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Περίληψη

Η παρούσα διπλωματική εργασία έχει ως αντικείμενο την ανάπτυξη ενός αλγορίθμου
και την δημιουργία ενός προγράμματος στο Matlab που θα επιτρέπει τη προσομοίωση
της διανυσματικής περίθλασηςΗ/Μκυμάτων γύρωαπό ένα ορθογώνιες 2D γεωμετρίες.
Το φαινόμενο της περίθλασης κυμάτων από ένα μικρό άνοιγμα ενός

εμποδίου περιγράφεται σε ένα βαθμό από την βαθμωτή θεωρία της περίθλασης,
στην οποία, για ευκολία, επιλέγεται το πεδίο να είναι μία βαθμωτή συνάρτηση U που
ικανοποιεί το ολοκλήρωμα Fresnel-Kirchhoff. Στη περίπτωση όμως, που δεν θέλουμε
μία εικόνα του πεδίου, αλλά τη πραγματική διανυσματική λύση, τότε χρειά-
ζεται να λυθούν οι εξισώσεις του Maxwell και μέσω αυτών να βρεθεί η διανυσματική
λύση. Η φύση του προβλήματος όμως καθιστά δύσκολη την αναλυτική λύση των εξ.
Maxwell, συνεπώς επιλέγεται η εφαρμογή της αριθμητικής μεθόδου των Πεπερασμένων
Διαφορών στο πεδίο της συχνότητας (FDFD) στο πρόβλημα.

Χρησιμοποιώντας τη μέθοδο FDFD, οι εξισώσεις Maxwell απλοποιούνται σημαντικά,
αλλά για την ύπαρξη μη-τετριμμένης λύσης στο πρόβλημα χρειάζεται ένας μη-ομογενής
όρος (η διέγερση) ο οποίος μπορεί να δωθεί μέσω του αλγόριθμου Total-Field/Scattered-
Field (TF/SF). Ο αλγόριθμος TF/SF βρίσκει εφαρμογές κυρίως σε προβλήματα σκέδασης
Η/Μ κυμάτων σε εμπόδια αυθαίρετης γεωμετρίας, συνεπώς στόχος της εργασίας αυτής
θα αποτελέσει η προσαρμογή του αλγορίθμο TF/SF σε προβλήματα περίθλασης.

Το πεδίο που μπορεί το πρόγραμμα στον υπολογιστή να λύσει, εξαρτάται από το μέγε-
θος του πλέγματος (διακριτού χώρου) που χρησιμοποιείται. Για το μακρινό πεδίο όπου
η προσομοίωση από υπολογιστή είναι πρακτικά αδύνατη, αναλύεται η μέθοδος της
διανυσματικής ανάλυσης του πεδίου σε ένα φάσμα επιπέδων κυμάτων (VPWS), που
μέσω κατάλληλων Fourier ολοκληρωμάτων γίνεται εφικτή η κατασκευή του πεδίου
στη μακρινή περιοχή.

Η μεθοδολογία για την ανάπτυξη τέτοιων προγραμμάτων παρουσιάζεται με αναλυτι-
κό τρόπο, καθώς και αρκετοί μέθοδοι για την αντιμετώπιση ορισμένων προβλημάτω-
ν/περιορισμών της μεθόδου. Τελικά, το πρόγραμμα που αναπτύσσεται αποσκοπεί στη
μελέτη της πραγματικής εικόνας του πεδίου που περιθλαται από το εμπόδιο στο χώρο,
όπως ακριβώς διέπουν οι εξισώσεις Maxwell, ενώ παράλληλα γίνεται σύγκριση των
αποτελεσμάτων αυτών της βαθμωτής θεωρίας.

Λέξεις Κλειδιά: διανυσματική περίθλαση, πεπερασμένες διαφορές, προσομοίωση πε-
ρίθλασης, PML, διανυσματικό φάσμα επιπέδων κυμάτων, TF/SF αλγόριθμος





Abstract

The aim of this dissertation is the development of a program in Matlab that will simulate
the vectorial diffraction of EM waves on rectangular two dimensional slits. Ιn order to
obtain the actual vectorial solution to the problem, one would have to solve Maxwell's
equations. However, due to the nature of the problem, it is impossible to obtain an
analytic solution from Maxwell's equations and therefore, the numerical method of the
finite difference in the frequency domain (FDFD)will be used to solve this problem.

Using the FDFD method, the Maxwell equations are greatly simplified, but in order for
a unique solution to exist we require a non-homogeneous term (excitation), which is
provided by the Total-Field/Scattered-Field (TF/SF) algorithm.The TF/SF algorithm finds
applicationsmainly in problems of scattering EMwaves in devices of arbitrary geometry,
therefore the aim of this work will be that of adjusting this algorithm to problems of
diffraction.

The field that the program can simulate on the computer greatly depends on the size
of the grid (discrete space) that will be used. Consequently, the limited computational
space makes it impossible for the program to calculate a solution in the Far Field. The
method of vector plane wave spectrum (VPWS) is used to tackle this challenge, where
the far field is calculated by applying a Fourier analysis on the solutions obtained by the
program inside the grid.

The methodology for the construction of this program is presented in detail, as well
as several techniques that are necessary for overcoming certain problems/limitations
that arise in such problems. Finally, this program aims at studying the nature of the
vectorially diffracted field exactly as governed by Maxwell's equations, while simultane-
ously comparing the results to the predicted solutions of the scalar theory.

Keywords: Vector diffraction, finite difference, diffraction simulation, PML, vector plane
wave spectrum, TF/SF algorithm
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�J�A�S�A�K�O�C�O�R �R�V�G�L�A�S�X�M �W�J�J

�������� �S�n �o�d�c�^�n �r�s�nz > 0 �o�n�t �c�f�k�h�n�t�p�b�d�^�s�`�h �`�o�{ �k�^�` �i�t�j�h�l�c�p�h�i�] �o�f�b�] �s�n�o�n��
�g�d�s�f�k�\�l�f �o�[�l�x �r�s�n�l �[�m�n�l�`z �r�s�n �r�f�k�d�^�nz1 = � 12:5� 0�� �� �� �� �� �� �� �� �� ������

�������� �G �c�h�[�s�`�m�f �s�n�t �o�p�n�a�j�]�k�`�s�n�q �o�d�p�^�g�j�`�r�f�q �`�o�{ �c�|�n �o�f�b�\�q �i�t�j�h�l�c�p�h�i�}�l
�i�t�k�[�s�x�l�� �G �o�d�p�h�n�v�] �4�' �i�`�j�|�o�s�d�h �i�`�h �s�` �c�|�n �i�\�l�s�p�` �s�x�l �o�f�b�}�l�
 �d�l�} �f
�c�d�m�h�[ �o�j�d�t�p�[ �s�n�t �s�d�s�p�`�o�j�d�|�p�n�t �a�j�\�o�d�h �n�j�{�i�j�f�p�f �s�f �r�v�h�r�k�] �s�n�t �d�k�o�n�c�^�n�t������

�������� �O �v�}�p�n�qz > 0 �c�d�m�h�[ �s�n�t �d�k�o�n�c�^�n�t �b�h�` �s�n �o�p�{�a�j�f�k�` �s�f�q �o�d�p�^�g�j�`�r�f�q
�`�o�{ �c�|�n �o�f�b�\�q �i�t�j�h�l�c�p�h�i�}�l �i�t�k�[�s�x�l�� �O�h �c�|�n �i�|�p�h�d�q �c�h�d�t�g�|�l�r�d�h�q �{�o�n�t
�d�k�u�`�l�^�e�d�s�`�h �f �k�\�b�h�r�s�f �c�h�[�c�n�r�f �s�f�q �d�l�\�p�b�d�h�`�q�
 �d�^�l�`�h �`�t�s�\�q �{�o�n�t �n�h �o�f��
�b�\�qf i

�T�S�D�\�v�n�t�l �`�l�d�k�o�{�c�h�r�s�n �n�o�s�h�i�{ �k�n�l�n�o�[�s�h �	�-�J�O�F �P�G �4�J�H�I�U�
 �k�d �s�n�l �v�}��
�p�n �c�d�m�h�[ �s�n�t �d�k�o�n�c�^�n�t�� �K�{�b�x �s�f�q �o�d�p�^�g�j�`�r�f�q�
 �g�` �\�v�n�t�k�d �r�s�f�l �i�n�l�s�h�l�]
�o�d�p�h�n�v�] �i�`�h �c�d�t�s�d�p�d�|�n�l�s�d�q �j�n�a�n�|�q �`�i�s�h�l�n�a�n�j�^�`�q �n�h �n�o�n�^�n�h �{�r�n �k�d�s�`��
�i�h�l�n�|�k�`�r�s�d �k�`�i�p�|�s�d�p�` �`�o�{ �s�n �d�k�o�{�c�h�n�
 �o�p�n�q �s�f �k�`�i�p�h�l�] �o�d�p�h�n�v�]�
 �g�`
�d�m�`�u�`�l�^�e�n�l�s�`�h �j�{�b�x �i�`�s�`�r�s�p�n�u�h�i�}�l �r�t�k�a�n�j�}�l �k�d �s�` �`�l�`�i�j�}�k�d�l�` �i�|��
�k�`�s�`���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

�������� �O�h �o�d�p�h�n�v�\�q �o�n�t �v�x�p�^�e�n�t�k�d �s�n �o�p�{�a�j�f�k�` �s�f�q �a�`�g�k�x�s�]�q �o�d�p�^�g�j�`�r�f�q�� �S�n
�r�f�k�d�^�n �o�`�p�`�s�]�p�f�r�f�q �d�^�l�`�h �s�nP(x0; z0)�
 �d�l�} �s�n �d�k�o�{�c�h�n �d�^�l�`�h �o�[�l�x �r�s�n�l
�[�m�n�l�x̀ �r�s�nz = 0 �k�d �s�f �r�v�h�r�k�]x0 2 [� h=2; h=2]�� �E�h�i�{�l�` �o�p�n�r�`�p�k�n��
�r�\�l�f �`�o�{ �<�����>���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

������ �S�n �k�h�b�`�c�h�i�{ �o�d�c�^�n �`�l�`�j�|�d�s�`�h �r�d �n�c�d�|�n�l�s�` �i�|�k�`�s�` �s�f�q �e�}�l�f �r�t�v�l�n�s�]��
�s�x�ljkx j < !=c �i�`�h �r�d �`�o�n�r�a�d�l�{�k�d�l�` �i�|�k�`�s�` �r�s�h�q �t�w�f�j�{�s�d�p�d�q �e�}�l�d�q
�r�t�v�l�n�s�]�s�x�l���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

������ �G �c�d�h�b�k�`�s�n�j�f�w�^�`�q �s�f�q �i�`�s�`�l�n�k�]�qf (x) �`�o�{ �s�n �%�'�5 �k�d �a�]�k�`2�=L �� �� �� �� ����

������ �=�r�n �`�t�m�[�l�d�s�`�h �s�n �{�p�h�r�k�` �s�n�t �r�t�l�f�k�h�s�{�l�n�tcos(kx2)�
 �s�n �k�\�p�n�q �d�i�d�^�l�n�t
�o�n�t �r�t�l�d�h�r�u�\�p�d�h �r�s�n �n�j�n�i�j�]�p�x�k�` �s�d�j�h�i�[ �g�` �d�^�l�`�h �d�i�d�^ �{�o�n�t �f �s�`�j�[��
�l�s�x�r�f �o�`�^�p�l�d�h ���o�j�`�s�h�[�� �k�n�p�u�]�
 �i�n�l�s�[ �r�s�nx = 0 �r�s�f �r�t�b�i�d�i�p�h�k�\�l�f
�o�d�p�^�o�s�x�r�f�� �C�h�` �k�^�` �k�h�b�`�c�h�i�] �r�t�l�[�p�s�f�r�f�
 �r�t�l�d�h�r�u�n�p�[ �r�s�n �n�j�n�i�j�]�p�x��
�k�` �g�` �\�v�d�h �s�n �r�f�k�d�^�n �{�o�n�t �f �u�[�r�f �b�^�l�d�s�`�h �r�s�`�g�d�p�]�� �A�r�t�k�o�s�x�s�h�i�[ �b�h�`
k ! 1 �
 �k�{�l�n �s�n �r�s�[�r�h�k�n �r�f�k�d�^�n �g�` �c�^�l�d�h �i�[�o�n�h�` �s�h�k�] �r�s�n �n�j�n�i�j�]�p�x�k�`�

�d�l�} �b�h�` �n�o�n�h�`�c�]�o�n�s�d �[�j�j�`x �s�n �n�j�n�i�j�]�p�x�k�` �d�^�l�`�h �k�f�c�\�l���� �� �� �� �� �� �� ������

������ �A�o�d�h�i�{�l�h�r�f �s�f�q �o�p�n�r�\�b�b�h�r�f�q �s�n�t �k�`�i�p�h�l�n�| �o�d�c�^�n�t�� �:�l�`�q �k�`�i�p�h�l�{�q �o�`��
�p�`�s�f�p�f�s�]�q �a�j�\�o�d�h �k�{�l�n �d�i�d�^�l�n �s�n �d�o�^�o�d�c�n �i�|�k�` �o�n�t �c�h�`�c�^�c�d�s�`�h �k�d �c�h�d�|��
�g�t�l�r�f̂s �o�p�n�q �`�t�s�{�l�
 �d�l�} �s�` �t�o�{�j�n�h�o�` �i�|�k�`�s�` �r�t�k�a�[�j�j�n�t�l �i�`�s�`�r�s�p�n��
�u�h�i�[ �k�d�s�`�m�| �s�n�t�q�� �E�h�i�{�l�` �o�p�n�r�`�p�k�n�r�k�\�l�f �`�o�{�� �<�����>���� �� �� �� �� �� �� �� �� �� ������

������ �G �i�`�s�`�l�n�k�] �s�n�t �o�d�c�^�n�tEy �o�n�t �o�`�^�p�l�n�t�k�d �`�o�{ �s�f�l �o�p�n�r�n�k�n�h�}�r�f �k�d �s�f
�k�\�g�n�c�n �'�%�'�% �	�i�{�i�i�h�l�n�
 �r�d �r�|�b�i�p�h�r�f �k�d �s�f �a�`�g�k�x�s�] �g�d�x�p�^�` �s�n�t �3�B�Z�M�F�J�H�I��
�4�P�N�N�F�S�G�F�M�E �	�k�o�j�F�
 �i�` �k�d �s�f�l �o�p�n�r�\�b�b�h�r�f �'�S�F�T�O�F�M �	�o�n�p�s�n�i�`�j�^�
�� �G �o�d�p�^��
�g�j�`�r�f �\�v�d�h �c�f�k�h�n�t�p�b�f�g�d�^ �`�o�{ �n�p�g�n�b�}�l�h�n �[�l�n�h�b�k�` �c�h�[�r�s�`�r�f�qh = 10
�k�N(� 0 = 1 �k�N)�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

������ �R�|�b�i�p�h�r�f �s�n�t �'�%�'�% �o�d�c�^�n�tEy �k�d �s�` �a�`�g�k�x�s�[ �n�j�n�i�j�f�p�}�k�`�s�`�
 �r�d �`�o�{��
�r�s�`�r�fz = 100 �k�N���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

������ �R�|�b�i�p�h�r�f �s�n�t �'�%�'�% �o�d�c�^�n�tEy �k�d �s�` �a�`�g�k�x�s�[ �n�j�n�i�j�f�p�}�k�`�s�`�
 �r�d �`�o�{��
�r�s�`�r�fz = 1000 �k�N�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
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������ �R�|�b�i�p�h�r�f �s�x�l �o�d�c�^�x�l �o�n�t �o�`�^�p�l�n�t�k�d �`�o�{ �s�f �k�\�g�n�c�n �'�%�'�% �i�`�h �s�n �n��
�j�n�i�j�]�p�x�k�` �3�B�Z�M�F�J�H�I���4�P�N�N�F�S�G�F�M�E �`�o�{ �s�f �o�d�p�^�g�j�`�r�f �i�|�k�`�s�n�q �`�o�{ �k�^�`
�`�i�k�] �r�d �`�o�{�r�s�`�r�fz = 1 �k�N�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

������ �R�|�b�i�p�h�r�f �s�x�l �o�d�c�^�x�l �o�n�t �o�`�^�p�l�n�t�k�d �`�o�{ �s�f �k�\�g�n�c�n �'�%�'�% �i�`�h �s�n �n�j�n��
�i�j�]�p�x�k�` �'�S�F�T�O�F�M �`�o�{ �s�f �o�d�p�^�g�j�`�r�f �i�|�k�`�s�n�q �`�o�{ �k�^�` �`�i�k�] �r�d �`�o�{�r�s�`��
�r�f z = 1 �k�N���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

������ �R�|�b�i�p�h�r�f �s�x�l �o�d�c�^�x�l �o�n�t �o�`�^�p�l�n�t�k�d �`�o�{ �s�f �k�\�g�n�c�n �'�%�'�% �i�`�h �s�n �n��
�j�n�i�j�]�p�x�k�` �3�B�Z�M�F�J�H�I���4�P�N�N�F�S�G�F�M�E �`�o�{ �s�f �o�d�p�^�g�j�`�r�f �i�|�k�`�s�n�q �`�o�{ �k�^�`
�`�i�k�] �r�d �`�o�{�r�s�`�r�fz = 2 �k�N�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

������ �R�|�b�i�p�h�r�f �s�x�l �o�d�c�^�x�l �o�n�t �o�`�^�p�l�n�t�k�d �`�o�{ �s�f �k�\�g�n�c�n �'�%�'�% �i�`�h �s�n �n�j�n��
�i�j�]�p�x�k�` �'�S�F�T�O�F�M �`�o�{ �s�f �o�d�p�^�g�j�`�r�f �i�|�k�`�s�n�q �`�o�{ �k�^�` �`�i�k�] �r�d �`�o�{�r�s�`��
�r�f z = 2 �k�N���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

������ �R�|�b�i�p�h�r�f �s�x�l �o�d�c�^�x�l �o�n�t �o�`�^�p�l�n�t�k�d �`�o�{ �s�f �k�\�g�n�c�n �'�%�'�% �i�`�h �s�` �n�j�n��
�i�j�f�p�}�k�`�s�` �3�B�Z�M�F�J�H�I���4�P�N�N�F�S�G�F�M�E �i�`�h �'�S�F�T�O�F�M �`�o�{ �s�f �o�d�p�^�g�j�`�r�f �i�|�k�`��
�s�n�q �`�o�{ �k�^�` �`�i�k�] �r�d �`�o�{�r�s�`�r�fz = 5 �k�N���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

������ �S�n �i�`�l�n�l�h�i�n�o�n�h�f�k�\�l�n �o�d�c�^�njEy j2 �r�s�n�l �v�}�p�n �c�d�m�h�[ �s�n�t �d�k�o�n�c�^�n�t�� �S�p�h�r��
�c�h�[�r�s�`�s�f �`�o�d�h�i�{�l�h�r�f �s�n�t �c�h�r�c�h�[�r�s�`�s�n�t �o�d�c�^�n�t�
 �{�o�n�t �n �i�[�g�d�s�n�q �[�m�n�l�`�q
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n̂ � [D 2 � D 1] = � n̂ � [E2 � E1] = 0 �	�����������
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p
� 0� 0�
 �n�h

�d�m�h�r�}�r�d�h�q �	�������
 �b�p�[�u�n�l�s�`�h �x�q �d�m�]�q��
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�

@fHy

@z
= k0� xx Ex �	�������������


@Ex
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�
@Ez
@x

= k0� yy
fHy

@fHx

@z
�

@fHz

@x
= k0� yyEy �	�������������


@Ey
@x

�
@Ex
@y

= k0� zz
fHz

@fHy

@x
�

@fHx

@y
= k0� zzEz �	�������������


�) �r�s�`�g�d�p�[k0 �d�m�`�u�`�l�^�e�d�s�`�h �d�|�i�n�j�` �`�l �g�d�x�p�]�r�n�t�k�d �s�n�l �k�d�s�`�r�v�f�k�`�s�h�r�k�{ �s�x�l �i�`�p�s�d��
�r�h�`�l�}�l �r�t�l�s�d�s�`�b�k�\�l�x�l �r�d(x0 = k0x; y0 = k0y; z0 = k0z)��
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�
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fHy
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�
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@x0
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@x0

�
@Ex
@y0

= � zz
fHz

@fHy

@x0
�

@fHx

@y0
= � zzEz �	�������������


�O�h �d�m�h�r�}�r�d�h�q �`�t�s�\�q �`�o�n�s�d�j�n�|�l �s�f �a�[�r�f �s�n�t �r�t�r�s�]�k�`�s�n�q �o�[�l�x �r�s�n �n�o�n�^�n �g�` �d�u�`�p�k�{��
�r�n�t�k�d �s�f �k�\�g�n�c�n �s�x�l �P�d�o�d�p�`�r�k�\�l�x�l �D�h�`�u�n�p�}�l �r�s�n �o�d�c�^�n �s�f�q �r�t�v�l�{�s�f�s�`�q�� �P�p�n�s�n�| �d�o�h��
�v�d�h�p�]�r�n�t�k�d �`�t�s�{ �{�k�x�q�
 �o�p�\�o�d�h �l�` �o�`�p�n�t�r�h�[�r�n�t�k�d �s�n�l �s�p�{�o�n �k�d �s�n�l �n�o�n�^�n �g�` �`�l�s�h�k�d�s�x��
�o�^�r�n�t�k�d �s�n �o�p�{�a�j�f�k�` �s�n�t �o�d�p�h�n�p�h�r�k�\�l�n�t �t�o�n�j�n�b�h�r�s�h�i�n�| �v�}�p�n�t �r�d �k�^�` �o�p�n�r�n�k�n�^�x�r�f
�c�h�[�c�n�r�f�q �G���L �i�t�k�[�s�x�l��
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������ �ö���&������ ������� ��������� ���
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�=�s�`�l �g�\�j�n�t�k�d �l�` �i�[�l�n�t�k�d �i�[�o�n�h�` �o�p�n�r�n�k�n�^�x�r�f �s�n�t �f�j�d�i�s�p�n�k�`�b�l�f�s�h�i�n�| �o�d�c�^�n�t�
 �o�p�\��
�o�d�h �x�q �o�p�}�s�n �a�]�k�` �l�` �n�p�^�r�n�t�k�d �s�n�l �t�o�n�j�n�b�h�r�s�h�i�{ �v�}�p�n �s�n�t �o�p�n�a�j�]�k�`�s�n�qA �� �S�` �G���L
�i�|�k�`�s�` �k�o�n�p�n�|�l �l�` �c�h�`�c�n�g�n�|�l �r�s�n�l �`�\�p�` �r�d �s�d�p�[�r�s�h�d�q �`�o�n�r�s�[�r�d�h�q�
 �x�r�s�{�r�n �d�k�[�q �k�`�q
�d�l�c�h�`�u�\�p�d�h �f �o�p�n�r�n�k�n�^�x�r�f �s�n�t�q �k�{�l�n �k�\�r�` �r�s�n�l �t�o�n�j�n�b�h�r�s�h�i�{ �k�`�q �v�}�p�nA �� �S�n �o�p�{��
�a�j�f�k�` �o�n�t �d�k�u�`�l�^�e�d�s�`�h �s�}�p�` �d�^�l�`�h �{�s�h �i�`�s�[ �s�f �o�p�n�r�n�k�n�^�x�r�f �s�x�l �o�d�c�^�x�l �c�d�l �k�o�n�p�n�|�k�d
�l�` �d�o�h�a�[�j�j�n�t�k�d �s�n�l �`�o�{�s�n�k�n �k�f�c�d�l�h�r�k�{ �s�n�t�q �r�s�n �r�|�l�n�p�n@A �
 �c�h�{�s�h �b�h�` �\�l�` �i�|�k�` �o�n�t
�h�i�`�l�n�o�n�h�d�^ �s�h�q �i�t�k�`�s�h�i�\�q �d�m�h�r�}�r�d�h�q �.�B�Y�X�F�M�M�
 �r�s�n �r�|�l�n�p�n@A �g�` ���a�j�\�o�d�h�� �i�[�o�n�h�n �t�j�h�i�{
�k�d �c�h�`�u�n�p�d�s�h�i�] �`�l�s�^�r�s�`�r�f �i�`�h �r�t�l�d�o�}�q �g�` �`�l�`�i�j�[�s�`�h�� �H�\�j�n�t�k�d �r�t�l�d�o�}�q �l�` �u�s�h�[�m�n�t�k�d
�\�l�` �f�W�i�_�Y�f�n�r�s�p�}�k�` �b�|�p�x �`�o�{ �s�nA �s�\�s�n�h�n �}�r�s�d �l�` �\�v�d�h �s�h�q �d�m�]�q �c�|�n �h�c�h�{�s�f�s�d�q

���� �ú�������������� �����	������� �� �	�h�c�`�l�h�i�[�
 �b�h�` �i�[�g�d �b�x�l�^�` �o�p�{�r�o�s�x�r�f�q�
 �o�{�j�x�r�f�q �i�`�h �r�t��
�v�l�{�s�f�s�`�q �s�x�l �o�p�n�r�o�^�o�s�n�l�s�x�l �i�t�k�[�s�x�l��

���� �ó����� ���
����� ���s�x�l �c�h�`�g�j�}�k�d�l�x�l �i�t�k�[�s�x�l �k�\�r�` �r�s�n �s�d�v�l�h�i�{ �t�j�h�i�{��

�E�u�{�r�n�l �s�n �r�s�p�}�k�` �1�.�- �c�d�l �v�p�d�h�[�e�d�s�`�h �l�` �`�l�s�h�r�s�n�h�v�d�^ �r�d �i�[�o�n�h�n �o�p�`�b�k�`�s�h�i�{ �t�j�h�i�{
�`�j�j�[ �d�^�l�`�h �c�h�i�{ �k�`�q �c�f�k�h�n�|�p�b�f�k�`�
 �k�o�n�p�n�|�k�d �k�`�g�f�k�`�s�h�i�[ �l�` �c�f�k�h�n�t�p�b�]�r�n�t�k�d �\�l�` �u�`��
�l�s�`�r�s�h�i�{ �t�j�h�i�{ �o�n�t �l�` �d�k�u�`�l�^�e�d�h �`�t�s�\�q �s�h�q �c�|�n �h�c�h�{�s�f�s�d�q��

�:�r�s�x �\�l�` �i�|�k�` �f�j�d�i�s�p�h�i�n�| �o�d�c�^�n�t �o�n�t �c�h�`�c�^�c�d�s�`�h �r�s�n�l �[�m�n�l�`x �i�`�h �o�d�p�h�b�p�[�u�d�s�`�h �`�o�{
�s�f �r�v�\�r�fE(x) = e� jkx �k�d �o�j�[�s�n�q �k�n�l�[�c�` �i�`�h �r�t�v�l�{�s�f�s�`! = cjkj�� �O �t�o�n�j�n�b�h�r�s�h�i�{�q
�v�}�p�n�q �s�n�t �o�p�n�a�j�]�k�`�s�n�q �k�`�q �r�s�f �k�^�` �c�h�[�r�s�`�r�f �g�` �d�^�l�`�h �s�n �c�h�[�r�s�f�k�`(� x0; x0) �r�s�n�l
�o�p�`�b�k�`�s�h�i�{ �[�m�n�l�`x �k�dx0 �i�[�o�n�h�n �n�p�h�`�i�{ �r�f�k�d�^�n�� �GE(x) �d�^�l�`�h �`�l�`�j�t�s�h�i�]�� �r�s�nA �
 �r�t��
�l�d�o�}�q �k�o�n�p�n�|�k�d �k�d�S�_�S�]�g�f�[�\�P �e�g�_�O�i�[�e�Y�l�` �t�o�n�g�\�r�n�t�k�d �{�s�h �t�o�[�p�v�d�h �k�^�` �r�t�l�[�p�s�f�r�feE
�o�n�t �n�p�^�e�d�s�`�h �r�s�n�l���������������) �v�}�p�nB �o�n�t �i�`�j�|�o�s�d�h �n�j�{�i�j�f�p�n �s�n�lA �v�}�p�n �s�n�t �o�p�n�a�j�]��
�k�`�s�n�q �<���>�� �G �r�t�l�[�p�s�f�r�feE �r�s�` �r�f�k�d�^�`x �o�n�t �`�l�]�i�n�t�l �k�\�r�` �r�s�nA �\�v�d�h �`�i�p�h�a�}�q �s�f�l
�^�c�h�` �r�t�k�o�d�p�h�u�n�p�[ �k�d �s�f�l �b�l�x�r�s�]E �
 �d�l�} �d�m�x�s�d�p�h�i�[ �r�s�n �v�}�p�nB �k�o�n�p�d�^ �l�` �o�`�p�n�t�r�h�[�e�d�h
�c�h�`�u�n�p�d�s�h�i�] �r�t�k�o�d�p�h�u�n�p�[�� �D�f�j�`�c�]�
 �o�p�n�f�b�n�t�k�\�l�x�q �k�d�j�d�s�n�|�r�`�k�d �`�o�j�}�q �s�f �o�d�p�^�o�s�x�r�f
�{�o�n�t �^�r�v�t�deE = E�� �G �k�d�s�`�a�j�f�s�] �g�\�r�f�qx �s�}�p�` �g�` �o�p�\�o�d�h �l�` �`�l�s�h�i�`�s�`�r�s�`�g�d�^ �`�o�{ �s�f
�b�d�l�h�i�{�s�d�p�f �k�h�b�`�c�h�i�] �k�d�s�`�a�j�f�s�]

x̂ = x � jf (x) :

�Gf (x) �d�^�l�`�h �k�^�` �r�t�l�[�p�s�f�r�f �o�n�t �k�`�q �c�d�^�v�l�d�h �o�{�r�n �\�v�n�t�k�d�S�b�a�^�S�\�c�g�_�Z�W�Q�`�o�{ �s�n�l �o�p�`�b��
�k�`�s�h�i�{ �[�m�n�l�`x �i�`�g�}�q �i�h�l�n�|�k�`�r�s�d �r�s�n�l �k�h�b�`�c�h�i�{ �v�}�p�n�� �=�o�x�q �g�` �c�n�|�k�d �r�s�f �r�t�l�\�v�d�h�`�

�f f (x) �d�^�l�`�h �`�t�s�] �o�n�t �d�m�`�r�g�d�l�d�^ �s�` �i�|�k�`�s�` �r�s�n�l �v�}�p�n �\�m�x �`�o�{ �s�nA �� �GeE(x̂) �d�^�l�`�h
�`�l�`�j�t�s�h�i�] �r�t�l�\�v�h�r�f �s�f�qE(x) �{�s�`�l �h�r�v�|�n�t�l �s�` �o�`�p�`�i�[�s�x��

���� �S�nB �r�|�l�n�j�n �i�`�j�|�o�s�d�h �n�j�{�i�j�f�p�n �s�nA

���� �G eE(x̂) �d�^�l�`�h�S�_�S�]�g�f�[�\�P�r�s�nB

���� �I�r�v�|�d�heE(x̂) = E(x)�
8 x̂ 2 A ��

�E�u�{�r�n�lx �! x̂ = x � jf (x) �s�{�s�d �f �r�t�l�[�p�s�f�r�fE(x̂) �g�` �\�v�d�h �s�f �o�`�p�`�i�[�s�x �k�n�p�u�]�


E(x̂) = e� jk x̂ = e� jk x e� k f (x) ��

���8�o�d�h�p�d�q �u�n�p�\�q �o�`�p�`�b�x�b�^�r�h�k�f8x 2 A �i�`�h �i�[�g�d �b�d�h�s�n�l�h�i�{ �r�f�k�d�^�n �s�n�t��



�������� �H�E�X�Q�I�A �P�Q�O�R�A�Q�L�O�R�L�E�M�O�T �R�S�Q�X�L�A�S�O�R ��

�5�P �i�|�k�` �s�}�p�` �d�m�`�r�g�d�l�d�^ �d�i�g�d�s�h�i�[ �j�{�b�x �s�n�t �{�p�n�te� k f (x) �	�{�s�`�lk; f (x) > 0�
�� �L�\�r�`
�r�s�n�l �v�}�p�nA �g�` �r�t�k�o�d�p�h�u�\�p�d�s�`�h �`�i�p�h�a�}�q �{�o�x�q �o�p�h�l�
 �d�l�} �d�i�s�{�q �s�n�tA �s�}�p�` �s�n�t �d�h�r�]��
�v�g�d�h �d�i�g�d�s�h�i�] �d�m�`�r�g�\�l�f�r�f �	�R�v�]�k�`�������
�� �:�s�r�h �f �o�d�p�h�n�v�] �d�m�x�s�d�p�h�i�[ �s�n�tA �g�` �j�d�h�s�n�t�p�b�d�^
�x�q �\�l�` �`�o�n�p�p�n�u�f�s�h�i�{ �t�j�h�i�{�	�4�C�T�P�S�C�J�O�H �?�B�U�F�S�J�B�M�
�i�`�h �s�`�t�s�{�v�p�n�l�` �d�u�{�r�n�l �s�n �o�p�{�a�j�f�k�`
�r�s�n �" �o�`�p�`�k�\�l�d�h�������!�	�������!�� �c�d�l �g�` �d�k�u�`�l�^�e�n�l�s�`�h �`�l�`�i�j�[�r�d�h�q �j�{�b�x �s�n�t �`�o�n�p�p�n�u�f�s�h��
�i�n�| �t�j�h�i�n�|�� �J�`�s�`�j�]�b�n�t�k�d�
 �l�` �\�v�n�t�k�d �u�s�h�[�m�d�h �s�d�j�h�i�[ �\�l�` �s�\�j�d�h�` �o�p�n�r�`�p�k�n�r�s�h�i�{ �r�s�p�}�k�`
�	�1�F�S�G�F�D�U�M�Z �.�B�U�h�J�O�H �-�B�Z�F�S�
 �b�|�p�x �`�o�{ �s�n �v�}�p�n �s�n�t �o�p�n�a�j�]�k�`�s�n�q �k�`�q��

���$������ ���������B�[ �W�[�\�n�_�W�d �e�f�a �b�N�_�k �^�O�c�a�d �S�b�W�[�\�a�_�Q�X�a�g�^�W �f�a �b�c�S�U�^�S�f�[�\�n �b�c�n�T�]�Y�^�S�
 �W�_�p �f�a
�\�N�f�k �^�O�c�a�d �b�W�c�[�]�S�^�T�N�_�W�[ �f�Y�_ �S�_�S�]�g�f�[�\�P �e�g�_�O�i�[�e�Y �f�a�g �i�p�c�a�g�� �8�[�\�n�_�S �b�c�a�e�S�c�^�a�e�^�O�_�Y �S�b�n��
�4�U�F�W�F�O �( �+�P�I�O�T�P�O�
 �/�P�U�F�T �P�O �1�F�S�G�F�D�U�M�Z �.�B�U�D�I�F�E �-�B�Z�F�S�T �	�1�.�-�T�
�
 �.�*�5�
 ���������
 �Q�� ����

�L�d �s�f�l �^�c�h�` �`�i�p�h�a�}�q �k�d�g�n�c�n�j�n�b�^�` �k�o�n�p�n�|�k�d �l�` �o�d�p�h�b�p�[�w�n�t�k�d �i�`�h �s�h�q �t�o�{�j�n�h�o�d�q �c�|�n
�n�p�g�n�b�}�l�h�d�q �r�t�l�s�d�s�`�b�k�\�l�d�q(ŷ; ẑ)�� �E�o�d�h�c�] �{�k�x�q �n�h �k�h�b�`�c�h�i�\�q �v�x�p�h�i�\�q �k�d�s�`�a�j�f�s�\�q �c�d�l
�k�o�n�p�n�|�l �l�` �v�p�f�r�h�k�n�o�n�h�f�g�n�|�l �d�|�i�n�j�`�
 �g�` �i�[�l�n�t�k�d�S�]�]�S�U�P �f�k�_ �e�g�_�f�W�f�S�U�^�O�_�k�_�x�q �o�p�n�q
�s�n �o�p�`�b�k�`�s�h�i�{ �k�\�p�n�q �`�t�s�}�l�
 �c�f�j�`�c�] �g�` �u�\�p�n�t�k�d �\�m�x �s�`(x; y; z) �k�\�r�` �`�o�{ �`�t�s�\�q�� �A�t�s�{
�b�^�l�d�s�`�h �d�|�i�n�j�` �k�d �s�f�l �`�l�s�h�i�`�s�[�r�s�`�r�f �s�x�l �c�h�`�u�n�p�h�i�}�l(@̂x; @̂y; @̂z) �r�s�f�l �d�m�^�r�x�r�f �k�`�q
�k�d �s�h�q �o�`�p�`�i�[�s�x �r�v�\�r�d�h�q��



�� �������� �H�E�X�Q�I�A �P�Q�O�R�A�Q�L�O�R�L�E�M�O�T �R�S�Q�X�L�A�S�O�R

@̂x =

"

1 �
df x (x)

dx

#

@x= [1 � � x (x)] @x�
 �	���������


@̂y =

"

1 �
df y(y)

dy

#

@y= [1 � � y(y)] @y�
 �	���������


@̂z =

"

1 �
df z(z)

dz

#

@z= [1 � � z(z)] @z�
 �	���������


�{�o�n�t �u�t�r�h�i�[ �g�d�x�p�]�r�`�k�d �{�s�hdf i (i )=di = � i (i ) �b�h�ì = x; y; z�� �5�}�p�` �k�o�n�p�n�|�k�d �l�` �`��
�l�s�h�i�`�s�`�r�s�]�r�n�t�k�d �s�h�q �k�h�b�`�c�h�i�\�q �r�t�l�s�d�s�`�b�k�\�l�d�q �s�f�q �d�m�^�r�x�r�f �k�`�q �k�d �s�h�q �o�p�`�b�k�`�s�h�i�\�q�

�v�p�f�r�h�k�n�o�n�h�}�l�s�`�q �`�o�j�}�q �s�n�t�q �o�`�p�`�i�[�s�x �k�d�s�`�r�v�f�k�`�s�h�r�k�n�|�q��

@
@̂x

�!
1

1 � � x (x)
@

@x
=

1
sx

@
@x

�
 �	���������


@
@̂y

�!
1

1 � � y(y)
@
@y

=
1
sy

@
@y

�
 �	���������


@
@̂z

�!
1

1 � � z(z)
@
@z

=
1
sz

@
@z

�
 �	���������


�{�o�n�tsi = 1 � � i �� �G�!���$�����!���`�t�s�] �`�b�x�b�h�k�{�s�f�s�`� �d�o�h�a�d�a�`�h�}�l�n�t�k�d �o�x�q �g�` �d�m�`�r�g�d�l�d�^
�s�` �i�|�k�`�s�` �j�{�b�x �s�n�t �{�p�n�t

e� jk x̂ = e� jkx e� k
Rx

� x (x0)dx0
�
 �	���������


�b�h�` �s�f�lx �d�m�[�p�s�f�r�f �i�`�h �`�l�s�^�r�s�n�h�v�` �n�h� y; � z �b�h�` �s�h�qy; z�� �S�`�t�s�{�v�p�n�l�` �r�s�n �o�p�{�a�j�f�k�`
�k�`�q �g�` �\�v�n�t�k�d �i�`�h �i�|�k�`�s�` �s�` �n�o�n�^�` �\�v�n�t�l �`�l�s�^�g�d�s�f �c�h�\�t�g�t�l�r�f �c�h�[�c�n�r�f�qk < 0�� �R�d �`�t�s�]
�s�f �o�d�p�^�o�s�x�r�f �k�`�q �`�p�i�d�^ �l�` �s�n�o�n�g�d�s�]�r�n�t�k�d �\�l�` �^�c�h�n �k�d �o�p�h�l �1�.�- �r�s�f�l �`�l�s�^�g�d�s�f �o�j�d�t�p�[
�s�n�t �o�p�n�a�j�]�k�`�s�n�q�
 �c�d�c�n�k�\�l�n�t �o�x�q �g�` �\�v�n�t�k�d �`�p�l�f�s�h�i�[x �s�}�p�` �i�`�h �\�s�r�h �s�` �i�|�k�`�s�` �g�`
�`�o�n�r�a�\�l�n�l�s�`�h �r�s�f�l �`�l�s�^�g�d�s�f �i�`�s�d�|�g�t�l�r�f��

�L�o�n�p�n�|�k�d �l�` �`�o�j�n�o�n�h�]�r�n�t�k�d �`�i�{�k�` �o�d�p�h�r�r�{�s�d�p�n �s�f�l �k�\�g�n�c�n �k�`�q �o�[�l�x �r�s�h�q �d�m�h�r�}�r�d�h�q
�s�n�t �.�B�Y�X�F�M�M�
 �`�l �`�l�s�^ �l�` �v�p�f�r�h�k�n�o�n�h�]�r�n�t�k�d �s�n�t�q �k�d�s�`�r�v�f�k�`�s�h�r�k�n�|�q �	���������
 �b�h�` �i�[�g�d �c�h�`��
�u�n�p�h�i�{ �s�d�j�d�r�s�] �s�x�l �d�m�h�r�}�r�d�x�l �k�`�q�
 �g�d�x�p�]�r�n�t�k�d �s�n �1�.�- �x�q �k�^�`�W�b�O�\�f�S�e�Y �f�k�_ �g�]�[�\�p�_
�k�`�q �k�\�r�x �s�x�l �o�h�l�[�i�x�l� ; � �� �D�d�l �v�p�d�h�[�e�d�s�`�h �c�f�j�`�c�] �l�` �`�l�s�h�i�`�s�`�r�s�]�r�n�t�k�d �i�[�g�d �s�d�j�d��
�r�s�] �r�s�h�q �d�m�h�r�}�r�d�h�q �k�`�q �`�j�j�[ �d�h�r�[�b�n�l�s�`�q �l�\�n�t�q �o�^�l�`�i�d�q �t�j�h�i�}�l �s�n �`�o�n�s�\�j�d�r�k�` �d�^�l�`�h
�`�i�p�h�a�}�q �s�n �^�c�h�n�� �O �j�{�b�n�q �o�n�t �k�o�n�p�d�^ �l�` �b�^�l�d�h �`�t�s�{ �n�u�d�^�j�d�s�`�h �r�s�f�l �h�c�h�{�s�f�s�` �s�x�l �d�m�h�r�}��
�r�d�x�l �s�n�t �.�B�Y�X�F�M�M �l�`�S�_�f�[�]�S�^�T�N�_�a�_�f�S�[�s�f�l �`�j�j�`�b�] �s�n�t �v�x�p�h�i�}�l �r�t�l�s�d�s�`�b�k�\�l�x�l �r�`�l
�s�f�l �|�o�`�p�m�f �d�l�{�q �h�r�n�c�|�l�`�k�n�t �`�l�h�r�n�s�p�n�o�h�i�n�| �t�j�h�i�n�| �<���>��

1
sx

@
@x

+
1
sy

@
@y

+
1
sz

@
@z

 ! � ; �



�������� �6�/�*�"�9�*�"�- �1�&�3�'�&�$�5�-�: �.�"�5�$�)�&�% �-�"�:�&�3 �	�6�1�.�-�
 ��

�G �h�c�h�{�s�f�s�` �`�t�s�] �n�l�n�k�[�e�d�s�`�h �	�G�P�S�N���J�O�W�B�S�J�B�O�D�F�
 �s�x�l �d�m�� �.�B�Y�X�F�M�M�� �J�`�s�`�j�]�b�n�t�k�d �l�` �\�v�n�t�k�d
���*�� �h�r�n�c�|�l�`�k�d�q �k�n�p�u�\�q �1�.�-�� �G �o�p�}�s�f �v�p�f�r�h�k�n�o�n�h�d�^ �b�d�l�h�i�d�t�k�\�l�d�q �r�t�l�s�d�s�`�b�k�\�l�d�q �i�`�h
�n�l�n�k�[�e�d�s�`�h�4�U�S�F�U�D�I�F�E���$�P�P�S�E�J�O�B�U�F �1�.�- �	�4�$���1�.�-�
�
 �d�l�} �f �c�d�|�s�d�p�f �v�p�f�r�h�k�n�o�n�h�d�^ �`�l�h�r�n�s�p�n��
�o�h�i�[ �t�j�h�i�[ �i�`�h �j�\�b�d�s�`�h�6�O�J�B�Y�J�B�M �1�.�- �	�6�1�.�-�
�� �E�k�d�^�q �b�h�` �s�f�l �`�l�[�j�t�r�f�q �k�`�q �d�o�h�j�\�b�n�t�k�d
�s�f �6�1�.�- �k�\�g�n�c�n �f �n�o�n�^�` �`�l�`�j�|�d�s�`�h �o�`�p�`�i�[�s�x��

������ �6�O�J�B�Y�J�B�M �1�F�S�G�F�D�U�M�Z �.�B�U�)�F�E �-�B�Z�F�S �	�6�1�.�-�


�H�` �d�u�`�p�k�{�r�n�t�k�d �s�}�p�` �s�f �g�d�x�p�^�` �s�n�t �1�.�- �r�s�f �o�d�p�^�o�s�x�r�f �{�o�n�t �\�v�n�t�k�d �\�l�` �d�o�^�o�d�c�n
�i�|�k�` �o�n�t �o�p�n�r�o�^�o�s�d�h �r�d �k�^�` �d�o�^�o�d�c�f �d�o�h�u�[�l�d�h�` �	�R�v�]�k�`�������
�� �O�h �d�m�h�r�}�r�d�h�q �'�S�F�T�O�F�M �b�h�`
�s�n�t�q �r�t�l�s�d�j�d�r�s�\�q �`�l�[�i�j�`�r�f�q���c�h�[�g�j�`�r�f�q �r�s�h�q �5�& �i�`�h �5�. �o�n�j�}�r�d�h�q �<���> �d�^�l�`�h �n�h �o�`�p�`��
�i�[�s�x

r T E =
n1 cos� i � n2 cos� t

n1 cos� i + n2 cos� t
�
 r T M =

n2 cos� i � n1 cos� t

n2 cos� i + n1 cos� t
�� �	���������


�H�\�j�n�t�k�d �s�`r �5�&; r �5�. �l�` �k�f�c�d�l�^�e�n�l�s�`�h �`�l�d�m�[�p�s�f�s�` �s�f�q �b�x�l�^�`�q �o�p�{�r�o�s�x�r�f�q� i �� �A�t�s�{
�d�^�l�`�h �`�c�|�l�`�s�n�l �r�s�f�l �o�d�p�^�o�s�x�r�f �s�f�q �`�l�[�i�j�`�r�f�q �`�o�{ �h�r�n�s�p�n�o�h�i�[ �t�j�h�i�[�
 �r�t�l�d�o�}�q �s�n
�6�1�.�- �o�p�\�o�d�h �`�l�`�b�i�`�r�s�h�i�[ �l�` �d�^�l�`�h �\�l�` �`�l�h�r�n�s�p�n�o�h�i�{ �t�j�h�i�{�� �A�p�h�r�s�d�p�[ �s�n�t �6�1�.�- �g�d��
�x�p�n�|�k�d �c�h�f�j�d�i�s�p�h�i�\�q �i�`�h �k�`�b�l�f�s�h�i�\�q �r�s�`�g�d�p�\�q �^�r�d�q �k�d� 0; � 0�
 �d�l�} �b�h�` �s�n �6�1�.�- �g�d�x�p�n�|�k�d
�c�h�`�b�}�l�h�` �`�l�h�r�n�s�p�n�o�h�i�{ �t�j�h�i�{ �k�d �r�t�l�s�d�j�d�r�s�\�q �s�f�q �k�n�p�u�]�q�


[� ] = � 0[�] = � 0

2

6
4

a 0 0
0 b 0
0 0 c

3

7
5 �
 �	���������


[� ] = � 0[�] = � 0

2

6
4

a 0 0
0 b 0
0 0 c

3

7
5 �
 �	���������


�{�o�n�t[�] �n �o�^�l�`�i�`�q �`�l�h�r�n�s�p�n�o�^�`�q �s�n�t �6�1�.�-�
 �d�l�}(a; b; c) �n�h �o�`�p�[�k�d�s�p�n�h �s�f�q �`�l�h�r�n��
�s�p�n�o�^�`�q �o�n�t �f �k�n�p�u�] �s�n�t�q �g�` �c�n�g�d�^ �`�p�b�{�s�d�p�` �r�s�f�l �`�l�[�j�t�r�f�� �V�p�f�r�h�k�n�o�n�h�}�l�s�`�q �s�f
�����&������ �����������+�� �����!���#�����	�� �
 �b�l�x�p�^�e�n�t�k�d �o�x�q �n�h �`�l�`�i�j�[�r�d�h�q �s�x�l �i�t�k�[�s�x�l �n�u�d�^�j�n��
�l�s�`�h �r�s�f �c�h�`�u�n�p�[ �s�f�q �i�t�k�`�s�h�i�]�q �`�l�s�^�r�s�`�r�f�qZ = ( �=� )1=2 �o�n�t �r�t�l�`�l�s�n�|�l �s�` �i�|�k�`�s�`
�i�`�s�[ �s�f �k�d�s�[�a�`�r�f �s�n�t�q �`�o�{ �s�n �t�j�h�i�{ �� �r�s�n �t�j�h�i�{ ���� �=�r�n �k�d�b�`�j�|�s�d�p�f �d�^�l�`�h �f �c�h�`�u�n�p�[
�s�x�l �c�|�n �i�t�k�`�s�h�i�}�l �`�l�s�h�r�s�[�r�d�x�lZ1 �i�`�hZ2 �
 �s�{�r�n �k�d�b�`�j�|�s�d�p�n�q �b�^�l�d�s�`�h �n �r�t�l�s�d�j�d�r�s�]�q
�`�l�[�i�j�`�r�f�q� �`�u�n�|

j� j =
�
�
�
�
Z1 � Z2

Z1 + Z2

�
�
�
� �� �	���������


�:�s�r�h �b�h�` �l�` �\�v�n�t�k�d �k�f�c�d�l�h�i�\�q �`�l�`�i�j�[�r�d�h�q �	� = 0 �
�
 �g�` �o�p�\�o�d�h �l�` �i�[�l�n�t�k�d������� ������������
�s�x�l �i�t�k�`�s�h�i�}�l �`�l�s�h�r�s�[�r�d�x�lZ1 �i�`�hZ2 �<���>�� �G �k�\�g�n�c�n�q �s�n�t �6�1�.�- �o�n�t �`�l�`�j�|�d�s�`�h �o�`��
�p�`�i�[�s�x �a�`�r�^�e�d�s�`�h �r�s�f �k�\�g�n�c�n �o�n�t �`�l�`�o�s�|�r�r�d�s�`�h �r�s�n �[�p�g�p�n �<���>�� �G �o�p�n�r�`�p�k�n�b�] �b�h�`
�k�f�c�d�l�h�i�\�q �`�l�`�i�j�[�r�d�h�q �k�d�s�`�u�p�[�e�d�s�`�h �`�o�{ �s�f�l �o�`�p�`�i�[�s�x �r�t�l�g�]�i�f��

Z1 = Z2 =)
[� ]
� 0

=
[� ]
� 0

�	���������




���� �������� �6�/�*�"�9�*�"�- �1�&�3�'�&�$�5�-�: �.�"�5�$�)�&�% �-�"�:�&�3 �	�6�1�.�-�


���$������ ���������C�c�n�e�b�f�k�e�Y �:���? �\�o�^�S�f�a�d �5�& �	�b�c�N�e�[�_�a�
 �\�S�[ �5�. �	�\�n�\�\�[�_�a�
 �b�N�_�k �e�f�Y
�V�[�S�i�k�c�[�e�f�[�\�P �W�b�[�h�N�_�W�[�S �^�W�f�S�`�o �f�a�g �W�]�W�o�Z�W�c�a�g �i�p�c�a�g �	z < 0�
 �\�S�[ �f�a�g �6�1�.�- �	z > 0�
��

�R�|�k�u�x�l�` �k�d �s�f �c�h�`�b�}�l�h�` �`�l�h�r�n�s�p�n�o�^�`� �s�x�l �l�\�x�l �r�s�`�g�d�p�}�l �	���������
���������
 �n�h �d�m�h�r�}�r�d�h�q
�	�������
 �s�n�t �f�j�d�i�s�p�n�k�`�b�l�f�s�h�i�n�| �o�p�n�a�j�]�k�`�s�n�q �r�s�n �6�1�.�- �k�o�n�p�n�|�l �l�` �b�p�`�u�s�n�|�l �k�d �s�f �o�`��
�p�`�i�[�s�x �k�n�p�u�]��

r � [�] E = 0

r � [�] H = 0

r � E = � j!� 0[�] H

r � H = j!� 0[�] E

9
>>>>>>>>>>>=

>>>>>>>>>>>;

ej ( !t � k � r )

===== )

k � [�] E = 0

k � [�] H = 0

k � E = !� 0[�] H

k � H = � !� 0[�] E

�C�h�` �l�` �a�p�n�|�k�d �s�f �r�v�\�r�f �c�h�`�r�o�n�p�[�q �v�p�f�r�h�k�n�o�n�h�n�|�k�d �b�h�` �d�t�i�n�j�^�` �s�n�t�q �o�`�p�`�i�[�s�x �k�d�s�`��
�r�v�f�k�`�s�h�r�k�n�|�q

E0 = [�] 1=2E�
 H 0 = [�] 1=2H �
 k0 =
1

p
abc

[�] 1=2k �
 �	���������
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 ����

�i�`�h �n�h �d�m�h�r�}�r�d�h�q �s�n�t �.�B�Y�X�F�M�M �b�^�l�n�l�s�`�h��

k0 � E0 = 0 �
 �	���������


k0 � H 0 = 0 �
 �	���������


k0 � E0 = !� 0 H 0�
 �	���������


k0 � H 0 = � !� 0 E0�� �	���������


�S�nk0�s�}�p�` �d�^�l�`�h �i�[�g�d�s�n �x�q �o�p�n�q �s�`E0; H 0�i�`�h �`�o�{ �s�f�l �r�v�\�r�f �	���������
 �o�`�^�p�l�n�t�k�d �{�s�h

k0 � k0 � H 0 = � !� 0 (k0 � E0) �


(k0 � k0)H 0 = ! 2� 0� 0 H 0�


�o�n�t �h�r�v�|�d�h �b�h�` �i�[�g�dH 0�
 �r�t�l�d�o�}�q(k0 � k0) = ! 2� 0� 0 = k2
0�� �A�l �`�l�s�h�i�`�s�`�r�s�]�r�n�t�k�d �k�d �s�f

�r�v�\�r�f �	���������
 �o�`�^�p�l�n�t�k�d �{�s�h�


k
02
x + k

02
y + k

02
z = k2

0 �


k2
x

bc
+

k2
y

ac
+

k2
z

ab
= k2

0 �	���������


�G �r�v�\�r�f �c�h�`�r�o�n�p�[�q �	���������
 �\�v�d�h �s�f �k�n�p�u�] �\�j�j�d�h�w�f�q �i�`�h �n�h �r�t�l�h�r�s�}�r�d�qkx ; ky; kz �c�^�l�n�l�s�`�h
�`�o�{ �s�h�q �d�m�h�r�}�r�d�h�q��

kx = k0

p
bcsin� cos� �
 ky = k0

p
acsin� sin� �
 kz = k0

p
abcos� �
 �	���������


�{�o�n�t�; � �f �`�e�h�k�n�t�g�h�`�i�] �i�`�h �o�n�j�h�i�] �b�x�l�^�` �`�l�s�^�r�s�n�h�v�`�� �R�s�n �c�h�r�c�h�[�r�s�`�s�n �o�p�{�a�j�f�k�` �n��
�p�^�e�n�t�k�d �s�f�l �d�o�h�u�[�l�d�h�` �o�p�{�r�o�s�x�r�f�q(x; z) �{�o�x�q �u�`�^�l�d�s�`�h �r�s�n �r�v�]�k�`�������i�`�h �g�\�s�n�l�s�`�q
�s�f �b�x�l�^�`� = 0 �b�h�` �d�t�i�n�j�^�` �\�v�n�t�k�d �{�s�h�


kx = k0

p
bcsin� �
 ky = 0�
 kz = k0

p
abcos� �� �	���������


�R�s�f �r�t�l�\�v�d�h�` �g�` �`�l�`�j�|�r�n�t�k�d �s�n �o�p�{�a�j�f�k�` �x�q �o�p�n�q �s�h�q �S�E �i�`�h �S�L �o�n�j�}�r�d�h�q �i�`�h �g�` �t�o�n��
�j�n�b�^�r�n�t�k�d �s�h�q �r�v�\�r�d�h�q �s�x�l �r�t�l�s�d�j�d�r�s�}�l �`�l�[�i�j�`�r�f�qr T E ; tT E ; r T M ; tT M �� �C�h�` �s�f �5�& �o�{��
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�j�x�r�f �n�h �d�m�h�r�}�r�d�h�q �b�h�` �s�n �f�j�d�i�s�p�h�i�{ �i�`�h �s�n �k�`�b�l�f�s�h�i�{ �o�d�c�^�n �c�^�l�n�l�s�`�h �o�`�p�`�i�[�s�x��

ET E
i (r ) = ŷ E0 e� jk 0 (sin � i x+cos � i z) ; �	���������


ET E
r (r ) = ŷ r T E E0 e� jk 0 (sin � r x� cos� r z) ; �	���������


ET E
t (r ) = ŷ tT E E0 e� jk 0 (

p
bcsin � t x+

p
abcos� t z) ; �	���������


H T E
i (r ) = ( � cos� i x̂ + sin � i ẑ )

s
� 0

� 0
E0 e� jk 0 (sin � i x+cos � i z) ; �	���������


H T E
r (r ) = (cos � r x̂ � sin� r ẑ )

s
� 0

� 0
r T E E0 e� jk 0 (sin � r x� cos� r z) ; �	���������


H T E
t (r ) =

0

@�

s
b
a

cos� t x̂ +

s
b
c

sin� t ẑ

1

A
s

� 0

� 0
tT E E0 e� jk 0 (

p
bcsin � t x+

p
abcos� t z) :

�	���������


�E�o�h�a�[�j�j�n�t�k�d �s�f �r�t�l�\�v�d�h�` �s�x�l �d�u�`�o�s�n�k�d�l�h�i�}�l �r�t�l�h�r�s�x�r�}�l �	�����������
 �s�x�lET E ; H T E �o�[��
�l�x �r�s�f �c�h�`�v�x�p�h�r�s�h�i�] �d�o�h�u�[�l�d�h�` �	�[ �� �� �b�h�` �d�t�i�n�j�^�`�
�� �E�m�h�r�}�l�n�l�s�`�q �s�h�q �r�t�l�h�r�s�}�r�d�q �s�x�l
�o�d�c�^�x�l �b�h�` �s�h�qx �i�`�hy �c�h�d�t�g�|�l�r�d�h�q �a�p�^�r�i�n�t�k�d �s�h�q �o�`�p�`�i�[�s�x �r�v�\�r�d�h�q��

e� jk 0 sin � i x + r T E e� jk 0 sin � r x = tT E e� jk 0
p

bcsin � t x ;

� cos� i e� jk 0 sin � i x + cos� r r T E e� jk 0 sin � r x =

s
b
a

cos� t tT E E0 e� jk 0
p

bcsin � t x :

�S�}�p�` �k�o�n�p�n�|�k�d �l�` �t�o�n�j�n�b�^�r�n�t�k�d �s�h�q �u�[�r�d�h�q �i�`�h �s�` �o�j�[�s�f �m�d�v�x�p�h�r�s�[ �x�q��

�	�*�
 sin� i = sin � r =
p

bcsin� t ;

�	�*�*�
 � cos� i + cos� r r T E = �

s
b
a

cos� t tT E ;

�	�*�*�*�
 1 + r T E = tT E :

�G�	�*�
�k�`�q �c�^�l�d�h �s�n �b�d�l�h�i�{ �l�{�k�n �s�n�t �4�O�F�M�M �b�h�` �s�f�l �`�l�[�i�j�`�r�f �i�`�h �s�f �c�h�[�g�j�`�r�f�� �L�d �s�f
�a�n�]�g�d�h�` �s�x�l�	�*�*�
�i�`�h�	�*�*�*�
�k�o�n�p�n�|�k�d �l�` �t�o�n�j�n�b�^�r�n�t�k�d �s�n�t�q �r�t�l�s�d�j�d�r�s�\�q �`�l�[�i�j�`�r�f�qr T E



�������� �6�/�*�"�9�*�"�- �1�&�3�'�&�$�5�-�: �.�"�5�$�)�&�% �-�"�:�&�3 �	�6�1�.�-�
 ����

�i�`�h �c�h�[�g�j�`�r�f�qtT E ��

r T E =
cos� i �

s
b
a

cos� t

cos� i +

s
b
a

cos� t

; �	���������


tT E =
2

s
b
a

cos� t

cos� i +

s
b
a

cos� t

: �	���������


�A�l �`�l�`�j�|�r�n�t�k�d �s�n �o�p�{�a�j�f�k�` �x�q �o�p�n�q �s�f �S�L �o�{�j�x�r�f �s�{�s�d �o�`�^�p�l�n�t�k�d �s�h�q �o�`�p�`�i�[�s�x
�d�m�h�r�}�r�d�h�q �b�h�` �s�n �f�j�d�i�s�p�h�i�{ �i�`�h �s�n �k�`�b�l�f�s�h�i�{ �o�d�c�^�n��

ET M
i (r ) = (cos � i x̂ � sin� i ẑ ) E0 e� jk 0 (sin � i x+cos � i z) ; �	���������


ET M
r (r ) = ( � cos� r x̂ � sin� r ẑ ) r T M E0 e� jk 0 (sin � r x� cos� r z) ; �	���������


ET M
t (r ) =

0

@

s
b
a

cos� t x̂ �

s
b
c

sin� t ẑ

1

A tT M E0 e� jk 0 (
p

bcsin � t x+
p

abcos� t z) ; �	���������


H T M
i (r ) = ŷ

s
� 0

� 0
E0 e� jk 0 (sin � i x+cos � i z) ; �	���������


H T M
r (r ) = ŷ

s
� 0

� 0
r T M E0 e� jk 0 (sin � r x� cos� r z) ; �	���������


H T M
t (r ) = ŷ

s
� 0

� 0
tT M E0 e� jk 0 (

p
bcsin � t x+

p
abcos� t z) : �	���������


�E�o�h�a�[�j�j�n�t�k�d �s�f �r�t�l�\�v�d�h�` �s�x�l �d�u�`�o�s�n�k�d�l�h�i�}�l �r�t�l�h�r�s�x�r�}�l �	�����������
 �s�x�lE T M ; H T M �o�[��
�l�x �r�s�f �c�h�`�v�x�p�h�r�s�h�i�] �d�o�h�u�[�l�d�h�` �	�[ �� �� �b�h�` �d�t�i�n�j�^�`�
�� �C�h�` �s�n �f�j�d�i�s�p�h�i�{ �o�d�c�^�n �i�`�h �s�n �k�`��
�b�l�f�s�h�i�{ �o�d�c�^�n �\�v�n�t�k�d�


cos� i e� jk 0 sin � i x � cos� r r T M e� jk 0 sin � r x =

s
b
a

cos� t tT M e� jk 0
p

bcsin � t x ;

e� jk 0 sin � i x + r T M e� jk 0 sin � r x = tT M e� jk 0
p

bcsin � t x :

�E�m�h�r�}�l�n�t�k�d �s�h�q �u�[�r�d�h�q �i�`�h �s�` �o�j�[�s�f �m�d�v�x�p�h�r�s�[ �i�`�h �a�p�^�r�i�n�t�k�d �{�s�h��
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�	�*�
 sin� i = sin � r =
p

bcsin� t ;

�	�*�*�
 cos� i � cos� r r T M =

s
b
a

cos� t tT M ;

�	�*�*�*�
 1 + r T M = tT M :

�G�	�*�
�k�`�q �c�^�l�d�h �s�n �b�d�l�h�i�{ �l�{�k�n �s�n�t �4�O�F�M�M �b�h�` �s�f�l �`�l�[�i�j�`�r�f �i�`�h �s�f �c�h�[�g�j�`�r�f�� �L�d �s�f
�a�n�]�g�d�h�` �s�x�l�	�*�*�
�i�`�h�	�*�*�*�
�k�o�n�p�n�|�k�d �l�` �t�o�n�j�n�b�^�r�n�t�k�d �s�n�t�q �r�t�l�s�d�j�d�r�s�\�q �`�l�[�i�j�`�r�f�qr T M

�i�`�h �c�h�[�g�j�`�r�f�qtT M ��

r T M =

s
b
a

cos� t � cos� i

s
b
a

cos� t + cos� i

; �	���������


tT M =
2 cos� is

b
a

cos� t + cos� i

: �	���������


�O�h �r�t�l�s�d�j�d�r�s�\�q �`�l�[�i�j�`�r�f�q �i�`�h �f �b�x�l�^�`� t �d�m�`�p�s�}�l�s�`�h �`�o�{ �s�h�q �o�`�p�`�k�\�s�p�n�t�q(a; b; c)
�s�n�t �o�^�l�`�i�`[�] �� �A�l �g�\�r�n�t�k�d

a = b=
1
c

�


�s�{�s�d �f �b�x�l�^�` �o�p�{�r�o�s�x�r�f�q �g�` �d�^�l�`�h �^�r�f �k�d �s�f �b�x�l�^�` �c�h�[�g�j�`�r�f�q �i�`�h �n �r�t�l�s�d�j�d�r�s�]�q �`�l�[��
�i�j�`�r�f�q �g�` �k�f�c�d�l�^�e�d�s�`�h �i�`�h �b�h�` �s�h�q �c�|�n �o�n�j�}�r�d�h�q��

� i = � t ;

r T E = r T M = 0 ��

�L�d �`�t�s�{ �s�n �s�p�{�o�n �\�v�n�t�k�d �i�`�s�`�u�\�p�d�h �n�h �r�t�l�s�d�j�d�r�s�\�q �`�l�[�i�j�`�r�f�q �l�` �d�^�l�`�h���������	���!���!����
�`�o�{ �s�f �b�x�l�^�` �o�p�{�r�o�s�x�r�f�q�
 �`�u�n�| �d�m�`�p�s�}�l�s�`�h �k�{�l�n �`�o�{ �s�h�q �o�`�p�`�k�\�s�p�n�t�q(a; b; c) �s�f�q
�`�l�h�r�n�s�p�n�o�^�`�q�� �:�s�r�h �\�v�n�t�k�d �k�f�c�d�l�h�i�] �`�l�[�i�j�`�r�f �i�`�h �b�h�` �s�h�q �c�|�n �o�n�j�}�r�d�h�q �5�& �i�`�h �5�.�

�i�`�h �u�t�r�h�i�[ �`�l�d�m�[�p�s�f�s�` �s�f�q �r�t�v�l�{�s�f�s�`�q! �� �O �o�^�l�`�i�`�q �`�l�h�r�n�s�p�n�o�^�`�q[�] �s�}�p�` �\�v�d�h �k�{�l�n
a �i�`�ha� 1 �{�p�n�t�q �r�s�h�q �c�h�`�b�x�l�^�n�t�q �s�n�t �i�`�h �d�i�d�^ �n�u�d�^�j�d�s�`�h �f �n�l�n�k�`�r�^�` �s�n�t �1�.�- �x�q�6�O�J�B�Y�J�B�M
�1�.�-��

[�] =

2

6
4

a 0 0
0 a 0
0 0 a� 1

3

7
5 :



�������� �D�I�R�D�I�A�R�S�A�S�O �6�1�.�- ����

������ �ò��� �����	� �!���!�� �6�1�.�-

�S�n �6�1�.�- �g�` �o�p�\�o�d�h �l�` �s�n �i�`�s�`�r�i�d�t�[�r�n�t�k�d �k�d �s�\�s�n�h�n �s�p�{�o�n �}�r�s�d �l�` �o�d�p�h�i�j�|�d�h �s�n �c�h�r��
�c�h�[�r�s�`�s�n �o�p�{�a�j�f�k�` �k�`�q �i�`�h �d�m�x�s�d�p�h�i�[ �s�f�q �c�h�[�s�`�m�f�q �k�`�q �l�` �o�`�p�n�k�n�h�[�e�d�h �s�f�l �c�h�[�c�n�r�f
�i�t�k�[�s�x�l �r�s�n�l �d�j�d�|�g�d�p�n �v�}�p�n�� �E�^�l�`�h �d�t�i�n�j�{�s�d�p�n �l�` �d�k�u�`�l�^�r�n�t�k�d �s�n�l �o�^�l�`�i�` �`�l�h�r�n��
�s�p�n�o�^�`�q[�] �r�d �{�j�d�q �s�h�q �d�m�� �.�B�Y�X�F�M�M �i�`�h �r�s�` �r�f�k�d�^�` �{�o�n�t �c�d�l �d�^�k�`�r�s�d �r�s�n �6�1�.�- �l�`
�g�d�x�p�]�r�n�t�k�d �{�s�h �n[�] �d�^�l�`�h �^�r�n�q �k�d �s�n�l �k�n�l�`�c�h�`�^�n �o�^�l�`�i�`I �� �D�f�j�`�c�] �k�{�l�n�l �{�s�`�l �c�d�l
�a�p�h�r�i�{�k�`�r�s�d �r�s�n�l �v�}�p�n �s�n�t �o�p�n�a�j�]�k�`�s�n�q �g�` �h�r�v�|�d�ha 6= 1��

�G �o�`�p�[�k�d�s�p�n�qa �d�^�l�`�h �\�l�`�q �k�h�b�`�c�h�i�{�q �`�p�h�g�k�{�q�
 �n�o�{�s�d �s�f �b�p�[�u�n�t�k�d �x�qa = � � j� �
 �b�h�`
�; � > 0�� �A�o�{ �s�h�q �r�v�\�r�d�h�q �s�x�l �o�d�c�^�x�lE t ; H t �\�v�n�t�k�d �{�s�h �s�n� �d�^�l�`�h �`�t�s�{ �o�n�t �n�p�^�e�d�h �s�n
�k�]�i�n�q �i�|�k�`�s�n�q �c�h�[�c�n�r�f�q �k�\�r�` �r�s�n �6�1�.�- �i�`�h �s�n� �j�d�h�s�n�t�p�b�d�^ �x�q �n �r�t�l�s�d�j�d�r�s�] �d�m�`�r�g�\��
�l�f�r�f�q �s�n�t �i�|�k�`�s�n�q��

���$������ ���������6�O�J�B�Y�J�B�M �1�F�S�G�F�D�U�M�Z �.�B�U�D�I�J�O�H �-�B�Z�F�S�T �b�W�c�[�^�W�f�c�[�\�N �f�a�g �g�b�a�]�a�U�[�e�f�[�\�a�o �i�p�c�a�g �f�a�g
�b�c�a�T�]�P�^�S�f�a�d �e�f�[�dx �\�S�[z �V�[�W�g�Z�o�_�e�W�[�d��

[�] =

2

6
6
6
4

� � j� 0 0
0 � � j� 0

0 0
� + j�
� 2 + � 2

3

7
7
7
5

:

�C�h�` �l�` �d�o�d�i�s�d�^�l�n�t�k�d �s�n �6�1�.�- �r�s�h�q �c�|�n �c�h�`�r�s�[�r�d�h�q �k�o�n�p�n�|�k�d �l�` �v�p�f�r�h�k�n�o�n�h�]�r�n�t�k�d �\�l�`
�^�c�h�n �6�1�.�- �i�`�h �b�h�` �s�n�l �c�d�|�s�d�p�n �[�m�n�l�` �{�o�x�q �u�`�^�l�d�s�`�h �r�s�f�l �E�h�i�{�l�` �	�������
�� �C�h�` �l�` �m�d�v�x�p�^��
�e�n�t�k�d �s�` �6�1�.�- �s�n�t �Y���[�m�n�l�` �i�`�h �[���[�m�n�l�`�
 �g�` �n�l�n�k�[�r�n�t�k�d �s�n�t�q �o�^�l�`�i�d�q[�] �x�q[Sx ] �i�`�h
[Sz] �b�h�` �s�f �i�[�g�d �c�h�d�|�g�t�l�r�f�� �P�`�p�`�s�f�p�n�|�k�d �o�x�q �n �{�p�n�qa� 1�
 �r�|�k�u�x�l�` �k�d �s�f �o�p�n�f�b�n�|�k�d��
�l�f �`�l�[�j�t�r�f�
 �g�` �o�f�b�`�^�l�d�h �o�[�l�s�` �r�s�f �g�\�r�f �s�f�q �c�h�`�b�x�l�^�n�t �s�n�t �o�^�l�`�i�`� �o�n�t �c�d�^�v�l�d�h �s�f
�c�h�d�|�g�t�l�r�f �o�n�t �d�u�`�p�k�{�e�d�s�`�h �s�n �6�1�.�- �r�s�n �o�p�{�a�j�f�k�` �k�`�q�� �8�p�` �b�h�` �s�n�t�q �o�^�l�`�i�d�q[Sx ]



���� �������� �D�I�R�D�I�A�R�S�A�S�O �6�1�.�-

�i�`�h[Sz] �\�v�n�t�k�d �{�s�h

[Sx ] =

2

6
4

s� 1
x 0 0
0 sx 0
0 0 sx

3

7
5 �
 [Sz] =

2

6
4

sz 0 0
0 sz 0
0 0 s� 1

z

3

7
5 �� �	���������


�L�o�n�p�n�|�k�d �l�` �r�t�l�c�t�[�r�n�t�k�d �s�n�t�q �c�|�n �o�^�l�`�i�d�q �r�d �\�l�`�l �o�^�l�`�i�`[S] �b�p�[�u�n�l�s�`�q

[S] = [ Sx ] � [Sz] =

2

6
4

sz=sx 0 0
0 sxsz 0
0 0 sx=sz

3

7
5 �� �	���������


�R�s�h�q �d�m�h�r�}�r�d�h�q �s�n�t �.�B�Y�X�F�M�M �	���������
 �k�o�n�p�n�|�k�d �s�}�p�` �l�` �d�h�r�[�b�n�t�k�d �s�n�l[S] �o�^�l�`�i�` �x�q

r � E = � r [S] fH ; r � fH = � r [S] E ; �	���������


�d�l�} �r�d �r�t�l�c�t�`�r�k�{ �k�d �s�h�q �r�s�`�g�d�p�\�q �s�x�l �t�j�h�i�}�l �g�` �\�v�n�t�k�d �{�s�h� r [S] = � 0
r �i�`�h� r [S] = � 0

r ��
�S�d�j�h�i�[ �i�`�s�`�j�]�b�n�t�k�d �r�s�h�q �o�`�p�`�i�[�s�x �d�m�h�r�}�r�d�h�q��

r � E = � 0
r

fH r � fH = � 0
r E

@Ez
@y0

�
@Ey
@z0

= � 0
xx

fHx
@fHz

@y0
�

@fHy

@z0
= � 0

xx Ex

@Ex
@z0

�
@Ez
@x0

= � 0
yy

fHy
@fHx

@z0
�

@fHz

@x0
= � 0

yyEy

@Ey
@x0

�
@Ex
@y0

= � 0
zz

fHz
@fHy

@x0
�

@fHx

@y0
= � 0

zzEz

�	���������


� 0
r =

2

6
6
6
6
4

� xx
sz

sx
0 0

0 � yyszsx 0

0 0 � zz
sx

sz

3

7
7
7
7
5

�
 � 0
r =

2

6
6
6
6
4

� xx
sz

sx
0 0

0 � yyszsx 0

0 0 � zz
sx

sz

3

7
7
7
7
5

�� �	���������


�G �k�n�p�u�] �s�x�l �o�`�p�`�k�\�s�p�x�lsx ; sz �g�\�j�n�t�k�d �l�` �d�^�l�`�h �s�\�s�n�h�` �}�r�s�d �{�r�n �a�`�g�|�s�d�p�` �a�p�h�r�i�{��
�k�`�r�s�d �r�s�n �6�1�.�-�
 �s�{�r�n �k�d�b�`�j�|�s�d�p�f �l�` �d�^�l�`�h �f �d�m�`�r�g�\�l�f�r�f �s�n�t �i�|�k�`�s�n�q�� �O�h �r�v�\�r�d�h�q
�`�t�s�\�q �d�^�l�`�h �d�j�d�|�g�d�p�d�q �l�` �\�v�n�t�l �n�o�n�h�`�c�]�o�n�s�d �k�n�p�u�] �g�\�j�n�t�k�d�� �C�h�` �s�f�l �d�p�b�`�r�^�` �`�t�s�] �g�`
�v�p�f�r�h�k�n�o�n�h�]�r�n�t�k�d �s�h�q �o�p�n�s�d�h�l�{�k�d�l�d�q �r�v�\�r�d�h�q �`�o�{ �s�n �[�p�g�p�n �<�����>�� �G �k�n�p�u�] �s�n�t�q �c�^�l�d�s�`�h
�o�`�p�`�i�[�s�x��



�������� �D�I�R�D�I�A�R�S�A�S�O �6�1�.�- ����

sz(z) = � z(z) [1 � jZ 0 � z(z)] ; �	���������


sx (x) = � x (x) [1 � jZ 0 � x (x)] ; �	���������


�{�o�n�tZ0 �d�^�l�`�h �f �i�t�k�`�s�h�i�] �`�l�s�^�r�s�`�r�f �s�n�t �i�d�l�n�| �v�}�p�n�
 �d�l�} �s�h�q �r�t�l�`�p�s�]�r�d�h�qa; � �s�h�q
�t�o�n�j�n�b�^�e�n�t�k�d �`�o�{ �s�h�q �r�v�\�r�d�h�q�


� z(z) = 1 + � max

� z
L

� p

; � z(z) = � max sin2
� �z

2L

�

; �	���������


� x (x) = 1 + � max

� x
L

� p

; � x (x) = � max sin2
� �x

2L

�

: �	���������


�O�h �r�s�`�g�d�p�\�q� max ; p; � max �d�o�h�j�\�b�n�l�s�`�h �d�j�d�|�g�d�p�` �l�` �\�v�n�t�l �s�h�k�\�q �r�s�` �c�h�`�r�s�]�k�`�s�`�


0 � � max � 5; 3 � p � 5; � max � 1: �	���������


�R�d �`�t�s�{ �s�n �r�f�k�d�^�n �\�v�n�t�k�d �`�l�`�o�s�|�m�d�h �s�f�l �G���L �g�d�x�p�^�` �i�`�h �\�v�n�t�k�d �u�\�p�d�h �s�h�q �d�m�h�r�}�r�d�h�q
�s�n�t �.�B�Y�X�F�M�M �r�d �i�`�s�[�j�j�f�j�f �k�n�p�u�]�
 �}�r�s�d �l�` �d�u�`�p�k�{�r�n�t�k�d �s�f�l �`�p�h�g�k�f�s�h�i�] �k�\�g�n�c�n �s�x�l
�o�d�o�d�p�`�r�k�\�l�x�l �c�h�`�u�n�p�}�l�� �R�s�n �d�o�{�k�d�l�n �i�d�u�[�j�`�h�n �`�l�`�j�|�n�t�k�d �s�f�l �k�\�g�n�c�n �d�o�^�j�t�r�f�q �s�x�l
�c�h�`�u�� �d�m�h�r�}�r�d�x�l �.�B�Y�X�F�M�M �k�d �'�%�'�% �i�`�h �s�f�l �d�u�`�p�k�n�u�] �s�n�t �o�[�l�x �r�s�n �:�F�F���o�j�\�b�k�`��



�ø���#�	�������� ��

�þ����������� ���
������ �ò�����#�����
�� � �!�� ����������
�!���� ���"�$���)�!���!���� �	�'�%�'�%�


�=�s�`�l �\�v�n�t�k�d �\�l�` �f�j�d�i�s�p�n�k�`�b�l�f�s�h�i�{ �o�p�{�a�j�f�k�` �r�t�l�n�p�h�`�i�}�l �s�h�k�}�l �	�C�P�V�O�E�B�S�Z �Q�S�P�C�M�F�N�
�

�s�{�s�d �o�p�\�o�d�h �j�|�l�n�l�s�`�q �s�h�q �d�m�h�r�}�r�d�h�q �.�B�Y�X�F�M�M �	�������
 �o�[�l�x �r�s�f �b�d�x�k�d�s�p�^�` �s�n�t �o�p�n�a�j�]��
�k�`�s�n�q �l�` �a�p�d�g�d�^ �f �j�|�r�f �o�n�t �h�i�`�l�n�o�n�h�d�^ �s�h�q �n�p�h�`�i�\�q �r�t�l�g�]�i�d�q�� �R�s�h�q �o�d�p�h�r�r�{�s�d�p�d�q �o�d�p�h��
�o�s�}�r�d�h�q �s�` �o�p�n�a�j�]�k�`�s�` �c�d�l �`�o�n�s�d�j�n�|�l�s�`�h �`�o�{ �`�o�j�\�q �b�d�x�k�d�s�p�^�d�q �i�`�h �r�t�l�d�o�}�q �c�d�l �k�o�n��
�p�d�^ �l�` �a�p�d�g�d�^ �f �`�l�`�j�t�s�h�i�] �j�|�r�f �s�n�t �o�p�n�a�j�]�k�`�s�n�q �	�B�O�B�M�Z�U�J�D�B�M �T�P�M�V�U�J�P�O�
 �<�����>�� �A�l�s���`�t�s�n�|
�v�p�f�r�h�k�n�o�n�h�n�|�l�s�`�h�������������!�����
�� ���
�����������d�o�^�j�t�r�f�q �k�d�p�h�i�}�l �c�h�`�u�n�p�h�i�}�l �d�m�h�r�}�r�d�x�l �o�n�t
�k�o�n�p�n�|�l �l�` �o�p�n�r�d�b�b�^�r�n�t�l �s�f �j�|�r�f �o�[�l�x �r�d �n�o�n�h�`�c�]�o�n�s�d �b�d�x�k�d�s�p�^�`�
 �k�d�h�}�l�n�l�s�`�q �r�f��
�k�`�l�s�h�i�[ �s�f �o�n�j�t�o�j�n�i�{�s�f�s�` �s�n�t �o�p�n�a�j�]�k�`�s�n�q �	�S�J�H�P�S�P�V�T �B�O�B�M�Z�T�J�T�
��

�C�h�` �s�f �j�|�r�f �s�n�t �G���L �o�p�n�a�j�]�k�`�s�n�q �s�f�q �o�d�p�^�g�j�`�r�f�q �d�o�h�j�\�b�n�t�k�d �l�` �v�p�f�r�h�k�n�o�n�h�]�r�n�t�k�d
�s�f �k�\�g�n�c�n �s�x�l �P�d�o�d�p�`�r�k�\�l�x�l �D�h�`�u�n�p�}�l �r�s�n �o�d�c�^�n �s�x�l �R�t�v�l�n�s�]�s�x�l�	�'�J�O�J�U�F���%�J	��F�S�F�O�D�F
�'�S�F�R�V�F�O�D�Z �%�P�N�B�J�O�
�� �G �k�\�g�n�c�n�q �'�%�'�% �a�p�^�r�i�d�h �d�u�`�p�k�n�b�\�q �r�d �o�n�j�j�[ �o�p�n�a�j�]�k�`�s�` �o�n�t
�o�d�p�h�j�`�k�a�[�l�n�t�l �s�f �k�d�j�\�s�f �c�h�[�g�j�`�r�f�q���r�i�\�c�`�r�f�q �f�j�d�i�s�p�n�k�`�b�l�f�s�h�i�}�l �i�t�k�[�s�x�l��

�	�ò�����#���������� �ó����� �&� ���
 �	�ï���������������) ���*� �!�������

bL f f g = g

F inite � Dif ferences
============ ) [A ][x] = [ b]

�A�l bLf f g �`�o�n�s�d�j�d�^ �k�^�` �c�h�`�u�n�p�h�i�] �d�m�^�r�x�r�f �	�c���d���
 �x�q �o�p�n�q �s�f �r�t�l�[�p�s�f�r�ff �i�`�hg �n �k�f��
�n�k�n�b�d�l�]�q �{�p�n�q�
 �s�{�s�d �k�d �s�h�q �o�d�o�d�p�`�r�k�\�l�d�q �c�h�`�u�n�p�\�q �k�o�n�p�n�|�k�d �l�` �k�d�j�d�s�]�r�n�t�k�d �s�f �c���d��
�r�`�l �\�l�` �`�j�b�d�a�p�h�i�{ �r�|�r�s�f�k�` �{�o�n�t[A] �\�l�`�q �s�d�s�p�`�b�x�l�h�i�{�q �o�^�l�`�i�`�q �i�`�h[x]; [b] �c�h�`�l�|��
�r�k�`�s�` �r�s�]�j�f�q��

�G �`�p�h�g�k�f�s�h�i�] �k�\�g�n�c�n�q �'�%�'�% �k�d�s�`�s�p�\�o�d�h �s�h�q �c�h�`�u�n�p�h�i�\�q �d�m�h�r�}�r�d�h�q �r�d �\�l�` �r�|�r�s�f�k�` �	�o�n�j��
�j�}�l�
 �`�j�b�d�a�p�h�i�}�l �d�m�h�r�}�r�d�x�l �o�n�t �\�l�`�q �t�o�n�j�n�b�h�r�s�]�q �k�o�n�p�d�^ �d�|�i�n�j�` �i�`�h �b�p�]�b�n�p�` �l�` �j�|��
�r�d�h �<�����>�� �:�l�` �s�t�o�h�i�{ �o�p�{�b�p�`�k�k�` �'�%�'�% �\�v�d�h �c�h�`�p�i�d�^�` �k�d�p�h�i�}�l �j�d�o�s�}�l �`�i�{�k�` �i�`�h �r�s�n�t�q
�o�h�n �`�o�j�n�|�q �t�o�n�j�n�b�h�r�s�\�q�� �L�d �i�`�s�[�j�j�f�j�f �c�h�`�i�p�h�s�n�o�n�^�f�r�f �s�n�t �v�}�p�n�t �k�o�n�p�n�|�k�d �d�o�^�r�f�q
�l�` �k�d�j�d�s�]�r�n�t�k�d �k�d �d�t�i�n�j�^�` �n�o�n�h�`�c�]�o�n�s�d �b�d�x�k�d�s�p�^�` �o�n�t �k�o�n�p�d�^ �l�` �\�v�d�h �s�n �o�p�{�a�j�f�k�`
�k�`�q�� �:�s�r�h�
 �k�d �s�f�l �h�c�h�{�s�f�s�` �`�t�s�] �g�` �d�o�h�v�d�h�p�]�r�n�t�k�d �l�` �j�|�r�n�t�k�d �s�h�q �c�h�`�u�n�p�h�i�\�q �d�m�h�r�}�r�d�h�q
�s�n�t �.�B�Y�X�F�M�M �r�s�n �o�p�{�a�j�f�k�` �s�f�q �o�d�p�^�g�j�`�r�f�q �s�n�t �G���L �i�|�k�`�s�n�q��



�������� �R�V�E�R�E�I�R �P�E�P�E�Q�A�R�L�E�M�X�M �D�I�A�U�O�Q�X�M ����

������ ���$�
� ������ ������������� ���
���&�� �������#�����+��

�G �k�\�g�n�c�n�q �s�x�l �P�d�o�d�p�`�r�k�\�l�x�l �D�h�`�u�n�u�}�l �	�'�%�.�
 �v�p�f�r�h�k�n�o�n�h�]�g�f�i�d �o�p�}�s�f �u�n�p�[ �s�n ��������
�i�`�h �d�l�} �t�o�[�p�v�n�t�l �o�j�d�n�l �o�h�n �r�|�b�v�p�n�l�d�q �k�\�g�n�c�n�h �d�o�^�j�t�r�f�q �s�x�l �1�%�&�
 �f �k�\�g�n�c�n�q �'�%�. �o�`��
�p�`�k�\�l�d�h �l�` �d�^�l�`�h �f �o�h�n �c�h�`�c�d�c�n�k�\�l�f �`�p�h�g�k�f�s�h�i�] �k�\�g�n�c�n�q �r�s�n�t�q �d�o�h�r�s�f�k�n�l�h�i�n�|�q �i�j�[�c�n�t�q
�s�f�q �u�t�r�h�i�]�q �i�`�h �s�f�q �k�f�v�`�l�h�i�]�q �<�����>�� �O �j�n�b�n�q �`�t�s�]�q �s�f�q �o�p�n�s�^�k�f�r�f�q �n�u�d�^�j�d�s�`�h �r�s�n �b�d��
�b�n�l�{�q �{�s�h �f �'�%�. �d�u�`�p�k�{�e�d�s�`�h �o�n�j�| �d�|�i�n�j�` �r�d �n�o�n�h�n�c�]�o�n�s�d �1�%�& �v�x�p�^�q �l�` �`�j�j�[�e�d�h
�c�p�`�k�`�s�h�i�[ �s�f�l �`�p�v�h�i�] �s�f�q �k�n�p�u�]��

���$������ ���������'�P�S�X�B�S�E
�E�J	��F�S�F�O�D�F

�A�p�v�h�i�[ �g�` �g�d�x�p�]�r�n�t�k�d �r�s�n �r�t�l�d�v�] �v�}�p�n �r�f�k�d�^�` �s�` �n�o�n�^�` �`�o�\��
�v�n�t�l �k�d�s�`�m�| �s�n�t�q �`�o�d�h�p�n�r�s�[ �k�h�i�p�] �`�o�{�r�s�`�r�f� x�� �A�l �k�d�j�d�s�[�k�d
�k�^�` �r�t�l�[�p�s�f�r�ff �
 �s�{�s�d �k�o�n�p�n�|�k�d �l�` �o�p�n�r�d�b�b�^�r�n�t�k�d �s�f �o�`�p�[��
�b�x�b�n �	�i�`�h �b�d�l�h�i�{�s�d�p�` �n�o�n�h�n�c�]�o�n�s�d �b�p�`�k�k�h�i�{ �k�d�s�`�r�v�f�k�`�s�h�r�k�{�

�r�d �\�l�` �r�f�k�d�^�nx�
 �v�p�f�r�h�k�n�o�n�h�}�l�s�`�q �`�o�j�}�q �s�h�q �s�h�k�\�q �s�f�qf �`�o�{
�b�d�h�s�n�l�h�i�[ �r�f�k�d�^�`��

dn f
dxn

�
X

i

ai f i ��

�=�o�x�q �o�`�p�n�t�r�h�[�e�d�s�`�h �r�s�n �R�v�]�k�`�������f �o�`�p�[�b�x�b�n�q �k�o�n�p�d�^ �l�` �n��
�p�h�r�s�d�^ �k�d �s�f �r�v�\�r�f �s�x�l�G�P�S�X�B�S�E �E�J	��F�S�F�O�D�F�<�����> �o�n�t �v�p�f�r�h�k�n�o�n�h�d�^
�s�f �s�h�k�] �s�n�tf (x + � x)��

���$������ ���������#�B�D�L�X�B�S�E
�E�J	��F�S�F�O�D�F

f 0(x) = lim
� x ! 0

f (x + � x) � f (x)
� x

�� �	�������


�L�d �^�c�h�` �j�n�b�h�i�] �n�p�^�e�d�s�`�h �f�C�B�D�L�X�B�S�E �E�J	��F�S�F�O�D�F�r�v�\�r�f �s�f�q �o�`�p�`��
�b�}�b�n�t�
 �v�p�f�r�h�k�n�o�n�h�}�l�s�`�q �s�f�lf (x � � x) �i�`�h �o�`�^�p�l�n�t�k�d��

f 0(x) = lim
� x ! 0

f (x) � f (x � � x)
� x

�� �	�������


�S�d�j�h�i�[ �f �s�p�^�s�f �r�v�\�r�f �s�x�l �o�d�o�d�p�`�r�k�\�l�x�l �c�h�`�u�n�p�}�l �c�^�l�d�s�`�h �`�l
�j�[�a�n�t�k�d �t�o�{�w�h�l �s�`f (x + � x) �i�`�hf (x � � x) �r�s�n �c�h�[�r�s�f�k�`
2� x��

���$������ ���������$�F�O�U�S�B�M
�E�J	��F�S�F�O�D�F

f 0(x) = lim
� x ! 0

f (x + � x) � f (x � � x)
2� x

�
 �	�������


�i�`�h �n�l�n�k�[�e�d�s�`�h�D�F�O�U�S�B�M �E�J	��F�S�F�O�D�F�� �C�h�` �l�` �v�p�f�r�h�k�n�o�n�h�]�r�n�t�k�d �s�h�q
�d�m�h�r�}�r�d�h�q �	�������� �������
 �v�x�p�^�q �s�` �{�p�h�` �g�` �o�p�\�o�d�h �l�` �`�m�h�n�o�n�h�]�r�n�t�k�d
�s�n �`�l�[�o�s�t�b�k�` �5�B�Z�M�P�S �s�x�lf (x � � x) �<�����>��

�A�l �t�o�n�g�\�r�n�t�k�d �o�x�q �ff �d�^�l�`�h �k�^�` �n�k�`�j�] �r�t�l�[�p�s�f�r�f�
 �s�{�s�d �s�n
�`�l�[�o�s�t�b�k�` �5�B�Z�M�P�S �s�x�lf (x � � x) �d�^�l�`�h �s�n �o�`�p�`�i�[�s�x��



���� �������� �R�V�E�R�E�I�R �P�E�P�E�Q�A�R�L�E�M�X�M �D�I�A�U�O�Q�X�M

f (x � � x) = f (x) � � x
df
dx

�
�
�
�
�
x

+
(� x)2

2!
d2f
dx2

�
�
�
�
�
x

�
(� x)3

3!
d3f
dx3

�
�
�
�
�
x

� � �

� � �
(� � x)N

N !
dN f
dxN

�
�
�
�
�
x

+ O(� xN +1 ) ��

�E�u�{�r�n�l� x � 1�s�{�s�d �g�` �h�r�v�|�d�h �{�s�h� x � (� x)2�� �8�p�` �n �o�p�}�s�n�q �{�p�n�q �o�n�t �`�b�l�n�n�|�k�d �`�o�{
�s�f �r�d�h�p�[ �5�B�Z�M�P�S �g�` �d�^�l�`�h �i�`�h �`�t�s�{�q �o�n�t �g�` �o�p�n�r�c�h�n�p�^�e�d�h �s�n �r�u�[�j�k�`�� �A�t�s�{ �r�t�k�a�n�j�^�e�d�s�`�h
�`�o�{ �s�nO(� xN +1 ) �r�s�f �r�d�h�p�[��

�A�o�{ �s�h�q �r�d�h�p�\�q �5�B�Z�M�P�S �s�n�tf (x + � x) �i�`�hf (x � � x) �k�o�n�p�n�|�k�d �l�` �j�|�r�n�t�k�d �x�q �o�p�n�q
df
dx

�i�`�h �s�{�s�d �\�v�n�t�k�d �b�h�` �s�h�q�G�P�S�X�B�S�E�i�`�h�C�B�D�L�X�B�S�E�c�h�`�u�n�p�\�q �\�v�n�t�k�d �{�s�h�


f 0 =
f (x + � x) � f (x)

� x
+ O(� x) ; �	�������


f 0 =
f (x) � f (x � � x)

� x
+ O(� x)�� �	�������


�=�j�n�h �n�h �{�p�n�h �s�n�t �`�l�`�o�s�|�b�k�`�s�n�q �s�f�qf (x+� x) �\�v�n�t�l �g�d�s�h�i�{ �o�p�{�r�f�k�n�
 �d�l�} �r�s�n �`�l�[�o�s�t�b��
�k�` �s�f�qf (x � � x) �k�{�l�n �n�h �o�d�p�h�s�s�n�^ �{�p�n�h �d�k�u�`�l�^�e�n�t�l �`�p�l�f�s�h�i�{ �o�p�{�r�f�k�n�� �A�u�`�h�p�}�l�s�`�q
�s�h�q �c�|�n �r�v�\�r�d�h�q �o�`�^�p�l�n�t�k�d �{�s�h

f (x + � x) � f (x � � x) = 2� x
df
dx

�
�
�
�
�
x

+ 2
(� x)3

3!
d3f
dx3

�
�
�
�
�
x

+ � � � ;

�i�`�h �j�|�l�n�l�s�`�q �x�q �o�p�n�q
df
dx

�\�v�n�t�k�d

f 0 =
f (x + � x) � f (x � � x)

2� x
+ O(� x2)�� �	�������


�P�p�n�r�g�\�s�n�l�s�`�q �s�h�qf (x � � x) �i�`�hf (x + � x) �k�d�s�`�m�| �s�n�t�q �o�p�n�i�|�o�s�d�h

f (x + � x) + f (x � � x) = 2 f (x) + 2
(� x)2

2!
d2f
dx2

�
�
�
�
�
x

+ 2
(� x)4

4!
d4f
dx4

�
�
�
�
�
x

+ � � � ;

�d�l�} �j�|�l�n�l�s�`�q �x�q �o�p�n�q
d2f
dx2

�o�`�^�p�l�n�t�k�d

d2f (x)
dx2

=
f (x + � x) � 2f (x) + f (x � � x)

� x2
+ O(� x2)�� �	�������




�������� �D�I�A�J�Q�I�S�O�P�O�I�G�R�G �S�O�T �V�X�Q�O�T ����

������ �ò�����������!����������� �� �!���" �$�+�����"

�O�h �r�v�\�r�d�h�q �	���������������
 �c�d�l �k�o�n�p�n�|�l �l�` �v�p�f�r�h�k�n�o�n�h�f�g�n�|�l �`�o�{ �s�n�t�q �t�o�n�j�n�b�h�r�s�\�q �i�`�g�}�q
�o�p�\�o�d�h �l�` �o�p�n�f�b�f�g�d�^ �o�p�}�s�` �k�h�`�������������!����������� �� �	�E�J�T�D�S�F�U�J�[�B�U�J�P�O�
�s�n�t �v�}�p�n�t�� �O �v�}�p�n�q
�v�x�p�^�e�d�s�`�h �r�d �`�o�d�h�p�n�r�s�[ �k�h�i�p�[ �b�d�x�k�d�s�p�h�i�[ �r�v�]�k�`�s�` �	�] �a�[�r�d�h�q�
 �k�d �c�h�`�r�s�[�r�d�h�q� x; � y; � z��
�L�\�r�` �r�d �i�[�g�d �a�[�r�f �k�o�n�p�n�|�k�d �k�d �d�|�i�n�j�n �s�p�{�o�n �l�` �j�|�r�n�t�k�d �s�h�q �d�m�h�r�}�r�d�h�q �.�B�Y�X�F�M�M �i�`�h
�s�{�s�d �f �s�d�j�h�i�] �j�|�r�f �s�n�t �o�p�n�a�j�]�k�`�s�n�q �g�` �d�^�l�`�h �	�o�p�n�r�d�b�b�h�r�s�h�i�[�
 �`�o�j�}�q �s�n �[�g�p�n�h�r�k�`
�{�j�x�l �s�x�l �j�|�r�d�x�l �o�n�t �\�v�n�t�k�d �a�p�d�^ �r�d �i�[�g�d �a�[�r�f �<�����>�� �C�h�` �k�^�` �r�t�l�[�p�s�f�r�f �G �o�n�t �`�l�`�e�f��
�s�n�|�k�d �k�o�n�p�n�|�k�d �l�` �o�n�|�k�d �{�s�h

f (r ) =
X

n
an f n (r )

�{�o�n�tf n (r ) �f �j�|�r�f �s�f�qf �k�\�r�` �r�s�f �O���n�r�s�] �a�[�r�fD n �i�`�h �u�t�r�h�i�[f n (r ) = 0 ; 8r =2 D n ��
�G �k�\�g�n�c�n�q �'�% �k�`�q �d�o�h�s�p�\�o�d�h �s�f�l �o�p�n�r�\�b�b�h�r�f �s�x�l �o�`�p�`�b�}�b�x�l �k�h�`�q �r�t�l�[�p�s�f�r�f�q �b�|�p�x
�`�o�{ �\�l�` �r�f�k�d�^�nx0�
 �`�l �d�^�l�`�h �b�l�x�r�s�\�q �n�h �s�h�k�\�q �s�f�q �r�t�l�[�p�s�f�r�f�q �r�s�f �b�d�h�s�n�l�h�[ �b�|�p�x �`�o�{
�s�nx0 �{�o�x�q �`�o�n�c�d�^�v�g�f�i�d �o�p�n�f�b�n�t�k�\�l�x�q��

���$������ �������������% �b�]�O�U�^�S �U�[�S �f�Yf i;j

�R�s�n �R�v�]�k�`�������g�d�x�p�n�|�k�d �\�l�` �c�h�r�c�h�[�r�s�`��
�s�n �o�j�\�b�k�` �	�H�S�J�E�
 �{�o�n�t �\�v�n�t�k�d �v�p�f�r�h��
�k�n�o�n�h�]�r�d�h �x�q �a�[�r�d�h�q �`�o�d�h�p�n�r�s�[ �k�h�i�p�[
�n�p�g�n�b�}�l�h�` �k�d �c�h�`�r�s�[�r�d�h�q� x �i�`�h� y��
�C�h�` �l�` �d�^�l�`�h �o�h�n �d�t�l�`�l�[�b�l�x�r�s�d�q �n�h �d�m�h��
�r�}�r�d�h�q �'�%�
 �r�t�l�]�g�x�q �v�p�f�r�h�k�n�o�n�h�n�|�l�s�`�h
�n�h �c�d�^�i�s�d�q(i ; j ; k) �r�s�h�q �d�m�h�r�}�r�d�h�q �	�������

�r�s�f �g�\�r�f �s�x�l �k�d�s�`�a�j�f�s�}�l(x i ; yj ; zk)��
�O�h �l�\�d�q �r�t�l�s�d�s�`�b�k�\�l�d�q �c�d�^�v�l�n�t�l �s�f �a�[��
�r�f �k�\�r�` �r�s�n �o�j�\�b�k�` �r�s�n �n�o�n�^�n �`�l�`��
�u�d�p�{�k�`�r�s�d�� �O�h �d�m�h�r�}�r�d�h�q �'�% �b�p�[�u�n�l�s�`�h
�b�h�` �s�h�q �o�`�p�`�b�}�b�n�t�q �o�p�}�s�n�t �a�`�g�k�n�|
�x�q��

@fi;j

@x
=

8
>>>>>>>>>>><

>>>>>>>>>>>:

f i +1 ;j � f i � 1;j

2� x
�	�D�F�O�U�S�B�M �E�J	��F�S�F�O�D�F�


f i +1 ;j � f i;j

� x
�	�G�P�S�X�B�S�E �E�J	��F�S�F�O�D�F�


f i;j � f i � 1;j

� x
�	�C�B�D�L�X�B�S�E �E�J	��F�S�F�O�D�F�


; �	�������


�d�l�} �b�h�` �s�n�t �c�d�t�s�\�p�n�t �a�`�g�k�n�|��

@2f i;j

@x2
=

f i +1 ;j � 2f i;j + f i � 1;j

� x2
�� �	�������




���� �������� �D�I�A�J�Q�I�S�O�P�O�I�G�R�G �S�O�T �V�X�Q�O�T

�P�`�p�`�s�f�p�}�l�s�`�q �s�n �c�h�r�c�h�[�r�s�`�s�n �o�j�\�b�k�` �s�n�t �r�v�]�k�`�s�n�q�������i�`�h �r�|�k�u�x�l�` �k�d �s�h�q �r�v�\�r�d�h�q
�	�������
 �k�o�n�p�n�|�k�d �l�` �c�n�|�k�d �{�s�h �f �o�`�p�[�b�x�b�n�q �i�[�g�d �r�f�k�d�^�n�t �k�o�n�p�d�^ �l�` �t�o�n�j�n�b�h�r�s�d�^ �v�p�f�r�h��
�k�n�o�n�h�}�l�s�`�q �s�h�q �r�v�\�r�d�h�q��

@f
@x

�
�
�
�
�
i

�
f i +1 ;j � f i;j

� x
(�G�P�S�X�B�S�E �E�J	��F�S�F�O�D�F �f�a�gf i;j ) �	���������


@f
@x

�
�
�
�
�
i +0 :5

�
f i +1 ;j � f i;j

� x
(�D�F�O�U�S�B�M �E�J	��F�S�F�O�D�F �f�a�gf i +0 :5;j ) �	���������


@f
@x

�
�
�
�
�
i +1

�
f i +1 ;j � f i;j

� x
(�C�B�D�L�X�B�S�E �E�J	��F�S�F�O�D�F �f�a�gf i +1 ;j ) �	���������


�A�l�[�j�n�b�` �k�d �s�f �c�h�i�] �k�`�q �g�d�}�p�f�r�f�
 �f �^�c�h�` �r�v�\�r�f �k�`�q �d�o�h�s�p�\�o�d�h �l�` �t�o�n�j�n�b�^�r�n�t�k�d �s�h�q
�o�`�p�`�b�}�b�n�t�q �c�h�`�c�n�v�h�i�}�l �r�s�n�h�v�d�^�x�l �s�n�t �o�j�\�b�k�`�s�n�q�� �E�^�l�`�h �r�t�l�d�o�}�q �`�o�`�p�`�^�s�f�s�n �l�` �d�o�h��
�j�\�m�n�t�k�d �k�{�l�n �k�^�` �k�n�p�u�] �o�d�o�d�p�`�r�k�\�l�x�l �c�h�`�u�n�p�}�l �o�n�t �g�` �v�p�f�r�h�k�n�o�n�h�n�|�k�d�� �K�{�b�x �s�n�t
�k�h�i�p�{�s�d�p�n�t �r�u�[�j�k�`�s�n�qO(� x2) �o�n�t �d�k�u�`�l�^�e�d�h �f�D�F�O�U�S�B�M �E�J	��F�S�F�O�D�F�
 �d�o�h�j�\�b�n�t�k�d �l�` �v�p�f�r�h��
�k�n�o�n�h�]�r�n�t�k�d �`�t�s�]�l�� �G �r�v�\�r�f �`�t�s�] �{�k�x�q �t�o�n�j�n�b�^�e�d�h �s�n �o�d�c�^�n �r�s�n(i + 0:5) �s�n �n�o�n�^�n �c�d�l
�`�l�s�h�r�s�n�h�v�d�^ �r�d ���o�p�`�b�k�`�s�h�i�{�� �i�`�h �`�i�\�p�`�h�n �r�f�k�d�^�n �s�n�t �o�j�\�b�k�`�s�n�q�� �H�d�x�p�f�s�h�i�[ �g�` �k�o�n��
�p�n�|�r�`�k�d �l�` �v�p�f�r�h�k�n�o�n�h�]�r�n�t�k�d �s�f�l �d�m�� �n�p�h�r�k�n�| �r�v�\�r�f �	�������
 �`�j�j�[ �`�t�s�] �v�p�f�r�h�k�n�o�n�h�d�^
�r�s�n�h�v�d�^�` �o�n�t �`�o�\�v�n�t�l2� x �k�d�s�`�m�| �s�n�t�q �k�d �`�o�n�s�\�j�d�r�k�` �n�h �o�d�o�d�p�`�r�k�\�l�d�q �c�h�`�u�n�p�\�q �l�`
�o�p�n�d�i�s�d�^�l�n�l�s�`�h �r�s�n �o�j�\�b�k�` �k�`�i�p�|�s�d�p�` �`�o���{�s�h �v�p�d�h�[�e�d�s�`�h �i�`�h �l�` �k�d�h�}�l�d�s�`�h �f �`�o�n�c�n�s�h��
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 �`�u�n�| �{�j�f �f �o�j�f�p�n�u�n�p�^�` �d�^�l�`�h
�`�o�n�g�f�i�d�t�k�\�l�f �k�{�l�n �r�s�h�q �c�h�`�b�x�l�^�n�t�q�� �R�s�n �.�B�U�M�B�C �`�t�s�{ �s�n �d�o�h�s�t�b�v�[�l�n�t�k�d �k�d �s�f�l �d�l�s�n�j�]
�T�Q�B�S�T�F�	�
��
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1
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�O �o�^�l�`�i�`�qD z �o�d�p�h�\�v�d�h �o�d�p�h�n�c�h�i�[ �k�f�c�d�l�h�i�[ �r�s�` �r�f�k�d�^�` �s�f�q �c�h�`�b�x�l�^�n�t �{�o�n�t �s�d�j�d�h�}�l�d�h
�s�n �o�j�\�b�k�` �	�r�t�l�g�]�i�f �%�J�S�J�D�I�M�F�U�
�� �D�f�j�`�c�]�
 �`�l �s�n �o�j�\�b�k�` �\�v�d�h �r�t�l�n�j�h�i�[Nz �r�s�n�h�v�d�^�` �s�{�s�d
�b�h�` �i�[�g�dNz �r�s�n�h�v�d�^�n �s�f�q �c�h�`�b�x�l�^�n�t �s�x�l �k�n�l�[�c�x�l �g�` �d�k�u�`�l�^�e�d�s�`�h �\�l�` �k�f�c�d�l�h�i�{�� �R�s�n
�r�t�b�i�d�i�p�h�k�\�l�n �o�`�p�[�c�d�h�b�k�`Nz = 3�� �C�h�` �s�n�l �o�^�l�`�i�`D x �\�v�n�t�k�d �k�f�c�d�l�h�i�[ �`�l�[�k�d�r�` �s�x�l
�c�|�n �c�h�`�b�x�l�^�x�l� 1 �i�`�h1�� �S�n �o�j�]�g�n�q �c�h�`�b�x�l�^�x�l �k�d �k�f�c�d�l�h�i�[ �o�n�t �v�p�d�h�[�e�n�l�s�`�h �k�d�s�`�m�|
�s�x�l �c�|�n �i�|�p�h�x�l �c�h�`�b�x�l�^�x�l �d�^�l�`�hNx � 1�
 �c�f�j�`�c�] �d�m�`�p�s�[�s�`�h �`�o�{ �s�n �o�j�]�g�n�q �r�s�n�h�v�d�^�x�l
�i�`�s�[ �s�nx �[�m�n�l�`��

�O�h �o�`�p�[�b�x�b�n�h �s�x�l �k�`�b�l�f�s�h�i�}�l �o�d�c�^�x�l �g�` �d�^�l�`�h �c�h�`�u�n�p�d�s�h�i�n�^ �`�o�{ �s�x�l �f�j�d�i�s�p�h�i�}�l �o�d��
�c�^�x�l �j�{�b�x �s�n�t �T�U�B�H�H�F�S�F�E �:�F�F �o�j�\�b�k�`�s�n�q�
 �`�j�j�[ �r�t�l�c�\�n�l�s�`�h �d�|�i�n�j�` �k�d �s�h�q �o�`�p�`�b�}�b�n�t�q
�s�n�t �f�j�d�i�s�p�h�i�n�| �o�d�c�^�n�t �k�\�r�x �s�x�l �`�o�j�}�l �r�v�\�r�d�x�l�


D h
x = � [D e

x ]�5; D h
z = � [D e

z]�5; �	���������


�{�o�n�t �k�d[D ]�5 �r�t�k�a�n�j�^�e�d�s�`�h �n �`�l�[�r�s�p�n�u�n�q �o�^�l�`�i�`�q��



�������� �O�I �S�E�K�E�R�S�E�R �P�A�Q�A�C�X�C�X�M�%�R�E �L�O�Q�U�G �P�I�M�A�J�A ����

���$������ �����������F�a �:�F�F���b�]�O�U�^�S �V�[�S�e�f�N�e�W�k�_3 � 3 �^�n�_�a �U�[�S �f�a�&���.�P�E�F�� �C�N�_�k �e�W �S�g�f�n
�g�b�a�]�a�U�Q�X�a�_�f�S�[ �W�o�\�a�]�S �a�[ �b�Q�_�S�\�W�d �b�S�c�S�U�p�U�k�_D �U�[�S �f�a�_ �g�b�a�]�a�U�[�e�^�n �f�k�_ �b�W�V�Q�k�_�� �;�W�k�c�a�o�^�W
�U�[�S �W�g�\�a�]�Q�S �W�\�f�n�d �f�a�g �b�]�O�U�^�S�f�a�d �e�g�_�Z�P�\�W�d�%�J�S�J�h�M�F�U��

�L�o�n�p�n�|�k�d �l�` �d�o�`�j�f�g�d�|�r�n�t�k�d �{�s�h �n�h �o�^�l�`�i�d�q �	���������
 �k�`�q �c�^�l�n�t�l �s�h�q �r�x�r�s�\�q �o�`�p�`�b�}�b�n�t�q
�o�`�p�`�s�f�p�}�l�s�`�q �s�n �r�v�]�k�`���������� �S�d�j�h�i�[�
 �`�p�i�d�^ �l�` �i�`�s�`�r�i�d�t�[�r�n�t�k�d �k�{�l�n �s�n�t �o�^�l�`�i�d�qD e

x ;z

�i�`�h �k�d�s�[ �d�|�i�n�j�` �u�s�h�[�v�l�n�t�k�d �s�n�t�qD h
x ;z �`�l �o�[�p�n�t�k�d �s�n�t�q �`�l�s�^�r�s�n�h�v�n�t�q �`�l�[�r�s�p�n�u�n�t�q

�o�^�l�`�i�d�q �r�s�n �.�B�U�M�B�C��
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D h
x h =
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���� �������� �5�0�5�"�-�Ô�'�*�&�-�%���4�$�"�5�5�&�3�&�%�Ô�'�*�&�-�% �'�0�3�.�6�-�"

������ �5�P�U�B�M�;�'�J�F�M�E���4�D�B�U�U�F�S�F�E�;�'�J�F�M�E �'�P�S�N�V�M�B

�R�d �`�t�s�{ �s�n �r�f�k�d�^�n �\�v�n�t�k�d �i�`�s�`�u�\�p�d�h �l�` �k�d�s�`�s�p�\�w�n�t�k�d �s�n �r�|�r�s�f�k�` �s�x�l �\�m�h �d�m�h�r�}�r�d�x�l
�r�d �c�|�n �`�j�b�d�a�p�h�i�[ �r�t�r�s�]�k�`�s�` �s�f�q �k�n�p�u�]�qA x = 0 �b�h�` �s�`ey �
ehy �� �G �j�|�r�f �s�x�l �d�m�h�r�}��
�r�d�x�l �	���������
 �d�^�l�`�h �f �s�d�s�p�h�k�k�\�l�fx = 0 �d�o�d�h�c�] �c�d�l �\�v�n�t�l �r�t�k�o�d�p�h�j�f�u�g�d�^ �`�i�{�k�f �n�h �o�f�b�\�q
f src �r�s�n �o�p�{�a�j�f�k�`�� �L�d �s�f �a�n�]�g�d�h�` �s�n�t�5�P�U�B�M�š�'�J�F�M�E���4�D�B�G�F�S�F�E�š�'�J�F�M�E �'�P�S�N�V�M�B�g�` �k�d�s�`�s�p�\��
�w�n�t�k�d �s�h�q �d�m�h�r�}�r�d�h�q �`�t�s�\�q �r�s�f �k�n�p�u�]A x = b�
 �{�o�n�t �s�{�s�d �f �j�|�r�f �s�x�l �o�d�c�^�x�l �k�o�n�p�d�^ �l�`
�t�o�n�j�n�b�h�r�s�d�^ �d�|�i�n�j�` �<�����> �b�h�` �s�` �c�|�n �N�P�E�F�T �x�q

ey = A � 1
e b ; �	���������


ehy = A � 1
h b �� �	���������


�O�p�^�e�n�t�k�d �k�df src �s�n �c�h�[�l�t�r�k�` �r�s�]�j�f�q �o�n�t �\�v�d�h �s�f �s�h�k�] �s�n�t �o�d�c�^�n�t���o�f�b�]�q �r�d �i�[�g�d �r�f�k�d�^�n
�s�n�t �v�}�p�n�t�� �E�^�l�`�h �r�f�k�`�l�s�h�i�{ �b�h�` �s�f �k�\�g�n�c�n �`�t�s�] �f �o�f�b�] �l�` �\�v�d�h �s�f �k�n�p�u�] �i�|�k�`�s�n�q
�o�n�t �l�` �h�i�`�l�n�o�n�h�d�^ �s�h�q �d�m�h�r�}�r�d�h�q �s�n�t �.�B�Y�X�F�M�M�
 �c�f�j�`�c�] �d�o�^�o�d�c�`�
 �r�u�`�h�p�h�i�[�
 �i�t�j�h�l�c�p�h�i�[
�i�|�k�`�s�` �i���n���i�� �H�` �g�d�x�p�]�r�n�t�k�d �d�o�^�o�d�c�` �i�|�k�`�s�`(e� j k �r ) �b�h�` �s�f �o�f�b�] �k�`�q�


f src = exp [� j (kz;inc z + kx;inc x)] =

2

6
6
4

f 1;1

������
f N x ;N z ��

3

7
7
5 �	���������


�R�s�f �r�t�l�\�v�d�h�` �c�h�v�n�s�n�k�n�|�k�d �s�n�l �v�}�p�n �s�n�t �o�p�n�a�j�]�k�`�s�n�q �r�d �c�|�n �o�d�p�h�n�v�\�q�� �X�q�5�P�U�B�M �'�J�F�M�E
�n�p�^�e�n�t�k�d �s�f �o�d�p�h�n�v�] �d�i�d�^�l�f �{�o�n�t �s�n �r�t�l�n�j�h�i�{ �o�d�c�^�n �`�o�n�s�d�j�d�^�d�s�`�h �`�o�{ �s�f �o�f�b�] �r�t�l �s�n
�r�i�d�c�`�e�{�k�d�l�n �o�d�c�^�n�� �A�l�s�^�g�d�s�`�
 �g�d�x�p�n�|�k�d �x�q�4�D�B�U�U�F�S�F�E �'�J�F�M�E�s�f �o�d�p�h�n�v�] �d�i�d�^�l�f �{�o�n�t
�g�` �\�v�n�t�k�d �k�{�l�n �s�n �r�i�d�c�`�e�{�k�d�l�n �o�d�c�^�n �i�`�h �{�v�h �s�f �o�f�b�]�� �G�4�D�B�G�F�S�F�E �'�J�F�M�E�o�d�p�h�n�v�] �c�d�l
�`�l�s�h�o�p�n�r�x�o�d�|�d�h �k�^�` �o�p�`�b�k�`�s�h�i�] �o�d�p�h�n�v�] �r�s�n�l �v�}�p�n�
 �`�j�j�[ �d�^�l�`�h �\�l�` ���k�`�g�f�k�`�s�h�i�{�� �d�p��
�b�`�j�d�^�n �b�h�` �l�` �d�h�r�[�b�n�t�k�d �s�h�q �o�f�b�\�q �r�s�h�q �d�m�h�r�}�r�d�h�q �k�`�q �{�o�x�q �g�` �c�n�|�k�d �r�s�f �r�t�l�\�v�d�h�`�� �C�h�`
�l�` �c�h�`�i�p�^�l�n�t�k�d �s�h�q �c�|�n �o�d�p�h�n�v�\�q�5�' �i�`�h�4�'�v�p�f�r�h�k�n�o�n�h�n�|�k�d �s�n�l �c�h�`�b�}�l�h�n �o�^�l�`�i�`Q �o�n�t
�o�`�^�p�l�d�h �s�h�k�]1 �r�s�f�l�4�'�o�d�p�h�n�v�] �i�`�h0 �n�o�n�t�c�]�o�n�s�d �`�j�j�n�|��

���$������ �����������B �b�Q�_�S�\�S�dQ �e�f�Y�_ �S�_�N�\�]�S�e�Y �:���? �\�o�^�S�f�a�d �S�b�n �^�Q�S �V�[�N�f�S�`�Y �i�c�g�e�a�o �e�W
�e�i�P�^�S �c�n�^�T�a�g��



�������� �5�0�5�"�-�Ô�'�*�&�-�%���4�$�"�5�5�&�3�&�%�Ô�'�*�&�-�% �'�0�3�.�6�-�" ����

�Gf src �d�^�l�`�h �n�p�h�r�k�\�l�f �o�`�l�s�n�| �r�s�n�l �v�}�p�n�� �G �o�f�b�] �`�o�n�k�n�l�x�k�\�l�f �r�s�f�l�4�'�o�d�p�h�n�v�] �n�l�n��
�k�[�e�d�s�`�hf scat �i�`�h �f �o�f�b�] �`�o�n�k�n�l�x�k�\�l�f �r�s�f�l �S�' �o�d�p�h�n�v�]f tot �� �A�t�s�\�q �k�o�n�p�n�|�k�d �l�` �s�h�q
�a�p�n�|�k�d �`�o�{ �s�h�q �r�v�\�r�d�h�q��

f scat = Qf src �
 f tot = ( I � Q) f src �
 �	���������


�{�o�n�tI �n �k�n�l�`�c�h�`�^�n�q �o�^�l�`�i�`�q�� �O�h �{�p�n�h �s�}�p�` �o�n�t �`�l�]�i�n�t�l �r�s�f�l�5�' �o�d�p�h�n�v�] �`�j�j�[ �d�k�u�`��
�l�^�e�n�l�s�`�h�� �r�s�h�q �d�m�h�r�}�r�d�h�q �s�n�t �.�B�Y�X�F�M�M �r�s�f�l�4�'�o�d�p�h�n�v�]�
 �d�^�l�`�h �n�hQA f tot �� �O�t�r�h�`�r�s�h�i�[ �s�n
Q �k�`�q �`�o�n�k�n�l�}�l�d�h �{�
�s�h �a�p�^�r�i�d�s�`�h �r�s�f�l�4�'�o�d�p�h�n�v�]�
 �d�l�} �s�nA f tot �d�^�l�`�h �n�h �d�m�� �o�d�o�d�p�`�r�k�\��
�l�x�l �c�h�`�u�n�p�}�l �s�n�t �.�B�Y�X�F�M�M �o�n�t �h�i�`�l�n�o�n�h�d�^ �f �o�f�b�] �k�`�q �f �n�o�n�^�` �\�v�n�t�k�d �`�o�`�h�s�]�r�d�h �l�`
�a�p�^�r�i�d�s�`�h �r�s�f�l�5�P�U�B�M �'�J�F�M�E�o�d�p�h�n�v�]�� �:�s�r�h �{�p�n�h �o�n�t������ �`�l�]�i�n�t�l �r�s�f�l�5�'�o�d�p�h�n�v�] �o�p�\��
�o�d�h �l�` �`�u�`�h�p�d�g�n�|�l �`�o�{ �s�h�q �d�m�h�r�}�r�d�h�q �	���������
 �b�h�` �l�` �d�^�l�`�h �r�t�l�d�o�]�q �f �g�d�}�p�f�r�f �k�`�q��

�A�l�s�^�r�s�n�h�v�` �n�h �{�p�n�h(I � Q) A f scat �d�^�l�`�h �o�f�b�\�q �o�n�t �d�k�u�`�l�^�e�n�l�s�`�h �r�s�h�q �d�m�� �.�B�Y�X�F�M�M �s�f�q
�4�'�o�d�p�h�n�v�]�q �`�j�j�[ �o�p�n�\�p�v�n�l�s�`�h �`�o�{ �s�f�l�5�' �o�d�p�h�n�v�] �	�j�{�b�x �s�x�l �o�d�o�d�p�`�r�k�\�l�x�l �c�h�`�u�n��
�p�}�l�
 �i�`�h �\�s�r�h �g�` �o�p�\�o�d�h �l�` �o�p�n�r�s�d�g�d�^ �f �r�t�l�d�h�r�u�n�p�[ �s�n�t�q �r�s�h�q �r�v�\�r�d�h�q�� �S�d�j�h�i�[ �i�`�s�`��
�j�]�b�n�t�k�d �k�d �c�|�n �c�h�n�p�g�x�s�h�i�n�|�q �{�p�n�t�q�� �C�h�` �s�n �&���.�P�E�F �k�o�n�p�n�|�k�d �l�` �o�n�|�k�d �{�s�h�


A e � QA f tot + ( I � Q) A f scat = 0 �� �	���������


�R�|�k�u�x�l�` �k�d �s�h�q �r�v�\�r�d�h�q �	���������
 �`�l�s�h�i�`�g�h�r�s�n�|�k�d �r�s�f�l �	���������
 �i�`�h �o�`�^�p�l�n�t�k�d �{�s�h�


A e = QA (I � Q) f src � (I � Q) AQ f src �


A e = ( QA � AQ )f src
| {z }

b

�� �	���������


�5�Pb �d�^�l�`�h �n �k�f���n�k�n�b�d�l�]�q �{�p�n�q �s�f�q �d�m�^�r�x�r�f�q �o�n�t �w�[�v�l�`�k�d �i�`�h �`�o�n�s�d�j�d�^ �s�}�p�` �s�n �c�h�[��
�l�t�r�k�` �s�x�l �o�f�b�}�l �k�`�q�� �G �k�n�p�u�] �s�n�t �d�^�l�`�h �c�h�[�l�t�r�k�` �r�s�]�j�f�q�� �O�h �d�m�h�r�}�r�d�h�q �o�n�t �i�`�s�`�j�]��
�b�n�t�k�d �s�d�j�h�i�[ �b�h�` �s�` �& �i�`�h �G �N�P�E�F�T �d�^�l�`�h �n�h��

A e e = ( QA e � A eQ)f src
| {z }

b

�
 �	���������


A h h = ( QA h � A h Q)f src
| {z }

b

�� �	���������


�O�h �d�m�h�r�}�r�d�h�q �`�t�s�\�q �`�l�`�u�\�p�n�l�s�`�h �r�s�f �a�h�a�j�h�n�b�p�`�u�^�` �x�q �c�h�n�p�g�x�k�\�l�d�q �	�D�P�S�S�F�D�U�F�E�
 �'�%�'�% �d��
�m�h�r�}�r�d�h�q �<�����>�� �O�h �r�v�\�r�d�h�q �`�t�s�\�q �k�n�h�[�e�n�t�l �`�p�i�d�s�[ �k�d �s�n �g�d�}�p�f�k�` �h�r�n�c�t�l�`�k�^�`�q �	�F�R�V�J�W�B�M�F�O�D�F
�U�I�F�P�S�F�N�
 �i�`�h �r�s�f�l �o�p�`�b�k�`�s�h�i�{�s�f�s�` �n �`�j�b�{�p�h�g�k�n�q �5�'���4�' �`�o�n�s�d�j�d�^ �k�^�` �[�j�j�f �k�n�p�u�] �s�n�t
�g�d�x�p�]�k�`�s�n�q �`�t�s�n�| �r�s�n�l �c�h�`�i�p�h�s�n�o�n�h�f�k�\�l�n �v�}�p�n��

�ö���+�������� �÷� �����"������������ �	�&�R�V�J�W�B�M�F�O�D�F �s�F�P�S�F�N�
�� �:�r�s�xV �{�b�i�n�q �s�t�v�`�^�n�t �r�v�]�k�`�s�n�q
�i�`�hS �f �d�o�h�u�[�l�d�h�` �o�n�t �s�n�l �o�d�p�h�i�j�|�d�h�� �O�h �o�f�b�\�q �o�n�t �c�f�k�h�n�t�p�b�n�|�l �s�n �o�d�c�^�n �r�s�n�l �v�}�p�n
�a�p�^�r�i�n�l�s�`�h �d�i�s�{�q �s�n�t �{�b�i�n�tV �� �:�r�s�x �s�` �o�d�c�^�`E inc ; H inc �k�\�r�` �r�s�n�l �{�b�i�nV �� �S�{�s�d �`�l

���K�{�b�x �s�f�q �u�|�r�f�q �s�x�l �o�d�o�d�p�`�r�k�\�l�x�l �c�h�`�u�n�p�}�l�
 �n�h �o�`�p�[�b�x�b�n�h �v�p�f�r�h�k�n�o�n�h�n�|�l �b�d�h�s�n�l�h�i�[ �r�f�k�d�^�` �b�h�`
�s�n�l �t�o�n�j�n�b�h�r�k�{ �s�f�q �r�t�l�[�p�s�f�r�f�q �r�d �d�i�d�^�l�n �s�n �r�f�k�d�^�n��



���� �������� �A�Q�I�H�L�G�S�I�J�G �D�I�A�R�P�O�Q�A �K�O�C�X �D�I�A�J�Q�I�S�O�P�O�I�G�R�G�R

�`�l�s�h�i�`�s�`�r�s�]�r�n�t�k�d �{�j�d�q �s�h�q �o�f�b�\�q �k�d �i�`�s�[�j�j�f�j�` �f�j�d�i�s�p�h�i�[ �i�`�h �k�`�b�l�f�s�h�i�[ �d�o�h�u�`�l�d�h�`�i�[
�p�d�|�k�`�s�`JS(S); K S(S) �o�[�l�x �r�s�f�l �d�o�h�u�[�l�d�h�`S�
 �s�{�s�d �i�`�s�`�j�]�b�n�t�k�d �r�d �\�l�` �h�r�n�c�|�l�`�k�n
�o�p�{�a�j�f�k�` �k�\�r�` �r�s�n�l �{�b�i�nV �
 �{�o�n�t

JS(S) = � n̂ � H inc ; K S(S) = n̂ � E inc ; �	���������


�{�s�`�l �s�nn �d�^�l�`�h �i�[�g�d�s�n �b�h�` �i�[�g�d �r�f�k�d�^�n �o�[�l�x �r�s�f�l �d�o�h�u�[�l�d�h�`S �i�`�h �\�v�d�h �i�`�s�d�|�g�t�l�r�f
�o�p�n�q �s�` �\�m�x�� �L�\�r�` �r�s�n�l �{�b�i�nV �s�` �p�d�|�k�`�s�` �c�f�k�h�n�t�p�b�n�|�l �s�`E inc ; H inc �o�d�c�^�`�
 �d�l�} �d�i�s�{�q
�s�n �o�d�c�^�n �d�^�l�`�h �k�f�c�\�l��

�R�s�f �c�h�i�] �k�`�q �o�d�p�^�o�s�x�r�f�
 �\�v�n�t�k�d �s�f�l �o�f�b�]f src �o�n�t �c�h�`�c�^�c�d�s�`�h �r�s�n�l �v�}�p�n �i�`�h �n�p�^�r�`�k�d
�s�n�l �o�^�l�`�i�`Q �b�h�` �l�` �u�s�h�[�m�n�t�k�d �s�n�t�q �i�j�d�h�r�s�n�|�q �v�}�p�n�t�q �5�P�U�B�M �'�J�F�M�E �i�`�h �4�D�B	R�F�S�F�E �'�J�F�M�E��
�V�x�p�^�q �s�f �c�h�[�s�`�m�f �k�`�q�
 �s�nf src �s�n�o�n�g�d�s�d�^�s�`�h �k�{�l�n �k�\�r�` �r�s�n�l �v�}�p�n �5�P�U�B�M �'�J�F�M�E�
 �d�l�} �d�m�x��
�s�d�p�h�i�[ �`�t�s�n�| �g�` �d�^�l�`�h �k�f�c�\�l�� �=�s�`�l �d�h�r�[�b�n�t�k�d �s�f�l �c�h�[�s�`�m�f�
 �s�` �`�l�`�i�j�}�k�d�l�` �i�|�k�`�s�` �`�o�{
�s�n �d�k�o�{�c�h�n �g�` �r�t�l�`�l�s�[�l�d �s�f�l �c�h�`�v�x�p�h�r�s�h�i�] �d�o�h�u�[�l�d�h�`S �i�`�h �g�` �s�f �c�h�`�o�d�p�l�n�|�l �`�l�d�l�{��
�v�j�f�s�`�� �:�s�r�h�
 �r�s�f�l �4�D�B	R�F�S�F�E �'�J�F�M�E �o�d�p�h�n�v�] �d�^�l�`�h �`�o�n�k�n�l�x�k�\�l�` �s�` �`�l�`�i�j�}�k�d�l�` �o�d�c�^�`
�`�o�{ �s�n �o�p�n�r�o�^�o�s�n�l �o�d�c�^�n���o�f�b�]��

�A�l�`�u�n�p�h�i�[ �r�s�f�l �o�d�p�^�o�s�x�r�f �{�o�n�t �f �o�f�b�] �k�`�q �\�v�d�h �s�t�v�`�^�` �i�`�s�d�|�g�t�l�r�f �k�o�n�p�n�|�k�d �l�` �s�f�l
�`�l�`�j�|�r�n�t�k�d �r�s�h�q �s�p�d�^�q �n�p�g�n�b�}�l�h�d�q �r�t�l�h�r�s�}�r�s�d�q �s�f�q �i�`�h �l�` �b�d�l�h�i�d�|�r�n�t�k�d �s�h�q �d�m�h�r�}�r�d�h�q
�	���������
 �k�d �s�n�t�q �o�`�p�`�i�[�s�x �u�n�p�k�`�j�h�r�k�n�|�q�
 �s�n�t�q �n�o�n�^�n�t�q �{�k�x�q �c�d�l �g�` �v�p�d�h�`�r�s�n�|�k�d �b�h�` �s�f�l
�d�p�b�`�r�^�` �`�t�s�]��

~f src =

2

6
4

f x;src

f y;src

f z;src

3

7
5 �
 ~Q =

2

6
4

Qx 0 0
0 Qy 0
0 0 Qz

3

7
5 �
 b= ( ~QA � A ~Q) ~f src �
 �	���������


������ �ï�����������!������ ������� �������	 ���)���& �������������!����������� ����

�G �k�\�g�n�c�n�q �'�%�'�% �o�n�t �d�u�`�p�k�{�e�d�s�`�h �r�s�h�q �c�h�`�u�n�p�h�i�\�q �d�m�h�r�}�r�d�h�q �s�n�t �.�B�Y�X�F�M�M �c�^�l�d�h �j�|��
�r�d�h�q �n�h �n�o�n�^�d�q�
 �j�{�b�x �s�f�q �c�h�`�i�p�h�s�]�q �k�`�g�f�k�`�s�h�i�]�q �s�n�t�q �u�|�r�f�q�
 �c�d�l �r�t�k�o�d�p�h�u�\�p�n�l�s�`�h �r�`�l
�o�p�`�b�k�`�s�h�i�[ �i�|�k�`�s�`�� �R�t�l�d�o�}�q�
 �i�t�k�`�s�h�i�\�q �h�c�h�{�s�f�s�d�q �{�o�x�q �f �s�`�v�|�s�f�s�`c �i�`�h �f �r�v�\�r�f �c�h�`��
�r�o�n�p�[�q! (k)�
 �g�` �c�h�`�u�\�p�n�t�l �k�d�s�`�m�| �s�x�l �c�|�n �d�h�c�}�l �i�t�k�[�s�x�l�� �B�d�a�`�^�x�q�
 �o�p�\�o�d�h �s�` �`�o�n�s�d��
�j�\�r�k�`�s�` �o�n�t �o�`�^�p�l�n�t�k�d �`�o�{ �s�f �o�p�n�r�n�k�n�^�x�r�f �k�`�q �l�` �s�d�^�l�n�t�l �o�[�l�s�` �r�s�h�q �o�p�`�b�k�`�s�h�i�\�q
�s�h�k�\�q �{�s�`�l �n�h �c�h�`�r�s�[�r�d�h�q� x; � y; � z �o�[�l�d �r�s�n �k�f�c�\�l�� �P�`�p�`�i�[�s�x�
 �j�|�l�n�l�s�`�q �s�f�q �d�m�^�r�x��
�r�f �)�F�M�N�I�P�M�U�[ �k�d �s�f�l �'�%�'�% �k�\�g�n�c�n �b�h�` �\�l�` �d�o�^�o�d�c�n �i�|�k�`f �
 �t�o�n�j�n�b�^�e�n�t�k�d �s�f�l �c�h�`�r�o�n�p�[
�i�`�h �s�f�l �s�`�v�|�s�f�s�` �s�n�t �'�% �i�|�k�`�s�n�q��

�H�d�x�p�n�|�k�d �\�l�` �d�o�^�o�d�c�n �i�|�k�`f �o�n�t �c�h�`�c�^�c�d�s�`�h �k�d �i�t�k�`�s�`�p�t�g�k�{k = kx x̂ + ky ŷ + kzẑ �i�`�h
�`�o�n�s�d�j�d�^ �j�|�r�f �s�f�q �d�m�^�r�x�r�f�q�)�F�M�N�I�P�M�U�[�	�������
��

f (r ) = e� j k �r �	���������


�L�d�s�`�s�p�\�o�n�t�k�d �s�f�l �	���������
 �r�s�f �c�h�`�i�p�h�s�] �k�n�p�u�] �'�%f i;j;k �`�o�j�}�q �`�j�j�[�e�n�l�s�`�q �s�h�q �i�`�p�s�d��
�r�h�`�l�\�q �r�t�l�s�d�s�`�b�k�\�l�d�q(x; y; z) �r�d(i � x; j � y; k� z)�� �:�s�r�h �\�v�n�t�k�d �{�s�h

f i;j;k = e� j (kx i � x + ky j � y + kz k� z) �� �	���������




�������� �A�Q�I�H�L�G�S�I�J�G �D�I�A�R�P�O�Q�A �K�O�C�X �D�I�A�J�Q�I�S�O�P�O�I�G�R�G�R����

�5�n �r�|�k�a�n�j�nk �v�p�f�r�h�k�n�o�n�h�d�^�s�`�h �s�`�t�s�{�v�p�n�l�` �b�h�` �s�n�l �k�d�s�`�r�v�k�`�s�h�r�k�{z ! k� z �`�j�j�[ �i�`�h
�b�h�` �s�n�l �i�t�k�`�s�`�p�t�g�k�{ �s�n�t �i�|�k�`�s�n�qf (r )�
 �n�o�{�s�d �k�d �s�n �r�|�k�a�n�j�n� �n�l�n�k�[�e�n�t�k�d �s�n�l�\�g�^�S��
�f�S�c�[�Z�^�n�s�n�t �'�% �i�|�k�`�s�n�qf i;j;k �� �G �d�m�^�r�x�r�f �)�F�M�N�I�P�U�M�[ �r�s�f �k�n�p�u�] �s�x�l �'�%�'�% �d�^�l�`�h��

f i +1 ;j;k + f i � 1;j;k � 2f i;j;k

� x2
+

f i;j +1 ;k + f i;j � 1;k � 2f i;j;k

� y2
+

f i;j;k +1 + f i;j;k � 1 � 2f i;j;k

� z2

+ � 2f i;j;k = 0 ��

�P�n�j�j�`�o�j�`�r�h�[�e�n�t�k�d �i�[�g�d �{�p�n �k�d(� x� y� z)2 �i�`�h �`�l�s�h�i�`�g�h�r�s�n�|�k�d �s�h�qf �r�|�k�u�x�l�` �k�d �s�f�l
�r�v�\�r�f �	���������
 �i�`�h �o�`�p�`�s�f�p�n�|�k�d �{�s�h�


0 = [e� jk x � x + e+ jk x � x � 2](� y� z)2f i;j;k + [ e� jk y � y + e+ jk y � y � 2](� x� z)2f i;j;k

+ [ e� jk z � z + e+ jk z � z � 2](� x� y)2f i;j;k + ( � � x� y� z)2f i;j;k :
�	���������


�S�n(� x� y� z)2f i;j;k �k�o�n�p�d�^ �l�` �a�b�d�^ �i�n�h�l�{�q �o�`�p�[�b�n�l�s�`�q �`�o�{ �i�[�g�d �{�p�n �i�`�h �s�{�s�d �b�h�` �l�`
�h�i�`�l�n�o�n�h�d�^�s�`�h �f �d�m�^�r�x�r�f �	���������
 �r�s�f �k�f �s�d�s�p�h�k�k�\�l�f �o�d�p�^�o�s�x�r�f �	f i;j;k 6= 0�
 �g�` �o�p�\�o�d�h �l�`
�h�r�v�|�d�h

0 =
e� jk x � x + e+ jk x � x � 2

� x2
+

e� jk y � y + e+ jk y � y � 2
� y2

+
e� jk z � z + e+ jk z � z � 2

� z2
+ � 2

=
2 coskx � x � 2

� x2
+

2 cosky � y � 2
� y2

+
2 coskz� z � 2

� z2
+ � 2

=
4

� x2
sin2

 
kx � x

2

!

+
4

� y2
sin2

 
ky � y

2

!

+
4

� z2
sin2

 
kz� z

2

!

� � 2

�S�d�j�h�i�[ �j�|�l�n�l�s�`�q �x�q �o�p�n�q �s�n�l �i�t�k�`�s�`�p�t�g�k�{� �o�`�^�p�l�n�t�k�d �s�f�l�W�`�Q�e�k�e�Y �V�[�S�e�b�a�c�N�d�s�n�t
�'�%�'�% �i�|�k�`�s�n�q

� =

vu
u
t

"
2

� x
sin

 
kx � x

2

!# 2

+

"
2

� y
sin

 
ky � y

2

!# 2

+

"
2

� z
sin

 
kz� z

2

!# 2

�� �	���������


�P�`�p�`�s�f�p�n�|�k�d �o�x�q �d�u�{�r�n�l �b�h�` �s�n�l �i�t�k�`�s�`�p�h�g�k�{k �h�r�v�|�d�h �{�s�hk = !
c0

p
� r � r �
 �{�o�n�tc0 �f

�s�`�v�|�s�f�s�` �s�n�t �u�x�s�{�q �r�s�n �i�d�l�{�
 �s�{�s�d �g�` �\�v�n�t�k�d �i�`�s���`�l�`�j�n�b�^�` �b�h�` �s�n� �{�s�h� = !
�

p
� r � r �


�{�o�n�t� �d�^�l�`�h �f �s�`�v�|�s�f�s�` �c�h�[�c�n�r�f�q �s�n�t �s�d�v�l�f�s�n�| �i�|�k�`�s�n�q �r�s�n �c�h�`�i�p�h�s�{ �v�}�p�n��

� = !
p

� r � r
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���� �������� �A�Q�I�H�L�G�S�I�J�G �D�I�A�R�P�O�Q�A �K�O�C�X �D�I�A�J�Q�I�S�O�P�O�I�G�R�G�R

�U�t�r�h�i�[ �i�`�h �d�c�} �o�p�\�o�d�h �l�` �h�r�v�|�d�h �{�s�h� ! c0 �{�s�`�l �n�h �c�h�`�r�s�[�r�d�h�q �s�d�^�l�n�t�l �r�s�n �k�f�c�\�l�� �C�h�`
�l�` �k�f�l �t�o�[�p�v�d�h �`�p�h�g�k�f�s�h�i�] �c�h�`�r�o�n�p�[�
 �f �r�v�\�r�f �	���������
 �o�p�\�o�d�h �l�` �s�d�^�l�d�h �r�s�n�l �i�t�k�`�s�`�p�h�g�k�{
k�� �R�|�k�u�x�l�` �k�d �s�n�l �i�`�l�{�l�`�-���)�´�Q�J�U�B�M�h�r�v�|�d�h

lim
� x ! 0

sin

 
kx � x

2

!

� x
=

kx

2
�


�[�p�` �o�p�[�b�k�`�s�h �r�s�n �{�p�h�n �{�o�n�t(� x; � y; � z) ! 0 �s�n� 2 �h�r�n�c�t�l�`�k�d�^ �k�d �s�nk2�


lim
� r ! 0

� 2 = lim
� r ! 0
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A

= k2
x + k2

y + k2
z ��

�R�t�l�d�o�}�q�
 �\�v�n�t�k�d �s�f �c�t�l�`�s�{�s�f�s�` �l�` �d�j�\�b�v�n�t�k�d �s�f�l �`�p�h�g�k�f�s�h�i�] �c�h�`�r�o�n�p�[ �s�f�q �'�%�'�% �k�d��
�g�{�c�n�t�
 �`�j�j�[�e�n�l�s�`�q �k�n�l�[�v�` �s�h�q �c�h�`�r�s�[�r�d�h�q �s�x�l �:�F�F���D�F�M�M�T�� �R�s�f �r�t�l�\�v�d�h�` �k�o�n�p�n�|�k�d �l�`
�n�p�^�e�n�t�k�d �s�n�l�b�S�c�N�U�a�_�f�S �W�b�[�T�c�N�V�g�_�e�Y�d
 �r�|�k�u�x�l�` �k�d �s�f �r�v�\�r�f� = c0=
 �i�`�h �s�{�s�d �u�t�r�h��
�i�[ �\�v�n�t�k�d �b�h�` �s�n
 �{�s�h
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�G �c�h�`�r�o�n�p�[ �o�n�t �d�k�u�`�l�^�e�d�s�`�h �r�s�f �c�h�i�] �k�`�q �c�h�r�c�h�[�r�s�`�s�f �o�d�p�^�o�s�x�r�f �	ky = 0�
 �t�o�n�j�n�b�^��
�e�d�s�`�h �d�|�i�n�j�` �`�l �g�d�x�p�]�r�n�t�k�d �{�s�h �r�s�n�l �d�j�d�|�g�d�p�n �v�}�p�n �b�h�` �b�x�l�^�` �o�p�{�r�o�s�x�r�f�q� inc = 0
�g�` �\�v�n�t�k�djkzj = 2�

� 0
�i�`�h �`�l� z = � 0=20�s�{�s�d

� =
40!
� 0

sin

 
�� 2

0

20

!

= 1:0034c0 (� 0 = 1�k�N): �	���������


�P�`�p�`�s�f�p�n�|�k�d �o�x�q �s�n�S�c�[�Z�^�Y�f�[�\�n�i�|�k�`f i;j �c�h�`�c�^�c�d�s�`�h �k�d �s�`�v�|�s�f�s�`� �����������*�!������ �s�f�q
�s�`�v�|�s�f�s�`�q �s�n�t �u�x�s�{�q �	�T�V�Q�F�S�M�V�N�J�O�B�M�
�� �A�t�s�{ �r�f�k�`�^�l�d�h �o�x�q �`�l �s�nf i;j �\�v�d�h �c�h�`�l�|�r�d�h �`�o�{��
�r�s�`�r�f5� 0 = 100 �:�F�F���D�F�M�M�T�
 �s�{�s�d �s�n �o�p�`�b�k�`�s�h�i�{ �i�|�k�`f (r ) �\�v�d�h �c�h�`�l�|�r�d�h99:66 �:�F�F��
�D�F�M�M�T �]4:983� 0 �`�o�{�r�s�`�r�f�� �R�s�n �o�p�{�a�j�f�k�` �k�`�q �r�t�l�d�o�}�q �\�v�n�t�k�d�W�[�e�N�U�W�[�\�l�` �������������!�����)
� �#�	������ �#�	� ���� �^�r�n �k�d

2�
� 0

(100� 99:661)� x = 0:0339� = 6:102°�� �	���������


�C�h�` �l�` �`�l�s�h�k�d�s�x�o�^�r�n�t�k�d �`�t�s�{ �s�n �o�p�{�a�j�f�k�` �k�o�n�p�n�|�k�d �l�` �v�p�f�r�h�k�n�o�n�h�]�r�n�t�k�d �s�n�l �o�`�p�[��
�b�n�l�s�` �d�o�h�a�p�[�c�t�l�r�f�q
 �i�`�h �s�d�v�l�f�s�[ �l�` �k�d�s�`�a�[�j�j�n�t�k�d �s�h�q �r�s�`�g�d�p�\�q �s�x�l �t�j�h�i�}�l �i�`�s�[
� r =
 �i�`�h� r =
 �
 �}�r�s�d �l�` �k�d�h�}�r�n�t�k�d �s�f �s�`�v�|�s�f�s�` �s�n�t �`�p�h�g�k�f�s�h�i�{ �i�|�k�`�s�n�q �i�`�h �l�` �b�^�l�d�h
�^�c�h�` �k�d �s�f �s�`�v�|�s�f�s�` �s�n�t �o�p�`�b�k�`�s�h�i�n�| �i�|�k�`�s�n�q�� �=�s�`�l �{�k�x�q �n �i�t�k�`�s�`�p�h�g�k�{�q �\�v�d�h �c�|�n
�c�h�d�t�g�|�l�r�d�h�q�
 �s�{�s�d �c�d�l �k�o�n�p�n�|�k�d �l�` �d�m�`�j�j�d�^�w�n�t�k�d �o�j�]�p�x�q �s�n �r�u�[�j�k�` �i�`�h �r�s�h�q �c�|�n �i�`��
�s�d�t�g�|�l�r�d�h�q �`�j�j�[ �k�{�l�n �r�d �k�^�`�� �E�o�^�r�f�q�
 �n �o�`�p�[�b�n�l�s�`�q �d�o�h�a�p�[�c�t�l�r�f�q �\�v�d�h �c�h�`�u�n�p�d�s�h�i�]
�s�h�k�] �{�s�`�l �`�j�j�[�e�n�t�l �n�h �s�h�k�\�q �s�x�l� r ; � r �{�o�x�q �u�`�^�l�d�s�`�h �r�s�f�l �d�m�^�r�x�r�f �	���������
�
 �n�o�{�s�d �`�t��
�s�{�q �d�^�l�`�h �[�j�j�n�q �\�l�`�q �j�{�b�n�q �o�n�t �d�^�l�`�h �c�|�r�i�n�j�n �l�` �d�m�`�j�j�d�^�w�n�t�k�d �o�j�]�p�x�q �s�n �r�u�[�j�k�`
�s�f�q �k�d�g�{�c�n�t �`�t�s�]�q��



�ø���#�	�������� ��

�ó�#������������ �!���" �������������������" �5�4���4�'

�R�s�n �i�d�u�[�j�`�h�n �`�t�s�{ �g�` �`�m�h�n�o�n�h�]�r�n�t�k�d �s�f �k�\�g�n�c�n�5�'���4�'�r�s�n �o�p�{�a�j�f�k�` �s�f�q �o�d�p�^�g�j�`��
�r�f�q �r�s�h�q �c�|�n �c�h�`�r�s�[�r�d�h�q �b�h�` �s�n�l �t�o�n�j�n�b�h�r�k�{ �s�x�l �o�d�p�h�g�j�}�k�d�l�x�l �o�d�c�^�x�l �`�o�{ �c�h�[�u�n�p�`
�d�k�o�{�c�h�` �	�T�M�J�U�T���C�B�S�S�J�F�S�T�
�� �A�p�v�h�i�[�
 �o�`�p�n�t�r�h�[�e�n�t�k�d �s�` �a�`�r�h�i�[ �a�]�k�`�s�` �b�h�` �s�f �i�`�s�`�r�i�d�t�]
�s�n�t �o�p�n�a�j�]�k�`�s�n�q �r�s�n �t�o�n�j�n�b�h�r�s�h�i�{ �o�d�p�h�a�[�j�j�n�l�� �C�h�` �l�` �d�^�l�`�h �r�t�l�d�o�]�q �f �o�p�n�r�n�k�n�^�x�r�f
�g�` �o�p�\�o�d�h �l�` �n�p�^�r�n�t�k�d �s�f �c�h�[�s�`�m�f �i�`�h �s�n �o�j�\�b�k�` �s�n�t �o�p�n�a�j�]�k�`�s�n�q �k�d �i�`�s�[�j�j�f�j�n �s�p�{��
�o�n�� �P�p�n�q �s�n �s�\�j�n�q �s�n�t �i�d�u�`�j�`�^�n�t �o�`�p�n�t�r�h�[�r�n�t�k�d �k�d�p�h�i�\�q �o�p�n�r�n�k�n�h�}�r�d�h�q �i�`�h �i�[�o�n�h�n�t�q
�`�o�{ �s�n�t�q �o�d�p�h�n�p�h�r�k�n�|�q �o�n�t �o�p�n�i�|�o�s�n�t�l �`�o�{ �\�l�` �s�\�s�n�h�n �o�p�{�b�p�`�k�k�`��

������ �ò���	������������ �������������������"

�C�h�` �s�n �o�p�{�a�j�f�k�` �s�f�q �o�d�p�^�g�j�`�r�f�q �`�o�{ �k�^�` �r�v�h�r�k�] �g�d�x�p�n�|�k�d �c�|�n �v�}�p�n�t�q �k�d �c�d�^�i�s�d�q
�c�h�[�g�j�`�r�f�qn1; n3 �i�`�h �\�l�` �d�k�o�{�c�h�n �d�l�c�h�[�k�d�r�` �s�n�t�q �k�dn2�� �S�n �d�k�o�{�c�h�n �`�o�n�s�d�j�d�^�s�`�h �`�o�{
�t�j�h�i�{ �k�d �`�o�}�j�d�h�d�q �	�o���v�� �v�p�t�r�{�q�
 �i�`�h �o�[�v�n�qw�� �S�n �o�[�v�n�q �g�` �o�p�\�o�d�h �l�` �d�^�l�`�h �s�n�t�j�[�v�h�r�s�n�l
�k�d�p�h�i�[� �	�d�o�h�c�d�p�k�h�i�{ �a�[�g�n�q�
�
 �}�r�s�d �l�` �k�f�l �c�h�`�o�d�p�l�[ �s�n �o�p�n�r�o�^�o�s�n�l �i�|�k�` �s�n �d�k�o�{�c�h�n��
�O�l�n�k�[�e�n�t�k�d� x ; � z �s�h�q �o�p�`�b�k�`�s�h�i�\�q �c�h�`�r�s�[�r�d�h�q �s�n�t �o�p�n�a�j�]�k�`�s�n�q �k�`�q �i�`�h �`�ldz; dx
�d�^�l�`�h �n�h �c�h�`�r�s�[�r�d�h�q �s�x�l �:�F�F �D�F�M�M�T�
 �s�{�s�d �s�n �o�j�]�g�n�q �:�F�F �D�F�M�M�TSx ; Sz �o�n�t �v�p�d�h�[�e�d�s�`�h �b�h�` �l�`
�b�d�k�^�r�d�h �n �v�}�p�n�q �`�t�s�{�q �t�o�n�j�n�b�^�e�d�s�`�h �`�o�{ �s�h�q �r�v�\�r�d�h�q

� x = Sx � x �
 �	�������


� z = Sz � z �� �	�������


�H�` �o�p�n�r�g�\�r�n�t�k�d �s�n �6�1�.�- �s�}�p�` �o�d�p�h�k�d�s�p�h�i�[ �s�f�q �c�h�[�s�`�m�f�q �{�o�x�q �d�^�c�`�k�d �r�s�n �o�p�}�s�n
�i�d�u�[�j�`�h�n�� �R�s�f�l �E�h�i�{�l�`�������\�v�n�t�k�d �s�n �6�1�.�- �k�d �s�h�q �c�h�`�r�s�[�r�d�h�q �	�/�;�-�0�
 �/�;�)�*�
 �/�9�-�0�

�/�9�)�*�
 �l�` �`�o�n�s�d�j�n�|�l �s�` �o�[�v�f �s�x�l �s�d�r�r�[�p�x�l �r�s�p�x�k�[�s�x�l�� �S�{�s�d �n�h �o�p�n�f�b�n�|�k�d�l�d�q �r�v�\��
�r�d�h�q �o�p�n�r�`�p�k�{�e�n�l�s�`�h �r�s�h�q �o�`�p�`�i�[�s�x�


L x = Nx � x = Sx � x + ( �/�9�-�0+ �/�9�)�*) � x �
 �	�������


L z = Nz� z = Sz � z + ( �/�;�-�0 + �/�;�)�*) � z �
 �	�������




���� �������� �D�I�A�C�Q�A�L�L�A �A�K�C�O�Q�I�H�L�O�T

�k�dNx � Nz �l�` �d�^�l�`�h �n �r�t�l�n�j�h�i�{�q �`�p�h�g�k�{�q �:�F�F �D�F�M�M�T �o�n�t �v�p�f�r�h�k�n�o�n�h�n�|�k�d �r�s�f�l �o�p�n�r�n�k�n�^��
�x�r�] �k�`�q�� �E�o�h�j�\�b�n�t�k�d �s�` �a�]�k�`�s�`� z �i�`�h� x �l�` �d�^�l�`�h ���� �u�n�p�\�q �k�h�i�p�{�s�d�p�` �s�n�t �d�j�[�v�h�r�s�n�t
�k�]�i�n�t�q �i�|�k�`�s�n�q �o�n�t �d�k�u�`�l�^�e�d�s�`�h �k�\�r�` �r�s�n �o�p�{�a�j�f�k�` �k�`�q �	�d�i�s�{�q �s�f�q �o�d�p�h�n�v�]�q �� �k�d �`��
�o�}�j�d�h�d�q�
�� �D�f�j�`�c�] �b�h�` �s�`� x; � z �h�r�v�|�n�t�l �n�h �r�v�\�r�d�h�q

� z = � x =
� min

20
=

� 0

20nmax
�


�n�o�{�s�d �f �r�t�l�n�j�h�i�] �`�l�[�j�t�r�f �	�S�F�T�P�M�V�U�J�P�O�
 �s�n�t �o�j�\�b�k�`�s�n�q[Nx � Nz] �d�^�l�`�h�


[Nx ; Nz] =
� L x

dx
;
L z

dz

�

=
� 20nmax L x

� 0
;
20nmax L z

� 0

�

�� �	�������


�G �`�l�[�j�t�r�f �s�n�t �o�j�\�b�k�`�s�n�q �i�`�g�}�q �i�`�h �{�j�n�h �n�h �o�`�p�[�k�d�s�p�n�h �s�n�t �o�p�n�a�j�]�k�`�s�n�q �	�r�t�v�l�{�s�f�s�`
�j�d�h�s�n�t�p�b�^�`�q�
 �b�x�l�^�` �o�p�n�r�o�s�x�r�f�q �i���`���
 �g�` �d�h�r�[�b�n�l�s�`�h �r�s�f�l �`�p�v�] �s�n�t �o�p�n�b�p�[�k�k�`�s�n�q �k�`�q�

�d�l�} �r�`�l �\�m�n�c�n �g�` �o�`�^�p�l�n�t�k�d �s�` �o�d�c�^�` �r�s�n�l �v�}�p�n �i�`�h �s�h�q �i�`�s�`�l�n�k�\�q �b�h�` �c�h�[�u�n�p�` �r�f�k�d�^�`
�s�n�tz �[�m�n�l�`�� �P�`�p�`�i�[�s�x �c�^�l�n�t�k�d �s�n �c�h�[�b�p�`�k�k�` �p�n�]�q �s�n�t �`�j�b�n�p�^�g�k�n�t��

���$������ ���������F�a �V�[�N�U�c�S�^�^�S �c�a�P�d �f�a�g �S�]�U�a�c�Q�Z�^�a�g �b�a�g �S�_�S�b�f�o�e�e�a�g�^�W �U�[�S �f�Y�_ �b�c�a�e�a�^�a�Q�k�e�Y
�f�Y�d �b�W�c�Q�Z�]�S�e�Y�d �W�_�n�d �:���? �b�W�V�Q�a�g �'�%�'�% �i�c�Y�e�[�^�a�b�a�[�p�_�f�S�d �f�Y �5�'���4�' �^�O�Z�a�V�a��
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������ �õ �����	�!������ � �!�� �"������������� �!�����) �����������	��������

���$������ ���������: �S�_�N�]�g�e�Y �f�a�g �b�]�O�U�^�S�f�a�d �W�Q�_�S�[Nx � Nz �:�F�F �D�F�M�M�T�� �B�[ �e�g�_�f�W�f�S�U�^�O�_�W�d �f�k�_
�e�Y�^�W�Q�k�_ �S�b�a�f�W�]�a�o�_ �f�a�g�d �V�W�Q�\�f�W�d �f�k�_ �b�[�_�N�\�k�_ �e�f�a �.�B�U�M�B�C �b�a�g �S�_�S�h�O�c�a�_�f�S�[ �e�W �W�\�W�Q�_�a �f�a
�e�Y�^�W�Q�a��

�C�h�` �s�f�l �`�l�[�j�t�r�] �k�`�q �g�` �g�d�x�p�]�r�n�t�k�d �\�l�`�l �t�o�n�j�n�b�h�r�s�h�i�{ �v�}�p�n �c�h�`�r�s�[�r�d�x�l[1000�
1000]�� �L�^�` �d�i�s�\�j�d�r�f �s�n�t �o�p�n�b�p�[�k�k�`�s�n�q �r�d �`�t�s�{�l �`�o�`�h�s�d�^ �v�p�{�l�n �d�i�s�\�j�d�r�f�q ���� �c�d�t�s�d��
�p�n�j�\�o�s�x�l �r�d �\�l�`�l �s�t�o�h�i�{ �t�o�n�j�n�b�h�r�s�]�� �X�q �o�p�n�q �s�f �c�h�[�s�`�m�f �k�`�q�
 �f �o�d�p�h�n�v�] �� �k�d �`�o�}�j�d�h�d�q
�d�o�h�j�\�b�n�t�k�d �l�` �`�o�n�s�d�j�d�^�s�`�h �`�o�{ �v�p�t�r�{ �o�n�t �\�v�d�h �c�d�^�i�s�f �c�h�[�g�j�`�r�f�q �<�����> �<�����>

~n2 = 0:13231� j 6:9045 (�b�h�`� 0 = 1 �m ) :

�O �u�`�l�s�`�r�s�h�i�{�q �{�p�n�q �o�d�p�h�b�p�[�u�d�h �u�t�r�h�i�[ �s�h�q �`�o�}�j�d�h�q �s�n�t �G���L �i�|�k�`�s�n�q �k�\�r�` �r�s�n �t�j�h�i�{
�{�o�x�q �`�i�p�h�a�}�q �o�d�p�h�b�p�[�w�`�k�d �r�s�f�l �d�l�{�s�f�s�`�������� �G �o�d�p�h�n�v�] �� �g�` �g�d�x�p�]�r�n�t�k�d �o�x�q �\�v�d�h
�c�d�^�i�s�f �c�h�[�g�j�`�r�f�qn1 = 1�
 �d�l�} �b�h�` �s�f �o�d�p�h�n�v�] �� �d�o�h�j�\�b�n�t�k�d �l�` �`�o�n�s�d�j�d�^�s�`�h �`�o�{ �b�t�`�j�^
�	�#�,���
 �k�d �c�d�^�i�s�f �c�h�[�g�j�`�r�f�qn3 = 1:5168���� �R�s�f �r�t�l�\�v�d�h�`�
 �g�\�j�n�t�k�d �l�` �u�\�p�n�t�k�d �s�n�t�q �o�^��
�l�`�i�d�q �s�x�l �o�d�c�^�x�l(e; h; fsrc ) �r�s�f �k�n�p�u�] �o�h�l�[�i�x�l �r�s�]�j�f�q�
 �d�l�} �s�n�t�q �o�^�l�`�i�d�q(� r ; � r ; A e)
�r�d �c�h�`�b�}�l�h�n�t�q �s�d�s�p�`�b�x�l�h�i�n�|�q �o�^�l�`�i�d�q��

���=�s�`�l �v�p�d�h�`�r�s�d�^ �l�` �r�t�b�i�p�^�l�n�t�k�d �s�` �`�o�n�s�d�j�\�r�k�`�s�` �k�`�q �k�d �s�f �a�`�g�k�x�s�] �g�d�x�p�^�`�
 �s�{�s�d �g�` �v�p�f�r�h�k�n�o�n�h��
�]�r�n�t�k�dn3 = 1
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���$������ ���������4�_�S�b�S�c�N�e�f�S�e�Y �f�Y�d �V�[�S�V�[�\�S�e�Q�S�d �^�W�f�S�e�i�Y�^�S�f�[�e�^�a�o �W�_�n�d �f�W�f�c�S�U�k�_�[�\�a�o �b�Q�_�S�\�S
�e�W �b�Q�_�S�\�S �e�f�P�]�Y�d �\�S�[ �o�e�f�W�c�S �^�W�f�S�f�c�a�b�P �e�W �V�[�S�U�p�_�[�a �S�c�S�[�n �b�Q�_�S�\�S�� �B�[ �V�[�S�U�p�_�[�a�[ �S�c�S�[�a�Q
�b�Q�_�S�\�W�d �O�i�a�g�_ �f�S �b�W�c�[�f�f�N �^�Y�V�W�_�[�\�N �W�\�f�n�d �f�k�_ �e�Y�^�S�_�f�[�\�p�_ �V�[�S�U�k�_�Q�k�_ �f�a�g�d�
 �^�W �S�b�a�f�O�]�W�e�^�S
�_�S �^�Y�_ �i�c�W�[�N�X�a�_�f�S�[ �_�S �S�b�a�Z�Y�\�W�o�a�_�f�S�[ �e�f�Y �^�_�P�^�Y��
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�R�s�f�l �E�h�i�{�l�`�������b�^�l�d�s�`�h �k�^�` �`�l�`�o�`�p�[�r�s�`�r�f �s�f�q �c�h�`�c�h�i�`�r�^�`�q �a�d�j�s�h�r�s�n�o�n�^�f�r�f�q �s�n�t �k�d��
�b�\�g�n�t�q �s�x�l �o�h�l�[�i�x�l �k�d �s�f �a�n�]�g�d�h�` �s�n�t �.�B�U�M�B�C�� �C�h�` �s�f �i�`�s�`�r�i�d�t�] �s�n�t �o�^�l�`�i�` �c�h�f�j�d�i�s�p�h��
�i�}�l �r�s�`�g�d�p�}�l[� r ] �i�`�s�`�r�i�d�t�[�e�n�t�k�d �`�p�v�h�i�[ �s�n�l �o�^�l�`�i�` �&�3(i; j ) �c�h�`�r�s�[�r�d�x�l(Nx � Nz)��
�0 i �c�d�^�i�s�f�q �`�o�d�h�i�n�l�^�e�d�h �s�h�q �b�p�`�k�k�\�q �s�n�t �o�^�l�`�i�` �i�`�h �r�s�n �o�p�{�a�j�f�k�` �k�`�q ���`�l�`�o�`�p�h�r�s�[��
�s�n�lx ���[�m�n�l�`�� �Oj �c�d�^�i�s�f�q �`�l�s�h�o�p�n�r�x�o�d�|�d�h �s�h�q �r�s�]�j�d�q �s�n�t �o�^�l�`�i�` �i�`�h �r�t�l�d�o�}�q �g�` �`�l�s�h��
�o�p�n�r�x�o�d�|�d�h �s�n�lz���[�m�n�l�`�� �C�h�` �l�` �s�n�l �k�d�s�`�s�p�\�w�n�t�k�d �r�d �o�^�l�`�i�` �r�s�]�j�f�q�
 �v�p�f�r�h�k�n�o�n�h�n�|��
�k�d �s�f�l �d�l�s�n�j�]�S�F�T�I�B�Q�F�	�&�3�
�� �C�h�` �s�n�t�q �s�d�j�d�r�s�\�q �i�`�h �s�h�q �r�s�`�g�d�p�\�q �s�x�l �t�j�h�i�}�l �o�n�t �d�^�l�`�h
�c�h�`�b�}�l�h�n�h �s�d�s�p�`�b�x�l�h�i�n�^ �o�^�l�`�i�d�q �c�h�`�r�s�[�r�d�x�l(NxNz � NzNx ) �v�p�d�h�`�e�{�k�`�r�s�d �[�j�j�n �\��
�l�` �a�]�k�`�� �C�h�` �l�` �k�d�s�`�s�p�\�w�n�t�k�d �s�n�l �o�^�l�`�i�` �r�s�]�j�f�q �r�d �c�h�`�b�}�l�h�n �s�d�s�p�`�b�x�l�h�i�{ �o�^�l�`�i�`
�v�p�f�r�h�k�n�o�n�h�n�|�k�d �s�h�q �d�l�s�n�j�\�q�T�Q�B�S�T�F�	�
�i�`�h�E�J�B�H�	�
��

������ �ý�� �����������$�
�� �5�' ������ �4�' � �!�� �����)����������

�O �`�j�b�{�p�h�g�k�n�q�5�P�U�B�M�;�'�J�F�M�E���4�D�B�U�U�F�S�F�E�;�'�J�F�M�E�v�p�f�r�h�k�n�o�n�h�d�^�s�`�h �b�h�` �s�f�l �o�p�n�r�n�k�n�^�x�r�f �o�p�n��
�a�j�f�k�[�s�x�l �r�i�\�c�`�r�f�q �G���L �i�t�k�[�s�x�l�� �R�s�f �r�t�b�i�d�i�p�h�k�\�l�f �o�d�p�^�o�s�x�r�f�
 �s�f�q �c�h�r�c�h�[�r�s�`�s�f�q
�c�h�[�g�j�`�r�f�q �k�d�s�`�m�| �c�|�n �o�d�p�h�n�v�}�l�
 �v�p�d�h�[�e�d�s�`�h �l�` �n�p�^�r�n�t�k�d �s�n �o�p�n�r�o�^�o�s�n�l �i�|�k�`���o�f�b�]
�r�d �i�[�g�d �v�}�p�n �m�d�v�x�p�h�r�s�[�� �O �j�{�b�n�q �o�n�t �c�d�l �v�p�f�r�h�k�n�o�n�h�n�|�k�d �o�`�l�s�n�| �s�n �^�c�h�nfsrc �
 �d�^�l�`�h
�d�o�d�h�c�] �r�s�f �o�d�p�h�n�v�] �� �\�v�n�t�k�d �c�h�`�u�n�p�d�s�h�i�{ �c�d�^�i�s�f �c�h�[�g�j�`�r�f�q�
 �n�o�{�s�d �f �r�t�l�d�h�r�u�n�p�[ �s�n�t
�o�p�n�r�o�^�o�s�n�l�s�n�q �i�|�k�`�s�n�q �r�s�n�l �v�}�p�n �d�i�d�^�l�n �g�` �]�s�`�l �j�`�l�g�`�r�k�\�l�f�
 �`�u�n�| �c�d�l �g�` �d�^�v�d �j�[�a�d�h
�t�o�{�w�h�l �s�f�l �`�j�j�`�b�] �s�n�t �t�j�h�i�n�|��

���$������ ���������: �b�Y�U�P �3�Ff f srcg �e�f�a �b�c�n�T�]�Y�^�S �^�S�d �^�W �U�k�_�Q�S �b�c�n�e�b�f�k�e�Y�d� = 45°�� �6�[�S
�b�S�c�N�V�W�[�U�^�S �b�a�g �S�b�W�[�\�a�_�Q�X�W�f�S�[ �Z�W�k�c�a�o�^�W �b�S�_�f�a�o �e�f�a�_ �i�p�c�a �n�f�[� = � 0��

�C�h�` �s�n �j�{�b�n �`�t�s�{�
 �t�o�n�j�n�b�^�e�n�t�k�d �s�nf src �r�|�k�u�x�l�` �k�d �s�n �o�p�{�a�j�f�k�`�S�_�N�\�]�S�e�Y�d���V�[�N�Z�]�S�e�Y�d
�S�b�n �V�[�Y�]�W�\�f�c�[�\�P �b�]�N�\�S�� �D�f�j�`�c�]�
 �t�o�n�j�n�b�^�e�n�t�k�d �s�nf src �r�`�l �l�` �k�f�l �t�o�[�p�v�d�h �[�l�n�h�b�k�` �r�s�n
�`�c�h�`�u�`�l�\�q �o�\�s�`�r�k�`n2�� �A�t�s�{ �k�o�n�p�n�|�k�d �l�` �s�n �i�[�l�n�t�k�d �d�o�d�h�c�] �s�n �`�l�`�i�j�}�k�d�l�n �o�d�c�^�n �r�s�n
�'�%�'�% �o�f�b�[�e�d�h �`�o�{ �s�f�l �`�l�n�k�n�h�n�b�\�l�d�h�` �s�n�t �v�}�p�n�t�
 �c�f�j�`�c�] �`�o�{ �s�f �k�n�p�u�] �s�f�q �c�h�[�s�`�m�f�q
�k�`�q �o�n�t �d�k�u�`�l�^�e�d�s�`�h �k�\�r�x �s�x�l �o�h�l�[�i�x�l� r ; � r �� �S�n �o�p�{�a�j�f�k�` �o�`�p�`�k�\�l�d�h �^�c�h�n �k�d �o�p�h�l�
 �d�l�}
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�f �o�f�b�] �s�}�p�` �\�v�d�h �s�f �i�`�s�[�j�j�f�j�f �k�n�p�u�]�� �=�j�n�h �n�h �r�t�l�s�d�j�d�r�s�\�q �`�l�[�i�j�`�r�f�q���c�h�[�g�j�`�r�f�q
�t�o�n�j�n�b�^�e�n�l�s�`�h �k�d �s�f �a�n�]�g�d�h�` �s�n�t �T�D�S�J�Q�U�E�J�F�M�F�D�U�S�J�D�@�T�M�B�C�@�ò�O�B�M �	�
�o�n�t �c�^�l�d�s�`�h �r�s�f�l �d�l�{��
�s�f�s��̀������
 �d�l�} �f �G���L �g�d�x�p�^�` �`�l�[�i�j�`�r�f�q���c�h�[�g�j�`�r�f�q �`�o�{ �c�h�f�j�d�i�s�p�h�i�] �o�j�[�i�` �k�]�i�n�t�qd
�o�`�p�n�t�r�h�[�e�d�s�`�h �`�l�`�j�t�s�h�i�[ �r�s�f�l �d�l�{�s�f�s�`��������

�:�v�n�l�s�`�q �t�o�n�j�n�b�^�r�d�h �s�n�t�q �r�t�l�s�d�j�d�r�s�\�q �c�h�[�g�j�`�r�f�q �i�`�h �`�l�[�i�j�`�r�f�q�
 �s�n �o�d�c�^�n �d�|�i�n�j�` �d�h��
�r�[�b�d�s�`�h �r�s�n �o�p�{�a�j�f�k�` �k�`�q �k�\�r�x �s�x�l �d�m�h�r�}�r�d�x�l �	�������
���������
�
 �{�o�n�t �u�t�r�h�i�[ �r�s�f �g�\�r�f �s�x�l
�k�d�s�`�a�j�f�s�}�l �g�\�r�f�q �\�v�n�t�k�d �{�s�h

z �! k � z; k = 1 : Nz �
 �	�������


x �! (Nx � i + 1) � x; i = 1 : Nx �� �	�������


�O �j�{�b�n�q �o�n�t �n�p�^�e�n�t�k�d �s�nx �`�l�s�^�r�s�p�n�u�` �d�^�l�`�h �d�o�d�h�c�] �f �b�p�`�k�k�]i = 1 �
 �{�o�x�q �u�`�^�l�d�s�`�h �i�`�h
�r�s�f�l �&�h�i�{�l�`�������
 �m�d�i�h�l�[�d�h �`�o�{ �s�f�l �i�n�p�t�u�] �i�`�h �o�f�b�`�^�l�n�l�s�`�q �o�p�n�q �s�` �i�[�s�x �s�ni �`�t�m�[�l�d��
�s�`�h�� �8�p�` �nx� �[�m�n�l�`�q �\�v�d�h �`�l�s�^�g�d�s�f �u�n�p�[ �b�h�` �s�n �o�p�{�b�p�`�k�k�` �r�s�n �.�B�U�M�B�C�� �R�t�l�d�o�}�q�
 �g�`
�o�p�\�o�d�h �l�` �s�n �`�j�j�[�m�n�t�k�d �`�j�j�h�}�q �{�s�`�l� inc 6= 0 �f �i�`�s�d�|�g�t�l�r�f �s�n�tf src �g�` �d�^�l�`�h �j�[�g�n�q�� �O�h
�&�h�i�{�l�d�q�������o�`�p�n�t�r�h�[�e�n�t�l �s�f �k�n�p�u�] �s�x�l �o�f�b�}�l �o�n�t �v�p�f�r�h�k�n�o�n�h�n�|�k�d �r�s�n�l �i�}�c�h�i�` �k�`�q��
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���$������ ���������B�[ �\�S�f�S�_�a�^�O�d �f�a�g �b�W�V�Q�a�g �e�f�a�_ �i�p�c�a(x; z) �^�Wn3 = 1:5168�U�[�S �f�ajEy j2 �^�W
h = 10 �^�N��
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���$������ �����������: �\�S�f�S�_�a�^�P �f�Y�d �O�_�f�S�e�Y�d �f�a�g �\�S�_�a�_�[�\�a�b�a�[�Y�^�O�_�a�g �b�W�V�Q�a�g(jEy j=jEy0j)2 �e�W
�S�b�n�e�f�S�e�Yz0 = 12 �m �^�S�\�c�[�N �S�b�n �f�a �W�^�b�n�V�[�a��
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�	�J�
�C�W�c�Q�Z�]�S�e�Y �S�b�n �e�i�[�e�^�Ph = 10�m �	�J�J�
�: �\�S�f�S�_�a�^�P �f�Y�d �O�_�f�S�e�Y�d �U�[�Sh = 10�m

�	�J�J�J�
�C�W�c�Q�Z�]�S�e�Y �S�b�n �e�i�[�e�^�Ph = 8 �m �	�J�W�
�: �\�S�f�S�_�a�^�P �f�Y�d �O�_�f�S�e�Y�d �U�[�Sh = 8 �m

�	�W�
�C�W�c�Q�Z�]�S�e�Y �S�b�n �e�i�[�e�^�Ph = 6 �m �	�W�J�
�: �\�S�f�S�_�a�^�P �f�Y�d �O�_�f�S�e�Y�d �U�[�Sh = 6 �m
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�	�J�
�C�W�c�Q�Z�]�S�e�Y �S�b�n �e�i�[�e�^�Ph = 5 �m �	�J�J�
�: �\�S�f�S�_�a�^�P �f�Y�d �O�_�f�S�e�Y�d �U�[�Sh = 5 �m

�	�J�J�J�
�C�W�c�Q�Z�]�S�e�Y �S�b�n �e�i�[�e�^�Ph = 4 �m �	�J�W�
�: �\�S�f�S�_�a�^�P �f�Y�d �O�_�f�S�e�Y�d �U�[�Sh = 4 �m

�	�W�
�C�W�c�Q�Z�]�S�e�Y �S�b�n �e�i�[�e�^�Ph = 3 �m �	�W�J�
�: �\�S�f�S�_�a�^�P �f�Y�d �O�_�f�S�e�Y�d �U�[�Sh = 3 �m
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�U�[�S �V�[�S�h�a�c�W�f�[�\�O�d �f�[�^�O�d �f�a�gh�� �0�]�W�d �a�[ �\�S�f�S�_�a�^�O�d �g�b�a�]�a�U�Q�X�a�_�f�S�[ �e�W �S�b�n�e�f�S�e�Yz0 = 12�m ��
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