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Chapter 1  

1.1 Intoduction 

     Certain parts of structures are designed with almost exaggerated accuracy 

while other parts are designed using rules-of-thumb or judgment based on 

pastexperience.However,allpartsofastructureareofsimilarimportance and must 

be carefully designed. A unified design concept, which is consistent for all types of 

structure and all their parts, must be based on realistic physical models. Strut-and-

tie models, a generalisation of the well-known truss analogy for beams, are 

proposedhereastheappropriateapproachfordesigningstructuralconcrete, which 

includes both reinforced and prestressed concretestructures. ACI codes 

,Eurocodes and other international codes, allow the use of these models, in 

certain cases. 

It was actually at the turn of the last century, when Ritter and Morschintroduced 

the truss analogy, for concrete beams that are cracked, and so the theory of 

elasticity is not valid. This method was later refined and expanded by Leonhardt, 

Kupfer, and others, Martiand Muellercreateditsscientificbasisforarational 

application in tracing the concept back to the theory ofplasticity.Collins and 

Mitchell further considered the deformations of the truss model and derived a 

rational design method for shear and torsion. 

  In various applications, Bay, Franz, Leonhardt, Kupfer hadshownthatstrut-and-

tiemodelscouldbeusefullyappliedtodeepbeams and corbels.    

  The method is applied to a few new examples, using also the Commercial 

Programm “AStrutTie” that is based in the strut-and-tie model, including some 

comparison with test results.Comparison is done also with the results of FE 

programms, that are “Abaqus Cae”, and FE77. The main features of these 

programs, are discussed later.Some of the examples that are given,show that the 

strut-and-tiemethodisusefulnotonlyindimensioninggivenmembers but also in 

developing an adequate conceptual design for a criticaldetail. 

1.2 The structure's B- and D-regions 

Reinforces concrete may be devided into regions that are called B-regions and D-

regions. Those regions of a structure, in which the Bernoulli hypothesis of linear 

straindistributionisassumed valid,willbereferredtoasB-regions(where B stands for 

beam or Bernoulli).As a result, plane sections remain plane, before and after the 

bending. Their internal forces or stresses can be derived from moments, shear 

and axial forces analysed by means of the statical system of beams, frames, 

plates, etc. If uncracked, the stresses are calculated using the bending theory for 

linear elastic material. For cracked B-regions the truss-analogy models or the 



standard methods of 

codesapply.Thesestandardmethodsarenotapplicabletotheotherregionsanddetails 

of a structure, where the strain distribution is significantly non-linear, e.g. 

nearconcentratedloads,corners,bends,openingsandotherdiscontinuities (Fig 1). 

Such regions will be  called D-regions, where D standsfor discontinuity, 

disturbance or detail. The internal flow of forces in D-regions can be reasonably  

well described  by Strut-and-Tiemodels.Not much accuracy is necessary in 

determining the dividing sections between B- and D-regions. These sections can 

be assumed to lie approximately in a distance h from the geometrical 

discontinuity or the concentrated load, where h is equal to the depth of the 

adjacent B-region(Fig 1). This assumption is justified by Saint-Venant's principle. 

This principle states that the stress due to axial load and bending approach a 

linear distribution at a distance approximately equal to the overall depth of the 

member ,h, away from a discontinuity. Therefore, St.Venants principle does not 

apply to sections located closer than distance ‘h’ from a discontinuities in the 

applied load or geometry. 

 

 

 



 

Figure 1. D-Regions due to statical or geometrical discontinuties 

 

1.3 Principles of strut-and-tie model design 

Strut-and-tie modeling is currently the most rational and simple method for 

designing non-flexural members, that contain significant extend of D-regions. 

The Strut-and-Tie modeling is based on the lower-bound theorem of 

plasticity. According to this theory, the actual capacity of a structure is 

always les than the actual capacity of the structure if the following 

requirements are met: 

(a)The truss is in equilibrium 

(b)Sufficient deformation capacity exists to distribute forces according to the 

assumed truss model 

(c)The stresses applied to the elements do not exceed their yield or plastic 

flow capacity 

Like a real truss, a strut-and-tie model consists of some struts and some ties. 

In a strut-and-tie model the struts represent concrete stress fields with 

prevailing compression in the direction of the strut. Accordingly, the ties 

normallyrepresent 

oneorseverallayersoftensilereinforcement.However,modeltiescanoccasionall

yalsostandforconcretetensilestressfields.This is evident from models of 

practically approved details, the structural safety 

ofwhichcanbeexplainedonlyifconcretetiesareassumedinplaceswhere no 

reinforcement is provided. Typical examples are slabs without stirrups or 

bar anchorages without spiral or transversereinforcement.  

As far as struts are concerned, they are frequently idealized as prismatic or 

uniformly tapering members as shown in figure 2. This is because the 



concrete stress fields are wider at the midlength of the strut than at the ends. 

These struts are sometimes called bottle-shaped. If a suitable model of a D-

region is known, the forces of the strutsand 

tieswillbecalculated,therebysatisfyingequilibriumbetweenappliedloads 

checked to carry the inner forces, as described later. Thismethodimplies 

thatthestructureisdesignedaccordingtothelower bound theorem of the 

theory of plasticity. However, since structural materials, in particular 

concrete, permit only limited plastic deformations, the internal structural 

system (the strut-and-tie model) hastobe chosen in a way that the 

deformation capacity is not exceeded at any point, before the assumed state 

of stress is reached in the rest of thestructure. 

Inhighlystressedregions,thisductilityrequirementisfulfilledbyadapting the 

struts and ties of the model to the direction and size of the internal forces as 

they would appear from the theory ofelasticity. 

In normally or lightly stressed regions the direction of the struts and ties in 

the model may deviate considerably from the elastic pattern without 

exceeding the structure's ductility.The ties, and hence the reinforcement, 

maybearrangedaccordingtopracticalconsiderations.Thestructureadapts itself 

to the assumed internal structuralsystem.  

This method of orientating the strut-and-tie model along 

theforcepathsindicated by the theory of elasticity obviously neglects 

someultimateloadcapacity which could be utilised by a pure application of 

thetheoryof plasticity. On the other hand, it has the major advantage 

thatthesamemodel can be used for both the ultimate load and 

theserviceabilitycheck. 

If,forsomereason,thepurposeoftheanalysisistofindtheactualultimateload,the

modelcaneasilybeadaptedtothisstageofloadingbyshiftingits struts and ties in 

order to increase the resistance of the structure.Inthis case, however, the 

rotation capacity of the model has tobeconsidered. 

Strut-and-tie modelling obviously provides the structuralanalystwithsome 

freedom of choice which can be used to aim either at thesafestorat the 

cheapest or at an otherwise optimised solution. Modellingtherefore 

requiressomedesignexperienceasdoesthechoiceofarepresentativeoverall 

statical system or of a reasonable finite elementnet.  

The modelling process also covers much of what is normally called detailing 

and therefore requires considerable knowledge about practicable 

reinforcement layout; on the other hand, it is just in this field where strut 

and-tiemodelsreplaceexperienceandguessworkbyamoresystematicand 

understandabledesign. 



1.4 Modelling of individual D-regions 

Before modelling of a D-region begins, all the forces and reactions acting on 
the D-region must be evaluated (Fig 2). The forces or stresses in sections 
bounded by B-regions are taken from B-regiondesign. 
 

 
 

Figure 2. The Structure with its loads, the load path and the strut-and-tie model. 

 

 
Figure 3.The Structure with its loads, the load path and the strut-and-tie model, for 

concentrated load. 



 
 

Figure 4. Distribution of elastic stresses, and the strut-and-tie method model. 

Newstrut-and-tiemodelscanbesystematicallydevelopedbytracingthe flow of 

forces through the structure, using the ' load path'method. 

After the selection of an STM,defining the geometry of the nodal regions is 

required to calculate stresses on each nodal face. Nodal geometry is an 

idealization of regions in the STM where struts and ties are equilibrated. The 

stress diagrams of all the forces applied to the D-region boundaries 

aresubdividedinsuchawaythattheindividualstressresultantsonopposite sides 

of the D-region correspond in magnitude and can be connected by 

streamlined 'load paths' which do not cross each other  

(Fig 2). After sketching the load paths smoothly curved and replacing them 

by polygons, further struts and ties must be added for transverse equilibrium 

(Fig 2). 

Obviously,insomecasesthestressdiagramsortheloadsarenotcompletely 

balanced withtheloadpathsdescribed;thentheloadpathfortheremaining 

forces enters the structure and leaves it after a U-turn on the same side 

(Fig3). 

 

 



Developing a model of a D-region is much simplifies if the elastic stresses and 

principal stress directions are available from an elastic FEM analysis. The 

direction of struts can then be taken in accordance with the mean and main 

direction of principal compressive stresses, or the more important struts and 

ties can be located at the center of gravity of the stress diagram of typical 

sections (Fig 4). 

When modelling, the angles between struts and ties, in particular those with 

relatively high forces, should be chosen larger than 45° (better 60°) in order 

to avoid incompatibility problems. 

The resulting models are quite often kinematic, which means that the 

geometryofsuchamodelisstrictlyrelatedtoaparticularloadconfiguration 

and cannot be used for other loads without modification.Therefore,the 

governing load combinations have to be investigated. This disadvantage is 

not a peculiarity of the strut-and-tie method but is inherent to the non-linear 

material properties of crackedconcrete. 

So, the layout of a strut-and-tie model follows the rules below: 

Equilibrium 

1. The STM model must be in equilibrium with the external loads. 

2. The ties cannot cross or overlap, because this would contradict the 

distribution of elastic stresses, while ties can cross struts. 

3. The STM model should be compatible with the flow of forces from loads 

through the D-regions, that may come from a FEA. 

4. Because ties consist of an arrangement of steel bars, that are always placed 

orthogonally in the member, there is a restriction on the conformance of ties 

with tensile stress trajectories. 

5. It is generally assumed that the structure will have enough plastic 

deformation capacity to adapt to the directions of the struts and ties chosen 

in design if they are within ±150, according to the ACI recommendations. In 

addition, ties should give a practical reinforcement layout 

6. The loads try to follow the path with the leadto forces and deformations. 

Due to fact that the tensile ties are more deformable the struts, the model 

should have the least and the shortest ties. Figure (6), shows two different 

types of a STM model, the correct and the noncorrect. 

 

 



 
 

Figure 5. Combination of two different strut-and-models 

 

 
 

Figure 6. The appropriate strut-and-tie model(a),and the non-appropriate one(b). 

Accordingly,superpositionoftwomodelsispossibleonlyifthecombined model 

satisfies the requirements on reasonable angles between struts and ties. By 

combining two simple models it is sometimes possible to develop 

muchbetterbutrathercomplicatedmodels(Fig5).Insteadofinvestigating such a 

hyperstatic model with representative stiffnesses of the struts and ties, it is 

normally more adequate to immediately allow the loads to the two simple 

models with an eye on the expected stiffness ratio of the individual models. 

Doubts could arise as to whether the correct model has been chosen out 

ofseveralpossibleones(Fig6).Inselectingthemodel,itishelpfultorealise that 

loads try to use the path with the least forces and deformations. Since 

reinforcement ties are much more deformable than concrete struts, the 

model with the least and shortest ties is the best.  

Next, we will show what is the difference between the different types of the 

STM, that can be chosen. 

 

 

1.5 Dimensioning the struts, ties and nodes 



Reinforced and unreinforced ties 

Normally tie forces are carried by reinforcement. Its cross-section follows 

from the tie force in the ultimate limit state and the design yield strength of 

the steel.  For crack distribution the reinforcement shall be distributed over 

thetensile zone. Crack widths can be analised if the reinforced tie is considered 

as a prismatic reinforced bar with an effective concrete 

area.Thetensilestrengthofconcreteshouldbeutilisedforequilibriumforces only 

if no progressive failure must be expected and if local failure zones are 

assumed. Thereby restraint forces and microcracks have to be taken 

intoaccountevenin'uncracked'concrete.Further,somepositiveexperience with 

similar details and loading should beavailable. 

 

Concrete struts or compression stress fields 

Tocoverallcasesofcompressionstressfields,threetypicalconfigurations 

aresufficient.  

(a) The fan-shaped stress field (Fig 7(a)) is an idealisation of a 

stressfieldwith negligible curvature. It does not develop transverse stresses.  

(b)The bottle-shaped stress field (Fig 7(b)), with its bulging stress 

trajectories, develops considerable transverse stresses: compression in the 

bottle neck and tension further away. The transverse tension can cause 

longitudinal cracks and initiate an early failure. It is therefore necessary to 

reinforce the stress field in the transverse direction or to consider the 

transverse tension when determining the failure load of the strut. The 

transversetensioncanbedeterminedfromastrut-and-tiemodelofthestress 

field. Diagrams simplify its dimensioning (Fig8). 

(c)Theprismaticorparallelstressfield(Fig7(c))isafrequentspecialcase of the 

preceding two stressfields.The fan-shaped and the bottle-shaped stress fields 

are frequently foundin D-regions where concentrated loads are introduced 

into a structure and spread out. The prismatic stress field is typical for B-

regions. 

The strength of the concrete in compression stress fields depends to a 

considerable extent on the multiaxial state of stress and on disturbancesfrom 

cracks and reinforcement. For practical dimensioningof all kinds of stress-

fields,the following simplified design strength values fcd,1, are proposed: 

 



 

Figure 7. The basic compression fields 

 

 

Figure 8. Combination of two different strut-and-models 



fcd,1=1.0 fcdforanundisturbedanduniaxialstateofstress 

fcd,1=0.8fcd for compression fields with cracks parallel to the compression 

stresses 

fcd,1=0.6fcdforcompressionfieldswithskew cracks wherefcddenotes the 

concrete compressive design strength for uniaxialcompression according to 

the Code of Practice. 

Thedesign valuesgivenaboveforcrackedconcretearemeant forstructural 

concrete, whose crack widths are limited in the usual manner. The values 

forcrackedconcreteshallalsobeappliedforconcretewithtransversetension 

below the expected tensile strength and if tensile reinforcement iscrossing 

the stress field. Skew cracks are not expected if the theory of elasticity is 

closelyfollowedduringmodelling.However,skewcracksmayalsobeleft over 

from a previous loading case with a different stresssituation 

.Theincreaseinstrengthdueto2-or3-dimensionalstatesofcompressive stresses 

may be taken into account if the simultaneously acting transverse 

compressive stresses arereliable.Before deciding on one of the given strength 

values, both transverse directions must always be considered. 

 

The nodes 

The nodes are in reality, regions where forces are deviated over a certain 

length and widths. The 'smeared' or 'continuous' nodes, where wide 

concretestressfieldsjoineachotherorwithcloselydistributedreinforcing bars, 

are not critical; it is sufficient to ensure safe anchorage of the reinforcing 

bars in the smeared node and to catch the outermost fibers of the deviated 

compressive stress field with reinforcement (Fig9). 

On the other hand, where concentrated forces are applied the deviation 

offorcesislocallyconcentratedin'singular'or'concentrated'nodes.These have 

to be carefully designed in order to balance the oncoming forces of the struts 

and ties without excessive deformations resp.cracks. 

Though numerous cases of different singular nodes exist, in most cases 

theirforcesbalanceeachotherinthenoderegionthroughdirectcompressive 

stresses. Also bond is essentially a load transfer via compressive stresses 

which are supported by the ribs of the steel bar and by radial pressure in 

bent bars. However, in many cases also concrete tensile stresses develop 

transverse to the model plane ('thirddirection').The stress distribution in 

singular nodes is mostly so complicated that 

itcannotbeanalysedindividuallywithbearableexpenditure.Butexperience 



shows that some types of nodes and detail are repeated again and again 

inquitedifferent structuresandcan bedesignedsafelybysimplifiedrules: 

(a)The geometry of the node has to be tuned with the applied forces. 

Therefore, reinforcement anchored in the node should be distributedover a 

certainheight u with due regard to the widths ofthe oncoming stress 

fields and the magnitude of their forces; further, it should be adequately 

distributed in the transverse direction in order to keep transverse tensile 

stresses low. 

(b)The average compressive stresses in the node region boundaries have to 

be checked to be lessthan 

fcd,1=1.1fcdin nodes where only compression struts meet, thus creating a 2- or 

3-dimensional state of compressive stresses in the noderegion 

fcd,1=0.8fcdin nodes where tensile bars are anchored and an allowance in 

strength must be made for bond action 

Suitable node region boundaries and the corresponding compression stresses 

can easily be determined, as shownin the typical nodes in figures 10-13. As for all 

nodes, also the stresses of the oncoming struts have to be checked as 

describedearlier. 

(c)Safe anchorage of ties in the node has to be assured: minimum radius 

ofbentbarsandanchoragelengthsofbarsareselectedfollowingtheCode. The 

anchorage must be located within and 'behind ' the node (Figs 11 and 13). 

The anchorage begins where the transverse compression stress 

trajectoriesmeet thebarandaredeviated.Thebarmustextend totheother end of 

the node region. If this length is less than required by the Code, the bar may 

be extended beyond the node regionand introduce some of its forces 

frombehind. 

 

Figure 9. Smeared Nodes,(a)Strut-and-tie model,(b),(c) Stress fields and node regions  



 

Figure 10. Nodes with anchorage of reinforcement  

Node NI (Fig 10) is typical for a node of compression struts in a corner. Two 

alternative node region boundaries are shown for the same node, both 

leading to the same results. The node is safe, if  

σcl ,σc2,σc3 ≤1.1fcd 



1 

1 

Node N2 (Fig 10) is a combination of two nodes N1. It is realistic and 

convenientochoosea0largeenough, 

a0 ≥ a1 cos θ2 sin θ2= a1 cos θ3 sin θ3 

inorderthatthebearingpressureσcl≤1.1fcdgoverns the node's design. 

Nodes N3 and N4 (Fig 10) are typical for loads or support forces applied to 

the edge of a structure with a chord force running parallel to this edge 

through the node. Normally, the concrete compressive stressesσcoand  

σcl≤1.1fcdgovern to the design. 

Node N5 (Fig 11) applies to the anchorage of ties far from the edges, i.e.inside 

the structure in the plane of the model. As for all nodes with ties, the 

anchorage length must be checked. 

 

Node N6 (Fig 11) is typical for end supports.The height u in deep beams 

should be chosen  

u≅0.15h≤0.2h≤0.2l 

where h is the height of D-region and l is the span of deep beam. Single-layer 

reinforcement shall be placed near the lower edge, where the deviation forces 

are largest. Checks include 

σc1,σc2≤0.8fcd 

Node N7 (Fig 11) is typical in the tension chord of beams or deep beams. Thin, 

well-distributed bars shall be chosen as reinforcement for tie T2and they shall 

embrace tie T1.Concrete stresses σc≤0.8fcdwill rarely be decisive. 

Node N8 (Fig 11) is a mixture of the nodes N1 and N6, and therefore maximum 

compression stresses between those of both node types are proposed: 

σc1,σc2≤fcd 

Besides, the rules for typical node N6 apply. 

Node N9 (Fig 11) is composed of two nodes NS; checks are accordingly. 

Thisnodeistypicallyoverthesupportofcontinuousbeamsand normally also 

covered by the Code rules (check the beam's cross-section for M, N and V, 

bearing pressure, anchorage of chordreinforcement). 

Node N10(Fig 12) is checked via the admissible radius of the bent bar. In nodes 

with local pressure (a <t, fig. 13), the transverse tension inthethird direction 

must be covered by transverse reinforcement designedfor 



T=0.25x
t−a

t
xC1 

Local pressures σc11may be tolerated up to 

σc11=
C1

𝑎𝑡 𝑎1
≤

t

𝑎𝑡 
 fcd,1≤3.3fcd 

 

Figure 11. Nodes with anchorage of reinforcement  



 

Figure 12. Nodes with anchorage of reinforcement 

 

 

Figure 13. Nodes with anchorage of reinforcement 

 

 

General rule 

Sincesingularnodesarebottlenecksofthestresses,itcanbeassumedthat an entire D-

region is safe, if the pressure under the most heavily loaded bearing plate or 

anchor plate is less than 0.6fcd fed and if all significant tensile forces are resisted 

by reinforcement and further if sufficient development lengths are provided for 

thereinforcement.Onlyifthisruledoesnotleadtoasatisfactoryresult,moresophistica

ted analysis, as described earlier, isrequired. 



1.6 Applications 

Only a few applications of the strut-and-tie method can be shown here; many 

more can be found in refs. 1 and 12. 

Corbels  

CorbelsareD-regionsforwhichstrut-and-tiemodelsareappliedsuccessfully 

foralongtime.Foracheckofthemethodandthedesignrulesgivenabove, a test 

specimen will be analysed and the results compared with the test 

results.Inordertoincludealsothepotentialconcretefailureinthechecks, 

oneofthoseraretestspecimensisselectedforwhichyieldingofthemain tie is not the 

obvious failurecriterion. 

Thetestspecimenrepresentingtwosymmetricalcorbelswastestedupside down 

(Fig 14(a)). The crack pattern depicts quite well the internal  flow 

offorces(Fig14(b)),condensedinthesimplifiedmodel(Fig14(c)leftside). This 

model can easily be derived by the load path method. However, the precise 

model geometry is known only after the nodes aredimensioned. 

Taking a strut angle θ= 33° from a first sketch of the model, the following 

internal forces are derived for the recorded failure load Fu= 1.425 MN: 

T=C4=Fu/tanθ=2.19ΜΝ 

C2=Fu/sinθ=2.62ΜΝ 

 

Tie T: 

σs=
T

𝐴𝑠
=359N/mm2<fu=452N/mm2 

 



 

Figure 14.Corbel ,test specimen 

 

 



 

Node 1: 

σc1=
𝐹𝑢

𝑎𝑡 𝑥𝑎1
≤23.8N/mm2<

t

𝑎𝑠
x fu=31.6MPa 

Transverse tension from local pressure is covered by loops and stirrups. 

Anchorage and distribution of reinforcement in the node region is adequate. 

σc2=
𝐶𝑢

𝑎2 xt
≤19.8N/mm2<0.8xfu=21.0MPa 

 

Node 2.  

The concrete stresses in this pure compression node (similar to typical node 

N2) cannot be critical, 

σc2<1.1xfc=21.0MPa 

if the stresses in the adjacent stress fields are satisfactory. 

 

Strut C2 

The diagram for bottle-shaped stress fields (Fig 8) will be used. Reinforcement 

ratio: vertical ωy= 0.08, horizontal ωx= 0.08. 

For ω=0.08the diagram predicts a minimum capacity 

pa=0.75fc= 19.7 N/ mm
2
 

which almost exactly coincides with the pressure σc2 = 19.8 N/ mm
2
determined for 

node 1 in the ultimate condition.  Indeed, the strut C2failed in the test after  yielding  

of  the vertical  reinforcement. The same width  a2is necessary in the other bottle 

neck of the stress field where it joinsnode2. This determines the geometry of node 

2 and finally that of the simple model. However, it must be  pointed out that  the 

strut  angle θ= 33° <45° indicates a rather poor orientation of the simple model 

at the elastic behaviour. A refined model is given in Fig 14(c), right side. This 

model immediatelyexplains theforcesintheyieldingverticalstirrups(tieTJand leads 

to reduced stresses and anchor forces in node 1, which thereforecannot be critical. 

The geometry and the checks for node 2 are unchanged if the resultant C2 of 

struts c.; and C;' is considered. Stresses in the diagonal struts are not higher than 

in the simple model. 

 



Deep beam 

The deep beam tested by Leonhardt & Walther 14 shall be evaluated using the 

strut-and-tie method. Dimensions and reinforcement layout are given in Fig 

15(a). 

 

 

Figure 15. Deep beam,test specimen 

 

fc= 30.2 N/mm
2
concrete prismstrength  

fsy =428  N/mm
2
yield strengthofmainreinforcement  

fsu = 547 N/mm
2
rupture strength of mainreinforcement The test specimen failed 

at a total load Fu = 1195 kN after rupture of the principal reinforcement. 

For a first approximation the model from Fig 4 will be used (Fig 15(b)), 

neglecting the deviation of bars near the support and the mesh 



reinforcement.Theleverarmofthechordisassumedtobenotmuchlarger than 

expected from the theory ofelasticity: 

z = 0.72 l=l .04m 

When the tension chord begins to yield, 

T1y=Asxfy=2.14x42.8=91.6KN 
 

Fy=
2𝑥𝑇1𝑦𝑥𝑧

e
=

2𝑥91.6𝑥1.04

0.4
=476MPa 

This is already more than the usual design would predict, but only 40% of 

the measured failure load. However, for an explanation of the recorded 

ultimate load, the model 

mustbeadaptedtotherealbehaviour(Fig15(c))byshiftingthecompression chord to 

the upper end of the deep beam (Fig 15(d)). If further the rupture 

strengthofthemainreinforcementisintroduced(T1u=117.1kN)andif also the mild 

steel mesh reinforcement  is taken into account  (assuming σs=340N/mm2, T2u= 

53.4kN), 94% of the real ultimate load is explained. The rest can be attributed to 

friction in thesupports. 

This example shows that, with strut-and-tie models, the real behaviourof cracked 

structures can be analysed much better than by the theory ofelasticity and that 

considerable 'redistribution' is possible in deep beams.Nevertheless, it is 

recommended not to depart too much from the theoryof elasticity with respect 

to crack width in the serviceability limit state. 

To complete the check of the tested deep beam, also the compression struts and 

the nodes have to be looked at. 

Strut C1, can easily be chosen as a prismatic stress field deep enough not to 

exceed σc= fc. 

Following the earlier description, the bearing pressure 0·8 fed in the support 

allows an ultimate design load 

F= 2A = 2taσcA= 2x0.10x0.16x0.8x30.2 = 0.773MN 

which is only 65%of the failure load in the test. This can be explained by transverse 

compression in the concrete due to friction in the bearing plates and to the 

reinforcement loops. These loops also provide safe anchorage over the support. 

Concrete stresses in the support node boundary adjacent to strut C3are 

smallerthanσcAsincethereinforcementisverywelldistributedinthenode region over a 

considerable heightu. 

 



Deep beam example 

In the first example, we solve a deep beam ,with the following information and 

geometry of the figure 1: 

Beam’s of width: 0,35m 

Column’s width: 0,4m 

Compressive strength of concrete:  23,5MPa 

Yield modulus of steel: 400MPa 

Concentrated load: 1000ΚΝ 

 

Figure 16. Deep beam(a) geometry 

 

 

 

The bars 6,13 are the two concrete struts, while the bar 14 is the tie, that 

represents the steel bars. Using the program AStrutTie, the solution of the truss, 

gave the following results:                    



 

Figure 17. Deep beam,analysis results 

Using the program, we can see if the beam is safe or not. So, it can be seen from 

figure 3 if there is enough reinforcement, and if the wprov is greater than the wreq. 

 

 

Figure 20. Calculations of rebar and strength of struts 

Form the tables of figure 20,it is shown that the beam is safe. 

Next, the same beam is solved using a different STM, in order to show the 

difference in the results. In figure 4 shows the STM model 



 

Figure 19. Deep beam(b),test specimen 

Hear, bars1,2,3,4,7,8,9,10 represent the concrete struts, while the tensile bars 5,6 

represent the steel bars that may be grid reinforcement,horizontal and vertical, 

that may be placed also for crack control. The tensile bar 11 represent the tie, 

that is the main reinforcement of the beam. The solution of the bar gives the 

following result, in figure 21: 

 

 

 

 

 



 

Figure 21. Analysis results for truss(b) 

  In the same way, it can be seen from figure 22 if there is enough reinforcement, 

and if the wprov is greater than the wreq. 

 

 



Figure 22. Calculations of rebar and strength of struts 

 

Form the tables of figure 22,it is shown that the beam is safe. 

Then, we use the STM of figure 23, to solve the beam. The current model is the 

same with the pervious, with two more bars, so the corresponding truss is two 

times indetermined. Hearinfigure 7 isthemodel: 

 

Figure 23. Deep beam(c), test specimen 

 

Hear, the struts are the same as before, with the additional 5,6 bars. The solution 

of the bar gives the following result, in figure 5: 



 

Figure 24. Analysis results for truss(c) 

 

 

Figure 25. Calculations of rebar and strength of struts 

 

Form the tables of figure 25,it is shown that the beam is again safe. 

Finally, we solve the beamδοκού with the above model of figure 26: 



 

Figure 26. Truss model (d) for the deep beams 

By solving the truss,we take the following forces of the bars:

 

Figure 27. Analysis results for truss(d) 

 

 

 



Form the tables of figure28,we have the results of design. 

 

 

Figure 28. Calculations of rebar and strength of struts 

 

From figure28, we get that the beam is again safe. 

In all the four truss models, we try to present the differences between the results 

of each case. These differences are shown form the values of compressive 

stresses, on compressive struts, and also the required reinforcement. By 

comparison of the compressive stresses of the trusses a and b, we can see that 

both the Wreq,and Wprov are less than before. As for the ties, the requirement is 

the approximately the same, because the forces in the main tie remains the same. 

 

 

 

 

 

 



Corbeldesign 

In the second example, we design a corbel, that has the following information of 

materials and geometry of figure 29: 

Properties 

Width of corbel: 1,00m 

Width of columns: 0,4m 

Concrete compressive stress :  35MPa 

Yield stress of steel : 400MPa 

Concentrated load : 700ΚΝ 

 

Geometry 

 

Figure 29. Geometry of the corbel 

 

Following the same procedure as with the deep beam, we solve the corbel with 

three different STM. 

 



Firstly, we assume the model below, in figure 30: 

 

 

Figure 30. Truss model(a) for the corbel 

 

The bars 4,5 are the two concrete struts, while the bar 1 is the tie, that 

represents the steel bars. Using the program, the solution of the truss, gave the 

following results:                    

 



 

Figure 31. Analysis results for truss(a) 

Using the program, we can see if the beam is safe or not. So, it can be seen from 

figure 31 if there is enough reinforcement, and if the wprov is greater than the 

wreq, so the compressive struts are adequate.  

 

Figure 32. Calculations of rebar and strength of struts 

 

Form the tables of figure 32,it is shown that the beam is safe. 



Next, the same beam is solved using a different STM, in order to show the 

difference in the results. In figure 33 shows the STM model. The model is the 

same, with one more bar, that is the strut bar 7. So the truss now is one time 

indetermined. 

 

 

 

Figure 33. Truss model(b) for the corbel 

 

 

 

 

 

 

 

The bars 2,3,7,8 are the two concrete struts, while the bar 1,6are the ties. Using 

the program, the solution of the truss, gave the following results:                    



 

Figure 33. Analysis results for truss(a) 

 

Theresultsarethefollowing:     

 

 

 



Figure 34. Calculations of rebar and strength of struts 

So, thebeamissafe.  

Finally, consideringamorecomplicatedmodel, wehavethefollowing results of the 

analysis of the truss: 

 

Figure 35. Analysis results for truss(b) 

 

 

 

 

 

 

The results are the following: 



 

 

 

Figure 36. Calculations of rebar and strength of struts 

In figure 36, all the results of the analysis of the beam are presented,and so the 

beam is safe. 

 

 

 

 

 

 

 



Chapter 2 

AStrutTie model 

2.1 Introduction 

AStrutTieisastrut-tiemodelanalysis/designsoftwareforconcretememberswithdisturbed stress region(s). It 

enables users to design corbel (bracket), 

abutment/pierfooting,bridgepiercoping(piercap),framecorner,anchoragezone,deepbeam,etc.Thesoftware

supportsU.S (ACI,ASHTO)andEurope(EuroCode2)CodesandSpecifications. 

AconcretemembercanbeclassifiedintoB-region(s)andD-region(s).D-regionsarepartsof structure in which 

the strain distribution is highly nonlinear. Most design practices for D-regions are mostly based on 

empirical approaches. The strut-tie model approachpromotes a better under-standing of load transfer 

mechanisms and structural behavior 

anditimprovesthedesigners'abilitytohandleunusualcircumstancesincludingD-regions. 

AStrutTieisapowerfulandpracticalanalysis/designsoftwareforconcretememberswithD-

region(s).Themostappropriatestrut-tiemodelscanbeconstructedbyconsideringtheprincipal stress flows 

and/or evolutionary structural optimization (ESO) results. Aspecialized solver capable of handling any types 

of internally/externally (in)determinate strut-tie models is associated. The strut-tie model provisions of ACI 

318-14 (2014), AASHTOLRFD (2014),andEC2(2004)areapplied. For fast and efficient strut-tie model 

designs, multirole templates are provided for corbel(bracket), abutment footing, pier footing, bridge pier 

coping (pier cap), frame corner,anchorage zones with inclined and straight tendons, and deep beams with 

concentratedand distributed 

loads.Advancedelementsetsrepresentingtrussmechanism,trussandarchmechanism,andfanactionareprovide

d. AStrutTie provides various automated design checks regrading the conditions for rebarrequirement and 

strength verification of struts and nodal zones. Visual verifications 

ofstrengthconditionsarepossible,too.Astructuraldesignreportisgeneratedautomatically,and design results 

are examined by previewing the report.  

Uncertainityintheconstructionofanappropriatestrut-

tiemodelduetolackofgeneralandcomprehensivespecifications. Inefficiencyintheconstructionofstrut-

tiemodelsrepresentingloadtransfermechanismsformultipleloadcombinations. 

Enormoustimeandeffortsforexaminingthesuitabilityofaconstructedstrut-

tiemodelthatsatisfiesthestrengthcondidtionsofstrutsandnodes. 

The strut-tie model approach has been recognized as an efficient methodology for 

thedesignofalltypesofstructuralconcreteswithD-regions,andacceptedindesigncodesglobally. However, the 

design of a structural concrete with the approach requires manyiterative numerical structural analyses, 

numerous graphical calculations, enormous timeand efforts, and designer's subjective decisions in terms of 

the construction of anappropriate strut-tie model, determination of required areas of struts and ties, 

andverificationofstrengthconditionsofstrutsandnodalzones. 

HanGilhasdevelopedadesignsoftwareAStrutTiethatenablestheanalysisanddesignoftructural concretes 

efficiently and professionally by overcoming the aforementionedlimitations of the strut-tie model approach. 

In the software, all the numerical programs thatare essential in the strut-tie model analysis or design of a 

structural concrete, includingfinite element analysis programs for the plane truss and solid problems with 

all kinds ofboundary conditions, a program for evaluating the axial rigidities of struts and ties 



ofstaticallydeterminateandindeterminatestrut-tiemodels,aprogramfordetermining,andaprogram for the 

graphical verification of strut-tie model's appropriateness by displayingvarious geometrical shapes of 

struts and nodal zones, are loaded. Great efficiency andconvenienceduringtheapplicationofthestrut-

tiemodelapproachmaybeprovidedbythe variousgraphicsenvironment-basedfunctionsofthesoftware. 

 

2.2ModelingofMemberGeometry 

The geometrical shape of concrete member is constructed in the Beginning Mode. 

Thegeometricalshapeisconstructedby,directdrawing,importingafile, or 

usingaTemplate.Theboundarylinesandtrussmodeloftheconcretememberaregeneratedbyimportinga 

file.Thegeometricalshape,evolutionarystructuraloptimization,stressflow,andtrussmodelcanbegeneratedau

tomaticallybyusingaTemplate. In the following pictures in figure 37, shows the previous. 

 

 

Figure 37.Geometry of a corbel 

 

 

 

 

 

 



 

2.3Templates of AStrutTie 

The geometrical shape of concrete member and truss model are generated byNew From Template and 

selecting one of the provided templatesshownin figure 

below.Thebasicinformationonthegeometricalshapeincludingthickness,width,andheightmustbeinput. The 

figure 38, shows the templates that the program provides to the users. 

 

Figure 38. Templates of the program 

 



 

 

 

2.4 ApplicationofLoads 

Twomethodsforapplyingloadsareprovidedintheprogram. 

NodeStaticLoads 

ExternalloadsareassignedbyAssign-

StaticLoad.Afterselectingnodesandelements,thefollowingfigureappears. Hear, in figure 38, the loads 

applied in a corbel are shown. 

 

Figure 38. Application of the loads 

 

 

 



 

 

 

Andthen,thedirectionofloadandloadtypemustbeselected.Threeloadtypes(pointload, uniform load, and 

trapezoidal load) are available. Anexample for inputtingtrapezoidalloadisshownbelow. 

 

 

 



 

Figure 39. Trapezoid load in a corbel 

 

 

 

 

ThematerialpropertiescanbealteredinAreaProperties, as shownin figure 40. 

 

 

 



 

Figure 40. Properties of the corbel 

 

 



2.5 StructuralAnalysisforESO&StressFlow 

The window transforms to the Modeling Mode for numerical structural analysis after 

imposingloadsonaconcretemember.TheModelingModeconsistsofESO,StressFlow,andTruss.Thefiniteeleme

ntmodelofaconcretememberforESOandStressFlow analyses is constructed by using a mesh generator. The 

mesh size is setup byclickingDEFINE-ProjectInformation.Followings are the figures that illustrate the finite 

element modeling of a concrete member. After clicking Beginning Mode and selecting Modeling Mode-

Stress Flow, DEFINE-

ProjectInformation(Dialog)needstobeactivatedtoalterthemeshsize.TheloadsinsertedbyclickingStaticLoadare

switchedtonodalforcesautomatically. Figure 41 shows such a mesh. 

 
 

 

Figure 41. Mesh of the area 

 



 

Ifthemeshsizeischanged,theboundaryconditionsmustbeupdated. 

Afterselectingthenodesonwhichrestraintsmustbeimposed,theboundaryconditionsaresetupbyclickingASSI

GN-Restraints.This, can be seen in the figure 42. 

 
 

 
Figure 42. Assigning restrains. 

 

And then, by clicking ANALYSIS-Run Analysis the finite element linear elastic analysis isconducted for 

checking the compressive principal stress trajectories. The left figureshown below is an example showing 

the stress trajectories. In the same way, by clickingESO (instead of Stress Flow) and completing the 

necessary modifications and inputs inDEFINE-Project Information (Dialog) and ASSIGN-Restraints, the 

finite element analysesare conducted for checking the approximate load paths by the evolutionary 

structuraloptimizationtechnique.Therightfigure 

8shownbelowisanexampleshowingtheresultsoftheoptimization. 



 
 

 

 
 

 
 

 
 

 

 

 

Figure 43. Resultsoftheoptimizationareshownbelow. 

 

 



 
 

 

 

After selecting the nodes on which restraints must be imposed, the 

boundaryconditionsaresetupbyclickingASSIGN-Restraints.Thestructuralanalysisonthetrussmodel is 

conducted by clicking ANALYSIS-Run Analysis. After the analysis, the 

resultsincludingelementforcesareshownonthetrussmodel. This is in the following figure 44. 

 

 

Figure 44. Resultsoftheelement forces. 

 

 

 

 

 



 
 

 

 

 

 

EffectiveWidth/Zone 

The available and required widths of struts, ties, and nodal zones are or are 

notdisplayedbyclickingTrueorFalseintheViewOptionsWindow–EffectiveWidth/Zone. 

 
 

Figure 45. Resultsoftheelement forces. 

 

 

Thestrengthreductionfactorsofstrut,tie,andnodeareassignedhere.Thesectionalandmaterialpropertiesofreinf

orcingbarsandconcretearealsoassigned. For different codes, the strength of the nodes varies. In figure 46, 

the safe factors are shown, for different codes. 

 

 

 

 

 

 



 
 

 

 

 

ACI318M-14(2014) 

 

 

 

AASHTOLRFD (2014) 

 

EuroCode2(2004) 

 

Figure 46. Safety factors, for different codes. 



 
 

 

 
 

 

2.6.1 StrutTypes 

Defaulttypesofconcretestrutsinastrut-tiemodelaredefinedhere.Morestruttypescanbeadded. In figure 47, 

the reduction factors of struts are shown. 

ACI318M-14(2014) 

 

AASHTOLRFD (2014) 

 

EuroCode2(2004) 

 

Figure 47. Reduction factors, for different codes. 



 
 

 

 
 

2.6.2 TieTypes 

Thesteeltiesinastrut-

tiemodelrepresentthemainreinforcingbars,shearreinforcingbars,andsupplementaryreinforcingbarsofaconcr

etemember.Twodifferenttypesofreinforcingbarsinahorizontallayerandupto4verticallayers.Theshearreinforc

ingbarscanbedividedintohorizontal,vertical,andinclinedreinforcingbars.Theinformationontheshearreinfor

cingbarsisrequired.Forthehorizontalorverticalsupplementaryreinforcingbars,thenumberoflegsandlayersm

ustbeassigned. These are shown in the following: 

 

 
Figure 48.Defining reinforcement. 

 

 



 
 

 

 
 

2.6.3 NodeTypes 

Threetypesofnodesinastrut-tiemodelaredefinedhere(figure 49).Morenodetypescanbeadded. 

Figure 49.Node types. 

 
Defaulttypesofloads and combinationsaredefinedhere in figure 50. 

 

Figure 50.Defining reinforcement 

 

 

 

 

 

 

 

 



 
 

 

2.7 Elements of the templates 

Next, in the figures  51-55, some elements that are solved with the program are shown. 

 

 

 

Figure 51. Foundation. 



  

 

 

 

 

 

Figure 52. Two symmetric corbels. 



  

 

 

 

Figure 53. Reinforcement of tew symmetric corbels. 

 



  

 

 

Figure 54. Prestressed concrete tenonds. 

 

 



  

 

 



  

 

Figure 55. Concrete box. 

 

 

 

 



  

 

Chapter 3 

FEM Programm FE77 

3.1 Introduction 

This finite element program (FE),for structural concrete is used, in order to allow the 

analysis with crack closure in localized regions of structures. The model uses three-

dimensional solid elements, while most of commercial programs use two-

dimensional elements. The only material parameter that has to be defined in the 

program,is the uniaxial compressive strength of concrete. The steel bars are 

modeled as uniaxial elements and are considered as embedded in the concrete 

element. The proposed strategy has also a numerical procedure that is stable and 

efficient.  

 This program,considers both formation and closure of cracks, in the concrete 

structure. The numerical description of the crack process,involves the development 

of a procedure describing crack closure.  

The characteristic feature of cracking is the discontinuity that arises in the structure. 

On the other hand, the FE model is essentially a continuum-mechanics technique. 

For this reason, the incompatibility between the problem and the model, requires 

special scheme, that will use the notation of continuity in the FE model, while will 

also consider sudden changes in the location of cracks.  There are two basic 

schemes,that constitute the fundamentals alternatives to crack modeling, that are 

the discrete-crack approach and the smeared-crack approach.  

The discrete-crack approach introduces an actual gap in the FE mesh at the location 

of the crack. It achieves this by doubling and separating the nodal coordinates lying 

along individual crack paths. This implies drastic changes in numbering of nodes, and 

the stiffness matrix. 

The Smeared-cracking approach,describes the cracking in concrete structures within 

the framework of damage mechanics. A simple model has been developed be 

Kotsovos and Pavlovich, based on experimental tests of concrete under multiaxial 

stress states, as a complete sudden loss of stress. This model ignores any strain 

softening, that is considered to exist duo to some interaction between the test 

specimen and the machine, in the course of testing.  The only parameter that is 

needed for this model is the compressive test.For mesh dependency in connection to 

finer meshes, it is considered that the experimental conditions under which the 

constitutive relations show that the size of the elements in the FE analysis, should be 

no less than two or three times the size of the maximum aggregate in the concrete 

mix and therefore no consideration of finer meshes is needed. 



  

 

A critical issue in the non-linear analysis of RC structure,is non-convergence, and in 

the case of convergence, it should be towards the realistic solution. In this program, 

a linear FE package called FINEL within an iterative procedure based on the Newton-

Raphson method. The finite elements that are chosen,are called HX20 and HX27, 

that are the 20-node serendipity and the 27-node Lagrangian brick element for 

concrete modeling, respectively (figure 56). An elementLM03 is a 3-node parabolic 

element, with only axial stiffness, is used for reinforcing bars. However, the main 

feature of the model is its heavy dependence on a description of the concrete 

behavior which sharply contrasts with those adopted by other FE structural-concrete 

models. 

 

 

             (a)                                           (b)                                      (c) 

Figure 56. Selected 3-D finite elements (a)HX20, 20-node serendipity element 

(concrete); (b) HX27, 27 Lagrangian element (concrete); (c) LM03, 3-node uniaxial 

element(steel) 

 

3.2Concrete modeling 

The constitutive relations for concrete comes from curves that best fit to valid 

experimental data on concrete behavior under triaxial states of stress. They describe 

concrete as a fully brittle medium in compliance with experimental information 

which indicates that “strain-softening” does not exist, for the reasons described 

before. It is also assumed that unloading from a given state, and then reloading is 

described by the initial elastic parameters(figure 57). The criterion for 

loading/unloading is based on the decomposition of the stress state into octahedral 

normal (σο) and shear (το) stress components. As the component of the non-linear 

deformation of concrete under (το) is considerably larger than that under (σο) only 

(το) at a Gauss point at the start of every load step; if it is found larger, the Gauss 

point is consider to be in a state of loading; otherwise,it is consider to be in a state of 

unloading; 

 



  

 

 

Figure 57. Measured and analytical stress-strain curves during loading and 

unloading/reloading for a typical concrete under (a) uniaxial and (b) triaxial    

compression. 

The most important feature of the strength surface is the very significant effect of 

even small principal stresses on the strength in the third principal direction: Their 

effect is to significantly increase or decrease the ultimate-strength value depending 

on whether they are compressive or tensile in nature, respectively. 

 

 

 

Figure 58. Measured and analytical stress-strain curves during loading and 

unloading/reloading for a typical concrete under (a) uniaxial and (b) triaxial    

compression. 



  

 

3.3 Reinforcement steel modeling 

The constitutive model of the reinforcing steel is shown in figure 59. 

 

 

Figure 59. Constitutive model for steel. 

The constitutive model for reinforcing steel is shown in figure 59.Unloading from any 

load level beyond yield is described by a straight line parallel to the initial elastic 

response. The same line describes reloading to the highest previous load level; when 

latter is exceeded, the steel response is described the bilinear stress-strain 

characteristics describing the response to a monotonically increased load. 

3.4 Failure criterion 

The following assumptions are made concerning their corresponding strains εο and 

γο . 

Under pure hydrostatic stress, concrete only develops hydrostatic strains εoh . 

Deviatoric stress-strain relationships are almost independent of the applied 

hydrostatic stress. 

Under deviatoric stress, concrete also develops hydrostatic strains εod , the values of 

which depend on the level of hydrostatic stress. This is the only significant form of 

coupling between the deviatoric stress and volume change. 

The behavior is essentially isotropic. 

Unloading and subsequent reloading follow the initial stiffness slope (figure 57). 



  

 

 

 

So the stress-strain relationship may be written in the following form: 

ε0=ε0h+ ε0d=
𝜎𝜊+𝜎𝑖𝑑

3𝐾𝑠
 

γ0=
𝜏𝜊

2𝐺𝑠
                                                                                   (1) 

where σid(σ0,τ0,fc) is an anequivelant internal hydrostatic stress that accounts for  the 

coupling and fc is the uniaxial compressive strength of concrete; Ks(σ0, fc) are secant 

bulk and shear moduli, respectively, should such a coupling not exist (i.e. they are 

obtained ignoring σid ).Expressions for  σid, Ks, and Gs may be derived through curve 

fitting of experimental data.  

 Since σid is a pure hydrostatic correction, expressions (1) are equivalent to the 

following relations in global co-ordinate directions: 

εij=
𝜎𝑖𝑗+𝜎𝑖𝑑𝛿𝑖𝑑

2𝐺𝑠
 -

3𝜈𝑠

𝐸𝑠
(σ0+σid)δij(2) 

where Es(σ0,τ0,fc) and νs(σ0,τ0,fc) are secant Young’s modulus and Poisson’s ratio 

derived from Ks and Gs ,using standard formulae of linear elasticity: 

Es=
9𝐾𝑠𝐺𝑠

3𝐾𝑠+𝐺𝑠
 

νs=
3𝐾𝑠−2𝐺𝑠

6𝐾𝑠+2𝐺𝑠
                                                                             (3) 

The component of the non-linear deformation of concrete under τ0 is considerably 

larger than under σ0,if we denote by max τ0 the deviatoric stress at each point on the 

stress-strain curve, then elastic unloading/reloading occurswhenever during a 

loading program the deviatoric stresses τ0 become less thanτ0. 



  

 

 

Figure 60. Concrete ultimate stress surface. 

 

Figure 61. cross section of the stress surface under constant σο. 

 

The octahedral stresses also serve as a means todescribe concrete failure which may 

be represented in the three-dimensional principal stress space by an open and 

convex failure surface. The form of such a failure surface can be seen in figure 60. 

The projection of the failure surface on the deviatoric plane, results in a curve which 

is the locus of the ultimate deviatoric stress τ0u. This ultimate stress may be 

calculated from σ0 and θ, where θ is the rotational angle that the deviatoric stress, 



  

 

taken as a vector, forms with one of the projected stress principal axes on the 

deviatoric plane. 

 For a given state of stress the quantities σ0, τ0, θmay be calculated: 

σ0=
𝐼1

3
 

τ0=√(2𝜎𝜊
2 −

2

3
𝛪2)                                                                                                          (4) 

cos3θ=-
√2

𝜏0
3 𝐽3 

where I1 and I2 are the first and second invariants of the stress tensor, whereas J3 

is the third invariant of the deviatoric stress tensor sij=σij-σ0δij. 

As has been experimentally shown, concrete starts due to concrete-homogenity, 

and as a result concrete in localized region tends to tends to expand against the 

surrounding material. So, the confined concrete therefore introduces in the 

localized region lateral compressive stresses, that, in turn, for equilibrium to be 

maintained, make the surrounding regions develop tensile stresses.  This 

increases the strength of the localized region while the tensile stresses in the 

surrounding region eventually turn this state of stress into having one of its 

principal components tensile. This, as can be seen from figure 58, leads to the 

reduction of the strength of the surrounding region and macrocracking takes 

place. 

Numerical modeling of cracking 

A smeared fiχed crack model within the framework of the finite element method is 

used to simulate the effect of cracking on the structure as the load is applied 

incrementally. Then, the increments of stresses and strains are related by the D-

matrix adopted. Neglecting initial strains and stresses, its incremental counterpart is 

simply  

Δσ=[D]Δε(5) 

For uncracked-concrete Gauss points, the D-matrix may be calculated by reference 

to a linearly-elastic isotropic ,material which is usually described in the following 

concise form 

𝜎𝑖𝑗  =2G𝜀𝑖𝑗+3μ𝜀0𝛿𝑖𝑗(6)      

Where G, and μ are the shear and Lame’s moduli, while the latter is also related to E 

and ν by the expression 

μ=
νΕ

((1+ν)(1−2ν))
 



  

 

 

 So for an uncracked Gauss point we have : 

[
 
 
 
 
 
 
𝛥𝜎𝑥

𝛥𝜎𝑦

𝛥𝜎𝑧

𝛥𝜏𝑥𝑦

𝛥𝜏𝑥𝑧

𝛥𝜏𝑦𝑧]
 
 
 
 
 
 

=

[
 
 
 
 
 
2𝐺 + 𝜇 𝜇 𝜇 0 0 0

𝜇 2𝐺 + 𝜇 𝜇 0 0 0
𝜇 𝜇 2𝐺 + 𝜇 0 0 0
0 0 0 𝐺 0 0
0 0 0 0 𝐺 0
0 0 0 0 0 𝐺]

 
 
 
 
 

[
 
 
 
 
 
 
𝛥𝜀𝑥

𝛥𝜀𝑦

𝛥𝜀𝑧

𝛥𝛾𝑥𝑦

𝛥𝛾𝑥𝑧

𝛥𝛾𝑦𝑧 ]
 
 
 
 
 
 

   (7)   

Where (𝛥𝜎𝑥 ,𝛥𝜎𝑦,𝛥𝜎𝑧 ,𝛥𝜏𝑥 ,𝛥𝜏𝑦,𝛥𝜏𝑧) are the increments of direct and shear stresses 

in global coordinate, while G andμ are derived from tangent shear and bulk 

modulus. The coefficients of the D-matrix are functions of the state of stress, but, 

at the same time, it is worth noting that the constitutive matrix is isotropic 

throughout the microcracking regime and, hence, invariant with respect to any set of 

orthogonal axes.  

Since the relations are in incremental form, the above material constants are 

tangent ones.   

 When the failure surface at a Gauss point has been exceeded for the first time a 

crack perpendicular to the maximum tensile stress is formed. Suppose that the plane 

of the crack is OAB (figure 62). Then for the local axis z’,which is perpendicular to this 

plane, the corresponding stiffnesses are zeroed, whereas a small shear is allowed to 

be transmitted in this plane denoted by βG. The shear retention factor β is set equal 

to 0.1, mainly for convergence, simulating, however, in a way, some ‘aggregate 

interlock’ that has also been verified experimentally. When the state of stress at a 

Gauss point reaches the triaxial envelope involving at least one principal tensile 

component for the first time, a crack plane is assumed to form in the direction 

orthogonal to the maximum principal tensile stress.As explained previously, such a 

tensile stress is set to zero and transformed into equivelant unbalanced forces, and 

the adopted incremental constitutive relationships in local axes are subsequently 

given the following matrix: 

[
 
 
 
 
 
 
𝛥𝜎′𝑥
𝛥𝜎′𝑦
𝛥𝜎′𝑧
𝛥𝜏′𝑥𝑦

𝛥𝜏′𝑥𝑧

𝛥𝜏′𝑦𝑧]
 
 
 
 
 
 

=

[
 
 
 
 
 
2𝐺 + 𝜇 𝜇 𝜇 0 0 0

𝜇 2𝐺 + 𝜇 𝜇 0 0 0
𝜇 𝜇 2𝐺 + 𝜇 0 0 0
0 0 0 𝐺 0 0
0 0 0 0 𝐺 0
0 0 0 0 0 𝐺]

 
 
 
 
 

[
 
 
 
 
 
 
𝛥𝜀′𝑥
𝛥𝜀′𝑦
𝛥𝜀′𝑧
𝛥𝛾′𝑥𝑦

𝛥𝛾′𝑥𝑧

𝛥𝛾′𝑦𝑧 ]
 
 
 
 
 
 

   (8) 

 



  

 

 

Figure 62. Local axes for one and two cracks at a Gauss point. 

If the state of stress at a given Gauss point reaches the triaxial envelope in tension a 

second time, then a second crack plane is assumed to form. This new crack plane is 

now orthogonal to the current maximum tensile principal stress and, as a result, is 

not necessarily orthogonal to the first crack plane. The combination of the two 

fracture planes only leaves stiffness in the direction of the intersection of both 

planes. As for the one-crack case, some residual shear stiffness has to be kept on 

order to improve the conditioning of the crack stiffness matrices. Explicitly, the 

incremental constitutive relations adopted for this case are as follows 

[
 
 
 
 
 
 
𝛥𝜎′′𝑥
𝛥𝜎′′𝑦
𝛥𝜎′′𝑧
𝛥𝜏′′𝑥𝑦

𝛥𝜏′′𝑥𝑧

𝛥𝜏′′𝑦𝑧]
 
 
 
 
 
 

=

[
 
 
 
 
 
2𝐺 + 𝜇 𝜇 𝜇 0 0 0

𝜇 2𝐺 + 𝜇 𝜇 0 0 0
𝜇 𝜇 2𝐺 + 𝜇 0 0 0
0 0 0 𝐺 0 0
0 0 0 0 𝐺 0
0 0 0 0 0 𝐺]

 
 
 
 
 

[
 
 
 
 
 
 
𝛥𝜀′′𝑥
𝛥𝜀′′𝑦
𝛥𝜀′′𝑧
𝛥𝛾′′𝑥𝑦

𝛥𝛾′′𝑥𝑧

𝛥𝛾′′𝑦𝑧]
 
 
 
 
 
 

   (9) 

 

 



  

 

Because of the crack induced anisotropy for the last two cases, the stress-strain 

matrix, is transformed to global orientations using standard co-ordinate system 

transformation laws. 

 If the new tensile stress occurs at the same time Gauss point for third time, then we 

have a complete loss of carrying capacity of the Gauss point. 

3.5 Proposed Numerical strategy 

A single crack approach (SCA) has been used by Kotsovos and Spiliopoulos 

inanalyses of reinforced concrete structures with crack closure. According to this 

strategy, the load is 

appliedinrelativelylargestepsandforconvergencereasonsonlyonecrackisallowedtoope

n or close inside a Newton–Raphson iteration. The check for the state of loading 

orunloading at a Gauss point is determined at the beginning of the load step and 

remains fixed until convergence. A single crack approach (SCA) has been used by 

Kotsovos and Spiliopoulos inanalyses of reinforced concrete structures with crack 

closure. According to this strategy, the load is 

appliedinrelativelylargestepsandforconvergencereasonsonlyonecrackisallowedtoope

n or close inside a Newton–Raphson iteration. The check for the state of loading or 

unloading at a Gauss point is determined at the beginning of the load step and 

remains fixed until convergence. According to the proposed procedure, if we denote 

by j an iteration inside an incremental load step we can get an increment of 

displacements, using the tangent stiffness matrix of the previous iteration.  

 
 

Focusing on a Gauss point: 

1. The increments of strains are evaluated from the increments of the displacements  

Δε(j)=BcΔu(j)(10) 

2. The total strains are calculated from the strains of the previous iteration  

ε(j)=ε(j-1)+Δε(j)(11) 

3. The prediction of stresses is made using the material of the previous iteration   

                                                    𝝈𝑝𝑟
(𝑗)

=σ(j-1)+D(j-1)Δε(j)                                                 (12) 

From the predicted state of stress the quantities 𝜏0
(𝑗)

,𝜎0
(𝑗)

 and 𝜏0𝑢
(𝑗)

 may be calculated. 

A correction of stress occurs depending on whether the Gauss point was at the 

previous iteration cracked or uncracked. 



  

 

  For an uncracked Gauss point, all the different possibilities may be traced in 

figure 63. If 𝜏0
(𝑗)

 is found larger than 𝜏0𝑢
(𝑗)

, something which normally happens 

wneh tensile stresses have developed, anew crack forms normal to the maximum 

principal tensile stress σΙ. This stress is put to zero without the other two 

principal stresses being affected. This has an effect to produce residual stresses: 

Δσr=𝐓𝜎
−1 {

−𝜎𝛪

0
0

}(13) 

Where 𝐓𝜎
−1 is the inverse transformation matrix from the principal stress axes to 

the initial x, y, z axes.At the same time the material matrix in terms of the local 

crack’s axis is established using Equation (6). The transformation of this matrix 

to global axes, denoted by  𝐃𝒄𝒓
(𝑗)

 ,updates the material matrix D(j) to be used in the 

next iteration. 

 

 

 

Figure 63. Flow chart for the stress correction at an uncracked Gauss point. 

 
For a Gauss point that remains uncracked an elastic stress prediction is 
performed: 

Δ𝝈𝑝𝑟
(𝑗)

=DelΔε(j)                                                (14) 

                                                    𝝈𝑒𝑙.𝑝𝑟
(𝑗)

=σ(j-1)+Δ𝝈𝑒𝑙.𝑝𝑟
(𝑗)

 



  

 

Where Del is the material matrix that contains the initial material constants. 

Next it has to be determined whether the Gauss point is in a condition of previously 

loading (τ0
(𝑗−1)

>max τ0) or unloading (τ0
(𝑗−1)

<max τ0).  

For a previously loading Gauss point that changes its state to loading (τ0
(𝑗−1)

>max τ0)   

or a previously unloading Gauss point that changes its state to loading  (τ0
(𝑗−1)

>max 

τ0), an initial stain method is applied and the stress is corrected according to  

Δσr=D(j)(𝝈𝑝𝑟
(𝑗)

){ε(j)(𝝈𝑝𝑟
(𝑗)

)-ε(j) } (15)     

Where ε(j)(𝝈𝑝𝑟
(𝑗)

) is computed according to equation (2). If a previously unloading 

Gauss point continuesto unload (τ0
(𝑗−1)

<max τ0), then no stress 

correction is needed (Δσr=0). 

In the last case where a previously loading uncracked Gauss point begins to unload 

(τ0
(𝑗−1)

<max τ0), initial elastic properties are restored and the residual stresses are 

equal to the difference of the elastically predicted stresses and the tangent 

predicted stresses: 

Δσr=𝝈𝑒𝑙.𝑝𝑟
(𝑗)

-𝝈𝑝𝑟
(𝑗)

 (16)     

For a cracked Gauss point the different possibilities may be found in Figure 6. 

The total strains normal to all the existing crack directions𝜺𝛮
(𝑗)

are checked and if any 

one of them is found compressive, the crack is assumed to close, the material 

matrix in the local crack’sdirection is updated using Equations () and () and the 

transformed to the global stress directions 𝐃𝑐𝑟
(𝑗)

  is setequal to D(j) .At the same 

time the stresses are corrected using this matrix and the total strains:                       

Δσr=D(j)ε(j) (17)     

In case there is no crack closure the procedure checks whether we have a crack 

opening (τ0
(𝑗)

> τ0𝑢
(𝑗)

). If this happens, then the stress correction may be done 

using Equation ();otherwise no stress correction is needed (Δσr=0). 

For both the cases of the cracked or uncracked Gauss points the stress 

corrections give rise to unbalanced forced that are implemented, in the standard 

way, as a new force vector applied in the next iteration. 



  

 

 

Figure 64. Embedding a straight steel bar inside concrete. 
 
Twenty seven-node Lagrangian brick elements with 3x3x3 Gauss points were used 

for the finite element implementation of concrete behaviour. The well-known fact of 

mesh in- objectivityforbrittlematerialsis circumvented using elements having a size of 

5–20 cm that have proved to give realistic results. This is due to the fact that the size 

of the concrete specimens that were used to deduce the above-described concrete 

behaviour is roughly the same as the equivalent volume that corresponds to a Gauss 

point. This size of elements therefore serves as a means of a ‘localizationlimiter’. 

Steelbarsaremodelledasthree-nodeduniaxialtrusselements.TheMenegotto–Pinto 

modelisadopted, a model 

thataccommodatestheBauschingereffect,observedinsteel,under large load reversals. 

Inside an iteration of an incremental step, in the standard way, the 

incrementalstrainalongthesteelbarsisusedtomakeanelasticpredictionforthestress.If 

thisstressisfoundtobelargerthanthecurrentyieldstress,acorrectiontothestressismade 

so that it is brought back on the true stress–strain curve. Equivalent nodal stresses 

arethen applied so that equilibrium isrestored.Steel bars may be considered to have 

arbitrary positions inside the concrete elements 

(Figure64).Anumericalprocedurethattakesintoaccountthecontributionofsuchanembe

dded reinforcement is used. With this procedure for each straight segment of 

reinforcement only theendpointco-

ordinatesintheglobalaxesneedtobeprovidedbytheanalyst.Theconcrete 

elementsthatcontainaportionofthebardefinedthroughthepointsP1andP2maybefound 

withtheaidofareversemappingfromtheglobalco-ordinates(x,y,z)totheelementnatural 

onesξ,η,ρ. ANewton–Raphsonprocedureisutilizedtomakethisconversion. The point P1 

is contained in a given concrete element if its co-ordinates 𝜉𝛲1
,𝜂𝛲1

,𝜌𝛲1
 satisfy  

|𝜉𝛲1
, 𝜂𝛲1

, 𝜌𝛲1
| ≤ 1 (18)     

 

Once the element that contains P1 is found, the use of analytic geometry 
determines the intersection point Pa of P1P2 with one of the possible six faces of 
the elements. After this has been established, P1 becomes Pa and the algorithm is 
repeated. 

Assuming a perfect bond between steel and concrete, the strain inside iteration 



  

 

j of the 
incrementalstepalongthesteelbarwithdirectioncosinesl,m,nmayeasilybeevaluated
: 

Δε𝑟.𝑥𝑥
(𝑗)

= Δε𝑥𝑥
(𝑗)

l2+ Δε𝑦𝑦
(𝑗)

m2+ Δε𝑧𝑧
(𝑗)

𝑛2+ 2Δε𝑥𝑦
(𝑗)

lm+2Δε𝑦𝑧
(𝑗)

mn+2Δε𝑥𝑧
(𝑗)

ln 

   =TεΔε(j)=TεBcΔu(j)=BrΔu(j)(19)     

 The contribution to the stiffness matrix of a steel bar inside a concrete element 

is given by 

K𝑟
(𝑗)

=ArE(j)∫ 𝐁𝐫
T𝐁𝐫𝑑𝑆

𝑆
(20)     

Where E𝐫
(j)

and Ar are the tangential modulus of elasticity and the cross-sectional 

area of the steel bar. Thus, the total stiffness matrix of the reinforced concrete 

element is  

Κ(j)=𝐊𝑐
(j)

+∑ 𝐊𝑐
(j)𝑛𝑟𝑠

𝑖=1 =∫ 𝐁𝐜
T𝑫(j)𝐁𝐜𝑑𝑉

𝑉
+∑ 𝐊𝑟,𝑖

(j)𝑛𝑟𝑠
𝑖=1  

where nrs is the number of embedded reinforcements inside a brick element. 

  A highly modular finite element code(FE77) was used as a basis for the 

implementation of the above-described procedures. A new module was added in 

which the Newton-Raphson iterative procedure with the mathematical description 

of concrete behavior, together with the different approaches regarding the crack 

strategy were implemented.  

 

 

 

 

 

 

 

 

 

 

 

 



  

 

Chapter 4 

Abaqus Damage Plasticity Model (DPM) 

4.1 Introduction 

This is a model provides a general capability for modeling concrete and other quasi-

brittle materials in all types of structures (beams, trusses, shells, and solids).It uses 

concepts of isotropic damaged elasticity in combination with isotropic tensile and 

compressive plasticity to represent the inelastic behavior of concrete, that can be 

used for plain concrete, even though it is intended primarily for the analysis of 

reinforced concrete structures.Itcan be used with rebar to model concrete 

reinforcement. The model is designed for applications in which concrete is subjected 

to monotonic, cyclic, and dynamic loading under low confining pressures, and 

consists of the combination of nonassociated multi-hardening plasticity and scalar 

(isotropic) damaged elasticity to describe the irreversible damage that occurs during 

the fracturing process. It allows user control of stiffness recovery effects during cyclic 

load reversals, and can be defined to be sensitive to the rate of straining. The model 

can be used in conjunction with a viscoplastic regularization of the constitutive 

equations in Abaqus to improve the convergence rate in the softening area and it 

requires that the elastic behavior of the material be isotropic and linear. 

 

4.2 Mechanical behavior 

The model is a continuum, plasticity-based, damage model for concrete. It assumes 

that the main two failure mechanisms are tensile cracking and compressive crushing 

of the concrete material. The evolution of the yield (or failure) surface is controlled 

by two hardening variables𝜀𝑡̅
𝑝𝑙

 and and 𝜀𝑐̅
𝑝𝑙

,linked to failure mechanisms under 

tension and compression loading, respectively. We refer to 𝜀𝑡̅
𝑝𝑙

 and 𝜀𝑐̅
𝑝𝑙

 ,as tensile 

and compressive equivalent plastic strains, respectively. The following sections 

discuss the main assumptions about the mechanical behavior of concrete. 

 

 

 

 

 

 



  

 

4.3 Uniaxial tension and compression stress behavior 

The model assumes that the uniaxial tensile and compressive response of concrete is 

characterized by damaged plasticity, as shown in figure 65. 

 

 

 

Figure 65. Response of concrete to uniaxial loading in tension (a) and compression 

(b). 
 

 

 

 

https://abaqus-docs.mit.edu/2017/English/SIMACAEMATRefMap/simamat-c-concretedamaged.htm#simamat-c-concretedamaged-t-UniaxialTensionAndCompressionStressBehavior-sma-topic1__simamat-c-concrete-uniaxial


  

 

Under uniaxial tension the stress-strain response follows a linear elastic relationship 

until the value of the failure stress σto, is reached. The failure stress corresponds to 

the onset of micro-cracking in the concrete material. Beyond the failure stress the 

formation of micro-cracks is represented macroscopically with a softening stress-

strain response, which induces strain localization in the concrete structure. Under 

uniaxial compression the response is linear until the value of initial yield, σto. In the 

plastic regime the response is typically characterized by stress hardening followed by 

strain softening beyond the ultimate stress, σcu. This representation, although 

somewhat simplified, captures the main features of the response of concrete. 

It is assumed that the uniaxial stress-strain curves can be converted into stress 

versus plastic-strain curves. Thus, 

σt=σt(𝜀𝑡̅
𝑝𝑙

,𝜀𝑡̅
𝑝𝑙̇

,θ,fi) 

σc=σc((𝜀𝑐̅
𝑝𝑙

,𝜀𝑐̅
𝑝𝑙̇

,θ,fi) 

where the subscripts t and c refer to tension and compression, 

respectively; 𝜀𝑡̅
𝑝𝑙

 and 𝜀𝑐̅
𝑝𝑙

 are the equivalent plastic strains, 𝜀𝑡̅
𝑝𝑙̇

and 𝜀𝑐̅
𝑝𝑙̇

 ,are the 

equivalent plastic strain rates, θ is the temperature, and fi are other predefined field 

variables. 

As shown in figure 1, when the concrete specimen is unloaded from any point on the 

strain softening branch of the stress-strain curves, the unloading response is 

weakened.The elastic stiffness of the material appears to be damaged (or degraded). 

The degradation of the elastic stiffness is characterized by two damage 

variables, dt and dc, which are assumed to be functions of the plastic strains, 

temperature, and field variables: 

dt=dt(𝜀𝑡̅
𝑝𝑙

,θ,fi) ;      0≤ dt≤ 1, 

dc=dc(𝜀𝑐̅
𝑝𝑙

,θ,fi) ;     0≤ dt≤ 1. 

The damage variables can take values from zero, representing the undamaged 

material, to one, which represents total loss of strength. 

If E0 is the initial (undamaged) elastic stiffness of the material, the stress-strain 

relations under uniaxial tension and compression loading are, respectively: 

σt=(1-dt)E0(εt-𝜀𝑡̅
𝑝𝑙

)  , 

σc=(1-dc)E0(εc-𝜀𝑐̅
𝑝𝑙

) . 

 

https://abaqus-docs.mit.edu/2017/English/SIMACAEMATRefMap/simamat-c-concretedamaged.htm#simamat-c-concretedamaged-t-UniaxialTensionAndCompressionStressBehavior-sma-topic1__simamat-c-concrete-uniaxial


  

 

We define the “effective” tensile and compressive cohesion stresses as 

𝜎̅𝑡=
𝜎𝑡

(1−𝑑𝑡)
=E0(εt-𝜀𝑡̅

𝑝𝑙
)  , 

𝜎̅𝑐=
𝜎𝑐

(1−𝑑𝑐)
=E0(εc-𝜀𝑐̅

𝑝𝑙
)  , 

The effective cohesion stresses determine the size of the yield (or failure) surface. 

Uniaxial cyclic behavior 

Under uniaxial cyclic loading conditions the degradation mechanisms are quite 

complex, involving the opening and closing of previously formed micro-cracks, as 

well as their interaction. Experimentally, it is observed that there is some recovery of 

the elastic stiffness as the load changes sign during a uniaxial cyclic test. The stiffness 

recovery effect, also known as the “unilateral effect,” is an important aspect of the 

concrete behavior under cyclic loading. The effect is usually more pronounced as the 

load changes from tension to compression, causing tensile cracks to close, which 

results in the recovery of the compressive stiffness. 

The concrete damaged plasticity model assumes that the reduction of the elastic 

modulus is given in terms of a scalar degradation variable d as 

E=(1−d)E0, 

where E0 is the initial (undamaged) modulus of the material. 

This expression holds both in the tensile (σ11>0) and the compressive (σ11<0) sides of 

the cycle. The stiffness degradation variable, d, is a function of the stress state and 

the uniaxial damage variables, dt and dc. For the uniaxial cyclic 

conditions, Abaqus assumes that 

(1-d)=(1-stdt)(1-scdt) 

wherest and sc are functions of the stress state that are introduced to model stiffness 

recovery effects associated with stress reversals. They are defined according to: 

st=1-wt𝑟∗(σ11) ;0≤ wt≤ 1, 

sc=1-wc(1-𝑟∗(σ11)) ;0≤ wc≤ 1,where 

𝑟∗(σ11)=𝐻(σ11)={
1 𝑖𝑓 𝜎11 > 0 
0 𝑖𝑓 𝜎11 < 0

 

The weight factors wt and wc, which are assumed to be material properties, control 

the recovery of the tensile and compressive stiffnessupon load reversal.  



  

 

To illustrate this, consider the example in figure 66, where the load changes from 

tension to compression. 

 

 

Figure 66. Illustration of the effect of the compression stiffness recovery 

parameter wc. 

Assume that there was no previous compressive damage (crushing) in the material; 

that is,  𝜀𝑐̅
𝑝𝑙

,  and  dc=0 

Then 

(1-d)=(1-scdt)=(1-(1-wc(1-𝑟∗)dt). 

 

In tension (σ11>0), r∗=1; therefore, d=dt as expected. 

In compression (σ11<0), r*=0, and d=(1−wc)dt. 

If wc=1 ,then d=0; therefore, the material fully recovers the compressive stiffness 

(which in this case is the initial undamaged stiffness, E=E0). If, on the other 

hand, wc=0, then d=dt and there is no stiffness recovery. Intermediate values 

of wc result in partial recovery of the stiffness. 

4.4 Multiaxial behavior 

https://abaqus-docs.mit.edu/2017/English/SIMACAEMATRefMap/simamat-c-concretedamaged.htm#simamat-c-concretedamaged-t-UniaxialCyclicBehavior-sma-topic2__simamat-c-concrete-wc


  

 

The stress-strain relations for the general three-dimensional multiaxial condition are 

given by the scalar damage elasticity equation: 

σ=(1−d)𝐷0
𝑒𝑙Q:(ε-𝜀𝑝𝑙) 

where 𝐷0
𝑒𝑙  is the initial (undamaged) elasticity matrix. 

 

4.5Reinforcement 

In Abaqus reinforcement in concrete structures is typically provided by means of 

rebars, which are one-dimensional rods that can be defined singly or embedded in 

oriented surfaces. Rebars are typically used with metal plasticity models to describe 

the behavior of the rebar material and are superposed on a mesh of standard 

element types used to model the concrete.With this modeling approach, the 

concrete behavior is considered independently of the rebar. Effects associated with 

the rebar/concrete interface, such as bond slip and dowel action, are modeled 

approximately by introducing some “tension stiffening” into the concrete modeling 

to simulate load transfer across cracks through the rebar. Details regarding tension 

stiffening are provided below. 

Defining the rebar can be tedious in complex problems, but it is important that this 

be done accurately since it may cause an analysis to fail due to lack of reinforcement 

in key regions of a model.  

 

 

 

4.6Defining tension stiffening 

The postfailure behavior for direct straining is modeled with tension stiffening, which 

allows you to define the strain-softening behavior for cracked concrete. This 

behavior also allows for the effects of the reinforcement interaction with concrete to 

be simulated in a simple manner. Tension stiffening is required in the concrete 

damaged plasticity model. You can specify tension stiffening by means of a 

postfailure stress-strain relation or by applying a fracture energy cracking criterion. 

 

 

 



  

 

4.7 Postfailure stress-strain relation 

In reinforced concrete the specification of postfailure behavior generally means 

giving the postfailure stress as a function of cracking strain 𝜀𝑡̅
𝑐𝑘. The cracking strain is 

defined as the total strain minus the elastic strain corresponding to the undamaged 

material; that is, 

𝜀𝑡̅
𝑐𝑘=εt-𝜀0𝑡

𝑒𝑙  

Where  𝜀0𝑡
𝑒𝑙= σt/Εο,as illustrated in figure 67.To avoidpotential numerical 

problems, Abaqus enforces a lower limit on the postfailure stress equal to 100 times 

of the initial failure stress: σt≥σto/100. 

 

 

 

Figure 67. Illustration of the definition of the cracking strain 𝜀𝑡̅
𝑐𝑘 used for the 

definition of tension stiffening data. 

 

 

 



  

 

Tension stiffening data are given in terms of the cracking strain, 𝜀𝑡̅
𝑐𝑘. When unloading 

data are available, the data are provided to Abaqus in terms of tensile damage 

curves, dt−𝜀𝑡̅
𝑐𝑘, as discussed below. Abaqus automatically converts the cracking strain 

values to plastic strain values using the relationship: 

𝜀𝑡̅
𝑝𝑙

=𝜀𝑡̅
𝑐𝑘 − 

𝑑𝑡

(1−𝑑𝑡)

𝜎𝑡

𝐸𝑜
 

Abaqus will issue an error message if the calculated plastic strain values are negative 

and/or decreasing with increasing cracking strain, which typically indicates that the 

tensile damage curves are incorrect. In the absence of tensile damage𝜀𝑡̅
𝑝𝑙

=𝜀𝑡̅
𝑐𝑘. 

In cases with little or no reinforcement, the specification of a postfailure stress-strain 

relation introduces mesh sensitivity in the results, in the sense that the finite 

element predictions do not converge to a unique solution as the mesh is refined 

because mesh refinement leads to narrower crack bands. This problem typically 

occurs if cracking failure occurs only at localized regions in the structure and mesh 

refinement does not result in the formation of additional cracks. If cracking failure is 

distributed evenly (either due to the effect of rebar or due to the presence of 

stabilizing elastic material, as in the case of plate bending), mesh sensitivity is less of 

a concern. 

In practical calculations for reinforced concrete, the mesh is usually such that each 

element contains rebars. The interaction between the rebars and the concrete tends 

to reduce the mesh sensitivity, provided that a reasonable amount of tension 

stiffening is introduced in the concrete model to simulate this interaction. This 

requires an estimate of the tension stiffening effect, which depends on such factors 

as the density of reinforcement, the quality of the bond between the rebar and the 

concrete, the relative size of the concrete aggregate compared to the rebar 

diameter, and the mesh. A reasonable starting point for relatively heavily reinforced 

concrete modeled with a fairly detailed mesh is to assume that the strain softening 

after failure reduces the stress linearly to zero at a total strain of about 10 times the 

strain at failure. The strainat failure in standard concretes is typically 10−4, which 

suggests that tension stiffening that reduces the stress to zero at a total strain of 

about 10−3 is reasonable. This parameter should be calibrated to a particular case. 

The choice of tension stiffening parameters is important since, generally, more 

tension stiffening makes it easier to obtain numerical solutions. Too little tension 

stiffening will cause the local cracking failure in the concrete to introduce 

temporarily unstable behavior in the overall response of the model. Few practical 

designs exhibit such behavior, so that the presence of this type of response in the 

analysis model usually indicates that the tension stiffening is unreasonably low. 

 



  

 

4.8 Fracture energy cracking criterion 

When there is no reinforcement in significant regions of the model, the tension 

stiffening approach described above will introduce unreasonable mesh sensitivity 

into the results. However, it is generally accepted that Hillerborg's (1976) fracture 

energy proposal is adequate to allay the concern for many practical purposes. 

Hillerborg defines the energy required to open a unit area of crack, Gf, as a material 

parameter, using brittle fracture concepts. With this approach the concrete's brittle 

behavior is characterized by a stress-displacement response rather than a stress-

strain response. Under tension a concrete specimen will crack across some section. 

After it has been pulled apart sufficiently for most of the stress to be removed (so 

that the undamaged elastic strain is small), its length will be determined primarily by 

the opening at the crack. The opening does not depend on the specimen's length. 

This fracture energy cracking model can be invoked by specifying the postfailure 

stress as a tabular function of cracking displacement, as shown in figure 68. 

 

Figure 68. Postfailure stress-displacement curve. 

 

Figure 69. Postfailure stress-fracture energy curve. 
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The cracking displacement at which complete loss of strength takes place is, 

therefore, ut0=2Gf/σt0 .Typical values of Gf range from 40 N/m (0.22 lb/in) for a 

typical construction concrete (with a compressive strength of approximately 20 MPa, 

2850 lb/in2) to 120 N/m (0.67 lb/in) for a high-strength concrete (with a compressive 

strength of approximately 40 MPa, 5700 lb/in2). 

If tensile damage, dt, is specified, Abaqus automatically converts the cracking 

displacement values to “plastic” displacement values using the relationship 

𝜀𝑡
𝑝𝑙

=𝜀𝑡
𝑐𝑘-

𝑑𝑡

(1−𝑑𝑡)

𝜎𝑡𝑙𝑜

𝐸𝑜
 

where the specimen length, l0, is assumed to be one unit length l0=1 

 

4.9 Implementation 

The implementation of this stress-displacement concept in a finite element model 

requires the definition of a characteristic length associated with an integration point. 

The characteristic crack length is based on the element geometry and formulation: it 

is a typical length of a line across an element for a first-order element; it is half of the 

same typical length for a second-order element. For beams and trusses it is a 

characteristic length along the element axis. For membranes and shells it is a 

characteristic length in the reference surface. For axisymmetric elements it is a 

characteristic length in the r–z plane only. For cohesive elements it is equal to the 

constitutive thickness. This definition of the characteristic crack length is used 

because the direction in which cracking occurs is not known in advance. Therefore, 

elements with large aspect ratios will have rather different behavior depending on 

the direction in which they crack: some mesh sensitivity remains because of this 

effect, and elements that have aspect ratios close to one are recommended.  

 

4.10 Defining compressive behavior 

You can define the stress-strain behavior of plain concrete in uniaxial compression 

outside the elastic range. Compressive stress data are provided as a tabular function 

of inelastic (or crushing) strain, 𝜀𝑐̅
𝑖𝑛, and, if desired, strain rate, temperature, and 

field variables. Positive (absolute) values should be given for the compressive stress 

and strain. The stress-strain curve can be defined beyond the ultimate stress, into 

the strain-softening regime. 

Hardening data are given in terms of an inelastic strain, 𝜀𝑐̅
𝑖𝑛, instead of plastic 

strain, 𝜀𝑐̅
𝑝𝑙

.The compressive inelastic strain is defined as the total strain minus the 



  

 

elastic strain corresponding to the undamaged material, 𝜀𝑐̅
𝑖𝑛=εc-𝜀𝑜̅𝑐

𝑒𝑙 , as illustrated in 

figure 70. 

 

Figure 70. Definition of the compressive inelastic (or crushing) strain 𝜀𝑐̅
𝑖𝑛  used for the 

definition of compression hardening data. 

Unloading data are provided to Abaqus in terms of compressive damage 

curves, dc−𝜀𝑐̅
𝑖𝑛, as discussed below. Abaqus automatically converts the inelastic strain 

values to plastic strain values using the relationship 

𝜀𝑐̅
𝑝𝑙

=𝜀𝑐̅
𝑖𝑛- 

𝑑𝑐

(1−𝑑𝑐)

𝜎𝑐

𝐸𝑜
 

Abaqus will issue an error message if the calculated plastic strain values are negative 

and/or decreasing with increasing inelastic strain, which typically indicates that the 

compressive damage curves are incorrect. In the absence of compressive 

damage𝜀𝑐̅
𝑝𝑙

=𝜀𝑐̅
𝑖𝑛  

 

 

 

4.11 Defining damage and stiffness recovery 

Damage, dt and/or dc, can be specified in tabular form.In Abaqus the damage 

variables are treated as non-decreasing material point quantities. At any increment 

during the analysis, the new value of each damage variable is obtained as the 

maximum between the value at the end of the previous increment and the value 



  

 

corresponding to the current state (interpolated from the user-specified tabular 

data); that is, 

𝑑𝑡|t+dt=max{𝑑𝑡|t ,𝑑𝑡(𝜀𝑡̅
𝑝𝑙

, 𝜃, 𝑓i)} 

𝑑𝑐|t+dt=max{𝑑𝑐|t ,𝑑𝑐(𝜀𝑐̅
𝑝𝑙

, 𝜃, 𝑓i)} 

The choice of the damage properties is important since, generally, excessive damage 

may have a critical effect on the rate of convergence. It is recommended to avoid 

using values of the damage variables above 0.99, which corresponds to a 99% 

reduction of the stiffness. 

It is strongly recommended that you specify the tabular definition of tensile and 

compressive damage variables for the same values of cracking and inelastic 

strains/displacements as those used in the tabular definitions of tension stiffening 

and compressive behavior, respectively. When the tensile stiffening response is 

defined directly in terms of failure stress and fracture energy (Gf), the definition of 

the tension damage variable should be such that it increases linearly as a function of 

the cracking displacement. 

4.12.1 Tensile damage 

You can define the uniaxial tension damage variable, dt, as a tabular function of 

either cracking strain or cracking displacement. 

4.12.2 Compressive damage 

You can define the uniaxial compression damage variable, dc, as a tabular function of 

inelastic (crushing) strain. 

 

 

 

Stiffness recovery 

As discussed above, stiffness recovery is an important aspect of the mechanical 

response of concrete under cyclic loading. Abaqus allows direct user specification of 

the stiffness recovery factors wt and wc. 

The experimental observation in most quasi-brittle materials, including concrete, is 

that the compressive stiffness is recovered upon crack closure as the load changes 

from tension to compression. On the other hand, the tensile stiffness is not 

recovered as the load changes from compression to tension once crushing micro-

cracks have developed. This behavior, which corresponds to wt=0 and wc=1, is the 



  

 

default used by Abaqus. Figure 71 illustrates a uniaxial load cycle assuming the 

default behavior. 

 

 

 

Figure 71. Uniaxial load cycle (tension-compression-tension) assuming 

default values for the stiffness recoverfactors: wt=0 and wc=1. 

 

 

4.13 Concrete plasticity 

Effective stress invariants 

𝜎̅=𝐷𝑜
𝑒𝑙:(ε-εpl). 

The plastic flow potential function and the yield surface make use of two stress 

invariants of the effective stress tensor, namely the hydrostatic pressure stress, 

𝑝̅= -
1

3
trace(𝜎̅) 

and the Mises equivalent effective stress, 

𝑞̅=√
3

2
(𝑆̅: 𝑆̅) , where𝑆̅is the effective stress deviator, defined as 

𝑆̅=𝜎̅+I𝑝̅ 
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Plastic flow 

The concrete damaged plasticity model assumes nonassociated potential plastic 

flow. The flow potential G used for this model is the Drucker-Prager hyperbolic 

function: 

𝑞̅=√𝜀𝜎𝑡𝑜(𝑡𝑎𝑛𝜓)2 + 𝑞̅-𝑝̅(𝑡𝑎𝑛𝜓) 

where 
ψ(θ,fi), is the dilation angle measured in the p–q plane at high confining pressure; 
𝜎𝑡𝑜(θ,fi),  is the uniaxial tensile stress at failure, taken from the user-specified 
tension stiffening data; and 

 

𝜀(θ,fi), is a parameter, referred to as the eccentricity, that defines the rate at which 

the function approaches the asymptote (the flow potential tends to a straight line as 

the eccentricity tends to zero). 

This flow potential, which is continuous and smooth, ensures that the flow direction 

is always uniquely defined. The function approaches the linear Drucker-Prager flow 

potential asymptotically at high confining pressure stress and intersects the 

hydrostatic pressure axis at 90°.The default flow potential eccentricity is ϵ=0.1ϵ=0.1, 

which implies that the material has almost the same dilation angle over a wide range 

of confining pressure stress values. Increasing the value of ϵϵ provides more 

curvature to the flow potential, implying that the dilation angle increases more 

rapidly as the confining pressure decreases. Values of ϵϵ that are significantly less 

than the default value may lead to convergence problems if the material is subjected 

to low confining pressures because of the very tight curvature of the flow potential 

locally where it intersects the p-axis. 

 

Yield function 

The model makes use of the yield function of Lubliner et. al. (1989), with the 

modifications proposed by Lee and Fenves (1998) to account for different evolution 

of strength under tension and compression. The evolution of the yield surface is 

controlled by the hardening variables, 𝜀𝑡̅
𝑝𝑙

=𝜀𝑐̅
𝑝𝑙

. In terms of effective stresses, the 

yield function takes the form 

F=
1

1−𝑎
(𝑞̅-3a𝑝̅+β(𝜀̅𝑝𝑙)<𝜎̂̅𝑚𝑎𝑥>-γ<-𝜎̂̅𝑚𝑎𝑥>)-𝜎̅𝑐(𝜀𝑐̅

𝑝𝑙
)=0 

With 



  

 

α=
𝜎̅𝑐(𝜀𝑐

𝑝𝑙
)−1

𝜎̅𝑡(𝜀𝑡
𝑝𝑙

)−1
 ; 0≤ 𝑎 ≤ 0.5 

β=
(
𝜎𝑏𝑜

𝜎𝑐𝑜
)−1

2(
𝜎𝑏𝑜

𝜎𝑐𝑜
)−1

(1-α)-(1+α) , 

γ=
3(1−𝛫𝑐)

2𝛫𝑐−1
 

Here, 

𝜎̂̅𝑚𝑎𝑥is the maximum principal effective stress; 

σbo/ σco  is the ratio of initial equibiaxial compressive yield stress to initial uniaxial 

compressive yield stress (the default value is 1.16); 

Kc  is the ratio of the second stress invariant on the tensile meridian, q(TM), to that on 

the compressive meridian, q(TM), at initial yield for any given value of the pressure 

invariant p such that the maximum principal stress is negative,𝜎̂̅𝑚𝑎𝑥<0 (Figure 72); it 

must satisfy the condition 0.5<Kc≤1.00.5<Kc≤1.0 (the default value is 2/3); 

𝜎̅𝑡(𝜀𝑡̅
𝑝𝑙

)is the effective tensile cohesion stress; 

and 𝜎̅𝑐(𝜀𝑐̅
𝑝𝑙

)is the effective compressive cohesion stress. 
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Figure 72. Yield surfaces in the deviatoric plane, corresponding to different values 

of Kc. 

Nonassociated flow 

Because plastic flow is nonassociated, the use of concrete damaged plasticity results 

in a nonsymmetric material stiffness matrix. Therefore, to obtain an acceptable rate 

of convergence in Abaqus/Standard, the unsymmetric matrix storage and solution 

scheme should be used. Abaqus/Standard will automatically activate the 

unsymmetric solution scheme if concrete damaged plasticity is used in the analysis. 

If desired, you can turn off the unsymmetric solution scheme for a particular step. 

 

Viscoplastic regularization 

Material models exhibiting softening behavior and stiffness degradation often lead 

to severe convergence difficulties in implicit analysis programs, such 

as Abaqus/Standard. A common technique to overcome some of these convergence 

difficulties is the use of a viscoplastic regularization of the constitutive equations, 



  

 

which causes the consistent tangent stiffness of the softening material to become 

positive for sufficiently small time increments. The concrete damaged plasticity 

model can be regularized in Abaqus/Standard using viscoplasticity by permitting 

stresses to be outside of the yield surface. We use a generalization of the Duvaut-

Lions regularization, according to which the viscoplastic strain rate tensor,𝜀𝑣̇
𝑝𝑙

 , is 

defined as  

𝜀𝑣̇
𝑝𝑙

=
1

𝜇
(𝜀𝑝𝑙-𝜀𝑣

𝑝𝑙
). 

Here μ is the viscosity parameter representing the relaxation time of the viscoplastic 

system, and εpl is the plastic strain evaluated in the inviscid backbone model. 

Similarly, a viscous stiffness degradation variable, dv, for the viscoplastic system is 

defined as 

𝑑̇𝑣=
1

𝜇
(d-dv) , 

where d is the degradation variable evaluated in the inviscid backbone model. The 

stress-strain relation of the viscoplastic model is given as 

σ=(1−dv)𝐷𝑣
𝑝𝑙

:(ε−𝜀𝑣
𝑝𝑙

) . 

Using the viscoplastic regularization with a small value for the viscosity parameter 

(small compared to the characteristic time increment) usually helps improve the rate 

of convergence of the model in the softening regime, without compromising results. 

The basic idea is that the solution of the viscoplastic system relaxes to that of the 

inviscid case as t/μ→∞, where t represents time. You can specify the value of the 

viscosity parameter as part of the concrete damaged plasticity material behavior 

definition. If the viscosity parameter is different from zero, output results of the 

plastic strain and stiffness degradation refer to the viscoplastic values, 𝜀𝑣
𝑝𝑙

 and dv. 

In Abaqus/Standard the default value of the viscosity parameter is zero, so that no 

viscoplastic regularization is performed. 

 

Material damping 

The concrete damaged plasticity model can be used in combination with material 

damping. If stiffness proportional damping is specified, Abaqus calculates the 

damping stress based on the undamaged elastic stiffness. This may introduce large 

artificial damping forces on elements undergoing severe damage at high strain rates. 

 



  

 

Visualization of “crack directions” 

Unlike concrete models based on the smeared crack approach, the concrete 

damaged plasticity model does not have the notion of cracks developing at the 

material integration point. However, it is possible to introduce the concept of an 

effective crack direction with the purpose of obtaining a graphical visualization of 

the cracking patterns in the concrete structure. Different criteria can be adopted 

within the framework of scalar-damage plasticity for the definition of the direction of 

cracking. Following Lubliner et. al. (1989), we can assume that cracking initiates at 

points where the tensile equivalent plastic strain is greater than zero, 𝜀𝑡̅
𝑝𝑙

>0, and the 

maximum principal plastic strain is positive. The direction of the vector normal to the 

crack plane is assumed to be parallel to the direction of the maximum principal 

plastic strain. This direction can be viewed in the Visualization 

module of Abaqus/CAE.



  

 

Chapter 5 

Solution of  beams with different rations 
𝒂

𝒅
, and 

𝒍

𝒉
, with the Strut and Tie 

model 

5.1 Case 1,  
𝒂

𝒅
=1.5 

Hear we want to compare the experimental results with the results of the program 

STM. This beam has following geometry. The basic difference of this beam, is that it 

has a ratio a/d, equal to 1,0. 

 

Figure 73.Geometry of the beam 

 

Where 

L=1500mm 

c=300mm 

a=400mm 

d=400mm 

h=475mm 

b=240mm 



  

 

bs=100mm 

The materials have the following properties: 

fc=31.3MPa 

fy=500.0MPa 

The reinforcement of the beam is the following: 

Tension reinforcement: 5D22 

Compression reinforcement: 2D10 

Stirrups: D6/65 

The experimental results, gave a collapse load, equal to Pmax=1181KN. 

The required rebars, for the main reinforcement, was found with the program, to be 

equal to As,req=1205mm2. So the existantant reinforcement, that is 1900mm2, is 

enough. 

 

Figure 74.Truss model of the beam 

 

 

 

 



  

 

 

Figure 75. Analysis results 

 

Following the same steps as previously, we find that: 

For the required strength of struts, from the figure 76, the strength of the struts is 

enough. 

 

Figure 76. Calculatios of strength and rebars 

The Wreqis found by the end area of each strut. Moreover, the strength of concrete is 

reduced by a factor ν=0.6, considering tensile stresses vertical to the struts. 

For the check of concentrated nodes, due to symmetry, it is enough to check the 

nodes 1 and 3. 

 



  

 

For the node 1 (CCC) 

 

Figure77. Truss nodes 

We have the following: 

Lb=100mm 

ha=150mm 

W1,prov=180mm 

P=428KN 

 

 

 

 

 

 

 

 

 

 



  

 

For the node 3 (CCT) 

 

Figure 78. Geometry of node 3 

 

We have the following: 

Lv=100mm 

Lh=150mm 

W1,prov=180mm 

P=428KN 

 

The results of the program ,are the following: 

 

For the node 1 

W1,prov=180.3mm 

W2,prov=150.0mm 

L1,prov=100.0mm 

W1,req=78.6mm< W1,prov=180.3mm 

W2,req=59.4mm< W2,prov=150.0mm 

L1,req=48.9mm< L1,prov=100.0mm 



  

 

So, the strength of node 1 is enough. 

 

For the node 3 

W1,prov=180.3mm 

W2,prov=150.0mm 

Lv,prov=100.0mm 

W1,req=59.2mm< W1,prov=178.0mm 

W2,req=76.8mm< W2,prov=150.0mm 

L1,req=48.8mm< L1,prov=100.0mm 

So, the strength of node 3 is enough. 

If we not use the safety factor for concrete, we find that the strength of the second 

strut is equal to the its force. So the total collapse load, is found to be equal : 

F=2x428=856KN 

So, the collapse load is approximately 73% of the real collapse load, of the 

experiment.   

The results, show that the Strut and Tie model, is very close to experimental results, 

for beams with small ratio a/d.



  

 

5.2 Case 2, 
𝒂

𝒅
=1.5 

Hear we solve the same beam, using the program Fe77. This program uses, as we 

have presented later, the Kotsovo’s model for concrete. This finite element program 

allows the analysis with crack closure in localized regions of structures, using three-

dimensional solid elements. 

The Force=Displacement curve, is shown in figure 79. 

 

 

Figure 79. Force-Displacement curve 

 

So, we find that the pick value of the curve reaches a value of F=860KN. From the 

experiment we had that the maximum value of the force is F=1181KN. So using the 

FEM program Fe77, we find a force that is approximately 73% of the experimental 

maximum load. 

In figures 80-84,the deformation of the beam till collapse is presented. 



  

 

 

 

Figure 80. Geometry of the beam in Fe77 

 



  

 

 

 

Figure 81. Iniatial cracking of the beam 

 



  

 

 

 

Figure 82. Forming of struts 

 



  

 

 

 

Figure 83. Forming of struts 

 



  

 

 

 

Figure 84. Deformation of the beam in collapse 



  

 

5.3 Case 2, 
𝒂

𝒅
=1.0 

Hear, we use some procedures, that were used last years, to find the collapse load, 

in order to compare the results with the EC2 , the most current code to design deep 

beams. For this reason, we consider the beam Β7 that we have from experimental 

results, that the collapse load is equal F=1181KN, and with the EC2, we found that 

F=826KN. 

Hear we use the Canadian Standars (CSA), to determine the strength of the beam. 

The steps in design a distributed region, such as the deep beam, are: 

1. Sketch flow of forces in distributed region and locate nodal zones which are 

regions bounded by struts, tension ties or bearing areas. 

2.Choose dimensions of loading and reaction areas such that nodal stresses stay 

below permission limits(i.e., 0.85φcfc in nodal zones bounded by compressive struts 

and bearing areas, 0.75φcfc in nodal zones anchoring only one tension tie and 

0.60φcfc in nodal zones anchoring tension ties in more than one direction). 

3. Determine geometry of truss model and determine forces in struts and ties. If 

truss is statically indeterminate, estimate relative of truss members in order to solve 

forces in truss and ties. 

4. Determine required areas of tension ties (As =T/φsfy) and check details of tension 

reinforcement to ensure adequate anchorage into nodal zones. 

5. Check struts compressive stresses from  f2 =C/φcAcwhere Ac  is effective area of 

strut as determined by end anchorage conditions. Check that f2 does not exceeds 

crushing strength, f2max , of cracked concrete where : 

f2max = 
𝜆𝜑𝑐𝑓𝑐

0.8+170𝜀1
≤ 0.85φcfc 

ε1=εs+(εs+0.002) cot2as 

where ε1 is the required strain in tension tie (usually taken as εy) and αs is 

the angle between the strut and the tie crossing the strut. 

 

 

 

 



  

 

Step 1.Sketching the stress flow 

 

Figure 85.Flow of stresses 

The way to find the provided width,is the same in EC2 and the Canadian Standards. 

From the geometry, we have: 

For the node 1 

W1,prov=180.3mm 

W2,prov=150.0mm 

L1,prov=100.0mm 

 

For the node 3 

W1,prov=180.3mm 

W2,prov=150.0mm 

Lv,prov=100.0mm 

 

 

 

Step 2. Strength of nodes 



  

 

Using the formulas of the CSA, we have the following strengths of nodal  

regions: 

For a CCC node we have: 

σRd,max1=0,85*fck=26.61MPa 

For a CCT node : 

σRd,max2= 0,75* fck=23.48MPa 

For a CTT node : 

σRd,max3= 0,60* fck=18.78MPa 

without considering any safety factor. So, the required widths for the nodes ,are: 

W1,req=
𝑇

𝜎𝑚𝑎𝑥∗𝑏
 

 

 

Step 3. Truss model 

The truss model is the same as with the EC2, considering the stress flow of the beam.  

 

Step 4. Requires rebars 

Using the type As=T/φsfy, to determine the required rebars, we find easily that the 

reinforcement is approximately the same as was found with the EC2, and is enough. 

 

 

Step 5. Checking struts and nodes 

So, for a total load of 1050KN we get: 

For the node 1 

W1,req=132.0mm 

W2,req=102.0mm 

W3,req=85.2mm 



  

 

 

For the node 3 

W1,req=150.0 mm 

W2,req=116.0 mm 

W3,req=96.5 mm 

 

So we have: 

For the node 1 

W1,req=132.0 mm < W1,prov=180.0mm 

W2,req=102.0 mm < W2,prov=150.0mm 

L1,req=85.2 mm < L1,prov=100.0mm 

 

For the node 3 

W1,req=150.0mm< W1,prov=180.0mm 

W2,req=116.0mm< W2,prov=150.0mm 

L1,req=96.5mm< L1,prov=100.0mm 

 

Finally, in order to check the compressive stresses, we have: 

ε1=εs+(εs+0.002) cot2as=0.00347 

f2max = 
𝜆𝜑𝑐𝑓𝑐

0.8+170𝜀1
=

1∗31.3

0.8+170∗0.00347
=22.77MPa≤ 0.85φcfc=26.6MPa 

So  f2max =22.6MPa 

The stresses of the struts are the following: 

σ1= 
525∗103

100∗240
=21.8MPa 

σ2= 
771∗103

180∗240
=17.8MPa 

So ,we have that: 



  

 

σ1, σ2≤f2max 

So, the total load with this code is equal to 1050KN,as the five conditions that were 

described previously are checked, and the forces are very close to the strength. So, 

using this code we find a total load equal to 89% of the experimental collapse load. 

 

 

 



  

 

Hear, we want to compare the results between the experimental results, the results 

of a FEM (finite element analysis) and the experimental results. For this reason we 

consider two deep beams, with two concentrated loads along the bottom of its 

length.  

 

5.4 Case 3, 
𝒂

𝒅
=1.0 

Beam 1 

Geometry and properties of the beam 

Width: 720mm 

Height: 1305mm 

Length: 4500mm 

Compressive strength of concrete: fc=27.0Mpa 

Reinforcement 

Compression bars: 2D13 

Tension bars: 18D35 

 



  

 

Figure 86. Force-Displacement Curve for the second beam, from experimental 

results 

Experimental results, gave the Force-Displacement Curvefrom figure 86: 

So, experiments gave a collapse load equal to Pexp= 5325KN, and a displacement 

equal to δpeak=11.3mm. 

Analysis with finite elements(FEA), using Abaqus, gave the following results,and 

Force-Displacement Curve, of figure 87. 

 

 

Figure 87. Force-Displacement Curve for the second beam, from FEA. 

 

So ,from the analysis we find that the collapse load is equal to collapse load equal 

to Pexp= 5482KN, and the peak displacement is equal to δpeak=5.91mm. 

So, analysis with finite elements, gave results that are very close to experimental 

results. In the following pictures, the cracks during initial loading and complete 

failure is presented (figures 88-91).   

 

 



  

 

 

 

Figure 88. Initial formation of compressive cracks 



  

 

 

Figure 89. Compressive cracks at the failure of the beam 

 

 

 

 

 

 



  

 

 

Figure 90. Formation of tensile cracks 



  

 

 

Figure 91. Tensile cracks at the failure of the beam 

 

 

 

 

 

 



  

 

Case 4, 
𝒂

𝒅
=1.5 

Beam 2 

Geometry and properties of the beam 

Width: 360mm 

Height: 675mm 

Length: 2250mm 

Compressive strength of concrete: fc=32.0Mpa 

 

Reinforcement 

Compression bars: 2D16 

Tension bars: 9D25 

Experimental results, gave the following Force-Displacement Curve, of figure 92: 

 

Figure 92. Force-Displacement Curve for the second beam, from experimental 

results 



  

 

 

So, experiments gave a collapse load equal to Pexp=1787KN, and a displacement 

equal to δpeak= 8.62mm. 

Analysis with finite elements (FEM),using again Abaqus gave the following 

results,and Force-Displacement Curve in figure 93: 

 

 

Figure 93. Force-Displacement Curve for the second beam, from FEA 

 So, from the analysis we find that the collapse load is equal to collapse load equal to 

Pexp=1339.5KN, and the peak displacement is equal to δpeak=4.01mm. 

So, analysis with finite elements, gave also results that are very close to 

experimental results. In the following pictures, the cracks during initial loading and 

complete failure is presented, in figure 94-98. 

 

 



  

 

 

 

Figure 94. Initial formation of compressive cracks 



  

 

 

 

Figure 95. Compressive cracks at the failure of the beam 

 

 

 

 

 

 

 

 



  

 

 

 

Figure 96. Initial formation of tensile cracks 



  

 

 

 

Figure 97. Tensile cracks at the failure of the beam 

 

From the formed cracks, we can see that the cracks in experimental results, are very 

close to the results from FEA. It can be better seen, from diagonal cracks, that the 

failure is due to struts that are formed between the supports and the loading plates. 

It can be easily seen, comparing with the figure 13. 

 



  

 

 

Figure 98. Cracks at the failure of the beam 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



  

 

5.5 Results from Strut and Tie modeling 

Using the strut and tie model, we evaluate the collapse load, using the program 

AStrutTie.  

 

Figure 98.  Strut and Tie model for the first beam 

Hear, we consider the appropriate load, in order to take the required reinforcement 

that we had from the experiment. This will be the collapse load.   

Analysis from the program, gave the following results for the forces of the strut, in 

figure 99 

 

Figure 99.  Resultant forces of the analysis 

 

 

 



  

 

 

Figure 100.  Required rebars of the beam 

 

The required rebars, can be seen in thefigure 100.The strength of the struts, can be 

seen in the following figure 101. 

 

Figure 101.  Strength of struts 

The collapse load from experimental results was to found equal to Pexp=5325KN.  So 

,the strut and tie model, finds a collapse load 2800KN,  that is approximately 53% 

over the real.   

Now we use a different Truss, in order to design the beam again, and to see the 

differences. So, we consider the easiest truss model, that is in figure 102. 

 

 

 

 



  

 

 

Figure 102.  STM-model 

This model for two concentrated loads, 1250KN each, gave the following results, for 

the reinforcement and strength of struts, in figure 103: 

 

Figure 103. Results for required reinforcement and strength of struts. 

From the results, we can see that the total load of 2500KN, is the ultimate load, as 

the Wreq, is equal to Wprov. So the collapse load is equal to 2500KN. So it 

approximately 47% the collapse load, that we took from the experiment. 

 

 

 

 

 

 

 

 



  

 

Using the strut and tie model, we evaluate the collapse load again, using the 

program AStrutTie, for the second beam.  

 

Figure 103.  Strut and Tie model for the second beam 

Analysis from the program, gave the following results for the forces of the strut in 

figure 104 

 

Figure 104. Resultant forces of the analysis 

The required rebars, can be seen in the following figure 105 

 



  

 

 

 

Figure 105.  Strength verification and required rebars of the beam 

 

The strength of struts, can be seen in the following figure 106 

 

 

Figure 106.  Strength of struts 

So with this strut and tie model, we find that the collapse load is equal to 1600KN.  

So, the model gives a collapse load, equal to 90% of the real collapse load.  

 

 

 

 

 



  

 

Now we use again a different truss, in order to design the beam. So, we consider the 

truss model, that is in figure 107. 

 

Figure 107.  Truss model for the second beam 

 

This model for two concentrated loads, 700KN each, gave the following results, for 

the reinforcement and strength of struts, in figure 108: 

 

 

Figure 108. Results for required reinforcement and strength of struts. 

From the results, we can see that the total load of 1400KN, is the ultimate load, as 

the Wreq, is equal to Wprov. So the collapse load is equal to 1400KN. So it 

approximately 78% the collapse load, that we took from the experiment.  



  

 

From the results of STM models we can see that when new the simplest truss model, 

we take a collapse load that is lower than that we take from the experiments. On the 

other hand, when we use more complicating truss models, we take much biggest 

collapse loads. So the main characteristic for truss model ,in order to be safe and 

accurate, is to be the simplest that we can have to do the analysis.   

Next, we give the information about how the program calculate the required rebars, 

and the strength verification of struts, and the strength of nodes. 

 

(1) Required rebars 

As.req = (Fu/cos(theta))/(fy/gamma_s)     

where, 

Fu=member force of steel tie 

gamma_s = partial safety factor for steel tie 

fy = yield strength of steel 

theta = angle of steel tie, measured from positive horizontal axis 

So, having these as known quantities, the program calculates the required rebar.   

 

(2) Available Widths of Struts and nodal zones   

In order to calculate the Wprov,the program calculates the provided width, as it is 

shown in the figure 109. 

So, the program calculates the available widths in the two nodes of a strut, and gives 

the minimum, in the results.  

The strength of a node is calculated using the definitions of the EC2. The verification 

of the nodal zone strength should be done through comparing the available nodal 

zone area with that required. In this report, if the thickness of the structural concrete 

is consistent, the verification will be done by comparing the available nodal zone 

width, Wprov, with that required, Wreq.The verification of the nodal zone strength 

should be done through comparing the available nodal zone area with that required. 

In this report, if the thickness of the structural concrete is consistent, the verification 

will be done by comparing the available nodal zone width, Wprov, with that required, 

Wreq. 

 



  

 

 

 

Figure 109. Available width in a node 

 

 

 

 

 

 

 

 



  

 

For our example, we have the following  

For the beam 1 

For the case of the simplest truss, for the node 1 where the plate is located, we 

have that: 

 

Figure 110. Element forces in node 1. 

Lb=720 mm 

ha=116 mm 

P=1250KN 

For the forces we have  

F1=2325.90 KN 

F2=1961.64 KN 

The angles that the struts form are: 

Theta 1=32.5o           and 

Theta 2=0.0o 

So, using figure 24, we calculate the Wprov, for the two struts that coincide to node 

1. That is, 

W1,prov= Lbsin(theta 1)+ha cos(theta 1)=720 sin(32.5)+ 116 cos(32.5)=484.7mm 

W2,prov= Lbsin(theta 2)+ha cos(theta 2)=0 sin(0.0)+ 116 cos(0.0)=116.0mm 

Lprov=720mm 

For the Wreq, the program uses the EC2 and the following type: 



  

 

Wreq=
𝐹

(1−
𝑓𝑐𝑘
250

)∗
𝑎𝑙𝑝ℎ𝑎∗𝑓𝑐𝑘
𝑔𝑎𝑚𝑚𝑎

 𝑏
 

Where 

fck=strength of concrete 

alpha=1,00 

b=width of the beam 

gamma=safety factor=0.75 

F=force of strut 

So, using this, we have that: 

W1,req=2326.89*1000/(1.00*(1-
27

250
)*

27

0.75
)*720=100.6mm 

W2,req=1961.64*1000/(1.00*(1-
27

250
)

27

0.75
)*720=84.8mm 

Lb,req=1250*1000/(1.00*(1-
27

250
)

27

0.75
)*720=54.1mm 

 

So, the node has enough strength, since we have: 

W1,prov=484.7mm>100.6 mm=W1,req 

W2,prov=116.0mm>84.8 mm=W2,req 

Lprov=720mm>54.1 mm=Lb,req 

 

Hear, we used the equation for Wreq, without the safety factor for concrete fck.. 

For the node 3, where the strut and the tie coincide, we have that: 



  

 

 

Figure 111. Element forces in node 3. 

Lb = 300.0 mm  
 
Lh = 210.0 mm  
 
P = 1250 KN 

Again using figure 24, we calculate the Wprov, for the two struts that coincide to 

node 1. That is,  

W1,prov= Lvsin(theta 1)+ Lh cos(theta 1)=300 sin(32.5)+ 200 cos(32.6)=329.9mm 

W2,prov= Lvsin(theta 2)+ Lh cos(theta 2)=300 sin(0.0)+100.00 cos(0.0)=200.0mm 

W1,req=1805.92*1000/(0.85*(1-
27

250
)*

27

0.75
)*720=118.4mm 

W2,req=1503.62*1000/(0.85*(1-
27

250
)

27

0.75
)*720=99.8mm 

Lv,req=1250.00*1000/(0.85*(1-
27

250
)

27

0.75
)*720=63.6mm 

 

So, the node has enough strength, since we have: 

W1,prov=249.4mm>118.4 mm=W1,req 

W2,prov=210.0mm>100.0 mm=W2,req 

Lv,prov=300mm> 63.6 mm=Lv,req 

 

 

 



  

 

For the case of the more complicating truss, for the node 1 where the plate is 

located, we have that: 

 

Figure 112. Element forces in node 1. 

 

Lb=720 mm 

ha=116 mm 

P=1400KN 

For the forces we have  

F1=2576.50 KN 

F2=2162.97 KN 

The angles that the struts form are: 

Theta 1=32.9o           and 

Theta 2=0.0o 

So, using figure 24, we calculate the Wprov, for the two struts that coincide to node 1. 

That is, 

W1,prov= Lbsin(theta 1)+ha cos(theta 1)=720 sin(32.9)+ 116 cos(32.9)=491.9mm 

W2,prov= Lbsin(theta 2)+ha cos(theta 2)=0 sin(0.0)+ 116 cos(0.0)=120.0mm 

Lprov=720mm 



  

 

For the Wreq, the program uses the EC2 and the following type: 

For the Wreq, the program uses the EC2 and the following type: 

Wreq=
𝐹

(1−
𝑓𝑐𝑘
250

)∗
𝑎𝑙𝑝ℎ𝑎∗𝑓𝑐𝑘
𝑔𝑎𝑚𝑚𝑎

 𝑏
 

So, using this, we have that: 

W1,req=2162.97*1000/(1.00*(1-
27

250
)*

27

0.75
)*720=93.6mm 

W2,req=2576.53*1000/(1.00*(1-
27

250
)

27

0.75
)*720=111.4mm 

Lb,req=1250*1000/(1.00*(1-
27

250
)

27

0.75
)*720=60.6mm 

 

So, the node has enough strength, since we have: 

W1,prov=491.9mm>100.6 mm=W1,req 

W2,prov=120.0mm>84.8 mm=W2,req 

Lprov=720mm>54.1 mm=Lb,req 

 

Hear, we used the equation for Wreq, without the safety factor for concrete fck . 

For the node 3, where the strut and the tie coincide, we have that: 

 

Figure 113. Element forces in node 7. 

Lv = 300.0 mm  
 
Lh = 210.0 mm  
 



  

 

P = 1400 KN 

Again using figure 24, we calculate the Wprov, for the two struts that coincide to node 

1. That is,  

W1,prov= 297.3mm 

W2,prov= 200.0mm 

W1,req=131.1mm 

W2,req=110.1mm 

Lv,req=71.2mm 

 

So, the node has enough strength, since we have: 

W1,prov=297.3mm>131.1 mm=W1,req 

W2,prov=160.0mm>110.1 mm=W2,req 

Lv,prov=210mm> 71.2 mm=Lv,req 

 

The final results are shown in table 1. 

 BEAM 1 BEAM2 
EXPERIMENTAL 5325 1787 
FEA 5482 1340 
STM-1 2800 1600 
STM-2 2500 1400 
1. Results of the analysis 

 

 

 

 

 

 

 

 



  

 

5.6 Deep beam with Fe77 and with Strut and tie model, and comparisons 

Hear we compare the results of that the Strut and Tie model gives us, with the 

results of a finite element analysis, using the program Fe77, that are considered to 

be close to the real, for the collapse load. 

 

Strut and Tie model analysis results   

Hear, we consider the deep beam of the figure 114 

 

Figure 114. Geometry of the beam. 

l=4.5m 

h=4.0m 

𝑙

ℎ
=1.125 

 

 



  

 

 

Figure 115. Truss model of the beam. 

 

From the equilibrium of the truss, we find that  

FAB=-575KN  

FAC=-284KN 

So, the reinforcement of the beam, is equal to: 

As=
𝐹𝐴𝐵

𝑓𝑦𝑑
=568mm2 

So, 3 steel bars of 18mm diameter are placed as the main reinforcement of the 

beam. Next, the strength of nodal zones are calculated, in order to find if they fail or 

not. 

In figure 116, the geometry of the nodal zone A is shown. 

 

 



  

 

 

Figure 116. Geometry of nodal zone A. 

 

Strength of nodal zone A 

σRd=0.85(1-
𝑓𝑐𝑘

250
)𝑓𝑐𝑘=0.85(1-

30

250
)30 =22.4MPa 

The geometrical properties of nodal zones, are found using the dimensions of the 

column, and the theory that was described later. 

 

Strength of nodal zone C 

σRd=1.00(1-
𝑓𝑐𝑘

250
)𝑓𝑐𝑘=0.85(1-

30

250
)30 =26.4MPa 

Next, we find the stresses in zones, using the geometry of the nodes and the 

calculated loads: 

σc1=
1000000

300∗870
=3.83MPa 

σc2=
1000000

300∗870
=3.83MPa 

It is clear that the strength of the nodal zones is enough. So, for the load of 1000KN, 

we have found that the reinforcement is equal to 568mm2. 

 

 

 



  

 

Fe77 analysis results   

Hear, in figure 117, the deep beam is shown. Next, in figures 118-120, the 

deformation of the beam till collapse is shown. Next, the force- displacement 

diagram is constructed.  

 

 

 

Figure 117. Deep beam geometry 

 



  

 

 

Figure 118. Initial deformation of the beam. 

 

Figure 119. First yielding of the reinforcement 



  

 

 

Figure 120. Deformation of the beam in collapse 

 

Figure 121. Force-displacement diagram. 



  

 

From the analysis, it is shown that the collapse load is approximately equal to 

Pmax=3000KN. 

The results show that the collapse load that was calculated with the Strut and Tie 

model, is only 33%, of the total load.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



  

 

Deep beam example 

In the first example, we solve a deep beam ,with the following information and 

geometry of the figure 122: 

Beam’s of width: 0,35m 

Column’s width: 0,4m 

Compressive strength of concrete:  23,5MPa 

Yield modulus of steel: 400MPa 

Concentrated load: 1000ΚΝ 

 

Figure 122. Truss model (a) 

The bars 6,13 are the two concrete struts, while the bar 14 is the tie, that represents 

the steel bars. Using the program AStrutTie, the solution of the truss, gave the 

following results:                    



  

 

 

Figure 123.Analysis of truss model (a) 

Using the programm, we can see if the beam is safe or not. So, it can be seen from 

figure 3 if there is enough reinforcement, and if the wprov is greater than the wreq. 

 

 

Figure 124. Calculations of truss model (a) 

Form the tables of figure 125,it is shown that the beam is safe. 

Next, the same beam is solved using a different STM, in order to show the difference 

in the results. In figure 124 shows the STM model 



  

 

 

Figure 124. Truss model (b) 

 

Hear, bars1,2,3,4,7,8,9,10 represent the concrete struts, while the tensile bars 5,6 

represent the steel bars that may be grid reinforcement,horizontal and vertical, that 

may be placed also for crack control. The tensile bar 11 represent the tie, that is the 

main reinforcement of the beam. The solution of the bar gives the following result, 

in figure 125: 

 

 

 

 

 



  

 

 

Figure 125.Analysis of truss model (b) 

  In the same way, it can be seen from figure 126 if there is enough reinforcement, 

and if the wprov is greater than the wreq. 

 

 



  

 

Figure 124. Calculations of truss model (b) 

Form the tables of figure 126,it is shown that the beam is safe. 

Then, we use the STM of figure 127, to solve the beam. The current model is the 

same with the pervious, with two more bars, so the corresponding truss is two times 

indetermined. Hearinfigure127 isthemodel: 

 

Figure 127. Truss model (c) 

 

 

Hear, the struts are the same as before, with the additional 5,6 bars. The solution of 

the bar gives the following result, in figure 126: 



  

 

 

Figure 128.Analysis of truss model (c) 

From figure 129, we can see if the beam is safe or not:     

 

 

Figure 129. Calculations of truss model (c) 

 

 



  

 

Form the tables of figure 129,it is shown that the beam is again safe. 

Finally, we solve the beamwith the above model of figure 130: 

 

Figure 130. Truss model (d) 

By solving the truss,we take the following forces of the bars:

 

Figure 131.Analysis of truss model (d) 

 



  

 

Form the tables of figure 12,we have the results of design. 

 

 

Figure 132. Calculations of truss model (c) 

From figure 132, we get that the beam is again safe. 

In all the four truss models, we try to present the differences between the results of 

each case. These differences are shown form the values of compressive stresses, on 

compressive struts, and also the required reinforcement. By comparison of the 

compressive stresses of the trusses a and b, we can see that both the Wreq,and Wprov 

are less than before. As for the ties, the requirement is the approximately the same, 

because the forces in the main tie remains the same. 

 

 

 

 

 

 



  

 

Deep beam with uniform load with Fe77 and with Strut and tie model. 

Hear we compare the results of that the Strut and Tie model gives us, with the 

results of a finite element analysis, using the program Fe77, that are considered to 

be close to the real, for the collapse load. 

Strut and Tie model analysis results   

Hear, we consider the deep beam of the figure 132 

 

Figure 132. Geometry of the beam. 

The truss model for this beam, is showed in figure 133. 

 

Figure 133. Truss model of the beam. 

 



  

 

𝑙

ℎ
=1.125 as previously. 

From the equilibrium of the truss, we find that  

FAB=568.08KN  

FAC=-1373KN 

So, the reinforcement of the beam, is equal to: 

As=
𝐹𝐴𝐵

𝑓𝑦𝑑
=1137mm2 

 

Strength of nodal zone A 

σRd=0.85(1-
𝑓𝑐𝑘

250
)𝑓𝑐𝑘=0.85(1-

30

250
)30 =22.4MPa 

The geometrical properties of nodal zones, are found using the dimensions of the 

column, and the theory that was described later. 

 

Figure 134. Geometry of node A 

 

Width of beam: b=0.3m 

Width of column: b=0.5m 

u=0.12h=0.48m 

a2=693mm 

σc1=
𝐹𝐴𝐵

(𝑏∗𝛼1)
=3.34MPa 



  

 

σc2=
𝐹𝐴𝐶

(𝑏∗𝛼1)
=6.6MPa 

σc,max=6.6<σRd=22.4MPa 

So the node A has enough strength. 

 

Strength of nodal zone C’ 

We consider a plate with dimensions 300x500mm 

a1=500mm 

σc1=
𝐹𝐴𝐵

(𝑏∗𝛼1)
=8.33MPa 

σRd=1.00(1-
𝑓𝑐𝑘

250
)𝑓𝑐𝑘=0.85(1-

30

250
)30 =26.35MPa 

σc,max=8.33<σRd=26.35MPa 

So, the node C’ has enough strength. 

 

 

Strength of nodal zone C 

σc1=
1250000

300∗500
=8.83MPa 

σc2=
1373000

300∗693
=6.6MPa 

σc3=
568000

300∗480
=3.95MPa 

σc,max=8.33<σRd=26.35MPa 

So the node C has enough strength. 



  

 

 

 

Next, we find the stresses in zones, using the geometry of the nodes and the 

calculated loads: 

σc1=
1000000

300∗870
=3.83MPa 

σc2=
1000000

300∗870
=3.83MPa 

It is clear that the strength of the nodal zones is enough. So, for the load of 1000KN, 

we have found that the reinforcement is equal to 568mm2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



  

 

Fe77 analysis results   

Hear, in figure 135, the deep beam is shown. Next, in figures 136-138 the 

deformation of the beam till collapse is shown. Next, the force- displacement 

diagram is constructed.  

 

 

 

Figure 135. Deep beam geometry 

 



  

 

 

Figure 136. Initial deformation of the beam 

 

Figure 137. First yielding of the reinforcement 



  

 

 

Figure 138. Deformation of the beam in collapse 

 



  

 

 

Figure 139. Force-displacement diagram. 

From the analysis, it is shown that the collapse load is approximately equal to 

Pmax=14000KN. 

The results show that the collapse load that was calculated with the Strut and Tie 

model, is only 18%, of the total load.  

 

 

 

 

 

 

 

 



  

 

5.7 Flexural beam with Fe77 and comparison with Strut and tie model. 

Hear we compare the results of that the Strut and Tie model gives us, with the 

results of a finite element analysis, using the program Fe77, for a flexural beam, in 

order to see how close are the results to the real, for this case, for the collapse load. 

 

Beam properties 

Length: 3.0m 

Height: 0.262m 

Width: 0.16 

Concrete compressive strength: fc=52MPa 

Steal yield strength: fy=500MPa 

Tensile reinforcement: As=3φ18 

Compressive reinforcement: As=2φ12 

 

Firstly, we find the collapse load, using finite elements, and the program Fe77. Then, 

with this collapse load, we find the collapse load, using the Strut and Tie model, and 

the program AStrutTie.  

 

 

 

 

 

 

 

 

 

 



  

 

Fe77 analysis results   

Hear, in figure 140, the flexural beam is shown. Next, in figures 141-142 the 

deformation of the beam till collapse is shown. Next, the force- displacement 

diagram is constructed. The monitor point is selected to be at the bottom of the 

middle section. 

 

Figure 140. Flexural beam geometry 

 

Figure 141. Initial deformation of the beam. 

 



  

 

 

Figure 142. Deformation of the beam in collapse 

 

 

Figure 143. Force-displacement diagram. 

From the analysis (figure 143), it is shown that the collapse load is approximately 

equal to Pmax=144KN. 



  

 

Then, with this reinforcement, we find the collapse load, using the strut and tie 

model. We check also, if the nodes have enough compressive strength. 

 

Strut and Tie model analysis results   

The strut and tie model, for this beam, is show in figure 144, below. 

 

Figure 144. Strut and tie model of the beam. 

 

After the selection of the truss model, we check the strength of the nodes and find 

the required rebars. In this case, we had initially the required rebars, and we have to 

find the collapse load, with repetitions. For the total amount of As=763mm2 ,we find 

a corresponding load Fmax=158 

 

 

(1) Required Area of Rebars 

We have that 

As.req = (Fu/cos (theta)) / (fy/gamma_s) 

Using this type, for the required reinforcement, we find that for a load equal to 

F=157KN, the required rebars have total area As=763mm2.  

 

 

(2) Available Widths of Struts and Nodal Zones 

The nodes that will be checked, are shown below 



  

 

 

Figure 145. Geometry of the node 1 

 

 

Figure 146. Geometry of the node 2 

 

 

 

 

 



  

 

(A) Node 1 (CCC) 

Lb = 160.0 mm ha = 83.7 mm P = 144.00 kN 

Lb=200 mm 

Lb1=80 mm 

Lb2=80 mm 

Lb,req = 

Lb,prov = 

W1,prov=95.4 mm 

W1,req=  = 95.4 mm 

W2,prov= Lb2?sin(theta 2/)+ha?cos(theta 2/) = 80.00?sin(9.2)+83.71?cos(9.2) = 95.4 

mm 

W2,req = 95.4 mm 

(B) Node 2 (CCT) 

Lb = 160.0 mm ha = 83.7 mm P = 144.00 kN 

Lb=200 mm 

Lb1=80 mm 

Lb2=80 mm 

Lb,req = 

Lb,prov = 

W1,prov=95.4 mm 

W1,req=  = 95.4 mm 

W2,prov= Lb2?sin(theta 2/)+ha?cos(theta 2/) = 80.00?sin(9.2)+83.71?cos(9.2) = 95.4 

mm 

W2,req = 95.4 mm 

So, the corresponding collapse load for the beam, is 9%under the real, and so the 

truss,model is not suitable, because it is against safety. 

 



  

 

Chapter 6 

Nonlinear Cyclic Truss Model for Reinforced Concrete Structures 

6.1 Introduction 

A strut-and-tie model (STM) is a discrete representation of the stress field developed 

within a concrete structure when subjected to external actions. Representation of 

structures with STMs allow analysis and design of reinforced concrete structural 

types to be performed in a rational manner. Within a STM, uniaxially stressed struts 

and ties having finite dimensions are used to represent the actual compressive and 

tensile stress fields respectively. The pin connections joining the struts and ties 

together correspond to the biaxially or triaxially stressed nodal zones. The strut-and-

tie modelling technique has traditionally been employed in design practice to predict 

strength and to examine equilibrium of the applied loads, reactions, and internal 

forces for disturbed (D) regions of structures with irregular geometry where the 

internal flow of force is not well known. Typically, such an investigation enables 

determination of suitable reinforcement detailing for theD-regions. 

In this chapter, a nonlinear truss modeling of shear-critical reinforced concrete 

structures, subjected to cyclic loading, is presented. Nonlinear steel and concrete 

truss elements are used to represent steel reinforcement and concrete areas, 

respectively, in the vertical and horizontal directions. Nonlinear concrete trusses are 

used in the diagonals, accounting for the biaxial effect on the compression behavior. 

Tension stiffening and softening effects are modeled for all concrete truss elements, 

accounting for mesh size effects and fracture energy, and the effects of strain 

penetration are modeled. Flexure-shear interaction is modeled explicitly through the 

coupling of these elements. The model is validated by comparing experimentally 

measured and numerically results, using the programm Fe77, both characterized by 

significant flexure-shear interaction effects and softening of the concrete in the 

diagonal direction. The overall force-deformation response is presented including 

significant strength degradation. In addition, the effects of the diagonal truss angle 

and concrete biaxial relationship on the response are studied. This approach is based 

on the work of M. Panagiotou, Y. Lu and S.C. Girgin. 

Modeling approaches for RC elements, considering flexure-shear interaction for 

reinforced concrete columns can be categorized as (i) lumped plasticity models, (ii) 

fiber - section beam - column element models, (iii) macro models, (iv) truss or strut-

and-tie models.This study presents a nonlinear truss modeling approach for shear-

critical reinforced concrete elements, subjected to cyclic loading. The nonlinear  

concrete truss elements accounts for tension softening for the biaxial effect on the 

compression behavior in the diagonal direction and tension stiffening in the vertical 

and horizontal directions developed by Lu and Panagiotou (2013) are used. In 



  

 

addition, this model considers strain penetration effects resulted by longitudinal 

reinforcement slip from anchorage of column to foundation. Flexure-shear 

interaction is modeled explicitly through the coupling of these elements. The model 

is validated by comparing measured and computed responses of two RC columns 

tested and both characterized by significant flexure-shear interaction effects. 

Truss or strut-and-tie models have been proposed in the literature to capture the 

strength and stiffness characteristics of RC members during cyclic reversals. Kim and 

Mander (1999) improved a truss model for monotonic and cyclic behavior of RC 

columns. Miki and Niwa (2004) proposed a three dimensional lattice model for 

biaxial responses of RC members. Park and Eom (2007) improved a truss model 

consisting composite elements of concrete and rebar for RC members. These models 

didn’t account for the mesh size effects for concrete material models. Zimmerman et 

al. (2013) used nonlinear truss model for numerical modeling for shear failure of RC 

columns with considering strain penetration effects. This model didn’t consider 

biaxial effect for concrete diagonals in compression. 

6.2 Nonlinear truss modeling approach 

The truss modeling approach in this chapter uses nonlinear truss elements in the 

vertical, horizontal and diagonal directions. Nonlinear concrete truss elements 

accounts for tension softening for the biaxial effect on the compression behavior in 

the diagonal direction and tension stiffening in the vertical and horizontal directions 

are used. The RC wall section considered in non–seismically designed RC structures is 

shown in Figure 1(a). The clear height of the column is H. Column section width and 

height is Bcand Hc, respectively. Figure 1(b) shows the truss model of the column. 

Vertical and horizontal truss elements representing reinforcing bars and concrete, 

and their effective areas. The diagonal truss elements representing concrete only are 

also shown in the same figure. The cross–section area of the diagonal truss elements 

is the product of the section width Bc and effective width beff of the column. Strain 

penetration effects due to anchorage deformations are considered using truss 

elements for reinforcement and concrete with a length ofLsp=16dbl  is assumed for all 

case studies, in which dbl is the longitudinal bar diameter (Figure 1). Strain 

penetration concrete truss elements have larger areas than the vertical concrete 

truss elements to account for the stiffness of the beams, while the area of steel truss 

elements are same with the vertical steel trusses. The diagonal truss angle  is 

considered to be ranged between 420 and 520 in the case, as used by Panagiotou et 

al (2013). 



  

 

 

Figure 147. Nonlinear truss modeling approach for a RC wall specimen 

 

6.3 Constitutive stress-strain relationships  

Reinforcing Steel Material Modela number of Giuffré-Menegotto-Pinto (GMP) steel 

material models are used to define the stress-strain relationship used for the 

reinforcing steel.A single GMP model is shown in Figure 2, where fy is the yield 

strength, y the corresponding yield strain, Es the elastic modulus. For the case 

studies presented in this paper, five to six GMP models are used in each parallel steel 

material model and the material parameters are chosen to match the experimentally 

reported steel behavior. AuniaxialMaterial  SteelMPFis used, which represents the 

well-known uniaxial constitutive nonlinear hysteretic material model for steel 

proposed by Menegotto and Pinto (1973), and extended by Filippou et al. (1983) to 

include isotropic strain hardening effects. The relationship is in the form of curved 

transitions (Figure 147), each from a straight-line asymptote with slope E0 (modulus 

of elasticity) to another straight-line asymptote with slope E1 = bE0 (yield modulus) 

where b is the strain hardening ratio. The curvature of the transition curve between 

the two asymptotes is governed by a cyclic curvature parameter R, which permits 

the Bauschinger effect to be represented, and is dependent on the absolute strain 



  

 

difference between the current asymptote intersection point and the previous 

maximum or minimum strain reversal point depending on whether the current strain 

is increasing or decreasing, respectively. The strain and stress pairs (εr,σr) and (ε0,σ0) 

shown on Figure 148 are updated after each strain reversal. The model allows 

calibration of isotropic hardening parameters in both compression and tension 

through optional input variables a1 and a2 for isotropic strain hardening in 

compression, and a3 and a4 for isotropic strain hardening tension, and uses default 

values of a1 = a3 = 0.0 and a2 = a4 = 1.0 that yield no isotropic strain hardening for 

either compression or tension. To incorporate isotropic strain hardening in 

compression, the recommended parameters are a1 = 0.01 and a2 = 7.0. To 

incorporate isotropic strain hardening in tension, the recommended parameters 

are a3 = 0.01 and a4 = 7.0. 

 

 

Figure 148. (a) Stress-strain relationship of the GMP steel material model 

 

6.4.1 Concrete Model for Vertical and Horizontal Truss Elements  

The compressive stress-strain relation is based on the Fujii concrete model 

(Hoshikuma et al. 1997). The stress-strain relation for concrete developed by Lu and 

Panagiotou(2013) is used for the models and shown in Figure 149, where fc is the 

compressive strength of unconfined concrete occurring at strain  0.2%. The initial 



  

 

concrete modulus wasEc=2fc/0.The value of u accounted for mesh-size effects base 

on the notion of concrete fracture energy in compression (Bazant and Planas 1998). 

The reference length (LR) based on the panel studies in Vecchio and Collins (1986) is 

taken and for L=LR=600 mm, u 0.4%. The tension stress-strain relationship during 

loading is linear until it reaches the tensile strength of concrete ft0.33√𝑓𝑐  in MPa. 

After this point, the concrete softens in accordance to the tension stiffening 

equation of Stevens et al. (1991), which has parameters for the bar diameter and 

steel ratio in the direction of the bar. Upon unloading from acompressive strain, the 

tangent modulus is Eu=0.5Ec+0.5(f/ε) until reaching zero stress, which then reloads 

linearly to the point with the largest tensile strain that occurred before. The 

unloading from a tensile strain is linear with a tangent modulus Ec until reaching zero 

stress. After this, the material loads in compression and targets a stress equal to ft 

at zero strain with  0.5.  

6.4.2 Concrete Model for Diagonal Truss Elements 

The concrete material model used for the diagonal truss elements accounts for the 

bi-axial strain field on the concrete compressive behavior as described by Vecchio 

and Collins (1986). For truss element e1 extending from node 1 to node 2 [shown in 

Figure 4(a)], the normal strain, εn, is computed using the zero-stiffness gauge 

element extending from the mid-length of the element to nodes 3 and 4, g1 and g2, 

respectively. The instantaneous compressive stress of element e1 is multiplied by 

the factor β determined from the instantaneous normal strain n, which is the 

average of the strain measured with the gauge elements g1 and g2. When n0, the 

relationship between β and n is tri-linear, as shown in Figure 4(b). 

For this study, the relation between β and n depends on the length of the gauge 

elements, as first proposed by Panagiotou et al. (2013). Here, εint= (600 

/Lg)1%res(600/Lg )2.5%, where Lg is the total length of gauge elements g1 and g2, 

as shown in Figure 4(a). The value of βint = 0.3 and βres = 0.1 was chosen to be 

similar to that developed by Vecchio and Collins (1986). Concrete model for 

diagonals in tension has          ft,res=0.02ft at tensile strain tres. Element length effect 

is accounted for tres, and tres=75cr(LR/LD) as a function of diagonal element length 

(LD) for LR600mm. 



  

 

 

Figure149. (a) Stress-strain relationship of the GMP steel material model 

 

6.5 Model validation 

The computer program OpenSees (McKenna et al. 2000) was used for all the case 

studie of a concrete wall, that was studied by Kotsovos and Lefas1990. The existing 

parallel material and GMP steel model, Steel02, was used for the parallel steel 

model. Both the uniaxial and bi-axial concrete models as well as the four-node truss 

element used in the diagonals, as described above, were implemented in Opensees 

by Lu and Panagiotou (2013). The response was validated with the test data of the 

experiment and the FEA, that was done with program Fe77. The wall element can be 

seen in the figure 150. 



  

 

 

Figure 4. (a) Geometry of the concrete wall 

6.6 Wall details 

 The walls tested were 650 mm wide, 1300 mm high, and 65 mm thick. In all cases 

they were monolithically connected to an upper and lower beam; the former 

functioned both as the element through which vertical and horizontal loads were 

applied on the walls, as well as a cage for anchoring the vertical bars, while the latter 

was utilized to clamp down the specimen to the laboratory floor, simulating a rigid 

foundation. The nominal dimensions of the specimens, together with the 

arrangement of vertical and horizontal reinforcement, are shown in figure 150. The 

vertical and horizontal reinforcement comprised high-tensile deformed steel bars of 

8 and 6.25 mm diameter, respectively. Additional reinforcement in the form of 

stirrups confined the wall edges. Mild steel bars of 4 mm diameter were used for this 

purpose. The yield fs, and ultimate strength fsu characteristics of the steel bars used 



  

 

are summarized in Table 1. While the vertical reinforcement was designed in 

compliance with the recommendations of the ACI Building Code 11 for a given 

bending moment at the base of the wall, the design of the horizontal reinforcement 

was based on the results obtained from previous work, which indicated that for the 

case of the walls investigated in the present program, the provision of almost 

nominal reinforcement was sufficient to safeguard against brittle failure. The 

preceding design solution has been preferred because it lacks the ambiguity that 

characterizes the code recommendations, for the case of plastic hinge regions, 

where wide flexural cracks occur due to ductile flexural response under the 

combined action of a horizontal and a relatively low vertical load. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



  

 

 

6.7 Results and discussion 

It is shown in the following figure 151, that and numerically computed responses 

using nonlinear truss modeling approach give very satisfactory results in comparison 

with finite element analysis data. The effect of angle of inclination of diagonal truss 

elements on the response are studied. It was shown by Panagiotou et al, that the 

angle should be between the values 42 and 57o. The commands from program 

Opensees, are discussed in the appendix 1. 

 

Figure 151. (a) Finite element and truss model results  
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