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EuqaristÐec

Ja  jela na euqarist sw ton EpÐkouro Kajhght  k. Drìso GkintÐdh gia thn
polÔtimh kajod ghs  tou kai to euq�risto klÐma sunergasÐac pou anaptÔxame
kajìlh th di�rkeia ekpìnhshc thc paroÔsac diplwmatik c ergasÐac.
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PerÐlhyh

Skopìc thc paroÔsac diplwmatik c ergasÐac eÐnai h melèth thc majhmatik c
jewrÐac thc pollapl c skèdashc kai eidikìtera tou eujèwc probl matoc pol-
lapl c skèdashc twn akoustik¸n kum�twn.

Sto pr¸to kef�laio, parousi�zoume sunoptik� merikèc basikèc ènnoiec thc
jewrÐac skèdashc.

Sto deÔtero kef�laio, eis�goume ton anagn¸sth sthn jewrÐa thc apl c skè-
dashc gia to eujÔ prìblhma, parousi�zoume thn exÐswsh Helmholtz kai ana-
fèroume orismèna jewr mata kai orismoÔc pou apoteloÔn basik� ergaleÐa thc
jewrÐac skèdashc.

Sto trÐto kai tètarto kef�laio proqwr�me sthn ekten  melèth twn prosje-
tik¸n jewrhm�twn stic dÔo kai stic treic diast�seic, ta opoÐa apoteloÔn ta
basik� ergaleÐa thc jewrÐac pollapl c skèdashc se sqèsh me thn eÔresh lÔ-
sewn gia skèdash lÔsewn apl c gewmetrÐac.

Sto pèmpto kef�laio parousi�zoume thn mèjodo qwrismoÔ metablht¸n h o-
poÐa epilÔei epituq¸c probl mata me kulindrikoÔc kai sfairikoÔc skedastèc,
mh diaperatoÔc oi opoÐoi plhroÔn tic sunoriakèc sunj kec Dirichlet (hqhtik�
malakoÐ)  /kai Neumann (hqhtik� sklhroÐ).

Sto èkto kef�laio oloklhr¸noume th melèth mac me orismènec upologistikèc
efarmogec. EpilÔoume to eujÔ prìblhma pollapl c skèdashc stic dÔo diast�-
seic me dÔo empìdia ta opoÐa èqoun sq ma kuklik¸n kulÐndrwn, parousi�zoume
ta graf mata tou mètrou thc èntashc tou olikoÔ skedasmènou pedÐou kaj¸c
kai sugkritik� diagr�mmata gia plhj¸ra paramètrwn. H arijmhtik  epÐlush
ègine se perib�llon Mathematica.
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Abstract

In this diploma thesis the purpose is study of the direct multiple scattering
theory in acoustics.

The first chapter is an introduction to the theory of scattering.

In the second chapter we present the direct scattering theory, the Helholtz
equation and we refer to several theorems and definitions useful in scattering
theory.

In the third and forth chapter we deal with the multiple scattering pro-
blem using addition therorems in two and three dimentions.

In the fifth chapter we present the method based on separation of varia-
bles that solve tha Dirichlet (sound soft scatterers) or Neumann (sound hard
scatterers) problem for circular cylinders and spheres.

In the sixth chapter we finish our work by a numerical implementation. We
solve the direct multiple scattering problem for two circular cylinders on Di-
richlet boundary conditions. We present the parametric and polar plots of
the scattered field and the total field. We also present comparative diagrams
for several parameters. The numerical approximation has been done using
Mathematica 8.
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Kef�laio 1

Eisagwg 

H JewrÐa Skèdashc sunèbale shmantik� sthn exèlixh thc Majhmatik c Fusi-
k c tou 20ou ai¸na, apì thn ex ghsh tou mple qr¸matoc tou ouranoÔ èwc kai
tic sÔgqronec teqnikèc iatrik c apeikìnishc, prosèlkuse tìso epist monec
ìso kai majhmatikoÔc gia p�nw apì 100 qrìnia. Basikì antikeÐmeno melèthc
thc JewrÐac Skèdashc eÐnai h epÐdrash pou èqei èna eterogenèc mèson se èna
prospÐptwn kÔma. Skopìc autoÔ tou kefalaÐou eÐnai h eisagwg  tou anagn¸-
sth stic ènnoiec twn hqhtik¸n kum�twn kai thc apl c skèdashc. Anafèrontai
orismèna endeiktik� paradeÐgmata me èmfash stic efarmogèc skèdashc akou-
stik¸n kum�twn. Sth sunèqeia katagr�foume sunoptik� to pr¸to dhmosÐeuma
pou èdwse to basikì plaÐsio thc majhmatik c jewrÐac thc pollapl c skèda-
shc kai tic basikèc arqèc.

PrÐn mil soume gia ta hqhtik� kÔmata, axÐzei na d¸soume mÐa prosèggish tou
mhqanismoÔ dhmiourgÐac tou  qou genikìtera. O  qoc par�getai an diatar�-
xoume thn tuqaÐa kÐnhsh twn morÐwn tou aèra. Me thn diataraq  aut , ta
mìria tou aèra diamorf¸nontai se pukn¸mata kai arai¸mata, opìte dhmiour-
geÐtai èna hqhtikì kÔma, pou diadÐdetai proc ìlec tic kateujÔnseic, se èna
elastikì mèso, ìpwc eÐnai o aèrac. H dhmiourgÐa tou  qou tautÐzetai me tic
metabolèc thc akoustik c pÐeshc p, dhlad  me thn topik  �uxhsh kai meÐwsh
thc atmosfairik c pÐeshc se sqèsh me th mèsh statik  pÐesh. Kat� thn di�do-
sh tou hqhtikoÔ kÔmatoc se èna mèso, den parathreÐtai metafor� twn morÐwn
tou mèsou all� thc diataraq c apì èna mìria sto diplanì tou. H di�dosh
gÐnetai me th morf  hqhtik¸n kum�twn pou anaptÔssontai sta di�fora mèsa.

O orismìc tou kÔmatoc wc h di�dosh miac diataraq c se k�poio mèso, antana-
kl� to eurÔ pedÐo efarmog¸n tou fainomènou thc skèdashc. An sunupologÐ-
soume kai touc di�forouc episthmonikoÔc kl�douc stouc opoÐouc emplèketai
h kumatik  di�dosh, tìte gÐnetai antilhptìc o kentrikìc rìloc pou paÐzoun ta
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probl mata skèdashc se poikÐlec perioqèc thc epist mhc kai thc teqnologÐac.
MÐa eurèwc gnwst  efarmog  eÐnai h teqnik  thc iatrik c apeikìnishc, pou
basÐzetai sto antÐstrofo prìblhma skèdashc uper qwn, dhlad  akoustik¸n
kum�twn uyhl c suqnìthtac. Sthn perioq  thc upojal�ssiac èreunac, basi-
kì ergaleÐo eÐnai h teqnik  sonar, h opoÐa basÐzetai sthn an�klash, di�dosh
kai skèdash akoustik¸n kum�twn mèsa sto nerì. An�loga loipìn me autì
pou zht�me na aniqneÔsoume, oi tomeÐc efarmog c poikÐloun. Sthn wkeano-
grafÐa, gia par�deigma, melet�tai h morfologik  exereÔnhsh tou bujoÔ kai
h anÐqneush izhm�twn ston pujmèna. Sthn upobrÔqia arqaiologÐa zhtoÔmeno
eÐnai h eÔresh nauagÐwn kai �llwn antikeimènwn kai sthn alieÐa h eÔresh ko-
padi¸n. EpÐshc, sto nautikì stìqoc eÐnai h anÐqneush nark¸n kai eqjrik¸n
upobruqÐwn. Sthn perioq  thc mhqanik c eÐnai qarakthristik  h efarmog 
sthn epist mh twn ulik¸n gia ton mh katastrofikì èlegqo, melet¸ntac thn
kumatik  di�dosh uper qwn sta stere�. Meg�lo pedÐo efarmog¸n up�rqei
kai sthn aeronauphgik  kai sthn teqnologÐa oqhm�twn. Sthn èreuna, sthn
perioq  tou aerodunamikoÔ jorÔbou, ta akoustik� kÔmata dhmiourgoÔntai kai
sked�zontai apì thn turb¸dh ro  tou aèra gÔrw apì tic di�forec epif�neiec.

H an�ptuxh kai di�dosh twn hqhtik¸n kum�twn epitugq�netai lìgw thc a-
dr�neiac kai thc elastikìthtac pou qarakthrÐzoun ta elastik� mèsa, stere�,
ugr� kai aèria.Sqetik� me ton trìpo di�doshc twn hqhtik¸n kum�twn, diakrÐ-
nontai oi akìloujec peript¸seic. Sfairik� hqhtik� kÔmata, ìpou h diataraq 
tou mèsou exapl¸netai sto q¸ro gÔrw apì thn hqhtik  phg  me thn morf 
sfairik c epif�neiac, epÐpeda hqhtik� kÔmata, ìpou h diataraq  tou mèsou
exapl¸netai me thn morf  epÐpedhc epif�neiac kai kulindrik� hqhtik� kÔmata,
ìpou h diataraq  tou mèsou exapl¸netai me thn morf  kulindrik c epif�neiac.
H di�krish aut  èqei idiaÐterh shmasÐa giatÐ kajorÐzei se meg�lo bajmì thn
sumperifor� touc sto q¸ro.

H jewrÐa skèdashc asqoleÐtai me thn epÐdrash asuneqei¸n (metabolèc twn
fusik¸n paramètrwn tou q¸rou di�doshc) sth di�dosh tou kÔmatoc. Eidikì-
tera, e�n sumbolÐsoume me uinc to prospÐpton kÔma, usc to skedasmèno pedÐo
kai u thn upèrjesh twn dÔo, tìte to eujÔ prìblhma skèdashc eÐnai o prosdio-
rismìc tou skedasmènou pedÐou efìson gnwrÐzoume to prospÐpton kÔma, tic
idiìthtec tou empodÐou kai tic exis¸seic pou kajorÐzoun thn kumatik  exÐswsh.
To antÐstrofo prìblhma skèdashc eÐnai h anakataskeu  tou anomoiogenoÔc
mèsou efìson gnwrÐzoume thn asumptwtik  sumperifor� tou skedasmènou pe-
dÐou.

Me ton ìro akoustik  skèdash ennooÔme th skèdash hqhtik¸n akoustik¸n
kum�twn. H majhmatik  jemelÐwsh tou probl matoc proèrqetai apì to sÔsth-
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ma exis¸sewn pou perilamb�nei thn exÐswsh Euler, thn exÐswsh sunèqeiac,
thn exÐswsh kat�stashc kai thn adiabatik  exÐswsh. Apì autèc kai me trìpo
pou ja doÔme sthn epìmenh enìthta, prokÔptei h exÐswsh Helmholtz pou mo-
ntelopoieÐ ta probl mata akoustik c skèdashc.

Gia na mil�me gia skèdash, aparaÐthto eÐnai na up�rqei ènac skedast c. Sthn
klasik  jewrÐa skèdashc autìc mporeÐ na eÐnai èna s¸ma me kajorismèno sÔ-
noro   apl¸c to Ðdio to mèso di�doshc. Sthn kbantik  jewrÐa mporeÐ apoteleÐ
skedast  èna pedÐo. Kai stic dÔo peript¸seic jewroÔme pwc h phg  thc dia-
taraq c brÐsketai ektìc thc perioq c tou skedast , ètsi ¸ste o teleutaÐoc
na perib�lletai se k�je perÐptwsh apì èna diaforetikì mèso, to perib�llon
mèso sto opoÐo par�getai to prospÐpton kÔma. Se antÐjeth perÐptwsh den ja
up rqe asunèqeia kat� thn di�dosh tou kÔmatoc kai �ra oÔte to fainìmeno
thc skèdashc. Sta probl mata pou ja melet soume oi skedastèc ja eÐnai mh
diaperat� stere� s¸mata kai qarakthrÐzontai apì sunoriakèc sunj kec sto
sÔnorì touc. To mèson eÐnai omogenèc kai up�rqei mÐa sunoriak  sunj kh
aktinobolÐac sto �peiro, dhlad  se perioq  makru� apì ton skedast , h opoÐa
mac exasfalÐzei ìti to skedasmèno kÔma ja apomakrÔnetai apì ton skedast 
kai ja moi�zei se meg�lec apost�seic me sfairik� epekteinìmeno kÔma.

Oi majhmatikèc mèjodoi pou qrhsimopoioÔntai gia thn epÐlush eujèwn pro-
blhm�twn sunart¸ntai �mesa me th suqnìthta thc kumatik c di�doshc. Eidi-
kìtera, e�n to m koc kÔmatoc λ = 2π/k, ìpou k o kumat�rijmoc, eÐnai polÔ
mikrì se sqèsh me th qarakthristik  di�stash a tou skedast  (di�metroc thc
mikrìterhc sfaÐrac pou perièqei ton skedast ), dhlad  a >> λ   ka >> 1,
tìte prìkeitai gia uyhlèc suqnìthtec. En¸, e�n a << λ   ka << 1 tì-
te prìkeitai gia qamhlèc suqnìthtec. Stic uyhlèc suqnìthtec to prìblhma
an�getai se prìblhma gewmetrik c optik c, en¸ stic qamhlèc suqnìthtec an�-
getai se prìblhma jewrÐac dunamikoÔ. Stic endi�mesec perioqèc kai eidikìtera
gia ka ∼ 1, melet�me thn perioq  suntonismoÔ. Sthn mèjodo pou ja akolou-
j soume sto kurÐwc mèroc thc ergasÐac, den up�rqei periorismìc tou ka all�
oi upologistikèc efarmogèc ja eÐnai gia timèc tou kumat�rijmou apì k = 1
èwc k = 10.

Sthn paroÔsa ergasÐa gÐnetai melèth tou eujèoc probl matoc pollapl c skè-
dashc. O ìroc 'pollapl  skèdash' shmaÐnei diaforetik� pr�gmata gia diafo-
retikoÔc epist monec, ìmwc ènac genikìc orismìc mporeÐ na eÐnai "h allhlepÐ-
drash twn pedÐwn me dÔo   perissìtera empìdia". Gia par�deigma, èna tupikì
prìblhma pollapl c skèdashc sthn klasik  fusik  eÐnai h skèdash hqhtik¸n
kum�twn apì dÔo sumpageÐc sfaÐrec. Sth fusik  sumpuknwmènh Ôlhc up�rqei
to prìblhma thc skèdashc sfairik¸n kum�twn hlektronÐwn apì èna sÔmpleg-
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ma atìmwn.

Ta kÔmata pou sked�zontai apì èna empìdio mporoÔn na melethjoÔn me di�fo-
rec gnwstèc mejìdouc, ìpwc th mèjodo qwrismoÔ twn metablht¸n, th mèjodo
twn T-Matrix   th mèjodo twn oloklhrwtik¸n exis¸sewn. E�n èqoume poll�
empìdia, tìte to pedÐo pou sked�zetai apì èna empìdio ja epifèrei peraitèrw
skedasmèna pedÐa apì ìla ta �lla empìdia, kajèna apì ta opoÐa ja prokalèsei
peraitèrw skèdash apì ìla ta upìloipa empìdia kai oÔtw kajex c. Me aut 
thn diadikasÐa mporoÔme na upologÐsoume to olikì skedasmèno pedÐo u, ìpou
k�je b ma onom�zetai t�xh skèdashc.

H skèdash mporeÐ na qwristeÐ se dÔo kathgorÐec, thn apl  kai thn anex�rthth.
Sthn apl  skèdash èqoume thn aplousterh prosèggish, ìpou to fainìmeno
thc pollapl c skèdashc agnoeÐtai teleÐwc. Ed¸, to olikì skedasmèno pedÐo
apoteleÐ to �jroisma twn skedasmènwn pedÐwn apì to k�je empìdio xeqwrist�,
kajèna apì ta opoÐa sked�zei to prospÐpton kÔma san na eÐnai apomonwmèno
apì ta upìloipa. H prosèggish aut  dÐnei axiìloga apotelèsmata ìtan o
endi�mesoc q¸roc eÐnai arket� meg�loc sugkritik� me to mègejoc twn empodÐ-
wn kai me to m koc kÔmatoc tou eiserqìmenou kÔmatoc. Gia na katano soume
kalutera thn anex�rthth skèdash mporoÔme na orÐsoume pr¸ta ti eÐnai h exar-
thmènh skèdash. Ta kÔmata pou allhlepidroÔn me poll� empìdia, prokaloÔn
èna fainìmeno sunergasÐac me apotèlesma na dhmiourgoÔntai eÐte polÔ meg�la
olik� pedÐa (enisqutik  parembol , gia par�deigma apì mÐa periodik  di�taxh
ìmoiwn skedast¸n se èna krustallikì plègma) eÐte polÔ mikr� pedÐa (kata-
strofik  parembol , gia par�deigma apì mÐa tuqaÐa di�taxh skedast¸n). Sthn
exarthmènh skèdash loipìn ta skedasmèna pedÐa geitonik¸n empodÐwn sqetÐ-
zontai metaxÔ touc.

'Estw t¸ra ìti èqoume N empìdia Bi, i = 1, 2, ...N, mh sundedemèna metaxÔ
touc. To sÔnoro tou Bi sumbolÐzetai me Si. DÐnetai èna prospÐpton kÔma sta
N empìdia kai prokÔptei to prìblhma upologismoÔ twn skedasmènwn kum�twn.
Upojètoume ìti gnwrÐzoume ìla ta qarakthristik� tou k�je empodÐou, ìpwc
jèsh, sq ma, prosanatolismì kai sunoriak  sunj kh pou ikanopoieÐ. E�n ta
empìdia eÐnai diaperat� tìte upojètoume ìti gnwrÐzoume kai thn eswterik 
touc sÔnjesh. Up�rqoun ìmwc pollèc peript¸seic pou den eÐnai diajèsimec
ìlec oi plhroforÐec, ìpwc gia par�deigma ìtan ta empìdia eÐnai topojethmèna
me tuqaÐo trìpo. Apì majhmatik  skopi� , to nteterministikì prìblhma thc
pollapl c skèdashc mporeÐ na perigrafeÐ wc ena exwterikì prìblhma suno-
riak¸n tim¸n, me mÐa sunj kh aktinobolÐac sto �peiro. 'Omwc h epÐlush autoÔ
den eÐnai eÔkolh upìjesh, kurÐwc lìgw thc polÔplokhc gewmetrÐac. 'Enac
trìpoc prosèggishc eÐnai mèsw thc apl c skèdashc   jewr¸ntac mÐa sunoria-
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k  oloklhrwtik  exÐswsh tou N-s¸matoc sto olikì sÔnoro S = UN
j=1Sj. An

kai ja  tan polÔ bolikì na antimetwpÐsoume to sÔnolo twn skedast¸n wc èna
s¸ma, mÐa tètoia prosèggish antapokrÐnetai se periorismèna probl mata kai
eÐnai idiaÐtera dÔskolh apì upologistik  �poyh.

Gia aplèc gewmetrÐec, ìpwc kuklikoÔc kulÐndrouc   sfaÐrec, efarmìzetai me
meg�lh epituqÐa kai eukolÐa mÐa mèjodoc pou sundu�zei xeqwristèc lÔseic thc
exÐswshc Helmholtz, ta legìmena polÔpola (multipoles). Shmantikì erga-
leÐo thc mejìdou eÐnai ta prosjetik� jewr mata (addition theorems) me th
qr sh twn opoÐwn epitugq�netai h epèktash twn polupìlwn apì mÐa arq 
suntetagmènwn se mÐa �llh. O pr¸toc pou qrhsimopoi se aut  th mèjodo
 tan o Lord Rayleigh. H mèjodoc tou Rayleigh perieÐqe ìla ta stoiqei¸dh
b mata pou perilamb�nei s mera h jewrÐa pollapl c skèdashc, ta opoÐa eÐnai
h qr sh enìc pÐnaka gia to k�je empìdio se sfairikèc armonikèc me topikì
kèntro autì tou empodÐou, h epèktash twn sfairik¸n armonik¸n wc proc èna
apì ta �lla kèntra kai h exÐswsh tou eiserqìmenou pedÐou se autì to kèntro
me to �jroisma twn exerqìmenwn pedÐwn twn upìloipwn kèntrwn kai tou exw-
terikoÔ pedÐou ψ0.

Gia na genikeÔsoume thn mèjodo tou Rayleigh kai na thn prosarmìsoume
ston sumbolismì pou ja akolouj soume apì ed¸ kai sto ex c sta upìloipa
kef�laia, jewroÔme èna prìblhma akoustik c skèdashc apì dÔo sfaÐrec. 'E-
stw ìti oi sfaÐrec èqoun kèntra ta O1, O2 antÐstoiqa. To skedasmèno pedÐo
usc ekfr�zetai wc proc ta exerqìmena polÔpola ψmn me kèntro to O1 kai me
kèntro to O2:

usc =
∑
n,m

{amn ψmn (r1) + bmn ψ
m
n (r2)}.

Oi suntelestèc amn , b
m
n upologÐzontai apì thn efarmog  twn sunoriak¸n sun-

jhk¸n sthn k�je sfaÐra. Autì proôpojètei thn epèktash tou ψmn (r2) se

ìrouc twn kanonik¸n sfairik¸n lÔsewn me kèntro to O1, ψ̂mn (r1). 'Etsi, qreia-
zìmaste to prosjetikì je¸rhma

ψmn (r2) =
∑
ν,µ

Smµnν (b)ψ̂µν (r1),

pou isqÔei gia r1 < b, ìpou r1 = |r1|, r2 = r1 + b kai b = |b| h apìstash
metaxÔ twn dÔo kèntrwn. O pÐnakac S = (Smµnν ) kaleÐtai m tra diaqwrismoÔ  
m tra metasqhmatismoÔ suntetagmènwn kai apoteleÐ shmantikì "sustatikì� thc
jewrÐac pollapl c skèdashc genikìtera. Se epìmena kef�laia ja d¸soume
idiaÐterh èmfash ston upologismì tou S se akoustik� probl mata (exÐswsh
Helmholtz).
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Kef�laio 2

Apl  skèdash akoustik¸n
kum�twn

2.1 Akoustik� kÔmata

JewroÔme th di�dosh akoustik¸n kum�twn mikroÔ pl�touc mèsa se èna mh
omogenèc kai isotropikì mèso pou brÐsketai ston R3 kai to lamb�noume wc
sumpiestì idanikì reustì me apousÐa epÐdrashc exwterik¸n dun�mewn. Akìmh
epitrèpoume aporrìfhsh mèsa s' autì. 'Estw loipìn υ = υ(x, t) to pedÐo
taqÔthtac enìc swmatidÐou sto shmeÐo x ∈ R3, se qrìno t kai èstw p = p(x, t),
ρ = ρ(x, t) kai S = S(x, t) h pÐesh, h puknìthta kai h eidik  enjalpÐa tou
reustoÔ antÐstoiqa. H kÐnhs  tou perigr�fetai tìte apì thn exÐswsh Euler

∂υ

∂t
+ υ· ∇υ + γυ +

1

ρ
∇p = 0,

thn exÐswsh sunèqeiac
∂ρ

∂t
+∇· (ρυ) = 0,

thn exÐswsh kat�stashc
p = f(ρ, S)

kai thn adiabatik  upìjesh

∂S

∂t
+ υ∆∇S = 0

ìpou f sun�rthsh exart¸menh apo th fÔsh tou reustoÔ. EpÐshc γ eÐnai o
suntelest c aporrìfhs c tou, jewroÔmenoc wc tmhmatik� stajerìc. To sÔ-
sthma autì eÐnai mh grammikì wc proc tic �gnwstec sunart seic υ, ρ, p, S .
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Jewr¸ntac th statik  kat�stash υo = 0, ρ = ρo(x), S = So(x) kai po =stajer ,
mporoÔme na ekfr�soume tic υ, ρ, p, S wc mikrèc diataraqèc thc parap�nw ka-
t�stashc, me ton parak�tw trìpo :

υ(x, t) = ευ1(x, t) + . . . ,

ρ(x, t) = ρo(x) + ευ1(x, t) + . . . ,

p(x, t) = po + εp1(x, t) + . . . ,

S(x, t) = So(x) + εS1(x, t) + . . . ,

ìpou 0<ε<<1 kai oi teleÐec upodhl¸noun thn Ôparxh ìrwn tou e megalÔ-
terhc t�xhc.

Antikajist¸ntac kai krat¸ntac touc ìrouc me diataraq  mìno pr¸thc t�xhc,
paÐrnoume to grammikopoihmèno sÔsthma

∂υ1

∂t
+ γυ1 +

1

ρo
∇p1 = 0

∂ρ1

∂t
+∇· (ρoυ1) = 0

∂p1

∂t
= c2(x)[

∂ρ1

∂t
+ υ1· ∇ρo]

∂S1

∂t
+ υ1 · ∇So = 0

ìpou h taqÔthta tou  qou c sto mèso di�doshc orÐzetai wc

c2(x) :=
∂f

∂ρ
(ρo(x), So(x)).

ApaleÐfoume t¸ra tic υ1, ρ1 apì to sÔsthma. OdhgoÔmaste ètsi sthn kumatik 
exÐswsh me apìsbesh gia thn pÐesh p1 :

∂2p1(x, t)

∂t2
+ γ

∂p1(x, t)

∂t
= c2(x)ρo(x)(

1

ρo(x)
∇p1(x, t)). (2.1)

AgnooÔme t¸ra ìrouc pou perièqoun to ∇ρo kai upojètoume ìti h p1 eÐnai
qronik� armonik , dhlad  thc morf c

p1(x, t) = υ(x)e−iωt
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me kuklik  suqnìthta ω>0 kai mÐa migadik  sun�rthsh υ = υ(x) h opoÐa e-
xart�tai mìno apì th qwrik  metablht .

Antikajist¸tac sthn (2.1), prokÔptei h exÐswsh Helmholtz me metablhtì to
suntelest  thc υ:

∆υ(x) +
ω2

c2(x)
(1 + i

γ

ω
υ(x) = 0. (2.2)

Genik�, gia to suntelest  aporrìfhshc isqÔei h sqèsh γ = 1/ρoc
2 en¸ h

posìthta 1
γ
eÐnai gnwst  wc mètro sumpÐeshc.

'Estw t¸ra ìti h perioq  pou katalamb�nei to mh omogenèc mèso perièqetai
se mÐa mp�la B tou R3. To perib�llon mèso eÐnai loipìn o R3\B kai jewr¸n-
tac ton omogen , èstw ìti h taqÔthta tou akoustikoÔ kÔmatoc se autìn eÐnai
co =stajer  gia x ∈ R3\B. OrÐzoume ètsi ton kumat�rijmo kai to deÐkth
di�jlashc wc ex c:

k :=
ω

co
> 0

kai
n(x) :=

co
c2(x)

(1 + i
γ

ω
).

H exÐswsh Helmholtz paÐrnei t¸ra th morf 

∆υ + k2n(x)υ = 0 (2.3)

ìpou n = n(x) eÐnai migadik  sun�rthsh me Ren(x) ≥ 0 kai Imn(x) ≥ 0.

Apì tic upojèseic pou k�name sthn parap�nw an�lush gia th fÔsh tou reu-
stoÔ wc mèso di�doshc enìc akoustikoÔ kÔmatoc, blèpoume ìti autèc eÐnai
genikèc kai antistoiqoÔn se mÐa arket� realistik  perigraf  tou. MporeÐ gia
par�deigma to mèso di�doshc na jewrhjeÐ wc mh aporrofhtikì (γ = 0) opìte
kai ja isqÔei n(x) = c2

o/c
2(x).

Mèqri ed¸, h an�lus  mac afor� th skèdash akoustik¸n kum�twn apo è-
na mh omogenèc mèso. Gia thn an�lush thc skèdashc apì empìdio, jewroÔme
pwc to mèso di�doshc kai to perib�llon mèso gÔrw apì to skedast  tautÐ-
zontai kai jewroÔntai omogen , me thn taqÔthta tou  qou c(x) = co stajer .
H exÐswsh Helmholtz gr�fetai tìte

∆υ + k2υ = 0

me k2 := ω(ω + iγ)/c2
o.
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Dialègoume to prìshmo tou k tètoio ¸ste Imk ≥ 0. Shmei¸noume epÐshc
ìti to k mporeÐ na eÐnai eÐte pragmatikì, eÐte migadikì. H pr¸th perÐptwsh
antistoiqeÐ sthn apl  kumatik  di�dosh en¸ h deÔterh sth di�dosh me apor-
rìfhsh. EpÐshc eÐnai profanèc ìti ja prèpei na isqÔei Rek > 0 , ¸ste na
mporeÐ na ufÐstatai kumatik  di�dosh.

2.2 To eujÔ probl ma akoustik c skèda-

shc

Apì ta parap�nw arqÐzei na gÐnetai fanerì pwc to eujÔ prìblhma akousti-
k c skèdashc, sthn perÐptwsh pou jewroÔme armonik  ex�rthsh wc proc ton
qrìno, perigr�fetai se diaforik  morf  wc èna prìblhma sunoriak¸n tim¸n
thc exÐswshc Helmholtz .

Jewr¸ntac ìti ta prospÐptonta kÔmata eÐnai epÐpeda kai èqoun armonik  e-
x�rthsh wc proc to qrìno, perigr�fontai dhlad  apo th sqèsh

υi(x, t) = ei(kx·d−ωt)

ìpou k eÐnai o kumat�rijmoc, ω h kuklik  suqnìthta, co h taqÔthta tou  -
qou sto kenì perib�llon mèso kai d to monadiaÐo di�nusma thc dieÔjunshc
di�doshc. Ta dÔo basik� probl mata pou prokÔptoun sth jewrÐa akoustik c
skèdashc parousi�zontai sth sunèqeia.

2.2.1 Skèdash apo èna mh omogenèc mèso

To prìblhma autì perigr�fetai wc ex c :

Brec to sunolikì pedÐo u , tètoio ¸ste

∆u(x) + k2u(x) = 0,R3\D (2.4)

u(x) = eikx·d̂ + u(x), (2.5)

lim
r→∞

r(
∂usc
∂r
− ikusc) = 0, (2.6)

ìpou r = |x|, n(x) = c2
o/c

2(x) o deÐkthc di�jlashc tou mèsou kai c = c(x)
h taqÔthta tou  qou sto mh omogenèc mèso. Sto prìblhma autì den up�r-
qei k�poia sunoriak  sunj kh sto sÔnoro k�poiou skedast . Up�rqei ìmwc
mÐa sunj kh sto �peiro, dhlad  {makri�} apo to skedast , h (2.6) pou mac
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exasfalÐzei ìti to skedasmèno kÔma makri� apì to mèso sumperifèretai san
sfairik� epekteinìmeno kÔma. H sunj kh aut  eÐnai gnwst  wc sunj kh a-
ktinobolÐac tou Sommerfeld. TonÐzoume ed¸ ìti se autì to prìblhma o ske-
dast c den eÐnai k�poio s¸ma pou paremb�lletai sthn di�dosh tou kÔmatoc,
all� antijètwc èna mh omogenèc mèso sto opoÐo ìtan eisèrqetai to kÔma, ske-
d�zetai. Upojètoume ìti to mh omogenèc autì mèso perièqetai se mÐa sumpag 
mp�la B tou R3.

2.2.2 Skèdash apì èna empìdio

To prìblhma autì perigr�fetai wc ex c :
Brec to sunolikì pedÐo u , tètoio ¸ste:

•
∆u(x) + k2u(x) = 0, (2.7)

sto R3\D

•
u(x) = eikx·d̂ + u(x), (2.8)

• Sunoriak  sunj kh, sto ∂D

•
lim
r→∞

r(
∂usc
∂r
− ikusc) = 0, (2.9)

ìpou h (2.7) eÐnai h exÐswsh Helmholtz.

EpÐshc k = ω/c0 en¸ o ìroc n(x) apousi�zei apo thn exÐswsh afoÔ eÐnai
Ðsoc me 1 gia thn perioq  R3\D ektìc tou skedast  (ìpou to mèso di�doshc
jewreÐtai omogenèc).

Fusik�, o periorismìc thc (2.7) ston R3\D ofeÐletai sthn upìjesh thc mh
diaperatìthtac tou antikeimènou. ParathroÔme ed¸ ìti ektìc apo thn sun-
j kh aktinobolÐac tou Sommerfeld (2.9), upeisèrqetai sto prìblhma kai mÐa
sunoriak  sunj kh sto sÔnoro tou skedast  (??).

Blèpoume loipìn ìti to eujÔ prìblhma akoustik c skèdashc apì èna empìdio,
perigr�fetai se diaforik  morf  wc èna kajar� majhmatikì, exwterikì prì-
blhma sunoriak¸n tim¸n.
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Ja doÔme t¸ra tic di�forec sunoriakèc sunj kec pou mporeÐ na prokÔyoun
sto sÔnoro tou skedast , kaj¸c kai th fusik  touc shmasÐa.

An perigr�foume tic timèc thc u sto sÔnoro tou s¸matoc (prìblhmaDirichlet),
autì antistoiqeÐ apì fusik  �poyh sthn perigraf  thc pÐeshc tou akoustikoÔ
kÔmatoc. 'Estw loipìn èna dosmèno prospÐpton kÔma ui . Tìte to sunolikì
akoustikì kÔma perigr�fetai apì thn sqèsh u = ui + us, ìpou us upodhl¸nei
to skedasmèno kÔma.

Gia èna hqhtik� malakì s¸ma, h sunolik  pÐesh prèpei na mhdenÐzetai sto
sÔnoro, dhlad  ja isqÔei sto ∂D

u = 0⇒ usc = −uinc.

Sthn perÐptwsh pou dÐnontai plhroforÐec gia th metabol  thc u kat� thn k�-
jeth dieÔjunsh sto sÔnoro (prìblhma Neumann), apì fusik  �poyh autì
antistoiqeÐ sthn perÐptwsh pou perigr�fetai h k�jeth sunist¸sa thc taqÔth-
tac tou akoustikoÔ kÔmatoc.

An èqoume hqhtik� sklhrì s¸ma, tìte prèpei na isqÔei sto ∂D

∂u

∂n
= 0,

ìpou n eÐnai to monadiaÐo exwterikì k�jeto di�nusma sto sÔnoro tou skeda-
st .

MÐa pio realistik , apì fusik c �poyhc prosèggish, eÐnai aut  kat� thn opoÐa
h k�jeth sunist¸sa thc taqÔthtac sto sÔnoro eÐnai an�logh me th diafor�
pÐeshc p�nw se autì, dhlad 

n · υ + x(p− po) = 0

sto sÔnoro ∂D, ìpou o suntelest c x kaleÐtai suntelest c akoustik c em-
pèdhshc kai orÐzetai p�nw sto sÔnoro. Aut  h sunj kh odhgeÐ se prìblhma
sunoriak¸n tim¸n tÔpou Robin me sunoriak  sunj kh ∂u/∂n+ ilu = 0 sto
sÔnoro ∂D, ìpou l jetik  stajer�.

Sthn perÐptwsh pou skedast c eÐnai èna diaperatì antikeÐmeno D jewroÔ-
meno wc reustì me stajer  puknìthta ρD kai taqÔthta  qou mèsa se autì
cD, diaforetik� antistoÐqwc apo thn puknìthta ρ kai thn taqÔthta tou  qou
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c sto perib�llon mèso R3\D, odhgoÔmaste se èna prìblhma diaperatìthtac.
Ed¸, epiprìsjeta, ektìc apì thn upèrjesh u = ui + us tou prospÐptontoc
kÔmatoc ui kai tou skedasmènou kÔmatoc us ston R3\D h opoÐa ikanopoieÐ
thn exÐswsh Helmholtz me kumat�rijmo k = ω/c, èqoume epÐshc èna kÔma
υ to opoÐo metadÐdetai mèsa sto D kai ikanopoieÐ thn exÐswsh Helmholtz
me kumatikì arijmìkD = ω

cD
6= k. Fusik� h teleutaÐa antistoiqeÐ se esw-

terikì prìblhma sunoriak¸n tim¸n. H sunèqeia thc pÐeshc kai thc k�jethc
sunist¸sac thc taqÔthtac p�nw sto sÔnoro odhgeÐ stic sunoriakèc sunj kec
met�doshc

u = υ,
1

ρ

∂u

∂n
=

1

ρD

∂υ

∂n

sto ∂D, ìpou n eÐnai to monadiaÐo exwterikì k�jeto di�nusma sto sÔnoro tou
skedast .

To pr¸to er¸thma pou tÐjetai gia to eujÔ prìblhma skèdashc eÐnai h mo-
nadikìthta thc lÔshc. Ta basik� ergaleÐa pou mac exasfalÐzoun k�ti tètoio
eÐnai ta jewr mata tou Green kai h arq  thc monadik c sunèqishc twn lÔ-
sewn mi�c elleiptik c exÐswshc. ExasfalÐzontac th monadikìthta thc lÔshc,
to epìmeno er¸thma pou tÐjetai eÐnai h Ôparxh thc monadik c aut c lÔshc
kai h dunatìthta na thn proseggÐsoume arijmhtik�. H pio gnwst  mèjodoc
pou qrhsimopoieÐtai gia to skopì autì eÐnai h mèjodoc twn oloklhrwtik¸n
exis¸sewn.

2.3 Jewr mata kai tÔpoi tou Green

Orismìc 2.3.1 'Estw k o kumat�rijmoc ètsi ¸ste na isqÔei ìti Im(k) ≥ 0.
H jemeli¸dhc lÔsh thc diaforik c exÐswshc Helmholtz orÐzetai wc ex c:

Φ(x, y) =
1

4π

eik|x−y|

|x− y|
(2.10)

me x 6= y kai x, y ∈ R3. H lÔsh aut  ikanopoieÐ thn èkfrash:
∆Φ(x, y) + k2Φ(x, y) = −δ(x− y), ìpou δ(x− y) h sun�rthsh Dirac.

Orismìc 2.3.2 'Estw to anoiqtì kai sunektikì sÔnoloD ⊂ R3. Ja lème ìti
to D eÐnai thc t�xhc Cm, ìpou m ∈ N, an gia k�je shmeÐo z ∈ ∂D up�rqei mÐa
perioq  Vz tou z me tic akìloujec idiìthtec: h tom  VzD mporeÐ na apeikonisteÐ
1 − 1 kai epÐ p�nw sth mis  sfaÐra {x ∈ R3 : |x| < 1, x3 ≥ 0} kai aut  h
apeikìnish, ìpwc kai h antÐstrof  thc, eÐnai m-forèc suneq¸c paragwgÐsimec
kai tèloc h tom  Vz∂D apeikonÐzetai p�nw sto dÐsko {x ∈ R3 : |x| < 1, x3 = 0}.
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UpenjumÐzoume ìti wc Cm(D) orÐzoume to gnwstì grammikì q¸ro twn m-
forèc suneq¸c paragwgÐsimwn sunart sewn sto sÔnolo D.

Apì ta basik� ergaleÐa pou qrhsimopoioÔntai sth melèth thc exÐswshc Helmholtz
eÐnai oi oloklhrwtikoÐ tÔpoi tou Green touc opoÐouc parajètoume sth sunè-
qeia.

'Estw D èna fragmèno qwrÐo thc t�xhc C1 kai n to monadiaÐo k�jeto di�nusma
sto sÔnoro ∂D, kateujunìmeno proc to exwterikì tou qwrÐou D. Tìte an
u ∈ C1(D) isqÔei to pr¸to je¸rhma tou Green :∫

D

(u∆v +∇u · ∇v)dx =

∫
∂D

u
∂v

∂n
ds (2.11)

kai an u, v ∈ C2(D) tìte isqÔei to deÔtero je¸rhma tou Green:∫
D

(u∆v − v∆u)dx =

∫
∂D

(u
∂v

∂n
− v ∂u

∂n
)ds (2.12)

Sth sunèqeia parousi�zoume k�poia basik�, gia thn anapar�stash twn lÔse-
wn thc exÐswshc Helmholtz, jewr mata.

Je¸rhma 2.3.1 'Estw D èna fragmèno qwrÐo thc t�xhc C2 kai n to mona-
diaÐo k�jeto di�nusma p�nw sto sÔnoro ∂D, kateujunìmeno proc to exwterikì
tou qwrÐou D. An u ∈ C2(D)

⋂
C(D) mÐa sun�rthsh h opoÐa èqei k�jeth

par�gwgo p�nw sto sÔnoro ∂D, upì thn ènnoia ìti to ìrio

∂u(x)

∂n
= lim

h→+0
n(x) · ∇u(x− hn(x))

ìpou x ∈ ∂D, up�rqei omoiìmorfa sto ∂D, tìte èqoume ton tÔpo tou Green:

u(x) =

∫
∂D

{∂u(y)

∂n
Φ(x, y)− u(y)

∂Φ(x, y)

∂n(y)
}ds(y), x ∈ D (2.13)

O tÔpoc (2.13) tou Green eÐnai gnwstìc wc anapar�stash Helmholtz.

Je¸rhma 2.3.2 An h u ikanopoieÐ thn exÐswsh Helmholtz ∆u+ k2u = 0
se èna qwrÐo D kai eÐnai dÔo forèc suneq¸c paragwgÐsimh tìte eÐnai analutik 
sun�rthsh.
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Apì ed¸ kai sto ex c lègontac ìti mÐa sun�rthsh u ikanopoieÐ thn exÐswsh
Helmholtz, ja ennooÔme ìti eÐnai dÔo forèc suneq¸c paragwgÐsimh kai epomè-
nwc analutik  sto eswterikì tou pedÐou orismoÔ thc.

An mÐa lÔsh u thc exÐswshc Helmholtz mhdenÐzetai se èna anoiqtì uposÔ-
nolo tou pedÐou orismoÔ thc, tìte mhdenÐzetai pantoÔ. H idiìthta aut  isqÔei
lìgw analutikìthtac thc u.

Orismìc 2.3.3 MÐa lÔsh u thc exÐswshc Helmholtz, ìpou to pedÐo orismoÔ
thc perièqei to exwterikì k�poiac sfaÐrac, ja kaleÐtai aktinobìloc an ikano-
poieÐ th sunj kh aktinobolÐac tou Sommerfeld

lim
r→∞

r(
∂u

∂r
− iku) = 0 (2.14)

ìpou r = |x| kai to ìrio up�rqei omoiìmorfa gia ìlec tic dieujÔnseic x
|x| .

Je¸rhma 2.3.3 'Estw èna fragmèno sÔnolo D to opoÐo eÐnai to anoiqtì
sumpl rwma enìc mh fragmènou qwrÐou thc t�xhc C2 kai n to monadiaÐo k�-
jeto di�nusma p�nw sto sÔnoro ∂D, kateujunìmeno proc to exwterikì tou
qwrÐou D. An u ∈ C2(R3\D)

⋂
C(R3\D) mÐa aktinobìloc lÔsh thc exÐswshc

Helmholtz ∆u+ k2u = 0 sto R3\D, h opoÐa èqei k�jeth par�gwgo p�nw sto
sÔnoro ∂D, upì thn ènnoia ìti to ìrio

∂u(x)

∂n
= lim

h→+0
n(x) · ∇u(x+ hn(x)), x ∈ ∂D

up�rqei omoiìmorfa p�nw sto ∂D, tìte èqoume ton tÔpo tou Green:

u(x) =

∫
∂D

{u(y)
∂Φ(x, y)

∂n(y)
− ∂u(y)

∂n
Φ(x, y)}ds(y), x ∈ R3\D (2.15)

Apì to je¸rhma 2.3.3 eÐnai profanèc ìti k�je lÔsh thc exÐswshc Helmholtz
h opoÐa ikanopoieÐ th sunj kh aktinobolÐac tou Sommerfeld, autìmata ikano-
poieÐ kai th sqèsh:

u(x) = O(
1

|x|
)

kaj¸c |x| → ∞ omoiìmorfa gia ìlec tic dieujÔnseic x
|x| kai ìti h isqÔc thc

sunj khc aktinobolÐac eÐnai amet�blhth wc proc metatopÐseic kai strofèc thc
arq c tou sut matoc suntetagmènwn.
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Mia isodÔnamh sqèsh thc sun khc aktinobolÐac eÐnai h ex c:

lim
r→∞

∫
Ωr

(|∂u
∂r
− iku|2)ds = 0

h opoÐa an kai asjenèsterh thc 2.6, ìtan isqÔei, to je¸rhma 2.3.3 exakoloujeÐ
na efarmìzetai.

Orismìc 2.3.4 MÐa lÔsh thc exÐswshc Helmholtz h opoÐa orÐzetai se olì-
klhro ton R3 kaleÐtai akèraia lÔsh. (Profan¸c mÐa tètoia lÔsh, an ikanopoieÐ
thn sunj kh aktinobolÐac tou Sommerfeld prèpei na mhdenÐzetai pantoÔ.)

Plèon eÐmaste se jèsh na eis�goume thn ènnoia tou pl�touc skèdashc u∞, to
opoÐo apoteleÐ shmantik  sun�rthsh sth jewrÐa skèdashc.

Je¸rhma 2.3.4 K�je aktonobìloc lÔsh u thc exÐswshc Helmholtz, èqei
thn asumptwtik  sumperifor� enìc sfairik� ekteinìmenou kÔmatoc

u(x) =
eik|x|

|x|
(u∞(x̂) +O(

1

|x|
)) (2.16)

kaj¸c |x| → ∞, omoiìmorfa proc ìlec tic kateujÔnseic x
|x| , ìpou h sun�rthsh

u∞ orismènh p�nw sth monadiaÐa sfaÐra Ω, eÐnai gnwst  wc pl�toc skèdashc
thc u. Gia to pl�toc skèdashc u∞ isqÔei h anapar�stash:

u∞(x̂) =
1

4π

∫
∂D

{u(y)
∂e−ikx̂·y

∂n(y)
− ∂u(y)

∂n
e−ikx̂·y}ds(y), x̂ ∈ Ω (2.17)

2.4 Sfairikèc sunart seic Bessel

Oi idiìthtec twn sfairik¸n sunart sewn Bessel apoteloÔn qr sima ergaleÐa
gia th jewrÐa thc skèdashc. Gia to lìgo autì tic parousi�zoume sunoptik�.

Orismìc 2.4.1 Me ton ìro sfairik  armonik  ennooÔme ton periorismì enìc
omogenoÔc armonikoÔ poluwnÔmou bajmoÔ n p�nw sth monadiaÐa sfaÐra Ω.

Je¸rhma 2.4.1 Up�rqoun akrib¸c 2n+ 1 grammik¸c anex�rthtec sfairi-
kèc armonikèc bajmoÔ n.

To je¸rhma 2.4.1 mac epitrèpei na orÐsoume th morf  twn sfairik¸n armo-
nik¸n k�je bajmoÔ n se kartesianèc suntetagmènec. Parìl' aut� ìmwc gia
thn peraitèrw melèth mac, eÐnai pio bolikì na qrhsimopoi soume tic sfarikèc
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armonikèc se sfairikèc suntetagmènec.

H genik  morf  enìc omogenoÔc poluwnÔmou se sfairikèc suntetagmènec (r, θ, φ)
eÐnai h ex c: Hn = rnYn(θ, φ). To polu¸numo autì eÐnai armonikì, dhlad  i-
sqÔei ìti ∆Hn = 0, an ikanopoieÐtai h sqèsh:

1

sinθ

∂

∂θ
(sinθ

∂Yn
∂θ

) +
1

sin2θ

∂2Yn
∂φ2

+ n(n+ 1)Yn = 0 (2.18)

Xekin�me anazht¸ntac lÔseic thc exÐswshc Helmholtz thc morf c:

u(x) = f(k|x|)Yn(x̂)

ìpou oi Yn eÐnai sfairikèc armonikèc t�xhc n. Apì th diaforik  exÐswsh
(2.18) gia tic sfairikèc armonikèc eÐnai epìmeno ìti h u ikanopoieÐ thn exÐswsh
Helmholtz, efìson h f eÐnai mÐa lÔsh thc sfairik c diaforik c exÐswshc Bessel
t�xhc n:

t2f ′′(t) + 2tf ′(t) + (T 2 − n(n+ 1))f(t) = 0.

EpilÔontac th sfairik  diaforik  exÐswsh Bessel prokÔptoun oi sfarikèc su-
nart seic:

Jn(t) =
∞∑
p=0

(
(−1)ptn+2p

2pp!1 · 3 · ..(2n+ 2p+ 1)
) (2.19)

Yn(t) = −(2n)!

2nn!

∞∑
p=0

(
(−1)pt2p−n−1

2pp!(−2n+ 1)(−2n+ 3) · · · (−2n2p− 1)
) (2.20)

Oi (2.19) lègontai sfairikèc sunart seic Bessel t�xhc n kai eÐnai analutikèc
sunart seic gia k�je t ∈ R. Oi (2.20) lègontai sfairikèc sunart seic Neu-
mann t�xhc n kai eÐnai analutikèc sunart seic gia k�je t ∈ (0,∞).

Kat� antistoiqÐa me tic sunart seic Hankel prokÔptoun kai oi sfairikèc su-
nart seic Hankel pr¸tou kai deÔterou eÐdouc t�xhc n:

H(1)
n = Jn + iYn

kai
H(2)
n = Jn − iYn.

Je¸rhma 2.4.2 'Estw h sfairik  armonik  Yn t�xhc n. Tìte isqÔei ìti
h un(x) = Jn(k|x|)Yn(x̂) eÐnai mÐa akèraih lÔsh thc exÐswshc Helmholtz kai

h vn(x) = H
(1)
n (k|x|)Yn(x̂) eÐnai mÐa lÔsh thc exÐswshc Helmholtz, h opoÐa

ikanopoieÐ thn sunj kh aktinobolÐac sto R3\{0}.
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2.5 PerÐptwsh twn dÔo diast�sewn

Se aut n thn enìthta ja doÔme p¸c ekfr�zetai se majhmatik  morf  h perÐ-
ptwsh twn dÔo diast�sewn gia to prìblhma sunoriak¸n tim¸n thc exÐswshc
Helmholtz.

H jemeli¸dhc lÔsh thc exÐswshc Helmholtz stic dÔo diast�seic dÐnetai a-
pì th sqèsh:

Φ(x, y) :=
i

4
H(1)
o (k|x− y|), x 6= y. (2.21)

kai h sunj kh aktinobolÐac tou Sommerfeld gÐnetai:

lim
r→∞

√
r(
∂u

∂r
− iku) = 0, (2.22)

ìpou r = |x| kai to ìrio jewreÐtai omoiìmorfo gia ìlec tic kateujÔnseic x
|x| .

Y�qnontac lÔsh thc exÐswshc Helmholtz me th morf 

u(r) = f(kr)einφ

se polikèc suntetagmènec (r, φ), odhgoÔmaste sth diaforik  exÐswsh Bessel

t2f ′′(t) + tf ′(t) + (t2 − n2)f(t) = 0

t�xhc n = 0, 1, ... .Autì pou apaiteÐtai gia th melèth thc disdi�stathc exÐ-
swshc Helmholtz den eÐnai h analutik  melèth thc exÐswshc Bessel all� h
asumptwtik  sumperifor� twn lÔse¸n thc, kai sugkekrimèna h sumperifor�
touc gia {meg�la} orÐsmata.
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Kef�laio 3

Prosjetik� jewr mata stic 2
diast�seic

Oi perissìterec jewrÐec pollapl c skèdashc basÐzontai sta prosjetik� je-
wr mata, me ta opoÐa mporoÔme na metatrèyoume to an�ptugma gia èna sugke-
krimèno shmeÐo tou q¸rou, se k�poio parìmoio an�ptugma gia èna diaforetikì
shmeÐo tou q¸rou.

To pio gnwstì prosjetikì je¸rhma eÐnai to

ei(x+y) = eixeiy,

  gia tic sunart seic Bessel : J0(x+ y) =
∑∞

n=−∞(−1)nJn(x)Jn(y).

Se èna q¸ro diast�sewn q èqoume tic Kartesianèc suntetagmènec (x1, x2, ..., xq).
'Estw h aktinik  suntetagmènh, r =

√
φq, ìpou φq = x2

1 + x2
2 + ... + x2

q.
To je¸rhma Hobson pou ja parousi�soume sth sunèqeia, apoteleÐ basi-
kì ergaleÐo thc mejìdou mac kai qrhsimopoieÐtai sthn efarmog  diafori-
k¸n telest¸n kartesian¸n suntetagmènwn se sunart seic thc φq. Sugke-
krimèna, dÐnei to apotèlesma thc efarmog c tou fn(∇q) sthn F (φq), ìpou
fn(∇q) = fn(( ∂

∂x1
, ∂
∂x2
, ..., ∂

∂xq
) kai F eÐnai ìpoiad pote omal  sun�rthsh mÐac

metablht c. To apotèlesma aplopoieÐtai e�n h fn eÐnai èna armonikì omogenèc
polu¸numo, Pn, ètsi ¸ste

∇2
qPn(x1, x2, ...xq) = 0.

Se autì to kef�laio èqoume q = 2 kai up�rqoun akrib¸c dÔo grammik� ane-
x�rthta armonik� polu¸numa bajmoÔ n gia k�je jetikì n. 'Etsi, P+

n (x, y) =
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(x + iy)n = rne+inθ, P−n (x, y) = (x − iy)n = rne−inθ, me x = rcosθ kai
y = rsinθ polikèc suntetagmènec.

3.1 Je¸rhma Hobson

To je¸rhma pou akoloujeÐ apoteleÐ thn aploÔsterh ekdoq  tou jewr matoc
tou Hobson gia mÐa di�stash.

Je¸rhma 3.1.1 'Estw φ1 = x2 kai n jetikìc akèraioc. Tìte isqÔei:

∂n

∂xn
F (φ1) =

∑
l=0

2n−2l

l!
F (n−l)(φ1)

∂2l

∂x2l
xn, (3.1)

ìpou F (m) eÐnai hm-ost  par�gwgoc thc omal c sun�rthshc mÐac metablht c
F kai to �jroisma eÐnai peperasmèno.

Apìdeixh:
Ja apodeÐxoume to Je¸rhma me epagwg .
Gia n = 1 h sqèsh eÐnai tetrimmènh. E�n gnwrÐzoume to apotèlesma gia n tìte
gia n = n+ 1 èqoume:

∂n+1

∂xn+1
F (φ1) =

∂

∂x

∑
l=0

2n−2l

l!
F (n−l)(φ1)

∂2l

∂x2l
xn

⇒ ∂n+1

∂xn+1
F (φ1) =

∑
l=0

2n−2l

l!
{2xF (n+1−l) ∂

2l

∂x2l
+ F (n−l) ∂

2l+1

∂x2l+1
xn}

⇒ ∂n+1

∂xn+1
F (φ1) = 2n+1xn+1F (n+1) +

∑
l=1

2n+1−2l

l!
F (n+1−l)Λl

n,

ìpou Λl
n = x ∂2l

∂x2l
xn + 2l ∂

2l−1

∂x2l−1x
n = ∂2l

∂x2l
xn+1.

To apotèlesma eÐnai alhjèc gia n = n+ 1, �ra isqÔei gia k�je n.

�

L mma 3.1.1 'Estw ∇2
q h Laplasian  q-di�stashc, (x1, x2, ..., xq) oi Kar-

tesianèc suntetagmènec kai l jetikìc akèraioc arijmìc. Tìte isqÔei gia k�je
omal  sun�rthsh P (x1, x2, ..., xq):

∇2l
q (x1P )− x1∇2l

q P = 2l∇2l−2
q

∂P

∂x1

,

ìpou ∇2l
q = (∇2

q)
l.
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Apìdeixh:
Gia l = 1 h sqèsh eÐnai tetrimmènh: ∇2

q(x1P )−x1∇2
qP = 2 ∂P

∂x1
. 'Estw ìti gnw-

rÐzoume to apotèlesma gia l, tìte qrhsimopoi¸ntac th sqèsh gia l = 1 èqoume:

∇2l+2
q (x1P )− x1∇2l+2

q P = ∇2l
q {∇2

q(x1P )} − x1∇2l
q ∇2

qP

⇒ ∇2l+2
q (x1P )− x1∇2l+2

q P = ∇2l
q {x1∇2

qP + 2∂P/∂x1} − x1∇2l
q ∇2

qP.

Tìte efarmìzontac ton telest  ∇2
qP , to dexÐ mèloc thc parap�nw exÐswshc

gÐnetai:

2l∇2l−2
q ∂/∂x1∇2

qP + 2∇2l
q

∂P

∂x1

= 2(l + 1)∇2l
q

∂P

∂x1

.

H teleutaÐa sqèsh eÐnai kai h zhtoÔmenh.

�

Stic dÔo diast�seic to je¸rhma Hobson eÐnai to akìloujo.

Je¸rhma 3.1.2 'Estw φ2 = x2 + y2 kai fn(x, y) omogenèc polu¸numo n
t�xhc, ìpou n jetikìc akèraioc arijmìc. Tìte isqÔei:

fn(∇2)F (φ2) =
∑
l=0

2n−2l

l!
F (n−l)(φ2)∇2l

2 fn(x, y) (3.2)

ìpou to �jroisma èqei peperasmènouc ìrouc kai fn(∇2) = fn( ∂
∂x1
, ∂
∂x2

).

Apìdeixh:
Kai p�li h apìdeixh ja gÐnei me epagwg . Gia mÐa sun�rthsh φ2 to Je¸rhma
Hobson gia mÐa di�stash isqÔei ètsi ¸ste na èqoume gia k�je jetikì n:

∂n

∂yn
F (φ2) =

∑
l=0

2n−2l

l!
F (n−l)(φ2)∇2l

2 y
n.

Gia n = 1 to apotèlesma isqÔei. Tìte, èqoume f1(x, y) = a0x + a1y kai
f1(∇2)F (φ2) = 2F ′(φ2)f1(x, y).
'Estw ìti isqÔei gia n. Tìte gia n = n + 1 èqoume fn+1(x, y) = xfn(x, y) +
ayn+1, me a k�poioc suntelest c. Tìte èqoume:

fn+1(∇2)F (φ2) =
∂

∂x
fn(∇2)F (φ2) + a

∂n+1

∂yn+1
F (φ2)⇒

fn+1(∇2)F (φ2) =
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∂

∂x

∑
l=0

2n−2l

l!
F (n−l)(φ2)∇2l

2 fn + a
∑ 2n+1−2l

l!
F (n+1−l)(φ2)∇2l

2 y
n+1.

O pr¸toc ìroc sto dexÐ mèloc thc teleutaÐac sqèshc eÐnai∑
l=0

2n−2l

l!
{sxF (n+1−l)∇2l

2 fn + F (n−l)∂/∂x∇2l
2 fn},

kai o deÔteroc ìroc eÐnai∑
l=0

2n+1−2l

l!
F (n+1−l)∇2l

2 fn+1 −
∑
l=0

2n+1−2l

l!
F (n+1−l)∇2l

2 (xfn).

'Etsi èqoume

fn+1(∇2)F (φ2) =
∑
l=0

2n+1−2l

l!
F (n+1−l)(φ2)∇2l

2 fn+1(x, y) + Ln,

ìpou

Ln =
∑
l=0

2n−2l

l!
(2F (n+1−l)[x∇2l

2 fn −∇2l
2 (xfn)] + F (n−l)∂/∂x∇2l

2 fn).

Gia na oloklhrwjeÐ h apìdeixh prèpei na deÐxoume ìti Ln ≡ 0. Gia l = 0
prokÔptei

Ln =
∑
l=1

2n+1−2l

l!
F (n+1−l){x∇2l

2 fn −∇2l
2 (xfn) + 2l∂/∂x∇2l−2

2 fn},

to opoÐo mhdenÐzetai sÔmfwna me to l mma 3.1.1.

�

Ta parap�nw jewr mata apoteloÔn eidikèc peript¸seic, se mÐa kai dÔo diast�-
seic antÐstoiqa, enìc genikoÔ jewr matoc tri¸n diast�sewn pou apodeÐqthke
apì ton Hobson . To apotelèsma autoÔ tou jewr matoc aplopoieÐtai e�n h
fn eÐnai armonik  sun�rthsh, ìpwc faÐnetai sto epìmeno pìrisma.

Pìrisma 3.1.1 'Estw r =
√
x2 + y2 kai Pn(x, y) èna omogenèc polu¸numo

bajmoÔ n, ìpou n jetikìc akèraioc. Tìte,

Pn(∇2)F (r) = Pn(x, y)(
1

r

d

dr
)nF (r).

'Etsi, e�n h fn eÐnai armonik  sun�rthsh tìte h peperasmènh seir� tou Jew-
r matoc 3.1.2 mei¸netai se èna mìno ìro.
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To Je¸rhma 3.1.2 efarmìsthke apì ton Hobson se armonikèc sunart seic
tri¸n diast�sewn. EmeÐc ja to efarmìsoume se kumatosunart seic (dhlad 
lÔseic thc exÐswshc Helmholtz ) stic dÔo diast�seic.

'Estw Zv(ω) mÐa opoiad pote kulindrik  sun�rthsh bajmoÔ v, dhlad  Zv(ω) =

Jv(ω), Yv(ω), H
(1)
n (ω)   H(2)

v (ω). Tìte èqoume,

(
1

ω

d

dω
)m
Zv(ω)

ωv
= (−1)m

Zv+m(ω)

ωv+m
,

;gia m = 0, 1, 2, ... kai gia k�je v. Sthn perÐptwsh ìpou v = 0 kai ω = kr
prokÔptei

(
1

kr

d

dr
)mZ0(kr) =

(−1)m

rm
Zm(kr).

Orismìc 3.1.1 OrÐzoume ton diaforikì telest  D+−
m wc ex c:

D+
m = [

−1

k
(
∂

∂x
+ i

∂

∂y
)]m,

D−m = [
−1

k
(
∂

∂x
− i ∂

∂y
)]m,

ìpou m = 0, 1, 2, ... kai D0 = I o tautotikìc telest c.

H qr sh autoÔ tou telest  p�nw se kulindrikèc kumatosunart seic perigr�-
fetai sta epìmena dÔo jewr mata.

Je¸rhma 3.1.3
DmZ0(kr) = Zm(kr)e+−imθ,

ìpou m = 0, 1, 2, ....

To l mma pou akoloujeÐ ja mac bohj sei sthn apìdeixh tou epìmenou jew-
r matoc.

L mma 3.1.2 E�n u eÐnai mia lÔsh thc disdi�stathc exÐswshc Helmholtz
tìte,

D+
mD

−
mu = D−mD

+
mu = (−1)mu.

Je¸rhma 3.1.4

D+
mZn(kr)einθ = Zm+n(kr)ei(m+n)θ,

D−mZn(kr)einθ = (−1)nZm−n(kr)e−i(m−n)θ = (−1)mZn−m(kr)ei(n−m)θ,

ìpou m = 0, 1, 2, ... kai n = 0,+− 1,+− 2, ....
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Sq ma 1. Sqhmatismìc gia prosjetik� jewr mata 2 diast�sewn.

Apìdeixh:
Gia n ≥ 0 èqoume

Zm+n(kr)ei(m+n)θ = A = D+
mD

+
nZ0 = D+

m+nZ0.

Gia n ≤ 0 jètoume n = −l kai prokÔptei

A = (−1)lD+
mD

−
l Z0.

'Eqoume t¸ra dÔo peript¸seic. Pr¸ton gia m ≥ l, qrhsimopoi¸ntac to l mma
3.1.2, prokÔptei

A = D+
m−lZ0 = D+

m+nZ0

kai deÔteron gia m < l, apì to 3.1.2, èqoume

A = (−1)l+mD−l−mZ0 = (−1)l+mZl−m(kr)e−i(l−m)θ.

Epeid  isqÔei Z−n = (−1)nZn katal goume sto epijumhtì apotèlesma. OmoÐ-
wc apodeiknÔetai kai h deÔterh sqèsh tou Jewr matoc.

�

3.2 Jewr mata Neumann kai Graf

JewroÔme dÔo diaforetikèc arqèc suntetagmènwn O1 kai O2 kai rj, me j = 1, 2,
to di�nusma jèshc enìc tuqaÐou shmeÐou P wc proc tic O1 kai O2 antÐstoiqa.
'Estw ìti b eÐnai to di�nusma jèshc tou O1 wc proc to O2, ètsi ¸ste r2 =
r1 + b, rj = (rjcosθj, sinθj) kai b = (bcosβ, bsinβ) (Sq ma 1). To je¸rhma
pou akoloujeÐ eÐnai to aploÔstero prosjetikì je¸rhma to opoÐo apodeÐqjhke
apì ton C. Neumann to 1867.
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Je¸rhma 3.2.1

J0(kr2) =
∞∑

n=−∞

(−1)nJn(kb)Jn(kr1)ein(θ1−β) (3.3)

⇔

J0(kr2) =
∞∑
n=0

εn(−1)nJn(kb)Jn(kr1)cosn(θ1 − β) (3.4)

ìpou ε0 = 1 kai εn = 2 gia n > 0.

Apìdeixh:
Ja apodeÐxoume to prosjetikì je¸rhma Neumann qrhsimopoi¸ntac tic idiì-
thtec twn diaforik¸n telest¸n D+

m, D
−
m pou orÐsame parap�nw.

Efìson h J0(kr2) eÐnai lÔsh thc disdi�stathc exÐswshc Helmholtz, mporeÐ na
grafeÐ wc

J0(kr2) =
∞∑

n=−∞

CnJn(kr1)einθ1 .

Oi suntelestèc Cn prokÔptoun apì thn efarmog  tou telest  D+
m(r2) gia

m > 0:

Jm(kr2)eimθ2 =
∞∑

n=−∞

CnD
+
m(r2){Jn(kr1)einθ1}.

IsqÔei D+
n (r2) = D+

n (r1). Qrhsimopoi¸ntac kai to Je¸rhma 3.1.4 èqoume gia
m = 0, 1, 2, ...

Jm(kr2)eimθ2 =
∞∑

n=−∞

CnJm+n(kr1)ei(m+n)θ1 .

'Estw t¸ra ìti r1 → 0, ètsi ¸ste r2 → b kai θ2 → β. Epeid  Jm(0) = δ0m,
èqoume

Jm(kb)eimβ = C−m.

OmoÐwc, qrhsimopoi¸ntac ton telest  D−m(r2) èqoume

Jm(kr2)eimθ2 =
∞∑

n=−∞

Cn(−1)nJm−n(kr1)e−i(m−n)θ1 .

Gia r1 na teÐnei sto mhdèn, h sqèsh Jm(kb)eimβ = C−m isqÔei kai gia m < 0.
Tèloc, antikajist¸ntac thn Jm(kb)eimβ = C−m sthn
J0(kr2) =

∑∞
n=−∞CnJn(kr1)einθ1 oloklhr¸netai h apìdeixh tou jewr matoc.

�
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To epìmeno je¸rhma apoteleÐ eidik  perÐptwsh enìc prosjetikoÔ jewr ma-
toc, to opoÐo dhmosieÔjhke to 1893 apo ton Graf kai dÐnei mia epèktash tou
Jν(kr2)eiνθ, ìpou ν tuqaÐoc migadikìc arijmìc.

Je¸rhma 3.2.2

Jm(kr2)eimθ2 =
∞∑

n=−∞

Jn(kb)einβJm−n(kr1)ei(m−n)θ1 (3.5)

⇔

Jm(kr2)eimθ2 =
∞∑

n=−∞

Jm−n(kb)ei(m−nβJn(kr1)einθ1 (3.6)

Apìdeixh:
Qrhsimopoi¸ntac to an�ptugma twn Jacobi−Anger : eiwcosφ =

∑∞
n=−∞ i

nJn(w)einφ,
èqoume

imJm(kr2) =
1

2π

∫ π

−π
eikr2cosφe−imφdφ =

1

2π

∫ π

−π
eikr2cos(θ2−φ)e−im(θ2−φ)dφ

⇒ imJm(kr2) =
1

2π
e−imθ2

∫ π

−π
eikr1cos(θ1−φ)eikbcos(β−φ)eimφdφ,

pou mporeÐ na grafeÐ kai wc

Jn(kr)einθ =
(−i)n

2π

∫ π

−π
eik(xcosφ+ysinφ)einφdφ

kai ekfr�zei kanonikèc kulindrikèc kumatosunart seic.

�

Oi parap�nw sqèseic mporoÔn na proektajoÔn kai gia Ym, H
(1)
m , H

(2)
m . Sugke-

krimèna, èqoume to epìmeno je¸rhma gia H(1)
m (kr)eimθ.

Je¸rhma 3.2.3 Gia r1 < b,

H(1)
m (kr2)eimθ2 =

∞∑
n=−∞

H
(1)
m−n(kb)ei(m−n)βJn(kr1)einθ1 (3.7)

kai gia r1 > b,

H(1)
m (kr2)eimθ2 =

∞∑
n=−∞

J
(1)
m−n(kb)ei(m−n)βH(1)

n (kr1)einθ1 (3.8)
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Apìdeixh:

'Estw ìti r1 < b. Epeid  h H(1)
0 (kr2) eÐnai mÐa lÔsh thc disdi�stathc exÐswshc

Helmholtz gia r2 > 0, prèpei na èqei mÐa èkfrash thc morf c:

H
(1)
0 (kr2) =

∞∑
n=−∞

CnJn(kr1)einθ1 ,

gia k�poiouc suntelestèc Cn. Efarmìzontac t¸ra touc telestèc D+
m(r2),

D−m(r2) kai gia r1 → 0, ìpwc kai sthn apìdeixh tou jewr matoc Neumann,
prokÔptei to zhtoÔmeno apotèlesma 3.7.

Up�rqei kai deÔteroc trìpoc apìdeixhc, ton opoÐo ja ton akolouj soume
gia na apodeÐxoume thn sqèsh 3.8, gia r1 > b. Prèpei, ìpwc kai ston pr¸to
trìpo, na up�rqei mÐa èkfrash thc morf c

H(1)
m (kr2)eimθ2 =

∞∑
n=−∞

CnH
(1)
n (kr1)einθ1 .

'Estw r1 →∞. 'Eqoume r2
2 = r2

1 + 2b· r1 + b2 kai

tanθ2 =
bsinβ + r1sinθ1

bcosβ + r1cosθ1

.

'Ara, r2 ∼ r1 + bcos(θ1− β) kai θ2 ∼ θ1 kaj¸c r1 →∞. EpÐshc, eÐnai gnwstì
ìti kaj¸c w →∞ isqÔei

H(1)
n (w) ∼

√
2/(πw)ei(w−

nπ
2
−π

4
).

'Etsi, gia r1 → ∞ sthn sqèsh H
(1)
m (kr2)eimθ2 =

∑∞
n=−∞CnH

(1)
n (kr1)einθ1

èqoume

(−i)meikbcos(θ1−β)eimθ1 =
∞∑

n=−∞

Cn(−i)neinθ1 .

Efarmìzontac sthn teleutaÐa sqèsh to an�ptugma twn Jacobi− Anger:

eiwcosφ =
∞∑

n=−∞

inJn(w)einφ

kai thn sqèsh
∫ π
−π e

imφdφ = 2πδ0m, katal goume sthn zhtoÔmenh sqèsh 3.8.

�
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Mia eidik  perÐptwsh tou Jewr matoc Graf eÐnai ekeÐnh gia thn opoÐa m = 0,
ìpou gia r1 < b,

H
(1)
0 (kr2) =

∞∑
n=−∞

(−1)nH(1)
n (kb)Jn(kr1)einθ1−β (3.9)

kai gia r1 > b,

H
(1)
0 (kr2) =

∞∑
n=−∞

(−1)nJn(kb)H(1)
n (kr1)einθ1−β (3.10)

Oi teleutaÐec sqèseic eÐnai exairetik� qr simec dÐoti h H(1)
0 apoteleÐ stoiqei¸-

dh lÔsh thc exÐswshc Helmholtz stic dÔo diast�seic.

3.3 PÐnakec diaqwrismoÔ S kai Ŝ

Orismìc 3.3.1 'Estw r = (rcosθ, rsinθ). H exerqìmenh kulindrik  kuma-
tosun�rthsh ψn orÐzetai wc

ψn(r) = H(1)
n (kr)einθ

kai h kanonik  kulindrik  kumatosun�rthsh ψ̂n(r) wc

ψ̂n(r) = Jn(kr)einθ.

H kumatosun�rthsh ψn qarakthrÐzetai wc exerqìmenh epeid  antapokrÐnetai
sta exerqìmena kÔmata sto �peiro. EÔkola mporeÐ na deiqjeÐ ìti oi ψn(r) kai

ψ̂n(r) ikanopoioÔn tic sqèseic:

ψ̂n(r) = (−1)nψ̂n(−r) = (−1)nψ̂−n(r), (3.11)

kai
ψn(r) = (−1)nψn(−r). (3.12)

Apì ton orismì (3.1.4), to je¸rhma 3.2.2 xanagr�fetai wc:

ψ̂m(r2) =
∞∑

n=−∞

Ŝmn(b)ψ̂n(r1), (3.13)
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ìpou r2 = r1 + b kai Ŝmn(b) = ψ̂m−n(b).

OmoÐwc to je¸rhma 3.2.3 xanagr�fetai, gia r1 < b wc:

ψm(r2) =
∞∑

n=−∞

Smn(b)ψ̂n(r1), (3.14)

kai gia r1 > b wc,

ψm(r2) =
∞∑

n=−∞

Ŝmn(b)ψn(r1), (3.15)

ìpou Smn(b) = ψm−n(b).

Onom�zoume pÐnakec diaqwrismoÔ ta Ŝ = (Ŝmn) kai S = (Smn), kaj¸c e-
xart¸ntai apì to b to opoÐo eÐnai h apìstash pou diaqwrÐzei ta kèntra O1

kai O2: r2 = r1 + b. Oi pÐnakec autoÐ paÐzoun spoudaÐo rìlo stic jewrÐec
pollapl c skèdashc.

IsqÔei

Ŝmn = (−1)m+nŜ(−b) = (−1)m+nŜnm(b)

ìpou Ŝ(−b) = ŜT (b). O pÐnakac ŜT eÐnai o an�strofoc tou S. Gia thn S
èqoume: Smn(b) = (−1)m+nSmn(−b).

H exÐswsh ψ̂m(r2) =
∑∞

n=−∞ Ŝmn(b)ψ̂n(r1) xanagr�fetai me pio sunoptikì
sumbolismì kai gia k�je m ¸c:

ψ̂(r2) = Ŝ(b)ψ̂(r1), (3.16)

ìpou r2 = r1 + b.
E�n upojèsoume ìti r1 = r3 + (b + c) tìte,

ψ̂(r2) = Ŝ(b + c)ψ̂(r3). (3.17)

IsqÔei h sqèsh

Ŝ(b)Ŝ(c) = Ŝ(b + c) = Ŝ(c)Ŝ(b),

ìpou gia c = −b èqoume Ŝ(b)Ŝ(−b) = Ŝ(−b)Ŝ(b) = Ŝ(0) = I qrhsimo-

poi¸ntac th sqèsh Jn(0) = δn0. All� Ŝ(−b) = ŜT (b) �ra,

Ŝ−1 = ŜT ,
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Sq ma 2. GewmetrÐa gia prosjetik� jewr mata.

dhlad  o Ŝ pÐnakac eÐnai orjomonadiaÐoc (unitary ).
T¸ra mporoÔme na xanagr�youme to Je¸rhma 3.15 tou Graf wc

ψ(r2) = S(b)ψ̂(r1), (3.18)

ìpou r2 = r1 + b kai r1 < b. ParathroÔme ìti h 3.18 isqÔei gia k�je shmeÐo
P sto eswterikì enìc kÔklou C1 me kèntro O1 kai aktÐna b. 'Estw t¸ra ìti
èqoume èna trÐto kèntro O3 sto eswterikì tou kÔklou C1 me r1 = r3 + c.
To shmeÐo P èqei dianÔsmata jèshc rj wc proc ta kèntra Oj, j = 1, 2, 3.
EpÐshc, to O3 èqei dianÔsmata jèshc c kai b+ c wc proc ta kèntra O1 kai O2

antÐstoiqa. Kaj¸c to O3 brÐsketai entìc tou C1, èqoume b > c (Sq ma 2).

Apì thn 3.16 èqoume ψ̂(r1) = Ŝ(c)ψ̂(r3) kai apì thn 3.18:

ψ(r2) = S(b)Ŝ(c)ψ̂(r3). (3.19)

All�, r2 = r3 + (b + c), ètsi h 3.15 dÐnei gia r3 < |b + c|,

ψ(r2) = S(b + c)ψ̂(r3). (3.20)

SugkrÐnontac tic 3.19 kai 3.20 sth geitoni� tou O3 paÐrnoume gia c < b,

S(b)Ŝ(c) = S(b + c). (3.21)

Sthn 3.19 qrhsimopoi same mÐa kanonik  epèktash tou ψ(r2) gia to O3 mèsw
miac kanonik c epèktashc gia to O1. 'Estw ìti èqoume èna tètarto kèntro O4
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me di�nusma jèshc c wc proc to O2 (Sq ma 2). Tìte, to O1O2O3O4 eÐnai èna
parallhlìgrammo me pleurèc b kai c. E�n epekteÐnoume thn ψ(r2) èxw apì ton
kÔklo C4 me kèntro to O4 kai aktÐna c, èqoume

ψ(r2) = Ŝ(c)ψ(r4)

gia r4 > c, ìpou r4 eÐnai to di�nusma jèshc tou P wc proc to O4. All�,
r4 = r3 +b kai upojètontac ìti b > c, to O3 brÐsketai èxw apì ton kÔklo C4,
opìte èqoume

ψ(r2) = Ŝ(c)S(b)ψ̂(r3).

SugkrÐnontac t¸ra me thn sqèsh 3.20 blèpoume ìti gia c < b isqÔei:

Ŝ(c)S(b) = S(b + c)

kai lìgw thc 3.21 katal goume sthn sqèsh

S(b)Ŝ(c) = S(b + c) = Ŝ(c)S(b).

3.4 PÐnakec peristrof c

'Estw ìti peristrèfoume to Kartesianì sÔsthma suntetagmènwn Oxy kat�
gwnÐa α sto Ox′y′. Tìte oi suntetagmènec x′, y′ orÐzontai wc: x′ = xcosα +
ysinα kai y′ = ycosα − xsinα. Gia tic polikèc suntetagmènec θ kai θ′ isqÔei
θ = θ′ + α. E�n x̂ eÐnai to monadiaÐo di�nusma ston �xona twn x tìte èqoume

Smn(bx̂) = H
(1)
m−n(kb)

kai
Ŝmn(bx̂) = Jm−n(kb).

AutoÐ oi pÐnakec diaqwrismoÔ qrhsimopoioÔntai gia metatropèc ston x-�xona,
gia mÐa genik  kateÔjunsh pou dÐnetai apo to b.

Gia na l�boume thn genik  perÐptwsh sundu�zoume dÔo peristrofèc me thn
eidik  perÐptwsh. Sugkekrimèna, akoloujoÔme ta ex c b mata:

1. Peristrof  twn axìnwn O2x2y2 kat� β stouc O2x
′
2y
′
2, ètsi ¸ste to O1

na brÐsketai sto (x′2, y
′
2, θ
′
2) = (b, 0, 0).

2. Metatrop  apì to O2 sto O1 qrhsimopoi¸ntac ton pÐnaka Ŝ(bx̂)   ton
S(bx̂).

3. Peristrof  twn axìnwn O1x
′
1y
′
1 kat� −β stouc O1x1y1.

36



Gia par�deigma, èqoume

Jm(kr2)eimθ2 = eimβJm(kr2)eimθ
′
2

⇒ Jm(kr2)eimθ2 = eimβ
∞∑

n=−∞

Ŝmn(bx̂)Jn(kr1)einθ
′
1

⇒ Jm(kr2)eimθ2 =
∞∑

n=−∞

{eimβŜmn(bx̂)e−inβJn(kr1)einθ1

Sto sumbolismì pin�kwn èqoume,

Ŝ(b) = D(β)Ŝ(bx̂)D(−β)

ìpou D(β) = diageimβ ènac diag¸nioc pÐnakac, o pÐnakac peristrof c. Pro-
fan¸c,

D(−β) = D(β) = [D(β)]T = [D(β)]−1

kai
S(b) = D(β)S(bx̂)D(−β).

3.5 An�ptugma gia dÔo kèntra

Mèqri t¸ra, melet same peript¸seic ìpou èna shmeÐo P anafèretai se dÔo  
perissìtera kèntra Oj. Up�rqoun ìmwc peript¸seic ìpou mac endiafèroun
dÔo shmeÐa P kai P ′ wc proc dÔo kèntra O1 kai O2. Gia par�deigma, èstw
ìti to shmeÐo P brÐsketai kont� sthn perioq  tou O1 kai to P ′ kont� sto O2

(Sq ma 3). 'Estw ìti up�rqei mÐa phg  kum�twn sto P kai jèloume na thn
epekteÐnoume sto P ′. 'Enac trìpoc gia na to epitÔqoume autì, eÐnai na k�noume
mÐa topik  epèktash gia to O1 kai sth sunèqeia na to xana-epekteÐnoume gia
to O2. Aut  h prosèggish eÐnai upologistik� apotelesmatik  ìtan èqoume
phgèc se poll� shmeÐa Pi kai jèloume na upologÐsoume thn epÐdras  touc sta
shmeÐa P ′j . Prìkeitai gia thn basik  idèa twn legìmenwn gr gorwn polupoli-
k¸n mejìdwn (fast multipole methods) pou qrhsimopoioÔntai sthn epÐlush
sunoriak¸n oloklhrwtik¸n exis¸sewn sth jewrÐa sked�sewn.

QrhsimopoioÔme ton Ðdio sumbolismì ìpwc kai prin. 'Etsi, rj kai r′j eÐnai ta
dianÔsmata jèshc twn P kai P ′ antÐstoiqa, wc proc ta kèntra Oj, j = 1, 2.
To di�nusma jèshc tou O1 wc proc to O2 eÐnai b. To di�nusma jèshc tou P
wc proc to P ′ eÐnai

R = r1 − r′1 = r2 − r′2 = r1 + b− r′2.
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Sq ma 3. GewmetrÐa gia epèktash 2 kèntrwn.

To je¸rhma 3.7 dÐnei gia r1 < r′1 :

H
(1)
0 (kR) =

∞∑
m=−∞

ψ̂−m(r1)ψm(−r′1)

kai gia b > r′2 :

ψm(−r′1) =
∞∑

n=−∞

Smn(b)ψ̂n(−r′2).

E�n ikanopoioÔntai kai oi dÔo anisìthtec tìte isqÔei

H
(1)
0 (kR) =

∞∑
m=−∞

∞∑
n=−∞

(−1)m+nSmn(b)ψ̂m(r1)ψ̂n(r′2).

ApodeÐxame me autì ton trìpo to akìloujo je¸rhma pou dÐnei to an�ptugma
gia 2 kèntra.

Je¸rhma 3.5.1 'Estw R = a + b + c. Tìte isquei gia a = |a| < |b + c|
kai c = |c| < b = |b|, a+ c < b

H
(1)
0 (kR) =

∞∑
m=−∞

∞∑
n=−∞

(−1)mSmn(b)ψ̂m(a)ψ̂n(c)
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Kef�laio 4

Prosjetik� jewr mata stic 3
diast�seic

S' autì to kef�laio ja melet soume th jewrÐa epÐlushc problhm�twn pol-
lapl c skèdashc tri¸n diast�sewn pou sthrÐzetai sta antÐstoiqa prosjetik�
jewr mata tou kefalaÐou 3. ProtoÔ xekin soume axÐzei na anaferjoÔme su-
noptik� stic sfairikèc armonikèc sunart seic.

Sto sÔsthma sfairik¸n polik¸n suntetagmènwn (r, θ, φ), ìpou x = rsinθcosφ,
y = rsinθsinφ, kai z = rcosθ, h Laplasian  tri¸n diast�sewn eÐnai

∇2
3u =

1

r2

∂

∂r
(r2∂u/∂r) +

1

r2sinθ

∂

∂θ
(sinθ∂u/∂θ) +

1

r2sin2θ

∂2u

∂φ2
.

Tìte me th mèjodo qwrismoÔ twn metablht¸n, h exÐswsh Laplace ∇2
3u = 0 è-

qei lÔseic tic rnPm
n (cosθ)e+−imφ kai r−n−1Pm

n (cosθ)e+−imφ, gia n = 0, 1, 2, ...
kai m = 0, 1, ..., n. O periorismìc twn sqèsewn aut¸n se sfairikèc epif�neiec
r dÐnei tic legìmenec sfairikèc armonikèc sunart seic Y m

n .

Oi sunart seic Pm
n lègontai sunart seic Legendre kai orÐzontai apì ton

Ferrers wc:

Pm
n (t) =

(1− t2)m/2

2nn!

dm+n

dtm+n
(t2 − 1)n.

Gia arnhtikèc timèc tou m, me |m| ≤ n, èqoume

P−mn (t) = (−1)m
(n−m)!

(n+m)!
Pm
n (t).

Orismìc 4.0.1 Oi mh kanonikopoihmènec sfairikèc sunart seic orÐzontai
apì th sqèsh

Ỹ m
n (r̂) = Ỹ m

n (θ, φ) = Pm
n (cosθ)eimφ
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kai oi kanonikopoihmènec sfairikèc sunart seic orÐzontai wc:

Y m
n (r̂) = Y m

n (θ, φ) = (4π)−1/2Amn Ỹ
m
n (θ, φ),

ìpou m = −n, ..., 0, 1, 2, ...n kai n = 0, 1, 2, .... O suntelest c kanoniko-

poÐhshc eÐnai Amn = (−1)m
√

2n+ 1
√

(n−m)!
(n+m)!

kai to monadiaÐo di�nusma eÐnai

r̂ = (sinθcosφ, sinθsinφ, cosθ). Gia arnhtikì m èqoume

Y −mn (r̂) = (−1)mY m
n (r̂),

ìpou Y m
n (r̂) eÐnai o suzug c migadikìc. Tèloc, gia θ = π − θ kai φ = + − π

èqoume
Y m
n (−r̂) = (−1)nY m

n (r̂).

4.1 Jewr mata Legendre kai Hobson

'Estw dÔo monadiaÐa dianÔsmata r̂1 = (sinθ1cosφ1, sinθ1sinφ1, cosθ1), r̂2 =
(sinθ2cosφ2, sinθ2sinφ2, cosθ2) kai h metaxÔ touc gwnÐa γ pou orÐzetai apì th
sqèsh r̂1. r̂2 = cosγ = sinθ1sinθ2cos(φ1 − φ2) + cosθ1cosθ2. Tìte isqÔei to
prosjetikì je¸rhma tou Legendre:

Je¸rhma 4.1.1

Pn(cosγ) =
n∑

m=0

(n−m)!

(n+m)!
Pm
n (cosθ1)Pm

n (cosθ2)cosm(φ1 − φ2),

ìpou Pn to polu¸numo Legendre.

Je¸rhma 4.1.2 'Estw φ3 = x2+y2+z2 kai fn(x, y, z) omogenèc polu¸numo
n bajmoÔ, ìpou n jetikìc akèraioc. Tìte gia fn(∇3) = fn(∂/∂x, ∂/∂y, ∂/∂z)
isqÔei:

fn(∇3)F (φ3) =
∑
l=0

2n−2l

l!
F (n−l)(φ3)∇2l

3 fn(x, y, z),

ìpou to �jroima èqei peperasmènouc ìrouc.

Apìdeixh:
H apìdeixh gÐnetai me epagwg  kai eÐnai parìmoia me to antÐstoiqo Je¸rhma
(3.1.2) sthn perÐptwsh twn dÔo diast�sewn.

�
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Pìrisma 4.1.1 'Estw r =
√
x2 + y2 + z2 kai Hn(x, y, z) armonikì omoge-

nèc polu¸numo n bajmoÔ, me n jetikì akèraio arijmì. Tìte,

Hn(∇3)F (r) = Hn(x, y, z)(
1

r

∂

∂r
)nF (r).

Pìrisma 4.1.2 'Estw r =
√
x2 + y2 + z2, xi = x, y, z kai Hn(x, y, z) ar-

monikì omogenèc polu¸numo n bajmoÔ, me n jetikì akèraio arijmì. Tìte,

∂

∂xi
Hn(∇3)F (r) = xiHn(x, y, z)

∂

∂r
)n+1F (r) +

∂

∂xi
Hn(x, y, z)

∂

∂r
)n.

EÐdame ìti oi sfairikèc armonikèc sunart seic mporoÔn na kataskeuastoÔn
apì epanalambanìmenh diafìrish tou 1/r se Kartesianèc suntetagmènec. H
antÐstoiqh kataskeu  kumatosunart sewn den eÐnai tìso �mesh. Arqik�, o-
rÐzoume sfairikèc kumatosunart seic thc morf c zn(w), opoiad pote sfairi-

k  sun�rthsh t�xewc n, ¸ste zn = jn(w), yn(w), h
(1)
n (w)   h(2)

n (w). Ex' ori-

smoÔ, zn(w) =
√

1
2
π
w
Zn+1/2(w), ìpou Zn h antÐstoiqh kulindrik  sun�rthsh:

Zn = Jn(w), Yn(w), H
(1)
n (w)   H

(2)
n (w). AkoloujeÐ o orismìc twn genik¸n

sfairik¸n kumatosunart sewn Ω̃m
n (x, y, z). Sth sunèqeia orÐzoume qr simouc

diaforikoÔc telestèc.

Orismìc 4.1.1 H mh kanonikopoihmènh sfairik  kumatosun�rthsh orÐzetai
wc

Ω̃m
n (x, y, z) = zn(kr)Ỹ m

n (θ, φ) = zn(kr)Pm
n (cosθ)eimφ

gia 0 ≤ |m| ≤ n. Gia |m| ≥ n, Ω̃m
n ≡ 0 afoÔ P |m|n ≡ 0.

H kanonikopoihmènh sfairik  kumatosun�rthsh orÐzetai wc

Ωm
n (x, y, z) = zn(kr)Y m

n (θ, φ)

gia 0 ≤ |m| ≤ n.
H kanonikopoihmènh kanonik  sfairik  kumatosun�rthsh orÐzetai wc

Ω̂m
n (x, y, z) = jn(kr)Y m

n (θ, φ).

Orismìc 4.1.2 OrÐzoume touc diaforikoÔc telestèc:

ymn = Hm
n (
−1

k
∇3) =

(−1)n

kn
Hm
n (∂/∂x, ∂/∂y, ∂/∂z) (4.1)

kai

ỹmn = H̃m
n (
−1

k
∇3) =

(−1)n

kn
H̃m
n (∂/∂x, ∂/∂y, ∂/∂z). (4.2)
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Je¸rhma 4.1.3 Gia 0 ≤ |m| ≤ n isqÔei:

ymn {z0(kr)} = Ωm
n = zn(kr)Y m

n (θ, φ), (4.3)

ỹmn {z0(kr)} = Ω̃m
n = zn(kr)Pm

n (cosθ)(θ, φ)eimφ. (4.4)

Apìdeixh:
Efarmìzoume to pìrisma 4.1.1 sthn F (r) = z0(kr) meHn = (−1/k)nHm

n (x, y, z),
gia 0 ≤ |m| ≤ n, kai katal goume sthn 4.3. Gia m < 0 èqoume

ymn z0 = (−1)my−mn z0 = (−1)m(−1/k)nH−mn (∇3)z0

⇒ ymn z0 = (−1)m(−1/k)nH−mn (x, y, z)(−k/r)nzn = zn(−1)mY −mn

⇒ ymn z0 = znY
m
n .

OmoÐwc katal goume sthn 4.4 qrhsimopoi¸ntac th sqèshHn = (−1/k)nH̃m
n (x, y, z).

�

Je¸rhma 4.1.4 'Estw ξ mÐa stajer� kai 0 ≤ |m| ≤ n. Tìte isqÔei

ymn {eikξr·r̂1} = (−iξ)nY m
n (r̄1)eikξr·r̂1 .

Apìdeixh:
'Estw Φ = eikξr·r̂1 . Tìte,

ymn Φ = (−k)−nHm
n (∇3)Φ = (−k)−nHm

n (ikξr̂1)Φ

⇒ ymn Φ = (−iξ)nHm
n (r̂1)Φ = (−iξ)nY m

n (r̂1)Φ,

kaj¸c isqÔei ìti Hm
n (x, y, z) = rnY m

n (θ, φ) �ra sthn perÐptws  mac, Hm
n (r̂) =

Y m
n (r̂).

�

Je¸rhma 4.1.5 Gia n = 0, 1, 2, ..., 0 ≤ |m| ≤ n kai Ω h monadiaÐa sfaÐra,
èqoume

jn(kr)Y m
n (r̂) =

(−i)n

4π

∫
Ω

eikr̄·r̂1Y m
n (r̂1dΩ(r̂1) =

in

4π

∫
Ω

eikr̄·r̂1Y m
n (r̂1)dΩ(r̂1).

(4.5)

H sqèsh (4.5) kaleÐtai sqèsh Funk−Hecke kai dÐnei thn anapar�stash miac
kanonik c sfairik c kumatosun�rthshc se ìrouc epÐpedwn kum�twn.
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Je¸rhma 4.1.6 Gia 0 ≤ |m| ≤ n,

D0
1Ω̃m

n =
n−m+ 1

2n+ 1
Ω̃m
n+1 −

n+m

2n+ 1
Ω̃m
n−1,

D0
1Ωm

n =

√
(n+ 1)2 −m2

(2n+ 1)(2n+ 3)
Ωm
n+1 −

√
n2 −m2

4n2 − 1
Ωm
n−1,

ìpou D0
1 = −k−1(∂/∂z).

Gia n ≥ 0 èqoume,
D0

1Ω̃n
n = (2n+ 1)−1Ω̃n

n+1, D
0
1Ω̃−nn = Ω̃−nn+1 kai D0

1Ω+−n
n = 1√

2n+3
Ω+−n
n+1 .

Je¸rhma 4.1.7 Gia 0 ≤ |m| ≤ n,

D+
1 Ω̃0

0 = Ω̃1
1, D

−
1 Ω̃0

0 = −2Ω̃−1
1 ,

D+
1 Ω̃m

n = 1/(2n+ 1)(Ω̃m+1
n−1 + Ω̃m−1

n−1 ),

D−1 Ω̃m
n = −(n+m)(n+m− 1)

2n+ 1
Ω̃m−1
n−1 −

(n−m+ 1)(n−m+ 2)

2n+ 1
Ω̃m−1
n+1 ,

ìpou oi diaforikoÐ telestèc orÐzontai wc D+
1 = −1

k
(∂/∂x + i∂/∂y), D−1 =

−1
k

(∂/∂x− i∂/∂y), D0
1 = −1

k
(∂/∂z).

Gia to Ωm
n èqoume,

D+
1 Ωm

n = −

√
(n+m+ 2)(n+m+ 1)

(2n+ 1)(2n+ 3)
Ωm+1
n+1 −

√
(n−m)(n−m− 1)

4n2 − 1
Ωm+1
n−1

kai

D−1 Ωm
n = −

√
(n−m+ 2)(n−m+ 1)

(2n+ 1)(2n+ 3)
Ωm−1
n+1 −

√
(n+m)(n+m− 1)

4n2 − 1
Ωm−1
n−1 .

4.2 Axonik� summetrik� prosjetik� jew-

r mata

S' aut  thn enìthta ja apodeÐxoume orismèna prosjetik� jewr mata gia sfai-
rikèc kumatosunart seic. 'Estw dÔo shmeÐa O,O2 pou apèqoun apìstash b.
Epilègoume Kartesianì sÔsthma suntetagmènwn (x, y, z) ètsi ¸ste to O na
brÐsketai sto kèntro kai to O2 sto (0,0,b). Epilègoume èna parìmoio sÔsthma
suntetagmènwn (x2, y2, z2) me kèntro to O2 kai �xonec par�llhlouc me autoÔc
tou sust matoc sto O. EpÐshc, èqoume dÔo sust mata sfairik¸n polik¸n
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Sq ma 4. GewmetrÐa gia axono-summetrik� prosjetik� jewr mata.

suntetagmènwn, (r, θ, φ) sto O kai (r2, θ2, φ2) sto O2. 'Etsi, to O2 brÐsketa
sto r = b, θ = 0 (Sq ma 4). Skopìc mac eÐnai na epekteÐnoume kumatosunar-
t seic me kèntro to O2 sto O. H aploÔsterh perÐptwsh eÐnai h epèktash thc
z0(kr2) se sun�rthsh pou exart�tai apì ta r, θ, φ. Pr�gmati, kaj¸c h z0(kr2)
eÐnai mÐa axonik� summetrik  kumatosun�rthsh, èqei mÐa epèktash thc morf c

z0(kr2) =
∞∑
n=0

Anjn(kr)Pn(cosθ) (4.6)

gia r < b. Autì pou mènei eÐnai o prosdiorismìc twn suntelest¸n An, oi opoÐoi
exart¸ntai apì to kb kai ìqi apì to θ. 'Etsi, prokÔptei telik� to akìloujo
je¸rhma.

Je¸rhma 4.2.1 'Estw r2 =
√
r2 + b2 − 2rbcosθ. Tìte gia r < b,

z0(kr2) =
∞∑
n=0

(2n+ 1)zn(kb)jn(kr)Pn(cosθ).

Apìdeixh:
Efarmìzoume thn ỹ0

m sthn 4.6. Epeid  oi KartesianoÐ �xonec sta dÔo sust -
mata eÐnai par�llhloi èqoume,

zm(kr2)Pm(cosθ2) =
∞∑
n=0

Anỹ
0
m{jn(kr)Pn(cosθ)} =

∞∑
n=0

Anỹ
0
mỹ

0
n{j0(kr)},
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ìpou qrhsimopoi same to je¸rhma 4.4. Jètwntac to r → 0, ètsi ¸ste r2 → b
kai θ2 → π, paÐrnoume

(−1)mzm(kb) =
∞∑
n=0

AnLmn,

ìpou Lmn = limr→0 ỹ
0
mỹ

0
n{j0(kr)} = (−1)n(2n+ 1)−1δmn. Telik�,

An = (2n+ 1)zn(kb).

�

MporoÔme na genikeÔsoume to prohgoÔmeno je¸rhma. JewroÔme dÔo kèntra
O1, O2 kai èna shmeÐo P me dianÔsmata jèshc rj wc proc ta kèntra Oj, j = 1, 2.
'Estw ìti to O1 èqei di�nusma jèshc b wc proc to O2, ètsi ¸ste r2 = r1 +b.
Tìte, isqÔoun ta akìlouja jewr mata.

Je¸rhma 4.2.2 'Estw r2 = r1 + b. Tìte gia r1 < b,

z0(kr2) = 4π
∞∑
n=0

n∑
m=−n

(−1)nzn(kb)Y m
n (̂b)jn(kr1)Y m

n (r̂1),

kai gia r1 > b,

z0(kr2) = 4π
∞∑
n=0

n∑
m=−n

(−1)njn(kb)Y m
n (̂b)zn(kr1)Y m

n (r̂1).

Je¸rhma 4.2.3 'Estw r2 = r1 + b. Tìte gia r1 < b,

z0(kr2) =
1

4π

∞∑
n=0

(2n+ 1)inzn(kb)

∫
Ω

e(ikr1·r̂)Pn(r̂·̂b)dΩ(r̂).

L mma 4.2.1

lim
r→0

ỹ0
mỹ

0
n{j0(kr)} =

(−1)n

2n+ 1
δmn,

lim
r→0

y0
my

0
n{j0(kr)} =

(−1)n

4π
δmn.
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To l mma 4.2.1 eÐnai idiaÐtera qr simo sthn apìdeixh �llwn shmantik¸n a-
potelesm�twn sth jewrÐa pollapl c skèdashc. 'Ena apì aut� eÐnai kai to
akìloujo je¸rhma pou eÐnai gnwstì wc an�ptugma Rayleigh. Oi fusikoÐ ste-
re�c kat�stashc to onom�zoun tautìthta Bauer en¸ oi suggrafeÐc Colton
kai Kress to anafèroun wc Jacobi− Anger an�ptugma.

Je¸rhma 4.2.4 Gia 0 ≤ θ ≤ π kai r ≥ 0,

eikrcosθ =
∞∑
n=0

(2n+ 1)injn(kr)Pn(cosθ). (4.7)

Apìdeixh:
Lìgw tou ìti prìkeitai gia mÐa axonik� summetrik  kumatosun�rthsh èqoume

eikrcosθ = eikr.ẑ =
∞∑
n=0

Anjn(kr)Y 0
n (r̂),

ìpou An eÐnai suntelestèc kai ẑ = (0, 0, 1) eÐnai to monadiaÐo di�nusma ston
�xona twn z. Efarmìzontac thn y0

m se aut  thn exÐswsh, se sunduasmì me ta
jewr mata 4.3, 4.1.4 èqoume

(−i)mY 0
m(ẑ)eikr·ẑ =

∞∑
n=0

Any
0
my

0
n{j0(kr)}.

Qrhsimopoi¸ntac t¸ra to l mma 4.2.1 gia r → 0 katal goume sth sqèsh

(−i)mY 0
m(ẑ) = (−1)mAm/(4π)

ètsi ¸ste AnY 0
n (r̂) = 4πinY 0

n (ẑ)Y 0
n (r̂) = (2n + 1)inPn(cosθ) pou eÐnai to

epijumhtì apotèlesma.
IsqÔei ìti Y 0

n (r̂) = [(2n+ 1)/(4π)]1/2Pn(cosθ) kai Pn(1) = 1.

�

H fìrmoula grammikopoÐhshc sfairik¸n armonik¸n dÐnetai sto epìmeno je-
¸rhma. To apotèlesma eÐnai èna an�ptugma tou ginomènou Y m

n Y
µ
ν se morf 

apeiroseir�c wc proc q thc Y m+µ
q .

Je¸rhma 4.2.5 GrammikopoÐhsh tou Y m
n : 'Estw n, ν mh arnhtikoÐ akèraioi

arijmoÐ. Tìte,

Y m
n (r̂)Y µ

ν (r̂) =
∑
q

G(n,m; ν, µ; q)Y m+µ
q (r̂), (4.8)

ìpou G o suntelest c Gaunt. To �jroisma eÐnai apì q = |n−ν| èwc q = n+ν,
me b mata tou 2.
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Je¸rhma 4.2.6 SÔnjesh tou ymn : 'Estw n, ν mh arnhtikoÐ akèraioi arijmoÐ.
Tìte,

ymn y
µ
ν =

∑
q

G(n,m; ν, µ; q)kq−n−νym+µ
q (∇2

3)(n+ν−q)/2,

ìpou to �jroisma eÐnai apì q = q0(n,m; ν, µ) èwc q = n+ ν, me b mata tou 2.

To q0 orÐzetai wc: q0(n,m; ν, µ) =

• |n− ν, | e�n |n− ν| ≥ |m+ µ|

• |m+ µ|, e�n |n− ν| < |m+ µ| kai n+ ν + |m+ µ| �rtioc

• |m+ µ|+ 1, e�n |n− ν| < |m+ µ| kai n+ ν + |m+ µ| perittìc.

Apìdeixh:
Pollaplasi�zontac thn 4.8 me rn+ν paÐrnoume

Hm
n H

µ
ν =

∑
q

G(n,m; ν, µ; q)Hm+µ
q rn+ν−q,

ìpouHm
n (x, y, z) = rnY m

n (θ, φ).Pollaplasi�zontac sth sunèqeia me (−1/k)n+ν

kai qrhsimopoi¸ntac ton orismì tou ymn katal goume sto zhtoÔmeno.

�

Ta epìmena porÐsmata prokÔptoun �mesa.

Pìrisma 4.2.1 'Estw Φ mÐa armonik  sun�rthsh, ètsi ¸ste ∇2
3Φ = 0.

Tìte,
ymn y

µ
νΦ = G(n,m; ν, µ;n+ ν)ym+µ

n+ν Φ. (4.9)

Pìrisma 4.2.2 'Estw u mÐa sun�rthsh, ètsi ¸ste ∇2
3u+ k2u = 0. Tìte,

ymn y
µ
νu =

∑
q

G(n,m; ν, µ; q)(−1)(n+ν−q)/2ym+µ
q u. (4.10)

Me to parap�nw apotèlesma mporoÔme na d¸soume mÐa apìdeixh tou l mmatoc
4.2.1. Sugkekrimèna, prokÔptei èna genikìtero apotèlesma to opoÐo dÐnetai
apì to epìmeno jèwrhma.

Je¸rhma 4.2.7

lim
r−>0

ymn y
µ
ν {j0(kr)} =

(−1)n+m

4π
δnνδm+µ,0.
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Apìdeixh:
Qrhsimopoi¸ntac to pìrisma 4.10 kai to je¸rhma 4.3 paÐrnoume

ymn y
µ
ν {j0(kr)} =

∑
q

G(n,m; ν, µ; q)(−1)(n+ν−q)/2jq(kr)Y
m+µ
q (r).

'Omwc, jq(0) = δq0 kai Y 0
0 = (4Π)−1/2. To parap�nw �jroisma xekin�ei apì

q = |n− ν| kai ètsi èqoume,

lim
r−>0

ymn y
µ
ν {j0(kr)} = δnνδm+µ,0(−1)n(4π)−1/2G(n,m;n,−m; 0).

O suntelest c Gaunt dÐnetai apì tic sqèseic:

G(n,m; ν, µ; q) = (−1)m+µ

∫
Ω

Y m
n Y

µ
ν Y

−m−µ
q dΩ⇒

G(n,m; ν, µ; q) =

(−1)m+µ

2
S

√
(n−m)!(ν − µ)!(q +m+ µ)!

(n+m)!(ν + µ)!(q −m− µ)!

∫ 1

−1

Pm
n (x)P µ

ν (x)P−m−µq (x)dx.

'Etsi, isqÔei gia q = 0:

G(n,m; ν, µ; 0) =
2n+ 1

2
√

4π

∫ 1

−1

Pm
n (x)P−mn (x)dx

⇒ G(n,m; ν, µ; 0) =
(−1)m√

4π
,

apì thn opoÐa katal goume sto zhtoÔmeno apotèlesma.

�

Sth sunèqeia genikeÔoume to Je¸rhma 4.2.2.

Je¸rhma 4.2.8 'Estw r2 = r1 + b. Tìte,

jn(kr2)Y m
n (r̂2) =

∞∑
ν=0

ν∑
µ=−ν

Ŝmµnν (b)jν(kr1)Y µ
ν (r̂1).

Apìdeixh:
Apì to Je¸rhma 4.5, gnwstì kai wc fìrmoula Funk −Hecke, èqoume

jn(kr2)Y m
n (r̂2) =

i−1

4π

∫
Ω

e(ikr1.r̂)e(ikb.r̂)Y m
n (r̂)dΩ(r̂).
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All�, apì to Je¸rhma 4.7 mazÐ me to prosjetikì je¸rhma Legendre èqoume,

eikr.r̂ =
∞∑
p=0

(2p+ 1)ipjp(kr)Pp(r̂.r̂1)

⇒ eikr·r̂ = 4π
∞∑
p=0

ipJp(kr)

p∑
l=−p

Y l
p (r̂)Y l

p (r̂1),

afoÔ Pn(r̂1· r̂2) = 4π
2n+1

∑n
m=−n Y

m
n (r̂1)Y m

n (r̂2). Antikajist¸ntac loipìn ta ek-
jetik� paÐrnoume,

Ŝmµnν (b) = 4πiν−n
∞∑
q=0

iqjq(kb)Y
m−µ
q (̂b)

∫
Ω

Y m
n Y

m−µ
q Y µ

ν dΩ.

Qrhsimopoi¸ntac kai touc suntelestèc Gaunt, G, katal goume sth sqèsh:

Ŝ(b) = 4πiν−n
∑
q

iq(−1)mjq(kb)Y
µ−m
q (̂b)G(n,m; ν,−µ; q),

ìpou efarmìsthke h idiìthta:

G(n,m; ν, µ; q) = G(ν, µ;n,m; q) =

G(n,−m; ν,−µ; q) = (−1)mG(n,m; q,−m− µ; ν).

�

Sthn parap�nw apìdeixh, h kanonik  sfairik  kumatosun�rthsh jnY m
n ana-

ptÔqjhke se epÐpeda kÔmata, ìpou o metasqhmatismìc twn suntetagmènwn
eÐnai tetrimmènoc. Stic efarmogèc ja qreiastoÔme prosjetik� jewr mata gia

thn sfairik  kumatosun�rthsh h(1)
n , pou mporoÔn na prokÔyoun apo th qr sh

thc parap�nw apìdeixhc, kai parousi�zontai sto epìmeno je¸rhma.

Je¸rhma 4.2.9 'Estw r2 = r1 + b. Tìte gia r1 < b,

h(1)
n (kr2)Y m

n (r̂2) =
∞∑
ν=0

ν∑
µ=−ν

Smµnν (b)jν(kr1)Y µ
ν (r̂1),

kai gia r1 > b,

h(1)
n (kr2)Y m

n (r̂2) =
∞∑
ν=0

ν∑
µ=−ν

Ŝmµnν (b)h(1)
ν (kr1)Y µ

ν (r̂1),
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4.3 PÐnakec diaqwrismoÔ S kai Ŝ

EÐdame ìti ta prosjetik� jewr mata gia jnY m
n kai h(1)

n Y m
n perilamb�noun touc

pÐnakec diaqwrismoÔ Ŝ = (Ŝmµnν ) kai S = (Smµnν ) antÐstoiqa. Oi ekfr�seic
aut¸n twn pin�kwn eÐnai arket� polÔplokec. Gi' autì ja qrhsimopoi soume
èna sumbolismì gia tic sfairikèc kumatosunart seic antÐstoiqo autoÔ pou
qrhsimopoi same sthn perÐptwsh twn dÔo diast�sewn.

Orismìc 4.3.1 H exerqìmenh sfairik  kumatosun�rthsh ψmn orÐzetai ¸c

ψmn (r) = h(1)
n (kr)Y m

n (r̂),

ìpou 0 ≤ |m| ≤ n kai n ≥ 0. OmoÐwc, h kanonik  sfairik  kumatosuv�rthsh

ψ̂mn orÐzetai wc

ψ̂mn (r) = jn(kr)Y m
n (r̂).

Oi kumatosunart seic ψ̂mn kai ψmn ikanopoioÔn th sqèsh

ψ̂mn (r) = (−1)nψ̂mn (−r) = (−1)mψ̂−mn (r) (4.11)

kai ψmn (r) = (−1)nψmn (−r) antÐstoiqa.

Oi pÐnakec orÐzontai wc

Ŝmµnν (b) = 4πiν−n
∑

q i
qjq(kb)Y

µ−m
q (̂b)G(n,m; q, µ−m; ν)

⇒ Ŝmµnν (b) = 4πiν−n
∑

q i
q(−1)mY µ−m

q (̂b)G(n,m; ν,−µ; q).

kai
Smµnν (b) = 4πiν−n

∑
q i
qh

(1)
q (kb)Y µ−m

q (̂b)G(n,m; q, µ−m; ν)

⇒ Smµnν (b) = 4πiν−n
∑

q i
q(−1)mh

(1)
q (kb)Y µ−m

q (̂b)G(n,m; ν,−µ; q).

K�nontac ta ìria tou ajroÐsmatoc saf , èqoume

Ŝmµnν (b) = 4π(−1)µ+ν+Q

Q∑
q=0

(−1)qψ̂m−µq0+2q(b)G(n,m; ν,−µ; q0 + 2q) (4.12)

ìpou Q = (n+ ν − q0)/2, q0 = q0(n,m; ν,−µ) kai q0(n,m; ν, µ) =

• |n− ν, | e�n |n− ν| ≥ |m+ µ|

• |m+ µ|, e�n |n− ν| < |m+ µ| kai n+ ν + |m+ µ| �rtioc
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• |m+ µ|+ 1, e�n |n− ν| < |m+ µ| kai n+ ν + |m+ µ| perittìc.
'Etsi, prokÔptoun eÔkola oi sqèseic

Ŝµmνn (b) = (−1)n+νŜmµnν (b), (4.13)

Ŝ−m,−µnν (b) = (−1)m+µŜmµnν (b), (4.14)

kai
Ŝmµnν (−b) = (−1)n+νŜmµnν (b) = Ŝµmνn (b). (4.15)

OrÐzoume t¸ra ta dianÔsmata ψ = (ψmn ) kai ψ̂ = (ψ̂mn ). Me autì ton sumbo-
lismì mporoÔme na xanagr�youme to je¸rhma 4.2.8 wc

ψ̂(r2) = Ŝ(b)ψ̂(r1),

ìpou r2 = r1 + b. Tìte, akrib¸c ìpwc kai sto kef�laio twn prosjetik¸n
jewrhm�twn gia tic dÔo diast�seic, brÐskoume

Ŝ(b)Ŝ(c) = Ŝ(b + c) = Ŝ(c)Ŝ(b).

H teleutaÐa sqèsh mporeÐ na axiopoihjeÐ sthn epÐdrash dÔo metatrop¸n. Sug-
kekrimèna, gia c = −b prokÔptei

Ŝ(b)Ŝ(−b) = Ŝ(−b)Ŝ(b) = I,

�ra [Ŝ(b)]−1 = Ŝ(−b), kai mèsw thc 4.15 èqoume Ŝ−1 = ŜT , dhlad  o Ŝ eÐnai
orjomonadiaÐoc pÐnakac (”unitary”). 'Etsi, isqÔei h sqèsh

∞∑
ν=0

ν∑
µ=−ν

Ŝmµnν (b)ŜMµ
Nν (b) = δnNδmM .

An�loga me thn 4.12 èqoume:

Smµnν (b) = 4π(−1)µ+ν+Q

Q∑
q=0

(−1)qψ̂m−µq0+2q(b)G(n,m; ν,−µ; q0 + 2q).

Met� apì upologismoÔc katal goume:

Smµnν = (−1)n+νSmµnν (b)

kai
S−µ,−mνn = (−1)m+µSmµnν (b),

ìpou Smµnν = (−1)n+m+ν+µS−µ,−mνµ (b). Akrib¸c ìpwc kai sto kef�laio 2, brÐ-
skoume ìti isqÔei gia c < b:

S(b)Ŝ(c) = S(b + c) = Ŝ(c)S(b).

MÐa epipleìn sqèsh metaxÔ twn dÔo pin�kwn dÐnei to akìloujo l mma.

L mma 4.3.1 Smµνn + Sµmνn (−b) = 2Ŝmµnν (b).
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4.4 An�ptugma gia dÔo kèntra

An�loga me thn perÐptwsh twn 2 diast�sewn ja qrhsimopoi soume ton Ðdio
sumbolismì gia to an�ptugma dÔo shmeÐwn P, P ′ se dÔo kèntra O1, O2 stic 3
diast�seic. 'Etsi, ta dianÔsmata jèshc eÐnai rj, r′j twn P, P

′ wc proc ta kèntra
Oj, j = 1, 2. kai to di�nusma jèshc metaxÔ twn dÔo shmeÐwn eÐnai R (Sq ma
3). Gia tic perissìterec twn peript¸sewn eÐnai bolikì na jewroÔme ìti to P
brÐsketai sth geitoni� tou O1 kai to P ′ sth geitoni� tou O2.

Apì to je¸rhma 4.2.2 kai gia R = r1 − r′1 èqoume

eikR

kR
= 4π

∑
n,m

(−1)m+nψ̂−mn (r1)ψmn (−r′1),

ìpou r1 < r′1, n ≥ 0 kai |m| ≤ n.
OmoÐwc, to je¸rhma 4.2.9 gia −r′1 = b− r′2 dÐnei gia r′2 < b:

ψmn (−r′1) =
∑

ν, µSmµnν (b)ψ̂µν (−r′2).

E�n isqÔoun kai oi 2 anisìthtec tìte prokÔptei h sqèsh

eikR

kR
= 4π

∑
n,m

∑
ν,µ

(−1)n+νSmµnν (b)ψ̂mn (r1)ψ̂µν (r′2).

'Etsi, apodeiknÔetai to akìloujo je¸rhma.

Je¸rhma 4.4.1 'Estw R = a + b + c. Tìte,

eikR

kR
= 4π

∑
n,m

∑
ν,µ

(−1)n+νSmµnν (b)ψ̂mn (a)ψ̂µν (c).

ìpou a = |a| < |b + c| kai c = |c| < b = |b|. Kai oi dÔo anisìthtec isqÔoun
e�n a+ c < b.

Me to an�ptugma 2 shmeÐwn ja apodeÐxoume t¸ra, to je¸rhma 4.2.9.

Apìdeixh:
Efìson R = r1 − r′1, to je¸rhma 4.2.2 dÐnei gia r1 > r′1

h
(1)
0 (kR) = 4π

∑
ν,µ

(−1)µψ̂µν (r′1)ψ−µν (r1).
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Tìte gia r′1 = r′2 − b, to je¸rhma 4.2.8 dÐnei

ψ̂µν (r′1) =
∑
n,m

Ŝµmνn (−b)ψ̂mn (r′2),

opìte èqoume

h
(1)
0 (kR) = 4π

∑
n,m

ψ̂mn (r′2)
∑
ν,µ

(−1)µŜµmνn (−b)ψ−µν (r1).

Enallaktik�, upojètoume ìti r2 > r′2 me R = r2 − r′2, opìte prokÔptei

h
(1)
0 (kR) = 4π

∑
n,m

(−1)mψ̂mn (r′2)ψ−mn (r2).

SugkrÐnontac aut� ta dÔo anaptÔgmata sthn geitoni� tou O2 katal goume
sthn sqèsh

(−1)mψ−mn (r2) =
∑
ν,µ

(−1)µŜµmνn (−b)ψ−µν (r1).

All�zontac ta m kai µ kai gnwrÐzontac ìti isqÔei o tÔpoc

(−1)m+µŜ−µ,−mνn (−b) = Ŝmµnν (b),

katal goume sth sqèsh

ψmn (r2) =
∑
ν,µ

Ŝnνmµ(b)ψµν (r1),

gia r1 > b pou apodeiknÔei thn pr¸th sqèsh tou jewr matoc 4.2.9.

Gia thn deÔterh sqèsh tou 4.2.9 antall�ssoume ta r1 kai b ètsi ¸ste na
isqÔei

ψmn (r2) =
∑
N,M

ŜmMnN (r1)ψMN (b)

⇒ ψmn (r2) =
∑
ν,µ

Smµnν (b)ψ̂µν (r1)

pou apodeiknÔei thn zhtoÔmenh sqèsh gia r1 < b.

�
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Kef�laio 5

Qwrismìc metablht¸n se
pollapl  skèdash

H mèjodoc qwrismoÔ twn metablht¸n mporeÐ na qrhsimopoihjeÐ kai gia thn
melèth akoustik c skèdashc gia èna empìdio. H exÐswsh Helmholtz qwrÐzetai
se 11 sust mata tri¸n diast�sewn, apì ta opoÐa ta 6 eÐnai qr sima: o kÔkloc
kai h èlleiyh stic 2 diast�seic, h sfaÐra, ta woeid  sfairoeid , ta platu-
smèna sfairoeid  kai ta elleiyoeid  stic 3 diast�seic. Gia 2   perissìtera
empìdia, proqwroÔme sthn epÐlush tou probl matoc sundu�zontac tic kat�l-
lhlec lÔseic qwrismènwn metablht¸n me ton kat�llhlo prosjetikì je¸rhma.
H mèjodoc aut  eÐnai akrib c kai odhgeÐ se peperasmèno arijmì tautìqronwn
algebrik¸n exis¸sewn. Ja parousi�soume thn mèjodo epÐlushc thc exis¸-
sewc Helmholtz ìtan to empìdio eÐnai 1,2 kai N kuklikoÐ kulÐndroi stic 2
diast�seic kai ìtan to empìdio eÐnai 1 kai 2 sfaÐrec stic 3 diast�seic.

5.1 Qwrismìc metablht¸n gia èna kuklikì

kÔlindro

'Estw kuklikìc kÔlindroc aktÐnac a, se polikì sÔsthma suntetagmènwn (r, θ)
ètsi ¸ste x = rcosθ, y = rsinθ, ìpou (x, y) kartesianèc suntetagmènec me
arq  suntetagmènwn to O. 'Estw ìti èna prospÐpton, ston kÔlindro, epÐpedo
kÔma eÐnai thc morf c:

uinc = eik(xcosα+ysinα) = eikrcos(θ−α),

ìpou α h gwnÐa prìsptwshc.

Apì to an�ptugma Jacobi: eiwcosφ =
∑∞

n=−∞ i
nJn(w)einφ prokÔptei eiwcosφ =
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∑∞
n=0 εni

nJn(w)cosnφ, ìpou εn eÐnai o par�gontac Neumann: ε0 = 1 kai
εn = 2 gia n ≥ 2. 'Etsi, to prospÐpton kÔma gÐnetai

uinc =
∞∑

n=−∞

inJn(kr)ein(θ−α) =
∞∑
n=0

εni
nJn(kr)cosn(θ − α).

Oi lÔseic thc exÐswshc Helmholtz se polikèc suntetagmènec eÐnai oi Jn(kr)e+inθ,
Yn(kr)e+inθ,Jn(kr)e−inθ, Yn(kr)e−inθ oi opoÐec sundu�zontai sthn Jn(kr) + iYn(kr)einθ ≡
H1
n(kr)einθ ¸ste na ikanopoieÐtai h sunj kh aktinobolÐac (radiation condition

). H exÐswsh HankelH1
n = Hn ikanopoieÐ thnHn(w) ∼

√
2/(pw)ei(w−nπ/2−π/4)

kaj¸c w →∞. Gia to skedazìmeno kÔma prokÔptei gia r > a:

usc =
∞∑
n=0

εni
nBnHn(kr)cosn(θ − α),

to opoÐo ikanopoieÐ thn exÐswsh Helmholtz kai thn sunj kh aktinobolÐac
gia k�je suntelest  Bn. Tèloc, prèpei na oristeÐ h sunoriak  sunj kh. H
sunj kh Neumann gia hqhtik� sklhr� s¸mata (sound-hard bodies ) eÐnai

∂u

∂r
= 0,

gia r = a kai u = uinc + usc to genikì pedÐo. 'Etsi, h sunoriak  sunj kh dÐnei
thn sqèsh

∞∑
n=0

εnki
n{J ′n(ka) +BnH

′
n(ka)}cosn(θ − α) = 0.

Epeid  −π ≤ θ < π, h sqèsh mèsa stic agkÔlec prepei na eÐnai mhdèn, apì
ìpou prokÔptei h sqèsh pou dÐnei touc suntelestèc Bn:

Bn = − J
′
n(ka)

H ′n(ka)
.

To olikì pedÐo paÐrnei thn aplopoihmènh morf :

u(a, θ) =
2i

πka

∞∑
n=0

in

H ′n(ka)
cosn(θ − α).

H sunj kh Dirichlet gia hqhtik� malak� s¸mata (sound-soft bodies ) eÐnai

u = 0
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gia r = a kai dÐnoun touc antÐstoiqouc suntelestèc Bn = − Jn(ka)
Hn(ka)

.

To apomakrusmèno pedÐo (far field ) eÐnai to skedazìmeno pedÐo pou aniqneÔetai
polÔ makru� apo ton kÔlindro. Gia problhmata dÔo diast�sewn to apomakru-
smèno pedÐo f orÐzetai wc:

usc(r) ∼
√

2/πe−iπ/4
eikr√
kr
f(r̂)

ìpou r to di�nusma jèshc enìc shmeÐou me suntetagmènec (x, y) wc proc to
kèntro O, r →∞ kai r̂ = r̄

r
. Se polikèc suntetagmènec, gia èna epÐpedo kÔma

kai gia arqik  gwnÐa prìsptwshc α, to apomakrusmèno pedÐo eÐnai f(r̂) =
f(θ;α) kai

f(θ, α) =
∞∑
n=0

εnBncosn(θ − α),

sthn kateÔjunsh tou monadiaÐou dianÔsmatoc r̂ = (cosθ, sinθ).

AxÐzei na shmeiwjeÐ ìti sthn skèdash apo èna kÔlindro èqei shmasÐa h sum-
metrÐa tou probl matoc gi' autì kai qrhsimopoioÔntai trigwnometrikèc sunar-
t seic, ìpou h cosθ eÐnai summetrik  gia θ = 0 kai h sinθ eÐnai antisummetrik 
gia θ = 0. 'Omwc sthn pollapl  skèdash h summetrÐa den paÐzei kai tìso
shmantikì rìlo. Gia to lìgo autì qrhsimopoioÔme th èkfrash twn kumato-
sunart sewn me ekjetikoÔc ìrouc pou eÐnai suntomìterh kai pio apl . 'Etsi
èqoume apì to kef�laio 2 thn exerqìmenh kulindrik  kai kanonik  kulindri-

k  kumatosun�rthsh antÐstoiqa: ψn(r) = Hn(kr)einθ, ψ̂n(r) = Jn(kr)einθ,
n = 0,+− 1,+− 2, ....

Me ton nèo sumbolismì to prìblhma gia èna kuklikì kÔlindro gr�fetai wc
ex c:

uinc =
∞∑

m=−∞

dmψ̂m(r),

ìpou dm = ime−imα kai

usc =
∞∑

m=−∞

cmψm(r).

Efarmìzontac th sunoriak  sunj kh Neumann prokÔptei gia r = a h akì-
loujh sqèsh

cmH
′
m(ka) + dmJ

′
m(ka) = 0
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apo thn opoÐa kajorÐzoume touc suntelestèc cm efìson oi suntelestèc dm
eÐnai gnwstoÐ:

cm =
∑
n

Tmndn,

ìpou

Tmn = −[
J ′m(ka)

H ′m(ka)
]δmn

me δij to gnwstì Dèlta tou Kronecker . O pÐnakac T me stoiqeÐa Tmn eÐnai
diag¸nioc kai kaleÐtai pÐnakac met�bashc (transition matrix ). Gia th suno-

riak  sunj kh Dirichlet o pÐnakac met�bashc eÐnai Tmn = −[ Jm(ka)
Hm(ka)

]δmn. To
apomakrusmèno pedÐo eÐnai thc morf c

f(θ) =
∑
n

∑
m

(−i)neinθTnmdm.

5.2 Polupolik  mèjodoc gia dÔo kuklikoÔc

kulÐndrouc

'Estw Kartesianì SÔsthma Suntetagmènwn me kèntro to O sto opoÐo k�je
shmeÐo èqei di�nusma jèshc r = (x, y). JewroÔme 2 omogeneÐc, mh diaperatoÔc
kuklikoÔc kulÐndrouc Sj pou h diatom  touc brÐsketai sto epÐpedo (x, y) me
kèntra Oj kai aktÐnec aj, ìpou j = 1, 2. Ta dianÔsmata jèshc twn kèntrwn wc
proc thn arq  O eÐnai bj. Gia èna tuqaÐo shmeÐo P me di�nusma jèshc r isqÔei
r = rj + bj, ìpwc faÐnetai sto sq ma 3. Orizontac polikèc suntetagmènec
èqoume (rj, θj) me rj = rj(cosθ, sinθ).

To epÐpedo prospÐpton kÔma uinc prospÐptei upì gwnÐa β, sked�zetai apì
touc kulÐndrouc kai upojètoume ìti sth geitoni� kont� ston k�je kÔlindro to
prospÐpton kÔma apoteleÐ kanonik  lÔsh thc exÐswshc Helmholtz ètsi ¸ste

uinc =
∑
m

djmψ̂(rj), (5.1)

ìpou j = 1, 2 kai oi suntelestèc dim dÐnontai apì th sqèsh dim = eikβ·bjeim(π
2
−β).

To skedazìmeno pedÐo ekfr�zetai wc �peiro �jroima polupìlwn sto kèntro
k�je kÔklou:

usc =
∑
m

c1
mψm(r1) +

∑
m

c2
mψm(r2). (5.2)

Mènei t¸ra na upologÐsoume touc suntelestèc c1
m, c

2
m efarmìzontac tic su-

noriakèc sunj kec ston k�je kÔlindro. JewroÔme ton kÔlindro S1. Gia na
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qrhsimopoi soume thn sunoriak  sunj kh sto r1 = a1 prèpei na ekfr�soume
ton k�je ìro wc sun�rthsh tou θ1, kai thn ψm(r2) se ìrouc sunart sewn
wc proc r1. Sthn geitoni� tou kèntrou O1 h ψm(r2) apoteleÐ kanonik  lÔsh

thc exÐswshc Helmholtz kai gi' autì mporeÐ na epektajeÐ se ìrouc thc ψ̂n(r1).
'Otan r2 = r1 + b eÐnai to di�nusma jèshc tou P wc proc to kèntro O2 kai
b = b1−b2 to di�nusma jèshc tou kèntrou O1 wc proc to O2, tìte gia r1 < b
èqoume to prosjetikì jèwrhma tou Graf:

ψm(r2) =
∑
n

Smn(b)ψ̂n(r1). (5.3)

O pÐnakac S(b) eÐnai ènac pÐnakac diaqwrismoÔ me stoiqeÐa Smn(b) = ψm−n(b) =
Hm−n(kb)ei(m−n)β, ìpou b = (bcosβ, bsinβ) kai β h gwnÐa tou b.

To olikì pedÐo u = uinc+usc qrhsimopoi¸ntac to prosjetikì jèwrhma gÐnetai:

u =
∑
m

{d1
mψ̂m(r1) + c1

mψm(r1)}+
∑
m

c2
m

∑
n

Smn(b)ψ̂n(r1)

⇒
u =

∑
m

{d1
mψ̂m(r1) + ψ̂m(r1)

∑
n

Snm(b)c2
n},

gia r1 < b. Efarmìzontac t¸ra thn sunoriak  sunj kh ston kÔlindro S1 pou
upojètoume ìti eÐnai h sunj kh Neumann gia r1 = a1 paÐrnoume:

c1
mH

′
m(ka1) + J ′m(ka1)

∑
n

Snm(b)c2
n = −d1

mJ
′
m(ka1). (5.4)

AntÐstoiqa, e�n kai o kÔlindroc S2 ikanopoieÐ th sunj kh Neumann prokÔptei:

c2
mH

′
m(ka2) + J ′m(ka2)

∑
n

Snm(−b)c1
n = −d2

mJ
′
m(ka2). (5.5)

To parap�nw zeÔgoc exis¸sewn apoteleÐ èna �peiro sÔsthma grammik¸n al-
gebrik¸n exis¸sewn wc proc touc suntelestèc c1

m kai c2
m, gia

m = ...,−2,−1, 0, 1, 2, ....

E�n ikanopoioÔsan kai oi dÔo kÔlindroi thn sunj kh Dirichlet, tìte to an-
tÐstoiqo sÔsthma upologismoÔ twn suntelest¸n ja  tan:

c1
mHm(ka1) + Jm(ka1)

∑
n

Snm(b)c2
n = −d1

mJm(ka1) (5.6)

c2
mHm(ka2) + Jm(ka2)

∑
n

Snm(−b)c1
n = −d2

mJm(ka2). (5.7)
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5.3 Polupolik  mèjodoc gia N kuklikoÔc

kulÐndrouc

H mèjodoc pou perigr�fhke sthn enìthta 5.2, gia ton upologismì tou skeda-
zìmenou pedÐou apo dÔo kuklikoÔc kulÐndrouc, mporeÐ na epektajeÐ kai gia N
kuklikoÔc kulÐndrouc, Sj ìpou j = 1, 2, ..., N . K�je kÔkloc thc diatom c tou
Sj èqei aktÐna aj kai kèntro Oj sto shmeÐo (x, y) = (ξj, ηj). 'Opwc kai prÐn
orÐzontai polikèc suntetagmènec (rj, θj) me θj = 0 sto orizìntio �xona x. To
skedazìmeno pedÐo eÐnai:

usc =
N∑
j=1

cjmψm(rj)

to opoÐo eÐnai ènac �peiroc arijmìc exerqomènwn kulindrik¸n kumatosunart -
sewn sto kèntro k�je kÔklou, me �gnwstouc suntelestèc cjm. Qrhsimopoi¸n-
tac to prosjetikì je¸rhma tou Graf to olikì pedÐo sthn perioq  tou Sk, gia
rk < bk, bk = min1<=j<=N |bkj| kai j 6= k eÐnai:

u =
∑
m

{dkmψ̂m(rk) + ckmψm(rk) + ψ̂m(rk)
N∑
j=1

∑
n

Snm(bkj)c
j
n}

ìpou bkj eÐnai to di�nusma jèshc tou kèntrou Ok wc proc to Oj, ètsi ¸ste
bjk = −bkj.

E�n ìloi oi kÔlindroi ikanopoioÔn th sunoriak  sunj kh Dirichlet, tìte gia
ton kajèna kÔlindro Sk èqoume:

ckmHm(kak) + Jm(kak)
N∑
j=1

∑
n

Snm(bkj)c
j
n = −dkmJm(kak),

gia k = 1, 2, ..., N kai m = ...,−2,−1, 0, 1, 2, .... 'Etsi, prokÔptei èna algebri-
kì sÔsthma exis¸sewn pou epilÔont�c to upologÐzoume touc suntelestèc ckm.

ParathroÔme ìti oi suntelestèc ckm eÐnai an�logoi tou Jm(kak). Sugkekri-
mèna, oi ckm kai ck−m mhdenÐzontai gia k�je kak tètoio ¸ste Jm(kak) = 0.
OrÐzontai gia autì to lìgo oi tropopoihmènoi suntelestèc c̃km, sÔmfwna me th
sqèsh ckm = c̃kmJm(kak). 'Etsi, to grammikì algebrikì sÔsthma gÐnetai:

c̃kmHm(kak) +
N∑
j=1

∑
n

Snm(bkj)Jn(kaj)c̃
j
n = −dkm
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kai to olikì pedÐo gÔrw apì to Sk dÐnetai gia rk < bk, apì th sqèsh:

u =
∑
m

{dkmψ̂m(rk) + c̃kmJm(kak)ψm(rk) + ψ̂m(rk)
N∑
j=1

∑
n

Snm(bkj)Jn(kaj)c̃
j
n}

⇒ u =
∑
m

c̃km{Jm(kak)ψm(rk)−Hm(kak)ψ̂m(rk)}.

Gia thn arijmhtik  epÐlush tètoiwn susthm�twn ja anaferjoÔme sto kef�laio
6. Sto shmeÐo autì axÐzei apl¸c na anafèroume ìti eÐnai aparaÐthtoc perio-
rismìc thc apeiroseir�c pou emfanÐzetai sto sÔsthma se k�poio peperasmèno
arijmì M . To sÔsthma t¸ra gÐnetai

c̃kmHm(kak) +
N∑
j=1

M∑
n=−M

Snm(bkj)Jn(kaj)c̃
j
n = −dkm

gia m = −M, ...,−2,−1,−, 1, 2, ...,M kai k = 1, 2, ..., N. Prìkeitai gia èna
sÔsthma N(2M + 1) exis¸sewn me N(2M + 1) agn¸stouc. Peraitèrw aplo-
poi seic eÐnai efiktèc an�loga me thn summetrÐa tou probl matoc. Gia par�-
deigma, gia 2 ìmoiouc kulÐndrouc aktÐnac a, me kèntra O1 = (x, y) = (0, b/2)
kai O2 = (x, y) = (0,−b/2) antÐstoiqa, to prospÐpton kÔma proèkuye apì
grammik  phg  sto (x, y) = (x0, 0) ètsi ¸ste

uinc(x, y) = H
(1)
0 (k

√
(x− x0)2 + y2).

Gia th sugkekrimènh summetrik  diamìrfwsh isqÔei ìti

ckn = ck−n

kai to algebrikì sÔsthma gia ton upologismì twn suntelest¸n ìtan kai oi 2
kÔlindroi akoloujoÔn th sunj kh Dirichlet eÐnai:

c1
mHm(ka) + Jm(ka)

M∑
n=−M

Snm(b)c1
−n = −d1

mJm(ka)

kai

c2
mHm(ka) + Jm(ka)

M∑
n=−M

Snm(b)c2
−n = −d2

mJm(ka),

ìpou m = −M, ...,−2,−1,−, 1, 2, ...,M , ka = 2, M = 6 kai b/a = π. To
par�deigma autì eÐqe pragmatopoihjeÐ to 1953 apì ton Row me qeirìgrafouc
upologismoÔc kai ta apotelèsmata  tan se pl rh sumfwnÐa me to peÐrama.
EpÐshc èqei melethjeÐ kai apodeiqjeÐ ìti gia M = 6 ta apotelèsmata eÐnai
akrib , efìson oi kÔlindroi den eÐnai polÔ kont� metaxÔ touc. Tèloc, anafè-
roume ìti ektìc apì thn �mesh epÐlush tou sust matoc gia ton upologismì
twn suntetagmènwn mporeÐ kaneÐc na to lÔsei epanalhptik�.
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5.4 Qwrismìc metablht¸n gia mÐa sfaÐra

S' aut  thn perÐptwsh to empìdio sto opoÐo sked�zetai to prospÐpton kÔma
usc = eikr·α̂ eÐnai mÐa sfaÐra aktÐnac a. QrhsimopoioÔme sfairikèc suntetag-
mènec (r, θ, φ) me r = (x, y, z) kai arq  twn axìnwn sto kèntro thc sfaÐrac.
To monadiaÐo di�nusma α̂ èqei thn kateÔjunsh thc di�doshc tou kÔmatoc. E�n
epilegeÐ to α̂ na èqei kateÔjunsh kat� th dieÔjunsh tou z-�xona, oi upolo-
gismoÐ aplopoioÔntai shmantik�. All� ja k�noume mÐa pio genik  prosèggish
tou probl matoc gia opoiad pote kateÔjunsh.

To prospÐpton kai to skedazìmeno kÔma eÐnai antÐstoiqa,

uinc(r) = 4π
∞∑
n=0

n∑
m=−n

injn(kr)Y m
n (r̂) ¯Y m

n (α̂)

kai

usc(r) = 4π
∞∑
n=0

n∑
m=−n

inBm
n hn(kr)Y m

n (r̂) ¯Y m
n (α̂)

ìpou hn(w) ≡ h
(1)
n (w) kai Bm

n oi suntelestèc pou prèpei na upologistoÔn.
Profan¸c, h usc ikanopoieÐ thn trisdi�stath exÐswsh Helmholtz kai thn sun-
j kh aktinobolÐac gia k�je epilog  twn Bm

n .

Efarmìzontac thn sunoriak  sunj kh Neumann sto olikì pedÐo u = usc +

uinc katal goume sth sqèsh Bm
n = − j′n(ka)

h′n(ka)
. Qrhsimopoi¸ntac to prosjeti-

kì je¸rhma Legendre kai thn Wronskian sqèsh gia sfairikèc sunart seic
Bessel: jn(w)y′n(w)−yn(w)j′n(w) = w−2, to olikì pedÐo se mÐa sfaÐra gÐnetai:

u(a, θ, φ) =
i

(ka)2

∞∑
n=0

(2n+ 1)in

h′n(ka)
Pn(r̂· α̂).

Qrhsimopoi¸ntac tic sqèseic kumatosunart sewn ψmn (r) = hn(kr)Y m
n (r̂) kai

ψ̂mn (r) = jn(kr)Y m
n (r̂), to prospÐpton kai to skedazìmeno kÔma xanagr�fontai

wc:

uinc =
∑
n,m

dmn ψ̂
m
n (r)

kai
usc =

∑
n,m

cmn ψ
m
n (r),
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ìpou
∑

n,m =
∑∞

n=0

∑n
m=−n kai dmn = 4πinỸ m

n (α̂). Oi suntelestèc cmn kajo-

rÐzontai apì thn sunoriak  sunj kh Neumann: ∂u
∂r

= 0, h opoÐa mac odhgeÐ
sthn sqèsh: cmn h

′
n(ka) + dmn j

′
n(ka)− 0. 'Etsi,

cmn =
∑
ν,µ

Tmµnν d
µ
ν .

O pÐnakac T èqei stoiqeÐa pou prokÔptoun apo thn sqèsh

Tmµnν = −[j′n(ka)/h′n(ka)]δnνδmµ.

Opìte, to olikì pedÐo p�nw se mÐa sfaÐra aktÐnac a eÐnai:

u(a, θ, φ) =
∑
n,m

(dmn ψ̂
m
n + cmn ψ

m
n ) =

i

(ka)2

∑
n,m

dmn
h′n(ka)

Y m
n (θ, φ).

To apomakrusmèno pedÐo f sta probl mata tri¸n diast�sewn orÐzetai apì th
sqèsh:

usc(r) ∼ (ikr)−1eikrf(r̂),

kaj¸c to r teÐnei sto �peiro. Gia èna prospÐpton kÔma me kateÔjunsh aut 
tou monadiaÐou dianÔsmatoc α̂, to apomakrusmèno pedÐo èqei th morf :

f(r̂; α̂) =
∞∑
n=0

(2n+ 1)Bm
n Pn(r̂. α̂)

en¸ qrhsimopoi¸ntac ton pÐnaka T èqoume:

f(r̂) =
∑
n,m

∑
ν,µ

(−1)nY m
n (r̂)Tmµnν d

µ
ν .

Oi parap�nw upologismoÐ tou apomakrusmènou pedÐou aforoÔsan mÐa sfaÐ-
ra me to kèntro thc sto shmeÐo O pou brÐsketai h phg  tou skedazìmenou
kÔmatoc. 'Estw t¸ra, ìti metakinoÔme th sfaÐra-skedast  ètsi ¸ste to kèn-
tro thc na brÐsketai sto shmeÐo O1 me di�nusma jèshc b1 wc proc to O, ètsi
¸ste na isqÔei r = r1 + b1. Tìte, to prospÐpton kÔma dÐnetai apì th sqèsh
uinc = eikr·α̂ = eikb1·α̂eikr1·α̂ kai to skedazìmeno kÔma isoÔtai asumptwtik� me

usc = eikb1·α̂ eikr1
ikr1

f(r̂1; α̂) kaj¸c r1 = |r1| → ∞. All� r1 ∼ r−b1· r̂ kai r̂1 ∼ r̂
kaj¸c r1 →∞, �ra isqÔei ìti

f1(r̂; α̂) = e{ikb1·(α̂−r̂)}f(r̂; α̂).
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Katal goume sto ìti e�n metafèroume ton skedast  (pou den qrei�zetai na
eÐnai sfairikìc aparaÐthta) h f�sh tou apomakrusmènou pedÐou den all�zei
shmantik�. To Ðdio isqÔei kai sthn perÐptwsh twn problhm�twn se dÔo dia-
st�seic.

Se perÐptwsh pou èqoume to Ðdio prìblhma skèdashc, all� y�qnoume na broÔ-
me to apomakrusmèno pedÐo wc proc to shmeÐo O1 tou kèntrou tou skedast ,

to skedazìmeno pedÐo eÐnai usc ∼ f(r̂1; b1) e
ikr1

ikr1
kaj¸c to r1 teÐnei sto �peiro.

'Etsi, prokÔptei to apomakrusmèno pedÐo

f(r̂1;b1) = f(r̂1)eikb1·r̂1 .

5.5 Polupolik  mèjodoc gia dÔo sfaÐrec

'Estw sÔsthma Kartesian¸n suntetagmènwn me arq  to O, ètsi ¸ste k�je
shmeÐo na èqei di�nusma jèshc r = (x, y, z) wc proc to O. JewroÔme dÔo
sfaÐrec Sj, j = 1, 2, me aktÐna aj kai kèntro Oj sto shmeÐo bj. QrhsimopoioÔme
polikèc sfairikèc suntetagmènec (rj, θj, φj) sto Oj, ¸ste r̄ = r̄j + b̄j me
rj = rj(sinθjsocφj, sinθjsinφj, cosθj). 'Estw prosptÐpton kÔma uinc to opoÐo
sked�zetai apì thn k�je sfaÐra. Upojètoume ìti sth geitoni� k�je sfaÐrac to
prospÐpton kÔma apoteleÐ kanonik  lÔsh thc exÐswshc Helmholtz ètsi ¸ste:

uinc =
∑
n,m

dmnjψ̂
m
n (rj).

To skedazìmeno kÔma mporeÐ na grafeÐ wc èna �jroisma polupìlwn sto kèntro
k�je sfaÐrac:

usc =
∑
n,m

{cmn1ψ
m
n (r1) + cmn2ψ

m
n (r2)}.

M' autì ton trìpo paÐrnoume thn aktinik  lÔsh thc exÐswshc Helmholtz gia
k�je sumbat  epilog  twn suntelest¸n cmn1, c

m
n2. O kajorismìc twn sunte-

lest¸n aut¸n ja prokÔyei apì thn efarmog  twn sunoriak¸n sunjhk¸n se
k�je sfaÐra.

'Estw h sfaÐra S1. EpekteÐnoume thn kumatosun�rthsh ψmn (r2) kont� sto kèn-

tro O1 se ìrouc kanonik¸n kumatosunart sewn ψ̂µν (r1). 'Etsi, me r2 = r1 +b
kai b = b1 − b2, èqoume gia r1 < b

ψmn (r̄2) =
∑
ν,µ

Smµnν (b)ψ̂µν (r1).
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O pÐnakac S(b̄) èqei stoiqeÐa Smµnν pou eÐnai gnwst�. H sqèsh aut  eÐnai
ousiastik� to prosjetikì je¸rhma autoÔ tou probl matoc, to opoÐo ìtan
efarmosteÐ sto skedazìmeno pedÐo tìte h èkfrash tou olikoÔ pedÐou u =
uinc + usc gÐnetai:

u =
∑
n,m

{dmn1ψ̂
m
n (r1) + cmn1ψ

m
n (r1) + ψ̂mn (r1)

∑
ν,µ

Sµmνn (b)cµν2}.

Upojètontac ìti h sfaÐra S1 ikanopoieÐ th sunj kh Neumann katal gou-
me sth sqèsh:

cmn1h
′
n(ka1) + j′n(ka1)

∑
ν,µ

Sµmνn (b)cµν2 = −dmn1j
′
n(ka1),

ìpou n = 0, 1, 2, ... kai m = −n, ..., n. OmoÐwc gia thn sfaÐra S2: èqoume

cmn2h
′
n(ka2) + j′n(ka2)

∑
ν,µ

Sµmνn (−b)cµν1 = −dmn2j
′
n(ka2).

Oi teleutaÐec dÔo exis¸seic apoteloÔn èna sÔsthma �peirwn grammik¸n alge-
brik¸n exis¸sewn, h epÐlush tou opoÐou dÐnei touc zhtoÔmenouc suntelestèc
cmn1 kai cmn2.

MporoÔme na aplopoi soume arket� to sÔsthma autì e�n epilèxoume to di�-
nusma b̄ na brÐsketai sthn kateÔjunsh tou �xona twn z, b̄ = b̂̄z. Tìte, ta
stoiqeÐa tou pÐnaka S(b) dÐnontai apì th sqèsh

Smµnν (bẑ) = (−1)nSmnν(kb)δmµ = (−1)n+νSmµnν (−b̂̄z)

kai to sÔsthma upologismoÔ twn suntelest¸n gÐnetai:

cmn1h
′
n(ka1) + j′n(ka1)

∞∑
ν=0

(−1)νSmνn(kb)cmν2 = −dmn1j
′
n(ka1),

cmn2h
′
n(ka2) + (−1)nj′n(ka2)

∞∑
ν=0

Smνn(kb)cmν1 = −dmn2j
′
n(ka2).

5.6 Polupolik  mèjodoc gia N sfaÐrec

H mèjodoc mporeÐ na genikeujeÐ gia N sfaÐrec, Sj, j = 1, 2, ..., N aktÐnwn
aj me kèntra Oj stic jèseic me dianÔsmata r = bj. 'Opwc kai prin orÐzoume
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polikèc sfairikèc suntetagmènec (rj, θj, φj) wc proc Oj, ìpou θj = 0 sthn
kateÔjunsh tou �xona twn z. To skedazìmeno pedÐo eÐnai

usc =
N∑
j=1

∑
n,m

cmnjψ
m
n (r̄j).

Qrhsimopoi¸ntac to prosjetikì je¸rhma, gia k�je sfaÐra Sl to olikì pedÐo
eÐnai:

u =
∑
n,m

{dmnlψ̂mn (rl) + cmnlψ
m
n (rl) + ψ̂mn (rl)

N∑
j=1

∑
ν,µ

Sµmνn (blj)c
µ
νj},

ìpou rl < bl, bl = min1≤j≤N |b̄lj| kai b̄lj to di�nusma jèshc tou Ol wc proc to
Oj.

Upojètwntac pwc ìlec oi sfaÐrec ikanopoioÔn thn sunoriak  sunj kh Neu-
mann, prokÔptei gia k�je sfaÐra Sl:

cmnlh
′
n(kal) + j′n(kal)

N∑
j=1

Smνn(blj)c
µ
νj = −dmnlj′n(kal)

gia n = 0, 1, 2, ..., m = −n, ..., n kai l = 1, 2, ..., N . Autì eÐnai èna algebrikì
sÔsthma exis¸sewn gia touc suntelestèc cmnl. E�n to sÔsthma eÐnai epilÔsimo,
tìte ja èqoume thn akrib  lÔsh gia pollapl  skèdash apì N sfaÐrec.

Oi suntelestèc cmnl prèpei na eÐnai an�logoi tou tou j
′
n(kal), gi' autì orÐzontai

oi tropopoihmènoi suntelestèc c̃mnl ètsi ¸ste

cmnl = c̃mnlj
′
n(kal).

To sÔsthma eÔreshc twn suntelest¸n gÐnetai t¸ra,

c̃mnlh
′
n(kal) +

N∑
j=1

Sν,µ(blj)j
′
ν(kaj)c̃

µ
νj = −dmnl.

To apomakrusmèno pedÐo, f(r̂), gia N sfaÐrec orÐzetai wc:

usc(r) ∼ (ikr)−1eikrf(r̂)

kaj¸c to r →∞. Gia rj > bj h kumatosun�rthsh eÐnai ψmn (rj) =
∑

ν,µ(−1)n+νŜmµnν (bj)ψ
µ
ν (r)

kai to skedazìmeno pedÐo dÐnetai apì th sqèsh:

f(r̂) =
N∑
j=1

∑
n,m

(−1)ncmnj
∑
ν,µ

iνŜmµnν (bj)Y
µ
ν (r̂).
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Kef�laio 6

Upologistik  efarmog  se
perib�llon Mathematica

S' autì to kef�laio parousi�zoume thn arijmhtik  epÐlush tou probl matoc
skèdashc akoustik¸n kum�twn apì hqhtik� malakoÔc   hqhtik� sklhroÔc ku-
klikoÔc kulÐndrouc, stic dÔo diast�seic, se perib�llon Mathematica. H ka-
tanìhsh tètoiwn problhm�twn proôpojètei thn gn¸sh thc epirro c diafìrwn
fusik¸n kai gewmetrik¸n paramètrwn stic allhlepidr�seic tou prospÐpton-
toc kÔmatoc me touc skedastèc. Gia to skopì autì, diereun jhke to mètro
thc èntashc tou skedasmènou pedÐou wc proc ìlec tic gwnÐec thc dieÔjunshc
parat rhshc, apì 0 èwc 2π, se diaforetikèc apost�seic apì to kèntro twn
axìnwn, wc proc diaforetikèc paramètrouc.

Epeid  ja epilÔsoume to prìblhma gia dÔo skedastèc, me sÔnora B1, B2, i-
sqÔei:

• ∆ux + k2u(x) = 0, (R2 − Ω , Ω =
⋃2
i=1 Bi)

• u(x) = 0 (hqhtik� malakìc skedast c)   ∂u(x)
∂v

= 0 (hqhtik� sklhrìc
skedast c), ìpou x ∈ ∂Ω kai v to monadiaÐo exwterikì di�nusma k�jeto
sto sÔnoro ∂Ω

• lim|x|→∞
√
|x|(∇u x

|x|−iku(x)) = 0 h sunj kh aktinobolÐac tou Sommerfeld.

H polupolik  mèjodoc pou ja qrhsimopoi soume basÐzetai sta prosjetik�
jewr mata tou kefalaÐou 3. Sthn enìthta 5.2 epilÔjhke analutik� to para-
p�nw prìblhma gia dÔo kuklikoÔc kulÐndrouc. To skedazìmeno pedÐo dÐnetai
apì th sqèsh:

usc =
∑
m

c1
mψm(r1) +

∑
m

c2
mψm(r2), (6.1)
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ìpou ψm(ri) = H
(1)
m (kri)e

imθi oi topikèc kulindrikèc kumatosunart seic gia
ton skedast  i. Oi suntelestèc c1

m, c
2
m ja prokÔyoun apì thn sunoriak 

sunj kh pou ikanopoieÐ o ek�stote skedast c. Sugkekrimèna,efarmìzontac
thn sunoriak  sunj kh Neumann stouc kulÐndrouc S1 kai S2 prokÔptei to
sÔsthma:

c1
mH

′
m(ka1) + J ′m(ka1)

∑
n

Snm(b)c2
n = −d1

mJ
′
m(ka1). (6.2)

c2
mH

′
m(ka2) + J ′m(ka2)

∑
n

Snm(−b)c1
n = −d2

mJ
′
m(ka2). (6.3)

E�n ikanopoioÔn kai oi dÔo kuklikoÐ kÔlindroi thn sunoriak  sunj kh Dirich-
let, tìte to antÐstoiqo sÔsthma upologismoÔ twn suntelest¸n ja eÐnai:

c1
mHm(ka1) + Jm(ka1)

∑
n

Snm(b)c2
n = −d1

mJm(ka1) (6.4)

c2
mHm(ka2) + Jm(ka2)

∑
n

Snm(−b)c1
n = −d2

mJm(ka2). (6.5)

Gia na epilujeÐ to prìblhma, h seir� prèpei na apokopeÐ sta parap�nw sust -
mata, ìpwc kai ston tÔpo thc skedazìmenhc èntashc usc, se ènan peperasmèno
arijmì N ètsi ¸ste to grammikì sÔsthma me agn¸stouc touc suntelestèc
cin, i = 1, 2 na eÐnai èna sÔsthma (2N + 1) exis¸sewn. O arijmìc N prèpei na
prosarmosteÐ ètsi ¸ste na diasfalisteÐ h swst  prosèggish. Sta arijmhtik�
peir�mata jewr same N = k ∗ a+ 2.

H arijmhtik  efarmog  ègine gia dÔo skedastèc se di�forec timèc tou ku-
mat�rijmou k = ω/c. Efarmìsame th mèjodo gia dÔo kuklikoÔc kulÐndrouc
kai ìqi gia perissìterouc, diìti gia polloÔc skedastèc to sÔsthma upologi-
smoÔ twn suntelest¸n gÐnetai polÔ meg�lo kai apaiteÐ th di�jesh ter�stiac
mn mhc apoj keushc. EpÐshc, o qrìnoc epÐlushc tou sust matoc gÐnetai i-
diaÐtera meg�loc [1].

6.1 Arijmhtik  efarmog  skèdashc akou-

stik¸n kum�twn apì dÔo hqhtik� ma-

lakoÔc kuklikoÔc kulÐndrouc.

'Estw Kartesianì SÔsthma Suntetagmènwn me kèntro to O sto opoÐo k�je
shmeÐo èqei di�nusma jèshc r = (x, y). JewroÔme 2 kuklikoÔc kulÐndrouc Sj
pou h diatom  touc brÐsketai sto epÐpedo (x, y) me kèntra Oj kai aktÐnec aj,
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Sq ma 5. GewmetrÐa twn dÔo skedast¸n.

ìpou j = 1, 2. Ta dianÔsmata jèshc twn kèntrwn wc proc thn arq  O eÐnai
bj. Gia èna tuqaÐo shmeÐo P me di�nusma jèshc r isqÔei r = rj + bj, ìpwc
faÐnetai sto sq ma 5, ìpou rj = rj(cosθ, sinθ).

TopojetoÔme touc dÔo dÐskouc sta shmeÐa (5, 0) kai (0, 5), opìte b1 = (5, 0),
b2 = (0, 5) kai b =

√
50. Wc dieÔjunsh tou prospÐptontoc kÔmatoc jewroÔme

thn d = (1, 0) h opoÐa antistoiqeÐ gia gwnÐa prìsptwshc β = 0. Oi aktÐnec
twn skedast¸n eÐnai a1 = 1, a2 = 1 kai o kumat�rijmoc èqei thn tim  k = 4.
E�n rj = |rj|(cosθj, sinθj), j = 1, 2, r = |r(cosθ, sinθ)| kai dedomènou ìti
r = rj +bj, tìte h jèsh twn skedast¸n ja dÐnetai apì tic akìloujec sqèseic
oi opoÐec prokÔptoun apì to Nìmo twn sunhmitìnwn kai thn gewmetrÐa tou
sq matoc 5.

r2
1 = r2 + 25− 10rcosθ,

r2
2 = r2 + 25− 10rsinθ,

tanθ1 =
rsinθ

rcosθ − 5
,

tanθ2 =
rsinθ − 5

rcosθ
.

Sto sq ma 6 èqei sqediasteÐ to mètro thc èntashc tou skedasmènou pedÐou wc
proc ìlec tic gwnÐec parat rhshc apì 0 èwc 2π, gia èna epÐpedo hqhtikì kÔma
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Sq ma 6. To mètro thc èntashc tou pedÐou ìtan a1 = a2 = 1, k = 4 kai
r = 1.2 (mple), 1.4 (kìkkino), 2 (pr�sino), 3.8 (kÐtrino), gia ìlec tic gwnÐec
apì 0 èwc 2π.

Sq ma 7. To mètro thc èntashc tou pedÐou ìtan a1 = a2 = 1, k = 4 kai
r = 6.2 (mple), 8 (kìkkino), 10 (pr�sino), 15 (kÐtrino), gia ìlec tic gwnÐec
apì 0 èwc 2π.
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pou prospÐptei upì gwnÐa β = 0 me kumat�rijmo k = 4. Oi kuklikoÐ kÔlindroi
èqoun aktÐnec a1 = a2 = 1 kai ikanopoioÔn thn sunoriak  sunj kh Dirichlet,
dhlad  eÐnai hqhtik� malakoÐ. Katagr�fhkan tèssera diagr�mmata gia mikrèc
apìstaseic parat rhseic apì thn arq  twn axìnwn: r = 1.2 (mple), 1.4 (kìk-
kino), 2 (pr�sino), 3.8 (kÐtrino). Sto sq ma 7 èqei sqediasteÐ, antÐstoiqa me
to sq ma 6, to mètro thc èntashc tou skedasmènou pedÐou gia megalÔterec
timèc thc apìstashc parat rhshc: r = 6.2 (mple), 8 (kìkkino), 10 (pr�sino)
kai 15 (kÐtrino).

ParathroÔme ìti h polik  anapar�stash tou pedÐou èqei diaforetikèc dia-
kum�nseic gia apìstash r kont� sthn arq  twn axìnwn se sÔgkrish me thn
antÐstoiqh anapar�stash gia megalÔtera r. EpÐshc, kaj¸c megal¸nei to sh-
meÐo parat rhshc, to opoÐo antistoiqeÐ sto di�nusma jèshc r, to mètro thc
èntashc tou pedÐou mei¸netai. To skedasmèno pedÐo den eÐnai summetrikì kai
parathroÔme ìti up�rqoun arketèc gwnÐec parat rhshc me mègistec timèc. MÐa
trisdi�stath eikìna tou pedÐou faÐnetai sto sq ma 8. To mètro thc èntashc
tou olikoÔ pedÐou pou apoteleÐtai apì to prosptÐpton kai to skedazìmeno
pedÐo gÔrw apì ton kuklikì kÔlindro S1, o opoÐoc brÐsketai sth jèsh (5, 0),
faÐnetai sto sq ma 9.
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Sq ma 8. To mètro thc èntashc tou skedasmènou pedÐou, ìtan a1 = a2 = 1,
k = 4 kai h gwnÐa tou prospÐptontoc kÔmatoc eÐnai β = 0, wc proc ìlec tic
gwnÐec thc dieÔjunshc parat rhshc. EÐnai emfaneÐc oi jèseic twn dÔo
kuklik¸n kulÐndrwn sta shmeÐa (5, 0) kai (0, 5).
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Sq ma 9. To mètro thc èntashc tou olikoÔ pedÐou gÔrw apì ton skedast  1,
o opoÐoc brÐsketai sth jèsh (5, 0), gia a1 = a2 = 1, k = 4 kai h gwnÐa tou
prospÐptontoc kÔmatoc eÐnai β = 0, wc proc ìlec tic gwnÐec thc dieÔjunshc
parat rhshc.

6.2 Ex�rthsh apì ton kumat�rijmo.

Mèsw tou tÔpou 6.1 diapist¸noume thn ex�rthsh tou skedasmènou pedÐou a-
pì ton kumat�rijmo k kai epomènwc apì thn suqnìthta tou prospÐptontoc
kÔmatoc. Diathr¸ntac stajer  thn aktÐna twn kuklik¸n dÐskwn stic timèc
a1 = a2 = 1 kai thn kateÔjunsh tou epÐpedou kÔmatoc na prospÐptei upì gw-
nÐa β = 0, èginan oi metr seic kai h anapar�stash tou skedasmènou pedÐou gia
k = 10, 20, 50, 100. Sto sq ma 10 faÐnetai to mètro thc èntashc tou skeda-
smènou pedÐou se apìstash parat rhshc r = 2 kai sto sq ma 11 se apìstash
parat rhshc r = 10 gia timèc tou kumat�rijmou k = 10 (kÐtrino), k = 20
(kìkkino), k = 50 (mple) kai k = 100 (pr�sino). ParathroÔme pwc diathreÐtai
h kateÔjunsh twn mègistwn apìlutwn tim¸n tou skedasmènou pedÐou gia polÔ
meg�louc kumat�rijmouc (k = 20, 50, 100). Kaj¸c ìmwc aux�netai o kumat�-
rijmoc, h èntash tou pedÐou mei¸netai se mikrèc apost�seic parat rhshc kai
aux�netai se megalÔterec apost�seic parat rhshc.
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Sq ma 10. To mètro thc èntashc tou skedasmènou pedÐou apì dÔo kuklikoÔc
kulÐndrouc me aktÐnec a1 = a2 = 1 wc proc ìlec tic gwnÐec thc dieÔjunshc
parat rhshc gia apìstash parat rhshc r = 2. H gwnÐa tou prospÐptontoc
kÔmatoc eÐnai β = 0 kai o kumat�rijmoc èqei timèc k = 10 (kÐtrino), k = 20
(kìkkino), k = 50 (mple) kai k = 100 (pr�sino).

Sq ma 11. To mètro thc èntashc tou skedasmènou pedÐou apì dÔo kuklikoÔc
kulÐndrouc me aktÐnec a1 = a2 = 1 wc proc ìlec tic gwnÐec thc dieÔjunshc
parat rhshc gia apìstash parat rhshc r = 10. H gwnÐa tou prospÐptontoc
kÔmatoc eÐnai β = 0 kai o kumat�rijmoc èqei timèc k = 10 (kÐtrino), k = 20
(kìkkino), k = 50 (mple) kai k = 100 (pr�sino).
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Sq ma 12. SÔgkrish gia 3 diaforetikèc timèc thc aktÐnac twn kuklik¸n
kulÐndrwn a = 1 (kìkkino), 2 (mple), 3 (pr�sino) ìtan k = 4 kai r = 100, wc
proc ìlec tic gwnÐec parat rhshc.

6.3 Ex�rthsh apì thn aktÐna twn kukli-

k¸n kulÐndrwn.

Gia thn melèth tou skedasmènou pedÐou ìtan all�zei h aktÐna twn kukli-
k¸n skedast¸n, diathr same stajerèc tic ex c paramètrouc: ton kumat�rijmo
(k = 4), thn apìstash metaxÔ twn skedast¸n (b =

√
50) kai thn prìsptwsh

tou kÔmatoc upì gwnÐa β = 0. Aux�nontac tic aktÐnec twn skedast¸n eÐdame
arketèc allagèc sto apotèlesma. Sugkekrimèna, èginan peir�mata gia aktÐnec
a1 = a2 = 2 kai a1 = a2 = 3. ParathroÔme ìti h èntash tou pedÐou aux�netai
kaj¸c aux�netai h aktÐna, ìpwc faÐnetai kai sto sq ma 12 ìpou sugkrÐnoume
thn èntash tou skedasmènou pedÐou gia diaforetikèc aktÐnec twn kuklik¸n ku-
lÐndrwn ai = 1, 2, 3, me kumat�rijmo k = 4, se apìstash parat rhshc r = 100.
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Sq ma 13. To skedazìmeno pedÐo gia k = 4, a = 1 kai δ ∼ λ wc proc ìlec
tic gwnÐec parat rhshc.

6.4 Ex�rthsh apì thn apìstash metaxÔ twn

kuklik¸n kulÐndrwn.

E�n b eÐnai h apìstash metaxÔ twn kèntrwn twn kuklik¸n dÐskwn tìte h
apìstash metaxÔ twn skedat¸n δ, isoÔtai me δ = b − a, ìpou a = a1 = a2 h
aktÐna touc. Gia epÐpedo prospÐpton kÔme me kumat�rijmo k = 4 kai aktÐnec
twn kuklik¸n kulÐndrwn a = 1 melet same 3 peript¸seic:

1. δ ∼ 6 > λ, ìpou λ = 2π/k ∼ 1, 6, k = 4

2. δ ∼ 1, 8 ∼ λ

3. δ ∼ 1, 1 < λ

H pr¸th perÐptwsh faÐnetai sta sq mata 6, 7, 8 kai 9. H deÔterh perÐptw-
sh apeikonÐzetai sta sq mata 13 kai 14, en¸ h trÐth perÐptwsh faÐnetai sta
sq mata 15 kai 16.

75



Sq ma 14. To mètro thc èntashc tou pedÐou ìtan a1 = a2 = 1, k = 4, δ ∼ λ
kai r = 6.2 (mple), 8 (kìkkino), 10 (pr�sino), 15 (kÐtrino), gia ìlec tic
gwnÐec apì 0 èwc 2π.

Sq ma 15. To skedazìmeno pedÐo gia k = 4, a = 1 kai δ ∼ λ wc proc ìlec
tic gwnÐec parat rhshc.
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Sq ma 16. To mètro thc èntashc tou pedÐou ìtan a1 = a2 = 1, k = 4, δ < λ
kai r = 3 (mple), 6 (kìkkino), 8 (pr�sino), 10 (kÐtrino), gia ìlec tic gwnÐec
apì 0 èwc 2π.

6.5 Ex�rthsh apì th gwnÐa prìsptwshc tou

prospÐptontoc kÔmatoc.

Se ìlouc touc prohgoÔmenouc upologismoÔc h gwnÐa prìsptwshc tou prospÐ-
ptontoc kÔmatoc  tan β = 0. Sta sq mata 17, 18, 19 apeikonÐzetai to mètro
thc èntashc tou skedasmènou pedÐou gia gwnÐa tou prospÐptontoc kÔmatoc
β = π/4 kai sq mata 20, 21, 22 gia gwnÐa prìsptwshc 3π/4 antÐstoiqa.
ParathroÔme pwc h gwnÐa prìsptwshc ephre�zei to mètro thc èntashc tou
skedasmènou pedÐou, tic kateujÔnseic twn mègistwn tim¸n kai thn èntash twn
diakum�nsewn wc proc th gwnÐa parat rhshc.
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Sq ma 17. To mètro thc èntashc tou skedasmènou pedÐou gia k = 4,
a1 = a2 = 1 kai gwnÐa tou prospÐptontoc kÔmatoc β = π/4.

Sq ma 18. To mètro thc èntashc tou pedÐou ìtan a1 = a2 = 1, k = 4,
β = π/4 kai r = 1.2 (mple), 1.4 (kìkkino), 2 (pr�sino), 3.8 (kÐtrino), gia
ìlec tic gwnÐec apì 0 èwc 2π.
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Sq ma 19. To mètro thc èntashc tou pedÐou ìtan a1 = a2 = 1, k = 4,
β = π/4 kai r = 6.2 (mple), 8 (kìkkino), 10 (pr�sino), 15 (kÐtrino), gia ìlec
tic gwnÐec apì 0 èwc 2π.

Sq ma 20. To mètro thc èntashc tou skedasmènou pedÐou gia k = 4,
a1 = a2 = 1 kai gwnÐa tou prospÐptontoc kÔmatoc β = 3π/4.
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Sq ma 21. To mètro thc èntashc tou pedÐou ìtan a1 = a2 = 1, k = 4,
β = 3π/4 kai r = 6.2 (mple), 7 (kìkkino), 7.5 (pr�sino), 8 (kÐtrino), gia ìlec
tic gwnÐec apì 0 èwc 2π.

Sq ma 22. To mètro thc èntashc tou pedÐou ìtan a1 = a2 = 1, k = 4,
β = 3π/4 kai r = 1.2 (mple), 1.4 (kìkkino), 2 (pr�sino), 3.8 (kÐtrino), gia
ìlec tic gwnÐec apì 0 èwc 2π.
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6.6 SÔgkrish thc èntashc tou skedazìme-

nou pedÐou gia hqhtik� malakoÔc kai h-

qhtik� sklhroÔc kuklikoÔc kulÐndrouc.

Endiafèron parousi�zei h sÔgkrish thc èntashc tou pedÐou gia treic diafore-
tikèc peript¸seic sunoriak¸n sunjhk¸n. Gia dÔo skedastèc pou brÐskontai
stic jèseic (5, 0) kai (0, 5), me kumat�rijmo k = 4, gwnÐa prìsptwshc β = 0
kai aktÐnec a1 = a2 = 1 exet�zoume thn èntash tou skedasmènou pedÐou gia
ìlec tic gwnÐec parat rhshc ìtan:

1. kai oi dÔo skedastèc eÐnai hqhtik� malakoÐ (kìkkino grafhma)

2. kai oi dÔo skedastèc eÐnai hqhtik� sklhroÐ (mple gr�fhma)

3. o ènac skedast c eÐnai hqhtik� malakìc kai o deÔteroc hqhtik� sklhrìc
(pr�sino grafhma).

Ta apotelèsmata faÐnontai sta sq mata 23 kai 24 gia apost�seic r = 2 kai
r = 100 antÐstoiqa. ParathroÔme ìti up�rqoun k�poiec diakum�nseic kai den
tautÐzontai apìluta.
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Sq ma 23. To mètro thc
èntashc tou skedasmènou pedÐou gia k = 4, a1 = a2 = 1, β = 0 kai r = 2 se

ìlec tic gwnÐec parat rhshc, ìtan kai oi dÔo skedastèc eÐnai hqhtik�
malakoÐ (kìkkino), hqhtik� sklhroÐ (mple), o ènac hqhtik� malakìc kai o

deÔteroc hqhtik� sklhrìc (pr�sino).

Sq ma 24. To mètro thc
èntashc tou skedasmènou pedÐou gia k = 4, a1 = a2 = 1, β = 0 kai r = 100
se ìlec tic gwnÐec parat rhshc, ìtan kai oi dÔo skedastèc eÐnai hqhtik�
malakoÐ (kìkkino), hqhtik� sklhroÐ (mple), o ènac hqhtik� malakìc kai o

deÔteroc hqhtik� sklhrìc (pr�sino).
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Kef�laio 7

K¸dikac Mathematica

Skèdash apì dÔo kuklikoÔc kulÐndrouc ìpou kai oi dÔo ikanopoioÔn thn su-
noriak  sunj kh Dirichlet:

% Kajorismìc thc jèshc twn kuklik¸n dÐskwn, thc aktÐnac touc, thc gw-
nÐac twn dianusm�twn jèshc touc kai tou kumat�rijmou k.

a1 = 1; a2 = 1; b = Sqrt[50]; k = 4; f = Pi/4; g = Pi/4;

r1[r , t ] := Sqrt[r2 + 25− 10 ∗ r ∗Cos[t]]; r2[r , t ] := Sqrt[r2 + 25− 10 ∗ r ∗
Sin[t]];

t1[r , t ] := ArcTan[(r ∗ Sin[t])/(r ∗ Cos[t] − 5)]; t2[r , t ] := ArcTan[(r ∗
Sin[t]− 5)/(r ∗ Cos[t])];

% EpÐlush tou grammikoÔ sust matoc megèjouc 2 ∗ (k ∗ a + 2) + 1 gia ton
prosdiorismì twn suntelest¸n c1 kai c2.

ccdir = NSolve[Join[Table[c1[m] ∗ (BesselJ [m, k ∗ a1] + I ∗BesselY [m, k ∗
a1])+BesselJ [m, k∗a1]∗Sum[c2[n]∗BesselJ [m−n, k∗b]+I ∗BesselY [m−
n, k∗b]∗Exp[I∗(m−n)∗f ], n,−6, 6] == −Im∗(BesselJ [m, k∗a1]),m,−6, 6], Table[c2[s]∗
(BesselJ [s, k ∗ a2] + I ∗BesselY [s, k ∗ a2]) +BesselJ [s, k ∗ a2] ∗ Sum[c1[t] ∗
(BesselJ [t−s, k∗b]+I ∗BesselY [t−s, k∗b])∗Exp[I ∗(t−s)∗g], t,−6, 6] ==
−Is∗(BesselJ [s, k∗a2]), s,−6, 6]], Join[Table[c1[m],m,−6, 6], Table[c2[s], s,−6, 6]]]

% Diaqwrismìc twn suntelest¸n se dÔo xeqwristoÔc pÐnakec.

Table[c1dir[n] = ccdir[[1]][[n+7]][[2]], n,−6, 6]Table[c2dir[n] = ccdir[[1]][[n+
20]][[2]], n,−6, 6]
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% Upologismìc tou skedasmènou pedÐou.

Udir[r , t ] := Sum[c1dir[i] ∗ (BesselJ [i, k ∗ r1[r, t]] + I ∗ BesselY [i, k ∗
r1[r, t]])∗Exp[I∗i∗t1[r, t]]+c2dir[i]∗(BesselJ [i, k∗r2[r, t]]+I∗BesselY [i, k∗
r2[r, t]]) ∗ Exp[I ∗ i ∗ t2[r, t]], i,−6, 6];

% Trisdi�stato gr�fhma tou mètrou thc èntashc tou skedasmènou pedÐou
se apìstash apo 0 èwc 15 kai gia ìlec tic gwnÐec parat rhshc.

ParametricP lot3D[r ∗ Cos[t], r ∗ Sin[t], Abs[Udir[r, t]], r, 0, 15, t, 0, 2 ∗ Pi,Mesh− >
None]

% Polikì gr�fhma thc èntashc tou skedasmènou pedÐou gia apìstash r = 10
kai se ìlec tic gwnÐec parat rhshc.

PolarP lot[Abs[Udir[10, t]], t, 0, 2Pi]

% Upologismìc thc èntashc tou olikoÔ pedÐou gÔrw apì ton skedast  pou
brÐsketai sth jèsh (5, 0).

Udirtotal1[r , t ] := Sum[Exp[I ∗ k ∗ (anglex ∗ b1x+ angley ∗ b1y)] ∗Exp[I ∗
i ∗ (Pi/2) − angle] ∗ BesselJ [i, k ∗ r1[r, t]] ∗ Exp[I ∗ i ∗ t1[r, t]] + c1dir[i] ∗
(BesselJ [i, k ∗ r1[r, t]] + I ∗ BesselY [i, k ∗ r1[r, t]]) ∗ Exp[I ∗ i ∗ t1[r, t]] +
(BesselJ [i, k∗r1[r, t]]∗Exp[I∗i∗t1[r, t]])∗Sum[c2dir[n]∗BesselJ [n−i, k∗b]+
I∗BesselY [n−i, k∗b]∗Exp[I∗(n−i)∗angb], n,−nmax1, nmax1], i,−nmax, nmax];

% Trisdi�stato gr�fhma tou olikoÔ pedÐou gia apìstash apì 0 ewc 10, se
ìlec tic gwnÐec parat rhshc.

ParametricP lot3D[r ∗ Cos[t], r ∗ Sin[t], Abs[Udirtotal1[r, t]], r, 0, 10, t, 0, 2 ∗ Pi,Mesh− >
None]
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