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Abstract

One of the pinnacles of human progress is, without a doubt, the automation technology that was
developed in the past century. The advancements towards new directions and uses regarding this
technology have been manifested as the development of software, in order to make the robots
smarter, granting human-like characteristics, for the purpose of collaborating with other agents.
As it is often the case, the collaboration is sought out on the basis of handling difficult tasks
that the employment of a robotic helper would render safer and easier. Under this prism, Mobile
Manipulators or Mobile Robots provide the needed mobility in order to act in the same physical
domain as a human and thus efficiently collaborate, if needed, in industrial or other spaces.

In this direction, and in the spirit of assisting such research, a configurable model of a system
with multiple Mobile Operators cooperatively transporting an object is developed. Besides the
dynamic modelling of the robots and the object itself, an important aspect, in the context
of simulation, lies in the calculation of the interaction between said sub-systems. This work
constitutes a basic model able to be utilised in a number of cases.

For example it can be utilised for carrying out simulations of autonomous vehicles performing
a prescribed task, such as transporting an object, where navigation and collision-avoidance
schemes are present. Also, in the case of human-robot collaboration where an added effect, that
of the human on the object, must be considered and interpreted by an algorithm in order to
efficiently assist the human in performing a task.
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Abstract

Mt amd Tig xopu@éc Tne avienniving meobdou elvor alyoupa 1) TEYVOAOYId AUTOUATIONOU TOU AVoT-
Oy Unxe Tov mepacpévo anva. H mpbdodoc mpog véeg xoteudivoelc xau yeroels, 660V agopd TNV
teyvoloyia, oyetiletar ue TNV avdmTun AoYIoUIX0U, TEOXEWEVOU To POUTOT Vo Yivouy Tio EZunva,
TEOGOIBOVTAS YAUPUXTNEIOTIXG TOU HOLELOLY UE TOU avUp®OTOU, UE OXOTO T CUVERYUCTO UE GAAOUS
Topdryovtes. ‘Omwe ouufoalvel ouyvd, 1 cuvepyasia uhoToteitor 6To TAUIGLO TOU YELRLOUOU BUGKOAWY
EQYACLOV ToU 1) yeNon Vg pounoT Vo xohoToU0E AGPUAECTERT ot EUXONGTERT. T auTd TO
Teloua, oL XVNTOL YEWPLOTES 1) TA XIVNTA QOUTIOT TUEEYOUY TNV ATUEULTITI XIVITIXOTNTA TEOXEWE-
VOU Vol 500UV OTOV (Blo puUOS YWEo PE TOV vipmTo ot Vo GUVERYALOVTOL UTOTEAEOUATIXG, oV
YpetaoTel, ot Brounyavixols 1) dGANOUS YOHEOUC.

Ipog auth v xatedYuvor), xar 6to Tveluo Tne utofor|inong plug TETolG EEUVIC, AVATTICOETAL
EVOL TUEOUETPOTOLAGUIO LOVTERD VO GLUGTHUOTOS HE ToALoUg Kivntolg Xelplotég mou UeTagpépouy
CLUVEQYOTIXA €V avTixeEluevo. Extdc amd T duvouixy| HovTeEAOTOINoT TWV POUTOT o Tou (BLou
TOU AVTIXELEVOU, Lol ONUOVTLXY| TTUY Y|, 0TO TAAIOLO TNS TEOCOUOIWOTS, EYXELTOL GTOV UTOAOYIOUO
NG oA NAeTdpaong PeTadd TV eV AoYw unocustnudtwy. H epyaoia autr arotelel éva Baocwd
novTtélo mou unopel va yenowonowmniel oe SLdPopES TEQITTWOELS.

Mo mopdderypo, umopel va yenowwonondel yioo TNV TEOGOUOIWOT AUTOVOULY OYNUSTWY TOU €X-
TeN00V Eva TPOXAIORIGUEVO €0Y0, OIS 1) UETUPORE EVOS AVTIXEWEVOU, OTIOL UTIEOYOLY GUC TAUATA
TAorfynong xou amopuyng cuyxpoloewy. Enlong, oty nepintwon cuvepyasiog avipntouv-poumor,
omou meénel va Angdel umon xon va epunveudel amod Evay ahyopriuo uo TpdcleTy EidEAoT), AUTH
Tou avipwnou 6To aviixeluevo, mpoxewEvou va Boninldel anotedecpatind o dvipwnog otV ex-
TéNeo WG gpyaoiog.
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1 Introduction

The notion of automation dates back thousands of years. Typical examples are
inventions of Hero of Alexandria, such as the famous temple gate opening system,
and the anti-kythera mechanism. Romans also came up with contraptions that uti-
lized some form of automatic action, albeit as mere entertainment tools. Coupling
automation with the human form resulted in the presentation of the Mechanical
Knight by Leonardo da Vinci. Although these ideas existed for many centuries it
was not until the advent of electronics in the 20th century that building and con-
trolling elaborate automation constructions was made possible. One can think of
1921, the year the term 'robot’ was coined, as the beginning of the technology as
we know it today. At first, the idea of humanoids excited researchers and public,
although with no capability of performing complex task, owing to the infancy of
the technology. After World War II and the technological leaps that the war effort
brought, especially regarding digital computers, led robotics to a similar path. As
a milestone, in 1961 the first industrial robot was installed [1]. After that the field
of robotics has been continuously and rapidly evolving during the decades that fol-
lowed.

Initially used for industry, robots where programmed to perform repetitive tasks
that relied only on the kinematic control of the mechanical arm. In order to fur-
ther enhance the capabilities of this machines, for productive and technological
purposes, other systems must be added. Shortly after the advent of commercially
available microcomputers, they were used for the realization of real time controllers,
exploiting the fast calculation capabilities, such as in [2]. Other additions included
computer vision [3], [4], sonar, laser or Infrared (IR) sensors for identifying the en-
vironment and working within its limits [5-7] and later further developments [8].
These sensors provided robots with a way to interpret the environment and are,
still, widely used, while constantly evolving in terms of hardware, such as LiDAR,
and software, such as SLAM [9]. In turn, the development of mobile robots flour-
ished, owing to the ability to work in the same physical domain as humans. Various
types of mobile robots exist, mainly wheeled and legged robots, along with aerial
and underwater agents, each designed for a particular technological niche. Besides
these, it was of great concern to be able to regulate the interaction force of the
robots with the environment, which was achieved through the inclusion of force
sensors [10]. Another useful characteristic is the intelligence, that can be achieved
through the use of AT [11-14]. Cutting edge technology that is currently researched,
includes object transportation [15], [16] or picking up produce from a field [17] or
in space [18]. Aerial vehicles can be utilised for deliveries that time is critical
(e.g. pharmaceuticals) and navigating and performing surveys in difficult to reach
spaces [19]. Similarly, underwater vehicles can be used for inspections that would
otherwise be dangerous or difficult for humans to perform.

Mobile robots equipped with wheels perform best on smooth surfaces. Thus making
this type of robot the obvious choice for use in industrial sites where such surfaces
exist. Nonetheless, the advancements of robots in both industry and everyday life
proves to be an emerging field that aims to combining the human cognitive skills
with the robot capabilities [15]. An area of interest is collaborative transportation
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of heavy, bulky objects or supporting of a task performed by a human as a means
of increasing its accuracy, e.g. welding. An important aspect of this application is
the load which the human and the robot take on and the physical Human-Robot
Interaction (pHRI) in general, such as in [23], [16]. Another task this type of robots
can perform consists of autonomously working in teams, that is with no human
interference, largely inspired by nature such as the works in [20-22].
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2 Technical Problem Statement

In order to test out new algorithms, such as control and collaboration schemes or
Artificial Intelligence (AI) capabilities for mobile robots, it is mandatory for a model
of the physical system to be available. As it is often the case, the physical system
is not available; as it happens during designing of a new product. Therefore, to
accommodate rapid assessment of the proposed algorithms it is critical that the
model of the robot is promptly obtainable. This leads to the need of a parametric
model that can be used in a number of cases and for a number of robots. In addition,
the calculation of the interaction wrench between each robot and the object must
be included as part of the system dynamics.

Regarding the structure of this thesis it is organised as follows. First, in section
3 and 4, the modelling of a MM and of the object are provided. In section 5, the
reduction of the algebraic-differential system for multiple MMs is presented. In
section 6, a control scheme is proposed, base on the notion of (multiple) impedance
control. In section 7, the simulation results are presented and reviewed. Finally,
section 8 concludes the thesis.
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3 Mobile Manipulator Modelling

Mathematical modelling of a Mobile Manipulator (MM) can be challenging, es-
pecially with MMs that are equipped with a high number of Degree of Freedom
(DoF) manipulator. Therefore we choose a modular approach that will allow for
the analysis of the wheeled platform and n,-DoF manipulator to be carried out
separately. In that way, the typical modelling of manipulators and a plethora of
platform models from the bibliography can be utilized. Then, by considering the
dynamic interactions due to the coupling of the two subsystems and adding the
corresponding terms in the separate dynamic equations will yield the system of the
total (coupled) dynamics of the MM. It is also noted, that the interaction dynam-
ics can be further studied, by study of the respective matrices, if a more detailed
analysis is needed.

3.1 Forward Kinematics

Forward kinematics usually describe the End Effector (EE) pose (position and ori-
entation) with respect to the base of the manipulator. In the MM case the base
of the manipulator is rigidly attached to the platform. In light of this, we need to
define multiple frames as follows:

e the world (inertial) frame {W'}

e the vehicle (platform) frame {V'}, attached on the centroid of the platform
and

e the frames sequence from {0} or {M} frame to {n} or {E} frame, attached
on the joints of the manipulator following standard DH notation.

3.1.1 Vehicle Kinematics

The vehicle frame is moving and rotating with respect to the world frame, essen-
tially expressing the planar movement of the platform. On that note, the vector of
platform variables are defined as q, = [qv,l Q2 - qun}T. In this case, a 3-DoF

(planar) vehicle is considered where q, = [CL‘U Yo qﬂT. Thus, a proper homoge-
neous transformation matrix that relates the aforementioned frames is defined

Ry r,
YTy ="Ty(q,) = | (3.1)
01m3 1
The transformation consists of a rotation, ¢, about the Z-axis
cos¢p —sing 0
Ry =Ry(¢) = |sing cos¢ 0 (3.2)

0 0 1

and a translation expressed by vector r, = [:L‘v Yo ZU]T, which describes the co-
ordinate of the vehicle’s Center of Mass (CoM) expressed in frame {IW}. The
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Figure 3.1: Mobile Manipulator with the frames attached

Z coordinate actually is a constant offset of the vehicle frame, accounting for the
wheels and overall configuration of the moving platform. Similarly a transformation
matrix between the base of the manipulator and the platform can also be defined.
This transformation matrix is constant due to the absence of relative motion owing
to the rigidity assumption. For simplicity, it was considered that the frames have
the same orientation, as seen in figure 3.1.

14 _ ISxS rrp
= [01503 1 33

where I;3 is the unity matrix and r,, = [a:rp Yrp zrp} "is the position vector from
the CoM of the platform to the base of the manipulator expressed in frame {V'},
that is the mount position of the manipulator.

3.1.2 Manipulator Kinematics

The standard Denavit-Hartenberg convention will be used for the kinematics of
the (open-chain) manipulator. Also, defining the manipulator variables vector

q, = [qr,l Qro .. qm]T, where n, is the number of DoFs of the manipulator.
The frame {0} is arbitrary placed and is commonly placed on the base of the ma-
nipulator, frame {1} is placed on the first joint and so on, while frame {n} is placed
on the End Effector (EE) of the robot. The transformation between two successive
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frames is given by:

cosf; —cosa;sinf; sinq;sinf;  a;cos0;
il sinf; cosa;cosf; —sina;cos; a;sinb; (3.4)
’ 0 sin oy COS d; '
0 0 0 1

The four parameters a;, «;, d;, 6;, usually presented in the form of a table describe

| Linki [ a; | o | di | 0;]
1
2

n,

Table 3.1: Denavit-Hartenberg parameter table

two translations and two rotations between successive frames. The manipulator
variables vector q, consists of either 6; or d; depending on whether the i-th joint is
revolute or prismatic, respectively, while the other two parameters are constant. At
last, the transformation matrix relating the base frame to the EE frame is given by

MTe = MTe(qT') = OTn - OTl : 1T2 BEEEE n_lTn (35)

3.1.3 Mobile Manipulator Kinematics

At last, the total transformation matrix relating the inertial frame to the End
Effector frame is given by:

W, ="Ty - VT - MT. (3.6)

Equation 3.6 along with the equations 3.1-3.5 constitute the kinematic model of the
MM. Forward kinematics, as stated above, consist of the position and orientation
of the EE which are expressed by the first three elements of the fourth column and
the 3x3 rotation sub-matrix

W, Z W, (q) = [Re pe] (3.7)
01:1:3 1

where, in general, the homogeneous transformation from the world frame to the EE
frame of the MM is a function of its variables, q, defined as

q= H (33)

q,
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3.2 Differential Kinematics

Differential kinematics, expressed through the Jacobian, are a description of the
relationship between joint velocities, ¢, and End Effector velocities, x.. The usual
case involves a fixed-base manipulator where its Jacobian calculation is a straight-
forward task involving the manipulator kinematics of the previous section [24].
Therefore, to enable modelling different manipulators with different mounting op-
tions to be faster and easier, it is of interest to express the Jacobian of the MM, J,
through the respective manipulator’s fixed-base Jacobian, Jrpg. In order to achieve
this, first the system kinematics must be described and, afterwards, through proper
manipulation of the expression, the fixed-base Jacobian is ought to arise [25]. In
the following, the equations will use the convention that an left superscript means
"expressed in frame” and a right superscript means ”with respect to” while a right
subscript means ”of the” and ”of the frame” for lower-case and upper-case index
respectively. Lastly, a missing left superscript denotes that the vector is expressed
in the world frame, {IW}.

3.2.1 Manipulator Differential Kinematics

Let us define the relationship involving the fixed base Jacobian, that is the End
Effector velocities are expressed with respect to the base of the manipulator as
follows

VpM
VxM = {voﬁvf} = JrBq, (3.9)

where q, denote the variable states of the manipulator. Notice that the usual no-
tation has been modified in order to accommodate for the convention mentioned in
the start of the chapter. Furthermore, the Jacobian in general can be compartmen-
talized

Jpp = B(Ij (3.10)

where the P and O subscripts refer to the linear and angular contriution of the joint
velocities, respectively. By differentiating the kinematics described by equation 3.5
and by substituting the derivative of a rotation matrix the velocity composition
rule arises. Eventually, if the fixed-base Jacobian consists of n columns of the form
described in 3.10, then each column can be calculated as

. [Zgl] for a prismatic joint
{JPZ'] _ ! | (3.11)
Oi [ i—1 Zpe Pi1 } for a revolute joint
i1

where z;_1, p;_; are given by the first three elements of the third and fourth col-
umn of the transformation matrix from the base of the manipulator to the {i — 1}
frame, respectively, while, p, is the position of the EE and is calculated analo-
gous to p,_;, with the difference that all the manipulator frames are considered.
The aforementioned matrices refer to the serial multiplication of all or some of the
matrices described by equation 3.4.
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3.2.2 Mobile Manipulator Differential Kinematics

Based on the system kinematics, one can write [25]:

0. = 0y + ) (3.12)
P. =Dy + v X P, + D, (3.13)
P, =D + Py (3.14)

Since the manipulator is rigidly attached to the platform there is no relative motion
between the two and therefore ¥}, = 0. Next invoking equations 3.1 and 3.2 we can
write

p. =Ry "p! (3.15)
p.' =Ry "py (3.16)
o) = oM =Ry o (3.17)

By substituting equations 3.15-3.17 to the system of equations 3.12-3.14 we end up

Wlth [ ] V.V VM
oo pe _ pV Wy, RV Pe RV pe
&—IQJ—[wJ—F{ N ]+Lhywy] (3.18)

where [],, denotes a skew-symmetric matrix, that for a vector a = [ax @y az}T is
defined as
0 —a, ay
al,=|a 0 —a, (3.19)
—Qy Gy 0

In that way the outer product can be represented as a matrix product. Next, the
outer product property a x b = —b x a is used and also the fact that for an
orthonormal transformation, such as the rotation matrices used, the transpose is
identical with the inverse. Hence 3.18 can be written as [24]

. _[p] [T Re [P/ Ryl [Bv]  [Rv O]["DY
= |2 =g pel R Bl [l DB o
Lastly, 3.20 can be rewritten in the usual form of a Jacobian

X, = [pe] = [J3,]3,] Bﬂ} ~Jq (3.21)

W, r

and, by considering equations 3.9, 3.20 and 3.21, the sub-matrices are given

_ Vv T
J, = B Ry | f‘f}x RV] (3.22)
Ry 0
J, = { OV RV] Jrp (3.23)
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3.2.3 Alternative method

The preceding analysis arrives at the Geometric Jacobian of the MM which is, in
general, not equal to the Analytical Jacobian. The latter consists of the transla-
tional velocities and the derivative of the orientation instead of the angular veloc-
ities. Nevertheless, there is an alternative method of calculating the End Effector
Geometric Jacobian, through the Analytical Jacobian [24]. First, invoking 3.7, lin-
ear velocities-related terms can be calculated by differentiating and applying the
chain rule on the coordinate vector of the end-effector

. Op,.
pe_ 8qq

(3.24)

It is easily understood that a similar process can not be utilised for the angu-
lar velocities-related part of the Jacobian. This ows to the way the orientation is
conventionally described, that is by a 3x3 matrix. Therefore, in order to calcu-
late the contribution of the angular velocities, a minimal representation must be
selected, which will allow expressing the orientation with a vector. The representa-
tions commonly used consist of the ZYX (Yaw-Pitch-Roll) and ZYZ Euler angles.
The analysis that follows uses the former set of Euler angles. Calculating said
angles of orientation is a process called inverse kinematics and for ZYX minimal
representation it is given as

Ve atan2(rsa, r33)
@, = |0.| = |atan2(—rs, \/7“32,2 + 7’%3) (3.25)
Oe atan?2(rg,r11)

and r;5,1,7 = 1,2,3 are the elements of the rotation matrix R.. Notice that the
atan2() function is used, due to its ability to calculate both the angle and the
quadrant which it lies.

The angular velocities are related to the orientation rate of change as

w. = T(9,)%, (3.26)

where the matrix relating the two velocity vectors, for ZYX Euler angles, is [26]

cos 0. cos . —sind,. 0
T(¢, )= |sinf..cosby. cosbh.. 0 (3.27)
— sinf,, 0 1

For different minimal representations, expressions similar to 3.25 and 3.27 can be
formulated. Then, it follows that

O
D = —=<¢ 3.28
Pe = g 4 (3:28)
and the Analytical Jacobian J 4 can be defined analogous to equation 3.10 where the
partial derivatives of equations 3.24 and 3.28 describe the linear and angular contri-
butions, respectively. It is clear that, based on 3.26, the Analytical and Geometric
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Jacobian can be related

J— [13x3 03,3

b T (@e)] Ji=Tady (3.29)

Concluding this section, it is considered appropriate to mention an issue that
emerges by the usage of Euler angles. Namely, representation singularities. When
these arise, the solutions of the inverse kinematics are degenerated, thus not al-
lowing the calculation of one orientation angle. In addition, the determinant of
matrix T(¢_) becomes zero and by extension inversion is not possible, indicating
a subspace of angular velocities that can not be described by the orientation angle
velocities [24]. This can be interpreted as an inadequacy of the representation or
a trade-off for expressing orientation, described by a 3x3 matrix, with the minimal
number of variables, that is a 3x1 vector. On that note, a representation with no
singularities are Quaternions where the orientation is described by four numbers,
consisting of a vector and a scalar.

10
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3.3 Dynamics

The dynamics are an integral part of the modelling and describe the motion of the
MM. Derivation of the dynamic model allows for the study of the system, simula-
tion of motion and testing control strategies that would otherwise demand that the
physical system is available. As with the previous sections, the dynamic model of
each sub-system is calculated and then the interaction dynamics, due to the cou-
pling, are separately determined and added appropriately. This allows for an easier
repetition of the calculations if needed, e.g. for a different manipulator or platform,
and for a better analysis of the dynamic interactions. Usually the dynamics are
derived through the Euler-Lagrange formulation as it offers a systematic way of
analysis that is valuable when dealing with higher order systems, it provides an
analytical form of the dynamics and can accommodate further complexities of the
system, such as link deformation, if needed [24].

3.3.1 Vehicle Dynamics

As the Mecanum wheeled platform has gained in popularity over the years due to
its holonomic nature, one can find numerous models in the bibliography. Detailed
analysis of the mecanum wheel platform utilizing the Lagrange equations of the
second kind can be found in references [27,28], while others opt for a more simplistic
approach that treat the platform and the wheels as a mass in planar motion [29,30].
The platform is expected to move very slowly, therefore a simple model can be

R

N N\
[2) i Xv < (1)
S S
Yo
LX
- N
(3) [
— '\ﬂ/’

L,

Figure 3.2: Vehicle mounted with 4 Mecanum wheels

utilized, as the omitted dynamics, namely the Coriolis-centrifugal term, is expected
to be minuscule. The number of Mecanum wheels that the vehicle is equipped, n,,,
is selected to be four, as this is the typical choice. Following a similar derivation
as with [30], it is assumed that the platform and wheels form a rigid structure
and all the points on the vehicle rotate about the instantaneous rotation centre.
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Also, the Mecanum wheels are symmetrically, with respect to the vehicle’s CoM
(that coincide with its centroid), mounted on the platform. Specifically, the model
consists of the inertial forces, the actuation forces and the static friction. Viscous
friction is not considered, deemed negligible due to the low speeds that the wheels
are expected to rotate.

m, 0 07 [ Fz, Fy - sgn(y)
0 my O |G| =|Fy| — |Fs-sgn(s) (3.30)
0 0 I |¢ M:, M; - sgn(o)

where m, and I, refer to the total mass and inertia (around its CoM) of the vehicle.
The total mass includes the mass of the platform and the mass of the wheels, while
the total inertia includes the inertia of the platform and the wheels’ around the
platform’s CoM. The ”s” subscript refers to friction forces and torques. It is noted
that in order to implement sgn() during simulation, tanh() is used instead as it
will not cause problems due to the former non-continuous nature. The forces and
moment actuating the vehicle are composed from the forces and moments that are
produced from each wheel. Then, further analysis, partially shown in figure 3.2,
will compute the total force and moment that act on the platform. All Mecanum
wheels have the same angle between the rollers and the wheel axis, that for this
particular configuration shown in figure 3.2 can be expressed as v; = (—1)" - 45°.
Also all wheels have the same radius, R,. Suppose that 7, is the input torque,
then the input force is F,; = 7,,;/ Ry. This force can be divided to two components,
F; and S;, in such way that S; acts transversely to the roller axis. The latter is
called ineffective slip force and the former is the effective drive force. Next, F; can
be further analysed to two more components that lie parallel to the vehicle frame

F:c,i = Fz sin Yi = Fw’i(SiH ’}/2)2

F, ;= F;ycosvy; = F,; cos; sinv; (3.31)

Similarly, the torque is calculated by accounting for the torque of each force on x
and y direction
Mz,i = Lny,i + LxFy,i (332)

Concluding the force analysis, the total input vector of the vehicle is calculated
as the sum of each wheel contribution and then is transformed to the world frame
through a 3x3 rotation matrix, which actually is the one defined in equation 3.2.
Therefore we can write

Fy, 4 |cos¢p —sing O | Fy,
FY. | = Z sing cos¢p 0| | Fy, (3.33)
M? i=1 0 0 1| | M.,

v,a

It is deemed appropriate that the actuation vector is expressed as a product of a
matrix, E,, with the wheel torque vector.

xr

va 14 Acos¢ — Bsin ¢
= |Fl | =5 Z Asing+ Bceosd| 7, = E, Ty (3.34)
M;, i=1 AL, + BL,

12
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where A = (sinv;)? and B = cos~; sin~;. It is obvious that the columns of E, are
given by the vector in the sum term of equation 3.34. Considering that the standard
45° angle is used

CcoS® +sin¢g cos¢p —sing cos¢+sing cos¢ — sin ¢
E, = TN sing —cos¢ sin¢g—+ cos¢ sing —cos¢ sin@ + cos ¢ (3.35)
w L,—L, L,+ L, L,—L, L,+ L,

Lastly, equation 3.30 can be written as
M’Ulqv - EUTw - D’u (336)

where q, = [xp Yp gb]T as defined in the platform kinematics section.

3.3.2 Manipulator Dynamics

As mentioned in the beginning of the dynamics section, the Euler-Lagrange method
is usually used for systems with a high number of DoFs. This is accomplished by
utilizing the transformation matrices from kinematic analysis [28]. First, let K and
V be the total kinetic energy and potential energy of the manipulator, respectively.
Then, the Lagrangian is defined as

£<qr7 qr) = ’C(qr7 qr) - V(qr) (337)
Then, the equations of motion of the manipulator are obtained by
d 0L oL
= 1=1,2,...,n, (3.38)

dt aqhi aQT,i o

where 7, ; is the generalised force corresponding to coordinate ¢, ;. The kinetic and
potential energy for the i-th link are given by

7 )

1 oT; . 0T .
K; = Etmce Z Z TJia_C.Zr,jqr,k (3.39)
J=1 k=1 qr.j qr.k

where T; is defined similar to 3.5 as T; = °T; - 'Ty - ... - "'T,. Also, J; and m;
are the pseudo-inertia matrix [31] and mass of the link i, respectively, g’ is the
gravitational acceleration vector defined in the manipulator base frame and 7; is
the vector pointing from the origin of frame 7 to the centroid of the link ¢ expressed
in frame 1.

Then, the total kinetic and potential energy is calculated by summing the energies
of each link, given by 3.39 and 3.40. By utilising equations 3.37, 3.38 and properly
grouping the resulting terms, the equations of motion of each manipulator link are
a second-order differential equation of the form:

2 MijGrj + Z Z CijkrjGrk + Gi = Tri (3.41)
Jj=1 j=1 k=1
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where
S oT, . OTT
M;; = Z trace [8(] ]‘iJk 5 k':| (3.42)
k=maz(i,j) Ll T
\’ oT, . O*TT
Ciji = Z trace{ J (3.43)
h=max(i,j,k) aqr:i aQT,jaQT,k
- ;0T
CGi=2 ms'5 n (3.44)
k=1 T',Z

Furthermore, in manipulators, viscous friction in the joints is typically modelled
and, thus, is added to the equations. Then 3.41 can be rewritten as

M7”1 (qr>qr + CT‘l (qr7 qr) + GT(qr) + DTqr =T (345)

where q, = [in Qr2 - qm]T and D, is a diagonal matrix that its elements are
the respective viscous friction coefficients.
3.3.3 Interaction Dynamics

In a similar way, the matrices that describe the interaction dynamics between the
platform and the manipulator are calculated. In this case, T; is defined similar to
3.6 and analogous to the previous section as

T, =W, . VT, .OT, . IT, . . .i-IT, (3.46)

First, we examine the additional terms for the manipulator dynamic equations. The
Coriolis and centrifugal terms caused by the motion of the platform are

_QZUZ Z trace{aTth T, :|q.v,jq.r,k

j=1 k=1 h= maac(z k) aqhi a%),ja%",k

j=1 k=1 h=i aq” aqwaqu,k

(3.47)

and the matrix expressing the effect of the vehicle’s motion on the manipulator

v oTy, . 0T} , ,
R.(i,j) = Ztrace{aqu.]kaq J 1<i<n,,1<j5<n, (3.48)
k=i ! v

14



Diploma Thesis 3.3 Dynamics

Similarly, the additional terms for the vehicle are

s OT, . OTE
My (i, 7) = Ztrace[&] k-Jké?q k} 1<i,5<mn, (3.49)
1 v,i v,]

Cua(i) =2 i i i trace {aTh Jn Gty } Gr,j v,k

8Qv,i 86]7“,]’ a%},k

j=1 k=1 h=j (3 50)
* nZnZ nZ trace PThJ PT, }q q |
h rj4r.k
=1 k=1 h=maxz(j k) 3qw~ aqma%,k g
- o), . T
Rv(“ﬁzztmce[@ k']’“a k} l<i<n,l<j<mn, (3.51)
k=j Qu,i qT,j

On a last note, the matrix R, must be the transpose of R, because they refer to the
interaction forces between the two subsystems, vehicle and manipulator. Due to
these forming the "mass” matrix of the system and of course this being a physical
system this matrix must be positive definite. This can be confirmed by examining
equations 3.48 and 3.51.

3.3.4 Mobile Manipulator Dynamics

Taking into consideration the preceding analysis, that is the derivation of vehicle,
manipulator and interactions dynamics, the total dynamic equations of the vehicle
are

M’Uldv + Cvl(qva qv) + Cv2(qy7 q,, qvv qr) =

. . 3.52
Ty — D’L) - MvQ(qzﬂ qr)qfu - Rv(qm q'r)q'u ( )
and of the manipulator are

MTI (qr)q'r + CTl(qr7 q'r) + CT’Q(CL” qTJ q’u) + GT‘(qr> + qur = (3 53)

Tr — RT‘(qvv qr)d'u

In order to compact the above equations, some terms are grouped while the argu-
ments of each matrix are dropped for simplicity. Then the total matrices of the
MM are synthesized

Mv Rv qv Cv Onv Dv | T
o 1 4 8 P A S S R
where
MU = le + Mv2 (355)
CU == Cvl + Cvg (356)
M, = M,, (3.57)
C,=C, +C, (3.58)
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and by reminding 3.34 the following relationship holds

| _ [ EuTw| _ | Eo Onpsn, | [Tw

{TT} N |: TT :| N |:0nr><nw Inrxnr:| |:TT} (3‘59)
Equation 3.54 can be further compacted, analogous to the typical form of the dy-
namic equations, as follows

Mg+ C+G+D=E= (3.60)

For the sake of completeness the matrices shown in equation 3.60 are presented

Mv Rv nxn _ Cv n
M_[Rr MJGR , C—{CJER
_ Onv n _ DU n _ i E’U Oannr nx (Nw+nr)
G= [G} <R, D= [DTqT] R E= o, 1} <R
(3.61)
and the vectors )
_ qv n _ Tw Naw+Np

q= {qr] eR", <= LT— eR (3.62)

where n = n, + n, is the total DoFs of the Mobile Manipulator, n, refers to the
number of DoFs of the attached manipulator, while n, corresponds to the planar
DoFs of the vehicle and n,, to the inputs of the vehicle. Also, it is noted that in the
present study, the vehicle is considered to be a planar mechanism, thus restricting
the DoF's of the vehicle to n, = 3. This might not always be the case, for example as
in reference [25], and that is the reason the combined dynamics are given in general
form and dimensions. Also from this point forward, 0 and I will refer to the zero
and unity matrix, respectively, while the size will be subscripted.

Lastly, when the End Effector of the manipulator interacts with the environment,
it is subject to forces, f. € R**!, and torques, ., € R**!. These can be expressed
by the wrench vector, which is compartmentalized as

h, = [f] € R%! (3.63)

e

The wrench vector is usually known to the robot through the force/torque (f/t)
sensor attached to its end effector. This means that the measurements are expressed
with respect to the world frame. Nevertheless, the dynamic equations refer to joint
variables and consequently, the wrench must be transformed, or better projected,
to the joints. These is accomplished by taking advantage of the known kineto-static
duality property [24]. This is incorporated to the dynamic equation 3.60 as

Mg +n=E<t+J'h, (3.64)

where Coriolis-centrifugal, gravity and friction terms are collected for ease of pre-
sentation in the next sections n(q,q) =n=C+ G + D.
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3.4 Dynamics in Task Space

Task space refers to the characterization of a system with respect to the task related
variables which usually are the position and orientation of the end effector, that is
the robot’s means of interaction with the environment. In accordance with the
previous analysis an expression of the dynamics of the system in task space can
be established. The differential kinematics can provide a relationship between the
velocities of the spaces of interest, namely joint space and task space. The former is
most often the preferred analysis framework due to the typical analysis tools. Due
to the task of the robot, that is handling an object, it will be proven useful that
the representation of the dynamics of the system in task space is formulated. The
dynamics in task space can be described similar to the previous model as

Mv.,+C+G+D=u+h, (3.65)

or

Mv, +0 =u+h, (3.66)

3.4.1 Non Redundant Systems

To determine the matrices corresponding to task space dynamics the Jacobian re-
lation 3.21 is utilized. By differentiating the aforementioned equation

Ve =%, =Jq+Jq (3.67)
and by substituting it in equation 3.60 and premultiplying with J=7
J™™MI N, - T ™I g+ I TC+ITG+I ™D =u+h, (3.68)

and by grouping properly the matrices of the dynamic equation in task space can
be computed as

M=J"MJ™! (3.69)
C=J"TCc-3"T™MJ1]q (3.70)
G=JTG (3.71)
D=J'D (3.72)

where u is the task space input wrench and J=7 = (J™)7 = (J7)~'. It is noted
that the generalised torques in joint space and the task space input are connected
through the relation

Et=J"u (3.73)

The analysis is related to non-redundant systems due to the inversion of the suppos-
edly square Jacobian. In this case, the task space coordinates form an alternative
representation of the system, that is aa different set of generalised variables. Addi-
tionally, due to the Geometric Jacobian used, the new variables refer to the angular
velocity of the end effector. In many cases the representation is practical to express
the orientation and not the angular velocity. Therefore in order to provide a homo-
geneous analysis, the dynamics are expressed with respect to angular velocities and
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if the orientation dynamics expression is needed, this can be computed by examining
equation 3.29, i.e. T is a Jacobian relating position and orientation derivatives
with the position derivative and angular velocity. Then a transformation similar
with the one presented by equations 3.65-3.73 can be performed.

3.4.2 Redundant Systems

Nevertheless, MMs such as those studied in this thesis are, usually, redundant with
respect to the task space. This means the task space dynamics under-represent
the dynamics of the system or that the task space dynamics are a projection of
the dynamics of the system [32]. Initially, equation 3.73 becomes incomplete for
a redundant system. This happens because there is an infinity of elementary dis-
placements that can exist without altering the pose of the manipulator. With that
in mind, there is a null space associated with some inverse of the transposed Ja-
cobian that describes these torques that can be applied but not alter the resulting
wrenches on the effector. By accounting for this null space torques the following
relationship holds

Et=Ju+ [I-J7J"%] <, (3.74)
where T, is an arbitrary generalized joint torque vector, projected in the null space
of the transpose generalised inverse J7.
For the case of redundant manipulators the derivation task space model follows a
similar path, although, with some extra steps in order to account for the non-square
form of the Jacobian. This time, to circumvent the need for Jacobian inversion,
equation 3.60 is pre multiplied by JM ™', and equations 3.68, 3.74 are substituted

ve—Jq+IMIC+IM'G+IM'D =
IM ' J"u+IM ' [1-J"3"] <, + IM 'J"h,
Observing the resulting equation, it is obvious that the acceleration, v. and the
forces u are related through the matrix JM'J”. Consequently,
M = (JM1JT)~! (3.76)

Furthermore, the term of the null space in equation 3.75 torques must be equal to
zero, that is

(3.75)

IM'I-J"J"%] =0=
M =M1 g7
JT =37 = MIM ! (3.77)

where J is said to be the dynamically consistent generalised inverse [32]. By further
examining equation 3.75 the transformation equations are

M = (IM1JT)! (3.78)
C=J'C-Mliq (3.79)
G=J'G (3.80)
D=J'D (3.81)

Lastly, in this case too, expressing the derivative of orientation can be performed
as described in the previous section.
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4 Object Modelling and Grasping

An object model can consist of the inertial, Coriolis-centrifugal, gravitational and
external forces. The latter is composed by friction forces and the forces due to the
mobile robots interacting with the object. Modelling only the inertia of the object
along with external forces, such as in [16], [33] and [34], shows that the inertia has
a cardinal role in the behaviour of the grasped object, thus producing a sufficiently
accurate model. Nevertheless, other researchers such as in [35] or [15] have opted for
a model with all of the forces mentioned in the beginning of the paragraph. It must
be noted that in [15] the object dynamics are considered along an arbitrary point
and a linear-parametric form is utilized in order to account for the rough knowledge
of the object model. In this study, Coriolis terms are of no concern due to the low
movement speeds of the object. First, a system of a single MM grasping an object
is considered and, afterwards, the model is generalized for N Mobile Manipulators.
Grasping of an object is an important aspect of handling the object. However this
thesis aims at the dynamic analysis and control of the system and by extension the
condition of grasping is not considered, while its rigidity is assumed (i.e. no relative
movement between the grippers and the object).

Consider an object in three dimensions. The {O} frame is attached in the object’s
CoM. Vector rj points from the origin of object’s frame to the point of grasping,
expressed in frame {O}. The screw vector described in the previous section, is
expressed with respect to the manipulator and therefore its opposite is experienced
by the object. Following the virtual stick convention, as done in [15], [36], the

S

Figure 4.1: Free Body diagram of End Effector and object interaction

k-th EE position and orientation is described through the object’s pose. This will
prove useful when planning the desired trajectories. In this convention, usually
the virtual stick is a vector from the k-th EE to the object’s CoM. Instead, the
opposite vector is defined, as seen in figure 4.1. The reasoning is that an object-
centred definition provides an easier understanding of the grasp point, while the
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proper transformation is used for the usual virtual stick relation be true. Thus, the
kinematics of the virtual stick are

Pr = Po + rz (41)
R, = R, Ry, (4.2)

where r{ denotes the vector pointing from the object to the EE expressed in world
frame and °Ry, refers to the relative orientation between the object and EE frame.
Next, the Jacobian of the object and the grasp point is essential for describing the
interaction between manipulator and object. The velocity composition rule, based
on figure 4.1, gives

Vi =V, + w, X 1] (4.3)

©p = 0, (4.4)

where °r{ is identical to r; in figure 4.1. Equations 4.3, 4.4 and can be expressed
in a matrix form as
I _
Vi = Jokvo = 3x3 [rk]X Vo (45)
03x3  Isxs
Lastly, the Jacobian from the EE to the object frame is always full rank due to the
rigid grasp assumption. The object’s generalised position is defined as

X, = [po} € R6*! (4.6)

o

which consists of the object’s coordinates and orientation. The orientation can
be defined in a number of ways, namely ZYX Euler angles or quaternions are the
frequent choices. The generalised velocities are defined as

v, = [p‘)} e RO (4.7)
W,

Generally, the integral of w, is not the same as the orientation describe by the ¢_

vector, except of the planar case. Moreover it is supposed to be rigid, therefore the

following rigid body dynamics hold

M,v, + C,(v,)V, + G, + D, = h, (4.8)
where
[molzxs O

M= [ 0 1)

me [(1)0] 03><3
C, = x 4.10
|i 03><3 [(")O]X Io:| ( )

_|meg

.- [ "

and D, contains a friction model of the object motion, m, is the mass of the object
and I, is the inertia tensor of the object. The Coriolis matrix, C, is given so that the
object model and the following derivation are complete. Considering low movement
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speed that the object will be moving, only the static friction is considered. Lastly,
h, denotes the total wrench exerted on the object by the end effector, which in this

case
h, = —Gh, (4.12)

where G = Gy, = J2 is the grasp matrix relating the wrench on the grasp point to
the object frame. Also, for presentation homogeneity, consider the object dynamics

as
M,V, +1n, = h, (4.13)

where n, = C,v, + G, + D,. Usually, the object’s states include its orientation,
as it is a state of interest, and is expressed through a set of Euler angles or quater-
nions. As mentioned in the previous section regarding transforming the dynamic
equations with respect to the orientation variables, similar steps must be taken for
the grasp matrix. Specifically, by using equation 3.26 and appropriately modifying
the angular-related equations of motion the grasp matrix is then [37]

I35 03><3:|
G, = 4.14
¢ [Ta v, T (4.14)
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5 Interaction Wrench

In order to perform a simulation of the dynamical system of one or more MMs
grasping an object, it is imperative that the interaction wrench is known. More-
over, control methods that are utilized mandate the knowledge of this wrench, in
order to perform the corresponding compensation. In real-time scenarios, where
the physical system is available, this wrench is provided by a force/torque sensor
attached on (or near) the end effector. To simulate the flow of the f/t sensor read-
ings, a method of calculating the internal wrench in a simulation environment.
The interaction wrench, predominantly results from the apparent rigidity of the
grasp. That is, due to the external wrenches exerted on the object and due to the
movement of the MM the object would tend to separate from the grasp. Subse-
quently, in order to maintain the rigid grasp (i.e. no relative movement) a wrench
must be developed so that it counteracts this tendency. To incorporate the grasp
condition to the mathematical models that were established in the previous sec-
tions, a mathematical description of the rigid grasp is needed. Such an expression
is quite simple

Xo = H(q) (51)

This equation expresses that the object’s pose can be defined through the manip-
ulator’s pose, while enabling for the chosen gripping point and orientation to be
included.

5.1 Constraint equation

The constraint equations, described by equation 5.1 can be constructed by taking
advantage of the kinematics of the manipulator as defined in the kinematics section.
Referring to homogeneous transformation defined in equation 3.7, the matrix R,
and vector p, describe the orientation and position of the end effector, respectively.
Therefore a new homogeneous transformation matrix relating the End Effector and
object frame, “T, must be defined, thus expressing the relative orientation and the
gripping point. If the grasping of the object is done by the robot itself, through
virtual servoing for example, the transformation matrix would be estimated in this
form. Conversely, a predefined grasp is considered. In this case it makes sense in an
intuitive framework that, as mentioned in the previous section regarding the virtual
stick, the inverse transformation matrix is defined. That is

OR op
oT, = e e 5.2
[03x1 1 } ( )

Then, the needed transformation matrix will be

T = [OI{Z __OI{EOI%J

03x1 1
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Furthermore, the rotation matrix is determined by choosing the corresponding Euler

ZYX angles, °¢, = [Owe 0. que]. Specifically [24]

CeCo  ChpSaSy — SpCy  CpSeCy + SpSy,
Re = R.(O)R,(O)RL (V) = |coco CsSo5p + SpCyp  CpSeCy — SpSy (5.4)
—Sp CoSy CoCy

where the angles notation was dropped for ease of presentation. Lastly, the homo-
geneous transformation describing the pose of the object through the pose of the
manipulator is

W, =", ="T,.VT) - MT,.°T, = {ORO f;] (5.5)
1z3

Then the object’s generalised position vector can be synthesized by the p, vector
and the orientation by choosing a minimal representation and calculating the cor-
responding values through the R, matrix, as done in the alternative method of the
Jacobian calculation.

5.2 Case of a single manipulator

Considering equation 5.1 which imposes a constraint between the manipulator and
the object, along with the dynamic equations of the manipulator, 3.64, and object,
4.13, a mathematical model of the object manipulation is defined. A proper rep-
resentation of this system would be a singular system of differential equations [38]
expressed as

M(q) 0 Of [q Et—-n+J"h,
0 M, 0| |V,|]=| -Gh.—n, (5.6)
0 0 0| |h x, — H(q)

Then, through appropriate manipulation of the system, it can be transformed to a
reduced form where the interaction wrench is calculated by the combined dynamics.
To perform this, consider the equation of the algebraic constraint equation 5.1,
written as

Q(x) =x,—H(q) =0 (5.7)

where x = [q” x!] " Differentiating twice, with respect to time, and applying the
chain rule when it is fitting

Q. d (dQY . dQ.
dXX—Oﬁdt(dX)x—l—dXX—O (5.8)

That is, the algebraic pose constraint between robot and object, propagates to an
acceleration constraint. Exploiting this fact, the system of equations in 5.6 without
the algebraic constraint can be solved for the combined vector of accelerations as

ol la] - [en T

M(x)kx = E(x)t — n(x, %) + B (x)h, =
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% = M(x) "' [E(x)t — n(x,%)] + M(x)"'B”(x)h, (5.9)

where the matrices of the combined system are provided by grouping and are pre-
sented for completion. Namely, the mass matrix

M(x) = {M(‘” 0 } (5.10)

Coriolis-centrifugal matrix
n(x, x) = {“} (5.11)
the actuation related matrix
E(x) = {E} (5.12)
0
and the matrix applied to the wrench vector to be calculated
B(x)=[J -G'] (5.13)

To avoid confusion, it is noted that when the x and x arguments are present,
the matrices refer to the combined, manipulator and object, system. Afterwards
substituting equation 5.9 in 5.8 results in

o (‘;_3) %4+ DI (B~ — n(x, %) + SIMG) BT (b, =0 (5.14)

Then, by setting the intermediate quantities for ease of presentation

Q= ‘fl—gm—l(x)BT(x) (5.15)
Q. _ d (dQ)\ .
U = &M(X) [n(x, %) — E(x)t] — pr (§> X (5.16)

the wrench can be calculated, provided that €2 is invertible

h,=Q'W (5.17)
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5.3 Case of multiple manipulators

The derivation of the previous section can be extended for N MMs commonly grasp-
ing an object. Consider N equations as in 3.64. Then for each manipulator the states
are defined as q;, i =1, 2, ..., N. Similarly the matrices and vector used on equations
of motion are denoted as M;(q;), n; etc and likewise for the constraint expression
H;(q,). Then by stacking the aforementioned equations in block diagonal form, the
system of MMs can be expressed as

) nm
R O MQ((]Q) o .. . n2
M - 9 fl: .
0
ny
- e (5.18)
E, 0 ... 0] (J, 0 ... 0]
~ 0 E, . R 0o Jo
E: s J —=
0 : o0
_0 ... 0 EN_ _0 ... 0 JN_

Then the interaction wrench, the input torque vector and the states of the multiple
manipulators must be presented in a similar way as

he,l T q:

~ he,2 T2 q

he=| 7|, 2= |, a=|" (5.19)
h, v TN an

and the grasp matrix must be generalised for N grasping points as
G=[G Gy ... Gy (5.20)

Lastly, the constraint equations must include the constraints relating each of the
N manipulators pose to the object’s pose. Therefore equation 5.7 must be also
extended for N manipulator grasping an object, which is

x, — Hi(qy)

N Xo — H2 2

Qx) = 5 (@) | _ 0 (5.21)
X, — Hy(ay)

Concluding, the derivation of the previous section can be generalised for N MMs
carrying the object by substituting the capped matrices presented, in to equations
5.10-5.17 and taking account the extended grasp matrix and constraints.
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6 Control Scheme

The dynamics of task space, as described in the respective section, have a crucial
role in the handling of the object. Thus a unified approach of both the dynamics and
control in task space is preferred. Furthermore, better results are achieved when a
feedback linearisation scheme is used [24]. Also, as [39] concludes, the environment
behaves as an admittance and, consequently, it is suitable that the control scheme
imposes an impedance relation with the environment. Therefore this relation is
imposed directly on the end effectors as these are the nodes of the interaction of
the robot with the environment. These can be confirmed by the rich bibliography
of impedance usage as [40], [32], [37], [41], [42], [15].

The impedance relation can be applied in multiple nodes and it is deemed a de-
sign choice. It is worth mentioning that in [43] a comparison between Multiple
Impedance Control (MIC) and Object Impedance Control (OIC) is made. The for-
mer applies the impedance relation in both the object coordinates and to all the end
effectors, while the latter only applies the impedance on the object. It is concluded
that the MIC algorithm shows better performance, considering same gains, as well
as better path tracking. Therefore, a MIC scheme is utilized based in [37], [44]
and [36].

Considering N Mobile Manipulators gripping the object and equation 3.66 the input
wrench of the i-th manipulator can be decomposed as

U; = Um g + Uy, (61)

where u,, ; is the applied control force causing motion of the End Effector and uy; is
the required force to be applied on the object by the i-th end effector. The desired
impedance relationship for the object motion is

Mdesé + Kde + er = ho,env (62)

where e = x4.; — X, is the error of the object states and similarly for the derivatives.
Mes, Kq, K, are diagonal gain matrices of appropriate size. Also, in the right hand
side, the wrench, h,.,,, of the desired impedance is the forces and moments acting
on the object due to the interaction with the environment. In that way, the error
will have a dynamic relation with the actual forces experienced from the system,
specifically from the transportation of the object. Considering the object dynamics
4.8 the desired impedance can be obtained if the total wrench of the N Mobile
Manipulators on the object is

Gh, = MM [My.s¥0.aes + Kaé + Kpe — h, o] + 1, (6.3)

des

Thus achieving the feedback linearisation by cancelling the velocity and position
terms, leaving only the inertial terms. Next, through the pseudo-inverse of the
Grasp matrix, the input wrench needed from each manipulator is calculated as

u; = G*Gh, + (I - G*G)h; (6.4)

where uy = [ufﬁl u% u?’N}T and h; is defined similarly, containing the
internal forces experienced by the object. This particular computation requires
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knowledge of the contact forces and for the needs of this study the model used
in the dynamic equations was considered. For applications in a physical system
and on-line computation of the contact forces finite differences approximation can
be used [37]. The inputs calculated for each EE from equation 6.4 are the force
inputs. Next, imposing the same impedance relationship in each EE and performing
a similar derivation the motion inputs of each manipulator are

Uy i = MM;;S Mdeskdes,i + Kdéz + Kpéz — h[,i] +n (65)
where e = X405 — X, is the error of the EE states and similarly for the derivatives,
h;; is the contribution of the i-th EE to the internal force of the object [36], i.e.
the i-th component of the total internal wrench vector. Lastly, it is noted that
simulation analyses have shown that the best results are obtained by choosing the
same impedance parameters for both the object and the end effectors. This is easily
explained by the harmonious motion that is ensured by the same error dynamics [37].
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7 Simulation and Results

7.1 Software

MATLAB® and Simulink® were used for this analysis, along with the Symbolic
Toolbox, in order to produce the matrices of the dynamic equations produced in
the corresponding sections. The work aimed to provide a generalised algorithm
that will be able to be utilised in multiple scenarios by allowing easy computation
of the kinematics and dynamics of the system and by extension fast simulation to
be possible. More info about the structure of the algorithm and the functions that
were created can be found on the appendix.

7.2 Results

To verify the software that was developed, a simulation scenario is tested. Specifi-
cally, two identical MMs rigidly grasp an object. The Mobile Manipulators consist
of a vehicle and a 1-DoF manipulator. The DoF is a revolute joint producing a
rotation with respect to the plane on which the platform is moving. By extension,

Figure 7.1: Case of two Mobile Manipulators cooperatively handling an object

only the planar DoF's of the object are considered. Therefore, due to the 3+1 DoF's
of the MM and the 3 DoF's of the object, or equivalently task space, the MM is
redundant. Also, internal grasping wrenches are considered zero. First, an object
trajectory consisting of X and Y coordinates along with the orientation of it are
produced. At first sinusoidal and circular trajectories with constant orientation
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are considered. For the circular case it was also considered to have a variable ori-
entation such that it is always tangent to the circular trajectory. Then, through
the object kinematics described by 4.1 and 4.2, the corresponding End Effector
trajectories are computed. These are then fed to the control algorithm, which by
considering the f/t measurement, send the proper input to the actuators. More-
over, regarding f/t measurements, a 5% deviation around the calculated value and
a delay of 10ms was considered. The object is assumed rectangular and with a mass
of my = 100kg and an inertia of Iy = 4.3kgm?. Object shape is of concern only for
path planning where collision avoidance is studied. This can be accomplished by
integrating artificial potential navigation functions in the path planning algorithm,
introduced by [45]. Similar examples of these methodologies include [46], [47], [48]
and path planning algorithms for cooperative manipulation for MMs have been
proposed [49], [50], [51]. Nevertheless, in this study a predetermined trajectory is
given to the control algorithm. For the friction coefficients logical values were used.
Further, the gains of the impedances were selected appropriately as

Mes = 1001543
K,; = 8001543
K, = 600L;,

considering the convergence of the trajectory, the total time and error and dynamical
behaviour of the system. The controller sufficiently tracks the desired path and
converges, although with a steady state error, which is to be expected due to the
lack of integral action on the control law that would eliminate the steady state
error. Below, multiple graphs for each trajectory are presented. Specifically, the
object path and error along with the end effectors errors and inputs are included.
Also, for the circular path the animation of the object transportation in planar
view can be found at https://vimeo.com/679978059 and in 3D view at https:
//vimeo.com/679977704.
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Figure 7.3: Circular Trajectory Simulation with variable orientation
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8 Conclusion

In this study a parametric model was constructed aiming at the development of a
tool to ease the modelling procedure of these complex systems. The prerequisites
of the tool include the kinematic and dynamic model of the vehicle along with the
parameters of a typical manipulator, i.e. inertial characteristics and the Denavit-
Hartenberg table. The matrices describing the dynamic behaviour of a mobile robot
and the object, along with the constraint related functions are then outputted.
The grip was considered rigid which gave rise to a mathematical description of the
robot-object interaction, that is an algebraic relationship of the respective variables.
Then the differential-algebraic system was able to be reduced in order to efficiently
simulate the task. Here, it is noted that additional algebraic constraints can be set,
e.g. in order to accommodate the movement of the object on an arbitrary manifold.
Consequently, by following the same procedure, the system can be reduced leading
to both the robot-object and object-manifold interactions to be calculated. The
control scheme, was based on the impedance framework as the goal is to control
the object movement, which is achieved by controlling the forces that are applied
from the robots to the object.

In the last section, a cooperative transportation of an object, under planar move-
ment constraint, was achieved through a centralized scheme were only robotic agents
were used. The trajectories that were selected for the simulations were satisfacto-
rily tracked. This further validates the dynamic model that was developed and
renders it a tool in relevant research. Such research consists mainly of software
development. Namely algorithms that either work towards making mobile robots
autonomous, such as with decentralized cooperation schemes, or providing them
with the appropriate intelligence in order to cooperate with human agents such as
appropriate interpretation of f/t measurements regarding the human agents’ inten-
tions.
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Extevrc Ilepiindn Awnhwpatixrg Egyaciag

Movzelornoinorn Kivntod Xelpioth

Fevixd, 1 podnuotixg povreromoinon evog Xeplotr, BaciCetar otny xivnuatixy, O
APOEUXA YIVNUATLIX xou duvaxr| avdiuor. Kat’ avahoyia, otn mepintwon tou Kuv-
ntol Xewploth Yo mpénel var mparyyotonoinoly oL Topamdve avaAloels. AvagépeTtan
ot évog Kvntog Xeplotrg amoteheitar amd to dynua i adhhing tnv Kivned Ihatpdpua
xan tov Xelploty|, o omolog elvan oTepewpévog Téve ot auth|. H duxpitonoinon aut,
dueoa TapaméuTeL 6TV UTaEdn 6Vo uto-cucTudTey. Emimiéov, otn Lihoypapla ut-
doyet TANYOC HOVTEAWY OYNUATOY EVK 1) LovTEAoTOiNoT TwV XEPLoTOY Elval oyedd
Tunomomnuévn évexa g oluPaone Denavit-Hartenberg. Emouéveg, eivon mpog dge-
AOG TNG TaEOETEOTOINONG Tor OVTERX ToL avapeRUxay yiar Tov Kivntd Xeiplot va
TEOXUTITOLY UE YpnoT TV aviioTolywy woviéhwy tng [hatpdpuag xon Tou XelploT.
Me autd To oxentind opilovton T e€Mg LUC TAUNTO DUVTETUYUEVODV:

e 10 adpavelaxd Lootnua Luvtetaypévey {W}

e 10 Ylotnuo XLuvtetaypévoy e Kwntic Ihatgdppoc {V'}, tonodetnuévo oto
AEVTPOELDES XaL

e 1 adAnhouyio Luotnudtwy Xuvtetoypévwy and to {0} 4 {M} oto {n} 4 {E}
Y0oTNUa NUVTETAYUEVWY, TOTOVETNUEVY OTIC apUp®OELS ToU XEWPLOTH, CUUPLVY
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Kuvnuotixn
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omd 10 YOOTNHO DUVIETAYUEVWY § GTO XEVIPOEWES TOU GUVOECUOU 1 EXTIEPRUOUEVO
070 LOOTNUO DUVIETAYUEVOV 1.

And Tic mopamdvey EELGHOOELS XAl UE TOUC XATIAANAOUC UTOAOYLOUOUEC TROXUTTOUY Ol
ellowoelc xivnone Tou XelploTh wg

r Ny Nr
Z M;;qr; + Z Z CijkGrjGri +Gi = Tri
J=1 J=1 k=1
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OTOU

= OTy, . 0T}
MZ] = Z trace |:aqr7i Jk; aqr7j

k=max(i,j)
& oT, . 0*T}
O = ' J
o Z race |:aQT,i " 5Qr,jaan

h=maxz(i,j,k)

Emmiéov, mpootiieton xan 6pog t€nhdoug Teif3ric mou cuvidng yoviehonolelton 6Toug
XelploTég

Mrl (qr‘)qr + Crl (qm qr) + Gr(‘lr) + qur = T,

oTou q, = [in Qr2 - qm}T xaw D, Sory@viog mivaxag Ue Toug cUVTEAEGTEC LEW-
doug TENc. O mponyolueveg e€lOMOEIC TEPLYPAPOUY TNV AUTOUGLO BUVIULIXY) TV
UTOGUG TNUATOY ToU GUVOAX0U cucThuatog, Ytol tne Kuivntrc IMhatgdpuac xar tou
Xepotr. O duvounés e€lOMOELS TOU CUCTAUATOS TEOXUTITOLY amd EXE(VES TWV LUTO-
CUCTNUATWY Pall HE TOUC XATIAANAOUC 6poUC ToU exPEAloUV TNV CAANAETIOROCT Xl
en{dpaom Tou evog 0T dhho. Auth TN @opd toylel T; = W, VT 0Ty Ty 1T
Apyxd or emmpdoietor dpot Coriolis Tou epgaviCoviar otov Xewploth Aoyw tng IThar-
popuag ebvor

_2§:Z Z trace{aTth 82Tf }q'v,jqr,k

j=1 k=1 h= max(z k) 8qm- (9qv,j8an

Ny My T
+ Z Z Z trace |:6Th 32Th :| QUJQT,I@

j=1 k=1 h=i Iqr,i a%,jaqv,k

xau 1 enidpaon ot xivnon

= oTy, . 0Tt , ,
Rr(z,y)zzmce{aq ,Jkaq’j 1<i<n, 1<j<n,
k—i () v,

AvticTouya, ol emmhéov dpot yior ) Kivntd Ihatpopua Yo eivor

- OTy, aTT} .
Myo(i,5) = trace{ J 1<4,5 <ny
2< ) ; aq’l) ) g aql},]
N e oT, . 0*TL
Cpa(i) =2 t J Ir.i Qv
CEDWH RS el L8

+"Z’”Z ”Z’” trace{aTth 0T, ]qr,jqr,k

aqv,i aQT,j aQT,k

s oT, . OTF , ,
Ry(i,j) = tmce[aq ,Jkaq’j 1<i<n,1<j<n,
k=3 v, T,
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Téhog, avagépeton 6Tt 0 Tivaxag R, mpénel va etvon avdotpogog Tou R, 516TL avapépovtan
oTIC BuVAELS oA NAETBpaomg peTay IThatgpdpuac xo Xeptoty. Autol ol mivaxeg, poli
ue tor avtioTorya unTtedo alas TeV EELOMOEWY TWY UTOGUC TNUAT®Y Vo ATOTEAEGOLY,
TEMXG, TO GUVONXO UNTEMO TOU UG TAUATOS Tou Yo TEETEL Vo efvan YeTnd oplopévog
mivocag. Autod pmopet va emPefonwiel e€etdlovtag Tig eELOMOELS 0pIoUOU TWY EV AOYW®
mvdxwy. AauBdvovtog umddn To Topamdve, ol ENAVENUEVES BUVIUIXES EELOWOELS TNG
IThartpopuag

M’Uldv + Cvl(qva qv) + Cv?(qm q,, qvv qr) =

Ty — Dv - MvQ(qm qr)qfu - Rv(qw qr)qv

/4
xan Tou XelploTh)

Mrl(qr)éh‘ + CTl(qr7 qr) + CT?(qm qr? qv) + Gr(qr) + DTqr -
T — Rr(qm qr)qv

ITpoc cuvtoueuon Ty e€loOoewy TopaleitovTon To oplopato xS xou YedpovTaL GE

UnTewiXy Ypopn
Mv Rv qv + Cv + Onu ‘I‘ D’U _ To
R, M, |4, " |C] " |G| " |Da]  [%

Mv = le + Mv2

6Tou

CU = Cvl + Cv2
Mr = MTI
Cr = Crl + CT‘2

HOL ETUTAEOV
T |Evtw| | Es  Opxn.| |Tw
Tl | % | |Onxne Lnxn. | | T

Ou duvaixée €€loMoel Umopoly Vo GUVTOPELYIOLY TEQAULTER GTY) TUTIXY UORYT| TWV
BLVAUIXWY EELGHOOEWY XELOIGTWY

Mg+C+G+D=E=
OTIOU T UNTEO

M, R,
R, M,

C,

M- | o

Jere o= |G er

_ Onu n _ DU n _ E’U Oannr nX (Nw—+n)
G = [GJ eR", D= {Dq} eR", E= 0,0, ImmJ eR

THr

xan T dtovoouaTa

q= {q”] eR", = {:’” e Rt
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omou n = n, + n, cvor oL cuvolixol Paduol eheudeplag tou Kivnrod Xeioty, n,
Tou Xeploth, n, g [Mhatpdpuag xar n,, ot avouevol elcodol tne Ihatgpdouac, mou
ouclao TIXd elvor To TARYOC TV POBWY.

Téhog, dtav o Kivntog Xepltothg aAAnAemidpd e To TepUBEALOY, aVUTTUGCOVTAL DUVAUELS
f. € R¥! xou poréc, M, € R3**!. Mnopolv va napactadoly pell, oto diévuoua
OLVAUO-POTG

€

he — |:f6:| e RGXI
%o oL BUVAUIXES EELOWOELS YRAPOVTAL
MG+n=E<t+J"h,

6mou 6hoL oL GpoL exTOC TN emtdyuvone €youv ouadonomdel n(q,q) = n = C +
G + D vy va dieuxohuviel 1 avdhuon otny enouevn evotnta. Ot duvauixés e€loMoelg
umopoLy, emiong, vo ypagoly 6To Tedlo Bpdomng, AToL WS TEOS TOV axEodEXTN. Al
UeUNTHE, Lol TETOL AvEAUGT) Efval SIXOUOAOY NUEVT XM 1) BUVOLXT] TOU aXEOBEXTT
EYEL ONUUUVOVTU PORO GTNY DUVOULXT) TOU UVTIXEWEVOU, UE TO OTOL0 GUVOEETAL, XL TO
omoio ¥€houue vo ehéyloupe. H popen tne elicwong eivon avdhoyn ue exeivn oto
Y®p0 ap¥oOoENY
Mv.+C+G+D=u+h,

Boowr| oyéon yio va mporyototoinel 1 ahAary ) TOU YOEOL TaedGTACTS TNG DUVAULXYS
elvar 1 oyéon g Aagopuric Kivnuoatinrc mou av mopaywylotel divel

Ve =%, =Jq+J§g

Me avtixatdotoaon authc oTLC BUVAUIXES EELOMOELS X0l EE UPIGTERMY TOAAATAUCLIOUS
ue J -T

J™MI v, + I ™I Jq+IJ TC+I T'G+I "™ D=u+h,

OTOU UE XATAIAANAT OpaBOTOINGT TV OPKY TEOXVITTOLY Ol GYECELS UETATY NUATIOUOD

M=J"MJ!
C=J7TC-J3"™J'Jq
G=J"Gg

D=J"D

xa u etvon 1 eloodog oTo ypo dpdong. Toviletar 6Tt oL elcodol 6To YWEo dpdong
XL OTO YOEO pUEMCEWY GUVOEOVTAL UE T OYEO

Ext=J"u

Enfong, oe mepintworn mou €yel emhey el xdmota eNoytoTOTIXNY AVATOEACTACT) VLol TOV
TEOCAVATOMGUO, 1) TUEATAVE Btadixacio uropel vo emavakngiet £Tol HoTe oL e€lowoELS
VOL EXPEACTOUV UE EVOL GANO YEVIXEUUEVO DIEVUOUA TOYLUTATGWY. L€ aUTA TN TEpitTmon
™ 9éon e ToxwpPravAg AauPdvel o avtiotpogog Tou mivoxa T 4 Tou avagepinxe otny
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Auwaoput) Kivnporixr avéiuor. Axdua, To mapamdve 1oy 0oLy Yia Tr) TERITTWST] TOU
un-ticovactol Xeloty. Enedr ot Kivnrol Xeplotég elvon ev yével micovactol Tpenel
vo. yivouv xdmoleg mpoc¥nxec xou SLapopoTOIACELS OTIC OYEOELS aUTEC. Apyd oTn
oyéon YeToll TwV 060wy Yo Tpénel vor Angiel

Et=J'a+ [I-J"J"]x,

OTOU T, €LV VAl YEVIXEUPEVO BLEVUGUA POTIWY, TO 0Ttolo TpolBdAleTon 6ToV 0ploy®vLo
UTIOY (PO TOU YEVIXEUUEVOU avTioTpogou J' 7 xou oL UETACY NUTIOUEVOL THiVaXES

M = (JM1JT)!
C=J"Cc-MJq
G=J'G
D=J"D

Enedn) n Toxwflavr dev elvon tetpdywvn, Adyw tng mAcovaototntog, Yo ypewaloToy
1 ebpeon evog (eudo-avtiotpogou. Me oxond vo amogeuylel, o mpdTo GTAOLO, O
UTOAOYLOUOS TOL avTioTeo@ou Tne ToxwPlavic, To unTeno adpdvetag utoroyileton Ue
auT6 To TEoTO. Emlong otic mapamdve oyéoelg eugaviCeton o duvapikd ovverris [32]
(beudo-avtiotpopog g TaxwPlavrig

J'=J"% =MIM

Tou elvor exelvog o (Peudo-avTioTEOPOC Yia TOV OTOLO 1) ECHTERIXT| POPTLON GTO YWEO
opdiong, mou exgedleTar amd TOV 6p0 UE TO OLAVUCUI T,, OEV ToEdYEL xlvnon oTov
AHEOOEXTY).

Movtelonoinorn AvTixeipévou

Yyetind ye To avtixeluevo mpog Yetapopd, emhéyeton plo Baoixt| woviehomoinor tou
TepLAUPAvVEL uOVO TNV adpdveELd TOU avTIXEWWEVOL. T Tig uixpéc ToybTNTES UETAUPORAC
Tou peAeTdTon auth| 1) Yempnor elvon apxetd axpBhc. H deon o o npocavatohioude
Tou k-0T0U axpodexTn Tou Tdvel oteped To avixeluevo, Bdor tne oluPaong " virtual
stick” exgpdaleton w¢

Pr = Po + rz
R, =R,°R;

omou 1 elvor To Bidvuoua and To NOOTNUA LUVIETHYUEVLY 0TO XEVTpo Wdlag TOU
OVTIXEWEVOU TIROG TOV UXPOOEXTY) EXTIEPEUOUEVO GTO AOPUVELIXO LUOTNUA LUVTETY-
uévov xar Ry moplotdvel Tov oyetind mpocavatohlous. ‘Eneito, o oxpodéxtng xou
TO AVTIXEUEVO UTOROVY VAL YOQUXTNELOTOLY, ¢ TEOC TNV AAANAETBRUOT TOUG, UE 1
Véon apmayrc xar T oyxetr) ToxwBlovy tou avtixewévou. NOU@wvo Ue TOV VOO
TOYVTHTWY

Vi =V, + , X 1}

Wi = W,
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e

Yo 2: Awdrypoppo EAeutépou Lopatog tng aAAnAenidpaong LeTald axpodeéxTn xou

OVTIXEWEVOU

omou °rj, TowtiCeTon Ye To Ty, 010 oy 2. O oyéoelg auTég ot UnTenixy yeupr elval

I3z — [I‘k]xl v

Vi = Jokvo ==
0343  Isxs

6mou S(-) elvon 0 avti-ouppeTeds teheotic. Télog, N LaxwBavi eivar nédvta TAHEoue
Borduol Aoyw Tng oTeERErc GUVOEOTC.
OL yevIxeuUEVES CUVTETUYUEVES TOU avTIXEWEVOU opilovTal UE TO BLdvuoua

X, = |:po:| c RGXI

o

oL exPEACEL TN VECT XAl TOV TEOGUVATOAGUO TOU AVTIXEWEVOU, A.yY. LIOVETMVTAC
XAMOLO ENAYLIOTOTIXG TEOGUVATOAGUO OTwe ol Ywvieg Euler ZYX. Avtiotowya, ot
YEVIXEUPEVES ToLy UTNTES

vV, = |:po:| c Rﬁxl

o

To avuxelyevo Hewpeitar 6TeEped %ot WS X T0UTOU LoYVOLY Ol BUVOIXES EELOWOELS
OTEPEOV QVTIXEWUEVOU

Movo + CO(VO>VO + C1'0 + Do - ho
1 oA 1T’ avohoyia TG cLVTOUELONC OTIC EELOMTELS TOL XELPIGT
Movo +n, = ho

6TOoUL

M, = |:m013><3 0}

0 I,
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me [(’)o] 03><3
C, = x
|: 03><3 [L‘)o] % Io:|

_meg

&= |5

omou D, exgpdler ) i1}, m, N pdla xou I, 0 TavuoTAC ABEAVELNSC TOU AVTIXEWUEVOU.
To untewo Coriolis, C, mapouctdletar yioo AOYOUS TANEOTNTAC AV XAl OTNV EQUO-
woyn o Aaufdveton unédnyv. Téhog, h, ebvar n cuvohxr duvauo-pornr Tou aoxel o

OXPOBEXTNG OTO AVTIXEIUEVO
h, = —Gh, (1)

6mov G = Gy, = J., eivar t0 UNTEOO apmay S Tou GUCYETICEL T1) BUVOUO-POTT| GTOV
EXACTOTE OXEOOEXTY PE TN SUVOUO-pOTY OIS TNV avTthauBdveton To x€vtpo Udalag
Tou avTxewévou. Tovileton 1 poper| auth oy Vel yioo TNy einedn Yempnon eve yio
TIC GAAEC TEQIMTWOELS TO UNTEMO TEETEL Vo TpoTtomotnUel xatdhhnia wote vo Angdet
UTOYT O UETACYNUATIONOS TOU GUOYETICEL TN YVLOXT ToyUTNTO UE TNV TOEdY®OYO TOU
Tpocavatohopol [37]

G, — [ | EE 03><3:|

Tgs@k) Tﬁ

Yroloyiopog Avvapo-Ponrg AANAnAenidpaong

H mporypoatonolnon tev Tpocouounoewy evog TETO0U UG THUATOS ETBEAAEL TN YVOOT)
TV SUVAPEWY CAANAETOpOONG UETOEY POUTIOT o AVTIXEWEVLY. Apyixd, Vewpolv-
TOL Ol TEPLOPLOPOL Ol OTIOlOL GUVETEYOVTOL TNG GTERENG UPTAYHC TOU OVTIXEWEVOU YOl
expedlovTtal HordnUoTxd amd TN oyéon

Xo = H<q>

Anhadr| 1 mola Tou avTxeyévou xadopileton and T néla Tou exdoTote pounoT. [

va Beedel 1) éxppaot Tou Teploplool Yempeital 0 OUOYEVHC HETACY NUATIOUOC UETAUED

OVTIXEWEVOU X0 POUTIOT, UTO TNV OTTLXY) TOU AVTIXEWEVOU, K¢ 1) TAEOV XATUAANAT] VLo
™ StoucdnTind avtikndn Tou.

OR Op

OTe — e €

[03x1 1 1

‘Opwe Yo vor GUVOEVEL Ue Tr) xtvNoTix| avaAUGT) Tou €yl TpoTy NUEl, TEETEL O UETUOY T
HOTIOUOG VO EXPRACTEL (G TPOS TOV UXPODEXTT
opT _ opTo
eTO — Re Re pe
03x1 1
O oyetndg mpocavatohoudg umopel vor oplotel ye v utodétnon ywviwy Euler 7

xdmotag GAANG avamopdoTaong TeocuvatoAopoL. Télog 1 avayxaio meptypopr| Tng
TOL0E TOU AVTIXEWEVOU TEOXOTTEL

WTO — WTe — WTV . VTM . MTe . eTo _ RO Po
Olz3 1
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To cloTnua TWV BLIPORIXOY EELOOCEWY POUTOT X0t AVTIXEWEVOU pall UE TOoUg TEPLOpE-
lopoUg amotelel Evar ol yePpLxd-dlapopind clotrue. Evtoltolg, umopel vo exgpoactel
©¢ €V IBOUoPYO GUCTNUA BLopopny eELoWoENY [38]

M(q) 0 0] [q Et-n+J"h,
O MO 0 ‘:’0 - _Ghe - Ilo
0 0 Of |h, x, — H(q)

Me xatdAAnhn yeipoy®YNom 1oV eEIGOCENY, DOVUTUL VUL UETACY NUATIO TEL O €V omox-
Ao TIXG Brapopd oot Apyxd Yewpeiton 0 oAyelpinde TEQLOPONOS 1S

Q(X> =Xo — H(CI) =0

OTOU X = [qT XOT]T. Me i) moporyyton xon Yerom Tou xavévo Tne aAucidog

iQ.  d(dQ). dQ.

Axoua, o cOoTNHA BUVOXDY EELOMOEWY OVTIXEWWEVOL Xl POUTOT UTOREL Vol Topoo-
Tadel pe Bdon 1o eviodo dudvuoua xatdoTaomng, X xat Vo ALJel w¢ Tpog TNy EmTdyuvon

P -

M(x)%x = E(x)t — n(x,%) + B (x)h, =
% = M(x) ' [E(x)T — n(x,%)] + 1\/[()()*1BT(X)h6

omou €youv ouadomoiniel oo uNTEMA TOU GOVIETOU GUOTAUATOS. DUYXEXPLIEV, TO

unteo udlog
M 0
M(x) = { éq) I\IJ

To untewo Coriolis xou ALY 6wV,

X0l TO UNTe®o Tou oyeTieTon PE TN BUVAUO-POTY
Bx)=[J —-G']

ITpoc amoguyr mopavénone, Tovileton 0Tt Tor UnTeoo Tou eugaviCovton pe oplopoto X
XL X AVOPEPOVTOL OTU UNTEMOA TOU GLYOLAOHEVOL cuoTAuaToS. Me avtixatdotaon
NG ToPAYWYLOUEVNS €El00aT TEPLOPIOUOY 6TO EV AOYw cVoTNa Utopel vo Beedel uia
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EXQEOOT) TNG BLVOUO-POTAC IAANAETBpaOTG e TNV omolo Unopel vo unoloyiletar o€
x&de Brpa Tng mpooouolwong.

d (@) %4 @M(x)*1 [E(x)t —n(x,x)] + %M(X)lBT(X)he =0

dt \ dx dx
[t xahOtepn topousiaon opillovTal oL VOLIUECES TOGOTNTES
Q= z—gM_l(x)BT(x)
_dQ 4 : d (dQ) .
U= EM(X) n(x,x) — E(x)t] — pr (&) x
1 BuvaUOo-poTH| umopel vor utohoyLoTel, av €2 elvon avTloTEEPLOS, KOS
h,=Q'W

To mopandve yevixevovta yia N, tAfdoc poumot nou cuvepydlovta.

2xnuo EAgyyou

Enedy] to nepiBdAAoY CUUTEQLPERETAL WC CUUHOPYMOT), Elvor AoYXd Ta CUCTAUATA
autd va Aettovpyolv we eunédnon [39]. Toautdypova, otn Biloypapio utdeyouy
TOMAEC TIEQLTTWOELS EMITLY0UE YPNOTS CUCTNUATWY EAEYY 0L Tou PacilovTon ot yeriom
Eréyyou Eunédnone. o mopetar o axorovidniel xou otn mapolou cpyacia. H
emIUUNTY| CUUTIERLPORT EUTEDNONG ETAEYETAUL WG

Mdesé + Kde + er = ho,env

OTOU € = Xges — X, X0 ovTioTOLYQ Yior TIC Tapay@yous. Myes, Ky, K, darydviot
Tivaxec xgpdav, xatdAAniou peyédoug. H emduunty eloodoc yia xdie axpodéxtn,
onAadY| 1 emtduuntr duvopo-porr tou Yo aoxel 6To aviixeiuevo ywplletar we e€ng

U = Up,; + Uy

OOV U,y ; EIVOL 1) CUVELGQOEE GYETING UE TN XIVNOT) TOU axeodEXTN xon uf, ¢ oyetileton
UE TN BV Tou TEénel var aoxndel oTo avTixeipevo. And Tn SuvoXT] TOU oVTIXELUE-
YOU .

Gh, = MM} Moo es + Kaé + Kpe — hy on] + 1,
Me autr} ) oyéor, dlapaiveTtar 1 YeUUUIXOTOINoT TOU CUCTAUNTOS UEGHL AVABRUOTS
xou P€ow Tou Peudo-avtioTpoPou TOou TIvoXA JETAYHAC 1) CUVELGPORd dUVoNg xdie
EOUTOT Yo TN xivnom Tou avTixelévou Bploxeto

Ur = G#Gfle + (I - G#G)h[

/ T T T 1T , . , ,
oToL Uy = [uf | Upy ... Wy N} xat hy elvon ol ecwTepnég BuVdUELS TOL doXOUVTIL
oto avtixetuevo. H (Bl oyéon eumédnomng e@apuoleton xon 0TOUSC aXPOOEXTES

des

Wi = MM | Maeskigens + K + Ky — by | +

60U 10 Gdhua bpIleTor avtioTolya xon h 1) GUVELGWORE Tou i-0TOL oXEOdEXTN TNV
eowTePXH BUvVoun ou avartiooetor [36]. Téhog, avapépeton 6Tt xahlTERH AMOTEAED-
HOTO TOU OYAUAUTOS EAEYYOU TOQUTNEOUVTOL OTAY To XE€p0T TNG EMUUNTAS EUNEDNOTG
elvar xowvd [37].
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ITeocopolwon xow AnoteAéouata

H »avnuorin xan Suvain| UEAETY TOU GUG TAUATOS, HTOL 1) TR WYT| TWV XUTIAANAWY
UNTE®WY TeoyUdatoTot\nxe ue yeron Tou AoYLoULXoU MATLAB® xo CUYXEXQUIEVAL
ue to Symbolic Toolbox. H mpocoyoiwon tou cucTtiuatoc Teoyuatonotin e Ue
70 Simulink®. Aoxwdotnxe éva anhé olotnua.  Amnoteheiton and dué Kivnroig
Xeplotég mou dodétouy Xewptoty| ye évay Padud ereudeplag. Enopévee xon 1o av-
TIXElUEVO XU 0 oxEoBEXTNG TpaypaToroly eninedn xivnon. H Soxyr| elvor omhn
UETOPORE avTIXEWEVOL Ywplc amaltnon eowtepnhc popTione. o tic unohoyloveloeg
TWéS TN Buvopo-porhc alknhenidpoone Vewpeiton 5% andxhion and TNV ovVopaoTIXH
T xou 10ms xauotépnon otny anddoon tng Tung. To avtixelyevo Yewphinxe ot
ebvor opBoywvind xau éyer udla my = 100kg xou porh adpdvetoc Iy = 4.3kgm?. H
emduunTy TEoYLE AELTOURYEL (G aVaPORd Yo TOV EAEYXTH Xt Tor xEEdN emAEYUnxay
O«

Mdes = 100:[3><3
K,; = 8001543
K, = 600L;,

Aoxpdlovton 1 xUxAx| xaL NUTOVOEWNS Teoytd xivnone. MdAioTa yior TN TEMT
TepInTwoN Yiveton TEponTépw doxauy| Ue TNV Umapdn Tng oTatxig TEPAS UETAUEY ov-
Tixeévou xau emmedov xivnong. H omouvola toi3vic pmopel vo avtiotoryiodel ot
TeplnTwon mou To aviixeluevo mou uetagpépeton elvon otov adpa. O eheyxTiic TopdyeEl
xohd amoteréopata xou yiveTton emopxnc mapaxorolUnon tne Teoyldc. Evo uixed
OQAALOL TURUUEVEL UETA TO TEAOG TNG TEOYLAC TOU OPEIAETAL GTNY ATOUGIA OAOXANEWTIXHG
dpdiong Tou eheyxth. O mopamdve doxyleg emBefaiwvouy Ty opdy) Acttoupyio Tou
OLVAULXOU OVTENOU, XoMG XU TNV UTOTEASOUATIXOTNTO TOU OYAUATOS EAEY)OUL.
To0to elvon onuavTind 8LOTL T0 eV AdYw povtéro anotehel T Bdon yio plo TAndoea
EQELVITIXWY EVOLAPEQOVTWY, OTWC 1) AVATTUEN AOYIOUIXOU Yia auTdVoun Acttoupyia
towwy Xeplotwyv pe Teyvnth Nonuooivn xar odyopidumy yio Ty amodotixr| xou
aoQUAT] cuVERYASTA POUTOT Xou aVvIpOTKY. AUPOTEPA ATOTEAOUY EQELVNTIXG TEDiN
umMAol eVOLaPEROVTOC TOU UTOEOVY VoL BEATICOLY TNV TORUY WY IXOTNTO X0 Vol aVahdB0uv
emux{VOUVEC 1| BUOXOAES EpYUTIES.
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Appendix A Software Structure

The scripts functions used in the software implementation are listed here. A brief
explanation of each script and function is given here, while more information about
their usage, e.g. class of input arguments, can be found on the respective documen-
tations.

Scripts
MobManModel.m

This script includes the parameters for the manipulator and the moving vehicle
that it is attached on. For example, the masses and lengths of the manipulator
links, the Denavit-Hartenberg (DH) table of the manipulator or the matrices of the
dynamic model of the platform. It then uses the functions that were defined in
order to calculate the matrices that correspond to the dynamic model of the Mobile
Manipulator (MM). The auxilary functions that were used are Pseudolnertia.m,
ManKin.m, ManJac.m, MManJac.m, ManDyn.m, IntDyn.m.

ObjAndGrasp.m

Inside this script the parameters of the object and grasp are defined. These are the
inertial characteristics of the object that are expressed through the mass matrix,
along with other matrices necessary such as the friction or gravity matrix. Also the
grasp matrix is calculated here as it requires defining the position and orientation
of the gripping, which is done with respect to the object and, consequently it is
appropriate that they belong in the same script. The function GraspMatriz.m is
used for the calculation of the Grasp Matrices.

Constraint.m

This script differentiates between the variables of each (identical) MM and proceeds
to use the kinematics produced by MobManModel.m and the grasp condition of
ObjAndGrasp to produce the constraint equation in symbolic form. Then, in order
to carry out the differentiation with respect to time, the variables are substituted
with dummy variables that are a function of time. Afterwards the original variables
are substituted back. Due to the Symbolic Toolbox being used, full automation of
the process was not possible.

IniConCalc.m

The script uses the constraint equations of Constraint to calculate the value of the
states of the multiple MMs-Object system provided that the user definessome of
the states values. For example, in the implementation carried out it was chosen
that the robots platforms’ lie at the Y-axis, the object lie at the X-axis and the
relative orientation of the EEs and the object such that the initial condition is true
for the grasp condition defined. Then the script solved the constraint equations in




order to produce the values of the position of the object along the X-axis and of
the platforms along the Y-axis. All velocities were considered zero.

ControlAndFrictionParams.m

This script contains the controller gains and the friction coefficients that were im-
plemented. A separate script was used in order to be easily accessible for changes
during the calibration of the gains and the investigation of the friction effect on the
closed loop system’s behaviour.

Functions
Pseudolnertia.m

This function calculates the Pseudo-Inertia matrix provided that the inertia tensor
and mass of the body is given. Also the vector describing the position of the CoM
of the body with respect to the corresponding attached frame is needed. For more
information as to why this is needed, the reader is refereed to the bibliography
reference on the main body of the text.

ManKin.m

This function takes as input the Denavit-Hartenberg table of the manipulator and
produces a cell matrix containing the successive homogeneous transformation ma-
trices relating the End Effector position and orientation with its base.

ManJac.m

This function calculates the Jacobian of a fixed-base manipulator. To perform this
calculation the arguments given are the cell matrix produces by ManKin.m and a
character vector denoting the type of each joint, r for revolute and p for prismatic.

MManJac.m

This function takes as input the cell matrix produced by ManKin.m and the fixed-
base Jacobian of the manipulator produced by ManJac.m along with the homoge-
neous transformation matrices relating the vehicle to the world frame and the base
of the manipulator base to the vehicle frame. Then, by following the derivation of
the respective section, the Jacobian of the Mobile Manipulator is calculated.

ManDyn.m

This function produces the matrices of the dynamic model of a manipulator. It can
be used by itself to produces said matrices of a stand-alone, fixed-base manipulator.
The arguments needed are the cell matrix produced by ManKin.m, the Pseudo-
Inertia cell matrix produced by Pseudolnertia.m and the symbolic variables of the
generalised coordinates and velocities of the manipulator. Also the vector describing

1



the position of the CoM, the mass of the links, along with the gravity vector are
needed in order to calculate the gravity matrix, if needed.

IntDyn.m

This functions produces the matrices that correspond to the interaction dynamics
between the vehicle and the manipulator. The symbolic variables of both the vehicle
and the manipulator contained in the homogeneous matrices and the Pseudo-Inertia
matrix of each link are needed.

SkewSM.m

This functions takes as input a vector and produces the skew-symmetric matrix
that describes the outer product.

GraspMatrix.m

This function’s arguments are the position and orientation of the EEs with respect
to the object and produces the grasp matrices that related the wrench vector at
the gripping points with the wrenches experienced in the object’s CoM. Also, op-
tionally the matrix relating the linear and angular velocities of the object with the
linear velocities and the orientation derivatives can be given in order to produce a
consistent grasp matrix in the general case.
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