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AmaryopgveToL 1 avTrypapn, omoOKeLOT Kot SLOVOUT TS TOPOVGOS £pYAciag, €€ OAOKANPOL 1
TUNHOTOG OVTNG, Y10 EUTOPIKO okomd. Emrpénetan ) avatvmmon, amodnkevon kot dvoun yuo
oKOTO U1 KEPOOGKOTIKS, EKTOOEVTIKNG 1 EPEVVNTIKNG PVONG, VIO TV TPoHTOHESN VaL
AVOPEPETOL 1) TNYN TPOEAEVOTG Kol Vo dlaTnpeital To Tapov unvopa. Epotuato mov apopovv
o1 YPNON NG EPYOCIOG Y10 KEPOOGKOMIKO GKOTO TPEMEL VO, AmeLHVVOVTOL GTOV GLYYPAPE.

Ot amdYELS KO TOL GUUTEPAGLOLTA TTOV TEPLEYOVTOL GE AVTO TO £YYPAPO EKQPALOVV TOV
ovyypapéa kot dgv Tpémel va BempnBel 0TL avtimpocmrevovy Tig enionues 0€ceig Tov EOvikov
Metaofrov TloAvteyveiov.



MepiAnym.

H ouvnOng emAoyn vl v aplOuntikn emiAvon oAOKANpWTIK®WV e§lowoswy eival 1 MéBodog Twv Pomtwv. Katd tnv
EQEUPLOYT TNG OUWG, KOl CUYKEKPIUEVA, KATA TNV CUUTANPWON TOU Tivaka eumednong, elval amapaitntog o
UTIOAOYLOUOG SLOHOPPWY 0OAOKANPWHUATWY AGY® TN G OAOKATIPWONG TTAVW OTNV GUVOPLOKI] ETILPAVELX 1) KOUTIUAN.
AvTO €xel oav amoTEAETUA TNV EEAYWYT] ULAG TIPOCEYYLOTIKNG AVOTG TWV TESIWV TOU XWPOUL 1) OTIOIX GE OPLOUEVEG
TIEPITITWOELG EVOEXETUL VU ELPAVICEL PALVOUEVA APLOUNTIKWOV Ao TABELWY

[Na tov mopamdvw oAA& kol yia GAAoug Adyoug, €xouv avamtuxBel pa opdda amd pebodoug yvwoTeS wg
“Tevikevpéveg MoAvmoAkeg Texvikeg” (ITIT). M amd tig peBodovg twv I'MT elvar 1 MéBodog Twv Bonntikwv
[Inywv (MBII). T'evika n MBIT amoteAel pla 8Laltépws amoTeAeopatiky HEBodo yla Tnv emMiAuom cuVOPLAKWV
TPOPANUATWY HE KUPLX TAEOVEKTNUATA TNV AMAOTNTA OTNV UAOTOMON Kol TNV ToyOTatn e§aywyn
ATMOTEAECUATWV. ATIO TNV GAAN OpwG, 1 e@appoyn s MBIT xpeldletal Tpocoxt| WSLATEPA GE TEPLTTWOELS TTOV
£€XOVUE ATOKALOT] TWV PEVPATWYV TwV PBonbntikwv Tywv (divergence of current amplitudes), v eu@avion
E0QUAUEVOV LOLOTIUWY O€ TPOPAUATA AVAAVONG KUPATOSN YWY, 1] KAl OTAV ATALTEITAL UTTOAOYLIONOG TESIwVY o€
TEPLOXES Pe LVYMAN aywywotnta. H Swatpfn mpaypatevetal v e@apuoyn g MBII oe mpofAnquata mov
v@iotavtal ol mpoavapepBeioes ouvOnKeg.

Tuykekpluéva, e@apuolovpe t MBII og pofAnpata H/M okédaong amd kuAivdpoug tédelwv aywywv (Perfect
Electric Conductor-PEC), pe k0plo okomd ) peAétn g emidpaong s anokAong (divergence) tov mAdToUG TV
BonONTIK®WV TMYWV 6TOV aplBuNTIKS VTToAOYLoUS Twv H/M Trediwv.

IV ovvéxela e@appuoletal n MBIT yia tnv evpeon twv WBoTuwyv (eigenvalues) PETAAAK®OV KUPHATOSN YWV UE
avBaipem Siwatoun). T ™V AVTIUETOTILON TOU TIPOBANUATOS TWV ECQPOAUEVWV LSLOTIHWY, akoAovBeital pia
SLa@opeTikny amd TV cuvnBLoPEV TIPOCEYYLOT KATA TNV oTola, 0 KUUATOS YOS SleyelpeTtal amd KATOlX TINyN
(excitation source) OTiwG T.x. onuelakn TyN 1 emimedo kOpa. 'Etol mpokvmtel 1 MBII pe [Inyr Ayepong (MBII-
[TA). Ot 1810TIHEG o€ aQUTI] TNV TEPITTWOT VToAoyllovTal evTOTI{OVTAG TOUG KUUATAPLOUOUS €KEIVOUG YLA TOUG
0TI0{0VG EYOVUE GUVTOVIOUO TNV SLATOUT TOV KU TOSNyoU.

'Emterta emektelivoupe v MBII-TIA amodeikviovtag OTL 0L CUVTOVIGUOL EVTOTI(OVTAL KL KTIO TNV PEYLOTOTIOMOoN
™G AMOAVTNG TLUNG TOV SLavoUAToS TwV BondNTikwy TNywV. To TTAEOVEKTIUA QUTHG TNG TIPOCEYYLOTG OE aXEa
UE TNV avTioTolyn NG CLVAPTNONG ATOKPLONG, €lval 1| AmMAOTNTA TOU GAyopiBuov, 11 ca@NVELd TNG KAUTTUANG
amoKpLoNG, KABWGS Kal 1 ToxTNTA eEaywyn g Twv amotedeopdtwy. EmmAoy, mapovolaletal Kot évag aAyoplduog
LLE TOV OTIO(0 ETMITUYXAVETAL TAYVTATOS UTTOAOYLOUOG TOV TrivaKa EUTIESONG.

H MBII-IIA e@apudletal Kol OTNV TEPIMTWON TwV SMAEKTPIKOV Kuuatodnywv. Agdopévouv OTL O0TOUG
SmAekTpikons kKupatodnyois Stadidovtal yevika vpidikol puBuol, amaitobvrtal Vo Tnyeg S1€yepong TavTtoXpOva,
WLt NAEKTPLKY Kal pio HoyvnTIKY), woTe va mpokUuTTouy 0pBd amotedéopata. ‘Etol mpokOmtel  MBII pue Avo Inyég
Atéyepong. AmodeikvieTtal aplOunTikd OTL av ol TNyEG SlEyepons TOMOOETOUVTUL EVTOG ULKG TIEPLOXNSG TIOU
TEPIKAELETAL ATTO pLat BEATIOTN KAUTIVAT, Sev epavifovtoal ECQAAUEVES LOLOTIUES 6TO SLAYPAUUA ATTOKPLOTG.

TéAog, SlepeuvATUL 1) ATOTEAECUATIKOTNTA TOU HOVOOTPWUATIKOU YPOAPEVIOU WG VALKOU KOATAAANAOL Ylo
NAEKTPOUAYVTIKTY BwPAKLOT). ALEPELVOVTAL APLOUNTIKA TIEPITITWOELG KUALVEPLKWV SOUW®V TTOU £X0UV WG BwpaKion
Ypa@evio To otoio £xeL amotebel oe S10&eiSlo Tov mupLtiov. AsSopévou 6tL 1 cuvOng MBII epgavifel SuokoAieg
oTnV gVpeon TESIWV € VAIKA LE HEYEAN AYWYILOTNTA, TIPOTEIVETAL TpoTtoTTomUéV) MBIT cbpu@wva pe v omoia
avtikaBiotatal To ypagévio pe pia Zuvoplakn Zuvonkn IMivaka Eumédnong. Me autd Tov TPOTIO ATO@EVYOUE TOV
UTIOAOYLOUO TWV TES{WV 0TO E0WTEPLKO TOV YPAPEVIOV.

A€€erg kAeldud: M£0oSog Bonbntikwv Inywv, ZOykhon kat AmdkAion, puBupoi kvpatodiynong, ocuvéptnon
amokplong, Métpo tou Awavoopatos Bonbntikwv Inywv, YBpidikol pubpoi, T'pagévio, HAektpopoayvntikn
Bwpakion, HAektpopoayvntikn Zkédaon.



Abstract

The most common choice for the numerical solution of integral equations is the Method of Moments (MoM).
However, during its implementation, and in particular, when filling the impedance matrix, it is necessary to
calculate singular integrals due to the integration on the boundary surface or curve. This sometimes results in an
approximate solution of the EM fields in a specified domain, which might be unacceptable.

For the above and other reasons, a group of methods known as Generalized Multipole Techniques (GMT’s) have
been developed over many years. One of the methods of GMT’s is the Method of Auxiliary Sources (MAS). In
general MAS is a very effective method for solving boundary value problems with the main advantages being the
simplicity of implementation, low memory usage, and fast computation of the results. On the other hand, the
application of MAS might be problematic in cases where we have divergence of current amplitudes, or might need
modification in order to deal with the appearance of spurious solutions in mode analysis, and when field
calculation is required in areas with high conductivity, such as shielding materials. The dissertation deals with the
application of MAS in geometries in which problems of this nature arise.

Specifically, we apply MAS to EM scattering problems from Perfect Electric Conductor (PEC) cylinders, with the
main purpose of studying the effect of divergence of auxiliary current amplitudes on the numerical results for the
EM fields.

The MAS is then applied to calculate the eigenvalues of simply and multiply connected PEC waveguides with an
arbitrary cross section. To address the problem of spurious eigenvalues, a modified version of standard MAS is
applied in which the waveguide is driven by an excitation source such as a point source or a plane wave. This
modified method is termed as MAS with an Excitation Source (MAS-ES). The eigenvalues are calculated by
detecting the wavenumbers for which the waveguide cross section resonates with the excitation source. Resonance
is detected by the values of a properly defined response-function.

Then we extend the MAS-ES by proving that the resonances of the waveguide are also detected by observing the
peak values of the Auxiliary Current Vector Norm (ACVN). The advantages of this approach over the response-
function approach are the simplicity of the algorithm, the clarity of the response curve, and the computation time.
In addition, an algorithm is presented with which a very fast calculation of the impedance matrix is achieved.

Additionally we show that MAS-ES applies in the case of dielectric waveguides. Since dielectric waveguides
support hybrid modes, two excitation sources are required simultaneously, an electric and magnetic, in order to
obtain correct eigenvalues. This results to what we call MAS with Two Excitation Sources (MAS-TES). It is
numerically demonstrated that if the excitation sources are placed inside an optimum curve within the core, no
spurious solutions appear in the response curve.

Lastly, the evaluation of monolayer graphene (MLG) as a material suitable for EM shielding in the RF/microwave
region is investigated. The high conductivity of graphene at RF frequencies in combination with other properties
such as transparency in the optical spectrum, mechanical strength, elasticity, thermal conductivity, etc. make it an
ideal material for EM shielding. Numerical experiments on cylindrical configurations shielded by graphene which
is deposited on silicon dioxide are performed. Since standard MAS encounters difficulties when computing the
fields in highly conductive regions, a modified MAS is proposed according to which graphene is replaced by an
Impedance Matrix Boundary Condition (MAS with IMBC). This way, we avoid calculating the fields inside graphene.

Index: Method of Auxiliary Sources, Convergence and Divergence, mode analysis, response function, Auxiliary
Current Vector Norm, Hybrid Modes, Graphene, Electromagnetic Shielding, Electromagnetic Scattering.



EYXAPIXTIEXZ

O&Aw va EKPPACW TNV ELAKPLVTY] EVYVWHOOUVT Kol ekTipnom otov emiBAémovta pou, Ap. F'ewpylo
dwwpn kat Tov ovvemiBAémovta pov, Ap. NikdAao Toitoa, yla tnv kaBodrynon toug, Tov xpovo
TOUG, KAl TNV UTIoHoVY] Toug KaB' 0An tnv Sudpkela g Stbaktopikng Statpng H fwn pe éxel
S18G&eL OTL omavia oou Sivetal 11 SUVATOTNTA VX GUVEPYAOTEIS PE avOPWTIOUG IOV £XOUV TETOLO
EMOTNHOVIKO eTtimeS0 kL 1006 NiwBw TuxePAS oL ey avTN TNV gukaLpia Kol emBLPIA pov givat
VO GLVEXIGOVE VX OUVEPYA{OLAOTE YLX TIOAAA XPOVLIX OKOUAL.

Oa Beda va evyaplotnow Beppud to tpito péAdog tng Tpyerovs Emtpomg, tov Ap. HAla T'A0ton,
vyl v BonBela Tou Pov TPOGPEPE KATA TNV TTAPAKOAOVONON TWV LETATITUXLAK®OV HABNUATWY TNG
€VOVVNG ToL, KABWGS KAl YL TNV gukalpia Tov pov é8woe va vmootnpiw, évavtt apolpng, to
EKTIOLSEVTIKO TOV €PYO.

TéAog, éva PHEYAAO EVXAPLOTW OTOUG YOVEIG HOU YlX TNV OUVEXT CUUTAPACTOCT), KATAVOT|OT Kol
VoG TNPLEN TOUG OTNV TTPOCTIABELN ETITEVENG TWV GTOXWV UOV.
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Exteviic EAAnvikn Mepidnyim

Ta TTpoBAUATA GUVOPLAK®V TILWV TOV a@opoVV T1 oKESAOT Kal TN 61a8001 NAEKTPOUAY VN TIKWV
(H/M) xupdtwv Si€movtal amd Sla@opikeS Kol 0OAOKANPwTIKEG eElowaels. H emAoyn tng emidvong
HEC® OAOKANPWTIKWOV 1 Sl@oplKwV €5loWOEWY OXETI(ETAL PE TA XOPAKTINPLOTIKA TOU KABOE
OUYKEKPLUEVOU NAEKTPOUaYVNTIKOU TpofAnuatog. H emiAvon pmopel va yivel avaAuTikd povo yla
ATIAEG YEWUETPIEG OTIWG KUKALKEG, EAAELTITIKEG, CQALPIKESG KAl EAAELPOELSEIS. T AAAEG TIEPITITWOELS
amatteltaL n xpnon aplOunTIk®y uebodwv.

H ouvn6n¢ emiAoyn yix v aplOuntikn emiAvor oAokANpwTikwy eElowoewy eivatn MéBodog Twv
Portwyv (MTP). Katd Vv e@apupoyn g OHwG, KAl CUYKEKPLUEVQA, KATA TNV CUUTIATPWOT TOV TIivaka
eumESNONG, €lval  ATAPALTNTOG O UTIOAOYIOMOG SLOUOPPWY  OAOKANPWUATWY AOY®W NG
0AOKANPWONG TAVW GTNV CUVOPLAKN EMLPAVEIX 1) KAUTUAN. AUTO €XeL 0OV ATOTEAECUA TNV
eEaywyn UG TIPOCEYYIOTIKNG AVONG TwV TESIWVY TOU XWPOU 1) OTIOl0t OE OPLOUEVEG TIEPLTITWOELS
EVOEXETAL VO ELPAVIOEL PALVOUEVA aAPLOUNTIKWY OGTAOELWDV.

['a tov mapamavw aAAQ kal yie GAAoug Adyoug, €xel avamtuyxBel pa opada amd pebodoug
YVwotEG we Ievikevuéves MoAvmoAikés Texyviée (T'TIT). H Baoikn apxn Twv peBddwv autwv eival 0Tt
KOTA TNV £@ApPUOYT TouG opiletal éva LoodUvapo pe to apxikd mpdPAnua, oto omoio To (NTovUEVO
NAEKTPOUAYVNTIKO TS 0 eival (0o pe TV emaAAnAia Twv mediwv Tov ekTéUTOVTAL ATO €V GUVOAO
SLAKPLTWV TTNYWV 0L OTIOLEG EIVAL ATIOUAKPUOUEVEG ATLO TNV GUVOPLAKT KAUTIUAN 1) ETLPAVELX. (G €K
TOUTOU, KOTA TNV CUUTATPWOT TOU Tvaka eumeédnong Sev eival amapaltntog o LVTOAOYLOUOS
SLOHOPPWV OAOKAT PWUATWV.

H M£6080¢ Twv Bontntikwv lInywv

Mua amd 1§ uebodovg twv I'TIT eivar 1 MéBodog twv Bonbntikwv Inywv (MBIT). OL meplocdTepES
neAétes amodidovv v Bepediwon tng MBIT otov Kupradze kat g epeuvnTiknig Tov opadag, evw
GAAeg otov Mathon kat Johnston. H MBI Stakpivetat amod Tig GAAeg I'TIT oto OTL Ol EKPPATELS TWV
mediwv Twv SlakpLtwy Tywv eival cuvaptioelg Green pundevikng ta&ng, SnAadn dev umdpyovv
AaAAoL TTOAOL 0T YELTOVLIA NG StakpLtii§ TNyNS (EKTOG amd avtdv otn BEon g TYNS). AuTo onuaivel
OTL oL SlakpLtég Tyég g MBI, oL omoles ovopdlovtatr Bonéntikés Inyés (BII), €xouv @uokn
onpacia Kol xapaktnpilovtal amd oXETIKA ATAEG LAONUATIKEG EKPPATELS.

O tomog tng mNyNG mov Ba emdeyel efaptatal amd TG StaoTtdoelg Touv TpoflAnpatos. Ia
Sidldotateg yewpetpies emAéyovtal ouvnbws vnudtia pevpdtwy (current filaments) améipou
UNKOUG TOU eKTMEUTOUY Sidtdotata (2A) KUAWVSPIKA KOUATA, Ol EKPPACELS TwV OToiwv glvatl
avaioysg g ovvaptnong Hankel. Xta tpodidotata mpofAnpata (3A) xpnolomolovvral
evpuTaTa {eVYN OTOYELWSWY SITOAWY, NAEKTPLKWOV KL LAYVTIK®Y, IOV €lval KaBeta petatd Tous.
‘Ocov agopd TV Béon Twv TMNYWV, AUTEG TOTOBETOUVTAL OHOLOYEVWS TIAV®W OE EMLPAVELEG (1
KaUTUAEG oe 2A mpoBAnuata) ot omoieg ovopalovtal Londntikés emipaveles (| KAUTUAES), TO
oYU TWV OTIolwV eTAEYETAL VA lval (510 e TO QUOLKO GUVOPO TOL TIPOPBANUATOG.

Ta nAektpopayvtikad media oe kabe meploxn oovvtal UE TNV EMOAANAlX Twv TEeSiwv OV
exmépmovtal amd tig BII. Ot dyvwoTteg TOGATNTES E(VAL OL CUVTEAEGTEG TWV cLVapPTHoewv Green
OTIG TIESIAKEG EKPPACELS TWV ONUELAKWV TINYWV, KAl AVTITTPOOWTEVOVV TA UIYASIKA TAATH TWV
PEVUATWV TWV VNUATIWV N TIG SITOAIKEG POTIEG TWV OTOXELWSWY SITOAWY. ITN GCUVEXELX
e@apuoleTal N oplakn cuvOnkn oe évav Slakpltd aplBud Jvvoplakwv Znueiwv (LX) mavw oTo



UOIKO oVvopo. Edv o aplBpog twv XX oovtat pe tov aplBpd twv BIl 16TE TPOKUTITEL YPAUUIKO
OUOTNUX ME TETPAYWVIKO TIvaKA gUTESNONG Z Kol TK TAATN Twv Bondntikwv peupdtwv
TPOKVTITOVV UE TNV PEBoSo TG amarowpnis Gauss. EvaAdaktikd, Ta X umopel va vmepatvouy tov
aplBud twv BII omdte TOTE TO oLOTHUA Elval VTIEPKABOPLOUEVO Kol £TOL UTTOPOUV va AN@Bovv Lo
akpLfn amoTeAéopaTa HEGTW PLag PeudoavtioTpo@ng AVong.

Zuvoym Kegaiaiowv tc Aratping

H Swatpifn auvt) mpaypatevetal v ovadeln ayvwotwyv BewpnTiKoOV TTUX®WV KAB®WG Kol
TIPAKTIKEG e@apUoyES TG MeBodouv twv Bondntikwv Inywv (MBII) oe mpofAnipata okédaong,
avaAvons puBHWV KUPATOS1 YNNG Kal Bwpakiong.

Kepaiawo 1

To KepdAawo 1 eival eloaywyikd Kol okomo €xel va BEoel Ta BepeéAla woTe va Pmopel va yivel
KOTAVOT)TO, OO OTIOLOVONTIOTE TOU €XEL Ao)OANOel pe aplBUNTIKY €MAVOT NAEKTPOUAYVNTIKWV
TPOPBANUATWY, TO TEPLEXOUEVO TWV ETOUEVDV KEQUAALWV.

Tovifovtal T TAEOVEKTHUATH TIOU £XEL 1 EMAVOY OAOKANPWTIKWV EELCWOEWY EVAVTL
SLaopkwV €El0WOEWV. LTNV OCUVEXELD, MECW TNG HEAETNG HLXG ATANG TEPITTWONG OKESAOTS,
TAPOVoLAlovpE TIG TTUXEG TG MTP 1 omola amotedel v kVpla aplOuntikny péBodo emiivong
0AOKANPWTIKWY eflowoewv. Avadelkvioupe Tig aduvapies tig MTP oL omoleg odynoav otnv
avamtuin twv I'TIT. Mia amd auTtés Tig TexViKES eival 1) MBII tng omoiag oL TTuxEg TTapovotafovTal
ota TAaiocla tou amAov mpofAuatos okédaong Ilapovcldlovie TA TAEOVEKTHUATA Kol TA
pelovektnpata tng MBII.

Ke@diao 2

1o KedAaio 2 peAetdpe mpofAnuata okédaong TE mOAwoNG amd TEAELX Ay YLUOUS KUAIVSpOUG,
ATEIPOV PNKOVG, UE KUKALKT KoL U1 KUKALKY Slatopr. IInyn touv mpoaomintovtog kipatog eivat éva
VNUATLO HoyVTIKOU PEVPATOC ATEPOV UNKOUG, TTapdAANA0 pe Tov KUAWVEPO Kat ToToOeTUEVO £Ew
aTo qUTOV.

T TPWTN PACT UEAETANE TO KUKALKO TPOPBANUa To oToio AVveTal pe avaAuTikeG peBoSoug Kat
Slvoupe v AVom Yl To HayvnTiko Tedio. AlATIOTWVOUUE OTL ) AVon auTn gival cuykAivovoo €§w
amd Tov KuAWSpo (OTwG eival avapevopevo) oAAAd KAl O€ Lo TIEPLOYT EVTOG TOU KUAivSpou. H
ovykAivouoa AVom evtog TOL KUAIVEPOUL cUVIOTA TV avaAuTiky ovvéxela Tov Ttediov. H AVon eivat
amokAivovoa 6tav Ta onuela Tapatipnong Pplokovtat eVviog HLAG KpIoWng EMPAVELAS EVTOG TOV
KUALvEpov.

‘Emetta opifovpe éva ooSUVAUO HE TO apPYIKO KUKALKO TpOBANUa, Bewpwviag OTL  TO
okedalOpevo TeSlo EKTEUTETAL ATTO UL GUVEXT] KATAVOUT HOyVNTIKOU pedaTog Tou Pploketal
TAvw o€ W BondNTiKn eMUPAvEL EVTOG TOU KUKALKOU KuAivSpou. E@appolovtag v oplakn
oLVONK, TTPOKVTITEL Pt OAOKANPWTIKY e&iowomn Fredholm 1ov tmov pe dyvwotn mocdtnta TV
ovveyny BonBntky pevpatiky mukvotnta. H eiowon AVvetal pe Bewpla oepwv Fourier kat
KO TOANYOUE GE L EKPPOOT YL TNV cLVEXT] BonBNTIKY HayvnTIK TTUKVOTTA. ATTOSELKVOOUNE OTL
N AVon autn ouykAivel 6tav 1 Bondntiky emupavela eivat €Ew amd TV Kplown em@avela Kat
ovvenws to MBIT okedaldpevo medio eEovdeTepWVEL TO TTPOOTITITOV TESIO TAVW TNV EMLPAVELA



Tou KUAivépou. H AVom amoxAivel 6tav 1 BonBntikn emupdvela BplokeTal evtog TG Kpioung
ETILPAVELXG.

AxoAovOel to Slakpitdé MBII kukAkO TPORANUa, dTov 1 ocuvexns MBIT pevpatiky Katavoumy,
aviikaOiotatat amd  Swakpltés BIT  (VUATIH  UAyvnTIKOV —PEVUATWV  ATEPOU PN KoUG)
TomoBetnpéveg otn BonbnTiky em@avela. e auT TNV TEPIMTWOT, TO okedalopevo medio elval
emoAANAla Twv mediwv mov ekmepmovy ot BII. E@appolovtag v oplakin cuvBnikn pndeviopuov tou
afipovBlakol nAekTpikol MeSiov oTNV EMUPAVELX TOU KUAIVEpou oe évav aplBud XX (oo pe tov
aplBud twv BII, TPOKUTITEL €V TETPAYWVIKO GUCTNUA TO OTOI0 AOY®W TNG KUKAIKNG YEWUETPIAS,
elvat kukAo@opikd (circulant). Auto Avvetal pe ™ xprion Alakpitov Metaoynuatiopov Fourier, pe
TEAKO ATTOTEAECUA AVAAUTIKI] EKQPAOT] YIX TA TAGTN TWV LAYV TIKOV PEVUATWY TwV BIL.

ZTnNV ovvéxela, BAETTIOUUE TTWG CUUTIEPLPEPETAL 1] AVOT] TWV LOYVNTIKOV TAATWV, 0TAV 0 aplBog
Twv BII teivel oto damelpo. Amodeikviovpe 6tL Ta MBII pevpata ocvykAivouv ot cuvexr MBII
pevpatiky katavour). Emiong, efetalovue v ocuvumepupopd tou Stakpitov MBII mediov 6Tav o
aplBuds Twv BIT teivel 0to Gmelpo. ALXTILOTWVOUUE OTL CUUTIEPLYEPETAL OTIWGS TNV aKPLR) AVon TTov
TPOKUTITEL avaAUTIKA. To Bacikd cuumépacpa 8w eivat 6tL To MBI medio ocuykAivel akdpa kat
OTaV TA TAGTN TWV poyvnTikwv BIT amokAivouv.

OAoKANPWVOVTAG TO BEWPNTIKO KOUUATL YIX TO KUKAIKO TPORANUA, SIVOUUE ULO KGUUTITWTIKY
@OppovAa Tov BelyVel TN CLUTEPLPOPG TwV TAATWY TwV BII 6tav amokAivouv. ZuykekpLueva
@aivetal OTL ATOKAIVEL HOVO TO TIPAYATIKO HEPOG TWV TIAATWY UE TNV ATIOKALOT) VA EKSNAWDVETAL WG
TAAAVTWOT PETAEY HEYAAWV DETIKWV KoL apvnTIK®WV Tiuwv. Télog Seiyvoupe v e@apuoyn g
HeBOS0V OE UN KUKALKQ oX1UaTA.

H tedevtaia evotnta tou Ke@aiaiov 2 sival agplepwuévn o€ aplduntikd amoTeAECUATA TA OTIOl0
amodetkvouy TANPWS Ta OEWPNTIKA ATTOTEAETUATA Yo TOV KUKALKO TtpoAnua. Emiong Sivoupe kat
apLOUNTIKA ATOTEAEOUATA Yia SU0 U1 KUKAKAE TIPOoBANLATH ATTOSEIKVUOVTOG OTL TA CUUTIEPACUATA
Y TO KUKALKO TIPOPAN LA LoXVOUV KAl 6TV TEPITITWOT U KUKALK®V YEWUETPLWOV.

Ke@diawo 3
Yto KepdAawo 3 e@apudlovpe tmv MBII yx v €0peon Twv ISLOTIHEOV KUHATOSN YWV HE LEAVIKA
aywYla Toywpata, tuxaiog Statouns. EEetalovpe amAols Kot TOAAATAOUG GUVEKTIKOUG XWPOUG.

IV mpwTn evotnta Tapovoialovpe Paocwkd otoela Bewplag avdAvong pubuwv
KUHATOSNYNONG HETOAALKWY KUUATOSTYWV. ZTNV OUVEXELX OVAAVOUME TOV TPOTIO LE TOV OTo(O0
e@apudletat ovppatikd n MBIT ya v €0peon Twv OOTIH®V. ZUYKEKPLUEVA, BEwpPOVE OTL TO
medio evTog TOU KUPATOSN YoV elval amoTéAeopa eMaAANAlaG Twv TeSiwv Tov ekméumouvv BIl mov
Bplokovtal ektoG TOU KLPATOSNYOU. E@apudlovtag tnv oplakn cuvOnkn o€ évav aplOpud amo XX
0TO QYWYLHO cUVOPO TOU KUUATOSNYOU, KATAANYOUUE O€ £V OUOYEVEG YPAUUIKO cUOTNUA. AV TO
ovoTNUa elval TETpAywVIKO, €xeL un ouviBelg AVcELS OTav 1) 0pilovca TOV GUGTHUATOS ival undév
OTIOTE KATAOKEVALOVTAG TO SLAYpAUU TNG 0piloucag GUVAPTION TOV KUPATAPLOHOoU k TIPOKUTITEL
€val SLAYPOpUA TA TOTILKA EAGXLOTA TOU OTIOOV AVTLOTOLXOUV O€ LSLOTIHESG TOV KUPaToSTyoU. Av To
ovoTNUa elval vEPKABOPLOPEVO, TOTE oL LSLOTIUEG TPOKVUTITOUV OO TK UEYLOTA TOU aplfuov
KaTaoTaong Tov mivaka eumédnong. To mpoRAnua e cuUBATIKN QUTT TIPOCGEYYLON ElVAL T ELPAVLIOT
EGPUAPEVWV SLAKPLTWV KAL GUVEXWV LELOTLLWV.

To mMpOPBANHA TWV €0QAAUEVWV ISLOTIHWV AVVETAL av TIpooBEécovpe pia Tnyn Sl€yepong oto
apxko mpoPAnua. H tmyn Stéyepong pumopel va elval ecwTepkn (VNUATIO PpEUUATOG) 1) EEWTEPLKT



(vnuatwo pevpatog 1 eminedo kOpa). Twpa to TPOLANUA YapakTNPIleTAl KO ML U1 OHOYEVN
oplakn ouvBnkn dedopévou 0TI xoupe mpooTintov Tedio. E@apuolovtag v MBI mpokvmtel éva
UM OUOYEVEG YPAUULKO CUOTNUA UE AYVWOTEG TTOGOTNTEG TA TTAATN TWV PEVUATWVY TWV VIUATIWV.
AVvovtag To cVoTud, VTTOAOYI{OUE TA TIAGTH KL OTN] CUVEXELX TO TES(0 GTOV ECWTEPIKO XWPO
TOU KUHATOS8MNYoU. O EVTOTILONAG TWV WOLOTIUWY BacileTal OTOV EVIOTIOUO TWV GUVTOVIOU®WY TTG
KOWOTNTAG TOU KUPATOSNYOU HE TNV TNyn OLEyepomns. AUTO ETILTUYXAVETAL € TOV OPLOMO MG
OUVAPTNONG ATTOKPLOTG 1] OTIOIA OVCLXOTIKA VTTOAOYITEL TN HEOT TLUT TOU TETPAYWVOU TOU TTAATOUS
Tou 0AlkoU mediov og évav aplOpd onueiwv evtdg Tou KUPATOdNYoU, Ta oTola €youv emAeyel
Tuxaia. PTIdyvovTas To Slaypappa TG CUVEAPTNONG ATOKPLONG GUVAPTIOT TOU Kuuataplouov k
TPOKUTITOUV KOUTTUAEG GUVTOVIGHOU Ol KOPUPEG TWV OTOIWV AVTIOTOLOUV OTLS LSLOTIHES TOU
kupatodnyov. H péBodog e@appdletal katd tov (Slo TpOMo 0 KUUATOONYOUG HE TOAAQTIAL
GUVEKTIKOUG YWPOUGS UE TNV SLaPOopd OTL TTOAAXTIAEG OPLOKES GUVONKEG

Méow Tou KUKALKOU TIPoBAUATOG TO 0TI0(0 UTTOPEL VA AUBEl AVOAUTIKA, KTTOSEIKVUOVNE OTL Yo
™V XpNon ™G eEwTEPIKNG TINYNS SLEYEPONG lval amapditnTo va Xpnotpomoindel kamola uébodog
KOVOVIKOTIO(NOTG WOTE TO TESIO EVTOG TNG KOIAOTNTAG TOU KUHATOSNYOU va unv eivat undév, Kot va
Umopovv va evtomioBolv cuvtoviopol. Asiyvoupe emiong OTL Yl TNV TEPITTWON E0WTEPLKNG
Siéyepone Sev xpeldletal kamola puebodog kavovikomoinons. TéAewwvovtag to OewpnTikd Uépog,
Tovifoupe TNV emipacn TG ATOKALONG TWV TAATWV TwV BoNONTIKOV PEVUATWY GTOV VTTOAOYLGUS
TWV ISLOTIUWV.

v tedevtala evOTNTA TAPOUCLAJOUUE APLOUNTIKA ATOTEAECUATA €VPECNG LOLOTIUWY YA
TAN00G A0 YEWUETPLEG, ATTAA KL TIOAAQTIAX GUVEKTIKEG. ZUYKPIVOUUE TA ATIOTEAECUATA LG E TNV
Mé£Bobo Tlemepacusvwv Ztotyeiwv (MIIZ) kal TTapatnpoUie TAVTION OTA EEAYOUEVA ATIOTEAECUATAL.
Emiong e€etalovpe aplOun Tk Kol TNV TEPITTTWON OV TO SINAEKTPIKO TOU KUUATOSNYOU gu@avilel
OTIWAELEG.

Ke@diao 4

To KepdAawo 4 amotedel ouvvéxela tov Kepadaiov 3 pe tnv €vvola 0Tl mapovolalovpe Evav
EVOAAQKTIKO TPOTIO TPOGSLOPIOUOY TwV ISOTIHWY EKTOG amd TNV oLVAPTNON ATOKPLOTG.
ZUYKEKPLUEVA, ATIOSEKVVUOUE OTL €lval SuvaTog 0 TIPOOTSIPLOUOS TWV ISLOTIUWY ATIO TIG TIUEG TWV
TAQAT®WV TWV BoNONTIKOV PEVHATWV.

EEKIVOVTAG ATIO TO KUKALKO TIPOPAN LA, KAL CUYKEKPLUEVA ATIO TIG EKQEPATELS TWV OPLAKW®V TV
Twv MBI peupdtwy, SIATIOTWOVOUHE OTL OTAV 0 KUUXTAPLONOG TTpooeyyiel P SLoTIUN 0 V-00TOG
0pOG TNG OELPAG TNG OpLaKNG TN Touv MBI pevpatog telvel oto amelpo. I'a éva MeEMEPATUEVO
apBud BIT autd onuaivel OTL Ta TAGTT TOUG TTA{PVOUV PEYAAESG TIUEG, APA KAL) ATTOAVTY TLUT] EVOG
Staviopatog pe otoxela ta mMAGTH Twv BIL. To Sitdvuopa avtd ovopdletal Aicvvoua BonOntikwv
Inydv (ABII) kat 6to SLAypappa TG amoOAVTNG TIWG TOU CLUVAPTION TOU KupatdplOuov k Ba
UTIAPXOLV LEYLOTA TA OTIOLO AVTLOTOLYOVV GTIG LIBLOTIUEG TOU KUUATOSTYo.

H pébodog autn uTEPTEPEL EvavTL TNG GUVAEPTNONG ATMOKPLONG, OTO OTL €lval TO OTAY
OAYOPLOUIKA Apa KAL TILO YPNYOPT] GTOV UTIOAOYLOUO TwV 8loTipwy. Emiong, ta Siaypdupata mov
TpoKVUTTOUVV pe TN ABII Tpooéyylon, €vat o OPOAG ATIO AUTA TNG CUVAPTNONG ATIOKPLONG. G €K
ToUTOV, €lvat TiLo €0KOAO VA EVTOTILETOVV HE QUTOUATOTIOIEVO TPOTIO OL LSLOTLUES,.

H pébodog Aettoupyel Kal o€ Un KUKALKEG YEWUETPIES OTIWG ATOSEIKVVETAL ATIO TA APLOUNTIKA
amoteAéopata yix 600 KUPAToS1yoUs. ZTNV OUVEXELX UEAETAUE TNV EMIBPAOT TNG ATIOKALONG TWV



BonnTikwv pevpdtwyv otnv gvpeon Twv WOOTWHWY péow Tou ABIL. Amodewkvioupe ya v
TEPIMTWON UG CUVOETNG YEWUETPIAG OTL, AV Ol TAAXTWOELS SV €lval €VTOVEG UTIOAOYIloVTAL Ol
OWOTEG LOLOTIUEG.

TéAlog, mpoteivoupe évav aiyoplOpo pécw Tou OToioL EMITOYVVETAL O UTOAOYLOHOG TwWV
WSoTtipwv. 0 aiyoplBpog Baciletal oto O0TL gival o ypnyopo va Bpiokelg tnv tiun g Hankel
OUVAPTNONG aToO £vav TPOKABoPLoUEVO TVOKA TIHWV, TAPA VX TNV UTOAOYI(ElS KaTd TNV
OUUTATPWON Tov Tivaka epumédnong. Ta aplBuntikd amoteAéopata Selyvouv pia TOAD pEYAAN
TTWOT TWV XPOVWV UTTOAOYLGUOV [E TN XPT|OT] AUTHS TG TEXVIKTSG.

Ke@aiawo 5
1o KedAawo 5 ocuveyilovpe pe v e@apuoyn g MBI o€ pofApata ISLOTIUWY, aUTH TN QOopA
SIMAEKTPIKGOV KUUATOST YWV HOVOU KL TIOAAATIAWY pUOU®DV.

Apxwd, mapovoidlovpe Baocwkd onueia ™G Bewplag TwV SIMAEKTPIKWOV KUHATOSYWV.
E€etdlovpe 600 mepimtwoelg: i) To TpoBANpa va unv meptExel mnyn Si€yepong ii) va mepLEXEL Iy
Siéyepone. Ze oxéomn pe v 6eltepn mepimtwon, deSopévou OTL ol SimAektpikol kupatodnyol
vmootpifovv Vv uetadoon vPpSIKwY pubuwy, amattoVvtal Vo TNyES SlEyepong, Eva VUAETLO
NAEKTPLKOV KoL £VA VIIUATLO PAYVNTIKOU PEVUATOG.

To {ntovuevo elval ylX OUYKEKPLUEVT] oUXVOTNTA ko, TOLEG €Vl OL ETMITPEMTEG TIUES TNG
otaBepag petddoong(iSlotipeg) f, yw TG oToieg €youvpe peTddoomn pubpov  pe TNV
NAEKTPOUAYVNTIKY] EVEPYELX KOVTAE OTOV TIUPHVA TOU SIMAEKTPLKOU Kupatodnyov. ZTnv TePITTWOoN
avty, otV Swatoury Tou Tupniva Ba UTGPYEL OTAGLUO KOUX €Vvw oTnv  Slatoun Tou
mepfApatog/emévéuong, AavBavov Koua.

H ovpBatkn epappoyn s MBIT avtiotolxel oty meplmtwon ¢ un Vmapéng mnyng StEyepong.
To medlo otV meployn Tov MupNva eivat 1 emoaAAnAla Twv TeSiwv mov exkméumouv {evydpla
NAEKTPIK®OV KAL HOyVNTIKWOV Vipatiov Tou Bplokovtal Tavw oe BondnTikny em@avela péoa 6Tto
mepBAnpa/enévduon. To medio otnVv meEPLoXT| ToL TEPLBANUATOG eivat 1) eToAANAla Twv TeS{wV oV
EKTEUTIOVV (EVUYAPLA NAEKTPIK®V KAl LAYV TIKGOV VIUATIwV TIov Bpiokovtal mavw o€ Bondntikn
ETILPAVELX PEda aToV TIUpNVA. E@appdlovtag v oplakn cuvBnKn 6To UOIKO cUVOPO, TIPOKVUTITEL
OUOYEVEG YPAUUIKO CUOTNUA TO OTo(0 av €ival TETPAYWVIKO, Ol LSLOTIUEG TIPOKUTITOUV OaTd T
TOTIKGA EAQYLOTA TG opilovoag, o€ Eva Slaypappa TG cuvaption tov B To mpdfAnua pe auTh TV
TPooéyylon eivat OTL TAVTA TTPOKVTITOUV SLAKPLTEG ECQOAAUEVES LOLOTIUES.

EvoaAdaktikd, mpocoBétouvpe otmv MBI 600 Bondntikég mnyeg (VNUATIX TMAEKTPLKOU Kol
HOYyVNTIKOU PEVUATOG) TOTIOBETNUEVEG EVTOG Tou TupNva. Twpa (MTAUE TIS TIHEG TOU S Yl TIS
omoleg 0 TLPNVAG TOU SIMAEKTPLIKOU Kupatodnyol ouvtoviletal pe TG Tnyés Siéyepons. To
okedalopevo medlo og kabe mepLoxn elval N EMAAANALX TV TIESIWV TTOV EKTIEUTIOVV OL AVTIOTOLYXES
Bonbntkés TyEg, OMws akplBws kat otnv ovppatikny e@appoyn g MAS. E@apudlovtag v
oplakn oLvOnKN og évav aplOud amd onueia Tou PELGIKOD CUVOPOV, TPOKUTITEL VA YPOUULKO
oUOTNUX [E AYVWOOTOUG, TA TAGTN Twv Bondntikwv pevpdtwv. H edpeon toug odnyel otov
UTIOAOYLOUO TwV TeSiwV og kabe meploxn (Tupnvag kat epiPAnua). O eVTOTIOUOG TWV BLOTIU®V
BaoileTal o€ pla cLVAPTNON ATIOKPLONG 1) oTola A BAVEL UTIOYM TIG TLHEG TOU NAEKTPLKOV KL TOU
HoyvnTikoV mediov evtog tou mupnva. ‘0Tav HEYLOTOTOLEITAL QUTH 1) GUVAPTNOT £XOVUE CTACLUO
KOpa oTov TupNVa Kol AavBavov kOpa oto TepiBAnua kot 1 T tou B amoteAel SloTiu Tou
Kuautodnyov. Me éva Slaypaupa TG CUVEPTNONG ATOKPLONG CUVAPTNON TOU S UTOPOUUE va



EVTOTIIOOVE OAEG TIG LOLOTIUEG TOU SAEKTPIKOU Kupatodnyov. H pébodog e@appoletal kal oty
TEPIMTWON SMAEKTPIKWOV KUPATOST YWV TIOAAATIA®Y pUOBU®VY HE TN Slapopd OTL £xoupe SU0 PUOIKA
oUVopa 0T OTIO(X TIPETIEL VAL EQAPUOCTEL 1) 0pLAKY) GLVOTKN.

ZTNV TEAELTALO EVOTNTA TTAPOVGLALOUUE aPLOUNTIKA ATIOTEAEGUATA T OTIOl TIPOEKLIOY UE TNV
g@appoyn g MBII pe 600 mnyeg Siéyepong (MBII-ATIA). EEetdlovtal TOAAEG YewpeTpleg, LovoD Kal
moAAamA®WV puBpwv. Ta amotedéopata ocvykpivovtal pe tnv MIIE kot vTApXEL TOAV KaAN
oupwvia. Toviovpe 6TL pe v MBII-AIIA, 8ev epg@avifovtal SLaKPLTEG EGEAAPEVES IBLOTLUEG v OL
TNY£S SL€yepang ival TomoBeTnUEVES EVTOG WG BEATIOTN G KAUTTUANC.

Ke@alawo 6
1o KepdAalo 6 epapuolovue v MBII vyl Tov vTTOAOYIOUO TNG NAEKTPOUAYVNTIKNG BwpaKiong
TOU LOVOOTPWUATIKOV Kol TTOAVGTPWUATIKOV YPaPEVIOU o€ BwpakloeLs e KUALVSPLKT YEWUETPIA.

Apxwd tovifovpe ™V onuacia TNG MAEKTPOUAYVNTIKNAG BwpAKlonG Yl TNV TpooTtacio
NAEKTPOVIK®OV CUOTNUATWY KAl BLOAOYIK®V 0PYAVICUWV OO NAEKTPOUAYVNTIKEG TapeUoAss. Ta
o ouvnBlopéva VAKA Y Bwpdkion eival Ta PETAAA, T omola OUWS ep@avifovve Sapopa
UELOVEKTNUATA OTIWG PUEYAAO BApog, aveAaoTikOTNTA, adla@dvela, ofeidwaon k.a. ['a Tov Adyo autd
TO TEAELTALO XPOVLIX XPNOLLOTIOLOVVTAL EVAAAAKTIKG VAIKG pe B&on tov avOpaka. Eva amo avtd ta
VAIKG €lval TO YPa@EVIO, TO TIPWTO SISLACTATO VALKO TIOU KOTHOKEVAOGTNKE A0 TOV AvOpwto
Sedopévov otL €xel axog 0.36 nm.

TNV GUVEXELX TTOPOVGLALOVUE TIG NAEKTPOVIKEG LBLOTNTES TOV Ypaeviov. O Adyog yia Tov oTroio
TO YPAPEVLIO EPPAVIZEL LUMAT] AYWYLUOTNTA EVAL 0 TPOTIOG UE TOV 0TI0{0 cUVSEoVTaL LETAEY TOUG TA
atopa tou avOpaka. H aywywwdtta tov ypageviov Sivetal amd tv oxéorn tou Kubo, kat oto
PASLOPWVIKO/ LIKPOKVUATIKO (PACHA, EEMEPVAEL TNV AYWYILOTNTA TOV X0AKoV. H aywyluotnta tov
ypaweviov pmopei va puBuiotel petafdArovtag to emimedo Fermi tov ypageviov.

Kata v e@appoynq g ovpfatikng MAS oe mepmtwoels Slatdéewv pe NAEKTPOUAYVITIKN
Bwpakion, vtapxel advvapia VITOAOYLoUOV TOL TESIOV EVTOG TNG TEPLOXNS VIMANG Ay WYLHLOTNTAS.
TNV TEPITITIWOT TOU YPAPEVIOU UTIAPXEL KL TO TPOBANUA TOU TIOAV UIKOPY Td)ovG. AV auTov
TIPOGUOLWVOUE TO YPUAPEVIO WG OPLAKT cLVONKN HEow NG omolag vmoAoyilovpe To Tedio evtog
™m¢ Bwpaklopévng TepLoyNS av yvwplloupe v T Tou Tediov otV eEWTEPLKN TEPLOXT) XWPIS
OHwG va vtoAoyioupe To TeSio Evtog Tov Ypa@eviov. To AmOTEAECUA EIVAL EVA YPAUULKO GUOTNHA
HE AYVWOTEG TTOCOTNTESG TaL TTAQTN Twv BII. Me v AVoM TOL GUOTNHATOS TIPOKVTITOUV KL OL TLHES
TV Tedlwv o€ KAOE TTEPLOXT APA KL TNG NAEKTPOUAYVITIKNG BwPAKIONG TOV YPAPEVIOL.

IV TeAsvTala EVOTNTA TIAPOUCLAOVUE APLOUNTIKA ATOTEAECUATA YIA TIOWKIAEG KULALWVEPLKEG
YEWUETPIEG PE TO HOVOOTPWUATIKO YPAPEVIO WG VAIKO BwpAaKilong ZUYKEKPLUEVA TIPOTEIVOUNE
Bwpakiomn Pe YPAPEVIO TAV®W 0 YUAAL KaBOTL TO Ypa@EVLIO ETIIKAOETAL ATOTEAEGUATIKA (XwpIS va
XQVEL TIG LOLOTNTES TOV) TAvw o€ S10&eidlo Tov upttiov. Ta aplOuNTIKG amoteAéopata Seiyvouv OTL
TO ypaévio umopel va mpoo@épel Bwpdakion €ws kot 40 dB 610 padlo@wviko/UIKPOKUUUATIKO
@aopa. Alepsuvatal Kol 1 Tepitnwon Tplotpwuatikol (A’AA) ypageviov mavw oe yuaAl pe
NAEKTPOUaYVNTIKY Bwpdxion ¢ Taing Twv 45 dB. Emilong amodeikvietal kat 1 emidpaocn Tov
emmeSov Fermi otnv Bwpakion tov ypageviov.



Ke@aiawo 7
1o tedevtaio Kepaialo ¢ Statpifig KAVOUrE pa cUVOYT TWV TPOTYOUUEV®WY KEPAAXIWY Kol
TAPOVOLATOVE UEAAOVTIKG GYESLA GUVEXLOTNG TNG £PELVAG
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Chapter 1

Introduction

In many electromagnetic problems, such as scattering analysis, antenna modelling,
waveguiding systems design, electromagnetic shielding and others, researchers of-
ten deal with boundary value problems. In all these situations, a crucial factor that
is taken into consideration is the geometry of the problem. If the geometry is simple,
as it is for example in the case of wave scattering from a spherically or elliptically
shaped body, then a solution is possible by using Maxwell’s equations and analytical
mathematical techniques. For more complex geometries on the other hand, numeri-
cal methods should be utilized to obtain a solution. The choice of a numerical tech-
nique depends on whether the problem under consideration is linear or non-linear,
with the latter being considerably more difficult to handle.
Generally, the electromagnetic system under consideration is described by a goven-

ring equation of the form

L[] =s (1.1)

where L is a differential or integral operator (linear or non-linear) describing the
problem, ¢ is the unknown scalar or vector field quantity, and s is the scalar or vec-
tor source function which generates the field ¢. This equation has to be solved for ¢
in a domain D. Fortunately in most of the cases, L is a linear differential or integral
operator, a fact that stems from the linearity of the Maxwell’s equations for linear
media. As for the boundary conditions, they range from Dirichlet or Neumann con-
ditions to more sophisticated impedance, radiation, and higher order conditions.

It is not rare for the same problem to have two linear governing equations, a
differential and an integral (with the second usually derived from the first). It is up
to the researcher to decide which of these equations suits better the solution of the
problem. Each approach has its advantages and disadvantages which are discussed
in the next section through a simple scalar wave propagation problem.

1.1 Differential versus Integral Equations

Let us consider the case of a wave propagating in an unbounded, linear, homoge-
nous, and isotropic medium. The wave may be elastic (such as an acoustic wave)
or electromagnetic [1]. In the time domain this physical process is described by the
well known wave equation

2
V2o, t) — Clza‘g(;t) — s(x 1) (12)
where ¢(r, t) is the scalar field which may represent the pressure of an acoustic wave
or a electric/ magnetic field component of an electromagnetic wave, s(r, t) represents
the source of the field, c is the speed of the wave in the medium, r is the position
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vector of the observation point, and t is the time of observation. Assuming that ¢
is a harmonic wave (thus s is a harmonic source) with a depedence of the form ¢!,
(1.2) becomes a Helmhotz equation in the frequency domaini.e.,

w

V2g(r,w) +Ko(r,w) =s(r,w), k= - (1.3)

where w is the angular frequency, and k is the wavenumber of the harmonic wave.
With the derivation of (1.3) we’ve arrived at a governing equation of the prob-
lem which has a differential form. By comparing (1.3) with (1.1) it is seen that
L = V2 + k? which is a linear operator. The linearity of the operator implies that
the principle of superposition holds for this system. Thus, assuming that the source
s(r,w) is generated by a number of point sources, the field ¢(r,w) is equal to the
superposition of the point sources fields.

In mathematical physics, the point source field functions are classified by differ-
ent names such as Green’s functions, fundamental solutions, or analytic solutions and
are solutions of the Helmhotz equation with the right hand side replaced by a unit
amplitude point source i.e.,

V2g(r,v) +Kg(r,r) = —6(r— 1) (1.4)

with the w dependence being supressed from now on for every quantity. Here
¢(r, ') is the Green’s function, r is the position vector of the observation point, r’
is the position vector of the point source, and é(r — r’) is the Dirac delta function
which is suitable to represent a point source at . The solutions of (1.4) depend on
the geometry of the problem and can be one of the following,

71k\r |

47“ T for 3D problems
st = (1.5)
7H(SZ) (k|r—1'|), for 2D problems

with the ﬁrst Green s fucntion representing a spherical wave suitable for 3D prob-

lems, and H (k\r r'|) is a Hankel function of the zeroth order and the second
kind, that is sultable to represent 2D cylindrical waves. With the aid of the Green’s
functions and applying the principle of superposition we can arrive at an integral ex-
pression (superposition of infinite number of point sources) for the field ¢(r) which
is given by,

or) = [ glrt)s()dr (1.6

where V is the volume where the source s(r’) extends.

Energy conservation reasoning requires that the source s(r’) is induced by an
impressed field. In the context of a scattering problem this can be an incident field
wave ¢inc(r), that impinges on the body of volume V as illustrated in Fig. (1.1). In
this case, ¢(r) is the scattered field which is radiated by the induced source s(r’). For
the sake of simplicity, let us assume that the scattering object is impenetrable, such
as perfect electric conductor (PEC) in electromagnetics, or a hard elastic object in
acoustics. By definition, the total field on the surface S and inside the body is zero,
thus the induced source s(r’) exists only on S i.e., it is a surface source. The boundary
condition on S is expressed mathematically by the following integral equation

/ (1, ¢)s(r')dS' = —dinc(r), T €S (1.7)
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FIGURE 1.1: Geometry of a general 3D scattering problem

with only unknown the source function s(r’). This is the second governing equation
of the problem because when it is solved for s(r’), we can find the scattered field ¢(r)
from (1.6), which is the required quantity.

It should be noted that in case of a penetrable object, a volume current is induced
since, by definition, the field inside the body is not zero. We can, however, apply
the equivalence principle [2] in order to obtain an equivalent problem where the
scattered field is generated by surface sources on the boundary thus, arriving in a
surface integral equation similar to the impenetrable case. In principle, we can arrive
at a surface integral equation for any boundary value problem.

We are at a point where we have two governing equations available, the differen-
tial (1.3), and the integral (1.7), so the question arises on which one to choose to solve
numerically. For the differential equation, the unknown quantity is the scattered
field function ¢(r) which must be calculated in the whole 3D space of the domain.
In the case of the integral equation, the unknown quantity is the source function
s(r') which must be computed on a 2D manifold or surface. In the context of numer-
ical methods, this means that the differential equations require more unknowns than
the surface integral equations. This is an important advantage of integral equation
solvers over differential equation solvers, since it translates to lower computational
time especially when the problem size is very large. Another advantage of solving
an integral equation is that the Green’s function is an exact propagator that propa-
gates a field from point A to point B. Hence, there is no grid dispersion error of the
kind that exists in numerical differential equation solvers where the field is propa-
gated from point A to point B via a numerical grid [3].

On the other hand, integral-equation solvers must calculate integrals with a sin-
gular integrand during the filling of the impedance matrix (see 1.2). Another dis-
advantage of the integral equation numerical techniques, is that their matrix system
is much more dense i.e., their impedance matrix has many more non-zero elements
than their differential solver counterparts. As a result they may require more storing
capacity and central processing unit (CPU) time to solve. However, modern integral
equation solver codes have mitigated significantly these requirements [4].
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1.2 Integral equations and the Method of Moments

The numerical method that is ordinarily used to solve surface integral equations is
the Method of Moments (MoM). In order to get a firm understanding of the differ-
erent aspects of MoM, it will be applied in a simple two dimensional electromagnetic
scattering problem [5].

1.2.1 Description of the problem

A PEC cylinder, with an arbitrarily shaped cross section, is infinitely extended along
the z-axis. The cylinder is surrounded by a region R which is filled with a homo-
geneous, isotropic, and non-magnetic material with permitivity ¢, and vacuum per-
meability y9. A TM, harmonic plane wave (a wave with an electric field along the
z axis), propagating in R illuminates the PEC cylinder inducing a z-directed current
density J, on its surface which will be the source of a z-directed scattered electric field
Esc. Although this is a three dimensional problem, translational invariance dictates
that all the quantities in this configuration must be independent of the z coordinate.
This means we can study the scattering problem in two dimensions, and specifically
in the cross section of the configuration (xy-plane) which is depicted in Fig. (1.2).

FIGURE 1.2: MoM configuration of the 2D scattering problem of a
TM wave from a PEC cylinder with an arbitrary cross section. The
boundary C is meshed into segments AC,, with n=1,.....,32.

1.2.2 Formulating the Governing Integral Equation

The relationship between the scattered field Es. and its source |, is found by applying
the Maxwell equations, leading to the following Helmhotz equation

V2Es(r) + K*Es(r) = iwpo]- (1.8)

with r the observation point, and k the wavenumber. (1.8), is the governing differ-
ential equation of the problem, analogous to (1.3). Due to the PEC boundary the
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total tangential field on C is zero which is mathematically stated by the following
boundary condition,

Einc + Esc =0 (19)

The linearity of (1.8) permits us to express Es; as a linear combination of the two
dimensional cylindrical wave fields radiated by the infinite number of line sources,
pertaining to ], on the PEC boundary C. This results to the following integral,

E, — —%/ LY H® (k|e - ¢|)dl’, (1.10)

where r is the position vector of the observation point, ¥’ is the position vector of a

point source, H (k]r r'|) is the two dimensional Green'’s function. The integral of
(1.10) is analogous to that of (1.6) with the integration implemented on the boundary
curve C instead on surface S, due to the fact that the considered problem is two
dimensional. Next we apply the boundary condition (1.9) to arrive at the following
integral equation

Eine(r) = w‘uo/lz k|r Y|)dl', randtY € C (1.11)

This is the integral equation that governs the problem, analogous to (1.7), with un-
known the current density J,(r').

1.2.3 Discretization of the Integral Equation

The next step in the MoM analysis is the discretization of the governing equation
(1.11) i.e., transforming it to a matrix equation that can be solved in a computer re-
sulting in an approximation of J,. The discretization process consists of three steps:
meshing the boundary, expanding the surface current function J, in a function basis,
and point matching the boundary condition.

Meshing the boundary With the meshing procedure, the boundary contour C is
divided into N segments AC,,. Very small segments will yield a better approximation
of |, but will increase the number of the unknowns in the matrix equation. The
segementation of C is illustrated in Fig. (1.2).

Expanding the surface current function In this step we expand J;, in a basis of N
functions f,,(r'), each one being matched with a segment AC,. This means that |, is
approximated by the summation

N
=Y Jufa(r') (1.12)
n=1

with I, being the expansion coefficients. Thus, the computation of ], now relies on
the determination of the N unknown expansion coefficients I,,. A frequent choice for
fn are the pulse functions which are defined as

, 1 on AC,
. = . 1.13
fal®) {0 v (113)

By applying (1.12) and (1.13) in (1.11) the following equation is derived,
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Eine(r ‘”P‘O Z I, / Sl 2 (k|r — ¢|)dl'. (1.14)

The equation above is not a matrix equation yet since it depends on the continuous
variable r.

Point matching the boundary condition To remove the r dependence from (1.14)
we apply the boundary condition on N discrete points of C which we will refer to
as collocation points (CP’s), with position vectors r,, usually pointing in the middle
of the segments as seen in Fig. (1.2). This is carried out by multiplying each side of
(1.14) with §(r — 1,,) and then integrating all over C. By doing so we have

N
/Cé‘(r—rm)Einc(r)dl = ‘Tﬂzlfn/ca(r_rm)/ACn HP (k|x — ¥|) fu (¢ )dl'dl,
m=1,..,N (1.15)

Now the left-hand side is only dependent in m and the double integral on the right
hand side is only dependent on m, n. Thus, (1.15) is a set of linear equations that can
be written in a more concise form as

[Vl = [Z][1] (1.16)

where [V]isa N x 1 column vector with elements the values of E;;, on the collocation
points, [I] isan N x 1 column vector with elements the unknown coefficients J,, and
[Z] is the N x N impedance matrix with elements the integrals

Zon = %/ H (K|t — 1)l (1.17)
4 Jac,

where 1, is the position vector of a point in the segment AC,. For the diagonal el-
ements of [Z] (m = n) we have r,, = r, thus, the integrand of (1.17) is singular
(the Hankel function is not defined at zero). The integral in this case can be eval-
uated approximately, but analytically. Assuming large N the segments AC, can be
approximated by a straight line and (1.17) is written as

Zon = “’“”

ACH (k\rm ry|) (1.18)

Then we use the following small argument approximation for the Hankel function
(since the argument goes to zero for the diagonal elelments),

2 i rx
HP (x) ~1 - i~ log(+-) (1.19)
which is then used to (1.18) to obtain
wmoACy, _ E YkAC,, _
Zyn — {1 17T10g< o , for m=n (1.20)

where v = 1.781. After inverting [Z] with the Gaussian elimination process, we can
solve (1.15) for [I] yielding

(1] =[2]7'[V] (1.21)
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and use the obtained elements J, to evaluate the current density J, via (1.12) and
finally the scattered field from (1.10).

1.2.4 Conclusions for MoM

A very important aspect of MoM is the choice of basis functions. Although the pulse
functions (1.13) are a convenient choice, they give a step approximation of J, and a
large number of segments are necessary to obtain an acceptable result. Alternatively,
other function basis can be used such as the triangle functions, which give a piecewise
approximation of J,. Another noteworthy issue is that the choice of the expansion
function affects the meshing of the boundary. For example in 3D problems, one
popular choice of expansion function is the Rao-Wilton-Glisson (RWG) function. To
use this function, the surface of the scatterer has to be discretized into small elements
each of which is a triangle [6].

Finally in MoM, evaluations of integrals with singular integrands are required
in order to fill the diagonal elements of the impedance matrix [Z]. To treat this, ap-
proximations can be used (as indicatively illustrated above) which however affect
the accuracy of the surface current determination.

1.3 Generalized Multipole Techniques

The drawback of evaluating singular integrals when applying MoM in order to fill
the impedance matrix, led to the development of alternative methods classified as
Generalized Multipole Techniques (GMT’s) [7], [8].

The central principle of these methods is that when applied, an equivalent sit-
uation of the original problem is formulated in which the fields in the domain of
interest are generated by fictitious discrete sources (instead of continuous) which are
displaced from the physical boundary. The sources are chosen so that their fields are
Green’s functions of the governing differential equation. The principle of superposi-
tion allows us to express the fields in each domain as an expansion of these Green’s
functions i.e., a weighted superposition of the fields from each discrete source. The
unknowns are the expansion coefficients which are determined by point matching
the relevant boundary conditions.

Historically, the first published work that applied the concept of field approxi-
mation by linear combination of Green’s functions is the classic Mie scattering so-
lution for a sphere. In this case the point sources are collocated at the center of the
sphere radiating spherical multipole fields. However, this solution is suitable only
for spherical geometries. Attempts were made to extend spherical multipole solu-
tions to non spherical geometries, again with a single origin, but with acceptable
results limited only for elliptically shaped bodies with low aspect ratios not larger
than 2 [9].

The factor that enabled the application to more complex geometries is to place
the discrete sources on multiple positions resulting to the numerous GMT methods.
Although based on the same principle, these methods differ on the type of point
sources utilized and their positioning. Some of the established GMT methods are
the Discrete Sources Method (DSM), the Yasuura method, the Null field method, and
the Method of Auxiliary Sources (MAS) which is the main focus on this dissertation.
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1.4 The Fundamentals of the Method of Auxiliary Sources

Most studies attribute the origin of the MAS to Kupradze and his coworkers, some
to Mathon and Johnston[10]-[15]. The MAS is distinguished from the other GMT’s
in that it utilizes Green’s functions with poles of zero order (singularities only at
the position of the source) i.e., there are no other poles in the neighborhood of the
discrete source. This means that the discrete sources of MAS, which are labeled as
Auxiliary Sources (AS’s), are physically interpretable (they have physical significance)
and their functions are analytically simpler than others.

The source type used depends on the dimensions of the problem. For two dimen-
sional geometries, infinitely long current filaments which radiate two dimensional
cylindrical waves that are proportional to a Hankel function as in (1.5) are the stan-
dard choice. In 3D problems, widely used are pairs of Hertzian dipoles, electric and
magnetic, that are perpendicular to each other. As for the positoning, conventially
the sources are homogeneously placed upon surfaces (or curves in 2D problems)
which are labeled as auxiliary surfaces, the shapes of which are usually chosen to be
similar to the physical boundary.

The electromagnetic fields in each domain are the weighted superpositon of the
tields radiated by the AS’s. The unknowns are the expansion coefficients which
physically represent the current amplitudes of the infinite filaments, or the dipole
moments of the Hertzian dipoles. Then the point matching procedure is applied
where the boundary condition is enforced on a discrete number of CP’s on the
boundary. If the number of CP’s are equal to the number of AS’s then the obtained
impedance matrix is square, and the coefficients are found by Gaussian elimination.
Alternatively, the linear system may be overdetermined (more CP’s than AS’s) in
order to obtain the most accurate results possible via a pseudo-inverse solution.

1.4.1 2D scattering problem revisited-MAS solution

For a more in depth view on the MAS fundamentals, we revisit the scattering prob-
lem of section 1.2. This will permit us to make a direct comparison between MoM
and MAS.

According to MAS, an equivalent problem is formulated in which the PEC cylin-
der is absent and the scattered field in region R is the superposition of the fields radi-
ated by a set of N auxiliary sources, in an unbounded region filled with the material
of R. The appropriate type of AS’s for this case, are electric current filaments of
infinite length which are parallel to the axis of the cylinder. These are placed on an
auxiliary surface which has a similar shape with the physical boundary, and is inside
the PEC in order to avoid singularities in R at the positions of the point sources.

Since this is a 2D problem, it is solved in the cross section of the geometry thus,
the auxiliary surface becomes an auxiliary curve C,ux, and the current filaments be-
have as point sources radiating two dimensional cylindrical waves. The 2-D MAS
configuration is illustrated in Fig. (1.3). The scattered field is expressed as the super-
position of the 2-D cylindrical waves as,

N
WHo 2
Eoe = — 22 Y LH (k|r — 1) (1.22)

n=1

where r is the position vector of a boundary point, r, is the position vector of the
n-th auxilary point source, and I, is the current amplitude of the n-th point source
(expansion coefficient). Next we apply the point matching technique on N points of
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FIGURE 1.3: MAS configuration of the TM wave 2D scattering prob-

lem from a PEC cylinder with an arbitrary cross section, where N =

18 auxiliary point sources and an equal number of collocation points
are defined.

the boundary curve C with position vectros r,, by following the same procedure as
MoM yielding,

WHO §n 1 1o(2)
Eine(ty) = e Z L,Hy” (k|ty, —1,|), m=1,....,N (1.23)
n=1
which is an N x N linear system. This can be expressed in a form like (1.16) with [V]
the N x 1 column vector with elements the values of E;,. on the collocation points

Iy, [I] is the N x 1 column vector with elements the unknown current amplitudes I,,,

and [Z] the N x N impedance matrix with elements given by Z,,, = H(gz) (k|ty —14])
where it is obvious that no integration is involved.

The solution of the system yields the unknown coefficients I,,, and consequently,
the scattered field from (1.22).

1.4.2 Comparison between MAS and MoM

The study of the 2D scattering problem allows us the comparison between MAS and
MoM.

The first primary feature of MAS is that the sources are postulated as discrete
thus, there is no need to mesh the surface in which the sources exist hence, MAS
is a meshless method. The second important feature of MAS is that the sources are
displaced with respect to the physical boundary, eliminating the Green’s functions
singularity. As a result, the implementation of a MAS code solver is easy since we
only need to define a discrete number of sources, the shape and the position of the
auxiliary surface (or curve), and finally apply the point matching procedure on a
discrete number of collocation points to arrive at the matrix equation. The absense
of integral calculations allows the rapid filling of the impedance matrix which means
low computational cost in terms of CPU time.
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Due to all these factors, and especially in cases where number of the discrete
sources required for a convergent solution is similar to the mesh elements used to
obtain the same result in MoM, MAS is usually much more efficient. But even in
cases where the MAS discretization is denser there exists, in general, a threshold in
geometry size under which MAS is computationally less costly than MoM [16].

There are, however, several difficulties that arise when applying the MAS which
are related to the location, distribution, and number of the auxiliary sources as well
as the collocation points. These are discussed in Section 1.4.3.

1.4.3 Particular Aspects in the Method of Auxiliary Sources

In the previous section we’ve analyzed the aspects of a conventional MAS applica-
tion. However, there are boundary value problems that require various approaches
with respect the number, type and positioning of auxiliary sources. In much of the
standard literature, MAS does not impose any limitations regarding these factors,
but numerical and analytical results show that this is not always true, as will be dis-
cussed in detail in this thesis. The same applies for the number and positioning of
the collocation points.

Alternative source types Instead of current filaments or Hertzian dipoles, other
source types may be employed depending on the geometry, or the type of excita-
tion. Auxiliary sources such as the periodic strip model, or the cylindrical-current
elements have been used for certain 2D and 3D problems.

Location, distribution, and number of the Auxiliary Sources The choice of loca-
tion, distribution, and number of the auxiliary sources affect significantly the effi-
cieny of MAS [17], [18]. Unfortunately, these factors are interrelated and at the same
time, dependent on the geometry, auxiliary source type, and excitation source type.
As a result, it is difficult to establish specific global rules for their definition and for
this, many researches rely on empirical rules for each case of study.

For geometries with smooth boundaries, a homogeneous distribution of the aux-
iliary sources on an auxiliary surface conformal to the physical boundary (same
shape) is a convenient and effective choise. However, non-uniform distributions,
as well as non-conformal auxilary surfaces have proven to be useful. For example,
in a geometry that includes edges (point regions), a denser and non-conformal dis-
tribution of the auxiliary sources is proven to be more effective to compute the fields
near the edge.

Another important fact is that the distance between the auxiliary surface and the
physical boundary -especially in conjuction with how dense is the distribution of the
sources- significantly affects the efficiency of the MAS solution.

Also, the convergence rate (how fast the MAS solution approaches the true solu-
tion with respect ot the number of auxiliary sources) depends on the relative location
of the auxiliary sources with respect to the singularities of the analytic continuation
of the field function computed by MAS. Specifically, a convergent solution is guar-
anteed if there are no singularities between the physical boundary and the auxiliary
surface. Otherwise, the MAS solution is not convergent and thus not acceptable
however, it may be sufficiently accurate under certain conditions [19], [20]. It must
be noted though, that the locations of the field singularities are known a priori only
for very special shapes such as circles and ellipses.
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Collocation Points In regard to the collocation points, their number is usually
taken equal to the number of auxiliary sources and a square impedance matrix is
obtained. However, in some cases it is preferable to over-determine the derived ma-
trix equation, and solve it provide a least-squares fit to the boundary condition. In
any case, what is checked is the error on the boundary condition. This is done by
increasing the number of auxiliary sources and/or collocation points, because be-
tween the matching points, the mismatching might be quite significant.

1.5 Outline of the thesis

The scope of this thesis is to highlight theoretical and practical aspects of MAS with
the chapters being organized as follows. In Chapter 2, we show that for the prob-
lem of transverse electric illumination of a perfect electric conducting cylinder by
a magnetic current filament, it is possible for large numbers N of auxiliary sources
that the MAS currents diverge and oscillate, while the generated MAS field con-
verges to the exact solution. We demonstrate analytically the occurrence of conver-
gence/divergence phenomena of the currents and fields in this problem and then
study the nature of this divergence in detail. In particular, we derive a large-N
asymptotic formula for the divergent MAS currents, which captures accurately the
important characteristics of the associated inherent oscillations. Numerical results
for non circular shapes are also presented.

In Chapter 3, the application of MAS in mode analysis of PEC waveguides is
discussed. According to the conventional scheme of MAS, the eigenvalues are ob-
tained by requiring the square impedance matrix to be singular and therefore its
determinant to be zero (or its condition number to be large). For large matrices, such
computations are complicated and time-consuming. Additionally, these schemes
are frequently contaminated with spurious eigenvalues. To overcome the difficul-
ties, an efficient method based on MAS along with an excitation source is proposed.
The eigenvalues are obtained by measuring the physical response of the waveg-
uide’s domain to this source; thus, an interior problem is always solved. Chapter 3
is a comprehensive presentation of this method and its variants and aims to empha-
size fundamental and often unfamiliar attributes. One of the main objectives is to
show analytically and numerically that when an internal source is used, the eigen-
values are accurately computed without employing a regularization procedure. The
method is applied to hollow simply and multiply connected waveguides with cir-
cular, elliptical, and rounded-triangular cross sections. The results are compared
with those obtained from COMSOL Multiphysics. Moreover, the phenomenon of
divergent and oscillating MAS currents—which may or may not occur depending
on the relative position between the auxiliary curve and the excitation source—is
discussed. It is emphasized that, with proper care, the phenomenon does not affect
the accurate computation of the eigenvalues.

Chapter 4 is a continuation of the previous one where it is shown that the eigen-
values can be determined, more simply, by means of the auxiliary currents vector
norm (ACVN). We explain our method analytically for the simple problem of the
circular waveguide, apply it numerically to more complicated geometries, and com-
pare our results to those of a finite element method (FEM)-based commercial soft-
ware. We introduce a Hankel-function lookup procedure, which greatly reduces
computational times, and discuss the once again the effect of divergence/oscillations
of the auxiliary currents.
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The contents of Chapter 5 demonstrate that the MAS-ES is also effective in com-
puting the propagation constants (eigenvalues) B of a cylindrical dielectric waveg-
uide with core of arbitrary cross section. It is emphasized that two excitation sources
(an electric and a magnetic current filament lying within the core) are required to ex-
cite hybrid modes of the dielectric waveguide; a hollow PEC waveguide requires
only one source. The modified method, thus obtained, is named MAS with Two
Excitation Sources (MAS-TES). The fact that the propagating modes are localized
in the vicinity of the core allows us to determine the eigenvalues by measuring the
response of the core to the excitation sources. This is performed by employing a
response function F(B) which is maximized when a standing wave is formed in the
core. Plotting F() for a dense set of § results in a response curve the peaks of which
correspond to the waveguide’s eigenvalues. The method is tested for several dielec-
tric waveguides’ geometries, including two multimode cases, and it is shown that
it is free from discrete and continuous spurious solutions. All the MAS-TES results
are compared with those obtained by an FEM-based commercial software and an
excellent agreement is exhibited.

Moreover, in Chapter 6 the main objective is to evaluate ideal monolayer graphene
as a shielding material for cylindrical configurations in the RF/microwave region.
The numerical modeling of the involved structures is performed by the Method of
Auxiliary Sources. Particularly, since the standard MAS suffers from numerical dif-
ficulties when applied in highly-conductive regions, a modified version of MAS is
employed in which the graphene layer is replaced by an Impedance Matrix Bound-
ary Condition (IMBC). The same condition is also applied for the case of a Few Layer
Graphene (FLG) shield. The derived numerical results are found to be in excellent
agreement with those obtained by FEM-based commercial software.

Lastly, Chapter 7 concludes the thesis by presenting the main coclusions for each
chapter, and outlines plans for future work.
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Chapter 2

Convergence Analysis Involved in
the Method of Auxiliary Sources
Applied to Scattering by PEC
Cylinders

2.1 Introduction

In [20], MAS was applied to the transverse-magnetic (TM) problem, consisting a per-
fect electric conductor (PEC) circular cylinder illuminated by an infinitely-long elec-
tric current filament. For this problem, MAS involves N electric current filaments,
located at an auxiliary radius inside the PEC surface, and radiating electric fields
whose sum is required to cancel the incident tangential electric field at N collocation
points on the PEC. This leads to a N x N system with unknowns the MAS currents.
Then, the corresponding MAS electric field is obtained by means of the computed
MAS currents. It is shown that, if the auxiliary radius is larger than a certain crit-
ical radius, the large-N limit of the normalized MAS currents exists and is equal
to a continuous surface current, while the MAS field coincides with the true field
outside and its analytic continuation inside the scatterer up to the auxiliary surface.
However, for an auxiliary radius smaller than the critical one, the normalized MAS
currents diverge and oscillate, as N — oo. Still, the MAS electric field due to the
divergent MAS currents converges to the true field. Other works that followed, in-
vestigated corresponding phenomena for different boundary-value problems [21]-
[23].

In this chapter we extend the results of [20] toward a different direction, specif-
ically to the transverse-electric (TE) case of a PEC cylinder excited externally by a
magnetic current filament. Investigating the convergence of MAS for different in-
cident wave polarizations is also important in implementations, like in [24], where
a so-called multifilament doublet current method is employed requiring both TE
and TM components. First, we consider a continuous version of MAS, in which an
auxiliary surface inside the PEC carries an unknown continuous magnetic current
density. The scattered magnetic field, generated by this current density, is required
to cancel the tangential (azimuth-directed) electric field on the PEC surface. In this
way, a first-kind Fredholm integral equation for the current density is obtained. By
using analytical arguments, we show that, if the auxiliary radius is greater than a
critical radius, the series expressing the magnetic density converges and the gener-
ated electric field cancels exactly the tangential electric field on the PEC. However,
for auxiliary radii smaller than the critical one, no convergent solution for the mag-
netic density exists.
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FIGURE 2.1: Geometry of the 2-D scattering problem and regions of
the analytic continuation of its exact solution.

Then, we turn to the discrete version of MAS, where the continuous current is
replaced by N magnetic current filaments canceling the tangential incident electric
field at N collocation points on the PEC surface. A N x N circulant system thus
results, which is solved in closed form by Discrete Fourier Transforms (DFTs). We
demonstrate analytically that, as N — oo, the normalized MAS currents converge
to the true continuous surface density if the auxiliary radius is larger than the crit-
ical one, while the currents diverge and oscillate if it is smaller. Importantly, the
computed MAS fields converge to the exact solution of the boundary-value problem
(and to its analytic continuation inside the scatterer) even if the auxiliary radius is
smaller than the critical one. These theoretical findings are also supplemented by
numerical results for circular and non-circular shapes. Finally, we prove a large-N
asymptotic formula for the divergent MAS currents, which predicts accurately the
characteristics of the appearing oscillations.

An e %! time dependence is assumed and suppressed throughout this chapter

withk =w/c =2nf/c = w./Ho€o.

2.2 Exact Solution for the Magnetic Field

The geometrical configuration of the scattering problem is shown in Fig. 2.1. An
infinitely-long circular PEC cylinder of radius p.y, with axis along the z-axis, is il-
luminated by an external z-directed magnetic current filament I; lying on (pg, 0)
of the x-axis. A point on the PEC surface has polar coordinates (pcyl, ¢Cyl), with
Pfil > Peyl- The observation point has coordinates (pops, Pobs)- The exact expression
for the total magnetic field H = H,2 for pobs > pcy1 is given by [2]

© T (kowt) HSY (kogps) HSY (Kogy)
H = Y [Ho(l) (KRapssi) — Y. T (kocy1) (koobs) ( Pfl)em%bs},
4 n=-—o00 H;l(l)(kpcyl)
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where

Robs,ﬁl = \/P(Z)bs + p%ﬂ - 2pobspﬁl COS Pobs (2.1)

is the distance between (0gbs, Pobs) and (g1, 0); hereafter, we will use R4 p to denote
the distance from (pa,¢4) to (0B, ¢B)-

In (2.1) the total field consists of two terms, the first one is the incident field (due
to the magnetic filament), and the second one is the scattered field, expressed as a
Fourier series.

By employing the large-n approximations of the Bessel and Hankel functions

1 ex\n
Ju(x) ~ \/ﬁ<2n> , 1 — +oo 2.2)
Hy(x) ~ —i %(%)_ n— +oo 2.3)

and the corresponding approximations of their derivatives, we find that for large-|n|,
the n-th term of the scattered magnetic field’s series in (2.1) behaves as

1 (pcri>nei|n¢obs
7Ti|7’l| Pobs

where the critical radius p. is defined by

Pcri = pgyl / il (2.4)

This means that the series in (2.1), and hence also the total magnetic field, con-
verge for all pops > pori (Region 3 in Fig. 2.1), and diverge for all pgps < peri (Region 1
in Fig. 2.1). From pg; > pcy1, it follows that peri < pcy1, 0 the solution (2.1) is also con-
vergent inside the PEC until the critical radius (pgbs > peri), i-e. Region 2 in Fig. 2.1.
Since the derivative of (2.1) can be shown to be also well-defined until the critical
radius, we conclude that the extended solution (2.1) for pops > peri is the analytic
continuation of the exact field inside the PEC.

The total tangential (to the PEC surface) electric-field component is readily de-
rived by means of Ampere’s law

i OH,
Fo WeQ IPobs 23)

2.3 Continuous Auxiliary Magnetic Current Density

First, we apply a “Continuous-MAS” approach and consider that the scattered mag-
netic field is generated by a continuous z-directed magnetic surface current with
density M® (¢aux), lying on a cylindrical auxiliary surface of radius paux< p oy1- Then,
the total magnetic field for pops > pcy1 is expressed by

weE
H, = —TO [IMH(gl) (kRﬁl,obs>

7T
+ pawe | HYY (KRaunbs) M () A 2.6)
—TT
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where the first term is the incident and the second the scattered field. Hence, from
(2.5), we find

ik [ 1. (Pabs — pir cos Pobs)Hi" (KRgiobs)

ol \/ P2ps T PF1 — 200bsPsil COS Pobs
n paux7 Pobs — Paux COS(Paux — Pobs) y
“r \/ 02ps T P3ux — 2PobsPaux €OS(Paux — Pobs)
H{Y (KRawxobs) M* (fau) dhaun |- 2.7)

Now, by enforcing the boundary condition Ey = 0 for (0gbs, Pobs) = (Ocyls Pey1)
we obtain, for —7t < ¢y < 71, the following Fredholm integral equation of the first
kind with respect to the unknown density M®(¢aux)

T

/ K (47aux - (Pcyl) Ms ((Paux) d(Paux - IMg (‘Pcyl) ’ (28)

-
where
K ((Paux - 47cyl) =

(pcyl — Paux COS((Paux — CPCyl))HF) (kRaux,cyl)
\/ngl T P%ux o Zp cylPaux COS(‘Paux - ‘Pcyl)

2.9)

is a “periodic difference” kernel, since it is a 27t-periodic function depending only
on the angles’ difference ¢paux — Peyl; to see this, recall that

Raux,cyl = \/ Pgux + ngl - 2Pauxpcyl cos (q)aux - ¢cyl) .

Besides, the RHS of the integral equation (2.8) is given by

1 (0cyl — Pfil COS ey ) Hfl) (kRgi,ey1)
Paux \/p%yl + p%ﬂ — 2pcy1pﬁ] Ccos 4)Cyl

8 (Pey1) = — ) (2.10)

which is also a periodic function of ¢y1. Equations of this type are solved by us-
ing the Fourier series of the kernel and the RHS [20]. Specifically, by expressing

Hél) (kRqaux,cy1) and Hél) (kRfit,cy1) according to the general addition theorem

Hy" (\/x% + x% — 2x1x7 cos 9) = Y, Ju(x1) Hy (1) €™, 0 <3, (210)

n=-—oo

and differentiating both sides with respect to p.y1, we obtain the solution of the Fred-
holm equation (2.8) for the continuous auxiliary surface-current density

M? ((PauX) =

1
B Ipm ad L’q (kpcyl) Hr(l ) (kail) UL
27T,Oaux n=—o0 H,g(l) (chyl) ]n (kPaux)

(2.12)
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By the large-|n| approximations (2.2) and (2.3), we see that the n-th term of the

NI
latter series behaves as —(;ﬁ) ell"l®an . Hence, the series (2.12) converges for

Paux > Pecri (€. for paux in Region 2 of Fig. 2.1, since paux < pcy1 must also hold)
and diverges for paux < Pcri (i-e. for paux in Region 1 of Fig. 2.1). This means that
an electric field due to a continuous surface magnetic current density can cancel the
incident field only if this density lies outside the critical surface; otherwise, there is
no convergent density to speak of. This conclusion remains the same for the re-
spective TM problem [20] and is consistent with general theorems stating that the
auxiliary surface must enclose all singularities of the analytic continuation of the
scattered field in the scatterer’s interior for the associated integral equation to be
solvable [19], [25]. These singularities are known for many shapes, however not
in—general-for any arbitrary shape [26].

It is also worth noting that M® (¢aux), given by (2.12), is not well-defined if J,, (kpaux)
equals to zero for some integer 1. These discrete values of kpaux correspond to the in-
ternal resonances of the auxiliary surface and are discussed in [27]. The phenomenon
of internal resonances is different from the one analyzed above concerning the non-
solvability of the integral equation (2.8), which occurs for all paux < Peri, and is in-
timately connected to the oscillations of the discrete magnetic currents, which are
discussed in the next section.

2.4 Discrete Auxiliary Magnetic Current Filaments

2.4.1 Discrete MAS Linear System

The discrete MAS scheme consists of N magnetic current filaments K; lying at (paux, 27t/ /N),
with! =0,...,N —1and paux < Peyl, aS shown in Fig. 2.2. The total magnetic field
is expressed as

we =
Hz = _TO [IMH(()l) (kRﬁLobs) + Z KzHél) (le,obs)]' (2'13)
1=0

where R; ops the distance between the [-th filament and the observation point, and
the first term is the incident field, (similar to (2.1) and (2.6)), while the second term,
approximating the scattered field, is given by a finite sum of cylindrical TE fields
due to the magnetic current filaments. The N discrete MAS magnetic currents K;
are determined by approximately satisfying the boundary condition E, = 0 at N
equispaced collocation points on the PEC surface at (0ops, Pobs) = (0cy1, 271p/ N),
forp = 0,...,N — 1. The resulting N x N MAS linear system with respect to the
unknown currents K is written as

N-1
Bp,ZKl =IyDy, p=0,1,...,N—1, (2.14)
1=0
where
Pcyl — Paux COS 27[(]{]]71) (1)
Bp,, = bpl H; (kbp,,) , (2.15)
Pcyl — Pfil COS 2% (1)
D, =— H; (kdp), (2.16)

dp
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FIGURE 2.2: The discrete MAS scheme for the considered scattering
problem with N = 9 auxiliary magnetic filaments.

with

2rt(p —1
b, = \/ 02ux + ngl — 20auxPcyl COS (?\l) (2.17)

the distance between filament / and collocation point p, and

27
dp = \/p%ﬂ + ngl - 2Pﬁchy1 Ccos Wp (2.18)

the distance between filament Ij; and collocation point p.
The MAS system (2.14) is circulant and, hence, it can be solved in closed form by
DFTs [20], [28]-[29], yielding

N-1
Kl = Z KmEIZTElm/N, ) :0,1,...,N—1, (219)
m=0
where 1
2 I N=1 _ i2mpm N-1 _ i27l(N—m) ;
R = L Dy ™ LZ%) Biew W . (2.20)
p= —

Expressing H(()l) (kbg;) and H(()l) (kd,) by means of (3.21), differentiating with re-
spect to pcy1, and using (2.19) and (2.20), we obtain the explicit expression for the N
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discrete MAS magnetic currents (for/ =0,...,N — 1)

N
M+22KM%MMAMM
K = m=1 (2.21)

2

Ko+ (—1) Ky +2 2 chosznlm N even

2.4.2 Large-N Behavior of MAS Currents

For N — oo, when the angular distance between the large number of MAS filaments
becomes vanishingly small, these filaments approximate a continuous surface cur-
rent density Mj, ..(¢aux), given by

NK;
Mhmlt ((Paux) - I\llligo <27rpaux> ’ (222)

where ¢paux = 2711/ N. The quantities NK;/ (27tpaux) Will be referred to as normalized
MAS currents.

The limit in (2.22) can be calculated analytically. For both odd end even N, by
(2.20) and (2.21), we find

K ~ IM ]m (kpcyl) ( ) (kpfil)
N H( ) (kpcyl) ]m (kpaux)

By (2.21) and (2.23), we find the limit in (2.22) as

N — . (2.23)

Iy [ Tt (kpey) H HY (kog)
27'L'Paux O( ) (kpcyl) ]O (kpaux)

5 i T (kpcyl) (1) (kpsin)

m=1 Hy, v (kpcyl) Jm (kOaux)
We conclude that Mj. .. (¢aux) is equal to M*(¢aux), given by (2.12); this stems

from the fact that the coefficients in the above series are even in m. Thus, M;, ., (Paux)
behaves in the same way as the continuous auxiliary surface-current M®(¢$aux ), namely

Mfimit (‘PauX) = -

mm%w.gm

1. M, (Paux) exists if paux> o (Regions 2 and 3) giving M, .. (Paux) = M*(Paux),

which cancels the incident electric field on the actual PEC surface, and

2. My (Paux) diverges if paux< p; (Region 1)

2.4.3 Large-N Behavior of MAS Field

Now, we turn our attention to the MAS field, given by (2.13), and investigate it in
the limit N — oco. Employing the addition theorem (3.21) in (2.13), yields

we i _
H;VIAS — _TO IMH(()l) (kRﬁ] obs) + E K Z H kpobs) I (kPaux) e\ (¢Pobs 27rl/N)]‘
=0 n=—o
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By using the DFT of K;, and (2.23), we obtain

wepl
HMAS _% [Hél) (kRfil,obs ) —

i": Ji, (koey) Hi! (kos)
n=-co H;(l) (chyl)

H;Sl) (koobs) ei”%ﬂ, N — oo. (2.25)

The approximation in (2.25) is independent of p,ux and coincides with the exact
magnetic field (2.1), which, as elaborated in Section 2.3, converges (diverges) for

Pobs = Pcri (pobs < Pcri)-
Thus, we reach the following conclusions:

1. For peri < Paux < Peyl, the large-N limit of the MAS field HMAS gives the exact
field solution of the problem in Region 3 (pobs > Pcy1) as well as its analytic
continuation in the part of Region 2 between the auxiliary and the physical
surface (namely paux < Pobs < Pcyl)

2. For paux < pPcri, Where it was shown in Section 2.4.2 that the MAS currents
NK;/27mpaux diverge, the MAS field HéVIAS converges, as N — oo, to the exact
field in Region 3 (0gbs > Pcy1) and its analytic continuation in Region 2 (pcri <
Pobs < Pcy1)- The limit of HMAS does not exist in the part paux < Pobs < Peri Of
Region 1.

The fact that it is possible for MAS to recover for large-N the exact magnetic field,
even when the normalized currents do not converge to a surface current density, is
a main result from the above analysis on the discrete MAS and is in accordance with
previous works [27], [20] pertaining to the TM case.

2.4.4 Divergent Case: Asymptotic Formula for the MAS Currents

For paux < pPcri, we have shown above that the MAS currents diverge as N — oo.
Here, we prove an asymptotic formula for the diverging K; and show that the diver-
gence appears in the form of oscillations in the real parts of K;.

By (2.2), (2.3), and (2.23) we obtain Ky ~ %t’“, m — oo, where t = % > 1.
Thus, since t > 1, in the finite sum (2.21) contribute significantly only the large m
terms. In this way, we may neglect in (2.21) the terms m = 0,1,...,n — 1 and retain

only the remaining terms for m > n, yielding

N-1
2 i t’”cos%, N odd
Ki~ | " , (2.26)
(—1)' N2 ¢ Zm;n tmcos%, N even
where the final result will be shown to be independent of .
Closed-form expressions for the summations in (2.26) are feasible with the aid of
the exact formula (D8) of [21]. For large Q and ¢ > 1, we can omit the n-dependent
terms in (2.26), and, obtain, as N — oo, the asymptotic expression

1
2(t—1)cos &

2 —2tcos%ﬂ +1
2 —1
(—1)ltN/2 > Neven
t2 —2tcos 5 +1

N odd

(_1>lt(N+l)/2

K~ M

N (2.27)
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PEC boundary C

curve C
aux

FIGURE 2.3: The discrete MAS scheme with N = 18 auxiliary mag-
netic filaments for the scattering problem by a rounded triangle.

Eq. (2.27) sheds further light in the divergence of the MAS currents presented in
Section 2.4.2. The asymptotic approximations are real valued, and, thus, the imagi-
nary parts of the currents are not expected to provide significant effects. The real di-
vergent MAS currents oscillate for large N due to the factor (—1)!, appearing in (2.27).
Hence, adjacent MAS currents have opposite signs and due to the factor tN+1)/2 (or
tN/2), their real parts become exponentially large with N.

2.4.5 Discrete MAS for Non-Circular Shapes

Now, we give an example for TE plane-wave scattering by a non-circular cylinder.
Particularly, we consider the rounded triangle with PEC boundary C, described in
(12) of [26]; see Fig. 2.3. We assume N auxiliary magnetic current filaments of am-
plitudes K; (I = 0,...,N), lying on an auxiliary curve Caux. The total z-directed
magnetic field is given by

. Nil ~
Hi(r) = H™(r) + Y KH" (k|r — 1)), (2.28)
1=0

where 1; is the position vector of the I-th filament, K; = — (we/4) K;, and H™(x, y) =
exp|—ik(x cos + ysin )] the incident field of angle of incidence ¢. Imposing the
PEC condition on N collocation points on C, we get the linear system with respect
to the normalized MAS currents K

N-1 _ P Y )
Y Rig [0 (Klom =] = = 50 (™o, 229)
=0
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FIGURE 2.4: Real (left panel) and imaginary (right panel) parts of

the auxiliary magnetic surface-current density M?® (¢,ux) and the nor-

malized MAS currents NK;/(27paux) for kpoen = 2.1, kot = 3,

kpaux = 1.9, and N = 71. The two sets of results coincide at the
scale of this figure.

where fi is the normal unit vector on C, and r,, the position vector of the m-th col-
location point, for m = 0,..., N — 1. The involved matrix in the system (2.29) is
non-circulant and, hence, this system can only be solved numerically.

2.5 Numerical Results and Discussion

Numerical results are now presented to illustrate the theoretical findings of the pre-
vious sections. The results concern comparative variations of

1. the continuous magnetic surface-current density M® (¢aux) computed from (2.12)
by retaining sufficient number of terms for the series to converge to a desired
accuracy

2. the MAS currents K;, | = 0,1, ....., N — 1 computed by solving numerically the
circulant MAS system (2.14)

3. the exact scattered field H“' computed from the series in the RHS of (2.1) by
retaining sufficient number of terms

4. the MAS scattered magnetic field HMAS computed from the series in the RHS
of (2.13) with the MAS currents K; computed as in 2. above.

We consider a circular cylinder with kp.y1 = 2.1 illuminated by a magnetic fila-
ment at kpg = 3, so that kpi = 1.47.

In Fig. 2.4, we depict the real and imaginary parts of M® (¢paux) for kpaux = 1.9
and the corresponding normalized MAS currents for N = 71. As expected, the two
sets of results coincide since here peri < paux < Peyl, in which case as we have shown
in Section 2.4.2, the normalized currents converge to M® (¢paux)-

In Fig. 2.5, we change only the auxiliary radius to kpaux = 1.3. In this case
Paux < Peri, SO, according to Section 2.3, now, there exists no meaningful M® (¢aux)
to show and subsequently compare it with the normalized MAS currents. Thus, we
depict only the MAS currents for N = 71. It is seen that the imaginary parts of the
currents behave smoothly. However, in stark contrast, the real parts oscillate rapidly
between large positive and negative values near ¢.,x = 0 and 27, while each two
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FIGURE 2.5: Real (left panel) and imaginary (rigth panel) parts of
normalized MAS currents NK;/(27paux) versus the source index .
The parameters are the same with Fig. 2.4 except for kpaux = 1.3.
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FIGURE 2.6: Boundary condition error (left panel) and matrix condi-
tion number (right panel) versus paux/pcy for the application of MAS
to the circular cylinder (cf. Figs. 2.4 and 2.5) with N = 51,61, 71.

adjacent MAS currents have opposite signs. The peaks of the oscillations increase
rapidly with N. This behavior is justified also by the asymptotic formula derived in
Section 2.4.4; we will return to this below.

The above results provide the numerical demonstration of the theoretical conclu-
sions of Section 2.4.2 concerning the fact that the MAS currents diverge if paux < Pcri-
Additionally, we observe here the nature of the appearing oscillations in the diver-
gent case, which are inherent in MAS and are not due to ill-conditioning of the sys-
tem’s matrix. The major differences between the divergence and oscillations phe-
nomena analyzed herein and ill-conditioning effects were thoroughly analyzed in
[27], [20], and [26]. In Fig. 2.6, we show the tradeoff between the boundary condi-
tion error and the MAS matrix condition number; such a tradeoff is characteristic in
MAS [30],[31].

Now, we proceed to investigate the behaviors of the computed magnetic fields.
In Fig. 2.7, we depict the curves of H>?" and HMAS for observation at koops = 10
(Region 3 of Fig. 2.1). The auxiliary radius is kpaux = 1.3, hence the MAS currents
diverge and oscillate (cf. Fig. 2.5). Nevertheless, the MAS magnetic field HMAS,
generated due to the divergent and oscillating MAS currents, is the true field since
it coincides with the exact field H*“!. We have made also the corresponding simu-
lations for kp_,., lying in Regions 1 and 2 of Fig. 2.1 (not included here for brevity),
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FIGURE 2.7: Real (left panel) and imaginary (right panel) parts of ex-
act scattered field H?t and MAS scattered field HMAS for kpops =
10. Depicted magnetic fields have been normalized by the factor
(—wep/4). The two sets of curves coincide at the scale of this figure.
The parameters of MAS are kpaux = 1.3 and N = 71. Thus, HM4S is
obtained from the divergent and oscillating currents of Fig. 2.5.
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FIGURE 2.8: Real part of the normalized MAS currents NK;/ (27Tpaux)

versus the source index [ for kpaux = 1.3 and N = 140. Red dots

correspond to the asymptotic formula (2.27), while black straight lines

to the numerical solution of the system (2.14). For clarity, we show

only results corresponding to ! = 0,1,...,71 (currents for I > 70 are
symmetric with respect to those for I < 70).

and found that the results remain in accordance to the theoretical predictions of Sec-
tion 2.4.3. Precisely, the MAS field generated in Region 2 by the divergent currents of
Fig. 2.5 coincides with the analytic continuation of the exact field in Region 2 inside
the cylinder. Besides, the computed MAS magnetic field in Region 1 (where there
is no exact field) is found to oscillate, which indicates the divergence of this field in
this region, as N — oo.

In Fig. 2.8, we show numerical results corresponding to the analysis of Sec-
tion 2.4.4. We compare the MAS currents obtained by the numerical solution of the
circulant system (2.14) with the corresponding results obtained from the asymptotic
formula (2.27). It is evident that, for large N, the asymptotic formula approximates
with very good agreement the numerical solution of the MAS system.
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FIGURE 2.9: Real and imaginary parts of the MAS currents K; versus
the source index [ for (a), (b) daux = 0.95 and (c), (d) caux = 0.60.

Next, we give numerical results for TE scattering, with i = 71/6, by the rounded
triangle C of Fig. 2.3. The coordinates of the collocation points on C are

Xeyl = 1.75(c08 @ops + 0.1c0s(2¢obs) ),

Yeyl = L.75(sin @ops — 0.15in(2¢0ps) )-

Auxiliary filaments lie on Caux with

(xauXI yaux) = aauX(nyl/ ycyl)/ 0 < oaux <1,

and observation points on
(xObSI yobs) = Uobs(xcyl/ ycyl)r Oobs = 2.

Fig. 2.9 depicts the MAS currents K; for N = 40 computed by solving (2.29)
for caux = 0.95 (scattered field’s singularities are enclosed by Caux) and caux = 0.60
(singularities are not enclosed by Caux). For caux = 0.60, the real and imaginary parts
of the MAS currents diverge and oscillate between large values of alternating sign.
However, the total magnetic field (2.28) generated by the divergent and oscillating
currents is convergent and coincides with the field computed by the Finite Element
Method (FEM-COMSOL Multiphysics); see Fig. 2.10. In this case, no exact formulas
are available for a comparison.

We now turn to an example that is, potentially, suitable for EMC applications.
This corresponds to the scattering configuration of Fig. 2.11, referring to plane-wave
incidence on a PEC rounded triangle (like that of Fig. 2.3) coated by a dielectric layer.
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FIGURE 2.10: Real and imaginary parts of the total magnetic field
H' versus the observation angle ¢,s. For MAS, the values of the
diverging MAS currents of Fig. 8c and 8d are used.
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FIGURE 2.11: MAS scheme for the scattering problem of a PEC
rounded triangle coated by a dielectric layer of relative permittivity
€r.

The scattered field in the external region can be appropriately controlled by adjust-
ing the permittivity and thickness of the coating layer. The discrete MAS scheme for
the numerical solution of the scattering problem now involves three sets of auxiliary
sources.

We consider the coated rounded triangle with €, = 3, air-dielectric interface co-
ordinates (Xgiel, Ydiel) = 1.2(Xcy1, Yey1) and the same parameters of the PEC as previ-
ously. Fig. 2.12 depicts the diverging and oscillating MAS currents Kll of auxiliary
curve 1 for N = 60 and ¢,, = 0.75. The magnetic field due to these currents is

depicted in Fig. 2.13 and it is convergent and coincides with the one computed by
the FEM.
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FIGURE 2.12: Real and imaginary parts of the MAS currents IZ} of
auxiliary curve 1 versus the source index ! for o}, = 0.75.
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FIGURE 2.13: Real and imaginary parts of the total magnetic field H*
at 0,55 = 4 versus ¢gps. For MAS, the values of the diverging MAS
currents of Fig. 2.12 are used.

2.6 Conclusions

We applied the MAS to the TE scattering problem concerning the excitation of a PEC
cylinder by a magnetic filament. It was shown analytically that the MAS magnetic
field converges to the true field, even when the MAS currents diverge and oscillate.
In this divergent case, an asymptotic formula for large number of auxiliary sources
was derived which was demonstrated analytically and also verified numerically that
predicts accurately the nature and characteristics of the currents oscillations. It was
also demonstrated numerically that the mentioned conclusions carry over to non-
circular shapes.

Oscillations in the intermediate quantities involved in the implementation of nu-
merical algorithms (like the currents in the MAS) should—in general-be avoided; this
is stressed in classic books on algorithmic design, e.g. in Section 1.18 of [32]. In the
context of MAS, since the final quantity (the scattered field) is expected to be small,
while the intermediate quantities (the currents) are very large, subtractive cancela-
tion is bound to occur. Hence, increasing the auxiliary-source number N will cause a
vast increase in both the currents and the matrix condition number, and, in turn, the
computed field will deteriorate rapidly with N. Still, and more importantly, even
when the MAS currents diverge and oscillate, the MAS solution is not automatically
invalidated. As it has been shown in this work, the MAS field converges in spite of
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the divergence and oscillations of the MAS currents.

Future work concerns the systematic analysis of the corresponding phenomena
for noncircular shapes. It is further interesting to find MAS solutions, with not-
too-rapidly-oscillating MAS currents, in which some numerical instability due to
oscillations is outweighed by advantages such as a rapid speed of convergence of
the scattered field.
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Chapter 3

Mode Analysis by the MAS With
an Excitation Source

3.1 Introduction

Predicting accurately the cutoff frequencies above which electromagnetic waves prop-
agate in a waveguide is important in several microwaves and optics applications.
These frequencies are referred to as eigenfrequencies and the corresponding wavenum-
bers as eigenvalues. The main concern herein is the computation of the eigenvalues
of hollow simply- or multiply-connected-domain waveguides with perfect electric
conducting (PEC) boundaries. Therefore, no attenuation due to losses in the walls
or the filling material is considered.

Specifically, the infinitely long, hollow cylindrical waveguide, with PEC bound-
aries and axis along the z-axis is considered. The arbitrarily-shaped 2-D cross-section
of the waveguide on the xy-plane is denoted by D and its PEC boundary curve by
C. With an e ! time dependence, where k = w/c = 27t f /¢ is the wavenumber, we
write the solution to the 3-D homogeneous Helmholtz equation in the form

¥(x,y,z) = w(x,y)eiiﬁz, (x,y) €D C R? z € R, (3.1)

which is to be satisfied together with a homogeneous boundary condition: Transverse-
magnetic (TM;) modes have ¥ = E,, with ¥ satisfying the Dirichlet condition ¥ = 0
on C. For transverse-electric (TE;) modes, ¥ = H; satisfies a Neumann boundary
condition. The radial wavenumber k, is

ky = (/K2 — B2. (3.2)

For a propagating mode, k is such that B > 0. A wave that starts propagating at
cutoff corresponds to f = 0 and k, = k. Then, from (3.1), the field ¥ on every cross-
section z is exactly the same function ¢(x,y). This is a nonzero (resonant) standing
wave that satisfies the 2-D homogeneous Helmholtz equation

V3y(x,y) + kf, ¥(x,y) =0, (x,y) € D C R (3.3)

The task of finding the eigenvalues k has thus been reduced to finding the k, for
which a resonant standing wave can exist in the cross-section D. From now on, it is
assumed that k, = k and the terms eigenvalue and resonance are used interchange-
ably.

The problem thus formulated can be solved analytically only for simple bound-
aries C such as a circle or an ellipse. For more complicated geometries, many nu-
merical methods have been developed, both with and without meshing. Some early
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methods, proposed in the 1970s, are listed in [33] and [34]. The Finite Element
Method (FEM) [35] and Finite Difference Method [36] are established meshing tech-
niques for solving the eigenvalue problem. Certain cross-sections can be treated
by conformal-mapping techniques [37]. Integral-equation approaches have been
also used extensively. Computing the eigenvalues by solving an integro-differential
equation with the Method of Moments (MoM) and a surface integral equation by
an iterative technique were proposed in [38] and [39], respectively. The polynomial
approximation and superquadric functions in the Rayleigh-Ritz procedure for the
computation of the eigenvalues was developed in [40]. The radial basis functions
collocation method to analyze the eigenproblem of elliptical waveguides was em-
ployed in [41], while radial basis functions combined with the variational principle
were used in [42]. For simple shapes, cutoff wavenumbers are determined as the
eigenvalue roots of the characteristic modes in [43], [44]. Acoustical mode analy-
sis problems dealing with eigenvalues of vibrating membranes or other mechanical
systems have been investigated by the singular boundary element method in [45],
and by a collocation approach for the numerical solution of the Helmholtz equation
in [46].

In integral-equation methods, the eigenvalue problem is first reformulated as
a Fredholm integral equation. Specifically, for TE, modes, the solution of (3.3) is
written as an integral of the z-directed magnetic current density M, on the PEC
boundary C. For TM, modes, the solution of (3.3) has the integral form

E.(r) = “’”0%}2 U (k|r—v|)dl, reD, (3.4)

where J, is the electric current density on C, ¥ = (x',y'), r = (x,y), and H(gl) is
the first-kind and zeroth-order cylindrical Hankel function. The Dirichlet boundary

condition yields the following integral equation with respect to J,
f}z Y (k|r—¥|)dlI' =0, re C. (3.5)

Since the integration and the physical curve coincide, the latter integral equation is
weakly (logarithmically) singular. To avoid this, MAS can be applied according to
which, J, or M, is replaced by N discrete z-directed current filaments, on a surface
enclosing the PEC boundary. For the considered 2-D problem, the sources lie on an
auxiliary curve C,ux, usually of the same shape as the physical boundary C. Then,
the total field is written as a superposition of the fields due to the auxiliary sources

E.(r) = “’VOZIH (klr—n]), re D, (3.6)

where 1; the position vector of the /-th auxiliary current I;.
Applying the boundary condition (4) on N collocation points on C yields the
following linear system of equations

211 Y(klr,—n]) =0, p=0,...,N—1, (3.7)

which can be written in matrix form as [Z(k)]I = 0. This is a discretized version of
the re-formulated Fredholm equation (3.5) (with the integration over the displaced
boundary Caux) and has non-trivial solutions only when the impedance matrix [Z] is
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singular. Thus its determinant must be equal to zero
det[Z(k)] =0, (3.8)

giving the waveguide eigenvalues. For large matrices, the solution of (3.8) is com-
plicated and time consuming. Furthermore, one is often forced to deal with the
much-discussed problem of spurious eigenvalues in the final results; these are un-
desirable zeros that appear to be eigenvalues, but are not [47]. The eigenvalues can
also be computed by the maxima of the condition number of Z (k) [48].

An alternative MAS approach exhibiting beneficial characteristics (in particular,
no spurious eigenvalues), was presented in [49]-[51]. This approach adds an excita-
tion source to the equivalent problem. In the present chapter, this source is taken to
be an internal or external line source (a z-directed infinitely-long current filament) or
(for external excitation only) a plane wave. We will refer to this method as Method of
Auxiliary Sources with an Excitation Source (MAS-ES). The determination of the eigen-
values by the MAS-ES is based on measuring the physical response of D to the ex-
citation source. This response is high when D resonates with the source, i.e. when
the frequency of the source equals the eigenfrequency of the waveguide, in which
case the standing-wave field enforced in D has large amplitude. Therefore, we mea-
sure the physical response by defining a k-dependent response function F(k), which
is the mean-square value of the magnitude of the total field in D. Plotting F(k) for
a fine grid of k yields the so-called response curve, the peaks of which correspond to
the eigenvalues of the waveguide. This approach does not rely on the computation
of the determinant (or the condition number) of the impedance matrix and is thus
efficient in terms of CPU time. Still, regularization techniques are required to elim-
inate spurious solutions from the response curve. The MAS-ES was applied in [52]
for eigenvalues of simply- and multiply-connected domains and in [53] for periodic
eigenvalue problems. Another MAS-related approach treats the PEC cylinder as a
lossy cylinder with a finite but large conductivity subject to a a plane wave illumi-
nation and computes the peaks of shielding-effectiveness responses. This approach
was developed in [54], [55] and tested for waveguides with circular and concentric
circular boundaries.

This chapter is a comprehensive presentation and application of a number of
variants of MAS-ES. Both external and internal excitation sources are examined. By
analysis and examples, we particularly aim to emphasize a number of theoretical
and practical aspects that, while fundamental, seem to be insufficiently familiar to
workers of the field; this is but one of the novel features of our work. In particular,
one of the main objectives is to demonstrate that when internal excitation is employed no
reqularization is needed. This is proved analytically for the circular waveguide and
verified numerically for all examined geometries. The need for regularization for
an external excitation source is also elaborated analytically and numerically. Addi-
tionally, we demonstrate the divergence of the MAS currents depending on the relative
position between the auxiliary curve and the external or internal source. Such di-
vergence phenomena were investigated in [20], [21], [23], [26], [27], [56], but these
works pertain to internal and external scattering; only incidentally do they mention
eigenvalue problems.

Section 3.2 gives the mathematical formulation of the developed method, em-
phasizing that it is based on a homogeneous Helmholtz equation with inhomoge-
neous boundary conditions. Section 3.3, which pertains to the circular waveguide,
demonstrates analytically that regularization techniques are necessary for an exter-
nal source but not needed for an internal source; this section also gives conditions for
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FIGURE 3.1: Geometrical configuration for the mode analysis by
MAS-ES for an arbitrarily-shaped simply-connected domain waveg-
uide.

the divergence of the MAS currents, both for an external and an internal excitation
source. Section 3.4 contains numerical experiments that test the method; they also
confirm that previously derived conclusions pertaining to the circular waveguide
continue to hold for more general shapes. Section 3.4 specifically investigates three
simply-connected and two multiply-connected domains, computes both TM- and
TE-mode eigenvalues, and compares to results obtained by the FEM-based commer-
cial software package COMSOL Multiphysics. Both Sections 4.2 and 3.4 demonstrate
that MAS-current divergence appears as oscillations of the current complex ampli-
tudes but, importantly, these may not affect the determination of the eigenvalues.

Ref. [57] distinguishes between “natural modes,” which pertain to non-driven
and thus homogeneous problems (such as (3.1)—(3.8)), and “eigenmodes,” in which
there is an excitation. Since MAS-ES does use an excitation, it deals with eigen-
modes. The eigenmodes” amplitudes are certainly affected by the position and type
of excitation. The positions of the resonant frequencies, however, are unaffected, and
remain the same as the natural-mode frequencies.

3.2 MAS with an Excitation Source

3.2.1 Waveguides with Simply-Connected Domains

Consider a hollow waveguide (Fig. 3.1) whose cross section is a simply-connected
domain D with a PEC boundary C. Both internal and external excitations are con-
sidered, where the internal excitation is a line source in D (note that Reutskiy’s term
“internal excitation” [50] has a slightly different meaning), and the external excita-
tion is either a line source located in the exterior of D or a plane wave. The scattered
field ¢* satisfies the homogeneous Helmholtz equation in D,

(V2 4+ 1K)y (r,k) =0, re D, (3.9)
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cf. (3.3). On the PEC boundary C,
Llp*(r,k)] = —L[p"™ (1, k)], r € C, (3.10)

where L is the boundary-condition operator, and where l/)i”C is the incident field, also
referred to as the excitation field.

Whereas our internal source is an unambiguous concept, it is worth elaborating
on what we called “external source,” which bears upon the boundary-value prob-
lem via (3.10). Inasmuch as an interior boundary-value problem is being solved, the
boundary condition (3.10) must be understood to hold on the inner side of C (i.e.,
the side next to D). Since the PEC wall C is impenetrable, our external source can-
not generate a physically meaningful field within D. We thus interpret the external
excitation via analytic continuation: Our “external source” generates a field exterior
to D. What appears in (3.10) is the analytic continuation of this field.

TM fields have > = E5¢ and ¢ = E"*. The boundary condition (3.10) is of the
Dirichlet type (L is the identity operator), so that

¥ (k) = —p"(r,k), r e C. (3.11)

TE fields have ¢*¢ = H:® and *° = Hi". Here, (3.10) is of the Neumann type and L
is the normal-derivative operator,

op*(r, k) _ngim(r, k)

= . 12
an W ,reC (3.12)

Our line-source excitations have the form
" (e,k) = THY (Kx —174)), (3.13)

where r fil 18 the (internal or external) location, I is the normalized amplitude, which
is I = (—wpo/4) I for TM fields and [ = (—wep/4) Iy for TE fields, where I and
Ij are electric and magnetic currents. Note that I depends on w and thus on k. A
plane-wave excitation is given by

¢inc( k) = Je i (XC0547+y5m4’) (3.14)

where ¢ is the incidence angle measured counterclockwise from the positive x-axis.
Excitations that possess obvious symmetries must be avoided, as they are likely
to miss resonances. For the circular problem, for example, a line source placed at the
origin can only excite resonances whose fields are circularly symmetric.
According to the standard MAS scheme, the scattered field ¢* in D is gener-
ated by N auxiliary sources lying on an auxiliary curve C,ux enclosing the physical
boundary C cf. Fig. 3.1. Hence 9*¢ is

> (x, k) 2 LHY (k|r—1), re D, (3.15)

where 1; is the position vector on C,yx and I; is the current of the I-th auxiliary source,
normalized in the same way as I Imposing the boundary condition (3.10) on N
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FIGURE 3.2: Like Fig. 3.1, but for a doubly-connected domain waveg-
uide.

collocation points on C leads to a system of equations satisfied by the I, viz.,

N-1 ,
- LIHSY (k1 — 1)) = — L™ (5, k)],

1=0

m=0,1,...,N—1, (3.16)

where r;, is the position vector of the m-th collocation point.
To find the waveguide’s eigenvalues k, the response function F(k) of [49]-[51] is

used. This is
. 2
F(k) = J i 19, K , (3.17)

N;

where ¢! = §*¢ 4 1" is the total field and r, are the position vectors of N; randomly
selected sample points in D. The response function F(k) is maximized when a res-
onant standing wave is formed in D due to the large magnitude of the total field at
many points r,. The random selection of the points reduces the probability of se-
lecting node positions of the standing wave (i.e., zero-field points) that would yield
small values of F(k).

3.2.2 Algorithm

For a given k and a given r, the scheme thus consists of solving (3.16) for I; and then
computing ! via ¢! = 5 + ¢, (3.15), and (3.13) or (3.14). Doing this for all ran-
domly selected r = r, allows computation of F(k) via (3.17). Finally, a plot of F(k)
versus k yields the response curve whose peaks are the eigenvalues. The exact loca-
tions of the peaks are actually determined by the MATLAB function findpeaks. The
determination is performed quickly without affecting significantly the total compu-
tation time.

3.2.3 Waveguides with Multiply-Connected Domains

The methodology of Section 3.2.1 is easily extended to multiply-connected domains.
In the doubly-connected domain of Fig. 3.2, for example, the unknown scattered
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field ¢° must also satisfy a boundary condition on the internal PEC boundary curve
Cy. The application of MAS thus involves two sets of auxiliary sources, one on an
external auxiliary curve C},, (as for the simply-connected region) and a second one
on an internal curve C2,, enclosed by the internal boundary of D. Imposing the
boundary conditions yields the linear system

Ni1+Np—1

T 1 in
Y. LLIHY (k|tw —u])] = —L[p" (r,,, k)],
1=0
m=0,1,...,Ny+No—1, (3.18)

where N; and N, are the numbers of auxiliary sources on the external and internal
auxiliary curves, respectively.

3.3 The circular problem and its implications

Perhaps the simplest waveguide problem is the circular waveguide of radius pcy1.
Here, the TM eigenvalues are known to be all k that satisfy

Ju(kpet) =0, n=0,1,2,.... (3.19)

The present section studies the application of MAS-ES to this problem. All variants
of MAS-ES must lead to (3.19), but it is not our purpose to re-discover a solution
known beforehand. Rather, we discuss how each variant arrives at (3.19). This is
done because (as will be shown numerically in Section 3.4) the obtained conclusions
hold in more general cases.

Both internal (pf < pcy1) and external (o1 < pr1) excitations are considered,
where (pg,0) are the polar coordinates of the line source I (Fig. 3.3). In both cases,
the total field ¢! in D (i.e. the field E! of the TM modes) is ¢! = ¢ + >, where

¢ch = AH(()l)(kRﬁl,obs)/ Pobs < pcylr (320)
where A = 4_52 and Rygj ops is the distance between the source and observation
points. In the external case, (3.20) is only meaningful as the analytic continuation
discussed in Section 3.2.

Our main tool is, of course, Fourier series. Functions such as the ¢ of (3.20) can
be expanded using the addition theorem

) ([ Bment) - 5oy o< <.

n=—oo

Also used are the usual large-order asymptotic approximations to the Bessel and
Hankel functions,

1 ex\n
T () ~ \/ﬁ<2n> . 1= +oo, (3.22)
(W () o iy ] 2 (EX 7"
HY (x) ~ —i 7m(Zn) , 1 — +oo. (3.23)
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FIGURE 3.3: Application of MAS-ES for a circular waveguide subject
to an external or internal line-source excitation.

3.3.1 Exact solutions for internal and external excitations

Let us solve the relevant interior boundary-value problem. The scattered field 1* is
the general solution of (3.9) that remains finite at the origin. Separation of variables
gives

¢SC =A Z an]n (kpobs)ein%bsz Pobs < Pcyl- (3-24)

n=—oo

The a,, are such that the boundary condition (3.10) is satisfied. To find a,,, set (Pobs, Pobs) =

(Pcyl: 4>Cy1) in (3.20) and then use the addition theorem (3.21) to expand "' into a
Fourier series. This yields different series for external and internal excitations:

pirel = {A Yo Jn (Koegt) Hi (Kog)e™o1, peyr < s, (3.25)
PEC A Yonn (kpfil) Hr(ll) (kpcyl)eln¢Cyl/ Pfi1 < Peyl-
Set (Oobss Pobs) = (pcylr ¢cyl) in (3.24) and apply (3.10) to get
_H(l) koe < O¢
4., = n ( pﬁl)/ Pcyl Ofil, (3 26)
n (1) :
—Jn (kpﬁl) H, (kpcyl) /In (kpcyl) , Pl < Pcyl-

The interior scattered field is thus given, analytically, by (3.24) and (3.26).

3.3.2 Regularizations for external excitation

External excitations (o1 < p1) are considered first. In [49]-[51], Reutskiy stresses
that the values of the response function F(k) might be too small even in resonance
conditions, resulting in response curves without easily distinguishable sharp peaks,
hindering the accurate computation of the eigenvalues, and necessitating regulariza-
tion. Our analytical expressions provide simple explanations for all these findings:
By (3.20), (3.24), and the top expression in (3.26), the total field ¢! = ¢ + * is zero.
Note that the result ' = 0 is physically correct (no external field penetrates the PEC
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waveguide), despite our understanding of the nonzero “incident field” (in D) only
in the sense of analytic continuation.

The derivation of the top expression in (3.26) involved cancellation of a factor
Ju(koey1). Slight but judicious changes can negate this cancellation, resulting in a
nonzero total field. Such are the two remedies proposed by Reutskiy:

Shift-k regularization technique
The wavenumber k of the incident field in (3.20) and (3.25) is changed to k = k + Ak
[49]-[51]. In place of the top expression (3.26), one obtains

M (1 i
Hy (kpfil) Jn (kpcyl)
4, = — Ol < Ol 3.7
n Tn (kpoy) Peyl < Pl (3.27)

The total field is now generally nonzero,

1) 7 >
4 Z [ kpﬁl I (prbs) _ H; (kPﬁl) Jn (chyl) I (kpobs)] « @\ Pobs
n=—o0 Jn (chyl)
(3.28)
Furthermore, at resonance this total field becomes infinite, as one can see from (3.19)
and the denominator of the second term. This is why F(k) exhibits highly visible

peaks.

Friction regularization technique

Here, the k in the left-hand side of the Helmholtz equation is modified to k + iek,
where ¢ is small and positive [49]-[51]. Physically, this yields a slightly dissipated
scattered field, leaving the incident field unaltered. In this case, one finds

(1)
Hn (kaﬂ) ]n (kpcyl)
an = — . s Peyl < Psils 3.29
o (K + i€k) peyt) Peyl < Pfil (3.29)

giving the nonzero total field

=A Z [ (ko) Jn (koobs)

= l-_[(l) (kal)] (kp yl) )
o i - ! < i inPobs
T ((k+ i2K) pey1) Jn ((k + iek) pobs)] e"fobs - (3.30)

For k equal to an eigenvalue and for proper small ¢, the denominator of the second
term becomes small, resulting in a total field that is large.

More generally, analytic continuation plays an important role in the study of computational meth-
ods that involve displaced boundaries, examples being MAS/MFS and the Extended Integral Equation
(EIE) [15], [56].
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3.3.3 Internal excitation: No regularization is needed

Now consider internal excitations, so that pg < pey1- By (3.20), (3.24), and the bottom
expression in (3.26), the total field ¢ is

lPt — lpinc + lPSC —
i Jn (kosi) HY (kocy1)
n=—oo ]n (kpcyl)

A |:H(()1) (kRﬁl,obs) - ]n (kpobs) ein¢0bs:| ’ (331)

which is generally nonzero, and—due to (3.19) and the denominator of the second
(scattered) term—infinite at the eigenvalues. The very different nature of this ¢
(compared to the case of external excitations, where we found gbt = 0) means that
the response curves will have highly visible peaks without applying any reqularization
technique.

3.3.4 Divergence and oscillations of MAS currents

In the context of MFS/MAS, the phenomenon of auxiliary-source divergence and os-
cillations has been studied for many years [20], [21] and is by now well-established,
even for non-circular shapes [26], [27]. Nonetheless, the phenomenon often goes
unmentioned, even in works aiming to discuss the convergence of MFS/MAS; an
example is the recent review paper [15]. Here, by means of the circular TM problem,
we briefly describe the phenomenon within the context of MAS-ES.

Whether for internal or external excitations, the N x N system (3.16) takes the
form

N-1
Y 1HY (kb)) = —1H" (kd,), p=0,...,N -1, (3.32)
1=0

where b, (dp) is the distance between collocation point p and the MAS current [
(the primary current I), viz.,

27t(p —1
bp,l = \/ P2 + ngl — 20aux(cyl COS (?\]), (3.33)
d) = 1] 02+ 02 — 2010c cOS P (3.34)
p = \/ P T Pey1 — “PfilPeyl N .

In what follows, the key ideas are three: (i) The system (3.32) is circulant, so that its
(exact) solution can be found in closed form using the methodology of Appendix B of
[20]. (ii) The aforementioned closed-form solution is amenable to a large-N asymp-
totic study. (iii) If the large-N limit of the normalized MAS currents exists and is
a finite surface-current density Ji, .. (¢aux), the MAS currents converge. Otherwise,
they diverge. Internal and external excitations are examined separately.

Internal excitation The case pg < p¢y1 is fully analyzed in [56]. By eqn. (24) of [56],

] lsimit (¢aux) =
1
I > Jn (kpsi) H,S : (chyl) P
27-[,0aux N=—o0 Hn(l) (kpaux) Jn (kpcyl)

(3.35)
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Eqns. (3.22) and (3.23) show that the n-th term of the series in (3.35) behaves as
(Paux/peri)" as n — +oo, where the critical radius p. is defined by

Peri = P21/ Pl (3.36)

Therefore, the series in (3.35) diverges for paux > Peri, and so do the MAS currents.
Ref. [56] further shows that this divergence manifests itself as rapid oscillations in
the MAS currents; in fact, the oscillations are shown to be exponentially large in N.

External excitation For p. < pg1, a similar analysis (details omitted for brevity)
shows that

& HY (kea) g

~5 HD oo
TlPaux y=——wo H, (kpaux)

In this case, (3.23) shows that the n-th term of the series in (3.37) behaves as (paux/si1)"

as n — +oo. This means that the MAS currents converge for p.ux < pg1, but diverge
otherwise.?

Jiimit (Paux) = (3.37)

3.3.5 MAS fields, response curves, and eigenvalues: Convergence

Theoretically, one obtains convergent and correct MAS fields even when the MAS
currents diverge and oscillate. To the best of our knowledge, this rather peculiar
result was first established—within the context of the circular external TM scattering
problem—in [20]. This was done by showing that the large-N limit of the MAS field
exists and equals the true field, even when the MAS currents diverge.

Following the procedure outlined above, we showed that the true field (for which
we found closed-form expressions in Section 3.3.1) is correctly obtained in all of the
divergent cases previously analyzed.

For MAS-ES, this means that one can—in theory—correctly obtain waveguide
eigenvalues in all cases where the MAS currents diverge. In practice, however, one
should take care to avoid extreme divergences (i.e., very substantial oscillations) be-
cause the large intermediate values (i.e., the large MAS currents) may numerically
affect the sought-after final values (i.e. the field in D and therefore the associated
F(k) and the resulting eigenvalues). It actually seems that mild oscillations might be
advantageous in some cases, as discussed in Section 5.5 of [27].

3.3.6 Extensions; more complicated geometries

This section is concluded with a list of some ramifications of the conclusions arrived
at via the circular problem. This is done because—as will be established via numer-
ical results in Section 3.4—the basic conclusions remain true for more complicated
problems, in which little is known beforehand.

Since the internal-source variant of MAS-ES requires no regularization (Section
3.3.3), it may be preferable to the external-source variant. However, when randomly
selecting the measurement points and calculating F(k), one should take care to ex-
clude a small area around the internal source. This is because F (k) involves the total
field; thus, the large values near the source might give rise to spurious resonances.

2These results have all been extended to the TE case: When pgj < Peyl, the equation corresponding
to (3.35) is different, but the series continues to diverge when paux > peri- Eqn. (3.37) holds unaltered.
Consequently, the conclusions regarding divergence/convergence are exactly the same as in the TM
case.
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When using a line current as an external source, it is obvious how to avoid os-
cillations when one wishes to do so: The divergence condition p,ux > pg1 (for the
circular problem, as discussed in Section 3.3.4) simply means that the exciting line
source should lie to the exterior of the auxiliary curve. For internal excitations, however,
the divergence condition for the circular problem involves the critical point (o, 0).
For noncircular geometries, the critical points are the set of singularities of the ana-
lytic continuation of the internal scattered field to the exterior of the PEC cavity [56].
Since these are usually not known beforehand, there seems to be no a priori method of
avoiding oscillations.

For noncircular geometries, numerical results indicating the correctness of MAS
tields obtained from oscillating MAS currents can be found in [26], where correctness
is established by comparing to independent methods.

3.4 Numerical Results

This section presents numerical results for simply-connected waveguides of circu-
lar, elliptical, and rounded-triangular cross sections; and multiply-connected, con-
centric waveguides with annular-circular and annular-elliptical domains. For each
examined waveguide, TM- and TE-mode eigenvalues are computed via MAS-ES.
External and internal excitation sources are considered for all cases, with the numer-
ical results presented interchangeably. Unless stated otherwise, we plot the dimen-
sionless function F;(k) = F(k)/F (ko) where ky is a reference wavenumber that is not
close to the resonant wavenumbers. In accordance with Section 3.3.2, a regulariza-
tion technique is applied for external problems, but no such technique for internal
problems.

Results are compared to corresponding ones obtained from the commercial soft-
ware COMSOL Multiphysics, which solves the eigenvalue problem with the Finite
Element Method (FEM) (Comsol Multiphysics). Moreover, for both circular and non-
circular problems, we show MAS currents that oscillate. When doing so, however,
we choose parameters such that the computed fields, the corresponding response
curve, and the resulting eigenvalues, are unaffected, as discussed in Sections 3.3.5
and 3.3.6 .

The collocation points were, in all cases, angularly equispaced (we investigated
random distributions of collocation points, but the results were poor). The num-
bers of collocation points/auxiliary sources, measurement points, and plot points
are denoted by N, N;, and Ny, respectively. Increasing N or N; above certain thresh-
olds, does not affect significantly the results, but generally gives larger values of the
response function F;(k) and hence sharper peaks in the response curve (the compu-
tational time, of course, increases). Increasing N, yields more accurate eigenvalues
k, yet again boosts the computational time. In all the examined cases, N = 40,
N; = 20, and N, = 2000 were considered; these values yield satisfactory accuracy.
Indicatively, for the circular waveguide, when N > 18, N; > 5, and Ny > 500, no
significant changes in the eigenvalues’ computations are observed. Besides, when-
ever a regularization procedure was employed, it was found that the values Ak and
¢ (see Section 3.3.2) do affect the values of F;(k). In fact, larger values of Ak and e
generally give larger and smaller values of F;(k), respectively.
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FIGURE 3.4: Response curve for the TM-mode eigenvalues of a circu-
lar waveguide with p.y) = 2 as obtained using an external excitation

line source and the friction regularization technique with e = 107,
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FIGURE 3.5: As in Fig. 3.4, but for TE modes and using an internal
line source without a regularization method.

3.4.1 Simply-Connected Domains

Circular Waveguide Consider a circular waveguide with a PEC boundary of ra-
dius pey1 = 2 (Fig. 3.3). The TM- and TE-mode eigenvalues are the roots of [, (kpcy1)
and J; (koey1), respectively.

For the TM-mode eigenvalues, we use an external excitation line source at pg; = 4
and an auxiliary curve radius p,ux = 3. For a smooth response curve we employ the
friction regularization technique with ¢ = 107%. The response curve is shown in
Fig. 3.4.

TE-mode eigenvalues were obtained via an internal excitation magnetic source
at pg; = 1. Here, no regularization is needed and kg = 1.256. The response curve is
depicted in Fig. 3.5.

The eigenvalues for the TE and TM modes are shown in Table 4.1 along with
the corresponding exact values and the results obtained by applying the FEM. The
results of all three methods are in excellent agreement.

Elliptical Waveguide Consider the elliptical waveguide shown in Fig. 3.6 with
large semiaxis 4 = 2 and small semiaxis b = 1.5; the eccentricity is thus e = 0.66. The
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TM modes TE modes
modes | EXACT C gf/ll\SAOL) MAS-ES | EXACT C (;JIF/II;/IOL) MAS-ES
1 1.202 1.201 1.203 0.920 0.920 0.921
2 1.915 1.915 1.915 1.527 1.526 1.526
3 2.567 2.566 2,568 1.915 1.915 1.916
4 2.760 2.759 2.760 2.100 2.099 2.100
5 3.190 3.189 3.190 2.658 2.657 2.659
6 3.507 3.506 3.508 2.665 2.664 2.666

TABLE 3.1: TE and TM eigenvalues for circular waveguide
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FIGURE 3.6: Application of MAS-ES for the elliptical waveguide.

coordinates of the collocation points are denoted by (Xcy1, Ycy1). The auxiliary points
are located at (Xaux, Yaux) = O'aux(xcyl, ycyl) with o,ux = 1.2; thus the auxiliary curve
is a similar ellipse enclosing the physical boundary C.

For the TM-mode eigenvalues an internal source at (x5, y51) = (0.2,0.2) was cho-
sen. The corresponding response curve is shown in Fig. 3.7. TE-mode eigenvalues
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FIGURE 3.7: Response curve for the TM-mode eigenvalues of an el-
liptical waveguide obtained using an internal line source without a
regularization procedure.
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TE modes TM modes
FEM FEM
modes (COMSOL) MAS-ES (COMSOL) MAS-ES
1 0.929 0.929 1.414 1.415
2 1.209 1.210 2.089 2.090
3 1.656 1.655 2.404 2.406
4 1.786 1.788 2.791 2.792
5 2.340 2.340 3.015 3.017
6 2.347 2.347 3.444 3.446

TABLE 3.2: TE and TM eigenvalues for the elliptical waveguide

were found using a plane wave given by (3.14) with ¢ = 7t/4. Friction regulariza-
tion with e = 10~ yielded a smooth response curve. All the other parameters are
the same as in the TM-mode case. The response curve shown in Fig. 3.8. Table 3.2
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FIGURE 3.8: Response curve for the TE-mode eigenvalues of an ellip-
tical waveguide obtained using a TE plane incident wave as the exci-
tation source and the friction regularization technique with ¢ = 10~%.

includes the computed TM and TE eigenvalues together with the results extracted
by FEM. The close agreement between the results of MAS-ES and FEM is evident.

Rounded Triangular Waveguide The cross section of the rounded triangular wave-
guide is depicted in Fig. 3.9. The coordinates of the collocation points are

Xeyl = 1.75(cos ¢ + 0.2 cos(2¢))
Yeyl = 1.75(sin ¢ — 0.25in(2¢)),

where ¢ is the azimuthal angle. The auxiliary points are located at (Xaux, Yaux) =
Taux (Xeyl, Yoyl ), With oaux = 1.2.

For the TM-mode eigenvalues an external source at (xg, ys1) = (4,4) was cho-
sen, in conjunction with a shift-k regularization technique with Ak = 0.1. The re-
sponse curve is shown in Fig. 3.10. TE-mode eigenvalues used an internal source at
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FIGURE 3.9: Application of MAS-ES for the rounded triangular
waveguide.
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FIGURE 3.10: Response curve for TM-mode eigenvalues of the
rounded triangular waveguide obtained using an external excitation
source and the shift k regularization technique with Ak = 0.1.

(x61, va1) = (0.2,0.2). The response curve is depicted in Fig. 3.11. The eigenvalues
are shown in Table 4.2 for both TM and TE modes. Once again very good agreement
is observed between MAS-ES and FEM.

3.4.2 Multiply-connected domains

Fig. 3.12 shows an eccentric elliptical annular waveguide.

Circular concentric case Consider, first, the case of a waveguide that is circular
and concentric, with outer and inner boundaries of radii 7, = 2 and r; = 0.5. The
auxiliary circular curves have radii rj"* = 3 and r{"* = 0.4. For the TM modes
we use an internal source at (xg;, v5) = (1,0), thus obtaining the response curve
of Fig. 3.13. TE modes were obtained via an external source at (xg, ys) = (4,4),
together with shift-k regularization with Ak = 0.1. The response curve is shown in
Fig. 3.14. The eigenvalues computed by MAS-ES and FEM are given in Table 3.4.
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FIGURE 3.11: Response curve for TE-mode eigenvalues of the
rounded triangular waveguide using an internal excitation source
without a regularization method.

TE modes TM modes
FEM FEM
modes (COMSOL) MAS-ES (COMSOL) MAS-ES
1 1.008 1.009 1.517 1.523
2 1.876 1.877 2.347 2.359
3 1.887 1.891 3.159 3.166
4 2.635 2.636 3.196 3.201
5 2.742 2.742 4.000 4.007
6 2.798 2.796 4.017 4.022

TABLE 3.3: Eigenvalues for the rounded triangular waveguide
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FIGURE 3.12: MAS-ES applied to eccentric elliptical annular wave-
guide

Elliptical Annular Waveguide A truly elliptical (i.e., noncircular) and noncentric
waveguide (Fig. 3.12), was also studied. The inner ellipse has a large (small) semi-
axis equal to a; = 0.5 (b; = 0.375), and has a center at (0, —0.5). For the external
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FIGURE 3.13: Response curve for TM-mode eigenvalues of the circu-
lar annular concentric waveguide obtained using an internal excita-
tion source without a regularization procedure.
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FIGURE 3.14: Response curve for TE-mode eigenvalues of the circu-
lar annular concentric waveguide obtained using an external excita-
tion source and the shift-k regularization technique with Ak = 0.1

auxiliary ellipse, og"* = 1.2, while for the internal ¢7** = 0.9. For the TM modes,
we used an external source at (xg), yg) = (4,4) and applied shift-k regularization
with Ak = 0.1. The response curve is shown in Fig. 3.15. For the TE modes we use
an internal source at (xg;, yg1) = (1,0) with kg = 1.365. The corresponding curve is
depicted in Fig. 3.16. The eigenvalues are listed in Table 3.5 along with the values
obtained by FEM.

The closeness observed in Tables 3.4 and 3.5 demonstrates the effectiveness of
MAS-ES for multiply-connected domains.

3.4.3 Lossy waveguides

The performance of the MAS-ES for the computation of the eigenvalues of a wave-
guide filled with an actual realistic material (including losses) is exhibited by pro-
viding an additional example for a circular waveguide of radius p.,1 = 2 filled
with Teflon (a material frequently used in microwave engineering). For Teflon, typ-
ical values of the real part of the complex permittivity and the loss tangent are
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TE modes TM modes
FEM FEM
modes (COMSOL) MAS-ES (COMSOL) MAS-ES
1 0.821 0.821 2.048 2.050
2 1.504 1.505 2.221 2.223
3 2.095 2.095 2.658 2.661
4 2.222 2.223 3.211 3.213
5 2.501 2.502 3.797 3.800
6 2.657 2.658 4.160 4.163

TABLE 3.4: TE and TM eigenvalues for the circular annular concentric
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FIGURE 3.15: Response curve for TM-mode eigenvalues of the eccen-
tric elliptical annular waveguide using an external excitation source
and the shift-k regularization technique with Ak = 0.1.
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FIGURE 3.16: Response curve for TE-mode eigenvalues of the eccen-
tric elliptical annular waveguide using an internal excitation source
without a regularization method.
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TE modes TM modes
FEM FEM
modes (COMSOL) MAS-ES (COMSOL) MAS-ES
1 0.848 0.848 1.987 1.987
2 1.093 1.100 2.300 2.304
3 1.662 1.665 2.759 2.759
4 1.730 1.734 3.203 3.205
5 2.197 2.205 3.555 3.557
6 2.292 2.294 3.860 3.864
TABLE 3.5: TE and TM eigenvalues for the eccentric elliptical annular
waveguide.
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FIGURE 3.17: Response curves for the TE (upper panel) and TM

(lower panel) modes of a circular waveguide with p.y) = 2 filled with

Teflon. The horizontal axis is the real part of the complex wavenum-
bers k.

¢, = 2.1 and tand = 3 x 107*, respectively [58]. Thus, the complex permittivity
is given by & = ¢, +1ie] = 2.1 +10.00063, and the complex refractive index by
i = /&, = 1.4491 4 10.0002. Then, the complex wavenumber is k = kot = k' +ik”,
where ky is the free-space wavenumber.

The complex eigenvalues of the above-described Teflon waveguide are com-
puted by MAS-ES with an internal excitation source located at (xg;,0) = (1,0). The
results are depicted in Tables 3.6 and 3.7, where they are also compared with the
ones obtained by FEM, showing a very good agreement both in the real and in the
imaginary parts of the eigenvalues. The corresponding response curves for the TE
and TM modes are illustrated in Fig. 3.17.

3.4.4 Divergent MAS currents; convergent MAS eigenvalues

For the case of external excitation, we finally present results demonstrating MAS-
current divergence together with response-curve and eigenvalue convergence.
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modes C (;JI\EIZ/IOL) MAS-ES
1 0.9187294+0.0001268i | 0.9187294 +0.0001268i
2 1.5259023+0.00021061 | 1.5259023 +0.00021061
3 1.9171593+0.0002646i | 1.9171593 +0.0002646i1
4 2.0982968 + 0.0002896i | 2.0997459 +0.00028981
5 2.6634458 +0.00036761 | 2.6648949 +0.00036781
6 3.2054092 +0.0004424i | 3.2083074 +0.00044281

TABLE 3.6: TE complex eigenvalues for a circular Teflon waveguide
with Peyl = 2

modes C OFI\EII\SAOL) MAS-ES
1 1.2013039+0.0001658i | 1.202753 +0.000166i1
2 1.9171593+0.0002646i | 1.9171593 +0.0002646i
3 2.5663561+0.0003542i | 2.5678052+0.00035441
4 2.7590864+0.0003808i | 2.7605355 +0.0003811
5 3.18802 + 0.00044i | 3.1923673 +0.00044061
6 3.5053729+0.0004838i | 3.5082711+ 0.0004842i

TABLE 3.7: TM complex eigenvalues for a circular Teflon waveguide
with pey = 2

Circular case Consider the circular waveguide of Fig. 3.3 with p.,; = 2 excited by
an electric (magnetic) external source at (xg), ys1) = (4,0). For paux = 6 > pgy, one
obtains the divergent currents of Fig. 3.18 (which show oscillating real parts only)
for the first TM (TE) eigenvalue. Similar results occur for the other eigenvalues.
Nevertheless, the response curve is not affected by these oscillations and is found to
be very similar to the ones of Figs. 3.4 and 3.5.

Noncircular case Similar results occur for external excitations of noncircular shapes.
Fig. 3.19, for example, was obtained with o,ux = 2.5 for the elliptic waveguide of Fig.
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FIGURE 3.18: Oscillations of the diverging real parts of the MAS
currents for the first eigenvalue of the TM modes (left panel) and TE
modes (right panel) for external excitation.
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FIGURE 3.19: Oscillations of the diverging real parts of the MAS
currents for the first eigenvalue of the TM modes (left panel) and TE
modes (right panel) for external excitation in an elliptical waveguide.

3.6. The observed oscillations occur because the exciting line source lies in the inte-
rior of the auxiliary curve, as discussed in Section 3.3.6. Despite the oscillations, we
found a similar response curve and identical eigenvalues.

3.5 Computer times: A discussion

Although CPU-time optimization is not a main focus of this chpater, this section
does include some discussions. The aim is to show that a properly optimized and
improved code will be capable of yielding computer times that can outperform other
methods.

As a test case we choose the above-described rounded triangle, for which the
COMSOL CPU time is 3 s (seconds). We use N = 35 and N; = 10, and N, = 1000 or
Ng = 1500 (an increase in N, was sometimes necessary in order not to loose peaks).
With these parameters, our MATLAB MAS-ES time is 6.0 s for TM modes and 8.2
s for TE modes. These large times are greatly reduced if the matrix elements are
preloaded, as they reduce to 1.3 s and 1.4 s, respectively.

This last comparison, which excludes matrix fill-times, might seem unfair. How-
ever, we believe it to be relevant because MAS-ES has the following property, which
is uncommon in numerical methods: All matrix elements are Hankel functions of a
single real variable, denoted here by x. (In the notation of Section 3.2.2 and Eq. (3.16),
x =klt, —1.)

For definiteness, suppose that one wishes to optimize the dimensions of a wave-
guide, calling for a large number of runs for waveguides of differing dimensions. In
such a scenario, the range of x will be roughly known beforehand, as the smallest
(largest) x-value will be the minimum (maximum) electrical distance between points
on the auxiliary surfaces and points on the waveguide. Therefore, it is not difficult,
in principal, to pre-store the necessary Hankel-function values (in a complex-valued
array) and, given x, to look the desired value up (or, depending on the desired ac-
curacy, to interpolate between the stored values). Given the small times required for
look-ups of this sort—even when the array is very large—the effect on the overall
CPU time is expected to be negligible. This process will be further helped by the
fact that x cannot be very small; for this reason, the Hankel-function values cannot
be very large and will therefore not vary much (as compared, say, to MoM-based
methods, in which x can be vanishingly small).
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Another idea (which can be considered to be a variation to MAS-ES) is to find
eigenvalues via the peaks of the auxiliary currents themselves, thus completely avoid-
ing the need of computing fields and response functions. This required 5.5 s for TM
modes and 7.3 s for TE modes. With preloaded matrices, these dropped to 0.38 s
and 0.40 s, which are an order of magnitude smaller than the COMSOL time of 3
s. These results should be considered preliminary; we plan to examine this promis-
ing method thoroughly in the near future, with due attention to the phenomenon of
auxiliary-current oscillations.

3.6 Conclusion

MAS-ES is a mode-analysis numerical technique combining the general approach
of MAS together with the use of an external or internal excitation source. MAS-ES
computes the eigenvalues by measuring the generated fields in the waveguide’s do-
main due to the excitation source by means of a response function F(k), the peaks
of which correspond to the eigenvalues. For external excitations, obtaining an F (k)
with sharp peaks requires a regularization method. For internal excitation, on the
other hand, no regularization procedure is required; this constitutes a significant
improvement to the method’s robustness. Many numerical experiments for simply-
and multiply-connected geometries showed response curves free of spurious oscil-
lations and excellent agreement with FEM results. Finally, it was demonstrated that
the divergence of the MAS currents appears as oscillations of their real parts be-
tween large values of alternating sign. Importantly, however, this divergence may
not affect the computation of the eigenvalues. In the future, we plan to extend this
work to 3-D resonating cavities.
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Chapter 4

Method of Auxiliary Sources with
an Excitation Source: The
Auxiliary-Current Vector Norm

4.1 Introduction

This chapter improves and complements the previois one, by showing that eigenval-
ues can be determined via what we call the Auxiliary Current-Vector Norm (ACVN).
The vector components are the complex amplitudes of the auxiliary (MAS) currents.
Use of the ACVN instead of F(k) is algorithmically simpler because there is no need
to calculate the field at randomly chosen points inside the waveguide. On the other
hand, this method has the peculiarity of obtaining physical results (eigenvalues)
from non-physical quantities (the auxiliary currents). Thus, our analytical study for
the simple problem of a circular waveguide (Section 4.2) is helpful in explaining how
and why the method works; in addition, it points to potential difficulties. We also in-
clude a Hankel-function look-up technique that reduces CPU times. An exp(—iwt)
time dependence is assumed.

4.2 Circular Waveguide

Fig. 4.1 shows a hollow circular waveguide with perfect electric conducting (PEC)
boundary of radius pcy. In the TM case of the figure, the excitation is a line-source
current filament I, lying within the waveguide (o1 < pcy1), or the waveguide’s ex-
terior (pf1 > Pcy1)- The N = 16 points are line sources I, (n = 0,1,...,N — 1) that
lie on an auxiliary surface of radius paux > Peyl- As discussed in the previous chap-
ter and in [56], one can analytically determine the limit, as N — oo, of the auxiliary
currents. In the limit, the discrete MAS currents become a surface current density
Jimit (Paux), where ¢auy is shown in the figure. For TE polarization, we replace I and
I, by magnetic line currents Ip; and Ip;,; the limit then corresponds to a magnetic
surface current density Kj, .. (¢aux). The eigenvalues are known beforehand to be all
k that satisfy

Ju(koey)) =0 and [, (kpey1) =0, n=0,1,2,..,, 4.1)

for the TM and TE cases, respectively.

4.2.1 Internal Excitation

In the TM case, the above-described limit is given by
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FIGURE 4.1: Circular waveguide with external or internal TM excita-
tion.

Ilsimit (‘PauX) =
1 . J (kpg) Hy (koey1) pirta
27T,Daux n=—00 Hr(ll) (kpaux) ]n (kpcyl)

(4.2)

see (3.35). Thus, at any TM resonance, the presence of J, (kpcyl) causes some term in
the series to become infinite. In actual application with finite N, the discrete auxiliary
currents I,, will become large at the resonances. Our method thus consists of plotting
what we define as the ACVN || Lux(k)|| = X2 |I/], as function of k, for a dense set
of k. The peaks of this plot correspond to the TM eigenvalues.

The series in (4.2), however, presents a well-studied [20], [26], [27], [56] difficulty:
The n-th term of the series behaves as (paux/ pcri)”, in which the critical radius pei =
ngl / psi1 satisfies peri > pey1- Thus, the series converges when paux < peri, but diverges
exponentially otherwise. When N is finite, the above divergence manifests itself as
rapid oscillations in real parts of the auxiliary currents. Similar oscillations arise in
noncircular geometries and are a potential source of difficulty when one applies the
method [20], [26], [27], [56].

All these conclusions continue to hold in the TE case: The limit Kfimit(qbaux) is
given by a Fourier series with a Jj;(kpcy1) in the denominator of the n-th term. We
thus find resonances by plotting the ACVN |[Kaux (k)| = YN= |, | vs. k. This
Fourier series diverges when p,ux > pcri, in which case oscillations will arise.

4.2.2 External Excitation

For an external excitation and TM polarization, we can show that the series corre-
sponding to (4.2) is

o M oy |
I Hy” (Kof1) g, (4.3)

Jiimit (Paux) =  270aux s HY (Kpau)
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FIGURE 4.2: Plots of ||Laux(k)|| (left panel, TM case) and ||Kaux (k) ||
(right panel, TE case) for the super-elliptic waveguide.

Since there is no J,(kpey) in the denominator, there seems to be no direct way of
detecting eigenvalues. We can circumvent this by applying one of the two regular-
ization methods of [49]-[51]. To illustrate, shift-k regularization yields

B T HY ((k + Mk)og) Tu((k + Ak)pey1)
27TPaux n=—o0 H}Sl) (kPaux) In (chyl>

Jimit (Paux) = e (4.4)

which reduces to (4.3) when Ak — 0, and whose denominator presents the desired
factor ], (kpcy1). Our conclusions carry over to friction regularization, and to the TE
case.

4.3 Numerical Results

In all numerical results that follow, the numbers of measurement, plot, and colloca-
tion/auxiliary points are 20, 2000, and N = 40, respectively. We compare to results
obtained by the F(k)-approach of chpater 3, and to FEM.

Our first waveguide is super-elliptic, with a boundary C whose coordinates are

Xyl = a sgn(cos ¢)| cos o>,

Yoyt = bsgn(sin )| sin p|*'",

witha =2,b =1.5,n = 3/2, and ¢ is the azimuthal angle. The auxiliary points are
located on C,yx, with coordinates (Xaux, Yaux) = (Taux(xcyl,ycyl) where 0,y = 1.2. For
TM polarization and an internal source at (xg), ys) = (1,0), we obtain the ACVN
plot in Fig. 4.2 (left). For the TE case, an external source at (xg, ym) = (4,4), and
shift-k regularization with Ak = 0.1, we obtain Fig. 4.2 (right). Peak locations are
given in Table 4.1, along with corresponding values by FEM. Excellent agreement is
observed.

Our second example is the multiply-connected waveguide of Fig. 4.3. It consists
of a super-elliptic external boundary C; and an elliptic internal boundary C,. The
ellipse C; has semi-axes a; = 0.5 and b; = 0.375 and a center at (0, —0.5). The aux-
iliary curve Cl,, (C2,) is a scaled version of C; (C;) with a scaling factor ¢3"% = 1.2
(o7 = 0.8). Here, our ACVN'’s make use of the electric/magnetic current ampli-
tudes belonging to both boundaries. For TM modes, we used an external source at
(xf1, ys1) = (4,0) and shift-k regularization with Ak = 0.1 to obtain Fig. 4.4 (left).
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TE modes TM modes
modes | FEM | MAS-ES | FEM | MAS-ES
0.996 0.997 1.522 1.522
1.279 1.280 2.272 2.275
1.674 1.674 2.559 2.561
2.028 2.030 2.984 2.986
2.462 2.461 3.317 3.320
2.627 2.630 3.631 3.631

N Ul | W N —

TABLE 4.1: Eigenvalues of the super-elliptical waveguide

FIGURE 4.3: Multiply-connected waveguide.

For TE modes, we used an internal source at (xg;, y5) = (1,0) to obtain Fig. 4.4
(right). A table like Table 4.1 (not shown for brevity) exhibits an 3-4 significant digits
agreement of FEM and MAS-ES.
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FIGURE 4.4: Plots of || Lux (k)| (left panel, TM case) and ||Kaux (k)|
(right panel, TE case) for the waveguide of Fig. 4.3.

One important advantage of the ACVN over the F(k) approach is that for a small
number of auxiliary sources the ACVN plots are much smoother than the F(k) re-
sponse curves. This is illustrated in Fig. 4.5 with both plots corresponding to the TM
modes for the elliptical geometry of chpater 3, obtained for N = 25 auxiliary sources
and N; = 10 measurement points (for the F(k) response curve). Zooming in the
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F(k) resonance peak of the eigenvalue k = 2.404, a secondary peak is observed due
to non-smoothness. This local maximum is detected by the peak-finding algorithm,
and the corresponding wavenumber k is falsely stored as an eigenvalue. Similar
findings are encountered in the majority of the resonant peaks of F(k). The ACVN
plot on the other hand, is very smooth and only the correct eigenvalues are detected.
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FIGURE 4.5: The ACVN plot (left panel), and the F(k) response curve
(right panel) for the TM modes of the elliptic waveguide of chapter 3.
The same peak area is enlarged and embedded in the main plots.

4.4 Oscillations in the auxiliary currents

As mentioned in Section 4.2 for the circular geometry, oscillations are a potential
source of difficulty. While it is evident that severe oscillations should be avoided, it
is also true that not-too-severe oscillations can still yield correct results. The circular
problem explains this, because the fields obtained from the oscillating currents are
correct, see chapter 3 and [27] for details (within the context of MAS-ES and MAS,
respectively).

For MAS-ES with the ACVN, we illustrate such correct results via the inverted
elliptic geometry (depicted in Fig. 7a of [26]), with CPs lying on the PEC boundary
with

1.3 cos ¢
— 1.884 ,
Feyl 1+ 0.6cos(2¢) + 0.09
0.7sin ¢
— 1.884 ,
Yoyl 1+ 0.6cos(2¢) + 0.09

and with a TM plane-wave as the excitation source. This geometry has two external
branch points at (£1.3186,0) [26]; when c,ux = 1.8, these lie in the interior of the
auxiliary curve. Consequently, the auxiliary currents oscillate, see the real parts in
Fig. 5.11 (right). We stress that the oscillating values are orders of magnitude larger
than cases where the auxiliary curve is small enough to avoid oscillations. Despite
the oscillations, eigenvalue determination is unaffected: see Fig. 5.11 (left), which
gives nearly identical values with the non-oscillating cases.
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the inverted elliptic geometry.
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4.5 Computer Times

In MAS-ES, all matrix elements are Hankel functions (Hél) for TM and H{l) for TE
modes) of a real variable x, a feature uncommon in numerical methods. We re-
duced computer times by implementing an idea suggested in chpater 3, namely to
replace Hankel-function computations by array look-ups. (Look-up times are typi-
cally small, even for large arrays.) Since the range of x depends on the geometry, it is
roughly known beforehand (even in scenarios such as geometry optimization). We
specifically prestored an array with 10” Hankel-function values and, for any given
x, looked up the closest value.

We conducted extensive numerical experiments for all waveguides studied in
chpater 3. The representative results of Table 4.2 reveal that the lookup procedure is
successful and leads to much lower computation times; also, that the ACVN method
requires less CPU time than does the F(k)-approach. As a matter of fact, when
combined with the lookup procedure, the ACVN method usually requires less time
than Comsol Multuphysics which is a FEM-based software package (Comsol Multi-
physics). Thus, the methods introduced herein constitute a significant improvement
of MAS-ES. Notably, the computation time of Comsol is the same for every geometry
since their areas are similar and the center frequecy around which the eigenvalues
are computed is the same.

At this point, we mention that contrary to the FEM, the CPU times of MAS-ES are
not affected by the increase of the center frequency around which the eigenvalues are
computed. To prove this, numerical experiments were conducted for the TE modes
of a circular waveguide with radius p.;1 = 1 m. Specifically, changing the center
frequency from 100 MHz to 1000 MHz, the CPU times gradually increase from 4 s
to 7 s for FEM and from 0.33 s to 0.43 s for the ACVN MAS-ES. Similar results are
obtained for more complex geometries.

4.6 Conclusions

Instead of using the response function of MAS-ES, waveguide eigenvalues can be
found from the peaks of the ACVN. This method is algorithmically simpler. Numer-
ical experiments for several geometries show excellent agreements with FEM results.
They also demonstrate that not-too-rapid oscillations in the auxiliary currents do not
affect the eigenvalues’ determination. When combined with the Hankel-function
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TM modes | Circular | Elliptic | Rounded | Circular | Elliptical
Triangle | ann. con. | ann. ecc.
F(k) 1.069 3.571 5.999 2.625 12.568
F(lo 0.992 1.731 2.469 2117 3.311
lookup
ACVN 0.478 3.008 5471 1.542 11.421
ACVN 0.362 1.109 2.004 1.290 2.227
lookup
FEM 3 3 3 3 3

TABLE 4.2: CPU times (in secs) for the geometries of chapter 3.

lookup-procedure of Section 4.5, the present approach requires very small computer
times, even for complicated geometries.
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Chapter 5

Computing Eigenvalues of
Dielectric Waveguides by a Method
of Auxiliary Sources with Two
Excitation Sources

5.1 Introduction

Cylindrical dielectric waveguides are extensively used in optics mainly in the form
of optical fibers with circular or elliptical core shapes. Most optical fibers are con-
structed from glass without impurities and exhibit advantages such as low transmis-
sion loss and manufacturing cost, light weight, high carrying capacity and long life
cycle [59].

One of the fundamental problems in cylindrical dielectric waveguides is the de-
termination of modes’ eigenvalues (i.e., the propagation constants B of the guided
waves). Analytical solutions exist only for waveguides with circular [60]-[62] and
elliptical cores [63]-[65]. For other cases, the eigenvalue problem is solved numer-
ically; reviews of related numerical methods are contained in [66] and [67]. Two
widely-used methods for modal analysis of dielectric waveguides are the Finite El-
ement Method (FEM) [68]-[71] and the Finite Difference Method (FDM) [72]-[75].
Surface Integral-Equation Based Methods are also effective for computing the eigen-
values. These are based on solving an integral equation on the core-cladding bound-
ary either by point matching [76], [77] or by the boundary element method [78], [79].
However, in these methods the integration and the physical boundary curves coin-
cide, resulting in weakly singular integral equations. To avoid this, methods have
been developed that formulate an equivalent problem in which the current distribu-
tion lies on a fictitious curve that is displaced from the physical boundary. One of
these methods is the Method of Auxiliary Sources.

There are two approaches when using MAS in mode analysis problems. In the
first approach, referred to as standard MAS, a nondriven problem (with no inci-
dent fields) is formulated leading to a homogeneous linear system [47], [80], [81].
The eigenvalues are detected as the propagation constants for which the involved
impedance matrix Z(B) becomes singular. These constants correspond to the ze-
ros of the determinant of Z(B). The drawback of this approach is that a number of
discrete spurious eigenvalues may also be detected.

The main purpose of this chapter is to demonstrate that MAS-ES is also suitable
for computing accurately and with no spurious solutions the propagation constants
of a cylindrical dielectric waveguide with arbitrary cross section of its core. Still,
since dielectric waveguides generally support the propagation of hybrid modes, a
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FIGURE 5.1: Cross section of a cylindrical dielectric waveguide with
an arbitrarily-shaped core.

modification is necessary. Specifically, two excitation sources (instead of one as in
PEC hollow waveguides), an electric and a magnetic current filament placed inside
the waveguides’ core and parallel to its axis, are utilized. The method thus obtained
is referred to as the Method of Auxiliary Sources with Two Excitation Sources (MAS-
TES). Since the propagating modes are localized in the core, one can detect the eigen-
values by measuring the response of the core to the two internal sources. This is per-
formed by employing a response function F(f), which is maximized when a stand-
ing wave is formed inside the core and an evanescent wave in the cladding. Plotting
F(B) for a dense set of B results in a response curve the peaks of which correspond
to the eigenvalues of the dielectric waveguide.

This chapter is organized as follows: The fundamental theory of dielectric waveg-
uides is presented in Section 5.2. In Section 5.3, we describe the application of MAS-
TES to cylindrical dielectric waveguides. Section 5.4 contains the analytical solution
for the circular dielectric waveguide. In Section 5.5. results of numerical experi-
ments demonstrating the effectiveness of MAS-TES. Six different core geometries
are studied, including two multimode dielectric waveguides.

An ¢! time dependence is assumed and suppressed throughout the following
analysis.

5.2 Fundamentals of Cylindrical Dielectric Waveguides

A cross section of a dielectric waveguide, which extends infinitely in the z-direction,
is depicted in Fig. 5.1. It consists of two regions R; and R, filled with homoge-
neous, isotropic, and non-magnetic dielectric materials. Region R; is the core (guid-
ing medium), which has an arbitrary cross section and is characterized by a high
index of refraction n; and dielectric permittivity €;. Region R, is the cladding sur-
rounding the core and is characterized by a lower index of refraction n, < n; and
permittivity €;. In single-mode optical fibers, the thickness of the cladding is more
than ten times larger than that of the core; hence, the cladding can be assumed to be
of infinite extent. However, in multimode optical fibers, the thickness of the cladding
and the core are comparable. The analysis of this section concerns waveguides with
infinite cladding.

A dielectric waveguide can theoretically support an infinite number of guided
fields (modes). We are usually interested in modes with their fields confined in the
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vicinity of the core. There are two approaches for the related mode analysis prob-
lem, depending on the presence or not of sources. Below, we present the theoretical
aspects of both approaches.

In source-free regions, the electric and magnetic fields of the modes satisfy Fara-
day’s and Ampere’s laws

V x Es = —iwpoHs, V x Hy = iweon2Es, (5.1)

where w is the angular frequency, €y and j the free-space permittivity and perme-
ability, and s = 1,2 characterizes regions R; (core) and R; (cladding). Egs. (5.1) are
reduced to the homogeneous Helmholtz equations in R; and R;

where kg = w/c = 27/ Ay, c is the speed of light, and Ag is the free-space wave-
length.

For propagating fields along the z-direction, it is assumed that their z-dependence
is of the form e~ 7, i.e.,

E; = E(p)e ¥, H; = H(p)e ¥, (5.3)

where p is a vector on the transverse plane (cross section of the waveguide) and j3 the
propagation constant. Satisfying the transmission conditions on the core-cladding
boundary C requires (except for some special cases) contributions from both TM,
and TE, fields (Sec. 3.1 of [82]). Thus, modes with both E, and H, components are
supported, which are known as hybrid modes and designated as HE or EH modes,
depending on whether H, or E, dominates [83].

By (5.2) and (5.3), the fields on the cross section of the waveguide satisfy

(V3,41 )Es =0, (V3, + K )H; =0, (5.4)
where Viy is the transverse Laplacian and
ky, = kgni — B (5.5)

are the radial wavenumbers of the transverse fields in the core (s = 1) and the
cladding (s = 2).

For a propagating, transverse field localized near the core, we seek a resonant
(standing) wave solution in the core, together with an evanescent wave solution
in the cladding (related to the energy leaking from the standing wave of the core).
This is possible only when k,, is real and k,, is purely imaginary with a negative
imaginary part, leading to the following condition for the propagation constant

0 < konp < ‘B < kony. (5.6)

Only a finite number of values of B in the range of (5.6) correspond to guided
modes in the vicinity of the core. These are determined by the shape of the bound-
ary C and the material parameters of R; and R;. We refer to these values as the
eigenvalues of the dielectric waveguide at the specific frequency f = cko/2m. Any
other value of B, besides the eigenvalues, corresponds to a field for which most of
its electromagnetic energy is spread out in the cladding.

An alternative approach is to add excitation sources to the original problem, i.e. in-
cident fields that excite the modes of the waveguide. This is a source-driven problem
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FIGURE 5.2: Application of MAS-TES for a cylindrical waveguide
with an arbitrary cross section of its core and infinite cladding.

which is closely related to the scattering problem by the dielectric core.

Since the modes are hybrid, the sources are required to generate a combination
of TM, and TE, fields. Thus, two internal excitation sources must be used, i.e., two z-
directed current filaments lying inside the core. The one filament carries an electric
current and radiates a TM,, field and the other a magnetic current and radiates a TE,
field, as shown in Fig. 5.2.

The scattered field (E1,H;) in the core and the transmitted field (Ep, Hp) in the
cladding satisfy the homogeneous Helmholtz equations (5.4), as in the non-driven
problem, as well as the following inhomogeneous boundary conditions on C

A X (E; — Ep) = —h X Ejp, (5.7)
n x (Hl — Hz) = —n X HinC/ (58)

where fi is the normal unit vector to the boundary C. Similarly to the source-free
problem, satisfying the boundary conditions (5.7) and (5.8) requires generally both
TM; and TE; fields (namely both E, and H, components). The rest of the analysis
proceeds as in the source-free problem above.

5.3 MAS with Two Excitation Sources

5.3.1 Dielectric Waveguide with Infinite Cladding

As in the original problem described in Section 5.2, there are also two possible ap-
proaches when applying the MAS in mode analysis of a dielectric waveguide. In
the standard MAS approach, an equivalent to the source-free problem is formulated
and solved [47], [80], [81]. A homogeneous linear system is obtained with unknowns
the electric and magnetic auxiliary current amplitudes. The eigenvalues are then de-
tected by the roots of the determinant of the impedance matrix Z(B) computed by
plotting det[Z(B)] for a fine grid of B in the range of (5.6) and determining the ob-
tained local minima.

A second MAS approach, which we develop here and refer to it as the Method
of Auxiliary Sources with Two Excitation Sources (MAS-TES) is related to the source-
driven problem. The application of MAS-TES for a cylindrical waveguide with
arbitrarily-shaped core is illustrated in Fig. 5.2. Two z-directed and infinitely-long
sources are placed inside the core, carrying an electric and a magnetic current fila-
ment with amplitudes

I = Ie %, K = Kpe 2. (5.9)
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The e~1#? dependence is used to excite propagating modes along z instead of a stand-
ing wave in the whole waveguide (as in the PEC case).

The longitudinal and transverse components of the field radiated from the elec-
tric current filament are

k3,1
B = Llel HP (ky R))2, (5.10a)
2Bkp, I (x — x)%+ (v — 1§
S fwz x xf)";;(y V¥ @ 1, R,), (5.10b)
2ko I (y — yo)§ — (x — x.)%
H = =0 Y yf)yR =3y Ry, (5.100)
4

while those from the magnetic current filament are

w kK o) ,
m o 2Pkp K (x — x)X + (y — ym)¥ ;2)
H' = — o R H (ko, Rn), (5.11b)
2k, K (y — y;)¥ — (x — x)X
B = -0 -y )YRm( )"Hf)(klem). (5.11c)

The subscript ¢ denotes transverse components, p = (x,y) is the radial observation
vector in the core, p, = (%,, Ye) and p,, = (Xm, Ym ) are the radial vectors of the electric
and magnetic current filaments, R, = |p — p.| and R, = |p — p| are the correspond-
ing distances, Héz) and Hfz) are the second-kind Hankel functions of zeroth and first
orders, respectively.

According to the MAS-TES numerical scheme, the scattered field in R; is simu-
lated by the fields due to a set of N electric and N magnetic (2N in total) z-directed
current filaments. These filaments are distributed as coincident pairs (two collocated
current sources) on an auxiliary surface Cl,,, enclosing the boundary C, and radiate
in an unbounded space filled by the material of R;. Since the scattered field corre-
sponds to a propagating hybrid mode, the current amplitudes must also have an e~

dependence, i.e.,
B = 1) e, kY = K, (5.12)

with/ =1,2,..., N being the index of the auxiliary current. Similarly, the transmit-
ted field in R, is simulated by the field due to a set of N electric and N magnetic
current filaments distributed on an auxiliary surface C2,, placed inside the core and
radiating in an unbounded space filled by the material of R,. The corresponding
current amplitudes are given by

12 = [Pz, K2 — K)oz, (5.13)

The components of the radiated field from an auxiliary electric current filament
are

es _ _ Kol L) pos 14
Ezl __4w€S 0 (Ps l)z’ (5 a)
, 2Bko If (x — x))%+ (v — v1)¥ ,,2)
Ef = - 4wesl R k) .
2ko I (y — y1)§ — (x — x7)%
mes — 2o dp (v —yn)y — (x —x)X H? (k, R), (5.14¢)

t 4 Rl 1



Chapter 5. Computing Eigenvalues of Dielectric Waveguides by a Method of

66 . ) o
Auxiliary Sources with Two Excitation Sources

while those radiated from an auxiliary magnetic current are

. AT A 5.15
. = 460]/!0 0 ( 0s Z)Z, ( . a)
2Bkp Ki (x — x))X+ (y — y1)¥
ms _ Pt ! Y —Y)Y ;2

H = = R H? (k,.R)), (5.15b)

2k SKS — Y Vv — (x — X] X 2
Eps = ——B] -y )sz( ROk, R), (5.15¢)
where s = (1), (2) for regions 1 and 2, p; = (x;,y;) the radial position vector of the
I-th source, p = (x,y) the observation vector, and R; = |p — p;| the corresponding

distance.

Next, we apply the boundary conditions (5.7) and (5.8) at N collocation points
on C, with E; (Hs) the total electric (magnetic) field radiated by the auxiliary sources
on Ci,, fors = 1,2, and E;;,. (Hj,) the incident electric (magnetic) field. In this way,
we obtain a system of the form

Zl1=V, (5.16)

where Iisa 4N X 1 column vector consisting of the unknown complex amplitudes of
the electric and magnetic filaments, and V is a 4N x 1 column vector with elements
the samples of the tangential components of the electric and magnetic incident fields,
while [Z] is the 4N x 4N matrix

E 0 E* 0
0 HYM o H>™
E}* EM™ EX EMM
H* H'™ HX HM™

Z = (5.17)

where each N x N submatrix consists of the fields” samples, given by (5.14) and
(5.15), at the N collocation points.

Solving the system (5.16) yields the 4N auxiliary current amplitudes from which
we can compute the fields in the core and the cladding by using (5.14) and (5.15).
A propagating mode corresponds to a standing wave in the core and an evanes-
cent wave in the cladding. Thus, the eigenvalues can be detected by measuring the
tield inside the core, i.e., the response of the core to the excitation sources. This is
measured by the response function F(f) defined as

J Z [Ex(pn B)I® p”’ J Z Hi(pn pP p”’ Gl (5.18)

where E; (H;) is the scattered electric (magnetic) field in the transverse cross section
of the waveguide, {1 = \/po/€1 the wave impedance of R; and p, the positions
of N; randomly-selected sampling points in R;. The random selection of the points
reduces the probability of selecting nodal positions of the standing wave (i.e., zero-
field points) that would yield small values of F(p). Plotting F(p) for a dense set of
B, in the range of (5.6), yields a response curve the peaks of which correspond to the
eigenvalues B.
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FIGURE 5.3: Application of MAS-TES for a multimode dielectric
waveguide with a circular cross section.

5.3.2 Multimode Dielectric Waveguide

Dielectric waveguides in which the thickness of the cladding and the core are com-
parable are called multimode because they can support a large number of modes at
a specific frequency. The cross section of such a waveguide with a circular boundary
is depicted in Fig. 5.3; the third region Rj3 is characterized by refractive index n3 and
permittivity €3.

Both excitation sources are placed at random positions inside the core. Now, the
application of MAS-TES requires four auxiliary surfaces. The fields in Ry, Ry, and
Rj3 are simulated by the fields due to N electric and N magnetic current filaments
placed on the auxiliary surfaces Cl,,, C2, and C3,, and Ci,, respectively. The

aux’ aux aux’/ aux’/
transmission conditions on the two boundaries C; and C, have the form

Ny x (E] — Ez) = —1f] X Ejne, (519a)
n; x (H1 — Hz) = —f1 X Hine, (519b)
flz X (E2 — E3) =0, (5.19C)
ﬁ2 X (Hz — H3) =0, (519d)

where fi; and fi, are the normal unit vectors on C; and C;, E; and H; are the elec-
tric and magnetic fields generated in each region R, for s = 1,2,3. Applying these
boundary conditions at N collocation points on C; and C;, an 8N x 8N linear system
is obtained with unknowns the 8N electric and magnetic auxiliary current ampli-
tudes. Solving this system, we compute the scattered fields in Ry, and then plot the
response function F(B) for a dense set of B in the range of (5.6). The peaks of the
obtained response curve correspond to the propagation constants of the modes.

5.4 The Circular Dielectric Waveguide Excited by Two Sources

In this section, we analyze the scattering problem of a dielectric waveguide, com-
posed of a circular core of radius « and an infinite cladding, excited by two sources
in the core. The reason for this analysis is to demonstrate how the source-driven
problem yields the eigenvalues.
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The electric and magnetic current filaments are placed inside the core at positions
p. and p;,, respectively. Their radiated fields are given by (5.10) and (5.11). The z-
components of the scattered field in the core R; are expressed by

. +o )

EX* (P/ ¢, Z) =e Z AT (kplp)eln(PI (5.20a)
. +o )

H(p,¢,2) = e % Y By Ju(kp,p)e™, (5.20b)

while the corresponding components of the transmitted field in the cladding are
expressed by

EX(p,¢,2) = e Y AuKy(—ikp,p)e"™, (5.21a)
L ‘
HY(p,¢,2z) = e Y B,Ky(—ikp,p)e™?, (5.21b)

where K,, is the modified Bessel function of the second kind which is related to the
Hankel function of the second kind by

. T.,
Ky (_1k{32p) = _51 +1H152) (kpzp) (522)

and it is used in the expressions, so the transmitted field goes to zero at infinity (it
is reminded that k,, is purely imaginary with a negative imaginary part). The other
components of the fields in the core and the cladding are obtained by means of the
z-components of the electric and magnetic fields.

Next, we apply the transmission conditions for the electric and magnetic fields’
tangential components at p = «

EX —EY = —EI, EY —Ey = —EJS, (5.23a)
HY* — HY = —H, Hy —Hj = —Hy*, (5.23b)

and obtain a linear system with respect to the Fourier coefficients A,, B, and A3, B;,
of the transmitted and scattered fields. The matrix of this system is given by (A.5).
The determinant of the matrix (A.6) is found to be

Jn(koyo0) 0 — Ky (—ikp,a) 0
[Z] = k%]n(kma) 2 (k) —,%Kn(—ikpza) G (—ikp,) | (5-24)

) ko) K (—ka) K (k)
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[ Talke ) K, (—ikp,a)
D(p) = [kpltx]n(kploc) —ikpzocKn(—ikPZ(x)}
2 ];/q(kplo‘) 2 Ki/i(_ikm“)
[m ko ] (ko) tm —ikpzzxKn(—ikpzoc)}

2
A (5.25)
kg [Kpa? ket

The roots of the determinant (5.25) correspond to the eigenvalues f of the dielec-
tric waveguide; see, e.g., [60]. The unknown Fourier coefficients A,, B, and A3, B;,
are calculated by solving the system of (5.23) and in the obtained expressions of these
coefficients the determinant D() appears in all the denominators. Hence, when p
equals an eigenvalue, these coefficients go to infinity and so does the scattered field
given by (5.20). So, a plot of the response function F(p) for a dense set of B will
showcase highly visible peaks corresponding to the eigenvalues of the waveguide.

5.5 Numerical Results

In Section 5.4, we analyze the problem of a circular dielectric waveguide excited
by two sources. In this section, we investigate numerically more general cases by
presenting results for the application of MAS-TES in five geometries of dielectric
waveguides. In the first four examples, the cladding is considered to be of infinite ex-
tent. The last example corresponds to a multimode waveguide, where the cladding
has similar dimensions with the core. Specifically, we investigate the cases of circu-
lar, elliptical, rounded-triangular and inverted-elliptical cores, while the multimode
dielectric waveguide has a concentric-circular shape. For each case, the refractive
index of the core is n; = 1.8 and the refractive index of the cladding is n, = 1.5.
The free space wavenumber is kg = 1 m~!, and hence from (5.6) follows that the
propagation constants § lie in the interval 1.5 < B < 1.8. All coordinates in the
following results are in meters. Besides, hereafter, N is the number of each set of the
electric and magnetic auxiliary sources and collocation points, N, is the number of
plot points in the response curve and N; is the number of measurement points used
for the response function F(B). Regarding the choices of the parameters N, N, and
N, we note that in the considered numerical experiments their values were chosen
such that response curves with highly-visible peaks are generated. Specifically, we
performed systematic convergence checks for each waveguide’s geometry and esti-
mated the thresholds below which the eigenvalues are undetectable. For N and N,
a further increase above these thresholds, does not have a noticeable effect in the sig-
nificant digits of the computed eigenvalues. However, the number N, of plot points
affects more crucially the computation of the eigenvalues. Still, for all examined
geometries, the choice N, > 1000 guarantees convergence of the computed eigen-
values within the desired number of digits. Indicatively, for the elliptical waveguide,
when N > 28, N; > 5, and N, > 1000, no significant changes in the eigenvalues are
observed.

All the MAS-TES results are compared with those obtained by the FEM-based
commercial software COMSOL Multiphysics as well as by the method computing
the zeros of the determinant of the impedance matrix Z(B) of the standard MAS
approach. For the latter method, we defined the function L(B) = In[|det(Z(B))|],
i.e., the logarithm of the absolute value of the impedance matrix determinant.
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5.5.1 Circular Core

We consider a dielectric waveguide with a circular core of radius p. = A¢/2 and
an infinitely-extended cladding; see Fig. 5.4. The electric and magnetic excitation
sources are placed inside the core at (x.,y.) = (0,0) and (x,,, ym) = (1.5,0), re-
spectively. The external (internal) auxiliary surface Cl, (C2,) is a circle of radius
pe = 2pc (0i = 0.50.). We apply the MAS-TES for N = 24, N, = 1000 and N; = 20
and obtain the response curve of Fig. 5.5. The results do not include discrete and
continuous spurious solutions in contrast to the plot of L(B), of the standard MAS
approach, depicted also in Fig. 5.5. Table I shows the eigenvalues of the modes ob-
tained analytically (exact solutions) together with the results extracted by MAS-TES
and FEM. An excellent agreement is observed.
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FIGURE 5.4: Application of MAS-TES for a dielectric waveguide with
circular core.
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FIGURE 5.5: Eigenvalues of the waveguide with circular core as ob-
tained by the MAS-TES (left panel) and the determinant method
(right panel).

5.5.2 Elliptical Core

As a second example, we investigate a dielectric waveguide with an elliptical core
and infinitely-extended cladding, as shown in Fig. 5.6. The elliptical core has large
semiaxis 4 = Ag/2 and small semiaxis b = 0.8a. The excitation sources lie at
(xe,¥e) = (1.2,—0.8) and (xy, ym) = (1.2,0.8). The coordinates of the external aux-
iliary curve Cl,, are (xa1,¥a1) = 2(xc,yc) and of the internal auxiliary curve C2,,
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modes | Exact | MAS-TES | FEM

1 1.552 1.552 1.551
2 1.557 1.557 1.557
3 1.570 1.570 1.570
4 1.699 1.699 1.699

TABLE 5.1: Eigenvalues of a dielectric waveguide with circular core
as obtained analytically (exact solutions), by the MAS-TES, and by
the FEM

are (Xap, Ya2) = 0.5(xc,yc), where (x,y.) is the elliptical boundary C. For N = 30,
N; = 1000 and N; = 20, we obtain the response curve of Fig. 5.7. Again, no discrete
or continuous spurious solutions are observed such as those detected by standard
MAS. In Table II, the eigenvalues of the modes obtained by MAS-TES and FEM are
depicted, and an excellent agreement is observed.
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FIGURE 5.6: Application of MAS-TES for a dielectric waveguide with
elliptical core.
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FIGURE 5.7: Eigenvalues of the waveguide with elliptical core as ob-
tained by MAS-TES (left panel) and the determinant method (right
panel).
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modes | MAS-TES | FEM
1 1.508 1.508
2 1.511 1.511
3 1.539 1.539
4 1.542 1.543
5 1.678 1.678
6 1.682 1.682

TABLE 5.2: Eigenvalues of a dielectric waveguide with elliptical core
as obtained by MAS-TES and FEM

5.5.3 Rounded-Triangular Core

Next, we seek the eigenvalues of a waveguide with rounded-triangular core and
infinitely-extended cladding as in Fig. 5.8. The parametric equations of the triangu-
lar boundary are

xc = 1.75(cos ¢ + 0.1 cos(2¢)),
Ye = 1.75(sin ¢ — 0.1sin(2¢)).

The electric excitation source is placed at (x.,y.) = (—0.7,—0.3) and the magnetic
source at (X, ym) = (1.1,1.1). The external auxiliary curve CL,, is located at (x,1, Ya1) =
1.3(x¢, yc), while the internal one C2,, at (xa,¥a2) = 0.7(xc,yc). In this case, we
choose N = 40, N, = 1000, and N; = 20, which results to the response curve of
Fig. 5.9. Only one eigenvalue, f = 1.582, is detected for this geometry by MAS-TES
and coincides with that computed by FEM. Standard MAS on the other hand detects

several discrete spurious solutions.
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FIGURE 5.8: Application of MAS-TES for a dielectric waveguide with
rounded-triangular core.
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FIGURE 5.9: Eigenvalues of the waveguide with rounded-triangular
core as obtained by MAS-TES (left panel) and the determinant
method (right panel).

5.5.4 Inverted-Elliptical Core

Moreover, we examine an inverted-elliptical core surrounded by an infinitely-extended
cladding, as shown in Fig. 5.10. The coordinates of the core’s boundary are

1.3cos¢
= 1.884
Yo = 18847 + 0.6c0s2¢ + 0.09’
0.7sing
= 1.884 .
Ye = 18847 + 0.6c0s2¢ + 0.09

The excitation sources are placed at (x.,y.) = (0.5,1.5) and (x, ym) = (04, —1)
inside the core. The external auxiliary curve CJ,, lies at (xa1,ya1) = 1.3(xc, yc), while
the internal one C2,, at (xa,V¥a2) = 0.7(xc,yc). Here, N = 48, N, = 1000 and
N; = 10 yielding the response curve of Fig. 5.11. In Table III, the two eigenvalues
detected by MAS-TES and FEM are shown. In contrast, the standard MAS detects

many spurious solutions.
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FIGURE 5.10: Application of MAS-TES for a dielectric waveguide
with inverted-elliptical core.
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FIGURE 5.11: Eigenvalues of the waveguide with rounded triangular
core as obtained by the repsponse function method (left panel) and
the determinant method (rigth panel).

modes | MAS-TES | FEM
1 1.617 1.617
2 1.630 1.630

TABLE 5.3: Eigenvalues of a dielectric waveguide with inverted-
elliptical core as obtained by MAS-TES and FEM

5.5.5 Circular Multimode Waveguide

Next, we examine a case of a multimode waveguide. The whole structure is sur-
rounded by region Rz, which is filled with air. Both the core and the cladding
have circular boundaries with radii p;y = 0.751p and p» = Ay, as illustrated in
Fig. 5.3. The electric and magnetic excitation sources are placed inside the core

at (x.,¥.) = (—0.7,—-0.3) and (xp,ym) = (1.1,1.1). For this case, four auxiliary

curves are defined with their radii being pg}fx = 2p1,pgi)x = 0.5p1,pgﬁ)x = 2p, and

pgﬂ = 0.5p2. Each of these auxiliary curves hosts two sets of N = 24 electric and
magnetic auxiliary sources. For Ng = 1000 and N; = 20, we obtain the response
curve Fig. 5.12. It is obvious that many modes are supported by this waveguide.
Again, MAS-TES detects accurately all eigenvalues as opposed to the standard MAS.
The first six eigenvalues as obtained by MAS-TES and FEM are shown in Table IV

and an excellent agreement is observed.
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FIGURE 5.12: Eigenvalues of the multimode waveguide as obtained
by MAS-TES (left panel) and the determinant method (right panel).
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modes | MAS-TES | FEM
1 1.004 1.005
2 1.010 1.010
3 1.020 1.021
4 1.095 1.095
5 1.157 1.157
6 1.160 1.160

TABLE 5.4: Eigenvalues of a multimode waveguide with circular core
as obtained by MAS-TES and FEM

5.5.6 Elliptical Multimode Waveguide

A more complex geometry of a multimode dielectric waveguide is illustrated in
Fig. 5.13. The core has an elliptic boundary C; with large semiaxis a; = 0.8A¢ and
small semiaxis b; = 0.7A¢ corresponding to coordinates (x1,y1). The cladding has
also an elliptical boundary C, with large semiaxis 2, = 1.2A¢ and small semiaxis
by = A corresponding to coordinates (x2,12). As in the circular multimode wave-
guide, we assume that the cladding is surrounded by region R3 filled with air. The
electric excitation source is placed at (x.,y.) = (0,0) and the magnetic source at
(Xm,ym) = (1.5,0.8). Four elliptically shaped auxiliary curves are considered for

which (xéﬁ)x, yg&) = 2(x1,41), (xgi)x, ygﬁ)x) = 0.5(x1,y1), (xe(li)x,yg)x) = 2(x2,y2), and

(xé‘&, y,((,i)x) = 0.5(x2,12). Each of these curves hosts N = 40 pairs of electric and
magnetic auxiliary sources, while an equal number of collocation points on C; and
C; is employed. For Ng = 1000 and N; = 20, the response curve of Fig. 5.14 is
obtained. A large number of eigenvalues are supported without any spurious so-
lutions being among them in contrast to the plot of L(B). In Table V, the first six

eigenvalues are compared with the ones acquired by applying FEM.

Region 3

FIGURE 5.13: Application of MAS-TES on an elliptical concentric
multimode dielectric waveguide.

5.5.7 Effect of the Locations of the Excitation and Auxiliary Sources

Regarding the effect of the excitation sources” locations on the computation of the
eigenvalues, we note that in single mode waveguides numerical results showed that
when either of the excitation sources is placed near the boundary C, a number of
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modes | MAS-TES | FEM
1 1.011 1.010
2 1.013 1.013
’ 3 1.026 1.025
4 1.044 1.043
5 1.060 1.059
6 1.088 1.087
TABLE 5.5: Eigenvalues of a multimode elliptical concentric dielectric
waveguide
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FIGURE 5.14: Eigenvalues of the elliptical multimode dielectric wave-
guide as obtained by the MAS-TES (left panel) and the determinant
method (right panel).

spurious eigenvalues appear in the response curve of F(B). However, as the excita-
tion sources move toward the center of the core, these spurious solutions gradually
vanish. A general rule that can be formulated for the single mode dielectric waveg-
uides is that when the excitation sources are placed inside an optimum curve Copt,
which is a downscaled version of C with coordinates 0.6(x., y.), then it is guaran-
teed that no spurious solutions appear in the response curve. Moreover, in mul-
timode waveguides, extensive numerical experiments have revealed that there are
no similar restrictions on the placement of the excitation sources inside the core. In
multimode waveguides, even collocated excitation sources lying near the boundary
C; yield the correct eigenvalues without the appearance of any spurious solutions.
Moreover, the auxiliary sources’ locations affect the accuracy of the fields in the
core, and, thus, also the eigenvalues determination. After systematic numerical in-
vestigations, we found that correct eigenvalues, without spurious solutions, are ob-
tained for the following conditions per waveguide geometry:
Circular: 1.3p. < pe < 20, 0.50. < p; < 0.7p,.
Elliptical: 1.3x. < xq1 < 2.3x¢, 1.3y < ya1 < 2.3y, 0.3x; < x50 < 0.5x, 0.3y, < ypr <
0.5y.
Rounded triangular: 1.3x. < x,1 < 2%, 1.3y. < ya1 < 2y, 0.5x; < xp2 < 0.7x,,
0.5y < ya2 < 0.7y,.
Inverted elliptical: 1.3x, < xg1 < 1.4x., 1.3y, < yu < 14y 0.68x, < xp < 0.7x,,
0.68yc < ya2 < 0.7yc.
For the multimode waveguides, similar conditions hold with the corresponding
single-mode ones.
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5.6 Conclusions

The Method of Auxiliary Sources with an Excitation Source (MAS-ES) is a reliable
method for mode analysis. Especially, for dielectric waveguides, two excitation
sources are required to be placed appropriately inside the core in order to excite the
propagating hybrid modes; this is what we here called MAS-TES. The eigenvalues
are detected by measuring the fields inside the core by means of a response function
the peaks of which correspond to the eigenvalues. Several numerical experiments
for different geometries showed that all eigenvalues are accurately computed con-
trary to conventional MAS which detects also spurious eigenvalues. In future, we
plan to extend this work to dielectric waveguides with anisotropic regions.
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Chapter 6

Shielding Effectiveness of Ideal
Monolayer Graphene in
Cylindrical Configurations with
the Method of Auxiliary Sources

6.1 Introduction

In today’s technology-driven world, a plethora of electronic devices emitting elec-
tromagnetic (EM) waves are used [84]. In addition, there exist also natural sources
of EM radiation such as lightnings, auroras and solar flares. Under these conditions,
it is understood that an electronic device is continuously exposed to signals which
are not related to its functionality causing what is known as Electromagnetic Inter-
ference (EMI) or Radio Frequency Interference (RFI) when the signals are in the RF
spectrum (20 KHz-300 GHz). If care is not taken, this interference may lead to a
performance degradation or even to destruction. Furthermore, excessive exposure
to EM fields may cause health issues to several living organisms (including human
beings) [85], [86].

An effective way of dealing with EMI is to use an EM shield, which usually
refers to a structure that encloses completely an electronic device or a portion of
that device. Shielding works partially by reflection of the incident wave and partly
by absorption as the wave travels through the shielding material. For the past few
decades, metals were employed as shielding materials, not only due to their high
reflectivity but also because they provide attenuation to high-frequency waves [87].
However, metals are limited by their heavy weight, difficulty to process, low flex-
ibility, and corrosion problems. Besides, metal-based shields are more than tens of
microns in thickness and thus opaque, hence preventing the visibility of the device
enclosed by the shield.

While carbon itself is not considered a metallic element, carbon-based materi-
als, such as graphene, can offer remarkable EM shielding properties, mainly via the
mechanism of absorption [88]. Advances in chemical vapor decomposition (CVD)
growth of large-area and high-quality graphene [89] has already enabled its practical
applications [90]. The high conductivity, saturation velocity, flexibility, optical trans-
parency, resistance to corrosion, and mechanical strength of graphene make it an ex-
cellent choice for high-performance EMI shielding. Graphene is utilized in various
forms for EMI shielding applications including mono and multi-layered graphene
structures, and composites with different materials [91].

Considerable experimental work has demonstrated the suitability of graphene
in EMI shielding. In [92], the shielding effectiveness (SE) of a true monolayer CVD
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graphene was investigated in the frequency range 2.2-7 GHz, and was shown ex-
perimentally to have seven times (in terms of dB) greater SE than gold film; the
developed theoretical model for ideal monolayer graphene predicted EMI shield-
ing up to 97.8%. Composites based on incorporating graphene sheets into an epoxy
matrix were tested in 8.2-12.4 GHz and a SE of 21 dB was obtained [93]. Porous
graphene/polystyrene lightweight composites exhibited high values of SE [94]. In
[95], large-sized graphene sheets and doping strategy were employed to fabricate
lightweight and flexible graphene paper showing an exceptional SE of 47 dB at 8.4
GHz. In [96], a thin nanoribbon/polyvinyl alcohol composite was developed achiev-
ing an EMI shielding as high as 60 dB in 8.0-12.0 GHz.

Various analytical and numerical methods have been developed to compute the
electromagnetic response of graphene [97]. Traditionally, graphene is modeled as
a very thin 3-D material as in [98] as well as in commercial packages applying
the Finite-Difference Time-Domain Method (FDTD) and the Finite Element Method
(FEM) (Comsol Multiphysics, CST Studio). To achieve good numerical accuracy, a
very fine mesh is needed to adequately discretize the thin graphene layer. This ap-
proach may become impracticable due to high requirements in terms of memory
storage and computer time. To alleviate these requirements, the 3-D model is re-
placed by a suitable boundary condition. In [99], a conductive surface boundary
condition was implemented in the FDTD method in combination with the disper-
sive surface conductivity of graphene. An impedance transmission boundary con-
dition (ITBC) [100] and an impedance network boundary condition (INBC) [101]
were also used to model thin layers of graphene into FEM. Moreover, a surface
impedance boundary condition (SIBC) associated with graphene was incorporated
in the Method of Moments in [102]. Also, in [103] and [104], an equivalent circuit
model is proposed for graphene monolayer, which considers the conditional spatial
dispersion of surface conductivity [105].

In this chpater, we apply MAS to compute the SE of an ideal monolayer graphene
in the RF frequency range, when used as the conductive layer in cylindrical struc-
tures of arbitrary cross sections. The standard MAS approach encounters numeri-
cal difficulties in multilayered structures containing a highly conductive layer [106];
thus the same problems might occur with graphene. To deal with this, a modifica-
tion of MAS is proposed by which the conductive layer is modeled as an Impedance
Matrix Boundary Condition (IMBC) instead of a very thin conductive layer. In [107],
[108], an 1-D IMBC is proposed for infinite planar conductive layers, while in [54] a
2-D IMBC is proposed considering the curvature of the conductive layer.

This chapter is organized as follows. Graphene’s electronic and electromagnetic
properties, emphasizing on its frequency dependent surface conductivity, are pre-
sented in 6.2. In 6.3, we describe the application of MAS in cylindrical multilayered
configurations containing a highly-conductive layer. We explain why the standard
approach of MAS is inadequate and how the modified MAS with an IMBC yields
accurate results for the fields in the regions enclosed by the conductive layer. 6.4
contains numerical experiments testing the modified MAS. The fact that graphene
can be easily deposited on glass [109], [110] enables us to study four cases of cylindri-
cal shielding configurations where the shield consists of a graphene monolayer de-
posited on a silicon dioxide-SiO; (glass) substrate. Such a shield has the advantage
of being optically transparent, non corrosive, and relatively light weighted, thus, it
is potentially realizable. We also investigate the case of a Few Layer Graphene (FLG)
shield, composed of three graphene layers (trilayer), which are a combination of a
misoriented layer, and an AA-stacked double layer (bilayer). By applying the modi-
fied MAS, the graphene layer (or FLG) is replaced by a 2-D IMBC and the shielding
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effectiveness is computed along with the scattered fields. The results for each inves-
tigated case are compared to those obtained by the FEM-based commercial software
package.

An exp(iwt) time dependence is assumed and suppressed throughout with k =
w/c=2nf/c=w,/€Ho.

6.2 Electronic Properties of Graphene

6.2.1 Ideal Monolayer Graphene

Graphite is a mineral made from layers of carbon atoms arranged in a hexagonal
structure. These layers are very weakly bonded together allowing the effortless me-
chanical exfoliation of few or many of them. For years, efforts were made to isolate
a thermodynamically stable single atomically thin, graphite layer. This was finally
achieved in 2004 giving birth to the first 2-D material called graphene [111], [112].

Graphene is a material with special mechanical and electronic properties origi-
nating from the unusual way the carbon atoms are bonded in the hexagonal lattice.
Each carbon atom has six electrons surrounding its nucleus, two in the inner shell
and four in the outer shell. The fourth electron in the outer shell has a 7 orbital
and is delocalized, oriented perpendicular to the graphene layer. These delocalized
electrons are responsible for the electrical conductivity of graphene.

The peculiarity of graphene’s electrical conductivity is understood by studying
the energy band structure of a delocalized electron in the lattice. What makes the
energy band structure of pure graphene distinct from that of other materials (conduc-
tors, insulators and semiconductors) is that the energy band gap is zero meaning
that the Fermi level Er is exactly at the point where the conductive and the valence
bands meet (also called Dirac point) and has a zero value. Hence, pure graphene can
be characterized as a semiconductor with a zero-energy gap or a conductor with an
empty valence band.

Just like in semiconductors, we can modify the conductivity of pure graphene
by moving the Fermi level inside the conduction band or in the valence band. This
can be accomplished by chemical doping, where a small number of carbon atoms
in the graphene layer are replaced by a dopant atom yielding doped graphene. For n-
doped graphene, Er is increased moving in the conduction band, while for p-doped
graphene, Er moves in the valence band. The position of the Fermi level can also be
tuned by applying a static electric field between graphene and a metallic layer called
gate, separated by a thin insulator.

The surface conductivity of single-layer graphene is derived by the Kubo for-
mula [113]

20%kgT i Er
o (w) = 2 w—i—iT—ll <2cosh (ZkBT>>+

H(w/2)
( (w/2) +/ O ) ©.1)

where e is the charge of the electron, kj is the Boltzmann constant, 7 is the Drude re-
laxation time of graphene (mean time between two successive collisions of electrons
with carbon atoms), T is the absolute ambient temperature measured in Kelvins, 7
is the reduced Planck constant, w is the radial frequency of the incident EM field
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FIGURE 6.1: Real and imaginary parts of monolayer graphene sur-
face conductivity versus frequency for two values of Er.

(photons), while

sinh (hQ)/kpT)

H(Q) = o h(RO/ksT) + cosh (Er /kaT)

(6.2)

The first term in (6.1) represents the intraband surface conductivity, and the sec-
ond integral term the interband surface conductivity with the first one being dom-
inant in the RF/microwave region. For this reason, in all the derivations and com-
putations that follow, only the intraband surface conductivity is taken into account.
Using the surface conductivity in the Maxwell equations, the equivalent complex
permittivity of graphene is obtained

go(w) =1— 128(;2), (6.3)
where A is the thickness of the graphene monolayer which is usually chosen equal to
0.5 nm [114], [115]. Notably, ideal monolayer graphene is intrinsically nonmagnetic
and lacks magnetic moments due to the delocalized 7-bonding network [116]. Thus,
there appears no dispersion in graphene’s magnetic permeability, which we consider
to be that of vacuum, i.e., yo. The volumetric (bulk) conductivity of graphene is
given by [117]

Ov(a)) = -, (64)

and is measured in S/m.

Figure 6.1 depicts the real and imaginary parts of the surface conductivity given
by (6.1) at room temperature (T = 300K) and T = 6.582 ps (which corresponds to
carrier scattering rate I' = 0.1 meV) for different positive values of the Fermi level
Er with electrons as current carriers. Similar plots may be obtained for negative
Er with holes as current carriers. It is evident that graphene exhibits high surface
conductivity in the RF region, which is tunable by changing the value of Er.

It is worth to point out that although we are presenting the graphene planar
model, we will use the same formulas for cylindrical (curved) geometries since for
the structures of interest the number of carbon atoms exceed 10* [118], and the strain
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due to bending the graphene monolayer does not cause any defects on the lattice.

Another improtant aspect of graphene’s surface conductivity is its conditional
spatial dispersion [105]. Specifically, a graphene sheet showcases a spatially disper-
sive conductivity when it is biased by a perpendicular static electric field, or by a
static magnetic field via the Hall Effect.

6.2.2 Few Layer Graphene

The term graphene is not exclusively used for a single layer of carbon atoms bounded
together in a honeycomb structure (graphene monolayer), but also for a material
composed of a few of these layers stacked together. This structure is called Few Layer
Graphene (FLG) or Multi Layered Graphene (MLG), and is also considered as a 2-D
material. Specifically, according to ISO/TS 80004-13 [119], FLG is a 2-D material
consisting of three to ten well-defined stacked graphene layers. Above ten layers,
the material is referred to as graphite or micro-graphite, thus, it is not considered as
graphene.

FLG can be misoriented multilayer graphene (frequently observed in CVD), AA-
stacked, and AB-stacked (Bernal) [120]-[122]. In case of N layers of misoriented
graphene, the surface conductivity from the RF up to the THz region is given by

2€2kBT i EP
Omis (W) = N x 0(w) =N T o ir—lln (2cosh <kBT>> . (6.5)

The surface conductivity per layer of AA-stacked FLG is expressed by [121]

20T i N Er + 2a1c0s [ ]
oan (W) = N T T:Z:]ln <2cosh{ T , (6.6)

with a; = 217 meV. It is also possible that an FLG consists of misoriented layers
as well as layers that are AA or AB stacked. For example, the surface conductivity
of a graphene trilayer, which comprises of a two layer (bilayer) AA-stack and one
misoriented monolayer, is given by

TAAA! (w):2><0'AA(w)|N:2+cr(w). (6.7)

The permittivity and bulk conductivity are then calculated by (6.3) and (6.4), respec-
tively, with thickness Ay4 4 = 3A = 1.5 nm.

6.3 Shielding Effectiveness of a Conductive Layer using MAS
with an IMBC

In a typical shielding configuration, an electromagnetic wave impinges on a conduc-
tive layer separating a region 1 from a region 2 of a stratified medium. The conduc-
tive layer acts as an electromagnetic shield blocking the field entering from region 1
to region 2. Most commonly, the examined stratified media have planar, cylindrical,
or spherical interfaces which are considered as models of electromagnetic shields. In
this work, we investigate cylindrical shielding layers.



Chapter 6. Shielding Effectiveness of Ideal Monolayer Graphene in Cylindrical

84 Configurations with the Method of Auxiliary Sources

Y S ... . Conductive layer
: Region 3

T™ or TE

A)pé;r?wave

D
R e Auxiliary source
+ Matching pair point

FIGURE 6.2: Multilayered cylindrical medium containing a conduc-
tive layer and the application of MAS with a 2-D IMBC.

6.3.1 Multilayered cylindrical medium with two regions

An infinite along z multilayered cylindrical medium is considered in which an arbitrarily-
shaped and highly-conductive material of thickness A (region 3) separates regions

1 and 2, which are, respectively, occupied by dielectric materials with parameters

€1, 41, and €y, 4o, as illustrated in Fig. 6.2. The medium is excited by an incident
plane electromagnetic field propagating in region 1 and given by

Einc(x,y) = Egexp [ik1 (x cOS @inc + ¥ SIN @inc) ] (6.8)

for TM,, polarization, and

Hinc(x,y) = Hy exp [ik1 (x €OS @inc + ¥ SIN Pinc) ] (6.9)

for TE, polarization, where ¢in is the incident angle. The conductive layer is in-
tended to act as an electromagnetic shield, shielding region 2 from the fields in re-
gion 1. Our purpose is to calculate the shielding effectiveness of this conductive
layer. This problem can be solved analytically only for circular and elliptical shapes,
while for any other shape numerical methods such as MAS can be applied.

The standard MAS implementation requires four sets of auxiliary sources, two
in region 3 and one in regions 1 and 2 [123]. Each of these sets are distributed on
auxiliary surfaces similar to the corresponding boundaries. The fields” determina-
tion in every region relies on the computation of the unknown auxiliary currents on
each set, which is performed by applying the transmission boundary conditions of
the problem.

In [106], it was shown that the vanishingly small MAS fields in the conductive
region are difficult to converge to the true fields without a reasonable number of fil-
aments, which may in turn lead to an ill-conditioned matrix. Hence, a modification
in the standard MAS approach is necessary to avoid the calculation of the fields in
region 3, which after all is an intermediate result when dealing with electromagnetic
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shielding. This can be achieved by using a properly defined transfer function relat-
ing the fields on every point of boundary a with the fields on the opposite points
of boundary b. Such a function was already proposed in [54] for planar conductive
layers in the form of an equivalent impedance matrix. Essentially this means that the
conductive layer is replaced by an Impedance Matrix Boundary Condition (IMBC).

Referring to Fig. 6.2, by applying the modified MAS with a 2-D IMBC, we only
need two (instead of four) sets of auxiliary sources. Specifically, the scattered field
in region 1 and the internal field in region 2 are simulated by the superpositions
of the fields radiated by N; and Nj filaments placed on the auxiliary surfaces C},,,
and Cgux, carrying unknown currents I; (Ky;), j = 0,...,N; — 1 and b (Ky), j =
0,...,N2 — 1, and radiating in an unbounded space filled by the medium of regions
1 and 2, respectively. The EM fields of the j-th source radiating in region m (m = 1,2)
are given by

A kam
Enj(x,y) = —ZTIijSZ) (kmpmj) (6.10)

kp o X(Ymj—y) +§ (X — xpj
Hm](x/y) :flmj ( ] ) ( ])X

41 pm]
Hy (ki) (6.11)
for the TM,, case, and
N km 2
Hpj(x,y) = —meijé ) (kmpmj) (6.12)

k X(Ymi—y) +§(x—xy;
Emj(x/y) :T?ij ( ! )Pm]( /)

H (Konfo) (6.13)

X

for the TE, case. Here, (xmj, ymj) are the coordinates of the filaments in region m,
pmj is the distance between the j-th filament in region m and the observation point
(x,y), Iyj and K, are the amplitudes of the electric and magnetic currents of the j-th
filament, Zy, = /pm/em and ky, = w,/Hmen are the impedance and wavenumber
associated with the medium of region m, with ¢,, and y,, the corresponding dielectric
permittivity and magnetic permeability.

Next, we apply the 2D-IMBC at M matching pairs, i.e., relate the fields at discrete
points on boundary g, to the field at oppositely placed points on boundary b. This
boundary condition is expressed as

[ﬁa X (fig X Ea)} _ { s \/Z;Z”] [ﬁ“ : H} , (6.14)

i, X (ﬁb X Eb) — %Zt;’ s i, X Hy

where
Zs = —iZzcot(kzA), Zy = —iZzcsc(ks). (6.15)

In (6.14), E;, H, and E;,, H;, are the EM fields on the matching points of bound-
aries a and b, while Z;, Z;,, and Z3 are the surface, the transfer, and the characteristic
impedance of the conductive layer, k3 is the wavenumber of the conductive layer,
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FIGURE 6.3: As in Fig. 6.2 but with an extra dielectric region.

7, and r, are the curvature radii corresponding to the matching points on bound-
aries a and b, and fi, and f, are the normal unit vectors on boundaries a and b. In
the Appendix of [54], it is shown that for a uniformly thick conductive layer holds
i, =A, =fandr, = r, + A.
For N1 = N, = M, (6.14) is a square linear system with respect to I, (Kyj) of the
form
Ax =D, (6.16)

where vector x contains the unknowns I,;; (K;;j), vector b contains samples of the Ejnc
and Hin tangential fields at the matching points, and matrix A has entries obtained
from the filaments’ tangential fields at the matching points. Solving (6.14) yields I;;;
(Kinj), which can in turn be used to find the fields in regions 1 and 2 via (6.10)-(6.13).
Then, the shielding effectiveness for the TM, and TE, case is respectively given by

max |E;|

SEE =-20 loglo ’Ei—ncl, (617)
and
max |Hp|
SEH =-20 1Og10 m, (618)

where max |E;| and max |H;| are the maximum norm values of the EM fields in
region 2.

6.3.2 Multilayered cylindrical medium with three regions

When a third dielectric layer is added to the medium, two extra sets of auxiliary
sources are needed, which are associated to the third boundary c; see Fig. 6.3. The
scattered field by the third layer, that contributes to the field in region 2, is sim-
ulated by the fields of the filaments on C3,, carrying unknown currents I3; (K3)),
j = 0,...,N3 — 1 and radiating in an unbounded space filled with the medium of



6.4. Numerical Results 87

region 2. The field in region 4 is simulated by the fields of the filaments on C3,,, car-
rying unknown currents I; (Kgj), j = 0,..., Ny — 1 and radiating in an unbounded
space filled with the medium of region 4. To compute I3; (K3;) and I; (K4;), we apply
the boundary conditions

fi, x (Ep — E4) =0, (6.19)
fi, x (H —Hy) =0 (6.20)

at M matching points on boundary c. Here, E; and H; are the fields radiated by the
sources of C2,, and C3,,, E4 and Hy are the fields in region 4 due to the sources on
Ci.x, and fi. is the normal unit vector of a matching point on boundary c¢. Combin-
ing (6.14) with (6.19)-(6.20) for Ny = N, = N3 = Ny = M, yields a square linear
system of the form (6.16), the solution of which gives the auxiliary currents and then
the fields in each region are determined from (6.10)-(6.13). If the shielded region is
region 4 then the shielding effectiveness is defined as in (6.17) and (6.18), but with
E4 and Hy in place of E; and H».

6.4 Numerical Results

In this section, we present numerical results to demonstrate the theoretical shielding
effectiveness of an ideal graphene monolayer in cylindrical shielding configurations
of various cross sections in the frequency range 0.5-12 GHz. In all examined cases,
the parameter values related to the graphene’s surface conductivity are A = 0.5 nm,
T = 300K, T = 6.582ps and Er = 0.5eV. For all the cylindrical geometries, four
regions are considered: regions 1 and 4 are filled with air, region 2 is a layer of SiO,
and region 3 is the graphene monolayer; thus, e = €4 = ¢y and e, = 3.9¢9. The
modified MAS with IMBC results for each case are compared to those obtained by
FEM. Besides, we note that we also simulated the standard MAS and found that its
results are significantly different (even by orders of magnitude) with respect to the
corresponding ones of MAS with IMBC and of FEM.

It is also worth to point out that in the examples that follow, graphene is con-
sidered an isotropic material. For the case that graphene exhibits spatial dispersion
(anisotropy) a modification of the IMBC is necessary. This modification was pre-
sented in [24] in relation to the shielding effectiveness of Carbon Fiber Composites-
Based Cylindrical Shells, which are also anisotropic materials. It is in our near future
intention to apply this modified IMBC to study the anisotropic behavior of graphene
as a shielding material.

6.4.1 Monolayer graphene on a circular cylinder

Consider the multilayered cylindrical medium of Fig. 6.4 with r, = 15 cm, r, =
ry + A, and r, = 0.9ry, excited by a TM,, or TE, plane field given by (6.8) or (6.9) with
Pinc = 0° and f = 3 GHz. The four employed auxiliary surfaces C.,, C2,.,C3 . and
Ca . of radii rl,, = 0.8r, 72, = 21,73, = 0.87. and 74, = 1.2r. host N = N, =
N3 = N = 70 auxiliary sources. Applying the boundary conditions (6.14), (6.19)
and (6.20) on M = 70 matching points on each boundary, and following the MAS
procedure analyzed in Sec. 6.3.2, we compute the fields in regions 1 and 4 on two
circles of radii 7,1 = 2r, and 7y, = 0.67,, respectively. The norms of these fields are
depicted in Fig. 6.5 and are in excellent agreement with the corresponding results

obtained by FEM.
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FIGURE 6.4: Application of MAS with 2-D IMBC on a circular multi-
layered cylindrical medium including a graphene monolayer.
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FIGURE 6.5: Norms of the fields in regions 1 and 4 for (a), (b) TM
polarization and (c), (d) TE polarization for the geometry of Fig. 6.4.

Then, we calculate the shielding effectiveness of the graphene layer for a number
of frequencies and depict the results in Fig. 6.6. In Fig. 6.7, we demonstrate the effect
of the chemical potential Er in the shielding effectiveness of the graphene monolayer
for f = 3 GHz. Besides, in Fig. 6.8 we depict the norm of the TM-polarized electric
field showing clearly the obtained shielding effect.
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FIGURE 6.6: Shielding effectiveness versus the frequency f for the
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FIGURE 6.7: Shielding effectiveness versus the chemical potential Er
for f = 3 GHz for the geometry of Fig. 6.4 for TM (left panel) and TE
(right panel) polarization.
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FIGURE 6.8: Norm of the TM-polarized electric field in V/m for the
geometry of Fig. 6.4 with f =3 GHz and Er = 0.5 eV.

6.4.2 Monolayer graphene on an elliptical cylinder

The cross section of a three-layered cylindrical medium with elliptical boundaries is
depicted in Fig. 6.9. For boundary b, the semi-axes are « = 15 cm and = 12 cm,
the coordinates of the matching points are (x;, y;), while the corresponding points
on boundary a are (x,, y,) = (xb + A, vy + nyA), where n, and n, are the compo-
nents of the common normal unit vector fi on each point of 2 and b. The matching
points on boundary c are (x., y.) = 0.9 (xp, ¥p)-

A TM; or TE, plane wave with ¢inc = 0° and f = 3 GHz impinges on the
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FIGURE 6.9: Application of MAS with 2-D IMBC on an elliptical mul-
tilayered cylindrical medium including a graphene monolayer.

medium. Four sets of auxiliary sources with N; = N, = N3 = Ny = 80 are placed
on the auxiliary surfaces Cl,,, C2,,, C3,, and Ci,, with respective coordinates of the
sources (Xq1,Ya1) = 0.8 (x4, ¥5), (Xa2,Ya2) = 2 (xp,Yp), (Xa3,Ya3) = 0.8 (x,yc) and
(Xa4,Yaa) = 1.2 (xc,yc). Applying the boundary conditions (6.14), (6.19) and (6.20)
on M = 80 matching pairs on a and b, and the same number of points on boundary
¢, and solving the resulting linear system, we compute the fields in regions 1, 2 and
4. In Fig. 6.10, we depict the norm of the fields in regions 1 and 4 on two ellipses
with (%1, Y01) = 2(xp,¥p) and (x42,Y02) = 0.6 (xc,yc). The plots of the shielding
effectiveness versus f for Er = 0.5 eV and versus Er for f = 3 GHz are shown in
Figs. 6.11 and 6.12, respectively. Fig. 6.13 visualizes the shielding effect.
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FIGURE 6.10: Norms of the fields in regions 1 and 4 for (a), (b) TM
polarization and (c), (d) TE polarization for the geometry of Fig. 6.9.
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FIGURE 6.13: Norm of the TE-polarized magnetic field in A/m for
the geometry of Fig. 6.9 with f =3 GHz and Er = 0.5eV.
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6.4.3 Monolayer graphene on a rounded-triangular cylinder

Next, we investigate a three-layered cylinder with rounded-triangular boundaries,
as illustrated in Fig. 6.14. The coordinates of the matching points on boundary b are

e Graphene Monolayer
) of thickness A

Boundar .
ya p

TMor TE
plane wave

Boundary b

e R T R R

. *" Boundary ¢

",,’

Region 1

FIGURE 6.14: Application of MAS with 2-D IMBC on a rounded-
triangular medium including a graphene monolayer.

given in cm by

xp = 17.5(cos ¢ + 0.2 cos(2¢))
yp = 17.5(sinp — 0.2sin(2¢))

where ¢ is the azimuthal angle. The coordinates of the oppositely placed matching
points on boundary a are (x,,y,) = (xb + 1A,y + nyA), while for those on bound-
ary c the coordinates are (x, y.) = 0.9 (xp, v5). A TM, or TE, plane wave with
f =3 GHz and ¢jin = 0° impinges on the medium.

We apply the modified MAS with a 2-D IMBC for four sets of auxiliary sources
with Ny = N = N3 = Ny = M = 90 and coordinates of the sources’ points
(xa1,Ya1) = 0.9 (x5, Y1), (X2, Ya2) = 1.1 (x5, Y1), (Xa3,Ya3) = 0.9 (xc, yc) and (Xaa, Yas) =
1.1 (x¢, yc). In Fig. 6.15, we depict the norms of the fields in regions 1 and 4, on two
rounded triangles with (xp1,Yo1) = 2(x3, ¥5) and (%02, Yo2) = 0.6 (%, yc). The respec-
tive plots of the shielding effectiveness are given in Figs. 6.16-6.18.
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FIGURE 6.15: Norms of the fields in regions 1 and 4 for (a), (b) TM
polarization and (c), (d) TE polarization for the geometry of Fig. 6.14.
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FIGURE 6.16: Shielding effectiveness with respect to the frequency f
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FIGURE 6.18: Norm of the TM-polarized electric field in V/m for the
geometry of Fig. 6.14 with f = 3 GHz and Er = 0.5 V.

6.4.4 Monolayer graphene on an inverted-elliptical cylinder

Finally, we examine a three-layered inverted-elliptical cylinder, as shown in Fig. 6.19.
The coordinates of the matching points on boundary b are given in cm by
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FIGURE 6.19: Application of MAS with 2-D IMBC on an inverted-
elliptical medium including a graphene monolayer.
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while those on boundaries a and ¢ by (x,, 1) = (xb + 1A,y + nyA) and (x., y.) =
0.9 (xp, yp)- The incident plane wave is the same as in the previous geometries.

For the application of MAS, we consider Ny = Np = N3 = Ny, = M = 120
with (%51, Y¥a1) = 0.9 (xp,¥p), (Xa2,Ya2) = 1.1 (xp,¥p), (Xa3,Ya3) = 0.9 (x, ) and
(xXa4,Yaa) = 1.1 (xc,y.). Figure 6.20 shows the norms of the fields in regions 1 and
4 on inverted ellipses with (x,1,¥01) = 2(xp,yp) and (xe2,Y02) = 0.6 (xc,yc). The
respective plots of the shielding effectiveness are depicted in Figs. 6.21-6.23.
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FIGURE 6.20: Norms of the fields in regions 1 and 4 for (a), (b) TM
polarization and (c), (d) TE polarization for the geometry of Fig. 6.19.
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FIGURE 6.21: Shielding effectiveness with respect to the frequency f
with Er = 0.5 eV for the geometry of Fig. 6.19 for TM (left panel) and
TE (right panel) polarization.
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FIGURE 6.23: Norm of the TE-polarized magnetic field in A/m for
the geometry of Fig. 6.19 with f =3 GHz and Er = 0.5eV.

6.4.5 Trilayer graphene on a circular cylinder

To demonstrate the shielding effectiveness of an FLG shield, we investigate the case
of a AAA' trilayer graphene placed on the circular multilayered medium of Fig. 6.4.
The surface conductivity, of this trilayer is calculated by combining (6.1), (6.6) and
(6.7), while the permittivity is given by (6.3). The parameter values chosen are
Apgpa = 15nm, T = 300 K, T = 6.582 ps, and Er = 0.5 eV. The shielding effec-
tiveness of this trilayer is plotted with respect to frequency (for TM polarization) in
Fig. 6.24, and is found to be almost 10 dB’s larger than that of monolayer graphene,
shown in Fig. 6.6.

6.5 Conclusions

Monolayer Graphene is a very promising EMI shielding material especially in the
RF/microwave region. Hence, there is a necessity to develop numerical techniques
that will theoretically measure the shielding performance of a graphene-based shield
at the initial design stages of an enclosure. For this purpose, we have demonstrated
that MAS combined with an IMBC can yield very accurate results. Specifically,
cylindrical configurations of various cross sections were investigated and very high
values of shiedling effectiveness were obtained for a number of frequencies in the
RF/microwave region. The tunability of graphene’s shielding effectiveness was also
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shield, versus the frequency f, for the geometry of Fig. 6.4 for TM

polarization.

demonstrated by changing the value of the Fermi energy. Future research will be
focused on the effect of graphene’s spatial dispersion in its shielding effectiveness as
well as on the extension of this work to 3-D shielding geometries, having [124]-[126]

as starting points.






99

Chapter 7

Conclusions and future work

In this Chapter we will present the main contributions of this Phd thesis and outline
plans for future work.

7.1 General conclusions

In Chapter 2 TE scattering scenarios from PEC cylinders are studied. The circular ge-
ometry is investigated, which is solved analytically and verified numerically along
with some complex geometries. The main contributions of Chapter 2 are

¢ For the circular geometry, it was shown analytically that the MAS magnetic
tield converges to the true field, even when the MAS currents diverge and
oscillate. An asymptotic formula was analytically derived for the case of a
large number of auxiliary sources which predicts accurately the nature and
characteristics of the currents oscillations. The abovementioned conclusions
were demonstrated numerically for more complex geometries.

* We concluded that the oscillations in the current amplitudes should in general
be avoided. Since the scattered field is expected to be small, while the interme-
diate quantities (the currents) are very large, subtractive cancelation is bound
to occur. Hence, increasing the auxiliary-source number N will cause a vast
increase in both the currents and the matrix condition number, and, in turn,
the computed field will deteriorate rapidly with N.

¢ More importantly, even when the MAS currents diverge and oscillate, the MAS
solution is not automatically invalidated. As it has been shown in Chapter 2,
the MAS field converges in spite of the divergence and oscillations of the MAS
currents.

The scope of Chapter 3 is the application of MAS in mode analysis of simply and
multiply connected PEC waveguides. The main contributions of this chpater are:

e Itis first shown that standard MAS approach (non-driven problem) yields spu-
rious solutions; thus, a modification is proposed. Specifically, an excitation
source is added to the configuration (driven problem) yielding MAS-ES. Ex-
citation sources are either plane waves, or current filaments (electric or mag-
netic) which can be internal or external to the waveguide domain.

¢ We prove, that when internal excitation is used no regularization is needed.
This is proved analytically for the circular waveguide and verified numeri-
cally for all examined geometries. The need for regularization for an external
excitation source is also elaborated analytically and numerically.
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¢ It is demonstrated that the divergence of the MAS currents appear as oscilla-
tions of their real parts between large values of alternating sign. Importantly,
however, this divergence may not affect the computation of the eigenvalues.

Chapter 4 is an extension of Chapter 3 where it is demonstrated that the eigenval-
ues can be computed via the auxiliary current amplitudes. The main contributions
of Chapter 4 are the following

¢ It is proven analytically for the circular waveguide and numerically for arbi-
trary cross sections, that waveguide eigenvalues can be found by detecting the
peak values of the ACVN plot.

e The ACVN approach, is algorithmically simpler and thus faster than the F(k)
approach. For a small number of auxiliary sources the ACVN plots are much
smoother than the F (k) response curves, resulting in a more accurate detection
of plot peaks.

¢ Itis proven numerically that not-too-rapid oscillations in the auxiliary currents
do not affect the eigenvalues’ detrmination

¢ A Hankel-function lookup procedure is proposed which speeds up signifi-
cantly the filling of the impedance matrix.

The scope of Chapter 5 is to prove that MAS-ES is suitable for dielectric wave-
guide mode analysis. The main contributions of the chapter are:

¢ [t is proven numerically that two internal excitation sources, a magnetic and
electric, are necessary to excite the hybrid modes of the dielectric waveguides
resulting to MAS-TES.

¢ The eigenvalues are detected by measuring the fields inside the core by means
of a response function the peaks of which correspond to the eigenvalues.

* Asignificant number of numerical experiments showed that no spurious eigen-
values are detected, provided that the excitation sources are placed inside an
optimum curve. Thus the method is characterized as spurious free.

Our intention in Chapter 6 is to prove that MAS can be a reliable method to
study electromagnetic shielding even for extremely thin shielding materials such as
monolayer graphene. The contributions are the following:

¢ Cylindrical electromagnetic shields consisting of monolayer or trilayer graphene
deposited on silicon dioxide are proposed. Such shields have the advantage of
being optically transparent, non corrosive, and relatively light weighted, thus,
they are potentially realizable.

¢ It is demonstrated that appying MAS with the graphene layer being replaced
by an IMBC, achieve highly accurate results regarding the shielding effec-
tivenes of graphene. A significant number of geometries are investigated with
the results yielding a shielding effectiveness up to 40 dB in the RF region.

¢ The tunability of graphene’s shielding effectiveness is also demonstrated by
changing the value of the Fermi energy.
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7.2 Future Work

Regarding Chapter 2, future work concerns the systematic analysis of the corre-
sponding phenomena for noncircular shapes. It is further interesting to investi-
gate in more detail MAS solutions, with not-too-rapidly-oscillating MAS currents, in
which some numerical instability due to oscillations is outweighed by advantages
such as a rapid speed of convergence of the scattered field.

For Chapters 3 and 4, we plan to extend the application of MAS-ES in 3-D reso-
nant cavities. Initial studies show that the proper excitation sources are plane waves,
or elementary dipoles (electric or magnetic). Suitable auxiliary sources are pairs
of elementary dipoles, electric and magnetic, perpendicular to each other. Thus,
the components of the ACVN are the dipole moments of the auxiliary elementary
dipoles.

Our future intention regarding the work of Chapter 5, is to apply the MAS-TES
in anisotropic dielectric waveguides. There is a question on whether two excitation
sources are necessary in this case, since the anisotropy of the materials might yield
hybrid modes with a single electric or magnetic current source. Also, the possibillity
that an oblique plane wave can be an excitation source for dielectric waveguides in
general will be investigated.

Finally, in relation to our work with graphene, we intend to investigate the shield-
ing effectiveness of magnetostatically biased monolayer graphene, which showcases
anisotropy. This requires a modification of MAS-IMBC in order to be suitable for
anisotropic shielding materials. We also plan to investigate 3-D shielding configura-
tions.
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