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Prìlogoc

To analogistikì montèlo Lee-Carter apoteleÐ mia sÔgqronh mèjodo prì-
bleyhc rujmoÔ jnhsimìthtac kai èqei efarmosteÐ se di�forouc plhjusmoÔc.
QrhsimopoieÐtai se analogistikèc melètec gia na ereunhjeÐ pwc ephre�zei h
koinwnik  kai oikonomik  kat�stash enìc plhjusmoÔ to rujmì jnhsimìth-
tac en¸ akìmh efarmìzetai se di�forec melètec asfalistik¸n etairei¸n gia
problèyeic atuqhm�twn. Aut  h diplwmatik  ergasÐa parousi�zei ta basik�
stoiqeÐa pou qarakthrÐzoun to montèlo kaj¸c kai efarmogèc tou gia problè-
yeic rujm¸n jnhsimìthtac.

Sto pr¸to kef�laio parousi�zontai ta di�fora montèla plhjusm¸n pou
efarmìzetai to montèlo, an�lush twn t�sewn jnhsimìthtac se plhjusmoÔc
kaj¸c kai th morf  twn dedomènwn pou epexergazìmaste me to montèlo Lee-
Carter. Sto deÔtero kef�laio anafèretai h jewrÐa twn genikeumènwn grammi-
k¸n montèlwn kai twn montèlwn palindrìmhshc Poisson kai arnhtik c Diw-
numik c. H anafor� aut  gÐnetai gia th kalÔterh katanìhsh thc leitourgÐac
tou montèlou to opoÐo ent�ssetai sto plaÐsio leitourgÐac twn genikeumènwn
grammik¸n montèlwn all� den apoteleÐ genikeumèno grammikì montèlo.

Sto epìmeno kef�laio anafèretai ekten¸c h dom  tou montèlou Lee-Carter,
oi par�metroi pou to qarakthrÐzoun kaj¸c kai ta di�fora sf�lmata pou pro-
kÔptoun apì thn efarmog  tou. Akìmh anafèretai h mejodologÐa prìbleyhc
me th qr sh qronoseir¸n kai montèlwn ARIMA kai efarmog  tou montèlou
se om�da plhjusmoÔ gia prìbleyh tou rujmoÔ jnhsimìthtac. Sto tètarto
kef�laio anafèrontai oi di�forec epekt�seic pou mporoÔn na gÐnoun sto mo-
ntèlo Lee-Carter me idiaÐterh anafor� sta montèla thc arnhtik c Diwnumik c
kai thc Diwnumik c. Sto teleutaÐo kef�laio parousi�zetai mia oloklhrwmènh
efarmog  tou montèlou se dedomèna apì asfalistik  etaireÐa gia problèyou-
me to rujmì atuqhm�twn thn epìmenh qrìnia.

Ja  jela na euqarist sw jerm� thn Anaplhr¸tria Kajhg tria kurÐa Qru-
shÐda Kar¸nh gia th suneq  enj�rrunsh thc kaj¸c kai thn amèristh bo jeia
pou mou prìsfere gia thn ekpìnhsh thc diplwmatik c ergasÐac. Tèloc eu-
qarist¸ thn oikogèneia mou gia thn upost rixh kai thn pÐsth pou deÐqnei se
emèna.
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Kef�laio 1

Eisagwg 

1.1 Montèla plhjusm¸n

Me to pèrasma twn qrìnwn kai th ragdaÐa an�ptuxh thc anjrwpìthtac se
diafìrouc tomeÐc �rqise na parathreÐte h an�gkh gia thn an�lush dedomènwn
ìpwc prokÔptoun gia touc di�forouc anjr¸pinouc plhjusmoÔc. Apì th stigm 
pou dedomèna gia touc di�forouc plhjusmoÔc èginan diajèsima dhmiourg jhke
èntona h an�gkh gia sÔgkrish twn di�forwn plhjusm¸n ìson afor� to rujmì
jnhsimìthtac kai kat� pìson h koinwnikooikonomik  kat�stash miac q¸rac
ephre�zei autì to rujmì.

'Epeita apì suneqeÐc melètec kai èreunec parathr jhke èntona to fainìme-
no meiwmènhc jnhsimìthtac se pollèc q¸rec kai autì eÐqe wc apotèlesma to
jèma thc jnhsimìthtac na gÐnei ter�stiac shmasÐac gia touc analogistèc kai
eidik� gia asfalistikèc etaireÐec kai di�fora �lla idrÔmata pou prosfèroun
sunt�xeic kai �lla ofèlh kat� th di�rkeia thc zw c enìc atìmou.

1.2 T�seic jnhsimìthtac

Se aut n thn enìthta ja anaferjoÔme stic t�seic jnhsimìthtac pou pro-
kÔptoun gia di�forec anaptugmènec q¸rec. Oi basikèc arqèc pou ephre�zoun
tic kampÔlec jnhsimìthtac sunart sei thc hlikÐac eÐnai :

1. Mei¸seic stouc rujmoÔc jnhsimìthtac sto qrìno ektìc apì nearèc h-
likÐec se merikèc q¸rec ìpou ta narkwtik� kai to AIDS dhmioÔrghsan
katastrofik� apotelèsmata.

2. H kampÔlh thc tuqaÐac sun�rthshc zw c (sq mata 1.2,1.3) h opoÐa o-
dhgeÐ sthn antÐstoiqh sun�rthsh epibÐwshc h opoÐa me thn p�rodo tou
qrìnou tetragonopoieÐtai.

3. Auxhs  tou mèsou thc sun�rthshc puknìthtac tou (2) to opoÐo onom�-
zetai epèktash thc sun�rthshc epibÐwshc.
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6 KEF�ALAIO 1. EISAGWG�H

MporoÔme na parousi�soume opoiad pote apì tic pio p�nw arqèc qrhsi-
mopoi¸ntac dedomèna apì to rujmì jnhsimìthtac sthn AgglÐa kai thn OualÐa
(Haberman kai Renshaw, 2003). To pr¸to sq ma deÐqnei to rujmì jnhsi-
mìthtac gia om�dec hliki¸n se sqèsh me to qrìno xeqwrist� gia k�je fÔlo.
ParathroÔme ìti oi t�seic jnhsimìthtac epibebai¸noun thn pr¸th basik  arq 
ìpwc anafèrjhke pio p�nw kaj¸c kai ìti gia to arsenikì fÔlo stic hlikÐec 25-
34 parathreÐtai aÔxhsh sto rujmì jnhsimìthtac. To deÔtero kai trÐto sq ma
deÐqnoun thn "kampÔlh twn jan�twn� ìpwc prokÔptei apì touc pÐnakec zw c
pou basÐzontai se apografèc gia th jnhsimìthta stic dÔo q¸rec se diast -
mata 20 qrìnwn kai epibebai¸noun tic �llec dÔo basikèc arqèc. ParathroÔme
thn aÔxhsh tou arijmoÔ twn epiz¸ntwn gÔrw apì ton deigmatikì mèso. Oi
antÐstoiqec sunart seic epibÐwshc pou parousi�zontai sta sq mata 1.4 kai
1.5 epibebai¸noun thn upìjesh thc tetragwnopoÐhshc.
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1.3. DEDOM�ENA 9

1.3 Dedomèna

H tuqaÐa metablht  Dxt orÐzei ton arijmì twn jan�twn se èna plhjusmì
se hlikÐa x kai qrìno t. Parousi�zoume ta dedomèna se tetragwnik  morf  (2
pÐnakec ìpou gia k�je hlikÐa èqoume ton arijmì jan�twn kai ton antÐstoiqo
plhjusmì gia k�je qroni�) to dxt na orÐzei ton parathroÔmeno arijmì jan�-
twn kai to ext ton arijmì (�toma-qrìnia) pou ektÐjentai se rÐsko jan�tou. Oi
empeirikoÐ rujmoÐ jnhsimìthtac dÐnontai apì ton tÔpo :

m̂xt =
dxt
ext

(1.1)

'Eqoume tìte me b�sh touc Haberman kai Renshaw (2008) diastaurwmènh
taxinìmhsh (sq ma 1.6) twn dedomènwn an� hmerologiakì qrìno t sto di�-
sthma [t1, tn] kai an� hlikÐa x sto di�sthma [x1, xn] eÐte omadopoihmèna se k
arijmì kathgori¸n eÐte se atomikì qrìno. To µxt orÐzetai wc o rujmìc kin-
dÔnou gia hlikÐa x kai qrìno t kai ektim�tai apì to m̂xt.
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Kef�laio 2

Genikeumèna Grammik�
Montèla

Sto kef�laio autì ja asqolhjoÔme me th leitourgÐa twn genikeumènwn
grammik¸n montèlwn kai eidikìtera tou montèlou thc palindrìmhshc Poisson
kai thc arnhtik c Diwnumik c (Mc Cullagh kai Nelder, 1989) gia na katano-
 soume to plaÐsio ergasÐac tou analogistikoÔ montèlou Lee-Carter ìtan to
proseggÐzoume me thn katanom  Poisson.

2.1 Eisagwg 

'Opwc anafèretai apì touc Oikonìmou kai Kar¸nh (2010) jewroÔme to
montèlo thc grammik c palindrìmhshc to opoÐo ekfr�zetai wc :

yi = xi
′
β + εi (2.1)

ìpou to i = 1, ..., n yi exarthmènh tuqaÐa metablht , xi di�nusma k anex�r-
thtwn tuqaÐwn metablht¸n,β di�nusma k ×1 �gnwstwn paramètrwn kai ta
εi upìloipa me mhdenikì mèso kai stajer  diaspor� σ2.To grammikì montèlo
palindrìmhshc qarakthrÐzetai apì tic pio k�tw arqèc :

• ta yi akoloujoÔn kanonik  katanom  me mèsh tim  E(yi) = µi stajer 
diaspor� σ2

• oi summetablhtèc xi sundu�zontai grammik� me touc suntelestèc gia na
dhmiourg soun thn grammik  prìbleyh ηi = xi

′
β

• h grammik  prìbleyh ηi = xi
′
β eÐnai sun�rthsh tou mèsou µi mèsw miac

sun�rthshc sÔndeshc g(µi) pou sth perÐptwsh aut  eÐnai h tautìthta
g(µi) = xi

′
β

Apì to montèlo thc grammik c palindrìmhshc kai tic arqèc pou to qara-
kthrÐzoun dhmiourgoÔntai erwt mata ìson afor� thn exarthmènh metablht  y
ìtan eÐnai suneq c all� den akoloujeÐ thn kanonik  katanom  kai ìtan eÐnai
diakrit  tuqaÐa metablht .
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12 KEF�ALAIO 2. GENIKEUM�ENA GRAMMIK�A MONT�ELA

Gia th pr¸th perÐptwsh qrhsimopoioÔme kat�llhlo metasqhmatismì thc y
ìpwc gia par�deigma to logarijmikì ìmwc epeid  den mporoÔme p�nta na broÔ-
me kat�llhlo metasqhmatismì qreiazìmaste èna montèlo ìmoio me th grammik 
palindrìmhsh qrhsimopoi¸ntac ìmwc mia katanom  diaforetik  apì thn Kano-
nik .

Gia th deÔterh perÐptwsh, pou sqetÐzetai kai me thn efarmog  tou montè-
lou Lee-Carter, pollèc forèc agnooÔme to gegonìc ìti oi timèc eÐnai diakritèc.
'Omwc up�rqoun peript¸seic ìpwc o arijmìc autokinhtistik¸n dustuqhm�twn
kai o arijmìc jan�twn se mia q¸ra (paradeÐgmata me thn efarmog  tou mo-
ntèlou Lee-Carter) pou den mporoÔme na agno soume to gegonìc ìti oi timèc
pou katagr�fontai eÐnai diakritèc kai gia autì to lìgo y�qnoume montèlo pa-
lindrìmhshc afoÔ oi timèc exart¸ntai kai apì �llec metablhtèc.

2.2 Montèlo palindrìmhshc Poisson

To analogistikì montèlo Lee-Carter efarmìzetai sto plaÐsio leitourgiac
twn genikeumènwn grammik¸n montèlwn kai sth jewrÐa tou montèlou palin-
drìmhshc Poisson gia autì ja anaferjoÔme pio leptomer¸c (Oikonìmou kai
Kar¸nh, 2010) sto sugkekrimèno montèlo gia kalÔterh katanìhsh thc efar-
mog c tou analogistikoÔ montèlou. JewroÔme ton arijmì twn dustuqhm�twn
pou pragmatopoioÔntai wc thn tuqaÐa metablht  y h opoÐa eÐnai diakrit  kai
qrhsimopoioÔme gia thn perigraf  tou gegonìtoc thn katanom  Poisson me
sun�rthsh pijanìthtac :

f(y) =
e−µµy

y!
, µ > 0, y = 0, 1, 2, ... (2.2)

kai anamenìmenh mèsh tim  E(y) = µ kai diaspor� V (y) = µ. ParathroÔme
ìti prèpei na anaptÔxoume montèlo tÔpou palindrìmhshc pou na eÐnai prosar-
mosmèno sth diakrit  metablht  y.

To montèlo palindrìmhshc Poisson upojètei ìti h metablht  y akoloujeÐ
katanom  Poisson kai ìti o log�rijmoc thc anamenìmenhc tim c montelopoieÐ-
tai apì èna grammikì sunduasmì agn¸stwn paramètrwn. Me b�sh touc Cul-
lagh kai Nelder (1989) h montelopoÐhsh aut  gÐnetai mèsw enìc kat�llhlou
metasqhmatismoÔ g(.) thc anamenìmenhc mèshc tim c thc y ètsi ¸ste na isqÔei
mia sqèsh thc morf c

g(µi) = xi
′
β (2.3)

gia k�je katagegrammènh parat rhsh yi. H sun�rthsh g(.) kaleÐtai sun�r-
thsh sÔndeshc kai o periorismìc µ > 0 pou epib�lletai apì ton orismì thc
katanom c Poisson shmaÐnei ìti den mporeÐ na isqÔei g(µi) = µi giatÐ tìte ja
prèpei µi = xi

′
β h opoÐa den ikanopoieÐ ton periorismì µ > 0 gia opoiod pote

x. Gia na threÐtai o periorismìc prèpei h µi na eÐnai mh arnhtik  sun�rthsh tou

xi
′
β kai mporoÔme na epilèxoume thn µi = exi

′
β ìpou h sun�rthsh sÔndeshc
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eÐnai h g(µ) = lnµ
ProkÔptoun oi akìloujec proôpojèseic gia to montèlo palindrìmhshc Poisson

• yi ∼ Poisson (µi)

• µi = exiβ

• anexarthsÐa metaxÔ twn yx parathr sewn

• oi metr seic tìso thc exarthmènhc ìso kai twn anex�rthtwn metablht¸n
den upìkeintai se sf�lmata mètrhshc

Gia ton upologismì twn �gnwstwn paramètrwn βi qrhsimopoioÔme th mè-
jodo thc mègisthc pijanof�neiac. H sun�rthsh pijanof�neiac L gia tic timèc
y1, y2, ...., yn me antÐstoiqec summetablhtèc x′i = (xi0, xi1, ...., xik) dÐnetai apì
th sqèsh

L = Πn
i=1

e−µiµi
yi

yi!
(2.4)

kai h logarijmopoihmènh sun�rthsh pijanof�neiac dÐnetai apì th sqèsh

l = Σn
i=1[−µi + yi lnµi − ln(yi!)]

H pio p�nw sqèsh qrhsimopoi¸ntac th sqèsh (2.3) paÐrnei th morf 

l = Σn
i=1[−ex′iβ + yix

′
iβ − ln(yi!)]

kai sunep¸c

∂l
∂βj

=
∑n
i=1(−xijex

′
iβ + yixij)

=
∑n
i=1[xij(yi − ex

′
iβ)]

Oi ektim triec mègisthc pijanof�neiac twn βj prokÔptoun apì thn epÐlush
twn exis¸sewn

n∑
i=1

[xij(yi − ex
′
iβ̂)] = 0, j = 0, 1, ...., κ (2.5)

h opoÐa lÔnetai mìno me epanalhptikèc mejìdouc afoÔ eÐnai mh grammik  wc
proc ta β̂.

2.2.1 Montèlo palindrìmhshc arnhtik c Diwnumik c

Se aut  thn enìthta ja anaferjoÔme sth jewrÐa tou montèlou palin-
drìmhshc thc arnhtik c Diwnumik c gia na katano soume th leitourgÐa thc
epèktashc tou basikoÔ montèlou Lee-Carter pou ja anaferjoÔme se pio k�-
tw kef�laio. 'Opwc eÐdame kai sthn prohgoÔmenh enìthta sth perÐptwsh thc
Poisson h mèsh tim  µi jewreÐtai stajer  gia tic di�forec timèc tou i. Jew-
roÔme t¸ra (Ismail kai Jemain, 2007) ìti h par�metroc µi den eÐnai stajer 
all� akoloujeÐ katanom  G�mma me anamenìmenh mèsh tim  E(µi) = ρi kai
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diaspor� V (µi) = ρi
2νi
−1 ìpou ρ kai ν oi par�metroi klÐmakac kai sq matoc

thc katanom c G�mma. IsqÔei tìte ìti yi | µi akoloujeÐ katanom  Poisson me
desmeumènh mèsh tim  E(yi | µi) = µi kai h perij¸ria katanom  tou yi akolou-
jeÐ arnhtik  Diwnumik  katanom  me anamenomènh mèsh tÐmh E(yi) = ρi kai
diaspor� V (yi) = pi+pi

2νi
−1. ParathroÔme ìti gia di�forec parametrikopoi-

 seic ja lamb�noume di�forouc tÔpouc arnhtik c Diwnumik c katanom c. Gia
par�deigma an orÐsoume νi = α−1 h tuqaÐa metablht  y akoloujeÐ arnhtik 
Diwnumik  katanom  me mèsh tim  E(yi) = ρi kai diaspor� V (yi) = pi + αpi

2

ìpou to α dhl¸nei thn par�metro metablhtìthtac. An h par�metroc α eÐnai
Ðsh me mhdèn tìte ja èqoume Ðsh mèsh tim  kai diaspor� kai odhgoÔmaste sthn
katanom  Poisson.

H perÐptwsh pou mac endiafèrei �mesa kai h efarmog  thc qrhsimopoieÐtai
gia di�forec analogistikèc melètec eÐnai ìtan h par�metroc α lamb�nei timèc
megalÔterec tou mhdèn. Tìte h tim  thc diaspor�c ja uperbaÐnei thn aname-
nìmenh mèsh tim  gegonìc pou dhl¸nei megalÔterh metablhtìthta apì aut 
pou anamèname apì thn efarmog  tou statistikoÔ montèlou (overdispersion).
Gia th kataskeu  tou montèlou palindrìmhshc thc arnhtik c Diwnumik c sth
sugkekrimènh perÐptwsh, ìpou prèpei na throÔntai oi proôpojèseic mh arnh-
tikìthtac twn paramètrwn ìpwc anafèrame kai sth prohgoÔmenh enìthta, ja
jewr soume ìti h anamenìmenh mèsh tim  eÐnai pollaplasiastik  kai dÐnetai
apì th pio k�tw sqèsh:

µi = ei exp(xi
′
β) (2.6)

ìpou ei dhl¸nei tim  apì ta �toma pou ektÐjentai sto kÐnduno (se efarmog 
se epomèno kef�laio eÐnai o arijmìc tou plhjusmoÔ gia di�forec qronikèc
periìdouc), xi di�nusma k anex�rthtwn tuqaÐwn metablht¸n kai β di�nusma
k × 1 �gnwstwn paramètrwn. Gia ton upologismì twn paramètrwn β ja qrh-
simopoi soume th mèjodo thc mègisthc pijanof�neiac. H logarijmopoihmènh
sun�rthsh pijanof�neiac dÐnetai apì th sqèsh :

l(β, α) = Σi{Σyi−1
r=1 log(1+rα)}−yi log(α)−log(yi!)+yi log(αρi)−(yi+α

−1) log(1+αρi)
(2.7)

Oi ektim triec mègisthc pijanof�neiac(β̂, α̂) tìte prokÔptoun megistopoi¸n-
tac th pio p�nw sqèsh wc proc α kaiβ. ProkÔptoun oi akìloujec sqèseic:

∂l(β, α)

∂βj
= Σi

(yi − ρi)xij
1 + aρi

= 0, j = 1, 2, ..., κ (2.8)

kai

∂l(β, α)

∂α
= Σi{Σyi−1

r=1 (
r

1 + rα
)}+α−2 log(1 +αρi)−

(yi + α−1)ρi
(1 + αρi)

= 0 (2.9)

H epÐlush twn exis¸sewn (2.8), (2.9) gÐnetai tautìqrona qrhsimopoi¸ntac
epanalhptikèc mejìdouc (Ismail kai Jemain, 2007).

2.2.2 'Elegqoc montèlwn

Sthn enìthta aut  ja anaferjoÔme stic di�forec mejìdouc elègqou thc
prosarmog c tou kat�llhlou montèlou sta dedomèna mac.
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Lìgoc pijanof�neiwn

Me th qrhsimopoÐhsh thc mejìdou mègisthc pijanof�neiac mporoÔme na
qrhsimopoi soume tic timèc pou lamb�noume gia na elègxoume th katallhlì-
thta tou montèlou pou efarmìsame. EkteloÔme ton èlegqo gia tic upojèseic
H0:y = y0 ènanti H1 : y 6= y0 me ton lìgo ton pijanof�neiwn na dÐnetai apì
th pio k�tw sqèsh :

λ =
L̂0

L̂1

=
L(y0, x)

L(ŷ, x)
, 0 ≤ λ ≤ 1 (2.10)

ìpou ŷ = argmaxL(y, x) kai L(y, x) h sun�rthsh pijanof�neiac. O èlegqoc
katallhlìthtac gÐnetai apì th sqèsh

−2 lnλ = −2(l̂0 − l̂1) ∼ χq2 (2.11)

ìpou oi bajmoÐ eleujerÐac q eÐnai p1− p0 me p ton arijmì twn paramètrwn, l1,
l0 oi megistopoihmènec logarijmopoihmènec sunart seic pijanof�neiac kai gia
meg�lh tim  tou elègqou to montèlo krÐnetai akat�llhlo.

Elegqosun�rthsh Deviance

H sun�rthsh Deviance dÐnetai apì th pio k�tw sqèsh:

D = 2(l(y; y)− l(µ; y)) (2.12)

ìpou l(y; y) kai l(µ; y) oi logarijmopoihmènec pijanof�neiec tou montèlou.
QrhsimopoioÔme th sun�rthsh gia th sÔgkrish dÔo emfwleumènwn montèlwn,
dhlad  to èna montèlo eÐnai aploÔsterh morf  tou �llou. Gia par�deigma
èstw èna montèlo A1 me β ektim tria mègisthc pijanof�neiac kai èna montèlo
A2 pio apl  morf  tou A1 me bajmoÔc eleujerÐac β∗ . EkteloÔme ton èlegqo
me mhdenik  upìjesh H0 na isqÔei to montèlo A2 kai enallaktik  na isqÔei
to montèlo A1. Me b�sh to lìgo megistopoihmènwn pijanof�neiwn prokÔptei
h sqèsh :

D(β̂∗)−D(β̂) ∼ χ2
q (2.13)

ìpou oi bajmoÐ eleujerÐac q eÐnai p1 − p0 me p ton arijmì twn paramètrwn
stic dÔo peript¸seic. An h tim  thc elegqosun�rthshc eÐnai meg�lh tìte
aporrÐptoume th mhdenik  upìjesh.

AIC kai BIC

'Otan èqoume diajèsima arket� montèla mègisthc pijanof�neiac kai jèlou-
me na sugkrÐnoume dÔo   kai perissìtera montèla qrhsimopoioÔme ta krit ria
AIC kai BIC pou orÐzontai apì tic sqèseic:

AIC = −2l + 2p (2.14)

BIC = −2l + p lnn (2.15)

ìpou p eÐnai o arijmìc twn paramètrwn, l h tim  thc pijanof�neiac kai n o
arijmìc twn parathr sewn.
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Kef�laio 3

Analogistikì Montèlo Lee
Carter

Sto kef�laio autì ja esti�soume sthn an�ptuxh kai thn epèktash tou
basikoÔ montèlou Lee-Carter, ìpwc prokÔptei mèsa apì touc Haberman kai
Renshaw (2008) kaj¸c kai touc Lee kai Carter (1992) to opoÐo axÐzei na
shmei¸soume p¸c èqei gÐnei mia apì tic pio diadedomènec teqnikèc pou qrhsimo-
poieÐtai apì pollèc uphresÐec kai eÐnai plèon apì ta pio shmantik� statistik�
montèla jnhsimìthtac sthn dhmografik  bibliografÐa.

3.1 Dom 

To prìblhma pou èqoume na antimetwpÐsoume eÐnai h montelopoÐhsh kai h
prìbleyh tou µxt, to opoÐo èqoume orÐsei wc to rujmì kindÔnou, san sun�r-
thsh tou qrìnou kai thc hlikÐac. To plaÐsio montelopoÐhshc tou Lee-Carter
stoqeÔei sth meÐwsh thc di�stashc tou probl matoc kajorÐzontac èna deÐkth
qrìnou o opoÐoc sunoyÐzei paliìterec t�seic kai pou ephre�zei µxt se qrìno t
se ìlec tic hlikÐec tautìqrona kai mporeÐ na montelopoihjeÐ kat� prosèggish.
Gia autì to skopì prot�jhke apì touc Lee kai Carter (1992) to pio k�tw
montèlo :

lnµxt = αx + βxκt + εxt (3.1)

ìpou εxt anex�rthtec tuqaÐec metablhtèc ∼ N(0,σ2) , αx, βx par�metroi hlikÐ-
ac kai κt par�metroc qrìnou gia ton upologismì tou opoÐou qrhsimopoioÔntai
mèjodoi qronoseir¸n stic opoÐec ja anaferjoÔme pio k�tw.

To montèlo Lee-Carter èqei perissìterec paramètrouc (overparameterised)
upì thn ènnoia ìti h dom  paramènei analloÐwth k�tw apì opoiad pote meta-
trop  paramètrou apì tic akìloujec :

{αx,βx,κt}7−→ {αx,βxc ,cκt}
{αx,βx,κt}7−→ {αx-cβx,βx,κt+c}
gia opoiad pote stajer� C.

17



18 KEF�ALAIO 3. ANALOGISTIK�O MONT�ELO LEE CARTER

Gia na exasfalÐsoume thn anagnwsimìthta tou montèlou epib�lloume dÔo
periorismoÔc oi opoÐoi èqoun eishghjeÐ apì touc Lee kai Carter kai efarmì-
zontai sto plaÐsio thc tetragwnik c di�taxhc twn dedomènwn.

tn∑
t=t1

κt = 0 (3.2)

xk∑
x=x1

βx = 0 (3.3)

Apotèlesma twn exis¸sewn (3.1),(3.2),(3.3) eÐnai h ektÐmhsh tou αx pou dÐnetai
apì ton pio k�tw tÔpo :

α̂x = ln
tn∏
t=t1

µ
1
h
xt (3.4)

ìpou h = tn − t1 + 1 eÐnai h ektim tria elaqÐstwn tetrag¸nwn tou α̂x. Oi
par�metroi tou basikoÔ montèlou Lee-Carter mporoÔn na ermhneujoÔn wc ex c
: αx: apoteleÐ par�metro hlikÐac pou perigr�fei th morf  k�je om�dac hlikÐac.

κt: antiproswpeÔei to deÐkth jnhsimìthtac. EÐnai h par�metroc tou qrìnou
ìpou ja gÐnei h prìbleyh gia ton upologismì mellontik¸n tim¸n.

βx: antiproswpeÔei thn par�metro hlikÐac pou deÐqnei thn t�sh jnhsimì-
thtac se sqèsh me to qrìno kai kat� pìso h jnhsimìthta se k�poia om�da
hlikÐac teÐnei na auxhjeÐ   na meiwjeÐ.

εxt: antiproswpeÔei thn hlikÐa kai eidik� apotelèsmata qrìnou pou den
sullamb�nontai apì to montèlo.

3.2 Prosarmog  montèlou

3.2.1 MontelopoÐhsh

Gia thn prosarmog  tou montèlou (Lee kai Carter, 1992) oi Lee kai Carter
prìteinan ta parak�tw st�dia :

• upologismìc tou α san α̂x qrhsimopoi¸ntac ton tÔpo (3.4)

• upologismìc tou pÐnaka [Zxt]=[lnµxt − α̂xt] kai met� upologÐzoume to
κt kai to βx wc to pr¸to dexi� kai pr¸to arister� di�nusma sto SVD
(Singular Value Decomposition) tou pÐnaka Zxt

• prosarmìzoume ta upologismèna κt ètsi ¸ste gia k�je t o parathroÔ-
menoc arijmìc jan�twn kai o anamenìmenoc arijmìc na eÐnai Ðsoi ìpwc
gia par�deigma :

xk∑
x=x1

dxt =
xk∑
x=x1

ext exp (α̂x + β̂xκ̂t) (3.5)

gia ìla ta t.
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H isìthta tou parathroÔmenou arijmoÔ jan�tou kai tou anamenìmenou a-
rijmoÔ jan�twn den ikanopoieÐtai autìmata apì to montèlo Lee-Carter gia
autì to lìgo qrei�zetai deÔtero st�dio prosarmog c to opoÐo perigr�fetai
apì thn pio p�nw exÐswsh (3.5). O lìgoc pou den isqÔei aut  h isìthta eÐ-
nai ìti ìlec oi hlikÐec lamb�noun to Ðdio b�roc sto SVD anex�rthta apì to
mègejoc tou m̂xt kai tou upokeÐmenou arijmoÔ jan�twn. 'Ara oi timèc tou εxt
pou antistoiqoÔn se neìterec hlikÐec eÐnai Ðsec me autèc pou antistoiqoÔn se
megalÔterec hlikÐec parìlo pou o arijmìc jan�twn ja eÐnai yhlìteroc se pio
meg�lec hlikÐec. ParathroÔme ìti h upìjesh ta sf�lmata εxt na eÐnai omoske-
dastik� den isqÔei. Anamènoume o log�rijmoc tou rujmoÔ kindÔnou na eÐnai pio
axiìpistoc stic megalÔterec hlikÐec se sqèsh me tic mikrìterec hlikÐec lìgw
tou mikrìterou arijmoÔ jan�twn.

Gia th diadikasÐa prosarmog c kai montelopoÐhshc èqoun protajeÐ dÔo
epÐpeda beltÐwshc.

1. To pr¸to epÐpedo eÐnai mia morf  elaqÐstwn tetrag¸nwn me b�rh thc
basik c prosèggishc sthn prosarmog  tou montèlou

D(yxt, ŷxt) =
∑
x,t

ωxt(yxt − ŷxt)2 (3.6)

ìpou yxt=lnmxt kai ŷxt=αx+βxκt kai ta b�rh ωxt epilèqjhkan na eÐnai
Ðsa me ton parathroÔmeno arijmì jan�twn dxt

2. Sto deÔtero epÐpedo ja perigr�youme pwc mporoÔme na qrhsimopoi -
soume thn katanom  Poisson gia thn eÔresh proseggistik c lÔshc me
thn efarmog  tou montèlou. Me b ma n mporoÔme na anabajmÐsoume mia
par�metro me tic upìloipec na prosarmosmènec stouc ektimhtèc touc
qrhsimopoi¸ntac ton pio k�tw anadromikì tÔpo :

θ̂(n+1) = θ̂(n) −
∂D(n)

∂θ
∂2D(n)

∂θ2

(3.7)

'Etsi ta Dxt montelopoioÔntai wc anex�rthtec metablhtèc thc Poisson
kai isqÔei ìti:

E(Dxt) = ext exp ηxt (3.8)

kai
V ar(Dxt) = E(Dxt) (3.9)

ìpou
ηxt = αx + βxκt (3.10)

Epeid  ìmwc to ηxt eÐnai mh grammikì stic paramètrouc tou den mporeÐ
na efarmosteÐ san genikeumèno grammikì montèlo. 'Omwc prosarmìzon-
tac kat�llhlh mèjodo mporoÔme na qrhsimopoi soume thn pijanof�neia
Poisson parakolouj¸ntac th susqetismènh apìklish :

D(dxt, d̂xt) =
∑
allx,t

dev(dxt, d̂xt) =
∑
x,t

2ωxt{dxt log(
dxt

d̂xt
)− (dxt − d̂xt)}

(3.11)
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ìpou d̂xt=ext exp (α̂x + β̂xκ̂t), ωxt=1 an ext > 0 kai 0 diaforetik�.

Gia thn leitourgÐa tou pio p�nw akoloujoÔme thn parak�tw diadika-
sÐa : Jètoume arqikèc timèc gia ta αq,βq,κt kai upologÐzoume ta dxt kai

D(dxt, d̂xt)

↓
Enhmer¸noume th tim  tou αx, upologÐzoume d̂xt, enhmer¸noume to κt
prosarmìzontac

∑tn
t=t1 κt=0,upologÐzoume d̂xt ,enhmer¸noume to βx, u-

pologÐzoume d̂xt kai tèloc upologÐzoume to D(dxt, d̂xt)

↓
Epanalamb�noume thn pio p�nw diadikasÐa kai stamat�me ìtan toD(dxt, d̂xt)
sugklÐnei. To montèlo thc Poisson èqei to pleonèkthma ìti den upojè-
tei omoskedastikìthta sth dom  sf�lmatoc tou montèlou Lee-Carter,
anagnwrÐzei thn akèraia fÔsh tou Dxt kai apofeÔgei thn an�gkh gia
to κt na epanaôpologÐzetai mèsa apì diadikasÐa dÔo st�diwn. Autì a-
koloujeÐtai epeid  oi exis¸seic pijanot twn epalhjeÔoun autìmata thn
exÐswsh (3.5) Apì di�forec èreunec kai melètec parathroÔme ìti up�r-
qei sumfwnÐa ston upologismì twn paramètrwn mèsa apì tic mejìdouc
:

(aþ) prosèggish Wilmoth me thn epilog  b�rouc ωxt=dxt

(bþ) prosèggish genikeumènou grammikoÔ montèlou me sf�lmata Poisson

Parìlo pou up�rqei sumfwnÐa stic dÔo mejìdouc h deÔterh eÐnai pro-
timìterh epeid  basÐzetai stic arqèc thc mègisthc pijanof�neiac kai ta
apotelèsmata twn ektim sewn ja èqoun kalÔterec statistikèc idiìthtec.
Prèpei na epishm�noume ìti se pollèc efarmogèc sumperilamb�noume mia
par�metro φ sthn exÐswsh (3.9) ètsi ¸ste na paÐrnei thn pio k�tw morf :

V ar(Dxt) = φE(Dxt) (3.12)

Autì eÐnai sqetikì me arketèc analogistikèc efarmogèc ìpou ta dedo-
mèna basÐzontai se diadikasÐec asf�lishc antÐ se �toma ètsi ¸ste na
mporeÐ na antiproswpeujeÐ perissìterec apì mia forèc sta dedomèna.

3.2.2 Prosèggish SVD

H mèjododc prosèggishc me SVD mporeÐ na perigrafeÐ wc ex c (Haberman
kai Renshaw, 2008) : Jètoume M = (Mxt) kai o pÐnakac N × T twn rujm¸n
pou èqoun parathrhjeÐ gia N hlikÐec kat� th di�rkeia T qrìnwn. Qrhsi-
mopoi¸ntac to Singular Value Decomposition gr�foume M = BKτ ìpou oi
st lec tou B kai tou K eÐnai orjog¸niec. Aut  h parousÐash mporeÐ na qrh-
simopoihjeÐ gia na proseggÐsoume to M upì thn ènnoia twn elaqÐstwn tetra-
g¸nwn. H kalÔterh prosèggish pou mporoÔme na p�roume eÐnai M = B1K1

τ

ìpou ta K1 kai B1 eÐnai oi st lec tou K kai B pou antapokrÐnontai sth me-
galÔterh idiotim . Sthn mèjodo Lee-Carter h prosèggish efarmìzetai stouc
rujmoÔc jnhsimìthtac pou èqoun katagrafeÐ. EÐnai axioshmeÐwto to gegonìc
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ìti h monodi�stath prosèggish eÐnai empeirik� epark c gia th jnhsimìthta se
arketèc q¸rec. Gia dedomèna gonimìthtac qrei�zetai prosèggish megalÔterhc
t�xhc.

To deÔtero b ma eÐnai na anaptÔxoume èna stoqastikì montèlo gia tic pa-
ramètrouc κ me suqnìterh epilog  èna aplì tuqaÐo perÐpato. Gia thn prìbleyh
to B1 diathreÐtai stajerì kai h bèltisth prìbleyh gia to κτ+t par�getai apì
mia eujeÐa gramm  pou pern� an�mesa apì tic timèc κ1 kai κτ . H prìbleyh gia
to di�nusma twn metasqhmatismènwn rujm¸n eÐnai κ̂τ+tB1.

3.2.3 Prosèggish Poisson

Parìlo pou h mèjodoc twn elaqÐstwn tetrag¸nwn eÐnai logik  den apote-
leÐ kai th bèltisth mèjodo. PaÐrnoume ta dedomèna ìpwc ta èqoume proanafè-
rei me Dxt ton arijmì jan�twn se hlikÐa x kat� th di�rkeia tou qrìnou t kai
Vxt antÐstoiqa ta �toma pou ektÐjentai se kÐnduno an� qrìno. QrhsimopoioÔme
montèlo Poisson

Dxt ∼ Po(µxtExt)

ìpou h èntash èinai logarijmo-digrammik c morf c.
log(µxt) = αx + βxκt

Qrhsimopoi¸ntac to prìgramma LEM upologÐzoume tic ektim seic twn pa-
ramètrwn. To epìmeno b ma eÐnai na montelopoi soume to κ san stoqastik 
qronoseir�. Se pollèc efarmogèc to κt montelopoieÐtai san tuqaÐoc perÐpatoc
: κt = c+ κt−1 + ut

Se aut  thn perÐptwsh h prìbleyh tou κ all�zei grammik� kai k�je an-
tÐstoiqoc rujmìc jan�twn all�zei me stajerì ekjetikì rujmì. 'Epeita pro-
sarmìzoume kat�llhlo montèlo qronoseir¸n gia thn prìbleyh tou κ sthn
epijumht  qronik  perÐodo.

Se efarmog  tou montèlou gia thn prìbleyh tou rujmoÔ jnhsimìthtac
sthn Qil  kai stic HPA p rame problèyeic gia to deÐkth qrìnou κ. Sth
grafik  par�stash 3.1 blèpoume tic timèc tou κ gia thn perÐodo 1900-1989
ìpou èqoume p�rei ta dedomèna kai tic timèc gia thn perÐodo prìbleyhc apì
to 1990-2065.Apì thn grafik  par�stash parathroÔme th grammikìthta pou
akoloujoÔn oi timèc tou κ. Sth sunèqeia metatrèpoume tic problèyeic gia to
κ se problèyeic gia rujmoÔc jnhsimìthtac qrhsimopoi¸ntac thn exÐswsh tou
ln(mx,t).
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3.2.4 Probl mata me th mèjodo

To montèlo Lee-Carter eÐnai qr simo kai kat�llhloc trìpoc gia na ex�gou-
me istorikèc t�seic gia th jnhsimìthta me b�sh thn hlikÐa. Wstìso up�rqoun
k�poia probl mata (Lee 2000) pou èqoume na antimetwpÐsoume qrhsimopoi¸n-
tac th mèjodo.

• H mèjodoc upojètei sugkekrimèno sq ma allag c sthn katanom  thc
hlikÐac sth jnhsimìthta ètsi ¸ste oi rujmoÐ stic di�forec hlikÐec (bx
(dκt/dt)) na diathroÔn ton Ðdio lìgo kat� th di�rkeia tou qrìnou. Sthn
pragmatikìthta ìmwc oi rujmoÐ stic di�forec hlikÐec mporoÔn na poi-
kÐloun. Gia par�deigma sth SouhdÐa o rujmìc jnhsimìthtac stic pio
meg�lec hlikÐec  tan pio argìc se sqèsh me �llec hlikÐec all� pio prì-
sfata kineÐtai pio gr gora se sqèsh me �llec hlikÐec.

• H mèjodoc parèqei èna eÐdoc prìbleyhc gia to ti ja sunèbaine an oi shme-
rinèc t�seic jnhsimìthtac suneqÐzontan. An up rqe shmantikìc lìgoc
oÔtwc ¸ste na anamènoume oi makroprìjesmec mellontikèc t�seic na
eÐnai perissìtero   ligìtero taqeÐc h prìbleyh ja mporoÔse na tro-
popoihjeÐ kat�llhla me b�sh tic t�seic jnhsimìthtac. Wstìso tètoioi
lìgoi pou na ephre�zoun tic mellontikèc t�seic eÐnai sp�nia diajèsimoi.

• H mèjodoc parousi�zei abebaiìthta sthn prìbleyh pou prokÔptei ku-
rÐwc apì thn prìbleyh tou par�gonta κ kaj¸c kai sthn ektim¸menh
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t�sh sthn jnhsimìthta. Akìmh abebaiìthta prokÔptei kai apì sf�lma-
ta ston upologismì twn suntelest¸n bx all� kai apì thn upìjesh ìti
ta prosarmosmèna sf�lmata sto basikì montèlo eÐnai asusqètista me
b�sh thn hlikÐa.

• Epeid  ta diast mata pijanìthtac den antanakloÔn abebaiìthta gia to
an h prodiagraf  tou montèlou eÐnai swst  oÔte abebaiìthta gia to
an to mèllon ja moi�zei me to pareljìn up�rqei diqasmìc apìyewn ì-
son afor� ta mellontik� epÐpeda epèktashc zw c. K�poioi perimènoun
meg�lec anakalÔyeic sth farmakobiomhqanÐa pou ja epitaqÔnei thn pa-
rakm  thc jnhsimìthtac en¸ k�poioi �lloi ìti ja pollaplasiastoÔn oi
asjèneiec kai ja prokalèsei meÐwsh thc parakm c.

• Akìmh èna prìblhma pou parousi�zei h mèjodoc eÐnai oi ab�simec diafo-
rèc an�mesa twn ful¸n. Se efarmog  dedomènwn gia thn prìbleyh tou
rujmoÔ jnhsimìthtac parathr jhkan apoklÐnousec t�seic sta istorik�
dedomèna eÐte ìtan h prìbleyh gia ta dÔo fÔla ègine xeqwrist� eÐte me
koinì par�gonta κ.

3.3 Upìloipa

Se aut n thn enìthta ja asqolhjoÔme me th sumperifor� kai ta sq mata
twn upoloÐpwn gia na parathr soume to mègejoc twn sfalm�twn prìbleyhc
pio leptomer¸c (Lee kai Carter, 1992).

3.3.1 EÐdh upoloÐpwn

• An qrhsimopoi soume th prosèggish SVD ta upìloipa mporoÔn na ori-
sjoÔn wc ex c :

êxt = ln m̂xt − α̂x − β̂xκ̂t (3.13)

kai kanonikopoioÔntai diair¸ntac me∑
x,t

ˆext
2

(h−2)(k−1)

ìpou h = tn − t1 + 1 kai κt antiproswpeÔei ton arijmì twn om�dwn
hlikÐac.

• MporoÔme na qrhsimopoi soume upìloipa Pearson

dxt− ˆdxt√ ˆdxt
ìpou

d̂xt=ext exp(α̂x + β̂xκ̂t) ta opoÐa èqoun to Ðdio prìshmo lìgw thc idiì-
thtac

êxt=ln dxt
ˆdxt

3.3.2 H dom  kai to mègejoc twn upoloÐpwn sthn prì-
bleyh jnhsimìthtac

Sto basikì montèlo Lee-Carter kai stic perissìterec efarmogèc tou gÐne-
tai perissìterh anafor� gia th sumperifor� twn sfalm�twn pou proèrqontai
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apì thn prìbleyh tou par�gonta κ kai agnooÔntai ta sf�lmata pou prokÔ-
ptoun apì touc upìloipouc par�gontec. Se aut  thn enìthta ja anaferjoÔme
pio leptomer¸c sth sumperifor� twn upoloÐpwn.

OrÐzoume to log�rijmo gia th prìbleyh tou rujmoÔ jnhsimìthtac, se k�je
hlikÐa, gia s periìdouc pio p�nw apì th basik  perÐodo t sÔmfwna me thn pio
k�tw exÐswsh :

lnmx,t+s = α̂x + κ̂t+sβ̂x (3.14)

ìpou to ”̂” antiproswpeÔei mia ektÐmhsh twn paramètrwn αx kai βx gia mia
prìbleyh tou par�gonta κt. H pragmatik  tim  tou log�rijmou lnmx,t+s

jewr¸ntac tic prodiagrafèc kai ta dedomèna tou montèlou swst� dÐnetai apì
ton pio k�tw tÔpo :

lnmx,t+s = (âx + αx) + (k̂t+s + ut+s)(b̂x + βx) + εx,t+s (3.15)

ìpou ta αx kai βx eÐnai ta sf�lmata pou prokÔptoun apì thn ektÐmhsh twn
paramètrwn ax kai bx kai to ut+s to sf�lma thc prìbleyhc tou par�gonta
k. To sf�lma prìbleyhc pou prokÔptei eÐnai h diafor� twn dÔo pio p�nw
exis¸sewn :

Ex,t+s = αx + εx,t+s + (b̂x + βx)ut+s + βxk̂t+s (3.16)

Sthn pio p�nw exÐswsh up�rqoun tèssereic ìroi sfalm�twn oi opoÐoi den
eÐnai xek�jaro p¸c susqetÐzontai metaxÔ touc. Gia na apokt soume mia idèa
ja upojèsoume ìti ta sf�lmata eÐnai anex�rthta. Upì aut  thn upìjesh h
diaspor� tou sf�lmatoc Ex,t+s dÐnetai apì ton tÔpo :

σ2
Ex,t+s = σ2

εx,t+s + σ2
αx + β̂2

xσ
2
ut+s + σ2

βx(κ̂2
t+s + σ2

ut+s) (3.17)

H diaspor� tou ìrou εxt+s upologÐzetai apì th diaspor� tou sf�lmatoc sthn
prosarmosmènh om�da hlikÐac x gia thn antÐstoiqh perÐodo. To α̂x eÐnai o
mèsoc ìroc tou log�rijmou tou rujmoÔ jan�twn gia k�je hlikÐa x sto qrìno
kai h diaspor� tou eÐnai h diaspor� tou ln(mx,t) diairemènh me T pou eÐnai o
arijmìc twn parathr sewn tou mx.

3.4 Problèyeic tou montèlou

Se aut n thn enìthta ja asqolhjoÔme me th diadikasÐa prìbleyhc tou
montèlou gia mellontikoÔc qrìnouc. Gia na epitÔqoume kat�llhlec problèyeic
montelopoioÔme tic timèc tou κt qrhsimopoi¸ntac sun jeic mejìdouc ìpwc th
diadikasÐa ARIMA (0,1,0). Dhl¸noume ta apotelèsmata twn problèyewn gia
thn par�metro tou qrìnou wc {κ̇tn+s : s > 0} kai oi problèyeic gia to rujmì
jnhsimìthtac upologÐzontai wc ex c:

m̂x,tn+s = exp(α̂x + β̂xκ̇tn+s), s > 0 (3.18)
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3.4.1 Montèla ARIMA

H mèjodoc prìbleyhc qronoseir¸n ARIMA qrhsimopoieÐtai stic peript¸-
seic ìpou ta dedomèna mac den ekdhl¸noun stajer  sumperifor� sto qrìno
(Montgomery, Jennings, Kulahci, 2008) all� me tic kat�llhlec metatropèc,
prosjètontac diast mata pou prokÔptoun apì th qronoseir� kai ta sf�lmata
prìbleyhc gia na afairejoÔn opoiad pote Ðqnh autosusqètishc up�rqoun sto
montèlo qronoseir¸n pou ja efarmìsoume kai na gÐnei st�simo. H onomasÐa
prokÔptei apì to Auto-Regressive Integrated Moving Average ìpou o ìroc
Integrated qrhsimopoieÐtai gia thn perÐptwsh ìpou mia mh st�simh qronoseir�
apoteleÐ oloklhr¸simh morf  miac st�simhc qronoseir�c.

Gia na kajorÐsoume to kat�llhlo montèlo ARIMA gia mia qronik  sei-
r� arqÐzoume kajorÐzontac tic t�xeic afaÐreshc pou qrei�zontai gia na gÐnei
st�simh h qronoseir� kai na afairejoÔn ìla ta gnwrÐsmata epoqikìthtac pou
parousi�zei. An stamat soume ed¸ kai jewr soume ìti h seir� eÐnai stajer 
dhmiourgoÔme èna aplì tuqaÐo perÐpato (gia par�deigma to montèlo ARIMA
(0,1,0) apoteleÐ th pio apl  morf  tuqaÐou perÐpatou), diaforetik� prosjè-
toume par�gontec sthn exÐswsh prìbleyhc gia na diorj¸soume tuqìn l�jh
pou prokÔptoun. An ta sf�lmata pou prokÔptoun apì to tuqaÐo perÐpato
autosusqetÐzontai to prìblhma mporeÐ na diorjwjeÐ prosjètontac mia kaju-
stèrhsh sthn exarthmènh metablht  thc exÐswshc prìbleyhc kai ja eÐqame to
montèlo ARIMA (1,1,0). Akìmh se di�forec peript¸seic o tuqaÐoc perÐpatoc
den leitourgeÐ kalÔtera apì th diadikasÐa tou kinhtoÔ mèsou gia pio palièc
timèc kai efarmìzoume montèlo ARIMA (0,1,1) gia na diorj¸soume tuqìn
sf�lmata sto montèlo prìbleyhc. Autèc eÐnai oi pio aplèc morfèc montèlwn
ARIMA pou mporoÔn na efarmostoÔn se mia seir� apì dedomèna.

3.4.2 Par�deigma montèlou ARIMA

Gia thn efarmog  tou montèlou ARIMA pou ja qrhsimopoi soume sthn
prìbleyh qrhsimopoioÔme to statistikì pakèto MINITAB me to opoÐo ja e-
lègxoume pwc susqetÐzontai oi timèc pou jèloume na problèyoume kai pwc
mporoÔme broÔme to kat�llhlo montèlo pou prosarmìzetai sta dedomèna mac
apì tic grafikèc parast�seic autosusqètishc kai merik c autosusqètishc twn
dedomènwn. H diadikasÐa gia thn epilog  tou kat�llhlou montèlou qronosei-
r¸n perigr�fetai sto pio k�tw par�deigma gia ton ebdomadiaÐo arijmì ait sewn
daneÐwn miac tr�pezac ta teleutaÐa dÔo qrìnia. DÐnoume pr¸ta ton pÐnaka me
ton arijmì twn daneÐwn kai èpeita kataskeu�zoume tic grafikèc parast�seic
tou arijmoÔ daneÐwn(3.2) an� ebdom�da, thc autosusqètishc (3.3) kaj¸c kai
thc merik c autosusqètishs(3.4) twn dedomènwn mac.
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ParathroÔme apì tic grafikèc parast�seic thc autosusqètishc kai
merik c autosusqètishc ìti apokìptontai met� th deÔterh tim . H ermhneÐ-
a twn dÔo grafik¸n parast�sewn mac odhgeÐ sthn qrhsimopoÐhsh montèlou
ARIMA(2, 0, 0). EkteloÔme thn entol  gia to sugkekrimèno montèlo kai
paÐrnoume ton pÐnaka apotelesm�twn (3.7) gia tic timèc twn paramètrwn tou
montèlou. ParathroÔme ìti kai oi dÔo par�metroi kaj¸c kai h stajer� pou u-
pojèsame gia thn efarmog  tou montèlou eÐnai statistik� shmantikèc me b�sh
tic p- timèc. MporoÔme met� ton èlegqo katallhlìthtac na pragmatopoi sou-
me problèyeic me gia mellontikoÔc arijmoÔc daneÐwn sth tr�peza.
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3.5 Par�deigma montelopoÐhshc kai prìbleyhc

jnhsimìthtac

Sthn enìthta aut  ja asqolhjoÔme me ton rujmì jnhsimìthtac stic HPA
kai tic problèyeic pou prokÔptoun qrhsimopoi¸ntac to analogistikì montèlo
Lee-Carter. Prosarmìzoume ta dedomèna gia thn di�rkeia zw c sto montèlo
mac akolouj¸ntac thn diadikasÐa gia thn prosarmog  tou basikoÔ montèlou
Lee-Carter kai èpeita qrhsimopoioÔme mejìdouc qronoseir¸n gia thn prìbleyh
thc paramètrou tou qrìnou.

3.5.1 Prosarmog  tou montèlou

Prosarmìzoume ta dedomèna mac sto basikì montèlo

lnµxt = αx + βxκt + εxt.

H par�metroc βx dhl¸nei thn t�sh pou akoloujeÐ h jnhsimìthta gia tic
di�forec hlikÐec me b�sh tic allagèc thc paramètrou κt. Pio sugkekrimèna
an parathrhjeÐ arnhtik  tim  gia k�poiec hlikÐec tìte h jnhsimìthta teÐnei
na auxhjeÐ en¸ jetik  tim  prodiajètei pt¸sh thc jnhsimìthtac. AxÐzei na
shmei¸soume pwc ìtan to κ eÐnai grammikì wc proc ton qrìno h jnhsimìthta
metab�lletai me ekjetikì rujmì kai kaj¸c to κ teÐnei arnhtik� sto �peiro
tìte lìgw thc ekjetik c metabol c o rujmìc ja teÐnei sto 0. Autì sunep�-
getai ìti den prosarmìzontai arnhtikoÐ rujmoÐ jan�twn sto montèlo to opoÐo
eÐnai shmantikì pleonèkthma gia tic problèyeic twn epìmenwn qrìnwn. Sto
par�deigma mac (Lee kai Carter, 1992) èqoun qrhsimopoihjeÐ dedomèna jnhsi-
mìthtac apì to 1900 wc to 1989 kai upologist kan problèyeic èwc to 2065.

3.5.2 Ektim seic paramètrwn

QwrÐzoume tic hlikÐec se om�dec kai qrhsimopoioÔme ta dedomèna rujmoÔ
jnhsimìthtac apì to 1933-1987. Sth sunèqeia upologÐzoume tic timèc twn
paramètrwn αx, βx qrhsimopoi¸ntac th mèjodo SV D oi opoÐec dÐnontai ston
pÐnaka (3.1).
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Sth grafik  par�stash (3.7) blèpoume to rujmì jan�twn gia tic hlikÐec
apì 1933-1987 ìpwc èqoun katagrafeÐ kai ìpwc èqoun upologisteÐ apì to
prosarmosmèno montèlo mac. ParathroÔme ìti h prosarmog  twn dedomènwn
eÐnai polÔ kal  me tic megalÔterec apoklÐseic apì thn kanonik  tim  na eÐnai
stic peript¸seic pou oi rujmoÐ jnhsimìthtac eÐnai qamhloÐ.

3.5.3 Montelopoi sh kai prìbleyh thc paramètrou κ

Met� thn an�ptuxh kai thn prosarmog  tou montèlou proqwr�me sto prì-
blhma thc prìbleyhc. Arqik� prèpei na broÔme kat�llhlo montèlo qronosei-
r¸n ARIMA gia to deÐkth jnhsimìthtac κ. Gia ton upologismì twn problè-
yewn tou deÐkth jnhsimìthtac qrhsimopoioÔme ARIMA(1,0,0). To prìblhma
pou parousi�zetai sto sugkekrimèno par�deigma eÐnai pwc ja antimetwpÐsoume
sthn prosarmog  tou montèlou thn epidhmÐa tou 1918 ìpou epifèrei meg�lo
arijmì jan�twn. Se aut  thn perÐptwsh mporoÔme na qrhsimopoi soume mia
metablht  sto montèlo prìbleyhc tou deÐkth jnhsimìthtac o opoÐoc ja afai-
reÐ thn epÐdrash tou sugkekrimènou gegonìtoc sthn prìbleyh   mporoÔme na
ekl�boume to gegonìc san èna peristatikì to opoÐo mporeÐ na xanasumbeÐ sto
mèllon kai na to ekl�boume san opoiad pote �llh parat rhsh. Se opoiad -
pote perÐptwsh h prìbleyh thc jnhsimìthtac den all�zei all� metab�lletai
to di�sthma empistosÔnhc thc prìbleyhc.
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Sto sq ma (3.8) parousi�zoume tic timèc tou deÐkth jnhsimìthtac gia ta
dedomèna apì to 1900-1989 mazÐ me tic problèyeic pou prokÔptoun efarmìzon-
tac to montèlo ARIMA(0,1,0). H prosarmog  tou montèlou ègine dÔo forèc.
H mÐa prìbleyh ègine gia ta dedomèna apì to 1900-1989 qrhsimopoi¸ntac pa-
r�metro gia antimet¸pish thc epidhmÐac ìpwc anafèrjhke pio p�nw kai h �llh
gia dedomèna apì to 1933-1989. ParathroÔme oi problèyeic eÐnai parìmoiec
ìson afor� tic anamenìmenec timèc kaj¸c kai ta diast mata empistosÔnhc.
Apì th sÔgkrish mporoÔme akìmh na elègxoume e�n h prìbleyh metab�lletai
qrhsimopoi¸ntac pio sÔgqron� dedomèna. Ston pio k�tw pÐnaka (3.2) dÐnontai
oi timèc twn problèyewn mèqri to 2065 mazÐ me ta tupik� sf�lmata.
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Epiplèon gia na elègxoume kalÔtera thn epÐdrash thc periìdou twn dedo-
mènwn stic problèyeic ègine prosarmog  tou montèlou qronoseir¸n gia di�-
forec qronikèc periìdouc kai ta apotelèsmata dÐnontai ston pio k�tw pÐnaka
(3.3).
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ParathroÔme ìti kaj¸c metab�lloume to di�sthma twn qrìnwn pou qrh-
simopoioÔme gia ta dedomèna mac oi problèyeic tou κ metab�llontai parou-
si�zontac ast�jeia eidik� ìtan to di�sthma mei¸netai sta 20 kai 10 qrìnia.
Pio sugkekrimèna sto par�deigma parathroÔme ìti gia to di�sthma 1970-1989
h tim  tou κ mei¸netai kat� mèso ìro 0.548 k�je qrìno se sqèsh me 0.365
gia to di�sthma 1900-1989 en¸ sto di�sthma 1980-1989 epanèrqetai sta Ðdia
epÐpeda kai mei¸netai kat� 0.363 k�je qrìno.

Tèloc elègxame th diadikasÐa prosarmìzontac to montèlo gia na problè-
youme timèc tic opoÐec gnwrÐzame. Sto sq ma 3.9 faÐnontai oi problèyeic apì
montèlo pou prosarmìsthke se dedomèna apì to 1933-1962 gia prìbleyh tou
diast matoc 1963-1989. ParathroÔme ìti h prìbleyh eÐnai p�ra polÔ kal  a-
foÔ kumaÐnetai polÔ kont� sthn anamenìmenh tim . O pÐnakac 3.3 perilamb�nei
problèyeic gia rujmoÔc jan�twn. Oi timèc tou pio p�nw pÐnaka prokÔptoun
eÔkola me antikat�stash twn tim¸n gia tic paramètrouc αx kai βx(pÐnakac
3.1) kaj¸c kai tic problèyeic tou deÐkth jnhsimìthtac κt (pÐnakac 3.2).
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Apì tic problèyeic tou rujmoÔ jan�twn ston pÐnaka (3.4) mporoÔme na
upologÐsoume pÐnakec di�rkeiac zw c. O pÐnakac 3.5 perilamb�nei problèyeic
gia thn di�rkeia zw c èwc k�poia hlikÐa an� 100,000 �toma pou gennioÔntai
k�je qroni� pou gÐnetai h prìbleyh. Gia par�deigma problèpetai ìti to 2060
to 44/100 ja epiz sei mèqri thn hlikÐa twn 90 qrìnwn. O pÐnakac 3.6 perilam-
b�nei problèyeic gia thn upoleipìmenh di�rkeia zw c se diaforetikèc hlikÐec
kai periìdouc. Gia par�deigma to 1995 o mèsoc ìroc upoleipìmenhc di�rkeiac
zw c gia �toma 20 qron¸n eÐnai 57,63 qrìnia.

3.5.4 Upologismìc anamenìmenhc di�rkeiac zw c kai ruj-
m¸n jnhsimìthtac

Sto par�deigma pou anafèrame pio p�nw qrhsimopoi¸ntac tic problèyeic
tou deÐkth jnhsimìthtac dhmiourg same pÐnaka problèyewn gia to rujmì ja-
n�twn kai akoloÔjwc pÐnakec gia thn anamenìmenh di�rkeia zw c kai to rujmì
jnhsimìthtac gia om�dec hliki¸n kai qrìnwn. Se aut  thn enìthta ja ana-
ferjoÔme pio leptomer¸c ston upologismì aut¸n twn pin�kwn kai eidikìtera
sto sqhmatismì tou pÐnaka gia thn anamenìmenh di�rkeia zw c . MporoÔme
na orÐsoume thn anamenìmenh di�rkeia zw c ton arijmì twn qrìnwn pou a-
namènetai na z sei èna �tomo pou genniètai se mia perioq    plhjusmì upì
thn proôpìjesh ìti oi paroÔsec sunj kec gia ton sugkekrimèno plhjusmì ja
parameÐnoun stajerèc kai sto mèllon.

Gia ton upologismì tou pÐnaka thc anamenìmenhc di�rkeiac zw c qreiazì-
maste to rujmì jan�twn an� om�da hlikÐac (sto par�deigma o pÐnakac 3.3) kai
akoloujoÔme thn pia k�tw diadikasÐa :

• OrÐzoume n ton arijmì twn qrìnwn gia k�je hlikÐa. Gia par�deigma h
om�da < 1 èqei n = 1 h ìmada 1-4 èqei n = 4 kai oi upìloipec n = 5

• H mèsh analogÐa thc qroni�c apì ta �toma pou pèjanan thn sugkekri-
mènh qroni�. Kat� mèso ìro upologÐzetai ìti ta �toma zoun perÐpou to
0.5 tou diast matoc prin pej�noun me k�poiec exairèseic ìpwc thn om�da
< 1 ìpou o mèsoc ìroc eÐnai 0.1. H mèsh analogÐa eÐnai to nαx

• H pijanìthta jan�tou (nqx)ìpou to qx o rujmìc jnhsimìthtac gia k�je
hlikÐa kai h antÐstoiqh pijanìthta epibÐwshc (npx)

• O arijmìc atìmwn pou eÐnai zwntanìc sthn arq  k�je diast matoc (Ix).
Gia par�deigma sthn hlikÐa 0 èqoume èna deÐgma apì 100,000 zwntanoÔc,
autoÐ pou ja eÐnai zwntanoÐ kai 1-4 h pijanìthta epibÐwshc sto proh-
goÔmeno di�sthma pollaplasiasmènh me to plhjusmì pou eÐnai zwntanìc
sto prohgoÔmeno di�sthma (Ix−n ∗ npx−n)

• O arijmìc jan�twn (dx) kat� th di�rkeia tou diast matoc pou eÐnai o
arijmìc twn zwntan¸n sto di�sthma -plhjusmì sthn arq  tou epìmenou
diast matoc (Ix − Ix−n)
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• Arijmìc atìmwn pou èzhsan to di�sthma autì (nLx) kai upologÐzetai
apì to n(Ix+n + nαx ∗ ndx)

• Sunolikìc arijmìc atìmwn pou èzhsan met� to di�sthma (nTx) dhlad 
to Tx+n + nLx

• Tèloc upologÐzoume thn anamenìmenh di�rkeia zw c (ex) apì thn èkfra-
sh Tx/Ix
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Kef�laio 4

Epekt�seic basikoÔ
montèlou Lee− Carter

Sto kef�laio autì ja anaferjoÔme se mejìdouc epèktashc tou basikoÔ
montèlou Lee-Carter. Up�rqoun dÔo basikèc epekt�seic tou basikoÔ montè-
lou ìpou mporoÔme na qrhsimopoi soume diwnumikì plaÐsio efarmog c tou
montèlou h arnhtikì diwnumikì montèlo.

4.1 Diwnumikì montèlo Lee− Carter

Mia enallaktik  prìtash sth dom  me sf�lmata Poisson pou perigr�yame
prohgoumènwc eÐnai na qrhsimopoi soume diwnumikì plaÐsio (Brouhns, Denuit,
Vermunt, 2002). 'Etsi upojètoume ìti èqoume diajèsimo èna tetragwnikì
plaÐsio dedomènwn (dxt, e

i
xt). Ta ken� keli� dedomènwn kajorÐzontai apì ton

katamerismì 0-1 wc ex c : ωxt=1 an eixt > 0 ωxt=0 an eixt = 0 Stìqoc mac
eÐnai h pijanìthta tou jan�tou qxt montelopoi¸ntac ton arijmì jan�twn san
anex�rthtec diwnumikèc metablhtèc Dxt:bin(e2

xt, qxt) kai gr�foume

E(Dxt) = eixtqxt (4.1)

V ar(Dxt) = ϕ
V (E(Dxt))

ωxt
(4.2)

V (u) = u(1− u

ext
) (4.3)

me par�metro klÐmakac ϕ=1 kai qarakthristik  sun�rthsh diakÔmanshc V. En-
diaferìmaste tìte sth dom  prìbleyhc paramètrwn ηxt=αx+βxκt,

∑
x βx=1,

κtn h opoÐa sqetÐzetai me thn E(Dxt) me mÐa apì tic parak�tw 1-1 sunart seic
:

1. ηxt = log{− log(1− qxt)} ⇔ qxt = 1− exp(− exp ηxt)

2. ηxt = log( qxt
1−qxt ) ⇔ qxt = exp ηxt

1+exp ηxt

3. ηxt = log Φ−1(qxt) ⇔ qxt ≈ 1− exp(−µxt)

41
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Qrhsimopoi¸ntac to mh grammikì ektimht 
µxt ≈ − log(1−qxt)⇔ qxt ≈ 1−exp(−µxt) kai th sun�rthsh (1) prokÔptei

h
µxt = exp(αx+βxκt) h opoÐa eÐnai h dom  tou basikoÔ Lee-Carter Poisson

montèlou

4.2 Arnhtikì Diwnumikì montèlo Lee− Carter

San epèktash tou Poisson Lee-Carter montèlou ereunoÔme thn epÐdrash
allag c apì Poisson se arnhtik� Diwnumikì montèlo qwrÐc par�metro klÐma-
kac. Autì shmaÐnei ìti antikajistoÔme th sun�rthsh diakÔmanshc V (u) = u
me

V (u) = u+ λxu
2 (4.4)

Tìte oi mh gramikoÐ Lee-Carter par�metroi {αx,βx,κt} kai h par�metroc {λx}
upologÐzontai se èna st�dio megistopoi¸ntac thn kat�llhlh sun�rthsh pija-
nìthtac.

4.2.1 Par�deigma arnhtikoÔ diwnumikoÔ montèlou

Upologismìc Paramètrwn

PaÐrnoume th sun�rthsh pijanof�neiac gia parathroÔmeno arijmì jan�twn

dxt apì sÔnolo ext gia hlikÐec x kai hmerologiakì ètoc tΠx,t
Γ(dxt+

1
κ

)

Γ( 1
κ

)dxt!
( κδxt

1+κδxt
)dxt( 1

1+κδxt
)1/κ

me δxt = ext exp (αx + βxκt) ìpou to δxt eÐnai o anamenìmenoc arijmìc jan�-

twn. H logarijmopoihmènh sun�rthsh pijanof�neiac dÐnetai apì ton tÔpo

L(α, β, κ, k) =
∑
x,t

(
dxt∑
i=1

ln(
1

k
+ dxt − i))−ln(dxt!)−(dxt+

1

k
) ln(1+kδxt)+dxt ln (kδxt)

(4.5)
ìpou to k = V ar[exp (εxt)]

'Opwc anafèrame kai prohgoumènwc lìgw tou digrammikoÔ ìrou βxκt den
mporoÔme na ektim soume to montèlo qrhsimopoi¸ntac sunhjismèna statistik�
pou efarmìzoun thn arnhtik  Diwnumik  katanom . O algìrijmoc pou efar-
mìzetai gia thn epÐlush thc exÐswshc pijanof�neiac eÐnai thc mejìdouNewton
kai qrhsimopoioÔme ton Ðdio anadromikì tÔpo pou anafèrame sto kef�laio 3.

Arijmhtikì par�deigma

Gia thn efarmog  tou arnhtikoÔ diwnumikoÔ montèlou qrhsimopoi jhkan
dedomèna (Delwarde, Denuit, Partrat, 2007), (Brouhns, Denuit, Vermunt,
2002) apì touc plhjusmoÔc thc SouhdÐac, thc GallÐac kai thc ItalÐac. O lì-
goc pou epilèghkan autèc oi q¸rec gia thn efarmog  eÐnai gia na sugkrÐnoume
to rujmì jnhsimìthtac se q¸rec me diaforetik  oikonomik  kai koinwnik  ka-
t�stash. Sta dedomèna efarmìsthke kai h katanom  Poisson gia sÔgkrish
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thc efarmog c me tic dÔo mejìdouc. Stic grafikèc parast�seic (4.1, 4.2, 4.3)
dÐnontai oi ektim seic twn paramètrwn se sqèsh me ta qrìnia diaqwrÐzontac
to fÔlo se k�je q¸ra.
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ParathroÔme ìti oi ektim seic thc paramètrou αx eÐnai sqedìn oi Ðdiec
kai gia tic dÔo mejìdouc k�ti pou anamenìtan afoÔ ta αx antiproswpeÔoun èna
mèso epÐpedo jnhsimìthtac se hlikÐa x gia mia perÐodo pou melet�me. Gia ta
βx parathroÔme ìti up�rqoun k�poiec diaforèc an�mesa sthn Poisson kai thn
arnhtik  Diwnumik  eidik� se nearèc hlikÐec. Sta κt parathroÔme megalÔterec
diaforopoi seic oi opoÐec axÐzei na epishm�noume eÐnai pio èntonec sthn ItalÐa
se sqèsh me thn GallÐa kai sthn GallÐa se sqèsh me thn SouhdÐa. Sth
sunèqeia qrhsimopoi jhke kat�llhlo montèlo ARIMA gia thn ektÐmhsh tou
deÐkth qrìnou κt kai qrhsimopoioÔme tic timèc autèc gia na prosdiorÐsoume
mellontikoÔc rujmoÔc jnhsimìthtac kai epekt�seic zw c se sugkekrimènec
hlikÐec. To montèlo pou qrhsimopoi jhke dÐnetai apì thn pio k�tw exÐswsh.

κ̂t = κ̂t−1 + θ + εt (4.6)

ìpou εt ∼ N(0, sε
2). Ston pio k�tw pÐnaka (4.1) dÐnontai oi timèc twn para-

mètrwn tou montèlou ARIMA

Sto sq ma 4.4 deÐqnoume th di�rkeia zw c gia tic parathroÔmenec timèc
pou qrhsimopoi jhkan sthn efarmog  tou montèlou.
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Gia na epibebaiwjeÐ h katallhlìthta tou montèlou ègine prìbleyh gia tic
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pio prìsfatec timèc qrhsimopoi¸ntac tic prohgoÔmenec gia thn efarmog  tou
montèlou. Pio sugkekrimèna qrhsimopoi same ta dedomèna gia di�fora diast -
mata kai problèyame thn anamenìmenh di�rkeia zw c (diast mata dedomènwn
1950-1980, 1950-1985, 1950-1990, 1950-1995). Ston pÐnaka (4.2) deÐqnoume
tic timèc twn paramètrwn apì thn efarmog  tou montèlou ARIMA gia ton
upologismì problèyewn tou deÐkth jnhsimìthtac kai kat' epèktash twn ana-
menìmenwn tim¸n di�rkeiac zw c.

Gia na elègxoume thn ikanìthta prìbleyhc tou montèlou dhmiourgoÔme
grafikèc parast�seic kai gia tic tèsseric periìdouc pou qrhsimopoi same gia
na sugkrÐnoume tic timèc pou prokÔptoun. ParathroÔme ìti h prosarmog 
tou montèlou eÐnai kalÔterh ìtan qrhsimopoioÔme to montèlo thc arnhtik c
Diwnumik c wstìso oi ikanìthtec prìbleyhc kai twn dÔo montèlwn eÐnai kat�
prosèggish oi Ðdiec. Akìmh h akrÐbeia sthn prìbleyh eÐnai ikanopoihtik  afoÔ
oi diaforèc an�mesa stic timèc prìbleyhc kai stic parathroÔmenec timèc eÐnai
mikrìterec thc t�xhc tou 0.05.
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Up�rqoun arketèc epekt�seic tou basikoÔ montèlou gia to diaqwrismì
di�forwn paramètrwn pou jèloume na analÔsoume:

• Diaqwrismìc twn fÔlwn gia ton opoÐo up�rqoun di�forec proseggÐseic
(Lee kai Carter, 1992). MporoÔme na jewr soume tic problèyeic gia
touc �ndrec kai tic gunaÐkec enìc plhjusmoÔ san dÔo xeqwristèc e-
farmogèc thc basik c prosèggishc tou montèlou. Wstìso mporoÔme na
ekmetalleutoÔme tic ìpoiec omoiìthtec parousi�zoun ta dÔo fÔla gia na
mei¸soume th diastatikìthta tou montèlou. Gia na to petÔqoume autì
mporoÔme na sumperiferjoÔme kai sta dÔo fÔla san na eÐnai diaforeti-
kèc om�dec tou Ðdiou plhjusmoÔ me 2N om�dec hlikÐac an o pragmatikìc
arijmìc om�dwn hlikÐac eÐnai N. Me autì ton trìpo ektimoÔmai kai pro-
blèpoume mia seir� gia to deÐkth jnhsimìthtac κ kai upologÐzoume thn
jnhsimìthta h opoÐa ja diafèrei metaxÔ twn dÔo fÔlwn lìgw twn dia-
foretik¸n tim¸n twn paramètrwn αx kai βx.

• MporoÔme na qrhsimopoi soume thn pio p�nw diadikasÐa gia na k�noume
kai diaqwrismì me b�sh th gewgrafik  jèsh twn di�forwn plhjusm¸n
(Lee kai Nault, 1993).

• Mia �llh epèktash tou basikoÔ montèlou eÐnai o diaqwrismìc me b�sh
thn aitÐa jan�tou(Wilmoth, 1995). H prìbleyh tou montèlou me b�sh
autì to diaqwrismì apodÐdei yhlìterec jnhsimìthtec sto mèllon se sqè-
sh me th sunolik  prìbleyh epeid  h aitÐa jan�tou pou fjÐnei pio arg�
ja uperisqÔsei makroprìjesma kai aux�nei ton arijmì twn jan�twn.

• Gia ton upologismì twn problèyewn tou deÐkth jnhsimìthtac κ mpo-
roÔme na jewr soume ton ìro thc t�shc san tuqaÐa metablht  (Carter
1996).
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Kef�laio 5

Efarmog  montèlou
Lee− Carter

Sto kef�laio autì ja asqolhjoÔme me th leptomer  efarmog  tou analo-
gistikoÔ montèlou Lee-Carter gia na melet soume to rujmì autokinhtistik¸n
dustuqhm�twn kai na problèyoume mellontikèc timèc rujm¸n qrhsimopoi¸ntac
mejìdouc qronoseir¸n ìpwc se prohgoÔmena paradeÐgmata kai na katal xou-
me se sumper�smata gia th leitourgÐa tou montèlou.

5.1 Dedomèna

Sthn efarmog  ìpwc anafèrame ja qrhsimopoi soume dedomèna pou afo-
roÔn to rujmì autokinhtistik¸n dustuqhm�twn. 'Eqoume p�rei dedomèna apì
asfalistik  etaireÐa gia ton arijmì twn dustuqhm�twn pou èqoun pragmato-
poihjeÐ apì to 2006 èwc to 2010. Gia kalÔterh kai pio akrib c efarmog  tou
montèlou qrhsimopoi same ta dedomèna mac me b�sh ton arijmì twn dustuqh-
m�twn an� ex�mhno kai ìqi an� qrìno ìpwc qrhsimopoi jhke gia ton rujmì
jnhsimìthtac sta prohgoÔmena paradeÐgmata. Pio k�tw dÐnontai oi pÐnakec me
ta dedomèna pou ja qrhsimopoi soume gia thn efarmog . O pÐnakac (5.1) pe-
rilamb�nei ton arijmì twn dustuqhm�twn (antÐstoiqa eÐnai o arijmìc jan�twn
gia rujmì jan�twn) an� ex�mhno pou katagr�fhke sthn etaireÐa kai o pÐnakac
(5.2) o arijmìc twn asfalizomènwn an� om�da hlikÐac se k�je ex�mhno sthn
etaireÐa.

55



56 KEF�ALAIO 5. EFARMOG�H MONT�ELOU LEE − CARTER



5.2. MONTELOPO�IHSH KAI EFARMOG�H TOUMONT�ELOU LEE−CARTER57

5.2 MontelopoÐhsh kai efarmog  tou montè-

lou Lee− Carter

5.2.1 Montèlo

'Opwc anafèrame se prohgoÔmeno kef�laio o arijmìc atuqhm�twn apote-
leÐ diakrit  tuqaÐa metablht  kai gia thn efarmog  tou montèlou Lee-Carter
ja qrhsimopoi soume prosèggish Poisson me b�sh to plaÐsio ergasÐac twn
genikeumènwn grammik¸n montèlwn. 'Etsi èqoume ìti

Dxt ∼ Poisson(Extµx(t), µx(t)) = exp(αx + βxκt) (5.1)

ìpou to µx(t) antiproswpeÔei to rujmì twn atuqhm�twn kai oi par�metroi
αx,βx,κt ìpwc orÐzontai apì to basikì montèlo Lee-Carter.

5.2.2 Upologismìc paramètrwn

Gia ton upologismì twn paramètrwn tou pio p�nw montèlou megistopoioÔ-
me thn logarijmopoihmènh sun�rthsh pijanof�neiac ìpwc prokÔptei gia to
montèlo pou dÐnetai sthn exÐswsh. To prìblhma pou parousi�zetai se aut 
thn perÐptwsh eÐnai o digrammikìc ìroc βxκt pou den mac epitrèpei na qrhsi-
mopoi soume statistik� pakèta pou efarmìzoun thn palindrìmhsh Poisson.
Autìc eÐnai kai o lìgoc pou to montèlo Lee-Carter ent�ssetai sto plaÐsio er-
gasÐac twn genikeumènwn grammik¸n montèlwn all� den apoteleÐ genikeumèno
grammikì montèlo. Gia to skopì autì qrhsimopoioÔme to statistikì pakè-
to LEM(Vermunt, 1997). O algìrijmoc pou efarmìzetai eÐnai mia mèjodoc
Newton kai qrhsimopoieÐtai gia ton upologismì logarijmopoihmènwn grammi-
k¸n montèlwn me digrammikoÔc ìrouc. To LEM qrhsimopoieÐ ton periorismì∑
t κ̂t = 0 o opoÐoc eÐnai o Ðdioc pou qrhsimopoieÐtai ston upologismì twn

paramètrwn tou montèlou Lee-Carter. O periorismìc autìc kajorÐzetai qrh-
simopoi¸ntac thn entol  spe() ston k¸dika pou ja efarmìsoume ta dedomèna
mac.O periorismìc klÐmakac pou qrhsimopoieÐtai apì to LEM eÐnai β̂1 = 1
o opoÐoc eÐnai diaforetikìc apì autì pou upojètei to montèlo Lee-Carter
(
∑
x β̂x = 1). Gia na petÔqoume ton periorismì autì diairoÔme tic ektim seic

twn paramètrwn βx me
∑
x β̂x kai pollaplasi�zoume tic ektim seic tou κt me

ton Ðdio arijmì.

O k¸dikac pou qrhsimopoioÔme sto statistikì pakèto LEM gia ton upolo-
gismì twn paramètrwn tou montèlou Lee-Carter gia thn prosèggish Poisson
eÐnai o ex c:

man 2

dim 12 10

lab O D

mod {wei(OD), O, spe(D, 1a,O, b)}
sta (OD) exposures.dat

dat deaths.dat

H entol  man dhl¸nei ton arijmì twn metablht¸n pou sthn perÐptwsh
mac eÐnai dÔo. Me thn entol  dim kajorÐzoume th di�stash twn metablht¸n
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ìpwc prokÔptei apì ta dedomèna mac. Sto par�deigma pou ekteloÔme èqoume
d¸deka om�dec hlikÐac kai dèka qronikèc periìdouc. H entol  lab dÐnei ìnoma
stic dÔo metablhtèc kai h entol mod qrhsimopoieÐtai gia na kajorÐsoume touc
treic ìrouc tou montèlou, touc asfalizomènouc wei(OD), thn epÐdrash thc
hlikÐac O kai to digrammikì ìro spe(D, 1a,O, b). Oi entolèc sta kai dat qrh-
simopoioÔntai gia na kajorÐsoume ta arqeÐa dedomènwn ìpou to exposures.dat
perièqei ton pÐnaka me ton arijmì twn asfalizomènwn kai to deaths.dat to pÐ-
naka me ton arijmì twn atuqhm�twn ìpwc touc anafèrame sthn prohgoÔmenh
enìthta. Stouc pio k�tw pÐnakec (5.3, 5.4) dÐnontai oi timèc gia tic ektim seic
twn paramètrwn pou prokÔptoun gia ti di�forec om�dec hliki¸n kai gia tic
di�forec qronikèc stigmèc.
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5.2.3 Prìbleyh tou montèlou

Se aut  thn enìthta ja anaferjoÔme sthn prìbleyh tou deÐkth jnhsimì-
thtac kai kat' epèktash tou arijmoÔ atuqhm�twn gia mellontikoÔc qrìnouc
qrhsimopoi¸ntac mejìdouc qronoseir¸n. Qrhsimopoi¸ntac to statistikì pa-
kèto MINITAB kai efarmìzontac touc kat�llhlouc elègqouc epilègoume na
qrhsimopoi soume to montèlo ARIMA (1,0,0) to opoÐo dÐnetai apì thn pio
k�tw exÐswsh:

κt = −0.90κt−1 + εt (5.2)

Arqik� dokim�same to pio p�nw montèlo qronoseir¸n prosjètontac kai èna
stajerì ìro ìmwc h p-tim  tou sto montèlo  tan polÔ meg�lh kai gi' autì to
lìgo afairèjhke. Sta pio k�tw sq mata epibebai¸noume thn kal  prosarmog 
tou montèlou sta dedomèna gia thn prìbleyh tou deÐkth "jnhsimìthta".
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Apì tic grafikèc parast�seic thc autosusqètishc kai thc merik c au-
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tosusqètishc twn dedomènwn (sq ma 5.5, sq ma 5.6) parathroÔme ìti apokì-
ptontai met� th pr¸th tim  kai odhgoÔmaste sthn upìjesh ìti èna kat�llhlo
montèlo eÐnai to ARIMA (1,0,0). Apì tic upìloipèc grafikèc parast�seic
twn upoloÐpwn parathroÔme ìti to montèlo prosarmìzetai arket� kal� sta
dedomèna mac.

Pio k�tw dÐnoume ton pÐnaka (5.6) me ta apotelèsmata ìpwc prokÔptoun
apì to MINITAB kaj¸c kai to pÐnaka me tic problèyeic (5.5) gia to deÐkth
jnhsimìthtac pou ja qrhsimopoi soume gia na problèyoume ton arijmì twn
atuqhm�twn thn epìmenh qroni�.
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Gia na elègxoume thn katallhlìthta tou montèlou efarmìzoume thn
Ðdia diadik�sia gia ektÐmhsh paramètrwn hlikÐac kai deÐkth jnhsimìthtac (pÐ-
nakac 5.7, 5.8) gia dedomèna apì to 2006-2009. Sth sunèqeia efarmìzoume to
montèlo ARIMA (1,0,0) gia ta dedomèna apì 2006-2009 kai problèpoume tic
timèc gia thn epìmenh qroni�. 'Oi timèc pou prokÔptoun gia th qroni� 2010 an�
10,000 asfalizomènouc se k�je om�da hlikÐac dÐnontai ston pio k�tw pÐnaka
(5.9). Epeid  gnwrÐzoume ton akrib  arijmì asfalizomènwn gia to 2010 (pÐna-
kac 5.2) kataskeu�zoume akìmh èna pÐnaka gia tic problèyeic tou arijmoÔ twn
atuqhm�twn se sqèsh me ton gnwstì arijmì twn asfalizomènwn (5.10). Apì
thn efarmog  tou montèlou parathroÔme ìti h prìbleyh gia tic eÐdh gnwstèc
timèc eÐnai arket� kal  eidik� gia to A' ex�mhno tou 2010. Pio k�tw dÐnontai
oi grafikèc parast�seic (5.8, 5.9) gia sÔgkrish twn tim¸n twn montèlwn pou
qrhsimopoi jhkan kai gia tic dÔo peript¸seic ìpou parathroÔme ìti h pro-
sarmog  tou montèlou stic megalÔterec hlikÐec eÐnai polÔ kal  kai gia ta dÔo
ex�mhna en¸ stic pio mikrèc hlikÐec h prosarmog  gia to A' ex�mhno tou 2010
eÐnai kalÔterh apì aut  tou B' exam nou.
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5.2.4 Sumper�smata

• H prosarmog  tou montèlou pou efarmìsame sta dedomèna mac gia prì-
bleyh tou arijmoÔ autokinhtistik¸n atuqhm�twn  tan arket� kal  w-
stìso ja mporoÔse na eÐnai pio akrib c kai me kalÔtera apotelèsmata an
eÐqame perissìtera dedomèna gia thn efarmog . Autì ja eÐqe wc apotè-
lesma na gÐnei kalÔterh mellontik  prìbleyh tim¸n afoÔ oi problèyeic
pou paÐrnoume me thn efarmog  tou montèlou Lee-Carter proôpojètoun
ìti ja diathrhjeÐ h Ðdia sumperifor� gia ta epìmena qrìnia me b�sh to
di�sthma pou meletoÔme. Ja mporoÔsame na epiqeir soume thn prìbleyh
gia pio meg�lo mellontikì di�sthma.

• ParathroÔme ìti ta dedomèna sthn pio p�nw efarmog  sumperifèrontai
san dÔo diaforetik� paradeÐgmata me b�sh to ex�mhno pou pragatopoi-
 jhke to atÔqhma kai ja mporoÔsame na efarmìsoume to montèlo mac
gia dÔo om�dec dedomènwn analÔwntac xeqwrist� k�je ex�mhno ìmwc to
gegonìc ìti ta dedomèna mac eÐnai lÐga den mac epitrèpei(h prìbleyh gia
to deÐkth jnhsimìthtac den ja mporoÔse na pragmatopoihjeÐ   den ja
 tan kajìlou kal ) na k�noume thn pio p�nw efarmog  ìpou ja mpo-
roÔsame na sugkrÐnoume se poia perÐptwsh to montèlo mac efarmìzetai
kalÔtera.

• Sthn efarmog  tou montèlou qronoseir¸n gia thn prìbleyh tou deÐkth
jnhsimìthtac prosjèsame kai stajerì ìro o opoÐoc ìmwc den sunèballe
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shmantik� sthn efarmog  kai gia autì to lìgo afairèjhke.

• 'Opwc anafèrame kai pio p�nw to montèlo proôpojètei ìti h sumperifor�
twn dedomènwn ja diathrhjeÐ kai ta epìmena qrìnia. Autìc eÐnai kai o
lìgoc pou stic problèyeic gia touc rujmoÔc jnhsimìthtac oi timèc gia ta
pr¸ta qrìnia thc prìbleyhc eÐnai pio akrib c se sqèsh me tic upìloipec
problèyeic.



70 KEF�ALAIO 5. EFARMOG�H MONT�ELOU LEE − CARTER



BibliografÐa

[1] Brouhns N., Denuit M., Vermunt J.K. (2002). A Poisson log-
bilinear regression approach to the construction of projected lifeta-
bles, Mathematics and Economics, 31, 373-393.

[2] Delwarde A., Denuit M., Partrat C. (2007). Negative binomial ver-
sion of the Lee−Carter model for mortality forecasting. Applied
Stochastic Models In Business and Industry, 23, 385−401.

[3] Haberman S., Renshaw A. (2008). Mortality, longevity and exper-
iments with the Lee-Carter model. Lifetime Data Analysis, 14,
286-315.

[4] Lee R.D., Carter L.R. (1992). Modeling and Forecasting U. S. Mor-
tality. Journal of the American Statistical Association, 87, 659-
671.

[5] Ismail N., Jemain A.A.H. (2007). Overdispersion with Negative
Binomial and Generalized Poisson Regression Models.Casualty
Actuarial Society Forum, 103-158.

[6] Lee R. (2000). The Lee-Carter method for forecasting mortal-
ity, with various extensions and applications. North American
Actuarial Journal, 4, 80-93

[7] Renshaw A., Haberman S. (2003). Lee-Carter Mortality Forecasting:
A Parallel Generalized Linear Modelling Approach for England and
Wales Mortality Projections. Applied Statistics, 52, 119-137.

[8] Oikonìmou P., Kar¸nh Q. (2010). Statistik� montèla palindrìmh-

shc. Ekdìseic Sume¸n, Aj na.

[9] Montgomery D.C., Jennings C.L., Kulahci M. (2008). Introduction
to T ime Series Analysis and Forecasting,Wiley, Hoboken, N.J.

[10] Mc Cullagh P., Nelder J.A. (1989). Generalized linear models.
Chapman and Hall (2nd edition), London.

[11] Wilmoth J.R. (1995). Are Mortality Projections Always More Pes-
simistic When Disaggregated by Cause of Death? Mathematical
Population Studies 5, 4, 293-319.

71



72 BIBLIOGRAF�IA

[12] Carter L. (1996). Forecasting U.S. Mortality: A Comparison of
Box-Jenkins ARIMA and Structural Time Series Models. The
Sociological Quarterly, 37, 127-44.

[13] Vermunt J.K. (1997). LEM: A general program for the analysis of
categorical data. Tilburg University

[14] Lee R.D., Nault F. (1993). Modeling and Forecasting Provincial
Mortality in Canada. World Congress of the International Union
for the Scientific Study of Population, Montreal.

IstoselÐdec
http://www.camri.uqam.ca/camri/app/statistics/LCA/LEM/manual.pdf
http://www.duke.edu/ rnau/411arim.htm


	DIPLOMATIKI OUT
	Lee Carter 5

