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CHAPTER 1

INTRODUCTION

The idea of the phase field method can be tracked back to Lord Rayleigh, Gibbs and
Van der Waals and was used to describe material interfaces during phase transitions.
It represents material interfaces as thin layers of finite thickness across which the
properties of each material vary. This layer is referred to as the diffuse interface and is
designed so that the exact interface lays within this thin layer; the phase field method
is also known as the diffuse interface method in the literature.

The phase field method was initially used to model solid-liquid phase transition
during which surface tension and non-equilibrium thermodynamics behavior become
important at the interface. Furthermore, it is applicable to moving interface problems.
In the past forty years, the phase field method has become a general methodology
for moving interface problems arising in astrophysics, biology, differential geometry,
image processing, multiphase fluid mechanics, chemical and petroleum engineering,
materials phase transition and solidification. The common feature in the modelling
of the aforementioned phenomena is the interfacial energy, which plays a crucial role
in the moving interface evolutions. From the mathematical perspective, interfacial
energies, such as the surface tension are often characterized by various notions of
curvature of the interface, such as the mean or Gauss curvature. The latter can be
conveniently expressed in terms of the phase function. As a result, the phase field
method turns out to be effective for modeling the interfacial energetics, particularly
the surface tension effect.

Interfaces evolving under the influence of surface tension or of some interfacial en-
ergy belong to the class of so-called geometric moving interface problems. The motion
is driven according to some curvature-dependent geometric law that specifies the ve-
locity V' or the normal velocity V,, of the points on the interface at each given time ¢.
The phase field formulation of these problems gives rise to interesting and challeng-
ing partial differential equations (PDE). A well known geometric moving interface
problem is the mean curvature flow, whose governing geometric law is:

V-n=Hp,

where n the outward normal vector to moving interface I', at time ¢ while H. stands
t

for the mean curvature. For a recent comprehensive review of phase field models and

their relationship to geometric flows, we refer to [DF20].



It is known from [ESS92] that the phase field formulation of mean curvature flow
is the Allen-Cahn problem, for € > 0 find v : Q x (0, 7] — R, such that

1, .
uthque—Q(u‘sfu):O in Q x (0,77,

%:O on 99 x (0,7,
u(-,0) = uq in €;

originally introduced by Samuel M. Allen and John W. Cahn [AC79] to describe the
notion of boundaries in crystalline solids. It was proposed as a simple model for the
process of phase separation of a binary alloy at a fixed temperature. The boundary
condition requiring the outward normal derivative to vanish on 0f2 reflects that no
mass occurs across the walls of the container ). The original Allen—-Cahn equation
from [AC79] admitted a different scaling of the time: ¢ here, called the fast time, rep-
resents t /€2 in the original formulation. The function u represents the concentration
of one of the two metallic components of the alloy.

The nonlinear function F(s) := s® — s is the derivative of the classical double-well
potential F(s) = (s* — 1)?/4 taking its global minimum value 0 at s + 1, i.e, satis-
fying F(£1) = 0, see Figure 1. The existence of the two stable stationary states of
the Allen-cahn problem implies that nonconvex energy is associated with the equa-
tion. Due to the nature of the non-linearity, the solution u develops time-dependent
interfaces I';, separating regions for which v ~ 1 from regions where u ~ —1. We
can represent the aforementioned interfaces as the zero level set of the function u,
T, :={z € Q:u(z,t) = 0}. Although, this does not define a sharp separation of the
phases. More precisely, the phases are separated by a region of width € around the
zero level set of u:

I,cQ,:={zeQ:|ulx,t) <1-0()},

often called diffuse interface. Here the parameter ¢ controls the width of diffuse in-
terface. The solution moves from one region to another within the narrow diffuse
interface. A typical example of the desired interface profile of typical solutions of the
Allen-Cahn is given by

u(x) & tanh (d(x)/\/ie) ,

where d(z) is a signed distance function between a point = € 2 and the interface T,.

Figure 1 ([Bar16, Fig. 6.1]): Double well potential F(s) = (s? — 1)2/4 on the left and its derivative
F(s) = s3 — s in the middle; solutions develop time-dependent interfaces I, that separate regions in
which u(-, t) ~ +1.
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In addition, the Allen-Cahn equation can be interpreted as the gradient flow of the
Cahn-Hilliard free-energy functional:

1 1
E(u):/ﬂ(§|VU|2+P(u2—1)2) dz, (1.1)

related to the double-well potential, where the first term in F is often referred to as
the bulk energy and the second term is called the interfacial (potential) energy. Then,
the Allen-Cahn equation arises as the L,-gradient flow

up = —FE'(u), (1.2)

where E’(u) is understood as the Gateaux derivative at u.
Another gradient flow for the same energy functional (1.1) is the Cahn-Hilliard
equation

Uy + A(Au — é(u?’ - u)) =0, (1.3)
where E’(u) is understood now as the Gateaux derivative at v in the space H ().
Furthermore, (1.3) stands for the phase field formulation of the Hele-Shaw flow. It was
originally introduced by Cahn and Hilliard to describe the complicated phase separa-
tion and coarsening phenomena in a melted alloy that is quenched to a temperature
at which only two different concentration phases can exist stably.

The Allen-Cahn equation has been studied extensively the past decades. A very
important theoretical result is that the zero level set I', := {x € Q : u(z,t) = 0}
evolves according to the geometric law of mean curvature flow and I', converges to
the exact mean curvature flow interface as € — 0T. The rigorous justification of this
limit was an open problem for a few years before been settled by Evans, Soner and
Souganidis in [ESS92], who established a global result reading: for all time ¢ > 0, the
limit of zero level set of the solution of the Allen-Cahn equation is contained in the
generalized solution of the motion by the mean curvature flow established in [ES91]
and [CGG89]. Later, Ilmanen [Ilm93] proved that this limit is actually one of the
Brakke’s motion by mean curvature solution [Bra16], which is a subset of the unique
generalized solution of the mean curvature flow established in [ES91] and [CGG89].

Throughout our analysis we consider that Allen-Cahn problem, that is a singularly
perturbed semilinear parabolic partial differential equation (PDE), together with the
following initial and boundary conditions:

1
ut—Au+€—2(u3—u):f in 2 x (0,77,

u=0 ondQx (0,7, (1.4)
u(-,0) =uy inf

we assume that  C R? is a convex, polygonal (d = 2) or polyhedral (d = 3) domain
of the Euclidean space RLT € RY, 0 < € <« 1, for sufficiently smooth initial
condition u and forcing function f.

The challenge of solving numerically the problem (1.4) results from the small pa-
rameter €. Realistically, € should be orders of magnitude smaller than the physical
domain of simulation. Therefore, the accurate and efficient numerical solution of
such phase field models requires the resolution of the dynamic diffuse interfaces. This



means that the discretization parameters of any numerical method used should pro-
vide sufficient numerical resolution to approximate the interface evolution accurately.
In the context of finite element methods, this is typically achieved via the use of very
fine meshes in the vicinity of the interface region. In an effort to simulate at a tractable
computational cost, especially for d = 3, it is essential to design adaptive algorithms
that are able to dynamically modify the local mesh size and/or the local approximation
order.

The stiffness with respect to the interface length € is manifested in the error anal-
ysis: deriving a priori and a posteriori error estimates which scale with low polyno-
mial order 1/e is a formidable challenge. A standard error analysis of finite element
approximations of (1.4) leads to a priori estimates with unfavorable exponential de-
pendence on 1/e resulting from the application of a standard Gronwall type inequal-
ity argument. This is of limited practical value, even for moderately small interface
length €. The celebrated works [Che94, MS95, AF93] showed that uniform bounds
for the principal eigenvalue of the linearized Allen-Cahn spatial operator about the
analytical solution u, i.e.,

IVol3, ) + €72 (F' (u)v,v)

=A(t) := in
®) veHA(2)\{0} 1117, )

9

are possible as long as the evolving interface I'; is smooth and u has the right profile
across I';. Such spectral estimates are used in the seminal work [FP03] to handle the
nonlinear term in the error equation and whereby a priori error bounds with only
polynomial dependence on 1/e for finite element methods have been proven. The
latter error estimates enabled also the proof of convergence of the numerical solutions
to the solution of the mean curvature flow as mesh sizes and the parameter € all tend to
zero. Moreover, assuming the validity of a spectral estimate about the exact solution
u, allowed the proof of the first conditional-type a posteriori error bounds for finite
element methods approximating the Allen-Cahn problem in L (0, T; H'(2))-norm,
for which the condition depends only polynomially on ¢; this was presented in the
influential works [KNS04, FW05].

This direction of research has taken a further leap forward with the seminal work
[Bar05], whereby the principle eigenvalue of the linearized spatial Allen-Cahn oper-
ator about the numerical solution, denoted by U,

A = iof IVOllZ, ) + €72 (F'(Uy)v,v)

ve HE ()\{0} 10117, 0

is used instead of using a priori bounds for A(t) in an effort to arrive to fully com-
putable a posteriori error estimates in Ly (0, T; H!(Q))- and Lo (0, T; L2(£2))-norms.
By computing A(t), one is able to extract important information concerning the sta-
bility of the evolution from the approximate solution. The aforementioned work is
focused in the case whereby smooth evolving interfaces take place.

When the interface I', undergoes topological changes, however, e.g., when an in-
terface collapses, unbounded velocities occur and, as a result, uniform bounds con-
cerning the principal eigenvalue break down. The key point is the postulation that
the all-important principal eigenvalue A may scale like A\ ~ 1/€2 on a time interval
of length comparable to €2. Figure 2 depicts a typical behavior of the principal eigen-
value undergoing topological changes. This crucial observation, made in [BMO11],
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showed that the principal eigenvalue can be assumed to be L;-integrable with re-
spect to time variable, we may assume that there exists m > 0, such that the bound

/OT (A(®), dt < C + log(e™),

where z, := max{z,0} holds. Indeed, according to [Bar16, Section 6.1.4], the loga-
rithmic term results from the transition regions in which A grows like 1/(7, — t) for
a topological change that takes place at ¢ = T.. Note that this bound is affordable in
order to avoid the exponential dependence on the inverse of the interface length in
the resulting estimates.

O[O ] |-

N

N T
N T

Figure 2 ([Bar16, Fig. 6.5]): Two topological changes in an evolution defined by the Allen-Cahn equation;
the topological changes are accompanied by extreme principal eigenvalues; the eigenvalue increases like

1/(T, — t) before a topological change occurs at T..

The subsequent works [BM11, BMO11] consider the more realistic scenario when
topological changes occur and postulate the above assumption regarding the principal
eigenvalue to derive robust conditional a posteriori error analysis under topological
changes in L (0, T; H(2))- and Lo (0, T'; Lo(€2))-norms. Furthermore, in [BM11],
the authors combine the elliptic reconstruction framework, that is initially proposed
in [MNO03, LM06] with techniques developed in [BMO11] to derive robust and quasi-
optimal a posteriori error estimates in Lo, (0, T'; L2(£2))-norm. We refer also [GLV 11,
CGM13] for application of elliptic reconstruction to non-conforming methods. We
also mention [GM13] whereby a posteriori error bounds in the L (0,T; L, (2))-
norms, r € [2, 00| for the semidiscrete Allen-Cahn problem are proved.

In a recent work [Chr19], a priori bounds for the L,(0,T; L4(2))-norm error are
proved, which appear to deliver a rather favourable 1/e-polynomial dependence on
the respective constant, noting that L,(0,7T"; L4(€2))-norm is present in the stability
of the spatial Allen-Cahn operator upon multiplication of (1.4) by u and integration
with respect to space and to time. The importance of the L,(0,7T; L4(f2))-norm is
evidenced upon interpreting the Allen-Cahn equation as a gradient flow of the Cahn-
Hilliard free-energy functional (1.2). Upon observing the different scaling with re-
spect to ¢, it is evident that the quantity (1/ 62)||u|\‘i4 (o) Plays a crucial role. An
immediate question is whether proving conditional type a posteriori error bounds in



L,(0,T; Ly(€2))-norm can also improve the dependence of the condition on the in-
terface length e.

Motivated by the observation that L,(0,7; L4(f2))-norm may offer favorable
1/e-dependence, we manage to prove conditional type a posteriori error bounds in
the L,(0,T; L4(€2))-norm for fully discrete approximations of (1.4). The numerical
scheme consists of the backward Euler method in time combined with conforming
finite elements method in space. The finite element space is allowed to change be-
tween time steps. This work is published in [CGP20] and is presented in detail in
Chapter 3. The key result is the reduced e-dependence of the conditional assumption
regarding our total estimator 7, for d € {2, 3}, which reads

Mg < Gaeltm=/2, (1.5)

for some constant G; > 1 and for all m > 0. In particular, the e-dependence of (1.5)
appears to be less stringent than in the respective conditional a posteriori estimate
in the L__(0,T; Ly(2))- and L,(0,T; H'(2))-norms from [Bar05, BM11, BMO11]
which reads, roughly speaking, 7j < ce*+3™ for the corresponding estimator 7j and
some constant ¢ > 0. Therefore, seeking to prove a posteriori error estimates for
the L,(0,T; L,(€2))-norm error is, in our view, justified, as they can be potentially
used to drive space-time adaptive algorithms without excessive numerical degree of
freedom proliferation. It is of crucial importance that the results are valid under the
hypothesis of the existence of a spectral estimate under topological changes in the
spirit of [BMO11].

The a posteriori analysis in Chapter 3 is based on a carefully constructed non-
standard test function that gives rise to the || - ||i4(07T; L4 (6)) Dorm for the quantities
requiring estimation. A key attribute of the new testing is that leading order time- and
space-error terms appear inside || - ||%2(0,T; L»(q)) norms. The discrepancy in powers

between the error norm,

. ||%4(0’T;L4(Q)), and the estimator norms, || - ||%2(07T;L2(Q)),
leads to the various 1/e-dependent constants in the estimators to have formally milder
conditions ensuring the validity of the a posteriori error bounds.

Since, the L, (0,77 L,(£2))-norm is weaker than L, (0, T’; H*(£2))-norm, we avoid
the direct approach techniques that estimate the difference of the exact solution and
the numerical approximation. Instead, the argumentation consists of splitting the
total error into two parts using a new variant of the elliptic reconstruction technique
introduced in [GLW21], as well as known ideas regarding time reconstruction from
[NSV00, MN06, LMO06]. In this vein, each error term can be bounded separately. Due
to the use of the elliptic reconstruction technique, we can use any available residual-
based a posteriori error estimates for elliptic problems in various norms to control the
main part of the spatial error, that is the elliptic reconstruction error. In the context
of finite element method (FEM), the theory of the a posteriori estimates for linear
elliptic problems is mature [Ver99, AO00]. As for the second part of the error, it
satisfies a modified parabolic PDE with a right-hand side that can be monitored in
an a posteriori fashion. Using non-standard energy and continuation arguments, we
are able to derive the desired estimates. At the same time, the terms appearing on the
right-hand side maintain a typical structure in a posteriori error analysis: they can be
separated as time-related and space-related error estimates, data oscillation and mesh-
change errors. As a result of the method of proof, the new a posteriori error analysis
provides also Lo, (0,T; L (2))- and Lo (0, T'; H*(2))-norm a posteriori error bounds,
which appear to be valid under a less stringent smallness condition compared to the
aforementioned results from the literature, at least in certain regimes.
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The second main contribution of this work is the extension of the a posteriori error
analysis to the case of a space-time discontinuous Galerkin method of arbitrary order
allowing, in particular, the space discretization to consist of very general polygonal
(d = 2) or polyhedral (d = 3) element shapes. Specifically, we consider hp-version
discontinuous Galerkin time-stepping, in conjunction with interior penalty discon-
tinuous Galerkin method (IPDG) in space. The a posteriori error bounds are proven
for meshes consisting of very general polygonal and polyhedral element shapes in
two and three dimensions in space, respectively. In particular, arbitrary number of
very small faces are allowed on each polygonal/polyhedral element. We shall, hence-
forth, refer to these elements as polytopics. The only (very mild) condition on the
mesh is the existence of a subdivision of finite non-overlapping star-shaped polytopic
sub-elements per element, in addition to certain mild shape regularity assumptions,
inspired from [CDG21], trace and inverse estimates that are adapted to the mesh prop-
erties. The above results are presented in detail in Chapter 4.

The main skeleton of the proof is analogous to the proving steps in Chapter 3.
Again, we avoid the straightforward approach for the error analysis. We split the
total error using a space-time reconstruction, constructed as the time reconstruction of
elliptic reconstruction. The dG-time stepping reconstruction was initially proposed in
[MNO06] and further studied in [SW10, HW17]. Thus, the total error is decomposed
into two terms that can be bounded separately. The main focus is to bound from above
by fully computable quantities the error term that is continuous with respect to time
variable. To do so, we seek for an error equation, which is a modified parabolic PDE
and then through suitable energy and continuation arguments, we arrive to a right-
hand side consisting of terms that may be controlled in an a posteriori fashion. The
second part of the error decomposition can be interpreted as the time reconstruction
and the space reconstruction errors which are following the ideas from [GLW21].

The space reconstruction error should be incorporated as the error of the elliptic
problem whose weak solution is the elliptic reconstruction. The main difficulty that we
need to overcome is the lack of the orthogonality property of the elliptic reconstruc-
tion error that is an immediate consequence of the inconsistency of the extension of
the spatial dG-bilinear form with respect to the elliptic problem that admits elliptic
reconstruction as a weak solution. To that end, we introduce a variant of the concept
of the orthogonality of the elliptic reconstruction error in the dG-spaces. Moreover, we
prove approximation estimates for linear elementwise discontinuous functions with
fully explicit computable constants that are, in turn, required for the proof of new
elliptic a posteriori error estimators in L, (€2)-norms, p > 2, for IPDG on polytopic
meshes.

The last contribution of this work is the analysis and numerical approximation of
an optimal control problem related to the Allen-Cahn problem and are presented in
Chapters 5 and 6, respectively. This work is already submitted for publication [CP22].
From now on, in keeping with the notational traditional of literature, we adopt the
following notation: we refer to y as the solution to the Allen-Cahn problem while
the forcing term f in (1.4) is substituted by the control denoted by u. We consider
the distributed optimal control problem that is governed by the Allen-Cahn equation:
minimize

T
=5 [ [ e - weaPaza ] [ e - so@)P

T (1.6)
+H/ /|u(t7:1:)\2dxdt7
2 Jo Jo



subject to

1 .
yu,t - Ayu + ?(yi - yu) =u m QT =X (OvT)7
yo =0 onXp =0 x (0,7), (L.7)
Yu(,0) =y, inQ.

In particular, our goal is to intervene to the dynamics of (1.7) by using a control
function u, in order to guarantee that the solution y, will be as close as possible to
a given target y4. Here o > 0 is the typical Tikhonov regularization term, while the
inclusion of the terminal tracking term in the functional (with v > 0) is necessary
in order to obtain effective approximations near the end point of the time interval.
Throughout this work, the set of admissible controls is defined as

U,

a

4= {u € Ly (0,T; Ly ()5 u, <ult,z) <uy forae. (t,x) € QT},

and the optimal control problem is formulated, in the standard reduced functional

form, as
{ min J(u)

1.8
ue U, (18)

Note that the above optimal control problem is non-convex. Thus, it is necessary to
distinguish between local and global solutions. A control © € U, is said to be a
local optimal control of (1.8) in the sense of L,(0,T’; L,(§2)), if there exists o > 0
such that J(u) < J(u) for all u € U,,; N B, (u), where B, (1) is the open ball of
L,(0,T; Ly(2)) centered at w with radius o.

Optimal control problems having states constrained to semilinear parabolic PDEs
have been extensively studied. We refer the reader to [Tr610], see also references
therein for an overview of optimal control problems related to classical elliptic and
parabolic semilinear PDEs. In fact, various issues such as existence, first and second
order necessary and sufficient conditions have been considered even for nonstan-
dard optimal control problems related to semilinear parabolic PDEs: see for instance
[CKK17] BV controls, [CMR19] for control problems in absence of Tikhonov regu-
larization term, [CHW17, CRT15, CRT18, CT19] (and references therein) for control
problems with sparse controls, and [MS17] for control problems for non smooth semi-
linear parabolic PDEs.

The numerical analysis of optimal control problems with semilinear parabolic PDEs
as constraints have been considered in [NV12] for control constraints with piecewise
constants / linear controls / variational discretization approach, in [CK12] for discon-
tinuous in time schemes, no constraints, and in [CMR19] whereby error estimates in
absence of Tikhonov term are proved. In these works, error estimates of fully-discrete
approximations have been presented under a monotonicity assumption on the semi-
linear term. In [CC12, CC14, CC16, CC17] the numerical analysis of optimal control
problems related to the evolutionary Navier-Stokes equations, including error esti-
mates are presented. Finally, for related works for other nonlinear parabolic PDEs,
we refer the reader to cite [GHK19] for time-discrete two-phase flows, [HK21] for a
POD approach for quasilinear parabolic PDEs and to [HR21] for a priori estimates for
a coupled semilinear PDE-ODE system.

A common ingredient in the error analysis of fully-discrete schemes for optimal
control problems related to nonlinear parabolic PDEs, under control constraints, e.g.,
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[NV12, CMR19, CC12, CC14, CC16, CC17, HR21], is the use of results regarding the
Lipschitz continuity of the control to state and of state to adjoint mappings, the deriva-
tion of first and second order necessary and sufficient optimality conditions, and de-
tailed error estimates of the corresponding control to state, and state to adjoint map-
pings that allow the classical localization argument of [ACT02, CMT05, CR06, CMR07]
(developed for error analysis of discretization schemes for semilinear elliptic PDE con-
strained optimization problems) to work under the prescribed regularity assumptions.

However, to our best knowledge none of the above key results include the case
of the Allen-Cahn equation. For instance, the Allen-Cahn involves an nonmonotone
nonlinearity that satisfies & F”(s) := % (3s*> — 1) > —Z%. As a consequence, for re-
alistic values of € the classical approaches for proving the Lipschitz continuity of the
control to state mapping as well as its numerical analysis, fail since they introduce
constants depending exponentially upon 6% As discussed above, for the numerical
analysis of the uncontrolled Allen-Cahn equation, i.e. for u = 0, this difficulty is cir-
cumvented in the literature [FP03, KNS04, FW05, BMO11, BM11], where a prioriand a
posteriori error estimates were established for the homogeneous Allen-Cahn equation
with constants that dependent polynomially upon 1/e based on suitable approxima-
tion of the spectral estimate and a nonstandard continuation argument of the form of
a nonlinear Gronwall Lemma. Unfortunately, such analysis typically requires regu-
larity assumptions on both state and adjoint variables as well as to their fully-discrete
counterparts that are not available within the optimal control context. For example,
the assumption y € Lo (0,7; H%(Q)) N HY(0,T; H'(2)) N H2(0,T; Lo(12)), used
in the above mentioned works for a priori estimates of the uncontrolled Allen-Cahn
equation, is not realistic in our optimal control setting. In addition, similar difficul-
ties arise when dealing with analysis and numerical analysis of the state to adjoint
mapping. In fact, it turns out that the analysis can be further complicated due to the
absence of the cubic nonlinear term that generates the L4(0,T’; L4(€2)) norm when
testing (1.7) with y.

The approach of our analysis avoids the construction of any discrete approxima-
tion of a spectral estimate and assumptions about pointwise space-time bounds of
fully discrete solution of the control to state mapping. Indeed, we apply the spectral
estimate only in ‘continuous level” and all of our results admit the regularity imposed
of the optimal control setting. In Chapter 5 we study both control to state and state
to adjoint mappings in order to derive first and second order optimality conditions.
The main concern is to use techniques that allow the derivation of Lipschitz constant
which do not exhibit exponentially dependence on 1/e. We manage to prove Lipschitz
continuity results of control to state mapping with Lipschitz constants being indepen-
dent of 1/¢ as long as a closeness assumption among control functions holds. As for
the state to adjoint mapping, we employ the Lipschitz continuity result of the control
to state mapping and stability results to deduce Lipschitz constants that depend at
least polynomially on 1/e.

The numerical approximation of the optimal control problem in Chapter 6 consid-
ers a fully discrete scheme that combines discontinuous Galerkin dG(0) in time and
lowest order finite element method in space. We begin with the numerical analysis
of the control to state mapping. In particular, we derive a priori error bounds using
a carefully constructed globally space-time projection, discrete stability results and
a generalized discrete Gronwall lemma. The derivation of error estimates of the dis-
crete state to adjoint mapping is a challenging proof that requires a lot of technical
intermediate steps. Specifically, we need to prove beforehand discrete stability re-
sults using a pseudo duality and a boot-strap argumentation. Finally, we combine all
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the above results to prove estimates of the difference between local optimal controls
and their discrete approximations and also estimates for the differences between the
corresponding state and adjoint state and their discrete approximations.



CHAPTER 2

PRELIMINARIES

In this chapter, we provide the necessary notation, definitions, as well as some tech-
nical results that will be useful below.

2.1 Sobolev spaces

Given a multi-index o = (ay,...,a,) € N4, d > 1 of length |a| := a; + ... + ay,

we consider
51 Qg ||
Da:<3> ,_,(f’> __m
Oz, Oz, Oz, ...0x,"

Let 2 be bounded open subset of the Euclidean space R? with boundary d2. For
k € N, we denote by Cck () the set of all continuous functions, v, defined on {2
such that D®v are continuous on 2 for all |«| < k. In particular, for £ = 0 we simply
write C(€2). Furthermore, let C5°(€2) the set of functions in C*(€2) that have compact
support in ).

Next, we introduce the notion of the weak derivative that is necessary to define the
Sobolev space. Suppose that u,w € LY¢(£2). We say that w is the a-th derivative of
u, if

/qudx:pnla\/wdx Vo € C ().
Q Q

In other words, if there exists a function w which verifies the above equality for all ¢,
we say D*u = w in the weak sense.

We denote by LP(Q), 1 < p < oo the standard Lebesgue spaces of real valued
functions with corresponding norms ||| L)

1/p
Ml = ([ P az) " o e lroa), bl = ess suplv(o).

Definition 2.1. Let k be a non-negative integer. We define the kth order of Sobolev
space based on L,,(€2), as

WEP(Q) :={v € L,(Q) : D*v € L,(Q), |a| < k},

11
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equipped with the associated norm and seminorm:

1/p 1/p
ey = ( S 1D m) e = < ) ||Dav§p(m> ,

|| <Kk la|=k
for p € [1, +00); for p = oo, we require instead that

”V”Wk»W(Q) = mi’;”DaV”Lm(Q)v |V|W’€v°C(Q) = ‘Igli}i”DaVHLoc(Q)a

are finite.
For p = 2, the space W*:2((2) is a Hilbert space with the inner product
(W V) ez = Z (D%, D%),
o] <k

and we shall use the notation H*(Q) := W*2(Q), k > 0. Throughout, the analysis
we shall frequently refer to the Hilbertian Sobolev spaces H'(£2) and H?();

ov
1 = L <j<
H (Q) {VGLQ(Q) oz, €Ly(Q),1<5< d},
with norm
1/2

W01y = {vnw +ZH o) } :

and
v 92y
H*(Q) = L)) : =—, ——— € Ly(Q),1<4,5<d
(Q) {»re 2(Q) 95, Dusdn € Ly(N),1<i,5< },

with norm

e = 3 Il 0y + 30 || o
(Q) La(Q) Z 6%

Furthermore, we define the closed subspace of H'(Q):

1/2
La(Q) } '

L2 () Z H 63:1835

Hy(Q) == {v e HY(Q) : v|yq = 0},

which is also a Hilbert space, with the same norm and inner product as H(£); the
notation u|y, = 0 is understood in the sense of the traces of functions in Sobolev
spaces. We refer to [Eva98, Sections 5.2 and 5.5] for the understating of the Sobolev
spaces and the notion of the trace operator, respectively.

We consider henceforth two (real) Hilbert spaces H and V' such that H is identified
with his own dual, H = H, and the embedding V' C H is continuous and dense.
The triple:

VcHCcCV, (2.1)
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is called an evolution triple or a Gelfand’s triple; here V' denotes the dual space of
V' with respect to the pivot space H. Owing to the Riesz Representation Theorem,
functionals F' € V' can be continuously extended to the larger space H if and only if
they are of the form

Fw)=(f,v)g Yv eV,

with a fixed f € H, see, e.g., [Rou13, Chapter 7.2]. We introduce H ~!(£2) as the dual
space of Hi (), reading (H} () = H~1(Q), endowed with the norm

1Vl = sup { (v,0) s v € HY(Q), ol gy <1}

In the case of V = H}(Q) and H = L, (), the duality pairing (-, -) between H ~1({2)
and HJ () can be extended to the standard L,-inner product denoted by (-, ). Indeed,
for f € L,(£2) and for v € V, we have

(f;0) = (f,0).

Theorem 2.2 (Sobolev Embedding). Let 2 C R? be a bounded Lipschitz domain and
1 < p < 0. Then, the following embedding exists and is continuous:

WhP(Q) C L,-(Q), (2.2)

provided the exponent p* is defined as

ddfpp for p < d,
p* =< 400 forp > d,
[p, +00) for p = d,

see, e.g, [Rou13, Theorem 1.20].

2.2 Bochner spaces

The concept of functions with values in Banach spaces is a fundamental tool for the
treatment of evolution problems. Let X be any Banach space. We now switch our
viewpoint, by associating with v a mapping

v:[0,T] = X,
defined by
v())(z) =v(t,z), € Q0<t<T.

In other words, we consider v not as a function of = and ¢ together, but rather as a
mapping u of ¢ into the space X of functions of x. We refer to [Eva98, Section 5.9.2]
or [Rou13, Chapter 7] for more details about spaces involving time.

Definition 2.3. We denote by L,,(0,7; X), 1 < p < oo, the linear space of all mea-
surable vector-valued functions v : [0, 7] — X having the property

T
| vt de <.
0
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The space L,,(0,7; X) is a Banach space with respect to the norm

T 1/p
Ml om0 = (B ae) ™ p e [1o4o0),

IVl ) = ess.sup||v| x.
L. (0,T;X) o b's

We denote by C(0,T; X) the space that consisting of all continuous functions
v:[0,T] — X,
with

.x) = < o0.
Mlerx) = max Vlx <o

Observe thatfor 1 < g <p < oo
C(0,T;X) C L,(0,T;X) C L,(0,T; X).

Definition 2.4. We denote by W (0, T') the linear space of all v € L,(0,T; X') having
a weak (temporal) derivative v, € L,(0,T; X'), equipped with the norm

T ) ) 1/2
oz = ( / @l + v ()% at)

Consider a Gelfand triple X C H C X'. Then, every v € W(0,T) coincides,
possibly after suitable modifications on a set of zero measure, with an element
of C(0,T;H). In this sense, we have the continuous embedding W (0,7) <
C(0,T; H).

2.3 Useful inequalities

We shall use extensively some classical inequalities throughout the analysis.

Gagliardo-Nirenberg-Ladyzhenskaya interpolation inequalities (GNL): For
allv € H{ (), there exists ¢ > 0 independent of v such that

~ 1/2 1/2

VI, 0 < @Vl o) 19V 5y, ford =2, (2.3)
~ 1/2 1/2

Wl 0y < @Vl o 1991 5y ford =3, (2.4)
~ 1/4 3/4

VI, 0y < @Vl (o 19917 gy ford =3, (2.5)

see, e.g., [Roul3, Theorem 1.24].

Holder inequality: Let p,q € [1, +oc]. Then, for any v € L,(2) and u € L, (),
we have

v, w)] < Vllz @) llullz, o) (2.6)
where ¢ is the so-called conjugate exponent defined by:

p/(p—1) forl < p < 400,
g:=9q1 for p = 400,
+o00 forp = 1.
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In addition, Hoélder inequality allows for an interpolation between Lp1 () and

L, (Q): for py,py,p € [1,+00] and m € [0, 1], we have

m 1-m
v <7 v where — + =-. (2.7)
Mz, @ < VI, V1L o, me oo

Poincaré inequality: Let 1 < p < oo and let Q@ C R? be a bounded Lipschitz
domain. Then, there exists a constant C'p, depending on €2 and p such that, for every
function v € WP (), we have

ol (@) < CplVYllL (o) (2.8)

Poincaré inequalities are very useful tool in our analysis. A prototype is due to
Wirtinger in its simplest form, bounds the Lp—norm of a function with mean value
0 of the L,,-norm of its gradient and a constant depending solely on the domain 2. In
other words, if v = |Q]~* J vdz is the average of v in © and diam(Q2) denotes the
diameter of (2; then

lv =2l (o

sup -
vEWLP(Q) dlam(Q) ||VU||LP(Q)

C,(Q) = (2.9)

is finite under appropriate conditions on €. If one considers the class of convex do-
mains denoted by C, sharp uniform bounds of the Poincaré constants are known. More
precisely, setting C,, = supq,c C,, (), recent results [AD04] and [CW06b] show that

_ 1
C,=-

p)l/p
1 27 .

_ 1 -
= — < -
c, 7T,Cp_z(z

Furthermore, several explicit upper bounds for Poincaré constants of not necessar-
ily convex domains, focusing on finite element stars are proven in [VV11].

Young’s inequality: For any 6 > 0, a,b > 0, p,q > 1 and for some C(p,q) > 0,
it holds

abgéap—i—C(p,q)(S_%bq, where 1/p+1/q=1.

Gronwall inequalities: We recall that the continuous Gronwall lemma states that
if a nonnegative function v € C(0,T) satisfies

v(s) <A+ /3 a(t)v(t) dt,

for all s € [0, T'], with a nonnegative function & € L;(0,7), then there holds that

T
v(t) < Aexp (/0 a(t) dt) .

The discrete analogue states: suppose that the nonnegative sequence {v"}7"_; satis-

fies

Um§A+kzm:anv”

n=1
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forall0 <m < N and if ke, < 1/2forn =1,2,..., N, then we have that

N
sup v" < Aexp <2kZa )

1<n<N n—1

The condition k«,, < 1/2 is required to absorb the term c,,, v™

We include generalizations of the continuous and the discrete Gronwall lemma that
are required for the upcoming analysis since they allow an additional super-linear
term to be controlled as long as the function or the sequence remains sufficiently
small. The proofs of the above two lemmas are presented in detail in [Bar16, Section
6]. The proof of the continuous lemma is adapted from [KNS04] while a similar result
can be found in [FW05]. The proof of the discrete analogue is adapted from [FP03].

Lemma 2.5. [Bar16, Proposition 6.2] Let the nonnegative functions w, € C(0,T),
we,ws € L1(0,T), a € L(0,T) and the real number A > 0 that satisfy for all
te 0,77,

w0+ [Cwa)as<a+ [Ca@unas+ [ ugsas

Assume that for B > 0, 8 > 0 and every ¢ € [0, T, it holds that

¢ ¢

/ ws(s)ds < B sup wf(s)/ (wq(8) + wq(s)) ds.
0 s€[0,t] 0

Set £ := exp (fOT a(t) dt) and assume that 4AF < (4B(T + 1)E)71/ﬁ. Then, it

yields that

T
sup wy () +/ wy(t) dt < 4AE.
t€[0,T) 0

Lemma 2.6. [Bar16 Lemma 6.2] Let k > 0 and suppose that the nonnegative real
sequences {w?})_, j = 1,2,3, {a"}]_ and the real number A > 0 satisfy

m m m—1
w{"—kawg’ SA—I—kZa”w{L—i—kaQ,
n=1 n=1 n=1

forallm =1,..., N, thatsup,_; yka" < 1/2and Nk < T. Assume that for
B>0,8>0andeverym=1,..., N we have

m—1 m—
ka?SB sup Z (wi + wy)

n=1,....m— 1

Set E := exp (2k 22;1 ™) and assume that 4AE < (4B(T + 1)E)71/ﬂ. Then, we
obtain

N
sup  wi + kJng < 4AE.

n=1,...,N n—1



CHAPTER 3

I_BACKWARD EULER - FINITE ELEMENT METHOD

This chapter is concerned with the proof of a posteriori error estimates for fully-
discrete Galerkin approximations of the Allen-Cahn equation in two and three spatial
dimensions. The numerical method consists of the backward Euler method combined
with conforming finite elements in space. For this method, we prove conditional
type a posteriori error estimates in the L,(0,T; L,(€2))-norm that depend polyno-
mially upon the interface length e. The results hold when the evolving interfaces are
smooth and when they undergo topological changes. The derivation relies crucially
on the availability of a spectral estimate for the linearized Allen-Cahn operator about
the approximate solution, in conjunction with a continuation argument and a vari-
ant of the elliptic reconstruction. The new analysis also appears to improve variants
of known a posteriori error bounds in Ly (0,T; HY(Q)), L., (0,T; Ly(£2))-norms in
certain regimes, at least formally in the level of the e-dependence of the conditional
assumption.

3.1 Weak formulation

The following weak formulation of (1.4) will be used subsequently. Assume that f €
L. (0,T;Ly(2)) and u, € WH4(Q) N HE(2). Then, for all v € H(Q2) and for a.e.
t € (0,T], we seek u € Ly(0,T; HX(Q)) N HY(0,T; H=(R)), such that

(uy (t),v) + (Vu(t), Vo) + e 2 (ug(t) - u(t),v) = (f(t),v), 5.1)

Integrating for t € (0,77, and integrating by parts in time the above becomes: find
u € Ly(0,T; HH(Q)) N L. (0,T; Ly(£2)), such that

(w(T),v(T)) + ' — (u,v,) + (Vu, Vo) + e 2(u® — u,v) ) dt
b o

T
= (g, v(0)) + / (f.0) dt,
forallv € Ly(0,T; H(Q)) N H(0,T; H~1(Q)).

17
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3.2 The fully discrete scheme and reconstructions

We first present the fully discrete scheme for the Allen-Cahn problem (1.4) and we
define suitable space and time reconstructions of the fully discrete scheme.

3.2.1 Discretization

Let 0 = t; < t; < ... < t)y = T. We partition the given time interval [0, T into
subintervals J,, := (t,,_;,t,] and we denote each time step by k,, := t,, — t,,_1,
n=1,...,N.

Let also {7,"}2_, be a sequence of conforming and shape-regular triangulations
of the domain (2, that are allowed to be modified between time steps. We define the
meshsize function, k,, : Q@ — R, by h,,(z) := diam(7), € 7 for 7 € 7,". We shall
refer to 7 € 7, as elements, with the following properties:

(i Q= UTeT’ni denoting by - the closure of a set in R4,

(ii) for 7,7 € T, we only have the possibilities: either 7 = 7/, or 7N 7 is a
common (whole) (d — r)-dimensional face with 1 < r < d (i.e., face, edge or
vertex, respectively).

To each 7, we associate the finite element space:
Vit = {x € C(Q); x|, € P(7) Y7 € Ty}, (33)

with P,. denoting the d-variate space of polynomials of degree at most k € N. The
whole theory presented below remains valid if box-type elements are used and re-
spective polynomial spaces of degree x on each variable.

We say that a set of triangulations is compatible when they are constructed by dif-
ferent refinements of the same (coarser) triangulation. Given two compatible triangu-
lations 7, " and 7;", we consider their finest common coarsening ’7A'h" =T AT
and set h, := max(h,,h, ;). Furthermore, we denote by Sj! the interior mesh
skeleton of 7;", and we define the sets S := Sp NS ! and S} = Sp U S~ .
We note that no assumption on the relative size of fzn compared to the sizes hy,—1, hy,
is necessary for the validity of the estimates presented below. Reconstruction-based
a posteriori error analysis for parabolic problems is also possible under the extreme
mesh-modification scenario of no strict finest common coarsening subspace, i.e., when

Ah" = {Q}; we refer to [CGS] for a detailed discussion. We do not envisage an in-
surmountable technical obstacle in extending the present analysis to such an extreme
scenario.

Approximations will be constructed to a time partition. A finite element space
Vi* C Hg(Q) is specified on each time interval J,, n = 1,..., N. Then, we seek
approximate solutions from the fully discrete space

Vi = { X 0,T) = Vi X € Ly(0,T5 HY(Q); X1, € By[7,: 1]}

with P [Jn; V,ﬂ denoting the space of constant polynomials over J,,, having values

in V}"*; these functions are allowed to be discontinuous at the nodal points, but are
taken to be continuous from the left.
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Now we are ready to introduce the fully discrete scheme for (1.4). For brevity,
we set F'(v) := v — v. The backward Euler-finite element method reads: for each
n=1,...,N, find U} €V}, such that

kyt (U = Up™t X) + (VUR, VX)) + e 2 (F(U), X) = (f", X),

3.4
Uy = Ppu’, G4

for every X € Vi here, f™ := f(t,,) and P}’ denoting the orthogonal L,-projection

operator onto the finite element space V', i.e. (Pjv, X) = (v, X), forall X € V"
Furthermore, we introduce the discrete Laplacian operator A} : V;* — V;" defined

by (—A}V,X) = (VV,VX), for all V, X € V;". This allows the strong representa-

tion of (3.4) in strong form as

ko' (Up = PRrURTY) = AU + € 2 PRE(UY) = Prf™ (3.5)

3.2.2 Reconstructions

We now introduce a variant of the elliptic reconstruction [MNO03, LM06, GLW21],
which will be instrumental in the proof of the residual type a posteriori error estima-
tors of elliptic problems in Subsection 3.3.4.

Definition 3.1 (elliptic reconstruction). For each n = 0,1,..., N, we define the el-
liptic reconstruction w™ € H}(12) to be the solution of the elliptic problem

(Vw™, Vo) = (g, v), forallv € H(Q), (3.6)

where

gﬁ::—AZU;?—€72 (F'(Uy) = PRFWUY)) =P f" + "

— kN (PRUST U 37
here and in the following we adopt the convention U, L=U .
Remark 3.2 (Galerkin orthogonality). We observe that w™ satisfies
(V(w" =Uj),VX)=0, forall X € V}". (3.8)

Indeed, choosing v = X € V;" in (3.6), it yields that
(Vw", VX) = (VU', VX) — e 2 (F(U}) = PRF(UR), X) + (f* = PR ™, X)
— kM (PrUrTt U X))

Then, using the orthogonality property of L,-projection operator, P;’, we obtain (3.8).
This relation implies that w™ — U}’ is orthogonal to V}* with respect to the Dirichlet
inner product, a crucial property that allows to use a posteriori error bounds for elliptic
problems to estimate various norms of w™ — U}! from above,

lw™ = Upll < € (UL, g1 Ly () (3.9)
foreachn =1,..., N and every p > 2.

Also, we shall use the continuous piecewise linear interpolants in time of the se-
quences (t,,, U") and (¢,,,w™). More specifically, we have the following definition.
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Definition 3.3 (time reconstruction). Fort € J,,n=1,..., N, we set
Up(t) = L 1 (DU~ + £, (U}, (3.10)
w(t) ==L, (" + £, (H)w", (3.11)

where £, is the piecewise linear Lagrange basis function with £, (t;) = dgp.-

Notice that U,,, w are continuous functions with respect to time. The above defini-
tion implies that the time derivative of U}, is the discrete backward difference at ¢,,,
ie,

Uur — Un—l
Upa(t) = ———"—. (3.12)
3.3 A posteriori error estimates
We begin by splitting the total error as follows:
e=u—U,=60—-p, where 0:=w—-U,, p:=w—u. (3.13)

In view of Remark 3.2, 6 can be estimated by a posteriori error bounds for elliptic
problems in various norms.

Also, p satisfies an equation of the form (3.1) with a fully computable right-hand
side that consists of # and the problem data. The following lemma states this error
equation.

Lemma 3.4 (error equation). On each J,,,n = 1,..., N and for all v € Hg (), we
have

(pr,v) + (Vp, Vo) + €72 (F(U,) = F(u),v)

s (3.14)
=(f" = fiv) + {0, v) + e (FU,) — F(UY),v) + (V(w —w"), Vo).

Proof. The decomposition of p along with (3.1) and (3.6) imply that

(pg,v) + (Vp, V) = (wy,v) + (Vw, Vv) — (u,,v) — (Vu, Vv)
= —(f,v) + e 2 (F(u),v) + (W, v) + (V(w — w™), Vo) + (g}, Vo).

Next, we combine (3.7) and (3.5) to deduce

(pe,v) + (Vp, V)

—(f = " 0) + €2 (F(u),0) + (w,0) + (V(w = w"), Vo) + 2 (F(U}), )
+ (—ARUS + € 2PPFUR) + P f™ o) — ky, (PRUS = U 0)

—(f = ") + e 2 (F(u),v) + (w,v) + (V(w —w™), Vo)

— 2 (F(UR),v) =k, (Up = PRUR Y + (PRUR = U 1), 0)

respectively. Adding to both sides the term ¢ ~2F (U, ) and after standard manipula-
tions, the proof is completed. O
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Therefore, norms of p can be estimated through PDE stability arguments; this will
be performed below. Before doing so, however, we further estimate the term involving
the elliptic reconstructions on the right-hand side from (3.14). For brevity, we set

o Xn - anl

0X, : ’

V{XH}TLENU{O}' (3.15)

n

Lemma 3.5. Oneach J,,n=1,..., N, we have
(V(w "), Vo) < (1007 ~ 00310 + € IEWR) ~ FOF gy

1™ = My )Mol s
for allv € H} ().
Proof. From (3.10), (3.11) and Definition 3.1, we can write
(V(w—w"), Vo) =L, _1(t) (V"' —w"), V)
=Ly (1) (917" = gho0) < o™ = gnllo,@ vl @)
Then, using (3.7) in conjunction with the strong representation (3.5), we obtain
gr ==k, (U —=PRUMY) — e PFUN) + [ =k, (PRUS = U
=k (U = UR) = e PF(UR) + £

A similar representation can be derived for g’ . Combining the above, the result
follows. O
3.3.1 Energy argument
We begin by introducing some notation. We define

Ly:= ”aUI’(LL_anTLLil”%2(Q)+€74”F(U;zl)_F(Uhr,Lil)||%2(Q)+||fn_fn71”%2(9),

Ly:=|f"— fH%Q(Q) +e Y FU,) - F(U;Z)Ha(ﬂ)’

oneach J,,n =1,..., N, noting that £, = £,(t); forn = 1 we adopt the convention
that U, L= U,? . Moreover, for brevity, we also set

1 11
O4(t) : = 5”@”%2(9) + ZC§II9tII‘i4(Q),
_ C
O5(t) : = €= ((Co + 396U l13_ 0 10113 e + S NOIIE o + CollOlf, )
A(t) : = e_2<(92p2 + o' + |Vp|2,/ p%(s)ds) + (92,/)2)),
t

where Cy := (62 +1)/2, C; := 94+9Cp& +6*112C%¢* and C,, := 2-3"C3&*, with
C'p be the constant of the Poincaré inequality (2.8) while ¢ as in (2.3)-(2.5).
Remark 3.6. The terms in £, and the term ¢ ~*||F(U,)) — F(U}") ||2L2(Q) of £, are often

referred to as the time error estimates in the a posteriori error estimation literature for
evolution problems. Correspondingly, || ™ — f||2 () is the data approximation. ©,
2

represents the mesh change and ©, (or ©,, respectively for d = 3) is often referred as
the spatial error estimate.
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A key ingredient in the proof of the following lemma for d = 2 and 3 is the non-
standard test function ¢ given in (3.17) below. This test function is responsible for
the appearance of the term || ,0||‘£4(0’T; L) together with other nonnegative terms
on the left-hand side of (3.16) in the course of the energy argument. At the same
time, this test function is also responsible for the presence of favourable computable
error terms in the || - ||2L2(0’T;L2(Q)) norm, cf,, for instance the terms in [ (L1 +

L) dt that will eventually appear in the final estimate. Thus, the dependence on €
of the constants multiplying various terms in £; and £, will be halved due to the
discrepancy between the 4*" power appearing in the error terms and the 2"¢ power
in the respective estimators. This observation leads to a formally better dependence
with respect to 1/€ in the continuation argument. At the same time, the choice (3.17)
results to terms involving H9||‘i4(07T;L4(Q)), HGH%G(O,T;Ls(Q))’ and ||0t||i4(0,T;L4(Q))
without any detriment to the formal dependence on 1/e either, as we shall see in
the discussion below. The latter terms are ‘compatible’ with the norms of the error p
appearing in (3.16) .

Lemma 3.7 (d = 2). Let d = 2, u the solution of (3.1) and w as in (3.11). Assume that
p(t) € WH(Q) N HY(Q) for a.e. t € (0,T]. Then, for any T € (0, 7], we have

2 1
2
+ 5Oz, @)

1 /" 4 1 * 9

3 [t | [ 9

4/0 La() 81.Jo L(Q)
" * 62 2 1 /

[ awars [ (0= DI @ + 5 F ) de
0 0 €

1 C? T
< 5||p(0)||%2<g>+7pIIP(O)I\‘i4(9>+/0 (©14+605+Co(Ly+L,)) dt (3.16)

S (1 e
+ 4%6 /OT (5(9,Uh)

where

2

= a(Uh>||p||%2<m> dt
L,(©)

| visas

t

4

+7(6, Uh)ﬂll‘izm)) dt,
L, ()

a(Un) =|F" U7y + U7y + 7

C,et
B(O,Up) := 126 (||9Hix(n) + ”UhHim(Q)) +262||Uh‘|ix(§2)

+2C3EY | F'(U,,) H%m(ﬂ)+11€6 (||F/(Uh)||4Lm(9)+||Uh||iw(Q)+6)7

V0, Un) = 24 (CRIF' U}y + 36 (1013 e + 103 _0))-

Proof. Using Taylor’s theorem, we immediately deduce
F(U,) — F(u) = —eF'(U,,) — 3¢*U, — €.

Let ¢ : [0,7] x @ = R, for 0 < T < T, such that

o(-, 1) :p(-,t)(/tTp2(-,s) ds + 1), t € [0,1]. (3.17)
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The hypothesis p € W14(Q) N H}(Q) implies that ¢ € HJ (). Setting v = ¢ in
(3.14), we have
(e 0) + (Vp, V8) — €2 (eF'(Uy) + 3¢V + €, 6) = (f" = f,6) + (0, 9)
+e 2 (F(U,) — F(UR), ¢) + (V(w —w"),Ve).
Observing now the identities
(€*Un,9) = (02Un, 8) + (P°Up» 6) —2(0pU,,. )
(€®,0) = (6°,¢) = 3(0%p,¢) +3 (0%, ¢) — (. 0)

elementary calculations yield

1 d T T
3ailolEae + Ger [ P60+ (Tpp [ V29

+IVolZ, @ + €2 (F' (U)o, p) + e 2|pll7 (o) + AlD)

= ("= 1,0) + (0, 0) + € (F(U,) = F(U}),0) + (V(w —w"), Vo)
+ 3¢ 2 (92Uh, (;5) + 3¢ 2 (szh, gZ)) — 662 (0pU,,, d) + € (6%, ¢) (3.18)

T

+ 32002, 0)+¢ 2 (F'(U)0, 6) — ¢ 2(F'(Uy)p, p / P (s) ds)

t

We shall further estimate each I;. We begin by splitting I; into

I = <f”—f7p/t pP(s)ds) + (f" = f,p) = I} + I}.

Applying Hoélder, GNL for d = 2, Poincaré and Young inequalities, respectively, it

gives
T
<1 = Alyapllol o [ 7)ds

L,(2)
T 1/2 T 1/2
<alf" = fle@lole| [ Foas| v [ R ds
t L,(2) t L,(2)
T
1/2~ n
<2215 = o lell,e|V [ F)ds
t L,(2)
Cp@ 0 o 1 . 1 [T, 4
< SEN = o + ol o + | [ TG0 ds o
2

The Cauchy-Schwarz and Young inequalities also yield
1 1
2 2
Iy < 5Ly + §Hp||L2(Q)'
Likewise, we split I3 as follows:

I, = < 2(F(U,) - F(UR).p / " R(s)ds) + 2 (F(U,) — F(UP), p) = 1L + I,
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yielding the following bounds

Il < CPéQ F U F Un 9 1 4 11 T ) d 4
3 _?H (Un) — F( h)‘|L2(9)+ﬂ||p||L4(Q)+Z t Vp?(s)ds

)

Ly ()

" 1
I3 < 2t HF(Uh) (Uh)”iz(ﬂ) + §||P||2L2(Q)
From Lemma 3.5 and working as before, we have
T
L= (Vo =w).9(p [ (5)ds)) + (V= "), Vo) i= 1} + 12
t

where
- L Tl

HPHL

I; <

)

L, ()

2
_2

Next, we split I as follows:

b= 6p [ #26) )+ Bp) = 1 + 3
t

and, using Holder, Poincaré and Young inequalities, we deduce

T
/ p%(s)ds
¢ Ly(Q)
T
V/ p*(s)ds
¢
PRile);

T
< D10 o+ ol o+ 5| [ VA2

I <110z, @ ol (o)

< CplbllL,@llelL, @

Ly ()

Ly ()

and

1 1
I3 < §||9t||%2(9) + §||P||2L2(Q)

Next, we split

T
I, = 36_2(92Uh7p/ p*(s)ds) + 3¢ 2(0%U,,, p) =: I} + I,
t

/: p(s)ds

which can be bounded as follows:

I < 36_2||92HL2(Q)||UhHLOO(Q)||p||L4(Q)

L,(Q)
T 1/2 T 1/2
<322 1013 o 1Vils oIl [ P@)as| 9 [ Pas
t L, () t L, (%)
1/2 . 2 2
101, o [0 ol [V [ 25 s
t L, ()
_9C,& 11 i 4
<ot Wl + 7l o+ I o | | VA
2
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and
12 < 2012 o + 310412 oy llol2
5 = 5allVliL, @ T 5li¥allLe (@) PllL, ()
In the same spirit, we also have
T
I, = —6672(0pUh,p/ p*(s)ds) — 6e2(0pU,, p) =: I3 + 12,
t
and, thus,

I; < 6672”0“L4(Q)”szLZ(Q)”Uh”LOC(Q)

][T;#(s)ds

| v

L,()

6C)%é
SE% ||9||L4(Q)||P|\2L4(Q)||Uh”1;oo(sz)

L,()
6*112Ce! "
ST‘*P / Vp?(s)ds
t

1 1
4 4 4
10112, ) + ﬂ||p||L4(Q) + @HUhHLN(Q)

and

)

6 396 1
2 2 2 2 4
I7 < :2||9||L2(Q)HUh||LOO(Q)||P||L4(Q) < €T||UhHLOC(Q)||0HL2(Q) + ﬂ"p“L4(Q)'

Next, we consider the splitting

Ly = € 2(F'(U,)6,p / p2(s)ds) + € 2(F'(U, )6, p) = I}y + I3y,
t

From which we infer the following bounds:

/tT p%(s)ds

Iy < e |F' U po @101, @ 1Pl 0

Ly(2)
cy’e N
< CE NP Ol e @Ol ol [ () ds
€ t L,(Q)
Cpé? 1 11 T
< ~P 9 2 o 4 - F/ U 4 / 2 d
S Sa I ||L2(Q)+44Hp||L4(Q)+ n IF (UL ) Vp©(s)ds

and

12 < 012, @ + SIF O o Il

10 =51 L@ T 5 R L oo (@) 1PN L, (€2)-
Next, we set

T
Iy = 6_2(937p/ P2(s) ds) + 6_2(937p) = I81 + 1827
t

)

Ly ()
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and we further estimate as follows:

| #eas

Ii < 6_2H93HL2(Q)”pHL4(Q)

L,(Q)
01/2~
< CE L0 ol || TG5) s
L, (Q)
Cpé® 1 1 [~ 4
< 100 o0 + gyl o+ | [ V00
aet 10lLg@) + g Pl + 7| ), L)

1 1
2 6 2
Is < QHQHLG(Q) + §Hp||L2(Q)'

For I and Iy, we proceed as follows: we split the terms as
T
I+ 1y =3¢ AU+ 0)p [ F()d8) + 36 AUy +0).p)
t
=:Igg+ I3y,
and estimate:

1 30113/25 3 A
Bo < 5101 o0 (100 + 10 ) |7 [ 2000

Ly ()
4

L, ()

_ C. *
<l o + gtz (190 cier 10 o) | [ 96D s

IN

3
1625,9 €3|\PH%4(Q) <||9||Lw(9) + HUh”Lw(Q)) HpHLZ(Q)

3¢2
< THVPHL ) (”‘gHL @ T ”UhHLOC(Q)) ||P||%2(Q)

180
< IVl + 2 (101 + 1010 Bl o

/\

Finally for the last term on the right-hand side of (3.18), we have

/T p*(s)ds

HF/(U}L)HLOO(Q)”pHL (Q)HVPHL (Q)

Iy < P IF U)o 1AL, )

OP

Ly ()

/Vp s)ds
C2~4

6
< ZIVolL o + S I UL lel, 0

4 4
Chrc! / Vpi(s)ds
t

Applying the above estimates into (3.18) and integrating with respect to ¢ € (0,7)

IN

Ly ()

+

||F/(Uh)||im(n)

L@
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and using the identities
T T 5 1 9 T 9 1 T 4
[ o [ #erana=—3620), [ Foas 5 [ ol e
0 t 2 0 2 Jo 4

/OT(me/tTVpg(s)ds) dt = —i/OTi(/:vﬁ(s) ds, /tTva(s)ds) "
/OTsz(S)ds 2

)

L,(®)

1
4
along with elementary manipulations, the result already follows. O

The use of the dimension-dependent GNL inequalities (2.3)-(2.5) necessitates certain
modifications in the above argument when d = 3. For brevity, we shall only provide
the new bounds for the terms which are handled differently to the proof of the two-
dimensional case from Lemma 3.7. Nonetheless, the advantages persist for the three-
dimensional case.

Lemma 3.8 (d = 3). Let d = 3, u the solution of (3.1) and w as in (3.11). Assume that
p(t) € WHA(Q) N HE(Q) for ae. t € (0,T). Then, for any T € (0, 7], we have

2 1
2
+ §HP(T)||L2(Q)

1 (% 4 1 T,
- dt + - \Y d
s [t g [T as

T * €2 1.,
+ [ A [ (0= DT+ 5 o)

L, ()

1 C? T ~ ~
< 5||P(0)||2L2(Q)+7P||P(O)Hi4(9)+/O (0140, + Co(L1+L,)) dt (3.19)

+;/OT (‘ /tTVpQ(s)ds
4-46110/0T (5(9,Uh)

where we denote by

2
T (aUn) + 1>||p||ig(m> dt
L,(2)

/t ! Vp?(s)ds

4

Ly()

. s C .
O, := ¢ 4<(C(l+396||Uh”2LOO(Q))||9||2L2(Q) + 71”9”%4((2) + Co\lﬁll‘z;(m),

_ C,ye®
B0, Un) = 1276(H9||‘iw(9) U1 @) + 28U (o)

+20P54€2||F/(Uh)||%m(9)+11€10(||F/(Uh>||%W(Q)+\|Uh||%w(g)+6)7
3(0,Un) == 324Cpe (10117 _ ) + U7 _ (o)

with Gy 1= (CF28 +1)/2, Cy 1= 9+ 9CH 2@ + 6*112C &4, Cy = 37C .

Proof. Starting from (3.18), we discuss only the different treatment of the terms [, j =
6,9, 11; the estimation of the remaining terms is identical to the proof of Lemma 3.7
and is, therefore, omitted. We begin by setting ((6, Un) := [|0]l, (o) + IUll1__ ()
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Then, we have

3 .
1 3
9 < :QHP ||L4/3(Q)C(9a Un

)

)| [ s

Ly()
3 < 1/4 T 3/4
< Zlollt 0.0 [ Feas| v [ as
€ * t Ly () t L, (9)
3CC1/4
< 2P pl} (6. Un) / Vo (s) ds
Ly ()
1 C T 4
< 4 2 ( 114 U4 / V2(s)d
< salloll o + gi (WL +10E @) | [ Vo) ds o
using (2.5) for d = 3. Similarly, we have
3
162,9 < :2”0”21;4(9)((9, Uh)||p||L2(Q)
C, 11/4 3/4
< Sl IV I o7l S (0. Un)loll 0
301/4~
< Vel @l @0 UnlpllL,q
¢ 18C/ ¢
< *||VP||2L L) T 7||PHL 4(Q) (HGHQLOO(Q) + HUh”%oo(Q)) ||PH2L2(Q)

81cpc (

<< ||VP||L (Q)+2 2||P||L @t ||9HLOO(Q)+HU}1”LOO(Q)) ol L ()"

Likewise, using completely analogous arguments, we have

| #eas

Iy < e 2IF Ul _ ool @lelL, @

L, ()
01/4~
< PO ol ol [ TP
L, (Q)
1 1 Cpét v *
< 6l + glell o + L NF O | [ T
t L, (@)

The estimation of the remaining /; on the right-hand of (3.18) are completely analo-
gous to the two-dimensional case with the difference that one applies (2.5) for d = 3.

Collecting all the estimates, we arrive at the desirable result. O

3.3.2 Spectral estimates and eigenvalue approximations

To ensure polynomial dependence of the resulting estimates on 1/¢, a widely used
idea is to employ spectral estimates of the principal eigenvalue of the linearized Allen-
Cahn operator:

IV0l2, 0 + €2 (F'(w)v,0)

—A(t) := in
©) = enifino s

(3.20)

The celebrated works [Che94, MS95, AF93] showed that A can be bounded indepen-
dently of € for the case of smooth, evolved interfaces. This idea was used in [FP03] for
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the proof of a priori and [KNS04, FW05] for a posteriori error bounds for finite element
methods in various norms with constants depending upon 1/¢ only in a polynomial
fashion. The a priori nature of the spectral estimate (3.20) is somewhat at odds, how-
ever, with the presence of A in a posteriori error bounds. This difficulty was overcome
in [Bar05] by first linearizing about the numerical solution Uy, viz.,

Voul|2 + e 2(F'(U, (t)v,v
—A(t):=  inf A 2( ) ), (3:21)
veHL(Q)\{0} 10117, 0

and by then proving verifiable eigenvalue approximation error bounds.
Indeed, let us omit the time variable ¢ and consider that there exist functions w €

H{(£2) such that
(Vw, Vo) + €2 (F'(U,)w,v) = —A(w,v) Yv € Hy(Q). (3.22)

Let P, be the L,-projection onto the subspace of all functions w € H{ (£2) that satisfy
(3.22). The lowest order finite element scheme comprises: We assume that we are
given (w,, A;) € V' x Rwith [[wy, || o) =1 such that

2

(Vwy, Vo) + €2 (F/(Uy)wy,, v,) = =Ny (wy,03) Vo, € Vi (3.23)

We present the following upper bounds from [BMO11] for the lowest order finite
element scheme, upon choosing k£ = 1 into (3.3):

Vit = {x € C(Q); x|, € Py(r), VT € T"}.

Proposition 3.9. [BMO11, Proposition 3.5] Let (w,;,,A;) € V,:L’l x R satisfy (3.23)
with ||wh||L2(Q) = 1 and assume that

[wy, = Pywy |7 () < 1/2- (3.24)
Forl =1,2 set
2 1 =2 _ 2 1-1/2 2
AL = Z ([ (Awh € “F(Uy)wy, Awh)”Lz(‘r) + Z (1 ﬂvwhﬂ||L2(e)~
Ty e€eSy

Then, for [ = 1 there holds that

- B 1/2
A=A <200y, (Mg + e 2IF O @)

while for [ = 2 and when there exists a constant Cy >0 such that HD%HLZ(Q) <
CAHAUHL?(Q) for all v € H (2) N H%(Q), we have

- 1/2
A=Ay £20Camy, (Co 4 22 F (Ol ) -

where we denote by C', := inf ¢ g1 o)\ {0} (||Vv||2L2(Q)/HU||%2(Q)) and C' > Obea
(h,,, €)-independent.
[BMO11, Bar05] noticed that the saturation assumption (3.24) is difficult to verify

in practice. To address this, these works include the following a priori estimate in case
that the Laplace operator is H?-regular in Q.
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Proposition 3.10. [BMO11, Proposition 3.7] Suppose that (w;,, A;,) € th’l xR satisfy
(3.23) and assume that h,, is such that

CCx (Cy+ 26 2P (Ul o ) b2 < 1/2
Then, we have
2 .
0<A—A, <4 (1 +C,+ 4e*2||F'(Uh)||Lx(Q)) CONR2.

The latter ensures that it is possible to compute principle eigenvalue approxima-
tions and to obtain alower bound —A(t) < —A(t) through a posteriori error estimates.
It has been shown in [BMO11, Section 3.2] (see also [Bar05, Section 5]) that for linear
conforming finite element spaces, (k = 1) it is possible to construct —A(t) < —A(t)
for almost all £ € (0, 7] upon assuming that ||Uy, || (o) remains bounded indepen-
dently of 1/e. In Chapter 4, we shall extend the above results to the hp-version FEM
setting.

The e-independence A, (resp. A, /_X,) however, is not guaranteed when the evolving
interfaces are subjected to topological changes. This is an important challenge, since
phase-field approaches are preferred over sharp-interface models exactly due to their
ability evolve interfaces past topological changes. To address this, in [BMO11] (see,
also [Bar16, BM11]) a crucial observation on the temporal integrability of A under
topological changes was given: during topological changes we have \(t) ~ 1/¢2, but
only for time periods of length €2. Therefore, it has been postulated that there exists
anm > 0, such that

T
/ (A1) dt < C +log (=™ (3.25)
0

holds for some constant C' > 0 independent of €, with v, := max{v,0}; notice
that for m = 0, we return to the earlier case of no topological changes. A num-
ber of numerically validated scenarios justifying (3.25) for the scalar Allen-Cahn and
its vectorial counterpart, the Ginzburg-Landau equation, can be found in [BMO11].
Moreover, a construction for a A € L; (0, T) such that

T T
| Gunar= [ @), (3.26)
0 0

has been provided in [BMO11, Proposition 3.8]. The above motivate the following
assumption on the behaviour of the principal eigenvalue A, which we shall henceforth
adopt.

Assumption 3.11. We postulate the validity of one of the following options:

(I) We assume that the zero level set I'y = {z € Q : u(z,t) = 0} is sufficiently
smooth. Then, for almost every ¢ € (0,T), there exists a computable bound
—A(t) < —A(t) which is independent of e.

(II) There existsan m > 0, such that fOT A(t)dt < C+log (e~™) for some constant

C > 0 independent of € and we can construct a Ae L1(0,T) such that (3.26)
holds.

Remark 3.12. Of course, Assumption 3.11(I) is a special case of Assumption 3.11(II),
arising when m = 0. Nonetheless, when Assumption 3.11(I) is valid, the resulting a
posteriori error estimates will have more favourable dependence on the final time T’
than the estimates that are possible under the more general Assumption 3.11(II).
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We shall prove a posteriori error estimates under the more general Assumption
3.11(II), commenting, nevertheless, on the differences that would arise in the proof
under 3.11(I) instead.

3.3.3 Continuation argument

We begin by noting that, compared to the state-of-the-art estimates of [BMO11,
BM11], there are three additional terms on the right hand side of (3.16), (3.19), due
to the use of the special test function (3.17): 0|z, 0,7z, (2)) and (|0, 0,7:1, ()
which arise naturally and are “symmetric” with respect to the ||| (07,1, (0)) norm
that is to be estimated, while the additional term ||.HL6(O7T;LG(SZ)) can be compen-
sated by the presence of the additional terms A(t) (weighted norms) appearing on
the left-hand side. Since the Lg(0,T; Lg(§2))-norm does not arise naturally in the
Allen-Cahn energy functions, we have opted in dropping the fo t)dt > 0 terms
from the left-hand side of (3.16) and (3.19) for d = 2 and d = 3, respectlvely, in the
analysis below. -

Assuming that the lower bound —A(t) < —A(t) of the principal eigenvalue is
available, we set v = p € HJ(2) in (3.21), to deduce

||VP||%2(Q) +e 2 (F'(U,)p, p)
= (1= &) (IVpl o) + €2 (F' (U)o, )
+E(IVollT, ) + (F'(Uy)p, p)
> = MO =)ol + Vo3, ) + (F'U).p)-

For d = 2, we work as follows. Upon setting

(3.27)

1/4
( Ip(O)1Z, )+ Pllp( )z (Q)+Z/ 1+@2+Co(£1+£2))dt) ;

n=1

D, := max{4, a(Up) + 2A(t)(1 — €2) 4+ 2}, and B, := max{165(6, Up), (0, Un)},
we use (3.27) on the left-hand side of (3.16), we note that —F'(Up) < 1, and drop
[oCA(t) dt, to arrive at

0
/ ol oy 5 / 1901 o dt+ 2 H / Vod(s

T 1 T
§n§+/ D, (t) < / VpQ(s)ds

g
+€—6/ ( /vp
(s

*||P( WL, @)

Ly ()

1
+ 5ol (Q)) dt
@) 20

1 4
+ 4||p|L2(Q)> de

1
*||P||2 o) | dt
(Q) 2 Lz( )

[[ovon

B 1 ?
+ =2 sup ’ Vp?(s)ds fp2
€6 refo.n] {8 0 (s) @ 2” HLZ(Q)
T 2
T 2
(3] vereas| s Tl
0 L,(Q) te[o,T]
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where B, = supyeo,) Ba(t)-
Now, we set F, := exp ( fOT Dy (t) dt) and, for d = 2, 3, we use the abbreviation

1 T 62 T
Nowalp) = 75 | Wl o e+ 5 [ 19018 oy
2

1 e, 1
3 Vp<(s)ds + sup -
0

+
L,(Q) t€[0] 2

o113, -

for the collection of seminorms on the left-hand side of the last estimate. With this
notation, we define the set

I = {T € [0,T): Non2(p) < 03By }.

The set I, is non-empty because 0 € I, and the left-hand side depends continuously
on T. We set T := max [,, and we assume that T < T'; we aim to arrive at a
contradiction. Hence, using the definition of the set I, we deduce

2

/0T Vp?*(s)ds

+ 168, nSE3(T + 1)eS.

0

i 1 1
Nio..2(p) <13 +/ D;(t) (8‘ + 2”/’”%2@)) d

Ly ()

If the last term on the right-hand side of the last estimate is bounded above by 73, or,
equivalently, if it holds

s < S(16B,(T + 1)E3) ", (3.28)

then for all 0 < T < T* we have

T 1 T 2 1
Nowalo) <20+ [ Dy(0) (8\ [ e +2p||%2<m> at.
0 0 L,(R)
Since
1 [T, 2 1,
3 Vp=(s)ds + §||P||L2(Q) < Mo1.2(0),
0 L,(9)

Gronwall’s Lemma implies
Noe2(p) < 2115 B,

upon setting T = T*. This contradicts the hypothesis T < T and, therefore, proves
that I, = [0, 7.

Likewise, for d = 3, we insert the spectral estimate (3.27) into (3.19), and we work
as for d = 2. Setting

) C2 N ~ ~ 1/4
m = (2||p<o>||%2<m+;np(mnamﬁZ / (01+6;+Co(£,+L5)) df) :
n=1 n

Dy = max{4, (Up,) + 2A(t)(1 — €2) 4 3}, By := max{165(0, Uy),5(6, Up)}, and
By = supyepo, 1) Bs(t), Bs = exp ( fOT D,(t) dt) through the same argumentation,
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we conclude that now the set I3 := {1 € [0,7] : N 3(p) < 413E3} equals to
[0, T'] upon assuming the condition

h < 0(168,(T + 1)E3) ™. (3.29)
The above argument has already confirmed the validity of the following result.

Lemma 3.13. Assume that (3.28) holds when d = 2 or (3.29) holds when d = 3. Then,
we have the bound
No.r1.a(p) < 4nzEy. (3.30)

3.3.4 Fully computable upper bounds

The bound in Lemma 3.13 is still not fully computable, due to various terms involving
0, 0, and p(0), which we shall now further estimate by computable quantities. For
the terms involving p(0), we have

1
5”/’(0)”%2(9) < flug — Ui?H%Q(Q) + “90“%2(9)7

02
7P||P(0)||%4(Q) < ACE(flug — Ui?H%AL(Q) + ||90||i4(9))~

The Sobolev norms of 6 appearing on 74 can be further estimated by a posteriori
bounds for elliptic problems; see, e.g., [Ver96, AO00] for p = 2, and [Noc95, DDP00,
DG12] for p = oo. We focus, therefore, in the derivation of L,-norm a posteriori error
bounds for elliptic problems for 6 and for 6, via suitable duality arguments. Although
the derivation is somewhat standard, we prefer to present it here with some level of
detail to highlight the regularity assumptions required.

Specifically, consider the following dual problem:

(3.31)

~Az=9P71 inQ,
z=0 on0Q;

on a convex domain,  C RY for d € {2,3}. Then, there exists a constant C, > 0,
depending on the domain €2, such that

1 -1 .
HZHWz,p/(p—l)(Q) < Collv? ||Lp/(p71)(ﬂ) = CQ”T/’Hip(mv forp > 2; (3.32)
we refer to [Gril1] for details.

Spatial error estimates. We estimate O, by residual-type estimators due to the
presence of non-Hilbertian norms. In view of Remark 3.2 above, forevery 1 <n < N
the term

0" =w" - Up

is the error of the elliptic problem (3.6), so we can further estimate norms of § once
we have estimators of the form

16", (o < EUR 15 L, (),
at our disposal for p = 2,4, 6. Therefore, from (3.10) and (3.11) we have

1611, ) < € (U g1 Ly () + € (U™ 955 Ly ()
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giving

(3.33)

N
)3 / 161 0
N

<63k, (0 (048 1y(0)) 87 (03604 ,0)),

for ¢ > 0 an algebraic constant.
Let 2 < p < +00. To determine the estimator &£ precisely, we set ¢ = 6™ on (3.31)
and we have

||9"||L () /sz'vandl‘—/QVIﬁZ-VQndx

Z/V(z— hz)-V(w" = U dz
Q

from Remark 3.2, with Z}' : W'1(Q) — V" denoting the standard Scott-Zhang
interpolation operator that satisfies optimal approximation properties [SZ90, AM17],
reading: for all 7 € 7, and e € S} it holds that

Iz =Tzl () < Cszhillzllwi )
o e (3.34)
||Z - hZ”Lp(e) < CSZhn HZHleP(w(e))’

for all I < Kk + 1 and for some constant C'sz > 0 independent of &, and of the
functions involved, denoting by w(e) the neighbourhood of elements sharing the face
e, and by w(7) the neighbourhood of elements sharing a whole edge (/face) or a vertex.
Continuing in standard fashion, we have

||9n||1£p(9) = Z Vw™-V (z — d$+ Z AU Z—Ihz)d
TGT" T TGT" T
- Z/ (VUP @) (2 — I} z) ds
TET!
= Z /7’71 z— dJU— Z [[VUh]] Z—IhZ)d
TET" T eeS €
1/p
< Csa (2 Ihrally o+ 2 I PIVORTIE, o) T2l oy
TET eeSy

using the approximation properties (3.34) of Z;’, Then, the elliptic regularity estimate
(3.32) implies that

1/p
& (Ui g L) i= CaCsz (D I2rally, o+ S IR IvURTIE, )
TETh" eES"

[VU}] denotes the jump across the internal edge e whereby r,, := g}’ + AU}’ the
element residual of the elliptic problem (3.6) at time ¢,,. The latter turns out to be the
residual of the numerical scheme (3.4) also. Indeed, using the (3.5) and (3.7) we obtain
that

r=gn 4+ AUy = =k,  (UF —UP™") — e 2F(US) + f" + AU
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For the limiting case p = 400, we have
E (U3 933 Lol ) 1= Cliya (2 W2l i+ Y I IVUR DL o))
TET eeS)
with £, ; = (In(1/h,,))"?, where a, = 2 and a; = 1; we refer to [DG12, Theorem
6.1] and [DK15] for details.

Mesh change estimates. The use of time extensions in (3.10), (3.11) and (3.12)
results in decomposing 6, as follows

wh — wnfl U}? _ U}’;Lfl
k k ’

n

0, =w, — Uy = foreachn=1,...,N, (3.35)

n
where U € V* and U;'' € V;* ! with V;» # V"~! in general. Since the trian-
gulations 7;* and 7;1"_1 can be different when adaptive mesh refinements take place,
we consider the Scott-Zhang interpolation operator ZJ : HZ (€2) — V;* N Vi rel-
ative to the finest common coarsening of 7;* and 7", 72” = TP AT . The
latter allows to apply the Galerkin orthogonality property of the elliptic reconstruc-
tion in V;* N V;"~!. Moreover, we have the following approximation result: for all
e € SM\Spand 1 < p < oo it holds that

Iz = Zizllp o) < Csz(max ) P el wisgoiey  VESHFL (336)
where h,, := max(h,,, h,_,), with w(e) denoting the neighbourhood of elements

sharing the face e, where, as before, the positive constant C'y,, depends only on the
shape regularity of the triangulation; here S}; denotes the interior mesh subordinate
to the coarsest common refinement 7, := 7,;* vV 7," ! of 7,;* and 7,"*.

Setting 1 = 6, on (3.31), we work as before to deduce

16117, () = k! /Q V(z—1p2)V (w" —w" '~ U+ U da

=% [on-Ti)ar- 3 [avURIG -z s

TeTR cesp ” €

Standard estimation via Hoélder’s inequality and (3.36) give, in turn,

10 o
< S0l =Tl L o+ S NOIVTRN o le-T22l |, o
Te'f’h" p=1 663{: Pt
o R 1/p
< (0 WOy + 3 IS POITURIG () Il o e
reT eeSy

Finally, the assumed elliptic regularity (3.32), gives the a posteriori error estimator

é (Uh,u Ghts Lp(Q))

1/p
—CaCss | X 120ty + 3 IEPOIVURING ()

TET eeSy

for which we have H0t||’£p(m < éP(Uh’t, Gn.15 Lp(2)).
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3.3.5 Main results

Now we are ready to present the main error estimate in the L,(0,T; L,(£2))-norm.

Theorem 3.14. Let uy, € W14(Q) N H}(Q) and f € L_(0,T;L,(9)), Q C RY,
d = 2, 3. Let u be the solution of (3.1) and U, is its approximation (3.4). Then, under
Assumption (3.11)(I) and the condition

e < (16(T + 1)B,E2)/*ed=1/2, (3.37)

the following error bound holds

4
flu— UhHL4(O,T;L4(Q)) < 2n,4((d— 1)Ed)1/ + H9||L4(0,T;L4(sz))~ (338)

Proof. Ignoring nonnegative terms on the left-hand side of (3.30), we have

1ol L, 0.1z (2)) < 2ma ((d — 1E)*

the proof follows by a triangle inequality. O

Remark 3.15. We discuss the regularity of data, i.e., the forcing term f and the initial
condition u. It is clear that the above a posteriori error analysis depends crucially on
the construction of a suitable test function ¢, (3.17). In order to validate the choice of
the test function, it is necessary to enforce the following regularity for the solution:
u € L,(0,T;W?%(Q)) and u, € L,(0,T;L,(£2)). This is evident in the analysis
through the following hypothesis

p(t) = u(t) —w(t) e WHH(Q) forae. te (0,7],

that is imposed in both Lemmas 3.7 and 3.8 and it implies that ¢ € H{(12). The lat-
ter allows to test the error equation (4.37) against the test function. Importantly, the
enhanced regularity assumptions u, € W*(Q) N H§ () and f € L (0,75 L,(9))
guarantee the desired regularity on u. Furthermore, we note that the regularity con-
cerning the forcing term is imposed indirectly through the elliptic reconstruction es-
timators in the L,(0,7T; L,(?))-norm. Indeed, f is a component of the elemental
residual by construction: foreachn =1,..., N

ro =k, (U= UR) + AUS — e 2F(U) + f™

Remark 3.16. Under the more restrictive Assumption 3.11(I), the continuation
argument presented in Section 3.3.3 remains analogous with minor alterations.
Specifically, upon setting m = 0 and replacing E; = exp ( fOT D,(t)dt) by
E, = exp(D,T), with D, := supyeo,r) max{4, a(Uy) + 2M(t)(1 — €2) + d},
d = 2, 3, Theorem 3.14 remains valid.

Remark 3.17. We stress that Theorem 3.14 holds also in cases whereby it is not pos-
sible to assume that ||U} ||z _ (0,7;1.. () is bounded independently of 1/¢. We note,
however, that ||U,,||L_(0,7;L..()) remains uniformly bounded with respect to 1/¢
and the mesh parameters in all scenarios of practical interest we are aware of and it
is typically required in scenarios ensuring the validity of Assumption 3.11.
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It is instructive to discuss in detail the dependence of the various terms appearing
in (3.37) and (3.38) to assess the practicality of the resulting a posteriori error bound
above. The computational challenge for ¢ < 1 is manifested by the satisfaction of
the condition (3.37). Indeed as € — 0 the condition (3.37) becomes increasingly more
stringent to be satisfied, necessitating meshes to be increasingly locally fine enough so
as to reduce the estimator 74; this results to proliferation of the numerical degrees of
freedom. Once 74 is small enough, an adaptive algorithm could make use of Theorem
3.14 for further estimation, which requires (3.37) to be valid.

Assuming that |[Uj'[|;_q) < €' foralln = 1,...,N for some e-independent
constant C’ > 0. Also, we have

101l L_o,mse () = ||€n—1(t)9n71+fn(t)9nHLx(o,T;Lm(Q)) < nzrillﬁf(N\|9n\|Lx(Q)-

The L (€2)-norm of each 0™ was estimated in subsection 3.3.4. For the moment, if
also assume that [|0" |, o) < C’ uniformly with respect to ¢, then we can conclude

that 24 - 6 < By < CC’, d = 2, 3 and, therefore,

3<2((T+1)B,)"*

<Oo(T+1)Y4,

for some generic constants C' > 0, independent of €, upon noting that V6 > 1.5.
Moreover, in the case of smooth developed interfaces (Assumption 3.11(I)), one ex-

pects that £/, ~ 1 as highlighted in the classical works [Che94, MS95]. When topo-

logical changes take place, we can follow [BMO11] and postulate that £, ~ €=,
m > 0. With the above convention, we find that (3.37) becomes

4 < Gd€d+(m_1)/2,

for some constant G4 > 1 and for all m > 0, thus encapsulating simultaneously both
cases of Assumption 3.11.

Hence, the e-dependence for the condition (3.37) appears to be less stringent than
in the respective conditional a posteriori in Lo, (0,T; Ly(2))- and Ly (0, T; H(Q))-
norms from [Bar05, BMO11, BM11], which reads, roughly speaking, 77 < cet 3™ for
the corresponding estimator 7} and some constant ¢ > 0. Therefore, seeking to prove
a posteriori error estimates for the L,(0,7’; L,(2))-norm error is, in our view, justi-
fied, as they can be potentially used to drive space-time adaptive algorithms without
excessive numerical degree of freedom proliferation.

The new a posteriori error analysis appears to also improve the e-dependence on
the condition for Ly(0,7; H'(Q2))- and L (0,T; Ly(Q2))-norms bounds compared
to [FWO05, Bar05, BMO11, BM11] in certain cases. Of course, the different method of
proof above results to different terms appearing in 74 above compared to the respec-
tive conditional a posteriori error bounds from [FW05, Bar05, BMO11, BM11]. There-
fore, the performance of the proposed estimates above has to be assessed numerically
before any conclusive statements can made. In particular, we have the following re-
sult.

Proposition 3.18 (L, (H')- and L (L,)-norm estimates). With the hypotheses of
Theorem 3.14 and, assuming condition (3.37), we have the bounds

_ 1/2
lu = Ul 0,0:m3(02)) < 2v2e 3By + 101l 2, 0,72 (2))>

1/2
lw=Unll_ o1, < 2V23EY? + 1002 _ 0,752, 02))-
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Therefore, in the same setting as before, we have (3.37) implies
775 < G§€2d71+m.

If we accept that 773 ~ 7] from [Bar05, BMO11, BM11], for the sake of the argument, at
least at the level of the conditional estimate, (3.37) gives formally favourable depen-
dence on € when d = 2 and m > 0 and also when d = 3 and m > 1/2, compared to
the respective dependence 7j < ce**t3™ from [BMO11, BM11].



CHAPTER 4

DG - IPDG ON POLYTOPIC MESHES

Here, we focus on the derivation of a posteriori error estimates for the fully-discrete
approximations of the Allen-Cahn equation (1.4) in two and three spatial dimen-
sions of an arbitrary order space-time method comprising discontinuous Galerkin
time-stepping method (DG), combined with interior penalty discontinuous Galerkin
method (IPDG) in space. As for the spatial domain, it is decomposed into general
polytopes while arbitrary number of very small faces are allowed. The key motiva-
tion for studying this method is the potential it offers in significant computational
complexity reduction by the use of few “large” elements of general shape in regions
of the solution being u ~ %1, while employing aggressively refined elements in the
interface regions to resolve the layers. The regularity of the mesh is assumed in the
spirit of [CDG21]. For this method, we prove conditional type a posteriori error es-
timates in the L,(0,7; L,(9)), L2(0,T; H'(S)) and L__(0,T; Ly(£2))-norms that
depend polynomially upon the inverse of the interface length ¢, where we denote by
Il zr1 (s) the dG-norm that will be defined below. The derived conditional assump-
tions exhibit analogous e-dependence to the one simpler fully discrete scheme from
Chapter 3. This time, we introduce the idea of a space-time reconstruction to split
the total error, resulting from the combination of time reconstruction as introduced in
[MNO06] and further studied in [SW10, HW17, GLW21] and a variant of the elliptic
reconstruction [MNO03, LM06] that takes into account the mesh change effect. Anal-
ogously to the previous chapter, we apply non-standard energy techniques together
with a continuation argument to derive an estimator with terms that can be controlled
in an a posteriori fashion. Again, it will be of crucial importance the availability of a
spectral estimate of the linearized Allen-Cahn operator with respect to the approxi-
mate solution of the proposed scheme. The statement of the a posteriori error estimate
requires a lower bound of the principal eigenvalue; to that end we adopt Assumption
3.11. Additionally, we investigate the eigenvalue problem approximation by an Ap-
finite element method to compute the principal eigenvalue and we derive respective
a posteriori eigenvalue error estimates.

39
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4.1 Space-time discretization

Let0 =ty < t; < ... <ty =T. We consider the partition of the time interval [0, T']
into subintervals J,, := (t,,_;,t,] where k,, :=t, —t,,_;,n = 1,..., N each time
step. Let also {7,"}2__, be a sequence of subdivisions of the domain 2 into general
polygonal (d = 2) or polyhedral (d = 3) elements 7, that are allowed to be modified
on each time step. We define a mesh function » : Q — R such that h|_ := h_
where h_ := diam(7) denotes the diameter of 7 € 7;". In order to introduce interior
penalty discontinuous Galerkin method, we associate to each 7, the element-wise
discontinuous polynomial space:

Sii = {vn € La(Q); vyl € P(r), ¥7 € Ty'},

with P, denoting the d-variate space of polynomials of degree at most x € N.

Let I'" := Uregn Ot the skeleton of the mesh while the interior of the skeleton is
denoted by '}, := I'"™\ 0, so that I' = 9QUT']},. The mesh skeleton is decomposed
into (d — 1)-dimensional simplicial faces, shared by at most two elements. These are
distinct from elemental interfaces, defined as the simply-connected components of
the intersection between the boundaries of two neighbouring elements. Within this
setting, hanging nodes/edges are naturally permitted, as an interface between two
elements may be multi-faced. We refer to Figure 3 for an illustration for d = 2.

Given 71,7~ two elements sharing a (d—1)- dimensional face e := 77 N7~ C I'Z},
with n* and n~ be the respective outward normal unit vectors on e. We define the
averages and jumps for arbitrary functions, v : Q — R and w : Q — R? over each e

as it follows:
1 i B 1 N B
{vHe = 5 vt+v), {wl.:= B (wh+w),
Bl = vt +v ", [, == whnt +won

where vE := |, . and wF :=w| o .. Ife C 07 NOQ, we set {w} := wT and

V] :=vTnt.

enor

Figure 3: Polygonal element 7 € 7, , and its face-wise neighbours; hanging nodes are highlighted with

bold dots, interface and face with red and blue color, respectively.
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A finite element space 5] is specified on each time interval J,, n = 1,..., N.
Then, we seek approximate solutions from the space

Shi = {V 1(0,T] — Ly(Q); V|, €P, (J,;5y) foreachn =1,.. .,N} ,

where P, (J,,; S};) denoting the space of polynomials on J,, of degree at most g,, €
Ny, having values in S}’. These functions are left continuous with right limits and
hence we subsequently write X, for X (¢,) = X (¢,,) and X, for X (). The jump
at t, will be denoted by [X], = X;F — X .

4.1.1 Meshregularity, inverse estimates and approximation results.

We adopt mesh regularity assumptions in the spirit of [CDG21]. However, in the
present context of a posteriori error analysis, we require a generalized concept of
shape-regularity of the polytopic elements. As such the mesh assumptions presented
below are more stringent than the ones in [CDG21]. These assumptions correspond
to the dG-norm a posteriori error estimates from [CDGon].

Assumption 4.1 (Mesh regularity). Each element 7 € 7," is a finite union of star-
shaped polytopes. Further, there exists a subdivision of each 7 into finite non-
overlapping polytopes {7,};,, that are star shaped with respect to a point x} € 7,
such that

C

sh

my(x) - n(x) > h, (1)

where m;(x) := x — x}, x € 07; and n(x) the unit outward normal vector to 7; at
x € Ot;. Here, C, > 1is a h_-independent constant that holds uniformly through
all mesh changes over time steps.

Moreover, there exists n, € N such that for each 7 € 7}’ and for each simply
connected interface I C I'™ N O, it holds that

if C,|I| <h?' then card{ecT™:eC I} <n,. (4.2)

Figure 4: A polygonal element 7 € 7, with seven nodes is subdivided into two polygons 7, and 7, star

shaped w.r.t. x(l) and xg respectively.
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Lemma 4.2 (Trace estimates [CDG21]). Let 7 € T} that satisfying Assumption 4.1.
Then, for ¢ € [1,+00) and for each v € W19(7) the following trace estimate holds

fori=1,...,n,

||UHqu(aTi)

d q maxxEé)Ti ‘mi |2 q—1 (43)

< Pl 192,

< —————vll} )+ =

where |-, is the Euclidean distance in R?. Moreover, there holds that

HU”qu(aT) < ZHUH%(I(GQ) < (C1h21||?f||%p<7) + §2h271||VU||qu(T)) , (4.4)
i=1

where C,, := dC,, and (;,(, > 0 algebraic constants that depend on d.

Proof. Applying the Divergence Theorem to the function |v|?m, and verifying that
V -m, = d it yields that

/ [v|%m, - nds = / V- (Jv|'m;) dx
or, T

:/ (V- m,) o] dz +/ glv9 1| Vo| - m, de

T
1

-1
<dlpollg, () +a max|my vl Vol -

Using Hoélder, Young inequalities and the property max, . [m;|, < h,, we derive
the second result. O

We refer to [VV09, Lemma 4.1, Corollary 4.5] for additional details about the con-
struction of a vector field analogous to m; defined on simplices and the derivation of
the corresponding trace inequalities.

Lemma 4.3 (Inverse estimates [CDG21]). Let 7 € 1} satisfying Assumption 4.1.
Then, for k € N and for each v € P, (1), the following inverse estimate holds

(k+ 1) (k+d) (k+ 1) (k+d)

2 2 2
. <C
||U\|L2(dn) = minxeari(mi'n) HU||L2(T,L,) = Csn T HUHLZ(E), (4.5)
fori =1,...,n . Combining these, we also have
C.
10117 0m) < Z=I0IE, ), (4.6)
T

with Cj,, a positive constant depending only on x, d and C;,.

Remark 4.4. Crucially, the constants C,, and Cj,, do not depend on n ., owning to

the assumption that the sub-elements 7; are non-overlapping.

Next, we present the following approximation results.
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Lemma 4.5. Let 7 € 7, satisfying Assumption 4.1. Then, for ¢ € [1, +00) and for all
v € W29(1) there exists I1;v € P; such that

||U_H1UHLq(T < C hT|U|W2q (r)> (47)
|V (v— Hl“)HLq(r) < Cphlvlwza(ry, (4.8)
with €', positive constant depending on d, n. and Cy,.

Proof. Under the mesh-regularity Assumption 4.1 for 7 € 7,"* we can follow the proof
of [Ver99, Lemma 4.4] and apply the Poincaré inequalities proved in [VV11, Propo-
sition 2.10] with explicit dependence on the regularity constant C;, the number of
the elemental subdivision n_ and dimension d. Indeed, we begin by considering the
following estimate

[0 =gl ) < Cphr[VOllL 7, (4.9)

with IIjv denoting the orthogonal L,-projection onto constants, noting that (4.9)

follows immediately from Poincaré inequality and the shape regularity of 7. Let

v = oy + Zd x; for d € {2,3}, the elementwise linear polynomial. We
61:

) Then since aa =11, ( ) we obtain that
IV (v =1Lo)[g, )
1 1/q d P 9 1/q
) = (3] (5|
(Z H . Lq(q-)) (; Oz, 0 <8x1) Ly(7)
at the last step we used the approximation result (4.9). For the proof of (4.7) we set

= [|Vv - Ho(vv)”Lq(T) < Cphrlvlwa(ry
d
W=V—) 0T =0 — ZZ 11'[0( )x Note that

choose o; =11,

U—Hlv:v—aO—Zaixi:w—aozw—ﬂow.
i=1
Then, we deduce that
[o =Tl ) = lw=Tywlly i < Cph [Vl ()
= Cph V(v =Tgo)llg () < CEh3[0lyaa(ry,
using (4.9) and (4.8). O
Let also
Wy, = Pi'my 2 Ly(Jy; Lo(Q2)) = Py (J,,55%)
be the time local fully discrete Ly(J,,; L5(£2))-orthogonal projection satisfying
/ (I, X, V) dt = / (X,V)dt, forallV eP, (J,;5%),
J J

n n

where 7, 1 Ly(J,,; Ly(2)) — P, (J,,5 Ly(€2)) with

/J (qux, V) dt :/J (X,V)dt, forallV € P, (J,;Ly(Q)),

n n

forn=1,..., N and P} is the orthogonal L,-projection onto S7'.
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4.1.2 'The fully discrete scheme

For brevity, as before, we set F'(U) = U® — U. The above discussion suggests the
following space-time dG-method for the problem (1.4) : find U € S}, such that

U(0) =Ul(ty) := Pug, (4.10)
andforn=1,..., N and foreach V € P, (J,;5}),

/ ( (Ut7 V) + Bn (Ua V) + 6_2 (F(U)7 V) ) dt + ([[U]]n—l’ Vn+—1)
J
n (4.11)

| v

n

L, = B, (t) : S; x S}! — R the spatial dG-bilinear form, given by
B, (w,v) := Z Vw - Vudz
TeT, T

(4.12)
- [ (Vu}- b1+ {90} [uw] - ofu] - ) ds.

The nonnegative function o : I' — R is referred to as discontinuity-penalization pa-

rameter. For the purposes of the error analysis, it is desired the bilinear to be applied

to the exact solution u. Thus, we introduce an extension of (4.12) from S}’ x S}’ to

S™ x 8", where S™ := H{ + S7, defined by

B, (w,v) = Z Vw-Vudz

TET! T

(4.13)
- /F (PpVwh[o] + {PEVo}-[w] — ow]-[o]) ds.

Here, P : [Ly(Q)] — [SP]? is the orthogonal L,-projection onto the vectorial

finite element space. This way, the integrals involving {P}Vw} and {P}Vuv} are

well defined as these terms are now traces of element-wise polynomial functions from

the finite element space. Furthermore, A,, : S}' — S} is the discrete dG-Laplacian

operator defined by

(A, w,v) = B, (w,v) = B, (w,v) forall w,veS}.

Note that if w,v € H (), then B, (w,v) = (Vw, Vo).
Upon inserting the exact solution w into (4.13) we obtain for every w € S™ and for
eachn =1,..., N that

/']n ((Ut + e 2F(u) — f, w) + En (u7w)) dt =0,

since [u],,_; = 0. Integration by parts elementwise with respect to space and the
fact that Ju] = 0 on I'" imply that

/ (uy — Au+ € *F(u) — f,w) dt = / {Vu —PpVu} - [w] ds dt;
J

J, Jrn

n

the right-hand side is a representation of the inconsistency of En(, ).
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Remark 4.6. We denote by S := S, + H{ (£2), which can be specified over each time
subinterval J,, n = 1,..., N and we write 5™ := S}' + H{(Q).

Now, we assess that the spatial dG-bilinear form (4.13) is symmetric and under a
suitable choice of parameter o it is also coercive. To do so we introduce, the so called
dG-norm: for all w € S™

1/2
1wl g (gmy = ( Z /|Vw|2dx+/r7 0|[[w]]\2ds) . (4.14)

TET" T

Lemma 4.7. Suppose that 7 € T} satisfies Assumption 4.1 for d € {2, 3} and for each
n=1,...,N.Letalso o := C_ (k+1)(k+d)/h,, where C > 2C,,. Then, we have

B, (w,v) < [lwl| g1 gm0l g1 (sny, forallw,v e S™, (4.15)

1
B, (w,w) > §Hw||fq1(sn)7 forall w € S™. (4.16)

Proof. We begin with the proof of coercivity property. For w = v in (4.13), it yields
that

Bfw.w) = olsny =2 | {PEVw) - [ulds, (417)
where the last term on the right-hand side can be bounded from above:

2/ {PVuw} - Jw]ds = 2/ o V2 PPVw} - ot/ [w] ds
r ! . (4.18)
< 2/ o ' {PIVw}? ds + 5/ ow]? ds.

n

Note that (P'Vw)|, € P.(7), ¥7 € T,". Then, using the inverse estimate (4.6) where
k € Nand d € {2, 3}, we obtain that

2/ o ' HPIVw}*ds < Z/ o HPrVw|* ds
rn reTn or
h
(n+ (s +d) .
< EZTn TCSha’—hT|Ph’vw|2dx
T h

< Z /Qhwwwﬁdﬁ

TeTr " UhT

At the last step we have used the stability property of the L,-projection operator in the
Ly-norm. Then, we choose C, > 2C, and it implies that Cj (k + 1)(k + d)/oh, <
1/2. Thus, inserting the last bound into (4.18) and combining with (4.17), it yields
(4.16). For the proof of (4.15) we begin by applying Cauchy-Schwarz inequality and
working as before. O

4.2 Reconstructions

We shall present the main technical tools that will be used throughout the remaining
of this chapter. To begin with, we introduce the novel idea of a higher order time
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reconstruction in the weak sense. Furthermore, we present two different explicit rep-
resentations based on the original approach of [MNO06] and the later works [SW10,
HW17]. The next step is the definition of a variant of the elliptic reconstruction and
its later association with the time reconstruction which will be crucial for the proof of
the a posteriori error bounds below.

4.2.1 Time reconstruction

Let the following time-semidiscrete space
Sy = {V :(0,T] = Ly(Q); VI, €Py (J,5Ly(Q)), n = L...,N} . (419)

We consider the time reconstruction W := R(W) where R : P, (J,,; Ly(2)) —
Py, 41 (J,,; Ly(€2)) is the so called reconstruction operator. '

Definition 4.8 (time reconstruction). Forn = 1,..., N, over each time interval .J,,
we define the time reconstruction W| g €P 1 (J,,; L5(£2)) of a given time-discrete
function W' € S} such that satisfies forall V- € P, (J,;; Ly(2)),n =1,..., N,

[ Fvyae= @1, i)+ [ onv)a
J, T, (4.20)

W(ti_,) =W(t,_,).

In [MNO06, Section 2.1], the time reconstruction W = R(W) is constructed elemen-
twise (on each J,) as the interpolant of a given discontinuous function W € S} at

o~

the Radau points. Indeed, let {/,_, ; ?fdl C P, 4, be the Lagrange polynomials

associated with the Radau points {t,,_; ; ;1.;31 (tho10=1t,_yandt, 4, 4 =1t,)
in J,,, and define

n’

q,+1
ROV))] 5, o= D by j(OW (ty);
=0

then, R(W') defined as above satisfies (4.20). From [MN06, Lemma 2.1], it follows
that W = R(W) is well-defined and continuous on [0, T, satisfying /W(tn_l_’j) =
Wi(t,_y ). forj=1,...,q,+1. Aconsequence of the above useful properties is the
following representation of the difference:

(W =W)Dy, =1 oO)[W],y VEEJ,. (4.21)

We emphasize that the above reconstruction operator R is usually required for the
purpose of the analysis and it does not need to be computed in practice. However,
as we shall see below, it may be desirable to compute R(') when dealing with L, -
norms of the reconstruction error for p # 2, co. L

Now, we present an alternative representation of the reconstruction error W — W
based on [SW10, Section 4.1] and [GLW?21, Section 3.3] rewriting the jumps of W in
terms of lifting operator. To do so, we consider

Yot La(Q) 5 Py (JsLy(Q)), n=1,...,N,
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a linear time lifting operator which is defined for each v € L,(2) through

/ (x,(0),V)dt = (U, V(t:_l)) foreach V € Pqn (J,; Loy (82)) . (4.22)

n

Then, we can obtain the following characterisation for ¢ € jn

W), =W(trl1)+/t (Wi(s) + X0 ([Wha-1) (5)) ds,  (4.23)

n—1

that is equivalent to (4.20). Furthermore, integrating by parts with respect to time, we
deduce the representation formula

(W= W)@, = / X (WD) (5)ds — [Waoys ted,  (429)

We denote by x,, : J, — R the polynomial of degree g,,, that represents the time
lifting (4.22), such that for allt € J, and V € S,

Xn ([V]]n—l) (t) = %n(t) Hvﬂn—l; (4-25)
we refer to [HW17] for an explicit form for ,,.

Remark 4.9 (computability of s,,). From [SW10, Lemmas 6, 7], »,, () attains its max-

imumat?, ;. As aresult, we may expect that we can compute [|2, [, ;| = %,

see [SW10, Proposition 2].

Remark 4.10. The above construction holds also when ¢,, = 0 and it implies that

—~ t—1t _ _
W(t) =Wty + == (W(ty) = Wt,y) forte,
which further implies that
— Wi(t,) —W(t,
T L

4.2.2 Elliptic reconstruction

Let U € S),, be the approximate solution of the fully discrete scheme (4.11) and U the
corresponding time reconstruction specified on each time subinterval. Now, recalling
the above notation we are ready to introduce the elliptic reconstruction.

Definition 4.11 (elliptic reconstruction). For each timet € J,,n = 1,..., N, we
define the elliptic reconstruction U (t) € H}(Q2) by

(vz}(t), w) = (¢"(t),v), forallve H(Q) (4.26)
with initial value U (0) = U(t7) := u, and

g"(t) = AU (1) = Wy f (1) + 7, F(0) = €72 (7, F (U) = T, F (U()))

+ PPU,(t) — U, (1) (4.27)
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Remark 4.12 (mesh change indicator). The expression P}’ (715 - [Aft, which appears in
the definition of elliptic reconstruction (4.27), is referred to as the mesh change indicator.
Indeed, on each J,,,

P;Zﬁt - ﬁt = P (U + X ([U]21)) = (U + X0 ([UT,21))
= Xn (PI:L ([[U]]nq) - [[U]]nq) = Xn (U;—1 - P}?Uv:—l) :

Then, from (4.25), we get
PrU, — U, = #,(t) (U, — PPU,_,), ted, (4.28)
where U, , € S} ! and PU,,_, € SP.

Remark 4.13 (properties of the elliptic reconstruction). From (4.26) and (4.27), it fol-
lows that since U € S, can be written, foranyn =1,..., N

—AU(t) = g"(t) foreacht e J,. (4.29)

Moreover, for each ¢t € J,,, n = 1,..., N, the fully discrete solution U (¢) is also the
spatial dG-solution to the elliptic problem (4.26). Indeed, let U, € S} be the spatial
dG-approximation to U, defined for all V}, € S}' by

Bn(fjha Vh) - (gnv Vh)
= (4,0 V) + (my f = Pimy £.Vi) + (PO, - 0.

2 (P;jﬂan(U) —m, F(U), Vh) .

Then, due to the orthogonality property of the L,-projection into S}’ and the defini-
tion of dG-Laplacian operator, it yields that

B, (Un, Vi) = (A, U,V,,) = B, (U, V) forall V}, € S, (4.30)

which implies that U = U, n. This observation, allow us derive a posteriori estimators
of the elliptic reconstruction error

|U(t) — U1, ) <€ (U®),g"(1); L,(Q) forall t € J,. (4.31)

A difficulty arises from the lack of the orthogonality of the elliptic reconstruction
error into the space S}, which is a useful property in the derivation of a posteriori error
analysis of elliptic problems. This is consequence of the inconsistency of the spatial
dG-bilinear form, En (-, -), with respect to the elliptic problem (3.6). We overcome this
difficulty by introducing ‘something like orthogonality’ in the following lemma.

Lemma 4.14. For all V, € S}!, we have

B,(U—-UV,) = [ {VU-PVU}-[V,]ds. (4.32)
F’n
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Proof. From the definition of the extended dG-bilinear form (4.13), we have

B,[U-UV,)= Y [ V(- UVVhdx—/{P"VU U)}-[V,] ds

TeTr "
- [ ({PRVVHT ~ U] = oIV 0 - V1) ds

~B,(UV,)+ > Vﬁ-VVhdx—/Fn{PZV(NJ}[[Vh]] ds

TET! T

- [ (VY101 = oIVil-1OT) s

Note that [[U ] = 0 on '™, due to the elliptic regularity on 1 I'f;, and due to the bound-

ary condition on 9. According to (4.30), it holds that B, (U, V,) = B,(U,V,) =
(9", V},). The Green’s formula implies that

B,({U-UV,)=~(g"V;)— Y /AUVhder/{VU PyVU}-[V,] ds
TET! T

Finally, along with relation (4.29), we arrive at the desirable result. O

Note that the time reconstruction of the dG-solution U of (4.11) allows the dG space-
time formulation to be rewritten in strong form. Furthermore, it enables the direct
association of time reconstruction with elliptic reconstruction that is necessary later for
application of the energy argument.

Indeed, let V' € §,,,. Using the weak definition of time reconstruction (4.20), the
fully discrete scheme (4.11) becomes

/ (ﬁt + AU+ 2FU) - f, V) dt=0, n=1,...,N.  (433)
J

n

Then, for eachn =1, ..., N, we have that
11,,,.0,(t) + A, U(t) + ¢ 1L, F(U(t)) — I, f(t) = 0, foreacht € .J,.
We obtain from (4.24) and (4.25) that for each ¢t € J,,
ﬁt = Uy + 3,(1) (UrJLr—l - Ur:—l) )

where U, 1 € SpandU, , € Sp~ !, with S # S~ '. The latter representation im-
phes that Ut eP, (J SpusSy™ 1) As aresult it yields that IT,, U, = 7, Py'U, =

Py U The prOJectlons commute ie., P'r, = m, P Finally, based on the defini-
tion of the elliptic reconstruction, through (4 26) and (4.27),foreachn =1,..., N we
may deduce the following pointwise representation

U,(t) — AU(t) + e *x, F(U(t)) =, f(t), foreacht€ J,. (4.34)
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4.3 A posteriori error estimates

Now we continue by proving a posteriori error bounds in the L,(0,T; L,(2))-,
L..(0,T;Ly(2))- and Ly (0, T; H*(S))-norms by combining space-time reconstruc-
tion with continuation arguments and an ‘improved’ spectral estimate regarding the
linearized Allen-Cahn operator about the approximate solution U. An important
technical difference, compared to the results of Chapter 3, is the lack of availability
of L, (2)-norm elliptic a posteriori error bounds on polytopic meshes. In Chapter
3, L. (€)-norm a posteriori error estimates are used to bound ||9HLOO(Q) from above.
In this chapter, we shall modify the estimates to avoid the presence of ||| (@)
Instead, we opt for estimates involving only ||6]| L) for 2 < p < +o00 and derive a

posteriori elliptic estimators on polytopic meshes.

Let w := U be the time reconstruction of the elliptic reconstruction, which is valid
since U € S,.. We split the total error as in [GLW21]:

e=u—U=60—-p, where 0:=w—-U, p:=w—u. (4.35)

We can alternatively write

0:=w—U=(U-0)+ (T -U); (4.36)

these are referred to as time reconstruction error and space reconstruction error respec-
tively and can be bounded in various norms by estimators that are explicitly com-
putable; this shall be performed in detail in Section 4.4. Thus, it suffices to estimate p
in terms of 6 and the problem data. To do so, along with relations (3.1) and (4.34) and
elementary manipulations lead to the following error equation:

Lemma 4.15 (error relation). On J,,,n = 1,..., N and for all v € H}(Q), it holds,

(p1,v) + (Vp, Vo) + €2 (F(U) — F(u),v)
= <7anf - f, v) + ((w - ﬁ)t,v) + (V(w — ﬁ),VU) (4.37)
te2 (F(U) - quF(U),v) .

Norms of p will be further estimated through PDE stability arguments below.

Remark 4.16. We prefer to split the total error using the U be the time reconstruction
of the elliptic reconstruction according to [GLW21, Section 5] instead of acting like in
[GLW21, Section 4] and considering an error decomposition of the form

e=u—U=¢é+6=¢é+g7,

where é := u—U, 6:=U—-Uandé:=u—U, &:=U — U. The main reason
is that the latter leads to an error relation that is not suitable to derive estimates in
the L,(0,T; L,(92)-norm. Even if we are interested in studying the error only in the
Ly(0,T; HY(S))-norm, we will deduce to more stringent conditions with respect to
e-dependence.
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4.3.1 Energy argument

We begin by introducing some notation that will use to state the main results. We
defineoneach J,,,n=1,..., N,

L) =AW -0} ()
L) = llmy £ = fII7, 0 + € NFU) =7y FO)|Z, (-
Furthermore, we set for brevity

dG 2 30?3 T\ (14
O1(t) = 31w~ Dl @) + 2w~ D)l o

0% (t) == * ((Co + 216”UH%OO(Q))H9”%2(Q) + 01”9“%4(9) + COHGH(IS,G(Q)) ;
A%(t) = 6’2((9%2 +ot+ IVpIQ,/ p*(s)ds) + (92,p2)),
t

with Cj, := (CP 241)/2,C, == (9C 2 +6°C3*+37274€%4+9) /2, C, == 3"Che*+
37(1 + C%)%¢*. Here, Cp is the constant of the Poincaré inequality Hv||L2(Q <

Cp|Vv|, (q)> while ¢ is the embedding constant of ||v|[1 (o) < é[|v|[4(q) and €
2
as in (2.3) - (2.5).

Lemma 4.17 (d = 2). Let u be the solution of (3.1). Assume that p(t) € WH4(Q) N
H} () for ae. t € (0,T]. Then, for any T € (0, 7], we have

/ oMy 06+ / V(s

1
+ [Taswars [T (0= 519610+ % PO ) at
1 C?
< 51013, @ + —Pupm)ni qon [ (OF 468 Gl L) (45

e [ (| 7o

L (6‘“(9, U)‘

1
+ 510, @)

Ly(9)

+ adG(U)IPII%Z(Q)> d

4

L, ()

/t Vp?(s)ds

a‘C(U) = |F'OIF ) + U7 ) +5
B9(0,U) = Cye? (HGH @ ”UHLOC(Q)) + 262”(]”400(9)
+ 2038 |F'(U )”LOO(Q) +6€°(|F' (U )HLOO(Q) + ||U||4Lm(9) +4),

V) 1= 22 (CHIF (U)o + 18IU113_ (e )-

4¢6

+ vdG(U)Ilpll‘iQ(m> dt,
L,(Q)

where

Proof. Using Taylor’s theorem, it yields that

F(U) = F(u) = —eF'(U) — 3¢*U — €.
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Let ¢ : [0,7] x Q@ — R, for 0 < T < T, such that
T
¢('7t) = p(vt)(/ p2('a 5) ds + 1)7 te [Oaﬂ' (4~39)
t

Assumption p € WH4(Q) N H{ (2) implies that ¢ € H}(Q). Setting v = ¢ in (4.37),
we have

(01 @) + (Vp, V) — € 2(eF'(U) + 3¢*U + ¢, )
= (g, £ = £:8) + (W= D)s9) + (V(w=0), V) +  2(F(U) = 7, F(U), ).
Using now the following identities
(e’U,¢) = (0°U,¢) + (p*U,¢) —2(0pU, ¢),
(¢%:0) = (6°.6) =300, 9) +3(00",0) = (v",9),
and after some elementary manipulations, we deduce

1 d T T
sl + (ep [ P09+ (Vop [ V(s
t t

+IVollT, @) + € 2 (F'(U)p, p) + € |pll7, ) + A*C()
= (my, [ = £,0) + (w=0)y, 0) + (V(w—T), Vo)
+ e 2(F(U) =7, F(U),¢)+ 3¢ 2(0°U, ¢) + 3¢ (p°U, )
— 6672 (0pU, ¢) + € 2(6°,¢) + 3¢ 2(0p°, ¢) + € 2(F'(U)0, ¢)

- 11
- G_Q(F'(U)/Lp/ p?(s)ds) =: le.
t o

(4.40)

We shall estimate each I, j = 1,...,11. We begin by splitting I,

T

L=y f = fop [ 069+ (my f = fop) = I+ 12,

Applying Holder, GNL (d = 2), Poincaré and Young’s inequalities we obtain

/ "R (s)ds

T
/pQ(s)ds
¢ Ly(9Q)
V/ p*(s)ds
¢

I <|lm, f— Flr,llele, @

Ly(Q)
1/2 1/2

V/:;P(s) s

<éllmy f—=Fl,@lelL, @

L, ()

1/2 .
<cy Cllmg, f =Tl lellL, @ @
Ly (Q

~2 4
Cpc

2

<

9

L, ()

1 3| [T
70, £ = £ ) + el o + 2H / Vp(s) ds
while Cauchy-Schwarz and Young’s inequalities imply

1 1
I} < iﬂﬂgnf‘—lfH%Q«n +'§HPH%2«D~
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Similarly we split

~

I, = ((w— U)t,,o/tT p2(s)ds) + ((w — ﬁ)t,p) = I+ I3

Therefore, the resulting terms can be bounded as follows

/ "R (s)ds

I; < l(w— )il llellz, @

L, (Q)
T
< Coll@ =Dl apllell |V [ 20s)ds
¢ L,(©)
30?3 3\ (14 1 4 1 * 2 ?
< 5PN = D)l o+ gl o + 5[ | V)08 o

1 ~ 1
I3 < §||(W —U)l?, 0 + §||PH%2(Q)~

Next, splitting I; and using the same inequalities, it yields
T
I = (V=090 [ () ds) + (Ve = 0). Vo) i= 13 + 3,
t

with bounds,

~2 4
Cpc

2

I <

9

L, ()

1 3| [F
LdG - 4 e / \v4 2 d
-+ gylloll o+ 5| [ TG ds

1 4 1
I3 < S L%+ §|\PH%2(Q)~
In the same spirit, we set

I, = e 3(F(U) an’F(U),p/tT p*(s)ds) +e 2(F(U)—=, F(U),p) =1} +1I%,

an

yielding the following bounds

Cpi? 1 3| [~ :
1 P 2 4 2
1} < SEEIP©) - 7, POV o ol o5 | [ 92000 o
1 1
I§ < @HF(U) — 7, FO)|17 ) + 5”[’“%2(9)'
Next, we split I; = 3¢ "2(0%U, p [[" p?(s) ds) + 3¢ 2(62U, p) =: I} + I,
T
B <321 g @ Ul || #5) s
¢ L,(9)
T 1/2 T 1/2
<3620 012 o U@l [ a1V [ s ds
' Lyl Je L,(@)
T
_ 1/2~
3€ QCP/ CH9||2L4(Q)HU||LOO(Q)||/)”L4(Q) V/ PZ(S) ds
‘ L,(9)
9C p2 1 3 T :
P 4 4 4 2
< ?”9'|L4(Q) + ﬂ”p||L4(Q) + §||U||Lx(9) /t Vp©(s)ds s
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and
15 <— 4 ||E ||I Q ||[ ||l/ Q ||)C HL Q
26 4( ) jz OC( ) 2( )

For I = 3¢ 2(p?U, p " p*(s) ds) + 3e~2(p?U, p) =: I} + I2, we work as follows

) 301/2~ T,
I < 10l o 1011z qon ||V / P(s) ds
L,(Q)
1 37~402
< il o+ T IO | [ V) m)’

3 €2 9¢*
I§ < ?||p||i4(ﬂ)“U||Lm(Q)||p||L2(Q) < Z”va%Q(Q) + ETHUHQLOQ(Q)HPHAILQ(Q)'

We also set I, = —6e~2(0pU, p [," p*(s)ds) — 6e=2(0pU, p) =: I} + I? and we
further obtain that

I; < 6672”9HL4(Q)||p2||L2(Q)||U||LOO(Q)

/ P (s) ds
t L, ()

/ Vp?(s)ds
Ly(@)

/Vp s)ds

?HGHLQ(Q)HUHLOO(Q)Hp||%4(§2) < ETHUH%OO(Q)HGH%2(Q) + QHPHZ(Q)-

601/2~
< 1011, P17, @) 1Vl o o)

_ 6 c !
< P || Iz N 24||PHL @ T 4||UHL ()

)

Ly (2)

7

IN

Now we consider the splitting Iy = ¢=2(6%, p [[" p?(s) ds) + e 2(63,p) =: I} + I3,
that allows to estimate

I3 < 672”93”L2(Q)”pHL4(Q)

[ﬁ(s)ds
oo
C,é

1 3 *
P 6 4 2
= 9 4 || ||Z/G(Q) 24 || H114(Q) 2H[ (3) S

Ly(Q)
01 /25

el @

Lz(Q)
4

9

L, ()

1 1
2 6 2
Iy < @HGHLG(Q) + §||P||L2(Q)
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For Iy = 3¢ 2(p20 pft s)ds) + 3e72(p20, p) =: I3 + 12, we obtain the bounds

/tT p(s)ds
/tT p(s)ds

I5 < 36_2||PH?£4(Q)||9HL8(Q)
Lg(Q)

< 3¢ ?|plz, @101l (o)

H1(Q)
T
<361+ Cp)2 ol 061 1| [ TP s
t L,(Q)
1 37¢4 (14 C3)? !
< lbll o + ZEEEE ol | [ 90 "
L2 Q

_ 37
15 <3¢ 2oz, ool ) < QHPHZ(Q) + @Heﬂi(ﬂ)

Next, we set I ;g = e 2(F'(U)0, p [, p*(s)ds) + e 2(F'(U)0, p) =: I{y + I3y, and
we have the following bounds:
T
/ p%(s)ds
t

Iy < 6_2||F/(U)”LOO(Q)H9||L2(Q)HpHL4(Q)

Ly(Q)
o’ N
> P2 (U)HLOO(Q)HHHL (Q)”P”L Q) VPQ(S)dS
2 4 : L,(9)
2
C'PE2 2 1 4 3 / 4 " 2 !
< ?H ||L2(Q) + ﬂHP||L4(Q) + §HF (U)HLOC(Q) /t Vp“(s)ds LQ(Q),
1 1
I}y < @||9||2L2(Q) + §||F/(U)||%OO(Q)HpH%Q(Q)'
Finally for the last term on the right-hand side of (4.40), we have
T
Iy < NP O @lol o [ )
t Ly (2)
Cpe® "o 2
S 2 IE W)L llplln, Vel Vp“(s)ds
t Ly (Q)
€2 02
< 7IVeli @+ P IF" @17 _ oy lollz, )
2~4 ) ) 4
RO o) / Vos)ds|
¢ b ¢ Ly(9)

Inserting the above estimates into (4.40), integrating with respect to ¢t € (0, T) along
with elementary manipulation, we arrive at the desirable result. O
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Lemma 4.18 (d = 3). Let u be the solution of (3.1). Assume that p(t) € W14(Q) N
H} () for ae. t € (0,T). Then, for any T € (0, T), it holds that

IR 1 [T, ?
— dt + - / Vp~(s)ds
AT FANACEE

T T 2 1 ,
+/0 AdG(t)dH/0 ((1—%)|IVpH%2<Q)+;2(F (U)p,p))dt (4.41)
2

1
+ §||P(T)||2L2(Q)

1 C T ~ ~
< IO, @ + TN o)+ [ (01 + 88 + Co(te + 289 ar

il
—— <§dc(0,U)’

10
4e 0

+(@(U) + 1)Ipli2<m> dt

/tT Vpi(s)ds

2
L,(Q)
4

+5dG(U)||Pi2(Q)> dt,

/t ' Vp*(s)ds

L,(Q)
where

05 (t) = ¢! ((60 + 216”U||%&(Q))H9”%2(Q) + 61||9||4i4(9) + 60“9“(26(9)) ;
37 (04”9”%]2(9) + CP&4||U||%OO(Q)) + 266\\[]”100(9)
+ 4CP54€2||F/(U)||100(9) + 6€1O(||F/(U)||im(9) + HUHim(Q) +4),
FOWU) = 810P54||U||iw(9),

340,U) :

with Cy := (CH/2&2 +1)/2, Cy 1= (94 9CH*& + 65C &t +27137¢2) /2 and C the
embedding constant of ||v||L6(Q) < C’||Vv\|L2(Q).

Proof. Starting from (4.40), we shall estimate the terms [}, j = 6,9, 11 that are treated
differently compared to the proof of Lemma 4.17. Using GNL (d = 3) we have

T
/pQ(s)ds
¢ Ly(Q)
T 1/4 T
/pZ(s)ds V/ p*(s)ds
¢ Ly(2) t
T
/VpQ(s)ds
¢ Ly(Q)

/ "VR(s)ds

3

1 3
Is < :QHP ||L4/3(Q)||UHLOC(Q)

3¢, 4 8/4
< ?"p||L4(Q)||U||LOO(Q)

Ly ()

3ecy*

<
ST a

||PH?£4(Q)||UHLM(Q)

1 3TCHet *
< @||P||L4(Q) + ?HUHLOO(Q)

)

L, ()

and

3
I§ < §‘|p||%4(ﬂ)||U||LW(Q)HPHL2(Q)
30Y4%
< 61; IVolL,@llel, @U@l

€2 1 31Cpet
< SIVolZ, ) + @HPHZ(Q) + 4671F())||U||i00(§2)”p“i2(9)'
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Now, for I, we work as follows

3
1 3
Iy S:Q ||P||L4(Q) ||9||L12(Q)

/pz(s)ds

t Lg()
/Vp )ds
[Feris

) 5 4 4
19 <€72||p||L4(52)||9||L4(Q)Hp||L4(Q) < 4e2 || ||L4(Q) 462” || 4

||/0||L (Q)H9||L12(Q)

L,(Q)
37C4

74 — ||P||L ot VER ||9||L12 ) )

L (Q)

Using completely analogous arguments, we have that

| P

Iy <2 F U)oy lol oy llAllL, @) o
L,(Q

cple N
2
< LI _@llellmloln, o [ o) ds
¢ L,(9)

1 1 Cpit *

< Sllpll7, @) + =107, @) + = IF' O)IT_ (o) / V(s :

S IPIL L) T 161P1L, ) L. () LQ(Q)
Collecting all the estimates, (4.18) follows. O

4.3.2 Spectral estimates and eigenvalue approximations

At this point, the a posteriori error analysis requires a lower bound for the principal
eigenvalue of the linearized Allen-Cahn operator with respect to the approximate
solution, U (t), i.e.,

—A(t):=  inf IVollZ, @ + €2 (FUM)v,v)
: veH} (Q)\{0} H’U”%Q(Q)

Thus, we seek the construction of a lower bound —A(t) < —A(t). Again, we assume
that one of the cases of Assumption 3.11 holds, which includes the more realistic
scenario that is the occurrence of topological changes.

In the vein of [BMO11, Section 3.2] and the results presented in Section 3.3.2 for
linear conforming finite elements, we now investigate the hp-finite element approxi-
mation of the corresponding eigenvalue problems. Specifically, we shall compute an
approximation —A;, (t) of —A(t) using conforming hp-finite elements, and we shall

obtain a lower bound —A(t) for almost all ¢ € (0, T, upon assuming that || Ulln.
remains bounded independently of 1/e. The motivation of investigating the use of
hp-version finite elements for the estimation of the required eigenvalue, is the reduc-
tion of the computational effort in line with the potentially high order version of the
underlying spatial decomposition. Crucially, however, the computation of —A,, , does
not need to be performed on a polytopic spatial mesh, as —A,,, is a quantity relating
to the PDE problem and not of the discretization itself.

We omit the time dependence for brevity: so, for each fixed ¢, there exist nontrivial
functions w € H}(Q) such that, for all v € Hj (£2), we have

(Vw, Vo) + €2 (F'(U)w,v) = —A(w,v). (4.42)
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We now investigate the approximation of the above eigenvalue problems produced
by an hp-finite element method. We consider 7, to be a shape-regular and conforming
subdivision of domain {2 into d-simplices, 7, with h_ := diam(7) and let T be the
interior mesh skeleton of (d—1)-dimensional faces, e C T'. To each element 7 € T,
we specify a polynomial degree p,. € N and collect the latter in a vector p := (p, :
T € T,,). We define the hp-finite element space

SP={xe C’(Q);X|T € PPT(T)7VT eT,}
with P, (7) denoting the d-variate polynomials of degree at most p, on 7. Then, we
consider the following discrete scheme of (4.42): We seek for (w;,, A, ) € SP xR
with HwhHLz(Q) = 1 such that for all v, € S7,

(Vwy,, Vo) + e 2 (F'(U),v,,) = — Ay, (wy,, vp). (4.43)

Let IT, : Ly(7) — P,(7) an hp-best approximation operator such that the following
hp-approximation bounds hold: for v € H l(T), with ! > 0, and for all 7 € 7, and
0 < q <, wehave

hi™4
v =Tl ragry < CI,5F||U||HI(T)3 (4.44)
where s := min{p. + 1,1} and C} 5 is a positive constant depending only on the

shape regularity of 7, see, e.g., [BSé7] and [Sch98]. Furthermore, for ¢ = 0 there
exists a positive constant C; 5 depending only on the shape regularity of 7

s—1/2

s
[0 =Tl 1, 0r) < Cre—=i73 1Vl (4.45)

Dr
Next, we present two results analogous to [BMO11, Propositions 3.5, 3.7] about the

eigenvalue error. The first result is valid under the assumption:
2 .

lwy, = Pywp Iz, ) < 1/2; (4.46)

see [Lar00] for more details. Here, we denote by P,, the L,-projection onto the the
subspace of all w € H{ (1) that satisfy (4.42).

Lemma 4.19. Let (wy,, A;,,) € Sp x R with [Jw, || , (o) = L satisfy (4.43). In addition,
2
we assume that (4.46) holds. Then, upon setting

h25 _
773,1 = Z O?,5%||—Ahpwh + Aw,—e QF/(U)W}L\\%2(T)
TET, o

h72_s—1
+)° C?,GF ITVwRlll, ey
ecl o

with s := min{p, + 1,1} we have the bounds
- oy 1/2
A—A,, <4Cn, ((-A,w)+ Fe|F (U)||LOO(Q)) , forl=1  (447)
A—A,, <4Cn, (cv n 26-2||F’(U)||Lm(m), forl =2,  (4.48)

where C' := Cq or Cq(Cp + 1)1/2 is the constant derived when I = 1 is or 2,
respectively, and C,, := infyeHé(Q)\{O} (HVUH%2(Q)/||U||%2(Q)).



CHAPTER 4. DG - IPDG ON POLYTOPIC MESHES 59

Proof. Let RAh € H () defined through
<RAh,,’U> = =Ny (wp,, v) = (Vwy, V) — e 2 (F'(U)wy,v), (4.49)

for all v € HE (). Note that (RA} ,x) = Oforall y € SF. Set w := P,w),,. Then,
choosing v = w € H{ () in (4.49), v = w;, € SY C HJ () in (4.42) and subtracting
them, gives
(w, wy, ) (A — Ahp)
= <RAhpaw> - <RAhp7pr>
= — Ay, (wy,, w=TLw)— (Vw,, V(w-ILw)) —e > (F'(U)w,, w—IL,w),
using the property <RAh Lw) = 0.

Continuing in standard fashion, through Ho6lder’s inequality and applying the es-
timates (4.44) and (4.45), we obtain

(A= App)(w,wy) < Z [=Appwp, + Awy, — 572F/(U)whHL2(T) lw—ILwl_¢
T€T,

+ Y VW]l o lo-Twll (4.50)
ecl

< neallwll gy

Let [ = 2. The elliptic regularity of (4.42) implies that

[wll 20y < Cq (|—A| + 6_2||F,(U)||LOO(Q)) lwllz, - (4.51)
We further estimate |—A| by

—AF W)y € ~A S Cy + 2P O, (4.52)
Assumption (4.46) and [[wy, ||, o) = 1imply [Jw]|, o) < 1. Thus, we deduce that

— 2 2 ey 2
2(w,wy) = [lwllz, ) + lwnllz, @) = v = wpllz, @) = 1/2.

Inserting the above bounds into (4.50) we conclude to

9 , 1/2
A= Ay, £4Con0, 5 (C, + 26 2P U]l ) -

Note that w;, € Hg(€2) and hence —A < —A,, . Since [Jw|, @ < lwpllp @) =1
we have

IVwll, @) = —Aw,w) + e (F'(V)w, w)
< (M) + P IF U)o

Thus, for | = 1 we obtain

3 1/2
A = Ay, S4Co(Cp + 1)V (=) s + 262 F Ol o) -
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Therefore, the assumption (4.46) is difficult to verify in practice; this is already dis-
cussed in [Bar05, Bar16].

Remark 4.20. Note that C, which is defined in the above lemma, coincides with the
inverse of the Poincaré constant according to the given definition (2.9) associates to
the class of the convex domains and is equal to (7/diam(f2))?. We refer to [AD04,
PW60] for detailed derivation of this sharp uniform bound.

Here, we use the abbreviations h,,,, 1= max, h.and p,,, = max, e P We
consider the elliptic projection, R, : H}(€2) — SV, defined by

(Vthv VX) + (thv X) = (V'U, VX) + (U, X)v VX € S;: (453)

Using Aubin-Nitsche duality argument and (4.44) we deduce that for every v € H'(£2)

o B3
v — HpU”Hl(Q) <Crr ﬁ”““mmy (4.54)

max max T

max max

v =Rpvllp, @) < C”p

with C; ; some positive constant that depends only on the domain €2 and on C 5.

The next lemma presents a conditional assumption between h_/p. and ¢, that as
long as it is satisfied, an estimate of the eigenvalue error is obtained.

Lemma 4.21. Let (wy,, A;,,) € Sp x R with HwhHLQ(Q) = 1 satisfying (4.43). Assume
that w € H?(Q) satisfies (4.42) and that h_/p, is such that
hmax hi71

pmax pT

_ - 1
CCr7 (Cy 42672 F (U)o <3 (4.55)

where s := min{p_ + 1, 2}. Then, we have the estimate

~ 2y 2 B 137!
0<A—A,, <80C, (cv + 4 F (U, (qy + 1) oS (456)

max pT

Proof. For brevity, we set z, := C, + 2¢ 2| F'(U)||,, (@) Pe = e 2F'(U) and
de = Petlpell; (q)- The term q, introduces a constant shift of —A and —A,,, by
e*2||F’(U)||LOO(Q). Let w € Hi(Q) satisfy (4.42) with ||wHL2(Q) = 1 and w,, be the
minimizer of

v, = (Vog, Vo) + € 2(pevy, vp)

among all v}, € S with [|v,[|_ o) = 1. Then, for all v, € S}’ we have

0<A—Ay,
1/2 1/2

=~ Vi ) — la"*wll7_ @) + IVl + e *unll7, @) (4.57)
<2 (Vuhv V(’Uh - U))) +2 (qevhﬂ Up — w) .
Noting that (4.51) and (4.52) imply the inequality
lwlzzey < € (C +22F W)z (@) = C (458)

Additionally, from (4.52) and since ||w||L2(Q) = 1, we have

V0l ) < [-Al+ e 2E )], g < 7 (459)
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Assumption (4.55) combined with (4.54) and (4.58) imply that,

|1 - ”RthL2(Q)’

= |||w||L2(Q) - ||Rhw||L2(Q)| < Jlw = Rywll,, () (4.60)
B BE71 h h‘5 1 1

< C max T < CC max -

= D s el " D Dy 2’

and, hence, HRhw||L2(Q) >1/2.
Furthermore, setting x = R;,w and v = w in (4.53), applying Cauchy-Schwarz and
Young’s inequalities and using (4.59), yields

||VRhw||2L2(Q) + ||Rhw||i2(9) < va”%z(ﬂ) + ||w||%2(9)

= ||Vw||%2(9) +1<z+1,

Now, we choose v, = Rhw/||Rhw||L2(Q) in (4.57) and we bound each term as
follows:

(Vuy,, V (v, —w))

1
= —_— — 1 _
IRl o ((VRyw, VR0 =) + (TRyw, V) (1= Ryl ) )
1
~ TRl o ( (R,w, Ryw — w) + (VR,w, V) (1 - ||Rhw||L2(Q)) )
_ hy he!
<4CC; (2, + 1)z, max U7
1l ) Pmax Dr

Working analogously, we obtain that
(qevp, vy — w)

1
o ((aRyw, Ryw - yw,w) (1~ IR )
it (@ R =)+ @) (1= Rl
hmaxhs !
<ACC;qllall,_ oy2 '

max p T

Collecting the above bounds, we derive the eigenvalue error estimate (4.56) that is
valid under the assumption (4.60). O

4.3.3 Continuation argument

Now if any case of the Assumption 3.11, regarding the lower bound of the princi-
pal eigenvalue of the linearized Allen-Cahn operator about the approximate solution
U (t), holds, we obtain

||VPH%2(Q) +e 2 (F'(U)p,p)

_ 9 5 5 5 , (4.61)
> = A = Nlplz, @ + Vol @) + (EU)p: p) -

Inserting (4.61) into (4.17) and (4.18) for d = 2, 3, respectively, and applying a contin-
uation argument as in Section 3.3.3, we are able to conclude to an analogous result to
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Lemma 3.13. Indeed, let

1 o2 N 1/4
77363:<2||P(0)|%2(Q)+2PP(O)||i4(9)+2/] (@‘fG—s—@gG—kCo(ﬁ‘}G—i—EgG))dt) ;

n=1 n
DIC = max{4, a9 (U) + 2A(t)(1 — €2) + 2}, B := max{1639°(9,U), v (U)},
for d = 2, while for d = 3,

1 2 N ~ B 1/4
0= 1013, )+ IO @+ Y [ (019468 +Co(Lio+£5)) at)
2 2 2 4 =/,
DIS .= max{4,adS(U) + 2A(t)(1 — €2) + 3}, BI® := max{163°(9,U), 5 (U)}.
Then, for BI° = SUPye(o,7] BiS(t) and B¢ = exp (fOT DIS(t) d(t)), d = 2,3 we

have the following estimate.

Lemma 4.22. Let d = 2, 3. Assume that
4G 26 (a2 /4 d—1/2
ng’ < (16 (T + 1))B5° (ES°) € : (4.62)

Then, the following estimate holds

1 €? 1
7 lolL, o1 + 5 IVollL, 0.7 + sup S|lpll7
4(d_1) |L4(0,T,L4(Q)) 2 HLQ(O,T,L2(Q)) t€[07T] 2 | HLQ(Q) (463)

< 4(ng®) B

4.4 Fully computable upper bounds

The quantity 79¢ of the estimate (4.62) of Lemma 4.22 is still not fully computable, as

several norms of the quantities 6, (w — U )s> £96 and p(0) should be further estimated.
We begin by estimating the term p in the respective norms in an a posteriori fashion.
To that end we obtain

1
§HP(O)||2LQ(Q) < lug — U(0)||2L2(Q) + \‘90\\22(9)7
02
7P|\P(0)||i4(9) < ACE (|lug — U(O)Ht(g) + \|‘90Hi4(9))~

Recalling (4.36) for ¢ = t; = 0 we have that

where we used the definition of time reconstruction of U over J;. Also, since U (0) =
ug and U(0) := PPu, we conclude that 0° = u, — PPuy.

4.4.1 Time reconstruction error estimates

We present some time reconstruction error identities based on the representation for-
mula of the difference U — U given in (4.24). More specifically, we have the following
result.
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Lemma 4.23. [GLW21, Proposition 3.4] Consider any (real) Hilbert space X, and
Ul, €P, (Jy;X),n=1,...,N with U defined from U through (4.23). Then,

for given U (¢, ) € X, the following approximation identities hold

U — UHL2(Jn;X) = 2T il xs (4.64)
U =UllL_(5x) = ULu-1llx (4.65)
where
kn(g, +1)

C,: .
" (20, + 1)(2g, +3)
Lemma 4.24. Let U|; € P, (J,;L,(?)),n =1,...,Nand2 < p < +oo with
U satisfies (4.23). Then, for given U(t, ) € L,(£2), the following approximation in-
equality holds

p—4

1/2p
- q
10Ul <€ (B5) MWLl 60

Proof. Let 2 < p < 400 and for eacht € J,,n =1..., N we consider

v(t) ;= /tt ([7 — U)p_l(s) ds and we note that v, = ([7 — U)p_l(t), (4.67)

and also we introduce the one dimensional case of the H!-projection,

¢
Ag v(t) = / T, _10y(s)ds + v(tt ), (4.68)
, s
which implies
)\qnv(ti_l) =wv(tf_;) and Ag v(ty) =v(ty,), (4.69)

see, e.g., [Sch98]. Then, we have

10 =UIL, 5,1,
. (4.70)

:—/ (U =U), 0= A, v)dt,
J

n

in the last step we integrate by parts with respect to time variable and use the identities

(4.69). We use the definition of the L,(./,)-projection operator 7, and the weak

representation of time reconstruction (4.23) to obtain

/ (((7 —U);,v— )\qnv) dt
J

= /J (T =U)pmy, (0=, v))dt 4.71)

= ([[Uﬂn—hﬂ-qn (U - /\qnv)(t:—l))
< ||[[U]]n—1||LP(Q)||7an (v— )‘qnv)(tzq)HLp,(Q),



64 4.4. FULLY COMPUTABLE UPPER BOUNDS

using Hoélder’s inequality with p’ = p/(p — 1). It remains to estimate from above the
term ||, (v— A, v) Gl () To do so, we recall [GHMO09, Lemma 4.1] which
n n »

upon mapping the unit interval onto J,,,n =1,..., N, gives

2 2
T (0= 20,205 = ) 10 = 2 2y,

Then, we have

/ P’
70,0 = 24, NI = [ [, (0= Ay )65 )[ o

2 p’/? t, p /4 t, p//4
< | — _ 2 _ o
() LU e ([ o)

n n—1

INP/2 /1 \P/? t, ' /2
gc(k) (n) /(/ Far)" " dr
n an Q t,_1
2 p'/2 k pl/Z ,
_ 2 Fn P
o(e) () [

Now we recall the inverse inequality from [BDM07, Chapter 3, (3.1)] and by the use
of an affine mapping, we have

(4.72)

2q7% 1/p'—1/2
ol <0 (52) 7 Tl (479

n

Inserting the above bound into (4.72), gives

p—4
2p
an
g, (v — )\qnv)(tﬁl)”L (@) = CT%» loelle iz, ) (4.74)
P kn D p P
Substituting (4.74) into (4.70) and using (4.67) yields the result. O

Lemma 4.25 (estimation of £I°). We have the identity

N
[A(w - U)H%Q(O,T;LZ(Q)) = Z CalU, + E_QanF(U) - anf]]n71||%2(ﬂ)- (4.75)
n=1

—

Proof. Note that Aw = AU = AU, since the Laplacian is time-independent. We use
(4.64) for X = L, () to obtain

T ——
| 180 = AT g

N N
= NAT ~ ATIE 5 10 = 3 AT, 20
n=1 n=1
N ~
= Z CZ”[Ut + 5727anF(U) - ﬂ'qnf]]n—l H%Z(Q);
n=1

whereby in the last step we used the pointwise form (4.34) foreachn =1,...,N. O
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4.4.2 Spatial error estimates

We now estimate ©4¢ and ©4€ (or égG), which represent the spatial error due to the
presence of the several norms of the terms 0 and (w — U),. We begin by justifying
the characterization spatial error for (w — U),: in view of (4.23) we have directly on
J 5

n
—

@=0) = (U =U)y = (0= U), +x, ([0~ Ul
= (0 = 0), + 5,0 = Uy

(4.76)

Then, it follows that

=Dl @) < 10~ Uilly, @y + anOIIT = UL sl oy, £ € T @477)
where [U — Ul,,_y = (U = U)(t;_y) — (U = U)(t,_y)-
From (4.30), for each t € J,, U € S} is the spatial dG-approximation of U. Dif-
ferentiating (4.26) with respect to the time variable and since the elliptic operator is
t-independent, U, is the spatial dG-approximation of Ut Assuming the availability of

estimators of the form (4.31) for both elliptic reconstruction errors, U—U and Ut U.,
we have

@ = D)illz, 0y < & (Uss g1 (1) Ly() + 1520 (B)IE (U1, 9™ (8-1); L ()
+ 56, (01 (U 1. 9™ (61 -1)5 L (D)

where U;,_, € S} ' and U/, € S}
To estimate 6, we recall (4.36) and use the triangle inequality to obtain

T
/||9\|§ (Q)dt<2p_1< HU U||p dt—i—/ U — Ul @ dt) (4.78)
0 p

The computable upper bounds over each J,, presented in Lemma 4.23, give
No~o
HU UHL L () dt = ZHU_ UHip( T L, () < ZC H[[U]]n 1HL »(2)
n=1

N
<273 8 (0TI, gy + 1T = Ulaalfy o))
n=1
Inserting the above result into (4.78) and assuming that (4.31) holds, we deduce
1017, (0.1, (<))

< 2% QZC”[W g ) Ly() + € (U g™ 1) Ly ()

N
Tl ] + 2713 [ & O @: @) at,
n=1 n

forp € [2,+00).
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4.4.3 Elliptic reconstruction error estimates
Next, we focus on the derivation of a posteriori error estimators of the form
1T = U@l () < € (UW®), 9" (0); L, (),

forallt € J,,n = 1,...,N and p > 2, whose availability is postulated in the
previous section. To that end, we consider the dual problem:

—Az=9¢P 1 inQ, z2=0 on0f. (4.79)

Elliptic regularity asserts that there exists a constant C;, > 0, depending only on the
domain €2, such that

_ -1
I2lly20/ -1 () < Call¥” 1||Lp/(p_l)(ﬂ) = Csz“#’”ip(g)v forp>2,  (4.80)

we refer to [Grill] for details. Combining (4.4) with the approximation results (4.7)
and (4.8) for ¢ = p/(p — 1), we deduce that for all z € W2»/(P=1)(7) there holds

llz — le‘|Lp/(p71)(87—) < C1hgp+1)/p|Z\W27p/<p—1>(7)7 (4.81)
IV (z =12 or) S C2hi/p\z|w2,p/(p—1> ) (4.82)
p/(p*l)( ) ()

here C,, C, positive constants depending on Cy, and €', only.

Sett) = U(t)—U(t).t € J,,n =1,..., N inthe dual problem (4.79). Applying the
Divergence Theorem on every elemental integral, since U is elementwise continuous,
we have that

|0~ Ul oy = [ 1T =0T ~UP e == 3 [ 827~ Ulao
Q TET!
Z/VU U)Vzdz — Z/ Vzn)(U - U)ds
TET TET

Setting V;, = II, z in (4.32) and subtracting it from the last relation, we obtain after
some standard manipulations

IV = Ul (o

=Y [ VU-U)V(z-1L2) dm—i—/ [U]4{V(z - ,2)} ds

TET! T

—/ a[[U]]-[[z—le]]ds+/ (V0 —U)}- [ — 0, 2] ds.
Irn rn

(4.83)

Applying elementwise integration by parts on the first term on the right-hand side of
(4.83) and recalling (4.29), we arrive to

> [ VU-U)V(z-1,2)da
TET! T

Z/ "+ AU) (z =T, 2)dz + | {VU}-[z—1I,2]ds
TET" T rn

- > /6 (VU)(z —11,2)ds

TET!
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Using the well-known elementary identity

Z / (VUn)(z —II,2)ds

TET, 9

:/ {VU}-[[Z—le]]ds—l—/ [VU] -{z — 1,2z} ds,
In n

int

and combining the above we arrive at

||17—U|\gp(Q Z/g + AU) z—l'[lz)dx—/ [VU] - {z — 1,2} ds

n
TET int

+ [ 0149~ dse /F o[U] - [> — 0, 2] ds

4
:Z@
=1

We shall further estimate each ®, separately. In the following approximation results
we recall the mesh-function h such that | = h, while h|, = max,__y. 9. {0, b}
for 7, 7' € T;*. Beginning with ®,, we apply Hélder’s inequality and from (4.7) with
g = p/(p — 1), respectively,

¢, < Z lg" + AUl (nllz =zl |

TET! p—1

<> lg"+AUly, nCRPII=N s

TET PI(T)
1
<(X am <g”+AU>||’z,)<T>)”HZHWzp%(m-
TET"

Holder’s inequality and the trace estimate (4.81) also yield

®, < Y VUl oIz — H1Z}||L L, (@

eel'? Pl
1 p=1
> _ pt1 B y
< (X PVl ) (X - )
ecll? , TET! p—1
1
1+2 P »
< (X G vl o) Il e o
SGFZ”
In the same spirit, we have
®3 < Z”[[U]]”Lp(e)”{v(z - H1Z)}||LL(6)
ecll p—l
p—1
< (Zhll[[U]]H’ip(e)) <ZT B 1||v<z-n12>||L-; o)’
eel TET"

< (Ta )’ Il

(2
ecll )
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applying trace estimate (4.82). Finally, we bound the last term as follows:

0 < S ol oz~ WAl

eel’ pt
p—1
(ZapthH[[U]]”L (6)) ( Z h b= 1||2:—H1z||L . (67)) P
ecl TETT
< (Zclfpnhl*%urfm&p(e))Euzuwz,p%(m-
eel

Collecting all these bounds and using elliptic regularity (4.80), we conclude to the
following a posteriori error estimator

1T — Ullz, o

SCQ< E G Hh2 (" +AU)|" T E G ||h [[VU]]HZEP(E)
T T" ec'?
© e L (489

+ 3 GBI, )+ 3 Colinr P O (e>

ecI'n ec'n

=& (U(1),9"(t); L,(Q)) ,
forallte J,,n=1,...,N.

4.5 Main Results

Now we shall present an analogous a posteriori error estimate in the L, (0, T; L,(£2))-
norm to Theorem 3.14 of Chapter 3. The enhanced regularity of the data, i.e., forcing
term f and initial condition w,, that is presented below, guarantees the desired reg-
ularity of the solution: u € L,(0,T;W%*(Q)) and u, € L,(0,T;L,(2)). As we
already discussed in Remark 3.15, we have to enforce the aforementioned regularity
in order to validate the choice of the test function.

Theorem 4.26. Let ug € WH4(Q) N HY(Q) and f € L (0,T;L,()), Q C R4,
d = 2,3. Let also u be the solution of (3.1) and U is its approximate solution (4.11).
Assume that (3.11)(I) and the conditions (4.62) are satisfied. Then, there holds

lu=Ullg, 0,2, < 3¢ ((d—DEL) " + 16112, 0,7:,(2))- (4.85)

Proof. Ignoring nonnegative terms on the left-hand side of (4.63), we have

Hp”L4(0,T;L4(Q)) < 27730 ((d - 1)EgG)

Then, recalling the error decomposition (4.35) and applying the triangle inequality the
estimate (4.85) is derived directly. O

1/4

1/4

Remark 4.27. The above estimate holds under the most realistic scenario, Assumption
3.11(I), where topological changes take place. Although, we note that the Theorem
4.26 is still valid when the evolving interfaces are smooth and Assumption 3.11(I)

holds. Particularly, we replace F4¢ = exp ( fOT DI%(1) d(t)) by E4C = exp (DI°T),
with D46 := supy (o 7 max{4, aS(U) + 2M(t)(1 — ) +d}, d = 2,3.
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In the vein of [Che94, MS95] when the developed interfaces are smooth, we may
expect that EC]?G ~ 1. In the case of topological changes, based on [BMO11], we have
that EPS ~ ¢™, m > 0. In particular, E}° does not grow exponentially in 1/e.
Upon setting for our convenience C° := (16(T" + 1)326) _1/4, condition (4.62) can
be written as it follows:

ngG < C’:}lGedJr(m_l)/Q7 for d=2,3, and, m >0

considering both cases of Assumption 3.11 about the availability and the properties of
a lower bound, —A, of the principal eigenvalue which underpin of the nature of the
evolving interfaces.

Seeking to prove a posteriori error estimate in L,(0,7; L,(€2))-norm, we also
derived a posteriori error bounds in Ly(0,T; H'(S))- and L (0,T; Ly(Q2))-norms,
where S =: S, + Hj () endowed with the corresponding dG-norm.

Proposition 4.28. Under the hypotheses of Theorem 4.26 and, upon assuming condi-
tion (4.62) that implies

73 .= (ngG)Q < (GgG)2€2d71+m

)

the following error bounds hold

lu =Ullp_0,rL,0)) <2y 2E3° 7° + 101l _ 0,7:2,(2))

lu=Ullp, 0,11 (sy) < e 124/2E59 750 + 1012, 0,11 (5))-

Thus we managed to extend the a posteriori bounds applied in Chapter 3 for the sim-
pler fully discrete scheme to the case of the space-time discontinuous method of arbi-
trary order. The decomposition of the spatial domain into general polytopes demands
a lot of carefully constructed technical tools in order to derive approximation results
under the ‘new’ mesh regularity properties. To the best of our knowledge, the above a
posteriori error bounds in L, (0, T’; L,(Q2))-, L. (0,T; Ly(R2))-, and L, (0, T; H(9))-
norms are the first results of a posteriori error analysis discontinuous Galerkin meth-
ods for the Allen-Cahn problem and are inclusive at the incorporation of polytopic
meshes. The conditional type estimators depend polynomially on the inverse of the
interface length, 1/e. Crucially, the estimator ngG satisfies the condition (4.62), which
exhibits an analogously favourable e-dependence to the corresponding condition in
Chapter 3. The latter justifies our interest to investigate L,(0,T’; L,(€)))-norm a pos-
teriori error bounds for the Allen-Cahn problem. Thus, we conclude that the non-
standard energy argument of Chapter 3 is generic enough to allow for the proof of a
posteriori error estimators simultaneously in L, (0, T; L4(€2))-, L. (0,T; L,(92))- and
Ly (0, T; H(S))-norms for arbitrary order space-time dG methods under less strin-
gent conditions compared to the results of [BMO11, BM11] for low order schemes.






CHAPTER D

OPTIMAL CONTROL PROBLEM

This chapter is devoted to the minimization of

1 T
=5 [ [ o) -waPaza ] [ pme) - so@P

T
+ﬁ/ /|u(t7x)\2dxdt7
2 Jo Jo

subject to

(5.1)

1 .
Vg =AY+ 5 —v) =u  inQp =0x(0,7),
Y, =0 onX;=090x(0,T), (5:2)
Yu(,0) =1y, infd

We present a detailed analysis of the optimal control problem formulated, in the stan-
dard reduced functional form, as

min J(u) (5.3)
uecU,,
where
Uya = {u € Ly, (0,T;Ly(2); u, <u(t,z) <u, forae. (t,x) € QT},

is the set of admissible controls. Specifically, we shall study both the control to state,
and of the state to adjoint mappings and shall derive first and second order optimality
conditions that is crucial due to the non-convexity of the optimal control problem. In
particular, under a closeness assumption on the controls, we establish the Lipschitz
continuity of the control to state mapping, with Lipschitz constant that is independent
of € in the Lo (0,T; L2(2)) and Lo (0, T; H}(92)) norms by exploiting the presence
of Ls(0,T; L4(£2)) critical term, the spectral estimate at a ‘continuous level’ and the
nonlinear Gronwall Lemma. For the state to adjoint mapping, using similar technical
tools we are able to obtain Lipschitz results with constants that depend polynomially
upon 1/e.

71
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5.1 Preliminary setting

Let 0 C R? be a convex, polygonal (d = 2) or polyhedral (d = 3) domain of the
Euclidean space R? and T € R the final time. We will use the notation of Chapters
3 and 4 regarding the Sobolev and Bochner spaces and their corresponding norms.
We also consider the functional space

v 0% v
”72,1 _ . — <1,7<
p (QT) {V € Lp (QT) axiﬂ 6%836]’ ot € Lp (QT) ) 1 =] > d}v

with the respective norm

ov|p
— p -
”V||W§‘1(QT) {/QT (v +‘at )d:z:dt
d p d
5 deat+ Y [
i=1"r ij=1"%r

We adopt the notation: H?! (€,,) := W' (Q;,). Furthermore, we consider the set
W(0,T) := {v € Ly(0,T; HA(Q)), v, € LQ(O,T;H_l(Q))}. We will use exten-
sively the classical interpolation inequality for allv € L4(9),

v

82
Oz, 0,

1/p
Ov P
—_— dz dt .
Ox; v }

V012, 0) < WMlzo@IVIIZ, ), ford =2,3, (5.4)

Throughout the remaining of Chapters 5 and 6 we adopt the standard notation for
the control and y := y,, for its associated state. Assume that u € L,(0,T; Ly(2)),
Yo € La(R2), yo € HE (). The weak formulation of the state equation (5.2) becomes:
We seek y € W(0,T) such that for a.e. t € (0,7,

(Y, v) + (Vy, Vv) + e’ (y3 - Y V) = (u,v),

(4(0).v) = (vp.v). 3

for all v € H}(Q). Recall that for any € > 0, and yo € H}(Q), it easy to show that
y € H*' (Q)nC (O,T; H} (Q)) (see [Tem97]). We refer the readers to [Tem97,
Zei90] for straightforward techniques that prove the enhanced regularity results. The
following lemma quantifies the dependence upon € of various norms.

Lemma5.1. 1.Letu € Ly(0,T; Ly(2)) and yg € Lo(92). Then, there exists a constant
C > 0 independent of €, such that:

19llL, 0,70, ) T ||y||2L4(0,T;L4(Q))

<C <|QT|§ + ellyoll L, @) + 62||UHL2(O,T;L2(Q))) =:Cy1s
Cst,l

€

19l 0.1z, WL, 0,181 @) <

2. Letu € Ly(0,T;Ly(Q)) and yo € HE(Q). Then, there exists a constant C' > 0
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independent of €, such that the following estimates hold:

1 1/2
Hy”Lm(O,T;Hl(Q)) + ||ytHL2(O,T;L2(Q)) + z”(y2 - 1)2HL/OC(0,T;L1(Q))

1 1/2
< € (1930l 00 + 108 = VP13, + Il 0,00 ) = Cus

1/2

C(s 2
Iyl 0,20 < C <€t +1Vyollr, @) + ||u||L2(O,T;L2(S2))> = Cy 3-

Proof. These estimates are standard (see e.g. [FP03, Bar16, Chr19]). For completeness
we state the main steps of their proofs. For the first result, testing (5.5) against y, and
using Young’s inequalities, we obtain

1d 1 4 2 ) €2 )

th”yHL @ T IVyll7_ @ §||y||L4(Q) < ?Hy“LQ(Q) + ZHu”LQ(Q)
4 e 2

=< ﬁ“y”Lél(Q) + :2|Q| + 7l 0)-

Integrating from 0 to T" and standard algebra we get the estimate in L, (0, T; L,(2))-
norm. Integrating from 0 to ¢, and using the bound of ||y/|| L, (0L () We deduce the

estimate in L__(0,T; L, (§2))-norm. Note that Holder and Young’s inequalities yield
1/4m1/4
||y||L2(0,T;L2(Q)) <|Q T ||yHL4(O,T;L4(Q))
1/271/2 2
< (191212 + lyl3, 0.7,z -

Now we test (5.5) against y;, and we use Young’s inequality to get

d 1
el o + 5 (319903, @ + 7216712l 0) < 5l + 5l o

Integrating with respect to ¢ € (0, T), we obtain

1
||yt||i2(o7T;L2(Q)) + ||Vy(T)||2L2(Q) + ?H(QQ(T)—l)sz(Q) (5.6)

1
< HUH%Z(O,T;M(Q)) + HVZJ(O)H%Z(Q) + 27€2||(y2(0)_1)2”L1(Q)7

which implies the desired estimate. Testing (5.2) against —Ay, integrating by parts
with respect to space, and Young’s inequality yield

2 IV, o + 18010y + 19930

< 5 (18913, @ + Il o)) + 6—2||Vy||L2<m-

The estimate is completed after integrating with respect to time and substituting the
bounds of ||Vy||Lm(07T;L2(Q)).

Remark 5.2. At this point, it is of crucial importance for the upcoming analysis to
deduce that y € L (0,T; L., (€2)). Indeed, we obtain that since the controls satisfy
point-wise constraints, i.e., the set of admissible controls is defined as a subset of

(0, T; L()). We assume that y, € WH4(Q) N H(Q), where WH4(Q) C
L. (). Then, according to maximal parabolic regularity we may deduce that y €
Loo(0,T; L. (52))
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O

Remark 5.3. Note that, if

1
1V9(0) 12,0 + 5-15*(0) = 12/ %, < D,

holds with D independent of ¢, then the constant C,: 2 of Lemma 5.1 is bounded
independently of e and, hence, we deduce

C
9l g2 (0p) < :(D +llullz, 0,75z, 0)))>

where C is an algebraic constant depending only on the domain 2. The condition

1
IVy(O0)1Z, @ + @Il(lf(o) =1, 0 < D?

relates to the assumption that the associated Ginzburg-Landau energy is bounded at
0. This assumption is commonly used in the literature, see for instance [FP03], and it
takes the form of:

1 —0c
||Vy(O)H%2(Q) + @H(yQ(O)—l)ZHLl(Q) < Ce %1, forsome o, >0.

Indeed, for the uncontrolled problem with zero Neumann boundary data and initial
data yg € H&(Q), the solution of (5.2) satisfies, for any ¢ > 0,

d
2 EO+ (D17, @) =0 (5.7)

where F(t) denotes the associated Ginzburg-Landau energy that is, for a.e. ¢ € (0,77,

B(t) = /Q GIWF + é(gf - 1)2> da.

As a consequence, (5.7), implies that E(s) < E(0), for every s € (0, T].

5.2 Optimality conditions

This section is devoted to the analysis of optimal control (5.3). Since we are dealing
with a non-convex optimal control problem, the first order necessary optimality con-
ditions are no longer sufficient. Consequently, we need to consider sufficient second
order optimality conditions for the local optimal solution.

5.2.1 Continuity

We begin by studying the continuity of the relation between the control and the state.
The emphasis here is on quantifying the dependence of various Lipschitz constants
upon e.

Definition 5.4. The mapping G : L,(0,T; Ly(Q)) — H*' () N C (0, T; H}(Q))
that assigns each control function u to the corresponding state y,, = y(u) = G(u), is
called control to state operator.
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Throughout the analysis we use the abbreviation: F(y) := y® — y and for u; €
Ly(0,T; Ly(R2)), 4 = 1,2, we denote by y, = G(u;) :==y,, -

Theorem 5.5. Assume that

3 -1
€ ||yHLOC(0,T;LOC(Q))

luy = sz, 0,71, 0)) < 124(T + 1) E7Y ford =2,

Lo (5.8)
< € ||yHLOC(0,T;LOO(Q))
lur — sz, 0,70, 0)) < A8¢(T + 1)

E3/2, for d = 3,

where E := exp(fOT 2A(t)(1 — €2) + (6 — d) dt). Then, for L, := 2E/2, we have

tS[lépT}H% —Yallp, ) € llvr =¥l 011 ) + ey, - 3/2”%4(0,T:L4(sz))
elo,

< Ly fluy = wallp, 0,7:1,0))- (5.9)
Proof. Subtracting the equations satisfied by y; and ys,, it yields that
(1 —va)y — Ay —92) + e? (F(y1) = Flya)) = uy — uy (5.10)
y1(0) = ,(0) = 0.

Rewriting the nonlinear part as

Fly) = Fya) = vi — v — (1 —92) = (41 — 92)° + 35192 (41 — ¥2) — (¥1 — ¥2)
= (1 —%2)° + Byl — Dy — v2) = 3u1 (1 — 1),
and substituting the above inequality in (5.10), yields
(Y1 = 2); — A(yr —y2) + € (51 —v2)° + € 2Byl — D(y1 — v2)
= Uy — Uy +3€ 2y (yy — y2)”
Testing against y; — y,, gives
1d
2dt
+ e (F (1) (1 — %), v1 — %)
= (uy — Uy, yy — Yo) + 367 (yl(yl —y)% Y — Z/Q) .

1 — 92”%2(9) +IV(yr — yQ)H%z(Q) + E72”?/1 - yQHi(Q)
(5.11)

Recalling the spectral estimate (3.20) around state solution y; with v = y; —y, €
H}(Q), we deduce that

IV (yr = 92)l17, ) + € 2 (F"(y1) (41 — y2)s 91 — ¥2)
> A1 =)y = v2ll7, @) + IV = 9)I7,(0)
+ (F' (1) (Y1 = ¥2), 41 — )

Inserting the above estimate into (5.11), using Cauchy-Schwarz and Young inequalities
and after standard manipulations we obtain

1d
2dt
1 3

< §HU1 - U2||%2(Q) + (A1 =€) + §)||y1 - y2‘|%2(9)

+ 36_2||91HL0C(Q)||?J1 - yzH?is(Qy

1 — QQH%2(Q) +€V(y; — yQ)H%2(Q) + e ?ly, — y2Hi4(Q)
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Integrating over ¢ € (0, T), we have

T T
I = 1) Ol 0 +26 [ IV =)l o0 2672 [ =l

T T

<N = 1) O+ [l =l oy 2+ [ ol = sl o
T

6l | I = sl o

where a(t) = 2A(t)(1 — €?) + 3. The interpolation inequality (5.4), the embedding
H}(Q) C L,(Q) and the Poincaré inequality yield
=927 <g|\ =zl 1 =921l )+ IV (31 —-2) 17
N=Y2llL, ) = 2 Y1=Y2llL, ) \ Y1~ Y2llL, @) T€ Y1=Y2)lL,@) )
for C' > 0, depending only on 2. Then, for § = 1/2 and
wi (D=1 =12) (DI 0)» wa2(t) = 2%V (11 =12) 17,0 +2¢ 1 =12lI7 (0
w?,(t):||y1_y2||3Ls(Q)v A:”ul_u2||2L2(0,T;L2(Q))’ B:6C€_4Hy1||LOQ(O,T;LOQ(Q))7

Lemma 2.5 implies the result for d = 3. For d = 2, using (5.4) and the GNL inequality
(2.3), we deduce,

=217, ) < €Iy =22l o) IV =22) 12, 0)-

Therefore, substituting the above inequality and using Young’s inequality, we have
T T
0 -1 Ol + 2 [ 19 =0l e +2672 [ =t o
T 0 T 0
< (6 -) O3, 0 + / e sl o dt + / a(®)lly—yal?, (0
T
‘|'952674“91||2Loo(0,T;Loo(Q))/0 ||3/1_yz||2L2(Q)||V(Z/1—y2)||2LQ(Q) dt.

The result now follows upon choosing 8 = 1, B = 9¢%¢ % ||y, |2 (0,751 () and
a(t) = 2A(t)(1 — €%) + 4 in Lemma 2.5. O

5.2.2 Differentiability

Next, we determine the first and second order derivatives of G, that play a crucial role
in the derivation of the optimality conditions. In this part the analysis of the adjoint
state equation is necessary.

Theorem 5.6. Let u,v € Ly(0,T; Ly(2)). The mapping G : L,(0,7;Ly(Q)) —
H?1(Qp) N C(0,T; H(Q)), given by y, = G(u), is of class C*°. Additionally,
denoting by 2, = G’(u)v and 2,, = G” (u)v?, the latter are the unique solutions to
the following problems

2,0 — Az, + €2 (3y3 —1)z,=v inQp,
z, =0 onXp, (5.12)
z,(0)=0 inQ,
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Zvv,t - AZVV =+ 6_2 (Byi - 1) Ry = _66_2%53 in QT:
Zyy = on 2T7 (5.13)
z,(0) =0 in €.

Proof. The proof follows using similar arguments as in [CC12, CC16]. Indeed, we
consider the mapping

F o H* (Qp) N C(0,T; Hy(Q)) x Ly(0,T; Ly(R)) — Ly(0,T; Ly() x Hy (%),
defined through

F(y,u) = (y, — Ay + e (1 —y) — u,y(0) — 1) -

We treat the nonlinear part d(y) := y® as a Nemytskii operator from Lg(2;) to
Ly (Q7), see, e.g., [Tro10, Section 4.3]. Note that F is of class C*° and we have that,

oF

9 (y,u)z = (2, — Az + e 2(3y% — 1)z, 2(0)) .

We need to ensure that the mapping

oF
oy @0 HY Q)N OO, T Ho () = Ly (0,73 Ly()) x Ho ()

is an isomorphism from H*!(Q)NC(0,T; H}(Q)) onto Ly (0, T; Ly (2)) x HA(Q).
Indeed, fory € H*'(Q7)NL, (0, T; L (), f € Ly(0,T; Ly(£2)) and 2, € H} ()
one can prove that z is the unique weak solution of the following linear initial value
problem for all w € Hi(Q) and for ae. t € (0,7

{(zt,w) +(Vz,Vw) + e 2 ((3y2 - 1)z,w) = (f,w)
z(0) = z,.

through Galerkin method, see [Eva98, Chapter 7]. Furthermore, if y,, is a solution
to (5.2) then it holds that F(y,,u) = (0,0). The Implicit Function Theorem then
implies that the control to state operator, G, is of class C'* and, then we can write
F(y,,uv) = F(G(u),u) = (0,0) for all w € L,(0,T; Ly(£2)). The chain rule for all
v € Ly(0,T; Ly(R2)) yields

OF , OF B
aiy(y'uﬂu)G (U)V + %(y'mu)v - (O7O)a

and

82F / / 3F 1" 2
Tyg(yuvu) (G (u)vv G (U)V) + aiy(yuvu) G (u)v
2

oF (Yo w) (G (w)v,v) + %(yu,u) v2 =(0,0).

Oudy

Upon setting z, = G'(u)v and 2,, = G”(u)v?, the equations (5.12) and (5.13) are
shown, respectively. O

The above differentiability properties of G imply that the reduced cost functional
J 1 Ly(0,T; Ly(2)) — R is of class C°, also.
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Lemma 5.7. For any u,v € Ly(0,T; Ly(€2)) and p > 0 it holds that

T
"(u)yy = /0 /Q(cpu + pu)vdz dt, (5.14)

and

T T
J”(u)vzz/ /|zv|2dxdt+7/ |zV(T)|2da:+,u/ /|v|2da:dt
o Jo Q o Ja
T
—66_2/ /yu 22 ¢, dz dt,
o Ja

where z, is the solution of (5.12) and ¢,, € H*>'(Q,)NC(0,T; H}(Q)) is the unique
solution that satisfies the adjoint state problem,

{_ (‘pu,tvw) + (Vgow Vw) + 6_2( (3y121 - 1) (Pu,w) = (yu - yde) ’
Pu(T) =7 (T) = ygo),

for all w € H(Q).

(5.15)

(5.16)

Proof. To begin with, the derivation of the adjoint state equation results through a
standard Lagrangian method, see [Tr610, Chapter 3] Then, after standard argumenta-
tion we conclude that (5.16) admits a unique weak solution with desirable regularity.
Using the chain rule, we immediately deduce that

—// ~ o)z dedt + [ (0,(T) = )=, (T) da

—i—u/ /uvdxdt.
o Ja

We will eliminate z, using the adjoint problem. Specifically, testing (5.16) against z,
and (5.12) against ¢,,, integrating by parts with respect to time variable from 0 up to
T, and using the resulting equations, we obtain

T T
/ (P> v) dt =5 (Y, (T) = ya, 2,(T)) +/ (Y — Ya» 2,) dL.
0 0

Combining the last two equations, we deduce (5.14).
We continue with the proof of (5.15). Using the product rule, we have

J" (w)v —/ /|z \dedt—i—/ / —Yq) % dxdt+7/ |2,(T)|? dz
+7/ (Y, (T) = yq) 2,(T) dz +u/ / v|? da dt.
Q2 0o Ja

Testing (5.16) against z,,, integrating in space-time and substituting the conditions
2,(0) = 0 and ¢, (T) = 7(y,(T) — yq), yields

T
| Gurmnd) + (Vo Vo) + €7 (307 = 1) de
0 (5.17)

— o (G (T) — Yy 20s(T)) + / (Y — Y 2vy) .
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Then, testing (5.13) against ¢,, and working analogously, we get that

T
/0 (Zvv,ta Sau) + (vsz v@u) + 672 ((Syi - 1)Zwv Qau) di

= —6e 2 /T ( 2 d
= yuzv,cpu) t.
0

We observe that (5.17) and (5.18) imply

(5.18)

T T
/ (yu —Yaq, Zw) dt + v (yu(T) —Ya» ZVV(T)) = _6672 / (yuZ37 @u) dta
0 0

which completes the proof. O

Remark 5.8. The assumption yo, € H}(€2), together with the regularity properties of
the state solution y,,, implies that o, (T') € H}(Q). Thus, we deduce that

1w (M) 20y = VWD) =y L3 ) < 7(tes[tépT]llyu(t)||H3<Q>+||yQIIH3(m)~

Recalling Lemma 5.1 and the embedding H**(Qr) C C(0,T; H'(Q2)), we obtain

_ 1 1/2
lou (g ey < Ce™ when €[ Vyoll ) + 515 — Vg <
Similarly, we have that
_ 1 1/2
leu (Ml ey < O™ when [ Vyollp, o) + 518 = 1) < D

Lemma 5.9. Let ¢,, be the solution to (5.16), y, € Ly(0,T; L,(Q2)) and y, € H} ().
Then, there exists a constant C' > 0, depending only on the domain €2 such that

tsgép [0, ( )||L2(Q) + €||V80u||L2(o,T;L2(Q)) + leuyullr0,7;02(2)
S

(5.19)
< CCY2 (I0ulT) @) + I = YallLoo.1i007 ) = Dt
il 0,10, ) tes[‘(l)%]||v<ﬂu(t)||/:2(m
< O(Hyu YallL,0,m:L,2) T = (HyuHL o151y + 12D tl) (5.20)
+ IVeu(DllLy @ ) = D
||<Pu||L2(o,T;H2(Q)) (5.21)

1
< C(Hyu = Yallp, 0,0, )) T Det2 + = (L4 3llyullL_ om0 )) Dst,l)a

where C,, := exp (fOT (2A(t)(1 —€%) +3) dt).
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Proof. To derive the first stability estimate, we test (5.16) against w = ¢,,, to obtain

1d
2dt
Using (3.20) for v = ¢,, about state solution y,,, applying Cauchy-Schwarz and

Young’s inequalities on the right-hand side and integrating with respectto t € (1,T),
we obtain

leull?, ) + IVeulT, @) + € 2(F (Yu)fus 00) = (Y — Yar Pu)-

T T
2 2 2 2
lou (D2, g + 2¢ / IV, 2, ) dt +6 / It o
T

T
< lou Dy + [ (AO0-43) ol e+ [l = vl o .
T T

The (linear) Gronwall inequality yields (5.19).
Setting w = —¢,, , into (5.16), gives

1d _
||(¢0u,t||%2(ﬂ) - §a‘|v@u”%2(ﬂ) = (yu — Ya, Qou,t> +e€ Q(Fl(yu)spu7 quqt)'

Now using Young’s inequality, we may bound the last two terms on the right-hand
side as follows:

€ 2 (F' (o) Cur)l = € 21 ((Byi — 1) o, put) |

1
< ZH‘Pu,t

7. T 187 lyull? o) leuyullt, o) + 26 bull7, @)
and
1 2 2
(Y = Yar Pup)| < 1||90u,t||L2(Q) + Yy — vallz, @)
Substituting the last two inequalities and integrating from T up to 7T yields,
T
[ 1wl ot + V200

T T
<2 [l = vl o 28+ 190Dy 47 [ il o
T T

T
436l oy | Iownl o dt.
T

Using now the stability bound (5.19), we obtain (5.20). The third estimate follows using
similar techniques by setting w = —Ay,, into (5.16) and using the previous bounds

to estimate ||, 4[|, (0,7:L,()): IVeullL, 0.7:2,) and [y, oullL,0.1:L,0). O

Letuy, uy € Ly(0,T; Ly(€2)) be the control functions. Then, we denote by y; = v,
and ¢, = ¢,, the associated state and adjoint state solutions for¢ = 1, 2, respectivel};.

Lemma 5.10. Assume that (5.8) holds. Then, for d = 2, there exists a constant C' > 0
depending only on the domain 27, such that

t:[%%]“% = allz, @) +eller = @allL, 0,710

CooiDas (5.22)

< CTE;/2L1 <1 + 67/2) lur = uallz, 0.1:2, (2))-
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For d = 3, there exists a constant C > 0 depending only on the domain Qr, such
that
sup |[j¢y — 902HL2(Q) +elley — 902HL2(0,T;H3(Q))
t

)

. 2
CoCDyi 1 (523)

<CrEJ’L, (1 + 615/4> luy = sz, (0,11, (2))

/2
where Cop i= (CUIIZ_ ooy + 123 o1 _o))  With C > 0 de-
,and By == [ (2A(t)(1 — €2) + 4) dt.

pending on

Proof. Subtracting the equations satisfied by ¢, and s, it yields that
—(p1 = @2)y — Ay — o) + €2 (F'(y1) 01 — F'(42)92) = 41 — o
(o1 =) (T) =7 (41 — 92) (T).

Inserting the identity

F'(y1)er = F'(ys)e2 = (307 = 1) (91 — 02) +3 (1 — 3) s,
into (5.24) and testing against ¢, — ¢, we deduce that

1d _
2dtH<pl <P2H%2(Q)+||V(<P - )7 ()€ 2(F'(y1) (01 — @2), 01 — #2)

(5.24)

= (Y1 — Yp, 1 — ) — 3 ° ((yl — Y3) g, 01 — ©y) = K; + K,
We have
1 ) 1 )
< 5”%01 - 802||L2(Q) + 5“91 - y2||L2(Q)7

while applying Holder, Poincaré and Young inequalities, we obtain
Ky < 3672“3/1 - y2||L2(Q) (||y1||LOO(Q) + ”yQ”LOO(Q)) ||802||L4(Q)||801 - <P2||L4(Q)

Co €
< 676”?/1 — %, o lleallT, ) + §||V(<P1 —e)l7, @

Collecting the above bounds and using (3.20) for v = ¢, — ¢4, y = ¥, and integrating
with respect to ¢ € (T, T), results into

o1 — 22 (DI, 0 + / 19 (61— )2, g
C
< vy — y)(T )HL ,(Q) +— <6 Sy — y2||Loo 0,T5L,(Q)) ||<P2||L4(Q) de

T T
[ =l e det [ @AO ) +4) oy - ool o
T T

For d = 3, using the GNL inequality, Holder’s inequality with s; = 4 and so = 4/3,
and (5.19), we estimate

T
| et mar=e / loallY2 ) Va2 dt
T

D2
~2 174 € st
<é H<P2||L2 0.T Ly Q))||V<P2HL2(0TL2(Q)) <1 32
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Similarly, for d = 2, we have

T T
[ bt <@ [ el 9ol o de
T T

~2 12
c Dst,l

< BNl Ly0.1:L2 @) 1VP2 Lo 0.7 L0 (02)) < Tl/zf'

Then, for d = 3, the (linear) Gronwall inequality implies

sup [[(¢1 = @2) (DI, @) + IV (1 = @) 17 0,72, ()
te[0,T]

T1/402 D2
2 oo st, 1 3 2
< B, (I =)Dl + (T4 —577) sl =l o)

The estimate now follows by recalling the Lipschitz continuity of control to state oper-
ator from L4 (0, T; Ly (€2)) into L (0, T; L, (£2)). Working in a completely analogous
fashion, we deduce the estimate for d = 2. O

5.2.3 Necessary and sufficient conditions

Below, we state the optimality conditions. We refer the readers to [CC12, Theorems
3.4 and 3.3] for the related proofs.

Theorem 5.11. Every locally optimal control @ for problem (5.3), satisfies, together
with its associated state y € H?'(Qr) and adjoint state € H*'(Q7)

{(yt,v) +(Vy, Vv) + e 2 (5 — 4,v) = (@,v) Vv € H}(Q) (5.25)
y(0)

= yOa

= (P, w) + (Vo, Vo) +e72((39° = 1) p,w) = (§ =y w) Yo € Hy ()
P(T) =v(U(T) = va),
(5.26)
and the variational inequality (optimality condition)

T
/ / (p+pu)(u—u)dedt >0 YueU,y, (5.27)
0o Ja

withw € C(0,T; HY(Q)) N HY(Qr).
Furthermore, assume that e||Vy0HL2(Q) + 2[(yd - 1)2||1L/12(Q) < C. Then,

191l 2100, < Ce? and @121 (0,) < De?.
. o 1/2
If in addition HVy0||L2(Q) + 2 l(yd - 1)2||L/1(Q) < D, then

191l zr2.1(@,y < Cet and [|@ll 2oy < De?;

here, the constants C, D are independent of ¢ and depend only on the data.
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Proof. Note that every local optimal solution satisfies J'(u)(u — u) > 0, Vu € Ugq.
Indeed, let u € U,q be arbitrary. Since U,q is convex, u + p(u — u) € U,q for any
p € (0, 1]. Since @ is an optimal solution, it yields that

J (@ + plu— @) = J(@).
Hence, for p € (0, 1] we have that

%(J(fﬂrp(u — ) = J(@) = 0.

Letting p — 0, we arrive at J'(u)(u — @) > 0, which proves the validity of (5.27).
Then, it is enough to recall the derivative expression (5.14) to derive the optimality
system (5.25)-(5.26) and (5.27). Inequality (5.27) implies the standard projection for-
mula

u(t,x) = Proj, u,) <—2Lg0(t,x)> forae. (t,x) € Qp, (5.28)

from which we deduce u € H'(Q,) N C(0,T; H*(R)). Here, for real numbers u, <
u,, we denote by Projy,, ,, | the projection of R onto [t Up)s

Proj[ua’ub] (u) := min {ub, max{u,, u}}

Therefore, if

1 1/2
V30l 0 + 5168 = D10y < C.

(independent of €) we observe that the constants C; 2, Cst 3 of Lemma 5.1 satisfy

C N C _
Cst2 < (6 + ||u||L2(O,T;L2(Q))> and Cg 3 < (52 + ||u|L2(O,T;L2(Q))>

from which we deduce that ||g||H2‘1(Q y = Ce 2. Similar, the estimates of Lemma
~ T ~

5.9, imply that ||<‘5||H2’1(QT) < De 3 when v > 0 and H(,OHHz,l(QT) < De™? when

~ = 0. Under the assumption

1 1/2
1990110 + 52165 = 12135y < D,

a similar boot-strap argument, imply that ||g|\H2,1(QT) < Ce ! and Hd_)HHQ’l(QT) <

De=2. We note here that Lemma 5.1 implies that the constant Dy ; of (5.19) is
bounded independently of e. O

In the usual manner, we deduce from (5.27) that for a.e. (¢,z) € Q,

u(t, o = o(t,x) + pu(t,z) >0,
u(t, u, = ¢(t,x) + pu(t,z) <0, (5.29)
u(t, @) € (ug,wy) = @(t,x) + pu(t,z) =0,

and

(5.30)
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We introduce the cone of critical directions that is necessary to state the second order
conditions:

Ca = {v € Ly(0,T; Ly(2)) : v satisfies (5.32) }, (5.31)
where
i) v(t,x) =0 if @(t,x)+ pa(t,z) # 0,
i) v(t,x) >0 if u(t,x) = u,, (5.32)
i) v(t,x) <0 if u(t,z) =u,.

Let us notice that

(@) = /0 /Q (@t ) + pia(t, 2)) v(t, ) da dt,

(p(t,z) + pu(t,x)) v(t,z) = 0 for ae. (t,z) € Qp and for every v € C;.

(5.33)

Theorem 5.12. Let u be a local solution of the problem (5.3). Then, it holds that
J' (W >0 Wecd,. (5.34)

Proof. The proof follows completely analogously to [CC12, CC16]. Let v € C; be
arbitrary and let r < (u, — u,)/2 that defines

0 if w, <u(t,r) <wu, +r,
v, (t,z) =<0 if u,—r<ultz) <u,

Proji_y ;17 v(t,z) otherwise.

We can check that v, € C; for every r > 0. We observe that v,.(t,2) — v(t, z)
pointwise a.e. as 7 — 0. Also, v2(¢,z) < v%(¢, ) for a.e. (¢, ) and for every r > 0.
Then, we may use Lebesgue’s dominated convergence theorem to deduce thatv,, — v
strongly in L, (0, T; Ly(2)).

Moreover, @ + pv, € U, for 0 < p < r?. We make a second order Taylor expansion
of J at u for some 0 < 6, < p such that

2
0<J(a+pv,)—J@)=pJ (@), + %J” (u+6,v,) vy,
at the first step we took into account the fact that « is a local minimum. The observa-
tionv, € C; implies that J'(@)v, = 0 according to (5.33). Hence, the above inequality
leads to J” (@ +0,v,) vZ > 0.
Next, we take the limit as p — 0 (6, — 0) to get J” () v? > 0. Now through the
definition of J” (u), we obtain that

T T
J”(a)viz/ /\zvv|2dxdt+7/ 1z, (T)|2dx+u/ /|vr|2dxdt
o Ja 7 Q 0 Ja

T
*6672/ /yﬁ 22 o dxdt
0 Jo "
T T
— / /|zv|2dmdt+'y/|zV(T)|2dx+,u/ /|v|2da:dt
o Jo Q o Jo

T
— 6672/ / ys 22 oo dedt = J" (a)?,
o Jo
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as taking the limit » — 0. To pass the limit, we note that since v,, — v strongly
in Ly(0,T; Ly(2)), using the definition of z,, z, through (5.12) we also deduce that

v V.

z, — z,in Ly(0, T} HY(Q))N L (0,T; Ly(2)). O
Now, we shall state the sufficient conditions for optimality.
Theorem 5.13. Assume that u € U, satisfies
J(@)(u—1u)>0 YueU,y, (5.35)
J"(@p? >0 WveC;\ {0} (5.36)

Then, there exist « > 0 and § > 0, such that
_ ) _ _
J(u) + 5““ - “||%2(0,T;L2(Q)) < J(u) Vu€U,qNB,(u), (5.37)

where B, (@) is the open ball of L,(0,T'; Ly (2)) centered at 4 with radius .

Proof. The proof follows completely analogously to [CC12, CC16] based on arguments
of [CMRO7] (see also references within). We note that ||3/,,[| 2, (0,71, (0)) is bounded
independently of €, for any v € U _;; see Lemma 5.1.

The proof follows by contradiction. Indeed, let us suppose that the theorem is false.
Then, there exists a sequence {u, }3>, C U, such that

- 1 _ 1 _
1 =gl L 0,752, 0)) < % and J(u) + %Hu — %, o0min, () > I (ur)- (5.38)
Now, we define
_ 1 _
pr = llu— uk”Lz(O,T;LZ(Q)) and v, = a (up, —u). (5:39)
Then, taking a subsequence if necessary, we can assume that v, — v weakly in

L,(0,T; Ly(2)). The proof is divided into three steps.

Step I: v € C;. We have to prove that v satisfies (5.32). First, we observe that the
set of elements in L, (0, T'; L, (2)) satisfying i) — ¢ii) of (5.32) is closed and convex.
From the definition of v, it is obvious that each v, satisfies i3) — ¢44) of (5.32). Let us
prove ¢). From (5.38) and using mean value theorem we get for some 0 < 6, < 1 that

1 . _
J(u) + ﬁ”“ - Uk||2L2(o,T;L2(Q)) =J(u) + i > J(ug) = J(@+ ppvy)
= J(@) + ppJ" (U + Opppvi) v,
hence

Let us prove that J'(u + 0,p,v,)v, — J'(@)v. To this end, we set ug, = u+
0,0V From, (5.38) and (5.39) we know that up = win Ly(0,T; Ly(Q2)) strongly.
Therefore, its associated state Yo, and adjoint state (g, converge strongly to y and ¢

in H271(QT) NC(0,T; H&(Q)) then with (5.14) we have that
T
J (U A+ 0pppvi)vi, = / / ((pek + uugk) v, dz dt
0o Ja

%/()T/Q(cp+pu)vdxdt(]/(u)\/.
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Then, (5.40) implies that J'(#)v < 0. Note that since (5.35) holds, then (5.29) holds as
well. So far we know that v satisfies i) — ¢i¢) of (5.32). Thus, almost for every (¢, z) €
Q. we have that (¢(¢, ) + pu(t,x)) v(t, z) > 0, that together with J'(u)v < 0 yield
that v satisfies ¢) of (5.32).

Step II: v = 0. We will prove that J”(#)v? < 0, then according to the second
assumption of the theorem this is possible only if v = 0. Using again (5.38), (5.39) and
making use of Taylor expansion, we get for some 0 < ¢, < 1

2

J(@) + 55 > J(wy) = J(a+ pyvy)

2
= J(@) + ppJ' (Wvy, + %Jﬁ(ﬁ + 010eVi Vs
hence since p, J'(u)v,, = J'(u)(u, — u) > 0 we get that

1
J" (6 + Oy ppvi )V < (5.41)

%.
Now, we set uy = U + 0,.p;,v), where ug = Uin L,(0,T; Ly(Q)) strongly. Then,
Yo, = G(“ek) and Po, the corresponding state and adjoint state, respectively. We
also denote 29, = G'(u, )Vi, and from (5.15) we have that

7 k

T T
JH(Uek)Vi :/ /|z9k|2dxdt+7/ |Zek(T)|2d$+M/ /|vk\2dxdt
o Jo Q 0o Ja

T
—6672/ /yg 25 @p dxdt. (5.42)
o Jao ok oFF

It is easy to pass the limit since 2, = %y weakly in H%1(Q,) while Yo, — y and
Py, — ¢ strongly in H?1(€2;). In the third integral we use the weakly lower semi-
continuity in L4 (0, T"; Ly (£2)). Thus, we deduce from (5.41) and (5.42)

J"(u)v? < lim inf J”(qu)vi <0. (5.43)

k—o0

Step III: Final contradiction. Since v = 0 we get that 29 =0 weakly in H%1(Q).
Then , from (5.42) and (5.43) together with the identity [lv,[l; 7.1 () = 1 allow
PASEERED
us to conclude that

0> lim ian”(ng)V% =0+4+pu=uy,

k— o0

which is a contradiction. O

We point out that the constant § > 0 will not appear on any exponent, in what
follows.

Remark 5.14. The second order sufficient condition (5.36) is equivalent to
N2 2
M@y = 8IVIL, 0.r5L, ) WV E Ca (5.44)

Indeed, let us observe that (5.37) implies that « is a local optimal solution to the prob-

lem
min Jg(u) = J(u) — %Hu - ﬁ||%2(o,T;L2(Q)) (5.45)
uweU,,NB,(u).
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Then, Theorem 5.12 yields that J{ (#)v? > 0 for all v € C. Thus, we deduce
1(=\.2 __ 7/ (=\,,2 2
Js (v = J"(u)r” — 5HV||L2(0,T;L2(Q)) >0,

which implies the assertion.
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CHAPTER 6

I_APPROXIMATION OF THE CONTROL PROBLEM

This chapter is devoted to the numerical approximation of the optimal control prob-
lem. We shall present a priori error estimates for a fully-discrete scheme based on the
discontinuous-in time-Galerkin dG(0) framework, i.e. piece-wise constant approxi-
mations in time, finite elements based on piecewise linear polynomials approxima-
tions in space. The numerical analysis of the control to state under low regularity as-
sumptions is based on the construction of a globally space-time projection as the dG(0)
solution of a heat equation with right-hand side y; — Ay, similar to earlier works of
[CW10] uncontrolled Navier-Stokes equations, [CC12] for controlled Navier-Stokes
and [Chr19] for the uncontrolled Allen-Cahn. In our approach below, we do not as-
sume any point-wise space-time bound of the fully-discrete solution of the control-
to-state mapping and, most crucially we do not construct a discrete approximation of
the spectral estimate. As a result we arrive at an estimate that is valid under the lim-
ited regularity assumptions imposed by our optimal control setting. For the numerical
analysis of the discrete adjoint to state mapping, the key difficulty involves the proof
of discrete stability and error bounds that depend polynomially upon 1/e. Indeed,
we note that the spectral estimate is not longer valid if we replace y by its discretiza-
tion and the direct application of the nonlinear Gronwall Lemma will lead to severe
restrictions on the size of ||y, — deL2(0,T;L2(Q)) and ||y(T) — yQHLQ(Q) in terms of
€. Such restrictions are not practical in the optimal control setting. Our approach is
based on a pseudo duality argument that avoids the construction of a discrete approx-
imation of the spectral estimate and the use of a nonlinear Gronwall Lemma resulting
to discrete stability estimates. Then, for the derivation of error estimates for the dis-
crete state to adjoint mapping, we employ a boot-strap argument. We note that the
error analysis of the state to adjoint mapping may be of independent interest, since it
concerns a linear singularly perturbed problem under low regularity assumptions on
the given data. Combining these estimates, we are able to proceed in a similar fashion
to [CC12] to establish the desired estimates for the difference between local optimal
controls and their discrete approximations, as well as estimates for the differences
between the corresponding state and adjoint state and their discrete approximations.

89
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6.1 Discretization

Let {7}, }1,~( be a family of triangulations of Q. To each 7T}, to be a conforming, shape-
regular and quasi-uniform subdivision such that Urc7, 7 = Q. With each element
T € T, we associate two parameters i and p_, where h_ is the diameter of 7 while
p, is the diameter of the largest ball contained in 7. Then, we define the meshsize
parameter as h := max e h,. To each T, we associate the finite element space:

Y, = {yh € C(Q); yul, €Py(7), V7 € 72} C Hy (%),

with P; denoting the d-variate space of linear polynomials. We recall the following
classical inverse estimates:

allL, @) < Cinvh_(d/6)||vh||L2(Q)a and [|vy[| g1 () < Cinvh_lHVh||L2(Q)' (6.1)
Furthermore, we set
Uy, = {uy € Ly(0,T; Ly()); uyl, =u, € R}.

Let0 =ty <t; <...<ty =T. Weconsider the quasi-uniform partition of the time
interval [0, T] into subintervals J,, := (t,,_4,t,] with k,, :==¢, —¢t,_;,n=1,...,N
each time step. Indeed, we assume that there exists a C;; > 0 such that

k= max k, < Cyk,forn=1,...,N. (6.2)
1<n<N

Setting o = (k, h), we consider the following fully discrete spaces:
Y(T = {ya' € L2(07T5Hé(9))7 ya|Jn € }/h,’ n= 17 s 7N}7
U, = {uo € Ly(0,T; Ly (0Q)); uo_|Jn elU,,n=1,...,N}

The functions in Y, and U, are piecewise constant in time. We are looking for discrete
controls in U, that can be written in the form:

N
Ug =D D Uy XnXr, Withu,  €R,
n=1 TETh

and x,,, X, the characteristic functions over (¢,,_,t,,) and 7, respectively. We con-
sider the convex subset of U,,:

U,

ag

,ad — Ua N Uad = {ua € Ua : un,‘r € [u(wub]}'

Every element of Y, can be written in the form

N
Yo = Z Yn,h Xn> with Yn,h € Yh'
n=1
We fix y,(t,) = y,,;, in order y, to be continuous from the left. Thus, we have

Yo (T) =y, (tx) = Unp-
To introduce the discrete control problem, we need to define the fully discrete
scheme of the state equation (5.2). For any w € Ly(0,T; L,(2)), the backward
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Euler-finite element method (discontinuous-in time- Galerkin dG(0)) reads: for each
n=1,...,Nandforallw, €Y,

Ynh — Yn— _
<,hk17h7wh) + (Vymh,th) +e€ 2 (F(y’ﬂ,h)’wh) = (un,wh)

n

Yo,n = Yon>

1 [t
__— / u(t) dt,
ki (6.4)

Yon € Yi st (1Yo — vonllL, @) < Ch and |lyopll g1y < € VA > 0.

where

Later in Theorem 6.5 we will prove that for any u € L,(0,T; L,(2)), (6.3) has a
unique solution y, (u) € Y.
Then, we define the discrete control problem as follows:

{ min J_(u,) 6.5)
U, €U, qas
where
1
v =3 [ [ o) v azac s 3 [ o) e
(6.6)

+7/ /|ua|2dxdt,
2 0 Q

Yo € Yn st lva —vanllL, < Ch and |lyq pllgiq) < C VR >0. (6.7)

We begin with the analysis and error estimation of the discrete state equation. The
choice of the dG(0) method is due to the low regularity imposed by the optimal control
setting.

6.1.1 Analysis of the discrete state problem

Lety =y, = G(u) and y, = y,(u) € Y, be a solution to (6.3). We begin by
presenting some discrete stability estimates that are useful for the upcoming analysis.

Definition 6.1. We define the projection operator P;, : L,(€2) — Y,, through
(Poy,wp) = (y,wy)  Vwy, €Yy,
Also, we define P, : C(0,T; Ly(2)) — Y, by
(Pay)n,h = Phy(tn)a
foreachn=1,...,N.

Lemma 6.2. Let y, be a solution to (6.5) corresponding to the control function u €
L,(0,T; Ly(Q2)), and y,, := P, y,. Then, there exists a constant C' > 0 independent
ofo = (k,h), eand |[yll;, (o r.1_(q)) such that

Hyo||L2(0,T;L2(Q)) =+ ||ya||2L4(o,T-,L4(Q))

1 (6.8)
<O (1971} + ol z,@) + lull 2,012,000 ) = O,
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and
1Yol L 0.7:L2(2)) + 1YollLoo, 101 (02))

cd (6.9)

N ) 1/2
(DM = vnorlidyey) ==
n=1

If in addition, k& < %, with C defined by (6.2), then the following estimate holds

1
Yol o5 ) + *||yo||% (0, T5L,(2)) (6.10)

IQI1 2 dG

+ ||u||L2(0;T;L2(Q))> = Cgl-

<C<||Vy0h||L Q)+*||y0h||L @t

Proof. The first two stability estimates can be derived by setting w;, = y, into (6.3)
(see also [Chr19, Section 3]). For the proof of the third, we proceed as it follows. We

choose wy, = (y,, , = Y1 1) /Ky, in (6.3), to get

1 1
= (una Yn,h — yn—l,h) + 2 (yn,h7 Yn,h — yn—l,h)'
kn e?ky,

Yn,h = Yn—1,n ‘ 2

1 1
k +7(Vyn,hav(yn,h_ynfl,h)) + 2 (yzyhvyn,h_ynfl,h)
- e2ky,

Ly kn

Young’s inequality for p = 4/3 and ¢ = 4, yields

/ |y§z,h||yn—1,h
Q

Hence, using Holder and Young’s inequality and after some standard algebra, we de-
duce that

1
+ ZHyn—l7hl|i4(Q)

yn h ynfl,h ‘ 2
Ly ()

1 9 1 2
4‘ o IV allz, @ + 5= IV Wk = vaanllZ, @)

n

1 A 1 ,
+ m”yn,h”h(g) + mHyn_Lh”LQ(Q)
1 1
S ||un||%2(9)+ﬁHvynfl,hH%Q(Q) + m”ynflyh”%%(ﬂ)

1 2 1 2
+ muyn,hHLQ(Q) + %Hymh ~Yn-14llZ,0)

Multiplying by k,,, summing from n = 1 up to m, form = 1, ..., N and using (6.2),
yields

3C0 1
Z 1Yt = Yn—1 h”L @ T 1VYn hHL L) T 22 ||ym,h||%4(ﬂ)
n=1

1

1
< IVyorl?, o) + @”%h”i(ﬂ) + ?”ym,hH%Q(Q) (6.11)

1 m
+ 2Hu||2L2(0,tm;L2(Q)) + 2 ZHyn,h - yn—l,hH%2(Q)'

n=1
We use Young’s inequality to further estimate

1 1 0|
€3||ym7’l||2L2(Q) < @Ilym,hll‘L(Q) t 3
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Finally, selecting k such that, i.e., eiz < 3261;0, in a way to hide the last term on the

right-hand side of (6.11) on the left, we deduce the desired estimate. O

Lemma 6.3. [CC19, Lemma 3.4] There exists a constant C' > 0 independent of o such
that for every y € H>1(Q,) N C(0,T; HE()) it holds that

2
|y — Pay||L2(O,T;L2(Q)) < C(kHyt||L2(O,T;L2(Q)) +h ”yHL2(O,T;H2(Q)))a
Iy = Pyl 0. < C (VRN 0200 + (VE+ Wl Ly0.m2ca) )

Another technical tool is the definition of a global space-time projection onto Y,
as a discrete solution to the following auxiliary linear parabolic problem. Lety €
H?*Y(Qz) N C(0,T; H}(2)) be the solution to (5.2) and y,,, := P,y,. We define
U, € Y, satisfying: for eachn =1,..., N and for every w, €Y},

y h y —1,} . R
(nknl7wh> + (Vyn,h7vwh) = (fn’wh)

n (6.12)
Jo,n = Yon>
where,
o) = 2 [ 1900, %0) + (0w}
— y(t) — (ty ) ©19
k—/t t), Vw,)dt + (k;’wh> .

n

According to [CC14, Lemma 4.6], (6.12) has a unique solution ¢, € Y. We split the
error as follows:

é:y_gaz(y_Pay)+(Pay_gU) (614)

Substituting (6.13) into (6.12), we note that é satisfies the following orthogonality
condition,

(é(tn)—é(tn_l),wh) + / " (Ve V) dt =0, (6.15)

n—1

forall w, € Y, andforeachn =1,..., V.
The following Lemma collects various stability and error estimates.

Lemma 6.4. Suppose that g, € Y_ is the solution to (6.12). Then, there exists C' > 0
independent of o, such that

1y = ol 0.0,2) TV = Uollz, 0,120 < C(Vk+ Myl g21q,), (6.16)

1y = 96l 2, 0.1, < Clk+ hQ)H?J”H?vl(QT)' (6.17)

In addition, there exists a constant C' > 0 independent of o, €, such that
1951l 0,751302)) < Cllyllmzr@r)- (6.18)

Proof. In view of Lemma 6.3, (6.16) is immediate. As for the estimation of the second
one, that belongs on Y, we refer the readers to the standard techniques presented in
[CW06a, CW10], [CC19] and [CC14]. (For completeness we present the proof also in
Appendix A). O
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The following result states the main error estimate for the control to state map-
ping. We emphasise that, unlike previous works for the uncontrolled Allen-Cahn
equation, we do not exceed the H?!({2;) regularity. Our technique employs the
spectral estimate at the “continuous level” and, hence it avoids the construction of
discrete approximations, which typically lead to higher regularity requirements. For
the purpose of the analysis, we decide to present two different theorems for d = 2
and 3, respectively.

Theorem 6.5 (d=2). Let u € L,(0,7;Ly(Q)),y € H>Y(Qp) N C(0,T; H(Q))
and y, € Y_ satisfy (5.2) and (6.3) respectively. Suppose that (3.20) holds with
Mz 0,7y < C, where C' > 0 a e-independent constant. If there exists C' > 0
such that

1/2 Cy 2 12
(VE+ W2 o, max{ =2, Iyl g2aay b 02 0

(6.19)
< ECE™V?,
then, the following estimates hold:
1Y = Yol 052,00 + e My - y17||2L4(0,T;L4(Q) (6.20)

< max{%(\/%—kh), %

(VE -+ W)l 22, C J OV + Wyl e,

1Y = ol 0,02 ) (6.21)
C C
< max { L (VE + h), =L (VE+ Iyl 210, € pVE+ D)Wl 0

Here, we denote by C; := 2EY/2C__, C;; := CE'/? and E := exp(2Ta) where

1/2
O, = C(l +(1+ EQ)HyH%m(O,T;Lm(Q))) ;o= sup (2A(1)(1 — €?) +4),
t€[0,T]

and C>0 an algebraic constant (that might be different in each occurrence) but inde-
pendent of o, ¢, and ||yl _(0,7:2__(02))-
Furthermore, the fully discrete scheme (6.3) admits a unique solution.

Remark 6.6. None of the above constants depend on ”yHLoc(O»T;Loo(Q)) exponen-
tially. Indeed, C; depends on the ||y|| L_(0.75L_ () Polynomially while through-
out the analysis C' > 0 is an algebraic constant independent of €, o = (h, k) and
Hy”Lm(U,T;LN(Q))' We mainly focus on the case where ||y||LQC(O’T;Lx(Q)) is bounded
independent 1/¢ (see Remark 6.8 for a detailed discussion). However, our results hold,
without any exponential dependence upon 1/e even in more general cases where
we no longer assume the aforementioned assumption. In such a case, the condition
among o and € become more restrictive. In particular, we expect to exhibit higher
e-dependence.

Proof. We begin by splitting the total error:

e:y_ya:(y_ga)—’_(go_ya) ::é+ea' (622)
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The aim of our analysis is to bound the term e, in terms of €, whose bounds are known
from Lemma 6.4. From (5.5) and (6.3), for all w;,, € ¥}, n = 1,..., N, it holds that

(e(t,) —e(t,—1),wy) + /t " (Ve(), V) + €2 (F(y) = F(y,5),wy) dt = 0.

n—1

Using (6.22), the orthogonality condition (6.15) and choosing w;, = e,, |, we obtain

t"L
(en,h - enfl,hﬂ en,h) +/t ||ven,h||%2(ﬂ) + 6_2 (F(y)_F(yn,h)7 6n,h) dt = 0.

n—1

A standard algebraic manipulation implies that

F(y) - F(yn,h) = (3y2 - 1)(2-/ - yn,h) - 3y(y - yn,h)2 + (y - yn,h)g'

Using the decomposition (6.22) and elementary identities, we deduce that

1 1
§||en,h||%2(§2) - §||€n—1,h||2L2(Q) + §||€n,h - en—l,hH%Z(Q)

t, t,
+e*2/ lewnlld. o dt+3e’2/ (62,62, dt
t t

n—1 n—1

tfl
+/t (Hven,hniz(ﬂ) + 6_2 (Fl(y)en,h7 en,h)) dt

28 ln 6.23
= —572/ (F'(y)é, e, ) dt + 3672/ (ye?, enp) dt (23)
t

n—1

t, ty
+66_2/ (yaenh t—e2/ e,enh dt
t t

n—1

t"?{ t 6
_36_2/t (e7enh dt+3€ 2‘/15 yv nh t=: ZIJ
j=1

First, we recover additional coercivity on the right-hand side by employing the spec-
tral estimate at the “continuous level” (3.20) for v = e, ;. Indeed, we have

t"L
[ (IVewsll o + 72 (P ennenn))

n—1
t

t, n
> [ (@ = DNO-D lennli e+ [ IVennlf o
t t

n—1 n—1

t"L
+§/ lyennl, q dt.
t

n—1
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We estimate the right-hand side of (6.23). Holder and Young’s inequalities yield

t t
n 1 n ~
Loz [ vennluedt+ g [ (O o+ 1) 1218 oy
1 1

— n—

t”n,
2
4 / e nll2 o dt,

n—1

1 t, ) 9 129 ) )

gz | Veennltumdt+ oz [ Il lel 0 0.
n—1 n—1

I<36tn2 Aletn 1y
1=a | 1||y||Lw(Q)H6HL2(Q) t+@ ) lHen,h|lL4(Q) t

n— n—

3 tn R 1 t"
Ti< gz | Mol @ats gz [ lennlt ot
n—1 n—1
37 [in A 1 128 4
I; < 1 ), ||€||L4(Q) dt + P/t ||en,h||L4(Q) dt.

Similarly, applying Hoélder, (2.4), and Young’s inequalities we deduce,

3¢ [tn
L= 3 1Yl _ o llennllT, @) Vennllz, @ dt
tn—l
66 t,
< —

<3 19l llenn = en—vallL, @ IVennllLae) dt
t 1

6¢ [tn
+:2 ) lyllz_ llen—1.n

n—1
6¢ ['n
<3 1Yl @ llenn = en—1lZ, @) IVennll Loy dt
t

n—1

3662 ['n € [tn
o [ el S [ Vel o
1 1

n— n—

|%2(Q) [VennllL,q)dt

We want to ensure that the first term of the bound of Zg can be absorbed by the term
%Hemh —€,_1n ||2L2(Q) on the left-hand side of (6.23). To do so, we can further bound
this term as follows:

6¢ [
2 ; ”yHLm(Q)”en,h_en—l,hH%Q(Q)Hven,h”LQ(Q)dt

n—1

_ k, .
<62yl s, 20n 5 (10l oy + 190l

then, through (6.10) and (6.18), we conclude to the following assumption

) (6.24)

==

) k,
6C||yHLOO(Jn;L°C(Q))€7 (CSHY 21 () <
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Recalling (3.20) forv = ¢,, |, and inserting the bounds of Z; into (6.23), we deduce

Hen,hH%Z(Q) —llen—1nll7 o t35 ||€nh en—1,hll7,0)

1 t, t,
+ @/ ||€n,h||i4(g) dt + 262/ ||V€n,hH%2(Q) de
t ¢

n—1
5 ty 2 9
T3 / / [yennllz, ) dt
t,_1 t

n— n—1

tn 9 81 1 2.37 (6.25)
< (5 + =)Wl oy + 57 ) 1813, + Sl oy )
-

t'Vl
[ @O0 =)+ 0) el

n—1

24 [in 3
Ta Iyl llen—1nllz, ) dt
¢

n—1

Summing fromn = 1 up tom, m = 1,..., N and dropping positive terms from the
left-hand side, we obtain

1 m
+ @;k’n“e ,

m 3652’” y
<A+ Eyallennll o+ o / 913y llenalld,o @

n=1

where o 1= sup, (o 7 (2A(t)(1 — €) + 4) and

9 8l Lo
A= (o + S s + 5t ) Wl 0

2.37
+— 2 fe ||4 L(0T5L, ()

lem,

3 m
+ 562 Z kallVennl?, o)

(6.26)

Assume that sup,,_;  y k,a < 1/2. Note that foreverym =1,..., N

3662 el

/ II2_ o llemnllh oy dt

36&2 e
7||y||L (0,T;L__(Q)) Sup ||enh||L Q) Z k He
n=1 m— ne1l

yeeey

Then, applying Lemma 2.6, we deduce

N
2
SUP ||en h”L L) T 2¢? Zk Ve, h”L L) T &2 anHen,hHi‘l(Q) <4AE.

n= n=1 n=1

The above estimate holds, upon setting 2.6 3 = 1 and B = 36¢~¢&> Hy”%m(o T3L (2))
in Lemma (2.6) as long as

-1
A< (16362 yl13_o,rer. (T + 1E?) (6.27)

=ECrE2 L2 o)
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with Cr := 36¢*(T + 1), is satisfied. To quantify the dependence of k,h upon ¢
through (6.27) observe that (2.3) and Lemma 6.4, implies

2 C'C'4
~ 112 ~ 12 ~ 12
A~ ?ZOHZ/ - ngLz(O,T;LQ(Q)) + GTHZJ*%HLOO(O,T;LQ(Q))Hy - yg||L2(o,T;Hg(Q))

2 064

C%
~ GT(k+h2)2”y”%{ll(QT)"_ET(k"—hz)?Hy”%ﬂvl(QT)v

that along with (6.33) yield the condition:

C? - _ _
(k+12)?|[yllF2.1 (g, max {?;Ovccﬂ‘y“%?vl(QT)} < ECrE 2L o1 )

Observe that if the above estimate is satisfied then (6.24) also holds. The estimate
follows by triangle inequality and the estimate of Lemma 6.4.

To conclude the proof, we have to show the uniqueness of a solution of (6.3). Let
yk,y% € Y, be two solutions to (6.3). We set §j, = y2 —y! and will prove that §j, = 0.
Subtracting the equations satisfied by 32 and y} and setting W, p, = Uy > We get

(ﬂn,h - §n71,h7?3n,h) + kn”v:gn,h”%Z(Q) +k,e? ((yi,h)?) - (y'rlt,h)37gn,h)
= kn672|‘gn,h|‘%2(ﬂ)'
Note that
((yi,h)g - (yrlt,h)gvgn,h) = ((yih - y’}Lh) ((y%,h)Q + yrll,hy?l,h + (y7117h)2) )

= Hgn,hyr%,hniz(ﬁ) + ||Z7n,hy7lz,h||%2(s2) + (gn,hyrlL,hyEz,ha Unp) -

Using this in the above identity, we have

1., . 1., . 1, . - .
gHyn,h \%2(9) - §Hynfl,h”%2(ﬂ) + §||Z/n,h - yn71¢h||%2(§2) + kn||Vyn¢h||2L2(Q)

+ 6_an||yn,hy7%,hH%Q(Q) + G_an”gn,hy?lz,h ‘%Q(Q)
= € 2k Gnn 1T 000 = €k (BnnYn,po Vi)
_ . e 2k, e 2k,
< € k1907, ) + Tn‘lyn,hyi,h||%2(ﬂ) + Tn‘|yn,hy'rll,h||i2(ﬂ)a

hence

12, T 10nn = G147, 0) + 260l Vsl o)

(1 - 26_2kn)Hgn,h
+ Eizkn”gn,hyi,hniz(ﬂ) + Eizkn”gn,hy}uh”iz(ﬂ) < ”gn—l,hnzLQ(Q)'

Ife 2k, < 1/4,foralln = 1,..., N, whichis satisfied due to (6.19), discrete Gronwall
inequality and the fact that g, ;, = 0 imply that y, = 0. O

Theorem 6.7 (d=3). Let u € L,(0,7;Ly(Q)),y € H>'(Qp) N C(0,T; H}(Q))
and y, € Y_ satisfy (5.2) and (6.3) respectively. Suppose that (3.20) holds with
Mz 0,7y < C, where C' > 0 a e-independent constant. If there exists C' > 0
such that

4/3 2/3 —
VE+ W)l o, 1917 0 1oy < ECET, (6.28)
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then, the following estimates hold:

1Y = YollL 015z, + ey = yoll7, 072409

c (6.29)
< max { ZLL(VE -+ 1)yl 2,0 € POV + )l ),

ly — yaHLZ(o,T;Hg(Q))
Cr VE 1/2 N (6.30)
< max { ZL(VE+ 1) 2|yl g2 0, O (VE+ DIyl 220
Here, we denote by C; := 2EY/2C__, C;; := CE'/? and E := exp(2Ta) where
2 2 1/2 2
C. = C(1+(1+e )||yHLOO(O1T;LOO(Q))) Jac= sup (2A)(1 — ) +4),

t€[0,T]

and C'>0 an algebraic constant (that might be different in each occurrence) but inde-
pendent of o, ¢, and |y _(0,7:2__(02))-

Proof. Starting from (6.23), we shall present only the part of the proving steps that are
different compared to the d = 2-case. The bounds of Z,, for 7 = 1, ..., 5 remain the
same while the bound of Z for d = 3 differs from one for d = 2. Specifically,

3 tn 3
Zo< o [ Il lennll o
n—1

12 [t .
<= t lylle _llenn = en1nllz, o) dt
n—1
12 n
t3 Iyl _ oy llen—1.4ll7, () dt-
t'n.—l

We want to ensure that the first term of the above bound of Zg can be absorbed by
the term %Hemh — en717h||%2(9) on the left-hand side of (6.23). Using (2.4) and (6.1)
yields

. C
||en,h - enfl,h”?ig(ﬂ) < in/% Hen,h - enfl,hniz(ﬁ)”v(en,h - enfl,h)HL2(Q)'

We can bound the quantity ||V (e, , — €, ;) HL2(Q) by (6.10) and (6.18). Therefore,
it is enough to assume that for alln = 1,..., N it holds

(6.31)

pM»—‘

128 Con | (7 11 () 2 Q\f (CSS + Iyl () <

Recalling (3.20) for v = ¢, , and inserting the bounds of Z; into (6.23), we deduce
to (6.25). Acting analogously to the d = 2-case, we sum from n=1 up to m, m =
., IN and drop the positive terms from the left-hand side to obtain

1 m m
||em,,h||%2(9) + 2762 Z kn”en,h”%%(ﬁ) + 262 Z kn”ven,hH%2(§2)

n=1 n=1

I / 1lle_ oo lemnli o dt,

n=1

(6.32)
<A+Zk a”enh”L Q)+
n=1
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where o 1= sup, (g 71 (2A()(1 — €2) +4) and

9 81 1 o
A= (2 yia >||y||L oL )t 2t ||e||L2(O,T;L2(Q))

2.37
+—-lé Iz L(0,T5L, ()"

Assume that sup,_; yk,a < 1/2. Note that for every m = 1,..., N, (2.4) and
Young’s inequalities (with p = 4 and ¢ = 4/3) and standard algebra imply that

m—1

24
Z Hy“L (Q)He
n 1

2453 m—1
> [ Wl

24~3 m 1
S5 [ el

2463

| /\

dt

1/2 3/2
(|| e nll} 20y 2 Vennl32) di

< ) il o 0,752 ()
s enslr @) Sk, (lew al ) + IVennl ) -
n=1,....,m— n—

Then, applying Lemma 2.6, we deduce

n=

N N
2
sup NHeth%z(Q) + 262 E anven,h||2L2(Q) T3 E kn||en,h||%,4(ﬂ) <4AE.
n=1

The above estimate holds, upon setting 8 = 1/2 and B = 24¢~7/2¢||y||, (O.T:L ()
in Lemma 2.6 as long as

2
A< (1925Hy||1: .10 )T+ 1)E3/2) (6.33)

= CrEYIL2 orr )

where Cr := 192¢(T + 1). To quantify the relation between k, h and € from (6.33),
observe that Lemma 6.4 and the embedding H>!(Qr) < C(0,T; H'(Q2)) imply
ly — ga'”LQQ((LT;Hl(Q)) < C'Hy||H2,1(QT). Hence, denoting by C% := C(1 + (1 +
€2) ”yH%M(O-,T;Lm(Q))) where C'is an algebraic constant, (2.5) and Lemma 6.4 imply

2
A~ TZOH?J - QUH%2(O,T;L2(Q))

C& |yl gon
1(Q) "
+——— Ny =9l - (0,TL (Q))HZ/ —,I7 L(0,T5HL(Q))

c2 cet
~ =2k B2l 0, + g (VE+ B2l 0,

It is clear that if )
€
\/% +h < CT”:UH%WJ(QT) (6.34)
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then the second term of (6.1.1) dominates the above quantity, and hence (6.1.1) and
(6.33) result to the following restriction:

(VE+ 1) Ylltr21(0,)8'C < €OE Y12 0100 @)

where C > 0 is independent of k, h, €, and ||y||, (0,T;L__(Q))’

y||H2‘1(QT)' The
estimates (6.29) and (6.30) follow by triangle inequality and the estimate of Lemma 6.4.
Note that if (6.28) is satisfied then both conditions (6.31) and (6.34) are satisfied. [J

Remark 6.8. Recall that C; ~ ”yHLoo(OaT%Loo(Q)) and ||yHH2,1(QT) ~ e forr €
{1,2}. Assume that there exists a constant C' > 0 independent of o, ¢ such that:
Hy”Lm(O,T;Lm(Q)) < C. Then, even for r = 2, the conditions (6.24), (6.31) are less
restrictive than (6.19), (6.28). Now, we shall indicate the dominant term in the bounds
of Theorems 6.5 and 6.7. Indeed, for d = 2, (6.19) becomes

(VE+ )yl g2aq,y < O = VEk+h < CET, (6.35)

where C' is an algebraic constant depending only on the domain, and ||A||z_(0,7)-
Hence, replacing (6.35) into the estimates (6.20) and (6.21) we obtain,
1Y = vollo_ 0.1z, ) + ey - ya||2L4(o,T;L4(Q)) < CWk+h)e,
1Y = Yol 0,mm2(0)) < C(VEk+h)e.

For d = 3, we deduce that (6.28) becomes
(VE+ )l g ) < CE = VE+h< CHir), (6.36)
and the estimates (6.29) and (6.30) can be written as

1y = Yo llL 0152, + e Hy*ya||2L4(o,T;L4(Q))
< Cmax{eVD=0/) Nk +h)e "

< {C(\/E—!-h)e_l whenr =1,

< C(WE+ B)e T
C(Vk+h)e 3/ whenr=2, ~ (Ve

and
ly — ya’HLQ(O,T;Hé(Q)) < Ok + h)e Br+3)/6,

Remark 6.9. If additional regularity is present, i.e, if ||y|| ~ € ", then we

Wit ()
observe that, using the maximal parabolic regularity results of [LVTI7], we may bound
Iellz, 0,751, 0 ~ (K + h2)4|\y||év42,1(QT) ~ (k4 B2t

Therefore, we easily deduce that A ~ %(k+h2)2||y\@[2,1(9 ) for both d = 2,3. As
T
a consequence the conditionality reads as
Vk+ h ~ t0/2) when d =2,
Vk+h~ /D2 when d = 3.
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Note that Theorems 6.5, 6.7 and Remark 6.8 play a crucial role in the derivation of
the following result.

Corollary 6.10. Letu,v € Ly(0,T; Ly(Q2)), v, € H>(Qp)NC(0,T; HE(€)) be the
solution of (5.2) while y,(v) € Y, the solution of (6.3) corresponding to the control
v. Suppose that the assumptions of Theorems 5.5, 6.5 and 6.7 hold. In addition, let
1y, Lo (o) < Crand ||yv||H271(QT) < Ce " withr € {1,2}, where C denotes
a constant that depends only on data and it is independent of € and that (6.35) or (6.36)
hold for d = 2 or 3, respectively. Then, for d = 2

C

190 = Y WL _ 0,152, < Lallu =Vl om0, + 67(‘/E+ h),  (6.37)
L C

190 = Yo Wl L, 0,013 () < f”u =V, 0.1L,0) T 67(\/E+ h),  (6.38)

while for d = 3, we have

c
190 = %Wl _0.152, ) < Lallu— V||L2(O,T;L2(Q))+6(7T_71)/6(\/E+ h), (6.39)

L C
190 = Yo Wl L, 0,13 (02)) < f”u =V, 01,0 + m(\/@—h). (6.40)

Letu, € U,. If u, — u weakly in L,(0,T’; L,(2)) for every o; then
Hyu - ya(“’a)”LQ(O,T;Hé(Q)) — 0,
||yu - yo(uo')||Lp(O,T;L2(Q)) -0 V1 S p <o, (641)

Proof. Inequalities (6.37), (6.38), (6.39), (6.40) follow from (5.9) and Remark 6.8 using
triangle inequality. For (6.41) we split,
Yy — ya(“’cf) = (yu - yua) + (yu(7 - ya(uo’))‘

According to Lemma 5.1 and the boundedness of {u, }, in L,(0,T; L,(£2)), we have
that ||y, llpg2a ) < Cue™ " r € {1,2}. Then, any weakly convergent subse-
o T

quence of {y,,_}, in H?(Q;), converges to y,,. Note that the compact embeddings
H>Y(Qp) C Ly(0,T; HY(Q)), H**(Q7) C L,(0,T;Ly()) for 1 < p < oo and
H?1(Q7) < Ly(0Q7) imply that

190 = v, L, 0,13 (2 + 100 = Y, HLP(O,T;LZ(Q)) +19u(T) = yu (Dl L) = O

For every fixed € as 0 — 0, with &, h satisfying the assumptions of Theorems 6.5 and
6.7 for d = 2 and d = 3, respectively, we deduce

||yucr (T) - yo’(uo')(T)HLQ(Q) + ||yua - ya(uo')HLz((),T;Hé(Q)) - O’
19, = Yo (uo)llL_0,r:L,)) = 05
which completes the proof. O

The next theorem studies the differentiability of the relation between control and
discrete state. The proof follows well known techniques see for instance [CC12, The-
orem 4.10].
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Theorem 6.11. Let u,v € Ly(0,T; Ly(2)). The mapping
GO’ : L2(O,T7 L2(Q)) — YG”

such that y, = y,(u) = G, (u), is of class C*°. We denote by z,(v) = G, (u)v the
unique solution to the problem: Forn =1,..., N and forallw;, € Y},

n,h Zp—
(u ) (Vzn ho th) -2 ((3y721,h - 1)Zn,ha wh)
(6.42)
—/ )swy)dt,  with 2, =0.

Proof. We consider the mapping F, : Y, X Ly(0,T; Ly(2)) — Y/ that is defined
through F_(y,,u) = g,, where

N
907 O' Z { yn,h - yn—l,}w wn,h) + kn (Vyn,h’ an,h)

n=1
N tn
+ G_an (yi,h ~ Yn,h> wn,h) } - Z/ (u(t>7wh) dt,
n=1 tnfl

for all w, € Y. Note that F is of class C* and —(yg, u)z,
through

= §, is defined

O'

N
grﬂ Z { Zn Jh —Rn—1 h? ) + kn (vzn,ha vwn,h) }
=1
N
+ Z 672]6,” ((Byi,h—l)z,L7h,wn7h) , with 2z, =0.
n=1

(yg, w) is an isomorphism from Y, to Y, for all u €
Ly (O T; Ly(12)). Indeed 1t sufﬁces to show that is injective because it is a linear
(yo'7 ) =
0 for some z, € Y_ we will prove that z, = 0. Applymg @(ya, )ZU € Y] to z,,

we obtain

N N
1 1
§||ZN,h||2L2(Q) T3 z:len,h - Zn—l,h||2L2(Q) + 221 kn||zn,h||2L2(Q)

N N
_ 1 _
3e? Z kn||yn,hzn,h||2L2(Q) = §||Zo,h||2L2(Q) +e? Z kn”'zn,h'H%?(Q)

Discrete Gronwall inequality and the fact that z, , = 0 imply that z, = 0. Further-
more, we have that F_(y,(u),u) = 0. The Implicit Function Theorem implies that
G, is of class C'™ and, thus, we can write F_(y,(u),u) = F_(y,(u),u) = 0 for all
u € Ly(0,T; Ly(£2)). Then, the chain rule implies that

T 0y (1), )G ) + 2 () ) = 0,

forallv € Ly(0,T; Ly(£2)). Upon setting z, (v) = G% (u)v, (6.42) follows. O
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The key challenge is to prove bounds with constants that do not depend exponen-
tially upon 1/e. We observe the absence of the cubic semilinear term and that a dis-
crete analogue of (3.20) cannot be used for y,, ,. We have already explained that our
analysis applies the spectral estimate only at the ‘continuous level’, without exceed-
ing the regularity of the state solution that is affordable in the optimal control setting.
Hence, the recovery of stability bounds that are independent of the exponential of 1 /¢
is not straightforward. Even if we manage to avoid the exponential dependence on
1/€, we seek to derive instead discrete stability bounds that exhibit low polynomial
dependence on 1/¢ at least the same order of the analogous continuous results. A key
part of the remaining of our work is to circumvent these difficulties. Our approach is
demonstrated later for the discrete adjoint-state equation, but can be applied to (6.42)
in a straightforward manner.

6.1.2 Analysis of the discrete adjoint state equation

The diffrentiability properties of G, : L,(0,T; Ly(2)) — Y, imply that the reduced
cost functional J, : Ly(0,7T; Ly(2)) — Ris of class C*°, as well. Applying the chain
rule, we get

T () = / ' [ o =002zt 4 [ (0,(T) = 0,02, (1) ds

T
+;L/ /uvdzdt,
0 Q

We aim to eliminate z, from (6.43). We consider the corresponding fully discrete
scheme of the adjoint state equation (5.16), reading: for eachn = N, ..., 1 and for all
wy, €Yy, weseek ¢, = ¢, (t,_1),

(6.43)

Son - (‘OTL
(u wh) (v@n h> vwh) - ((3y37h o 1)907"’}” wh)

o / (Y — Ya(t), wy,) dt, (6.44)

PN+1,h =7 (yN,h - yQ,h) :

The above (backwards in time) fully-discrete equation is understood as follows: we
begin by computing ¢y ,, using ¢, , and then we descend from n = N until
n = 1. Following the steps from [CC12, Section 4.2], we deduce, respectively,

/ / de drdt = Z/ ynh Ya, Z nh)d

= Z { (Qon,h790n+l,h? Zn,h) +kn (vwn,hv v’Zn,h) +672kn ((3y72L,h71)90n,h3 Zn,h) }

n=1

N N
:7Z(<Pn+1,h7zn,h)+z <)071h5 n—1,h +Z/ 9071 h)dt
n=1

n=1

=- (SON+1,h7ZN,h) + (@Lhazo,h) +/ / vip, da dt

:—’y/(yg(T) th Zo ( dl+/ /vgogdxdt
Q
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since 2, ;, = 0. Thus, the expression (6.43) can be written as

T
JL(u)y = /0 /Q (¢, +pu)vdrdt Vv e Ly(0,T; Ly(R2)). (6.45)

The following projection operator R, is the analogue of projection operator P, suit-
ably modified to handle the backwards in time problem. Let R : C'(0,T; Ly(2)) —
Y, defined through (R,w),, , = (R,w)(t,_1) = Pw(t,_1),n = N,...,1 If
w e H>1(Q7) NC(0,T; Hi (Q)) there exists C' > 0 such that

lw=Rowl| 0,71, 0)<C (kHwt||L2(0,T;L2(Q))+h2||w||L2(0,T;H2(Q))) ., (6.46)
lw=R,wll,_ o 7:m10)<C (\/E”wt||L2(O,T;L2(Q))+h||w||L2(O,T;H2(Q))) , (6.47)
Hw*RawHLm(o,T;LQ(Q))SO (\/E”wt”LZ(O,T;LZ(Q))Jrh”w”LOO(O,T;Hl(Q))) ; (6.48)

these follow from standard best approximation results for the L,- orthogonal projec-
tion.

The following lemma provides the basic stability estimates for the discrete adjoint
state problem (6.44). We stress that our approach avoids assumptions regarding the
construction of a discrete approximation of the spectral estimate based on a carefully
constructed pseudo-duality and boot-strap argument. Indeed, we notice that the lack
of a discrete spectral estimate leads to bounds with exponentially dependence on 1/¢
when combined with standard techniques. To overcome this difficulty we add and
subtract the quantity 6_2(3y2<pn7 1 Wy, ) from (6.44). This allows to apply the spectral
estimate at the ‘continuous level” and to use the main error estimates for the control to
state mapping y — y,, from Theorems 6.5 and 6.7. Then, through standard argumenta-
tion and application of a discrete linear Gronwall Lemma, we obtain conditional type
stability estimates using a pseudo-duality approach.

Lemma 6.12. Let u € L,(0,7;Ly(Q)), y, € H>'(Qp) N C(0,T; H}()) be the
solution of (5.2) while y,(u) = y, € Y, is the solution of (6.3) corresponding
to the control u. Suppose that the assumptions of Theorem 5.5 hold. Let also that
C ~ ||y“||Loc(0~,T;Lx(Q))’ and H?JuHHzl(QT) < Ce " with r € {1,2}, where
C > 0 denotes a constant that depends only on data and it is independent of € and
C¢ := exp (fOT 2M(t) (1 — €2) + Sdt) , and that (6.35) or (6.36) hold for d = 2 or 3,

respectively. If, in addition,

247
\/E+h§g€ ford = 2,
oo (¢
Vi h<C€3+(4T/3) ford =3 o
thEToa e

there exists D&’ > 0, independent of o = (k, h) and ¢, such that:

1 D&
St
Voo lLy0,7500(0)) + EHyo'SOO'HLg(O,T;LQ(Q)) < . ;

here, DSSI =C (7“3/1\7,’1 — yth||L2(Q) + ||ycr — yd||L2(07T;L2(Q))) with C' denoting
an algebraic constant independent of e.
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Proof. Standard arguments imply the existence and uniqueness of solution ¢, of
(6.44). As usual, we need to develop stability bounds with constants independent
of 1/e. For this purpose, we employ a duality argument. Given right-hand side ¢,
we define (, € Y, such thatforn =1,..., N, and for wy, € Yy,

tn
(Coh = Caernowp) +/ (V¢ V) + e (By* - 1)Cppswy,)) dt

tnfl
t”,
= / (Sﬁn’h, wh) dt7 Wlth CO,h — 0. (6.50)
tnfl
Setting wy, = (,, ;, and using the spectral estimate (3.20) at ‘continuous level’ for

v = (, > we easily deduce that

1€o Nl Lo 0,752 () + €IVEollLa0.7:L202)) T 19Co | Lo (0.75L2(22)) (6.51)

< Ccll@oll Lao.1522())
where Cr := Cexp (fOT 2A()(1 — €2) + 3dt>, with C an algebraic constant de-

pending on the domain. Setting now wy, = ((n,n — Cn—1,1)/kn into (6.50), and using
Holder and Young’s inequalities, we obtain:

1 2
=lenn—amral], HIT o1Vl HIT oGt ey
n 2(9)
3lyll?_ (o) t!
<[ =t —Cne
_< % 1Cnnll o) FllennllLac) | ||Snn—Cn 1,hHL2(Q)
(319112 1)”
2 YIZ @t )
< g l[GnGanl], T nllGn sl ol -

Summing the above inequalities and using (6.51) we derive the estimate,

C2 +1
62

IVCllLw0.1:L20) < Cc( + 1) 0 ll L2 (0,7522(02)) 5 (6.52)

upon setting C2, := 3||y||% (0751 () for brevity. Now we proceed with the duality
argument. Setting wy, = ¢y} into (6.44) we obtain that

tn
((pn,h — Pn+1,ho Cn,h>+/ ((v@n,hv an,h) +672 ((3y72L,h - l)wn,m Cn,h)) dt
t

. v —1
= / (yn,h - yd<t)7 Cn,h) dt.
t

n—1

Similarly setting w;, = ¢y, 5, into (6.50), we have

tn
(gn,h - Cnfl,hv L)Dn,h)'*'/t ((V(pn’hv VCn,h> +€_2 ((3y2 - 1)<n,h7 (pn,h)) dt

n—1

tTL
= [ Monnll o .

n—1
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Subtracting the last two equalities and summing them from 1 up to IV, we deduce

10 170,700

T 3 T (6.53)
= ((N,hy PN+1,0) +/0 (Yo — Y, (o) dt + :2/0 (v = y2)¢o, (o) dt,

where we have used (y,, = 0 and the telescopic sum

N

Z { (Cn,h - Cn—l,h’ <pn,h) - (gpn,h - (pn+1,h’ Cn,h) } = (CNJL? @N-l-l,h)'

n=1

Therefore, we may bound the terms of the right-hand side of (6.53), as follows: using
the estimates of (6.51) and Young’s inequality, we have

T
/0 (Yo — Ya, (o) dt + (CNny PN +1,1) (6.54)

IN

Yo — deL2(o,T;L2(Q))||Ca||L2(o,T;L2(Q)) + ||CN,h||L2(Q)H‘PN+1,h||L2(Q)

IN

1

1”@0||%2(0,T;L2(Q)) +C? (Hya - de%Q(O,T;L2(Q)) + H<PN+1,h||2L2(Q)) :
For the third term of (6.53), the identity y? — y2 = 2y(y — ¥») — (y — Yo )? yields,
3 (T 0 o

2 ((y - ya))‘ﬂaa CU) dt

o °. (6.55)
= 7/ ( (y ya)(pfﬂgd dt - 7/ y ya) WJ»CJ) dt
0

2
Once again, we need to distinguish the cases d = 2 and d = 3. For d = 3 we work as
follows: using Hoélder, Poincaré and Young’s inequalities (with an appropriate 6; > 0
to be chosen later), estimate (6.51) and Theorem 6.5 - Remark 6.8, we may bound the
first term of (6.55) as

6 T

= (¥ = Yo )yo, (o) dt

6 [T
67/ ||y_yaHLG(Q)||yHLOO(Q)||<paHL3(Q)||<0||L2(Q)dt

36202
WHC 17 _ o,y — ya”L (0,7:HL(%)) +enllesll, omiz, @)
3C2,CF (k + h?)

95,65 (/31 ool LO0.T:L,9) T 3 H<P<r||L (0,751, ()

IN

IN

IN

+2¢ 626%||V<P0”L2(0,T;L2(Q))'
Choosing k, i such that

3C2,C2(k+h?) 1 650
20,€6+(8/3) = 8’ '
we obtain
6 T
= | (¥ = Yo)ypos, (o) dt
& Jo (6.57)

1 2 2 20 2
< Z||900||L2(0,T;L2(Q)) +2¢°€01 Voo, 0,751, @)
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For the second term on the right-hand side of (6.55), we proceed as follows: for a suit-
ably chosen d2 > 0 (to be determined later) we use Holder and Young’s inequalities,
the Gagliardo-Nirenberg inequality (2.4), estimates (6.51), (6.52) and the estimates of
Theorem 6.5 - Remark 6.8 for y — y,, to get

3 [T )
=3 (¥ = ¥o)* 00, Co) dt
T
S3 ||Z/*Z/a||%4(9)||90a\|L6(Q)||Ca||L3(Q) dt
9¢2

Sac 6” C||L (0,T5Ly( Q))HC ||L OTL(Q))”y ya||L 1(0,T5L4(92))

+ 026%|| Voo || 2(0,T5L, ()

C% +1 5 (k + h?)
< 626604( +1) mH‘PoHL (0,T;L, (Q))+626 IVeoll7 (0,T3L, ()"
Choosing «, h such that
9\ & ,/C%+1 (k+h? 1
<52) Cop(ERa) ) < L (6.58)
there holds that
3 (7 )
=) | ((y_yo) (poaCU) ‘dt
61 0 (6.59)
< Z||500H%2(0,T;L2(Q)) + 62€2||v900”%2(0,T;L2(Q))'
Substituting (6.57), (6.59) into (6.55) we get
3 (T .
) ((Z/ _ya))WGaCO) dt
'51 0 (6.60)
< §||<Pa||%2(o,T;L2(Q)) +(28%67 + 52)62HV§00||2LQ(O,T;L2(Q))'
Thus, returning back to (6.53), upon substituting (6.54) and (6.60), yields
1 -
EH%H%Q(O,T;LQ(Q)) < (28%8% + 02)E (Voo T, 0,11, () (661

+CZ (e = vall? 0,120 + Nons1nllE o) -

Next we employ a boot-strap argument. First, we return to (6.44) and set wy = ¢,, 5,
to deduce, after standard algebra,

1 _
§||800,h||%2(s2) + ||V<Pa||%2(o,T;L2(sz)) + 3e 2||yaSDa||2L2(o,T;L2(Q))

L 2 1 2 1 2
< 5 e leallZ, 0,752, + §||Z/a —yall, 0L, §H<PN+1,h||L2(Q)-
We apply (6.61) to substitute the first term of the right-hand side, giving

||900,h||%2(9) + 2||V%||%2(0,T;L2(Q)) + 6672”yU‘PU”%Z(O,T;LZ(Q))
S 4 (1 =+ 26_2) (2626]2_ + (52) 62||V(100'||%2(0,T;L2(Q))

+((1+2e72)4CZ +1) (”ya - yd||2L2(o,T;L2(Q)) + ||80N+1,h||%2(9)) )
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Choosing 61,2 > 0 such that (14 2) 4(2¢%6% + 62)e? < 1, we finally deduce the
desired estimate. For d = 2, we work completely analogously, using the respective
GNL inequality. O

Theorem 6.13. Let u € L,(0,T; Ly(2)) and y, o € H*'(Qr) N C(0,T; H}(Q)) be
the associated state solution of (5.2) and the adjoint state solution of (5.16), respec-
tively. Let y,. be the associated discrete state solution of (6.3), while ¢ the associated
discrete adjoint state solution of (6.44). Then, under the assumptions of Theorems 6.5,
6.7 and Lemma 6.12 there exists C' > 0 such that, for 7 € {1, 2}, the following esti-
mates hold

C(Wk+h)

le=2ollL__ 0.7:2,0) FTelle=%oll L 0,10:m3 ) < — s ford=2, (662)

C(Wk+h)

e =0l 0mL, @) el —eolli, omm @) < S 1)/6 for d = 3; (6.63)

here, we denote by E := exp(T'«) where « := SUD; ¢ (o 77 (2A(t)(1 — €2) +5) and
C:=CEY QD;iSl, where C' > 0 depending only on the data.

Proof. We split the total error as follows:

e=p—p,=(p—R,p)+ (R0 —p,) =n+&,. (6.64)

For each n=0, ..., N—1 we have,

n(tn) = Sp(tn) - (Rc;(p)(tn) = @(tn> - (Raso)n—i-l,h = (p(tn) - Ph(p(tn)ﬂ
go‘(tn) = (Ragp)(tn) - @U(tn) = (Ro(p)n+1,h - gpn-‘rl,h = gn-{—l,h'

Forn =N, (R,¢)ny1 = Pup(T) and oy, = ¥(Yn s — Yq.p)- From (5.16) and
(6.44), we deduce for eachn = N, ..., 1, and for all w;,, € Y}, that

(e(tn—l) - e(tn)vwh) +/t ’ (ve(t)’ th) dt + 672/15 ’ ((3y2 - 1)@) wh) dt

n—1 n—1

t, t,
- 5_2/ ((3%%,11 = 1)@ ns wh) dt = / (y(t) ~ Yn,h wh) dt. (6.65)
¢ ¢

n—1 n—1

Setting w;, = §,, ;,, using (6.64) and (n(%,,),§,, ;) = 0, and adding and subtracting
appropriate terms, (6.65) yields,

t"L
(gn,h - £n+1,h7£n,h) +/t ||V§n,h||%2(sz) de

n—1

tn tTI,
+ 36_2/ ((V* = ¥2)n s ) AT+ 6_2/ (By* = 1)(p =, 1), &) dt
p t

n—1 n—1

t, t,
= / (y ~ Yo gn,h) dt — / (Vna v&n,h) dt.
t t

n—1 n—1
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Relation (6.64), and standard algebraic manipulations imply that

1 1 1
§||£n,h||2L2(Q) - §||§n+1,h||%2(ﬂ) + §||§n,h, - 5n+1,h||2LQ(Q)

tTL
+ /t <‘|V€7L,}L||2L2(Q) + 672 ((3y2 - l)gn,hvfn,h)) dt

n—1

t"l t"l
= / (y — Yo gn,h) dt — / (V777 vé-n,h) de
t t

n—1 n—1

tTL
- 36’2/ (Y = Y) Wo + 1)Pr Enp) At
t

n—1

t’fl,
- 6_2 [ ((3y2 - 1)77’ gn,h) de

n—1

4
::Z’E—.

j=1
Applying Holder and Young’s inequalities, we easily get

1 t
< —
ﬂ_zl

n—

1 t, ) 62 t, 5
T [ I+ T [ IV w0
n—1 n—1

n 1 ty
I = ol dt+ 5 [ el oy
1 t —1

‘n

2% 1 129
Tz [ Wl dt+ gz [ (0l oy + 1) Il
n—1

n—1

t'n.
[ el

n—1

We note that using Holder and Young’s inequalities, and the stability estimates of
Y, Yo and ¢, we deduce

3 [
Ts < g/t 1y = voll L, @) llennllLg <Hy0||L6(Q) + ||y||L6(Q)) 1n.nll L, () dt
1

n—

9C(Cita + CGH)* [

< 2 [y g o o
n—1
2 [in 9
+ Z~/t IVEnnllZ, () dt,
n—1

9C(Cuss + CH

< I ly — yUHim(O,T;Lz(Q)) /t [on,n |%G(Q) de
n—1

e [t 9
Y AT

where C'is a constant depending only on the domain. Using the spectral estimate at
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‘continuous level’ (3.20) for v = &, j, and collecting the above bounds, we have

1 1 1
*||§ *an+1 wll7 L) T *||fn,h - fn+1,h||2L2(Q)

*/ IVEnlZ, )dt+2/ 1Y€ l17, () At

n—1 n—1

19ll7_ (o 1 ) 1 [t )
S/t <44||77||L @) §||VU|\L2(Q) dt+§/t 1y = Yo llz, (o) dt

n—1 n—1
00 (Cur s + CI5)? 2
" = el _orinaien [ Dol

n—1
t, 9 5 5
s [ (0= 3) Il o ar

n—1

Summing fromn = mup to N where 1 < m < N, using a standard (linear) Gronwall
Lemma, for sup,,_; ok, < 1, where a := sup, 1 (2A(t)(1 — €?) + 5), we
deduce

N N
1€ llZ, ) + > s - Ensrnlll, o) + € Z kallVEnlIT, ()

||y||L 2
< E{H§N+1,h||%z(ﬂ) +/t <2€||77||L ) :2||V77||%2(Q) de
O(CSt 2 + Cst 2) T
+ & 1y = Yoll7 . 0.7 20(0) / €017y dt

m

T
[ =l o dt},

with £ := exp(Ta). Note that Cg; o ~ 1/€ and Cst , ~ 1/e. The estimate follows

using the embedding H'(Q) C L4(Q2) and Lemma 6.12 to bound fgﬁ loo Hiﬁ(ﬂ) dt <

(D4F, /€)? and Remark 6.8 to bound

1%
2

||y*yo||%x(o,T;L2(Q)) < (k +h?) ford =2,

C
1Y = Yoll7 . 0.7 0(02)) < W(H +h?) ford=3

Note that the term 2 ft?,; 77HL2(Q) S (k+h2)||9]1%e. 1 () dominates all termé]

The following result is analogous to Corollary 6.10 and an immediate consequence
of Theorem 6.13, Lemma 5.10.

Corollary 6.14. Let u,v € L,(0,T;Ly(2)) and ¢, € H*1 () N C(0,T; H} ()
be the solution of (5.16) while ¢ (v) € Y, the solution of (6.44) corresponding to the

control v. Assume that Lemmas 5.10 and 6.12 and Theorem 6.13 hold and letr € {1, 2}.
Then, for d = 2 there holds

lew = eeWlL_ 011,02 T+ €llen — <PU(V)||L2(0,T;H3(Q))
Ly C(VE+ h) (6.66)

S Fs lu =il 0rL,0) + —Fm
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while for d = 3 it follows that

lew = oWl 0.7:L,0) T €lew = oML, 0,0:m1 0
Ly C(Wk+h) (6.67)

= c15/4 e =iz, 0,758, 0@) + o (7r—1)/6"

here, in line with the notation of Lemma 5.10 we set

Ly =Ly (2CrBY? +5CL2D,, ),
(6.68)
Ly:=1I, (615/4CTE3,/2 + 50;521:)“71) .

Proof. The estimate follows by triangle inequality. O

6.2 Convergence of the discrete control problem

In this section we study the convergence of solutions of the discrete control problem
(6.5) towards solutions of the continuous problem (5.3). Every discrete problem (6.5)
has at least one solution because the minimization function is continuous and coercive
on a nonempty closed subset of a finite dimensional space.

Theorem 6.15. Forevery o = (k, h), let i, be a global solution of problem (6.5). Then,
the sequence {u, }, is bounded in L,(0,T'; L,(€2)) and there exist subsequences de-
noted in the same way, converging to a point 4 weakly in L,(0,T; L, (2)). Any of
these limit points is a solution of problem (5.3). Moreover, we have

;%|\u —UgllL 0,151,002 =0 and Clrlg%) J(uy) = J(u). (6.69)

The next theorem is important from a practical point of view because it states that
every strict local minimum of problem (5.3) can be approximated by local minima of
problems (6.5).

Theorem 6.16. Let u be a strict local minimum of (5.3). Then, there exists a sequence
{1, }, of local minima of problems (6.5) such that (6.69) holds.

Both proofs of the above Theorems are presented in detail in [CC12, Theorems 4.15
and 4.17].

Remark 6.17. It is important to mention that in our case, the above convergence
results are proved for each fixed interface length, e.

6.2.1 Error estimates

In this section we denote by u a local solution of (5.3) and u,, a local solution of (6.5)
for each 0. From Theorems 6.15 and 6.16, we deduce that |t — U, ||, 7.1, () = 0-
PSR

Moreover, let y and ¢ be the state and the adjoint state associated to « while ¥, and
©, the discrete state and adjoint state corresponding to .

Definition 6.18. We denote by u,, the Ly(0,T; Ly (2))- projection of @ into U, de-
fined through,

N t
1 n _
U, = Z Z Up XX, Where wu, = m/t /|u(t,x)\ dzdt. (6.70)
n n—1 T

n=1 TE’Th
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Lemma 6.19. Let u € H'(f);). Then, there exists constant C' > 0 independent of
o = (k,h) and ¢, such that

@ = vl 0,7:L, @) < C(VE+ Mlallgq,), (6.71)

Proof. The estimate in the L,(0,7; Ly(£2))-norm is known. Letv € H' () and
v, € U, defined as in (6.70). Then,

/OT/Qv(ﬂ—uU)dmdt:/OT/Q(V—VU)(a_uU)dxdt

< v =voll, 0.1z, @)% = oL 0,1,
< Oh2||v||H1(QT)”ﬁHHl(QT)v
which completes the proof. O

Theorem 6.20. Suppose that the assumptions of Theorems 5.11 and 5.13 and Corol-
laries 6.10 and 6.14 hold. Then, there exist C := vT'C, C. = L,C such that, for d = 2
and r = 1, 2, we have

_ C
& =51, 0,10, < @(\/% + h), (6.73)

19 = Uollz__ 0.0, T €U = Uollz,0,mm1 ) < e (VE+h). (6.74)

In addition, for d = 3 and r = 1, 2 there holds

o C
e — gL, 0,10, @) < m(\@ + h), (6.75)

o o C
19 = Yol 0.2, T €T = Uollz 0,11 () < m(‘/g‘*‘ h). (6.76)

Proof. (Sketch:) The proof follows as in [CC12, Section 4]. We begin with d = 3. Note
that (6.76) is a consequence of (6.75) combined with (6.39) and (6.40). Thus, the main
subject is the proof of (6.75). Suppose that (6.75) is false. Specifically, this assumption
implies that

5+H(Tr=1)/6

lin%) sup ———=——||t = U, || _(0,7,1,(02)) = +00-

o= C(VEk+h)

This means that there exists a sequence of ¢ such that

P G
I e 1 Bl = +oo 677
We aim to conclude to a contradiction. First of all, the fact that @, is a local minimum
of (6.5) combined with the property that .J, is of class C*° and u,, € U,, ,, imply that
J! (u,)(u, —u,) > 0. After basic manipulations, the last inequality can be written
in the form
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Since @ is an local minimum of (5.3) and @, € U, then J'(u)(u, — u) > 0. Adding
this nonnegative term to the above mequahty, it yields that

[T () = T (w))(ty — ) < [Jg (1) = J'(u,)](@ — i)

+ 5 () — J'(@)(u, — @) + J'(u)(u, —u). (6.78)

We shall derive an estimate from below for the left-hand side and then an upper bound
for the three terms on the right-hand side of the above inequality. To do so, we con-
sider a sequence {4, }, that satisfies (6.77). The property that .J is of class C*° com-
bined with the Mean Value Theorem imply that for some @, = u + 6, (4, — @) it
holds that

[J/(aa) - J/(ﬁ)](aa - ’EL) = J//(ﬁ’o)(aa - a)z' (679)
We define
1, _ _ _
Vo = E(uo - u) where Po = ||ua' - UHL2(O,T;L2(Q))7

and take a subsequence such that v, — vin Ly(0,T; Ly (), if it is necessary. Note
that v, satisfies the sign conditions i) — i4i) of critical cone C; by construction.
Indeed, since u € U, we obtain that

(ﬁcr - ua) > 07

if u(t,x) =wu, then v, =
if a(t,x)=w, then v,=

1
pU
o (g — 1) < 0.

Hence v also satisfies the sign conditions i:) —ii4) of critical cone C;. Thus, it remains
to show that the first condition of the critical cone,

v(t,z) =0 if d(t,z) = @(t,x) + pu(t,z) #0,
is satisfied. For brevity, we denote by
d, = @, + pitl,.
From Theorems 6.15 and 6.16, we deduce that ||u — @, ||, (0.15L,(2)) — 0> since

is a local minimum of (6.5) while « is an local minimum of (5.3). This convergence
result together with (6.67) implies that, as o — 0,

ld — Ja||L2(0,T;L2(Q)) — 0.

Thus, we have that

T ~ T B
/ /dvdxdt: 1im/ /do_vgdxdt
0 o—0
= lim {/ / d:vdt+/ / 0] dxdt}.
o—0 Po

Using the inequality J! (4, ) (4, — u,) < 0 and (6.77), (6.71), we deduce that

T
/ /dvdmdt< lim —/ / u) da dt
0 =0 p,

CWE+ )l 10,

“HL2(0,T,L2(Q))

a~>0 ||u
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We have already shown that v satisfies the sign conditions i) — i) of the critical
cone C, then d(t,x)v(t,x) > 0. Hence the above inequality implies that the first
condition of C; holds as well, then v € Cj.

Now, from (5.15) and the the definition of v,

J" (4 z, |2 dxdt + z, 2dx
v, gl
_66_2/ /yl2 22 @, dadt+ pu.
R

From the definition of @, and the fact that ||u — 4|, 7. (o)) — 0. we deduce
2 U5 L5kg

that 4, — @ in Ly(0,T; Ly(f2)) strongly. Furthermore, 2, — z, in H>1(2,) while

Yo, = yandp, — ¢in H 21(Qr). Then, passing the limit and recalling the

equlvalent second order sufficient condition (5.44), we get that

: 1" 2
;%J (g )v

g

zlinh{/ /|z \2dxdt—|—7/ 2, ( T)|? dz—6e / /yu 22  Pa dxdt—&—u}
o—r

T
:/ /|zv\2dxdt+7/ ‘ZV(T)|2d$*6€72/ /nggﬁdxdthu

0o Jo Q 0o Jo

=@+ (1= I, o rin o)
> p+ (00— p) ||V||%2(0,T;L2(Q))~
Taking into account ||v||L2(0 ri,@) = b these inequalities lead to
. 1~ 2 > .
;l_)H%)J (Gy)vs > min{d, u} > 0,

which proves the existence of o, with |o| > 0, such that

1
J" (1, )v: > —min{s, u} >0, V|o| < |og|

[\]

From the above inequality and the definition of v, (6.79) becomes,

1 . _ _ _ N1/ .
5 min{d, u}|u, — “||2L2(0,T;L2(Q)) < [J(a,) = (@) (u, —u) if o] < |og].

Inserting the above lower bound in (6.78) we obtain that,
1 _ _ _ o\ -
9 min{d, A}|u, — U||2L2(0,T-,L2(Q)) < [T (uy) = J'(u,))(u — a,)
+ [Jo(ug) = J' ()] (ug — 1) + J' () (uy — ).

We shall estimate from above the three terms on the right-hand side of (6.80). More
specifically, from (5.14) and (6.45), we have

(6.80)

[J;(ﬂo') - J/(’U’U)](ﬂ - aa)
<|1@s = ea L, 01:L,0) 1t = UsllL,0.7:L,0)
<VT|g, - a1, @)l = tollL,0mL, @) (6.81)

VTC

< m(ﬁ‘f' hlla =gl L0151, 0))
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using the estimate (6.67) for v = v = u,,. For the second term on the right-hand side
of (6.80), we recall again (6.67) for v = w and v = u, and (6.71), to get

[T (ug) = ' (w)] (1, — 1) (6.82)

< (||95a = @llz, 0,11, () + Hllu— aaHL2(O,T;L2(Q))) e = ullL, 0,1, (2))

VTL ==
< C{ (elT/f + u) 1 = o1, 0.7:L,0)

VTC
5+ (7r—1)/6

(VE+ h)}(\/E‘F Mlallgrq, )

Finally, using (5.28) to bound ||¢ + ptt| g1 (o) < C||@ll 71 () and (6.72) we have
J/(a)(ua - ’l])
<@+ pallgo ) llve =l g1, (6.83)
< C(k+h?) 1l g1 ) 190 1, )-

Applying Young’s inequality on the right-hand side of (6.81), (6.82), (6.83) and collect-
ing the terms properly in (6.80), we derive

o VTLy VTC
Hu_uo||L2(0,T;L2(Q)) <maX{615/43”u|H1(QT)’65+(7r1)/6 (VE+h).

We note that from (5.28) and Theorem 5.11 we have that ||| 1 (o) ~ €2 hence for
r = 1,2 the second term dominates the maximum. Hence, we deduce the desired
estimate (6.75) for C = T'C' . For the proof of (6.76), we recall (6.39) and (6.40) for
u = U, v = U, combined with (6.75). The proof of d = 2-case results upon arguing in
the same way. O

Theorem 6.20 is the conclusive result of both Chapters 5 and 6. It is evident from
the hypotheses of the final theorem that we should combine all the results in order to
establish the desired estimates for the difference between local optimal controls and
their discrete approximations, as well as estimates for the differences between the
corresponding state and adjoint state and their discrete approximations. The aim of
our approach is the derivation of estimates with bounding constants that depend on
1/€ only polynomially, while the conditional assumptions on the mesh-size parame-
ters o = (h, k) and the interface length exhibit a favorable dependence. This justifies
our interest in the 1/e-dependence of Lipschitz constants in the proofs of the Lips-
chitz continuity of the control to state and the state to adjoint mappings. The error
analysis of both state and adjoint state equations require a lot of technical arguments
throughout the proofs to avoid the construction of a discrete approximation of the
spectral estimate; the latter is incompatible to the regularity imposed of the optimal
control setting.



CHAPTER 7

FUTURE WORK

We shall now discuss some aspects of further research that arise naturally. A sig-
nificant undertaking topic is the use within adaptive algorithms of the conditional
type a posteriori error estimators that were proven in our first work [CGP20], Chap-
ter 3. Seeking to prove a posteriori error estimates for the L,(0,T; L,(€2))-norm is, in
our view, justified, as they can be potentially used to drive space-time adaptive algo-
rithms without excessive proliferation of numerical degrees of freedom. As a result,
the design of space-time adaptive algorithms for the proposed backward Euler in time
combined with conforming finite element method in space could verify the practical
reliance of the analysis. Additionally, we have pointed out that the new a posteriori er-
ror analysis appears to improve the e-dependence on the conditional-assumptions for
Ly(0,T; HY(Q))- and L (0,T; L2(Q2))-norms bounds compared to previous works
of [FW05, Bar05, BMO11, BM11] in certain cases. Of course, it is clear that the per-
formance of the proposed estimates above has to be assessed numerically before any
conclusive statements can be made.

The analysis of Chapter 4, is devoted to the derivation of conditional type a pos-
teriori error estimates for the fully-discrete DG-IPDG finite element approximations
of the Allen-Cahn equation on general polytopic meshes. The implementation of the
above algorithms is both interesting and challenging project itself and it is in prepa-
ration. Going one step further, the exploitation of DG-IPDG method using polyno-
mial spaces defined in the physical frame naturally allows for the use of computa-
tional meshes consisting of general polytopic elements. General shaped elements of-
fer great flexibility in practical computations and reduce the computational cost for
mesh refinement and coarsening. The resolution of time-dependent sharp interfaces
remains a challenge in the quest of resolved computations. Mesh-geometry freedom,
in conjunction with variable order local polynomial elemental degrees, is expected to
achieve accurate approximation while simultaneously reduces the sizes of the result-
ing systems required to be solved per time-step.

The new a posteriori error analysis of the Allen-Cahn problem presented in Chap-
ters 3 and 4 appears to be applicable to the optimal control setting presented in Chap-
ters 5 and 6. Indeed, we may begin with the the lowest order fully discrete scheme,
backward Euler-finite element method (discontinuous in time dG(0) due to the low
regularity imposed of the optimal control setting). With minor modifications only we
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can directly apply the a posteriori estimates for the state solution. However, the main
challenge is the derivation of (conditional or not) a posteriori error bounds of the cor-
responding discrete adjoint state equation (5.16). The suitable error approach in this
case is still under investigation. The question is whether we will apply straightfor-
ward error techniques for parabolic PDEs comparing directly the difference between
the approximation (6.44) and the exact solution (5.16), or is it more preferable to in-
troduce the concept of splitting the total error through a suitably defined space-time
reconstruction.

The adjoint state equation is a linearized around the state solution backward in time
parabolic PDE. At first, we may assume that there is no need for a nonlinear Gron-
wall lemma (continuation argument). There are two key questions that we should
take into account. Shall we study the error in the L,(0,T; L,(€2))-norm? If we are
interested in this direction, we need to construct a test function that will give rise to
L,(0,T; Ly())-norm since in contrast to the state equation (Allen-Cahn equation) it
is not a norm arising naturally. How can we derive desired a posteriori error bounds
that depend polynomially upon the inverse of the interface length 1/e without de-
ducing additional conditional-assumption with higher e-dependence compared to the
analogous condition in the error analysis of the state problem?

As long as the a posteriori estimates of the adjoint state problem are available, they
can be combined with the corresponding estimates of the state problem in order to
deduce a posteriori bounds of the control error, & — . Again, the second order suffi-
cient conditions would be the crucial connecting argument. Nonetheless, the latter is
necessary to be reconsidered in order to be applicable in an a posteriori fashion around
the discrete optimal control u,,.

If one is interested in measuring the control error in other norms except of the
L,(0;T; Ly(€2))-norm, one should go back and recast the given optimal control prob-
lem. The first reasonable idea is to reconsider the energy functional or/and even the
admissible set U, ;. Another possible scenario, according to the profile of the Allen-
Cahn solution accross the the evolving interfaces, is the so called bang-bang control
(for © = 0), where the values u(¢, ) coincide almost everywhere with one of the
thresholds values u,, or u,.

In this vein, the study of other sophisticated examples of phase-field problems is
also an interesting direction. More specifically, it is of independent interest to in-
vestigate whether the already proposed approximation schemes and the techniques
used throughout this work could be transferred (maybe under some modifications)
to Ginzburg-Landau, Cahn-Hilliard, Cahn-Larché equations. While many numeri-
cal methods designed for scalar equations can be extended to systems, there are new
challenges associated with invariance and symmetries and choices of gauge [Du05] in
addition to added computational complexity due to additional quantities of interests.
The L,(0,T; L,(Q))-focused theory presented in this work remains a possible start-
ing point to investigate the aforementioned phase-field models due to the presence of
the double-well potential.
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APPENDIX

A Proof of Lemma 6.4

We recall error representation (6.14),
é:y_go':(y_Poy)—i_(Pay_@o'):d—i_éa‘

We are interested in bounding each term separately. More specifically, we already
have estimated the so called projection error in Lemma 6.3. Thus, the main goal of
this analysis is the estimation of €. Note that using the definition of L,-projection
operator,

~

(d(tn) - d\(tnfl)/wh) = (y(tn) - Phy(tn>7wh) - (y(tnfl) - Phy(tn71)7wh) =0

the identity (6.15) becomes

(én,h - én—l,hvwh> +/ (Vén,hﬁvwh) = _/

J, J

n n

(Vd, th) (A

for all w;, €Y), and for each 1 <n < N. Putting w;, = €, ;.

1, . 1. . A
|%2(Q) - §H€n—1,h||2L2(Q) + §||€n,h—€n—1,h||2L2(Q) + kn||ven,h||2L2(Q)

1.
§Hen7h
kn N 2 kn 7112

< 7“V6n,h”L2(Q) + 7“Vd”L2(Q)-

Summing from n = 1 up to m where 1 < m < N to obtain that

m tm,
||ém,h||2L2(Q) + leén,h - énq,h”%z(g) +/0 IVénn |%2(Q) de
n=1
tm
~ 2 7n2
<Neoallty+ [ IV, 0 o
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Using the error representation (6.14) and the triangle inequality we deduce that

lgnna<XN||y( n) = Uo ()L, + 1Y = 9o ll 2, 0,712 (0))

<C (\/%HytHLQ(O,T;L,Z(Q)) +hllYll L, 0,082 0)) + h||1/oHHg(Q)) :

From the above estimate we are able to deduce an error estimate in L__ (0, T’; L, (2)).
Let assume thatt, ; <t <t, for somen < N,

ly(t) = 9o (Ol 2, < ly@) =yl + 1(tn) = Jo ()L, @)

It remains to bound the first term, for any v € L,({2) we have that

w6 =steal = | ([ w5 [ < [ Mol dsloleo

< \f”ytHLZ(O,T;LZ(Q))”U”LQ(Q)v
which implies that
ly() =yt L, @) < \/EHytHLZ(o,T;Lz(Q)y
Then, we deduce that
1y = 9ol 0,752, 0))
< C (VR 0:7:2007) + P 0.2, + Pllvollirycon )

Now, we proceed with the proof of the second approximation result (6.17) through a
duality argument. We consider a backward in time parabolic equation with a suitable
chosen right-hand side:

-z, —Az=¢, in Qp
z=0 on 0Qx(0,7),
z2(T)=0 in Q.

The fully discrete scheme of the above problem within the discontinuous Galerkin
time-stepping method takes the form: For eachn = N, ..., 1 and forall 2, € Y},

Zph = Fpid, A
(%,wo + (Va0 V) = (8,5, wy) 5 "2

Zn+1n =0,

We begin by computing zy; , using 2y, ; and then we descent from n = N until
n = 1. Note that we set z,, , = 2,(t,_1), 1 < n < N. Moreover, there holds the
following estimate

2= 2l < € (VE+) 2l 20y

<C (\/%‘F h) lesllz, 0,152, 0))

where we used the parabolic regularity.
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Choosing w;, = ¢é,, , in (A.2) and w;, = £, in (A.1), we obtain

(th - Zn+1,h’én,h) + /

J

n

(VZzup, Ve, ) dt :/J ||én,h||2L2(Q) dt,
and

(ot = orps 2) +/ (Ve V) dt = —/ (Vd.vz,)a,
J, J

n

respectively. Subtracting the above two equalities, we get that

(Znh=2ns 100 €nn) = (Enn=€n_1,00 21) :/J ”én,hH%z(Q) dt+/J (Vdu Vzh) dt.

n

Summing from n = 1 up to N and after some algebra,
T T
. 5 A2 7
(o.n>Znn) — (2ny1msenn) = /0 e nllZ, ) dt +/0 (Vdv Vzh) de

T T . T .
:/ lewnl? ) dt+/ (Vd,V(zh - z)) dt+/ (Vd, Vz) at,
0 0 0

where 2y, ;, = 0 and that (& ;,,2, ) = (Yo, — Pr¥o, 2, ) = 0. Integrating the
last term by parts in space and applying Cauchy-Schwarz inequality it yields that

T
/0 16,112, o dt

< IVl z o5, @ IV =20l 10,71, ) + 1Al 075, ) 182 2, 0,742, 0
< CHVdHLZ(O,T;Lz(Q))(\/E"_h)”Z”Hll(QT)

+ Clldll 0,250 (N2llz, 052000 + 1ol y0iz,00n)
<C (||VCZ||L2(0,T;L2(Q))(\/E+ h) + HdA”L2(0,T;L2(Q))> 1esllz, 0,71, ()

Finally, applying the estimates in Lemma 6.3 and through triangle inequality, we de-
duce the desired error bound,

ly = 9o llz, 012,00 <C (k”yt”Lz(O,T;Lz(Q)) + h2Hy”L2(O,T;H2(Q))) .
Now it remains to prove the stability result (6.18). To do so, we test (6.12) with w, =
—DyGpn €Y
1, 1, . 1 . .
§Hvyn,h”%2(ﬂ) - §||Vyn—1,h||%2(ﬂ) + §||V(yn,h - yn—l,h)||2L2(Q)
anAh@n,hH%z(sz) = - (knfn’ Ah%,h) .

Since y(t) € H*(Q) N Hy(Q) forae. t € (0,T) and A3, , €Y}, C Hy(2) we can
integrate by parts with respect to space variable,

- (knfna Ah@n,h) = 7/J (yt(t)ﬂ Ahﬁn,h) dt + /J (Aya Ahgn,h) dt

(A.4)

k,, N
T I PR SN
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Substituting the above inequality into (A.4), it follows

1 . 1 . 1 . N
§\|Vyn,h||2L2(Q) - §||vyn—1,h”2L2(Q) + §||V(?/n,h - yn—l,h)”%2(ﬂ)

k, R
Il < [ Wl dt+ [l o

Summing from n = 1 up to m where 1 < m < N,
T

T
IV 117, 0y < IVY0RIIT, () +2/0 191720 dt+2/0 19117, 0 dt,

that proves the boundedness of {§, }, in L., (0,T; H}(2)).

B Proof of Theorem 6.17

Let @ be a solution of problem (5.3) and let us take u, defined by

N t
. 1 " -
U, = E E Up XX, With  w, . = k/’|7'|/ /u(t,:z:) dx dt. (B.1)
=1reT, n t,_1 YT

n

Then, u,, is the L, (0, T’; L,(£2)) projection of @ into U,, and we obtain that as o — 0,
@ = gl (0.7.1,) — 0- Using Corollary 6.10, we easily deduce that J, (u,) —
2(Us 5Ly

J(@). On the other hand, it is immediate that u, € U, ,, for every o, then the opti-
mality of @, we have that

Jo'(ﬂa') < Jo‘(ua') vua’ € Ua,ad'
By the definition of (6.6) and (B.1) we get
[T _
§||UUH%2(O,T;L2(Q)) < Jo’(ua) < Jo’(ua) < ¢ Vo

the above proves that {4, }, is bounded in L,(0,T; Ly(2)) for every o. Therefore,
we deduce the existence of subsequences weakly convergent. Let u be one of these
limit points. Obviously the property 4 € U, holds. Moreover, using again Corollary
6.10 and the convexity of the cost functional in the third term involving the control,
we have

inf (5.3) < J(u) < lim inf J_(a,) < lim sup J, (4, )
o—0 o—0
< lirrb sup J,(u,) = J(@) = inf (5.3),
o—
which implies that « is a solution of (5.3) as well as the convergence J (4, ) — J(u).
From this convergence along with the convergence properties of Ya, — Ya given

in Corollary 6.10, we get ||i, |, i, @) ||12||L2(0 7.1.,(q)) and obtain strong
2(Us 45 ;5 Lg
convergence of {u, }, to @.
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C Proof of Theorem 6.18

Let u be a strict local minimum of (5.3), then there exists & > 0 such that u is the
unique solution of

min J(u), (C.1)
wel, ,NB, (&)

where B, (u) isaball in Ly(0,T; Ly ().

Let us consider the discrete problems

min _ J_ (u,). (C.2)

uC,EUmadﬁBu (u)

For every o sufficiently small, the problem (C.2) has at least one solution. It remains
to check that the set U, ,, N B, (u) is not empty. To this end, we define u, €

Ugaa B, (@) asin (B.1), where @ is replaced by @. Then,

U=l 0 min, ) 7 O
therefore u, € U, .4 N B, () for every o sufficiently small. Let 1, be a solution of
(C.2). Then, we can argue as in the above proof to deduce that any subsequence of
{1, }, converges strongly in L, (0, T; L,(£2)) to a solution of (C.1). Since this prob-
lem has a unique solution, we have that ||u — QUHLQ(O,T;%(Q)) — 0 for the whole

sequence as ¢ — 0. This implies that the constraint u, € B, (u) is not active for
small o and hence %, is a local solution to (6.5) and (6.69) is fulfilled.
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CHAPTER

DETAILED ABSTRACT IN GREEK

A Ewayoyn

H 18¢éa g peboddov tov mediov paong pmopei va avaryBei otovg Lord Rayleigh, Gibbs
ko Van der Waals xat xpnoipomotOnke yia va eprypaet Tig Stemupdveleg LALKGOV
Kotd T Oudprelor aAAoyng @aong.  ZUyKeKpLUEVa, ovaTopLoTa TIG OLETLPAVELES
VAKOV G AETTA OTPOUOTA TETEPAOHEVOL TTAYOVG KATA HIKOG TWV OTOiwv oL
1O16tnTeg Tov KdBe vAKOL TotkidAovv. To oTpOHA QLTS CUYVE OVOPEPETOL WG
diemipaveia dudyvong kou éxel oxediootel £ToL dote va SteoParileton OTL 1) akplPrg
diemipdvela Pploketon péca e avtd to Aemtd otpopa. ' avtd To Adyo 1 pébodog
nediov @aong eivan emiong yvwot ot Pifioypagpio pe tnv ovopacio péBodog
dudyvong dempaveldv.

H pébodog tov mediov pdaiong xpnoipomotOnke apyLkd ylo Tr HovTeAomoinet tng
oAAaYNG PAOTG OTEPEOD-LYPOV, OTTOV 1) ETLPAVELXKY) TAGT] KOL 1) HI] LOOPPOTTNHEVT)
Beppoduvayikn cvpmepupopd amoktodv onpacia otn diempdveie. To tedevtoio
ocapdvta xpovia 1 uébodog touv mediov phong éxet yivel pia yevikr pebodoroyio yio
TpoPARHATA KIVOOUEVNG SLETLPAVELOG TTOV TTPOKVITOLY OO TNV KGTPOPUGLKT], TN
Broroyia, tn Swxgpopikr) yewpetpio, v emeepyoacio elkOVOG, TNV TOALPAGLKT)
PELCTOUNYOVLKT], TN XNUIKA KoL TETPEAXIKT] pnyovikn, Tn petdPacn @aong
VAKOV kot tn otepeomoinotn.  To kowd yopoktnplotikd evdlgépov otolyeio
TV TPoovoPePOEVTOVY TPpofAnpdTwy eival ) Siemipavelaxy evépyeia 1) omoia mailel
kaBoploTikd poro o€ kabe pio amd awtég Tig eEeliEelg Tng Kvopevng diempdverag.
Ao pabnpotiky) amoymn, oL SlempavelakiG EVEPYELES, 1) ETLPAVELOKT TAOT,
XopokTnpifovton amd TG KOUTLUAOTNTES TNG OLEMPAVELAS, OTTWG Yo Topadetypior
v péon 1 v Gauss kopmorotnroa. H péBodog tov mediov pdong amodetkvieton
QUTOTEAEOUALTIKT] YLOL TT) LOVTEAOTIOLNGT) TWV EVEPYELDOV TNG dlempdvelag, diwg Tov
(POLVOLEVOD TNG ETTLPAVELOKNG TACTG.

To tpofAnpoata diemipavelag mov eEeAlocovTot LITO TNV ETLOPOCT) TNG ETLPAVELOKTG
Tthong 1 OLETMPOVELOKTG EVEPYELOG CVIKOUV OTNV KOTNYOpiot TwV AeyOHEV®DV
YewpeTpikd kivoluevawy mpofAnudrov diemepavers. H xivnon e€edicoeton ooppova
HE KATOLO YEWHETPLKO VOO oL e€apTdto amrd v KapmuAdTnTR Ko koBopilet
mv taxotnta Vo1 v koavovikn toxdtnta V,, Twv onpeiov tng dempavelag
oe k&Be dedopévn ypovikny oty t. H dwtdmwon tov mediov @dong awtodv



2 A. EDATQIH

TV TPOPANPATOV 0dNYel oe eVOLUPEPOVOEG KOl QAUTALTNTIKEG HEPLKES OLOPOPLKES
e&lodoelc (MAE). Eva atd T o YVOOT& YeEWHETPLKE TPOoPAjHaTo KLvOUHEVNG
dempbverag eivon 1y porj péong kapmvAdTnTag tng omoiog 0 YEWHETPLKOG VOHOG OV
Siémel eivan:

V.on= HFN

omov n 1o mpog ta EEw kdbeto dibvuopa otnv kvolpevn Sempdvein Iy, eved
HF, ovpPoArilovpe tn péon kopmuAdtnTe.  Toe g TpoOGPAT OAOKANPOUEVT)
AVAGKOTNGT) TOV HOVTELWV TIESI00 PAOEWMV KL TNG GYECTIC TOUG HE TIC YEDUETPIKEC
poéc, avapepopaote otnv [DF20].

Eivow yvwoto 0t 1 diatdnwor) tov mediov paong tng pong HECTG KAUITLAOTNTOG
elvou 1) e€icwon Allen-Cahn: Avaldntoope u : (0,7] x Q — R tétown wote

1
ut—Au—&—e—Z(uS—u):O oo Q x (0,7,

2—2:0 oto 99 x (0,77,
u(-,0) =u, oto Q,

H e€icwon avtn etofixOn apyiké amd tovg Samuel M. Allen ko John W. Cahn [AC79]
yloo va eplypel v évvola Tov ouvopwv ota KpuoTadiikk oteped. TpotdOnke
WG éva Ao povtédo yia ) Sadikacion Tov draxwplopot ehoewv evog Svadikod
kpbportog oe otabepry Beppokpacio. H cuvvopiaky ouvOrkn vrodniover o6tL dev
eppaviCeton palo mépo amd T Torydpata tov doyelov 2. Na onpeldoovpe OTL
dwpéper amd v apyikn e€lowor Allen-Cahn otnv kApdkwor tov xpdvov, dniadn
10 t €86, OV ovopdletan o YPriyopog xpovog, avTuTpocwmelel t/€2 GV apyLKT
dratvnwor. Exel, 1 ouvaptnon u aviupocwelel T ouykéVIpwoT) evog ortd ta 500
HETAAALK®OV CUGTATIKGOV TOVL KPAPATOG.

H pn ypoyyuky covéptnon F(s) := s — s eivou 1 mopdywyog Tov kKAAGLKOD
iAot Svveguxov F(s) = (s? — 1)2/4 mov maipver tnv ohké eddyiotn tyr 0 oto
s £ 1, dnhadn woavomotel v T F(£1) = 0, PAéne Ewova 1. H Onopén twv
800 otafepdv oTdoWV KaTaoTdoewv Tov TpoPAfpatog Allen-Cahn cuverdyetal
NV pn kouptr evépyelx mov ocuvvdéeton dpeco pe tnv e€icworn. Adyw g QvONG
NG KN YPOUILIKOTNTOG, 1) ADGT) U avammTdooeL Xpovik eEapTopeveg dtempdveteg Iy,
Sroywpilovtag meploxés yio Tig omoieg u = 1 amd meproyég 6mov u ~ —1. Mmopoope
Vo avotapao Tooupe Tig poavapepbeiceg demupdveleg wg To oOVOAO Undevikon
emuédov g ovvaptnong u, I := {z € Q : u(z,t) = 0}. Qotdoo, awtd dev opile
Evoy tOTONO Loy WPLopd TV paoewv. ITo ouykekpipéva, ot paoelg doyxwpilovton
HEG® HLOG TTEPLOXTIS YOPW otd TO GUVOAO Pndevikov emtédou g u, TAATOUG €:

T, CQ,:={zeQ: |uzt)]<1-0())

mov ovopdaletal dempaveix dicyvons. ESo n mapdapetpog € ehéyxel To TAATOG TNG
diemipaveras Sidyvons. H Mor petaxiveiton amd tn pio eproyr otnv GAAn péoa otn
oTeVN) TepLoxT oL ovopdletan Siempdveiag Sicyvong. 'Eva mopdderypa mov toupLélet
6TO TPOPIA TV TUTKWOV AVoewv TG eEicworng Allen-Cahn diveton amd

u(x) = tanh (d(m)/\/ie) ,

omov d(x) eivon po tpoonpacpévy cvvaptnor adotacng petald evog onpeiov x
oto ywpio §2 kot g Sempaveog Iy
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Ewova 1: Aplotepd PAémovpe To Suthd Suvapikd F(s) = (82 — 1)2/4 xou otn péon v naphyoyd
tov F(s) = 83 — s; 01 Mboelg avamthooouy xpovikdk eEaptopeveg Siempiveteg ', mov Swywpicovv Tig

neploxég otig omoteg u(+, ¢) ~= £1.

EmunAéov, 1 e€icwon Allen-Cahn amotelei tnv por) xAiong tov Cahn-Hilliard
EVEPYELOKOD OUVOPTNOLOKOV:

E(u) = /Q <%|Vu|2 + é(u2 - 1)2) dz, (A1)

7oV oxeTileTal e TO STAd Suvapukd. O Tp®dTOg 6pog oto E xakeiton evépyeta GyKov
Kot 0 devTePog Opog ovopdleton dtemipavelakr) (Suvapikr) evépyeta. Tote, 1 e€icwon
Allen-Cahn ntpokOmtel wg n Ly por] kAiong

Uy = —E/(U), (A2)

E'(u) eivan n Gateuax mopdywyog 6To u.
Mua &AM por] kAiong yix To 1810 evepyelakd ocvvaptnotokd (A.1) eivon 1 e€iowon
Cahn-Hilliard:

uy + A(Au - é(ug - u)) =0, (A3)
omov mhéov B’ (u) eivon 1) Gateuax mapérywyog 6o u otov xwpo H ~1(£2). Emuthéov,
70 (A.3) amotelel Sratdnwo tov ediov paong tng porjg Hele-Shaw. Ewon)x0n apywcd
amnd tovg Cahn-Hilliard yux va eprypder tor moAdmhoka @avopeve StoywpLlopon
QAacewVY o€ £va Mwpévo kpdpa Tov aocPévetor ot Tétolx Beppokpacio 6OV POVO
800 PAGELS SLUPOPETIKTG CUYKEVTPWOTNG PITOPODY VO UTTAPYOLY ELGTABNOG.

H eticwon Allen-Cahn éyel peletnBei extevidg Tig tehevtaieg dexaetieg. Eva
and ta onpavTikoTEP BewpnTikd amoteAéopata eival 1) amddelln 6TL To GOVOAO
pndevikov emmédov I'f = {x € Q : w(x,t) = 0} e€eliooeton oOppwva pe
TOV YEWHETPLKO VOHO TNG PONG HECTC KAUTLAOTNTOG Kol cUYKALveL otnv okpiPi
Stemipdvela porig péong kopmulotntag kabog € — 07. H awotnpr aitiohdynon
aUTOL TOL 0piov amoTe oo éva avoLTd TPOPANHA Kow OAOKANPGONKE ad Tovg
Evans, Soner kot Zovyavidng oto [ESS92].

Ka®’ 6An mn dapreta g avddvong peretdpe 1o tpoPAnpoa Allen-Cahn, pe tTig
akOAoLOEg KATAAANAES OPXLKEG KOl GUVOPLAKEG GLVOT KEG:

1
ut—Au—l—c—z(uS—u):f in Q x (0,77,
u=0 o100 x (0,77, (A9)

u(-,0) =u, o710



4 A. EDATQIH

vroBétovpe 6Tt Q C RY eivou éva xvpT6, oAvywvIKod (d = 2) 1} moAvedpikd (d = 3)
xwpio tov EvkAidetov xdpov RE, T € RY, 0 < € < 1, yla emapkdg opakty apyik
ouvBnKn Uy KoL cuvdpnon eavaykaopoo f.

H mpdrxinon g apbuntikig emilvong tov mpoPfAipatog (A.4) mpoxvmtel amd
TN pikpn) Topdpetpo €. Pealiotikd, To € mpémel va eivan TaEng peyéBoug pkpdtepo
antd 10 Quokd medio mpooopoiwone. Emopévewg, 1 akpiPrg ko amotelecpatiky
apbuntikn emidvon tétowwv povtédwv mediov @dong amoitel TV emilvon TV
Suvapikdv  dempaveldv didyvong.  Omdte, oL mapdpeTpor SLokpLTomoinong
onowoodrjote apdunTikrg pebddov B mpémer va mapéyouv emopkr) aplOunTIKT
ekAémTUVOT) YLoe TNV akpLPr] Tpocéyyion g eEEAENG TG dtempdvelag. Sto TAaicto
TV pefodwv memepacpéveov atolyeiwv, avtd cuvnBrg emTLYXAVETOL PEGK TNG
XPNONG TOAD AETTTAOV TAEYHATOV GTNV TTepLoy T TG Stempavelag. e P tpoomdBeio
TPOGOHOLWOTG HE TPOSLTO VITOAOYLOTIKO KOGTOG, eIk Yo d = 3, elva amapaitnto
vo avarttvxBohv TpocappocTikol adydplOpol tkavoi va Tpomorolodv Suvaptkd o
péyebog Tov TOTLKOL TAEYPUATOG,

Oocov agopd v avélvon cepdipotog, pio peydn dvokorio eivon n e€oywyn
EKTIUNOEWV CQAMIATOG EK TWV TPOTEPWV KL €K TWV VOTEPWV TIOL eEAPTAOVTOL OO
10 1/€ povo oe yopnAr moAvwvopky ta€n. Mo Tumiks avéAlvon cAALATOG TwV
pooeyyioewv pe Xprion Temepacpévey ototyeiwv Tov (A.4) odnyel oe ekTfoELg
ek TV mpotépwv pe duopevy exbetikn edptnon amd o 1/€, k&t mov cvpPaiver
av ypnoonowmbei To Tumikd emiyeipnpa avicdTnTag tOmov Gronwall. Avtd éxel
TEPLOPLOHEVT) TTPKTIKY ol okOUn KoL Yot OYETIKG HLKPO PKOG SLETLPAVELRG €.
Sopgpwva pe Tig epyocieg [Ched4, MS95, AF93] opoidpoppa @pdypota yux tnv
Kuplapyn OLOTY TOL YypoppLKoTotnpévoy xwpikol tedeatn Allen-Cahn ybpw omtd
TNV avoALTIKY AboT u, OnA.

IVol3 0 + €72 (F' (w)v,v)

1n 2
ve H1(9)\{0} 10117, @)

—)\(t) = )
elvon Suvatd epdoov n e€ehocdpevn Siempdvern Iy eivon opodn ko n u(t) éxel to
0woTd Tpo@ik oe OAN TV [',. TéTOlEG QACHATIKEG EKTLUTGELS X PT)OLHLOTOLOVVTOL GTHV
epyacio [FP03] yix va xelpltotobv Tov pr ypoppikd 6po otnv eElcwot o@aAIaTog
KO AITOSELKVOOLV €K TWV TPOTEPWY QPAYHATOL He TOAVWOVUHLKT eEqpTnon amd To 1/e
Yo peBodovg memepacpévev oToLyElwV. AUTEG OL EKTIUNOELG CPAAPATOV ETETPEYLY
entiong v amddelEn cbykiiong Tev aplOunTikdv Abcewv otnv akpiPry Aden g
porjg péong koapmuAdtntag, kabdg to peyédn Siakpiromoinong tov mAEypaTog
KoL 1) Toapdpetpog € teivouv oto undév. EmumAéov, vmobétovtag pio pacpotiky
EKTIPNGOT OYETIKA pe TNV akplPry Adon u, £ylve e@IKTN 1) aOdEEN TWV TPAOTWV €K
TV voTépwv exTyoewy opdpatog otnv Lo (0, T; H(Q))-véppa vid cuvbrkn mov
e€apTaTon pOVO TOAVWVLHLKG otd TO €, yio pefddoug memepacévwy GTOLYELWY TTOV
npooeyyilovv to mpoPfAnpa Allen-Cahn, 6mtwg avtd TAPOVOLAOTNKE OTIC EPYATiES
[KNS04, FW05].

Avth) n xatebBuvon g épevvag ékave Eva mepoutépw Pripo pe tn OepeAiddn
epyacia [Bar05], 6rrov 1 kupiopyn LOLOTIUT TOL YPOUULKOTTOLNHEVOL XWPLKOD TEAECTT)
Allen-Cahn yia v apifuntixi Avon, Uy,

IVol3, ) + €2 (F/(U,)v,0)

1mn 3
veHE (D\{0} 1017, 0

—A(t) =

Xpnowonoteitan avtl Twv ek 1wV mpotépwv @poypdtev yioo v A(t) oe o
npoomtdBelor vor kataAnEel o TANPWG VITOAOYIOIHES €K TWV VOTEPWV EKTIUNOELS
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cpépatog otig Lo (0, T; H(2))- ko Lo (0,T; La(£2))-véppeg. Yroloyilovrag to
A(t), xbororog eivan oe Béom va e€dyel onpovTikég TAnpogopieg yia Tnv evotdbela Thg
e€EMENG amd v mpooeyylotiky Avon. H mpoavagepbeioa epyosio emikevipodveton
oTNV TEPITTWOT) 0670V AapPdvouy xdpa opaAd eEeAlooOpEVEG SLemLpaveLeC.

Ortoav 1 dtemgpbvera I', vpiotartal torohoyikég alhayég, .. OTav pio Siemipdvel
KotappEel, ePLPavilovTol pn PpoypéVES TaYVTNTEG KOL, OG OTTOTEAEGH, OAQ AUTA
TOL OHOLOHOPP PpaypaTa TNG Kuplopyng wWiotiung katappéovv. To onuelo kAeldi
glvo 6TL 1) KOpLapyn ot A pmopel va kApokwBel 6mog A~ € 2 oe éva
XPOVLKO SLEG TN prjkovg GLYKpictov pe To €2. To Ekovar 2 auetkovilel pior TumTiky
OUPTEPLPOPA TNG WOLOTIHNG. AUTH 1) Kpiown tapatrpnor, mov éyve oto [BMO11],
€delke OTL 1 kupiopyn ot propei va Bewpnbel L1-0AoKANPOGIUN ©G TPOG TN
petaPAnTi Tov xpovouv. Tote, vapyxet m > 0 €ToL OOTE TO OPLO

/T ()‘(t))Jr dt < C+ log(e_m)7
0

omov =, = max{z,0} va woyvel. IIphypatt, cOpgwva pe to [Barl6, Evotnta
6.1.4], o AoyapiBuukdg 6pog mpokITEL ATd TIG TEPLOXES HETAPAOTG OTLG OTTOLEG TO
A awEavetal omwg 1/(T. — t) yua puo toohoyikr] odhayy ov Aapfdver xdpo tnv
xpovikn otiypn) t = T'.. Na 61HeLOGOUHE OTL LTO TO OPLO ELVAL AUPKETO TTPOKELUEVOD
wote va amopevyBel 1 exbetikny e€dpTnon amd o AVTIGTPOPO TOL PIKOLG TNG
SLEMLPAVELOG OTLG EKTIUNOELG TTOV TTPOKVITTOLV.

O [o] [

O

[\ e o
N T

Ewova 2: Avo tomoloyikég arhayég ot o eEEMEn mov opileton amd tnv e€icworn Allen-Cahn; ot
TomoAoyikég aAlayég ouvodevovtar amd TIG aKpaieg Kuplapxeg WOOTIHEGN WOOTIHY owEaveTaL OmTWg

1/(T, — t) mpwv ovpfel pro toohoykn adloyr T xpoviky otiypr 1.

EmumAéov, o petémerta epyacieg [BM11, BMO11] e€etdlovv t0 Mo pealiotid
oEVAPLO, OTAV GUHPaivOLY TOTTOAOYLKEG XAAYEC, KO BETOLY TNV TTapaTTdve LITOBET)
OXETIKG pe v kuplapxn ot yia vo e€dyovv a&lomiotn vd ocuvvOnkn ex
TV votépwv avéhvon ceddpatog otig Lo(0,T; HY(2))- xou Leo(0,T; La(2))-
voppeg. EmumAéov, oL [BM11], cuvdbaoav tnv eAAEUTTIKT OVOKATOGKEVT) TTOL opyLKd
npotdOdnke amd tovg [MNO3, LM06] pe texvikég mov avamtuyxdnkav oto [BMO11]
yix v e€dyouv oxedov PEATIOTEG €K TWV VOTEPWV €KTIUNGELG CPAAPATOG GTNV
Loo(0,T, Ly(£2))-voppa.  Avagepopacte eniong otovg [GLV11, CGM13] yux tmv
EQPOPHOYT TNG EAAEUTTIKNG VOKATAOKELNG Ge pr) oOppop@ees pebddovg. Axodun ot
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[GM13] amédeiav ek twv vorépwv extnoelg opdipatog otig Lo (0,7 L (£2))-
voppeg, T € 2, 00], yio Tnv nuidrakpurt| mepintwor g Allen-Cahn.

Yy npdopatn epyacia [Chri19], éxovv amoderybel ex twv mpoTépwv exTroeLg
opdhpotog otny L, (0, T; Ly(82))-voppa pe otabepés mov gaiveton vo mopéxouvy pia
péAlov evvoikr 1/e-molvwvuopkn eEaptnon. Na onpewwbel 6tvn L, (0, T, La())-
voppo eivor mapodoa otnv gvotdbetor Tov Ywpikod Tedeotr) Allen-Cahn, av
oo acidoovpe TNV (A.4) pe U KoL OAOKATPOCOVHE WG TPOG TO XWPO KoL TO
xpovo. H onpacio g L, (0, T; Ly(2))-voppag gaivetar kotd v eppunveia tng
eElowong Allen-Cahn wg por] kAiong tov cuvaptnoiakod evépyetog Cahn-Hilliard
(A.2). TTapartnpdvTag T SLLPopeTIKY) KAUAKWOOT] G€ GXECT) HE TO €, ELVOL TTPOPAVES
6t mosotnTa (1/€2) HUHZ(Q) nailer kaBopiotikd poro. Eva dpeco epdTnpa etval
katé OGOV 1) amddel€n vd ovvOrkn exTpioewV opdApatog otnv Ly (0, T Ly(£2))-
voppa propel emiong va PeAtiddoer v e€dptnon tng ovvBikng amd To priKog
Stempdverog e.

Me agoppr v mopandve mopatipnor, otodelkvOoupe vtd cuvOnKn &K TV
votépwv extyroelg cedhportog otnv L, (0,T; Ly(Q))-voppa yioo t1g TARpwg
dlakpltég mpooeyyioelg Tov TpoPArpatog (A.4). To aplBpuntikd oxfipa tepthapfdvel
v avadpopn pébodo Euler oto xpodvo oe cuvdvaopo pe t pébodo memepacpévev
otolyelwv 610 xwpo. O YOPOS TV TETEPACHEVOV OTOLYXELWV ETLTPETETOL VL
Tpomoroteitol peTaED Twv Xpovikev Pnpdtwv. H epyaoia avtr, [CGP20], tapovoidle-
to Aemtopepmg oto Kepddowo 3. To Baoikd otoiyeio eivon 1) eEayopevn e-eEqptnon
NG oLVONKNG 7OV TPETEL LKAVOTIOLEITAL (OTE VO LOXVEL 1) EKTIHNGT HOG Yo

d ={2,3}
g < Gaettm=1/2, (A5)

yio kamota otalbepa Gy > 1 o yioe OAa T m > 0. Qg ek TovToU, N EEXPTNON ATTO
T0 € Tov ekTIUNTT (A.5) paiveTon va eivon Atydtepo awotnpr} otd 0,TL 6TO AVTIGTOLYO
amotéheopa otig Lo (0,7, Ly(Q))- xou Ly (0, T; H(2))-véppeg twv [Bar05, BM11,
BMO11] to omoio avapépet, katé mpocéyyion, 71 < ce*™3™ yia Tov avtictoryo
eKTIUNTT 7] ko karrota atalepd ¢ > 0. Qg ek TovTOoL, N eMSiwEN va amodeifovpe ek
TWV VOTEPWV EXTNOELG POtV Yo To Ly (0, T; Ly(€2))-voppo eivon, katd tnv
amoyr] pag, dtkatodoynpévn, kalbng propov dvvntikd va xpnotporolnfodv yix vo
YLOL TNV QVAITTUEN XWPOXPOVIKDOV TPOCUPHOCTIK®OV aAyopiBpwv ywpic viepPoiikd
apOpd Pabuov elevbepiag. Eivou xaiprog onpaciog 0Tt To amoteAéopato LoxVOLY
vrtd TNV VLOBeoT TG VIOPENG PG PAOHATIKNG EKTIUNOTG KOTA TIG TOTOAOYLKES
oAAayég oo vedpa tov [BMO11].

H mpotewvopevn avédvon Pacileton oe pia pn ovvnbiopévn covaptnon dokipng
1 omolot elvol TPOGEKTIKG OPLOUEVT) OOTE VO EXEL WG ATTOTEAEGHO TN SMpLovpyio
g voppog ||-||‘£4(07T;L4(Q)) Yl TIC TOGOTNTEG OV autoutovV ektipnon. ‘Eva facwkd
XOPOKTNPLOTIKO TNG VEXG CLVAPTNONG SOKIUNG elvarl OTL OL AVOTEPOL OPOL X POVIK®OV
KOL YOPIKOV COOAPATOV epgavilovial péoa oTig VOpHEg H~||%2(0$T;L2(Q)). H
andkAion Tewv duvipewy petafd g VOPHOG GOEAMIATOG, ||'H%4(O,T;L4(Q))’ Ko g
VOPHOG TV EKTIUNTOV, ||- ||2L2(0,T;L2(Q))’ odnyel oe 1/e-e€aptdpeveg otabepég otoug
EKTIUNTEG pe TUTTLKA TTLo NTtLeg oLVONKeg oL eEacPaAilovy TNV eYKLPOTNTA TV €K
TOV VOTEPWV PPAYHATOV CYAALATOG.

ATOQeDYOUHE TG TEXVIKEG GUEOTG TPOCEYYLONG OV EKTLHOOV TN Siopopd
peta€d g akxptfodg Adong kot TnG aplOPNTIKNAG TPOCEYYLONG. ZULYKEKPLHEVC,
n emyelpnpatoloyio cuviotatal ot SLAGTACT TOL OALKOD GPAApHATOS Ge OO
HEPT) XPTICYOTOLOVTAG HLOL VEQ TTAPUAAXYT) TNG TEXVIKNG eAdewmTiky avakaraokevr
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1oL Tapovotileton 6to [GLW21], kabmg Kot YVwoTéG 1EEG OYETIKA e TN XPOVLIKN
avakortaockevr] (BA. [NSV00, MN06, LM06]). Ontdte k&Be 6po TOL 0ALKOD COAAHATOG
propel va extipnOel Eexywplotd. Mopolpe va XprOLLOTOLIGOVHE OTOLEGONTTOTE
Swbéoec ek TV VOTEPWV EKTYNGELS COAAIOTOS PAOLOPEVEG YLt EANELTTIKG
npoPfAripota oe Skpopeg vOppeg Yoo v eAéyEovpe TO KOPLO HEPOG TOL XWPLKOD
o@arpatog, dnAadn To cpaipa tng eAemtikic avakarackevrs. Eivor yvwotod otu
oto mAaiolo g pefddov memepacpévov otolxeiov (MILX), n Oewpio TV ek TWV
VOTEPWV EKTIUNOEWV YLt YPOUULKE oTdoa TpofArjpata eivor oA avenTuypévn
[Ver99, AO00]. Ocov agpopd tov GAAO 6po TOL OALKOD GOAAUATOS, LKAVOTTOLEL Lo
moparroyn g mapaforikic MAE pe deki pélog mov pmopovpe va eAéyyouvpe pe
EK TWV VOTEPOV TPOTO. XTI GUVEYXELX, XPTCLHOTOLOVTOG ETLYELPTHOTO EVEPYELG
Ko ovvéyelag ehyovpe Tig embupntég extipnoelg.  Tavtdxpova, oL Opol Tov
eppaviCovtor otn de€id mAevpd dtnpody pe Tustikr] dopn yio ta dedopévar TG
EK TWV VOTEPOV OVAALOTNG: HITOPOVV VoL SLOYWPLOTOVV MG EKTIHNOELS OPAANATOG
IOV OYETILOVTOL HE TO XPOVO KOl TO XWOPO, TAAAVTOOELS SESOUEVOV KoL OORApOTA
allayng mTAéypatog. Qg amotédeopa tng peboddov amddeltng, n véa ek Twv voTépwv
avélvon ceddpatog mapéyel eniong véeg extiroelg oTig Loo(0,T; La(2))- ko
Lo (0, T; HY(Q))-véppeg mov @aivetan vow toybovy vmd Aydtepo avotnpry cuvOrkn
o€ oVykploT pe To amotedéopora NG PpAoypapiog oe opLopéveg TEPUTTOCELS.

H debtepn wopla ovpPolrr] tng mapovoag epyaciog eival 1 eméKTact Tov €K
TOV VOTEPWV CPAALATOG GTNV TEPITTWOT PG XWPOXPOVIKNG acLveXog pebddov
Galerkin avBaipetng tééng emitpémovrog, €WSkOTEPR, TNV OLOKPLTOTOINGT TOL
X®Opov vo amroteleiton amd mOAD yevik& moAvywvikd (d = 2) 1) molvedpikk
(d = 3) otoeio. Svykexpéva, xpnopomrotodpe v hp- acvvexn pébodo Galerkin
XpovikoV Prpaticpod oe cuvdvaopd pe v acvvexr pébodo Galerkin ecwtepikrig
mowwkomnoinong (IPDG) oto x®po. AmodelkvOOUHE €K TMOV VOTEPWV EKTLUNOELS
COAMIOTOC YLt TAEYHOTO TOL OITOTEAODVTIOL QIO TOAD YEVIKA TTOAUYWVIKG
Ko ToALedpLkd otolyeioe oe dV0 KoL TPELG SLACTAGELS GTO YWPO, AVTIGTOLYC.
Ewdwcotepa, avbaipetog aplBpog mold pikpdv empavel®dv emtpénetal e kabe
ToAVYWVLKO/ToALESpLKO oTolxeio. H povn (moAd fimiar) tpobmdbeon yio To mAéypa
elvou 1 Omap€n prog vodiaipeong MEMEPACUEVOV UI) ETLKAAVTTTOREVOV GYTJHOTIKG
QO TEPOELODV TTOAVTOTIKMDV LITOGTOLYELWV, EPOCOV OPLOPEVEG LTTODEGELG GYNHUATLKAG
oparoTnTOg avaroyeg tng [CDG21], wavorotovvtat. EmimAéov, mapovoidlouvpe
XPHOWES QVTIOTPOPEG EKTIUNOELS KOl EKTIHNOELS LXVOLG TOL TTpocoppolovTo
otig W0TNTEG Tov TMAéypatog. T mopamdve oamoteAéopato TopovstdlovTon
Aemtopepag oto Kepdraro 4.

O k0plog okeAeTdG TNG atoddelEng eivar avddoyog tov Kepadaiov 3. Amogpedyoupe
amevBelag TEXVIKEG Yl TNV AVAALOT CPUAPGTOV. AlaoTdpe TO OALKO GPAALL
XPTOHOTOLOVTOG LIt XVAKQTAOKEVY XWPOU-YPOvou, Th AEYOHEVY) avaKQTAOKELH
xpovov tne eAdemtikic avaxarackevtic mov mpotdOnke omd tov [MNO3] kou
peretOnke emutAéov otig epyaocieg [SW10, HW17]. ‘Eton, 10 ohkd oc@dlpo
avadetal e d00 Opovg OV PITOPOVV Vo TEpLOpLoTOLY Ywptotd. To kbpio
{nrovpevo eivaw v PpaEovpe amd mave pHe TANPWOG LITOAOYIGLUEG TOGOTNTEG TOV
OpO TOL GPAMITOG TTOL elvat oUVEXTG WG TTPOG TNV petaPAnth xpovov. T'a va to
KOVOUpE aVTO, ovallnToOpe pia eElowaon oPAAIOTOG Kol 0T cuvExeln epappolovpe
KoTdAANA o emuyelprpato evépyelog ko ovvéyetag. Ta va yivel autd, avalntovpe
po e€lowon opdApatog, ) omola eiva pia tpostomotnpév apoforikr) MAE, kot ot
CUVEXELX HECK KOTAAANAWVY ETTLXELPNHATOV EVEPYELXG KOl CUVEXELOG KOTOUAT)YOUHE
oe éva Oekl pépog mov aroteAeital amd OPOLG OV UTOPOLV var eKTIUNBOOV e €k
TV votépwy texvikéc. O debtepog 6pog mov mpokLITEL Ad TN SLACTOCT] TOL
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OALKOD COAAHOTOG EKPPALEL TO CPAAUX TNG YPOVIKIG AVAKATATKEVHS KOL TO GOAAL
NG YWPIKNG AVAKATAOKEVHG KOl OVTIHETOTILETOL He TTapOpoLlo TPOTO 0w oTNHV
[GLW21].

To oQaApOL AVaKATACKEVHS YpOov TPETEL VO OVTYETWTLOTEL WG TO GPHAPX
TOv eAAETIKOD TpoPArpatog Tov omoiov 1 acBevrig Avon eivow 1 edderriki
avakatackevy. H xopua dvokoria mov mpémel va Eemepdoovpe eivon 1 EAAelym
™G 0pBoYWVIKOTNTAG TOV GPAANOTOG EAAEITTIKIG AVaKATAOKEVHG IOV eivo QpeEOT)
OULVETELL TNG aoULVETELG TNG eméktaoctg NG xwpiknig dG-Siypoppikic popenig
o€ oyéon pe to eANETTIKO TTPOPANU ov déxetan TNV eddemTikyj avakartaokevy
g acBeviy Aoon. Tx avtd to AOYo elodyoue pio ToPOAAQYT] TNG EVVvoLaG TNG
opBoywvikdtnTag Tov o@aipatog eAlernikns avakarackevs otovg dG-xwpoug.
EmutAéov, amodelkvOOUE EKTIUNOELS YLt YPOPULIKEG AIOUVEXELS CUVOPTHOELS KOTA
otolyelor pe TANpwG vroloyioeg otabepéc, Tig omoieg ypelaldpocte Kot TNV
epoppoyn emyelpnpdTov dvadukdtntog yoe vo eEy&youpe TOug ek TWV VOTEPWV
eMeutikolg ekTipuntég opapatog otig L, (0,75 L,(£2))-voppeg, p > 2 yia v
IPDG péBodo oe molvywvikd ywpio.

H televtaia cuvelo@opd autig TG epyaciog eival 1 avdlvon kot 1 aplOunTik
pocéyylon evog mpoPAnpatog BEATIoTOL EAéyyoL oL oYeTileTon pe To TPOPAN O
Allen-Cahn kot tapovoidletor ota Kepdhowa 5 ko 6, avtiotoryo. H epyaoia avtn
éxeL 1dn vroPAnBei yio dnpoocievon [CP22]. Amd €86 xou oto e€ng, axolovbovpe
Tov ouviOn oupfoliopd ota TAaioa Tov BEATIOTOL EAEYXOL: AVaLPEPOPATTE GTO Y
g TN Avon tov wpoPAnparog Allen-Cahn, evd o eEavaykaotikdg 6pog f oto (1.4)
avtikaBiotatar amd tov édeyyo mov cupPorileton pe u. Oswpovpe to akdAovbo
TpOPANpa kaTtavepnpévou BéATioTou eAéyyou ov eEoptdton amd tnv e€icworn Allen-
Cahn: elayiotomoinoe

=5 [ [t - vatoPdsar+ J [ (o) o) da

T
—I—ﬁ/ /|u(t,x)|2dxdt,
2Jo Ja

v1td TV TPOoLTODEST) OTL

(A.6)

1 .
yu,t_Ayu+?(y2_yu):u anT:QX(()?T)v
y. =0 onYy =00 x(0,T), (A7)
yu('vo) =1y in Q.

Suykekpipéva, 6TOX0G pog eivan va mapépfoupe otn Suvoyukr Tov (A.7) pe tn xprion

plag cuvaptnong eréyxov u, mpokelpévov vo eyyonfodpe 6t Abon y, Bo eivon

600 10 dvvartdv To Kovtd oTov kabopiopévo oTtoxo Y, Edod p>0 eivon o 6pog

kavovikoroinong Tikhonov, eved 1 mapovsia tov Teppatikod 6pov (pe v>0) eivon

QTOPOUTN TN TTPOKEEVOL var emLTeLXOODV QUTOTEAECHATIKEG TPOCEYYioELS KOVTA

670 TeAKO onpeio Tov xpovikol diaotripatoc. To chvolo TV amodektdv eAéyxwV
opileton wg:

U,

a

4= {u €Ly (0,T;L5(2); u, <ult,z) <wu, ywoox. (t,x) € QT},

Kot To TPOPANp PEATIOTOV EAEYXOL OTNV PHELWHEVT] CUVIPTNCLAKT] HOPPT] YPOLPETAL:

{ min J(u) (A8)

uelU,,.
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To mapomdvew mwpoPAnpa PEATIGTOL eAéyyou elval pn KLPTO.  ZUVETM®G, eivon
amapaitnTo vo yiver Sidkplor peto€d Tomk®dv Ko oAkdv Aboewv. ‘Evag éleyyog
u € U,, Myetan tomkdg PéATioTog éAeyxog Tov (A.8) vid v Ly(0, T, Ly(£2))-
évvoua, av vrtdpyet >0 étor wote J(u) < J(u) ywo dda ta u € U, ,; N B, (1), 61ov
B, (u) eivou ) avowtr) opaipa otov Ly (0, T, Ly (£2)) pe kévrpo 4 kou axtiver o

Kowvd xapaktnploTikd aTnv avaALGT GAAUETOG TANP®G SLKPLTOV GXNHATOVY
yia TpoPAnparto féATioToL eAéyyxoL TTOL GXeTICOVTOL pE N YPOPULKES TTopOPOALKES
MAE, vnd meplopiopotg eréyyxov omwg [NV12, CMR19, CC12, CC14, CC16, CC17,
HR21] eivow 1 xprion amotedeopdtwv Lipschitz cuvéyeiag towv ameikoviocewv Tov
EAEYXOU TPOG TNV KATAGTAOT] KOL TNG KATAGTAOTG TTPOg TNV oL{LYT KATAGTAOT, 1)
amddelln avaykainv kat tkavov cuvinkov Bedtiotonoinong mpdg kot devTepng
TOENG KL OL EKTIUNOELS CPUAPATOV TWV AVTIGTOLYWV OTTELKOVIGEWV EAEYXOV TTPOG
KOTAOTOOT KOl KATAOTAONG TPOG TNV ovlLyr KATACTAOTN TOL ENLTPETOLY TO
KAaowko emyeipnpo evromopov [ACT02, CMTO05, CR06, CMRO07] mov avamtdyOnke
ylot TNV avdAvoT] COOAIATOV TOV GXTUATOV SLKPLTOTOINONG Lot TJHLYPOPHLKE
eMewttikd TpoPAnpata MAE PBeltiotonoinong pe meploptopons yia v Aettovpyei
v1o TIg poPAemopeveg LITOBEGELS OPAAOTNTAG.

Qotdo0, am’ 600 Yyvopilovpe, Kavéva ad TA TOUPUTTAVE KITOTEAECHATH dev
vrthpyeL otV nepintwor tng e€lowong Allen-Cahn. ITepihapfdver puo pn povotovn
HN YpoppikoTnTa mov tkavomotel 5 F'(s) = £ (3s°—1)>—2%. Katk ovvénew,
Yot peaALOTIKEG TUWES TOL € oL KAaoukés péBodor amddetng ovvéyewag Lipschitz
NG ATELKOVIONG €AEYXOVL TPOG KATAOTOON KabdG Kot 1) aplBunTikr avaivon,
amotuyydvouy a@ol ewohyovv otabepég mov eoptdvrtal ekBetikd amd To eiz
T'oe v apBuntikn avaivon tng e€icwong Allen-Cahn, 6tav u = 0, 1 dvokoAia
TopakapeOnke TPOTH Popd oTig epeidderg epyacieg twv [FP03], [KNS04], [FW05],
[BMO11], [BM11], 6mov atédet€ov eKTOELS GPAAPATOS (€K TOV TPOTEPWV KOUL €K
TV VOTEPWY) Yia TNV opoyevy eicwon Allen-Cahn pe otobepég mov e€aptovral
TTOAVWVUPLKA aTtd TO % HE KATAAANAN TPOCEYYLOT) TNG PACUATIKHG EKTIUNONS KoL VO
1N kAaokd emyeipnpa cuvéxelng. AvoTUXNOG, HLa TETOLO avaALOT) artattel oLV Bwg
vrtoBéoelg opoddtnTog, oL onoieg dev eivou drabéoipeg oto mAaiclo Tov PéATIoTOL
eléyyov. T moapéderypa, n vrobeon y € Lo (0,T; H2(Q)) N HY(0,T; H(2)) N
H?(0,T; Ly(9)) mov xpnowomoteiton oTig mpoavapepOeiceg epyasieg yo ek twv
npotépwv ekTipnoelg. Iopopoleg SuoKOAieg TPOKDITTOLY KATA TI OVAALGOT) KoL TH)
aplOuntikny avaivon tng amelkdviong KaTdoToong Tpog T oLlvyr KoTAoToOoT).
Amodeucvietal OtL T avalvoT) prtopel va eivot okdpn 1o dOokoAn Adyw Tng amovsiog
oL KLPLKOD PN ypopptkod dpov mov dnpiovpyet T L, (0, T; L (2))-voppa.

H mpooéyyion g avdAvong pag ammo@edyel TV KATOOKELY OmTOlXcdnmToTe
SLoKPLTHG TTPOGEYYLONG HIOG PACHATIKAG EKTIHNONG Kol TIG LTODECELS OXETIKA e
OTHELOLKA XWPOYPOVIKA PPAYHATX TNG TANPWS dakpltrig ADOTG TNG ATTEKOVIOTG
TOL eAEYXOL oTNV Katdotaot). [Ipayportt, e@appodlovpe T PUCHATIKT) EKTIUNGOT HOVO
oe “ovuvexég emimedo” ko OAA TO AMOTEAEGUATA HOG LoYXDOUV Yot TNV OHAAOTNTO
mov emiaAdel To mAaiowo PéltTiotov edéyyov. Xto Kepdhowo 5 peletdpe 1660
TIG QTTELKOVIoELG EAEYXOL TTIPOG KATAGTAOT OG0 KOl TIG OITELKOVIOELS KOTAGTAONG
P0G cLLLYOVG KATAGTAGNG, TTPokeluévoL va eEdyoupe ouvOnkeg PeAtioTomoinong
PTG Kot devTePN G TAENG. To kOpLo pEANpQ elvo 1) XPTiOT) TEXVIKOV TTOV ENMLTPETOLY
v e€aywyr otabepdv Lipschitz ov omoieg dev mapovoidlovv exBetikn eEdptnon
and 1o 1/e. Katagpépvoupe va amodeifovpe amotedéopata cuvéyelag Lipschitz tng
amelkoviong eAéyyov oe katdotaon pe otabepéc Lipschitz mov eivar aveEaptnreg
amd 1o 1 /e epdoov 1oy bel puo vedbeom eyydTnTag petafd Twv cvvapTrcewy eAéyyov.
Ocov agopd tnv amekdvion Tng Katdotaong mpog tnv ovluyh katdotaot,
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Xpnoonolodpe to amotédecpa tng ouvéxelag Lipschitz tng ameikdviong eAéyyov
POG KATAoTAoN Ko amoteAéopato evotdbetag yior va odnynbovpe oe otabepég
Lipschitz ov e€aptdvton TovAdyLoToV TOAVWVLHLKE amtd To 1 /€.

H apBuntikr) tpocéyyion tov mpoPfAipatog PEATIETOL eAEYYXOL OTO KEQAAALO 6
e€etalel éva mTAGpwg dakpltd oxfpa wov cuvdvalel v acvvexn pébodo Galerkin
dG(0) oto xpovo kou TN péBodo memepacpévev otolyeiwv xapniotepng TaEng
OTO XWPO. ZEKLVOUE PE TNV aplOUNTIKY OVAALGT] TNG OITELKOVIOTG EAEYXOL TTPOG
KOTAOTOOT.  ZUYKEKPUEVY, eEAYOUHE €K TWV TPOOTEPWV EKTIUNOELS COAALATOC
XPTOWOTOLOVTOG MLt TPOCEKTIKA KATOOKELAOHEVT] TPOPOAT] Y®pov-Ypdvov,
amoteléopata Stakpltig evoTabelag Ko éva yevikevpévo dtokpttd Appo Gronwall.
H eaywyn tov ekTipioenv o@aApatog g SlokpLtig amelkdviong KaTtdoToong
7POG TN oLLLYN KATAOTOON €lval pio amontnTiky otddelEn mov ostontel TOAAG
TEXVIKA eVOLaPEST OTASLA. ZUYKeKPILEV, XpetdleTon va amodetfovpie omoteAéopota
Srokprrig evotabelag xpnoporodvtog éva duikd ko éva boot-strap emuyeipnpat.
Téhog, ouvdLALoUHE O AL TO TAPATAV® QIOTEAECHOTA YLt Vo aodei€ovpe
ekTIuoelg yux T Swpopd petafd Twv TOmKGOV PEATIOTOV EAEYXWV KoL TOV
SlokpLtdv mpooeyyicedv toug, Kabdg Kol eKTIUACELS Yot TG Ooupopés PeToED
G avTioToLXNG KATAOTAoNG Kot TG oL{Lyols KATAOTAONG KoL TV OLotKPLT®OV
TPOCEYYLOE®V TOVG.

B Kepalaro 3

To Kepdhato 3 aoyoleiton pe tnv amddelfn ek Twv vOTEPWY EKTIUNTAOV COAAMIATOG
yoo TAfpwg Swakpitég mpooeyyioelg Galerkin tng e€icwong Allen-Cahn ce 0o
Kot Tpelg ywplkég diaotdoelg. H apbuntikn pébodog meptrapPdvel tnv avadpoun
péBodo Euler otov xpbdvo oe cuvdvaopd pe cOpPHOpPa TETEPACHEVA OTOLYELD GTO
X©Opo. Amodetkviovpe LT CLVONKT €Kk TV VOTEPWY EKTIUNOELS CPUAUATWV OTH)
voppar Ly(0,T; L,(2)) mov eEoptdvTon TOAMWVUHIKE amd TO avTioTPOPo TOU
pfkoug tng Siempavelng €. EEetalovpe dvo mbava cevapia 66ov apopd Tnv
KIvNon TV SLETLQOVELOV. ZUYKEKPULEVA, TO OTOTEAECUATA HOG LoXDOLV OTAV Ol
e€elooopeveg Slempdveleg elvor OpHOAEG aKOMN KAl OTOV LPLOTAVTAL TOTTOAOYLKES
oAhayéc. H amddeitn Pociletar otn dudbeon plog QUOHATIKAG €KTIUNONG yLo
tov ypappkomoinpévo tereotr Allen-Cahn wg mpog tnv mpoceyylotikr] Adon
o€ oUVOLAGHO HE EVOL ETTLYEIPTHAL GUVEXELNG KOAL MLt TTUPAAAOYT TNG EAAETTIKHG
avaxataokevrs. H véa avadvon gaivetar va PeEATIOVEL TIG PEXPL TOPA YVWOTEG €K
TV votépwy extoelg oedhpatog otig Lo (0,75 HY (), Lo, (0, T; Ly(£2))-voppeg
€ OPLOPEVEG TIEPUTTMOOELS, TOVAXYLOTOV WG TTPOG TNV e-eEAPTNON TNG LITO cLVONKN
opadoyng.

B.1 Awxkpitonoinon

Eotw 0 =1, < t; < ... < ty = T. Xwpilovpe T0 dedopévo xpovikd Skotnpa

[0, T] o vrodwxotipata J,, := (t,,_1,1,] ko copforilovpe pe k,, =1, — ¢, 1,1 =
1,..., N x&Be xpovixé prpe. Eotw eniong {7, 1 pioc axorovbio amd cOppopgeg

KOl OXTHATIKG KAVOVIKEG TPLYWVOTTOLHOELS TOL Xwpiov §2, oL 0Toieg emTpEmETOL VL
TpomomototvTo PeTaEd TV Xpovik®dv Prpdrtev. Opilovpe tn cvvdptnon peyéboug
nAéypotog, by, 1 Q = R, wgh, (z) = diam(7),z € Tyt € T, O avogepopacte
oe T € T} wg oToyeia, pe Tig akdAovbeg 1310TNTEG,

(W) Q=U,crn7,
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(i) yw 7,7 T,", éxovpe povo Tig duvardtnTeg: site 7 = 7/, eite T N T elvan i
kown (oAdkAnpn) d — r-dudotatn 6yn pe 1 < r < d (dnradn, oym, axpr 1
Kopuet], avtioToL Q).

Se k&Be Tprywvomoinon 7, avticTtoryilovpe TO XWOPO TETEPACHEVOV GTOLXEIWV:
Vit = {x € C(Q); x|, € P(7), V1 € T},

pe P, va dnhodvel tov x@©po tewv moAvwvipwny Babpod to oAt k € N.

Aépe O0TL éva oOVOAO TpLywvomoljoewy eival oupfard 6Tov KaTaokevalovTol
and Supopetikég ekAentovoelg tng idiag Tprywvonoinong. Eotw dbo cvpPartég
tpywvorowjoelg 7, kou T;", Oewpolpe To finest common coarsening 771” =
T AT wou Bétovpe h,, := max(h,,, h, ;). Emuthéov, copBoliCovpe pe S; tov
OKEAETO TOL ECWTEPLKOV TAEYHOTOG TG T, kot opiloupie Toe cHVOAQ S’g‘ =87 08,7;_1
Ko ‘Sv'}’f =87 U S,?_l. ZnpeldvoLpe OTL Kapptior vITOOeoT Yo To oxeTIKO péyeBog Tov
hy, o€ ovykplon pe to peyéon h,_1, by Sev elval amapaitntn yio Tnv eykupoTnTOL
TWV EKTYOEDV OV TOPOVGLALOVTOL TTOUPAKAT.

‘Evog xwpog menepaopévev ototyeiwv V' C HJ () avtiotowget oe k&be xpovikd
dwotnua J,,n =1,..., N. 211 cuvéxewx, ovolnToOpe TPOCEYYLIOTIKEG ADGELG GTOV
AT PG SLokpLtd xOpo

Vig = {X 0, T] = Vs X € Ly(0,T; Hy()); X|; €PBy [vafﬂ},

pe P, [Jn; V}ﬂ v SNA®VEL TO XWOPo Twv oTafdepdv TOALVOVOPWY Thvew amd J,,
mov éyovv Tég oto V)l Ol oLVAPTHGEIS QUTEG EMITPETETAL VA elva aovveyeig
ota kopPikd onpeio, aAld Bewpovdvton cvvexeic artd apiotepd. apamépmovpe 6To
[Tho06], yia meplocOTEpeg AETTTOPEPELEG GXETLKA e TIG aoLVeEXELS peBOSoVG Y povikoD
Bnpatiopot Galerkin.

Topa eipoocte ETOWOL VO ELGAYAYOUE TO TANPWG StokpLtd oxrpa Tov (A.4). T
Aoyoug cuvtopiog, Oétovpe F(v) == v® — v. H avédpopn pébodog Euler - puébodog

TEMEPACHEVWY GTOLXElWV éxel g e€fg: Y kabe n = 1,..., N, Ppeite U)' € V1j,
£T0L (OOTE
bt (UR = UL X) + (VUL VX) £ 2 (RO, X) = ™ X))
Uy = Ppu’, '

ywo kéBe X € V. Edw, f™ := f(t,) xou PJ' 1 opBoydviae Ly-mtpofors otov V)7,
¢torwote (Phv, X) = (v, X), yix 6ha ta X € V;". Etodryoupe Tov Stakpitd tedeotr
Laplace A} : V;* — V} mov opiletan and tov tomo (—ARV, X) = (VV,VX), yix
oha ta V, X € V', Auto emitpémel tnv woyvpn) avamapdotacn Tov (B.1) wg e&rg

kL (U —PRURT") — ARUR + €2 PRE(US) = P f™. (B.2)

B.2 Avakatoaokevég

Eiwodyovpe ploe mapodhayn tng eAdemnikic avakaraokevrc [MNO03, LM06, GLW21],
mov mailer koboprotikd poro oTnv amddelln TV K TWV VOTEPWY EKTUNCEDY
OOAMLOTOC,.

Opiopog B.1 (eAleuttikry avokataokevr]). T k&Be n = 0,1,..., N, opilovpe tnv
eMeuttiky avakarackevr w™ € HE(Q) wg n Adon tov ehheurtikod mpofArpatog

(Vw", Vo) = (g, v), ywdrav € H(Q), (B.3)
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6mov
g+ = —ARUR — e 2 (F(UR) = PRE(UR)) = PR f" + f" B4
—k (PRURT = U,
ed® ko o1 cuvéyela voBetovpe T oOPPooT Uh_1 =Up.
IMopotnpodpe O0TL TO W karvomotel
(V" =U;),VX)=0, ywohaX eV (B.5)

AvTo ocvvendyetan 6Tl To w—U;' eivou opBoydvio otov V)" wg mpog to Dirichlet
E0WTEPLKO YLVOHEVO; HLOL GTIHOVTLKT] LELOTITOL TTOL OLG ETLTPETIEL VOL X PT)O LHLOTTOLI|GOVE
€K TV VOTEPWV EKTIUNOELS OPAALATOG Yo eAAELTTIKA TPOoPANpaTR (dOTE VO
EKTIHUNCOVHE Ge dLoPpopeg VOPHES TO COAAL TOL eAAenTikoD mpoPArpatog (B.3),
w=Upt, yioex&@en =1,..., N xou xéOe p > 2,

™ = UR| < & (UR ghs Ly () - (B.6)

OpiCovpe Tig ocvveyxeig ypoppkés mapepuforéc twv akolovbdv (t,,Ulr) ko
(t,,,w™) Tig omoieg cupPoliCovpe pe U, (t) ko w(t) ywr t € (0, T

Opiopog B.2 (xpovikn avakatacevn). Nt € J,,n=1,..., N, Bétovpe

Uy () i= £,y (DUR ™ + £, (1)U, (B.7)
w(t) =4, (" +£, (t)w", (B.8)

omov £,, n ypappikr ovvaptnon Baong Lagrange pe £, (tr) = Oxn.-
O mapambve opiopdg cuvendyetal OTL 1) Xpovikn mapbywyog g U,
Upi(t) = (U = U™ /ken,

eival 1) Stokpltn) Stxpopd mpog tar Ticw 670 ¢,

B.3 Ex t0V UOTEPWV EKTIUNCELG CPAANATOG

B0t XPTOLLOTOLGOVHE TOPA TLG OVOKATOOKEVES TTOV OPLOTIKOV TOPATTAV®, HOlL pe
11 oLVION eMYELPTHOTO EVEPYELXG KOL GUVEXELXG KOL LK PACHATIKY) EKTIHNOT Yo
To ypaypypukormoinpévo teheatn) Allen-Cahn wg pog Tnv mpoceyyiotikn Avon Uy, yiox
va kataA€ovpe ot ek TV voTépwy ektipioelg opdipatog otig La(0,T, L,(Q))-,
Lo(0,T; HY(Q))- ko Lo (0, T'; Lo (92))-voppieg. Eekivéyie pe T S14omaomn ToU 0Akon
oPAMIOTOG WG eENG:

e=u—U,=0—-p, omov O0:=w-—-U,, p:=w—u.

Apywéd, n dwpopd 6 pmopei vo extiunOel péow ek TWV VOTEPWV EKTYHCEWV
o@aAMoTog Yoo eAAETIKG TpoPArpata o Sukpopeg voppeg epappodlovtag
KotdAAnAo duika emyetpripata. Emiong, n dixpopd p tkavorotel pio topafoiikod
tOmov e€icwon pe TApws vroAoyioo deki pédog mov amoteleiton atd tov 6po 6
kot T dedopéva Tov mpoPAnpatog. To akdrovBo Afppa Snrovel avth v e€icwon
GPAAHOTOG.
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AAppa B.3 (ekicwon cpdhpatog). 3to J,,n=1,..., N xau yix bAa o v € HE(Q),
€XOULLE

(P 0) + (Vp, Vo) + 2 (F(U,) — F(u), ) (B9)
= (" = f,0) + (0, 0) + € 2 (F(U,) = F(U}),v) + (V(w —w"), Vo).

>to onpeio avtd elcayovpe opLopévoug uHPoAilopos ov Ba xpelcTodpe 6N
OULVEYELOL YLOL THV TTOPOLGLACT) TWV PACIKOV XTTOTEAECUATOV TTOL QUPOPOVY TLG EK TV
VOTEPWV EXTIUNOELS TOVL p. Oétouvpe o k&be J,, n = 1,..., N to axdrovBa:

Ly:= ||8UITLL78U;LL_1”%2(Q)+€74||F(U£)7F(Ug_l)||2L2(Q)+||fn7fn71||2L2(Q)’
Ly:=|f"— fH%Z(Q) +e Y FU,) - F(Uﬁl)H%Q(Q)-
O 6pog L, xou 0 6pog 6_4||F(Uh)—F(U}:L)||%2(Q) tov Lo amokalodvTon cuxvh
XPOVIKEG ekmtoeis opalpudrov ot Piploypoagio evedy || fr—f H%Q(Q) elvar 1

npocéyyion SeSopévwv. Emiong, Co:i=(c*+1)/2, C; = 9+9Cp&*+6112C%¢*
ko Cy 1= 2- 37024, Cp 0mwg oty (2.8) £v6 & dmwg oTig (2.3)-(2.5), éToL doTe

1 11
O4(t) : = §H9t||2L2(sz) + ZC?D||9t||%4(Q)»
- C
0,(t) : = €™ ((Co + 396U l13_ ) 1011 o + S NOIIE o + CollOIE, )
T
A= (@ 4t 4 9P, [ 925)ds) + (8, 7));
t
0, avtipocwevel Ty perafolj ov mAéyparoc kan t0 O, (1 O, yia d = 3) cuyvi
aokoAeital ekTinon Tov ywpikot opdAuarog. Mpdypoartt, amodetkviooupe yio p > 2
16112, ) < € (UL g1 Lp(Q) + € (U™, 0575 Ly ()
1/p
5 (Uh 7gh;Lp(Q)) = CQOSZ( Z ||hirn|‘zl),p(q—)+ Z ||h7lz+1/p[[VUh]]”]zp(e)) 9
TET" eES)
EVO Yl P = 00
E(UF g1 L) = Clg( 3 Ih2ralle i+ Y 10al VORI o)
TET! eeSy

g = (In(1/h,))%, omov ay = 2 xaw a3 = 1; X [DG12, Theorem 6.1]. Edo,
[VU] eivon to dApa xoté prikog tov e ko 7, = g + AU to vrddoimo avd
oroiyeio Tov eAAetTIKOD TpoPArpatog (B.3) tnv xpovikn otiypr ¢, mov astoteAel
TALTOYPOVA KOl TO VITOAOLTTO TOL TTPOTELVOUEVOL aplBpnTikol oxripatog (B.1). Téhog,
ar0dELKVOOLE EK TOV LOTEPWV EKTIUNTEG Yo p = 2,4, 6 TG popeng:

Het HIIiP(Q) < ‘ép(Uh,tv 9hts Lp(Q))7
6oL

é (Uh,tv 9nt Lp(Q))

1/p
_ chSZ( S 2o o+ ||h711+1/pa[[VU,’}]}’L’p(e)> .

TET eeSy
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Eva Bacikd Pripa otnv amddeln tov akdrovbov Afppatog yio d = 2 kou 3
eivon 1 emAoyn pag pn ovvnBopévng ocvvaptnong eréyxov v = ¢ (3.17) yi v
eElowon opdipartog (B.9). Avth 1 ouvvéaptnon dokwyrg eivor vmevbouvn yuoe tnv
epdvion oL OpPOov Hp||‘i4(0,T;L4(Q)), poli pe GAAovg un apvptikols 6povg GTHV
aplotepn) mAevpd tov (B.10) kotd Tn SlApKELX TOU EVEPYELKOD ETTLYELPTHATOC.
Toavtdypova, avtn 1 cvvaptnor dokng eivor eniong vedOuvvn y TV Tapovsia
EVVOIK®OV LIOAOYIC®VY OpwV GPIAIATOC GTN VOPpO ||~H%2(O’T;L2(Q)), BA.  Ttoug
6pouvg o610 fOT (L1 + L2) dt mov tediké Oo eppovictody otnv telkr extipnor. Etol,
n e€aptnon amd 10 € Twv oTabepdv Tov ToAaTAacLdlovy SLbpopoug GpPoLS TV
L1 xou Lo O peiwbei 610 pod Adyw Tng acvppuviag peta&d tng 4" dvvapng
7OV EPPAVILETOL GTOVG OPOLG GPAAPATOG KoL NG 25 dOvaypng oTovg avticToLyoug
ekTUNTéG. Avutr) 1) mopatnprion odnyel oe o TuTkd KaAOTeEpT) eEQpTNoT WG TPOG
10 1/€ oto emyeipnua g ovvéxeing. Tovtdypova, 1 emhoyr (3.17) odnyei oe
dpoug mov mepLEXOLY H9||i4(O,T;L4(Q))’ ||9Hi6(O,T,L5(Q))’ Ko HOtHZ(O)T;M(Q)) xwpig
va emiPopoveton 1) Tumik eEdptnon amd To €L, omwg Oa Sovpe ot cvlfTnon
mapokdte. O televtaiol dpot eival ‘cupPatol’ pe TIg VOPHEG TOL CRHAPATOG p TTOV
eppavitovtal ato (B.10) .

Aqppa B4 (d = 2). Eoto d = 2 ko u 1 Aon g (3.1) ko w 6mwg otnv (B.8).
Yrobétovpe 6t p(t) € WH4A(Q) N HH(Q) yie ox. t € (0,T)]. Tote, yioe k&be T €
(0,T), éxovpe

Lfe Lo [fo o 2 1 2
1/, 1PlIZ, ) dt*g” ; Vp (3)d5||L2(Q)+§HP(T)HL2(Q)
Tt * €2 9 1
/
+ [ awars [ (0= DA+ 5 o) ) a

02 T
< 310117, @y 5 10O 1, @+ / (0,+0,+Co(Ly+Lo))dt (B.10)

1

;

3 [0 9061 a5l a0 + 0@l o)
2 J, ; Ly(2) WAL, (@)

1

t 4

T T
/0 (80.0w)] / VoR(s) s}, ) + (6, U)ol ) .

6oL

a(Un) =F (U7 + U7 ) + 7

C,et
1276(”9%049) UL ) + 221U 17 0

+ 2012354\\F/(Uh)H%w(g)"'lleﬁ(||F/(Uh)||ioo(9)+||Uh||ix(Q)+6)7

10,Un) =26 (CRIF U1}y + 36 (1013 _ o + U3 _ ) )-

5(9, Uh) =

Appa B5 (d = 3). Eotw d = 3 xou u 1 Abon g (3.1) ko w émwg otnv (B.8).
Yrobétovpe otL p(t)WH4(Q) N HY(Q) yi o.x. t € (0, T). Tore, yro xébe T € (0, T,
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£XOULpE

1" 1. (" 1
§ ] 0ol ot g [0 sl + 1001 o
T * € 5 1,
+ [ awars [ (0= DI+ 5 o) d

1 02 T _ 5
< 51O, o+ 10O, )+ / (0146, + Co(Ly+L5)) At (B11)

1

3 ] (1] T st o+ @) + il o)
t

T

1 ~ * -
g [ (BO001 [ V) sl o+ 50,0l o) 0.
t

6mov ovpfoAiloupe pe

. L c .
0, := ¢ 4<(CO+396||Uh||2Lm(Q))||9||2L2(Q) + 71||9||§4(Q) +Co\|9||‘26<9>),

N C,ed
B0, Un) = 1276(H0”%°°(9) + ”Uh”%oo(ﬁ)) + QEGHU}LH%M(Q)

+2CP6462||F/(Uh)||%w(9)+11610(”Fl(Uh)||%m(9)+‘|Uh||%w(Q)+6)v
Y(0,Un) := 32401354(”9”%%(9) + ||Uh||im(9))7
pe Co := (CF2& +1)/2,Cy == 94 9CH?& + 6*112C 4, Cy = 37C .
Av 1oVeL omoadnote mepintwon tng mapadoyng 3.11, £xovpe OTL
||VP||2L2(Q) + e 2 (F'(U)ps p)
> — RO~ ol o + CIVAIZ, 0 + (F' T2 ).

Ewoayovpe v (B.12) otig (B.10) ko (B.11) étav d=2 xou 3, avtiotouya, kot
eQPUPUOTOLE Evar eTLYEIPNHA GUVEXELG avTioTolXo Tov Afppatog 2.5. @étovpe
TIG TOGOTNTEG:

(B.12)

No,a(p) :_4((1—1)/0 Hp”%4(§2) dt‘*‘g/o HVPHQLQ(Q) de

1 /T 2 2 Lo
+ = Vp“(s)ds + sup —|pll , d=2,3.
I ) sl )+ s Sl o

Lo s SR S o
ny = (2|p(0)||L2<9>+2||p(0)||L4<Q>+Z/J (©1+0,+Co(L1+L5)) dt> )
n=1 n
D, := max{4,a(Us) + 2A(t)(1 — ) + 2}, B, := max{165(0,Uy),v(0,Un)},
_ T
By = supse(o, 1) Ba(t), By := exp (fo D, (t) dt),
1 02 N ~ _ 1/4
N3 = <2l|p(0)”%2(9)+QPHp(O)H%AQ)—i—Z/J (01462 +Co(L1+Ly)) dt) ’
n=1 n

Dy = max{4, a(Uy) + 2A(t)(1 — €2) 4 3}, By := max{1653(6, Up),7(0, Un)}, xou
By = Supyeo,) Bs(t), Bs = exp (fOT Dy (t) dt), KOl KATOA YOUpE 6TV akOAouOn

v1T0 oLVOTKT EKTIUNOT Y TNV TTOCOTNTA p:
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Afppa B.6. YroBétoupe 6t 1oydel

s < (168, (T + 1)E2) ™",  étavd =2, (B.13)
ns < €' (16B5(T + 1)E§)_1, otav d = 3. (B.14)

Tore, éxovpe TNV ektTipnomn yo
No.r1.a(p) < 4ngEy,  dtavd =2,3. (B.15)

Topa elipoote ETOWOL VO TTUPOVGLAGOUVHE TNV KVPLXL EKTIHNGT] COAAUXTOG GTNV

L4(0,T; Ly (©2))~véppoe

Oeopnpa B.7. 'Eotw uy € WHA(Q) N HY(Q) xau f € L (0,T; L, (), 2 C RY,
d = 2,3. Eotw u 1 Aon mg (3.1) xou U, 1 mpocéyyion g (B.1). Tote, cOppwva e
v vrtdBeon (3.11)(IT) kou TN cLVOR KN

ng < (16(T + 1)BdE§)*1/4ed*1/2 (B.16)

Lo Vel 1 akOAoLON exTipnom

1/4
lw = UnllL, 0,150, < 214 ((d = 1) Ey) My 10112, 0.7:, (2))- (B.17)

Tovilovpe 0Tt TO Oe®pnuo oxVeL emionNg o€ TEPLITOOELS OTOL dev elval
duvatd va vrobécovpe otL M ||U, L (0,75 (2)) PPOoCETAL aveEdpTNTOL OO
0 1/e. Inpeidvovpe, wotdco, 6Tt N |[UyllL_ (0,751 (Q)) TOEPApEVEL OHOLOHOPPQL
Ppaypévn g TPog 1o 1/€ kal TIg TapapéTpoug ToL TAEYHATOG 68 OA Ta GEVAPLOL
TPOAKTLKOV EVSLaPEPOVTOG TTOVL YVwpilovpe kKo cuviBwg amauteiton o GeEVapLoL IOV
eEaopaiifovv tnv eykvpotnta tng topadoxng 3.11.

Eivou Sidaktikd var culntrooupe AemTOpEPOS TNV eEAPTNOT TWV JLLPOPwVY OpwV
mov gppovilovron otig (B.16) xat (B.17) yia va. a€loAOYT|GOUpE TNV TPOKTIKOTN T
TOL TOLPOYOHEVOL €K TWV VOTEPWV  PPAYHATOS TOL opaipatog. H vmoloyiotiki
TPOKANOoT y 0 € K 1 exdniwveton pe v wkavomoinen g ovvOnkng (B.16).
Ipaypartt, kabodg € — 0 n ovvdnkn (B.16) ylvetow 6A0 KoL TLO QLGTNPT] YLt Vo
wcavortotnBel, ool tdVTaG Tor TAEYHOTo var elvor Tommiké OAo koL 7o Aemtd doTe
vo petwbel 0 eXTUNTAG 7)g- LT €xeL WG amoTéheopo Ty ad€non twv Pobpdv
ehevBepiog. MOALG TO 14 elval apkeTd PLKpo, vag TPooappooTikdg alyopLBpog Bo
HTTOPOVGE VoL X PTOLHOTOLOEL TO Bedpnpa i TepaTépw EKTIUNOT).

Ag vrrobéoovpie Yo Adyoug emiyepnparodroyiag ot [|UR |, () < €' i 6Aa Tor
n=1,..., N yu xé&roia aveEdptntn and 1o € otabepd C' > 0. Eniong, éxovpe

[pog to mapdV, av viobécovpe OTL HG”HLOC(Q) < C’ opoldpopea g TPOG TO €, TOTE
HIopovpe v suptepévovpe 611 24 - 6 < By < CC’, d = 2,3 ko, enopévag,

1/4

3<2((T+1)By) " <CT+ 1M,

yio kémoleg yevikég otabepég C' > 0, avelaptnteg amd to €, apold onuelwdel
6tL v/6 > 1.5. Emumhéov, 6NV TepTOon OPOAK AVOTTTUGGOUEVOV SIETLPAVELDY
(YnoBeon 3.11(1)), avapéveton 0TL /) ~ 1, cOppwva pe Tig kAaoikég epyacieg [Ched4,
MS95]. Otav Aopfdvovv xdpo Tomoloyikég aAloyéc, PItopodpe ovahoya pe TV
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[BMO11] va Bewpricovpe 6TL B, ~ € ™, m > 0. Me mnv mapaméve cOpPaon, n
(B.16) yiveton

N4 < Gd6d+(m71)/2’

yuo kool otalbepd Gy > 1 kou yr Oha tae m > 0, mepikeiovtog £€ToL TawTd)Xpova
kot TIg dvo mepntioelg tng Ynobeong 3.11.

Qg ex tovtov, N e-eEaptnon g ovvOnikng (B.16) gaivetar va eivor Aryorepo
TEPLOPLOTLKT) atd O,TL TNV AVTiGTOLYT] €K TV VOTEPWY avdAvom oTig Lo (0, T'; Ly (£2))-
ko Lo (0, T, H(Q2))-véppeg twv [Bar05, BMO11, BM11], 6mov 7j < ce 3™ yio Tov
avtioTolyo ekTuNTy 7 Kot kK&motx otabeph ¢ > 0. H véa ek twv votépwv avaivon
oQaMaTog paivetal va Peltidvel emiong tnv e-eEdptnon amd Tt cuvvOniKn Yo
Ly(0,T; HY(Q))- xou Lo (0,T, L2(Q))-voppeg oe cOykpion pe [FWO05, Bar05,
BMO11, BM11] o€ oplopéveg TEPUTITOOELS. LUYKEKPLHEVR, €xoupe To akOAovBo
QTOTEAECLOL.

Mpotaon B.8 (Ly(H'Y)-xou L (Ly)-extpricelg). Me Tig vodécelg Tov @ewpipatog
B.7 xou vtoBétovtag tn ouvbrkn (B.16), éxovpe OTL

_ 1/2
[w— Uh||L2(o,T;Hg(Q)) < 2V2¢ 177c21Ed/ + H9||L2(0,T;H3(Q))7
1/2
lw—=UnllL_om,@) < 2\@773Ed/ +10l2_ 0,752,
Enopévwg, oto idlo mhaicto pe mpuv, éxovpe OtL (B.16) cuvemdyeton

72 < GReRd—1+m,

Av Sextotpe 6TL 13 ~ 7 amd to [Bar05, BMO11, BM11], yuor xépn Tov emiyetpriporog,
TOLAGYLOTOV 01O emtimedo Tng vtd cLVONKT ekTipnong, (3.37) diver Tumikd evvoiki
eEdptnon atd 1o € 6tav d = 2 xouw m > 0 xou exiong 6tav d = 3 xouw m > 1/2,
ot cOykplon pe v avtiotolyn ekdptnon 7 < ce* 3™ oig Tponyodpeveg epyacieg
[BMO11, BM11].

C Kepaloo 4

>to Kepdhowo 4 eotidlovpe otnv amddel&n ek TwV VOTEPWY EXTUNOEDV COAAHOTOG
ylo TG TApwg drokpltég mpooeyyioelg tng e€iocwong Allen-Cahn (1.4) oe 800 ko
TpeLg XwpLkég dlaoTdoelg, yio Tnv apbuntikr pébodo mov cvvdvalel tn pébodo
acuvvexovg ypovikol Prpatiopot Galerkin (DG) pe v acvvexn pébodo Galerkin
eowtepikrg mowikomnoinong (IPDG) oto yopo. Ooov apopd to xwpio dracmdbron
o€ Yyevikd moAvtoma, eve emtpémetal avbaipetog aplBpodg moAd pikp®OV OYEwv.
To Paoikd kivntpo yia tn peAétn avtrg tng peBddouv eivar o duvartdtnrteg mov
TPOCPEPEL YL OMHAVTIKY] HELWOT) TNG LTOAOYLOTIKNG TTOALTAOKOTNTAG HE TN
xprion “peydhwv” ototyeinv yevikol oyfuatog oe meployég tng Abong, u &2 +1, evd
XpnoporolotvTol eEXPETLKA EKAETTUOHEVO GTOLYELX OTIG TTEPLOXES TNG SLETLPAVELOG
yla TNV emilvon tv oTpepatewv. H opoddtnta tov mAéypatog eivor avédoyn
g [CDG21]. Twx tn pébodo awtr), OTodelkVOOULHE €K TWV VOTEPWY EKTIUNOELG
c@oMidtov otig vopueg L, (0,75 Ly(Q)), Lo(0,T; HY(S)) wou L (0,7T; Ly(£2))
70V e£aPTOVTOL TOAVWVURLIKE OITO TO QVTIGTPOYO TOU HNKOULG TNG Slemipdvelog
€, vtd ovvOnkeg. Ou cuVOrKeg TapovoLdlovy avdroyn eEdpTnon amd To € e TO
amAoboTtepo AN pwg Srakpltd oxnpa tov Kepadaiov 3. Avtr tn @op&, ELGAYOLE TNV
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1OEQL TNG AVAKATATKEVHG YPOU-YPOVoL Yia TNV SLAGTIAGT) TOL OALKOD GPAALATOG, TTOU
TPOKOTTEL OTTO TO GUVILAGUO TNG AVAKATACKEVHG Ypovov O1wg 1ot xOn oto [MNO6]
Ko pedetriOnke mepantépw otig [SW10, HW17, GLW21] kou piog mapoadhoyng tng
eAeartikris avakaraokevrc [MNO03, LM06] ov AapPdver vmdyn to gouvopevo tng
oANayrg mAéypaTog.  Avddoya pe TO TTPONYoUHEVO KEPAAXLO, ePOPUOTOLUE uN)
KAOOLKEG evepyelakég TeXVIKEG Hall pe Eva emuxelpnpo cuvéxelag ylor vo eEyouple
EVoy EKTIUNTY Pe OPOLG TTOL PITOPOUV vor eKTIUNOOVV pe €K TV VOTEPWY TEXVIKEG.
II&A eivon kpiolung oNUociog 1 QACHOTIKY EKTNGT] TOUL YPOHHULKOTOLNHEVOU
teheotry Allen-Cahn oe oxéon pe tnv mpooeyylotikry ADGT TOU TTPOTELVOHEVOU
oxfipatog. H Swatdmwon g ek twv votépwy ektipnong o@dApatog amottel éva
KATW QPpaypo Tng KOpLapyng WOLOTIUAG; Yl TO 6KOTO arvtod vioBeTolpe TV LITOBEST)
3.11. EmumAéov, peAeTdpe TNV TPOGEYYLOT) TOL TPOPANHATOG LOLOTIHGV pe pio péBodo
hp-nenenepoacpévev otolyelov kot eEyoupe aVTIOTOLYXEG EKTIUNOELS CPAAHOTOGC.

C.1 Awkpironoinon

Eotw 0 = t; < t; < ... < ty = T. Oewpodpe TV SopéPLorn TOL XPOVIKOD
Swotiparog [0, T| oe vnodwotipara J,, == (t,,_4,t,] Onov k,, :=1t, — ¢, 1, n =
1,...,N 1o xpoviké Brpe. Eotw eniong {77}, o axorovdio vrodioupéoewv
oL Ywplov 2 oe yevikd moAvywvikd (d=2) 1 molvedpikd (d=3) otoiyeio T, Tar
ormolo emTpémetal v TpomomotodvTon o€ k&Be xpovikd Pripa.  ZvpPoAilovpe pe
h, := diam(7) tn Swpetpo Tov T € T;*. Avtiotowyilovpe oe k&Be T, Tov acvvexn
ova oToLXelo TOALWVLHLKO X®PO:

Sii = {vn € Lo(Q); vyl € P(7), VT € Ty'},

pe P v dnAodvel Tov d-petafAntd xdpo Twv ToAvwviopenv Babpot to moAd £ € N.
Eotw I 1= Ure7 0T 0 okeletdg Tov mAéypatog, eved I := T\ 98 1o ecwtepird
tov étoL dote I'" = IQUIT,. O okehetdg avahbetan oe (d—1)-Sibotareg oYelg, tov
potpalovtonr to oAb dvo otoiyeia. Awxpépouvv amd Tig Semipaveleg, Tov opilovTot
WG Ol WTAQ GULVEKTLKEG CLVIOTMOGEG TNG TOUNG d00 YelTovik®dV ototyeiwy. Ot hang-
ing kopPov/akpég emtpémovtal kabdg pio Stempavelo Popel var elvat TOALGXLONG.

Aeite v Ewkova 3 yio pux amtetcovion yuoe d=2.

Ewova 3: TloAvywvikd ototyeio 7 € 7,7, ko oL yertovég Tov avd thevpd; ot hanging kopfor anpeidvovon

e évToveg KOUKKideG.

YioBetodpe Tig vTOBEcES OPOAOTNTOG TOL TAEYHOATOG GTNV QLAOCOPIX TGV
[CDG21] pe pikpég tpomomnoirjoelg. Zvykekppévae, yio ke n = 1,..., N éxovpe:



CHAPTER . DETAILED ABSTRACT IN GREEK 19

Yno0eon C.1 (Oparotnta mAéypatog, [CDG21]). K&be otorxeio 7 € T,* elvoun pua
TETEPACPEVT] EVOOT] CYXTUATIKA Ao TEPOELIDOV TOALTOTTWV. YTAPYEL HLa LITOdLaipeoT)
K&Oe T outd memepacpéve ) emKoALTTOHEVE TTOAVTORTAL {7, }iT,, Taw omoia eivan
OXNHATIKY Ao TEPOELDT) WG TPOG Evar ONEI0 X € T, £TOL OOTE

C,

S

pmy(X) - n(x) > he,

omov my (x) 1= x—X;, X€0T; ka1 n(x) to povadiaio kavovikd Sidvuopa oTo XEDT;.
Ed®, Cy, > 1 eivau pia otabepd ave€dptnTn tov b, 70U oY VEL OHOLOHOPPO GE OAeG
TG Ay ég TAEYPHOTOG KOTd Tn) StipkeLa Twv X povikav Prpdtov. EmumAéov, vdpyet
n,EN tétolx dote yix kébe 7 € T} xou kébe amh& cvvektikn Stempdvein I C
r"nor,

av Oy |I] < hi™1 tote card{e e T™:eC I} <mn,.

Ewéva 4: molvywvikd otorxélo 7 € T, pe egrd kopfoug; xwpileton ot o oxnuotikd actepoeldn

. 0 0 ’
TOADYWVA T4, Ty G TPOG TX T] KAL T, AVTIGTOLXX.

Aobévtwv 71, 77 mov popdlovrou pua (d—1)-8ibotatn 6yn e =17t N7~ C T'L,
pe nt ko n” ta avtictorya kavoviké povadiaio Stoviopata oto e pe korevhuven
npog Ta £€w. Opilovpe péoovg dpovs ko dApara oe ke e, v : @ — R, w: Q — R?

wg eEng:

1 1
Wlo=5 (7 +v), =g (W b w),
Wl :==vn*+vn7, [w]|,:=w n"+w n7;

vE =y ges WEi= w5 1. Ave C 97NOQ, Bétovpe {w} = wT [v] :==vTn™.
"Evag xwpog menepacpévwv ototyeinv S) opiletar oe kéBe xpoviko dikotnpa J,,,

n=1,..., N. Avalntodpue TpoceyyloTikég ADGELG amd TO XOPO
Sy = {V L (0,T] = Ly(Q); VI, €P, (J,;57) yaxaden =1,.. .7N} 7

P, (J,;Sy) dnhovel 1o xodpo v moAvwvipey fabpod to modd g, €Ny, pe Tyiég oo
Sit. OLcuvapthoelg autég etvar apiotepd ovveyelc pe defid dpla ko yphupovpe X,
vy X (¢,)=X(t,,) xou X;F yua X (£;}). To &hpo 6Tov xpovikd koppo t,, cupPoriletar
[X],,=X;}—X, . To mapanéve npoteivouy Tnv akdlovdn xwpoxpovikr acuvexn
péBodo Galerkin tov (1.4): Bpeite U € S}, Tétowa dote

U(0)=Ul(ty) := Puy, (C.1)
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xouyoen = 1,..., N xou yiaexabe V € P (J,;.5%),

/ (UAV)+ B (U V)) dt 4 (U1, ViE ) + 2 / (F(U), V) dt
J J
" " C2)

- [ (v

B,: = B,(t) = S;'xS;—=R eivou n xopikr) acvvexr Galerkin Svypappuikr) poper
1ov diveton amd T oxéon

B, (w,v) = Z Vw - Vudx

TeTr T

(C3)
- [ (9w} [+ (90} [w] - ofu] - ) ds

H pn apvnticn ovvaptnon o:I'=R kadeitoan mapduetpog wowvijc acvvéyeiag. T tnv

avaAvor oc@dApatog, sivar emtBopnTtd 1 Stypoppikn vo popel epappocBel otnv

axpiPr) Aoon u. Etebryoupe pua eméktoct g (4.12) ard tov xwpo Sy X S;P aTov xhpo

S xS", bmov S™:=HE+ST,

B, (w,v) = Z Vw-Vudz

ety T

(C4)

- [ (PrTul ] + (P9 o}fu] — olul-o]) ds:
P [Ly(2)]4—[S7]%, 1 opBoyioviar Ly-mpoPorr] 6TOV SLVOGHTLKS XOPO TTETEPATHE-
vov ototyeiov. Omdte, T ohokAnpapata mov epmepiéxovy {PEVw} v {PEVo}
elvor kahdG oplopéva, kKalBmg oL dpoL auTol elval LY Vi) TV Ve 6TOLYELD TTOAVWVUHLKOV
cvvapticewy.  SvpPolilovpe pe A, :S)—S) tov acvvexn Galerkin Laplace
teheotr) tétolog Gote (A, w,v) =B, (w,v)=B,(w,v) ywo x&be w, veSy. Av
w,veHL(Q), téte B, (w,v)=(Vw,Vv). Téloc, maparnpodpe 6T 1 Ywpikh
acvvexng Galerkin Svypoappikry poper) (C.4) eivor GUPHETPLIKT KoL LTTO KOTAAANAN
ETMLAOYY TNG TOPAUETPOL T ELVALL ETIOTG TLEGTIKT).

C.2 Avakatookevég

ApyKd, ELEAYOVHE MG VAOTEPNG TAENG YpovikT avakatackevt] oe acBevr) SlatdIWOT.
Iapovoialovpe dbo dropopetikés Gpeceg avamopactdoelg pe Paon v apyikn
npooéyylon twv [MNO06] ko Tig petaryevéotepeg epyaoieg twv [SW10, HW17]. To
emopevo Pripa eivor 0 opLopdg pLag TopaAAoynG TNG EALETTIKHG avakaTaokevls KoL
1 HeTEMELITA CUVOECST] TNG HE TNV YPOVIKH aVaKQTOOKEVH, 1) omola eival amapaitntn
yloe Ty amodelEn TV EK TWV VOTEPWY EKTIUNGEDY GPAALATOG.

XPpOVIKN AVOKOTOCKEVT

Eotw 0 akdAovbog ypovikd NudLokprtog xopog
S, = {v L (0,T] = Ly(Q); V], €B, (JuiLa(Q), n=1,.. .,N} . (C5)

OewpOoVLE TNV YPOVIKY QVaKATACKEVI] W o= R(W) omov R : P, (J,; Ly(Q)) —
P, 11 (J,,; Ly (€2)) eivan o Aeyopevog tehectiic avakataokevig.
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Optopog C.2 (xpovikn) avokatackevr). e k&Oe J,,, n = 1,..., N, opilovpe tnv
L,y(2)) mog ovvapmong W € S, étou
wote vo tkavorotel Yl k&e V € Py (J,,5 Lo(2)), n=1,..., N,

n?

xpovikrj avaxarackevi W1, €P 1 (Jy;

[ Fvyae= @1, )+ [ onv)a
7, 7, (C.6)

—

W(ti—ﬂ = W(t;—1)~

Xto [MNO6, Section 2.1], n ypovikyj avakatackevy W = R(W) xotackevdleton
KOT& THAHOTO oG 1) apepfoAn pag cvvéptnong W € S, ota onpeioc Radau.

7 q,+

, . 1 , ,
Mpaypatt, éotw {4,y ; jmo C P, 11 Tamolvdvopa Lagrange mov oyetiCovrou pe

. Wl o
to onpetoa Radau {¢,, 4 j}g‘:o o710 J, étoL woTe

vo wcavortotet v (C.6). Ao to [MN06, Lemma 2.1], Tpokdmtel 0T W eivou KOADG
optopévn kou cuvexig oto [0, 77, wavorowwvrag Wt,_y ;) = W(t,_ ;), Yo j =
1,...,q, + 1. Zuvémewx v topamdve glval ) akdAovdn avarapdotoon:

(W =W)D; =y 1 oW,y VEEJ,.

Qotdo0, 0 teheoTng avakatackevrs R yprowomoteitor povo yio tovg oKomovg
g avéivong ko dev ypewdletal vo vmoloywotel otnv mpdkn. Ilapabétovpe
EVOV EVOAAOKTIKO XOPAKTNPLOHO TOL COARAHOTOS OVUKATOOKELNG W-w pe
B&on ta [SW10, Section 4.1] xor [GLW21, Section 3.3] mov mepLypd@ovv To
Apato tov W etoug xpovikoog kOppoug pécw tov teAeatr avijwong OewpoLpe
Xo 0 Lo(Q) = Py (S5 Lo(€0), n = 1,..., N, éva ypoppixé teheot ypovikrg
aviywongs o omoiog opieton yia ke v € Lo () péow

/ (x,(v),V)dt = (v7 V(t:ﬁl)) yx ke V € ]P’qn (J,,; Ly(92)) . (C.7)

n

Torte, TpokvITEL 0 AKOAOLOOG XAPAKTNPLOPOG Yo t € .

n

W), ::LV<t;,1>+—J{ (Wy(5) + xn (W) (5)) ds,

n—1

1ov eivar toodvvopn pe v (C.6). EmumAéov, KataAyoupe 6TOV TOTO VOt pAoTAGTG

@ﬁﬂmmhzl o (W] 1) (9)) ds — [W],vo L€, (C8)

n—1

SopPoAilovpe pe x,, : J,, — R 1o molvdvopo fabpod g, étordote X, ([V],_1) (¢) =
2, (1) [V],—1 Yo k&b teJ,,, VES, . Asite [HW17] yix Gpeon avomopdotoct) Tov
#,,. [lopaBETovpe TALTOTNTEG COAAUATOG TNG YPOVIKHG QVAKATACKEVIG:
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Afppa C.3. [GLW21, Proposition 3.4] Eotw X xapog Hilbert, U[; € P, (J,; X),
n=1,...,N xa U dmwg opiletar otn (C.2). Aobévtog Uty ) € X, woxbovv

U - U||L2(JH;X) = C’}L/QH[[UIITL*I”X’

U - U”LOO(JTL;X) = lU], -1l
omov C,, := ki (a, + 1)/ (24, +1)(2g,, + 3)-
Afppa C4. Eotw Ul; € Py (J,,;L,(2)),n =1,...,Nxou2 < p < 400 pe U
satisfies (C.6). AoBévtog Uty ) € L,(Q2), oyboovv

p—4

R g 1/2p
16 = Ul 15, < € (B2) MOLucals g

Eotw 11, =Pim, :Ly(Jy; Lo(Q)) =Py (J,:5%), n La(Jy; Ly(€2))-opboyovia
npoPolr| mov opileton

/ (I, X, V) dt = / (X,V)dt, yoxaeV eP, (J,;50),
J, J,

omov m, i Ly(Jy; Lo(Q)) = Py (5 Loy(Q2)) tétolo wote

qn
/J (qux, V) dt = /J (X,V)dt, yixadeV € P, (J,;Ly(2)),

yan=1,..., N ko P eivow n opBoydvia Ly-tpoPoln) otov S}

EAAEUTTIKT QVOKXTOOKEVT

Eotw UES,, n mpoceyyotikry Avon tov (C.2) xouw U 1 avtictowxn ypovikij
avakarackevy . Emavoalappavovtog tovg topoamtdve ocupPfoilopoig eipaote éToyiot
vo elobyovpe TNV eAeTikl avakataokevn ko k&oleg onpovticég Lot Teg auTHC.

n=1,..., N, opiloupe

n’

Opiopodg C.5 (eMermtikr) avakataokevr)). T k&Be t € J,
v eAeutikr avakoarackevr U(t) € HE(Q) g e€ig

(vff(t), Vv) = (g"(t),v), yiki®ev € HL(S), (C.9)
pe apyueh Ty U (0) = U (t5) = g ko

g"(t) = AU () = Wy f(8) + 7, F(0) = €72 (7, F (U)W F (U(1)))

+ PPU,(t) — U, (t). (C.10)

Apyxikd, va Tapatnpricovpe OTL 1) EKPpaon P,:‘T?t—(Aft, 1 omolia eppaviletal otV
(C.10), xaheiton Seixtng arlaytic mAéyuarog. Tuykekpiéva, oe kabe J,,,

PpU — Uy = 5,(t) Uy — PRU,_y) s tE€ Ty,

omov U, _, € Sﬁ_l wouw PRPU, " € S;t. Emuthéov, yiokéOe t € J,,n=1,...,N,n
A pwg Sakprr) Ao U (t) Tov (C.2) eivon emtiong n xwpwk acvvexrg Galerkin Atdon
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tov eAAeuttikob mpoPAfpatog (C.9). Ilpdypartt, éotw T}h €SP n xwpikr avvexng
Galerkin mpocéyyion tov U, t6Te mpokvmtel

B, (Un, Vi) = (AU, V) = B, (U, V3,), ywxxide Vj, € SP,

70 omoio cuventdyeton 0TL U = Up. Avti] ) mapatrpnorn, pag odnyel otnv amddeén
EK TOV VOTEPWY EKTIUNTOV CPAAIATOS EALEITTIKIG AVaKATAOKEVHS Yot p > 2

1T (t) - Ul ) <€ (U(t),9"(t); L,(Q)) ywaxddet e J,, (C.11)
NG HOPYPTIG
E(U),g"(t); L,())
= GQ< Yo Glpz(gm + AU, o+ Do G lhPIVUING

TET! ecl? .

1/p
+ Z stllhl/”[[U]]Hip@ + Z Cl4o'pl|h}_+1/p[[[]ﬂip(e)> .
ec'n ecl'n

Téhog, n ypovikyj avakatackevy g acvveyxovg Galerkin Avong U emitpémer tnv
erovoadiatunwot tov (C.2) oe woxvpr| popyr]. Tovtdypova, mpokvITeEL P &peon
OUGYETLON TNG YPOVIKIG QVaKQTAOKEVHS Pe TNV eAdeurtikl] avakaraokevr: T k&BOe
n=1,..., N éxovpe TNV ak6AovOn CNUELOKT AVOTAPATTACT)

U,(t) — AU(t) + e_Qﬂan(U(t)) =7, f(t), ywaxabet € J,. (C.12)

C.3 Ek TV voTépmV EKTIHNCELG CPAANATOG

Amodeikvoovpe ek twv voTépwv exTymnoelg opdipatog otg L, (0,75 L, (Q))-,
Lo(0,T; Ly(2))- ko Lo(0, T, H*(Q))-voppeg ovvdvélovtag v  ywpoypoviki
QVOKATAOKEDI PE ETLYELPTIUOTA GUVEYELXG KoL fiat ‘PEATIOMEVT) PACUATLKY EKTipNOT)
yia ypoppikomompévo teheotr] Allen-Cahn wg mpog tnv wpooeyyiotiky Aoon U ().

Botw w:=U n ypoviklj avaxaraokevl] TG eAAEITTIKIG avakataokevhg, oxvel SLOTL
U € §,,. Aaomape To oAikd opdApa 6mwg oto [GLW21]:

e=u—-U=0—-p, omov O:=w—-U, p:=w—u.

Evadaxticd ypégovpe, 0 == w — U = (U — U) + (U — U); wg cpépa ypovikric
QVaKATATKEVHS Ko GOPOMI EAAEITTIKTG avakaTaokevrg, dSnAadn yior p > 2 éXOULE,

101z ) <IIU=UllL @ +1U=UlL )

Apxkel va eKTIHGOVHE TO p WG TTPog To O kot T dedopéva Tov mpoPAnpatog. Ot
oxéoelg (3.1), (C.12) ko otoyeiddelg mpakelg 0dnyodv 6to akdAovbo Anppor:

Afqppa C.6 (ekicwon opdipatog). e k&be J,, n = 1,..., N kou yux Oha To0 v €
H(Q), woxbel,

(pe,0) + (Vp, Vo) + € 2 (F(U) = F(u), )
= (quf—f, 11) + ((w - ﬁ)t,v) + (V(w —U), Vv) (C.13)
te2 (F(U)—ﬂan(U),v) .
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Ewoayoupe opiopévoug oupporiopotg: oe k&Be J,,n =1,..., N opilovpe

L) : = [Aw = D)7, @)
L) = my £ — FI2, oy + € IF) = 1y FOVIE, (0
Emumhéov, Oétovpe Cp := (Cpé +1)/2, Oy := (9C 2 +6°C%e4 4372742 +9) /2,

Cy 1= 37C2%& + 37(1 + C%)2¢*, Cp n otabepd g (2.8), ¢ otadepd evoprvwong
[vllLy@) < ellvll g q) xou € dmwg ot (2.3)-(2.5), éror wote

dG L 7Y |12 30?9 7\ (|4
O1(t) = 5 ll(w = D)l o) + 51w = Dl 0

0% (t) = * ((Co + 216HU||2LOQ(Q))”0H%2(Q) + C1||9||i4(9) + Co||9||?;6(9)> )

A(t) =2 ((9202 +p' + Vol /T p’(s)ds) + (62, pz));

t

O, exppalel T0o opdApa ywpikiic avakarackevrc kaw O4 (1 (:)2 otav d = 3) dnhover
TIG EKTIIOELS YWPIKDY CPUAPATWY, AOY® TNG TTLPOLGLAS TV SLaPpOPWVY VOPHOV TV
opwv 0 ko (w—ﬁ)t. AvadOOULE TO TEAEVLTALO OPO TIPOKELHEVOL VO SIKOLOAOYT|GOVHE
avtdV ToV YapokTnplopo. Aapfavovtog vrtoyn to (C.2), éxovpe

@ =U)illz, ) < U = Uiz, ) + PaOIIU = Uloaallp, @) € Jns

omov [U — U],y = (U =U)(t_,) — (U — U)(t;_,). Magopilovpe v (4.26)
WG TTPOG TN XPOVIKT peTafAnTh, KataAyovpe o€ o oxéon avtitoyn tng (C.2) mov
ovvenhyetal 6tLn U, eivan n acvvexng ywpikn Galerkin tpocéyyion tov ﬁt. "Exovtog
ek TN TéG NG popenig (C.11), émeton yix U, _; € S,?_l kU, €SP

1w = D)l ) < € U g7 (1) Ly(@) + 1ot OIE (U 109" (1 1)s Ly ()
+ s, OIE (Un_1,9" (b 1) Ly(Q) . tE .
e ot TO onpelo, Tapacotdllovpe dvo Afppata avtictolya Twv B.4 ko B.5.

Mppa C.7 (d = 2). Boto d = 2 xou u 1 Ao g (3.1). YroBétovpe 6t p(t) €
WE4(Q) N HH(Q) yue o.x. t € (0,T). Tote, yio ke T € (0, T, éxovpe

L Lo [T o 2 1 2
5/, oIz, ) dlt+§|| ; Vp (5)d5||L2(Q)+§||P(T)||L2(Q)
TG * e 2 1
/
+/o A (t)dt‘f‘/o ((1_ §)||VP||L2(Q)+:2(F (U)P’P))dt

C2 T
< 3P 0y + 5 IO, o) + / (010 + O4° + Co(LIO+L5%)) dt (C.14)

1

2

w3 [ (1 986 aslE oy + @@l o)
2 ), ) L,(2) L,(©)

1 T T
1w [ (F90.01 [ Vo0 sl 0+ SOl ) o
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6mov
aCU) = F'O)7 oy + U7 ) +5
80,0) := Coe (1011 1,500 + 11T () + 262U 17 ()
+ 20}2354||F/(U)||%W(Q) + 666(||F/(U)H%OO(Q) + HU”%M,(Q) +4),
YO(U) 1= 28 (CRIF OIS + 181U _))-

Afppa C.8 (d = 3). EBotw d = 3 xo u 1 Aoom g (3.1). Yrobétovpe 6t p(t) €
Wh(Q) N H}(Q) yoox. t € (0,T]. Tote, yio k&Be T € (0,7, éxovpe

1 N 4 1 N 2 2 1 2
76 [ el o e+ 51 [ 0o asl, o) + 50001 0
©dG ’ e 2 Lo
+ [aswacs [ (0= 5V, @+ 5 F@p)d €19
1 2 0129 4 * dG O dG ~ dG dG
< IO, @ + O oy + [ (01 + 88 + Co(te + 289 ar
1 * * 2 2 d 2
w3 | (1] 9 st )+ @O0 + Dol o) a

1 T . T _
o [ (00 [ VR0 sl o + OO ol 0)
4e 0 t 2 2
6mov
O%() = ¢ ((Co+ 216U _ ) 1012, 0y + CollOllE, o + CollOlS, (o) -
BU(0,U) = 37" (CHI8II,, ) + Cre U ) + 261U 1% 0
+4CpE | F(U)1,,.() + 66 (1F (U)o 0y + UL ) +4),
FU) = 81CpE |UIl1,__ 0
pe Co = (CH2& +1)/2,Cy = (9+ 9CH & + 6°C & +27137¢2) /2, € otabepi
EVOQPTVWONG ||UHLG(Q) < C||Vv||L2(Q)'
Av 1o0eL omoladnote mepintwon tng Yrnobeong 3.11, éxovpe OTL
IVl @ + € 2 (F'(U)p,p) o
> = A1 = )plL, ) + VAL, @ + (F'U)p.p). '

Ewoayovtog to (C.16) oto (C.7) xou oto (C.8) yux d=2 xou 3, avtiotoryo, Ko
epoppolovrtag éva emyeipnuo cuvéxelag eipacte oe Béon va kataAn&ovpe oe Eva
avaroyo amotéAecpa pe o Afppa B.6. Me tnv povn dwagpopd otL éxovpe: yio d = 2,

1 o2 N 1/4
i = (51001 0+ Lol @+ Y [ (@ +etscuetere)ar)
n=1 n

DS = max{4,a®®(U) + 2A(t)(1 — €2) + 2}, B := max{1689°(0,U),y*(U)},
BYC .= SUPe(0,7] BIC(t), eves yia d=3,

1 C2 N _ ~ 1/4
ne = (2p<o>||%2(m+;||p<o>||4L4<m+Z / (O1°4+64+Co (L3 +L50)) dt) :
n=1 n
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DIC .= max{4,a%S(U) 4 2A(t)(1 — ) + 3}, B := max {1649 (9, U),59°(U)},
Ko BYSG = SUPc(o,7] B4 (t).

H avéhoyn vrto cuvBixn ek Twv votépwv extipmon oedipatog otnv L, (0, T; Ly ())-
VOPHA TPOKOTTEL EQAPUOLOVTAG TNV TPLYWVIKT) AVICOTN T

Oeopnua C.9. Eotw uy € WHH(Q) N HE(Q) xou f € L (0,T;L,()), Q2 C RY,
d = 2,3. Eotw u n AMon g (3.1) xou U n mpooéyyon g (C.2). Tote, cOpowva pe
v voBeon (3.11)(IT) kou TN oLV KN

0l < (16 (T + 1) BS(Ed0)2) /4 ed-1/2 (C.17)
Lo VeL 1) akOAOLON exTipn o

G dGy 1/4
lu=Ullg, 0,r:L,0)) < 214 ((d=1)EF) " + 10112, 0.7, (2))-

Yoppwva pe tig [Che94, MS95] dtav ov diemplveleg eivo opodéc, mepuévoupe
6tL EDC ~ 1. S nepintoon tov tomoloykédv aAhaydov, pe féon to [BMO11],
gxouvpe 6TL EDC ~ 7™, m > 0. Eidwcdtepa, To EDC 8ev avEavetou exbeticé oto 1/e.

©¢tovrag C{¢ := (16(T + 1)526)—1/4’ 1 cuvOfKn (C.17) yphpeton
nic < C’filGedJr(m*l)/z, ywo d=2,3, xa, m >0
AopPévovtag vmoym kot Tig dvo mepinTtoelg g Yrnoleong 3.11 oxetikd pe 1)

Ortopn Kat Tig WLdTnTeg evOg kK&Tw Qphypatog, —A, tng kupiopyng tdloTipnic.
Télog, 6mwg ko 6To Ke@dhao 3 TpokdITouy AUUEGH Kot OL EK TN GELG COAAPOTOGC:

ITpoTaon C.10. Me tig vobécelg Tov Oewpripatog C.9 kot virobétovTtag T cuvinkn
(C.17) mov ovvemdyetan

i = ()" < (i) @,
Lo OOLV Ol EKTIUNOELG
~d
lu = Ullp_ o1z, < 2V 2B 5° + 1002 _ 0,7:2, 02

lu = Ul o,r:m sy < € 20/ 2B 05 + 10112, 0,750 (55

onov S := S, + Hi(Q).

D Kepaiatio 5

To Kepdhawo 5 acyoleital pe TNV EAXYLOTOTOLNGT) TOL GLUVAPTNOLAKOD

T
=5 [ [t -vatoP s+ [ @) - s

T
+ﬁ/ /|u(t,x)|2dxdt,
2Jo Ja

v7to TNV TPoLTOBEST) OTL

(D.1)

1
yu,t_Ayu+?(y3_yu):u o010 QT:Q>< (07T)7
Yy =0 o10X; =00 x (0,7), (D-2)
Yu(,0) =y, oo
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IMapovodlovpe pio Aemttopept] avaAvor tov mpoPAnpatog PEATIGTOL eAEYYOV TOV
dlatumdveTOL WG

{ min J(u) D3)

u €Uy,

610V
Upa = {u € Ly (0,T5;L5(2)) ;5 u, <ult,z) <wu, ywox. (t,z) € QT},

Apywd, mTopovclAlOVPE pHIL OVAAVOT) TOV OITELKOVIGE®V €AEYYXOL TPOG TNV
KOTAOTAOT KoL TNG KOTAGTOONG 7Pog TNV ouluyr KATAoTOoTN Kol OeiXVOLpE
ouvOrkeg PeltioTomoinong mpotng ko dedtepng T@Eng.  Svykekpyéva, LIO
v unobeon NG eyyvTNTAG TV EAEYXWV, SLATIGTMOVOULHE T oLVExew Lips-
chitz tng ameikdviong eléyyxov mpog katdotaot, pe otabepd Lipschitz mov eivon
aveEdptnTn omd 10 € 6N Lo (0, T; La(02))-voppa expetadlevodpevol Thv mopovsio
tov kpioov 6pov otnv L4 (0,T; Ly(Q))-vopua, tnv eacuatiki ektiunon xou to un
ypoppuxo Anppe Gronwall. T v amelkdvion g KATAOTAGNG TPOG TV cLivyT
KOTAGTAOT], XPNOLUOTOLOVTAG ToLpOHOL TEXVIKA epyodeia eipacte oe Béon va
AdPovpe amoteAéopata Lipschitz pe otabepég mov e€aptdvtal molvwvuuikd amnd to

1/e.

D.1 XvuvOnkeg feAtiocTonoinong

Aedopévou OTL EYOUHE VO KAVOUE pe Evar ur) kKupTd TTpoPAnpa PéATioTov eAéyyov,
oL avaykaieg ovvlnkeg PeAtioTomoinong mpwTng TAENG dev elvor mAEOV LKOVEG.
Juvenmg, mpémel v eEet@oovpe tkavég ouvOrkeg dedtepng TAENG Yo TNV TOTLKY
BéAtiotn Avon. Ipw omd awtd, Ba datvrdoouvpe acbevdg to (D.2) ko Oo
TOPOVGLAGOVE XPTGLUA YLOL TT) CUVEXELD ATTOTEAEGHATA EVOTAOELG.

YroBétovpe 6tL u € Lo(0,T5Ly(RQ)), yo € Ly(R), yg € HI(Q). H acbevrig
Satdnwon g elowong xatdotaong (D.2) etvar avalntoope y € W(0,T) étou
dote yiewox. t € (0,7,

(y,,v) + (Vy, Vv) + €2 (y3 -, v) = (u,v),

(¥(0).7) = (yo. ). 4

y oot v € HE (). T kéde € > 0, xou yp € Hi (), elvou ebkodo va Seifovpe 6Tt
y € H*' (Q) N C (0,T; Hi () (BX. [Tem97]). To axdrovbo Afjppo mpocdiopilet
v e€dptnon amd to € SLaPpdPwV VOPUOV.

Afppa D1, 1. Eotw u € Ly(0,T5 Ly(2)) xou yo € Ly(€2). Tote, viapyel pia
otafepd C ave€aptntn amd 1o € Téroln doTe:
2
19llz, 0,72, T WL, 0,752, 2)
1
<C (\QT|2 + €||y0||L2(Q) +€2Hu||L2(O,T;L2(Q))) = Ui, 1

CVst,l
.

19l oL, ) + WL, 0mm @) <

2. Eoto u € Lo(0,T;Ly(Q) xau yo € HE(Q). Tote, vmapyer o otadepd C
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aveEapTnTn atd TO €, MOTE VO LEYVOLV OL AKOAOVOEG EKTIUNTELG:

1 2
1yl om0y + 1Well, 0,152, + ZH(:U -1)? ||Loo(o T:L,(Q))

1 1/2
< (190l 00 + 51068 = VP13, + Il 02,00 ) = Cus

1/2

T C(st,2
Iyl 0,20 < C —  * IVyollz, + ullz,0.7:L,0) | == Cus

IMopoatnpodpe OTL v

1 1/2
1950} 1,0+ 5 1> O =111 gy < D
pe D ave€aptnTn Tov €, TOTE toyVeL OTL ) Cgr 2 PphroceTon aveEApTnTa TOL € Kot
GUVETIMOG CLUUTEPALVOVLE OTL

C
9l 21 07y < (D+||u||L L(0.T5L,(2)))>

omov C' elvou pia adyePpir) otabepd mov e€aptdror povo amd to xwpio.

Yuvéxela

EEKLVOHE PE TN HEAETT) TNG CLUVEXELOG TNG OXEOTG EAEYXOV-KATAOTAONG Kot SiveTor
Eppaoct) otny e€aptnon anod 1o € Tv dtpdpwv otabepdv Lipschitz.

Opropog D.2. H amewcdvion G Ly(0,T5 Ly()) — H2 (Q) N C (0, T; H(Q))
7oL avtioTolyilel k&be cuvdptnon eléyyouv u oty katdotaon v, = y(u) = G(u),
OVOPALETOL TEAEGTNG EAEYYOL TTPOG TNV KATACTAGCT).

Twcu; € Ly(0,T5 Ly(R2)), i = 1,2, cupPorilovpe pe y, = G(u;) :==y, .

Bewpnuo D.3. Yrobétoupe 6TL Loy DEL,

e Iyl
(0T Lo () -
[y = uall 0,71, () < 24T +1) E~, yod =2,

(D.5)

eyl
o (0,T5L () 12—
||’lL1 - u2||L2(O,T:L2(Q)) < 486(T ¥ 1) E 3/27 Yy d= 35

omov E = exp(fOT 2A(t)(1—€2)+(6—d) dt). Torte, vrépyel otalepd L, := 2E/2,
TETOLX OOTE

ts[lélfr]H% —UallL, ) +€llv =%l 0rm @) + ey - yz||2L4(0,T:L4(Q))
€lo,
< Ly fluy —wallp0,.7:1,0))- (D.6)

Moapaywyopotnta

IIpocdiopilovpe TG TTapoy®@yovg mpodTNG Kat dedtepng Ta€ng tov G, ou omoieg
mailovv kaboploTikd poro otV amddelfn twv cuvOnk®v PeAtioTonoinong. e avtd
To Prjpa, eivon astapaditnTn 1 avélvon g e€lowong ovluyols KaTdoTaoNG.
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Oeopnua D.4. Eotw u,v € Ly(0,T; Ly(2)). H amewcovion G : Ly(0,T; Ly () —
H?1(Q7) N C(0,T; H(Q)), wote y,, = G(u), eivou tng téEng C°. Zvpforilovpe
pe z, = G’ (u)v ko 2, = G” (u)v?, Tig povadikég Moelg Twv akdrovdwv eElohoewy

zv’t—sz—l—G_Q (3y2—1) z,=v o10 Qp,

(D.7)
z,=0 oto Xy, 2,(0)=0 o710,

zmt—Azw—&—e_Q (3yﬁ—1) zwz—66_2yuz§ oto Qp, (D.8)
zw=0 o710 Xp, 2,,(0)=0 oto Q. '

O 1310t Teg TopaywylopotnTo Tov G CLVETAYOVTAL OTL 1) GLVAPTNGT] KOGTOUG
J : Ly(0,T5 Ly(2)) — R elvan emiong kA&ong C°.

Afppa D.5. T kéOe u, v € Ly (0, T Ly (§2)), woyder Ot

T
J (u)y = /0 /Q (o, + pu)vdz dt, (D.9)

T T
J”(u)v2:/ /|zv|2dxdt+7/ |zV(T)|2d:E—|—u/ /|v|2d:vdt
o Jo Q o Ja
T
—6672/ /yu 22 ¢, dxdt,
o Jo

6mov z, éwvanm Adon tov (D.7) evedr ¢, € H21(Q)NC(0,T; HY (£2)) etvou n povadixy
Ao mov tkavomotet yio kéde w € HE (Q) v e€icwon ovluyoitg katdotaong,

(D.10)

~(Pupw) + (Vo Vw) + e 2((Bys = 1) pusw) = Yy — Yar w)
0, (T) = 7Y, (T) — yq)-

Afppa D.6. ‘Eoto ¢, Aoon tov (D.11), y,; € Ly(0,T; Ly () xou ¢, (T) € Hg (D).
Tote, vapyel adyePpikn otabepd C' > 0, ov e€aptdror povo amd € étoL dote

(D.11)

tSE‘é%]”SDu(t)”LQ(Q) + ellVeull, 0.1z, @) + leutulla0,7;02(0))
€lo,

(D.12)
< CCY2 (Ilpu( My + I8 = Yally0riz,0 ) = Dty

Py : + sup [V, (1
1uillL,0,1:L, @) te[QT]H Mz, @
1
< C(Ilyu ~Yall 07,00t 3 (IlyuIIwa,T;Lw(n)) + T1/2Dst,1> (D-13)

+ IVeu(Dlze) ) = Daa
||%0u||L2(o,T;H2(Q)) (D.14)
1
< C(Hyu —YallL, 0,2, ) T Dat2 + = (14 3llyullL_ om0 2)) Dsm),

onov C, := exp (foT (2A#)(1 — €%) + 3) dt).

Eotw uy,uy € Ly(0,T; Ly(€2)) oL uvapTricelg EAEYXOL KoL Y; = Yy, » P; = Py, OL
Adoelg katdotaong ko ouluyolg katdoTaong y ¢ = 1, 2, avtictolyo.
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Afppa D.7. YroBétoupe 0t 1y (D.5) woybet. Tote, yio d = 2, vndpyel otabepd Cr
mov e€aptdrtal povo amd to Qp 1oL OoTe,

sup |[loq — <P2||L2(Q) +¢€llpy — ¢2|‘L2(0,T;H3(Q))

t€[0,T]
D.15)
CooCDst 1 (
< CrEY*L, <1 + /2) luy = sz, 0.1:2, (2))-
INo d = 3, vapyel otabepd Cr mov eEopTdtan povo amd 1o {01 £ToL QOOTE,
t:g%}”% = palln, @ Teller —eallr, 011 0
(D.16)

C'ooél)st,l
< CrEY*L, (1 + 615/4) luy = uallz, 0.1, (2))

1/2
E3a, cupPorilovpe pe C, := (C(Hylnsz(QT;Lw(Q)) + Hy2||%oo(07T;Loo(Q)))) e
, ko By, i= fOT (2A(t)(1 — €2) +4) dt.

C va eEapTatal amod 1o

Avaykaieg kot 1kaveég ouvOnkeg

IMapokdtw, avagépouvpe Tig ovvlnkeg PeAdtiotomoinong. T Tig oyetikég amodeitelg
TOPATEPTTOVE TOVG avaryvioTeg oto [CC12, Theorems 3.4 ko 3.3].

Bewpnuoa D.8. K&be tomikd PédTioTog éleyyxog u yia to tpoPAnpa (D.3), cavomotel,
pali pe T avtictoyn katdotaon § € H?1(Q7) yia 6da ta v € HE ()

{(( 0 v) + (Viy, Vv) + €2 (gj3 -7, v) = (a,v) (D.17)

ko v ovluyy katdotoon ¢ € H21(Qr) ya dha ta w € HE ()

{—«@nw+«V¢wwo+eZ(Sf—4)¢w0=<ﬂ—yww> (D.18)
o(T) =v(y(T) — ya),

Vv aviootnTo petoforng (cuvbrkn Pedtiotonoinonc)
/ / o+ pu)(u—u)dedt >0 VYueU,,, (D.19)

pet € Lo(0,T; WLHP(Q))NC(0,T; Hl(Q))ﬂHl(QT),ylaonowéﬁnore 1<p<oo.
Emuthéov, éotw e||Vy0||L2(Q) + 21(yd — 1)2H1L/12(Q) < C. Tore,

131l 20,y < Ce™2, kot [|@] g2 q, ) < De
, 1/2 ,
Av aopn, [|Vyoll, o) + 2 (W8 — 121l Gy < D wore,

190 20,y < Cety ke [|@ll g,y < De;

ototabepég C, D eivar aveEaptnteg omd to € ko eEaptdvton povo amd ta dedopévar.



CHAPTER . DETAILED ABSTRACT IN GREEK 31

H avicotnta (D.19) cuvendyetal tov kAaoikd TOmo TpoBoing

u(t,xz) = Proj, ., (—’icp(t,x)) ywo.m. (t,x) € Qp. (D.20)

Me tov cuviifn Tpomo, cupnepaivoupe and to (5.27) dOtLywe ok, (¢, z) € Qp,

u(t,x) = u, = o(t,x) + pu(t,z) 20,
u(t, u, = @(t,x) + pu(t,z) <0, (D.21)
u(t,z) € (ug,u,) = @(t,x) + pu(t,z) =0,

Kol

{<p(t, ) + pii(t, z) > 0 = a(t, z) = u,, .22)

o(t,x) + pu(t,z) < 0= u(t,x) = u,.

Ewohyoupe Tov kvo Twv Kpiollov katevbBiveewny mov elval amopaitntog yio T
datdmwon Twv cuvinKdV devTepng TAENG.

Ca = {v € Ly(0,T; Ly()) : v icavororei (D.24) }, (D.23)

)

i) v(it,2) =0 ov @(t,x) + pu(t,z) #0
, av

it) v(t, ) t,x) =u, (D.24)

iii) v(t, ) av u(t, ) = u,.

IN IV
I

0
0
IMopatnpoodpe 6T

T
J'(u)y = /0 /Q (p(t,z) + pu(t,x)) v(t, z) dz dt,
(p(t,z) + pu(t,x))v(t,z) = 0 ywe o (¢, z) € Qp xou Vv € Cy.

(D.25)

Ocopnua D.9. Eotw 4 pua tomtikn Ador tov poPAfuatog (D.3). Tote, woydet o1t
J'(up* >0 Wec,. (D.26)
Topa, Ba avapépoupe Tig tkavég ouvOrjkeg BeltioTomoinong.
Oewpnpo D.10. Ynobétovp étLu € U, ,; ixavomolel

J'(u)(u—1u) >0 YueUy,y, (D.27)
J"(upv* >0 Wec;)\ {0}, (D.28)

tote vtapyxovy o > 0 ka § > 0 TéTowx doTe
., 90 _ _
J(u) + §||U —all? omir, ) < J(W) Yu €Uy B,(a), (D.29)

omov B, (1) eivou 1 avorytry prrdtha otov Ly (0, T Ly (§2)) pe kévtpo 4 ko axtiva a.
H wavr) cuvOrkn Sevtepng taéng (D.28) eivar .oodbvar pe

J”(a)VQ 2 6||V||%2(07T;L2(Q)) Vv S Cﬁ (DSO)
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E KepdAawo 6

IMopovoidolovpe pioe EKTIUNGCT GEAALATOG Yo éva TATPWS SLokpLtd XA TOV
Baoileton otnv acvvexn -oto xpodvo- péBodo Galerkin dG(0), (mpooeyyioelg pe
Kot Tpnpata otobepéc mpoceyyloelg 6To XPOVO, TEMEPACHEVO. GTOLYELX TTOV
Baoilovtal oe mpooeyyicelg pe KOTd TUAPOATA YPOUHLKE TTOAVOVURX OTO XMPO).
H apBpntikn avédvorn tov ehéyyov mpog tnv katdotaon pe vmobécelg xapning
oporoTNTORG Paciletar oe kpiown Tpomomoincn tng mpooséyyiong twv [BMO11,
BM11] mov eivaw 1 oplopdg pag oAkd xwpoxpovikng tpofoing wg n dG(0) Adon
pag e€icwong Oeppotnrog pe Seki pérog y,—Ay (mapdpol pe TPonyovpeveg
epyaoiec Twv [CW10] (un eleyyopeveg e€iowoelg Navier-Stokes), [CC12] (ywa Tig
eheyyopeveg Navier-Stokes) ko [Chr19] (ywa tig pn eleyxopeveg Allen-Cahn). Xtnv
TPOGEYYLOT HOG Sev LTOBETOLHE KAVEVAL GMHELOKO YXWPOYXPOVIKO OV @GPAYHO
™G TANPwG dtokpltrig ADONG TG OMEKOVIONG TOL €AEYYXOL OTNV KATAGTOOTN)
KoL TO T0 Kpiolo eivar OTL Sev KOTAoKELALOVHE Hiot SLtkpLTr) TTPOGEYYLOT TNG
PACUATIKIG EKTIUNONG, L€ ATTOTEAECHUQ 1) EKTIHNOT VX €lvail £YKLPT) LTTO TEPLOPLOUEVEG
vrobéoelg oparodtnTag mov emPdiroviar oto mAaiclo Tov PéATioTOL EAéy)OUL.
TNo v apBpnTicn avédvon g Stakpitig ametkdviong ovllyovg KATAGTAGNG,
n Paciky dvokoAia eivar N avaITUEN SLOKPLTOV EKTIUNOEWV eVOTABELNG Ko
o@datog mov eEoptdvton ToAVwVLpLKG amd to 1/e. IIphypati, onpeldvoupe
OTL 1| QAOHATIKY eKTIPNoN Oev LoYDEL TAEOV OV OVTIKXTOGTIICOVHE TO Y HE TN
Swakpironoinct Tov kal 1 Gpect eQappoyr Tov pn ypoppkod Anppatog Gronwall
B 0dnynoel oe coPapovg meplopiopovg oto péyebog Tov ||yu_deL2(O,T,L2(Q))
ko ||y(T) — yQ||L2(Q) oe 6poug € mov dev elvou katdAAnlor oto mAaiclo TOL
BéAtioTov eAéyyov. H mpocéyyion pog Paciletot oe éva Yevdoduikod emiyeipnpio wov
oItO@PeVYEL TNV KOTOOKELT] HLOG SLKPLTHG TPOGEYYLONG TNG PACHATIKNG EKTIUNOTNG
Ko T xpron evog pn ypoppkod Afppatog Gronwall kou odnyel oe Swokpitég
eKTIUOELS eVOTADELOC. XTN) CLVEXELR, OTNV TODELEN EKTIUNOEWY COAAHATOC YLoL TT)
SLokpLTT) ITELKOVLOT) TG KATAGTAGTG TTPOG TNV GLLVYT KATAGTAGT), X PT)CLHLOTTOLOVHE
évo emmiyeipnpa boot-strap. ZNPELOVOLHE OTL 1) AVEAALGT) GPAAHATOS TNG ATTELKOVIOTG
KQTAoTOeNG TPOG T1 ovlLYT KaTdoTooT elval aveEaptntov evdlagépovtog, Kabag
apopd éva YpoppLkd TpoPAnpa pe yopnAng opoddtnTag vtobéoelg ota dedopévar.
Suvdvalovtog auTég TIG EKTIUNOELS, eiplacTe o€ BE0T) VoL TPOXWPT|COUVHE TALPOHOLLL HE
o [CC12] va amwodeiEovpie emBULPNTEG EKTIUAGELS YL T SLOPO P HETAED TV TOTLKGOV
BéATIoTOV EAEYYWV KO TNG SLOKPLTHG TPOGEYYLOTG TOVG, KOG Kol EKTUUNOELG Yot
TG Stopopég peta€d NG avTioTolyng katdotaong kot tng ovluyols katdotaotg
KOt TV SLOKPLTOV TTPOCEYYIoEDMY TOVG,.

E.1 Awkprromoinon

Eotew {7 }hs0 MO OLKOYEVELX TPLYOVOTIOU|CEWY TOV Q. ©ewpolpe 6T k&bt Tj,
elvor oVPOPPN KoL oXNHOTIKE OHOAT] vTTOdiaipeoT) TETOL OOTE Urer T = Q. e
kéOe otoeio 7 € T, avriotowyilovpe dvo mapapétpovg h. Kot pTL, omov h_
SLAHETPOG TOL T €V P 1) SIAUETPOG TNG HEYOADTEPNG PITAANG TTOV TEPLEXETOL GTO
T. 2tn ovvéxewr, opilovpe TNV TOPAPETPO SLAKPLTOTOINCNG TOL TAEYHATOG WG
h = max, h,. Z& k&Be T, avtiotoL el 0 XDPOG TEMEPACHEVWY GTOLXEIWV:

Y, = {yn € C(Q); ynl- € Py(7), V7 €T, } C Hy(9),
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P, o d-petafAntdg xOpog Twv YPoUHLKOV ToALOVOpwY. EmitAéov, opilovpe
Uy = {uy, € Ly(0,T; Ly(Q)); uy, = u, € R}.

Eotw 0 =ty < t; < ... < ty = T. Aapepilouvpe 1o [0,T] oe vrodiaothpata
Iy = (t_1,t, pek, :=t, —t,_1,n=1,..., N 70 xpovikd fripa. Yrobétovpe 6TL

IC, > 0tw. k=  max k, < Cok, V1 <n < N ko Vk > 0. (E.1)

Oétovpe o = (k, h) xou Bewpoipe Tovg akdAovboug TApwg SokpLtoig xdpoug:

Yo’ = {Z/g S L2(07T7 H(%(Q))a yo"Jn € Yh’ 1 S n S N}7
U, :={u, € Ly(0,T; Ly(Q)); u,|; €Uy, 1 <n <N}

Ot cuvaptiioelg twv Y, ko U, eivan katd tpuipata otabepég ato xpovo. Yayvoupe
yix Sk prtodg eAéyyovg oto U, ot poper:

N
Z Z 71 TXnXT? }18 U;nﬂ_ 6 R7
n=17€T,

Xns X, Elvan ov xopoaxtnpiotikéc cvvaptioelg eni (t,_q,t,) Kou T, avtictolyo.
Oewpovpe To kKLPTO LITocVVoAo Tov U,

Upad = Uy NUuq = {u, €U, :u, . € [ug,,u)}.

Kd&Be otouyeio Tov Y, yphpeton wg

N
Yo =D YniXns HEYnp € Yy
n=1
Oétovpe y, (t,) = Yp p TPOKEWEVOL TO Y, Va eivon ovvexég and apiotepd. Etol,

éxovpe Y, (T') = y,(tx) = yp - Tt vaeroaryéyoupe o Stokpitd mpoBAnpa eréyyov,
TPETEL Vo oploovpe TO A pwg dtokpitd oxfpa tng e€icwong katdotaong (D.2). T
k&0e u € Ly(0,T; Ly()), yr kéOe n = 1,..., N kou yio OAa w,, € Y,

Ynh — YUn— _
(L2200 ) (T V) 7 (Flga) = i)

n (E.2)
Yo,n = Yon>
6mov
1 [tn
u, = —/ u(t) dt,
kn tn71 (E3)
Yon € Vi T [[Yo — YonllL, @) < Ch xau [[yopll g o) < € VA > 0.
Opiloupe to Sraxpird TpdPAnpa eAéyyou wg eEng,
min J_ (u,) (E.4)
Ug € Ua,ad7
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Omov

1
Ja u(r 5/ /|y0 cr yd t ZL’)‘ dedt + /|ya yQ,h|2dx

+H/ lu, | dz dt,
2 0 Q

Yo €Yy to. lyg —vanli, @ < Ch xu lygnllgio) < C Vh>0.  (E6)

(E.5)

E.2 Av&Avon tng Srokpitng e€lowong katxoTaong

Eotwy =y, = G(u) kv y, = y,(u) € Y, Abon tov (E.4). Apyikd mapovoiilovpe
K&Toleg dlokpLTég exTnoelg evoTdBelng oL elval YPTOLUES YLOL TNV ETLKEIHEVT)
avaAvor.

Opiopdg E.1. Opilovpe tov tedeotn mpoPfodric P, : Ly(Y) — Y, (Pyy,wy,) =
(y,wy,) Vw,, €Y, Eniong, opilovpe P, : C(0,T; Ly(R2)) — Y, omov (P,y),, ,, =
Py(t,), yooxde 1 <n < N.

Anppa E.2. Eoto y, Abon tng (E.4) mov avtiotowel otn ovuvéptnon ehéyxov u €
Ly(0,T5 Ly(Q)) xat ypy, := Ppyo. Tote, vnapyel otabepd C' > 0 aveEapntn twv
o= (k.h),exonllylly, (or.1_ () TETOIX DOTE

Yo, 0.7:2, ) + o7 L(0.T5L,(Q))

< O(|9r|% + 19ollz, ) +HlullL, 0,752, @) = Cias

and
1Yo |l 2o 0,7525(2)) + 1Yo |l Lo 0,557 (02))
CéS

N ) 1/2
(D = vner i) =
n=1

Av emumhéov, k < %, pe Cy 6mwg otnv (E.1), ToTe 1o)VEL 1) akOAOLON) excTipnon,

1
vollz_orm ) + *||ya||% (0,750, ()

|Q|1 /2

<||VZ/0h||L @ + *||Z/0h||L L) T + ||u||L2(0;T;L2(Q))> C‘;t 2

Anppa E3. Yrdpyel otabepd C' > 0 aveEaptntn T0U 0 TéT0100 MOTE Yl kK&be y €
H21(Q7) N C(0,T; Hi (Q)) vou toyder 6L

ly = Pyl oyo.rizac@n < € (Kl z0.z:c0an + B2, 0z )
lly — ngHLZ(o,T;Hg(Q)) < C(\/E”ytHLQ(O,T;LQ(Q)) + (\/E‘f'h)HyHLQ(o,T;H?(Q)))-

‘Eva GANo Teyvikd epyadeio eivan 0 oplopdg Piog xwpoxpoviknig tpoforig otov Y,
g P Sraxplrry Avor tov Pfonbntikod ypoppikod tapoaforikod tpofAnpatog. Eotw
y € H>' () N C(0,T; Hi(2)) n Aon tov (D.2) kou Yy, := Py, Opilovpe 611
9, € Y, vawcavorotei: T ke n = 1,..., N xou Yw,, €Y},

ﬁn,h - rgnfl,h ~ ¢
(k’wh> + (Vin Vwg) = (Fwp),

n

(E.7)
go,h = Yon»
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OmOoL

() = 5 [ (T0(0. V) + (n(0). 1)

_ ];/t::(Vy(t),th)dtJr <y(t”)ky(t"‘1)wh> :

n

Afppo E4. AgumoBécovpe 011 g, € Y, eival n Aoon g (E.7). Tote, vapyxer C > 0
aveEAPTNTI 0O TO O TETOLX DOTE,

1y = 9ol 0.7:2,0) TNV = Dol 0,712 () < C(\/E+h)||y“H2x1(QT)’

1y = Follz, 0,12, (2 < Clk+ h2)Hy||H2=1(QT)'

To ak6AovBo amoTéAeopa oTOTEAEL TNV KVPLAL EKTIUNOT COAAIATOG YLt TNV
amelkovion eréyxou mpog katdotaot). Tovifovpe OtL, ot avtibeon pe Tponyovpeveg
epyaciec ywx tnv pn eieyxopevn ekicwon Allen-Cahn, dev vmepPaivovpe tnv
opohotntoe H31(Q). H texvixn pog oflomolei Tn poopotiky ektipnon oe “cuvexég
entimedo”, Ko KT GUVETTEL ATTOPEVYOULE TNV KATOGKELT] SLKPLTOV TPOCEYYICEWY,
oL omoieg ovvBwg 0dnyoLV o€ VIoBécelg TEPLoTOTEPTG OPOAOTNTOG.

Ocopnua E5. Eotw u € Ly(0,T;Ly(Q)),y € H>H(Qp) N C0,T; H () ko
Y, € Y, wavomotovv (D.2) ko (E.2) avtictotye. Ymobétovpe ot Al (0,7) < C.
1. T d = 2, av vrtapyer C' > 0 étol doTe

1/2 Cy vz 12
(VE+ )yl 0, max{ === Il ey | 10052 0 mer o

(E.8)
< ECE1?,
TOTE LoYVOLV Ol akOAOLOEG EKTIUNOELS:
~1 2
1Y = Yo lle oz, +€ 1Y —vellL, 0L, (E.9)

C c
< max { L (VE + B), LB+ W)yl 2 ) © VB + W)yl s

1Y = Yoll L, 0,711 2)) (E.10)
< mas { SLVE 40, VR4 D)ol O}V D1,
2. T d = 3, av vapyer C > 0 étoL dote
(VE+m)llyl 55 o 19177 0 2p_ @ SECET, (E11)
TOTE LoYOOLVY oL akOAOVOEG EKTIUAGELG:

1Y = Yo llL 052,00 + e My — ya||2L4(o,T;L4(Q))

- ) (E.12)
LR+ D)yl 0,y O} VR A+ Wyl 2@,

< max{
1Y = Yo ll 20,72 (2))

Cy; 12 (E.13)
< max { L (VE+ 1) 2|yl g2 0, O (VE+ DIyl -
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ES86, suppolilovpe pe Cp:=2EY2C.__, C;;:=CE"/? xou E:= exp(2T ) bmov
1/2
Coai=C (1Nl iz o)+ 0= sup (A=) +4),

C>0, alyepkny otabepd (mov pmopel va eivan Swapopetikyy oe k&be mepintwon)
oM\ aveEapTnTn amt6 o, €, ko |yl 0,152 (02))-

Avaxalodpe otL C; ~ HyHLOO(O,T;LOO(Q)) Koi ||y||H2‘1(QT)~e_T, r € {1,2}.
YnoBétovpe OTL vmhpyer otabepd C' > 0 ave€dptntn TV 0,€ TETOX GOOTE:
lyll o1y < C. O mposdlopicovpe Tov kupiapxo 6po oTig exTiCELS
tov Oewpnparog E.5. Mpaypoartt, yuoo d = 2 7o (E.8) yiveran

VEk+ WYl g2,y < C = VE+h <O, (E.14)

omov C, ahyeBpikr) ota@epd mov e€aptéran povo améd to xwpio ko || Al _ o, 7), kot
ovvendg avtikadiotdvrog (E.14) otig extpnoetg (E.9) xou (E.10) éxovpe

1Y = Yollr_ 050,00 € 1Y = U lT, 0,2, (2)) < C(Vk+h)e”
1Y = Yol 0,712 ) < C(VE+h)e
INo d = 3, cvpmepaivoupe 6TL 1) (E.11) yivetan
(VE+ )yl e o ) SCE = Vh+h< T, (E.15)
ko ot (E.12) xou (E.13) yp&govton wg eEng:
1y = Yol 015z, +€ "y —voll LOTL, ) S C(Vk+ h)e =115,
1Y = Yol 0,m:m2 () < C(VE + h)e=ErH3)/6,

Hépwopa E.6. Eoto u,v € Ly(0,T;Ly(RQ)), v, € H>'(Qp) N C(0,T, H(Q))
n Mon g (D.2) eve y,(v) € Y, n Aon g (E.2) mov avtioTotyel otov éleyyo
v. YmoBétovpe OtTL oybouv oL vobécels Twv dtwv D.3 ko E.5. EmumAéov, éotw
1yl ~OTL () < O, xa ||y, || e, 1) S Ce " per € {1,2}, 6mov C otabeph
OV eg(xptocroa povo amd ta dedopévar kan eivar aveEdptntn tov € ko ot (E.14) i
(E.15) wyvovv yia d = 2 1 3, avtiotowa. Tote, yuu d = 2

C
190 = Yol 0,752, < Lalle = vz 0150, 0)) *(\/E‘F h),  (E.16)
L
190 = Yo Wl L, 0,013 (2)) < f” =Vl 0.1, T (\[4' h),  (E.17)
eved ya d = 3, éxoupe
C
190 =YWL _ 0,152, < Lallu =VIlL, 0,7z (Q))er(\er h), (E.18)
C
19u=¥o )z, 0,7:m2 () < ?Hu =V, 010,09 T W(\/E‘Fh)- (E.19)
Eotw u, € U,. Av u, — u acBevig oto Ly(0,T; Ly(2)) yia k&Be o, 1ot

9 — ya(uo)”L (0,T;H2(Q) 0,
9 — yo’(ua)”Lp 0,TiL,(Q) 0 Vl<p<oo, (E.20)
19 (T) = Y5 (ug (D)l () = O-



CHAPTER . DETAILED ABSTRACT IN GREEK 37

To emopevo Bepnpo HEAETA Tr TAPAYWYLOUOTNTA TNG OXEONG EAEYYOUL Ko
dtokpLrrig katdoTaoc.

Oewpnua E.7. Eotwu,v € Ly(0,T; Ly(02)). Hamewdvion G, : Ly(0,T; Ly () —
Y., dote y,=y, (u)=G, (u), eivan kA&ong C*°. ZvpPolifouvpe pe z, (v)=G. (u)v
povadikn Aven tov mpoPAfpatog: Nan = 1,..., N ko yix kéOe w, € Y},

nh T Fn—
<g ) (Vzn ho th) -2 ((3%2:17 - 1)Zn,h,ﬂ wh)

(E.21)
—/ dt, with 2,, =0.

E.3 Av&ivon tng drokprtnig eEicwong ovluyodg KaTdoTaHoNG

Ou iotnteg mapaywytoyotnta tov G, @ Ly(0,T; Ly(£2)) — Y, ovvendyovtal 6T
1 ouvéptnon xéotovg J, 1 Ly(0,T; Ly(2)) — R eivon eniong C*°. Egappdlovrog
Tov kavova NG aAvsidag, xovpe

J! (u vf/ / Yo — ) 2o dxdt+7/( o (T) = yon)2,(T) dz

—l—,u/ /uvdxdt,
0o Jo

Oewpovpe To avtioTolyo dtakpltd oxfpa g eEicwong ovlvyovg katdotaong (D.11):
Nok&@en = N, ..., 1 ko yix 6ha tor w,, € Y,

(E.22)

(pn - gOn
(u wh) (V%, ho th) - ((3yi,h - 1)90n,,hvwh)

. / (Y — Ya(t), wy,) dt, (E.23)

PN+1,h =7 (yN,h - yQ,h) :

Tote, n (E.22) propel va ypagtel wg e€rg

T
JL (u)y = /0 /Q (o, +pu)vdrdt, Vv e Ly(0,T; Ly(Q)). (E.24)

To axorovBo Afppa epthopPavel Pacikég ekTiproelg evotddetog Tov (E.23).

Afppa E8. Eoto u € Ly(0,T;Ly(Q)), vy, € H*Y(Qp) N C(0,T;HE(Q))
Mon g (D.2) evo y,(u) = y, € Y, Aon g (E.2) mov aviiotolxel oTov
éheyxo u. Ymobétovpe OtL woydovv o vrobBécelg tov Ocwprpatog D.3. ‘Eotw
C ~ HyuHLoo(O,T;LOQ(Q))7 and Hyu”Hzl(QT) < Ce " per € {1,2}, émov C
otafepd mov e€apthton povo amd tor dedopéva ko eivor aveEdpTnT Ao TO € Ko
C¢ = exp (fOT 2A(t)(1—€?) + 3dt) ko 0t (E.14) 1) (E.15) woydovv yia d = 2 1 3,

avtictolya. Edv emurAéov,

N/ el d
k+h< yood =2,

s ®29)
VE+h< —8— < yood =3,

TC.Cc
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vapxer DG > 0 (aveEdpmn tov o = (k, h) kau €) étor Gore:

dG
st, 1

IV@ollLa0.1:L2(2)) T € NUo®ollLao1:La)) <

ES), DY = C (Yllynn—ya.nllo) + 1Yo —vallLao,r:L22)) He C adyepixn
otabepd aveEapTn amod €.

Oeipnua E9. Eotw u € Ly(0,T; Ly(Q)) ko y, 0 € H21(Q7) N C(0, T, HA(Q))
elva 1 Adon g katdotaong (D.2) kou 1 Abon g ovluvyotds katdotaong (D.11),
avtiotoya. ‘Eotw, y, n dwkpirr Aon katdotaong tov (E.2) eve ¢, n Swakpiti
Mo ovluyotg katdotaong tov (E.23). Tote, untd Tig vtobéoeig Tov Oewprjparog E.5
kot Tov Anjppatog E.8 vapyet C>0 tétowa hote ywer € {1, 2} va woyvel ot

C(WE+h)

le=2olln_0.1:L,00) Tele=¢ollL, 0,750 ) < —ar . Yywd=2 (E26)

C(Vk+h)

e — <Pa||Loo(o,T;L2(Q)) +ello— @UHLZ(O,T;Hg(Q)) < prERCy Y L d=3; (E.27)
pe B := exp(T'er) 6mov o 1= sup, (o 7 (2A(1)(1 — €2) +5) xou
C' 1= C(EY? (€% + Cu2)DIG) -

To axdrovBo amotélecpa eivar avahoyo pe to IIopiopa E.6 ko dpeon cuvémeia

Tov Bewpnpatog E.9 ko tov Arppartog D.7
Hépopa E.10. Eote u,v € Ly(0,T; Ly(Q)) xaw o, € H2H Q) N C(0,T, HE(Q))
n Aoon g (5.16) evd ¢, (v) € Y, n Abon g (E.23) ov avtiotoryel otov éleyyo v.

Eotw 611 toybovv ta Afjppoata D.7 ko E.8 kot 1o @edpnpat E.9 kau éotwo r € {1, 2}
Tote, yio d = 2 woydel

low =Wz 0151, 0)) + €llen — <PU(V)HL2(0,T;H[}(Q))
C(VE+h) (E.28)

2
< 221y —
S s lw =Vl om0 At
eve Yoo d = 3 pokOmTel OTL

1w = 0ol 0,1:L,)) T €low = 2o WL, 0,151 02))
C(Vk+h) (E.29)

3
= €15/4 lu — V”LQ(O,T;LQ(Q)) + A+ (Tr—1)/6"

Soppwva pe Tov oupPoAlopd Tov Afjppatog D.7 éxoupe
L,:=L, (67/ZCTE;/2 + EC;{ZDH,I) :

Ly:=1L, (615/4CTE}/2 + ac;{QDSM) :

E.4 XoykAion tov drakpitod mpofAnpatog eAEyxov

Meletdye tn obykAion Twv Aboewv Tov Stakpitod mpoPAnparog eAéyyov (E.4) mpog
TIG AOoelg Tov Guvexovg mpoPAnpatog (5.45). Kabe diokpitd mpoPinua (E.4) éxet
ToLAGloTOV pia Adon emeldn) 1 cuvaptnon elayloTomoinong eivar cuvexng Ko
TILEGTIKY) OE £VOL 1) KEVO KAELGTO LITOGUVOAOD VOG XWOPOUL TETEPACTHEVNG ILAGTACTG.
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Ocopnpua E11. T x&be 0 = (k, h), éotw U, po oAk Abon tov mpofAfpatog
(E.4). Tote, n axorovbio {1, }, elvar gpoypévn otov Ly (0,T; Ly () ko virdpyovv
vrtoakoAovbieg ov cupPorilovron pe Tov idLo TPOTO KoL GLYKAIVOLVY o€ éva oTpeio U
ac0evidg otov Ly (0, T Ly(£2)). Omorodrimote ard awtd ta oprakd onpeio aotedet
Abon tov mpoPAfpartog (E.4). EmutAéov, éxovpe

;%Hu - uU”Lz(O,T;Lz(Q)) =0 and (lll)% Ja(ua') = J(u) (E30)

Oecopnua E.12. 'Eotw 4 éva avotnpd Tomikd eldixioto tov (5.45). Tote, vtdpyel pio
axorovbia {u, }, Tomkdv edayiotwv Twv tpofAnudtev (E.4) tétowx dote va oydel
n (E.30).

SopPorilovpe pe u poe Tomikn Ador g (5.45) kou U, pa tomikn Avon g (E.4) yio
k&0 0. Amd T Oewprjpata E.11 - E.12, cupmepaivoupe 0T ||u—1,, ||L2(07T;L2(Q))—>0.
EmumAéov, 01w Y KoL @ 1) KATAGTOOT KoL 1) GLLVYAG KATROTOOT) TTOV QAVTLETOLXODV
OTO U EVR Y, KoL @, 1) dlakplth] katdotaot kot 1) Stakpltr ou{uyng KATAGTACT) TOL
QVTLOTOLYOVV GTO U, .

Ozwpnua E.13. Ag vrobécovpe OTL o1 vtobéoelg Twv Bewpnuatwv D.8 ko D.10 ko
twv Mopiopétov E.6 ko E.10 woybdovv. Tote, viépyovv C := VTC,C. = L,C tétoleg
oote yiod = 2xour = 1,2,

o C
e — gL, 010,00y < éﬁ(\@ +h),

o o C
19 = Yol 0152, +€lly — Z/a“LQ(o,T;Hg(Q)) < @(\/% +h).

EmmAéov, yix d = 3 ko r = 1, 2 ioybovv

o C
12 —t,ll1 0,12, < m(\/% + h),

o _ C
|y — yo”Lm(O,T;LQ(Q)) +ely — yo’”LQ(O}T;H(}(Q)) < m(\/g + h).
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F Kepalairo 7

Ba 6uNTHCOLHE TOPA OPLOPEVEG TTTUXEG TNG TEPUUTEPW EPELVAS TTOV TPOKDITTOLY
aueoa amd v epyaoio avtr. Eva evdiagépov Bépa amotelei n) xprion TpocappooTti-
KOV 0AYOplOH®V Y& TIG €K TV TPOTEPWY EXTIUNOELS CPUARATOV TTOL otodeiyOnkov
oty mpadn pog epyosio [CGP20], KepdAowo 3. To evdiopépov pag va amodei€ovpe
ek Twv voTépwv ektfoelg opopdtwv otnv L, (0,75 L, (Q))-voppa eivon, katd tv
amoyn pag, Stkoodoynpévr, kabodg prropovv duvntikd va xpnoiporonboiyv yio tnv
QVATITUEN XWPOXPOVIKOV TPOCAPHOGTIKOV aAYopiBuwv xwpig vtepPfoiikn avénon
TV Pabpdv elevbepiag. Qg amotéAeopa, o oxedLACHOG TETOLWY XAYOPiBH®Y Yo TNV
npotewvopevn avadpopr pébodo Euler oo xpodvo oe cuvdvaopd pe coppopen pébodo
nenepocpéveov otolelwv oto xdpo Ba propotdoe va afloloyrjcel TV TPAKTIKY
aklae g avadvong. EmmAéov, emonpdvape 0TL 1) véa €k TV VOTEPOY AVAALOT)
COOAHATOV Qaivetar v PeATidvel v e-eEaptnon Twv cuvOnkov (Tapadoymv)
otig Ly(0,T, HY(Q))- xou L (0,T; Ly(2))-voppeg oe cOykpion pe mponyodpeveg
epyaoieg twv [FWO05, Bar05, BMO11, BM11] TovAdyloTOV G& OPLOPEVES TEPLTTMOCELS.
Befaiwg, eivan cagpéc 6TL  atddoon] Tovg mpémer v atoloynOel aplOuntikd pv
QTACOVE O€ KATOANKTIKA GUUTTEPACHATA.

H avélvon tov Kepalaiov 4 aoyolreitor pe v amddelfn vmd cuvvlnikn ex
TV VOTEPWY EKTUNOEDY GPAMINTOG YLt TIG TANPWG OLOKPLTEG TTPOCEYYLIOELS
nenepacpéveov atolyeiwv DG-IPDG tng e€icworng Allen-Cahn oe yevikd moAvtomikd
mAéypato.  H vlomoinon twv mapomdve alyopibpov oamotelel amd povn g
évar evdiapépov kot amontnTikd €pyo, To omoio Ppicketar vId TPoeTOLHAGiO.
IInyaivovtag éva Prpa tapamépa, n agomoinot ng pebodov DG-IPDG ypnoyiomot-
WOVTAG TOALWVLHLKOVG XWpoug Tov opilovtar oe physical frame, vrodeikviel T
XPYiOT ULTOAOYLOTIK®OV TAEYHATWV TTOL OITOTEAODVTOL QIO YEVIKQ TTOALTOTLKA
ototyeioe. To otoryeiar yevikoO oYNUATOG TTpoc@épouv peydAn evelio oTouvg
TPAKTLKOVG LITOAOYLOHOUG KAl HELOVOUV TO LITOAOYLOTIKO KOGTOG TTOU OITLTELTOL
yloe TNV eKAETITUVOT) Ko TNV TOKVWGOT) ToL TAéyHatog. H exhémtuveon tewv amdTopwmy
XPOVIKG  EEQAPTOHEVOV  SIETIPAVELY TIOUPOPEVEL PLX CTHAVTIKY TTPOKANGT  yLlot
TO KOHMATL TV vmoloyiopodv. H elevbepio otn yewpetpia tov mAéypatog oe
oLVOLAGHO pE TOTTKA TOAVOVURX peTafANThG TéEng avd otolyeio, avapévetor va
empépeL akpLPr) TPOCEYYLOT] KL TAVTOXPOVO CTIHAVTLKT HelwoT) TOL HeyéBoug Twv
GLOTNHATOV TPOG eTiAvoT o k&be xpovikd Pripa.

H véa ex tov vorépwv avalvon cedipatog tov mpoPAnpatog Allen-Cahn mov
nopovotaleton ota Kepdhona 3 kot 4 gaivetar va eival aflomotoiun 6to tAaicto
tov PéAtiotov eAéyyov. IIpbypati, pmopolpe v EeKLVOOLHE pHE TO XOUNARG
TéEng TAGpwg dokpltd cvotnpa, v avadpopn pébodo Euler - memepoacpévov
otoyeiwv (dG(0) Aoyw Tng xopnAnig opoArdtnTag ota TAaicix Tov PEATIGTOU
eAéyyxov). TOLAGXLOTOV KATOMLY PLKPOV TPOTTOTOLCEWV, HITOPOVHE VO EPAPUOGOVHE
TI €K TWV VOTEPWV EKTIUNCELS otnv eflowon katdotaong Qotdco, 1 kOpLa
npdkAnon eivow 1 omddelkn (vd ovvbnikn 1) OXL) €K TWV VOTEPWV EXTIUNCEWDY
opaMiatog g avtiotowng dwakpitrg e€icwong ovlvyotg katdotaong (5.16).
E€axolovBel va Siepevvaton 1 KATAAANAN TEXVIKT] TPOGEYYLOTG TOV COAAIOTOG GE
QLT TNV TEPINTWOT). O ePpappoOcovpe TEXVIKEG CPAAIATOG Yo Tapafortkég MAE
ouykpivovtag dpeoa tn Stopopd HeTakD tng mpoocéyylong (6.44) ko ng okpLBoig
Mong (5.16) i eivow mpoTdTEPO VO AVAADGOURE TO OALKO COAAHA PECK HLOG
KOXTAAANA O OPLOPEVTIC YWPOYPOVIKHG AVAKATAOKEVHG;

H eElcwon culuyotc kxatdotaong eivan o ypoppikorownpuévn mapafoiky MAE
YOpw amd tn Adon tng e€lowong KaTdoToong. e Hi TpdTH okéYn HItopodpe
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v vtoBécovpe 0Tl dev LTTAPYEL avaykn Yl éva pn ypopptkd Afppo Gronwall
(1n xAaowd emxeipnuo ovvéyewng). Qotdco, vmapyouvv dvo Pacikd {nTrpaTe
7oL pémel va An@hodv vmdyn. Oa peletricouvpe To cpdhpa otnv Ly (0,T; L, (Q2))-
voppo; Av pog evilapépet avth 1) kartevBuveon, Ba TpémeL va oploovpE P GLVAPTNON)
Soxpng mov Oa avadeiter v L,(0,T; L, (2))-voppo, apod oe avtibeon pe tmv
e€lowon kataotaong (e€ioworn Allen-Cahn) dev eivar o gpuoikd mpokdITOLG®
voppa. IIdg pmopodpe vor eEAYOUHE €K TV LOTEPWV EKTLNOELS CPAAUXTOG TTOV
eEapTOVTAL TOAVWVUHIKE atd TO avTicTpo@o Tov pikovg 1/e g Sempdveiag xwpig
vo 0dnynBovpe oe emumAéov cuvOrkn pe peyoditepn eEdptnon amtd To € oe oxéomn e
TNV avtioToL N GLVONKT OTNV AVAALOT COAAUATOG TOV TTPOPANUATOG KATAGTACNC;

Eg@ocov amodeiyBovv ek twv vorépwv exTnoelg Tov mpofAfpatog culuyolg
KOTAGTAONG, PITOPODY VO GLVIVAGTOVDV GTI) GUVEXELX HE TIG AVTIOTOLYEG EKTLUNOELS
TOUL TPOPANHATOG KATACTACNG TPOKEIHEVOL VO TPOKVYOLV Ol €K TWV VOTEPOV
EKTIUNOELG TOV CQAAPOTOG eEAEYYOV, U—U,, . IIGAL oL tkavég ouvBTrkeg Sedtepng Tdéng
Ba elvor To cuvdetkd emyeipnpa. Qotdo0, elvan amapaitnto v emavabewpndel
DOTE VaL lva EPAPPOCILEG HE €K TWV VOTEPWV TPOTIO WG TPOG TOV SLokpLtd PEATIOTO
ENEYXO U, -

Av xditolog evdiogpépetal va LITOAOYiGEL TO CPAAIX eAEYYOL o SLaPOPETLKEG
voppeg amd v Ly (0;T; Ly(Q)), Oa mpémel va emiotpéfer kow var avadlotumdoet
0 ovykekpyévo TpoPAnpa PéAtiotov eléyxov. H mpdtn edroyn okéyn eivar va
EMOVEEETACOVHE TO EVEPYELOKO GUVAPTNOLXKO T/KaL To emTpentd cvvoro U,,.
Axopn, éva mbavd cevaplo, obppwva pe o Tpoeil tng Adong Allen-Cahn otig
eEelMoodpeveg diemupdveteg, eivar o Aeyopevog éleyyog bang-bang (yw p = 0), 6mov
oL Tipég u(t, ) ovpminTovy oxeddV TAVTOV pe pio aTd TIG THES Uy 1) Uy,

H perétn dAlwv mpoPAnpdrwv mediov @bdong eival to emodpevo Pripo. o
ovykekpyéva, givar amtd povo tov evdiapépov va pehetndel katd méHco T N
TPOTELVOUEVAL CLPLOUNTLKG GXHOTA KO OL TEXVIKEG TTOV Y PN GLpooliOnkoy propodyv
va epapplooTovv (iowg pe kdmoleg Tpomonotfoelg) otig e€lotoelg Ginzburg-Landau,
Cahn-Hilliard, Cahn-Larché. H Bewpia mov mapovoidletar otny mapovoa epyocio
ko gotidlleton Wwitepo oty pedétn g Ly (0,T; Ly(Q))-voppog amotedel éva
mBavd onpelo ekkivnong ywa n Siepedvnorn TV TpoavapepBEVTLV HOVTEAWY
nediov paong Aoyw NG mapovsiog Tov SLTAoD SuvoLKo.
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