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Abstract

This dissertation studies how mathematical optimization problems can be solved via Stochastic
Differential Equations and most notably Langevin Dynamics.

In the first chapter, we give a brief review of well-known algorithms, discussing the advantages
that they offer and their limitations. Hence, making our motivations behind developing and
studying the methods presented in the following chapters clear.

It is the purpose of the second chapter to introduce the taming technique to the classical explicit
Fuler approximations for SDEs, allowing us to relax the conditions called upon their coefficients.
Specifically, we show that by taming the superlinearly growing term of the drift on the Euler
discretization, we obtain a new numerical explicit scheme which converges to the true solution of
the SDE in LP sense. To prove the latter its essential to bound the moments of the approximation.

Last but not least, we present the Tamed Unadjusted Langevin Algorithm (TULA) which can
be viewed as a Markov Chain Monte Carlo (MCMC) type of algorithm for sampling from a target
distribution. Key to this method is to seek a SDE (overdamped Langevin equation) which produces
a continuous time process with stationary distribution our desired target and then discretize the
process by implementing the techniques mentioned in chapter 2. By doing so we are able to simulate
paths for extended lengths of time whose behavior corresponds to the distribution of interest, a
limitation of the previous framework which assumed a finite time. The algorithm’s capabilities are
illustrated through numerical examples.

Keywords: Euler approximations; Tamed schemes; local Lipschitz condition; dissipativity-like
condition; superlinear drift; Langevin algorithm; Markov chain Monte Carlo; Total variation;
invariant distribution; sampling; optimization



Hepiingm

Kiptog oxomdg tou mapdvtog ntovAuatog livon 1 UEAETN Twv LTtoyaoTixwy Atagopixwy Elomoewy o
Waitepa TwV eELOWOEMY BIdyLONG TOU TEOEEYOVTAL amo duvouxd cucTidata Langevin xou 1o mwe
uTopoLYV va yenoylorotnioly yio Tny emiAuor tpoAnudtwy BeAticTonolnong.

To mpwto xe@dhono elvar ELCAYOYXO XaL TEPLYRAPETOL TO %VNTEo THoW amo TNV YENoN TwV €V AOYW®
e€lotoewy, thietal To TAUoL0 EYAGIAS TWV ETOUEVLY XEPUANLWY X0t BIVETOL Lot GUVTOUY YAPTOYRdPNoT
TOU EMOTNUOVIXO0U TEBIOL, oY OMALOVTAS CUYXEVIXE ATOTEAEGUATO Xl TEOBAAUATO TOU ToEOLGLELOVTOL
o€ aUTdL.

210 Be0TEPO AEPHANO ELOAYOUUE TNV EVvola Tou taming oo xhacowxd apuduntixd oyfuata Euler yio
YAE, divovtag pag Ty SuvaTOTNTOL VoL YUAUPOOOUUE TIC CUVUAXES TOU AMUUTOVUE VO IXAVOTIOLOUVTAL
amo Toug cUVTEAEOTES Toug. TTo cuyxexpéva dtav 0 pog TAoNE TOL CUVAVTAUE efval UTERYPUUUIXOC,
eopuolovtog Tic ued680ug Tou xePahaiou, xoTaoxeLAloVUE €va VEO oy o aptiunTixhc emAbong LAE
TOU XUTAPEPVEL VAL GUYXALIVEL Loy LEd 6Ty AOoTr untd TNy évvola LP yohpwy.

Ou Markov Chain Monte Carlo olydprduol tou vhomoloVy Tic Tapamdve Teyvixég ovoudlovton Tamed
Unadjusted Langevin Algorithms (TULA) xou anotelolv tov nuprivar Tou tereutaiou xegahaiov. To
%xeVTEo CATNUe ebvar var BElE0UUE WS TEOGOUOLOVOVTIS OTLYpLOTUTIY TG Abong uiog Langevin Y AE
UEow TwV €V AoYO ahyopliuwy, mpdyuott autd npooeyyilouv xavoroimntixd v derypatolndla omo
TNV XATAVOUT] EVOLUPEROVTOS, TOL eV €lvol GAAT amo TNV avolholwtrn xatavoun tne LAE. Ilépa amo
v Yewpnuin| Yeuerlnon Twv Topamdve, TEoYwedUe 0TV VAoToinon Twv ahyopldunmy xou Tapéyouue
oELIUNTIXE TOEADELYUOTA TIOU XATABELXVIOLY To TEOTEQHUATO TOUC.
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Ewooaywyn

H ohoéva xon peyohitepn dladoon uedodwy unyavixnic udidnong xon TeYvnNThg VonuocLYNE 1660 GTOUS
0B NUOIX00E Y WEOUEC TOAATADY VETIXOY ETUC TNUWY OGO X0k OTNY AY0pd £XEL GUVTEAEGEL OTNV avalOTUEWOT)
TOU EPEUVNTIXOU EVOLUPEROVTOC OTNV OYEDIAOT) X0 UEAETT AMOTEAECUATIXGY oAy opliuwy BeATio ToToinoTg.
H ocuvtpintin mietodmeplo autddv v gedodwy euneptéyouv éva Briuo ehaylotononong, ohhd eV To
TEOBANUa auTO €xel ueeTniel EXTEVOC amo TNV Yot uaTins) XovoTNTa, Ta UTEEYoVTa EpYaleio amo TNy
xhacouxn PBAoypagelo Sev EToEXOLY Yia TNV ETAUGCT Tou, XaddS oL cUVINKES TOU ETXAAOUVTAL OEV
TANEOLVTOL GE PEAALO TIXG GEVARLA. XAUPAXTNELO TIXY, CUVAPTACELS TOL TEOEEYOVTAL N0 TNV EXTIOUOEUOT)
VEUPWVIXOV OXTUMY ATOTUYYAVOUY VA LXAVOTIOLOUV IOLOTNTES OIS LoYUET XUETOTNTA, XUPTOTNTA XoL
Yeouu) ad&nom evéd oL VAOTOLACELS amh@Y ahyopldunmy cuvilng Bev €youv XA CUUTERLPORE O
UEYOAES XAUOXES, UE TNV EVVOLA Y WEWY HEYIANG SLEC TAONS. ZEXVAUE UE TO THO YEVIXO TAdioLo epyaciog,
6mou avalntdpe =¥ € RY tétoi0 dote

x* = argminU (z)
z€RM

6mou U : RY R eivor n mocétnta mou emdupolpe vo ehayiotonothcouue. Av U eivon Touldytotov
cLVEY WS Blaopiolun, ToTe Aaufdvoude Tov axdhovdo amhoixd ahyoprduo xodddou xAlong Yéow tng
Sroxprtonoinone tou: dx(t) = —VU (x(t))dt:

Tnt1 = Tpn — VU (zy)

Mt ooy oxéPng emoLYXEVTEOVETUL 0TO VoL EVIGYUOEL TOV TRV VIETEPUEVIOTIXG ahydptduo ye
TEYVIXEC TUY o EEEPELYNONE TTAVE OTNV ETLPAVELX TNG AVTIXEWEVIXHC CUVAETNOTS, TO OTOLO EMTLUY Y AVETAL
OLotapdlovTog O TOYUC TIXA TO XAaoGOX6 oy fua. Yo autd To mploya, o alyopriuog TAéov dev xateutivetol
ATOXAELG TIXE TNV XatehYUVOT) TNE Lo andTouNng xAlong xat €Tol xard{oTaton Suvath 1 aroguyY| Toryldevong
TOU AVIBEOUIXOU OYAUATOS GE TOTUXA EASY G TIXA 1 caryuaTixd onueia. £26Tdc0 xan TdAL 1) 6UYXMOT GTO
TEAYHATIXO EAAYLOTO OeV elvor eEao@ahlouévn xou eV YéVN To onueio mou Ya xotahiget o ahyoprduog
eCopTdTon amo Tig cuviixeg apyworoinong. Mo TN oToyacTinY Topariayr ebval 1 Tpocifxn evég
6poL Aeuxo YopLPou, €T6L OBNYOUUAOTE:

dX(t) = —VU(X(£))dt + o(t, X (t))dW, , Vt € [0,T]

ue apyixh cuvitixn X (0) = xg 6.p. memepaouévn Fo—petprown, 6nou o(t,z) : R x R s RIX™ o
ouvieheo T didyuone etvou po B(R 4 ) @B(RY)-uetprowun cuvdptnon xow (W (t))i>0 eivon o m—didototn
xivnorn Brown. Téte 1 diaxpitonoinon Euler-Maruyama optleton wg:

X(tpi1) = X(tn) — hVU(X (tn)) + 0 (tn, X (tn)) AW

omov AWy, = Wy ., — Wy, ebvoniid.  xavovixéc m—0oudotateg tuyaleg uetaAnTéc ye yéom tiur unoév
xou xOuaven h, €€oU xou 1 eVaAAaXTIXY Yoy

X(tny1) = X(tn) — AVU(X (t)) + Vho(tn, X (tn)) Zns1

Ue (Zn)n>1 vaebvan ii.d. m—>odlactoteg tunomomuéves xavovixée T.u.. To avadpouxd oyfua uropel va
Behtiwel mepoutépey LioYeTOVTAC YeTaBohouevo Brua by 1) TExxéc momentum, xatacxeLdlovTog £Tol
wla owcoyevela ahyopldumy BeAtiotonolnong mou ylatpelouy apxetéc amo Ti¢ nadoyéveieg tou SGD, ye
BLopopd o o Btadedopévos tétolog akybprduog authv v otiyur eivar o ADAM [I]. ITapdio mou yia
auTtolg Toug ahyopituoug elvol eumElEXd YVKOOTO OTL elvol amoBoTIXOL YLol TNV EXTAUBEUGY) VEUROVIXOY
B TOWYV, UTdEY 0LV oxdpa YewenTixd xevd otny podnuatixd toug Yeuerioon [2].



H dhn wdpra epeuvntins) xatedJuvorn emoUYXEVTPWVETOL GTOV GYEDBLOUO alyopilunwy tirou Markov
Chain Monte Carlo [3] ye otdyo tnv xataoxeur; epyodinddv MC  twv onolwv 1 avakholwtn xotavour
ETUTEETEL TNV eXTUNOY TN ouvdpTnong evolupépovtog. H derypatorndio arno ula tétolo xatavouy| oe
oLVOLCPO UE ToV ahyopriuo simulated annealing xahotolv éva amoteheoyotind Tpdypoupa BeATic Tonoinong,
eldd oty nepinTwon ydpwv UPNAGY Slotdoewy. Eotw thea wor aviixeyeviny ouvdptnon U(z),
TavToL UopoUUE Vo VEMEYCOUUE TNV oxOAoulT) GUVAETNOT XaTavourc ws Teog To YEtpo Lebesgue

mg(x) = e PV@ ) [ BUW gy
R4

omou B > 0 elvon Wior TopdueTEOC XAlpoxag xou Yo avaPeEQOUACTE O AUTAY W TUEAUETEO Vepuoxpaciog.
Eivon mpogavég mwg duo UTopolUe Vo TROCGOUOWWYOUUE TWES oo TNV T3 TOTE TOA) anAd evioniloupe To
argminlU (z) exTumvTog oOAOXANEn TNV CUVAETNOT, ol TETOLL OEN OUOC EIVOL OTIATUAT X0l UTONOYLOTIXS.
aoUUpoEn. LNy cuvéyela Yo S0UUE WS TOROXIUTTETAL AUTO TO B, BElYUATOANPOVTAC H6VO amo TiC
TEpLoYES TNS oLVEETNoTEC Tou €youy onuacio. Kdtw ano opopévec yio ty U(x) eivan Yvooto ano tny
Yewplo didyuone mwg N tuxvotnta g oyetiletan ue Ty otoyaotixy eiowor didyuone Langevin:

dY, = —VU(Y;)dt + /26~ 1dW,

UTo TNV évvola Twe N Aoom (Y;)eso elvan exdetind epyodinf wg mpog TNy avaAholwTr XoTavour| Tng, Tou
Eyel g mLXVOTNTA TNV Tg. Xenowonowwvtoag avd Ty pédodo Euler-Maruyama odnyoluoacte otny
BLonprtd oyfua tne e&lowone Langevin, yvowot6 wg Unadjusted Langevin Algorithm (ULA)

X(thrl) = X(tn) — hVU(X(tn)) + vV Qhﬁ_lszrl

H Sioxprty| dradixaota (X, )nen mov optletar ano 1o mapamdve oyfuo etvar Mapxoflovh tne ontolag 7
avaAlolwTn xatovour| urnogel vo tpooeyyioel v mg. Iapdro mou oL xatavouéc mou TeopyovTon omo
TNV CLVEYY| OLadWGTa X TNV BLIXELTY TN €X000T BV Elvol TAUTOONUES, XATw and LTOVECELS OTWG
authv Tne ohxiic Lipschitz ouvéyelog yio ty VU (), un-acuuntetind @edydata Yio Ti¢ anooTdoTelS
Wasserstein xou tny ok} xOuoavorn Yetol towv g xot TS xotovophc ™S (Xy)nen, Umopolv va
xahepwolv. Axoua xou oauTH GUWS AmoTEAEL Yl GUVITXTN TOU GUY VA BEV IXAVOTOLELTOL Xalk EYEL DELy Vel
mwe o ahyodpruoc ULA oe autrv tnv nepintwon eivon aotodfic. Suyxexpuéva, dua 0 GUVTEAECTAC
tdone VU (z) eivon umepypopupxde, dnhadr) liminf ) o [[VU (2)[|/[|2]] = +o0, eivar yvwoto g ol
coréc e (Xp)nen amoxAeivouy oto dmepo []. "Evoc tpdmoc vo xatanoreundel auth n ouunepLpopd
ebvar 1 mpoo¥rxn evée BAuatoc Metropolis-Hastings [5]. ITpdryportt duo gavtaotodye Tic enavolfdels
tou ULA w¢ mboavég xivioeic evtog evog tuyaiou mepimdtou e mdovotnto anodoync:

qn,5 (Y, )m5(y)

(oY) = N (@)

omou qn, 4 (y, ) ebvon 1 TuxvéTNTAL PeTdfacne xu mpocétovug auTéd To PBrua amdppubnc-anodoyic,
xatooxeudletar o Metropolis-Adjusted Langevin Algorithm (MALA)

XM(t ) _ X(tn+1), if u, < ah(XM(tn),X(tn+1))
et XM(t,), otherwise
6moL (U )neN LR U(0,1). Ex xataoxeuric o MALA eaoporilet tnv avtioteediudtnta tng oluoidag
OC TEOS TNV g OLTNEGVTIC To avahholwTo UETpo Tng cuveyrc éxdoong.  Av xo Peitiwon omo
tov ULA, otnv urepypauuxy| tepintwon o MALA mdhl umopel vo amotuyydvel var lvor YEWUETEIX
epyodwde[b]. Q¢ mdavh hor éyel npotadel oty BiBhoypageio n napodiayy MALTA oty onola



0 6po¢ Tdong aviixadicTaton amo o truncated exdoyr tou oTIC TEPLOYEC 6TOL oTO LTOBadpo TO
oyhuo Euler expriyvutan[6][7]. Autéd emtuyydveton datnpdviac Ty xatehduvor Tou 6pou Tdong eV
N TWr Tou xovovixornoteitan. Xe avtiveon ye tov MALA, vy tov MALTA ymopel va anodewydel 61t
elvoll YEWUETPXE EpYOOIXOC WG TOGO YAvVETAL 1) QUEST OYEON UE TNV TEWTapy XY dlopoptxy| eElowan.
Yy obyypeovn BBhoypageio twv tpoceyyicewv Euler éyel mpotadel piar véo otxoyévelo apriuntinmy
OYNUTWY, OTOL oTNV TEPITTWon Tou dev elvon dladéoydn 1 cuvdrxn tng ohixa Lipschitz cuvéyetag,
0 6poc tdone pmopel va tponontonlel pe tétolov TEoTO Gote vo elvon olxd gpayuévoc[8][9]. Amo
€06 xou 670 €€NC Vo aVaPEEOUUCTE O oWTHY TNV Tey VXY ¢ taming. H unoloyiotixy anodotixotnta
TNC OWXOYEVEWIC OUTAC X0 CUVDLIOWO UE TO YEYOVOS Twg efocpalilovy LP-ioyuer clyxhorn, Atov
xadoplo T onuaciog Yo va anoteAécouy xivteo enéxtacng Tou taming xou ot tpoBAfuata Seryuatoindiog.
‘Ectw thpa 10 oyfjua dlaxpltononong:

X(tn+1) = X(tn) — KIn(X (tn)) + V2B~ Znia

Y10 xotAnAn emhoyH taming cuvdptnone Th, : RY — RY, 10 dve oyfjua eivor yvwoté mwe apdyet pio
noxeofav) aAuctda Tng omolag 1 aVUAAOIWTN XATAVOUT) GUYXAIVEL OTNY T3 %ot TAUTOY POV XANPOVOUEL
TV exVETIN EQYOOIXOTNTA TNG CLUVEYOUC EXBOONG WS YEWUETELXY, dlvovTag Tayig putuols clyxhiong.
BaowWlépevor oto [10], undpyouv 8bo diadéoes emhoyég Th:

Gn(z) = 1 hVU@)| and G (x) = <1+h\5iU(l’)>iel d

geeey

H npotn emhoyn egapudlel To taming ce 6An tnv xhior, odnywviog yac otov Tamed Unadjusted
Langevin Algorithm (TULA). Evoaloxtixd n debtepn taming cuvdptnon poli ue to dvw Stoxpltd
oyhuo xaholvtot, coordinate- wise Tamed Unadjusted Langevin Algorithm (TULAc) nou oe avtidioc ol
ue tov TULA, 1o taming eopuéleton aveZdptnto oe xdie ouvotmota. Hewopotind dedouéva oto [10]
oetyvouv g o TULAc anodidel avidtepo ano tov TULA 6tay cuyxplvovton Tor GOIALTY TN TEMTNS
xa Be0TEPNC POTNC TWV TROCOUOLWUEVGY TV, EWOLXA Yo UEYSAES ETAOYES Briuatog h, XL TeoTIUdToL
Yo Tov oyedloud alyopiluwy Tou €youv w¢ oxomd TNV enilucT meoPAnudTeny BehtioTonolnong o
YOpoue peYdhwy Swotdoeny [11]. Enione agriveton vo utovonlel aro v olyypovn Pihoypapeia,
WS avahoya To opyxd TEOBANUN Umopoly va Tpotodolv mapandve taming cuvaptrhoelc mou Vo
expetodedovton TNy dour) e VU, mo ouyxexpiuévo xavelc Yo umopoloe Vo amogoveovel OAeC TiC
UTIERYRUUUIXOTNTEC OE €vay Opo Xou VoL EQopuolel taming amoxheloTixd oe autdy, ywelc va gedlel
OUOLOUOPPA OOV TOV 6p0 Tdonc. AuTH elvor 1) xvnTHielog Wéa tiow ano to anoteAéouata Tou Kegpahaiou
2. Xe auto o onueio ogellovue vor BLOAEUXEVOUUE Lot ASTITOUEQELD TTOU OEV OYOMAGTNXE ETOPKWG.
Méypl otypne wirfoope yio o twg MCMC alyoprduol pag Bonddve vor SELyUATOAATTOUUE OO Uidl
XATOVOUY| TNG ETLAOYHAC KOG, OAAS O aeyxOG GTOYOG UG HTAY VoL EAUYLO TOTOLACOUUE Lo OV TUXELUEVLXY)
ouvdptnon. Autd to xevo avdueco otny BeAtiotonolnon xou Ty deryuatodndio pyetar vor xahiel
70 Bruo Tou simulating annealng. ‘Onwg NON avagpépoue, av eoupécoupe To Weatd oevapio dTou OAN
N wélo mdovdTNTAC TNS XATAVOUNC BRlOXETOL OE Lol TIERLOYT| TOU ¥, TPOCOUOUBVOVTOS ULOVOTETIO UE
TOUC ToRATve ohyoplduoug Bo yokdue TOMITYO UTOAOYICTIXG YPEOVO EEEPEUVOVTOC TEQLOYES YUUNAOU
eVOLaPEEovTog.  TAOTOLOVTUC WOTOCO OTOLVONTOTE amo Toug ahyoplduoug autolc e simulating
annealng, Yo xotaoxcudlovue popxoPlavéc aAucideg Tou TAEOV 1) oVOANOIWTY XATAVOUT] TOUG OTO
Brua n oev Vo ebvan mhéov mg(x) oA g, (x) omou (1/By),en clvan éva @invov mpdypauuo hoEng
ét010 GoTe limy,001/8, = 00. O Aéyog authc e tapéuPoong elvon twe 1 xotovouy| lim, amg, ()
CUYXEVTPOVEL 0CLUTTOTIXG OANY TN TNy Wdlo 6T0 Ohxd UEYLETO TS T(Z), TOUTEGTIV TO ENdYLOTO
e U(z). H Béhuotn emhoyn tne apyxonoinone Sy odhd xon tne Brpartixic eZéhéne dtagépouy avd
eopuoYY) ahhd elvon clvnleg Twe To mEodYpeauua POEnc meénel va ebvan apyd Ty, Aoyoprduixd woté
VoL UNY ETBRA 0TV QUOT| Topelo TV povoraTidy. ‘Etol péta arno ula obvtoun neplodo mpooupuoyhg



e oluoidag oty Suvoux tne XAE (burn-in period), xatahfiyouue vor Setyuatohnmtotue oyedov
ATOXAELOTIXG. A0 Uiol PxET| YELTOVia Tou ¥, Tou elvon xat To emYUUNTO ATOTEAEGUAL.

Tamed Euler Approximation Schemes

Aro v xhacow BiBAoypageio yvwpeiloupe twg etvar obvnieg ol éuuecol pédodol vo g Teoc@épouy
aprdunTXd oy fuato Tou etvar xatd ToAD To TAoVCL GE WIOTNTES EUC TAVING ATO TIC AVTICTOLYES GUECES
eXB0YEC TOUC, TAVTAL OUWE UE VAL ONUAVTIXG XOGTOC TNV ALENUEVY) UTONOYIC TIXT TOAUTAOXOTNTA. 2TO
nedio g apriunuxhc eniluong LAE, av xoavelg emiyelprioet vo eQopudoeL Tar OEUTERA OE EEIGMOELS TV
omolwy ot 6pot Bev elval ETAUPXMS OPAAES CUVAPTAHCELS OEV Elval Xxay EEACPUMOUEVO WS OL UEXOPBLUVES
ahuotdeg Oev Va expriyvovioaw mpog To dmelpo, omwe paptupolv ol Kloden xou  Hutzenthaler oto
[]. Tpbogota pa véa owxoyévewn duecwy (tamed) oprduntxdv oynudtoy éyet avortuydel [9)[8]
TOU XATEYOLY TAUTOYEOVA TO TPOTEQHUAT TNG EVCTAVELNG Kol ATMAUTOLY UIXEO UTOAOYIGTIXG XOGTOG
xotar TV vAonoinom touc. 3to [9] anoduxvietor twe utd cuvirixeS YpouuxAc adENone xon LOp@EC
tomuxric Lipschitz cuvéyelog otoug ouvteheotéc wa XAE didyvong, ta (tamed) dueoo oyruota Euler
Maruyama cuyxAtvouv ctov LP otnyv npaypotiny Aoon tne LAE xau o xhacoixol puduol odyxiiong
umopolY va e£acpoAcToUY aua UToVEEL xavelg tepantépw OTL meploptleTan 0TV XAJOY) GUVAPTACENY
ue To ToAD moAuwvuur) adénon. Boaowd xhedl yio autd To amoTéAeoua €lvon 1 OUOLOHORYY PeaY
TWV POTIY TOU TUEAYOVTOL UTO TNV BLaXELTOTONoT). LTOY0¢ oG €Vl VoL ETEXTEIVOUUE TNV LOEX QUTHY
OTNY TEPITTWOT OOV 0 CUVTEAECTHE TAOTG UTopel Vo exppacTel w¢ To ddpoloua 800 emuépous OpwY,
€x TO omolwv 0 TE®OTOC Vo txavorolel TNV xhaoowr) cuvinxn Lipschitz cuvéyelag evey o dedtepog Va
oxohoulel Tic ouvdrixeg o dratundvovtat oto [9]. Autd pag Siver TV SuvarTdTNTa Vo EQPUPUOCOUUE Eva
eldoc pepixol taming POVO GTOV 6pO TOU EUTERLEYEL TIC UTERYPUUUXOTNTES. Axdua UTOVETOVUE TS
HOvo €va TEMEPUCUEVO TANDOC TV POTKV NG oy xAg cuvIxNG elvor PparyUévo, xadoe auTo eival To
OEVAELO TOU GLVAVTY XavElC o peahloTxd TEoBAAuaTa. AUTY 1 wxer AAAd 0LGLIG TIXT BlapopoTolina
amo TNy BuBAloypapelor pog avaryxdlel Vo TeoGEYYICOUUE TNV PpoYT| TWV POTIOV UE BLUPORETIXE TEYVIXA
epyoheio.

ITAaicwo Epyaociog

‘Eoto (2, {F,}t>0, F,P) évac guktpoapiopévos yopoc miavotntag ue tic ouvides cuviixeg, dempolpe
wo YAE g popgric:

dX (1) = g(t, X ())dt + o(t, X(£))dW;, Vit e [0,T]

ue oy ouvdTpen X (0) = g 0.B. menepacuévn Fo—ustphown, 6mou o(t,z) : R x RY s R*™ ciyan
B(R,) ® B(RY)-uetphown ouvdptnon xow (W (t))i>o0 o Tumx m—didototn xivnon Brown. Emniéov
0 OLVTEAEGTNG TdoNG UTopEl var ypapTel we:

g(t,z) =b(t,x) + f(z), V(t,z) € [0,T] x R?

6mou éyoupe unodéoer v b(t,z) : R x R? i R va evor B(Ry) ® B(RY)-petpriown xon v f(+) va
etvor Lipschitz ouveyfc xou emopévac B(RY)-petphowun. Tére undpyer 9etind otodepd Ly tét010 GOTE,

|f(z) = ()l < Lyle -y
Tpa optlovye To Topoxdtw aprduntnd oyfuoc

AXn(t) = gn(t, Xp(kn(t)dt + o (t, X (kn(£)dWs, kn(t) = [nt]/n, Vt € [0,T] and ¥n > 1



6mou o bpog tdong elvan uepxdds tamed umo TV évvola Twe gn(t, x) = by(t, x) + f(x), eved €xouue
oploet

1
n\t = ta
bl ) = e, ) )

vt € 0,T],7 € R? xu a € (0,1/2]. Eniong nopautnpeiote o |by(t, )| < min(ns, [b(t, z)|)

YT roOéoelc

[ Aoyoug ouvénetag amo €80 xou oto e€Xg xdlde enlxhnom pe medvepa 'S’ Ya Vewpeiton ameudeiog
avapopd oto [9]. Eexwvdue delyvovtoc twe 6tav oyvouv ol utodéoec S.A1, S.A2, S.A3, S.A5 téte
AopPdvouye avtiotolyes TpoTtdoelg xou Yo TV cuvdptnon g(t, z).

S.A1 Trdpyet Yetnr) otadepd K tétola HOTE,
2zb(t, 2) V |o(t,2)]* < K(1+ |zf?)
yio %éde t € [0, 7] xou @ € RY.

S.A2 T xdde R > 0, undpyet Jetinh otadepd Li tétown dote, yio xdde t € [0, T,
2(‘T - y)(b(tv ':C) - b(tv y)) v |U(ta l‘) - J(ta y)|2 v LR|$ - y|2

v xdde |z|, ly| < R
S.A3 I'a xdde R > 0, xou p > 0, undpyer Ni € LP téton GoTe,

sup [b(t,2)| < Ng(t)
|z|<R

yio xdde t € [0, T
S.A5 Trdpyouv deuxéc otadepéc £ xou L tétoleg dote, yio xdie t € [0,T7,

(z —y)(b(t,z) = b(t,y) V|o(t,z) — o(t,y)* < Lz — y|”

o
[b(t, ) = b(t, )| < L(L+ |l + |yl)|z — ]

v xée x,y € RY

A4 T xdde p < po, E[|X(0)[P] < oo bdnou pg > 2
Ynuewdote e tote N f(+) audvetar 1o TOAD YpouuIXd:

|f@)] < [f(@) = fO)] + [f(0)] < Lglz — O] + [f(0)] < max(Ly, [f(0))(1 + [x]) = K¢(1 + |z)
pooéEte Toc,
2 f(x) < 2| f(2)] < 2K(j| + [a]*) < 2K (1 + [a])® < 4K (1 + [a]?)
Tépa My e (S.A1) elxoha pdveton T,

2xg(t,z) = 2ab(t,z) + 2xf(2) < (K +4K)(1 + |z|*) = C1(1 + |z|?)



Axébpo und v (S.A2) éyoupe,
2(z —y)(g(t,z) — g(t,y)) = 2(x — y)(b(t, z) — b(t, y)) + 2(z — y)(f(z) — f(v))
< Lgle =y + 2l —y|Lslr — y| < (Lr +2Lg)|z — y|* = Crlz — y|?
Avriotorya ano v (S.A3)

sup |g(t,z)| < sup [b(t,z)| + sup [f(x)] < Nr(t) + Kf(1 + R) = Gg(t) € L?
le|<R le|<R l|<R

Ev tékn n (S.A5) cuvendyeton:
l9(t, ) —g(t,y)| < [b(t, ) = b(t, y)| + [ f(z) = F(y)|
< L+ [al + [y =yl + Lyle — )
< L(L+ |2l + [yl)lz =yl + Ly + J2| + ly|) |z — |
<L+ L)+ |2 + [yl )le =yl = Co(1 + [2| + [y]) |z — y]

IMapatrpnon 2.1

[ xdde n > 1, 1 gn(t, ) avZdveton to TOAD yeauuxd. o v Serydel autd, neénet va adtomomdel 7
(S.A2)

lgn(t, )| < [bn(t,2)[ + [f(2)] < 0" + Kp(1 4+ |z]) < n®(1 + |z]) + Kp(1 + |z])
< (0" + Kp)(1+|2]) < (1+ %)naa +lel) < (1+ Kpn®(1 + )
< C3n”(1+ |z])

Biémoupe howmdv mwe xou oL 86 VopUES TV gn(t, x), o(t, ) avidvovtar To ToAD yeauuxd Y xdde
n > 1. Autd eaopoiler tnv undpedn xou yovaddtnta tne Aoong yioe v véa LAE v xdide otadepd
n > 1, emnhéov via x&e p < po elvou:

OiltlETEHXn(t) ’p] <N := N(napa TvE[|X(0)|p])

uro v vnddeon (A4).

Afppa 2.2
Oewpeiote v LAE mou €youpe avantuel napamdve. Av yia xdmowo p > 2,

sup sup E[|X,(¢)["] < oo
n>10<t<T

xou 1 (S.A1) wylouy, totE:

sup E[| X () — X (kn(t))[P] < Cyn P/
0<t<T

onou Cy otadepd aveldptnTn Tou n.



IMopatrenon 2.3
Acgite e xdtw ono v (S.Al) éyoupe:

b(t,x)
2 n 9 :2 n 9 2 §2 2
u(t,2) = 2aby(,3) + 22 (2) < 20l 20l (o)
1+ |z|?
< K—
= Bt )

< K1+ |2?) + 4K (1 + [2?) < C5(1+ |zf)

+ 2Ky (Ja| + |al?) < K1+ [a]?) + 2K, (1 + |2])?

Acgppa 2.4
Trotétovye tic (S.A1) xau A4 téte yio xdmow Cg := Co(T, K, Ky, E [| X (0)[?])

sup sup E [|Xn(t)]2] < Cg
n>10<t<T

Adppa 2.5
Trotétoupe tic (S.A1) xau (S.A4) t61€ Y xdmowo otadepd Cg = Cs (T, K, K¢, E[|X(0)7])

E [ sup |X(t)]p] VsupE [ sup |Xn(t)\p] < (s
0<t<T n>1  |0<t<T

yia xdde p < po

Ocwenua 2.6

Trodétoupe Tic (S.A1)-(S.A3) xou A4, téte 10 tamed oyrua Euler cuyxiiver otny oyupr hon tne
YAE otov LP, ToutéoTy

n—oo 0>t>T

lim E [ sup |X(t) — Xn(t)|p]
vy x&e p < po

ITpotaom 2.7

TroVétouye tic (S.A1),(S.A3),(S.A5) xar A4, t61e 10 tamed oyrua Euler cuyxhivel yi a = 1/2 oty
oy upr) Mon tne LAE otov LP e puduéd olyxhione 1/2, Snhoady

< Cin~P/2

E [ sup | X (t) — Xn(2)[
0>>T

yia x&de p < po, 6mou C elvon otadepd avedptntn ToL N.



Tamed Un-adjusted Langevin Algorithms

Y10 TOp®Y XEPIANMO ETUCTEEPOLUE GTNV doun Tou xadicpwoope otny Eoaywyh xou Yewpodye tnv
TepinTwon énou o 6pog tdong VU yedpeton we to ddpoloua 800 6pwyv. 'ETol OAeg oL UTERYRUUUXOTNTES
Yol AVTHIETWTLOTOUY TAUTOYEOVA EAEYYOVTAS TOV TTRMTO 0RO EVEM 0 BEUTEROS Va IXAVOTIOLEL TNV GLUVITiXT
Lipschitz cuvéyelac xou Yo av&dveton to moAD ypouuixd. Ipoywedue vhomowdvtog o acdevéoTtepn
Hop@Y| taming amo authv mou avartiyUnxe oto [10], ywelc va Yuctdloupe Ty anddoon Tou ahyopiduou.
Ao €8¢ xan o710 €€hc Yewpolue twe U = H + F elvon cuveywe napaywyiown. Ipotetvoupe 6o véeg
oLVoETHoELS Ueptxol taming T (z):

B VH (x)
14+ h||VH(2)|

8:H(x)

Gh(x) + VF(z), xou Gp e = <1—|—h(‘32H(:U)| + @F(x))

1e{1,....d}

ol onoleg pall pe v Swxpttonoinon g Langevin LAE onotelolv avtiotorya toug olyopiduoug
Partially Tamed Un-adjusted Algorithm (PTYLA) xou (PTULAC).
OEToUUE THPA TIC TOEOXATE LTOVECELS.

H1. YTrdpyouv otadepéc £, L, K € Ry tétolec wote yla xdde x,y € R,
¢ ¢
() IVH(z) = VH()| < L (1+ ]|z + Il 1= - y]

(W) [VF(z) = VE(y)l| < Lyllz -yl
H2.

(L) limianx||_>+oo

w) limin o m
(w1 fliwlﬁ+oo<||x||’ ||VH(a:)H> =Y

Kétw ano avtéc tic ouvifixeg anoxtolue oploUéves onuavTixés mapatnenoelc. Biémouye nwe n H2
ouvendyeton lim inf ) 10 VH (z) = +00, enopévac n H emdéyeton ehdyioto =¥ tétolo wote VH (1%) =
0, Slywe PAEBN e yevxotntag unopolue va Yewphooupe twg ¥ = 0. Tote avixahotdvTtag yia
y = 2* oty H1(1) hapBévoupe moc yia xdde » € RY,

IVH (@) < 2L(1 + ||| 7)

Enionc n H1(u) diver moc yio xdde @ € RE,
IVE(@)[| < max(Ly, VE0))(1+ [[z]]) := K1+ [|z[)
Hopoatneotue mwg uno tny H2(1) cuvendyetoun nwg undpyer M,C € R tétoo wote v xdde x €
RY, ||z = M
IVH (z)]| = Cjz]|
Avtiotorya n H2(w) ouvendyeton nog undpyet M,k € RY tétolo tote yo xdde x € RY, ||z|| > M
eVH () > k||| VH ()]

omou 10 M xou otic 800 mepinToelg Ymopel vo emhey el audalpeta peydho. Eivow mpogavég mwg
woybouv touxéc cuvirxec Lipschitz xou yio Toug 800 cuvteleoteg tng Langevin XAE, dpo omo tnv



xhaoowr| Piphoypapela undpyer wovadixr woyveh Aon (Y:)i>0. Emnpdcieta 1o ioyupd papxofBiové
semigroup (P;)i>0 (BAéne Ocwpnua 5.4.20 [12]) tou xataoxeudleta o e€hc:

Pi(z,A) = P (Yi(z) € A) = E[I4(Y})|Yo =] Vt>0, z € R? xu A € B(R?)

elvol avTIoTEEPIIO ¢ TEOC TNV XATAVOUY T TOU aVTIoTolEl oTNV avalholwTr xatavour tou. Erniong
hoBdvoupe xa GAAEC ONUAVTIXES LOLOTNTES OTIKE TO OTL elvan VeTd ETAVIANTTIXT ot EXVETING YEWUETELXY),
obugpwva pe toug S.P.Meyn xou R.L.Tweedie [13],[14],[6], xatahiyovtac étot vo eAéyyouue TIC pOTES
e dSLdyuone péow evog xpttnelou tonou Lyapunov-Foster. O aneipootinde yevvAtopas A nou cuoyetileto
ue to Langevin Dynamics opiletan wc:

A = lim + (B, [F(%)] - /(@)

Yo xdde doxpaotind ouvdptnon f € C*(RY) xu x € RL Eneidr n TAE ebvon tre poperc dY; =
b(Yz)dt + o (Yy) dB; pe a := 0”0 unohoyilovye EMTAEOV TwG:

0

d d d
f 1 CPf aUaf
(

U(x)IVf(z)) + Af(ﬂf)

Axohovdovtac v PiBAoypagelor Yo YEloTOUUE [lot oUVEETNOY TUTOL-VopUaS Tou Yo elvor TdvTa
ueyohhTepn 1 {om e povédac, opiloupe hotndy tnv cuvdptnon Lyapunov V, : RY — [1, 00) yia xdde = €

RY v xdde a € RY o :
o\ 1/2
Va(x) =exp | a (1 + |||l )

Tére éyoupe yia xdde x € RY

AVa(z )Z—VU( )VV( )+ AVa(x)

xiaVy(zx) d aVy(z) r2a*V, () zaVy(z)
Z ax 21/2+Z 21/2+1 2 9.3/2
P+l = @ )P Hlel™ @+ e)?)
axVy(x adV,(x a?||z 2Va T allx 2Va x
V) (Quz+ <QU2+ [ g)_ [ jJQ
1+ [z 1+ =) 1+ ] 1+ [z

Topa elyacte €toyol v anodeilovue 10 TE®TO Yog VEWENTIXO ATOTEAEGUA

ITpbtaom 3.1

Trodétoupe H1,H2. ‘Eotw a € R%. Téte undpyet b, € Ry této10 dote yia xdde z € R?
AV, (z) < —aVy(z) + abg

xou

sup PV, (x) < Va(x) + by

t>0

Apyxd to Oedpnua 2.1[13] pog eaopariler twg n dudixacta (Yi)i>0 Oev exphyvutot, LTTO TNV évvola



nog P{Y; — 400} = 0 yia xdde z € RY. Ernione Aoyw tou Oewpruotoc 4.2[13] 1 (Yi)i>0 chvan
emovalnmuxy| xou o m(Vy) nenepoaouévo. Tote n Sradixaoio didyuong eivon Vetind emovahnmtixd xat o
avaAlolwTo pétpo T unopel va xavovixoroindel oe uétpo miavotntac. Me Sapopd 1o onuavTiXGTERO
amoteréopa Eyxertan omo to Oewpnua 6.1[13] 6nou anoxtolue tnv cbyxion tou semigroup (F)i>o
oty avahholwtn xatavour) m uro v Vy—vépuo (epyoddtnra) xar pdhiota ouyxAiver ye exdetind
eLluo, TOUTESTLV:

|Pi(,) = 7lly, < CapkVa, tE€Ry, o€ R?

we Cq € Ry, pg € [0,1) xou tnv V,—vépupa oplopévn oc || fi _f2||va = sup|g‘gva\flg — fagl-
Av xon tetpipuévo elvon onuavtixd vo onueiwdel twg 1 mapandvey oyéon elvar auTH) ToU BixaloloYel
™y yenon e€ionoewy Langevin yua derypotohndla xou odyoprduous Bertiotonomong xodog o dpog
Téong elval XATACHEVUOUEVOC ETOL WOTE Vol eEACPUNTETOL 1) GUYHMGOT OTNV XATAVOUY| EVOLUPELOVTOG .
Hopdro mou 1 xakf ouunepipopd e (Yi)i>0 €xet xoepwiel, pio amhoixy dioxpttonoinon unopel va
anotuyydver oty obyxhion [6], dpo xpiveton amapaitnto vor avoantdloupe avtioToryo anoTeréouoTa
xou yua TNV Ooxprth éxdoon (Xp)pen. Buyxexpyéva oto Afuua 3.2 onUeEdVOUUE WOLOTNTES TV
ouvopthoeny Gp(z) nou elacgolilouv v yewuetpx epyodixdtnta twv TULA, TULAc wc mpoc
v avaAroleTn xatovour| mh,. Enlong ogellouye va TovAcoule Yo Adyoug TANROTNTAS TS 1) XATOVOUY
Tp, €V YEVN 0ev TauTiletar Ue TNV T, EXTOC TEPLOPIOUEVWY eEAPETE®Y. AUTO TO QUVOUEVO WGTOCO
0EV ETLPEREL COBOPEC CUVETEIEC GTNY ATOTEAACUIATIXOTNTY TV ohyoplduwy Tépa ano TV EloaynYn
EVOC AOLUTITWTIXOU OQAAIATOS o Unopel vor EAeY Vel 660 Aopfdvouue YempnTind anoteAéouata Tou
pedlouy TNV andoTaon UETAED TKV 500 AUTMY XATAVOUOY, £lTe UTO TNV évvola anoctdoswy Wasserstein
elte g oAwrc xouavong. ‘Eotw topa wa mohudlactaor xavovixy T.u. e péon Ty 0 xou mhvoxa
suVBLOEVaeNC Iy, TOTE TO duvoixd Tou oyetiletan ye authY Ty xatavoud evan: U(x) = [|z?/2.
o tov ahyoprduo ULA Aowndv xon emhoyt| Briyotoc h = 1 mpoxintel:

Xn+1 ~ (Xn - VU(XTL)72Id) ~ (072Id) Kot (Oajd)

[péner va etvan Eexddlapo Théov twe To dtoxpttd BAua b ahhd xou 1 emhoyt) ouvdptnone taming Tj, (x)
enneedlouy TNV Hop®n TNE Tp, ToU dev Vo TEETEL VoL GUYYESTOL UE TNV .

Adppa 3.2

Trovétouue tic H1 xouw H2. 'Eotw h > 0 xou nwg 1 T}, woolbta elte ue G, 1 ye Gi,e, TOTE To TOHEOXATW
elvon oahnOn:

P1 Téte undpyouv a > 0, C, < +00 Té1010 GOTE Yo xdde h > 0 xon z € RY,
1Th(z) = VU(@)]| < hCa(1 + [[z]%)

P2 I'a xédde h > 0,

"ix—L xz_i T L 2112
it (7 T0) ) - AT - (5 VF@) + g IF@R > 0

2| —+o00 |||



ITp6taom 3.3

Trodétoupe H1,H2 xan éotw h > 0. Téte undpyouv M, 2, b € R} mou avonololy to mapoxdte yia
w&de x € RY

RpVie(z) < e MV (z) + hbl o, a1) (2)

H nopandver ouvdixn olugponva ye to N'ewpetpnd Epyodind Ocwpefua (15.0.1) oo [14], enapxei kote o
Ry, vo tapdryetl €var povodind avodholmTto uétpo miavotnTog 7y, xon TauToyeova Vo etval Ve — yewuetpixd

£pY0OWOC WS TEog auTo. Avtiotoya uia oyéon tonou Lyapunov-Foster umopel va xodiepwdet yio tov
S

b U€ow NG HoIMUOTIXAC ETAYOY NS xou TNE Bactxic avicotntog 1 —e™* > se™?,
RjV(z) < e ™V (2) + (b/ae?)e™ "

Méyer otiyprg €youde dellel towg utodétovtog yioe TNy xhion Tou duvouxod U 6tL arotekeiton amo vay
umepYpeopux6 xou Lipschitz cuveyr| dpo, xatahyouue 6Ny (Biot XAJOT SUVOULXGY TIOL EYEL TEQLY PUPTEL
oo [10] urd tnv évvolar ot to amoteréopata twv Ilpotdoewy 3.1 xou 3.3 dev Sapépouv amo o avoldya
TOUC TNV Ave BIBAOY oI avapopd, u€ypeL xaL xdroleg oTadepéc. Enouévme AouBdvouue autoudtns
xalL T ETYEPOLS OewpriuaTas

Ocwenua 3.4

Trodétoupe HILLH2. 'Eotw hy > 0. Téte vndpyer C > 0 xau A € (0,1) tétowa dote yio xdde
h e (0,ho], z€ R xoun €N

16,R5 — 7l 172 < CIA"Vin() + V)
xow yoe x&de h € (0, hy),
I = 7]l 12 < CVR

Ocwenua 3.5

Trodétoupe HI,H2 xou woyuph xvptétnra oty VH(z). Eotw hg > 0. Téte undpyer C > 0 xou
A € (0,1) této10 dote Yo x8de h € (0, hgl, z € R xou n € N

W2(8, R, 7) < C(nhA™Vi(z) + V)
xou vl xée h € (0, hol,
W2(mp, ) < CVh

To pedryuota Tou OewEHUATOC 3.5 UToEoLY TEUTERK Vo BEATILOVOVY, G0l ATOUTAGEL XUVELS TO BUVOULXO
v ebvon Buo Qopég cuveydueva dagopiowo xou 1 Aamhactavr) Tou va etvan Tomuxd Holder cuveyrc.

H3. U € C?(R4,R) Térte urdpyouv v, Ly € Ry xou B € [0, 1]tétol0 dote yia xdde z,y € RY,

IV H (@) = V*H(y)|l < L (1+ [l2]|” + [lyll") = = y])”



Ocwenua 3.6

Trodéroupe H1,H2 H3 xou toyuen xvptémta oty VH (z). 'Eotw hg > 0. Téte undpyer C' > 0 xau
A € (0,1) térowo Gote yia x&de h € (0, hg], € R xau n € N

W3 (0. Ryt m) < C(nh' PNV () + B1HP)
xou v xdde h € (0, hol,
W2(mp, 1) < ChtHP

YTV GUVEYEL Yia VoL UTOREGOUUE VoL 0ELOTIOLCOUNE TG aeldUNTIXES TEOCOUOWDCELS KOG TIROS GUYXELOT
TV ohyopldumy, Yo YeelaoTEL Vo EXTILACOUUE TNV TEWTN Xot OEVTERT POTH TWV UOVOTATIOV ATO TIG
EUTELPES PETES THIES TOUC. e auTO To mAdiolo ouunepthopfdvouue Ty e€hg unddeon:

H4. H € CYR4R) xu | DH|| € Cropg(RE,Ry) v i € {1,...,4}

Ocwenua 3.7

Trodétoupe H1,H2,H4. Eotw f € C3(RY,) této0 dote ||Dif| € Crpy(RE,RY) v i € {0,..., 3}
‘Eoto eniong ho > 0 xan (Xi)ren n popxopavi ohuoida 6tng opileton amo toug toug tamed olyoplduoug
ue apyxornoinon oto onuéto Xog = 0. Téte undpyer C' > 0 tétot0 HGote yio xde h € (0, ho] xou n € N*,

E

LS o - ﬂ(f)]) <Ot )

k=0

avd

1 g 1
E (n > 500 - w(f)) ) <O+ )

AptunTixd anoteAEcUATA

Q¢ mopdderyua yior TIC ApIUNTIXES TEOCOUOLOOELS BLOAEYOUUE TO Suvaixd Sithol tnyadiod U(z) =
(1/4)[|z]|* = (1/2)||z||* ve VU(z) = ||z]|*z — 2 <o onolo Aoye e noppnc tou Tanplalel améAuToL
oToug alyoplduouc pe yepixd taming. AEelyVOUUE EV CUVTOUIO WS IXOVOTIOLOUVTAL Ol UTOVECELS Hog,
ouyxexpéva ow H1,H2 xou H4:

IV @) = VH@ = |l21%2 = 91| < (2l + Tz - gl < 200+ o) + 512 |z - ol

<9«“ VH(fﬂ)> _ [z ez _

]IV H ()] 2l [l

Aro ti¢ Ipotdoeig 3.1 xou 3.3, 1 Sradixacio Sidyuong ahhd xan 1 Slaxelth TG €xXB0CT TOU TUEAYETOL OO
70 pepws tamed oyfuo etvar epyodixéc xon ano to Ocwpnua 3.4 oL avahholwTeg XaTavopés Toug elvon
IXAVOTIONTIXG XOVTE UTIO TNV €VVoLaL TNG OAXNS XOHaVoTS, ETOUEVKS eCacpahileton mwg Yo €youy xown
CUUTERLPORA VLol apxéTal ueydAa detypota. Tauvtodypova 1o Ochpnuo 3.7 Yo EMTEETEL VAL EXTIUHOOUUE

TV TEMOTN %o 0e0TEPN PO TNG AVUANOIWTNG XATAVOUYC HECW TWY EUTELOIXMY TOUG UECKY. LXOTOG
woc etvan vor auyxpeivoude toug adyopltduougc PTULA xaw PTULAc oe oyéon pe tov ULA xau toug




undrotnoug olyoplduoug mou avortvyUnxay oto [10]. To anoteléoyata xon To YUEAUXTNELOTIXE. TWV
TEOCOUOLOOEWY Pploxovton 6To x0plo pépog TNe dimhwuatixng. Ta xOplo cuutepdopaTa Yag EYOUV WG
eZhc, onwg avouévope o ULA oe mohhéc mepintidoeic elvon oo tardng xaL To UOVOTATLOL EXEYYVUVTOL,
eldd xou peydha Otoxpltd Pripata b eved o TULA gaiveton va elodyer cuotnuatixd éva o@diua
uepohndiag. I tov ahyderduo PTULA napatneolue mowg €yel avtioTolyn cuumepLpopd xan oxplBeio ye
tov TULAc. Qatveton dnhadr| mwe 1 eopuoyn Tou taming eite xato cUVIGTOOO EITE UEQIXWS EMAPXEL
yiao vor agatpécel Ty nodoyévela mou cuvavtdton otov TULA, wotdéco dtav autég ol 800 TeyVixég
a&omotolvton Tawtdyeova otov PTULAc 8ev €youue nepautépw Beltioon.



Introduction

The rapid adoption of machine learning and artificial intelligence from the vast majority of scientific
fields (engineering, natural sciences, medicine) but also from the industry (social networking,
advertisement, finance) has been a driving force for the development of an efficient optimization
algorithm. Most problems in these disciplines end up requiring the global minimization of an
objective function. While this mathematical problem is well studied in classical literature, irregular
features met in real world tasks such as noisy data, high-dimensional spaces and ill-conditioned
objective functions can’t be handled trivially. Most notably, objective functions encountered in
deep learning applications fail to be convex, a strong property which guarantees global convergence
for classical algorithms. The most abstract framework one can get is to seek for z* € R? such that

x* = argminU (x)
zEeR

where U : R? — R is the quantity we want to minimize. If U is at least continuously differentiable,
we get the following naive Gradient Decent algorithm by the discretization of dz(t) = —VU (z(t))dt:

Tpt1 = Tp — VU (2y)

One school of thought focuses on augmenting the above deterministic algorithm with random
explorations techniques on the surface of the objective function, by modifying the classical recursive
scheme with stochastic perturbations to achieve convergence. By doing so, the algorithm is
prevented to proceed along the steepest slope and thus it might avoid being trapped in local
minima or saddle points. Still, the convergence to the true minimum is not guaranteed and its
common for the algorithm to converge to different local minima depending on the initialization.
A simple stochastic modification is to add white noise next to the gradient, this results to the
formulation of the Stochastic Differential Equation

dX(t) = —VU(X(8)dt + o(t, X ())dW; , Vt e [0,T] (1)

with initial value X (0) = g a.s. finite Fop—measurable, where o(t, ) : RxR? — R¥*™ is a B(R,)®
B(R%)-measurable function called diffusion coefficient and (W (t));>o stands for a m-dimensional
Wiener Process. Then its Euler-Maruyama discretization is defined as

X(tni1) = X (tn) — hVU (X (t)) + 0 (tn, X () AW,

where AW, = Wy ., — Wy, are ii.d normal m-dimensional r.v. with expected value zero and
variance h, hence gaining the alternative notation

X(tny1) = X(tn) — hVU(X (tn)) + Vho(tn, X (t2)) Zns1 (2)

with (Z,)n>1 being i.i.d standard m-dimensional Gaussian r.v.. This iterative scheme can be
further improved by adopting adaptive stepsize and momentum techniques, giving birth to several
optimization algorithms which solve many of SGD’s pathologies, the most popular among them
being ADAM [1I]. Although those algorithms are empirically known to be efficient for training
neural networks and optimization of non-convex functions there are still significant mathematical
gaps to be filled [2].

On another stream of literature the focus is shifted on the development of MCMC-type algorithms
[3] on the premise of constructing an ergodic Markov Chain whose invariant distribution allows for



sampling from a target probability measure. Having access to draw such samples, in combination
with the simulated annealing algorithm, constitute a computational efficient program for tackling
optimization problems, especially if the latter involve computations in high dimensional spaces.
More precisely, for any objective function U(x) we can always consider the following probability
distribution w.r.t. Lebesgue measure

mp(a) = e PV / e Wy (3)

where 8 > 0 is a parameter refereed to as the inverse temperature. Its apparent that if we have
the ability to simulate values from mg we can simply detect the argminU(x) by approximating the
whole distribution , although that’s not computational efficient but we will come back to it later.
Under certain regularity conditions on U(z) its known from diffusion theory that the density on
(3) is associated with the overdamped Langevin equation

dY; = —VU(Y,)dt + /25~ 1dW, (4)

in the sense that the solution (Y;)¢~0 of (4) is geometrically ergodic with an invariant probability
measure /. that possess the density w3 w.r.t. Lebesgue measure. Invoking once again the Euler-Maruyama
method, we derive the following discretization scheme for the Langevin SDE (2) also known as the
Unadjusted Langevin Algorithm (ULA)

X(tns1) = X (tn) — AVU(X (tn)) + V2hB 1 Zp 11 (5)

The discrete process (X, )nen defined by (5) is a Markov Chain, whose stationary distribution can

be used to approximate mg. Although those distributions are not necessary the same, under the
assumption of a globally Lipschitz gradient VU (x), non-asymptotic bounds in total variation and
Wasserstein distances between 7g and the distribution of (X, ),en can be established. Yet, this

is a strong condition not regularly met and its has been shown that when violated ULA itself can be
unstable. In particular if the drift coefficient of (5), VU (z) is superlinear i.e. liminf|, oo | VU (2)||/||z|| =
+00, its known that moments of (X,),en can diverge to infinity [4]. A way to counteract this
behavior, is to introduce an additional Metropolis-Hastings step to ULA [5]. Indeed if we look at

the iterates of (5) as proposed moves in a random walk with an acceptance probability of

qn,5 (Y, z)m5(y)

(@) = LA oms(@)

where qp, (y, x) is the transition probability density. Adding such an acceptance-rejection step one
gets the Metropolis-Adjusted Langevin Algorithm (MALA)

X(t +1>, if u, < ah(XM(tn),X(tn+1))
M(t,), otherwise

XMt ={

where (up)nen iy (0,1). By construction MALA ensures reversibility w.r.t. 73 thus preserving

the invariant measure. Although an improvement from ULA, in the superlinear case MALA can
still fail to be geometrically ergodic[6], a desirable property for a MCMC algorithm as it guarantees
central limit-type theorems to hold. This happens because the proposed Markov Chain generated
from ULA is often transient, thus leading MALA to lose it’s geometrical ergodicity. As a potential
solution, MALTA was proposed which modifies MALA by truncating the drift coefficient in regions
where the underlying Euler Scheme is explosive[6][7]. This is achieved by preserving the direction



of the drift in ULA while the amplitude gets normalized. In contrary to MALA, MALTA can
be shown to be geometrically ergodic but the relation to the original diffusion is not the same.
Fortunately, in recent literature on Euler approximations a new class of numerical schemes have
been introduced to study the case of non-globally Lipschitz conditions by modifying the drift term
in such a way that it become uniformly bounded[§][9]. That’s the so called notion of taming. The
efficiency of such schemes and their respective desirable properties of strong £P convergence create
a strong incentive to extended these techniques for the sampling problem. Let us consider the
following discretization scheme:

X(tni1) = X (tn) = ATW(X (t)) + V/2RB Zni (6)

for an appropriate choice of taming function T}, : R — R?, then the iteration rule (6) is known to
produce a MC whose stationary distribution converges to the target mg and most importantly to
recover the geometrical ergodicity of (4) for fast rates of convergences. Based on [10], there are two
different T}, candidates to select from:

Gh(z) = L(m) and G§(z) = (W)
1+ h|VU(z)]| 1+ n|oiU(@)] ) ie1,.a
The first one performs the taming to the whole gradient, resulting to the Tamed Unadjusted
Langevin Algorithm (TULA). The second one accompanied with (4), is refereed to as the coordinate-
wise Tamed Unadjusted Langevin Algorithm (TULAc), which applies the taming element wise thus
scaling the effective stepsize of each coordinate individually. However its experimentally shown
in [I0] that TULAc outperforms TULA in terms of 1st and 2nd moments errors, especially for
large stepsize choices and also, its preferred in the design of algorithms who are meant to solve
high dimensional optimization problems [I1]. Its further theorized and numerically illustrated
that depending on the particular problem, more taming functions can be proposed e.g. uniformly
bounding only the non-linearities of VU (x). This will be the driving idea behind our work in
Chapter 2.
So far we have seen how MCMC algorithms help us sample from a prescribed distribution of our
needs, but our initial goal was to optimize an objection function. The gap between sampling and
optimization in this case is bridged via simulating (or temperature) annealing. While simulating
unless the distribution has large probability mass around the maximum, computing resources will
be wasted exploring areas of no particular interest. By adopting simulated annealing with any of the
presented algorithms, we will sample using a Markov chain whose invariant distribution at iteration
n is no longer mg(z) but rather equal to mg, () where (1/8,),cy is a decreasing cooling schedule
with lim,, o1/, = 00. The reason behind doing this is that lim,, .73, () is a probability density
that concentrate itself on the set of global maxima of 7(z), hence the minima of VU(z). Optimal
temperature scheduling and initial By are specific problem dependent, but in general the scheduling
should be slow e.g. logarithmic. All in all, as we progress through the burn-in period of a MCMC
algorithm, we tend to sample exclusively near the distribution’s peaks



Tamed Euler Approximation Schemes

Even from classical literature it known that implicit methods often produce stable numerical
schemes in comparison to their explicit counterparts but with the impactful repercussion of extra
computational cost. In the stochastic framework a vanilla explicit scheme applied to a not so
favorable conditioned SDE can even produce exploding paths [4], a very problematic behavior,
that should be avoided. Recently a new family of explicit (tamed) schemes have been developed
[9][8], that simultaneity enjoy stability and computational efficiency. In [9] its shown that under
linear growth and local Lipschitz conditions on the coefficients of a diffusion based SDE like (2),
the tamed implicit Euler-Maruyama scheme is £P convergent to the true solution of the SDE
and the classical rate of convergence is recovered when globally one-sided Lipschitz condition is
demanded. Key to such results is to achieve uniform moments bounds. We aim to extend this
work by considering the case in which the drift coefficient consists of two terms, one satisfying
the assumptions used in [9] and the other being globally Lipschitz continuous, allowing the latter
to be untamed in the explicit scheme. Also we assume that only a finite number of moments of
the initial value are bounded, as that’s the case in most applications. This saddle but meaningful
modification requires a different technical approach for obtaining the moments bounds.

Setup

Let (2, {F,}t>0,F,P) be a filtered probability space satisfying the usual conditions and consider
the SDE

dX () = g(t, X (t))dt + o(t, X (t))dW,, vt € [0,T] (7)

with initial value X (0) = z a.s. finite Fy—measurable, where o(t,z) : R x R s RI¥X™ is a
B(R,) ® B(R?)-measurable function and (W (t));>o stands for a m-dimensional Wiener Process.
Additionally the drift coefficient can be written as

g(t,x) =b(t,x) + f(x), Y(t,z) € [0,T] x R

where it is assumed that b(¢,z) : R x R? » R is B(R;) ® B(R?%)-measurable and f(-) is globally
Lipschitz continuous and thus a B(R%)-measurable function as well. Then there exists a positive
constant Ly such that,

|f(@) = f(y)l < Lylz -yl (8)
We now define the following numerical scheme
dXn(t) = gn(t, Xn(kn(t)))dt + o (t, Xp(kn(t)))dWs,  kn(t) = [nt]/n, Vte€[0,T] and Vn>1 (9)

where the drift coefficient is partially tamed, in the sense that g, (t,z) = b, (t, x) + f(x), while it is
assumed that
1

b (t, x) := mb(t’ x)

for any ¢ € [0, 7],z € R? and a € (0,1/2]. Furthermore we notice that |b, (¢, )| < min(n?, |b(t, z)|)



Assumptions

Henceforth every call with a ’S’ prefix shall be considered a direct reference to [9]. We begin with
by showing that if the assumptions S.A1, S.A2, S.A3, S.A5 hold true then we easily obtain identical
properties for the function g(¢, z).

S.A1 There exists a positive constant K such that,
20b(t, )V [o(t,2)[2 < K(1+ |of?)

for any t € [0,7T] and = € R?.

S.A2 For every R > 0, there exists a positive constant L such that, for any ¢t € [0, 7],
2(z — y)(b(t,x) = b(t,y)) V |o(t,z) — o(t,y)|* V Le|z — y|?

for all |z, |y] < R
S.A3 For every R > 0, and p > 0, there exists Np € IL? such that,

sup [b(t,z)| < Ng(t)
|z]<R

for any t € [0, 7]
S.A5 There exist positive constants £ and L such that, for any ¢ € [0,T7],

(z —y)(b(t,z) = b(t,y) V|o(t,z) — o(t,y)* < Lz — y|”

and
b(t, ) — b(t,y)| < L1+ |z|* + |y[*)|z — y]

for all z,y € R¢

A4 For every p < pp, E[|X(0)|P] < co where pg > 2
Note that under (8), f(-) grows at most linearly:

(@) < |f(x) = F(O)] + [f(0)] < Ly — O] + | f(0)] < max(Ly, [f(0))(1 + [x]) = Kf(1+ [z[) (10)
We observe that,
2 f(z) < 2zl f(x)] < 2K (ja| + |2]*) < 2K;(1+ |a])® < 4K (1 + |2]) (11)
Now due to (S.A1) and (11) it is easily seen that,
2xg(t,z) = 2zb(t,z) + 22 f () < (K +4Kp)(1 + |2|*) = C1(1 + |z|?) (12)
Also, under (S.A2) and (8) it trivially follows,

2(r —y)(g(t,x) — g(t,y)) = 2(x — y)(b(t,x) — b(t,y)) +2(x — y)(f(z) — f(y))
< Lplr —y|* + 2z —y|Lg|lz —y| < (Lr + 2Ly)|z — y|* = Crlz — y(!2 |
13

Similarly due to (S.A3) and (10) we obtain

sup |g(t, x)| < sup [b(t, x)| + sup |f(z)|] < Nr(t) + K;(1+ R) = Gg(t) € L° (14)
lz|<R lz|<R lz|<R



Lastly (S.A5) and (8) imply that
l9(t, ) = g(t, y)! < [b(t, ) = b(t, y)[ + [f () — f(y)]
L+ |2l 4yl |z =yl + Lylz — ]
L(L+ ol +|y[) e =yl + L1+ |2| + |yl) |z — y]
< (L + L) (L+ [z] + |yl ) — yl = Ca(1+ |2|° + |y|) = — y] (15)

Remark 2.1

For every n > 1, g,(t,z) has at most linear growth. To see this, one shall consider (S.2.4) and (8):
|gn(t,2)] < [bn(t,2) + [ f(2)] < n® + Kp(1+ []) < n(1+ []) + Kp(1 + |2])
a K a
< (" Kp)(1+[al) < (L+ S Dn(1+ [2]) < (14 Kp)n®(1+ o))
< Csn®(1+ |z|) (16)

Due to (16) and (S.A1), both the norms of g,(¢,z) and o(t,z) have at most linear growth for
every n > 1. This implies the existence and uniqueness of a solution to (9) for every n > 1 and
furthermore for all p < pg:

sup E[|X, ()] < N := N(n,p,T,E[X(0)["]) (17)

0<t<T

under the assumption (A4).

Proof.
Let us define the stopping time 75 = inf{0 < ¢ < T : |X,,(¢)| > R}. Then by (9) written on its
integral form, one gets:

Xa(tn ) = X(0)+ [ " g, X(hn(5)))ds + / " (5, X (ka(5))) AW,

t

—X(0)+/0 (5, Xn (o (s))) 1 {2 > s}ds—i—/o o (5, Xk (8))) 1 {75 > 5}dW,s

— X(0) +/0 (5, Xn(kn(s) A ) 1{7R > s}ds +/0 o (5, Xn(n(s) A TR))1{rr > s}V,

Taking the supremum and then the p!" power we obtain

sup | Xp(uATR)P < <|X(0)| + sup | ugn(s,Xn(kn(s) ATR))1{TR > s}ds |

0<u<t 0<u<t 0
u P
+osup | [ o(s, Xoulhn(s) A )L > s}, |)
0<u<t 0
u P
ssp-1<x<o>\p+ sup | [ gu(s, Xulka(s) AR))L{rr > s}ds |
0<u<t 0
u P
+ s | [ o, X, b5) A ) o > s | ) (1)
0<u<t 0



Now by Holder’s inequality and (11):

E [ sup | ugn(s,Xn(kn(s) ATR))1{TR > s}ds |p] <E K sup /Ou | 9n (s, Xn(kn(s) ATR)) |1{TR > s}ds>p]

0<u<t 0 0<u<t

<e|(/f | gl X k() A 7)) |17 > s}dsﬂ <es [ | (s, Xalha(s) A7) PL{rm > s)as|

< TP=1CEp PR [ /0 t (1+ | X (kn(s) A TR) \)pds} (19)

By the BDG inequality applied to an Itd Process, Holder’s inequality and (S.A1):

</0t| o(s, Xp(kn(s) ATR)) |2d$>p/2]

< C,TP~2/2E [ /D t | o(8, X (kn(s) ATR)) |pds] < C,TP2/2 KPR [ /0 t (14 | X, (kn(s) A TR) \)pds]
(20)

u P
E [ sup | o(s, Xn(kn(s) ANTr))1{TR > s}dW5 | ] < C,E
o<u<t Jo

Taking the expectation of (18) and plugging in (19) and (20), we have

E [ sup | Xp(u A TR)|p:|
0<u<t

t
< 3PTR [ X(0) |P] + 377! (Tp—lcgnap + CpT<p—2>/2Kp) E [ / (1+ | Xp(kn(s) A TR) y)Pds}
0

t
< PR [ X(0) [P] + 677! (Tpflcgnap + C,,T(p*2>/2Kp) E { / 14| X, (kn(s) A Tg) |Pds] (21)
0

By Tonelli’s theorem one writes

[ [ 1+ 1 X006 A7) Pas| = 4 [ B0 6000 06) ) Pl

t t
< T+/ E [ sup | Xy (kn(u) A TR) ’p]dé‘ < T+/ E [ sup | Xy (uATr) p}ds
0 0<u<s 0 0<u<s

Thus, (21) yields

E [ sup \Xn(u/\TR)V’]
0<u<t

< max ((3p—1, 6! (Tpcgnap + cpT<p/2>Kp)) 1 +E[ X(0) )

t
+ (6 (TP + €T ) /0 . Li?fis | Xnlu 1) ‘p] ds

< N T+ B[ X(0) P) + Na(Top) [ E[sup | Xo(u A R) rp}ds (22)

0<u<s



One notices that the stopped Process (Xn(t A Tr));>¢ is bounded. Indeed, if |[X(0)| > R then
| Xn(t ATR)| = |X(0)|, otherwise | X,,(t A 7r)| < R. Therefore | X, (t A 7r)| < max(|X(0)], R).
It easily follows that:

E{sup|xaoLAarp < E [max(| X (0), R")] < o0
0<u<t

Now by applying the Gronwall’s lemma at the integral inequality (22), we get

E

swL&WAWW]SMWJWW+EWHMWW%mmsznﬂMW@W)(%)

0<u<lT

In order to conclude this Proof, one notices that on the event {Tg < T} we have supy<;<r [Xn(t A
Tr)|P = RP because with probability 1, X,,(-) has continuous paths. Therefore due to Markov’s



inequality

E [ sup | Xn(t ATR)P
0<t<T

> RPP ( sup | Xp(t ATR)|P > Rp> =RPP(tp<T)
0<t<T

< P(rr<T)<N/RP=P(rp<T) ——0
R—o0

As R+ 7R is non decreasing, limg_,o, 7Tr = T almost surely. So

lim sup |X,(tA7TR)|P = sup |X,(t)]P a.s.
R—o0 g<t<T 0<t<T

Due to Fatou’s lemma and (23) we get

sup E[|X,()P] <E [ sup ]Xn(t)\p] < limRianE

sup \Xn(t/\TR)|p] < N(n,p,T,E[| X (0)])

0<t<T 0<t<T 0<t<T
(24)
Lemma 2.2
Consider the scheme in (9). If for some p > 2,
sup sup K[| X (£)["] < oo (25)
n>10<t<T
and (S.A1) hold, then
sup E[|Xn(t) — Xp(kn(t))|P] < Can™P/? (26)
0<t<T
where Cy is a positive constant independent of n.
Proof.
One immediately writes
t t
E|Xn(t) — Xn(kn(1)[” = E| gn(r, Xn(kn(r)))dr +/ o (r, X (kn(r)))dW,|”
kn (t) En(t)
Due to Clarkson’s 1st inequality we get
t t
E|Xn(t) — Xn(kn(1) [P < 2P7'E| 9n (7, X (kn(r)))dr[P + 2"~ E| o (r, X (kn(r)))dW:,|?
kn(t) kn(t)
(27)
By Holder’s inequality and (16), which stands because of (S.Al), one gets
t t
El gn(r, Xn(kn(r)))dr]? < |t — kn(t)p_lE/ |9n (7, X (ki (7)) [Pdr
kn(t) kn (1)

< (T/n)'E /k OB (L X))

t
< (TP CipPeVHE / |+ [ X () P
kn (t)



Observe that for Vr € [k, (t),t], kn(r) = kn(t), thus

& ® 9n (1, X (ki (r))dr[P < (21)P ' CERPO DTNt — ki (6))E [1 + | X (i (£))[P]

< 27 TPCERP Y (14 E[| X (ka (8)) )
Notice that (25) implies that (28) can be written as
t
E| gn (1, X (ki (1)) dr [P < MynPa=D
kn(t)

where M is a constant independent of n and ¢.
Now, by (S.A1l) and the BDG inequality we obtain once again that

t u
E| o(r, Xn(kn(r)))dW, P < E sup | o(r, Xn(kn(r)))dW, P
kn () t)<u<t kn ()
< G,E / (kn(r))) 2 P2
< o) e KP/2<T/n>p/2< 1+ E [ X (ka () "))
< Mon~ p/2

where M is a constant independent of n and ¢.
Substituting (29) and (30) in (27) we write

E| X () — X (kn(£))]P < 2P~ max(Mi, My) (np(“_l) + n—p/2) : Vit € [0, 7]
because a € (0,1/2], (31) immediately yields (26).

Remark 2.3
Observe that if (S.A1) holds, then

b(t, x)
2xgn(t, x) = 22b,(t, 2 <2r—"T2 49
u(t,2) = 2aby(t.2) + 20 () < 2o g + 2l f (o)
1+ |z|?
1 +n=ab(t, z)|

< KL+ [af?) + 4K (1+ [2f?) < C5(1 + |2)

+ 2Ky (Jo| + ) < K1+ [a]?) + 2K (1 + |2])?

Lemma 2.4

Suppose that (S.A1) and A4 hold, then for some Cg := Cs(T, K, K¢, E [|X(0)%])

sup sup E [|Xn(t)]2] < Cs
n>10<t<T

10

(28)

(30)

(31)



Proof.
Let us define

T
1,(T) = E [ | al6) = Xl s Xn<kn<s>>>ds}

=E

We calculate due to (16)

[ ,T s
I}LT =E n (S, Xy (kn(s n (1, X (kn(r)))drds
(T) /0 gn (s, Xn( ()))/n(s)g( (kn(r))) ]

|
kn(s)

r T
<E /0 |9n (s, Xn(kn(s))) lgn(th(kn(T)))ldeS]

S

[ rT
<E /0 |Csn®(1 4+ X (kn(s)) |C3n®(1 + Xn(kn(r))drd3]

kn(s)

< C2n™E UOT (5 — kn(s)) (1 + Xn(kn(s)))st}

T s s
/ ( / g, X (i (1)) + / o, Xn<kn<r>>>dwr) gn<s,Xn<kn<s>>>ds]
0 kn(s) kn(s)

T T
< 2TC3n* 'K [T+ / |Xn(kn(s))|2ds] < 2TC3E [T+ / an(kn(s))Pds}
0 0

Also by the tower property and the fact that an It6 Process is a Martingale

M T s
IX(T) = E /0 ( /k ()U(T,Xn(kn(r)))dWT> gn(s,Xn(kn(s)))ds]

/ T o Xn(kn(r)))dm> gn(s,Xn(k;n(s)))ds]

_E o ( / o, Xn(tj))dWr> gn(s,Xn(tj))ds]
j=0"t 2

n-1 tiy1 | s
= 4 /t E gn(S,Xn(tj))</t a(r,Xn(tj))dWr>] ds

j
tiv [
= / E [E
X t: i

gn (s, Xn(t5)) (/tsa(h Xn(tj))dWr> |ftj” ds

J

j=0""% 7

Thus by substituting (34) and (35) into (36) we get

I,(T) < 2TC3 max (1,T) (1 —HE/OT \Xn(kn(s))\2d5>

11

tir1 S
:Z/] E | gn(s, Xn(t;))E o (r, Xt TTAW, \}}j] ds = 0
t



One immediately notices from (9) that d[X,]; = o(t, X, (kn(t)))?dt then Itd’s formula for the
function h(t,z) = 22 gives,

X ()2 = [X(0 |2+2/ X, () g (5, X ds—l—/ (0(5, Xon(kn(s))) s
+9 / X, (5)0 (5, X0 (i (5))) AWV,
=1X(0 |2+2/ X (kn(8))gn (s, Xn( d$+/ lo (s, X (kn(5)))[2ds

2 /0 (Xn(5) — Xa(kn(5)))) ga(s, X (kn()))ds + 2 / X, (8)0(5, Xo(kn(s)))dWs  (38)

Now, by taking the expectation of (38) notice that the last term vanishes. Also due to (S.A1) and
(32) we get,

E [/Ot (5, X (kn(s)))] ds} <K<T+IE/ | X (K (s ))y2ds> < Kmax (1,T) <1+IE/Ot|Xn(k:n(s))|2ds)

and

E [/Ot 2Xn(kn(s))gn(s,Xn(kn(s)))ds} < Csmax (1,7) <1 + E/Ot |Xn(kn(s))|2ds)

From the above and (37) we conclude that
E| X, (t)]* < E|X(0)|* + (C5 + K + 2TC%) max (1, T) (1 + E/Ot ]Xn(kn(s))]2d5>
< C7 +E|X(0)]2 + CE /Ot X0 (o (5))| 2l
< Cr+EXO)’+Cs /OtIE|Xn(kn(s))]2ds

t
< C7+E|X(O)|2+C7/ sup E|X,(u))|2ds (39)
0

0<u<s

but because (39) is true Vt € [0, 7], it holds in the case of supremum as well. We have

t
sup E| X (u)2 < Cr + E[X(0) + Cs / sup E|X,(u))[2ds (40)
0

0<u<t 0<u<s
furthermore, by (S.A1) and A4 Remark 1 holds, thus it is guaranteed by (17) that

sup E|X,(u))]* < oo,
0<u<s

then (40) and the application of Gronwall’s lemma yield

sup E|X,(1)|* < (C7 + E|X(0)]?) 77 = Co(T, K, K, E [|X(0)[*]) (41)

0<t<T

Notice that (41) holds Vn € N and that the constant Cg is independent from n, thus (41) implies
(33).

12



Lemma 2.5

Suppose that (S.A1) and (S.A4) hold, then for some Cs = Cg (T, K, K7, E[| X (0)|P])

E [ sup |X(t)|p] VsupE ! sup | X,(t)P| < Cs (42)

0<t<T n>1 | 0<t<T

for every p < pg

Proof.
The first part of (42) is well known in the literature. By Ito’s formula we get:

[ Xn (8" = IX(U)I”H?/ IXn(U)Ip_QXn(U)gn(uaXn(kn(U)))du+p/ | X (1) P2 X ()0 (u, X (ki (1)) ) AWy

/|X P20 (11, X (e (1)) Pt + 2 /|X P X ()0 (s X (i () Pl

nS IX(0)|p+p/ | X ()P X (1) g (1, Xn(kn(U)))dU+p/0 | X (1) P2 X ()0 (u, X (K (1)) ) AWy

/ X0 (@) [P~2 0 (u, X (kn () du (43)

Taking the expectation of the supremum of (43

B| sw 1X,()| <ElxOP] +pE{sup [ 02X (g 0 X))

0<s<t 0<s<t

+pE[sup I \Xn<u>\p2xn<u>a<u,xn<kn<u>>>dwu}

0<s<t

+ 2D [l 2o Xl ) Pl (14)

Let us now bound each term in ( 4). We first write:

E{sup [ 02X, (g 0 X ()

0<s<t

{sup 102X ) s 10l

0<s<t

Sup/ | X () P2 { X () — (n(U))}gn(qun(kn(U)))dU] (45)

|:0<s<t
Notice that (32) implies that:

| s [ 0P 2 () X ()| < B sup [ 101205 (141X, ()

0<s<t 0<s<t JO

< [ [ 1@ (1 Pl ?) o] (10

Young’s inequality yields that the LHS of (46) is bounded by,
tp—2 t2 p/2
C5E |:/ p|Xn(u)‘pd’LL:| + C5E |:/ *(1 + |Xn(k3n(u))|2> dU:|
o P o P

<o ; ’E [/Ot |Xn(u)|pdu] + 052]:1115 [/Ot 1+ an(k;n(umpdu] (47)

13



Furthermore, substituting from (9) we get:

[sup / | X () P72 { X (1) — Xon(k (U))}gn(qun(kn(U)))dU]

0<s<t

0<s<t n(u)

sup / | X, () [P~ 2 (/u ) gn(u, Xn(kn(r)))dT—l—/u a(u,Xn(k:n(T)))dWr> gn(u, Xn(kn(u)))du]

sup / | X, (w)|P™ 2/ ) Gn (1, X0 (ki (1)) dr gn(u,Xn(k:n(u)))du]

0<s<t
+E oiligt/ | X (u) P2 /n o (r, Xn(kn(r)))dW: gn(u, Xn(kn(U)))dUI
<E Oiligt/ | X () [P~ Q/n w? (75 Xn(kn (1)) gn (u, X (kn(r)))dr dUI

p—2 U
E / X (u) d ]

By (16), Theorem 7.1 in [I5] and Young’s inequality we obtain

/k w |9 (4, X (Rin ()] (', Xa (K (7)) AW

[sup [ 1020000 = X ) X )

0<s<t

sup / X, () [P 2/ C2n20(1 4 | X (o (1)) 2dlr du]

0<s<t

/|X Ol

sup [ X ()2 C202 (1 4 | X (ko () )2 /

0<s<tJo En ()

t 92 t
+E[/X pdu:|+/E
o p—2 e = )
oI

SE[SHP/ X, (0P 2321+ X, (), ]

0<s<t

v 2w [ mwral <o (0) [ El/ ol X)) o <>>>\p/2dr]d

< C3n* 1R [/0 | X (W) P72 (1 + | X (B (w))])? du} + p%zE [/Ot \Xn(u)\pdu]

T p/4—=1 ,t
+cp(n> /0 E

[ o Xl )W,

du]

/ u( s X))o Xa ki )))

u

<E

dr du]

p/2
du

[ (o Pt (VEC + 1Xa i) er] du

14



2a—1 t 2p+1 2a—1 t
<o g [ / \Xn(u)]pdu] o " g [ / 1+ |Xn(kn(u))|pdu}
p—2 0 p 0
t t
+- L g { / ]Xn(u)]pdu} + CplmP/Apap/? / E
p—2 0
2p+1 2a—1 t
< chp;‘ [ / X0 (1 |pdu] +CIT——F [ / 1+ |Xn(kn(u))|pdu}
0

P OPdul + ona-12e2 [ NP du
- Loe| [ ra] + o [ 1+ Bl )P (43)

(14 | X, (o (1))])? /u( )dr] du

Notice that a < 1/2 = n?¢~1 < 1, also by recalling (SA-1), (45) is simplified to

| s [ 102000 X))

0<s<t JO
<C <1 + /OtE [| X0 (w)|P] du + /OtE [| X0 (K (w)) ] du) (49)

for some arbitrary constant C' = C(p, T, K, C3).
Proceeding with bounding the 3rd term of (44), and using the BDG inequality we get

[oi‘?it [ B2, ot X, (e aw| < cz | ( t|Xn<u>\2p—4[xn<u>a<u,Xn<kn<u>>>12du)1/2]
< CE (/ | X0 (w) PP 2|0 (u, X (B ()] du)1/2 <CE (0352‘)( (r)[22~ 2/ lo(u, X (K (w))] du>1/2]
< CE | sup [Xu(r)l"” 1(/ 0 (1, X (e (1)) du>1/2]

Let V be a positive arbitrary constant, then Young’s inequality yields

sup [ X () P2 X () 1t X (b (1)) )V
5| [ 1 ]
Ossgz;thnv)v’—l( /0 |o<u,Xn<kn<u>>|2du>l/2]

(/ oty X ()] du>p/2]

< ;/E[Sup Xn(r)\p} +CE [/O KP/? (1+Xn(k:n(u))|2)p/2du]

0<r<t

<CE

C
< p
2VE[sup | X (7 )\}—I—CIE

0<r<t

<c <1 T /OtE (1,0 (B (1)) ] s + %E { sup \Xn(r)\p]> (50)

0<r<t

15



Finally, we have

| s [ 10 2la X (0) P

0<s<t

<& [ Pl ot X )] < KE[ [ 16,002 (15 1 0 X0 0 )
K(pp_2)E Uot \Xn(u)]pdu] + 2;{15 Uot (1+ Xn(kn(u))|)p/2du]

K2 [ / | Xa(w) rpdu] n 2’”;K E [ / g an<kn<u>>\pdu]

IN

IN

<C <1+/OtIE[|Xn(u)|p] du+/0tE[|Xn(kn(u))|p] du> (51)

In context of (49),(50) and (51), its easy to conclude that
t

B[ s o] < (14 [ B @PTd+ [ B0 @)P)dut 8 | sup 1] )

0<s<t 2V lo<s<t

where C' = C(p, T, K,C3,C5,E[| X (0)|")]. Now let us choose V = C, then one immediately writes
t

E[Sup |Xn(5)|1’} gc<1+/0tE[an(U)|p] du+/0

0<s<t

E 10k ()] du
t
<C <1 +/ E [ sup \Xn(s)|p] du> (52)
0 Llo<s<t
Due to (24) the quantity inside the integral of (52) is finite and thus Grownwall’s lemma is applied
and yields

| s X, | < COATK.Co. G E[XO))
0<s<t
with C being a constant independent of n, implying that:
supE | sup |Xn(s)|p] <C(p,T,K,C3,C5,E[| X (0)]")] (53)

n>1 [0<s<t

The desired result is trivially implied by either Holder’s or Lypanov’s inequalities for every p < pg.
Now that moments bounds have been establish we remark that under the assumptions of Lemma
2.2 and Lemma 2.4 the convergence and convergence rate results in [9] immediately hold true. We
state those theorems for shake of completeness.

Theorem 2.6

Suppose (S.A1)-(S.A3) and A4 hold, then the tamed Euler scheme (9) converges to the true solution
SDE (7) in LP-sense, i.e.

lim E | sup |X(¢) — X,(¢)]P

n—oo OZtET

for all p < pg
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Corollary 2.7

Suppose (S.A1),(S.A3),(S.A5) and (A4) hold, then the tamed Euler scheme (9) with a = 1/2
converges to the true solution of SDE (7) in LP-sense with order 1/2, i.e.

E | sup |X(t) — X, (t)P| < Cn7P/?
0>t>T

for all p < pg, where C' is a constant independent of n.

17



Tamed Un-adjusted Langevin Algorithms

In this chapter we return to the previous established framework of our Introduction in chapter
1. We consider the case in which the drift coefficient VU can be thought of as the sum of two
term. This way all the superlinearities will be dealt with simultaneously by controlling the first
term, while the second one is assumed to satisfy a global Lipschitz continuity condition and thus
grow at most linearly. This framework allows us to implement a weaker taming technique than the
one previously developed in [10], without losing practical performance. Henceforth, it is assumed
that U = H + F is continuously differentiable. We suggest two different partially taming functions
Th(d}):

B VH (x)
1+ h||VH ()|

Cal) T ho:H ()]

+VF(z), and Gpo = < + 8¢F($)>

ie{l,...,d}

which in the scope of (6) result to the Partially Tamed Un-adjusted Algorithm (PTYLA) and its
coordinate-wise counterpart (PTULAc) respectively.
We now state the following assumptions.

H1. There exists ¢, L, K € R such that for all z,y € R,
(i) IVH(2) = VH@)I| < L (1+ 12l + y]) = - y]
(i) [IVF () = VE(y)| < Lyllw gl

ne IVH (z)|

(1) lim inf)j,) 5400 Tl = +00

ii) liminf),, ol — = 0
()l e <lel [VH@)|

Under those hypothesis, we obtain some vital remarks. Observe that H2 implies lim inf ;.o VH () =
+00, hence H has a minimum z* and VH (z*) = 0, due to transnational invariance assume x* = 0
without loss of generality. Then by substituting y = z* into H1(i) one immediately gets that for

all z € R,

IVH(@)|| < 2L(1+ [lz]*) (54)

Also H1(ii) yields for all z € R?,

IVE(z)]| < max(Lg, VE(0))(1+ [[z]]) := K (1 + [|2[)

Notice that H2(i) implies that there exists M, C € R* such that for all z € R%, ||z > M
IVH (2)|| = Cx]| (55)
Respectively H2(ii) implies that there exists M,k € R such that for all z € R, ||z|| > M
eV H(z) > k|z|[[[VH ()] (56)

where M in both cases can be arbitrary large. Local Lipschitz conditions hold trivially for both the
coefficients of (4) and thus by classical literature, (4) has a unique strong solution denoted (Y3)>0.
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Moreover, the strongly Makrovian semigroup (P;)¢>o (consult Theorem 5.4.20 in [12]) constructed
by

Pi(z,A) = P (Yy(z) € A) = E[Ia(Yy)|Yo =] Vt>0, z € R and A € B(R?)
is reversible with respect to m and hence it admits a unique invariant measure. To further obtain
crucial properties such as positive Harris recurrence and exponential ergodicity we consult the
work of S.P.Meyn and R.L.Tweedie in [13],[I4] and [6] to control the moments of the diffusion with
Foster-Lyapunov like criteria. The infinitesimal generator A associated with (4) is defined by

Af =lim © (B, [f(¥)] - ()

for all f € C%(R?) and = € RY. Because (4) is of the form dY; = b(Y;)dt + o (Y;) dB; with a := 0o
we further calculate that
0

1 p O ] L& B oU af 1 a
F= Z + 2 ; kzoalk (%U ka Z ox; 0x; 5 kzzoakk oxy, Z (%U 10T,
= —(VU(2)|Vf(2)) + Af(z)

Following the literature we will need a norm-like function which is always greater or equal than 1,
so we define the Lyapunov function V, : R¢ — [1,00) for all 2 € R for any a € R* by :

9\ 1/2
Va(@) = exp (a (1+ o)
We then have for all € R?

AVa(z )Z—VU( )VV( )+ AVa(x)

x;aVe(x) d aVy(x) x?aQVa(x) x%aVa(x)
Z ax 21/2+Z 21/2+1 2 9.3/2
P+l = @ )P Hlel™ @+ fa)?)
arVo(r) , adVo(w) @[z *Va(x)  allz]*Va(2)
1/2 1/2 2 3/2

1+ [z 1+ [z 1+ ] 1+ [z

We are now ready to prove our first result.

= —-VU(x)

Proposition 3.1
Assume H1,H2 and let a € R’. There exists b, € Ry such that for all x € R

AV, (z) < —aVy(z) + abg (57)
and

sup PVa(x) < Va(x) + bg
>0

Proof. Consider the fraction

AValw) _ VU@e S
L O R TR 7 1 el | GO P [
<_ VH(z)x  VF(z)x td+a

1/2 1/2
(1+ ) (1 + [l*)
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Due to remark (56) there exists Mj, ki € R% such as for all z € RY, ||z|| > M;:
VH(z)x = k||| VH (z)|

Also the linear growth of VF grants us
VF(2)z > —2K(1+ |«?)

Combining those two inequalities we get that

VH@)e  VF@z __ klz|IVE@)] _ 2K(1 + [E[S)
1/2 1/2 = 1/2 1/2
(1+ =] (1+ =) (1+ =) (1+ =]

By (55) we further get that for My > M;,C € R% such as for x € RE, ||| > My

IVH(z)|| = Cllz|
1
notice that C' can be arbitrary large, let it be such that C' > L {Q+a+d)(1+M3)"V?+2K +
149
2K M3}, and that the map s — s2/(1 + s2)~'/2 is non-decreasing, then we obtain
VH(z)x VE(@)r kCllz|® 2K+ |lz|?)
1/2 1/2 = 1/2 1/2
(L+[lz]*) (1 +[lz]*) (L+[|]*) (1 +[lz]*)
2
2K
z %“ﬁc‘m‘ﬁ
(T fl=)7) (T+l=]%)
o el <2K (1+a+d)(1+M22)1/2> 2K
= 2 2
1+ 2 \ M2 M (1+ M)
L MY 2K | (L+a+d)(14+MHYV*\ 2K
(142 \ My My (14 M%) ?
>1l4a+d

Therefore, for all z € R?, ||z|| > My we have A“//a(x) < -1 = AV,(x) < —aV,(z) + ab,. Making
a

w(x
use of H1 and its remarks, it’s also true that
AVa(@) < HVH(QU)H¢ + ||VF($)H¢ +d+a<||VH(2)|+|VF(z)|| +a+d
aVy(x) 2y1/2 241/2
@ (L + []=]]%) (1 + [|[%)

<2L(1+ ||z + KA+ ||z]) +a+ b < 2°QL+ K)(1 + ||lz|"™) +a+d
Hence for all 2 € R?, ||z|| < My we have

AV, ()
aVy(x)

Va(x
(z

~—

<2QL+ K)1+ M"Y +a+d< {2°2L + K)(1 + Mx*™Y) + a + d}

N

exp (a (1+ M2)1/2>
AT

{2°2L + K)(1 + My"™') 4+ a + d}
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Equivalently
AVy(z) < aexp (a 1+ M2)1/2) (2021 + K)(1 + My + a + d)

< —aV,(z) + aV,(z) + aexp (a 1+ M2)1/2) (220 + K)(1 + My 4 a + d}

IN

(
—aV,(z) + aexp (a (1+ M2)1/2) (2'QL + K)(1 + My"™) + 1+ a+ d}
—aVy(z) + ab,

IN

where b, is defined as the positive constant a exp (a (1+ M2)1/2) {2' 2L+ K)(1+ M"Y+ 14-a+d}.
All in all we proved that the Lyapunov-Foster like condition AV, (z) < —aV,(x) + ab, holds true
for all 2 € R%. To conclude the proof we apply the Dynkin formula to the function e®V,(z) and
we get

E, [e"V,(Y;)] = eV, (z) + E, [ /0 t AeaSVa(x)ds} =V (z) + E, { /0 t e® (AVy(z) 4+ aVy(x)) ds
< Vy(z) +Es [ /O t easabads] < V(@) + bale® — 1)

Which leads us to

PV, (2)e™ < Vy(x) +ba(e™ — 1) = P V() < Vy(x)e™ ™ 4+ by(1 — e™%) = sup PV, (z) < Vo(x) + b,
>0

First and foremost (57) guarantees by Theorem 2.1 in [I3] that the process (Y;)i>0 is non-explosive
in the sense that P,{Y; — 400} = 0 for all x € R%. Furthermore due to Theorem 4.2 in [13] (Y;)>0
is Harris recurrent and 7 (V,) is finite. Therefore the diffusion process is positive Harris recurrent,
m can be normalized to a probability measure and thus from now on the invariant measure 7
can also be referenced as the stationary distribution of (4). By far the strongest result is derived
from Theorem 6.1 [I3] which yields the convergence of the semigroup (P;):>o to the stationary
distribution 7 in the V,—norm (ergodicity) and does so with an exponentially fast rate, that is:

|Pi(,) = 7lly, < CaphVa, tER;, @€ R (58)

with C, € Ry, po € [0,1) and the V,—norm being defined as || f1 — folly, = supjg<v, [f19 — fagl-
Therefore we say that (Y;)i>0 is V,—exponentially ergodic. While trivial, its important to note that
the establishment of (58) justifies the use of the Langevin diffusion in sampling and optimization
algorithms, because the drift is designed to ensure convergence to the target w. For some initial
distributions pg, vo on (RY, B(R?)) satisfying pio(Va) + v0(Va) < +o0o we further get:

|oPi(z,-) = 7lly, = sup |poPrig —mg|l = sup |poPrg — pomy]

l9|<Va 19|<Va
< o sup |Pog — mg| = / Ho(da)|| Pu(z, ) — 7y,
|9|<Va

< / 0(d2) V() Caph, = Cuph / o(dz)Va(z) = Caplyio (Va)

Similarly we also have ||uoP; — vo Py, < Capllltio — volly, - Although that the desired behavior of
(Y2)¢>0 has been ensured, a naive discretization of (4) might not converge even if the diffusion itself
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does so [6], thus we need to provide analogous arguments for the Markov chain (X,,),en produced
by the discrete scheme (6). In particular, in Lemma 3.2 properties of G, () are stated which later
on guarantee the geometrical ergodicity of (6) with respect to 7. At this point, it’s important in
order to avoid confusion, to note that 7, doesn’t necessary equals 7 in most cases but, because
our goal is to approximate the behavior of 7, this fact doesn’t constrain us as long as those two
distributions are close to each other, that is in the sense of total variation and Wasserstein distances.
To see that consider a multivariate Gaussian variable with mean 0 and convariance matrix I4, the
potential induced from such choice is U(z) = ||z||*/2. Then under ULA for h = 1 we have that

Xn+1 ~ (Xn - VU(XW«)vQId) ~ (072161) > <O7Id)
It should be clear now that both the stepsize h and the taming function Gj(z) do in fact affect the
stationary distribution 7, which shall not be considered identical to .
Lemma 3.2

Asssume H1 and H2. Let h > 0 and T}, be equal to G}, or Gy, ¢, then the following hold true:

P1 There exist a > 0, C, < 400 such that for all h > 0 and = € RY,
[T () = VU(2)]] < hCa(1 + [|z[|*)
P2 For all h > 0,

.. T " h 2 [/ T T 2
it () = B - (o V7@ + gV r@F o

Proof. Let h > 0 we have,

|Gn(@) — VU (@) = H% T+ VP(@) — (VH(z) + VF(a:))H - HHZ’@% - VH()
< IVH@ [ T g | < PV
Similarly
d T ( 9\ 1/2 d ChOH () 12 1/2
G @) ~ VU @) = (; 2B o) ) < (gww e )

d 1/2 d
< (Z haaimx)ﬁ) < h Y |0H (@) = B[ VH ()]
=1 =1

Hence due to remark (54) in both cases we get

ITa(e) = PO < A ((1+ 1el1)) " < RL2a2 (14 l2) i= Ao (1 -+ o] *+2)

Furthermore we have,

7 mw) P me (R
Bite) = (o Tte)) - g = (i VF@) + g wF e

_ /= _ VH() b VH@I  h [/ VH@) o
_<H:c\|’1+h\VH(x)H> 2] (1 + K|V H ()2 HxH<1+hHVH(m)\’VF( >>
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hIVH ()]

Notice that < 1, then under H2(ii), for z € R? with ||z| > M; there exists k > 0

1+ h[[H(z)|
such as :
By(x) > klz|[IVH@)| 1 IVH(z)||  [[VF(=)]
[zl (1 +R[VH(z)])  2[z[l (1 + A[VH(z)]) [zl
[ H ()| 1+ h[[H(z)|

kllzl — 5 — K1+ |l )

]| (1 + Al H()]]) [ ()]

Using the fact that the map s — s/(1 + hs)~! is non decreasing and that under H2(i), for all
r € R with ||z|| > My > M; there exists C' > 0 such that ||H(z)|| > C'||z|| > C'M; :=C

¢ 1 1+ hC
el = ey el = 5 = K+ el ==}

c’ 1
> (7)1 - & 5

Let k = 2K/C" and My > 2+ C"/K, we eventually get:

Bh(ac) >

c” K K
B > — My —— —1/2) >0 < liminf B >0
W@ > LR (c" 2o~ ) it By(z)

Before we lay out the coordinate-wise case, let us first state some basic, yet useful, norm inequalities

0;H () (&1 hoH() P v < 1\
h‘(l—kh@-H(m))ie{lwd} Jl(; [h1+h|8iH(x)J> <h\D ) =vd

=1

roanw 1\ ValvH@)
= @ [1+hyaiH(x)J ) S T4 hmex |9, H(2)|

and for all x € R? with ||z|| > Mj3 there exists k2 > 0 such as

H 1+ ha H )ie{l,...,d}

9;H () 1 kol ||| VH ()| kollz|[|VH ()|
<x’ <1+h(9iH(:c)>l€{l }> Z T hmax i @] V) 2 T e i ()] = 1+ B VH @)

Combining these we get that

o (o o\
Pele) = <”$H <1+haiH<‘r)>ie{l,...,d}> 2|zl

2

1+ hOH(2) ) icir,..ay

HIVF@) < 0, (2) )
|zl 1+ ho;H () i€{1,...,d}
BldIVE@] 4 |VH@) Vi
Z el + hmax G H@)) 2] 11 hmax [GH@)] ||z ||”VF( ?l
|IVH (z)| 1+ hmax|0;H ()|

{kzll|l — d = VAK (1 + ||z])

~ ||z]|(1 + hmax |0; H (x)|) max |0; H ()| }

23



For all x € R? with ||z|| > My > M3 there exists C > 0 such that ||VH(z)|| > C. Furthermore for

ko = 2\/;iK1 —I—ChC and letting My > 1+ \I/(gH—hC’ we get
IVH(z)| 14 hC 14 hC
B > K My —d— K
hel) 2 ]| (1 + hmax\BiH(x)\){\/g o Ma—d vd C }
IVH(z)| 14 hC 1+ hC
K My —d— K
2 s nva@n Ve M d - VAR =)

C 14 hC 14 hC
> 7 INAK=——"" My —d—VdK >0
= Hx\|(1+h0){ c c }

Observe that P1 with remark (54) also implies that
a 4
ITa(@)]l < |1 Th(2) = VU @)I| + VU (@) < hCa(1 + [l2]|) + (2L + K) (1 + [lz] ")

Before we proceed with the discrete counterpart of Proposition 3.1 we give the Markov kernel Ry,
associated with (6) for all h > 0,7 € R? and A € B(R?)::

Rp(z, A) = (2m)~9/? /

Ty (a: — hTy(z) + \/2]{2) lel2/2
R4

Proposition 3.3
Assume H1,H2 and let h > 0. There exist M, e, b € R} satisfying for all x € R¢

RyVie() < e =MV (@) + hblg g pp) (2) (59)
Proof. Let h,a € R*. The function z — (1 + ||z||)*/? is suffiicenty smooth as Lipschitz continuous,

by the log-Sobolev inequality for gaussian measures [16], and the Cauchy-Schwarz inequality, we
have for all z € R? and a > 0:

RiVale) = [ exp (a(1+ l)"2) By dy) < e exp { L+ ||yHQ>1/2Rh<x,dy>}
1/2
< eMexp {a <1 + ||lz = hTh ()| + 2hd> } (60)

Similarly with the continuous version at Proposition 3.1, we will bound the r.h.s. separately inside
and outside an arbitrary ball on R?

o = RT3 (@)]1* = o = 2 ((T(x), 2) = (0/2) I Th(2)]?)
Using P2 from Lemma 2, for all z € R? with ||z| > M; there exists k > 0 such that

lz = Wy (@)||* < ||2|* — 2hk|z|| — 2h (2, VF (2)) + h*||VF (z)||*
< Jal|* — 2hk ]| + AREK (L + [|z)*) + 2h*K3(1 + ||]*)

Let us choose now M = max(Mj,2k~1(d + 2K + hK?)) then for all x € R? with ||z| > M

& — hTh(@) |2 + 2hd < (1 + Chrc) 2] — hk |z (61)

24



We have

1/2 1/2
(14l = BT} |2+ 20d) < (14 (14 Cou) 2] — Bkl

12 k| )”2
< (14 @+ Cr)l2? (1_
< (14 @+ CulelP) T+ (1+ Cue) ]

It is implied by (61) that hk|z|| < 1+ (14 Chi)|z||*, using for all s € [0,1], (1 —s)V/2 <1 —s/2,
we write

1/2 1/2 1 hk||z
(14 e = mP v2na) < (e e alel?) (0 i )
hK
/2 1 hk||x
< (1 +(1+ ChK)HwHQ) 3 1 2\ /2
(14 + )l
hkM

<(1+0Q+cC 2\ /2
_( +(1+ hK)H93||) T (14 (11 Crp ) M2)1P2

Plugging this back to (60) shows

p 1/2 ahkM
RpVy(z) < e Mexp {a (1 +(1+ ChK)||93H2) TR ChK)M2)1/2}
hkM 1/2
< 2h — ’
- {a " (Lt G MO } o {a (14 0+ Gl }

kM
414 (14 Crx)M2)1/2’
the change of variable x — z(1 + Chk)~/? eventually yields for all z € R? with |z|| > M

Choosing & = results in Ry Vie(z) < e =MV (1 + Chg)Y/? - ) and thus

RpVie(z) < e MVa(2)

To get the desired result for ||| < M, one uses the basic inequality (1+s1+s9)"? < (14-51)"/2+59/2
which holds for all s1,s9 > 0, hence

1/2 1/2
(14 llz = BT(@) >+ 20d) " < (1 + ll2ll® + 282l T (@) | + KT ()] + 2hd)

IA

h2
(L + (12" + k||| Th(2)]| + 5|!Th(w)|!2 + hd

< (1+[|=]*)Y2 + hM <hCa(1 + MY+ (2L + K)(1 + M“l))

- h; (hCa(l + M) + (2L + K)(1 + M“l))2 + hd
< (14 ||z|»)Y? + hC(a, M, L, ¢, K, h,d)
Setting ¢ = &? + 2C(a, M, L, ¢, K, h,d) we get that
RpVye(x) < ehCV%(a:)

S

Exploiting the convexity of e™*, we finally have

RypVie(z) — e "V (z) < (e — e ™M) Vp(z) < (1 — e @)V (2)
< he (&2 + )V (z) < he"(a? 4 ¢)e"M/* .= hb
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The condition (59) according to the Geometric Ergodic Theorem (15.0.1) in [14], suffices for Ry, to
admit a unique invariant probability measure 7, and for it to be Ve— geometrically ergodic with
respect to m,. Additionally, a Lyapunov-Foster condition can be provided when the kernel has
acted n—times, by using an induction argument and the basic inequality 1 — e™* > se™%, we get

RpVe(z) < e_aeQ"hVae(x) + (b/aeQ)eae%

Under our framework of assuming the gradient of the potential U to be the sum of a superlinear
and Lipschitz continuous terms, we have shown that we end up in the same class of potentials
described in [I0] in the sense that our adapted versions of Proposition 3.1 and 3.3 from [I0] are
identical to the latter up to some numerical coefficients and constants. Thus the following results
are yielded:

Theorem 3.4

Assume H1,H2. Let hg > 0. There exist C > 0 and A € (0,1) such that for all & € (0, ho], z € R?
and n € N

102 Ry = 7|, 12 < C(MAXN" V() + V)
and for all h € (0, ho,

7 = 7l 12 < cVh

Theorem 3.5

Assume H1,H2 and strong convexity on VH (x).Let hg > 0. There exist C' > 0 and A € (0, 1) such
that for all h € (0, ko], € R? and n € N

W28, R}, ) < C(nhA™ Vg (z) + V)
and for all h € (0, ho),
W22(7Th,7r) < CVh

The bounds of Theorem 3.5 are further improved by assuming the potential to be twice continuously
differentiable and it’s Laplacian to be locally S— Holder continuous.

H3. U ¢ C?(R%,R) There exists v, Ly € R, and 3 € [0, 1]such that for all z,y € R?,
IV2H () = V2H(y)| < Lu (1 + [l]|” + yll) = - yl|”

Theorem 3.6

Assume H1,H2 H3 and strong convexity on VH (x).Let hg > 0. There exist C' > 0 and A € (0,1)
such that for all h € (0, o), z € R and n € N

W26 Ry, m) < C(nh* PNV (z) + h1HF)
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and for all h € (0, ho),
W3 (mp, @) < Ch!HP

Benchmarking those algorithms in our numerical illustrations, require the estimation of the first
and second moments by their empirical average. To this purpose we further assume:

H4. H € C*R4R) and ||D'H|| € Cpoly (R, Ry) for i € {1,...,4}

Theorem 3.7

Assume H1,H2,H4. Let f € C3(R%,) be such that | D'f|| € Cpoy (R, Ry) for i € {0,...,3}. Let
ho > 0 and (Xj)ken be the Markov chain defined by () and starting at Xg = 0. There exists C' > 0
such that for all h € (0, ho] and n € N*,

and

nh

n—1 27
E ( Zf(Xk)_W(f)> )SC’(h2+i)

Numerical illustrations

We choose to use the double well for our example because the potential U(z) = (1/4)]|z|* —
(1/2)||z||* with VU (z) = ||z||*z — z fits perfectly the partially taming algorithm’s framework. We
briefly show that it satisfies our hypothesis, in particular H1,H2 and H4:

IVH @) = VH)| = ||l = Ig12]| < (el + g2 = yll < 200+ ]2 + gl - o)

<w VH(fv)> O i N

|| [[VH ()| ]l Y|z

So by Propositions 3.1 and 3.3 both the Langevin dynamics and the discrete processes generated
by its partially tamed scheme are ergodic and by Theorem 3.4 their invariant distributions will
be sufficiently close in the sense of total variation, thus their behavior should be similar in big
samples. Furthermore Theorem 3.7 enables us to estimate the first and second moments of the
stationary distribution by their empirical means. We benchmark PTULA and PTULAc against
ULA and the previously developed tamed algorithms in [I0] TULA and TULAc. As noticed in [10]
the double well model is coordinate wise exchangeable, i.e. each coordinate evolves independently
of each other, and so only data from the first and the last coordinates are saved for calculations.
We use 3 different initialization points for all algorithms, at Xy = 0, (10,0%91), (100,029~1) each
for 3 different stepsizes h = 107,1072,1073. For every unique combination, 100 independently
Markov chains are generated at X, and are allowed to run for 10°(10%) iterations in dimension
d = 100(1000 respectively). In both cases we implement a burn-in period of magnitude 10%. If
a trajectory exceeds a critical value or we encounter instability due to machine precision, the
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instance is discarded and the corresponding data are not taken into account in our results. As for
the moments, [pq xm(z)de =0 for all ¢ € {1,...,d} cause of symmetry and its estimated in [10]
using RWM of 107 samples that [pq ;7 (z)dz = 0.104 £ 0.001 and [, z;*7(z)dz = 0.032 + 0.001
for all i € {1,...,d} in dimension d=100 and d=1000 respectively. Looking at the displayed figures
starting by the first one, we remark that TULA has a substantially increased bias in comparison to
the rest of the algorithms, which is particularly visible for big stepsizes i.e. h > 1072, Additionally
PTULA and PTULAc seem to behave similarly to TULAc. In figure 2 starting further from the
origin, we get equivalent results. In figure 3 we finally witness ULA diverging even for the smallest
stepsize of 1072 while PTULACc fails in machine precision for big stepsize. Proceeding at dimension
d = 100, Figures 4 and 5 don’t give us any remarkable insight on the behavior of the algorithms,
that is the results are analogous with their counterparts in dimension d = 100. We do notice
however a disturbing pattern on PTULAc for big stepsizes when the starting point is far from the
origin, in figure 6. Overall PTULA yields similar results to TULAc, partially taming seems to
recover the unwanted bias that TULA produces, which was one of our initial motivations. Still, the
sometimes strange behavior of PTULAc needs further elaboration. A naive interpretation could
be that either partial taming doesn’t mix well with coordinate wise taming, or it’s implementation
demands more careful operations in terms of machine precision. In any case, further research is
needed.
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Figure 1: Boxplots of the error on the first and second moment for the Double Well in dimension
100 starting at 0 for different stepsizes
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Figure 3: Boxplots of the error on the first and second moment for the Double Well in dimension

Stepsize: 0.001

0.04 1

0.03 1

0.02 1

0.01 1

0.00 1

—0.01 1

—0.02 4

—0.03 4

o

0]

o

T
ULA

T
TULA

T
TULAC

Stepsize: 0.01

T
pTulac

0.015 4

0.010 1

0.005 4

0.000 4

o

2nd Moment Error

ULA

TULA

TULAC

Stepsize: 0.1

pTULA

pTulac

0.04 1

0.03 1

0.02 1

0.01 4

0.00 1

—0.01 4

—0.02 4

—0.03 1

=

=

T
ULA

T
TULA

T
TULAC

T
pTULA

T
pTulac

Stepsize: 0.001

0.010 + —=
0.005 +
0.000 +
—0.005 A
<
—0.010 4 o
3 o
o o
o o ¢}
T T T T T
ULA TULA TULAC pTULA pTulac
Stepsize: 0.01
0.030 o
o]
0.025 4
§ 0.020 +
]
€
g
£ 0.015 1 o
=
e
& ° o
0.010 1
0.005 4
ULA TULA TULAC pTULA pTulac
Stepsize: 0.1
o
1.0 4 %
0.8
.
e
]
o
5
g 0.6
(=}
=
el
=
o~
0.4
0.2
—e— —&—
T T T T T
ULA TULA TULAC pTULA pTulac

100 starting at (100,09%9) for different stepsizes

31




Stepsize: 0.001

Stepsize: 0.001

° ! 0.0100 =
0.04 A o —_ o o
0.03 1 0.0075 4 T —— T
0.02 A 0.0050 §
. L
g b
I fin}
= 0014 £ 0.0025
] ]
5 0.00 5
= - ¥ 0.0000
+— P
] £
—0.01 4
-0.0025 4
—0.02 1 T
—-0.0050 1 |~ 10) - —— <4
—0.03 4
. L €1 —4 [o)
- —0.0075 4 o] o o
T T T T T T T T T T
ULA TULA TULAc pTULA pTulac ULA TULA TULAC pTULA pTulac
Stepsize: 0.01 Stepsize: 0.01
o]
0.04 4 - 0.10 4
0.08 4
5 0.02 4 5 o)
] ]
= 8 £ 0.06 q
2 g
5 0.00 5
= =
3 g 0.04 4
—0.02 4
0.02 4
=
~0.04 1 - 0,00 = == =
ULA TULA TULAC pTULA pTulac ULA TULA TULAC pTULA pTulac
Stepsize: 0.1 Stepsize: 0.1
(] 9]
o]
12 A
1.0 4
10 A
.
5 051 B
] i 8
o o
] 5 [o)
c € [o]
E° 0.0 — —a = Eo 6
g g
44
_05 <4
2 -
-1.01 ol ——— ——
T T T T T T T T T T
ULA TULA TULAC pTULA pTulac ULA TULA TULAC pTULA pTulac

Figure 4: Boxplots of the error on the first and second moment for the Double Well in dimension
1000 starting at O for different stepsizes
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Figure 5: Boxplots of the error on the first and second moment for the Double Well in dimension
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