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Per–lhyh

StÏqoc thc paro‘sac diplwmatik†c ergas–ac e–nai na anal‘sei teqnikËc pou qrh-
simopoio‘ntai sthn anàlush dedomËnwn diàrkeiac zw†c † alli∏c sthn anàlush epi-
b–wshc.
Sto pr∏to kefàlaio anal‘etai h idiaiterÏthta twn dedomËnwn diàrkeiac zw†c, h

apokop† dedomËnwn kai epiplËon anafËrontai oi basiko– orismo– pou qreiàzontai sthn
mh-parametrik† anàlush epib–wshc. Sto de‘tero kefàlaio or–zetai to hmiparametrikÏ
montËlo analogik†c diakind‘neushc tou Cox. To montËlo kai anapt‘ssetai, parousi-
àzontac pwc ektim∏ntai oi suntelestËc tou kai ep–shc pwc mporo‘n na pragmatopoih-
jo‘n oi Ëlegqoi upojËsewn tou montËlou. Sth sunËqeia, anafËrontai oi proektàseic
pou mporo‘n na g–noun sto montËlo tou Cox, oi Ëlegqoi gia thn isq‘ thc upÏje-
shc analogik†c diakind‘neushc kai ta basikà stoiqe–a pou qrhsimopoio‘ntai sthn
ekt–mhsh thc probleptik†c ikanÏthtac tou montËlou mËsw thc kamp‘lhc ROC. Sto
tr–to kefàlaio parousiàzontai oi poinikoipoihmËnec mËjodoi palindrÏmhshc, Ridge kai
Lasso, gia thn ekt–mhsh twn suntelest∏n palindrÏmhshc tou montËlou kai h efarmo-
g† touc sto montËlo tou Cox. Sto tËtarto kefàlaio, perigràfetai pwc mporo‘n na
dhmiourghjo‘n dËndra palindrÏmhshc me skopÏ thn prÏbleyh thc pore–ac thc uge–ac
asjen∏n kai ton entopismÏ twn shmantik∏n paragÏntwn pou ephreàzoun thn exËlixh
twn asjenei∏n touc. TËloc, sto pËmpto kefàlaio thc ergas–ac, h mejodolog–a pou
prohg†jhke efarmÏzetai sthn anàlush dedomËnwn enÏc sunÏlou apÏ asjene–c pou
pàsqoun apÏ kark–no tou masto‘.

LËxeic Kleidià

anàlush epib–wshc, montËlo tou Cox, palindrÏmhsh Ridge, dËndra epib–wshc, kar-
k–noc tou masto‘

i





Abstract

The purpose of this study is to analyse techniques that are used in survival

analysis.

In the first chapter the particular feature of survival data, censored observations

and also basic definitions of non-parametric survival analysis are presented. The

second chapter defines Cox’s semi-parametric, propotional harazards model. The

model is developed, showing how its coe�cients are estimated and also how hypoth-

esis testing can be carried out. Next, reference is made to extensions that can be

made to the Cox model, tests for the proportional hazards assumption and the ba-

sic tools for estimating the predictive ability of the model through the ROC curve.

In the third chapter the penalty methods, Ridge and Lasso, for the estimation of

regression coe�cients and their application to the Cox model are presented. The

fourth chapter describes how regression trees can be created in order to predict the

course of patients’ health and to identify the important factors that influence the

progression of their disease. Finally, in the fifth chapter of the study, the preceding

methodology is applied to the analysis of data on a group of patients su↵ering from

breast cancer.

Keywords

survival analysis; Cox model; Ridge regression; Lasso; survival trees; breast

cancer
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Kefàlaio 1

Anàlush Epib–wshc

1.1 Eisagwg†

Mia perioq† thc Statistik†c h opo–a e–nai àxia prosoq†c e–nai h anàlush dedo-
mËnwn diàrkeiac zw†c. O Ïroc anàlush diàrkeiac zw†c anafËretai sthn melËth tou
qrÏnou mËqri na sumbe– Ëna epijumhtÏ † anepij‘mhto gegonÏc. Ta dedomËna diàrkeiac
zw†c prok‘ptoun se diàforouc tome–c thc epist†mhc. Idia–tero endiafËron parousi-
àzoun oi efarmogËc sthn bioatrik† epist†mh, me to Ïnoma Anàlush Epib–wshc (Sur-
vival Analysis), Ïpou meletàtai kur–wc h anàlush epib–wshc asjen∏n, exetàzontac
poioi paràgontec kai se poio bajmÏ ephreàzoun thn pore–a thc uge–ac touc, sugkr–no-
ntac tic diàforec jerape–ec tic opo–ec mpore– na akoloujo‘n allà kai sugkr–nontac
s‘nola me diaforetikà qarakthristikà wc proc th diàrkeia zw†c. EpiplËon pollËc
efarmogËc sunant∏ntai se teqnologikËc epist†mec Ïpou melet∏ntai h leitourg–a twn
mhqanhmàtwn, h axiopist–a susthmàtwn kai h antoq† twn ulik∏n, o tomËac autÏc
onomàzetai Anàlush Axiopist–ac (Reliability Analysis).
H paro‘sa diplwmatik† ergas–a ja perioriste– sthn Anàlush Epib–wshc. 'O-

pwc anafËrjhke kai parapànw skopÏc e–nai na melethje– o qrÏnoc mËqri na sumbe–
Ëna sumbàn endiafËrontoc, h s‘gkrish tou qrÏnou auto‘ metax‘ d‘o diaforetik∏n
omàdwn dedomËnwn kai genikÏtera h epirro† twn paragÏntwn (summetablht∏n) pou
emperiËqontai sto montËlo se autÏn ton qrÏno. Sumbàn endiafËrontoc mpore– na e–nai
gia paràdeigma e–te o jànatoc kàpoiou asjen†, e–te h anako‘fish apÏ ton pÏno lÏgw
kàpoiac jerape–ac, e–te o qrÏnoc upotrop†c thc asjËneiac k.à.
BasikÏc stÏqoc gia thn anàlush thc diàrkeiac zw†c, sthn anàlush epib–wshc,

e–nai h ekt–mhsh thc sunàrthshc epib–wshc S(t). 'Estw loipÏn Ïti T or–zetai h
tuqa–a metablht† pou ekfràzei th diàrkeia zw†c miac monàdac kai mpore– na làbei
mÏno jetikËc timËc. H sunàrthsh epib–wshc S(t) ekfràzei thn pijanÏthta h diàrkeia
zw†c T , enÏc tuqa–a epilegmËnou mËlouc apÏ Ënan plhjusmÏ monàdwn, na uperba–nei
to qrÏno t. Or–zoume loipÏn thn S(t):

1



2 Kefàlaio 1. Anàlush Epib–wshc

S(t) = P (T > t) = 1� F (t) =

Z 1

t

f(u)du,

Ïpou F (t) = P (T < t), t > 0, e–nai h sunàrthsh katanom†c thc tuqa–ac metablht†c
T .
H sunàrthsh puknÏthtac pijanÏthtac thc t.m T mpore– na breje– wc ex†c:

f(t) =
d

dt
F (t) = � d

dt
S(t)

EpiplËon, basikÏ ergale–o sthn anàlush epib–wshc apotele– kai h sunàrthsh
diakind‘neushc, h(t) kai ekfràzei thn tàsh proc diakop† pou Ëqei mia monàda mËsa sto
qronikÏ diàsthma (t, t+ �t], upÏ thn proÙpÏjesh thc epib–wshc thc mËqri th qronik†
stigm† t † aplo‘stera ekfràzei ton stigma–o rujmÏ diakop†c. Or–zetai loipÏn wc
ex†c:

h(t) = lim
�t! 0

P [t < T  (t+ �t)]

P [T > t]
= lim

�t! 0

(S(t)� S(t+ �t))

�t
=

f(t)

S(t)

Shmei∏netai pwc h posÏthta h(t)�t ekfràzei thn pijanÏthta thc epike–menhc diakop†c
miac monàdac, dedomËnou Ïti epib–wse mËqri th qronik† stigm† t.
Mia akÏmh sunàrthsh h opo–a e–nai exairetikà qr†simh sthn anàlush epib–wshc

e–nai kai h swreutik† sunàrthsh diakind‘neushc (s.s.d) h opo–a e–nai idia–tera boh-
jhtik† sthn katàllhlh epilog† statistiko‘ montËlou sthn anàlush enÏc sunÏlou
dedomËnwn kai or–zetai wc :

H(t) =

Z
t

0

h(u)du = �lnS(t)

'Opwc fa–netai apÏ touc parapànw orismo‘c oi sunart†seic h(t), f(t), S(t), F (t), H(t)

e–nai isod‘namec kaj∏c gnwr–zontac mia apÏ autËc mpore– na prosdioristo‘n kai oi
upÏloipec.

1.2 H idiaiterÏthta twn dedomËnwn diàrkeiac

zw†c

1.2.1 H katanom† touc

'Ena qarakthristikÏ to opo–o xeqwr–zei ta dedomËna diàrkeiac zw†c apÏ ta upÏloi-
pa e–nai pwc den e–nai summetrikà katanemhmËna (Collett, 2015). Stic perissÏterec
peript∏seic h kataskeu† enÏc istogràmmatoc (histogram) apÏ dedomËna diàrkeiac zw-
†c, ja emfànize mia jetik† loxÏthta (skewness), Ëtsi ja emfanizÏtan mia megal‘terh
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‘ourà’ sth dexià merià tou istogràmmatoc, Ïpou ja emperiËqontan kai oi perissÏte-
rec parathr†seic. Kàti tËtoio, ja Ëkane thn upÏjesh thc kanonik†c katanom†c twn
dedomËnwn na moiàzei apagoreutik†. Mia l‘sh ja †tan o metasqhmatismÏc twn dedo-
mËnwn, qrhsimopoi∏ntac gia paràdeigma logar–jmouc. 'Omwc mia kal‘terh prosËggish
ja †tan h upÏjesh miac diaforetik†c katanom†c gia ta dedomËna pou upàrqoun.

1.2.2 ApokommËna DedomËna (Censored Data)

Mia epiplËon idiaiterÏthta pou emfan–zoun ta dedomËna diàrkeiac zw†c, sugkritikà
me ta upÏloipa dedomËna pou sunant∏ntai se statistikËc anal‘seic, e–nai h apokop†
dedomËnwn (censoring). Katà th diàrkeia enÏc peiràmatoc sto opo–o katagràfetai h
diàrkeia zw†c twn asjen∏n pou summetËqoun se autÏ, e–nai pol‘ s‘nhjec kàpoioi apÏ
auto‘c na suneq–soun na zoun metà ton termatismÏ tou peiràmatoc. Wc apotËlesma
h tim† miac parat†rhshc † miac metablht†c e–nai merik∏c gnwst†. E–nai idia–tera
shmantikÏ Ïmwc sthn anàlush twn dedomËnwn, h plhrofor–a aut† na lhfje– upÏyin.

H apokop† wc ep– to ple–ston sumba–nei Ïtan Ëna àtomo apos‘retai apÏ thn melËth
prin aut† oloklhrwje– † h melËth diakÏptetai se Ëna sugkekrimËno qronikÏ diàsthma
kai Ëtsi o qrÏnoc epib–wshc den e–nai gnwstÏc, gnwr–zoume Ïmwc Ïti Ëqei xeperàsei th
diàrkeia tou peiràmatoc. H per–ptwsh aut† onomàzetai apÏ dexià apokop†. Pio spània
sunantàtai h apÏ aristerà apokop† katà thn opo–a o qrÏnoc epib–wshc e–nai mikrÏte-
roc apÏ kàpoio qronikÏ diàsthma kai e–nai arketà pio spània apÏ thn dexià. Ep–shc
upàrqei ki h entÏc diasthmàtwn apokop† katà thn opo–a to gegonÏc endiafËrontoc
Ëqei sumbe– entÏc kàpoiou qroniko‘ diast†matoc. H teleuta–a prok‘ptei e–te lÏgw
anakrib∏n metr†sewn e–te lÏgw periodik†c ep–bleyhc tou peiràmatoc (Kar∏nh, 2009).

H apokop† dedomËnwn ofe–lei na e–nai tuqa–a, dhlad† na e–nai anexàrthth apÏ
thn diàrkeia zw†c tou asjen† metà to pËrac tou peiràmatoc kai onomàzetai ‘mh-
plhroforiak†’ (non-informative censoring). En antijËsei, an Ënac asjen†c apos‘re-
tai apÏ to pe–rama se per–ptwsh epide–nwshc thc katàstashc tou, h apokop† den
jewre–tai tuqa–a kai onomàzetai ‘plhroforiak† apokop†’ (informative censoring). E-
–nai pol‘ shmantikÏ na diasfal–zetai h non-informative apokop†, ∏ste h anàlush
pou qrhsimopoie–tai na e–nai Ëgkurh.

Parakàtw anafËrontai oi d‘o basiko– mhqanismo– apokop†c parathr†sewn, ane-
xàrthtoi thc diàrkeiac zw†c thc monàdac: T‘poc I kai T‘poc II.

Apokop† T‘pou I
'Eqontac prokajor–sei Ëna qronikÏ diàsthma c parakoloujo‘me touc asjene–c

pou summetËqoun sto pe–rama.Gnwr–zoume thn akrib† diàrkeia zw†c tou asjeno‘c an
Ti < c, diaforetikà an Ti > c tÏte gnwr–zoume pwc h diàrkeia zw†c uperËbh to c.
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Se genikÏterh per–ptwsh ja mporo‘se kàje asjen†c na Ëqei dikÏ thc qrÏno para-
kolo‘jhshc ci. O arijmÏc twn asjen∏n gia touc opo–ouc katagràfetai to gegonÏc
endiafËrontoc e–nai tuqa–oc kai o prokajorismËnoc qrÏnoc parakolo‘jhshc onomàze-
tai qrÏnoc apokop†c.

Apokop† T‘pou II

'Eqontac prokajor–sei ton arijmÏ k twn asjen∏n pou mac endiafËrei, h diàrkeia
parakolo‘jhshc tou peiràmatoc e–nai tuqa–a kai telei∏nei Ïtan katagrafe– to gegonÏc
endiafËrontoc kai gia tic k monàdec.

Sq†ma 1.1: ApeikÏnish apokommËnwn parathr†sewn

1.3 Kolobà dedomËna (Truncated Data)

PrÏkeitai gia dedomËna ta opo–a prok‘ptoun Ïtan to gegonÏc endiafËrontoc gia
mia monàda, sumba–nei ektÏc enÏc orismËnou qroniko‘ diast†matoc sto opo–o exel–s-
setai h melËth. Basik† diaforà kolob∏n kai apokommËnwn parathr†sewn e–nai pwc
gia tic teleuta–ec upàrqoun Ëstw kai ellipe–c plhrofor–ec oi opo–ec mporo‘n na qrh-
simopoihjo‘n en∏ gia ta kolobà upàrqoun parathr†seic gia tic opo–ec den upàrqei
kam–a plhrofor–a.



1.4 Mh-parametrik† ànalush diàrkeiac zw†c 5

1.4 Mh-parametrik† ànalush diàrkeiac zw†c

Oi mËjodoi pou qrhsimopoio‘ntai parakàtw qarakthr–zontai wc mh-parametriko–
kaj∏c den g–netai g–netai kàpoia upÏjesh gia thn katanom† pou akolouje– h sunàr-
thsh epib–wshc. H sunàrthsh epib–wshc kaj∏c kai h grafik† thc paràstash qrhsi-
mopoio‘ntai idia–tera Ïtan g–netai h prosarmog† tou montËlou Ëtsi ∏ste na dojo‘n
kàpoiec ende–xeic gia th sumperiforà twn dedomËnwn. AnafËrontai qarakthristikà
ta ergale–a thc mh-parametrik†c anàlushc pou ja qrhsimopoihjo‘n sthn paro‘sa
diplwmatik† gia thn anàptuxh tou statistiko‘ montËlou anàlushc epib–wshc pou ja
qrhsimopoihje–, to montËlo tou Cox.

1.4.1 Ekt–mhsh thc sunàrthshc epib–wshc

'Enac aplokÏc trÏpoc gia thn ekt–mhshc thc sunàrthshc epib–wshc perigràfetai
parakàtw (Collett, 2015). 'Estw Ïti upàrqei Ëna s‘nolo dedomËnwn qwr–c apokommËna
dedomËna. H empeirik† ektim†tria thc sunàrthshc epib–wshc basismËnh ston orismÏ
Ïti prÏkeitai gia thn pijanÏthta kàpoioc na epibi∏sei gia qrÏno megal‘tero tou t,
d–netai parakàtw:

Ŝ(t) =
ArijmÏc atÏmwn me qrÏno epib–wshc � t

ArijmÏc atom∏n sto s‘nolo dedomËnwn

E‘kola mpore– kàpoioc na parathr†sei pwc h parapànw ektim†tria e–nai –sh me th
monàda gia timËc tou t prin ton pr∏to jànato kai –sh me mhdËn metà ton teleuta–o
jànato. EpiplËon e–nai mia stajer† sunàrthsh metax‘ d‘o geitonik∏n janàtwn kai se
mia grafik† paràstash thc sunàrthshc aut†c me ton qrÏno ja e–qe klimakwt† morf†.

Se peript∏seic Ïmwc pou upàrqoun apokommËna dedomËna h parapànw prosËggish
den ja †tan qr†simh. Parakàtw exetàzontai mejodolog–ec gia thn ekt–mhsh se s‘nola
me apokommËna dedomËna.

1.4.2 H ektim†tria Kaplan-Meier

Ex' ait–ac thc apokop†c dedomËnwn pou sunantàtai sta dedomËna diàrkeiac
zw†c, gia thn ekt–mhsh thc sunàrthshc epib–wshc, qrhsimopoie–tai eurËwc h ekti-
m†tria Kaplan-Meier (Kaplan & Meier, 1958).

'Eqontac Ëna tuqa–o de–gma n monàdwn, se kàpoiec apÏ tic opo–ec sumba–nei to
gegonÏc endiafËrontoc se diakekrimËnec qronikËc stigmËc t(1) < t(2) < ... < t(k),

k  n

Or–zontai wc:
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• nj : arijmÏc monàdwn pou leitourgo‘n kai àra br–skontai se r–sko th qronik†
stigm† tj. Den aforà monàdec pou Ëqoun katastrafe–, o‘te apokommËnec timËc
prin thn stigm† tj.

• dj : arijmÏc monàdwn pou touc sumba–nei to gegonÏc endiafËrontoc sto tj, stic
perissÏterec efarmogËc dj = 1.

Kai h ektim†tria Kaplan - Meier diamorf∏netai wc:

Ŝ =

8
<

:

Q
j:t(j)t

nj�dj

nj
, an t � t(1)

1, an t  t(1)

H parapànw e–nai mia deigmatik† ekt–mhsh Ëtsi e–nai kalÏ na upàrqei kai mia e-
kt–mhsh thc akr–beiac thc. Mpore– na oriste– to tupikÏ sfàlma gia th deigmatik†
ektim†tria Ŝ gnwstÏ kai wc t‘poc tou Greenwood:

se(Ŝ) = Ŝ(t)
nP

t(j)t

dj

nj(nj�dj)

o 1
2

1.4.3 H ektim†tria Nelson-Aalen

Gia thn ekt–mhsh thc swreutik†c sunàrthshc diakind‘neushc H(t) qrhsimopoie–tai
h ektim†tria Nelson-Aalen ((Nelson, 1972), (Aalen, 1978).
Or–zetai wc:

Ĥ(t) =

8
<

:

P
j:t(j)t

dj

nj
, an t � t(1)

0, an t  t(1)

H ektim†tria diasporàc gia thn Nelson-Aalen or–zetai wc:

V̂ (Ĥ) =
X

j:t(j)t

dj

nj
2

E–nai dunatÏn na deiqje– pwc h parapànw ektim†tria odhge– kai se m–a akÏmh
ekt–mhsh thc sunàrthshc epib–wshc h opo–a or–zetai wc ex†c:

S̃(t) =
kY

j=1

exp(�dj

nj

)

Se mikrÏtera de–gmata pollËc forËc h ektim†tria Nelson-Aalen thc sunàrthshc
epib–wshc apod–dei kal‘tera apÏ thn Kaplan - Meier, Ïmwc genikÏtera protimàtai h
teleuta–a.
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1.4.4 Log-Rank Ëlegqoc upojËsewn

E–nai pol‘ s‘nhjec se diàforec anal‘seic na emfan–zetai h anàgkh na entopisto‘n
oi diaforËc anàmesa se d‘o omàdec ek twn dedomËnwn.'Enac pol‘ diadedomËnoc trÏpoc
gia na g–nei aut† h melËth e–nai na ektelesje– Ënac Log-Rank Ëlegqoc upojËsewn.
PrÏkeitai gia Ënan Ëlegqo upojËsewn Ïpou elËgqoume :

H0= Den upàrqei diaforopo–hsh sth sunàrthsh epib–wshc metax‘ twn monàdwn
twn d‘o omàdwn.

H1= Upàrqei diaforopo–hsh sth sunàrthsh epib–wshc metax‘ twn monàdwn twn
d‘o omàdwn.

'Estw kai pàli t(1) < t(2) < ... < t(k) diakekrimËnec stigmËc diakop†c, katà thn
diàrkeia twn opo–wn diakÏptetai h leitourg–a monàdwn pou proËrqontai apÏ d‘o diafo-
retikËc omàdec. Jewre–tai tÏte Ïti mËqri th qronik† stigm† tj, upàrqoun nij monàdec
se k–nduno kai dij apÏ autËc stamato‘n na leitourgo‘n th stigm† tj.
Or–zetai tÏte h statistik† sunàrthsh elËgqou:

{
P

j
(d1j � (n1j/nj))}2P

j
(n1jn2jdj(nj � dj)/n2

j
(nj � 1))

=
u
2

v

Apodeikn‘etai pwc kàtw apÏ thn mhdenik† upÏjesh H0 : S1(t) = S2(t), to sta-
tistikÏ elËgqou up

v
akolouje– asumptwtikà thn tupopoihmËnh kanonik† katanom†

N(0, 1). 'Ara h log-rank u
2

v
asumptwtikà akolouje– thn �2

1.

1.4.5 Wilcoxon Ëlegqoc upojËsewn

To Wilcoxon test, pou e–nai gnwstÏ kai wc test Breslow kànei ton –dio Ëlegqo
upojËswn me ton Log-Rank. To statistikÏ elËgqou bas–zetai sthn posÏthta:

UW =
kX

j=1

nj(d1j � e1j), Ïpou e1j =
n1jdj

nj

Me thn diasporà thc parapànw na or–zetai wc :

VW =
kX

j=1

n
2
j
v1j, Ïpou v1j Ïpwc or–sthke ston Ëlegqo Log-Rank

O Ïroc e1j, e–nai stajmismËnoc apÏ nj, to s‘nolo dhlad† twn monàdwn pou br–sko-
ntai se k–nduno thn stigm† tj. Me ton trÏpo autÏ d–netai ligÏtero bàroc stic diaforËc
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metax‘ twn d1j kai e1j tic stigmËc Ïpou o sunolikÏc arijmÏc twn monàdwn pou Ëqoun
touc megal‘terouc qrÏnouc epib–wshc, e–nai mikrÏc.
To statistikÏ elËgqou tou Wilcoxon elËgqou upojËsewn or–zetai wc:

WW =
U

2
W

VW

To opo–o akolouje– kai autÏ thn �2
1 katanom†.

Se peript∏seic Ïpou h enallaktik† thc mhdenik†c upÏjeshc, Ïti den upàrqei dia-
forà metax‘ twn d‘o omàdwn dedomËnwn, e–nai pwc o k–ndunoc gia mia monàda sth m–a
omàda e–nai anàlogoc me ton k–nduno gia mia àllh monàda thc àllhc omàdac, protimàtai
o Log-Rank Ëlegqoc upojËsewn. H parapànw upÏjesh, gnwst† kai wc upÏjesh a-
nalogik†c diakind‘neushc ja melethje– parakàtw. Se elËgqouc Ïpou h enallaktik†
upÏjesh den Ëqei sqËsh me thn parapànw o Ëlegqoc Wilcoxon e–nai protimÏteroc.

1.5 To montËlo analogik†c diakind‘neushc

Sta montËla palindrÏmhshc oi summetablhtËc, oi paràgontec dhlad† pou ephre-
àzoun thn metablht† endiafËrontoc Y , eisàgontai sto montËlo bàsei thc ep–drashc
pou Ëqoun sthn paràmetro m thc katanom†c thc Y . 'Etsi h idËa aut† mpore– na
epektaje– kai se montËla diàrkeiac zw†c.
Se mia efarmog† bioatrik∏n dedomËnwn h epib–wsh kai genikÏtera h pore–a thc

uge–ac enÏc asjen† ephreàzetai apÏ pollo‘c diaforetiko‘c paràgontec. AutÏc
e–nai ki Ënac lÏgoc pou qeirizÏmaste tele–wc diaforetikà ta dedomËna autà. Sko-
pÏc e–nai na ektimhje– o k–ndunoc janàtou † o k–ndunoc upotrop†c kai gia ton lÏgo
autÏ montelopoie–tai h sunàrthsh diakind‘neushc, gia na brejo‘n oi paràgontec oi
opo–oi thn ephreàzoun. Sta montËla analogik†c diakind‘neushc ta opo–a ja meleth-
jo‘n sthn paro‘sa ergas–a Ëqei g–nei h paradoq† Ïti oi sunart†seic diakind‘neushc
d‘o diaforetik∏n monàdwn apÏ d‘o diaforetikà s‘nola dedomËnwn, e–nai anàlogec thn
–dia qronik† stigm†.
H pio gn∏sth morf† tou montËlou auto‘, sthn opo–a ja epikentrwje– kai h anàlu-

sh aut†c thc ergas–ac, e–nai to montËlo analogik†c diakind‘neushc tou Cox, Ïpwc
parousiàsthke apÏ ton –dio to 1972, sto opo–o h sunàrthsh diakind‘neushc paramËnei
akajÏristh. Gia ton lÏgo autÏ autÏ to montËlo qarakthr–zetai wc hmi-parametrikÏ.
SugkekrimËna oi summeteblhtËc x droun sthn sunàrthsh diakind‘neushc mËsw thc
sqËshc :

h(t;x) = h0(t)e
(�0x)



Kefàlaio 2

To montËlo tou Cox

H enasqÏlhsh me dedomËna diàrkeiac zw†c stic bioatrikËc epist†mec parousiàzei
shmantikËc diaforËc apÏ tic teqnologikËc efarmogËc dedomËnwn. 'Opwc mpore– kane–c
e‘kola na analogiste– kàje plhjusmÏc pou meletàtai se Ëna bioatrikÏ pe–rama e–nai
diaforetikÏc. Kàje asjen†c e–nai monadikÏc kai Ëtsi den mpore– na anaptuqje– a
priori kàpoia jewr–a gia na perigràyei thn exËlixh thc uge–ac tou. EpiprÏsjeta h
sullog† dedomËnwn apÏ asjene–c, spània g–netai upÏ austhrËc sunj†kec diexagwg†c
tou peiràmatoc. EpomËnwc den mporo‘n na elegqjo‘n Ïloi oi exwteriko– paràgontec
pou mpore– na ephreàzoun to apotËlesma thc melËthc kai oi shmantiko– paràgontec
pou ephreàzoun thn pore–a thc uge–ac kàpoiou asjen† den e–nai pàntote gnwsto–.
'Ola ta parapànw loipÏn, dhmiourgo‘n thn anàgkh uiojËthshc enÏc montËlou, to
opo–o den ja e–nai parametrikÏ, dhlad† Ëna montËlo gia to opo–o den ja qreiaste– na
g–nei kàpoia ekt–mhsh gia tic paramËtrouc thc katanom†c pou akolouje– h metablht†
pou perigràfei thn diàrkeia zw†c.

2.1 OrismÏc MontËlou

Sthn duskol–a uiojËthshc enÏc basiko‘ montËlou gia thn perigraf† bioatrik∏n
dedomËnwn Ërqetai na d∏sei l‘sh to hmi-parametrikÏ montËlo analogik†c diakind‘neu-
shc tou Cox, to opo–o apotele– thn pio diadedomËnh epilog† montËlou gia thn anàlu-
sh epib–wshc. Qrhsimopoi∏ntac to montËlo autÏ, mpore– na melethje– h epib–wsh
asjen∏n se sqËsh me tic diàforec epexhghmatikËc metablhtËc tou montËlou parà to
gegonÏc Ïti upàrqoun apokommËnec parathr†seic.
To montËlo autÏ e–nai idia–tera qr†simo kaj∏c mpore– na montelopoi†sei thn su-

nàrthsh diakind‘neushc h(t) kai bohjà sth melËth thc sqËshc metax‘ thc sunàrthshc
diadikind‘neushc kai poll∏n epexhghmatik∏n metablht∏n kaj∏c kai sthn e‘resh twn
diafor∏n pou prok‘ptoun metax‘ diaforetik∏n qarakthristik∏n pou Ëqoun omàdec
twn dedomËnwn. EpiplËon e–nai Ëna shmantikÏ ergale–o gia thn ekt–mhsh genikÏtera

9
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twn gegonÏtwn endiafËrontoc pou br–skontai upÏ melËth.
'Opwc anafËrjhke kai parapànw prÏkeitai gia Ëna montËlo palindrÏmhshc sto

opo–o oi summetablhtËc x epidro‘n sth sunàrthsh diakind‘neushc mËsw thc :

h(t;x) = h0(t)e
�0x

h0(t) : m–a basik† sunàrthsh dikind‘neushc, sugkekrimËna e–nai h sunàrthsh diakin-
d‘neushc, Ïtan oi timËc Ïlwn twn summetablht∏n e–nai –sec me 0 (x = 0)

x : to diànusma twn summetablht∏n pou ephreàzoun to qrÏno zw†c
� : Ëna diànusma p suntelest∏n tou montËlou, oi opo–oi ekfràzoun posotikà thn
ep–drash kàje summetablht†c x kai ephreàzoun to gegonÏc endiafËrontoc pou exe-
tàzetai.
Sunep∏c sunàrthsh diakind‘neushc h(t;x), exartàtai apÏ thn h0(t), pou e–nai mia

sunàrthsh tou qrÏnou kai paramËnei akajÏristh kai apÏ mia de‘terh posÏthta pou
exartàtai apÏ tic summetablhtËc mËsw tou dian‘smatoc twn paramËtrwn �.
Bàsei thc parapànw sqËshc h swreutik† sunàrthsh diakind‘neushc H(t) kai h

sunàrthsh epib–wshc S(t) diamorf∏nontai kat'antistoiq–a wc ex†c:

H(t;x) = H0(t)e
�0x

S(t;x) = S0(t)
e
�0x

To montËlo qarakthr–zetai wc hmi-parametrikÏ kaj∏c kaj' Ïlh th diàrkeia thc
anàlushc oi basikËc sunart†seic h0 kai S0 den kajor–zontai kai wc analogik†c dia-
kind‘neushc kaj∏c parathre–tai h basik† idiÏthta tou montËlou Ïti o lÏgoc h(x1;t)

h(x2;t)

paramËnei stajerÏc kai anexàrthtoc tou qrÏnou t, Ïpou x1 = (x11, ..., x1p) kai x2 =

(x21, ..., x2p) ta dian‘smata twn summetablht∏n, me p paramËtrouc gia d‘o asjene–c).
Ep–shc shmei∏netai pwc mÏno oi epidràseic twn summetablht∏n x anal‘ontai.
Shmei∏netai pwc o Ïroc e(�xi) e–nai pànta jetikÏc (Collett, 2015). 'Etsi ja mpo-

ro‘se na grafe– wc exp(⌘i), Ïpou to ⌘i e–nai Ënac grammikÏc sunduasmÏc twn p epe-
xhghmatik∏n summetablht∏n xi. 'Etsi:

⌘i = �1x1i + �2x2i + ...+ �pxpi

∏ste ⌘i =
P

p

j=1 �jxij. O Ïroc ⌘i onomàzetai grammik† sunist∏sa tou montËlou
kai qarakthr–zetai ep–shc wc ‘risk score’ † prognwstikÏc de–kthc (prognostic index)
gia thn i-osth monàda. To montËlo tÏte ja g–nei:

hi(t) = exp(�1x1i + �2x2i + ...+ �pxpi)h0(t)

H parapànw morf† tou montËlou mpore– na grafe– kai wc:



2.2 Anàptuxh MontËlou 11

log(
hi(t)

h0(t)
) = �1x1i + �2x2i + ...+ �pxpi

kai Ëtsi to montËlo analogik†c diakind‘neushc mpore– na jewrhje– kai wc Ëna
grammikÏ montËlo tou logar–jmou tou lÏgou diakind‘neushc.
Ax–zei idia–terhc prosoq†c to gegonÏc pwc sth grammik† sunist∏sa tou montËlou

den upàrqei stajerÏc Ïroc. EpiplËon den Ëqei g–nei kam–a upÏjesh gia touc sunte-
lestËc tou montËlou �i. Parakàtw ja deiqje– pwc mporo‘n na ektimhjo‘n qwr–c na
g–noun upojËseic gia auto‘c.

2.2 Anàptuxh MontËlou

2.2.1 Ekt–mhsh ParamËtrwn

Gia thn anàptuxh tou montËlou g–netai h upÏjesh Ïti diexàgetai Ëna pe–rama me n
asjene–c kai peja–noun k ex' aut∏n tic diakekrimËnec qronikËc stigmËc t(1) < t(2) <

... < t(k).
Th qronik† stigm† t(j) peja–nei Ënac asjen†c, me summetablhtËc xj, oi summeta-

blhtËc autËc mpore– na anaparisto‘n diàfora qarakthristikà. Thn qronik† stigm†
amËswc prin apÏ thn t(j), to s‘nolo twn asjen∏n pou br–skontai se k–nduno sumbo-
l–zetai wc R(j) (risk set), dhlad† to s‘nolo twn asjen∏n upÏ parakolo‘jhsh kai
Ëstw xj = (xj1, ..., xjp) to diànusma twn summetabl†twn pou antistoiqo‘n ston j

asjen† me qrÏno zw†c t(j). H pijanÏthta na pejànei Ënac sugkekrimËnoc asjen†c j,
dedomËnou Ïti peja–nei Ënac opoiad†pote asjen†c tou sunÏlou R(j), or–zetai :

h(t;xj)P
i2R(j)

h(tj;xi)
=

e
�0xj

P
i2R(j)

e�
0xi

H pijanofàneia tou sunÏlou dedomËnwn ja e–nai:

L(�) =
kY

j=1

e
�0xj

P
i2R(j)

e�
0xi

Ïpou xj to diànusma twn summetablht∏n gia ton asjen† pou peja–nei thn diatetag-
mËnh qronik† stigm† tj. Oi parathr†seic eke–nec pou Ëqoun apokope– den lambànontai
up'Ïyin ston arijmht† thc pijanofàneiac, sumperilambànontai Ïmwc sto àjroisma e-
pànw sto risk sets stic qronikËc stigmËc janàtwn pou sumba–noun prin mia apokop†.
H pijanofàneia exartàtai apÏ tic diatetagmËnec qronikËc stigmËc twn janàtwn.
Me thn megistopo–hsh tou logar–jmou thc parapànw sunàrthshc pijanofàneiac

prok‘ptei h ektim†tria �̂ tou dian‘smatoc twn suntelest∏n twn paramËtrwn �. Sh-
mei∏netai Ïti sthn parapànw diadikas–a den emfan–zetai h sunàrthsh h0(t) gia autÏ kai



12 Kefàlaio 2. To montËlo tou Cox

onomàzetai, merik† pijanofàneia (Cox, 1975). EpiplËon ston Ïro �0
x den periËqetai

stajerÏc Ïroc kaj∏c autÏc ja sumperilambànetai sth basik† h0(t).
Katà th diadikas–a megistopo–hshc thc logarijmopoihmËnhc merik†c pijanofàneiac,

prok‘ptoun oi exis∏seic oi opo–ec mporo‘n na lujo‘n me arijmhtikËc mejÏdouc, Ïpwc
parade–gmatoc qàrh h mËjodoc Newton-Raphson, Ëtsi ∏ste na prosdioristo‘n oi
ektim†seic twn suntelest∏n twn summetablht∏n.

2.2.2 IsÏpaloi qrÏnoi diakop†c

H parapànw mËjodoc ekt–mhshc twn paramËtrwn tou montËlou mpore– na akolou-
jhje– se peript∏seic Ïpou den upàrqoun d‘o † kai parapànw jànatoi(diakop†) thn
–dia qronik† stigm†. Se ant–jeth per–ptwsh, Ïtan dhlad† oi qrÏnoi twn janàtwn twn
asjen∏n sump–ptoun, den mpore– na efarmoste– h mËjodoc merik†c pijanofàneiac kai
akoloujo‘ntai diaforetikËc prosegg–seic gia thn ekt–mhsh.

• Suneq†c mËtrhsh qrÏnou
'Estw dj oi asjene–c pou katal†goun thn qronik† stigm† tj kai e–nai dj > 1.
TÏte e–nai anamenÏmeno pwc se mia kl–maka megal‘terhc akr–beiac oi qrÏnoi
janàtou kajenÏc ja †tan diaforetiko–. Sunep∏c oi jànatoi ja Ëqoun g–nei me mia
sugkekrimËnh seirà, qwr–c na e–nai gnwstÏ Ïmwc po–a apÏ tic dunatËc seirËc dj!
janàtwn Ëqei prok‘yei. To na sumperilhfjo‘n Ïlec sthn merik† pijanofàneia
ja †tan idia–tera pol‘plokh wc l‘sh. 'Etsi protimàtai e–te h apl† prosËggish
tou Breslow h opo–a diamorf∏netai wc (Breslow, 1974) :

{ e
�0zj

P
i2Rj

e�
0xi

}dj

Me zj =
Pdj

k=1 xk kai to xk to diànusma twn summetablht∏n tou asjeno‘c k,
me qrÏno janàtou thn stigm† tj. H parapànw prosËggish jewre–tai kal† Ïtan
o lÏgoc dj

nj
e–nai mikrÏc. Upàrqei kai h prosËggish tou E↵ron h opo–a e–nai pio

d‘skola upolog–simh apÏ aut† tou Breslow (E↵ron, 1977).

• Diakrit† mËtrhsh qrÏnou
'Otan h paradoq† Ïti h posÏthta dj

nj
e–nai mikr†, qrhsimopoie–tai h prosËggish

tou Cox sthn opo–a g–netai h paradoq† Ïti h mËtrhsh Ëgine se diakrit† kl–maka
(Cox, 1972). Upolog–zontai oi pijanËc omàdec se r–sko Rj se kàje isÏpalo
qrÏno diakop†c. H pijanofàneia d–netai apÏ ton t‘po:
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kY

j=1

e
�0zj

P
q2Qj

e�
0zq

Ïpou Qj to s‘nolo twn uposunÏlwn tou Rj megËjouc dj.

2.2.3 'Elegqoi upojËsewn sto montËlo tou Cox

E–nai shmantikÏ sthn anàlush tou montËlou pou Ëqei epileqje– na mporo‘n na e-
legqjo‘n basikËc upojËseic Ïpwc an o suntelest†c �i thc summetablht†c xi

e–nai –soc me to mhdËn, dhlad† an upàrqei anexarths–a metax‘ thc diàrkeiac zw†c
tou asjeno‘c kai thc summetablht†c xi.

1. 'Elegqoc lÏgou pijanofanei∏n Likelihood Ratio Test:
O Ëlegqoc pragmatopoie–tai wc ex†c: g–netai prosarmog† tou montËlou tÏso me
thn metablht† xi Ïso kai qwr–c, Ëtsi ∏ste sto montËlo to opo–o den thn periËqei
na isq‘ei o periorismÏc �i = 0. G–netai upologismÏc twn megistopoihmËnwn
tim∏n tou logar–jmou thc pijanofàneiac ˆ̀1 kai ˆ̀0 me kai qwr–c th summetablht†
xi kat' antistoiq–a. Upolog–zetai Ëtsi, h tim† �2( ˆ̀0 � ˆ̀

1), h opo–a sugkr–netai
me thn �2

1 katanom†. S‘mfwna me thn tim† tou parapànw elËgqou, kr–netai h
apodoq† † h apÏrriyh thc mhdenik†c upÏjeshc.

2. 'Elegqoc Wald:
'Enac ep–shc sunhjismËnoc Ëlegqoc gia thn anexarths–a † Ïqi thc summetablht†c
xi me thn diàrkeia zw†c enÏc asjeno‘c e–nai o ËlegqocWald. Sthn sugkekrimËnh
per–ptwsh apaite–tai h prosarmog† enÏc mÏno montËlou. H mhdenik† upÏjesh
Ïpwc prin e–nai H0 : �j = 0. H elegqosunàrthsh Wald or–zetai wc ex†c:

�̂j

se(�̂j)

kai h tim† tou sugkr–netai me thn tim† thc N(0, 1) katanom†c † isod‘nama h
parapànw tim† tou statistiko‘ elËgqou uywmËnh sto tetràgwno me thn tim†
thc �2

1 katanom†c .

3. 'Elegqoc Score:
ElËgqoume kai pàli thn mhdenik† upÏjesh H0 : � = �0, gia thn eidik† per–ptwsh
Ïpou Ëqoume mia summetablht†. H elegqosunàrthsh se aut† thn per–ptwsh
or–zetai wc:

S(�0) =
U(�0)2

I(�0)

Ïpou U(�0) =
# lnL(�0)

#�0
kai I(�0) = �#

2 lnL(�0)
#2�0

.
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H statistik† sunàrthsh akolouje– proseggistikà thn �2
1 katanom†.

Oi parapànw Ëlegqoi jewro‘ntai isod‘namoi. O Ëlegqoc lÏgou pijanofanei∏n
e–nai upologistikà pio dapanhrÏc Ïmwc protimàtai eidikÏtera se peript∏seic mikr∏n
deigmàtwn. O Ëlegqoc Wald mpore– na qrhsimopoihje– wc mia pr∏th Ëndeixh shmanti-
kÏthtac twn metablht∏n s' Ëna montËlo, Ïtan upàrqoun pollËc upoy†fiec.

2.2.4 Krit†ria Epilog†c MontËlou

Katà thn prosarmog† enÏc montËlou epib–wshc, shmantikÏ kommàti apotele– h
epilog† twn metablht∏n eke–nwn pou qreiàzontai pragmatikà sto montËlo. H su-
nàrthsh epib–wshc mpore– na exartàtai apÏ diàforouc paràgontec, oi opo–oi Ïmwc
mpore– na kànoun to montËlo idia–tera d‘sqrhsto. E–nai shmantikÏ loipÏn na bre-
jo‘n oi paràgontec eke–noi pou mporo‘n na perigràyoun epark∏c ta dedomËna, qwr–c
na kànoun to montËlo per–ploko kai dhmiourg∏ntac Ëna montËlo to opo–o e–nai e‘ko-
lo na ermhneute–. 'Opwc kai sthn anàlush palindrÏmhshc Ëtsi ki ed∏ skopÏc e–nai na
dhmiourghje– Ëna montËlo Ïso to dunatÏn pio feidwlÏ. 'Eqoun dhmiourghje– pollËc
kai diaforetikËc mËjodoi gia thn epilog† twn metablht∏n se Ëna montËlo. GenikÏtera
gia thn epilog† tou bËltistou montËlou g–netai qr†sh twn gnwst∏n mejÏdwn apÏ thn
anàlush palindrÏmhshc kai parakàtw ja anaferjo‘n kàpoiec apÏ autËc.
D‘o krit†ria ta opo–a mporo‘n na qrhsimopoihjo‘n gia thn epilog† tou kal‘terou

montËlou e–nai to krit†rio BIC (Bayesian Information Criterion) kai to krit†rio AIC
(Akaike Information Criterion), sto opo–o kai ja g–nei idia–terh anaforà (Schwarz,
1978), (Akaike, 1998).
Shmei∏netai pwc to krit†rio BIC or–zetai wc:

BIC = �2ˆ̀+ k lnn

To krit†rio AIC epilËgei Ëna montËlo me to mikrÏtero dunatÏ arijmÏ summetablh-
t∏n kai or–zetai wc ex†c:

AIC = �2ˆ̀+ 2k

Ïpou ˆ̀, h megistopoihmËnh logarijmopoihmËnh pijanofàneia tou montËlou
kai k, o arijmÏc twn summetablht∏n tou montËlou (Kar∏nh & OikonÏmou, 2017).
To AIC epilËgei to montËlo eke–no pou me thn mikrÏterh tim† tou krithr–ou. Genikà

h prosj†kh metablht∏n sto montËlo odhge– se kal‘terh prosarmog† tou montËlou
e–te autËc e–nai shmantikËc e–te Ïqi. Upàrqei Ëtsi me–wsh thc tim†c �2ˆ̀Ïmwc auxàne-
tai me autÏn ton trÏpo o Ïroc 2k, pou jewre–tai mia ‘poin†’ gia thn eisagwg† poll∏n
metablht∏n se Ëna montËlo. 'Etsi monÏ h eisagwg† prÏsjetwn metablht∏n sto mo-
ntËlo mei∏nei thn tim† tou krithr–ou, mÏno an autËc odhgo‘n se kal‘terh prosarmog†
tou montËlou, tÏso ∏ste na xepernà ton Ïro thc ‘poin†c’.
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H epilog† twn shmantik∏n metablht∏n mpore– na g–nei kai apÏ tic mejÏdouc: proc
ta emprÏc epilog†c (Forward Selection), thc diadoqik†c afa–reshc (Backward Elimi-

nation) kaj∏c kai thc diadikas–ac katà b†mata (Stepwise Selection) (Collett, 2015).
Sthn proc ta emprÏc epilog†, oi metablhtËc prosjËtontai diadoqikà sto montËlo. H
metablht† pou prost–jetai kàje forà e–nai eke–nh pou kànei megal‘terh thn me–wsh
thc posÏthtac �2ˆ̀, Ëqontac xekin†sei apÏ Ëna montËlo qwr–c kam–a metablht†. H
diadikas–a stamatà Ïtan h epomËnh upoy†fia metablht† gia eisagwg† sto montËlo,
den mei∏nei shmantikà thn tim† �2ˆ̀. Sthn diadikas–a thc thc diadoqik†c afa–reshc
prosarmÏzetai to montËlo me tic perissÏterec dunatËc summetablhtËc. Sth sunËqeia
afairo‘ntai diadoqikà oi metablhtËc pou auxànoun ligÏtero thn tim† �2ˆ̀ me thn a-
fa–resh touc. Sth diadikas–a katà b†mata sumba–nei Ënac sunduasmÏc twn parapànw.
Kàje forà pou prost–jetai mia kaino‘rgia metablht† sto montËlo, elËgqetai an h
prohgo‘menh pou e–qe sumperilhfje–, mpore– t∏ra na paralhfje–.

2.3 Epektàseic tou montËlou tou Cox

Upàrqoun peript∏seic stic opo–ec qreiàzetai sto montËlo tou Cox na g–noun
kàpoiec katàllhlec tropopoi†seic gia thn diaqe–rish dedomËnwn pou parousiàzoun
kàpoia idia–tera qarakthristikà (Kar∏nh, 2009).

2.3.1 StrwmatopoihmËnh anàlush

E–nai pol‘ s‘nhjec Ïtan prosarmÏzetai to montËlo tou Cox na qrhsimopoie–tai
h dunatÏthta pou d–nei na g–nei strwmatopoihmËnh anàlush kai Ëtsi na prok‘yei to
strwmatopoi†meno montËlo Cox (stratified Cox model). H anàlush aut† prok‘ptei
Ïtan upàrqoun ende–xeic pwc oi sunart†seic diakind‘neushc metax‘ d‘o † kai peris-
sÏterwn kathgori∏n twn dedomËnwn den br–skontai se analog–a metax‘ touc. Parade-
–gmatoc qàrh, pol‘ suqnà sunantàtai aut† h prosËggish Ïtan se mia melËth upàrqei h
kathgorik† metablht† ‘f‘lo’, tÏte loipÏn ta dedomËna qwr–zontai se d‘o str∏mata,
guna–kec kai àndrec. Oi sunart†seic diakind‘neushc sthn per–ptwsh aut† or–zontai
wc:

h(t;x) =

8
<

:
e
�0x

h01(t), gia touc àndrec

e
�0x

h02(t), gia tic guna–kec

'Opwc anafËrjhke kai parapànw, h analogikÏthta thc diakind‘neushc isq‘ei gia
Ïlec tic metablhtËc Ëktoc apÏ aut† tou f‘lou, gia thn opo–a Ëqei g–nei h strwmato-
po–hsh, afo‘ oi basikËc sunart†seic diakind‘neushc h01(t),h02(t), gia touc àndrec kai
tic guna–kec ant–stoiqa den br–skontai se analog–a.
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Shmei∏netai pwc h strwmatopo–hsh den g–netai mÏno se kathgorikËc metablhtËc
allà kai se posotikËc, qwr–zontac thn metablht† endiafËrontoc se omàdec. Gia
paràdeigma an se Ëna montËlo periËqetai wc metablht† h hlik–a twn asjen∏n pou
summetËqoun sth melËth, mpore– na krije– anagka–o oi asjene–c na qwristo‘n se
hlikiakËc omàdec, Ïpwc asjene–c ànw twn 50 et∏n kai kàtw twn 50. 'Etsi genikÏtera
h sunàrthsh diakind‘neushc or–zetai gia Ëna àtomo pou an†kei sto m str∏ma wc:

hm(t;x) = h0m(t)e
�0x

,m = 1, ...s

m: to str∏ma tou paràgonta
s: to pl†joc twn epipËdwn thc metablht†c
h0m(t): h basik† sunàrthsh kind‘nou sto m str∏ma
Ta àtoma pou an†koun sto –dio str∏ma Ëqoun sunep∏c tic –diec basikËc sunar-

t†seic diakind‘neushc kai ep–shc oi sunart†seic diakind‘neushc touc e–nai anàlogec
se ant–jesh me àtoma pou br–skontai se diaforetikà str∏mata.
Gia thn ekt–mhsh twn paramËtrwn, qrhsimopoie–tai kai pàli h logarijmopoihmËnh

sunàrthsh merik†c pijanofàneiac, upologismËnh gia kàje str∏ma m. Sunolikà gia
Ïla ta str∏mata prok‘ptei h sunàrthsh:

l(�) =
sX

m=1

lm(�) =
sX

m=1

kmX

j=1

�0
xmj �

sX

m=1

kmX

j=1

ln[
X

i2Rmj

e
�0xmi ]

H ekt–mhsh twn paramËtrwn g–netai telikà akrib∏c Ïpwc e–qe anaferje– sthn
paràgrafo 2.2.1.

2.3.2 SummetablhtËc exart∏menec apÏ to qrÏno

Mia àllh per–ptwsh sthn opo–a to montËlo tou Cox qreiàzetai kàpoia tropopoi†sh
gia na mporËsei na efarmoste–, e–nai Ïtan oi timËc miac summetablht†c metabàllontai me
ton qrÏno, Ïpwc gia paràdeigma h hlik–a enÏc asjen† † h dosolog–a thc farmakeutik†c
agwg†c pou lambànei † kai mia epanalambanÏmenh mËtrhsh se bàjoc qrÏnou. Oi
metablhtËc autËc diakr–nontai se d‘o kathgor–ec :

• exwterikËc (external) : oi metablhtËc autËc kalo‘ntai exwterikËc kaj∏c elËg-
qontai apÏ ton peiramatist† kai den ephreàzontai apÏ thn pore–a tou asjen†
sto pe–rama † allàzoun me Ënan problËyimo trÏpo kai e–nai koinËc gia Ïlouc
touc asjene–c pou summetËqoun sto pe–rama

• eswterikËc (internal): oi eswterikËc metablhtËc ephreàzontai apÏ thn pore–a
thc uge–ac tou asjen† kai diaforopoio‘ntai gia kàje asjen† pou summetËqei sto
pe–rama, Ïpwc gia paràdeigma oi metr†seic thc p–eshc enÏc asjen† † h mÏlunsh
enÏc asjen†.
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Gia na sumperilhfjo‘n tËtoiou e–douc dedomËna sthn merik† sunàrthsh logarij-
mopoi†menhc pijanofàneiac ja prËpei o Ïroc x na antikatastaje– apÏ to x(t(j)). 'Etsi
loipÏn, h sunàrthsh diamorf∏netai wc ex†c:

l(�) =
kX

j=1

�0
xj �

kX

j=1

ln[
X

i2Rj

e
�0xi(t(j))]

E–nai emfanËc Ïti gia na mpore– na upologiste– h parapànw posÏthta, ja prËpei na
e–nai gnwst† se kàje qronik† stigm† janàtou († diakop†c) t(j) h tim† kàje summeta-
blht†c. AutÏ Ïmwc praktikà e–nai akatÏrjwto kaj∏c e–nai pol‘ d‘skolh h suneq†c
parakolo‘jhsh twn tim∏n twn summetablht∏n. Wc ep– to ple–ston sta peiràmata oi
metr†seic g–nontai anà diast†mata kai oi timËc x(t(j)) stouc endiàmesouc janàtouc
(† diakopËc), den e–nai diajËsimec. Gia na luje– to parapànw prÏblhma mpore– na
qrhsimopoihje– h teleuta–a mËtrhsh prin to jànato † na g–nei parembol† metax‘ duo
metr†sewn.

2.4 'Elegqoi thc upÏjeshc analogik†c diakin-

d‘neushc

Pol‘ shmantikÏ kommàti sth diadikas–a prosarmog†c enÏc montËlou e–nai na epi-
bebaiwje– h upÏjesh, pwc h epilog† tou montËlou †tan aut† pou pragmatikà tairiàzei
sta dedomËna (Kar∏nh, 2009). 'Otan prosarmÏzetai to montËlo tou Cox Ëqei g–nei h
apodoq†, Ïti h upÏjesh thc analogik†c diakind‘neushc isq‘ei. Dhlad†, Ïti o lÏgoc :

hl(t)

hj(t)
=

h0(t)e�
0xl

h0(t)e�
0xj

= e
�0(xl�xj)

d‘o sunart†sewn diakind‘neushc gia d‘o asjene–c i kai j, e–nai stajerÏc kai ane-
xàrthtoc tou qrÏnou.
O Ëlegqoc gia thn swst† uiojËthsh tou montËlou analogik†c diakind‘neushc e–nai

apara–thtoc gia na mporo‘n ta apotelËsmata thc melËthc na jewro‘ntai axiÏpista.
Gia ton parapànw Ëlegqo Ëqoun anaptuqje– d‘o prosegg–seic oi opo–ec kai ja parou-
siasto‘n parakàtw. Se per–ptwsh pou h upÏjesh thc analogik†c diakind‘neushc den
isq‘ei ja prËpei, e–te na g–nei kàpoioc metasqhmatismÏc sta dedomËna prokeimËnou na
isq‘ei, e–te na epileqje– kàpoio àllo pio tairiastÏ sta dedomËna montËlo.

1. 'Elegqoc mËsw summetablht∏n exartwmËnwn apÏ ton qrÏno.
Gia kàje metablht† xi akoloujo‘ntai ta parakàtw:

• dhmiourge–tai mia kaino‘rgia metablht† z = xit † z = xilnt † genikÏtera
kàpoia àllh sunàrthsh tou qrÏnou, Ëtsi ∏ste upàrxei allhlep–drash thc
xi me to qrÏno. Protimo‘ntai sunart†seic apl†c morf†c.
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• ProsarmÏzetai to montËlo tou Cox, perilambànontac kai th metasqhmati-
smËnh metabl†th z maz– me tic upÏloipec summetablhtËc.

• Pragmatopoie–tai Ënac Ëlegqoc upojËsewn, me mhdenik† upÏjeshH0 : �z =

0, Ïpou �z o suntelest†c thc z.

An g–nei apodekt† h mhdenik† upÏjesh H0 : �z = 0, shma–nei pwc h ep–drash
thc summetablht†c xi ekfràzetai mËsa apÏ ton Ïro �ixi thc sunàrthshc dia-
kind‘neushc h(t), pou e–nai anexàrthtoc apÏ ton qrÏno kai sunep∏c isq‘ei h
upÏjesh thc analogikÏthtac. Mh apodoq† thc mhdenik†c upÏjeshc, ja s†mai-
ne pwc den isq‘ei h analogikÏthta kai sunep∏c oi sunart†seic diakind‘neushc
metax‘ d‘o atÏmwn den e–nai anàlogec.

2. GrafikÏc 'Elegqoc
Mia gnwst† prosËggish gia ton Ëlegqo thc upÏjeshc thc analogik†c diakin-
d‘neushc e–nai na g–nei mia grafik† paràstash thc mh-parametrik†c sunàrthshc
ln{�lnŜ} se sunàrthsh me to qrÏno t, Ïpou Ŝ oi Kaplan-Meier ektim†triec
twn ant–stoiqwn omàdwn twn d‘o asjen∏n pou exetàzontai. E–nai s‘nhjec o
Ëlegqoc autÏc na prohge–tai thc prosarmog†c tou montËlou kaj∏c mpore– na
d∏sei pol‘ isqurËc ende–xeic gia to an isq‘ei h upÏjesh thc analogik†c diakin-
d‘neushc † Ïqi. 'Omwc h ektim†tria Kaplan-Meier lambànei upÏyh thc mÏno tic
timËc thc summetablht†c pou kajor–zei tic omàdec kai kam–a àllh apÏ autËc pou
summetËqoun sto montËlo. 'Etsi prËpei na g–noun kàpoiec tropopoi†seic ston
parapànw Ëlegqo gia thn beltistopo–hsh tou.

Gia thn ektim†sh thc Ŝ ja qreiaste– na ektimhjo‘n tÏso oi suntelestËc �

allà kai h akajÏristh S0(t). Gia thn teleuta–a qrhsimopoie–tai h prosËggish
Breslow (Breslow, 1974) pou lambànei upÏyh Ïlec tic summetablhtËc sto strwmato-

poihmËno montËlo tou Cox :
Ŝ0 = e

�Ĥ0(t)

Ïpou
Ĥ0(t) =

X

t(j)t

djP
i2Rj

e�̂
0xi

Kr–netai apara–thto loipÏn, proto‘ g–nei o grafikÏc Ëlegqoc thc analogik†c
diakind‘neushc tou montËlou na antikatastaje– h ektim†tria Kaplan-Meier me
thn katà str∏mata ektim†tria thc sunàrthshc epib–wshc.
Sth sunËqeia akoulouje–tai h ex†c diadikas–a :

• ProsarmÏzetai to strwmatopoihmËno montËlo tou Cox, Ïpou ta str∏mata
kajor–zontai apÏ tic timËc thc summetablht†c, gia thn opo–a elËgqoume
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thn upÏjesh analogik†c diakind‘neushc.

• Se kàje str∏ma g–netai h ekt–mhsh thc basik†c sunàrthshc epib–wshc
S0(t). Gia kàje str∏ma k h basik† sunàrthsh epib–wshc ja sumbol–zetai
wc : Ŝ0k(t)

• 'Estw x̄k to diànusma twn mËswn tim∏n twn summetablht∏n sto k str∏ma
kai Ëtsi Ŝk(t) = Ŝ0k(t)e�̂

0x̄k

• Proqwr∏ntac sthn dhmiourg–a thc grafik†c paràstashc gia na eustaje–
h upÏjesh thc analogik†c diakind‘neushc gia thn summetablht† pou mele-
tàtai ja prËpei oi kamp‘lec twn ln{�lnŜk}, k = 1, ..., s se sunàrthsh me
to qrÏno t na e–nai paràllhlec.

2.5 'Elegqoi katallhlÏthtac tou montËlou mËsw

upolo–pwn

H exËtash twn upolo–pwn apotele– mia basik† strathgik† gia ton Ëlegqo thc
katallhlÏthtac enÏc montËlou (Kar∏nh, 2009). H qr†sh touc epekte–netai kai ston
Ëlegqo thc upÏjeshc thc analogik†c diakind‘neushc allà kai genikÏtera mporo‘n na
de–xoun katà pÏso ta dedomËna sumfwno‘n me tic problËyeic tou montËlou allà kai
me tic proÙpojËseic auto‘. Apotelo‘n ep–shc Ënan trÏpo entopismo‘ àtupwn tim∏n
(outliers). Sthn per–ptwsh thc grammik†c palindrÏmhshc ta upÏloipa or–zontai wc
ex†c:

✏̂i = yi � ŷi

= yi � �0
xi

Sta montËla diàrkeiac zw†c den protimo‘ntai autà ta upÏloipa. Ta upÏloipa pou
qrhsimopoio‘ntai sto montËlo tou Cox katà bàsh e–nai ta upÏloipa Cox-Snell († ge-
nikeumËna upÏloipa) kai upÏloipa Schoenfeld († merikà upÏloipa -partial residuals, ta
upÏloipa Martingale kai ta upÏloipa apÏklishc deviance, ta opo–a kai ja analujo‘n
parakàtw.

2.5.1 UpÏloipa Cox-Snell

Oi Cox kai Snell to 1968 prÏteinan mia diaforetik† prosËggish (Cox & Snell,

1968). Jewr∏ntac mia t.m Tj me katanom† pou exartàtai apÏ tic summetablhtËc xj

kai paramËtrouc ✓. Or–zontai sunart†seic thc morf†c:

wj(Tj;xj,✓)
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Se per–ptwsh pou e–nai anexàrthtec, isÏnomec kai oi katanomËc touc den exar-
t∏ntai apÏ àgnwstouc paramËtrouc, tÏte wc upÏloipa mporo‘n na qrhsimopoihjo‘n
oi posÏthtec :

✏̂ = wi(Ti;xi, ✓̂)

Gia to montËlo tou Cox oi timËc :

✏̂j = ln(Ŝ(t(j);xj)

= Ĥ(t(j);xj)

= Ĥ0(t(j))e
�̂0xj

or–zontai wc upÏloipa, Ïpou ˆS(.) kai ˆH(.) oi ektim†triec thc sunàrthshc epib–wshc
kai thc sunàrthshc swreutik†c diakind‘neushc ant–stoiqa, oi opo–ec upolog–zontai me
ton trÏpo pou Ëqei anaferje– parapànw. Oi timËc twn upolo–pwn exetàzontai grafikà
kai an upàrqoun arketËc ende–xeic pwc e–nai thc Ekjetik†c katanom†c me paràmetro 1,
tÏte mpore– na g–nei h paradoq† pwc to montËlo pou prosarmÏsthke e–nai katàllhlo
gia ta dedomËna.
Ta upÏloipa autà mporo‘n na efarmosto‘n se montËla opoiasd†pote morf†c me

† kai qwr–c summetablhtËc. H mh-parametrik† ekt–mhsh Ïmwc thc ˆH0(t) dhmiourge–
duskol–ec kai abebaiÏthta kai Ëtsi ta upÏloipa Cox-Snell fa–netai na e–nai ligÏtero
qr†sima sto montËlo tou Cox. Shmei∏netai Ïmwc pwc Ëqoun idia–terh efarmog† se
parametrikà montËla epib–wshc.
E–nai shmantikÏ na anaferje– pwc upàrqoun kai tropopoihmËna upÏloipa Cox-Snell

me ta opo–a mpore– na lhfjo‘n upÏyh kai ta logokrimËna dedomËna.

2.5.2 UpÏloipa Schoenfeld

To 1982, o Schoenfeld Ëdwse mia àllh prosËggish gia thn e‘resh twn upolo–pwn
sto montËlo tou Cox, prokeimËnou na mhn qreiàzetai h ekt–mhsh thc basik†c sw-
reutik†c sunàrthshc diakind‘neushc Ĥ0(t) efÏson den g–netai ekt–mhsh o‘te gia thn
sunàrthsh diakind‘neushc ĥ0(t) (Schoenfeld, 1982). Parakàtw anal‘etai h diadikas–a
me thn opo–a or–zontai.
H pijanÏthta na stamat†sei h leitourg–a thc monàdac j, gnwr–zontac pwc dia-

kÏptetai h leitourg–a miac monàdac thn qronik† stigm† t(j) apÏ Ëna s‘nolo monàdwn
R(j) se r–sko amËswc prin aut† th stigm† e–nai :

pj =
e
�0xj

P
i2Rj

e�
0xi
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'Omwc epeid† to poia akrib∏c monàda ja diakope– th stigm† t(j) apÏ to s‘nolo
R(j) e–nai àgnwsto, h tim† twn summetablht∏n ja e–nai t.m me anamenÏmenh tim†

E(x|Rj) =
X

k2Rj

xkpk

=

P
k2Rj

xke
�0xk

P
i2Rj

e�
0xi

'Etsi mporo‘n na or–stoun ta upÏloipa Schoenfeld:

r̂j = xj � Ê(x|Rj)

'Opwc e–nai emfanËc gia na oristo‘n ta upÏloipa qreiàzontai tic summetablhtËc
x. Gia kàje monàda upolog–zontai tÏsa upÏloipa Ïso kai oi summetabl†tec pou
upàrqoun sto montËlo. Ep–shc apotelo‘n ende–xeic gia akra–ec timËc, Ïtan pa–rnoun
pol‘ megàlec timËc.
E–nai arketà s‘nhjec na qrhsimopoio‘ntai kai ta klimakopoihmËna (scaled) upÏloi-

pa Schoenfeld pou d–nontai apÏ ton t‘po (Grambsch & Therneau, 1994):

r
⇤
j
= kV̂ (�̂)r̂j

Ïpou k to pl†joc twn mh-apokommËnwn parathr†sewn kai V̂ (�̂) o ektim∏menoc
p–nakac diasporàc twn �̂.
Qrhsimopoi∏ntac ta klimakopoihmËna upÏloipa mpore– na g–nei kai Ëlegqoc gia thn

upÏjesh analogik†c diakind‘neushc (Grambsch & Therneau, 1994). G–netai arqikà
h upÏjesh Ïti mia summetablht† den e–nai stajer†, exartàtai dhlad† apÏ to qrÏno.
TÏte or–zetai :

E(rij)
⇤ ' �i(t(j))� �̂i

Ïpou �i(t(j)) o suntelest†c thc summetablht†c i th qronik† stigm† t(j). Gia na
g–nei apodekt† h upÏjesh thc analogik†c diakind‘neushc Ïti dhlad†, �i(t) = �i 8t,
ja prËpei h grafik† paràstash thc posÏthtac r⇤

ij
+ �i me ton qrÏno t na emfan–zei

mia orizÏntia gramm†.

2.5.3 UpÏloipa Martingale

Se per–ptwsh pou qreiàzetai na prosdioriste– h sunarthsiak† morf† kàpoiac me-
tablht†c pou prËpei na eisaqje– sto montËlo † na prosdioristo‘n akra–ec timËc allà
kai gia na elegqje– h upÏjesh thc analogik†c diakind‘neushc g–netai qr†sh twn upo-
lo–pwn martingale. Or–zontai wc h posÏthta:

r̂M = �i � r̂CS
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Ïpou CS=Cox-Snell kai

�i =

8
<

:
0, an e–nai apokommËnh parat†rhsh

1, an den e–nai apokommËnh parat†rhsh

Pa–rnoun timËc apÏ to �1 ewc to 1 (gia tic apokommËnec parathr†seic Ëqoun
arnhtikËc timËc) kai gia megàla de–gmata e–nai asusqËtista, me anamenÏmenh mËsh
tim† to 0. 'Etsi moiàzoun arketà me ta upÏloipa pou gnwr–zoume apÏ thn grammik†
palindrÏmhsh (Collett, 2015).
Mia akÏmh ermhne–a twn upolo–pwn aut∏n e–nai pwc ekfràzoun th diaforà metax‘

tou parathro‘menou arijmo‘ twn janàtwn gia thn i parat†rhsh sto diàsthma (0, ti)
kai ton anamenÏmeno arijmÏ janàtwn gia to prosarmosmËno montËlo. Shmei∏netai
ep–shc pwc ta upÏloipa autà den e–nai summetrikà katanemhmËna g‘rw apÏ to 0 akÏma
kai an to montËlo pou Ëqei prosarmoste– e–nai to swstÏ kai aut† h kurtÏthta kànei
ta graf†mata twn upolo–pwn d‘skola na ermhneuto‘n (Collett, 2015).

2.5.4 UpÏloipa apÏklishc (deviance)

To 1990 o Therneau kai àlloi prÏteinan ta upÏloipa apÏklishc, ta opo–a ba-
s–zontai sta upÏloipa martingale, allà Ïmwc e–nai arketà pio summetrikà apÏ ta
martingale. Ta upÏloipa apÏklishc qrhsimopoio‘ntai kai autà gia thn e‘resh akra-
–wn tim∏n (outliers) Ïmwc den apode–qthkan tÏso qr†sima Ïso e–qan fane– sthn arq†.
GenikÏtera Ëqoun pollËc omoiÏthtec me ta upÏloipa thc grammik†c palindrÏmhshc.
'Or–zontai wc:

r̂Di = sgn(r̂Mi)
p
�2(r̂Mi + �ilog(�i � r̂Mi)

Ïpou sgn(r̂Mi) = 1 gia r̂Mi > 0 kai sgn(r̂Mi) = �1 gia r̂Mi < 0. O Ïroc autÏc
diasfal–zei Ïti ta upÏloipa apÏklishc kai ta martingale upÏloipa e–nai omÏshma.
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2.6 Kamp‘lh ROC

'Ena pol‘ shmantikÏ ergale–o gia thn probleptik† ikanÏthta enÏc montËlou e–nai h
kamp‘lh ROC (Receiver Operating Characteristic). Qrhsimopoi∏ntac tic kamp‘lec
ROC mporo‘me na Ëqoume prÏsbash se Ënan ‘de–kth’ akr–beiac gia thn ikanÏthta
prÏbleyhc pou Ëqei to montËlo mac. H kamp‘lh ROC kajier∏jhke per–pou to 1941
kai e–qe thn pr∏th efarmog† tou se stratiwtikà rantàr, sthn opo–a ofe–lei kai to
Ïnoma tou.

Gia thn efarmog† thc kamp‘lhc sto montËlo tou Cox or–zetai o qrÏnoc epib–wshc
Ti gia ton asjen† i kai g–netai h upÏjesh Ïti parathro‘me mÏno thn elàqisth tim†
Ti kai Ci, Ïpou Ci Ënac anexàrthtoc qrÏnoc apokop†c. 'Estw loipÏn pwc or–zetai
o qrÏnoc parakolo‘jhshc Xi = min(Ti, Ci) kai Ëstw h de–ktria �i = (Ti  Ci)

gia to an h parat†rhsh e–nai apokommËnh † Ïqi. EpiplËon gia ton qrÏno epib–wshc Ti

mporo‘me na qrhsimopoi†soume mia anaparàstash mËsw thc diadikas–a katamËtrhshc
N

⇤
i
= (Ti  t) † thc ant–stoiqhc a‘xhshc dN⇤

i
= N

⇤
i
(t) � N

⇤
i
(t�). H anàlush mac

ja estiàsei sthn diadikas–a katamËtrhshc N⇤
i
(t) pou aforà mÏno ton qrÏno epib–wshc

Ti, ant– thc eurËwc qrhsimopoio‘menhc N⇤
i
= (Xi  t,� = 1), pou exartàtai apÏ

ton qrÏno apokop†c (Fleming & Harrington, 2011). TËloc, ja qreiaste– na or–soume
ton de–kth r–skou Ri(t) = (Xi � t) kaj∏c ep–shc na kànoume thn upÏjesh pwc
gia kàje parat†rhsh i Ëqoume Ëna s‘nolo apÏ qronikà ametàblhtec summetablhtËc
Zi = (Zi1, Zi2, ..., Zip) (Heagerty & Zheng, 2005).

Parakàtw ja epikentrwjo‘me sto montËlo tou Cox gia na dhmiourg†soume Ëna
score gia to montËlo kaj∏c kai gia na axiologhje– h probleptik† tou ikanÏthta, Ïmwc
upàrqoun mËjodoi axiolÏghshc thc akr–beiac enÏc prognwstiko‘ score pou mporo‘n
na epektajo‘n se opoiond†pote t‘po palindrÏmhshc. En prokeimËnw diàforec mËjodoi
suntelest∏n, Ïpwc h stajmismËnh ekt–mhsh merik†c pijanofàneiac, d–noun mia pro-
sËggish gia thn ekt–mhsh akrib∏n apotelesmàtwn (Hastie & Tibshirani, 1993), (Cai
& Sun, 2003).

Ja proqwr†soume loipÏn, d–nontac kàpoiec basikËc arqËc gia thn ekt–mhsh thc
merik†c pijanofàneiac. UpÏ thn proÙpÏjesh thc analogik†c diakind‘neushc, Ëqoume:

�(t|Zi) = �0(t)exp(Z
T

i
�)

Ïpou

�(t|Zi) = lim
�!1

�
�1
P [Ti 2 [t, t+ �t)]|Zi, Ti � t]

'Etsi oi sunart†seic score thc merik†c pijanofàneiac mporo‘n na grafo‘n wc:

0 =
X

i

�i[Zi �
X

i

⇡k(�, Xi)Zi)]
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Pragmatik† Katàstash
Y = 1 Y = 0

PrÏbleyh
Y = 1 a b a+ b

Y = 0 c d c+ d

a+ c b+ d n

Ïpou ⇡k(�, t) = Rk(t) · exp(ZT

i
�)/W (t) kai W (t) =

P
j
Rj(t)exp(ZT

j
�). L‘no-

ntac tic parapànw exis∏seic prok‘ptoun oi ekt–mhshc gia touc suntelestËc �̂ thc
mËgisthc merik†c pijanofàneiac.

Gia ta duadikà apotelËsmata Yi pou Ëqoun prok‘yei, h akr–beia thc prÏbleyhc
or–zetai apÏ d‘o pol‘ basikËc Ënnoiec thn euaisjhs–a (sensitivity) P (p̂i > c|Yi = 1),

kai thn eidikÏthta (specificity) P (p̂i  c|Yi = 0),, Ïpou p̂ e–nai mia prÏbleyh kai c
e–nai Ëna Ïrio gia na taxinomhjo‘n oi problËyeic wc jetikËc an (p̂i > c) † arnhtikËc
an (p̂i  c).

Or–zoume wc:

• Euaisjhs–a (sensitivity): To posostÏ thc orj†c prÏbleyhc thc katàstashc
Y = 1, † alli∏c ‘to posostÏ twn alhj∏c jetik∏n apotelesmàtwn (true positive
rate)’. TPR = a

a+c

• 1�EidikÏthta: To posostÏ twn yeud∏c jetik∏n apotelesmàtwn (Y = 1) en∏
sthn pragmatikÏthta isq‘ei (Y = 0): FPR = b

b+d

• EidikÏthta (specificity): o posostÏ thc orj†c prÏbleyhc thc katàstashc Y =

0, † alli∏c ‘to posostÏ twn alhj∏c arnhtik∏n apotelesmàtwn (true negative

rate)’. TNR = d

b+d

• Jetik† problepÏmenh tim†: H pijanÏthta emfànishc jetiko‘ peristatiko‘ me-
tax‘ Ïlwn twn jetik∏n problËyewn. PPV = a

a+b

• Arnhtik† problepÏmenh tim†: H pijanÏthta emfànishc arnhtiko‘ peristatiko‘
metax‘ Ïlwn twn arnhtik∏n problËyewn. NPV = d

c+d

• Akr–beia (Accuracy): To posostÏ twn pragmatik∏n apotelesmàtwn (tÏso a-
lhjinà jetikà Ïso kai alhjinà arnhtikà) metax‘ tou sunÏlou pou exetàsthkan.
ACC = a+d

n

• JetikÏc lÏgoc pijanofanei∏n (LR+): De–qnei pÏsec forËc pio suqnà emfa-
n–zetai to jetikÏ apotËlesma sthn pragmatik† katàstash (Y = 1) se sqËsh me
thn pragmatik† katàstash (Y = 0). LR+ = TPR

FPR
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• ArnhtikÏc lÏgoc pijanofanei∏n (LR�): De–qnei pÏsec forËc pio suqnà emfa-
n–zetai to arnhtikÏ apotËlesma sthn pragmatik† katàstash (Y = 0) se sqËsh
me thn pragmatik† katàstash (Y = 1). LR� = FPR

TPR
.

• DOR (diagnostic odds ratio): 'Ena mËtro apotelesmatikÏthtac enÏc diagnw-
stiko‘ test. TimËc megal‘terec thc monàdac † kai uyhlÏterec de–qnoun pwc to
test e–nai pol‘ apotelesmatikÏ.

Upolog–zontac tic timËc thc euaisjhs–ac kai thc eidikÏthtac gia kàje Ïrio c, sto
e‘roc [0, 1], mpore– na sqhmatiste– h qarakthristik† kamp‘lh ROC, me thn opo–a a-
peikon–zetai h probleptik† ikanÏthta tou montËlou kaj∏c to Ïrio metabàlletai. H
kamp‘lh e–nai mia grafik† paràstash thc euaisjhs–ac se sunàrthsh me thn eidikÏth-
ta † enallaktikà h euaisjhs–a se sunàrthsh me thn 1�eidikÏthta. Kai stic d‘o
peript∏seic h kl–maka tou orizÏntiou àxona ja e–nai apÏ to 0 Ëwc to 1.
BËltisth prÏbleyh epitugqànetai Ïtan parathro‘me timËc tou or–ou c me uyhl†

euaisjhs–a kai tautÏqrona uyhl† eidikÏthta. Sthn per–ptwsh aut† h kamp‘lh ROC

ja plhs–aze thn pànw arister† gwn–a sto sq†ma pou Ëqei prok‘yei. 'Ena mËtro
gia to pÏso plhsiàzei h kamp‘lh thn gwn–a aut† e–nai to embadÏn kàtw apÏ thn
kamp‘lh (area under the curve, AUC), me mËgisth tim† to 1. EpiplËon an h kamp‘lh
plhsiàzei th diag∏nio pou emfan–zetai sto sq†ma pou Ëqei dhmiourghje– (pànw sthn
opo–a isq‘ei AUC = 0.5), tÏte ta posostà twn alhj∏c jetik∏n kai yeud∏c jetik∏n
apotelesmàtwn ja †tan –sa, gegonÏc pou ja s†maine Ïti h prÏbleyh e–nai anexàrthth
apÏ thn pragmatik† tim† thc Y (Kar∏nh & OikonÏmou, 2017).





Kefàlaio 3

PoinikopoihmËnec MËjodoi

Sto kefàlaio autÏ ja analujo‘n oi trÏpoi me touc opo–ouc mpore– na g–nei h
ekt–mhsh twn suntelest∏n enÏc montËlou palindrÏmhshc. 'Opwc e–nai gnwstÏ sto
pollaplÏ grammikÏ montËlo palindrÏmhshc oi suntelestËc ektim∏ntai me th mËjodo
twn elaq–stwn tetrag∏nwn. Pio sugkekrimËna to prÏblhma thc ekt–mhshc t–jetai wc
ex†c (Kar∏nh & OikonÏmou, 2017) :

'Estw Ëna montËlo me n parathr†seic kai me p epexhghmatikËc metablhtËc. To
montËlo pollapl†c palindrÏmhshc gia thn parapànw per–ptwsh or–zetai wc ex†c:

yi = �0 + �1xi1 + �2xi2 + . . . + �pxip + ✏i, ✏i ⇠ N(0, �2).

Ïpou

• xij, i = 1, ..n kai j = 1, ..., p, oi timËc gia thn i-osth parat†rhsh twn epexhgh-
matik∏n metablht∏n xj

• yi, i = 1, ..., n, oi timËc thc metablht†c apÏkrishc gia thn i-osth parat†rhsh

• (�0, �1, . . . , �p) oi àgnwstec paràmetroi proc ekt–mhsh kai

• ✏i, i = 1, ..., n ta tuqa–a sfàlmata pou jewre–tai Ïti akoloujo‘n tic proÙpo-
jËseic tou aplo‘ grammiko‘ montËlou.

H ekt–mhsh twn suntelest∏n �ig–netai me thn mËjodo twn elaq–stwn tetrag∏nwn
(e.t), katà thn opo–a g–netai elaqistopo–hsh tou ajro–smatoc tetrag∏nwn twn upo-
lo–pwn, dhlad† thc posÏthtac :

SSE =
nX

i

(yi � �xi)
2

Ïpou � = (�0, �1, . . . , �p) kai xi = (1, xi1, . . . , xip), i = 1, 2, . . . , n

27
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Oi parapànw ektimhtËc e–nai oi sunhjËsteroi pou qrhsimopoio‘ntai se mia stati-
stik† anàlush, Ïtan den emfan–zontai àlla probl†mata pou na empod–zoun thn qr†sh
touc, Ïpwc gia paràdeigma h polusuggramikÏthta, dhlad† h isqur† grammik† susqËti-
sh metax‘ twn summetablht∏n. 'Omwc den e–nai mÏno aut† h paràmetroc pou prËpei
na lhfje– upÏyh gia thn epilog† aut†c thc mejÏdou gia thn ekt–mhsh twn suntele-
st∏n. Oi ektimhtËc elaq–stwn tetrag∏nwn parousiàzoun adunam–ec sthn prÏbleyh.
Oi suntelestËc auto– Ëqoun mikr† merolhy–a (bias) Ïmwc me arketà megàlh diasporà
gegonÏc pou touc kànei ligÏtero akribe–c. 'Enac akÏma lÏgoc pou kàpoioc mpore–
na mhn epilËxei auto‘c touc suntelestËc gia thn anàlush tou, e–nai h ermhne–a twn
suntelest∏n. E–nai arketà s‘nhjec se mia statistik† anàlush na upàrqoun pollËc
summetablhtËc gia Ëna montËlo kai apÏ autËc na prËpei na epileqjo‘n autËc oi opo–ec
qreiàzontai pragmatikà sto montËlo, na g–nei dhlad† mia epilog† metablht∏n.
Gia touc parapànw lÏgouc pol‘ suqnà epilËgontai kàpoiec mËjodoi surr–knw-

shc (shrinking) me tic opo–ec kàpoioi apÏ touc suntelestËc surrikn∏nontai proc to
mhdËn † kai t–jentai –soi me to mhdËn.
Wc ep– to ple–ston gia thn parapànw diadikas–a qrhsimopoio‘ntai h mËjodoc

epilog†c uposunÏlou (Subset Selection) kaj∏c kai oi mËjodoiRidge kai Lasso.
H mËjodoc epilog†c uposunÏlou e–nai pollËc forËc pol‘ dapanhr† upologistikà,
eidikà se peript∏seic Ïpou upàrqoun pollËc upoy†fiec summetablhtËc. EpiplËon
e–nai mia mËjodoc h opo–a e–nai exairetikà metablht†, pol‘ mikrËc allagËc sta dedomËna
mpore– na fËroun entel∏c diaforetikà apotelËsmata me apotËlesma na mhn upàrqei
kam–a akr–beia sthn probleptik† ikanÏthta tou montËlou. H mËjodoc Ridge † alli∏c
palindrÏmhsh korufogramm†c surrikn∏nei touc suntelestËc tou montËlou qwr–c Ïmwc
na mpore– na jËsei kanËnan –so me to mhdËn gegonÏc pou mpore– na kànei to montËlo
na mhn e–nai e‘kola ermhne‘simo. TËloc h mËjodoc Lasso (Least Absolute Shrinkage

and Selection Operator) fa–netai na parousiàzei pleonËkthma sugkritikà me tic àllec
d‘o mejÏdouc afo‘ mpore– ektÏc apÏ to na surrikn∏nei proc to mhdËn kàpoiouc apÏ
touc suntelestËc na jËtei kai kàpoiouc –souc me to mhdËn, kànontac Ëtsi kai mia
epilog† metablht∏n kai dhmiourg∏ntac Ïso to dunatÏn pio aplà montËla. Parakàtw
ja analujo‘n oi d‘o teleuta–ec teqnikËc.
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3.1 PalindrÏmhsh Ridge

H palindrÏmhsh korufogramm†c † PalindrÏmhsh Ridge Ïpwc anafËrjhke qrhsi-
mopoie–tai se peript∏seic pou h ekt–mhsh twn suntelest∏n me th mËjodo elaq–stwn
tetrag∏nwn apotugqànei. MËsw aut†c thc mejÏdou oi proc ekt–mhsh ektimhtËc sur-
rikn∏nontai proc to mhdËn mei∏nontac shmantikà th diasporà kai kat' epËktash bel-
ti∏nontac thn probleptik† ikanÏthta tou montËlou. To montËlo protàjhke apÏ touc
Hoerl kai Kennard to 1970 sto paper touc, “Ridge Regression: Biased Estimation

of Nonorthogonal Problems” (Hoerl & Kennard, 1970) kai “Ridge Regression: Ap-

plications to Nonorthogonal Problems” (Hoerl & Kennard, 1970).

3.1.1 To montËlo

H teqnik† aut† leitourge– me parÏmoio trÏpo me aut† twn elaq–stwn tetrag∏nwn.
Se aut† thn per–ptwsh Ïmwc elaqistopoie–tai diaforetik† posÏthta (James & Witten

& Hastie & Tibshirani, 2021). En∏ sthn per–ptwsh twn elaq–stwn tetrag∏nwn
skopÏc thc mejÏdou gia thn ekt–mhsh twn suntelest∏n � e–nai h elaqistopo–hsh
thc posÏthtac tou ajro–smatoc tetrag∏nwn twn upolo–pwn, RSS (Residual Sum of

Squares), h opo–a or–zetai wc:

RSS =
nX

i=1

(yi �
pX

j=1

�jxij)
2

Gia thn palindrÏmhsh Ridge h posÏthta pou qreiàzetai na elaqistopoihje– gia na
ektimhjo‘n oi suntelestËc tou montËlou �̂R, den diafËrei pol‘.
SugkekrimËna e–nai h :

nX

i=1

(yi �
pX

j=1

�jxij)
2 + �

pX

j=1

�
2
j
= RSS + �

pX

j=1

�
2
j

(3.1)

† isod‘nama h posÏthta:

nX

i=1

(yi �
pX

j=1

�jxij)
2
, upÏ ton periorismÏ,

pX

j=1

�
2
j
 s (3.2)

Ïpou � � 0 kai onomàzetai paràmetroc suntonismo‘ (tuning parameter) kai s � 0.
Oi paràmetroi auto– elËgqoun to bajmÏ ston opo–o ja surriknwjo‘n oi ektim†seic twn
suntelest∏n. StÏqoc kai sth mËjodo aut† e–nai h kal† prosarmog† twn dedomËnwn,
mei∏nontac drastikà to RSS. EpiplËon o Ïroc �

P
p

j=1 �
2
j
kale–tai poin† surr–knw-

shc (shrinkage penalty), pa–rnei qamhlËc timËc Ïtan oi suntelestËc �1, �2, ..., �p e–nai
kontà sto mhdËn kai Ëtsi mpore– na surrikn∏nei touc suntelestËc �j kontà sto mhdËn.
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O suntelest†c suntonismo‘ � Ëqei thn ikanÏthta na elËgqei thn epirro† twn d‘o
Ïrwn pou g–netai prospàjeia na elaqistopoihjo‘n stouc suntelestËc palindrÏmhshc.
'Otan to � = 0 den upàrqei kam–a poin† kai Ëtsi oi suntelestËc pou prok‘ptoun e–nai
sthn pragmatikÏthta oi suntelestËc elaq–stwn tetrag∏nwn. Kaj∏c Ïmwc to � ! 1
tÏte h epirro† thc poin†c ja megal∏nei kai oi suntelestËc �̂ridge ja prosegg–zoun to
mhdËn. Gia kàje tim† tou � ja prok‘ptoun diaforetiko– ektimhtËc twn suntelest∏n
�̂ridge

�
kai h swst† epilog† tou � e–nai aut† pou ja odhg†sei kai se kal‘tero montËlo.

E–nai shmantikÏ na shmeiwje– pwc h surr–knwsh Ïpwc aut† g–netai sth sqËsh
(3.1) aforà touc suntelestËc �1, �2, ..., �p kai Ïqi ton stajerÏ Ïro �0. To parapànw
sumba–nei kaj∏c skopÏc thc teqnik†c e–nai h surr–knwsh thc ektim∏menhc susqËtishc
pou kàje summetablht† Ëqei me thn metablht† apÏkrishc y. O stajerÏc Ïroc �0 Ïmwc
den kr–netai anagka–o na surriknwje– kaj∏c apotele– Ëna mËtro thc mËshc tim†c thc
metablht†c apÏkrishc Ïtan Ïlec oi epexhghmatikËc metablhtËc († summetablhtËc) e–nai
mhdËn. Me thn upÏjesh Ïti oi timËc tou p–naka sqediasmo‘X Ëqoun kentrariste– ∏ste
na Ëqoun mËsh tim† mhdËn, tÏte o ektimht†c tou stajero‘ Ïrou �0 ja e–nai thc morf†c:
�0 = ȳ =

P
n

i=1
yi

n

Shmei∏netai Ïti X o p–nakac sqediasmo‘ tou montËlou, or–zetai wc ex†c :

X =

0

B@
1 x11 . . . x1p
...
...

...
...

1 xn1 . . . xnp

1

CA

3.1.2 Ekt–mhsh Suntelest∏n

Elaqistopoi∏ntac thn (3.1) oi suntelestËc twn summetablht∏n d–nontai apÏ thn
sqËsh :

�̂ridge

�
= (XT

X+ �I)�1
X

T
y (3.3)

Ïpou X o p–nakac sqediasmo‘ tou montËlou, y Ëna diànusma me tic timËc thc
metablht†c apÏkrishc kai I o monadia–oc n⇥ n.
Oi suntelestËc auto– Ëqoun katà kanÏna mikrÏtera sfàlmata prÏbleyhc apÏ tic

ektim†triec elaq–stwn tetrag∏nwn. PrÏkeitai gia merolhptikËc ektim†triec me :
p–naka sundiasporàc :

V ar(�̂ridge

�
) = �

2(XT
X+ �I)�1

X
T
X(XT

X+ �I)�1

kai mËso tetragwnikÏ sfàlma :

MSE = V ar(�̂ridge

�
) + bias(�̂ridge

�
)

= �
2
Tr(XT

X+ �I)�1
X

T
X(XT

X+ �I)�1 + �
2�T (XT

X+ �I)�2�
(3.4)
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H swst† epilog† tou � e–nai aut† pou ja odhg†sei se megal‘terh me–wsh thc
diasporàc sugkritikà me thn a‘xhsh thc merolhy–ac pou ja sumbe– Ïpwc anafËrjhke
kai prohgoumËnwc. 'Oso to � megal∏nei kai h surr–knwsh twn ektimht∏n sumbàlei
se shmantik† me–wsh thc diasporàc twn problËyewn ‘jusiàzontac’ mia mikr† a‘xhsh
thc merolhy–ac. Oi Hoerl kai Kennard Ëdeixan pwc autÏ sumba–nei Ïtan ikanopoie–tai
o periorismÏc :

MSE(�̂ridge

�
) < V ar(�̂)

EndiaferÏn ep–shc Ëqei to gegÏnoc pwc oi ektimhtËc elaq–stwn tetrag∏nwn
e–nai isod‘namhc kl–makac, dhlad† o pollaplasiasmÏc thc summetablht†c Xj me mia
stajerà c odhge– se mia allag† kl–makac twn e.e.d katà Ënan paràgonta 1

c
. Anexar-

t†twc loipÏn, me ton trÏpo pou allàzei h j-ost† summetablht†, o paràgontac Xj�̂j

ja parame–nei –dioc. Kàti tËtoio Ïmwc den isq‘ei gia touc ektimhtËc thc palindrÏmhshc
Ridge, gia touc opo–ouc, Ïtan mia summetablht† pollaplasiàzetai me kàpoia stajerà
mpore– na allàxoun shmantikà. Oi paràgontec Xj�̂

ridge

j,�
ephreàzontai apÏ thn kl–maka

thc j-ost†c summetablht†c † akÏma kai apÏ thn kl–maka twn upolo–pwn summetablh-
t∏n. E–nai protimÏtero loipÏn, prin kàpoioc probe– se m–a ekt–mhsh twn suntelest∏n
twn summetablht∏n me thn mËjodo Ridge na kànei mia kanonikopo–hsh stic summe-
tablhtËc, Ëtsi ∏ste na br–skontai Ïlec sthn –dia kl–maka kai na Ëqoun Ïlec tupik†
apÏklish –sh me th monàda. Me ton trÏpo autÏ h prosarmog† tou montËlou den ja
exartàtai apÏ thn kl–maka twn summetablht∏n. H kanonikopo–hsh mpore– na qrhsi-
mopoi∏ntac thn sqËsh :

x̃ij =
xijq

1
n�1

P
n

i=1(xij � x̄j)2

Ïpou o paranomast†c e–nai h ekt–mhsh thc tupik†c apÏklishc gia thn j-ost† summe-
tablht†.

3.1.3 Epilog† thc PalindrÏmhshc Ridge

H palindrÏmhsh Ridge prosfËrei kàpoia pleonekt†mata Ënanti twn ektimhtri∏n
elaq–stwn tetrag∏nwn Ïpwc anafËrjhkan sthn prohgo‘menh anàlush kai sugke-
ntr∏nontai sta shme–a pou ja anaferjo‘n parakàtw.
'Otan to � e–nai mhdËn oi ektim†triec thc teqnik†c Ridge sump–ptoun me autËc twn

e.e.t. kai Ëtsi parathre–tai megàlh diasporà kai kajÏlou Ïmwc merolhy–a (James

& Witten & Hastie & Tibshirani, 2021). Kaj∏c to � megal∏nei, h prosarmog†
tou montËlou Ridge mei∏netai kai oi ektim†triec twn suntelest∏n surrikn∏nontai
odhg∏ntac Ëtsi se me–wsh thc diasporàc stic problËyeic allà kai se a‘xhsh thc
merolhy–ac.
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GenikÏtera Ïtan h sqËsh metax‘ twn summetablht∏n kai thc metablht†c apÏkri-
shc e–nai sqetikà grammik†, oi ektim†triec elaq–stwn tetrag∏nwn Ëqoun pol‘ megàlh
diasporà, gegonÏc pou shma–nei pwc mia mikr† allag† sta dedomËna mpore– na epifËrei
megàlec allagËc stic ektim†seic twn suntelest∏n. Eidikà Ïtan oi summetablhtËc p
e–nai Ïsec oi parathr†seic n tÏte oi e.e.t. ja e–nai exairetikà metablhtËc kai se peri-
pt∏seic Ïpou p > n, oi e.e.t. den ja d–noun kan monadik† l‘sh. Se peript∏seic Ïpwc
autËc kai genikà Ïtan oi e.e.t. Ëqoun uyhl† diasporà, oi ektimhtËc thc palindrÏmh-
shc Ridge fa–netai na e–nai mia pol‘ kal‘terh enallaktik† apÏ aut† twn elaq–stwn
tetrag∏nwn.
'Ena akÏma pleonËkthma thc teqnik†c aut† e–nai pwc upologistikà e–nai pol‘ pio

sumfËrousa, kaj∏c gia kàje tim† tou � prosarmÏzetai Ëna mÏno montËlo. Mpore–
na apodeiqje– Ïti oi upologismo– gia thn l‘sh tic (3.1) gia Ïlec tic timËc tou � e–nai
upologistikà sqedÏn oi –dioi me thn prosarmog† enÏc montËlou me thn qr†sh twn
elaq–stwn tetrag∏nwn.
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3.2 PalindrÏmhsh Lasso

ParÏlo pou h teqnik† Ridge parousiàzei pleonekt†mata se sqËsh me tic klassi-
kËc ektim†triec elaq–stwn tetrag∏nwn, den epilËgei Ëna upos‘nolo summetablht∏n
apÏ tic p allà tic sumperilambànei Ïlec sto montËlo, gegonÏc pou pol‘ suqnà den
e–nai epijumhtÏ. H poin† �

P
n

i=1 �
2
j
nai men surrikn∏nei tic ektim†triec twn suntele-

st∏n proc to mhdËn, den tic jËtei Ïmwc –sec me to mhdËn. AutÏ mpore– na dhmiourg†sei
prÏblhma sthn ermhne–a tou montËlou eidikà an o arijmÏc p e–nai megàloc. E–nai pro-
timÏtero to montËlo na sumperilambànei mÏno tic statistikà shmantikËc metablhtËc
Ëtsi ∏ste na prok‘yei Ëna montËlo Ïso to dunatÏn pio feidwlÏ.
To 1995 o Tibshirani, prote–nei mia kaino‘rgia teqnik† h opo–a katafËrnei na

kànei kai epilog† kal‘terou montËlou, h mËjodoc onomàzetai LASSO (Least Absolute

Shrinkage and Selection Operator) (Tibshirani, 1996). H mËjodoc aut† sugkentr∏nei
ta pleonekt†mata thc palindrÏmhshc Ridge kai thc mejÏdou epilog†c uposunÏlou ka-
j∏c mpore– na surrikn∏nei touc suntelestËc tou montËlou allà kai na jËtei kàpoiouc
akrib∏c –souc me to mhdËn kai Ëtsi kànei kai epilog† metablht∏n. E–nai pol‘ qr†si-
mh se probl†mata megàlwn diastàsewn kai prosfËrei montËla ta opo–a e–nai e‘kola
ermhne‘sima.
Oi mËjodoi Lasso kai Ridge apotelo‘n eidikËc peript∏seic thc palindrÏmhshc

Bridge, pou e–qe protaje– gia pr∏th forà apÏ touc Frank kai Friedman to 1993.

3.2.1 To montËlo

To montËlo kai pàli Ëqei wc ex†c : 'Estw, xij, yi, i = 1, 2, ..., n kai j = 1, ..., p,
to s‘nolo twn dedomËnwn, Ïpou me xi = (xi1, ..., xip) sumbol–zontai oi epexhghmati-
kËc metablhtËc († summetablhtËc) kai yi oi ant–stoiqec apokr–seic. 'Opwc kai sthn
palindrÏmhsh Ridge oi metablhtËc xij jewro‘ntai kanonikopoihmËnec ∏ste na isq‘ei:

µ =
P

n

i=1
xij

n
= 0 kai �2 =

P
n

i=1

x
2
ij

n
.

Oi ektim†triec lasso �̂L

�
prok‘ptoun me thn elaqistopo–hsh thc posÏthtac:

nX

i=1

(yi �
pX

j=1

�jxij)
2 + �

pX

j=1

|�j| = RSS + �

pX

j=1

|�j| (3.5)

† isod‘nama thc:

nX

i=1

(yi �
pX

j=1

�jxij)
2
, upÏ ton periorismÏ,

pX

j=1

|�j|  s (3.6)

Ïpou kai pàli � � 0 kai onomàzetai paràmetroc suntonismo‘ (tuning parameter)
kai s � 0. O paràgontac �0 mpore– na paralhfje– kai autÏ giat– gia Ïlec tic timËc
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pou mpore– na pàrei to s, h l‘sh gia to �0 e–nai : �̂0 = ȳ kai Ëtsi qwr–c blàbh thc
genikÏthtac g–netai h upÏjesh Ïti ȳ = 0. AutÏ Ëqei wc apotËlesma na g–nei paràleiyh
tou �0 apÏ tic sqËseic (3.5) kai (3.6).

Kai se aut† th mËjodo oi paràmetroi � kai s elËgqoun ton bajmÏ surr–knwshc
twn suntelest∏n.

'Opwc e‘kola mpore– kane–c na parathr†sei oi sqËseic (3.1) kai (3.5) gia thn Ridge
kai thn Lasso ant–stoiqa, moiàzoun idia–tera. Diaforopoio‘ntai ston paràgonta thc
poin†c. Gia thn Lasso o Ïroc �

P
p

j=1 |�j| qrhsimopoie– thn `1 nÏrma, se ant–jesh me
thn Ridge pou o Ïroc thc poin†c thc parapËmpei sthn `2 nÏrma. H teqnik† thc Lasso
mpore– na jËsei tic ektim†triec twn suntelest∏n akrib∏c –sec me to mhdËn lÏgw auto‘
tou paràgonta thc poin†c, Ïtan h tim† tou � e–nai epark∏c megàlh. Me ton trÏpo
autÏ h Lasso katafËrnei na kànei epilog† metablht∏n, Ïpwc kai h mËjodoc epilog†c
uposunÏlou, dhmiourg∏ntac Ëtsi montËla e‘kola ermhne‘sima. Genikà, Ïtan to � = 0

h Lasso d–nei tic ektim†triec twn elaq–stwn tetrag∏nwn (Ïpwc kai h Ridge), Ïtan
to � = 1 d–nei to mhdenikÏ montËlo (Ïpwc kai h Ridge), en∏ stic endiàmesec timËc
paràgei Ëna montËlo me kàpoiec apÏ tic summetablhtËc se ant–jesh me thn Ridge pou
ja paràxei Ëna montËlo me Ïlec tic summetablhtËc Ïpou to � ja elËgqei apl∏c to
mËgejoc surr–knwshc twn suntelest∏n.

3.2.2 H gewmetr–a thc Lasso

O lÏgoc pou h Lasso jËtei suntelestËc –souc me to mhdËn en∏ h Ridge Ïqi,
Ïpwc anafËrjhke kai prohgoumËnwc Ëgkeitai stouc Ïrouc poin†c thc kàjemiac. AutÏ
fa–netai kal‘tera stic sqËseic (3.2) kai (3.6) kai stouc periorismo‘c

P
p

j=1 �
2
j
 s

kai
P

p

j=1 |�j|  s ant–stoiqa. Upàrqoun timËc tou � gia tic opo–ec ja prok‘youn oi
–diec ektim†triec Ridge kai Lasso (James & Witten & Hastie & Tibshirani, 2021).

'Estw Ëna montËlo me d‘o epexhghmatikËc metablhtËc, dhlad† p = 2. TÏte gia
thn (3.2) oi ektim†triec twn suntelest∏n Ridge me to mikrÏtero RSS br–skontai
entÏc tou k‘klou pou or–zetai apÏ th sqËsh : �2

1 + �
2
2  t Ënw oi ektim†triec twn

suntelest∏n Lasso emperiËqontai mËsa sto sq†ma diamant–ou pou or–zetai apÏ th
sqËsh |�1|+ |�2|  t.
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Sq†ma 3.1: EikÏna ektim†sewn gia: (a) Lasso kai (b) Ridge

Oi d‘o periorismo– ousiastikà yàqnoun thn mikrÏterh tim† tou RSS, upÏ thn pro-
ÙpÏjesh Ïti upàrqei Ënac periosmÏc t gia to pÏso megàloc mpore– na g–nei o paràgo-
ntac

P
p

j=1 �
2
j
kai

P
p

j=1 |�j| ant–stoiqa. 'Otan to t e–nai pol‘ megàlo o periorismÏc
den e–nai pol‘ austhrÏc, oi suntelestËc mpore– na g–noun arketà megàloi kai gia thn
akr–beia an to t e–nai arketà megàlo tÏte apl∏c Ëqoume tic ektim†triec elaq–stwn
tetrag∏nwn. 'Otan to t e–nai mikrÏ ja prËpei

P
p

j=1 �
2
j
kai

P
p

j=1 |�j| na e–nai arketà
mikrà gia na mhn xeperàsoun ton periorismÏ.
'Opwc fa–netai sto sq†ma 3.1 to mple diamànti kai o mple k‘kloc apotelo‘n touc

periorismo‘c gia Lasso kai Ridge ant–stoiqa, en∏ to �̂ e–nai h l‘sh twn elaq–stwn
tetrag∏nwn. An to t e–nai arketà megàlo (ant–stoiqa megàlo me to � = 0), tÏte oi
periorismËnec perioqËc ja periËqoun to �̂ kai oi mËjodoi Lasso kai Ridge ja d–noun
tic –diec ektim†triec me ta elàqista tetràgwna.
Oi elle–yeic pou Ëqoun wc kËntro to �̂ apeikon–zoun isoÙye–c kamp‘lec, dhlad† ta

shme–a kàje Ëlleiyhc Ëqoun to –dio RSS. 'Oso oi elle–yeic apomakr‘nontai apÏ to �̂
to RSS megal∏nei. Oi exis∏seic (3.2) kai (3.6) upodeikn‘oun Ïti oi ektim†triec Lasso
kai Ridge prok‘ptoun apÏ to pr∏to shme–o Ïpou oi elle–yeic sunanto‘n thn perioq†
periorismo‘. Oi perioq† periorismo‘ gia thn Ridge e–nai kuklik† kai Ëtsi to parapànw
den ja sumbe– pànw se Ënan àxona kai autÏc e–nai o lÏgoc pou den mpore– kàpoioc
Ridge suntelest†c na e–nai akrib∏c mhdËn. AntijËtwc h perioq† periorismo‘ gia thn
Lasso Ëqei gwn–ec stouc àxonec kai gia to lÏgo autÏ suqnà h tom† twn elle–yewn
me thn perioq† periorismo‘ g–netai pànw stouc àxonec. Paromo–wc sumperifËretai h
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mËjodoc kai gia megal‘terec diastàseic.

3.3 S‘gkrish Ridge kai Lasso

H Lasso Ëqei Ëna xekàjaro pleonËkthma Ënanti thc Ridge kai autÏ e–nai h epilog†
metablht∏n pou mpore– na kànei, gegonÏc pou thn kànei na paràgei montËla ta opo–a
e–nai e‘kola na ermhneuto‘n. 'Omwc gia na katal†xei kane–c se m–a apÏ tic d‘o teqnikËc
ja prËpei na analogiste– kai po–a apÏ tic d‘o mpore– na Ëqei kal‘terh probleptik†
ikanÏthta.
Gia thn s‘gkrish twn d‘o teqnik∏n ja prËpei kàpoioc na sumbouleute– kai to

mËso tetragwnikÏ sfàlma (MSE). Genikà h Lasso Ëqei parÏmoia apotelËsmata me ta
autà thc Ridge, dhlad† Ïso to � megal∏nei h diasporà mei∏netai ‘me antàllagma’ mia
mikr† a‘xhsh sthn merolhy–a. 'Omwc kane–c den mpore– na upojËsei me sigourià pwc
h m–a mËjodoc e–nai kal‘terh apÏ thn àllh. Ja mporo‘se na g–nei h upÏjesh, Ïti se
probl†mata pou l–gec summetablhtËc e–nai diàforec tou mhdenÏc kai oi perissÏterec
e–nai e–te mhdËn e–te pol‘ kontà se autÏ, h Lasso ja †tan kal‘terh epilog†. Anti-
sto–qwc h Ridge ja apËdide kal‘tera se peript∏seic me pollËc metablhtËc tou –diou
per–pou megËjouc. E–nai gnwstÏ Ïmwc pwc sthn pleioyhf–a twn problhmàtwn o arij-
mÏc twn summetablht∏n pou Ëqoun sqËsh me thn metablht† apÏkrishc den e–nai potË
gnwstÏc a priori. Mporo‘n na qrhsimopoihjo‘n mËjodoi Ïpwc h Cross-Validation

gia thn diere‘nhsh poiac mejÏdou prËpei na akoloujhje–.
Shmei∏netai ep–shc pwc kai oi d‘o teqnikËc e–nai upologistikà apodotikËc kai

‘kost–zoun’ Ïso h efarmog† enÏc montËlou elaq–stwn tetrag∏nwn.

3.4 Mia eidik† per–ptwsh gia Ridge kai Lasso

'Estw mia per–ptwsh palindrÏmhshc sthn opo–a o arijmÏc twn parathr†sewn n
e–nai Ïsoc kai o arijmÏc twn summetablht∏n p kai o p–nakac sqediasmo‘ X e–nai dia-
g∏nioc me àssouc sthn diag∏nio kai mhdenikà Ïla ta upÏloipa stoiqe–a tou. EpiplËon
g–netai h upÏjesh Ïti h palindrÏmhsh g–netai qwr–c stajerÏ Ïro �0. 'Etsi gia thn
e‘resh twn suntelest∏n �1, ..., �p elaqistopoio‘ntai oi posÏthtec :
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• Gia th mËjodo elaq–stwn tetrag∏nwn

pX

j=1

(yj � �j)
2 (3.7)

'Opou h l‘sh e–nai:
�̂j = yj

• Gia th mËjodo Ridge
pX

j=1

(yj � �j)
2 + �

pX

j=1

�
2
j

(3.8)

'Opou oi ektim†triec e–nai:
�̂
R

j
=

yj

(1 + �)

• Gia th mËjodo Lasso
pX

j=1

(yj � �j)
2 + �

pX

j=1

|�j| (3.9)

'Opou oi ektim†triec e–nai:

�̂j =

8
>>><

>>>:

yj � �

2 , an yj >
�

2

yj +
�

2 , an yj < ��

2

0, an |yj|  �

2

Parathre–tai e‘kola Ïti sthn prokeimËnh per–ptwsh, h surr–knwsh pou kànoun oi
d‘o teqnikËc e–nai entel∏c diaforetikËc. Gia thn Ridge oi ektim†triec twn suntele-
st∏n surrikn∏nontai me thn –dia akrib∏c analog–a en∏ gia thn Lasso oi ektim†triec
surrikn∏nontai katà mia posÏthta –sh me �

2 en∏ autËc oi ektim†triec pou h apÏluth
tim† touc e–nai mikrÏterh apÏ �

2 t–jentai –sec me to mhdËn. Se genikÏterec peript∏seic
apÏ autËc tou p–naka X ta parapànw allàzoun Ïmwc h kentrik† idËa paramËnei. H
Ridge surrikn∏nei kàje diàstash me th –dia analog–a en∏ h Lasso surrikn∏nei peris-
sÏtero † ligÏtero Ïlec tic ektim†triec proc to mhdËn me m–a parÏmoia posÏthta, en∏
oi pol‘ ‘mikrËc’ ektim†triec t–jentai mhdËn.
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3.5 Cross-Validation

H mËjodoc Cross-Validation, e–nai h pio diadomËnh mËjodoc axiolÏghshc thc pro-
bleptik†c ikanÏthtac enÏc montËlou (van Houwelingen & Sauerbrei, 2013).

H genik† idËa thc mejÏdou sthr–zetai sto diaqwrismÏ twn dedomËnwn se d‘o s‘no-
la, Ëna me to opo–o prosarmÏzetai to montËlo kai onomàzetai training set kai Ëna me
to opo–o axiologe–tai h probleptik† ikanÏthta tou montËlou kai onomàzetai test set.
O diaqwrismÏc twn dedomËnwn mpore– na g–nei me touc treic parakàtw trÏpouc (James

& Witten & Hastie & Tibshirani, 2021):

• Qwr–zontac ta dedomËna tuqa–a se d‘o s‘nola per–pou –diou megËjouc (Valida-
tion Set Approach).

• Qwr–zontac ta dedomËna se d‘o s‘nola, af†nontac Ïmwc sto test set mia mÏno
parat†rhsh (Leave one out Cross-Validation) kai tic upÏloipec n � 1 para-
thr†seic qrhsimopoio‘ntai gia thn prosarmog† tou montËlou. H diadikas–a
epanalambànetai sunolikà n forËc kai kàje forà upolog–zetai to mËso tetra-
gwnikÏ sfàlma (MSE) kàje montËlou. O mËsoc Ïroc twn MSE apotele– thn
ektim†tria CV tou MSE tou training set.

• Qwr–zontac ta dedomËna se k ‘fakËlouc’ (folds) per–pou –diou megËjouc. O
pr∏toc fàkeloc qrhsimopoie–tai wc test set kai oi upÏloipoi k � 1

qrhsimopoio‘ntai gia thn prosarmog† tou montËlou kai upolog–zetai to mËso
tetragwnikÏ sfàlma (MSE) tou montËlou. H diadikas–a epanalambànetai su-
nolikà k forËc, dialËgontac kàje forà Ëna diaforetikÏ fàkelo gia test set kai
upolog–zontac to MSE gia kàje montËlo. O mËsoc Ïroc twn MSE apotele– thn
ektim†tria CV tou MSE tou training set.

3.5.1 H epilog† tou �

'Opwc anafËrjhke parapànw gia tic mejÏdouc surr–knwshc Ridge kai Lasso h
epilog† tou � kajor–zei se megàlo bajmÏ thn apotelesmatikÏthta thc ekàstote me-
jÏdou. Gia thn kal‘terh tim† tou � qrhsimopoie–tai h mËjodoc Cross-Validation.

H diadikas–a epilog†c tou � Ëqei wc ex†c: apÏ Ëna plËgma tim∏n gia to � upolo-
g–zetai to CV sfàlma gia kàje tim† me ton trÏpo pou perigràfhke parapànw (James

& Witten & Hastie & Tibshirani, 2021). Sth sunËqeia epilËgetai to � eke–no pou
d–nei thn mikrÏterh tim† sfàlmatoc. TËloc to montËlo prosarmÏzetai xanà me Ïlec
tic parathr†seic aut† th forà kai me thn epilegmËnh tim† �.
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3.6 MËjodoi surr–knwshc sto montËlo tou Cox

Me thn –dia logik† ja g–nei h prospàjeia na prosarmosto‘n oi teqnikËc pou ana-
fËrjhkan parapànw sto montËlo tou Cox (James & Witten & Hastie & Tibshirani,

2021). H posÏthta pou ja g–nei prospàjeia na elaqistopoihje– aut† th forà e–nai
mia poinikopoihmËnh morf† thc arnhtik†c logarijmopoihmËnhc pijanofàneiac h opo–a
diamorf∏netai wc ex†c:

�log

Y

i:�i=1

e

Pp
j=1 xij�j

P
i0:yi0�yie

P
xi0j�j

+ �P (�)

To P (�) diamorf∏netai wc P (�) =
P

p

j=1 �
2
j
, Ïtan prÏkeitai gia poin† Ridge en∏

wc P (�) =
P

p

j=1 |�j|, Ïtan prÏkeitai gia poin† Lasso.
Sun†jwc to � e–nai mia mh-arnhtik† paràmetroc suntonismo‘ kai kànoume thn ela-

qistopo–hsh gia Ëna e‘roc tim∏n tou �. 'Otan to � = 0 h parapànw sqËsh isoduname–
me th sunhjismËnh sto montËlo tou Cox. 'Otan Ïmwc to � e–nai jetikÏ tÏte oi e-
ktim†triec ja e–nai surriknwmËnec. Gia megàlec timËc tou �, h mËjodoc Ridge ja
d∏sei ektim†triec me timËc pol‘ kontà sto mhdËn en∏ h Lasso ja d∏sei surriknwmËnec
ektim†triec me kàpoiec apÏ autËc na e–nai mhdËn.
'Eqei parathrhje– pwc h mËjodoc Lasso apod–dei pol‘ kal‘tera wc montËlo apÏ

àllec mejÏdouc Ïpwc h subset selection † h stepwise selection (Tibshirani, 1997).
Shmei∏netai ep–shc pwc e–nai arketà qr†simh h kanonikopo–hsh twn summetablht∏n,
Ëtsi ∏ste h poin† na e–nai –dia gia Ïlec. EpiplËon an e–nai gnwstÏ ex' arq†c pwc mia
summetablht† e–nai apara–thth sto montËlo, Ïpwc gia paràdeigma Ënac paràgontac
pou ephreàzei mia jerape–a kai wc ek to‘tou den e–nai epijumht† h surr–knwsh thc,
mpore– na paralhfje– apÏ ton Ïro thc poin†c.

3.6.1 The elastic net

Ax–zei na anaferje– pwc to 2005 , oi Zou kai Hastie, parous–asan th mËjodo
elastic net (Zou & Hastie, 2005). PrÏkeitai gia Ënan sunduasmÏ twn d‘o poin∏n pou
anafËrjhkan. O Ïroc thc poin†c �P (�) t∏ra or–zetai wc P (�) = �1

P
p

j=1 |�j| +
�2

P
p

j=1 �
2
j
.

H mËjodoc ektele– epilog† metablht∏n kai ekt–mhsh twn suntelest∏n twn epexh-
ghmatik∏n metablht∏n Ïpwc kai h lasso Ïmwc epiprÏsjeta me ton de‘tero Ïro poin†c,
d–nei Ëmfash se parapànw metablhtËc. Me ton trÏpo autÏ h elastic net kata k‘rio
lÏgo epilËgei parapànw metablhtËc apÏ thn lasso.





Kefàlaio 4

DËndra PalindrÏmhshc

4.1 Eisagwg†

Sthn statistik† allà kai se efarmogËc thc se àllec epist†mec e–nai pol‘ s‘nhjec
apÏ Ëna s‘nolo dedomËnwn na qreiaste– na g–nei prÏbleyh gia kàpoia posÏthta. Stic
peript∏seic autËc wc ep– to ple–ston g–netai qr†sh kàpoiou montËlou palindrÏmh-
shc. PollËc forËc Ïmwc den e–nai dunat† † den e–nai arketà ikanopoihtik† aut† h
prosËggish.
'Etsi loipÏn mia diaforetik† mËjodoc apÏ autËc pou Ëqoun analuje– mËqri stigm†c

prote–netai gia thn prÏbleyh enÏc apotelËsmatoc. H mËjodoc aut† qwr–zei ton q∏ro
twn epexhghmatik∏n metablht∏n se mikrÏterec perioqËc (James &Witten & Hastie &

Tibshirani, 2021). O trÏpoc me ton opo–o montelopoie–tai h mËjodoc bas–zetai se mia
omàda mejÏdwn pou qarakthr–zontai wc basismËnec sth montelopo–hsh me th morf†
twn dËndrwn. H diadikas–a me thn opo–a g–netai o diaqwrismÏc tou q∏rou, mpore– na
optikopoihje– san Ëna dËndro, to opo–o xekin∏ntac apÏ thn ‘r–za’ tou (kÏmbo arq†c
† koruf†), qwr–zetai se d‘o ‘kladià’(‘paidià’ † kÏmbouc), ta opo–a me thn seirà touc
qwr–zontai me ton –dio trÏpo mËqri na telei∏sei h diamËrish.
H prosËggish pou ja analuje– loipÏn, se autÏ to kefàlaio, gia thn prÏbleyh enÏc

apotelËsmatoc se Ëna s‘nolo dedomËnwn, e–nai ta dËndra palindrÏmhshc (regression
trees). E–nai ep– toic ous–ac, ta eurËwc diadedomËna dËndra apÏfashc (decision trees),
se peript∏seic Ïmwc pou h prÏbleyh pou apaite–tai na g–nei, e–nai posotik† metablht†.
Ta regression trees qrhsimopoio‘ntai suqnà, Ïtan dhmiourgo‘ntai probl†mata

sthn palindrÏmhsh Ïpwc, Ïtan sto s‘nolo dedomËnwn upàrqoun upàrqoun pollËc
epexhghmatikËc metablhtËc oi opo–ec allhlepidro‘n me per–plokouc kai mh grammi-
ko‘c trÏpouc. EpiplËon me ta regression trees paràgontai apotelËsmata ta opo–a
e–nai pol‘ e‘kola na ermhneuto‘n, akÏma kai apÏ anjr∏pouc pou den Ëqoun kanËna
majhmatikÏ upÏbajro kai epiplËon ta apotelËsmata mporo‘n na optikopoihjo‘n se
kàje b†ma thc diadikas–ac.

41
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ApÏ to 1963, me thn douleià touc oiMorgan kai Sonquist, parous–asan mia diafo-
retik† omàda mejÏdwn palindrÏmhshc oi opo–ec plËon e–nai gnwstËc wc dËndra (trees)
† recursive partitioning (Hothron & Hornik & Zeileis, 2006). ApÏ tÏte pàra pol-
lo– epist†monec Ëqoun asqolhje– me thn sugkekrimËnh mËjodo prospaj∏ntac na thn
belti∏soun me diaforetikËc prosegg–seic. BasikÏc pur†nac Ïlwn twn prosegg–sewn
e–nai Ënac algÏrijmoc d‘o bhmàtwn, pr∏ta ‘qwr–zontac’ tic parathr†seic me anadro-
mikÏ trÏpo kai sth sunËqeia prosarmÏzontac Ëna stajerÏ montËlo sto apotËlesma
kàje diaqwrismo‘. Axioshme–wtec ulopoi†seic tou parapànw algor–jmou e–nai autËc o
CART twn Breiman, Friedman, Olshen kai Stone to 1984 kai o C4.5 tou Quinlan to
1993. AmfÏteroi pragmatopoio‘n exantlhtik† anaz†thsh sta pijanà qwr–smata me-
gistopoi∏ntac kàpoio mËtro plhrofor–ac gia thn mh-kajarÏthta (impurity) kÏmbou,
epilËgontac th metablht† pou ja kànei to bËltisto q∏risma. Me ton trÏpo autÏ
Ïmwc dhmiourgo‘ntai probl†mata overfitting kaj∏c kai merolhy–ac gia metablhtËc
pou odhgo‘n se pollà qwr–smata.

H mËjodoc pou ja analuje– kai ja qrhsimopoihje– sthn paro‘sa ergas–a ja kànei
qr†sh amerÏlhpthc recurvise partitioning pou sthr–zetai se ‘upÏ Ïrouc Ëlegouc upo-
jËsewn’ kai mpore– na efarmoste– se Ïla ta e–dh dedomËnwn, Ïpwc kai ta apokommËna
pou apotelo‘n antike–meno endiafËrontoc thc ergas–ac, Ëtsi ∏ste na dhmiourg†sei
dËndra epib–wshc (Zeileis & Hothron & Hornik, 2008).

4.2 Anàptuxh mejÏdou gia th dhmiourg–a

dËndrwn epib–wshc

To prÏblhma thc prÏbleyhc aforà kai pàli montËla palindrÏmhshc gia mia me-
tablht† apÏkrishc Y , dedomËnou Ïti sto prÏblhma e–nai gnwstËc m epexhghmatikËc
metablhtËc. H metablht† apÏkrishc Y mpore– na e–nai kai aut† m diastàsewn. Epi-
plËon oi metablhtËc Y kaiX = (X1, ...Xm) mporo‘n na Ëqoun metrhje– se opoiad†po-
te kl–maka. G–netai h upÏjesh pwc h upÏ sunj†kh katanom† D(Y |X) thc metablht†c
apÏkrishc Y dedomËnou twn X summetablht∏n exartàtai apÏ m–a sunàrthsh f twn
summetablht∏n:

D(Y |X) = D(Y |(X1, ...Xm) = D(Y |f(X1, ...Xm)),

Ïpou ja dhmiourghjo‘n sqËseic palindrÏmhshc pou Ëqoun basiste– sth diamËrish
tou q∏rou twn epexhghmatik∏n metablht∏n. Me ton trÏpo autÏ prok‘ptoun r xËna
metax‘ touc ‘kelià’ diamer–sewn B1, B2, ..., Br, Ëtsi ∏ste Ïloc o q∏roc X twn sum-
metablht∏n na e–nai: X = [r

k=1Bk. S'Ëna tuqa–o de–gma n parathr†sewn oi opo–ec
e–nai anexàrthtec kai isÏnomec, Ïpou apÏ autËc endËqetai Xji na le–poun apotelo‘n
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Ëna learning sample (de–gma màjhshc):

Ln = (Y , X1i, ..., Xmi); i = 1, ..., n

kai bàsei auto‘ prosarmÏzetai h sqËsh palindrÏmhshc.
Sth sunËqeia ja doje– h genik† morf† tou algor–jmou tou recursive binary parti-

tioning kànontac qr†sh mh arnhtik∏n akera–wn bar∏n w = (w1, ...wn). Kàje kÏmboc
tou dËndrou pou ja sqhmatiste– apÏ thn diamËrish tou q∏rou, anaparistàtai apÏ Ëna
diànusma bar∏n pou Ëqei mh mhdenikà stoiqe–a mÏno ean oi ant–stoiqec parathr†seic
e–nai stoiqe–a tou kÏmbou en∏ se diaforetik† per–ptwsh e–nai mhdËn. O algÏrijmoc
Ëqei wc ex†c:

1. Gia ta bàrh w na g–nei o kajolikÏc Ëlegqoc thc mhdenik†c upÏjeshc H0 thc
anexarths–ac metax‘ opoiasd†pote ek twnm summetablht∏n kai thc metablht†c
apÏkrishc. Stamàta an h mhdenik† upÏjesh den mpore– na aporrifje–. Alli∏c
epËlexe thn j⇤-osth summetablht† Xj⇤ me th megal‘terh susqËtish me to Y .

2. Diàlexe Ëna s‘nolo A⇤ ⇢ Xj⇤ Ëtsi ∏ste na qwriste– h Xj⇤ se duo xËna s‘no-
lo A⇤ kai Xj ⇤ \A⇤. Ta bàrh wleft kai wright kajor–zoun ta d‘o s‘nola me
wleft,i = I(Xj⇤i 2 A⇤) kai wright,i = I(Xj⇤i /2 A⇤), gia Ïla ta i = 1, ..., n.
(Ïpou I mia de–ktria sunàrthsh)

3. Anadromikà epanàlabe ta b†mata 1 kai 2 me tropopoihmËna ta wleft kai wright

ant–stoiqa.

O trÏpoc me ton opo–o g–netai o diaqwrismÏc sta b†mata 1 kai 2 tou algor–j-
mou, e–nai o lÏgoc qàrh ston opo–o dhmiourgo‘ntai eukÏlwc ermhne‘sima dËndra ta
opo–a den Ëqoun thn tàsh na qrhsimopoio‘n tic summetablhtËc eke–nec pou odhgo‘n
se perissÏterec diamer–seic. O Ëlegqoc upojËsewn dienerge–tai se Ëna prokajori-
smËno ep–pedo shmantikÏthtac a. EpiplËon o algÏrijmoc odhge– se mia diamËrish
B1, B2, ..., Br, Ïpou kàje kel– B 2 B1, B2, ..., Br e–nai susqetismËno me Ëna diànusma
apÏ bàrh.
Shmei∏netai pwc sto pr∏to b†ma qreiàzetai na apofasiste– an h metablht† apÏkri-

shc mpore– na exhghje– apÏ opoiad†pote apÏ tic m summetablhtËc tou probl†matoc
(Hothron & Hornik & Zeileis, 2008). Se kàje kÏmbo, pou qarakthr–zetai apÏ ta bàrh
w, gia na g–nei o kajolikÏc Ëlegqoc upojËsewn gia thn anexarths–a kai twn m sum-
metablht∏n me thn metablht† apÏkrishc, g–nontai m meriko– Ëlegqoi upojËsewn gia
kàje mia apÏ tic m summetablhtËc. SugkekrimËna se kàje merikÏ Ëlegqo, elËgqetai
h mhdenik† upÏjesh: Hj = D(Y |Xj) = D(Y ) kai ston kajolikÏ Ëlegqo, h mhdenik†
upÏjesh: H0 = \m

j=1H
j

0 . H anadrom†, Ïpwc anafËrjhke kai parapànw, h anadrom†
stamatàei, Ïtan den mpore– na aporrifje– h H0 se Ëna ep–pedo shmantikÏthtac a. An



44 Kefàlaio 4. DËndra PalindrÏmhshc

mpore– na aporrifje– h H0, tÏte metriËtai h susqËtish metax‘ thc Y kai kajem–ac
apÏ tic m summetablhtËc, kànontac qr†sh twn tim∏n twn statistik∏n sunart†sewn
apÏ touc m elËgqouc upojËsewn † twn p-values, pou de–qnoun thn apÏklish apÏ thn
merik† mhdenik† upÏjesh Hj

0 .
O trÏpoc diexagwg†c twn elËgqwn upojËsewn sto pr∏to b†ma, g–netai bàsei twn

elËgqwn metajËsewn, pou Ëqoun anaptuqje– apÏ touc Strasser kai Weber to 1999,
Ïmwc den ja anaptuqjo‘n peraitËrw kaj∏c xefe‘goun apÏ ta pla–sia thc sugkekri-
mËnhc ergas–ac.
H qr†sh thc mejÏdou twn regression trees gia thn prÏbleyh miac posÏthtac Ëqei

arketà pleonekt†mata. 'Opwc anafËrjhke kai parapànw prÏkeitai gia mia mËjodo pou
paràgei montËla pou e–nai e‘kola na ermhneuto‘n kai ep–shc upàrqei optik† parou-
s–ash thc mejÏdou. To gegonÏc autÏ kànei th mËjodo aut† e‘qrhsth akÏma kai gia
anjr∏pouc pou den Ëqoun kàpoio majhmatikÏ upÏbajro. EpiplËon h mËjodoc aut†
mpore– qrhsimopoihje– gia dedomËna kàje e–douc qwr–c na g–nei kàpoia upÏjesh gia
thn katanom† thn opo–a akoloujo‘n kai qwr–c na g–nei kàpoia eidik† proetoimas–a gia
ta dedomËna.



Kefàlaio 5

Efarmog†

5.1 Eisagwg†

Ston parÏn kefàlaio ja g–nei mia statistik† anàlush pànw se Ëna s‘nolo dedo-
mËnwn pou aforà guna–kec pou pàsqoun apÏ kark–no tou masto‘. H anàlush pou ja
g–nei ja meletà to qrÏno epib–wshc twn asjen∏n mËqri na upotropiàsoun kai touc
paràgontec pou ephreàzoun thn pore–a thc uge–ac touc.

5.1.1 L–ga lÏgia gia thn asjËneia

S‘mfwna me ton PagkÏsmio OrganismÏ Uge–ac (P.O.U) o kark–noc tou masto‘
emfan–zetai sta k‘ttara twn pÏrwn kai twn lobid–wn ston adenikÏ istÏ tou masto‘
(World Health Organization, 2022). Sth sunËqeia mpore– na proqwr†sei stadiakà se
‘diplanà’ Ïrgana † isto‘c Ïpwc dËrma, m‘ec, lemfadËnec kai en suneqe–a na exaplwje–
kai se àlla Ïrgana Ïpwc †par, pne‘monec, ostà, egkËfaloc k.à ('Alma Zw†c, 2022).

O kark–noc tou masto‘ kur–wc ‘qtupà’ guna–kec ànw twn 40 et∏n kai o k–ndu-
noc emfànishc tou auxànetai apÏ thn parous–a sugkekrimËnwn paragÏntwn Ïpwc to
klhronomikÏ istorikÏ, to kàpnisma, h Ëlleiyh àskhshc, h paqusark–a, h auxhmËnh
katanàlwsh alkoÏl kaj∏c kai h ektetamËnh ormonik† jerape–a (World Health Orga-

nization, 2022).

Ta statistikà stoiqe–a pou upàrqoun gia thn asjËneia aut†, anadeikn‘oun thn
anàgkh gia prÏlhyh thc asjËneiac mËsw thc suqn†c exËtashc. AnafËretai endeiktikà
Ïti stic HPA to 2004 up†rqan per–pou 217.000 nËec peript∏seic kark–nou tou masto‘
en∏ s†mera oi asjene–c e–nai perissÏterec apÏ 2.000.000. Sthn Ellàda anak‘ptoun
per–pou 7.772 nËec peript∏seic kark–nou tou masto‘ to qrÏno. Pagkosm–wc 1 stic
7 guna–kec ja parousiàsei kark–no tou masto‘ se kàpoia fàsh thc zw†c thc ('Alma
Zw†c, 2022).

45
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5.1.2 To s‘nolo dedomËnwn thc melËthc

Sto s‘nolo dedomËnwn proËrqetai apÏ thn melËth “German Breast Cancer Study

Group 2”, sthn opo–a upàrqoun parathr†seic apÏ 686 guna–kec. Bàsei aut∏n twn
parathr†sewn anal‘ontai paràgontec pou sqet–zontai me ton kark–no tou masto‘. Oi
paràgontec auto– e–nai:

• horTh: H ormonojerape–a, mia kathgorik† metablht† me d‘o ep–peda, ‘nai’ an h
guna–ka upÏkeitai se jerape–a † ‘Ïqi’ an den upÏkeitai.

• age: H hlik–a kàje asjeno‘c, posotik† metablht†.

• menostat: H katàstash emmhnÏpaushc, mia kathgorik† metablht† me d‘o ep–pe-
da “pre”, prin thn emmhnÏpaush kai “post” metà thn emmhnÏpaush.

• tsize: To mËgejoc tou Ïgkou, mia posotik† metablht† metrhmËnh se qiliostà
(millimetre).

• tgrade: O bajmÏc tou Ïgkou, mia kathgorik† metablht† diàtaxhc (ordinal) me
tr–a ep–peda, I < II < III

• pnodes: O arijmÏc twn jetik∏n Ïgkwn, mia posotik† metablht†.

• progrec: Upodoqe–c progesterÏnhc, prÏkeitai gia prwteÚnec stic opo–ec desme-
‘etai h ormÏnh progesterÏnh, e–nai mia posotik† metablht† metrhmËnh se fmol

(grammomÏria).

• estrec: Upodoqe–c oistrogÏnwn, prÏkeitai gia prwteÚnec stic opo–ec desme‘ontai
ta oistrogÏna, e–nai mia posotik† metablht† metrhmËnh se fmol (grammomÏria).

• time: O qrÏnoc mËqri epib–wshc mËqri thn upotrop†, mia posotik† metablht†
metrhmËnh se mËrec.

• cens: 'Enac de–kthc gia to an h parat†rhsh e–nai apokommËnh † Ïqi, 0 an h
parat†rhsh e–nai apokommËnh, 1 alli∏c.



5.2 Anàlush twn dedomËnwn 47

5.2 Anàlush twn dedomËnwn

Arqikà ja peràsoume sthn R ta dedomËna mac. Ja g–nei qr†sh thc entol†c
read.table gia na eisaqjo‘n ta dedomËna sthn R apÏ to arqe–o sto opo–o upàr-
qoun. Parakàtw fa–nontai oi pr∏tec 20 grammËc apÏ tic 686 tou p–naka:

Sq†ma 5.1: Oi 20 pr∏tec grammËc tou p–naka pou periËqei ta dedomËna

Shmei∏netai pwc oi metablhtËc oi opo–ec e–nai kathgorikËc kataqwro‘ntai wc
tËtoiec, me thn qr†sh tou or–smatoc colClasses sthn entol† read.table kai sth
sunËqeia ta ep–peda kàje kathgorik†c metablht†c Ëqoun metatrape– apÏ ‘1’ kai ‘2’ se
“no” kai “yes” kaj∏c kai apÏ ‘1’,‘2’ kai ‘3’ se “I”,“II” kai “III”.

5.2.1 Mia perigrafik† anàlush twn dedomËnwn

Qrhsimopoi∏ntac thn entol† summary gia ton p–naka twn dedomËnwn mac mpo-
ro‘me na pàroume shmantikËc plhrofor–ec gia tic posotikËc metablhtËc pou Ëqoume
sth diàjesh mac.
Katarqàc h diàmesh hlik–a twn gunaik∏n tou de–gmatoc mac e–nai ta 53 Ëth. E-

piplËon to mËso mËgejoc twn Ïgkwn pou Ëqoun oi guna–kec sto de–gma, e–nai 29.33
mm. EpiplËon Ïpwc apeikon–zetai kai parakàtw sto IstÏgramma twn arijm∏n twn
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jetik∏n Ïgkwn, dhlad† sto Sq†ma 5.2, oi perissÏterec asjene–c tou de–gmatoc Ëqoun
ligÏterouc apÏ 5 jetiko‘c Ïgkouc. O mËsoc Ïroc twn upodoqËwn thc progesterÏnhc
e–nai 110.0 kai twn oistrogÏnwn e–nai 96.25.

Sq†ma 5.2: To istÏgramma tou bajmo‘ twn jetik∏n Ïgkwn stic asjene–c tou de–gmatoc

Parathro‘me ep–shc pwc 440 guna–kec upobàllontai se ormojerape–a en∏ 226

Ïqi. Prin thn emmhnÏpaush br–skontai 290 asjene–c en∏ 396 Ëqoun peràsei to stàdio
thc emmhnÏpaushc. EpiprosjËtwc Ïgko bajmo‘ “I” Ëqoun 81 guna–kec, Ïgko bajmo‘
“II” Ëqoun 444 kai Ïgko bajmo‘ “III” Ëqoun 161 asjene–c. TËloc, 387 parathr†seic
e–nai apokommËnec kai 299 e–nai mh-apokommËnec, dhlad† Ëqei upàrxei upotrop† sthn
asjËneia touc.
Parakàtw, sto Sq†ma 5.3, parousiàzontai ta rabdogràmmata gia tic metablhtËc

pou aforo‘n thn ormonojerape–a, thn katàstash thc emmhnÏpaushc kaj∏c kai ton
bajmÏ tou Ïgkou kàje asjeno‘c.
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Sq†ma 5.3: Ta rabdogràmmata gia thn ormonojerape–a, thn emmhnÏpaush kaj∏c kai
to bajmÏ tou Ïgkou
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5.2.2 Mh parametrik† Anàlush

Oi ektim†seic Kaplan-Meier

Sth sunËqeia e–nai arketà shmantikÏ gia na pàroume mia pr∏th Ëndeixh gia thn epi-
b–wsh twn gunaik∏n pou summetËqoun sthn melËth mËqri thn upotrop† thc asjËneiac
touc, na anaparast†soume grafikà tic ektim†seic Kaplan-Meier tou de–gmatoc mac.
Arqikà parousiàzontai oi kamp‘lec Kaplan-Meier gia d‘o omàdec asjen∏n autËc

pou upobàllontai se ormonojerape–a kai autËc pou den upobàllontai. 'Opwc fa–netai
kai sto Sq†ma 5.4, oi asjene–c oi opo–ec Ëqoun upoblhje– se ormonojerape–a parou-
siàzoun perissÏterec pijanÏthtec na epibi∏soun apÏ autËc pou den Ëqoun upoblhje–
se jerape–a.

Sq†ma 5.4: Oi ektim†seic Kaplan-Meier thc epib–wshc twn asjen∏n tou de–gmatoc
gia tic peript∏seic pou oi asjene–c upobàllontai se ormonojerape–a † Ïqi.
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Sth sunËqeia parat–jetai sto Sq†ma 5.5 h grafik† paràstash twn ektimhtri∏n
Kaplan-Meier, gia tic asjene–c eke–nec pou br–skontai sto stàdio prin thn emmhnÏpau-
sh kai gia eke–nec pou Ëqoun peràsei thn emmhnÏpaush. E–nai emfanËc pwc gia tic
asjene–c pou br–skontai sto stàdio prin thn emmhnÏpaush, oi pijanÏthtec epib–wshc
e–nai megal‘terec apÏ eke–nec pou Ëqoun peràsei autÏ to stàdio kai to r–sko na upo-
tropiàsoun e–nai megal‘tero. E–nai idia–tera shmantikÏ Ïmwc na sugkrat†soume pwc
fa–netai kai oi d‘o omàdec asjen∏n na akoloujo‘n mia per–pou –dia pore–a, afo‘ Ïpwc
blËpoume oi duo kamp‘lec ‘sumbad–zoun ’ sto megal‘tero kommàti tou diagràmmatoc.

Sq†ma 5.5: Oi ektim†seic Kaplan-Meier thc epib–wshc twn asjen∏n tou de–gmatoc
gia thn katàstash thc emmhnÏpaushc twn asjen∏n tou de–gmatoc
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EpiplËon, parakàtw sto Sq†ma 5.6 fa–netai h grafik† paràstash twn ektim†sewn
Kaplan-Meier, gia thn upotrop† twn asjen∏n bàsei twn tri∏n bajm∏n Ïgkwn pou
mpore– na Ëqoun. Oi asjene–c eke–nec me bajmÏ Ïgkou ‘I’ parousiàzoun tic perissÏte-
rec pijanÏthtec epib–wshc sth sunËqeia akoloujo‘n autËc me bajmÏ ‘II’ kai Ïpwc
parathro‘me oi asjene–c me bajmÏ Ïgkou ‘III’ ftànoun sthn upotrop† pio gr†gora
apÏ tic àllec d‘o omàdec asjen∏n.

Sq†ma 5.6: Oi ektim†seic Kaplan-Meier thc epib–wshc twn asjen∏n tou de–gmatoc
gia touc 3 bajmo‘c twn jetik∏n Ïgkwn
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TËloc, qwr–zontac se duo kathgor–ec tic asjene–c, bàsei twn hliki∏n touc ja
ektim†soume kai pàli tic ektim†seic Kaplan-Meier gia tic d‘o omàdec asjen∏n gia na
do‘me pwc ephreàzei h hlik–a, to qrÏno wc thn upotrop† miac asjeno‘c. Qrhsimo-
poi∏ntac thn entol† cut thc R qwr–zoume thn metablht† age pou aforà thn hlik–a
twn asjen∏n se d‘o omàdec, 20� 50 et∏n kai 51� 80 et∏n. 'Opwc parathro‘me sto
Sq†ma 5.7 parakàtw, oi pijanÏthtec epib–wshc twn gunaik∏n hlik–ac 20�50 e–nai me-
gal‘terec apÏ autËc thc hlikiak†c omàdac 51� 80 Ïpou antimetwp–zoun megal‘tero
r–sko kai ftànoun pio gr†gora sthn upotrop†.

Sq†ma 5.7: Oi ektim†seic Kaplan-Meier thc epib–wshc twn asjen∏n tou de–gmatoc,
gia tic hlikiakËc omàdec asjen∏n 20� 50 et∏n kai 51� 80 et∏n
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'Elegqoi UpojËsewn

Ja proqwr†soume kai se Ëna Log-Rank Ëlegqo upojËsewn metax‘ twn diàforwn
omàdwn pou prok‘ptoun mËsa apÏ ta dedomËna mac Ïpwc kàname prohgoumËnwc me tic
ektim†seic Kaplan-Meier.
E–nai idiaitËrwc shmantikÏ, na katano†soume poioi akrib∏c e–nai oi paràgontec

eke–noi pou odhgo‘n pio gr†gora se upotrop† thc katàstashc thc uge–ac twn asje-
n∏n. SugkekrimËna, sto s‘nolo twn dedomËnwn pou Ëqoume sth diàjesh mac, ja
prospaj†soume na diapist∏soume an upàrqoun diaforËc anàmesa stic asjene–c pou
lambànoun ormonojerape–a kai se autËc pou den lambànoun, an h katàstash thc em-
mhnÏpaushc touc ephreàzei thn asjËneia, kaj∏c kai an o bajmÏc twn jetik∏n Ïgkwn
pou Ëqoun, diaforopoie– thn exËlixh thc asjËneiac kai tËloc pwc diamorf∏netai h
pore–a mËqri thn upotrop† gia tic asjene–c ànw twn 50 et∏n kai gia autËc pou e–nai
kàtw twn 50.

• Arqikà loipÏn ja elËgxoume ton paràgonta thc ormonojerape–ac. Sugkekri-
mËna ja elËgxoume an upàrqei h epib–wsh twn asjen∏n e–nai diaforetik† an
lambànoun jerape–a me ormÏnec † Ïqi. O Log-Rank Ëlegqoc upojËsewn, elËg-
qei thn mhdenik† upÏjesh, Ïti den upàrqei diaforà sto sunàrthsh epib–wshc
metax‘ twn d‘o omàdwn dedomËnwn. EpilËgoume to ep–pedo shmantikÏthtac tou
elËgqou na e–nai 5%.

Sq†ma 5.8: Log-Rank Ëlegqoc upojËsewn gia ton paràgonta thc ormonojerape–ac.

O Ëlegqoc mac odhge– sto sumpËrasma pwc upàrqoun arketËc ende–xeic na a-
porr–youme thn mhdenik† upÏjesh Ïti den upàrqei diaforà sto qrÏno epib–wshc
metax‘ twn asjen∏n pou lambànoun jerape–a me ormÏnec kai se autËc pou den
lambànoun. H pol‘ mikr† tim† p-value tou elËgqou (p � value = 0.003), mac
odhge– sthn apÏrriyh thc mhdenik†c upÏjeshc, gegonÏc pou sumfwne– kai me to
diàgramma twn ektim†sewn twn kampul∏n Kaplan-Meier pou Ëqei prohghje–.
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• Parakàtw parat–jetai o Log-Rank Ëlegqoc upojËsewn gia ton paràgonta thc
emmhnÏpaushc. Kai gia ton paràgonta autÏ elËgqoume kai pàli se ep–pedo sh-
mantikÏthtac 5% an oi guna–kec pou br–skontai prin thn emmhnÏpaush diafËroun
sto qrÏno epib–wshc se sqËsh me autËc pou br–skontai metà thn emmhnÏpaush.
'Opwc kai parapànw h mhdenik† upÏjesh tou elËgqou e–nai pwc den upàrqei
diaforà metax‘ twn d‘o aut∏n omàdwn asjen∏n.

Sq†ma 5.9: Log-Rank Ëlegqoc upojËsewn gia ton paràgonta thc emmhnÏpaushc

H p-value tim† tou elËgqou e–nai arketà megàlh, sugkekrimËna p� value = 0.6,
den mac d–nei arketËc ende–xeic Ëtsi ∏ste na mporo‘me na aporr–youme thn mhdeni-
k† upÏjesh, Ïti dhlad† den upàrqei diaforà sto qrÏno epib–wshc twn asjen∏n
e–te autËc br–skontai prin, e–te autËc br–skontai metà thn per–odo thc emmh-
nÏpaushc. To apotËlesma autÏ, dhlad† pwc o qrÏnoc epib–wshc twn asjen∏n
den ephreàzetai apÏ thn katàstash thc emmhnÏpaushc miac asjeno‘c, sumfwne–
kai me to diàgramma twn ektim†sewn Kaplan-Meier, Ïpou Ïpwc mpore– kàpoioc
na parathr†sei, katà to megal‘tero kommàti tou graf†matoc oi d‘o kamp‘lec
sqedÏn taut–zontai.
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• Sth sunËqeia ja probo‘me se Ënan akÏma Log-Rank Ëlegqo upojËsewn gia ton
paràgonta tou bajmo‘ twn jetik∏n Ïgkwn pou parousiàzei kàje asjen†c. Ja
elËgxoume dhlad†, an h epib–wsh twn asjen∏n diaforopoie–tai analÏgwc tou
bajmo‘ twn jetik∏n Ïgkwn pou Ëqei h kajem–a † an o paràgontac autÏc den
pa–zei rÏlo sthn exËlixh thc asjËneiac.

Sq†ma 5.10: Log-Rank Ëlegqoc upojËsewn gia ton paràgonta tou bajmo‘ twn jeti-
k∏n Ïgkwn.

Parathro‘me pwc gia ton sugkekrimËno Ëlegqo h p-value tim† tou elËgqou
e–nai exairetikà mikr†, gegonÏc pou mac odhge– sto sumpËrasma pwc upàrqoun
arketËc ende–xeic, ∏ste na aporr–youme thn mhdenik† upÏjesh Ïti den upàrqoun
diaforËc metax‘ twn tri∏n bajm∏n jetik∏n Ïgkwn pou mpore– na Ëqei kàje
asjen†c. Kai se aut† thn per–ptwsh o Ëlegqoc autÏc sumfwne– me to diàgramma
twn Kaplan-Meier ektim†sewn kai sunep∏c katal†goume pwc h epib–wsh twn
asjen∏n exartàtai apÏ ton bajmÏ twn Ïgkwn kaj∏c kai ta d‘o eur†mata pou
Ëqoume sth diàjesh mac sugkl–noun se autÏ to sumpËrasma.
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• TËloc, ja proqwr†soume se Ënan Log-Rank gia tic d‘o hlikiakËc omàdec pou
Ëqoume dhmiourg†sei, qwr–zontac ta dedomËna mac stic asjene–c pou e–nai kàtw
twn 50 et∏n kai se autËc pou e–nai ànw twn 50. Ja exetàsoume loipÏn an h
hlik–a twn asjen∏n ephreàzei thn epib–wsh touc.

Sq†ma 5.11: Log-Rank Ëlegqoc upojËsewn gia tic d‘o hlikiakËc omàdec

Ta apotelËsmata tou elËgqou mac kànoun na pistËyoume pwc den mporo‘me
na aporr–youme thn mhdenik† upÏjesh, Ïti oi d‘o hlikiakËc omàdec den diafo-
ropoio‘ntai. H p-value tim† tou elËgqou e–nai arketà megàlh sugkekrimËna
0.2 (pol‘ megal‘terh tou epipËdou shmantikÏthtac 0.05) kai Ïpwc kai se Ïlec
tic parapànw peript∏seic elËgqou kai ed∏ ta apotelËsmata sumfwno‘n me to
diàgramma twn ektim†sewn Kaplan-Meier. Sunep∏c Ëqoume arketËc ende–xeic
gia na katal†xoume sto Ïti o qrÏnoc epib–wshc twn d‘o hlikiak∏n omàdwn den
diaforopoie–tai.

Parà tic ende–xeic gia diaforopoi†seic metax‘ omàdwn twn dedomËnwn mac, den
ja proqwr†soume se strwmatopoihmËnh anàlush kaj∏c Ïpwc mporo‘me na parath-
r†soume stic grafikËc parastàseic twn ektim†sewn Kaplan-Meier den parousiàzetai
megàlh apÏklish sthn epib–wsh twn asjen∏n.
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5.2.3 To montËlo tou Cox

Ja suneq–soume thn anàlush mac, prosarmÏzontac to montËlo analogik†c diakin-
d‘neushc tou Cox sta dedomËna mac. H parapànw prosarmog† ja g–nei qrhsimopoi-
∏ntac thn biblioj†kh survival thc R kai ja mac bohj†sei na katal†xoume se kàpoia
sumperàsmata gia tic metablhtËc eke–nec pou ephreàzoun thn pore–a thc uge–ac twn
asjen∏n tou de–gmatoc mac. Ja g–nei h prosarmog† tou montËlou, ja prospaj†sou-
me na entop–soume tic summetablhtËc eke–nec pou qreiàzontai na sumperilhfjo‘n sto
montËlo kai eke–nec pou den ephreàzoun se shmantikÏ bajmÏ thn pore–a thc uge–ac
twn asjen∏n. TËloc, ja elËgxoume thn upÏjesh analogik†c diakind‘neushc gia to
montËlo sto opo–o ja Ëqoume katal†xei apÏ thn anàlush mac.
Parakàtw sto Sq†ma 5.12 d–nontai ta apotelËsmata thc mejÏdou “summary”,

gia to montËlo pou prosarmÏsthke. To Sq†ma 5.12 mac d–nei plhrofor–ec gia touc
suntelestËc twn summetablht∏n, ta ekjetikà aut∏n, thn tupik† touc apÏklish kaj∏c
kai ta statistikà elËgqou twnWald elËgqwn upojËsewn gia kàje metablht† kai thn
p-value tim† twn elËgqwn aut∏n.
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Sq†ma 5.12: To montËlo analogik†c diakind‘neushc tou Cox.
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ApÏ ta apotelËsmata stou Sq†matoc 5.12 katal†goume sta akÏlouja sumpe-
ràsmata:

• Arqikà Ïpwc fa–netai apÏ ta apotelËsmata twn tri∏n elËgqwn upojËsewn,
Likelihood ratio test, Wald test kaj∏c kai Score test, mporo‘me na uposth-
r–xoume pwc upàrqoun arketËc ende–xeic na aporr–youme thn mhdenik† upÏje-
sh, pwc Ïloi suntelestËc twn summetablht∏n e–nai mhdËn (dhlad† Ïti isq‘ei
�1 = �2 = ... = �9 = 0). Kai oi treic Ëlegqoi sumfwno‘n, afo‘ oi p-value timËc
twn elËgqwn e–nai pol‘ mikrÏterec apÏ to ep–pedo shmantikÏthtac pou kai se
autÏ ton Ëlegqo jewro‘me pwc e–nai 0.05. AutÏ to apotËlesma, mac upodeikn‘ei
pwc s–goura kàpoiec apÏ autËc tic metablhtËc qreiàzontai sto montËlo mac.

• Sth sunËqeia mporo‘me na pàroume mia arqik† Ëndeixh gia to poia metablht†
qreiàzetai sto montËlo mac kai poia Ïqi. Gia kàje mia apÏ tic summetablh-
tËc pragmatopoie–tai Ënac Ëlegqoc Wald kai shmei∏netai h t–mh p-value kàje
elËgqou. 'Opwc kai parapànw se ep–pedo shmantikÏthtac 0.05 elËgqoume thn
mhdenik† upÏjesh Ïti �i = 0, me enallaktik† pwc e–nai �i 6= 0 kai sunep∏c an mia
summetablht† sumbàllei kai qreiàzetai sto montËlo mac † Ïqi. Katal†goume
pwc oi summetablhtËc Ëqoume arketËc ende–xeic pwc qreiàzetai na sumperilh-
fjo‘n sto montËlo mac s‘mfwna me ton Ëlegqo Wald, e–nai h ormonojerape–a
(hormoneyes), o arijmÏc jetik∏n Ïgkwn (pnodes), o upodoqËac progesterÏnhc
(progrec), kai o bajmÏc jetik∏n Ïgkwn (tgradII kai tgradIII). Shmei∏netai
pwc kai h metablht† tsize ja mporo‘se na jewrhje– shmantik† afo‘ h p-value
tim† thc e–nai 0.047, pol‘ kontà dhlad† sto ep–pedo shmantikÏthtac 0.05.

• TËloc parathro‘me pwc to posostÏ sumfwn–ac thc prÏbleyhc kai tou montËlou
e–nai arketà ikanopoihtikÏ kaj∏c Ïpwc fa–netai apÏ h tim† Concordance e–nai
arketà uyhl† kai sugkekrimËna 0.692.

Sth sunËqeia afo‘ Ëqoume kàpoiec arqikËc ende–xeic gia to poiec summetablhtËc
e–nai shmantikËc kai qreiàzontai sto montËlo mac apÏ touc elËgqouc Wald, ja pro-
qwr†soume se diàforec dokimËc gia na do‘me pwc metabàlletai h tim† tou krithr–ou
AIC, Ïtan enallàssontai oi summetablhtËc sto montËlo. Upenjum–zetai pwc bËltisto
jewre–tai to montËlo eke–no pou ja pet‘qei mikr† tim† tou krithr–ou.
Arqikà sta montËla pou ja upolog–soume thn tim† tou krithr–ou AIC ja sumpe-

rilàboume s–goura tic metablhtËc hormone, pnodes, progrec kai tgrad kaj∏c Ïpwc
e–dame qreiàzontai sto montËlo afo‘ ephreàzoun to qrÏno epib–wshc twn asjen∏n.
Oi parakàtw Ëlegqoi ja mac bohj†soun na prosdior–soume to telikÏ mac montËlo.
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SummetablhtËc sto montËlo Tim† krithr–ou AIC

hormone, pnodes, progrec kai tgrad 3487.045

hormone, pnodes, progrec, tgrad kai meno 3488.1

hormone, pnodes, progrec, tgrad kai estrec 3488.929

hormone, pnodes, progrec, tgrad kai tsize 3485.681

hormone, pnodes, progrec, tgrad kai age 3489.026

kam–a summetablht† 3576.209

hormone, pnodes, progrec, tgrad, meno,estrec kai tsize 3489.464

Parathro‘me pwc to montËlo pou periËqei tic summetablhtËc hormone, pnodes,
progrec, tgrad kaj∏c kai tsize e–nai autÏ pou mac d–nei th qamhlÏterh tim† tou
krithr–ou AIC, gegonÏc pou enisq‘ei thn pepo–jhsh mac pwc autËc e–nai oi metablhtËc
pou prËpei opwsd†pote na sumperilhfjo‘n sto montËlo mac.

Sth sunËqeia, Ïpwc fa–netai sto Sq†ma 5.13, 5.14 kai 5.15, ja qrhsimopoi†soume
thn mËjodo StepWise Selection, wstË na mporËsoume na katal†xoume sto bËltisto
montËlo gia thn prosarmog† twn dedomËnwn mac.

Sq†ma 5.13: Stepwise diadikas–a
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Sq†ma 5.14: Stepwise diadikas–a

Sq†ma 5.15: Stepwise diadikas–a
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Bàsei twn apotelesmàtwn kai sth diadikas–a katà b†mata (Stepwise selection),
parathro‘me pwc mikrÏterh tim† tou krithr–ou AIC emfan–zetai sto montËlo pou pe-
riËqei tic summetablhtËc hormone, tsize, pnodes, progrec,, tgrad kaj∏c kai thn me-
tablht† tsize, Ïpou Ïpwc anafËrjhke kai parapànw e–qame stoiqe–a pou mac Ëdeiqnan
Ïti prÏkeitai gia shmantik† metablht†.
'Ola ta parapànw mac odhgo‘n sto sumpËrasma pwc to telikÏ montËlo pou ja

qrhsimopoi†soume sumperilambànei tic metablhtËc hormone, pnodes, progrec,, tgrad
kai tsize. Sto Sq†ma 5.16 fa–netai h prosarmog† auto‘ akrib∏c tou montËlou :

Sq†ma 5.16: To telikÏ montËlo
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Ermhne–a Apotelesmàtwn

Ston parapànw Sq†ma 5.16, mporo‘me na do‘me tic ektim†triec twn suntelest∏n
�i tou teliko‘ montËlou, kaj∏c kai ta ekjetikà twn suntelest∏n aut∏n pou sthn
prokeimËnh mac endiafËroun perissÏtero.
Genikà, ta ekjetikà twn suntelest∏n upodeikn‘oun katà pÏso pollaplasiàzetai

h sunàrthsh diakind‘neushc, dhlad† katà pÏso mia summetablht† epidrà sth diàrkeia
zw†c, Ïtan Ïlec oi àllec summetablhtËc jewro‘ntai stajerËc. Sunep∏c to montËlo
mac sumpera–noume Ïti:

• Gia tic asjene–c pou Ëqoun làbei jerape–a ormon∏n, se sqËsh me autËc pou den
Ëqoun làbei, o k–ndunoc na upotropiàsei h asjen†c mei∏netai katà e�0.3235201 =

0.7235974. Dhlad†, odhgo‘maste se me–wsh tou kind‘nou katà per–pou 28%

(0.7235974� 1 = �0.2764026).

• A‘xhsh katà m–a monàda thc metablht†c pnodes (upÏ thn proÙpÏjes† pwc oi
upÏloipec metablhtËc paramËnoun stajerËc), dhlad† a‘xhsh katà m–a monàda
ston arijmÏ twn jetik∏n Ïgkwn miac asjeno‘c, odhge– se a‘xhsh tou kind‘nou
katà e0.0489976 = 1.0502178, se a‘xhsh dhlad† thc tàxhc tou 5%.

• Ep–shc, a‘xhsh katà m–a monàda sthn metablht† tou epipËdou thc progeste-
rÏnhc, dedomËnou pwc Ïlec oi upÏloipec metablhtËc paramËnoun stajerËc, odh-
go‘n se me–wsh tou kind‘nou katà e�0.0022168 = 0.9977856, dhlad† 0.22%.

• Krat∏ntac stajerËc tic upÏloipec metablhtËc, oi asjene–c me bajmÏ Ïgkou
t‘pou II antimetwp–zoun auxhmËno k–nduno upotrop†c se sqËsh me autËc pou
Ëqoun Ïgko t‘pou I katà e0.6440346 = 1.9041479, se posostÏ dhlad† 90%.

• UpÏ thn proÙpÏjesh pwc oi upÏloipec metablhtËc paramËnoun stajerËc, oi
asjene–c pou Ëqoun Ïgko t‘pou III Ëqoun auxhmËno k–nduno upotrop†c katà
e
0.7882290 = 2.1994977 sugkritikà me autËc pou Ëqoun Ïgko t‘pou I, dhlad†
antimetwp–zoun 120% paràpanw k–nduno upotrop†c.

• TËloc, a‘xhsh katà m–a monàda sto mËgejoc tou Ïgkou miac asjeno‘c, dedo-
mËnou pwc oi upÏloipec metablhtËc tou montËlou paramËnoun –diec, auxànei ton
k–nduno katà e0.0073129 = 1.0073397, per–pou katà 0.7%.
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'Elegqoc upÏjeshc analogik†c diakind‘neushc

Katarqàc ja proqwr†soume se Ëna Global test upojËsewn gia na elËgxoume thn
upÏjesh analogik†c diakind‘neushc tou montËlou mac. Se ep–pedo shmantikÏthtac
0.05, ja elËgxoume an mporo‘me na apodeqjo‘me thn mhdenik† upÏjeshH0, Ïti dhlad†
–squei h analogik† diakind‘neush kai oi summetablhtËc tou montËlou mac den Ëqoun
kàpoia exàrthsh apÏ to qrÏno. Ta apotelËsmata tou elËgqou fa–nontai sto Sq†ma
5.17

Sq†ma 5.17: ApotelËsmata tou elËgqou upojËswn gia thn analogik† diakind‘neush

O Ëlegqoc sugkr–netai thn tim† thc statistik†c sunàrthshc elËgqou me thn X 2
5

katanom† kai mac d–nei tic timËc p-value. Fa–netai pwc gia kàje metablht† mporo‘me
na apodeqjo‘me thn mhdenik† upÏjesh ektÏc –swc apÏ th summetablht† gia ton t‘po
tou Ïgkou(tgrad). EpiplËon kai o olikÏc Ëlegqoc gia to montËlo mac upodeikn‘ei
pwc Ëqoume arketËc ende–xeic gia na apodeqjo‘me thn mhdenik† upÏjesh, pwc isq‘ei
h analogik† diakind‘neush.
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Sth sunËqeia thc anàlushc mac ja qrhsimopoi†soume th grafik† morf† twn u-
polo–pwn tou montËlou, gia na elËgxoume thn upÏjesh analogik†c diakind‘neushc,
thc kal†c prosarmog†c tou montËlou sta dedomËna mac allà kai gia na mporËsou-
me na entop–soume akra–ec timËc kai na ektim†soume th sunarthsiak† morf† kàpoiac
summetablht†c.

• KlimakopoihmËna UpÏloipa Schoenfeld

Sq†ma 5.18: UpÏloipa Schoenfeld gia tic summetablhtËc pnodes, progrec kai estrec

Parathro‘me, sto Sq†ma 5.18, pwc kai gia tic treic summetablhtËc oi gram-
mËc pou Ëqoun dhmiourghje– e–nai sqedÏn orizÏntiec, gegonÏc pou odhge– sto
sumpËrasma pwc kai gia tic treic mpore– na uposthriqje– h upÏjesh thc ane-
xarths–ac apÏ to qrÏno kai kat' epËktash thc analogik†c diakind‘neushc.
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Sq†ma 5.19: UpÏloipa Schoenfeld gia tic summetablhtËc tgrad kai hormone

Gia autËc tic summetablhtËc kai idia–tera gia thn summetablht† tgrad parathro-
‘me sto Sq†ma 5.19 pwc h upÏjesh thc analogik†c diakind‘neushc –swc kai na
mhn isq‘ei kaj∏c parathro‘me mia elafrià kampulÏthta kai stic d‘o grafikËc
parastàseic.
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• UpÏloipa Martingale

Ta upÏloipa Martingale ja mac bohj†soun na katano†soume thn sunarthsiak†
morf† twn summetablht∏n tou montËlou.

Sq†ma 5.20: UpÏloipa Martingale gia tic summetablhtËc pnodes, progrec kai tsize

Oi kamp‘lec exomàlunshc, Ïpwc fa–nontai sto Sq†ma 5.20, mac bohjo‘n na
katalàboume pwc gia thn summetablht† pnodes –swc ja Ëprepe na skefto‘me
mia tetragwnik† morf† gia thn sunarthsiak† morf† thc summetablht†c en∏ gia
tic àllec d‘o blËpoume mia stajer† morf†.
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• UpÏloipa Deviance

Sq†ma 5.21: UpÏloipa Deviance gia tic summetablhtËc pnodes, progrec kai tsize

Ta upÏloipa Deviance, mporo‘n na bohj†soun ston entopismÏ outliers tim∏n.
'Opwc mporo‘me na do‘me sto Sq†ma 5.21, idia–tera stic summetablhtËc pnodes
kai progrec entop–zontai akra–ec timËc.



70 Kefàlaio 5. Efarmog†

Kamp‘lh ROC

Sto Sq†ma 5.22, parajËtetai h kamp‘lh ROC gia to montËlo sto opo–o Ëqoume
katal†xei me tic summetablhtËc pnodes, progrec, tsize, tgrad kai hormone kai gia
to montËlo me Ïlec tic summetablhtËc.

Sq†ma 5.22: Kamp‘lh ROC

BlËpoume pwc elafr∏c kal‘terh probleptik† ikanÏthta Ëqei to montËlo me tic
summetablhtËc pnodes, progrec, tsize, tgrad kai hormone, gegonÏc pou sunhgore–
sto na to epilËxoume sugkritikà me to montËlo me Ïlec tic summetablhtËc kaj∏c ektÏc
apÏ megal‘terh akr–beia e–nai kai pio aplÏ kai àra pio e‘kola ermhne‘simo, pràgma
pou apozhto‘me apÏ Ëna montËlo. EpiplËon h probleptik† ikanÏthta tou montËlou
ja mporo‘se na qarakthriste– ikanopoihtik† kaj∏c mpore– na mhn plhsiàzei arketà
thn epànw arister† gwn–a tou diagràmmatoc Ïmwc apokl–nei arketà apÏ thn diag∏nio.

EpiplËon gia to montËlo pou Ëqoume epilËxei h tim† AUC (Area Under the Curve,
tou embado‘ dhlad† kàtw apÏ thn kamp‘lh e–nai 0.6389828, en∏ gia to pl†rec montËlo
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e–nai 0.6414626. Parathro‘me pwc kai oi d‘o timËc e–nai pol‘ kontà per–pou afo‘ kai
oi d‘o mporo‘n na stroggulopoihjo‘n sto 0.64.
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5.2.4 PoinikopoihmËnec MËjodoi PalindrÏmhshc

Se autÏ to shme–o thc anàlushc mac, ja qrhsimopoi†soume poinikopoihmËnec me-
jÏdouc palindrÏmhshc gia thn prosarmog† tou montËlou mac. Me ton trÏpo o opo–oc
Ëqei perigrafe– sth jewr–a ja prosarmÏsoume ta dedomËna mac me thn mËjodo Ridge
kai Lasso. Gia thn ulopo–hsh twn mejÏdwn aut∏n sthn R, ja g–nei qr†sh tou pakËtou
glmnet.

MËjodoc Ridge

Sto Sq†ma 5.23 fa–netai h a‘xhsh sthn tim† tou logar–jmou thc poin†c � thc
mejÏdou kai parathro‘me pwc Ïso megal∏nei h tim† oi suntelestËc surrikn∏nontai
proc to 0.

Sq†ma 5.23: Oi suntelestËc Ridge tou montËlou sunart†sei tou logar–jmou thc
poin†c �
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Kai pàli me th qr†sh tou pakËtou glmnet, ja efarmÏsoume Cross-Validation ∏ste
na entop–soume d‘o timËc tou � pou emfan–zoun idia–tero endiafËron. SugkekrimËna,
thn tim† pou d–nei to CV-sfàlma me thn mikrÏterh tim† kai aut†, pou s‘mfwna me ton
eurËwc qrhsimopoio‘meno kanÏna sthn statistik†, bas–zetai sthn tupik† apÏklish 1
apÏ th mikrÏterh tim†. Ta apotelËsmata fa–nontai sto Sq†ma 5.24.

Sq†ma 5.24: O logàrijmoc thc poin†c �
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Sth sunËqeia, sto Sq†ma 5.25, emfan–zoume tic d‘o timËc autËc pou mac endia-
fËroun gia thn tim† thc poin†c � kai gia autËc tic d‘o ja ektim†soume tou suntelestËc
tou montËlou.

Sq†ma 5.25: Oi d‘o timËc endiafËrontoc

Gia thn pr∏th per–ptwsh kai gia thn tim† �min Ëqoume ta parakàtw apotelËsmata,
sto Sq†ma 5.26:

Sq†ma 5.26: Oi suntelestËc tou montËlou gia thn tim† �min

Sthn per–ptwsh aut† kanËnac suntelest†c den Ëqei mhdeniste–, pràgma to Ïpoio
perimËname lÏgw thc ‘f‘shc’ thc mejÏdou. Megal‘terh surr–knwsh Ëqoun deqje– oi
metablhtËc age, tsize, progrec kai estrec. Dhlad† gia th mËjodo aut†, shmantikÏte-
rec metablhtËc gia to montËlo mac fa–nontai na e–nai autËc pou aforo‘n twn arijmÏ
twn jetik∏n Ïgkwn (pnodes), thn ormonojerape–a (hormone), thn katàstash thc
emmhnÏpaushc (meno) kai ton t‘po tou Ïgkou (tgrad).
Gia thn tim† �1se Ëqoume ta parakàtw apotelËsmata sto Sq†ma 5.27:
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Sq†ma 5.27: Oi suntelestËc tou montËlou gia thn tim† �1se

Kai sthn per–ptwsh aut† parathro‘me pwc oi shmantikËc metablhtËc pou den sur-
rikn∏nontai shmantikà kai prËpei na sumperilhfjo‘n sto montËlo e–nai o arijmÏc twn
jetik∏n Ïgkwn (pnodes), h ormonojerape–a (hormone), h katàstash thc emmhnÏpau-
shc (meno) kai o t‘poc tou Ïgkou (tgrad).
Shmei∏netai pwc kai oi d‘o timËc sumfwno‘n stic shmantikËc metablhtËc gia to

montËlo. BlËpoume ep–shc pwc upàrqei sumfwn–a me thn anàlush pou Ëqei g–nei me to
montËlo tou Cox pwc oi summetablhtËc pnodes, hormone kai tgrad e–nai shmantikËc
kai qreiàzontai sto montËlo.



76 Kefàlaio 5. Efarmog†

MËjodoc Lasso

Sth sunËqeia aut† th forà gia th mËjodo Lasso parat–jetai to gràfhma twn
ektimhtri∏n Lasso twn suntelest∏n se sunàrthsh me ton logàrijmo thc tim†c thc
poin†c �, sto Sq†ma 5.28.

Sq†ma 5.28: Oi suntelestËc Lasso tou montËlou sunart†sei tou logar–jmou thc
poin†c �
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'Oso o logàrijmoc auxànetai oi suntelestËc surrikn∏nontai proc to mhdËn mËqric
Ïtou g–noun Ïloi mhdËn. Sto pànw mËroc tou graf†matoc fa–nontai oi metablhtËc tou
montËlou mac, oi opo–ec mei∏nontai stadiakà. StÏqoc e–nai na bro‘me tou suntele-
stËc eke–nouc pou qreiàzontai pragmatikà sto montËlo kai h mËjodoc na mhden–sei
touc upÏloipouc. Kai pàli ja kànoume qr†sh tou pakËtou glmnet kai ja efarmÏsou-
me Cross-Validation ∏ste na entop–soume d‘o timËc tou �, thn tim† pou d–nei thn
mikrÏterh tim† CV-sfàlmatoc kai aut† kai aut† pou bas–zetai sthn tupik† apÏklish
1 apÏ th mikrÏterh tim†. Ta apotelËsmata fa–nontai sto Sq†ma 5.29:

Sq†ma 5.29: Oi d‘o timËc endiafËrontoc
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Parakàtw, sto Sq†ma 5.30, blËpoume tic d‘o timËc pou mac endiafËroun gia thn
tim† thc poin†c � kai gia autËc tic d‘o ja ektim†soume tou suntelestËc Lasso tou
montËlou.

Sq†ma 5.30: Oi d‘o timËc endiafËrontoc

Sto Sq†ma 5.31, Ïpou Ëqoun upologiste– oi suntelestËc tou montËlou bàsei thc
tim†c �min, blËpoume pwc h mËjodoc pwc anamËname Ëqei jËsei kàpoiouc suntelestËc
–souc me to mhdËn. SugkekrimËna thn metablht† gia thn hlik–a (age) kai thn metablht†
gia ta oistrogÏna (estrec), gegonÏc pou mac upodeikn‘ei pwc den qreiàzontai sto
montËlo. EpiplËon mhden–zontai oi suntelestËc thc summetablht†c pou de–qnei an mia
asjen†c e–nai sthn fàsh thc emmhnÏpaushc kaj∏c kai aut† pou de–qnei an mia asjen†c
e–qe Ïgkou t‘pou II. Sto montËlo autÏ emperiËqontai Ïlec oi summetablhtËc pou
sumperil†fjhkan sto montËlo tou Cox maz– me aut† th summetablht† pou de–qnei Ïti
h asjen†c br–sketai prin thn emmhnÏpaush.

Sq†ma 5.31: Oi suntelestËc tou montËlou gia thn tim† �min

Me thn parakàtw tim† tou �, Ïpwc fa–netai sto Sq†ma 5.32, mhden–zontai Ïloi oi
suntelestËc ektÏc apÏ thn metablht† gia ton arijmÏ twn jetik∏n Ïgkwn, gegonÏc
pou de–qnei pwc –swc e–nai h metablht† pou ephreàzei parapànw ap' Ïlec ton qrÏno
epib–wshc asjen∏n.
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Sq†ma 5.32: Oi suntelestËc tou montËlou gia thn tim† �1se

Kai me thn mËjodo Lasso oi suntelestËc pou fa–nontai na e–nai shmantiko– kai
na qreiàzontai opwsd†pote sto montËlo e–nai oi summetablhtËc gia ton arijmÏ twn
jetik∏n Ïgkwn (pnodes), gia to an oi asjene–c Ëqoun upoblhje– se ormonojerape–a
(hormone) kai gia to bajmÏ tou Ïgkou (tgrad).
Sumperasmatikà parathro‘me pwc kai gia tic d‘o poinikopoihmËnec mejÏdouc oi

metablhtËc pou parousiàzoun to megal‘tero endiafËron kai ja Ëprepe opwsd†pote
na sumperilhfjo‘n sto montËlo e–nai oi metablhtËc gia ton arijmÏ twn jetik∏n Ïgkwn
twn asjen∏n (pnodes), h metablht† pou de–qnei an Ëqoun upoblhje– se ormonojera-
pe–a (hormone) kai aut† pou de–qnei ton t‘po tou Ïgkou (tgrad).
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5.2.5 DËndro Epib–wshc

'Opwc anafËrjhke se prohgo‘meno kefàlaio Ënac trÏpoc gia na mporËsoume na
ektim†soume touc shmantiko‘c paràgontec pou ephreàzoun thn uge–a enÏc asjen† kai
na problËyoume thn pore–a thc e–nai na qrhsimopoi†soume ant– gia kàpoio montËlo
palindrÏmhshc, Ëna dËndro palindrÏmhshc kai sugkekrimËna Ëna dËndro epib–wshc.
Sthn prokeimËnh per–ptwsh basizÏmenoi se Ïsa Ëqoun analuje– sthn jewr–a, ja

qrhsimopoi†soume to pakËto ‘party’ thc R gia na dhmiourg†soume to dËndro palin-
drÏmhshc gia ta dedomËna tou de–gmatoc mac.
Me ton trÏpo autÏ euelpisto‘me na katal†xoume se mia prÏbleyh gia thn pore–a

thc uge–ac twn asjen∏n tou de–gmatoc mac kai sugkekrimËna stic hmËrec Ëwc na
upotropiàsoun. JËloume na dhmiourg†soume Ëna aplÏ montËlo, me l–ga termatikà
f‘lla, Ëtsi ∏ste na Ëqoume sth diàjesh mac Ëna e‘kola ermhne‘simo montËlo gia
touc shmantiko‘c paràgontec pou odhgo‘n sthn upotrop† thc asjËneiac.
'Opwc perigràfhke parapànw, se kàje diaqwrismÏ diexàgetai Ënac Ëlegqoc upo-

jËsewn gia na g–nei o diamerismÏc tou q∏rou twn epexhghmatik∏n metablht∏n. Sthn
prokeimËnh per–ptwsh to pakËto “party”, qrhsimopoie– kàpoiouc ‘elËgqouc metajËse-
wn’ se sunduasmÏ me kàpoiouc Log-Rank elËgqouc Ëtsi ∏ste na katal†xei sthn
pr∏th metablht† pou ja qrhsimopoihje– gia to pr∏to diaqwrismÏ kai sth sunËqeia
me ton trÏpo pou Ëqei anaferje– ja proqwr†sei kai sta upÏloipa ‘qwr–smata’ ta opo–a
jËloume na e–nai Ïso to dunatÏn ligÏtera.
Parakàtw loipÏn, sto Sq†ma 5.33 parat–jetai to dËndro palindrÏmhshc pou ulo-

poi†jhke apÏ to pakËto thc R “party”. H melËth pou qrhsimopoi†jhke aforà 686
guna–kec pou pàsqoun apÏ kark–no tou masto‘ kai bàsei aut∏n ja prospaj†soume
na proqwr†soume se mia prognwstik† montelopo–hsh tou probl†matoc.
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Sq†ma 5.33: To dËndro palindrÏmhshc gia ta dedomËna tou de–gmatoc.
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BlËpoume pwc to dËndro pou dhmiourg†jhke Ëqei tËssera termatikà f‘lla. 'Opwc
parathro‘me oi paràgontec pou diamer–zoun ton q∏ro twn epexhghmatik∏n metablh-
t∏n e–nai prwtarqikà o arijmÏc twn jetik∏n Ïgkwn pou Ëqei kàje asjen†c kai sth
sunËqeia oi upodoqe–c progesterÏnhc kaj∏c ep–shc shmantikÏ rÏlo pa–zei kai h me-
tablht† pou de–qnei an oi asjene–c Ëqoun upoblhje– se jerape–a ormon∏n † Ïqi. Epi-
plËon sto gràfhma tou dËndrou pou dhmiourg†jhke, anaparist∏ntai kai oi grafikËc
parastàseic twn ektim†sewn Kaplan-Meier, gia kàje omàda asjen∏n.
Katal†goume loipÏn sta parakàtw sumperàsmata:

• Oi asjene–c pou Ëqoun ligÏterouc apÏ treic jetiko‘c Ïgkouc kai Ëqoun upo-
blhje– se jerape–a me ormÏnec Ëqoun tic kal‘terec pijanÏthtec epib–wshc apÏ
Ïlec tic upÏloipec.

• En antijËsei, oi asjene–c pou Ëqoun parapànw apÏ treic jetiko‘c Ïgkouc kai
ta ep–peda twn upodoqËwn progesterÏnhc touc e–nai ligÏtero apÏ 20 antimetw-
p–zoun to megal‘tero r–sko kai Ëqoun tic pio dusmene–c problËyeic epib–wshc.

• Arketà kalËc pijanÏthtec epib–wshc, Ëqoun ep–shc oi asjene–c pou Ëqoun li-
gÏterouc apÏ treic jetiko‘c Ïgkouc akÏma kai an den Ëqoun upoblhje– se or-
mojerape–a.

• D‘skolh e–nai ep–shc h katàstash gia tic asjene–c me perissÏterouc apÏ treic
jetiko‘c Ïgkouc, pou Ëqoun ep–peda progesterÏnhc megal‘tera apÏ 20.

To dËndro palindrÏmhshc pou dhmiourg†jhke sumfwne– me to montËlo tou Cox

kai me tic poinikopoihmËnec mejÏdouc Ridge kai Lasso pwc oi metablhtËc pnodes kai
hormone e–nai shmantikËc kai qreiàzontai s–goura sto montËlo mac kaj∏c ep–shc
upodeikn‘ei pwc shmantikÏ rÏlo sthn prÏbleyh thc pore–ac thc uge–ac twn asjen∏n
pa–zei kai h metablht† progrec, apotËlesma pou sumfwne– me to montËlo tou Cox.
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5.3 Sumperàsmata

En katakle–di, gia to s‘nolo 686 asjen∏n pou pàsqoun apÏ kark–no tou masto‘
katal†goume sta parakàtw:

• Gia to montËlo tou Cox, shmantikÏterec fa–netai na e–nai oi metablhtËc hormone,
tsize, pnodes, progrec, kai tgrad. SugkekrimËna parathro‘me pwc oi asjene–c
pou Ëqoun upoblhje– se ormonojerape–a kai Ëqoun Ïgko t‘pou I antimetwp–zoun
meiwmËno k–nduno upotrop†c sugkritikà me tic upÏloipec asjene–c.

• Qrhsimopoi∏ntac tic poinikopoihmËnec mejÏdouc Ridge kai Lasso, katal†goume
pwc sto montËlo qreiàzontai oi metablhtËc pnodes, hormone kai tgrad. Ge-
gonÏc pou sunhgore– kai me ta apotelËsmata apÏ to montËlo tou Cox, pwc o
arijmÏc twn jetik∏n Ïgkwn, to an mia asjen†c Ëqei upoblhje– se ormonojera-
pe–a † Ïqi kai o t‘poc tou Ïgkou pou Ëqei kàje asjen†c ephreàzei shmantikà
thn exËlixh thc asjËneiac kai prËpei na sumperilhfjo‘n sto montËlo.

• TËloc, dhmiourg∏ntac Ëna dËndro palindrÏmhshc katal†goume pwc kuriÏterh
metablht† gia na diaqwr–soume thn pore–a thc uge–ac twn asjen∏n e–nai aut†
tou arijmo‘ twn jetik∏n Ïgkwn, pnodes. ShmantikÏ rÏlo pa–zoun ep–shc oi
metablhtËc gia thn ormonojerape–a, hormone, kaj∏c kai gia ta ep–peda proge-
sterÏnhc, progrec. Shmei∏netai pwc tic kal‘terec pijanÏthtec epib–wshc Ëqoun
oi asjene–c pou Ëqoun upoblhje– se jerape–a me ormÏnec kai Ëqoun ligÏterouc
apÏ treic jetiko‘c Ïgkouc.
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Paràrthma A˛

K∏dikac sthn R
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table<-read.table("breastcan.txt",header=TRUE, colClasses =
c("numeric","numeric","numeric","numeric","numeric","numeric","factor","factor","factor","numeric","numeric"))
str(table)
attach(table)

levels(table$hormone) <- c("no","yes")
levels(table$meno) <- c("no","yes")
levels(table$tgrad) <- c("I","II","III")

table(hormone)
table(cens)
f1<-table(table$hormone)
f2<-table(table$meno)
f3<-table(table$tgrad)

par(mfrow=c(1,3))
barplot(f1,xlim=c(0,5),ylim=c(0,500),col="darkseagreen4",main="Ραβδόγραμμα
για την ορμονοθεραπεία")
barplot(f2,xlim=c(0,5),ylim=c(0,500),col="darkseagreen3",main="Ραβδόγραμμα
για το στάδιο της εμμηνόπαυσης")
barplot(f3,xlim=c(0,5),ylim=c(0,500),col="darkcyan",main="Ραβδόγραμμα για
τον βαθμό του όγκου")

library(survival)
fit.surv <-survfit(Surv(table$time,table$cens)~1)
plot(fit.surv ,xlab="days",ylab="estimated probability of survival")
fit.surv

fit.meno <-survfit(Surv(table$time, table$cens)~table$meno)
plot(fit.meno,xlab = "days",ylab = "estimated probability of survival", col
= c("darkseagreen4","gold"),  lwd = 1.5)
legend("bottomleft", legend=c("pre","post"), col =
c("darkseagreen4","gold"), lty = 1, title="Menopausal Status")
fit.meno

fit.hormone <-survfit(Surv(table$time, table$cens)~table$hormone)
fit.hormone
plot(fit.hormone,xlab = "days",ylab = "estimated probability of survival",
col = c("darkgray","brown4"), lwd = 1.5)
legend("bottomleft", legend=c("no","yes"), col = c("darkgray","brown4"),
lty = 1, title="Hormonal Therapy")

fit.tgrad<-survfit(Surv(table$time, table$cens)~table$tgrad)
fit.tgrad
plot(fit.tgrad,xlab = "days",ylab = "estimated probability of survival",
col = c("thistle4","violetred4","royalblue4"), lwd = 1.5)
legend("bottomleft", legend=c("Ι","ΙΙ","ΙΙΙ"), col =
c("darkgray","violetred4","royalblue4"), lty = 1, title="Tumor grade")

agecat<-cut(table$age, breaks= 2)
levels(agecat) <- c("20-50","51-80")
fit.age<-survfit(Surv(table$time, table$cens)~agecat)
fit.age



plot(fit.age,xlab = "days",ylab = "estimated probability of survival", col
= c("violetred4","royalblue4"), lwd = 1.5)
legend("bottomleft", legend=c("20-50","51-80"), col =
c("violetred4","royalblue4"), lty = 1, title="Age Groups")

logrank.test <- survdiff(Surv(table$time,table$cens)~table$meno)
logrank.test
logrank.test <- survdiff(Surv(table$time,table$cens)~table$hormone)
logrank.test

logrank.test <- survdiff(Surv(table$time,table$cens)~table$tgrad)
logrank.test
logrank.test <- survdiff(Surv(table$time,table$cens)~agecat)
logrank.test

fit.cox <- coxph(Surv(table$time, table$cens) ~ table$hormone)
summary(fit.cox)

fit.all <- coxph(Surv(table$time,table$cens)~ table$hormone + table$age +
table$tsize + table$pnodes + table$progrec + table$estrec + table$meno +
table$tgrad)
fit.all
summary(fit.all)

fit.null<- coxph(Surv(table$time,table$cens)~ 1)
fit.null
summary(fit.null)

fit.m1<- coxph(Surv(table$time,table$cens)~ table$hormone +table$pnodes +
table$progrec + table$tgrad, data=table)
fit.m1
summary(fit.m1)

fit.m2<- coxph(Surv(table$time,table$cens)~ table$hormone +table$pnodes +
table$progrec + table$tgrad + table$meno)
fit.m2
summary(fit.m2)

fit.m3<- coxph(Surv(table$time,table$cens)~ table$hormone +table$pnodes +
table$progrec + table$tgrad + table$estrec)
fit.m3
summary(fit.m3)

fit.m4<- coxph(Surv(table$time,table$cens)~ table$hormone +table$pnodes +
table$progrec + table$tgrad + table$tsize)
fit.m4
summary(fit.m4)

fit.m5<- coxph(Surv(table$time,table$cens)~ table$hormone +table$pnodes +
table$progrec + table$tgrad + table$age)
fit.m5
summary(fit.m5)



coxstep<-step(fit.all,direction = "both")

fit.model<- coxph(Surv(table$time,table$cens)~ table$hormone +table$pnodes
+ table$progrec + table$tgrad + table$tsize)
fit.model
summary(fit.model)

res<-cox.zph(fit.model, transform="identity", global=TRUE)
res
par(mfrow=c(1,3))
plot1<-plot(res, var="table$pnodes")
plot2<-plot(res, var="table$tsize")
plot3<-plot(res, var="table$progrec")
par(mfrow=c(1,2))
plot4<-plot(res, var="table$tgrad")
plot5<-plot(res, var="table$hormone")

model.schoef1<-residuals(fit.model,type="schoenfeld")
plot(table$pnodes[table$cens==1],model.schoef1[,2],,ylab="Schoefeld
residual for number of nodes")
abline(h=0)

plot(table$progrec[table$cens==1],model.schoef1[,3],,ylab="Schoefeld
residual for progresterone")
abline(h=0)

plot(table$tsize[table$cens==1],model.schoef1[,6],,ylab="Schoefeld residual
for tumor size")
abline(h=0)

model.mart<-residuals(fit.model,type="martingale")

par(mfrow=c(2,2))
plot(table$pnodes,model.mart,pch=".",ylab="Martingale residual for number
of nodes")
abline(h=0)
lines(lowess(table$pnodes,model.mart))

plot(table$progrec,model.mart,pch=".",ylab="Martingale residual for
progresterone")
abline(h=0)
lines(lowess(table$progrec,model.mart))

plot(table$tsize,model.mart,pch=".",ylab="Martingale residual for tumor
size")
abline(h=0)
lines(lowess(table$tsize,model.mart))

model.dev<-residuals(fit.model,type="deviance")

par(mfrow=c(2,2))
plot(table$pnodes,model.dev,pch=19,ylab="Deviance residual for number of
nodes")



abline(h=0)
plot(table$progrec,model.dev,pch=19,ylab="Deviance residual for number of
nodes")
abline(h=0)
plot(table$tsize,model.dev,pch=19,ylab="Deviance residual for number of
nodes")
abline(h=0)

library(risksetROC)
eta1<-fit.model$linear.predictor
eta2<-fit.all$linear.predictor
ROC1=risksetROC(Stime= table$time, status=table$cens,marker=eta1,
predict.time=1000, method="Cox",
                 main="ROC Curve", lty=2, col="red", ylab="True Positive",
xlab="False Positive")

ROC2=risksetROC(Stime= table$time, status=table$cens,
                 marker=eta2, predict.time=1000,
method="Cox",col="blue",plot=FALSE)

lines(ROC1$FP,ROC2$TP, lty=2,col="darkblue")
legend(.5,.5,lty=c(2,3),col=c("red","darkblue"), legend=c("model","full"),
bty="n")

tmax=2600
AUC1<-risksetAUC(Stime= table$time, status=table$cens,
           marker=eta1, method="Cox", tmax=tmax,
           main="AUC Curve", lty=2, col="red")

data<-(subset(table, select = - c(1,10,
11),colClasses=c("numeric","numeric","numeric","numeric","numeric","factor","factor","factor")))
levels(data$hormone) <- c("no","yes")
levels(data$meno) <- c("no","yes")
levels(data$tgrad) <- c("I","II","III")
str(data)
data1<-makeX(data)

library(glmnet)

set.seed(1)
fit1<- glmnet(data1, Surv(table$time,table$cens), family =
"cox",maxit=1000)
plot(fit1)
plot(fit1, xvar="lambda")
cv.fit1 <- cv.glmnet(data1, Surv(table$time, table$cens), family = "cox",
alpha = 1, maxit = 1000)
plot(cv.fit1)
cv.fit1$lambda.min
cv.fit1$lambda.1se
lambda.min<-coef(cv.fit1,s="lambda.min")
lambda.1se<-coef(cv.fit1,s="lambda.1se")



fit2<- glmnet(data1, Surv(table$time,table$cens), family =
"cox",maxit=1000, alpha = 0)
plot(fit2,xvar="lambda")
cv.fit2 <- cv.glmnet(data1, Surv(table$time, table$cens), family = "cox",
alpha = 0, maxit = 1000)
plot(cv.fit2)
cv.fit2$lambda.min
cv.fit2$lambda.1se
lambda.min2<-coef(cv.fit2,s="lambda.min")
lambda.1se2<-coef(cv.fit2,s="lambda.1se")

install.packages("party")
stree1 <-ctree(Surv(time, cens) ~ ., data = table)
plot(stree1)


