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Nonlinear finite element modeling of shells for multiscale
analysis applications

ABSTRACT

In this thesisa formulation for multiscale analysis of thin shells is presented. It is
based on the first order homogenization theory and it allows for modeling;EA method's
context, of thin shells that meet the Kirchhoff Love hypothesis. The shells exhibit a
heterogeneous micrstructure consisting of nonlinear materials and cohesive interfaces that
periodically repeats itself in the in plane and out of plane directf the shell with respect
to its midsurface.

The proposed methodology is then extended to shell structures that may undergo
large deformations and strains and the same hypotheses are exploited for the periodicity of
their heterogeneities and theiresigcale. Appropriate use of an attached coordinate system
for the transformation of the utilized strain measures enables the neutralization of the
moderatelylarge rotationseffect on the implementation of constraints at the RVE level,
simplifying this way the boundary value problem to be solved at the rsictwtural level.
Emanating from Hill's averaging theorem, which is satisfied by use of appropriated
averaging relations for thin shells, the principle of virtual work for thin Kirchhoff Love shells
is formulated to account for those transformations and the expression of a consistent
Stiffness Matrix is analytically derived. The proposed methodology is assessed against
popular benchmarks for thin shells and its applicability is demonstrated in vestialg of
thin nanocomposite structures.

Next the mechanical behavior of graphene reinforced nanocomposite structures is
studied ina first order homogenization context. A simplified thin shell homogenization
approach is followed for the modeling of graple sheets with equivalent shell elements and
a cohesive zonéinite element models utilized for modeling of the polymer graphene
interaction. The effect of variouharacteristicef the micro structure such as the strength
of the cohesive zone and geetny defects of the graphene sheets on the overall properties
of the nanocomposite aumder study

10



MEPIAHYH THX AITAAKTOPIKHZ
AITATPIBHZ2

LE TiTAO

“Mn YpapUIKT 0vEADGT KEADPAV LLE EPAPLOYES OTNV
OLVOAVGT] TOAAUTAMY KAUAK®V’
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o To dopukd vVAKd, gite glval ELOIKNG TPoéAevong eite £yovv oyediacbel and tov
GvOpomo Kot a@opolV PBlopmyavikés 1 €PUPUOYES UNYOVIKOL, €ivOl GE GLYKEKPLUEVN
KMpoko  etepoyevn.  Tovmkd  mopadeiypato  meptlhapupdvouov  KpAUOTo  UETAAA®YV,
TOAVKPVGTOAAMKA VAKE, vavoouvOeTo, VAIKE, UiYHOTO TOAVUEPDY, TOPMIN KOl POYIGUEVOL
péoa, Proroywkd vAkd, vAkd Evieiog kot Kovidpoto. Avti 1 €TEPOYEVNG @UOM £)El
ONUAVTIKO OVTIKTUTIO GTNV TOPATNPOVUEVT] LOKPOGKOTIKY CUUTEPIPOPE TOV TOAVPACIKMDY
VMK®V. A1dpopa @otvOpeVa Tov REavilovTol 6TO LOKPOGKOTIKO EMIMEDO TPOEPYOVTAL OO
TIG QUOIKES 1WOOTNTEG KoL TN UNXOVIKY TNng vmokeipevng pkpodouns. H ovvoiwm
GUUTEPLPOPE. TOV LAMK®V, TOL €IVOL ETEPOYEVI] OE WIKPOOKOTIKO EMimed0, £EapTdTon GE
peyaio Pabud amd to péyebog, to GYNUO, TN YOPIKN KATOVOUN KOl TIG O10TNTEG TOV
UIKPOSOUIKAOV OTOlYEIOV KOODG Kol TOV OETPOVEIDV TOVG. AVTIGTOWO. M EVTOTIKN
KOTAGTOOT KOl KOTO GUVETELD 1] UNYOVIKY OTOKPLoT TG UIKpodoung emnpedaletatl and to
poKkpookomika Oeppounyovikd @optio. Kotd cvvémelo, n peAET TOV HOKPOOKOTIKAOV
UNYOVIKOV 1310TNTOV dgv pmopel vo dtoywplobel amd Tn €mppor] TV UIKPOGKOTIKA
TOPOATNPOVUEVAOV ETEPOYEVELDV.

H peiétn g oyéong petald piKpodopkdy QaivouEVOV Kol TNG HLOKPOGKOTIKNG
coumepLpopds Oxt povo emtpénel v TPOPAEYN NG CLUTEPLPOPAS TMOV VIAPYOVTI®V
TOAVPACIKAOV DVMK®V, OAAYL GUVIGTA TOAVTIHO £PYAAEID Y10 TO GYEOACUO VEOV VAMKAOV LE
HIKpOOOU}  KOTAAANAN (®OGTE 1 MPOKLATOLGO  HOKPOCKOMIKY)  GLUTEPLPOPE Vo
yopoktnpiletor amd ovykekpyéEvo otoyeio. O TPOGOIOPIGUOS TOV  HOKPOGKOTIKMOV
YOPOKTNPIOTIKOV TOV ETEPOYEVAOV HECWOV givar éva Bepehdoeg mpoPfAnpa o€ TOAAEG
epapproyég unyavikng. Etvar wdwitepa enikaipo kaboti, ot tpéyovoeg texvoroyikes eEeAitelg
enmutpénovy v emiPoin Aemtopep®ds kobopllopevov akorovfidv GOPTIoNG Kol dALAYDV
@AoMNG OTIC YPNOLOTOIOVUEVES TPMOTEG  VAES katd T Owdikocio  Topayw®YNg
TOAVAEITOVPYIKAOV £ELTVOV VAIK®V. AvTifeTa, 1 TPAYLATOTOINGT TUMIKAOV TEPUUATIKOV
UETPNOE®V GE JAPOPO SElYHOTO DAMKADV, Y10, S1QOpPES PACELS COUATOV, KAACHATO OYKOV
Kol 16TopwKd @OpTmong eivor OVOKOAN €PIKTH, OmO TAELLPAG YPOVOL Kol KOGTOVG.
Emnpocheta eivor mpaxtikdg addvarn 1 onpovpyio Ko 1 emilvorn oe Aoyikd ypovika
mAoiolo evOg AEMTOUEPOVS LOVTEAOD TTEMEPAGUEVMV GTOLXEI®MV GE TANPN KAIpaK AOY® TG
cuvNOmG TEPAOTIOG O10POPAS GTNV KAUOKO HKOVS, TNG LKPOSOUNG KOl TOV GUVOALKOD
eopéa. To mpoPAnua avtd tpoceyyiletan pe katdAinieg pebodoroyieg mov emTpEénOLY TV
avéAvon Tov opiémv og ToAlamAEg KATpakeg (ATIK).

['a tovg tprodidotatovs eopeic, o peBodoroyieg AIIK sivar kadd Bspelmpéveg, ko
N e£€MEN ToVG eKKIVEL amd TIC PO YOULEVEG OgkaeTiec. Mia Tp®dTN mPoGEyyion Yo TOV
VTOAOYIGUO HLOG KOTAGTATIKNG OYEONG Y1 £VOL OLLOYEVT] POPEN OVTIGTOLYO TOL LUKPOGKOTK(,
ETEPOYEVOVG TPOKVTTEL OO TN EPOPLOYT, EVOG KAVOVO TNG TOGOGTMONG Le Ao Tov OYKO
K60 TPOGUEIENS TOL VAIKOD, GTI GUUUETOYN TOV UNYAVIKOV TNG WO10THTM®V GTNV GUVOAIKN
EKQpooT eVOC GTAOUIGUEVOD KOTAGTATIKOD UNTPAOOV. AVTH 1 TpocEyyion Aopfdvel vmoyn
HOVO €va YopaKTNPIoTIKO, TNV Kot OYKo avaloyio TOV €YKAEIGUATOV GTO GLVOMKO
ETEPOYEVEC VAKO KO Yiow TNV akpifeia dtkatoloyeitot 1 ¥pnon e HOVO GTNV TEPITTMON
YPOUUIKE EAOGTIKAOV VAIKOV.

Mia mio e&ehrypévn pébodog, Tov “evepyov pécov” elonyOn amod tov Eshelby [1] xon
avantoydnke tepartépw and Eva apBud epevvntov (PA. Hashin [2] Hashin and Shtrikman
[3], Budiansky [4], Hill [5], Christensen and Lo [6]). Ot 1816tnteg £vOG 16000VaLOV VAIKOD
TPOKLITOVYV MG OMOTEAEGHO TNG OVOALTIKNG 1 MU-OVOADTIKNG AVONG €vOC TPOPANHOTOC
cuvoplakdv TH®V (BVP) yia éva opaipucd 1) eAletyoetdéc Eykdeiopa vog vAKoD 6 amelpn
unTpo GAAOL LAKOV. X pio EMEKTOOT LTS TG LeBOdoV, éva cmpatidlo pog edong eival
EVOOUATOUEVO GE VO VEPYO VAIKO, TOV OTOiov Ot WOTNTES OEV €lvVOl YVOOTEG €K TMV
TPOTEP®V [5,6]. AVTEC 01 GTPATIYIKES STVOLV L0l LKOVOTOMTIKT TTPOGEYYIOT) Y10 KATACKEVLES
OV £YOLV KATO10 £100C YEMUETPIKNG KAVOVIKOTNTOS, 0AAN OEV LTOPOVV VAL PN GLOTOLN 000V
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Y0 VOL GTOV DTTOAOYICUO TMV 1010THTOV KATOUCKELMOV LE CLOTAJES eYKAEopATOV. EmmAéov,
évtoveg avtiféoelg petalld TV II0THTOV TOV AGEMY OEV HTOPOVV VA OVOTOPAGTUOOOV e
axpipeta.

[Mopdro mov €yovv yivel KAmOlEG epyacieg Yy TNV EMEKTACYT, NG OVOTEP®
TPOGEYYIONG € UN YPOUUKEG meputtdoel, omd tov Hill[5] o omolog mpdtewve pua
TPOcaLENTIKY SoTHTTOOT TG HEBOSOV , GNUAVTIKA PLeYOADTEPT TPAOOOG GTNV EKTIUNGT TOV
Un YPOUUIKOV 1010THTOV cOVOET®V VAKOV £xel emttevyDel pe peTafolkég S1oTVndGELS (T.Y.
EMIYIOTN EVEPYELN) TOV TOPEYOLV OVATEPO KOl KOTOTOTO OPLoL Yo TNV OOKPICT TOL
GLUVOAIKOV GHVOETOL VAIKOV.

Mw  dAAn  mpoofyylon  VTOAOYICTIKNG — opoyevomoinong  (computational
homogenization) BacileTon ot pobnuatiky Bempio acopuntoTIKNG avdivong [7,8]. Ze avt
™ HEB0JO0 SUTLTTAOVETOL £VOL AGVUTTOTIKO OVATTUYIO TOV TESIWV LETATOTIONG Kot TAoNG
GUVOAPTHGEL TOL AOYOV TOL YOPOKTNPIOTIKOD UNKOVG TMV ETEPOYEVEIDMV KoL TOV HEYEOOVG TN
pakpodoung [9-13]. Me avtég tig pebodoroyieg pmopovv vo vtoloyisBohv o1 GUVOAIKES
W010TNTES TOL GVVOETOL VAIKOV KaBMG Kot TOTKA LEYED 0TS Ol TAPULOPPADCELS Kot Ot
TAGELG, OAAG LTTOPOVV VO, TAPEYOVV EKTIUNGELS LOVO Y10, LIKPOOOUES OTTANG YEOUETPIOG Kot
amAd HOVTEAQ DAMK®OV UE TNV TOPAd0YN] WKPOV TOPALOPPOGEDY. Mo, oAokAnpopévn
EMOKONNON TOV SOPOPETIKMV HeBddmV opoyevomoinong pmopet va Ppebel oty epyacio
twv Nemat-Nasser kot Hori [14].

[31aitepo evdlapépov mapovotdlovv ot péBodot “unit cell” o1 omoieg emTpémovv v
GvTAnon TANPOEOPLOV AT TN KPOOOUN Y10 TIG EVEPYES WOLOTNTES TOV GLUVOETIKMOV LEPDV
TOV E€TEPOYEVOVG VLAIKOD, HECH MG OldlKaoiog “eKk TV  mpotépwv”’  emPOANg
GLYKEKPLUEVNG OKOAOVOlOG (OPTIONG, KOU OTN GULVEXEW TNV OTOTOIMCN OVLTAG NG
TANPOPOPIOG GE EVO EMAEYUEVO QPOLVOUEVOAOYIKO VOLO DAMKOD. AV M TPOocEyyion £xel
ypnowonomBel o peydlo aplOud OopeTikdv epoppoydv [15-22] M emioyn
TAPOOEIYUATOV 0TO TEGIO TMV GUVOET®V VAIK®OV HE LETOAMKN HATPpa £YEl GLAAEYDEL oTNV
epyooia tov Suresh et al.[23]. Mg ™ peBodoroyio. AmOTLIOVOVTOL GTN HOKPOGKOTIKY)
GUUTEPLPOPE TNG KOTAGKEVNG KO YOPOKTNPIOTIKA TG UKPOOOUNG TTOV OVAPEPOVTAL GTNV
LN YPOUUIKY] TTEPLOYN, OUMC &ivar adhvoTto oTn YeVIKN TEPITT®ON Vo YiveEl dlTOTMOT
(POLVOLEVOAOYIKDV VOU®MY TOV OGTOVG Omoiovg vo. umopel va amotvmmbel mn ovvhetn
GUUTEPLPOPE SLPOPETIKADOV QAGEWMV. G EK TOVTOV, 01 TEXVIKEG AVTEG OV fvol KOTAAANAES
Yl LEYAAEG TTOPAUOPPAOGELS 00TE TEPITAOKES akoAOVOiEg POpTIONG, 0VTE AapBdvouy LITOYN
TLG YEOUETPIKES KOl PUOIKEG OAAAYEC PACNG TNG LIKPOSOUNG.

oTa televtaion ypovia, €£xel ovomtuyBel o TOAAG VTOGYOUEVT) EVOAAUKTIKY
TPOGEYYION YOl TNV LOVIEAOTOINGT TOV IWMKPOCTKOTIKE ETEPOYEVMV DAK®MV 1] VTOAOYIGTIKY
opoyevomoinom o mToAAmAES KATpakeg “multiscale computational homogenization”, mov
ovopdleton emiong eu@®AELUEVT avaAvon Qopémv pe memepocuévo otoryeion “FE2”.
[Tpdkertan yo pio TeYVIKN M OO0 Yo TOV VIOAOYIOUO TNG OMOKPIGN TNG UIKPOOSOUNG
Bacileton oe éva mpdPAnUa GuvoplakdV TIUOV Tov emPdAietor pe Pdon v Tpéyovca
LOKPOGKOTIKY|] TAPOAUOPPOOT).

Ot Baockég apyésg ™G KAOGIKNG VITOAOYIGTIKNG OUOYEVOTOINGNG £XOVV GTAOIKA
eEeMybel amd €vvoleg mov ypnolpomoobvtal o GAAeg peBOOOVG opoyevomoinong Kot
TEPLYPAPOVTAL GTO GYNLLO OLLOYEVOTTOIN GG TEGGAPWV PnudTmv Tov Suquet[24]: (1) opiopdg
eVOG OVTITPOCMOTELTIKOV GToLYEIOL dyKOoL TG HiKpodoung(RVE), Tov omoiov 1 katactotiky
GUUTEPLPOPE TOV LELOVOUEVAOV GLGTATIKOV Bewpeitan YvooTty. (i1) S10TVTMOCT GLVOPLUKDV
cuvOnKov yo to poviého tov RVE pe Bdon pokpookomikésg HETaPANTES (TOPALOPPDCELS)
(macro to micro transition) (iii) exilvomn Tov TpoPANHTOS GVVOPLOK®Y TIUL®Y Tov RVE ko
VTOAOYIGUOG TV HOKPOSKOTIK®OV pHeTafAntov (Tdoglg) (micro to macro transition) (iv)
ap1OUNTIKOG LITOAOYICHOG TNG OXECNG LETOED TMV LOKPOGKOTIKMV HETARANTOV £1GOO0V Ko
€€0dov. Ot Paocwkég apyég NS LRTOAOYIGTIKNG OMOYyEvomoinong ewonydnoov omnd tov
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Suquet[24] ko Tovg Guedes ko Kikuchi[ 11] ko BeAtiddnkay tepaitépm o€ mo mpodcPUTES
gpyaoieg.
To Bacwkotepa mAeovekTiata avtfg TG nebodoroyiag eivor Ta €ENG:

- Aev amottel pio ek TV TPOTEPOV PNt LLOOEGN YO TO €100G TNG KOTAGTATIKNG
oyéong mov Oa efaybel amd ™V WKPOKAMUOKO, OAAG 1 KOTOOTOTIKY) CUUTEPIPOPE TNG
LIKPOSOUNE.

-Enutpénel v vmoBeon peydAov HETAKIVGE®Y Kol GTPOPAOV Y10l T HKPOKAILOKA
KO TN HOKPOKAILLOKOL.

-Aev Baocileton og KATOLN TOPAOOY GYETIKY| LE TO €100G TNG UN YPOUUIKOTNTAG OTN
GLUTEPLPOPE TOV VALKOVD.

-TOPEXEL TN OLVATOTNTO, (VIANONG AETTOUEPDV HIKPOSOUIKAOV TANPOPOPLADV,
GUUTEPIAQUPOAVOUEVIG TNG QUOIKNG KOl YEOUETPIKNG €EEMENG TG LKPOSOUNG Kol TV
a&10moinom ToVg 0TN LOKPOGKOTIKT aVAALOT).

-Emtpéner ™ ypnon omolucdnmote TEYVIKNG HOVIEAOTOINONG OTO €mMinedo g
pikpoxkAipokag, my. ™ péBodo twv menepacuévov otoyeiov (FEM), t pébodo twv
ocuvoplakdv otoyeiov (BEM),  pébodo Voronoi Cell, aptBuntikéc pebddovg Paciopuéveg
ot Fast Fourier Transforms, Transformation Field
Analysis K.a.

"Eva Booikd petovéktnuo e pedddov FE? 1o vynkd vmoloyioTikd g KO6ToG,
umopel TAéov va apbel pe ™ xpnon TEYVIKOV TPOYPUUUATICHOD € TEPPAAAOVTO DYNADY
emdocewv (HPC), [25,26, 27], pe v emAekTiKn) TPOGOUOIMOT 0€ TOAAATAES KAILOKES
HOVO T®V KPIGIUOTEP®V TEPLOYADV TOL POPEN OAAA KOl LE TN XPNoN HEBOOWV vITOKOTAGTOTNG
LLOVTEAOTOINGNG KO TEYVIKAOV UNYXOVIKNG LAONGNG TOGO Y10 TO LOVTEAD TNG HKPOKATLOKOG
OALG KOL YlOL TNV GUVOAIKN €E0YOUEVT] UIKPOOSOWUIKT) GUUTEPLPOPE. ZVYKEKPUYUEVOH GTNV
epyooia [28] ypnoyomomOnkoy TpoceyyIoTikd oyfuata tapeprPoings, radial basis functions
omv [29] kot vevpwvikd diktva otnyv [30,31].

OXT1] GLVEXELNL OLOTLTMVOVTOL Ol TOPASOYES TNG VITOAOYIGTIKNG OLOYEVOTOINGNG
TOAOTADV  KMpAkov. Ot peEAETOUEVOL QOPElG Bempovviol HOKPOGKOTIKE ETOPKAOC
opooyevelg, aArd yapaktnpiloviot omd pio €Tepoyevny HIKpodoun 1 omoia amotedeiton amd
OlOKPLTEG PACELS, TEPLEYEL eYKAElopATO, KOKKOVS, OlEMOQES, KOMOTNTEG KAM.. To prkog
KAMpoKog g pkpodoung Bempeitor opkeTd LEYOADTEPO OO TO YOPUKTNPLOTIKO UNKOG TNG
HOPLOKNG OOUNG NG, dote va dtkanoroyeitan Yo 10 RVE n Bemwpnon ocvveyovg pécov.
Towtdypova Op®S 1oxdEL 1 VTOBEST] TOL SAYWOPICUOV TOV KAUAK®V KOl GUYKEKPIUEVO OTL
TO UNKOG KAIpoKaG TG pikpodouns Bempeiton ToAD pikpOTEPO Amd TO TVTIKO PUNKOG KOUOTOG
™G EOPTIONG NG WOKPOGKOTIKNG SOUNG. LG TPOG TNV TEPLOOKOTNTA TNG LKPOSOUNG,
yiveTon 1M PeOMOTIKY] TOPAOOYN TNG TOMIKNG TEPLOOIKOTNTAS. Bewpeitor O6TL 1 KAUOE
GUYKEKPIULEVT] HOpPOAOYiD. eTavVOAAUPAVETOL GE UIKPO TUNMHO TOV QOpEn Kot Ol OF
0AOKANPO TO Popéa. OmOTE SAUPOPETIKES UIKPOOOUES GLVOEOVTAL e KAOE LOKPOGKOTIKO
onueio. H moapadoyn g TomKng mepLodOTNTAG EMTPENEL TNV LOVIEAOTOINGT QPOPEMVY UE
LN OLOWOHOPOO  KOTOVEUNUEVO UIKPOOOMKE  YOPOKTINPIOTIKA, WHE OTPMGLYEVH] Kol
owpabucuévn cvotaon.

oTo Oewpnrtikd mAaiclo TV HEBOSOAOYLDV VTOAOYIGTIKNG OLOYEVOTOINGNG GTNV
UNYOVIKT] TOL GLVEYXOLS HEGOV, lval KaAd OepeMOUEVO KOl KOAVTTEL LEYOAO €VPOC TV
TpoPANudTOv punyovikng omd ) Bempio piKpodv petakivicemy Kot Tpomtdv [32,33] fwg kot
T1¢ Oewpleg memepacuévov Tportdv [34] kot tig Bewpieg avatepng taEnc. Eival dvvotdv va
GLUTEPIANPOOHV adpaVELOKE QUIVOUEVO 1] PALVOUEVA LETAPOPAS BEPLOTNTAG GTNV OVAAVOT)
ToALOTADV KMpdkov [35,36]. Ot Beswpiec avtég €yovv emektobel ko oto medio NG
niektpogrlaotikdtnTog [37] Kot 6T LovteAOToiNom GVLEVYIEVOV QUIVOLEV®V LOYVITICLOV
elaotikotTnrog[38].
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AvTiBéTmg, To OVOTEP® TAEOVEKTNUOTA TNG OVOAVGNG TOAAATADY KAUAK®V OEV
&xovv a&romoinbel 6TV avAAVCT| AETTOV ETPOAVEIAKDV POPEMV LE TNV TAPUSOYT] KPOV 1|
UEYAA®V UETOKIVCEWV. X& OVTO TO medlo, Papog diveronr KupiwE oV KATAAANAN
EMOVAOIOTITTOOT] KAUCIKOV Oempldv ovAALONG KEAVQOV MGTE VO CLUTEPIANPOOVY GTNV
avédlvon un  ypoupkoi  @otvopuevoAoywkoli  vopor  vAkov:  mAaoTikdtntog[39-46],
vrepehaoTiKOTNTOG [47,48] M YeviKOTEPES EKPPACEIC TPIGOAGTATOV VOU®V VAIKOD, VA
fruata Tpog v avantuén piog Bempiog avAALoNG ETPAVEIONKDV POPEWV GE TOAAATAESG
KApaxeg, e vymin akpifeta, eivar waitepa teplopiopéva. Ipog avtiv v Katevbvvon,
pio O10TVTOOT EXTA TOPAUETP®V YL TNV AVAAVOT) KEALP®V, Tapovctdcdnke oto [49], eivan
KOTAAANAN Y10 OVAADOT HEYOA®MV WETAKIVICEWDY, OALL OEV EMITPEMEL TNV TOVTOXPOVN
avéivon og dvo KMpoxec (FE?) $10T1 xpno1pomotel ek TV TPoTéPmV OAOKANPMGT Y10l TOV
VTOAOYIGUO TNG KOTAGTATIKNG oxéong mov Ba ypnowomonbel otn paxpoxiipoka. Eva
ov(eVYUEVO HOVTEAO HOPLOKNG TPOGOUOIMONG KOl HOVIEAOTOINONG GLVEXOVS HEGOL
dwtvrtdveral otny [50] yio TV TPOCOUOI®mGT PUIVOUEVOY PNYUATMOONS GTEPEDV KEAVQOV.
H Oeppopnyavikn amdkpion em@avelokdv eopémv e ophoyoviky| kpodoun peretnonke
omv gpyocia [51] ota mhaicia evog akyopiBuov dedtepng TaEng 6v0 KMpdkwov “SOTS”.
[d1aitepn g onuociog elvar ot cuvelspopés [52,53] otig omoieg mpoteiveton pio pebodoroyio
dgvTEPNC TAENG Y10 TNV AVAAVOT] KEADQ®V G€ TOAAMUTAEG KAMLOKES, OTIG OTOlEG E0MTEPIKA
peyén dwropng g Oswpiag Kelvedmv vrmoroyilovior and 10 pkpodoptkd mpdpinuo
GLUVOPLIKADV TILAV Y10 VO LOVTELO OVTITPOGMOTEVTIKOD OYKOL TOV TEPLYPAPEL OLOKAN PN TN
dwTopn Tov KEAPOLS, meplopiloviag OUMG TGt TN SVVATOTNTO TPOGOUOIMONG TOAD
GLYKEKPLUEVOV POPEWMV, MG TPOG TO TTAYXOS TOVG KOl LOVO TV EVIOC EMTEIOV TEPLOSIKOTNTAL
NG LKPOOOUIKTG LOPPOAOYIOG.

v mapovoa dotpiPr Tpoteivetan pia pebodoroyia yio TV TOLTOHYPOVY OVAAVGT|
6€ TOALOTAEG KMUOKEG AETTAOV EMLPAVELOKDOV QOPE®V oL gumintovy 6t Bewpia Kirchhoff
Love. Avikel otig Bewpleg mpdg taéng kot Paciletar ot cuVONKN UOKPOGKOTIKNG
opowoyévewag tov Hill[54]. Tivetoaw oAokAnpopévn SoTdOTOON TOV  HOKPOGKOTIKOV
eE10MGEMV 160pPOTIAG, TOL TPOPANUATOC GLVOPLOKADV TILAOV TNG UIKPOKAILOKAG, Kol TOV
oxé0emV LETAPOONS KAMULOKOG Y10, T XPTCLOTOLOVUEVO LETPOL TAGEMV KO TAPOLOPPDCENDY
EeYOPIOTA Y1 TIC TEPIMTMOELS WKPAOV KOl UEYAA®Y TOPOUOPPDOCEMY KOl TNV OvVTIoTOLM
£KQPOOT TNG CLVONKNG LOKPOGKOTIKTNG OLLOLOYEVELAGS,.

2115 emakdAovfeg e€lomaoelg ol Ypagikoi cupfoiiopol ypnoipomolovvtal wg ENG:
‘Evtova ypdppota ypnoiponotodvtol yuo. SlavOGHOTO 1 TAVLGTEG OeVTEPAS TAENS, amAol
YOPOKTNPES YPNOLUOTOLOVVTAL Y1 TIC TPAEES UETAED MIVAK®OV KOl OOVOCUAT®OV 1 Yo
GLVIGTOGES TAVVOTMV € dedopévn Pdon, Aatvikd ynoio katd t onueloypapio Einstein
onuaivovy 0Tt 0 avTicTOLOG YopaKTNPag Taipvel Tig TIHéG 1,2 €mg 3 evd 1 yprion EAAnvikodv
YOPOKTP®V YpNolonoteitan yio Tig THéG 1 mg 2.

OApYWKG TOPOLGLALETAL 1] OVAALOT KEALVQAOV GE TOAMATAES KAILOKES HE TNV
vrdOeon tov pikpov petaxwvhioemv. H Bempia Kirchhoff Love ywo v avédivon kelvpmv
amotelel enéktaon ¢ Bewpiag Euler-Bernoulli yia 11g dokole, kot cOp@@vo Le ovt M
neprypaen TG 0€ong evog vAko onpeiov Tov KeAHPOVE TPOoKLITEL Omd TNV BEoM TNG HETMG
empavelog kot pio amdctaot § mpog to kiPeTo ddvucua 6€ ATV, TO omoio Bewpeitar 6Tt
KOl GTNV TOPOLOPPMUEVT] KATAGTOCT TOPOUEVEL ETioNG KAOETO.

Oewpeitar 0TL M péomn emedveln Tov KeEAVEOLG givar pia cuvdptnon w(&) tov
TAPOUETPIKOD YDpov E=[En] otov tprodidotato Evideidio Xopo y: & - R3. Z1o mhaicto
pog Slokprtonoinong tov eEI0MCEMY, LK TOPAUETPOTOINGT TOV davOGHOTOS BEong NG
EMPOVEING TPOKLMTEL OMO TOV YPOUUKO GLVOLOGUO GCULVAPTHCEDV GYNUOTOS KOl
EMKOUPLOV TOGOTNTMOV

Xm = WE M} = ) NG ()
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Oewpodvtog Kot pia Tpitn mapdpetpo C kotd ™ 61ehBuven Tov Tayxovg 0 TANPNG OYKOG TOL
KEAMDQOLG givar optopévog kat 1 B€on evog vAkov onueiov og andotaon § and v péon
emPaveln dtveton g eENG

X, =Xna ¥as, t-/2 =2t/@C @

To povadiaio kaBeto didvououa Bempeitar otabepd Katd tn dievbuvon Tov mhyovg
TOV KEADPOVE Kol STVETOL MG

&’ &
2,2 a|
O1 GUVIGTOGES TOV UETPIKOV TOVVLGTH KO TNG KOUTVAITNTOS TOL KEADPOLG
opifovtol o¢ €Ng

8

a,,=a & (4)
bop =—@q-azp=—apg a3, =azp" A, (5)

Ta cvv-draxvpovopeva dtavoopata faong ot 0éon € amd ™ péon empdveio Tov
KeMPoLg opilovtarl o¢ €ENG
g,=a, ¥a, , (6)

9; = &

GUVOPTNGEL QVTAOV GT UEGT EMPAVELL TOV KEAVPOLG
Xy = Xma @)

H petaxivnon evog vAkov onueiov omn péon emedvela Tov KEAOPOVS TPOKVTTEL Al TN
OlPOPA TG TEMKNG LLE TNV OPYLKT KATAGTAOT).

u=x_. x° )

mid mid

AyvodvTog TOLG OpOLG AVATEPNG TAENG OTIC TAPUYDYOLS TV LETUKIVIGE®V AapPdvetal
1N TEMKY| £€KPPOGT TOL HEUPPAVIKOD KOl KAUTTIKOD HEPOVG TOV TAVLGTH TAPAUOPPMONG
1 e . 9
eabzz(aoa@ b at M k
1 3} ) . (10)
K, bZE(aoa QaD , a+, g O [ i"’ Qo éb)

. 0 , . , . ,

omov ped, ovpPoriCovrar o epoamTOUEVE OOVOGHOTO PBACNG OTNV  AmapoUOPOOTN
KATAOTOON TOV KEADPOVS, &V Ol Topdymyor Tov KABETOL JavOGHOTOS divovtol
xpnowonowwvtog v laxwpavny opiCovsa j° g

0 (11

as,a=(j°)'1(afa ) a al)
Da,, %i°) (u, & u} a3 & +u, & u)

(12)

Kot tedid o1 6uvoMKEG CLUVIGTAOGEG TNG EVIOS EMUTEOOV LAKPOGKOTIKNG TOAPALOPPOCTG
og évo onueio og amodotaon  and ™ péon enpdveio dSiveTor og
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€,= €,t Z (13

°¥IN OULVEYEW, 7YoL TN O€OOUEVI UOKPOOKOTIKY] TOPOUOPP®CY] HOPPAOVETOL TO
UIKPOSOUIKO TPOPAN O CUVOPLOKDV TILODV.
AyvomvTOog Tn GLVEIGEOPA TMV aOPUVEWKOV duvauewv vrobétovue 011 10 RVE
TOPOUOPPAOVETAL, VIO GLVONKEG OTATIKNG 1ooppomiag [S5]:

P® 06 in LV (14

Mio and T1c PBaocikéc mapadoyés g mpotetvopevng pebodoroyiag sivar 1 e&icmon g
OUVOMKNG HOKPOOKOTIKNG TAPUUOPO®ONG HE TNV UEON TN NG  HKPOSOMIKNG
TOPALOPP®ONG TOL aviioToyov RVE
1 19
&Ev=—n gV
VRVE mIRVE
[Na v mepintwon TtV Aent®V KEAQP®OV, 1 KAOGGCIKY oxéon Hecootdduong twv
TOPOLOPPOCEDV UETOTPENETAL GE EVOV EVTOG EMITENOL TEPOPIGUO. AvticTorya, oTnv
nopokdteo elowon, o ovuPolopdc  ‘hat’ onupaiver mEPOPIGHO  TOL  TOVVLOTY|
TOPOUOPPAOCEMVY OTIG EVTOS TOV EPUTTOUEVOL EMTEIOV GVVIGTMOGES TOV, Ol OTTOIEG divovTal
amd T oyéon (13) Ko avoaeépovtat ot Bdomn mov opilovv Ta SaKVUAVOUEVA daVOGLOTO
Bdong g amapapdpeTg KatdoToong.

£ =y 0, @

VRVE RVE

(16)

Avty 1 ouvvOnkn TANPovTOL pe TNV EMPOAN KOTAAANA®V TEPLOPICUDV GTO
TPLGOLAGTATO PKPOSOUIKO TPOPANLLO GUVOPLOKDV TILAOV. ZVUYKEKPIUEVQ, EVal EMinedo vontd
vrepotoyeio eminedng €viaong mov Oewpeiton mepryeypappévo oto RVE oty péon
empaveln Tov (otoyeio ABCD 610 oynua), vtoPdiietot o€ emPaAAOUEVES EVTOG EMTESOV
UETOKIVIOELS OVAAOYEG TNG HOKPOGKOTMIKNG TOPAUOPPOCNS COUPOVO LLE TNV TOPUKATEO

oyéon 5
l[% =g AEE;. 17

YuyKkeKPEVO 0T 1 oYéom LAoTolEitol 6 OAa o onueion Tov otoryeiov ABCD, evo
kéBe éva amd ta meprpepslokd onueio oAokAnpov tov RVE vmoBdiietar otnv oo
HeTOKIVION LLE AVTY] TOV GNUEIOL TOL avTioTOLXEL TNV TTPOPOAN TOov 610 GTotyeio ABCD.
Onwc eényelton oty Ewodva 1, o€ éva mepipepeloxod onpeio Lin tov RVE pe cvvtetaypéveg
X1, X2 kot X3 emPdAiovon ot id1eg LETAKIVIGELS U1 KO U2 TOV TPOKVTTOVY 0mtd TV eElomon
(17) yw tov avrtioctoro kOuPo Vi tov mepryeypoppévov vmepotoryeiov pe Tig idteg
ocuvtetaypéves X1 Kot Xz :

ufdge( X1 , X2 ’Xs) — Elverte( X1 7X2) (18)
U (X0, % X5) = BT X, X)

Me oavtdév 1OV TPOTO, Ol €VTOC EMMEIOL EMPAALOUEVEG UETOKIVIOEL TOL
vrepatoryeiov (ABCD), mpokaiovv 6to cuvolikd RVE gvtatikn kotdotacr aviictoyn g
eninedng évrtaong. Ot Pacikéc LOPPES TaPALOPPOONG el“f, g%, f’zt OV GLVASOLV LE VT
TNV EVTOTIKN KATAoTOoN @aivoviol oto oynuo Ewodva 2. H exktdg emmédov afoviky
TOPALOPP®ON 63'\/3' dev emPaALeTal GO TEPLOPICUOG OAAA 1| TIUN TNG TPOKVTTEL OO TNV
avaAvon, amd TV €KTOG EMEdOL Tapapdpemaon tov RVE. Ot petakivicelg tov tomov (18)
emPdArlovion opotdpopea ko’ VYOS TG STOUNG, OTATE Ol EKTOG EMMEOOV SIAUTUNTIKEG
TOPALOPPDCELG 6'3',\2 elvan ex tov mpotépwv 0. Tlepropiopol BETovTon emiong yio Tig KTOC
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EMIESOL KIVNOELS EAEVOEPOV GTEPEDD. AEGUEDOVTOL O1 LETAKIVIGELS KATA X3 TPLOV aKPOimV
onueiov tov 3, 4 Kot 8§ 6T0 TOPAKAT® GYNLLAL.

4 8

Eil KAWYEKaa I BaOAAOPMEVEG CUVOPI OKE (G

(b) Virtual element deformation modes

(¢) Corresponding RVE deformation modes

ouv¢

El K®VaEvTOog €Tl MEBOU POPQPEC TOABCRPKPIY WONCK X PO W TTE @

RVE

Mio pecootafpukn oyéon 1oyHeL Kot Yio TOV TOVUOTH TOV TACEMV:

1 1 . (19
Oy = 7 f o, dV = f sym[t Q x] dA
RVE Jo RVE Jg

. RVE QrvE
omov E=5 R eivar 10 medio tov OVETTVYUEVOV GTO GUVOPO EAEEMV Kol GTNV omoio £xel
ypnoonomBei To Bedpnpa andxiionc. Ot ektdg emumédov EAEeLS t efvar TavToTIKA 10€C pe
UNOEV, d1OTL KavEVaG TEPLOPIOUOG OV EQaprOleTal Tpog TV KatehBvvon 3 Kot o1 GuvONKeg
enminedng évtaong 1oydouvv 53“2, =0. Me ovvdvoopd tov eélodosnv (15)(19) kot

AapBavovtag ypNoIHOTOI®VTOS TNV (17), TO HAKPOCKOTIKA TapayOUEVO £PYO 1GOVTOL [IE TO
LEGOGTAOLUKO TOPAYOLEVO EPYO GTN UIKPOSOUN.
(20)
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Avt n oxéon TAnpoi v cuvinKn poakpookomikng opotoyévelag Hill Mandel[56].
Me avtév TOV TPOTO, TO UAKPOOKOMIKA €vePyeElakd cvluyn HeYEON Tapopudpemong Kot
Tdong Pmopovv vo avtikotootofodv amd To avtioToyo LEGOCTAOUGUEVE UKPOSOUIKA
peyEom oty Exepaomn g Apyng tov Avvatdv Epymv 6To HoKpookKomikd ninedo.

oX1n ouvvéyelo eoTlaloVpUE 6TO HKpodoukd TpoPAnua cuvoplok®dv oy (14) to
omoio pali pe tig amopaitnteg cvvoplakég Twég (17) pumopei va emdvbei pe ™ uébodo twv
TMEMEPACUEVOV GTOLYEIWV. OE®POVTOS [0 O1OKPITOTOINGCT) TOV TEGIOL TMV LETAKIVIGEDY Um
Kot unodeviCovtog Toug KatdAANAovg B.€. TV avTioTO OV KIVIIoE®V EAEVOEPOV GTEPEDD, O1
evamoueivovteg B.e. tov mpoPAnuatoc ywpilovial ce VO KATNYOPIES, GE OWTOVG OV
ovpueTéyovy otov mepropiopd g e€icmong (17) ko o€ P.€. mov eivon tedeimg eledBepoL.
Ot deopevpévol P.e. mov ocvuPorilovror omn cvvéxewn pe ‘€ mepthappdvovv tovg vidg
EMIMESOV PETAKIVIGLOKOVS B.€. TOV TEPIPEPELONKDOV KOUP®V TOL IVE, evd o1 eAehBepot B.€.
mov cvuporilovror pe ‘P’ TEPAOUPAVOLY TOVG €KTOC EMMESOVL WETOKIVNOLOKOVG TOV
TEPLPEPELOKADV KOUP®V Kot OAOVG TOVG B.€. TOV VTOAOTWV ECOTEPIKMY KOUP®V.

&u, (21)
=é

el

O 10106 drapepiopds PapuOCETOL KOl GTO VUGN TOV ETKOUPLOV SpACEDY Kol GTO
UNTP®O oTIapOTNTAG

u

f

e

f

p

eK,, K (22)

f = © P
éer K

D> (D~ D/
(e e ]

pp

[No «éBe meprpeperokd onueio «g» tov RVE, dudvocpa Ug tov evtdg emmédov
LETOKIVIGEWDV TPOKVTTEL e Bdomn TV amd v avtictoryn Tpofoin tov onueiov 610 ninedo
(ABCD) a1t oyéon (17)

w=lu u o8 @

O6mov 10 UNTPMO Dg Kot T0 d1vLG O € GLYKEVIPDOVOLV TIG MKPOGKOTIKES GUVIETUYUEVES
KOl TIG LOKPOGKOTIKEG EMPUAAOUEVES TOPALOPPADCELS

) 2x; O (4
D, = E[ 0 2x2], T =[eM el 2eh]
Xy X1

YvAléyovtag oe éva kaBolkd mivaka D Tig empépovg ovvelopopés Dg vy kabe
nep1pepelakd onpeio tov RVE 1 dwakpiromomuévn popoen g e&iowong (17) yiveton

u=D'& D =®D D,,..P, (25)

O mepopiopdsg (25) epapudleton otovg emtepikovg P.e. ‘€ péow KATAAANA®V
moAlamAaclacT®V Lagranged mov e£lcopponolv g aviictolyeg emkoufieg dpdoetg. Tote
1 SWKPITOTOMUEVT] LOPPT TOV LUKPOSOUIKOV TPOPANLOTOG CUVOPIAKAV TILAOV OTVETOL MG
egng
=d (26)

0

Metd ™ Adon Tov TPOPANUATOG AVTOV, O HOKPOKOTIKOG TOVLGTNG Tdong Umopel va
vroroyiolel péowm g oxéong (19) n omoia AapPdvel Tnv €£NG SOKPITOTOMUEVT] LOPOT
o 2
&= 1 D ¢ @0
VI
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Oewpovioc pio  amepootny mpooavénon A€ TOL HOKPOGKOMIKOD  TOVUGTY|
TOPALOPPOCEDV YOP® 0md i Yvoot 0€on 160ppomiag o1 cuVETOKOAOLOESG ETAVENCELS
OTlG petakwvnoelg Ale, AUp, otOovG moAlomAaclactés Lagrange kot 1 Guvolki
UOKPOGKOTIKY TaoM emovénon Ad divovral S1adoykd.

Au, = DTAéE (28)
Au, = —Ifljl,leeAue
Ad = K,,DTAé
1
A6 ==DAS
omov K=K, -K e,!(;L( o OTOTE TO LOKPOGKOTKO KOTOGTATIKO UNTPMO SiVETAL OO TN
oyYeon
1 - 29
C= M DK_.D' =9
oH paxpockomiky| icoppomio diémetat amd v apyn T@v Avvatov Epyov
swinternal o spyext — (30
Omov
5Winternal —— j oy - 5€MdV (31)
(32

SWext = f f - Supdv

etvat o1 ekppaoelg Tov €6MTEPIKOD Kot Tov eE@TEPKOD Avvatov Epyov yia petafoln dum
N omoia avaPEPETOL GTO TESIO TOV PETOTOTIGE®MY 0N pokpokAipaka. To duvatd £pyo tv
ECMTEPIKMOV OLVAULEMV YPAPETAL OG EENG

faM:5£MdV = fn:&sM + m: Sk dA (33
GUVOPTHCEL TOV EVTATIK®OV PeYeODV dtatopung
T
' *= ﬁr:/zsta «

to. omoiat ymoAoyilovionr pe TN YPNoTM OPOUNTIKNAG OAOKANPMONG, GLVOPTNHGEL NG
amokpiong oy RVE mov AopBdvetar ota kad’ vyog onpeia ohokAnpoong. Me 6poto tpomo
vroroyifovTat Kot To KAt T1) O TOUT] OAOKAPOVUEVE KOTAGTATIKA UNTPDO CUVOPTIOELS

(39

h/2 h/2

A _h/2~ A 2
CA—nh/szz, G —h‘rz']Czi Z G | a

" hi2
GLVOAPTICEL TOV OOIWV EKPPALOVTAL TO SLOUPOPIKE TOV LERPAVIKDOV SVVAUEDV KOl TOV
KOUTTIKOV pOTOV OC £ENG

dr’=G,?°dd, , G, 8K, (36)
dnf*= G,2°8, 4G, W,

H oyéon (30) mpémet va 1oydet yio duvatn PeTaxivnon KoTd omolovonmoTe P.€. Kot
umopet va ypagel og €1g

ow (37)

oW = ou,. =0
ou, Yr
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KO LE OVTOV TOV TPOTO TPOKVTTEL 1] ICOPPOTI ECOTEPIKADV KO EEMTEPIKMOV SLVAUEDV

Frinternal = fn:?:TM + m:(;kTMdA (39)
Fext :ff- Ly
ou,

EmakoAovBwg, To epantopevikd pntpmo otifapotntog divetatl og e€Ng

K internal — fa_nas_M 6_m_6k_MdA (39
rs dug du, dug Ou, ’

Omov avtikafioTOVToS TV 6Yéon (36) Aaupdvetot 1) TEAMKN TOv LopeN

i de ok de de ok ok
K;?ternal =f(CMA:a—uIZ+CMB: M). M+(CMB: M+CMD:_M)._MdA (40

oug/ " ou, oug oug/ " ou,

211 CUVEYELN EMEKTEIVETOL 1] TOPATAvVD Bempio dote va mepthapPdvel Ty mopadoyn
UEYEAA®V LETAKIVIGEMV KOl GTPOP®V KOODG KOl TEMEPACUEVAOV TPOTDOV. ZEKIVOVTOS OO
TNV UOKPOCGKOTIKY TEPLYPAUPT] TOV POPEN, LE OVTEG TIC TOPAOOYEG TAEOV VIAPYEL GOPNG
SaKPIoN NG OmAPAUOPEOTNG YEMUETPIOS (AVOPOPAS) amd TNV TPEYOLGO YEMUETPIO TOV
eopéa. H katdotaon avapopdc meptypdeetol TAEOV amd Hia 6YE0N aviicToryn g (2) og
e€ng

X = Xm + {Ag (41)

eva 1 oxéon (2) eEakorovBel va 1oyvEL KaBDC, TPOKVTTEL 0d TNV TTapadoy| TG Oewpiog
Kirchhoff Love 61t 1o apyiié ka0eto 6T péon empaveLo. Tov KEADQOLS SIAVUG IO TP AUEVEL
KAOETO GTNV TOPALOPPOUEVT] YTEOUETPIAL.
Me avtictoryo Tpodmo opilovtar Kot o Guv-dtakvpovopeva dtavocpata Béong otnv
YEOUETPLO OVOPOPAC.

Gl = Xm,f + (Ag’f (42)
G, = Xm,n + €A3,17
G3 = A3

Me xeporaio ypappa copforilovior TOCOTNTECG TOL AVOEPEPOVTOL GTNV KATAOTOOM
avapopds. Ot UETPIKEG GLVIGTOGEG TPOKLTTOVY amd TN oxéon Gij = G; - Gj oav Gap =
G, Gg , Go3=0G3,=0 xau Gzz3 =1. Ta avi-dokopovopeve Savocuato Paong
opilovrar amd v e&hg ot G - Gi=96 t - Mmopodv vo, voroyisbolv covaptoet Tov
OVTL-SLOKVULAVOLEVOV HETPIKGY cuvicTecsdy G*F ard ) oxéon G* = G G xou G =G,
6mov ot GLVIcTOGCEG [G*P] = [Gaﬁ]"1 divovtot amd pio avTioTpoen UNTPOOL.

2m ovvéyeln opileton pia Pondntiky kaptecioavy Pdaom, v TV KOTAGTOON
avoeopagc, 1 omoia etvar oTaTikn Kot dev 0koAovOel TNV TapaApdPPOOT TOL POPE.

_ G

G1—(G2'EE
_ E,= 1—(G2'E,)Eq
[G1]

— - (43
|G1—(G2"E1)E1| E; =45

1

Opiletan emiong pio Tomik” Kaptesiovn fAcn Yo TNV TOPOUOPPOUEVT KATAGTAOT 1) OTToi0
axolovBel TANpwC TNV péomn emEAveIn TOV KEADPOLG GTNV omoio Ta OVO NG OlVOGHATO
elvol EQamTOUEVOL.

91 91—(gz-e1)eq (44)
= g2 e, = é; = a

lg1l 27 |g1-(gz-eeil 3 3

€1
H Bobuida g mapaudpewong (deformationgradien) DG opileton o¢ €€
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Fy=9:® 6 (49)

Kot Umopet voL avaAvdel 6€ V0 GLUVEICPOPES Lo LEUPPOVIKT KoL L0 KOUTTTIKY
F = FS + FN (46)

omov Fg = g, ® G“ xor 6mov Fy = g, ® G3. Eivon évog Tavuotic 800 onpeiov kot propsi
va ekQpocBel pe ypron TV dVO TponyoLUEVLV Bloemv ®g e&Ng

H éxppaom avt emAéyetat S10TL GLYKEVIPMOVEL TI GUVELGPOPE TOV HEUPPAVIKOD HEPOVS GE
éva IMTpho 2X2 [F¥B] evd 6T @aiveTon e avTIKOTAGTOoN TOV OYEcEMY (42)(43) Kon (44)
ol cuvicthoec F*3 = F3% = 0. Téhog, mpokvmtel F33 = 1 xabbg mpog 1o mopdv £yst
apein0et n ektdg eMmESOV AEOVIKT| TOPAUOPPOCT Ay M TEAIKN TN TNG OTOI0G TPOKVTTEL
oo TNV TOKPIGT) TOV VAIKOV.

olMa v ékepaon TV e€lodce®V 160ppoTiaG TOGO 6T UIKPOKAiaKa OGO Kol 6T
poKkpokAipoKka, pe tn 0edpnon HeEYGA®V HETOKIVIICEDV KOl GTPOPAOV, YPTCLOTOIOVVTOL Ol
KATOAANAOL TAVUGTEG TOPAUOPPOONG KOl TACNC, Kot YiveTal emavadlatvmmon e Apyng
tov Avvatov ‘Epyov, tov oyécewv pecooTdOong Tov evIaTIKOV peyeddv kot g
GLVONKNG LOKPOOOLOYEVELXG.

Ayvodvtog, Tig adpavelakes duvapels, Bempovpe 6t to RVE, Bpicketol o otatikn

1Goppomia:
V-P,=0 (48)

H mopoapopewon tov cuvoéetar e ™ HLOKPOGKOTIKY TOPAUOPP®OT HEcw piag oyéomng
LEGOGTAOONG TOV TAVLGTY| TOPAUOPPOCEDV

1

VRVE
v

(49

F=Fy:= fpmdv

RVE

omov o delktng M yopoaktnpilel pkpodopikés mocoTTeEG Ko 0 deiktng M ovpPoAilet
UIKPOGKOTIKES OTAOUIoUEVES TOGOTNTES. ALTH M| TOPASOYN IGOJVVAEL Le TEPLOPIGUO Vi
OAeC TIC GLVIGTMOGEC TG Padpidag ¢ mopapdpeoong (DG) sktog and v F3 . TMa avtiy
TNV GLVICTMOGA, 1 6XE0N HecootdOuiong aglomoteital, Yo ToV VTOAOYIOUO TNG TWNG TNG,
HETE TN AVOT TOL HKPOJOMKOD TPOPANLATOG GLUVOPLOKAV TIHADV. ['a va tkavoromBodv
avtol o1 meplopopol  KatdAAnAes ovvoplokés ovvOnkes emPairovion oto RVE.
Yuykekpipéva, emaéyovrog emParropeves petakivhioelg (‘linear displacements, ywo va
emPAnOei | oxgon F2F = F,gﬁ amorteitan Yoo Toug mepipepelakovs kOpPovg tov RVE va
1GYVEL

xm= F-X, (50)

O1oL M F = Fob e, ® Eg eivan 10 £vtog emmédov puépog tov DG ko Xy, = x1€1 + X2€;
ko X, = X1Eq + X,E, To €QOnTOUEVA OTN HEGT EMPAVELD. UEPT TMOV SIOVUGHATMV
KatevBuvong oV TPEYOLGH KATACTOCYN KOl TNV KOTACTOON avaeopds Tov (opEa.
Evaldaxtikd mteprodikég cuvoprlakéc cuvOnkeg (‘Periodicbhoundaryconditions) propovv va
emleyovv. Tuykekplpéva umopel vo epappocbei n oyéon X4, — X, = F(X;, — X;,) v
GYETIKN HETOKIVION avTioTOY(®V KOPPOV € amévavTt mepipepelakd uétmna tov RVE.
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Ta 11 ektog emmédon Swotunticég ovviotmoeg Fo , apkel va emPindei yio kéde
neprpepetokd kKOpPo tov RVE 1 extdg emmédon HeTaKIVGT TOV VA 1IG0VTOL IE OVTNHV TOV
avtiotolyov KOpupov oto anévavtt pétono to RVE

Xr-x =0 (51

AvticTolyeg cuVOPLOKESG GUVONKES YPNOUYLOTOLOVVTOL KOl Y10 TNV EMPOAT TOV TEPLOPICUOV
F23 = 0. Avtikofiotdvtog T1¢ oxéoslg (51) kot (50) omv (49) yivetar gavepd 6Tt o
TAnpeitat.

H dgbtepn oyéon pecootdbuiong apopd tov tavuoth taoswv ‘First PiolaKirchhoff’
(FPK) ka1 doatvmmveton g €EXG

1

Vrve
v

. 6
fpmdv _ fp@der
Vrve -

P = PM::

RVE RVE

o6mov p = N - P, &ivai 1o K4Be10 6TO0 GUVOPO dbvuspa EAEemv. o ta To TEAevTaio HEPOG

g e&icmong (52) €xet ypnoonombel To Bedpnuo amdKAIoNG, N 6YEom (48) Kot TO YEYOVOG
ot V- X,,, = I. Avt 1 oyéon, a&lonoteiton yioo v petdfacn omd tn WKpokAitoKa ot
pokpoxkAipoka. O opoyevig meplopopds (51) mpokaiel avtumeplodkés €AEelg petald
anévovtt petonov tov RVE [57,58] ota omoio epapudletat. Ot GOVEIGQPOPES QVTOV TOV
ENEEMV OAANAOOVOLPOVVTOL KOl GUVOMKE 0EV TPOKVMTEL GUVEIGPOPE GTO HAKPOGKOTIKO
£pyo Y1 Tig cvvictdoeg P2 ko P39,

Kovévag meploptopog oxeTikoc pe v eKTOC EMTESOD EPEAKVOTIKY TOPAUOPPMOT)
tov RVE dev éxer emPinbei oto RVE, Bdost g mapadoyng eminedng évraong yio )
mikpodoun kot yU avtd M ovvictdca  Ppe = 0. Ilepiocodtepec AEMTOUEPEIES Y0l TOV
VIOAOYIGHO TOV EVTOG EMTESOV GUVIGTOGGOV P’ Tov pakpookomikod tavuoty FPK oto
TAOIG10 H0G O1OKPITOTTOINOTMG TOV UIKPOJOUIKOV TPOPANUATOC O1vVOVTOL GTY) GUVEXELD.

Avtikafiotovtag Tig oyécels v (49)(52) vy ta pecootafukd pey€dn ko Tig
cuvoplakég cuvOnkeg (50) yivetar ovepo Tt 1 cLVONKN HLaKpopoloYEVELNS (53) 1oYVEL

1 (53

Vrve

f P,,:6F. dV, = Py:6Fy Véx

VrvE
Kot 1 LETAPOAT] TOV HOKPOGKOTIKOD OLVOTOL £PYOL 1GOVTOL LE TN HECT] TN TOL SLVOTOV

£€PYOL TNG MKPOSOUNG.

OX1Tn oLVEKEW oTo TAAiGLO TNG €MALONG TOL UIKPOOSOUKOD TPOPANUATOS UE
nemepocpéva otoryeia, yopiovpe tovg P.€. IOV TPOKVITOVY AMO TN OLOKPLTOTOINGN TOV
TpoPAnpatog, o€ avTovS Tov ivar gAevBepotl kot cvpPoAilovion pe ‘@, 6€ ALTOVG TOL
GUUUETEYOVV GE TEPLOPIGLOVG EMPOANG LETOKIVIIONS Kot TpoépyovTat amd TV eicmon (51)
Kot cvpPoriloviar pe ‘b’ Kot 6g aVTOHE TOL EUTAEKOVTAL GE TEPLOPLGLOVE TOL TPOEPYOVTAL
and v eficwon (51) ko cvpuPorilovror pe ‘C’. Avt M opadOTOINGM APOPE TOVG
evamopetvovteg B.e. petd tn déopevon TV Kivnoemv erevbépov otepeov tov RVE.
Xpnoponowwvtag ToAlaniaciactég Lagrangeyia ty emBoin Tov avoTép® TEPLOPICUDYV,
N AVOTM TEMEPACUEVOV OTOEI®V TOV HKPOSOUIKOD TPOPANUATOS GLVOPLOKADV TUYLDV
mePLypaeeTal amo TG €ENG Un YPOUUKESG oAyeBpiké £l6DCELG

fa(x) =0 (a) (54)
fr(x) =68 (b)
x,—DTF =0 (c)
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fe(x)—P'm=0 (d)
Px. =0 (e)

omov 1 e€icmon (54)-C eivar 1 dtokprromompévn popen g (50) Kot o untpdo D mpokdmtet
and empépovg untpda Dgmov divovton yio kaOs nodep oo ™ oyéon
F11 (55)

X 0 X 0
S o I 1 2 I S |

F21
OOV Ol GLVTETAYUEVEG X1,X2 Kot X1,X2 avOPEPOVTIOL GTO TOTIKO KOPTEGLOVO GUGTNUA TOL
RVE 1o omoio tawtiletal e 10 6OGTNIO GUVTETAYUEV®V TOV 0KOAOVOEL TANP®G TN HEoT
eMPAveln. Tov KeEAVPOVS (44). H apyn avtod TOL TOTIKOD GUGTNHUOTOS GUVTETHYUEVMV
tomofeteital yio TV oTAOTOINGN TOV VIOAOYICU®Y 6TO YEMUETPIKO kéEvTpo Tov RVE. To
untp®o B, opoing cuykevipdvel empuEPOLS GuVEloQOpPEG Tpoonuacuévov ‘Boolear
untpowv Bp mov avaeépoviotl oe (ghyn onueiov o omoio avIIGTOLXOVV GTOV TEPLOPIGUO
(51)
Bb = [0 e 1 - 0 | o - -1 ... 0] (56)

[MTaipvoov v Ty # 0 yia toug avtiotoryovg P.€. oV ££l0MVOVTOL KOTE TOV TEPLOPICUO
(51). H mpd d1dotacn tov cuvolikov untpoov B icovtotl pe 10 suvoiikd apbud tov
TEPLOPIGUDV 0LTOV TOL €ldove. ['a TNV AmAoVGTELGN TOV VTOAOYICUAV 6TO UNTP®O K,
apBpovvral tpdTa o1 fabpot eAevBéplag ‘C’ mov GLUUETEXOVVY LE BETIKO TPOGMLO GE AVTOVG
TOVG TEPLOPIGUOVG.

Ye pia emavoinmriky Swdikacio NewtonRaphsonn omoia Eexvd and pio yvootn
Béon 1ooppomiog 6mov o1 e€lodoelg (54) 1oyvovy, epapudletor pia Tposavénon AF oy
LOKPOGKOTIKY TApaOPO®OT| 1) omoia 1codvvaplel e pio mposavénon 4Xy 61o diavuso Xp
™G TeMKNG 0éomng tov P.e. ‘D’ kot akoloVBwe oTa SLVOGHOTO Xa, Xe, O KOL T, Ol TEMKEG
TIWEG TV omoimv  OlopHBOVOVIOL  EMAVOANTTIKG, YPNOLUOTOLOVTIOS TNV  TOPOKATM
YpappKoroinon twv oyécemv (54), edg 6TOL AVTEG TANpoLVTAL Eavd Kot £xetl Ppebel n véa
0éon 1coppomiag.

fa(xX) + Kaqdxq + Kapdxp + Kocdx, =0 (@) (57)
fb(X) -6+ Kbana + Kbbeb + Kbchc —456=0 (b)
xp —DTF + Ax,, —DTAF =0 (c)
fo(x) = PTmt + KoqAxgq + KepAxy + KecAx, — PTAT = 0 (d)
Px.+ PAx. =0 (e)

21 ovvéyela viobeteiton Evag HETaoNUATIOHOS Baong Yo kéBe (evyog B.€. amd Tovg
‘C’ ®wote va amo@evyfel 0 VITOAOYIGHOC TV ToAAaTANGIOGTMOV Lagranger.

) al ut (58)
] = lﬁi’j = [1]] [uc‘ (a)
S NEA )
=% =12 2 (5
2 2

Kabe évag amd toug mepropiopong (57)-e umopet 1codbvapa va epappocdet Bétovtag tov
avtiototyo Badud P.e. ﬁ?l = 0. H devtepn ypopun tov wivakae tpokdntel amd pio dtodtkacio
opBoymwvionoinong GramSchmidt Eniong npénel va mapatnpndei 6t
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TYB; + 0 (59
Ty Bl =0

O e€lomoerg (58) kot (59) oe kaBolkod eminedo mG €ENG

. i T (60)
[2.] = fl] = [2] fuel = [T71u] (@)
Uco 2
Tt _ [T] 1Ty _ [BT
TB_[TZ][B]_[O] (b)
Me 1t ypnomn ¢ (60)-b, N oxéon (57)-d petaoymuoartiCeton oc €€1g
Ty (fo (%) + Kegdxq + Kopdxy) — Ty Koo (TT iy + Tl ) — TyBT(A+ 42) = 0 (a)(61)

Ty (£ () + KeadXg + Kep ) — TyK oo (TT gy + Tl ) = 0 (b)

H e&iocwon (57)-e¢ avikabictator and v e&icwon .y = 0 1 omoia avtkadictotol
evBémg oTNV peTacyNUOTIoUEVT HopPT| TeV eElcdosnV (57)-a,b «ar (a) (61)-b divovrag v
TEAMKN LOPON TOV YPOLUIKOTOMUEVOV EElGMGEMV MG €ENG

fa () + Kyqlxq + KopAxy + Ko Thi,, = 0 (a) (62)
fb(X) ) + Kbana + Kbbeb + KbCTgﬁcz —A46=0 (b)
To(fe(x) + KeoAxq + KopAxy) — TZchTzTﬁcz =0 (C)

INa dedopévo mpocavéntikd Prjua AF oty HOKPOOKOTIKY TOPAUOPP®CT OVTIGTOLYN
wpocavénomn AXp Tov vroroyiletor amd v e€icmon (57)-C ot TIéG TV oTo SIVOGHOTO Xa,
Uc TAEOV S10POADVOVTOL ETAVIANTTIKA LE YPTOT) TOV UETACYNUATICUEVOV EEICMOGEMVY (62)-
a,c éog 6tov |{fT(T,f2)T} < tol. Tote pmopei va ypnoipomomdei  Sraxprromomuévn
popon ¢ e&iowong (52) n omoia divetan wg e&ng

ptt (63
7= P2 =L ps=_1 pj

P;i VrvE Vave 7

P

Téhog yia pia anelpoot) mpocavénon AF yopw and pio yvoot) 0éon 1copponiog dmov
eElomoelg (54)ae 1.oyvovy, ypNooroldvtag TV (57)-C Kot COUTVKVOVOVTAG CTOTIKE TIG
elomoelg (62)axat € oty e&iowon (62)b AapPdvetar n e€ng oyéon

A8 =K'y, DTAF (64)

1N omoia emakoAoVOmG divel
AP = -~ DK',,DTAF (65)

VRrvE

GUVETAG 01 GLVIGTAGEG TOV TAVVOTH EAACTIKOTNTAG SIVOVTOL GE UNTPWIKT LOPPT G EENG

A = ——DK',,DTAF (66)

VRrvE

Etvor onpoavtuco va onueimdel yio tovg vToAoyiopong mov akoAovhovv 4Tt Ol AmEIPOCTEG
npocavénoelg AP kot AF mov xpnoomolovviol 6Tic Topandve GYECELS OVOPEPOVTUL GE
oVVIoTOoES TV Tavuotdv P xow F oe ovykexpiuéveg Pdoeig mov €xovv oproBet
TPONYOLUEVMG Kol 1] oxE0T (66) AVAPEPETOL CLYKEKPILEVO OTIS GUVIGTMGES OVTEG KOl OEV
amoteAel pa YeVIKT 0X£0TM Y10 TNV GUVOAIKN £EKQPACT] T®V OVO TOVLGTMV.

oH ooppomia 6T0 HAKPOGKOTIKO €Mimedo SEmETAL amd TV Apyn T@V Avvat®dv
‘Epyov n omoia pe tn ypnon g ocvvOnkng poakpoopotoyévelng (53) AauPdvel v €E1G
Hopon
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SW = Wiy — SWoye (a) (67)
SWine = SFT : Py dV, (b)

Mia Avon menepacuévav otoyeimv BacIGUévn TNV TApUTdve HETABOAMKN SoTOT®ON
amattel C* ouVEKELN TOV Y10l TIG XPNOILOTOI0VUEVES cuvapThoelg oxnuatog [59. H oyéon
aVT TPEMEL VO 1OYVEL YloL UL LETOPOAT] GE OTOLOONTOTE P.€. TOL TPOKLITEL OO TN
dlokpltonoinon tov MESIOL TV UETOKIVIGEWV, KOl £TCL TPOKLATEL 1 EKOPOUCT TNG
1GOPPOTHOG ECOTEPIKDOV Kol EEMTEPIKOV EMKOUPLOV OpAGEDV

R = Fing = Fexe (a) (68
Ur oF” .
Fi‘l’lt = fVO a_uT.PM d..()o (b)

IN'o va a&lomombodv oty mapandve oyéon (68)-b, eiomoeig o1 omoieg &xovv e&oybel
TPONYOLUEVMG OVTN EavarypageTol g eENG

Fo = fvo (G'® g:u,): (PT*E; @ e;) d2g (69)

omov &xet ypnoonomOel 011 6F = (g;,, & GHdu,.

H oyxéon (68)-a amotelel éva ocOotqua pn  ypoppik®v El6OCEOV  TTOV
YPOLUKOTO00VTOL (HOTE Vo emA000V pe pio emavainmrikn owdikacio NewtonRaphson
To PAMTOUEVIKO UINTPDO SLVCKAUYING TOV (TOV ECOTEPIKMV dpAcemV) divetar amd v e&ng
oyéon

. 92F" IFT oP,, . . (70)
Krl?t = E Py + W:Wd[zo = f(Gl ® gi,rs):PM +(6'® gi,r):PM,sd-QO
i rOUs r s i
Omov pe ™ ypnon mg ox€ong
(Pl]El ® ej)ys = P,SUEL ® e]' + PU(EL ® e]‘)s = Aijkl(E;‘d)Ei ® e]' + Pl](El ® ej,S) (71)

UmopovV vo ¥pNnoipomoinfodv ol GUVIGTAGEG TOV TOVLOTY €AACTIKOTNTAS Ajki  TTOV
dtvovtar amd ™ oyéon (66). [V avtnv ™ oyéon Exel ANeOel vTdoyYN OTL LOVO M pHeTABOAT LOG
Bdong mov axorovlel v mapapdpeOcn ToV Popéa givar diapopn Tov undLv de;,,  # 0.
ITeprocoTEpEg AETTOUEPELIEG Y10 TOV VTOAOYIGUO TWV PETABOADY G, Girs, F Kl xan €s
dtvovtatl 6To TopapTNLLO.

e Mia and Tic PacIKOTEPES EPAUPLOYES TNG AVAAVONG POPEMY GE TOAAATAEG KATLOKES
amoteAel M HEAET TOV 1O0TNTOV VOVOCLVOETOV VAIKOV HEC® TNG AETTOUEPOVG
HOVTEAOTTOINGNG TNG HKPOOOUNG TOVG . Mia vEa yevid vavosivOeTmv DMK®V e eyKAEiopaTo
ov €yovv ¢ Pdon tov avOpaka, 6nwg to ypagévio (Grapheng kot ot VavosmANVES
avOpaxo (CarbonNanoTubesCNTS) napovctdlovy eEapeTikés unyavikég I010TNTEG AKOUN
Kol OTaV 01 TPOGUEIEELS AVTEG YPNOYLOTOOVVTOL GE TOAD LKPEG TEPLEKTIKOTNTEG.

Ot TeYVIKEG VITOAOYIGTIKNG OLOYEVOTOINONG YPTCLHUOTO0VVTAL GE dVO GTASI0 GTNV
TPOGOUOIWON VOVOGUVOETOV TOAVUEPDOY VAKOV LE eYKAEioHATO Ypapeviov. Apevoc pia
EPOAPYIKT) TPOGEYYIOT] OUOYEVOTTOINGNG OKOAOVLOEITAL Y10l TOV TPOGOIOPICUO TOV 1010THTWOV
EVOG EMPOVEIOKOD QOPEN HE 1010TNTEG 1GOSVVOAUES LE OVTEC TOV QUAAW®V YPOPEVIOL.
Agetépov n TpOTS TAENS Bempia LVTOALOYICTIKNG OpOYEVOTTOINoNG akolovbeitat yio TV
TOVTOXPOVI] OVAALON o€ 000 KAMUOKEG TOL GULVOAIKOV VOVOGLVOETOL VAKOD 7OV
epAapPavetl 1o Ypoapévio poll e TN TOAVUEPIKT UNTPA KOl TO OE@POVUEVO VOLLO SLETAPNG.

[Tpoteiveron emiong pio yevikeopévn pebodoroyior mpocopoimong vavosHvletwv
VMK®OV Pociopévn o610 GLVOVACUO TNG TEYVIKNG EVOMOUATMOONG OPOPETIKAOV TOTMV
otoyeiov Ko ota memepacpéva otoryeio oemaens. H peBodoroyior avtn emtpémel v
onuovpyia poviéAwv RVE, yu vovoobvleta vAkd pe Toug mpoovapephivteg TOmMOVG
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eYKAEIoUATOV, Kot elval 101oitepa amoTEAEGHATIKY KOODG amottel peiwpévo apuo B.e. ot
oyéon pe Tic ovpPotikéc pebddove dlaxprromoinomng, YoPIic Vo LVIEIGEPYETOL KATOLN
OTAOTIOUTIKT TAPOOOYN OTNV OVAALOT).

oTo ypagévio eivar éva ovadVOUEVO VAIKO TOV £YEl TPOGEAKVOEL TEPAGTIO
EMOTNUOVIKO EVILUPEPOV AOY® TOV EEAPETIKMY UNYOVIKOV KOl NAEKTPIKMV 1010THTMV TOL.
Etvon éva aAldtpomo dvBpaka, 1o omoio oynuatilel Eva eEaymvikd KOYEAMTO TAEYUO TTOV
umopel var £xel TAY0G VO ATOUOV, YVMOOTO MG LOVOSTPOUATIKO GUAAO ypapeviov (SLGS)
mov ovvtifeton pe dapopeg pebddovg [60-62]. To ypagévio €xer Ppebel otL givan o
1oYLPOTEPO VAIKO TTOL £xEl doKinaotel Toté [63-64] pe ovviedeot Young 1 TPa kot avroyn
oe gpeaxvopd 130 GPa, xabiotdviag to €va TOAAL LTOGYOUEVO VAIKO Yio OOUIKES
epapuoyés. Ta Ao ypageviov (GS) kot To Tapdywyd TOL TPOIOVTIA, Ol VOVOSMOANVESG
avBpaxa (CNT), &xovv ypnoyomombel emttuy®c ¢ VAIKE TANPOONS GE VOVOVOSLVOETH
VMKA [65, 66], evioybdovTag CUAVTIKA TIG UINYOVIKES 1O10TNTEG TNG UNTPOS. Ot EmTLYMNUEVES
EQUPUOYEG TTEPIAAUPAVOVY GUVOETA VDAIKA TOCO WHETOAAIKNG untpog [67, 68] 6co ko
nolvuepovg pntpag [69, 70. Xtn ouvvéyewn mapovotdletor pion pebodoroyio yio T
HOVTEAOTTOINGN TNG UNYXOVIKNG CULUTEPLPOPAS KOl T®V 1WOOTHTOV TV VOVOCLVOETMV
Ypapeviov oe TOAATAES KAMpakeS. Avo Egywplotd onpeio otn dadikacio povieloroinong
TV vavooLvletwv  ypapeviov  mopovcidlovtol  AemTopEP®S, TPOTA 1 HEO0SOG
TPOCOUOIMONG TOL YPAPEVIOL KOL GTI GUVEXEWD O UNYAVICUOS LETAPOPAS popTiov petalhd
NG WATPOG KoL TOV EYKAEIGHOTOC.

Ot pébodotl povreromoinong mov OtatiBevior oNUeEpPA Yo TV TPOGOUOIMON TNG
LUNYOVIKNG GUUTEPLPOPAS TOV YPOAPEVIOV, AAUPAVOLV VTOYT TIG SLOTOUIKES AAANAETIOPAGELS
petaéd tov atopmv avlpaka oto efaymvikd mAéypo. Ot vmoloyiotikég péBodot mov
YPNOLOTOOVVTOL EVPEMG, UTOPOVV YEVIKA Vo TaStvounBovv oe dVo katnyopieg: 1) otnv
poplakn povtedomoinon [71, 72] pe xvpiotepeg vrokatnyopieg tig nebddovg HOpLokng
LUNYOVIKNG Kot TV Tpocopoimon al-initio kot 11) Tig TPOoEYYIGEIS TG UNYXOVIKAG GLVEYOVG
péoov [73-75] ovpmepiiapfoavopévng g avaivong pe memepacuévo. otoyeio. Kabe pio
amd TS mopoumdve pHeBOO0VS, GLVOIEVETAL OO SOPOPETIKEG EMOOGELS AVAAOYO UE TNV
KAipoka Tov xpoévov kat Tov peyeBovg g poviehomoinong. Ot teyvikég Ab-initio kot ot
TEYVIKEG LOPLOKTG UNYAVIKNG TTOPEXOLY YEVIKA VYNAN axkpifeta, oAAd AOy® Tov LYNAOD
VTOAOYIOTIKOV KOGTOVUG oL TG Yopoktnpilel, €livor KatdAAnAeg Yoo HOVIEAQ HUIKPOD
LEYEBOLG Kot Yo HUKPEG (POVIKES TTEPLOdOVG [75, 76] Amd v AN TAELPA, Ol TEYVIKES
ouveyoHS LEGOV gtvar tkovoToTiKd akplPelg Kot VTOAOYIGTIKE OTOOOTIKEG Y10 LEYAADTEPOL
HLOVTELD KO TTPOGOOLDGELS YPOVIKA UEYAADTEPEC.

H «dpa apyn micw ond Tic mpoceyyioelg UnNYoviking GuveXovg, Tov cLVNROMG
avaeépovtal og HEBodot Molecular Structural Mechanics (MSM), ivo  mpocopoimon tomv
OLLOLOTIOMKADV dECUMV HETAED TV atOU®mV dvOpaka, Le 1GOOVVOLO OOUIKE TETEPAGUEVOL
ototyeia [ 76]. O1 18010TNTES AVTOV TOV TEMEPUACUEVOV GTOLYEIOMV UTOPOVV VAL VTTOAOYIGTOVV
OVOALTIKA KAVOVTOG YPNON KPUMpimv 1G000VOUNG EVEPYELNS TOPALOPPOONS, Yol TN
Bempovpevn kdbe @opd dSwrtvmwon Tov dvvapkoh (force field) g Swatopkng
aAnieniopaonc. Katd v mo dwdedopévn pébodo, ot opotomoikol deopol dvOpaka
avtikaliotoviol pe nemepacpéva otoryeio dokov, pe ta omoia pmopel vo mpocsopolmdel
KATOAANAQ 1] OTOLAKPVVOT] TOV OTOU®V KOl O1 0GAAAYEG OTY) YOV TOV HETAED TOVS dECUADV.
Evd avt n mpocéyyion evéyet ikpOTePO VITOAOYIGTIKO KOGTOG Kot £ivort apKeTA akpiPng o€
oUYKPLON WE TIC HOPLOKES TPOGOUOIDGELS [76-79], Kot Yoo anTAY OU®MG TO VITOAOYIGTIKO
KOGTOG AVEAVETOL OPOUUOTIKA Yoo HEYOADTEPEG KAILOKES GTO XPOVO Kol TO HEYeBog Tng
mpocopoimonc. ['a 1o Adyo avtd, n 5ydpa TOV TETEPASUEVOV GTOLYEIDV d0KOD UTOpEL va
avTiKataotodel pe £va 160dVVANO apotd TAEYIO TETEPUCUEVOV CTOLXEIMV, [LE TEMKO GTOYO
Vv dnuovpyio evog HOVTELOL pe onuovTikd Atydtepous Babpovg elevbepiag (dofs) aild
pe wavomomtikn akpifeta. O TOTOC TOV TEMEPAGUEVOV GTOLEIDV TOL YPTGILOTOLOVVTOL
0TO VTOKOTACTATO aVTO HOVIEAD €SopTMOVTOL OO TN GLVOAKY| YEMUETPIOL TOL VOVO-
copotiov. [Na tapddetypa, yio TNy TPOCOUOImON TG UNXAVIKNG cupmeptpopds Tmv CNT
OV £YOLV YPOUUIKY SapOPe®oT|, To avtictotyo MSM povtého tovg vrokabictator pe
toodvvapo otoryeio dokov (EBE) kdbe éva and to omoia avtictoyyel oe tpunpa tov MSM
TAEypotog menepoopévav otoyeiov[80-82]. Ta povtéha mov TPOKHTTOVY £X0VV AyOTEPQ
TEMEPOUCUEVA GTOLXEID KO EMTPETOVY TPOCOUOIDGELS UEYOAVTEPNG KApaKkag peyéBoug 1
XPOVOUL.
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2NV Tapovca pYAcion 1] aVOTEP® TEXVIKN EPapUOLETOL YO0 T HOVIEAOTOINOT G
moMamAEG KMpokeg eUAA®V ypageviov (GrapheneSheetd pe apald poviélo cvveyoig
péoov. Ta peydra oe péyebog GSs cuumeprpépovion cav KeAOEN, oe avtiBeon pe ta CNT
OV TPOGOUOALOVY d0KOVS. XpNoIomolovvTal Aomdv 1codvvapa ototyeio keAvpovg (ESE)
TOL Yo TN OMovpYic €vOG UOVIEAOV VTOKOTAGTOTOV TMV OVTICTO®MV AETTOUEPDV
povtédmv poptlakng unyavikng MSM. To ESE npénet va givon oe 0€om va aviimpoocwmedet
pe akpifeto TG0 ™ HEUPPAVIKY] OGO Kol TNV KAUTTIKY GUUTEPLPOPA TG TAdKaS Tov GS.
Edv minpeitonr avt) n amaitnon, 10te ovtd 10 ESE pmopel va evoopatmbel oe éva
TPLGOIACTOTO LOVTEAO TG TOAVUEPIKNG UNTPOS TOAVUEPOVC, dtapoppdvovTag £Tot éva RVE
KOTAAANAO YioL TN HEAETN TNG GLVOMKNG UNYOVIKNG GLUTEPLPOPAS TOV vavooLvvletov. O
UNYOVICUOG HETOQOPES GOpTioL UETOED TNG WNATPOG Kol TOL €yKAelopotog emmpedlet
ONUOVTIKA TIG UNYAVIKEG 1010TNTEC TOV GUVOAKOD VovosuvOeTov VAKOV. Ot aplOunTiKég
TPOGOUOIDGELS LITOJEIKVHOLV OTL 1] SuoKaUyio Kol 1) ovToyn TG olempdvelag, kabopilovv
TO GV® OP1O TNG EMTEVKTING LNYOVIKNG EVIGYLONE TOV VAVOGUVOETOL Y10l TO CLYKEKPIUEVO
gykdetopo kat v oAicOnon mov eppaviletan dtav mpokvmtel aotoyio [80,83]. I't’ avtodc
TOVG AOYOVC €xouv TPOTOOEl OAPOPES TEYVIKES YMLIKNG OlEpYaciag Yoo evioyvon g
oLVOYNG HETAED TNG UNTPOG Kat Tov eykAgiopatog [84, 85]. T'ia mpocopoinon g andkpiong
g dlemdvelng, Loviéda Tpng £xovv Mo €QOPUOCTEL P EMTLYIO GTY LOVIEAOTOINGOT
vavoouvletwv CNT [80, 86]. Xtnv mapovoa pekétn, n diemedvela povieromoteitat Gov pia
ovvektikn Covn (Cohesivezone model CZM) peta&d tov ESE kot g tprodidotoTng
pntpag. H ovvektikr| ovumepipopd opiletor pécm €vOg KOTAGTATIKOV VOUOL EAENG-
oAloOnong peta&d TV SVO LE Hio EK TOV TPOTEPOV YVAOGTH U1 YPOLUIKY cvoumeptpopd. Ta
nenepacpuéva otoryeio cuvektikng (ovng (CohesivezoneelementsCZE) éyovv epapuootel
LE emTLYic Y10l TN TPOGOUOIMGT POVOUEVOV OTOKOAANGNS Kot Ooy®mPIGHoD GUVOET®V 1)
vavooHvieT®v VAKOV [87] kadG Kot 68 TEPITTMOCELS LOVIELOTOINGNG EVIGYVUEVOL YOIV o
[88], emtuyydvovtag emapky GOUTTMON UE TO TEPOUATIKA SESOUEVA KOl MG €K TOVTOV
EMAEYOVTOL GE OVLTAV TN UEAETN Y. TN HOVIEAOTOINGT QUTNG TNg evotdpeons Covng
OlEMaPN .

oXtn ovvéyeln Ba eotiboovpe oe kdbe éva omd To mopamdve Prjpote TG
pebodoroyiag Eekvavtag and Tic mpocopoldcel; MSM tov @OAA®V ypapeviov kot tov
TPOGIOPIGUO TOV WOLOTHTMOV TOV 1GOOVVALOV AP0V LOVIEAOL KEADPOVC.

Ta @OALa ypaeeviov (GS) pmopodv va BewpnBovv cav peydro pdpia Tov amoTeAOVLVTOL
amd atopo avOpaka o éva e&ayovikd Koyelmtd mAfypa. Katd v npocséyyion MSM, n
kivnon tov mopiveov Tov atdpev  avlpoko efaptdtolr amd TIC OAANAETMOPAGCELS
niektpoviov-mupnve kat wopniva-topnve [89]. M avamapdotoon &vog eoymviko
dwtvwtov mAEyYpotog GS ¢aivetar oty Ewdva 3. Ot cuvolkég dvvapelg mediov mov
kaBopilovv v aAlnienidopacn TV atdpmv dvBpako TpokOTTOLY amd TNV BepoduUEVN
duvapukn evépyela oAnieniopaocng (potentialenergy, n ékgpacn g omoiog Topovotdlet
dpeon opotdtnra e TNV STOTOOT TG EAAGTIKNG EVEPYELNS TAPAUOPPMONG TOV GTOLYEI®V
dokoV. Mo Aemtopepng meptypaen e mpocéyyionsg MSM unopet va Bpebel oto épyo twv
Li kou Chou [76] mov apywd mpodtevay 10 poviéro, vrobétovtag £va oTotyeio doKov
KUKAKNG dwotopns. Opmg M mopadoyr] 0Tl ot €viOg KOl €KTOG EMMEOOV KOUTTIKES
dvokapyieg g 0okov givar ioeg, sivor axpiPng, HoOvo Yo TV TPOGoUoimor g evtdg
EMIEOOV GLUTEPLPOPAS TOL Ypapeviov. Ot LU kot HU mpodtevay pio eAAemTiKn dtaTopn| Yo,
T TOLYELN 00KOV, KABMG 1 EKTOG TOV EMTEGOV SVGKOUY N VIEPEKTILATOL GE PLEYIAO PaBlo
pe v KAaoown pnébodo MSM, 6mmg mpokHTTTEL KO 0O OTOUIKES TPOGOUOIDGELS. L2G €K
TOVTOL, TTPOTAONKE o Tpomomompévn kepaocn g MSM oty omola 1 ekTO¢ emmESOV
Kopmtiky dvokapyio Tov  otoyeiov dokoh vroAoyiletanr pe Bdon v acBevn evépyesia
OVOGTPOPNG TOV OUOLOTOAIKOV OG0V, Mia AETTOUEPNG TTEPLYPOPN OQVTNG TNG AEYOUEVNC
tpomomomuévng tpocéyyiong (modifiedMSM mMSM) pmopei va Bpebdei oo pyo tov Chen
[90] mov mpoTewve o opHoydvia StaTopun Yo T HOVIEAOTOINGN HE oToyEin 60K0D TV
OLLOLOTIOAMKADV SECGUADV.

Mio Khaookn dtdtaén npocopoioons MMSM, to meipapa epeikuopoy prnopet va
ypnowonombel yioo tov mPocsdlopicpd TV €VTOG EMUTEOOV UNYAVIKOV 1O0THTOV TOV
ypageviov. Mio té€tola dokiu mpoypatoromdnke oe avtyv v gpyacia ywo évo GS
22.1676x21.1676 nm, poptilopevo oty katevbvvon ‘zig-zag, (BA. Ewova 3) . T wéyoc
OV EUAAOL Ypapeviov ico pe v andotaon t = 0,34nmuetald 6vo puALwv GS 10 pétpo
Elaotikomntog kot o Adyog Poisson, yw 1o €viog emmédov @awvouevo Poisson
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vroroyiomnke o¢ E = 1,04TPa kot v = 0,0607, avtictorya. [Ipaktikd ta idio omoteAécpata
eMoednocav yo v katevbovon ‘armchait, eraAnevovtac thv vedbeon 6t to GS pmopet
vo. Oewpnbel OtL €xel ocvumepipopd 1ootpomikng pepPpavng [74]. Tlapdio mov 1o
vroAoylopevo Young's Modulus tov GS gival cuvenég pe dAleg peAETES, Ol TIUEG TOL AOYOV
Poisson mov avagépovrtat otic epyociec [71,74,76,91,9Pcivan dStoockopmiouéveg oe Eva evph
edopa amo 0,06 éoc 0,45. Onwg avaeépetor otnv epyoacio [91], vmdpyer Elheym
TEPALATIKOV OTOTEAECUATOV TTov Ba enétpemay v opbn emkvpmon TV BewpnTiK®dV
LOVTEAMV.

molecular bonds

carbon atoms
N U

armchair

direction =
zig-zag

direction

K \ N - SR R )
s\ﬁf\ wh‘x&h«zﬁ%‘\"a;“% mfn

El Kk8Ta €éaywvli KO TMAEYyPHUAd TWV OTOPMWYV AvOpaka

olTapd to yeyovog 6ti | Tpocsopoiwon mMSM glvarl otkovoukoTEPN VTOAOYIGTIKA GE
OVYKPION UE OTOMKEG TPOGOUOIMGELS [76-79], To KO0TOG TG avaAivong e&akoiovdel va
elvar vynio 6tav mpocopoudvovion oyeTikd peydro povtéda GS. INo mapddetypa, Eva
povtého mMSM evog @OAAOL ypageviov povig otpwonsg (SLGS) 88,76x84,66 nm
amoteleiton and mepimov 106 B.€., kahoTOVTOS OKOUN KOL TIG ATAEG CTATIKEG TEPIMTAOGELS
@optiong Papiég vroroyiotikd. Eivar Aowmdv mpo@avEg OTL 01 TPOGOUOIDGELS GTNV KATLLoKOL
TOV UIKPOUETP®V LE TO TPEYOVTA Lovtéda mMSM elvar moAd avamotedespotikés. ' avtd
10 AGY0 OMWMG TPOAVOQEPNKE, GTNV TOPOVoH €pyacics mpoteivetar €vo adpd LOVIEAO
TEMEPUCUEVOV oTOLYEIOV, amotehoduevo amd 1oodvvapa otoryeior kehvgovg (Equivalent
ShellElementESB), yio va vrokatactioet to TANpeg poviého MMSM evig pepovopévou
@OAAOL Ypageviov SLGS Kabé otoyeio keAdpovg ESE avtictoyel oe mAnBog ototyeiomv
dokov ™G MMSM mpocopoimong, HEWOVOVTOS TO LYNAO VLIOAOYIOTIKO KOGTOG Yo TNV
TPOGOUOIWON HOVTEAWV HEYOANG KAIHOKAG Kol XpoVIKGOV TepLddwv. To @OAAO ypapeviov
SLGS avapévetar va €xel GLTEPIPOPA TOTOV TAAKOG OTOV VTOKEITOL GE QOPTIOL EKTOC
EMIEOL KOl CLUTEPLPOPA TOTOVL PEUPPAvNG dTav LITOKELTAL GE POPTia EVIOG emmédov. Emi
TOV TAPOVIOS OE OPICUEVEC epyaoieg €xel mpotabel M TPOsOUOI®woN TNG KOUTTIKNG
ovunepipopds tov SLGS pe 1oodvvapo otoryeio mAdrkog [93-94] aAld dev £xel mpotabdei
KOTO10 HOVTEAO TTOL VO LTOKOOIGTA TNV KOUTTIKY] KOl TNV UEUPPOVIKY) GUUTEPLPOPE TOV
ypapeviov. H dvokoio evromileTon 6T0 Yeyovog OTL Yo TIG 101G EAACTIKES TOPAUETPOVS Oa
TPEMEL £VOL 100OVVALO GTOYEID KEADPOVS VO EMOEIKVVEL GUYKEKPIUEVEG 1O10TNTEC KATA TNV
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KAUyM Kot v pepfpovikny Kotamovnon. Mio dokiun Kapyng Oeiyvel 0Tt 1 TPOyHOTIKY
ovokapyioo tov SLGS eivoar moAd pukpdtepn oamd ovtiv mwov  AouPdavetor €4
YPNOILOTOMN OOV O1 TYES TOV EAUCTIKMV TOPUUETPMV TOV TPOEKLYOV Yol TNV UEPPOAVIKY
évtaon E = 1TPa kot v =0,0607. H anlodotepn Adon eivar va ypnoyoromel éva otoryeio
KEAOQOLG e 0mosvlevypéV duoKapyio yio Tig 600 aVTEG LOPPES TAPAUOPPOCNG COLPOVOL

pe ) oyxéon:
— Km
K=" )

6mov Km givor o vropntpmo mov avtiotolyel oty pepppovikn cvumeprpopd kot Kb givan
TO VTOUNTPDO TOV OVOPEPETOUL GTNV KOUTTIKY] COUTEPIPOPE TOV KEADQOVG. Me avtdv ToV
Tpomo givar dvvatd vo emAeyolv Egxwplotd (evyn mapapétpov mov Ba kabopilovv Tig
dvokapyicg Kmkor Kb dote awtég va tapralovv pe v copmepipopd tov SLGSOmme ot
amotumvetal o1l MMSM npocopoidoels. To TpdRAna TPOGIOPIGHOD EVa 1IGOFVVAUOV
otoryelov keAv@ovg petacynuatifetor 6to mPOPANUA avalnTmong &vOog 1600VVALOV
peuppavikod  otoyeiov Kot €vOg 10000VOUOL oTolKElov TAGKOC. Xtnv  Ewdva 4
anekoviovtat ot f.€. TOV AVTIGTOLYOVV GTOVG OVO AVTOVE TOTOVS GTOLYEIWV.
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El k#ABaOpoi eAXevbBepiag evdg tTeTpemareuvpl Kol

EVOC OTOl Xeiouv MAAKOAC
Onwg mpoavapépOnke, ot pepPpavikég 010mreg T0v SLGS éxovv mpocdiopicbel and Tic
EVTOG eMMEDOL dOKIUAOTIKEG popTioelc wg E=1TPg v=0.0607y1a to mdhyog t=0.34nm kot
umopoHv va, ypnoporombovv duecsa oto vropntpwo Km . I'a va arodobei pe to EPE
OMOTAE M KOUTTIKY GUUTEPIPOPA TOV TPOoKVTTEL ard To MMSM povtédo, pio apOuntiky
ddkacio akorovBeital, pe v omoia Eac@AAILETOL 1] TAPNOT CLYKEKPIUEVOV KPLTNPimV
{ong evépyelag TAPOUOPPMOONG KAl LETAKIVIGE®V YloL TO TANPEG HoviEAo MMSM kat to
vrokatactato Tov EPEO6TOV avtd vrofdAoviar otny 1d1a pOpTion viod Tic 1018 GLVOPLAKES
oLVONKEG OTMG TEPLYPAPETAL GTT) GLVEYELOL.

0@ewpnvTog Ta aroteréspato The MMSM tpocopoinonc g v akpipn ardkpion
oL POALOL Ypaeviov, ypnolponoteital Evag ahyopBpog Pedtictomoinong e okomd v
eAa1oTOTOINGT TOL GEAANATOG HeTAED TNG AOKPIOTG TOV VITOKATAGTATOV poviéhov EPE
kot g MMSM pocopoimong. Mia opBoywvikn tadka and EPEOswpeiton maktopévn otig
TE60EPLG TAEVPEG OTTMG KoL 1) avTioToryn oydpa ototyeimv dokdv MMSM kot poptilovral
010 KEVIPO amd ovykevipopévn ovvaun 6pN. H avtikeyeviky cvvdpmmon mov Oa
ehayiotomonOel eivar 1 dtoeopd peta&h TG GLVOAKNG EVEPYELNS TOPAUOPPOONS TOV
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povtéAwv MMSM kot EPE evd tavtdypova tifetar o meplopiopdg ta goprtia va epgaviCovv
v 0o péytotn petaxivnon.

Deflection innm
+8.764e-01

+8.034e-01
+7.304¢-01
46.573e-01
+5.843¢-01
+5.112¢-01
+4.382¢-01
+3,652¢-01
+2.921¢-01
+2.191e-01
+1461e-01
+7.304e-02
+0.000e400

------

Eil Kk BEaxapa & 0K wwmMSMo/u 0 VPO OYyMVYRAPOUAOU POVAC
01l a0oT Ab.@8wl058MMAOKT WHEVO OTI QUFKENTPRUEVRAWOPTI O

H avtikepevikn cuvéptnon Slatundvetor og €ENG:
f(X) :[\/fr- VpI(X)| (73)

omov VIr givar M evépyeta mapapdpewong tov MMSM yopikod mhaiciov kot Vpl eivoen
gvépyelo Tapapdpemong tov poviédov EPE kot e§optdton amd Tic TIHES TOV TOPAUETPOV
X=[E v t]', onAadf t0 péTpo €raoTiKOTNTAG, O AOYoC Tov POISsSon kot to mdyog tov
KEADPOVG avTioToyo, VM EMPAAAETOL KO O EENG TEPLOPIGLLOC

ImaxUfr - maxUpl(X)| ¢ tol (74

o6mov maxUfr eivon m péytom petaxivinon oo MMSM kor maxupl eivar n péylot
petakivnon tov poviéaov EPE

H xopmtikcq ocopmepipopd pio 1c6tpomng mAdkag yapokmmpiletor mANpmg amd v
ovokapyio e De n omoia diveton wg e€Ng:

_ E? (79
~12(1—v2)

Etvon mpogavég 6t n idwo tyun yio ) dvokapyio De pmopel va mpokdyet yio SopopeTikég
TIEG TOL S1VOGHUATOC TOPAUETPOV X, ONAOT| Y10 SLUPOPETIKOVS GLVIVACUOVS TILDV TMV
mopapétpov E, t kot v. Ondte 10 mopamdve mpdPfAinua PeAtictomoinong pmopel va
amhomombei edv emheyel ek TV TPoTEPWV M TN ToL Adyov Poissonv=0.0607,idwa pe
OVTIV TOV TPOKVTTEL Y1 TO HEUPpavikd TpoPAnua kat pio Tiun yia o yog t=0.00lnm H
BeAtiotomoinon 1oOTe exteAeiton pOVO Yy TNV ovalnmnom G TWNG TOL  UETPOL
elaotikottog E. Ex tov votépov unopel va tebel kKon to mayog t va cuumintel pe 1o mayog
tov EME kot va enavaimoroyiofei 1o E dote va dwatnpndel idia 1 dvokapyio tng mhdiog
and v e&iowon (75). Avtiy N amlomoinon ogv emnpedlel v emilvon Tov TPOPANUATOG
BeAtiotomoinong kot emTuyyAveTOn AVon pe o@aipo kpotepo tov 0.3% yo v péyiom
petaxivnon kot pikpdtepo tov 0.8% yia v avtikeueviky cuvaptmon. ['a v Tapordve
dladKacion gV £ytvav KAmoleg mapadoyEs Yoo To pEyehog Kot To GynuUe Tov GUAAOL TOL
YPaPeEVIOL. ZVVETMC TO VToAoY OUEVO oTotyeio EPEumopel vo vtokataotioet T KopmTik
CLUTEPLPOPE TOV HoVTEAOL MMSM avelapTNTOG TOL GYNUATOC TNG E0YAPOC KOl TMOV
dwothoewv g H mokvotonta g dakpitonoinong tov poviéAov EPEpokdntel omd
pia avaivon cvykionc. ‘Evog kévafog 40x40 nemepacuévov ototyeinv divel pio emapkdg

D,
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akpln Avom yia v omoio emTvyydveTal cvykAlon yia T T tov E=5.341e10 MPa.

Eniong £éywve pio diepedvnon yu 10 péyeboc tov @UAAOL Ypageviov Yy TO OmOi0
TOPOTNPEITAL OLOYEVIG KAUTTIKY] GOUTEPIPOPE. ATO TNV avAALGN avTh AapaveTar, yio Eva
SLGS dwotdoemv 105x111 nm n 1] omv omoia GLYKAIVEL TO HETPO EAAGTIKOTNTOG
E=5.316e10 MPaov 1codvvapov ototyeiov keAbeovs. Ouwg 6mmg paivetat otnv Ewkova 6
Ko Yo pukpotepa pey€dn g 1aéemg tov 44.3x42.3 NMtov @OUALOL YPOUPEVIOV TO COAALLNL
petTa&y Tov povtédov MMSM kot Tov adpod VITOKATAGTATOL LOVTEAOD ival TOAD UIKPO Kot
KOT® amd T TpoavapepOeloes TIEG Yo TNV EANCTIKY EVEPYELD TOPAUOPP®ONG KO TN
pHEYIGTN pETOKivon.

EPE strain and displacement % error versus the size of the model regarding
the mMSM model as the exact solution<£0.001nmy=0.0607 B.C. all edges

clamped)
1,6 - =9—>strain en.% error
(E1)
1,4 - )
® == max.disp.% error
(E1)

strain en.% error
(E2)

=>6=max.disp.% error

4—\- (E2)

E1 derived from
11.58x10.58nm

- E2 derived from
44.3x42.3 nm

0 T T T T T 1
1 21 41 61 81 101 121

times the 11.58x10.58 nm SLGS

Eil k®&Mayl1 cto o@aAlpga poviIiEAOU EBE yira tTnv €AAd0Tl KN

METAaKIi vnaon

Mia mAdka opiletor TANpwg amd v dvokapyio g De kot apov avtr) vroioyichel tote
unopel va ypnowonombBel oe mpoPAfHaTO HE OPOPETIKEG CLVOPLOKEG CLVONKES M
TePTOGES QOpTions. [lapduoleg doxkuéc exteAéotnkay Yoo TPOPANUATO KAUWYNG HE
OPOopPeTIKES ovvOnNKeg oTPIENG Kol EOPTIONG OTMOC TO [N GLUUETPIKO TPOPANUO TOL
eaivetal otV Ekova 7 £de1&av opaipata id1ag TaEng peyéboug, kdtm tov 1% oty evépysia
TOPALOPPOONG KOl GTN HEYIGTY HETAKIVION Yot OAQL TOL LEYEOM TV HOVTEAWV.

IMa 115 epappoyéc mov axorlovBovv ot Tipeg t=0.001nm ko E=5.316e10 MPa éyovv
npocapuocdel pe fdon t oxéon (75) OCTE TO TAYOG VO CUUTIMTEL LLE OVTO TOV 1GOOVVOLLOV
pepppavikot otoryeiov t=0.341m, mpokdmtel g E=1.352 GPa kot pmopet va ypnoyromotn el
oV KMpoka Tov pikpopétpmv pe akpifea peyarvtepn tov 99%. Ev téher, to ESEegvog
@OALOVL Ypaeviov pog oTpmdong uropel va dtatvrmbel cav cuvovaopog tov EME kot EPE
HE xpron g oxéong (72).
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I, Magnitude
+3.351e+00 H E
+3.071e+00 F:::':':”'”"' R
+2.792e+00 iREAEE T
+2.513e+00
+2.234e+00
+1.955e+00
+1.675e+00
+1.396e+00
+1.117e+00
+8.377e-01
+5.584e-01
+2.792e-01
+0.000e+00

Eil KAMg GCUPUETPILKNA QOPTI ON POVOTMAKING TAAKOAC
Al oot é @d2amdidakpl TomoxSpmpemgppeoepd0a ot1ol Xei a.

OXTN CLVEXELD LEAETATOAL O UNYOVICUOG LETOPOPAS GopTion peta&h TG UNTPOG Kot
0V VAoV ypageviov Interfacial Load Transferring Mechanism (ILTM) omoiog &yet
W0witepo eVOlAPEPOV, O10TL emMpPedlel QUESH TIG UNYOVIKEG 1O10TNTEG TOL VOVOGUVOETOL
VAKOD KOl TNV GUVOMKT TOL odKPLoN. L& VO VOVOGUVOETO VAIKO TOAVUEPTKNG UNTPOG T
dropa GvBpaxo Tov YPoEEVIOL GAANAETIOPOVY UETOED TOVG UE 1GYVPOVS OUOLOTOAKOVG
deopoive, evd ovvdedvtan pe v unitpo pe oobeveic dvvauelg Van der Waalg86,95].
Adpopeg ymuikég depyaciec ‘functionalization pmopovv vo gpappochodv dote va
ovvoebov pe opolomoAkoVe deapos To dtopa AvOpaKa Pe TO TOAVUEPEG PEATIOVOVTOG
€161 6¢€ Peydlo Tos0oTo TN duakapyia Kot v avioyn tov ILTM . ITepapaticég peréteg g
UNYOVIKNG  GULUTEPLPOPAC  vavovoouvletowv vAkov pe  eykieiopota CNT  [93]
QTOKOADTTOVV pio Un YPOUUIKY] oY€om SOVOUNG HeTakiviong HETA TO OPlo SpPONG TNg
dlemdvelo Katd TN dokun €£OAKEVLONG. ZVVETMG, Yo TNV okKpPn HOVTEAOTOINGT T®V
vovoouvletov VAKOV pe Bdon tovg vavoowinveg avBpak (CNT reinforced composites
CNT-RC, GS reinforcedcompositeslGSRC) npénet va Anedei katdAAnia v dOyv Kot o
ILTM.

Tpeic mpooeyyicelg £xovv TpoTabel yio TNV povteAomoinon e OAANAETISpaong TOL
eykleioporog pe ™ pntpa: 1) éva povtého tpifmic ‘shearag [80,86,94] ii)éva poviédo un
YPOUUIKN G EA0OTIKNG oVvdeong [95,93] kat iii)éva povtédo cuvektikhg {ovng [87, 96]. Ztnv
mapovoa epyocio, e umopel va epappocBel éva poviédo tpPng AOYyw tng amovciog
dwTpTIK®V Tdoev oty emtepkn emeavela tov ESE Emumpdcbeta, éva povtédo
EMIGTIKOV CLVOECEWMV ATOLTEL TNV TPOCOUOIMGCT) TOL PVALOL YPOPEVIOL pE GTOLKEID O0KOD,
KaOmOG pe avTAV TNV TPOCEYYIoN N OAANAETIOPOCT TOV ATOU®V TOL YPAPEVIOL KOl TNG
uftpog pe Baomn to dvvapukd LenardJonegiveton pe diakpttd tpodmo. AviBétmg, Evo LoTéEAO
ouvekTikng (mvng opilel por aAAnAeniopacn HETOED TOV EMPAVEIDV TOL EYKAEIGUATOC
(ESE) ka1 ™ pntpa pe Pdon évav kataotatikd vouo EAENG-olicOnong (traction
separationT} pio avarvtikn Ekepacn Yo Tov 0oio £xel Tpotadel ylo TNV TEPITT®ON TOL
ypageviov pe PBaon to Svvapkd Lenard Jonef96]. Emiong mpocopoldosls Hoplokng
duvaukng yioo GSRC avagépovv avtictoym cvounepipopd[97] evd kot otnyv gpyacio [98]
poteiveTal £va LOVTEAO GUVEKTIKNG (MVNG o€ £va TAAIGIO AVAALCOTG POPEMY GE TOALUTALS
KMUoKeG. Xuvendg otnv mapovoa epyacio £xel vioBetnBel n Bedpnomn oG cCLVEKTIKNG
{dvng pe ovykekpipévo vopo tractionseparatioryia tn povtehonoinon tov ILTM .

"Evag tomikdg vopog TS opilel To dtdvocpa TV avarntucOuevav EAEEDV HeTald Tmv
000 emeavel®y oo cuvaptnon ™ HETaD TOuG AmOGTAONG SWYMPIGHOV o. ZINV
amAoVGTEPT HOPOY| TOV, Bempeitarl pia arocvlevyuévn amdkpion oTic TPES KaTeLOHVOELS:
otV gykapota devbuvon N, Kol TG STUNTIKEG S Kot t, oTNV EMOQY| TOV EMPAVELDYV, OL
omoieg TanTilovTat Kat e ToVg TOTKoVG AE0VEG Uz, U2 anduy tov ESEcvpeova pe ™ oyéon:

eKn g (76)
_é ué . U
t= (9 Km uedsu
g Kt geot ¢
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omov Kn, Ks kot Kt givat o1 cuvietdoeg g dSvokapyiog TG SIETIPAVELNS GTIC AVTICTOLYES
dtevbivoelc. Oewpeital oty apyn Wo YPOUMIKY EAACTIKY amOKPIoT, Kol Vo KPLTHPLo
évapénc PAGPng (damagenitiation) Boaoiopévo oe pia péyiotn Tiun EAENG. TO kputhplo avtod
SlTVTOVETOL G EENG:

gtn ts tt{_ (77)

L 1Sn ISs ISty

omov IS givar ) tdon Tov kprnpiov PraPnc (interfacialstrength avtictoyo yia tig Tpeig
dtevbovoeic. Edv apyioet o oynuoatiopodg BAaPng tote, n dvokapyio g Stemepavetog ehivet
e Paon to Bewpovuevo vopo eEEMENC g PAGPNGS. Ewodystor pio petapfint D mov
AVAQEPETAL OTN GLOOPELLEV PAGPN Ko Aappdverl tn Ty D=0 yo undevikn BAEPN ko v
un D=1 vy ™ péyom PAGPn 6mov mAéov n avamtvocouevny EAEN unoeviletar. Ot
GUVIGTAOGES TG GLVOMKNG EAENG TOV EMPAVELDV dIVOVTOL GUVAPTICEL KOt TNG METOPANTNG
D oOppova pe v €€ng oyéon:

tn=(1-D)tn, ts=(1-D)ts, tt=(1-D)t (78)

omov tn, ts andtt sivar o1 EAEeig mov vroloyilovtal OempdvTag TAPOS EAAGTIKY amdKpion
X0pic PAAPN.

Ot tipég tov D e&aptdvran kKot amd 0 emdeyopevo poviéro eE€MEng g PAAPNG.
Tomikd 1 €EEMEN g PAAPNG pmopel va dtaturtmBel pe Paon v evépyela Bpadong n v
EVEPYN HETOTOTION KOt va axolovBel éva ypappikod n ekbetikd vopo. Emiong pmopet va
e€aptmOel and pio cvlevypévn €kepaoct mov vo TeEPAAUPAveEl OAEG TIG GUVIGTAOGES TNG
oAloOnoNG TG dlemeavelag. AvTr 1) YEVIKELUEVT TPOGEYYIoN Umopel va xpnooronbel o
kéOe tomo ILTM yio GSRC egite avantdiccovtal opotomoiikol deopol gite Oyl Xtnv
nmapovoa epyocio Bewpovpe yioo v eEEMEN ¢ PAAPNS pia dwutdnwon Paciopévn oty
gvepyn petaxivnon kat pio ypoppukn eEacévion g otifapotntog e SIEMPAvELNS HETH
v ekkivnon tov oynuaticpod PAaPns. H evepyn petaxivnon om exepdletor cuvaptnoet
TOV GYETIKOV HETOKIVIICEDV TOV 0V0 EMPAVELDV OTIG TPELS 01EVOVVGELS:

Sm=~on?+65+612 (79)

Onwg eaivetor otnv Ewova 8 1 petafinm D cvoodpevong e PAEPNG avoartdcoeTon
YPOUKG pe BAon TNV TapaKAT® EKEPOoT):
D= 51 (0T- 69 (80)
04 09)
Omov 6,]:1, 82 and 5% givon m evepyn petaxiviion xoté v TARPN ooToyid, KATd TNV
évapén g PAAPNS Ko 1 LEYIOTN TN TTOL aVTY| £YEL AAPEL KaTd TN YpovoicTopio POPTIONG
avticTolyO.
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traction [

maximum traction

0 f e
O 87 separation

Eil k@BVpapput KIEAENECOMAi cOnong kat €&&€A1 &n TnNg

[IpoceyyloTikég Tipeg yia T TapaUETPOLS TOV 0pilovv TANP®G T BE®POVEVO VOLLO
TS ywo v kéBetn wor v ePamTOpEVIKY] O1evBvven umopovv va AneBovv amd
TPOCOLOIMGELS LOPLUKNG SOUVOUIKNG. EVOEIKTIKES TYES TTOL TPOKVITTOVV Y10l TO YPAPEVIO KO
Koo moAvpepéc divovtat otov Mivakag 1.

Reported by Loading conditions Maximum Shear Maximum Normal
Traction observed | Traction observed
Zhang [98] Normal separation of 503.4 MPa

Flat SLGS from
polyethylene

damage zone located 217.3MPa
in polymer

Liu [99] Pull-out of Flat SLGS 112 MPa
in polyethylene

Awasthi [100] Normal and Shear 108.3 MPa 170.6 MPa

Mode separation of
SLGS in polyethylene
MivokTucué ¢ péylrLotTng €AXENg mMmapatnpolLPeveGSRE e

Bewpwvtag ol¥DW\eenti dpmomneg PARTPAC KOl TO

Onwg ovunepaivetar oty gpyacio [100] moAAég TapAapeETpOL THG HOVIEAOTOINONG OTMG TO
péyebog tov kat 1o €i00¢ TV BE®POVLUEVOV GLVOPLIK®OY GLVONKOV PUTopel va emnpedcovy
NV oKpiPelo TOV TPOCOUOIDGEMV KOl KOT® EMEKTOGCT) TV OEGOUEVMOV TOV AapPAvovTotl amd
OUTEG YO TN UNYOVIKY GULUTEPLPOPA TNG OETMPAVELNS KOTA TOV Ol(®WPICUO UNTPOG
eykhéwopotoc. Onwg gaivetar amd tov Ilivaxa 1 ot tipég mov AapPavovror yio v IS
TOWKIAOVV, KOl LAAGTA SLOPEPOVY GNUOVTIKA OO OVTEG TOL TOPATNPOVVTOL TELPUUATIKAL.
Ot péyroteg Tipég yia v EAEN KaTd TNV EQATTOUEVIKT d1E00VVOT SLoYWPIGHOV OTIG EPYACIES
[101-104] eivan 2.3MPa, 0.460.69MPa, 0.5MR, and 0.5 MPavrtictoyyo, ardd kot 1 Tiun
oV €épyov dwywpiopov mov mapotnpeital oty [100] givor moAD SaPOPETIK) amd TNV
TEWPAUOTIKG HeETpoduEVT 011G gpyooies [102] ko [104).

‘Evag dAAog mapdyoviag mov emnpedlel ONUOVIIKG TIG TIUEG TMV TOPATIVED
napapéTpov givar 1 dwdikacio ‘functionalization wov eivon pio ynuikn katepyacio ™
Slemavelog Tov BeEATIOVEL TIG 1310TNTES GLVOYNG TNS. OTtmg Yivetan TpoPavég 6T epyacieg
[105] ko [106] pe ) Pertioon péow functionalization tiun g IS katé v epomtopeviky
dtevbuvon (oricOnon) pmopel va eBdcel Ta 35 MPa mov mpaktikd aviictoyobv og pio
KaTdotaon TANPOVS oOVEEoNC TG UNTPaS e Ta gyKAgiopata. Xtmv epyacio [105
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ovunepaiverol 0Tt 1 amotelecpatikdtta Tov functionalizationyia v Peltioong g
avtoyns IS xatd tv kdBetn Sievbuvon Slay®PIGHOL pEW®VETAL e TNV avENoN TNG
TOGOTNTAG TOV LAMKOV 7ov ypnowtomoieitor yio to grafting épmg n apyikn tun mov
avtictoyel o functionalizationkafapov ypagpeviov givar 727 9Mpa nov givor mépo ToAd
VYNAN. ATO aVTEC TIC EPYOCTES TPOKVTTEL OTL TOPAUETPOL OTTMOC TO PEYEDOS TOV HOVTEAOVL, M
mokvotnTo Tov grafting to péyeboc g moAvpeptkng aAvcidog Kabmg Kot ot S106TAGEL TOV
@OALOL Ypapeviov emnpedlovy TNV TOPATPOVUEVT TIUN TNG avToyng IS.

Oleg o1 Topamdve TopatnpPNoELS Vol EVOEIKTIKEG TNG OMNUOVTIKNG afefatdtnrag
OV TPOKVTTEL Y10 TOV TPOGIIOPIGUO TV TAPAUETPMOV TOL XAPAKTNPILOVY TOV PUNYOVIGHO
ILTM m omoio odnyel o€ peydiec SIOKLUAVOELS Yo TIG Topatnpovpeves tipés. Eivor
TPOPAVNG AOUTOV 1] OVAYKT) EKTEAECNC WIOG TOPOUETPIKNG OEPEVVIONG YO TO EVPOS TMV
mlovdv TWoOV Tov pmopovv va AdBovv ot mapduetpor Tov povtédov ILTM mote va
amoTiun0el 1 EMPPON TOVG OTIC HOKPOCKOMIKEG 1O10TNTEG TOL VovooLVOETOL VAIKoV. Ta
amoteAéopaTo TG OlEPEHVNONG VTG OIVOVTOL AVOALTIKA GTO KOPLO UEPOG TNG JATPIPNC.
Ao avTd TPOKVTTTEL OTL TO VIOKATAGTATO LOVTELD TTOL TPOTEivETOL pmopel va cuvovacHel
EMTLUYMG LE TO LOVTELD cLVEKTIKNG {DVNG Yia TN dnpovpyia evoc cuvolikoy povtédov RVE
OV UIOPEL VO OMOOMGEL EMTLYMG TNV ETPPON TOL UNYAVIGUOV HETAPOPES OPTION HETAED
UNTPOG KO EYKAEICUATOG GTNV GUVOALKT] GUUTEPLPOPA TOL VOVOGUVOETOL VAIKOV.

OXTN GCULVEXEWL TEPLYPAPETAL TO OTOWEID OVITPOCSHOTELTIKOV OYKOL TO OmOi0
opiletan yuu t0 TPOPANUO VTOAOYIGTIKNG opoyevomoinong 1™ 1aéng twv vavosivletwv
VAV, o Tov vmoAoyiopd tov cvvolkdv wiothtwv CNT-RC éxovv ypnotpomomOet
dtapopeg dwtacelg RVE [107]. Me tov 1610 tpdmo, éva. opBoymvikdé RVE kotaokevaletot
oTNV MapoLGA epyacia Bewpdvtog Eva OALO Ypapeviov, povielorompévo pe ESE evtog
NG TOAVUEPIKNG UNTPAG TOV dlokpLrtdmoteiTan e TpLodidotatao menepacuéva otoryeio. T
NV TEPINTTOGT, TOL TO PVLALO YpaPeviov Bempeitar TANP®G GLVIEIEUEVO e TNV UTPA TOTE
Umopovv ta menepacpuéva ototyeio ESEva evoopoatwbodv ota tpiodidotata ototyeio pe
pebodoroyieg ovvdeomg dapopeTik®dV TOTV otoryeiwv [80,86] Avt 1 pebodoroyia etvar
W00UTEPO OTAN KOl EMITPEMEL TNV OITOPLYN TOAVTAOKNG O10KPITOTTOINGONG Kol UITOPEL Vo
ypnoonomBel yio @UAAY Ypopeviov ETIMEINS Kol KULOTOEWDOVS YempeTpioc. Mia Tumk
olatacn evog euALOL Ypapeviov 6to kévpo evog RVE kot n Aemtopépeia cuvdeong tov pe
ToL OTO(EIDL GLVEXOVG HEGOV, e TN ¥pNoN otoyeiowv cuvektikng {dvng @aivovtol otnv
Ewova 9 .

matrix with linear 3D elements

4 _— |nterface Cohesive elements

-
/ 7774 . Graphene sheet with linear plate

and membrane elements

El k®Aw akpi Tomoinon pe memepacy KRVEIY eo 1éom o €d W00 8 W 0OTCW OE
Eva M@OZWpa@evViouv Kal PdovITeAdomoinon TNG GUVEKTI KNG { @\

["a v viomoinon plog cvvektikng {ovng yia tov ILTM, dnwg mepieypdonke mapamdve,
Ba ypnoomombovv cvvektikd ototyeion (Cohesiveelementy ota omoia avotibstor to
povtéro eEEMENG PAAPNC ov divetal oty Ewova 8. ITpoxettan Yo oToryeio £101KoV THTOL
UNOEVIKOD apytkoD TAYXOVE UE KOTOOTOTIKN CUUTEPIPOPE oL opileTOl CLUVAPTNOEL EVOC
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vopov €AENG-oAicOnong. H amopdkpuvon towv dvo emaveidv SLGS ko moivpepovg
dtvetan o€ éva onpueio g cuvekTikng Lmvng ¢ €ENG:

g g (8D)
_&,u 2 U _
D=dy - &y =B
@Naop @Na)ot
Omov U, V, Weivol 1 Hetakivion o€ avtioTtolyo onueio g ave Kot KATO ETLPAVELNS TOV
opiloviol 6TO0 €yYKAEWOHO KOl TNV pRTpa, B givar Evountpm®o mov TeEPAAUPAavel Tig

ovvoptioelg oynuatog kot Deon eivar ot emikoppror Pabuoi elevbepiog twv cohesive
elementsl. H apyn tov duvatdv épynv dtatvrnovetot o eENG:

(82
spk, f BT(I — D)CBdA = f SAtdA
A A

D eivor éva dwyovio pntpdo mov omoteheiton omd TG TWEG NG UETAPANTNG
oveo®PELIEVNS PAAPNG oL opiletar omd tvoyéon (80), C eival 10 KATAGTATIKO UNTPDO.
OV OVAPEPETOL GTNV EAACTIKN amdKpLon avaeopds diymg PAGPN katd T oxéon (76) kot U
elvar 0 tavvotg éAEemv. Kat tehkd o untpmo otifapdtnrag toug divetar and 1 oyéon

K_=pB"(l- D)CBdA (83
A

o[ va AneBel vmOYN N TLYUOTNTA TOV YEOUETPIKMOV YOPUKTNPIGTIKOV TMV
QOAAOV YpopeViov, anTd BE®POVVTOL GOV EMITEIA e EKTOC EMTEDOV YEMUETPIKES OTEAELEC.
Ot atéleteg avtég pmopodv va meptypa@Bovv 6To TAIGLOL LG GTOYAGTIKNG AVAAVONG LLE TN
xpPNoN €VOG O1031A0TOTOV GTOYXUCTIKOD Tediov pndevikhg péong tiung. Astypoto evog
této10v Tediov pmopovv va mapoayOovv pe TV HEBOSO TG PUCUATIKNG AVOTAPAGTOCTG
[108. Mg avthv Vv mpocéyyion, umopobv va dnuovpynboldv atédelec copPatéc pe pio
ouvaptnon eacpatikng tokvomtog (SDF). Xy mapovca epyacio ypnoyomomdnke pio
SDF ekBetucob tomov

st e 1 (84)
S, = 4y Dbr e 7 bk +biKE

OTOV 1 TUTIKY| ATOKALOT TOL GTOXAGTIKOV TTEdiov Kot by, b2 givar ta unkn cvoyétiong mov
emnpealovy 10 oyfua Tov eacspotoc. Xty Ewova 10 eaivovtor ot cuvaptioelg toyoio
TAPOUYOUEVOV OTEAELDV.

210 KOPO UEPOC TNG TOPOVCAS €PYACIag TOPOLCAlOVTOL TO ATOTEAECUATO
TPOCOUOIDCEMV TNG UNYAVIKNG cuumeplpopds molvpepdv vaikov GSRC, pe m ypnon
RVE yuwo ) onovpyio tov omoiov epappolovror ot avatépm pedodoroyieg evd peretdron
1 EMPPON GE QLTI i)TOV XopoKTNPLOTIKOV TOL ILTM 61tmg 1 péyiot diempavelokn tdomn,
N Svokauyio g cvvekTikAg Covng kar M péylet oAlicOnon oactoyiag kot ii)tov
YEOUETPIKMV YOPOKTNPLIOTIKOV TOV GUAA®Y YPAPEVIOV OGS Ol EKTOC EMITEIOV ATEAELES
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1 I ntroducti on

1.1 Motivation

An essential part of the analysis and design of structures is the accurate description of
the nonlinear behavior of the material. Blding materialssuch as ratal alloys, polymer
mixtures, nanocomposites, porous media, mqr&es mostly heterogeneous on a certain
scale. The complexmechanical responseesulting from the heterogeneity in the
microstructure of the material cannot be accurately described in an explicit formulation of a
phenomenological law. The ability fredict,by means ohumerical methodshe overall
mechanical properties of comptesmaterialshbased orharacteristics of thmicrostructure,
such as the shape, content amethanicabehavior of inclusions and their interaction at the
interface is of great importance in engineering applications as it alli@mvsavingsin
resource@nd timeinvolved inpainstaking experimental procedurasd it also allow$or
the precisemodeling and optimablesign of the wholestructure For this reason, the
methodologies ainodelling of structureat multiple scales are of particular researcérgst.

The predominant methodology of "computational homogenization" is a family of algorithms
based on a foypoint schemey Suquet an@nthe macrehomogeneity conditiarit allows
for theconcurrenfinite element modelingf structuresn multiple scées i.e.“FE?modeling

”. They are considered more prevalent becauseitivejve continuous exchange of data
betweenmultiple analysislevels, relevant not only tothe geometricand mechanical
propertiesof the microstructure but to the strestateof the macroscopic structure and the
microstructure as welBteps taketfior the application of thimethodology in the case of thin
shells described bthe Kirchhoff Love theory arevery limited. Thisthesisaims in the
formulaion a comprehensive methodolpfpr theanalysis in multiple scales of thin shells
It shouldinvolve anappropriate description of theacroscale equilibriupthe microscale
boundary value problem and tkeale transition equatiormetweenthe two levels othe
"FE2" analysis.

Geometric noflinearity is akey factorthat affects the mechanical behaviour of thin
shell structures and should always be taken into account for the modelling and design of
structuresBy use of suitablstrain and stress tens@ndthe corresponding @xession of
the used penomenological lavior thematerial,the Priciple of Virtual Work can bsuitably
employed for the solution @hin shellbucklingproblems with simultaneous consideration
of material nodinearity. However, for these types of probig the case ofshells
characterized by heterogeneous microstructure has not been sufficiently studied. The
formulation of a methodology for thaultiscaleanalysis of thirshell structures alongith
the assumption of largdisplacementsnd rotationsfor bothscalesis a second research
objectiveof the dissertation.

Oneof the main applications of multiscale analysighe study of the properties of
nanocompositematerialsthrough the detaileadnodelling of their microstructure Next
generation nanocomposit@aterials reinforcedwith carbonbased inclusions, such as
graphene (Graphene) and carbon nanotubes (Carbon Nano Tubes €\ils) excellent
mechaical properties even when theelusionsare used in very low concentrationsisis
due to thespecial characteristics gfaphenghat exhibitsa Younds modulus of 1 TPa and
a tensile strength of 130 GPa. Because these vateeacomparably higér than those of
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conventional polymeric materials, details in the description efrtiicrostructure of the
nanocomposite material such as the geometric characteristics of the graphene inclusions as
well as the load transfer mechanism betwiaematrix andtheinclusions greatly influence
its overall macroscopic behavior. However, thenpatational cosinvolved ina detailed
molecular simulatiosof a sufficiently large graphergheetandthe correspondintghree
dimensional representative volume of th&al nanocomposite materjaé very highand it
does not allowfor a thoroughstudy of the behavior ofgraphene sheet reinforced
nanocomoposite materials (&&C). The third objective of ththesisis to utilize simplified
computational homogenisation methodologies for the creationahautationallyefficient
surrogate model for graphene. This should be used for modeling ofichastructure of
GSRC and the simulation of their mechanical behaviour.

1.2 Outline

This thesis is organized in 5 chapters, outlined as follows

Chapter 2 introduces the reader to the basic principles coimputational
homogenisation that can be used for msitle analysis of microscopically heterogeneous
threedimensional continua. The cases of small and finite deformation problems are
presentecdeparatly but they are based on the same principles that will constitute the basis
of the forthcoming derivations.

In Chapten3, theexistingtheoretical frameworkor the incorporatiof constitutive
equations developed for three dimensional materials within the context of large deformation
modelling of thin Kirchhoff Love shells igresentedThe focus is on how the plane stress
condition can bappliedin the expression of existing mstitutive laws Exploitation of this
condition in a multiscale finite element analysis setting is a key point of the proposed
formulation.

In Chapter4, an integrated theory for multiscale analysis noiicroscopically
heterogeneousin shells undergoingmall deformations, is presented. The macroscopic and
microscopic boundary valu@roblems are formulated with account for the specific
assumptionsf Kirchhoff Love theoryin a small deformation and strains analysis context.
Averaging relationare also reworded in this framework and it is demonstrated that Hill’s
averaging theorem is indeed satisfied.

In Chaptelb, the proposed formulation is extended to lasigflectionanalysis.

The Rinciple of Virtual Work governing equilibrium at the mimscopic and macroscopic

level, the averaging theorem and the associated scale transition equatifamsiatated in

terms of appropriate stress and strain measures that can accurately describe the state of a
shell structure undergoing large displacemeamsd rotationsUseful transformations of

strain measures, which allow for simplification of the implementation of a finite element
solution of the no#dinear boundary value problem of the microstructure are provided.

Chapter6, presents existing methodgies for modeling of graphene sheets and the
proposed simplified methodology for the creation of an accurate surrogate model based on
a computational homogenization concept for thin shéetgtegrated simulation technique
is presented for the modelimj GSRC including the matrbinclusion interface and the
stochastic properties of the geometry of the microstructure.

Lastly, Chaptei7 discusses the conclusions drawn from this research and presents a
summary of the contributions
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2 Mul-4adal e analysis of heterog:¢e

In this section, we present the existing theoretical framework of computational
homogenisation thatcan be used for the mubkcale analysis ofmicroscopically
heterogeneousiteedimensional continudt constitutes the theoretical basis of the forth
coming derivationsStartingfrom the basic hypotheses of the methodology.then focus
on the basic computational micro to macro transitions, the microstructural boundary value
problem andhe corresponding expression of the mawwaogeneity condition.

2.1 Basic Hypotheses

According to the basic assumption of computational homogenisation, the structures
under study are macroscopicaslyfficiently homogeneousut they exhibit deterogeneous
microstructure consisting of multiple phases, cavities and interfabedength sale of the
heterogeneities is larger than the molecular dimensions and the constituents of the
microstructure can b@odelledvia a continuum mechanics approach. It is also assumed that
the scale separation hypothesis holds, namely the microscopic leagthssmuch smaller
than the characteristic size of macroscopic structure or the wave length of the macroscopic
loading.

An assumption of local periodicity is made, nam#lg microstructure can have
different morphologiesorresponding to differemhacroscopic points, while it repeats itself
in asmall vicinity of each individual macroscopic pqibut not in the whole macroscopic
specimen(Figure 1). This way it is possible to model the effect of a +umiform
microstructure on the macroscopic response.

\
N
\
N
\
N
4N
— | T—
" Ay | 4
— | T—
g °N

Figure 1: The assumption of local periodicity Different microstructure morphologies repeat
themselves in differentparts of the structure
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In the classical computational homogenisation procediieenacroscopicstrainis
calculated for every material point tife macrostructure (e.g. the integration points of the
macroscopic mestvithin a finite element (FE) envirorent). Its valuefor a macroscopic
point is next used to formulate the boundary conditionsetimposed on the RVE that is
assigned to this point. Upon the solutiointhe BVP for the RVE, the macroscopic stress
tensor is obtained bgveraging the resultihnRVE stress field over the volume of the RVE.
As aresult, the (numerical) stresteformation relationship at the macroscopmnt is
readily available. Additionally, the local macroscopic consid@mgent is derived from the
microstructural stiffnessThis computationahomogenizationtechnique is built entirely
within a standard local continuum mechargoacept, where the response at a (macroscopic)
material point dependenly on the first gradient of the displacement field. Thus, this
computationahomogenisation framework is sometimes referred to as the “first-order”.

In the subsequent sections, the essential steps of thertiest computational
homogenisation process are discussed in more detail. First the problem on the microlevel is
defined, hen the aspects of the coupling between mianal macrolevel are considered and
finally the realizationof the whole procedure within an FE context is explained.

2.2 Micro -to-macro-transitions at small strains
2.2.1 Deformation of a microstructure at small strains

Let {u: B X R —» R3} denote the displacement field at a material pfiné B}and a time
{t € R} of the microstructue B c R3, and € := sym[V u] be the microscopic strain.
Furthermorewe introduce the velocity field := d,u(x,t) and the acceleratidreld

it := dZu(x, t) of the microstructure.

2.2.2 Microscale boundary value problem
We assume that the RVE deforms in a state of dynamic equilibrium

dive —pyit =0 InB, (89

where the symmetric stregss assumed to be related to the stedny aconstitutive equation

=20, P(gx)inB (86)

governed by a strain energy functign Integratingequation(ss) over the domairB, and
applying the Gauss theorem, yields the glabgiressiorof equilibriumconditions

[,gT dA—= [ poit dV =0 andf x x T dA— [ x xpyit av=0 &)

where
T:=on ondB (88)

denotes the traction field on the surface with outward nonragk € B. The boundary value
problem governing equilibriurof the microstructure Bicludescertain boundary conditions
for the displacement, which relate the deformation of th@icrostructure to a prescribed
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macroscopistrain modee(t). These boundary conditions, that shouldtbesistent with an
averaging theorepare presenteid the next Section.

223Averaging Relations and Hill’'s macro homog

Let V¥ c R3 denote the R¥ associated with thenicrostructureB c R3. This volume is
assumedo consist of the solid paR and theperforationpartH ¢ R3 (Figure 2). Hencethe
decompositionsf the R\E and the surface of the solid pare given as

V=BUH and 0V =0BUJIH (89

Accordingly, by use of this decompositidghe overall macrostregg(t) and the overall

macrostraing(t) of the microstructur® are defined as

(90)

1 — 1
o= Mfaua;sym[t ® x]dA &= mfa]Bsym[u ® n]dA

whereUis the tractiorand uthe displacemerdtx € 9V on the surface of the representative
volume. The averagintheorem, as formulated by Hilb], requires the average of the
microscopicstress power to be equal to the macroscopic stress pdfeemay write the
macroscopic stress power in terms of the variables defined)in

1 (91)
o:c=— | T-UdA
V| j
B

The sensitivity of the macroscopic strégs) with respect to the macroscopic straii) is
determined by the overall tangent modi(t). In elasticity, we may write

G = C:% WithC =, 3. (92)

0B

Figure 2 Scale transitions for small deformation multiscale problems. Red dashed lines denoted the
undeformed configurtation of the structure.
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2.2.4Boundary conditions for the microstructure

Appropriateboundary conditions for the displaceme and the tractiotJare imposed on
the microstructure in order to satigfgndition(91). It can beassunedthat the tractions on
thesurface of theerforationdn the interior of the R¥ vanish, i.e.

T(x,t) =0 at xedH (93

The boundaryconditions on the remaining palv, i.e. the surface of the F&/ must be
relatedto given macroscopic overall variables. We investigateclassicalcases(i) linear
displacementsand (ii) periodicity conditions. A crucial aspect is tteemulation in the
deformationdriven context where the macroscopic straén@) are prescribed and the
macroscopic overall stresseét) are computed. Thus, all boundary conditiomsntioned
above must be formulated in terms of the displacement diettd the givermacroscopic
strain modee (t).

2.2.4.1 Linear displacements on the boundary

Prescribed displacement boundary conditions are exprastats of the macroscopic
strain £ as

ulx,t)=(t)x at xedV (94)

This condition defines a lineanappingof the boundary 6V of the RVE. Insertion of(94)
into (91) confirms that the averaging theorem is a priori satisfied.

2.2.4.2 Periodic deformation and antiperiodic tractions on the boundary

Based on the assumption of microstructural periodicity presented in S2ctiarsecond
possibility to a priori satisfy the averaging theore¢gm) is to assume theeriodicity
conditions

ulxt,t) —ulx",t) =€) (xT —x7) (a) (99)
t(xt,t)+t(x",t) =0 (b)

representing periodic deformations and antiperiodic tractions ohoilnedary of the RY¥
Here, we consider opposite parts of the RVE boundary that comimessurfacedV =
dV* u V- with outwardnormaln* = —n~ at associated poinis” € aV* and x~ €
dV, respectively. In order to show thas) satisfies the averaging theorem, we at first take
into account the antiperiodic tractioondition(95)-b and recast the definitior{go) and(91)

into the special forms

— [ psym[[t] ® x]dA |, (%6

— [psym[[ul ®n

4IVI 4IVI

and
(97)

respectivelyHere,[*](x,t) = (¢)* — (¢)” , and is defined at point€ dV on the surface
of the microstructure; it denotes the jump of the fielpvith respect to the associated points
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xte gVt andx~ € dV . With this notation at hand, the periodic deformation condition
(95)-acan be recast into the compact form

[ul(x,t) = €(t)[x] at xe€dV (99

which is in formal analogy t(4). Insertion of this result int®7) immediately shows that
theaveraging theorem is sstfiied

More details concerning the implementationttoé microstructural boundary value
problem and the accompanying boundary conditions in a discretized finite element setting
for two- and threedimension&continua can be found irlQ9. For the case of thin shell
structures and thspecific manipulations that arouse from the plane stress conditions, the
finite element implementation of the solution of the microstructural BVP will be described
in detail in Chapte4.

2.3 Micro -to-macro-transitions at finite deformations
2.3.1 Deformation of a microstructure at finite strains

The RVE deformation field in a point with the initial position veckb(in the reference

domainV,) and the actual position vector x (in the currdomair) is described by the

microstructural deformation gradient tengty = (Vo X)¢, Where the gradient operator
Vom IS taken with respect tie referencenicrostructural configuration

2.3.2 Microscale boundary value problem

We assume that tHRVE deformsin a state obtaticequilibrium. This isexpressedby the
equilibrium equation in terms of the first Piekarchhoff stress tensaPs, = det(F,,)o,, -
(F5) 1 as(in the absence of body forces)

where V,,,, is the the gradient operator with respect to the cumenftiguration of the
microstructural cell.

The mechanical characterisations ofitierostructural componenése described by
certain constitutive laws, specifying a timand history-dependent stresdeformation
relationship for every microstructurabnstituent

P (t) = FOPY (1),7 € [0,t]) (100

where t denotes the current time; o = 1,...,N with N being the numbewsf microstructural
constituents to be distinguished (e.g. matrix, inclusabc.).

2.3.3 Averaging Equations

The actual coupling between the macroscopic and microscopic levie&sésl on
aveaaging theorems. The integral averaging expressions havenigdly proposed by Hill
[110 for small deformations and later extended targe deformation framewofld11,112,.
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Firstly we focus on the averaging equatighigure3) concering the micre-macro
coupling ofkinematic quantities. It is postulated that the macroscopic deformation gradient
tensorFy, is the volume average of the microstructural deformagradlient tensoF,,

(109

where the divergence theorem has been used to transform the integtheowedeformed
volumeV,, of the RVE to a surface integral

A similar averaging equation for thirst Piola-Kirchhoff stress tensocan be
expressed as

1 (102
PM = V_O Pm dVO
Yo

The first Piola-Kirchhoff stress tensoP,, can be expressed terms ofmicrostructural
quantities defined on the RVE surfabs, use of thdollowing equation(with account for
microscopic equilibriun¥V y,,- Py, = 0 and the equality y,, X = I):

P, = (VOm' Prcn)X + Py, - (VOm X) =Vom (P,CnX) (103

Substitution 0f103) into (102) application of the divergence theorem, éimel definition of
the first PiolaKirchhoff stressrectorp = N - P5, give
10
1 1 1 (109
Py =— fv(,m- (P$,X)dVy = — f N - P, X dT, =—f pX dr,
Vo Vo Vo
Vo Iy o

Figure 3 Scale transitions for large deformation multiscale problems. A dashed red line denotes the
undeformed configuration of the structures
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2.3.4Boundary Conditions for the microstructure
2.3.4.1 Prescribed Displacements

Deformation boundary constrairassume the following form for thgositionvector of a
point on the RVE boundary the deformed state:

x=Fy-X withXonT (109

wherel; denotes the undeformed boundary of the RVE. This condatiescribes a linear
mapping of the RVE boundary.

It can be verified that utilization gbrescribed displacement boundary conditions
(105) indeed leads to satisfaction @b1). Substitution of(105) into (101) and use of the
divergence theorem with account 1@g,, X = I give

1 1 (106
Fy =—f(FM-X)Ndr0 =—Fpy- fXNdFO
Vo Vo

Iy

= —FM j (Vom X)° dly = Fy

2.3.4.2 Periodic Conditions

A second possibility to a priori satisfy the averaging theorem (91) is to assume the periodicity
conditions These can be writtein a general form&br the microstructural RVE as

(x* —x7) = Fy(X* - X) @ (07
pt=-p” (b)

representing periodic deformations7)-aand antiperiodic tractiori$07)-b on theboundary
of the RVE. Here the (opposite) parts of the RVE bounfigrandl," are defined such that
N~ = —N" atcorrespondngpoints only;” and[;". The periodicity conditior{107) being
prescribed on amitially periodic RVE, preserves the periodicity of the RVE in the deformed
state. Also it should be mentioned that, aslieen observed by severlthors 113,114
the periodic boundary conditions provide a betstimationof the overall properties than
the prescribed displacement or prescritradtion boundary conditions

The fact that use gferiodicboundaryconditions(107) indeed leads to satisfaction of
(101), can be verified by direct substitution.

1 1 (108
M =V—{f xtNtYdr + fx‘N" dFo}=V— f(x+—x_)N+ dar,
O Iy 0r0+
1 R 1
=—Fy- f(X+—X)N dl}):—FM-fXNdI“OzFM
Vo Vo

ot I'o
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235Hi I I s macro homogeneity condition

The averaging theorems formulated by Hill known also @asacrohomogeneity condition
[24,110Q requires the macroscopic volume average of the variation of work performed on the
RVE to be equakqual to the local variation of the work on the macroscalenélated in
terms of a work conjugated set, i.e. the deformation gradient tensor and the first Piola
Kirchhoff stress tensor, the Hillandel condition reads
1 (109
A P.:6F5,dVy = Py:6Fy Véx

Vo
The averagedicrostructural work in the lethand side of (17) may kexpressed in terms
of RVE surface quantities

1 1 (110
6W0M :_f Pm(S‘andVO = _f P 6xd1—'0
Vo Vo
Vo Iy
where the relation (with account for microstructweqiilibrium)
P:V om 6x =V o (PS5 - %) — (Vom: PG - 6x =V (PS, - 6X) (111

and the divergence theorem have been used.

It can be easily shown that the previously introdugyges of boundary conditions:
prescribed displacemenis05) or the periodicityconditiong107) all satisfy the HilHMandel
condition a priori, if theaveraging relations for the deformation gradient tetisa) and for
the first Piola-Kirchhoff stress tenso(102) are adopted. In the case of the prescribed
displacements105), substitution of the variation of the boundary positivactors
6x = 8Fy - X into the expression for the averaged microwauk) with incorporation of
(104) gives

(112
1 1
Wom =V—fp-(6Ffw - X) dI =V—f pX dl,: 5FS; = Py: 8F5
01"0 01"0
Similarly, substitution of the periodic conditi¢tn7) we get
1 + — - 1 + —
5W0M=V— ]p+5x dly + jp ox~ dI =7Jp+(5x —0x7)dI
’ ry iy OI‘(;"
1 +xt - c 1 c c
A (Xt —X")dI,:6F5 =7 pX dl,: 5FS; = Py:8F5,
Iy Iy
(113

More details concerning the implementation of the microstructural boundary value
problem and the accompanying boundary conditions in a discretized finite element setting
for two- and threedimensionalcontinuawill not be discussed in this Chapi@sthey are
given in detail if57]. Forlarge deformation mukscaleanalysisof thin shell structures and
the specific manipulations that arouse from the plane stress conditions, the finite element
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implementation ofthe solution of the microstructural BVP will lmkescribed in detail in
Chapterb.
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3 Non Li near Finite el ement
structures

In this Chapterthe incorporation of constitutive equations developed for three
dimensional materials within the context of large deformation modelling of thin Kirchhoff
Love shellss discussedTwo different approaches can be adopted: i) to use stress resultant
materiallaws where the constitutive models are formulated entirely based on stress resultants
i) to define integration points in the thickness direction of the shell and to usesste&ss
formulations of constitutive model$he second approadh presentedss it is the one to be
utilized on the computational homogenisatiointhin shells The focus is oftnow the plane
stress condition can be incorporated in the expressieristingconstitutive lawsandnot
on Kirchhoff Love kinematicghat will be presenteh detail in Chaptex4 and 5 for small
and large deformation problems respectiv@lfie Finite element solution of thin shell
problems based on the Principle of Virtual Work is illustraliédten the contribution of the
constitutive law isoutlined Finally the implementationf the plane stress condition for
several material models, such hyperelasfidity4d and elastoplasticity[@46], is
presented.

3.1 Principle of Virtual Work

The FE formulation is based on the Principle of Virtual Work. The internal and external
virtual quantities for the&KL shell take the following form

(114
SWk, = f SE:SdV = f d&:N + 6k: M dA
29 Ag
(119
SWE, = f Su-fdv
Ag
wheree andk are the membrane and bendoantributions of the isplane Green Lagrange
strain tensoE = E, (6" ® 6*) such that

Eaﬁ = Saﬁ + 63Ktxﬁ (11©

1
fap =5 (agp — Aap)
Ktxﬁ = Baﬁ - ba[?

where a,; and k.5 are the covariant metric andurvature coefficients of the surface are
definedby the first and second fundamental forms of surfa@ess the initial domain, A
denotes the undeformed midsurface, dnid the external load per unit are@ is the
contravariant basis ane is the covariant basiat a point in the she(Figure 4) Here the
assumption that a differential volume element dV caagmoximated bV~ hdA applies

Through thickness integration of the Second Piola Kirchhoff stress tgrsor
S¥ 6, ® Gg) Yields themembrane forces N and bending moments M

N=["?sd0°, m=["> s6°d6’ (117

—h/2 —h/2
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In thenonlinearFE solution with residual vectoR" = FX.-F}*,, the vector of internal nodal
forcesF. is obtained by performing the variation&¥%, with respect to the discretedal

int
displacementr. Its components read

(118

F”T—fas N+ 2% maa
int — aur' ur.

F, is the external load vector. Tliaearizaionof the residual vector yields the tangent
stiffness matrixK", which, for displacemenindependent loads, is obtained from the

linearization of the internal force vector. Its components are

Kintemal_f de ON 0%e N ok OM 0’k 1) da (119
rs — ) \ouw, oug  du,dug ou, doug 0u,0ug’

wherec,, Cg andCp, are thethicknessitegrated material tensors

e e . e . . 2
¢, =["2,¢d, Cy="C6%d6% and, Cp=[",0(6") db’ (120

and thecomponent€#f¥9 of thein-planeelasticity tensor at a through thickness integration

point is obtained through static condensatien

~aBys apys CeB3333y8 (121
¢ =C T 3333
such that
dS = CoProE, s (122

Figure 4 : Vectors G1,G2 and G, G? of the covariant and contravariant bases respectively, in the
undeformed configuration

3.2 Material Non linearity

The material response is reflected in the calculation of the stress and the corresponding
elasticity tensor, given eertain strain valudhe transverse normal deformation, that is
originally undetermined in the kinematic description of the shell, is calculated such that the
plane stress conditia$?3=0 holds.Depending on the constitutive law expression, the plane
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stress condition may yiglthe final value of the out of plameformation in terms ofhe
GreenlLagrange, the Cauchgreen strain tensor or the out of plane stretch of the
deformation gradient.

3.2.1Hyperelasticity
3.2.1.1 Incompressible materials

To properly deal with incompressibility, thdastic strain energy function wyel(C) is
classically augmented by a constraérim enforcing incompressibility € 1) via a Lagrange
multiplier p, which can be identified as the hydrostptiessure

Y =va(C)—p(J-1) (123

For the shell model, the additional unknopcan be determined and statically condensed
using the plane stressndition as shown in the followingirst, the 3D tensot$” andC¥k!

are formally derived according tibhe following equation$124), considering also p as a
function of G

ij_ oy oy ikt _ 9sY _ %y _ , 9% (1249
sY T 0Ey; =25 ac;; andc " 0Ej  OEj0Er, 4acijackl
thatyield
all)ez op a] (129
SU = —2—(0U-1)-2
2%c, ~2ac, UV - ae.
Gkl _ g 0%Wel _ 4 0® N _ 49 0] _, 0] dp _ )
¢ - 46Cijackl 0C;j0Cxy (] ) 4aCi]' 0Cg; 46(:1']' 0Cg; paCl’]’aCkl

where the derivatives of tilecobiandeterminant are obtained as

a(::] — 2] ’ acaafc — %](Cljckl _ Clkc]l _ CllC]k), C—l — CUGi ® G] (12@
ij ijO%kl

Substituting(126) into (124)

61/) I = (127
33 — e 33 —
S 25— o —pC33 =0
which can be solved for
alpel (128)
=2_—=C3%=0
P = 25C,,
Accordinglythe derivative op is obtained as
2
ap — 2( a lpel C l/)el 613613) (129)
aCy; 9C330C;; ° ac33
SubstitutingEgs.(128), (129) together with Eq9126) andJ = 1 into Eqs(125)we obtain:
ii a77[)91 a77[)91 =ii (130)
j — 7]
SV =2-— C - 25 o C33C
ikt — 4 0%Vt _ el ekl _ mikpjl Rk ( *Yer (131
c 43cooem ~ Lacy Cs3 3(CYCK — CikCIt — CUT/F) — 4 senac; G

el i3 j3 )\ Pkl Sij o 0%Yer Vel o3 <13
ac336 o) )C —4C (ac33acklc33+ac335 6°)
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Egs. (130),(131) represent the 3D stress and material tensor for a general incompressible
material withJ = 1 ands33 = 0 incorporated ang eliminated.

For the shell model, only the-plane components® and c*fY% are considered,
where C%= g% is used ad C;; =J,° is obtained byj =J,/Cs; for J = 1 In the
incompressible case, the stationdensation oEsz can also be performed dyigcally.
Eventually,the stress tensor and the statically condensed material tensor for the shell with
incompressiblenaterials are obtainexs follows:

ga _ al/Jel _y al/Jel]—zgaﬁ (132
aca,g 0C33° 0
C*al?yz? =4 azl:bel + 4 lpel] 4 _ap y(g 4 621[)el ]—2 7 (133)
0Cqp0Cys ac2, "0 0C330Cq5” 0
—4 zll)el ]—2 af +2 l/)el —2(2 ap y6+ ay ,B6
—6C336Cy5 ) gy gy
+9%gP")
With EQgs.(132)(133), 3D solid material libraries providin?gfgi’and 0% e can be directly
' ' ij 9C;j0Cy

used for the shell formulation
3.2.1.2 Compressible material

For compressible materials, the plane stress conds§tiér= O is satisfied by iteratively
solving forCs3, using a Newton linearization of the plane stress condition similar to what
was presented 115,116

0533 1 13
3 ACy3 = S33 + §C3333AC33 =0 (139
33

From Eq(134) we obtain the incremental update

5% +

1 s 1+1 1 1 (135
8 = 2 ol = o+ acy)

wherel indicates the iteration step. With the upddizdve compute the updates®{C) and
C (C). As an exampldet us consider the following compressible iémokean strain energy
function

1 1
0= (7€) =3) + K07 = 1-100) -

with p, K s the shear and bulk moduli. The 3D stress and material tensors are obtained,
according to Eq4124) as

SU=>~"/3 (6Y = 2tr(Q)TY) +3K (2 — DTY (137
1 i kmi e o i
CUkl = ay]‘2/3(tr(C)(2C”Ckl +3CHTI! 4 3CHCTI*) — 6(GYCH + TUGMY)

e 1 e
+ KUZCUCkl _ E(]2 _ 1)(Clkcjl + Cllc]k))
c©

As initial condition we us€;;” = g..
j ij
© _ 81 82 O (138
Cij 81 8» 0
0 0 1
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where the implane components remain invariant throughout the iterafign= g,;, and
only ¢ is updatedwith .V obtained according to Eqa3s) tr(C)"*andj*Mare
updated, and the new vaIuesSéij), Cgljll)are computed. Thigrocedure is repeated until
the plane stress condition is satisfied within a defined tolerance. Fittadlystatically

condensed material tensdr is computed according t¢121), and only the ifplane
component§gﬁ1) and C*fr®are used for the shell model. As in the incompressible case,

arbitrary 3D material models can be usedti@rshell formulation wit this approach

3.2.2 Elastoplasticity

The case o& threedimensional isochoric voMises (J2) ratendependent plasticity theory

in combination withsotropic hardenings examinedand we adopt the framework based on
the multiplicative decomposition of tlteformationgradient in elastic and plastic parts and
on maximum plastic dissipation developed by Sitib/], see also Simand Hughes11§.

With the chosen approach, the deformation gradient, F = dx/dX (dx, dX being infinitesimal
line elements in thdeformed and reference configurations), is decomposed in the product

F = F€F?P (139
where F¢ and FP are, respectively, the elastic and plastic deformation gradients. This
decomposition may be interpreted a plastiadeformation to a stredsee intermediate
configuration, followed by a purely elastic deformation.

Based on the decomposition in Bg39), the totaland plastic right Cauchyreen
deformation tensors are given by

C=F'F andc? = FPTFP (140)

and the elastic leffauchy-Green deformation tensor is given by

be = FeFeT (147
A usefulrelation between elastic and plastic deformation playing an important role for the
elastoplasticity theoryemployed is

b¢ = FCP 1FT (142

with its Lie derivative
L{be} = FCP ' FT (143

The total (free) energy functional is expressed as the sum of elastic and plastic energy
contributions as follows

(144
>(b?, )%, a) = j (b2, ]°) + [¥P(a)) dV

29
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wherey¢ is the elastic strain energy density= det[F¢], ¥? is the plastic energy density
assuming isotropibardening and a is the internal hardening variable.

For the purpose of describing the elastic response of the material,-ldookean
constitutive law of decoupletype is used, which wilprove to be convenient for the
subsequently introduced plasticity model. The elastic stra@éngy density*is decomposed
into a deviatoric (volume preserving) and volumetric (shape preserving) part

Ve = lpiol + lpgev (149

with

921

ko (]°7— e T (14©
501 = 70(7_ Inj )’ lPsev = g(lg - 3)

whereb® :]e_z/3be, I¢=tr(b® ). Moreoveru andx, are the shear and the bulk modulus of
the material, respectivelfhe Cauchy stressfollows from the elastic strain energy density
through the welknown relation

2. (oW 2 (%5, OV 1k - (147

_ ‘e _‘fpe vol dev :_<_0 2 e )

o ]b <6be> ]b<6be + abe> 7 2(] DI + udev{b }
= T{Tvol + Tdev}

with t,,,andt,,., dev as the volumetric and deviatoric parts of the Kirchhoff stress tensor

T anddev(’)= (-) -1 3 tr(:)l. Taking into account that plastic deformation is stfemss and
isochoric, the superscript e has been omittadandJ .

The vonMisesyield function is given by
2 (148
— \/;R(a) <0

wherer (a) is the hardening function that depends on the considered matbhgalssociative
flow rule stemming from the principle of maximum plasiissipation can be shown to be

[116

f(rdev' a) = ||Tdev

¢ =2 FF T, L(be} = 2iin (149

with Ig= tr[b®], n = 74,,/lT,.,|l andA as the plastic consistency factor. The evolution
equation for the hardeningriable is given by
2 (150

a= =2
3

Loading andunloading conditions are governed by the Ktdhincker relations
A1>0,f<0 and Af=0 (15

Solution of the elastplastic constitutive equatiorrequires a time integration schenfe
backward Euler integration scheme for the evolution equai®rdescribed in40 (a
consistent material tangeadtis also provided there)nBy use of this integration scheme
calculation of the plastic factor, the hardening variables and the Cauchy stressis
achieved for the case of evolving plastic deformatiofeenwe express stresses by the
second PiolaKirchhoff stress tensowhich is obtained by the pdilack operation
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S=JF 'oFT (152

andthe plane stress conditioi® = 0is achieved through a Newton Raphson by use of the
linearization eq(134). By use of eq(135) Cas is iteratively update@nd the update of the
thickness stretch can be computed as

, (153
(I+1) _ [~0+1)
Az = [Css

which is finally used to compute the updatéeformation gradientoefficients of the
deformation gradient
Fi(1+1) — Fi(l) (154)

(I+1) _ ,U+1)
Fa =1; 7G;-az

With the updatedr, the stress and material tangent tensgrand C are recomputed
according to the procedugeven in this section and id{)]. Thisiterativeprocedureoutlined
by equation$134)-(135),(153) and(154), along with thesubsequent calculations $fandC
is repeated until the plane stress condition is satisfied watbpecified tolerance.
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4 Mul ti scal e moKdelclhlhoogsehaefl | tsh ian

s mal | def ormati ons

In this Chapter an integrated theory for msltale analysis of thin shells is presented.
It is base on the first order homogenization theory and it allows for modelling, in%a FE
method’s context of, of thin Kirchhoff Love shells. The shells can undergo small
deformations and they exhibit a heterogeneous nstr@ture consisting of nonlinear
materials and cohesive interfaces. Emanating from Hill’s averaging theorem, whichis
satisfied by appropriate averaging relations for thin shiblésmacroscopic and microscopic
boundary value problems are formulated with account for the specific assumptions of
Kirchhoff Love theory in a small deformation and strains analysis context.

Main assumption of the proposed formulation is the out of plane periodicity of the
microstructurei.e. the thickness of the RVE is sufficiently smaller than that of the lstyeli
or the total shellsection such that the scale separation hypothesds Hol the third
dimension of the shell as welThis assumption is implemented by use of a multitude of
RVEs that are assigned on each trough thickimgsgration pointand are subjectea ta
different deformation state according to the macroscopic mamland curvature stratimat
areextractedn Section4.1based on Kirchhoff Love theary

A typical nested finite element solution scheme is representetigire 5. The
consideration of a multilayered shell allows for thessibility of varying the RVE
configuration in the thickness directidfor each miesurface integration position (point A0
in Figure 5b), a multitude of through thickness integration points (points Aigare 5C) are
considered, each one corresponding to the material zone of a subseathich plane stress
conditions are assumed

(b) Shell element

% Thickness integration pointA,

Midsurface

) ® Midsurface Gauss pointA,
Gauss Point

(d) RVE

Figure 5: Schematic representation othe nestedFE? flow for the analysis of Kirchhoff-Love shells (a)
IGA discretization (b) Shell element
(c)Through-thickness discretization at midsurface point Aof a shell element (d) Random RVE of local
microstructural material topology at thickness integration point A

The mechanical response of the microscopically heterogeneous microstructure is extracted,
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through appropriate averaging relations, for each macrosowigrialpoint Ai, from a3D

RVE describing the local microstructural topology of the mate@ialthe me hand théotal
macroscopic ifplane strains at a distance { of the mid-surface, are assigned to the
correspondingthrough thicknessntegration material point (i.e point Ai iffigure 5C)
represented by a 3D RVE of the composite mdténaalization step ofigure 5). Thein-
plane strains are enforced as equivalent displacements to the 3[BRatiB6N4.2). For the
imposed displacements raicroscale boundary value problem is formulated! solved
(Section4.4). On the other handinother set of averaging equations is exploited for the
calculation of averaged equivalent material properties, namely the stress and the
corresponding plane stress constitutive matnt are subsequenthgturred back to the
macroscale Gauss Point ADhrough thickness integration tifese quantities yieldstress
resultants at the miglurface point AO of the macroscopic model as well as their sensitivities.
A detailed description of this step is provided intiecs.4.

4.1 Small Deformation Kirchhoff -Love shellkinematics

Kirchhoff-Love shell formulation is an extension of the EwB&rnoulli beam theory,
where the shell kinematics can be described by the position of itsurfate[119]. The
main assumption of this theory is that lines that are normal to the surface, remain normal and
straight after deformation, while the shell thickness remains unaltered

The basic geometric quantities of the Kirchhibfive shell are depicted Figure 6. Given
a material pointx on the midsurface of the shell, the tangent vectors are obtained by

a, = X, ,. Any point X that lies{ distance from the midurface can be described by

a

X, =Xng ¥, /2 2t/C (159
The unit normal vector is considered constamugoutthe thickness and is calculated by
_3°%a, (159
& =3
a2 a,|
The metric and curvature coefficients of the middle surface are defined as follows:
a,,=a & (157)
ba[; =—Qu Q3 =—0Ag 03, =Uyp A, (158

Similar to the base vectors of the rsdrface, the base vectors of all points can be defined
accordingly:

ga = aa fa3n, é (159
0; =&
Throughout eq$157)-(159), the Greek letters,f take the values 1,2The contravariant

basis vectors are computed frcgir@j EI‘, , whered} is the Kronecker delta. Finally, the

displacement of a midurface material point is obtained as the difference between the current
and the reference configuration.
u=x,., X (160

mid
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Figure 6: Reference anddeformed configuration of the shell represented by the midurface

Kinematic variables are described in terms of the quantities described in the previous
section. The linear membrane and bending strains are calculated basedisi)eqsl(158)
by neglecting the quadratic termstive derivatives of the displacements

&,=5(, 0 , & ¥ o

a

and

1 . . . (162
Kp=2(#,0D , 4, a OB g+ 4O4,)

wherea? denotes the shell tangent vector at the reference configuration, while the derivatives

of the normal vector in the reference configuration are calculated using the Jajtdsan
(163

a, =(1°) " (al, & &)
Do, {1°) (un & Ut &2 d+u, W u) (169

The total macroscopic iplane strains at a point of coordingtieom the midsurface are
given by:

eaMb: €,t 7 (169

4.2 Microscale boundary value problemand Averaging Equations
Neglecting inertia forces, we assume that the RMiBrmsin a state of static equilibrium
[33] :

P® G in .V (166)

One of the basic assumptions of the proposed formulation is that the total strain of the
macracontinuum equals the volume average of the microscopic strain:
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1 . (167)
i, £dVv

VRVE RVE

&u =

For the case of thin shells, this classic strain averaging condition is translated {0 an in
plane constraint only. Accordingly, in the following equation, a circumflex denotes
restriction of the strain tensor to itsphanecoefficients only that are given bywegion(165)
and they refer to the covariant basis of the undeformed configuration.

- 1 . -
& =y N, &Y
RVE RVE

(168

This condition is met by imposition of appropriate constraints in the 3D RVE boundary
value problem. Specifically, a virtual plane stress element (element ABEQuia 7) is
embedded at the mislrface of the RVE as shownHfyure 7. Then, inplane displac@ents
equal to

£ =<, 169

are prescribed to all perimeter nodes of the virtual element ABCD, while all peripheral mesh
nodes of the 3D RVE are subjected to the same displacements as their projection nodes on
the perimeter of the virtual element. More specifically, with referencagtee 7, an edge

nodal point L, of the RVE with coordinate, , X, , X;is prescribed with the samg and
u, displacement values, as dictated by eq. (22), thidise of the corresponding vertex node
Vi of the virtual element, i.e. with the node having the sXmeX, coordinates:

uledge( X1 ’ X2 !Xg) — Elvena( xi ,XZ) (170)
u;dge( X1 ’ X2 1X3) — Eg/en@( x1 1X2)

This way, the irplane enforced displacements of the virtual element ABCD, make the 3D
RVE to deform in a pattern that is consistent to plane stress conditions. The basic 3D

deformation modes consistent to plane sti@dés &, Yare shown irFigure 7b. As for the

out-of-plane strain coefficientg),, there is no need of imposing it as a constraint, since its
value results indirectly from the cof-plane deformation of the 3D RVE. As a result,-out
of-plane shear straing! are automatically set to zero. Special care is taken to constraint out
of-planerigid body motions. This is attained by constraining the displacements of three nodes
of the bottom face, that are parallel to axis 3. Specifically, with referemregito7 4, vertical
displacements of nodes 3, 4 a@af the RVE are constrained. This boundary condition
allows the RVE to deform freely in the-plane directions, while at the same time eliminating
possible oubf-plane rigid body motions
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811

2

(c) Corresponding RVE deformation modes

Figure 7: Microstructure boundary value problem on a 3D RVE

The following averaging relation concerning the stresds[33]:

~ 1 ~ 1
oy = 6, dV =—
M= Veve f-QRVE m VRVE faﬂRVE

sym[t ® x] dA a7y

63



where the divergence theorem has been appliecfand Qis the field of the developed
tractions on the boundary of the RMBut of plane traction$ are identically equal to zero,
as no constraint is enforced in the direction 1 and the plane stress cosdjtiof holds.

By combination of eqg167) and(171) and taking into account €g69), the 3D macroscopic
stress power equals to the volume average of the microscopic stress power.

l ~
VRVE m/R"E "

Y (172

m

o, & o

This relation satisfies the HiMandel principle ofnacrehomogeneity54]. This way, the
macroscopic energetic conjugate strain and stress measures can be replaced by their averaged
microscopic counterparts in the expression of the principle of virtual work at the macroscale
level.

4.3 Finite element solutionof the microscale boundary value problem

A standard finite element solution scheme is employed for the boundary value problem of
Figure 7, expressed ahe micrelevel in eq(166). Upon discretization of the displacement

field um and after constraining the rigid body modes of the 3D RVE model, the remaining
degrees of freedom are partitioned into two categories, the constrained ones enforced by eq.
(169) and the internal nodes that are totally free. The constrained nodes, dergiadlade

the inplane displacement degrees of freedom of the peripheral nodes of the RVE and the
internal, denoted ag, are the remainder internabdes, combined with the eaf-plane
degrees of freedom of the peripheral nodes.

eu, (173
U=g

a,
The same patrtitioning applies to the internal nodal forces P and the stiffness matrix K as
well:

— é,fe ? _éKee K ep (174)
“& u K 'éK K
e'r u € “pe pp

For a peripheral node q of the RVE, thepiane displacement vectog is derived from
the corresponding projection of the RVE on ABCD and is given as:

_ T E 17
U _[ul UZ] _DqTé 4
whereDq andé are given as:
2x;, 0 (179
D, = —[ 0 2x,|, 8T :=[eM &l 2eM]
X2 X1

Assembling a global matrix D associated with all peripheral nodes P, the discretized form
of the constraint eq169) is given as:

u=D'& D $DD,,.P, )

Regarding the reaction forces acting on the internal degrees of freedom “€”, an appropriate
Lagrange multipliers is applied to enforce the constraint (@gz). Then the discretized
boundary value problem takes the form of the following algebraic equations:
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f,=d (179
f,=0
u-Dé&ED
Upon solution of the micrevel boundary value problem &igure7, the macroscopic
stress tensor can be calculated frongieq) that takes the discretizéarm:
S | 17
F=—D¢ a9
V]
For an equilibrium state of the microstructure and for an infinitesimal macroscopic strain
increment D&, the corresponding increments of the displaceméhts D, Lagrange

multipliers Dd and total macroscopic stral&, is given as follows

Au, = DTAé (180
Auy, = =K, KpeAu,
Ad = K,,DTAé
1
A6 =—=DAS
7TV
whereK_ =K K K 3K .. Hence the mcroscopic moduli are given as:
1 - (181
C= M DK_.D'

4.4 Principle of Virtual Work and Linearization of Internal Nodal Forces

The macroscopic shell stiffness matrix is derived from the principle of virtual work which
can be written as

W=fo, :d gdV = f @, dv (182

where the virtual displacement,, is in the macroscopic level. Tlieapression of internal
virtual work at the lefhand side is further elaborated as:

~ . — ~ . . (183
fow:d &= (fi:nd, e : ngj)da
where through thickness integration delivers the macroscopic stress resultants as
ab_ /2 a (184)
n"’=f su'dz
b_ /2 a
nf’= N, Sw “

where a, ¢ take the values 1,2. Similar expressions are used for “thickness integrated”

material matrice$47]. The moduli at each thickness integration point are obtained directly
from eq(181) as :

o hiz, h/ 8
C.=f . Cdz, G =fcd z G = o (189

h/2 k/2

The differentials of membrane forces and bending moments are computed from:
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drf = Gas "dézd +Go, ﬂbA"g‘ (186)
dnf °= q,,:bdéf]d +G ‘bl"/{’!
Since equilibrium must be met for any variation of the displacement matficésan be
written that

aw (187
oW = a—ur5ur =0

This leads to the following internal and external nodal forces:

; de ok (189
internal — . M . M
Ik —fn.aur+ 'aurdA
FreXt — ff:TudA
Subsequently, the stiffness matrix is obtained as:
on degy; O0m 0k, (189

Kinternal —
rs

dA

Jug ; ou, * aus: ou,

Substitution of eq(186) in eq.(189) yields the final expression for the shell’s macroscopic
stiffness matrix:

. e ok e de ok ok (190
internal _ _M . M _M _M . MY, M
Krs - f (CMA' ou, * Cup ou, ) ou, * (CMB' ou Mp™ gy ) ou, da

4.5 Macroscale discretization

The displacement field that describes the deformation of the discretized shell in eq. (160)
is interpolated as

u:é.in:]_Niq (191)

where N, are the shape functiaf multitude m used for the discretization and are the nodal
displacement quantities. Singeantities€!',, X, and Da,, in Section4.1 are products of

the displacements, they are obtained by partial differentiation of the shape functions. For the
approximation of the displacement field of eq. and the resulting kinematidblesrisa
minimum C! continuity is required, due to the second derivatives of the displacements
appearing in the curvature terms of @g2). This continuity requirements can be met with

by use of appropriate discretization techniques such as subdivision surfaces or IGA.

4.5.1 Subdivision Sutfaces

The use of subdivision surfaces fontishell element analysigasinitially introduced
and also used for finite deformation analysysCirak[120-121]. Main characteristic ahe
subdivision surfacebased interpolation scheme is that, contrary to conventional finite
element interpolations, the displacement field within an element depends not only on the
displacements of the nodes attached to the element but alsoam)abent elements

Subdivisionschemes construct smooth surfaces through a limiting procedure of

repeated refinement starting from an initial mesh. This initial mesh can be referred to as the
control mesh of the surface. The mesh is refined, e.g., all faces are quadrisected followed by
the computation of new nodal positions. These positions are simple, linear functions of the
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nodal positions of the coarser mesh. For the schemes of interest these computations are local,
i.e. they involve only nodal positions of the coarser mesh witlsimall, finite topological
neighborhood, leading to very efficient implementations. Using a suitable choice of weights,
such subdivision schemes can be designed to produce a smooth surface in the limit.
Subdivision methods which result in limit surfacesos# curvature tensor is square
integrable are especially appealing for geometrical modelling applications and for the
purpose of thirshell analysis.

In this thesis use of Loop’s subdivision scheme was made. It is an ‘approximating’
schemewhich means ltat according to jtwe evaluate new nodal positions for the newly
created vertices, as well as for the vertices inherited from the coarser mesh. This scheme
produces limit surfaces which are globally C2 except at a number of isolated points where
they areonly C1.

Refinement process

In Loop's subdivision scheme, the control mesh and all refined meshes consist of triangles
only. These are refined by quadrisecti@igure 8). After the refinement step, the nodal
positions of the refined mesh are computed as weighted averages of the nodal positions of
the unrefined mesh.

Figure 8 Refinement of triangular mesh by quadrisection

We distinguish two cases: new vertices associated with the edges of the coarser
mesh, and old vertices of the coarse mesh. The coordinates of the newly generated nodes
x1, x1 andxl on the edges of the previoase computed as

k,.k k, k
k+1 _ 3x0+x1_1+3x1 +x1+1 I_ 1 N (193
Xkt = - =1,

whereby indeX is to be understood in modulo arithmetic. The old vertices get new nodal
positions according to

xE*t = (1 — Nw)xk + wxk ...+ wxk (193
wherex® are the nodal positions of the mesh at lévahdx**'are the respective positions
for the meshk + 1. The valence of the vertex, i.e. the number of edges incident on it, is
denoted byN. Note that all newly generated vertices have valence 6 while only the vertices
of the original mesh may have valence other than 6. We will refer to the former alase¢v
= 6) as regular and to the latter case as irregular. Equatezhand(193) are
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Figure 9 Refinement mask for Loop's Subdivision scheme

visualized in symbolic form iRigure 9 with the secalled subdivision maskt is not obvious
how to choge the parameter w to get C1 continuous surfaces. In the original scheme, Loop

[122] proposed
5 3 1 21
a5+ ZCOS(_)>]

As it turns out other values for w also give smooth surfaces. For example, Wakg&h's [
choicefor w is simpler to evaluate than that of Equatios):

1 (199

N

3 3 (195
w=gy forN >3 and w=1g forN =3

Figure 10 A regular box-spline patch with 12 control points

Limit surface
A convergence study followed ia20 shows that a limit position of the subdivision surface
can easily be evaluated. For the interior of a triangular subsection, at a gauss point for
example the position and tangents of the limit surface can be calculated by use of quartic
box splines, siee Loop’s scheme actually generalizes them. If the valencies of the vertices
of a given triangle are all equal to 6, the resulting piece of limit surface is exactly described
by a single quartic begpline patch, for which very efficient evaluation schemest at
arbitrary parameter locations. We call such a patjular’ (Figure 10). Regular patches are
controlled by the following 12 basis functionsce only their support overlaps the given
patch. A local triangular parametrization of the element is given as v=&, w=n and u=1-&-n.
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Ni=a(u*+2 udv), (a=1/12) (196)
No=a(u*+2 udw)

Na=a(u*+2 uPw+6 WBv+6 LAVW+12LAV+6UVW+EUVH2V3W + V)
Na=a(6u® + 240w + 24U0wW? + 8uw? + w* + 2413 + 60LPvw + 36Uvvi
+ 6VW2 + 24022 + 36UviwW + 122 + 8uV® + 6Viw + )

Ns=a(u* + 6uw + 120PwW? + 6uwW® + w* + 2usv + 6LAVW + BUWWF + 2vwP)
Ne=a(2uv® + v¥)

Nz=a(u* + 6uw + 12002 + 6uw® + w* + 8ulv + 36LAvw + 36uUvvd + 8vw?
+ 2412 + 60UVW + 240 + 24UV + 24w + 6\F)

Ne=a(u* + 8uw + 241PwW? + 24uw’ + 6W* + 6udv + 36L1Pvw + 60UV +
24w
+ 12032 + 36UvVw + 24V + 6uVd + 8Viw + V)

No=a(2uw? + w*)

Nic=a(2vw + V)

Ni=a(2uw? + w* + 6uvw? + 6VW? + 6UVW + 12VAW? + 2uV® + 63w + V)
Niz=a(2vw? + w?)

If a triangle is irregular, i.e. one of its vertices has valence other than 6 the resulting
patch is not a quartic box splinggure 11 shows an irregular patch (center) with a single
vertex of valence 7. After one level of subdivision this patch is divided into four patches,
three of which are regular. If the desired parameter value lies within those patches we may
immediately evaluate éhsurface by using the canonical regydatch evaluation routine. If
our desired parameter location lies within the fourthgaieh, we must repeatedly subdivide
until it falls within a regular patch. This can be achieved for any parameter value amay fro
the irregular vertex. As shown figure 11, after one subdivision step the triangles marked
one, two, and three are regular patches. The actiore aluibdivision operator for this entire
neighbourhood can again be described by a matrix

Xt = Ax° (197

In the following applications simple geometries consisting of regular patches are considered.
More details for the derivation of matrxare given irf12Q.

N+5 N+2 N+3

Patch 1 Patch 3

Figure 11 Refinement near an extraordinary vertex
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4.5.2T-Splines

T-spline shape functiond.24] are also utilizedor the discretization of thenacroscale
models The formulation proposed [425] is adopted, in which higher continuitysplines
are transformed with the aid of aspline plugin, to an equivalent®@nite element
representation utilizing Bézier shape functions [126]. This process enables the use of
complex TFspline geometries, which cannot be represented with NURBS without laborious
preprocessing. In addition, the resultin§E&zier elements [127] permis a straightforward
integration of isogeometric analysis into the existinbause FEM code MSol\jé@28]

T-splineswere introduced as a generalization of NURBS in order to alleviate their
drawbacks, the most profound among which is that they achieveCBigntinuity across
patch boundaries. In addition, in case two NURBS patches do not share a common boundary
curve, even the aforementioned @ntinuity is not attainable, thus making the coupling
laborious, as several knot insertions are requiredptbaagate throughout the domain. This
procedure introduces a multitude of Control Points thus adding a significant burden to the
geometrical modelling procedure-splines alleviate all the aforementioned deficits by
abolishing the tensor product structofeNURBS, thus being the first CAD technology that
enables actual local refinement. More specifically, usirgpline technology enables the
control grid to include Tjunctions which are mesh vertices with three converging edges.
The new control grid sticture is referred to as-hesh. In contrast to NURBS, where
isogeometric elements are generated by the tensor product segmentation of a parametric
domain from global knot vectors, the-splines elements are rectangular tiles of the
parametric domairFigure12a depicts an example of a simplaniesh configuration where
it can be seen that the tensor product structure of NURBS is no longer present. Despite the
fact that no global knot vector existscal knot vectors can be calculated for each one of the
control points using the -inesh structure, in order to define the support of the shape
functions. As illustrated irFigure 12b, anchors denoted by the square dots represent the
parametric positions of control points. Depending on even or odd polynomial degrees, these
anchors lie at the center of the elements or at the edges of theFigaesifa). By picking
p+2 values, including the anchor position in odd degree cases, local knot vectors are
generated for each parametric direction.hu3, given a local knot vector

X, ={Xl b SO S +2}(and the polynomial degree p, theSpline basis functions can be

computed using the Cede-Boor recursive formulgl29]. For the purposes of numerical
examplesgiven in Sectiord.7, the computation of the-$pline basis functions is not
performed via the aforementioned local knot value vector procedure, rather with the aid of
the Bézier extraction process that enables the representation of highly continuous advanced
Splines into multiple EBézier pieces. For a detailed description the reader is referred to
[124,130,131] that provide an extensive study of theSplines technologyThe Bézier
extraction[132,133]utilized in the numerical examples will be now described.

Specifically, given the univariate local knot vectsr, ={x1 X...o o4 pep0fa T

Spline, the extended local knot value vector is generated by transforming the arbitrary type
into an open one. This is achieved by repeating initial and final values of the local knot vector,
until their multiplicity is p+1. Then, the extraction pezure is performed at the extended
knot value vector. The process of computing the Bézier extraction operator C, is based on
isogeometric frefinement. By repeating all internal knot values until their multitude is p, p
being the polynomial degree a refiment operator is produced, which coincides with the
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extraction operator. In detail, for every Knot Valgginserted in the local knot value vector,

the initial Control Points neP, is augmented and thus the new Control PoiBtsare
computed by

&R, =A (199
5A :% a,b, 1 a, )R, 1<A<n
1 A

where m is the initial multitude of Control Points and n the final one. The coefficients
a, are computed by

é1, @ A k (199
1
aA:{M, k-p+1¢ A ¢
TXA+p_ X
ho, A kA

In case of multiple simultaneous insertions(¥8g) is transformed to
pit :(CJ )T p (200

The product of these insertion operators yields the expected extraction operator. Note that
in case of TSpline basis functions, the univariate extraction operator is generated in a row
by-row basis from the shape functions that affect the element. Fdntheate case, the
equivalent extraction operator is produced as a Kronecker product of the univariate extraction
operators peparametric direction as follows

ce=Cc" AC’ (20)

The detailed process of Bézier extraction is described in detail in [127,133] Since the process
of [125] is employed, the Bézier extraction operation is utilized for the mapping of the T-
Spline domain to the Bézier elements domain:

N°(x, h=CB( x) (202

where C°is the elemental extraction operator arEd(x, /)the bivariate Bernstein
polynomials that serve as basis for Bézier geometries:

B(x. A= H )x"(8) (203

where
B"(u)=D(i,n)d(1 -u"' (209

the univariate Bernstein polynomials a@c(n,i)the binomial coefficients.
n! (209
it(n-i)
Rational Fspline shape functions are then calculated using the following formula:
or oy WEN°(x) (209
R ()=
(W) N°(x)

D(n,i)=
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where R°(x) are the elemental rationatJpline shape functionsy*and wethe element

weight vector and diagonal weight matrix, respectively. By combining(zag.and(205)

we obtain:

o/ WeC*B(x) (207
(w) c°B(x)

Consequently, having computed the rationapline functions at any given control point

grid B, , the Tspline surface is generated by:

v a (208
S(x. y=4 arRr( IR()
i
5 | |
5 |
| |
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i
|
2 | |
| | | |
|
- 1 1
CO 1 2 3 4 5 B
|
4 | ]
2r |
1+ | —
0

1 L
0 1 2 3 4 5 6

Figure 12 a) T-mesh with rectangular isogeometric elements. Green line indicates the parametric axis
3-segmentation in case of a full tensor product NURBS shape functions that would result in the knot
value vector=={0,0,0,1,2,3,4,5,6,6,6} . b) Local knetectors

4.6 Stochastic properties of the microstucture

As mentioned above, a stochastic RVE generator is developed to account for material
heterogeneities at the mesoscale level of RVEs. The generator is based on two uncertainty
types, namely the inclusion dispers and orientation inside the matrix as well as their spatial
variability inside the RVE described with a variable volume fraction parafié}.
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4.6.1 RVE with embedded inclusions

Given the RVE dimensions, i.e. length,,.., width W,

matrix

and heightH

of inclusions, the RVE generator distributes the inclusions in the matrix either uniformly in
a unidirectional patterrrigure 14), or with random orientationsigure 21). The coordinates

of an insertion point (Point A iRrigure 13) of an inclusion are randomly generated inside the
matrix assuming a uniform distribution described by the uncorrelated random vaXigbles

], Y, uniformly distibuted in the rangg0,W,...,]

and the type

matrix

uniformly distributed in the rang@, L

matrix

and Z,,, uniformly distributed in the rand®,H

To define the orientation of the inclusions, an additional point is inserted (PoiRtgarin
13) defining an additional orientation random variable, namely the Euler angtaich is
also assumed uniformly distributed [@,2,0]. This angle, together with a fixed length
parameter completely define the coordinates of insertion point B.

The spatial variability of the volume fraction (VF) is taken into account by assigning a
different RVE at each integration point of the domairecfcally, a multitude of RVESs with
varying VFs are constructed and randomly distributed throughout the macroscopic domain.
The spatial variability of the VF used for the construction of the RVEs at different domain
locations is modeled using random felénd simulated via series expansion of the
KarhunenLoéve method [135]:

w(xa)=a 7 &) &

wherex, ( §is a set of uncorrelated Gaussian random variabled ganid f, (x) are the
eigenvalues and eigenvectors of the autocorrelation function, respectively.

Both the matrix and the inclusions are discretized independently, i.e. without common
nodes. For the purposes of the numerical examples of Sdctfimontinuum finite elements
are used for the discretization of the RVE matrix, while inclusions in the form of carbon
nanotubes are discretized with twoded structuraldam elements. The contribution of each
inclusion to the stiffness of the RVE is calculated via the embedded element techigigee (
13a), in which the discretized inclusion degrees of freedom are kinematically constrained to
the degrees of freedom of the surrounding matrix. This kinematic relationship between the
matrix and he inclusion degrees of freedom, is analyzed in the-ireensional case, by
utilizing a single spatial beam element, representing a CNT, embedded imadeah
continuum finite element. The degrees of freedom of the CNT element are given by

Upearn ={ W0, U3, W5, ..., 0} (219

beam

matrix] '

(209

And the equivalent degrees of freedom of the continuum finite element by:

Ucontinuum:{uf1u§’uga---yugc,-} (211)

The kinematic relation between the inclusion degrees of freedom and those of the
continuum finite element is givdyy:
Ubeam:[T

U (212

embedde; continut

where T is a compatibility matrix that contains the shape function values at the coordinates
of each of the inclusion nodes. This translates to
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where A, B denote the initial and final node of the beam element accordiygrtol3a.
And T”is a matrix that transforms the translational and rotational degrees of freedom of a

beam element to only the translation degrees of freedom of the matrix as follows
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The terms YRR Zprepres.ent the shape function derivatives, evaluated at the

coordinatesx,, /, ¢beam node at the local coordinate system of the continuum element.
As a result, the stiffness contribution of the inclusion to the matrix is given as follows

T .. .
Kembedded_T embeddedK) bear;l- ()embe( (213

The final stiffness matrix of the RVE is calculated as the sum of the contributions of the
continuum finite elements and the equivalent contributions of the structural beam elements
transformed to the nodal degrees of freedom of their host elements evildtbf eq(215).

The use of the embedded FEM techniflL@6] allows for the use of relatively coarse and
simple meshes, with respect to a standard EiEgretization. A standard FEM discretization
would require fully conforming meshes in the mainglusion interphases that would lead
to complicated and laborious preprocessing of the RVE FEM modelscdiniseavoided

by use ofthe embedded FEM teclipie. As a result, the proposed discretization procedure
significantly reduces the computational cost for the solution of the RVE.

4.6.2 Metamaterial RVEs

Another typical material microstructure used in advanced composites is the metamaterial
illustratedFigure 13b. A metamaterial is created as a combination of a matrix material with
volumetric inclusions of different material properties or cavities. idilemetric nature of
these inclusions does not allow their modelling as beam or shell elements. As a result, both
the matrix and the inclusion are discretized with 3D continuum finite elements, ensuring that
the mesh at the boundary between them is comfg. This might lead to increased RVE
mesh size compared to the embedded inclusions presented in 8é&tioyet it is inevitable
in case of complex inclusion geometries. Since these materials do not exist in nature and are
manufactured, they are commonly placed in a periodic latticegae 13b illustrates. A
single periodic portion of the lattice is extractedyre 13b) and serves as the RVE geometry
to be used throughout the model. The stochasticity for this RVE case is introduced as the
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variability of the material properties of the matrix or the incorfgatanclusions. Similar to
the embedded inclusions case, the spatial variability of the material properties is dictated by
the KarhunerLo¢ve method as provided in eq. (209).

_ Cavity
Matrix

2D Section

Matrix

(a) (b)
Figure 13: (a) Schematic representation of the arbitrary inclusions discretized with beam elements,
embedded in a 3D matrix, discretized with soliccontinuum finite elements. (b) Schematic
representation of metamaterial microstructure in 2D and 3D and its decomposition into 3D RVEs.

4.7 Numerical results

This section provides benchmark examples that demonstrate the merits of the proposed
computational methodology. The first example verifies the accuracy of the imposed plane
stress conditions as described in Sectdod followed by two reabkcale examples that
demonstrate the applicability of the proposed approach of integrating isogeorrsgilices
discretization of KirchhoflLove shells with stochastic multiscale analysis of composite
materials. The second benchmakample illustrates the performance of the proposed
methodology applied to a cylindrical shell composed of a metamaterial, while the third
example deals with the analysis of a +eedle car bumper made of a polymer reinforced with
stochastically distribied carbon nanotube (CNT) inclusions.

All modules of isogeometric analysis, multiscale analysis and stochastic analysis were
developed and integrated in the of®urce computational mechanics software platform
MSolve[128] with HPC capabilities.

4.7.1 Verification of homogenization procedure for plane stress conditions

This benchmark test is used as a proof of concept of the proposed computational procedure
described in SectioA.3 for extracting the plane stress constitutive law from the analysis of
a threedimensional microstructure. For a Young’s modulus E=4 GPa and Poisson’s ratio
v=0.4, the theoretic isotropic plane stress elasticity matcalsulated as:

&l n 0 g 462 1.905 O (216
é 0 4 @

@1 0 1@05 4762 0

O 0 1nyg @ 0 1.429

E
C=
1- v

The same material properties are used for the computation of the constitutive@natrix
via the homogenization procedure implementing the plane stress extraction described in
Sectiord.3. To this purpose, a cubic RVE of 100 nm edge is considered, and discretized with
a mesh of 10x10x10 hexahedral finite elements. The diffe&@daetween this calculation
and the theoretic catitutive matrix of eq(189) is computed at:
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The comparison of the constitutive matrix components ifeeg). illustrates the accuracy
of the proposed plane stress constraint procedure. It can be seen that the nonzero values of
both matrices coincide, while the zero terms of the isotropic plane skassisity matrix are
computed close to zero within the computer accuracy. This indicates that the extraction of
the constitutive matrix from the homogenization procedure described inrfs¢&mrovides
accurate results compared to the analytical formula of plane stress constitutive matrix.

To test the performance of the proposed procedure for an anisotropic material, two
composite RVE cases are examined with a matrix of the same material as before reinforced
with CNTs of different volume fractionsThe CNTs are modelled as embedded beam
elerrents assuming fully bonded interfacial conditiph37], with properties listed inable1.

The finite element model is created using the random RVErgemelescribed in Section
4.6.1for 200and800embeddedNTsrespectivelyA unidirectional orientation of CNTs is
considered with the principal direction being the axis X, as illustrateigure 14. The length

of the CNTs is considered to be 100 nm while its position in the YZ plane is given by two
uncorrelated uniform variables for coordina¥sand Z, , as described in Sectidn6.1

(@) (b)

Figure 14: Representative volume element with embedded CNTs a) 2.5% embedded CNTs volume
fraction a) 10% embedded CNTSs volume fraction

EBE properties for

CNT(8,8)
CNT diameter 1.06 nm
CNT thickness 0.34 nm
Bending inertia X,Y 100.18
Torsional constant nmf
Young’s Modulus 68.77 nr
Poisson’s ratio 4 GPa
0.4

Tablel: CNT Properties
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The computed constitutive matrices for the two RVE cases are presented2irg8edn
comparison with the isotropic constitutive matrix of @g9), the reinforced RVE ntaces
provide a notable increase of stiffness in the X direction. Specifically, the principal
component of axis X for the RVE reinforced with 2.5% volume fraction of CNTs, is
increased by 385% compared to the isotropic case, while for the 10% volunenfcade
an increase of 1230% is observed, thus making apparent the contribution of the reinforcing
material in its mechanical performance. In both cases, the zero terms of the isotropic elasticity
matrix are close to zero within computer accuracy andttieusxtracted constitutive matrices
are in agreement with the plane stress matrix.

4.7.2 Cylindrical shell

The second example is the benchmark example of the cylindrical shell shiegumensa.
Its crosssection is a circular arc of 25 meters radius with its angle beih@ 6 thickness
of the shell is 0.25 m and the total length of the structure is 50 m. The shell is sutgjected
gravitational load of magnitude<90 N/n? per unit surfacg138,139] The boundary
conditions of the structure are the following: translational degrees of freedom per axis X and
Z are constrained in edge AB and CD.

The material considered in this example is the metamaterriywé 15 with periodic
voids. A unit cell of 1200x100x100 nm with a void of 50x50x50nm @eee 15) is used to
construct the 3D RVE for this case. The modulus of elasticitthefRVE material is
considered to be a random variable assumed to follow the lognormal distribution with mean
value E=4 GPa and standard deviation 0.5 GPa. Two spatial correlation cases were
considered. In the first, all spatial through thickness integraioints are assumed to have
the same modulus of elasticity (random variable case). In the second case, a through thickness
variation of the modulus of elasticity was considered in addition to the surface variability.
The modulus of elasticity in thisase is described as a white noise random field, according
to eq.(209).
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(b)

Figure 15: a) Geometry of the cylindrical shell example. b) Geometry of representative volume element
defined at each thickness integration point

20.000 Monte Carlo simulations of the stochastic cylindrical shell are performed for each
spatial variability caserigure 16a, displays the histogram of the vertical displacements of
monitor node in the middle of the edge BC for the first spatial variability case. As can be
seen, the results follow a nearnormaldistribution, with a mean value €9.038762m and
a standard deviation of 1.34P8m. In the white noise spatial variability case, the histogram
of displacements versus probability is displayedigare 16b, where the mean value of the
results is0.0791m and their standard deviation 0.0233m

Inspection of these results immediately indicates the importance of the multiscale
modelling proposed in this stydConsidering a constant material for the whole macroscale
model, gives a standard deviation of the displacements equivalent to 30%, i.e. COV=0.3 of
the resulting mean value, while in whiteise case the COV reduces to 0.18. In addition, the
shapes of tb distributions differ significantly with the firstrigure 16a) being near to
Gaussian and the second being near to lognormal, thus in alignment to the input random
variables.
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Figure 16: Histograms for the vertical displacements of monitor Control Point C

4.7.3 Car composite bumper example

The next example is a restale model of a car bumper illustratedigure 17. The model
is retrieved from[140]. Utilizing T-Spline plugin for Rhing126], the CAD surface is
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transformed to plines surface. By extracting a Bezier mesh, an analysis of the bumper
modelis performed in MSolve platforrfi28]. Details of the bumper boundary conditions
and IGA discretization parameters are giveRigure 17aand Table 3, respectively. font

view of the bumper is given Figure 17. The right edge of the bumper is considered clamped,
while loading of 100KNis applied at the control points of the left edge. The deformed
bumper configuration is given figure 17b for an isotropic material witE=4GPa modulus

of elasticity and Poisson’s ratio v=0,4.

a) Boundary conditions

b) Deformed bumper configuration

Figure 17: Boundary conditions of the bumper model and deformed configuration

Assuming that the bumper is made of a polymer matrix reinforced with CNTs, the
proposed methodology presented in this Chaptpplied. In this context, a cubic RVE with
dimensions of 100x100x100nm is constructed using the RVE generator of Setiomhe
RVE is comprised of a polgtheretherketone matrix (PEEK)141] matrix with Young’s
modulus E=4 GPa and Poisson’s ratio v=0.4. The matrix is reinforced with (8,8) armchair
CNTs that are modeled as beam elem€di37] (Figure 18) embedded in the surrounding
matrix assuming fully bonded interfacial conditions, as described in Sdc@idn

(a) (b)

Figure 18 Schematic CNT representation (a) MSM model of the CNT (b) Beam element with
equivalent properties to the detailed CNT model

Both matrix and CNTs are considered linear ela3te matrix is discretized with000
hexahedral elements, while the CNTs are modelled utilizing equivalent beam elements
(EBEs). The EBEs are extracted from detailed Molecular Structural Mechanics models
(MSM) of the CNTs[137]. As shown inFigure 18, @ CNT portion is modelled as a space
frame lattice according to the MSM formulation and then projected to an equivalent surrogate
beam element model with much lower degrees of freedom. TheNT is then modelled
as a series of EBE elemeritable 2 presents the mechanical properties of the EBEs that are
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extracted with the MSM approach for a CNT (8,8). A detailed description of this surrogate
modeling procedure can be found[37,80]

EBE properties for

CNT(8,8)
CNT diameter 1.06 nm
CNT thickness 0.34 nm
Bending inertia X,Y 100.18
Torsional constant nmt
Young’s Modulus 68.77 nr
Pois®n’s Ratio 4 GPa
0.4

Table 2:Properties of the EBE extracted from the MSM analysis of a CNT (8,8).

Since nanotubes are in theory indefinitely long cylinders organized in hexagonal lattice,
the notation (m,n) serves to define the atoms positioning on the circumference of the
nanotube. In literature, the term (m,m) refers to armchair type nanotubes, whose paths are
defined by two consecutive 80eft turns, followed by two 6®right turns repeatedvery
four stepsFigure 19 provides an example of a graphene sheet that will serve as the. The vector
c1, ¢ illustrated are considered the unit vectors based on a unit cell hexagon of the lattice.
By combiningm unit cells along cdirection anch along e direction an (m,n) type nanotube
is generated.

Figure 19: Graphene sheet honeycomb structure.

A sensitivity analysis is initially performed to determine the sensitivity of the bumpers
response to the CNTs volume fraction (VFs). To this purpose, 10 RVEs are constructed with
varying VFs in the range between-2@6. The RVE matrix geometry is considered constant
throughout the structure, while the CNTs are placed unidirectionally parallel to the X axis of
the mesoscale model (segure 14) in the first subcase and randomly oriented in the second
subcase (seeigure 21). The longitudinal direction coincides with lacal element axis as
shown inFigure 5. Their position in the YZ plane is determined by the random RVE generator
as described in Sectigh6.1, with the coordinate¥, and Z, modeled with two uniformly
distributed and uncorrelated random variables as

Y, ~ U(0,100nm), Z, ~U (0,2001m (219
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Figure 20, presents the results of the aforementioned sensitivity analysis. The horizontal
axis represents the VF of the inclusions, while the vertical provides a measure of the stiffness
increase of th structure expressed as a normalized displacement. This displacement is
defined as the ratio of the maximum bumper displacement of the CNT reinforced bumper to
the maximum displacement for the unreinforced bumper, at the same monitoring degree of
freedom

U (220
U (%)= CNTpa

Matrix,ax

As observed irFigure 20, the minimum volume fraction of 2.5% results in a maximum
displacement U~0.55, that is approximately 55% of the corresponding displacement of the
bumper with neat PEEK material. This reductaan reach a maximum of U=30% in the
case of 10% CNT volume fraction randomly dispersed in the matrix, revealing a 70%
stiffness increase of the bumper. In addition, it can be observed that the variation of U as a
function of the weight fraction is nonliae reaching towards a plateau beyond which the
increase of stiffness for weight fractions larger than 10% becomes negligible. Inspection of
the curves for longitudinal and randomly oriented CNTs presenteguie 20, immediately
emphasizes the importance of the proposed material microstructure modelling in revealing
the sensitivity of the macroscale response to microstructural parameters. A significant
stiffness increase is observed for the case of longitudinal GféFexample, for a stiffness
increase of ~50% with respect to the unreinforced material illustrated with a dashed line in
Figure 20, a 3% VF of longitudinal CNTSs is raged, while the same increase is achieved
with 7% VF of randomly oriented CNTs. This indicates that the CNT inclusions of a polymer
matrix can be reduced up to ~57% while meeting the desired stiffness requirements. In a
similar fashion, for a given a CNVF of 4.3%, a 58% stiffness increase is observed for the
case of longitudinal CNTs compared to 40% in case of the random oriented CNTs, as
indicated by the dotted lines Bifjure 20. This translates to a 31% deviation between the two
cases, showcasing the importance of the detailed microstructure modelling. As a result, it
observed that the proposed nested {82V scheme, can quantitatively assess the influence
of the maerial microstructure to the final structural response, while at the same time
providing crucial insight for the design of advanced composite materials.

Model
Control Points 23312
Bezier Elements 24664
Degrees of freedom 69936
Table 3: Details of the T-Spline model discretization.
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Figure 20: Impact of CNT volume fraction to the maximum deflection of the car bumper

The random RVE generator is utilized next to introduce spatialttaodigh thickness
variability to the RVESs. Four cases for the reinforcement of the bumper are examined. In the
first two cases, unidirectional CNTs are assumed parallel to the axis X of the mesoscale
model Eigure 14), uniformly distributed inside the matrix according t¢2eq). For the latter
two cases, the embedd€MTs have random orientationsgure 21) given by eq(209) . In
both cases a Gaussian band limited white noise is assumed for the generation of a 3D random
field, with two VF subcases of 3.5% and 6% respectively and a coefficient of variation of
1%.Table 4, contains the results generated by 2.500 Monte Carlo simulations for each of the
cases described above, whitgure 22 presents their respective histograms. Comparing
unidirectional and randomly oriented CNTs for their two equivalent volume fraction cases,
it can be observed thatghrandom orientation of the CNTs has more impact on the
performance of the bumper as indicated by the maximum displacement ratio which is
significantly lower for the case of randomly oriented CNTs. Specifically, for the 3.5%
volume fraction the mean ratiof ~50% stiffness augmentation for the aligned CNTSs is
reduced to ~35% for the randomly oriented and similarly for the 6% volume fraction case,
the 60% stiffness increase is reduced to 46%. In both cases the impact of random orientation
gives a compellin@5-30% reduced stiffness compared to the corresponding unidirectional
positioning of the inclusions. Frorpigure 20 it can be seen that the stiffness of the
nanocomposites exhibits a significant increase for CNT volume fractions ranging between
2,59%. In addition, the rate of the stiffness increase is slowing down for higher CNT volume
fraction exhibiting a plateau bavior in which the stiffness increase becomes insignificant.

As in the previous example, inspection of the results immediately indicates the importance
of the detailed multiscale modelling proposed in this study. As indicated in the examples
considered,the modelling of the micromechanics can severely affect the constitutive
response of the material, therefore the accurate description of the materials microstructure,
as addressed by the proposed approach, becomes crucial. The inclusion’s volume fraction
effect on the final material performance follows a fimear law Figure 20), while the
randomness of the inclusion directionality can reduce the dweagérial performance up to
~30%. The sensitivity of material and structural performance to the parameters assumed for
the micromechanics modelling emphasizes the necessity of utilizing approaches like the
proposed methodologyor the accurate modelind shell composites.
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% Reduction Longitudinal Longitudinal Random Random
CNTs 3.5% VF CNTs 6% VF orientation CNTs  orientation

3.5% VF CNTs 6% VF
Mean Value 50.9828% 60.53195% 35.1657% 46.4423%
Standard Deviation 7.36139% 3.55056% 7.57816% 7.03846%

Table 4: Results for two volume fraction cases, for longitudinal and randomly oriented CNTSs.
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Figure 22: Histogram for the displacement reduction vs its probability of occurrence

4.7.4 Parallel computer implementation

Since both the nesteE? multiscale analysis and the Monte Carlo simulations require
extensive computational workload, the developed code is parallelized with tiine &iéPC
oriented platform MSolve which implements the Task Parallel Library YTP42] and
MPI.NET [143] which are the equivalents to the OpenMPR4] and MPI[145] frameworks
for the C# programming language. The parallelization procedure is illuss@tecdhatically
in Figure 23 and is performed in two phases. Phase 1 includes the generation of the random
RVE geometries, of multitude n for each macroscale model and thieeffomputation of
their equivalent propesds. In this phase each computing node of the MPI environment is
assigned to a number of RVE geometries. This number is equal to the independent integration
points of the macroscale model. Then, finite element analyses are performed independently
for each R/E utilizing the cores of the computing node in a shared memory computing
environment. As a result, a collection of constitutive responses, linked to a specific RVE is
created in each MPI node.

Following the generation of the required multitude of RVEg@ond parallelization phase
(Phase 2) is implemented for the Monte Carlo simulations of m macroscale models. In this
Phase a different mesoscale RVE model is assigned to each of the thickness integration points
for each macroscale model generated by M@&the corresponding constitutive matrix is
retrieved from the formerly generated collection without additional calculation. The FEM
analyses of the macroscale models are also independent and are performed in an
embarrassingly parallel way as well. Spexfiy, each MPI computing node is assigned to
macroscale models in which their corresponding RVEs are already computed in the node. As
a result, there is no need for communication between the nodes to retrieve RVE data, thus
maximizing the parallelizatioperformance.
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Figure 23: Schematic representation of parallelization strategy

Table 5, shows the discretized degrees of freedom of the macroscale level shell models, the
number of Monte Carlo simulations and the corresponding computing times required for
examples 2 and 3 in dosequential and parallel computing implementations. The CPU used
in in the single CPU case is an980x with 6 cores. Specifically, the sequential time of 363
minutes is reduced to 96 minutes resulting in a speedup of 5.67 times, in the case of 20.000
Monte Carlo simulations of the cylindrical shell. Similarly, for 2.500 simulations of the CNT
reinforced bumper, the sequential time is 6.325 minutes is reduced in the parallel
implementation to 2.027 minutes resulting in a 4.68 times speedup. It is obbexvied the
bumper model the speedup is reduced compared to the linear speed up of the cylindrical shell
example. This is attributed to the increased memory requirements of the bumper model, that
do not allow for the full utilization of the CPU cores.drder to study the scalability of the
proposed parallel implementation, both examples are computed on a cluster consisting of 6
computing nodes, containing a 6 core9B0x processor each. For the cylindrical shell test
case, the sequential time of 363wiies is further reduced to 11 minutes thus achieving a 33
times faster execution. Similarly, for the car bumper case, the sequential time of 6.325
minutes is reduced to 226 minutes achieving a 28 times faster execution of the MCS
simulations. It is obseed that in both the single node and maolide cases the
parallelization scheme vyields a close to linear speedup and thus significantly reduces the
required execution time to tractable computational timeframes.

Analysis time Degrees of Monte Carlo  Sequential Parallel (6 Parallel (36
freedom simulations time cores) cores)
time time
Cylindrical shell 1.083 20.000 363 min 64 min 11 min
Bumper 69.936 2.500 6.325 min 1.351 min 226 min

Table 5: Comparison of sequential and parallektochastic analysis times
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4.8 Conclusions

In this Chaptera formulationfor the multiscale analysis of Kirchhoff Love shelis
presentedA random mesoscale model generator is introduced in order to account for the
intrinsic inclusion randomness, and for the spatial variability of the RVE throughout the
structureThe focus i®n the implementation of metamaterial models, as well as cat@pos
materials described by RVEs with arbitrary inclusions. The numerical tests performed
confirm the accuracy of extracting plane stress conditiona 3i2 homogenization scheme
in the framework of neste@E? multiscale analysis. Furthermore, benchmart aratscale
applications demonstrated the applicability of the proposed formulation, while providing
useful insights to the performance enhancements that reinforced polymer materials can
achieve in case of industrial applications. The detailed modellingh® material
microstructure via a detailed 3D RVE, allows for the accurate representation of the
micromechanics parameters, such as inclusion directionality and volume fraction, which, as
the numerical results indicate have significant impact on thedinactural performance of
the shell. The proposed approach is easily parallelizable and can accurately handle realistic
stochastic multiscale analysis problems accompanied with realistic representations of the
material microstructures at the RVE levet, reasonable and affordable computational
timeframes.

86



5 Nonl i near momdiedagfs dalien Ki rchho

shell sdef | fichil ba s

The theoretical framework of mulsicale modeling in continuum mechanics
presented in Chapt&is well established and ranges from small strain and displacement
theories[32, 33] to finite strain[34] and higher order mode[444§. It is even possible to
include inertia effects or thermal conduction phenomena in+seale simulationg35, 36].

An theoretical framework for computation&lomogenization inelectreelasticity and
magnetemechanics was introduced [B7] and[38] respectively. The benefits frosuch
models, apart from their accuracy and fidelity, concern the reduction of cost of experimental
testing of material or entire structures for existing entities or in the design of new
applications. The main drawback that in general characterisesstal#iFE?> models, i.e.

their high computational cost, can now been alleviated, by use of HPC mg2tbdmd
advances in surrogate modeling. Specificallj2i§] interpolation schemes were used, 28]

radial basis functions were adopted §B@d,31 neuralnetworks were utilized.

However, the aforementioned benefits of mattale analysis have yet to be exploited
in nortlinear thin shell formulations. In this field, the focus is on lamdgflection shell
formulations appropriately reworded for the incorporation of nonlinear material
phenomenological laws such as hyperelast[ei#4;4g, elasteplasticity[39-46] or arbitrary
threedimensional material lawjd 15 as it was presented in detail in Cken8. Although
non linear shell finite element formulations have great applicability in various fields of
science, ranging from aerospace enginedidd] and strutural modeling 148152 to the
mechanical modeling of thin biological membranes natural or artif[dia815§ the
development of more accurate mudtiale formulations for thin shell structures is still
limited. To this direction a seven parameter shell formulation, introducdddn is
appropriate for finite deformation analysis but it is limited to-oconcurent multiscale
simulations as it employs a prgtegrated constitutive relationship. A coupled atomistic
continuum approach was given[&0] for modeling of fracture of solid shells. The thermo
mechanical performance of shell structures with orthogpeéabdic configurations was
studied in[51] with regard in a setting of a seceadder twescak SOTS numerical
algorithm. In p2,53 a second gradient based multiscale scheme is employed and shell stress
resultants are exracted from a representative veleilement (RVE) that describes the entire
shell section, limiting though their applicability to shell structures of specific thickness
configurations. Finally a multiscale formulation was introduced1®9 for thin shells
undergoing small deflections asdhins.

In this Chapterwe extendthe methodology presentad Chapter5 to the finite
deformationrange For the shell structures it is assumed that through thickness periodicity
holds as well, and the macroscopic constitutive response at each shell sectitainesiob
from multiple Representative volume elements RVEs each one at a different deformation
state depending on the height from the 1sudface of the shell. In a deformation gradient
based expression of the Principle of Virtual Work, governing equiliboatie macroscopic
level, the strain state to be enforced on the rastmacture and its through thickness
variations, are obtained directly byhe expression ofhe Kirchhoff Love lypothess,
depending on the curvature of the structure and its membrane deflelctiermaediate
calculations of theurvature tensor and stress resultants are avoided. Their calculation is only
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useful on the post processing phase of the obtained solution. Theoéfiee change in the
orientation of the midsurface of the shell, due to large deflections, on the direction of the
constraints to be enforced in the RVE, is neutralized by expressing the averaging equations
in appropriate attached coordinate bases, hegtti the formulation of a classical boundary
value problem at the micrescale level.

This Chapteis organized as follows. In section 2 basic kinematics of the Kirchhoff
Love shell theory and necessary transformations of the utilized strain measpresanéed.

In section 3 basic stress and strain averagigpgationsfor thin shells, undergoing finite
straining, are formulated atigefulfilment of the Hil-Mandel macrehomogeneity condition

is proven. Section 4 focuses amamalytical derivation bmacroscopic tangent stiffness
matrix. In section 5 the formulation is verified against benchmark problems and its potential
uses are demonstrated.

The following notation is used: bold letters indicate vectors or second order tensors,
plain characters arused for matrix vector manipulations or the coefficients of second order
tensors in specified bases, Latin indices take on the values {1,2,3} and Greek indices take on
the values {1,2}.

5.1 Large DisplacementsKirchhoff Love Shell kinematics

The midsurface of the shell is given as a mappiff of a parametric space=[£,n]
onto the three dimensional Euclidean spacet—R3. In a discretized setting, the
parametrization of a position vector along this surfaces ensues as a linear combination
shape functions and nodal values.

Xm=(En) =) N(EnX' (229

By use of a third coordinate in the direction of the thickness the volume of the shell is fully
defined and the position of a particle in the undeformed configuration is given as

X =X, + (A; (222

Based on the Kirchhoff Love hypothesis which assumes that the cross sections that
are originallly normal to the midsurface remain normal to the midsurfate ideformed
configuration, the currergosition of a particle is given as

xX=xytd{as (223

where againa; is the director, the unit vector normal to the midsurface of the shell.
The covariant basis vectgy; of a point in the shell continuum at tlieformed
configuration is obtained as

9, =2, ¥& (229
Os =&
where a; = x,,¢ , a, = x,,, are those of the midsurface and the unit normal veejas
given as
3 (229
a, = 313 &,
2, &
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Similarilly, the covariant basis in the undeformed configuration is

Gl = Xm,f + {A3,f (226)
G, = Xm,n + {AB,n
G3 = A3

andthe correspondingnetriccoefficientsfollow from therelationG;; = G; - G; as G,
G, Gp , Gy3 = G3, = 0 and Gz = 1. The contravariant basis vectors are defrned by the
Kronecker delta pr Eertﬁ‘ G = 6‘ They can be calculated in terms of contravariant
metric coefficients;*F asG® = andG3 G; where[G*F] = [Gaﬁ] are given by
a matrix inversion.

An auxilarry local cartesian basis is introduced for the undeformed configuration as

G1—(G2E1)E,
|G1—(G2E1)E4]

Gy

_ _ (227
~ 164l Es =45

E, E; =

and it is stationary. Another local cartesian basis is usetidateformedonfiguration, it is
given as:

g1 _ 91-(gz2-ei)eq (228

eq = e e —a
17 g4l 27 91-(gzevel 3 3

and it is attached to the midsurface of the shell.

Figure 24 Auxiliary cartesian basis Eis stationary in the undeformed configuration.
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Figure 25 An attached auxiliary cartesian basis efollows the deformation of the shell. A white
wireframe configuration denotes an intermediate deformation state of the shell structure.

The deformation gradient is defined as
Fy=9,®¢G' (229
and it can be decomposed into a membrane and a normal contribution

where Fg = g, ® 6" andFy = g, ® G3. Itis a two point tensor and it can éepressed by
use of the auxilliary bases as

This representation is chosen as it collects the contribution of the membrane partin a 2 by 2
matrix [F*#] and as it easilly can be seen by subtitutior{2@6)(227) and (228), F** =

F3% = 0. Finally the out of plane contributid®3 = 1, as we have temporarilly ignored the
out of plane strechy, the actual value of which results from the material response.

5.2 Averaging Relations and the Macrohomogeneity condition for thin
shell structures

Neglecing acceleration forces, based on theessgparation hypothegid4], we assume
that the RVE deforms in a state of static equilibri@mn:

V-P,=0 (232

Its deformation is coupled to the macroscopic deformation through a strain
averaging relation:
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. (239

Vrve
V

F=Fy:= medV

RVE
where subscriptn refers to microstructural values aktldenotes averaged quantities. This

assumption is translated to a constraint for all of the coefficients of the deformation gradient
tensor excepE>* For this coefficient, it is rather exploited for the calculation of its value,
upon solution of the micezale boundary value problem.

To meet with these constraints appropriate boundary conditions are enforced on the

RVE. Specifically, in a prescribed displacements setting, to ensure”tfat F,V‘;‘Bit is
demanded for the peripheral boundary nodes oRWE that

Xn= F-X, (239

whereF = F*e, ® Eg is the in plane part of deformation gradient tensorape x,e; +
x,e, andX,, = X,E; + X,E, are the position vectors that are tangent to the midsurface of
the shell, in the deformed and the reference configuration, respectively.

Alternatively periodic boundary conditions might be employedXgs— x;, =
F(X;, — X;;,) and applied as relative plane displacement of opposing faces of the rve.

For the out of plane shear deformation contributiBfs it suffices to constrain the
out of plane displacement of each node on a peripheral face of the rve to equal to the
displacement of its corresponding node in the opposing face

- =0 (239

Similar boundary conditions are enforced for the realization of¢hstraintF%® =
0. Direct substitution of these conditios5 and(234) in (233 verify that itholds.

The second averaging relation concerns the First Piola Kirchhoff stress[tf)sor
160];

. (239

VR VE
4

1
fpmdv =7 fp@deI"

RVE IryvE

wherep = N - P,,, the nominal traction vector. For the last part of equa236), we have
made use of the divergence theord82) and the fact thaV - X,,, = I. This averaging
relation is exploited as a micro to macro scale transition in the homogenisatiomhstep.
homogeneous constrai@3s results in antiperiodic tractionsin the opposing faces of the
RVE where it is enforcefb2,57. The contributions of those tractiopsn (236 cancel out
and collectively resulio a zeracontribution orthe averaged microscopic wdiat the terms
P%3 andp3e.
Due to plane stress conditions of the Kirchoff Love theory, the res#fhgtress is
zero since no kinematic constrains have been imposed on the RVE in the out of plane
didirection. More details on the calculation of the in Plane part of the macroscopic First Piola
Kirchhoff stresP*# are given in the next section of a finite element implementation setting.
By substitution of the averaging relations and taking into @auctéhe adopted
boundary conditions it can be seen that the Hill Mandel condition is indeed satisfiéie
local variation of strain energy on the macroscale equals the volume average of the variation
of work performed on the RVEB4,54,57

P= PM::
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) (237

Veve
v

f P,,:6F. dV, = Py:6Fy Véx

RVE

Hence the macroscopic energetic conjugate strain and stress measures can be replaced by
their averaged microscopic counterparts in the expression of the princypteuaf work at
the microscal level.

5.3 Finite element solution of the microscale boundary value problem

In order to implement the constraints described in the previous section in a discretized setting,
we can poceed by partitioning the de@= of freedonof the finite elemenimesh to those

that are totally free denote@”’, those that are involved inr@nhomogenousonstraint
expressed in terms of a macroscopic in plane strain value Fab of the deformation gradient
denoted “b” and finally those that partipate in a homogenous equality constraint
symbolized“c”. This partitioning concerns the remainder of the degrees of freedom after
rigid body motions of thé&RVE are fully constrainedEmploying the Lagrange multiplier
method, for the imposition of the cstmaints, the finite element solution of the boundary
value problem (232 choosing linear deformationg32] for the imposition of non
homogenous constraints consists of the followinglinearalgebraic equations

fa(x) =0 (a) (239
fr(x) =46 (b)
Xp — DTF =0 (C)
fe(x) =P =0 (d)
Px. =0 (e)

Where(238-c is a discretized form of equatig®34) and the matriD is a combination of
matricesD,, for each node by the relation
F11 (239

X 0 X 0
el =[] = =5 % % o5

F21

Where the coordinates,x. and X1,X> refer to the local cartesian coordinate system of the
RVE that coincides with the attached to the midsurface of the shell. For simplicity in the
undeformed configuration the origin of this local basis is placed ajgbmetric center of

the RVE.B is assembledby node pair wise operatoBs

B,=[0 - 1 = 0 | 0 « =1 - 0] (240

corresponding to equatiq235). B, takes a non zero value for the dofs involved in each
constraint and appropriately signed. The first dimensioB efquals the number of the
constraints. For simplicity we order first, Kac, all of the positively signed dofs involved in
the constraints.

In a Newton Raphson iterative solution scheme, around #bzgun state, where
equationg239 hold, any incrementlF in macroscopic strain results in an incrementsin
denoteddx, and subsequently in an iterative update of the values, of, 6 and z, until
equations(238 hold, and equilibrium is achieved. This is expressed with the following
linearization scheme which is solved progressively in the frame of the iterative solution:
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fo(xX) + Kpqldx, + KgpAxy + Kgedx, =0 (a) (241

fb(.X') -6+ Kbana + Kbbeb + KbCAxC —A6=0 (b)
—DTF + Ax, — DTAF = 0 ()

£.(0) = PTT + KogdXy + Kopdxy + Koodx, — PTAT = 0 (d)
Px. + PAx, =0 (e)

For simplicity we introduce a basis transformatid®1,162 operating on each
constrained dof pair of dofs "c"

(0.] [ l (7] [uf] o %9
_2
[TJ]=[%]=E é ()

Each constraint of241)-e can equivalently be applied by settingiequal to zero and thus

eliminating it from the total equations. The second line of the transformation rzasb

results from a Granschmidt orthogonalization process. It should also be noted that
TEB) + 0 (243
TYBy =0

Equationg242 and(243 are expressed, in a globaltsay as:

i 3 (249
(2] —[ N = [2] fued = (T710u] (@)
ch 2
T
o= 1] =[]
Accordingly, using244)-b, (241)-d transforms to
TL (. (%) + Keodxq + Kepdxy) — Ty Koo (TF iy + T, ) = TyBT(A + 42) = 0 (a)(249
T, (fc(x) + K.q4x, + chAxb) —TK,, (TlTﬁcl + TZTﬁCZ ) =0 (b)

Equation (241)-e is now replaced byi., = 0 that is then directly substituted in the
transformed form of equation41)-a,b andin (@) (245-b to yield the final form of the
linearized equations, as below:

fa () + Kpqlxgq + Kopdxy + Ko Thi, = 0 (a) (246
fb(X) -0+ Kbana + Kbbeb + KbCT’gﬁCZ —A6=0 (b)
TZ (fc(x) + Kcana + chAxb) - TZchTzTﬁcz =0 (C)

For a given increment in the macroscopic strdiresulting in an incrementx, by use of
equation, Xa, and uc are iteratively corrected utilizing equatio(mie-a and (246)-c until
AT I(T,f>2)T3 < tol. At this point he discretized form of equatigzee can be used, which
is expressed as

ptt (247)
P = P2 =26 = s

P;i Vrve Veve "

P

Finally, for an infinitesimal incrementF arounda reached equilibrium state, whe¢bd)a-e
hold, using once agaif241)-c after statically condesatingquations246)-a and (246)-C in
(246)-b we obtain
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A6 =K', DTAF (248

and subsequentlg4?) gives
AP = —DK',,DTAF (249
VrvE
Hence the elasticity tensor coefficients are given in a matrix form as
A =——DK',,DTAF (250
VRvE

It is important to notice for the forthcoming derivations that the infinitesimal incremBnts
andAF that appear in the linearization process, refer to the coefficients of the tEresmits

F in bases specified previously, and he@se) doesn't imply a general relation between the
total expression of the two tensors.

5.4 Principle of Virtual Work and consistent Linearization of internal
nodal forces

Equilibrium on the macroscalevel is expressed in the form of the Principle of Virtual Work
that is expressed, by exploiting macrohomogeneity condtgm as

W = SWint — 6Wext (a) (251
§Wine = Jy, SFT Py dV, (b)

This variational formulation must hold for a variation in any discrete displacamentd
this yields the equilibrium of external and internal nodal forces as follows

R = Fipt — Fext (a) (252
uy oFT
Rl = f,, 2Py dag (o)

A finite element solution approach requi@scontinuity of the shape functiofis9]
In order to use, in the actual implementation entities that have been deripegvious
sections, equatiof252 is rewritten as

Fip = [, (6 ® gia,): (PP*E; ® e,) d2y (259

where 6F = (g;,, ® G")éu,.

Equation(252-a represents a nonlinear system that is subsequently linearized to be
solved in a Newton Raphson iterative procedure. The tangential stiffness matrix of the
internal forces is obtained as

O%F" dFT aPy (259

kit = St = [ (6 © gips)iPu + (6 ® gi,)i Pusdhy
Vo Vo
Once again to account for the derivations of previous section, isettend term of the

integral of(254) it can be used that

P -—
ou,.0ug mt ou, Jug

(PUE;® €)= P/E; @ e; + P'(E; ® e;) , = A (FS)E; @ e; + PU(E; ® €;) (259
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where the componeni are given by250. The fact, that only variations of stationary
bases' vectors are equal to zero, was taken into account for this derivation. More details
concerning the calculation of thg ., g; s, FX ande; ; will be given in AppendixFinally

taking into account the dependence of the external fat€€son the displacements of the
structure, the total tangential stiffness matrix is given by

K = Kint — Kext (259

and a residual in the total force ved®in (252-ayields an iterative correction

KAu = —R (257

of the total displacement vector.
5.5 Applications
5.5.1 Hemispherical Shell Subjected to alternating radial forces

The first application is based on a popular benchmark proflé&d) for large deflection
analysis of shells, namely hemispherical sheligifre 26 with a 18pole cut-out at is pole,
subjected to four radial point Loads, of magnitude of P=400kN and of alternating sign at
90’integrals. The structure is considered to be heterogeneous at the microscale level, with its
characteristic microstructure to be consisting of two different phases of Elastic material, i.e.
the matrix material and two layers of perpendicularly stackeddnydial inclusions.

The macroscopic geometry is discretized with subdivision surfg@®12] to
achieve the necessary C1 continuity. The Representative volume element is discretized with
hexahedraglements by use of Gm§h64. The total FEsolutionscheme for the analysis in
multiple scales of the studied thin shells under laig@ectionsis implemented in Msolve
[128]

A total of three FE2 simulations is performed. At first we assign to both phases of the
RVE the same parameters for the Youmgslulus E= 6.825 107 and Poisson's ratio v= 0.3
coinciding with the benchmark problem's suggested values. This results in a homogeneous
material configuration and the performed analysis intends in the verification of the proposed
formulation.
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Figure 26 Hemispherical Shell withan 18deg pole cutout

Figure 27 Cubic RVE with cylindrical inclusions
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Figure 28 Deformed configuration of the spherical shell for maximum imposed loading value

As it can be seen ikgure 11 andFigure 12 the obtained load displacement curves for
the two monitored nodes of interest, are in perfect agreement with the expdetsdginzen
in [163.

For the two followingFE? analyses the focus is on an actual two phase material
configurations, obtained by a 15% decrease in the Young's modulus values of the matrix and
the inclusions separately.

These runs are a simple demonstration of the potential of the proposed formulation
in the simulation of microscopically heterogeneous shell structures. The obtained results can
also be verified by observing that the resulting load Deflection curves fall within the limits
defined by the benchmark curve and a complementary run of ouermeptation of the
formulations[121,165, for the configuration of the benchmark and only a 15% decrease in
the value of Young's modulus.
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Figure 30 Cylindrical shell, supported at the bottom with a distributed line load

5.5.2 Cylinder under line load

The next application is also based on a popular benchmérk field of shell element
technology which is a bending dominated problem originally introduced 166
subsequently studied [167-169 and[47]. A cylinder of lengthL=30 cm, radiudgk=9 cm
and thicknessp=0.2cmis considered supported at the bottom and subjected to a linp load
as shown irFigure 30. The material RVE consists of a matrix material and one spherical
inclusionFigure 29. For both phases a compressible Mamkean material is used, defined
by the following strain energy function

'Uil =

[Nl

(tr(C) — 3) — pln( det(C))Jr%(det(C)—l—an( 1ct(C))) (259
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Figure 32 Deformed configuration of cylindrical shell at maximum deflection

Again, the macroscopic geometry is discretized with sikidn surfaces and supports
are imposed by the Lagrange multiplier metH@@(. Following the same verification
strategy as in the first application, we perform once again three ki@ ahalyses. At the
first onewe assign to the Lame constants the values used in the benchmark exampte, i.e.
6000kN/cnt and = 24000kN/cn?. We apply a total load of 35kN. The analysis yields a
maximum displacement value e£6.06190 cm for the monitored node A. It is in a good
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agreement with results obtained frgrh68,169 and the results reported in these works from
referenced articles that range froh5.86 cm to 16.21 cm for various finite element
formulatiors.

Subsequently twEE? simulations were preformed, accounting for a 15% decrease in the
values of the Lame constants, fisrtly for the matrix material and secondly for the spherical
inclusion. In order to define bound curves for the expected behaviour of the two
microscopicallyheterogeneous cylinders we perform two complementary runs by use of our
implementation 0f121] combined with the methodology described[ 165 and Section
3.2.1.2 for the incorporation of a hyperelastic phenomenological law in a thin shell
formulation. Once again, the values assigned to the material model are those used in the
original benchmark for the upper bounding curve dadreasedy 15% for the analysis
corresponding to the lower bounding curve.

As it can be seen fromigure 31 the load displacement curve of thE? simulation of the
practicallyhomogeneous structure coincides with the first complementary analysis, and the
behaviour exhibited thEE? modeling of the composite structures is well along the bounding
lines determined by the complementary analyses.

5.6 Conclusions

In this Chapter a formulation for multiscale modeling of thin shell structures at finite
deformations has been proposed. The developed averaging relations, that are appropriate for
thin Kirchhoff Love shells and meet the Hill Mandel condition, lead to a classical wording
of the microscale boundary value problem avoiding the impléatien of a change of
directionof the releases of the constraints related to the plane stress coridigasccuracy

of the introduced scale transition relations and the overall formulationeoproblem is
verified through benchmarking based on popular problems. The resulting methodology
allows for a straight forward incorporation of the lamjsplacementhin shell case in
existing FE? codes. The simulation possibilities originating from thismulation are
countless and are related to the wide applicability of the Kirchhoff Love theory in many fields
of engineering.

101



6 St ochastic Mul ti scal e mo d e

reinforced composites

Graphene is an emerging material that has attractetendous scientific interest due
to its extraordinary mechanical and electrical properties. An allotrope of carbon, graphene
forms a hexagonal honeycomb lattice which can be one atom thick, known as single layer
graphene sheet (SLGS) synthesized viaovmrimethodsg0-62]. Graphene has been found
to be the strongest material ever tes68] p4 with a Young’s Modulus of 1 TPa and Tensile
Strength of 130 GPa, making it a very promising material for structural applications.
Graphene sheets (GS) and itsidtive products the carbon nanotubes (CNT), have been
successfully used as filler materials in nanostructured compositegg6greatly enhancing
the mechanical properties of the matrix. Successful applications include both metal matrix
[67, 68 and wlymer matrix p9, 7Q nanocompositedn this Chapter aeffective way for
the modeling of the mechanical behavior and properties of graphene nanocomposites in
multiple scaless presented in detaiTwo distinct points in the modeling process of graphene
nanocomposites are presented in detail, first the method of simulation of graphene and second
the load transferring mechanism between the matrix and the filler.

The modeling methods currently available for the simulation of the mechanical
behavior of grabene, take into account the interatomic interactions between the carbon
atoms in the hexagonal lattice. Computational methods widely used, can be generally
classified into two categories: i) the atomistic modeliid, [74 with major techniques
including nolecular mechanics and -#fitio calculations and ii) continuum mechanics
approaches?3, 73 including the analysis with finite element methods. Each of the above
methods, comes with different performance along multiple time and size scalastid\b
andmolecular mechanics techniques generally provide high accuracy at the smallest scales,
but due to the high computational effort required, they are suitable for small size models and
short time span¥p, 74. On the other hand, continuum mechanics tearesaim to provide
accurate and computationally efficient models at larger size and time scales.

The main principle behind continuum mechanics approaches, usually referred as
Molecular Structural Mechanics (MSM) methods, is the simulation of the covadenis
between the carbon atoms, with equivalent structural finite elemeé@jtsThe physical
properties of the equivalent finite elements can be analytically calculated by making use of
equivalent strain energy criteria, with reference to the forcetfielddefines the interatomic
interactions. Currently, the dominant method is replacing the carbon covalent bonds with
beam finite elements, which can capture both stretching and rotation between atoms. While
this approach is computationally effective aadcurate compared to the atomistic
simulations 76-79], the computational effort increases dramatically while shifting time and
size scales. For this reason the beam finite element model is replaced with equivalent coarser
finite element mesh, aiming toquide a model with significantly fewer degrees of freedom
(dofs) but with the reasonably close degree of accuracy. The finite element types that are
used as alternatives to the detailed model depend on the geometry of the nanopatrticle. For
example, for theimulation of the mechanical behavior of belke CNTs, the initial MSM
frame model is projected to equivalent beam element (EBE) s8a&Z]. A lower element
to volume ratio is then achieved, lowering the computational effort required and enabling
more time or size demanding results to be achieved.
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An equivalent continuum model is develop in this Chapter ¢thatbe used as a
surrogate to the detaildgtam element MSM model of GSs. GSs are found to have shell like
behavior in relatively large modelspmpared to the beam like behavior of CNTs. The
problem of finding an equivalent shell element (ESE) that can be used as an effective
surrogate to the corresponding detailed molecular mechanics models of the graphene is
addressed. The ESE should be abladcurately represent both the membrane and the plate
behavior of the GS. If this requirement is satisfied then this ESE can be embedded into a 3D
solid representation of a polymer matrix, for the study of the mechanical behavior of the
nanocomposite. Aepresentative volume element (RVE) is chosen for such simulations. The
load transferring mechanism between the matrix and the filler has been found to play a crucial
role in the mechanical properties of nanocomposites. Numerical simulations indicdte that t
interfacial stiffness and strength, define the limits of mechanical enhancement of the
nanocomposite by the filler and the occurring slippage when failure aBfes8§.
Functionalization techniques have been proposed for enhanced cohesion betwesnxhe
and the filler B4, 85. A load transferring mechanism via a friction model has been
previously applied with success in modeling CNT nanocomposes8§]. In the present
study, the interfacial load transferring mechanism is being modeled vd#firdtion of
cohesive zone between the ESE and the three dimensional matrix. The cohesive behavior is
defined through a tractieseparation law between the two surfaces and can also follow a
predefined damage model. Cohesive finite elements have beesssutly applied for
capturing delamination and debonding phenomena of composite or nanocomposite materials
[87] and reinforced stee8B], with good agreement with the experimental data and hence are
selected in this study for the modeling of this intedliate interface zone.

Numerical results which present extensive parametric investigations of the finite
element simulations of graphene nanocompoaiteprovided ani is demonstrated that the
representation of the hexagonal carbon lattice of GSs with ESE and the load transferring
mechanism with a cohesive behavior, is an accurate and effective modeling technique.

6.1 Finite Element Modeling of Graphene
6.1.1 The Molecular Structural Mechanics model

Molecular Structural Mechanics (MSM) finite element models have been found to be
effective ways for the modeling of graphene and carbon nanotubes (CNTSs). Graphene sheets
(GS) can be regarded as large molecules consisting of catbors an a hexagonal
honeycomb lattice. From the molecular mechanics point of view, atomic nuclei have their
motions regulated by electrotucleus and nucleusucleus interactions 8p]. A
representation of a GS hexagonal lattice is shown in FigUreelface field that defines the
interatomic interactions depends only on the relative positions of the nuclei, and the
molecular potential energy presents direct similarity with the beam element strain energy.
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Figure 1: Representation of a GS hexagonal latte

A detailed description of the MSM approach can be found in work of Li and Chou
[76] who originally proposed the model, assuming a beam of circular -seasi®n.
However, the circular beam section assumption of the classical MSM, which implies that the
in-plane and oubf-plane bending rigidities of the beam are equal, is found to be accurate
only for the inplane modeling of the GSs. Lu and H@]|[proposed an elliptical crossection
for the beam, since out of plane bending rigidity is largely ovierastd in the MSM
approach, a fact supported by atomistic simulations as well. Therefore, a modified version of
the MSM was considered in which the out of plane bending rigidity of the beam elements
was related to the weak inversion energy of the covhalamd. A detailed description of this
so-called modified MSM (MMSM) approach can be found in the work of CB&hvwho
proposed a rectangular cross section for the beam modeling of the covalent bonds.

Among common validation tests for mMMSM graphene modedgension test for the
verification of GS mechanical properties. Such tests implementedfor a GS of
22.1676x21.1676 nm, loaded in the-zag direction, as shown in Figure 2. For an interlayer
distance of=0.34nm, the Young’s Modulus and the Poisson’s ratio, referring to the in-plane
Poisson’s effect, of the sheet was computed at E=1.04TPa and/=0.0607, respectively.
Practically the same results were obtained for the armchair direction, which verifies that GS
can be regarded as having an isotropicnim@&ane behavior74]. Even though the calculated
Young’s Modulus of the GS is consistent with other studies, Poisson’s ratio values reported
in[71, 74, 76, 91, 923re scattered in a wide range from 0.06 to 0.45. As stat@d]irtjere
is lack of consient experimental results that would allow for a proper validation of the
models with respect to some reliable experimental values.
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Figure 2: Tension test for a 22.1676x21.1676 nm GS in the zgg direction, with the mMSM
approach

6.1.2 The Equivalent ShellElement of a Single Layer Graphene Sheet

Despite the fact that mMSM simulation is computationally effective compared to
atomistic simulations76-79], the cost of analysis is still high when relatively large GS
models are simulated. For example an mMSM ehoéla single layer graphene sheet (SLGS)
of 88.76x84.66 nm consists of approximately @6fs, making even simple static loading
cases very computationally intensive. It is therefore evident that simulations in the scales of
micrometers with current mMSvhodels are very inefficient. The restrictions of size and
time analysis of the mMMSM method are usually dealt with further substitution of MSM frame
models, with equivalent continuum elements. This concept has already been implemented in
the modeling of CNls where series of coarser equivalent beam elements (EBE) were
successfully used as surrogates to the complete CNT MSM m8ae3g][ The much lower
element to volume ratio achieved via the EBE, makes possible the simulation of larger scale
models and loger time spans. Along with the low computational cost, great accuracy is also
provided with the EBE{FQ].

An equivalent shell element (ESE) is proposed as surrogate to the mMSM model of a
SLGS, similar to the EBENT element in$0]. While CNTs behave like beams, SLGS are
expected to have a pldi&e behavior when subjected to out of plane loads and a membrane
type behavior when subjected teptane loadsLimited studies are currently available about
modeling the plate behaviof @ SLGS with equivalent plate elemeng3] 94, but no
information is available about combined plate and membrane behavior in a single approach.
The difficulty arises when searching for the equivalent shell due to the fact that an ESE would
have to validate both the membrane and the plate behavitbe LGS simultaneously.
Bending tests indicate that the correct bending rigidity for a plate SLGS is much less than
the rigidity obtained when using the membrane behavior mechanical corstaiida and
v=0.0607. A simple approach is proposed here toemddhis issue in terms of a membrane
behavior uncoupled to a plate behavior of a thin shell formulation according to
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whereKmis the stiffness sulnatrix that corresponds to the membrane behavior of the shell
andKb the stiffness sumatrix that corresponds to the plate behavior of the shell. The use
of a surrogate model with an uncoupled membrane and plate behavior, gives us th
opportunity to determine different par6 ameters forkheandKb submatrices and choose

the bending rigidity that fits best with the mMSM model behavior. Therefore, two equivalent
continuum models are necessary for the determination of ESE accordiqg(269) : an
equivalent membrane element (EME) and an equivalent plate element (EPE). A
representation of the degrees of freedom that correspond to membrane arfthipgate
elements of a-4hoded ESE quadrilateral is shown in Figure 3.
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Figure 3: Degrees of freedom of a 4-noded quadrilateral membrane EME (a) and plate EPE (b)

As mentioned earlier, the EME physical properties are already derived from the tension test,
thatis described in section 2.1, Bs1TPa,v=0.0607 and thickness=0.34 nm, thus kime
submatrix of eq(259) can be directly formulated. For the EPE to have consistency with the
bending behavior of the mMSM model, a numerical procedure is required that guarantees
that certain constraints must be satisfied, such as equal strain energy and displacements when
the sane loading and boundary conditions are applids procedure is described in the
following section6.1.3

6.1.3 The Equivalent Plate Behavior of Graphene

Considering themMSM solution as the exact SLGS plate response, an optimization
algorithm is applied in order to reach a solution that minimizes the error between the EPE
and the mMSM model. For this purpose, both models should be subjected to the same loading
and boundgy conditions. All of the edges of the plate and of the mMSM frame are clamped
and a concentrated load is applied in the center of both models as shown in Figure 4. The
objective function to be minimized in the proposed optimization formulation is tieeahffe
between the total strain energy of the mMSM and the EPE models, subjected to the constraint
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that the maximum displacement of the two models should be alidestical.
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Figure 4: A rectangular 11.08x10.58 nm SLGS with all edges clamped, subjectedan out of
plane 6 pN load

The steps of the optimization procedure are as follows:
Minimize the objective function

f(X) =|Vfr - VpI(X)| (260

WhereVir is the strain energy of the mMSM frame model &ipt(X) is the strain energy of
the EPE model, which is a function of the paramet&rs[E 7 t]", i.e. the Young’s

Modulus, the Poisson’s ratio and the thickness of the EPE, respectively, subjected to the
following maximum displacement constraint :

|[maxUfr - maxUpl(X)| ¢ tol (269

where makfr is the maximum displacement of the mMMSM model and Wpds the
maximum displacement of the EPE model.

The bending behavior of an isotropic plate is fully determined from its rigidityiven in
Eq.(262):

Et3 (262
Pe=na—»
As we can see in e(p62) the same rigidityDe, and thus the same strain enevp(X), can
be obtained for different values of the parameter veXtae. for various combinations of
parameter&, tandv. Thus in order to simplify the optimization problem in €$0) we
choose to arbitrarily set the values \6f0.0607, which is the same value used for the
membrane desiption, and some assumed thickneasd let the optimizer search only for
the Young’s Modulus E of the EPE. For consistency with the values of EME, the equivalent
thickness can afterwards be alteretF@34nm, and then recalculd&drom the plate riglity
equation(262). This simplification doesn’t affect the success of the minimization problem,
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for which we obtained a solution with maximum displacement errothess0.3 % and less
than 0.8 % for the objective function, as it is shown in Figure 7.

In the procedure described above, no assumptions were made regarding the SLG size and
shape. Therefore, the derived EPE can substitute the plate behavior of the mM8&hbimod

a SLG, regardless of lattice shape and dimension. The number of plate finite elements
required for a reliable estimation of the equivalent modulus is determined by means of a
convergence study. Figures 5 and 6 illustrate the sensitivity of the pobpasthod to the

finite element mesh density and the size of the mMSM model. In Figure 5, the griaph of
versus the number of plate elements is depicted for an 11.08x10.58 nm SLGS. A finite
element mesh of 40x40 plate elements is adequately fine and gesvera solution of
E=5.341e10 MPa. The effect of the SLGS model size is depicted in Figure 6 in which the
computed homogenizdglis plotted as a function of SLGS size. For these calculations, the
converged EPE model of 40x40 plate finite elements was. lem this figure it can be

seen that the SLGS of 11722 (105x111 nm), is homogenous enough to converge to the value
of E=5.316e10 MPa. It is interesting to note that the size of the mMMSM model seems to
slightly affect the results, with a maximum of 0.3diference in E between the smallest

and largest size models

EPE Young's Modulus (MPa) versus the Number of Plate elements used in
the optimizer (fort=0.001nmy=0.0607) for &1.08x10.58 nm SLGS
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Figure 5: Dependence of the EPE Young’'s Modul us
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EPE Young's Modulus (MPa) versus the size?jrohthe SGLS used in the
optimizer (fort=0.001.nmy=0.0607) with a 40x40 element mesh
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Figure 6: Dependence of the EPE Young’'s Modul
EPE strain and displacement % error versus the size of the model regarding
the mMSM model as the exact solution<0.001nmy=0.0607 B.C. all edges
clamped)
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Figure 7: Strain andisplacement % errors for EPE versus the size of the model

Figure 7, depicts the error in displacements and strain energy, versus the model, for an EPE
Young’s Modulus derived from the 11.08x10.58 nm SLGS. This error is computed with the
mMSM solution as the reference “exact” one. The small error in displacemerdad strain
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energy reveals the great accuracy of the EPE, while the model shifts sizes, and confirms that
the converged value for the Young’s Modulus, depicted in Figures 5 and 6 is correct. The
strain energy and displacement error converge at a minimure aalthe point that model
becomes 20 times (in terms of surface) the 11.58x10.58 nm mode, which corresponds to a
44.3x42.3 nm SLGS surface. This error behavior is attributed to the higher homogeneity of
the mMSM model as the size increases, behaving hiera plate. However, high accuracy
is observed in all model sizes, with a bounded error growth, which is almost zero up to a
44.3x42.3 nm SLGS.

A plate is uniquely defined by its stiffness param&ieand once this parameter is
obtained it can be used problems with different boundary and loading conditi@imilar
bending tests with different boundary and loading conditions, such as the asymmetric loading
shown in Figure 8, indicate errors of similar magnitude, below 1% in strain energy and
displacenents for all model sizes.

1, Magnitude
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Figure 8: An asymmetric bending test with a concentrated force and one edge clamped for the
EPE of a 44.3x42.3nm SLGS, modeled with 50x50 plate elemen

MMSM/EPE comp. time ratio versus the size of the model (EPE
modeled with 50x50 finite elements) for the loading conditions of
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Figure 9: Computational time ratios achieved with the EPE for pineblem of Fig. 4
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Regarding the computational efficiency of the EPE, the graph of Figure 9 illustrates the
effectiveness of the EPE as the size of the SLGS increases. The EPE approach is found to be
over 600 times faster than the original mMMSM model f&L&S larger than 100x100 nm,

while the accuracy in terms of strain energy and displacements is kept over 99%. Therefore,
the EPE approach makes possible accurate finite element simulations of SLGS in large size
and longer time scales. For the remainingli&pgions the value of the Young’s Modulus E

has been chosen as the converged value E4 regarding the model size (Figure 6), and
afterwards recalculated f¢+=0.34 nm using ed262). Thus the resulting value &=1.352

GPa can be used for a SLGS in the scales of micrometers with over 99% accuracy. The ESE
of a SLGS can afterwards be formulated as a combination of the derived EME and EPE using
eq.(259).

6.2 The Finite Element Model of Graphene Reinforced Nanocomposites
6.2.1 The Interfacial Load Transferring Mechanism

The Interfacial Load Transferring Mechanism (ILTM) between the matrix andliggr has
attracted a lot of scientific interest, due to its importance on the mechanical behavior and
properties of nanocomposites. In a polymer matrix nanocomposite, while the carbon atoms
in graphene interact through strong covalent bonds, graplre@& s interact with the
matrix through weak Van der Waals forc8§,[95]. Techniques known as functionalization
[84,89 have been applied, in order to covalently bond carbon atoms with the polymer,
greatly enhancing the ILTM stiffness and stren@xperimental studies in CNT reinforced
composites (CNARC) [93] reveal a noflinear pullout forcedisplacement relation when the
interfacial strength (1S) values are exceeded. Therefore, the correct modeling ofRCCNT
or a GSRC has to take into accouthie effect of the ILTM.

Three main approaches have been proposed for the modeling oimiitax
interactions: i) a frictioror shear lag model [80, 86, 94i) a nonlinear spring model93,
95] and iii) a cohesive zone simulatio87,173. In the poposed approacia friction model
cannot be directly applied due to the absence of shear stresses in the skin of ESE. In addition,
a nonlinear spring model requires the simulation of the GS with beams, as theniltex
atom interactions are modeledaditly with spring elements that represent Lenkydes
potentials. On the other hand, a cohesive zone simulation defines a tsa@aration law
between surfaces and can be used between the ESE and the matrix. Analytical expressions
for a cohesive lavin a GSRC have been proposed based on a Ledangs potential9f.
Also, pullout molecular dynamics simulation87] in a GSRC reveal a similar behavior,
suggesting 98] a cohesive zone for a multiscale finite element simulation. Therefore, the
definition of a cohesive zone that follows a tractsmparation law is applied in tdeveloped
methodologyfor the modeling of the ILTM.

A commonly used tractieeeparation law typically defines the traction vedtdinat is
developed between two surfacesadanction of their separation distan@esn its simplest
version this law is decoupled to the normashearls and shear2directions of the contact
surface, which also corresponds to the E&E?. anduy local axis (see figure3):

ekn 2dng (263
_é ué . u
t= é Km uedsu
e Kt geot Y
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fn, Ks and Kt are coefficients of the interfacial stiffness to the corresponding directions.
Following an initial linear elastic cohesive behavior, damage initiation criteria are applied
based on maximum traction. Therefore the maximum nominal stress criterion ofedamag
initiation can be written as:

gtn ts ttQ_ (269

[ ISn ISs ISty
wherelS is the interfacial shear strength at the corresponding directions. Once damage is
initiated, the cohesive stiffness is degraded according to a damage evolution law. A damage
variableD is introduced, representing the overall damage, with the vall=0ffor no
damage and=1 for maximum damage where no traction occurs. The contact stress
components are calculated as functions of the damage variable D according to:

tn=(1-D)tn, ts=(1-D)ts, tt=(1-D)t (269

wheretn, ts andtt are the tractions calculated by the undamaged elastic traaration
response. The values Bf depend on the chosen damage evolution model. Typically the
damage evolution can be based either on the fracture energy or the effective displacement
and hae a linear or exponential softening law. Modeling of failure depended omimile
condition laws can also be simulated. This general approach to the damage evolution could
be used in every type of ILTM in a @8C, covalently bonded or ndt.is assumedhat the
damage evolution in the G8C is based on effective displacements, is not depended on a
mix-mode law and the stiffness degrades linearly. The effective displacémisréxpressed

as a combination of the separations in each direction as:

om=+on’+8s°+ot? (269

As shown in Figure 10, the damage varidbldegrades linearly following the expression:
fremax_ ¢0 (267)
5m (5m_ 5m)

Where 6,’:1, 82 and §M%* are the separations at complete failure, damage initiation and
loading history maximum respectively.

traction &

maximum traction

o I
il ‘5':;_ separation

Figure 10: A Linear traction-separation response and damage evolution
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An approximation of the values of the necessary input parameters for a bifliearn
separation law in the normal and in the shear direction can be derived from molecular
dynamics calculations. Indicative maximum stress values, observed in such simulations,
between the graphene and a polymer, are presented in Figure 11

Reported by Loading conditions Maximum Shear Maximum Normal
Traction observed | Traction observed
Zhang [98] Normal separation of 503.4 MPa

Flat SLGS from
polyethylene

damage zone located 217.3MPa
in polymer

Liu [99] Pull-out of Flat SLGS 112 MPa
in polyethylene

Awasthi [100] Normal and Shear 108.3 MPa 170.6 MPa

Mode separation of
SLGS in polyethylene

Figure 11: Traction values observed in various molecular dynamics simulations of GSC
with Vdw matrix filler interactions .

As reported in J0( various model parameters such as the model size and the imposed
boundary conditions may affect the accuracy of the simulations and the obtained traction
separation data. From this table it can be seen that the interfacial strength values calculated
in the aforementioned simulations vary and more importantly differ significantly from those
derived from experiments. The maximum values of the shear stress obtained experimentally
in [101-104 are 2.3MPa, 0.46.69MPa, 0.5MPa, and 0.5 MPa respectivefyile the value

of the work of separation obtained O dissents from the experimentally measured values

in [102 104 as well.

Another cruciafactorthat may affect the values of these parameters is the so called
functionalization which is a chemicaurface treatment that enhances the interfacial bond
properties. As it is shown irLQ5 and [LO€ the interfacial shear strength can be improved
through functionalization, and reach values that exceed 350 MPa and correspond to a full
bonding situationln [109 it is demonstrated that the interfacial strength in the normal
separation mode decreases as the grafting density of functionalization increases, but the
original value calculated for pristine graphene 727.9 MPa is very high. From these works it
is concluded that parameters such as model size, grafting density, polymer molecular chain
length and graphene sheet length affect the observed interfacial strength value.

All aforementioned data indicate that the uncertainty in measuring ILTM parameters
is substantial, leading to large variations of the measured parameters. This leads us to the
necessity to perform a sensitivity analysis with respect to the range of possible values that
ILTM parameters may attain, and evaluate their relative effect of theoswpic equivalent
material properties. Results of this approach are presented in the numerical examples section
4. Itis demonstrated that the proposed surrogate model can successfully incorporate the effect
of the matrix inclusion interfacial propersi®n the overall behavior of the nanocomposite.
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6.2.2 The Representative Volume Element of Graphene Reinforced Nanocomposites

Computational homogenization using RVESs is a versatile approach for multiscale modeling
of composites and nanocomposites. For cRsvarious RVE geometried 7] have been

used to calculate equivalent material properties. Along these lirestamgular RVE is
constructed,where the SLGS is embedded in a polymer matrix. 3D solid elements are used
for the matrix polymer, while thin shelements are used for the ESE. If the ILTM is not to

be considered, meaning a perfect bonding, embedded element constraints can be applied
directly between the ESE and the matrix. Information about the embedded element
techniques can be found i8(, 86]. This technique is generally simple and avoids
complicated discretization, while it can be used both for straight and wrinkled SLGS. A
typical representation of an embedded SLGS in a nanocomposite matrix is shown in Figure

12.
o //

<% __— |nterface Cohesive elements

¥~ Graphene sheet with linear plate
“ and membrane elements

matrix with linear 3D elements

Figure 12: Finite element discretization of the symmetric part of an RVE of a SLGRC
showing the embedded ESEs and the interface modeling using cohesive elements

For the representation of the ILTM by a cohesive zone, as described in section 3.1 cohesive
elements were usdbat implement the damage model of FigureITg. This type of finite

elements can be regarded as special purpose elements that can have almost zero thickness,
with a constitutive response defined in terms of traction versus separation law. In particula
expressing the displacement jumps (slip degrees of freetlamjhe difference between top

and bottom interfaces, as

g g (269
&0 &0 _
D=gry - &y =BD

@NHop gV\IELot

whereu, v, ware the nodal displacements of the cohesive elements at top and bottom ends,
B is the strain matrix anBcon are the nodal degrees of freedom of the cohesive elements.
The virtual work equation can be written as

D’ B’ (I - D)CBdA=aD’ fB"s dA (269
A A

whereDcon is a diagonal matrix composed of the damage states at the interface according to
eq.(267), | represents the identity matrix, a@ds the undamaged constitutive matrix whose
diagonal is composed of the stiffness paramefeirs eq.(263), ande is the stress tensor.

The stiffness matriXcon0f can then be computed as

K_=fB"(1- D)CBdA (270
A
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6.2.3 Stochastic modeling of wrinkled SLGS

Wrinkled SLGS can be seen as SL@igh random geometric imperfectign.e random out
of-plane deviations from an ideal perfeeflianar configuration. A rational description of
these random defects was performed in this study using stochastic process theory. To this
purpose, a 2D univate zero mean random field was introduced for the modelling of the
random imperfections. Samples of such field are generated with the spectral representation
simulation method10§. According to this approach, samples of such imperfect geometries
can be snulated that are compatible to a power spectral density function (SDF). The
following SDF of exponential type was used in the present study

s? a1 (271
S = gy e x84 (0K +bEEE

where or denotes the standard deviation of the stochastic field &ndand b, denote
correlation length parameters that influence the shape of the spectrum. Figure 13 shows
sample functions of such randomly generated wavy SLGS.
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Figure 13: Randomlygenerated wavy 100x100nm SLGS, a) a relatively high frequency wave
(bi=bz=1), b) low frequency wavinesski=hb,=20)

6.3 Numerical Results and Discussion

In this Section the effect of the ILTM and wrinkles on the mechanical behavior of the SLGS
RC is assessaih the basis of a sensitivity analysis using the previously described multiscale
modeling strategy. The test RVE used in the examples is of rectangular shape with
dimensions of 150x150x20nm and consists of a 0.75%vol SRGSThe matrix is assumed

to be Inear elastic with a Young’s Modulus of 2GPa and the 100x100nm SLGS is placed in

the center of the RVE and horizontally oriented. A sensitivity analysis is carried out for the
various parameters that define the cohesive zone and embedded element cqpstri@ots
bonding) are applied for the study of the effect of random wrinkles.
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6.3.1 Effect of ILTM

The effect of the interfacial cohesive stiffn€3S (KssandKitt in eq.(263)) on the Young’s
Modulus of the nanocomposite is first investigated. Figure 14 presents thesstagss
relationship for various stiffness valu€ssandKtt of the cohesive zone for perfdminding
between matrix and filler. From this figure it is evident that the homogenized Young’s
Modulus of the composite increases with increasing cohesive zone stiffness, as expected. It
is evident thaCSstiffness values over 1000 MPa/nm do not contalsignificantly to the
overall stiffness enhancement of the composite.

250 Stressstrain response for a 0.75% vol SRS, perfectly bonded for
different cohesive stiffness (MPa/nm) values
200 -
w0 MPa/nm
150 - so—
N 3 MPa/nm
é s 5 MPa/nm
[%2]
g 10 MPa/nm
100 - e 100 MPa/nm
s 500 MPa/nm
1000 MPa/nm
50 2000 MPa/nm
0 = T T T T T T 1
0 0,01 0,02 0,03 0,04 0,05 0,06 0,07
strain
Figure 14: The effect of the interfacial

SLGS-RC with perfect bonding assumed

As a next step, the effect of the ILTM damage evolution ssam response of the SLGS
is investigated. As shown in Figure 10, the damage evolution pardistdefined relative

to a maximum plastic displacemenpdwhich corresponds tdr’:l in eq.(267), assuming a

linear degradation branch. Figure 15 displays the fdrgglacement curves evaluated for a

constant interfacial shear strength value I8670MPa andcohesive zone stiffness
Ks=Kt=1000MPa, for various cidff separationsnpdconsidered. A stresstrain response
for the nanocomposite is depicted in Figures 16.
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Mean force (nN)displacement (nm) curves for different maximum cohesive
plastic displacementsnipd) for a 0.75%vol SLE&SC (S=70Mpa,CS1000
6 - MPa/nm)
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Figure 15: The effect of the ILTM maximum cohesive plastic displacement on a mean tensile
force-displacement response

250 1 Stress strain response curves of a 0.75% vol SRG$or differentmpd
values (S=70MpaCS$1000 MPa/nm)
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Figure 16: Stressstrain response of a SLGSRC with ILTM damage simulation
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Figure 17: Snapshots of the Mises stress distribution omé SLGS of nanocomposite
corresponding to the forcedisplacement curve of Figure 15 fompd= 0.85nm.
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Figure 18: Snapshots of the Mises stress distribution on the SLGS of nanocomposite
corresponding to the forcedisplacement curve of Figure 15 fompd= 4nm.

Figures 17 and 18 present snapshots of the nanocomposite as the delamination evolves, for
thempdvalues of 0.85nm and 4nm, respectively. As can be seen in Figures 16 and 18, for
the largest allowed plastic displacement (4 nm) almost no delaminatimurs, with a
resultant stress close to that of the -hhded condition. For intermediate plastic
displacement values, the stress strain relationship idimeer until the lowest allowed

plastic displacement (0.85 nm), where delamination of almosbthlearea is observed (see
Figure 17), with a behavior very close to that of the neat polymer. It is worth mentioning
that the noflinear spring GSRC model in §5] as well as the CNFRC in [171], exhibit a

similar response.

Assuming now that damagdxbnds can be recreated in reverse loading, the cyclic stress
strain response of the SLEG8C RVE is presented in Figure 19. Hysteresis loops that are
similar to those of Figure 19, have been reported for-&TE in BO, 86).
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Stressstrain response for a 0.75%vol S-S under cyclic loading
conditions (SS70MPampd=4nm,C$1000MPa/nm)
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Figure 19: Stressstrain response of the SLGSRC under cyclic loading conditions

The effect of the interfacial strength on the mechanical behavior is next evaluated. Figure
20 depicts the homogenized stresi®in behavior of the composite material for a constant
CS=1000Mpa/nm anchpd=2nm and varioutS parameter values in eQ64) for all

directions. From this figure it is obvious that higher stiffness of the RC is achieved for
greater interfacial strength values, as expected.

Stressstrain response for a 0.75% vol SI-86 for different IS values
550 (mpd=2nmCS-1000MPa/nm)
——30MPa
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g
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50 -
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0 0,02 0,04 0,06 0,08
strain

Figure 20: The effect of the interfacial strength on the stresstrain response of the SLGSRC

Assumingnow a more ‘’brittle’” bond with mpd=1.5 nm, the effect ofS on the damping
behavior can be identified on the hysteretic loops of Figure 21. In this figure only half of the
stressstrain cycle is depicted for visualization purposes. From this figuenibe seen that
increasing theS, leads to larger dissipated energy area and also to higher maximum stress,
as expected. However, very high valuetSpbver 90 MPa initiate a reduction in dissipation
area due to fewer bonds failing in the interface.
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250 - Stressstrain response for a 0.75% vol SI-86 for differentiSvalues for half
circle of loading ihpd=1.5nm,CS500MPa/nm)
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Figure 21: Stressstrain response for half cycle of loading with respect to differeniS values
The loss factor for hysterical damping in one circle of loading can be calculated as:

D, (272
n_nU
whereDe is the dissipated energy area ahdhe energy stored during loading. Figure 22
plots the loss factor for differei values for a full loading circle. As can be seen from this
figure, the loss factor and the energy dissipation starts at a zero vaheenear zerdS,
which corresponds to the neat polymer behavior, increas8vakie increases and reaches
a maximum plateau. Beyond this maximum plateau,|$ealues are high enough that
damage is difficult to occur. Thus the loss factor drops gtddiar increasingS, towards
zero which corresponds to the fbibnded condition. Aimilar dependence of the loss factor
on thelSvalues is reported in CNRC studies§0, 86).
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Loss factor for a 0.75% vol SI-86 in a full circle of loading
(mpd=1.5nm,C$500MPa/nm)
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Figure 22: Loss factor of the SLGSRC in cyclic loading conditions with respect to differentS
values

6.3.2 The Effect of random Wrinkles

Randomly wrinkled SLGS have been finally considered in the present study. All of the
wrinkled SLGS have been generatedaoft00x100nm SLGS specimen using the spectral
representation simulation and various values of the standard deviation paranoétere
power spectral density in e(70). The value ofor parameter is directly related to the
amplitudes of the imperfections field.

Samples of the randomly generated imperfection patterns are depicted in Figure 23,
for different values obr. Note the scale difference in the axis of vertical deflection as
increases.

Figure 23: Randomly generated wavy SLGS for differentl; amplitude parameters: a)Us =5,
b) G =55
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For each value of the amplitude parametea Monte Carlo simulation was carried out and
the corresponding average Young’s Modulus enhancement for the wavy SLGSRC is
depicted in Figure 24. The correlation length parameters’ values used in the analysis are b1=1
andby=1. It can be observed that ¢itgvaviness leads to negligible changes, however as the
amplitude magnification increases, reduction in stiffness is observed. Again, similar
mechanical behavior has been observed in wavy-RE$ BO, 86]. It is noted that no
damage has been incorporatedhie present simulation.

Young's Modulus % enhancement for a 0.38% vol SRGSvith respect to
waviness (perfect bonding)
70 | N R )
60 - ) ) ’
50 -
40 -
30 -
20 -
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0 ‘ ‘ ‘ ‘ ‘ ‘
0 10 20 30 40 50 60
Amplitude magnification parameter ;
Figure 24: Young's Modulus enhancement of the na

amplitude parameters

The observed reduction in stiffness could be attributed to the smaller effective membrane
area due to the sheetientation. Figure 25 shows the stress distribution on (a) a wrinkled
and (b) a straight SLGS inside the RVE of the RC. As the plate behavior has smaller stiffness
compared to the membrane, wavy areas with a more dominant plate bending behavior have
a lower contribution to the RC stiffness.

stress (GPa)

+9.824e+01
+9.005e+01
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Figure 25: Tensile stress distributions on a SLGS, a) wrinkled, b) straight.
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6.4 Conclusions

In the Chapter a multiscale finite element framework is proposed for the study of the
mechanical behavior of graphene reintaic nanocomposites. Equivalent continuum
mechanics methods were applied for modeling interatomic interactions, providing a linkage
between the small atomic scales and larger sizes with computational efficiency. The
interactions between carbon atoms in a SU&ad to a continuum shell behavior, which can
be represented with the ESE. The interactions between the matrix and graphene, which define
the ILTM, are modeled with a continuum cohesive zone. It is shown that cohesive damage
leads to a notlinear stresstrain response due to failed bonds. Debonding phenomena in the
SLGSRC result in the same behavior as delamination in conventional composites. The
values of the cohesive strength have a direct impact on the mechanical behavior, with
stronger bonds leadirtg better enhancement of the nanocomposite, and bonds that can be
regenerated leading to hysteresis loops in cyclic loadings. Damping occurring from
hysteresis, has been found to depend on the interfacial strength and maximized in a limited
range of stregth values. Wrinkles on graphene lead to reduced stiffness of the
nanocomposite, which depends on the waviness amplitude of the sheets. The ESE approach
with a cohesive zone between matrix and filler can capture all of these phenomena with a
low computatimal cost. The derivation of the cohesive damage initiation and propagation
parameters for specific bond types from molecular dynamics or experimental data designed
for this purpose, together with the investigation of more realistic RVEs with a number of
SLGS with random orientations, are subjects of future work.
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7 Concl wshonsation of t hesi s

7.1 Conclusions Summary

For the multiscale analysis of Kirchhoff Love thin shells, the first order
homogenisation theory is employatbng with its accompanying assumptions. Firstly the
scale transition equations are appropriately formulated to incorporate the assumptions of
Kirchhoff Love theory.These assumptions result in modificati@ishe typical expression
of theboundary valugroblemof the microstructureAlthough a threelimensional model
of microstructure (RVE)s consideredthe constraints arising from tla@eraging relations
apply only toin planedeformationstangent to the midurface of the shellas the RVE
deforms inplane stress conditions and the out of plane normal stress should be equal to zero.
Direct substitution of the considered averaging relations in the expression of Hill’s macro-
homogeneity condition for small strains verify that it holds. As a result @reseging
relations can be used on the expression of the Principle of the Virtukltd/gield its final
form and subsequently the macroscopic equations of equilibrium.

In order to extend the above methodology to large deformation modelling of thin shells,
certainwork conjugate stress and strain measures are to be usieelexpression of the
Principle of the Virtual WorkAdditionallythe chosemmeasures should also Appropriate
to be used in averagiregjuationsaccording to already established homogenization theories
for three dimensional continua. Once again the averaging relations are adapted to include the
assumptions of Kirchhoff Love theorydpon enforcing the lane stress condition on the
RVE, the out of plane releas@s the constraintof the boundary degrees of freedom
constantly change direction, depending on the accundulatation of the plane that is
tangent to the midurface of the shelmacroscopienaterial pointorresponding to thRVE.
Appropriate use of an attached coordinate system for the transformation of the utilized strain
measures enables the neutralization of thederatelylarge rotations effect on the
implementation of constraints atettRVE level, simplifying this way the boundary value
problem to be solved at the miestructural level Upon verification of satisfaction of the
macrehomogeneity condition,he utilized averagingrelations are substitutednto the
macroscopi¢ormulationof thePrinciple of Virtual Work and in its liregized expression for
the detailed calculation omacroscopic stiffness matriwhich is necessary for the
convergence of the Newton Raphsaigorithmand theoverall implemented FEanalysis.

The verification of theaccuracyof the proposed methodologyperformedby considering
the RVE ofa practically homogeneous materiahd for microscopically heterogeneous
structures coristing of a two-phase material with propertiésat areexpected tdoe in-
betweerspecific upper and lower limits. The verification processearsed out athe RVE
level or for full scale models of thirshell problemswith a specific expected Load
Displacementurve under the assumption of large deformations.

Finally, a two-step computational homogenization technigseused to simulate
nanocomposites with graphene inclusio@n the one hand, a hierarchical homogenization
approach is followed to determine the propertiesltodll finite elements that exhibit a
mechanial behaviouequivdent to those of graphene she@s.the other hanafirst order
computational homogenizati@ehemas employedfor the concurrent multiscale modelling
of the whole nanocomposite material that includes graphsheetstogether with te
polymeic matrix and the considered traction separation leworder to determine the
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properties of the equivalent shell elements ttaat be used asurrogate to theletailed
Molecular Structural Mechanieaodel of graphene, load) tests of the models for the two
forms ofdeformation(flexural and membranere performedin the final modelthose two
modesare considered decouplethe final valuef the required parameters result fram
minimization problenior thedeclinationbetweerthe deformation energy of the two systems

for the consideredloadng tests undera maximum error constraint forthe developd
displacements. A convergence study is performed for the obtained values of the surrogate
model parameters, with respect to the size of the graphene sheet for which a homogenous
mechanical behaviour is exhibited and with respect to the mesh discretiZatienfimite
element modelThefinal valuesobtainedor these parametease verifiedvia examples with
differentboundaryand loading conditions for the graphesteeetsTo simulate the bond at

the polymer to grapheneterface a cohesive zone modekemployed. It is implemented by

use of finite elements and it allows for the incorporation in the analysis of various constitutive
law descriptions. Theonsideredraction separation law results framolecular dynamics
simulations and experimental datauhd in literature. Due tché wide range of proposed
values for the various parameters of the considered ivehasv, a parametricstudy was
performedfor eachone of them The influence ofthe geometrical imperfections dhe
graphenesheetspn the overalinechanicabehaviourof the nanocomposite materialas
investigatedn the context of atochasti@nalysis

7.2 Innovative Aspects of this Thesis

The innovative aspects of the present thesis, can be summarized to the following:

1. The developmerof an integrated formulation for multiscale finite element modelling
of microscopically heterogeneous thin Kirchhoff Love shells for small deformation
problems.

2. The extension of the aforementioned methodology to large deformation analysis.
Both contribuions assume nelinear material response tie constituents of the
microstructure.

3. The development of a methodology ftite nonlinear multiscale modelling of
graphene reinforced polymer nanocomposite. The detailed modelling of the
microstructure of theanocomposite material includes an accurate description of the
mechanical response of graphene sheets, an effective modelling strategy for the
interfacial load transferring mechanism and a stochastic description of the
imperfections of the graphene sheets.
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Appendix
Linearization of strain variables

In this section, we provide useful formulas regarding vd¢ions utilized in the
formulationpresented in Chapter 5
The variation of the position vector of point in the midsurface of the shell is

Lop,r = Naci @73

wherer denotes the global degree of freedom number correspondingitthttdesplacement
componenti€l,2,3 referring x,y,z) of noda N? is the corresponding shape function, and
ci the global cartesian base vector.
The variation of the base vectors is obtained as
Ao, = Ny (274
Ao,rs = 0
and the variations of their derivatives as
a’u_:f.!‘ - *Nr_r:pjci (275
Ang.rs = 0
Subsequently it is derived
9., = Qur + Ca’.'ﬂr'y:,)‘ (27@
g(.\.i'h’ - Ca‘-'}r.'t.?‘s

where the calculation of the variation of the derivative of the unit normal vagteith
respect to the natural coordinates requires some intermediate calculations.

Defining the auxiliary variable@; anda; as

&.3 =a; X as (277)

&-3 = ‘(11 X CL2|

the unit normal vectom; can be rewritten as

LS (278

Then the variation of the unit normal vectoyand its derivative with respect to the natural
coordinates are given as

3,403 — Q3034 (279
as g, — )
(1'3
as a3 — Azis
asr = — )
(1.3
where it can be used that
a'.':-hn =aj, X as + a; X as g (28@
as, =aj, X az+aj; X as,
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For the higher order derivatives and variations we get successively for the normafiyector
its norma; and the unit normal vector

(.13,&,5 :|a1a,s X az + Al g X A2 TA1,s X A2q +ay X A2q,s (28])
azrs =Q1r X A2 g + a; s X Qs
__ G3,sG3 + a3,sG3s (G3,03)(G3,503) (282
aszrs — - - —3
(g g
_ _ Q3,4,5Q3 T A3 403 5 (Gg,aas)(GB,.saa)
a3.a,8 — — - _3
as a3
a o aB,-rs (13,-1“&3,3 03.563,7‘ 3353,-rs (132&3,7'&3,3 (283)
BT a2 a2 a a3
a . afS.a,s a3,a.(_13,s aS.saB,a af3(_13.a,s &32(_131&&3,3
3.a,s — _ - _ - _ - Y, R —
as as a2 as as

Finally, the variation of the derivative of the unit normal veagmwith respect to the natural

coordinates is given as
6'3,7’563,& n QaB,-raS,aaS,s B &3,7’63,(!,5

a aS,a,rs aS,a,-raB,s aS,a,sa.?»,-r 2&3@(7{3,.,«(713’5 aS,a&S.rs
3.a,rs — - - - - = s . - = - or; = =
as (I% (“I% (lg (1.% (lg (Ig (l%
233,553:-&&3,7‘ 6013&3.&53,1‘53:3 2a353:a,553,r 20/3(_13.(1(_13.7".9 a3:353,a.r 2“35-3,(1.1"(_{3.3 G’SEB.(L,?‘S
. il a3 a3 a2 BE a2

(289
where the following intermediate calculations can be used concerning the normakygector

as g.rs = ala,rsXa2+ala.-rxa2,s+ala,sXaz_r—alaXaz,rs+a1,rsXaQ,a+al,7‘XaZ,a.s+a1,sxa2,a,r+a1 X2 q.rs (285

and the norna; of the normal vector

B 1 - - - - - - - - as.e. - - - -
a3 q.rs = (E) {a3.a‘r=sa'3 + a3z, a3+ as q <Az r + aB.aa?;.rs} - (?) {a'3.a.ra3 + QB_QGB__-r}
1 - - P PO P - - J 3as3. ¢ I - -
—(—3) (83,0503 + a3.4a3.¢)(A3.rG3) + (A3.003) (@303 + azraz.s)} + ( o ) {(as.qaz)(as ras)}
3 3
(286)

Next the variation of in plane membrane coefficients of the deformation gradient tensor, in the

specified base@31) are given as

ng’ = (Qiea).s((:?.Eﬁ) = (g?'_,gecx + Qiea.s)(c;iE,S) (287)

and the variation of the basis vectors of the attached &asiperformed similarly to equation

(279 via a chain rule.
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