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Eisagwg 

O skopìc thc ergasÐac aut c eÐnai na parousi�soume merikèc efarmogèc twn
mejìdwn thc �peirhc sundiastik c sthn An�lush. Sto 1o kef�laio melet�me
to Je¸rhma Ramsey kai k�poiec parallagèc tou. Sto 2o kef�laio apodei-
knÔoume pr¸ta to Je¸rhma Nash-Williams kai met� to qrhsimopoioÔme gia
na apodeÐxoume èna apì ta shmantik� apotelèsmata thc Sunarthsiak c An�-
lushc, to l1- Je¸rhma tou Rosenthal. Tèloc sto 3o kef�laio melet�me mia
efarmog  tou Jewr matoc Ramsey pou odhgeÐ ston orismì thc akoloujÐac
spreading model. Apì to 2o kef�laio kai èpeita o anagn¸sthc ja qreiasteÐ
na gnwrÐzei k�poia pr�gmata apì thn JewrÐa Metrik¸n Q¸rwn. Mia mikr 
eisagwg  sth Sunarthsiak c An�lushc up�rqei sto Par�rthma.

Ja  jela na euqarist sw ton k.Kanellìpoulo gia to polÔ ìmorfo jèma pou
mou prìteine na asqolhj¸ kai gia ìsa mou èmaje kat� th di�rkeia thc erga-
sÐac all� kai twn spoud¸n mou sth Sqol  Efarmosmènwn Majhmatik¸n kai
Fusik¸n Episthm¸n.
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Kef�laio 1

To Je¸rhma Ramsey

Se olìklhrh thn ergasÐa ja mil�me gia uposÔnola tou sunìlou N twn fusi-
k¸n arijm¸n. 'Estw M ⊂ N kai k ∈ N. QrhsimopoioÔme touc akìloujouc
sumbolismoÔc.

[M ]∞ := {A ⊂M : A �peiro}

[M ]<∞ := {A ⊂M : A peperasmèno}

[M ]k := {(n1, n2, ..., nk) : n1 < n2 < ... < nk, n1, n2, ...nk ∈M}

Ta stoiqeÐa tou teleutaÐou sunìlou ja ta onom�zoume kai k-sÔnola tou M .
ParathroÔme ìti sÔmfwna me ta parap�nw isqÔei ìti

[M ]<∞ =
+∞⋃
k=1

[M ]k

'Otan èqoume èna sÔnolo X kai dÔo xèna,mh ken� uposÔnola tou A,B me
X = A∪B ja lème ìti èqoume èna diqrwmatismì tou X me ta qr¸mata A kai
B. An Y ⊂ X tètoio ¸ste Y ⊂ A   Y ⊂ B tìte to Y ja lègetai monoqrw-
matikì.

7



8 KEF�ALAIO 1. TO JE�WRHMA RAMSEY

'Estw t¸ra ènac diqrwmatismìc tou N me ta qr¸mata A kai B   pio apl�
ac poÔme ìti qrwmatÐzoume touc fusikoÔc arijmoÔc me ta qr¸mata mple kai
kìkkino. Tìte sÐgoura �peiroi apì autoÔc ja eÐnai mple   �peiroi ja eÐnai
kìkkinoi. Me �lla lìgia up�rqei èna �peiro uposÔnolo touc to opoÐo eÐnai
monoqrwmatikì. Pr�gmati an den up rqe tètoio sÔnolo tìte to sÔnolo twn
mple fusik¸n ja  tan peperasmèno kaj¸c epÐshc kai to sÔnolo twn kìkkinwn
ja  tan peperasmèno. Sunep¸c kai h ènwsh touc (dhlad  ìloi oi fusikoÐ)
ja  tan peperasmèno, �topo. Aut  eÐnai h pio apl  ekdoq  tou Jewr matoc
Ramsey. Parak�tw ja to genikeÔsoume me arketoÔc trìpouc.

Je¸rhma Ramsey

'Estw ìti [N]2 = A ∪ B ìpou A,B mh ken� kai xèna uposÔnola tou [N]2.
Tìte up�rqei M ∈ [N]∞ tètoio ¸ste eÐte [M ]2 ⊂ A   [M ]2 ⊂ B.

Apìdeixh

Ja k�noume qr sh tou Jewr matoc Ramsey sthn pio apl  perÐptwsh pou
anafèrame parap�nw. JewroÔme to sÔnolo P0 = {(1, n) : n ∈ N \ {1}}
to opoÐo eÐnai uposÔnolo tou [N]2 kai �ra apì thn upìjesh mac eÐnai qrw-
matismèno me ta qr¸mata A kai B. Sunep¸c up�rqei èna M1 ⊂ N �peiro
tètoio ¸ste to R0 = {(1, n) : n ∈ M1} na eÐnai monoqrwmatikì. 'Estw t¸ra
m1 := minM1 to opoÐo up�rqei apì thn arq  thc kal c di�taxhc twn fusi-
k¸n. 'Estw P1 = {(m1, n) : n ∈ M1 \ {m1}}. Parìmoia up�rqei M2 ⊂ M1

�peiro tètoio ¸ste to R1 = {(m1, n) : n ∈ M2} na eÐnai monoqrwmatikì. 'E-
stw m2 := minM2. Me parìmoio trìpo kataskeu�zoume gnhsÐwc fjÐnousa
akoloujÐa sunìlwn N = M0 ⊃ M1 ⊃ M2 ⊃ M3 ⊃ ... kai aÔxousa akoloujÐa
arijm¸n 1 = m0 < m1 < m2 < m3 < ... tètoiec ¸ste mi ∈ Mi gia k�je
i ∈ N ∪ {0}. Koit�me to sÔnolo {(mi−1,mi) : i ∈ N}. EÐnai uposÔnolo tou
A∪B kai sunep¸c up�rqei K ⊂ N �peiro tètoio ¸ste to {(mi−1,mi) : i ∈ K}
na eÐnai monoqrwmatikì. Upojètoume ed¸ qwrÐc bl�bh thc genikìthtac ìti è-
qei to qr¸ma A. 'EstwM := {mi : i ∈ K}. ToM eÐnai to zhtoÔmeno sÔnolo.
Dhlad  isqÔei ìti [M ]2 ⊂ A. Pr�gmati èstw (mi,mi+j) ∈ [M ]2. Tìte to
stoiqeÐo autì an kei sto Ri kai sunep¸c èqei to Ðdio qr¸ma me to (mi,mi+1).
To teleutaÐo an kei sto {(mi,mi+1) : i ∈ K} sunep¸c èqei to qr¸ma A.
Opìte kai (mi,mi+j) ∈ A ìpwc jèlame.

�
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Tètoiou eÐdouc apotelèsmata an koun sthn JewrÐa Ramsey. Up�rqei kai pe-
perasmènh ekdoq  tou Jewr matoc Ramsey to opoÐo empÐptei sthn JewrÐa
Grafhm�twn. Sthn pio apl  tou ekdoq  lèei ìti se opoiad pote om�da apì èxi
anjr¸pouc eÐte up�rqoun treic pou gnwrÐzontai an� dÔo eÐte up�rqoun treic
oi opoÐoi den gnwrÐzontai an� dÔo. Me gl¸ssa thc JewrÐac Grafhm�twn an
upojèsoume ìti èqoume èxi korufèc oi opoÐec sundèontai an� dÔo me pleurèc
tic opoÐec qrwmatÐzoume mple   kìkkinec tìte sÐgoura up�rqei mple trÐgwno
  kìkkino trÐgwno.

DÐnoume t¸ra thn pr¸th efarmog  tou Jewr matoc Ramsey apodeiknÔontac
me ìmorfo kai aplì trìpo èna apì ta Jemeli¸dh Jewr mata thc Pragmatik c
An�lushc.

Je¸rhma Bolzano-Weierstrass

K�je fragmènh akoloujÐa pragmatik¸n arijm¸n èqei sugklÐnousa upakolou-
jÐa.

Apìdeixh

'Estw (an)n∈N akoloujÐa pragmatik¸n arijm¸n. ArkeÐ na deÐxoume ìti èqei
monìtonh upakoloujÐa. ParathroÔme ìti

[N]2 = {(i, j) : i < j, ai ≤ aj} ∪ {(i, j) : i < j, ai > aj}

Apì to Je¸rhma Ramsey up�rqei M ⊂ N tètoio ¸ste [M ]2 ⊂ {(i, j) : i <
j, ai ≤ aj}   [M ]2 ⊂ {(i, j) : i < j, ai > aj}. Tìte profan¸c h akoloujÐa
(an)n∈M eÐnai aÔxousa an isqÔei to pr¸to   fjÐnousa an isqÔei to deÔtero.

�

Ja doÔme t¸ra ìti to Je¸rhma genikeÔetai gia k-sÔnola kai gia r qr¸mata.
H idèa thc apìdeixhc paramènei h Ðdia en¸ oi genikeÔseic ja prokÔyoun me
epagwg .
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Je¸rhma Ramsey

'Estw k, r ∈ N. Tìte gia k�je f : [N]k → {1, 2, ..., r} up�rqei M ∈ [N]∞

kai i0 ∈ {1, 2, ..., r} tètoia ¸ste f [[M ]k] = {i0}.

Apìdeixh

Upojètoume pr¸ta ìti r = 2. Gia k = 1 an f : N → {1, 2} tìte up�rqei
M ∈ [N]∞ kai i0 ∈ {1, 2} tètoia ¸ste f [M ] = {i0} diìti to N wc �peiro
sÔnolo den mporeÐ na qwristeÐ se dÔo peperasmèna. Upojètoume t¸ra ìti to
Je¸rhma alhjeÔei gia k. 'Estw f : [N]k+1 → {1, 2}. Ja deÐxoume ìti up�rqei
M ∈ [N]∞ kai i0 ∈ {1, 2} tètoia ¸ste f [[M ]k+1] = {i0}. JewroÔme to sÔnolo

A = {(1, a1, ..., ak) : (a1, ..., ak) ∈ [N]k}

Apì thn upìjesh up�rqoun M1 ∈ [N]∞ kai i1 ∈ {1, 2} tètoia ¸ste

f [{(1, a1, ..., ak) : (a1, ..., ak) ∈ [M1]
k}] = {i1}

'Estw m1 := minM1. JewroÔme to sÔnolo

A1 = {(m1, a1, ..., ak) : (a1, ..., ak) ∈ [M1 \ {m1}]k}

Apì thn upìjesh up�rqoun M2 ∈ [M1]
∞ kai i2 ∈ {1, 2} tètoia ¸ste

f [{(m1, a1, ..., ak) : (a1, ..., ak) ∈ [M2]
k}] = {i2}

'Estw m2 := minM2. Parìmoia orÐzoume

A2 = {(m2, a1, ..., ak) : (a1, ..., ak) ∈ [M2 \ {m2}]k}

'Estw m3 := minM3. Kataskeu�zoume me autìn ton trìpo akoloujÐa M1 ⊃
M2 ⊃ M3 ⊃ ... kai aÔxousa akoloujÐa fusik¸n (mn)n∈N tètoiec ¸ste mn =
minMn gia k�je n ∈ N. 'Estw t¸ra

B = {(mn,mn+1, ...mn+k) : n ∈ N} ⊂ [N]k+1

Apì to Je¸rhma gia k = 1 paÐrnoume ìti up�rqei K ∈ [N]∞ tètoio ¸ste

f [{(mn,mn+1, ...,mn+k) : n ∈ K}] = {i0}



11

gia k�poio i0 ∈ {1, 2}. OrÐzoume M := {mn : n ∈ K}. To M eÐnai to
zhtoÔmeno sÔnolo. ArkeÐ loipìn na deÐxoume ìti f [[M ]k+1] = {i0}. 'Estw
(mj1 ,mj2 , ...,mjk+1

) ∈ [M ]k+1 ìpou j1, j2, ..., jk+1 ∈ K. AfoÔ j1 ∈ K isqÔei
ìti f((mj1 ,mj1+1, ...,mj1+k)) = i0. EpÐshc ek kataskeu c mj1 , ...,mjk+1

∈
Mj1 . Sunep¸c apì ton orismì tou Mj1 isqÔei ìti

f((mj1 ,mj2 , ...,mjk+1
)) = f((mj1 ,mj1+1, ...,mj1+k)) = i0

ìpwc jèlame. Sunep¸c apì epagwg  to Je¸rhma isqÔei gia k�je k ∈ N.

'Estw t¸ra ìti to Je¸rhma isqÔei gia r ≥ 2. Ja deÐxoume ìti isqÔei kai
gia r + 1. 'Estw f : [N]k → {1, 2, ..., r, r + 1}. AntistoiqoÔme ta r kai r + 1.
Dhlad  orÐzoume g : [N]k → {1, 2, ..., r} tètoia ¸ste g(A) = r ⇔ f(A) =
r   f(A) = r + 1 kai g(A) = f(A) ìtan f(A) 6= r kai f(A) 6= r + 1 ìpou
A ∈ [N]k. To Je¸rhma efarmìzetai gia th g. Sunep¸c up�rqei M ∈ [N]∞ kai
io ∈ {1, 2, ..., r} tètoia ¸ste g[[M ]k] = {i0}. An io 6= r èqoume to zhtoÔmeno
diìti tìte h g tautÐzetai me thn f sto [M ]k. An i0 = r tìte antistoiqoÔme
to M me to N kai efarmìzoume to Je¸rhma gia k = 2. Sunep¸c up�rqei
M1 ∈ [M ]∞] ⊂ [N]∞ kai i1 ∈ {r, r+1} tètoia ¸ste g[[M1]

k] = i1. Tìte isqÔei
kai f [[M1]

k] = i1.

�

Apì ed¸ kai pèra ja anaferìmaste se autì wc Je¸rhma Ramsey. Sto deÔ-
tero kef�laio ja doÔme mia akìma apìdeixh tou parap�nw wc efarmog  tou
Jewr matoc Nash-Williams. DÐnoume mia akìma efarmog  tou paÐrnontac mia
prìtash isqurìterh apì to Je¸rhma Bolzano-Weierstrass.

Prìtash

'Estw (an)n∈N fragmènh akoloujÐa pragmatik¸n arijm¸n. Tìte up�rqei (nk)k∈N
akoloujÐa deikt¸n tètoia ¸ste oi akoloujÐec (ank

)k∈N kai (ank+1−nk
)k∈N na

sugklÐnoun.

Apìdeixh

ParathroÔme ìti

[N]3 = {(i, j, k) : i < j < k, ai ≤ aj, aj−i ≤ ak−j}∪
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∪{(i, j, k) : i < j < k, ai ≤ aj, aj−i > ak−j}∪
∪{(i, j, k) : i < j < k, ai > aj, aj−i ≤ ak−j}∪
∪{(i, j, k) : i < j < k, ai > aj, aj−i > ak−j}

Apì to Je¸rhma Ramsey gia k = 3 kai r = 4 paÐrnoume ìti up�rqeiM ∈ [N]∞

to opoÐo perièqetai olìklhro se k�poio apì ta parap�nw sÔnola. 'Estw
M = (nk)k∈N. Tìte oi akoloujÐec (ank

)k∈N kai (ank+1−nk
)k∈N eÐnai monìtonec

kai afoÔ eÐnai kai fragmènec sugklÐnoun.

�

T¸ra ja exet�soume qrwmatismoÔc �llwn uposunìlwn tou P(N) kai ja doÔme
an isqÔoun Jewr mata tÔpou Ramsey.

Prìtash

Up�rqei qrwmatismìc tou [N]<∞ tètoioc ¸ste na mhn up�rqei M ∈ [N]∞

¸ste to sÔnolo [M ]<∞ na eÐnai monoqrwmatikì.

Apìdeixh

'Estw A = [N]2 kai B = [N]<∞ \ [N]2. 'Estw ìti up�rqei M ∈ [N]∞ tètoio
¸ste [M ]<∞ ⊂ A. 'Atopo afoÔ ta uposÔnola touM me toul�qiston trÐa stoi-
qeÐa an koun sto B. 'Estw ìti up�rqei M ∈ [N]∞ tètoio ¸ste [M ]<∞ ⊂ B.
'Atopo giatÐ ta disÔnola tou M an koun sto A. 'Ara den up�rqei tètoio M .

�

Sunep¸c en gènei den mporoÔme na broÔme �peiro M tètoio ¸ste ìla ta pepe-
rasmèna tou uposÔnola na eÐnai monoqrwmatik�. MporoÔme ìmwc na periori-
stoÔme se eidik� uposÔnola tou M ¸ste aut� na eÐnai monoqrwmatik�.

Prìtash

'Estw [N]<∞ = A ∪ B diqrwmatismìc twn peperasmènwn uposunìlwn twn
fusik¸n. Tìte up�rqei M ∈ [N]∞ tètoio ¸ste to sÔnolo

{F ∈ [M ]<∞ : |F | = minF}
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na eÐnai monoqrwmatikì.

Apìdeixh

Gia k ∈ N kai L ∈ [N]∞ orÐzoume [L]mk na eÐnai to sÔnolo ìlwn twn upo-
sunìlwn tou N me m+ 1 stoiqeÐa pou èqoun el�qisto stoiqeÐo to k kai �lla
m to pl joc diaforetik� stoiqeÐa tou sunìlou L. 'Estw t¸ra m1 ∈ N. Tìte
[N]m1−1

m1
⊂ [N]m1 ⊂ A∪B. Apì to Je¸rhma Ramsey gia m1− 1-sÔnola paÐr-

noume ìti up�rqeiM2 ∈ [N]∞ tètoio ¸ste to [M2]
m1−1
m1

na eÐnai monoqrwmatikì.
'Estw m2 ∈ M2 me m2 > m1. Tìte apì th sqèsh [M2]

m2−1
m2

⊂ A ∪ B paÐr-
noume ìti up�rqei M3 ⊂M2 �peiro ¸ste to [M3]

m2−1
m2

na eÐnai monoqrwmatikì.
Kataskeu�zoume ètsi akoloujÐa fusik¸n m1 < m2 < m3 < ... kai akoloujÐa
sunìlwn M2 ⊃ M3 ⊃ M4 ⊃ ... me mn ∈ Mn kai to sÔnolo [Mn+1]

mn−1
mn

na
eÐnai monoqrwmatikì gia k�je n > 1. T¸ra apì thn aploÔsterh perÐptwsh
tou Jewr matoc Ramsey up�rqei L ∈ [N]∞ tètoio ¸ste

[Mn+1]
mn−1
mn

⊂ A ∀n ∈ L   [Mn+1]
mn−1
mn

⊂ B ∀n ∈ L

Upojètoume qwrÐc bl�bh thc genikìthtac ìti sumbaÐnei to pr¸to. Jètoume
M := {mn : n ∈ L}. ToM eÐnai to zhtoÔmeno sÔnolo. Pr�gmati èstw mk1 <
mk2 < ... < mka stoiqeÐa tou M me a = mk1 . Tìte isqÔei [Mk1+1]

mk1−1
mk1

⊂ A.
Pr�gmati mk2 , ...,mka ∈ Mk1+1 afoÔ Mk1+1 ⊃ Mk2 ⊃ Mk3 ⊃ ... ⊃ Mka . 'Ara
ìla ta uposÔnola tou M me pl joc stoiqeÐwn ìso kai to el�qisto stoiqeÐo
touc an koun sto A.

�

Parak�tw deÐqnoume ìti ìpwc gia to [N]<∞ ètsi kai gia to [N]∞ den isqÔei
k�ti an�logo me to Je¸rhma Ramsey.

Prìtash

Up�rqei qrwmatismìc tou [N]∞ tètoioc ¸ste na mhn up�rqei M ∈ [N]∞ ¸-
ste to sÔnolo [M ]∞ na eÐnai monoqrwmatikì.

Apìdeixh

Gia X, Y ∈ [N]∞ orÐzoume X ∼ Y an to sÔnolo X 4 Y = (X \ Y ) ∪ (Y \X)
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eÐnai peperasmèno. H sqèsh aut  eÐnai sqèsh isodunamÐac. Apì k�je kl�sh
isodunamÐac epilègoume ènan antiprìswpo me th bo jeia tou Axi¸matoc thc
Epilog c. Jètoume

A = {X ∈ [N]∞ : |X4L| �rtioc ìpou L o antiprìswpoc thc kl�shc touX}
kai

B = {X ∈ [N]∞ : |X4L| perittìc ìpou L o antiprìswpoc thc kl�shc touX}
Epeid  prosjètontac èna stoiqeÐo se èna sÔnolo all�zei to upìloipo thc
diaÐreshc tou |X 4 L| me to 2 blèpoume ìti den up�rqei M ∈ [N]∞ tètoio
¸ste to [M ]∞ na eÐnai monoqrwmatikì.

�

Parak�tw exet�zoume kai mia peperasmènh ekdoq  tou Jewr matoc me thn i-
dèa sthn apìdeixh na paramènei h Ðdia.

Prìtash

'Estw n ∈ N kai sÔnolo X me |X| = 22n. 'Estw ìti [X]2 = A ∪ B ìpou
A,B mh ken� kai xèna uposÔnola tou [X]2. Tìte up�rqei Y ⊂ X me |Y | = n
tètoio ¸ste [Y ]2 ⊂ A   [Y ]2 ⊂ B.

Apìdeixh

QwrÐc bl�bh thc genikìthtac upojètoume ìti X = {1, 2, 3, ..., 22n}. 'Estw
D1 := {{1,m} : m ∈ X \ {1}}. Tìte up�rqei C1 ⊂ X \ {1} me |C1| ≥
|X\{1}|

2
= 22n−1

2
⇒ |C1| ≥ 22n−1 tètoio ¸ste to {{1,m} : m ∈ C1} na eÐnai

monoqrwmatikì. 'Estw m1 ∈ C1 kai D2 := {{m1,m} : m ∈ C1 \ {m1}}.
Tìte up�rqei C2 ⊂ C1 \ {m1} me |C2| ≥ |C1\{m1}|

2
= 22n−1−1

2
⇒ |C2| ≥ 22n−2

tètoio ¸ste to {{m1,m} : m ∈ C2} na eÐnai monoqrwmatikì. SuneqÐzoume
me autìn ton trìpo kai kataskeu�zoume to sÔnolo {1,m1,m2, ...,m2n} kai
to {{1,m1}, {m1,m2}, ..., {m2n−1,m2n}}. To teleutaÐo perièqei 2n stoiqeÐa.
Sunep¸c perièqei èna uposÔnolo {{mi,mi+1} : i ∈ K} me n stoiqeÐa to opoÐo
eÐnai monoqrwmatikì. 'Estw Y := {mi : i ∈ K}. To [Y ]2 eÐnai monoqrwmatikì.
Pr�gmati an mi,mj ∈ Y to {mi,mj} èqei to Ðdio qr¸ma me to {mi,mi+1}
diìti mj ∈ Cj ⊂ Ci \ {mi,mi+1, ...,mj−1}.

�



Kef�laio 2

To l1− Je¸rhma tou Rosenthal

2.1 To Je¸rhma Nash-Williams

2.1.1 To Je¸rhma Nash-Williams

'Estw A ∈ [N]<∞ kai Y ∈ [N]∞. Lème ìti to A eÐnai arqikì tm ma tou Y an
Y ∩{1, 2, ...,maxA} = A. JewroÔme ìti to ∅ eÐnai arqikì tm ma k�je �peirou
sunìlou. An A arqikì tm ma tou Y sumbolÐzoume A v Y .
'Estw A ⊂ [N]<∞ kai X ∈ [N]∞. Ja lème ìti h A eÐnai large gia to X an
∀ Y ∈ [X]∞ up�rqei F ∈ [Y ]<∞ tètoio ¸ste F ∈ A. Ja lème ìti h A eÐnai
very large gia to X an ∀ Y ∈ [X]∞ up�rqei F v Y tètoio ¸ste F ∈ A.
'Estw epÐshc A ⊂ [N]<∞ kai F ∈ [N]<∞. Tìte orÐzoume

A(F ) := {B ∈ [N]<∞ : maxF < minB kai F ∪B ∈ A}

Ac parathr soume ìti an h A eÐnai large (very large) gia k�poio X tìte h A
eÐnai large (very large) gia k�je �peiro uposÔnolo Y tou X lìgw thc sqèshc
[Y ]∞ ⊂ [X]∞.
Profan¸c an h A eÐnai very large gia to X tìte eÐnai kai large gia to X.

15
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Par�deigma

H oikogèneia [N]k eÐnai very large gia to N afoÔ k�je �peiro sÔnolo èqei
arqikì tm ma m kouc k.

Proqwr�me t¸ra sto Je¸rhma Nash-Williams.

Je¸rhma Nash-Williams

'Estw A ⊂ [N]<∞ h opoÐa eÐnai large gia to X. Tìte up�rqei X ∈ [N]∞

¸ste h A na eÐnai very large gia to X.

Apìdeixh

'Estw ìti den up�rqei tètoio X.(∗)
Kataskeu�zoume x1 < x2 < x3 < ... akoloujÐa fusik¸n kai N = X0 ⊃ X1 ⊃
X2 ⊃ X3 ⊃ ... akoloujÐa uposunìlwn tou N me tic idiìthtec: xn ∈ Xn−1, den
up�rqei F ⊂ {x1, x2, ..., xn} kai den up�rqei Y ∈ [Xn]∞ tètoia ¸ste h A(F )
na eÐnai very large gia to Y .(∗∗)
Aut  h kataskeu  gÐnetai epagwgik�. Gia to pr¸to b ma:X0 = N kai den up�r-
qei Y ∈ [X0]

∞ tètoio ¸ste h A(∅) = A na eÐnai very large gia to Y (�meso apì
thn (∗)). 'Estw t¸ra ìti èqoume brei x1 < x2 < ... < xn, X1 ⊃ X2 ⊃ ... ⊃ Xn

kai ìti den up�rqoun xn+1, Xn+1 me tic �nw idiìthtec. Tìte ∀y > xn, y ∈ Xn

kai ∀ Y ∈ [Xn]∞ : ∃F ⊂ {x1, x2, ..., xn, y} tètoio ¸ste h A(F ) na eÐnai
very large gia k�poio Z ∈ [Y ]∞. Apì thn (∗∗) prokÔptei ìti y ∈ F . Jètou-
me E ∪ {y} = F . Qrhsimopoi¸ntac thn parap�nw prìtash kataskeu�zoume
xn < y1 < y2 < ...,Xn = Y0 ⊃ Y1 ⊃ Y2 ⊃ ... tètoiec ¸ste ∀k : yk ∈ Yk−1 kai
∃E ⊂ {x1, ..., xn}, E∪{yk} = F tètoio ¸ste A(F ) very large gia to Yk.(∗∗∗)
Ta uposÔnola tou {x1, x2, ..., xn} eÐnai peperasmèna sto pl joc. Sunep¸c
apì thn arq  thc peristerofwli�c up�rqei W ⊂ {y1, y2, y3, ...} tètoio ¸ste
to Ðdio E na prokÔptei sthn (∗ ∗ ∗) gia k�je yk ∈ W .
Isqurizìmaste t¸ra ìti h A(E) eÐnai very large gia to W . Pr�gmati èstw
V ∈ [W ]∞, yi = minV . Tìte h A(E ∪ {yi}) eÐnai very large gia to Yi �-
ra kai gia to V \ {yi} ⊂ Yi. Dhlad  to V \ {yi} èqei arqikì tm ma sthn
A(E ∪ {yi}) opìte to V èqei arqikì tm ma sthn A(E). 'Ara deÐxame ton i-
squrismì mac, dhlad  h A(E) eÐnai very large gia to W . Autì ìmwc eÐnai
�topo apì thn (∗∗). Katal xame se �topo giatÐ upojèsame ìti den up�rqoun
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kat�llhla xn+1, Xn+1. 'Ara up�rqoun tètoia xn+1, Xn+1 kai h kataskeu  pou
xekin same sthn arq  thc apìdeixhc oloklhr¸jhke.
'Estw t¸ra X = {x1, x2, x3, ...}. H A gnwrÐzoume apì thn upìjesh ìti eÐnai
large gia to N. 'Ara perièqei k�poio uposÔnolo L = {xk1 , xk2 , ...xkm}tou X.
Jètoume Y = {xkm+1, xkm+2, ...}. ParathroÔme ìti gia Z ∈ [Y ]∞ to ∅ eÐnai
arqikì tm ma tou Z kai L ∪ ∅ ∈ A. 'Ara h A(F ) eÐnai very large gia to Y .
Autì ìmwc eÐnai �topo apì thn (∗∗). 'Ara den isqÔei h (∗) ìpwc jèlame.

�

To Je¸rhma Ramsey prokÔptei apì to Je¸rhma Nash-Williams ìpwc ja doÔ-
me t¸ra.

Je¸rhma Ramsey

'Estw k ∈ N kai [N]k = A ∪ B me A ∩ B = ∅. Tìte up�rqei M �peiro
uposÔnolo twn fusik¸n tètoio ¸ste [M ]k ⊂ A   [M ]k ⊂ B.

Apìdeixh

H A eÐnai oikogèneia peperasmènwn uposunìlwn tou N.
An h A den eÐnai large gia to N tìte up�rqei M tou opoÐou kanèna uposÔnolo
den an kei sthn A. 'Ara ìla tou ta uposÔnola mazÐ kai aut� me k stoiqeÐa
an koun sthn B. 'Ara [M ]k ⊂ B.
An h A eÐnai large gia to N apì to Je¸rhma Nash-Williams up�rqeiM �peiro
tètoio ¸ste h A na eÐnai very large gia to M . 'Ara k�je L �peiro uposÔnolo
tou M èqei arqikì tm ma mèsa sthn A. 'Ara [M ]k ⊂ A afoÔ ta stoiqeÐa thc
A eÐnai k-sÔnola kai sunep¸c aut� ta arqik� tm mata ja èqoun m koc k.

�

2.1.2 H topologÐa ginìmeno sto sÔnolo [N]∞

Sthn enìthta aut  ja melet soume mia topologÐa tou sÔnolou [N]∞ kai ja
doÔme èna Je¸rhma tÔpou Ramsey gia ta anoikt� sÔnola aut c thc topolo-
gÐac.
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Gia k�je a ∈ [N]<∞ orÐzoume

[a] := {A ∈ [N]∞ : a v A}

.
Prìtash

To sÔnolo {[a] : a ∈ [N]<∞} ∪ {∅} eÐnai b�sh gia mia topologÐa tou [N]∞.

Apìdeixh

Profan¸c [∅] = [N]<∞ afoÔ to ∅ eÐnai arqikì tm ma k�je �peirou uposu-
nìlou twn fusik¸n.
EpÐshc an a, b ∈ [N]<∞ tìte

[a] ∩ [b] =


[a], an a v b

[b], an b v a

∅, diaforetik�

Sunep¸c apì gnwst  prìtash thc topologÐac to sÔnolo {[a] : a ∈ [N]<∞} ∪
{∅} eÐnai b�sh gia mia topologÐa tou [N]∞.

�

Apì thn prìtash aut  sumpairènoume ìti o q¸roc ([N]∞, T ) ìpou

T :=

{ ⋃
a∈F

[a] : F ⊂ [N]<∞

}

eÐnai topologikìc q¸roc.

T¸ra gia A,B ∈ [N]∞ orÐzoume d(A,B) = 1
n+1

ìpou n eÐnai to pl joc twn
stoiqeÐwn tou mègistou koinoÔ arqikoÔ tm matoc twn A kai B. Profan¸c
A = B ⇔ n = +∞.

Prìtash

O ([N]∞, d) eÐnai metrikìc q¸roc.
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Apìdeixh

H d eÐnai metrik . Pr�gmati eÔkola blèpoume ìti d(A,B) ≥ 0, d(A,B) =
0⇔ A = B kai d(A,B) = d(B,A).
'Estw A,B,C ∈ [N]∞. 'Estw akìmh ìti x eÐnai to mègejoc tou mègistou
koinoÔ arqikoÔ tm matoc twn A,B, y twn B,C kai z twn A,C. Isqurismìc:

1

x+ 1
≤ 1

y + 1
+

1

z + 1
, (∗)

ParathroÔme ìti afoÔ ta B,C èqoun y koin� stoiqeÐa sthn arq  touc kai ta
A,C èqoun z koin� stoiqeÐa sthn arq  touc tìte ta A,B èqoun toul�qiston
min{y, z} koin� stoiqeÐa sthn arq  touc, dhlad  x ≥ min{y, z}. Tìte ìmwc
h (∗) eÐnai profan c. DeÐxame loipìn kai thn trigwnik  anisìthta. 'Ara h d
eÐnai metrik .

�

Prìtash

IsqÔei ìti ([N]∞, T ) = ([N]∞, d) dhlad  h metrik  d ep�gei thn topologÐa
T ston [N]∞.

Apìdeixh

'Estw Td h topologÐa pou ep�gei h d. ArkeÐ na deÐxoume ìti ta basik� a-
noikt� twn dÔo topologi¸n tautÐzontai.
'Estw [a] ∈ T . Ja deÐxoume ìti eÐnai anoiktì uposÔnolo tou ([N]∞, d). 'Estw
A ∈ [a]. Tìte Bd(A,

1
|a|) ⊂ [a]. Pr�gmati èstw B ∈ Bd(A,

1
|a|). Tìte

d(A,B) <
1

|a|
⇔ 1

n+ 1
<

1

|a|
⇔ n > |a| − 1⇔ n ≥ |a|

Autì ìmwc shmaÐnei ìti to B èqei koinì arqikì tm ma me to A megèjouc tou-
l�qiston |a|, sunep¸c a v B, dhlad  B ∈ [a]. 'Ara [a] anoiktì sth metrik 
topologÐa.
'Estw t¸ra A ∈ [N]∞ kai ε > 0. Ja deÐxoume ìti Bd(A, ε) ∈ T . 'Estw
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B ∈ Bd(A, ε). Isqurismìc: Up�rqei [a] tètoio ¸ste B ∈ [a] ⊂ Bd(A, ε).
'Eqoume

B ∈ Bd(A, ε)⇒ d(A,B) < ε⇒ 1

n+ 1
< ε⇒ n >

1

ε
− 1

'Estw a arqikì tm ma tou B me |a| > 1
ε
− 1. Tìte B ∈ [a]. 'Estw C ∈ [a].

EÐnai:

d(A,C) =
1

m+ 1
≤ 1

|a|+ 1
<

1
1
ε
− 1 + 1

= ε

'Ara C ∈ Bd(A, ε). Sunep¸c apì ton isqurismì Bd(A, ε) ∈ T . Telik�

T = Td

.

�

ApodeiknÔoume t¸ra èna Je¸rhma tÔpou Ramsey gia ta anoikt� sÔnola aut c
thc topologÐac.

Je¸rhma

'Estw U ∈ [N]∞ anoiktì sÔnolo. Tìte up�rqei X ∈ [N]∞ tètoio ¸ste eÐ-
te [X]∞ ⊂ U   [X]∞ ∩ U = ∅.

Apìdeixh

AfoÔ to U eÐnai anoiktì sÔnolo up�rqei oikogèneia F peperasmènwn upo-
sunìlwn tou N tètoia ¸ste

U =
⋃
a∈F

[a]

'Estw ìti den up�rqei X ∈ [N]∞ me [X]∞ ∩ U = ∅. 'Ara

∀X ∈ [N]∞ : [X]∞ ∩ U 6= ∅, (∗)

Isqurismìc: H F eÐnai large gia to N. Pr�gmati èstw X ∈ [N]∞. Apì thn
(∗) up�rqei Y ⊂ X me Y ∈ U . 'Ara Y ∈ [a] gia k�poio a ∈ F . Tìte



2.1. TO JE�WRHMA NASH-WILLIAMS 21

a v Y ⇒ a ⊂ X. Sunep¸c alhjeÔei o isqurismìc. Apì to Je¸rhma Nash-
Williams up�rqei X ∈ [N]∞ tètoio ¸ste h F eÐnai very large gia to X. To
X eÐnai to zhtoÔmeno sÔnolo, dhlad  isqÔei ìti [X]∞ ⊂ U . Pr�gmati èstw
L ∈ [X]∞. AfoÔ h F eÐnai very large gia to X up�rqei a v L tètoio ¸ste
a ∈ F . Sunep¸c L ∈ [a] me a ∈ F , �ra L ∈ U ìpwc jèlame.

�
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2.2 OrismoÐ kai apotelèsmata apì th Su-

narthsiak  An�lush

Sto par�rthma up�rqei mia mikr  eisagwg  sth Sunarthsiak  An�lush. Ed¸
ja asqolhjoÔme me ènnoiec pou emfanÐzontai sto Je¸rhma tou Rosenthal pou
èqoume skopì na apodeÐxoume.

Mia akoloujÐa (xn)n∈N se ènan q¸ro Banach X lègetai asjen¸c Cauchy
an h akoloujÐa (f(xn))n∈N sugklÐnei gia k�je f ∈ X∗.

Mia akoloujÐa (xn)n∈N se ènan apeirodi�stato q¸ro BanachX lègetai basik 
an gia k�je x ∈ < {xn : n ∈ N} > up�rqei monadik  akoloujÐa suntelest¸n
(an)n∈N ¸ste

x =
∞∑
n=1

anxn

upì thn ènnoia ìti ta merik� ajroÐsmata

k∑
n=1

anxn

sugklÐnoun sto x sthn norm topologÐa.

ApodeiknÔetai ìti mia akoloujÐa (xn)n∈N me xn 6= 0 ∀n ∈ N eÐnai basik 
an kai mìno an up�rqei K > 0 tètoio ¸ste∥∥∥∥∥

m∑
k=1

akxk

∥∥∥∥∥ ≤ K

∥∥∥∥∥
n∑
k=1

akxk

∥∥∥∥∥
gia k�je akoloujÐa suntelest¸n (ak)k∈N kai gia ìlouc touc fusikoÔc n > m.

JumÐzoume ìti

l1(R) :=
{

(an)n∈N :
∞∑
n=1

|an|2 < +∞
}

o opoÐoc èqei b�sh (en)n∈N ìpou en = (0, ...0, 1, 0, ...) me to 1 na brÐsketai sth
jèsh n.
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ParathroÔme ìti h b�sh aut  eÐnai mia basik  akoloujÐa sÔmfwna me ton ori-
smì pou d¸same. Pr�gmati ikanopoieÐ th sunj kh tou jewr matoc me stajer�
K = 1 afoÔ gia m < n èqoume∥∥∥∥∥

m∑
k=1

akek

∥∥∥∥∥ =
m∑
k=1

|ak| ≤
n∑
k=1

|ak| =

∥∥∥∥∥
n∑
k=1

akek

∥∥∥∥∥
'Estw t¸ra mia basik  akoloujÐa (xn)n∈N se ènan apeirodi�stato q¸ro Ba-

nach. OrÐzoume x∗n : < {xn : n ∈ N} >→ R me

x∗n

(
∞∑
k=1

akxk

)
= an

gia k�je n ∈ N. H (x∗n)n∈N onom�zetai h diorjog¸nia akoloujÐa thc (xn)n∈N.
ParathroÔme ìti oi sunart seic autèc eÐnai kal� orismènec diìti h (xn)n∈N
eÐnai basik .

L mma

Oi sunart seic x∗n eÐnai grammikèc kai suneqeÐc, dhlad  x∗n ∈ X∗ gia k�je
n ∈ N.

Apìdeixh

'Estw n ∈ N. EÔkola blèpoume ìti x∗n eÐnai grammik . Ja deÐxoume ìti eÐnai
kai fragmènh. AfoÔ h (xn)n∈N eÐnai basik  up�rqei K > 0 tètoio ¸ste∥∥∥∥∥

m∑
k=1

akxk

∥∥∥∥∥ ≤ K

∥∥∥∥∥
λ∑
k=1

akxk

∥∥∥∥∥
gia λ > m. 'Ara

||anxn|| =

∥∥∥∥∥
n∑
k=1

akxk −
n−1∑
k=1

akxk

∥∥∥∥∥ =

∥∥∥∥∥
n∑
k=1

akxk +
n−1∑
k=1

(−ak)xk

∥∥∥∥∥
≤

∥∥∥∥∥
n∑
k=1

akxk

∥∥∥∥∥+

∥∥∥∥∥
n−1∑
k=1

(−ak)xk

∥∥∥∥∥ ≤ 2K

∥∥∥∥∥
λ∑
k=1

akxk

∥∥∥∥∥
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gia k�je λ > n. 'Ara afoÔ h nìrma eÐnai suneq c sun�rthsh paÐrnoume

|an| ≤
2K

||xn||

∥∥∥∥∥
+∞∑
k=1

akxk

∥∥∥∥∥
'Ara o telest c x∗n eÐnai fragmènoc.

�

DÔo basikèc akoloujÐec (xn)n∈N, (yn)n∈N stouc q¸rouc Banach X, Y antÐ-
stoiqa onom�zontai isodÔnamec an gia opoiad pote akoloujÐa suntelest¸n
(an)n∈N isqÔei ìti h

∞∑
n=1

anxn

sugklÐnei an kai mìno an h
∞∑
n=1

anyn

sugklÐnei.

Sthn parak�tw apìdeixh ja k�noume qr sh shmantik¸n ergaleÐwn thc Su-
narthsiak c An�lushc. Ac jumhjoÔme kai ìti oi kleistoÐ upìqwroi q¸rwn
Banach eÐnai q¸roi Banach.

Prìtash

DÔo basikèc akoloujÐec (xn)n∈N ⊂ X, (yn)n∈N ⊂ Y eÐnai isodÔnamec an kai
mìno an up�rqei C > 0 tètoio ¸ste gia ìlec tic akoloujÐec suntelest¸n
(an)n∈N me an 6= 0 gia to polÔ peperasmèno to pl joc n ∈ N isqÔei ìti

1

C

∥∥∥∥∥
∞∑
i=1

aiyi

∥∥∥∥∥ ≤
∥∥∥∥∥
∞∑
i=1

aixi

∥∥∥∥∥ ≤ C

∥∥∥∥∥
∞∑
k=1

aiyi

∥∥∥∥∥
Apìdeixh
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JewroÔme ton telest  T : < {xn : n ∈ N} >→ < {yn : n ∈ N} > me

T

(
∞∑
n=1

anxn

)
=
∞∑
n=1

anyn

gia k�je (an)n∈N ⊂ R. EÔkola blèpoume ìti o T eÐnai grammikìc. EpÐshc
o T eÐnai 1 − 1. Pr�gmati èstw x, x′ ∈ < {xn : n ∈ N} > me T (x) = T (x′).
Up�rqoun (an)n∈N, (bn)n∈N ∈ tètoia ¸ste

x =
∞∑
n=1

anxn, x
′ =

∞∑
n=1

bnxn

Tìte
∞∑
n=1

anyn =
∞∑
n=1

bnyn

Apì th monadikìthta thc graf c enìc stoiqeÐou paÐrnoume an = bn kai �ra
x = x′. Akìmh o T eÐnai epÐ. Pr�gmati gia

y =
∞∑
n=1

anyn

èqoume ìti

T

(
∞∑
n=1

anxn

)
= y

Gia to antÐstrofo thc prìtashc, apì tic anisìthtec o T kai o T−1 eÐnai frag-
mènoi, �ra oi akoloujÐec eÐnai isodÔnamec. 'Estw t¸ra ìti oi akoloujÐec eÐnai
isodÔnamec. Ja deÐxoume ìti o T kai o T−1 eÐnai suneq c, �ra ja up�rqei sta-
jer� C > ¸ste na èqoume tic anisìthtec. K�noume qr sh tou Jewr matoc
KleistoÔ Graf matoc. 'Estw loipìn

un → u ∈ < {xn : n ∈ N} >, T (un)→ v ∈ < {yn : n ∈ N} >

Prèpei na deÐxoume ìti v = T (u). 'Eqoume ìti

un =
∞∑
k=1

an,kxk, u =
∞∑
k=1

akxk kai v =
∞∑
k=1

bkyk



26 KEF�ALAIO 2. TO L1− JE�WRHMA TOU ROSENTHAL

Opìte

T (un) =
∞∑
k=1

an,kyk

Apì to l mma, ta x∗n, y
∗
n eÐnai suneq , �ra apì thn arq  thc metafor�c an,k →

ak all� kai an,k → bk. Apì thn monadikìthta tou orÐou ak = bk. 'Ara
v = T (x). 'Ara o T eÐnai suneq c. Epeid  loipìn o T eÐnai suneq c,1− 1 kai
epÐ apì to Je¸rhma Anoikt c Apeikìnishc èpetai ìti o T−1 eÐnai suneq c. H
apìdeixh oloklhr¸jhke.

�

'Eqoume orÐsei dÔo akoloujÐec isodÔnamec sthn perÐptwsh pou kai oi dÔo eÐ-
nai basikèc. Sthn apìdeixh tou Jewr matoc parak�tw gnwrÐzoume ìti mìno
h b�sh tou l1 eÐnai basik . 'Omwc ìpwc ja doÔme an dÔo akoloujÐec eÐnai
isodÔnamec kai h mia eÐnai basik  tìte eÐnai kai h �llh. Pr�gmati èstw ìti oi
(xn)n∈N, (yn)n∈N eÐnai C-isodÔnamec kai ìti h (yn)n∈N eÐnai basik  me stajer�
K. Tìte gia m < n kai ∀a1, a2, ..., an èqoume∥∥∥∥∥

m∑
k=1

akxk

∥∥∥∥∥ ≤ C

∥∥∥∥∥
m∑
k=1

akyk

∥∥∥∥∥ ≤ CK

∥∥∥∥∥
n∑
k=1

akyk

∥∥∥∥∥ ≤ C2K

∥∥∥∥∥
n∑
k=1

akxk

∥∥∥∥∥
'Ara kai h (xn)n∈N eÐnai basik .
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2.3 To l1− Je¸rhma tou Rosenthal

Se aut  thn enìthta diatup¸noume kai apodeiknÔoume to Je¸rhma tou Ro-
senthal. H apìdeixh ja gÐnei sthn perÐptwsh pou o q¸roc Banach X eÐnai
dianusmatikìc q¸roc upèr tou R. To Je¸rhma isqÔei kai sthn perÐptwsh
pou o q¸roc eÐnai upèr tou C me parìmoia all� pio teqnik  apìdeixh. Ed¸
parousi�zoume mia apìdeixh h opoÐa èqei stoiqeÐa apì autèc sta [1] kai [2]. H
pr¸th apìdeixh pou d¸jhke apì ton Rosenthal brÐsketai sto [6].

Je¸rhma Rosenthal

'Estw (xn)n∈N fragmènh akoloujÐa se èna q¸ro Banach X. Tìte h (xn)n∈N
eÐte èqei mia asjen¸c Cauchy upakoloujÐa   èqei mia upakoloujÐa isodÔnamh
me thn kanonik  b�sh tou l1.

Apìdeixh

Upojètoume qwrÐc bl�bh thc genikìthtac ìti ||xn|| = 1 ∀n ∈ N. Autì
gÐnetai diìti h akoloujÐa eÐnai fragmènh. 'Estw B = {x∗ ∈ X∗ : ||x∗|| ≤ 1} h
monadiaÐa mp�la tou X∗. Mèsw thc kanonik c emfÔteushc tou X ston X∗∗,
k�je xn eÐnai mia suneq c sun�rthsh apì to B sto R me th nìrma stonX na gÐ-
netai h supremum nìrma sto q¸ro C(B) ⊂ X∗∗. Mia akoloujÐa (yn)n∈N ⊂ X
eÐnai asjen¸c Cauchy an oi akoloujÐec (yn(s))n∈N ⊂ R eÐnai Cauchy gia k�je
s ∈ B, dhlad  an oi sunart seic yn : B → R sugklÐnoun shmeiak�. 'Estw ìti
kamÐa upakoloujÐa thc (xn)n∈N den sugklÐnei shmeiak�. Ja broÔme upakolou-
jÐa thc pou eÐnai isodÔnamh me th b�sh (en)n∈N tou l1.

OrÐzoume

D =
{

(I1, I2) : I1 = (q1−r, q1+r), I2 = (q2−r, q2+r), q1, q2, r ∈ Q, |q1−q2| > 4r
}

ParathroÔme ìti to D eÐnai arijm simo afoÔ èqei plhjikìthta to polÔ Ðsh me
to sÔnolo Q3. 'Estw loipìn ìti gia k�je M ∈ [N]∞ h (xn)n∈N den sugklÐnei
shmeiak�. Tìte up�rqei s ∈ B tètoio ¸ste h (xn(s))n∈N èqei toul�qiston dÔo
shmeÐa suss¸reushc. 'Ara up�rqei (I1, I2) sto D tètoio ¸ste xn(s) ∈ I1 gia
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�peira n ∈M kai xn(s) ∈ I2 gia �peira n ∈M ìpou ta I1, I2 exart¸ntai apì
to M .

T¸ra ja deÐxoume ìti gia mia upakoloujÐa thc (xn)n∈N mporoÔme na dialè-
xoume to Ðdio (I1, I2) gia ìla ta M ∈ [N]∞. Pr�gmati èstw ìti den up�rqei
tètoio (I1, I2). AfoÔ to D eÐnai arijm simo ja isqÔei ìti

D =
{

(Ik1 , I
k
2 ) : k ∈ N

}
Tìte ∃M1 tètoio ¸ste gia k�je s ∈ B isqÔei xn(s) ∈ I11 gia to polÔ peperasmè-
nou pl jouc n ∈M1   xn(s) ∈ I12 gia to polÔ peperasmènou pl jouc n ∈M1.
EpÐshc ∃M2 ⊂ M1 tètoio ¸ste gia k�je s ∈ B isqÔei xn(s) ∈ I21 gia to polÔ
peperasmènou pl jouc n ∈ M2   xn(s) ∈ I22 gia to polÔ peperasmènou pl -
jouc n ∈M2. Parìmoia kataskeu�zoume mia akoloujÐa M1 ⊃M2 ⊃M3 ⊃ ...
sto [N]∞ tètoia ¸ste gia k�je s ∈ B isqÔei xn(s) ∈ Ik1 gia to polÔ pepe-
rasmènou pl jouc n ∈ Mk   xn(s) ∈ Ik2 gia to polÔ peperasmènou pl jouc
n ∈Mk. 'Estw mk ∈Mk,mk+1 > mk gia k ∈ N kai M = {m1,m2, ...}. T¸ra
apì thn arqik  mac upìjesh gia to M up�rqei s ∈ B kai (In0

1 , In0
2 ) ∈ D gia

k�poio n0 ∈ N tètoia ¸ste xn(s) ∈ In0
1 gia �peira n ∈M kai xn(s) ∈ In0

2 gia
�peira n ∈ M . Autì ìmwc eÐnai �topo afoÔ gia to Mn0 kai gia k�je s ∈ B
isqÔei xn(s) ∈ In0

1 gia to polÔ peperasmènou pl jouc n ∈Mn0   xn(s) ∈ In0
2

gia to polÔ peperasmènou pl jouc n ∈ Mn0 (ed¸ prèpei na parathr soume
kai ìtiM \{m1,m2, ...,mn0} ⊂Mn0). 'Ara up�rqei tètoio (I1, I2) pou jèlame.
Den bl�ptei thn genikìthta na upojèsoume ìti q1 > q2 giatÐ ja mac qreiasteÐ
parak�tw.

T¸ra ja onom�zoume to A = {n1 < n2 < ... < nk} pijanì an up�rqei
s ∈ B : xni

(s) ∈ I1 gia i perittì kai xni
(s) ∈ I2 gia i �rtio. 'Estw A h

oikogèneia ìlwn twn mh pijan¸n sunìlwn. Ja deÐxoume ìti h A den eÐnai large
gia to N. Apì to Je¸rhma Nash-Williams arkeÐ na deÐxoume ìti h A den eÐnai
very large gia kanèna L ∈ [N]∞. 'Estw loipìn proc apagwg  se �topo ìti
up�rqei L ∈ [N]∞ tètoio ¸ste h A na eÐnai very large gia to N. Apì thn upì-
jesh mac gia to L èqoume ìti up�rqei s ∈ B me xn(s) ∈ I1 gia �peira n ∈ L kai
xn(s) ∈ I2 gia �peira n ∈ L. Fti�qnoume to uposÔnolo tou L pou èqei autèc
tic dÔo apeirÐec deikt¸n. 'Estw ìti eÐnai to L1 = {λ1 < λ2 < λ3 < ...}. To L1

èqei �peiro uposÔnolo L2 = {k1 < k2 < k3 < ...} tètoio ¸ste xki(s) ∈ I1 an
i perittìc kai xki(s) ∈ I2 an i �rtioc. Autì isqÔei diìti apì tic dÔo apeirÐec
pou perigr�yame prohgoumènwc mporoÔme na phgaÐnoume enall�x apì th mia
sthn �llh. T¸ra ìmwc to L2 èqei arqikì tm ma (kai m�lista k�je arqikì
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tou tm ma) pou eÐnai pijanì. 'Ara den an kei sthn A. 'Atopo afoÔ h A eÐnai
very large gia to L kai L2 ⊂ L. 'Ara h A den eÐnai large gia to N. Sunep¸c
up�rqeiM ∈ [N]∞ tètoio ¸ste k�je peperasmèno uposÔnolo tou eÐnai pijanì.

'Estw M = {m1 < m2 < m3 < ...} kai M2 = {m2 < m4 < m6 < ...}. Ja deÐ-
xoume ìti h (xn)n∈M2 eÐnai isodÔnamh me th b�sh tou l1. 'Estw a1, a2, ..., an ∈ R.
Arqik� èqoume ìti∥∥∥∥∥

n∑
i=1

aixm2i

∥∥∥∥∥ ≤
n∑
i=1

|ai|||xm2i
|| =

n∑
i=1

|ai|

'Ara èqoume th mÐa apì tic dÔo anisìthtec gia thn isodunamÐa. Ac parathr -
soume ìti aut  h anisìthta isqÔei gia k�je fragmènh akoloujÐa. T¸ra ja
deÐxoume ìti ∥∥∥∥∥

n∑
i=1

aixm2i

∥∥∥∥∥ ≥ 2r
n∑
i=1

|ai|

Aut  h anisìthta ja prokÔyei lìgw thc eidik c upakoloujÐac pou kataskeu�-
same. Pr¸ta deÐqnoume ìti up�rqei s ∈ B tètoio ¸ste xm2i

(s) ∈ I1 an
ai ≥ 0 kai xm2i

(s) ∈ I2 an ai < 0. OrÐzoume A ⊂ {m1,m2, ...,m2n} wc e-
x c: m2,m4, ...m2n ∈ A,m1 ∈ A an kai mìno an a2 < 0 kai m2i−1 ∈ A an kai
mìno an aia2i−2 ≥ 0. 'Ara ìtan ai ≥ 0 to m2i brÐsketai se peritt  jèsh sto
A en¸ ìtan ai < 0 to m2i brÐsketai se �rtia jèsh sto A. To A ìmwc wc upo-
sÔnolo tou M eÐnai pijanì. 'Ara up�rqei s ∈ B tètoio ¸ste xm2i

(s) ∈ I1 an
ai ≥ 0 kai xm2i

(s) ∈ I2 an ai < 0. Me parìmoio trìpo paÐrnoume ìti up�rqei
t ∈ B tètoio ¸ste xm2i

(t) ∈ I1 an ai < 0 kai xm2i
(t) ∈ I2 an ai ≥ 0.

T¸ra k�noume touc upologismoÔc. 'Eqoume ||s|| = ||t|| ≤ 1 diìti s, t ∈ B.
Jètoume A =

∑
{ai : ai ≥ 0}, B = {ai : ai < 0} kai parathroÔme ìti

A−B =
n∑
i=1

|ai|

Apì ton orismì thc nìrmac tou fragmènou telest 

n∑
i=1

aixm2i
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èqoume ∥∥∥∥∥
n∑
i=1

aixm2i

∥∥∥∥∥ =
1

2

∥∥∥∥∥
n∑
i=1

aixm2i

∥∥∥∥∥+
1

2

∥∥∥∥∥
n∑
i=1

aixm2i

∥∥∥∥∥ ≥
1

2||s||

∣∣∣∣∣
n∑
i=1

aixm2i
(s)

∣∣∣∣∣+ 1

2||t||

∣∣∣∣∣
n∑
i=1

aixm2i
(t)

∣∣∣∣∣ ≥ 1

2

n∑
i=1

aixm2i
(s)−1

2

n∑
i=1

aixm2i
(t) =

1

2

∑
ai≥0

aixm2i
(s) +

1

2

∑
ai<0

aixm2i
(s)− 1

2

∑
ai≥0

aixm2i
(t)− 1

2

∑
ai<0

aixm2i
(t) ≥

1

2
A(q1 − r) +

1

2
B(q1 + r)− 1

2
A(q2 + r)− 1

2
B(q2 − r) =

1

2
(A−B)(q1 − q2) ≥ 2r(A−B) = 2r

n∑
i=1

|ai|

H apìdeixh oloklhr¸jhke.

�



Kef�laio 3

Spreading Models

Parak�tw dÐnoume mia akìma wraÐa efarmog  tou Je¸rhmatoc Ramsey sthn
An�lush.

Prìtash

'Estw (K, d) sumpag c metrikìc q¸roc, ε > 0 kai k ∈ N. 'Estw f : [N]k → K
tuqaÐa sun�rthsh. Tìte up�rqei X ⊂ [N]∞ tètoio ¸ste d(f(A), f(B)) < ε
gia k�je A,B ∈ [X]k.

Apìdeixh

ParathroÔme ìti

K =
⋃
x∈K

B
(
x,
ε

2

)
AfoÔ o K eÐnai sumpag c metrikìc q¸roc up�rqoun x1, x2, ..., xn ∈ K tètoia
¸ste

K =
n⋃
i=1

B
(
xi,

ε

2

)
Apì to Je¸rhma Ramsey gia n qr¸mata up�rqeiX ⊂ [N]∞ kai i0 ∈ {1, 2, ..., n}
tètoia ¸ste

f([X]k) ⊂ B
(
xi0 ,

ε

2

)
'Ara gia k�je A,B ∈ [X]k isqÔei

d(f(A), f(B)) ≤ d(f(A), xi0) + d(xi0 , f(B)) <
ε

2
+
ε

2
= ε

31
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�

Parak�tw melet�me to Je¸rhma twn Brunel kai Sucheston ([7] kai [8]), mia
akìma ousiastik  efarmog  twn mejìdwn thc �peirhc sundiastik c sth Jew-
rÐa Q¸rwn Banach.

Je¸rhma

'Estw (xn)n∈N mia basik  akoloujÐa se èna q¸ro Banach me thn idiìthta
||xn|| = 1 gia k�je n ∈ N. 'Estw ε > 0 kai k ∈ N. Tìte up�rqei (xn)n∈M upa-
koloujÐa thc (xn)n∈N tètoia ¸ste gia ìlouc touc suntelestèc a1, a2, ..., ak ∈
[−1, 1] kai gia opoiesd pote akoloujÐec deikt¸n m1 < m2 < ... < mk kai
n1 < n2 < ... < nk apì to M isqÔei∣∣∣∥∥∥∥∥

k∑
i=1

aixmi

∥∥∥∥∥−
∥∥∥∥∥

k∑
i=1

aixni

∥∥∥∥∥∣∣∣ < ε

Apìdeixh

Pr¸ta parathroÔme ìti gia tuqaÐouc suntelestèc a1, a2, ..., ak ∈ [−1, 1] kai
deÐktec l1 < l2 < ... < lk èqoume∥∥∥∥∥

k∑
i=1

aixli

∥∥∥∥∥ ≤
k∑
i=1

|ai| ≤ k

QwrÐzoume to di�sthma [0, k] se kn1 Ðsa diast mata m kouc 1
n1

me n1 >
2
ε
.

'Estw ìti aut� eÐnai ta I1, I2, ..., Ikn1 .

QwrÐzoume epÐshc to di�sthma [−1, 1] se 2n2 Ðsa diast mata m kouc 1
n2

me

n2 >
4k
ε
. 'Estw ìti aut� eÐnai ta L1, L2, ..., L2n2 . 'Estw

Σ :=
{ i

n1

: i ∈ {−n1, ...,−1, 0, 1, ..., n1 − 1}
}

Autì eÐnai to sÔnolo twn k�tw �krwn twn diasthm�twn L1, L2, ..., L2n2 . To
sÔnolo Σk twn diatetagmèwn k-�dwn me stoiqeÐa apì to Σ èqei m0 := (2n1)

k

stoiqeÐa. 'Estw ìti

Σk :=
{
~a1,~a2, ...,~am0

}
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ìpou ~ai = (ai1, ...a
i
k) me a

i
j ∈ Σ.

'Estw t¸ra F = {N1 < ... < Nk} ∈ [N]k. 'OrÐzoume Φ~a1 : [N]k → [0, k]
me

Φ~a1(F ) :=

∥∥∥∥∥
k∑
i=1

a1ixNi

∥∥∥∥∥
Apì to Je¸rhma Ramsey (  apì thn parap�nw prìtash afoÔ to [0, k] eÐnai
sumpagèc) paÐnoume thn Ôparxh enìcM1 ⊂ N �peirou kai enìc deÐkth i1 tètoia
¸ste

Φ~a1([M1]
k) ⊂ Ii1

'Omoia orÐzoume Φ~a2 : [N]k → [0, k] me

Φ~a2(F ) :=

∥∥∥∥∥
k∑
i=1

a2ixNi

∥∥∥∥∥
'Ara up�rqei M2 ⊂M1 �peiro kai deÐkthc i2 tètoia ¸ste

Φ~a2([M2]
k) ⊂ Ii2

K�noume aut  th diadikasÐa m0 forèc kai paÐrnoume Mm0 ⊂ Mm0−1 ⊂ ... ⊂
M1 ⊂ N kai deÐktec i1, i2, ..., im0 tètoia ¸ste

Φ~aj([Mj]
k) ⊂ Iij

'Estw M := Mm0 . H akoloujÐa (xn)n∈M eÐnai h zhtoÔmenh. Pr�gmati èstw
a1, a2, ..., ak ∈ [−1, 1],m1 < m2 < ... < mk ∈ M kai n1 < n2 < ... < nk ∈ M .
K�je ai an kei se k�poio di�sthma Lq. 'Ara up�rqei j tètoio ¸ste gia tic
suntetagmènec tou ~aj na isqÔei ìti |ai − aji | < 1

n2
. Tìte èqoume

∣∣∣∥∥∥∥∥
k∑
i=1

aixmi

∥∥∥∥∥−
∥∥∥∥∥

k∑
i=1

aixni

∥∥∥∥∥∣∣∣ =
∣∣∣∥∥∥∥∥

k∑
i=1

aixmi

∥∥∥∥∥−
∥∥∥∥∥

k∑
i=1

ajixmi

∥∥∥∥∥+

∥∥∥∥∥
k∑
i=1

ajixmi

∥∥∥∥∥−
∥∥∥∥∥

k∑
i=1

ajixni

∥∥∥∥∥+

∥∥∥∥∥
k∑
i=1

ajixni

∥∥∥∥∥−
∥∥∥∥∥

k∑
i=1

aixni

∥∥∥∥∥∣∣∣ ≤∣∣∣∥∥∥∥∥
k∑
i=1

aixmi

∥∥∥∥∥−
∥∥∥∥∥

k∑
i=1

ajixmi

∥∥∥∥∥∣∣∣+
∣∣∣∥∥∥∥∥

k∑
i=1

ajixmi

∥∥∥∥∥−
∥∥∥∥∥

k∑
i=1

ajixni

∥∥∥∥∥∣∣∣+



34 KEF�ALAIO 3. SPREADING MODELS

∣∣∣∥∥∥∥∥
k∑
i=1

ajixni

∥∥∥∥∥−
∥∥∥∥∥

k∑
i=1

aixni

∥∥∥∥∥∣∣∣ < k

n2

+
1

n1

+
k

n2

<
ε

4
+
ε

2
+
ε

4
= ε

H anisìthta ∣∣∣∥∥∥∥∥
k∑
i=1

ajixmi

∥∥∥∥∥−
∥∥∥∥∥

k∑
i=1

ajixni

∥∥∥∥∥∣∣∣ < 1

n1

isqÔei diìti
Φ~aj([Mj]

k) ⊂ Iij

Oi �llec dÔo anisìthtec isqÔoun diìti apì thn trigwnik  anisìthta paÐrnoume∣∣∣∥∥∥∥∥
k∑
i=1

aixmi

∥∥∥∥∥−
∥∥∥∥∥

k∑
i=1

ajixmi

∥∥∥∥∥∣∣∣ ≤
∥∥∥∥∥

k∑
i=1

(ai − aji )xmi

∥∥∥∥∥ ≤
k∑
i=1

|ai − aji | <
k

n2

(ìmoia gia ta xni
) kai apì ton trìpo pou dialèxame ta aji .

�

To Je¸rhma paÐrnei kai mia pio isqur  morf . Ac parathr soume ed¸ ìti
up�rqoun akoloujÐec twn opoÐwn h diafor� na teÐnei sto 0 en¸ o lìgoc touc

eÐnai mh fragmènoc
(

1
n
, 1
n2

)
.

Je¸rhma

'Estw (xn)n∈N mia basik  akoloujÐa se èna q¸ro Banach me thn idiìthta
||xn|| = 1 gia k�je n ∈ N. 'Estw ε > 0 kai k ∈ N. Tìte up�rqei (xn)n∈M upa-
koloujÐa thc (xn)n∈N tètoia ¸ste gia ìlouc touc suntelestèc a1, a2, ..., ak ∈
[−1, 1] kai gia opoiesd pote akoloujÐec deikt¸n m1 < m2 < ... < mk kai
n1 < n2 < ... < nk apì to M isqÔei∥∥∥∥∥

k∑
i=1

aixmi

∥∥∥∥∥ ≤ (1 + ε)

∥∥∥∥∥
k∑
i=1

aixni

∥∥∥∥∥
Apìdeixh

'Estw ìti ∥∥∥∥∥
k∑
i=1

aixmi

∥∥∥∥∥ = a
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An a = 0 tìte
k∑
i=1

aixmi
= 0

Epeid  h (xn)n∈N eÐnai basik  èpetai ìti a1 = a2 = ... = ak = 0 kai h anisìthta
eÐnai profan c.

'Estw ìti a 6= 0. Tìte efarmìzoume to prohgoÔmeno Je¸rhma me suntelestèc
a′i = ai

a
kai ε to ε

2
. PaÐrnoume

∣∣∣∥∥∥∥∥
k∑
i=1

a′ixmi

∥∥∥∥∥−
∥∥∥∥∥

k∑
i=1

a′ixni

∥∥∥∥∥∣∣∣ < ε

2

'Omwc

∥∥∥∥∥
k∑
i=1

a′ixmi

∥∥∥∥∥ =

∥∥∥∥∥
k∑
i=1

ai
a
xmi

∥∥∥∥∥ =

∥∥∥∥∥∑k
i=1 aixmi

∥∥∥∥∥
a

=
a

a
= 1

'Ara ∥∥∥∥∥∑k
i=1 aixmi

∥∥∥∥∥∥∥∥∥∥∑k
i=1 aixni

∥∥∥∥∥
=

∥∥∥∥∥∑k
i=1 a

′
ixmi

∥∥∥∥∥∥∥∥∥∥∑k
i=1 a

′
ixni

∥∥∥∥∥
=

1∥∥∥∥∥∑k
i=1 a

′
ixni

∥∥∥∥∥
<

1

1− ε
2

< 1 + ε

H teleutaÐa anisìthta isqÔei gia ε < 1. 'Ara èqoume thn anisìthta kai gia
k�je ε > 0 afoÔ gia ε ≥ 1 eÐnai plèon profan c.

�

Je¸rhma

'Estw (xn)n∈N mia basik  akoloujÐa se èna q¸ro Banach me thn idiìthta
||xn|| = 1 gia k�je n ∈ N. Tìte up�rqei (yn)n∈N upakoloujÐa thc (xn)n∈N me
thn akìloujh idiìthta. 'Estw k ∈ N, a1, a2, ..., ak ∈ R kai A1, A2, ... ∈ [N]k
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tètoia ¸ste to minAi teÐnei sto 0 kaj¸c to i teÐnei sto �peiro. Tìte h
akoloujÐa

ci =

∥∥∥∥∥
k∑
j=1

ajynij

∥∥∥∥∥
sugklÐnei ìpou Ai = {ni1 < ... < nik}.

Apìdeixh

Apì to prohgoÔmeno Je¸rhma up�rqoun upakoloujÐec Si = {xi1 < xi2 < ...}
thc (xn)n∈N me tic akìloujec idiìthtec. K�je Si+1 eÐnai upakoloujÐa thc Si
kai k�je Si ikanopoieÐ to sumpèrasma tou prohgoÔmenou Jewr matoc me k = i
kai ε = 1

i
. 'Estw S = {x11 < x22 < ...}. H S eÐnai h zhtoÔmenh upakoloujÐa.

Pr�gmati apì thn kataskeu  mac h akoloujÐa twn ci eÐnai akoloujÐa Cauchy
sto R kai sunep¸c sugklÐnei.

�

OdhgoÔmaste ètsi ston akìloujo orismì.

Orismìc

'Estw (xn)n∈N mia basik  akoloujÐa se èna q¸ro Banach me thn idiìthta
||xn|| = 1 gia k�je n ∈ N. Mia epÐshc basik  akoloujÐa (yn)n∈N se ènan
endeqomènwc diaforetikì q¸ro Banach Y me thn idiìthta ||yn|| = 1 gia k�-
je n ∈ N ja onom�zetai spreading model thc (xn)n∈N an up�rqei akoloujÐa
pragmatik¸n (δn)n∈N pou sugklÐnei sto 0 tètoia ¸ste

∣∣∣∥∥∥∥∥
k∑
i=1

aixmi

∥∥∥∥∥−
∥∥∥∥∥

k∑
i=1

aiyi

∥∥∥∥∥∣∣∣ < δn

gia ìlouc touc suntelestèc a1, ..., ak ∈ [−1, 1] kai gia k�je n ≤ m1 < ... <
mn.



Par�rthma Aþ

StoiqeÐa Sunarthsiak c
An�lushc

'Enac dianusmatikìc q¸roc X me mia sun�rthsh || · || : X → [0,+∞) h opoÐa
ikanopoieÐ tic idiìthtec:

i) ||x|| = 0 an kai mìno an x = 0
ii) ||λx|| = |λ|||x|| gia k�je x ∈ X kai gia k�je λ ∈ R
iii) ||x+ y|| ≤ ||x||+ ||y|| gia k�je x, y ∈ X

onom�zetai q¸roc me nìrma thn || · ||.

An jèsoume d(x, y) = ||x − y|| tìte o q¸roc (X, d) eÐnai metrikìc q¸roc.
An eÐnai ènac pl rhc metrikìc q¸roc tìte ja lème ìti o X eÐnai q¸roc Banach.

K�je kleistìc upìqwroc enìc q¸rou Banach eÐnai q¸roc Banach.

'Estw X, Y dÔo q¸roi me nìrma. Ja qrhsimopoioÔme to Ðdio sÔmbolo gia
tic dÔo nìrmec. O telest c T : X → Y eÐnai grammikìc ìtan T (λx + κy) =
λT (x) + κT (y) gia k�je x, y ∈ X kai gia k�je λ, κ ∈ R. Ja melet�me mìno
grammikoÔc telestèc.

An up�rqei M > 0 tètoio ¸ste ||T (x)|| ≤ M ||x|| gia ìla ta x ∈ X tìte
o telest c T lègetai fragmènoc. ApodeiknÔetai ìti ènac telest c eÐnai frag-
mènoc an kai mìno an eÐnai suneq c.

37
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'Estw ènac fragmènoc telest c T . OrÐzoume

||T || = inf{M : ||T (x)|| ≤M ||x||}

ApodeiknÔetai ìti

||T || = sup{||T (x)|| : ||x|| ≤ 1} = sup{||T (x)|| : ||x|| = 1} = sup

{
||T (x)||
||x||

: x 6= 0

}
H sun�rthsh ||·|| sto sÔnolo twn fragmènwn telest¸n apodeiknÔetai ìti eÐnai
nìrma.

O q¸roc X∗ twn fragmènwn grammik¸n telest¸n x∗ : X → R onom�zetai
duðkìc q¸roc tou X.

Mia grammik , 1 − 1 kai epÐ apeikìnish T : X → Y me ||T (x)|| = ||x|| gia
k�je x ∈ X onom�zetai isometrÐa. 'Otan metaxÔ dÔo q¸rwn up�rqei mia tètoia
apeikìnish tìte oi q¸roi onom�zontai isometrik� isìmorfoi.

O q¸roc X eÐnai isometrik� isìmorfoc me ènan upìqwro tou X∗∗ mèsw thc
apeikìnishc x̂ : X → X∗∗ me x̂(x∗) = x∗(x). Aut  h apeikìnish onom�zetai
kanonik  emfÔteush tou X ston X∗∗.

Me qr sh tou Jewr matoc tou Baire apì thn Pragmatik  An�lush paÐrnoume
ta parak�tw polÔ shmantik� Jewr mata.

Je¸rhma Anoikt c Apeikìnishc

'Estw X, Y dÔo q¸roi Banach kai T : X → Y fragmènoc, grammikìc kai
epÐ telest c. Tìte o T eÐnai anoikt  apeikìnish dhlad  apeikonÐzei anoikt�
uposÔnola tou X se anoikt� uposÔnola tou Y . An o T eÐnai 1− 1 èpetai ìti
o T−1 eÐnai fragmènoc.

Je¸rhma KleistoÔ Graf matoc

'Estw X, Y dÔo q¸roi Banach kai T : X → Y grammikìc telest c tètoioc
¸ste to sÔnolo GT = {(x, T (x)) : x ∈ X} na eÐnai kleistì uposÔnolo tou
X × Y . Tìte o T eÐnai fragmènoc.
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'Estw p ≥ 1. OrÐzoume

lp(R) :=
{

(an)n∈N ⊂ R :
∞∑
n=1

|an|p < +∞
}

kai

||(an)n∈N||p :=

(
∞∑
n=1

|an|p
) 1

p

ApodeiknÔetai ìti o (lp(R), || · ||p) eÐnai q¸roc Banach.
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