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Abstract

This thesis investigates the dynamic behavior of two rigid bodies which are simply placed
on top of each other. The work is focusing on museum artefacts that can be addressed as a
rocking bust on top of a solid pedestal. Pedestals are commonly adopted in order to bring
up the artefacts on the eye-level. Therefore, it is important to examine the case in which
the upper-body is asymmetric, while the pedestal/base is always symmetric. The system of
two-bodies may rock, jump, slide or overturn under a seismic excitation. However, the current
work investigated the pure rocking motion under the assumptions of rigid foundation, large
friction and plastic impact. Initially, the problem can be solved using an equivalent single-
block, assuming either that the pedestal is stocky enough and only the artefact will rock, or
that the pedestal and the artefact have the same rotation angle. This is the simplest case,
usually adopted in practice, which allows to solve the problem using the equation of motion
proposed by Housner (1963)[2] or using equivalent solutions that have been proposed in the
literature (e.g. Diamantopoulos and Fragiadakis, 2019)[12]. The problem is mainly studied as a
two-block system, based on the same approach first presented by Psycharis (1990)[4]. However,
this work (a) does not consider small rotations and (b) generalizes the equations of motion
which can be used for different systems - the symmetric upper body is the simplest case. The
purpose of this study is to provide the appropriate complicated equations in order to accurately

predict the seismic response of stacked systems.

vi



Extended Summary (in Greek)

LNV mopoloa SITAWUATIXY EQYUsio EAETAUNXE 1) ATOXELOT) UN-OUPHETEIXWY AXVILOUEVWLY LOU-
oelaxev exVepdtwy und cetopxr| OiEyepon. To npdBinuo tou TpoxinTel oyetiCeton Ye TNV €xdeon
TWY TEYVOURYNUATWY, xodo¢ amonteltar vo TotovetodvTon Ywelc oOvdeoT v ot wa Bdon wote
VoL Uny aAhouwvovton ohhd xon vor Yaudlovton e euxohla and tov emoxéntyn. Ta ocuvniéotepa
ex0éuata lvor oL TEOTOPES ayUAUAT®Y, oL oTolec Topouatdlouy 1Biaitepo evolupépoy eCantiog TNg
acuupeTeiag Toug. ‘Etot YewprOnxe avayxaio 1 duvouxr| avdhuon Twv 800 MxVILOUEVWY CWUATOV
VewpmVTAUC ACOUUETEO TO GVw CWUA. XXOTOC TNS EpYAolac €lvor 1 UEAETT) TOU TOEATAVG CUCTH-
HOTOg ¢ oVoTNUA B0, eAeliepa 0pUCOUEVMV 0L GXUUTTWY, CWUATWY TOVK GE Lol AXOUTTN
ETLPAVELD xot GTOYOG elvon 1) OnuLouEYiol LOVTEAOL YioL TNV TEOGEYYICT] TNG CUUTEQLPORAS TOU XATw

amb CELCUXES DIEYEPOTELC.

Y10 xepdhono 1 mapouctdleTon 1 TERLYPUPT TOU TROCOUOIWOUNTOS (ACUUUETEO TEVW GE GUU-

UETEWS o) Xat 1) Suvoutxn avdAuey Tou, SLITUTHOVOVTIC TIC EELGMOELS XIVNOTNE TOU GUG TAUNTOC.

270 xe@dhano 2 emexTelvETOL 1) AVEAUOT), TOEEYOVTAS TIg CUVITMES ToU OPethouy va Loy boLY,
OoTe va Tparypatonomndoly ol UeTaPdoelc avauEsa oTo o TLYOTUTA TNE xivnong Tou cuoTAUATOC,

Ywelg vor cuufel omoltodrnoTe eldog xpolorng.

270 xe@dhono 3 avaAboVTaL Ol TEQPLTTAOOELS XuTd TIg ontoleg cuuPaivouy ot ueTafdoelg aviueoa
ot oTtyiotuna eCantiog TN xpovong xan utohoyilovtar ol oyéoelg mou opllouy Tig TayUTNTES

AUECKS UETE TNV %pOVOT).

2270 xe@dhono 4 TeEpLYPAPETAL 1) SoUr TOLU NAEXTEOVIXOU TEOYEAUUATOS TOU avamTUY I NXE YLor TNV
enlAuon Tou mpoPiruatog. Eniong mapouvoidloviar tor anoteréoyata mou meoéxuday ot yivovTo
oLYxEloEIC OYL UOVO PETAUE) GUUHETEIXOU XL OCUUUETOOU GVt OWUATOS, ohAdL ot PETUED TELO0-

HOTIXWY OEQOUEVV.

Téhog oTo xe@dhono 5 xatorypdpovTal Ta GUUTERAoUAT ToU e€dy Xy and Ta amoTEAEOUATAL.
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Chapter 1

Dynamic analysis of asymmetric body on
a rectangular body

1.1 Analytical Model

The system under consideration is presented schematically in Figure 1.1. It consists of two
rigid blocks; the upper one (i=2) represents an asymmetric body which in this case is a statue,
and is symmetrically placed on top of the lower symmetric body (i=1) which represents a
pedestal. The lower body is freely placed on the ground.

Body 2 Body 2
- . GZ
h2 h2 c
N b9 05
n c Body 1
-8 o G y
h‘l h1
Body 1 o/ CG e |
an KB e/, \ &
G
h
hy h, R R
of 20y of o} o¢
Figure 1.1: Geometric model Figure 1.2: Additional parameters



Nikolaos Drosos 1.1. ANALYTICAL MODEL

In Figure 1.2 are presented some additional parameters which appear in the following
analysis. Each mass is denoted by m; and the centroid moment of inertia by I5;. The parameters
that differ because of the problem’s asymmetry, are superscripted with the indices ¢ for critical
side (right) and n for non-critical side (left). Their formulation follows below.

M = my + Mo
B — m1h1 + m2(2h1 + hg) bCHn _ m1b1 + m2(§ + bg”n)
M ’ M
c||ln
geln — arctan(b =) RI™ =\ /(belm)2 + p2

by + €
2hy + ho
ISHTZ — 101 + IG2 +m2<dc”n>2 ’ 12”271 —_ [GQ + mQ(TSHn)Z

¢eIm = arctan( , deln = \/(bS"” + &2+ (2h1 + ho)?

Cvee o Ly o5
()4 o
(a) 92=G1>0 (b) 92=91<0 (a) 61=0 y 92>0 (b) 91=0 ) 62<O
Mode 3 Mode 4

Figure 1.3: Classification of rocking modes for a system of two stacked rigid bodies with respect
to the angles of rotation following Psycharis (1990)[/].

The system possesses two degrees of freedom, namely, 6; and 6, denoting the angles of
rotation of the two blocks with respect to the vertical. When subjected to a base excitation,
the system may exhibit four possible modes of rocking motion. Figure 1.3 illustrates the
classification of the four possible modes with respect to the angles of rotation #; and 6. Modes
1 and 2 involve a two degrees of freedom system response, and reflect rotations of the two
blocks in the same or opposite direction. Modes 3 and 4 reflect a single degree of freedom

2



Nikolaos Drosos 1.2. EQUATIONS OF MOTION

system response; in particular, mode 3 describes the motion of the system rocking as one
rigid structure, and mode 4 concerns the case where only the top block experiences rotation.
Furthermore, each of the modes is subdivided into two subcases that account for opposite angle
signs.

1.2 Equations of Motion

The equations of motion of the system are derived by applying Newton’s second law to each
body separately. This method was preferred over Lagrange’s, in order to verify the results
which were concluded from Pol D. Spanos et al(2001)[3].

1.2.1 Mode 1a
Body 1

S Mo1 = Ioi6
— —mlj,"grl 005(061—91)—771197”1 sin(@cl—gl)—l—Fll COS(01 — 6) -|— F2l Sil’l(01 — ,6) = 1019'1

—  Filcos(6; — )
—  Fylsin(6, — f)

Body 2

Y, =muag, = —Mmaely— 1 =moag, = Fi=—mTy — maag,

YF, =meal, = Fy—mog=moal, = Fy=mag+ moal,

For center of mass of Body 2

Tao = Isin(fy — B) —rS$sin(0S, — 0y) = vZ, = b1l cos(fy — B) + ba75 cos(0, — 65)

Ay = 0,1 cos(0; — ) — 912lsin(01 —B) + 027"2: cos(#Sy — 0s) + 922r§ sin(0S, — 65)

Yoz = lcos(fy — B) +r5cos(6S — ) = 0%, = —Oilsin(6y — B) + byrgsin(6S, — 65)
aly = —6i1sin(0 — B) — 6, Leos(0y — B) + farS sin(6%, — 02) — 615 cos(6%, — 65)

Solution for Body 1

= —madylcos(f — ) — molag., cos(61 — B)

where

aZy cos(fy — B) = 61l cos® (6, — B) — élzlsin(ﬁl — ) cos(61 — )
+ 075 cos(6°, — 6) cos(0; — B) + 922r§ sin(0S, — 65) cos(6, — B)



Nikolaos Drosos 1.2. EQUATIONS OF MOTION

= maglsin(6; — B) + malag, sin(0, — 3)
where
a’, sin(f; — B) = —6,1sin’(6; — B) — 912lsin(91 — B) cos(6; — )
+ Gyrg sin(65, — 6) sin(6y — B) — b 75 cos (65, — 0) sin(6y — B)

—|— = —maxylcos(fy — B) + maglsin(6y — ) + ...

+mal[—011 cos? (6, — B) — 611 sin®(6; — B)
+912lsin(91 — ) cos(bh — 5) — élzlsin(ﬁl — ) cos(0; — )
—B75 cos(65, — 65) cos(0y — B) + oS sin(6S, — 65) sin(fy — )
—922r§ sin(0%, — 6,) cos(6y — B) — 922r§ cos(0sy — 09) sin(6, — B)]

sin(A) cos(B) £ cos(A) sin(B) = sin(A + B)
cos(A) cos(B) F sin(A) sin(B) = cos(A + B)

= +m2l[—0"111 — 0"27‘5 cos(V14) — 922T§ Sin(V1a)]
Ve =01 — 03 + 055, — 3

= —my@yry cos(B — 01) — mygry sin(fe — 01) — matyl cos(6 — ) + maglsin(6y, — )
— mol?0; — malrs cos(%a)éé — mplrs sin(vla)@é2 = Ip.6,

. . . .2 .
=  (Ioy + myl®)6, + malr; cos(v1qa)O2 + malr; sin(v14)02 — migrysin(6; — 6.1)
— maglsin(0, — B) = —[myry cos(601 — 0.1) + mal cos(01 — 3)]a,

Solution for Body 2

Y Meag = Igobs
—  Fir5cos(6S, — 6y) — Forsin(6, — 05) = 1o,

—  Fir§cos(05 — 02) = —maor5a, cos(0gy, — 02) — mor5ag, cos(fee — 62)



Nikolaos Drosos 1.2. EQUATIONS OF MOTION

where

aZ,y cos(65, — 05) = 611 cos(6y — ) cos(6S, — 6) — 9-12l sin(0; — ) cos(05, — 62)
+ 0575 cos® (0, — 0,) + 9'22rg sin(65, — 04) cos(0%, — 02)

—  Fyrgsin(0S, — 02) = marsgsin(0S, — 0y) + marsat, sin(0S, — 0-)
where
al., sin(6%, — 02) = —0,1sin(6; — B) sin(6%, — 0y) — 6, Lcos(61 — B) sin(6%, — 6)

+ GorSsin?(6%, — 0y) — 6y 75 cos(6%, — 05) sin(6%, — 05)

— = —marstycos(85, — 02) — maorsgsin(0s, — ) — ...

—marS[011(cos(0; — B) cos(0S, — ;) — sin(f; — B) sin(6, — 65))
—6,"1(sin(6, — B) cos(6%, — 0) + cos(6) — B) sin(6°, — 65))
+0yr51 4 0]

sin(A) cos(B) £ cos(A) sin(B) = sin(A + B)
cos(A) cos(B) F sin(A) sin(B) = cos(A + B)

= —myrS[0il cos(1a) — 9221 sin(7iq) 4 6o75]
Yia =01 — 02+ 05—

= —marsty cos(85, — 02) — marsgsin(0s, — 03) — molrs cos(fyla)é'l

. .92 N2 .
+ mzl’f’g 81n(71a)6’1 — mg(r2)202 = IGQGQ

. . . .2
= mylr; cos(v1q)01 + 15,02 — malrs sin(y14)60:

— maryg sin(0; — 65,) = —maryd, cos(0; — 65,)
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1.2.2 Mode 1b
Body 1

EMo1 = Ioibh
— ml.ngl COS(¢951+01)—mlgT1 Sin(@cl—f-@l)—f—Fll COS(01 + ,3) — le sin(01 —+ ﬂ) = —1019"1

—  Filcos(6, + B)
- Fylsin(6; + B)

Body 2

Y, =maag, = mody— Fi = —moag, = F1=mael, + maag,

YF, =meal, = Fy—mog=moal, = F,=mog+moal,

For center of mass of Body 2

Tgo = Isin(fy + B) + risin(0 +6y) = v&y = 61l cos(fy + B) + Gor cos (%, + 65)

a%, = b1l cos(0, + ) — 6,71 sin(fy + ) + Oor% cos(67, + 6;) — 922r§ sin(0% + 6)

Yoz = lcos(by + B) +rycos(0y + 62) = vy = —6,1 sin(6; + B) — %r? sin(07%, + 65)

Aty = —6,1 sin(0; + 5) — 912l cos(0y + ) — (927“3 sin(0% + 65) — 922r§ cos (0% + 65)

Solution for Body 1

= madylcos(tr + ) + molag,, cos(61 + B)

where

%,y cos(6y + B) = 611 cos* (0, + ) — 6512l sin(6y + B) cos(61 + 1)
+ Byr8 cos(67 + 6,) cos(6y + B) — 922r§ sin(0% + 63) cos(01 + )

= maglsin(fy + B) + molag, sin(6; + B)

where

agysin(by + B) = —Q'ilsin2(91 +0) — 912lsin(91 + B8) cos(6y + B)
— Gyr? (07 + 0y) sin(0y + B) — 6y 1 cos(0% + 02) sin(6; + )

—II]=  mez,lcos(0) + ) — maglsin(h + B) + ...
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+myl[011 cos? (61 4 B) + 611sin’ (0, + fB)
—9121 sin(6; + B3) cos(6; + B) + 912lsin(91 + B) cos(6y + )
+077 cos (07, + 0) cos(By + B) 4 Oor sin(67, + 6,) sin(f; + )
—922r§ sin(0% + 63) cos(0y + ) + Q'QQTS cos(0% + 63) sin(0; + )]

sin(A) cos(B) =+ cos(A) sin(B) = sin(A + B)
cos(A) cos(B) F sin(A) sin(B) = cos(A + B)

o= Ampl[6i11 + 57 cos(yi) + 922r§ sin(y1p)]
Yip =01 — 0y — 0, + 5

= mygyry cos(0a + 61) — magry sin(fe + 61) + modyl cos(6h + B) — meglsin(6y + B)

+ m2l29‘.1 + mglrg COS(’ylb)éQ + mglrg Sin(%b)é; = —1018“1

. . . .2 )
= (o1 + m2l2)01 + malry cos(v1p)02 + molry sin(v1p)02 — magri sin(6; 4 0.1)
— moglsin(0, + B) = —[myry cos(01 + 0.1) + mal cos(6; + B)]Z,

Solution for Body 2

EMea = Ig20s
—  Fyrlcos(07 + 05) — Fordsin(07, + 6y) = — o6,

—  Firy cos(0 + 02) = mary @y cos(0ry + 02) + mory ag., cos(0h, + 6-2)
where
%,y cos(07, + 02) = 611 cos(61 + B) cos(67, + 0) — 6,71 sin(6; + ) cos(6%, + 65)
+ 6y cos? (81 + 62) — 0”75 sin (62 + 05) cos (07 + 0)

—  Fyrbsin(0% + 6a) = morygsin(% + 6y) + morial, sin(07, 4 ;)
where
aly sin(07, + 05) = —0,1sin(0; + B) sin (0% + 03) — 9121008(@1 + ) sin(0% + 63)
— Gy Sin2(07, + 02) — 0517 cos(0, + 0) sin(67, + 0)
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—|IV] = maria, cos(0% + 03) — marygsin(0 + 6;) — ...

+mary[61l(cos(6y + B) cos(67, + 0y) + sin(f; + ) sin(67, + 6,))
—912l(sin(91 + 3) cos(0%y + 02) — cos(0y + () sin(0%, + 6,))
05771 + 0]

sin(A) cos(B) £ cos(A) sin(B) = sin(A + B)
cos(A) cos(B) F sin(A) sin(B) = cos(A + B)

. .2 .
o= +mary [0l cos(y1p) — 0o Isin(y1p) + Oorh]
Yip =01 — 0y — 0, + 5

= magrydy cos(0l + 02) — mary gsin(0y, + 62) + molry cos(yiy)0:

. . 2 n . .
— mglrg sm(%b)é’l + m2<T2>292 = _]G292

. . . .92
= malry cos(v1p)01 + 15,602 — malry sin(v1s)60:

— maorygsin(f; + 07,) = —mory g, cos(02 + 67,)
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1.2.3 Mode 2a
Body 1

SMoy = Io1bh
— —mlx"grl 005(961—01)—771197"1 SiH<961—01)+F1l, COS(,@I — 01) —_ le, Sil’l(,@l — 01) = ]()10“1

—  Fyl'cos(8 — 6y)
— Fgl/ sin(ﬂ’ — 01)

Body 2

VI, =maag, = —maely— I =moag, = Fi=—moTy — maag,

YF, =meal, = Fy—mog=moal, = F,=mog+moal,

For center of mass of Body 2

Tao = —U'sin(f' — 0)) +risin(@ +6;) = vZy = 61l cos(8 — 61) + b7 cos(67 + 65)

a%y = 6,1 cos(B' — 6) + 6,71 sin(B' — 61) + Oy cos(07, + 0) — éQQTg sin(6%, + 05)

Yoo = l'cos(B' — 61) +ry cos(0hy + 0y) = vl = 0,1 sin(f' — 6;) — 957"’5 sin(6% + 65)

0ty = 010 sin(B' — 01) — 6, 1 cos(B' — 0y) — Gyr? sin(67% + 0) — 6y 17 cos(67 + 65)

Solution for Body 1

1= —mad,l cos(8' — 61) — mal'ag, cos(8’ — 61)

where

%y cos(f — 0y) = 011’ cos* (5 — 6,) + 912l sin(f" — 6;) cos(B' — 6;)
+ 01 cos(07, + 6) cos(B' — 6) — éfrg sin(6% + 605) cos(B' — 61)

= magl'sin(B — 61) + mal'al, sin(6; — 3)

where

al, sin(B' — 6;) = 6,1 sin*(B' — 6;) — 6,71 sin(8" — 1) cos(B' — 64)
— Gyl sin(07 + 0s) sin(B — 0,) — 6y 2 cos(0% + 05) sin(F' — ;)

— = —mgx"gl’ COS(ﬂ, — 81) — mggl' Sil’l(ﬁl — 91) =+ ...
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+mal'[—011 cos® (B — 6y) — 611 sin?(B' — 6y)
6,71 sin(f" — 0y) cos(B' — 6y) + 6,71 sin(8" — 601) cos(8' — 6y)
—Byr7 cos(67, + 0) cos(B' — 61) + byr sin(67 + 65) sin(B' — 6))
+922r§ sin(0%, + 6) cos(8 — 61) + 9227“;‘ cos(0y + 02) sin(8" — 6;)]

sin(A) cos(B) £ cos(A) sin(B) = sin(A + B)
cos(A) cos(B) F sin(A) sin(B) = cos(A + B)

= Al 6] — 6 cos(raa) — 627 sin(30)]
72a:91—92_9?2_6,

= —mqiyry cos(0a — 01) —mygrisin(f. — 01) — madyl' cos(8' — 01) — magl’ sin(f — 6;)

— myl0, — mol'ry cos(yga)éé — mpl'rh sin(vga)(%2 = Ip,0,

= o1+ mzl’2)0"1 +mpl'ry cos(’yza)é'z +mpl'ry sin('yza)(%2 —mygry sin(6; —0.)
— magl’sin(0, — B') = —[mqr1 cos(01 — 0.1) + mol’ cos(0; — B')]Z,

Solution for Body 2

Y Meay = Igobs
—  Fyrlcos(07 + 0y) + Forlsin(07, + 6y) = Igob,

—  Firycos(0% + 02) = —maoryay cos(07 + 02) — moryag., cos(07, 4 02)
where
aZsy cos(0% + 05) = 011’ cos(B' — 0;) cos(67 + 65) + 6,71 sin(8" — 601) cos(0, + 65)
4 Gyl cos2 (07 + 0s) — o 17 sin (67 + 0s) cos(67 + 0s)

—  Fyrbsin(0% + 6a) = morygsin(% + 6y) + morial, sin(07, 4 ;)

where

Ay SN0l + 02) = 0,1’ sin( — 0y) sin(6%, + 63) — 912l’ cos(' — 0y) sin(07, + 65)
— Gy Sin2(07, + 02) — 0517 cos(0, + 0) sin(67, + 6)

10



Nikolaos Drosos 1.2. EQUATIONS OF MOTION

+ = —maryzy cos(0l + 02) + maerygsin(0, + 0) + ...

+m27“§[9"1l’(— cos(' — 01) cos(0% + 62) + sin(B — 1) sin(6%, + 62))
—6,°1(sin(B' — 0,) cos(07, + 05) + cos(B' — 61) sin(67, + 65))
— 05771 4 0]

sin(A) cos(B) £ cos(A) sin(B) = sin(A + B)
cos(A) cos(B) F sin(A) sin(B) = cos(A + B)

= +m27’3[_éﬂl cos(V2q) + 9221/ sin(y2q) — 92T§]
72a=91—92—9?2—5,

= —maryzy cos(0% + 03) + morygsin(0, + O2) — mal'ry COS(’YQa)é‘l

. .92 a2 A .
+ mgllT’g Sln(vga)el - mg(T2)292 = [G292

=  myl'ry cos('yza)é'l + Igzﬂuz — mal'ry sin(')/2a)49.12

— maorygsin(f; + 07,) = —mory 2, cos(02 + 67,)

11



Nikolaos Drosos 1.2. EQUATIONS OF MOTION

1.2.4 Mode 2b
Body 1

EMo1 = Ioibh
— ml.ngl COS(¢951+01)—mlgT1 sin(@cl—l—ﬁl)—i—Fll' COS(,B, + 01) — F2l, sin(ﬂ' + 01) = —1019'1

—  Fyl'cos(8' +0y)
— Fgl/ sin(ﬁ' + 91)

Body 2

Y, =maag, = mody— Fi = —moag, = F1=mael, + maag,

YF, =meal, = Fy—mog=moal, = F,=mog+moal,

For center of mass of Body 2

xge =U'sin(f' +01) —r$sin(6S — 02) = vf, = 0,0 cos(f' +0;) + égrg cos(6Sy — 02)

aZy = 011" cos(B' + 0;) — 6,71 sin(B' + 61) + 0575 cos (05, — 6) + 922r§ sin(6S, — 65)

Yoz = U cos(f' + 01) + r5cos(6S, — 0) = v¥hy = —0i1'sin(8 + 61) + Oyr5 sin(6S, — 6,)

Aty = —0,1' sin(8 + 6,) — 912l’ cos(B +61) + 927"§ sin(6S, — 02) — 922r§ cos(6%, — 6s)

Solution for Body 1

= modyl cos(f + 01) + myl'ag, cos(8’ + 61)

where

%,y cos(f + 01) = 611 cos* (B + 6;) — 6.°1 sin(f" + 61) cos(B' + 6,)
+ 075 cos(6%, — B2) cos(f' + 61) + égzrg sin(6S, — 62) cos(B' + 61)

= magl'sin(8' + 01) + mol'a¥, sin(3" + 604)

where

a’y sin(B + 6;) = —6,1'sin®(6' + 6,) — 6,71 sin(8" + 01) cos(8' + 61)
+ GyrSsin(0°, — 0o) sin(B + 01) — 6,15 cos(6%, — ) sin(8' + 0,)

— = madyl cos(f' + 01) — magl'sin(p' + 61) + ...

12



Nikolaos Drosos 1.2. EQUATIONS OF MOTION

+m2l’[9"1l' cos?(B' + 6,) + 6,0 sin?(8 + 6;)
—4,°r sin(8" + 0;) cos(B' + 61) + 6,1 sin(8" + 0y) cos(B' + 64)
+0575 cos(6%, — 0a) cos(B' + 61) — Oars sin(65, — 0,) sin(8' + 6;)
+922r§ sin(0%, — 63) cos(f + 61) + 9227“5 cos(6S, — 0o) sin(5' + 6,)]

sin(A) cos(B) £ cos(A) sin(B) = sin(A + B)
cos(A) cos(B) F sin(A) sin(B) = cos(A + B)

o= Aol [0 1]+ Gyr cos(7aa) + 0y 75 sin(720)]

= myayry cos(fe + 01) — magry sin(@a + 61) + madyl cos(B + 61) — magl'sin(8' + 61)

. . . . 2 .
+ m2l/281 + mgl/Tg COS(’}/Qb>¢92 + mgl/T’g 81n(72b)92 = —10181

. . . .2 .
= (Io1 + mal’?)01 + mal'r§ cos(vap) 02 + mal'rs sin(v2p)02 — migr: sin(0y + 0.1)
— magl’ sin(0, + B') = —[myr1 cos(61 + 0.1) + mal’ cos(61 + 3')]2,

Solution for Body 2

Y Meay = Igobs
—  FirScos(65, — 6y) + Forgsin(6S, — 0) = —Ig6s

—  Firgcos(05, — 0y) = morsay cos(0s, — 02) + marsad., cos(05, — 02)
where
%,y cos(05, — 05) = 611 cos(B' + 6;) cos(6S, — 6) — 6,71 sin( 4 601) cos(65, + 65)
+ 615 cos? (6%, — 05) + 6 15 sin (65, — 65) cos(6% — 65)

—  Fyrssin(0% — 0y) = marsgsin(0S, — 05) + marsal, sin(8°, — 65)

where

s, sin(0S, — 03) = —0,1'sin(B' + 0,) sin(6, — 6;) — 6,71 cos(B' + 6y) sin(65, — 6)
+ GyrS sin?(6%, — ) — 6y 15 cos(62, — ) sin(6%, — 6)

13



Nikolaos Drosos 1.2. EQUATIONS OF MOTION

+ = magryty cos(05, — 6a) + marsgsin(0s, — ;) + ...

+marS[0hl (cos(B' + 01) cos(8, — 0) — sin(B + 6;) sin(6S, — 65))
—6,"1(sin(B + 0,) cos(6%, — 02) + cos(B' + 61) sin(62, — 65))
05751 + 0]

sin(A) cos(B) £ cos(A) sin(B) = sin(A + B)
cos(A) cos(B) F sin(A) sin(B) = cos(A + B)

o= FmgrS[6il cos(vay) — 6,1 sin(yap) + 0a75]
’72b:91—¢92+922+ﬁ/

= marsd, cos(05 — 02) + marsgsin(0S, — 0s) + mal'r cos(yap)bs

. . 2 c . .
— mgllT’g 81n(72b)6’1 + m2<7“2>292 = _]G292

. . . .2
= myl'r] cos(v2)01 + 15,02 — mal'rs sin(v2p) 04
— marsg sin(0; — 65,) = —marsd, cos(0; — 65,)

14



Nikolaos Drosos 1.2. EQUATIONS OF MOTION

1.2.5 Mode 3a
System

S Moy = 156,
— M4, R° cos(6° — 0;) — MgR®sin(6° — 6,) = 156,
= IS0, — MgR°sin(0; — 6°) = —Md/yR° cos(0; — 6°)

1.2.6 Mode 3b
System

S Moy = 126,
M, R" cos(0" + 6,) — MgR" sin(0" + 6,) = — 156,
= I%0, — MgR"sin(6; + 0") = —M 4, R" cos(6, + 67)

1.2.7 Mode 4a

Body 2
Similarly to mode 3a )
EMOQ - ]6282

I5,,0> — magr; sin(6, — 6

c

. . e c
¢,) = —MaZyr; cos(O2 — 65,

1.2.8 Mode 4b

Body 2
Similarly to mode 3b )
Y Moo = 105,05

15,02 — mogry sin(0; + 07,) = —maayr, cos(02 + 67,

15



Chapter 2

Transitions between modes without
impact

This type of transition can occur first of all, when the system is set to motion from rest.
Afterwards, it occurs as the system continuously switches from modes 3 and 4 to other modes.
To figure out the conditions at which that happens, the comparison between overturning and
restoring moments should be evaluated. That is done by comparing the angular accelerations
(which are solved for, from the respective equation of motion) before and after transition.

2.1 To mode 1a

Mode 3a — 1a

~ la - 3a - 3a ~ la
82 > 02 = 01 = 91

From equation of motion of body 2 and for 6, = 6,

n}irz (—x, cos(0y — 05,) + gsin(6y — 05,) + lsin(’yla)él2 — lcos(’yla)é.l) —6,>0
02
Yia =0 — F
. c . c ) . 2 I¢ .
— &g cos(0, — 05,) + gsin(61 — 0%,) + Usin(v14)01 — (I cos(v1a) + moic)el >0
272

Mode 4a — 1a

6. >0

From equation of motion of body 1 and for 8; =0

— (mqry cos(—0c1) + mol cos(—/))2y + magl sin(—pF) + mygry sin(—6.1)

— milrs sin(vla)922 — mplry Cos(vla)éé >0
Ve = —0O2 + 05, — 3
. or . . 2 ..
— (M1 + 2ma)h1 &g — mag€ — m1gby — malri(sin(y14)02 + cos(v14)62) > 0

16



Nikolaos Drosos CHAPTER 2. TRANSITIONS BETWEEN MODES WITHOUT IMPACT

2.2 To mode 1b

Mode 3b — 1b

“1b =3 36 - 1b
0, <60y =6, =60

From equation of motion of body 2 and for 6, = 6,

%(xg cos(0y + 0%) — gsin(6, + 07,) — lsin(ylb)élz + I cos(yp)61) + 6, > 0
02
Yib =~ + 5

.. n . " . . 2 I .
&y cos(01 + 07,) — gsin(6, + 07,) — Isin(v16)01 + (L cos(vi) + mojn)el >0
272

Mode 4b — 1b
)

From equation of motion of body 1 and for §; =0

— (myry cos(0e1) + mal cos(B)) Ty + maglsin(B) + mqgry sin(fe1)

— mpalry Siﬂ(’ylb)égz — mylr cos(y1p)62 < 0
T1b = —0y — 9?2 + 8
. o s . 2 .
(mq + 2ma)h @y — Mmag€ — migby + malry (sin(v1,)02 + cos(v1,)62) > 0

2.3 To mode 2a

Mode 3a — 2a

.. 9 .. 3 .. 3 .2
92a<92a:61a:91a

From equation of motion of body 2 and for 6, = 6,

n}ig (=2, cos(01 + 0%) + gsin(0; + 00) + 1/ sin(”yga)él2 - cos('yQa)Gul) —6, <0
02
V20 = _0?2 - 6/
. Im .
€y cos(01 + 07,) — gsin(6, + 6,) — U sin(72a)012 + (I’ cos(vz2q) + mojn)el >0
272

17



Nikolaos Drosos CHAPTER 2. TRANSITIONS BETWEEN MODES WITHOUT IMPACT

Mode 4b — 2a

6,2 > 0

From equation of motion of body 1 and for #; = 0

— (mary cos(—0a) + mal’ cos(—=0"))zy + magl’ sin(—pF") + mygry sin(—6.)

— mol'rh sin(%a)ég2 — mol'ry cos(%a)é'z >0

Voa =~y — Oy — '

. o .2 ..
—(mq + 2mo)h1 &y — magl’ — migby — mal'ry (sin(v24)02 + cos(724)02) > 0

2.4 To mode 2b

Mode 3b — 2b

w2 ~3b  ~3b =2
02 > 02 = 01 = 01

From equation of motion of body 2 and for 6; = 6,

(=2, cos(01 — 05,) + gsin(6y — 65,) + U/ Sin(72b>9.12 — 1" cos(ya)61) — 61 > 0

Yoo =05 +

. I .
—&g cos(01 — 65,) + gsin(6, — 65,) + U sin('yzb)le — (I cos(vyap) + moic)el >0
272

Mode 4a — 2b

6" <0

From equation of motion of body 1 and for 8; =0

— (myry cos(0e1) + mol’ cos(8'))@, + magl’ sin(B’) + mygry sin(fer)

— mal'rs Sin('}/zb)922 — mal'rS cos(ap)0a < 0
Yop = —br + 055 +

. o/ s . 2 .
(M1 + 2mo)h @y — mag€’ — magby + mal'r5(sin(y2)02 + cos(y2p)02) > 0

18



Nikolaos Drosos 2.5.

TO MODE 34

2.5 To mode 3a

Rest — 3a

6. >0

From equation of motion and for #; =0

— MR cos(—65)2, + MgR®sin(—65) > 0
—(hiy + bg) > 0

2.6 To mode 3b

Rest — 3b

6" <0

From equation of motion and for #; = 0

—MR" cos(07)iy, + MgR"sin(0;) < 0
hi, — bg > 0

2.7 To mode 4a

Rest — 4a
= 4a

92 >0

From equation of motion and for 6, = 0

—(he2y + b3g) > 0

2.8 To mode 4b

Rest — 4b

6, <0

From equation of motion and for 5 = 0

hod, — blg > 0

19
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Chapter 3

Transitions between modes with impact

When the system continuously switches from one mode to another, in most cases impact has
to occur. The impact can be between the two bodies or between the body 1 and the ground.
Such as the bodies, the ground is considered rigid and the friction is large enough so that there
will be no sliding in none of the impacts. Additionally, it is assumed that there is no uplift
and the duration of the impact is negligible. Finally, the analysis proceeds to use the principle
of conservation of angular momentum in order to evaluate the angular velocities of each body,
immediately after the impact.

3.1 From mode 1a

Mode 1a — 2b

About O1" before impact (1a)

The angular momentum of the system:

(Ro1n)system = (hoin Jbodyr + (Ro1n Jbody2

Body 1
(A1 Jbodt = Ty +myvg,dy
Vg1 = éfrl
2
b 2 dy  e—2b 520 2 _op?
n_n, =0 4 _ 7 o T e AT
€ r1 b 1 e n r1
b1
r2 — 22 . )
(Ro1n)body1 = (Iea1 + ml”“l%)ef = (Io1 — 2m1bf)91_
1
Body 2

(hon)boay2 = Laafy + mo(viydy — viyds)

21



Nikolaos Drosos 3.1. FROM MODE 1A

For 6, = 0:

vey = 01 cos(B) + 05 5 cos(05 — 6s)
vYy = 07 1sin(B) + 05 15 sin(6S, — 65)

dy = 2hy + 5 cos(0% — 65)
dy =& —r5sin(0%, — 6,)

vE5d4 = 2h107 1 cos(B) + 1507 1 cos(B) cos(6S, — By) + 2h1 05 75 cos (0, — B2) + 05 (15)? cos® (05, — 65)
vl dd = E'071sin(B) — r$07 Isin(B) sin(0%, — 62) + 0575 sin(6S, — 05) — 05 (15)? sin® (6%, — 6,)

(ho1n)bodyz = Ta20y + mal[2hy cos(B) 4 g cos(8 — 62, + 6;) — &' sin(B)]67
+ marg[2hy cos(2 — 05,) + &' sin(8; — 65,) + )05

System

(ho1n)system = {Io1 — 2mab% +misl[rg cos(02 — 0%, + B) + 2hy cos(8) — &' sin(8)]}6;
+ {IS, + marS[2hy cos(B; — 6%,) + &' sin(0, — 05,)]}65

22
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3.1.

FROM MODE 1A

About O1" after impact (2b)

The angular momentum of the system:

(A1) system = (Bin Joodyn + (hS1n )boay2

&ads)

92)

Body 1
(hé1)boan = Ienbf +myvgdy
vhy =0, di =n
(hgln)bodyl = IOléiF
Body 2
(hS1Jbodyz = 203 + ma(vggds — v
For 6, = 0:
vEE = 071 cos(B') + 6575 cos(6, — 65)
v = 051 sin(B') + 655 sin(6°, —
dy . d3 are the same as before impact

vEEdY = 201071 cos(B) + ri0i 1 cos(B') cos(6, — 02) + 2h103 75 cos (0%, — 65) + 6
— 6

vlhds = =071 sin(B') 4 r§fF 1 sin(8') sin(6S, — 03) + €655 sin (65, — 65)

)5 (r5)? cos? (6%, — 6)

(r5)? sin?(0, — 65)

(h 01n)body2 = IG20+ + mal’'[2hy cos(B') + r5 cos(—02 + 05, + B') + & sin(B’ )]0+
+ mar;[2hy cos(02 — 05,) + &' sin(0; — 605,) + )03

System

(h1n) system = {To1 + mal'[rS cos(8; — 05, — B') + 2hy cos(B') + &' sin(B')]}6;
+ {Ig2 + m2r§[2h1 cos(62 — 002) + &' sin(6, — 002)]}9"'
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About O2° before impact (1a)

Body 2

(hooeJbody2 = ey + ma(vinpdy + vy d3)

T— y— :
Uiy 5 Vg are the same as previously

dy =15 cos(05% — 0s)

d3 = r5sin(05, — 65)

Vg dy = éflrg cos(B) cos(6S, — 0s) + «92_ (T§)2 0082(922 —6s)
Vg ds = éflrg sin(f) sin(#S, — 0s) + 95 (r5)? sin?(0, — 65)

(Roge)bodyz = [Marsl cos(02 — 05, + ,8)]91_ + Igzé;

About 02°¢ after impact (2b)

Body 2
(héae boays = Teaby + ma(vGhdl + vihds)
vit s are the same as previously
dy , d3 are the same as before impact
vEEdY = 07175 cos (') cos(6S, — Os) + 0 (15)% cos? (65, — 65)
v ds = =05 IS sin(B) sin (65, — 0y) + 05 (rS)? sin? (6, — 65)
(&2 )boayz = [margl cos(82 — 05, — 167 + 15,67
Solution

From the system of equations

(h;)ln)system = (héln)system | < | Blef + A202_ = A10f + AQQS_ - AQ
(hggeJbodyz = (Boge boayz | == | Babfy + Asy = Asby + A65  + A,

And by subtraction:

Bl B2 H— Al A3

( _ ) — ( _ ) o A4Bl - A2B2 H—
A2 A4 L A2 A4

o7 oF = 1L 2729 0 = A7
1 — 1 A1A4 _ A2A3 1 = 1 1

From first equation

B . . A .. . B Ao . .
A—;el + 6, :A—;Ael 16 = 8;:(A—;—AA—;)91 +6; = 6} = B67 +6;
in which A B — A.B B 4
A AT T 22 B=_L_ p2L
A1A4—A2A3 ’ A2 A2
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where

Ay = Io1 + mal'[r§ cos(f — 05 — ') + 2hy cos(f') + & sin(5)]

Ay =I5y + mar§[2hy cos(By — 05) + &' sin(By — 65,)]

Az = marsl' cos(6y — 65 — 8')

Ay = 182

By = Io1 — 2mb} + mal[rs cos(By — 0%, + B) + 2hy cos(B) — &' sin(B)]
By = myr§lcos(fy — 05 + )

Mode 1la — 2a
About O1°¢ before impact (1a)

The angular momentum of the system:

(h516)system = (h516>b0dy1 + (h516)body2

Body 1
(horebodyr = a1y + myvgydy
v&lzéfrl , dy =1
(h(_nc)bodyl = 10191_
Body 2
(hore bodye = La2by + ma(vind + visds)
For 6, = 0,:

ve5 = 07 Lcos(6 — B) + 0575 cos(65, — 65)
vy = —O7Lsin(6) — B) + ;5 sin(605, — 02)

dy = d°cos(¢ — 61)
d3 = d°sin(¢° — 6,)

Vi ds = éfldc cos(fy — ) cos(CC — 61) + égrgdc cos(05y — 05) cos(C — 61)
vy ds = —071d°sin(fy — B) sin(CC — 6;) + 05 75d° sin(6S, — ) sin(¢° — 6y)

(Ro1c)body2 = Igzéz_ + myld®cos(0, — B + (¢ — 01)9; + morsd© cos(0S, — 0 — C° + 01)92_
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3.1. FROM MODE 1A

System

(ho1c) system = {Io1 + mald® cos({° — ﬂ)}@ + {Ig2 + mar;d©cos(¢° — 6 2)}0_

About O1°¢ after impact (2a)

The angular momentum of the system:

Yy
Ui d

(hglc)system = (hJ(516>body1 + (hglc)bodw

Body 1
(hé1e)voayt = Iy + myvgydf
vey =0fr . df =mn
(hgln)bodyl = IOléiF
Body 2
(h1Jbotyz = 283 + ma(vg5dy + vé3ds)
For 6, = 6,:
Vs = 051 cos(B — 61) + 05 5 cos(67 + 65)
vl = 01 sin(B' — 60,) — 05y sin(07 + 65)
dy ., d% are the same as before impact

= 0, 1'd° cos(B' — 0y) cos(C¢ — 61) + 05 r3d° cos (A% + ;) cos(C° — 6y)

Vb ds = 0y 1'dsin(B' — 0,) sin(C¢ — 6y) — 05 ridesin(07% + 65) sin(C° — 6;)

(hgp)bodyz = IG245.’§Ir + ml’'d® cos (6,

System

(h’glc)system = {I01 + myl'd® COS(C

— B)}Y6F + {Iz 4+ maride cos(87, + C°)}63

— B — ¢° — 0,)6F + marnde cos(87, + 0y + C° — 0,)6;
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About O2" before impact (1a)

Body 2

(h52n>body2 = IG29 + m2(7}02d UGQ 2 ds)

T— y— :
Uiy 5 Vg are the same as previously

dy = ry cos(0%, + 6)
dy = rysin(0% + 05)

Vg dy = éflrg cos(0; — f3) cos(0, + 02) + 9 rory cos(0oy — 0s) cos(0, + 02)
Vg ds = —éflrg sin(f; — ) sin(6%, + 0s) + 0 rsry sin(05, — 0,) sin(0%, + 65)

(Ro2n)bodyz = Marylcos(07, + 6)9 + {Ig2 + mar;ry cos(65, + 6. )}9_

About O2" after impact (2a)

Body 2
(Aéan Jboayz = Taaly + ma(vihdy — vihds)
vit s are the same as previously
dy , dj are the same as before impact
vEEdY = 051 cos(B — 0y) cos(67 + 05) + 05 ()2 cos? (67 + 65)
vhhds = 05 I sin(B — 0y) sin(67, + 6) — 65 (r3)? sin?(67, + 65)
(han)boay2 = maril’ cos(07, + B0 + 15,67
Solution

From the system of equations

(hore)system = (hie)system | <= | Bi0y + Balfly = A0 + Az + Ay
(hognJbodyz = (hdg vy | <= | Bsby + By = Asby + As6F <+ A,

And by subtraction:

By Bs

B By By, A Aj
Ay Ay

( )9 (_ A4Bl — A2B3 - A4B2 — AQB4 .
Ay A Ay Ay

i

2,0 A Ay — AsAs b A A — Ay Ag 2

2V = 0 =

= 0 = Aé7 + Bé;
Similarly but the 2 equations are divided by A; and Aj respectively:

ABBl - AlBS 0'_
A2A3 - A1A4 ! A2A3 - A1A4

: A3By — ABy . : .
b7 = 72 1TR)y = 6 = Cé; + Dé;
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in which
A— A4B1 — A2B3 B— A4B2 — AQB4
A Ay — AsAs A1Ay — AyAs
= AgBl — AlBg D— A3B2 — A1B4
AsAs — AJ A, AyAg — A1 Ay
where
Ay = Ioy + mol'd®cos(¢CC— ') By = Iy + mald® cos(¢¢ — B)
Ay = Igo + moryd® cos(0 + ) By = Igo + marsd® cos(C¢ — 65)
Az = moril' cos(00, + 3') Bz = marjlcos(0% + )
Ay =15, By = Iz + marjry cos(07, + 055)

If 05 > 0; then transition to 3a occurs with 6 = 6;

Mode 1a — 3a

About O1°¢ before impact (1a)
The angular momentum of the system is the same as previously:
System

(ho1c)system = {Lo1 + mald® cos({° — ,8)}91_ + {Ig2 + mar5d€© cos(¢C — 0§2)}é;

About O1°¢ after impact (3a)
System

(h$1c)system = I(c)éf—

Solution
From equation

(hore)system = (hbre)system = Bifly + Bobly = 1501

To1 +mald®cos(CC — B) ,_ Iaa + marsd® cos(C° — 05,)

0 =6 = i or + 7 0y
O o
. . B . B, .
= 6f =6f = 67 + 267
IO IO
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Nikolaos Drosos 3.2. FROM MODE 1B

3.2 From mode 1b

Mode 1b — 2a

From “symmetry’ of modes, the same analysis (1a to 2b) also holds with the opposite sign for
angle 0y and opposite c,n attributes.

6F = Aé;
6 = BO7 + 6

in which
B A4Bl — AQBQ Bl Al

A=Aa A 0 BTa, A%

where
Ay = Io1 + mal'[ry cos(—0y — 0% — ') + 2hy cos(f’) + & sin(5)]
Ay = I3y + mary[2hy cos(—0y — 0) + & sin(—0y — 0%)]
Az = morjl' cos(—6y — 01 — ')
Ay =15,
By = Io1 — 2myb3 + mol[ry cos(—0y — 0% + B) + 2hy cos(B) — & sin(B)]

By = marylcos(—0s — 07 + )

Mode 1b — 2b

From ’symmetry’ of modes, the same analysis (1a to 2a) also holds with the opposite sign for
angle 05 and opposite c,n attributes.

6} = A67 + BO;
6; = CO7 + Dé;

in which
A — A4Bl — Ang B— A4BQ — AQB4
A A - AyAs CALAL — Ay Az
C— AgBl — AlBg D— AgBQ — AlB4
A A — AJA, A A — A A
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where
Ay = Ioy +mol'd" cos(C" — ), By = Io1 + mold" cos((" — f3)
Ay = Igo + mor§d™ cos(0%, +C") By = Igz + maryd™ cos(¢" — 075)
As = myril’ cos(05, + ), Bs = myrjl cos(05, + )
Ay =15y = Igy +ma(r§)* By = Iy + marsry cos(0%, + 07%)

If 5 < 67 then transition to 3b occurs with 6} = 4;

Mode 1b — 3b
. : Bi. B,y._
S RS T
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3.3 From mode 2a

Mode 2a — 1b
About O1" before impact (2a)

The angular momentum of the system:

(ho1n)system = (hoin Jbodyr + (hoin Jbody2

Body 1
(hornYboayt = Ie1fy + mavg,dy
Vg1 = éfrl
’f’2
O U N e W
€ r1 b 1 e n r1
by
2 _ op2 | )
(ho1n)bodyr = (Ie1 + mlrl%)ef = (Io1 — 2m,b7)67
1
Body 2
(hor Jbodyz = Lol + ma(viydy — viyd5)
For 6, = 0:

Vg = éfl’ cos(f") + «957“3 cos (0%, + 05)
vYy = 071 sin(B') — 675 sin(67 + 65)

dy = 2hy + ri cos(0%, + 65)
d5 =&+ rysin(0 + o)

Vi dy = 2h19fl’ cos(B') + rg‘@fl’ cos(') cos(0 + 07) + 2h195r§ cos(0% + 05) + 95(7”3)2 cos? (0% + 6)
v ds = €071 sin(B') + 567 1 sin(B') sin(67 + 6) — 0775 sin(A% + 65) — 65 (r3)? sin® (87, + 65)

(ho1n)bodyz = I205 + mal’[2hy cos(B') + 77 cos(B’ + 07, + 05) — & sin(3')]10]
+ mary[2hy cos(0; + 07,) + Esin(0, + 07,) + 765

System
(hoin)system = {To1—2myb%+mul'[r7 cos(02+ 07,4 3') +2h, cos(B') — & sin(8')] 167

+ {I3, + mary[2hy cos(02 + 07%) + £ sin(02 + 07,)]}65
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About O1" after impact (1b)

The angular momentum of the system:

(A1) system = (Bin Joodyn + (hS1n )boay2

Body 1
(A1 Jwodyt = T + mavéydf
Ve :éfrl , di =1
(hgln)bodyl - IOléiF
Body 2
(hé1n Jboayz = Taaly + ma(vEhdy — vihds)
For 6, = 0:
v = Ofl cos(f3) + 6’;“7“;‘ cos (6%, + 05)
vl = —0FIsin(B) — 05 r} sin(67, + 6,)
dy . d3 are the same as before impact

vEEdY = 201071 cos(B) + 301 cos(B) cos(07 + 03) 4 2k 0515 cos(07, + 05) + 05 (r3)? cos (67, + 65)
v ds = —€0F 1sin(B) — r30F Isin(B) sin(07, + 0) — E6F 3 sin(0% 4 0,) — 65 (r3)? sin® (07, + 6,)

(hd1n)body2 = Ta203 + mol[2hy cos(B) + 1y cos(—0; — 07, + B) + & sin(8)]67
+ myry[2hy cos(8; + 07,) + £sin(02 4 07,) + 205

System

(h&in)system = {Io1 + mal[ry cos(0z + 02, — B) + 2hy cos(B) + £ sin(B)]}67
+ {I2, 4+ mar?[2h, cos(0z + 07) + £sin(0, + 07)]}0F
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About O2" before impact (2a)

Body 2

(h52n>body2 IG29 + m2(”c12d UGQ 2d3)

T— y— :
Uiy 5 Vg are the same as previously

dy = ry cos(0%, + 6)
dy = rysin(0%, + 05)

Ui dy = 9 I'ry cos(B') cos(07y + 02) + 9._(7”721)2 5°(0% + 02)
vl dd = 07Uy sin(B') sin(07, + 65) — 05 (r3)? sin?(67 + 65)

(hogn)body2 = [m2'r2l cos(02 + 0, + B )]9 Iczéz_

About 02" after impact (1b)

Body 2
(Pdan oy = Laal3 +ma(vEhdy — v d3)
vit s are the same as previously
dy , dj are the same as before impact
vEEdY = 071y cos(B) cos(07 + 05) + 05 (r3)? cos (07 + 65)
v ds = =07 1ry sin(B) sin(07 + 62) — 05 (r3)? sin®(07% + 65)
(hgzn)bodw = [marylcos(6: + 67, — 5)]‘9;_ + Igzé;
Solution

From the system of equations

(h;)ln)system = (héln)system | < | Blef + A202_ = A10f + AQQS_ - AQ
(hogn body2 = (hbgnbodyz | <= | Bzéf + A495 = Aséf + 1449‘2+ + Ay

And by subtraction:

Bl B2 H— Al A3

( _ ) . ( A4Bl — AQBQ
A2 A4 L AQ A4

of — Of="—"-
) ! A1A4 — A2A3

0r = 6 = Aé7

From first equation

Bi. . A .. : B A, : . .
A—;91‘+9;:A—;A91‘+0; — 0f = (A—;—AAQ)O +0; = 6F =B67 +6;
in which AB — AB B, A
A = Aab1 = Aabo p_ o4
A1A4—A2A3 ’ A2 A2
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where

Ay = Io1 + mol[ry cos(by + 0% — 5) + 2hy cos(B) + £ sin(p)]

Ay = I}y + mary[2hy cos(fz + 07%) + Esin(fz + 07)]

As = marylcos(Os + 00 — )

Ay =15,

By = Io1 — 2myb3 + mol'[r} cos(fy + 07 + B') + 2hy cos(B') — Esin(B)]
By = marjl' cos(By + 07 + ')

Mode 2a — 1la
About O1°¢ before impact (2a)

The angular momentum of the system:

(h516)system = (h516>b0dy1 + (h516)body2

Body 1
(horebodyr = a1y + myvgydy
v&lzéfrl , dy =1
(h(_nc)bodyl = 10191_
Body 2
(hore bodye = La2by + ma(vind + visds)
For 6, = 0,:

ve5 = 071 cos(B — 1) + 0575 cos(67 + 65)
vy = 071 sin(B' — 6;) — 0575 sin(67, + 65)

dy = d°cos(¢ — 61)
d5 = d°sin(¢° — 6,)

Vi ds = éfl’dc cos(' — 0;) cos(C — 6y) + égrgdc cos(0% + 6s) cos(C¢ — 6y)
vy ds = 07 1d°sin(B' — 0;) sin(C — 61) — 05 rid® sin(A% + 6,) sin(¢° — 6y)

(Ro1c)body2 = Igzéz_ + mpl'd® cos(B — 6; — ¢° + 01)91_ + maryd® cos(07, + 02 + (¢ — 91)92_
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System

(hoye)system = {To1 + mal'd® cos(¢¢ — B) Y07 + {Igz + maride® cos(¢® + 07)}65

About O1°¢ after impact (1a)

The angular momentum of the system:

(hglc)system = (hJ(516>body1 + (hglc)bodw

Body 1
(hé1e)voayt = Iy + myvgydf
vey =0fr . df =mn
(hgln)bodyl = IOléiF
Body 2
(h1Jbotyz = 283 + ma(vg5dy + vé3ds)
For 6, = 6,:
vEh = 051 cos(6 — B) + 0575 cos(65, — 65)
vl = —0F1sin(0, — B) + 0575 sin(6S, — 6,)
dy . d% are the same as before impact

Ué;dg = éfldc cos(bh — ) cos(C¢ — 01) + 9§r§dc cos(6S, — 05) cos(C¢ — 0y)
Vb ds = —0F1d°sin(0), — B) sin(C° — 6) + 03 r5d° sin(6S, — 0,) sin(¢C — 6;)

(hy1e)bodyz = L2085 + mald® cos(0; — B + ¢° — 01)0F + marSd® cos(65, — 0, — ¢ + 6,)0F

System

(hgv)system = {Ip1 + m2ld® cos(¢° — ﬂ)}@f + {Ig2 + maryd© cos(¢° — 922)}0;
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About O2° before impact (2a)

Body 2

(hoge Jvoay2 = Iaaby + ma(viqdh + viyds)

T— y— :
Uiy 5 Vg are the same as previously

dy = 15 cos(05 — 0s)
d3 = r5sin(05, — 65)

v dy = 07175 cos(B' — 01) cos(65, — 0) + By 757 cos (8 + 02) cos (8, — 65)
vl ds = 075 sin(B — 6y) sin(6S, — 05) — O r5ry sin(67, + 65) sin(6S, — 6,)

(hoge)body2 = mzrgl’ cos(0:, — B’)é + {Ig2 + mariry cos(65, + 6. )}9_

About O2°¢ after impact (1a)

Body 2
(Bdoe oy = Tantly + mo(vigds + vl d3)
vit ,  vis are the same as previously
dy , di are the same as before impact
vEEdY = 07115 cos (0 — ) cos(65, — 05) + 65 (15)? cos? (65, — 65)
vl ds = =0 1rssin(6) — B) sin(60%, — 0y) + 0 (rS)? sin? (65, — 6y)
(hdae)boays = marsl cos(0%, — B)6F + 15,07
Solution

From the system of equations

(hore)system = (hie)system | <= | Bi0y + Balfly = A0 + Az + Ay
(hooeJbodyz = (BdoeJboayr | <= | Bsli + Baly = A0 + A6+ A,

And by subtraction:

By Bs

2 By By, A Aj
Ay Ay

( )9 (_ A4Bl — A2B3 - A4B2 — AQB4 .
Ay A Ay Ay

i

2,0 A Ay — AsAs b A A — Ay Ag 2

2V = 0 =

= 0 = Aé7 + Bé;
Similarly but the 2 equations are divided by A; and Aj respectively:

ABBl - AlBS 0'_
A2A3 - A1A4 ! A2A3 - A1A4

AgBQ - AlB4 :

0F = by = 6Ff =cCé; + Dé;
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in which
A= A4B1 — A2B3 B— A4B2 — AQB4
A Ay — AAs CALAL — Ay Az
O — AgBl — AlBg D— A3B2 — A1B4
A Ay — AJA, A A — AL A
where
Ay = Ip1 +mold®cos((° — B) By = 1oy + mal'd® cos(¢ — ')
Ay = Igo + morsd©cos((C —65,) By = Igo + marid® cos(C + 0%)
As = morl cos(@fjg - 5) ) B3 = szgl/ COS(HEQ - 5/)
Ay =15, By = Iz + morgry cos(0g, + 65)

If 05 < 0; then transition to 3a occurs with 6 = 6;

Mode 2a — 3a

About O1°¢ before impact (2a)
The angular momentum of the system is the same as previously:
System

(Rore) system = {Io1 + mal'd® cos(¢¢ — ,3')}0'1_ + {Ig2 + maryd°cos(¢® + 07, }02_

About O1°¢ after impact (3a)
System

(h$1c)system = I(c)éf—

Solution
From equation

(hore)system = (hbre)system = Bifly + Bobly = 1501

Io1 + mol'dcos(CC — ') - Igo + maorid© cos(CC + 07%)

0 =6 = I or + i 0y
O O
: .. By. By
= 9f=92+21—0191_+1—:92_
(0 o
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3.4 From mode 2b

Mode 2b — 1a

From “symmetry’ of modes, the same analysis (2a to 1b) also holds with the opposite sign for
angle 0y and opposite c,n attributes.

6} = Aé;
6F = BT + 65
in which

. A4Bl — AQBQ Bl Al

A= —- = = =
A1A4 — A2A3 ’ AQ A2

where
Ay = o1 + myl[r§ cos(—02 + 075 — 8) + 2k cos(B) + £ sin(S)]
Ay = 15 + mars[2hy cos(—0y + 05,) + £ sin(—0, + 05,)]
A3 = mars§lcos(—0s + 05, — )
Ay = I(C)2
By = Io1 — 2myb? + mul'[r§ cos(—0y + 0, + ') + 2hy cos(B') — Esin(B')]

By = maril' cos(—0y + 05 + ')

Mode 2b — 1b

From “symmetry’ of modes, the same analysis (2a to 1a) also holds with the opposite sign for
angle 0y and opposite c,n attributes.

6} = A67 + BO;
6; = CO7 + Dé;

in which
A= A4Bl — Ang B— A4BQ — AQB4
A A - AyAs CALAL — Ay Az
C— AgBl — AlBg D— AgBQ — AlB4
A A — AJA, A A — A A
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3.4. FROM MODE 2B

where

Al = [Ol + mgld" COS(Cﬂ — 6) s

Ay = Igo + moryd™ cos(C" — 0)

Az = marylcos(6h, — )

Ay =1Ip,

I

Y

Bl = 101 + mgl'd” COS(C” — ﬁ/)
By = Igy + marid™ cos(C" + 0,)
Bz = marjl' cos(0% — ')

By = Iga 4 margry cos(b5, 4 075)

If 5 > 67 then transition to 3b occurs with 6} = 4;

Mode 2b — 3b

B,

0+

n 1
IO

B, .
_202—
I
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3.5 From mode 3a

Mode 3a — 1b
About O1" before impact (3a)

The angular momentum of the system is the same as the one from transition la to 2b with
0y =0 and 0] =05

(hopn)system = {Io1 — 2m1bf + mal[r§ cos(—605 + B) + 2hy cos(B) — & sin(5)]
+ 5o + mary[2hy cos(—0,) + 3 sin(—@ﬁz)]}éf

(h’aln)system = (B1 + A2)10_>2b0.1_ — B, = (Bl + Az)la—>2b

About O1" after impact (1b)

The angular momentum of the system is the same as the one from transition 2a to 1b with
92 - O

(hdin)system = {Io1 + mal[ry cos(0%% — B) + 2hy cos(B) + & sin(3)] 105
+ {13y + mary[2hy cos(67) + §sin(922)]}9;

+ _ 2a—1bp+ 2a—1bp+ _ 2a—1b _ 2a—1b
(hiin)system = A2 4 A20210GF A = A? , Ay = A

About O2" before impact (3a)

Body 2

The angular momentum of body2 is the same as the one from transition la to 2a with 9; = 9;
(hggn Jbodyz = {marilcos(0% + B) + Iaa + marsry cos(thetal, + thetal,) }0;

(h(_)2n)system = (B3 + B4)1a_>2a0.1_ — B, = (B3 4 B4)1a—>2a

About 02" after impact (1b)

Body 2

The angular momentum of body?2 is the same as the one from transition 2a to 1b with 6, =0
(han ooty = [marsl cos(8g, — BN + 15,65

2 1bA 2 1bA 2 1b 2 1b
(h'gzn)system == A3a_> eii_ + 144(1_> 0;_ — A3 = A3a_) , A4 = A4a_>

Solution

From the system of equations

(houn)system = (Bin)system | <= | Biby = A0 + Ax05  + A,
(hoon)vody2 = (BdonJboaye | <= | Doy = As0f + Aufy  + A,
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And by subtraction:

B, By ;_ A As : AyBy — AsBy : .
(A2 A4> 1 <A2 A4) 1 <~ 1 A1A4—A2A3 1 = 1 1
From first equation
Bl . Al . . . B1 Al . . .
—07 =—A0 0F 0 = (= — A=) 0+ = BO
A, 4,00 +0, < 2 (A2 Ag) 1 = 2 1
in which B AB B A
g A= AB o, B A
A1A4 — A2A3 ’ A2 A2

If 65 > 67 then transition to 3b occurs with 6 = 4;

Mode 3a — 3b

About O1" before impact (3a)
The angular momentum of the system is the same as previously:
System

(halc ) system — Bl 01_

About O1" after impact (3b)
System

(hé1e)system = 1507

Solution
From equation

(hore)system = (hre)system = Buby = I560f

. . B .
= Of =6f = _ 67
15
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3.6 From mode 3b

Mode 3b — 1a

From ‘symmetry’ of modes, the same analysis (3a to 1b) also holds with the opposite c¢,n at-
tributes.

07 = A6y
05 = BO;
where:

Ay = A%2le 4, = pBa
Ay = AZ=la 4, = A%l
By = (B + Ag)"" %
By = (By + By)l=2

If 65 < 67 then transition to 3a occurs with 6 = 6]

Mode 3b — 3a

From ’symmetry’ of modes, the same analysis (3a to 3b) also holds with the opposite c¢,n at-
tributes.
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3.7 From mode 4a

Mode 4a — 1b
About O1" before impact (4a)

The angular momentum of the system is the same as the one from transition la to 2b with
0 =0and ;] =0

(h(;ln)system = {182 + m2r§[2h1 cos(—@é) + ¢ Sin(_0§2)]}‘92_

_ _ la—2bAH— . la—2b
(h01n)system - Az 02 — B = Az

About O1" after impact (1b)

The angular momentum of the system is the same as the one from transition 2a to 1b with
62 - O

(hgln)system = {Io1 + mal[ry cos(0z — B) + 2hy cos(B) + fsm(ﬂ)]}ef
+ {182 + mary [2hy cos(6r,) + 55111(9?2)]}9;

2 16 2 16 2 1b 2 1b
(hin)system = A297100F + A20=109F 5 A = A0 A, = A2

About O2" before impact (4a)

Body 2

The angular momentum of body2 is the same as the one from transition la to 2a with 9; =0
(hogn )body2 = {Lg2 + marsry cos(thetal, + thetag)}ég

- la—2a— la—2
(hozn)body2 = B4a_> a02 — B = B4a_) *

About O2" after impact (1b)

Body 2

The angular momentum of body?2 is the same as the one from transition 2a to 1b with 6, =0
(hon Jboay2 = [marylcos(0 — ﬁ)]ef + [82‘9;

+ 2 164 2 1b 4 2 1b 2 1b
(h02'ﬂ)body2 - A3a_> 01" + A4a_> 0;_ — A3 = A3a_> , A4 = A4a_>

Solution

From the system of equations

(hoa)system = (Bin)system | <= | By = A0 + Ax05  + A,
(h(_)2")50dy2 = (hézn)bodyZ | <~ | 3292_ == Agef + A40§_ - A4
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3.7. FROM MODE 4A

And by subtraction:

By By, Ay Az
— = 50, = (— — =)0
(A2 A4> 2 <A2 A4) 1
From first equation
B, . A, . . .
A—:eg = A—:Aeg +0f — 6f =
in which
A - AyB1 — Ay B
A AL — Ay A,

If 67 > 0 then transition to 4b occurs

Mode 4a — 4b
About 02" before impact (4a)

o

AyBy — A3B; o .\
= - & = A
A, A2A392 = 0] 0,
B, A . e s
(A—2 AA—2)02 0, = B0,
B1 Al
B=—-—-A—
’ Ao Ao

The angular momentum of body 2 is the same as previously:

Body 2

(h(_)zn)body2 = B2éz_

About 02" after impact (4b)
System

(hgzn)bodw = Igzej

Solution
From equation

(hoon Jbody2 = (Aon Jbody2

= 6f=-""6
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3.8 From mode 4b

Mode 4b — 1a

From ’‘symmetry’ of modes, the same analysis (4a to 1b) also holds with the opposite c¢,n at-
tributes.

07 = A6y
05 = BO;
where:
A= ABola g, = g2l
Ay = A%ole g, = A2ole
B; = Al

16—2b

If 6] < 0 then transition to 4a occurs

Mode 4b — 4a

From ’symmetry’ of modes, the same analysis (4a to 4b) also holds with the opposite c,n at-
tributes.
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Chapter 4

Numerical Solution

4.1 Structure of the Program

The equations of motion for all modes, which were derived in chapter 1, are nonlinear and in
order to approximate the solution, a numerical method should be applied. For that purpose,
a computer program was developed in Matlab. The program takes account large angles of

rotation, impact and any kind of base excitation.

Integration of the equations of motion was achieved using standard ODE solver which is
provided by Matlab. Specifically, ODE45 was selected for its ability to solve differential equa-
tions which involve a variable mass matrix dependent on time M (t,y)y’ = f(t,y). In addition,
it can locate where the impact occurs with accuracy of £107*rad. The time step is variable
and defined by the solver, so as to not lose any data from the record/excitation, a maximum
step size is defined by the user. In this analysis a max step size of dt/2 is used (dt=step size
of the record). The solver is based on an explicit Runge-Kutta (4,5) formula, the Dormand-
Prince pair. It is a single-step solver — in computing y(¢,), it needs only the solution at the

immediately preceding time point, y(t,—1) [15].

Since the problem is solved numerically, some tolerances have to be accepted. For the angles
of rotation, the tolerance, for 6; = 0 or for 6 — 6; = 0 is, as mentioned, +107'8rad. For the
angular velocities the tolerance is +10®rad/sec (6, = 0,0, — 6; = 0) and applies after every
impact.
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4.2 Applications
4.2.1 System Configuration
In the following examples, a system of a statue and a pedestal was considered.

The statue (figure 4.1) is defined as:
e symmetric with b5 = b5 = 0.109m
e asymmetric with 05 = 0.092556m and b5 = 0.12545m

In both cases hy = 0.38604m, my = 0.11803Mgr, Ig = 0.0059383M grm?.

The pedestal is defined with 2b; = 0.45m, 2h; = 1.01m.

The bodies were assumed homogeneous of equal material densities p; = po = 2.5Mgr/m3.

Figure 4.1: Bust of Roman Emperor Traiano.
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4.2.2 Free Vibration Response

Free “vibration” or free rocking of the system is initiated by rotating the system through an
initial angular displacement, for example 6y, = 0y = 0, releasing it and letting the system
rock back and forth about alternative corners until the motion decays to rest.

Upper bod
0.150 PP \ y \
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Asymmetric
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0.050 - / | q

\‘\ / /\\

0.000 , \ /r“‘ \ / \\ ///\\\/ /\/ /\/\/\NWM_,,,
. \ / \ f \ / /

\\ c/ \\ ’ ‘ ’
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Lower body
0.020 T T
—— Symmetric
Asymmetric
0.015 | a
0.010 - a
=)
IS
<= 0.005 a
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R
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Figure 4.2: Comparison between symmetric and asymmetric upper body with initial tilt equal
to 0.02 rad.

Presented in Figure 4.2 are results for 6y, = 6y = 0.02rad and zero initial angular
velocities. It can be observed that the angles of rotation of the two bodies are decaying in an
oscillatory manner with that of lower body decreasing at faster rate. The maximum angle 65
exceeds the initial one by a large margin and notably for the asymmetric case.
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4.2.3 Response to Pulses
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Figure 4.3: Sine pulse with amplitude 0.5g and period 0.2sec.

In Figure 4.3 a sine pulse is applied on the system with one period T=0.2sec and amplitude
A=0.5g. As it can be seen, the lower body is rocking in smaller angles and there is not a
significant difference between symmetric and asymmetric case, relatively to the upper one.
Again the asymmetric one seems to rocking in larger positive angles by the right side.
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Figure 4.4: Ricker pulse with amplitude 1.2g and peak frequency 5Hz.

In Figure 4.4 a ricker pulse is applied on the system with a peak frequency of f=5Hz and
amplitude A=1.2g. Unlike the sine pulse, the symmetric one seems to rocking in larger overall
angles and for a little longer. That can be concluded due to the larger positive acceleration
which forces the system to rock in the left side for the most part (03 mmetric < Drasymmetric)-
Again not significant difference for the lower one.
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4.2. APPLICATIONS

4.2.4 Response to Seismic Excitation
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Figure 4.5: Accelerogram from the Syntagma, PGA=4.19m/s?, earthquake.
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Figure 4.6: Response of the system to the Syntagma seismic record.

In Figure 4.6 an earthquake Figure 4.5 is applied on the system and is focused when motion
initiates and ends. In that response, it is noticed that the symmetric approach is more unfa-
vorable in both bodies, as the angles are larger and the rocking duration is at least 2 seconds
greater. In contrast with the ricker pulse, the complexity of the seismic excitation cannot let
the quantitative results to be predicted. Finally, the system comes to rest before the end of the

earthquake record.
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4.2.5 Comparison with Experiments

The experimental results were acquired by placing a pedestal on the seismic table and a statue
on top of the pedestal with the exact same parameters (asymmetric case) that are examined
here and then a seismic excitation was applied on the table.
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Figure 4.7: Accelerogram from the Emilia, PGA=4.28m/s?, earthquake.
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Figure 4.8: Response to the Emilia record (PGA=4.28m/s?) compared with experimental re-
sults.

In Figure 4.8, an earthquake Figure 4.7 is applied on the system and is focused when
motion initiates and ends. It can be observed that the analytical against the experimental
results, do not differ significantly, given that the angles are relatively small and the analytical
results are based on a 2D approach which does not take into account nor the sliding and uplift,
neither the proper restitution factor during the impact.
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Figure 4.9: Accelerogram from the Emilia, PGA=4.20m/s?, earthquake.
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Figure 4.10: Response to the Emilia record (PGA=4.20m/s*) compared with experimental
results.

In Figure 4.10 the same record with a slightly smaller PGA, Figure 4.9, was applied on
the system and is focused when motion initiates and ends. Counterintuitively, compared with
Figure 4.8, it is noticed that the upper-body’s response, consists of greater angles and duration
in both cases (analytical /experimental). The same holds for the lower one but only in analytical
results. Additionally, for larger overall values, it seems that the difference between analytical
and experimental results expands, as more nonlinear phenomena take place.
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Chapter 5
Conclusions

The dynamic behavior of systems consisting of a rigid pedestal and an artefact, has been
discussed. Being placed on the top of the pedestal, the artefact was considered either symmetric
or asymmetric. Sliding and possible jumps of the bodies are neglected and four possible modes
of pure rocking motion are assumed. Particularly for the asymmetric upper body, each mode
is divided into two subcases, according to the sign of the angles of rotation and according to
the critical or non-critical geometrical parameters, resulting to 2X8 equations of motions.

This analysis aims to examine the performance of equivalent solutions reducing the required
computational cost, compared to a detailed Finite Element solution. Furthermore, concerning
the energy dissipation and considering that it takes place when impacts occur, it is more efficient
and safer to introduce it using “home-made” codes than viscous/continuous dampers that FE
software use.

It should be emphasized that the behavior of the system is highly nonlinear and small
changes in input or geometry may yield large changes in system response. Therefore, the
quantitative results obtained in the application examples cannot be generalized.

Due to energy loss, sudden changes in angular velocities are observed in the results, while
for the adequacy of the results, energy redistribution should be further examined in detail by
calculating the kinetic energy of each block before and after impact.

In case of asymmetric systems, the sign of the record is also critical. Therefore, the two-block
problem is multiparametric and further investigation is required.

Even if the rocking equations are taking into account large rotations, in this case more
phenomena such as sliding, are likely to take place and should also be evaluated as for example
in Kounadis (2018)[9] and Andreaus & Casini (1998)[0].

Nevertheless, the analysis is accurate enough to determine the possibility of overturn as long
as the bodies and foundation are rigid and the contact between bodies and ground provides
adequate friction. As it was proved, the effort to include the asymmetric case in the two-block
problem was necessary in order to get more accurate results for a real problem which is about

the preservation of archaeological remains.
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