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IIpoAoyog

H epyosio ompiletar omn peAéTn TOV GOUUOPO®V  OTEIKOVICEWOV, UL
ONUOVTIKT] KOTNyopiot TOV UIYOOIKOV GUVOPTNCE®V,UE EQUPUOYES GE TPOPANUOTL
ATEIKOVIONG TESIMV KOl O TPOPANLATO GUVOPLOKADV TULDV.

Or  obppopeeg  omewovicels omoteAohv  €va  onUovtikd  KAGSo TV
LOONUOTIK®OV e TOV 0To10 £Yovv aoyoAndel omovdaiot pobnuotikcol.Ospelmtng TOV
KAadov Bewpeitan 0 Kovotavtivog Kapabeodmpn o onoiog Eekivnoe T1g ONUOGIEVCELS
EPYOUCLOV TAV® GTO OVIIKEILEVO OTIS APYES TOV TPOTYOVUEVO QLADVOL.

H ypnoywdmro tov cOUHOpe®V OmEKOVIcE®V ival HEYAAN GTOV KAGOO NG
QLGIKNG Kot TG unyovikng (vdpoduvoutkn, aepodvvapukn, Oempios ELACTIKOTNTOGC
K.0),ka0h¢ o€ MOAAEG mepumTdoElg divovy amiég pebddove yuo vo  emivbovv
TPOPANUATA GLVOPLOKAOV TILAOV TOV apopovv oty eicmon LaplaceAvtd opsiletat
0T OTEVT GYECT TOL VTLAPYEL LETOED OAOLOPP®VY KOl OPLOVIKMDY GUVOPTICEMV.

H omoudadmnto Tmv GOUHOPO®V OTEKOVIGEDV EYKELTAL GE W0 YEOUETPIKY|
1010TNTOL TOL £YOVV: VO, O1ATNPOVV TN YOVil TOUNG UETOED 0V0 KOUTLADV KoTd HETPO
Ko TpocovatoAlcpd.Eniong, n egicwon Laplacerapapével availoimtn kdto amod
L0 COUUOPOY OTEIKOVION,LE OTOTELECUO GE £VOl PLOIKO TPOPANUA Vo pmopel va
amhomomBei Eva apykd ToAVTAOKO TTEdO.

Yvvoyilovtag, oy gpyacio yivetal LEAETN TOV GOUUOPP®V OTEIKOVIGEMV LE
TPOTO KaTO, TOV omoio petacynuoatiCouv dwdpopa medior kot Ponbovv otn Avon
TPOPANUATOV CLVOPLAKAOV TIUDV, divovTag Wtaitepn ERPACT] GTOV 010KO Kol GTO GVM
NWETITEDO.

Téhog, A mpocwmikd va, gvyaplotiom Tov Koplo A.KpaBPapitn yo v
vdoelln tov Bépatog ko v Ponbeld Tov Yoo TNV EKTOVION NG OMAMUATIKNG
gpyaciog.
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KE®AAAIO 1
XYMMOPO®OEX AIIEIKONIXEIX

1.1 Oprop6g GOPHOPPNS OTELKOVIONG

Mia cvuvaptnon f: A CC— C eivor évog cOPpPopPoS RETUGYNUATIGNOG 1|
cvppopen omewkovion oto edio D C A, avn f eivor oAdpopen oto D Ko
f'(2) =0 yaxdde z€ D.

Hopodeiypota: i) H ovvapmon f(2) = €” eivar soppopen oto C agovd
f'(2)=e"=0,Y zcC.
i) H ovvépmon f(2) = Z* sivar soppopen oto C\{0} .

‘Eoto f(z) o okopopen cuvaptnon opiopévn o€ éva medio D, f (z)=0 oto D
Ko pa Agia kapmoAn C: z(t) = x(t) +iy(t) oto D, n onoia diépyeton amd o onpeio
z, = z(t), t, € (a,p). H yovia mov oynpoartiCet n epantopévn g kapmving C oto
onueio z, pe tov OeTikd X GEova eivar O kar yver 6t 0 = argz’ ¢, ).
Av vrobécovpe 6t 1 ewdva g C pécm g ameikoviong W = f(z) eivau
C:w(t) = f(z(t)),a<t<p ko1 W, n edva tov Z,, dnhadny W= f(z(t,))=f(z,), tote
nmopayoyilovtog tnv obvletn cuvdptnomn EYovpeE:

Wt,)=1(z,) z'(t,) 1)

H koumdin C et pa epantopévn oto onpeio W, 310t W'(t ) = 0,emedn
f’(z,) =0k z'(t,)=0.Eaqv §' = argw ¢, ), o6 mv oyéon (1) npoxdmret 611

0'=0+argf’(z,) ®)
vl v] !
C
0
20 w=f(z)
o7 = - 73




H dwapopd tov 000 yoviov o= 0'- 6 ovopdletor yovia otpo@ns T kKapumxding C
oto onpeio z, pécm g answdviong W = f(z).

Avtd Tov umopode vo katordfoovpe and v oyéon (2) eivor 0Tt OAEg ot
KOUTOAES TTOV SEPYOVTOL Amd TO Z, CTPEPOVTOL LECH TNG OMEIKOVIGTG TOV £XOVLLE,
ue v da yovia (vmd v povmdOeon ot f '(z)=0), apod 1 yovia otpoeng oto Z,
Sev eEapTéTar amd v kapmdin ko sivar wévea o pe argf’ ().

"Eocto tdpa 600 Aeieg kapmdreg mov Bpiokovtat oto D kot diépyovtar and to
onueio z,, ov C, C, ko ot ecdveg toug C, " ko C, " mov diépyovtat omd 0 W, HEC®

™G omekoviong W = f(z). Av ot epantopéveg tov 800 KapmTuAdv 6to onpeio z, ,
oynuoatitovv pe tov aEova y oyxnuotiCovv yovieg 0, ko 0, tote GOPE®VA LE TNV
oyéon (2) 1.oydet 6tL o1 Yovieg mov oynuatiCovy o1 EQATTOUEVEG OTIC KAUTOAES
C," ko C, " oto onpeio w,= f(z,) eivau:

0 =0,+argf’(z, )k 6, =0,+argf’(z,)

KO 0QOPAOVTOG KOTE PLEAT TPOKVTTEL OTL

92/ - ‘91, = 92 - ‘91,

OLVETMG OMOOEIEAE OTL P GURPOPPT] ATEIKOVIGT] SLaTPEL TNV YOVia TOpNG
peTa&h 000 KOPTVAAV KATA PETPO KO TPOGOVATOMGHO |, apov N yovia 0, -0,
and v kapmoAn C, " oty kopmdAn C,” eivou 1 ida € PETPO KOt TPOCAVATOMGHO
ue v yovia 6,-0, ond v kopurdin C, omyv C,, 0nwg eaiveton kot 610 oynpa.Ot
YOVIEG GNUEDVOVTOL LE .

w=f(z)
y {




Epappoym

Na derybei 611 | ovvaptnon f(z) = sinz eivar cOppopen ota onueio ZFE‘H Ko

z, =0 o vo. Bpedei n yovia otpognc o =argf’ (z) oc avtd to onueia.

Aven: f'(z) =cosz apa n anekdvion W = Sinz givar cOUUOPEN TOVTOD EKTOG TV

s
onueiov NT + E , N E€Z. Apan f(z) eivar cOppopen ota {ntodueve onueia.
dl 4 i
Thpa, enedy COSH = T , KO [LE TN (pNoM TOL VIEPPOALKOD NTOVOL,
e’—e’
sinhz= Oa £yovpe:
2
iC+i)  —iCH)
. e’ i iet-e)
o = argcost-+i = arg —arg——2—-_"
2 2 2

ko # =argcosC= argx

Epoappoyn

N

-7

Na Bpedei n yovia otpoeig w=arg f’ (z) e ansucoviong f(2)=
onueio z, pe Imz, =y, >0
AYen: H f(2) eivar oAdpopon oto C\{ Z} Ko 1oy0eL

(=2 727

(z—-%)
1 [
A fz) ==,
P 2y, 2y,
/ s
ondTE TPOKOTTEL w=argf’ ()= —E :

Ipotaon: Avn f sivar ohdpopen kot apguovosruovn og éva medio D, tote
f/(2) =0 yiaxdfe z€ D, dnradnn f sivar coupopen oto D.



Am6de1En: 'Eoto 611 6¢ kdmoto onueio z, € D &ovpe f'(z) =0. H cuvaptnon
h(z) = f(2)— f(z,) éxe 10 Z, pila tééng n > 2.

Méoa oto D vadpyet koxhog C ‘Z— Zo‘ =TI otov omoio 1 h dev undeviletat, evd
670 £00TEPIKO TOL 1oydeL h'(2) =0 6tav z=7,. Av 0< |al < min, |h(Z)|

1616 N owvaptnon h(z) —a éxer 1 pilec péoa otov korro. Enedny h'(2) =0 povo
eqv Z= Z, péca otov kOKAo C, ot pileg avtéc Ba eivor aniés. Tuvenmg,

f(2) = f (7)) + a yo tovAdyIoTOV 00 oNuEin vidg Tov kKbkhov C oAAG emeldf
f elvon apeipovoonuavtn awtd ivol dromo.

1.2 Ozopnno Riemann

Epappoym

‘Eoto f(2) = 7% ka0 nedio D={z=r€’: %<r <1l,-m<f<m}.
f'(2)=2z=0Vze D nradnqn f eivor okdpopen oto D .
f(D)={w=re": %<r <1,0<60<27}.

A 1 . .
To cvvoproxd o —1< x < -3 amekovietar oto scotepucd Tov T (D) 610

1
2 <u<l.Xvvendcn f dev anewcovilel to cvvopo tov D oto ovvopo tov f (D).

y] f

W .
x ~1Q 1/4 |1 u

‘Eocto éva medio D kot C o kheiot) koumdin péoa oto D, péom g ametkoviong
f:D— C.H ewdvo g C péom mg ancikéviong f, dniadqn C’ eivar pia
KAE1oTN KOUTOAN 6T0 W-eminedo.

Av katd ) cvveyn kivnon evog onpeiov katd ) Oetikn popd v ot C n ekdva
tov ot C’ kveiton ko ot katd ) Oeticr popd, tote O Aépe 6tim f Swonpet



Qopa. Oetikn elvar 1 opa pe Tov omoia KIveiTol 0 TapaTnpNTHG Yo v PAETEL TO
ecmTePKo G C ota aplotepd Tov, ONAAOT 1 OVTIGTPOPT OO TNV POPA TOV JEIKTOV
TOL POAOYLOV.

Apyn TS GVTIOTOLYINS TOV GVVOPOV

‘Eoto D ka1 G 600 amhé GUVEKTIKA , ppayuéva medio Tov £xovv chHvopa TIg
amlég, KAEloTEG Ko TUNpoTikd Agteg kapmdreg C, ko C, avtictoyyo.

Ocopnpa 1: Avn ooupopen ancwovion W= f(2) sivor apeipovoshpavin ko
aneikovilel 1o medio D eni tov mediov G, 101¢ 10yvEL OTL

a) n T (2) pmopei va enextabei oto D dorte va givar oLVEXNS

B) n eméktaon etvar apeuyrovoonpavin and m C, ent g C, ko Swatnpet T @opd.

Avtiotpopa oydeL

OeOpnpa 2: Yroditovue 611 n cuvapmmon W= f(2) eivor oAdpopen oto D kan
OLVEYNG OTO D.H answovion f :C, — C, givon apgipovoonpavn Kot dtatnpet

@opd. Tote n ovvaptnon f eivor apeipovooiuavtn oto D ko amewcovilert to D
ocvupopea eni tov G.

Epopuoyn

‘Eoto f (z) = sinz xou D:{z:x+iy:O§x§%, y>0} .

Noa Bpebeito f(D).
Avon:

W

Y x
2

Y10 oyfuo eaiveton 6ti to Tedio D etvon pa nudamepn Aopida. H f givan
apepovoonuovn oto D kot suveyng oto sovopo tov D . T




z=XeR,= f(z)=sinx, apan f amewovilel to didoTnpa tov D enitov

0~
2

SO TAOTOC [OZI] tov f(D).
o z=iy, y> 0 éovue f(z) =siniz=1i sinhy 10 omoio &ivor Pavtaotikdg aplfudg,
ovvendgn f anewovilel Tov Oetikd d&ova Yy otov Betikd aEova v, VG Yia

z:%—i—iy, y > 0 épovpe f(z)=sin

%—i—iy] = coshy dpan f anewoviler v

Nevbeio z= % +iy oto dbotnpa [1,00]. Ondte , Adym Tov BewphpaTog TG

avtiotoyiog Tmv cuvopwv, o f (D) ,0mmg paivetol Kot 6To GYHLA,EVOL TO TPDOTO
TETOPTNUOPLO.

v

r s

L A

Osopnuo Riemann

Av D givon éva omhd cuvekTikd medio Tov emmédov dapopeTikd tov C, tdte
VIAPYEL LL0L AUPLLOVOSHILOVTY cOUHopeN aneikdvion W= T (2) mov areikovilel to

D eni tov povadaiov dickov |W| < 1. H anewovion givor Lovodikn av yio KOmoo

z, €D éovpe f(z)=0xu f'(z)>0.

Mapatnpiosis yo to Oedpnuo Riemanni) to Osdpnua dev 1oydel av D =C ko
B) to Bedpnuo Riemanre&aceaiilel Tnv vmopén wog GOUUOPENS OTEIKOVION S OAAG
O TNV KOTOCKELT TNG.



1.3 Avypappikoi petacympotiopoi

Ymv  evommra  ovty  OBa  pelemmoovpe  éva 6OVOAO  GTOXELMOMOV
LETACYNUOTICUAOV Ol Omoiol €YOVV TOAAEG €QPOPUOYEG Kot givol TOAD YPNOIUOL
GUULOPPOL LETOGYNLATIGHLOL.

e Mertatomon

‘Eoto wa otabepd be C. O petasynuatiopdg W= f(z) = z+b anewovilel

éva tuyaio onueio z tov emmédov Z, 6To onueio W= z+b tov emmédov w. H
ameikoévion avt) eivar auguovoonuavtn. ‘Etor 1 ewkéve w=2z+b givan
UETATOMIGUEVT] (OG TTPOG TO UPYETVTO Z KoTd To didvoopa b. To id10 oydet
Kot Yo, OAa To onpeio evOg oyNUATOG, OTOTE LEGOV OWTOD TOV LETOCYNLATICHOD
umopel vo petapepOel oAOKANPO To oYfuUo Katd to davocpo b. Emeldn ola ta
onueto petaronifovtol Katd 1o 1010 SLGVLUGHA, Ol JUGTACELS TOV GYNUOTOS OEV
aArGCovv.
v I B

w=z+b

0 A 0

Edwkd , av o b givar mpoypatikog n petatodnion yiveral mapdAinio otov dEova, y,
evod av 0 b givarl gavtaotikog 1 petatonion yivetar mapdiinio otov dova Y.

H avtiotpoen anewkdvion eivarn z=w—b.

Mapadeypa: H cvovapmon f(z)=z+i petatoniletl to toyaio onpeio z kotd
70 dtdvvoua i MAadn TapdAinioa 6ToV PAVTACTIKO AEova

AV
)Y \ 2
s 9k
i y (w)
2
1
o X -

‘Etoin Awpida avapeoa otig evbeiec Y =1,y = 2 anewoviletor omn Aopida
avapeoa otic gvbeieg v=2,v = 3.

e Xtpoon

‘Eoto otafepd ac R . Tote, 0 HeTASYNUOTIGLOG
w= f(z)=2zé* =ré’-e*=re"?

10



mpokaAel oAloyn NG yoviag tov Tuyoiov pyadlkoy Z kotd a. Aniaodn To
Slvuopo. Z amelkovi(eTon 6TO SLAVVCHO W TO 0010 £)El OTPUPEL OC TPOS TO Z

Katl yovia a. Exeidn |e 'a | =1 ,oydet |W|:|Z|

’z))k

y 4
r - w=e“z B
o ]‘v
s
. a
of 4 x 0 7

, , . _\We 2
H avtictpoen ancikdvion eivar Z= WE .

™

ir
Mapaderypo: H cuvépmon | (2 =2ze? TPOKOAEL GTPOPT| TOL TVYATIOV

T
S10vOGHATOC Z KATA a:E
Yy - L@y, wzze™M e gy
SIS s > (A
LR
K ; | » U

e MeyéBuvon

Eoto k>0,keR. O peraoynpotiopdés w= f(z)=kz eivor
OULOULOVOCTILOVTY]  OTEIKOVIOT] TOV EMMEOOV Z  €ml TOL €mMmESOL W Kot
ovopaletar peyébvvon. H anekovion avti) peyevliver eni K 1o pétpo z yopig
vo, Tov aAlaler katevBuven. Av 0< k < 1 1ote épovpe opikpuvon.

Mopdderypa: H aneikdvion w= % Z petaoynuotilel Tov KuKMKO TOTO |Z| <3

TOV EMUTESOV Z GTOV KUKMKO TOTO |V\4 <1 tov W gmmédov.

11



‘Y ‘N:zf3 PU

1
3
2 4 u

1
O avtioTpoog peTaoNUATICHOS Efvor 0 Z= EW'

e AvTioTpo]

1
O petaoymuotiopdg W= —, Z= Ogivor cuvheon TOV LETOGYNUOTIOUDV
z
1 N
W, =—ZKol W=W, .
2
O TPOTOG UETACYNUATIGUOS EKPPALEL TNV AVTICTPOPT OGS TPOS TOV HOVEOLXL0
KUKAO C:|Z|:1, aQov |Wl||z| =1 xou argw, = argz eva o de0TEPOG EKPPALEL

CUUUETPIO ®OG TTPOG TOV AEOVE TOV TPAYUATIKOV.

},’ A

r—n
R

e TI'poppikoéc petaoympuatiopodg

H anewévion w= f(z)=az+b,a,beC ovopdleton  ypoppikog

petacyNUoTIcHoc. Av vmobécovpe Ot oxber a=0 Kot a:‘a‘eie t01€

12



w= |ale"’z+ b, Mhadn o petooynuoticpdg mov £xovpe eivar obvbeon oG

peyéduvong, pog Hetatomiong Kot pag otpoens. H peyédovvon yiveton kot |a| M

petatémon katd Siavocpo b evd n otpoen katd yovie arga. H avrictpoon
b

. ] 1
aTEIKOVION glvann Z=—W——.
a a

‘Evag ovypoppikég peTasynuoTicpos 1 petaoynpotiopos Mobius éyet

woper w=f(2) =22 5. 4 apedec @)
cz+d C

Kot tkovorotovv ) oyéomn ab = be, aAlwgn f(2) 6o frav otabepn.
[Ma va unv Tpoxdyovv GLVOPTAGELS TOL 1ON cLVAvTHoaE, Bewpodue a= 0xot
c=0. H (1) umopel Vo, YPOQEL Ko ot LOpON

_t(p_2ta,_a__b ., d
W_f(z)_)\ZJrﬁ,)\—C,a—a,ﬁ—c,aiﬁ (2)

2

f’(z):A(ﬁ _ﬁa = 0.Apa 0 OypappIKOG UETACYNUATIONOS €ival COUHOPPOG
Z+

oo C extog tov onueiov —(F. To onueio —(F eivor morog g f. Emiong
0étovpe f(—F)=o00 ko f(c0)=A\.
O petaoynuatiopdg (2) sivar apeipovoonuaven anekdévion tov C\{—3 oto
—Bw

C\{—X , evd n avtiotpopn onekdvion eivaun 2= ﬁ—t\)\a.

W_
Eneidn o Ouypoppikdg UETOOYNUATIOUOS EYEL  TPELS TOPAUETPOVS A, a,[
OLUTEPAIVOVLE TMOC VTAPYOLV  ONEPOL  OUYPOUUIKOL  UETOCYNUOTICHOL OV
amekovilouy 10 eMined0 Z GTO EMimEdO W.

Topa, maipvovtag tov petacynpaticpd (2),

2ta a0 b 5.9 s S t=2
z+ c a c

w=f(z2)=A\

a—pj
]

1

Kot Oétovrag W, = z+ 3, W, =— , W, = A(a— )W, + A, edxola katoraPaivovpe
W

OTL évOg OLYpOpLIIKOG LETOOYNLATIOUOG etvar pia chvOeon

> petatomong W, =z+ [
> ovTioTpoeng W, =—
W

> YPOUUIKOD PETOCYNUATIOHOD W, = A(a— B)W, + A

SVVENMG EvaG OYPOUIKOS LETACYNLATICUOC UTopel va meptlapBdvel oTpoen,
LETATOMION, AVTIOTPOQT] Kol peyéduvon.

13



OeOpNua: Yrapyer povadikdg Stypappikos HETACYNUOTICHOG TOL omelkovilet
tplo. Swapopetikd onueia z z,,Z; oe tpia dapopetikd onueio W, W,,w,;. O
LETAGYNUOTIGHOG diveTon omd TNV oxéon
W—W, W,—W, Z—Z7 Z,—2Z,
WeW, W,—W, Z—2, Z,—Z,

3)

Anéoeien: [péner va deiéovpe 0t f(z)=w,, f(z,)=w,, f(z;)=w,opilovv
TIG TIHEC TOV TOPAUETP®V A, a, 5 LOVOCT|LLOVTOL.

w—w, = A BBy (2263
(z,+B8)(z,+B) (2, +B)(z,+5)
Ap(x, W, — W, _ (Zz — 23)(21+ B) (4)

W, —W, a (22 - Zl)(23+ 6)
Omote yo éva toyaio z kot W= f(2) 1oydel ot :
w—w, (z2—2z)(z+P)

Anoieipovtag and v (4) ko v (5) to B mpokdmtetn (3).

Hoapatypiosis:
. , . . W, — W,
v Av W, = 00, 101€ 10 TIpdTO pPéLOG TG (3) YiveTan
W— W,
v Av 7, = 00, 101€ 10 de0TEPO PENOG TG (3) YiveTon 2=%
-z

Epopuoyn

Noa Bpebei 0 cOUPOPPOG LETAGYNUATIGUOC TOV amelkovilel Ta onpeia
z=-1,z,=1,z,= Octa onueio W, =—1,w, =1,w,=—i

AvYon: Ocwpd tvyaio onueio z, = Z mov anekovileTton 6To oNUEio W, = W.
24_21.22_23: W4_W1‘W2_W3
L,—4 Z,—Z; W,—W; W,—W,
z—(-1) 1-0 w—-(1 i) N Z—i—l_l._w—i—l_ 141

[Ipéner =

1-(-1) z—0 1- (1) w— (i) 2z 2 WHI
zZ—Ii Z—1i

w=t@=1—H = f(z)_—iz+1'

Epappoy

Noa Bpebel 0 cOUHOPPOG PETOTYNUOTICUOG TTOV amelkoVilel
a) To onueia -1,0,2 oto onueia 0,100
B) ta onueio. 0,i,00 ota onpeia 0,1,2

14



Aven: o) And Tov tOmo (3) mpoxvmrel (PA. mapaTnPNOELS)

w z+1 2 z+1
—_——— — =S W=—2—
w—-1 z 3 z— 2
w 1 z 2z
Opoimc e (o —= = W=——.,
B) Onofe ()W—l 2 z—i Z+i

Ipotaon: Eoto f(2) évag Srypappuxoc petacynuotiopds. Av E C C givar o
evbeia kauw K C C évag xokhog oto eminedo z, t0te 10 T (E) elvon evbeia M
kokAoc kar o T (K) givon gvubeio 1| kOKAoC 610 eminedo W.

Andoailn: Emedn évog Orypoppukds pETaoYNUATIONOG gival ovuvBeon ovo
YPOUUIKOV HETOCYNUOTICUOV KOl [0S OVTIGTPOPNS, TOTE apkel va deifovue 0Tt
1
w=f(2)=—-.
z
H efiowon ¢ E oto eminedo z Oa eivon e popenc az+az+b=0 omnov

1
acC\{0} kmu beR. Eav 0éooope z=— 1tOte mpoKHZITEL OTL
w

bww -+ aw+ aw=0 oyéon N onoio mwoaptotavel evbeio av b= 0 1 kdxko av b= 0
H e&fiocoon  tov K ot0  eminedo z B etvar  popeng

azz4+bz+bz+k=0, akcR ,a= 0« ‘b2‘>ak.

1 — P
‘Etor 0étovtag z=— mpoxvmter kww+bw+bw+a=0 oyéon n omnoia
w

noaplotdvel kokho av k=0 7 evbeioav k=0.
Egapuroyn

Noa Bpebein ewkdva g evbeiog Y =0 pHécm TOL LETACYNULOTIGLLOD

w= f(z):i—:i

Avon: Oétovue W=U-+iv kou z= X+1y. Ondte £xovpe
X+iy—i . X+i(y—1
xrhy—! = U+IU:—+ (y=1

X+iy+i X+i(y+1)
[MolMoamAacidlovtog Tnv oygon pe to cvlvyn Tov mapovopaot X—i(y+1)

u+iv=

TPOKVITEL 1] GYEOM
(Xz +y* - 1) —2X
e @) K v=—er e
X"+ (y+1) X+ (y+1)
Y1c (2) ko (3) avrikabiotodue Y =0 kot TpokvmTEL
x* -1 —2X
(5)

4) xou v=
x2+1 “) X2 +1

dnAadn U= 3)

u=
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Avvovtog v (4) o¢ Tpog X mpokvmTEL X = KoL OVTIKOOIoTAOVTOG 611

1-u
(5) Bpiokovpe x=—2 1+—u—|—1 = X:A (6)
2\1-u u—1

Me avtikotdotacn g (6) omv (4) Bpiokovpe 6Tt U +v° =1, avti N
mePLPEPELOL KOKAOV ivan 1 {nTovpevn kéva.

Eopuoyn

Noa Bpebel n cOppopen arelkdVIoT TOL amEIKOVILEL TO povadlaio KOKAO |Z| <1
oto Imw>0.

Avon: Tpénet va Bpodpe €va STypoptkd LETACYNULATIOUO TTOV VO OEIKOVILEL TaL
onueia 1,i,— 1 tov emmédov z ota onueion 0,1,00 TOL EMMESOL W.

z-1
O petaoymuatioodg avtog eival TG Lopeng W= )\? aoL amekovilel To
z

onueia 1,-1tov z oto onueia 0,00 tov W. Topa, to | anekoviletal oto 1,
. , i—1 : , , 11—z
omote woyvel 1= A—— = A= —i . Ond1e 0 HETACYNUATIONOG W= ——
I+1 1+7z
anekovilel Tov KOKAo |Z| =1 omv gvbeiav =0, evd 10 EcMTEPIKO TOV, EMELN
dratnpeitan n eopd Kot GOUE®VA [LE TTPoNYoVEVO Bedpnpa, aneikovileTal 6To
bvo nwerninedo Imw> 0.

¥ vt

0 1 O{w;=0 wy=1 W3L:00

Egoappoyn
‘Evoc “ pakogdng”’ 10mog €xel chvopa dVo TEPIpEpeLeg Tov TEUvovTol. Na Ppebet
1 COUUOPPN ATEIKOVIOT TOL omekovilel Tov *“ pakoedn”’ TtOmo Ge o yovio e

KOPOY TNV apyn TOV 0EOVOV.

AvYon: 'Ecto 0Tt £r0ovLLe TOV QOKOELDTN TOTO TOV GYNUOTOS LE GVVOPOL TIG
neprpépeteg C, C,.
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amz I

T2

Rez
n-2

Eme1on o petaoynuotiopdg anetkovilel TEPIPEPELS TOL EMMESOV Z GE TEPIPEPELS
0V emMMESOL W, cupumepaivovpe 0Tt Ta. 600 onpeio Topng z , z, anewkovifovrot

’ . r / / I ’ ’
ota onpeic W=0 koau W= 00, dcte ot ewoveg C, ,C, va épovv onueia Topng
ta. onpeia 0,00 dpa eivar gubeieg mov diepyovror amd v apyn TV aovev, ool
00 TEPLPEPELEG LLE TEMEPAGIEVT] OKTIVAL OEV YIVETOL VO, TELVOVTOL GTO OC .

Jmw
b

YUVETMG, 0 {NTOVUEVOC O1YPOLLUIKOG LETOCYNLATIOUOG EIVaL TNG LOPPNG

f(2)=A2"4 \eC .Eniongoypoe f(z)=0,f(z,)=0cc.
z-z,
A&ilel va vrevBoiobel Twg 1 yovio pe tnv omoia TEUVOVTOL 01 VO TEPLPEPELES
glvat iom pe v yovio mov oynuatilovv ot EKOVEG TOVG.
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2ouusTPIKa onueio

‘Eoto 1 evbeia az+az+k=0.Avo onueia z , Z, eivol GOPUETPIKE G TPOG
v gubeia av Kot povo av woyvel az -1—a_Z2 +k=0.
‘Eotm o xokhog C: |Z— ZO| =TI . Avo onpueia z , Z, eival GOPPETPIKE G TPOG TOV
KokAo C av kot povo av 1oyvovy ot oxécelg arg(z, — z, )= arge, — z, ) (1)
2
Kat ‘Zl_ Zouzz_ Zo‘ =r-. (2

To xévipo Z, tov KOKAOV Kot T0 00 BewpoHvTal GUUUETPIKA G TPog Tov C.

Ot oxéoerg (1) kar (2) ypbpoviar oty popery (Z —Z)(Z,—Z5) =r>. (3)
Amo ™ oxéon (1) elvon pavepd 6t ta onpeio Z,,Zz,2, Ppickoviar oty idwa
nuevdeia eved amd ™ (2) 6T T0 YIVOUEVO TOV OTOGTAGEDV TOV dVO GUUUETPIKAOV
onueiov and 10 kKEVIPO TOL KHKAOL 160VTOL LE TO TETPAY®OVO NG aKTivas. AV TO

onueio z Ppiokerar move ctov KuKAo C, TOTE TO GLUUETPIKO TOV TOVTICETOL pLE

0 Z,.

21

N

‘Eoto topa 0 kikAog C Kot 10 GUUUETPIKAE OG TPOG AVTOV oNUEia Z , Z,.

_ {0
‘Boto 611 4 = Zorlé . Tote emedn 1o 7,7, ,2, Bplokovror otny 1010 evbeio and

I,2

TIG TAPOTAVE CYECES TPOKVTTEL Z, = Z, + rze'(’ ko fo = _r .'Eoto éva tuyaio
1

onueio tov C,Z= Z, + re?” . Tore 1oy 0eL:
z—zl‘_‘ré“”—rlée‘_ﬁ‘ré“”—rlée‘ z-z| r, ot

z-z| |r&*—rd| rlrg?—rd’| “|z—z| r T,

avamropdotact tov C .

mov glvol pua

z-2z

—=| =Kk, z = z,,k> 0 mapiotavel kdKro
-4

AvtioTtpoa, o oy€on TG LopeNS

Y. Tov onoio ta Z, Z, eivan cuppetpikd. Mmopovue va Bpodie 1o KEVTIPO Kot TV
OKTIVOL TOV KOKAOL GUVOPTHOEL TV 60O GLUUETPIK®Y onpeimv Kot Tov K.
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|z—z|=k|z—-z| = ‘(z— z)—k?*(z— 22)‘ =k|(z—z)—(z—2)|
7Kz Ka-z
1-k* | Lk
Avt 1 e€lomwon maploTdvel KOKAO LE KEVTPO
—K? klz,—z
z, :Zl—kzzz Ko aKtiva 1 :|Zl—22|.
1k 1K
2
1-k?
ouvendg (z,—z,)(2,— Z,) =17.
Apa 6vimg To onpeia Z , Z, elvol GUHUETPIKA OC TPOG TOV KOKAO KEVIPOL Z, KOl

Apa,

(Zz_ Zl) 1

. 1
Axopa, z,—2z,= (z,—2,) xa ZZ_ZO:W

axtivag I .
0 Av k=0 tote n aktiva givarl undév omote 0 KOKAOG eKQUAILETOL 08
onueio.
0 Av k=1 16te 1 axtivo yiveTon dmelpn kot 0 kKOKAOG yiveton puo evbeio. Te
ot TV Tepintmon 1 e&icmon |Z— Zl| = |Z— 22| elvar | pecokdafeTog Tov

gvOVYPOLLUOV TUNHOTOG TOL EVMVEL T ONUEID Z KOl Z,.

-4

KataAnyovpe Aowmdv 6o cvpmépacpa 6t n e&icmon =k, k> 0 napiotdavet

KOKAO ®¢ TPog Tov omoio ta onueio Z ko Z, eivon coppetpikd. H owkoyévela tov

KOKA®V TOV £YOVV Ta {0100 GUUUETPIKEG oMpLEia OVOUALETOL OLKOYEVELD KOKA®MV TOV
Amolhmviov.

Ipotaon (I610mrta Swothpnong g cvppetpiog): Evag Stypoppkdg
HETOOYNUOTIONOG amelkoVILEl GUUUETPIKE oNpeiat ®G TPOS £vVOV KOKAO GE GUUUETPIKA
onueio wg TPOg TNV £1KOVO, TOL KOKAOV.

Am6oe1En: 'Eoto 0 kOkhog C e 0 GOUHETPKE OC TPOG avTOV oneia Z , Z,

Z —_
c:FZ4Al—k k>0
-2,
) —dw+b , ,
KO 0 HETOCYNUOTIONOG Z=—— . XPNOILOTOIDVTOC TOV UETOCYNUOTIOHO GTHV

e€iomon Tov KOKAOL EXOVUE | (cz +d)w—(az,+b) | =k
(cz, + d)w— (az, +b)|
|w—wl|_ k|czz+d|:

w—w,| |cz+d

. . d A
Av vrobécovpe 611 Z,Z, = — — 1018, k', k'>0. Ané avty
C

™ oyéomn cvumepaivovpe OTL To oNueio W, kot W, givol GuppeTptid Tov kokhov C’ .
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d llaz, +b
A =—— 1t0te W =f =00.Tote é W—W,|=—
vz . T0TE W, (z) = 00. Tote éyovpe | 2| Klcz, +d

gtvan o kévrpo tov kokhov C' omdte T W, W, sivar cuppetpikd wg mpog tov C'.

dnAadn o W,

2& 0vAAOYO CUUTEPAGLO KATAAT)YOVUE OV Z, = — —.
Cc

Eopuoyn

Noa Bpebel évag orypoppikdc LETACYNUATIGULOG TTOV Vo amelkovilel To dioko |Z—|—]] <2

010 Meninedo Imz> 3.

Avon: Eneon ta onueion —1 ko 0o givor COPUETPIKE ™G TPOS TOV KUKAO |Z+J] =2,

evod ta onpeior 0 kot 61 gival ovupeTpikd og Tpog tnv gvbeior Im z= 3 yayvoopue
petaoynuotiopd mov Ba arnewcoviletl o onueia —1,00,1 Tov emumédov Z oto onueia
61,0,3 avrtictoyo Tov W emmédov.

61

3t

X
Sk-_l/ 4 | |

Emedn 10 oo anewoviletar 1o O, wayvoupe éva LETOTYNUATIOUO TNG LOPPNG

‘Etot owomoldvTac ot 6i = a kot 3 __a KoToAnyouue 0Tl
z+b’ Ao ¢ —1+b 1+b YOt

12
W=—.
z+3

W=

Epoappoyn

Noa BpeBoidv ot dtypappikol petacynUaticpol Tov arnetkovifovv 10 dicko |Z| <1 otov

dioko |W| <1 é101 ®oTE €va O0GUEVO 6MTEPIKO oNLEl0 va ametkovileTal 6TO KEVTPO

TOV dloKOV.

AvYon: 'Ecto 10 60TEPIKO ONUEID & KoL TO GUUUETPIKO TOV G TPOG TOV KOKAO

1 . . . . .
|Z| =1, 10 onpueio Z . A6 ) otrypn mov yvopilovpe 6t1 10 @ anewoviletor oto 0

avtopdtog EEpovpe Tmg To onpeio = amewoviletatl 6to oo yati eivol cuUPETPIKO
a
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Tov 0 w¢ mpog Tov KHKAO |W| =1. Emopévag 0 LETOGYNUATIGHOS EIvOL TG LOPPTG

w= Z"2 - \al=2
R
a
Emeon opomg _ y
e = e R e R

70 omoio onuaivel 6Tt —\ a=¢’ ,0eR.
Enopévmg ot (ntodpuevol petacynuaticpot givot g Lopeng

w:f(z):ewlz__a,é)eR

2nucioon: H Mon givon povadikn extdc g otabepdg 6 . Opwmg,
f'(a)=¢" % omote argf’ @)= 0, dnhadh pmopet va vdpEet T PNC
1

KoBOPIo oG TOV HETOTYNLOTIGHOD av Yvopilovpe TV mopdywyo ¢ f oto onpeio
a.

Epoappoyn

Noa Bpebei o drypoppikog petacynuatiopog W= f(z) nov areicovilel ta dvo
nueninedo Imz> 0 eni Tov povadiaiov dickov |W| <1 étor wote: f (i) =0k
™

argf’ ()=~

Avon: O (NTovpeVOg LETAGYNUATIOUOG EVaL TNG LOPOTS
0w Z—a
f(Z)Zéa——,QER (1)

& I—a —
Enedn f (i) =0 n mapondvo oyéon yivera i a =0=a=l 4 a= |

omote M oxéon (1) yiveraw f(z2) =€’ Z—;I . opaywyiovtog avthiv T oyéon
Z+i

gxovpe
' i—(z—i 2ig”’ . 2€’
f’z:e"’Z-H—(Zl):>f’z:— £/() = -
(2 (z+i)? (2 (z+1i)? O (2i)°
i0 i0 (0T i(g_T
S =S =18 180 L =Lt
2 2€i§ 2 2
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Enedn opoc 0 € R, 1o opopo g /(i) eivon 9—% Ko TPEMEL
s s 9 Z—1

f——=——=0=0,on6ten f(2)=€"— yiveton
2”2 ni@A=eo g

02—l _ z—i
fz)=¢ z+i ozt
Epappoyn

Noa Bpebel petaoynpaticpdg mov aneikovilel To dicko |Z| <1 oto dioko |W| <1 é101

dote f [1]20 xar argf’ 1]21.
2 2, 2
Avon: O {NTovPEVOS Oy POUIIKOC LETACYNUATIGUOG Eval TG LOPPNS
1
Z_ —
w=f()—¢' 2 g 2271
2

KOl ETEON f'[%] = ge"’ tote npéner arg f ’[%] = %: 6 , o {ntovpevog

L . 2z2-1
LETAGYNULATIGULOG EVAL O W= >

Epoappoyn

., \ v Z—a )
Na detyBei 6Tt 0 petacynpatiopds wW=€=——= 60 cR,Ima> 0 ancwovilel T0

nueninedo Im z> 0 otov povadaio dicko |W| <1.

U
-1 . o
\
\\

Avon:
, z—7 ——
Otonogc Imz>0 = y>0= T> 0= —|(z—z) (2)
|
w272 aw—e’a
Avvo ToVv peta: atiopd ogmpog Z, W—% T — =
TOV HETOCYNHATIOHO (G TPOG > a g’
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AvtikadiotdvTog v Tapandve oyéon oy (1) mpokidmtel 6Tt

w— g’ w— g’

i awv—ad’ [aw—e€’a -

a—a
0 xorav Adpovpe voym 6T =2Ilma>0

grovpe 6T UX +vP <1 & |W|<1.

Epappoym

Na BpeBodv ot petacynparticpol mov angikoviCovv to povadilaio dicko |Z| <1 eni Tov
nuemmédov Imw > 0.
o W —a

AvYen: H anewkdvion w, =€ =,0cR, Ima>0 (1)
W, —a

angkoviletl apgipovoorpavta to nueninedo Imw, >0 otov povadwaio dicko

|W2| <1.Apan (1) anewovilel tov povadiaio dicko |W2| <1 010 v neninedo
. , g W—a

Imw, > 0. Oétovtag W, = Z, W, = Z TpoKOTTEL z=€¢"——= (2)
w—a

"Etot, AMvovtag v (2) oc¢ mpog W PBpickovpe Tov (NToOUEVOVS LETUCYNUOTIOUOVG

A i0
woza=a o o
Z—¢€

Epoappoyn

Noa Bpebel petaoynuatiopdg mov anetkovilel Eva SoKTOALO Un OHOKEVIP®Y KOKA®V GE
JOKTOALO OPOKEVTP®V KOKAMV.

AYon: Eoto o kokhog C pe kévtpo 1o onpeio Z= 0 kat oxtiva R kot kdxhog C
ue aktiva I < R ko kévtpo 1o onueto ac R. Avo onueia B ko P, mov eivon

CUUUETPIKA MG TPOS TOLG 000 KOKAOLG Bpickovion 6ToV AEoVa TOV TPAYUATIKOV
aplOUOV OTOC PAIVETOL KOl GTO GYNLLAL.
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A
R
/\ Py (z=x,)
z=0 T a )
C
Py (z=x,)

Abdy® G cvppeTpiog 1IoYVOLVV 01 GYECEL !

x—a0,-a)=r* (1) , xx,=R" (2
H eficoon ax® — ( R*—r?+ a2> X+aR?=0 pe Oeticry opilovoa
(RZ —r’+ a2)2 —4aR? 51611 R—r > a, éye1 pileg ta X, Kar X, .

=X
=%

OewpoVLE TOV HETACYNUATIOHO W= A

, 0 0T010¢ amelKoVvilel Tovg KOKAOLG

C,C’ tov emnédov z,0¢ dvo koxhovg K xar K’ tov emmédon w.
To onueio P, anewcoviCetor 6to 00, eved T0 B mov ivot cupUETPIKO TOL OC TPOG TOV
xorhovg C,C’, anewcovileton oe onpeio mov £ivol GUIPETPIKO TOVL W= 00 MG TPOC

tovg kokAovg K kar K’ 610 eninedo W. Toppetpicd onueio dpog givol 1o kEvipo
TOV KUKAOV, OTTOTE O LETOCYNLUATIOUOG TTOL VToBEcape elvar 1 {ntovpevn amekdvion
apov ametcovilet 1o B oto kowd kévipo tev kikhov K kot K’ .

Epopuoyn

Noa Bpebel évag petaoynuoticpog mov anetkovilel 1o medio
D={zIm z<0, |z+iaj >R, a> R>0)} o éva daktdoMo pe kévrpo 1o 0.

Avon: [Ipénet apyikd va Bpebodv 600 onpeia Tov glval TOVTOYPOVU GUUUETPIKE MG
npog TV evbeio IMz=0 kot ®g TPog TOV KOKAO |Z-|— ia| = R. IIpopavdg avtd ta
onueia eivar TAv® 61OV AEOVA TOV POVIACTIKOV 0TOTE gival tng popeng ik ko —ik,
k > 0 Aoym g ovupetpiog og mpog v evbeia. Emiong, Adym g cuppeTpiog og
Tpoc Tov Kukho oydel (a+Kk)(a—k)=R?, onote k=+/a° —R?.

y4
O petaoynuaticodg mTov Yyvoupe eival o W= ™
z—i

10 onueio z=—ik amewoviletal oto 0, evd t0 onueio z=1K anewkoviletar o610 0,

Kot ovTo amodeikvietal yloti
dpa 1 ekdvo g evbeiog Im z=0 o10 eninedo W givar o kbxkrog C: |V\4 =1. Opoiwg,
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OTOOEIKVVETOL OTL O KUKAOG |Z+ ia| = R amewoviletal og £vav KOKAO

|W| =R,R = Rta-k ATo ™V 0pyn TG AVTIGTOYIOG TOV GLVOP®Y O GUUUOPPOG
VY Rtatk

, Z . . . ,
LETOCYNUATIGUOG W= aneikovilel 1o medio D tov emmédov Z oTov SakTOAMO

R < |W| <1 tov emmédon W.

1.4 Troyewimoeig HETAGY IO TIONOL

o) O perasyqpatiopsg f (z) = z°

H napdayoyoc f/(2) =2z apa avtdg o petaoymuatiopds eivor GOUHOPPOC G OO TO
C extogtov 0. Av w=Re” kou z=re"

= w=Z=re"=>R=r’xm ¢=20.
Apa n f amewoviler tov kdKAO |Z| =a otov KOKAO |W| =a’, kofhe kat pio
nuevdeia, éoto v 0 =K tov emmédov z, pe apyn to 0oty nuevbeia ¢ = 2K tov
EMMEOOL W.
Av W=u+iv= f(2) = 7%, 161 1oydel U(X, y) = X* — y* xon v(X, y) = 2xy.
Apan f omewovilel Tic orkoyévetec vepfoldv tov emmédov z, X°— Yy’ =C ko
2xy = C, ot otkoyéveleg vBeidv Tov emmédov W , U=C kol v =C.

Eneion f(i)= —-1,f(0)=0«xm f(1)=1,n f orewovilel to TpdTO TETAPTNUOPLO
TOV EMITENOV Z GTO Ve MUETITESO TOV EMTESOV W.

A
y A U

L J
I T = T

0 i X & 0 1
Avoloymg cvumepaivoope ko 6t T arnewovilel To devtepo teTAPTNUOPLO TOV
EMITEIOV Z GTO KAT® NETITEO TOV EMTESOV W.

L
L
-

T A

¥

A

B) ExOetikoi kot AoyaprOpikoi petacynuaticpoi
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H ocuvvapmon f(2)=¢€°,z€C civmn oduuopen oe 6ho 10 C agod

f'(2)=€", Sev sivar 6poc apgovosdpavn oe 6o 10 C. H f sivan
OLLQLILOVOCTILOVTY] OEIKOVIoT 6T0 medio D ={z=x+1y: —r <y <7} .
'Boto 6t1 Z= X—+1y xon W= re.

Avw=¢€e =r(x,y)=¢€ , d(X,y)=Y.
A7d T1¢ Topandve 1wotteg givan eavepd 6t o amewoviler pa oplovrio gvbeio
y=c,ceR 100 emnédov z og pa nuevbeio ¢ =c pe apyn 1o 0 tov gmmédov W
KoOdG Kot po evbeio KatakOpvEN, TV X=C TOV €MNEOOV Z, GTOV KOKAO |V\4 =€
tov emmédov W. Omote, av C,>C, , C,—C,<2m t0te n f omewoviler v
oplovtio Awpida mov €xel cvuvopa Tig gvbelec Y=C , Y=C, TOV €mmédov Z GT0
yoviokd medio pe yovio 6 =C, —C; .
y g

0 x 0 “
\w=ez/

Axopa, n drepn Aopida mov nepropiletot omd Tig X=C, , X=C, ,C,>C, TOV
emmédov Z ameikoviletar 6Tov SakTOAL0 TOL 0pilovV o1 KOKAOL |W| =€, |W| =e”
TOV EMMESOL W.

o N

xX=cq X=c2 /\
0 X Q u

wl=e©

lwl=ec

V) TPy OVOUETPIKOL HETAGYNLATIGHOL
‘Eotw o petooynuotionds W= f(z) =sinz o omoiog givar cOUpoppoc 6to
Sidotnua —% < Rez <£2 agov f'(z) =cosz= Q.
‘Eoto, U+iv=sinz= sinx costy+i cog sinp.
T, , . , . ,
Av |a| < P 161e M evbelo X=a eivor M KOPUTOAN pe TAPOUETPIKES €E10ADOELG

u=sinacoshy ,v= coa sini
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Ko YpNGLHoToLdVTAS 6Tt COSIT y— SinAy = mpokdmtet 611

2 2
u v

sifa coga
dNAad” o veepPoin oto enimedo (U,v) pe gotieg ta onueion (£1,0).

1

Av ac

O,g] , T0Te U=Ssina coshy > QV y ondte 1 gubeio. X = a amewoviletal 6to
0e&10 KAGOO TG VITEPPOATC.

Av ac

71' . , , , ,
_E'O]’ t0te M evbelon X=-—a amewoviletar oto gvOOYpoppO TUNRHO

v=0 ,u>1. Axdua , o d€ovag Yy amewkoviletor oTov AEova v .

y v
D - D T A
! ~
| \\\
|
| N\
| %
I \
| \
| 1
| \
| | 5
e
\E B . E\||B y
1
: )
1 ]
1 I}
1 i
| /
| Fi
1 /’
\F C .
x=-Z x=-q | x=a x=Z /F' (O
g) - 2

‘Eoto topa pua oplovria ypoppy y=06, >0, —% <x<

Y]

Ioybel 6Tt u=sinxcosh3 ,v= cog sind ,omdte
u’ v
+— =1
coshs  sirf B
dNAadn o EXAenym oto eninedo (U,v). H ypopunq y= G anewoviletat 610 Qv
pépog g Elhewyne. H ypopuun y= —( anekoviletatl 6to Katm PEPOS TG EAAEIYNG.

Av 3 =0 t6te 10 gVOVYpappo Tuue Y=0, —% <X S% anekoviletal 6To

evBvypappo tupo v =0 ,—1<u<1.
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v

E(pOLp},LOYﬁ (exBeTidC peTOOYNUOTIGUOG)
Noa Bpebei n ewcdva tov mediov D tov oyfuratog pécm g ansikoviong f(z) =e”.
¥

i

AYen: Katapynv EEpovpe F(0)=1ka f(m)= —1. Eniong, av Xx<0 xar y=0
oyveL 6t W= ecR,0< w<1, E&dAov, ov X=0 kon 0< y<m 101¢
|W|:1 kon O< argw<7.Tw Xx<0 ko Yy =7 mpokvdnTet 61t W= —€ * Kot

—-1<w<0.
U b
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E(pOLp poyﬁ (TprywvoueTpikoc HETACYNUATIOUOC)

Na derybei 611 0 petaoynuoticpog W= f(z) = sinz anewovilet 10 medio

D={z=x+Iiy: —% < X<Z2 , Y>0} ot0 Gve nuieninedo.
Adon: Av z:—%-l—iy, y>0 ,éyovue f(2) :sin[—%Jriy]:— coshy, onoten f
amewovilel v nuevdeio Z = —%—l— iy, y> 0 ot0 didompa (—oo,—1. To Sibotnpa

amewkoviletan oto Srdotpa [—1,1.
Av Z:%—l— ly,y >0, éovue f(2)= Sin[%-l— iy] = coshy, onoten f amewovilel

™mv nuevdeio z :%-l— iy, y> 0 oto dibomnpa [L,00). Apan f omeuovile to

obvopo Tov D otov d&ova TV TPayUaTIKOV aplOpdV Kot £T61, amd TV apyn g
avtieTotyiag Twv cuvopwv , o D amewkovileton 6to dvo nuerinedo.

A

b A v4
D §(D)
w2 0 /2 X =R L
Eappoym
o) No Bpebel péow Tov peTacynUaticpod W = €e* 1 ekdva Tov TeEdiov

D={a<Rez<b ,abeR}

B) Na Bpebei o petacynuatiopdc mov omekoviel to nedio 0< Rez < 1aoto nedio

e <|w<e’,

Avon: o) Oeowpd Eva Toyaio onueio tov D, 10

Z=Xx+Iiy ,a<x<b, —oco<y<+o00.
‘Etot 0 petacynuatiopog pog diver W= e = w=¢€'€" wm EMELON

|W| = e* govpe A< X<b = e’ < |W1 <e Kabdg Kot enedn argw =y
ToipvoLE OTL —o0 < Y < 400 = — 00 < argw < 400 . Zovenag to {nrovpevo nedio

givan to €° < |W| <&, —oco<argz<+oo 6TOC PAIVETOL Kot GTO GYLCL.
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Jm=z

Rez

B) O petaoynpotiopds W, = 2z anewkovilet to medio 0 < Rez < 16710 nedio
O0< Rew, < 2, ev®d 0 petacynpatiopnds W, =W, + 2 amewovilet to medio avtd oto
nedio 2< Rez< 4
r W I4 7 /4
T ovvéyein, o W= € anecovilel 1o nedio 2 < Rez< 4 oto nedio

e’ < |W| <e ZVVETMG O LETACYNUATIGHOG TTOVL omekovilel amevbeiog to

0< Rez< 1ct0 €° <|W|<e4 givaro w=e?*+2.

Epoappoyn

. . , , T s ,
Noa Bpebel o petacymuatiopdc mov anekoviletl to medio 2 <Ilmz< 2 GTO VO

NWETITEDO.

Avon: H dwdikacio mov mpénet va axorlovdncovpe eivar | eéng: Tlpémnet va
YPNOYLOTOMGOLVE TOV EKOETIKO LETOGYNUOTIOUO DOOTE VO OMEIKOVICOVLE TV Awpida
mov givo KaBeTN oTOV AEOVOL Y GE Ywvia 6TO Mimedo W. X1 cuvéyela Oo mpémel va

oTPEYOLLLE TO TTEDT0 OV Ba TPOKLYEL MOTE 1 pia Nevdeia Tov oynuatilel v yovia
VO GUUTTTEL e TOV AEOVO TOV TPAYLOTIKOV GTO EMIMEOO W KOl GTN] GUVEYEL QVTO TO
7ed10 VoL TO KAVOVLE 160 e TO v MErinedo.

‘Eoto t0pa, éva tuyaio onueio Tov mediov, o

. e T
Z=X+iy , —00 < X< 400, 2Y<5

Xpnotponowdviag tov ekfetikd petacynuatiopd W, = € = e = e*e”
TPOKOTTEL OTL |Wl| =€, —co<X<+00o = 0< |Wl| < 400 Kot

s 7r 7r T . , ,
argw, =y, 2 <y< > = 2 < argy, < > OnAadn Ommg paivetal Kot 6To Gy
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[
Imz ] ‘qW\k
y= /2 T\iﬁ;f’_.,_ *
y= n/4
gez few

; , ; , ; , , m
211 GUVEYELD, TIPEMEL VO GTPEYOLLLE TO TTEST0 OV TPOEKLYE KATA YmVia 2 £to1

®ote M pio TAevpd TG YOVING VoL GUUTITTEL e TOV AEOVA TV TPOYUATIKAOV Kot ovTd

s

yiveton pe tov petacynuationd W, = W,e * omdte Kot TpokvRTEL TO TESTIO TOV
GXHOTOG

ImWa
A

Rew,

Téloc, ene1dn to medio mov Eyovpe Tdpa ivar to 0 < argw, < 1 TPEMEL VAL

, . w2 .
ypnoipomomoovpe tov petacynpoatiopd W= W, ®ote va 1€Tpamiacidcovpe Ty
yovia Kot vo ometkoviletor 6 0OAOKANPO T0O dvem NUETITESO.

. , . . , , T T
Omote, KATOAYOLE OTL O LETACYNUATIOUOC TOV ometkovilet To medio 2 <lmz< 2

4
LT

—1— .
. . , I P _ A7 a4z
670 Gvo nuieninedo eivaro W=|€ € >w=e€e"e " =>w=—e"

Epoappoyn

Na Bpebel o petacymuatiopdc mov anewkovilel to medio 0 < y < 7 otov povadioio
KOKAO.

Avon: Ao TV TPONYOOUEVT] EPOPLOYT UTOPOVLE VO GUUTEPAVOVLE OTL O
HetacyMuoTiopog W, = €° aneikovilel 1o medio 0< Yy < 7 o610 Gvo Nueninedo.
O petaoyMuUaTiopog Tov anetkovilel To Gvm NETITEdO 6ToV povadlaio 6ioko lval o

WL Sl w e’ —Ii
= ~ onote 0 {ntovuevoc netaoynuotiopndc etivaro W= T
b Wi ENTOOpHEVOS HETAGYNUATIGHOG & 1
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y4 g

U

T )

g
0 X Kyl U

Eopuoyn

Noa Bpebel 0 petaoynuatiopog mov omekovilel to 6ioko |Z—|— i| < 3 010 Nueninedo
2Imw> Rew. Aivetat 6Tt —i — 1.

Avon: Apykd Bempodie Tov petacynUaticld W, = Z+1 GOTE Vo LETATOTIGOVLE TOV
dloKo Yo va £xEL KEVTPO TN apyn TV 0EOVOV. TN GUVEYELD TAIPVOLLLE TOV

LETOCYNUOTIOHO W, = §W1 €101 MOTE VO, CUIKPVUVEL TOV KOKAO Y10, va €YEl aKTiva {on

pe to 1.
p W, = Z+i :umw. Wa = ZWi P
/_—\ /—_\
f/—\ Rez x Rew, /‘;‘?\ Rewl

SOUPOVO [LE TPOTYOOUEVT] EQOPLOYN, O LETACYNUATIGULOG TTOV OMEIKOVILEL TOV
. , o w,a—ae’
povodioio dioko 6to dve Npueninedo sivaro W, =—2——— 0 €R.
W, — €
H oyéon 2Imw> Rew meprypdopet to nuieninedo nov Ppioketot mdve amd tnv gubeia

u, , ,
v > 2 Ommw¢ paivetal 6To oYU

 TmwW
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"E1o1, 0 peTacyuationds W= W,e* ancicovilel o Imw, > 0 oto nuieninedo
2Imw> Rew. Onote o {ntovpevog petacynuatiopdg etvot o

1 \a_ aaif
3(z+|)a ae

W, == €%, 0cR
“(z+i)—¢€*
Lzt)
. . il o=
Ko emedn —i — i §poope 611 i =ae” = a=Iie" = e[p 2].
Egoppoyn

Noa Bpebel o petacynuatiopds mov anetkovilel 10 TPMOTO TETAPTO TOL HIGKOV |Z| <3

GTO TPMTO TETAPTNUOPLO.

Avon: To TpdTo TéTAPTO TOL diGKOL |Z| < 3 anewovileTol 6T0 AVm NGV TOV
2
povadiaiov dickov HEC® TOV PETOCYNUATIGHOD W, = ry O peTaoyMUOTIOUOG

. 1_ Wl r 7 7 7 r 7.
L, =1 1w amekovilel To Avm HHIGL TOV LOVASLAioL O1GKOL GTO TPADTO
1
TETAPTNUOPLO. Apa 0 {NTOVUEVOS UETACYNUATIGHOG fvat
-z
- - 52
w= (=it W= 9 ;972
1+w z 9+z
1+—
9
y v 1\
3i
w=f(z)
3 X 0 u
Eappoym

Noa Bpebei o petacynpatiopndg mov ometkovilel to medio D : {|Z| <1 ,|z-|— le> x/_Z}

oTOV povadlaio dioko.

Avon: Apywd Ba Bpovpe ta onpeia TOUNG TV KOKA®V |Z| =1 ko |Z+]J =2.
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z=1=z7z=1 (1)
2+1=V2 & (z+1(z+ 1= 2% (z+ )2+ }= 20 22+ 242+ E ixa
ypnowonowmvtog Ty (1) mpokvmTel 7z472=0 & z=-7 kot EMELON |Z|2 =1 éyovpue

ot Z=—-1= z=i,2z,= —i,6mov z kol Z, 7o GNei0, TOUNG. ZYNUATIKE,

b Imz

e
T

11:—|l

Rez

lz+1)=2

Topa, Bo petacynuoticovpe Tig TEPIPEPELEG OE gVOEieC HECH TOL PETAGYNUATICHUOD
Z—i . . , , . :

W, = ——. To medlo D amotereitar amod to onueio mov Ppickovial 6To EcmTEPIKO
Z+1

NG TEPLPEPELNG |Z| =1 ko 010 e£MTEPIKO TNG TEPLPEPELNG |Z-|—]J =+/2, omote EMELON

70 6HVOPO |Z| =1 anewoviletot o€ gvbeia ko | — 0 apkei va fpodue TV e1KOVOL EVOG

aKOpa onpeiov.

INo Zz=1 o petacynpuotiopog pog dtvelt W, = 1_|_ = (1__ D — =—1 @dpa 10 GHLVOPO
1+i @+i)A@—-i)

tov Z=1 anewkovileTor 6TO OPVNTIKO HEPOG TOV AEOVA TOV PAVIUGTIKAOV OplOU®V.

Opoiwg Ba Ppebet kar 1 ekdva Tov GLVOPOL |Z—|—2I] =2,

V2-1-i 1V2+i(V2) 3
V2140 2-J2 242

70 omoio onuaivel 6Tl Yo To onueio z= J2-1 woyover Rew, = Imw, < 0 ondte o

z=V2-1= w = (1+1)

petaoynpatiopog W, anewkoviCet to D oto medio tov oyfuatog

A Imw,

2/7713) Rew,
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5

T cuvéxelw, pe Tov petasynpatiopd Wo = We 4 srpépovpe to medio katd

yovia 2 dOTE N P TAELPE TG YOVIOG TOV EYOVILE VO GUUTECEL e TOV BETIKO
dEova TOV TPAYHOTIKOV oplOudV.
Imw,

+

04 Rew 2

, , . 4, , ,
Axopa, Bewpovpe tov petacynuatiopd W = W, €161 doTE Vo LETAGYNUOTICOVLE
70 Topandve medio oe oAOKANPO TO Neminedo Imw, > 0.

lmws
Eews
ig W, —a
__ A3
Téog, pe tov petacynuotiopd W==€ W 5. , 0€R anewoviCovpe To ave
L —

NWEninedo 6tov povadiaio dicko |V\4 <1.

Omndte, 0 petacynuatiopds mov anetkovilel to medio D : {|Z| <1 ,|Z+ le> \/_2} GTOV

povadtaio 6ioko gival o

4
57
Z—1 -1 _a
oz
i0
wW=¢€ — , 0ER
Z—le*'j —5.
Z+1

Epoappoyn

Noa Bpebel 0 peTacynuUatiopodg Tov aneikovilel To HUIGY TV dioKOoV
D= {Z:|Z| <1, Imz> 0} ctov povadwio dicko.
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Avon: And mponyoduevn epapuoyn yvopifovpe 6Tt o povadiaiog dickog
1-z
anekoviCetatl 6To dve NUETITESO HEGM TOV UETUGYNUATIOHOD W, = IF .
V4

, [ 4 .3 , . ,
Ioyvetr ¢ > :§+|—5 ondTE 0 PETACYNUATIGHOG W, ametkovilel To medio D oto

TPAOTO TETAPTNUOPLO. XTI GLVEYELD, XPNCULOTOOVUE TOV peTosynHoTicpnd W, = le

(MOTE VO AMEIKOVIGOVUE TO TPADTO TETOPTNUOPLO GTO AV® NETITEDO.
. Uy
i :

Télog, o petaoynUATIGIOG TOV amelKoViLeL To dvem NUETinedo oTov povadiaio dicko

’ I — W2 r r ’ ’
glvar o W=- W Ondte 0 peTOCYNUATICHOG TTOV amekovilel To medio D otov
I+ W,
povodiaio dicko |W| <1 eivan o
i[il=2 2
e W i—w’ 1+z __i1+2iz+z2
iw, i w? +[_ 1_2]2 1-2iz+ 7°
I+
1+2z
Eappoym

Noa Bpebei 0 petaoynratiopodg Tov anetkovilel £va QoKOELN TEGI0 TOV TPOKVATEL
amd TV Topr] 600 KUKMK®V 0i0K®OV GTO (VM NETITEDO.

z-12

Avon: XpnoipomoloOe apyikd TOV HETACYNUATIOHOG W, = 0 omoiog

anewkoviCetl to onueio Z=z oto W= 0 Kot to onueio z= z, oto onueio w=00.0

LETAGYNUOTIGUOG 00 TOG, ametkovilel emiong To KuKAKE TOEa ToL PaKoEWOOVg TESGIOV
og 600 nuevbeiec pe apyn v apyn tov a&dvov kot oynuotilovv yovio 6 petadd
TOVG, 6mov 6 givar 1 YOVio TOUNG TV EPOTTOUEVOV GE VA OO TO oMpeio TOUNG TOV
00 TEPLPEPELDY TOV KVKAKAOV dioK®V. ANAadN 0 HETOGYNUOTIOUOG amelkovilel TO
(POKOELDEG TEDI0 TOV EMITEIOV Z GTO YOVINKO TESIO TOL EMMEOOV W.
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™

21 cvvéyeln, YPNGLUOToHOVUE TOV HETOCYNUATIGHO W, = Wf Y10 VO, ATEIKOVIGOVLE

¢ ¢

TO YOVIOKO TTEGT0 OV £YOVILE GTO YOVINKO TS0 EW <argw, < gw + 7 10 omoio pe
o
TOV oYnuaticpnd W, =€ ¢ W, anewkovileton 6to dve Neninedo. Zuvenmg o
™
, o : S (a—z)
{ntodpevog petacynuoTiolos g doknong eivato w=e *? ; .

Epopuoyn

Noa Bpebei o petaoynpatiocpodg tov oneikoviletl to medio |Z—1— i| >1oto Imw>0.

Avon:

i 2+1

-

o X 0

—~
Y

Apywd, maipvovpe tov petacynpotiopnd W, = z—1—i o onolog ancikovilel to nedio
TOV £YOVLLE GTO EEMTEPIKO TOL LOVAILOLOV KUKAOVL.

. , . 1 , ,
211 GUVEYELDL YPNCLULOTOIOVHE TOV LETOCYNUOTICHO W, = ™ 0 0moiog amekovilel To

1
e€mTEPKO TOV HOVadLOioL KOKAOVL 0T0 £6mTEPIKO TOV. TENOG, £MELDN O

, L= W . L .
LETOCYNUATIGHOG W, = | 2 amewcoviel Tov povadiaio kokho 610 Gve
W,
2
, , . , L . Z—2—1
nueninedo, cvpmepaivovpe 6Tt 0 {NTovUEVOS peTAcYNUATIONOS Elvol W= ——.
Z—I1
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1.5 Metaoynpatiopdg Joukowski

H anewovion w= f(2) :%[Z—i-}] ovoudletar perooymuatiopog Joukowski. H
z
ocvvaptnon avt givar oAdpopen oto C\{0}, pe 1o onueio z=0 va givar TOAOG Ko
enedn f/(2)= %[l—iz] = 0oto C ektog TV onueiov +1,mpoxdmtel d6tin f eivon
z

GUUUOPOT] TTOVTOV EKTOG ALTOV TWV 000 OMUEI®V.

O petaoynuotiopog Joukowskisivatr Todd ypHoog otny HEAETN VOPOSVVOUIKDY KoL
EPOSVVAUIKOV TPOPANUdTmY, o010TL petacynuatilel KOKAOVG G€ GYNUOTA OV
powalovv pe eTepd agpomAdvav katl Bonddve otnv pEAETN TG PoNg Tov aépa YOP®
and £va OTeEPO.

1
Ebvkolo cvpmepaivoope o6t f(2) = f[—] 10 omoio onpaivel mwg Vo omnueio Tov
V4

emmédov Z, ta Z,Z, mov £X0vv TV wotnta zz, =1, &ovv v da ewdva 610
eninedo W. Ondte o petaoynpaticpog Joukowskisivar apgpipuovoonuavtog o éva
nedio av Kot povo dev vrdpyovv 600 onpueia z, Z, Tov mEdiov Yo Ta omoia VoL 1eYvEL N

oyéon zz,=1. Zvvendg o petocynpatiopog Joukowskistvar apgirovoonipovtog oto
nedio |4 <1,|4>1, Imz>0, Imz< C.

‘Eoto z=re&’ kaw W= u-+iv.Xpnowonoidvrag tov petocynuaticpd Joukowski

cost kot v :l[r —}]Sinﬁ_
2 r

Eivat @avepd 011 1 amecdvion Tov KOKAO |Z| = p <1 elvar n EMeym

e u=2fr 2
EYovue == -

2 2
u v

+
.1 1y 1
4/) p 4'0 p

1 1
n onoio £xel nudkoveg a, = %[p -I-E] , b, = E[p ——] Kot ETEWN ap2 — bp2 =1 éyar
P P

eotieg to onueia +1.
e Av p—1néMewyn exouriletar oto didopa [—1,1 tov 4Eova U

e Av p— 0 ot daéoveg g EAAenyng TeivovV GTO ATELO.

Emopévmg, o petacynuatiopdg Joukowskiomeucoviler odppopea to medio |Z|>1,

Snhadn To eEmtepikod Tov povadiaiov kokiov, oto C\[—1,1, agov f(z) = f [1]
z
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Eoto thpa  z=pd’ ko W=UHIV= |U + iV| e’ Ao TG GYEGELC
1 1 1 : , .

U==|r+—=[cosd kou v =—|I ——|SiNO mpoxivmret 611
2 r 2 r

p* -1

p?+1

targ .

tang =

Amo oot ™ oyéon Kataiafaivovpe Ot
= Av 1o Z dwrpéyet Tov KOKAO |Z| = p <1 xotd Vv BeTikn eopd, tOTE TO W
STpéyel TNV EAAELYT KOTE TNV ApVNTIKT] QOPA.
" Av 1o Z dwrpéyet Tov KOKAO |Z| =p>1 xotd Vv BeTikn eopd, tOTE TO W

dtpéyel TNV EAAEYT Kot TV BeTIiKm popd

Téhog, Oswpodpe v nuicvdeio Z= pe'a ,0< p <00, a ctadepoc.

O petooynuotiopodg Joukowskinmecovilel v nuevbeio avti oty vepPoin

2 2
u v

cosa sifa
acvuntoteg v = Futana.

km . . . ,
=1, a= - pe eotieg ta onueion £1tov dEova TOV TPAYLATIKOV Kol

i

Eappoym
Noa Bpebei péom tov petacynuaticpod Joukowskin eucovo tov mediov

D—{|z-in|>1+h} he®

Aven: To obvopo tov D eivar o kokhog K mov €yet kévrpo 1o onueio ih ko

|
SiépyeTon amd to onpeion Z=——,z=+1, 6mov a=h++1+h*.
a

, , , , w—1 (z—1) ,
O petooynuotionds Joukowskiumopet va. ypagpei kow o¢ —— =|——| , omdte
w+1l (z+1
2
avtn N anekovion pnopel vo BewpnBel wg cuvbeon Twv W, = 1w , W, = [Z;l] .
1-w z+1
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2
. Z , . . .
Méow g W, = [—1] 0 kuKAog K amewoviletan og po nuievdeio mov cuvoEeL Ta
Z+

onuela z=0 kol Z= oo . X1 cvvéyewa , ) evbeia anetkovileTon HEG® TG

1+w
, = 1+ L 6g éva 1680 KOKhov K’ pe dkpo to onueion +1xor —1.
-W
O petooynuotiopds Joukowskibpwe ometkoviel o onueio z=ia oto
(. i) . .
W= 3 ia——|=ih ondte 10 160 K’ Siépyeton amd to onueio w=ih.
a

a
¥4
~ ih K
|
=1
1 |

Emopévac o petaoynuotiopog Joukowskinmeikovilel cOppopeo 1o EmTEPIKO TOVL
Kokhov K 610 e€mtepikd Tov t0Eov K.

A&iler va onpeiwbei 611 0 JoukowskKiyio vo vroAoyiceL TNV avOY®TIKY SUVOLT TOV
dpa. 6T0 PTEPO EVOG OLEPOTAGVOV YPNGIUOTOINCE KOUTOAEG TOV TPOEKLYAY A0 TNV
amekovion evog kokAov C mov €xel 610 e6mTEPIKO TOL TOV KOKAO K Ko epdmrovon
oto onueio z= —1. H xaumdAn C' mov mpoxdntel potdlet pe 9tepd aepomidvov.

C
/"—""\ .
| -1

Epopuoyn

Na derybei 011 0 petacynuotionds Joukowskinmeikovilel 6to dvo nueninedo, to
nedio D={|7>1, O<argz<r} .

Avben: Oswpovpe z=€",0< 60 <7 ko maipvovpe Tov petacynuotiopnd Joukowski,

, 1
onote W=— 7173
Enedn 0<0<7m & —1<cod) < 1,1 ewkdva tov dve npukvkAiiov givor to

& L ]:—1((5“9 +e")=cosf.
Sbotnpa [—1,1.
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1
o Z=XeR = f(2)= > X+; KoL 6tav 10 X Statpéyet o Sihomua [Loo) 1

10 (—oo, —1] , 10t T0 f(X) SroTpéyet to id10 ddoTnua.
Topa, wyvpilopacte 6Tl 0 petooynuoticpnog Joukowskiivotl apeiovosnavtog
oto D kot évtog av mapovpe d0o onpeila z,z, € D kot woyver f(z)= f(z,), tote

1 1

z+—=2+—=>(2—2)(2z,-1)=0

2 Z,
Gpa 2z, =2, M zz,=1, 6pwg |Zl| ,|Z2 >]1 dev umopet va woyvel z,z, =1 cuvenag
amodeiyOnke 6TL 0 PHETACYNUATIGUOG EIVOL AUEILOVOGT|LLOVTOG KOl COLLO®VOL [LE TNV
apyn ™S avTieTolyiog Twv cuvdpwv 1o medio D answoviletol 6To Ave NETinedo.

1

Ry

[

1 TEL

[l A
‘.“ 2y %
e

—

~

[y

Epopuoyn

Noa Bpebei o petaoynpatiopodg mov ansikovilel to medio D g mponyovdpevng
EQOPUOYNG OTOV LOVaAdL0io 0ioKO.

Aven: I'vopilovpe 01t 0 petaoynuatiopdc JoukowskiomeikoviCel to medio D oto

v neninedo. O PHETACYNUATICHOG TOV OTEKOVILEL TO AV® NUIETITESO GTO

I — W,
1

povadiaio dicko etvat o W, = (6mov W, o petooynpatiopds Joukowski),

1

i—1 z+—1
ondte 0 {NTOVUEVOG PETOGYNHOTIGHOG fval 0 W= 2 Z) — _ Z—2z+1
TITOVHEVOG HETAGYTILATIGHOG 1 1 7ol

|+§ Z—l-E

Epopuoyn

Noa dei&ete 011 0 petacynuotiopds W= coshz ameucovilel v nuilopida
O<Imz<m, Rez> Coto dvo nueninedo.

AYon: H nuiropida 0< Imz< 7, Rez> Canewkovilerat oto nedio

D= {|VV.L| >1, 0< argw, < 7} péow tov petacynpotiopod W = e’.
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11 ovvéyel, o petaoynpaticpog Joukowskiomeikovilel to medio owtd 610 AVED
NWERInEd0. XVVENMS 0 {NTOVUEVOS LETACYNUATIGULOG Elval O

1 1| 1f, 1
w:—[v\g—i——]:—[e -I—E]:coshz.

2 w) 2
7L
w=coshz
0 K 0 1
Egappoym

Na deitete 0L N quAwpida —m < Rez< 0 ,Imz> Canewoviletor 610 dve
NWETITEdO HECH TOL PETOGYNUATICUOD W= COSZ.

W=Cosz

-

-7 2 0 -1 0

AvYen: Ene1dr) cosz= coshfiz , o petaoynuaticpndc W= C0Sz &ivar ovvbeon tov
UETACYNUATIOUOV W, = —iZ 7o £ivan oTpo@r Tov Tediov Tov £X0VLE

. , 7T ;o , ,
KOTa yovio ~3 KoL ToOv W, = COShw, 0 omolog 6mmg eidape STV TPONYOVHEVT

epapuoyn amekovilel v nuIAmpidoa 6To dvem NUETITESO.
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KE®AAAIO 2
ITPOBAHMATA XYNOPIAKQN TIMQN

2.1 TlpofApato cVVOPLOKAV TIULAV

Mpépinpa Dirichlet: Eoto D évo medio Tov R? pe cvvopo YD kar g pia doopévn
oLVEYNG cuvaptnon 610 6vvopo. To mpofinue Dirichlet cuvictaton oty €bpeon
pwog cuvaptnonsg g mov givor appovikn oto D, cuveyng oto D=DUYD xa
tavtileton pe v g méve 6to 6HVOPOo, dNANOT

{Au: Ocro D )

u=g orovD

Av 10 TpOPANUA 0vTO ExeL ADOM, O TV aPYT TOV HEYIGTOL Y10l OPUOVIKEG
GULVOPTNOELG TPOKVTTEL OTL 1) ADGN ALTY| EIVOIL LOVODIKY].

Au=0

u=g
oD

Ipépinpa Neumann: ‘Ecto éva nedio D pe cdhvopo 9D ko g pio dSocpévn
ovveYNg ocuvapTtnom oplopévn 6to cvuvopo. To mpoPAnua Neumanrsvvictatol otV
ghpeom pag cuvaptnong U mov gival appovikn oto D, cuveyng oto D=DuUYD
KOl TNG 0Toi0g 1 TopAy®yog o¢ TPog TV KatehBvvon g kabétov og kdbe onpeio
TOV GLVOPOVL va, TavTileTon Pe TNV g, ONAdT|

Au=0 o070 D

2
@:g otovD @
9In

6mov N 10 povoadwio kdbeto ddvuopo oto YD pe katevBuvon mpog To EE.

Au=0 n
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o 1o mpofAnuato Neumanrmofétovpe 6ti to cuvopo YD eivon apketd Agio
Yo v VTApYEL TO KAOETO MG TPOG TO GHVOPO dtdvuso N.

o To npdPinua Neumannyo va Exel Aoon, TpEmel va 1kavoTolel TNV GuVONKN

ocvuPiBactotnTog
j‘gds::o

¥D

Ju
N omoia TPOKVITEL amd TNV oyéon f f 5 Audxdy = j; D% ds kadoc ko
mv oyéon (2) ko n euoiky g epunveia eivar n €€ng: Yrobétovpe 6tL U(X,Y) givan
1 AVon g oTdoIung Katavoung Beppokpaciog vrog tov mediov. H cuvdptmon %
n

TOV® 6TO0 GHVOPO TTAPLGTAVEL TNV pon BepprotnTag katd unkog Tov. Etot, yia va
VILAPYEL OTAGIUN BeproKpacio, TPETEL 1] GLVOAIKT pon BEpUATNTAG KOTE PUNKOG TOV
ouvopov va givar O.

o H Mon tov mpofAnuatoc Neumanreivol povadikn ektog pog TpocHeTikng
otabepag.

Ot mpotdoelg mov akoAlovBovv, ivat TOAD YPNGIUES YioL TNV LEAETT TTPOPANUATOV
GLUVOPLOKAOV TILOV LE TN PoNOela TV GOULOPP®V OTEIKOVIGEDV.

IIpotaon: 'Ecto cuvipmon ¢ appovikf og éva nedio D € C. Toten
TOPOUEVEL OPUOVIKT KAT® oo KAOE GOULOPPO LETATYTULATIGULO.

An6oeln: 'Eoto 6011 t0 D givon amhd cvuvexktikd kot F évag coppopeog
LETAOYNUOTIONOG O0mov  W=U+iv=F(2) = F(x+iy).
Ioyvet 6T vapyel olopopen cuvaptnon f opiopévn oto D 1étola dote
f(2) = o(x y)+iv(x.y)

‘Eoto g(w)=f(2)=f (F’l(W)> .Eneidnn F eivon cOppopen, n g sivar oAdpopen
oto F(D).’Eoto g(w) = ¢(u,v)+iv(u,v). Tote amd v oxéon g(w) = f(2) égovue
P(u,v) = (x(u,v),yUu,v)

Kot enedn] ¢ = Reg 1 ¢ Ba givar appoviky oto F(D).

Ipotaon: Eoto w= F(2) =u(X,y)+iv(X,y) mo cOppopen aneikovion opiopuévn
oto medio D, C pw Agia kopmoin oo D ko C' = F(C). Av n cuvapmon ¢(X, Y)
Kavomotel T ouvOnkeg w(X,Y) =k, 0ToL K 6TabEPA 1 % =0 xotd pikoc g C

n

t61E M GVVApTNON P(U, V) = ga(x(u,v) y(u v)) KOVOTIOLEL TIC GUVOTKEC

dU,v) =k Ko 1?9_(1): 0 katd pfkog e C'.
n
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AmodaEn: Av ¢ = K mhvo oty C, 1618 ¢ = Kk v ot C’ . Av voBécovpe 6Tt

% =Ve-n=0 ndvo ot C, 6mov Vi = (gox,goy) Kat N givon éva povadiaio
n

Suivuopa kaBeto ot C oto onpeio P(X,y), tote elte V=0 eite Vo eivan

opboydvio 610 N. Av Vo =0 t61e VO =(2,,®,)=0, épa Z—(:: 0.

‘Eoto V=0, dpato Ve gtvar opBoydvio oto n. Av Ve =0, tote
Vo =(d,,P,)=0, omote Z—Cb: 0.
n

‘Eotw V=0, dpato Vo eivar opfoydvio 1o N ko emopévag epomtdpevo g C
oto onueio P.
To Vi elvar opBoy®dvio oV KopumdAn go(x, y) = a mov mepvael and to P . H swodva

mg kapmodng ¢ (X, y)=apéow mg F etvorn kapmodn @ (u,v)=a oto eninedo W.
Eneidnq n F sivon cOppopen, ot ymvieg petald kaumvidv Statmpovvrat , ondte n C’
etvon opBoydvia g kapmodng ® (u,v)=a oto P’. Tvvendgto V= (P, P, ) eivon

gpantopevo mg C' oto P’ emopévag kot opfoydvio 6to povadiaio kdOeto Sidvocpua

¢ C' oto P/, ométe V& -n=0 ko Z—q):o névw ot C'.
n

pxy)=a

"o Ty Aon TpoPAnudTev cuvoptakdy Ty yio éva nedio D tov R?,
YPNOLUOTOIDVTOGS TIS 0V0 TPOTAGELS akoAlovBove TNV €ENG O1ad1KAGTaL

o Anewcoviovpe 1o nedio D ot éva amhovotepo D’ péow pag coppopeng
amekoviong e popeng W= f(z) =u(x, y)+iv(X,y).

o MetaoynuatiCovpe Tig cLVoPLaKES GLVONKES amd TO apPyIkd TESIO 0TO
KOLVOOPY10.

o AVVOLE TO TPOPANLO GLVOPLAKDY TIAVY 6TO Kovovpyto medio D kar 1 Adon
T0L givan TG popoeng P(u,v).

o [ va Bpodpe v Adon tov apykod TpofAnuatog BEtovpe

(X, ¥) =2 (u(x,y),v(X,y)) kot TpokvmTEL n Moon.
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2.2 E@appoyéc o€ mpofApato. cuVoPLOK®OV TINAV

Epappoyn (arneipn Aopida)

Noa Abei to TpofAnua Dirichlet
Ap=0 , a<x<b,
(@ y)=k , yeR
eb,y)=k, ,

Avon: Eivar pavepd mmg o1 cuvoplokég TYES eE0pTOVTOL OTOKAEIGTIKG atd TO X
ondTE TPOPAVDS ovalNTOVUE o Avon TG popeng ¢(X, y) = f(x) a<x<b.

H oygon Ay = 0 mov &povpe, yphpetar oc f”(X) =0 cvvenmgn f(X) eivor g
wnopenig f(X)=AX+p , 6mov A, otabepéc. XpNoIUOTOUDVTOS TIG GLVOPLUKEG
OULVONKEG TOV £YOVILE, LETA TNV SUTAT) OAOKANPMOGCT TPOKVATEL TO GUGTN LA

Aat+p=k , , , e
Ao TO OTOI0 TPOKVTTOLV Ta A KOl L OTATE 1) TEAKT| ADoT givat
Ab+ =k,
Kk, — K
xy)=k +—-*—2L(x—a
p(xy) =k +-—*(x~a)
y A
Play)= K Pby)=1
0 a b ¥

Epoappoyn (yoviaxs nedio)

Noa Abei To TpofAnua Dirichlet
Ap=0, O<argz<a@<m)
o(x,0)=k ,x>0
o(x,y)=k, ,r>0,0=a
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Pey)=r;
\a

0 @(x0)=x;

H argz sivou appovikn cuvéptnon Kabaog eivot To To avTaoTikd HEPOG TG

ovvaptong log z kot eivan otabepn oe nuevbeieg pe apyn to 0. H Adon mov
yhyvoupe givar e popene ¢ (X,y)=bargz+c pe b,ce R apov &yovue 611
Ap = 0. Xpnoomoudvtag T GLVOPLUKEG GUVONKES, ADVOLLLE TO GVGTILLO. TTOV

TPOKVITEL Y10 VoL vIToAoYicovue ta b, C kot Telka n Adon gival

k, —k
(X, y)= k1+fargz )

E@oappoyn @axroriog)

Noa AvBet to TpdPAnua
Ap=0, r<|g<r,

o(Xy)=Kk , |Z|:I’1
o(xy)=k, , |Z|:I’2

Avon:

e

%

Py)= K

O1 cvvoplokég cLVONKEG TOL TPOPANLATOG ivar aveEAPTNTES TNG YOVING OTOTE N
AOon pog Ba etvon pae oppovikny cuvaptnon aveSaptnn yoviag, g LOpeNS

e(x,y)=a+bin|z,abeR.

XPNOHOTOUDVTOG TIC GLVOPLOKES GVVOTKEC TOL poG divel To TPOPANIa vtoAoyilovpe

11 otafepég a,b ko TpoxvmTEL 1) TEMKT Adom
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4
i

p(%y) =k +(k, —ky)

Epappoyn (ave nuenineso)

Noa Avbei o TpdpAnua
Ap=0, —c0<Xx<00,y>0

(%,0)= {

a,,—00< X< X

, 8y, R
a, X<X<oo %@ E

Avon: I'vopifovpe 6T 1 yovia § wwovtor pe argz— x; )

X

A
/Z

xl -U

=¥

H A0om mov Béhovie givar n cuvéptnon g Lopeng
e(Xy)=A+pargz—x)
N omoia glval apUOVIKH 6TO Ave NuEninedo. Topa, AOY® T®V GUVOPLIK®OY GLVONKAOV
OV [OG OTVEL apykd To TPOPANUA, TPETEL
A=a Kot A+p-m=a,
Apa 1 Avomn tov TpofAnuatog eivor m

PXY) =8+ (8, a) argle—X,)

Epopuoyn

Noa Abei To TpofAnua Dirichlet
Ap=0,—oco<x<oo ,y>0
Ay, — 00 XX

1 a,— X <IXIX
(’D(X,O): 1 Xl 2

a,,— X, <X<oo
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Avon: Onwg 6TV TPONYOVUEVT] EPAPLOYT QTILYVOVLE LU0l GLVAPTNOT) 1010,C LOPPNG,
HE TNV XpNoN GEPAG

e(xy)=a, +%Zn_)(am_l—am)arg(z— Xo) -

I"o va givar avt 1 GuvapTnomn 1 ADGT TOV TPOPANUATOC TPEMEL O) VOL EIVOIL APUOVIKN
v Yy > 0 (dnrodn 610 Ave nueninedo) kabmg kot B) vo IKOVOTOlEL TIG GUVOPLUKES
ouvOnkeg.

a)H cvvaptmon givat oppovikn 6To Gved NUETITESO MG TO PAVTACTIKO HEPOG TNG

OAOLLOPONG f(2 :ian +leog[@<z_)§n>] :

BYEotw K po otafepri Tiun tov M. Av zZ= Xeivar éva onpeio pe X < X< X, 1018
argiz—x, )= 0,1<m<k )

. Apa

argz—x,)== ,k+1<m<n

n

p(x,0)= a, +%n2l:1<amn1_amn)arqz_)§n)+i Z ("%—1_"%> arQZ—XnJZ

m=k+1

18 1
:an-l_;Z(amfl_am).o-i__ Z (amfl_am)'ﬁz
m=1

T m=k+1

=a,+(a —a.) (a8 —a.,)+-+(a.,—a)=a

70 0mo{0 oMpaivel 0TL 1 GuVApTNoN (X, Y) OVIMG IKAVOTOLEL TIG GUVOPLUKES
OLVONKEG TOL TPOPANUATOG.

Epoappoyn

Noa AvBet to TpdPAnua
Ap=0,—co<x<0 ,y>0
3,—oco<Xx<—-3
7,—-3<x<—-1
1,-1<x<?2

4, 2<X<0

|o(x,0)=

Avon: To cvykekpipévo TpoPAna vl VTOTEPITTOGT TOL TPONYOVLEVOL EXOVTOG
amAd 8, =3,8,=7,a,=1la,= 4 X,=— 3X,=— 1X,= .
Ondte n Abon tov TpoPAnpoTog etvon

o(xy) =42 arge+ 3 argtt - argt- 2)
s ™ s

y ]+Earc ta{i]_éam t{i]
X+3) X+1) 7 X— 2

= 4—£arctan
T
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Mua yevikevon tov Toparave givaol 1 eENG:
‘Eoto éva amdd cuvektiko medio D mov mepropileTon amd o omin, KAEIoT Kot
Tunpotikd Aeto kopmoin C ko z,z,,...,Z, ,nonueia mov Bpickovior méve ot

C dwtetaypéva. 'Eoto C, 1o 16&0 ¢ KapumvAng nov PBpioketon petofd Z, ko
Z..,k=12,..n— ‘xaéotw C, 10 1650 ™G KOUTOANG IOV PpickeTar HETAED TOV

Z, xu 4. Eote a,a,,...,a, otofepoi apipoi otov R . To npoBinpa mov Béhovpe
va Abcovpe givar to akdAovo.

Ap=0010D
(X, y)=a o z=X+iyeC,
1% y)=a, va z=x+iyeC,

(X, y)=a, vaz=x+iyeC,

[Ma va Acovpe 10 TpoOPAnUa Tpénet va Bpovpe o, GOUUOPPT OTEIKOVION TNG
popengw= f(z) =u(x,y)+iv(X,y) tov nediov D oto dve neninedo Imw >0

®ote ta onueia z,z,,...,Z, va anewkovilovtar ota onueia u, = f(z),

k=1,2,..n— kot to Z, vo anewoviletor oto U, = 00 t0v GEova Tmv
TPAYUATIKOV GTO EMIMESO W.
"Etot Aowmdv, n amewovion f(z) divel éva véo mpofinua Dirichlet oto
avo Nuerinegdo tov onoiov 1 Aon Ppédnke oe mponyodUEVT EQAPLOYY. AV TOPO
0éoovue @, = a,, n Abon Tov mpoPAnatog etvarn

(X, y) = 61,1,1+1i(ak,1—ak)arg(f @)-u,)=

u(x,y)

1
arCtan .
kz:: Ao ak u(X, y) —u,

Hoapatipnon: H pébodoc avt ypnoipomoteitor LOVO oV HTOPOVLE VO
KOTOGKELAGOLE Lo sOUHopeN amelkdvion amd to D oto dvo neninedo. H
omopén wog tétotag anekdviong eEaopoliletar amod to Bedpnua Riemann.
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Egapuoym

Noa AvBet to mpdPinua
A@:0,|ZI<1
o(x,y)=0,z=¢€" ,0<f<7
o(x,y)=1,z=€" 1<f< 2r

Avon: Mia cOppopen ameikovion mov anetkovilel To povadilaio dicko Tov
TPOPALLOTOG GTO AV® NETITESO Eival OTTMG EIOLLE KOt GTNV EVOTNTO TOV
GUULOPPOV OTEIKOVIGEWDV 1)

il-2z) 2y o x> —y?
1z (x4+0°+y*  (x+1°+y?
Topa, ivar ebkora Katavontd O6tL ta onueion Z= X+1y 1o onoia fpickovial 6To

W=Uu+iv=

avo nuicokho: X+ y>—1= 0,y > 0 arcikovilovrar 6To OeTiid NuaEova, eVd onTd
oL PPioKOVTAL GTO KAT® NUKVKALO ametkovifovat 6Tov apvnTiko nudéova.

"Exovpe Aowmdv €va véo mpdPAnpa oto eninedo W
AP=0,—co<u<oo ,u>0
®(u,0)=0,u>0
®(u,0)0=0,u< 0

1N Abon Tov omoiov PPIcKETOL YPNCLUOTOIOVTOS TV EPOPLOYN YOl TO AVE® MNETITEOO
Tov eidaple Kot Tpv Ko givarn

2 2
o(X,y) = Larc tanU(X' y)_ Larc tan =Y =1
7 ux,y) w 2y

Epopuoyn

Noa Avbei 1o TpdPAnpa Tov aKdAoLVOOV GYNATOC

Ay

/w—l

¢=0 -1 1 @=0 X

Il
o

Avon: [Ipénet va Bpovue Eva peTaoyNUOTICHO 0 omoiog Oa petaoynuatilel To
TOPATAV® TPOPANLUA 6TO Ave NUETinedo. O HETAGYNUOTIGUOC TOV Yy voLuE Eival O
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Joukowskioniadén o w= f(2) :%

1 , ,

Z+—| tov omoio GLVOVTNGOLLE TTLO TPV KOt O
y4

omoiog petaoynuatiCel 1o S0GUEVO TPOPANLUL GTO

U A

D=0 | Ol p=7 1 @

Il
=
bl

OOV 1 ADON TOV OGS EIGALE KOL TPOTNYOLUEVMG, Elval

@(u,v):iarctan
m

2v ]
u®+v*-1
. . . . 1 1), .
1 ovvéyela, and ) oxéon W= U(X,y)+iv(x,y)= 2 Z+—| &govpe OTL
z
X(x*+y*+1)
2<X2—|— yz)
omOTE 1 AVOT TOL TPOPANATOS Efvor
4y(x +y*—1)
Ry ) (o 27

y(xX* +y*-1)

kot v(X Yy)= 2(X2—|—y2)

u(x,y) =

1
p(X,y)=—arctan
s

Epoappoyn

Na Avbei o TpdPAnua yio 1o medio D:{z: ImZ<O,|Z-|— 5|> 3}
Ap=0,010D
o(x,0)=0
e(xy)=K,|z+5|=3

AvYon: Onwg elyape 6l 6TV EVOTNTA TOV GOUUOPP®V OTEIKOVIGE®YV , O

4 , , , 1
anekovilel 1o tedio D oto daktvAo 3 < |W| <1

i Z+
LETACYNHOTICHOG W=

¥y T

@=0 v

D=k

Si : /?Eigl
- & o
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In
H Mbon tov mpofAnpatog otov daktoAto ivor P(U,v) = —K In|\IIBV| , EMOUEVMOG 1) ADom
nov (NTALE, Snk(xéiﬁ M Avon oto tedio D givan

2 2
X +(y+4)

x2+(y—4)2

|z-|—4||_
|3 =47 2In3

p(%y)=

Eopuoyn

Na A0ei to TpOPANLa Yo To TESiO D:{Z:|Z| <5,z—-2> 2
Ap=0,010D
¢(x,y)=100 /7= 5
@(x,y)=200 |z— 3= Z

Avon: Tpénet va Bpodpe €va O1ypopKd HLETOCYNLATIOUO MGTE VO OEIKOVIGOVLLE TO
nedi0 TOL TPOPALLATOG GE Eva OAUKTOALO.

Avo onpeio oV ivol CUUUETPIKAE MG TTPOG TOVS KUKAOLG TOL TTediov D dnAad1| Tovg
KOKAOLG |Z| =5 kot |Z— 2| = 2 wovomolovv Vv e&icmon

2X* — 25x+ 50= z = xlzg , X, =10

y

Katovto Zz=5

O Sypapptkdc peTacyNUATIoUOC lvot TNG LOPONG W= e

2z—-5
anewkoviletal 6to W= —1 10t€ T0 A = —1 dpa 0 HETACYNUATIGULOG TTOV OmEIKOVILEL
, z-10
10 D oto D’ eivano w= :
2z—-5

In
H Aon tov mpofAuotog 6to D’ eivon ®(u,v) =100+ 100% evd n Aon oto D

, nwooy) o
eivon (X, y) =100+ 10072 eW=U+Iiv =
2X° + 2y* — 25+ 50 1y
u(x,y)= , v(X,y)= :
(2x—5)* + 4y? (x— 5"+ 42
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Epopuoyn

Noa Avbei o Tpdpinua
Ap=0,x,y>0
p(x,0)=1,x>1
1#0,y)=0,y>1

%:0,0<y< 1,x=0rat O<x< 1y> (

AYen: ‘Exovpe éva medio(to mpdTo TETOPTNIOPLO) TO 0moio dev pag foAeveL yia va,
AMOGOLLLE TO TPOPANLLO. Me YprioN TOL HETAGYNUATICHOD W= Z° UTOPOVLLE V0. TO

OMEIKOVIGOVUE GTO Avm NUIETITEDO, EVM LLE TOV LETACYNUATIONO W= arcsinz
UTOPOVLLE VO, ATEIKOVIGOVLE TO AV MUETIEDO GTNV NUIATELPT] ADPida

™ ™ , , : 2 .
_E <u< —2, v > 0. Zuvenmg LE TOV LETOTYNUATIOUO W= arc sm(z ) UTOPOVUE VO

, , , , 0 0
OMEWKOVIGOVLLE TO TPAOTO TETAPTNUOPLO 6T0 Medio D = {(u v) :_E <uU<—, v> O} .

y v
w=Arcsin(z?)
—_— T
p=1 o=1
19
=0
Op _
>
90 5 1 p=1 = a2 0D | 0P /2 u
on =0 7—=0
on an

"Etot Aomdv 10 apyikd TpOPANLO GUVOPLIK®V TGV YiveTal

Ab=0,-"Lcu<Z v>0
2 2

@[—E,U]:O, v>0
2

@1,v]:1,v>o

2
Qg:OrE<U<E,U:O
on 2 2

M Avon @ tov véou TpoAnpaToc Tov TPokLATEL 6TO MEdio D elvar
®(u,v)= Au+ B , A,B otabepéc.

"o v cuvoplakt| KaumdAn —% <u <£2 , v =0 é&ovpe 6Tt N=(0,—1) apa

8—(I):Vq)-n:A-O-I—O(—l): 0
on
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0mOTE 1 GLVOPLOKT GLVONKT Kavomoteital yio kabe A BER.
Ao T1c GAlec 000 cuvopLoKEG cLVONKEG TOL TPOPALLOTOG TPOKVTTTEL OTL

)

T T
T oul=—AT4+B=0
2 U] 2

o

T T
—v|=A=+B=2
2 ] 2

, 1 1 . , , , ,
apa, ¢(u,v)==—u —|—§ , OTTOTE 1 AVCT) TOL OPYLKOV TPOPANUATOC ivat

m
1 : 1
X,y)=—Rearc sinz*)|+=.

2.3 Hpoprnpa Dirichlet yio éva dioko
OlokANpOTIKOS TOTOG Poisson - TTvpivag Poisson

‘Eoctw D = {Z : |Z| < R} kot f(2) o oddpopen cuvaptmon oto D kot cuveyng oto

D.Av ze Dkt z=0, tote cOUE®VA e TOV OLOKANPp®TIKO TOTTO Tov Cauchy

Exoovue
_1 i)
o= [g—zd

pe C 1ov Betikd mpoosavatolMopuévo KHkAo |z| =R.

2
‘Eoto tdpa 1o ovpperpkd tov Z o¢ npog tov kokho C, 10 z. Tote Z = —.
z

Emeon opmg 1o z, Bpioketon 610 emteptkd tov C, pe ypnon tov Oempnipatog
Cauchy-Goursatypokintet 011

f(©)
—=>=d¢ =0.
e
Apa, ”322;41:€_<f4%““9 &)

Oewpovpe TNV TOGOTNTA
¢ ¢ _ ¢ ¢ ¢z |-
(—z ¢—z (-2 C—g (—z (—z |§_z|z
z

).

I'a ¢ = RE¥ kaw z=re’ éovpe
o -14" RE—r?
|<*_z|2 R*—2Rr cos(p—0)+1?

a@ov M TocoTNTA |C — Z| TAPIGTAVEL TNV OOcTOOT TV ( KOl Z
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KOl LE T XPNON TOV VOLOU TV GLUVIITOVAOV
C—24"=R*—2Rrcosp—0 }+r2> C
"Eyovpe aképa, 61t d¢ =iRe¥ kaw dp =ildy apan oxéon (1) ypaoeton

27

1 R?—r? .
f(z2)=— f(Re”)dyp.
@ ZW{RZ—ZW cogp—0)+r’ (Re”)dg

AV 10 TPOYUATIKO HEPOG TNG OAOLOPPONG cLVAPTNONG Elvan U tOTe 0md (1) Exovpe
27 RZ -r 2 u R,
u(r,e):if 2< ) ( gp) >dy,r <R
279 R?—2Rr cogp—0)+r
Avtdc o OO AéyeTanl 0OLOKANPOTIKOS TOTOG POiSSON yia TV approvikh cuvaptnon
U 6to dioko |Z| <R.

R —r?
R®> —2Rr cos(p— 6 H-r?

H cuvaptnon P(Rr,p—0)=
ovopaletar Topivag Poisson.
1510t TES TOV TVPRVE POISSON

1)And ™ oxéon (2) éxovpe

PRrp—0)——S + 2 Z . C _

Lotz cHz] pdit?
2|(—z (—z (—z
. (+z . . , .
H cvvépmmon g(z) ==—— &ivar oAdpopen evtog Tov dicKov |Z| <R .Omnote 10

TpayRoTikd ¢ pEPog mov eivor P(R, 1, —0) Ba givor appovikny cuvaptnon eviog
T0V dioKOov.

2)H ovvaptnon u(r,f) =1 eivar appovikn, ondte amd Tov OAOKANPOTIKO TOTTO

27
Poissonmpokintet if P(Rr,p—0)dp=1
2m Y
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3l R r,0 otabepd, n péyom tn me P(R 1,0 —0),p €0, 21] , happévetar yo

R+
@ =10 xat elvan ngmgz)fr PR,F 50_9 ): R_r n omoia Y I — R teivel oto dmerpo.

H ehdyrom tiun g P(R, 1,0 —0) AopPavetargite yio p=0+7 Ay o =0—7
R—r

Kot etvon og)ggr P(Rr P _Q)ZR——H n omoia ywo I — R 1eivel oto O.

Ocapnua Mong tov wpofpatog Dirichlet yia éva diocko

‘Ecto g(f),0<0 < 21 pia docpévn Guveyng cLuVAPTNON TAVED 6TOV KOKAO
C: |Z| = R pe mepiodo 27 . Osmpovpe v cuvapTnoN

27
U(rﬁ):%f P(Rr,¢—0)g(p)dp,0<r <R
0

u(R,0)=g(0)

Toten U glvar apUoOVIKT GTO E6MTEPIKO TOV KOKAOL |Z| = R ka1 ovveyng oto |Z| <R.

Anooeiin: H cuviptmon P eivar appovikn og mpog r,0 610 E6mTEPIKO TOV KUKAOD
C onwg eidope oTIg 1010TNTESG TPV, Apal Kot 1 cuvaptnon U(r,d) sivol appovikny 6to
eomTEPKO TOL KOHKAOL C.

Mo pévetr ooy va dei&ovpe ) cuvéyela TG U 6Tov KAELOTO 010KO |Z| <R.

‘Eoto Re? ,ac R éva otabepd onpsio mave otov kikho C. Oa dsifovpe 6T 6TV
r — Rxat 6 — a, tote u(r,f) — g(a) .Ano mv 2" 1816t ta tov Toprve Poisson

) 1 27
frove u(r.60)-9(@)=>- [ PRr.o~0)(g(o—g(@)dp.
0
‘Eoto € fetwcd. Emedn n g eivar cvveyng maveo ot C, vredpyer B> 0 1é€1010 dote
€
9(p) —9@)| <5 e

pe |g0 — a| < 3, dnhadn yua kébe ¢ této10 dote 0 R e' va Bpioketon oto 16&o C,
OV POIVETOL GTO GYNLLO TOPAUKATO.
Etvou pavepo 6tu u(r,0)—g@)=1,+1,, pe
a+pi
27il, = [ PRI 9—0)(9(r)—9@)dy
a—pg
a—(3+2m

Kol 27il, = f P(R,r,go—ﬁ)(g(go)—g(a))dgo.

a+p

Eneion O< P(R,r,po—0) v r <1 éyovpue

57



a+pg

|'1|<i7rf P(Rr,o—0)|g()— g(a)|d90<—fP(R,l’,<p 0)dp == >

a—pf

Rea(u-ﬁﬁ)

‘Eotw C, =C/C,. Eivatr pavepo 6tt vapyet m> 011010 OOTE Yoo kGBe Z eVTOG TOV
. , . . , 2
YPOUUOOKIOGUEVOD TUNLOTOG OTTOV |0 — a| < gKou kale ¢ € C, va oyver m< |C — Z| .

Apa

a7‘6+2ﬂ'< 2 2)

E

a+pi

omov M = mgx\g (p)—g@) . Erewdn dpoc R+T < 2R Oa &govpe
pel,

2M(R-r) _2M6_<
m m 2

. 27M (R* —r?)
WM(@)—Q(E‘N p< o ,

I1,|<

av |r—H <6, 6mov § = — me )
4M
Enopévag,

lu(r,0)—g@)| <|1|+]1,]<e

Yo KGOe I pe |r—R|<6 Ko «9,ue|0—oz|<§.

Mapatypiesic: i) H Avon tov tpoPrnuatog Dirichlet yio tov dicko ivor povadikn
AOY® TG 0pYNG TOV UEYIOTOV HETPOL

i) H Abon tov mpoPAnuotog puropei va Bpedet kot pe dAlovg tpdmovg

iii) Xe mepintwon mov 1 g elvot TUNUATIKG GVVEXNG TAV® oTov KOkAo C 10 Oedpnua

YEVIKEDETOL.
Av R=1 and v npd™N 1016TNT0 TOV TVPTVAL Poissonéxov ue
4
u(z) = Re— EJF u(g‘)— |4<1.
=S~
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Epappoym

Noa Avbei o Tpdpinua
Au=0,0<r<1, < &
sing

u@®,)=———,
L.0) 5+4co9

0<6< 2r

Avon: Av (=€’ =

. 1 1 1 1
sno=3c¢) - co=3]c+
. B ¢*-1

Omnote, ovppova pe v topatipnon (iii) Tpémet yio tn Adon tov TpofAnuatog va
VTOAOYIGOVLE TO OAOKANPOLLOL

1 (s
2ri o, 21( 203+ 5+ 2(¢—2)¢
_z
2i(z+2)
Apa 1 Avon tov TpofAnuatog ivar :

—Ra_ % y _
U(X.Y)—Rin(ZJr " K 21y =uf )=

70 omoio mpokvmTel | =

r cost
r’+4& co9+ <

Epoappoyn

Noa AvBet to TpdPAinpa
Au=0,0<r<R, O<f< 2r

U(R.0) = 0, 0<O0<r
v k, T<0<2r

Avon: H Abon tov mpoPAnuatog etvar To oAoKAp®uLaL
2m 2 2
R —r
u(r,0)=— f K— 5
2rJ  R°—2Rr cosf ¢ Hr

"o Tov vroAoyiopd Tov OAOKANpGaTOG BéTovpEe t = tan¢—;9 =d¢= 1—ft2 dt

do .

0
k tar{ﬂii] R —r? 2
o 1-t% 14t
1+t2

Apo TPOKVTTEL u(r,0)= TO OTO10 TEAIKA [LOG

v

tar{glz] R —2Rr

dtver u(r,0) = LS arc tan
n

2_p2
2Rr sine]'
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2.4 Mpopinpa Dirichlet yivo to avo nueninedo

OloxinpoTikog TOTog Schwar z - Mupivag Schwar z

‘Eoto f(2) oAdpopen oto Imz> 0 kot cvveyng oto Imz> 0. Yrobétovpe o1t
vrapyovv Oetikég otabepéc Kkor M tétoteg wote
‘z"f(z)‘< M,Imz>0.

y h

-R R X

‘Eoto tdpa C=C, U [—R, R] M KOUTOAN OTIOC QOIVETOL 6TO GYNLLOL, OETIKA

TPOCAVATOAICHEVN. AV Z givar éva ectepikd onpueio g C, t0te OUQOVA [IE TOV
oAokANpTIKd TOTO Cauchygyovue

1 rf© 1 i)
f(z)_zwiig—zdﬁzwijét—zdt

Emeidon | f(C )| < % , 0tav R— 0o 161€ 10 TpdTo odoxAnpopa teivel oto 0. Apa

f(z):i_TlZdt, Imz>0

O mapomdve TOToG gival évag 0AOKANPOTIKOS TOTog Cauchy ywa to avo
nueninedso Imz> 0.

Topa, enedn o z Bpioketon 610 sgwtspmé g koumoing C, éyovpe

f(t)
27i f —Z 2=

Gpo 0 OAOKANPOTIKOS TOHTTOG Cauchyypa(psrou

o

_ 1 1 yf ¢)
f(z)_27rifm[t—z - ]f(t)dt:>f(z) f| Zdt,y>0.

‘Eto, av f(2) =u(x,y)+iv(X,y) tote £povue
17 (0
u(x,y) = —dt , y>0
f (t=x)+y?
Av16¢ 0 TOTOG OVOLALETOL OAOKANPOTIKOG TOTOS POISSON Yo TO Aved neninedo 1
0AOKAN POTIKOG TOTTOG SChwar z.
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_ ¥y
(t=x)+y°
®étovtag otov Tomo Schwarzu(X, y) =1 kat u(t, 0) = 1 mpoxbdnret

H ouvapmon S(t—x,y)= ovopdleton mopivag Schwar z.

1 (o)
= [st-xy)dt=1, y>o0.
T —00
H péyrot tun tov moprva cav cuvéptnon tov t Aappaveton yuo t = X ko 1oyvet

maxS(t — X ,y) = S( O,y) = L — o0 poravy — (
y

teR

Oeapnuo Aong Tov Tpofifquatog Dirichlet yia to dve nuerninedo

‘Eoto f (X) Lo OOGHEVT] GLVAPTNGT GLUVEXNG KO PPOYLLEVT GTOV TPAYUATIKO AEova
Im z= 0. H ovvapton mov opiletar and tov TOTO

u(x,y):Xszt)zdt,—oo<x<oo,y>0
TY (t=Xx)"+y

u(x,0)=f (x), —coc < x< oo
etvar appovikr 6to Im z> 0 ko cvveyng oto Imz>0.
Egoppoyn

Noa entlvei 1o mpdPAnpa Dirichlet ywo to dvo nueninedo av n doouévn cuvaptmon
670 GUVOPO glvart

f(x):{k’ a<x<b

0, 5LapopeT LKE

Avon: Zoppova pe to Bedpnua Aong Tov TpofANUATOS 6TO Gvem NETITEdO, 1| AVOT

b
, y k
givar u(X, y) == | ————dt .
w[(t—x)2+y2
21 cvvéyela AOVOLLE:
b—x
y k1 K% o1
ux,y)==—— | ———dt=— dé =
=g [ <) Tk
— +1 a
y
b—x X—a
= —|arctan——+-arc tan——
™ y

Mo v yeopetpikn epunveia g Aong xpelaldpacte to akdAovbo oynio
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b—x X—a
Kot 0, =arctan
y y

u(x,y)= ;(01 +0,)= EQ(X, y).

1018

Av 0, = arctan

Epoappoyn

Noa AvBet to mpdPAnua
Au=0,0<y<m

1,x>0
u(x,0)= X

0,x<0
u(x,m)=0

AYon: Hhopida 0< y <7 aneoviletal cOULOPPO GTO Gved NETITESO HEG® TNG
ocwvaptnong ¢ = eZ(C = £+i77) ,n>0.

1,£>1

0,6<1

A7d 10 Bedpnpo Avong tov TpofAinuatog Dirichlet ywa to dve nuerinedo £xovpe

O1 osuvoplakéc cuvOnkeg yivovtar v(&,0)= {

o0

1)(5,77):1f+dt:—1——1arctan5
™

2
(et 4y 20w 7
Ouwg, £ =€*cosy ko n=e€"siny emopévmg n ADoT Tov apyKod TPOPAALATOS
eivat u(x, y) = E—Earctane__ﬂ .
2 7 siny

Epoappoyn

Noa Bpebel o appovikry GuvapTnon 610 TPMOTO TETAPTNUOPLO TOV VO IKOVOTOLEL TIG
OLVOPLOKEG CLVOTKEG

{u(x,O): f (x),0<x< o0

u(0,y)=g(y),0<y<oo
o6mov ot ovvaptioelg f(X),g(y) eitvor ppayuéveg kot cuveyeic.
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Avon:

u(0.)=g0) 4

A

u(x, 0)=f(x) X

To mpoPAnua pmopet va yopiotel o 000 empépove mpoPfAnuata dmwg poaiveTal 6To
TOPOKAT®O OLEYPOLLLLOL.

Y y
u(0,y)=0 = u(0,y)=g(y) 44 =9
u(c0)=fx) ¥ u(x,0)=0 X
(D (1D

Edv Bewpnoovpe U (X, y) ogAdon tov tpdtov mpoPAnpatog kot U, (X, Y) og Adon
TOV OEVTEPOV, TOTE 1) AVOT) TOL APYLIKOV TPORANUATOG Etvor

u(x, y) = (X, y)+u,(x,y).
['o v Adon tov TpdTov TPoPAraTog Bewpodue Ty tepirty enéktoon g f(X),
mv f(X).Tote,

Y7 fo y7_f® Ly f( t) _
UI(X’y)_ﬂ'L[O(t—XZ dt W[(t—x)z f t— dt
1

J+y’
Y
WLOf(t— (t+x)°+y
Avrtiotouya, yioo v Abon tov deuTEPOL TPOPANUATOC BepoVE TNV TEPLTTN
enéktoon g g(y), mv E;(y) . Torte ,

%mw:%LEiﬁﬁ?ngiaiﬂL_ yf 9(0 _
2]

> f(t)dt,x>0,y> 0.

v

1
Ilt—y)P +x  (t+y) +x

> g(t)dt,x>0,y> 0.
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2.5 Ipopinpa Neumann ywa éva dicko
‘Eocto C:|Z| =R kot g(f) pia docpévn cuveyng cuvaptnon opiopévn oto kokAo C
Ko £xel TV 19T TOL ng (¢)de = 0. cwpodpe to TpdBAnpa Neumann
O Au=0,|4<R
g_; |\4:R: 9(0)
‘Boto (= Re¥ ka1 z=re" , 0mov I < R. T 6ta0epd ¢ M ovvaptnon

Q(Rr,p—0)=—2RIn|¢ — 7 =—RIn(R* — 2Rr cogp—0)+r?).

elvat appHoVIKT 6T0 £6MTEPIKO TOL KOKAOV C, apov givorl Tpaylatikd pépog e
ovvaptmong —2log(z—¢). T r =0 , égovue

9Q R 2r°—2Rrcogp—0 R

I r R®—2Rrcoqp—0)+r* r

6mov P givar o mupfvag PoissonH cuvaptnon

27
u(r,9):%IQ(R,r,go—G)g(go)dgo—l—A ,Actadepd
0

glvat appovikn, apod 1 cuvaptnon Q eival apuovikn o¢ Tpog I kot 6 .

27
Eneion f g (p)de = 0 1618 Moyw g (1), éxovpe
0

27

ur(r,@)=2—ifTR[P(R,r,so—9)—J]g(<p)dso

R 1 27

_ 22 PRy - .
: 2%{ (Rr—0)g(p)de

Apayw |7 =R wyve u, (r,0)=g(0).

Enopévac n cuvaptnon
R 27 5 ,
u(r,&)_—z{ln(R — 2Rr cojp—0)+r )g((p)dgo—l-A
elvai n Abon tov TpoPAnuatog Neumanmnyo tov kokio r = R.

2.6 lIpopinpa Neumann ywe to dve nuieninedo

‘Eoto g(X) cvveyng ocvuvaptnon oto R Kot ikavomolel trnv cuvOnkn
xag(x)‘< M, xeR , o>l

Mo otabepd t € R, n cuvdptnon Iog(z—t) elvat appovikr oto nuieninedo Imz> 0,

OTOTE 1 GLVAPTNON
17 .
u(x, y):—f In|z—t|dt + A, Actadepd
i —00

n ulxy)= 1 f In ((t — X)2 + y2) g(t)dt + A, ActaBepa (2)
2r
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etvat appovikn 6To dve NUETinedo. ATo ToV TapATdve TOTO TPOKLITEL OTL

17 yg®)
ot 0

apa U, (x,0)=g(x) , y> 0.Enopévac, n oxéon (2) eivor n Aoon tov mpofifpuotog
Neumannyw 1o dve nueninedo.
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