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ΠΕΡΙΛΗΨΗ 
 

 

Σκοπός της παρούσας μεταπτυχιακής εργασίας είναι να περιγράψει λεπτομερώς 
τις αριθμητικές τεχνικές, οι οποίες χρησιμοποιούνται στη θεωρία και ανάλυση 
μικρών και μεγάλων παραμορφώσεων  ελαστικών και ανελαστικών στερεών  
σωμάτων με τη μέθοδο των πεπερασμένων στοιχείων. Ιδιαίτερη έμφαση δίδεται 
στην παραγωγή και περιγραφή διάφορων καταστατικών νόμων των μοντέλων λόγω 
μη γραμμικότητας υλικού- με βάση τη φαινομενολογική ελαστικότητα, 
ελαστοπλαστικότητα και χρησιμοποιώντας διάφορες περιπτώσεις κριτηρίων 
διαρροής που χρησιμοποιούνται για τον προσδιορισμό του κατά πόσον ένα υλικό 
έχει αστοχήσει πλαστικά ή κατά πόσο έχει υπερβεί το πλαστικό όριο διαρροής, καθώς 
και για τις σχετικές αριθμητικές διαδικασίες και τα πρακτικά ζητήματα που 
προκύπτουν σε αυτές όταν επιλύονται υπολογιστικά. Το εύρος που εξετάζεται 
ξεκινάει από το βασικό απειροελάχιστο ισότροπο και συνεχίζει σε πιο περίπλοκες 
θεωρίες πεπερασμένων παραμορφώσεων, συμπεριλαμβανομένης και της 
ανισοτροπίας. Οι αριθμητικές αυτές τεχνικές υλοποιούνται με τη βοήθεια του 
λογισμικού του Ansys, καθώς και του open-source code λογισμικού, MSolve και 
παρατίθεται σύγκριση των δύο αναλύσεων με τα δύο αυτά λογισμικά. 

 Η αριθμητική επίλυση του μοντέλου επιλέχθηκε να επιλυθεί και με τη βοήθεια 
του λογισμικού MSolve, λόγω της πολυπλοκότητας αυτού του προβλήματος και  τους 
αλγορίθμους βελτιστοποίησης, χρησιμοποιήθηκε αυτό το ισχυρό υπολογιστικό 
εργαλείο, που εξασφάλισε την επίλυση αρκετά πολύπλοκων προβλημάτων με την 
καλύτερη δυνατή ακρίβεια στα αποτελέσματα και το μικρότερο χρονικό κόστος για 
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την εύρεση των ζητούμενων μεγεθών. Τελικός στόχος ήταν να γίνει επικύρωση και 
επαλήθευση των τελικών αποτελεσμάτων για έλεγχο της ορθότητας τους και των 
παραδοχών που θεωρήθηκαν για την επίλυσή του.  

Οι κύριες έννοιες που συνδέονται με τη φαινομενολογική πλαστικότητα που είναι 
ανεξάρτητη από τον χρόνο εισάγονται εδώ. Αρχικά, μελετούνται τα κριτήρια 
διαρροής Von Mises, Tresca, Mohr Coulomb, Drucker Prager, μαζί με τους 
διαδεδομένους κανόνες ροής πλαστιμότητας και νόμους κράτυνσης. Στη συνέχεια, 
εισάγουμε τις βασικές αριθμητικές μεθόδους που απαιτούνται για τη λύση 
πεπερασμένων στοιχείων των προβλημάτων αρχικής οριακής τιμής με μοντέλα 
ελαστοπλαστικών υλικών. Οι εφαρμογές του μοντέλου von Mises τόσο με ισότροπη 
όσο και με μικτή ισοτροπική/κινητική σκλήρυνση περιγράφονται λεπτομερώς. 
Έπειτα, η παρούσα μεταπτυχιακή εργασία εστιάζει στη λεπτομερή περιγραφή της 
εφαρμογής των βασικών μοντέλων πλαστικότητας με βάση τα κριτήρια διαρροής 
Tresca, Mohr–Coulomb και Drucker–Prager. Όλες αυτές οι περιπτώσεις κριτηρίων 
διαρροής έχουν εφαρμοστεί σε δοκίμιο κυβικού σχήματος πακτωμένο στη βάση του 
δοκιμίου και στη διεύθυνση Z=0, για u௫ = u௬ = u௭ = 0. Η εξωτερική φόρτιση 
εφαρμόζεται στην άνω επιφάνεια του κύβου κατακόρυφα μέσω 100 μη γραμμικών 
βημάτων και είναι μονοτονική. Επίσης, οι ίδιες περιπτώσεις χρησιμοποιήθηκαν για 
να επιλυθεί και με ανακυκλιζόμενη φόρτιση επιβάλλοντας δηλαδή εξωτερική 
φόρτιση μέσω 400 μη γραμμικών βημάτων (ψευδοδυναμική ανάλυση), καθώς επίσης 
πραγματοποιήθηκαν και δυναμικές αναλύσεις του ίδιου μοντέλου τόσο για 
ισοτροπική όσο και για συνδυασμένη περίπτωση κράτυνσης του καταστατικού νόμου 
του υλικού και εφαρμόζοντας δυναμική τριγωνική δύναμη με χρονικό βήμα 
dt=0.1sec, καθώς και dt=0.05sec, με εφαρμογή του μέγιστου κατά απόλυτη τιμή 
φορτίου τη χρονική στιγμή Τ1=10sec, εκτελώντας ελεύθερη ταλάντωση τη χρονική 
στιγμή Τ2=20sec και ολοκλήρωση της ανάλυσης τη χρονική στιγμή Τ3=30sec. Oι δύο 
αυτές περιπτώσεις δυναμικής φόρτισης, όπου υπάρχει αλλαγή μόνο στο χρονικό 
βήμα, εξετάστηκαν με σκοπό να συγκριθεί η ακρίβεια των δύο λύσεων 
χρησιμοποιώντας το λογισμικό ανοιχτού κώδικα MSolve και το εμπορικό λογισμικό 
Ansys. 

Για την εκπόνηση της μεταπτυχιακής διατριβής, στη συνέχεια παρουσιάζονται  
βασικοί μονοαξονικοί καταστατικοί νόμοι σκυροδέματος και χάλυβα. Τα υλικά αυτά  
υιοθετούνται  συνήθως όταν πρόκειται να αξιολογηθεί η ικανότητα ενός εμβαδού 
διατομής ή είναι ενσωματωμένα σε στοιχείο δοκού πολυστρωματικής θεώρησης. 
Ουσιαστικά μελετώνται  μη γραμμικές αναλύσεις σε καταστατικούς νόμους υλικών, 
οι οποίοι είναι κατάλληλοι για την προσομοίωση της κυκλικής απόκρισης χάλυβα και 
σκυροδέματος για την περίπτωση τρισδιάστατων στοιχείων δοκού 
πολυστρωματικής θεώρησης βασιζόμενα στη μέθοδο των δυνάμεων.  
Παρουσιάζουμε πρώτα το διγραμμικό μοντέλο, η οποία είναι η πιο απλή θεώρηση 
για μοντελοποίηση του ενισχυτικού υλικού του δομικού χάλυβα, ενώ δίνει την 
απαραίτητη ρύθμιση για την παρουσίαση των θεμελιωδών ιδιοτήτων μιας 
μονοαξονικής (σ − ε) σχέσης. Στη συνέχεια, χρησιμοποιούνται πιο προχωρημένοι 
καταστατικοί νόμοι υλικών για τον χάλυβα ως ενισχυτικό υλικό,  οι οποίο είναι το 
κριτήριο διαρροής Masing , το Ramberg Osgood, Menegotto Pinto with Filippou  
isotropic hardening (steel model with damage modulus). Για τις προσομοιώσεις των 
ινών σκυροδέματος επιλέχθηκε το τροποποιημένο μοντέλο Kent and Park[8], που 
είναι μια αρκετά απλή σχέση ικανή να παρέχει επαρκή αποτελέσματα για τις 
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περισσότερες εφαρμογές αντισεισμικής μηχανικής.  Συγκεκριμένα, τα μοντέλα που 
μελετήθηκαν είναι ένας τρισδιάστατος πρόβολος πακτωμένος στη διεύθυνση Z=0, 
για  u௫ = u௬ = u௭ = 0 , τοποθετώντας 5 ίνες χάλυβα στην άνω επιφάνεια και 25 ίνες  
χάλυβα στην κάτω επιφάνεια. Η διακριτοποίηση αποτελείται από δύο στοιχεία. Η 
εξωτερική φόρτιση είναι μονοτονική και μονοαξονική εφαρμοζόμενη κατακόρυφα 
στην άνω επιφάνεια του προβόλου μέσω 20 και 100 βημάτων αντίστοιχα, καθώς και 
στην περίπτωση της διαξονικής φόρτισης μέσω 20 και 100 βημάτων ομοίως με την 
προηγούμενη περίπτωση ως τα υπόλοιπα γεωμετρικά χαρακτηριστικά. Ακόμη 
μελετήθηκε και η περίπτωση της αμφίπακτης δοκού και πάλι με τα ίδια γεωμετρικά 
χαρακτηριστικά και συνοριακές συνθήκες για τη μονοτονική και μονοαξονική 
φόρτιση και επιπρόσθετα επιλύθηκαν και οι περιπτώσεις ανακυκλιζόμενης 
φόρτισης. Οι επιλύσεις έχουν πραγματοποιηθεί χρησιμοποιώντας το λογισμικό 
MSolve καθώς και το εμπορικό λογισμικό Ansys προκειμένου να συγκριθούν οι δύο 
λύσεις τόσο στη μονοτονική όσο και στην ανακυκλιζόμενη φόρτιση. 

 Τέλος, μελετήθηκε o καταστατικός νόμος ελαστοπλαστικών προμοιωμάτων του                  
 Kavvadas and Amorosi, με σκοπό την περιγραφή της μηχανικής συμπεριφοράς των      
εδαφικών υλικών ανεξαρτήτως του ρυθμού παραμόρφωσης. Η εργαστηριακή 
διερεύνηση των εδαφικών υλικών φανερώνουν μια έντονα μη-γραμμική, 
ανισότροπη συμπεριφορά. Αρκετές φορές ενδέχεται να εμφανίσουν χαλάρωση ή 
ακόμα και κατάρρευση της δομής του εδαφικού ιστού. Η μηχανική συμπεριφορά των 
γεωυλικών διερευνήθηκε αρχικά σε εργαστηριακό επίπεδο σε αναμοχλευμένα 
εδαφικά υλικά (με ποσοστό υγρασίας κοντά στο όριο υδαρότητας). Επιπρόσθετα 
μηχανικά χαρακτηριστικά προτάθηκαν με σκοπό της βελτίωση της προβλεπόμενης 
συμπεριφοράς των καταστατικών προσομοιωμάτων, εντοπίζοντας τόσο στην 
περιγραφή της ανισοτροπίας όσο και στην έντονα ανελαστική συμπεριφορά κατά την 
διάρκεια ανακυκλικών φορτίσεων. Συγκεκριμένα, τα μοντέλα που μελετήθηκαν είναι  

             ένα μοντέλο κυβικού σχήματος πακτωμένο στη βάση του, χρησιμοποιώντας σαν 
πεπερασμένα στοιχεία τα εξαεδρικά στοιχεία οχτώ κόμβων. Η εξωτερική φόρτιση 
που εξετάζεται είναι αρχικά μονοτονική  κατακόρυφη και εφαρμοζόμενη στην άνω 
επιφάνεια του μοντέλου μέσω 100 βημάτων (load steps), καθώς και στην περίπτωση 
της ανακυκλιζόμενης φόρτισης κατακόρυφη και εφαρμοζόμενη στην άνω επιφάνεια 
του κύβου μέσω 400 βημάτων (load steps). Οι επιλύσεις έχουν πραγματοποιηθεί   
χρησιμοποιώντας το λογισμικό MSolve καθώς και το εμπορικό λογισμικό Ansys 
προκειμένου να συγκριθούν οι δύο λύσεις τόσο στη μονοτονική όσο και στην 
ανακυκλιζόμενη φόρτιση. 
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ABSTRACT 
 

 

The purpose of this master's thesis is to describe in detail the numerical techniques 
used in the theory and analysis of small deformations of elastic and inelastic solids 
using the finite element method. Particular emphasis is placed on the derivation and 
description of various constitutive laws of the models due to material nonlinearity - 
based on phenomenological elasticity, elastoplasticity by using various cases of yield 
criteria where it is determined whether a material has fractured or exceeded yield 
strength - as well as for the associated numerical procedures and the practical issues 
that arise in them when solved computationally. The range covered goes from basic 
infinitesimal isotropic to more sophisticated finite strain theories, including 
anisotropy. These numerical techniques are implemented with the aid of the 
commercial software packages, Ansys Workbench, as well as the open-source 
software code, MSolve, and a comparative study and analysis is presented between 
Ansys Workbench and MSolve. The results were plotted graphically. For the finite 
element simulations in nonlinear constitutive relations, the fiber beam - column 
model for nonlinear analysis of reinforced concrete structures, the commercial 
software package Ansys Workbench was selected. Due to the complexity of the 
problem of material nonlinearity and the description of nonlinear constitutive 
relations as well as the cyclic loading incorporating plasticity and the Bauschinger 
effect, a powerful computational tool was used, MSolve software, which solved quite 
complex problems with higher accuracy in the results and less computational time and 
cost that other commercial software packages. 
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The main concepts associated with time-independent phenomenological plasticity 
are introduced here. First, the Von Mises, Tresca, Mohr Coulomb, Drucker Prager yield 
criteria are studied, along with the popular plastic flow rules and hardening laws. 
Then, we introduce the basic numerical methods required for the finite element 
solution of initial boundary value problems with elastoplastic material models. 
Applications of the von Mises model with both isotropic and mixed 
isotropic/kinematic hardening are described thoroughly. This master's thesis focuses 
on the detailed description of the application of the plasticity models based on the 
Tresca, Mohr–Coulomb and Drucker–Prager yield criteria. All these cases of yield 
criteria have been applied to a cubic specimen fixed at the base of the specimen and 
in the Z=0 direction, for u௫ = u௬ = u௭ = 0. The external loading is applied to the top 
surface of the cube vertically through 100 non-linear steps and is monotonic. Also, the 
same cases were used to solve with cyclic loading i.e. imposing external loading 
through 400 non-linear steps (pseudodynamic analysis), as well as dynamic analyzes 
of the same model were carried out for both isotropic and combined case of material 
constitutive law hardening and applying dynamic triangular force with time step 
dt=0.1sec, as well as dt=0.05sec, applying the maximum absolute value load at time 
T1=10sec, performing free oscillation at time T2=20sec and completing the analysis at 
time moment T3=30sec. These two cases of dynamic loading, where there is only a 
change in the time step, were examined in order to compare the accuracy of the two 
solutions using the open-source software MSolve and the commercial software Ansys. 

Basic uniaxial constitutive laws of concrete and steel are then presented for the 
development of the master's thesis. These materials are usually adopted when the 
capacity of a cross-sectional area is to be evaluated or incorporated into a multi-layer 
beam element. Essentially, nonlinear analysis in constitutive laws of materials are 
studied, which are suitable for simulating the cyclic response of steel and concrete for 
the case of three-dimensional force-based fiber beam elements. We first present the 
bilinear model, which is the simplest consideration for modeling the reinforcing 
material of structural steel, while providing the necessary setup to present the 
fundamental properties of a uniaxial (σ − ε) relationship. Then, more advanced 
constitutive laws of materials are used for steel for the case of fiber beam elements, 
which is the Masing yield criterion, Ramberg Osgood, Menegotto Pinto with Filippou 
isotropic hardening (steel model with damage modulus). For the simulations of the 
concrete fibers we present the modified Kent and Park [] model, which is a rather 
simple relationship able to provide sufficient results for most earthquake engineering 
applications. Specifically, the studied models are a three-dimensional cantilever fixed 
in the Z=0 direction, for u௫ = u௬ = u௭ = 0., with 5 steel fibers on the upper surface 
and 25 steel fibers on the lower surface. Discretization consists of two elements. The 
external loading is monotonic and uniaxial applied vertically to the upper surface of 
the cantilever through 20 and 100 steps respectively, as well as in the case of biaxial 
loading through 20 and 100 steps similarly to the previous case as the rest of the 
geometric characteristics. The case of the clamped beam was also studied with the 
same geometric characteristics and boundary conditions for monotonic and uniaxial 
loading, and additionally the cases of cyclic loading were also solved. The solutions 
have been carried out using MSolve software as well as the commercial Ansys 
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software in order to compare the two solutions under both monotonic and cyclic 
loading. 

Finally, the constitutive law of elastoplastic models of Kavvadas and Amorosi was 
studied, in order to describe the mechanical behavior of soil materials regardless of 
the rate of deformation. The experimental investigation of soil materials shows a 
strongly non-linear, anisotropic behavior. Several times they may show relaxation or 
even collapse of the soil tissue structure. The mechanical behavior of geomaterials 
was initially investigated at the experimental level in disturbed soil materials (with a 
moisture content close to the water limit). Additional mechanical features were 
proposed in order to improve the predicted behavior of the simulations as far as the 
constitutive relations are concerned, identifying both the description of the anisotropy 
and the strongly inelastic behavior during cyclic loading. In particular, the models 
studied are a cubic model fixed at its base, using eight-node hexahedral elements as 
finite elements. The external loading considered is initially monotonic vertical and 
applied to the upper surface of the model through 100 load steps, as well as in the 
case of the cyclic loading vertical and applied to the upper surface of the cube through 
400 load steps. The solutions have been carried out using MSolve software as well as 
the commercial Ansys software so as to compare the two solutions under both 
monotonic and cyclic loading. 

 

Keywords 
 

Constitutive relations, Von Mises isotropic/kinematic hardening, Tresca,Mohr-
Coulomb, Drucker-Prager, fiber3Dbeam, Spacone-Filippou Masing, bilinear hardening, 
Ramberg-Osgood, Menegotto Pinto, Kent and Park 
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CHAPTER 1st 
 

1. INTRODUCTION 
 
 

1.1 Aim and scope 

Recent advances in the field of computation technology and increased 
requirements in the field of earthquake engineering have led to the development and 
implementation of highly efficient beam-column elements capable of tracking the 
hysteretic behavior of Reinforced Concrete (RC) structures. The aim of this dissertation 
is to model beam-column behavior in a computationally effective manner, reliably 
revealing the overall response of RC members subjected to cyclic loading. In this 
respect, plasticity and damage are considered in the predominant longitudinal 
direction allowing for the derivation of a fiber finite element model. 

Constitutive relationships are the heart of material nonlinear analysis. These 
models provide the mathematical relationships that describe the material and 
obviously govern the nonlinear analysis. Constitutive relationships is a wide topic and 
often their mathematical formulation is too complicated since the actual response of 
a material may also be complicated. The choice of a material model depends on the 
structure and the type of finite elements chosen to discretized the structure. For 
example, if three-dimensional solid elements are chosen, the material models should 
be able to consider all components of the stress tensor. On the other hand, fiber-based 
beam elements are able to account for only one component of the stress tensor, the 
longitudinal stress, σx, which is parallel to the axis of the element. When it comes to 
beam elements, lumped plasticity elements are very commonly adopted in 
engineering practice. In the case of lumped plasticity elements, the constitutive 
behaviour is expressed through moment-rotation (or moment-curvature) 
relationships. In this chapter we focus on uniaxial stress-stain (σ −ε) relationships 
suitable for fiber elements or section analysis. In the following chapters, basic uniaxial 
constitutive relationships are presented. These materials are commonly adopted 
when assessing the capacity of a cross-section or are embedded in fiber beam-column 
elements. Rather, than discussing all materials available, the aim of the following 
chapters is to present the underlying concepts and then introduce materials suitable 
for simulating the cyclic response of steel and concrete. Note that the materials 
discussed always receive as input the strain ε and give as output the strain σ (σ = f(ε)). 
Although there is no fundamental restriction to have models of the ε = f(σ) form, the 
structure of FE software make the use of such materials considerably and 
unnecessarily more complicated. In the sections that follow, we first present the 
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bilinear model that is available in every nonlinear analysis software. This model is the 
most common choice when it comes to modelling reinforcing or structural steel, while 
it gives the necessary setting for presenting the fundamental properties of a uniaxial 
(σ − ε) relationship. As a more advance material for steel, we also discuss the model 
of Menegotto and Pinto []. For the simulations of the concrete fibers we present the 
modified Kent and Park] model, which is a rather simple relationship able to provide 
sufficient results for most earthquake engineering applications. . Basically, the theory 
of plasticity is concerned with solids that, after being subjected to a loading 
programme, may sustain permanent (or plastic) deformations when completely 
unloaded. In particular, this theory is restricted to the description of materials (and 
conditions) for which the permanent deformations do not depend on the rate of 
application of loads and is often referred to as rate-independent plasticity. Materials 
whose behaviour can be adequately described by the theory of plasticity are called 
plastic (or rate-independent plastic) materials. A large number of engineering 
materials, such as metals, concrete, rocks, clays and soils in general, may be modelled 
as plastic under a wide range of circumstances of practical interest. The origins of the 
theory of plasticity can be traced back to the middle of the nineteenth century and, 
following the substantial development that took place, particularly in the first half of 
the twentieth century, this theory is today established on sound mathematical 
foundations and is regarded as one of the most successful phenomenological 
constitutive models of solid materials. The remainder of the chapters focuses on the 
detailed description of the plasticity models most commonly used in engineering 
analysis: the models of Tresca, von Mises, Mohr–Coulomb and Drucker–Prager. The 
corresponding yield criteria are described in the next chapters. Then, plastic flow rules 
and hardening laws are addressed, respectively, in the following sections. Obviously, 
due to the mathematical complexity of such constitutive theories, an exact solution to 
boundary value problems of practical engineering interest can only be obtained under 
very simplified conditions. The existing analytical solutions are normally restricted to 
perfectly plastic models and are used for the determination of limit loads and steady 
plastic flow of bodies with simple geometries (Chakrabarty, 1987; Hill, 1950; Lubliner, 
1990; Prager, 1959; Skrzypek, 1993). The analysis of the behaviour of elastoplastic 
structures and soils under more realistic conditions requires the adoption of an 
adequate numerical framework capable of producing approximate solutions within 
reasonable accuracy. The Finite Element Method is by far the most commonly adopted 
procedure for the solution of elastoplastic problems. Since the first reported 
applications of finite elements in plasticity in the mid-1960s, a substantial 
development of the related numerical techniques has occurred. Today, the Finite 
Element Method is regarded as the most powerful and reliable tool for the analysis of 
solid mechanics problems involving elastoplastic materials and is adopted by the vast 
majority of commercial software packages for elastoplastic stress analysis.  

Practical application of the theory and procedures introduced, including a complete 
description of the algorithms and corresponding subroutines of the Ansys program 
and open source code Msolve, is then made to the particular case of the von Mises 
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model with nonlinear isotropic hardening. The choice of this model is motivated here 
by the simplicity of its computational implementation. A set of numerical examples is 
also presented. Further application of the theory is made at the end of the chapters 
to a mixed isotropic/kinematic hardening version of the von Mises model. This model 
is also included in the Ansys program and Msolve. Application to the Tresca, Mohr–
Coulomb and Drucker– Prager models is also examined in this master thesis. 

Some general schemes for numerical integration of elastoplastic constitutive 
equations have been reviewed together with related issues such as the computation 
of consistent tangent operators and error analysis. To illustrate such concepts, the von 
Mises model – the simplest of the models discussed in this master thesis – has been 
used as an example and the corresponding implicit elastic predictor/return-mapping 
algorithm, together with the associated consistent tangent, have been derived in 
detail for the isotropic and mixed hardening cases. Namely, the models discussed here 
are: the Von Mises model with isotropic, kinematic and mixed hardening law with 
nonlinear constitutive equations (tabular data) the Tresca model, the Mohr-Coulomb 
model and the Drucker Prager model. The associative plastic flow rule is adopted for 
the Tresca model whereas, for the Mohr–Coulomb and Drucker–Prager models, the 
generally non-associated laws are considered. The algorithms for integration of the 
corresponding elastoplastic constitutive equations derived here are specialisations of 
the elastic predictor/return mapping scheme based on the fully implicit discretisation 
of the plastic corrector equations. The associated consistent tangent moduli are also 
derived in detail and an error analysis based on iso-error maps is presented for each 
model considered. We remark that the only new concept concerns the computational 
treatment of singularities (corners) in the yield surface. At the beginning of each of the 
main sections, a table has been added indicating the location of flowcharts, pseudo-
code and MSolve source code of the relevant computational procedures as well as iso-
error maps for the particular material model of interest. Applications of the numerical 
procedures derived in the main sections are illustrated in the last section by means a 
comprehensive set of benchmarking numerical examples.  

Finally, Ansys Workbench was used in this work. Ansys Workbench is a specialized 
software that is widely used for finite element analysis and offers comprehensive 
solutions to a wide range of engineering problems. At the same time, due to the 
complexity of the problem, a powerful computational tool was used, and in particular 
an open source code that ensured better accuracy in the results with less 
computational time and cost to find the required quantities and it is MSolve software. 
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1.2 Structure of the dissertation 

In this section, it is presented the structure of the master thesis and the chapters are 
described concisely as follows: 

- Chapter 2Ο : General elastoplastic constitutive model and Force-based 
fiber element 

- Chapter 3Ο : Ansys Software- Problem Statement and Description 

- Chapter 4Ο : Open source code MSolve 

- Chapter 5Ο : Benchmark Numerical Examples -Results- Comparison Of The Results 

- Chapter 6Ο : Conclusions 

- Chapter 7Ο : Appendix 
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CHAPTER 2nd 
 

2. GENERAL ELASTOPLASTIC CONSTITUTIVE MODEL – 
FORCE - BASED FIBER ELEMENT 

 
 

2.1 The bilinear stress-strain relationship 
 
 

 Basic material models, such as the bilinear model, can be seen as a set of rules that determine: (i) the elastic 
behaviour, (ii) when the material yields (yield criterion), (iii) the behaviour of the material in the inelastic range, 
after yielding (flow rule), and (iv) rules regarding the behaviour of the material under cyclic load reversals. For 
a simple bilinear model, the behaviour prior yielding is described by Hooke’s law with an elastic slope equal to 
the modulus of elasticity E. The yield point is defined by the yield stress σy or the yield strain εy = σy/E. After 
yielding, i.e. when σ > σy, the slope of the monotonic σ −ε curve is that of the tangent modulus, ET . When the 
tangent modulus is equal to zero (ET = 0), the material is called elastic-perfectly plastic. The main advantage of 
the bilinear model is that its parameters can be easily obtained from simple lab tests, or can be estimated form 
the nominal material properties1 . The σ − ε relationship of the bilinear model is shown in the following figure. 
The tangent, post-yield modulus ET is a function of the initial modulus of elasticity E and is defined with the aid 
of the hardening ratio b: 
 

 
 

thus when b = 0 the material is elastic-perfectly plastic. Instead of the hardening ratio b, often the post yield 
stiffness is determined with the aid of the hardening ratio H. The hardening ratio H is defined as the slope of 
the curve of the plastic strain εpl versus stress σ. The plastic strain εpl is equal to εpl = ε −εy, while εpl = 0 if the 
material is elastic. Hence, we define: 
 

 
 
When the material yields, ε ≥ εy and εpl ≠ 0, a small increment of the strain ∆ ε will produce a stress increment 
∆σ: 
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Furthermore, the total strain consists of two parts, the elastic and the inelastic strain: 
 

 
 
Then, we have: 
 

 
 
 

 

 
 

The expressions above provide the relationship between ET , b and H. Once one of these parameters is known 
we can calculate the rest of them. This is useful since although all software offer the option of a bilinear model, 
the implementation may be differ and either ET , b or H may have to be provided as input. Some very useful 
relationships relating ∆ ε with ∆σ and ∆ εpl can be further derived: 
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Note that both E and H were assumed linear, but this is merely a simplifying assumption, suitable for many 
applications. The bilinear stress-strain relationship is also the basis of many constitutive formulations. Another 
common relationship is the Ramberg-Osgood [] material. This material is also used extensively and is based on 
the expression: 
 

 
 
where α and β are model constants to be calibrated through experimental tests. This expression is nonlinear 
and hence may be less appealing compared to the bilinear model. 
 

2.2 Cyclic behavior 
 

When the material is in the elastic range (|ε| ≤ εy), all strains are reversible, meaning that unloading is also 
elastic. This means that the material has a “perfect” memory and will unload following the same path as in the 
loading case. However, after yielding only the elastic part of the strain can be recovered. This implies that once 
the strain exceeds the yield strain, if unloading occurs then the material will follow a path parallel to the elastic 
path with slope E. Moreover, once further loading in the opposite direction, the material will yield again, but at 
a stress lesser than the initial yield stress σy. The phenomenon of yielding at a stress less than σy when loading 
in the opposite direction, is known as Bauschinger effect and is a fundamental property of steel materials. 
Common approaches for modelling the cyclic behaviour of steel materials include the kinematic and the 
isotropic hardening model. The two models are shown in the following figure. When a pure isotropic material is 
adopted, the Bauschinger effect is neglected and the yield stress of the last reversal point is used to obtain the 
yield stress of the subsequent cycles. Isotropic hardening results to constantly increasing the size of the 
hysteretic loop. On the other hand, kinematic hardening assumes that when loading in the opposite direction, 
the new yield stress 𝜎ത௬ is obtained if we subtract from the stress at the point of unloading σr the quantity 2σy. 
The pure kinematic hardening model does not change the size of the hysteretic loop but simply translates its 
centre. A model that combines kinematic and isotropic hardening is a mixed model. The three models are 
discussed in detail in the sections that follow, but it is the kinematic model that is most commonly adopted for 
structural and earthquake engineering applications. 
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The same strain history is applied and the two models produce different stress-strain hysteretic 
loops. Although in the case of the kinematic model the shape of loop remains unaltered and bounded, 
in the isotropic model the loops expand and become bigger in every cycle. 
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In order to implement the model, let’s assume that at time i the state of the material is known, as we can see it from the 
following picture. This implies that 

 

 
 

Figure 2.2.1: Elastic trial step and calculation of stress σi+1. 
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The equation above provides the value of  𝜎௜ାଵ  and is schematically explained in Figure 2.2.1. Supposing that the state of the 
material is known at point (α) which has coordinates εi ,σi . After the elastic increment, we calculate the total elastic stress σel 
which is shown as (β) in Figure 2.2.1. If the material is elastic, the elastic stress is the correct stress σi+i, otherwise the elastic 
stress is corrected subtracting the quantity E∆εpl, which moves us back to point (δ) (Fig. 2.2.1). The stress value at (δ) is σi+i, 

equal to the correct stress of point γ that has coordinates εi+1, σi+1. Furthermore, the plastic strain εpl is updated (εpl,i+1= 
εpl,i+∆εpl) and stored. Finally, the tangent modulus is updated as: 
 
 

 
 
 

The bilinear model with pure kinematic hardening is often used for modelling the cyclic behaviour of steel structures or 
for modelling the steel reinforcement, since it implicitly considers the Bauschinger effect. According to the kinematic 
hardening model, in every cycle the yield stress 𝜎ത௬ depends on the last reversal point σr: 

 

 
 

In the kinematic hardening model, the elastic range remains constant and its center moves parallel to the hardening curve. 
The equation above implies that the maximum and the minimum stress values lie on two lines parallel with a line with 
slope equal to bE that passes through the origin. This means that the hysteretic loop will always have the same size and 
shape and will translate within the bounds of these two lines. 
 
 
 
 
 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 11 

 

 

 
 

 
 

Figure 2.2.2: Bilinear model with kinematic hardening: definition of the back stress α, (center of the elastic region). 
 

In order to implement the model, in every load increment we define the “center” of the elastic region with the aid of a 
stress value α also termed “back-stress”. The definition of α is shown in Figure 2.2.2 for two different pairs of (ε,σ) values. 
Therefore, the center of the loop lies on a straight line that passes from the origin and its location is updated in every 
increment using the expression: 

 
 
 

 
 

where sgn(ηi) is used to take into consideration the correct sign and is based on η, a parameter discussed a few lines below. 
We can otherwise calculate αi if the stress σi and the strain εi are known. When the material is plastic, αi is equal to the 
current stress minus the yield stress, i.e. αi = σi −σy,0 (Fig. 2.2.2, point (i+1)). Furthermore, αi lies on the intersection of two 
straight lines. The first line has slope bE and passes from the origin and the second line has slope E and passes from (εi ,σi) 
(Figure 2.2.2). Once we solve the two linear equations we obtain αi as: 
 

 
 
The first condition is valid only when the material is plastic, while the second condition is always valid. Therefore, αi is 
obtained as: 
 

 
 
We also define the shifted stress η in order to determine if the material has yielded or not: 
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The condition of yielding is defined with the aid of η as follows: 

 

 
 

As in the isotropic model, a trial step is first performed in order to obtain 𝜎௘௟,௜. We then determine if the material has yielded 
with the aid of the above equation, where 𝑛 = 𝜎௘௟,௜ − 𝑎௜. If the material is elastic 𝜎௜ = 𝜎௘௟,௜ and Ei=E, else the current stress is 
obtained as in the isotropic model, using the formula: 
 

 
 
If we prefer storing α, we can use equation 𝛼௜ାଵ = 𝛼௜ + 𝑠𝑔𝑛(𝜂௜)

௕ா

ଵି௕
𝛥𝜀௣௟,௜ to update its value. The tangent modulus is 

updated with the aid of equation: 
 

 
 

 
Materials in nature often show combined isotropic and kinematic hardening. When this is the case, the yield stress initially 
increases due to plastic hardening, but it decreases when the direction of strain changes. In order to combine kinematic 
and isotropic hardening, a new parameter, δ, that varies from 0 to 1 is introduced. δ interpolates the two hardening 
models with the aid of the expressions: 

 

 
 

When δ = 0 the model becomes pure kinematic, while when δ = 1 it is pure isotropic. In the mixed model, the plastic strain 
and back stress α are updated and stored at each load increment. 
 

 
 

 
 
where εr is the absolute value of the maximum strain at the point of load reversal, α1 determines the amplitude of isotropic 
hardening and α2 is the strain beyond which the isotropic hardening is taken into consideration. Parameters α1 and α2 may 
receive different values in tension and in compression and thus the above equation becomes: 
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2.2.1 Example: hysteretic stress-strain history 

 

 

 

 

 

 

 

Figure 2.2.1.1: Stress-strain hysteretic loop using the bilinear model with pure kinematic 
hardening. 

 

 
 
The Matlab script is shown below, while Figure 2.2.1.1 shows the stress-strain history obtained 
using the function discussed in Section of kinematic hardening. 
We will use a longer strain history: ε=[0,0.5εy, εy,1.7εy,0.5εy,0.2εy,0.7εy,0.1εy,−0.2εy, 
−εy,−1.2εy,−.2εy,0.4εy,0.9εy,3εy,3εy,1.5εy,0.5εy,−2εy,−εy,0,0.5εy]. 
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2.3 The model of Menegotto and Pinto for steel reinforcement 
 

 
 

 
 

This equation provides a curved transition from a straight-line asymptote with slope E to another asymptote with slope ET = bE (Figure 
2.3.1, lines (a) and (b) respectively). Parameters ε0 and σ0 are the stress and the strain at the point where two asymptotes of the 
branch under consideration meet (Figure 2.3.1, point A), while εr and σr denote the stress and the strain at the point where the last 
strain reversal with stress of equal sign took place (Figure 2.3.1, point B). This point denotes the beginning of a reloading branch. R is 
the curvature parameter that controls the transition from the elastic to the hardening branch. At every load reversal ε0, σ0, εr and σr 
are updated. 

 

 
 

Figure 2.3.1: Stress-strain relationship of the Menegotto-Pinto model. 
 

 
 

 
 

 
 
The above equations require some further clarification with a set of rules for unloading and reloading for the case of a 
generalized load history; when partially unloading and then reloading back, often the Menegotto-Pinto relationship may  
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overestimate the stress value. Since the memory of the model is limited to the previous step, Filippou et al. [2] proposed 
to limit the memory of the stress–strain history to four controlling curves: (i) the monotonic envelope, (ii) the ascending 
upper branch curve originating at the reversal point with smallest ε value, (iii) the descending lower branch curve 
originating at the reversal point with largest ε value, (iv) the current curve originating at the most recent reversal point. 
The reader interested in the Menegotto-Pinto model can find more details in reference [2]. In Opensees, the bilinear 
model can be found as Steel01 model. Otherwise the elastic-perfectly plastic material ElasticPP assuming zero hardening 
is assumed. The program also offers the option of a linear elastic material using the Elastic material. Steel01 model 
receives α1, α2, α3, α4 as optional input variables in order to consider combined mixed hardening. These models are 
offered with the aid of the following commands: The Menegotto-Pinto model is available in OpenSees as Steel02 model. 
The model can be adopted using the command: 
 

 
 
where Fy, E0 and b have already been defined for the bilinear steel model and R0, c1, c2 are the parameters to control 
the transition from elastic to plastic branches. OpenSees also gives the option to allow for isotropic hardening using the 
approach presented in [2]. Isotropic hardening is therefore considered using the optional parameters a1, a2,a3 and a4 
discussed in section mixed kinematic and isotropic hardening. 
 

 
 
where ξ is the variable, which is updated in each strain reversal. Ro comes from R for the case of first load 
increment only and α1 , α2 are the constants, where are measured experimentally together with the Rο. Τhe 
variable ξ remains constant when it exists partial unloading. 
Furthermore, 
 

 
 
Usually: b=H= 0.02 
The variable ξ is defined as follows: 
 

 
Where 
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and: 

 
 

,which is the plastic strain from the previous load step. For the Steel Material we have the following values respectively: 
 

 
 

 
 

 
 

𝛼ଵ = 18 
𝛼ଶ = 0.13 
𝑅௢ = 20 

 
 
 
 

 
 

 
 
Also, it is considered as: 
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Generally, we have: 
 

 
 

                                                                   Figure (a)                                                                  Figure (b) 
 
Also, this simulation is extended by Filippou et al. (1983) with the addition of some permutation of the asymptotes to take 
into account the isotropic strain hardening. The shift of the asymptote was assumed to depend on the current maximum 
plastic strain in the form: 
 

 

 
where εmax is the absolute maximum strain the time of reverse, εy, σy the strain and the stress during the yielding 
and α3, α4 are the constants, which are measured by experiments. 
 

 
 

The specific model according to Menegotto Pinto for steel not considering the isotropic hardening in both compression and 
tension obtains values, which are equal to α1=α3=0 and α2=α4=1. In case isotropic hardening in compression is taken into 
account, then the usual values are α1=0.01 and α2=7, while in the case of isotropic hardening in tension, then the proposed 
values of the parameters experimentally are: α3=0.01, as well as α4= 7. 
 
2.3.1 Uniaxial material laws for concrete 
 
Many of models for modelling the cyclic behaviour of concrete can be found in the literature. We will focus on uniaxial 
relationships since general-purpose beam elements account only for the principal strain εx. Among the various models 
proposed, some of well-known uniaxial laws are those proposed by Kent and Park [8], Sheikh and Uzumeri [11], Mander  
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et al. [6], and Madas and Elnashai [5]. These relationships are able to consider the effect of the transverse reinforcement 
on the uniaxial stress-strain relationship though the passive confinement model of Mander et al. [6] that is also 
recommended in Eurocode 2 [1]. First, we present a fundamental stress-strain monotonic relationship for concrete 
derived from first principles. Subsequently we discuss the model proposed by Kent and Park as modified by Scott et al. 
[10]. This is a relatively simple relationship able to provide sufficient results for a wide range of applications. 

 

2.3.2 The modified Kent-Park model 
 

The modified Kent-Park model is based on the model initially proposed by Kent and Park [8] and latter modified by Scott 
et al. [10] in order to account for the passive confinement due to the transverse reinforcement. Although there are several 
models available, the modified Kent-Park model combines simplicity with accurate results and was therefore chosen in 
order to demonstrate a simple concrete model. The model is also available in the material library of Opensees as the 
Concrete01 model. Opensees also offers the Concrete02 model which differs from Concrete01 in the sense that is does 
not consider the tensile strength of concrete. The discussion that follows can be found in reference [2]. According to the 
Kent-Park model, the stress-strain relationship of concrete in compression consists of three branches: 
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Figure 2.3.2: Behaviour of the concrete model during loading and unloading. 

 
(ii) The tensile capacity of concrete is neglected, since it does influence the response once concrete cracking occurs. 
(iii) when reloading in compression, the stress is zero as long as the strain is less than the strain of full unloading. Once 
this value is exceeded, reloading occurs following the path of unloading, but with opposite sign. In real life, the 
unloading-reloading path is never the same, assuming it is similar has a small effect on the response obtained. 

 

 
 

Figure 2.3.3 shows the behaviour of the modified Kent-Park model for a sinusoidal strain history of increasing amplitude. 
This model does not account for the number of cycles and hence does not consider the energy absorbed in every cycle. 
This parameter is important, but its study is beyond the scope of this book. The parameters assumed for the Concrete01 
model in the following examples are: fpc = 29MPa, εc0 = 0.2%, fpcu = 0.20 fc and εcu = 0.4%. The model is tested in 
OpenSees using the truss element script and the following lines: 
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Figure 2.3.3: The modified Kent-Park model. 
 
 
 
 
 

2.3.3 Force-based fiber element 
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2.3.4 Numerical integration 
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2.3.5 One -dimensional constitutive model 
 

A simple mathematical model of the uniaxial experiment discussed in the previous section is formulated in what 
follows. In spite of its simplicity the one-dimensional constitutive model contains all the essential features that 
form the basis of the mathematical theory of plasticity. At the outset, the original stress–strain curve, that 
resulted from the loading programme described in the previous section, is approximated by the idealised 
version. The assumptions involved in the approximation are summarised in the following. Firstly, the difference 
between unloading and reloading curves (segments Z0O1 and O1Y1 of Figure 2.3.5.1) is ignored and points Z0 and 
Y1, that correspond respectively to the beginning of unloading and the onset of plastic yielding upon subsequent 
reloading, are assumed to coincide. The transition between the elastic region and the elastoplastic regime is 
now clearly marked by a non-smooth change of slope (points Y0 and Y1). During plastic yielding, the stress–strain 
curve always follows the path defined by O0Y0Y1Z1. This path is normally referred to as the virgin curve and is 
obtained by a continuous monotonic loading from the initial unstressed state O0. Under the above assumptions, 
after being monotonically loaded from the initial unstressed state to the stress level σ0, the behaviour of the 
bar between states O1 and Y1 is considered to be linear elastic, with constant plastic strain, εp, and yield limit, 
σ0. Thus, within the segment O1Y1, the uniaxial stress corresponding to a configuration with total strain ε is given 
by:  

 

 
 

 
Figure 2.3.5.1: Uniaxial tension experiment with ductile metals. 
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Figure 2.3.5.2: Uniaxial tension experiment. Mathematical model. 
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Figure 2.3.5.3: Uniaxial model. Elastic domain. 
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Figure 2.3.5.4: One-dimensional model. Hardening curve. 
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Such models are called associative (or associated) plasticity models. 
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CHAPTER 3rd 
 

3.  Ansys Software- Problem Statement and Description 

 

3.1  Introduction 

In this chapter, it is represented different cases of nonlinear constitutive laws of 
the yield criteria of Von Mises with bilinear hardening, isotropic, kinematic and mixed 
hardening, Tresca, Mohr -Coulomb, Drucker-Prager. Also, it is examined the 
constitutive model for structured soils (MSS) especially the soil interaction with 
Kavvadas Clays yield criterion and the uniaxial material for concrete and steel 
especially the 3d fiber beam and force-based fiber element utilizing Ramberg Osgood, 
Menegotto Pinto, Kent and Park for both monotonic and cyclic loading cases. Then, it 
is thoroughly described the way that data given to Ansys Workbench, like the 
geometry of the structure-model, the boundary conditions, the assumptions of the 
nonlinear constitutive laws and the solver that used. 

 
 

3.2 Problem Statement 
 

              For Von Mises model 
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Figure 3.2.1:  Geometry of the structure 

 
 
 
 

3D Fiber Beam- Force based fiber element
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Clamped beam 
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Analysis Type 
 
 

 
 
 

 
 
 

Mesh of fiber beam element 
 
 
 

 



Τσοτουλίδη Βασιλική 80 

 

 

 
 

3.3 3D Mesh of Classical Finite Elements 
 

Hexa8  
The elements used to simulate the structure in the present case are 3D finite elements with linear 
elastic material properties. The generation of finite elements for the analysis of vectors whose 
intensive state corresponds to 3D elasticity can easily be used from the 2D elasticity elements by 
adding the z-coordinate and the corresponding displacement w. Specifically, regarding the modeling 
of the cubic specimen, three-dimensional 8-node finite elements were used where the reference 
system and numbering of nodes is shown in Figure 3.3.1 and the coordinates of the nodes as well 
as the numbering of the nodes is counter-clockwise. Also, Solid 185 type was selected from the 
Ansys finite element library (Figure 3.3.1). 

 
 
 

 
 
 
 

Figure 3.3.1: 3D Hexa8 FE 
 



Τσοτουλίδη Βασιλική 81 

 

 

 

 
 



Τσοτουλίδη Βασιλική 82 

 

 

 
 
The subroutine for Hexa8 from Ansys Apdl Commands is the following: 

 
ET,matid,SOLID185 
ETCONTROL,off,ON 
KEYOPT,matid,1,0 
KEYOPT,matid,2,0 
KEYOPT,matid,3,0 
KEYOPT,matid,4,0 
KEYOPT,matid,5,0 
KEYOPT,matid,6,0 
KEYOPT,matid,7,0 
KEYOPT,matid,8,0 
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CHAPTER 4th 
 

4.  OPEN SOURCE CODE MSOLVE 
 
 

4.1  General 

The numerical solution of the composite material model was chosen to be solved 
with the help of the MSolve software, due to the complexity of this problem, the 
optimization algorithms as well as the generation of meshes, this powerful 
computational tool was used, which ensured the solution of quite complex problems 
with the best possible accuracy in the results and the least time cost to find the 
requested sizes. The final goal was to validate and verify the final results to check their 
correctness and the assumptions considered for its solution. 

 

4.1.1 Flow chart 
 
 

In this section, a general flow chart is presented that summarizes the process – algorithm 
followed to calculate the force-displacement curve and all the initial conditions and 
assumptions taken to solve it. 
Therefore, it follows: 
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Figure 4.1.1.1: Flow ChartRepresentation 
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4.1.2  Methodology of MSolve Software 
 

 
                                    General numerical integration algorithm for elastoplastic constitutive equations 
 

 
 
 
 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 88 

 

 

 

 
 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 89 

 

 

 
 
 
 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 90 

 

 

 
 
 
 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 91 

 

 

 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 92 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 93 

 

 

 
 
 
 

 
 
 
 
 

 
 
 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 94 

 

 

 
 
 

 
 
 
 
 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 95 

 

 

 
 
 
 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 96 

 

 

 
 
 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 97 

 

 

 
 
 
 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 98 

 

 

 
 
 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 99 

 

 

 
 
 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 100 

 

 

 
 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 101 

 

 

 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 102 

 

 

 
 

 
 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 103 

 

 

 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 104 

 

 

 
 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 105 

 

 

 
 
 

 
 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 106 

 

 

 
 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 107 

 

 

 
 
 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 108 

 

 

 
 

 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 109 

 

 

 
 
 
 

  
 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 110 

 

 

 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 111 

 

 

  
 

 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 112 

 

 

 

 
 
 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 113 

 

 

 
 

A. THE MENEGOTTO-PINTO WITH FILIPPOU ISOTROPIC HARDENING MODEL 
 

c----------------------------------------------------------------------- 
c                MENEGOTTO-PINTO STEEL MODEL 
c               WITH FILIPPOU ISOTROPIC HARDENING 
c               steel model with damage modulus     
c----------------------------------------------------------------------- 
 
      implicit none 
c----------------------------------------------------------------------- 
c     calling and return arguments 
c----------------------------------------------------------------------- 
      real*8 sfixpr(10),shstvP(10),shstv(10) 
      real*8 epssP,sigsP,depss,sigs,Est 
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c----------------------------------------------------------------------- 
c     fixed properties 
c----------------------------------------------------------------------- 
      real*8  fsy,es1,b,r0,a1,a2,a3,a4,es2,epy 
c----------------------------------------------------------------------- 
c     history variables 
c----------------------------------------------------------------------- 
      real*8  epmin,epmax,epex,ep0,s0,epr,sr 
      integer kon 
c----------------------------------------------------------------------- 
c     local variables 
c----------------------------------------------------------------------- 
       
      integer i,j 
      real*8  epss,sst,qi,r,e,dsde,epm   
 
 
c     clear output variables 
        sigs  = 0.d0 
        Est = 0.d0 
c----------------------------------------------------------------------- 
c     retrieve steel fixed material properties 
c----------------------------------------------------------------------- 
        fsy = sfixpr(2) 
        es1 = sfixpr(3) 
         b   = sfixpr(4) 
         r0  = sfixpr(5) 
         a1  = sfixpr(6) 
         a2  = sfixpr(7) 
         a3  = sfixpr(8) 
        a4  = sfixpr(9)    
c----------------------------------------------------------------------- 
c     calculate other fixed material properties 
c----------------------------------------------------------------------- 
      es2   = b*es1 
      epy   = fsy/es1 
 
 
 
 
c-----------------------------------------------------------------------       
c     retrieve steel history variables 
c----------------------------------------------------------------------- 
      epmin = shstvP(1) 
      epmax = shstvP(2) 
      epm   = dmax1(dabs(epmin),dabs(epmax)) 
      epex  = shstvP(3) 
      ep0   = shstvP(4) 
      s0    = shstvP(5) 
      epr   = shstvP(6) 
      sr    = shstvP(7)    
      kon   = int(shstvP(8)) 
                       
c     calculate current strain 
      epss = epssP + depss 
 
c----------------------------------------------------------------------- 
c     Menegotto-Pinto model 
c----------------------------------------------------------------------- 
c----------check for virgin steel-------------------------------- 
      if(kon.eq.0) then 
         if(depss.eq.0.0d0) then 
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            sigs  = 0.d0 
            est = es1 
            goto 200 
         endif 
           epmax =  epy 
           epmin = -epy 
           epm   = epy 
         if(depss.lt.0.0d0) then 
            kon  = 2 
            ep0  = -epm 
            s0   = -fsy 
            epex = -epm 
         endif 
         if(depss.gt.0.0d0) then 
            kon  = 1 
            ep0  = epm 
            s0   = fsy 
            epex = epm 
         endif 
      endif 
 
      if(depss.eq.0.0d0) goto 100 
 
      if(kon.eq.2.and.depss.gt.0.0d0) then 
         kon  = 1 
         epr  = epss-depss 
         sr   = sigsp 
         if(epr.lt.epmin) epmin = epr 
         epm  = dmax1(dabs(epmin),dabs(epmax)) 
         sst  = fsy*a3*(epm/epy-a4) 
         sst  = dmax1(sst,0.0d0) 
         ep0  = (sr + es2*epy - (es1*epr + fsy + sst))/(es2-es1) 
         s0   = fsy + sst + es2*(ep0-epy) 
         epex = epmax 
      endif 
 
      if(kon.eq.1.and.depss.lt.0.0d0) then 
         kon  = 2 
         epr  = epss-depss 
         sr   = sigsp 
         if(epr.gt.epmax) epmax = epr 
         epm  = dmax1(dabs(epmin),dabs(epmax)) 
         sst  = fsy*a3*(epm/epy-a4) 
         sst  = dmax1(sst,0.0d0) 
         ep0  = (sr + fsy + sst - (es1*epr + es2*epy))/(es2-es1) 
         s0   = es2*(ep0+epy) - fsy - sst 
         epex = epmin 
      endif 
 
c------------------calculate stress and modulus--------------------------- 
100   continue 
      qi   = dabs((epex-ep0)/epy) 
      r    = r0 - (a1*qi)/(a2+qi) 
      e    = (epss-epr)/(ep0-epr) 
      sigs  = b*e + (1.0d0-b)*e/(1.0d0+dabs(e)**r)**(1/r) 
      sigs  = sigs*(s0-sr)+sr 
      dsde = b + (1.0d0-b)*(1.0d0-dabs(e)**r/(1.0d0+dabs(e)**r)) 
     &       /(1.0d0+dabs(e)**r)**(1/r) 
      est = dsde*(s0-sr)/(ep0-epr) 
 
c----------------------------------------------------------------------- 
c     transfer all variables to history vector 
c----------------------------------------------------------------------- 
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200   continue 
      shstv(1) = epmin 
      shstv(2) = epmax 
      shstv(3) = epex 
      shstv(4) = ep0 
      shstv(5) = s0 
      shstv(6) = epr 
      shstv(7) = sr   
      shstv(8) = dble(kon) 
 
      return 
      end 
 

B. MONTI – NUTI MODEL (modified for the case of partial unloading) 
 
 
 
      SUBROUTINE STMDL9 
c 
c*********************************************************************** 
c  This subroutine calculates the stress at a monitoring point for  
c   the material model of Monti and Nuti [1992]. 
c 
c*********************************************************************** 
c 
      IMPLICIT UNDEFINED (A-Z) 
c 
c..........................[ ARRAYS AND POINTERS ]...................... 
c 
c 
c 
c..........................[ SUBROUTINE VARIABLES ]..................... 
c 
      REAL*8 Fsy,Es0,b0p,L,D,R0,A1,A2,P       ! material properties 
      REAL*8 b0n                              ! dependent on material properties  
      REAL*8 epssP,sigsP,epss0,sigs0,csimax,dsigsK,dsigsI,epssr,sigsr,R,kon,epss,sigs,Est 
      REALl*8  alpha,beta,eoa,soa,era,sra,eob,sob,erb,srb,Ra,Rb,omega 
       logical corr 
 
c     local variables 
      REAL*8  zero,one,dum1,dum2,a5,a6  
      REAL*8  depss,csi,epsrat 
      REAL*8  Esh,b 
      REAL*8  gammap,fi,dsigsKI 
      REAL*8  FR,epscor 
             
      INTEGER i,j 
c 
c..........................[     COMMON BLOCKS    ]..................... 
c 
      COMMON /M_S9/ Fsy,Es0,b0p,L,D,R0,A1,A2,P,b0n, 
     +              epssP,sigsP,epss0,sigs0,csimax,dsigsK,dsigsI,epssr,sigsr,R,kon,epss,sigs,Est,Corr 
      COMMON /M_S91/ alpha,beta,eoa,soa,era,sra,eob,sob,erb,srb,Ra,Rb,omega 
c 
c....................................................................... 
 
c     normalise A2 
      A2  = A2*Fsy/Es0 
 
c     calculate other fixed material properties 
      if (L/D.gt.5) then 
         b0n = 3d-3*(5-L/D) 
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      else 
         b0n = b0p 
      end if    
 
      zero = 0.d0 
      one  = 1.d0       
 
c-----------------------------------------------------------------------                       
c     calculate increment of current strain 
c----------------------------------------------------------------------- 
       depss = epss - epssP 
 
c----------------------------------------------------------------------- 
c     assign the current value for hardening ratio 
c----------------------------------------------------------------------- 
      if (depss.gt.zero) then    
         b = b0p 
      else 
         b = b0n 
      endif 
 
c----------------------------------------------------------------------- 
c     check for virgin steel:  
c     if kon=0 set the initial yield stress and strain 
c----------------------------------------------------------------------- 
      if (kon.eq.0) then 
         if (depss.gt.zero) then    
            kon = 1 
         else 
            kon = -1 
         endif 
         epss0 = kon*Fsy/Es0TMP 
         sigs0 = kon*Fsy 
         R     = R0 
      endif 
 
c----------------------------------------------------------------------- 
c     correction in case of partial unloading 
c----------------------------------------------------------------------- 
      if (corr) then 
 
       epscor = 0.05*abs(epssr)        
       if (omega.eq.0) then 
 
   if (abs(depss).lt.(epscor).and.kon*depss.lt.0)then 
   omega=1 
   eoa=epss0 
   soa=sigs0 
   alpha=epssP 
   era=epssr 
   sra=sigsr 
   Ra=R 
   goto 1400 
   endif 
  endif 
 
       if (omega.eq.1) then 
               if (kon*depss.lt.0) then 
               omega=3 
    eob=epss0 
    sob=sigs0 
    beta=epssP 
    erb=epssp 
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    srb=sigsp 
    Rb=R    
    else 
    if (abs(alpha-epss).gt.(epscor)) omega = 0 
                goto 1400 
                endif 
    endif 
        
  if (omega.gt.1) then 
                 if (omega.eq.3) then 
    omega=4 
    goto 20   
    endif 
    if (kon*depss.lt.zero) omega=omega+1   
20    continue 
                kon=depss/abs(depss) 
   if (int(omega/2.) .eq. omega/2.) then  
         
               if (kon.lt.0) then 
 
    if (epss.lt.alpha) then 
      
       epss0=eoa 
       sigs0=soa 
                   epssr=era 
                   sigsr=sra 
       omega=0 
       R=Ra 
                  goto 1500 
        endif 
    if (epss.gt.beta) then     
       epss0=eob 
       sigs0=sob 
                   epssr=erb 
                   sigsr=srb 
       omega=0 
       R=Rb 
        goto 1500 
                   endif 
      sigs=sigsp+depss*Est 
      goto 2000 
        endif 
  
        if (kon.gt.0) then 
 
    if (epss.gt.alpha) then 
        epss0=eoa 
        sigs0=soa 
                    epssr=era 
                    sigsr=sra 
        omega=0 
        R=Ra 
         goto 1500 
                endif 
  
    if (epss.lt.beta) then 
      
       epss0=eob 
       sigs0=sob 
                   epssr=erb 
                   sigsr=srb 
        omega=0 
        R=Rb 
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                    goto 1500 
                 endif 
 
    sigs=sigsp+depss*Est 
    goto 2000 
    
   endif 
            else 
    if (kon.lt.0) then 
    if (epss.gt.alpha) then 
      
        epss0=eoa 
        sigs0=soa 
                    epssr=era 
                    sigsr=sra 
        omega=0 
        R=Ra 
        goto 1500 
                 endif 
 
    if (epss.lt.beta) then 
        epss0=eob 
       sigs0=sob 
                   epssr=erb 
                   sigsr=srb 
        omega=0 
        R=Rb 
       goto 1500 
                 endif 
 
    sigs=sigsp+depss*Est 
    goto 2000 
           endif 
  
           if (kon.gt.0) then 
 
    if (epss.lt.alpha) then 
       epss0=eoa 
       sigs0=soa 
                   epssr=era 
                   sigsr=sra 
       omega=0 
        R=Ra 
  goto 1500 
 
        endif 
 
    if (epss.gt.beta) then 
       epss0=eob 
       sigs0=sob 
                   epssr=erb 
                   sigsr=srb 
       omega=0 
       R=Rb 
       goto 1500 
                endif 
 
    sigs=sigsp+depss*Est 
    goto 2000 
           
  endif  
  endif 
  endif 
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         endif 
1400  continue 
c--------------------------------------------------------------------------------------------- 
c     in case of load reversal: store the last load reversal point  
c     and calculate the stress and strain (sigs0 and epss0) at the 
c     new intersection between elastic and strain hardening asymptote 
c---------------------------------------------------------------------------------------------- 
      if (depss*kon.le.zero) then     
 
c        update index for loading/unloading 
         if (kon.eq.1) then 
            kon = -1 
            Esh = b0p*Es0TMP 
         else       
            kon = 1 
            Esh = b0n*Es0TMP 
         endif 
 
c        plastic excursion 
         csi = epssP - epss0 
         if (csi*kon.gt.0.d0) csi=0.d0    !!non funziona per la prova ciclica!! 
 
c        additional plastic excursion 
         if (dabs(csi).gt.csimax) then 
            gammap = (dabs(csi) - csimax)*dsign(1d0,csi) 
         else 
            gammap = 0.d0 
         end if 
 
c        update last inversion point 
         epssr  = epssP 
         sigsr  = sigsP 
 
c        double plastic work during previous semicycle 
         fi = csi*(sigsr-sigs0) 
 
c        maximum plastic excursion of previous semicycle 
         csimax = dmax1(csimax,dabs(csi)) 
 
c        stress variation due to csi and gammap 
c        accounting for the presence of buckling 
         if (L/D.le.5) then 
            dsigsK  = dsigsK + Esh*csi 
            dsigsI  = dsigsI + dabs(Esh*gammap)*dsign(1d0,fi) 
            dsigsKI = P*dsigsK + (1-P)*dsigsI*dsign(1d0,-csi) 
         else 
            dsigsK  = dsigsK + Esh*gammap 
            dsigsI  = dsigsI + dabs(Esh*csi)*dsign(1d0,fi) 
            dsigsKI = P*dsigsK + (1-P)*dsigsI*dsign(1d0,-csi) 
         end if 
c        calculate degrading stiffness due to buckling 
         if (depss.gt.zero) then 
            if (L/D.gt.5) then 
               a5  = 1 + (5-L/D)/7.5 
               a6  = -1000*csi**2 
               Es0TMP = Es0TMP*(a5 + (1-a5)*exp(a6)) 
            end if 
         endif 
c        calculate new yield stress 
         sigs0 = Fsy*dsign(1d0,-csi) + dsigsKI 
 
c        calculate new yield strain 
         epss0 = epssr + (sigs0-sigsr)/Es0TMP 
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c        update curvature of branch 
c        accounting for the presence of buckling 
         R = fR(L/D,depss,R0,A1,A2,csimax) 
          endif 
 
c----------------------------------------------------------------------- 
c     calculate current stress sigs 
c----------------------------------------------------------------------- 
1500  continue 
 
c     normalized strain 
      epsrat = (epss-epssr)/(epss0-epssr) 
 
c     current stress 
      dum1 = one + dabs(epsrat)**R 
      dum2 = dum1**(1/R)       
      sigs = b*epsrat +(one-b)*epsrat/dum2 
      sigs = sigs*(sigs0-sigsr) + sigsr 
 
c----------------------------------------------------------------------- 
c     calculate appropriate stiffness 
c----------------------------------------------------------------------- 
      Est = b + (one-b)/(dum1*dum2) 
      Est = Est*(sigs0-sigsr)/(epss0-epssr) 
  
2000  continue  
 
      RETURN 
      END 
c----------------------------------------------------------------------- 
c     function for variation of R 
c----------------------------------------------------------------------- 
      function fR (snell,depss,R0,A1,A2,csimax) 
       
      implicit none 
       
      real*8 snell,depss,R0,A1,A2,csimax,fR,fr1 
      real*8 Rb,R0b,R1b,A1b,A2b,dum1 
      
      dum1=A2+csimax 
      if (dum1.eq.0.d0) then 
         fR = R0 
      else 
         fR = R0 - (A1*csimax)/(A2+csimax) 
      endif 
              if (snell.gt.5.and.depss.lt.0) then 
         R0b = 0.2*(snell-5)          ! minimum value 
         A1b = A1 + 1 
         A2b = A2*1000 
         R1b = R0 - 2*(snell-5)     ! maximum value 
         if (R1b.lt.R0b) R1b = R0b 
         if (dum1.eq.0.d0) then  
            fR1= R0b 
         else 
            Rb  = R0b + (A1b*csimax)/(A2b+csimax) 
            fR1= dmin1(Rb,R1b) 
           endif 
          end if 
                 if (fR1.gt.fR) fR = fR1 
           end 
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ΚΕΦΑΛΑΙΟ 5th 
 

5. NUMERICAL EXAMPLES RESULTS – COMPARISON  
 

 
5.1  NUMERICAL EXAMPLES 

 

Von Mises yield criterion Examples 
Example 1  

 
Hexa 8 Box 2mX2mX2m with elements 1mX1mX1m, E=800000 Kpa, ν=1/3, 

σ௬଴=5000 Kpa, Only isotropic hardening with curve σ௬ = σ௬଴𝑒
ഄ೛೗

బ,బబభ discrete for 
values of 𝜀௣௟   [0,0,001] with step 10ି଺. Boundary conditions full fixed supports 
in the bottom of the box (i. e. for Z=0  u௫ = u௬ = u௭ = 0). Loading in the upper 
surface of the box in the vertical direction (100 Non linear increments) as 
follows  
 

X Y Z Amount 
(KN) 

0 0 2 -3750 
0 1 2 -7500 
0 2 2 -3750 
1 0 2 -7500 
1 1 2 -15000 
1 2 2 -7500 
2 0 2 -3750 
2 1 2 -7500 
2 2 2 -3750 

 
Monitor output dof is for point  

X Y Z 
1 1 2 
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In Z direction (Number 41 of Dof and number 52 in suitesparse solver) 
Load Displacement Curve (Max Relative Divergence from Ansys 6% found  
in 1st step the rest are in the vicinity of 1%) 
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Example 2  
The hardening now is kinematic hardening with the formula (kPa)  

 
Load Displacement Curve (Max Relative Divergence from Ansys 12% found in 
1st step the rest are in the vicinity of 4%) 
 

 
 

Example 3 
 

The hardening is now the combined hardening of the isotropic hardening law and 
the kinematic hardening law of the examples 1 and 2 

Load Displacement Curve (Max Relative Divergence from Ansys 13% found in 
1st step the rest are in the vicinity of 2%) 
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Comparison of hardenings 
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Example 4 
 
Hexa 8 Box 2mX2mX2m with elements 1mX1mX1m, E=800000 Kpa, 

ν=1/3, σ௬଴=5000 Kpa, Combined isotropic hardening with curve σ௬ =

σ௬଴𝑒
ഄ೛೗

బ,బబభ discrete for values of 𝜀௣௟   [0,0,005] with step 10ି଺. The kinematic 
hardening with the formula (kPa) 

 
Boundary conditions full fixed supports in the bottom of the box (i. e. for 

Z=0  u௫ = u௬ = u௭ = 0). Dynamic symmetric triangle with time step dt=0,1 
s, time of peak load T1=10s, time of free oscillation T2=20s and end of 
analysis at T3=30s. Consistent mass matrix with density ρ=25 Mgr/m3 and 
Rayleigh Coefficients a=0,35 (mass matrix), b=0,003.  Loading in the upper 
surface of the box in the vertical direction (100 Non linear increments) as 
follows 
 

X Y Z Amount (KN) 
0 0 2 -3750 
0 1 2 -7500 
0 2 2 -3750 
1 0 2 -7500 
1 1 2 -15000 
1 2 2 -7500 
2 0 2 -3750 
2 1 2 -7500 
2 2 2 -3750 

 
Monitor output dof is for point 

 
X Y Z 
1 1 2 

 
In Z direction (Number 41 of Dof and number 52 in suitesparse solver) 
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Time history Curve 
 

 

 
Comparison of time steps accuracy 

Peak Msolve Ansys  
0,1 0,034404 0,035 1,703179 

0,05 0,034404 0,034512 0,313358 
End Msolve Ansys  

0,1 0,00134 0,001286 -4,17941 
0,05 0,000868 0,000851 -1,94076 

 
Example 5 
As the example 4 but with only isotropic hardening 
Time history Curve 
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Example 6 

Hexa 8 Box 2mX2mX2m with elements 1mX1mX1m, E=800000 Kpa, ν=1/3, 

σ௬଴=5000 Kpa, Combined isotropic hardening with curve σ௬ = σ௬଴𝑒
ഄ೛೗

బ,బబభ 
discrete for values of 𝜀௣௟   [0,0,001] with step 10ି଺. The kinematic hardening 
with the formula (kPa) 

  
Boundary conditions full fixed supports in the bottom of the box (i. e. for Z=0  
u௫ = u௬ = u௭ = 0). Dynamic symmetric triangle with time step dt=0,1 s, time of 
peak load T1=10s, time of free oscillation T2=20s and end of analysis at T3=30s. 
Consistent mass matrix with density ρ=25 Mgr/m3 and Rayleigh Coefficients 
a=0,35 (mass matrix), b=0,003. Loading in the upper surface of the box in the 
vertical direction (100 Non linear increments) as follows  
 

X Y Z Amount 
(KN) 

0 0 2 -3750 
0 1 2 -7500 
0 2 2 -3750 
1 0 2 -7500 
1 1 2 -15000 
1 2 2 -7500 
2 0 2 -3750 
2 1 2 -7500 
2 2 2 -3750 
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The aforementioned static loads are subjected to pressure loading-unloading-
reverse loading-reverse unloading  
 
Monitor output dof is for point  
 
X Y Z 
1 1 2 

In Z direction (Number 41 of Dof and number 52 in suitesparse solver) 
Load Displacement Curve (Max Relative Divergence from Ansys 13% found in 

1st step the rest are in the vicinity of 5%) 
 

 
 

Example 7 
 
As Example 6 but with only isotropic hardening and no kinematic hardening 
Load Displacement Curve (Max Relative Divergence from Ansys 19% found in 

Cyclic reverse the rest are in the vicinity of 1%) 
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Example 8 
 
As Example 6 but with only kinematic hardening and the peak nodal loads are 

the ones of Example 6 multiplied by 0.35 
Load Displacement Curve (Max Relative Divergence from Ansys 10% found in 

1st step the rest are in the vicinity of 4%) 
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Tresca yield criterion Examples 
Example 1  
Hexa 8 Box 2mX2mX2m with elements 1mX1mX1m, E=800000 Kpa, ν=1/3, 

𝜎௬଴=150 Kpa, Only isotropic hardening with curve 𝜎௬ = 2𝜎௬଴𝑒
ഄ೛೗

బ,బబభ discrete for 
values of 𝜀௣௟   [0,0,001] with step 10ି଺. Boundary conditions full fixed supports 
in the bottom of the box (i. e. for Z=0  u௫ = u௬ = u௭ = 0). Loading in the upper 
surface of the box in the vertical direction (100 Non linear increments) as 
follows  

X Y Z Amount 
(KN) 

0 0 2 -375 
0 1 2 -750 
0 2 2 -375 
1 0 2 -750 
1 1 2 -1500 
1 2 2 -750 
2 0 2 -375 
2 1 2 -750 
2 2 2 -375 

 
Monitor output dof is for point  
 
X Y Z 
1 1 2 

 
In Z direction (Number 41 of Dof and number 52 in suitesparse solver) 
Load Displacement Curve and Comparison with Mohr Coulomb with φ=ψ=0 

which should be very close referring to the yield surfaces 
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Mohr Coulomb yield criterion Examples 
Example 1  
Hexa 8 Box 2mX2mX2m with elements 1mX1mX1m, E=800000 Kpa, ν=1/3, 

ψ=30ο, φ=30ο  c଴=150 Kpa, Only isotropic hardening with curve c = c଴𝑒
ഄ೛೗

బ,బబభ 
discrete for values of 𝜀௣௟   [0,0,001] with step 10ି଺. Boundary conditions full 
fixed supports in the bottom of the box (i. e. for Z=0  u௫ = u௬ = u௭ = 0). 
Loading in the upper surface of the box in the vertical direction (100 Non linear 
increments) as follows  
 

X Y Z Amount 
(KN) 

0 0 2 -375 
0 1 2 -750 
0 2 2 -375 
1 0 2 -750 
1 1 2 -1500 
1 2 2 -750 
2 0 2 -375 
2 1 2 -750 
2 2 2 -375 

 
Monitor output dof is for point  
 
X Y Z 
1 1 2 

 
In Z direction (Number 41 of Dof and number 52 in suitesparse solver) 
Load Displacement Curve 
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Drucker Prager yield criterion Examples 
Example 1  
Hexa 8 Box 2mX2mX2m with elements 1mX1mX1m, E=800000 Kpa, ν=1/3, 
ψ=30ο, φ=30ο  c଴=150 Kpa, Outer Cone approximation of Mohr Coulomb, 

that is 𝑛 =
଺ ୱ୧୬

√ଷ(ଷି௦௜௡ఝ)
=

ଶ√ଷ

ହ
, 𝑛ത =

଺ ୱ୧୬ ట

√ଷ(ଷି௦௜௡ )
=

ଶ√ଷ

ହ
 , 𝜉 =

଺ ௖௢௦ ఝ

√ଷ(ଷି௦௜௡ )
=

଺

ହ
  

Only isotropic linear hardening with curve hardening modulus H =100000 
Kpa Boundary conditions full fixed supports in the bottom of the box (i. e. 
for Z=0  u௫ = u௬ = u௭ = 0). Loading in the upper surface of the box in the 
vertical direction (100 Non linear increments) as follows  
 

X Y Z Amount 
(KN) 

0 0 2 -375 
0 1 2 -750 
0 2 2 -375 
1 0 2 -750 
1 1 2 -1500 
1 2 2 -750 
2 0 2 -375 
2 1 2 -750 
2 2 2 -375 
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Monitor output dof is for point  
 
X Y Z 
1 1 2 

 
In Z direction (Number 41 of Dof and number 52 in suitesparse solver) 
Load Displacement Curve 
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Kavvadas Clays yield criterion Examples 
 
Example 1  
 
Hexa 8 Box 2mX2mX2m with elements 1mX1mX1m, compressibility factor 
κ=0.5*0.008686, critical state line inclination c=0.733609251, ξ=0.05, Initial 
Stresses only hydrostatic -1000 KPa (compression), Niso=2.15, virgin inclination 
factor λ=10*κ constant, n=1/3 2G/Kbulk=0,75, a*=400 Kpa, ainitial=1600 
Kpa, that means Binitial=4 and Bres=1. Tuning factors nvp,nqp=75 zvp,zqp=0. 
Lambda1 and gamma that are constants employed for the interpolation of the 
Plastic Yield Envelope Plastic hardening modulus are Lambda1=5 and 
gamma=1. Also, ν=1.627(specific volume) and the initial stresses are the ones 
of the center of PYE in the beginning of the loading. Center of yield surface is 
the initial stresses of hydrostatic component only. Boundary conditions full 
fixed supports in the bottom of the box (i. e. for Z=0  u௫ = u௬ = u௭ = 0). 
Loading in the upper surface of the box in the vertical direction (100 Non linear 
increments) as follows  
 
X Y Z Amount 

(KN) 
0 0 2 -0,375 
0 1 2 -0,750 
0 2 2 -0,375 
1 0 2 -0,750 
1 1 2 -1,500 
1 2 2 -0,750 
2 0 2 -0,375 
2 1 2 -0,750 
2 2 2 -0,375 

 
Monitor output dof is for point  
 
X Y Z 
1 1 2 
   

In Z direction (Number 41 of Dof and number 52 in suitesparse solver) 
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Load Displacement Curve and Comparison with Mohr Coulomb with φ=ψ=0 
which should be very close referring to the yield surfaces. (Max Relative 
Divergence from Ansys % ) 
 

 
 

 
Example 2  
Exactly as Example 1 but with Cyclic loading in the upper surface of the box in 
the vertical direction (100 Non linear increments/path total 400 increments) 
with Load-Unload-Reverse load-Reverse unload path as follows  
 
X Y Z Amount 

(KN) 
0 0 2 -0,375 
0 1 2 -0,750 
0 2 2 -0,375 
1 0 2 -0,750 
1 1 2 -1,500 
1 2 2 -0,750 
2 0 2 -0,375 
2 1 2 -0,750 
2 2 2 -0,375 

 
Monitor output dof is for point  
 
X Y Z 
1 1 2 
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In Z direction (Number 41 of Dof and number 52 in suitesparse solver) 
Load Displacement Curve. (Max Relative Divergence from Ansys %) 
 

 
 
FiberBeam3D with Masing yield criterion Examples 
Example 1  
Cantilever with L=10m, Section Area A=b x h =0,25x0,25. Upper Fibers with 
thickness of b  tb=0.05 (5 fibers) and Fibers with thickness of h th=0.01 (25 
Fibers). The discretization consists of two elements of 5 m each with Young’s 
modulus E=210 GPa, tangent Young’s modulus Et=21GPa, ν=0,3, σ௬=275 
MPa. The loading is monotonic, uniaxial in the upper surface of the cantilever 
in the vertical direction (20 increments and 100 increments respectively) 
with magnitude of P=150 KN. 
The Masing yield criterion is actually a pure kinematic hardening  
 Boundary conditions full fixed supports at the left of the beam (i. e. for Z=0  
u௫ = u௬ = u௭ = 0).  
Load Displacement Curve (Max Relative Divergence from Ansys 0.9% found 
in comparison to MSolve). 
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Σχήμα 1: P-u with 20 increments as loading 

 

 
Σχήμα 2: P-u with 100 increments as loading 

 
Example 2  
Cantilever with L=10m, Section Area A=b x h =0,25x0,25. Upper Fibers with 

thickness of b tb=0.05 (5 fibers) and Fibers with thickness of h th=0.01 (25 
Fibers). The discretization consists of two elements of 5 m each with Young’s 
modulus E=210 GPa, tangent Young’s modulus Et=21GPa, ν=0,3, σ௬=275 
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MPa. The loading is monotonic, biaxial in the upper surface of the cantilever 
in the horizontal and vertical direction (20 increments and 100 increments 
respectively) with magnitude of Px=75KN= Py at its right edge. 
 
The Masing yield criterion is actually a pure kinematic hardening  
Boundary conditions full fixed supports at the left of the beam (i. e. for Z=0  
u௫ = u௬ = u௭ = 0).  
Load Displacement Curve (Max Relative Divergence from Ansys 1.5% found 
in comparison to MSolve). 
 

 
P-u with 20 increments as loading 

 
Example 3 

  
 
For the clamped beam of the figure with rectangular shape bXh=0,2X0,4 
mxm. Fibers with thickness of b tb=0.04 (5 fibers) and Fibers with thickness 
of h th= 0,016 (25 Fibers). The discretization consists of two elements of 2,5 
m each with Young’s modulus E=210 GPa, tangent Young’s modulus 
Et=21GPa, ν=0,3, σ௬=275 MPa. Monotonic loading and cyclic loading of 3000 
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KN with 100 increments The Masing yield criterion is actually a pure 
kinematic hardening  
 Boundary conditions full fixed supports (i. e. for x=0 and x=5 m u௫ = u௬ =

u௭ =            0).  
Load Displacement Curve (Max Relative Divergence from Ansys 1,43% and 
1,59% respectively found in comparison to MSolve less than 1% the 
corresponding errors for Opensees). 
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Example 4 
For the previous case of the clamped beam with rectangular shape 
bXh=0,2X0,4 mxm. Fibers with thickness of b tb=0.04 (5 fibers) and Fibers 
with thickness of h th= 0,016 (25 Fibers). The discretization consists of two 
elements of 2,5 m each with Young’s modulus E=210 GPa, tangent Young’s 
modulus Et=21GPa, ν=0,3, σ௬=275 MPa. Monotonic loading, biaxial in the 
upper surface of the clamped beam in the horizontal and vertical direction 
(100 increments) with magnitude of Pz=3300KN= Py at its centre of the 
beam and cyclic loading of Pz=3300KN= Py at its centre of the beam with 
4*20 increments.  

        The Masing yield criterion is actually a pure kinematic hardening  
        Boundary conditions full fixed supports (i. e. for x=0 and x=5 m u௫ = u௬ =

u௭ = 0).       
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   Also the same analysis was conducted with Pz=1400KN= Py 
Load Displacement Curve (Max Relative Divergence from Ansys 1,43%  
and 1,59% respectively found in comparison to MSolve less than 1% the 
 corresponding errors for Opensees). 
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Example 5 
 
For the previous case of the clamped beam with rectangular shape 
bXh=0,2X0,4 mxm. Fibers with thickness of b tb=0.04 (5 fibers) and Fibers 
with thickness of h th= 0,016 (25 Fibers). The discretization consists of two 
elements of 2,5 m each with Young’s modulus E=210 GPa, tangent Young’s 
modulus Et=21GPa, ν=0,3, σ௬=275 MPa. Cyclic loading, biaxial in the upper 
surface of the clamped beam in the horizontal and vertical direction (100 
increments) with magnitude of Pz=1250KN= Py at its centre of the beam 
and cyclic loading of Pz=1250KN= Py at its centre of the beam with 4*20 
increments.  

Only isotropic hardening with curve σ௬ = σ௬଴𝑒
ഄ೛೗

బ,బబభ discrete for values of 
𝜀௣௟   [0,0,001] with step 10ି଺. Boundary conditions full fixed supports (i. e. 
for x=0 and x=5 m u௫ = u௬ = u௭ = 0).  
Load Displacement Curve (Max Relative Divergence from Ansys 1,43% and 
1,59% respectively found in comparison to MSolve less than 1% the 
corresponding errors for Ansys). 
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Example 6 
 

For the previous case of the clamped beam with rectangular shape 
bXh=0,2X0,4 mxm. Fibers with thickness of b tb=0.04 (5 fibers) and Fibers 
with thickness of h th= 0,016 (25 Fibers). The discretization consists of two 
elements of 2,5 m each with Young’s modulus E=210 GPa, tangent Young’s 
modulus Et=21GPa, ν=0,3, σ௬=275 MPa. Cyclic loading, biaxial in the upper 
surface of the clamped beam in the horizontal and vertical direction (100 
increments) with magnitude of Pz=1000KN= Py at its centre of the beam and 
cyclic loading of Pz=1000KN= Py at its centre of the beam with 4*20 
increments.  
Only kinematic hardening with curve 𝑎(Kpa) = 275000(1 −

𝑒ି଼.ଽ଻∗ଵ଴଴଴∗ఌ೛೗) discrete for values of 𝜀௣௟   [0,0,001] with step 10ି଺. 
Boundary conditions full fixed supports (i. e. for x=0 and x=5 m u௫ = u௬ =

u௭ = 0).  
Load Displacement Curve (Max Relative Divergence from Ansys 1,43% and 
1,59% respectively found in comparison to MSolve less than 1% the 
corresponding errors for Ansys). 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 152 

 

 

 
 
 
 

Example 7 
For the previous case of the clamped beam with rectangular shape 
bXh=0,2X0,4 mxm. Fibers with thickness of b tb=0.04 (5 fibers) and Fibers 
with thickness of h th= 0,016 (25 Fibers). The discretization consists of two 
elements of 2,5 m each with Young’s modulus E=210 GPa, tangent Young’s 
modulus Et=21GPa, ν=0,3, σ௬=275 MPa. Cyclic loading, biaxial in the upper 
surface of the clamped beam in the horizontal and vertical direction (100 
increments) with magnitude of Pz=850KN= Py at its centre of the beam and 
cyclic loading of Pz=850KN= Py at its centre of the beam with 4*20 
increments.  

Combined hardening with isotropic hardening curve σ௬ = σ௬଴𝑒
ഄ೛೗

బ,బబభ 
discrete for values of 𝜀௣௟   [0,0,001] with step 10ି଺  and kinematic 
hardening curve 𝑎(Kpa) = 275000(1 − 𝑒ି଼.ଽ଻∗ଵ଴଴଴∗ఌ೛೗) discrete for 
values of 𝜀௣௟   [0,0,001] with step 10ି଺. Boundary conditions full fixed 
supports (i. e. for x=0 and x=5 m u௫ = u௬ = u௭ = 0).  
Load Displacement Curve (Max Relative Divergence from Ansys 1,43% and 
1,59% respectively found in comparison to MSolve less than 1% the 
corresponding errors for Ansys). 
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Example 8 
 

For the previous case of the clamped beam with rectangular shape 
bXh=0,2X0,4 mxm. Fibers with thickness of b tb=0.04 (5 fibers) and Fibers 
with thickness of h th= 0,016 (25 Fibers). The discretization consists of two 
elements of 2,5 m each with Young’s modulus E=210 GPa, Poissons 
coefficient ν=0,3, yield stress σ௬଴=275 MPa. Cyclic loading, biaxial in the 
upper surface of the clamped beam in the horizontal and vertical direction 
(100 increments) with magnitude of Pz=1500KN= Py at its centre of the beam 
and cyclic loading of Pz=1500KN= Py at its centre of the beam with 4*20 
increments.  
Only isotropic hardening with curve σ௬ = σ௬଴𝑒(ఌ೛೗∗ఒ) , where 𝜆 =

20 (consistency parameter), discrete for values of 𝜀௣௟   [0, 0.1] with step 
10ି଺. Boundary conditions full fixed supports (i. e. for x=0 and x=5 m u௫ =
u௬ = u௭ = 0).  
Load Displacement Curve (Max Relative Divergence from Ansys 5,08% 
respectively found in comparison to MSolve). 
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Example 9 
 

For the previous case of the clamped beam with rectangular shape 
bXh=0,2X0,4 mxm. Fibers with thickness of b tb=0.04 (5 fibers) and Fibers 
with thickness of h th= 0,016 (25 Fibers). The discretization consists of two 
elements of 2,5 m each with Young’s modulus E=210 GPa,  ν=0,3, σ௬଴=275 
MPa. Cyclic loading, biaxial in the upper surface of the clamped beam in the 
horizontal and vertical direction (100 increments) with magnitude of 
Pz=1500KN= Py at its centre of the beam and cyclic loading of Pz=1500KN= 
Py at its centre of the beam with 4*20 increments.  
 
Only kinematic hardening with curve 𝑎(Kpa) =

஼భ

ఊభ
(1 − 𝑒ିఊభ∗ఌ೛೗) =

ଷଵ଺ଷ଼଴଴଴

ଶ଻଻,ଷଶ
(1 − 𝑒ିଶ଻଻,ଷଶ∗ఌ೛೗) where 𝐶ଵ, 𝛾ଵ  parameters associated with 

the magnitude and rate of backstress component account for the 
decrease in the initial yield stress for mild structural steels, discrete for 
values of 𝜀௣௟   [0,0.1] with step 10ି଺. Boundary conditions full fixed 
supports (i. e. for x=0 and x=5 m u௫ = u௬ = u௭ = 0).  
 
Load Displacement Curve (Max Relative Divergence from Ansys 3,94% 

respectively found in comparison to MSolve). 
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Example 10 
 
For the previous case of the clamped beam with rectangular shape 
bXh=0,2X0,4 mxm. Fibers with thickness of b tb=0.04 (5 fibers) and Fibers 
with thickness of h th= 0,016 (25 Fibers). The discretization consists of two 
elements of 2,5 m each with Young’s modulus E=210 GPa, ν=0,3, σ௬=275 
MPa. Cyclic loading, biaxial in the upper surface of the clamped beam in 
the horizontal and vertical direction (100 increments) with magnitude of 
Pz=1500KN= Py at its centre of the beam and cyclic loading of Pz=1500KN= 
Py at its centre of the beam with 4*20 increments.  
 

Combined hardening with isotropic hardening curve σ௬ = σ௬଴𝑒(ఌ೛೗∗ఒ) , 

where 𝜆 = 20 (consistency parameter), discrete for values of 
𝜀௣௟   [0,0.1] with step 10ି଺  and kinematic hardening curve 𝑎(Kpa) =
஼భ

ఊభ
(1 − 𝑒ିఊభ∗ఌ೛೗) =

ଷଵ଺ଷ଼଴଴଴

ଶ଻଻,ଷଶ
(1 − 𝑒ିଶ଻଻,ଷଶ∗ఌ೛೗) where 𝐶ଵ (𝐾𝑃𝑎), 𝛾ଵ  

parameters associated with the magnitude and rate of backstress 
component account for the decrease in the initial yield stress for mild 

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

-0.003 -0.002 -0.001 0 0.001 0.002 0.003 0.004 0.005 0.006

Lo
ad

 fa
ct

or

u

Kinematic Non Linear Hardening Fiber Beam 3D

MSolve

Ansys



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 156 

 

 

structural steels, discrete for values of 𝜀௣௟   [0,0.1] with step 10ି଺. 
Boundary conditions full fixed supports (i. e. for x=0 and x=5 m u௫ =
u௬ = u௭ = 0).  
Load Displacement Curve (Max Relative Divergence from Ansys 3,86% 
respectively found in comparison to MSolve). 

 
 

Example 11 
For the previous case of the clamped beam with rectangular shape bXh=0,2X0,4 
mxm. Fibers with thickness of b tb=0.04 (5 fibers) and Fibers with thickness of h 
th= 0,016 (25 Fibers). The discretization consists of two elements of 2,5 m each 
with Young’s modulus E=210 GPa, ν=0,3, σ௬௢=300 MPa (initial yield stress). 
Cyclic loading, biaxial in the upper surface of the clamped beam in the horizontal 
and vertical direction (100 increments) with magnitude of Pz=1000KN= Py at its 
centre of the beam and cyclic loading of Pz=1000KN= Py at its centre of the beam 
with 4*100 increments.  
 

Ramberg Osgood curve 𝜀௧௢௧ =
ఙ

௲
+ 𝛼(

ఙ

஢೤೚
)௡, where n is material strain-hardening 
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exponent and it is equal to n= 2,821670429, which controls the hardening of the 
material, as if “n” increases, the hardening ratio will be decreased respectively 
and 𝑎 = 𝛼௢௙௙௦௘௧=0,2%=0,002 (commonly used value) referred as “yield offset”. 
Boundary conditions full fixed supports at the left of the beam (i. e. for Z=0  u௫ =
u௬ = u௭ = 0).  
Load Displacement Curve (Max Relative Divergence from Ansys 1 % found in 
comparison to MSolve). 
 

 
 

Comparison of MSolve and Opensees for a certain amount of the numerical 
damping value 
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Comparison of MSolve and Opensees for different values of the numerical damping 

ratio 
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Comparison of MSolve and Opensees for different values of the numerical damping 
ratio 
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ΚΕΦΑΛΑΙΟ 6th 
 

6 CONCLUSIONS 
 
 

6.1 GENERAL CONCLUSIONS 

The purpose of this master's thesis is to describe in detail the numerical techniques 
used in the theory and analysis of small deformations of elastic and inelastic solids 
using the finite element method. Particular emphasis is placed on the derivation and 
description of various constitutive laws of the models due to material nonlinearity - 
based on phenomenological elasticity, elastoplasticity by using various cases of yield 
criteria where it is determined whether a material has fractured or exceeded yield 
strength - as well as for the associated numerical procedures and the practical issues 
that arise in them when solved computationally. The range covered goes from basic 
infinitesimal isotropic to more sophisticated finite strain theories, including 
anisotropy. These numerical techniques are implemented with the aid of the 
commercial software packages, Ansys Workbench, as well as the open-source 
software code, MSolve, and a comparative study and analysis is presented between 
Ansys Workbench and MSolve. The results were plotted graphically. For the finite 
element simulations in nonlinear constitutive relations, the fiber beam - column 
model for nonlinear analysis of reinforced concrete structures, the commercial 
software package Ansys Workbench was selected. Due to the complexity of the 
problem of material nonlinearity and the description of nonlinear constitutive 
relations as well as the cyclic loading incorporating plasticity and the Bauschinger 
effect, a powerful computational tool was used, MSolve software, which solved quite 
complex problems with higher accuracy in the results and less computational time and 
cost that other commercial software packages. Several numerical examples have done 
utilizing Von Mises, Tresca, Mohr-Coulomb, Drucker Prager with nonlinear hardening 
especially the constitutive law has an exponential form both for monotonic and cyclic 
loading. Also, the second case has to do with force-based three-dimensional fiber 
beam utilizing Masing yield criterion, Ramberg Osgood, Menegotto Pinto and Kent 
Park model for both monotonic and cyclic loading. The third case that is examined is 
the soil interaction, Kavvadas Clays yield criterion, which it describes and evaluates a 
critical-state incremental-plasticity model for structured soils (MSS). The model 
simulates the engineering effects of processes causing structure development (pre-
consolidation, ageing, cementation, etc.) and structure degradation (remoulding by 
volumetric and/or deviatoric straining), such as high stiffness and strength at the 
intact states, appreciable reduction of stiffness and strength during destructuring, and 
the evolution of stress-induced and structure-induced anisotropy. A novel feature of 
the model is the treatment of pre-consolidation as a structure-inducing process and 
the unified description of all such processes via the BSE. The proposed model 
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distinguishes the concepts of ̀ yielding' (i.e. the onset of irreversible deformation upon 
reaching the PYE) and the onset of major de-structuring which occurs when the BSE is 
engaged. Thus, the model avoids the large elastic domain of critical state models and 
permits the development of irreversible strains even for small variations of the stress 
levels. 

 
 

 For the first case of yield criteria for monotonic and cyclic loading: 
 

i. Because of the material nonlinearity, which has to do with the hardening law 
that was used, and it was in an exponential form, we could conclude that if 
we use as input more and more tabular data as stress and strains the 
behavior of the constitutive law between the two software, Ansys and 
Msolve, coincides. Actually, the yield point, the critical load in monotonic and 
the reversal load in cyclic arises to be of the same magnitude. 

ii. Load Displacement Curve (Max Relative Divergence from Ansys 6% found in 
1st step the rest are in the vicinity of 1%) for the von mises yield criterion of 
nonlinear isotropic hardening. As for nonlinear kinematic hardening, Load 
Displacement Curve (Max Relative Divergence from Ansys 12% found in 1st 
step the rest are in the vicinity of 4%) and for the case of mixed nonlinear 
hardening, we have that Load Displacement Curve (Max Relative Divergence 
from Ansys 13% found in 1st step the rest are in the vicinity of 2%) 

iii. The same behavior is observed for the transient analysis, the time history 
curve has : 

Peak Msolve Ansys  
0,1 0,034404 0,035 1,703179 

0,05 0,034404 0,034512 0,313358 
End Msolve Ansys  
0,1 0,00134 0,001286 -4,17941 

0,05 0,000868 0,000851 -1,94076 
 

iv.  Load Displacement Curve (Max Relative Divergence from Ansys 13% found 
in 1st step the rest are in the vicinity of 5%) 

v.  For the cyclic loading, the comparison between the Msolve and Ansys 
software for the constitutive law of nonlinear isotropic, kinematic and 
combined hardening are Load Displacement Curve (Max Relative Divergence 
from Ansys 19% found in Cyclic reverse the rest are in the vicinity of 1%), 
Load Displacement Curve (Max Relative Divergence from Ansys 10% found in 
1st step the rest are in the vicinity of 4%) and the Load Displacement Curve 
(Max Relative Divergence from Ansys 13% found in 1st step the rest are in the 
vicinity of 5%) respectively. 

vi.  As for Tresca model, we have Load Displacement Curve and Comparison 
with Mohr Coulomb with φ=ψ=0 which should be very close referring to the 



  "Αλγόριθμοι Επίλυσης Ελαστοπλαστικών Συστημάτων"  

Τσοτουλίδη Βασιλική 162 

 

 

yield surfaces. (Max Relative Divergence from Ansys 7,5% found in 1st step 
the rest are in the vicinity of 1%) for monotonic loading and Load 
Displacement Curve. (Max Relative Divergence from Ansys 3%) for cyclic 
loading in the upper surface of the box in the vertical direction (100 Nonlinear 
increments/path total 400 increments) with Load-Unload-Reverse load-
Reverse unload path. 

vii. As for Mohr -Coulomb model, we have Load Displacement Curve (Max 
Relative Divergence from Ansys 7% found in 1st step the rest are in the vicinity 
of 1%) for monotonic loading and Load Displacement Curve. (Max Relative 
Divergence from Ansys 2%) for cyclic loading in the upper surface of the box 
in the vertical direction (100 Nonlinear increments/path total 400 
increments) with Load-Unload-Reverse Load-Reverse unload path. 

viii.  As for Drucker Prager model, we have Load Displacement Curve (Max 
Relative Divergence from Ansys 7% found in 1st step the rest are in the vicinity 
of 4%) for monotonic loading and the Load Displacement Curve. (Max 
Relative Divergence from Ansys 1%) for cyclic loading in the upper surface of 
the box in the vertical direction (100 Nonlinear increments/path total 400 
increments) with Load-Unload-Reverse load-Reverse unload path. 

 

 
 For the case of 3D fiber-beam forced-based element the conclusions are: In the present 

master thesis, the limitations of the original Masing model and recent modifications of this 
model have been used to analyse the monotonic and cyclic stress–strain response. The 
following points same been demonstrated: 

 
i. Masing-type models correlate directly with the microstructure 

established in deformed materials, and the discrete yield levels can 
account for the Bauschinger effect. 

ii. The cyclic stress–strain response under variable amplitude loading 
conditions can be predicted from Masing-type models even for 
materials that show non-Masing behaviour in constant amplitude 
loading tests. 

iii. Relationships between the various Masing-type models and the Ramberg–
Osgood interpretation of stress–strain response can be established which 
allow calculation of parameters such as the energy expenditure and the 
stored elastic energy during monotonic and cyclic loading, respectively. In 
particular, a link has been established between the Ramberg–Osgood 
strength (A) and cyclic hardening (b) parameters. 
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iv. Load Displacement Curve (Max Relative Divergence from Ansys 0.9% 
found in comparison to MSolve) for the case of nonlinear isotropic 
hardening for monotonic loading. Load Displacement Curve (Max 
Relative Divergence from Ansys 0.9% found in comparison to MSolve) 
for the case of nonlinear kinematic hardening for monotonic loading. 
Load Displacement Curve (Max Relative Divergence from Ansys 1,43% 
and 1,59% respectively found in comparison to MSolve less than 1% the 
corresponding errors for Opensees) for the case of nonlinear mixed 

hardening constitutive law for monotonic loading, biaxial in the upper 

surface of the clamped beam in the horizontal and vertical direction 
(100 increments) with magnitude of Pz=3300KN= Py at its centre of the 
beam and cyclic loading of Pz=3300KN= Py at its centre of the beam with 
4*20 increments.  

v. Load Displacement Curve (Max Relative Divergence from Ansys 5,08% 
respectively found in comparison to MSolve) for Only isotropic 
hardening with curve σ௬ = σ௬଴𝑒(ఌ೛೗∗ఒ) , where 𝜆 = 20 (consistency 
parameter), discrete for values of 𝜀௣௟  [0, 0.1] with step 10ି଺. Boundary 
conditions full fixed supports (i. e. for x=0 and x=5 m u௫ = u௬ = u௭ = 0) 
for cyclic loading, biaxial in the upper surface of the clamped beam in 
the horizontal and vertical direction (100 increments) with magnitude 
of Pz=1500KN= Py at its centre of the beam and cyclic loading of 
Pz=1500KN= Py at its centre of the beam with 4*20 increments.  

vi. Load Displacement Curve (Max Relative Divergence from Ansys 3,94% 
respectively found in comparison to MSolve) for only kinematic 

hardening with curve 𝑎(Kpa) =
஼భ

ఊభ
(1 − 𝑒ିఊభ∗ఌ೛೗) =

ଷଵ଺ଷ଼଴଴଴

ଶ଻଻,ଷଶ
(1 −

𝑒ିଶ଻଻,ଷଶ∗ఌ೛೗) where 𝐶ଵ, 𝛾ଵ parameters associated with the magnitude 
and rate of backstress component account for the decrease in the initial 
yield stress for mild structural steels, for cyclic loading, biaxial in the 
upper surface of the clamped beam in the horizontal and vertical 
direction (100 increments) with magnitude of Pz=1500KN= Py at its 
centre of the beam and cyclic loading of Pz=1500KN= Py at its centre of 
the beam with 4*20 increments. 

vii. Load Displacement Curve (Max Relative Divergence from Ansys 3,86% 
respectively found in comparison to MSolve) for Combined hardening 
with isotropic hardening curve σ௬ = σ௬଴𝑒(ఌ೛೗∗ఒ) , where 𝜆 =

20 (consistency parameter), discrete for values of 𝜀௣௟  [0,0.1] with step 

10ି଺  and kinematic hardening curve 𝑎(Kpa) =
஼భ

ఊభ
(1 − 𝑒ିఊభ∗ఌ೛೗) =

ଷଵ଺ଷ଼଴଴଴

ଶ଻଻,ଷଶ
(1 − 𝑒ିଶ଻଻,ଷଶ∗ఌ೛೗) where 𝐶ଵ (𝐾𝑃𝑎), 𝛾ଵ  parameters associated 

with the magnitude and rate of backstress component account for the 
decrease in the initial yield stress for mild structural steels for cyclic 
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loading, biaxial in the upper surface of the clamped beam in the 
horizontal and vertical direction with magnitude of Pz=1500KN= Py at its 
centre of the beam with 4*20 increments. 

viii. Load Displacement Curve (Max Relative Divergence from Ansys 1 % 

found in comparison to MSolve) for Ramberg Osgood curve 𝜀௧௢௧ =
ఙ

௲
+

𝛼(
ఙ

஢೤೚
)௡, where n is material strain-hardening exponent and it is equal 

to n= 2,821670429, which controls the hardening of the material for 
Cyclic loading, biaxial in the upper surface of the clamped beam in the 
horizontal and vertical direction (100 increments) with magnitude of 
Pz=1000KN= Py at its centre of the beam and cyclic loading of 
Pz=1000KN= Py at its centre of the beam with 4*100 increments for three 
different numerial damping (amplitude decay factor), where it is 
concluded that in cyclic loading mainly we observe that there is a 
convergence in critical loading and the behavior of the constitutive law 
where there is difference in the duration of reverse loading and reverse 
unloading between MSolve and Ansys (17%). 

ix. For the case of Kavvadas clays yield criterion we have: the descriprion 
and evaluation for a critical-state incremental-plasticity model for 
structured soils (MSS). The model simulates the engineering effects of 
processes causing structure development (pre-consolidation, ageing, 
cementation, etc.) and structure degradation (remoulding by volumetric 
and/or deviatoric straining), such as high stiffness and strength at the 
intact states, appreciable reduction of stiffness and strength during de-
structuring, and the evolution of stress-induced and structure-induced 
anisotropy. A novel feature of the model is the treatment of pre-
consolidation as a structure-inducing process and the unified 
description of all such processes via the BSE. The proposed model 
distinguishes the concepts of `yielding' (i.e. the onset of irreversible 
deformation upon reaching the PYE) and the onset of major de-
structuring which occurs when the BSE is engaged. Thus, the model 
avoids the large elastic domain of critical state models and permits the 
development of irreversible strains even for small variations of the 
stress levels. Other features of the MSS model include (a) a general-
purpose damage-type mechanism which can model the structure 
degradation induced by volumetric and deviatoric strains (b) stress- and 
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bond-induced anisotropy as well as memory of the stress history, 
achieved by recording the offset of the two model surfaces from the 
isotropic axis-these characteristics are gradually erasable (fading 
memory) as the surfaces move and the material state adapts to more 
recent stressing (c) formulation in a tensorial space consisting of the 
isotropic axis and the deviatoric hyper-plane -this formulation ensures 
the generality required for incorporation in finite element codes 
without losing the geometrical insight of the triaxial p-q plane, and it 
facilitates the modelling of shear strength anisotropy by decoupling the 
shear strength parameters in the various shearing modes (triaxial, plane 
strain, simple shear, etc.), thus permitting independent control of the 
shear strength in these modes (d ) downward compatibility with the 
MCC model when all structural and anisotropic features are turned off -
furthermore, these features can be turned on and off according to the 
type of the available test data, thus adapting the level of predictive 
sophistication to the available data. 

x. Load Displacement Curve and Comparison with Mohr Coulomb with 
φ=ψ=0 which should be very close referring to the yield surfaces. (Max 
Relative Divergence from Ansys 0.86% for monotonic loading. 

xi. Load Displacement Curve. (Max Relative Divergence from Ansys is about 
~1%) for cyclic loading in the upper surface of the box in the vertical 
direction (100 Nonlinear increments/path total 400 increments) with 
Load-Unload-Reverse load-Reverse unload path. 

 
To summarize that, for all the three cases that we examined, it was concluded 

that: Essentially, we had a verification and validation of the correctness of the results 
for all cases of nonlinear material hardening of all constitutive laws that are studied in 
this master thesis for both monotonic and cyclic loading case. 

Exactly similar results were obtained through MSolve, which means that 
identification and absolute convergence of the results were achieved. 
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CHAPTER 7th 
 

7 APPENDIX 

7.1 CATALOGUE OF FIGURES 
 

2.1.2.1 Απεικόνιση της υψηλής θερμικής αγωγιμότητας του CNT 
………………………………………………………………………………………………………………………………….………...11 
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