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Περίληψη

Η κβαντική νανοφωτονική είναι το πεδίο έρευνας το οποίο αφορά στη µελέτη των κβαντικών
ιδιοτήτων του ϕωτός κατά την αλληλεπίδρασή του µε την ύλη στο επίπεδο της νανοκλίµα-
κας. Στην περίπτωση που οι νανοδοµές είναι µεταλλικές και, ιδιαίτερα, κατασκευασµένες
από ευγενή µέταλλα τότε οι νανοδοµές, για συγκεκριµένες περιοχές του ορατού ηλεκτρο-
µαγνητικού (ΗΜ) ϕάσµατος (σε αρκετές περιπτώσεις και του υπέρυθρου) εµφανίζουν έναν
τύπο διεγέρσεων, τα λεγόµενα επιφανειακά πλασµόνια όπου το ΗΜ πεδίο, ϐρισκόµενο σε
σύζευξη µε ταλαντώσεις ϕορτίου (πλάσµα) στην επιφάνεια της νανοδοµής, εντοπίζεται σε
εξαιρετικά µικρές περιοχές του χώρου, πολύ µικρότερες από αυτές που µπορούν να επι-
τευχθούν µε συµβατικά οπτικά µέσα λόγω του ορίου διακριτικής ικανότητας που ϑέτει το
ϕαινοµένο της περίθλασης. Το αντικείµενο της παρούσης διατριβής αφορά στη µελέτη της
αλληλεπίδρασης ύλης-ακτινοβολίας στην συγκεκριµένη περιοχή. Συγκεκριµένα µελετάται
η αλληλεπίδραση κβαντικών εκποµπών, δηλαδή σχεδόν σηµειακών πηγών ΗΜ ακτινοβο-
λίας όπως είναι τα άτοµα, τα µόρια ή οι κβαντικές τελείες, µε µεταλλικά (ή τοπολογικά)
νανοσωµατίδια, τα οποία ακτινοβολούνται από ορατό (ή υπέρυθρο) ϕως.

Για τη ϑεωρητική/ υπολογιστική µελέτη τέτοιων υβριδικών ϕωτονικών συστηµάτων, α-
ναπτύχθηκε ένας ϕορµαλισµός πολλαπλής σκέδασης πολαριτονικών τελεστών στον οποίο
ενσωµατώθηκε η µέθοδος συζευγµένων διπόλων για νανοσωµατίδια, συνοδευόµενος από
την κατασκευή σχετικού υπολογιστικού κώδικα στη γλώσσα Fortran 90. Σύµφωνα µε
τον ϕορµαλισµό αυτό, περιγράφονται πλήρως όλα τα πιθανά µονοπάτια µέσω των οπο-
ίων σκεδάζεται το ϕώς µέσα σε µια υβριδική συλλογή από κβαντικούς εκποµπούς και
νανοσωµατίδια. ΄Ετσι, πέρα από την κλασσική πολλαπλή (ελαστική) σκέδαση του ϕωτός
από τα νανοσωµατίδια, ο ϕορµαλισµός περιλαµβάνει και ϕαινόµενα διέγερσης/ αποδι-
έγερσης/ παγίδευσης του ϕωτός στους κβαντικούς εκποµπούς. Αρχικά, η αναπτυχθείσα
µέθοδος εφαρµόστηκε στη µελέτη γραµµικής αλυσίδας αποτελούµενης από διµερή κβα-
ντικών εκποµπών και µεταλλικών νανοσωµατιδίων που αλληλεπιδρούν στην περιοχή της
ισχυρής σύζευξης, όπου παρατηρείται η ανάδειξη µιας πλειάδας πλεξιτονικών συντονι-
σµών ως απόρροια µιας διαδικασίας υβριδισµού µεταξύ των πλεξιτονικών συντονισµών
καθενός µεµονωµένου διµερούς. Στη συνέχεια, για το ίδιο σύστηµα εκτελέστηκαν εκτε-
νείς υπολογισµοί για τα ϕάσµατα ϕωτός και παρουσιάζεται ένας συστηµατικός τρόπος
ερµηνείας των ϕασµάτων καθώς και ένας τρόπος πρόβλεψης των των ϕασµατικών τάσε-
ων για υβριδικές αλυσίδες αυθαίρετου µήκους. Κατόπιν µελετήθηκε η αλληλεπίδραση
στην περιοχή της ισχυρής σύζευξης ενός διµερούς κβαντικού εκποµπού και νανοσωµα-
τιδίου τοπολογικού µονωτή όπου παρατηρείται η ανάδειξη ενός νέου τρόπου ταλάντωσης
παρόµοιου µε τον πλεξιτονικό που παρατηρείται σε διµερή κβαντικών εκποµπών και µε-
ταλλικών νανοσωµατιδίων. Τέλος, εφαρµόστηκε µόνο η µέθοδος των συζευγµένων διπόλων
σε ένα νανο-συσσωµάτωµα αποτελούµενο από κβαντικούς εκποµπούς και µεταλλικά να-
νοσωµατίδια, όπου µελετήθηκε ο τρόπος µε τον οποίο η αλληλεπίδραση των επιφανειακών
πλασµονίων των µεταλλικών νανοσωµατιδίων µε τους εξιτονικούς συντονισµούς των κβα-
ντικών εκποµπών αντικατοπτρίζεται σε πειραµατικά µετρήσιµα µεγέθη όπως η ενεργός
διατοµή απορρόφησης του νανο-συσσωµατώµατος.
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Abstract

Quantum nanophotonics is the research field that concerns the study of quantum
properties of light during its interaction with matter at the nanoscale. In the case
where the nanostructures are metallic and, especially, made from noble metals then, for
specific regions of the visible electromagnetic spectrum (EM) (in several cases infrared
as well) new types of excitations emerge, the so-called surface plasmons where the EM
field, coupled with charge oscillations (plasma) at the surface of the nanostructure,
is located in extremely small regions of space much smaller than those that can be
accomplished by conventional optical means due to the diffraction limit. The object
of the present thesis is the study of light-matter interactions in the regime described
above. Specifically, we study the interaction between quantum emitters, i.e. almost
pointlike sources of EM radiation such as atoms, molecules or quantum dots, with
metallic (or topological) particles, that are illuminated by visible (or infrared) light.

For the theoretical/computational study of such hybrid photonic systems, a mul-
tiple scattering polaritonic operator formalism that incorporates the coupled dipole
method for nanoparticles was developed, accompanied by the construction of a rel-
evant computational code in Fortran 90. The formalism is suitable to describe all
possible paths through which light can be scattered by a hybrid collection of quantum
emitters and nanoparticles. Thus, beyond the classical multiple (elastic) scattering of
light by the nanoparticles, the formalism incorporates phenomena such as light exci-
tation/decay/entrapment in the quantum emitters. The developed method is initially
implemented in the study of a linear binary chain comprising of quantum emitter -
metallic nanoparticle dimers, where the emergence of a multiplet of plexcitonic res-
onances is observed as a result of a hybridization process between the plexcitonic
resonances of each individual dimer. Next, for the same system, extensive numeric
calculations are performed for the light spectrum, and a systematic means to interpret
the spectra is presented as well as a means to predict the spectral trends for hybrid
chains of arbitrary length. Afterwards, the interaction of a quantum emitter - topolog-
ical insulator nanoparticle dimer was studied in the strong coupling regime where the
emergence of a novel mode was observed, similar to the plexcitonic one that appears
in quantum emitter - metallic nanoparticle dimers. Finally, the coupled dipole method
was applied to a nanocluster that consists of quantum emitters and metallic nanopar-
ticles in order to study the ways in which the interaction between the surface plasmons
of the metallic nanoparticles with the excitonic resonances of the quantum emitters is
reflected on experimentally observable quantities such as the absorption cross section
of the nanocluster.
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Chapter 1

Σύνοψη των αποτελεσµάτων της

διδακτορικής διατριβής

1.1 Εισαγωγή

Τα επιφανειακά πλασµόνια (ΕΠ) είναι ηλεκτροµαγνητικά (ΕΜ) κύµατα τα οποία συζεύγο-

νται µε τις συλλογικές ταλαντώσεις ϕορτίου στη διεπαφή µεταξύ δύο µέσων µε διαπε-

ϱατότητες διαφορετικού προσήµου, όπως µεταξύ ενός διηλεκτρικού και του αέρα ή ενός

µετάλλου. Τα εντοπισµένα ΕΠ, είναι ταλαντώσεις πλάσµατος που λαµβάνουν χώρα στην

επιφάνεια ενός πεπερασµένου µεταλλικού αντικειµένου µε διαστάσεις στην κλίµακα του

νανοµέτρου. ΄Ενα από τα πιο σηµαντικά χαρακτηριστικά των µεταλλικών νανοδοµών που

ϕιλοξενούν επιφανειακά πλασµόνια είναι η ικανότητα τους να παγιδεύουν το ϕως σε πε-

ϱιοχές του χώρου που είναι πολύ µικρότερες από το µήκος κύµατος, ένα χαρακτηριστικό

το οποίο τις καθιστά ιδανικά συστατικά στοιχεία σε µικροσκοπικά ϕωτονικά κυκλώµα-

τα. Ο ισχυρός εντοπισµός του ηλεκτροµαγνητικού πεδίου εντός τέτοιων περιοχών έχει

ως αποτέλεσµα τεράστιες τιµές στο ηλεκτρικό πεδίο καθώς και ισχυρή τροποποίηση του

ϕάσµατος αυθόρµητης εκποµπής, τα οποία ενισχύουν την αλληλεπίδραση του ϕωτός µε
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κβαντικά συστήµατα που ϐρίσκονται πλησίον πλασµονικών νανοδοµών και οδηγούν σε

σηµαντικά διαφοροποιηµένα (κυρίως ενισχυµένα) οπτικά ϕαινόµενα στη νανοκλίµακα.

Ιδιαίτερο ενδιαφέρον παρουσιάζουν νανοδιατάξεις που περιλαµβάνουν κβαντικούς εκ-

ποµπούς (ΚΕ) όπως κβαντικές τελείες, ϐαφές, άτοµα κ.α. αναµειγµένα µε ένα ή πε-

ϱισσότερα µεταλλικά νανοσωµατίδια (ΝΣ). Σε αυτή την περίπτωση η οπτική απόκριση

των κβαντικών εκποµπών επηρεάζεται από τις διεγέρσεις των εντοπισµένων επιφανειακών

πλασµονίων των νανοσωµατιδίων. Στο όριο της ασθενούς σύζευξης η οπτική απόκριση των

κβαντικών εκποµπών µεταβάλλεται µόνο σε σχέση µε τον ϱυθµό αυθόρµητης εκποµπής ο

οποίος, µέσω του ϕαινοµένου Purcell , είναι ανάλογος µε το ϕανταστικό µερός του τανυ-

στή Green των µεταλλικών νανοσωµατιδίων. Στην περιοχή της ισχυρής σύζευξης ωστόσο,

όταν δηλαδή οι συχνότητες συντονισµού των κβαντικών εκποµπών δεν είναι ϕασµατικά

διακριτές από τις συχνότητες των επιφανειακών πλασµονίων των µεταλλικών νανοσωµατι-

δίων, εκτός από τη µεταβολή του ϱυθµού αυθόρµητης εκποµπής, µεταβάλλονται και τα

ενεργειακά επίπεδα των ίδιων των κβαντικών εκποµπών, αναδεικνύοντας νέα ενεργειακά

επίπεδα και τρόπους ταλάντωσης οι οποίοι σχετίζονται στενά µε τους τρόπους ταλάντωσης

των επιφανειακών πλασµονίων των νανοσωµατιδίων. Αν οι κβαντικοί εκποµποί είναι ηµια-

γώγιµες κβαντικές τελείες, όπου οι οπτικοί συντονισµοί είναι εξιτονικής προέλευσης, οι

αναδυόµενοι τρόποι ταλάντωσης στην περιοχή της ισχυρής σύζευξης αποκαλούνται πολα-

ϱιτόνια πλασµονίου-εξιτονίου ή πλεξιτόνια.

Τα ϐασικά χαρακτηρισικά των πειραµατικών ϕασµάτων που διερευνούν τους πλεξιτο-

νικούς συντονισµούς υβριδικών συστηµάτων αποτελούµενα από κβαντικούς εκποµπούς

και νανοσωµατίδια µπορούν να ερµηνευτούν υπό το πρίσµα ενός µοντέλου (κλασσικών)

συζευγµένων ταλαντωτών. Ωστόσο, περισσότερο ¨λεπτά¨ κβαντικά ϕαινόµενα όπως η υ-

περακτινοβολία [12] ή η απόσβεση του ϕθορισµού [69] δεν µπορούν να αναδειχθούν εάν

δεν ληφθεί υπόψη η κβαντοµηχανική ϕύση του υβριδικού συστήµατος ΚΕ-ΝΣ [70–74]. Η

πιο πλήρης περιγραφή της αλληλεπίδρασης ϕωτός µεταξύ ενός ή περισσοτέρων κβαντικών
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εκποµπών και ενός δοµηµένου ϕωτονικού περιβάλλοντος είναι αυτή που ϐασίζεται σε µια

µέθοδο πολλαπλής σκέδασης πολαριτονικών τελεστών [75], εφαρµοζόµενη στην περίπτωση

ενός νανοσωµατιδίου [69,76].

Στην παρούσα διατριβή, παροσιάζουµε µια νέα µέθοδο για τη µελέτη υβριδικών συλλο-

γών αποτελούµενες από νανοσωµατίδια και κβαντικούς εκποµπούς. Η µέθοδος είναι ένας

συνδυασµός της πολαριτονικής µεθόδου πολλαπλής σκέδασης των [69,75], µε την καθιε-

ϱωµένη ηλεκτροµαγνητική µέθοδο των συζευγµένων διπόλων [30,31,77–79]. Συγκεκρι-

µένα ενσωµατώνουµε τη µέθοδο των συζευγµένων διπόλων εντός της µεθόδου πολλαπλής

σκέδασης πολαριτονικών τελεστών µέσω του υπολογισµού του δυαδικού τανυστή Green

ο οποίος µας επιτρέπει να µελετήσουµε υβριδικά συστήµατα αποτελούµενα από πολλά

νανοσωµατίδια και κβαντικούς εκποµπούς.
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1.2 Ο ηλεκτροµαγνητικός τανυστής Green

Στο κεφάλαιο 3 παρουσιάζεται η ϐασική ϑεωρία του ηλεκτροµαγνητικού τανυστή Green

που αποτελεί τη ϐάση της ανάπτυξης του ϕορµαλισµού που χρησιµοποιείται στα επόµε-

να κεφάλαια. Πιο συγκεκριµένα παρουσιάζονται οι µέθοδοι ολοκληρωµάτων όγκου οι

οποίες αποτελούν έναν ϕορµαλισµό για την επίλυση του ηλεκτροµαγνητικού προβλήµα-

τος µιας συλλογής από σωµατίδια (τα οποία προσεγγίζονται ως δίπολα) όπου το συνολικό

πεδίο σε κάθε σωµατίδιο αποτελεί υπέρθεση της προσπίπτουσας ακτινοβολίας καθώς και

όλων των πεδίων τα οποία έχουν σκεδαστεί από τα υπόλοιπα σωµατίδια. Στην συγκεκρι-

µένη περίπτωση απαιτείται ένας ϕορµαλισµός για να επιλύει αυτοσυνεπώς τα πεδία ενός

αυθαίρετου αριθµού συµφώνως αλληλεπιδρώντων σωµατιδίων. Τα σωµατίδια δεν είναι α-

παραίτητο να είναι χωρικά διαχωρισµένα µεταξύ τους, αλλά µπορούν να σχηµατίζουν ένα

µακροσκοπικό αντικείµενο. Τότε, η απόκριση της ύλης στην προσπίπτουσα ακτινοβολία

µπορεί να µοντελοποιηθεί ως µια συλλογική απόκριση των µεµονωµένων διπόλων καθένα

από τα οποία καταλαµβάνει ένα στοιχείο όγκου. Η υπέρθεση των στοιχειδών διπολικών

πεδίων (συναρτήσεις Green ) πρέπει τότε να γίνει µε έναν αυτοσυνεπή τρόπο, δηλαδή το

µέγεθος και ο προσανατολισµός καθενός µεµονωµένου διπόλου είναι µια συνάρτηση του

τοπικού πεδίου που ορίζεται από τη διέγερση και των περιβάλλοντων διπόλων. Οι µέθο-

δοι που ϐασίζονται σε αυτή την έννοια περιλαµβάνουν αθροίσεις πάνω σε όλα τα κέντρα

των διπόλων. Στο όριο που το µέγεθος των διπόλων µηδενίζεται, οι αθροίσεις µετατρέπο-

νται σε ολοκληρώµατα όγκου, µε τους αντίστοιχους ϕορµαλισµούς να αναφέρονται στη

ϐιβλιογραφία ως µέθοδοι ολοκληρωµάτων όγκων.

Στη συνέχεια παρουσιάζεται η εξίσωση ολοκληρώµατος όγκου από την οποία µπορούν

να εξαχθούν δύο ισοδύναµες µέθοδοι στη ϐιβλιογραφία, οι οποίες επιλύουν το παραπάνω

πρόβληµα και διαφέρουν µόνο ως προς το πρίσµα υπό το οποίο αντιµέτωπίζουν το ηλε-

κτροµαγνητικό πρόβληµα. Η πρώτη είναι η µέθοδος των ϱοπών (method of moments -

MOM) η οποία αντιµετωπίζει τη συλλογή από σωµατίδια ως ένα µακροσκοπικό αντικείµενο
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το οποίο διαιρείται σε µικρές οµογενείς υποµονάδες και περιλαµβάνει τα πεδία τα οποία

είναι παρόντα σε ένα δεδοµένο σηµείο r. Η δεύτερη µέθοδος (που χρησιµοποιείται και

στην εργασία µας), η µέθοδος των συζευγµένων διπόλων [coupled-dipole method (CDM)

ή discrete-dipole approximation (DDA)] αντιµετωπίζει τη συλλογή ως ένα σύνολο από

µικροσκοπικά διπολικά σωµατίδια τα οποία συνενώνονται για να σχηµατίσουν µια µακρο-

σκοπική συλλογή. Στην προκειµένη περίπτωση η µέθοδος CDM λαµβάνει υπόψην της τα

πεδία που καταφθάνουν στο σηµείο r και κατά συνέπεια διεγείρουν µια µικρή περιοχή

όγκου ∆V µε κέντρο το r.
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1.3 Φορµαλισµός πολλαπλής σκέδασης πολαριτονικών

τελεστών για υβριδικά πλέγµατα µεταλλικών νανο-

σωµατιδίων και

κβαντικών εκποµπών

Στο κεφάλαιο 4 παρουσιάζεται αναλυτικά η συναρµογή της µεθόδου των συζευγµένων

διπόλων µε τη µέθοδο πολλαπλής σκέδασης πολαριτονικών τελεστών σε έναν ενιαίο ϕορ-

µαλισµό σε δύο ϐήµατα, και την εφαρµόζουµε στην περίπτωση ενός υβριδικού συστήµατος

µεταλλικών νανοσωµατιδίων και κβαντικών εκποµπών. Στο πρώτο ϐήµα της µεθόδου ϑε-

ωρούµε µια συλλογή από µεταλλικά νανοσωµατίδια (ΜΝΣ) εµβαπτισµένη µέσα σε ένα

διηλεκτρικό (εB = 2.13). Τα µεταλλικά νανοσωµατίδια µοντελοποιούνται ως σηµειακά

δίπολα µέσω µιας περισσότερο ακριβούς εξίσωσης πολωσιµότητας

α(ω) =
α0(ω)

1− iα0(ω)ω3√εB
6πc3

, (1.1)

ώστε να ληφθεί υπόψη η επίδραση της ακτινοβολίας (radiation reaction effect ) [27, 30,

80] Εδώ, α0(ω) είναι η ¨γυµνή¨ πολωσιµότητα, που προκύπτει από τη σχέση Clausius-

Mossoti , η οποία είναι συνήθης για µικρά σφαιρικά νανοσωµατίδια ακτίνας S, µε σχετική

διηλεκτρική διαπερατότητα εm εµβαπτισµένα σε υλικό σχετικής διηλεκτρικής σταθεράς εB

α0(ω) = 4πεBS
3 εm(ω)− εB
εm(ω) + 2εB

. (1.2)

Οι κβαντικοί εκποµποί µοντελοποιούνται ως πλασµατικά σηµειακά δίπολα µηδενικής πο-

λωσιµότητας τοποθετηµένα εκτός της συλλογής των µεταλλικών ΝΣ. Σε αυτό το ϐήµα το

παραπάνω ¨γυµνό¨ σύστηµα περιγράφεται µέσω της µεθόδου CDM .

΄Αρχικά υπολογίζεται το (τοπικό) ηλεκτρικό πεδίο στις ϑέσεις των πλασµατικών ση-
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µειακών διπόλων (ΚΕ) ως το άθροισµα του άµεσα προσπίπτοντος πεδίου µε το πεδίο που

σκεδάζεται από όλα τα µεταλλικά νανοσωµατίδια και προσκρούει στις ϑέσεις των πλασµα-

τικών σηµειακών διπόλων, όπως περιγράφεται από την επόµενη εξίσωση

En(ω) = Einc
n (ω) +

ω2

c2

M∑
j

GB
nj(ω) ·Pj(ω). (1.3)

Στην παραπάνω εξίσωση το τοπικό πεδίο En(ω) που αισθάνεται ένα πλασµατικό δίπο-

λο είναι το άθροισµα του πεδίου που προσπίπτει άµεσα σε αυτό Einc
n (ω) και του πεδίου

ω2

c2

∑M
j GB

nj(ω) · Pj(ω) που σκεδάζεται από τη συλλογή των (πραγµατικών) σηµειακών

διπόλων των µεταλλικών νανοσωµατιδίων. GB
nj είναι ο τανυστής Green του άπειρου οµοιο-

γενούς χώρου που χαρακτηρίζεται από σχετική διηλεκτρική σταθερά εB µεταξύ του n-στού

πλασµατικού σηµειακού διπόλου και του j-στου (πραγµατικού) σηµειακού διπόλου της

συλλογής των ΜΝΣ. Pj(ω) είναι η διπολική ϱοπή του j-στου (πραγµατικού) σηµειακού

διπόλου η οποία µπορεί να υπολογιστεί από τις συνήθεις εξισώσεις της µεθόδου CDM .

Στο πλαίσιο της CDM µπορεί κανείς να υπολογίσει τον πλήρη ηλεκτροµαγνητικό δυα-

δικό τανυστή Green G(ω) µιας συλλογής από M νανοσωµατίδια µέσω [83]

M∑
k

[
δik −

ω2

c2
αk(ω) ·GB

ik(ω)

]
·Gkj(ω) = GB

ij(ω). (1.4)

Ωστόσο για τη συναρµογή της CDM µε τη µέθοδο πολλαπλής σκέδασης πολαριτονικών

τελεστών αρκεί να υπολογιστούν οι κάτωθι τανυστές Gnn (ω) ≡ G (rn, rn;ω), Gmn (ω) ≡

G (rm, rn;ω), Gdn (ω) ≡ G (rd, rn;ω) ≡ G (R, rn;ω), όπου τα n,m αφορούν ϑέσεις N

κβαντικών εκποµπών, και rd ≡ R αφορά τη ϑέση του ανιχνευτή της διάταξης. Σε αυτό

το ϐήµα όλα τα παραπάνω µοντελοποιούνται ως πλασµατικά σηµειακά δίπολα µηδενι-

κής πολωσιµότητας, και εν γένει µπορεί κανείς να υπολογίσει το Gnn (ω) επιλύοντας το
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παρακάτω γραµµικό σύστηµα 3(M + 1) εξισώσεων

M+1∑
k

[
δik −

ω2

c2
αk(ω) ·GB

ik(ω)

]
·Gkj(ω) = GB

ij(ω), (1.5)

N ϕορές, µια ϕορά για κάθε πλασµατικό δίπολο [το επιπλέον (M + 1)-στο πλασµατικό

δίπολο στο παραπάνω άθροισµα που αντιστοιχεί σε κάθε έναν από τους N κβαντικούς

εκποµπούς].

Με τον ίδιο τρόπο, µπορεί κανείς να υπολογίσει το Gmn (ω) και Gdn (ω) (εν γένει

Gff ′ (ω) επιλύοντας το παρακάτω γραµµικό σύστηµα 3(M + 2) εξισώσεων

M+2∑
k

[
δik −

ω2

c2
αk(ω) ·GB

ik(ω)

]
·Gkj(ω) = GB

ij(ω), (1.6)

F (F − 1) = (N + 1)N ϕορές, µια ϕορά για κάθε Ϲεύγος µη ταυτόσηµων πλασµατικών

δίπολων [τα επιπλέον (M + 1)-στο και (M + 2)-στο δίπολα στο παραπάνω άθροισµα που

αντιστοιχούν σε τέτοιο Ϲεύγος µέσα στη συλλογή από τα F πλασµατικά δίπολα]. Στη

συνέχεια παρουσιάζεται το δεύτερο ϐήµα της µεθόδου και η συναρµογή του µε το πρώτο.

Ο µακροσκοπικός ϕορµαλισµός κβαντικής ηλεκτροδυναµικής [84,85] είναι ϐασισµένος

σε ένα µοντέλο Hopfield για το υλικό (νανοσωµατίδια και διηλεκτρικό), τα οποία αλληλε-

πιδρούν µε το ϕως µέσω δεύτερης κβάντωσης και ένα λουτρό αρµονικών ταλαντωτών το

οποίο λαµβάνει υπόψη του τις απώλειες. Η διαδικασία που ακολουθείται έχει ως αφετηρία

της, την παρακάτω διαγωνοποιηµένη Χαµιλτονιανή ελάχιστης σύζευξης.

H =

∫
d3r

∫ ∞
0

dωf~ωf f̂ †(r, ωf ; t) · f̂(r, ωf ; t) +
N∑
n=1

~
2

Ωnσ̂
z
n(t)

−
N∑
n=1

[
σ̂+
n (t) + σ̂−n (t)

]
Pn · F̂(rn; t). (1.7)

Εδώ ο πρώτος όρος της Χαµιλτονιανής περιλαµβάνει τους πολαριτονικούς διανυσµατι-
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κούς πεδιακούς τελεστές f̂(r, ωf ; t) και αντιπροσωπεύει τις στοιχειώδεις διεγέρσεις του

συστήµατος ϕωτός-ύλης. Οι κβαντικοί εκποµποί εισάγονται πλέον ως πραγµατικά ση-

µειακά δίπολα µε διπολική ϱοπή Pn και ϕυσική συχνότητα Ωn. µέσω των τελεστών Pauli

στον δεύτερο όρο της Χαµιλτονιανής. Ο τρίτος όρος αντιπροσωπεύει τη σύζευξη µεταξύ

της συλλογής των κβαντικών εκποµπών και του ¨γυµνού¨ συστήµατος (νανοσωµατίδια και

διηλεκτρικό). Αυτό επιτυγχάνεται µέσω του τελεστή ηλεκτρικού πεδίου F̂(r; t) (στις ϑέσεις

των κβαντικών εκποµπών), ο οποίος γράφεται ως

F̂(r; t) = F̂(+)(r; t) + F̂(−)(r; t) (1.8)

F̂(+)(r; t) =

∫ ∞
0

dωf F̂(r, ωf ; t) (1.9)

F̂(r, ωf ; t) = i

√
~
πε0

ω2
f

c2

∫
d3r′

√
=m [εm(r′, ωf )]G(r, r′, ωf ) · f̂(r′, ωf ; t). (1.10)

G(r, r′;ωf ) είναι η δυαδική συνάρτηση Green του ¨γυµνού¨ συστήµατος (νανοσωµατίδια

και περιβάλλον διηλεκτρικό), η οποία όπως δείξαµε παραπάνω, µπορεί να υπολογιστεί στα

πλαίσια της µεθόδου συζευγµένων διπόλων. εm(r, ω) είναι η διηλεκτρική συνάρτηση των

νανοσωµατιδίων. Αναδιατυπώνοντας το πρόβληµα ώς ένα πρόβληµα πολλαπλής σκέδασης

[75], µπορούµε να εξάγουµε µια εξίσωση τύπου Lippman-Schwinger για τον πεδιακό

τελεστή F̂, όπου οι κβαντικοί εκποµποί εµφανίζονται ως σηµειακοί σκεδαστές και τελεστές

κβαντικών πηγών,

F̂(r;ω) = Ê0(r, ω) +
N∑
n=1

K(r, rn, ω) ·
(
Ŝn(ω) + Vn(ω) · F̂(rn;ω)

)
. (1.11)

Στην παραπάνω εξίσωση Ê0(r;ω) είναι ο συνολικός πεδιακός τελεστής των γυµνών νανο-

σωµατιδίων, που συµπεριλαµβάνει προσπίπτοντα και σκεδαζόµενα πεδία (τα οποία υπο-

λογίζονται µε κλασσικό τρόπο). Οι κβαντικοί εκποµποί εµφανίζονται ως κβαντικές πηγές
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µέσω των τελεστών Ŝn, όπου Vn είναι τα δυναµικά σκέδασης, ενώ παράλληλα έχουµε

και την ανάδειξη της γενικευµένης δυαδικής συνάρτησης Green του ϑωρακισµένου (µε

κβαντικούς εκποµπούς) συστήµατος K, η οποία σχετίζεται µε τη συνάρτηση Green του

¨γυµνού¨ συστήµατος (νανοσωµατίδια εµβαπτισµένα σε διηλεκτρικό) µέσω των σχέσεων

Kramers-Kronig

K(r, r′;ω) = G(r, r′;ω)− c2δ(r− r′)

ω2ε(r)
. (1.12)

Σε όλα τα παρακάτω, rm, rn είναι τα διανύσµατα ϑέσης των κβαντικών εκποµπών και

R είναι το διάνυσµα ϑέσης ενός ανιχνευτή στην περιοχή του µακρινού πεδίου. Χρησιµο-

ποιώντας συνήθεις τεχνικές πολλαπλής σκέδασης, η Εξ. (1.11) µπορεί να γραφτεί ως

F̂(r;ω) = F̂i(r;ω) +
N∑

m,n=1

K(r, rm;ω) ·T(N)
mn (ω) · F̂i(rn;ω). (1.13)

Εδώ, F̂i(r;ω) είναι το απευθείας προσπίπτον πεδίο

F̂i(r;ω) = Ê0(r;ω) +
N∑
n=1

K(r, rn;ω) · Ŝn(ω), (1.14)

TN
mn(ω) είναι ο πίνακας σκέδασης Τ που ευθύνεται για τα άπειρα το πλήθος γεγονότα

σκέδασης που λαµβάνουν χώρα εξαιτίας µιας συλλογής από N κβαντικούς εκποµπούς.

Με όλους τους παραπάνω ορισµούς µπορούµε να αποµονώσουµε έναν όροN-σκέδασης

και σε έναν όρο πηγής από τον συνολικό πεδιακό τελεστή F̂ , επιτρέποντας τον ορισµό δύο

¨θωρακισµένων¨ δυαδικών συναρτήσεων Green , συγκεκριµένα τον ϑωρακισµένο τανυστή

Green N-σκέδασης σχετικό µε το πρόβληµα της σκέδασης

G
(N)
scatt(r, rn;ω) =

N∑
m=1

K(r, rm;ω) ·T(N)
mn (ω), (1.15)

και τον ϑωρακισµένο τανυστή Green N-σκέδασης σχετικό µε το πρόβληµα του ϕθορισµού
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των κβαντικών εκποµπών.

G(N)
source(r, rn;ω) = K(r, rn;ω) +

N∑
m,p=1

K(r, rm, ω) ·T(N)
mp (ω) ·K(rp, rn;ω). (1.16)

Ο τανυστής Green της Εξ.(1.16) έχει πειραµατική αξία διότι είναι άµεσα συσχετισµένος

µε το σήµα ενός ανιχνευτή τοποθετηµένου στο r = R, και περιγράφει την πλήρη διάδοση

από τον n-οστό κβαντικό εκποµπό προς τον ανιχνευτή, δίνοντάς µας το ϕάσµα ϕωτός

S(R, ω) [69]

S(R, ω) =

〈[
F̂(R, ω)

]†
·
[
F̂(R, ω)

]〉
. (1.17)

Το ϕάσµα του n0-οστού ΚΕ που διεγείρεται αρχικά υπολογίζεται ξεχωριστά

Sn0(R, ω) =
∑
n

∣∣∣∣ ω2

ε0c2
G(N)
source(R, rn;ω) ·Pn

∣∣∣∣2( δn,n0

|ω − Ωn|2
+

1− δn,n0

|ω + Ωn|2
+

δn,n0

|ω + Ωn|2

)
.

(1.18)

Κατόπιν αθροίζουµε ασύµφωνα πάνω σε όλους τους κβαντικούς εκποµπούς n0 µε σκοπό

να πάρουµε το ϕάσµα ϕωτός που πηγάζει από όλους τους κβαντικούς εκποµπούς και

προσµετράται στη ϑέση του ανιχνευτή,

S(R, ω) =
N∑
n0

|bn0|
2 Sn0(R, ω), (1.19)

Εδώ, bn0 = Pn0 · E0(rn0 , ω). E0 είναι το (κλασσικό) πλάτος του συνολικού (τοπικού)

Ε-πεδίου ενός εισερχόµενου επίπεδου κύµατος το οποίο σκεδάζεται από τα νανοσωµα-

τίδια (και προσπίπτει στις ϑέσεις των κβαντικών εκποµπών) και µπορεί να υπολογιστεί

στα πλαίσια της µεθόδου CDM µέσω της Εξ.(1.3). Για να υπολογιστεί ο G
(N)
source(R, rn;ω),

χρειάζεται κανείς να υπολογίσει τις ποσότητες G (rn, rn;ω), G (rn, rm;ω), G (R, rm;ω),

εκ των οποίων όλες µπορούν να υπολογιστούν στα πλαίσια της CDM µέσω των εξισώσεων

[(1.5)-(1.6)].
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Η συγκεκριµένη µέθοδος εφαρµόζεται στην περίπτωση γραµµικών δυαδικών µονοδι-

άστατων πλεγµάτων (αλυσίδων) µεταλλικών ΝΣ και ΚΕ. Οι κβαντικοί εκποµποί είναι τοπο-

ϑετηµένοι στο µέσον της απόστασης µεταξύ δύο διαδοχικών µεταλλικών νανοσωµατιδίων.

Μελετούµε πλέγµατα µε πεπερασµένο αριθµό N διµερών. Τα µεταλλικά νανοσωµατίδια

έχουν ακτίνα 7 nm και είναι από άργυρο µε τη διηλεκτρική τους συνάρτηση να δίνεται

από το µοντέλο Drude

ε(ω) = ε∞ −
ω2
p

ω(ω + iγp)
(1.20)

µε ε∞ = 4.6, ωp = 9eV, γp = 0.1eV . Οι κβαντικοί εκποµποί (οργανικά µόρια) µοντε-

λοποιούνται ως σηµειακά δισταθµικά συστήµατα µε συχνότητα µετάβασης ω0 (η οποία

µεταβάλλεται παραµετρικά στους υπολογισµούς που ακολουθούν), ϱυθµό αποδιέγερσης

γqe = 15meV και διπολική ϱοπή µετάβασηςP = 0.19e·nm. Το πλέγµα είναι εµβαπτισµένο

σε ένα περιβάλλον µέσο µε διηλεκτρική σταθερά εB = 2.13. Η αλυσίδα ακτινοβολείται από

ένα επίπεδο κύµα το οποίο προσπίπτει κάθετα στον άξονα της αλυσίδας και το αντίστοιχο

ηλεκτρικό πεδίο είναι παράλληλο µε τον άξονα της αλυσίδας.

Einc
0 = Einc

0 e−ik·zx̂, k = ω
√
εB/c (1.21)

Οι διπολικές ϱοπές µετάβασης των οργανικών µορίων είναι επίσης παράλληλες µε τον

άξονα της αλυσίδας. Αρχικά υποθέτουµε ότι η απόσταση µεταξύ των επιφανειών δύο

γειτονικών µεταλλικών νανοσωµατιδίων είναι 2 nm ενώ ο κβαντικός εκποµπός ϐρίσκεται

στο µέσον αυτής της απόστασης. Το ϕάσµα ϕωτός υπολογίζεται από την Εξ. (1.19) σε

(ϑεωρητικά) άπειρη απόσταση από την άκρη της αλυσίδας και κατά µήκος αυτής ώστε να

συλλάβει µόνο τις συνιστώσες µακρινού πεδίου του ϕωτός.

Στα σχήµατα 1.2, 1.3,1.4 δείχνουµε τα ϕάσµατα (σε αυθαίρετες µονάδες) για αλυσίδες

µε διαφορετικό αριθµό από διµερή ΚΕ-ΝΣ (N = 3, 6, 10) για την ίδια απόσταση µετα-

ξύ επιφανειών δύο γειτονικών ΝΣ (2 nm). Αυτό που χαρακτηρίζει όλα τα διαγράµµατα
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ϕασµάτων είναι µια περιοχή αντιδιέλευσης µεταξύ του εξιτονικού συντονισµού (οργανι-

κό µόριο στην περίπτωση µας) και των πλασµονικών συντονισµών του νανοσωµατίδιου

αργύρου. Ο ενεργειακός διαχωρισµός σε αυτή την περιοχή αντιδιέλευσης ορίζει τον επο-

νοµαζόµενο διαχωρισµό Rabi και είναι µια συνήθης ιδιότητα της αλληλεπίδρασης µεταξύ

δύο συζευγµένων (κλασσικών ή κβαντικών) αρµονικών ταλαντωτών [10]. Στην περίπτωση

µας ο διαχωρισµός Rabi είναι της τάξης του 0.1 eV . Η δοµή του ηλεκτροµαγνητικού

τρόπου ταλάντωσης εντός της περιοχής αντιδιέλευσης παρουσιάζει χαρακτηριστικά και

των επιφανειακών πλασµονίων αλλά και των εξιτονικών συντονισµών, που δικαιολογεί την

ονοµασία του νέου τρόπου ταλάντωσης ως πλεξιτονικού [10]. Μακριά από αυτή τη ϕα-

σµατική περιοχή, ο τρόπος ταλάντωσης έχει τα χαρακτηριστικά του συντονισµού καθενός

από τα επιµέρους συστατικά του διµερούς ΚΕ-ΝΣ. Προφανώς, υπάρχουν περισσότερες

από µια περιοχές αντιδιέλευσης παρούσες, µε τον αριθµό τους να αυξάνει καθώς αυξάνε-

ται ο αριθµός των διµερών ΚΕ-ΝΣ στην αλυσίδα. Πρόκειται, από όσο γνωρίζουµε, για

την πρώτη εκδήλωση πλειάδας πλεξιτονικών καταστάσεων και πηγάζει από τη διάταξη των

διµερών σε µια γραµµική αλυσίδα. Συγκεκριµένα, η ηλεκτροµαγνητική δοµή της γραµ-

µικής αλυσίδας είναι αποτέλεσµα του υβριδισµού των µεµονωµένων πλεξιτονικών τρόπων

ταλάντωσης που έχουν το επίκεντρο τους σε κάθε διµερές. Με έναν τρόπο παρόµοιο µε

αυτόν του µοντέλου ισχυρά δέσµιων (εντοπισµένων) ηλεκτρονίων σε µονωτές, ο πλεξιτονι-

κός τρόπος ταλάντωσης καθενός διµερούς, επικαλύπτεται µε τους αντίστοιχους τρόπους

γειτονικών διµερών (για µια γραµµική αλυσίδα µε τους γείτονες δεξιά και αριστερά), κα-

ταλήγοντας σε έναν µηχανισµό µεταπήδησης, ο οποίος για µια πεπερασµένη αλυσίδα

από διµερή, γεννά µια πολλαπλότητα από πλεξιτονικούς συντονισµούς εντός µιας πεπε-

ϱασµένης ϕασµατικής περιοχής. Αυτοί οι πλεξιτονικοί συντονισµοί εκδηλώνονται ως µια

σειρά από περιοχές αντιδιέλευσης στα αντίστοιχα ϕάσµατα σκέδασης ϕωτός. Ο αριθµός

των υβριδισµένων πλεξιτονικών συντονισµών είναι ίσος µε τον αριθµό των διµερών όπως

ϕαίνεται και από το Σχ. 1.5 που απεικονίζει το ϕάσµα για µια συχνότητα συντονισµού
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ΚΕ, π.χ. ~ω0 = 1.98 eV του αντίστοιχου ϕάσµατος του Σχ. 1.4. Προφανώς, ο αριθµός

των παρατηρήσιµων κορυφών (δέκα) είναι ίδιος µε τον αριθµό των διµερών ΚΕ-ΝΣ. Πρέπει

να τονίσουµε ωστόσο ότι δεν µπορεί να προσµετρήσει κανείς εύκολα τους διαφορετικούς

πλεξιτονικούς συντονισµούς από τα ϕάσµατα των Σχ. 1.2-1.4 καθώς είναι συχνό ϕαινόµε-

νο δύο περιοχές αντιδιέλευσης να επικαλύπτονται όπως στην περίπτωση του Σχ. 1.4 γύρω

από τη συχνότητα ~ω = ~ω0 ' 1.5 eV . Για ένα άπειρο περιοδικό πλέγµα από διµερή

ΚΕ-ΝΣ κανείς περιµένει το σχηµατισµό µιας Ϲώνης πλεξιτονικών συχνοτήτων. Στο Σχ. 1.6

δείχνουµε τα ϕάσµατα σκέδασης για γραµµικές αλυσίδες αποτελούµενες από 10 διµερή

ΚΕ-ΝΣ, για διαφορετικές αποστάσεις µεταξύ ΝΣ. Παρατηρούµε ότι καθώς ο διαχωρισµός

µεταξύ δυο γειτονικών ΝΣ αυξάνεται, η ενεργός περιοχή εντός της οποίας εµφανίζονται

οι πλεξιτονικές περιοχές αντιδιέλευσης γίνεται περισσότερο συµπαγής και οι αντίστοιχοι

πλεξιτονικοί συντονισµοί εντοπίζονται σε µια στενότερη ϕασµατική περιοχή. Αυτό ανα-

µένεται καθώς η επικάλυψη µεταξύ γειτονικών πλεξιτονίων εξασθενεί µε την αύξηση της

απόστασης µεταξύ των διµερών. Σε ένα κανονικό πείραµα, για να µπορέσουν να κατα-

Σχήµα 1.1: ∆ιάταξη: Μια γραµµική δυαδική αλυσίδα αποτελούµενη από εναλλασσόµενα
µεταλικά νανοσωµατίδια και κβαντικούς εκποµπούς. Η διάταξη ακτινοβολείται από κάθετα
προσπίπτον ϕως ενώ το ηλεκτρικό πεδίο είναι πολωµένο κατά τον άξονα της αλυσίδας. Τα
µεταλλικά νανοσωµατίδια είναι από άργυρο ενώ οι κβαντικοί εκποµποί είναι οργανικά
µόρια.
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Σχήµα 1.2: Φάσµα [όπως έχουν υπολογιστεί από την Εξ. (1.19)] για δυαδικές γραµµικές
αλυσίδες διµερών ΝΣ-ΚΕ µε N = 3. Η απόσταση µεταξύ των επιφανειών δύο διαδοχικών
ΝΣ είναι 2 nm µε κάθε ΚΕ να τοποθετείται στο κέντρο αυτής της απόστασης.

µετρηθούν οι διαφορετικοί πλεξιτονικοί συντονισµοί, οι αντίστοιχοι διαχωρισµοί Rabi ϑα

πρέπει να είναι µεγαλύτεροι από τα εύρη των κορυφών των επιφανειακών πλασµονίων και

των εξιτονικών καταστάσεων [10].
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Σχήµα 1.3: Το ίδιο µε το Σχ. 1.2 αλλά για N = 6.

Σχήµα 1.4: Το ίδιο µε το Σχ. 1.2 αλλά για N = 10.
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Σχήµα 1.5: Φάσµα για N = 10 (Σχ. 4.4) και ~ω0 = 1.98 eV .

1.4 Συστηµατικοί υπολογισµοί πλεξιτονικών

σχηµατισµών σε γραµµικές αλυσίδες κβαντικών

εκποµπών και µεταλλικών νανοσωµατιδίων

Στο κεφάλαιο 5 παρουσιάζουµε εκτεταµένους υπολογισµούς των πλεξιτονικών χαρακτη-

ϱιστικών από αλυσίδες διµερών ΚΕ-ΝΣ. Συγκεκριµένα, µοντελοποιούµε την µετατόπιση

προς το ερυθρό των κύριων πλεξιτονικών συντονισµών (ΚΠΣ) (εκείνων δηλαδή που έχουν

το ισχυρότερο σήµα στο ϕάσµα σκέδασης) για αλυσίδες αποτελούµενες από 1 ως και 10

διµερή. Ειδικότερα, η πλασµονική µετατόπιση προς το ερυθρό καθενός ΚΠΣ µοντελοποι-

ήθηκε στη ϐάση ενός εκθετικού εµπειρικού τύπου ο οποίος περιγράφει µε ακρίβεια την

µετατόπιση συχνότητας σε αλυσίδες αποτελούµενες εξ΄ ολοκλήρου από µεταλλικά νανοσω-

µατίδια [110], και επιτρέπει τον προσδιορισµό ενός ασυµπτωτικού ελάχιστου συντονισµού

για µήκος αλυσιδών αποτελούµενες από 20 διµερή, σε συµφωνία µε τα αποτελέσµατα των

υπολογισµών του αριθµητικού κώδικα που χρησιµοποιούµε. Τα αριθµητικά αποτελέσµα-
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Σχήµα 1.6: Φάσµατα ϕωτός [υπολογισµένα από την Εξ. (1.19)] για γραµµικές αλυσίδες
N = 10 διµερών ΝΣ-ΚΕ, για διαφορετικές επιφανειακές αποστάσεις µεταξύ δύο γειτονικών
ΝΣ (2 nm: πάνω, 4 nm: µέση, 6 nm: κάτω).

τα µπορούν να αντιστοιχιστούν σε µια απλή Χαµιλτονιανή η οποία αποκαλύπτει ότι το

εύρος του διαχωρισµού Rabi ενός ΚΠΣ είναι ανάλογο του
√
N όπου N είναι ο αριθµός
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των διµερών που αποτελούν την αλυσίδα. Η προς µελέτη διάταξη είναι ίδια µε αυτή του

προηγούµενου κεφαλαίου όπως και οι αντίστοιχες γεωµετρικές και ϕυσικές παράµετροι

(Σχ.1.7).

Στην εργασία [110] µελετήθηκαν οι ιδιότητες σκέδασης του ϕωτός για γραµµικές αλυ-

σίδες νανοσωµατιδίων χρυσού αποτελούµενες από ένα εως και έξι ΝΣ µε απόσταση 1 nm

µεταξύ τους. Στα πειραµατικά δεδοµένα εφαρµόστηκε ένα εκθετικό µοντέλο το οποίο ε-

πέτρεψε τον προσδιορισµό ένος µέγιστου ασυµπτωτικού συντονισµού για αλυσίδες µήκους

10-12 νανοσωµατιδίων. Συγκεκριµένα, η πειραµατικά παρατηρήσιµη µετατόπιση προς το

ερυθρό του διαµήκους συζευγµένου τρόπου ταλάντωσης ϐρέθηκε να ακολουθεί µια εκθετι-

κή τάση σε συµφωνία µε τα ϑεωρητικά µοντέλα των Maier κ.α. [115] και Fung κ.α. [116].

Η εκθετική τάση σταθεροποιείται για αλυσίδες µήκους 10 περίπου νανοσωµατιδίων, σε

συµφωνία µε ϑεωρητικές προβλέςψεις που αφορούν αλυσίδες ΝΣ µε µικρές διασωµατιδια-

κές αποστάσεις (< 5 nm ) χρησιµοποιώντας αυστηρές προσεγγίσεις [106, 117–119]. Το

εκθετικό µοντέλο που χρησιµοποιήθηκε στην εργασία [110] ήταν το παρακάτω

λ = λ0 + (λ∞ − λ0)
(
1− e−τ/N

)
, (1.22)

όπου λ0 είναι το πειραµατικό µήκος κύµατος του επιφανειακού πλασµονίου ενός µεµο-

νωµένου σωµατιδίου στις αντίστοιχες πειραµατικές συνθήκες, λ∞ είναι το προβλεπόµενο

ασυµπτωτικό µήκος κύµατος µιας αλυσίδας απείρου µήκους, N είναι το µήκος της αλυ-

σίδας, και τ είναι η παράµετρος προσαρµογής. Εφαρµόσαµε µια αντίστοιχη προσέγγιση

για την υβριδική αλυσίδα ΚΕ-ΝΣ, όπου το εκθετικό µοντέλο που περιγράφει την πλασµονι-

κή µετατόπιση προς το ερυθρό (Σχ.1.10) προέκυψε κατά αναλογία µε αυτό της Εξ. (1.22)

αλλά στο χώρο των συχνοτήτων (eV),

ωNMPR ≡ ωMPR(N) = ωSMPR −
(
ωc − ωSMPR

) (
1− e−τN

)
(1.23)
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Εδώ, ωSMPR η πλασµονική συχνότητα του (µοναδικού) ΚΠΣ που αντιστοιχεί σε ένα διµε-

ϱές, η συχνότητα του οποίου, για το υβριδικό σύστηµα που µελετούµε είναι ωSMPR ≈3.01

eV (ϐλ. Σχ.1.10). ωc είναι µια κρίσιµη συχνότητα που σχετίζεται µε την ασυµπτωτική

συχνότητα του πλασµονίου ενός µεταλλικού ΝΣ που αντιστοιχεί σε µια υβριδική αλυσίδα

απείρου µήκους µέσω της σχέσης ωN→∞MPR = 2ωSMPR − ωc, N είναι ο αριθµός των διµερών

της αλυσίδας, και τ είναι, µια παράµετρος προσαρµογής. Πρέπει να σηµειωθεί ότι η

Εξ. (1.23) εξήχθη κατ΄ αναλογία µε αυτήν της Εξ.(1.22), και η ακριβής πλασµονική µε-

τατόπιση προς το ερυθρό µπορεί να µην κλιµακώνεται απαραίτητα κατά e−τN , διότι στην

περίπτωσή µας δεν έχουµε αλυσίδα µεταλλικών ΝΣ αλλά αλυσίδα αποτελούµενη από δι-

µερή ΚΕ-ΝΣ. Εποµένως οι πλασµονικές συχνότητες που µοντελοποιούνται, συµµετέχουν

στο σχηµατισµό πλεξιτονίων (ΚΠΣ), κάτι που αναµένεται να αντικατοπτριστεί στο µοντέλο

µας.

Τα ϕάσµατα σκέδασης για αλυσίδες µήκους 1-10 διµερών επανυπολογίστηκαν στην

περιοχή συχνοτήτων όπου οι πλεξιτονικοί συντονισµοί λαµβάνουν χώρα (0.9 - 3.6 eV )

χρησιµοποιώντας το ίδιο πλέγµα συχνοτήτων µε πριν, µε σκοπό να αναγνωριστούν οι

συχνότητες των ΚΠΣ όσο ακριβέστερα γίνεται, και να τις χρησιµοποιήσουµε κατά τη δια-

δικασία προσαρµογής της Εξ.(1.23). Επίσης υπολογίστηκαν από την αρχή τα ϕάσµατα

για αλυσίδες µε Ν > 10 στο ίδιο εύρος συχνοτήτων µε τα διµερή ώστε να ελέγξουµε την

προσαρµογή των δεδοµένων στην Εξ.(1.23). Το σχ. 1.9 απεικονίζει τα ϕάσµατα ϕωτός

για αλυσίδες 3,6, και 9 διµερών στο νέο εύρος συχνοτήτων ενώ το Σχ.(1.11) δείχνει την

εκθετική τάση της µετατόπισης προς το ερυθρό. Η αριθµητική προσαµρογή έλαβε χώρα

για µέγιστο µήκος αλυσίδας N = 10 διµερή και ϐρέθηκε να ϐελτιώνεται σηµαντικά µε την

προσθήκη ενός όρου διόρθωσης της µορφής τ2

∑(
1
N

)m όπου m είναι ο αριθµός των όρων

διόρθωσης

ωNMPR = ωSMPR −
(
ωc − ωSMPR

) (
1− e−τ1N+τ2

∑
( 1
N )

m)
. (1.24)

Το Σχ.1.11 δείχνει τη συµπεριφορά του µοντέλου προσαρµογής για τους όρους διόρ-
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ϑωσης m = 1,m = 2,m = 3. Είναι εµφανές ότι η µοντελοποιηµένη µετατόπιση προς

το ερυθρό για το µήκος της αλυσίδας που επιλέξαµε να εκτελέσουµε την προσαρµοργή,

δεν µεταβάλλεται σηµαντικά µε την εισαγωγή των επιπλέον όρων. Αντίθετα, µε αυτές τις

προσθήκες, ϐελτιώνεται η προσέγγιση της ασυµπτωτικής συµπεριφοράς. Ανεξαρτήτως της

τάξης διόρθωσης, το ωc ϐρίσκεται στην περιοχή 4.68 eV - 4.73 eV (Σχ.1.8) που υποδει-

κνύει την αρχική µας παρατήρηση περί της ύπαρξης συχνότητας αποκοπής. Η αντίστοιχη

ασυµπτωτική συχνότητα ωN→∞MPR ϐρίσκεται κατά προσέγγιση στην περιοχή µεταξύ 1.3 και

1.35 eV . ΄Ενας παράγοντας για την επιλογή των όρων διόρθωσης m είναι το πλέγµα συ-

χνοτήτων. Για όλους τους παραπάνω υπολογισµούς όπου χρησιµοποιήσαµε ένα πλέγµα

διακριτοποίησης 201 × 201 ϐηµάτων στο χώρο των συχνοτήτων, ϐρήκαµε πως η εισαγωγή

δύο όρων διόρθωσης επαρκεί για να συλλάβει επαρκώς την ασυµπτωτική συµπεριφορά

της µετατόπισης προς το ερυθρό.

Μπορούµε να χρησιµοποιήσουµε ένα απλό µοντέλο Χαµιλτονιανής για να προσεγ-

γίσουµε τη συµπεριφορά των ΚΠΣ καθεµίας µεµονωµένης αλυσίδας

HN =

ωMPR(N)− iγp/2 g
√
N

g
√
N ω0 − iγqe/2

 . (1.25)

Εδώ ωMPR(N) είναι η πλασµονική συχνότητα που αντιστοιχεί στον κύριο πλεξιτονικό

συντονισµό κάθε αλυσίδας αποτελούµενης από N διµερή, όπως αυτή έχει προσδιοριστεί

µέσω της Εξ.(1.24) όπου επιλέξαµε τις ϐέλτιστες παραµέτρους για m = 2 (ωc = 4.71

eV , τ1 = 0.234 και τ2 = 0.12 ). ω0 είναι η εξιτονική συχνότητα των ΚΕ και g είναι

η σταθερά σύζευξης πλασµονίου-εξιτονίου που προκύπτει από τον διαχωρισµό Rabi και

υπολογίζεται από τον ενεργειακό διαχωρισµό στην περιοχή αντιδιέλευσης του ϕάσµατος

εκποµπής για ένα µόνο διµερές. Σε αυτήν την περίπτωση, όπως ϕαίνεται από το Σχ.1.10,

ο διαχωρισµός Rabi είναι ≈0.04 eV (FWHM). Το g υπολογίζεται κοντά στο συντονισµό

35



µέσω της εξίσωσης [10]

ω± = ω0 − i
γp
4
− iγqe

4
± 1

2

√
A−

(γp
2
− γqe

2

)2

(1.26)

και

∆ω =

√
A−

(γp
2
− γqe

2

)2

, (1.27)

g2 ≡ A = (∆ω)2 +
(γp

2
− γqe

2

)2

, (1.28)

δίνοντας g ≈ 0.06 eV . Στο Σχ.1.12 παρουσιάζουµε αποτελέσµατα για τις περιπτώσεις

αλυσίδας µε 5 και 10 διµερή. Μπορεί κανείς να παρατηρήσει ότι ο ενεργειακός διαχω-

ϱισµός στην περιοχή αντιδιέλευσης κλιµακώνεται κατά
√
N (Σχ.1.12) σχετικά καλά. Κάτι

παρόµοιο έχει παρατηρηθεί σε µελέτες υβριδικών συστηµάτων αποτελούµενα από ένα ΝΣ

και πολλούς ΚΕ στην περιοχή της ισχυρής σύζευξης, όπου εκεί ο διαχωρισµός στην περιο-

χή του συντονισµού [10] κλιµακώνεται κατά
√
N/V . Σε αυτή την περίπτωση ωστόσο, N

είναι ο αριθµός των ΚΕ που συνεισφέρουν στου υβριδικό σύστηµα ενώ στη µελέτη µαςN ε-

ίναι ο αριθµός των διµερών ΚΕ-ΜΝΣ. Επιθεωρώντας το Σχ. 1.13, παρατηρούµε ότι, καθώς

ο αριθµός των διµερών της αλυσίδας αυξάνεται, ο ολοένα αυξανόµενος αριθµός πλεξιτονίων

που µετατοπίζονται προς το ερυθρό εντοπίζεται σε µια ολοένα στενότερη περιοχή συχνο-

τήτων γεγονός που οδηγεί σε µια αλληλεπικάλυψη µεταξύ γειτονικών πλεξιτονικών τρόπων

ταλάντωσης. Αυτή η αλληλεπικάλυψη µεταξύ διαδοχικών περιοχών αντιδιέλευσης αντικα-

τοπτρίζεται στον άνω πλεξιτονικό κλάδο του Χαµιλτονιανού µοντέλου [Σχ.1.13 (Μέση)].

Συγκεκριµένα, συγκρίνοντας µε τον άνω πλεξιτονικό κλάδο του αντίστοιχου ϕάσµατος εκ-

ποµπής [Σχ.5.7 (Αριστερά)], αποκαλύπτεται µια σχετική µετατόπιση µεταξύ των δυο, που

οφείλεται στον προοδευτικό συνωστισµό των πλεξιτονίων που συνεισφέρουν στην περιοχή

συχνοτήτων όπου εντοπίζεται ο ΚΠΣ, καθώς αυξάνεται το µήκος της αλυσίδας. ΄Ετσι, ο

κάτω πλεξιτονικός κλάδος του Χαµιλτονιανού µοντέλου χρησιµεύει ως οδηγός για τη ϕα-
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Σχήµα 1.7: Σύστηµα προς µελέτη : Μια γραµµική δυαδική αλυσίδα από διµερή µεταλ-
λικών ΝΣ (κίτρινο) - ΚΕ (πράσινο). Οι ΚΕ είναι τοποθετηµένοι στο µέσον (1 nm) της
απόστασης µεταξύ δύο διαδοχικών ΝΣ (2 nm) ακτίνας 7 nm, Τα ΝΣ είναι από άργυρο και
η διηλεκτρική τους συνάρτηση προκύπτει ϐάσει του µοντέλου Drude που παρουσιάστη-
κε στο προηγούµενο κεφάλαιο, µε ε∞ = 4.6, ωp = 9 eV, γp = 0.1 eV. Οι ΚΕ (οργανικά
µόρια) µοντελοποιούνται ως δισταθµικά σηµειακά συστήµατα µε συχνότητα µετάβασης ω0,
(η οποία µεταβάλλεται παραµετρικά στους υπολογισµούς), ϱυθµό αποδιέγερσης γqe = 15
meV και διπολική ϱοπή µετάβασης P = 0.19 e·nm. Οι διπολικές ϱοπές µετάβασης των
ΚΕ ϑεωρούνται παράλληλες µε τον άξονα της αλυσίδας, ενώ το πλέγµα είναι εµβαπτισµένο
σε ένα διηλεκτρικό διηλεκτρικής σταθεράς ed = 2.13. Κάθετα στον άξονα της αλυσίδας
προσπίπτει ένα επίπεδο κύµα µε το αντίστοιχο ηλεκτρικό πεδίο να είναι παράλληλο µε
τον άξονα αυτής Einc

0 = Einc
0 e−ik·zx̂. Το ϕάσµα ϕωτός υπολογίζεται [Εξ. (1.19)] σε (ϑεωρη-

τικά) άπειρη απόσταση από το άκρο και κατά µήκος του άξονα της αλυσίδας (πρακτικά σε
µεγάλη απόσταση) ώστε να συλλάβει τις συνιστώσες µακρινού πεδίου του ϕωτός.

σµατική ϑέση του ΚΠΣ µιας υβριδικής αλυσίδας αυθαίρετου µήκους (διµερή ΚΕ-ΝΣ), ενώ

ο άνω κλάδος χρησιµεύει ως δείκτης του πλήθους των αλληλεπικαλυπτόµενων πλεξιτονι-

κών τρόπων ταλάντωσης πλησίον του ΚΠΣ, καθώς αυξάνεται το µήκος της αλυσίδας.

37



1 2 3 4 5 6 7 8 9
 ω0 (eV)

1

2

3

4

5

6

7

8

9

ω
(e

V
)

1 2 3 4 5 6 7 8 9
 ω0 (eV)

1

2

3

4

5

6

7

8

9

ω
(e

V
)

1 2 3 4 5 6 7 8 9
 ω0 (eV)

1

2

3

4

5

6

7

8

9

ω
(e

V
)

10
-20

10
-18

10
-16

10
-14

10
-12

10
-10

10
-8

10
-6

a
.u

.

Σχήµα 1.8: Φάσµατα ϕωτός σε αυθαίρετες µονάδες για αλυσίδες αποτελούµενες από 3
(Αριστερά), 6 (Μέση), και 9 (∆εξιά) διµερή. Τα ϕάσµατα εκποµπής έχουν υπολογιστεί
µέσω ενός προγραµµατιστικού κώδικα που εφαρµόζει τη µέθοδο που περιγράφηκε στο
προηγούµενο κεφάλαιο, χρησιµοποιώντας µια διακριτοποίηση 201 ϐηµάτων στο χώρο
των συχνοτήτων, που αντιστοιχεί σε ένα πλέγµα 201x201 συχνοτήτων. Μια πλειάδα από
πλεξιτονικούς συντονισµούς εκδηλώνεται καθώς αυξάνεται το µήκος της αλυσίδας µε τον
κύριο πλεξιτονικό συντονισµό να είναι σηµαντικά ισχυρότερος από τους ασθενέστερους.
Επίσης, παρατηρείται µια ϕασµατική περιοχή (4.7 - 4.8 eV) όπου το ϕάσµα είναι ση-
µαντικά εξασθενηµένο. Το τελευταίο χαρακτηριστικό ϑα µπορούσε να υποδεικνύει µια
συχνότητα αποκοπής που παραπέµπει στο ασυµπτωτικό µήκος κύµατος µιας αλυσίδας
απείρου µήκους όπως συµβαίνει σε µελέτες αλυσιδών αποτελούµενες από ΝΣ.
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Σχήµα 1.9: Υπολογισµένα ϕάσµατα σε αυθαίρετες µονάδες για δυαδικές αλυσίδες αποτε-
λούµενες από 3 (Αριστερά), 6 (Μέση), και 9 (∆εξιά) για το µικρότερο εύρος συχνοτήτων που
αναφέρεται στο κείµενο. Η πολλαπλότητα των πλεξιτονικών συντονισµών είναι περισσότερο
εµφανής.
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Σχήµα 1.10: (Αριστερά) Φάσµα αλυσίδας αποτελούµενης από ένα διµερές. (Μέση) Α-
ντίστοιχη γραφική παράσταση του πραγµατικού µέρους των ιδιοτιµών της Εξ.(1.25). (∆ε-
ξιά) Το αντίστοιχο ϕάσµα εκποµπής υπολογισµένο για σταθερή τιµή (~ω0 ≈ 3.013 eV )
της συχνότητας κβαντικού εκποµπού που αντιστοιχεί στο µέγιστο του ϕάσµατος το οποίο
παρατηρείται στην ισοϋψή γραφική παράσταση (ΚΠΣ). Ο διαχωρισµός Rabi σε αυτή την
περίπτωση είναι ≈ 0.04 eV (FWHM).
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Σχήµα 1.11: (Αριστερά) Η συχνότητα ω του ϕάσµατος που αντιστοιχεί στον κύριο πλεξιτο-
νικό συντονισµό καθεµίας πλεξιτονικής αλυσίδας συναρτήσει του αριθµού των διµερών της
για το εύρος συχνοτήτων 0.9 - 3.6 eV. Οι τιµές για αλυσίδες που αποτελούνται από 1-10
διµερή (µωβ) χρησιµοποιήθηκαν για το fit, ενώ οι τιµές που αντιστοιχούν σε αλυσίδες 11-
20 διµερών (κυανό) χρησιµοποιήθηκαν ως τεστ για την αριθµητική προσαρµογή. (∆εξιά) Η
αριθµητική προσαρµογή των συχνοτήτων των ΚΠΣ που αντιστοιχούν σε αλυσίδες διµερών
µεταβλητού µήκος (1-10) (µωβ κύκλοι) µέσω της Εξ. (1.24). (Μαύρο) Η αριθµητική προ-
σαρµογή για m = 1 και ϐέλτιστες παραµέτρους ωc = 4.68 eV, τ1 = 0.249 και τ2 = 0.254,
(Κόκκινο) Προσαρµογή για m = 2 και ϐέλτιστες παραµέτρους ωc = 4.71 eV, τ1 = 0.234
και τ2 = 0.12.(Μπλε) Προσαρµογή για m = 3 και ϐέλτιστες παραµέτρους ωc = 4.73 eV,
τ1 = 0.225 και τ2 = 0.077.
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Σχήµα 1.12: (Πάνω). (Αριστερά) Φάσµα µιας αλυσίδας 5 διµερών. (Μέση) Γραφική πα-
ϱάσταση του πραγµατικού µέρους των ιδιοτιµών της χαµιλτονιανής του µοντέλου για ΚΠΣ.
(∆εξιά) Ο αντίστοιχος διαχωρισµός Rabi (FWHM) ∆ω ≈ 0.16 eV για τον κύριο πλεξιτονικό
συντονισµό. Η σταθερά σύζευξης της Εξ.(1.25) σε αυτήν την περίπτωση είναι g

√
5 που

αντιστοιχεί σε έναν διαχωρισµό Rabi [Εχ.(1.28)] ∆ω ≈ 0.13 eV . (Κάτω) Το ίδιο για µια
αλυσίδα αποτελούµενη από 10 διµερή. Εδώ το g

√
10 αντιστοιχεί σε έναν διαχωρισµό Rabi

∆ω ≈ 0.18 eV ενώ ο διαχωριµός Rabi που παρατηρείται στον κύριο πλεξιτονικό συντονισµό
(FWHM) είναι ∆ω ≈ 0.19 eV.
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Σχήµα 1.13: (Αριστερά) Φάσµατα και (Μέση) αντιστοίχιση των σχετικών ΚΠΣ στην
Εξ.(1.25), για αλυσίδες αποτελούµενες από (Πάνω) 15 και (Κάτω) 20 διµερή. Η Εξ.(1.25)
δεν µπορεί να αναδείξει πλήρως τον διαχωρισµό Rabi των ΚΠΣ εξαιτίας της αλληλεπικάλυ-
ψης µε γειτονικούς πλεξιτονικούς συντονισµούς καθώς το µέγεθος της αλυσίδας αυξάνει.
Αυτό είναι περισσότερο εµφανές από τα ϕάσµατα (∆εξιά) που έχουν υπολογιστεί για στα-
ϑερό ω0 που αντιστοιχεί σε κάθε ΚΠΣ.

1.5 Ισχυρή ηλεκτροµαγνητική σύζευξη σε διµερή

αποτελούµενα από νανοσωµατίδια τοπολογικών

µονωτών και κβαντικών εκποµπών

Στην εργασία [18], µελετήθηκε ο αντίκτυπος των τοπολογικά προστατευµένων (επιφανεια-

κών) καταστάσεων στις οπτικές ιδιότητες νανοσωµατιδίων τοπολογικών µονωτών (ΤΝΣ) και

διαφάνηκε πως, υπό την επίδραση του ϕωτός, ένα ηλεκτρόνιο σε µια τέτοια κατάσταση δη-
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µιουργεί µια επιφανειακή πυκνότητα ϕορτίου παρόµοια µε αυτή ενός πλασµονίου σε ένα

µεταλλικό νανοσωµατίδιο. Επιπλέον ένα τέτοιο ηλεκτρόνιο µπορεί να λειτουργήσει ως ένα

επίπεδο ϑωράκισης, εξασθενώντας την απορρόφηση µέσα στο σωµατίδιο ενώ, επιπλέον,

µπορεί να συζεύξει ϕωνόνια και ϕως, δηµιουργώντας µια νέα πολαριτονική κατάσταση

του τοπολογικού σωµατιδίου (Surface Topological-Particle mode - κατάσταση SToP ). Στο

κεφάλαιο 6 µελετούµε τη συµπεριφορά αυτού της κατάστασης επιφανειακού τοπολογικο-

ύ σωµατιδίου (SToP) στην περίπτωση που το ΤΝΣ αλληλεπιδρά ισχυρά µε έναν κβαντικό

εκποµπό (ΚΕ), υπολογίζοντας το ϕάσµα εκποµπής του συστήµατος. Βρίσκουµε συγκεκρι-

µένα ότι η κατάσταση SToP αλληλεπιδρά ισχυρά µε τον συντονισµό του ΚΕ δηµιουργώντας

µια υβριδική κατάσταση της οποίας το σήµα καθώς και η ϕασµατική ϑέση µπορούν να

ϱυθµιστούν µεταβάλλοντας το µεγέθος του ΤΝΣ.

Στο κεφάλαιο 6, χρησιµοποιήσαµε ένα σφαρικό νανοσωµατίδιο τοπολογικού µονωτή

από Bi2Se3 του οποίου η διηλεκτρική συνάρτηση αποτελείται από τη διηλεκτρική συνάρ-

τηση του Bi2Se3 [144] µε την προσθήκη ενός όρου που εξαρτάται από την ακτίνα του

νανοσωµατιδίου [18, 141, 145] για να λάβει υπόψη την επίδραση των τοπολογικά προ-

στατευµένων επιφανειακών καταστάσεων (εtinp = εinp + δR) . Το Σχ.1.14 περιγράφει τις

(γενικές) γεωµετρικές και ϕυσικές παραµέτρους του συστήµατος που χρησιµοποιούµε (1

διµερές ΤΝΣ-ΚΕ εµβαπτισµένο στο κενό), ενώ το Σχ.1.15 απεικονίζει την ενεργό διατοµή

απορρόφησης (υπολογισµένη στα πλαίσια της CDM ) για σφαιρικά ΤΝΣ ποικίλων ακτίνων

(απουσία ΚΕ) µε σκοπό να απεικονιστούν τα κύρια συµπεράσµατα της εργασίας [18],

δηλαδή η κατάσταση επιφανειακού τοπολογικού σωµατιδίου (SToP ) και το σηµείο µηδε-

νικής απορρόφησης. Στο Σχ.1.16 συγκρίνουµε την ενεργό διατοµή απορρόφησης του ΤΝΣ

µε αυτήν ενός νανοσωµατιδίου συνήθους µονωτή (ΜΝΣ). Τα υπόλοιπα σχήµατα αφορούν

υπολογισµούς ϕάσµατων σκέδασης του παραπάνω υβριδικού συστήµατος στα οποία µετα-

ϐάλλεται εσωτερικός ϱυθµός αποδιέγερσης του κβαντικού εκποµπού καθώς και η ακτίνα

του ΤΝΣ. Οι µεταβολές αυτές επηρεάζουν αντιστοίχως την εκδήλωση της νέας υβριδικής
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κατάστασης που προκύπτει από τη σύζευξη του συντονισµού SToP µε τον συντονισµό του

ΚΕ όπως επίσης και την µετατόπιση της νέας υβριδικής κατάστασης προς το ερυθρό ή το

κυανό του ϕάσµατος σκέδασης.

E 

x

z

TINP 

QE 
k p 

detector 

Σχήµα 1.14: ∆ιάταξη για τον υπολογισµό του ϕάσµατος : ένα διµερές Bi2Se3 ΤΝΣ-ΚΕ
ακτινοβολείται από ϕως (k ‖ z) όπου το αντίστοιχο ηλεκτρικό πεδίο είναι πολωµένο κατά
τον άξονα x . Ο ΚΕ είναι τοποθετηµένος σε απόσταση d από την επιφάνεια του ΤΝΣ
ενώ η διπολική ϱοπή P του ϑεωρείται παράλληλη µε το ηλεκτρικό πεδίο. Ο ανιχνευτής
ϐρίσκεται τοποθετηµένος σε ϑεωρητικά άπειρη απόσταση (πρακτικά σε πολλή µεγάλη
απόσταση) ώστε να συλλάβει µόνο τις συνιστώσες µακρινού πεδίου του ϕωτός. Σε όλους
του υπολογισµούς το σύστηµα είναι εµβαπτισµένο στο κενό εB = 1.
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Σχήµα 1.15: Ενεργός διατοµή απορρόφησης ενός ΤΝΣ από Bi2Se3, εµβαπτισµένου στο
κενό απουσία ΚΕ για διάφορες ακτίνες. Τα κύρια χαρακτηριστικά είναι η ανάδειξη του συ-
ντονισµού SToP συνοδευόµενου από ένα σηµείο µηδενικής απορρόφησης. Καθώς αυξάνε-
ται η ακτίνα του ΤΝΣ τα ϕαινόµενα όγκου εκδηλώνονται περισσότερο έντονα όπως ϕαίνε-
ται από τις προοδευτικά ισχυρότερες κορυφές επιφανειακών πλασµονίων και ϐ-ϕωνονίου
(ευρισκόµενες στα 1 Thz και 3.72 Thz αντίστοιχα). Επιπλέον, ο συντονισµός SToP πα-
ϱουσιάζεται σηµαντικά εξασθενηµένος για ακτίνες που τον τοποθετούν κοντά στην περιοχή
του α-ϕωνονίου του Bi2Se3 . Η τελευταία παρατήρηση συµπνέει µε ένα από τα ϐασικά
συµπεράσµατα της εργασίας [18], σύµφωνα µε την οποία η κατάσταση SToP εκδηλώνε-
ται λόγω της αλληλεπίδρασης των ηλεκτρονίων των επιφανειακών καταστάσεων µε το α
ϕωνόνιο όγκου (bulk ).

44



0.0*10
0

2.0*10
4

4.0*10
4

6.0*10
4

8.0*10
4

1.0*10
5

1.2*10
5

 0  0.5  1  1.5  2  2.5  3  3.5  4

 R=50 nm

 C
a

b
s
 a

.u
.

 f (Thz)

0.0*10
0

1.0*10
4

2.0*10
4

3.0*10
4

4.0*10
4

5.0*10
4

6.0*10
4

7.0*10
4

8.0*10
4

 0  0.5  1  1.5  2  2.5  3  3.5  4

 R=73.8 nm

 C
a

b
s
 a

.u
.

 f (Thz)

 0

 1000

 2000

 3000

 1.6  2  2.4
 0

 1000

 2000

 3000

 2.6  3  3.4

Σχήµα 1.16: Ενεργός διατοµή απορρόφησης ενός ΤΝΣ από Bi2Se3 (κόκκινο) σε αντιπα-
ϱαβολή µε την ενεργό διατοµή απορρόφησης ενός συνήθους ΜΝΣ (µπλε) ίδιας ακτίνας.
Για R = 50 nm (αριστερά) το σηµείο µηδενικής απορρόφησης συνοδεύεται από την (κυ-
ϱίαρχη) κατάσταση SToP . Για R = 73.8 nm (δεξιά), η κατάσταση SToP είναι συντονισµένη
στη συχνότητα του α ϕωνονίου όγκου, καθιστώντας την πρακτικά ανύπαρκτο. Μόνη πα-
ϱατηρήσιµη διαφορά στις ενεργές διατοµές απορρόφησης των ΜΝΣ, ΤΝΣ είναι το σηµείο
µηδενικής απορρόφησης.
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Σχήµα 1.17: Φάσµα ϕωτός του υβριδικού συστήµατος στην περίπτωση κβαντικού εκπο-
µπού µε αργό ϱυθµό αποδιέγερσης (γqe = 15 meV ) (αριστερά) και µε γρήγορο ϱυθµό
(γqe = 0.8 µeV ) (µεσον - δεξιά). Ο ΚΕ έχει διπολική ϱοπή P = 0.2e · nm και ϐρίσκεται
τοποθετηµένος σε απόσταση d = 1 nm από την επιφάνεια του ΤΝΣ. Βλέπουµε πως στη
δεύτερη περίπτωση ο συντονισµός του ΚΕ συζεύγεται µε το πολαριτόνιο SToP δηµιουρ-
γώντας έναν νέο τρόπο ταλάντωσης. Η δεξιά εικόνα είναι ίδια µε την µεσαία αλλά µε
πέντε ϕορές µεγαλύτερη διπολική ϱοπή για τον ΚΕ ώστε να παρατηρηθούν ευκρινέστερα
τα χαρακτηριστικά της σύζευξης. Πρέπει ωστόσο να σηµειωθεί ότι ϑεωρώντας έναν ΚΕ µε
γρήγορη αποδιέγερση (γqe = 0.8 µeV ) σηµαίνει πως ϑεωρούµε τον εξιτονικό συντονισµό
µιας κβαντικής τελείας της οποίας το µέγεθος µπορεί να ϕτάσει τα 10 nm. Σε αυτήν
την περίπτωση, ο ϕορµαλισµός µας, ο οποίος αντιµετωπίζει τους ΚΕ ως σηµειακά αντι-
κείµενα δεν µπορεί να συµπεριλάβει πιθανά ϕαινόµενα λόγω µεγέθους τα οποία µπορεί
να προκύψουν. Σε αυτή την περίπτωση, ϕαινόµενα λόγω του µεγέθους του ΚΕ µπορούν
να ληφθούν υπόψην από την αντιµετώπιση των εξιτονίων υπό το πρίσµα της κλασσικής
ηλεκτροδυναµικής. Ωστόσο, περισσότερο ¨λεπτά¨ κβαντικά ϕαινόµενα όπως η υπερακτι-
νοβολία ή η απόσβεση του ϕθορισµού δεν µπορούν να περιγραφούν αν δεν ληφθεί υπόψη
η κβαντοµηχανική ϕύση του υβριδικού συστήµατος ΚΕ-ΝΣ.
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Σχήµα 1.18: Φάσµατα ϕωτός ενός υβριδικού συστήµατος ΤΝΣ-ΚΕ µε γqe = 0.8 µeV ,
P = 0.2e · nm, d = 1 nm για ακτίνες ΤΝΣ R = 30 nm (αριστερά), R = 20 nm (µέση), R =
10 nm (δεξιά). Καθώς το µέγεθος του ΤΝΣ ελαττώνεται, η σύζευξη µεταξύ του πολαριτονίου
SToP και του συντονισµού του ΚΕ γίνεται ισχυρότερη και µετατοπίζεται προς το κυανό. Το
µέγεθος της σύζευξης καθώς και η ϕασµατική της ϑέση (µέσον της περιοχής αντιδιέλευσης)
µπορούν να ϱυθµιστούν ελέγχοντας το µέγεθος του ΤΝΣ.
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Σχήµα 1.19: Γραφικές παραστάσεις των ϕασµάτων του υβριδικού συστήµατος του Σχ.1.18
για ακτίνες ΤΝΣ (αριστερά) R = 30 nm, (µέση) R = 20 nm, (δεξιά) R = 10 nm, ως συναρ-
τήση της συχνότητας προσπίπτουσας ακτινοβολίας κατά την περίπτωση όπου ο συντονι-
σµός του ΚΕ (f0) λαµβάνει τις τιµές (αριστερά) f0 = 4.4 THz, (µέση) f0 = 6.1 THz, (δεξιά)
f0 = 8.8 THz, οι οποίες αντιστοιχούν στο µέσο κάθε περιοχής αντιδιέλευσης του Σχ.1.18.
Στην περίπτωση όπου η ακτίνα του ΤΝΣ λαµβάνει τις τιµές R = 30 nm και R = 20 nm,
υπάρχουν ενδείξεις σχηµατισµού δυο διακριτών κορυφών στη ϕασµατική περιοχή των α-
ντίστοιχων περιοχών αντιδιέλευσης. Για R = 10 nm, οι κορυφές ϕαίνονται µε µεγαλύτερη
ευκρίνεια.
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Σχήµα 1.20: Φάσµατα ϕωτός για το υβριδικό σύστηµα που µελετάται για ακτίνες του ΤΝΣ
R = 90 nm (αριστερά), R = 80 nm (µέση), R = 70 nm (δεξιά). Παρατηρούµε την σχεδόν
καθολική απουσία της πολαριτονικής κατάστασης SToP στην περίπτωση που το µέγεθος
του ΤΝΣ είναι ϱυθµισµένο ώστε η κατάσταση SToP να συµπέσει µε το bulk ϕωνόνιο του
Bi2Se3. Σε αυτό το σηµείο πρέπει να επισηµανθεί ότι σε όλους τους υπολογισµούς µας
το ΤΝΣ υποτίθεται σηµειακό δίπολο, κάτι που αιτιολογείται από το µικρό µέγεθος της
ακτίνας συγκριτικά µε το µήκος κύµατος (η ϕασµατική περιοχή των THz αντιστοιχεί σε
µήκη κύµατος τα οποία είναι πολύ µεγαλύτερα σε σχέση µε τα µεγέθη των ακτίνων που
χρησιµοποιούµε εδώ - έως και 100 nm). Ωστόσο για πολύ µεγαλύτερες ακτίνες νανοσωµα-
τιδίων, ο ϕορµαλισµός πολλαπλής σκέδασης πολαριτονικών τελεστών που χρησιµοποιούµε
εδώ µπορεί να µας παράσχει έναν υπολογισµό για το ΤΝΣ στα πλαίσια της προσέγγισης
διακριτού διπόλου (DDA ), καθώς µπορεί να λάβει υπόψη συλλογές από αυθαίρετο α-
ϱιθµό σηµειακών διπόλων. Μπορεί έτσι να προσοµοιώσει περισσότερο ϱεαλιστικά ένα
ΤΝΣ ϑεωρώντας το ως µια συλλογή από σηµειακά δίπολα στο πνεύµα της µεθόδου DDA .
Ωστόσο, λόγω του κατά πολύ µεγαλύτερου µήκους κύµατος της προσπίπτουσας ακτινοβο-
λίας συγκριτικά µε το µέγεθος των ΤΝΣ, µια τέτοια διόρθωση ϑα επέφερε µια άνευ λόγου
πολυπλοκότητα στους υπολογισµούς της µελέτης µας.
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1.6 Υβριδικά σφαιρικά νανο-συσσωµατώµατα

αποτελούµενα από κβαντικούς εκποµπούς και

µεταλλικά νανοσωµατίδια.

Στο κεφάλαιο 7, µελετάµε την οπτική απόκριση υβριδικών νανο-συσσωµατωµάτων αποτε-

λούµενα από µεταλλικά ΝΣ και ΚΣ τα οποία σχηµατίζονται µέσω αυτο-οργάνωσης υποβοη-

ϑούµενης από δοµές DNA . Θεωρούµε ένα νανο-συσσωµάτωµα το οποίο περιέχει σωµατίδια

τοποθετηµένα σε τυχαίες ϑέσεις που σχεδόν αγγίζουν το ένα το άλλο και που µπορεί να

είναι είτε µεταλλικά νανοσωµατίδια ή κβαντικοί εκποµποί. Μελετούµε την αλληλεπίδραση

των επιφανειακών πλασµονίων των µεταλλικών νανοσωµατιδίων µε τους εξιτονικούς συ-

ντονισµούς των κβαντικών εκποµπών, καθώς και τον τρόπο µε τον οποίο αντικατοπτρίζεται

αυτή η αλληλεπίδραση σε πειραµατικά µετρήσιµα µεγέθη όπως η ενεργός διατοµή απορ-

ϱόφησης του νανο-συσσωµατώµατος.

Οι κβαντικοί εκποµποί ϑεωρούνται δισταθµικά κβαντικά συστήµατα και τα µεταλλικά

νανοσωµατίδια είναι από χρυσό, ένα ευγενές µέταλλο που υποστηρίζει επιφανειακά πλα-

σµόνια στην περιοχή του ορατού. Η οπτική απόκριση των ΚΕ ϐασίζεται στον υπολογισµό

της ηλεκτρικής επιδεκτικότητας των ΚΕ µέσω της µεθοδολογίας του πίνακα πυκνότητας.

Σε αυτό το σηµείο λαµβάνουµε υπόψη την τροποποίηση του ϱυθµού αυθόρµητης εκπο-

µπής καθενός ΚΕ χωριστά, εξαιτίας της παρουσίας των µεταλλικών ΝΣ του συσσωµατώµα-

τος. Αυτό επιτυγχάνεται υπολογίζοντας τον αντίστοιχο ΗΜ τανυστή Green των µεταλλικών

ΝΣ του συσσωµατώµατος µέσω της µεθόδου των συζευγµένων διπόλων (CDM ). Αυτή η

λεπτοµέρεια διαφοροποιεί την παρούσα µελέτη από άλλες όπου ο ϱυθµός αυθόρµητης

εκποµπής συλλογών από ΚΕ έχει την ίδια τιµή παντού στο συσσωµάτωµα. Κατόπιν ε-

ϕαρµόζεται η µέθοδος CDM για να υπολογιστεί το ϕάσµα απορρόφησης του υβριδικού

συσσωµατώµατος λαµβάνοντας υπόψη τις πολωσιµότητες των ΚΕ και των µεταλλικών ΝΣ.

Βρίσκουµε ότι το ϕάσµα απορρόφησης του υβριδικού νανο-συσσωµατώµατος είναι δρα-
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στικά διαφοροποιηµένο όταν ο ϱυθµός αυθόρµητης εκποµπής των ΚΕ είναι διαφορετικός

σε κάθε ϑέση, σε σχέση µε την περίπτωση όπου έχει παντού την ίδια τιµή. Επιπλέον, από

την ανάλυση του ϕάσµατος απορρόφησης του υβριδικού νανο-συσσωµατώµατος εξετάζου-

µε µια ϕασµατική περιοχή όπου υπάρχουν πλεξιτονικές καταστάσεις του ΗΜ πεδίου, οι

οποίες µπορούν να τροποποιήσουν σηµαντικά το σύνηθες προφίλ απορρόφησης των επι-

ϕανειακών πλασµονίων ενός αµιγώς πλασµονικού συσσωµατώµατος, ακόµη και για µικρές

συγκεντρώσεις των ΚΕ εντός του συσσωµατώµατος.
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Σχήµα 1.21: ΄Ενα υβριδικό νανο-συσσωµάτωµα από (µεταλλικά) ΝΣ και ΚΕ (κβαντικές
τελείες ή µόρια). Το συσσωµάτωµα αποτελείται από 170 σωµατίδια (ΝΣ ή ΚΕ). f είναι το
ποσοστό (συγκέντρωση) των εκποµπών στο νανο-συσσωµάτωµα. Τα µεταλλικά ΝΣ έχουν
ακτίνα 20 νµ και είναι από χρυσό. Η αντίστοιχη διηλεκτρική συνάρτηση προκύπτει από
πείραµα [159], διορθωµένη ώστε να λάβει υπόψη της ϕαινόµενα που σχετίζονται µε το
πεπερασµένο µέγεθος των ΝΣ [σκέδαση των ηλεκτρονίων στο σύνορο του σφαιρικού νανο-
σωµατιδίου, ϐλ. Εξ. (2) από [160]]. Σε όλους του υπολογισµούς µας έχουµε ϑεωρήσει ότι
το συσσωµάτωµα ϐρίσκεται στο κενό εB = 1. Οι ΚΕ ϑεωρούνται πολύ µικρότεροι των ΝΣ
µε όγκο της τάξης του 1 nm3. Το νανο-συσσωµάτωµα έχει σχεδόν σφαιρικό σχήµα µε µέση
ακτίνα περίπου 160 nm. Οι κβαντικοί εκποµποί έχουν διπολική ϱοπή P = 0.19 e · nm
και ϱυθµό εκποµπής στο κενό ~γ0 = 0.015 eV . Η γωνιακή συχνότητα ω0 µεταβάλλεται
παραµετρικά.
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Σχήµα 1.22: Κάθε ΚΕ του συσσωµατώµατος ¨αισθάνεται¨ ένα διαφορετικό οπτικό περι-
ϐάλλον σε σχέση µε τους υπόλοιπους ΚΕ, γεγονός που αντικατοπτρίζεται από την τιµή του
γ (η οποία προκύπτει από τον υπολογισµό του ΗΜ τανυστή Green). Για να αναδείξουµε
τη σηµασία του να ληφθεί υπόψη ο σωστός ϱυθµός εκποµπής (δηλ. όχι αυτόν του κενού),
όταν αλληλεπιδρούν κβαντικοί εκποµποί µε πλασµονικές νανοδοµές, παρουσιάζουµε ενα
δείγµα των σχετικών (ως προς το κενό) ϱυθµών εκποµπής γ(r)/γ0 των ΚΕ για λ = 472 nm
, µέσα σε ένα νανο-συσσωµάτωµα αποτελούµενο κατά 10% από κβαντικούς εκποµπούς
και κατά 90% από νανοσωµατίδια χρυσού (f = 0.1). Τα νανοσωµατίδια χρυσού έχουν
ακτίνα 20 nm ενώ για τους ΚΕ λαµβάνοουµε ~ω0 = 2.25 nm . Σηµειώνουµε πως το σχήµα
απεικονίζει τον µέσο όρο του ϱυθµού αυθόρµητης εκποµπής ανά κατεύθυνση που ορίζεται
ως γ = (γx + γy + γz)/3. Παρατηρούµε σηµαντική µεταβολή στις τιµές του ϱυθµού εκπο-
µπής γ που εξαρτάται από τη ϑέση του κβαντικού εκποµπού εντός του συσσωµατώµατος.
Συγκεκριµένα, το γ κυµαίνεται από γ0 (ϱυθµός εκποµπής στο κενό) εως και 7 ϕορές πάνω
από γ0. Αυτό το γεγονός αποκαλύπτει πως σε συνήθεις υπολογισµούς της αλληλεπίδρασης
µεταξύ ΚΕ και ΝΣ / νανοδοµών, κάτω από οποιεσδήποτε συνθήκες ακτινοβόλησης, η τρο-
ποποίηση του ϱυθµού αυθόρµητης εκποµπής των ατοµικών µεταβάσεων που λαµβάνουν
χώρα πρέπει να ληφθεί υπόψη µέσω υπολογισµών του ΗΜ τανυστή Green.
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Σχήµα 1.23: ΄Εχοντας λάβει υπόψη την τροποποίηση του ϱυθµού εκποµπής κάθε ΚΕ του
συσσωµατώµατος, ο οποίος υπεισέρχεται στον τύπο της ηλεκτρικής επιδεκτικότητας, µπο-
ϱούµε να προχωρήσουµε στον υπολογισµό της ενεργού διατοµής απορρόφησης ολόκληρου
του συσσωµατώµατος (στα πλαίσια της µεθόδου CDM ). Το σχήµα απεικονίζει την ενεργό
διατοµή απορρόφησης ενός συσσωµατώµατος ΚΕ και ΝΣ χρυσού, για συγκέντρωση f = 0.1
ΚΕ. Οι ΚΕ έχουν ~ω0 = 2.25 nm ενώ τα ΝΣ έχουν ακτίνα 20 nm . Η κόκκινη καµπύλη
αντιστοιχεί σε ϕάσµα για το οποίο έχουµε υποθέσει ότι ϱυθµός εκποµπής των ΚΕ είναι
παντού ο ίδιος, ίσος µε αυτόν του κενού ~γ0 = 0.015 nm . Η µάυρη καµπύλη αντιστοιχεί
στο ϕάσµα απορρόφησης στο οποίο έχει συµπεριληφθεί η τοπική διόρθωση (µέσω του
ΗΜ τανυστή Green ) στο ϱυθµό εκποµπής καθενός ΚΕ. Είναι εµφανές ότι η τροποποίηση
του ϱυθµού αυθόρµητης εκποµπής εξαιτίας του τοπικού ϕωτονικού περιβάλλοντος (πλα-
σµονική νανοδοµή) για κάθε ένα ΚΕ επιφέρει ένα σηµαντικά διαφοροποιηµένο ϕάσµα
απορρόφησης και πρέπει να ληφθεί υπόψη.
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Σχήµα 1.24: Φάσµα απορρόφησης ενός νανο-συσσωµατώµατος αποτελούµενου από ΚΕ
και ΝΣ χρυσού για διαφορετικές τιµές του ποσοστού f των ΚΕ. Τα ΝΣ χρυσού έχουν ακτίνα
20 nm ενώ οι ΚΕ έχουν ~ω0 = 2.25 nm . Για f = 0 (το συσσωµάτωµα αποτελέιται εξ΄ ολο-
κλήρου από ΝΣ χρυσού) το ϕάσµα παρουσιάζει την συνήθη κορυφή που πηγάζει από την
διέγερση του συντονισµού του επιφανειακού πλασµονίου του συσσωµατώµατος το οποίο
είναι αποτέλεσµα της αλληλεπίδρασης των επιφανειακών πλασµονίων των µεµονωµένων
ΝΣ που το απαρτίζουν. Το εύρος της κορυφής είναι µεγαλύτερο από το εύρος κορυφής
του επιφανειακού πλασµονίου ενός µεµονωµένου ΝΣ χρυσού ακτίνας 20 nm . Για συγκε-
ντρώσεις f = 0.1, 0.2, παρατηρούµε πως η εισαγωγή ΚΕ στο συσσωµάτωµα, ακόµη και
σε πολύ µικρές συγκεντρώσεις, µεταβάλλει δραστικά το την καµπύλη του επιφανειακού
πλασµονίου στην ενεργό διατοµή απορρόφησης. Το εύρος της κορυφής στενεύει καθώς
αυξάνεται η συγκέντρωση των ΚΕ. Ταυτόχρονα, η συνολική απορρόφηση ελαττώνεται σε
σχέση µε το αµιγώς πλασµονικό νανο-συσσωµάτωµα (f = 0). Αυτά προκύπτουν από το
γεγονός ότι καθώς αυξάνεται η συγκέντρωση, η ΗΜ αλληλεπίδραση µεταξύ των µεταλλι-
κών ΝΣ εξασθενεί καθώς η µέση απόσταση µεταξύ των σωµατιδίων αυξάνεται, έχοντας ως
αποτέλεσµα µια στενότερη πλασµονική κορυφή. Από την άλλη πλευρά όσο ισχυρότερη
είναι η αλληλεπίδραση µεταξύ ΝΣ τόσο πιο επίπεδος είναι ο κύριος πλασµονικός συντονι-
σµός. Το κυριότερο χαρακτηριστικό είναι η παρουσία µιας δοµής αποτελούµενης από δύο
κορυφές στην περίπτωση που υπάρχει συγκέντρωση κβαντικών εκποµπών (f = 0, 0.1, 0.2)
η οποία πηγάζει από τον συντονισµό του επιφανειακού πλασµονίου των ΝΣ χρυσού και
τον εξιτονικό συντονισµό των ΚΕ. ΄Οταν ο εξιτονικός συντονισµός πλησιάζει την κορυφή του
επιφανειακού πλασµονίου στα 515 nm , η ισχυρή αλληλεπίδραση µεταξύ των δύο κατα-
στάσεων οδηγεί στην ανάδειξη ενός νέου τύπου ΗΜ κατάστασης. Τέτοιες καταστάσεις δεν
µοιάζουν µε τις συνήθεις καταστάσεις των µεταλλικών ΝΣ (πλασµόνια) ή των ΚΕ (εξιτόνια),
και είναι γνωστές στη ϐιβλιογραφία ως πλεξιτόνια. Τα ϐασικά στοιχεία των πειραµατικών
ϕασµάτων που µελετούν τους πλεξιτονικούς συντονισµούς υβριδικών συστηµάτων ΝΣ-ΚΕ
µπορούν να ερµηνευτούν υπό το πρίσµα ενός µοντέλου (κλασσικού) συζευγµένου ταλα-
ντωτή.
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Chapter 2

Introduction to the thesis

2.1 Plexcitons

Surface plasmon resonances in metallic nanoparticles have attracted a significant

amount of research work in the field of nanophysics thanks to the efficient confine-

ment of light in subwavelength volumes induced by exciting the plasmon resonances.

When a surface plasmon field of a particular nanoparticle interacts with electronic ex-

citations such as excitons, of a nearby nano-object, two interaction regimes emerge. In

the weak coupling regime, the optical response of the corresponding quantum emit-

ters is modified only via the spontaneous emission rate by means of the Purcell factor,

whereas interaction in the strong coupling regime results in the formation of plasmon-

exciton hybrid states or plexcitons [1]. The most prominent feature of these hybrid

states is the appearence of avoided crossings in the corresponding dispersion diagrams

of the coupled system that are manifested in scattering or reflectivity spectra as spectral

doublets. Plexcitons have been experimentally achieved in many configurations [1–12],

including thin metal films covered with thin excitonic layers, monolayer coatings on

nanoparticles, and homogeneous thin films covering nanoparticles.
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Plexcitons are Bosonic quasi-particles half excitons, half plasmons possessing the

lightest to-date reported effective masses, a characteristic which would enable the ob-

servation of Bose-Einstein condensation at room temperature [13]. Plexcitons are also

promising candidates for achieving the phenomenon of polariton lasing at the nanoscale

with strongly suppressed threshold values as compared to conventional lasers. Con-

trary to mainstream polariton devices which need the use of micrometer optical cav-

ities, plexciton states can readily occur in single metal nanoparticles which are of

sub-wavelength size. In order to create structures that support plexciton states, the

obvious requirement is that these structures contain materials that support surface

plasmon resonances and can interact with an excitonic material.

Figure 2.1: A typical setup for generating a plexciton resonance. A dimer of metallic
(plasmonic) nanodisks placed at a 15nm distance from each other. In the space between
the nanodisks, J-aggregates (molecules) supporting excitonic resonances, are placed. A
strong interaction between the nanodisks and the J-aggregate is achieved when incident
light is polarized along the dimer axis (left panel). For light polarized normal to the dimer
axis no coupling occurs (right panel). The picture is taken from Ref. [7].

In Fig. 2.1 we observe a typical setup for achieving a plexciton resonance. Namely,
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we have a dimer of metallic (plasmonic) nano-objects (in Fig. 2.1 a dimer of nanodisks)

made of e.g., gold or silver which are placed at a very small distance the one from

the other (of the order of 20 nm or even below). The dimer supports a multitude of

surface-plasmon resonances which are manifested as maxima in the corresponding

light absorption/ scattering spectra. In the gap between the nanodisks, one usually

places a quantity of quantum emitters which can be atoms, molecules or quantum dots.

Usually, in solid-state setups like the one depicted in Fig. 2.1, we choose either organic

molecules or quantum dots as they are much easier to place in the vicinity of nanoscopic

objects (atoms require sophisticated experimental setups as they must first be cooled

and then trapped in the space between the nano-objects). In the case of Ref. [7] and

Fig. 2.1, J-aggregates were chosen (a type of organic molecules) which support excitonic

resonances in the spectral region of the surface-plasmon resonances of the plasmonic

dimer. The purpose of inserting the quantum emitters (J-aggregates) in the gap between

the nanodisks and not, e.g., on top of the disks, is the fact that upon excitation of the

surface-plasmon resonance of the dimer by external illumination, the electric-field is

strongly enhanced in the gap resulting in a much stronger interaction between the

exciton resonance of the J-aggregate and the corresponding plasmon resonance of the

dimer. As we saw above, this strong interaction is a requisite for the emergence of

a plexciton resonance. However, as it is evident from the corresponding scattering

spectra [7] of Fig. 2.1, only when light is polarized along the nanodisk axis we achieve

the strong-coupling condition in order to obtain a plexciton resonance. The latter

results in the splitting of the original plasmon peak of the dimer into two new resonance

maxima. On the other hand, when light is polarized normal to the dimer axis, the

surface-plasmon mode is not excited leading to weak coupling between the exciton

state of the emitter and plasmon state of the dimer and, therefore, a plexcitonic state

is not realized, as it is evident by the presence of a single peak in the right panel of
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Fig. 2.1.

2.2 Outline of the thesis

In the present thesis, we employ a new theory based on a multiple-scattering approach

in order to study theoretically systems similar to that of Fig. 2.1. Namely, we present

a new theoretical tool which can provide numerical spectra of scattered light in order

to explore the emergence of plexciton states in collections of quantum emitters placed

within a certain photonic environment. Of particular interest is a photonic environ-

ment consisting by a finite number of nano-objects, e.g., nanoparticles, which support

electromagnetic modes such as plasmonic modes which would be able to interact with

the intrinsic resonances of the collection of quantum emitters. The presence of the

arbitrary photonic environment (in this thesis we assume collections of nanoparticles)

is expressed mathematically by the so-called electromagnetic Green’s tensor which

provides directly the spontaneous emission rate of a each quantum emitter of the col-

lection.

The presented theory is based on macroscopic quantization theories of the electro-

magnetic field in inhomogeneous lossless dielectrics [14–16]. An important feature of

the macroscopic theories is that photons can be defined as the elementary excitations

of the true modes of the photonic environment surrounding the collection of quantum

emitters. Corresponding mode functions are the (classical) harmonic solutions of the

wave equation. In the theory presented in the current thesis, the spontaneous emis-

sion rate of a quantum emitter is influenced not only by the photonic environment

(plasmonic nanoparticles) via the electromagnetic (EM) Green’s tensor but, also, by the

presence of other quantum emitters supporting the same exciton resonance. This is

based on the pioneering work by Dicke [17] which stated that resonant quantum emit-

60



ters in each other’s neighborhood can decay cooperatively. Depending on the collective

state, the emitters may decay faster than a single emitter up till twice the single-emitter

rate (superradiance) or decay slower or not at all (subradiance).

The structure of the thesis is as follows. In chapter 3 we discuss the concept

of the Green’s tensor in relation to the EM waves. The EM Green’s tensor is at the

heart of the presented formalism as it models mathematically the optical response of

the photonic environment, e.g., a finite collection of metallic nanoparticles. For this

particular system, the EM Green’s tensor is calculated via the so-called coupled-dipole

method which is a standard numerical method for studying the optical response of a

single nanoparticle of arbitrary shape as well as finite collections of such.

In chapter 4 we introduce the developed multiple-scattering polaritonic-operator

formalism in detail. In addition, we discuss the relevant numerical methods needed

to generate results comparable to experiment such as light-scattering spectra. In the

same chapter, we apply the method to the case of a linear binary chain of alternating

metallic nanoparticles and quantum emitters. In chapter 5, we present a separate more

in-depth numerical study of the light-scattering spectra of the binary chain. At the

same time, we provide a simple systematic means to interpret the calculated numerical

spectra as well as predict the spectral trends for arbitrary long binary chains.

In chapter 6, we change the material of the nanoparticles. Instead of a noble metal,

we study the spectra of nanoparticles made of a topological insulator. Recently, the

role of topologically protected (surface) states in the optical properties of topological

insulator nanoparticles was investigated [18], demonstrating that under external light

illumination, a single electron in such a state induces a surface charge density similar

to a plasmon in a metallic nanoparticle. Furthermore such an electron can act as a

screening layer, effectively suppressing absorption inside the particle and can couple

phonons and light, giving rise to a previously unreported topological particle polariton
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mode. Due to the nature of this polariton mode, when interacting with the corre-

sponding resonant mode of an adjacent quantum emitter, the requirement of a strong

particle-emitter coupling is much more easily satisfied so that a hybrid mode emerges,

reminiscent of the plexciton mode of metallic nanoparticle-quantum emitter dimers.

In chapter 7 we study the optical response of hybrid clusters containing metallic

nanoparticle and quantum emitters which are usually fabricated via DNA-assisted self-

assembly. Namely, the nanocluster contains randomly positioned, almost touching

particles which may either be plasmonic nanoparticles or quantum emitters. Our

aim is to study the interaction of the surface plasmons supported by the metallic

nanoparticles with the excitonic resonances of the quantum emitters as well as how this

interaction can be probed experimentally in absorption cross-section experiments of

light incident on the nanocluster. Due to the large number of the metallic nanoparticles

of such clusters (usually more than 100 particles per cluster) the computer time needed

to calculate the light spectra via the multiple-scattering polaritonic-operator method

employed in previous chapters becomes prohibitively long. Therefore, we employ only

one pillar of the present technique, i.e., the coupled-dipole method so as to probe

numerically the light-absorption spectrum from such hybrid nanoclusters.

Finally, in chapter 8 we present the future outlook of the multiple-scattering method

providing some systems and setups which can be modelled by the method introduced

in this thesis.
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Chapter 3

Electromagnetic Green’s Tensor

In this chapter we follow closely the work of [19]. An important concept in field theory

is the Green’s function G, i.e. the fields due to a point source. In electromagnetic

theory, the dyadic Green’s function is essentially defined by the electric field E at the

field point r generated by a radiating electric dipole P located at the source point r′. In

mathematical terms this reads as

E(r) = ω2µ0µG (r, r′)P . (3.1)

Here, ω is the angular frequency, µ0 is vacuum permeability, µ is the relative per-

meability of the medium and P is the electric dipole moment.

3.0.1 Mathematical basis for Green’s functions

Consider the following, general inhomogeneous equation:

LA (r) = B (r) . (3.2)

Here, L is a linear operator acting on the vector field A representing the unknown
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response of the system. The vector field B is a known source function and makes the

differential equation inhomogeneous. A well-known theorem for linear differential equa-

tions states that the general solution is equal to the sum of the complete homogeneous

solution (B = 0) and a particular inhomogeneous solution. Here, the homogeneous

solution (A0) is assumed to be known. We thus need to solve for an arbitrary solution

of the inhomogeneous equation.

Usually it is difficult to find a solution of Eq. (3.2) and it is easier to consider the

special inhomogeneity δ (r− r′), which is zero everywhere, except in the point r = r′ .

Then, the linear equation reads

LGi (r, r
′) = niδ (r− r′) (i = x, y, z), (3.3)

where ni denotes an arbitrary constant unit vector. In general, the vector field Gi is

dependent on the location r′ of the inhomogeneity δ (r− r′). Therefore, the vector ri

has been included in the argument of Gi .The three equations given by Eq. (3.3) can

be written in closed form as

LG (r, r′) = Iδ (r, r′) (3.4)

where the operatorL acts on each column of G separately and I is the unit dyad [20].

The unit dyad is defined by its property I · a = a · I = a where a is any vector and is

similar to the identity matrix whose defining property is 1n · x = x · 1n = x where x is

any matrix (of dimension n). The dyadic function G fulfilling Eq. (3.4) is known as the

dyadic Green’s function.

In a next step, assume that Eq. (3.4) has been solved and that G is known. Post-

multiplying Eq.(3.4) with B (r′) on both sides and integrating over the volume V in

which B 6= 0 gives
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∫
V

LG (r, r′)B (r′) dV ′ =

∫
V

B (r′) δ (r− r′) dV ′. (3.5)

The right hand side simply reduces to B (r) and with Eq.(3.2) it follows that

LA (r) =

∫
V

LG (r, r′)B (r′) dV ′ (3.6)

If on the right hand side the operator is taken out of the integral, the solution of

Eq.(3.2) can be expressed as

A (r) =

∫
V

G (r, r′)B (r′) dV ′ (3.7)

Thus, the solution of the original equation can be found by integrating the product

of the dyadic Green’s function and the inhomogeneity B over the source volume V .

The assumption that the operators L and
∫
dV ′ can be interchanged is not strictly

valid and special care must be applied if the integrand is not well behaved. Most

often G (r, r′) is singular at r = r′ and an infinitesimal exclusion volume surrounding

r = r′ has to be introduced. Depolarization of the principal volume must be treated

separately resulting in a term (L) depending on the geometrical shape of the volume.

Furthermore, in numerical schemes the principal volume has a finite size giving rise

to a second correction term commonly designated by M. As long as we consider field

points outside the source volume V , i.e. r /∈ V , we do not need to consider these issues.

3.0.2 Derivation of the Green’s function for the electric field

By considering the time-harmonic vector potential A and the scalar potential φ in

an infinite and homogeneous space characterized by the constants µ and ε, one may

conveniently derive the Green’s function for the electric field. A and φ are defined by
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the following relationships

E (r) = iωA (r)−∇φ (r) (3.8)

H (r) =
1

µ0µ
∇×A (r) (3.9)

Using the electric displacement D = ε0εE, the above equations can be inserted in

Maxwell’s second equation yielding

∇×∇×A (r) = µ0µj (r)− iωµ0µε0ε [iωA (r)−∇φ (r)] , (3.10)

The potentials A,φ are not uniquely defined by Eqs. (3.8), and (3.9). We are still free to

define the value of ∇ ·A which we choose as

∇ ·A = iωµ0µε0εφ (r) (3.11)

A condition that fixes the redundancy of Eqs. (3.8), and (3.9) is called a gauge condi-

tion. The gauge chosen through Eq. (3.11) is the so-called Lorentz gauge. Using the

mathematical identity ∇×∇× = −∇2 +∇∇· together with the Lorentz gauge we can

rewrite Eq.(3.10) as [
∇2 + k2

]
A (r) = −µ0µj (r) , (3.12)

which is the inhomogeneous Helmholtz equation. It holds independently for each com-

ponent Ai of A. A similar equation can be derived for the scalar potential φ

[
∇2 + k2

]
φ (r) = −ρ (r) /ε0ε. (3.13)

Thus we obtain four scalar Helholtz equations of the form

[
∇2 + k2

]
f (r) = −g (r) . (3.14)
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To derive the scalar Green’s function G0 (r, r′) for the Helmholtz operator we replace

the source term g (r) by a single point source δ (r− r′) and obtain

[
∇2 + k2

]
G0 (r, r′) = −δ (r− r′) . (3.15)

The coordinate r denotes the location of the field point, i.e the point at which the fields

are to be evaluated, whereas the coordinate r′ designates the location of the point

source. Once we have determined G0 we can state the particular solution for the vector

potential in Eq. (3.12) as

A (r) = µ0µ

∫
V

j (r′)G0 (r, r′) dV ′. (3.16)

A similar equation holds for the scalar potential. Both solutions require the knowledge

of the Green’s function defined through Eq.(3.15). In free space the only physical

solution of this equation is [21]

G0 (r, r′) =
e±ik|r−r

′|

4π|r− r|
(3.17)

The solution with the plus sign corresponds to a spherical wave propagating out of

the origin while the solution with a minus sign denotes a wave that converges towards

the origin. In all the following we retain only the outwards propagating wave. The

scalar Green’s function can be introduced into Eq. (3.16) and the vector potential can

be calculated by integrating over the source volume, allowing for the calculation of the

vector and the scalar potential for any current distribution j and charge distribution ρ.

It must be noted that the Green’s function of Eq. (3.17) applies only to a homogeneous

three-dimensional space. The Green’s function of a two-dimensional space or a half-

space will have a different form.
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So far, we have reduced the treatment of Green’s functions to the potentials A

and φ because it allows us to work with scalar equations. The formalism becomes

more involved when one considers the electric and magnetic fields, since a source

current in the x-direction leads to an electric and magnetic field with x- y-, and z−

components, while for the vector potential a source current in x only gives rise to

a vector potential with an x-component. Therefore, in the case of the electric and

magnetic fields, a Green’s function is needed that relates all components of the source

with all components of the fields, i.e. the Green’s function must be a tensor. This type

of Green’s function is denoted as a dyadic Green’s function and has been introduced in

the previous section. To determine the dyadic Green’s function we start with the wave

equation for the electric field,

∇× µ−1∇× E− k2
0εE = iωµ0j (3.18)

which in a homogeneous space reads as

∇×∇× E (r)− k2E (r) = iωµ0µj (r) . (3.19)

For each component of the current distribution j a corresponding Green’s function can

be defined. For instance, for jx we have

∇×∇×Gx (r, r′)− k2Gx (r, r′) = δ (r− r′)nx, (3.20)

where nx is the unit vector in the x-direction. A similar equation can be formulated for

a point source in the y- and z- directions. In order to account for all orientations we
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can write the general definition of the dyadic Green’s function for the electric field [22]

∇×∇×G (r, r′)− k2G (r, r′) = Iδ (r− r′) , (3.21)

I being the unit dyad (unit tensor). The first column of the tensor G corresponds to

the field due to a point source in the x-direction, the second column to the field due

to a point source in the y-direction, and the third column corresponds to the field due

to a source point in the x-direction. Thus a dyadic Green’s function is just a compact

notation for the three vectorial Green’s functions.

The source current in Eq. (3.19) can be viewed as a superposition of point currents.

Thus, if the Green’s function G is known, a particular solution of Eq. (3.19) can be

stated as

E (r) = iωµµ0

∫
V

G (r, r′) j (r′) dV ′ (3.22)

The general solution for the electric field needs to add any homogeneous solution E0

turning out to be

E (r) = E0 (r) + iωµµ0

∫
V

G (r, r′) j (r′) dV ′ (3.23)

while the corresponding general solution for the magnetic field is

H (r) = H0 (r) +

∫
V

[∇×G (r, r′)] j (r′) dV ′ (3.24)

These equations are denoted as volume integral equations. They are very important

since they form the basis for various formalisms such as the "method of moments", the

"Lippman-Schwinger equation", or the "coupled dipole method". In order to avoid the

apparrent singularity of G at r = r′ we have limited the validity of the volume integral

equations to the space outside the source volume V , (r /∈ V ).

In order to solve Eqs (3.23) and (3.24) for a given distribution of currents we still
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need to determine the explicit form of G. Introducing the Lorentz gauge (3.11) into (3.8)

leads to

E (r) = iω

[
1 +

1

k2
∇∇·

]
A (r) . (3.25)

The first colummn vector of G, i.e Gx,defined in Eq. (3.20) is simply the electric field

due to a point source current j = (iωµ0)−1 δ (r− r′)nx. The vector potential originating

from this source current is, according to Eq.(3.16)

A (r) = (iω)−1G0 (r, r′)nx (3.26)

Inserting this vector potential into Eq.(3.25) we find

Gx (r, r′) =

[
1 +

1

k2
∇∇·

]
G0 (r, r′)nx, (3.27)

with similar expressions for Gy and Gz. Tying the three solutions together to form

a dyad is accomplished via the definition ∇ · [G0I] = ∇G0. Thus the dyadic Green’s

function can be calculated from the scalar Green’s function G0 in Eq.(3.17) as

G (r, r′) =

[
I +

1

k2
∇∇

]
G0 (r, r′) . (3.28)

3.1 Volume integral methods

Small particles can often be approximated by dipolar cells as in the case of Rayleigh

scattering. The induced dipole moment in such a particle is proportional to the local

field at the dipole’s position. As long as a single particle is considered, the local field

corresponds to the illuminating incident field. However, if an ensemble of particles is

considered, the local field is a superposition of the incident radiation and all the partial

fields scattered by the surrounding particles. It then turns out that each particle is

71



dependent on all the other particles. To solve this problem, a formalism is needed

for solving self-consistently the fields of an arbitrary number of coherently interacting

particles.

The particles are not required to be spatially separated from each other. They can

be joined together to form a macroscopic object. Indeed, the response of matter to

incident radiation can be formulated as a collective response of individual dipoles each

of them occupying a volume element. The superposition of elementary dipole fields

(Green’s functions) has to be done in a self-consistent way, i.e. the magnitude and

the orientation of each individual dipole is a function of the local field defined by the

excitation and other surrounding dipoles.

Methods based on this concept usually involve summations over all dipolar centers.

In the limit, as the size of the dipolar centers goes to zero, the summations become

volume integrals. Therefore these formalisms are denoted as volume integral methods.

Both a microscopic and a macroscopic point of view exist for basically the same

formalism. While in the former, microscopic dipolar particles are joined to form a

macroscopic ensemble the latter considers a macroscopic object that is divided into

small homogeneous subunits. It will be shown in section 3.5 that the two types of

formalism are physically and mathematically equivalent. The method following the

microscopic point of view will be denoted the coupled dipole method (CDM) and the

method following the macroscopic point of view as the method of moments (MOM).

Both the CDM as well as the MOM are well established methods for solving Maxwell’s

equations in various fields of study. The CDM is widely used in astrophysics for the

investigation of interstellar grains, but it also finds applications in other fields such

as meteorological optics or surface contamination control. The MOM has its origins

in electromagnetic practice with special focus on antenna theory. However, the MOM

also finds applications in biological investigations, in optical scattering or in near-
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field optics. In the literature, the two methods very often bear different names. As

an example, the CDM is also called the discrete dipole approximation (DDA) and the

MOM is designated as the digitized Green’s function method [23] or simply as the

volume integral equation method [24]. Furthermore, because of the analogy to quantum

mechanics, the volume integral method is denoted by some authors as the Lippmann-

Schwinger equation.

Both the CDM and the MOM can be derived from the same volume integral equation.

In the past, some authors compared inadequate forms of the two methods and stated

that one method is superior to the other [25]. However, as shown by Lakhtakia [26]

for bianisotropic scatterers in free space, the two methods are fully equivalent to each

other. The main difference between the CDM and the MOM is the point of view. While

the MOM involves the fields that are actually present at a given point r, CDM considers

the fields that arrive at the point r and thus excite the small region ∆V centered around

r. Lakhtakia distinguishes between weak and strong forms of the two methods and we

shall adopt the same terminology.

3.2 The volume integral equation

Consider an arbitrary reference system, such as a planar layered interface, whose

dielectric properties are sufficiently represented by a spatially inhomogeneous dielectric

constant, εref (r), r being the position vector. For simplicity, the reference frame is

assumed to be non-magnetic (µref = 1) and isotropic. All the fields are further assumed

to be time harmonic. The dielectric constant of all space will be denoted as ε (r).

Then, as long as the reference system is unperturbed (no other objects are present) ε is

identical to εref . In the presence of perturbing objects embedded in the reference system

[ε (r)− εref (r)] defines the dielectric response of the objects relative to the reference
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system.

In the absence of any source currents and charges, Maxwell’s curl equations read

as

∇× E (r) = iωµ0H (r) , (3.29)

∇×H (r) = −iωε0εref (r)E (r) + je (r) , (3.30)

where je is the volume distribution of the induced electric current density

je (r) = −iωε0 [ε (r)− εref (r)]E (r) . (3.31)

From Eqs.(3.29) and(3.30) it follows that E has to fulfill the inhomogeneous wave equa-

tion

∇×∇× E (r)− k2
0εref (r)E (r) = iωµ0je (r) , (3.32)

where the free space wavenumber k0 is equal to ω/c. Using the definition of the dyadic

Green’s function of the previous section

∇×∇×G (r, r′)− k2
0εref (r)G (r, r′) = Iδ (r− r′) , (3.33)

the electric field can be represented as

E (r) = E0 (r) +
iω

ε0c2

∫
V

G (r, r′) je (r′) dV ′ r /∈ V, (3.34)

where the prime in V ′ indicates that the integration refers to r′. While E0 denotes the

homogeneous solution (je = 0 everywhere), the term on the right side represents the

particular solution. A similar procedure can be applied to obtain the magnetic field.

One finds

H (r) = H0 (r) +

∫
V

[∇×G (r, r′)] je (r′) dV ′ r /∈ V, (3.35)
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Upon substitution of je into Eqs.(3.34) and (3.35) implicit integral equations (Fredholm

equations of the second kind) are obtained for the fields E and H. These equations are

denoted as the volume integral equations for the electric and magnetic fields and form

the basis for the MOM.

The current density of an electric dipole with moment P0 located at r = r0 is

j (r) = −iωP0δ (r, r0) , (3.36)

where the delta function has the units m−3. Inserting this current into Eqs.(3.34) and

(3.35) and assuming the homogeneous solution is zero (no external excitation), the

electomagnetic fields can be expressed in terms of G (r, r′) as

E (r) =
ω

ε0c2
G (r, r0)P0, (3.37)

H (r) = −iω [∇×G (r, r0)]P0. (3.38)

Thus, the E field of a dipole with orientation P0 = |P |nx located at r = r0 cor-

responds to the first column of G (r, r0). Similarly, the E field of a y-oriented (z-

oriented) dipole corresponds to the second (third) column of G (r, r0). In other words,

the columns of G (r, r0) render the E vectors for the three major components of the

dipole. The same relationship holds for the H field and [∇×G (r, r0)]. The electromag-

netic field of an arbitrarily oriented dipole can therefore simply be represented in terms

of G and [∇×G].

For later purposes it will be convenient to split G into two separate contributions

G (r, r0) = G0 (r, r0) + Gs (r, r0) . (3.39)

Gs is the scattering part of the Green’s function and accounts for the electromagnetic
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field, i.e. the field that is reflected from or transmitted through inhomogeneities in the

environment. Similarly, G0 is the primary part of the Green’s function [Eq. (3.40)] and

determines the direct dipole field. While G0 is singular at its origin r = r′, the scattering

part behaves regularly. G0 will only contribute to the field in the (sub)domain in which

it is located. G0 corresponds to the Green’s dyadic in free space and can be determined

in closed analytical form from the scalar Green’s function according to the previous

section

G0 (r, r′) =

[
I +

1

k2
∇∇

]
G0 (r, r′) (3.40)

where G0 (r, r′) is a solution of

∇2G0 (r, r′) + k2G0 (r, r′) = −δ (r− r′) (3.41)

The solution of this equation is

G0 (r, r′) =
e±ik|r−r

′|

4π|r− r|
(3.42)

where the plus sign corresponds to an outgoing wave and the minus sign to an incoming

wave.

So far, the field E has been derived for points outside the scattering objects (r /∈ V ).

However, if the fields within the source volume (r ∈ V ) are to be evaluated, a principal

volume Vδ must be introduced to exclude the singularity of G0 at r = r′. In this case

the solution of (3.32) reads

E (r) =E0 (r) +
iω

ε0c2

∫
V

Gs (r, r′) je (r′) dV ′

iω

ε0c2

∫
V−Vδ

G0 (r, r′) je (r′) dV ′ +
Lje (r)

iωε0εref (r)
r ∈ V.

(3.43)

A similar expression can be found for the magnetic field H. In the limit as the
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maximum length of the integration area δ approaches zero, the exclusion volume Vδ

becomes infinitely small. For arbitrary exclusion volumes Vδ and time harmonic fields,

the source term L can be interpreted physically as a generalized depolarizing dyadic

and turns out to depend entirely on the geometry of the principal volume [27]

L =
1

4π

∫
Sδ

n (r′) (r− r′)

|r− r′|3
dS ′. (3.44)

The limit as δ → 0 is omitted in the expression for L because the surface depends only

on the geometry of Vδ. For cubic or spherical principal volumes the source dyadic turns

out to be L = (1/3) I.

Eq.(3.43) is known as the (electric) volume integral equation. It can be represented

by the simpler equation (3.34) if the Green’s function is written in the symbolic form

G (r, r′) = P.V. [G (r, r′)]− Lδ (r− r′)

k2
0εref (r′)

(3.45)

The symbol P.V. denotes the principal value and was introduced by van Bladel [28]. A

volume integral over P.V [G (r, r′)] acting on a current j (r′) implies that an infinitesimal

exclusion volume at r = r′ must be taken into account. In other words

∫
V

P.V [G (r, r′)] je (r′) dV ′ = lim
δ→0

∫
V−Vδ

G (r, r′) je (r′) dV ′ +
Lje (r)

k2
0εref (r)

. (3.46)

In the usual notation the symbol P.V. is taken out of the integral. The principal volume

notation is only stated here for completeness and will not be used in the following. The

source volume V can be split into N volume elements ∆Vn such that

V =
N∑
n=1

∆Vn (3.47)
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It is assumed that the individual volume elements are sufficiently small, such that the

current density je can be regarded as constant over the dimensions of ∆Vn

je (r) = je (rn) r ∈ ∆Vn, (3.48)

where rn is an arbitrary point inside ∆Vn. In this case, the solution for the field E can

be written as

E (r) = E0 (r) +
N∑
n=1

∆E0
n (r) +

N∑
n=1

∆Es
n (r) , (3.49)

where ∆E0
n is the primary field generated by the current in the subvolume ∆Vn, and

∆Es
n is the corresponding scattered field. ∆E0

n and ∆Es
n are determined by

∆E0
n (r) =



iω
ε0c2

[∫
∆Vn

G0 (r, r′) dV ′
]
je (rn) r /∈ ∆Vn

iω
ε0c2

[
limδ→0

∫
∆Vn−Vδ

G0 (r, r′) dV ′ − L
k20εref (r)

]
je (rn) r ∈ ∆Vn

(3.50)

∆Es
n (r) =

iω

ε0c2

[∫
∆Vn

Gs (r, r′) dV ′
]
je (rn) . (3.51)

Due to the smooth behavior of G0 at r 6= r′,the integral in the expression for r /∈ ∆Vn can

be approximated by ∆VnG0 (r, r′). This approximation cannot be applied for r ∈ ∆Vn

because of the strong variation of G0 near r = r′. Instead, the volume integral has to be

carried out explicitly for a given geometry of the principal volume Vδ. Since Gs is well

behaved for all r, the integration of Gs can be replaced by ∆VnGs (r, r′) everywhere.

For later convinience the remaining integral will be denoted as

M = lim
δ→0

∫
∆Vn−Vδ

G0 (r, r′) dV ′. (3.52)

After inserting Eqs.(3.50) and (3.51) into Eq.(3.49) and evaluating the field E at the
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positions rk = rn, the following N vectors are obtained:

E (rk) = E0 (rk) +
iω

ε0c2

[
M (rk)−

L (rk)

k2
0εref (rk)

+ ∆VkGs (rk, rk)

]
je (rk)

+
iω

ε0c2

N∑
n = 1

n 6= k

G (rk, rn) je (rn) ∆Vn, k = 1, . . . , N. (3.53)

These N equations are the basis for both the MOM and the CDM. The dyadics L and

M are given by Eqs. (3.44) and (3.52) respectively. G is the Green’s function and Gs

denotes its scattering part. Note that the term in brackets, containing M, L and Gs,

defines the interaction of the subvolume element ∆Vk with itself, whereas the sum in

the second row accounts for interactions with other dipolar subunits.

The dyadics L and M can be evaluated for a specific geometry of Vδ,but their sym-

bolic representation will be maintained for general validity. It can be shown that

M (rn) approaches zero as the subvolume ∆Vn is reduced arbitrarily. Therefore, in

the limit ∆Vn → 0 the contribution of M (rn) can be ignored. The dyadic L (rn), on

the other hand, does not vanish in the limit ∆Vn → 0. This dyadic accounts for the

self-depolarization and its incorporation is absolutely necessary in a self consistent

formalism.

Since Eq. (3.53) considers both M and L, the equation represents a so-called strong

form. The weak form is obtained if M is ignored and only L is considered. According to

Lakhtakia [26], only comparisons between strong forms or weak forms are appropriate.

A comparison between the strong form of the MOM and the weak form of the CDM will

show the same inconsistency as a comparison between the strong and weak forms of

the same method.
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3.3 The Method of moments (MOM)

The method of moments considers the fields that are actually present at a given point

r. These fields are directly represented by Eq. (3.53). In order to arrive at a solvable

system of equations, the electric current density

je (r) = −iωε0 [ε (r)− εref (r)]E (r) = −iωε0∆ε (r)E (r) (3.54)

is introduced into Eq.(3.53). This leads to the following system of equations

E0 (rk) =
N∑
n=1

AknE (rn) (3.55)

where the submatrices Akn are given by

Akn =

[
I−

[
k2

0M (rk)−
L (rk)

εref (rk)
+ ∆Vkk

2
0Gs (rk, rk)

]
∆ε (rk)

]
δkn

−
[
∆Vnk

2
0G (rk, rn) ∆ε (rk)

]
(1− δkn)

(3.56)

Since Eq. (3.55) is a vector matrix equation, Akn is a 3N × 3N submatrix. Different

computational schemes, such as the conjugate gradient method, serve to solve the

system of equations. It is probably the most difficult task of the MOM to find an

efficient and reliable algorithm for solving Eq. (3.55). Because the resulting matrices

usually have low conditions, a direct solution might become numerically unstable for

large systems. To overcome this problem Martin et al. introduced an iterative procedure

that is based in Dyson’s equation [29].

The current jk given by Eq.(3.54) can also be inserted into Eq.(3.34) or Eq.(3.43) in

order to obtain an integral formulation of Eq.(3.53). Furthermore it should be noted

that the formalism is not restricted to isotropic scatterers. Eq.(3.55) remains unaffected

if ε (r) is assumed to be a tensor. The extension to bianisotropic scatterers can be found
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in [26].

3.4 The coupled dipole method (CDM)

Contrary to the MOM, the CDM cosiders the field Eexc that excites a given volume

element. This field is different from the field in Eq.(3.53). In order to obtain the field

Eexc, the “self-field" associated with M and L have to be subtracted from the actual

field E to yield

Eexc (rk) = E0 (rk) +
iω

ε0c2
Gs (rk, rk) je (rk) ∆Vk

+
iω

ε0c2

N∑
n = 1

n 6= k

G (rk, rn) je (rn) ∆Vn, k = 1, . . . , N (3.57)

while the dyadics M and L define the direct interaction, the term containing Gs ac-

counts for the indirect interaction. The field associated with Gs (rk, rk) is the field that

was emitted at r = rk at former times and now arrives back to r = rk after having

been scattered in the environment. Therefore, this field also contributes to the exterior

excitation of the volume element at ∆Vk and hence must be included in Eq. (3.57).

Using the microscopic polarizability αk, the dipole momentPk induced in the volume

element ∆Vk can be related to the field Eexc (rk) by

Pk = αkEexc. (3.58)

This relationship can be introduced in Eq. (3.57) after expressing the current density
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in terms of the dipole moment

je (rk) = − iω

∆Vk
Pk. (3.59)

The resulting system of equations in matrix form reads as

E0 (rk) =
N∑
n=1

BknEexc (rn) , k = 1, . . . , N, (3.60)

where the submatrices Bkn are given by

Bkn =

[
I− ω2

ε0c2
Gs (rk, rk)αk

]
δkn − [G (rk, rn)αn] (1− δkn) . (3.61)

If Eq. (3.60) is multiplied by αk on both sides, a system of equations is obtained for the

dipole moments

αkE0 (rk) =
N∑
n=1

CknPn, k = 1, . . . , N, (3.62)

where the submatrices Ckn are given by

Ckn =

[
I− ω2

ε0c2
αkGs (rk, rk)

]
δkn −

[
ω2

ε0c2
αnG (rk, rn)

]
(1− δkn) . (3.63)

Once the dipole moments are determined, the field can easily be calculated everywhere

in space. It has to be emphasized once more that Eexc is identical with E only outside

the scatterer occupied by the volume V . Inside V the two fields are different. In order

to obtain the actual field inside V from Eexc, the “self-dyad" associated with L and M

has to be added to every interior point. However, outside the volume V the field due to

the N induced dipoles reads as

E (r) = E0 (r) +
ω2

ε0c2

N∑
n=1

G (r, r′)Pn r /∈ V. (3.64)
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In order to compare the CDM and the MOM, the polarizabilities αk have to be

expressed in terms of L (rk),M (rk) and ε (rk). The requirement for the CDM to be

identical with the MOM leads to

αk = ∆Vkε0∆ε (rk)

[
I−

[
k2

0M (rk)−
L (rk)

εref (rk)

]
∆ε (rk)

]−1

. (3.65)

This relation follows from the equality of the current density in Eq. (3.54) in the MOM

and the current density Eqs. (3.58) and (3.59) in the CDA. The exciting field Eexc has

further to be expressed in terms of the actual field E according to

Eexc (rk) = E (rk)−
iω

ε0c2

[
M (rk)−

L (rk)

k2
0εref (rk)

]
je (rk)

=

[
I−

[
k2

0M (rk)−
L (rk)

εref (rk)

]
∆ε (rk)

]
E (rk) ,

(3.66)

which follows from Eqs. (3.53), (3.54), (3.57). It remains to be shown that Eq.(3.65)

reduces to the known forms for the polarizability.

3.5 Equivalence of the MOM and the CDM

In the weak forms of the MOM and the CDM, the contribution of the dyadic M is

ingored. In this case, Eq.(3.65) can be expressed as

αk = 3ε0εref (rk) ∆Vk
ε (rk)− εref (rk)

ε (rk) + 2εref (rk)
I, (3.67)

where the explicit value of L = (1/3) I was used. Eq. (3.67) is recognized as the

quasi-static polarizability of an electrically small sphere. Thus, the MOM and the CDM

turn out to be identical in their weak forms. Furthermore, since Eq. (3.66) relates

the exciting field Eexc to the actual field E, it can be shown that the field inside the
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subvolume ∆Vk is

E (rk) =
3εref (rk)

ε (rk) + 2εref (rk)
Eext (rk) . (3.68)

This relationship is consistent with the corresponding expression obtained for a small

sphere in a homogeneous external field.

In order to compare the strong forms of the MOM and the CDM, an explicit value

for the dyadic M has to be determined. The calculation is most easily performed for a

spherical principal volume Vδ. In this case, the integral in Eq.(3.52) can be determined

and the expression for M reads as [28]

M (rk) =
2

3

1

k2
ref (rk)

[
[1− ikref (rk)Rk] eikref (rk)Rk − 1

]
I. (3.69)

In this expression, Rk is the radius of the spherical subvolume ∆Vk = (4π/3)R3
k and

kref is given by k2
ref = k2

0εref . As expected, M equals zero for Rk → 0. Inserting

Eq.(3.69) into the expression for the polarizability (3.65) and using L = (1/3) I one

obtains

αk =

[
3ε0εref (rk)

∆ε (rk) ∆Vk
ε (rk) + 2εref (rk)

] [
I−

3k2
ref (rk) ∆ε (rk)

ε (rk) + 2εref (rk)
M

]−1

. (3.70)

The first factor is recognized as the weak form of the polarizability, whereas the second

expression defines a correction term that accounts for the finite subvolume Vδ. For

∆Vk → 0 this term equals I. The polarizability αk was first determined by Lathtakia [26],

and it is this form that must be considered in comparison with the strong form of the

MOM. It therefore turns out that the strong forms of the MOM and the CDM are also

equivalent. Since the strong forms account for the finite size of the subvolumes, they

generally lead to faster convergence than the weak forms.

It has been shown by several authors that the electrostatic polarizability given by
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Eq.(3.67) fulfills neither energy conservation nor the optical theorem for particles mod-

elled by a single dipole [30,31]. According to the equivalence of the MOM and the CDM

neither does the weak form of the MOM provides physical solutions for single dipolar

scatterers. Therefore, the dyadic M is significant even for very small particles. In order

to achieve physical solutions, various other forms of the CDM were proposed but all of

them modify the weak form of the CDM to include higher-terms in kref (rkRk).

It is repeated here that the main difference between the MOM and the CDM is

the point of view. While the CDM considers the field incident on a subvolume(exciting

field), the MOM deals with the field that is actually present in the subvolume. Therefore,

the field of the CDM only represents the solution for the fields outside the scatterer,

whereas inside the scatterer the relation between the exciting field Eexc and actual filed

E is given by Eq.(3.66).

3.6 Effective polarizability

The effective polarizability αeff is often introduced in order to account for the interaction

of a single dipolar particle with its environment. The interaction originates from the

fact that part of the field emitted by the dipole at previous times is reflected back and

influences the dipole’s properties. The dipole moment P of a polarizable particle located

at r = r0 with polarizability α (ω) is related to the local exciting field Elocal = Eexc (r = r0)

by

P = α (ω)Elocal (3.71)

where the polarizability is given by Eq. (3.65). Note that Elocal is the field that excites

the particle and is thus not equal to the actual field at r = r0. Elocal can be split into

two contributions

Elocal = E0 (r0) + Es (r0) , (3.72)
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where E0 is the exciting field and Es is the dipole’s field that is reflected back to its

position (scattered field). The latter can be written as

Es (r0) =
ω2

ε0c2
Gs (r0, r0)P . (3.73)

Note that Gs, unlike G0, has no singularity and hence may be evaluated at its origin.

With Eqs. (3.71)-(3.73), it follows that

P − ω2

ε0c2
α (ω)Gs (r0, r0)P = α (ω)E0 (r0) (3.74)

This equation is identical to Eq (3.62) of the CDM if a single particle is considered. The

right hand is simply the primary dipole moment P0 i.e. the dipole moment induced by

the exciting field E0. Thus Eq. (3.74) can be rewritten as

P − ω2

ε0c2
α (ω)Gs (r0, r0)P = P0 (3.75)

which can be solved for P . The self-consistent dipole moment P is determined by

Gs, containing the information of the optical properties of the environment and by α,

describing the properties of the particle itself. From Eq. (3.73) an effective polarizability,

αeff , can be calculated as

P = αeff (ω)E0 (r0) . (3.76)

In free space αeff is equal to α. Inhomogeneities in the environment change the po-

larizability from α to αeff . These changes are due to the dipole’s interaction with the

environment. If α represents a molecule or atom with well-defined transition energies,

then the interaction with environment leads to resonance shifts and alterations of the

decay rates.
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3.7 The Total Green’s function

The entire electromagnetic information of a system consisting of an arbitrary number

of particles can be represented by a single dyadic function. This function is denoted

as Gt where the index t stands for “total". The term “particle” represents any dipolar

center, whether spatially isolated from others or merged together with others to form a

macroscopic medium. Consider an arbitrary number of particles embedded in an in-

homogeneous reference system, such as a planar layered structure. It is assumed that

the Green’s function G accounts for the inhomogeneous reference system. According

to Eq.(3.66), the actual field E (r) outside of all the particles in the system is equal to

the exciting field Eexc because r is an exterior point. For µ = 1 this field is given by

Eqs.(3.60) and (3.61) and reads

E (r) = E0 (r) +
ω2

ε0c2

N∑
n=1

G (r, rn)αnE (rn) (3.77)

where E0 is the field in the absence of the particles. For the present purpose, E0 is the

field of an exciting dipole at r = rk with the dipole moment Pk. According to Eq. (3.37)

the dipole field can be expressed in terms of the Green’s function as

E0 (r) =
ω2

ε0c2
G (r, rk)Pk. (3.78)

The combination of both equations leads to

E (r) =
ω2

ε0c2
G (r, rk)Pk +

ω2

ε0c2

N∑
n=1

G (r, rn)αnE (rn) . (3.79)
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If the Green’s function of the entire system were known, the field at r could simply be

calculated from

E (r) =
ω2

ε0c2
Gt (r, rk)Pk. (3.80)

Here, Gt not only accounts for the inhomogeneous reference system, but also for the

particles. The field in Eq. (3.80) can be substituted for the fields E (r) and E (rn) in

Eq.(3.79) to obtain

Gt (r, rk)Pk = G (r, rk)Pk +
ω2

ε0c2

N∑
n=1

G (r, rn)αn (ω)Gt (rn, rk)Pk. (3.81)

This equation can be post-multiplied by Pk/ |Pk|2 to give

Gt (r, rk) = G (r, rk) + ω2µ0

N∑
n=1

G (r, rn)αn (ω)Gt (rn, rk) . (3.82)

This is the discrete form of Dyson’s equation [32] and was first derived in quantum

mechanics. In the present approach it was assumed that only exterior points are

considered. The derivation for interior points follows the same steps but with a slightly

more complicated expression for Eq.(3.77) including the scattering part of G. Eq.(3.82)

incorporates all information about the environment. Once Gt is known, the field of

a dipole placed at an arbitrary location rk is readily calculated using Eq.(3.80). The

formalism of Dyson’s equation is elaborated in more detail by Martin et al. for van der

Waals interactions and for electromagnetic scattering [33]. In the former, Gt is denoted

as the “field susceptibility”, whereas for the latter, it bears the name “generalized field

propagator”.
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Chapter 4

A Multiple-Scattering

Polaritonic-Operator Method for

Hybrid Arrays of Metal Nanoparticles

and Quantum Emitters

4.1 Introduction

Surface plasmons (SPs) are electromagnetic (EM) waves coupled to the collective charge

oscillations at an interface between two media with permittivities of opposite sign, typ-

ically a dielectric or air and a metal. Localized SPs, also called particle plasmons, are

plasma oscillations occurring at the surface of a finite metallic object of nanometer-scale

dimensions, i.e., a nanosphere or a nanorod. One of the most important features of

metallic nanostructures supporting SPs is their ability to restrict light in subwavelength

volumes, i.e., regions in space that are much smaller than the wavelength, a feature

which makes them as ideal components in miniaturized photonic circuitry. The strong
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localization of the EM field within subwavelength volumes results in enormous values

of the electric field and strong modification of the spontaneous emission, boosting the

interaction of light with quantum systems near plasmonic nanostructures and lead-

ing to significantly modified (mainly enhanced) optical phenomena at the nanoscale.

Some of the effects that have been studied in this research area are Fano effects in en-

ergy absorption [34–37], ultrafast switching and controlled population transfer [38–45],

gain without inversion [46–49], quantum-coherence-enhanced surface plasmon ampli-

fication [50], controlled optical bistability and multistability [51–53], strongly modified

four-wave mixing [54–57], enhanced second-harmonic generation [58,59] and nonlinear

optical rectification [60], single [61] and double [62] optical transparency accompanied

by slow light, phase control of absorption and dispersion [63], strongly enhanced Kerr

nonlinearity [64–67], and controlled Goos-Hänchen shift [68]. These phenomena have

various potential applications in nanophotonics and quantum nanotechnology, such as

in ultra-sensitive sensing, in quantum-information processing, in ultra-fast switching,

to name a few.

Of particular interest are nanoscale setups involving quantum emitters (QEs) (dyes,

quantum dots, atoms, etc) intermixed with one or several metallic nanoparticles (NPs).

In this case, the optical response of the QEs is influenced by the presence of the localized

SP excitations of the NPs. In the weak-coupling regime, the optical response of the QEs

is altered only in terms of the spontaneous emission rate which is, via the Purcell effect,

directly proportional to the imaginary part of the Green’s tensor of the metallic NPs.

In the strong-coupling regime however, i.e., when the resonance frequencies of the

QEs are not too spectrally distinct from the SP resonances of the metallic NPs, apart

from the modification of the spontaneous emission rate, the energy levels of the QEs are

themselves altered, giving rise to new levels and corresponding modes which are closely

liaised with the SP modes of the NPs. If the QEs are semiconducting quantum dots
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wherein the optical resonances are of exciton origin, these newly proclaimed modes of

the strong-coupling regime are called plasmon-exciton polaritons or plexcitons [1–9].

The basic features of the experimental spectra probing the plexciton resonances of

hybrid QEs-NPs systems can be interpreted under the prism of a (classical) coupled-

oscillator model [6, 7, 10, 11]. However, finer quantum phenomena such as superra-

diance [12] or quenching of fluorescence [69] cannot be captured unless the quantum

mechanics of the QE-NP hybrid comes to play [70–74]. Perhaps, the most complete

description of the light interactions among one or more QEs and a structured photonic

enviroment is that based on a multiple-scattering polaritonic-operator technique [75],

as applied to the case of a single NP [69,76].

In this chapter, we present a new method for the treatment of hybrid collections

consisting of nanoparticles and quantum emitters. The method is a combination of

the multiple-scattering polaritonic method of [69,75], with the standard EM coupled-

dipole method [30,31,77–79]. Namely, we incorporate the coupled-dipole method within

the multiple-scattering polaritonic-operator technique [75] via the calculation of the

Green’s tensor dyadic which enables us to study hybrid systems containing collections

of many nanoparticles and quantum emitters. At the same time, the presented formal-

ism can be extended to treat cases of a single non-spherical object (nanorod, nanocube,

nano-pyramid, etc) interacting with collections of quantum emitters, in which case the

nanoparticles, treated as point scatterers, are merged together so as to form a single

nano-object (the variant of the coupled-dipole method for single objects called discrete-

dipole approximation).
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4.2 Theory

Our method consists of two major components. The first is the coupled-dipole method

which: (a) solves the problem of light scattering by a finite collection of nanoparticles

and (b) provides the classical EM Green’s tensor dyadic, again, for a finite collection

of nanoparticles. The second major component is a multiple-scattering technique for

polaritonic operators which treats the interaction of light with a finite collection of

arbitrary quantum emitters and nanoparticles.

During the first step of the following method, a collection of nanoparticles is initialy

assumed to be embedded inside a material, while the quantum emitters are assumed to

be inserted á posteríorí. This initial "bare" system (NPs+dielectric) is described in terms

of the coupled dipole method (CDA) wherein the metallic nanoparticles are modelled as

point dipoles and quantum emitters are modelled as fictitious point dipoles with zero

polarizability. This allows for the calculation of the (local) electric field E (r;ω), that

excites a fictitious dipole located at r as the sum of the directly incident field on the

(fictitious) dipole plus the field scattered by all other dipoles (corresponding to the NPs

of the bare system) incoming to the specific dipole. Via the same scheme, one may

calculate the EM Green’s tensor dyadic G (r, r′;ω) where r, r′ are positions of fictitious

dipoles both for r = r′ and r 6= r′. Namely, G (r, r′;ω) of a collection ofM NPs (where r,r′

are two position vectors in space outside the NP collection) is calculated in the following

manner. In order to calculate G for r = r′, M + 1 dipoles are constructed, where the

first M correspond to the NPs of the above collection (with polarizabilities as described

in the following section) while the last one corresponds to a fictitious dipole (at r = r′)

with polarizability set to zero. Similarly, in order to calculate G for r 6= r′ , M + 2

dipoles are constructed and the last two polarizabilities are set to zero, corresponding

to two fictitious dipoles (located at r and r′).

During the second step of the method, the quantum emitters are assumed to be in-
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serted into the bare system. The resulting emitter-dressed system (QEs+NPs+dielectric)

is then described by means of a multiple-scattering formalism involving polaritonic op-

erators that takes into account all scattering effects due to the presence of the QEs.

This joint formalism can then be employed to describe the quantum optical properties

of light propagating and being scattered through a hybrid system of QEs-NPs embedded

in a material.

4.2.1 Coupled Dipole Method

In this section we follow closely the work of Martin et al [80] that introduced a fully

vectorial formalism for the investigation of electromagnetic scattering in polarizable

backgrounds and apply it to the coupled dipole method (or DDA). Let us consider a

scattering system described by a dielectric function ε(r) embedded in an infinte homo-

geneous background medium εB. We shall assume nonmagnetic materials and an e−iωt

time dependence for the fields. The scattering system does not need to be homogeneous

and can be composed by several distinct bodies embedded in the infinite background.

When the background medium is not vacuum (εB 6= 1) the scatterers may have a lower

permittivity ε(r) than εB. Finally, realistic metals can be considered by using a complex

value dielectric functions.

When this system is illuminated by an incident field Einc(r) propagating in the

background medium, the total electric field (incident field plus scattered field) is a

solution of the vectorial wave equation

∇×∇× E(r)− k2
0ε(r)E(r) = 0, (4.1)

where k0 = ω
c

For the sake of simplicity the discussion is limited to scalar dielectric

functions although the following formalism can handle anisotropic scatterers described
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by a tensorial dielectric function.

Introducing the dielectric contrast

∆ε(r) = ε(r)− εB, (4.2)

we can rewrite Eq. (4.1) as an inhomogeneous equation,

∇×∇× E(r)− k2
0εBE(r) = k2

0∆ε(r)E(r) (4.3)

where the incident field Einc(r) must be a solution of the corresponding homogeneous

solution

∇×∇× Einc(r)− k2
0εBE

inc(r) = 0 (4.4)

To compute the total field E(r), let us introduce the Green’s tensor GB(r, r′) asso-

ciated with the infinite background εB. This dyadic is the solution of the vector wave

equation (4.4) with a point source term.

∇×∇×GB(r, r′)− k2
0εBG

B(r, r′) = Iδ(r− r′) (4.5)

where I is the unit dyad. GB(r, r′) for an infinite homogeneous background is readily

obtained from [81]

GB(r, r′) =

(
I +
∇∇
k2
B

)
gB3D(r, r′), (4.6)

where

gB3D(r, r′) =
exp(ikBR)

4πR
(4.7)

is the scalar Green’s function associated with the background, R = |R| = |r − r′| the

relative distance between source and observation points, and kB is the wave number
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in the background medium:

k2
B =

ω2

c2
εB (4.8)

Introducing Eq.(4.7) into Eq.(4.6) leads to the explicit form of GB(r, r′):

GB(r, r′) =

[(
1 +

ikBR− 1

k2
BR

2

)
I +

3− 3ikBR− k2
BR

2

k2
BR

2
R̂⊗ R̂

]
exp(ikBR)

4πR
, (4.9)

where R̂ = R/|R|. Now, by introducing Eq.(4.5) into Eq. (4.3) it is a simple matter to

find that the total field E(r) is given by

E(r) = Einc(r) +

∫
V

dr′GB(r, r′)k2
0∆ε(r′)E(r′) (4.10)

where the integration runs over the entire scatterer volume V

We can see that GB(r, r′) diverges for r = r′. Therefore, whenever both r and r′ are

inside the scatterer V , the principal value must be taken for the integral in Eq.(4.10),

and the singularity of the Green’s tensor must be treated separately. This is emphasized

by rewriting Eq.(4.10) as

E(r) = Einc(r) + lim
δV→0

∫
V−δV

dV ′GB(r, r′)k2
0∆ε(r)E(r)− L · ∆ε(r)

εB
E(r) (4.11)

where the infinitesimal volume δV centered at the point r is used to exclude the singu-

larity. The source dyadic L depends on the shape of the exclusion δV . Its derivation

is given with much detail by Yaghĳan [27]. Note the important factor εB in the L term

of Eq.(4.11). This factor does not appear in the work of Yaghjian as the author only

considers scattering in vacuum. When the observation point r is located outside the

scatterer, no singularity shows up since the integration in Eq. (4.10) is limited to the

scatterer volume.

To solve Eq.(4.11) numerically, let us define a grid with D meshes over the system.
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Each mesh i is centered at position ri and has a volume Vi, i = 1, ..., N (for 2D systems

Vi represents the area of the mesh). A regular mesh with constant volume Vi is not

mandatory and a higher mesh refinement can be used where a precise knowledge of

the field is required or the dielectric constant ∆ε(r) is large.

Introducing the discretized field Ei = E(ri), the discretized dielectric constant ∆εi =

∆ε(ri) and the discretized Green’s tensor GB
ij = GB(ri, rj) we can rewrite Eq.(4.11) as

a dense system of linear equations:

Ei = Einc
i +

D∑
j=1,j 6=i

GB
ijk

2
B

∆εj
εB

EjVj + Mi · k2
B

∆εi
εB

Ei − Li ·
∆εi
εB

Ei, i = 1, ..., N, (4.12)

with k2
B = k2

0εB and

Mi = lim
δV→0

∫
Vi−δV

dV ′GB(ri, r
′) (4.13)

a correction term that arises as a direct consequence of the discretization process and

is associated with the finite size of the exclusion volume. Kahnert [82] distinguished

the CDM from the MoM by the fact that the MoM solves directly Eq. (4.12) for unknown

Ei, while the CDM seeks not the total, but the exciting electric field, i.e the field that

excites volume cell Vi, because it consists of the incident field and the contributions

originating from all other cells. This becomes apparent by the following equations:

Eexc
i =

(
I + (Li − k2

BMi)
∆εi
εB

)
Ei = Ei − Eself

i (4.14)

Where Eself
i the field induced by the subvolume on itself i.e.:

Eself
i = (k2

BMi − Li)
∆εi
εB

Ei (4.15)
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By introducing the polarizability tensor

αi = Vi∆εi

(
I + (Li − k2

BMi)
∆εi
εB

)−1

, (4.16)

Eq. (4.12) can be expressed in terms of the exciting field

Einc
i = Eexc

i − k2
0

D∑
j 6=i

GB
ijαjE

exc
j (4.17)

The above equation,in its present form, illustrates that the effect of the exciting field can

be interpreted as inducing a dipole moment on each discrete volume cell (Pi = aiE
exc
i ).

This is the origin of the term discrete dipole approximation. Furthermore, this allows

us to recast Eq.(4.17) into a more computationally suitable form involving the dipole

moments, which is the main equation of the CDM.

Einc
i = Piα

−1
i − k

2
0

D∑
j 6=i

GB
ijPj (4.18)

Before inserting the scatterers (MNPs) and the fictitious dipoles (QEs), we introduce

some conventions regarding notation. For all fields and tensors of Eq.(4.16-Eq.(4.18)

we move from the purely vectorial formalism presented so far and explicitly state the

angular frequency dependence (ω) useful for the numerical studies that take place.

Furthermore, for Eqs.[(4.21)-(4.23)] we denote GB
ij (ω) ≡ GB (ri, rj;ω) as the Green’s

tensor for an infinite homogeneous 3D background medium between the i-th and j-

th point dipoles, of a collection of M point dipoles, corresponding to the (metallic, in

the present work) nanoparticles located at ri, rj respectively. In addition, GB
nj (ω) ≡

GB (rn, rj;ω) is the Green’s tensor for an infinite homogeneous 3D background medium

between the n-th fictitious dipole of a collection ofN fictitious dipoles, (corresponding to

the respective quantum emitter located at rn), and the j-th point dipole, of a collection
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of M point dipoles, (corresponding to the respective (metallic) nanoparticle located at

rj. A similar notation is applied to the classical EM Green’s tensor dyadic G introduced

in Eq.(4.24). Eqs.[(4.25)-(4.26)] follow a slightly different notation for reasons that will

become apparent.

We now introduce a collection of M spherical metallic nanoparticles in the homoge-

neous system εB using an accurate formula for the polarizability of the i − th metallic

nanoparticle, so as to account for radiation-reaction effect [27,30,80],

αi(ω) =
α0(ω)

1− iα0(ω)ω3√εB
6πc3

. (4.19)

Here, α0(ω) is the bare polarizability, given by the Clausius-Mossoti relation, typical

for small spherical nanoparticles of radius S, with relative dielectric permittivity εm

embedded in a material of relative dielectric permittivity εB

α0(ω) = 4πεBS
3 εm(ω)− εB
εm(ω) + 2εB

. (4.20)

The local electric field Ei at the position of the i-th NP can be obtained through [78,79]

Ei(ω) = Einc
i (ω) + k2

0

M∑
j 6=i

GB
ij(ω) · αj(ω) · Ej(ω) (4.21)

As shown before, within the CDM the dipole moment Pi(ω) [= αi(ω)Ei(ω)] at each NP

can be initially calculated via the following system of 3M equations [78]

Pi(ω) = αi(ω)

[
Einc
i (ω) + k2

0

M∑
j 6=i

GB
ij(ω) ·Pj(ω)

]
, (4.22)

where M is the number of the NPs and Einc
i is the incident field at the position of the

i-th metallic nanoparticle. Having calculated the dipole moments of the nanoparticles,
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one can afterwards evaluate the (local) field at the position of each fictitious dipole of a

collection ofN+M dipoles whereN correspond to fictitious ones with zero polarizability

(N quantum emitters to be inserted) and M correspond to metallic nanoparticles again

via Eq.(4.21),

En(ω) = Einc
n (ω) + k2

0

M∑
j

GB
nj(ω) ·Pj(ω). (4.23)

Here however, n always concerns the n-th fictitious dipole while j runs through the

entire collection of theM dipoles corresponding to the nanoparticles of the bare system.

In the context of fluctuational electrodynamics [83], one may also calculate the clas-

sical EM Green’s tensor dyadic of a collection of M nanoparticles within the framework

of CDA, via the following linear system of 3M equations,

M∑
k

[
δik − k2

0αk(ω) ·GB
ik(ω)

]
·Gkj(ω) = GB

ij(ω). (4.24)

In order to proceed with the second part of the method, i.e. the formulation of the

multiple scattering formalism, one needs to determine only Gnn (ω) ≡ G (rn, rn;ω),

Gmn (ω) ≡ G (rm, rn;ω), Gdn (ω) ≡ G (rd, rn;ω) ≡ G (R, rn;ω), where the subscripts

n,m concern positions of each of the N quantum emitters, and rd ≡ R concerns the

position of the detector. All of the above are assumed to be inserted at the second

step of the method, and at this point, can be modelled as an ensemble of F = N + 1

fictitious point dipoles with zero polarizability (which we generally assume located at

positions rf outside the MNP collection). Namely, N fictitious dipoles corresponding

to each of the quantum emitters located at rn plus one corresponding to the position

of the detector rd. In the following two equations, subscripts i, j, k are not limited to

dipoles corresponding to NPs but may include fictitious dipoles as well.

Implementing the scheme mentioned in the beginning of this section, one may
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obtain Gnn (ω) via solving the following linear system of 3(M + 1) equations

M+1∑
k

[
δik − k2

0αk(ω) ·GB
ik(ω)

]
·Gkj(ω) = GB

ij(ω), (4.25)

N times, once for each fictitious dipole [the additional (M + 1)-th dipole in the above

sum correspond to each of the N quantum emitters].

Similarly, in order to obtain Gmn (ω), and Gdn (ω) (in general Gff ′ ) one needs to

solve the following linear system of 3(M + 2) equations

M+2∑
k

[
δik − k2

0αk(ω) ·GB
ik(ω)

]
·Gkj(ω) = GB

ij(ω), (4.26)

F (F − 1) = (N + 1)N times, once for each pair of (non identical) fictitious dipoles [the

additional (M + 1)-th, and (M + 2)-th dipoles in the above sum, correspond to each

such pair among the collection of F fictitious dipoles].

4.2.2 QED Hamiltonian-Multiple scattering formalism

The macroscopic QED formalism [84,85] is based on a Hopfield model for the material

(nanoparticles and dielectric), interacting with light in second quantization and a bath

of harmonic oscillators accounting for losses. The following procedure relies on the

following diagonalized minimal-coupling Hamiltonian

H =

∫
d3r

∫ ∞
0

dωf~ωf f̂ †(r, ωf ; t) · f̂(r, ωf ; t) +
N∑
n=1

~
2

Ωnσ̂
z
n(t)

−
N∑
n=1

[
σ̂+
n (t) + σ̂−n (t)

]
Pn · F̂(rn; t). (4.27)

The first term of the Hamiltonian involves the polaritonic vector field operators f̂(r, ωf ; t),

and represents the elementary excitations of the light-matter system. The quantum
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emitters are introduced as point dipoles with dipole moment Pn and natural frequency

Ωn through the Pauli operators σ̂n in the second term of the Hamiltonian. The third

term represents the coupling between the ensemble of quantum emitters and the bare

system (nanoparticles and dielectric). This is achieved through the electric field opera-

tor F̂(r; t) (at the position of the quantum emitters), which is written as

F̂(r; t) = F̂(+)(r; t) + F̂(−)(r; t) (4.28)

F̂(+)(r; t) =

∫ ∞
0

dωf F̂(r, ωf ; t) (4.29)

F̂(r, ωf ; t) = i

√
~
πε0

ω2
f

c2

∫
d3r′

√
=m [εm(r′, ωf )]G(r, r′, ωf ) · f̂(r′, ωf ; t). (4.30)

G(r, r′;ωf ) is the dyadic Green’s function of the bare system (nanoparticles and sur-

rounding dielectric), which, as shown above, can be calculated within the framework of

the coupled-dipole method. =m[εm(r, ω)] is the imaginary part of the dielectric function

of the nanoparticles.

From the above Hamiltonian (Eq.4.27), one may follow the procedure presented

in [75] also used in [69], [86], . We write the equations of motion for the operators

i~∂Ô/∂t =
[
Ô, Ĥ

]
and perform the Laplace transform Ô(ω) =

∫∞
0
Ô(t)eiωtdt to get 1

f̂(r, ωf ;ω) = f̂0(r, ωf ;ω) +

√
=m[εm(r, ωf )]

π~ε0
ω2
f

c2

N∑
n=1

Pn ·G∗(rn, r;ωf )
i [σ̂+

n (ω) + σ̂−n (ω)]

ω − ωf
(4.31)

f̂ †(r, ωf ;ω) =
(̂
f0
)†

(r, ωf ;ω) +

√
=m[εm(r, ωf )]

π~ε0
ω2
f

c2

N∑
n=1

Pn ·G(rn, r;ωf )
i [σ̂+

n (ω) + σ̂−n (ω)]

ω + ωf
(4.32)

1Note that
∫∞
0

dteiωtȮi(t) = −iωOi(ω)−Oi(t = 0).

102



σ̂−n (ω) =
iσ̂−n (t = 0)

ω − Ωn

+
Pn · F(rn;ω) ∗ σ̂zn(ω)

~ (ω − Ωn)
(4.33)

σ̂+
n (ω) =

iσ̂+
n (t = 0)

ω + Ω∗n
− Pn · F(rn;ω) ∗ σ̂zn(ω)

~ (ω + Ω∗n)
(4.34)

σ̂zn(ω) =
iσ̂zn(t = 0)

ω
− 2Pn · F(rn;ω) ∗ [σ̂+

n (ω)− σ̂−n (ω)]

~ω
(4.35)

where ∗ stands for the convolution product. The Laplace transformed operators

verify Ô(ω)† = Ô(−ω). f̂0(r, ωf ;ω) are the polaritonic operators of the free field without

quantum emitters and are eigenfunctions of the bare system: f̂0(r, ωf ;ω) = f̂0(r, ωf ; 0)e−iωf t.

Note that the quantum emitters frequencies Ωn were chosen to be complex in order to

account for the internal non-radiative decay rate γQE (Ωn = ω0 − iγQE/2). The induced

non hermiticity of the Hamiltonian was forced back by imposing [σ̂−n (t)]† = σ̂+
n (t), i.e.

by replacing Ωn by Ω∗n in Eq.(4.34). This ansatz, simpler than the more general intro-

duction of a stochastic noise term in the Heisenberg equations of motion, is equivalent

to include losses a posteriori, as in [86].

The low excitation hypothesis can then be applied to perform the bosonization

∗σzn → −1. While this is exact in one excitation subspace, in this approach it is only

approximate because the rotating wave approximation was not performed. Eqs.[(4.33)-

(4.34)] are then reduced to

σ̂−n (ω) =
iσ̂−n (t = 0)

ω − Ωn

− Pn · F(rn;ω)

~ (ω − Ωn)
(4.36)

σ̂+
n (ω) =

iσ̂+
n (t = 0)

ω + Ω∗n
+

Pn · F(rn;ω)

~ (ω + Ω∗n)
(4.37)

Afterwards, via the identity=mGkl(r, r
′, ω) =

∑
j

∫
d3sω

2

c2
=m[εm(s, ω)]Gkj(r, s, ω)G∗lj(r

′, s, ω),
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one may trace out the QE operators from Eqs.[(4.31)-(4.37)] and obtain a Lippman-

Schwinger equation for the field operator F̂, where the quantum emitters appear as

point scatterers and quantum source operators.

F̂(r;ω) = Ê0(r, ω) +
N∑
n=1

K(r, rn, ω) ·
(
Ŝn(ω) + Vn(ω) · F̂(rn;ω)

)
. (4.38)

In the above Lippman-Schwinger equation the quantum emitters are seen as quan-

tum sources through the operators Ŝn

Ŝn(ω) = i
ω2

ε0c2

(
σ̂−n (t = 0)

ω − Ωn

+
σ̂+
n (t = 0)

ω + Ω∗n

)
·Pn, (4.39)

Vn are the scattering potentials

Vn(ω) = − ω2

~ε0c2

2<e [Ωn]

(ω2 − 2iω=m [Ωn]− |Ωn|2)
Pn ·Pn, (4.40)

and finally a generalized dyadic Green’s function of the emitter-dressed system K,

K(r, rn;ω) =

∫ ∞
0

dωf
2ω3

f

πω2

=m [G(r, rn;ωf )]

ω2 − ω2
f

(4.41)

which is related with the Green function of the bare system ( nanoparticles embedded

in dielectric), through Kramers-Kronig relations

K(r, r′;ω) = G(r, r′;ω)− c2δ(r− r′)

ω2ε(r)
. (4.42)

It should be noted that the emergence of the generalized dyadic Green’s function K

instead of G depends on whether a quantum emitter couples with the displacement

field D (as is the former case due to the multi-scattering approach of the formalism)

or the electric field E (in the latter). In cases of lossless systems (i.e. =m[εB] = 0)
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as ours, one can see that =m [G] = =m [K], so calculation of quantities such as the

photonic LDOS is not affected within this formalism. The only difference between K

and G lies in the contribution of the real part of K which merely displaces the diagonal

elements of G, by inducing a (small) frequency shift (which depends on the background

permittivity in which the quantum emitters are embedded) to quantities of interest such

as the spontaneous emission spectrum. In the following, rm, rn are position vectors of

the quantum emitters, and R is the position vector of a detector in the far-field region.

Using standard multiple scattering techniques, Eq (4.38) can be recast as

F̂(r;ω) = F̂i(r;ω) +
N∑

m,n=1

K(r, rm;ω) ·T(N)
mn (ω) · F̂i(rn;ω). (4.43)

F̂i(r;ω) is the direct incident field, and Ê0(rn;ω) is the total field operator of the bare

nanoparticles, including incident and scattered fields (calculated classically)

F̂i(r;ω) = Ê0(r;ω) +
N∑
n=1

K(r, rn;ω) · Ŝn(ω). (4.44)

TN
mn(ω) is the scattering T-matrix that accounts for the infinite scattering events created

by a a collection of N quantum emitters,

TN
mn(ω) = P̂mTm(ω)M−1

mnP̂n (4.45)

Mmn(ω) = δmn − (1− δmn)P̂m ·G(rm, rn;ω) · P̂nTn(ω) (4.46)

Tm(ω) =
Vm(ω)

1− P̂m ·K(rm, rm;ω) · P̂mVm(ω)
. (4.47)

Tm(ω) represents the self-scattering potential for the m-th dipole. With all of the above

definitions we can identify the N-scattered field operator and the source field operator
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as

F̂scat(r;ω) =
N∑

m,n=1

K(r, rm;ω)·T(N)
mn (ω)·Ê0(rn;ω) =

N∑
n=1

G
(N)
scatt(r, rn;ω)·Ê0(rn;ω), (4.48)

F̂source(r;ω) =
N∑
n=1

[
K(r, rn;ω) +

N∑
m,p=1

K(r, rm;ω) ·T(N)
mp ·K(rp, rn;ω)

]
· Ŝn(ω)

=

(N)∑
n=1

G(N)
source(r, rn;ω) · Ŝn(ω), (4.49)

allowing for the definition of two “dressed” dyadic green functions, namely the N-

scattering dressed Green’s tensor relevant for the scattering problem

G
(N)
scatt(r, rn;ω) =

N∑
m=1

K(r, rm;ω) ·T(N)
mn (ω), (4.50)

and the N-scattering Green’s tensor associated with the fluorescence of the quantum

emitters

G(N)
source(r, rn;ω) = K(r, rn;ω) +

N∑
m,p=1

K(r, rm, ω) ·T(N)
mp (ω) ·K(rp, rn;ω). (4.51)

The physical quantity of experimental relevance is the light spectrum related to the

signal output of a detector placed at r = R,

S(R, ω) =

∫ ∞
0

dt1

∫ ∞
0

dt2e
iω(t1−t2)

〈
F̂−(R, t1) · F̂+(R, t2)

〉
(4.52)

S(R, ω) =

〈(∫ ∞
0

dteiωtF̂+(R, t)

)†
·
(∫ ∞

0

dteiωtF̂+(R, t)

)〉
(4.53)

Examining the first term in Eq.(4.53),
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∫ ∞
0

dteiωtF̂+(R, t) =

∫ ∞
0

dteiωt
[

1

2π

∫ ∞
0

dω′e−iω
′tF̂(R, ω′)

]
=

1

2π

∫ ∞
0

dω′F̂(R, ω′)

∫ ∞
0

dtei(ω−ω
′)t

=
1

2π

∫ ∞
0

dω′F̂(R, ω′)

[
iP.V.

[
1

ω − ω′

]
+ πδ(ω − ω′)

]
(4.54)

where we have used the relation
∫∞

0
dtei(ω−ω

′)t = iP.V.
(

1
ω−ω′

)
+πδ(ω−ω′) [87]. The prin-

cipal value can be evaluated directly using Cauchy’s integral formula as P.V.
(

1
ω−ω′

)
=

−iπ giving ∫ ∞
0

dteiωtF̂+(R, t) = F̂(R, ω) (4.55)

which reduces Eq.(4.54) to

S(R, ω) =

〈[
F̂(R, ω)

]†
·
[
F̂(R, ω)

]〉
. (4.56)

We define the initial wavefunction of the system by considering a single QE excita-

tion (the n0-th out of N QEs of the ensemble), i.e. |ψ0〉 = |en0 , 0〉, meaning that〈
σ̂+
n0

(t = 0)σ̂−n0
(t = 0)

〉
= 1. To mimic typical experimental setups where the QEs are in-

coherently pumped at high energies, the light spectrum for the n0-th QE being initially

excited is calculated separately

Sn0(R, ω) = 〈en0 , 0|
[
F̂(R, ω)

]†
· F̂(R, ω) |en0 , 0〉 (4.57)

Sn0(R, ω) =
∑
n

∣∣∣∣ ω2

ε0c2
G(N)
source(R, rn;ω) ·Pn

∣∣∣∣2( δn,n0

|ω − Ωn|2
+

1− δn,n0

|ω + Ωn|2
+

δn,n0

|ω + Ωn|2

)
.

(4.58)

Eq.(4.58) is not further reduced to illustrate that the third term directly comes from the

bosonization process: more than one excitation can be put in the QEs (see Suppl. Mat.
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of [69]). It is then summed incoherently over n0 in order to obtain the light spectrum

stemming from all quantum emitters measured at the position of the detector,

S(R, ω) =
N∑
n0

|bn0|
2 Sn0(R, ω), (4.59)

with bn0 = Pn0 · E0(rn0 , ω). E0 is the (classical) E-field amplitude of an incoming plane

wave scattered by the nanoparticles (evaluated at the positions of the QEs), and can be

calculated via the procedure discussed through Eqs.[(4.21)-(4.23)] for an incident plane

wave that excites the QE-MNP collection. To evaluate G
(N)
source(R, rn;ω), one needs to

obtain G (rn, rn;ω), G (rn, rm;ω), G (R, rm;ω), all of which can be calculated by means

of the procedure discussed through Eqs.[(4.25)-(4.26)].

4.3 Results and discussion

Figure 4.1: Calculation setup: A linear binary chain consisting of alternating metallic
NPs and QEs. The structure is illuminated by normally incident light while the electric
field is polarized along the chain axis. The metallic NPs are made of silver while the
QEs are organic molecules.

The presented method is applied (via a programming code developed in Fortran 90)

to the case of linear binary arrays (chains) of metallic NPs and QEs, (see Fig. 4.1). The
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Figure 4.2: Light spectra [as obtained by Eq. (4.59)] for binary linear chains of NP-QE
dimers with N = 3. The material and geometrical characteristics of the NPs and QEs
are provided in the text. The surface-to-surface distance between two NPs is 2 nm while
each QE is placed in the middle of the above distance.

QEs are chosen to be placed in the middle of the distance between two consecutive NPs.

We study arrays with a finite number of N QE-NP dimers. The NPs have a radius of

7 nm while the array is embedded within a host medium of dielectric constant εB = 2.13

corresponding to the experiment reported in [88] .The NPs are assumed to be made of

silver in which case the dielectric function is provided by the Drude model

ε(ω) = ε∞ −
ω2
p

ω(ω + iγp)
(4.60)

with parameters ε∞ = 4.6, ωp = 9eV, γp = 0.1eV taken from tables [89]. The QEs are

modelled as point-like two-level systems with transition frequency ω0 (to be parametri-

cally varied in what follows), internal nonradiative decay rate γqe = 15meV and tran-

sition dipole moment µ = 0.19e ·nm which are typical values for organic molecules [90].
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Figure 4.3: The same as Fig. 4.2 but for N = 6.

The entire chain is illuminated by a plane wave which is incident normally on the chain

and the corresponding electric field is parallel with the chain axis, i.e.,

Einc
0 = Einc

0 e−ik·zx̂, k = ω
√
εB/c (4.61)

The transition dipole moments of the organic molecules (QEs) are also assumed to be

parallel with the chain axis (see Fig.4.1). Firstly, we assume that the surface-to-surface

distance between two neighboring NPs is 2 nm while, as stated above, the QE stands

in the middle of the NP separation. The light spectrum as calculated by Eq. (4.59)

is obtained at (theoretically) infinite distance from the edge and along the chain axis

(practically at a large distance) so as to capture only the far-field components of light.

For these calculations we have chosen a discretization of 201 steps in the frequency

domain (ω). Since ω0 is also parametrically varied, this corresponds to a discretization

mesh of 201×201 steps.
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Figure 4.4: The same as Fig. 4.2 but for N = 10.

In Figs. 4.2, 4.3, 4.4 we show the light spectrum (in arbitrary units) for chains of

different numbers N = 3, 6, 10 of QE-NP dimers for the same surface-to-surface dis-

tance between two neighboring NPs (2 nm). The most characteristic feature from all

diagrams of light spectra, is the presence of the avoided crossing of the excitonic reso-

nance of the QE (organic molecule in our case) with the SP resonances of the silver NP.

The energy separation in the avoided crossing area defines the so-called Rabi splitting

and it is a typical property of the interaction between two coupled (classical or quan-

tum) harmonic oscillators [10]. In our case, the Rabi splitting is of the order of 0.1 eV.

The EM mode structure within the avoided-crossing area possesses characteristics of

both the SP and exciton resonances which justifies the name of the plexciton mode

described in the introduction [10]. Away from this spectral area, the mode structure

has the characteristics of the resonance of each individual component of the QE-NP

dimer.

Evidently, there are more than one avoided crossings present with their number
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Figure 4.5: Light spectrum for the case of N = 10 (Fig. 4.4) and for ~ω0 = 1.98 eV.

increasing with the number of QE-NP dimers in the chain. To the best of our knowledge,

this is the first manifestation of a multiplet of plexciton states and stems from the

arrangement of the QE-NP dimers in a linear chain. Namely, the EM mode structure

of the linear chain is a result of the hybridization of the individual plexciton modes

centered at each QE-NP dimer. In a manner similar to the tight-binding description of

localized electrons in insulating solids, the plexciton mode at each dimer overlaps with

the corresponding modes of its neighbouring dimers (for a linear chain with its left and

right neighbours) resulting in a plexcitonic hopping mechanism which, for a finite chain

of dimers, generates a multiplet of plexciton resonances within a finite spectral area.

These plexciton resonances manifest themselves as a series of avoided-crossing regions

in the corresponding light spectra. The number of the hybridized plexciton resonances

is equal to the number of dimers. This can be also observed in Fig. 4.5 which shows
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the light spectrum for a particular QE resonance frequency, i.e., ~ω0 = 1.98 eV of the

contour plot of Fig. 4.4. Evidently, the number of observable peaks (ten) is the same

as the number of QE-NP dimers. We must stress, however, that one cannot easily

enumerate the different plexciton resonances from the light spectra of Figs. 4.2-4.4 as

it is often the case where two avoided-crossing areas overlap, see, e.g., Fig. 4.4 around

~ω = ~ω0 ' 1.5 eV. For an infinitely periodic array of QE-NP dimers, one expects the

formation a plexciton frequency band.

In Fig. 4.6 we show the light spectra for linear chains of 10 QE-NP dimers, for

different NP-NP separations [2 nm (top),4 nm (middle) and 6 nm (bottom)]. We remind

that the QEs stand in the middle of the NP-NP separation. We observe that as the

separation between the NP increases, the effective area within which the plexciton

avoided-crossings appear more compact and the corresponding plexciton resonances

are located within a narrower spectral region. This is more or less expected since

the interaction (overlap) of neighboring plexcitons becomes weaker as the distance

between the dimers increases. In an actual experiment, in order to enumerate the

different plexcitonic resonances, the corresponding Rabi splitting should be larger than

the linewidths of the SP and exciton states [10].

4.4 Conclusions

In this chapter, we have introduced a new theoretical method for assessing the inter-

action of light with hybrid collections of metallic nanoparticles and quantum emitters.

The method is based on a multiple-scattering polaritonic-operator formalism in con-

junction with an electromagnetic coupled-dipole method. The developed method has

been applied to the case of a linear chain consisting of dimers of quantum emitters

and metallic nanospheres. We have found, in particular, that such a system supports
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a multiplet of plexcitonic resonances as a result of a hybridization process among the

plexciton resonances of each individual dimer. The method can be extended to treat

the interaction of quantum emitters with a single non-spherical object to be treated as

a collection of point-like scatterers.
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Figure 4.6: Light spectra [as obtained by Eq. (4.59)] for binary linear chains of
N = 10 dimers of NP-QEs, for different surface-to-surface distances between two NPs
(2 nm: top, 4 nm: middle, 6 nm: bottom). The material and geometrical characteristics
of the NPs and QEs are provided in the text.
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Chapter 5

Systematics of Plexciton Formation in

Linear Chains of Quantum Emitters

and Metal Nanoparticles

5.1 Introduction

The subject of light propagation in linear chains of metal nanoparticles (NPs) has at-

tracted a lot of research efforts [91–102]. Metal NP chains, with an interparticle separa-

tion less than approximately 2.5 times the particle diameter, are able to accommodate

the propagation of light as a result of near field interactions between NPs that occur due

to the overlap of their respective electromagnetic fields [103–105]. Thus, the prospect

of using metal NP chains as waveguides is promising with regards to integrated optics

applications, since it can lead to optical processing circuitry of small dimensions [106],

that cannot be realised with conventional integrated optics techniques, due to the

diffraction limit. The extent of potential applications such as the merging of electronic

circuits to photonic devices [107], the realization of biological nanosensors [108] and
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subwavelength imaging [109], to name a few, illustrates the growing interest of inves-

tigating mode propagation in metal NP chains [110].

Of further interest, is the interaction of optical modes in structured electromagnetic

environments, such as metal nanoparticle chains, with the photons emitted by quan-

tum emitters (molecules, semiconducting quantum dots, or organic dyes etc), in the

regime where plasmons can confine light to small volumes that largely overcome the

diffraction limit. This strong-coupling regime, i.e the regime of enhanced light-matter

interactions, is characterized by Rabi oscillations of the emitter occupation and hybrid

optical states of mixed light-matter nature [1–3,111,112]. If the resonance frequencies

of the QEs are not too spectrally distinct from the surface plasmon (SP) resonances of

the metallic NPs, the energy levels of the QEs are themselves altered, giving rise to new

levels and corresponding modes which are closely liaised with the modes of the MNPs.

In the case where the QEs are semiconducting quantum dots, such a coupling results in

the formation of plasmon-exciton polaritons, the so called plexcitons [1,4–8,113]. The

resulting plexciton resonances of such hybrid systems display quantum phenomena

that cannot be captured unless the quantum mechanics of the QE-NP hybrid comes to

play [70–74].

In the previous chapter (section 4.2) we incorporated the electromagnetic (EM)

coupled-dipole theory [30, 31, 77–79] within the theoretical framework of a multiple-

scattering polaritonic operator technique [75], as applied to the case of a single NP

[69,76] via the calculation of the Green’s tensor dyadic by means of the coupled-dipole

method. The resulting joint formalism enables the study of hybrid systems comprised

of many NPs and QEs, enabling the study of light-matter interaction in the strong-

coupling regime. The method was implemented to the case of a linear array of dimers

of QEs and metallic NPs wherein all corresponding parameters were chosen so as to

ensure strong coupling interaction between the metallic NP and the QE, revealing a
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multitude of plexciton modes equal to the number of the dimers in each chain, result-

ing from the hybridization of the plexciton resonances of each individual dimer.

In the present chapter we present extensive numerical calculations of the plexcitonic

properties of chains of QE - NP dimers. Namely, we model the redshift of the main

plexcitonic resonances (MPR) (i.e with the strongest output signal in the light spectrum)

in chains comprised of up to 10 dimers. Specifically the plasmon redshift of each

MPR was modelled after an exponential empirical formula that accurately describes

the frequency shift of chains up to 20 dimers similar to the case of chains comprised

solely of MNPs [110], and allows for the determination of an asymptotic minimum

resonance at a length of approximately 20 dimers, in accordance with calculations

obtained through our numerical code. The numerics can then be mapped to a simple

Hamiltonian that reveals that the Rabi splitting of a MPR scales proportionally to
√
N

where N is the number of dimers contributing in the chain.

5.2 Results and Discussion

Figure 5.1: System under study: A linear binary chain of metallic NPs (yellow) - QE
(green) dimers, illuminated by normally incident light. The corresponding electric field
is polarized along the chain axis, while the transition dipole moments of the QEs are
assumed parallel to the chain axis.

The developed method is applied to the case of linear binary arrays (chains) of
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metallic NPs and QEs that consist of a finite number of N QE - NP dimers. The QEs are

chosen to be placed in the middle (1 nm) of the distance between two consecutive NPs

(2 nm). The NPs have a radius of 7 , while the array is embedded within a host medium

of dielectric constant εB = 2.13 corresponding to the experiment reported in [88] . The

NPs are made of silver in which case the dielectric function is provided by the Drude

model of Eq. (4.60) of chapter 4, with ε∞ = 4.6, ωp = 9 eV, γp = 0.1 eV. The QEs (organic

molecules) are modelled as point-like two-level systems with transition frequency ω0

(which is parametrically varied in what follows), internal nonradiative decay rate γqe =

15 meV and transition dipole moment P = 0.19 e·nm. The transition dipole moments

of the QEs are assumed parallel with the chain axis. The entire chain is illuminated by

an plane wave which is incident normally on the chain and the corresponding electric

field is parallel with the chain axis (Fig.5.1), i.e.,

Einc
0 = Einc

0 e−ik·zx̂, k = ω
√
εB/c (5.1)

The light spectrum as calculated by Eq. (4.59) is obtained at (theoretically) infinite

distance from the edge and along the chain axis (practically at a large distance) so as

to capture only the far-field components of light.

The light spectra have been calculated via a programming code implementing the

method described in Sect.4.2 for a number of binary chains ranging from 1-10 dimers

using a discretization of 201 steps for the frequency domain, corresponding to a mesh

of 201× 201 frequencies. The calculations were initially in the frequency range of 0.1-9

eV in order to draw qualitative conclusions about a broad frequency range so as to

evaluate our proposed method. Results for chains that consist of 3,6, and 9 dimers

are presented in Figs. 5.2. Inspection of the light spectra reveals the formation of a

multiplet of plexcitonic resonances manifested as a series of avoided crossings within

a finite spectral area, equal to the number of dimers that form each chain [114]. In
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Figure 5.2: Calculated light spectra in arbitrary units for binary chains comprised of 3
(Left), 6 (Middle), and 9 (Right) dimers. A multiplet of plexcitonic resonances manifests
with increasing chain length, with the MPR being significantly stronger than the lesser
ones. It should also be noted that there is a spectral area (4.7 - 4.8 eV) where the light
spectrum is significantly weak.

each figure, one also notes that the value of the light spectrum of the most redshifted

plexcitonic resonance of each chain [which will, from here on out, be referred to as the

main plexcitonic resonance (MPR)] is many orders of magnitude larger than the rest, a

fact that could be utilized in experimental configurations in order to model and predict

the emergence of the MPRs for a hybrid MNP-QE chain consisting a large number of

dimers. The second common characteristic all figures share, is a spectral area located

approximately between 4.7-4.8 eV wherein the light spectrum presents a significant

dip by many orders of magnitude. The latter remark could indicate a cut-off frequency,

which by extension can be traced back to the asymptotic wavelength of an infinitely

long chain as is the case in studies of NP chains [110].

In [110] the light scattering properties of linear chains of gold NPs with up to six

NPs and an interparticle spacing of 1 nm were studied. An exponential model was

applied to the experimental data allowing the determination of an asymptotic maximum

resonance at a chain length of 10-12 particles. Specifically, the experimentally observed

red shift of the longitudinal coupled mode was found to follow an exponential trend in
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Figure 5.3: Calculated light spectra in arbitrary units for binary chains comprised of 3
(Left), 6 (Middle), and 9 (Right) dimers for the narrower frequency band mentioned in
text. The multiplet of plexcitonic resonances are more clearly identified.

accordance with the theoretical models of Maier et al. [115] and Fung et al. [116],

that plateaus at a chain length of approximately 10, in accordance with theoretical

predictions concerning NP chains at small interparticle separations (< 5 nm) using

rigorous approaches [106,117–119]. The exponential model used in [110] was

λ = λ0 + (λ∞ − λ0)
(
1− e−τ/N

)
, (5.2)

where λ0 is the measured single particle surface plasmon wavelength in the correspond-

ing experimental conditions, λ∞ is the predicted asymptotic wavelength of an infinitely

long chain, N is the chain length, an τ is the fitted parameter. We have implemented a

similar approach for the hybrid MNP-QE chain, where an exponential model to describe

the plasmon redshift of the MPRs (Fig.5.5) was derived by analogy to that of Eq.(5.2)

albeit in the frequency domain (eV),

ωNMPR ≡ ωMPR(N) = ωSMPR −
(
ωc − ωSMPR

) (
1− e−τN

)
(5.3)

Here, ωSMPR is the plasmon frequency of the (single) MPR corresponding to one
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Figure 5.4: (Left) Frequency ω of the light spectrum corresponding to the main plexci-
tonic resonance of each binary chain with respect to the number of its dimers, in the
frequency range of 0.9 - 3.6 eV. The corresponding values for chains comprised of 1-10
dimers (purple) were used in the fitting procedure, while the values corresponding to
chains of 11 - 20 dimers (cyan) were used as a testbed of the fit. (Right) Fitting of the
frequencies of the MPRs of dimer chains of variable length (1-10) (purple circles) via
Eq.(5.4). (Black) Fit with m = 1 and optimal parameters ωc = 4.68 eV, τ1 = 0.249 and
τ2 = 0.254, (Red) Fit with m = 2 and optimal parameters ωc = 4.71 eV, τ1 = 0.234 and
τ2 = 0.12.(Blue) Fit with m = 3 and optimal parameters ωc = 4.73 eV, τ1 = 0.225 and
τ2 = 0.077.

dimer, which for the hybrid system under study is ωSMPR ≈3.01 eV (see Fig.5.5). ωc

is a critical frequency that is related to the asymptotic frequency of the plasmon of

a MPR corresponding to an infinitely long hybrid chain by ωN→∞MPR = 2ωSMPR − ωc, N

is the number of dimers in the chain, and τ is, again, a fitting parameter. We stress,

again, that Eq.(5.3) was derived by analogy to that of Eq.(5.2), and the exact exponential

plasmon redshift may not necessarily scale as e−τN , due to the fact that this is not a

MNP chain but a chain comprised of QE-MNP dimers. Therefore the modelled plasmon

frequencies participate in the formation of plexcitons (MPR), a fact that one expects to

be reflected in any proposed model.

The light spectra for binary chains with lengths of 1-10 dimers where recalculated

in the frequency domain where the plexcitonic hybridizations take place (approximately
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Figure 5.5: (Left) Light spectrum of a chain consisted of a single dimer. (Middle)
Corresponding plot of the real parts of the eigenvalues of Eq.(5.5). (Right) Corresponding
light spectrum calculated for a fixed value (~ω0 ≈ 3.013 eV) of QE natural frequency
corresponding to the maximum of the light spectrum observed in the contour plot
(MPR). The Rabi splitting in this case is ≈ 0.04 eV (FWHM).

0.9 - 3.6 eV), using the same frequency mesh as before, with the intention of identify-

ing the frequencies of the MPRs as accurately as possible, and fitting them to Eq.(5.3).

Light spectra for binary chains with > 10 dimers were also calculated using the same

frequency range in order to test the fitting procedure. Fig.5.3 presents the light spectra

for chains comprised of 3, 6, and 9 dimers in the new narrower frequency region, while

Fig.(5.4) illustrates the exponential trend of the redshift. The fit was performed in the

above range for up to a maximum length of 10 dimers, and was found to improve sig-

nificantly with the introduction of a correction in the exponential the form of τ2

∑(
1
N

)m
where m is the number of the correction terms,

ωNMPR = ωSMPR −
(
ωc − ωSMPR

) (
1− e−τ1N+τ2

∑
( 1
N )

m)
. (5.4)

Fig.5.4 shows the behaviour of the fitting model for 1, 2, and 3 correction orders,

and the corresponding optimal parameters. It is evident that the modelled redshift in

the chain length we chose to fit does not change significantly with the introduction
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of these extra terms, but instead it is the asymptotic behaviour that is better probed

with these corrections. One should note that, regardless of the correction order, ωc

is within the spectral region 4.68 eV - 4.73 eV (see Fig.5.2), justifying our intuition

about a cuttoff frequency in that region. The predicted asymptotic frequency ωN→∞MPR is

then approximately expected to be in the region between 1.3 and 1.35 eV. As observed

in Fig.5.4, calculating the light spectra of hybrid chains that include up to 10 QE-

MNP dimers (via the joint CDA-multiple scattering formalism discussed in Sect.4.2),

suffices to qualitatively capture the exponential redshift of the MPR plasmons. However,

in order to obtain meaningful quantitative predictions for the emergence of MPRs in

longer chains, as well their corresponding asymptotic frequency, while ensuring that

the proposed scheme is of practical use to experiment (i.e. calculating the minimum

necessary light spectra to obtain the MPRs to be fitted), one needs to include the

correction terms in Eq.(5.4). A parameter for the choice of m, since the light spectra are

calculated numerically via Eq.4.59, is the refinement of the frequency mesh. For all the

above calculations, where we used a 201 x 201 discretization mesh in the frequency

domain, we found that the introduction of two correction terms in Eq.(5.4) suffices to

adequately capture the asymptotic behaviour of the redshift.

A simple model Hamiltonian can be employed to emulate the behaviour of the MPRs

of each individual chain.

HN =

ωMPR(N)− iγp/2 g
√
N

g
√
N ω0 − iγqe/2

 . (5.5)

Here ωMPR(N) is the plasmon frequency corresponding to the main plexcitonic reso-

nance of each chain that consists of N QE-MNP dimers, derived from Eq.(5.4) where

we have chosen the optimized parameters of m = 2 (ωc = 4.71 eV, τ1 = 0.234 and

τ2 = 0.12) ), ω0 is the exciton frequency of the QEs and g is the plasmon-exciton cou-
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Figure 5.6: (Above). (Left) Light spectrum of a 5 dimer chain, (Middle) plot of the real
parts of the eigenvalues of the MPR model Hamiltonian. (Right) Corresponding Rabi
splitting (FWHM) ∆ω ≈ 0.16 eV at the MPR. The coupling constant of Eq.(5.5) in this
instance is g

√
5 corresponding to a Rabi splitting [Eq.(5.8)] ∆ω ≈ 0.13 eV. (Below) The

same for a chain comprised of 10 dimers. Here g
√

10 corresponds to a Rabi splitting
∆ω ≈ 0.18 eV while the Rabi splitting observed at the MPR (FWHM) is ∆ω ≈ 0.19 eV.

pling constant derived from the Rabi splitting obtained from the energy seperation in

the avoided crossing area of the one dimer chain. As shown in Fig.5.5, in this case, the

Rabi splitting is ≈0.04 eV (FWHM). g can be determined near resonance via [10]

ω± = ω0 − i
γp
4
− iγqe

4
± 1

2

√
A−

(γp
2
− γqe

2

)2

(5.6)
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and

∆ω =

√
A−

(γp
2
− γqe

2

)2

, (5.7)

g2 ≡ A = (∆ω)2 +
(γp

2
− γqe

2

)2

, (5.8)

yielding g ≈ 0.06 eV. In Fig.5.6 we present results for the case of chains with 5 and

10 dimers. One can see that the energy separation in the area of the avoided crossing

of the MPRs scales reasonably well as
√
N (Fig.5.6), a fact well reported in studies of

single NP - many QEs systems in the strong coupling regime [10] where the splitting

on resonance scales as
√
N/V . However, in the latter case, N is the number of the

contributing QEs of the hybrid system, while in our study N is the number of QE - NP

dimers. By inspecting Fig.5.7, it is evident that as the number of dimers participating in

the chain increases, the increasing number of redshifted plexcitons is located within a

narrower frequency region inducing an overlap between neighbouring plexciton modes.

This overlap between consecutive avoided crossing regions is reflected in the upper

plexctiton branch of the model Hamiltonian (Fig.5.7 (Middle)), where comparison with

the respective plexciton branch of the corresponding light spectra (Fig.5.7 (Left) ) reveals

a relative displacement between the two, due to the progressive crowding of contributing

plexcitons in the frequency region the MPRs are located, with increasing chain length.

Thus the lower plexciton branch of the model Hamiltonian serves as a guide for the

spectral location of the MPR of a hybrid binary chain of arbitrary (QE-MNP dimer)

length while the upper branch serves as a measure of the overlapping plexciton modes

in the vicinity of the MPR with increasing chain length.
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Figure 5.7: (Left) Light spectra and (Middle) mapping of their corresponding MSR to
Eq.(5.5), for the cases of chains comprised of (Above) 15 and (Below) 20 dimers. Eq.(5.5)
cannot entirely capture the MPR Rabi splitting due to its overlap with neighbouring
plexcitonic resonances as the chain length increases. This is further evident by (Right)
the light spectra obtained for fixed ω0 corresponding to each MPR.

5.3 Conclusions

In conclusion, we have applied a theoretical method based on a multiple-scattering

polaritonic-operator formalism in conjunction with an electromagnetic coupled-dipole

method to assess the interaction of light with hybrid collections of metallic NPs and

QEs presented in chapter 4, to a linear chain consisting of a finite number of MNP-QE

dimers. The light spectra of the above hybrid QE-MNP systems were calculated within

the context of the above formalism. A method was then presented to describe and
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predict the main plexcitonic resonance of such an (experimentally feasible) configura-

tion, whose corresponding value in the light spectrum is many orders of magnitude

larger than the secondary plexcitonic resonances, thus most likely to be experimen-

tally observable. First, an empirical formula was derived to describe the redshift of the

plasmons participating in the main plexcitonic resonances of each chain, in a manner

similar to that applied in (plasmonic) chains consisting solely of NPs, which serves to

predict reasonably well the frequencies of the MPR of a hybrid chain of arbitrary length,

and reveals an asymptotic behaviour at twice the length expected in NP chains [110]. A

model Hamiltonian was then introduced that serves to approximately predict the energy

splitting defined by the avoided crossing area of the MPR, found to scale reasonably

well as
√
N where N is the number of QE-MNP dimers and assess the overlapping sec-

ondary plexciton modes in the vicinity of the MPR. The presented method may serve, in

conjunction with the technique presented in chapter 4, supplementary to experiments

as a guide for an approximation of the spectral location of the MPR and a reasonable

estimation of the energy region of its corresponding avoided crossing area.

We should note that in chapters 4 and 5 we considered chains of NP-QE dimers. In

all cases, the corresponding light spectra where calculated with the detector placed at

theoretically infinite (practically, very large) distance along the chain axis with respect to

dimer chain length in order to capture only the far-field components of light. As future

work, one could investigate the effect of the detector position to the optical properties of

such hybrid systems, especially in the near-field region. Furthermore, in this region, as

opposed to the light spectrum at the position of the detector that we used in the present

thesis, a more suitable quantity to calculate would be the polarization spectrum of each

QE which corresponds to the light spectrum at the position of each QE.
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Chapter 6

Strong electromagnetic coupling in

dimers of topological-insulator

nanoparticles and quantum emitters

6.1 Introduction

In condensed matter physics, classifying distinct phases of matter has been tradition-

ally understood in terms of the spontaneous breaking of underlying symmetries [120]

of the relevant systems. A notable exception regarding this classification paradigm is

the quantum spin Hall effect [121] introducing the notion of topological order [122,123]

i.e. the fact these states of matter do not spontaneously break any symmetries, yet de-

fine a topological phase in the sense that certain fundamental properties of such states

remain unaffected with respect to smooth changes in material parameters. Recently, a

new class of materials has emerged, namely, that of topological insulators (TI) [124], at-

tracting a lot of attention in the field of solid state physics [125]. Topological insulators

are electronic materials that have a bulk band gap like an ordinary insulator but have
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protected conducting states on their edge or surface. Such states are possible due to

the combination of spin-orbit interactions and time-reversal symmetry [126,127]. They

have been experimentally observed in mercury telluride quantum wells [128,129], bis-

muth antimony alloys [130,131] and Bi2Te3 and Bi2Se3 bulk crystals [132–135], while

further studies have been performed in spherical [136–138] and cylindrical [139–141]

geometries as well as bulk TIs terminated at an arbitrary crystal face [142] and thin

films [143].

Recently, the impact of such topologically protected (surface) states in the optical

properties of topological insulator nanoparticles (TINPs) was investigated [18], illus-

trating that under the influence of light, a single electron in such a state creates a

surface charge density similar to a plasmon in a metallic nanoparticle. Furthermore

such an electron can act as a screening layer, effectively suppressing absorption inside

the particle and can couple phonons and light, giving rise to a previously unreported

topological particle polariton mode.

In the present chapter, we theoretically investigate the behaviour of this surface

topological particle (SToP) mode in the case where the TINP interacts strongly with a

single quantum emitter (QE), by means of calculation of the light spectrum of the sys-

tem. We find, in particular, that the SToP mode couples strongly with the resonance of

the QE giving rise to a novel hybrid mode the signal output of which, as well its spectral

location can be primarily tuned by controlling the TINP size. This result could prove

useful in enhanced light-matter interactions in the THz range where the systems under

study are QE-TINP arrays (for instance binary chains) and calls for more investigation.

The calculations were performed by implementing the multiple-scattering polaritonic-

operator formalism in conjunction with the EM coupled-dipole method, as described in

chapter 4.

132



E 

x

z

TINP 

QE 
k p 

detector 

Figure 6.1: Calculation (of light spectrum) setup: A Bi2Se3 TINP-QE dimer is illumi-
nated by a normally incident field (k ‖ z). The corresponding electric field is polarized
along the x-axis while the dipole moment of the QE is assumed to be parallel with the
former. The detector is placed at a theoretically infinite distance, (practically at a very
large distance) so as to capture only the far-field components of light. The absorption
cross-section (see main text) is calculated for the TINP in the abscence of QE.

6.2 Results and Discussion

The spherical insulator nanoparticle (INP) under study is made of Bi2Se3 in which case

the bulk dielectric function is modelled by

εinp(ω) =
∑

j=α,β,f

ω2
pj

ω2
0j − ω2 − iγjω

(6.1)

and includes contributions from α and β transverse phonons, and free charge carriers

(f ) arising from the bulk defects. The parameters for the three terms present in Eq.(6.1)

are taken from a fit to experimental data [144] on bulkBi2Se3. In [18] the surface states

were found using a low energy Hamiltonian valid close to the Dirac point [141, 145].

Specifically, time-dependent perturbation theory was employed to the analytical model

of a spherical TINP of [141] which, for small radii, yields a discretized Dirac cone on

a spherical surface. The effect of the topologically protected surface states is then

reflected on the dielectric function of Eq.(6.1) via inclusion of a TINP radius-dependent
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term δR [18],

δR =
e2

6πε0

(
1

2A− ~ωR
+

1

2A+ ~ωR

)
. (6.2)

Here, R is the TINP radius, ω is the angular frequency of the incident light, and A = 0.3

eV ·nm, is a constant obtained from DFT calculations [145], related to the equally spaced

surface states of the TINP that stem from spin-orbit coupling [see the supplemental

material of Ref. [18]]. Introducing this term results in the modified dielectric function

for a TINP,

εtinp = εinp + δR. (6.3)

In Fig.6.2 we present results of the absorption cross-section of a single Bi2Se3 TINP

(which for the following calculations is modelled as a point dipole) of varying radius

embedded in vacuum (εB = 1) in order to probe the two main features reported in

Ref. [18], namely the surface topological particle mode (SToP) and the point of zero

absorption, via

Cabs =
4πk

|Einc
0 |

2

M∑
i=1

[
=m (Pi · E∗i )−

2

3
k3 |Pi|2

]
(6.4)

where Ei, Pi are the local electric field at the position of each point dipole and its

corresponding dipole moment, both calculated within the CDM. The TINP is illuminated

by a normally incidented plane wave (k ‖ z),

Einc
0 = Einc

0 e−ik·zx̂ (6.5)

For TINP radii in the range of 40-90 nm, the SToP mode lies in the frequency range

between the Bi2Se3 LSPP mode located at 1 THz and the β phonon located at 3.72

THz. For the above range, aside from the presence of the SToP mode, it is evident

that the zero in absorption is present at frequencies obeying 2A = ~ωR [18]. Of note,
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Figure 6.2: Absorption cross section of a single Bi2Se3 TINP embedded in vacuum
of varying radius as discussed in main text. The key features are the emergence of
the SToP mode accompanied by a zero in absorption. With increasing TINP radius
bulk effects become more prominent reflected in the progressively stronger LSPP and
β phonon peaks. The SToP mode peak is significantly weaker in the vicinity of the α
phonon hinting at the coupling of the surface topological plasmon with the former.

is the fact that the SToP mode diminishes with increasing particle size as the former

approaches the frequency of the α phonon of Bi2Se3 located at 2 THz, hinting at one

of the conclusions of [18], namely, that the mode arises due to the interaction of the

electrons in the surface states with the bulk α phonon. For a TINP size of R ≈ 73.8

nm, the SToP mode is located directly at the location of the α phonon, thus nearly fully

suppressed, yielding an absorption cross-section that differs from the corresponding of

an ordinary insulator nanoparticle only by the zero in absorption (Fig.6.3).

In all the following we calculate the light spectra (in arbitrary units) of TINP-QE

hybrid systems with respect to incident light angular frequency (ω) as described by

Eq.4.59 and the method discussed in chapter 4, wherein the QE transition angular
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frequency (ω0) is parametrically varied. The light spectra have been calculated via a

programming code implementing the above method using a discretization of 201 steps

for the frequency domain, corresponding to a mesh of 201×201 frequencies. The results

in all subsequent figures are presented in terms of incident light frequency (f ) and QE

transition frequency (f0). For the first set of calculations we choose a TINP of R = 50

nm. Namely we calculate the light spectrum of a hybrid nanostructure comprised of a

single TINP interacting with a two-level quantum emitter (QE) placed 1 nm above it, to

ensure strong interaction between the TINP and QE. The system, as with the previous

calculations, is assumed to be embedded in vacuum and illuminated by a normally

incident plane wave with an electric field polarized along the x axis. The transition

dipole moment of the quantum emitter is set to P = 0.2 e ·nm, parallel with the electric

field. The light spectrum is obtained at (theoretically) infinite distance along the x

axis (practically at a large distance) so as to capture only the far-field components of

light. Fig.6.4, illustrates the importance of the value of the internal nonradiative decay

rate γqe, to the coupling of the SToP polariton with the QE resonance. Corresponding

light spectra are presented respectively for the case of a QE with a slow decay rate,

γqe = 15 meV (e.g., an organic molecule) and a fast decay rate, γqe = 0.8 µeV , (e.g.,

a QD [146, 147]). For the slow decay rate (left panel of Fig. 6.4), the light spectrum

is almost featureless. For the fast decay rate (middle and right panel of Fig. 6.4),

it is evident that there is an avoided crossing area in the region of the SToP mode

corresponding to the coupling between the QE resonance and the surface topological

particle polariton, giving rise to a novel mode. The mode, as can be seen in Fig.6.4

(right panel) wherein the coupling strength was tuned at fivefold to accurately capture

the features of the coupling, presents a bottleneck below the avoided crossing area

that stems from the spectral vicinity of the SToP mode with the zero in the absorption

cross-section of the TINP (Fig.6.2). We must stress here that, by assuming a QE with
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Figure 6.3: Absorption cross section of a single Bi2Se3 TINP (red) embedded in vac-
uum juxtaposed with the absorption cross section of an ordinary INP (blue) of the same
radius. For R = 50 nm (left panel) the zero in absorption is accompanied by the (promi-
nent) SToP mode. For R = 73.8 nm (right panel) the SToP mode is tuned to frequency
of the bulk α phonon, rendering it nearly nonexistent with the zero in absorption re-
maining the only discernible difference with the absorption cross-section of an ordinary
insulator nanoparticle of the same radius.

fast decay rate (γqe = 0.8 µeV ) means considering the exciton resonance of a quantum

dot which might reach the size of 10 nm. In that case, our formalism which treats

QEs as point objects, cannot account for possible size-effects that may occur and can

be taken into account by classical EM treatments of the excitons [7–9]. However, finer

quantum phenomena such as superradiance or quenching of fluorescence cannot be

captured unless the quantum mechanics of the QE-NP hybrid comes to play [70–74].

In all the following calculations we assume a TINP-QE system with γqe = 0.8 µeV

embedded in vacuum (εB = 1) with QE transition dipole moment set at P = 0.2 e · nm.

In Fig.6.5, we present the light spectra for the hybrid system under study for various

TINP radii R < 50 nm, up to the lower threshold the TINP model presented in Ref. [18]

remains valid, ensuring that there is enough bulk material to support the surface

states. We observe that he hybrid mode is blueshifted, and characterized by wider
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Figure 6.4: Light spectra of the hybrid system under study for the case for γqe = 15
meV (left panel) and for γqe = 0.8 µeV (middle and right panel). It can be seen that the
QE resonance couples with the SToP polariton giving rise to a previously unreported
mode. The right panel is the same as the middle one, but for a five times larger value
of the dipole moment, in order to clearly discern the characteristics of the coupling.

avoided crossing areas, i.e. stronger coupling. Of note is the fact that no bottleneck

regions are present in the spectral vicinity of the (more well defined) avoided crossing

area, hinting at the progressively diminishing effect of the zero in the absorption cross-

section of the TINP.

In Fig.6.6, we present the light spectra for the hybrid system under study as a func-

tion of single frequency. Specifically we keep the quantum emitter transition frequency

f0 fixed at the value corresponding to each crossing point observed in Fig.6.5, and

present the corresponding light spectrum as a function of incident light frequency (f ).

In all cases, one can observe the formation of two spectrally distinct peaks due to the

coupling of the SToP polariton and the QE resonance which become more pronounced

with decreasing TINP size. In Fig.6.7 we extract a value for the corresponding Rabi

splitting of the above cases. We note that, in an actual experiment, for this hybrid

system to be in the strong coupling regime, the energy separation corresponding to the

avoided crossing area, the Rabi splitting, should be larger than the linewidths of the
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Figure 6.5: Light spectra of the hybrid system under study for TINP radius R = 30 nm
(left panel), R = 20 nm (middle panel), R = 10 nm (right panel). The coupling between
the SToP polariton and the QE resonance grows stronger and blueshifts as the TINP
size decreases. The output signal of the coupling (middle of the avoided crossing area)
as well as its spectral location can be tuned simply by controlling the TINP size (in all
cases the system is assumed to be embedded in air).

surface topological particle polariton and QE resonance states [10].

Fig.6.8 illustrates the dependence of the hybrid mode with respect to the QE-TINP

distance, for a fixed TINP radius, R = 20 nm. As expected, decreasing the separation

between the TINP and the QE results in stronger coupling between the two, reflected in

the progressively more well defined avoided crossing area in the spectral region of the

SToP mode corresponding to a TINP of the above radius.

Fig.6.9 presents, for completeness, the light spectra of the system under study

wherein the TINP radius is set at R > 50 nm, illustrating the diminishing effect of the

SToP mode (and by extension the hybrid mode due to the presence of the quantum

emitter) with increasing TINP size, as well as an almost complete abscence of the SToP

mode in the case where the TINP size is tuned so that the former coincides with the

bulk α phonon of Bi2Se3. Here, we must stress that in all our calculations, the TINP

is treated as point dipole which is justified by the small sphere radii compared to
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Figure 6.6: (Left panel) Line plots of the light spectra of the hybrid system under
study for a TINP radius (left panel) R = 30 nm, (middle panel) R = 20 nm, (right
panel) R = 10 nm, with respect to incident light frequency (f ) wherein the quantum
emitter resonance (f0) is kept fixed at (left panel) f0 = 4.4 THz, (middle panel) f0 = 6.1
THz, (right panel) f0 = 8.8 THz, corresponding to the middle of each avoided crossing
area depicted in Fig.6.5. For the case where the TINP radius is R = 30 nm and
R = 20 nm, there is evidence of two distinguishable peaks forming in the spectral
region of the corresponding avoided crossing points. For the case where the TINP
radius is R = 10 nm, the two peaks are more pronounced.

the wavelength (the THz regime is an ultra-subwavelength regime for the sphere radii

considered here - up to 100 nm). However, for much larger nanoparticle radii, the

multiple-scattering polaritonic operator formalism employed here can readily provide a

discrete-dipole-approximation (DDA) calculation for the TINP, as it can treat collections

of an arbitrary number of point dipoles. It can thus simulate more realistically a TINP by

considering it as a collection of point dipoles in the spirit of DDA. However, as explained

above, due to much longer wavelength of incident radiation (THz regime) compared to

the TINP sizes, a DDA correction would rather be an unnecessary calculation complexity

to our study.

Lastly, we should note that the hybrid TINP-QE mode is of similar nature with

respect to the modes emerging when a plasmonic nanoparticle interacts strongly with
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Figure 6.7: Light spectra of Fig.6.6 in a narrower frequency range to assess the mag-
nitude of the Rabi splitting. A Rabi splitting of aproximately fR ≈ 0.1 THz can be
extracted for the case where the TINP radius is R = 30 nm (left panel). For a TINP
radius of R = 20 nm (middle panel) the Rabi splitting is slightly larger (fR ≈ 0.11 THz).
Finally, a larger Rabi splitting of approximately fR ≈ 0.22 THz is observed for the case
where the TINP radius is R = 10 nm (right panel).

a QE. [114] However, in the case of the present work, i.e., the TINP-QE interaction, all

phenomena manifest themselves much more dramatically due to the lower amount of

inherent losses of the TINP in the region around the SToP resonance. This results in

more pronounced peaks in the corresponding spectra, larger Rabi splittings (relative

to the resonance frequency), wider avoided-crossing areas, etc. Moreover, the current

mode lies in the THz regime which is unreachable with ordinary plasmonic materials

while, at the same time, allows for easier tuning of the resonance frequency with TINP

size.

6.3 Conclusions

In summary, we have theoretically investigated the interaction between a spherical

topological insulator nanoparticle and a single quantum emitter. Namely, we calcu-
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Figure 6.8: Light spectra of the hybrid system under study for TINP radius R = 20 nm
wherein the QE distance (d) from the surface of the TINP is set at d = 10 nm (left
panel), d = 5 nm (middle panel) and d = 1 nm (right panel). It is evident that the
SToP polariton- QE resonance coupling becomes stronger with decreasing interparticle
distance.

lated the light spectrum of a single TINP-QE dimer via the method presented in chapter

4, suitable to treat the interaction of light with hybrid collections of QEs-NPs . The TINP

was modelled via a radius-dependent correction in the ordinary insulator nanoparticle

dielectric function so as to take into account the effect of the topologically protected

surface states on the optical properties of the TINP [18]. We found that, under suitable

conditions, the surface topological particle polariton of the former can couple strongly

with the resonance state of the QE giving rise to a previously unreported mode. Fur-

thermore the wavelength shift of this novel mode can be controlled simply via tuning

the TINP size circumventing the need to alter the surrounding dielectric material as

is the norm in hybrid systems of metallic nanoparticles and quantum emitters. In-

vestigating the conditions under which TINP-QE systems enter the strong coupling

regime should prove useful in applications to lasers, waveguides and sensors in the

THz range [148,149]. The case examined in the present work is the simplest one, i.e.

that of a single dimer, in order to provide a first glimpse of the underlying physics of
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Figure 6.9: Light spectra of the hybrid system under study for TINP radius R = 90 nm
(left panel), R = 80 nm (middle panel), R = 70 nm (right panel).

such novel hybrid structures before moving on to (in general, more complex) arrays of

many TINPs-QEs via methods such as the one presented in chapter 4.
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Chapter 7

Hybrid Spherical Nanoclusters

Containing Quantum Emitters and

Metallic Nanoparticles

7.1 Introduction

In the present chapter, we study the optical response of hybrid clusters contain-

ing metallic NPs and QEs which are usually realized via DNA-assisted self-assembly

[150–155]. Namely, we consider a nanocluster containing randomly positioned, almost

touching particles which may either be metallic NPs or QEs. Our aim is to study the in-

teraction of the SPs supported by the metallic NPs with the excitonic resonances of the

QEs, as well as how this interaction is tracked in experimentally observable quantities

such as the absorption cross section of the nanocluster.

The QEs are assumed to be two-level quantum systems and the metallic NPs to be

made of gold, a noble metal supporting SPs in the visible regime. The optical response

of the QEs is based on calculating the electric susceptibility of the QE by means of the
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density-matrix methodology. At this point, we take into account the modification of the

spontaneous-emission rate of each QE separately, due to the presence of the metallic

NPs in the hybrid nanocluster. This is achieved by calculating the corresponding

electromagnetic (EM) Green’s tensor for the metallic NPs of the cluster based on the

coupled-dipole method. This distinguishes the present study from previous works in

this area, where the spontaneous emission rate of collections of QEs is taken to have

the same value everywhere in the cluster. The coupled-dipole method is then applied

to determine the absorption spectrum of the hybrid cluster by taking into account the

polarizabilities of the QEs and the metallic NPs. We find that the absorption spectrum

of the hybrid cluster is distinctively different when the spontaneous decay rates of the

emitters are different in each position, from the case where they all have the same

value. In addition, from the analysis of corresponding absorption spectra of the hybrid

cluster, we examine a spectral region where plexcitonic EM modes exist, which can

modify drastically the typical SP absorption profile of a purely plasmonic cluster, even

for small concentrations of the QEs within the nanocluster.

The chapter is structured as follows. In the next section we present the theory for the

calculation of the electric susceptibility of the QEs and provide the methodology for the

EM Green’s tensor of the nanocluster using the coupled-dipole method. In addition, we

provide a methodology for the calculation of the scattering, extinction and absorption

cross sections of the nanocluster. In Section 7.3, we present numerical results for the

spontaneous decay rates of the QEs and the absorption spectra of the nanocluster of

metallic NPs and QEs and show the influence of the different decay rates of the QEs on

the absorption spectra and also the emergence of plexitonic modes. Finally, in Section

7.4 our work is summarised.
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7.2 Theory

7.2.1 Calculation of the electric susceptibility of the QEs

The QEs studied in this work are described a two-level quantum system with lower

level |1〉 and upper state |2〉. We assume that a single QE interacts with an EM wave of

electric-field amplitudeE0 and angular frequency ω. This is the local field at the position

of the QE and consists of the direct incident laser field as well as that scattered off the

other QEs and metallic NPs of the cluster (see below). This local field couples the state

|1〉 with state |2〉.

The density matrix equations of the two-level system, assuming a Markovian re-

sponse and under the rotating wave approximation, are given by:

σ̇(t) = (iδ − γ)σ(t) + iΩ∆(t) , (7.1)

∆̇(t) = −2γ [∆(t)− 1] + 2iΩ∗σ(t)− 2iΩσ∗(t) , (7.2)

with ∆(t) = ρ11(t) − ρ22(t), σ(t) = ρ21(t)eiωt, where ρ11(t), ρ22(t), ρ21(t) are the density

matrix elements, Ω = µE0/~ is the Rabi frequency, with µ being the electric dipole

matrix element and δ = ω−ω0 is the field detuning from resonance, with ~ω0 being the

energy of the exciton resonance. The decay rate γ is provided by [156,157]

γ(r) =
µ0µ

2ω0
2

~
ε̂ · ImG(r, r;ω0) · ε̂ . (7.3)

Here, G(r, r;ω0) is the dyadic EM Green’s tensor, where r refers to the position of the

QE, ε̂ is a unit vector along the direction of the transition dipole moment µ, and µ0 is

the permeability of vacuum.

The absorption and dispersion properties of the system for a weak laser field is
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determined by the linear electric susceptibility that is given by [158]

χ(1)(ω; r) =
Nµ

ε0E0

σ(1) =
Nµ2

ε0~
ω0 − ω + iγ(r)

(ω0 − ω)2 + γ2(r)
, (7.4)

where N is the atomic density. We note that in the above formula, the decay rate γ(r)

as provided by Eq. (7.3) depends on the position of the QE in space and, as such, it

provides a spatially varying dielectric function of the emitter, i.e., ε(ω; r) = 1+χ(1)(ω; r).

The decay rate at the position of each QE of the cluster is calculated by a Green’s tensor

formalism, based on the coupled-dipole method (see chapter 4).

7.2.2 Scattering of light by a collection of QEs and metallic NPs

We assume a collection of both metallic NPs and QEs embedded in vacuum (εB = 1).

The collection is excited by an incident field Einc. The (local) electric field Ei at the

position ri of the i-th dipole (being either a NP or emitter), within the coupled-dipole

method, is provided by solving [78,79]

Ei(ω) =

(
Einc,i(ω) + k2

∑
j 6=i

G0
ij(ω) · αj(ω) · Ej(ω)

)
, (7.5)

where G0
ij(ω) is the free space Green’s tensor and k = ω

c
. Specifically, given that

Pi(ω) = αi(ω) · Ei(ω), where αi is the polarizability tensor of the i-th dipole (emitter or

NP, and Pi the corresponding dipole moment), the dipole moment for each dipole can

be calculated at first via the following system of 3N equations

M∑
j

[
δij − k2αi(ω) ·G0

ij(ω)
]
·Pj(ω) = αi(ω) · Einc,i(ω), (7.6)

where M is the total number of QEs and NPs; Einc,i is the incident field at the position

of the i-th dipole (emitter or NP). We note here that Eq. (7.5) contains all types of dipole
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interactions, e.g., among NPs, among QEs and NP-QEs.

Having determined the dipole moment Pi at each point dipole, one can calculate

quantities such as the scattering, extinction and absorption cross sections, i.e.,

Csc =
4πk

|Einc|2
N∑
i=1

[
2

3
k3|Pi|2 −=m(Pi · E∗self,i)

]
(7.7)

Cext =
4πk

|Einc|2
N∑
i=1

=m(Pi · E∗inc,i) (7.8)

Cabs =
4πk

|Einc|2
N∑
i=1

[
=m(Pi · E∗i )−

2

3
k3|Pi|2

]
(7.9)

where Eself,i = Ei − Einc,i. Evidently, Cext = Csc + Cabs.

7.3 Results and discussion

Next, we apply the theory developed above to the case of a spherical cluster containing

both metallic NPs and QEs (quantum dots or molecules). A characteristic cluster is

depicted in Fig. 7.1. It consists of 170 particles in total (either NPs or emitters). The

percentage (concentration) of emitters in the cluster is denoted by f . The metallic NPs

have a 20 nm radius and are made of gold, the corresponding dielectric function is taken

from experiment [159], corrected for the finite size effects of the NPs (electron scattering

at the boundary of the spherical NP, see Eq. (2) of Ref. [160]). In our calculations

εB = 1. The QEs are considered much smaller, namely, of 1 nm3 volume. In this case,

the density N appearing in Eq. (7.4) is N = 1 nm−3. The entire nanocluster is of almost

spherical shape and its average radius about 160 nm. The parameters of the QEs are

taken as the dipole moment µ = 0.19 e · nm, the decay rate in vacumm ~γ0 = 0.015 eV

which are typical values for organic molecules [90]. The angular frequency ω0 is taken

as a varying parameter.
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Figure 7.1: A hybrid nanocluster of gold NPs and QEs.

As explained above, each QE in the cluster ‘feels’ a different optical environment

from the rest of the emitters of the cluster, a fact which is reflected in the spontaneous

emission decay rate γ. The value of the decay rate γ is dictated by the EM Green’s

tensor, which, in our case, is calculated by the procedure analyzed in section 4. In

order to demonstrate the importance of taking into account the correct decay rate, i.e.,

not the vacuum one, when QEs and plasmonic nanostructures interact with each other

and with incident light, in Fig. 7.2, we show the values of the decay rate γ for various

QEs placed within a hybrid nanocluster, with concentration f = 0.1, for λ = 472 nm.

We note, here, that Fig. 7.2 depicts the orientational average of the decay rate defined

as γ = (γx + γy + γz)/3. Evidently, we observe a significant variation in the values of

the decay rate γ, which, depend on the position of the QE inside the cluster. Namely,

γ ranges from γ0 (decay rate in vacuum) to about 7 times larger than γ0. This demon-

strates that in typical calculations of the interaction of QEs and NPs/ nanostructures,

under arbitrary illumination conditions, the modification of the spontaneous-emission
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Figure 7.2: A sample of the relative (to vacuum) decay rates γ(r)/γ0 of the QEs at
λ = 472 nm, lying within a nanocluster of 10% emitters and 90% gold NPs (f = 0.1).
The gold NPs have a 20 nm radius while for the QEs ~ω0 = 2.25 eV.

rate for the atomic transitions involved must be taken into account via calculations of

the EM Green’s tensor. Such a correction is not taken into account when solving simul-

taneously the time-dependent rate equations of the density matrix in conjunction with

Maxwell’s equations, usually in the formulation of the finite-difference time-domain

scheme.
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Figure 7.3: Absorption spectrum for nanocluster of QEs and gold NPs, for f = 0.1
concentration of QEs. The gold NPs have a 20 nm radius while for the QEs, ~ω0 =
2.25 eV.

Having taken into account the modification of the decay rate for each QE of the
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nanocluster, which enters the formula of electric susceptibility of Eq. (7.4), we may

proceed to the calculation of the absorption cross section of the entire cluster, as

outlined in section 7.2.2. Namely, in Fig. 7.3, we show the spectrum of the absorption

cross section Cabs for a cluster with concentration f = 0.1 of QEs. The red curve

corresponds to the absorption spectrum where for all the QEs we have assumed that

the decay rate is the same, equal to the natural rate in free space, i.e., ~γ0 = 0.015 eV.

The black curve corresponds to the absorption spectrum where the local correction

(via the EM Green’s tensor) to the decay rate for each QE has been taken into account

in the manner of the previous discussion and Fig. 7.2. Evidently, the modification of

the spontaneous emission decay rate due to the local photonic environment (presence

of a plasmonic nanostructure) for each QE provides a noticeably different absorption

spectrum and must be taken into account.
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Figure 7.4: Absorption spectrum for nanocluster of QEs and gold NPs, for different
values of the percentage f of QEs. The gold NPs have a 20 nm radius while for the QEs
~ω0 = 2.25 eV.

In Fig. 7.4, we show the spectrum of the absorption cross section Cabs for clusters

of different concentrations of QEs, i.e., for f = 0, 0.1, 0.2 (obviously, f = 0 corresponds

to the case of a cluster of purely gold NPs). For f = 0, the absorption spectrum

possesses a typical peak structure which stems from the excitation of the surface
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plasmon resonance of the cluster which is the result of the interaction of the surface

plasmons of the individual NPs comprising the cluster. As such, its width is larger

that the width of the surface plasmon peak of an individual 20 nm gold NP. For f =

0.1, 0.2, we observe very clearly that, the introduction of QEs in the cluster, even in

small proportions, modifies significantly the surface-plasmon-dictated spectrum of the

absorption cross section of the cluster. Namely, we observe that the absorption peak

becomes narrower and higher as the percentage of QEs within the cluster increases.

At the same time, the total amount of absorption (total area below the absorption

spectrum) is decreased relative to the purely plasmonic nanocluster (f = 0). All these

are natural consequences of the fact that as f increases, the EM interaction among

the gold NPs becomes weaker since the average interparticle increases resulting in a

narrower plasmon peak. In the opposite direction, the stronger the interaction among

the NPs means the flatter is main plasmon resonance.

The most important feature is the presence of a double-peaked structure not present

in the purely plasmonic nanocluster (f = 0). This structure is very clear for f =

0.1 whilst it is much less prominent for f = 0.2. The introduction of this double-

peaked structure stems from the surface-plasmon resonance of the gold NPs and the

exciton resonance of the QEs. When the exciton resonance approaches the surface-

plasmon peak located at around 515 nm, a strong interaction between these two modes

occurs which leads to the emergence of new type of EM modes; these modes do not

resemble the pure modes of either the metallic NP or the emitter, and are known in

literature as plexcitons. [1–9] The basic features of the experimental spectra probing

the plexciton resonances of hybrid NP-emitter systems can be interpreted under the

prism of a (classical) coupled-oscillator model [6, 7, 10, 11] which predicts a double-

peak structure in corresponding light spectra.
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7.4 Summary

We have presented a theoretical formalism for the study of the optical response of hybrid

clusters of spherical metallic NPs and two-level type QEs. By taking into account the

modification of the decay rate of each QE due to the presence of the metallic NPs in the

nanocluster, we placed the polarizabilities of the QEs and those of the metallic NPs into

a coupled-dipole formalism in order to obtain the light absorption spectra of the entire

cluster. There, we identify a double-peaked structure stemming from the individual

resonances (surface plasmons and excitons) of both types of particles, which, in a

narrow spectral range combine to yield composite plasmon-exciton (plexciton) modes.

The presented formalism can be applied to numerous cases of hybrid clusters of metallic

NPs and QEs which are usually realized by DNA-assisted self-assembly. [150–155] Such

application is plausible provided that the exact positions of the QEs and the NPs are

given by experiment or by numerical simulations (Monte Carlo, molecular dynamics,

etc) of the self-organization process of hybrid clusters.

We note here that the presented formalism is applicable in the weak coupling regime

and, as such, it cannot treat hybrid systems where the QEs are very close to the surface

of the nanoparticles and/ or the incident field assumes high values. For such cases we

must resort to the multiple-scattering polaritonic-operator method of chapter 4. How-

ever, the presented technique can be trivially extended to multilevel quantum emitters

(three-level V- or lambda-type, ladder systems, etc). At the same time, the presented

method allows the calculation of the scattering T-matrix of the hybrid cluster which

means that one would in principle be able to calculate the response of collections of

many hybrid clusters or even the response of two-dimensional and three-dimensional

periodic metamaterials consisting of hybrid clusters. Finally, the computer time re-

quired for conducting numerical calculations with the present formalism is a very small

fraction of the time required with the multiple-scattering polaritonic-operator technique
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of chapter 4 for the same collection of emitters and nanoparticles.

155



156



Chapter 8

Concluding remarks and outlook

In the current thesis we presented a new technique for the study of hybrid collections

of quantum emitters (atoms, molecules, quantum dots) with nanoparticles. The tech-

nique, introduced in chapter 4, is based on a multiple-scattering polaritonic-operator

formalism in conjunction with an electromagnetic coupled dipole method. Apart from

collections of quantum emitters and nanoparticles, the method can equally treat the

interaction of a collection of quantum emitters with a single nano-object of arbitrary

shape in which case the nano-object is treated as a finite three-dimensional lattice

of point scatterers. We have applied our method to the case of linear array (chain)

of dimers of quantum emitters and metallic nanoparticles wherein the corresponding

(geometrical and physical) parameters of the dimers are chosen so as the interaction

between the emitter and the nanoparticle lies in the strong-coupling regime in order to

enable the formation of plexciton states in the dimer. In particular, for a linear chain

of dimers, we have shown that the corresponding light spectra reveal a multitude of

plexciton modes resulting from the hybridization of the plexciton resonances of each

individual dimer in a manner similar to the tight-binding description of electrons in

solids. As future work one could investigate the emergence of plexciton modes for more
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complex configurations such as 2D or 3D arrays of MNP-QE collections.

In chapter 5 we presented systematic numerical calculations of plexcitonic proper-

ties for the configuration of chapter 4, namely that of a linear chain comprised of quan-

tum emitters - metal nanoparticle dimers interacting in the strong coupling regime.

Specifically, we calculated the two main features corresponding to the formation of

plexcitonic chain modes: the primary plexcitonic resonance as well as the correspond-

ing Rabi splitting associated with the generation of an avoided-crossing area. We ap-

plied an exponential model to the numerical results obtained via the above technique to

describe the plexciton redshift induced with increasing chain length. We also identified

an asymptotic plexciton frequency at a chain length of approximately 20 dimers. A

model Hamiltonian was employed to assess the energy splitting defined by the avoided

crossing area of the main plexciton resonance which was found to scale as
√
N where

N is the number of dimers in the chain.

In chapter 6 we theoretically investigated the optical properties of a topological-

insulator nanoparticle–quantum emitter dimer interacting in the strong-coupling regime.

We calculated the light spectrum of the above dimer and found the emergence of a mode

that stems from the coupling of the surface topological particle polariton of the topo-

logical insulator with the resonance state of the quantum emitter.

In chapter 7 we studied theoretically the optical response of a hybrid spherical clus-

ter containing quantum emitters and metallic nanoparticles. The quantum emitters

were modeled as two-level quantum systems whose dielectric function is obtained via

a density matrix approach wherein the modified spontaneous emission decay rate at

the position of each quantum emitter is calculated via the electromagnetic Green’s ten-

sor. The problem of light scattering off the hybrid cluster was solved by employing the

coupled-dipole method. We found, in particular, that the presence of the quantum

emitters in the cluster, even in small fractions, can significantly alter the absorption
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spectra of the sole cluster of the metallic nanoparticles, where the corresponding elec-

tromagnetic modes can have a weak plexcitonic character under suitable conditions.

Hybrid systems of metallic (plasmonic) or topological (polaritonic) nanoparticles

combined with quantum emitters (atoms/molecules/quantum dots) are in the forefront

of modern physics research, mainly due to the direct applications in quantum technol-

ogy. As a general trend, the presence of plasmonic/ polaritonic entities increases the

potential of the mutual interaction among quantum emitters. Furthermore, as also dis-

cussed in the current thesis, it creates new states of light (plexcitons) with features that

can be of particular use to the quantum technology. The theoretical tool presented in

the current thesis enables the study of various hybrid systems apart from those consid-

ered here. This can be accomplished by tuning the physical parameters of the system

[i.e. the background material (εB) that hosts the hybrid collection, the material, size and

shape (polarizability) of the NPs, as well the QE characteristics (i.e. non-radiative decay

rate, transition dipole moment)] in conjuction with its geometric parameters (distance

between QEs-NPs, detector position etc.). This tuning of parameters enables the opti-

mization of the configuration under study for use in specific applications, illustrating

its practical value to guide and supplement experiments.

To further discuss future outlook, we start from the last chapter where we have

employed only one pillar of the presented method (the coupled-dipole method) due to

the large number of nanoparticles. Namely, one potential application would be the

study of the role of nanoparticle size in the formation of plexciton modes in a metallic

NP - QE dimer. In particular, the calculations presented in the current thesis involve

metallic NPs which have a macroscopically large radius. Practically this means that

the NPs have a radius of 2nm and above. However, for dimensions smaller than 2nm,

the nanoparticle can hardly be treated as a macroscopic object in terms of macroscopic

classical electrodynamics since its atomic nature becomes much more important.

159



Figure 8.1: Classical EM (left) and atomistic EM (right) models for a metallic nanopar-
ticle. In the atomistic EM model, a metallic NP is viewed a BCC atomic cluster. The
picture is taken from Ref. [161].

For very small nanoparticles, the treatment of the particle as a homogeneous sphere

made of the same macroscopic material (EM model of Fig. 8.1) reaches its limits as the

atomic structure of the particle becomes significant, especially if a hypothetical QE is

placed in close proximity to its surface. In reality, the nanoparticle should be treated

as an atomic cluster rather than a homogeneous sphere (see right panel of Fig. 8.1).

Usually, the EM modelling of a single NP of that size (below 2 nm) requires atomistic

calculations [162–172] for the study of their optical response.

However, since we are interested in modelling hybrid collections of metallic NPs and

QEs, wherein the NPs are in the quantum-size regime (below 2nm), a fully quantum-

mechanical treatment of the optical properties of each NP is a formidable task due

to the large number of electrons involved. Due to this, fully quantum-mechanical

calculations have been restricted to very small nanospheres [162, 163] consisting of

a few thousand conduction electrons while typical plasmonic systems of interest may

contain millions or even billions of electrons. To this end, alternative approaches have

been proposed which are based on macroscopic Maxwell’s equations, in principle, but

contain corrections to account for quantum-mechanical effects. Such an atomistic-
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electrodynamics approach has been proposed wherein a NP is treated as an atomic

cluster whose optical response results from the mutual EM interactions of the atomic

polarizabilities of each individual atom [161,173]. Essentially, it is an atomistic variant

of the coupled-dipole method examined in the current thesis. The advantage of this

atomistic coupled-dipole method is the much lesser computing time needed to simulate

the EM response of a single metallic NP which makes it far more easier to model

collections of many NPs treated as atomic clusters. And, obviously, it is far more

easier to model a hybrid nanocluster containing quantum-sized NPs and QEs (such as

those of chapter 7) with an atomistic coupled-dipole method than with purely quantum-

mechanical techniques.

A further extension of the method employed in the sixth chapter would be to consider

multi-level quantum emitters, i.e., three- or four-level quantum systems. This would

be achieved by calculating the susceptibilities of multi-level quantum emitters by stan-

dard techniques such as the density-matrix approach considered here in the framework

of the rotating-wave and Markovian approximations. The extension of the method to

multi-level quantum emitters would open the window to a plethora of exciting phe-

nomena in quantum optics such as quantum interference, self-induced transparency,

slow light, non-linear optical rectification, quantum correlations, etc which have not

been studied in such complex systems (hybrid nanoclusters of metallic nanoparticles

and quantum emitters). One can also extend the full multiple-scattering polaritonic-

operator method so that it can deal with multi-level QEs. In this case, one has to extend

the formulae of Eqs. (4.39) and (4.40) for multi-level quantum systems.

Apart from extending the formalism itself, one can apply the method to different ex-

perimental setups. In Fig. 8.2 we show a very characteristic example of a gold nanopar-

ticle coated with CdS quantum dots which act as QEs. The method developed here is

ideally suited for numerical study and comparison with experiment of this particular
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system.

Figure 8.2: Left panel: Schematic illustration of a gold nanoparticle with a corona of
quantum emitters. Right panel: Experimental TEM image of a gold NP coated with CdS
quantum dots. The picture is taken from Ref. [174].

Finally, the method presented in this thesis can be extended in the direction of treat-

ing non-spherical NPs. In Fig. 8.3 we show DNA-based gold-QE nanocluster. In prin-

ciple, this structure can be readily modelled with the multiple-scattering polaritonic-

operator method since the number of QEs and NPs is not very high. However, the

method needs to be extended so as to treat non-spherical NPs in order to account

for the DNA strands (cylindrical NPs) which form the scaffold supporting the gold-QE

nanocluster. Namely, for non-spherical objects, one has to discritize each object into

a certain number of point dipole and employ the coupled-dipole method for each non-

spherical NP. Luckily, for small non-spherical objects one can employ semi-analytical

formulae for the polarizability [175] in order to model them as point dipoles and thus

save a significant amount of computing time. However, not all non-spherical nanoparti-

cles can be described by a single analytic formula for the polarizability and one needs to

resort to the full coupled-dipole method in order to model the response of nanoparticles

such as the gold nanodendrites depicted in Fig. 8.4.
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Figure 8.3: A gold-QD nanocluster made via a DNA origami scaffold. The QD is CdTeSe
and lies at the center of the structure. The gold NPs are the yellow spheres whilst the
grey cylinders depict the DNA strands which hold together the entire structure. The
picture is taken from Ref. [155].
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Figure 8.4: Schematic illustration of dendritic gold NPs coated with CdTe quantum
dots. The picture is taken from Ref. [176].
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