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Abstract 

Liquefaction-induced lateral spreading has been responsible for extensive damages to pile 

supported structures in several recent earthquakes. In this phenomenon, permanent lateral 

displacement of soil occurs in slightly sloping ground or near small topographic 

irregularities due to liquefaction, imposing large kinematic loads to piles. 

In practice, this problem is normally dealt with the “Beam on Nonlinear Winkler spring 

Foundation” or simply the p-y method, in which soil is modeled by a series of springs at 

particular depths. The pile is modeled as a beam element. Soil springs are attached to the 

pile on one end and fixed at the other. Kinematic loads are applied at the fixed-end of the 

springs. Soil displacements are usually estimated through empirical relationship, which 

do not account for the existence of the pile and possible pinning effects. Accurately 

determining the force-displacement law of these springs (or the p-y curves) is the main 

factor in obtaining accurate results for the response of the pile. Different methodologies 

exist in literature for determining the p-y curves in nonliquefied soil (e.g. Reese et al., 

1974; Murchison and O'Neill (1984) – API (2002); and etc.), and liquefaction is modeled 

by applying a degradation multiplier to the nonliquefied curves. Several researches have 

tried to correlate this factor to different soil, pile and excitation properties (e.g. Dobry et 

al., 1995; Brandenberg, 2005; Cubrinovski, 2005). However, new research data reveal the 

need of further investigation since several detrimental parameters are not included in the 

correlations such as soil permeability, the stiffness of the pile, etc. Additionally some 

researchers concluded that the concept of the degradation multiplier may be over 

simplifying due to the complexity of the problem (Haigh, 2002; Gonzalez et al., 2009). 

In order to study the effect of each parameter in the response of the pile, a series of 

numerical analyses has been performed in FLAC3D finite difference code. NTUA-Sand 

is used as the constitutive model of the liquefied soil and a sinusoidal excitation is 

applied at the base of the model. Tied nodes technique is utilized as the lateral boundary 

of the 3D mesh and in order to determine the pinning effect of the pile of boundary lateral 
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displacements, each time a separate analysis is performed in which the pile is deleted 

from the mesh. 

The results are presented in terms of pile, boundary and free-field lateral displacements. 

The pore pressure ratio time-histories are plotted throughout the soil layer, near the pile 

and in free-field and the p-y curves are found along the length of the pile in points with a 

distance of 1 meter. By dividing the p-y curves with their static counterparts (i.e. the 

nonliquefied soil), the normalized p-y curves are obtained in order to have a view of the 

degradation multiplier. The following conclusions can be made after analyzing the results 

of the parametric analyses: 

 Soil Relative Density, Dr; affects both the lateral displacements and the lateral 

pressure considerably. The lateral displacements decrease with increase in soil 

density. The p-y curves, however, change strangely when soil with smaller 

relative density yields larger lateral resistance. 

 Soil Permeability, k; have considerable effects on the lateral displacements and 

the p-y curves: more permeable sample yields smaller lateral displacement and 

lateral load and vice versa. In addition, more detailed simulation of variable 

permeability with ru does not seem to significantly affect the response. 

 Excitation Period, T; Increase in T results in larger free-field lateral 

displacements. Additionally, its effect on the lateral resistance of the soil cannot 

be overlooked. It was concluded that a threshold should exist for excitation period 

to be determinant on the response of the pile, which is a function of soil 

permeability. 

 Pile Diameter; Analyses indicate that the effect is minor, with piles of smaller 

diameter yielding smaller degradation of soil resistance. However, numerical 

results reveal that questions still remain with regard to the way the effect of pile 

diameter should be investigated numerically. 
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 Pile Stiffness; is quite a detrimental parameter. Stiffer pile undergoes smaller 

lateral displacements, which keeps the whole mesh to displace less. Apart from 

that, the p-y curves are significantly affected and a considerable increase in the 

lateral resistance of soil is observed in the model with stiff pile. 

 Pile Installation Method; the model which simulated the driven pile condition 

had smaller lateral displacements due to stiffer soil around the pile. On the other 

hand, the effect on the liquefied p-y curve was negligible. 

 Pile Head Constraint; a fall in the lateral resistance of the soil boundary is 

observed in the model with fixed-head pile which is quite normal. Moreover, 

significantly larger lateral loads are exerted on the pile in shallow depths, while 

no specific change is observed in the lower half of the pile. 
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Chapter 1 
 

Introduction 

1.1. Problem Statement 

In cases where the bearing capacity of soil is not sufficient for the loads exerted by the 

superstructure, deep foundations are extensively used in order to transfer the loads to 

deeper and stronger layers. Piles are the most common types of deep foundations and are 

used in a variety of structures.   

Although piles are primarily used to transfer vertical loads, they may be subjected to 

lateral loading especially during earthquake excitation. This loading is applied either as 

concentrated horizontal load from the superstructure or kinematic loading from soil.  

Numerous methodologies for design of pile foundations embedded in dry soil and 

subjected to lateral loading are proposed by many researchers. However, large variations 

exist between the results obtained by different methodologies which have different 

assumptions about the soil behavior. For example some of them take into account the soil 

continuity and elasto-palstic behavior whereas the others model the soil as a 

discontinuous and elastic medium and there are methodologies which take into account 

one of these two factors. Among the methodologies, the p-y method is the most widely 

used one which treats the pile as a beam on a foundation and soil is modeled by a series 

of discrete nonlinear springs with specific distance along the pile.       
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On the other hand, in the case of piles embedded in loose saturated sand, the situation can 

sometimes be more complicated and a phenomenon may occur which is called 

“liquefaction”. Since loose sand has a tendency to contract as a response to an applied 

load, if soil is saturated, the pore pressure tends to increase. If enough time exists, water 

finds its way to travel to lower pressure areas and dissipate. However, when the loading 

rate is high enough such that water cannot dissipate in each cycle, the water pressure 

tends to increase and as a result of constant total stress, the effective stress will decrease. 

The effective stress in some cases can reach zero which means that soil particles lose 

their contact and all the pressure in carried out by water and soil behaves as a liquid. 

In places where ground with small inclination (about 2 to 4 percent) or small 

topographical irregularities exist – a situation mostly observed near river and lake banks 

– the liquefied soil starts to flow and undertakes permanent lateral displacement. The 

phenomenon is called “lateral spreading”. 

In the case of earthquake-induced liquefaction and lateral spreading, the response of the 

pile changes dramatically and extensive damage to structures due to the failure of pile as 

a result of lateral spreading is reported during the past earthquakes. Lateral spreading 

imposes large kinematic loads on the pile which results in large residual horizontal 

displacement, shear forces and bending moments in the pile. This can lead to the rupture 

and cracking of the pile along with permanent lateral and vertical displacements which 

can have profound effects on the superstructure. (e.g. Japanese Geotechnical Society 

(JGS) 1996, 1998; Hamada & O’Rourke, 1992; Youd, 1993).  

In current practice, the decrease in the strength of liquefied soil is taken into account by 

the use of degradation multiplier applied to the non-liquefied p-y curves. Different 

researchers have correlated the multiplier to different soil characteristics, excitation 

properties and pile parameters (e.g. Dobry et al., 1995; Brandenberg, 2005; Cubrinovski 

2005). However large differences exist between the results obtained by different 

methodologies, which is an indicative of huge uncertainties in the subject. It should be 

mentioned that some researchers declare that due to the complexity of the problem, the 
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degradation multiplier concept is a simplistic approach (e.g. Haigh, 2002; Gonzalez et al., 

2009). Overall, the problem is not considered as solved in the literature and extensive 

research is carried out by numerous researchers around the world on the subject.  

1.2. Research Objective   

As mentioned before, the response of the pile in laterally spreading ground is influenced 

by various parameters. In this thesis, based on a wide literature survey, a number of 

parameters are chosen and a parametric analysis is carried out. These parameters could be 

categorized in two main groups:  

 Soil and excitation characteristics: Soil Relative Density, Dr; Soil Permeability, 

k and Excitation Period, T. 

 Pile characteristics: Diameter, Stiffness, Pile Installation Method and Head 

Constraint 

In order to investigate these factors, a series of numerical analyses have been performed 

in FLAC3D which is an explicit finite difference code mostly used in geotechnical 

engineering. In these analyses, a single pile is embedded in liquefiable ground which has 

an infinite slope of 2 degrees and NTUA-Sand – a bounding surface, critical state, 

plasticity model with a vanished elastic region – is used as the constitutive model for soil. 

A sinusoidal excitation is applied at the base of mesh which causes liquefaction and due 

to the slope of the ground, lateral spreading occur imposing lateral displacement to the 

pile.     

In order to have a thorough view of the mechanisms for each parameter, time histories of 

excess pore pressure ratio, ru, soil resistance and relative displacement are kept 

throughout the soil sample and relevant figures are plotted in selected depths.  
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1.3. Scope of the Study 

Following this introduction,  

Chapter 2 presents a comprehensive literature survey of the laterally loaded piles in dry 

soil and the design methodologies that deal with this problem. The focus is on the p-y 

method and the proposed p-y curves in literature. 

Chapter 3 discusses the methods of estimating lateral ground displacement in 

liquefaction induced lateral spreading along with modifications that are applied on the 

nonliquefied p-y curves in order to deal with the case of lateral spreading. Recent 

investigations on the effect of important parameters on the response of the pile are 

presented.  

Chapter 4 provides an introduction to FLAC3D code and NTUA-Sand constitutive 

model and details of the numerical modeling. Additionally, the characteristics of the basic 

analysis along with the typical results are illustrated in this chapter.  

Chapter 5 and 6 are dedicated to the results of the analyses dealing with soil and 

excitation properties and pile characteristics respectively. In these two chapters, the main 

observations and conclusions about the effects of each parameter are discussed. 

Chapter 7 includes the final research findings and conclusions.  



 

 

Chapter 2 
 

The Static p-y Method 

 

 2.1. General 

In cases where soil of low bearing capacity extends to a significant depth, deep 

foundations are used. Deep foundations extended far below the ground surface 

(usually more than 3m below ground level), therefore the applied loads are transferred 

to deeper and stronger layers. Piles, pile walls, diaphragm walls are some type of deep 

foundations.  

Piles are long and slender elements that transfer vertical loads to a layer strong 

enough in any depth. They are used in offshore structures, wind turbines, high rise 

buildings, high retaining walls and tall chimneys.  

In addition to vertical loads piles are also subjected to horizontal loads. The horizontal 

loads are applied either as concentrated loads acting on the center of mass of the 

superstructure and pile cap or as imposed displacements along the pile (force or 

moment).The magnitude of lateral load depends on the type of structure for example 

foundation of a moderate building is not subjected to a high magnitude of lateral load 

whereas in the designing of a jetty the horizontal load plays an important role. 

The present chapter thoroughly describes design methods for laterally loaded piles in 

sand. Emphasis is given on the pseudo static p-y method, which is widely used in 

practice. This presentation although not clearly related to the topic of the thesis is 
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necessary, since static p-y curves are also used in dynamic analyses, of course 

properly modified.     

2.2. Pile types 

There are two types of piles: long piles and short piles. Long pile is the one which is 

embedded enough in soil in order to its base doesn’t experience any moment, shear, 

deflection or rotation and therefore is motionless. The required length and stiffness of 

the pile to fulfill this situation depends on the pile and soil properties. Long piles 

typically fail when one (for free head piles) or two (for fixed head piles) plastic hinges 

form along the length of the pile due to the bending moment which become greater 

than the plastic moment at cross section. The different modes of failure for long piles 

are illustrated in Figure 2.1. 

 

(a)                                                                     (b) 

Figure 2.1: Long pile modes of failure: a) Fixed head b) Free head  

 

Short pile’s embedment and its stiffness is not enough to prevent base motion so these 

kinds of piles normally fail due to rigid body motion or rotation. The former will 

happen for fixed head and the latter for free head piles as shown in Figure 2.2. 
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    (a)                                                        (b) 

Figure 2.2: Short pile modes of failure: a) Fixed head  b)Free head 

2.3. Methods for the analysis of laterally loaded piles 

In analyzing the laterally loaded piles, there is two kind of approach, one of them 

deals with ultimate load and the other one with lateral displacement. In most of the 

cases where serviceability is more critical, it is more useful to calculate the lateral 

displacement rather than ultimate load. Based on this classification, we can categorize 

the existing methods for analysis of laterally loaded piles into five groups (Fan and 

Long (2005)): 

• The limit state method 

• The elasticity method 

• The advanced numerical method 

• The subgrade reaction method 

• The p–y method 

 

2.3.1. The limit state method 

One of the simple limit state methods is the Broms (1964a) method. He made a 

simplified assumption for ultimate soil resistance along the pile length. He divides 

piles into two groups: short rigid and long flexible. His criterion for this classification 

is: 

݈݁݅݌ ݐݎ݋݄ܵ ׷                   ௅
்
൑ 2         (2.1) 
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݈݁݅݌ ݃݊݋ܮ ׷                   ௅
்
൒ 2                                                                             (2.2) 

Where  L is pile length and T is defined as:  

ܶ ൌ ൤
ா೛ூ೛
௞೒
൨
ଵ/ହ

                                                                                         (2.3) 

Where: ܧ௣ܫ௣  pile stiffness  

             ݇௚ Coefficient of subgrade modulus 

Broms based on this classification proposed a relation in order to determine the 

ultimate lateral resistance.  

௨௟௧݌ ൌ 3. ݇௣. .௩଴ᇱߪ  (2.4)        ܦ

Where: Kp  Passive earth pressure coefficient 

 D  Pile diameter 

   ௩଴ᇱ Vertical effective stressߪ 

Although this method is applicable for short and long piles with any kind of fixity and 

takes into account purely cohesive and cohesion less soils, it has some deficiencies. 

For example it is not applicable for layered profiles and c-soils. In addition, it does 

not take into account the effect of vertical load on lateral capacity of piles.   

 

2.3.2. The elasticity method 

This method takes into account the soil continuity and the soil response is assumed to 

be elastic whereas its behavior is elasto-plastic. Therefore, this method can be applied 

only for small strains and is not appropriate for determining the ultimate lateral 

resistance.  

2.3.3. The advanced numerical method (FEM, FDM) 

This method which is recently used is able to take into account the soil continuity, 

nonlinear behavior and pile-soil interaction. In this method the deformation and 
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ultimate lateral resistance can be determined and the results are more accurate than 

the other methods provided that the constitutive model is well defined.   

Although the complexity of the three dimensional model makes the analyses a little 

bit time consuming and computationally demanding, this method is the best 

alternative for advanced complicated projects.  

 

2.3.4. The subgrade reaction method and P-y method 

The subgrade reaction method is the simplest method for determining the soil 

resistance due to a given horizontal deflection. This method evaluates the beam 

response on elastic foundation and since this concept was firstly developed by 

Winkler in 1867, it is sometimes known as Winkler method.  

In Winkler method, the soil constitutes of a series of discrete springs and the 

foundation slab lies on it. The springs are linear and expressed as:  

 ܲ ൌ ݇.  (2.5)                                                                                                        ߜ

Where: P force at the node that spring connected to the slab 

 k constant in units of force per unit displacement 

 displacement ߜ 

Consequently, in subgrade reaction method (Reese and Matlock, 1956), the laterally 

loaded pile is assumed to be a beam on elastic foundation and the soil is modeled by a 

series of independent and elastic springs. In this method, the reaction of beam, P, at 

each point will linearly related to the deflection, y, at that point by a constant 

coefficient, k.  

ܲ ൌ ݇.  (2.6)                                                                                                        ݕ

In order to apply the assumption, the pile is modeled as a beam element and the soil 

will be substituted with a series of discrete linearly elastic springs with stiffness equal 

to k (coefficient of subgrade reaction). The model is demonstrated in Figure 2.3. 
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2.4. The p-y method 

As mentioned before, in this method three main assumptions are considered (Figure 

2.4Error! Reference source not found.): 

1. Pile, pile cap and superstructure are modeled as beam. 

2. Soil-pile interaction is modeled by lateral springs. 

3. External loads are applied either as imposed displacements on the fixed end of the     

springs or as concentrated loads applying on the center of mass of the superstructure          

and pile cap. 

 

Figure 2.4:  Main assumptions in p-y method 
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As mentioned before, apart from the ultimate load, the initial subgrade modulus and 

the nonlinear shape is required to build up the p-y curve. For the subgrade modulus, it 

was assumed that it varies linearly with depth: 

௜௡௜ܭ ൌ ݇௜௡௜.  (2.18)            ݖ

Where: ܭ௜௡௜ initial subgrade modulus 

            ݇௜௡௜ subgrade modulus coefficient 

            Z depth 

 

The authors stated that the relative density and the water table level are two effective 

factors on determining ݇௜௡௜. Their recommended values are shown in Table 2.1. 

Table 2.1: Representative values of kini for sands (after Reese et al. 1974) 

Relative Density Loose Medium Dense 

kini (below the water level) in kN/m3 5400 16300 34000 

kini (above the water level) in kN/m3 6800 24400 61000 

 

As for the nonlinear shape of the curve, the authors suggest that it consists of three 

parts: a linear part which stars from zero displacement with a slope of Kini, a second 

line which ends at the ultimate load and a parabola connecting the two as shown in 

Figure 2.10. It is illustrated in the following step-by-step procedure. (Reese and Van 

Impe, 2001)  
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 Determine point k as follows: 

௞ݕ ൌ ቀ
஼ҧ

௞೔೙೔௭
ቁ

೙
೘షభ

       (2.25) 

 

2.5.3. Murchison and O'Neill (1984) – API (2002)  

Based on the work of Reese et al. (1974) and with the aid of additional experiments, 

Murchison and O'Neill (1984) proposed slightly modified and more simplified 

expressions for the formulation of the p-y curve. In this method, a hyperbolic tangent 

function was used to describe the nonlinear shape of the curves. Furthermore, three 

factors C1, C2 and C3 were introduced and graphical representations were presented to 

replace lengthy equations for determining the ultimate soil pressure. The chart of 

adjustment factor A was also replaced by a linear equation. These modified p-y curves 

were accepted by American Petroleum Institute (API, 1993; API, 2002) committee as 

design guidelines for laterally loaded piles.  

The procedure is presented in the following: 

1. The ultimate soil resistance due to the wedge failure Pcs and due to the plain stress 

failure Pcd is calculated from relations (2.26) and (2.27) respectively. The minimum of 

the two is picked as the ultimate soil resistance. 

௖ܲ௦ ൌ ሺܥଵݖ ൅  (2.26)       ݖᇱߛሻܦଶܥ

௖ܲௗ ൌ  (2.27)         ݖᇱߛܦଷܥ

Where ܥଵ,  :ଷ can be obtained from Figure 2.12ܥ ݀݊ܽ ଶܥ
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Table 1.1: Properties of the piles used in centrifuge experiment (Georgiadis et al. 
1992) 

Piles P1 P2 P3 

Outside Diameter (m) 1.092 1.224 1.229 

Wall Thickness (mm) 44.45 17.25 15.25 

Flexural Stiffness EI (MN.m2) 3878.5 2495.0 2066.0 

 

The lateral load was applied through a steel cable and was measured by a 2.5 kN load 

cell. The pile displacements were measured at two separate points above the soil 

surface and numerous strain gauges were installed along piles to evaluate the bending 

moment diagram along the depth.  

The interpolation of the results led to the following suggestions for the construction of 

p-y curves for sands: 

1. The ultimate soil resistance 

 The analytical model proposed by Reese et al. (1974) was used for the estimation of 

Pult with a slightly different form for the empirical coefficient A as following: 

ܣ ൌ 2 െ
௭/஽

ଷ
൒ 1        (2.31) 

The values obtained by equation (2.31) are slightly smaller than the ones predicted by 

Reese et al. (1974) and API. However, the authors noted that the results are not 

sensitive to parameter A. 

2. The initial subgrade modulus  

The initial subgrade modulus was assumed to vary linearly with depth. However the 

use of values proposed by Terzaghi (1955) was recommended in order to estimate the 

gradient. These values are presented in Table 1.2 which result in significantly smaller 

values compared to Reese et al. (1974) and Murchison and O'Neill (1984). 
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Table 1.2: Gradient of initial subgrade modulus (Terzaghi, 1955, recommended by 
Georgiadis et al. 1992) 

Relative Density Loose Medium Dense 

Kini (kN/m3) 1100-3300 3300-11000 11000-23400 

 

3. Nonlinear shape 

For the nonlinear shape, the use of the following hyperbolic function, originally 

proposed by Kodner (1963) was recommended: 

݌ ൌ
௬

భ
೥.ೖ೔೙೔

ା ೤
೛ೠ೗೟

        (2.32) 

                             

2.5.5. Det Norske Veritas (1980) 

The Norwegian classification society Det Norske Veritas (1980) proposed a 

methodology based on empirical methods and a few full-scale tests. The various 

elements of the curve are defined as follows: 

1. Ultimate Resistance   

Based on the type of loading (i.e. static or cyclic), the ultimate load can be calculated: 

Static loading: 

௨௟௧݌ ൌ  (2.33)        ܦ௩ߪ௣ܭ4

Cyclic loading: 

௨௟௧݌ ൌ ݖ for depths ܦ௩ߪ௣ܭ3 ൐  (2.34)     ܦ2

௨௟௧݌ ൌ 3 ௭

ଶ஽
ݖ for depths ܦ௩ߪ௣ܭ ൑  (2.35)     ܦ2

Where: ܭ௣ passive pressure which can be found from: ܭ௣ ൌ
ଵା௦௜௡ఝ

ଵି௦௜௡ఝ
 

 ௩  effective overburden presssureߪ 
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 φ  angle of shearing resistance 

 z depth 

 D pile diameter 

 

2. Initial Subgrade Modulus 

As for all the aforementioned methodologies, the linear variation of initial subgrade 

modulus is assumed. However, the values are modified according to Table 1.3. 

Table 1.3: Initial subgrade modulus (Det Norske Veritas, 1980) 

Relative Density Loose Medium Dense 

Kini (kN/m3) 5000 12000 18000 

 

3. Nonlinear Shape 

For the nonlinear shape of the curve, the same assumption of Georgiadis et al. (1992) 

is adopted, which is the use of hyperbolic function proposed by Kodner (1963). 

However, a factor α > 1 is multiplied by pult in the function, resulting in a stiffer 

response of soil. It means that instead of pult, the asymptote of the hyperbola is 

݌ ൌ .ߙ  .௨௟௧ which is shown in Figure 2.14݌

݌ ൌ
௬

భ
೥.ೖ೔೙೔

ା ೤
ഀ.೛ೠ೗೟

        (2.36) 

The multiplier α can be found from: 

ߙ ൌ
ଵ

ଵି
೛ೠ೗೟

బ.బరೖ೔೙೔೥ವ

        (2.37) 

The latter is only valid when  ܦߚ ൐ ௣ೠ೗೟
௭.௞೔೙೔

. Otherwise, the hyperbola is replaced by a 

straight line. 
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Broms (1964)    ߙ௨ ൌ 3 

Fleming et al. (1992)   ߙ௨ ൌ  ௣ܭ

Prasad & Chari (1999) ߙ௨ ൌ
ଵ଴భ.య ౪౗౤കశబ.య

௄೛
 

Cubrinovski et al. (2005) ߙ௨ ൌ 4.5 

 

2.5.7. Japanese Regulations  

According to Japanese Design Specifications (JRA, 2002), soil reaction can be found 

as a function of the pile deflection from the following expression: 

݌ ൌ ݇௛(2.39)         ݕܦ 

Where kh is the coefficient of subgrade reaction and D is the diameter of the pile. It 

should be mentioned that kh is normalized with respect to the pile diameter. Therefore 

in order to make in comparable with the aforementioned value of initial subgrade 

reaction – which is normalized with respect to depth – we have to use the following 

formula: 

݇௜௡௜ ൌ ݇௛
஽

௭
         (2.40) 

In AIJ (Recommendations for Design of Building Foundations) kh is evaluated as: 

݇௛ ൌ  ଷ/ସ kN/m3       (2.41)ିܤ଴ܧߦߙ

଴ܧ ൌ 700ܰ  kN/m2 

Where: y the lateral displacement of pile (in cm) 

  α constant (=80 for E0 evaluation from N in sands) 

  ξ coefficient for the effect of group piles (=1.0 for a single pile) 

  E0 Young’s modulus (kN/m2) 

  B width of the pile (cm)  
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According to JRA (Recommendations for Highway Bridges), the following formulas 

can be used to determine kh: 

݇௛ ൌ ݇௛଴ ቀ
஻ಹ
଴.ଷ
ቁ
ିయ
ర        (2.42) 

ுܤ ൌ ඥ(2.43)         ߚ/ܦ 

ߚ ൌ ට௞೓஽

ଷாூ

ర
         (2.44) 

݇௛଴ ൌ
ఈாబ
଴.ଷ

         (2.45) 

଴ܧ ൌ 2800ܰ 

Where: BH normalized width of the pile (m) 

 D pile diameter (m) 

 Β characteristic value 

 EI flexural stiffness of the pile (kN.m2) 

 α constant value (=2 for E0 evaluated from N-value) 

 E0 Young’s modulus (kN/m2) 

 N SPT blow count 

Finally in RTRI (Design Standards for Railway Facilities) kh is estimated as: 

݇௛ ൌ ௥݂௞ሺ0.6ܧߙ଴ܦ
ିయ
రሻ       (2.46) 

଴ܧ ൌ 2500ܰ    ሺ݇ܰ/݉ଶሻ 

Where: Frk resisting factor of soil (=1.0) 

  α constant value (=2 for E0 evaluated from N-value) 
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  D pile diameter (m) 

  E0 Young’s modulus (kN/m2) 

2.6. New numerical analysis 

Given the uncertainties with regard to existing static P-y methodologies, the problem 

was investigated numerically by Vasilis Papaopoulo (2010). Namely, he performed a 

set of parametric analyses in which he investigated the effect of Dr , D, installation, 

head constraint, in which P-y curves were established numerically. Typical curves are 

shown in Figure 2.16. 
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Figure 2.16: Typical static p-y curves (after Vasilis Papaopoulo (2010))  

 

In this present thesis, those curves will be used as reference to evaluate degraded soil 

response due to liquefaction.       

2.7. Conclusions  

 Differences between methods: Numerous methodologies in order to estimate 

the lateral resistance of soil in terms of p-y curves are presented in the 

preceding paragraphs. It should be noted that these different methodologies do 

not result in similar predictions for any of the three important parameters in 

building a p-y curve (kini, Pult and the shape). Therefore, still uncertainties exist 

in the adoption of any of them.  

 Limited range of parameters: All the aforementioned methodologies are 

based on experimental tests and hence on a very narrow range of values for the 

various parameters involved. Consequently, the application of these methods 

for new conditions may not be wise.  

 Absence of other critical parameters: A number of other parameters that 

may be crucial in the response of a laterally loaded pile are absent from the 

methodologies and their effect is ignored. 

 For instance, all the experiments are done for the drilled piles and it is a 

question whether they can be applied for the cast-in-place piles as well noting 

that pile installation can alter the soil conditions around the pile significantly. 

Kim et al. (2004) performed a series of tests on driven and pre-installed piles 
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Chapter 3 
 

The Cyclic p-y Method 

 3.1. General 

Liquefaction and lateral spreading can alter the response of pile foundations to the lateral 

loads dramatically, and numerous case histories of damages due to this phenomenon have 

been observed in the past earthquakes (Hamada and O’Rourke 1992, Tokimatsu et al. 

1996, etc.) due to the large lateral displacements which is detrimental to civil engineering 

structures. During lateral spreading, the buried pipelines are destructed to a great extent, 

the transportation routes are disrupted due to the destruction of the pavements, the 

subgrades and the destruction of bridge piers and piles. The buildings may also suffer 

significantly due to the failure of the pile foundations. Therefore, the importance of this 

phenomenon is undeniable and proper methods should be utilized to mitigate the risk or 

lower it to acceptable levels. 

In current practice, design of piles is mostly performed with the p-y method, as described 

in the previous chapter. However, in the case of lateral spreading, the response of the pile 

is governed by the kinematic loading (i.e. load applied by the laterally spreading ground). 

Therefore, the setup of the method is changed as the following: Firstly, the ground 

displacements are calculated using existing methodologies available in the literature, and 

secondly, the calculated ground displacements are applied to the ends of the Winkler 

springs in order to calculate moments and deflections of the pile (Tokimatsu 1999, 

Boulanger et al 2003). In addition, soil liquefaction affects both the stiffness and the 

ultimate resistance of the soil. Hence, p-y curves, used to describe the response of the 
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degraded soil, should be properly modified. In this context, the present chapter focuses on 

the following: 

 

a) Briefly introduce the lateral spreading phenomenon and present methodologies to 

evaluate the lateral soil displacement; 

b) To present the current methodologies used in order to degrade the p-y curves; 

c)  Current experimental and numerical findings which introduce us previously 

ignored parameters in pile foundations response in laterally spreading soil. 

3.2. Lateral Spreading and evaluation of horizontal 

displacements 

“Liquefaction-induced lateral spreading” is defined as the lateral displacement of soil in a 

slightly sloped ground as a result of liquefaction which is in turn a consequence of pore 

pressure build up during the earthquake motion. It is apparent that the prerequisite of 

lateral spreading is a kind of topographical irregularities which allows the liquefied soil 

to flow during liquefaction. However, it should be noted that if liquefaction occurs in 

moderate to steep slopes, tremendous flow of the material in very large distances will 

occur. Therefore, here by lateral spreading we mean relatively moderate movement of 

mild slopes of 0.3 to 5% as described by Bartlett & Youd (1992), who state that the 

presence of a shallow water table and loose sands are also prerequisite of liquefaction-

induced lateral spreading; a case mostly found near river banks or shore.  

It should be noted that during the lateral spreading, settlement (vertical displacement) 

also occurs at a result of travelling of small particles to the ground surface. However the 

lateral displacement is of more practical importance to the civil engineering structures in 

general and pile foundations in particular. Consequently, the rest of the paragraph is 

devoted to methodologies that are used to estimate the horizontal displacements due to 

lateral spreading. 

 Evaluating this parameter is a highly difficult and nonlinear problem and includes a large 

number of factors. According to Bartlett & Youd (1992) the magnitude of lateral ground 

displacement in lateral spreading is controlled by four factors: 
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1. The degree of shear strength loss due to liquefaction; 

2. Boundary conditions; 

3. Static and dynamic shear forces acting on the mass of moving soil; and 

4. The length of time when the exerted forces is larger than the resisting forces 

 

The methodologies which exist in the literature for evaluation of lateral spreading 

displacement can be divided into 3 major groups:  

 

1. Numerical Analyses (e.g. Finite difference methods) 

2. Analytical Methods (based on simplified analytical relations); and 

3. Empirical Relations based on statistical accumulation of case histories and 

experimental data. 

Each of these categories is discussed separately in the following pages. 

 

3.2.1. Numerical Methodologies 

Numerical methodologies have the advantage that can take into account interaction of 

different factors such as time-history of the motion, the seepage related characteristics of 

the ground, exact geometry and local characteristics of the soil, etc. However, they are 

quite time consuming which make them inappropriate for practical purposes. 

Furthermore, their accuracy is highly dependent on the constitutive model that they use 

for the behavior of the soil, which, if not provided accurately, can give wrong results.  

One of the earliest attempts has been done by Finn et al. (1990, 1991, 1994) who used a 

simple elasto-plastic constitutive model in a finite element mesh. He used codes with 

adaptive mesh procedure that permitted modification of the finite element grid to account 

for large deformations during the simulation. It was assumed that during liquefaction, the 

stress-strain curved kept its shape and just the residual shear strength reduced. This loss 

of strength caused an imbalance in the model which activated deformations up to a level 

where the redistribution of stresses led to a new equilibrium. 
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Similar attempt but rather simpler model was used by Kuwano et al.(1991) and Argano, 

(2002) Gu et al. (1993). In the latter, for simplification, undrained conditions were used 

along with a simple constitutive model for the liquefied soil.  

More recently, several researchers have used more sophisticated constitutive models to 

account for the phenomenon. Examples are models that simulate the liquefied soil as a 

non-Newtonian liquid (Uzuoka et al. (1998); Hadush et al. (2000)) and simulation of soil 

response through multiple yield surface plasticity models (Elgamal & Yang (2000)) or 

bounding surface models (Valsamis et al. 2010; Dakoulas et al. (2006)). 

3.2.2. Analytical methods 

Analytical methods can be divided into two main categories: the one that are based on the 

Sliding Block Theory (Newmark, 1965) and those that are based on the Minimum 

Potential Energy Theory (Toehata et al. 1991, 1992).  

Newmark’s Sliding Block Theory 

Newmark’s theory is used to determine the residual displacements of a block on a 

frictional plane subjected to horizontal motions. The block moves relative to the plane 

when the inertial forces exceed the resisting force and the displacements in each cycle are 

calculated by double integration of the acceleration time-histories in time durations when 

the inertia forces exceed the resisting force. Adding these values during the whole time-

history will give the accumulated displacement. Therefore, if the exact acceleration 

history of the excitation is available, the residual displacements can be found by using 

numerical integration methods. However, it is not possible to predict accurately the future 

earthquake excitation in a site. Hence, a number of simplified approaches exist which 

replace the real acceleration time-history with a simpler function. Jibson (1993) proposed 

that the acceleration history be replaced by a single measure of the total shaking intensity 

(i.e. Arias intensity (ܫ௔ ൌ
గ

ଶ௚
׬ ܽଶ݀ݐሻ. After analyzing numerous records from real 

excitations, he proposed the following relationship: 

 

logܦ ൌ 1.460 log ௔ܫ െ 6.642ܽ௬ ൅ 1.546      (3.1) 
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Where: D  predicted ground displacement (in cm) 

 ௔ Arias intensity (in m/s); andܫ 

 ܽ௬  yield acceleration (in g) 

 

Another approach in order to bypass the uncertainty with regard to the real acceleration 

history is the use of equivalent base acceleration history (Yegian et al. (1991)). In this 

way, a mathematical function is used to express the excitation, for which, the integration 

can be performed in the closed-form. Thus, the predicted displacements can be calculated 

as: 

 

ܦ ൌ ௘ܰ௤ ܶଶ ܽ௣ ݂ሺ
௔೤
௔೛
ሻ         (3.2) 

 

Where: D  predicted displacements, 

 ܽ௬ yield acceleration 

 ௘ܰ௤  number of cycles 

 ܶ  period 

 ܽ௣  peak acceleration 

f  dimensionless function which depends on the assumed shape of the base    

acceleration record. 

 

Authors proposed the following polynomial for the function f after analyzing 86 actual 

ground motion records: 

 

log ݂ ൬
௔೤
௔೛
൰ ൌ 0.22 െ 10.12 ൬

௔೤
௔೛
൰ ൅ 16.38 ൬

௔೤
௔೛
൰
ଶ

െ 11.48 ൬
௔೤
௔೛
൰
ଷ

   (3.3) 

 

 

With a similar approach Baziar et al. (1992) assumed a sinusoidal function as the 

equivalent base acceleration and proposed that the displacement can be calculated from 

equation 3.4: 
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ܦ ൌ ௘ܰ௤ሺ
௩೛మ

௔೛
ሻ  ݂ሺ

௔೤
௔೛
ሻ         (3.4) 

 

Where ܽ௣ and ݒ௣ are the peak horizontal acceleration and velocity of an earthquake 

record.  

Baziar et al. (1992) also followed a different approach in order to estimate the lateral 

displacement. The authors expressed the yield acceleration in terms of the normalized 

undrained strength of the liquefied soil (ܵ௨/ߪᇱ௩ሻ (It should be noted that ܵ௨ is the 

maximum shear stress measured during failure in an undrained test and not the shear 

stress on the actual plane and is assumed to remain relatively constant at large strains). In 

this kind of analysis, no upslope movement is computed due to the assumption that the 

liquefied soil will fill the tension cracks that form in the lateral spread. The proposed 

relation is: 

 

ܦ ൌ ௘ܰ௤ ൬
௏೛
௔೛
൰

ଵ

௙൬
ೌ೤
ೌ೛
൰
         (3.5) 

Another approach based on Newmark’s sliding block theory has been proposed by Byrne 

et al. (1992) which replaced the equilibrium of forces with the conservation of energy 

(i.e. the change in kinetic energy of the sliding block is equal to the difference in the 

input energy and the work done to overcome resistance of the soil). This model can 

express changes in shearing resistance as a function of displacement.  

Haigh et al. (2001, 2002) proposed the use of a model based on effective stress and 

therefore, leading to a time-dependent simulation of lateral spreading. This modification 

changed the classic Newmark’s sliding accelerations from relations (3.6) and (3.7) to 

(3.8) and (3.9). 

 

௨௣௦௟௢௣௘ߙ ൌ െ௚ሺ୲ୟ୬ఉା୲ୟ୬ఝሻ

ଵି୲ୟ୬ఉ.୲ୟ୬ఝ
        (3.6) 

 

and  

ௗ௢௪௡ௌ௟௢௣௘ߙ ൌ
௚ሺ୲ୟ୬ఉି୲ୟ୬ఝሻ

ଵା୲ୟ୬ఉ.୲ୟ୬ఝ
        (3.7) 
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to: 

௨௣௦௟௢௣௘ߙ ൌ െ
௚ሺ୲ୟ୬ఉା୲ୟ୬ఝିሺೠ౪౗౤കሻሺభషೝሻ

഑ೡ ౙ౥౩ഁ
ሻ

ଵି୲ୟ୬ఉ.୲ୟ୬ఝ
      (3.8) 

 

and  

ௗ௢௪௡ௌ௟௢௣௘ߙ ൌ
௚ሺ୲ୟ୬ఉି୲ୟ୬ఝିሺೠ౪౗౤കሻሺభషೝሻ

഑ೡ ౙ౥౩ഁ
ሻ

ଵା୲ୟ୬ఉ.୲ୟ୬ఝ
      (3.9) 

Where ߚ  slope angle 

 ߮ soil friction angle 

 ௩ total normal stress on the slip surfaceߪ

u pore pressure; and 

r ratio of the residual shear strength of the fully liquefied soil to the 

maximum strength with zero excess pore pressure 

 

More recently, Arulmoli et al. (2004) proposed an iterative methodology in order to take 

into consideration the Pinning Effect of the piles. To accomplish this, they added shear 

forces developed in the pile to the residual shear strength of the soil. Hence, the required 

number of piles in order to reduce the lateral displacement to tolerable limits could be 

determined. 

 

To sum up, it should be mentioned that although the methods based in Newmark’s sliding 

block theory are theoretically strong and give rational values, they have several 

shortcomings which can adversely affect the accuracy of the results. The most important 

difficulties are: 

1. Accurate evaluation of residual shear strength of the liquefied soil is not an easy 

task; 

2. The lack of a well-defined slip surface in lateral spreading case makes it 

unrealistic to use a simple yield acceleration; and 

3. Lateral spreading can continue after the end of excitation which is not possible to 

be captured by this type of model. 
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 Minimum Potential Energy Model 

The concept is based on the work by Towhata et al. (1991, 1992) who followed a 

completely different approach in order to estimate the lateral displacement. They 

assumed that the flow continues until the mass of the soil reaches the minimum level of 

potential energy. Consequently, it underlies the assumption that the excitation is long 

enough to mobilize the full capacity of the flow in the liquefied soil. As a result, this 

model can give an estimate of the maximum possible lateral displacement of a specific 

site. 

Since then, a number of researches have proposed derivations from Towhata’s model 

namely Tokida et al. (1993), Towhata & Toyota (1994). However, they main drawback 

which is the estimation of the maximum possible displacement still exist. Furthermore, 

since the methodology consist of integration over the volume of the soil in order to define 

the potential energy, its application is limited to simple geometries. 

 

3.2.3. Empirical Relations 

Unlike analytical methods, empirical relations do not depend on a mechanical 

idealization of the lateral spreading phenomenon. Instead, they just try to correlate the 

displacement with various parameters which can be seismological parameters (i.e. 

properties of the earthquake motion), engineering parameters (i.e. geotechnical 

properties of the site), or a combination of the both. Various attempts have been done to 

find such empirical relations from which the most widely used are presented here. 

Youd & Perkins (1987) developed a correlation between ground displacement and 

earthquake parameters suitable for developing regional maps of liquefaction hazard. 

Based on case histories of earthquakes in Western United States and Alaska and came up 

to relation 3.10: 

 

log ܫܵܮ ൌ െ3.49 െ 1.86 log ܴ ൅  ௪       (3.10)ܯ 0.98

 

Where: LSI Liquefaction Severity Index defined as the general maximum magnitude of 

ground displacement, measured in millimeters divided by 25; 
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R horizontal distance to the earthquake source (in km) 

Mw moment magnitude of the earthquake excitation 

 

Since then, the authors have enriched the database and revised the formula to include 

more parameters. The newest version according to Youd et al. (2002) is: 

 

logܦ ൌ െ16.213 ൅ ܯ 1.532 െ 1.406 logܴכ െ 0.012ܴ ൅ 0.338 log ܵ ൅ 0.540 log ଵܶହ ൅

 3.413 logሺ100 െ ଵହሻܨ െ 0.795 log  ሺܦହ଴ଵହ ൅ 0.1 ݉݉ሻ     (3.11) 

 

logܦ ൌ െ16.713 ൅ ܯ 1.532 െ 1.406 logܴכ െ 0.012ܴ ൅ 0.592 log W൅0.510 log ଵܶହ ൅

 3.413 logሺ100 െ ଵହሻܨ െ 0.795 logሺܦହ଴ଵହ ൅ 0.1 ݉݉ሻ  (3.12) 

 

Where: D predicted ground displacement at the ground surface (in m) 

M moment magnitude of the earthquake excitation 

R horizontal distance to the earthquake source (in km) 

R* R*=Ro+R where Ro=10(0.89M-5.64) 

T15 average cumulative thickness of the saturated granular layers with 

corrected blow count (N1)60 less than 15 (in m) 

F15 average fines content of the granular soil included in T15 ( in percent) 

D5015 average mean grain size of granular soil included in T15 (in mm) 

S ground slope (in percent) 

W free-face ratio (defined as the height of the free face divided by the 

distance from the base of the free face of the desired point (in percent) 

 

It should be noted that the aforementioned relations give an upper-bound of the 

displacements and not the realistic values. 

 

Hamada et al. (1986, 1987) studied the data from case histories of lateral spreading in 

Niigata and Noshiro, Japan and the San Fernando Valley, California to obtain the 

correlation 3.13 which used engineering parameters: 
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ܦ ൌ మܪ√0.75 ߠ√
య          (3.13) 

 

Where: D horizontal displacement (in m) 

H thickness of the liquefied layer (in m) 

 θ slope (in percent) 

 

Hamada (1999) upgraded the previous relation by including the soil density and the 

earthquake density to: 

 

ܦ ൌ ଴.଴ଵଶହுబ.ఱఏ

ேഥబ.ఴఴ
∑ ܽ௜଴.ସ଼ݐ௜        (3.14) 

 

Where: Nഥ average corrected SPT blow count of the liquefied layer 

αi mean horizontal acceleration in the i-th parth of the acceleration time-

history 

ti time length of the i-th part of the acceleration time-history 

 

Rauch & Martins (2000) developed a methodology based on case histories from 15 

earthquake excitations. It should be noted that their correlation is meant to give the 

average ground displacement and not the absolute maximum. Depending on the available 

sort of data, the authors proposed three relations. Relation (3.15) solely includes 

seismological data, relation (3.16) seismological and geometrical data of the site and 

finally equation (3.17) includes geotechnical data apart from the aforementioned 

parameters. According to Rauch & Martin (2000), relations that include more data, give 

more accurate results:  

 

ு௢௥௭݃ݒܣ ൌ ሺ0.613ܯ െ 0.0139ܴ െ ௠௔௫ܣ2.42 െ 0.0114 ௗܶ െ 2.21ሻଶ ൅ 0.149 (3.15) 

 

ு௢௥௭݃ݒܣ ൌ ൫0.613ܯ െ 0.0139ܴ െ ௠௔௫ܣ2.42 െ 0.0114 ௗܶ ൅ ௦௟௜ௗ௘ܮ0.000523 ൅

0.0423ܵ௧௢௣ ൅ ܪ0.0313 െ 2.44൯
ଶ
൅ 0.111      (3.16) 
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ு௢௥௭݃ݒܣ ൌ ൫0.613ܯ െ 0.0139ܴ െ ௠௔௫ܣ2.42 െ 0.0114 ௗܶ ൅ ௦௟௜ௗ௘ܮ0.000523 ൅

0.0423ܵ௧௢௣ ൅ ܪ0.0313 ൅ 0.0506ܼிௌ ௠௜௡ െ 0.0861ܼ௟௜௤ െ 2.49൯
ଶ
൅ 0.124 (3.17) 

 

Where:AvgHorz average value of the predicted lateral displacement (in m) 

Amax peak horizontal ground acceleration (g) in absence of liquefaction 

Td duration of the strong motion, defined as the time between the first and the 

last occurrence of surface acceleration larger than 0.05g (in sec) 

Lslide maximum horizontal head to toe length of lateral spread along the 

prevailing direction of movement (in m) 

Stop average slope along the direction of lateral spreding (in percent) 

Hface height of the free-face (in m) 

ZFS min average depth to the minimum factor of safety in the potentially 

liquefiable soils (in m) 

 Zliq average depth of the top of the liquefied soil (in m) 

The most recent seismological correlated relation is proposed by Zhang et al (2005) 

based on the database of Youd et al. (2002). Although their relations give more accurate 

result compared to the correlation proposed by Youd et al. (2002), it is significantly more 

difficult to apply since it requires much more parameters to be defined in advance. The 

relations are not presented here and the reader is referred to Zhang et al. (2005) for more 

information. 

 

Aydan et al. (2005) found the following correlation: 

 

ܦ ൌ ఊೞுమ

ீభ
sinሺߠ.  ௠௔௫ሻ         (3.18)ݒ

 

Where: γୱ unit weight of the liquefied soil (in kN/m3); 

 vmax maximum ground surface velocity (in m/sec); 

 θ ground inclination (in percent); and 

 G1 residual shear modulus during liquefaction (in kPa). 
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Valsamis et al. (2010) proposed equation (3.19), based on extensive numerical parametric 

study of the problem: 

 

௛ܦ ൌ 38.6 ቀఈ೘ೌೣ ୲ୟ୬ ௜

ሺேభሻలబ
ቁܪ௟௜௤

௧௢௧
ௗܶሺ1 െ ሻଷ.ହܥܨ ቀఈ೘೐ೌ೙

ఈ೘ೌೣ
ቁ
଴.ହ

    (3.19) 

 

Where: Dh horizontal ground displacement 

 αmax maximum acceleration 

 i inclination of the ground surface 

 Htot
liq cumulative thickness of the liquefied layer 

 Td duration of strong excitation 

 FC fines content 

 Αmean mean value of the acceleration 

 

The authors also studied the accuracy of 11 empirical relationships against the numerical 

data and case histories and concluded that the best estimations were obtained by Hamada 

(1999) and Youd et al. (2002). 

Finally, it should be mentioned that regarding the inaccuracies of all of the 

aforementioned methodologies, along with the inaccuracies in determination of the input 

data to be used in each method, the application of more than one method in prediction of 

lateral displacements is recommended. 

3.2.4. Variation of lateral displacement with depth 

It should be mentioned that apart from the maximum displacement (which occurs at the 

ground surface) the variation of the ground lateral displacement with depth is also of 

great importance in the evaluation of the response of the pile foundations. It is 

unanimously accepted that the maximum ground displacement occurs at the surface and 

that the displacement at the maximum depth of the liquefied layer is equal to zero. 

However, two different relations are suggested for the shape of the displacement profile. 

Sento et al., 1999, for instance, have suggested linear relation whereas Ishihara & 
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Kubrinovski, 1998; Tokimatsu, 1999; Towhata, 2005 and Valsamis et al. 2010 have 

suggested sinusoidal relation that can be expressed as: 

 

ሻݖሺܦ ൌ ுܦ sin
గሺுି௭ሻ

ଶு
          (3.20) 

 

Where: z depth where the displacement is desired (in m) 

 H thickness of the liquefiable soil layer (in m) 

 

 

3.3. Effect of Liquefaction on p-y Curves 

Liquefaction and lateral spreading has caused extensive damages to the pile foundations 

in major earthquakes around the globe. The degradation of the stiffness and strength of 

the liquefied soil can cause severe overloading to the pile foundation during the 

earthquake motion. An extensive database of observations and case histories of damages 

have been documented (e.g. Hamada and O’Rourke 1992, Tokimatsu et al. 1996 and 

Japanese Geotechnical Society JGS 1996, 1998). The problem is exacerbated in the case 

of lateral spreading where soil exerts lateral loading on the pile rather than providing 

support for the lateral load applied by the super structure.  

 

Liquefaction can significantly modify the response of a laterally loaded pile due to the 

pore pressure build up in the liquefied soil which can alter the interaction mechanism 

between the pile and the soil, therefore, modified p-y curves should be used to model 

liquefied soil.   

In practice, degradation is simulated by applying reduction multipliers on the original p-y 

curve (i.e. nonliquefied soil). This degradation factor has been correlated to a number of 

parameters (excess pore pressure, soil pile relative displacement, relative density of the 

soil, etc.) by different researchers (Dobry et al., 1995; Brandenberg, 2005; Cubrinovski 

2005). However, some methods are difficult to apply because the correlated parameter 

may not be easy to measure in site. Additionally the results of different methodologies 
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are significantly different for a particular soil condition which shows the uncertainty of 

the results. It should also be noted that recent studies (Haigh, 2002; Gonzalez et al., 2009; 

Boulanger et al., 2007) have shown that the reduction multiplier approach may be over 

simplifying since the phenomenon is highly complicated and dependent on a variety of 

parameters. Consequently, the problem is not considered as solved in the literature and 

extensive research is being carried out by different research groups using numerical 

methodologies along with experiments in order to define the effect of different 

parameters on the response of the pile foundations in laterally spreading ground. After 

performing a vast literature survey, the following paragraphs present current 

methodologies and approaches are presented along with recent attempts to identify the 

remaining crucial parameters in the response of a pile foundation in laterally spreading 

ground. 

 

One of the earliest attempts to estimate the degradation factor was done by Dobry et al. 

(1995) who performed centrifuge test including post-liquefaction cyclic loading – which 

continued while the excess pore pressure dissipated – for a pile foundation in soil 

specimen with relative density Dr = 40%. By analyzing the bending moment response of 

the pile, the researchers found a linear relation between the degradation factor ݉௉ and the 

excess pore pressure ratio. As it is shown in Figure 3.1 ݉௉ reaches a value of 0.1 for 

complete liquefaction.  
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The most important disadvantage of the three above relations is that they are difficult to 

apply since the excess pore pressure with depth is hard to predict. In addition, response is 

mostly controlled by pore pressure build-up near the pile and not the free-filed. 

 

Wilson et al. (1999, 2000) used centrifuge tests on piles installed in level ground profile 

(i.e. no lateral spreading). They found that the resistance was dependent on the relative 

density of the soil. Furthermore, they found that apart from the relative density, rate 

effects and drainage conditions affects the response.  

 

Brandenberg (2000) suggests the use of API (1995) curves with a degradation factor that 

depends on the SPT blow-countሺ ଵܰሻ଺଴ି஼ௌ. The researchers also state that there is not 

enough data available to determine the effect of other parameters and therefore a safety 

factor of 2 should be used.  

 

Abdoun et al. (2003) performed centrifuge tests on different models including 2 and 3 

soil layers, single and group piles and in some cases, local densification of the liquefied 

soil around the pile to simulate pile driving. They observed that in all cases, the 

maximum bending moment occurred at the boundaries between the liquefied and non-

liquefied soil. Additionally, they observed that the presence of local densification caused 

an increase in the maximum bending moment due to an increased effective area of the 

pile foundation exposed to the lateral soil pressured, indicating the importance of pile 

installation method on the response to the lateral spreading.  

 

Brandenberg et al. (2005) conducted centrifuge tests on single and group piles of 

different stiffness in laterally spreading ground under different earthquake motions. They 

also observed that for relatively stiff piles, the liquefiable soil pushed the piles downslope 

along the crust. While for more flexible piles, liquefiable soil produced large upslope 

forces against the downslope pressure of the crust.  

 

Large transient increase in the subgrade reaction (called “dilation spikes”) was observed 

due to the transient drop of excess pore water pressure around the pile as a result of soil 
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dilation. These dilation spikes were different for motions with different frequency content 

indicating that the loading rate effects should also be taken into account. 

Brandenberg et al. (2007) used Static beam on nonlinear Winkler foundation analyses to 

evaluate design guidelines against a suite of centrifuge test data for pile in laterally 

spreading ground. Lateral displacement of the ground was simulated by two methods: 

imposing free-field soil displacements to the free ends of the p-y elements (BNWF_SD) 

or imposing limit pressures directly to the pile nodes (BNWF_LP). The results showed 

that BNWF_SD analyses provided reasonable predictions with pile bending over-

predicted and pile cap displacements under-predicted on average and was more accurate 

for stiffer piles. The alternative BNWF_LP analyses only provided reasonable predictions 

for large motions, but over-predicted the bending moment for small and medium motions 

because the ground displacements were not large enough to mobilize the limit pressures. 

It was also observed that permeability affects the rate of excess pore water pressure 

dissipation around the pile and affects the subgrade reaction behaviour. The same 

observation had been seen during centrifuge experiments by Gonzales (2005) and 

numerical analyses performed by Uzuoka et al. (2005) 

 

Brandenberg (2005) and Brandenberg et al (2007) proposed the chart shown in Figure 

3.2 for estimating ݉௉. The figure compares the aforementioned recommendations with 

AIJ (2001) (Japanese Recommendations for design of building foundations) which shows 

agreement for soils with low density only. It should be noted that the proposed 

degradation factor is only a function of relative density of the soil while the experiments 

showed dependence of subgrade reaction to the stiffness of the pile, frequency content of 

the motion and the permeability of the soil. 
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inertial forces of the superstructure and the kinematic loads (i.e. cyclic displacements) are 

to be considered. Finally, in the case of lateral spreading, only kinematic forces (i.e. 

permanent displacements) are of great importance. It was also uttered that factors like 

foundation embedment and the natural period of the superstructure compared to the soil 

play important role in the response of the soil. 

 

3.4. Conclusion 

Based on the materials presented in previous paragraphs, there is not a full agreement on 

the effective parameters in the response of a pile foundation in laterally spreading ground. 

Apart from that, there is a large variation in the effect of each parameter presented by 

different researchers due to the lack of e experimental and numerical data. Therefore, 

there is not enough information to provide a firm background for a unified methodology 

which can be used in different soil conditions and a wide range of earthquake excitation 

with different pile properties. Each method uses a limited number of parameters and the 

others are widely overlooked – factors that may have profound effects under specific 

conditions. Consequently, the need for further investigations in this filed in justified. 

Based on the literature survey, a number of parameters are selected that have the potential 

to be determinant in the response of the pile foundation in the case of lateral spreading. 

These parameters can be categorized in three groups: soil conditions, pile properties and 

excitation properties.  

Soil Conditions 

Different properties of soil have been examined to be important in lateral spreading. 

Among them, one of the most important parameters is the relative density Dr, which is 

the main parameter that a number of researchers have found a correlation of the response 

to this one only (Brandenberg et al., 2007, etc.).  

The other key parameter that was discussed in the previous paragraphs is the permeability 

of the liquefiable soil layer which have found to have significant impacts on the response 

of the pile (Uzuoka et al., 2005; Gonzalez et al., 2009, etc.). The incorporation of this 
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factor in the numerical simulation is a demanding task which is discussed in more detail 

in chapter 4. 

Pile Properties 

The key properties of the pile foundation are examined in the numerical analysis. These 

include the diameter and the stiffness of the pile. The effect of installation method – 

which have stated by some researchers to have considerable effects – is studied by 

defining specific stress field around the pile as an effect of pile driving. The head fixity of 

the pile which may be as a result of large, stable superstructures is also examined by 

imposing a constraint at the uppermost point of the pile. 

 

Excitation Properties 

A sinusoidal excitation is applied at the base of the liquefiable layer as discussed in 

chapter 4. As mentioned before, the change in the loading rate can have dramatic effects 

on the response of the liquefied soil. Therefore, it is examined by applying excitations 

with larger and smaller period compared to the basic analysis and the results are 

compared separately. 

 

 

 



 

 

Chapter 4 

Methodology of Numerical Analysis 

4.1. General  

In the present chapter the numerical model built to investigate pile response to lateral 

spreading loads is thoroughly described. The model makes use of the widely used 

commercial code FLAC3D (Itasca 2006). 

In addition, sand behaviour is modeled using an advanced constitutive model developed 

in NTUA(Papadimitriou and Bouckovalas, 2002; Andriauopoulos et al. 2010; 

Kavamitros, 2009). Hence, prior to the description of the numerical model, a brief 

description of the numerical code, as well as the constitutive model is given. 

Finally, typical results, by means of a basic analysis, are presented to verify the model’s 

capacity to capture basic response characteristics of the problem.      

 

 

 

 



Chapter 4: Methodology of Numerical Analysis 

62 

 

4.2. FLAC3D finite difference code 

FLAC3D (Fast Lagrangian Analysis of Continua) is a three-dimensional explicit finite-

difference program to study the mechanical properties of a continuous medium as it 

reaches equilibrium or steady plastic flow and is mostly used for geotechnical 

engineering computations. The material is modelled by polyhedral elements (or so-called 

“zones” in the program terminology) which are surrounded by a grid that can be adjusted 

to model the geometrical shape of the problem. Each zone behaves according to the 

defined constitutive model in response to the applied forces and boundary conditions. 

Some advantages that make this program suitable for the study of liquefaction related 

problems include: 

 It allows the yielding of the material and the grid can deform in large scale and 

therefore, large displacements and the plastic collapse of the material observed in 

liquefaction problems can be modelled accurately. 

 Unlike finite element model, no matrices are formed. Therefore, large three-

dimensional calculations can be made without excessive memory requirements.  

 It allows the modeling the fully coupled groundwater flow with dynamic effective 

stress analysis which is a prerequisite for the close studying of liquefaction related 

problems. 

 FLAC contains a programming language FISH, which allows the user to define 

his own functions. It can be utilized to introduce the desired input parameters 

along with the capability of controlling the desired output such as time-histories 

of the user-defined parameters, etc.  

 FLAC3D allows the introduction of the constitutive model written in C++ and 

compiled as Dynamic Link Libraries (DLL) which is three times faster than using 

the built-in programming language FISH. 
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4.2.1. Explicit finite difference method 

The finite difference method is primarily a numerical technique to find the solution of 

sets of differential equations having the initial and boundary values. In this method, each 

derivative in the set of governing equations is replaced by an algebraic expression in 

terms of field variables (i.e. stress, displacements, etc.) at discrete points in the space. It 

should be noted that unlike the finite element method, these parameters are not defined 

within the elements (or zones) in the finite difference method. 

Although it can be shown that the resulting differential equations of the two methods are 

identical, the way of their usage throughout the years has been different. In other words, 

in finite element programs, element matrices are often combined into large global 

stiffness matrix, while this is not carried out in finite difference method because it is more 

efficient to regenerate the differential equations at each step. Additionally, all the 

problems –even the static ones – are treated by the use of dynamic equations of motion 

basically in order to ensure that the numerical scheme is stable in case that the material 

being modelled undergoes physical instability in which the strain energy is converted into 

kinetic energy and is dissipated through radiation from the source. This phenomenon can 

be modelled directly since inertial terms are included in the equations of motion. The 

computations sequence of this method is shown in Figure 4.1. First, the equations of 

motion are used to derive the new velocities and displacements from stresses and forces. 

Then, from the velocities, strain rates are obtained and by the use of constitutive model, 

the stress rates are calculated based on strain rates. Finally, by having the stress rates, 

new stresses and forces are derived and a cycle is completed. Each complete cycle is 

called a timestep. 

It should be realized that each box in Figure 4.1 updates the grid values from previously 

known values that remain fixed while control is within the box. For example, the upper 

box (equations of motion) takes the stresses and forces already calculated, and computes 

the new velocities and displacements while the stresses are assumed to be frozen for the 

operation of the box. That is to say, the newly calculated velocities do not have any effect 
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working with systems that undergo high nonlinearities, large strain or physical instability, 

while the implicit method is efficient in modeling linear systems. Therefore, in modeling 

geotechnical problems and most specifically, liquefaction related problems where large 

nonlinearity exists and the system is prone to physical instability, the explicit finite 

difference method is the more effective one. 

4.3. NTUA-SAND constitutive model 

The NTUA-SAND model is a bounding surface, critical state, plasticity model with a 

vanished elastic region which is proposed by Papadimitriou et al. (1999, 2001, 2002) and 

modified by Andtianopoulos (2006). The key parameters of this model include: 

 

 The incorporation of the critical state theory of soil mechanics (Schofield & 

Wroth, 1968) and the use of state parameter ψ ൌ e െ eୡୱ to determine the shear 

behaviour (where e is the void ratio, and ecs the void ratio at the critical state with 

the same mean effective stress p (Been & Jefferies, 1985) which allows the 

simulation of the initial state with a single set of model parameters.  

 The formulation based on Ramberg-Osgood adapted for elastic strain increments. 

It can simulate the hysteretic behaviour of sands (i.e. decrease in the shear 

modulus and increase in the hysteretic damping with increase in cyclic shear 

strain (Vucetic & Dobry, 1991, Ishibashi & Zhang, 1993)) at low strain levels. 

 A vanished elastic region which increases the efficiency of the computational 

effort since it overcomes the need of iterative procedures to estimate the crossing 

point of the yield surface and ensure the consistency condition. It should be noted 

that this does not mean that the strain increments do not have any elastic 

component. Reversely, the elastic and plastic components continue to apply and 

therefore, the plastic component always exists even for small strain values. 
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 Introduction of an empirical index in order to simulate the effect of fabric 

evolution during shearing accurately, which allows the accurate estimation of the 

excess pore pressure build-up during liquefaction. 

The model requires the calibration of 13 dimensionless and positive constants for cyclic 

loading, among which 10 can be directly estimated from monotonic and cyclic tests, 

while the remaining 3constants need the trial and error scheme. Details regarding the 

constants calibration procedures can be found in Andrianopoulos et al. (2006). The 

calibrated aforementioned values for Nevada sand are presented in Table 4.1. 

 

Table 4.1: NTUA-SAND constants calibrated for Nevada sand 

Parameter Physical meaning Value 

Mc
c Deviatoric stress ratio at critical state in triaxial compression   1.25 

c Ratio of deviatoric stress ratios at critical state in triaxial extension  0.72 

Γcs Void ratio at critical state for p=1 kPa 0.910 

λ Slope of critical state in the [e-lnp] space 0.022 

B Elastic shear modulus constant 600 

υ Elastic Poisson’s ratio 0.33 

kc
b Effect of ψ on peak deviatoric stress ratio in TC 1.45 

kc
d Effect of ψ on dilatancy deviatoric stress ratio is TC  0.30 

γ1 Reference cyclic shear strain for non-linearity of elastic shear modulus 0.025% 

α1 Non-linearity of elastic shear modulus 0.6 

Ao Dilatancy constant 0.8 

ho Plastic modulus constant 15,000 

No Fabric evolution constant 40,000 
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4.4. Numerical Simulation of Pile in Laterally Spreading 

Ground  

In this paragraph, the numerical model which is implemented in FLAC3D is described in 

details. In order to study the effect of each of the parameters, two analyses were 

performed: one with the pile foundation and one without it in order to account for the 

free-field conditions (i.e. at the absence of the pile). This is done because in p-y method, 

in its conventional form, the displacement applied at the fixed-end of the p-y spring is, in 

most cases, estimated based on empirical relationships, like the ones presented in chapter 

3 in which the presence of a pile foundation embedded in the soil is not considered. The 

latter, however, has been found to affect the resulting displacement, a phenomenon 

termed in literature as “Pinning Effect”, extensively investigated by many researchers 

(e.g. Boulanger, 2005; Gonzalez & Abdoun, 2005). As it is shown in section 4.3, the p-y 

curves are constructed using both the boundary displacements of the model containing 

pile, and the displacements obtained by the second analysis (which we call it free-field 

analysis). 

The analysis is performed in two stages: 

 Generation of proper stress field for static equilibrium of the infinite slope. 

 Application of dynamic loading at the base of the model. 

 

4.4.1. Finite Difference Mesh 

The schematic of the mesh used in the numerical analysis is shown in Figure 4.2.The 

size as well as the discretization of the mesh is chosen based on the work previously done 

in the diploma thesis of Vasilis Papadopoulos (2010).  In the basic analysis, the thickness 

of the liquefied layer is equal to 8 meters (z direction) while the width of the soil is 

chosen to be 22m in the direction parallel to the inclination (x-axis) and 5m in the 

direction perpendicular to it (y-axis). The diameter of pile is 0.6 meters. It should be 
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Figure 4.4: Discretization of pile 

 

In soil, 20 zones are defined in the angular direction (n4) with a ratio of 1.15 between the 

subsequent zones. Consequently, the farther from the pile foundation, the less dense the 

discretization. 

Although the soil is assumed to have an inclination of 2 degrees, for numerical 

convenience the mesh is chosen to be horizontal and the inclination is modelled by a 

horizontal component of the gravitational force equivalent to the aforementioned 

inclination which is discussed in detail in 4.4.2. Initial Stresses. 

Interface Elements 

As the connection of pile and soil cannot be assumed to be rigid due to the possibility of 

slippage and separation of the two surfaces, interface elements are utilized to model the 

real situation. 

Prior to the excitation, large values of stiffness are assigned to the interface element in 

order to reach equilibrium easily. Additionally, the permeability is switched off for the 

interface in order to prevent the complete drainage of the water in the system through the 

interface between pile and soil. 
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During shaking, large stiffness values are preserved so that resulting soil pressures are a 

result of soil and net interface deformation. Furthermore, since the soil modeled is 

cohesionless, no cohesion is specified (cint = 0), while the friction angel is set equal to the 

half of the friction angel of the soil. This value is widely used for piles in sandy soils. 

Soil and Pile Properties 

The 8 meter soil layer corresponds to a uniform Navada Sand deposit with Relative 

Density, Dr=50%. For this Relative Density, the permeability is equal to k=6.1e-5 m/s, as 

obtained from constant-head permeability tests (Arumoli et al.; 1992). Basic Navada 

Sand characteristics are summarized in Table 4.1. Navada Sand response was simulated 

using the NTUA- Sand model described earlier. 

The pile was assumed to have a diameter D=0.6 m and a yielding a flexural stiffness 

EI=8000 kN.m2. An elastic model was assumed for the pile, as pile failure is not 

considered as an acceptable design case in the current investigation.     

 

 

 

 

 

 

 

 



Chapt

 

4.4.2

As m

degre

Figur

The h

݃௭ ൌ

݃௫ ൌ

Wher

 

 

er 4: Methodol

2. Initial S

mentioned be

ee inclined g

re 4.5: Sche

horizontal an

݃. cos 2௢ ൌ

݃. sin 2௢ ൌ

re: g Gr

gx Eq

gz Eq

logy of Numer

Stresses 

efore, the 2 

gravitational 

ematic of the

nd vertical co

ൌ 9.81 ൈ cos

ݏ/݉ 0.342

ravitational A

quivalent Ho

quivalent Ve

rical Analysis 

degree incli

vector as sh

e initial stres

omponents o

s 2௢ ൌ 9.804

ଶ 

Acceleration

orizontal Gra

ertical Gravit

72 

nation is mo

hown in Figu

ses 

of the gravita

 ଶݏ/݉ 4

 

n 

avitational A

tational Acc

gz

odeled by a 

ure 4.5. 

ational accel

Acceleration

celeration 

g

gx 

horizontal m

leration are c

 (4

 (4

mesh and a 

calculated as

4.1) 

4.2) 

2 

s: 



Chapter 4: Methodology of Numerical Analysis 

73 

 

The level of water ground is assumed to be 1 meter above the surface in order to maintain 

full saturation during the shaking. Apart from that, in order to keep equilibrium of water 

in static condition and prevent flow of water, the water surface is assumed to have an 

inclination of 2 degrees as shown in Figure 4.5.  

It should be mentioned that in FLAC3D, total stresses (rather than effective stresses) are 

specified as initial stresses. In order to assign the initial stresses of the whole model, the 

normal and shear stresses at a specific point should be given to the software and the 

values at other parts of the model are assigned by applying the rate of change of stresses 

with respect to each of the Cartesian coordinates. Point “O” in Figure 4.5 is assumed as 

the basis and the values are calculated as the following: 

௦௔௧ߛ ൌ ሺߩ ൅ ݊ሻ. ݃௬ ൌ ሺ1.543 ൅ 0.411ሻ ൈ 9.804 ൌ  ଷ  (4.3)݉/ܰܭ  19.157

ௗ௥௬ߛ ൌ 19.157 െ 9.804 ൌ 9.353 kN/m3     (4.4) 

Where: ߛ௦௔௧ Saturated Unit Weight  

 Density ߩ 

 n porosity 

 ௗ௥௬ Dry Unit Weightߛ 

Therefore, the vertical total stress at point O can be found by adding the effective stress 

and pore pressure, noting that the column of water on this point has a depth equal to the 

depth of the soil (8m) plus one extra meter added by the contribution of the inclination as: 

݄ݐ݌݁݀ ൌ 8 ൅ 1 ൅ 11 tan 2 ൌ 9.384 ݉ 

௭௭ߪ ൌ െሺߪᇱ
௭௭ ൅ ሻݑ ൌ െ8 ൈ 9.353 െ 9.384 ൈ 9.804 ൌ െ166.82 kPa  (4.5) 

Note that, according to FLAC’s sign convention, negative stresses correspond to 

compression.  
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The gradient is equal to - 0.342, 0 and 19.157 in x, y and z directions respectively. In 

order to calculate the horizontal normal stresses, Rankine at-rest lateral coefficient is 

utilized: 

଴ܭ ൌ 1 െ sin ߮ ൌ 1 െ sin 35 ൌ 0.426      (4.6) 

௫௫ߪ ൌ ௬௬ߪ ൌ െሺܭ଴. ᇱߪ
௭௭ ൅ ሻݑ ൌ െ121.93 kPa     (4.7) 

Where: ܭ଴  Rankine at-rest lateral coefficient 

 ߮ Soil Friction Angel 

Which have a gradient of - 0.342, 0 and 13.55 in x, y and z directions respectively. Due 

to the inclination of the soil, the shear stress ߪ௫௬ also exists which is necessary to 

equilibrate the horizontal gravity component. It can be calculated as: 

௫௬ߪ ൌ .ௗ௥௬ߩ ݃௫. ܪ ൌ ሺ0.954 ൈ 0.3424 ൈ 8ሻ ൌ 2.612 kPa    (4.8) 

It is obvious that the shear stress has a variation only in z direction which is equal to 

.ௗ௥௬ߩ ݃௫ ൌ 0.3265         (4.9) 

 

4.4.3. Boundary Conditions 

Two different kinds of boundary conditions are used in the static equilibrium phase and 

the subsequent excitation. In the former, the simple fixities of the boundary in the desired 

directions are used. This includes the fixity of the horizontal plane at the bottom of model 

(z=0 plane) in x, y and z direction. The vertical planes at x=-11 and x=11 meters are 

restrained in x and z directions. It should be noted that the fixity in z direction is because 

of the inclination of the model which is applied by the component of gravity in x 

direction and finally the two vertical planes at y=0 and y=5 are fixed in y direction. 
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During the excitation, on the other hand, while the horizontal displacements in the 

lowermost plane of the model are restrained in order to simulate the rigid bedrock 

conditions, Tied-node condition is used for the lateral boundaries of the model. In order 

to achieve this, a FISH function is used which imposes the same velocities at nodes of the 

same elevation. This method is considered as a numerical simulation of laminar box 

which is mostly used in dynamic tests and has been used extensively in the analysis of 

liquefaction related problems (eg. e.g. Ghosh & Madabhushi, 2003, Elgamal et al, 2005, 

Liu & Song, 2005 and ohers). 

 

4.4.4. Excitation 

For the basic analysis, the input acceleration applied at the base of the model consists of a 

sinusoidal time history with a period of 0.3 seconds and an amplitude of amax=0.2g as 

shown in Figure 4.6. It can be seen that shaking has 10 cycles with the maximum 

acceleration and 2 cycles in the increasing and the diminishing part which overall forms 

14 cycles which lasts for 4.2 seconds. The implementation of the excitation is performed 

by FISH, which is a built-in programming language of the FLAC and FLAC3D as 

mentioned before. 

The initial cycles of increasing amplitude are essential to ensure that applied motion is 

baseline corrected (leaves no residual displacement at the base of the model after 

shaking). Response of the system is recorded by means of acceleration, pore pressure 

ration (ru), displacement (y) and soil reaction (p) timehistories. The latter are calculated 

through a FISH function, for various depths, based on the stresses at the nodes of the 

interface elements.    
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Figure 4.6: Time history of the applied excitation at the base of the model 

 

4.2.5. Free-field Analysis  

As mentioned earlier, an additional dynamic analysis that does not involve a pile 

foundation is also performed. Numerically, this is achieved using the exact same model 

described previously, but leaving out the installation of the pile and the interface 

elements.   
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4.3. Typical Results 

In order to obtain a thorough understanding of the behaviour of pile and the liquefied soil, 

time-histories of different parameters are kept at different depths and in different 

distances from the pile both in upstream and downstream of the pile. These include the 

excess pore pressure build-up which presented by means of the “excess pore pressure 

ratio, ru” concept. It is defined as the ratio of the excess pore pressure at any instance 

divided by the initial effective stress. It is apparent from the definition that if ru equals 

unity, full liquefaction has occurred and the effective stress is equal to zero. 

௨ݎ ൌ
∆௨

ఙೡ೚
ᇲ         (4.10) 

Typical results are presented here for the basic analysis, the soil, excitation and pile 

properties of which are presented in Table 4.2. It should be noted that the soil properties 

used in all analyses are that of Nevada sand and just the permeability and the relative 

density are changed in parametric analysis. 

 

Table 4.2: Soil, excitation and pile properties in the basic analysis  

Soil 

Properties 

Relative Density (Dr) 50% 

Permeability (k) 6.1e-5 m/s 

excitation 

properties 

Amplitude 0.2g 

Period (T) 0.3 sec 

Pile 

Properties 

Diameter (D) 0.6 m 

Stiffness (EI) 8000 KNm2 
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The results are presented hereafter: 

1. Contours of horizontal displacement and the excess pore pressure at the end of 

shaking are shown in Figure 4.7 a and b respectively. From the first one, for instance, 

the deformation of the pile and the boundaries can be seen which shows that the pile 

acts as a cantilever while the displacements in the boundaries don’t follow that of the 

pile. The second graph shows the contours of excess pore pressure build up at the end 

of the shaking which shows that apart from some areas close to the pile, complete 

liquefaction has occurred. Close to the pile, large dilation is observed as a result of 

lateral stress reduction and large shear straining.  
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Figure 4.7: Contours of a) Horizontal Displacement, y  and b) excess pore pressure ratio, 

ru at the end of shaking 

 

2. Profiles of lateral horizontal displacement at end of shaking are shown in Figure 4.8. 

The graph consists of 3 plots: the profile of the pile displacement, displacements at 
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the boundary of the model containing pile and the displacements obtained by the free-

field analysis. It is clear from the figure that the “pinning effect” which is discussed 

earlier, is profound: it has decreased the maximum free-field displacements from 

approximately 0.2 m to about 0.15 m. It should be noted that it is more profound near 

the ground surface where pile displacements are larger. 
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Figure 4.8: Profile of lateral displacements at the end of shaking 

 

3. Time-histories of the excess pore pressure ratio: the time histories are plotted in 3 

depths: 0.75m, 3.25m and 6.25m from the ground surface at the following locations: 

3.1. Near field-Upstream: Very close to the pile (in the finite difference zone next to 

the pile) in the upstream of the lateral displacement (i.e. x<0) and very small y 

component (0.1m). 

3.2. Near field-Downstream: As previous one but one the other side (x>0)  

3.3. Far field-With pile: is in a point away from the pile in order to simulate free-

filed excess pore pressure build up (x=8.86, y=0.1m) 

3.4. Far field-Without pile: is the excess pore pressure build-up in the free-field 

analysis (i.e. analysis without pile) 
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The aforementioned figures corresponding to the basic analysis are shown in Figure 4.9. 

It can be observed that in complete liquefaction has occurred in the free-field after about 

0.5 seconds of the excitation, with transient drops in the excess pore pressure ratio (ru) as 

a result of dilation. The results are quite similar for the two cases of analysis with and 

without the pile. However, large dilation has occurred near the pile especially in shallow 

depths for both upstream and downstream of the pile. 
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Figure 4.9: Time-histories of excess pore pressure ratio throughout the soil layer 
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4. P-y curves: P-y curves are plotted with the use of time-histories recorded at different 

depths. Therefore, the curves are provided for depths equal to 0.5, 1.5, 2.5, … ,7.5 

meters. 

As mentioned before, two sets of p-y curves are provided: one with respect to the relative 

lateral displacement taking into account the boundary displacements of the analysis with 

the pile, and one using the displacements obtained by the analysis without the pile as the 

reference to find the relative displacements. The results are plotted together with the 

static p-y curves. The latter have been obtained numerically, using the same mesh 

configuration and soil and pile properties, as part of the diploma thesis of Vasilis 

Papadopoulos (2010).   

These results are plotted in  

Figure 4.10 and Figure 4.11 for the basic analysis. The following observations are made 

from these figures: 

 Large degradation of the ultimate soil capacity has occurred as a result of 

liquefaction which is more significant at larger depths.  

 Despite the transient ups and downs within each cycle, an overall softening 

response is observed in the liquefied p-y curves.  

 Normally, the dynamic p-y curves reach their ultimate values at relatively small 

displacements compared to the static curves. 
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Figure 4.10: Static and Dynamic p-y curves using boundary displacements 
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Figure 4.11: Static and Dynamic p-y curves using free-filed displacements 
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5. Normalized p-y curves: In order to have a magnitude of degradation of the p-y curves 

as a result of lateral spreading, normalized p-y curves over the static curves are 

presented. To reach this end, the dynamic p-y curves are divided by the value of the 

static ones in the corresponding displacement – not the ultimate load. Like the 

previous graphs, they are plotted both against the boundary displacements and the 

free-field displacements. This type of comparison emanates from the fact that, as 

discussed in chapter 3, liquefaction effect on p-y curves are treated in design method 

by means of a coefficient factor called mp multiplier.  

Since the ratios got large values at small displacements, the logarithmic scale is used 

for the vertical axis which leads to a clearer view over both the initial values and also 

the values at large displacements. The results for the basic analysis are shown in 

Figure 4.12 and Figure 4.13 

.  

Two basic trends can be observed in the values of mp multiplier: 

 Firstly, the values of mp multiplier are larger for small depths and decrease 

with the increase in the depth of soil. It can be explained by the fact that 

dilation is larger in shallow depths which can be concluded from negative 

values of ru in those areas. This causes soil to be stiffer in these areas and 

provide larger lateral resistance. In larger depths, however, liquefaction is 

more complete and smaller p values are observed. 

Secondly, the mp multiplier gets smaller values with increase in the relative 

displacements. The reason can be explained as the following: These graphs are the 

result of dividing the dynamic curves by the static ones ( 

 Figure 4.10 and Figure 4.11) and as discussed earlier, the liquefied curves 

reach their ultimate values in smaller relative displacements while the static 

curves continue to rise until large relative displacements. Consequently, 

dividing these two graphs at equal depths means dividing relatively constant 

values (liquefied / dynamic) by an increasing curve (static). Therefore, as the 

relative displacements increase, the values of the values of mp multiplier 

decrease. 
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Figure 4.12: Normalized p-y curves using boundary displacements 
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Figure 4.13: Normalized p-y curves using free-field displacements 
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4.4. Parameters to be examined 

Based on the literature review, a number of parameters are chosen for the parametric 

analysis since FLAC3D allows the modification of a variety of parameters.  

As mentioned before, the soil sample is modelled to represent the properties of Nevada 

sand. The relative density and the permeability are the parameters that are included in the 

parametric analysis. The Relative Density of 30% and 90% are examined while different 

approaches are examined to include the effect of soil permeability which is discussed in 

details in chapter 5. 

For the excitation, the effect of period is examined using excitations with periods of 0.1 

and 0.5 seconds. More details are presented in chapter 5. 

And finally, the effects of some properties of the pile foundation are examined. To 

achieve this end, a pile with a large value of stiffness replaced the basic one. Apart from 

that, the effect of pile installation method is examined by changing the stress properties 

of an area close to pile in order to simulate driven piles. The effect of head constraint is 

also examined by imposing fixity at the uppermost point of the pile. Piles with different 

diameters are also examined, one larger and one smaller that the basic. The overall 

overview of the parametric analysis is summarized in Table 4.3. The shaded areas in 

table depict the specific parameter that is examined in each analysis. 
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Table 4.3: Parametric analysis layout 

Dr (%) D (m) EI (kNm2) T (sec) Installation k (m/sec) head fixity 

50 0.6 8000 0.3 NO 6.10E-05 NO 

30 0.6 8000 0.3 NO 6.10E-05 NO 

90 0.6 8000 0.3 NO 6.10E-05 NO 

50 0.4 8000 0.3 NO 6.10E-05 NO 

50 1 8000 0.3 NO 6.10E-05 NO 

50 0.6 1000000 0.3 NO 6.10E-05 NO 

50 0.6 8000 0.1 NO 6.10E-05 NO 

50 0.6 8000 0.5 NO 6.10E-05 NO 

50 0.6 8000 0.3 YES 6.10E-05 NO 

50 0.6 8000 0.3 NO 6.10E-04 NO 

50 0.6 8000 0.3 NO 2.10E-05 NO 

50 0.6 8000 0.3 NO 0 NO 

50 0.6 8000 0.3 NO k(ru) NO 

50 0.6 8000 0.3 NO 6.10E-05 YES 

  

 

 



 

 

 

 

Chapter 5 

Effect of Soil and Excitation Characteristics on 

Liquefied p-y Response 
 

5.1. General  

In this chapter the effect of parameters that correspond to soil or excitation is 

investigated. These parameters include: 

 Soil Relative Density, Dr 

 Soil Permeability, k 

 Excitation period, T 

In the following sections, the results of each parameter analysis will be discussed 

separately. In addition, in each part, the modifications that should be done in the input 

file in order to take into account the effect of each parameter will be described clearly.  

5.2. Effect of Relative Density, Dr 

The relative density of soil in the basic analysis is equal to 50%. In order to observe 

the effects of relative density on the liquefied p-y response, two different models with 

relative density of 30% and 90% are considered.  

Since there is a relation between relative density and void ratio, in order to change the 

value of soil relative density in the constitutive model, the value of void ratio is 

changed. Relation between relative density and void ratio is as follows: 
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௥ܦ ൌ
௘೘ೌೣି௘

௘೘ೌೣି௘೘೔೙
        (5.1) 

Where: ܦ௥ Soil relative density 

 e Soil current void ratio 

 ݁௠௔௫ Soil void ratio at its loosest condition 

 ݁௠௜௡ Soil void ratio at its densest condition 

In the constitutive model the maximum and minimum void ratio,  ݁௠௔௫ and ݁௠௜௡, are 

equal to 0.887 and 0.511 respectively, values that correspond to Nevada sand. 

The current void ratio which is defined as m_void  in the input file, corresponds to 

relative density equal to 50%. This value is equal to 0.699: 

0.5 ൌ
0.887 െ ݁

0.887 െ 0.511
    ՜    ݁ ൌ 0.699 

Therefore, by the aid of this formula we can calculate the corresponding value of void 

ratio to the desired relative density: 

௥ܦ ൌ 30%    ՜    0.3 ൌ
0.887 െ ݁

0.887 െ 0.511
    ՜    ݁ ൌ 0.774 

௥ܦ ൌ 90%    ՜    0.9 ൌ
0.887 െ ݁

0.887 െ 0.511
    ՜    ݁ ൌ 0.549 

Figure 5.1 compares the profile of lateral displacement in each analysis which 

reasonably indicates that when the soil is denser, smaller lateral displacement occurs. 

As a result, the displacement of the pile is also smaller in this case. Also large 

differences are observed between the free-field displacements, as they are calculated 

from the analyses with and without the pile. Namely the analysis with the pile yields 

displacements which are in some cases 1.8 times larger. 
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Figure 5.1: Effect of soil relative density on the profile of lateral displacement of a) 

pile, b) boundary and c) free-field at the end of shaking 

The large lateral displacements in the soil with Dr=30% causes dilation in soil and 

therefore large negative excess pore pressure is developed in the vicinity of pile, both 

in upstream and downstream, as shown in Figure 5.2 and it is more significant in 

shallow depths.  
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Figure 5.2: Effect of soil relative density on pore pressure build-up near the pile at a) 

upstream and b) downstream.  

The ru build-up in the free-field is depicted in Figure 5.3. It shows that the overall 

response is quite similar and complete liquefaction has occurred in all the analyses 

within 0.5 seconds after the start of excitation. The only significant point is the large 

dilation spikes developed in the sample with relative density equal to 90%. The reason 

can be explained by taking into account the critical state theory: when void ratio is 

smaller, soil is more likely to transform from contractive behavior to dilative.  

Therefore, this sample tends to undergo drops in the excess pore pressure ratio. The 

same thing – but less sever – occurs in the basic analysis while in the loose sand 

(Dr=30%) the figure is the most smooth one. 
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Figure 5.3: Effect of soil relative density on pore pressure build-up at free-field a) 

with pile and b) without pile. 

Figure 5.4 and Figure 5.5 compare the dynamic p-y curves for the three analyses. 

Namely in Figure 5.4 soil subgrade reaction is plotted for various depths as a function 

of the relative displacement between the free-filed displacement (as obtained from the 

analysis with the pile) and the pile displacement. On the other hand, in Figure 5.5 

relative displacement is defined in terms of the free-filed displacement as obtained 

from the analysis without the pile.  

These figures indicate that the relative displacement of the pile has a reverse 

dependency on the relative density. In the loose sand (Dr=30%), as a result of the 

negative pore pressure build-up in the loose sand which is an indicative of large 

dilation, larger lateral loads are applied specially in large relative displacement. The 

basic sample (Dr=50%) stands in between and the dense sand with relative density 

equal to 90% yields the smaller resistance for all relative displacements.  
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Figure 5.4: Effect of soil relative density on dynamic p-y curves throughout the soil 

layer (using boundary displacements)   
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Figure 5.5: Effect of soil relative density on dynamic p-y curves throughout the soil 

layer (using free-field displacements)   
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The normalized p-y curves are shown in Figure 5.6 and Figure 5.7. As mentioned in 

chapter 4, in order to have a clearer view over the reduction multiplier, the cyclic 

component is filtered out as much as possible.  

It can be seen from the figures that mostly in shallow depths, the values of the 

pressure are larger in the case of loose sand which can be a consequence of the 

aforementioned negative pore pressure build-up in the regions near the pile. In larger 

depths, however, the values are less predictable and are quite close to each other. 
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Figure 5.6: Effect of soil relative density on normalized p-y curves throughout the 

soil layer (using boundary displacements 
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Figure 5.7: Effect of soil relative density on normalized p-y curves throughout the 

soil layer (using free-field displacements) 

Overall, from the analyses regarding the effect of soil relative density the following 

observations are done: 

 All the displacement components (pile, boundary and free-field) decrease with 

increase in soil relative density Dr. 

 Complete liquefaction occurred in free-field in all of the analyses with dilation 

spikes that are more significant for models with larger relative density. 

 The time-histories of excess pore pressure ratio near the pile indicate large 

dilation which is not reasonable especially for the model with Dr=30%. 

 As a result of large dilation, soil reaction is large for Dr=30%, with Dr=50% 

following and Dr=90% yielding the smallest resistant almost in all relative 

displacement ranges. 
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Based on the results, the authors concluded that the best agreement is seen when 

permeability is expressed as a function of the excess pore pressure ru. A simple power 

function was proposed for the increase in the permeability during the build-up state 

(i.e. before complete liquefaction ru < 1.0): 

௞್
௞೔
ൌ 1 ൅ ሺߙ െ 1ሻ ൈ ௨ݎ

ఉభ          (5.2) 

For the decrease in permeability during dissipation phase two cases were considered: 

a) Permeability drops immediately after the full liquefaction is finished; and b) it 

starts to decrease during the time of full liquefaction. Expressions (5.3) and (5.4) were 

proposed according to assumptions a and b respectively: 

 

௞

௞೔೙೔
ൌ ቊ

ߙ ௨ݎሺ ݁ݐܽݐݏ ݂݀݁݅݁ݑݍ݈݅ ݊݅ ൌ 1.0ሻ

1 ൅ ሺߙ െ 1ሻ ൈ ௨ݎ
ఉమ   ௨ݎሺ ݁ݏ݄ܽ݌ ݊݋݅ݐܽ݌݅ݏݏ݅݀ ݊݅ ൏ 1.0ሻ

  (5.3) 

 

௞

௞೔೙೔
ൌ ൞

ߙ ଵݐ ݎ݋݂ ൏ ݐ ൏ ଶݐ

1 ൅ ሺߙ െ 1ሻ ቀ
௧యି௧

௧యି௧మ
ቁ
ఉమ  

ଶݐ ݎ݋݂ ൏ ݐ ൏ ଷݐ
1.0 ଷݐ ݎ݋݂ ൑ ݐ

    (5.4) 

 

 

A schematic representation of the proposed functions is shown in Figure 5.9. These 

functions have been implemented in the analysis through a FISH function which 

allowed the permeability to vary both in time and space. 
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Figure 5.10: Effect of soil permeability on the profile of lateral displacement of a) 

pile, b) boundary and c) free-field  

Figure 5.11 indicates the negative pore pressure build-up near the pile and a number 

of facts can be concluded from it. 

In the analysis with smaller permeability, ru gets larger negative values compared to 

the other analyses. This is mainly due to the fact that when permeability is larger, 

water can come from free-field to dissipate the negative pore pressure, whereas in the 

case of low permeable sample, this phenomenon does not occur and the excess pore 

pressure ratio continues to get larger negative values. Large negative excess pore 

pressure ratios are more significant at shallow depths and it is less considerable in 

larger depths. 

Another interesting fact is that the results for the basic analysis are highly similar to 

the variable permeability analysis. Except for the shallow depth, the two figures are 

approximately identical which shows that taking into account the variable 

permeability does not alter the outcome significantly. Therefore, large computational 

cost of this kind of analysis is not justifiable.  

The time-history of pore pressure ratio in the undrained analysis is not what we expect 

in some depths. Logically, it should have a downward trend towards large negative 

values due to large dilation as visible in some depths in Figure 5.2. But in the small 

depths, after reaching a dip at the beginning of shaking, it bounces back and starts to 

increase to values near 0 at the end of excitation. The reason might be the fact that 
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assuming zero permeability in soil does not illustrate the real behavior of the liquefied 

layer because minor flow of water exists even if the permeability is so small. In other 

words, in this case, minor flow of water throughout the layer is neglected, which is 

determinant in the pore pressure build-up and consequently the response of the pile. 

Based on these considerations, the results of this analysis are not shown in the 

comparative figures of the p-y curves.  
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Figure 5.11: Effect of soil permeability on pore pressure build-up near the pile at a) 

upstream and b) downstream.  

According to Figure 5.12, the difference in the excess pore pressure ratio in the free-

field is less significant. However, large dilation spikes are observed in samples with 

low permeability especially in shallow depths due to larger displacements. 
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Figure 5.12: Effect of soil permeability on pore pressure build-up at free-field a) with 

pile and b) without pile. 

As mentioned before, development of large negative pore pressure ratio in the low 

permeable soil causes large lateral resistance. Therefore, as indicated in Figure 5.13 

and Figure 5.14, the soil with lower permeability provides larger values in the p-y 

curves. The differences are significant in middle depths but negligible in very shallow 

and very large depths.  

Apart from that, the lateral resistance of the sample with variable permeability is quite 

similar to the analysis with constant permeability coefficient in most of the depths 

measured while smaller relative displacement is observed. 
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Figure 5.13: Effect of soil permeability on dynamic p-y curves throughout the soil 

layer (using boundary displacements)   
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Figure 5.14: Effect of soil permeability on dynamic p-y curves throughout the soil 

layer (using free-field displacements)   
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Figure 5.15 and Figure 5.16 show the p-y curves normalized with the static values 

which can be an indicator of the reduction multiplier mp after filtering the cyclic 

components. It can be observed that the sample with small permeability yields larger 

normalized values compare to the others as a result of aforementioned negative pore 

pressure build-up. The difference with the other analyses is quite significant in most 

of the depths. Another important observation is close figures for variable and basic 

analysis in approximately all relative displacement ranges.  
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Figure 5.15: Effect of soil permeability on normalized p-y curves throughout the soil 

layer (using boundary displacements)   
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Figure 5.16: Effect of soil permeability on normalized p-y curves throughout the soil 

layer (using free-field displacements)   

Overall, the following facts can be concluded from the analyses regarding the soil 

permeability: 

 Permeability is quite determinant in the response of the pile in laterally 

spreading ground. In other words, piles embedded in low permeable 

liquefiable soil are subjected to larger lateral loading especially in middle 

depths. 

 The lateral displacements in the liquefied soil and the pile are reversely 

related to permeability: the smaller the permeability, the larger the lateral 

displacements 

 Applying the permeability as a function of excess pore pressure seems to have 

negligible effect on the response and is not recommended. 

 Assigning zero permeability to soil (switching off the flow in the numerical 

analysis) are far from the reality and does not provide logical results since the 

inevitable flow of water throughout the liquefied soil layer during the 

excitation has significant impacts on the response and cannot be neglected. 
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5.4. Effect of excitation period 

The effect of period of excitation on the liquefied p-y response has been evaluated by 

performing two different analyses with small and large period excitations, T=0.1s and 

T=0.5s respectively.  

In the analysis for the T=0.1s, as the total duration for excitation with 14 cycles is 

equal to 1.9 sec which is relatively small for clear observation and comparison, the 

number of cycles has been increased to 42 cycles in order to reach the same overall 

duration of the excitation which is equal to 4.7 sec (by adding 0.5 seconds of no 

excitation at the beginning). However, after approximately 4 seconds the soil becomes 

unstable and responds strangely as Figure 5.17 and Figure 5.18 show. To be more 

precise, the excess pore pressure gets unacceptable large negative values after this 

time and the calculated p-y curves become unreasonably large (as shown in Appendix 

A).  
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Figure 5.17: Profile of lateral displacements at the end of shaking 
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Figure 5.18: Time-histories of excess pore pressure ratio near the pile and at free-

field 

In the other analysis which is the evaluation of effect of large period (T=0.5s), the 

similar problem occurs after about 4 seconds as it is shown in Figure 5.19 and Figure 

5.20.  
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Figure 5.19: Profile of lateral displacements at the end of shaking 
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Figure 5.20: Time-histories of excess pore pressure ratio near the pile and at free-

field 
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In order to make the comparison possible, all the figures – the time-histories of excess 

pore pressure and p-y curves and the profile of displacements – are plotted for the 

data in the first 3 seconds of the excitation and shown in the following figures. The 

reason is that at this moment the relative displacements are fairly equal for all of the 

analyses at corresponding depths as it is shown in Figure 5.21. 

0 0.04 0.08 0.12 0.16

y (m)

8

7

6

5

4

3

2

1

0
0 0.04 0.08 0.12 0.16

y (m)

8

7

6

5

4

3

2

1

0
0 0.04 0.08 0.12 0.16

y (m)

8

7

6

5

4

3

2

1

0

d
e

p
th

 (
m

)

T=0.3s

T=0.5s

T=0.1s

(a) (b) (c)
Figure 5.21: Effect of excitation period on the profile of lateral displacements of a) 

pile, b) boundary and c) free-field 

Figure 5.22 which compares the excess pore pressure ratios near the pile, indicates 

that large negative excess pore pressure is developed in the low period excitation 

while the response for T=0.3s and 0.5s are similar. The reason seems to be based on 

the fact that when the loading rate is high, the water in the free-field does not find 

enough time to travel to the near the pile zone and dissipate the negative pressure 

which causes ever-increasing negative pore pressure beside the pile foundation. While 

in the other two analyses, the larger period allows the dissipation of negative pore 

pressure and makes the soil more homogenous. Again, the process is more significant 

at shallow depths where ru gets values of the order of -10 at t=3 sec while in z=6.25 m 

it reaches zero only.  
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Figure 5.22: Effect of excitation period on pore pressure build-up near the pile at a) 

upstream and b) downstream 

In the free-field, on the other hand, full liquefaction (i.e. ru =1) occurs for T=0.1s with 

negligible dilation spikes while moderate and large spikes are observed for T=0.3s 

and 0.5s respectively (Figure 5.23). The reason is that when the period is larger, 

larger displacements occur in each cycle which lead to dilation and therefore, larger 

spikes. 
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Figure 5.23: Effect of excitation period on pore pressure build-up at free-field a) with 

pile and b) without pile 

Based on what was mentioned regarding the pore pressure build-up in the liquefied 

layer, the difference in the dynamic p-y curves can be explained. The large negative 

pore pressure developed in the analysis with T=0.1 sec makes soil stiffer and the 

stiffer soil provides stronger lateral resistance as shown in the following figures. The 

difference is more dramatic in shallow depths. Apart from that, the lateral force tends 

to increase continuously in this case while in the other two analyses, it reaches a 

plateau soon after the start of the excitation.  

The results of the large period excitation are quite similar to the basic. It means that, 

the excess pore pressure either near the pile or in free-field are very close to each 

other at most of the places in these two analyses. Consequently, the p-y curves for 

both analyses are similar in corresponding depths.  
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It seems that at T=0.3s and the permeability coefficient equal to 6.1e-5 m/s, enough 

time exists for water to travel from free-field and dissipate the negative pore pressure. 

Therefore, in larger periods (in here T=0.5 s) the same phenomena occurs and the 

effect will be negligible.  

Consequently, for a soil sample with specific permeability, there should be a threshold 

of the excitation period from which the influence becomes considerable. In other 

words, for instance, if the permeability coefficient was lower, T=0.5s could probably 

change the situation and help in the dissipation of the negative pore pressure, resulting 

in different p-y multiplier. 
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Figure 5.24: Effect of excitation period on dynamic p-y curves throughout the soil 

layer (using boundary displacements) 
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Figure 5.25: Effect of excitation period on dynamic p-y curves throughout the soil 

layer (using free-field displacements) 

According to Figure 5.26 and Figure 5.27, the normalized dynamic p-y curves get 

larger values for T=0.1s at smaller depths as a result of the aforementioned reasons 

while the two other figures give approximately similar results. 

Another property of the normalized p-y curves is that for the smaller periods, the 

fluctuations are less. While in most of the depths, the figure for T=0.1s remains 

relatively stable during the excitation, moderate and large variations are observed for 

T=0.3s and T=0.5s respectively.  
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Figure 5.26: Effect of excitation period on normalized p-y curves throughout the soil 

layer (using boundary displacements)  
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Figure 5.27: Effect of excitation period on normalized p-y curves throughout the soil 

layer (using free-field displacements) 
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Overall, the following facts can be obtained from studying the effect of excitation 

period: 

 Large frequency excitation (i.e. small period) causes large negative pore 

pressure ratios in the vicinity of pile leading to an increase in the lateral force. 

 Liquefiable soil subjected to large excitation period undergoes smaller lateral 

displacements. The same pattern is observed for the pile. 

 There seems to be an upper bound to the excitation period’s effect on the p-y 

response of the pile in liquefied soil which is a function of soil permeability. 

Therefore, the effect of shaking period and soil permeability are not 

independent and should be studied simultaneously. 
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Chapter 6 

Effect of pile characteristics on liquefied p-y 

response 
 

6.1. General 

In this chapter the effects of parameters that correspond to pile are evaluated. These 

parameters are: 

 Pile Diameter, D 

 Pile Stiffness, EI 

 Pile Installation Method 

 Head Constraint 

In the following, the results of analysis for each parameter will be discussed in 

separate paragraphs. Additionally, in each part, the modifications that should be done 

in the input file in order to take into account the effect of each parameter will be 

described clearly. 
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6.2. The effect of pile diameter  

In this part, the effect of diameter of pile is evaluated by doing two analyses 

corresponding large and small diameter, 1 m and 0.4 m respectively. 

In order to keep the ratios of the mesh size over the pile diameter constant, the length 

of pile and mesh dimensions have been changed by the same ratio. In other words, 

instead of 11 m* 5 m* 8 m finite difference mesh, in large and small diameter 

analyses the dimensions have changed to 18.5 m *8.3 m *13 m and 7.15 m * 3.25 m* 

5 m respectively. Apart from that, the Young modulus of pile is changed in a way that 

the overall stiffness of pile (EI) is remained constant. As the diameter of pile changes 

the moment of inertia with a power of 4 in a circle (ܫ ൌ గ௥ర

ସ
), for the large diameter 

the Young modulus is divided by ቀ
ଵ.଴

଴.଺
ቁ
ସ
ൌ 7.716 and for the small diameter by 

ቀ
଴.ସ

଴.଺
ቁ
ସ
ൌ 0.198. 

The depths, at which the time-histories of excess pore pressure ratio are kept, are also 

changed with the same ratios. The time-histories of lateral resistance and the 

displacements – that are used for the construction of p-y curves – are kept at each 1 

meter throughout the layer for all of the analyses. Therefore, two type of comparison 

are made: one with comparing the same depths in each analysis, which is applicable 

for depths up to 4.5 m; and one with comparing depths with roughly the same z/h 

ratio. For instance, the depth of 2.5 m in the analysis of 0.4 m diameter pile is 

compared to 3.5 m in the basic and 6.5 m in the large diameter pile. The two sets of 

comparative figures are presented in the following pages. 

The profiles of lateral displacements are shown in Figure 6.1. As it could be 

predicted, the displacements are larger for the larger samples. For free-field 

displacements, it is justifiable by many proposed empirical equations (Hamada et al., 

1986, 1987; Aydan et al., 2005; Valsamis et al., 2010) which state that the thickness 

of the liquefied layer plays an important role in the final lateral displacement. 

Consequently, the displacements of pile follow the same pattern.  
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Figure 6.1: Effect of pile diameter on the profile of lateral displacements of a) pile, b) 

boundary and c) free-field 

 

The time-histories of excess pore pressure ratio are near the pile and in the free-filed 

are shown in  

Figure 6.2 and  

Figure 6.3 respectively. Complete liquefaction has occurred in free-field for all of the 

analyses soon after the start of the excitation with moderate dilation spikes. On the 

other hand, different response is observed near the pile. The most significant point is 

the development of large negative excess pore pressure near the surface in the 

analysis with large diameter. It can be due to the fact that due to the large size of the 

pile, the travel distance of water is longer compared to the other analyses and cannot 

dissipate the negative pore pressure build-up in each cycle.  
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Figure 6.2: Effect of pile diameter on pore pressure build-up near the pile at a) 

upstream and b) downstream 
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Figure 6.3: Effect of pile diameter on pore pressure build-up at free-field a) with pile 

and b) without pile 

 

 

Figure 6.4 to Figure 6.7 illustrate the dynamic p-y curves. It can be seen that 

different trends are observed for different depths. Therefore, no specific conclusions 

can be made regarding the effect of pile diameter on the response of the pile in the 

laterally spreading ground.  
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Figure 6.4: Effect of pile diameter on dynamic p-y curves with the same depth (using 

boundary displacements) 
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Figure 6.5: Effect of pile diameter on dynamic p-y curves throughout the soil layer 

with the same z/h ratio (using boundary displacements) 
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Figure 6.6: Effect of pile diameter on dynamic p-y curves with the same depth (using 

free-field displacements) 
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Figure 6.7: Effect of pile diameter on dynamic p-y curves throughout the soil layer 

with the same z/h ratio (using free-field displacements) 

 

Figure 6.8 to Figure 6.11 show the normalized p-y curves (i.e. the reduction 

multiplier). Again no specific trend is observed throughout the soil depth. In other 

words, while in shallow depths the analysis with ܦ ൌ 0.4 ݉ yields larger degradation 

multiplier, a reversed pattern is observed in larger depths.  
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Figure 6.8: Effect of pile diameter on normalized p-y curves throughout the soil layer 

with the same depth (using boundary displacements)  
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Figure 6.9: Effect of pile diameter on normalized p-y curves throughout the soil layer 

with the same z/h ratio (using boundary displacements) 
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Figure 6.10: Effect of pile diameter on normalized p-y curves throughout the soil 

layer with the same depth (using free-field displacements) 
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Figure 6.11: Effect of pile diameter on normalized p-y curves throughout the soil 

layer with the same z/h ratio (using free-field displacements) 

 

By considering the previous figures, no specific trend is observed in ru and the p-y 

curves and nothing can be said about the p-y curves and the multiplier. These 

unpredictable results can be caused by the following reasons: 

 As the mesh size is changed with the same ratio of the diameters, the depth of 

the liquefied layer is changed which may lead to different situation. In other 



Chapter 6: Effect Pile Characteristics on Liquefied p-y Response 

136 

 

words, thickness of the liquefied soil which may have an effect on the 

response of the pile is neglected in this type of analysis.  

 As stated before, for different diameters the Young modulus of the section is 

modified in order to keep the value of “EI” unchanged. However, as they have 

different lengths, the stiffness of the pile (considered as a cantilever) differs 

significantly. Therefore, the response of the pile is different. For instance, the 

deflected shape of the pile with D=1.0 m is completely different from the 

others. In this case, the pile is more slender and follows the shape of the soil 

profile to some extent. Therefore, unlike the others, the curvature of the 

deflected pile changes. 
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6.3. The effect of pile stiffness 

In order to see the effect of pile stiffness on the liquefied p-y response, an upper 

bound of practical pile stiffness is examined. To this end, a steel cylindrical pile with 

a thickness of 10 cm is chosen. Therefore, the stiffness is changed from 8,000 ݇ܰ݉ଶ 

to 1,000,000 ݇ܰ݉ଶ.   

As one could predict, the displacements of the stiff pile are smaller compared to the 

basic analysis as it is shown in Figure 6.12 a. This is true for the boundary 

displacements as well (Figure 6.12 b). It seems that the pinning effect of the stiffer 

pile is more profound compared to the basic one since the boundary displacement in 

the former is decreased from just under 19 cm to 7 cm, while in the basic analysis the 

fall is less significant (from 18.7 to 15 cm). 
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Figure 6.12:  Effect of pile stiffness on the profile of lateral displacement of a) pile, b) 

boundary and c) free-field 

As Figure 6.13 depicts, large negative excess pore pressure is developed in the stiffer 

pile analysis near the pile foundation which is an indicative of large dilation in the soil 

in this region. It is due to the large relative displacements developed in this analysis 

since the movement of the pile is very small compared to the basic analysis. 

Additionally, it shows that the values are more negative near the surface (at z=0.75m). 

This is justifiable according to Gonzalez et al. (2009) who described the situation as 

an inverted cone (as mentioned in section 3.3). 
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Figure 6.13:  Effect of pile stiffness on pore pressure build-up near the pile at a) 

upstream and b) downstream.  

 

In the free-field, however, this trend is not seen. The two figures are very similar and 

the only difference is the larger dilation spikes in the basic analysis which are due to 

the larger displacements. (Figure 6.14) 
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Figure 6.14: Effect of pile stiffness on pore pressure build-up at free-field a) with pile 

and b) without pile. 

As mentioned before, large negative excess pore pressure ratios in soil near the stiff 

pile causes large lateral resistance compared to the basic ones as it is shown in Figure 

6.15 and Figure 6.16. The difference is more considerable at smaller depths due to 

the larger dilation and negative excess pore pressure ratios at this region and it 

becomes less considerable with increase in the depth of soil. 

It should be noted that the relative displacements in Figure 6.15 are smaller for the 

stiff pile while in Figure 6.16 it is the opposite. This is due to the fact that, in basic 

analysis, except in small depths, boundary displacements are quite larger compared to 

the pile displacements whereas for the stiff pile analysis the differences are less 

significant. On the other hand, the free-field displacements are the same for the two 

analyses which cause “yff – yp” to be larger for the stiffer pile.  
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Figure 6.15: Effect of pile stiffness on dynamic p-y curves throughout the soil layer 

(using boundary displacements)   
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Figure 6.16: Effect of pile stiffness on dynamic p-y curves throughout the soil layer 

(using free-field displacements)   
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Figure 6.17 and Figure 6.18 compare the degradation multiplier for the two analyses 

as a function of relative displacement. In the first figure, the relative displacement is 

calculated by the use of boundary displacements of the analyses with the pile. While 

in the second one the free-filed displacement obtained from the analyses without pile 

are utilized.  

Considerable difference is observed between the two analyses, which is more 

profound at shallow depths as discussed previously as a consequence of large negative 

excess pore pressure build-up near the pile.   
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Figure 6.17: Effect of pile stiffness on normalized p-y curves throughout the soil 

layer (using boundary displacements)   
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Figure 6.18:  Effect of pile stiffness on normalized p-y curves throughout the soil 

layer (using free-field displacements)   

 

Overall, it can be understood from this section that: 

 As the pile with larger stiffness undergoes smaller lateral displacement, it 

causes the whole mesh to displace less as a result of more significant pinning 

effect. 

 Large negative excess pore pressure is developed in the vicinity of stiff pile 

due to large relative displacement which cause larger lateral forces applied on 

the pile. 

 The aforementioned influence in the p-y curve is considerably large which 

indicate that stiffness is one of the important parameters in the response of the 

pile. 
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6.4. The effect of Installation Method 

In this part, the situation of a driven pile is examined, which changes the stress filed in 

soil surrounding the pile. This phenomenon is modeled in the numerical analysis 

using mechanism of expansion of cylindrical cavities which has been solved 

analytically by Vesic (1972). It was used in the analysis by developing a subroutine 

written in FISH which manually assigns modified stress values before the shaking and 

was developed in diploma thesis of Vassilis Papadopoulos (2010). 

Some selected results of the analysis for the driven pile are shown in Figure 6.19 and 

Figure 6. 20. 
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Figure 6.19: Profile of lateral displacements at the end of shaking 
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Figure 6. 20: Time-histories of excess pore pressure ratio near the pile and at free-

filed 

It can be clearly seen in Figure 6. 20 that, strange results are developed after 3.5 sec 

which is indicative of soil instability at that moment. Therefore, the results of the first 

3.5 sec are taken into account and compared to the basic analysis as shown in the 

following figures. The results at t=3.5s are shown hereafter: 

Figure 6.21 shows that the displacements of pile and boundary are smaller for the 

driven pile compared to the basic analysis. It can be due to the fact that soil around the 

pile is stiffer in this case which prevents the excess movement of the pile and 

consequently the boundary.  
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Figure 6.21: Effect of installation method on the profile of lateral displacements of a) 

pile, b) boundary and c) free-field 

According to Figure 6.22 and Figure 6.23 which show the pore pressure build-up 

near the pile and in free field, the liquefaction in the driven-pile-analysis is not 

complete (ru does not reach 1.0) especially in the areas near the pile due to large 

confining stresses. However, the overall trend is similar in the two analyses.  
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Figure 6.22: Effect of installation method on pore pressure build-up near the pile at a) 

upstream and b) downstream 
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Figure 6.23: Effect of installation method on pore pressure build-up at free-field a) 

with pile and b) without pile 

According to the dynamic p-y curves which are shown in Figure 6.24 and Figure 

6.25, the response of the soil is not considerably changes as a result of the change in 
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the installation method. Although the displacements are slightly smaller for the driven 

pile, in most of the places, the values of the pressure are quite close to each other 

indicating negligible effect of this parameter on the p-y response of the soil. 

0 0.02 0.04 0.06 0.08
y = yb - yp (m)

-20

0

20

40

p
 (

k
N

/m
)

z=1.5m

-0.008 -0.004 0 0.004 0.008
y = yb - yp (m)

-40

-20

0

20

p
 (

k
N

/m
)

Basic

Installation

z=0.5m

0 0.01 0.02 0.03 0.04 0.05
y = yb - yp (m)

-20

0

20

40

60

p
 (

k
N

/m
)

0 0.01 0.02 0.03 0.04 0.05
y = yb - yp (m)

-20

0

20

40

p
 (

k
N

/m
)

z=2.5m z=3.5m

0 0.02 0.04 0.06
y = yb - yp (m)

-20

0

20

40

60

p
 (

k
N

/m
)

0 0.02 0.04 0.06
y = yb - yp (m)

-20

0

20

40

60

p
 (

k
N

/m
)

z=4.5m z=5.5m

-40

0

40

80

120

p
 (

k
N

/m
)

0 0.004 0.008 0.012 0.016
y = yb - yp (m)

0 0.01 0.02 0.03 0.04 0.05
y = yb - yp (m)

-40

-20

0

20

40

60

80

p
 (

k
N

/m
)

z=6.5m z=7.5m

Figure 6.24: Effect of installation method on dynamic p-y curves throughout the soil 

layer (using boundary displacements) 
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Figure 6.25: Effect of installation method on dynamic p-y curves throughout the soil 

layer (using free-field displacements)  
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The normalized p-y curves are shown in Figure 6.26 and Figure 6.27 for boundary 

and free-field displacements respectively. It should be noted that the cyclic 

component of the results are filtered out as much as possible in order to have a better 

view over the results. As stated before, apart from some ups and downs, the overall 

response of the two analyses are minor indicating that installation effect does not 

affect the resistance of the liquefied soil significantly.  
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Figure 6.26: Effect of installation method on normalized p-y curves throughout the 

soil layer (using boundary displacements)  
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Figure 6.27: Effect of installation method on normalized p-y curves throughout the 

soil layer (using free-field displacements) 

 

Overall, after studying the effect of installation pile method, following conclusions 

can be drawn: 

 In a driven pile case, the lateral displacements are smaller due to the increased 

effective stresses around the pile. 

 Apart from that, this parameter has negligible effects on the p-y response of 

the soil and can be neglected in the design of the pile foundations in liquefied 

soil. 
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6.5. The effect of Head Constraint 

In this part, the pile head is fixed and the results are evaluated in order to see the 

effects of head condition. In order to simulate this situation, in the input file the head 

of the pile is fixed in X and Z directions. The results are presented in the following 

figures. 

Figure 6.28 shows that the displacement profile of the pile is quite different from the 

basic analysis. While the pile with free-head behaves like a cantilever, the fixed-head 

pile deflects similar to a simply supported beam subjected to lateral distributed 

loading from the liquefied soil. Therefore, the displacements are significantly smaller 

in this case. 

The behavior of the boundary is quite interesting in terms of lateral displacements: as 

we can see from Figure 6.28 b, when looking at the profile from down to the surface, 

the displacements tend to increase until about z=6 m, while it remains relatively 

constant for the rest of the soil layer. It seems that, this is due to the pinning effect of 

the pile with fixed head which is predictably larger that the free-head pile of the basic 

analysis. 
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Figure 6.28: Effect of pile head constraint on the profile of lateral displacements of a) 

pile, b) boundary and c) free-field 
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From Figure 6.29 we can see that large negative ru is developed near the pile in the 

fixed pile analysis. This parameter gets larger negative values in lower depths like the 

previous sections which is an indicative of large dilation. The reason is that while the 

pile undergoes very small displacements, the soil undergoes considerable 

displacement. Consequently, the relative displacement between the pile and soil is 

considerable in each cycle. These large transient relative displacements cause large 

dilation and therefore, ru tends to move towards negative values. As one could predict, 

these values are more significant in lower depths since the relative displacement are 

larger.  

However, in the free-filed the ru values are similar for the two analyses. The only 

difference is the dilation spikes of the basic analysis which are larger compared to the 

fixed-head pile analysis. It is due to the fact that the lateral displacements of soil are 

larger at the boundary for the free-head conditions as discussed in the previous 

paragraph and shown in Figure 6.28. 
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Figure 6.29: Effect of pile head constraint on pore pressure build-up near the pile at 

a) upstream and b) downstream 
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Figure 6.30: Effect of pile head constraint on pore pressure build-up at free-field a) 

with pile and b) without pile 

As a result of the aforementioned phenomenon, as can be obviously seen in Figure 

6.31 and Figure 6.32, there is an increase in the lateral resistance of soil for the fixed-

head pile analysis compared to the basic analysis. It should be considered that, this 



Chapter 6: Effect Pile Characteristics on Liquefied p-y Response 

157 

 

increase in the resistance is more dramatic in shallow depths. In other words, head 

fixity affects regions near the surface significantly. But its effect decreases with depth 

which is quite reasonable. 
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Figure 6.31: Effect of pile head constraint on dynamic p-y curves throughout the soil 

layer (using boundary displacements) 
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Figure 6.32: Effect of pile head constraint on dynamic p-y curves throughout the soil 

layer (using free-field displacements) 

Figure 6.33 and Figure 6.34 depict the p-y curves normalized with the static values 

after filtering the cyclic component. It can be seen that in shallow depths, the values 

of the dynamic p-y curves in the fixed head pile are even larger than the static ones 

where they change from 2 to 10 times larger than the static ones in depths 0.5 m and 

1.5 m due to the aforementioned large dilations. This values decrease with depth 

considerably and reach a value of 0.1 to 0.2 in depths 3.5 m and 4.5 m. Therefore, in 

larger depths there is no large difference between the two analyses and the effect of 

head fixity is mostly limited to shallow depths.  
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Figure 6.33: Effect of pile head constraint on normalized p-y curves throughout the 

soil layer (using boundary displacements) 
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Figure 6.34: Effect of pile head constraint on normalized p-y curves throughout the 

soil layer (using free-field displacements) 

To sum up, it can be obtained from these analyses that: 

 The displacements of the boundary are smaller in the fixed-head pile 

compared to the basic one. 

 Large negative excess pore pressure values are developed at areas near the pile 

especially at shallow depths. 

 As a result of the previous, larger lateral loads are exerted from soil in fixed-

head pile analysis compared to the basic one. These values are significantly 

higher in shallow depths and are not negligible. 

 The effect of pile head constraint is limited to shallow depths and the response 

is quite similar to the basic analysis in depths larger than half the length of the 

pile. 
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Chapter 7 

Conclusions 

7.1. General 

In this thesis, the effect of a number of parameters on the response of a pile embedded in 

laterally spreading ground is investigated through numerical analysis in finite difference 

code; FLAC3D. The results are extensively presented in the preceding chapters and the 

effect of each parameter is discussed separately. One important overall conclusion based 

on the analyses is that the assumption that at the fixed-end of springs the free-filed 

displacements are applied might be over-conservative since the pinning effect of the pile 

is significant. Apart from that, the effect of each parameter in the behavior of the model is 

summarized in the following paragraphs. 

7.2. Effect of Soil Relative Density, Dr 

As one could predict, the sample with larger relative density undergoes less lateral 

displacement. This is completely seen in the analyses in all displacement components 

(pile, boundary and relative displacements). However, the results are quite strange in 

terms of soil lateral resistance; the resistance of soil increases with decreased relative 

density and vice versa. It is speculated that this is due to large negative pore pressure 

build-up near the pile in the analysis with small relative density, which is in turn a 

consequence of the large relative displacement developed.  
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7.3. Effect of Soil Permeability, k 

It was observed that permeability is quite determinant in the response of the pile in 

laterally spreading ground. The following conclusions can be drawn: 

 Lateral displacement of the soil is reversely related to the permeability. It was 

observed that the larger the permeability, the less the lateral displacement of the 

soil (and consequently the pile).  

 The lateral resistance of the soil is increased when the permeability is decreased. 

The reason is large and cumulative negative excess pore pressure which is 

developed near the pile due to the fact that water cannot find enough time to 

travel from free-field and dissipate the negative pore pressure in each cycle. 

 Introduction of permeability as a function of excess pore pressure, ru did not have 

significant effects on the response. 

 

7.4. Effect of Excitation Period, T 

From the free-field analyses it is shown that as T increases, soil displacements also 

increase. From the “pile” analyses you cannot draw safe conclusions with regard to 

displacement because of instability. In order to have equivalent and comparable 

displacements you should have the same number of cycles.  However, the effect is quite 

complicated on the lateral resistance of the soil. To be more precise, when the model is 

shaken by an excitation which has a period of 0.5 seconds, no considerable difference is 

observed compared to the basic analysis which has a period of 0.3 seconds. On the other 

hand, when the excitation with T=0.1 sec is applied, large lateral resistance is observed. 

According to the above observations, it can be concluded that a threshold may exist for 

excitation period to be determinant based on the current permeability of the soil. In other 

words, in the sample with k=6.2e-5 m/s, water finds enough time in each cycle to 

dissipate the negative pore pressure near the pile even when period is equal to 0.3 
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seconds. Therefore, increasing the period does not change the situation to a great extent. 

However, if T is decreased, there comes a time when water cannot dissipate negative ru in 

each cycle, leading to large negative pore pressure ratios and therefore, large lateral 

resistance of the liquefied soil. 

7.5. Effect of Pile Diameter 

Larger lateral displacement of the liquefied layer and consequently the pile is observed in 

model with larger diameter and vice versa. This is due to the fact that the thickness of the 

soil layer is larger in this analysis, a determinant factor in lateral displacement of soil.  

Apart from that, no specific pattern is observed in the lateral resistance of soil with the 

change in pile diameter. It might be due to the following reasons: 

 The models have different soil thickness which may have significant effects on 

the response of the pile. To be more precise, the effect of soil thickness might 

have interfered with the effect of pile diameter. 

 In different analyses, as the Young modulus of the section is modified in order to 

have the same value of “EI”, the ratio of the length of the pile over the stiffness of 

the section is significantly changed. It may have led to different response of the 

pile.   

Overall, it should be mentioned that further investigation is needed in order to determine 

the effect of the pile diameter on the response of the pile in laterally spreading ground. 

However, assuming that this specific type of investigation is correct, it seems that the 

effect of pile diameter is not very significant. However, results indicate smaller 

degradation for piles of smaller diameter.  
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7.6. Effect of Pile Stiffness 

Increasing the pile stiffness lead to the following: 

 Decrease in the lateral displacement of the pile and consequently, a fall in the 

boundary displacements of the mesh due to the pinning effect.  

 Larger lateral forces are exerted on the pile. The reason is large negative pore 

pressure ratios near the pile. 

It can be concluded that stiffness of the pile is an important factor and should not be 

overlooked. However, further investigations are needed in order to quantify the results. 

7.7. Effect of Installation Method 

The stress field around the pile is changes in this analysis in order to simulate the 

situation of a driven pile. Justifiably, smaller lateral displacements in pile and boundary 

are observed because of denser soil around the pile. However, the effect on the p-y curves 

is minor. In other words, the lateral load exerted on pile is not affected considerably by 

the change in the installation method. 

7.8. Effect of Head Constraint 

As one would expect, significantly smaller lateral displacement of the boundary is 

observed in the fixed-head pile due to more profound pinning effect of the pile in this 

case.  

Additionally, large negative pore pressure is developed near the pile, especially in 

shallow depth. Consequently, the lateral resistance of the soil is increased considerably, 

increasing the degradation multiplier. This effect is limited to shallow depth and becomes 

negligible in the lower half of the pile length. 



 

 

 

Appendix A 
 

Results of the Parametric Numerical Analysis 

The results of the parametric analysis are presented hereafter based on the numbers of 

analyses indicated in Table A.1. The first analysis is the basic one and in other analyses, 

the parameter that has been changed from the basic analysis is shaded in the table.  

Table A.1: The layout of the parametric analyses 

No Dr (%) D (m) EI (kNm2) T (sec) Driven k (m/sec) Head Fixity 
1 50 0.6 8000 0.3 NO 6.10E-05 NO 
2 30 0.6 8000 0.3 NO 6.10E-05 NO 
3 90 0.6 8000 0.3 NO 6.10E-05 NO 
4 50 0.4 8000 0.3 NO 6.10E-05 NO 
5 50 1 8000 0.3 NO 6.10E-05 NO 
6 50 0.6 1000000 0.3 NO 6.10E-05 NO 
7 50 0.6 8000 0.1 NO 6.10E-05 NO 
8 50 0.6 8000 0.5 NO 6.10E-05 NO 
9 50 0.6 8000 0.3 YES 6.10E-05 NO 
10 50 0.6 8000 0.3 NO 6.10E-04 NO 
11 50 0.6 8000 0.3 NO 2.10E-05 NO 
12 50 0.6 8000 0.3 NO 0 NO 
13 50 0.6 8000 0.3 NO k(ru) NO 
14 50 0.6 8000 0.3 NO 6.10E-05 YES 
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