
ȺŪɁȽȾɃ ɀȺɇɆɃȸȽɃ ɄɃȿɈɇȺɉɁȺȽɃ 

ɆɉɃȿȼ ɄɃȿȽɇȽȾɋɁ ɀȼɉȷɁȽȾɋɁ 

ɇɃɀȺȷɆ ȹɃɀɃɆɇȷɇȽȾȼɆ 

ȺɅũȷɆɇȼɅȽɃ ɆɇȷɇȽȾȼɆ ȾȷȽ ȷɁɇȽɆȺȽɆɀȽȾɋɁ ȺɅȺɈɁɋɁ 

 

ȷɁȷȿɈɆȼ ȹȽȷȹɃɆȼɆ ȾɈɀȷɇɋɁ ɆɇɃ ȺȹȷūɃɆ ɀȺ ɇȼ ɉɅȼɆȼ 

ūȷɆɀȷɇȽȾɋɁ ɄȺɄȺɅȷɆɀȺɁɋɁ ɆɇɃȽɉȺȽɋɁ 

 

ȹȽɄȿɋɀȷɇȽȾȼ ȺɅũȷɆȽȷ 

ȷũũȺȿɃɆ-ȷȿȺɂȷɁȹɅɃɆ ɄɃȷȿȷɆ 

 

 

ȺɄȽȸȿȺɄɋɁ: ɆȷȸȸȷɆ ɇɅȽȷɁɇȷūɈȿȿɃɈ, Ⱥˊɑəɞɡɟɞɠ ȾŬɗɖɔɖŰɐɠ Ⱥ.ɀ.Ʉ. 

 

 

 

 

ȷŪȼɁȷ 2022 

 



1 

 

  



2 

 

ȺŪɁȽȾɃ ɀȺɇɆɃȸȽɃ ɄɃȿɈɇȺɉɁȺȽɃ 

ɆɉɃȿȼ ɄɃȿȽɇȽȾɋɁ ɀȼɉȷɁȽȾɋɁ 

ɇɃɀȺȷɆ ȹɃɀɃɆɇȷɇȽȾȼɆ 

ȺɅũȷɆɇȼɅȽɃ ɆɇȷɇȽȾȼɆ ȾȷȽ ȷɁɇȽɆȺȽɆɀȽȾɋɁ ȺɅȺɈɁɋɁ 

 

ȷɁȷȿɈɆȼ ȹȽȷȹɃɆȼɆ ȾɈɀȷɇɋɁ ɆɇɃ ȺȹȷūɃɆ ɀȺ ɇȼ ɉɅȼɆȼ 

ūȷɆɀȷɇȽȾɋɁ ɄȺɄȺɅȷɆɀȺɁɋɁ ɆɇɃȽɉȺȽɋɁ 

 

ȹȽɄȿɋɀȷɇȽȾȼ ȺɅũȷɆȽȷ 

ȷũũȺȿɃɆ-ȷȿȺɂȷɁȹɅɃɆ ɄɃȷȿȷɆ 

 

 

ȺɄȽȸȿȺɄɋɁ: ɆȷȸȸȷɆ ɇɅȽȷɁɇȷūɈȿȿɃɈ, Ⱥˊɑəɞɡɟɞɠ ȾŬɗɖɔɖŰɐɠ Ⱥ.ɀ.Ʉ. 

 

 

 

 

ȷŪȼɁȷ 2022 

 



3 

 

 

  



4 

 

ȺɈɉȷɅȽɆɇȽȺɆ 
 

ȷɟɢɘəɎ, ɗŬ ɐɗŮɚŬ ɜŬ ŮɡɢŬɟɘůŰɐůɤ Űɞɜ ŮˊɘɓɚɏˊɞɜŰŬ əŬɗɖɔɖŰɐ ŬɡŰɐɠ Űɖɠ ŭɘˊɚɤɛŬŰɘəɐɠ ə. ɆɎɓɓŬ 

ɇɟɘŬɜŰŬűɨɚɚɞɡ, əŬɗɩɠ ɛŮ ɏűŮɟŮ ůŮ ŮˊŬűɐ əŬɘ ɛɞɡ ˊŬɟŮɑɢŮ ůɡɜŮɢɐ əŬɗɞŭɐɔɖůɖ ůŮ ɏɜŬ ɜɏɞ ɔɜɤůŰɘəɧ 

ŬɜŰɘəŮɑɛŮɜɞ. Ⱥˊɑůɖɠ, əŬŰŬɚɡŰɘəɐ ɐŰŬɜ ɖ ůɡɛɓɞɚɐ Űɞɡ ůŰɖɜ ŬɜɎˊŰɡɝɖ Űɞɡ ɡˊɞɚɞɔɘůŰɘəɞɨ Ŭɚɔɧɟɘɗɛɞɡ ůŰɞ 

MATLAB , ŮˊɘŰɟɏˊɞɜŰŬɠ ɛɞɡ ɏŰůɘ ɜŬ ˊɟɞɢɤɟɐůɤ ůŰɘɠ ŬɟɘɗɛɖŰɘəɏɠ ŭɞəɘɛɏɠ. 

ȷəɧɛɖ, ɗŬ ɐɗŮɚŬ ɜŬ ŮɡɢŬɟɘůŰɐůɤ Űɞɜ ə. ȽɤɎɜɜɖ ɇůɘɎˊŬ, ŭɘŭɎəŰɞɟŬ Űɞɡ ŰɞɛɏŬ Űɖɠ ũŮɤŰŮɢɜɘəɐɠ, ɔɘŬ Űɘɠ 

ˊɞɚɨŰɘɛŮɠ ɔɜɩůŮɘɠ ˊɞɡ ɛɞɡ ˊŬɟŮɑɢŮ ůŮ ɗɏɛŬŰŬ ŮŭŬűɞŭɡɜŬɛɘəɐɠ. 

ɇɏɚɞɠ, ɗŬ ɐɗŮɚŬ ɜŬ ŮɡɢŬɟɘůŰɐůɤ Űɖɜ ɞɘəɞɔɏɜŮɘɎ ɛɞɡ ɔɘŬ Űɖɜ ŬɛɏɟɘůŰɖ ůŰɐɟɘɝɖ Űɞɡɠ ɛɏɢɟɘ əŬɘ ůɐɛŮɟŬ.  
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ɄȺɅȽȿȼɊȼ 
 

O ́ ɞɚɘŰɘəɧɠ ɛɖɢŬɜɘəɧɠ ɞűŮɑɚŮɘ əŬŰɎ Űɞɜ ůɢŮŭɘŬůɛɧ ɛɑŬɠ əŬŰŬůəŮɡɐɠ, ɜŬ ɚŬɛɓɎɜŮɘ ɡˊɧɣɖ Űɞɡ ɛɘŬ ˊɚɖɗɩɟŬ 

ŮɝɤŰŮɟɘəɩɜ ŭɟɎůŮɤɜ ˊɞɡ ŮˊŮɜŮɟɔɞɨɜ ůŮ ŬɡŰɐ. ɀɘŬ Ŭˊɧ ŬɡŰɏɠ Űɘɠ ŭɟɎůŮɘɠ ŮɑɜŬɘ ɞ ůŮɘůɛɧɠ. ɆŰɞɜ ȺɚɚŬŭɘəɧ 

ɢɩɟɞ ŮɘŭɘəɧŰŮɟŬ (ɞ ɞˊɞɑɞɠ ɏɟɢŮŰŬɘ ˊɞɚɨ ůɡɢɜɎ ŬɜŰɘɛɏŰɤˊɞɠ ɛŮ ůŮɘůɛɞɨɠ) ɞɘ ŮɜŰɎůŮɘɠ ˊɞɡ ŬɜŬˊŰɨůůɞɜŰŬɘ 

ůŰŬ ɛɏɚɖ Űɞɡ űɞɟɏŬ ɚɧɔɤ Űɤɜ ůŮɘůɛɘəɩɜ əɡɛɎŰɤɜ ˊɞɡ ŭɘŬŭɑŭɞɜŰŬɘ ůŰɞ ɏŭŬűɞɠ əŬɘ űɗɎɜɞɡɜ ůŰɖ 

əŬŰŬůəŮɡɐ, ŮɑɜŬɘ ˊɞɚɚɏɠ űɞɟɏɠ ŰŬ əɟɘůɘɛɧŰŮɟŬ ɛŮɔɏɗɖ ůɢŮŭɘŬůɛɞɨ. ȷˊɧ ŬɡŰɐ Űɖɜ Ɏˊɞɣɖ, ɖ ŭɘɎŭɞůɖ Űɤɜ 

ůŮɘůɛɘəɩɜ əɡɛɎŰɤɜ əŬɘ ɖ Ŭəɟɘɓɐɠ ˊɟɞůɞɛɞɑɤůɐ Űɞɡɠ, ŬˊɞŰŮɚɞɨɜ ɕɐŰɖɛŬ ɛŮɑɕɞɜɞɠ ŮɜŭɘŬűɏɟɞɜŰɞɠ ɔɘŬ Űɞɡɠ 

ɔŮɤŰŮɢɜɘəɞɨɠ əŬɘ Űɞɡɠ ŭɞɛɞůŰŬŰɘəɞɨɠ ɛɖɢŬɜɘəɞɨɠ. 

ȽůŰɞɟɘəɎ, ɖ ɛŮɚɏŰɖ Űɖɠ ŭɘɎŭɞůɖɠ Űɤɜ əɡɛɎŰɤɜ ɢɟɞɜɞɚɞɔŮɑŰŬɘ Ŭˊɧ Űɞɜ 18ɞ ŬɘɩɜŬ əŬɘ Űɞ ˊɟɧɓɚɖɛŬ Űɖɠ 

ˊŬɚɚɧɛŮɜɖɠ ɢɞɟŭɐɠ, ůŰɞ ɞˊɞɑɞ ɏŭɤůŮ ɚɨůɖ ɞ ɁŰôȷɚŬɛˊɏɟ. ɀŮ Űɖɜ ˊɎɟɞŭɞ Űɞɡ ɢɟɧɜɞɡ, ŬɜŬˊŰɨɢɗɖəŮ Űɞ 

ŬˊŬɟŬɑŰɖŰɞ  ɗŮɤɟɖŰɘəɧ ɡˊɧɓŬɗɟɞ ɔɘŬ Űɖɜ Ůˊɑɚɡůɖ Ůɜɧɠ ɛŮɔɎɚɞɡ űɎůɛŬŰɞɠ ˊɟɞɓɚɖɛɎŰɤɜ əɡɛŬŰɘəɐɠ 

űɨůŮɤɠ. ɆŰɖ ůɨɔɢɟɞɜɖ Ůˊɞɢɐ, ɛŮ Űɖɜ ŬɚɛŬŰɩŭɖ ˊɟɧɞŭɞ Űɖɠ ŮˊɘůŰɐɛɖɠ Űɖɠ ˊɚɖɟɞűɞɟɘəɐɠ, ɞ ɖɚŮəŰɟɞɜɘəɧɠ 

ɡˊɞɚɞɔɘůŰɐɠ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɤɠ Űɞ ˊɚɏɞɜ ɢɟɐůɘɛɞ ŮɟɔŬɚŮɑɞ ˊɟɞɠ Ůˊɑɚɡůɖ ŰɏŰɞɘɤɜ ˊɟɞɓɚɖɛɎŰɤɜ. ȰŰůɘ, 

ɏɢɞɡɜ ŬɜŬˊŰɡɢɗŮɑ ŭɘɎűɞɟŮɠ ŬɟɘɗɛɖŰɘəɏɠ ɛɏɗɞŭɞɘ Ůˊɑɚɡůɖɠ ɔɘŬ Űɖɜ Ŭɝɘɞˊɞɑɖůɐ Űɞɡ.  

ȼ ˊŬɟɞɨůŬ ŭɘˊɚɤɛŬŰɘəɐ ŮɟɔŬůɑŬ ŮɑɜŬɘ ɛɘŬ ˊɟɞůˊɎɗŮɘŬ ŬɜɎˊŰɡɝɖɠ əɩŭɘəŬ ůŮ ˊɟɞɔɟŬɛɛŬŰɘůŰɘəɧ 

ˊŮɟɘɓɎɚɚɞɜ MATLAB, ˊɟɞəŮɘɛɏɜɞɡ ɜŬ  ˊɟɞůɞɛɞɘɤɗɞɨɜ əŬɘ ɜŬ Ůˊɘɚɡɗɞɨɜ ˊɟɞɓɚɐɛŬŰŬ ŭɘɎŭɞůɖɠ əɡɛɎŰɤɜ 

ůŰɞ ɏŭŬűɞɠ. ɆɡɔəŮəɟɘɛɏɜŬ, ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɛɘŬ ůɢŮŰɘəɎ ɜŮɞŮɛűŬɜɘɕɧɛŮɜɖ ŰŮɢɜɘəɐ, ɖ ɛɏɗɞŭɞɠ Űɤɜ 

űŬůɛŬŰɘəɩɜ ˊŮˊŮɟŬůɛɏɜɤɜ ůŰɞɘɢŮɑɤɜ (Spectral Finite Element Method) ɐ Ŭˊɚɩɠ SFEM, ɖ ɞˊɞɑŬ ŮˊɘŰɟɏˊŮɘ 

Űɖ ˊɟɞůɞɛɞɑɤůɖ Űɞɡ ɖɛɘɢɩɟɞɡ ɢɤɟɑɠ Űɖ ɢɟɐůɖ ɛŮɔɎɚɤɜ ˊɚŮɔɛɎŰɤɜ ˊŮˊŮɟŬůɛɏɜɤɜ ůŰɞɘɢŮɑɤɜ. ȼ SFEM 

ŮɑɜŬɘ ůŰɖɜ ɞɡůɑŬ ɛɘŬ ɡˊɞəŬŰɖɔɞɟɑŬ Űɖɠ əɚŬůɘəɐɠ ɛŮɗɧŭɞɡ Űɤɜ ˊŮˊŮɟŬůɛɏɜɤɜ ůŰɞɘɢŮɑɤɜ. ɆŮ ŬɡŰɐ Űɖ 

ɛɏɗɞŭɞ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ɤɠ ůɡɜŬɟŰɐůŮɘɠ ɓɎůɖɠ ˊɞɚɡɩɜɡɛŬ ˊɞɡ ˊɟɞɏɟɢɞɜŰŬɘ Ŭˊɧ ˊŬɟŮɛɓɞɚɐ Űɨˊɞɡ 

Legendre ɡɣɖɚɞɨ ɓŬɗɛɞɨ ůŮ ɛɖ-ɘůŬˊɏɢɞɜŰŬ ůɖɛŮɑŬ. ɇŬ ůɖɛŮɑŬ ɞɚɞəɚɐɟɤůɖɠ ŮɑɜŬɘ ŰɏŰɞɘŬ ɏŰůɘ ɩůŰŮ Űɞ 

ɛɖŰɟɩɞ ɛɎɕŬɠ ɜŬ ŮɑɜŬɘ ŭɘŬɔɩɜɘɞ Ŭˊɧ Űɖɜ əŬŰŬůəŮɡɐ Űɞɡ. ũɘŬ ŬɡŰɞɨɠ Űɞɡɠ ɚɧɔɞɡɠ ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ˊɞɚɚɎ 

ˊɚŮɞɜŮəŰɐɛŬŰŬ, ɧˊɤɠ ŮɝŬɘɟŮŰɘəɎ ɡɣɖɚɐ ŬəɟɑɓŮɘŬ, ŬˊŬɑŰɖůɖ ɚɑɔɤɜ ɓŬɗɛɩɜ ŮɚŮɡɗŮɟɑŬɠ əŬɘ ɤɠ Ůə ŰɞɨŰɞɡ 

ɢŬɛɖɚɧ ɡˊɞɚɞɔɘůŰɘəɧ əɧůŰɞɠ əŬɘ ɘŭɘŬɑŰŮɟɖ ŬˊɞŰŮɚŮůɛŬŰɘəɧŰɖŰŬ ůŰɖɜ ŬɜŰɘɛŮŰɩˊɘůɖ Űɤɜ ɛɖ 

ŬɜŰŬɜŬəɚŬůŰɘəɩɜ-ŬˊɞɟɟɞűɖŰɘəɩɜ ůɡɜɞɟɘŬəɩɜ ůɡɜɗɖəɩɜ (Űɘɠ ɞˊɞɑŮɠ ŬɜŰɘɛŮŰɤˊɑɕɞɡɛŮ ůŰɞɜ ŮŭŬűɘəɧ 

ɖɛɑɢɤɟɞ).  
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ɛɏɗɞŭɞɠ űŬůɛŬŰɘəɩɜ ˊŮˊŮɟŬůɛɏɜɤɜ ůŰɞɘɢŮɑɤɜ, ɛɏɗɞŭɞɠ ˊŮˊŮɟŬůɛɏɜɤɜ ůŰɞɘɢŮɑɤɜ, ŭɘɎŭɞůɖ əɡɛɎŰɤɜ, 

ˊɞɚɡɩɜɡɛŬ Legendre, ůɖɛŮɑŬ Gauss Lobatto Legendre, ŭɘŬɔɩɜɘɞ ɛɖŰɟɩɞ ɛɎɕŬɠ, ɛɖŰɟɩɞ ůŰɘɓŬɟɧŰɖŰŬɠ, 

ŭɘŬəɟɘŰɞˊɞɑɖůɖ, ˊɚɏɔɛŬ, ůɡɜɗɐəɖ ůɨɔəɚɘůɖɠ CFL, űŬɘɜɧɛŮɜɞ Runge, ɛɏɗɞŭɞɠ Newmark, ˊɟɞůŬɟɛɞɔɐ 

Űɨˊɞɡ h, ́ ɟɞůŬɟɛɞɔɐ Űɨˊɞɡ p, ɘůɞˊŬɟŬɛŮŰɟɘəɎ ˊŮˊŮɟŬůɛɏɜŬ ůŰɞɘɢŮɑŬ, ŬɟɘɗɛɖŰɘəɐ ɞɚɞəɚɐɟɤůɖ Gauss 
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ABSTRACT 
 

When designing a construction, a civil engineer must take into account a multitude of external actions that 

act on it. One of these actions is the earthquake. Particularly in the Greek area (which is very often faced 

with earthquakes) the stresses developed in the members of the structure due to the seismic waves 

propagating through the ground and reaching the structure, are a lot of times the most critical design 

parameters. From this point of view, the propagation of seismic waves and their accurate simulation are a 

matter of major interest for geotechnical and structural engineers. 

Historically, the study of wave propagation dates back to the 18th century and the vibrating string problem, 

which was solved by D'Alembert. Over time, the necessary theoretical background was developed to solve 

a wide range of wave problems. In modern times, with the leaping progress of computer science, the 

computer is used as the most useful tool to solve such problems. Thus, various numerical solution methods 

have been developed for its utilization. 

This thesis is an attempt to develop code in MATLAB programming environment, in order to model and 

solve ground wave propagation problems. In particular, a relatively new technique is used, the Spectral 

Finite Element Method (SFEM), which allows the simulation of the half-space without the use of large 

finite element meshes. SFEM is essentially a subclass of the classical finite element method. In this method, 

polynomials derived from high degree Legendre type interpolation at non-equidistant points are used as 

basis functions. The integration points are such that the register is diagonal from its construction. For these 

reasons many advantages are presented, such as extremely high accuracy, requirement of few degrees of 

freedom and therefore lower computational cost and high efficiency in dealing with non-reflective-

absorptive boundary conditions. (which we face in the ground semi-space). 

 

 

 

 

 

 

 

 

 

 

Keywords 

spectral finite element method, finite element method, wave propagation, Legendre polynomials, Gauss 

Lobatto Legendre points, diagonal mass matrix, stiffness matrix, discretization, mesh, CFL convergence 

condition, Runge effect, Newmark method, h-method, p-method, isoparametric finite elements, Gaussian 

quadrature rule 



7 

 

ɄȺɅȽȺɉɃɀȺɁȷ 
 

ɳʇʋɮʄɹʅʆɹɳʅ ........................................................................................................................................................... 4 

ʃɳʄɹɽɶʌɶ ............................................................................................................................................................. 5 

ABSTRACT .............................................................................................................................................................. 6 

ʃɳʄɹɳʋʁɾɳɿɮ....................................................................................................................................................... 7 

ɼɮʆɮɽʁɱʁʅ ɳɹɼʁɿʍɿ ........................................................................................................................................... 9 

ɼɮʆɮɽʁɱʁʅ ʃɹɿɮɼʍɿ ......................................................................................................................................... 12 

мΦ ɳɹʅɮɱʍɱɶ ......................................................................................................................................................... 13 

1.1 ʃɳʄɹɱʄɮʊɶ ʆʁʇ ʃʄʁɰɽɶɾɮʆʁʅ ...................................................................................................................... 13 
1.2 ɲʁɾɶ ʆɶʅ ɲɹʃɽʍɾɮʆɹɼɶʅ ............................................................................................................................... 15 

нΦ ɮɿɮɽʇʆɹɼɶ ɽʇʅɶ ʆʍɿ ɳʀɹʅʍʅɳʍɿ ɲɹɮɲʁʅɶʅ ɼʇɾɮʆʍɿ ................................................................................ 16 

2.1 ɲɹɮɲʁʅɶ ɼʇɾɮʆʁʅ ʅʆɶ 1 ɲɹɮʅʆɮʅɶ ................................................................................................................. 16 
2.2 ɲɹɮɲʁʅɶ ɼʇɾɮʆʁʅ ʅʆɹʅ 2 ɲɹɮʅʆɮʅɳɹʅ .............................................................................................................. 17 
2.3 ɳʀɹʅʍʅɶ ɲɹɮɲʁʅɶʅ ɼʇɾɮʆʁʅ ʅʆɹʅ 3 ɲɹɮʅʆɮʅɳɹʅ .............................................................................................. 19 

оΦ ɶ ɾɳɸʁɲʁʅ ʆʍɿ ʊɮʅɾɮʆɹɼʍɿ ʃɳʃɳʄɮʅɾɳɿʍɿ ʅʆʁɹʋɳɹʍɿ ....................................................................... 20 

3.1 ɳɹʅɮɱʍɱɶ ς ɰɮʅɹɼɮ ʋɮʄɮɼʆɶʄɹʅʆɹɼɮ ................................................................................................................ 20 
ʆˇ ˒ʰʽ˄ˈ˃ʶ˄ˇ Runge ........................................................................................................................................... 20 
ɼʰˍʰ˄ˇ˃ʺ ˁˈ˃ʲ˖˄ ............................................................................................................................................... 24 

3.2 ɳʀɹʅʍʅɳɹʅ ɼɹɿɶʅɶʅ ............................................................................................................................................ 29 
ɹˋ˔ˎˊʺ ˁʰʽ ʰˋʻʶ˄ʺˌ ʵʽʰˍˏˉ˖ˋʹ ˍˇˎ ˉˊˇʲ˂ʺ˃ʰˍˇˌ ............................................................................................ 29 

3.3 ʁʄɹʅɾʁʅ ʆʁʇ ʃɽɳɱɾɮʆʁʅ ............................................................................................................................... 30 
3.4 ɮɿɮʃɮʄɮʅʆɮʅɶ ʅʇɿɮʄʆɶʅɳʍɿ ʅʆɮ ʅʆʁɹʋɳɹɮ ................................................................................................. 31 
3.5 ɼɮɸʁɽɹɼʁ ʅʇʅʆɶɾɮ ......................................................................................................................................... 32 
3.6 ɮɼʄɹɰɳɹɮ ʆɶʅ ɾɳɸʁɲʁʇ ................................................................................................................................... 35 
ɳˉʽ˂ˇʴʺ ʲʰʻ˃ˇˏ ˉˇ˂ˎ˖˄ˏ˃ˇˎ ........................................................................................................................... 35 
ʅ˔ʶʵʽʰˋ˃ˈˌ ˉ˂ʷʴ˃ʰˍˇˌ........................................................................................................................................ 35 
ɮˁˊʾʲʶʽʰ ˇ˂ˇˁ˂ʺˊ˖ˋʹˌ ....................................................................................................................................... 36 

пΦ ɳʃɹɽʇʅɶ ʆɶʅ ɳʀɹʅʍʅɶʅ ɼɹɿɶʅɶʅ ..................................................................................................................... 38 

4.1 ɲɹɮʆʇʃʍʅɶ ɳʀɹʅʍʅɶʅ ɼɹɿɶʅɶʅ ......................................................................................................................... 38 
4.2 ʇʃʁɽʁɱɹʅɾʁʅ ɾɶʆʄʍʁʇ ɲʇʅɼɮɾʌɹɮʅ ɼɮɹ ɾɶʆʄʍʁʇ ɾɮɵɮʅ ς ɹʅʁʃɮʄɮɾɳʆʄɹɼɮ ʃɳʃɳʄɮʅɾɳɿɮ ʅʆʁɹʋɳɹɮ

 ................................................................................................................................................................................. 38 
пΦнΦм ɳɹʅɮɱʍɱɶ ς ʅʋɳʅɶ ɼɮʄʆɳʅɹɮɿʁʇ ɾɳ ʊʇʅɹɼʁʇ ʅΦʅΦ................................................................................... 38 
4.2Φн ɾʁɿʁɲɹɮʅʆɮʆɮ ɹʅʁʃɮʄɮɾɳʆʄɹɼɮ ʅʆʁɹʋɳɹɮ н ɼʁɾɰʍɿ ....................................................................... 40 
ʅˎ˄ʰˊˍʺˋʶʽˌ ˋ˔ʺ˃ʰˍˇˌ ........................................................................................................................................ 40 
ɾʹˍˊ˗ˇ ˉʰˊʰ˃ˇˊ˒˗ˋʶ˖ˌ ................................................................................................................................. 41 
ɾʹˍˊ˗ˇ ˋˍʽʲʰˊˈˍʹˍʰˌ ....................................................................................................................................... 41 
ɾʹˍˊ˗ˇ ˃ʱʸʰˌ .................................................................................................................................................... 42 
пΦнΦо ɾʁɿʁɲɹɮʅʆɮʆɮ ɹʅʁʃɮʄɮɾɳʆʄɹɼɮ ʅʆʁɹʋɳɹɮ ɮɿʍʆɳʄʁʇ ɰɮɸɾʁʇ ........................................................ 43 
пΦнΦп ʆɳʆʄɮʃɽɳʇʄɹɼɮ ɹʅʁʃɮʄɮɾɳʆʄɹɼɮ ʅʆʁɹʋɳɹɮ ɲɹɲɹɮʅʆɮʆɶʅ ɳɽɮʅʆɹɼʁʆɶʆɮʅ .......................................... 43 
ɮˉʶʽˁˈ˄ʽˋʹ ʊˎˋʽˁˇˏ ˋˎˋˍʺ˃ʰˍˇˌ ˋˍˇ ɼʰˊˍʶˋʽʰ˄ˈ ............................................................................................ 43 
ʅˎ˄ʰˊˍʺˋʶʽˌ ˋ˔ʺ˃ʰˍˇˌ ........................................................................................................................................ 43 



8 

 

ɾʹˍˊ˗ˇ ˉʰˊʰ˃ˇˊ˒˗ˋʶ˖ˌ ................................................................................................................................. 44 
ɾʹˍˊ˗ˇ ˋˍʽʲʰˊˈˍʹˍʰˌ ....................................................................................................................................... 46 
ʁ˂ˇˁ˂ʺˊ˖ˋʹ Gauss ............................................................................................................................................ 47 
ɾʹˍˊ˗ˇ ˃ʱʸʰˌ .................................................................................................................................................... 47 
пΦнΦр ʆɳʆʄɮʃɽɳʇʄɹɼɮ ɹʅʁʃɮʄɮɾɳʆʄɹɼɮ ʅʆʁɹʋɳɹɮ ɲɹɲɹɮʅʆɮʆɶʅ ɳɽɮʅʆɹɼʁʆɶʆɮʅ ɮɿʍʆɳʄʁʇ ɰɮɸɾʁʇ........ 48 
пΦнΦс ɳʀɮɳɲʄɹɼɮ ɹʅʁʃɮʄɮɾɳʆʄɹɼɮ ʅʆʁɹʋɳɹɮ ʆʄɹɲɹɮʅʆɮʆɶʅ ɳɽɮʅʆɹɼʁʆɶʆɮʅ ................................................. 49 
ʅˎ˄ʰˊˍʺˋʶʽˌ ˋ˔ʺ˃ʰˍˇˌ ........................................................................................................................................ 49 
ɾʹˍˊ˗ˇ ˉʰˊʰ˃ˇˊ˒˗ˋʶ˖ˌ ................................................................................................................................. 50 
ɾʹˍˊ˗ˇ ˋˍʽʲʰˊˈˍʹˍʰˌ ....................................................................................................................................... 52 
ɾʹˍˊ˗ˇ ˃ʱʸʰˌ .................................................................................................................................................... 52 
4.2.7 ɳʀɮɳɲʄɹɼɮ ɹʅʁʃɮʄɮɾɳʆʄɹɼɮ ʅʆʁɹʋɳɹɮ ʆʄɹɲɹɮʅʆɮʆɶʅ ɳɽɮʅʆɹɼʁʆɶʆɮʅ ɮɿʍʆɳʄʁʇ ɰɮɸɾʁʇ .............. 53 

4.3 ɶ ɾɳɸʁɲʁʅ NEWMARK .................................................................................................................................... 55 
ɾʷʻˇʵˇʽ ˔ˊˇ˄ʽˁ˗˄ ʲʹ˃ʱˍ˖˄ .............................................................................................................................. 55 
ɾʷʻˇʵˇˌ Newmark............................................................................................................................................. 57 
ɳʽʵʽˁʺ ˉʶˊʾˉˍ˖ˋʹ ˋˍʰʻʶˊʺˌ ˃ʷˋʹˌ ʶˉʽˍʱ˔ˎ˄ˋʹˌ ............................................................................................... 57 
ɱˊʰ˃˃ʽˁʱ ˋˎˋˍʺ˃ʰˍʰ .......................................................................................................................................... 58 
ʅˏʴˁ˂ʽˋʹ ς ɳˎˋˍʱʻʶʽʰ ς ɮˁˊʾʲʶʽʰ ...................................................................................................................... 59 

ɼɳʊɮɽɮɹʁ 5Υ ɮʄɹɸɾɶʆɹɼɮ ʃɮʄɮɲɳɹɱɾɮʆɮ ....................................................................................................... 60 

ʋʰˊʰˁˍʹˊʽˋˍʽˁʱ ʶʵʱ˒ˇˎˌ ................................................................................................................................... 60 
ɳ˅˖ˍʶˊʽˁʺ ˒ˈˊˍʽˋʹ ............................................................................................................................................. 62 
ɲʽʰˁˊʽˍˇˉˇʾʹˋʹ ................................................................................................................................................... 67 
ɳˎˋˍʱʻʶʽʰ ς ̀ ˎ˄ʻʺˁʹ CFL .................................................................................................................................. 68 
ʅʶʽˋ˃ˈˌ ɼʰ˂ʰ˃ʱˍʰˌ............................................................................................................................................. 70 
ʅʶʽˋ˃ˈˌ ɳ˂ʶˎˋʾ˄ʰˌ .............................................................................................................................................. 74 
ʅʶʽˋ˃ˈˌ Loma Prieta ........................................................................................................................................... 78 
ʅʶʽˋ˃ˈˌ Kobe ....................................................................................................................................................... 82 
ʅˏʴˁˊʽˋʹ ˃ʶˍʰ˅ˏ ˍ˖˄ ˋʶʽˋ˃˗˄ ........................................................................................................................... 86 

сΦ ʅʇɾʃɳʄɮʅɾɮʆɮ ɼɮɹ ɸɳɾɮʆɮ ɱɹɮ ʃɳʄɮɹʆɳʄʍ ɲɹɳʄɳʇɿɶʅɶ ........................................................................... 88 

тΦ ɰɹɰɽɹʁɱʄɮʊɹɮ ................................................................................................................................................. 90 

 

 

  



9 

 

ȾȷɇȷȿɃũɃɆ ȺȽȾɃɁɋɁ 
 

ȺɘəɧɜŬ 1: ȾŰɑɟɘɞ - ˊɞɚɡɓɎɗɛɘɞ ůɨůŰɖɛŬ - ůŮ əɑɜɖůɖ ŮŭɎűɞɡɠ .................................................................. 13 
ȺɘəɧɜŬ 2: ɇɞ ˊɟɧɓɚɖɛŬ Űɖɠ ˊŬɚɚɧɛŮɜɖɠ ɢɞɟŭɐɠ ....................................................................................... 16 
ȺɘəɧɜŬ 3: ȹɘɎŭɞůɖ əɨɛŬŰɞɠ ůŮ ŮˊɘűŬɜŮɘŬəɐ ɛŮɛɓɟɎɜɖ ............................................................................. 18 
ȺɘəɧɜŬ 4: ɆɡɜɎɟŰɖůɖ ůɢɐɛŬŰɞɠ N2 ɔɘŬ ůŰɞɘɢŮɑɞ 4 əɧɛɓɤɜ - ˊŬɟŮɛɓɞɚɐ 3ɞɡ ɓŬɗɛɞɨ ............................. 21 
ȺɘəɧɜŬ 5: ɆɡɜɎɟŰɖůɖ ůɢɐɛŬŰɞɠ N2 ɔɘŬ ůŰɞɘɢŮɑɞ 5 əɧɛɓɤɜ - ˊŬɟŮɛɓɞɚɐ 4ɞɡ ɓŬɗɛɞɨ ............................. 21 
ȺɘəɧɜŬ 6: ɆɡɜɎɟŰɖůɖ ůɢɐɛŬŰɞɠ N2 ɔɘŬ ůŰɞɘɢŮɑɞ 6 əɧɛɓɤɜ - ˊŬɟŮɛɓɞɚɐ 5ɞɡ ɓŬɗɛɞɨ ............................. 22 
ȺɘəɧɜŬ 7: ɆɡɜɎɟŰɖůɖ ůɢɐɛŬŰɞɠ N2 ɔɘŬ ůŰɞɘɢŮɑɞ 7 əɧɛɓɤɜ - ˊŬɟŮɛɓɞɚɐ 6ɞɡ ɓŬɗɛɞɨ ............................. 22 
ȺɘəɧɜŬ 8: ɆɡɜɎɟŰɖůɖ ůɢɐɛŬŰɞɠ N2 ɔɘŬ ůŰɞɘɢŮɑɞ 8 əɧɛɓɤɜ - ˊŬɟŮɛɓɞɚɐ 7ɞɡ ɓŬɗɛɞɨ ............................. 23 
ȺɘəɧɜŬ 9: ɆɡɜɎɟŰɖůɖ ůɢɐɛŬŰɞɠ N2 ɔɘŬ ůŰɞɘɢŮɑɞ 9 əɧɛɓɤɜ - ˊŬɟŮɛɓɞɚɐ 8ɞɡ ɓŬɗɛɞɨ ............................. 23 
ȺɘəɧɜŬ 10: ɆɡɜɎɟŰɖůɖ ůɢɐɛŬŰɞɠ N2 ɔɘŬ ůŰɞɘɢŮɑɞ 10 əɧɛɓɤɜ - ˊŬɟŮɛɓɞɚɐ 9ɞɡ ɓŬɗɛɞɨ ......................... 24 
ȺɘəɧɜŬ 11: ɆɡɜɎɟŰɖůɖ ůɢɐɛŬŰɞɠ N2 ɔɘŬ ůŰɞɘɢŮɑɞ 11 əɧɛɓɤɜ - ˊŬɟŮɛɓɞɚɐ 10ɞɡ ɓŬɗɛɞɨ ....................... 24 
ȺɘəɧɜŬ 12: Ɇɨɔəɟɘůɖ 4x4 əɚŬůɘəɞɨ əŬɘ űŬůɛŬŰɘəɞɨ - Lobatto ůŰɞɘɢŮɑɞɡ. ................................................ 26 
ȺɘəɧɜŬ 13: Ɇɨɔəɟɘůɖ 5x5 əɚŬůɘəɞɨ əŬɘ űŬůɛŬŰɘəɞɨ - Lobatto ůŰɞɘɢŮɑɞɡ. ................................................ 26 
ȺɘəɧɜŬ 14: Ɇɨɔəɟɘůɖ 6x6 əɚŬůɘəɞɨ əŬɘ űŬůɛŬŰɘəɞɨ - Lobatto ůŰɞɘɢŮɑɞɡ. ................................................ 26 
ȺɘəɧɜŬ 15: Ɇɨɔəɟɘůɖ 7x7 əɚŬůɘəɞɨ əŬɘ űŬůɛŬŰɘəɞɨ - Lobatto ůŰɞɘɢŮɑɞɡ. ................................................ 27 
ȺɘəɧɜŬ 16: Ɇɨɔəɟɘůɖ 8x8 əɚŬůɘəɞɨ əŬɘ űŬůɛŬŰɘəɞɨ - Lobatto ůŰɞɘɢŮɑɞɡ. ................................................ 27 
ȺɘəɧɜŬ 17: Ɇɨɔəɟɘůɖ 9x9 əɚŬůɘəɞɨ əŬɘ űŬůɛŬŰɘəɞɨ - Lobatto ůŰɞɘɢŮɑɞɡ. ................................................ 27 
ȺɘəɧɜŬ 18: Ɇɨɔəɟɘůɖ 10x10 əɚŬůɘəɞɨ əŬɘ űŬůɛŬŰɘəɞɨ - Lobatto ůŰɞɘɢŮɑɞɡ. ............................................ 28 
ȺɘəɧɜŬ 19: ɄɟɞůɞɛɞɑɤɛŬ Ůɜɧɠ ˊŮˊŮɟŬůɛɏɜɞɡ ŰɛɐɛŬŰɞɠ ŮŭɎűɞɡɠ ............................................................ 29 
ȺɘəɧɜŬ 20: ȹɘŬəɟɘŰɞˊɞɑɖůɖ ŮŭɎűɞɡɠ .......................................................................................................... 31 
ȺɘəɧɜŬ 21: ɇɞˊɘəɧ əŬɘ əŬɗɞɚɘəɧ ˊɚɏɔɛŬ əɧɛɓɤɜ ...................................................................................... 33 
ȺɘəɧɜŬ 22: Ʉɟɞůɞɛɞɑɤůɖ ŮŭɎűɞɡɠ ɛŮ ɛɘəɟɧŰŮɟŬ ůŰɞɘɢŮɑŬ ůŰɖɜ əɞɟɡűɐ Űɞɡ, ɧˊɞɡ ɞɘ ŰŬɢɨŰɖŰŮɠ ŮɑɜŬɘ 

ůɡɜɐɗɤɠ ɛɘəɟɧŰŮɟŮɠ, əŬɘ ɛŮ ɛŮɔŬɚɨŰŮɟŬ ůŰɞɘɢŮɑŬ ůŰɖɜ ɓɎůɖ Űɞɡ, ɧˊɞɡ ɞɘ ŰŬɢɨŰɖŰŮɠ ŮɑɜŬɘ ůɡɜɐɗɤɠ 

ɛŮɔŬɚɨŰŮɟŮɠ ................................................................................................................................................ 36 
ȺɘəɧɜŬ 23: ȾŬɟŰŮůɘŬɜɧ əŬɘ űɡůɘəɧ ůɨůŰɖɛŬ ůɡɜŰŮŰŬɔɛɏɜɤɜ ................................................................... 39 
ȺɘəɧɜŬ 24: ɆŰɞɘɢŮɑɞ ůŰɞ ȾŬɟŰŮůɘŬɜɧ əŬɘ ůŰɞ ūɡůɘəɧ ɆɨůŰɖɛŬ ɆɡɜŰŮŰŬɔɛɏɜɤɜ ...................................... 40 
ȺɘəɧɜŬ 25: ɇŮŰɟŬˊɚŮɡɟɘəɧ ɘůɞˊŬɟŬɛŮŰɟɘəɧ ůŰɞɘɢŮɑɞ ŮˊɑˊŮŭɖɠ ɏɜŰŬůɖɠ-ˊŬɟŬɛɧɟűɤůɖɠ ŰŮůůɎɟɤɜ 

əɧɛɓɤɜ ........................................................................................................................................................ 43 
ȺɘəɧɜŬ 26: ȺɝŬŮŭɟɘəɧ ɘůɞˊŬɟŬɛŮŰɟɘəɧ ˊŮˊŮɟŬůɛɏɜɞ ůŰɞɘɢŮɑɞ ŰɟɘŭɘɎůŰŬŰɖɠ ŮɚŬůŰɘəɧŰɖŰŬɠ 8 əɧɛɓɤɜ ... 49 
ȺɘəɧɜŬ 27: ȺɝŬŮŭɟɘəɧ ɘůɞˊŬɟŬɛŮŰɟɘəɧ ůŰɞɘɢŮɑɞ 27 əɧɛɓɤɜ ..................................................................... 54 
ȺɘəɧɜŬ 28: ȹɘŬəɟɘŰɏɠ Űɘɛɏɠ Űɖɠ űɧɟŰɘůɖɠ ................................................................................................... 56 
ȺɘəɧɜŬ 29: ȹɘŬəɟɘŰɏɠ Űɘɛɏɠ Űɖɠ ɛŮŰŬŰɧˊɘůɖɠ .............................................................................................. 56 
ȺɘəɧɜŬ 30: ɆŰŬɗŮɟɐ ɛɏůɖ ŮˊɘŰɎɢɡɜůɖ ........................................................................................................ 57 
ȺɘəɧɜŬ 31: Ʉɟɞůɞɛɞɑɤůɖ ŮŭɎűɞɡɠ ɛŮ 100 ůŰɞɘɢŮɑŬ .................................................................................. 60 
ȺɘəɧɜŬ 32: Ʉɟɞůɞɛɞɑɤůɖ ŮŭɎűɞɡɠ ɛŮ 400 ůŰɞɘɢŮɑŬ .................................................................................. 60 
ȺɘəɧɜŬ 33: Ʉɟɞůɞɛɞɑɤůɖ ŮŭɎűɞɡɠ ɛŮ 2.500 ůŰɞɘɢŮɑŬ ............................................................................... 60 
ȺɘəɧɜŬ 34: Ʉɟɞůɞɛɞɑɤůɖ ŮŭɎűɞɡɠ ɛŮ 10.000 ůŰɞɘɢŮɑŬ ............................................................................. 61 
ȺɘəɧɜŬ 35: ȾŬŰɖɔɞɟɑŮɠ ŮŭɎűɞɡɠ əŬŰɎ Űɞɜ EC8.......................................................................................... 61 
ȺɘəɧɜŬ 36: ȺˊɘŰŬɢɡɜůɘɞɔɟɎűɖɛŬ ůŮɘůɛɞɨ ȺɚŮɡůɑɜŬɠ ................................................................................ 63 
ȺɘəɧɜŬ 37: ūɎůɛŬ ȺˊɘŰŬɢɨɜůŮɤɜ ůŮɘůɛɞɨ ȺɚŮɡůɑɜŬɠ ............................................................................... 63 
ȺɘəɧɜŬ 38: ȺˊɘŰŬɢɡɜůɘɞɔɟɎűɖɛŬ ůŮɘůɛɞɨ ȾŬɚŬɛɎŰŬ ............................................................................... 64 
ȺɘəɧɜŬ 39: ūɎůɛŬ ȺˊɘŰŬɢɨɜůŮɤɜ ůŮɘůɛɞɨ ȾŬɚŬɛɎŰŬɠ ............................................................................. 64 
ȺɘəɧɜŬ 40: ȺˊɘŰŬɢɡɜůɘɞɔɟɎűɖɛŬ ůŮɘůɛɞɨ Loma Prieta ............................................................................. 65 
ȺɘəɧɜŬ 41: ūɎůɛŬ ŮˊɘŰŬɢɨɜůŮɤɜ ůŮɘůɛɞɨ Loma Prieta ............................................................................. 65 



10 

 

ȺɘəɧɜŬ 42: ȺˊɘŰŬɢɡɜůɘɞɔɟɎűɖɛŬ ůŮɘůɛɞɨ Kobe ........................................................................................ 66 
ȺɘəɧɜŬ 43: ūɎůɛŬ ŮˊɘŰŬɢɨɜůŮɤɜ ůŮɘůɛɞɨ Kobe ........................................................................................ 66 
ȺɘəɧɜŬ 44: ȷˊŬɘŰɞɨɛŮɜɞ ɢɟɞɜɘəɧ ɓɐɛŬ ɔɘŬ ŮɡůŰɎɗŮɘŬ Ŭˊɧ Űɖ ůɡɜɗɐəɖ CFL............................................ 69 
ȺɘəɧɜŬ 45: ɆŮɘůɛɧɠ ȾŬɚŬɛɎŰŬɠ-ȺɔəɎɟůɘŬ ɛŮŰŬŰɧˊɘůɖ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ..... 70 
ȺɘəɧɜŬ 46: ɆŮɘůɛɧɠ ȾŬɚŬɛɎŰŬɠ-ȺɔəɎɟůɘŬ ŰŬɢɨŰɖŰŬ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ......... 70 
ȺɘəɧɜŬ 47: ɆŮɘůɛɧɠ ȾŬɚŬɛɎŰŬɠ-ȺɔəɎɟůɘŬ ŮˊɘŰɎɢɡɜůɖ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ...... 71 
ȺɘəɧɜŬ 48: ɆŮɘůɛɧɠ ȾŬɚŬɛɎŰŬɠ: Ɇɨɔəɟɘůɖ Űɖɠ ɡˊɞɚɞɔɘůɗŮɑůŬɠ ŮɔəɎɟůɘŬɠ ɛŮŰŬŰɧˊɘůɖɠ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ 

Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ɛŮ Űɖɜ SFEM əŬɘ Űɖɜ FEM ............................................................................... 71 
ȺɘəɧɜŬ 49: ɆŮɘůɛɧɠ ȾŬɚŬɛɎŰŬɠ: Ɇɨɔəɟɘůɖ Űɖɠ ɡˊɞɚɞɔɘůɗŮɑůŬɠ ŮɔəɎɟůɘŬɠ ŰŬɢɨŰɖŰŬɠ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ 

Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ɛŮ Űɖɜ SFEM əŬɘ Űɖɜ FEM ............................................................................... 72 
ȺɘəɧɜŬ 50: ɆŮɘůɛɧɠ ȾŬɚŬɛɎŰŬɠ: Ɇɨɔəɟɘůɖ Űɖɠ ɡˊɞɚɞɔɘůɗŮɑůŬɠ ŮɔəɎɟůɘŬɠ ŮˊɘŰɎɢɡɜůɖɠ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ 

Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ɛŮ Űɖɜ SFEM əŬɘ Űɖɜ FEM ............................................................................... 72 
ȺɘəɧɜŬ 51: ɆŮɘůɛɧɠ ȾŬɚŬɛɎŰŬɠ: ɀŮŰŬɓɞɚɐ Űɖɠ ŮɔəɎɟůɘŬɠ ɛŮŰŬŰɧˊɘůɖɠ Űɤɜ ůɖɛŮɑɤɜ əŬɗô ɨɣɞɠ Űɖɠ 

ɛŮůŬɑŬɠ ůŰɐɚɖɠ ŮŭɎűɞɡɠ ............................................................................................................................. 73 
ȺɘəɧɜŬ 52: ɆŮɘůɛɧɠ ȾŬɚŬɛɎŰŬɠ: ɀɏɔɘůŰɖ ŮɔəɎɟůɘŬ ɛŮŰŬŰɧˊɘůɖ Űɤɜ ůɖɛŮɑɤɜ əŬɗô ɨɣɞɠ Űɖɠ ɛŮůŬɑŬɠ 

ůŰɐɚɖɠ ŮŭɎűɞɡɠ........................................................................................................................................... 73 
ȺɘəɧɜŬ 53: ɆŮɘůɛɧɠ ȺɚŮɡůɑɜŬɠ-ȺɔəɎɟůɘŬ ɛŮŰŬŰɧˊɘůɖ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ....... 74 
ȺɘəɧɜŬ 54: ɆŮɘůɛɧɠ ȺɚŮɡůɑɜŬɠ-ȺɔəɎɟůɘŬ ŰŬɢɨŰɖŰŬ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ........... 74 
ȺɘəɧɜŬ 55: ɆŮɘůɛɧɠ ȺɚŮɡůɑɜŬɠ-ȺɔəɎɟůɘŬ ŮˊɘŰɎɢɡɜůɖ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ....... 75 
ȺɘəɧɜŬ 56: ɆŮɘůɛɧɠ ȺɚŮɡůɑɜŬɠ: Ɇɨɔəɟɘůɖ Űɖɠ ɡˊɞɚɞɔɘůɗŮɑůŬɠ ŮɔəɎɟůɘŬɠ ɛŮŰŬŰɧˊɘůɖɠ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ 

Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ɛŮ Űɖɜ SFEM əŬɘ Űɖɜ FEM ............................................................................... 75 
ȺɘəɧɜŬ 57: ɆŮɘůɛɧɠ ȺɚŮɡůɑɜŬɠ: Ɇɨɔəɟɘůɖ Űɖɠ ɡˊɞɚɞɔɘůɗŮɑůŬɠ ŮɔəɎɟůɘŬɠ ŰŬɢɨŰɖŰŬɠ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ 

Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ɛŮ Űɖɜ SFEM əŬɘ Űɖɜ FEM ............................................................................... 76 
ȺɘəɧɜŬ 58: ɆŮɘůɛɧɠ ȺɚŮɡůɑɜŬɠ: Ɇɨɔəɟɘůɖ Űɖɠ ɡˊɞɚɞɔɘůɗŮɑůŬɠ ŮɔəɎɟůɘŬɠ ŮˊɘŰɎɢɡɜůɖɠ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ 

Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ɛŮ Űɖɜ SFEM əŬɘ Űɖɜ FEM ............................................................................... 76 
ȺɘəɧɜŬ 59: ɆŮɘůɛɧɠ ȺɚŮɡůɑɜŬɠ: ɀŮŰŬɓɞɚɐ Űɖɠ ŮɔəɎɟůɘŬɠ ɛŮŰŬŰɧˊɘůɖɠ Űɤɜ ůɖɛŮɑɤɜ əŬɗô ɨɣɞɠ Űɖɠ 

ɛŮůŬɑŬɠ ůŰɐɚɖɠ ŮŭɎűɞɡɠ ............................................................................................................................. 77 
ȺɘəɧɜŬ 60: ɆŮɘůɛɧɠ ȺɚŮɡůɑɜŬɠ: ɀɏɔɘůŰɖ ŮɔəɎɟůɘŬ ɛŮŰŬŰɧˊɘůɖ Űɤɜ ůɖɛŮɑɤɜ əŬɗô ɨɣɞɠ Űɖɠ ɛŮůŬɑŬɠ 

ůŰɐɚɖɠ ŮŭɎűɞɡɠ........................................................................................................................................... 77 
ȺɘəɧɜŬ 61: ɆŮɘůɛɧɠ Loma Prieta-ȺɔəɎɟůɘŬ ɛŮŰŬŰɧˊɘůɖ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ .... 78 
ȺɘəɧɜŬ 62: ɆŮɘůɛɧɠ Loma Prieta-ȺɔəɎɟůɘŬ ŰŬɢɨŰɖŰŬ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ........ 78 
ȺɘəɧɜŬ 63: ɆŮɘůɛɧɠ Loma Prieta-ȺɔəɎɟůɘŬ ŮˊɘŰɎɢɡɜůɖ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ .... 79 
ȺɘəɧɜŬ 64: ɆŮɘůɛɧɠ Loma Prieta: Ɇɨɔəɟɘůɖ Űɖɠ ɡˊɞɚɞɔɘůɗŮɑůŬɠ ŮɔəɎɟůɘŬɠ ɛŮŰŬŰɧˊɘůɖɠ ůɖɛŮɑɞɡ ůŰɞ 

ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ɛŮ Űɖɜ SFEM əŬɘ Űɖɜ FEM ...................................................................... 79 
ȺɘəɧɜŬ 65: ɆŮɘůɛɧɠ Loma Prieta: Ɇɨɔəɟɘůɖ Űɖɠ ɡˊɞɚɞɔɘůɗŮɑůŬɠ ŮɔəɎɟůɘŬɠ ŰŬɢɨŰɖŰŬɠ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ 

Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ɛŮ Űɖɜ SFEM əŬɘ Űɖɜ FEM ............................................................................... 80 
ȺɘəɧɜŬ 66: ɆŮɘůɛɧɠ Loma Prieta: Ɇɨɔəɟɘůɖ Űɖɠ ɡˊɞɚɞɔɘůɗŮɑůŬɠ ŮɔəɎɟůɘŬɠ ŮˊɘŰɎɢɡɜůɖɠ ůɖɛŮɑɞɡ ůŰɞ 

ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ɛŮ Űɖɜ SFEM əŬɘ Űɖɜ FEM ...................................................................... 80 
ȺɘəɧɜŬ 67: ɆŮɘůɛɧɠ Loma Prieta: ɀŮŰŬɓɞɚɐ Űɖɠ ŮɔəɎɟůɘŬɠ ɛŮŰŬŰɧˊɘůɖɠ Űɤɜ ůɖɛŮɑɤɜ əŬɗô ɨɣɞɠ Űɖɠ 

ɛŮůŬɑŬɠ ůŰɐɚɖɠ ŮŭɎűɞɡɠ ............................................................................................................................. 81 
ȺɘəɧɜŬ 68: ɆŮɘůɛɧɠ Loma Prieta: ɀɏɔɘůŰɖ ŮɔəɎɟůɘŬ ɛŮŰŬŰɧˊɘůɖ Űɤɜ ůɖɛŮɑɤɜ əŬɗô ɨɣɞɠ Űɖɠ ɛŮůŬɑŬɠ 

ůŰɐɚɖɠ ŮŭɎűɞɡɠ........................................................................................................................................... 81 
ȺɘəɧɜŬ 69: ɆŮɘůɛɧɠ Kobe-ȺɔəɎɟůɘŬ ɛŮŰŬŰɧˊɘůɖ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ............... 82 
ȺɘəɧɜŬ 70: ɆŮɘůɛɧɠ Kobe-ȺɔəɎɟůɘŬ ŰŬɢɨŰɖŰŬ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ................... 82 
ȺɘəɧɜŬ 71: ɆŮɘůɛɧɠ Kobe-ȺɔəɎɟůɘŬ ŮˊɘŰɎɢɡɜůɖ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ............... 83 
ȺɘəɧɜŬ 72: ɆŮɘůɛɧɠ Kobe: Ɇɨɔəɟɘůɖ Űɖɠ ɡˊɞɚɞɔɘůɗŮɑůŬɠ ŮɔəɎɟůɘŬɠ ɛŮŰŬŰɧˊɘůɖɠ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ 

ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ɛŮ Űɖɜ SFEM əŬɘ Űɖɜ FEM ..................................................................................... 83 



11 

 

ȺɘəɧɜŬ 73: ɆŮɘůɛɧɠ Kobe: Ɇɨɔəɟɘůɖ Űɖɠ ɡˊɞɚɞɔɘůɗŮɑůŬɠ ŮɔəɎɟůɘŬɠ ŰŬɢɨŰɖŰŬɠ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ 

ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ɛŮ Űɖɜ SFEM əŬɘ Űɖɜ FEM ..................................................................................... 84 
ȺɘəɧɜŬ 74: ɆŮɘůɛɧɠ Kobe: Ɇɨɔəɟɘůɖ Űɖɠ ɡˊɞɚɞɔɘůɗŮɑůŬɠ ŮɔəɎɟůɘŬɠ ŮˊɘŰɎɢɡɜůɖɠ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ 

ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ɛŮ Űɖɜ SFEM əŬɘ Űɖɜ FEM ..................................................................................... 84 
ȺɘəɧɜŬ 75: ɆŮɘůɛɧɠ Kobe: ɀŮŰŬɓɞɚɐ Űɖɠ ŮɔəɎɟůɘŬɠ ɛŮŰŬŰɧˊɘůɖɠ Űɤɜ ůɖɛŮɑɤɜ əŬɗô ɨɣɞɠ Űɖɠ ɛŮůŬɑŬɠ 

ůŰɐɚɖɠ ŮŭɎűɞɡɠ........................................................................................................................................... 85 
ȺɘəɧɜŬ 76: ɆŮɘůɛɧɠ Kobe: ɀɏɔɘůŰɖ ŮɔəɎɟůɘŬ ɛŮŰŬŰɧˊɘůɖ Űɤɜ ůɖɛŮɑɤɜ əŬɗô ɨɣɞɠ Űɖɠ ɛŮůŬɑŬɠ ůŰɐɚɖɠ 

ŮŭɎűɞɡɠ ....................................................................................................................................................... 85 
ȺɘəɧɜŬ 77: Ɇɨɔəɟɘůɖ ŬɜŬˊŰɡůůɧɛŮɜɤɜ ŮɔəɎɟůɘɤɜ ɛŮŰŬŰɞˊɑůŮɤɜ Ůɜɧɠ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ 

ŮˊɘűɎɜŮɘŬɠ ɛŮŰŬɝɨ Űɤɜ ůŮɘůɛɩɜ ................................................................................................................. 86 
ȺɘəɧɜŬ 78: Ɇɨɔəɟɘůɖ ŬɜŬˊŰɡůůɧɛŮɜɤɜ ŮɔəɎɟůɘɤɜ ŰŬɢɡŰɐŰɤɜ Ůɜɧɠ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ 

ŮˊɘűɎɜŮɘŬɠ ɛŮŰŬɝɨ Űɤɜ ůŮɘůɛɩɜ ................................................................................................................. 86 
ȺɘəɧɜŬ 79: Ɇɨɔəɟɘůɖ ŬɜŬˊŰɡůůɧɛŮɜɤɜ ŮɔəɎɟůɘɤɜ ŮˊɘŰŬɢɨɜůŮɤɜ Ůɜɧɠ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ 

ŮˊɘűɎɜŮɘŬɠ ɛŮŰŬɝɨ Űɤɜ ůŮɘůɛɩɜ ................................................................................................................. 87 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



12 

 

ȾȷɇȷȿɃũɃɆ ɄȽɁȷȾɋɁ 

ɄɑɜŬəŬɠ 1: ɆɡɜŰŮŰŬɔɛɏɜŮɠ ůɖɛŮɑɤɜ əŬɘ ůɡɜŰŮɚŮůŰɏɠ ɓɎɟɞɡɠ ŬɟɘɗɛɖŰɘəɐɠ ɞɚɞəɚɐɟɤůɖɠ Lobatto ůŰɞ 

ŭɘɎůŰɖɛŬ [-1,1] ........................................................................................................................................... 28 
ɄɑɜŬəŬɠ 2: ɆɡɜŬɟŰɐůŮɘɠ ɆɢɐɛŬŰɞɠ ŰŮŰɟŬˊɚŮɡɟɘəɩɜ ɘůɞˊŬɟŬɛŮŰɟɘəɩɜ ůŰɞɘɢŮɑɤɜ ɛŮ 4 ɏɤɠ 9 əɧɛɓɞɡɠ ... 48 
ɄɑɜŬəŬɠ 3: ȷˊŬɘŰɞɨɛŮɜɞ ɛɏɔŮɗɞɠ ůŰɞɘɢŮɑɞɡ ŬɜɎ ůŮɘůɛɘəɧ ɔŮɔɞɜɧɠ ........................................................... 68 
ɄɑɜŬəŬɠ 4: ȷˊŬɘŰɞɨɛŮɜɞ ɢɟɞɜɘəɧ ɓɐɛŬ ɔɘŬ ŮɡůŰɎɗŮɘŬ Ŭˊɧ Űɖ ůɡɜɗɐəɖ CFL ........................................... 69 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



13 

 

1. ȺȽɆȷũɋũȼ   
 

1.1 ɄȺɅȽũɅȷūȼ ɇɃɈ ɄɅɃȸȿȼɀȷɇɃɆ 
ɄɟɞəŮɘɛɏɜɞɡ ɜŬ ɛŮɚŮŰɖɗŮɑ ɖ ŭɡɜŬɛɘəɐ Ŭˊɧəɟɘůɖ Ůɜɧɠ əŰɘɟɑɞɡ ɧŰŬɜ ŬɡŰɧ ɗŬ ŭɘŮɔŮɟɗŮɑ Ŭˊɧ ɏɜŬɜ ůŮɘůɛɧ, 

ŭɖɚŬŭɐ ɔɘŬ ɜŬ ɏɢɞɡɛŮ ɛɘŬ ůŬűɐ ȺɘəɧɜŬ ɔɘŬ Űɞ ˊɤɠ ŬɡŰɧ ɗŬ əɘɜɖɗŮɑ əŬɘ ˊɤɠ ɗŬ ˊŬɟŬɛɞɟűɤɗɞɨɜ əŬɘ ɗŬ 

əŬŰŬˊɞɜɖɗɞɨɜ ŰŬ ɛɏɚɖ Űɞɡ, ˊɟɏˊŮɘ ɜŬ ŮˊɘɚɨůɞɡɛŮ Űɖɜ Ůɝɑůɤůɖ əɑɜɖůɐɠ Űɞɡ. ȳˊɤɠ ɔɜɤɟɑɕɞɡɛŮ Ŭˊɧ Űɖ 

ŭɡɜŬɛɘəɐ, ɖ əɑɜɖůɖ Ůɜɧɠ əŰɘɟɑɞɡ - ˊɞɚɡɓɎɗɛɘɞɡ ůɡůŰɐɛŬŰɞɠ ï Űɖɜ ɩɟŬ Űɞɡ ůŮɘůɛɞɨ, ŮɑɜŬɘ ɛɘŬ 

ŮɝŬɜŬɔəŬůɛɏɜɖ ŰŬɚɎɜŰɤůɖ əŬɘ ˊŮɟɘɔɟɎűŮŰŬɘ Ŭˊɧ ɛɑŬ ŭŮɡŰŮɟɞɓɎɗɛɘŬ ŭɘŬűɞɟɘəɐ Ůɝɑůɤůɖ ɤɠ ˊɟɞɠ Űɖ 

ɛŮŰŬɓɚɖŰɐ Űɞɡ ɢɟɧɜɞɡ. ɆŰɖ ɔŮɜɘəɐ ˊŮɟɑˊŰɤůɖ ɧˊɞɡ Űɞ ůɨůŰɖɛŬ ŭɘŬɗɏŰŮɘ ɛɖɢŬɜɘůɛɞɨɠ ɘɝɩŭɞɡɠ 

ŬˊɧůɓŮůɖɠ, ɖ Ůɝɑůɤůɖ ŬɡŰɐ ŮɑɜŬɘ 

 ὓ Ͻό ὅϽό ὑ Ͻό Ὢὸ  

 

(1.1) 

ɐ ɔɘŬ ůŮɘůɛɧ 

 ὓ Ͻό ὅϽό ὑϽό ὓ Ͻό  

 

(1.2) 

ɧˊɞɡ [ɀ] ŮɑɜŬɘ Űɞ ɛɖŰɟɩɞ ɛɎɕŬɠ, [C] Űɞ ɛɖŰɟɩɞ ŬˊɞůɓɏůŮɤɠ, [Ⱦ] Űɞ ɛɖŰɟɩɞ ŭɡůəŬɛɣɑŬɠ, {u} Űɞ ŭɘɎɜɡůɛŬ 

Űɤɜ ɛŮŰŬŰɞˊɑůŮɤɜ, { f(t)} Űɞ ŭɘɎɜɡůɛŬ Űɤɜ ŮɝɤŰŮɟɘəɩɜ ŭɡɜɎɛŮɤɜ ˊɞɡ ŬůəɞɨɜŰŬɘ ůŰɖ əŬŰŬůəŮɡɐ əŬŰɎ Űɘɠ 

ŭɘŮɡɗɨɜůŮɘɠ Űɤɜ ɛŮŰŬŰɞˊɑůŮɤɜ əŬɘ ό  Űɞ ŭɘɎɜɡůɛŬ Űɤɜ ŮˊɘŰŬɢɨɜůŮɤɜ Űɞɡ ŮŭɎűɞɡɠ, Űɞ ɞˊɞɑɞ 

ˊɞɚɚŬˊɚŬůɘŬůɛɏɜɞ ɛŮ Űɞ ɛɖŰɟɩɞ ɛɎɕŬɠ, ɏɢŮɘ Űɞɜ ɟɧɚɞ Űɞɡ ɘůɞŭɨɜŬɛɞ ŮɝɤŰŮɟɘəɞɨ ŭɡɜŬɛɘəɞɨ űɞɟŰɑɞɡ. ɀŮ 

ɓɎůɖ ŰŬ ˊɟɞɖɔɞɨɛŮɜŬ, ˊŬɟŬŰɖɟɞɨɛŮ ˊɤɠ ɔɘŬ ɜŬ ɛŮɚŮŰɐůɞɡɛŮ Űɖɜ ŭɡɜŬɛɘəɐ Ŭˊɧəɟɘůɖ Űɞɡ űɞɟɏŬ, ˊɟɏˊŮɘ 

ɜŬ ŮɑɜŬɘ ɔɜɤůŰɧ Űɞ ŮˊɘŰŬɢɡɜůɘɞɔɟɎűɖɛŬ Űɞɡ ůŮɘůɛɞɨ ůŰɖ ůŰɎɗɛɖ Űɤɜ ɗŮɛŮɚɑɤɜ Űɞɡ əŰɘɟɑɞɡ, əŬɗɩɠ əŬɘ ɞɘ 

Ŭɟɢɘəɏɠ ůɡɜɗɐəŮɠ {ό },{ό} . 

 

ȺɘəɧɜŬ 1: ȾŰɑɟɘɞ - ˊɞɚɡɓɎɗɛɘɞ ůɨůŰɖɛŬ - ůŮ əɑɜɖůɖ ŮŭɎűɞɡɠ 
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Ƀɘ ɛŮŰɟɐůŮɘɠ Ůɜɧɠ ŮˊɘŰŬɢɡɜůɘɞɔɟŬűɐɛŬŰɞɠ ɚŬɛɓɎɜɞɡɜ ɢɩɟŬ ůŰɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭŬűɘəɞɨ ůɢɖɛŬŰɘůɛɞɨ, 

ɧɛɤɠ ɖ ŭɖɛɘɞɡɟɔɑŬ Űɤɜ ůŮɘůɛɘəɩɜ əɡɛɎŰɤɜ, ɖ çˊɖɔɐè Űɤɜ ŭɞɜɐůŮɤɜ ŭɖɚŬŭɐ, ɓɟɑůəŮŰŬɘ ůŮ əɎˊɞɘɞ ɓɎɗɞɠ 

əɎŰɤ Ŭˊɧ Űɖɜ ŮˊɘűɎɜŮɘŬ Űɞɡ ŮŭɎűɞɡɠ. ȰɜŬ ɓŬůɘəɧ ŮɟɩŰɖɛŬ ́ɞɡ ŮɔŮɑɟŮŰŬɘ, ŮɑɜŬɘ əŬŰɎ ˊɞɘɞ Űɟɧˊɞ 

ůɡɜŭɏɞɜŰŬɘ  ŰŬ ɛŮɔɏɗɖ Űɖɠ ɛŮŰŬŰɧˊɘůɖɠ, Űɖɠ ŰŬɢɨŰɖŰŬɠ əŬɘ Űɖɠ ŮˊɘŰɎɢɡɜůɖɠ ˊɞɡ ɛŮŰɟɞɨɜŰŬɘ ůŰɖɜ ŮˊɘűɎɜŮɘŬ 

Űɞɡ ŮŭɎűɞɡɠ, ɛŮ ŰŬ ŬɜŰɑůŰɞɘɢŬ ɛŮɔɏɗɖ ůŮ ɏɜŬ əŬɗɞɟɘůɛɏɜɞ ɓɎɗɞɠ; ũŮɜɜɎŰŬɘ ɚɞɘˊɧɜ ɖ ŬɜɎɔəɖ ɜŬ 

ˊŮɟɘɔɟɎɣɞɡɛŮ Űɞɜ Űɟɧˊɞ ɛŮ Űɞɜ ɞˊɞɑɞ ŭɘŬŭɑŭɞɜŰŬɘ ŰŬ əɨɛŬŰŬ ůŰɞ ɏŭŬűɞɠ əŬɘ ɔŮɜɘəɧŰŮɟŬ ůŰŬ ůŰŮɟŮɎ 

ůɩɛŬŰŬ. 

Ƀɘ ŬɜŬɚɡŰɘəɏɠ ɚɨůŮɘɠ ˊɞɡ ˊŮɟɘɔɟɎűɞɡɜ Űɖɜ ŭɘɎŭɞůɖ əɡɛɎŰɤɜ ůŮ ůŰŮɟŮɎ ɛɏůŬ ɏɢɞɡɜ ŭɘŬŰɡˊɤɗŮɑ Ŭˊɧ Űɞɜ 

18ɞ ŬɘɩɜŬ əɘɧɚŬɠ (ɟ́ɩŰɞɠ ɞ ũɎɚɚɞɠ ɛŬɗɖɛŬŰɘəɧɠ ɁŰôȷɚŬɛˊɏɟ ɐŰŬɜ ŬɡŰɧɠ ˊɞɡ ŬɜŬəɎɚɡɣŮ Űɖ 

ɛɞɜɞŭɘɎůŰŬŰɖ əɡɛŬŰɘəɐ Ůɝɑůɤůɖ Űɞ 1746). ȳɛɤɠ ɛŮ Űɖɜ ɟŬɔŭŬɑŬ ŬɡɝŬɜɧɛŮɜɖ ɢɟɐůɖ Űɤɜ ɡˊɞɚɞɔɘůŰɩɜ Ŭˊɧ 

Űɞɡɠ ɛɖɢŬɜɘəɞɨɠ ɔɘŬ Űɖɜ ŬɜŰɘɛŮŰɩˊɘůɖ ˊɟɞɓɚɖɛɎŰɤɜ, ŮɛűŬɜɑůŰɖəŮ əŬɘ ɖ ŬɜŰɑůŰɞɘɢɖ ŬɜɎɔəɖ ɔɘŬ ŮɨɟŮůɖ 

ŬɟɘɗɛɖŰɘəɩɜ ɛŮɗɧŭɤɜ. 

ɆŰɘɠ Ŭɟɢɏɠ Űɞɡ 1940 çɔŮɜɜɘɏŰŬɘè, ɑůɤɠ Űɞ ˊɘɞ ůɖɛŬɜŰɘəɧ ɛŬɗɖɛŬŰɘəɧ ŮɟɔŬɚŮɑɞ ŬɟɘɗɛɖŰɘəɐɠ ŬɜɎɚɡůɖɠ, ɖ 

ɛɏɗɞŭɞɠ Űɤɜ ˊŮˊŮɟŬůɛɏɜɤɜ ůŰɞɘɢŮɑɤɜ ɐ Ůɜ ůɡɜŰɞɛɑŬ FEM  (Finite Element Method). ɇɞ ɓŬůɘəɧ Űɖɠ 

ɢŬɟŬəŰɖɟɘůŰɘəɧ ŮɑɜŬɘ, ˊɤɠ ɏɜŬ ŬɟɢɘəɎ ůɡɜŮɢɏɠ ˊŮŭɑɞ ŭɘŬəɟɘŰɞˊɞɘŮɑŰŬɘ ůŮ ɏɜŬ ůɨɜɞɚɞ ŭɘŬəɟɘŰɩɜ ɡˊɞ-

ˊŮŭɑɤɜ, ŰŬ ŮˊɞɜɞɛŬɕɧɛŮɜŬ ˊŮˊŮɟŬůɛɏɜŬ ůŰɞɘɢŮɑŬ. Ⱦɨɟɘɞɘ ɗŮɛŮɚɘɤŰɏɠ Űɖɠ ɛŮɗɧŭɞɡ ɗŮɤɟɞɨɜŰŬɘ ɞɘ 

Hrenikoff, Courant, ȷɟɔɨɟɖɠ, Kelsey ə.Ŭ. 

ɇŬ ŰŮɚŮɡŰŬɑŬ ɢɟɧɜɘŬ, əŬɘ ɛŮ ɘŭɘŬɑŰŮɟɞ ŮɜŭɘŬűɏɟɞɜ Ŭˊɧ Űɖɜ əɞɘɜɧŰɖŰŬ Űɤɜ ˊɞɚɘŰɘəɩɜ əŬɘ Űɤɜ ɛɖɢŬɜɞɚɧɔɤɜ 

ɛɖɢŬɜɘəɩɜ, ɖ ɛɏɗɞŭɞɠ Űɤɜ űŬůɛŬŰɘəɩɜ ˊŮˊŮɟŬůɛɏɜɤɜ ůŰɞɘɢŮɑɤɜ ɐ Ůɜ ůɡɜŰɞɛɑŬ SFEM (Spectral Finite 

Element Method) ɏɢŮɘ ŬɜŬŭŮɘɢɗŮɑ ɤɠ ɏɜŬ ɘůɢɡɟɧ ɡˊɞɚɞɔɘůŰɘəɧ ŮɟɔŬɚŮɑɞ ɔɘŬ Űɖɜ ŬɟɘɗɛɖŰɘəɐ ˊɟɞůɞɛɞɑɤůɖ 

ˊɟɞɓɚɖɛɎŰɤɜ ŭɘɎŭɞůɖɠ əɡɛɎŰɤɜ. ȼ ˊɟɞɏɚŮɡůɖ Űɖɠ ůɐɛŮɟŬ ɢɟɖůɘɛɞˊɞɘɞɨɛŮɜɖɠ SFEM ɛˊɞɟŮɑ ɜŬ 

ŮɜŰɞˊɘůɗŮɑ ůŰɘɠ űŬůɛŬŰɘəɏɠ ŰŮɢɜɘəɏɠ ˊɞɡ ŮɘůɐɔŬɔŬɜ ɞɘ Orszag (1980), Patera (1984) əŬɘ Maday & Patera 

(1989), ˊɞɡ ŬɟɢɘəɎ ˊɟɞŰɎɗɖəŬɜ ɔɘŬ ˊɟɞɓɚɐɛŬŰŬ ŭɡɜŬɛɘəɐɠ ɟŮɡůŰɩɜ əŬɘ Gazdag (1981), Kosloff & Baysal. 

(1982) əŬɘ Kosloff et al. (1990) ůŮ ˊɟɞɓɚɐɛŬŰŬ ŮɚŬůŰɞŭɡɜŬɛɘəɐɠ. 

ɆŰɖ ŭɘɎŭɞůɖ Űɤɜ ůŮɘůɛɘəɩɜ əɡɛɎŰɤɜ, ɞɘ ɛɏɗɞŭɞɘ űŬůɛŬŰɘəɩɜ ůŰɞɘɢŮɑɤɜ ŮɘůɐɢɗɖůŬɜ ɔɘŬ ˊɟɩŰɖ űɞɟɎ Ŭˊɧ 

Űɞɡɠ Priolo et al.(1994) əŬɘ Faccioli et al.(1996). ȷɟɔɧŰŮɟŬ ɞɘ Komatitsch əɘ Vilotte (1998) ŬɜŰɘəŬŰɏůŰɖůŬɜ 

ŰŬ ˊɞɚɡɩɜɡɛŬ ˊɞɡ ɢɟɖůɘɛɞˊɞɘɞɨůŬɜ ɞɘ Priolo et al. (1994) Ŭˊɧ ŰŬ ˊɞɚɡɩɜɡɛŬ Legendre əŬɘ ŮɜůɤɛɎŰɤůŬɜ 

Űɞɜ əŬɜɧɜŬ ɞɚɞəɚɐɟɤůɖɠ Gauss-Lobatto-Legendre, ɞŭɖɔɩɜŰŬɠ ůŰɖ Űɤɟɘɜɐ ɏəŭɞůɖ Űɖɠ ɛŮɗɧŭɞɡ ůŰŬ 

ˊɟɞɓɚɐɛŬŰŬ ŭɘɎŭɞůɖɠ əɡɛɎŰɤɜ. 

ɆŮ ŬɡŰɏɠ Űɘɠ ɛŮɗɧŭɞɡɠ ŬˊŬɘŰɞɨɜŰŬɘ  ́Űɞɜ Ŭɟɘɗɛɧ əɞɛɓɘəɎ ůɖɛŮɑŬ ŬɜɎ ɛɐəɞɠ əɨɛŬŰɞɠ ɔɘŬ Űɖɜ Ůˊɑɚɡůɖ Űɞɡ 

əɨɛŬŰɞɠ, ůŮ ůɨɔəɟɘůɖ ɛŮ Űɞ 8-10 ůɖɛŮɑŬ ůŰɖ əɚŬůɘəɐ FEM (Ainsworth & Wajid, 2009). ȺɑɜŬɘ Ŭəɧɛɖ 

ɚɘɔɧŰŮɟɞ ŮɡŬɑůɗɖŰŮɠ ůŰɖɜ ŬɟɘɗɛɖŰɘəɐ ŬɜɘůɞŰɟɞˊɑŬ əŬɘ ůŰɖɜ ˊŬɟŬɛɧɟűɤůɖ Űɤɜ ůŰɞɘɢŮɑɤɜ. ɇɏɚɞɠ, ɞŭɖɔɞɨɜ 

Ŭˊɧ Űɖɜ əŬŰŬůəŮɡɐ Űɞɡɠ ůŮ ŭɘŬɔɩɜɘŬ ɛɖŰɟɩŬ ɛɎɕŬɠ. 

ȼ ɗŮɛŮɚɘɩŭɖɠ ɘŭɏŬ ˊɑůɤ Ŭˊɧ Űɖɜ SFEM ŮɑɜŬɘ ɖ ɢɟɐůɖ ˊŬɟŮɛɓɞɚɐɠ Lagrange ɡɣɖɚɧŰŮɟɖɠ ŰɎɝɖɠ ůŮ 

ɛɖ ɘůŬˊɏɢɞɜŰŬ əɞɛɓɘəɎ ůɖɛŮɑŬ, ɛŮɘɩɜɞɜŰŬɠ Űɞ ɚŮɔɧɛŮɜɞ űŬɘɜɧɛŮɜɞ Runge əŬɘ ˊŬɟɎɔɞɜŰŬɠ ŮəɗŮŰɘəɞɨɠ 

ɟɡɗɛɞɨɠ ůɨɔəɚɘůɖɠ. ȺɎɜ ŰŬ əɞɛɓɘəɎ ůɖɛŮɑŬ, ŬɜŰɘůŰɞɘɢɞɨɜ ůŮ ɏɜŬɜ əŬɜɧɜŬ ɞɚɞəɚɐɟɤůɖɠ Gauss-Lobatto-

Legendre, Űɞ ůɨůŰɖɛŬ ˊɞɡ ˊɟɞəɨˊŰŮɘ ŭɑɜŮɘ ŭɘŬɔɩɜɘŬ ɛɖŰɟɩŬ ɛɎɕŬɠ, Űɞ ɞˊɞɑɞ ɏɢŮɘ ɤɠ ŬˊɞŰɏɚŮůɛŬ Űɖɜ 

ŬˊɞůɨɕŮɡɝɖ Űɤɜ əŬɗɞɚɘəɩɜ ŮɝɘůɩůŮɤɜ ɘůɞɟɟɞˊɑŬɠ ɔɘŬ əɎɗŮ ɢɟɞɜɘəɐ ůŰɘɔɛɐ. 

ȷˊɧ Űɖɜ Ɏɚɚɖ, ɏɜŬ Ŭˊɧ ŰŬ ɛŮɘɞɜŮəŰɐɛŬŰŬ Űɖɠ űŬůɛŬŰɘəɐɠ ɛŮɗɧŭɞɡ, ŮɑɜŬɘ Űɞ ɔŮɔɞɜɧɠ ɧŰɘ ˊɟɏˊŮɘ ɜŬ 

ŬɜŬˊŰɡɢɗɞɨɜ Ůɘŭɘəɏɠ ɛŮɗɞŭɞɚɞɔɑŮɠ ŭɖɛɘɞɡɟɔɑŬɠ ˊɚɏɔɛŬŰɞɠ, Ŭűɞɨ ůŰɞɜ Ŭɚɔɧɟɘɗɛɞ Űɖɠ SFEM ŰŬ əɞɛɓɘəɎ 

ůɖɛŮɑŬ ˊɟɏˊŮɘ ɜŬ ŰɞˊɞɗŮŰɞɨɜŰŬɘ ůŮ ɞɟɘůɛɏɜŮɠ (ɛɖ Űɡˊɘəɏɠ) ɗɏůŮɘɠ ɛɏůŬ ůŰɞ ůŰɞɘɢŮɑɞ əŬɘ ɧɢɘ ůŮ 

ɘůŬˊɏɢɞɡůŮɠ ɧˊɤɠ ůŰɖɜ FEM. ȺɑɜŬɘ Ůˊɞɛɏɜɤɠ ŮɜŭɘŬűɏɟɞɜ ɜŬ ˊɟɞůŭɘɞɟɘůŰŮɑ Űɞ Ůɨɟɞɠ Űɤɜ ůɡɢɜɞŰɐŰɤɜ ɔɘŬ 
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Űɘɠ ɞˊɞɑŮɠ ɖ űŬůɛŬŰɘəɐ ŰŮɢɜɘəɐ ŮɑɜŬɘ ˊɟŬɔɛŬŰɘəɎ ˊɚŮɞɜŮəŰɘəɐ ůŮ ůɢɏůɖ ɛŮ Űɘɠ əɚŬůɘəɏɠ ůɡɜɗɏůŮɘɠ ˊɞɡ 

ɓŬůɑɕɞɜŰŬɘ ůŮ ɛŮŰŬŰɧˊɘůɖ. 

ȷɜ əŬɘ ɡˊɎɟɢɞɡɜ ŬɟəŮŰɏɠ ŮɟɔŬůɑŮɠ ˊɞɡ ŬůɢɞɚɞɨɜŰŬɘ ɛŮ Űɖɜ Ŭˊɧŭɞůɖ Űɖɠ űŬůɛŬŰɘəɐɠ ˊɟɞůɏɔɔɘůɖɠ ůŰŬ 

ˊɟɞɓɚɐɛŬŰŬ ŭɘɎŭɞůɖɠ əɡɛɎŰɤɜ (Marfurt, 1984; Dauksher & Emery, 2000; De Basabe & Sen, 2007; 

Ainsworth, 2005; Seriani & Oliveira, 2008; Ainsworth & Wajid, 2009; Mazzieri & Razzieri , 2012), ŬɡŰɏɠ 

ɏɢɞɡɜ ˊŮɟɘɞɟɘůŰŮɑ əɡɟɑɤɠ ůŮ ˊɟɞɓɚɐɛŬŰŬ ɛŮ ůɡɔəŮəɟɘɛɏɜŮɠ ɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ɐ, ŭɘŬűɞɟŮŰɘəɎ, ɏɢɞɡɜ 

ŭɘŮɝŬɢɗŮɑ ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ ŬɡůŰɖɟɎ ŬˊɚɞɡůŰŮɡɛɏɜŮɠ ˊŬɟŬŭɞɢɏɠ. 

1.2 ȹɃɀȼ ɇȼɆ ȹȽɄȿɋɀȷɇȽȾȼɆ 
ȼ ˊŬɟɞɨůŬ ŭɘˊɚɤɛŬŰɘəɐ ŮɑɜŬɘ ɞɟɔŬɜɤɛɏɜɖ ůŮ 4 ɓŬůɘəɎ əŮűɎɚŬɘŬ 

¶ ȷɜŬɚɡŰɘəɐ ɚɨůɖ Űɤɜ ŮɝɘůɩůŮɤɜ ŭɘɎŭɞůɖɠ əɡɛɎŰɤɜ: ɄŮɟɘɔɟɎűŮŰŬɘ ůɡɜɞˊŰɘəɎ ɖ ˊɞɟŮɑŬ Ůˊɑɚɡůɖɠ 

əŬɘ ɖ ŮɨɟŮůɖ ŬɜŬɚɡŰɘəɐɠ ɚɨůɖɠ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ŭɘɎŭɞůɖɠ əɡɛɎŰɤɜ, ůŮ ɛɑŬ , ŭɨɞ əŬɘ ŰɟŮɘɠ 

ŭɘŬůŰɎůŮɘɠ. 

¶ ȼ ɛɏɗɞŭɞɠ Űɤɜ űŬůɛŬŰɘəɩɜ ˊŮˊŮɟŬůɛɏɜɤɜ ůŰɞɘɢŮɑɤɜ: ɄŬɟɞɡůɘɎɕɞɜŰŬɘ ŰŬ ɓŬůɘəɎ ɔɜɤɟɑůɛŬŰŬ Űɖɠ 

ɛŮɗɧŭɞɡ, ˊɞɡ ŮɑɜŬɘ əŬɘ Űɞ əɨɟɘɞ ŬɜŰɘəŮɑɛŮɜɞ Űɖɠ ŮɟɔŬůɑŬɠ. ũɑɜŮŰŬɘ ŬɜŬűɞɟɎ ůŰɘɠ ŭɘɎűɞɟŮɠ 

ɘŭɘŬɘŰŮɟɧŰɖŰɏɠ Űɖɠ, ɧˊɤɠ ŰŬ ůɖɛŮɑŬ Gauss Lobatto Legendre, ɗɏɛŬŰŬ ˊɞɚɡɤɜɡɛɘəɐɠ ˊŬɟŮɛɓɞɚɐɠ 

ˊŬɟɎɚɚɖɚŬ ɛŮ Űɞ űŬɘɜɧɛŮɜɞ Runge, Űɞ ŭɘŬɔɩɜɘɞ ɛɖŰɟɩɞ ɛɎɕŬɠ, ɗɏɛŬŰŬ ŭɘŬəɟɘŰɞˊɞɑɖůɖɠ Űɞɡ 

ˊɚɏɔɛŬŰɞɠ Űɤɜ ˊŮˊŮɟŬůɛɏɜɤɜ ůŰɞɘɢŮɑɤɜ əŬɘ ŬəɟɑɓŮɘŬɠ Űɖɠ ɛŮɗɧŭɞɡ. 

¶ Ⱥˊɑɚɡůɖ Űɖɠ Ůɝɑůɤůɖɠ əɑɜɖůɖɠ: ůŮ ŬɡŰɧ Űɞ əŮűɎɚŬɘɞ ŬɜŬˊŰɨůůŮŰŬɘ ɖ ŭɘŬŭɘəŬůɑŬ Űɖɠ Ůˊɑɚɡůɖɠ Űɖɠ 

Ůɝɑůɤůɖɠ əɑɜɖůɖɠ ɛŮ Űɖɜ ɛɏɗɞŭɞ Űɤɜ űŬůɛŬŰɘəɩɜ ˊŮˊŮɟŬůɛɏɜɤɜ ůŰɞɘɢŮɑɤɜ ůŰɞɜ ȼ/Ɉ. 

ɆɡɔəŮəɟɘɛɏɜŬ, ɔɑɜŮŰŬɘ ɛɘŬ ŬɜŬűɞɟɎ ůŰŬ ɘůɞˊŬɟŬɛŮŰɟɘəɎ ˊŮˊŮɟŬůɛɏɜŬ ůŰɞɘɢŮɑŬ əŬɘ ůŰɖɜ 

ˊŬɟŬɔɤɔɐ Űɞɡ ɛɖŰɟɩɞɡ ŭɡůəŬɛɣɑŬɠ əŬɘ ɛɎɕŬɠ. ɇɏɚɞɠ ˊŬɟɞɡůɘɎɕŮŰŬɘ ɖ ɛɏɗɞŭɞɠ Newmark ɖ ɞˊɞɑŬ 

əŬɘ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɔɘŬ Űɖɜ Ůˊɑɚɡůɖ Űɖɠ ŭɘŬűɞɟɘəɐɠ Ůɝɑůɤůɖɠ. 

¶ ȷɟɘɗɛɖŰɘəɎ ˊŬɟŬŭŮɑɔɛŬŰŬ: ȷűɞɨ ɏɢŮɘ ŬɜŬˊŰɡɢɗŮɑ əɩŭɘəŬɠ ůŰɞ MATLAB, ŮɝŮŰɎɕŮŰŬɘ ɖ ŬɝɘɞˊɘůŰɑŬ 

Űɖɠ SEM ɛɏůɤ Ůɜɧɠ ŬɟɘɗɛɖŰɘəɞɨ ˊŬɟŬŭŮɑɔɛŬŰɞɠ əŬɘ ůɡɔəɟɑɜɞɜŰŬɘ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ ɛŮ ŬɡŰɎ Űɖɠ 

FEM ɛŮ ɛŮɔɎɚɞ ˊɚɏɔɛŬ ˊŮˊŮɟŬůɛɏɜɤɜ ůŰɞɘɢŮɑɤɜ 
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2. ȷɁȷȿɈɇȽȾȼ ȿɈɆȼ ɇɋɁ ȺɂȽɆɋɆȺɋɁ ȹȽȷȹɃɆȼɆ 

ȾɈɀȷɇɋɁ 
 

2.1 ȹȽȷȹɃɆȼ ȾɈɀȷɇɃɆ Ɇɇȼ 1 ȹȽȷɆɇȷɆȼ 
ȷɜŰɘəŮɑɛŮɜɞ ŬɡŰɐɠ Űɖɠ ŮɜɧŰɖŰŬɠ ŮɑɜŬɘ ɗŬ ɖ ˊŬɟŬɔɤɔɐ Űɖɠ əɡɛŬŰɘəɐɠ Ůɝɑůɤůɖɠ ɔɘŬ ɛɞɜɞŭɘɎůŰŬŰɞ ůɡɜŮɢɏɠ 

ŮɚŬůŰɘəɧ ɛɏůɞ. ȰɜŬ ŰɏŰɞɘɞ ɛɏůɞ ɗŬ ɛˊɞɟɞɨůŮ ɜŬ ŮɑɜŬɘ ɛɑŬ ɘŭŬɜɘəɐ ɢɞɟŭɐ ŬɛŮɚɖŰɏŬɠ ŭɘŬŰɞɛɐɠ ůŮ ůɢɏůɖ ɛŮ 

Űɞ ɛɐəɞɠ Űɖɠ, ɖ ɞˊɞɑŬ ŭɘŬɗɏŰŮɘ ɞɛɞɘɞɔŮɜɐ ɔɟŬɛɛɘəɐ ˊɡəɜɧŰɖŰŬ ɛɎɕŬɠ, ”ḳ „†‌—Ȣ , əŬɘ ɖ ɞˊɞɑŬ, 

ɧŰŬɜ ŭŮɜ ŮɜŰŮɑɜŮŰŬɘ ɛŮ ɛɑŬ ŮɝɤŰŮɟɘəɐ ŰɎůɖ, ɛˊɞɟŮɑ ɜŬ ˊɎɟŮɘ ɞˊɞɘɞŭɐˊɞŰŮ ůɢɐɛŬ (ŭɖɚŬŭɐ, ŭŮɜ ŭɘŬɗɏŰŮɘ 

ŮůɤŰŮɟɘəɐ ŰɎůɖ).  

ȺɜŰŮɑɜɞɡɛŮ ŬɡŰɐ Űɖ ɢɞɟŭɐ ɛŮ ɑůŮɠ əŬɘ ŬɜŰɑɗŮŰŮɠ ŰɎůŮɘɠ ɇ əŬɘ ůŰŬ ŭɨɞ ɎəɟŬ Űɖɠ, ɞˊɧŰŮ ŬˊɞəŰɎ ŮɡɗɨɔɟŬɛɛɞ 

ůɢɐɛŬ, əŬɘ ɞɟɑɕɞɡɛŮ ɤɠ ɎɝɞɜŬ-x Űɞɜ ɎɝɞɜŬ əŬŰɎ Űɞɜ ɞˊɞɑɞ ŮəŰŮɑɜŮŰŬɘ ɖ ɢɞɟŭɐ. Ⱥɜɩ ɖ ɢɞɟŭɐ ɓɟɑůəŮŰŬɘ ɡˊɧ 

ŰɎůɖ, ́ ɟɞəŬɚɞɨɛŮ, Űɖ ɢɟɞɜɘəɐ ůŰɘɔɛɐ t = 0, ɛɑŬ Ŭɟɢɘəɐ ŭɘŬŰŬɟŬɢɐ Űɖɠ ɢɞɟŭɐɠ, əŬŰɎ Űɞɜ ɎɝɞɜŬ-y ( y Ṷ x  ). 

ȼ ŭɘŬŰŬɟŬɢɐ ŬɡŰɐ ɛˊɞɟŮɑ ɜŬ ŮɑɜŬɘ ŮɑŰŮ ɛɑŬ ůŰɘɔɛɘŬɑŬ ˊŬɟŬɛɧɟűɤůɖ Űɖɠ ɛɞɟűɐɠ ώ •ὼ ŮɑŰŮ ɛɑŬ 

ůŰɘɔɛɘŬɑŬ əŬŰŬɜɞɛɐ ŰŬɢɡŰɐŰɤɜ ůŰɖ ɢɞɟŭɐ Űɖɠ ɛɞɟűɐɠ ώ ‪ὼ, ŮɑŰŮ əŬɘ ůɡɜŭɡŬůɛɧɠ Űɤɜ ŭɨɞ . 

ɀŮ Űɖɜ Ůˊɘɓɞɚɐ ŬɡŰɐɠ Űɖɠ Ŭɟɢɘəɐɠ ŭɘŬŰŬɟŬɢɐɠ, ɧɚŬ ŰŬ ůɖɛŮɑŬ Űɖɠ ɢɞɟŭɐɠ ɝŮəɘɜɞɨɜ ɜŬ əɘɜɞɨɜŰŬɘ. ũɘŬ 

ɢɟɞɜɘəɐ ůŰɘɔɛɐ t>0 ɧɚŬ ŰŬ ůɖɛŮɑŬ-x Űɖɠ ɢɞɟŭɐɠ əɘɜɞɨɜŰŬɘ ɏŰůɘ ɩůŰŮ ɖ ŬˊɞɛɎəɟɡɜůɖ Ŭˊɧ Űɖɜ əŬŰɎůŰŬůɖ 

ɘůɞɟɟɞˊɑŬɠ, əŬɗɩɠ əŬɘ ŰŬ ˊŬɟɎɔɤɔŬ ɛŮɔɏɗɖ, ŭɖɚŬŭɐ ɖ ŰŬɢɨŰɖŰŬ əŬɘ ɖ ŮˊɘŰɎɢɡɜůɖ Űɞɡɠ, ɜŬ ŮɑɜŬɘ 

ůɡɜɎɟŰɖůɖ Űɖɠ ɗɏůɖɠ Űɞɡɠ əŬŰɎ ɛɐəɞɠ Űɖɠ ɢɞɟŭɐɠ əŬɘ Űɞɡ ɢɟɧɜɞɡ. ȰŰůɘ ɏɢɞɡɛŮ y=y(x,t), ɧˊɞɡ ŰŬ x,t 

ɞɟɑɕɞɜŰŬɘ ɤɠ ɞɘ ŬɜŮɝɎɟŰɖŰŮɠ ɛŮŰŬɓɚɖŰɏɠ Űɞɡ ˊɟɞɓɚɐɛŬŰɧɠ ɛŬɠ. 

ȷɜŬɕɖŰɞɨɛŮ ɚɞɘˊɧɜ ɛɑŬ ŭɘŬűɞɟɘəɐ Ůɝɑůɤůɖ, ɖ ɞˊɞɑŬ ɗŬ ŭɘɏˊŮɘ Űɖɜ əɑɜɖůɖ Űɖɠ ɢɞɟŭɐɠ ɏˊŮɘŰŬ Ŭˊɧ Űɖɜ Ŭɟɢɘəɐ 

ŭɘɏɔŮɟůɖ əŬɘ ɖ ɚɨůɖ Űɖɠ ɞˊɞɑŬɠ ɗŬ ŰŬɡŰɑɕŮŰŬɘ ɛŮ Űɖɜ y=y(x,t). ȷɡŰɧ ɗŬ ŮˊɘŰŮɡɢɗŮɑ ɛŮ Űɖ ŮűŬɟɛɞɔɐ Űɞɡ 2ɞɡ 

Ɂɧɛɞɡ Űɞɡ ɁŮɨŰɤɜŬ ɔɘŬ ɏɜŬ ŬˊŮɘɟɞůŰɧ (ŭɘŬűɞɟɘəɧ) ŰɛɐɛŬ Űɖɠ ɢɞɟŭɐɠ. ɆɡɔəŮəɟɘɛɏɜŬ ŮɝŮŰɎɕɞɡɛŮ ɏɜŬ 

əɞɛɛɎŰɘ ɢɞɟŭɐɠ ɛŮŰŬɝɨ ŭɨɞ ůɖɛŮɑɤɜ ɛŮ ůɡɜŰŮŰŬɔɛɏɜŮɠ x əŬɘ x+dx, Űɞ ɞˊɞɑɞ ɏɢŮɘ ɛɎɕŬ dm=ɟĀdx. 

ɄɟɞəŮɘɛɏɜɞɡ ɜŬ ˊɟɞɢɤɟɐůɞɡɛŮ ůŰɖɜ ŬɜɎɚɡůɖ əɎɜɞɡɛŮ Űɖɜ ˊŬɟŬŭɞɢɐ Űɤɜ ɛɘəɟɩɜ ɔɤɜɘɩɜ. ŪŮɤɟɞɨɛŮ 

ŭɖɚŬŭɐ ɧŰɘ ɖ ŭɘŬŰŬɟŬɢɐ Űɖɠ ɢɞɟŭɐɠ ŮɑɜŬɘ ŮˊŬɟəɩɠ ɛɘəɟɐ, ɏŰůɘ ɩůŰŮ ɖ ɔɤɜɑŬ ˊɞɡ ůɢɖɛŬŰɑɕŮɘ ɞˊɞɘɞŭɐˊɞŰŮ 

ŭɘŬűɞɟɘəɧ ŰɛɐɛŬ Űɖɠ ɢɞɟŭɐɠ ɛŮ Űɞɜ ɎɝɞɜŬ-x ɜŬ ŮɑɜŬɘ ŬɟəŮŰɎ ɛɘəɟɐ. ȸɎůŮɘ ŬɡŰɐɠ Űɖɠ ˊŬɟŬŭɞɢɐɠ ɘůɢɨŮɘ ɛŮ 

ˊɞɚɨ əŬɚɐ ˊɟɞůɏɔɔɘůɖ ˊɤɠ  ʃØȟÔ ÓÉÎʃØȟÔ ÔÁÎʃØȟÔ   

 

ȺɘəɧɜŬ 2: ɇɞ ˊɟɧɓɚɖɛŬ Űɖɠ ˊŬɚɚɧɛŮɜɖɠ ɢɞɟŭɐɠ 
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ɆɨɛűɤɜŬ ɛŮ Űɞɜ ɁŮɨŰɤɜŬ ɚɞɘˊɧɜ ɖ ůɡɜɘůŰŬɛɏɜɖ Űɤɜ ŭɡɜɎɛŮɤɜ ˊɞɡ ŬůəɞɨɜŰŬɘ ů' ɏɜŬ ůɩɛŬ, ɘůɞɨŰŬɘ ɛŮ 

Űɞ ɟɡɗɛɧ ɛŮŰŬɓɞɚɐɠ Űɖɠ ɞɟɛɐɠ Űɞɡ ůɩɛŬŰɞɠ. Ⱥŭɩ ɖ ůɡɜɘůŰŬɛɏɜɖ ŭɨɜŬɛɖ ˊɞɡ ŮˊɘŰŬɢɨɜŮɘ Űɞ ŭɘŬűɞɟɘəɧ 

ŰɛɐɛŬ Űɖɠ ɢɞɟŭɐɠ, ŮɑɜŬɘ ɖ ŭɘŬűɞɟɎ Űɤɜ ˊɟɞɓɞɚɩɜ ůŰɞɜ əŬŰŬəɧɟɡűɞ ɎɝɞɜŬ y Űɤɜ ŰɎůŮɤɜ ůŰŬ ɎəɟŬ Űɞɡ 

ŮɝŮŰŬɕɧɛŮɜɞɡ ůɩɛŬŰɞɠ. ȼ ŭɘŬűɞɟɎ ŬɡŰɐ ɞűŮɑɚŮŰŬɘ ůŰɖ ɛŮŰŬɓŬɚɚɧɛŮɜɖ əŬŰɎ ɛɐəɞɠ əŬɛˊɡɚɧŰɖŰŬ Űɖɠ 

ɢɞɟŭɐɠ ɚɧɔɤ Űɖɠ ɛŮŰŬɓɞɚɐɠ Űɖɠ ɔɤɜɑŬɠ ɗ. ȰŰůɘ, ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ ɛŬɠ ɧˊɞɡ ɏɢɞɡɛŮ ůŰŬɗŮɟɐ ɛɎɕŬ əŬɘ 

ŬɜŰɘəŬɗɘůŰɩɜŰŬɠ Űɘɠ əŬŰɎɚɚɖɚŮɠ Űɘɛɏɠ, ɛˊɞɟɞɨɛŮ ɜŬ ɔɟɎɣɞɡɛŮ  
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(2.1) 

ȼ Ůɝɑůɤůɖ (2.1) ŮɑɜŬɘ ɛɑŬ ɔɟŬɛɛɘəɐ ɛŮɟɘəɐ ŭɘŬűɞɟɘəɐ Ůɝɑůɤůɖ ŭŮɨŰŮɟɖɠ ŰɎɝɖɠ əŬɘ ˊŮɟɘɔɟɎűŮɘ Űɖɜ əɑɜɖůɖ 

Űɖɠ ɢɞɟŭɐɠ. ŪɏŰɞɜŰŬɠ ɤɠ ὧ   ɛ́ ɞɟɞɨɛŮ ɜŬ Űɖɜ ŰɟɞˊɞˊɞɘɐůɞɡɛŮ əŬɘ ɜŬ Űɖ ɔɟɎɣɞɡɛŮ əŬɘ ɛŮ Űɖ ɛɞɟűɐ  

 ρ
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‬ὸ

‬ώ
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(2.2) 

 

ɧˊɞɡ Űɞ ɛɏɔŮɗɞɠ ὧ  ŮəűɟɎɕŮɘ Űɖ ŰŬɢɨŰɖŰŬ ŭɘɎŭɞůɖɠ Űɞɡ əɨɛŬŰɞɠ. ɇŮɚɘəɎ, ɏɢɞɡɛŮ Űɞ Ůɝɐɠ ˊɟɧɓɚɖɛŬ 

Ŭɟɢɘəɩɜ Űɘɛɩɜ: 

 
 
    ώ ὧώ π     ‎―‌ ὼȟὸɴ ᴙ

ώὼȟπ ‰ὼ       ‎―‌ ὼɴ ᴙ

ώ ὼȟπ ‪ὼ     ‎―‌ ὼɴ ᴙ

  

(2.3) 

ɆŰɞ ˊɟɧɓɚɖɛŬ ŬɡŰɧ ɟ́ɩŰɞɠ ɏŭɤůŮ Űɖ ɔŮɜɘəɐ ɚɨůɖ ɞ ũɎɚɚɞɠ ɛŬɗɖɛŬŰɘəɧɠ əŬɘ űɡůɘəɧɠ ȻŬɜ ɚŮ Ʌɞɜ 

ɁŰôȷɚŬɛˊɏɟ Űɞ 1746 əŬŰŬɚɐɔɞɜŰŬɠ ůŰɞɜ Űɨˊɞ Űɞɡ ɁŰôȷɚŬɛˊɏɟ 

 
όὼȟὸ

•ὼ ὧὸ •ὼ ὧὸ

ς

ρ

ςὧ
‪ίὨί 

(2.4) 

 

2.2 ȹȽȷȹɃɆȼ ȾɈɀȷɇɃɆ ɆɇȽɆ 2 ȹȽȷɆɇȷɆȺȽɆ 

ȰůŰɤ ɛɑŬ ɛŮɛɓɟɎɜɖ ŬɛŮɚɖŰɏɞɡ ˊɎɢɞɡɠ əŬɘ ŭɘŬůŰɎůŮɤɜ ὒ x ὒ, ɖ ɞˊɞɑŬ ŮəŰŮɑɜŮŰŬɘ ůŰɞ ŮˊɑˊŮŭɞ xy. ȼ 

ɛŮɛɓɟɎɜɖ ŬɡŰɐ ŮɜŰŮɑɜŮŰŬɘ ůŰŬ ɎəɟŬ Űɖɠ ɛŮ ɛɘŬ ŭɨɜŬɛɖ ŬɜɎ ɛɞɜɎŭŬ ɛɐəɞɡɠ    , əɎɗŮŰŬ ůŰɞɜ ɎɝɞɜŬ x 

əŬɘ ɛŮ ɛɘŬ ŭɨɜŬɛɖ ŬɜɎ ɛɞɜɎŭŬ ɛɐəɞɡɠ   , əɎɗŮŰŬ ůŰɞɜ ɎɝɞɜŬ y. Ⱥˊɑůɖɠ ŭɘŬɗɏŰŮɘ ɞɛɞɘɧɛɞɟűɖ 

ŮˊɘűŬɜŮɘŬəɐ ˊɡəɜɧŰɖŰŬ ɛɎɕŬɠ ”ḳ „†‌—Ȣ  

ɇɖ ɢɟɞɜɘəɐ ůŰɘɔɛɐ t=0 ŭɘŬŰŬɟɎůůɞɡɛŮ Űɖ ɛŮɛɓɟɎɜɖ əŬŰɎ Űɞɜ ɎɝɞɜŬ z ( z Ṷ xy  ), ɞˊɧŰŮ ɖ ɛŮŰŬŰɧˊɘůɐ Űɖɠ 

ŮɑɜŬɘ ůɡɜɎɟŰɖůɖ z=z(x,y,t). ȳˊɤɠ ůŰɖ ɛɑŬ ŭɘɎůŰŬůɖ, ɏŰůɘ əŬɘ ůŰɘɠ ŭɨɞ ŭɘŬůŰɎůŮɘɠ ɖ Ŭɟɢɘəɐ ŭɘŬŰŬɟŬɢɐ 

ɛˊɞɟŮɑ ɜŬ ŮɑɜŬɘ ɛɘŬ ŮˊɘɓŬɚɚɧɛŮɜɖ ɛŮŰŬŰɧˊɘůɖ, ɛɘŬ ŮˊɘɓŬɚɚɧɛŮɜɖ ŰŬɢɨŰɖŰŬ ɐ ůɡɜŭɡŬůɛɧɠ Űɤɜ ŭɨɞ. 
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ȺɘəɧɜŬ 3: ȹɘɎŭɞůɖ əɨɛŬŰɞɠ ůŮ ŮˊɘűŬɜŮɘŬəɐ ɛŮɛɓɟɎɜɖ 

ŪŬ ŮəűɟɎůɞɡɛŮ ˊɎɚɘ Űɞɜ ŭŮɨŰŮɟɞ ɜɧɛɞ Űɞɡ ɁŮɨŰɤɜŬ ɔɘŬ ɏɜŬ ŬˊŮɘɟɞůŰɧ ŰɛɐɛŬ Űɖɠ ɛŮɛɓɟɎɜɖɠ Űɞ ɞˊɞɑɞ 

ɓɟɑůəŮŰŬɘ ɛŮŰŬɝɨ Űɤɜ ůɡɜŰŮŰŬɔɛɏɜɤɜ x,x+dx əŬŰɎ Űɞɜ x ɎɝɞɜŬ əŬɘ y,y+dy əŬŰɎ Űɞɜ y ɎɝɞɜŬ, Űɞ ɞˊɞɑɞ ɏɢŮɘ 

ɛɎɕŬ dm=ɟĀdxĀdy. ɀŮ ŬɜŰɘəŬŰɎůŰŬůɖ ɚŬɛɓɎɜɞɡɛŮ 

Ὂ
Ὠ

Ὠὸ
άὺ ᵾ 

ὝϽὨὼϽ
‬ᾀ

‬ώ

‬ᾀ

‬ώ
ὝϽὨώϽ

‬ᾀ

‬ὼ

‬ᾀ

‬ὼ
”ϽὨὼϽὨώϽ

‬ᾀ

‬ὸ
ᵾ 

ὝὨὼ
‬ᾀ

‬ώ
Ὠώ ὝὨώ

‬ᾀ

‬ὼ
Ὠὼ ”ϽὨὼϽὨώϽ

‬ᾀ

‬ὸ
ᵾ 

 
Ὕ
‬ᾀ

‬ώ
Ὕ
‬ᾀ

‬ὼ
”
‬ᾀ

‬ὸ
 

  (2.5) 

ɆŰɖɜ ˊŮɟɑˊŰɤůɖ ˊɞɡ ɞɘ ŭɡɜɎɛŮɘɠ ŬɜɎ ɛɞɜɎŭŬ ɛɐəɞɡɠ, ˊɞɡ ŰŮɑɜɞɡɜ Űɖ ɛŮɛɓɟɎɜɖ, ŮɑɜŬɘ ɑŭɘŮɠ əŬɘ ɔɘŬ Űɘɠ ŭɨɞ 

ŭɘŮɡɗɨɜůŮɘɠ  , ŰɧŰŮ ɖ ˊɟɞɖɔɞɨɛŮɜɖ Ůɝɑůɤůɖ ɔɑɜŮŰŬɘ 

Ὕ
‬ᾀ

‬ώ

‬ᾀ

‬ὼ
”
‬ᾀ

‬ὸ
     

ɐ 

 
 
ρ

ὧ

‬ᾀ

‬ὸ

‬ᾀ

‬ὼ

‬ᾀ

‬ώ
 

 

  (2.6) 

ȼ ́ŬɟŬˊɎɜɤ ůɢɏůɖ ŮɑɜŬɘ ɖ Ůɝɑůɤůɖ əɨɛŬŰɞɠ ɔɘŬ ɞɛɞɘɞɔŮɜɏɠ əŬɘ ɘůɧŰɟɞˊɞ ɡɚɘəɧ 2 ŭɘŬůŰɎůŮɤɜ, Ŭˊɧ Űɖɜ 

ɞˊɞɑŬ űŬɑɜŮŰŬɘ ɧŰɘ ɖ ŰŬɢɨŰɖŰŬ əɨɛŬŰɞɠ ŮɑɜŬɘ ὧ  , ɧˊɞɡ ɇ ŮɑɜŬɘ ɖ ŭɨɜŬɛɖ ŬɜɎ ɛɞɜɎŭŬ ɛɐəɞɡɠ əŬɘ ɟ 

ŮɑɜŬɘ ɖ ŮˊɘűŬɜŮɘŬəɐ ˊɡəɜɧŰɖŰŬ ɛɎɕŬɠ 
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2.3 ȺɂȽɆɋɆȼ ȹȽȷȹɃɆȼɆ ȾɈɀȷɇɃɆ ɆɇȽɆ 3 ȹȽȷɆɇȷɆȺȽɆ 
ɆŰɘɠ ˊɟɞɖɔɞɨɛŮɜŮɠ ɡˊɞŮɜɧŰɖŰŮɠ ŮɑŭŬɛŮ Űɘɠ ŮɝɘůɩůŮɘɠ əɨɛŬŰɞɠ ůŮ 1 əŬɘ 2 ŭɘŬůŰɎůŮɘɠ 

‬–

‬ὼ

ρ

ὧ

‬–

‬ὸ
 

əŬɘ 

 ‬–

‬ὼ

‬–

‬ώ

ρ

ὧ

‬–

‬ὸ
 

  (2.7) 

ŬɜŰɑůŰɞɘɢŬ, ɧˊɞɡ ɞɘ ůɡɜŬɟŰɐůŮɘɠ – ώὼȟὸ əŬɘ  – ᾀὼȟώȟὸ, ɐŰŬɜ ɖ ŮɔəɎɟůɘŬ ŬˊɞɛɎəɟɡɜůɖ (Ŭˊɧ 

Űɖɜ əŬŰɎůŰŬůɖ ɘůɞɟɟɞˊɑŬɠ) əɎɗŮŰŬ ůŰɖ ɢɞɟŭɐ ɐ ůŰɖɜ ɛŮɛɓɟɎɜɖ, ŬɜŰɑůŰɞɘɢŬ, ɞˊɧŰŮ ŬɜŬűŮɟɧɛŬůŰŮ ůŮ 

ŮɔəɎɟůɘŬ əɨɛŬŰŬ. ɆŰɖɜ ˊŮɟɑˊŰɤůɖ ɧɛɤɠ Űɖɠ ŰŬɚɎɜŰɤůɖɠ ůŮ ɛɑŬ ɢŬɚɨɓŭɘɜɖ ɟɎɓŭɞ, ɖ ɞˊɞɑŬ ŭɘŮɔŮɑɟŮŰŬɘ 

ˊŬɟɎɚɚɖɚŬ ůŰɞɜ ɎɝɞɜɎ Űɖɠ, ɐ Űɤɜ ɖɢɖŰɘəɩɜ əɡɛɎŰɤɜ ůŮ ůŰɐɚɖ ŬɏɟŬ, ɖ ůɡɜɎɟŰɖůɖ h ɐŰŬɜ ɖ ŭɘŬɛɐəɖɠ 

ŬˊɞɛɎəɟɡɜůɖ (Ŭˊɧ Űɖɜ əŬŰɎůŰŬůɖ ɘůɞɟɟɞˊɑŬɠ) ˊŬɟɎɚɚɖɚŬ ůŰɖ ŭɘŮɨɗɡɜůɖ ŭɘɎŭɞůɖɠ Űɞɡ əɨɛŬŰɞɠ. 

 ȳŰŬɜ ɛŮŰŬɓɞɨɛŮ ůŮ ɏɜŬ ŮɚŬůŰɘəɧ ɛɏůɞ Űɞ ɞˊɞɑɞ ŮəŰŮɑɜŮŰŬɘ ůŰɘɠ 3 ŭɘŬůŰɎůŮɘɠ, ŰɧŰŮ Űɞ ɛɏɔŮɗɞɠ Űɞ ɞˊɞɑɞ 

əɡɛŬɑɜŮŰŬɘ ɤɠ ůɡɜɎɟŰɖůɖ Űɖɠ ɗɏůɖɠ, ὶᴆ ὼȟώȟᾀ əŬɘ Űɞɡ ɢɟɧɜɞɡ, t , ɗŬ ŭɞɨɛŮ ɧŰɘ ɛˊɞɟŮɑ ɜŬ ŮɑɜŬɘ ŮɑŰŮ ɏɜŬ 

ɓŬɗɛɤŰɧ ɛɏɔŮɗɞɠ, ŮɑŰŮ ɏɜŬ ŭɘŬɜɡůɛŬŰɘəɧ ɛɏɔŮɗɞɠ, (ůŮ ˊɘɞ ůɨɜɗŮŰŮɠ ˊŮɟɘˊŰɩůŮɘɠ ɛˊɞɟŮɑ ɜŬ ŮɑɜŬɘ əŬɘ ɏɜŬ 

ŰŬɜɡůŰɘəɧ ɛɏɔŮɗɞɠ). ɋɠ ˊŬɟŬŭŮɑɔɛŬŰŬ, ɗŬ ɛˊɞɟɞɨůŬɜ ɜŬ ŬɜŬűŮɟɗɞɨɜ, ˊ.ɢ., əŬŰɎ Űɖɜ ŭɘɎŭɞůɖ ɖɢɖŰɘəɩɜ 

əɡɛɎŰɤɜ ůŰɞɜ ŬɏɟŬ, ɖ ɛŮŰŬɓɞɚɐ Űɖɠ ˊɑŮůɖɠ Űɞɡ ŬɏɟŬ ὴ ὴὼȟώȟᾀȟὸ, ɐ ɖ ˊɟɞůŬɜŬŰɞɚɘůɛɏɜɖ ŰŬɢɨŰɖŰŬ , 

όᴆ όᴆὼȟώȟᾀȟὸ Űɤɜ ɛɞɟɑɤɜ Űɞɡ ŬɏɟŬ, ɖ ɞˊɞɑŬ ˊɟɞəŬɚŮɑŰŬɘ Ŭˊɧ Űɖɜ ˊɟɞɖɔɞɨɛŮɜɖ ɛŮŰŬɓɞɚɐ Űɖɠ ˊɑŮůɖɠ 

ɚɧɔɤ Űɞɡ ɐɢɞɡ əŬɘ ˊɟɞəɨˊŰŮɘ Ŭˊɧ Űɖ ůɡɜɞɚɘəɐ ŰŬɢɨŰɖŰŬ ό ᴆ ό ᴆὼȟώȟᾀȟὸ Űɤɜ ɛɞɟɑɤɜ Űɞɡ ŬɏɟŬ ɧŰŬɜ 

ŬűŬɘɟŮɗŮɑ ɖ ɗŮɟɛɘəɐ ůɡɜɘůŰɩůŬ ˊɞɡ ɞűŮɑɚŮŰŬɘ ůŰɖɜ ˊŮˊŮɟŬůɛɏɜɖ ɗŮɟɛɞəɟŬůɑŬ əŬɘ ˊɑŮůɖ Űɤɜ ɛɞɟɑɤɜ Űɞɡ 

ŬɏɟŬ όᴆὶᴆȟὸ όᴆ ὶᴆȟὸ όᴆ ὶᴆȟὸ.  

ȷɜŮɝɎɟŰɖŰŬ Ŭˊɧ Űɞ Ŭɜ ŬɜŬűŮɟɧɛŬůŰŮ ůŰɖɜ ŭɘŬəɨɛŬɜůɖ ɓŬɗɛɤŰɞɨ ɐ ŭɘŬɜɡůɛŬŰɘəɞɨ ɛŮɔɏɗɞɡɠ, ɖ ɛŮŰɎɓŬůɖ 

Ŭˊɧ Űɖ 1 ŭɘɎůŰŬůɖ, ůŰɘɠ 2 ŭɘŬůŰɎůŮɘɠ, ˊɟɞɛɖɜɨŮɘ ɧŰɘ ɖ ˊŮɟŬɘŰɏɟɤ ɛŮŰɎɓŬůɖ ůŰɘɠ 3-ŭɘŬůŰɎůŮɘɠ ɗŬ ɞŭɖɔɐůŮɘ 

ůŮ ɛɘŬ əɡɛŬŰɘəɐ Ůɝɑůɤůɖ Űɖɠ ɛɞɟűɐɠ 

‬–

‬ὼ

‬–

‬ώ

‬–

‬ᾀ

ρ

ὧ

‬–

‬ὸ
 

ɐ 

 
ᶯ–

ρ

ὧ

‬–

‬ὸ
 

  (2.8) 

ɧˊɞɡ ɖ ůɡɜɎɟŰɖůɖ – –ὶᴆȟὸ ɛˊɞɟŮɑ ɜŬ ŮɑɜŬɘ ŮɑŰŮ ɛɑŬ ɓŬɗɛɤŰɐ ůɡɜɎɟŰɖůɖ ŮɑŰŮ ůɡɜɘůŰɩůŬ ɛɑŬɠ 

ŭɘŬɜɡůɛŬŰɘəɐɠ ůɡɜɎɟŰɖůɖɠ, Ŭˊɧ Űɖɜ ŬɜɎɚɡůɖ ůŮ ůɡɜɘůŰɩůŮɠ Űɖɠ ŭɘŬɜɡůɛŬŰɘəɐɠ ɏəűɟŬůɖɠ  

 
ᶯ–ᴆḳὼɳ – ώɳ – ᾀǶɳ– ὼ

‬–

‬ὸ
ώ
‬–

‬ὸ
ᾀǶ
‬–

‬ὸ
 

 

  

(2.9) 
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3. ȼ ɀȺŪɃȹɃɆ ɇɋɁ ūȷɆɀȷɇȽȾɋɁ ɄȺɄȺɅȷɆɀȺɁɋɁ 

ɆɇɃȽɉȺȽɋɁ 
 

3.1 ȺȽɆȷũɋũȼ ï ȸȷɆȽȾȷ ɉȷɅȷȾɇȼɅȽɆɇȽȾȷ 
ȳˊɤɠ ŮɑŭŬɛŮ ůŰŬ ˊɟɞɖɔɞɨɛŮɜŬ, ɖ ŮɚŬůŰɘəɐ Ůɝɑůɤůɖ ŭɘɎŭɞůɖɠ əɨɛŬŰɞɠ ŮɑɜŬɘ ɛɘŬ ɛŮɟɘəɐ ŭɘŬűɞɟɘəɐ 

Ůɝɑůɤůɖ, ŬůɢɏŰɤɠ Ŭɜ ɓɟɘůəɧɛŬůŰŮ ůŰɖ ɛɑŬ, ůŰɘɠ ŭɨɞ ɐ ůŰɘɠ ŰɟŮɘɠ ŭɘŬůŰɎůŮɘɠ. ɇɞ ŮɟɩŰɖɛŬ ˊɞɡ ŮɔŮɑɟŮŰŬɘ 

ŰɩɟŬ ŮɑɜŬɘ, ˊɤɠ ɛˊɞɟɞɨɛŮ ɜŬ Űɖɜ ɚɨůɞɡɛŮ ŬɟɘɗɛɖŰɘəɎ, ɏŰůɘ ɩůŰŮ ɜŬ ŮəɛŮŰŬɚɚŮɡŰɞɨɛŮ Űɖɜ ɡˊɞɚɞɔɘůŰɘəɐ 

ɘůɢɨ Ůɜɧɠ ȼ/Ɉ; 

ȼ ɛɏɗɞŭɞɠ Űɤɜ űŬůɛŬŰɘəɩɜ ˊŮˊŮɟŬůɛɏɜɤɜ ůŰɞɘɢŮɑɤɜ (SFEM) ŮɑɜŬɘ ɛɘŬ ɛɞɟűɐ ŬɟɘɗɛɖŰɘəɐɠ Ůˊɑɚɡůɖɠ 

ɛŮɟɘəɩɜ ŭɘŬűɞɟɘəɩɜ ŮɝɘůɩůŮɤɜ. ȷˊɞŰŮɚŮɑ ůŰɖɜ ɞɡůɑŬ ɛɘŬ Ůɘŭɘəɐ ɡˊɞəŬŰɖɔɞɟɑŬ Űɖɠ ɛŮɗɧŭɞɡ Űɤɜ 

ˊŮˊŮɟŬůɛɏɜɤɜ ůŰɞɘɢŮɑɤɜ, ɖ ɞˊɞɑŬ ɓŬůɑɕŮŰŬɘ ůŮ ˊŬɟŮɛɓɞɚɐ Lagrange ɐ Chebyshev ɡɣɖɚɐɠ ŰɎɝɖɠ 

(Zienkiewicz & Taylor, 2005), ŬɚɚɎ ɛŮ ɛɖ ɘůŬˊɏɢɞɡůŬ əɞɛɓɘəɐ əŬŰŬɜɞɛɐ. ȷɟɢɘəɎ ɖ ́ ɟɞůɏɔɔɘůɖ Űɖɠ ɚɨůɖɠ 

Űɖɠ ɛŮɟɘəɐɠ ŭɘŬűɞɟɘəɐɠ Ůɝɑůɤůɖɠ ɔɘɜɧŰŬɜ ɛŮ ůŮɘɟɏɠ Fourier ɖɛɘŰɞɜɞŮɘŭɞɨɠ Űɨˊɞɡ. ȳɛɤɠ, ɔɘŬ ɜŬ ɛˊɞɟɞɨɜ 

ɜŬ ůɡɜɡˊɞɚɞɔɘůŰɞɨɜ ŬˊɞŰŮɚŮůɛŬŰɘəɎ ɞɘ ɔŮɜɘəɏɠ ůɡɜɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ, ɞɘ ůŮɘɟɏɠ Fourier 

ŬɜŰɘəŬŰŬůŰɎɗɖəŬɜ ɛŮ ˊɞɚɡɩɜɡɛŬ Chebyschev ɐ Legendre. ȼ ˊŬɟŬˊɎɜɤ ŭɘŬűɞɟɎ ůŰɖ ɢɤɟɘəɐ 

ŭŮɘɔɛŬŰɞɚɖɣɑŬ, ůŮ ůɢɏůɖ ɛŮ Űɖɜ əɚŬůɘəɐ FEM, ŮˊɘŭɘɩəŮɘ ɜŬ ŮɚŬɢɘůŰɞˊɞɘɐůŮɘ Űɞ űŬɘɜɧɛŮɜɞ Runge 

(Pozrikidis, 2005). ȼ SFEM ŮɛűŬɜɑůɗɖəŮ ˊɟɩŰɖ űɞɟɎ Ŭˊɧ Űɞɜ A.T. Patera ɔɘŬ Űɖɜ Ůˊɑɚɡůɖ ˊɟɞɓɚɖɛɎŰɤɜ 

ɟɞɐɠ ɟŮɡůŰɩɜ əŬɘ ŮɑɜŬɘ ɛɏɢɟɘ ŰɩɟŬ ɖ əŬɚɨŰŮɟɖ ŭɘŬɗɏůɘɛɖ ɛɏɗɞŭɞɠ ɔɘŬ Űɖɜ Ůˊɑɚɡůɖ Űɤɜ ˊɟɞɓɚɖɛɎŰɤɜ 

ŭɘɎŭɞůɖɠ əɡɛɎŰɤɜ. 

 ȼ ɛɏɗɞŭɞɠ ɏɢŮɘ ŭŮɑɝŮɘ ůŮ ˊɞɘəɑɚŬ ˊŬɟŬŭŮɑɔɛŬŰŬ ɧŰɘ ůɡɜŭɡɎɕŮɘ Űɖɜ ɔŮɤɛŮŰɟɘəɐ ŮɡŮɚɘɝɑŬ ɛɘŬɠ ɢŬɛɖɚɐɠ 

ŰɎɝŮɤɠ ɛŮɗɧŭɞɡ ˊŮˊŮɟŬůɛɏɜɤɜ ůŰɞɘɢŮɑɤɜ, ɛŮ Űɖɜ ŰŬɢɨŰŬŰɖ ůɨɔəɚɘůɖ, ɖ ɞˊɞɑŬ ɢŬɟŬəŰɖɟɑɕŮɘ Űɘɠ 

űŬůɛŬŰɘəɏɠ ɛŮɗɧŭɞɡɠ, Ŭəɧɛɖ əɘ ɧŰŬɜ ˊɟɏˊŮɘ ɜŬ ŬɜŰɘɛŮŰɤˊɘůŰɞɨɜ ˊŬɟŬɛɞɟűɤɛɏɜŮɠ ɔŮɤɛŮŰɟɑŮɠ ɐ 

ŮŰŮɟɞɔŮɜŮɑɠ ŮɚŬůŰɘəɏɠ ɘŭɘɧŰɖŰŮɠ(ˊ.ɢ. ŭɘŬűɞɟŮŰɘəɏɠ ůŰɟɩůŮɘɠ ŮŭɎűɞɡɠ). 

Ƀ ɧɟɞɠ çűŬůɛŬŰɘəɐè ŬɜŬűɏɟŮŰŬɘ ůŰɞ ɟɡɗɛɧ ůɨɔəɚɘůɖɠ, Ŭűɞɨ ɖ ɛɏɗɞŭɞɠ ůɡɔəɚɑɜŮɘ ŰŬɢɨŰŮɟŬ Ŭˊɧ 

ɞˊɞɘŬŭɐˊɞŰŮ ŭɨɜŬɛɖ 1/p, ɧˊɞɡ p ŮɑɜŬɘ ɖ ŰɎɝɖ Űɖɠ ˊɞɚɡɤɜɡɛɘəɐɠ ˊŬɟŮɛɓɞɚɐɠ (Pozrikidis, 2005). ũɘŬ 

ŬˊŮɑɟɤɠ ˊŬɟŬɔɤɔɑůɘɛŮɠ ůɡɜŬɟŰɐůŮɘɠ, ɖ ůɨɔəɚɘůɖ ŮɑɜŬɘ ŮəɗŮŰɘəɐ. 

ɇɞ űŬɘɜɧɛŮɜɞ Runge 

ɆŰɞ ɛŬɗɖɛŬŰɘəɧ ˊŮŭɑɞ Űɖɠ ŬɟɘɗɛɖŰɘəɐɠ ŬɜɎɚɡůɖɠ, Űɞ űŬɘɜɧɛŮɜɞ Űɞɡ Runge ŮɑɜŬɘ ɏɜŬ ˊɟɧɓɚɖɛŬ 

ŰŬɚɎɜŰɤůɖɠ ůŰŬ ɎəɟŬ Ůɜɧɠ ŭɘŬůŰɐɛŬŰɞɠ ˊɞɡ ŮɛűŬɜɑɕŮŰŬɘ ɧŰŬɜ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ˊɞɚɡɤɜɡɛɘəɐ ˊŬɟŮɛɓɞɚɐ 

ɛŮ ˊɞɚɡɩɜɡɛŬ ɡɣɖɚɞɨ ɓŬɗɛɞɨ ůŮ ɏɜŬ ůɨɜɞɚɞ ůɖɛŮɑɤɜ ˊŬɟŮɛɓɞɚɐɠ ˊɞɡ ɓɟɑůəɞɜŰŬɘ ůŮ ɘůŬˊɏɢɞɡůŬ 

ŬˊɧůŰŬůɖ. ɆŰɖ ɛɏɗɞŭɞ Űɤɜ ˊŮˊŮɟŬůɛɏɜɤɜ ůŰɞɘɢŮɑɤɜ, ŬɡŰɧ Űɞ ˊɟɧɓɚɖɛŬ ɏɟɢŮŰŬɘ ůŰɖɜ ŮˊɘűɎɜŮɘŬ ɧŰŬɜ 

ŮˊɘɢŮɘɟɞɨɛŮ ɜŬ əɎɜɞɡɛŮ ˊɟɞůŬɟɛɞɔɐ Űɨˊɞɡ p (p refinement), ŭɖɚŬŭɐ ŭɘŬŰɖɟɩɜŰŬɠ Űɞ Ŭɟɢɘəɧ ŭɑəŰɡɞ əŬɘ 

ŬɡɝɎɜɞɜŰŬɠ Űɞɜ ɓŬɗɛɧ Űɖɠ ˊɞɚɡɤɜɡɛɘəɐɠ ůɡɜɎɟŰɖůɖɠ Űɞɡ ˊŮŭɑɞɡ Űɤɜ ɛŮŰŬŰɞˊɑůŮɤɜ Űɤɜ ůŰɞɘɢŮɑɤɜ. 

ȷɜŬəŬɚɨűɗɖəŮ Ŭˊɧ Űɞɜ Carl David Tolm® Runge (1901) ɧŰŬɜ ŭɘŮɟŮɨɜɖůŮ Űɖ ůɡɛˊŮɟɘűɞɟɎ Űɤɜ ůűŬɚɛɎŰɤɜ 

əŬŰɎ Űɖ ɢɟɐůɖ ˊɞɚɡɤɜɡɛɘəɐɠ ˊŬɟŮɛɓɞɚɐɠ ɔɘŬ Űɖɜ ˊɟɞůɏɔɔɘůɖ ɞɟɘůɛɏɜɤɜ ůɡɜŬɟŰɐůŮɤɜ. ȼ ŬɜŬəɎɚɡɣɖ 

ɐŰŬɜ ůɖɛŬɜŰɘəɐ ɔɘŬŰɑ ŭŮɑɢɜŮɘ ɧŰɘ ɖ ɛŮŰɎɓŬůɖ ůŮ ɡɣɖɚɧŰŮɟɞɡɠ ɓŬɗɛɞɨɠ ŭŮɜ ɓŮɚŰɘɩɜŮɘ ˊɎɜŰŬ Űɖɜ 

ŬəɟɑɓŮɘŬ. ɇɞ űŬɘɜɧɛŮɜɞ ŮɑɜŬɘ ˊŬɟɧɛɞɘɞ ɛŮ Űɞ űŬɘɜɧɛŮɜɞ Gibbs ůŰɘɠ ˊɟɞůŮɔɔɑůŮɘɠ Űɖɠ ůŮɘɟɎɠ Fourier. H 

SFEM ŬɜŰɘɛŮŰɤˊɑɕŮɘ Űɞ ɗɏɛŬ ŬɡŰɧ, əɎɜɞɜŰŬɠ ɢɟɐůɖ Űɤɜ ůɖɛŮɑɤɜ Gauss Lobatto Legendre, ŰŬ ɞˊɞɑŬ ŮɑɜŬɘ 

ɛɖ ɘůŬˊɏɢɞɜŰŬ 

ɆŰŬ ˊŬɟŬəɎŰɤ ŭɘŬɔɟɎɛɛŬŰŬ ůɡɔəɟɑɜɞɜŰŬɘ ɞɘ ůɡɜŬɟŰɐůŮɘɠ ůɢɐɛŬŰɞɠ Űɞɡ 1ɞɡ ŮɜŭɘɎɛŮůɞɡ ŬɟɘůŰŮɟɞɨ əɧɛɓɞɡ 

Ůɜɧɠ ůŰɞɘɢŮɑɞɡ ˊɞɡ ŮəŰŮɑɜŮŰŬɘ ůŰɖ ɛɑŬ ŭɘɎůŰŬůɖ, Ŭˊɧ ɝ=-1 ɛɏɢɟɘ ɝ=1, ́ ɞɡ ˊɟɞɏɟɢɞɜŰŬɘ Ŭˊɧ ˊŬɟŮɛɓɞɚɐ ůŮ 

ɘůŬˊɏɢɞɜŰŬ ůɖɛŮɑŬ əŬɘ Ŭˊɧ ˊŬɟŮɛɓɞɚɐ ůŰŬ ůɖɛŮɑŬ Gauss Lobatto Legendre. ɄŬɟŬŰɖɟɞɨɛŮ ɧŰɘ ɧůɞ 
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ŬɡɝɎɜŮŰŬɘ Űɞɜ ɓŬɗɛɧ Űɞɡ ˊɞɚɡɤɜɨɛɞɡ ˊŬɟŮɛɓɞɚɐɠ, Űɧůɞ ŬɡɝɎɜŮŰŬɘ əŬɘ ɖ Űɘɛɐ Űɞɡ ůŰŬ ɎəɟŬ, ɔɘŬ Űɖɜ 

ˊŬɟŮɛɓɞɚɐ ůŮ ɘůŬˊɏɢɞɜŰŬ ůɖɛŮɑŬ. ȷɡŰɐ ŮɑɜŬɘ ɛɘŬ ˊɞɚɨ ŮɜŭɘŬűɏɟɞɡůŬ əŬɘ əɟɑůɘɛɖ ˊŬɟŬŰɐɟɖůɖ, əŬɗɩɠ ɖ 

SFEM ůŰɖɟɑɕŮŰŬɘ ůŮ ˊɞɚɡɩɜɡɛŬ ɡɣɖɚɞɨ ɓŬɗɛɞɨ Ŭˊɧ Űɖɜ űɨůɖ Űɖɠ. ɄŬɟɞɡůɘɎɕɞɜŰŬɘ ɞɘ ˊŮɟɘˊŰɩůŮɘɠ ɔɘŬ 

ɓŬɗɛɧ ˊɞɚɡɤɜɨɛɞɡ Ŭˊɧ 3 ɛɏɢɟɘ 10 (ɔɘŬ ɓŬɗɛɞɨɠ 1,2 əŬɘ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ ŮɑɜŬɘ ŰŬ ɑŭɘŬ). 

 

ȺɘəɧɜŬ 4: ɆɡɜɎɟŰɖůɖ ůɢɐɛŬŰɞɠ N2 ɔɘŬ ůŰɞɘɢŮɑɞ 4 əɧɛɓɤɜ - ˊŬɟŮɛɓɞɚɐ 3ɞɡ ɓŬɗɛɞɨ 

 

ȺɘəɧɜŬ 5: ɆɡɜɎɟŰɖůɖ ůɢɐɛŬŰɞɠ N2 ɔɘŬ ůŰɞɘɢŮɑɞ 5 əɧɛɓɤɜ - ˊŬɟŮɛɓɞɚɐ 4ɞɡ ɓŬɗɛɞɨ 
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ȺɘəɧɜŬ 6: ɆɡɜɎɟŰɖůɖ ůɢɐɛŬŰɞɠ N2 ɔɘŬ ůŰɞɘɢŮɑɞ 6 əɧɛɓɤɜ - ˊŬɟŮɛɓɞɚɐ 5ɞɡ ɓŬɗɛɞɨ 

 

ȺɘəɧɜŬ 7: ɆɡɜɎɟŰɖůɖ ůɢɐɛŬŰɞɠ N2 ɔɘŬ ůŰɞɘɢŮɑɞ 7 əɧɛɓɤɜ - ˊŬɟŮɛɓɞɚɐ 6ɞɡ ɓŬɗɛɞɨ 
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ȺɘəɧɜŬ 8: ɆɡɜɎɟŰɖůɖ ůɢɐɛŬŰɞɠ N2 ɔɘŬ ůŰɞɘɢŮɑɞ 8 əɧɛɓɤɜ - ˊŬɟŮɛɓɞɚɐ 7ɞɡ ɓŬɗɛɞɨ 

 

ȺɘəɧɜŬ 9: ɆɡɜɎɟŰɖůɖ ůɢɐɛŬŰɞɠ N2 ɔɘŬ ůŰɞɘɢŮɑɞ 9 əɧɛɓɤɜ - ˊŬɟŮɛɓɞɚɐ 8ɞɡ ɓŬɗɛɞɨ 
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ȺɘəɧɜŬ 10: ɆɡɜɎɟŰɖůɖ ůɢɐɛŬŰɞɠ N2 ɔɘŬ ůŰɞɘɢŮɑɞ 10 əɧɛɓɤɜ - ˊŬɟŮɛɓɞɚɐ 9ɞɡ ɓŬɗɛɞɨ 

 

 

ȺɘəɧɜŬ 11: ɆɡɜɎɟŰɖůɖ ůɢɐɛŬŰɞɠ N2 ɔɘŬ ůŰɞɘɢŮɑɞ 11 əɧɛɓɤɜ - ˊŬɟŮɛɓɞɚɐ 10ɞɡ ɓŬɗɛɞɨ 

ȾŬŰŬɜɞɛɐ əɧɛɓɤɜ 

ũɘŬ ˊɞɚɚɏɠ ˊɟŬəŰɘəɏɠ ŬɜɎɔəŮɠ ŮɑɜŬɘ ɓɞɚɘəɧ ɜŬ ůɡɛˊŮɟɘɚɖűɗɞɨɜ ŰŬ ɎəɟŬ Űɞɡ ŭɘŬůŰɐɛŬŰɞɠ ɞɚɞəɚɐɟɤůɖɠ 

ɛŮŰŬɝɨ Űɤɜ ŭŮɘɔɛŬŰɞɚɖˊŰɘəɩɜ ůɖɛŮɑɤɜ ɞɚɞəɚɐɟɤůɖɠ. ȼ ɛɏɗɞŭɞɠ ɞɚɞəɚɐɟɤůɖɠ Gauss ůɡɛˊŮɟɘɚŬɛɓɎɜŮɘ 

ůɖɛŮɑŬ ůŰɞ ŮůɤŰŮɟɘəɧ Űɞɡ ɢɤɟɑɞɡ ɞɚɞəɚɐɟɤůɖɠ, ɧɛɤɠ ɡˊɎɟɢɞɡɜ ŭɨɞ Ůɘŭɩɜ əŬŰŬɜɞɛɏɠ əɧɛɓɤɜ ˊɞɡ 

ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůɡɜɐɗɤɠ ůŮ ɛŮɗɧŭɞɡɠ űŬůɛŬŰɘəɩɜ ˊŮˊŮɟŬůɛɏɜɤɜ ůŰɞɘɢŮɑɤɜ əŬɘ ɘəŬɜɞˊɞɘɞɨɜ Űɖɜ ˊɘɞ 

ˊɎɜɤ ŬˊŬɑŰɖůɖ: ɖ əŬŰŬɜɞɛɐ əɧɛɓɤɜ Chebyshev əŬɘ ɖ əŬŰŬɜɞɛɐ əɧɛɓɤɜ Lobatto.  
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Ƀɘ əɧɛɓɞɘ Chebyshev ŮɑɜŬɘ ɞɘ ɟɑɕŮɠ Űɤɜ ˊɞɚɡɤɜɨɛɤɜ Chebyshev Űɞɡ ˊɟɩŰɞɡ Ůɑŭɞɡɠ. ɇɞ ˊɟɞəɨˊŰɞɜ 

ˊɞɚɡɩɜɡɛɞ ˊŬɟŮɛɓɞɚɐɠ ɧɢɘ ɛɧɜɞ ŮɚŬɢɘůŰɞˊɞɘŮɑ Űɞ űŬɘɜɧɛŮɜɞ Runge ŬɚɚɎ ˊŬɟɏɢŮɘ Ůˊɑůɖɠ Űɖɜ əŬɚɨŰŮɟɖ 

ˊɟɞůɏɔɔɘůɖ ˊɞɚɡɩɜɡɛɞ əɎŰɤ Ŭˊɧ Űɖ ɛɏɔɘůŰɖ ɜɧɟɛŬ (Burden & Faires, 2011; Kreyzsig, 1989). ɇŬ 

ˊɞɚɡɩɜɡɛŬ Chebyshev Űɞɡ ˊɟɩŰɞɡ Ůɑŭɞɡɠ Tn(x) ɞɟɑɕɞɜŰŬɘ ɤɠ Űɞ ɛɞɜŬŭɘəɧ ˊɞɚɡɩɜɡɛɞ ˊɞɡ ɘəŬɜɞˊɞɘŮɑ Űɖɜ 

Ůɝɑůɤůɖ 
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(3.2) 

Ƀɛɞɑɤɠ, ɞɘ əɧɛɓɞɘ Lobatto ŮɑɜŬɘ ɞɘ ɟɑɕŮɠ Űɤɜ ˊɞɚɡɤɜɨɛɤɜ Lobatto, ˊɞɡ ŮɑɜŬɘ ɖ ˊɟɩŰɖ ˊŬɟɎɔɤɔɞɠ Űɤɜ 

ˊɞɚɡɤɜɨɛɤɜ Legendre 

 ὒ ὼ ὖ ὼȟὼɴ ρȟρ (3.3) 
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 ὖὼ
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ςὭȦ

Ὠ ὸ ρ
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(3.4) 

ŮɑɜŬɘ Űɞ i-ɞůŰɞ ˊɞɚɡɩɜɡɛɞ Legendre. Ƀɘ əɧɛɓɞɘ Lobatto ŮɑɜŬɘ Ůˊɑůɖɠ ŰŬ ůɖɛŮɑŬ Fekete ɔɘŬ Űɖ ɔɟŬɛɛɐ, Űɞ 

ŰŮŰɟɎɔɤɜɞ əŬɘ Űɞɜ əɨɓɞ. ɇŬ ůɖɛŮɑŬ Fekete ůŮ ɏɜŬ ˊŮŭɑɞ ́ ŬɟŮɛɓɞɚɐɠ ŬɜŰɘůŰɞɘɢɞɨɜ ůŰɖɜ əɞɛɓɘəɐ əŬŰŬɜɞɛɐ 

ˊɞɡ ɛŮɔɘůŰɞˊɞɘŮɑ Űɖɜ ɞɟɑɕɞɡůŬ Űɞɡ ˊɑɜŬəŬ Vandermonde (Bos et al., 2001, Pozrikidis, 2005), ɧˊɞɡ ɞ 

ˊɑɜŬəŬɠ Vandermonde ŭɑɜŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ 
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(3.5) 

əŬɘ ɖ ɞɟɑɕɞɡůŬ Űɞɡ ůŰɖɜ ˊŮɟɑˊŰɤůɖ ˊɞɡ ŮɑɜŬɘ ɞɟɗɞɔɤɜɘəɧɠ, ŭɖɚŬŭɐ n=m, əŬɚŮɑŰŬɘ əŬɘ ˊɞɚɡɩɜɡɛɞ 

Vandermonde əŬɘ ŭɑɜŮŰŬɘ Ŭˊɧ Űɞɜ Űɨˊɞ 

 ÄÅÔὠ ὼ ὼ  (3.6) 

ȺɎɜ ɞɘ əɧɛɓɞɘ (ˊɞɡ ŬɜŰɘůŰɞɘɢɞɨɜ ůŰŬ ůɖɛŮɑŬ ŭŮɘɔɛŬŰɞɚɖɣɑŬɠ ůŰɞ ˊŮŭɑɞ ˊŬɟŮɛɓɞɚɐɠ) ɢɟɖůɘɛɞˊɞɘɖɗɞɨɜ 

Ůˊɑůɖɠ ɤɠ ůɖɛŮɑŬ ɔɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɤɜ ɞɚɞəɚɖɟɤɛɎŰɤɜ ɧɔəɞɡ əŬɘ ŮˊɘűɎɜŮɘŬɠ ˊɞɡ ˊɟɞəɨˊŰɞɡɜ ůŰɖɜ 

FEM, ɚŬɛɓɎɜɞɜŰŬɘ ŭɘŬɔɩɜɘŬ ɛɖŰɟɩŬ ɛɎɕŬɠ, ɚɧɔɤ Űɖɠ ůɡɜɗɐəɖɠ ŭɘŬəɟɘŰɐɠ ɞɟɗɞɔɤɜɘəɧŰɖŰŬɠ (Pozrikidis, 

2005). ȷɡŰɧ Űɞ ŰŮɚŮɡŰŬɑɞ ɢŬɟŬəŰɖɟɘůŰɘəɧ Űɖɠ SFEM Űɖɜ əŬɗɘůŰɎ ˊɞɚɨ ŮɚəɡůŰɘəɐ ůŮ ́ɟɞɓɚɐɛŬŰŬ 

ɢɟɞɜɘəɞɨ ˊŮŭɑɞɡ, əŬɗɩɠ ŬɡŰɐ ɖ ůɡɜɗɐəɖ ŬˊɞůɡɜŭɏŮɘ Űɘɠ ŮɝɘůɩůŮɘɠ ɘůɞɟɟɞˊɑŬɠ (ŬˊɞůɨɕŮɡɝɖ ŮɝɘůɩůŮɤɜ 

ɘůɞɟɟɞˊɑŬɠ). ɆŰɖɜ əɚŬůɘəɐ FEM ŬɡŰɐ ɖ ŭɘŬŭɘəŬůɑŬ ŮˊɘɓɎɚɚŮŰŬɘ ŰŮɢɜɖŰɎ, Ůɜɩ ůŰɖɜ SFEM ŮɑɜŬɘ űɡůɘəɧ 

ŬˊɞŰɏɚŮůɛŬ. ɆŰɘɠ ŮˊɧɛŮɜŮɠ ŮɘəɧɜŮɠ ɓɚɏˊɞɡɛŮ Űɖɜ əŬŰŬɜɞɛɐ Űɤɜ əɧɛɓɤɜ ůɨɛűɤɜŬ ɛŮ Űɖɜ ůɡɛɓŬŰɘəɐ 

ɛɏɗɞŭɞ Űɤɜ ˊŮˊŮɟŬůɛɏɜɤɜ ůŰɞɘɢŮɑɤɜ (ɘůŬˊɏɢɞɜŰŬ ůɖɛŮɑŬ) əŬɘ ɛŮ Űɖ ɛɏɗɞŭɞ Űɤɜ űŬůɛŬŰɘəɩɜ 

ˊŮˊŮɟŬůɛɏɜɤɜ ůŰɞɘɢŮɑɤɜ (ůɖɛŮɑŬ Gauss Lobatto Legendre ). 
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ȺɘəɧɜŬ 12: Ɇɨɔəɟɘůɖ 4x4 əɚŬůɘəɞɨ əŬɘ űŬůɛŬŰɘəɞɨ - Lobatto ůŰɞɘɢŮɑɞɡ. 

 

ȺɘəɧɜŬ 13: Ɇɨɔəɟɘůɖ 5x5 əɚŬůɘəɞɨ əŬɘ űŬůɛŬŰɘəɞɨ - Lobatto ůŰɞɘɢŮɑɞɡ. 

 

ȺɘəɧɜŬ 14: Ɇɨɔəɟɘůɖ 6x6 əɚŬůɘəɞɨ əŬɘ űŬůɛŬŰɘəɞɨ - Lobatto ůŰɞɘɢŮɑɞɡ. 
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ȺɘəɧɜŬ 15: Ɇɨɔəɟɘůɖ 7x7 əɚŬůɘəɞɨ əŬɘ űŬůɛŬŰɘəɞɨ - Lobatto ůŰɞɘɢŮɑɞɡ. 

 

ȺɘəɧɜŬ 16: Ɇɨɔəɟɘůɖ 8x8 əɚŬůɘəɞɨ əŬɘ űŬůɛŬŰɘəɞɨ - Lobatto ůŰɞɘɢŮɑɞɡ. 

 

ȺɘəɧɜŬ 17: Ɇɨɔəɟɘůɖ 9x9 əɚŬůɘəɞɨ əŬɘ űŬůɛŬŰɘəɞɨ - Lobatto ůŰɞɘɢŮɑɞɡ. 
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ȺɘəɧɜŬ 18: Ɇɨɔəɟɘůɖ 10x10 əɚŬůɘəɞɨ əŬɘ űŬůɛŬŰɘəɞɨ - Lobatto ůŰɞɘɢŮɑɞɡ. 

ɆŰɞɜ ˊɑɜŬəŬ ɞɘ ɗɏůŮɘɠ ɝi əŬɘ ɞɘ ŬɜŰɑůŰɞɘɢɞɘ ůɡɜŰŮɚŮůŰɏɠ ɓɎɟɞɡɠ wi ɔɘŬ n=1õ10 ůɖɛŮɑŬ  Lobatto 

Ʉɚɐɗɞɠ əɧɛɓɤɜ n Ūɏůɖ ɝi ȸɎɟɞɠ wi 

1 0 2 

2 1 1 

3 1 

0 

0.3333333333333333333333 

1.3333333333333333333333 

4 1 

0.447213595499957939282 

0.1666666666666666666667 

0.833333333333333333333 

5 1 

0.654653670707977143798 

0 

0.1 

0.544444444444444444444 

0.7111111111111111111111 

6 1 

0.765055323929464692851 

0.2852315164806450963142 

0.06666666666666666666667 

0.3784749562978469803166 

0.5548583770354863530167 

7 1 

0.830223896278566929872 

0.468848793470714213804 

0 

0.04761904761904761904762 

0.2768260473615659480107 

0.431745381209862623418 

0.487619047619047619048 

8 1 

0.8717401485096066153375 

0.5917001814331423021445 

0.2092992179024788687687 

0.03571428571428571428571 

0.210704227143506039383 

0.341122692483504364764 

0.412458794658703881567 

9 1 

0.8997579954114601573124 

0.6771862795107377534459 

0.3631174638261781587108 

0 

0.02777777777777777777778 

0.165495361560805525046 

0.2745387125001617352807 

0.3464285109730463451151 

0.3715192743764172335601 

10 1 

0.9195339081664588138289 

0.7387738651055050750031 

0.4779249498104444956612 

0.1652789576663870246262 

0.02222222222222222222222 

0.133305990851070111126 

0.224889342063126452119 

0.292042683679683757876 

0.3275397611838974566565 

ɄɑɜŬəŬɠ 1: ɆɡɜŰŮŰŬɔɛɏɜŮɠ ůɖɛŮɑɤɜ əŬɘ ůɡɜŰŮɚŮůŰɏɠ ɓɎɟɞɡɠ ŬɟɘɗɛɖŰɘəɐɠ ɞɚɞəɚɐɟɤůɖɠ Lobatto ůŰɞ ŭɘɎůŰɖɛŬ [-1,1]  
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3.2 ȺɂȽɆɋɆȺȽɆ ȾȽɁȼɆȼɆ 
ȺˊɘŭɘɩəɞɡɛŮ ɜŬ ˊɟɞůŭɘɞɟɑůɞɡɛŮ Űɞ ˊŮŭɑɞ ɛŮŰŬŰɞˊɑůŮɤɠ ˊɞɡ ˊŬɟɎɔŮŰŬɘ Ŭˊɧ ɏɜŬɜ ůŮɘůɛɧ ůŮ ɏɜŬ 

ˊŮˊŮɟŬůɛɏɜɞ əɞɛɛɎŰɘ ɔɖɠ ɛŮ ɧɔəɞ ɋ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ ůɢɐɛŬ. ɇŬ ůɨɜɞɟŬ ŬɡŰɞɨ Űɞɡ ɧɔəɞɡ 

ˊŮɟɘɚŬɛɓɎɜɞɡɜ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ (stress free surface) ŭɋ əŬɘ ɏɜŬ ŬˊɞɟɟɞűɖŰɘəɧ ůɨɜɞɟɞ ũ. ɇŬ 

ůŮɘůɛɘəɎ əɨɛŬŰŬ ŬɜŰŬɜŬəɚɩɜŰŬɘ Ŭˊɧ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ ŭɋ əŬɘ ɘŭŬɜɘəɎ ŬˊɞɟɟɞűɩɜŰŬɘ ˊɚɐɟɤɠ Ŭˊɧ 

Űɞ ůɨɜɞɟɞ ũ. ɇɞ ɛɞɜŬŭɘŬɑɞ ŭɘɎɜɡůɛŬ ˊɞɡ ɞɟɑɕŮɘ Űɘɠ ŮˊɘűɎɜŮɘŮɠ ůɡɛɓɞɚɑɕŮŰŬɘ ɛŮ ὲ . ɇɞ ˊɟɞůɞɛɞɑɤɛŬ ɛˊɞɟŮɑ 

ɜŬ ɏɢŮɘ ɞˊɞɘɞŭɐˊɞŰŮ ˊɚɐɗɞɠ ŮůɤŰŮɟɘəɩɜ ŬůɡɜŮɢŮɘɩɜ, ɧˊɞɡ əŬɘ ˊɎɚɘ Űɞ ɛɞɜŬŭɘŬɑɞ ŭɘɎɜɡůɛŬ ŮɑɜŬɘ Űɞ ὲ. Ƀɘ 
ɗɏůŮɘɠ Űɤɜ ůŰɞɘɢŮɑɤɜ ůŰɞ ˊɟɞůɞɛɞɑɤɛŬ ůɡɛɓɞɚɑɕɞɜŰŬɘ ɛŮ Űɞ ŭɘɎɜɡůɛŬ ɗɏůɖɠ x=(x,y,z). 

 

ȺɘəɧɜŬ 19: ɄɟɞůɞɛɞɑɤɛŬ Ůɜɧɠ ˊŮˊŮɟŬůɛɏɜɞɡ ŰɛɐɛŬŰɞɠ ŮŭɎűɞɡɠ 

Ƀɘ ŮɝɘůɩůŮɘɠ əɑɜɖůɖɠ ˊɞɡ ŭɘɏˊɞɡɜ Űɖ ŭɘɎŭɞůɖ Űɤɜ ůŮɘůɛɘəɩɜ əɡɛɎŰɤɜ ůŮ ɏɜŬ ŮɚŬůŰɘəɧ ɐ ŬɜŮɚŬůŰɘəɧ 

ůŰŮɟŮɧ ɛˊɞɟɞɨɜ ɜŬ ɚɡɗɞɨɜ ɛŮ ɓɎůɖ ŮɑŰŮ Űɖɜ ɘůɢɡɟɐ ŮɑŰŮ Űɖɜ ŬůɗŮɜɐ ŭɘŬŰɨˊɤůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ. ɆŰɖɜ 

ɘůɢɡɟɐ ŭɘŬŰɨˊɤůɖ, ŭɞɡɚŮɨŮɘ əŬɜŮɑɠ ŬˊŮɡɗŮɑŬɠ ɛŮ Űɘɠ ŮɝɘůɩůŮɘɠ əɑɜɖůɖɠ əŬɘ Űɘɠ ůɢŮŰɘəɏɠ ɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ 

ɔɟŬɛɛɏɜŮɠ ůŮ ŭɘŬűɞɟɘəɐ ɛɞɟűɐ. ȷɡŰɐ ɖ ˊɟɞůɏɔɔɘůɖ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ, ɔɘŬ ˊŬɟɎŭŮɘɔɛŬ, ůŮ ŰŮɢɜɘəɏɠ 

ˊŮˊŮɟŬůɛɏɜɤɜ ŭɘŬűɞɟɩɜ ɐ ůŮ əŬɗɞɚɘəɏɠ ɣŮɡŭɞ-űŬůɛŬŰɘəɏɠ ŰŮɢɜɘəɏɠ ˊɟɞůɞɛɞɑɤůɖɠ. ɆŰɖɜ ŬůɗŮɜɐ 

ŭɘŬŰɨˊɤůɖ, ɢɟɖůɘɛɞˊɞɘŮɑ əŬɜŮɑɠ ɛɘŬ ɞɚɞəɚɖɟɤŰɘəɐ ɛɞɟűɐ Űɤɜ ŮɝɘůɩůŮɤɜ Űɖɠ əɑɜɖůɖɠ, ɧˊɤɠ ůŰɘɠ 

ɛŮɗɧŭɞɡɠ Űɤɜ ˊŮˊŮɟŬůɛɏɜɤɜ ůŰɞɘɢŮɑɤɜ əŬɘ ůŰɘɠ ɛŮɗɧŭɞɡɠ ɎɛŮůɖɠ ɞɚɞəɚɐɟɤůɖɠ. ȼ ɛɏɗɞŭɞɠ űŬůɛŬŰɘəɩɜ 

ůŰɞɘɢŮɑɤɜ (SEM) ˊɞɡ ɛŬɠ ŮɜŭɘŬűɏɟŮɘ, ɓŬůɑɕŮŰŬɘ ůŮ ɛɘŬ ŬůɗŮɜɐ ŭɘŬŰɨˊɤůɖ Űɤɜ ŮɝɘůɩůŮɤɜ Űɖɠ əɑɜɖůɖɠ.  

Ƚůɢɡɟɐ əŬɘ ŬůɗŮɜɐɠ ŭɘŬŰɨˊɤůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ 

ɇɞ ˊŮŭɑɞ ɛŮŰŬŰɧˊɘůɖɠ s ˊɞɡ ˊŬɟɎɔŮŰŬɘ Ŭˊɧ ɏɜŬɜ ůŮɘůɛɧ ŭɘɏˊŮŰŬɘ Ŭˊɧ Űɞɜ 2ɞ ɜɧɛɞ Űɞɡ ɁŮɨŰɤɜŬ 

 ”‬▼ Ͻ╣ █ (3.7) 

ȼ ˊŬɟŬˊɎɜɤ ůɢɏůɖ ɞɜɞɛɎɕŮŰŬɘ əŬɘ ɘůɢɡɟɐ ŭɘŬŰɨˊɤůɖ Űɖɠ Ůɝɑůɤůɖɠ əɑɜɖůɖɠ. ȼ əŬŰŬɜɞɛɐ Űɖɠ ˊɡəɜɧŰɖŰŬɠ 

ůɡɛɓɞɚɑɕŮŰŬɘ ɛŮ ɟ. Ƀ ŰŬɜɡůŰɐɠ Űɤɜ ŰɎůŮɤɜ ɇ ůɢŮŰɑɕŮŰŬɘ ɔɟŬɛɛɘəɎ ɛŮ Űɖ 1ɖ ́ ŬɟɎɔɤɔɞ Űɖɠ ɛŮŰŬŰɧˊɘůɖɠ ▼ 

ůɨɛűɤɜŬ ɛŮ Űɞ ɜɧɛɞ Űɞɡ Hooke, ɞ ɞˊɞɑɞɠ ɔɘŬ ŮɚŬůŰɘəɧ ŬɜɘůɧŰɟɞˊɞ ɡɚɘəɧ ɛˊɞɟŮɑ ɜŬ ɔɟŬűŰŮɑ ůŰɖ ɛɞɟűɐ 

 ╣ ╬ȡ▼ (3.8) 



30 

 

Ƀɘ ŮɚŬůŰɘəɏɠ ɘŭɘɧŰɖŰŮɠ Űɞɡ ˊɟɞůɞɛɞɘɩɛŬŰɞɠ Űɖɠ ɔɖɠ əŬɗɞɟɑɕɞɜŰŬɘ Ŭˊɧ Űɞɜ ŮɚŬůŰɘəɧ ŰŬɜɡůŰɐ ŰɏŰŬɟŰɖɠ 

ŰɎɝɖɠ c, ɞ ɞˊɞɑɞɠ ɏɢŮɘ 21 ŬɜŮɝɎɟŰɖŰŬ ůŰɞɘɢŮɑŬ ůŰɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ ɔŮɜɘəɐɠ ŬɜɘůɞŰɟɞˊɑŬɠ.  

ɆŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ ŭɋ, ɞɘ ŰɎůŮɘɠ ŮɑɜŬɘ ɛɖŭŮɜɘəɏɠ əŬɘ Ůˊɞɛɏɜɤɠ ɔɟɎűɞɡɛŮ 

 ♆Ͻ▪  (3.9) 

ȼ əŬŰɎ ˊɟɞůɏɔɔɘůɖ ŬˊɞɟɟɞűɖŰɘəɐ ɞɟɘŬəɐ ůɡɜɗɐəɖ ˊɞɡ ɗŬ ɢɟɖůɘɛɞˊɞɘɐůɞɡɛŮ ůɡɜŭɏŮɘ Űɘɠ ŭɡɜɎɛŮɘɠ ɏɚɝɖɠ 

ɛŮ Űɖɜ ŰŬɢɨŰɖŰŬ, 

 ♆Ͻ▪ ”‡ ▪‬▼▪ ‡ ◄‬▼◄ ‡ ◄‬▼◄  (3.10) 

ɧˊɞɡ ŰŬ ŭɘŬɜɨůɛŬŰŬ ◄əŬɘ ◄ ŮɑɜŬɘ ɞɟɗɞɔɩɜɘŬ ɛɞɜŬŭɘŬɑŬ ŭɘŬɜɨůɛŬŰŬ ˊɞɡ ŮűɎˊŰɞɜŰŬɘ ůŰɞ ůɨɜɞɟɞ ũ, Ůɜɩ 

Űɞ ▪ ŮɑɜŬɘ Űɞ əɎɗŮŰɞ ɛɞɜŬŭɘŬɑɞ ŭɘɎɜɡůɛŬ, ‡ ŮɑɜŬɘ ɖ ɞɘɞɜŮɑ ŰŬɢɨŰɖŰŬ ŭɘɎŭɞůɖɠ Űɤɜ P-əɡɛɎŰɤɜ ůŰɖɜ ▪ 

əŬŰŮɨɗɡɜůɖ əŬɘ ‡ȟ‡ ŮɑɜŬɘ ɖ ɞɘɤɜɞɑ ŰŬɢɨŰɖŰŬ ŭɘɎŭɞůɖɠ Űɤɜ S-əɡɛɎŰɤɜ ůŰɘɠ əŬŰŮɡɗɨɜůŮɘɠ ◄əŬɘ ◄ 

ŬɜŰɑůŰɞɘɢŬ. 

ȼ ɛɞɜŰŮɚɞˊɞɑɖůɖ Űɖɠ ŭɘɎŭɞůɖɠ əɡɛɎŰɤɜ ůŮ ˊɚɐɟɤɠ ŬɜɘůɧŰɟɞˊŬ ɛɏůŬ ɛŮ əɚŬůɘəɏɠ ŰŮɢɜɘəɏɠ, ɧˊɤɠ Űɖɜ 

ɛɏɗɞŭɞ Űɤɜ ˊŮˊŮɟŬůɛɏɜɤɜ ŭɘŬűɞɟɩɜ, ŮɑɜŬɘ ŭɨůəɞɚɖ ɚɧɔɤ Űɖɠ ɢɟɐůɖɠ əɚɘɛŬəɤŰɩɜ ˊɚŮɔɛɎŰɤɜ. ȼ SEM 

Ŭˊɧ Űɖɜ Ɏɚɚɖ ˊɚŮɡɟɎ, ɛˊɞɟŮɑ ɜŬ ɛɞɜŰŮɚɞˊɞɘɐůŮɘ ɛŮ ŬəɟɑɓŮɘŬ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ ɞˊɞɘŬůŭɐˊɞŰŮ 

ŬɜɘůɞŰɟɞˊɑŬɠ ůŰŬ ŮɚŬůŰɘəɎ əɨɛŬŰŬ.  

ȷɜŰɑ ɜŬ ɢɟɖůɘɛɞˊɞɘɞɨɛŮ ŬˊŮɡɗŮɑŬɠ Űɘɠ ŮɝɘůɩůŮɘɠ əɑɜɖůɖɠ əŬɘ Űɘɠ ůɢŮŰɘəɏɠ ɞɟɘŬəɏɠ ůɡɜɗɐəŮɠ ɧˊɤɠ əɎɜŬɛŮ 

ˊŬɟŬˊɎɜɤ, ůŰɖɜ ɘůɢɡɟɐ Űɞɡɠ ɛɞɟűɐ ŭɖɚŬŭɐ, ɛˊɞɟɞɨɛŮ ɜŬ ɢɟɖůɘɛɞˊɞɘɐůɞɡɛŮ ɛɘŬ ɞɚɞəɚɖɟɤŰɘəɐ ɏəűɟŬůɐ 

Űɞɡɠ. ȰŰůɘ ˊŬɑɟɜɞɡɛŮ 

 

”◌Ͻ‬▼Ὠ● Ἷȡ╣Ὠ● ╜ȡ Ἷ●▼Ὓὸ

       ”‡ ▪‬▼▪ ‡ ◄‬▼◄ ‡ ◄‬▼◄ Ͻ◌Ὠ● 

(3.11) 

ɧˊɞɡ Űɞ w ŮɑɜŬɘ ɏɜŬ ŭɞəɘɛŬůŰɘəɧ ŭɘɎɜɡůɛŬ. ɀŬɗɖɛŬŰɘəɎ, ɞɘ ɘůɢɡɟɏɠ əŬɘ ɞɘ ŬůɗŮɜŮɑɠ ŭɘŬŰɡˊɩůŮɘɠ ŮɑɜŬɘ 

ɘůɞŭɨɜŬɛŮɠ, ŮˊŮɘŭɐ ɖ ůɢɏůɖ (3.11) ɘůɢɨŮɘ ɔɘŬ ɞˊɞɘɞŭɐˊɞŰŮ ŭɞəɘɛŬůŰɘəɧ ŭɘɎɜɡůɛŬ w. ɋůŰɧůɞ, ɏɜŬ Ŭˊɧ ŰŬ 

əŬɚɎ ɢŬɟŬəŰɖɟɘůŰɘəɎ Űɖɠ ŬůɗŮɜɞɨɠ ŭɘŬŰɨˊɤůɖɠ, ŮɑɜŬɘ ɧŰɘ ɖ ɞɟɘŬəɐ ůɡɜɗɐəɖ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ 

(3.9) ɘəŬɜɞˊɞɘŮɑŰŬɘ űɡůɘəɎ, ŭɖɚŬŭɐ ŭŮɜ ɢɟŮɘɎɕŮŰŬɘ ɜŬ ŮˊɘɓɎɚɚŮŰŬɘ ɟɖŰɎ. ȼ ŮɜůɤɛɎŰɤůɖ Űɖɠ ŰɞˊɞɔɟŬűɑŬɠ 

Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ ŮɑɜŬɘ Ůˊɞɛɏɜɤɠ Ŭˊɚɐ əŬɘ ŰŬ ŮˊɘűŬɜŮɘŬəɎ əɨɛŬŰŬ ˊɟɞůɞɛɞɘɩɜɞɜŰŬɘ ɛŮ 

ɛŮɔŬɚɨŰŮɟɖ ŬəɟɑɓŮɘŬ Ŭˊɧ ɛŮɗɧŭɞɡɠ ˊɞɡ ɓŬůɑɕɞɜŰŬɘ ůŰɖɜ ɘůɢɡɟɐ ŭɘŬŰɨˊɤůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ (Komatitsch 

& Vilotte1998, Komatitsch et al.1999c). 

3.3 ɃɅȽɆɀɃɆ ɇɃɈ ɄȿȺũɀȷɇɃɆ 
ȳˊɤɠ əŬɘ ůŰɖɜ əɚŬůɘəɐ FEM, ɞ ɧɔəɞɠ ɋ ɡˊɞŭɘŬɘɟŮɑŰŬɘ ůŮ ɏɜŬ ˊɚɐɗɞɠ ɛɖ ŮˊɘəŬɚɡˊŰɧɛŮɜɤɜ ůŰɞɘɢŮɑɤɜ ɋe, 

e=1,2,...,ne ɏŰůɘ ɩůŰŮ    , ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ ˊŬɟŬəɎŰɤ ůɢɐɛŬ. ɆŬɜ ŬˊɞŰɏɚŮůɛŬ ŬɡŰɐɠ Űɖɠ 

ɡˊɞŭɘŬɑɟŮůɖɠ, Űɞ ŬˊɞɟɟɞűɖŰɘəɧ ůɨɜɞɟɞ ũ ɞɛɞɑɤɠ ŬɜŬˊŬɟɑůŰŬŰŬɘ ɤɠ ɏɜŬ ˊɚɐɗɞɠ ɛɖ ŮˊɘəŬɚɡˊŰɧɛŮɜɤɜ 

ŮˊɘűŬɜŮɘŬəɩɜ ůŰɞɘɢŮɑɤɜ ũb, b=1,2,...,nb ɏŰůɘ ɩůŰŮ ῲ ῲ. 
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ȺɘəɧɜŬ 20: ȹɘŬəɟɘŰɞˊɞɑɖůɖ ŮŭɎűɞɡɠ 

ɆŰɖɜ FEM ɔɘŬ ˊɟɞɓɚɐɛŬŰŬ ůŰɘɠ 3 ŭɘŬůŰɎůŮɘɠ, ɛɘŬ ˊɞɘəɘɚɑŬ ůŰɞɘɢŮɑɤɜ ɧˊɤɠ ŰŮŰɟɎŮŭɟŬ ɐ ŮɝŬŮŭɟɘəɎ ɛˊɞɟɞɨɜ 

ɜŬ ɢɟɖůɘɛɞˊɞɘɖɗɞɨɜ, ɧɛɤɠ ůŰɖɜ SFEM ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ɛɧɜɞ ŮɝŬŮŭɟɘəɎ ůŰɞɘɢŮɑŬ ɧɔəɞɡ. ɆɡɜŮˊɩɠ, Űɞ 

ŬˊɞɟɟɞűɖŰɘəɧ ɧɟɘɞ ũ ɡˊɞŭɘŬɘɟŮɑŰŬɘ ůŮ Ůˊɘɛɏɟɞɡɠ ŰŮŰɟŬˊɚŮɡɟɘəɎ ŮˊɘűŬɜŮɘŬəɎ ůŰɞɘɢŮɑŬ ũb. 

3.4 ȷɁȷɄȷɅȷɆɇȷɆȼ ɆɈɁȷɅɇȼɆȺɋɁ Ɇɇȷ ɆɇɃȽɉȺȽȷ 
ũɘŬ ɜŬ ɚɡɗŮɑ ɖ ŬůɗŮɜɐɠ ɛɞɟűɐ Űɤɜ ŮɝɘůɩůŮɤɜ əɑɜɖůɖɠ (3.10), ŰŬ ɞɚɞəɚɖɟɩɛŬŰŬ ɤɠ ˊɟɞɠ Űɞɜ ɧɔəɞ ɋ əŬɘ 

Űɞ ŬˊɞɟɟɞűɖŰɘəɧ ɧɟɘɞ ũ ɡˊɞŭɘŬɘɟɞɨɜŰŬɘ ɤɠ ˊɟɞɠ ɛɘəɟɧŰŮɟŬ ɞɚɞəɚɖɟɩɛŬŰŬ ůŰŬ ůŰɞɘɢŮɑŬ ɧɔəɞɡ əŬɘ 

ŮˊɘűɎɜŮɘŬɠ ɋe əŬɘ ũb, ŬɜŰɑůŰɞɘɢŬ. ȷɡŰɐ ɖ ŮɜɧŰɖŰŬ ŬůɢɞɚŮɑŰŬɘ ɛŮ Űɖɜ ŬɜŬˊŬɟɎůŰŬůɖ ůɡɜŬɟŰɐůŮɤɜ ůŰŬ 

ůŰɞɘɢŮɑŬ, əŬɘ ɛŮ Űɖɜ ɞɚɞəɚɐɟɤůɖ ůɡɜŬɟŰɐůŮɤɜ ůŮ ɏɜŬ ůŰɞɘɢŮɑɞ.  

ȺɑŭŬɛŮ ́ ɟɞɖɔɞɡɛɏɜɤɠ ɧŰɘ Űɞ ůɢɐɛŬ Űɤɜ ůɡɜɞɟɘŬəɩɜ ůŰɞɘɢŮɑɤɜ əŬɘ Űɤɜ ůŰɞɘɢŮɑɤɜ ɧɔəɞɡ ɛˊɞɟŮɑ ɜŬ ɞɟɘůŰŮɑ 

ɛŮ ɧɟɞɡɠ ˊɞɚɡɤɜɨɛɤɜ Lagrange ɢŬɛɖɚɞɨ ɓŬɗɛɞɨ. ɆŰɖ əɚŬůɘəɐ FEM, ˊɞɚɡɩɜɡɛŬ ɢŬɛɖɚɞɨ ɓŬɗɛɞɨ 

ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ Ůˊɑůɖɠ ɤɠ ůɡɜŬɟŰɐůŮɘɠ ɓɎůɖɠ ɔɘŬ Űɖɜ ŬɜŬˊŬɟɎůŰŬůɖ Űɤɜ ˊŮŭɑɤɜ ůŰŬ ůŰɞɘɢŮɑŬ. ɆŰɖ 

SEM, Ŭˊɧ Űɖɜ Ɏɚɚɖ ˊɚŮɡɟɎ, ɛɘŬ ɡɣɖɚɞɨ ɓŬɗɛɞɨ ˊŬɟŮɛɓɞɚɐ Lagrange ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɔɘŬ ɜŬ ŮəűɟɎůŮɘ 

ůɡɜŬɟŰɐůŮɘɠ ůŰŬ ůŰɞɘɢŮɑŬ. ūɡůɘəɎ, ɗŬ ɛˊɞɟɞɨůŮ əŬɜŮɑɠ ɜŬ ɢɟɖůɘɛɞˊɞɘɐůŮɘ Űɖɜ ɑŭɘŬ ˊɞɚɡɤɜɡɛɘəɐ 

ŬɜŬˊŬɟɎůŰŬůɖ ɡɣɖɚɞɨ ɓŬɗɛɞɨ ɔɘŬ ɜŬ ɞɟɑůŮɘ Űɖ ɔŮɤɛŮŰɟɘəɐ ɢŬɟŰɞɔɟɎűɖůɖ ůŮ əɎɗŮ ůŰɞɘɢŮɑɞ, ŬɚɚɎ ůŰɖɜ 

ˊɟɎɝɖ ŰɏŰɞɘŬ ɡɣɖɚɐ ŬəɟɑɓŮɘŬ ŮɑɜŬɘ ˊŮɟɘŰŰɐ, ɡˊɧ Űɖɜ ˊɟɞɦˊɧɗŮůɖ ɧŰɘ ɞɘ ŭɘŬəɡɛɎɜůŮɘɠ ůŰɖ ɔŮɤɛŮŰɟɑŬ Űɤɜ 

ůŰɞɘɢŮɑɤɜ ŮɑɜŬɘ ŬɟəŮŰɎ ɞɛŬɚɏɠ. 

ɆŰŬ ůɡɜɞɟɘŬəɎ ůŰɞɘɢŮɑŬ ũb, ɛɘŬ ůɡɜɎɟŰɖůɖ f ˊŬɟŮɛɓɎɚɚŮŰŬɘ Ŭˊɧ ŭɘˊɚɎ ɔɘɜɧɛŮɜŬ ˊɞɚɡɤɜɨɛɤɜ Lagrange 

ɓŬɗɛɞɨ nl, ŭɖɚŬŭɐ 

 

Ὢ●‚ȟ– Ὢ ὰ‚ὰ–

ȟ

 (3.11) 

ɆŰɖ SEM ɔɘŬ ˊɟɞɓɚɐɛŬŰŬ ŭɘɎŭɞůɖɠ əɡɛɎŰɤɜ ůɡɜɐɗɤɠ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɏɜŬɠ ˊɞɚɡɤɜɡɛɘəɧɠ ɓŬɗɛɧɠ ɛŮŰŬɝɨ 

5 əŬɘ 10 ɔɘŬ ɜŬ ŬɜŬˊŬɟŬůŰɐůŮɘ ɛɘŬ ůɡɜɎɟŰɖůɖ ůŰɞ ůŰɞɘɢŮɑɞ. Ƀɛɞɑɤɠ, ůŮ əɎɗŮ ůŰɞɘɢŮɑɞ ɧɔəɞɡ ɋe 

ˊŬɟŮɛɓɎɚɚŮŰŬɘ ɛɘŬ ůɡɜɎɟŰɖůɖ f Ŭˊɧ ŰɟɘˊɚɎ ɔɘɜɧɛŮɜŬ ˊɞɚɡɤɜɨɛɤɜ Lagrange ɓŬɗɛɞɨ nl, ŭɖɚŬŭɐ 
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Ὢ●‚ȟ–ȟ‒ Ὢ ὰ‚ὰ–ὰ‒

ȟȟ

 (3.12) 

ʝʌʋʑ 

Ὢ Ὢ●‚ȟ–ȟ‒  

ɉɟɖůɘɛɞˊɞɘɩɜŰŬɠ ŬɡŰɐ Űɖɜ ˊɞɚɡɤɜɡɛɘəɐ ŬɜŬˊŬɟɎůŰŬůɖ, ɖ əɚɑůɖ ɛɘŬɠ ůɡɜɎɟŰɖůɖɠ Ὢ ɛˊɞɟŮɑ ɜŬ ɔɟŬűŰŮɑ 
ůŰɖ ɛɞɟűɐ 

 

Ὢ●‚ȟ–ȟ‒ ●‬Ὢ●‚ȟ–ȟ‒

● Ὢ ὰᴂ‚ὰ–ὰ‒‬‚ ὰ‚ὰᴂ–ὰ‒‬–

ȟȟ

ὰ‚ὰ–ὰᴂ‒‬‒ 

(3.13) 

ɧˊɞɡ ɞ Űɧɜɞɠ ůɖɛŬɑɜŮɘ ˊŬɟŬɔɩɔɘůɖ. ȳŰŬɜ ɡˊɞɚɞɔɑɕŮŰŬɘ ůŰŬ ůɖɛŮɑŬ Gauss Lobato Legendre ●‚ȟ˃– ȟ˃‒ ,˃ 

ŰɧŰŮ ɖ ŰŮɚŮɡŰŬɑŬ ɏəűɟŬůɖ ɔɟɎűŮŰŬɘ 

Ὢ●‚ȟ–ȟ‒ ● Ὢ ˃˃ὰᴂ‚˃‬‚ Ὢ˃ ˃ὰᴂ–˃‬–

Ὢ˃˃ὰᴂ‒˃ ‬‒ 

(3.14) 

ɆŮ ŬɡŰɧ Űɞ ůŰɎŭɘɞ, ɞɘ ɞɚɞəɚɖɟɩůŮɘɠ ůŮ ůŰɞɘɢŮɑŬ ŮˊɘűɎɜŮɘŬɠ ũb əŬɘ ɧɔəɞɡ ɋe ɛˊɞɟɞɨɜ ɜŬ ˊɟɞůŮɔɔɘůŰɞɨɜ 

ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ Űɞɜ əŬɜɧɜŬ ɞɚɞəɚɐɟɤůɖɠ Gauss ( ŬɜŬɚɡŰɘəɧŰŮɟŬ ůŰɞ ŮˊɧɛŮɜɞ əŮűɎɚŬɘɞ) 

Ὢ●Ὠ● Ὢ●‚ȟ– ὐ‚ȟ–Ὠ‚Ὠ– ύύὪ ὐ

ȟ

 (3.15) 

 

Ὢ●Ὠ● Ὢ●‚ȟ–ȟ‒ ὐ‚ȟ–ȟ‒Ὠ‚Ὠ–Ὠ‒ ύύύὪ ὐ

ȟȟ

 

 

(3.16) 

ɧˊɞɡ  

ὐ ὐ‚ȟ–  əŬɘ ὐ ὐ‚ȟ–ȟ‒  

3.5 ȾȷŪɃȿȽȾɃ ɆɈɆɇȼɀȷ  
ȺɑŭŬɛŮ ɧŰɘ ůŰɖ SEM Űɞ ˊɟɞůɞɛɞɑɤɛŬ ɡˊɞŭɘŬɘɟŮɑŰŬɘ ɤɠ ˊɟɞɠ ɏɜŬɜ Ŭɟɘɗɛɧ ŮɝŬŮŭɟɘəɩɜ ɐ ŰŮŰɟŬˊɚŮɡɟɘəɩɜ 

ůŰɞɘɢŮɑɤɜ. ɆŮ əɎɗŮ ɛŮɛɞɜɤɛɏɜɞ ůŰɞɘɢŮɑɞ, ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ Űɘɛɏɠ ůɡɜŬɟŰɐůŮɤɜ ůŰŬ ŭŮɘɔɛŬŰɞɚɖˊŰɘəɎ 

ůɖɛŮɑŬ ɞɚɞəɚɐɟɤůɖɠ Gauss-Lobatto-Legendre. ɇŬ ůɖɛŮɑŬ Űɞɡ ˊɚɏɔɛŬŰɞɠ ˊɞɡ ɓɟɑůəɞɜŰŬɘ ůŰɘɠ ˊɚŮɡɟɏɠ, 

Űɘɠ ɎəɟŮɠ ɐ Űɘɠ ɔɤɜɑŮɠ Ůɜɧɠ ůŰɞɘɢŮɑɞɡ ɛɞɘɟɎɕɞɜŰŬɘ ɛŮŰŬɝɨ ɔŮɘŰɞɜɘəɩɜ ůŰɞɘɢŮɑɤɜ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɖɜ 

ˊŬɟŬəɎŰɤ ȺɘəɧɜŬ. 
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ȺɘəɧɜŬ 21: ɇɞˊɘəɧ əŬɘ əŬɗɞɚɘəɧ ˊɚɏɔɛŬ əɧɛɓɤɜ 

Ⱥˊɞɛɏɜɤɠ, ˊɟɞəɨˊŰŮɘ ɖ ŬɜɎɔəɖ ɜŬ ɔɑɜŮɘ ŭɘɎəɟɘůɖ ɛŮŰŬɝɨ Űɤɜ ůɖɛŮɑɤɜ ˊɚɏɔɛŬŰɞɠ ˊɞɡ ɞɟɑɕɞɡɜ ɏɜŬ ůŰɞɘɢŮɑɞ, 

Űɞɡ Űɞˊɘəɞɨ ˊɚɏɔɛŬŰɞɠ, əŬɘ ɧɚɤɜ Űɤɜ ɔɟŬɛɛɩɜ ˊɚɏɔɛŬŰɞɠ ůŰɞ ˊɟɞůɞɛɞɑɤɛŬ, ˊɞɚɚɏɠ Ŭˊɧ Űɘɠ ɞˊɞɑŮɠ 

ɛɞɘɟɎɕɞɜŰŬɘ ɛŮŰŬɝɨ ˊɞɚɚɩɜ űŬůɛŬŰɘəɩɜ ůŰɞɘɢŮɑɤɜ, Űɞɡ əŬɗɞɚɘəɞɨ ˊɚɏɔɛŬŰɞɠ. 

ɄɟɏˊŮɘ ɜŬ əŬɗɞɟɘůŰŮɑ ɛɘŬ ŬɜŰɘůŰɞɑɢɘůɖ ɛŮŰŬɝɨ Űɤɜ əɧɛɓɤɜ ůŰɞ Űɞˊɘəɧ ˊɚɏɔɛŬ əŬɘ Űɤɜ əɧɛɓɤɜ ůŰɞ 

əŬɗɞɚɘəɧ ˊɚɏɔɛŬ. ũɘŬ Űɞ ůəɞˊɧ ŬɡŰɧ, ɏɢɞɜ ŬɜŬˊŰɡɢɗŮɑ Ŭˊɧ Űɖ FEM ˊɞɚɨ ŬˊɞŰŮɚŮůɛŬŰɘəɞɑ Ŭɚɔɧɟɘɗɛɞɘ. 

ũɘŬ ɜŬ ɛˊɞɟɏůŮɘ Űɞ ůɨůŰɖɛŬ ɜŬ ŬɜŬɚɡɗŮɑ ɛŮ ŬəɟɑɓŮɘŬ ɛŮ Űɖ ˊɎɟɞŭɞ Űɞɡ ɢɟɧɜɞɡ, ˊɟɏˊŮɘ ɜŬ ŬɗɟɞɘůŰɞɨɜ ɞɘ 

ůɡɜŮɘůűɞɟɏɠ Ŭˊɧ ɧɚŬ ŰŬ ůŰɞɘɢŮɑŬ ˊɞɡ ɛɞɘɟɎɕɞɜŰŬɘ ɏɜŬ əɞɘɜɧ əɧɛɓɞ ůŰɞ əŬɗɞɚɘəɧ ˊɚɏɔɛŬ. ɆŰɖɜ əɚŬůɘəɐ 

FEM ɖ ŭɘŬŭɘəŬůɑŬ ŬɡŰɐ ŬɜŬűɏɟŮŰŬɘ ɤɠ ɖ ůɡɜŬɟɛɞɚɧɔɖůɖ Űɞɡ ůɡůŰɐɛŬŰɞɠ (system assembly). 

ɈˊɞɚɞɔɘůŰɘəɎ, ŬɡŰɧ Űɞ ůŰɎŭɘɞ ůɡɜŬɟɛɞɚɧɔɖůɖɠ ŮɑɜŬɘ ɏɜŬ ŬɟəŮŰɎ ŭŬˊŬɜɖɟɧ ɛɏɟɞɠ Űɞɡ ɡˊɞɚɞɔɘůɛɞɨ ůŮ 

ˊŬɟɎɚɚɖɚɞɡɠ ɡˊɞɚɞɔɘůŰɏɠ, ŮˊŮɘŭɐ ɞɘ ˊɚɖɟɞűɞɟɑŮɠ Ŭˊɧ ɛŮɛɞɜɤɛɏɜŬ ůŰɞɘɢŮɑŬ ˊɟɏˊŮɘ ɜŬ ɛɞɘɟɎɕɞɜŰŬɘ ɛŮ 

ɔŮɘŰɞɜɘəɎ ůŰɞɘɢŮɑŬ, ɛɘŬ ɚŮɘŰɞɡɟɔɑŬ ˊɞɡ ˊŮɟɘɚŬɛɓɎɜŮɘ ŮˊɘəɞɘɜɤɜɑŬ ɛŮŰŬɝɨ ŭɘŬűɞɟŮŰɘəɩɜ CPU. 

ȰůŰɤ U Űɞ ŭɘɎɜɡůɛŬ ɛŮŰŬŰɞˊɑůŮɤɜ Űɞɡ əŬɗɞɚɘəɞɨ ůɡůŰɐɛŬŰɞɠ, ŭɖɚŬŭɐ Űɞ U ˊŮɟɘɏɢŮɘ Űɞ ŭɘɎɜɡůɛŬ 

ɛŮŰŬŰɞˊɑůŮɤɜ ůŮ ɧɚɞɡɠ Űɞɡɠ əɧɛɓɞɡɠ Űɞɡ ˊɚɏɔɛŬŰɞɠ ůŰɞ əŬɗɞɚɘəɧ ˊɚɏɔɛŬ əŬɘ əɚŬůɘəɎ ŬɜŬűɏɟŮŰŬɘ ɤɠ 

əŬɗɞɚɘəɞɑ ɓŬɗɛɞɑ ŮɚŮɡɗŮɟɑŬɠ Űɞɡ ůɡůŰɐɛŬŰɞɠ. ȼ ůɡɜɐɗɖɠ ŭɘŬűɞɟɘəɐ Ůɝɑůɤůɖ ˊɞɡ ŭɘɏˊŮɘ Űɖɜ ɢɟɞɜɘəɐ 

Ŭˊɧəɟɘůɖ Űɞɡ əŬɗɞɚɘəɞɨ ůɡůŰɐɛŬŰɞɠ ɛˊɞɟŮɑ ɜŬ ɔɟŬűŰŮɑ ůŰɖ ɛɞɟűɐ 

 ὓὟ ὅὟ ὑὟ Ὂ (3.17) 

ɧˊɞɡ M ŮɑɜŬɘ Űɞ əŬɗɞɚɘəɧ ɛɖŰɟɩɞ ɛɎɕŬɠ, C ŮɑɜŬɘ Űɞ əŬɗɞɚɘəɧ ɛɖŰɟɩɞ ŬˊɧůɓŮůɖɠ (ŬˊɞɟɟɞűɖŰɘəɎ ɧɟɘŬ), 

K ŮɑɜŬɘ Űɞ əŬɗɞɚɘəɧ ɛɖŰɟɩɞ ŭɡůəŬɛɣɑŬɠ əŬɘ F ɖ ŮɝɤŰŮɟɘəɐ ŭɘɏɔŮɟůɖ (ˊɖɔɐ).  

ȳˊɤɠ ɏɢɞɡɛŮ ŰɞɜɑůŮɘ ˊɞɚɚɎəɘɠ, ɛɘŬ ɘŭɘŬɑŰŮɟŬ ŮˊɘɗɡɛɖŰɐ ɘŭɘɧŰɖŰŬ Űɖɠ SEM, ɖ ɞˊɞɑŬ ŮˊɘŰɟɏˊŮɘ ɛɘŬ ˊɞɚɨ 

ůɖɛŬɜŰɘəɐ ɛŮɑɤůɖ Űɖɠ ˊɞɚɡˊɚɞəɧŰɖŰŬɠ əŬɘ Űɞɡ ɡˊɞɚɞɔɘůŰɘəɞɨ əɧůŰɞɡɠ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ, ŮɑɜŬɘ Űɞ ɔŮɔɞɜɧɠ 

ɧŰɘ Űɞ ɛɖŰɟɩɞ ɛɎɕŬɠ M ŮɑɜŬɘ ŭɘŬɔɩɜɘɞ Ŭˊɧ Űɖɜ əŬŰŬůəŮɡɐ Űɞɡ. ɋɠ Ůə ŰɞɨŰɞɡ, ŭŮɜ ŬˊŬɘŰŮɑŰŬɘ əɎˊɞɘɞɠ  

ŭŬˊŬɜɖɟɧɠ Ŭɚɔɧɟɘɗɛɞɠ ɔɘŬ Űɖɜ ɔɟŬɛɛɘəɐ ŬɜɎɚɡůɖ Űɞɡ ůɡůŰɐɛŬŰɞɠ ɛŮ Űɖɜ ˊŬɟɏɚŮɡůɖ Űɞɡ ɢɟɧɜɞɡ. ɆŮ 

ŮˊɑˊŮŭɞ Ůɜɧɠ ůŰɞɘɢŮɑɞɡ, Űɞ ɛɖŰɟɩɞ ɛɎɕŬɠ ŭɑɜŮŰŬɘ Ŭˊɧ Űɞɜ ˊɟɩŰɞ ɧɟɞ ůŰɖɜ ŬůɗŮɜɐ ŭɘŬŰɨˊɤůɖ Űɤɜ 

ŮɝɘůɩůŮɤɜ əɑɜɖůɖɠ (3.10): 
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”◌Ͻ‬▼Ὠ● ”●Ⱪ ◌●Ⱪ Ͻ‬▼●ⱩȟὸὐⱩὨⱩ 

 

(3.18) 

ũɘŬ Űɖ ɛŮŰŬŰɧˊɘůɖ s Ůɜɧɠ ůŰɞɘɢŮɑɞɡ ɛˊɞɟɞɨɛŮ ɜŬ ɔɟɎɣɞɡɛŮ  

 Ἳ●‚ȟ–ȟ‒ȟὸ ● ί ὸὰ‚ὰ–ὰ‒

ȟȟ

 (3.19) 

Ⱥˊɑůɖɠ, ŮˊɘɚɏɔɞɡɛŮ ŭɞəɘɛŬůŰɘəɏɠ ůɡɜŬɟŰɐůŮɘɠ Űɖɠ ɛɞɟűɐɠ  

 Ἷ●‚ȟ–ȟ‒ ● ύ ὰ‚ὰ–ὰ‒

ȟȟ

 (3.20) 

ɀŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɤɜ ůɢɏůŮɤɜ (3.19) əŬɘ (3.20) ůŰɖ ůɢɏůɖ (3.18) ́ ɟɞəɨˊŰŮɘ 

”◌Ͻ‬▼Ὠ● 

ύ ύ˃ ύ˃ ὐ˃
ȟ˃ ȟ˃˃

ȟ˃ ȟ˃˃

” ȟ˃ ȟ˃˃ ●Ͻ●

ȟ

 

ύ ὰ‚˃ὰ–˃ὰ‒˃
ȟȟ

ί ὸὰ‚˃ὰ–˃ὰ‒˃
ȟȟ

 

ύ ύ˃ ύ˃ ὐ˃
˃˃˃

ȟ˃ ȟ˃˃

”˃˃˃ ‏

ȟ

ύ ‏ ‏˃ ‏˃ ˃

ȟȟ

 

ί ὸ‏ ‏˃ ‏˃ ˃

ȟȟ

 

 

ύύύὐ

ȟȟ

” ύ ί ὸ (3.21) 

ɧˊɞɡ ” ”●‚–‒  əŬɘ ɖ ŰŮɚŮɑŬ ůɖɛŬɑɜŮɘ ˊŬɟŬɔɩɔɘůɖ ɤɠ ˊɟɞɠ Űɞ ɢɟɧɜɞ. ȺɑɜŬɘ ůɖɛŬɜŰɘəɧ ɜŬ 

ůɡɜŮɘŭɖŰɞˊɞɘɐůɞɡɛŮ ɧŰɘ ɖ ŬůɗŮɜɐɠ ɛɞɟűɐ Űɤɜ ŮɝɘůɩůŮɤɜ əɑɜɖůɖɠ, ɘůɢɨŮɘ ɔɘŬ ɞˊɞɘɞŭɐˊɞŰŮ ŭɞəɘɛŬůŰɘəɧ 

ŭɘɎɜɡůɛŬ w. ɋɠ Ůə ŰɞɨŰɞɡ, ɖ Ůɝɑůɤůɖ (3.17)  ůŰɞ əŬɗɞɚɘəɧ ůɨůŰɖɛŬ ŭɖɛɘɞɡɟɔŮɑŰŬɘ ɗɏŰɞɜŰŬɠ ɝŮɢɤɟɘůŰɎ 

Űɞɡɠ ɧɟɞɡɠ ύ ȟύ ȟύ  ɑůɞɡɠ ɛŮ Űɞ 0. ȷɡŰɧ ˊɞɡ ŮɑɜŬɘ ŬɝɘɞůɖɛŮɑɤŰɞ ůŰɖɜ Ůɝɑůɤůɖ (3.21), ŮɑɜŬɘ Űɞ 

ɔŮɔɞɜɧɠ ɧŰɘ ɖ Űɘɛɐ Űɖɠ ŮˊɘŰɎɢɡɜůɖɠ ůŮ əɎɗŮ ůɖɛŮɑɞ, ί ὸ, ˊɞɚɚŬˊɚŬůɘɎɕŮŰŬɘ Ŭˊɚɩɠ ɛŮ Űɞɜ ˊŬɟɎɔɞɜŰŬ 

ύύύὐ ” , ŭɖɚŬŭɐ Űɞ ůŰɞɘɢŮɘɩŭŮɠ ɛɖŰɟɩɞ ɛɎɕŬɠ ŮɑɜŬɘ ŭɘŬɔɩɜɘɞ. ȷɡŰɐ ɖ ɘŭɘɧŰɖŰŬ ɘůɢɨŮɘ Ůˊɑůɖɠ 

ɔɘŬ əŬɗɞɚɘəɧ ɛɖŰɟɩɞ ɛɎɕŬɠ ɛŮŰɎ Űɖ ůɡɜŬɟɛɞɚɧɔɖůɖ Űɞɡ ůɡůŰɐɛŬŰɞɠ. ȷɡŰɐ ɖ ŮˊɘɗɡɛɖŰɐ ɘŭɘɧŰɖŰŬ ŮɑɜŬɘ 

ˊɞɡ ɏɢŮɘ ˊŬɟŬəɘɜɐůŮɘ Űɖ ɢɟɐůɖ ˊŬɟŮɛɓɞɚɩɜ Lagrange ɔɘŬ Űɖɜ ŬɜŬˊŬɟɎůŰŬůɖ ůɡɜŬɟŰɐůŮɤɜ ůŰŬ ůŰɞɘɢŮɑŬ, 

ůŮ ůɡɜŭɡŬůɛɧ ɛŮ Űɖ ɢɟɐůɖ Űɞɡ əŬɜɧɜŬ ɞɚɞəɚɐɟɤůɖɠ Gauss-Lobatto-Legendre. ɁŬ ůɖɛŮɘɤɗŮɑ ɧŰɘ ɖ 

ˊɡəɜɧŰɖŰŬ ɟ ŭŮɜ ɢɟŮɘɎɕŮŰŬɘ ɜŬ ŮɑɜŬɘ ůŰŬɗŮɟɐ ůŮ ɏɜŬ ůŰɞɘɢŮɑɞ, ŬɚɚɎ ɛˊɞɟŮɑ ɜŬ ŭɘŬűɏɟŮɘ Ŭˊɧ Űɞ ɏɜŬ ůɖɛŮɑɞ 

ˊɚɏɔɛŬŰɞɠ ůŰɞ Ɏɚɚɞ. Ⱥˊɞɛɏɜɤɠ, ɖ SEM ŮɑɜŬɘ ůŮ ɗɏůɖ ɜŬ ɢŮɘɟɑɕŮŰŬɘ ˊɚɐɟɤɠ ŮŰŮɟɞɔŮɜɐ ɛɏůŬ. 
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ɆɡɢɜɎ, ɖ ɢɟɞɜɘəɐ ŭɘŬəɟɘŰɞˊɞɑɖůɖ Űɖɠ ůɡɜɐɗɞɡɠ ŭɘŬűɞɟɘəɐɠ Ůɝɑůɤůɖɠ ŭŮɨŰŮɟɖɠ ŰɎɝɖɠ (3.17) ŮˊɘŰɡɔɢɎɜŮŰŬɘ 

ɛŮ ɓɎůɖ ɛɘŬ Űɡˊɘəɐ ɛɏɗɞŭɞ ˊŮˊŮɟŬůɛɏɜɤɜ ŭɘŬűɞɟɩɜ ŭŮɨŰŮɟɖɠ ŰɎɝɖɠ, ɛŮŰŬəɘɜɩɜŰŬɠ Űɞɡɠ ɧɟɞɡɠ Űɖɠ 

ŭɡůəŬɛɣɑŬɠ əŬɘ Űɖɠ ŬˊɧůɓŮůɖɠ ůŰɖ ŭŮɝɘɎ ˊɚŮɡɟɎ. ɀɘŬ ŰɏŰɞɘŬ ɛɏɗɞŭɞɠ ŮɑɜŬɘ ɡˊɧ ɧɟɞɡɠ ŮɡůŰŬɗɐɠ əŬɘ ɖ 

ůɡɜɗɐəɖ ŮɡůŰɎɗŮɘŬɠ Courant (CFL) ŭɘɏˊŮŰŬɘ Ŭˊɧ Űɖɜ ŮɚɎɢɘůŰɖ Űɘɛɐ Űɞɡ ɚɧɔɞɡ ɛŮŰŬɝɨ Űɞɡ ɛŮɔɏɗɞɡɠ Űɤɜ 

ůŰɞɘɢŮɑɤɜ Űɞɡ ˊɚɏɔɛŬŰɞɠ əŬɘ Űɖɠ ŰŬɢɨŰɖŰŬɠ ŭɘɎŭɞůɖɠ Űɤɜ əɡɛɎŰɤɜ P. ɆŮ ɞɟɘůɛɏɜŮɠ ˊŮɟɘˊŰɩůŮɘɠ, ɔɘŬ 

ˊŬɟɎŭŮɘɔɛŬ, ɧŰŬɜ ŬˊŬɘŰɞɨɜŰŬɘ ˊɞɚɨ ɛɘəɟɎ ůŰɞɘɢŮɑŬ ůŮ ˊŮɟɘɞɢɏɠ ɧˊɞɡ ɖ ŰŬɢɨŰɖŰŬ ŭɘɎŭɞůɖɠ əɨɛŬŰɞɠ ŮɑɜŬɘ 

ˊɞɚɨ ɡɣɖɚɐ, ɖ ůɡɜɗɐəɖ ůŰŬɗŮɟɧŰɖŰŬɠ CFL ɛˊɞɟŮɑ ɜŬ ŮɑɜŬɘ ˊɞɚɨ ˊŮɟɘɞɟɘůŰɘəɐ. ɆŮ ŬɡŰɐɜ Űɖɜ ˊŮɟɑˊŰɤůɖ, 

ɛˊɞɟŮɑ ɜŬ ɢɟɖůɘɛɞˊɞɘɖɗŮɑ ɖ ɛɏɗɞŭɞɠ Newmark, ɔɟŬɛɛɏɜɖ ůŮ ɛɞɟűɐ ˊɟɧɓɚŮɣɖɠ-ˊɞɚɚŬˊɚɐɠ ŭɘɧɟɗɤůɖɠ 

(Komatitsch 1997; Komatitsch et al.1999a).  

3.6 ȷȾɅȽȸȺȽȷ ɇȼɆ ɀȺŪɃȹɃɈ  

Ⱥˊɘɚɞɔɐ ɓŬɗɛɞɨ ˊɞɚɡɤɜɨɛɞɡ 

ɆŰɖ SEM, ɖ ɢɤɟɘəɐ ŬɜɎɚɡůɖ ŮɚɏɔɢŮŰŬɘ Ŭˊɧ ŭɨɞ ˊŬɟŬɛɏŰɟɞɡɠ: Űɞ Űɡˊɘəɧ ɛɏɔŮɗɞɠ Ůɜɧɠ ůŰɞɘɢŮɑɞɡ ȹh əŬɘ 

Űɞɜ ˊɞɚɡɤɜɡɛɘəɧ ɓŬɗɛɧ ˊɞɡ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɔɘŬ Űɖɜ ŬɜŬˊŬɟɎůŰŬůɖ ůɡɜŬɟŰɐůŮɤɜ ůŮ ɏɜŬ ůŰɞɘɢŮɑɞ nl, 

ɞˊɧŰŮ əɎɗŮ ůŰɞɘɢŮɑɞ ˊŮɟɘɏɢŮɘ nl+1 ůɖɛŮɑŬ ůŮ əɎɗŮ əŬŰŮɨɗɡɜůɖ. ȷˊɧ ŬɡŰɐ Űɖɜ Ɏˊɞɣɖ, ɞɘ SEMs ůɢŮŰɑɕɞɜŰŬɘ 

ɛŮ Űɘɠ FEMs ˊɞɡ ɓŬůɑɕɞɜŰŬɘ ůŮ ɡɣɖɚɧ ˊɞɚɡɤɜɡɛɘəɧ ɓŬɗɛɧ, Űɖ ɚŮɔɧɛŮɜɖ h-p ɏəŭɞůɖ Űɖɠ FEM (Guo & 

Babuska1986) (ůɡɜŭɡŬůɛɧɠ Űɤɜ ɛŮɗɧŭɤɜ h+p ́ ɟɞůŬɟɛɞɔɐɠ, ɧˊɞɡ ɛŮŰɎ Űɖ ɓŮɚŰɑɤůɖ Űɞɡ Ŭɟɢɘəɞɨ ŭɘəŰɨɞɡ 

ɛŮ Űɖ ɛɏɗɞŭɞ h ŬəɞɚɞɡɗŮɑ ɖ ˊɟɞůŬɟɛɞɔɐ Űɨˊɞɡ p Űɖɠ ɞˊɞɑŬɠ ɖ ŬˊɞŰŮɚŮůɛŬŰɘəɧŰɖŰŬ ɓŮɚŰɘɩɜŮŰŬɘ 

ůɖɛŬɜŰɘəɎ). ɆŰɖɜ ˊɟɎɝɖ, ŮɎɜ ɞ ˊɞɚɡɤɜɡɛɘəɧɠ ɓŬɗɛɧɠ ŮɑɜŬɘ ˊɞɚɨ ɛɘəɟɧɠ, ˊ.ɢ. ɛɘəɟɧŰŮɟɞɠ Ŭˊɧ Űɞ Űɡˊɘəɧ 4, 

ɖ SEM ŮɛűŬɜɑɕŮɘ Űɘɠ ɑŭɘŮɠ ŬɜŬəɟɑɓŮɘŮɠ ɛŮ ŬɡŰɏɠ ˊɞɡ ˊŬɟŬŰɖɟɞɨɜŰŬɘ ůŮ ɛɘŬ Űɡˊɘəɐ FEM ˊɞɡ ŮűŬɟɛɧɕŮŰŬɘ 

ůŮ ˊɟɞɓɚɐɛŬŰŬ ŭɘɎŭɞůɖɠ əɡɛɎŰɤɜ (Marfurt 1984). ȷˊɧ Űɖɜ Ɏɚɚɖ, Ŭɜ ɞ ˊɞɚɡɤɜɡɛɘəɧɠ ɓŬɗɛɧɠ ŮɑɜŬɘ ˊɞɚɨ 

ɛŮɔɎɚɞɠ, ˊ.ɢ. ɛŮɔŬɚɨŰŮɟɞɠ Ŭˊɧ 15, ɖ ɛɏɗɞŭɞɠ ŮɑɜŬɘ ɢɤɟɘəɎ ˊɞɚɨ Ŭəɟɘɓɐɠ, ŬɚɚɎ ɞɘ ɡˊɞɚɞɔɘůŰɘəɏɠ ŬˊŬɘŰɐůŮɘɠ 

ɔɑɜɞɜŰŬɘ ŬˊŬɔɞɟŮɡŰɘəɏɠ. Ƀ ɚɧɔɞɠ ɔɘŬ ŬɡŰɧ ŮɑɜŬɘ ɧŰɘ ɞ ɡˊɞɚɞɔɘůɛɧɠ Űɞɡ ɛɖŰɟɩɞɡ ůŰɘɓŬɟɧŰɖŰŬɠ ůŮ 

ůŰɞɘɢŮɘŬəɧ ŮˊɑˊŮŭɞ ɏɢŮɘ ɡˊɞɚɞɔɘůŰɘəɧ əɧůŰɞɠ ὕὲ  ůŰɘɠ 3 ŭɘŬůŰɎůŮɘɠ, ɚɧɔɤ Űɤɜ ˊɞɚɚŬˊɚŬůɘŬůɛɩɜ Űɤɜ 

ˊɘɜɎəɤɜ ˊɞɡ ŮɛˊɚɏəɞɜŰŬɘ. Ɇɡɜɐɗɤɠ, ɞɘ ˊɞɚɡɤɜɡɛɘəɞɑ ɓŬɗɛɞɑ ɛŮŰŬɝɨ 5 əŬɘ 10 ŮɑɜŬɘ ɓɏɚŰɘůŰɞɘ ɔɘŬ Űɖ SEM 

ˊɞɡ ŮűŬɟɛɧɕŮŰŬɘ ůŮ ˊɟɞɓɚɐɛŬŰŬ ŭɘɎŭɞůɖɠ əɡɛɎŰɤɜ, ŮˊŮɘŭɐ ŬɡŰɞɑ ˊŬɟɏɢɞɡɜ Űɖɜ əŬɚɨŰŮɟɖ ŬɜŰɘůŰɎɗɛɘůɖ 

ɛŮŰŬɝɨ ŬəɟɑɓŮɘŬɠ əŬɘ əɧůŰɞɡɠ (Seriani & Priolo 1994). ũɘŬ ɜŬ ɚɖűɗɞɨɜ Ŭəɟɘɓɐ ŬˊɞŰŮɚɏůɛŬŰŬ, Űɞ ȹh ́ ɟɏˊŮɘ 

ɜŬ ŮˊɘɚŮɔŮɑ ɏŰůɘ ɩůŰŮ ɞ ɛɏůɞɠ Ŭɟɘɗɛɧɠ ůɖɛŮɑɤɜ ŬɜɎ ŮɚɎɢɘůŰɞ ɛɐəɞɠ əɨɛŬŰɞɠ ɚmin ůŮ ɏɜŬ ůŰɞɘɢŮɑɞ,          

ɚmin=(nl+1)/ȹh, ɜŬ ŮɑɜŬɘ ˊŮɟɑˊɞɡ ɑůɞɠ ɛŮ 5 ɔɘŬ Űɞ ɓɏɚŰɘůŰɞ Ůɨɟɞɠ ˊɞɚɡɤɜɡɛɘəɩɜ ɓŬɗɛɩɜ ˊɞɡ ŬɜŬűɏɟɞɜŰŬɘ 

ˊŬɟŬˊɎɜɤ (Seriani & Priolo 1994,Faccioli et al.1997). Ⱥˊɞɛɏɜɤɠ, ɖ SEM ůɡɔəɟɑɜŮŰŬɘ ŮɡɜɞɥəɎ ɛŮ ɛɘŬ 

ɛɏɗɞŭɞ FD ɡɣɖɚɐɠ ŰɎɝɖɠ, ɧůɞɜ ŬűɞɟɎ Űɞɜ ŬˊŬɘŰɞɨɛŮɜɞ Ŭɟɘɗɛɧ ůɖɛŮɑɤɜ ŬɜɎ ɛɐəɞɠ əɨɛŬŰɞɠ. 

ɆɢŮŭɘŬůɛɧɠ ˊɚɏɔɛŬŰɞɠ 

ɆŰɖ SEM, ɧˊɤɠ əŬɘ ůŮ əɎɗŮ ɛɏɗɞŭɞ ˊɞɡ ɓŬůɑɕŮŰŬɘ ůŮ ɏɜŬ ˊɚɏɔɛŬ ůŰɞɘɢŮɑɤɜ, ɞ ůɢŮŭɘŬůɛɧɠ Űɞɡ ˊɚɏɔɛŬŰɞɠ 

ŮɑɜŬɘ ɏɜŬ əɟɑůɘɛɞ əŬɘ ŭɨůəɞɚɞ ɓɐɛŬ. ȼ ɢɟɐůɖ ŮɝŬŮŭɟɘəɩɜ ůŰɞɘɢŮɑɤɜ ˊɞɡ ŬˊŬɘŰɞɨɜŰŬɘ ůŰɖ SEM-

ŬˊŬɔɞɟŮɨɞɜŰŬɘ ŰŬ ŰŮŰɟŬɏŭɟŬ- ˊŮɟɘˊɚɏəŮɘ ˊŮɟŬɘŰɏɟɤ ŰŬ ˊɟɎɔɛŬŰŬ. ȷˊŬɘŰŮɑŰŬɘ əɎˊɞɘŬ ŰŮɢɜɞɔɜɤůɑŬ ůŰɞɜ 

ůɢŮŭɘŬůɛɧ ˊɚɏɔɛŬŰɞɠ ɐ ůŰɖɜ ˊɟɞ-ŮˊŮɝŮɟɔŬůɑŬ Űɞɡ ɛɞɜŰɏɚɞɡ ɔɘŬ ɜŬ ŭɘŬůűŬɚɘůŰŮɑ ɧŰɘ ɖ ŬɜɎɚɡůɖ ˊɞɡ 

ˊŬɟɏɢŮŰŬɘ Ŭˊɧ Űɞ ˊɚɏɔɛŬ, ɘŭɑɤɠ ɞ Ŭɟɘɗɛɧɠ Űɤɜ ůɖɛŮɑɤɜ ˊɚɏɔɛŬŰɞɠ ŬɜɎ ɛɐəɞɠ əɨɛŬŰɞɠ, ɗŬ ŮɑɜŬɘ ŮˊŬɟəɐɠ 

ɔɘŬ Űɞ ˊɟɧɓɚɖɛŬ. ũɘŬ ˊŬɟɎŭŮɘɔɛŬ, ůɡɜɐɗɤɠ ŬˊŬɘŰŮɑŰŬɘ ˊɨəɜɤůɖ Űɞɡ ˊɚɏɔɛŬŰɞɠ əɞɜŰɎ ůŰɖɜ ŮɚŮɨɗŮɟɖ 

ŮˊɘűɎɜŮɘŬ, ůŮ ˊŮɟɘɞɢɏɠ ɛŮ Ŭɟɔɐ ŰŬɢɨŰɖŰŬ əɨɛŬŰɞɠ ɐ ɏɜŰɞɜŮɠ ŬɜŰɘɗɏůŮɘɠ ůŰɖɜ ŰŬɢɨŰɖŰŬ əɨɛŬŰɞɠ, ůŮ 

ˊŮɟɘɞɢɏɠ ɛŮ ŬˊɧŰɞɛɖ ŰɞˊɞɔɟŬűɑŬ ɐ əɞɜŰɎ ůŮ ɟɐɔɛŬŰŬ. ɆŰɖɜ ˊɟɎɝɖ, ɔŮɜɘəɎ ůɢŮŭɘɎɕŮŰŬɘ Űɞ ˊɚɏɔɛŬ ɏŰůɘ 

ɩůŰŮ ɜŬ ˊɟɞůɛɞɘɩɜŮɘ Űɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ əŬɘ ŰŬ əɨɟɘŬ ɔŮɤɚɞɔɘəɎ ɧɟɘŬ ŮɜŰɧɠ Űɞɡ ɛɞɜŰɏɚɞɡ. ȳˊɤɠ ůŮ 

ɛɘŬ Űɡˊɘəɐ FEM, ɖ əŬɛˊɡɚɧŰɖŰŬ Űɤɜ ůŰɞɘɢŮɑɤɜ ɗŬ ˊɟɏˊŮɘ ɜŬ ŮɑɜŬɘ ɛɏŰɟɘŬ, ɏŰůɘ ɩůŰŮ ɖ ȽŬəɤɓɘŬɜɐ Űɖɠ 

ŬɜŰɘůŰɞɑɢɘůɖɠ ůŰɞ ŰɛɐɛŬ ŬɜŬűɞɟɎɠ ɜŬ ɛŮŰŬɓɎɚɚŮŰŬɘ ɞɛŬɚɎ ůŮ ɞˊɞɘɞŭɐˊɞŰŮ ŭŮŭɞɛɏɜɞ ůŰɞɘɢŮɑɞ əŬɘ ɜŬ ɛɖɜ 

ɛɖŭŮɜɑɕŮŰŬɘ ˊɞŰɏ. 

ȺˊŮɘŭɐ ɖ ŰŬɢɨŰɖŰŬ Űɞɡ ůŮɘůɛɘəɞɨ ˊŬɚɛɞɨ ɔŮɜɘəɎ ŬɡɝɎɜŮŰŬɘ ɛŮ Űɞ ɓɎɗɞɠ, ůɡɢɜɎ ɢɟŮɘɎɕŮŰŬɘ ɜŬ ˊɡəɜɩɜŮŰŬɘ 

Űɞ ˊɚɏɔɛŬ ůŰŬ ɓŬɗɨŰŮɟŬ ɛɏɟɖ Űɞɡ ˊɟɞůɞɛɞɘɩɛŬŰɞɠ ɔɘŬ ɜŬ ŭɘŬŰɖɟɖɗŮɑ ˊŬɟɧɛɞɘɞɠ Ŭɟɘɗɛɧɠ ůɖɛŮɑɤɜ 
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ˊɚɏɔɛŬŰɞɠ ŬɜɎ ɛɐəɞɠ əɨɛŬŰɞɠ. ȰɜŬɠ Ŭˊɚɧɠ Űɟɧˊɞɠ ɔɘŬ ɜŬ ŮˊɘŰŮɡɢɗŮɑ ŬɡŰɧ ůŮ ŭɨɞ ůŰɎŭɘŬ ůɡɜɑůŰŬŰŬɘ ůŰɞɜ 

ŭɘˊɚŬůɘŬůɛɧ Űɞɡ ˊɚɏɔɛŬŰɞɠ ˊɟɩŰŬ ůŮ ɛɑŬ ɞɟɘɕɧɜŰɘŬ ŭɘɎůŰŬůɖ əŬɘ, ůŰɖ ůɡɜɏɢŮɘŬ, ůŮ ɛŮɔŬɚɨŰŮɟɞ ɓɎɗɞɠ, 

ůŰɖ ŭŮɨŰŮɟɖ ɞɟɘɕɧɜŰɘŬ ŭɘɎůŰŬůɖ, ɧˊɤɠ ŬˊŮɘəɞɜɑɕŮŰŬɘ ůŰɞ Ɇɢ. [ů]. ɋůŰɧůɞ, ŬɡŰɧ Űɞ Ŭˊɚɧ ůɡɛɛɞɟűɞɨɛŮɜɞ 

ˊɚɏɔɛŬ ŭŮɜ ŮɑɜŬɘ Űɞ ɓɏɚŰɘůŰɞ ŮˊŮɘŭɐ ˊŮɟɘɏɢŮɘ  ɔɤɜɑŮɠ 45Á əŬɘ Ůˊɞɛɏɜɤɠ ɡɣɖɚɏɠ Űɞˊɘəɏɠ ɛŮŰŬɓɞɚɚɏɠ ůŰɞ 

ɛɏɔŮɗɞɠ əŬɘ Űɞ ůɢɐɛŬ Űɤɜ űŬůɛŬŰɘəɩɜ ůŰɞɘɢŮɑɤɜ. ȰɜŬɠ ŰɞɛɏŬɠ ŮɜŮɟɔɞɨɠ ɏɟŮɡɜŬɠ ˊŮɟɘɚŬɛɓɎɜŮɘ Űɖ ɢɟɐůɖ 

ɛɖ ůɡɛɛɞɟűɞɨɛŮɜɤɜ ˊɚŮɔɛɎŰɤɜ, ůŰŬ ɞˊɞɑŬ ŭɨɞ ɐ ˊŮɟɘůůɧŰŮɟŬ ůŰɞɘɢŮɑŬ ɛɞɘɟɎɕɞɜŰŬɘ Űɞ ɑŭɘɞ Ɏəɟɞ ɛŮ ɏɜŬ 

Ɏɚɚɞ, ɛŮɔŬɚɨŰŮɟɞ ůŰɞɘɢŮɑɞ ɐ ɞ ůɡɜŭɡŬůɛɧɠ Ŭɚɔɞɟɑɗɛɤɜ űŬůɛŬŰɘəɩɜ ůŰɞɘɢŮɑɤɜ ɛŮ ɎɚɚŮɠ ŰŮɢɜɘəɏɠ ɧˊɤɠ Űɖ 

əɚŬůɘəɐ FEM. (Bernardi et al.1990; Lahaye et al., 1997Ŀ Chaljub & Vilotte 1998). ȷɡŰɏɠ ɞɘ ˊɟɞůŮɔɔɑůŮɘɠ 

Ŭˊɚɞˊɞɘɞɨɜ ůɖɛŬɜŰɘəɎ Űɖ ˊɨəɜɤůɖ Ůɜɧɠ ˊɚɏɔɛŬŰɞɠ, ŬɚɚɎ ŮɑɜŬɘ ˊɞɚɨ ˊɘɞ ŭɨůəɞɚɞ ɜŬ ŮűŬɟɛɞůŰɞɨɜ. 

 

ȺɘəɧɜŬ 22: Ʉɟɞůɞɛɞɑɤůɖ ŮŭɎűɞɡɠ ɛŮ ɛɘəɟɧŰŮɟŬ ůŰɞɘɢŮɑŬ ůŰɖɜ əɞɟɡűɐ Űɞɡ, ɧˊɞɡ ɞɘ ŰŬɢɨŰɖŰŮɠ ŮɑɜŬɘ ůɡɜɐɗɤɠ ɛɘəɟɧŰŮɟŮɠ, əŬɘ ɛŮ 

ɛŮɔŬɚɨŰŮɟŬ ůŰɞɘɢŮɑŬ ůŰɖɜ ɓɎůɖ Űɞɡ, ɧˊɞɡ ɞɘ ŰŬɢɨŰɖŰŮɠ ŮɑɜŬɘ ůɡɜɐɗɤɠ ɛŮɔŬɚɨŰŮɟŮɠ 

ȷəɟɑɓŮɘŬ ɞɚɞəɚɐɟɤůɖɠ 

ȺɑŭŬɛŮ ɧŰɘ ɖ ɢɟɐůɖ ˊŬɟŮɛɓɞɚɩɜ Lagrange ɔɘŬ Űɖɜ ŬɜŬˊŬɟɎůŰŬůɖ ůɡɜŬɟŰɐůŮɤɜ ůŮ ɏɜŬ ůŰɞɘɢŮɑɞ, ůŮ 

ůɡɜŭɡŬůɛɧ ɛŮ Űɖ ɢɟɐůɖ ɛɘŬɠ ŬɟɘɗɛɖŰɘəɐɠ ɞɚɞəɚɐɟɤůɖɠ Gauss-Lobatto-Legendre, ɏɢŮɘ ɤɠ ŬˊɞŰɏɚŮůɛŬ ɏɜŬ 

ŭɘŬɔɩɜɘɞ ɛɖŰɟɩɞ ɛɎɕŬɠ, Űɞ ɞˊɞɑɞ ɛŮ Űɖ ůŮɘɟɎ Űɞɡ ɞŭɖɔŮɑ ůŮ ɛɘŬ Ŭˊɚɐ ɞɚɞəɚɐɟɤůɖ ůŰɞ ɢɟɧɜɞ. ȷɡŰɧ ɏɢŮɘ 

ŮˊɘŰŮɡɢɗŮɑ ɛŮ ɓɎůɖ Űɞɜ əŬɜɧɜŬ ɞɚɞəɚɐɟɤůɖɠ Gauss-Lobatto-Legendre, ŬɜŰɑ Űɞɡ ˊɘɞ əɚŬůɘəɞɨ əŬɜɧɜŬ 

Gauss ˊɞɡ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ůŰɖ FEM. ɋůŰɧůɞ, Ŭəɧɛɖ əŬɘ ůŮ ɏɜŬ ŰŮŰɟɎɔɤɜɞ ɛŮ ɞɛɞɘɞɔŮɜŮɑɠ ŮɚŬůŰɘəɏɠ 

ɘŭɘɧŰɖŰŮɠ, ɞ əŬɜɧɜŬɠ Gauss-Lobatto-Legendre ŮɑɜŬɘ Ŭəɟɘɓɐɠ ɛɧɜɞ ɔɘŬ ˊɞɚɡɩɜɡɛŬ ɓŬɗɛɞɨ 2nl-1. 

ȾɎɗŮ ɞɚɞəɚɐɟɤůɖ ůŰɞ ŮəɎůŰɞŰŮ ůŰɞɘɢŮɑɞ ŬɜŬűɞɟɎɠ ˊŮɟɘɚŬɛɓɎɜŮɘ Űɞ ɔɘɜɧɛŮɜɞ ŭɨɞ ˊɞɚɡɤɜɨɛɤɜ ɓŬɗɛɞɨ 

nl: Űɖ ɛŮŰŬŰɧˊɘůɖ əŬɘ Űɖ ůɡɜɎɟŰɖůɖ ŭɞəɘɛɐɠ. ȼ ɞɚɞəɚɐɟɤůɖ Űɞɡ ˊɟɞəɨˊŰɞɜŰɞɠ ˊɞɚɡɤɜɨɛɞɡ ɓŬɗɛɞɨ 2nl 

ŭŮɜ ŮɑɜŬɘ ˊɞŰɏ Ŭəɟɘɓɐɠ, Ŭəɧɛɖ əŬɘ ůŮ ŬɡŰɐ Űɖɜ Ŭˊɚɐ ˊŮɟɑˊŰɤůɖ. ũɘŬ ˊŬɟŬɛɞɟűɤɛɏɜŬ ůŰɞɘɢŮɑŬ ɡˊɎɟɢɞɡɜ 

ˊɟɧůɗŮŰŬ ůűɎɚɛŬŰŬ ˊɞɡ ůɢŮŰɑɕɞɜŰŬɘ ɛŮ Űɖɜ əŬɛˊɡɚɧŰɖŰŬ (Maday & Rßnquist 1990). Tɞ ɑŭɘɞ ɘůɢɨŮɘ əŬɘ 

ɔɘŬ ůŰɞɘɢŮɑŬ ɛŮ ŮŰŮɟɞɔŮɜŮɑɠ ɘŭɘɧŰɖŰŮɠ ɡɚɘəɞɨ. ȰŰůɘ, ɏɜŬ ŭɘŬɔɩɜɘɞ ɛɖŰɟɩɞ ɛɎɕŬɠ ɏɢŮɘ ɚɖűɗŮɑ ɛŮ ɛɘŬ 

ŭɘŬŭɘəŬůɑŬ ɡˊɞ-ɞɚɞəɚɐɟɤůɖɠ. ȷˊɧ ŬɡŰɐ Űɖɜ Ɏˊɞɣɖ, ɖ SEM ůɢŮŰɑɕŮŰŬɘ ɛŮ Űɖ FEM ůŰɖɜ ɞˊɞɑŬ 

ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ůɡɔəŮɜŰɟɤɛɏɜɖ ɛɎɕŬ ɔɘŬ ɜŬ ŬˊɞűŮɡɢɗŮɑ ɖ ŭŬˊŬɜɖɟɐ ŬɜɎɚɡůɖ Űɞɡ ɛɖ ŭɘŬɔɩɜɘɞɡ 

ůɡůŰɐɛŬŰɞɠ ˊɞɡ ˊɟɞəɨˊŰŮɘ Ŭˊɧ Űɖ ɢɟɐůɖ Űɞɡ ŰŮŰɟɎɔɤɜɞɡ Gauss (Cohen et al.1993). 
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ȷɝɑɕŮɘ ɜŬ ůɖɛŮɘɤɗŮɑ ɧŰɘ ˊŬɟɧɚɞ ˊɞɡ ɖ SEM ˊŬɟɞɡůɘɎɕŮɘ ɡɣɖɚɐ ɢɤɟɘəɐ ŬəɟɑɓŮɘŬ, Űɞ ɢɟɞɜɘəɧ ŭɘɎůŰɖɛŬ 

ˊɞɡ ɢɟɖůɘɛɞˊɞɘɞɨɛŮ ɔɘŬ ɜŬ ɚɨůɞɡɛŮ Űɖɜ ˊɟɞəɨˊŰɞɡůŬ ůɡɜɐɗɖ ŭɘŬűɞɟɘəɐ Ůɝɑůɤůɖ ůŰɞ ɢɟɧɜɞ (32) ŮɑɜŬɘ 

ɏɜŬ Ŭˊɚɧ ůɨůŰɖɛŬ ˊŮˊŮɟŬůɛɏɜɤɜ ŭɘŬűɞɟɩɜ ŭŮɨŰŮɟɖɠ ŰɎɝɖɠ. Ⱥˊɞɛɏɜɤɠ, ɛŬəɟɞˊɟɧɗŮůɛŬ, ɖ ůɡɜɞɚɘəɐ 

ŬəɟɑɓŮɘŬ Űɖɠ ˊɟɞůɞɛɞɑɤůɖɠ ůɡɢɜɎ ŭɘɏˊŮŰŬɘ əɡɟɑɤɠ Ŭˊɧ Űɞ ɢɟɞɜɘəɧ ɓɐɛŬ. 
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4. ȺɄȽȿɈɆȼ ɇȼɆ ȺɂȽɆɋɆȼɆ ȾȽɁȼɆȼɆ 
 

4.1 ȹȽȷɇɈɄɋɆȼ ȺɂȽɆɋɆȼɆ ȾȽɁȼɆȼɆ 
ȺɑɜŬɘ ɔɜɤůŰɧ Ŭˊɧ Űɖ ŭɡɜŬɛɘəɐ, ˊɤɠ ɖ Ůɝɑůɤůɖ əɑɜɖůɖɠ Ůɜɧɠ ˊɞɚɡɓɎɗɛɘɞɡ ůɡůŰɐɛŬŰɞɠ (ɢɤɟɑɠ ŬˊɧůɓŮůɖ) 

Űɞ ɞˊɞɑɞ ŮəŰŮɚŮɑ ŮɝŬɜŬɔəŬůɛɏɜɖ ŰŬɚɎɜŰɤůɖ ɏɢŮɘ Űɖ ɛɞɟűɐ 

 ὓ Ͻό ὑϽό Ὢὸ  (4.1) 

ɧˊɞɡ: 

ὓ: ɀɖŰɟɩɞ ɀɎɕŬɠ 

ὑ: ɀɖŰɟɩɞ ɆŰɘɓŬɟɧŰɖŰŬɠ 

ό: ȹɘɎɜɡůɛŬ ɀŮŰŬŰɞˊɑůŮɤɜ 

Ὢὸ: ȹɘɎɜɡůɛŬ ŮɝɤŰŮɟɘəɩɜ ŭɡɜɎɛŮɤɜ 

ɆŰɖɜ ˊŮɟɑˊŰɤůɖ ɛɎɚɘůŰŬ ɧˊɞɡ ɖ ŮɝɤŰŮɟɘəɐ ŭɘɏɔŮɟůɖ ŮɑɜŬɘ ɖ ŬɜŬˊŰɡůůɧɛŮɜɖ ŮˊɘŰɎɢɡɜůɖ ɚɧɔɤ ůŮɘůɛɞɨ, 

ŰɧŰŮ ɘůɢɨŮɘ Ὢὸ ὓ Ͻό  əŬɘ ɖ ˊŬɟŬˊɎɜɤ ůɢɏůɖ ɔɟɎűŮŰŬɘ 

 ὓ Ͻό ὑϽό ὓ Ͻό  (4.2) 

ũɘŬ ɜŬ ɚɡɗŮɑ Űɞ ˊŬɟŬˊɎɜɤ ˊɟɧɓɚɖɛŬ ŮɑɜŬɘ ůŮ əɎɗŮ ˊŮɟɑˊŰɤůɖ  ŬɜŬɔəŬɑɞɠ ɞ ɡˊɞɚɞɔɘůɛɧɠ Űɧůɞ Űɞɡ 

ɛɖŰɟɩɞɡ ůŰɘɓŬɟɧŰɖŰŬɠ ɧůɞ əŬɘ Űɞɡ ɛɖŰɟɩɞɡ ɛɎɕŬɠ. ɄŬɟŬəɎŰɤ ˊŬɟɞɡůɘɎɕŮŰŬɘ ɖ ŭɘŬŭɘəŬůɑŬ ɡˊɞɚɞɔɘůɛɞɨ 

Űɞɡɠ. ũɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ɘůɞˊŬɟŬɛŮŰɟɘəɎ ˊŮˊŮɟŬůɛɏɜŬ ůŰɞɘɢŮɑŬ ŭɘəŰɡɩɛŬŰɞɠ əŬɘ 

ŮˊɑˊŮŭɖɠ ŮɚŬůŰɘəɧŰɖŰŬɠ. 

4.2 ɈɄɃȿɃũȽɆɀɃɆ ɀȼɇɅɋɃɈ ȹɈɆȾȷɀɊȽȷɆ ȾȷȽ ɀȼɇɅɋɃɈ ɀȷȻȷɆ ï 

ȽɆɃɄȷɅȷɀȺɇɅȽȾȷ ɄȺɄȺɅȷɆɀȺɁȷ ɆɇɃȽɉȺȽȷ 

4.2.1 ȺȽɆȷũɋũȼ ï ɆɉȺɆȼ ȾȷɅɇȺɆȽȷɁɃɈ ɀȺ ūɈɆȽȾɃɈ Ɇ.Ɇ. 

Ʉɞɚɚɏɠ űɞɟɏɠ ɖ ɔŮɤɛŮŰɟɑŬ Ůɜɧɠ ɛɞɜŰɏɚɞɡ ɛŬɠ ŮˊɘɓɎɚɚŮɘ ɜŬ ɢɟɖůɘɛɞˊɞɘɐůɞɡɛŮ ůŰɞɘɢŮɑŬ ŰŬ ɞˊɞɑŬ ŭŮɜ ŮɑɜŬɘ 

ɞɟɗɞɔɤɜɘəɎ, ŬɚɚɎ ɏɢɞɡɜ əŬɛˊɨɚŬ ůɨɜɞɟŬ/ˊɚŮɡɟɏɠ. ȹŮŭɞɛɏɜɞɡ ɧɛɤɠ Űɖɠ ɛŮɔŬɚɨŰŮɟɖɠ ŮɡɢɏɟŮɘŬɠ ɢŮɘɟɘůɛɞɨ 

Űɤɜ ɞɟɗɞɔɤɜɘəɩɜ ůŰɞɘɢŮɑɤɜ ɞɘ Taig əŬɘ Irons ŮˊɘɜɧɖůŬɜ ɛɘŬ ɛɏɗɞŭɞ ɛŮ Űɖɜ ɞˊɞɑŬ ŬˊŮɘəɞɜɑɕŮŰŬɘ Űɞ 

əŬɟŰŮůɘŬɜɧ ůɨůŰɖɛŬ ůɡɜŰŮŰŬɔɛɏɜɤɜ (x,y,z) Ŭɛűɘ-ɛɞɜɞůɐɛŬɜŰŬ ůŮ ɏɜŬ ɜɏɞ ůɨůŰɖɛŬ ůɡɜŰŮŰŬɔɛɏɜɤɜ 

(ů.ů.), Űɞ ɞˊɞɑɞ əŬɚŮɑŰŬɘ űɡůɘəɧ ůɨůŰɖɛŬ (ɝ,ɖ,ɕ). ȼ ůɡůɢɏŰɘůɖ ɛŮŰŬɝɨ Űɞɡ əŬɟŰŮůɘŬɜɞɨ əŬɘ Űɞɡ űɡůɘəɞɨ 

ů.ů. ɔɑɜŮŰŬɘ ɛŮ Űɖɜ ɓɞɐɗŮɘŬ Űɞɡ ȽŬəɤɓɘŬɜɞɨ ɛɖŰɟɩɞɡ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ [J] əŬɘ Űɖɠ ɞɟɑɕɞɡůŬɠ ŬɡŰɞɨ det(J). 
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ȺɘəɧɜŬ 23: ȾŬɟŰŮůɘŬɜɧ əŬɘ űɡůɘəɧ ůɨůŰɖɛŬ ůɡɜŰŮŰŬɔɛɏɜɤɜ 

Ƀ ůŰɞɘɢŮɘɩŭɖɠ ɧɔəɞɠ dV Ůɜɧɠ ˊŬɟŬɚɚɖɚŮˊɑˊŮŭɞɡ ůŰɞɘɢŮɑɞɡ ůŰɞ ȾŬɟŰŮůɘŬɜɧ ů.ů. ŮəűɟɎɕŮŰŬɘ ɤɠ 

 Ὠὠ ÄÅÔὐϽὨ‚ϽὨ–ϽὨ‒ (4.3a) 

ɧˊɞɡ 

 

ÄÅÔὐ

‬ὼ

‬‚

‬ώ

‬‚

‬ᾀ

‬‚
‬ὼ

‬–

‬ώ

‬–

‬ᾀ

‬–
‬ὼ

‬‒

‬ώ

‬‒

‬ᾀ

‬‒

 (4.3b) 

ȷɜŰɑůŰɞɘɢŬ ůŰɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ ŭɘŭɘɎůŰŬŰɖɠ ŬˊŮɘəɧɜɘůɖɠ, Űɞ ůŰɞɘɢŮɘɩŭŮɠ ŮɛɓŬŭɧɜ dA Ůɜɧɠ  

ˊŬɟŬɚɚɖɚɞɔɟɎɛɛɞɡ ůŰɞɘɢŮɑɞɡ ůŰɞ ȾŬɟŰŮůɘŬɜɧ ů.ů. ŮəűɟɎɕŮŰŬɘ ɤɠ 

 Ὠὃ ÄÅÔὐϽὨ‚ϽὨ– (4.4a) 

ɧˊɞɡ 
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ÄÅÔὐ

‬ὼ

‬‚

‬ώ

‬‚
‬ὼ

‬–

‬ώ

‬–

 (4.4b) 

Ůɜɩ ůŰɖ ˊŮɟɑˊŰɤůɖ Űɖɠ ɛɞɜɞŭɘɎůŰŬŰɖɠ ŬˊŮɘəɧɜɘůɖɠ, Űɞ ůŰɞɘɢŮɘɩŭŮɠ ɛɐəɞɠ dx Ůɜɧɠ ŮɡɗɨɔɟŬɛɛɞɡ ŰɛɐɛŬŰɞɠ 

ůŰɞ ȾŬɟŰŮůɘŬɜɧ ů.ů. ŮəűɟɎɕŮŰŬɘ ɤɠ 

 Ὠὼ ÄÅÔὐϽὨ‚ (4.5a) 

ɧˊɞɡ 

 
ÄÅÔὐ

‬ὼ

‬‚
 (4.5b) 

Ⱥűɧůɞɜ ɖ ȽŬəɤɓɘŬɜɐ ɞɟɑɕɞɡůŬ ůɢŮŰɑɕŮŰŬɘ ɛŮ Űɞɜ ɔɟŬɛɛɘəɧ ɛŮŰŬůɢɖɛŬŰɘůɛɧ Ůɜɧɠ ŭɘŬɜɡůɛŬŰɘəɞɨ ɢɩɟɞɡ ůŮ 

ɏɜŬɜ Ɏɚɚɞɜ, ɛŬɠ ˊŬɟɏɢŮɘ Űɘɠ Ůɝɐɠ ˊɚɖɟɞűɞɟɑŮɠ: ˊɟɩŰɞɜ, Űɞ ˊɟɧůɖɛɧ Űɖɠ ŭŮɑɢɜŮɘ əŬŰɎ ˊɧůɞ ɏɢŮɘ ŬɚɚɎɝŮɘ ɞ 

ˊɟɞůŬɜŬŰɞɚɘůɛɧɠ Űɞɡ ŮɛɓŬŭɞɨ ɐ Űɞɡ ɧɔəɞɡ (+ŭɘŬŰɖɟŮɑŰŬɘ,-ŭŮɜ ŭɘŬŰɖɟŮɑŰŬɘ) əŬɘ ŭŮɨŰŮɟɞɜ ɖ ŬˊɧɚɡŰɖ Űɘɛɐ 

Űɖɠ ŭŮɑɢɜŮɘ Űɖɜ əɚɑɛŬəŬ ɛŮ Űɖɜ ɞˊɞɑŬ  Űɞ ŮɛɓŬŭɧɜ ɐ ɞ ɧɔəɞɠ ŬɡŰɧɠ ˊɞɚɚŬˊɚŬůɘɎɕŮŰŬɘ.  

ũɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɞɡ ɛɖŰɟɩɞɡ ůŰɘɓŬɟɧŰɖŰŬɠ ůŮ ɘůɞˊŬɟŬɛŮŰɟɘəɎ ůŰɞɘɢŮɑŬ, ŬˊŬɘŰŮɑŰŬɘ ŬɟɘɗɛɖŰɘəɐ 

ɞɚɞəɚɐɟɤůɖ Űɞɡ ɔɜɤůŰɞɨ Űɨˊɞɡ, əŬɗɩɠ ůɡɜɐɗɤɠ ɞɘ ˊɟɎɝŮɘɠ ŮɑɜŬɘ ŭɡůɢŮɟŮɑɠ ɐ ŬŭɨɜŬŰŮɠ. 

Ƀ ɧɟɞɠ ɘůɞˊŬɟŬɛŮŰɟɘəɎ ˊɟɞəɨˊŰŮɘ Ŭˊɧ Űɞ ɔŮɔɞɜɧɠ ɧŰɘ ɖ ˊŬɟŮɛɓɞɚɐ Űɖɠ ɔŮɤɛŮŰɟɑŬɠ (x,y,z) ˊŮɟɘɔɟɎűŮŰŬɘ 

ɛŮ Űɞɜ ɑŭɘɞ Ŭəɟɘɓɩɠ Űɟɧˊɞ ɛŮ Űɖɜ ˊŬɟŮɛɓɞɚɐ Űɖɠ ɛŮŰŬŰɧˊɘůɖɠ u(u,v,w) 

4.2.2 ɀɃɁɃȹȽȷɆɇȷɇȷ ȽɆɃɄȷɅȷɀȺɇɅȽȾȷ ɆɇɃȽɉȺȽȷ 2 ȾɃɀȸɋɁ 

ɆɡɜŬɟŰɐůŮɘɠ ůɢɐɛŬŰɞɠ 

ȰůŰɤ ɏɜŬ ˊŮˊŮɟŬůɛɏɜɞ ůŰɞɘɢŮɑɞ ɟɎɓŭɞɡ ɛŮ 2 əɧɛɓɞɡɠ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɞ ůɢɐɛŬ. ȼ ɟɎɓŭɞɠ əŮɑɜŰŬɘ ˊɎɜɤ 

ůŰɞ ɎɝɞɜŬ x ůŰɞ əŬɟŰŮůɘŬɜɧ ůɨůŰɖɛŬ ɛŮ əɧɛɓɞ Ŭɟɢɐɠ ůŰɞ x=x1 əŬɘ əɧɛɓɞ ˊɏɟŬŰɞɠ ůŰɞ x=x2. Ⱥɜɩ ůŰɞ 

űɡůɘəɧ ůɨůŰɖɛŬ ɓɟɑůəŮŰŬɘ ɛŮŰŬɝɨ ɝ=-1 əŬɘ ɝ=+1. 

 

ȺɘəɧɜŬ 24: ɆŰɞɘɢŮɑɞ ůŰɞ ȾŬɟŰŮůɘŬɜɧ əŬɘ ůŰɞ ūɡůɘəɧ ɆɨůŰɖɛŬ ɆɡɜŰŮŰŬɔɛɏɜɤɜ 

ȼ ɎɛŮůɖ ŬˊɧɟɟɞɘŬ Űɖɠ ɘůɞˊŬɟŬɛŮŰɟɘəɐɠ ɗŮɩɟɖůɖɠ ɛŮ ɛŬɗɖɛŬŰɘəɐ ɏəűɟŬůɖ ŮɑɜŬɘ ɖ Ůɝɐɠ: 

 

ὼ ὔὼ (4.6) 

 

ό ὔό (4.7) 

ɧˊɞɡ  
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ὔ

ρ

ς
ρ ‚ 

 
(4.8) 

 
ὔ

ρ

ς
ρ ‚ 

 

ɀɖŰɟɩɞ ˊŬɟŬɛɞɟűɩůŮɤɠ 

ɇɞ ɛɖŰɟɩɞ ˊŬɟŬɛɞɟűɩůŮɤɠ [ȸ] ůɡɜŭɏŮɘ Űɘɠ ŬɜɖɔɛɏɜŮɠ ˊŬɟŬɛɞɟűɩůŮɘɠ ɛŮ Űɘɠ ŮˊɘəɧɛɓɘŮɠ ɛŮŰŬŰɞˊɑůŮɘɠ 

ůɨɛűɤɜŬ ɛŮ Űɖ ůɢɏůɖ  

 ‐ ὄϽὨ (4.9) 

ȷəɧɛɖ Ŭˊɧ Űɞɜ ɞɟɘůɛɧ Űɖɠ Ŭɜɖɔɛɏɜɖɠ ˊŬɟŬɛɧɟűɤůɖɠ əŬɘ ɛŮ Űɖ ɢɟɐůɖ Űɞɡ əŬɜɧɜŬ Űɖɠ ŬɚɡůɑŭŬɠ, 

ˊŬɑɟɜɞɡɛŮ 

 
‐

Ὠό

Ὠὼ

Ὠό

Ὠ‚
Ͻ
Ὠ‚

Ὠὼ
 (4.10) 

ȷˊɧ Űɖɜ ůɢɏůɖ (4.7) ɧɛɤɠ ˊɟɞəɨˊŰŮɘ ɧŰɘ 

 Ὠό

Ὠ‚

ὨВ ὔό

Ὠ‚

ό ό

ς
 (4.11) 

Ůɜɩ Ŭˊɧ Űɖ (4.6) 

 Ὠὼ

Ὠ‚

ὨВ ὔὼ

Ὠ‚

ὼ ὼ

ς

ὒ

ς
 (4.12) 

Ⱥˊɞɛɏɜɤɠ ŬɜŰɘəŬɗɘůŰɩɜŰŬɠ Űɘɠ ŮɝɘůɩůŮɘɠ (4.11),(4.12) ůŰɖɜ Ůɝɑůɤůɖ (4.10)  

 
‐

ό ό

ς
Ͻ
ς

ὒ

ό ό

ὒ

ρ

ὒ
    
ρ

ὒ

ό
ό  (4.13) 

ȯɟŬ Ůɝ ɞɟɘůɛɞɨ   

 
ὄ

ρ

ὒ
    
ρ

ὒ
 (4.14) 

ɀɖŰɟɩɞ ůŰɘɓŬɟɧŰɖŰŬɠ 

ȺˊŮɘŭɐ ɔŮɜɘəɎ Űɞ ɛɖŰɟɩɞ ˊŬɟŬɛɞɟűɩůŮɤɠ ɡˊɞɚɞɔɑɕŮŰŬɘ ůɡɜŬɟŰɐůŮɘ Űɤɜ űɡůɘəɩɜ ůɡɜŰŮŰŬɔɛɏɜɤɜ, ŭŮɜ 

ŮɑɜŬɘ ŭɖɚŬŭɐ ůŰŬɗŮɟɐ ˊɞůɧŰɖŰŬ, əŬɘ ɖ ɞɚɞəɚɐɟɤůɖ ˊɞɡ ŬˊŬɘŰŮɑŰŬɘ ɜŬ ɔɑɜŮɘ ɔɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɞɡ 

ɛɖŰɟɩɞɡ ůŰɘɓŬɟɧŰɖŰŬɠ ɔɑɜŮŰŬɘ ɤɠ ˊɟɞɠ Űɘɠ űɡůɘəɏɠ ůɡɜŰŮŰŬɔɛɏɜŮɠ, ɏɢɞɡɛŮ: 

 

Ὧ ὄ Ὁ ὄὨὠ (4.15) 

ɀŮ ŬɜŰɘəŬŰɎůŰŬůɖ Űɖɠ Űɘɛɐɠ Űɞɡ ɛɖŰɟɩɞɡ ˊŬɟŬɛɞɟűɩůŮɤɠ əŬɘ ɛŮ Űɖɜ ɡˊɧɗŮůɖ ůŰŬɗŮɟɞɨ ɛɏŰɟɞɡ 

ŮɚŬůŰɘəɧŰɖŰŬɠ Ⱥ, ɖ ˊŬɟŬˊɎɜɤ ůɢɏůɖ ɔɑɜŮŰŬɘ  

 

Ὧ
ρ

ὒ
ρ
   ρ
Ὁ
ρ

ὒ
ρ  ρὨὠ (4.16) 

ȽůɢɨŮɘ Ůˊɑůɖɠ ɧŰɘ  

Ὠὠ ÄÅÔὐϽὨ‚ϽὨώϽὨᾀ 

ɎɟŬ 
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Ὧ
ρ

ὒ
ρ
   ρ
Ὁ
ρ

ὒ
ρ  ρÄÅÔὐϽὨ‚ὨώὨᾀ (4.17) 

əŬɘ ɛŮ Űɖɜ ɡˊɧɗŮůɖ Űɖɠ ˊɟɘůɛŬŰɘəɐɠ ɟɎɓŭɞɡ ŮɔəɎɟůɘŬɠ ŭɘŬŰɞɛɐɠ ȷ ɏɢɞɡɛŮ  

Ὧ ὉϽὃϽ
ρ

ὒ
Ͻ
ρ

ὒ

ὒ

ς
ρ ρ
ρ ρ

Ὠ‚ 

ɐ 

 
Ὧ

Ὁὃ

ὒ
ρ ρ
ρ ρ

 (4.18) 

ɖ ɞˊɞɑŬ ŮɑɜŬɘ əŬɘ ɖ ɔɜɤůŰɐ ůɢɏůɖ ˊɞɡ ŭɑɜŮɘ Űɞ ɛɖŰɟɩɞ ůŰɘɓŬɟɧŰɖŰŬɠ ɟŬɓŭɤŰɞɨ ůŰɞɘɢŮɑɞɡ. Ⱥŭɩ 

ɡˊɞɚɞɔɑůŬɛŮ ŬɜŬɚɡŰɘəɎ Űɞ ɛɖŰɟɩɞ ůŰɘɓŬɟɧŰɖŰŬɠ. ɆŰɘɠ ˊŮɟɘůůɧŰŮɟŮɠ ˊŮɟɘˊŰɩůŮɘɠ ɧɛɤɠ, ŬɡŰɧ ŭŮɜ ɛˊɞɟŮɑ 

ɜŬ ůɡɛɓŮɑ əŬɘ əŬŰŬűŮɨɔɞɡɛŮ ůŮ ŭɘɎűɞɟŮɠ ɛŮɗɧŭɞɡɠ ŬɟɘɗɛɖŰɘəɐɠ ɞɚɞəɚɐɟɤůɖɠ ɛŮ ůɡɜɖɗɏůŰŮɟɖ Űɖɜ 

ɛɏɗɞŭɞ Gauss (ɓɚ. ŮŭɎűɘɞ 4.2.5 ɇȺɇɅȷɄȿȺɈɅȽȾȷ ȽɆɃɄȷɅȷɀȺɇɅȽȾȷ ɆɇɃȽɉȺȽȷ ȹȽȹȽȷɆɇȷɇȼɆ 

ȺȿȷɆɇȽȾɃɇȼɇȷɆ ȷɁɋɇȺɅɃɈ ȸȷŪɀɃɈ ) . ȰŰůɘ Űɞ ɛɖŰɟɩɞ ůŰɘɓŬɟɧŰɖŰŬɠ ɔɟɎűŮŰŬɘ  

Ὧ ὄ‚ Ὁ ὄ‚ὸὨὩὸὐὨ‚ 

ɐ  

 

Ὧ ύ ὄ‚ Ὁ ὄ‚ὸὨὩὸὐ (4.19) 

ɧˊɞɡ t ŮɑɜŬɘ Űɞ ˊɎɢɞɠ Űɖɠ ɟɎɓŭɞɡ əŬɘ ng ŰŬ ůɖɛŮɑŬ Gauss-Lobatto-Legendre ůŰŬ ɞˊɞɑŬ ɔɑɜŮŰŬɘ ɖ 

ɞɚɞəɚɐɟɤůɖ. 

ɀɖŰɟɩɞ ɛɎɕŬɠ 

ȳůɞɜ ŬűɞɟɎ ůŰɞ ɛɖŰɟɩɞ ɛɎɕŬɠ, ŬɡŰɧ ůŰɖɜ ˊŬɟɞɨůŬ ŮɟɔŬůɑŬ ɡˊɞɚɞɔɑɕŮŰŬɘ ɛŮ Űɖɜ ˊŬɟŬŭɞɢɐ 

əŬŰŬɜŮɛɖɛɏɜɖɠ ɛɎɕŬɠ ůŰɞ ůŰɞɘɢŮɑɞ (consistent mass matrix). ũɘŬ ɜŬ ɔɑɜŮɘ ŬɡŰɧ ɗŬ əɎɜɞɛŮ ɢɟɐůɖ Űɤɜ 

ůɡɜŬɟŰɐůŮɤɜ ůɢɐɛŬŰɞɠ.  Ⱥˊɞɛɏɜɤɠ, Ŭɜ ɡˊɞɗɏůɞɡɛŮ ɧŰɘ Űɞ ůŰɞɘɢŮɑɞ ɏɢŮɘ ůŰŬɗŮɟɐ ˊɡəɜɧŰɖŰŬ ɛɏŰɟɞɡ ɟ, 

ŰɧŰŮ ˊɟɞəɨˊŰŮɘ 

 

ὓ ὔ”ὔ Ὠὠ (4.20) 

ɧˊɞɡ Űɞ ɛɖŰɟɩɞ [Ɂ] ˊŮɟɘɏɢŮɘ Űɘɠ ůɡɜŬɟŰɐůŮɘɠ ůɢɐɛŬŰɞɠ, ŭɖɚŬŭɐ ŮɑɜŬɘ ŭɘŬůŰɎůŮɤɜ [ˊɚɐɗɞɠ əɧɛɓɤɜ x 1]. 

ɇɞ ɞɚɞəɚɐɟɤɛŬ ɔŮɜɘəɎ ɗŬ ɡˊɞɚɞɔɑɕŮŰŬɘ ɛŮ Űɖɜ ŬɟɘɗɛɖŰɘəɐ ɛɏɗɞŭɞ Gauss, ɧˊɤɠ əŬɘ ůŰɖ ˊŮɟɑˊŰɤůɖ Űɞɡ 

ɛɖŰɟɩɞɡ ůŰɘɓŬɟɧŰɖŰŬɠ. ȰŰůɘ, ɛŮ Űɖɜ ɡˊɧɗŮůɖ ůŰŬɗŮɟɐɠ ŭɘŬŰɞɛɐɠ ȷ Űɞ ɛɖŰɟɩɞ ɛɎɕŬɠ ɔɟɎűŮŰŬɘ 

 

ὓ ὔ”ὔ Ὠ̈́ὩὸὐὨ‚ (4.21) 

ɐ 
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ὓ ύ ὔ‚ ”ὔ‚ Ὠ̈́Ὡὸὐ (4.22) 

ɆŰɖɜ Ůɘŭɘəɐ ˊŮɟɑˊŰɤůɖ Űɞɡ ˊɟɘůɛŬŰɘəɞɨ ɟŬɓŭɤŰɞɨ ůŰɞɘɢŮɑɞɡ ɛɐəɞɡɠ L ɛŮ 2 əɧɛɓɞɡɠ ˊɟɞəɨˊŰŮɘ 

 
ὓ

”ὃὒ

ς
ρ π
π ρ

 (4.23) 

4.2.3 ɀɃɁɃȹȽȷɆɇȷɇȷ ȽɆɃɄȷɅȷɀȺɇɅȽȾȷ ɆɇɃȽɉȺȽȷ ȷɁɋɇȺɅɃɈ ȸȷŪɀɃɈ 

ȼ ŭɘŬŭɘəŬůɑŬ ˊɞɡ ŬəɞɚɞɡɗɐɗɖəŮ ůŰɞ ˊɟɞɖɔɞɨɛŮɜɞ ŮŭɎűɘɞ, ɔŮɜɘəŮɨŮŰŬɘ əŬɘ ůŮ ůŰɞɘɢŮɑŬ 3,4,é əɧɛɓɤɜ. ɇɞ 

ɛɧɜɞ ˊɞɡ ŬɚɚɎɕŮɘ ůŰɖ  ˊŮɟɑˊŰɤůɖ ŬɡŰɐ ŮɑɜŬɘ ɖ ůɡɜŬɟŰɐůŮɘɠ ůɢɐɛŬŰɞɠ, ɞɘ ɞˊɞɑŮɠ ˊɚɏɞɜ ɔɑɜɞɜŰŬɘ ˊɞɚɡɩɜɡɛŬ 

2ɞɡ,3ɞɡ,é ɓŬɗɛɞɨ.  

4.2.4 ɇȺɇɅȷɄȿȺɈɅȽȾȷ ȽɆɃɄȷɅȷɀȺɇɅȽȾȷ ɆɇɃȽɉȺȽȷ ȹȽȹȽȷɆɇȷɇȼɆ ȺȿȷɆɇȽȾɃɇȼɇȷɆ 

ȷˊŮɘəɧɜɘůɖ ūɡůɘəɞɨ ůɡůŰɐɛŬŰɞɠ ůŰɞ ȾŬɟŰŮůɘŬɜɧ 

ɆŰɞ ůɢɐɛŬ ˊŬɟŬəɎŰɤ űŬɑɜŮŰŬɘ ɏɜŬ ŰŮŰɟŬ́ ɚŮɡɟɘəɧ ůŰɞɘɢŮɑɞ ŰŮůůɎɟɤɜ əɧɛɓɤɜ ůŰɞ ȾŬɟŰŮůɘŬɜɧ əŬɘ ůŰɞ 

ūɡůɘəɧ ů.ů. 

 

ȺɘəɧɜŬ 25: ɇŮŰɟŬˊɚŮɡɟɘəɧ ɘůɞˊŬɟŬɛŮŰɟɘəɧ ůŰɞɘɢŮɑɞ ŮˊɑˊŮŭɖɠ ɏɜŰŬůɖɠ-ˊŬɟŬɛɧɟűɤůɖɠ ŰŮůůɎɟɤɜ əɧɛɓɤɜ 

ɆŰɖ ůɡɔəŮəɟɘɛɏɜɖ ˊŮɟɑˊŰɤůɖ ɖ ŬˊŮɘəɧɜɘůɖ Űɞɡ űɡůɘəɞɨ ůɡůŰɐɛŬŰɞɠ ůŰɞ əŬɟŰŮůɘŬɜɧ ŮɑɜŬɘ ɏɜŬ 

ɞɟɗɞɔɤɜɘəɧ ůɨůŰɖɛŬ Ŭɝɧɜɤɜ. ȷɡŰɧ ůɡɛɓŬɑɜŮɘ, ɔɘŬŰɑ ɞɡůɘŬůŰɘəɎ ɏɢɞɡɛŮ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ ɟɎɓŭɞɡ ɛŮ 

Űɞɡɠ 2 əɧɛɓɞɡɠ əŬɘ ůŰɘɠ ŭɨɞ ŭɘŮɡɗɨɜůŮɘɠ, Ůˊɞɛɏɜɤɠ ɖ ˊŬɟŮɛɓɞɚɐ Űɖɠ ɔŮɤɛŮŰɟɑŬɠ (ɞɘ ůɡɜŬɟŰɐůŮɘɠ ůɢɐɛŬŰɞɠ 

ŭɖɚŬŭɐ) ŮɑɜŬɘ ɔɟŬɛɛɘəɐ. ɄɎɜŰɤɠ ɔŮɜɘəɎ ɖ ŬˊŮɘəɧɜɘůɖ ŭŮɜ ŮɑɜŬɘ ɞɟɗɞɔɤɜɘəɐ. 

ɆɡɜŬɟŰɐůŮɘɠ ůɢɐɛŬŰɞɠ 

ȳˊɤɠ əŬɘ ůŰɖ ɛɑŬ ŭɘɎůŰŬůɖ, ɏŰůɘ əŬɘ ůŰɘɠ ŭɨɞ ɔɟɎűɞɡɛŮ ɔɘŬ Űɘɠ əŬɟŰŮůɘŬɜɏɠ ůɡɜŰŮŰŬɔɛɏɜŮɠ 

 

ὼ ὔὼ ‖‌― ώ ὔώ  (4.24) 
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ɐ 

 

ὼ ὔ ὔ ὔ ὔ

ὼ
ὼ
ὼ
ὼ

 ‖‌― ώ ὔ ὔ ὔ ὔ

ώ
ώ
ώ
ώ

 (4.25) 

əŬɘ ɔɘŬ Űɘɠ ɛŮŰŬŰɞˊɑůŮɘɠ ŬɜŰɑůŰɞɘɢŬ  

 

ό ὔό      ὺ ὔὺ (4.26) 

ɐ 

 

ό
‡

ὔ π ὔ π ὔ π ὔ π
π ὔ π ὔ π ὔ π ὔ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ό
‡
ό
‡
ό
‡
ό
‡Ứ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 (4.27) 

ɐ  

 ό ὔ Ὠ (4.28) 

ɧˊɞɡ ɞɘ ůɡɜŬɟŰɐůŮɘɠ ůɢɐɛŬŰɞɠ ˊɟɞəɨˊŰɞɡɜ Ŭˊɧ Űɞɜ əŬŰɎɚɚɖɚɞ ůɡɜŭɡŬůɛɧ Űɤɜ ŬɜŰɑůŰɞɘɢɤɜ ůɡɜŬɟŰɐůŮɤɜ 

ůŰɖ ɛɑŬ ŭɘɎůŰŬůɖ 

 
ὔ

ρ

ς
ρ ‚

ρ

ς
ρ –ᵾ ὔ

ρ

τ
ρ ‚ ρ – 

ὔ
ρ

ς
ρ ‚

ρ

ς
ρ –ᵾ ὔ

ρ

τ
ρ ‚ ρ – 

ὔ
ρ

ς
ρ ‚

ρ

ς
ρ –ᵾ ὔ

ρ

τ
ρ ‚ ρ – 

ὔ
ρ

ς
ρ ‚

ρ

ς
ρ –ᵾ ὔ

ρ

τ
ρ ‚ ρ – 

(4.29) 

ɀɖŰɟɩɞ ˊŬɟŬɛɞɟűɩůŮɤɠ 

ȳˊɤɠ əŬɘ ůŰɖ ɛɑŬ ŭɘɎůŰŬůɖ, Űɞ ɛɖŰɟɩɞ ˊŬɟŬɛɞɟűɩůŮɤɠ [ȸ] ůɡɜŭɏŮɘ Űɘɠ ŬɜɖɔɛɏɜŮɠ ˊŬɟŬɛɞɟűɩůŮɘɠ ɛŮ Űɘɠ 

ŮˊɘəɧɛɓɘŮɠ ɛŮŰŬŰɞˊɑůŮɘɠ ůɨɛűɤɜŬ ɛŮ Űɖ ůɢɏůɖ  

‐ ὄϽὨ 

ɆŰɘɠ ŭɨɞ ŭɘŬůŰɎůŮɘɠ Űɞ ŭɘɎɜɡůɛŬ Űɤɜ Ŭɜɖɔɛɏɜɤɜ ˊŬɟŬɛɞɟűɩůŮɤɜ {Ů} ŭɑɜŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ Ŭɜɖɔɛɏɜɤɜ 

ˊŬɟŬɛɞɟűɩůŮɤɜ ï ɛŮŰŬŰɞˊɑůŮɤɜ Űɖɠ ŮˊɑˊŮŭɖɠ ŮɚŬůŰɘəɧŰɖŰŬɠ\ 

 

‐

‐
‐
‎

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
‬ό

‬ὼ
‬‡

‬ώ
‬ό

‬ώ

‬‡

‬ὼỨ
ủ
ủ
ủ
ủ
ủ
Ủ

 (4.30) 

ɐ 
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‐
‐
‎

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
‬

‬ὼ
    π

π     
‬

‬ώ
‬

‬ώ
  
‬

‬ὼỨ
ủ
ủ
ủ
ủ
ủ
Ủ

ό
‡

 (4.31) 

ȯɟŬ ŬɟəŮɑ ɜŬ ɡˊɞɚɞɔɑůɞɡɛŮ Űɘɠ ˊŬɟŬɔɩɔɞɡɠ Űɤɜ ɛŮŰŬŰɞˊɑůŮɤɜ u,ɡ ůɡɜŬɟŰɐůŮɘ Űɤɜ əŬɟŰŮůɘŬɜɩɜ 

ůɡɜŰŮŰŬɔɛɏɜɤɜ x,y. ȳɛɤɠ Űɘɠ ɛŮŰŬŰɞˊɑůŮɘɠ Űɘɠ ɏɢɞɡɛŮ ŮəűɟɎůŮɘ ůɡɜŬɟŰɐůŮɘ Űɤɜ űɡůɘəɩɜ ůɡɜŰŮŰŬɔɛɏɜɤɜ 

ɝ, ɖ ɛɏůɤ Űɤɜ ůɡɜŬɟŰɐůŮɤɜ ůɢɐɛŬŰɞɠ. Ⱥˊɞɛɏɜɤɠ ɞ ɡˊɞɚɞɔɘůɛɧɠ ɗŬ ɔɑɜŮɘ ɏɛɛŮůŬ. ŪŬ ŭŮɑɝɞɡɛŮ Űɖɜ 

ŭɘŬŭɘəŬůɑŬ ɔɘŬ Űɖɜ ɛŮŰŬŰɧˊɘůɖ ï ůɡɜɎɟŰɖůɖ u(ɝ, ɖ). Ƀɛɞɑɤɠ ɔɑɜŮŰŬɘ əŬɘ ɔɘŬ Űɖɜ ɡ(ɝ, ɖ). 

ɄŬɟŬɔɤɔɑɕɞɡɛŮ Űɖ ůɡɜɎɟŰɖůɖ u ɤɠ ˊɟɞɠ ɝ əŬɘ ɖ: 

‬ό

‬‚

‬ό

‬ὼ

‬ὼ

‬‚

‬ό

‬ώ

‬ώ

‬‚
 

‬ό

‬–

‬ό

‬ὼ

‬ὼ

‬–

‬ό

‬ώ

‬ώ

‬–
 

ɐ ůŮ ɛɖŰɟɤɘəɐ ɛɞɟűɐ 

 

ụ
Ụ
Ụ
Ụ
ợ
‬ό

‬‚
‬ό

‬–Ứ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
ợ
‬ὼ

‬‚

‬ώ

‬‚
‬ὼ

‬–

‬ώ

‬–Ứ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
ợ
‬ό

‬ὼ
‬ό

‬ώỨ
ủ
ủ
Ủ

 (4.32) 

əŬɘ Ŭˊɧ Űɖ ůɢɏůɖ (4.4b) 

ụ
Ụ
Ụ
Ụ
ợ
‬ό

‬‚
‬ό

‬–Ứ
ủ
ủ
ủ
Ủ

 ὐ 

ụ
Ụ
Ụ
ợ
‬ό

‬ὼ
‬ό

‬ώỨ
ủ
ủ
Ủ

 

əŬɘ ŰŮɚɘəɎ  

 

ụ
Ụ
Ụ
ợ
‬ό

‬ὼ
‬ό

‬ώỨ
ủ
ủ
Ủ
 ὐ 

ụ
Ụ
Ụ
Ụ
ợ
‬ό

‬‚
‬ό

‬–Ứ
ủ
ủ
ủ
Ủ

 (4.33) 

ȷɜŬɚɡŰɘəɧŰŮɟŬ, Űɞ ȽŬəɤɓɘŬɜɧ ɛɖŰɟɩɞ ɡˊɞɚɞɔɑɕŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ  

 

 ὐ 
ὔȟ ὔȟ ὔȟ ὔȟ
ὔȟ ὔȟ ὔȟ ὔȟ

ὼ ώ
ὼ ώ
ὼ ώ
ὼ ώ

 (4.34) 

ɐ  

 

 ὐ Ὀ

ὼ ώ
ὼ ώ
ὼ ώ
ὼ ώ

 (4.35) 

ɧˊɞɡ Űɞ ɛɖŰɟɩɞ [DN] ˊŮɟɘɏɢŮɘ Űɘɠ ˊŬɟŬɔɩɔɞɡɠ Űɤɜ ůɡɜŬɟŰɐůŮɤɜ ůɢɐɛŬŰɞɠ ɤɠ ˊɟɞɠ ɝ əŬɘ ɖ. 
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ȷˊɧ Űɖɜ Ɏɚɚɖ Űɞ ɛɖŰɟɩɞ [J]-1 ŭɑɜŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ  

 
 ὐ 

ρ

ÄÅÔ ὐ 

ὐ ὐ
ὐ ὐ

 (4.36) 

ȺˊŮəŰŮɑɜɞɜŰŬɠ Űɖ ůɢɏůɖ ˊŬɑɟɜɞɡɛŮ 

 

‐

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
‬ό

‬ὼ
‬‡

‬ώ
‬ό

‬ώ

‬‡

‬ὼỨ
ủ
ủ
ủ
ủ
ủ
Ủ

ρ

ÄÅÔ ὐ 

ὐ ὐ π π
π π ὐ ὐ
ὐ ὐ ὐ ὐ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
‬ό

‬‚
‬ό

‬–
‬‡

‬‚
‬‡

‬–Ứ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 (4.37) 

ɐ Ŭɜ ɞɟɑůɞɡɛŮ  

 

ὄ
ρ

ÄÅÔ ὐ 

ὐ ὐ π π
π π ὐ ὐ
ὐ ὐ ὐ ὐ

 (4.38) 

ŰɧŰŮ 

 ‐ ὄ όȟȟ  (4.39) 

Ƀɘ ɛŮɟɘəɏɠ ˊŬɟɎɔɤɔɞɘ Űɤɜ u,ɡ ˊɟɞəɨˊŰɞɡɜ Ŭˊɧ Űɖ ɛŮɟɘəɐ ˊŬɟŬɔɩɔɘůɖ Űɖɠ ůɢɏůɖɠ (4.28)  

 

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
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Ụ
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ợ
ό
‡
ό
‡
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‡
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ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 (4.40) 

ɐ Ŭɜ ɞɟɑůɞɡɛŮ  

 

ὄ

ụ
Ụ
Ụ
Ụ
ợ
ὔȟ π ὔȟ π ὔȟ π ὔȟ π

ὔȟ π ὔȟ π ὔȟ π ὔȟ π

π ὔȟ π ὔȟ π ὔȟ π ὔȟ
π ὔȟ π ὔȟ π ὔȟ π ὔȟỨ

ủ
ủ
ủ
Ủ

 (4.41) 

ŰɧŰŮ ˊɟɞəɨˊŰŮɘ  

 όȟȟ ὄ Ὠ (4.42) 

əŬɘ ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ ůŰɖɜ (4.39) ˊŬɑɟɜɞɡɛŮ 

 ‐ ὄ ὄ Ὠ (4.43) 

ȷˊɧ Űɖɜ ŰŮɚŮɡŰŬɑŬ ůɢɏůɖ ɡˊɞɚɞɔɑɕŮŰŬɘ Űɞ ɛɖŰɟɩɞ ˊŬɟŬɛɞɟűɩůŮɤɠ ɤɠ  

 ὄ ὄ ὄ  (4.44) 

ɀɖŰɟɩɞ ůŰɘɓŬɟɧŰɖŰŬɠ 

ȾŬŰɎ ŰŬ ɔɜɤůŰɎ Űɞ ɛɖŰɟɩɞ ůŰɘɓŬɟɧŰɖŰŬɠ ɡˊɞɚɞɔɑɕŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ (4.15) 
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Ὧ ὄ Ὁ ὄὨὠ 

ɆŰɖɜ ˊŬɟɞɨůŬ ŮɟɔŬůɑŬ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɞɘɢŮɑŬ ŮˊɑˊŮŭɖɠ ɏɜŰŬůɖɠ Ůˊɞɛɏɜɤɠ Űɞ ɛɖŰɟɩɞ ŮɚŬůŰɘəɧŰɖŰŬɠ 

[Ⱥ] ůŮ ŬɡŰɐ Űɖɜ ˊŮɟɑˊŰɤůɖ ŮɑɜŬɘ 

 

Ὁ
Ὁ

ρ ὺ

ρ ὺ π
ὺ ρ π

π π
ρ ὺ

ς

 (4.45) 

Ůɜɩ ɗŮɤɟɩɜŰŬɠ ůŰŬɗŮɟɧ ˊɎɢɞɠ t ɔɘŬ Űɞ ůŰɞɘɢŮɑɞ ˊŬɑɟɜɞɡɛŮ ŰŮɚɘəɎ 

 

Ὧ ὄ Ὁ ὄὸὨὃ (4.46) 

ɐ 

 

Ὧ ὄ‚ȟ– Ὁ ὄ‚ȟ– ὸὨὩὸὐὨ‚Ὠ– (4.47) 

Ƀɚɞəɚɐɟɤůɖ Gauss 

ɆŰɘɠ ˊŮɟɘˊŰɩůŮɘɠ ůŰɘɠ ɞˊɞɑŮɠ Űɞ ŰŮŰɟŬˊɚŮɡɟɘəɧ ůŰɞɘɢŮɑɞ ŭŮɜ ŮɑɜŬɘ ɞɟɗɞɔɩɜɘɞ ɐ ɧŰŬɜ ɏɢŮɘ əŬɘ ŮɜŭɘɎɛŮůɞɡɠ 

əɧɛɓɞɡɠ (ˊ.ɢ. ůŰɞɘɢŮɑŬ 8 ɐ 9 əɧɛɓɤɜ), ŰɧŰŮ ɞ ŬɜŬɚɡŰɘəɧɠ ɡˊɞɚɞɔɘůɛɧɠ Űɞɡ ɞɚɞəɚɖɟɩɛŬŰɞɠ Ŭˊɧ Űɞ ɞˊɞɑɞ 

ɗŬ ˊɟɞəɨɣŮɘ Űɞ ɛɖŰɟɩɞ ůŰɘɓŬɟɧŰɖŰŬɠ ŮɑɜŬɘ ˊɞɚɨ ŭɡůɢŮɟɐɠ. ũɘŬ ŬɡŰɧ Űɞ ɚɧɔɞ əŬŰŬűŮɨɔɞɡɛŮ ůŮ ɛŮɗɧŭɞɡɠ 

ŬɟɘɗɛɖŰɘəɐɠ ɞɚɞəɚɐɟɤůɖɠ əŬɘ əɡɟɑɤɠ ůŰɖɜ ɛɏɗɞŭɞ ɞɚɞəɚɐɟɤůɖɠ Gauss. ɆɨɛűɤɜŬ ɛŮ Űɖ ɛɏɗɞŭɞ Gauss 

ɡˊɞɚɞɔɑɕɞɡɛŮ Űɖɜ Űɘɛɐ Űɖɠ ůɡɜɎɟŰɖůɖɠ f ůŮ ůɡɔəŮəɟɘɛɏɜŬ ŭŮɘɔɛŬŰɞɚɖˊŰɘəɎ ůɖɛŮɑŬ əŬɘ Űɖɜ 

ˊɞɚɚŬˊɚŬůɘɎɕɞɡɛŮ ɛŮ Űɡˊɞˊɞɘɖɛɏɜɞɡɠ ůɡɜŰŮɚŮůŰɏɠ ɓɎɟɞɡɠ wi wj. ɇɞ ŬɚɔŮɓɟɘəɧ ɎɗɟɞɘůɛŬ Űɤɜ 

ůɡɜŮɘůűɞɟɩɜ wiĀwjĀf(ɝi,ɖj) ɛŬɠ ŭɑɜŮɘ Űɞ ɛɖŰɟɩɞ ůŰɘɓŬɟɧŰɖŰŬɠ [K]. ȼ ɔŮɜɘəɐ űɘɚɞůɞűɑŬ Űɖɠ ɛŮɗɧŭɞɡ ŬɡŰɐɠ 

ˊŮɟɘɔɟɎűŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ  

 

Ὢ‚ȟ–Ὠ‚Ὠ– ύύὪ‚ȟ–  (4.48) 

ɆɨɛűɤɜŬ ɛŮ ŰŬ ˊɟɞɖɔɞɨɛŮɜŬ Űɞ ɞɚɞəɚɐɟɤɛŬ ŬɡŰɧ ɗŬ ɡˊɞɚɞɔɘůŰŮɑ ŬɟɘɗɛɖŰɘəɎ ɛŮ Űɖ ɛɏɗɞŭɞ Gauss əŬɘ 

ɏŰůɘ ˊŬɑɟɜɞɡɛŮ  

 

Ὧ ύύ ὄ‚ȟ– Ὁ ὄ‚ȟ– ὸὨὩὸὐ (4.49) 

ɧˊɞɡ ɔɘŬ Űɖɜ SFEM ŰŬ ng ŮɑɜŬɘ ŰŬ ůɖɛŮɑŬ Gauss Lobatto Legendre  

ɀɖŰɟɩɞ ɛɎɕŬɠ 

ȺˊŮəŰŮɑɜɞɜŰŬɠ Űɞɜ Űɨˊɞ (4.20) Ŭˊɧ Űɖ ɛɑŬ ůŰɘɠ ŭɨɞ ŭɘŬůŰɎůŮɘɠ ɚŬɛɓɎɜɞɡɛŮ Űɞ ɛɖŰɟɩɞ ɛɎɕŬɠ. ȷɝɑɕŮɘ ɜŬ 

ůɖɛŮɘɤɗŮɑ ɧɛɤɠ ɧŰɘ ˊɟɏˊŮɘ ɜŬ ŰɟɞˊɞˊɞɘɖɗŮɑ əŬŰɎɚɚɖɚŬ ɞ ɧɟɞɠ Űɖɠ ˊɡəɜɧŰɖŰŬɠ əŬɘ Űɞɡ ɛɖŰɟɩɞɡ 

ůɡɜŬɟŰɐůŮɤɜ ůɢɐɛŬŰɞɠ, ˊɟɞəŮɘɛɏɜɞɡ ɜŬ ɚɎɓɞɡɛŮ Űɞ ůɤůŰɧ ɛɖŰɟɩɞ ɛɎɕŬɠ, əŬɗɩɠ ɏɢɞɡɛŮ ˊɚɏɞɜ 2 

ɓŬɗɛɞɨɠ ŮɚŮɡɗŮɟɑŬɠ ŬɜɎ əɧɛɓɞ. 

 ȼ ˊɡəɜɧŰɖŰŬ ɗŬ ŮɑɜŬɘ ɏɜŬ ɛɞɜŬŭɘŬɑɞ ɛɖŰɟɩɞ ŭɘŬůŰɎůŮɤɜ (2 x 2) (ɧůɞɘ əŬɘ ɞɘ ɓŬɗɛɞɑ ŮɚŮɡɗŮɟɑŬɠ ŬɜɎ 

əɧɛɓɞ) ˊɞɚɚŬˊɚŬůɘŬůɛɏɜɞ ɓŬɗɛɤŰɎ ɛŮ Űɖɜ ŬɟɘɗɛɖŰɘəɐ Űɘɛɐ Űɖɠ ˊɡəɜɧŰɖŰŬɠ, ŭɖɚŬŭɐ 
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” ”Ͻ

ρ π
π ρ

” π
π ”

 (4.50) 

Ƀɘ ůɡɜŬɟŰɐůŮɘɠ ůɢɐɛŬŰɞɠ ɗŬ ŮɑɜŬɘ ɛɖŰɟɩŬ ŭɘŬůŰɎůŮɤɜ (2Āəɧɛɓɞɘ x 2), ŭɖɚŬŭɐ ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɤɜ 4 

əɧɛɓɤɜ  

 

ὔ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ὔ π
π ὔ
ὔ π
π ὔ
ὔ π
π ὔ
ὔ π
π ὔỨ

ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 (4.51) 

 

ὓ ὔ ”ὔ ὸὨὩὸὐὨ‚Ὠ– (4.52) 

 

ῼ ύύ ὔ‚ȟ– ”ὔ‚ȟ– ὸὨὩὸὐ (4.53) 

4.2.5 ɇȺɇɅȷɄȿȺɈɅȽȾȷ ȽɆɃɄȷɅȷɀȺɇɅȽȾȷ ɆɇɃȽɉȺȽȷ ȹȽȹȽȷɆɇȷɇȼɆ ȺȿȷɆɇȽȾɃɇȼɇȷɆ 

ȷɁɋɇȺɅɃɈ ȸȷŪɀɃɈ 

ũɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɞɡ ɛɖŰɟɩɞɡ ůŰɘɓŬɟɧŰɖŰŬɠ ŬəɞɚɞɡɗŮɑŰŬɘ ɖ ˊɎɔɘŬ ŭɘŬŭɘəŬůɑŬ ˊɞɡ ˊŬɟɞɡůɘɎůŰɖəŮ ůŰɞ 

ˊɟɞɖɔɞɨɛŮɜɞ ŮŭɎűɘɞ. ȼ ɛɧɜɖ ŭɘŬűɞɟɎ ŰɩɟŬ ŮɑɜŬɘ ɧŰɘ ɧůɞ ˊɟɞůŰɑɗŮɜŰŬɘ əɧɛɓɞɘ ůŰɞ ůŰɞɘɢŮɑɞ, ɗŬ ˊɟɏˊŮɘ ɜŬ 

ˊɟɞůŰɑɗŮɜŰŬɘ əŬɘ ɞɘ ŬɜŰɑůŰɞɘɢɞɘ ɧɟɞɘ ůŰɘɠ ɐŭɖ ɡˊɎɟɢɞɡůŮɠ ůɡɜŬɟŰɐůŮɘɠ ůɢɐɛŬŰɞɠ əŬɘ űɡůɘəɎ əŬɘ ɞɘ 

əŬɘɜɞɨɟɔɘŮɠ ůɡɜŬɟŰɐůŮɘɠ ˊŬɟŮɛɓɞɚɐɠ. ɆŰɞɜ ˊŬɟŬəɎŰɤ ˊɑɜŬəŬ űŬɑɜɞɜŰŬɘ ůŰɘɠ ůŰɐɚŮɠ ɔɘŬ i=5 ɛɏɢɟɘ 9 ɞɘ 

ɧɟɞɘ ˊɞɡ ɗŬ ˊɟɏˊŮɘ ɜŬ ˊɟɞůŰŮɗɞɨɜ (Ůűɧůɞɜ ɡˊɎɟɢŮɘ ɞ ŬɜŰɑůŰɞɘɢɞɠ əɧɛɓɞɠ ) ůŰɖɜ ůɡɜɎɟŰɖůɖ ůɢɐɛŬŰɞɠ Űɖɠ 

ˊɟɩŰɖɠ ůŰɐɚɖɠ. 

                                            i=5           i=6        i=7           i=8       i=9 

ὔ
ρ

τ
ρ ‚ ρ –   

ρ

ς
ὔ                                     

ρ

ς
ὔ   

ρ

τ
ὔ  

ὔ
ρ

τ
ρ ‚ ρ –   

ρ

ς
ὔ   

ρ

ς
ὔ                                     

ρ

τ
ὔ  

ὔ
ρ

τ
ρ ‚ ρ –                    

ρ

ς
ὔ   

ρ

ς
ὔ                    

ρ

τ
ὔ  

ὔ
ρ

τ
ρ ‚ ρ –                                     

ρ

ς
ὔ   

ρ

ς
ὔ   

ρ

τ
ὔ  

 

ὔ
ρ

ς
ρ ‚ ρ –                                                                    

ρ

ς
ὔ  

ὔ
ρ

ς
ρ ‚ ρ –                                                                     

ρ

ς
ὔ  

ὔ
ρ

ς
ρ ‚ ρ –                                                                    

ρ

ς
ὔ  

ὔ
ρ

ς
ρ ‚ ρ –                                                                     

ρ

ς
ὔ  

 

ὔ
ρ

ς
ρ ‚ ρ –  

ɄɑɜŬəŬɠ 2: ɆɡɜŬɟŰɐůŮɘɠ ɆɢɐɛŬŰɞɠ ŰŮŰɟŬˊɚŮɡɟɘəɩɜ ɘůɞˊŬɟŬɛŮŰɟɘəɩɜ ůŰɞɘɢŮɑɤɜ ɛŮ 4 ɏɤɠ 9 əɧɛɓɞɡɠ  
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4.2.6 ȺɂȷȺȹɅȽȾȷ ȽɆɃɄȷɅȷɀȺɇɅȽȾȷ ɆɇɃȽɉȺȽȷ ɇɅȽȹȽȷɆɇȷɇȼɆ ȺȿȷɆɇȽȾɃɇȼɇȷɆ 

ȷˊŮɘəɧɜɘůɖ ūɡůɘəɞɨ ůɡůŰɐɛŬŰɞɠ ůŰɞ ȾŬɟŰŮůɘŬɜɧ 

ɆŰɞ ůɢɐɛŬ ˊŬɟŬəɎŰɤ űŬɑɜŮŰŬɘ ɏɜŬ ŮɝŬŮŭɟɘəɧ ůŰɞɘɢŮɑɞ ɞəŰɩ əɧɛɓɤɜ ůŰɞ ȾŬɟŰŮůɘŬɜɧ əŬɘ ůŰɞ ūɡůɘəɧ ů.ů. 

 

ȺɘəɧɜŬ 26: ȺɝŬŮŭɟɘəɧ ɘůɞˊŬɟŬɛŮŰɟɘəɧ ˊŮˊŮɟŬůɛɏɜɞ ůŰɞɘɢŮɑɞ ŰɟɘŭɘɎůŰŬŰɖɠ ŮɚŬůŰɘəɧŰɖŰŬɠ 8 əɧɛɓɤɜ 

ɆɡɜŬɟŰɐůŮɘɠ ůɢɐɛŬŰɞɠ 

ȳˊɤɠ ůŰɖ ɛɑŬ əŬɘ ůŰɘɠ ŭɨɞ ŭɘŬůŰɎůŮɘɠ, ɏŰůɘ əŬɘ ůŰɘɠ ŰɟŮɘɠ ɔɟɎűɞɡɛŮ ɔɘŬ Űɘɠ əŬɟŰŮůɘŬɜɏɠ ůɡɜŰŮŰŬɔɛɏɜŮɠ 

 

ὼ ὔὼ ‖‌― ώ ὔώ‖‌― ᾀ ὔᾀ  (4.53) 

ɐ 

 

ὼ ὔ ὔ ὔ ὔ ὔ ὔ ὔ ὔ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ὼ
ὼ
ὼ
ὼ
ὼ
ὼ
ὼ
ὼỨ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 ‖‌― ώ ὔ ὔ ὔ ὔ ὔ ὔ ὔ ὔ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ώ
ώ
ώ
ώ
ώ
ώ
ώ
ώỨ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 

‖‌― ᾀ ὔ ὔ ὔ ὔ ὔ ὔ ὔ ὔ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ᾀ
ᾀ
ᾀ
ᾀ
ᾀ
ᾀ
ᾀ
ᾀỨ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 

 

(4.54) 
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əŬɘ ɔɘŬ Űɘɠ ɛŮŰŬŰɞˊɑůŮɘɠ ŬɜŰɑůŰɞɘɢŬ  

 

ό ὔό‖‌― ὺ ὔὺ‖‌― ύ ὔύ (4.55) 

ɐ  

 ό ὔ Ὠ (4.56) 

ɇɞ ɛɖŰɟɩɞ [Ɂ] ɏɢŮɘ ɧɟɞɡɠ Űɘɠ ůɡɜŬɟŰɐůŮɘɠ ůɢɐɛŬŰɞɠ ˊɞɡ ŭɑɜɞɜŰŬɘ ˊŬɟŬəɎŰɤ 

ὔ
ρ

ψ
ρ ‚ ρ – ρ ‒ ȟὔ

ρ

ψ
ρ ‚ ρ – ρ ‒  

ὔ
ρ

ψ
ρ ‚ ρ – ρ ‒ ȟὔ

ρ

ψ
ρ ‚ ρ – ρ ‒   

ὔ
ρ

ψ
ρ ‚ ρ – ρ ‒ ȟὔ

ρ

ψ
ρ ‚ ρ – ρ ‒ 

ὔ
ρ

ψ
ρ ‚ ρ – ρ ‒ ȟὔ

ρ

ψ
ρ ‚ ρ – ρ ‒ 

(4.57) 

ɀɖŰɟɩɞ ˊŬɟŬɛɞɟűɩůŮɤɠ 

ũɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɞɡ ɛɖŰɟɩɞɡ ˊŬɟŬɛɞɟűɩůŮɤɠ ˊɟɏˊŮɘ ɜŬ ˊɟɞɖɔɖɗŮɑ ɞ ɡˊɞɚɞɔɘůɛɧɠ Űɞɡ ȽŬəɤɓɘŬɜɞɨ 

ɛɖŰɟɩɞɡ. ȰɢɞɡɛŮ ɐŭɖ ŭŮɑɝŮɘ ɧŰɘ  

ὐ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
‬ὼ

‬‚

‬ώ

‬‚

‬ᾀ

‬‚
‬ὼ

‬–

‬ώ

‬–

‬ᾀ

‬–
‬ὼ

‬‒

‬ώ

‬‒

‬ᾀ

‬‒Ứ
ủ
ủ
ủ
ủ
ủ
Ủ

 

Ⱥˊɑůɖɠ, əŬŰô ŬɜŰɘůŰɞɘɢɑŬ ɛŮ Űɞ ŰŮŰɟŬˊɚŮɡɟɘəɧ ɘůɞˊŬɟŬɛŮŰɟɘəɧ ůŰɞɘɢŮɑɞ  

 

ὐ

ὐᶻ ὐᶻ ὐᶻ

ὐᶻ ὐᶻ ὐᶻ

ὐᶻ ὐᶻ ὐᶻ
 (4.58) 

ɧˊɞɡ ŰŬ ůŰɞɘɢŮɑŬ Űɞɡ ŬɜŰɑůŰɟɞűɞɡ ȽŬəɤɓɘŬɜɞɨ ɛɖŰɟɩɞɡ ὐ  ɛˊɞɟɞɨɜ ɜŬ ɡˊɞɚɞɔɘůŰɞɨɜ ŬɜŬɚɡŰɘəɎ 

ůɡɜŬɟŰɐůŮɘ Űɤɜ ůŰɞɘɢŮɑɤɜ Űɞɡ ɛɖŰɟɩɞɡ ὐ əŬɘ Űɖɠ ɞɟɑɕɞɡůŬɠ Űɞɡ.  

ȰŰůɘ ˊɟɞəɨˊŰŮɘ ɧŰɘ 
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‐

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
‬ό

‬ὼ
‬‡

‬ώ
‬ύ

‬ᾀ
‬ό

‬ώ

‬‡

‬ὼ
‬‡

‬ᾀ

‬ύ

‬ώ
‬ό

‬ᾀ

‬ύ

‬ὼỨ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ὐᶻ ὐᶻ ὐᶻ π π π π π π

π π π ὐᶻ ὐᶻ ὐᶻ π π π

π π π π π π ὐᶻ ὐᶻ ὐᶻ

ὐᶻ ὐᶻ ὐᶻ ὐᶻ ὐᶻ ὐᶻ π π π

π π π ὐᶻ ὐᶻ ὐᶻ ὐᶻ ὐᶻ ὐᶻ

ὐᶻ ὐᶻ ὐᶻ π π π ὐᶻ ὐᶻ ὐᶻỨ
ủ
ủ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
όȟ
όȟ
όȟ
‡ȟ
‡ȟ
‡ȟ
ύȟ
ύȟ
ύȟỨ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 (4.59) 

ɐ 

 ‐ ὄ όȟȟȟ  (4.60) 

Ƀɘ ɛŮɟɘəɏɠ ˊŬɟɎɔɤɔɞɘ Űɤɜ u,ɡ,w əŬɘ əŬŰô ŮˊɏəŰŬůɖ Űɞ ŭɘɎɜɡůɛŬ όȟȟȟ  ˊɟɞəɨˊŰɞɡɜ Ŭˊɧ Űɖ ɛŮɟɘəɐ 

ˊŬɟŬɔɩɔɘůɖ Űɖɠ ůɢɏůɖɠ (4.56)  

 

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
όȟ
όȟ
όȟ
‡ȟ
‡ȟ
‡ȟ
ύȟ
ύȟ
ύȟỨ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
´ȟ π π ´ȟ π π ȣ ´ȟ π π

´ȟ π π ´ȟ π π ȣ ´ȟ π π

ὔȟ π π ´ȟ π π ȣ ´ȟ π π

π ´ȟ π π ´ȟ π ȣ π ´ȟ π

π ´ȟ π π ´ȟ π ȣ π ´ȟ π

π ὔȟ π π ´ȟ π ȣ π ´ȟ π

π π ´ȟ π π ´ȟ ȣ π π ´ȟ
π π ´ȟ π π ´ȟ ȣ π π ´ȟ
π π ὔȟ π π ´ȟ ȣ π π ´ȟỨ

ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
όȟ
‡ȟ
ύȟ
όȟ
‡ȟ
ύȟ
ȡ
όȟ
‡ȟ
ύȟỨ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 (4.61) 

ɐ Ŭɜ ɞɟɑůɞɡɛŮ 

 

ὄ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
´ȟ π π ´ȟ π π ȣ ´ȟ π π

´ȟ π π ´ȟ π π ȣ ´ȟ π π

ὔȟ π π ´ȟ π π ȣ ´ȟ π π

π ´ȟ π π ´ȟ π ȣ π ´ȟ π

π ´ȟ π π ´ȟ π ȣ π ´ȟ π

π ὔȟ π π ´ȟ π ȣ π ´ȟ π

π π ´ȟ π π ´ȟ ȣ π π ´ȟ
π π ´ȟ π π ´ȟ ȣ π π ´ȟ
π π ὔȟ π π ´ȟ ȣ π π ´ȟỨ

ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 (4.62) 

ŰɧŰŮ ˊɟɞəɨˊŰŮɘ  

 όȟȟȟ ὄ Ὠ (4.63) 

əŬɘ ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ ůŰɖɜ (4.60) ˊŬɑɟɜɞɡɛŮ 

 ‐ ὄ ὄ Ὠ (4.64) 

ȷˊɧ Űɖɜ ŰŮɚŮɡŰŬɑŬ ůɢɏůɖ ɡˊɞɚɞɔɑɕŮŰŬɘ Űɞ ɛɖŰɟɩɞ ˊŬɟŬɛɞɟűɩůŮɤɠ ɤɠ  

 ὄ ὄ ὄ  (4.65) 
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ɀɖŰɟɩɞ ůŰɘɓŬɟɧŰɖŰŬɠ 

ȾŬŰɎ ŰŬ ɔɜɤůŰɎ Űɞ ɛɖŰɟɩɞ ůŰɘɓŬɟɧŰɖŰŬɠ ɡˊɞɚɞɔɑɕŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ (4.15) 

Ὧ ὄ Ὁ ὄὨὠ 

əŬɘ ŰŮɚɘəɎ ˊɟɞəɨˊŰŮɘ  

 

Ὧ ὄ‚ȟ–ȟ‒ Ὁ ὄ‚ȟ–ȟ‒ὨὩὸὐὨ‚Ὠ–Ὠ‒ (4.66) 

ɐ 

 

Ὧ ύύύ ὄ‚ȟ–ȟ‒ Ὁ ὄ‚ȟ–ȟ‒ ὨὩὸὐ (4.67) 

ɧˊɞɡ ɔɘŬ ŰɟɘŭɘɎůŰŬŰŬ ůŰɞɘɢŮɑŬ Űɞ ɛɖŰɟɩɞ ŮɚŬůŰɘəɧŰɖŰŬɠ ŭɑŭŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ 

 

Ὁ
Ὁ

ρ ὺ ρ ςὺ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ρ ὺ ὺ ὺ π π π
ὺ ρ ὺ ὺ π π π
ὺ ὺ ρ ὺ π π π

π π π
ρ ςὺ

ς
π π

π π π π
ρ ςὺ

ς
π

π π π π π
ρ ςὺ

ς Ứ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 (4.68) 

ɀɖŰɟɩɞ ɛɎɕŬɠ 

ȺˊŮəŰŮɑɜɞɜŰŬɠ Űɞɜ Űɨˊɞ [2] Ŭˊɧ Űɘɠ ŭɨɞ ůŰɘɠ ŰɟŮɘɠ ŭɘŬůŰɎůŮɘɠ ɚŬɛɓɎɜɞɡɛŮ Űɞ ɛɖŰɟɩɞ ɛɎɕŬɠ. ɄɟɏˊŮɘ ˊɎɚɘ 

ɜŬ ŰɟɞˊɞˊɞɘɖɗŮɑ əŬŰɎɚɚɖɚŬ ɞ ɧɟɞɠ Űɖɠ ˊɡəɜɧŰɖŰŬɠ əŬɘ Űɞɡ ɛɖŰɟɩɞɡ ůɡɜŬɟŰɐůŮɤɜ ůɢɐɛŬŰɞɠ, ˊɟɞəŮɘɛɏɜɞɡ 

ɜŬ ɚɎɓɞɡɛŮ Űɞ ůɤůŰɧ ɛɖŰɟɩɞ ɛɎɕŬɠ, əŬɗɩɠ ɏɢɞɡɛŮ ˊɚɏɞɜ 3 ɓŬɗɛɞɨɠ ŮɚŮɡɗŮɟɑŬɠ ŬɜɎ əɧɛɓɞ. 

 ȼ ˊɡəɜɧŰɖŰŬ ɗŬ ŮɑɜŬɘ ɏɜŬ ɛɞɜŬŭɘŬɑɞ ɛɖŰɟɩɞ ŭɘŬůŰɎůŮɤɜ (3 x 3) (ɧůɞɘ əŬɘ ɞɘ ɓŬɗɛɞɑ ŮɚŮɡɗŮɟɑŬɠ ŬɜɎ 

əɧɛɓɞ) ˊɞɚɚŬˊɚŬůɘŬůɛɏɜɞ ɓŬɗɛɤŰɎ ɛŮ Űɖɜ ŬɟɘɗɛɖŰɘəɐ Űɘɛɐ Űɖɠ ˊɡəɜɧŰɖŰŬɠ, ŭɖɚŬŭɐ 

 

” ”Ͻ
ρ π π
π ρ π
π π ρ

” π π
π ” π
π π ”

 (4.69) 

Ƀɘ ůɡɜŬɟŰɐůŮɘɠ ůɢɐɛŬŰɞɠ ɗŬ ŮɑɜŬɘ ɛɖŰɟɩŬ ŭɘŬůŰɎůŮɤɜ (3Āəɧɛɓɞɘ x 3), ŭɖɚŬŭɐ ɔɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ Űɤɜ 8 

əɧɛɓɤɜ  
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ὔ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ὔ π π
π ὔ π
π π ὔ
ὔ π π
π ὔ π
π π ὔ
ὔ π π
π ὔ π
π π ὔ
ὔ π π
π ὔ π
π π ὔ
ὔ π π
π ὔ π
π π ὔ
ὔ π π
π ὔ π
π π ὔ
ὔ π π
π ὔ π
π π ὔ
ὔ π π
π ὔ π
π π ὔỨ

ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 (4.70) 

ɐ 

 

ῼ ύύύ ὔ‚ȟ–ȟ‒ ”ὔ‚ȟ–ȟ‒ ὨὩὸὐ (4.71) 

4.2.7 ȺɂȷȺȹɅȽȾȷ ȽɆɃɄȷɅȷɀȺɇɅȽȾȷ ɆɇɃȽɉȺȽȷ ɇɅȽȹȽȷɆɇȷɇȼɆ ȺȿȷɆɇȽȾɃɇȼɇȷɆ 

ȷɁɋɇȺɅɃɈ ȸȷŪɀɃɈ 

ɆŮ ŬɡŰɐ Űɖɜ ɡˊɞŮɜɧŰɖŰŬ ŭɑɜɞɜŰŬɘ ɞɘ ůɡɜŬɟŰɐůŮɘɠ ůɢɐɛŬŰɞɠ ɔɘŬ ůŰɞɘɢŮɑɞ Űɨˊɞɡ Serendipity ŭŮɡŰɏɟɞɡ 

ɓŬɗɛɞɨ, ŭɖɚŬŭɐ 20 əɧɛɓɤɜ. Ƀɘ ůɡɜŬɟŰɐůŮɘɠ ůɢɐɛŬŰɞɠ ˊŬɟɎɔɞɜŰŬɘ ɛŮ ŬɜɎɚɞɔɞ Űɟɧˊɞ ˊɟɞɠ ŬɡŰɧ Űɤɜ 

ŬɜŰɑůŰɞɘɢɤɜ ůɡɜŬɟŰɐůŮɤɜ ůɢɐɛŬŰɞɠ Űɤɜ ŮˊɑˊŮŭɤɜ ɘůɞˊŬɟŬɛŮŰɟɘəɩɜ ůŰɞɘɢŮɑɤɜ (ɓɚ. ɄɑɜŬəŬɠ 2: 

ɆɡɜŬɟŰɐůŮɘɠ ɆɢɐɛŬŰɞɠ ŰŮŰɟŬˊɚŮɡɟɘəɩɜ ɘůɞˊŬɟŬɛŮŰɟɘəɩɜ ůŰɞɘɢŮɑɤɜ ɛŮ 4 ɏɤɠ 9 əɧɛɓɞɡɠ). ɇɞ ɛɖŰɟɩɞ 

ůŰɘɓŬɟɧŰɖŰŬɠ əŬɘ Űɞ ɛɖŰɟɩɞ ɛɎɕŬɠ ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɧˊɤɠ əŬɘ ůŰɖ ˊŬɟɎɔɟŬűɞ 4.2.6 ȺɂȷȺȹɅȽȾȷ 

ȽɆɃɄȷɅȷɀȺɇɅȽȾȷ ɆɇɃȽɉȺȽȷ ɇɅȽȹȽȷɆɇȷɇȼɆ ȺȿȷɆɇȽȾɃɇȼɇȷɆ. ũɘŬ ůŰɞɘɢŮɑŬ ɛŮɔŬɚɨŰŮɟɖɠ 

ŰɎɝɖɠ, ˊɎɚɘ ŬˊŬɘŰŮɑŰŬɘ ɖ Ůˊɘɚɞɔɐ əŬɘ ɞ ůɡɜŭɡŬůɛɧɠ Űɤɜ əŬŰɎɚɚɖɚɤɜ ůɡɜŬɟŰɐůŮɤɜ ůɢɐɛŬŰɞɠ Ŭˊɧ Űɞ 

ůŰɞɘɢŮɑɞ ɟɎɓŭɞɡ. 
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ȺɘəɧɜŬ 27: ȺɝŬŮŭɟɘəɧ ɘůɞˊŬɟŬɛŮŰɟɘəɧ ůŰɞɘɢŮɑɞ 27 əɧɛɓɤɜ 

 
ὔ

ρ

ψ
ρ ‚ ρ – ρ ‒ ‚ – ‒ ς 

ὔ
ρ

ψ
ρ ‚ ρ – ρ ‒ ‚ – ‒ ς   

ὔ
ρ

ψ
ρ ‚ ρ – ρ ‒ ‚ – ‒ ς   

ὔ
ρ

ψ
ρ ‚ ρ – ρ ‒ ‚ – ‒ ς   

ὔ
ρ

ψ
ρ ‚ ρ – ρ ‒ ‚ – ‒ ς 

ὔ
ρ

ψ
ρ ‚ ρ – ρ ‒ ‚ – ‒ ς   

ὔ
ρ

ψ
ρ ‚ ρ – ρ ‒ ‚ – ‒ ς 

ὔ
ρ

ψ
ρ ‚ ρ – ρ ‒ ‚ – ‒ ς 

ὔ
ρ

τ
ρ ‚ ρ – ρ ‒ 

ὔ
ρ

τ
ρ – ρ ‚ ρ ‒ 

ὔ
ρ

τ
ρ ‚ ρ – ρ ‒ 

ὔ
ρ

τ
ρ – ρ ‚ ρ ‒ 

(4.72) 
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ὔ
ρ

τ
ρ ‚ ρ – ρ ‒ 

ὔ
ρ

τ
ρ – ρ ‚ ρ ‒ 

ὔ
ρ

τ
ρ ‚ ρ – ρ ‒ 

ὔ
ρ

τ
ρ – ρ ‚ ρ ‒ 

ὔ
ρ

τ
ρ ‒ ρ ‚ ρ – 

ὔ
ρ

τ
ρ ‒ ρ ‚ ρ – 

ὔ
ρ

τ
ρ ‒ ρ ‚ ρ – 

ὔ
ρ

τ
ρ ‒ ρ ‚ ρ – 

 

4.3 ȼ ɀȺŪɃȹɃɆ NEWMARK  
ȺˊɘůŰɟɏűɞɡɛŮ ůŮ ŬɡŰɧ Űɞ ůɖɛŮɑɞ ůŰɖɜ Ůɝɑůɤůɖ əɑɜɖůɖɠ (4.2). Ⱥűɧůɞɜ ɖ ŮɝɤŰŮɟɘəɐ ŭɘɏɔŮɟůɖ ŭŮɜ 

ˊŮɟɘɔɟɎűŮŰŬɘ Ŭˊɧ ɛɑŬ ůɡɜɎɟŰɖůɖ, ŬɚɚɎ ɛŮŰŬɓɎɚɚŮŰŬɘ ŬɡɗŬɑɟŮŰŬ ɛŮ Űɞ ɢɟɧɜɞ, ˊɟɞűŬɜɩɠ ɔɘŬ Űɖɜ Ůˊɑɚɡůɖ 

Űɖɠ ɗŬ ɢɟɖůɘɛɞˊɞɘɖɗɞɨɜ ŬɟɘɗɛɖŰɘəɏɠ ɛɏɗɞŭɞɘ. ɇɏŰɞɘɞɡ Ůɑŭɞɡɠ ˊɟɞɓɚɐɛŬŰŬ ŬɜŰɘɛŮŰɤˊɑɕɞɜŰŬɘ ɛŮ 

ŬɟɘɗɛɖŰɘəɏɠ ɛŮɗɧŭɞɡɠ ɢɟɞɜɘəɩɜ ɓɖɛɎŰɤɜ ɔɘŬ Űɖɜ ɞɚɞəɚɐɟɤůɖ ŭɘŬűɞɟɘəɩɜ ŮɝɘůɩůŮɤɜ. ɄŬɟŬəɎŰɤ 

ŭɑɜɞɡɛŮ ɏɛűŬůɖ ůŮ ɛɘŬ ůɡɔəŮəɟɘɛɏɜɖ, Űɖ ɛɏɗɞŭɞ Newmark, əŬɗɩɠ ŬɡŰɐ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ əŬɘ ůŰɞɜ əɩŭɘəŬ 

Űɖɠ ŮɟɔŬůɑŬɠ. ɆŰɞ Ůɝɐɠ, ɖ ɔɟŬűɐ ɛŮ ɏɜŰɞɜŬ ɔɟɎɛɛŬŰŬ ɗŬ ˊɟɞůŭɑŭŮɘ Űɖɜ ɘŭɘɧŰɖŰŬ Űɞɡ ɛɖŰɟɩɞɡ, ˊ.ɢ. u. 

ɀɏɗɞŭɞɘ ɢɟɞɜɘəɩɜ ɓɖɛɎŰɤɜ 

ũɘŬ ɏɜŬ ŮɚŬůŰɘəɧ ůɨůŰɖɛŬ ɖ Ůɝɑůɤůɖ əɑɜɖůɖɠ ɢɤɟɑɠ ŬˊɧůɓŮůɖ ˊɞɡ ˊɟɏˊŮɘ ɜŬ ŮˊɘɚɡɗŮɑ ŬɟɘɗɛɖŰɘəɎ ŮɑɜŬɘ: 

 □◊ ▓◊ □◊▌◄ (4.73a) 

ɛŮ Ŭɟɢɘəɏɠ ůɡɜɗɐəŮɠ: 

 ◊ ◊    ◊ ◊  (4.73b) 

ȼ ůŮɘůɛɘəɐ ŭɘɏɔŮɟůɖ ŭɑɜŮŰŬɘ Ŭˊɧ ɛɑŬ ůŮɘůɛɘəɐ əŬŰŬɔɟŬűɐ, ɏɜŬ ŮˊɘŰŬɢɡɜůɘɞɔɟɎűɖɛŬ ŭɖɚŬŭɐ, əŬɘ 

ŬˊɞŰŮɚŮɑŰŬɘ Ŭˊɧ ɏɜŬ ˊɚɐɗɞɠ ŭɘŬəɟɘŰɩɜ Űɘɛɩɜ όȟ ό ὸ, ɛŮ i=0,1,2,é,N, ɧˊɞɡ N ŮɑɜŬɘ Űɞ ˊɚɐɗɞɠ Űɤɜ 

əŬŰŬɔɟŬűɩɜ. ɆŰɖ ɔŮɜɘəɐ ˊŮɟɑˊŰɤůɖ ɏɢɞɡɛŮ ɛɘŬ ŮɝɤŰŮɟɘəɐ űɧɟŰɘůɖ p(t). 
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ȺɘəɧɜŬ 28: ȹɘŬəɟɘŰɏɠ Űɘɛɏɠ Űɖɠ űɧɟŰɘůɖɠ 

 

ȺɘəɧɜŬ 29: ȹɘŬəɟɘŰɏɠ Űɘɛɏɠ Űɖɠ ɛŮŰŬŰɧˊɘůɖɠ 

ɇɞ ɢɟɞɜɘəɧ ŭɘɎůŰɖɛŬ ŮɑɜŬɘ ůɡɜɐɗɤɠ ůŰŬɗŮɟɧ əŬɘ ɚŬɛɓɎɜŮŰŬɘ ɑůɞ ɛŮ 

 ῳὸ ὸ ὸ (4.74) 

ȰŰůɘ ɖ Ŭˊɧəɟɘůɖ ˊɟɞůŭɘɞɟɑɕŮŰŬɘ ɔɘŬ Űɘɠ ŭɘŬəɟɘŰɏɠ ɢɟɞɜɘəɏɠ ůŰɘɔɛɏɠ ὸ. ɇɖ ɢɟɞɜɘəɐ ůŰɘɔɛɐ i ɖ ɛŮŰŬŰɧˊɘůɖ, 

ɖ ŰŬɢɨŰɖŰŬ əŬɘ ɖ ŮˊɘŰɎɢɡɜůɖ Űɞɡ ůɡůŰɐɛŬŰɞɠ ŮɑɜŬɘ ◊░ȟ◊░ȟ◊░ ŬɜŰɘůŰɞɑɢɤɠ əŬɘ ɘəŬɜɞˊɞɘɞɨɜ Űɖɜ Ůɝɑůɤůɖ 

(4.73) 

 □◊░ ▓◊░ □◊▌ȟ░ (4.75) 

ɀŮ Űɖ ɛɏɗɞŭɞ Newmark, Űɖɜ ɞˊɞɑŬ əŬɘ ɗŬ ˊŬɟɞɡůɘɎůɞɡɛŮ ůŰɞ ŮˊɧɛŮɜɞ ŮŭɎűɘɞ, ɗŬ ˊɟɞůŭɘɞɟɑůɞɡɛŮ ŰŬ 

ɛŮɔɏɗɖ Űɖɠ Ŭˊɧəɟɘůɖɠ Űɖɜ Ŭɛɏůɤɠ ŮˊɧɛŮɜɖ ɢɟɞɜɘəɐ ůŰɘɔɛɐ i+1, ◊░ ȟ◊░ ȟ◊░  ŰŬ ɞˊɞɑŬ ɛŮ Űɖ ůŮɘɟɎ 

Űɞɡɠ ɗŬ ɘəŬɜɞˊɞɘɞɨɜ Űɖɜ Ůɝɑůɤůɖ (4.73) 
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 □◊░ ▓◊░ □◊▌ȟ░  (4.76) 

ȿɨɜɞɜŰŬɠ Űɖɜ Ůɝɑůɤůɖ (4.73) ɔɘŬ ŭɘŬŭɞɢɘəɏɠ ɢɟɞɜɘəɏɠ ůŰɘɔɛɏɠ, ɛɏɢɟɘ Űɖ ɢɟɞɜɘəɐ ůŰɘɔɛɐ Ɂ, ɚŬɛɓɎɜɞɡɛŮ 

Űɖɜ ŮˊɘɗɡɛɖŰɐ Ŭˊɧəɟɘůɖ. 

ɀɏɗɞŭɞɠ Newmark 

ȼ ɛɏɗɞŭɞɠ Newmark ɓŬůɑɕŮŰŬɘ ůŰɖɜ ɏəűɟŬůɖ ˊŮˊŮɟŬůɛɏɜɤɜ ŭɘŬűɞɟɩɜ Űɖɠ ŰŬɢɨŰɖŰŬɠ əŬɘ Űɖɠ 

ŮˊɘŰɎɢɡɜůɖɠ. ȼ ŰŬɢɨŰɖŰŬ əŬɘ ɖ ŮˊɘŰɎɢɡɜůɖ ŭɑɜɞɜŰŬɘ ɤɠ Ůɝɐɠ: 

 ◊░ ◊░ ρ ‎ῳὸ◊░ ‎ῳὸ◊░  (4.77a) 

 ◊░ ◊ ῳὸ◊░ πȟυ ‍ ῳὸ ◊░ ‍ῳὸ ◊░  (4.77b) 

Ƀɘ ˊŬɟɎɛŮŰɟɞɘ ɓ əŬɘ ɔ ɞɟɑɕɞɡɜ Űɖɜ ɛŮŰŬɓɞɚɐ Űɖɠ ŮˊɘŰɎɢɡɜůɖɠ ůŮ ɏɜŬ ɢɟɞɜɘəɧ ɓɐɛŬ əŬɘ ˊɟɞůŭɘɞɟɑɕɞɡɜ ŰŬ 

ɢŬɟŬəŰɖɟɘůŰɘəɎ Űɖɠ ŮɡůŰɎɗŮɘŬɠ əŬɘ Űɖɠ ŬəɟɑɓŮɘŬɠ Űɖɠ ɛŮɗɧŭɞɡ. Ⱥŭɩ ŮˊɘɚɏɔɞɡɛŮ ɔ=0,50 əŬɘ ɓ=0,25. ȰŰůɘ, 

əɎɜɞɜŰŬɠ ɢɟɐůɖ Űɤɜ Űɟɘɩɜ ŰŮɚŮɡŰŬɑɤɜ ŮɝɘůɩůŮɤɜ, ɛˊɞɟɞɨɛŮ ɜŬ ɡˊɞɚɞɔɑůɞɡɛŮ ŰŬ ɛŮɔɏɗɖ ◊░ , ◊░ , 

◊░ . ȸɏɓŬɘŬ ŬˊŬɘŰɞɨɜŰŬɘ ŮˊŬɜŬɚɐɣŮɘɠ, ŭɘɧŰɘ ɞ ɎɔɜɤůŰɞɠ ◊░ ŮɛűŬɜɑɕŮŰŬɘ əŬɘ ůŰɞ ŭŮɝɘɧ  ɛɏɚɞɠ Űɤɜ 

ŮɝɘůɩůŮɤɜ Űɖɠ ɛŮɗɧŭɞɡ Newmark.  

ɄŬɟɧɚŬ ŬɡŰɎ ɔɘŬ ɔɟŬɛɛɘəɎ ůɡůŰɐɛŬŰŬ, ɧˊɤɠ ůŰɖ ˊŮɟɑˊŰɤůɖ ɛŬɠ, əŬɘ ɛŮ ŭɘŬűɞɟŮŰɘəɐ ŭɘŬŰɨˊɤůɖ Űɤɜ 

ŮɝɘůɩůŮɤɜ Űɞɡ Newmark, ɛˊɞɟɞɨɛŮ ɜŬ ŮˊɘɚɨůɞɡɛŮ Űɘɠ ŮɝɘůɩůŮɘɠ ɢɤɟɑɠ ŮˊŬɜŬɚɖˊŰɘəɐ ŭɘŬŭɘəŬůɑŬ.  

Ⱥɘŭɘəɐ ˊŮɟɑˊŰɤůɖ ůŰŬɗŮɟɐɠ ɛɏůɖɠ ŮˊɘŰɎɢɡɜůɖɠ 

 

ȺɘəɧɜŬ 30: ɆŰŬɗŮɟɐ ɛɏůɖ ŮˊɘŰɎɢɡɜůɖ 

ɈˊɞɗɏŰɞɡɛŮ ɧŰɘ ɖ ɛŮŰŬɓɞɚɐ Űɖɠ ŮˊɘŰɎɢɡɜůɖɠ ůŮ ɏɜŬ ɢɟɞɜɘəɧ ɓɐɛŬ ŮɑɜŬɘ ůŰŬɗŮɟɐ əŬɘ ɑůɖ ɛŮ Űɖ ɛɏůɖ 

ŮˊɘŰɎɢɡɜůɖ, ɎɟŬ 

 
◊†

ρ

ς
◊░ ◊░ (4.78) 

ɃɚɞəɚɖɟɩɜɞɜŰŬɠ Űɖɜ ˊŬɟŬˊɎɜɤ ůɢɏůɖ ɤɠ ˊɟɞɠ Ű, ɡˊɞɚɞɔɑɕɞɡɛŮ Űɖ ɛŮŰŬɓɞɚɐ Űɖɠ ŰŬɢɨŰɖŰŬɠ ůŰɞ ɢɟɞɜɘəɧ 

ɓɐɛŬ  

 ◊† ◊░
†

ς
◊░ ◊░ (4.79) 
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ȷɜŰɘəŬɗɘůŰɩɜŰŬɠ ůŰɖ ŰŮɚŮɡŰŬɑŬ Ű=ȹt, ɡˊɞɚɞɔɑɕɞɡɛŮ Űɖɜ ŰŬɢɨŰɖŰŬ ůŰɞ ŮˊɧɛŮɜɞ ɓɐɛŬ, ŭɖɚŬŭɐ ůŰɖ ɢɟɞɜɘəɐ 

ůŰɘɔɛɐ i+1 

 
◊░ ◊░

ῳὸ

ς
◊░ ◊░ (4.80) 

ɀŮ Ůə ɜɏɞɡ ɞɚɞəɚɐɟɤůɖ Űɖɠ Ůɝɑůɤůɖɠ (4.79) ˊŬɑɟɜɞɡɛŮ Űɖ ɛŮŰŬɓɞɚɐ Űɖɠ ɛŮŰŬŰɧˊɘůɖɠ ůŰɞ ɢɟɞɜɘəɧ ɓɐɛŬ 

 
◊† ◊░ †◊░

†

τ
◊░ ◊░ (4.81) 

əŬɘ ŬɜŰɘəŬɗɘůŰɩɜŰŬɠ Ű=ȹt ɡˊɞɚɞɔɑɕɞɡɛŮ Űɖɜ ɛŮŰŬŰɧˊɘůɖ ůŰɞ ŮˊɧɛŮɜɞ ɓɐɛŬ 

 
◊░ ◊░ ῳὸ◊░

ῳὸ

τ
◊░ ◊░ (4.82) 

ɄŬɟŬŰɐɟɖůɖ: ɆɡɔəɟɑɜɞɜŰŬɠ Űɘɠ ŮɝɘůɩůŮɘɠ (4.80) əŬɘ (4.82) ɛŮ Űɖɜ Ůɝɑůɤůɖ (4.77) ˊŬɟŬŰɖɟɞɨɛŮ ɧŰɘ ɞɘ 

ŮɝɘůɩůŮɘɠ Űɞɡ Newmark ɛŮ ‎  əŬɘ ‍  ŮɑɜŬɘ ɑŭɘŮɠ ɛŮ ŬɡŰɏɠ ˊɞɡ ˊɟɞɏəɡɣŬɜ ɛŮ Űɖɜ ɡˊɧɗŮůɖ Űɖɠ 

ůŰŬɗŮɟɐɠ ɛɏůɖɠ ŮˊɘŰɎɢɡɜůɖɠ. 

ũɟŬɛɛɘəɎ ůɡůŰɐɛŬŰŬ 

ȳŰŬɜ ŬɜŰɘɛŮŰɤˊɑɕɞɡɛŮ ɔɟŬɛɛɘəɎ ůɡůŰɐɛŬŰŬ, ɧˊɤɠ ůŰɖ ˊŮɟɑˊŰɤůɖ ɛŬɠ, ɛˊɞɟɞɨɛŮ ɜŬ ŰɟɞˊɞˊɞɘɐůɞɡɛŮ Űɖɜ 

Ŭɟɢɘəɐ ŭɘŬŰɨˊɤůɖ Űɤɜ ŮɝɘůɩůŮɤɜ Űɞɡ Newmark, ɏŰůɘ ɩůŰŮ ɜŬ ɛɖɜ ɢɟŮɘɎɕŮŰŬɘ ŮˊŬɜŬɚɖˊŰɘəɐ ŭɘŬŭɘəŬůɑŬ 

ɔɘŬ Űɖɜ Ůˊɑɚɡůɖ Űɤɜ ŮɝɘůɩůŮɤɜ (4.76) əŬɘ (4.77).  

ȷˊɧ Űɖɜ Ůɝɑůɤůɖ (4.77b), ŮəűɟɎɕɞɡɛŮ Űɞ ◊░  ůɡɜŬɟŰɐůŮɘ Űɞɡ ◊░ : 

 
◊░

ρ

‍ῳὸ
◊░ ◊░

ρ

‍ῳὸ
◊░

ρ

ς‍
ρ◊░ (4.83) 

ȷɜŰɘəŬɗɘůŰɩɜŰŬɠ Űɖɜ ŰŮɚŮɡŰŬɑŬ Ůɝɑůɤůɖ ůŰɖɜ (4.77a) ˊŬɑɟɜɞɡɛŮ Űɞ ◊░  ůɡɜŬɟŰɐůŮɘ Űɞɡ ◊░ 

 ◊░
‎

‍ῳὸ
◊░ ◊░ ρ

‎

‍
◊░ ῳὸρ

‎

ς‍
◊░ (4.84) 

ȷɜŰɘəŬɗɘůŰɩɜŰŬɠ Űɘɠ ŭɨɞ ŰŮɚŮɡŰŬɑŮɠ ŮɝɘůɩůŮɘɠ ůŰɖɜ Ůɝɑůɤůɖ (4.76) ɖ ɞˊɞɑŬ əŬɘ ˊŮɟɘɔɟɎűŮɘ Űɖɜ ŭɡɜŬɛɘəɐ 

Ŭˊɧəɟɘůɖ Űɞɡ ůɡůŰɐɛŬŰɞɠ ůŰɖɜ ɢɟɞɜɘəɐ ůŰɘɔɛɐ i+1, ˊŬɑɟɜɞɡɛŮ  

 ▓◊░ ▬░  (4.85) 

ɧˊɞɡ 

 
▓ ▓

‎

‍ῳὸ
╬

ρ

‍ῳὸ
□ (4.86) 

əŬɘ 

 
▬░ ▬░

ρ

‍ῳὸ
□

‎

‍ῳὸ
╬◊░

ρ

‍ῳὸ
□

‎

‍
ρ╬◊░

ρ

ς‍
ρ□ ῳὸ

‎

ς‍
ρ╬◊░ 

(4.87) 

ɐ ɔɘŬ Űɖ ˊŮɟɑˊŰɤůɖ ɛŬɠ ɧˊɞɡ ŭŮɜ ɏɢɞɡɛŮ ŬˊɧůɓŮůɖ 

 
▓ ▓

ρ

‍ῳὸ
□ (4.88) 

əŬɘ  

 
▬░ ▬░

ρ

‍ῳὸ
□ ◊░

ρ

‍ῳὸ
□ ◊░

ρ

ς‍
ρ□ ◊░ (4.89) 
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ɇɩɟŬ ˊɚɏɞɜ ɔɜɤɟɑɕɞɡɛŮ ŰŬ ▓ əŬɘ ▬░ , Ŭűɞɨ ɔɜɤɟɑɕɞɡɛŮ Űɧůɞ Űɞ ɛɖŰɟɩɞ ůŰɘɓŬɟɧŰɖŰŬɠ k ɧůɞ əŬɘ Űɞ 

ɛɖŰɟɩɞ ɛɎɕŬɠ m, Űɘɠ ˊŬɟŬɛɏŰɟɞɡɠ ɔ əŬɘ ɓ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ (ŮɛŮɑɠ Űɘɠ ɏɢɞɡɛŮ ŮˊɘɚɏɝŮɘ), əŬɗɩɠ əŬɘ Űɖ 

ɛŮŰŬŰɧˊɘůɖ ◊░, Űɖ ŰŬɢɨŰɖŰŬ ◊░ əŬɘ Űɖɜ ŮˊɘŰɎɢɡɜůɖ ◊░ Űɞɡ ůɡůŰɐɛŬŰɞɠ Űɖ ɢɟɞɜɘəɐ ůŰɘɔɛɐ i. ȯɟŬ ɛˊɞɟɞɨɛŮ 

ɜŬ ɡˊɞɚɞɔɑůɞɡɛŮ Űɖ ɛŮŰŬŰɧˊɘůɖ Űɖ ɢɟɞɜɘəɐ ůŰɘɔɛɐ i+1 ɤɠ 

 
◊░

▬░

▓
 (4.90) 

ɀŮ Űɞ ◊░  əŬŰŬűŮɨɔɞɡɛŮ ůŰɘɠ ŮɝɘůɩůŮɘɠ (4.84) əŬɘ (4.87) ɔɘŬ ɜŬ ɡˊɞɚɞɔɑůɞɡɛŮ Űɖɜ ŰŬɢɨŰɖŰŬ ◊░  əŬɘ 

Űɖɜ ŮˊɘŰɎɢɡɜůɖ ◊░  Űɖ ɢɟɞɜɘəɐ ůŰɘɔɛɐ i+1.  

ȼ ŮˊɘŰɎɢɡɜůɖ ɛˊɞɟŮɑ ɜŬ ɡˊɞɚɞɔɘůŰŮɑ əŬɘ ɛŮ ɢɟɐůɖ Űɖɠ Ůɝɑůɤůɖɠ əɑɜɖůɖɠ Űɖ ɢɟɞɜɘəɐ ůŰɘɔɛɐ i+1, ŭɖɚŬŭɐ 

 
◊░

▬░ ╬◊░ ▓◊░
□

 (4.91) 

Ɇɨɔəɚɘůɖ ï ȺɡůŰɎɗŮɘŬ ï ȷəɟɑɓŮɘŬ 

ɄɟɞəŮɘɛɏɜɞɡ ɛɘŬ ŬɟɘɗɛɖŰɘəɐ ɛɏɗɞŭɞɠ ɜŬ ɛˊɞɟɏůŮɘ ɜŬ ŬɜŰɘəŬŰŬůŰɐůŮɘ ɛɘŬ ŬɜŬɚɡŰɘəɐ Ůˊɑɚɡůɖ ɗŬ ˊɟɏˊŮɘ 

ɜŬ ůɡɔəɚɑɜŮɘ, ŭɖɚŬŭɐ ɧůɞ ɛɘəɟŬɑɜŮɘ Űɞ ɢɟɞɜɘəɧ ɓɐɛŬ, Űɧůɞ ɖ ŬɟɘɗɛɖŰɘəɐ ɚɨůɖ ɜŬ ˊɚɖůɘɎɕŮɘ Űɖɜ Ŭəɟɘɓɐ, 

ɜŬ ŮɑɜŬɘ ŮɡůŰŬɗɐɠ, ŭɖɚŬŭɐ ɜŬ ɛɖɜ ŮˊɖɟŮɎɕŮŰŬɘ Ŭˊɧ ŬɟɘɗɛɖŰɘəɎ ůűɎɚɛŬŰŬ ůŰɟɞɔɔɡɚɞˊɞɑɖůɖɠ əŬɘ ɜŬ ŮɑɜŬɘ 

Ŭəɟɘɓɐɠ, ŭɖɚŬŭɐ ɜŬ ˊŬɟɏɢŮɘ ŬˊɞŰŮɚɏůɛŬŰŬ ˊɞɡ ɓɟɑůəɞɜŰŬɘ ŬɟəŮŰɎ əɞɜŰɎ ůŰɖɜ Ŭəɟɘɓɐ ɚɨůɖ. 

ȼ ɛɏɗɞŭɞɠ Newmark ŮɑɜŬɘ ŮɡůŰŬɗɐɠ Ŭɜ 

 ῳὸ

Ὕ

ρ

“Ѝς

ρ

‎ ς‍
 (4.92) 

ȼ ůɡɜɗɐəɖ ŬɡŰɐ ɔɘŬ ɔ=0,50 əŬɘ ɓ=0,25 ŭɑɜŮɘ 

 ῳὸ

Ὕ
Њ (4.93) 

ȯɟŬ ɖ ɛɏɗɞŭɞɠ Űɖɠ ɛɏůɖɠ ŮˊɘŰɎɢɡɜůɖɠ ŮɑɜŬɘ ˊɎɜŰŬ ŮɡůŰŬɗɐɠ, ŬɜŮɝŬɟŰɐŰɤɠ Űɞɡ ɢɟɞɜɘəɞɨ ɓɐɛŬŰɞɠ ȹt. 

ɋůŰɧůɞ ɛɘəɟɐ ůɖɛŬůɑŬ ɏɢŮɘ ŬɡŰɐ ɖ ˊɚɖɟɞűɞɟɑŬ, əŬɗɩɠ ɔɘŬ ɜŬ ŮɑɜŬɘ Ŭəɟɘɓɐɠ ɖ ɛɏɗɞŭɞɠ, ŬˊŬɘŰɞɨɜŰŬɘ ˊɞɚɨ 

ɛɘəɟɧŰŮɟŬ ȹt. ɇɡˊɘəɎ ŮˊɘɚɏɔŮŰŬɘ ɏɜŬ ɓɐɛŬ ɏŰůɘ ɩůŰŮ ɜŬ ŮɑɜŬɘ ŰɞɡɚɎɢɘůŰɞɜ 10 űɞɟɏɠ ɛɘəɟɧŰŮɟɞ Ŭˊɧ Űɖɜ 

ˊɟɩŰɖ ɘŭɘɞˊŮɟɑɞŭɞ Űɞɡ ůɡůŰɐɛŬŰɞɠ, ŭɖɚŬŭɐ 

 ῳὸ

Ὕ
πȟρ (4.94) 
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ȾȺūȷȿȷȽɃ 5: ȷɅȽŪɀȼɇȽȾȷ ɄȷɅȷȹȺȽũɀȷɇȷ 
 

ɉŬɟŬəŰɖɟɘůŰɘəɎ ŮŭɎűɞɡɠ 

ũɘŬ ɜŬ ŮɚɏɔɝɞɡɛŮ Űɖɜ ŬəɟɑɓŮɘŬ Űɖɠ ɛŮɗɧŭɞɡ Űɤɜ űŬůɛŬŰɘəɩɜ ůŰɞɘɢŮɑɤɜ, ŭɖɛɘɞɡɟɔɞɨɛŮ ɛɘŬ ŮŭŬűɘəɐ 

ŮˊɘűɎɜŮɘŬ -ŮŭŬűɘəɐ Űɞɛɐ- ŭɘŬůŰɎůŮɤɜ 20m ́ ɚɎŰɞɡɠ əŬɘ 5m ɓɎɗɞɡɠ. ȼ ŮˊɘűɎɜŮɘŬ ŬɡŰɐ ˊɟɞůɞɛɞɘɩɜŮŰŬɘ ɛŮ 

ɏɜŬɜ əɎɜŬɓɞ ˊŮˊŮɟŬůɛɏɜɤɜ ůŰɞɘɢŮɑɤɜ. Ƀ əɎɜŬɓɞɠ ŬɡŰɧɠ ɛˊɞɟŮɑ ɜŬ ŬˊɞŰŮɚŮɑŰŬɘ Ŭˊɧ 100, 400, 2.500 ɐ 

10.000 ˊŮˊŮɟŬůɛɏɜŬ ůŰɞɘɢŮɑŬ əɎɗŮ űɞɟɎ. ȷəɧɛɖ ɗŮɤɟɞɨɛŮ ůɡɜɗɐəŮɠ ˊɎəŰɤůɖɠ ůŰɖ ɓɎůɖ Űɞɡ. 

 

ȺɘəɧɜŬ 31: Ʉɟɞůɞɛɞɑɤůɖ ŮŭɎűɞɡɠ ɛŮ 100 ůŰɞɘɢŮɑŬ 

 

ȺɘəɧɜŬ 32: Ʉɟɞůɞɛɞɑɤůɖ ŮŭɎűɞɡɠ ɛŮ 400 ůŰɞɘɢŮɑŬ 

 

ȺɘəɧɜŬ 33: Ʉɟɞůɞɛɞɑɤůɖ ŮŭɎűɞɡɠ ɛŮ 2.500 ůŰɞɘɢŮɑŬ  
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ȺɘəɧɜŬ 34: Ʉɟɞůɞɛɞɑɤůɖ ŮŭɎűɞɡɠ ɛŮ 10.000 ůŰɞɘɢŮɑŬ  

ɄɟɞəŮɘɛɏɜɞɡ Űɞ ˊɟɧɓɚɖɛŬ ɜŬ ɔɑɜŮɘ ˊɘɞ ɟŮŬɚɘůŰɘəɧ, ŬˊɞŭɑŭɞɡɛŮ ůŰŬ ůŰɞɘɢŮɑŬ ɛɏŰɟɞ ŮɚŬůŰɘəɧŰɖŰŬɠ Ⱥ, 

ˊɡəɜɧŰɖŰŬ ɟ əŬɘ ɚɧɔɞ Űɞɡ Poisson v. Ɉ ɞ́ɗɏŰɞɡɛŮ ɧŰɘ Űɞ ɏŭŬűɞɠ ŬˊɞŰŮɚŮɑŰŬɘ Ŭˊɧ ˊɡəɜɐ Ɏɛɛɞ, ŭɖɚŬŭɐ 

əŬŰɖɔɞɟɑŬɠ C əŬŰɎ Űɞɜ EC8. ȰŰůɘ,  Ŭ́ɑɟɜɞɡɛŮ ɛɘŬ ɛɏůɖ Űɘɛɐ ɔɘŬ Űɖɜ ŰŬɢɨŰɖŰŬ ŭɘɎŭɞůɖɠ ŭɘŬŰɛɖŰɘəɩɜ 

əɡɛɎŰɤɜ ůŰɞ ɏŭŬűɞɠ vs,30 = 250m/s  

 

ȺɘəɧɜŬ 35: ȾŬŰɖɔɞɟɑŮɠ ŮŭɎűɞɡɠ əŬŰɎ Űɞɜ EC8 
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ũɘŬ ˊɡəɜɧŰɖŰŬ ŮŭɎűɞɡɠ ɟ=2.000kg/m3 ɡˊɞɚɞɔɑɕɞɡɛŮ Űɞ ŭɘŬŰɛɖŰɘəɧ ɛɏŰɟɞ ŮɚŬůŰɘəɧŰɖŰŬɠ G Ŭˊɧ Űɖ ůɢɏůɖ 

 

ὺ
Ὃ

”
 (5.1) 

ɐ 

Ὃ ”Ͻὺ ᵾ Ὃ ςȢπππϽςυπ 

əŬɘ ŰŮɚɘəɎ G=125MPa. 

ȼ ˊŬɟŬˊɎɜɤ Ůɝɑůɤůɖ ŭɑɜŮɘ Űɞ Ɏɜɤ ɧɟɘɞ Űɞɡ ŭɘŬŰɛɖŰɘəɞɨ ɛɏŰɟɞɡ ŮɚŬůŰɘəɧŰɖŰŬɠ Gmax: əŬɗɩɠ ŬɡɝɎɜŮɘ ɖ 

ˊŬɟŬɛɧɟűɤůɖ, ɖ ŭɡůəŬɛɣɑŬ Űɞɡ ŮŭɎűɞɡɠ ɛŮɘɩɜŮŰŬɘ. Ƀ ůɡɜŰŮɚŮůŰɐɠ ɛŮɑɤůɖɠ Űɞɡ ɛɏŰɟɞɡ ŮɚŬůŰɘəɧŰɖŰŬɠ, 

ŭɖɚŬŭɐ ɞ ɚɧɔɞɠ G/Gmax, ŮɝŬɟŰɎŰŬɘ Ŭˊɧ ˊŮɟɘɓŬɚɚɞɜŰɘəɞɨɠ ˊŬɟɎɔɞɜŰŮɠ əŬɘ Ŭˊɧ Űɘɠ ůɡɜɗɐəŮɠ űɧɟŰɘůɖɠ. 

Ⱥˊɘˊɚɏɞɜ, ɖ ůŰɟɤɛŬŰɞɔɟŬűɑŬ Űɤɜ ŮŭŬűɩɜ ŮɑɜŬɘ ůɡɢɜɎ ŮŰŮɟɞɔŮɜɐɠ əŬɘ ɛˊɞɟŮɑ ɜŬ ɢɟŮɘŬůŰɞɨɜ ɔŮɤŰɟɐůŮɘɠ 

ɔɘŬ ɜŬ ˊɟɞůŭɘɞɟɘůŰɞɨɜ ŰŬ ůŰɟɩɛŬŰŬ, Űɞ ˊɎɢɞɠ Űɞɡɠ ŬɚɚɎ əŬɘ ɖ ŰŬɢɨŰɖŰŬ ŭɘɎŭɞůɖɠ Űɤɜ ŭɘŬŰɛɖŰɘəɩɜ 

əɡɛɎŰɤɜ. 

ȷˊɧ ˊɟɧůűŬŰŮɠ ɔŮɤŰŮɢɜɘəɏɠ ɛŮɚɏŰŮɠ ɔɜɤɟɑɕɞɡɛŮ ˊɤɠ əŬŰɎ Űɖ ŭɘɎɟəŮɘŬ ɘůɢɡɟɩɜ ŭɞɜɐůŮɤɜ ɞɘ 

ˊŬɟŬɛɞɟűɩůŮɘɠ Űɞɡ ŮŭɎűɞɡɠ ŮɜŭɏɢŮŰŬɘ ɜŬ űŰɎůɞɡɜ Űɖɜ Űɘɛɐ ɔ=5x10-3 ɐ Ŭəɧɛɖ ɛŮɔŬɚɨŰŮɟɖ, ɞŭɖɔɩɜŰŬɠ ůŮ 

ɚɧɔɞ ŭɘŬŰɛɖŰɘəɞɨ ɛɏŰɟɞɡ ŮɚŬůŰɘəɧŰɖŰŬɠ G/Gmax=1/10.  

ɆŰɘɠ ŮűŬɟɛɞɔɏɠ Űɖɠ ́ ŬɟɞɨůŬɠ ŮɟɔŬůɑŬɠ ŮɝŮŰɎɕɞɡɛŮ Űɖɜ ŭɘɎŭɞůɖ əɡɛɎŰɤɜ Ŭˊɧ ɘůɢɡɟɏɠ ůŮɘůɛɘəɏɠ ŭɞɜɐůŮɘɠ. 

Ƀ ůəɞˊɧɠ ɧɛɤɠ Űɤɜ ŮűŬɟɛɞɔɩɜ  ŮɑɜŬɘ ɜŬ ɛŮɚŮŰɖɗŮɑ ɖ ŬɝɘɞˊɘůŰɑŬ Űɖɠ ɛŮɗɧŭɞɡ Űɤɜ űŬůɛŬŰɘəɩɜ ůŰɞɘɢŮɑɤɜ. 

Ⱥˊɞɛɏɜɤɠ, ŭŮɜ ɛŬɠ ŮɜŭɘŬűɏɟŮɘ ůŮ ɛŮɔɎɚɞ ɓŬɗɛɧ ɖ ŮɜŭŮɚŮɢɐɠ ˊɟɞůɞɛɞɑɤůɖ Űɤɜ ɛɖɢŬɜɘəɩɜ ɘŭɘɞŰɐŰɤɜ Űɞɡ 

ŮŭɎűɞɡɠ, ŮɘŭɘəɎ ɧŰŬɜ ŬɡŰɏɠ Ŭűɞɟɞɨɜ Űɖɜ ˊɚŬůŰɘəɐ ˊŮɟɘɞɢɐ. ȰŰůɘ, ɔɘŬ Űɞɡɠ ɡˊɞɚɞɔɘůɛɞɨɠ ɛŬɠ ɡˊɞɗɏŰɞɡɛŮ 

ɧŰɘ Űɞ ɏŭŬűɞɠ ˊŬɟŬɛɏɜŮɘ ůŰɖɜ ŮɚŬůŰɘəɐ ˊŮɟɘɞɢɐ əŬɘ ŭŮɜ ŭɘŬɗɏŰŮɘ ŬˊɧůɓŮůɖ ï ɏɢŮɘ ɛɘəɟɏɠ ŭɘŬŰɛɖŰɘəɏɠ 

ˊŬɟŬɛɞɟűɩůŮɘɠ - əŬɘ ɚŬɛɓɎɜɞɡɛŮ ɏɜŬ ŭɘŬŰɛɖŰɘəɧ ɛɏŰɟɞ ŮɚŬůŰɘəɧŰɖŰŬɠ ɑůɞ ɛŮ Űɞ ɛɘůɧ ˊɞɡ ɡˊɞɚɞɔɑůŬɛŮ 

Ŭˊɧ Űɖɜ ůɢɏůɖ (5.1), Ůˊɞɛɏɜɤɠ 

 Ὃ πȢυπὋ  (5.2) 

ɐ 

Ὃ φςȟυὓὖὥ 

 ũɘŬ ɚɧɔɞ Űɞɡ Poisson v=0,3 əŬɘ Ŭˊɧ Űɞ ɜɧɛɞ Űɞɡ Hook ɡˊɞɚɞɔɑɕɞɡɛŮ Űɞ ɛɏŰɟɞ ŮɚŬůŰɘəɧŰɖŰŬɠ Ⱥ ɤɠ Ůɝɐɠ: 

 Ὁ ςϽὋϽρ ὺ (5.3) 

ɐ 

Ὁ ςϽφςȟυϽρ πȟσ 

əŬɘ ŰŮɚɘəɎ Ⱥ=162,5MPa. 

ȺɝɤŰŮɟɘəɐ űɧɟŰɘůɖ 

ȺɝŮŰɎɕɞɡɛŮ 4 ŭɘŬűɞɟŮŰɘəɎ ůŮɘůɛɘəɎ ɔŮɔɞɜɧŰŬ, 2 Ŭˊɧ Űɞɜ ȺɚɚŬŭɘəɧ ɢɩɟɞ əŬɘ 2 Ŭˊɧ Űɞ ŮɝɤŰŮɟɘəɧ. Ʉɘɞ 

ůɡɔəŮəɟɘɛɏɜŬ, ɏɢɞɡɛŮ ŮˊɘɚɏɝŮɘ Űɞɡɠ ůŮɘůɛɞɨɠ ˊɞɡ ɏɔɘɜŬɜ ůŰɖɜ ȾŬɚŬɛɎŰŬ(KAL 1) ůŰɘɠ 14/09/1986, ůŰɖɜ 

ȺɚŮɡůɑɜŬ ůŰɘɠ 07/09/1999, ůŰɞ San Francisco-Loma Prieta(APEEL 10 - Skyline) Űɤɜ ȼ.Ʉ.ȷ ůŰɘɠ 

17/10/1989 əŬɘ ůŰɞ Kobe(Abeno) Űɖɠ ȽŬˊɤɜɑŬɠ ůŰɘɠ 17/01/1995. ȷəɞɚɞɡɗɞɨɜ ŰŬ ŮˊɘŰŬɢɡɜůɘɞɔɟŬűɐɛŬŰŬ 

əŬɘ ŰŬ űɎůɛŬŰŬ ŮˊɘŰŬɢɨɜůŮɤɜ Űɞɡ əɎɗŮ ůŮɘůɛɞɨ. 
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ȺɘəɧɜŬ 36: ȺˊɘŰŬɢɡɜůɘɞɔɟɎűɖɛŬ ůŮɘůɛɞɨ ȺɚŮɡůɑɜŬɠ 

 

ȺɘəɧɜŬ 37: ūɎůɛŬ ȺˊɘŰŬɢɨɜůŮɤɜ ůŮɘůɛɞɨ ȺɚŮɡůɑɜŬɠ 
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ȺɘəɧɜŬ 38: ȺˊɘŰŬɢɡɜůɘɞɔɟɎűɖɛŬ ůŮɘůɛɞɨ ȾŬɚŬɛɎŰŬ 

 

ȺɘəɧɜŬ 39: ūɎůɛŬ ȺˊɘŰŬɢɨɜůŮɤɜ ůŮɘůɛɞɨ ȾŬɚŬɛɎŰŬɠ 
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ȺɘəɧɜŬ 40: ȺˊɘŰŬɢɡɜůɘɞɔɟɎűɖɛŬ ůŮɘůɛɞɨ Loma Prieta 

 

ȺɘəɧɜŬ 41: ūɎůɛŬ ŮˊɘŰŬɢɨɜůŮɤɜ ůŮɘůɛɞɨ Loma Prieta 
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ȺɘəɧɜŬ 42: ȺˊɘŰŬɢɡɜůɘɞɔɟɎűɖɛŬ ůŮɘůɛɞɨ Kobe 

 

ȺɘəɧɜŬ 43: ūɎůɛŬ ŮˊɘŰŬɢɨɜůŮɤɜ ůŮɘůɛɞɨ Kobe 
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ȹɘŬəɟɘŰɞˊɞɑɖůɖ 

ɆŰɘɠ əɚŬůɘəɏɠ ŮűŬɟɛɞɔɏɠ Űɖɠ SEM, ŮˊɘɚɏɔɞɜŰŬɘ ˊɞɚɡɩɜɡɛŬ ŰɎɝɖɠ Ɂ, ɛŮ  4 Ò N Ò 8. ũɘŬ ŰɏŰɞɘŮɠ Űɘɛɏɠ, 

ɢɟŮɘɎɕɞɜŰŬɘ ŰɞɡɚɎɢɘůŰɞɜ ˊɏɜŰŮ əɧɛɓɞɘ GLL ŬɜɎ ɛɐəɞɠ əɨɛŬŰɞɠ, ́ ŬɜŰɞɨ ůŰɖɜ ˊŮɟɘɞɢɐ ɔɘŬ ɜŬ ˊŮɟɘɔɟɎɣɞɡɜ 

ůɤůŰɎ Űɞ ůŮɘůɛɘəɧ əɨɛŬ (ˊ.ɢ. Komatitsch & Vilotte 1998). ȷɡŰɧ ůɖɛŬɑɜŮɘ ɧŰɘ Űɞ ɛɏɔŮɗɞɠ Űɤɜ ůŰɞɘɢŮɑɤɜ d 

əŬɘ ɖ ˊɞɚɡɤɜɡɛɘəɐ ŰɎɝɖ N ˊŮɟɘɞɟɑɕɞɜŰŬɘ əŬɘ ŰŬ ŭɨɞ Ŭˊɧ Űɞ ɛɘəɟɧŰŮɟɞ ɛɐəɞɠ əɨɛŬŰɞɠ ɚmin ˊɞɡ ŭɘŬŭɑŭŮŰŬɘ 

ůŰɞ ɛɏůɞ. ȷɡŰɐ ɖ ůɡɜɗɐəɖ ɛˊɞɟŮɑ ɜŬ ůɡɜɞɣɘůŰŮɑ ɛŮ Űɖɜ Ŭəɧɚɞɡɗɖ ůɢɏůɖ: 

 
Ὠ
ὔ

υ
‗  (5.4) 

ɧˊɞɡ 

 
‗ ά

ὠὩὰέὧὭὸώ άίϳ

ὊὶὩήόὩὲὧώ Ὄᾀ
 (5.5a) 

ɐ 

 ‗ ά ὠὩὰέὧὭὸώ 
ά

ί
ϽὖὩὶὭέὨ ÓÅÃ (5.5b) 

ɄɟɩŰŬ ŮˊŬɜŬ-ɡˊɞɚɞɔɑɕɞɡɛŮ Űɖ ŰŬɢɨŰɖŰŬ ŭɘɎŭɞůɖɠ Űɤɜ ŭŮɡŰŮɟŮɡɧɜŰɤɜ s əɡɛɎŰɤɜ, ɔɘŬ ɜŬ ŮɑɜŬɘ ůɡɛɓŬŰɧ 

ɛŮ Űɞ ŬˊɞɛŮɘɤɛɏɜɞ ŭɘŬŰɛɖŰɘəɧ ɛɏŰɟɞ ŮɚŬůŰɘəɧŰɖŰŬɠ  

ὺ
Ὃ

”
 

ɐ 

ὺ
φςȟυὓὖὥ

ςȢπππὯὫ
ά

 

əŬɘ ŰŮɚɘəɎ ○▼ ȟ
□

▼
. 

ȰˊŮɘŰŬ, ɡˊɞɚɞɔɑɕɞɡɛŮ Űɖ ŰŬɢɨŰɖŰŬ ŭɘɎŭɞůɖɠ Űɤɜ əɨɟɘɤɜ p əɡɛɎŰɤɜ, ůɨɛűɤɜŬ ɛŮ Űɞɜ Űɨˊɞ Űɖɠ 

ŮŭŬűɞŭɡɜŬɛɘəɐɠ 

 

ὺ ὺ
ρ ὺ

πȢυ ὺ
 (5.6) 

ɐ 

ὺ ρχφȟχχ
ρ πȟσ

πȢυ πȟσ
 

əŬɘ ŰŮɚɘəɎ ○▬ ȟ
□

▼
 

ɇŬ ŬˊɞŰŮɚɏůɛŬŰŬ ɔɘŬ əɎɗŮ ůŮɘůɛɘəɧ ɔŮɔɞɜɧɠ əŬɘ ɔɘŬ Ɂ=1 ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ůŰɞɜ ˊŬɟŬəɎŰɤ ˊɑɜŬəŬ. H 

ŭŮůˊɧɕɞɡůŬ ɘŭɘɞˊŮɟɑɞŭɞɠ ŮəŰɘɛɎŰŬɘ Ŭˊɧ Űɖɜ ůɡɢɜɧŰɖŰŬ ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɖ ɛɏɔɘůŰɖ ŮˊɘŰɎɢɡɜůɖ Űɞɡ 

űɎůɛŬŰɞɠ. 
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ȳɜɞɛŬ ɔŮɔɞɜɧŰɞɠ ȹŮůˊɧɕɞɡůŬ ȽŭɘɞˊŮɟɑɞŭɞɠ [sec] ɚmin [m] d [m] 

KOBE 0,56 261,9 52,38 

LOMAPRIETA 0,34 159,02 31,8 

ȺȿȺɈɆȽɁȷ 0,20 66,142 13,23 

Ⱦȷȿȷɀȷɇȷ 0,31 102,52 20,5 
ɄɑɜŬəŬɠ 3: ȷˊŬɘŰɞɨɛŮɜɞ ɛɏɔŮɗɞɠ ůŰɞɘɢŮɑɞɡ ŬɜɎ ůŮɘůɛɘəɧ ɔŮɔɞɜɧɠ  

ɆŰɖɜ ˊŮɟɑˊŰɤůɖ ɛŬɠ, ɚɧɔɤ Űɤɜ ɛɘəɟɩɜ ŭɘŬůŰɎůŮɤɜ Űɞɡ ŮŭŬűɘəɞɨ ɧɔəɞɡ ŭŮɜ ŮɑɜŬɘ əɟɑůɘɛɖ ɖ ˊŬɟŬˊɎɜɤ 

ůɢɏůɖ ɔɘŬ Űɞɜ ˊɟɞůŭɘɞɟɘůɛɧ Űɖɠ ɛɏɔɘůŰɖɠ ŭɘɎůŰŬůɖɠ Ůɜɧɠ ůŰɞɘɢŮɑɞɡ, ɧˊɤɠ əŬŰŬŭŮɘəɜɨŮɘ əŬɘ ɞ ˊɑɜŬəŬɠ 

ɎɚɚɤůŰŮ. ȰŰůɘ ɞɘ ŭɘŬůŰɎůŮɘɠ Űɤɜ ůŰɞɘɢŮɑɤɜ ɚŬɛɓɎɜɞɜŰŬɘ ɑůŮɠ ɛŮ 1m x 1m.  

ȺɡůŰɎɗŮɘŬ ï ůɡɜɗɐəɖ CFL 

ɀɘŬɠ əŬɘ ɢɟɖůɘɛɞˊɞɘɞɨɛŮ Űɖ ɛɏɗɞŭɞ Newmark ɔɘŬ Űɖɜ ŬɟɘɗɛɖŰɘəɐ ɞɚɞəɚɐɟɤůɖ Űɖɠ Ůɝɑůɤůɖɠ Űɖɠ əɑɜɖůɖɠ, 

ŭŮɜ ɡˊɎɟɢŮɘ əɎˊɞɘŬ ŬˊŬɑŰɖůɖ ŮɡůŰɎɗŮɘŬɠ. ɄŬɟɧɚŬ ŬɡŰɎ ɔɘŬ ɚɧɔɞɡɠ ˊɚɖɟɧŰɖŰŬɠ, ˊŬɟɞɡůɘɎɕŮŰŬɘ Ůŭɩ ɖ 

ůɡɜɗɐəɖ ůɨɔəɚɘůɖɠ CFL. 

ɆŰŬ ɛŬɗɖɛŬŰɘəɎ, ɖ ůɨɔəɚɘůɖɠ Űɤɜ CourantïFriedrichsïLewy ŮɑɜŬɘ ŬˊŬɟŬɑŰɖŰɖ ˊɟɞɦˊɧɗŮůɖ ɔɘŬ Űɖ 

ůɨɔəɚɘůɖ əŬŰɎ Űɖɜ Ůˊɑɚɡůɖ ɞɟɘůɛɏɜɤɜ ɛŮɟɘəɩɜ ŭɘŬűɞɟɘəɩɜ ŮɝɘůɩůŮɤɜ (ůɡɜɐɗɤɠ ɡˊŮɟɓɞɚɘəɩɜ) 

ŬɟɘɗɛɖŰɘəɎ. ɄɟɞəɨˊŰŮɘ əŬŰɎ Űɖɜ ɟɖŰɐ ŬɟɘɗɛɖŰɘəɐ ɞɚɞəɚɐɟɤůɖ ůŰɞ ɢɟɧɜɞ ůɡůŰɖɛɎŰɤɜ, ɧŰŬɜ ŬɡŰɎ 

ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ɔɘŬ Űɖɜ ŬɟɘɗɛɖŰɘəɐ ɚɨůɖ. ȾŬŰɎ ůɡɜɏˊŮɘŬ, Űɞ ɢɟɞɜɘəɧ ɓɐɛŬ ˊɟɏˊŮɘ ɜŬ ŮɑɜŬɘ ɛɘəɟɧŰŮɟɞ 

Ŭˊɧ ɏɜŬɜ ɞɟɘůɛɏɜɞ ɢɟɧɜɞ, ŭɘŬűɞɟŮŰɘəɎ ɖ ˊɟɞůɞɛɞɑɤůɖ ˊŬɟɎɔŮɘ ŮůűŬɚɛɏɜŬ ŬˊɞŰŮɚɏůɛŬŰŬ. ȼ ůɡɜɗɐəɖ 

ˊɐɟŮ Űɞ ɧɜɞɛɎ Űɖɠ Ŭˊɧ Űɞɡɠ Richard Courant, Kurt Friedrichs əŬɘ Hans Lewy ˊɞɡ Űɖɜ ˊŮɟɘɏɔɟŬɣŬɜ ůŰɖɜ 

ŮɟɔŬůɑŬ Űɞɡɠ Űɞ 1928. 

ȼ ŮɡůŰɎɗŮɘŬ ůŮ ɟɖŰɎ ɢɟɞɜɘəɎ ůɢɐɛŬŰŬ əŬɗɞɟɑɕŮŰŬɘ Ŭˊɧ Űɞɜ Ŭɟɘɗɛɧ CFL ɞ ɞˊɞɑɞɠ ŮɑɜŬɘ ɞ ɚɧɔɞɠ Űɖɠ 

ŬˊɧůŰŬůɖɠ ˊɞɡ ŭɘŬɜɨŮɘ ɏɜŬ əɨɛŬ ůŮ ɏɜŬ ɢɟɞɜɘəɧ ɓɐɛŬ ˊɟɞɠ Űɖ ɛɘəɟɧŰŮɟɖ ŬˊɧůŰŬůɖ Űɤɜ əɧɛɓɤɜ GLL  

 
ὅὊὒ

ὺϽὨὸ

ÍÉÎὨὼ
 (5.7) 

Ⱥˊɞɛɏɜɤɠ, ɖ ůɡɜɗɐəɖ CFL ŮəűɟɎɕŮɘ ɧŰɘ ɖ ŬˊɧůŰŬůɖ ˊɞɡ ŭɘŬɜɨŮɘ ɞˊɞɘŬŭɐˊɞŰŮ ˊɚɖɟɞűɞɟɑŬ əŬŰɎ Űɖ 

ŭɘɎɟəŮɘŬ Ůɜɧɠ ɢɟɞɜɘəɞɨ ɓɐɛŬŰɞɠ ŮɜŰɧɠ Űɞɡ ˊɚɏɔɛŬŰɞɠ ˊɟɏˊŮɘ ɜŬ ŮɑɜŬɘ ɛɘəɟɧŰŮɟɖ Ŭˊɧ Űɖɜ ŬˊɧůŰŬůɖ ɛŮŰŬɝɨ 

Űɤɜ ůŰɞɘɢŮɑɤɜ Űɞɡ ˊɚɏɔɛŬŰɞɠ. ɀŮ ɎɚɚŬ ɚɧɔɘŬ, ɞɘ ˊɚɖɟɞűɞɟɑŮɠ Ŭˊɧ ɏɜŬ ŭŮŭɞɛɏɜɞ ůŰɞɘɢŮɑɞ ˊɚɏɔɛŬŰɞɠ 

ˊɟɏˊŮɘ ɜŬ ŭɘŬŭɑŭɞɜŰŬɘ ɛɧɜɞ ůŰɞɡɠ ɎɛŮůɞɡɠ ɔŮɑŰɞɜɏɠ Űɞɡ. 

Ƀ Ŭɟɘɗɛɧɠ CFL ˊɟɏˊŮɘ ɜŬ ŮɑɜŬɘ ɛɘəɟɧŰŮɟɞɠ Ŭˊɧ ɛɘŬ əɟɑůɘɛɖ Űɘɛɐ ˊɞɡ ŮɝŬɟŰɎŰŬɘ Ŭˊɧ Űɞ ɢɟɞɜɞŭɘɎɔɟŬɛɛŬ. 

ũŮɜɘəɎ ŮɑɜŬɘ əɞɜŰɎ ůŰɞ 0,85 ůŰɖ ɛɘŬ ŭɘɎůŰŬůɖ Ůɜɩ ɔɘŬ Űɘɠ 2 ŭɘŬůŰɎůŮɘɠ, Űɞ ŭɘŬɘɟɞɨɛŮ ɛŮ Ѝς. 

ȷɝɑɕŮɘ ɜŬ ůɖɛŮɘɤɗŮɑ ɧŰɘ ɖ ŬˊɧůŰŬůɖ Űɤɜ əɧɛɓɤɜ GLL ŭŮɜ ŮɑɜŬɘ ɞɛɞɘɧɛɞɟűɖ əŬɘ ɧŰɘ əŬɗɩɠ ŬɡɝɎɜŮŰŬɘ Űɞ 

ˊɚɐɗɞɠ Űɞɡɠ, Űɧůɞ ɛɘəɟŬɑɜŮɘ ɖ ɛɘəɟɧŰŮɟɖ ŬˊɧůŰŬůɖ dx əŬɘ ůɡɜŮˊŬəɧɚɞɡɗŬ Űɞ ɢɟɞɜɘəɧ ɓɐɛŬ dt. ȷɡŰɧ 

ɞŭɖɔŮɑ ůŮ ŰŬɢɨŰŬŰɖ Ŭɨɝɖůɖ Űɞɡ ɡˊɞɚɞɔɘůŰɘəɞɨ ɧɔəɞɡ əŬɗɩɠ ŬˊŬɘŰɞɨɜŰŬɘ ˊŮɟɘůůɧŰŮɟŬ ɓɐɛŬŰŬ ɔɘŬ ɏɜŬ 

ůɨůŰɖɛŬ ˊŮɟɘůůɧŰŮɟɤɜ ɓŬɗɛɩɜ ŮɚŮɡɗŮɟɑŬɠ. ũɘ' ŬɡŰɧ ŮˊɘɚɏɔɞɡɛŮ Űɞ ˊɞɚɨ 10 ůɖɛŮɑŬ. 

ɀŮ ɓɎůɖ ŰŬ ˊŬɟŬˊɎɜɤ ɛˊɞɟɞɨɛŮ ɔɘŬ əɎɗŮ ˊŮɟɑˊŰɤůɖ ɜŬ ɡˊɞɚɞɔɑůɞɡɛŮ Űɞ ɢɟɞɜɘəɧ ɓɐɛŬ ɏŰůɘ ɩůŰŮ ɜŬ 

ɘəŬɜɞˊɞɘɞɨɜŰŬɘ ɞɘ ŬˊŬɘŰɐůŮɘɠ ŮɡůŰɎɗŮɘŬɠ.  

ũɘŬ Űɞ ɛɏɔɘůŰɞ ŮˊɘŰɟŮˊŰɧ ɢɟɞɜɘəɧ ɓɐɛŬ, ˊɟɏˊŮɘ ɜŬ ɘəŬɜɞˊɞɘŮɑŰŬɘ ɖ ŬɜɘůɧŰɖŰŬ 

 
ὅὊὒ

πȢψυ

Ѝς
 (5.8) 

ɐ ŬɜŰɘəŬɗɘůŰɩɜŰŬɠ Űɖ ůɢɏůɖ (5.7) ůŰɖɜ (5.8) 



69 

 

 ὺϽὨὸ

ÍÉÎὨὼ

πȢψυ

Ѝς
 (5.9a) 

ɐ 

 
Ὠὸ

πȢψυϽÍÉÎὨὼ

ЍςϽὺ
 (5.9b) 

ɐ 

 
Ὠὸ

πȢψυϽÍÉÎὨὼ

ЍςϽσσπȟχρ
ά
ί

 (5.9c) 

ɇŬ ŬˊɞŰŮɚɏůɛŬŰŬ ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ůŰɞɜ ˊŬɟŬəɎŰɤ ˊɑɜŬəŬ 

NGLL min(dx) [m] dt [sec] 

2 2 0.003634753 

3 1 0.001817376 

4 0.552786405 0.001004621 

5 0.345346329 0.000627624 

6 0.234944676 0.000426983 

7 0.169776104 0.000308547 

8 0.128259851 0.000233096 

9 0.100242005 0.000182177 

10 0.080466092 0.000146237 
ɄɑɜŬəŬɠ 4: ȷˊŬɘŰɞɨɛŮɜɞ ɢɟɞɜɘəɧ ɓɐɛŬ ɔɘŬ ŮɡůŰɎɗŮɘŬ Ŭˊɧ Űɖ ůɡɜɗɐəɖ CFL 

 

ȺɘəɧɜŬ 44: ȷˊŬɘŰɞɨɛŮɜɞ ɢɟɞɜɘəɧ ɓɐɛŬ ɔɘŬ ŮɡůŰɎɗŮɘŬ Ŭˊɧ Űɖ ůɡɜɗɐəɖ CFL 

TŬ ́ŬɟŬˊɎɜɤ ŬˊɞŰŮɚɏůɛŬŰŬ əŬŰŬŭŮɘəɜɨɞɡɜ Űɖɜ ŬɝɑŬ Űɖɠ ɛŮɗɧŭɞɡ Newmark. ɄŬɟŬŰɖɟɞɨɛŮ ɧŰɘ ɔɘŬ 

ˊŬɟŮɛɓɞɚɐ ɡɣɖɚɐɠ ŰɎɝɖɠ ŬˊŬɘŰŮɑŰŬɘ ˊɞɚɨ ɛɘəɟɧ ï ŬˊŬɔɞɟŮɡŰɘəɧ- ɓɐɛŬ. ȷəɧɛɖ, ɖ Ŭɨɝɖůɖ Űɞɡ ˊɚɐɗɞɡɠ 

Űɤɜ ůɖɛŮɑɤɜ ˊŬɟŮɛɓɞɚɐɠ, ŬɡɝɎɜŮɘ Ŭˊɧ ɛɧɜɖ Űɖɠ Űɞɜ ɡˊɞɚɞɔɘůŰɘəɧ ɧɔəɞ. ɆɡɜɡˊɞɚɞɔɑɕɞɜŰŬɠ əŬɘ Űɞɡɠ ŭɨɞ 

ŬɡŰɞɨɠ ˊŬɟɎɔɞɜŰŮɠ, əŬŰŬɚɐɔɞɡɛŮ ůŰɞ ɧŰɘ ɘŭŬɜɘəɎ ɢɟɖůɘɛɞˊɞɘɞɨɛŮ ˊɞɚɡɩɜɡɛŬ ŰɎɝɖɠ 4 ɛŮ 8, ɧˊɤɠ ɏɢɞɡɛŮ 

ŰɞɜɑůŮɘ əŬɘ ɎɚɚŮɠ űɞɟɏɠ ůŰɖɜ ˊŬɟɞɨůŬ ŮɟɔŬůɑŬ. 
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ɆŮɘůɛɧɠ ȾŬɚŬɛɎŰŬɠ 

ũɘŬ Űɞ ůŮɘůɛɧ Űɖɠ ȾŬɚŬɛɎŰŬɠ ŬˊɞɛɞɜɩɗɖəŬɜ ŰŬ ˊɟɩŰŬ 5 sec Ŭˊɧ Űɞ ŮˊɘŰŬɢɡɜůɘɞɔɟɎűɖɛŬ əŬɘ ŬůəɐɗɖəŬɜ 

ůŬɜ ŮɝɤŰŮɟɘəɐ űɧɟŰɘůɖ ůŮ 2.000 ɓɐɛŬŰŬ(dt=0,0025 sec). ȷɟɢɘəɎ ŮɚɏɔɢɞɡɛŮ ɛŮ ˊɟɞůŬɟɛɞɔɐ Űɨˊɞɡ h, 

ŭɖɚŬŭɐ ˊɡəɜɩɜɞɜŰŬɠ Űɞ ˊɚɏɔɛŬ, Űɖ ůɨɔəɚɘůɖ Űɤɜ ŬˊɞŰŮɚŮůɛɎŰɤɜ. ȺɝŮŰɎɕɞɡɛŮ Űɖɜ ŬɜŬˊŰɡůůɧɛŮɜɖ 

ŮɔəɎɟůɘŬ ɛŮŰŬŰɧˊɘůɖ, ŰŬɢɨŰɖŰŬ əŬɘ ŮˊɘŰɎɢɡɜůɖ ůŰɞ ɛɏůɞ Űɞɡ ŮŭŬűɘəɞɨ ɢɤɟɑɞɡ, ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ 

Űɞɡ. 

 

ȺɘəɧɜŬ 45: ɆŮɘůɛɧɠ ȾŬɚŬɛɎŰŬɠ-ȺɔəɎɟůɘŬ ɛŮŰŬŰɧˊɘůɖ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ  

 

ȺɘəɧɜŬ 46: ɆŮɘůɛɧɠ ȾŬɚŬɛɎŰŬɠ-ȺɔəɎɟůɘŬ ŰŬɢɨŰɖŰŬ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ  
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ȺɘəɧɜŬ 47: ɆŮɘůɛɧɠ ȾŬɚŬɛɎŰŬɠ-ȺɔəɎɟůɘŬ ŮˊɘŰɎɢɡɜůɖ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ 

ɄŬɟŬŰɖɟɞɨɛŮ ɧŰɘ Ŭɜ əŬɘ ůŰɞɜ ɡˊɞɚɞɔɘůɛɧ Űɖɠ ɛŮŰŬŰɧˊɘůɖɠ ˊŬɑɟɜɞɡɛŮ ŬɟəŮŰɎ Ŭəɟɘɓɐ ŬˊɞŰŮɚɏůɛŬŰŬ, ůŰɞɜ 

ɡˊɞɚɞɔɘůɛɧ Űɖɠ ŰŬɢɨŰɖŰŬɠ əŬɘ ŮɘŭɘəɎ Űɖɠ ŮˊɘŰɎɢɡɜůɖɠ ɏɢɞɡɛŮ ɛŮɔɎɚŮɠ ŬˊɞəɚɑůŮɘɠ ɔɘŬ Űɞ ˊɟɞůɞɛɞɑɤɛŬ Űɤɜ 

100 əŬɘ Űɤɜ 400 ůŰɞɘɢŮɑɤɜ. ɇɞ ˊɟɞůɞɛɞɑɤɛŬ Űɤɜ 2.500 ůŰɞɘɢŮɑɤɜ űŬɑɜŮŰŬɘ ɜŬ ŮɑɜŬɘ ˊɞɚɨ əɞɜŰɎ ɛŮ ŬɡŰɧ 

Űɤɜ 10.000. Ⱥˊɞɛɏɜɤɠ ɛˊɞɟɞɨɛŮ ɜŬ ɗŮɤɟɐůɞɡɛŮ Űɞ ˊɟɞůɞɛɞɑɤɛŬ Űɤɜ 10.000 ůɖɛŮɑɤɜ ɤɠ ŬɝɘɧˊɘůŰɞ əŬɘ 

ɜŬ ˊɟɞɢɤɟɐůɞɡɛŮ ŮɚɏɔɢɞɜŰŬɠ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ Űɖɠ SFEM. ɄŬɟŬəɎŰɤ ˊŬɟŬŰɑɗŮɜŰŬɘ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ ɔɘŬ 

əɎɜŬɓɞ 100 űŬůɛŬŰɘəɩɜ ůŰɞɘɢŮɑɤɜ 4ɞɡ ɓŬɗɛɞɨ. 

 

ȺɘəɧɜŬ 48: ɆŮɘůɛɧɠ ȾŬɚŬɛɎŰŬɠ: Ɇɨɔəɟɘůɖ Űɖɠ ɡˊɞɚɞɔɘůɗŮɑůŬɠ ŮɔəɎɟůɘŬɠ ɛŮŰŬŰɧˊɘůɖɠ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ 

ŮˊɘűɎɜŮɘŬɠ ɛŮ Űɖɜ SFEM əŬɘ Űɖɜ FEM 
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ȺɘəɧɜŬ 49: ɆŮɘůɛɧɠ ȾŬɚŬɛɎŰŬɠ: Ɇɨɔəɟɘůɖ Űɖɠ ɡˊɞɚɞɔɘůɗŮɑůŬɠ ŮɔəɎɟůɘŬɠ ŰŬɢɨŰɖŰŬɠ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ 

ŮˊɘűɎɜŮɘŬɠ ɛŮ Űɖɜ SFEM əŬɘ Űɖɜ FEM 

 

ȺɘəɧɜŬ 50: ɆŮɘůɛɧɠ ȾŬɚŬɛɎŰŬɠ: Ɇɨɔəɟɘůɖ Űɖɠ ɡˊɞɚɞɔɘůɗŮɑůŬɠ ŮɔəɎɟůɘŬɠ ŮˊɘŰɎɢɡɜůɖɠ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ 

ŮˊɘűɎɜŮɘŬɠ ɛŮ Űɖɜ SFEM əŬɘ Űɖɜ FEM 

ɄŬɟŬŰɖɟɞɨɛŮ ɧŰɘ ɛɧɚɘɠ ɛŮ 100 űŬůɛŬŰɘəɎ ůŰɞɘɢŮɑŬ ɛˊɞɟɞɨɛŮ ɜŬ ˊɟɞůɞɛɞɘɩůɞɡɛŮ ŮˊŬəɟɘɓɩɠ Űɞ ɑŭɘɞ 

ˊɟɧɓɚɖɛŬ ŬɜŰɑ ɜŬ ɢɟɖůɘɛɞˊɞɘɐůɞɡɛŮ 10.000 əɚŬůɘəɎ ˊŮˊŮɟŬůɛɏɜŬ ůŰɞɘɢŮɑŬ. ȷɡŰɧ ŮɑɜŬɘ ůɖɛŬɜŰɘəɧ 

ˊɚŮɞɜɏəŰɖɛŬ ɔɘŬŰɑ ɔɘŬ ˊŬɟɎŭŮɘɔɛŬ Ŭəɧɛɖ əŬɘ ŰŬ 400 ůŰɞɘɢŮɑŬ ɏɢɞɡɜ ɛŮɔɎɚŮɠ ŬˊɞəɚɑůŮɘɠ ɤɠ ˊɟɞɠ Űɖ 

ɢɟɞɜɞɥůŰɞɟɑŬ Űɖɠ ŬɜŬˊŰɡůůɧɛŮɜɖɠ ŰŬɢɨŰɖŰŬɠ əŬɘ ŮˊɘŰɎɢɡɜůɖɠ ůŮ ůɢɏůɖ ɛŮ ŰŬ 2.500 əŬɘ ŰŬ 10.000 

ůŰɞɘɢŮɑŬ. ɇŬ ŬˊɞŰŮɚɏůɛŬŰŬ ˊɞɡ ŭɑɜŮɘ ɖ SFEM ůɢŮŭɧɜ ŰŬɡŰɑɕɞɜŰŬɘ ɛŮ ŬɡŰɎ Űɖɠ FEM, ɛŮ Űɖɜ ɛŮɔɎɚɖ 

ŭɘŬűɞɟɎ Űɞɡ ˊɞɚɨ ɛɘəɟɧŰŮɟɞɡ ɡˊɞɚɞɔɘůŰɘəɞɨ əɧůŰɞɡɠ, əŬɗɩɠ ůŰɖ ˊŮɟɑˊŰɤůɖ Űɖɠ SFEM ɏɢɞɡɛŮ 3.402 

ɓŬɗɛɞɨɠ ŮɚŮɡɗŮɟɑŬɠ əŬɘ ɎɟŬ ŮɝɘůɩůŮɘɠ ˊɟɞɠ Ůˊɑɚɡůɖ, Ůɜɩ ůŰɖ FEM 20.502. 
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ȺɘəɧɜŬ 51: ɆŮɘůɛɧɠ ȾŬɚŬɛɎŰŬɠ: ɀŮŰŬɓɞɚɐ Űɖɠ ŮɔəɎɟůɘŬɠ ɛŮŰŬŰɧˊɘůɖɠ Űɤɜ ůɖɛŮɑɤɜ əŬɗô ɨɣɞɠ Űɖɠ ɛŮůŬɑŬɠ ůŰɐɚɖɠ ŮŭɎűɞɡɠ 

 

ȺɘəɧɜŬ 52: ɆŮɘůɛɧɠ ȾŬɚŬɛɎŰŬɠ: ɀɏɔɘůŰɖ ŮɔəɎɟůɘŬ ɛŮŰŬŰɧˊɘůɖ Űɤɜ ůɖɛŮɑɤɜ əŬɗô ɨɣɞɠ Űɖɠ ɛŮůŬɑŬɠ ůŰɐɚɖɠ ŮŭɎűɞɡɠ 

Ƀɘ ˊŬɟŬˊɎɜɤ ŮɘəɧɜŮɠ ŭŮɑɢɜɞɡɜ ŬűŮɜɧɠ ɧŰɘ əŬɗô ɨɣɞɠ Űɖɠ ɛŮůŬɑŬɠ ŮŭŬűɘəɐɠ ɚɤɟɑŭŬɠ (ŬɚɚɎ əŬɘ ɔɘŬ 

ɞˊɞɘŬŭɐˊɞŰŮ Ɏɚɚɖ) ŰŬ ůɤɛŬŰɑŭɘŬ ɓɟɑůəɞɜŰŬɘ ůŮ űɎůɖ əŬɘ ŬűŮŰɏɟɞɡ űŬɑɜŮŰŬɘ ɖ əŬŰŬɜɞɛɐ Űɖɠ ɛɏɔɘůŰɖɠ 

ɛŮŰɟɞɨɛŮɜɖɠ ŮɔəɎɟůɘŬɠ ɛŮŰŬŰɧˊɘůɖɠ əŬɗô ɨɣɞɠ Űɖɠ ɛŮůŬɑŬɠ ůŰɐɚɖɠ Űɞɡ ŮŭɎűɞɡɠ. 
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ɆŮɘůɛɧɠ ȺɚŮɡůɑɜŬɠ 

ũɘŬ Űɞ ůŮɘůɛɧ Űɖɠ ȺɚŮɡůɑɜŬɠ ŬˊɞɛɞɜɩɗɖəŮ Űɞ ŮˊɘŰŬɢɡɜůɘɞɔɟɎűɖɛŬ Ŭˊɧ 2 sec ɛɏɢɟɘ 7 sec əŬɘ ŬůəɐɗɖəŮ 

ůŬɜ ŮɝɤŰŮɟɘəɐ űɧɟŰɘůɖ ůŮ 2.000 ɓɐɛŬŰŬ (dt=0,0025sec). ȷɟɢɘəɎ ŮɚɏɔɢɞɡɛŮ ɛŮ ˊɟɞůŬɟɛɞɔɐ Űɨˊɞɡ h, 

ŭɖɚŬŭɐ ˊɡəɜɩɜɞɜŰŬɠ Űɞ ˊɚɏɔɛŬ, Űɖ ůɨɔəɚɘůɖ Űɤɜ ŬˊɞŰŮɚŮůɛɎŰɤɜ. ȺɝŮŰɎɕɞɡɛŮ Űɖɜ ŬɜŬˊŰɡůůɧɛŮɜɖ 

ŮɔəɎɟůɘŬ ɛŮŰŬŰɧˊɘůɖ, ŰŬɢɨŰɖŰŬ əŬɘ ŮˊɘŰɎɢɡɜůɖ ůŰɞ ɛɏůɞ Űɞɡ ŮŭŬűɘəɞɨ ɢɤɟɑɞɡ, ůŰɖɜ ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ 

Űɞɡ. 

 

ȺɘəɧɜŬ 53: ɆŮɘůɛɧɠ ȺɚŮɡůɑɜŬɠ-ȺɔəɎɟůɘŬ ɛŮŰŬŰɧˊɘůɖ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ 

 

ȺɘəɧɜŬ 54: ɆŮɘůɛɧɠ ȺɚŮɡůɑɜŬɠ-ȺɔəɎɟůɘŬ ŰŬɢɨŰɖŰŬ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ 
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ȺɘəɧɜŬ 55: ɆŮɘůɛɧɠ ȺɚŮɡůɑɜŬɠ-ȺɔəɎɟůɘŬ ŮˊɘŰɎɢɡɜůɖ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ 

ɄŬɟŬŰɖɟɞɨɛŮ ɧŰɘ ɧɚŬ ŰŬ ˊɟɞůɞɛɞɘɩɛŬŰŬ ůɡɔəɚɑɜɞɡɜ əŬɘ ɔɘŬ Űɘɠ ɛŮŰŬŰɞˊɑůŮɘɠ əŬɘ ɔɘŬ Űɘɠ ŰŬɢɨŰɖŰŮɠ əŬɘ ɔɘŬ 

Űɘɠ ŮˊɘŰŬɢɨɜůŮɘɠ. ɃˊɞɘɞŭɐˊɞŰŮ ˊɟɞůɞɛɞɑɤɛŬ əŬɘ ɜŬ ɢɟɖůɘɛɞˊɞɘɐůɞɡɛŮ ɔɘŬ Űɖɜ ůɨɔəɟɘůɖ Űɤɜ ɛŮɗɧŭɤɜ ŭŮɜ 

ɗŬ ɓɚɎɣŮɘ Űɖ ɔŮɜɘəɧŰɖŰŬ Űɤɜ ůɡɛˊŮɟŬůɛɎŰɤɜ. ȺˊɘɚɏɔɞɡɛŮ ɧˊɤɠ əŬɘ ˊɟɘɜ ŬɡŰɧ Űɤɜ 10.000 ˊŮˊŮɟŬůɛɏɜɤɜ 

ůŰɞɘɢŮɑɤɜ. ɄŬɟŬəɎŰɤ ˊŬɟŬŰɑɗŮɜŰŬɘ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ ɔɘŬ əɎɜŬɓɞ 100 űŬůɛŬŰɘəɩɜ ůŰɞɘɢŮɑɤɜ 5ɞɡ ɓŬɗɛɞɨ. 

 

 

ȺɘəɧɜŬ 56: ɆŮɘůɛɧɠ ȺɚŮɡůɑɜŬɠ: Ɇɨɔəɟɘůɖ Űɖɠ ɡˊɞɚɞɔɘůɗŮɑůŬɠ ŮɔəɎɟůɘŬɠ ɛŮŰŬŰɧˊɘůɖɠ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ 

ŮˊɘűɎɜŮɘŬɠ ɛŮ Űɖɜ SFEM əŬɘ Űɖɜ FEM  
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ȺɘəɧɜŬ 57: ɆŮɘůɛɧɠ ȺɚŮɡůɑɜŬɠ: Ɇɨɔəɟɘůɖ Űɖɠ ɡˊɞɚɞɔɘůɗŮɑůŬɠ ŮɔəɎɟůɘŬɠ ŰŬɢɨŰɖŰŬɠ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ 

ɛŮ Űɖɜ SFEM əŬɘ Űɖɜ FEM 

 

ȺɘəɧɜŬ 58: ɆŮɘůɛɧɠ ȺɚŮɡůɑɜŬɠ: Ɇɨɔəɟɘůɖ Űɖɠ ɡˊɞɚɞɔɘůɗŮɑůŬɠ ŮɔəɎɟůɘŬɠ ŮˊɘŰɎɢɡɜůɖɠ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ 

ŮˊɘűɎɜŮɘŬɠ ɛŮ Űɖɜ SFEM əŬɘ Űɖɜ FEM 

ȳˊɤɠ űŬɑɜŮŰŬɘ əŬɘ Ŭˊɧ ŰŬ ˊŬɟŬˊɎɜɤ ŭɘŬɔɟɎɛɛŬŰŬ, ɏɜŬɠ əɎɜŬɓɞɠ ˊɞɡ ŬˊɞŰŮɚŮɑŰŬɘ Ŭˊɧ 100 űŬůɛŬŰɘəɎ 

ůŰɞɘɢŮɑŬ 5ɞɡ ɓŬɗɛɞɨ, Ŭɟəɞɨɜ ɔɘŬ ɜŬ ˊŮɟɘɔɟɎɣɞɡɜ Ŭəɟɘɓɩɠ Űɖɜ Ŭˊɧəɟɘůɖ Űɞɡ ŮŭŬűɘəɞɨ ůɢɖɛŬŰɘůɛɞɨ ůŰɞɜ 

ůŮɘůɛɧ Űɖɠ ȺɚŮɡůɑɜŬɠ. ɆŰɞ Ŭˊɧ əɎŰɤ ŭɘɎɔɟŬɛɛŬ űŬɑɜŮŰŬɘ ɖ ɢɟɞɜɞɥůŰɞɟɑŬ Űɖɠ Ŭˊɧəɟɘůɖɠ ůŮ ɧɟɞɡɠ 

ŮɔəɎɟůɘŬɠ ɛŮŰŬŰɧˊɘůɖɠ, ɔɘŬ Űɖɜ ɛŮůŬɑŬ ůŰɐɚɖ Űɞɡ ŮŭɎűɞɡɠ. 
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ȺɘəɧɜŬ 59: ɆŮɘůɛɧɠ ȺɚŮɡůɑɜŬɠ: ɀŮŰŬɓɞɚɐ Űɖɠ ŮɔəɎɟůɘŬɠ ɛŮŰŬŰɧˊɘůɖɠ Űɤɜ ůɖɛŮɑɤɜ əŬɗô ɨɣɞɠ Űɖɠ ɛŮůŬɑŬɠ ůŰɐɚɖɠ ŮŭɎűɞɡɠ 

 

ȺɘəɧɜŬ 60: ɆŮɘůɛɧɠ ȺɚŮɡůɑɜŬɠ: ɀɏɔɘůŰɖ ŮɔəɎɟůɘŬ ɛŮŰŬŰɧˊɘůɖ Űɤɜ ůɖɛŮɑɤɜ əŬɗô ɨɣɞɠ Űɖɠ ɛŮůŬɑŬɠ ůŰɐɚɖɠ ŮŭɎűɞɡɠ 

Ƀɘ ˊŬɟŬˊɎɜɤ ŮɘəɧɜŮɠ ŭŮɑɢɜɞɡɜ ŬűŮɜɧɠ ɧŰɘ əŬɗô ɨɣɞɠ Űɖɠ ɛŮůŬɑŬɠ ŮŭŬűɘəɐɠ ɚɤɟɑŭŬɠ (ŬɚɚɎ əŬɘ ɔɘŬ 

ɞˊɞɘŬŭɐˊɞŰŮ Ɏɚɚɖ) ŰŬ ůɤɛŬŰɑŭɘŬ ɓɟɑůəɞɜŰŬɘ ůŮ űɎůɖ əŬɘ ŬűŮŰɏɟɞɡ űŬɑɜŮŰŬɘ ɖ əŬŰŬɜɞɛɐ Űɖɠ ɛɏɔɘůŰɖɠ 

ɛŮŰɟɞɨɛŮɜɖɠ ŮɔəɎɟůɘŬɠ ɛŮŰŬŰɧˊɘůɖɠ əŬɗô ɨɣɞɠ Űɖɠ ɛŮůŬɑŬɠ ůŰɐɚɖɠ Űɞɡ ŮŭɎűɞɡɠ. 
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ɆŮɘůɛɧɠ Loma Prieta 

ũɘŬ Űɞ ůŮɘůɛɧ Űɞɡ Loma Prieta ŬˊɞɛɞɜɩɗɖəŬɜ ŰŬ ˊɟɩŰŬ 10 sec Ŭˊɧ Űɞ ŮˊɘŰŬɢɡɜůɘɞɔɟɎűɖɛŬ əŬɘ 

ŬůəɐɗɖəŬɜ ůŬɜ ŮɝɤŰŮɟɘəɐ űɧɟŰɘůɖ ůŮ 4.000 ɓɐɛŬŰŬ (dt=0,0025sec). ȷɟɢɘəɎ ŮɚɏɔɢɞɡɛŮ ɛŮ ˊɟɞůŬɟɛɞɔɐ 

Űɨˊɞɡ h, ŭɖɚŬŭɐ ˊɡəɜɩɜɞɜŰŬɠ Űɞ ˊɚɏɔɛŬ, Űɖ ůɨɔəɚɘůɖ Űɤɜ ŬˊɞŰŮɚŮůɛɎŰɤɜ. ȺɝŮŰɎɕɞɡɛŮ Űɖɜ 

ŬɜŬˊŰɡůůɧɛŮɜɖ ŮɔəɎɟůɘŬ ɛŮŰŬŰɧˊɘůɖ, ŰŬɢɨŰɖŰŬ əŬɘ ŮˊɘŰɎɢɡɜůɖ ůŰɞ ɛɏůɞ Űɞɡ ŮŭŬűɘəɞɨ ɢɤɟɑɞɡ, ůŰɖɜ 

ŮɚŮɨɗŮɟɖ ŮˊɘűɎɜŮɘŬ Űɞɡ. 

 

ȺɘəɧɜŬ 61: ɆŮɘůɛɧɠ Loma Prieta-ȺɔəɎɟůɘŬ ɛŮŰŬŰɧˊɘůɖ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ 

 

ȺɘəɧɜŬ 62: ɆŮɘůɛɧɠ Loma Prieta-ȺɔəɎɟůɘŬ ŰŬɢɨŰɖŰŬ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ 
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ȺɘəɧɜŬ 63: ɆŮɘůɛɧɠ Loma Prieta-ȺɔəɎɟůɘŬ ŮˊɘŰɎɢɡɜůɖ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ ŮˊɘűɎɜŮɘŬɠ 

ȳˊɤɠ əŬɘ ɛŮ Űɖ ˊŮɟɑˊŰɤůɖ Űɖɠ ȾŬɚŬɛɎŰŬɠ, ůŰɞɜ ɡˊɞɚɞɔɘůɛɧ Űɖɠ ɛŮŰŬŰɧˊɘůɖɠ ˊŬɑɟɜɞɡɛŮ ŬɟəŮŰɎ Ŭəɟɘɓɐ 

ŬˊɞŰŮɚɏůɛŬŰŬ, ɧɛɤɠ ůŰɞɜ ɡˊɞɚɞɔɘůɛɧ Űɖɠ ŰŬɢɨŰɖŰŬɠ əŬɘ ŮɘŭɘəɎ Űɖɠ ŮˊɘŰɎɢɡɜůɖɠ ɏɢɞɡɛŮ ɛŮɔɎɚŮɠ 

ŬˊɞəɚɑůŮɘɠ Ŭˊɧ Űɞ ˊɟɞůɞɛɞɑɤɛŬ Űɤɜ 10.000 ůŰɞɘɢŮɑɤɜ. ɄŬɟŬəɎŰɤ ůɡɔəɟɑɜɞɡɛŮ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ Űɖɠ 

SFEM ɔɘŬ əɎɜŬɓɞ 100 űŬůɛŬŰɘəɩɜ ůŰɞɘɢŮɑɤɜ 5ɞɡ ɓŬɗɛɞɨ. 

 

ȺɘəɧɜŬ 64: ɆŮɘůɛɧɠ Loma Prieta: Ɇɨɔəɟɘůɖ Űɖɠ ɡˊɞɚɞɔɘůɗŮɑůŬɠ ŮɔəɎɟůɘŬɠ ɛŮŰŬŰɧˊɘůɖɠ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ 

ŮˊɘűɎɜŮɘŬɠ ɛŮ Űɖɜ SFEM əŬɘ Űɖɜ FEM 
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ȺɘəɧɜŬ 65: ɆŮɘůɛɧɠ Loma Prieta: Ɇɨɔəɟɘůɖ Űɖɠ ɡˊɞɚɞɔɘůɗŮɑůŬɠ ŮɔəɎɟůɘŬɠ ŰŬɢɨŰɖŰŬɠ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ 

ŮˊɘűɎɜŮɘŬɠ ɛŮ Űɖɜ SFEM əŬɘ Űɖɜ FEM 

 

ȺɘəɧɜŬ 66: ɆŮɘůɛɧɠ Loma Prieta: Ɇɨɔəɟɘůɖ Űɖɠ ɡˊɞɚɞɔɘůɗŮɑůŬɠ ŮɔəɎɟůɘŬɠ ŮˊɘŰɎɢɡɜůɖɠ ůɖɛŮɑɞɡ ůŰɞ ɛɏůɞ Űɖɠ ŮɚŮɨɗŮɟɖɠ 

ŮˊɘűɎɜŮɘŬɠ ɛŮ Űɖɜ SFEM əŬɘ Űɖɜ FEM 

ɆŰɖɜ ˊŮɟɑˊŰɤůɖ Űɞɡ ůŮɘůɛɞɨ Űɞɡ Loma Prieta ˊŬɟŬŰɖɟɞɨɛŮ Ŭˊɧ ŰŬ ŭɘŬɔɟɎɛɛŬŰŬ ɧŰɘ ŰŬ űŬůɛŬŰɘəɎ 

ůŰɞɘɢŮɑŬ ŭŮɜ ŬɜŰɘɛŮŰɤˊɑɕɞɡɜ ˊɟɧɓɚɖɛŬ ɜŬ ˊɟɞůɞɛɞɘɩůɞɡɜ Űɖɜ ɢɟɞɜɞɥůŰɞɟɑŬ Űɖɠ ɛŮŰŬŰɧˊɘůɖɠ. ɄŬɟɧɚŬ 

ŬɡŰɎ, ˊɘɗŬɜɩɠ ŬˊŬɘŰŮɑŰŬɘ ɛɘəɟɧŰŮɟɞ ɢɟɞɜɘəɧ ɓɐɛŬ Ŭˊɧ 0,0025 sec ˊɞɡ ɏɢŮɘ ŮˊɘɚŮɢɗŮɑ, əŬɗɩɠ ɖ 

ɢɟɞɜɞɥůŰɞɟɑŬ ŰŬɢɨŰɖŰŬɠ əŬɘ ŮˊɘŰɎɢɡɜůɖɠ ŭŮɜ ůɡɛűɤɜɞɨɜ ŬˊɧɚɡŰŬ ɛŮ ŬɡŰɎ ˊɞɡ ɡˊɞɚɞɔɑůɗɖəŬɜ Ŭˊɧ Űɖɜ 

FEM əŬɘ ŰŬ 10.000 ůŰɞɘɢŮɑŬ. ȷəɧɛɖ ɗŬ ɛˊɞɟɞɨůŬɛŮ ɜŬ ŮɝŮŰɎůɞɡɛŮ əŬɘ Űɖɜ ˊɨəɜɤůɖ Űɞɡ əŬɜɎɓɞɡ 

ɡˊɞŭɘŬɘɟɩɜŰŬɠ Űɞ əɎɗŮ űŬůɛŬŰɘəɧ ůŰɞɘɢŮɑɞ ůŮ 4 Ůˊɘɛɏɟɞɡɠ, ŭɘŬůŰɎůŮɤɜ 0,50x0,50 Űɞ əŬɗɏɜŬ. 






















