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A complex motion encountered in a number of robotic, industrial,
and defense applications is the motion of a rigid body when one of
its body-fixed axes tracks a desired pointing direction while it
rotates at high angular velocity around the pointing direction
(PDAV); during this motion, high frequency precession/nutation
oscillations arise. This work analyzes the global/local closed-loop
(CL) behavior induced by a developed geometric, PDAV control-
ler and studies the high frequency precession/nutation oscillations
that characterize PDAV motions. This is done via geometrically
exact linearization and via simulation techniques that amount to
charting the smooth CL vector fields on the manifold. A method to
quickly estimate the frequency of the precession/nutation oscilla-
tions is developed and can be used for sizing actuators. A thor-
ough understanding of the behavior of the CL flow induced by the
PDAV controller is achieved, allowing the control engineer to
anticipate/have a rough estimate of the system CL response.
[DOI: 10.1115/1.4049552]

Introduction

A common task encountered in a number of important applica-
tions is the motion performed by a rigid body when one of its body-
fixed axes tracks a desired pointing direction and simultaneously, its
angular velocity around the pointing direction (PDAV) is controlled
to a desired reference. PDAV applications include surveillance
apparatuses like radar or sonar sensors, satellite attitude control,
modern rail guns, oil drilling rigs, three-dimensional (3D) computer
numerical control machines, and tiltrotor aircrafts [1]. Vectored
actuation by pointing a rotating high-speed propeller is employed
frequently for thrust control in underwater/aerial robotics [2,3].

Despite the fact that the closely related problem of pointing
direction stabilization (in which the angular velocity is regulated
to zero) has received heavy attention [1,2,4–10], only few works
study the PDAV control problem explicitly. Selected works
include Refs. [3,11,12].

A critical issue in attitude control is that the topology of the
configuration manifold of rigid body attitude dynamics prohibits
the design of a continuous/smooth asymptotic global controller
[13]. This holds regardless of the choice of attitude representation
[14]. In attitude controls, this limitation is handled by two

approaches. In the first approach, global control systems are
obtained via switching algorithms [10,11,15–17]. These solutions
need careful implementation due to switching complications. In
the second approach, smooth attitude control systems are
designed, guaranteeing almost global asymptotic stability
[3,7–9,12,18–22]. However, the region of attraction excludes a set
of zero measure comprised by the stable manifolds of the systems
saddle equilibria (SMSE) [18]. The influence of this set on the
closed-loop (CL) response and on the way the states are affected
when they approach the SMSE set is not understood well.
Recently, the influence of the SMSE set on the CL behavior for a
mUAV outrunner/propeller assembly under PDAV control [23],
and for the attitude control systems of a spherical pendulum and
of a 3D pendulum was investigated [24]; the analysis in both
[23,24] showed the nontrivial influence of these sets on the evolu-
tion of the CL flow.

This work aims to understand the global stabilization behavior
of the PDAV CL dynamics induced by the controller in Ref. [3],
to study the PDAV trajectory tracking motion characterized by
high frequency precession/nutation oscillations, and since the con-
troller has an almost global region of attraction, to investigate
how the PDAV CL behavior of a general PDAV system is
affected by the SMSE set induced by the controller in Ref. [3].

This is achieved via a geometrically exact linearization (a linea-
rization on the tangent bundle using the exponential map), by
showing that the system is state-constrained controllable, by
obtaining estimates of the high frequency precession/nutation
oscillations arising during PDAV tracking, and by means of varia-
tional integration techniques that amount to charting the smooth
CL vector fields and allow the investigation of the impact of the
SMSE set on the evolution of the global CL flow.

Knowledge of the behavior of the smooth CL vector fields ema-
nating from a neighborhood of the SMSE set and from a neighbor-
hood of the desired equilibrium allows the control engineer to
have a rough estimate/“anticipate” the system CL response.
The ability to quickly estimate the frequency of the precession/
nutation oscillations allows proper actuator/drive sizing and tra-
jectory/control design for PDAV applications. Finally, the
obtained results are applicable to any system that employs the
PDAV controller in Ref. [3] during PDAV motions.

Dynamics

The PDAV control problem is studied in a general context; the
model used to capture these dynamics is that of a fully actuated
rigid body of mass/inertia m and J connected to a fixed point via a
spherical joint by a massless axle of length d. An inertial reference
frame IRfE1;E2;E3g;Ei 2 R3, and a body fixed frame
Ibfb1;b2; b3g;bi 2 R3 are defined. Frame Ib is attached at the
center of mass (CoM) of the rotating rigid body and RðtÞ 2 SOð3Þ
is the rotation matrix from Ib to IR. The angular velocity of the
system in Ib is denoted as bx ¼ ½x1;x2;x3�T . An element of the
two-sphere qðtÞ 2 S2 ¼ fq 2 R3jqTq ¼ 1g, collinear with the
axis of body rotation, b3, and the component of the angular veloc-
ity along qðtÞ, namely, x3ðtÞ 2 R, describe the configuration
space of the system with respect to the PDAV task. These are
given by

qðtÞ ¼ RðtÞb3; b3 ¼ ½0; 0; 1�T (1a)

x3ðtÞ ¼ bT
3

bxðtÞ (1b)

The attitude equations of motion are

J b _x¼ buþbn� SðbxÞJ bx (2a)

_R ¼ RSðbxÞ (2b)

_q ¼ SðR bxÞq ¼ RSðbxÞb3 (2c)

where bu ¼ ½u1; u2; u3�T 2 R3 is the control moment and bn con-
tains all other system moments, and depends on the system under
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study. The cross product map, Sð:Þ : R3 ! soð3Þ, and its inverse,
S�1ð:Þ : soð3Þ ! R3, are given in Eq. (A1).

Pointing Direction/Angular Velocity Control System

Before proceeding with the CL analysis, the PDAV controller,
Ref. [3], is summarized. For a detailed development, see Refs. [3]
and [12]. A sufficiently smooth desired pointing direction, qd , and
angular velocity, bxd , are given by

qd ¼ RdðtÞb3 2 S2; bxd ¼ xdðtÞb3 (3)

The angular velocity error vector, bex, and the attitude error vec-
tor, beq, are given by [3]

bexðbx;bxd;R;RdÞ¼ bx� RTRd
bxd (4a)

beqðq; qd;RÞ ¼ RTSðqdÞq (4b)

The control law, bu, given in Ref. [3]

bu ¼ g�1 Jð�g a� ðKþWÞb _eq � _W beq � c sÞ
�bnþ SðbxÞJ bx (5a)

a ¼ SðbxÞRTRd
bxd � RTRd

b _xd (5b)

s ¼ ðKþWÞbeq þ g bex (5c)

W ¼ 1� qTqd (5d)

results in the following CL dynamics:

b _x ¼ g�1ð�ðKþWÞb _eq � _W
b
eq � csÞ � a (6a)

_q ¼ RSðbxÞb3 (6b)

where the terms _W and b _eq are given in App. A and g; c;K 2 Rþ

are control gains. The gains K, g, and c are defined as a function
of a response settling time, sc, damping ratio, fc, and a constant,
j 2 ð0; 1�, as follows:

K ¼ x2
c ; g ¼ 2fcxc; c ¼ ð1þ jÞgx2

dK
�1

xc ¼

4ðfcscÞ�1; if 0:2 < fc � 0:9

6ðfcscÞ�1; if 0:9 < fc � 1

4ðscj � fc þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
f2

c � 1

q
jÞ�1; if fc > 1

8>>>><
>>>>:

(7)

It is noted that proof of stability of the control algorithm is prior
work provided in Refs. [3] and [12]. Since the controller employs
feedback linearization, the CL dynamics given in Eq. (6) are inde-
pendent of the physical system. The set of CL equilibria, Qe, is
given by

Qe ¼ fQ1ðfÞ;Q2ðfÞjf 2 Rg (8a)

Q1ðfÞ ¼ ðexpðfSðRdb3ÞÞRdb3;
bxdÞ (8b)

Q2ðfÞ ¼ ðexpðpSðRdb1ÞÞexpðfSðRdb3ÞÞRdb3;�bxdÞ (8c)

Via f parametrization, Qe includes all possible configurations. The
subset, Q1, corresponds to the desired equilibrium, i.e.,
ðqe;

bxeÞ ¼ ðqd;
bxdÞ, and the second corresponds to the antipodal

equilibrium, i.e., ðqe;
bxeÞ ¼ ð�qd;�bxdÞ; the desired equilib-

rium ðqd;
bxdÞ 2 Q1 is almost globally exponentially stable [3,12].

Examples of Applying Pointing Direction/Angular

Velocity Control

A smooth PDAV motion is characterized by high frequency
precession/nutation oscillations. To demonstrate this, simulation
data from two systems are presented.

System (a) describes the dynamics of vectored thrust genera-
tion by means of an outrunner motor/propeller assembly (a “fast”
system performing PDAV maneuvers in a few seconds with a
high spin velocity)

x3ðtÞ � 600 ½rad=s�; sc ¼ 10�3 s; fc ¼ 1; j ¼ 0:05 (9)

System (b) describes the dynamics of a spin-stabilized satellite
(a “slow” system maneuvering at a scale of a few hundred seconds
with a very low spin velocity)

x3ðtÞ � 0:77 ½rad=s�; sc ¼ 0:9 s; fc ¼ 1;j ¼ 0:05 (10)

Due to space constraint, further details on these systems are omit-
ted; however, they are not essential for the purpose of this
exposition.

The 3D pointing response is shown in Fig. 1(a) for system (a),
and in Fig. 1(b) for system (b), demonstrating smooth precision
PDAV tracking. For both systems, the attitude error remains
below 4� 10�3 % and the spin tracking error, bex3

, remains below
8� 10�3 rad=s (not shown due to space constraint). For system
(a), the pointing actuators must generate torques up to 0:1 Nm, see
Fig. 1(e), while for system (b), the actuators generate torques up
to 2 Nm, see Fig. 1(f). However, the appearance of high-frequency
gyroscopic oscillations, shown in Fig. 1(c) for system (a), and in
Fig. 1(d) for system (b) (top and middle rows), identified via the
“313” Euler sequence [25] as precession (variation of the first
Euler angle /), and nutation (variation of the second Euler angle
h), are of critical significance. Applying FFT on the precession/
nutation responses of Figs. 1(c) and 1(d) shows oscillations of
190:98 Hz (system (a)) and oscillations 0:244 Hz (system (b)).

Fig. 1 PDAV simulations of steady spin velocity. System (a),
Figs. (1(a), 1(c), and 1(e)). System (b), Figs. (1(b), 1(d), and 1(f)).
Figures (1(a) and 1(b)) Pointing maneuver including plane pro-
jections. Figures (1(c) and 1(d)) Oscillation response. Top: pre-
cession, _/. Middle: nutation, _h. Bottom left: Fast Fourier
transform (FFT) precession frequency. Bottom right: FFT nuta-
tion frequency. Figures (1(e) and 1(f)) Control effort.
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These high-frequency precession/nutation oscillations must be
taken into account since they have implications on actuator
demands and are a source of vibration.

Geometrically Exact Linearization

Next, a coordinate-free, global, geometrically exact lineariza-
tion of the CL dynamics about a dynamically feasible time-
varying trajectory ðqðtÞ;bxðtÞÞ is derived. To obtain a geometri-
cally exact linearization, it must be ensured that the perturbation
of the states still belongs to the configuration manifold
[7,24,26,27]. The perturbed states, ðqðt; �Þ;bxðt; �ÞÞ, are calculated
as a function of a variation parameter, � 2 R, via the exponential
map, Eq. (A3), as

qðt; �Þ ¼ DR qðtÞ (11a)

bxðt; �Þ¼ bxðtÞ þ �dwðtÞ (11b)

Rðt; �Þ ¼ DR RðtÞ (11c)

DR ¼ expð�SðnðtÞÞÞ (11d)

with the instantaneous axis of rotation, nðtÞ, to belong to the tan-
gent space, TqS2 ¼ fnðtÞ 2 R3jqðtÞTnðtÞ ¼ 0g, and the curve
dwðtÞ 2 R3. This preserves the geometrical exactness of the per-
turbed state since qðt; �Þ 2 S2 [7].

LEMMA 1. The derived symbolic variation-based linearization of
Eq. (6) about a time-varying trajectory, ðqðtÞ;bxðtÞÞ, is given by

_xðtÞ ¼ AðtÞxðtÞ ¼
Nn Nx

Xn Xx

" #
n

dbx

" #
(12a)

CðtÞxðtÞ ¼ ½qT 01�3 �
n

dbx

" #
¼ 0 (12b)

where the block matrices Nn;Nx;Xn;Xx 2 R3�3 are

Nn ¼ qqTSðRbxÞ ; Nx ¼ ðI� qqTÞR (13a)

Xn ¼ RTSðRd
b _xdÞ � SðbxÞRTSðRd

bxdÞ
� g�1fb

eqðRbexÞTSðRbeqÞ
þ beqðRbeqÞTSðRbexÞþb _eqqT

d SðqÞ
þðKþWÞðRTSðSð _qdÞqþ SðqdÞ _qÞ
�RTSðqdÞSðRSðbxÞb3Þ � RTSð _qdÞSðqÞ
� SðbxÞRTðSðSðqdÞqÞ � SðqdÞSðqÞÞÞ
þ ðbeqðRbexÞTRþ ð _W þ cðKþWÞÞIÞ�
RTðSðSðqdÞqÞ � SðqdÞSðqÞÞ þ cbeqqT

d SðqÞ
� ðbeqðRbeqÞTRþ gcIÞRTSðRd

bxdÞg (13b)

Xx ¼ SðRTRd
bxdÞ � g�1fðbeqðRbeqÞTRþ gcIÞ

þðKþWÞðSðbeqÞ � SðRTqdÞSðb3ÞÞg (13c)

Proof. The infinitesimal variation of the pointing state, dqðtÞ,
and the variation of the angular velocity state, dbxðtÞ, about
ðqðtÞ;bxðtÞÞ are found via Eq. (11), as

dq tð Þ ¼ d

d�
q t; �ð Þ

����
�¼0

¼ S n tð Þð Þq tð Þ (14a)

dbx tð Þ ¼ d

d�

b

x t; �ð Þ
����
�¼0

¼ dw tð Þ (14b)

To obtain a coordinate-free form of Eq. (6b), differentiate first
Eq. (14a). This yields

d _qðtÞ ¼ Sð _nðtÞÞqðtÞ þ SðnðtÞÞ _qðtÞ (15)

Substitution of Eqs. (11) in (6b) followed by differentiation with
respect to �, and setting � ¼ 0 results in:

d _qðtÞ ¼ SðnðtÞÞðSðRðtÞbxðtÞÞqðtÞÞ
þSðRðtÞdwðtÞÞqðtÞ (16)

Equating Eq. (15) with Eq. (16), and substituting Eq. (6b) yields

Sð _nðtÞÞqðtÞ ¼ SðRðtÞdwðtÞÞqðtÞ (17)

Equation (17) is to be solved with respect to _nðtÞ. Due to the
action of the cross product map on qðtÞ, both left-side and right-
side terms are perpendicular to qðtÞ. Thus, it holds that

SðqðtÞÞðSð _nðtÞÞqðtÞÞ ¼ SðqðtÞÞðSðRðtÞdwðtÞÞqðtÞÞ (18)

Employing the vector triple product identity (Eq. (A2c)) and
qðtÞTqðtÞ ¼ 1 on Eq. (18), after rearranging

_nðtÞ � ðqðtÞT _nðtÞÞqðtÞ ¼ SðqðtÞÞðSðRðtÞdwðtÞÞqðtÞÞ (19)

Since nðtÞ 2 TqS2, i.e., nðtÞTqðtÞ ¼ 0;8t then

_nðtÞTqðtÞ ¼ �nðtÞT _qðtÞ (20)

and by applying Eqs. (20) to (19), together with Eq. (2c),
Eq. (14b) and rearranging terms

_nðtÞ ¼ ð�nðtÞTSðRðtÞ bxðtÞÞqðtÞÞqðtÞ
þ SðqðtÞÞðSðRðtÞdbxðtÞÞqðtÞÞ (21)

Employing Eq. (A2b), on the first term of Eq. (21), and the vector
triple product identity (Eq. (A2c)) on the second term of Eq. (21),
the linearized equation of motion of Eq. (6b) is obtained. It is
given by

_nðtÞ ¼ qðtÞqðtÞTSðRðtÞbxðtÞÞnðtÞ
þ ðI� qðtÞqðtÞTÞRðtÞdbxðtÞ (22)

In the same manner using Eq. (11) in Eq. (6a), differentiating with
respect to �, setting � ¼ 0, and after considerable manipulations,
the linearized equation of motion of Eq. (6a) is obtained; the
derived symbolic variation-based linearization of Eq. (6) about a
time-varying trajectory, ðqðtÞ;bxðtÞÞ, is given by Eq. (12).

Note that Eq. (12) corresponds to a constrained, implicitly
time-varying linear system that is valid globally. �

LEMMA 2. The nullspace of Eq. (12b), NðCÞ, is given by the
column-span of matrix N and its orthogonal complement, NðCÞ?,
by the column span of N?, where

N ¼
03�1 03�1 03�1 q? SðqÞq?

q? SðqÞq? q 03�1 03�1

" #
(23a)

N? ¼
q

03�1

" #
(23b)

Proof. The fact that CN ¼ 0; CN? 6¼ 0, and NTN? ¼ 0 verifies
the claim. Note that colspanf½N N?�g ¼ R6. �

LEMMA 3. The constrained space of Eq. (12a) is time invariant,
i.e., d=dtðCðtÞxðtÞÞ � 0.

Proof. Differentiating Eq. (12b) yields

d

dt
Cxð Þ ¼ CAþ _Cð Þx (24a)

¼ qTSðRbxÞnþ qTSðRbxÞTn ¼ 0 (24b)

This implies that if the initial condition satisfies Cðt0Þxðt0Þ ¼ 0,
the value CðtÞxðtÞ is conserved 8t.
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Thus, if the initial condition starts in the constraint space, the
system trajectory remains in the constrained space. Next, the local
stabilization properties of the linearized dynamics in the neighbor-
hood of its equilibria are analyzed. �

Equilibrium Eigenstructure Analysis

Next, by inserting into matrix A of Eq. (12a), PDAV equilibria
that belong to the desired set, Q1, and to the antipodal set, Q2, their
eigenstructure (i.e., eigenvalues/eigenvectors) is analyzed, yielding
results of general nature. A generic PDAV command is given by

qd ¼ Rdb3; Rd ¼ I; bxd ¼ xdb3;
b _xd ¼ 0 (25)

where the spin velocity xd 2 R and the controller gains remain
unspecified. The desired PDAV command via Eq. (8) yields two
equilibrium solutions

ðqe;
bxeÞ ¼ ðb3;xdb3Þ 2 Q1 (26a)

ðqe;
bxeÞ ¼ ð�b3;�xdb3Þ 2 Q2 (26b)

Corresponding to the desired and the antipodal equilibrium,
respectively. Calculating the eigenstructure of matrix A, i.e., its
eigenvalues, ki¼1;::;6, and eigenvectors, vi¼1;::;6 at these two equili-
bria allows the analysis of the systems local behavior.

Desired Equilibrium

PROPOSITION 1. For a gain c such that

c > gx2
dK
�1 (27)

the equilibrium, ðqe;
bxeÞ 2 Q1, given in Eq. (26a) is an asymp-

totically stable focus, i.e.,

Re½k2;6� < k4 < Re½k1;5� < 0 (28)

The eigenstructure of the desired equilibrium, Q1, is

k1 ¼ � c
2
þ K

2g

� �
þ c

� �
þ xd

2
þ d

� �
i

v1 2 colspanfe1; e2; e4; e5g

k2 ¼ � c
2
þ K

2g

� �
� c

� �
� xd

2
þ d

� �
i

v2 2 colspanfe1; e2; e4; e5g
k3 ¼ 0; v3 ¼ e3; k4 ¼ �c; v4 ¼ e6

k5 ¼ �k1; v5 ¼ �v1; k6 ¼ �k2; v6 ¼ �v2

(29)

where the overbar denotes the complex conjugate operation and
the vector ei 2 R6 denotes the ith Euclidean basis element. The
constants c; d 2 R are given by

c ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2
p

2

s
; d ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2
p

2

s
(30)

and the constants a; b 2 R are given by

a ¼ gc� Kð Þ2

4g2
þ 3x2

d

4
; b ¼ xd

2
cþ K

g

� �

Proof. Substituting Eq. (26a) in Eq. (12a) results in

A ¼

02�2 02�1 I2�2 02�1

01�2 0 01�2 0

A1 02�1 A2 02�1

01�2 0 01�2 �c

2
666664

3
777775 (31)

where the matrices A1;A2 2 R2�2 are given by

A1 ¼
x2

d �
cK
g

�xd cþ K
g

� �

xd cþ K
g

� �
x2

d �
cK
g

2
6664

3
7775;

A2 ¼
�K

g
� c �xd

xd �K
g
� c

2
6664

3
7775

Using a symbolic calculation software, Eq. (31) yields the eigen-
structure given in Eq. (29).

Inspecting the eigenvalues, k1, k5, in Eq. (29), it is observed
that a sufficiently large c gain is needed to yield negative k1, k5.
The gains K; g are not considered as means to modify the eigen-
values because they define the nonlinear surface, s, which acts as
a proportional-derivative (PD) correction term. To find the range
of c, the real component of k1 is set to zero and then manipulated
accordingly (by squaring twice) to obtain the following cubic
equation:

Kg�1ðc� gx2
dK
�1Þðcþ Kg�1Þ2 ¼ 0 (32)

This equality implies that for a gain c according to Eq. (27), then
Re½k1;5� < 0 and hence Eq. (28) holds. �

Antipodal Equilibrium

PROPOSITION 2. 8c 2 Rþ, the equilibrium, ðqe;
bxeÞ 2 Q2, given in

Eq. (26b) is a saddle point, i.e.,

Re½k1;5� < k4 < 0 < Re½k2;6� (33)

The eigenstructure of the antipodal equilibrium, Q2, is

k1 ¼ � c
2
þ K

2g
þ 1

g

� �
� cr

� �
þ xd

2
� dr

� �
i

v1 2 colspanfe1; e2; e4; e5g

k2 ¼ � c
2
þ K

2g
þ 1

g

� �
þ cr

� �
þ xd

2
þ dr

� �
i

v2 2 colspanfe1; e2; e4; e5g
k3 ¼ 0; v3 ¼ e3; k4 ¼ �c; v4 ¼ e6

k5 ¼ �k1; v5 ¼ �v1; k6 ¼ �k2; v6 ¼ �v2

(34)

where the constants cr; dr 2 R are given by

cr ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ar þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

r þ b2
r

p
2

s
; dr ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ar þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

r þ b2
r

p
2

s
(35)

and the constants ar; br 2 R are given by

ar ¼
gcþ Kð Þ2

4g2
þ Kþ gcþ 1

g2
þ 3x2

d

4

br ¼
xdc

2
� xdK

2g
� xd

g

� �

Proof. Employing Eq. (26b) in Eq. (12a) results in

A ¼

02�2 02�1 A1 02�1

01�2 0 01�2 0

A2 02�1 A3 02�1

01�2 0 01�2 �c

2
66664

3
77775 (36)
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where the matrices A1;A2;A3 2 R2�2 are given by

A1¼
�1 0

0 1

" #
; A2¼

�x2
d�

c Kþ2ð Þ
g

�xd
Kþ2

g
�c

� �

�xd
Kþ2

g
� c

� �
x2

dþ
c Kþ2ð Þ

g

2
66664

3
77775

A3¼

Kþ2

g
� c xd

�xd
Kþ2

g
�c

2
6664

3
7775

Via a symbolic calculation software, Eq. (36) yields the eigen-
structure given in Eq. (34).

To find how the gain c influences the eigenvalues, the real com-
ponent of k1 is set to zero and then manipulated accordingly (by
squaring twice). This yields the cubic

�K� 2

g
cþ gx2

d

Kþ 2

� �
c� Kþ 2

g

� �2

¼ 0 (37)

Any gain c > �gx2
d=ðKþ 2Þ yields Re½k1� < 0. Using a similar

analysis, it can be shown that Re½k2� > 0; 8c 2 Rþ proving Eq.
(33). �

Local Solution. Using Lemma 2, the nullspace base, NðCÞ, of
Eq. (12b) for both equilibria is computed to be

NðCÞ ¼ colspanfe1; e2; e4; e5; e6g (38)

The local solution, xðtÞ, of Eq. (12a) is given by [28]

xðtÞ ¼
X4

k¼3

akekk tvk þ
X2

k¼1

ðckekk tvk þ �cke
�kk t�vkÞ (39)

where ak¼3;4 2 R; ck¼1;2 2 C. For both equilibria, it is observed
that v3 62 N ðCÞ. Thus, v3 violates the topological constraint of
Eq. (12b). As a consequence, for all xðt0Þ that comply with
Eq. (12b), a3 ¼ 0, meaning that eigenvalue, k3, does not partici-
pate in the local solution.

Precession/Nutation Frequency Estimation

The investigation conducted earlier on PDAV control examples
revealed that a smooth PDAV motion is accompanied by high fre-
quency gyroscopic nutation/precession oscillations (see Figs. 1(c)
and 1(d) (top and middle rows)). These high frequency oscilla-
tions reveal that to achieve smooth PDAV motion, competent
actuators are required, to compensate for the oscillations. Next, a
method for quickly obtaining estimates of the frequency of the
gyroscopic nutation/precession oscillations during PDAV motion
is derived.

State-Constrained Controllability of an Arbitrary

Pointing Direction/Angular Velocity Control System

To analytically investigate the PDAV tracking motion, the
state-constrained controllability properties of an arbitrary PDAV
system in the neighborhood of a time-varying desired trajectory
are identified. This is done next following the method proposed in
Ref. [27].

The dynamics of an arbitrary PDAV system are given by
Eq. (2) after setting bn ¼ 0. Equating the perturbed time-varying
trajectory in Eqs. (11) and (11b), with a desired time-varying tra-
jectory (i.e., qðt; �Þ ¼ expð�SðnðtÞÞÞqdðtÞ and do the same for the
perturbed time-varying angular velocity) followed by calculating
the variation-based linearization, the result is:

_x ¼ AdðtÞxþ Bdbu (40a)

CdðtÞx ¼ 0 (40b)

where the matrices AdðtÞ;B;CdðtÞ are given by

AdðtÞ ¼
qdqT

d SðRd
bxdÞ ðI� qdqT

d ÞRd

03�3 J�1ðSðJbxdÞ � SðbxdÞJÞ

2
4

3
5

CdðtÞ ¼ ½qT
d 01�3 �; B ¼ ½ 03�3 I �T

(41)

PROPOSITION 3. The linear time-varying system, Eq. (40), obtained
as the linearization of an arbitrary PDAV system about a time-
varying desired trajectory, is controllable for all dynamically fea-
sible desired trajectories.

Proof. This is showed by adapting Lemmas 1 and 3 from Ref.
[27] to this system using the fact that d=dtðCdðtÞxðtÞÞ � 0, the
fact that the nullspace of the constraint matrix, Cd , is given by the
column span of Eq. (23a) and that the controllable subspace,
Rð½BAB�Þ, covers the constraint space. Note that Rð:Þ indicates
the range, Ak ¼ ðd=dtþ AdðtÞÞk is the linear operator [29], and
the controllability matrix [30], ½B;A B�, is derived as

½B A B� ¼
03�3 ðI� qdqT

d ÞRd

I J�1ðSðJbxdÞ � SðbxdÞJÞ

" #
(42)

Proposition 3 implies that the origin is reachable by any dynami-
cally feasible system state and the geometrically exact lineariza-
tion of an arbitrary PDAV system is controllable under state
constraints. Similarly, since the constraint space of the CL system
is time invariant (see Eq. (24)) and because the eigenstructure of
the desired equilibrium, Eq. (29), covers the constraint space,
Eq. (23a), the trajectory tracking process can be used in the fre-
quency estimation methodology.

In a CL system performing trajectory tracking, the system states
at the beginning of the motion are at an equilibrium corresponding
to a user-desired system state. Via the smooth and slow shift of
the desired PDAV command (as instructed by the smooth desired
trajectory), the system equilibrium changes to a new desired state
due to the action of the controller. As a consequence, the system
states continually track the varying desired PDAV command.
Hence, CL smooth trajectory tracking can be considered as a con-
tinuous chain/sequence of infinitesimal flows (solutions) follow-
ing an infinitesimally varying desired PDAV command. This
reasoning allows the assumption that in the neighborhood of the
desired equilibrium (dictated by a sufficiently smooth time-
varying trajectory), an accurate estimate of the frequency of the
gyroscopic oscillations can be acquired via Eq. (39), i.e., the local
solution, xðtÞ, of the linearized system. The validity of this
assumption is supported by the developments of Proposition 3,
and this rationale directs the development of the method. The der-
ivation is given next.

The frequency estimate is based on the local solution, xðtÞ, in
the neighborhood of the desired equilibrium, given in Eq. (26a).
Using the fact that a3 ¼ 0 and by omitting k2 because
Re½k2�nRe½k1�, the eigenstructure given in Eq. (29) is employed
in Eq. (39). After some manipulations, the following is obtained:

xðtÞ ¼ a4ek4te6 þ 2fRe½c1�ðcosðl1tÞRe½v1�
� sinðl1tÞIm½v1�Þ � Im½c1�ðcosðl1tÞIm½v1�
þ sinðl1tÞRe½v1�Þg (43)

where lk ¼ Im½kk�.
The rotational velocity response, bx, in the neighborhood of the

equilibrium is captured by the last three components of the local
solution vector, xðtÞ, see Eq. (12a). To identify the precession
rate, _/, and nutation rate, _h, with the system rotational velocity,
bx, via the “313” Euler sequence we have
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_/

_h

_w

2
664

3
775 ¼

sin wð Þ
sin hð Þ

cos wð Þ
sin hð Þ

0

cos wð Þ �sin wð Þ 0

� sin wð Þcos hð Þ
sin hð Þ

� cos wð Þcos hð Þ
sin hð Þ

1

2
6666664

3
7777775

x1

x2

x3

2
664

3
775 (44)

The third Euler angle, w, is the rotation angle of the rotating body
about its body-fixed axis b3. Notice that by aligning the third axis,
E3, of the inertial frame with the desired pointing axis, qd , the pre-
cession rate, _/, given by Eq. (44), holds only when
h 62 f0; kpjk 2 Zg, i.e., the axis of rotation of the first Euler angle,
/, is not aligned with the axis of rotation of the third Euler angle,
w. This agrees with the physical intuition that no precession exists
when the motor axis is aligned with the desired pointing axis
because the system is already at one of the two equilibrium points.
To find frequency estimates for the precession and nutation rates,
_/; _h, an approximation of wðtÞ is needed.

Spinning Angle Approximation. The sixth component of the
local solution vector, xðtÞ, via Eq. (43) equals to

xTðtÞ e6 ¼ dx3 ¼ a4ek4t ¼ a4e�ct (45)

Gain c needs to comply to Eq. (27) to ensure stability. As a result,
irrespective of the system, the time constant (s ¼ c�1 s) in
Eq. (45) is always very small with respect to the CL dynamics.
This fact, combined with Eq. (11b), signifies that “close” to the
desired equilibrium, it holds that

x3 � xd (46)

i.e., in the neighborhood of the desired equilibrium, the spinning
angle speed converges very quickly to the desired value, xd. Also,
via Eq. (44), the following holds:

x3 ¼ _w þ _/ cosðhÞ (47)

Because _wo _/, the term _/ cosðhÞ is neglected. Combining
Eqs. (46) and (47) leads to _w � xd . Hence, in the neighborhood of
the equilibrium the spinning angle, wðtÞ, can be approximated by

wðtÞ � x3tþ wðt0Þ ¼ xdtþ w0 (48)

Nutation (Precession) Frequency Estimation

Employing the spinning angle approximation, Eq. (48), into the
local solution, Eq. (43), the components of the local solution
dx1 ¼ xTðtÞ e4 and dx2 ¼ xTðtÞ e5 are then inserted into Eq. (44).
This allows to obtain a local expression for the nutation rate, _h,
that via product-to-sum identities and manipulations, is derived as

_h � ð.^1 � i
^

2Þcosðxdt� l1tÞ þ ð.^1 þ i
^

2Þcosðxdtþ l1tÞ
�ð.^2 þ i

^

1Þsinðxdt� l1tÞ þ ði^1 � .
^

2Þsinðxdtþ l1tÞ
(49)

The constants i
^

i¼1;2; .
^

i¼1;2 2 R are given by

i
^

1 ¼ cosðw0Þi1 � sinðw0Þi2; .
^

1 ¼ cosðw0Þ.1 � sinðw0Þ.2

i
^

2 ¼ cosðw0Þi2 þ sinðw0Þi1; .
^

2 ¼ cosðw0Þ.2 þ sinðw0Þ.1

ii ¼ �eT
iþ3ðRe½c1�Im½v1� þ Im½c1�Re½v1�Þ; i ¼ 1; 2

.i ¼ eT
iþ3ðRe½c1�Re½v1� � Im½c1�Im½v1�Þ; i ¼ 1; 2

(50)

The fact that the local solution, xðtÞ, emanates from a stable equi-
librium is embedded in the derivation according to Eq. (27) by
selecting the gain c as

c ¼ ð1þ jÞgx2
dK
�1; j ¼ 0:05 (51)

which according to Eq. (27) is sufficient to ensure that Re½k1� < 0
yet soft enough such that large control action is minimized. Com-
puting l1 using Eqs. (29) and (51), the highest angular frequency
component in Eq. (49) is given by the term xd þ l1; it describes
the high frequency oscillations. Since the angular frequency is
larger than the ordinary frequency by a factor of 2p, the nutation
frequency, f	, is derived using xd þ l1 ¼ 2pf	, as

f	 �
3xd

4p
þ 1

2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2
p

2

s

a ¼
g

21gx2
d

20K
� K

� �2

4g2
þ 3x2

d

4
; b ¼ xd

2

21gx2
d

20K
þ K

g

 ! (52)

Precession Frequency Estimation

By repeating the above procedure, a local expression for the
precession rate, _/ is obtained. Employing the spinning angle
approximation (Eq. (48)) into the local solution, _/ and analyzing
its angular frequency component the precession frequency, f	, is
derived and it is given by Eq. (52). This result showcases the dual-
ity of the two gyroscopic processes; it was expected from observ-
ing the structure of Eq. (44), i.e., both nutation and precession
rates are trigonometric functions of the spin angle, w, and the
angular velocity components, x1;x2.

To validate the obtained result, the developed frequency esti-
mates are compared with the FFT data obtained from the PDAV
simulations examples conducted previously. The PDAV response
of system (a), via FFT on the precession/nutation responses of
Fig. 1(c), reveals oscillations of 190:98 Hz (see Fig. 1(c) (third
row)). Employing Eq. (52) together with the gain values (see Eqs.
(9) and (7)) and xd ¼ 600 rad=s, an estimate of 191:15 Hz is
obtained, which is 99.911% accurate to the numerically observed
oscillations obtained by the FFT. Similarly, the PDAV response
of system (b), via FFT on the precession/nutation responses of
Fig. 1(d), reveals oscillations of 0:244 Hz (see Fig. 1(d) (third
row)). Employing the satellite gains and xd ¼ 0:77 rad=s in Eq.
(52), a precession/nutation frequency estimate of 0:245 Hz is
obtained, which is 99.592% accurate to the numerically observed
oscillations obtained by the FFT. These findings validate the
developed method.

The capability to quickly estimate the precession/nutation oscil-
lations frequency has been obtained. Having this knowledge
allows one to quickly know what to expect in terms of oscilla-
tions; it aids in actuator sizing and as a guide on the feasibility of
an experiment.

Flow Originating From a Neighborhood of the Closed-

Loop Equilibria

The obtained eigenstructure provided insights on the CL behav-
ior in the neighborhood of the equilibria; it is also used to initial-
ize variational algorithms employed to chart the global flow. This
process provides insights on the global behavior of the CL system;
it is done next, by employing variational integration schemes (ini-
tialized via the calculated eigenstructure), to obtain (a) visualiza-
tions of the CL vector fields originating from a neighborhood of
the stable manifold of the antipodal equilibrium and (b) visualiza-
tions of the CL vector fields emanating from a neighborhood of
the desired equilibrium.

Because the Hartman-Grobman and the stable manifold theo-
rems [31] are satisfied at the antipodal equilibrium, Q2, a local sta-
ble manifold, Ws

loc, exists

Ws
locðQ2Þ ¼ fx 2 Uj lim

t!1
utðxÞ ¼ Q2; 8t 
 0g (53)
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where /t is the forward flow map and U � S2 �R3 is a neighbor-
hood of the equilibrium, Eq. (8c). The local stable manifold, Ws

loc,
is tangent to the flat stable eigenspace, Es. By employing the
backward flow map, /�t, on points belonging to the local stable
manifold, Ws

loc, the global stable manifold, Ws (SMSE set), can
be obtained [31]. Explicitly, it is given as

WsðQ2Þ ¼ [
t
0

/�tðWs
locðQ2ÞÞ (54)

The forward, /t, and backward flows, /�t, of the system are
obtained via variational integration [21,24,32].

The analysis is performed next using the example systems pre-
sented previously, i.e., system (a) (see Eq. (9)) and system (b)
(see Eq. (10)). Note that a slowly spinning/low-gain system and a
fast spinning/high-gain system are purposely selected to investi-
gate similarities in the global behavior. It is assumed that if simi-
lar behavior is observed, it can be generalized to most PDAV
systems employing the controller given by Eq. (5).

Flow “Close” to the Stable Manifold of the Antipodal

Equilibrium, Q2

Next, the flow emanating from points “close” to the SMSE set
is obtained. The methodology presented in Ref. [33] and later
adopted in Ref. [24] is employed; the stable eigenvectors
v1; v4; v5, are employed to produce the local stable eigenspace,
Es

loc, given by

Es
locðQ2Þ ¼ fðqloc;

bxlocÞ 2 S2 �R3jqloc;
bxloc

e; 1� 1;r 2 C; # 2 ½0; 2pÞ;Dq ¼ ½I; 0�
Dx ¼ ½0; I� 2 R3�6g
qloc ¼ expðSðe cosð#ÞDqðrv1 þ �rv5ÞÞÞð�qdÞ

bxloc ¼ Dxðe cosð#Þðrv1 þ �rv5Þ þ 1 sinð#Þv4Þ�bxd

(55)

To check if the methodology developed in Ref. [24] for comput-
ing the SMSE set works for the CL system in Eq. (6) also, a met-
ric, dq;x, measuring the distance of the states from an equilibrium
is defined on the tangent bundle as

dq;xððq1;
bx1Þ; ðq2;

bx2ÞÞ ¼ Wðq1; q2Þ þ k
b
x1�bx2k (56)

The forward and backward flows, i.e., /t and /�t, are obtained
via variational integration techniques [24,32].

Ten points from the local stable eigenspace, Es
loc (see Eq. (55)),

of each system are chosen with e ¼ 1 ¼ 10�6; r ¼ 1þ 1i. The
flow evolving on the two-sphere, S2, for each of the ten points is
shown in Fig. 2. The color of the flow expresses the angular spin
velocity in accordance with the colorbar. A number of attributes
of the flow that passes “close” to the stable manifold as it con-
verges to the local stable eigenspace are observed and are given
next.

The flow of both examples exhibits similar behavior (the only
difference is the timescale). As the flow diverges/retracts from the
hyperbolic equilibria, the trajectories from logarithmic in nature
begin to encircle S2 in an elaborate fashion. Despite significantly
large positive or negative initial spinning velocities, the spin veloc-
ity converges to �xd as the pointing state, q, approaches the saddle
(see the colorbar of Figs. 2(b) and 2(d)). In both cases, despite the
fact that the SMSE set is of zero measure, the system states might
approach the saddle equilibrium, Q2, arbitrary close before eventu-
ally converging to the desired equilibrium, Q1. These trajectories
converge very slowly to the desired equilibrium.

Considerable effort was devoted to produce the SMSE set,
WsðQ2Þ, for both systems, via the method proposed in Ref. [24];
numerous simulations were performed with points very close to
the antipodal equilibrium (using e ¼ 1� 10�6 in Eq. (55)) in an
attempt to approach arbitrarily close to the local stable manifold,

Ws
loc, aiming to find points, ps, that belong to it. To verify that the

generated points are members of the local stable manifold, Ws
loc,

the forward flow map, /t, is employed on the produced points and
the proximity of the flow is monitored with respect to the saddle
equilibrium via Eq. (56). If the flow /tðpsÞ ! Q2 as t!1, then
it is ensured that ps 2Ws

loc and thus those points can be used
together with the backward flow map, /�t, to obtain the global
stable manifold.

The flow originating from these points for system (a) can be
seen in Fig. 3(a), and the flow proximity from the antipodal equi-
librium, i.e., dq;xðQ2;/

tðpsÞÞ, is shown in Fig. 3(b). It is clear that
even though the flow originates from points very “close” to Q2

that are also members of Es
loc, the trajectories eventually converge

to the desired equilibrium, Q1. As a result, even though at the
hyperbolic equilibrium, the local stable manifold Ws

locðQ2Þ and
the local stable eigenspace Es

locðQ2Þ are tangent, the points
obtained via Es

loc are in “close proximity” to the local stable mani-
fold, Ws

loc, but do not necessarily belong to it. Similar results hold
also for system (b) but due to space constraint they are not
included.

Concluding, the methodology employed in Ref. [24] to com-
pute the SMSE set is not successful for the PDAV CL system of
Eq. (6). Despite this, the proposed approach, i.e., charting the CL
flow passing “close” to the stable manifold, yields sufficient infor-
mation on how the SMSE set influences the CL behavior.

Fig. 2 Flow on S2, backward in time, /2t , for the outrunner
example (Figs. 2(a) and 2(b)) and for the satellite example
(Figs. 2(c) and 2(d)). The spin velocity, x3(t) (rad/s) is indicated in
accordance to the colorbar. Figure timestamps: (a) t 5 0.1571 s,
(b) t 5 0.1726 s, (c) t 5 73.1460 s, and (d) t 5 83.4580 s.

Fig. 3 Forward flow, f/t (ps)gt>0, for system (a). (a) Trajectories

on S2 with x3(t) (rad/s) identified in accordance to the colorbar.

(b) Proximity metric, dq;x(Q2;/
t (ps)).
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Flow “Close” to the Desired Equilibrium, Q1

To understand the global CL behavior, the flow converging to
the desired equilibrium, Q1, is investigated also. This task is of
greater significance because the complement set of the SMSE set
is open and dense and governs the behavior of the CL dynamics.

The flow converging to the desired equilibrium for both exam-
ples is visualized. Since Eq. (8b) is a stable focus with an almost
global region of attraction, it suffices to pick points in the neigh-
borhood of the equilibria because the flow emanating from the
selected points is influenced by the dominant region of attraction.
Hence, the points are picked as follows:

ðqn;
bxdxÞjQ1

¼ fðq;bxÞ 2 S2 �R3jq; bx

e ¼ 10�6; 1 ¼ 10�7; # 2 ½0; 2pÞg
(57a)

q ¼ expðSðeðcosð#Þb1 þ sinð#Þb2ÞÞqd (57b)

bx¼ bxd þ eðcosð#Þb1 þ sinð#Þb2Þ þ 1b3 (57c)

Ten points from Eq. (57) are selected for each system, and the
backward flow map, u�t, is employed to produce the trajectories
that eventually end up to the selected points.

A number of attributes of the trajectories generated by the gov-
erning dense sets are observed. The computed CL flow can be
seen in Fig. 4. The flow emanating from the stable equilibria of
both example systems exhibits similar behavior; the only differ-
ence is the timescale. Specifically, the flow retracts from the
desired equilibrium toward the antipodal equilibrium in a spiraling
manner (see Figs. 4(a) and 4(c)). As the flow goes past the saddle
equilibrium (see the magnified insert in Figs. 4(b) and 4(d)) and as
t increases, the flow is drawn into limit cycles/circular orbits that
eventually spread on the manifold obtaining significantly larger
spin velocities (see colorbar in Figs. 4(b) and 4(d)). The spin
velocity veers from the desired value, changes sign as the pointing
state crosses the equator, stays negative as the pointing state
advances past the saddle point (see Figs. 4(b) and 4(d)), and
eventually increases in magnitude as the pointing states move into
circular patterns or/and slowly cover the configuration space, see
Figs. 4(b) and 4(d).

The nontrivial repercussions of the existence of the antipodal
saddle equilibrium, its SMSE set, and its influence on the

solutions of the CL system are evident. It is observed that in the
neighborhood of the antipodal equilibrium, the flow takes a long
time to escape the influence of the SMSE set. The fact that the
flow begins to entangle in the hemisphere opposite of the desired
equilibrium (see Figs. 4(b) and 4(d)) indicates that the probability
that the pointing state will first pass “close” to the saddle equilib-
rium before reaching the desired stable equilibrium rises for point-
ing commands larger than 90 deg. Thus, to ensure a smooth and
fast PDAV response, it is recommended to employ the PDAV
controller in precision tracking scenarios and avoid step com-
mands for which the initial tracking error is larger than 90 deg.

The CL vector field investigation was performed purposely on
a slowly spinning/low-gain system and on a fast spinning/high-
gain system to demonstrate that the global behavior of the flow is
similar in nature; it differs only on the rate of the transient
responses. The similarity of the findings implies that the CL vec-
tor field visualization results and observations are general in
nature and they can be generalized to PDAV systems employing
the controller given by Eq. (5).

Conclusion

This work analyzed the local/global CL behavior induced by a
developed geometric, PDAV controller and studied the high fre-
quency precession/nutation oscillations that characterize PDAV
motions. This was done via geometrically exact linearization and
via simulation techniques that amount to charting the smooth
global CL vector fields. A method to quickly estimate the fre-
quency of the nutation/precession oscillations was developed and
can be used for sizing actuators. A clear understanding of the
behavior of the CL flow was achieved, allowing the control engi-
neer to anticipate/have a rough estimate of the CL response of sys-
tems in which the PDAV controller is employed. Specifically, it
was concluded that a smooth PDAV response is ensured when the
PDAV controller is employed in precision PDAV tracking scenar-
ios; step commands for which the initial error is greater than
90 deg should be avoided.

Appendix

Cross product map that identifies the Lie algebra soð3Þ with
R3. For r 2 R3

SðrÞ ¼ ½0;�r3; r2; r3; 0;�r1;�r2; r1; 0�; S�1ðSðrÞÞ ¼ r (A1)

For R 2 SOð3Þ and r; a;b; c 2 R3, the following hold:

SðRrÞ ¼ RSðrÞRT (A2a)

ðaTbÞc ¼ ðcaTÞb (A2b)

SðaÞðSðbÞcÞ ¼ ðaTcÞb� ðaTbÞc (A2c)

Exponential map via the Rodrigues formulation

expð�SðnÞÞ ¼ Iþ SðnÞsin �þ SðnÞ2ð1� cos �Þ (A3)

Derivative of Eqs. (5d) and (4b) with respect to time

_W ¼ Rbeq � Rbex (A4a)

b _eq ¼ RTðSð _qdÞqþ SðqdÞ _qÞ � SðbxÞbeq (A4b)

For a; b 2 R, the following identity holds [34]:

aþ bi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2
p

2

s
þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2
p

2

s0
@

1
A

2

(A5)

Fig. 4 Flow on S2, backward in time, /2t , for the outrunner
example (Figs. 4(a) and 4(b)) and for the satellite example
(Figs. 4(c) and 4(d)). The spin velocity, x3(t) [rad/s], is indicated
in accordance to the colorbar. Figure timestamps: (a)
t 5 0.0051 s, (b) t 5 0.0893 s, (c) t 5 4.3476 s, and (d) t 5 90.9088 s.
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