 (0.000) 0.902 (0.000)
LN 1.4 0.216 (0.000)  0.587 (0.000) 0.725 (0.000) 0.854 (0.002) 0.988 (0.058)
LN 1.6 0.340 (0.000)  0.737 (0.005) 0.856 (0.024) 0.946 (0.097) 0.999 (0.661)
d =90 9 % *

0.009 0.009 0.009 0.012 0.010
Gamma 0.8 0.030 (0.058) 0.050 (0.080) 0.063 (0.096) 0.085 (0.119)  0.156 (0.189)
Gamma 0.6 0.093 (0.199) 0.204 (0.284)  0.280 (0.345) 0.389 (0.419) 0.671 (0.626)
Gamma 0.4 0.247 (0.410) 0.544 (0.546) 0.690 (0.616) 0.836 (0.705) 0.984 (0.868)
LN 1.2 0.117 (0.000) 0.284 (0.000) 0.397 (0.000) 0.568 (0.000) 0.876 (0.000)
LN 1.4 0.254 (0.000) 0.595 (0.006) 0.745 (0.013) 0.887 (0.036) 0.993 (0.200)
LN 1.6 0.399 (0.004) 0.791 (0.068) 0.906 (0.161) 0.974 (0.369) 1.000 (0.875)
d =85 8 $

0.010 0.008 0.010 0.010 0.012
Gamma 0.8 0.039 (0.063) 0.059 (0.087) 0.084 (0.113) 0.105 (0.135) 0.205 (0.234)
Gamma 0.6 0.127 (0.217) 0.260 (0.317) 0.370 (0.405) 0.488 (0.489) 0.799 (0.731)
Gamma 0.4 0.336 (0.450) 0.668 (0.610) 0.821 (0.696) 0.924 (0.793) 0.997 (0.941)
LN 1.2 0.102 (0.000) 0.227 (0.000) 0.334 (0.000) 0.469 (0.001) 0.807 (0.002)
LN 1.4 0.253 (0.004) 0.576 (0.018) 0.743 (0.041) 0.877 (0.083) 0.993 (0.318)
LN 1.6 0.427 (0.026) 0.806 (0.151) 0.921 (0.313) 0.981 (0.520) 1.000 (0.932)
d =980 8 $

0.011 0.009 0.010 0.010 0.012
Gamma 0.8 0.042 (0.058) 0.067 (0.089) 0.091 (0.120) 0.115 (0.146) 0.249 (0.274)
Gamma 0.6 0.142 (0.218) 0.302 (0.349) 0.432 (0.446) 0.549 (0.541) 0.875 (0.805)
Gamma 0.4 0.388 (0.465) 0.747 (0.658) 0.885 (0.761) 0.958 (0.851) 1.000 (0.973)
LN 1.2 0.077 (0.000) 0.172 (0.000) 0.252 (0.001) 0.357 (0.001) 0.709 (0.004)
LN 1.4 0.227 (0.008) 0.528 (0.032) 0.704 (0.065) 0.839 (0.114) 0.991 (0.409)
LN 1.6 0.409 (0.048) 0.793 (0.217) 0.918 (0.390) 0.979 (0.593) 1.000 (0.958)
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& +&. , $%&,-' "I" - 1% . $
Gamma 0.8,0.6,0.4,LN1.2,1.4,1.6
a=5%
3 3 I'g $ %&
’ 20 50 70 10( 200

d = 995 95¢ *

0.049 0.050 0.048 0.053 0.054
Gamma 0.8 0.101 (0.141)  0.140 (0.176) 0.149 (0.197) 0.187 (0.230) 0.269 (0.305)
Gamma 0.6 0.196 (0.297)  0.321 (0.388) 0.381 (0.430) 0.473(0.480) 0.687 (0.633)
Gamma 0.4 0.370 (0.470)  0.591 (0.581) 0.692 (0.625) 0.804 (0.676) 0.957 (0.804)
LN 1.2 0.348 (0.000)  0.583 (0.000) 0.687 (0.000) 0.812(0.001) 0.964 (0.004)
LN 1.4 0.505 (0.001)  0.779 (0.022) 0.863 (0.044) 0.943 (0.116) 0.996 (0.430)
LN 1.6 0.624 (0.012) 0.871(0.161) 0.941 (0.315) 0.980 (0.585) 1.000 (0.960)
d=q90 9% *

0.051 0.050 0.049 0.055 0.050
Gamma 0.8 0.120 (0.160) 0.168 (0.200) 0.193 (0.228) 0.238 (0.270) 0.353 (0.370)
Gamma 0.6 0.255 (0.340)  0.421 (0.451) D®I504) 0.622 (0.581) 0.847 (0.769)
Gamma 0.4 0.481 (0.533)  0.760 (0.655) D@®716) 0.935(0.793) 0.996 (0.916)
LN 1.2 0.318 (0.002) 0.548 (0.006) 0.654 (0.004) 0.787 (0.008) 0.959 (0.013)
LN 1.4 0.508 (0.027) 0.806 (0.101) 0.891 (0.152) 0.960 (0.265) 0.999 (0.612)
LN 1.6 0.653 (0.107) 0.915(0.403) 0.967 (0.571) 0.993(0.788)  1.000 (0.987)
d=q85 8 $ *

0.051 0.047 0.048 0.053 0.053
Gamma 0.8 0.130 (0.161) 0.188 (0.221) 0.219 (0.248) 0.268 (0.295) 0.416 (0.429)
Gamma 0.6 0.293 (0.361) 0.494 (0.500) 0.603 (0.566) 0.707 (0.657) 0.922 (0.850)
Gamma 0.4 0.560 (0.564) 0.846 (0.720) 0.922 (0.787) 0.975 (0.864) 1.000 (0.967)
LN 1.2 0.270 (0.006) 0.482 (0.013) 0.580 (0.012) 0.712 (0.015) 0.932 (0.023)
LN 1.4 0.488 (0.058) 0.794 (0.165) 0.888 (0.229) 0.959 (0.346) 0.999 (0.689)
LN 1.6 0.660 (0.184) 0.926 (0.519) 0.974 (0.672) 0.995 (0.846) 1.000 (0.993)
d =80 8 $ *

0.051 0.049 0.048 0.049 0.052
Gamma 0.8 0.139 (0.159)  0.205 (0.229) 0.244 (0.276)0.291 (0.316) 0.462 (0.474)
Gamma 0.6 0.319 (0.371) 0.547 (0.538) D(®6620) 0.771 (0.710) 0.954 (0.898)
Gamma 0.4 0.615 (0.583) 0.894 (0.771) @(@6345) 0.988 (0.912)  1.000 (0.985)
LN 1.2 0.225 (0.012) 0.407 (0.020) 0.499 (0.020) 0.618 (0.020) 0.877 (0.031)
LN 1.4 0.461 (0.084) 0.768 (0.202) 0.874 (0.285) 0.944 (0.388) 0.998 (0.729)
LN 1.6 0.648 (0.235) 0.922 (0.576) 0.974 (0.728) 0.996 (0.872) 1.000 (0.994)
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