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Abstract

Cancer is a major public health problem worldwide, and it is a well-known killer of humans.
Moreover, cancer is a highly complex disease, so it is urgent to be faced by the scientific community.
Mathematical models and computer simulations have contributed to a great extent to the research
on how to face cancer disease. The mathematical models make good use of the already existing
data and predict the process of this disease under specific conditions. In essence, experiments
are carried out through computer simulations (in silico) without compromising the safety of each
patient.

The present master of science thesis deals with the computational study of combination ther-
apies in growing tumors, especially the combination of chemotherapy and radiotherapy. In order
to carry out this computational study, a two-dimensional, continuous mathematical model was
developed and solved in the environment of COMSOL Multiphysics ®.

In the model mentioned above, radiotherapy and chemotherapy were applied to observe how
these treatments affect the number of cancer cells and the number of blood vessels connected to
these cancer cells. These treatments are applied, either separately or in combination, to the math-
ematical model. Therefore, combined chemoradiotherapy has resulted in the best results being
observed both in terms of the cancer cells and the blood vessels connected to them. Blood vessels
are linked to the possibility of cancer cells metastasizing. The chance of tumor metastasis is lower
for a small number of blood vessels than for an increased number of vessels.

Given that combined chemoradiotherapy treats cancer more effectively, some additional sim-
ulations were performed. Combined chemoradiotherapy is applied in these simulations where the
start time of both chemotherapy and radiotherapy varies in each therapeutic case. This resulted
in the therapeutic efficacy varying depending on the therapeutic case but without substantial dif-
ferences in the percentages of therapeutic efficacy. Regarding the number of blood vessels in cases
where radiotherapy precedes chemotherapy, the number of blood vessels increases at a lower rate
compared to cases where chemotherapy precedes radiotherapy. This implies that in the first case,
the metastatic potential of the tumor is less compared to the second case of the therapeutic cases.
Therefore, the chance of metastasis is also lower when cancer cells have access to fewer blood
vessels.
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In conclusion, the most important outcome that emerged through this study is computational
models with radiotherapy and chemotherapy applied separately or a combination of these two
treatments. Each model can be applied to a different type of radiotherapy, both in terms of the
radiation’s strength and how it is administered to the cancer cells in the tissue. Also, each compu-
tational model can be applied to a different cytotoxic drug in terms of its type and administration.

It is also established that these models conclude with logical results by applying the respective
treatment. For instance, when chemoradiotherapy applied concurrently according to the clinical
protocol [1] gives the biggest efficacy compared with the other therapeutic cases. It is worth noting
that further study and improvements are required to obtain even more accurate simulations that
will respond even more to the growth of a cancerous tumor within a tissue.

4



Περίληψη

O kark—noc apotele— Łna apì ta shmantikìtera probl mata thc dhmìsiac uge—ac. Ta uyhl� poso-

st� jnhsimìthtac kai h poluplokìthta thc asjŁneiac aut c kajist� thn antimet‚pis  thc apì thn

episthmonik  koinìthta wc apìluth proteraiìthta. Sthn Łreuna gia touc trìpouc antimet‚pishc tou

kark—nou sumb�lloun se meg�lo bajmì ta majhmatik� montŁla kai oi upologistikŁc prosomoi‚seic

ìpou axiopoioÔn ta  dh up�rqonta dedomŁna kai problŁpoun thn pore—a thc asjŁneiac aut c k�tw

apì sugkekrimŁnec sunj kec. Sthn ous—a pragmatopoioÔntai peir�mata mŁsw prosomo—wshc ston

upologist  (in silico) qwr—c na jŁtoun se k—nduno ton asjen .

H paroÔsa metaptuqiak  diplwmatik  ergas—a pragmateÔetai thn upologistik  diereÔnhsh sun-

duastik‚n jerapei‚n kai pio sugkekrimŁna th melŁth sunduastik c dr�shc Qhmeiojerape—ac kai

Aktinojerape—ac, se anaptussìmenouc karkinikoÔc ìgkouc. Gia na pragmatopoihje— h an�lush au-

t , qrhsimopoi jhke didi�stato, suneqŁc majhmatikì montŁlo, to opo—o epilÔjhke sto perib�llon

tou COMSOL Multiphysics ®
.

Sto proanaferìmeno montŁlo, efarmìsthke tìso aktinojerape—a ìso kai qhmeiojerape—a gia na

parathrhje— p‚c oi jerape—ec autŁc epidroÔn ston arijmì twn karkinik‚n kutt�rwn kai ston arijmì

twn aimofìrwn agge—wn pou sundŁontai me ta karkinik� kÔttara. Oi jerape—ec autŁc efarmìzontai

e—te xeqwrist� e—te se sunduasmì. Apì touc upologismoÔc, proŁkuye ìti me sunduastik  qhmeioa-

ktinojerape—a prokÔptoun ta kalÔtera apotelŁsmata tìso wc proc ta karkinik� kÔttara ìso kai wc

proc ta aimofìra agge—a pou sundŁontai m’ aut�. Ta aimofìra agge—a sundŁontai me thn pijanìthta

o kark—noc na k�nei met�stash. Gia mikrì arijmì aimofìrwn agge—wn h pijanìthta gia met�stash

e—nai mikrìterh se sÔgkrish me ton auxhmŁno arijmì touc.

Me dedomŁno loipìn ìti h sunduastik  qhmeioaktinojerape—a antimetwp—zei apotelesmatikìtera

ton kark—no Łginan k�poiec epiplŁon prosomoi‚seic. Stic prosomoi‚seic autŁc efarmìzetai sundua-

smŁnh qhmeioaktinojerape—a ìpou o qrìnoc Łnarxhc tìso thc qhmeiojerape—ac ìso kai thc aktinoje-

rape—ac diaforopoioÔntai se k�je jerapeutikì sq ma. Autì e—qe san apotŁlesma na parathrhjoÔn

diaforŁc metaxÔ twn diaforetik‚n sqhm�twn, ìqi ìmwc tìso meg�lec sto posostì thc jerapeutik c

apotelesmatikìthtac. Wc proc ton arijmì twn aimofìrwn agge—wn stic peript‚seic ìpou h aktino-

jerape—a prohge—tai thc qhmeiojerape—ac o arijmìc twn aimofìrwn agge—wn aux�netai me mikrìtero

rujmì se sqŁsh me tic peript‚seic ìpou h qhmeiojerape—a prohge—tai thc aktinojerape—ac. Autì su-

nep�getai ìti sthn pr‚th per—ptwsh to metastatikì dunamikì tou karkinikoÔ ìgkou e—nai mikrìtero

se sÔgkrish me th deÔterh per—ptwsh twn jerapeutik‚n peript‚sewn. Sunep‚c, kai h pijanìthta
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na g—nei met�stash e—nai mikrìterh ìtan ta karkinik� kÔttara Łqoun prìsbash se ligìtera aimofìra

agge—a.

En katakle—di, to shmantikìtero apotŁlesma pou proŁkuye mŁsw thc melŁthc aut c e—nai upolo-

gistik� montŁla pou efarmìzoun tìso thn aktinojerape—a ìso th qhmeiojerape—a kai to sunduasmì

aut‚n twn dÔo jerapei‚n. K�je montŁlo mpore— na efarmoste— gia diaforetikì e—doc aktinojera-

pe—ac, tìso wc proc thn isqÔ thc aktinobol—ac, ìso kai wc proc ton trìpo qor ghshc aut c sta

karkinik� kÔttara tou istoÔ. Ep—shc k�je upologistikì montŁlo mpore— na efarmoste— gia diafore-

tikì kuttarotoxikì f�rmako kai wc proc to e—doc tou all� kai wc proc ton trìpo qor ghs c tou.

EpiplŁon diapist‚netai ìti ta montŁla aut� antapokr—nontai stic ek�stote prosdok—ec kr—nontac

apì ta apotelŁsmata ìpou prokÔptoun mŁsw thc efarmog c thc ek�stote jerape—ac. Gia par�deig-

ma efarmìzontac to iatrikì prwtìkollo [1] prokÔptei ìti h sunduasmŁnh qhmeioaktinojerape—a Łqei

thn uyhlìterh jerapeutik  apotelesmatikìterh se sqŁsh me ta upìloipa jerapeutik� sq mata pou

efarmìsthkan. Ax—zei na shmeiwje— ìti apaite—tai peraitŁrw melŁth kai belti‚seic, ‚ste na pro-

kÔptoun akìmh pio akribe—c prosomoi‚seic oi opo—ec ja antapokr—nontai akìmh perissìtero sthn

an�ptuxh enìc karkinikoÔ ìgkou mŁsa s’ Łna istì.
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Chapter 1

Introduction

Cancer is a well-known killer of humans worldwide, a highly complex disease with myriad
manifestations [2]. The reasons for this lie not only in the many types of di�erent cells that exist
in our bodies but also in the fact that populations of tumor cells often are highly heterogeneous and,
overall, tumor growth depends on many aspects such as interactions with its microenvironment,
especially immune response and tumor vasculature. At the same time, many commonalities exist
across various types of cancer that allow for fundamental principles to apply [3].

1.1 The Cell Cycle and the Origins of Cancer

The building blocks of all life are cells, and cells constantly reproduce in the cell cycle through
cell division, the primary mechanism of our body that governs growth and development. In the
transition from cell birth to cell division, each cell passes through a complex and tightly regulated
sequence of molecular events that are encoded in our DNA (deoxyribonucleic acid) and executed
by proteins [3].

In the �rst growth phase G1 (see Figure 1.1), mainly the synthesis of enzymes that are needed
for DNA replication is carried out, and the cell grows in size. Various checkpoints (control mecha-
nisms) are embedded in the cell cycle to verify that these processes have been adequately completed
before the next phase of the cell cycle starts. One such checkpoint is located at the end of the G1
phase, where it is checked whether DNA was damaged in the process and whether environmental
conditions (e.g., supply of oxygen and nutrients) are adequate for cell duplication. This phase lasts
about 18 to 30 hours [4]. At this point, decisions are made on whether the cell should proceed with
the cell cycle to division or delay division and enter a resting stageG0. The latter is a phase in the
cell cycle where the cell neither divides nor prepares for division and is also called the quiescent
state. Otherwise, if conditions are right, the cell enters phaseS where DNA synthesis occurs. When
it is complete, all of the chromosomes have been duplicated, and each chromosome has two copies,
essentially doubling the amount of DNA in the cell. [3, 5]. This phase lasts about 18 to 20 hours [4].

After that, a second growth phaseG2 commences, in which the cell synthesizes other cellular
components, such as microtubules that are needed for mitosis. At the end of the G2 phase, there
is a second major checkpoint to ensure the cell is ready for mitosis. It lasts from 2 to 10 hours [4].
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Figure 1.1: Schematic representation of the cell cycle and its main checkpoints[3].

If this checkpoint is passed, the cell enters phaseM . Here cell growth stops, and mitosis occurs.
This is the orderly division of the mother cell into two daughter cells containing roughly equal
shares of the cellular components. It is a highly complex process consisting of various sub-phases.
During an intermediate checkpoint in mitosis, the meta-phase checkpoint, it is veri�ed that all
the chromosomes are properly aligned on the mitotic spindle. If all checkpoints are passed, cell
duplication starts. Ideally, the two daughter cells are genetically identical, and their parent cell
[3]. This phase lasts only 30 to 60 minutes [4].

The general term \cancer" refers to an enormously large family of high-mortality diseases,
widely di�ering from each other in their aspects and manifestations but all having in common a
derangement of cellular proliferation that originated at some time in the past with mistakes in the
process of cell duplication. Cell duplication is a tightly regulated molecular mechanism in which
various types of proteins (the so-called cyclins) control the transitions through the phases of the
cell cycle. Naturally, there exist many possibilities for things to go wrong in such a complex and
lengthy chain of events, which happens regularly. But given the overall complexity of the process,
life has developed many safeguard and rescue procedures speci�cally designed to deal with mis-
takes during cell duplication. In theory, only if conditions are suitable cells are allowed to pass
from one phase into the next [3].

All in all, the regulation of the cell cycle includes numerous control mechanisms that detect
and possibly repair genetic damage and are crucial for the survival of a cell. Many of these mech-
anisms are connected with the actions of a speci�c protein, p53, that, because of its importance as
a suppressor gene in the cell cycle, has been labeled \the guardian of the genome." It is involved in
various fundamental functions within the regulatory mechanisms of the cell cycle [3]. It activates
DNA repair proteins when DNA has sustained damage; it induces cell arrest at the G1 checkpoint
holding the cell so that DNA repair proteins are given time to �x the damage, and, if the DNA
damage is too severe to be repaired, p53 can induce the cell to kill itself by undergoing a form of
programmed cell death called apoptosis. If p53 is missing or defective, the unrestrained replication
of damaged DNA leads to a high rate of mutation and the production of cells that tend to become
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cancerous. In fact, mutations in the p53 gene are found in about half of all human cancers. Most
human cancer cells harbor mutations in the p53 gene, allowing them to survive and divide even
when their DNA is damaged [6].

Consequently, in many forms of cancer, the disease can be traced to a series of mutations that
occurred in cell duplication and had the e�ect of inhibiting and disabling these regulatory path-
ways. While dysfunctional cells, produced in cell division, will be eliminated from our body under
normal circumstances, in the case of a cancerous cell, these mechanisms become disabled, and,
weirdly, the cell becomes \immortal." Typically a so-called cancer stem cell is not caused just by
a single mutation but, by being genetically unstable, in a sequence of progressive genetic changes,
which then enable these cells to undergo uncontrolled, abnormal mitosis and increase the total
number of cancer cells at that location [3].

Yet, even if the cell cycle control mechanisms prove ine�ective, this does not necessarily mean
that the medical disease called cancer has to develop. Additional mechanisms exist outside the
cell cycle and enable the body to deal with renegade cells [3]. One of these is the activation of
the immune system. It has been hypothesized for a long time and backed up by medical evidence
that the immune system can control cancerous cells in the early stages of the disease by immuno-
surveillance. But, as cancer cells are part of our body, there are also situations when the immune
system does not react or when its reaction is inadequate to overcome the initial cancerous growth
[7, 3]. Still, if for whatever reason cancer cells do not duplicate or grow so slowly that they never
become a problem, the disease that generally is called cancer does not materialize [3].

To summarize, mistakes in cell duplication are common, but no harm is done if any of the
body's inherent control mechanisms succeed in eliminating the initial dysfunctional cell. It is only
if such a cancerous cell persists, starts to duplicate, eventually escapes regulatory mechanisms,
and growth gets out of control that the disease called cancer occurs, i.e., the \uncontrolled growth
of abnormal cells in the body [3]. In medical terms, cancer development stages are identi�ed
as sustaining proliferative signaling, evading growth suppressors, resisting cell death, enabling
replicative immortality, inducing angiogenesis, activating invasion, and metastasis [8].

1.2 Development Stages of a Tumor

There exist hundreds of types of cancers which, in principle, all exhibit di�erent characteristics
and are very di�erent diseases. Still, there are also common characteristics in their development.
The word tumor (which is the Latin word for \being swollen" derived from tumere, \to swell") is
commonly used for any abnormal growth of cells. Below are described the main phases of the de-
velopment of a tumor. These areavascular growth, tumor angiogenesis, and metastasis [3].

Avascular growth is the �rst stage of tumor growth. As it develops, a tumor needs a steady
supply of oxygen and nutrients for cell duplication. Initially, this supply is adequately provided
by the surrounding environment through di�usion. At the onset of the disease, since tumor cells
are dysfunctional and do not partake in any regular tasks, cells cluster together and form a coher-
ent parasitical unit, often growing in a small spherical shape. Over time, cells toward the center
become deprived of the necessary nutrients to divide further and develop a necrotic core of dead
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Figure 1.2: Schematic of the necrotic, quiescent, and proliferative zones within a tumor spheroid
[11].

cells [9]. Proliferating cells generally are only found in the outermost cell layers (see Figure 1.2 )
with a band of quiescent cells lying between these two regions [3, 10].

Faced with a shortage of nutrients, tumor cells that enter the quiescent zone of the cell cycle
trigger the release of vascular endothelial growth factor (VEGF) and other stimulating agents that
promote the creation of a network of blood vessels and capillaries designed to provide the tumor
with necessary nutrients, the tumor vasculature. It is generally recognized that primary tumors
require such a network to grow beyond 2mm3 in volume. The creation of this vascular network
is called tumor angiogenesis . Overall, this is a complex process characterized by both proan-
giogenic agents such as VEGF and antiangiogenic chemicals released by the tumor to modulate
the growth of the vessel network. A tumor thus deploys a sophisticated strategy based on recip-
rocal signaling between endothelial cells (which form the lining of the newly formed vessels and
capillaries) and tumor cells to control its growth through a balance of stimulatory and inhibitory
mechanisms regulated through microenvironmental factors [12, 13]. Once the tumor succeeds in
developing its vasculature, it has gained access to the needed supply of oxygen and nutrients via
the bloodstream and undergoes vigorous growth.

In time, the size becomes large and incoherent enough that small parts of the tumor break o�
and travel through the bloodstream to other organs and parts of the body [3], in which case the
tumor is said to be malignant. Malignant tumor cells with this invasive property often break loose
from the primary tumor and enter the bloodstream or lymphatic vessels, where they form sec-
ondary tumors, or metastases, at other sites in the body (see Figure 1.3). The more widely cancer
spreads, the harder it is to eradicate [6]. This last stage of tumor development is calledmetastasis .

Lastly, in the medical literature, the original tumor is called the primary tumor, while the
newly formed secondary tumor is called a secondary or metastatic tumor. Since the type of cancer
is de�ned by the type of cell it originated with, the type of cancer on the secondary site is the
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Figure 1.3: Cancers invade surrounding tissues and often metastasize to distant sites[6].

same as in the original one. Metastasis, along with increased cell duplications and invasiveness,
is one of the main characteristics of a malignant tumor. In contrast, a tumor that does not grow
uncontrollably, does not invade neighboring tissues, and does not spread throughout the body is
called benign, and it can usually be removed cleanly and completely by surgery [3, 6].

1.3 Basic Phenomena Involved in Tumor Evolution: tis-
sue, cellular and sub-cellular level

It should be noted that a tumor that successfully thrives in an organism is a bunch of surviv-
ing abnormal/mutated cells with the ability to outrival the inherent tumor-inhibiting mechanisms
(e.g., tumor suppressor genes, immune response) in the body of that organism to a certain extent.
Even though the exact mechanism that triggers the onset of cancer is still unknown, radiation,
gene mutation, lifestyle, chemicals, etc., are identi�ed as possible contributing factors [14].

Tumor evolution is a complex process involving many phenomena occurring at di�erent scales.
The phenomena occurring during the evolution of tumors using three natural viewpoints are the
sub-cellular level, the cellular level, and the tissue level. From the modeling point of view, a con-
nection can be approximately drawn between the description levels above and the microscopic,
mesoscopic, and macroscopic scales (see Figure 1.4 ) [15].

The microscopic scale refers to those phenomena that occur at the sub-cellular level and, there-
fore, to activities that take place within the cell or at the cell membrane, e.g., DNA synthesis and
degradation, gene expression, alteration mechanisms of the cell cycle, absorption of vital nutrients,
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Figure 1.4: Schematic representation of the scales that phenomena of cancer occurs[15].

activation or inactivation of receptors, transduction of chemical signals between cells that regulate
cellular activities, such as duplication, motion, adhesion, or detachment [15].

The mesoscopic scale refers to the cellular level and, therefore, to the main activities of the cell
populations, e.g., statistical description of the progression and activation state, interactions among
tumor cells and the other types of cells present in the body such as endothelial cells, macrophages,
lymphocytes, proliferative and destructive interactions, aggregation and disaggregation properties,
and intravasation and extravasation processes [15].

The macroscopic scale refers to the tissue level and, therefore, to those phenomena typical
of continuum systems, e.g., cell migration, convection and di�usion of nutrients and chemical
factors, mechanical responses, interactions with external tissues, di�usion of metastases, and phase
transitions. Of course, what happens at a particular scale is strongly linked to what happens at
other scales. Therefore it is impossible to completely describe a phenomenon without taking into
account others occurring at a smaller or a larger scale. This means that mathematical models and
methods characteristic of di�erent scales could be combined to achieve a better description of the
phenomena [15].
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Chapter 2

Mathematical Models for Tumor
Development

Accurate and reliable model representations of cancer dynamics are milestones in cancer re-
search. Mathematical modeling approaches are abundantly used in cancer research as these quan-
titative approaches can contribute to validating various hypotheses related to cancer dynamics and
thus to elucidate complexly involved interlaced mechanisms [14].

2.1 The Types of Mathematical Tumor Models

Through the years, numerous mathematical models have been developed to study the progres-
sion of cancer [16]. Cancer dynamics involves many complex mechanisms, and several interrelated
biological factors in
uence it. Analysis of such complex and interlaced phenomenon with multi-
ple interlaced parameter in
uences can be signi�cantly simpli�ed using appropriate mathematical
models. For instance, mathematical models enable one to predict the system's behavior in a future
time scale and to analyze the e�ect of each variable or parameter on the overall cancer dynamics.
These parameters can be related to the patient's physiology, disease type, and treatment modality.
Such predictions and analyses are often di�cult to make, maybe risky, or costly to implement using
an in vivo/vitro experimental setup or a clinical trial. So, they can be implemented numerically
to give rise to in silico models of these phenomena [14].

Most mathematical models fall into two broad categories based on how the tumor tissue is
represented: continuum models and discrete cell-based models . Although the continuum
and discrete approaches have each provided signi�cant insight into cancer-related processes occur-
ring at particular length and time scales, the complexity of cancer and the interactions between
the cell- and tissue-level scales may be elucidated further through a multiscale (hybrid models )
approach that uses both continuum and discrete representations of tumor cells and components
of the tumor microenvironment. Biological phenomena from the molecular and cellular scales
are coupled to the tumor scale. Such an approach can, for example, capture transitions from col-
lective to individual behavior and combine the best features of continuum and discrete models [16].
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Continuum models provide an excellent modeling strategy in larger-scale systems such as
the macroscopic scale of tumor growth. The approach draws upon principles from continuum me-
chanics to describe variables as continuous �elds related by means of partial di�erential equations,
and it allows for the development of fast numerical solvers. These models treat a tumor as a tissue
collection for which densities or volume fractions of cells are described. The model parameters
may represent volume fractions of various cell species and concentrations of cell substrates such
as glucose, oxygen, and growth factors. On the one hand, the parameters at this macro-scale are
somewhat easier to obtain, analyze, and control compared with those required for discrete models,
which typically involve cellular and subcellular measurements. On the other hand, although con-
tinuum models are appropriate at the tissue scale, where gross tumor behavior can be quanti�ed,
they cannot represent individual cells and discrete events (e.g., epithelial-to-mesenchymal pheno-
typic transitions that lead to individual cell migration). Continuum models are essential when
studying the e�ect of genetic, cellular, and microenvironment characteristics on overall tumor be-
havior [16].

A basic continuum model is theAvascular Tumor Growth , which represents tumor cells
proliferating in such a way that they form a small sphere-like structure without direct access to the
vasculature. During this avascular growth, the tumor cells receive oxygen, nutrients, and growth
factors via di�usion from the surrounding host tissue [16]. To transition from the avascular to the
vascular phase of growth, a tumor must induce new blood vessels to sprout from the existing vas-
cular network and grow towards the tumor, eventually penetrating it. These continuum models are
called Vascularized Tumor Growth . The process starts when a small avascular tumor exceeds
a critical size greater than can be sustained by the normal tissue vasculature. Accordingly, tumor
cells become hypoxic and secrete di�usible chemical signals, collectively called angiogenic factors,
such as the vascular endothelial cell growth factor (VEGF). These molecules di�use into the host
microenvironment and bind to speci�c cell membrane receptors on the (vascular) endothelial cells
that line existing blood vessels. This process activates the endothelial cells, which respond by de-
grading the basement membrane surrounding the existing vessel to form new vessel sprouts. The
endothelial cells then proliferate as they form new vessels in the direction of the tumor [17].

Numerous mathematical continuum models have been developed; Ward and King [18], and
Breward et al. [19] modeled avascular cancer growth through a two-phase description comprising
tumor and dead tissue (extracellular space) and incorporated a model of cell-cell adhesion. Bre-
ward et al. [20] extended avascular modeling to include vascular tumor growth, thus incorporating
a third phase to describe blood vessels' spatial and temporal distribution. Byrne et al. [21] stud-
ied the region of solid tumor growth as a two-phase liquid. Hubbard and Byrne [22] presented
multiphase modeling of vascular tumor growth in two spatial dimensions. Recently, Lampropoulos
et al. [23] described a multiphase model for vascular heterogeneous tumor growth extending the
work of Breward et al. [20] and Hubbard and Byrne [22]. It is a two-dimensional continuum model
tumor treating the tissue as a composition of six distinct and interacting phases.

Discrete cell-based models are models in which the behavior of one or more individual
cells as they interact with one another and the microenvironment is addressed. Today, discrete
cell modeling has advanced to study a broad swath of cancer biology, spanning carcinogenesis,
tumor growth, invasion, and angiogenesis. Discrete, or individual-based, models are generally
divided into two categories: lattice-based (includingcellular automata ) and lattice-free (agent-
based). Both approaches to track and update individual cells according to a set of biophysical
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rules. Typically these models involve a composite discrete{continuum approach in the sense that
the microenvironment variables (glucose, oxygen, extracellular matrix, growth factors, etc.) are
described using continuum �elds while the cells are discrete [16].

In lattice-based modeling, the cells are con�ned to a regular two-dimensional or three-dimensional
lattice. Each computational mesh point is updated in time according to deterministic or stochas-
tic rules derived from physical conservation laws and biological constraints. Some models use a
high-resolution mesh to discretize the cells and the surrounding microenvironment at subcellular
resolution, allowing a description of the cells' �nite sizes, morphologies, and biomechanical interac-
tions. Cellular automata (CA) models , which describe each cell with a single computational
mesh point, can be viewed as a special case of the lattice-based approach [16].

Lattice-free models, frequently referred to asagent-based models , do not restrict the cells'
positions and orientations in space. This allows more complex and accurate coupling between
the cells and their microenvironment and imposes fewer arti�cial constraints on the behavior of
multicellular systems. The cells are treated as distinct objects or agents and are allowed to move,
divide, and die individually according to biophysically based rules [16].

In the literature, there are lots of references to cellular automata modeling. Anderson et al.
[24, 25] developed a composite discrete{continuum model of solid tumor growth with microen-
vironmental interactions. The microenvironment variables, i.e., the extracellular matrix (ECM)
density and matrix metalloproteinases (MMPs), are represented as continuous concentrations, and
the tumor cells are described as cellular automata. Moreover, Mallet and De Pillis [26] presented
a cellular automata model of the tumor to describe the interactions between a growing tumor next
to a nutrient source and the immune system of the host organism. More recently, Kavousanakis
et al. [27] studied the e�cient coarse simulation of a growing avascular tumor. The composite
model used in this study consists of a discrete description of tumor cells, which obey a set of rules
specifying their motility and proliferation capabilities, and a continuum description of nutrients
and oxygen, which follow reaction-di�usion partial di�erential equations.

Recently, Hybrid Models have been proposed to combine the advantages of the continuum
and the discrete approaches to simulate multiscale multibody problems; these provide more real-
istic descriptions of microscopic mechanisms while e�ciently evolving the entire system to obtain
macroscopic observations. Solid-tumor growth is one example of such multiscale problems, where
the cellular and subcellular scale pathways have been intensively studied and are relatively well
understood, while the tissue-scale tumor morphology is of interest in clinical applications [16].

An example of a hybrid tumor growth model can be found in Bearer et al. [28] and Frieboes
et al. [29], where vascularized tumor growth is presented. Tumor cells are known to secrete vascu-
lar endothelial growth factors (VEGFs) under hypoxic conditions, thus inducing vascular growth.
Lastly, Kim et al. [30] developed a hybrid tumor model that describes the growth of multicellular
tumor spheroids (MCTSs).
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2.1.1 Comparison Between Continuum and Discrete Models

ˆ Continuum Models can be too coarse-scaled to capture the spatial complexity of tissue mi-
croarchitecture when the cells are polarized or during individual cell motility. Furthermore,
continuum models tend to combine multiple physical properties into one or two phenomeno-
logical parameters. While this eases mathematical analysis of the physical systems, it cannot
be easy to directly match such lumped parameters to physical measurements [16].

ˆ Some key patient-speci�c measurements occur at the molecular and cellular scales, i.e., at
�ner scales than continuum models. In contrast, in some cases, discrete cell models can
be directly matched to such measurements. Discrete models have some drawbacks when
compared with continuum approaches. Because they rely upon the behavior of individual
cells to determine emergent system properties, they can be di�cult to analyze. In addition,
the computational cost of the methods increases rapidly with the number of cells modeled,
the lattice resolution (for lattice-based methods), and the complexity of each cell object (for
agent models). This can make such models di�cult or impossible to apply to large systems,
even with parallel programming [16].

2.2 Model Development: Mathematical Formulation for
Continuum Tumor Model

The model described below is based on Hubbard, and Byrne [22]. It is a two-dimensional
continuum mathematical model of vascular tumor growth, an extension of the work of Breward,
Byrne, and Lewis [19, 20]. It is a multiphase model in which the tissue is decomposed into four
distinct and interacting phases. The conservation of mass and momentum principles are applied to
the: i) normal/healthy cells, ii) cancer/tumor cells, iii) blood vessels, and iv) extracellular material.
Each phase mentioned above is assumed to behave like a viscous 
uid. The inclusion of a di�usible
nutrient supplied by the blood vessels allows the vasculature to have a nonlocal in
uence on the
other phases so that it can in
uence tissue at a distance from the vessel. Including healthy and
cancer cells in the underlying mathematical model also allows interactions between the growing
tumor and the healthy tissue.

It is crucial to present the mathematical formulation for this particular continuum tumor model
analytically. We extend it below to apply it in our computational study of combination therapies
in growing tumors.

The volume fractions, velocities, and pressures are denoted respectively by� i , ~ui and pi (i =
1; :::; 4) and equations are derived for their evolution by applying to each phase the principles of
mass and momentum balance with appropriate constitutive assumptions. It is also considered a
single, di�usible species (c), such as oxygen or glucose, which is supplied by the blood vessels and
acts as a source of nutrients for normal and cancerous cells. The domain is denoted by 
, which
the equations hold, and by �, its boundary.
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2.3 The Mass Balance Equations

Under the assumption that density in living tissue is uniform and constant, the mass balances
for the four phases are simpli�ed as follows:

@�i
@t

+ ~r � (� i ~ui ) = qi ; i = 1; :::; 4: (2.1)

In Equation (2.1) the term ~r � (� i ~ui ) formulates mass transfer through convection,� i is the
volume fraction of phase i and~ui its velocity. The source termqi represents the mass transfer
between the di�erent phases (i=1,...,4) that is associated with processes including cell mitosis
(proliferation), death, angiogenesis, and vessel occlusion.

It is further assumed [20], that the tissue has no voids and is covered only by the four phases
so that :

4X

i =1

� i = 1: (2.2)

Also, total mass must be conserved so that any volume lost from one phase via a source term
will be balanced by an equal volume increase in another phase (and vice versa). Under this
expectation:

4X

i =1

qi = 0: (2.3)

The source terms associated with each phase are described in the following subsections.

2.3.1 Source Terms for Healthy and Cancer Cell Phases (� 1; � 2)

We take for granted that the volume fractions of the healthy and tumor cells (� 1, � 2, respec-
tively) increase through cell proliferation and decrease due to cell death, with extracellular material
(� 4) supplying the material needed to drive cell growth and mitosis, and both rates being regulated
by the local nutrient concentration. The proliferation rates are assumed to be monotonically in-
creasing and saturating functions ofc, increasing from zero whenc = 0 to a �nite maximum k1;i in
the limit as c ! 1 , (i=1 for healthy cells, i=2 for cancer cells). The cell death rate for each phase
is assumed to be proportional to the volume fraction of that phase and to decrease monotonically
with c from a maximum value ofk2;i cc1 =cc2 when c = 0 (i.e., maximal necrosis under hypoxia) to
a minimum or basal rate ofk2;i as c ! 1 . Combining the above assumptions, we obtain mass
balance source terms for the healthy and cancer cells of the form:
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q1 = k1;1� 1� 4

�
c

cp + c

�

| {z }
cell birth

� k2;1� 1

�
cc1 + c
cc2 + c

�

| {z }
cell death

: (2.4)

q2 = k1;2� 2� 4

�
c

cp + c

�

| {z }
cell birth

� k2;2� 2

�
cc1 + c
cc2 + c

�

| {z }
cell death

: (2.5)

In Equation (2.4) k1;1 is the healthy cells mitosis rate constant,k2;1 is the healthy cells death
rate constant. The �rst term on the right-hand side of Equation (2.4) models mitosis (cell birth),
with cp denoting the nutrient concentration at which the mitosis rate becomes half-maximal and
the second term on the right-hand side of the same Equation, represents the death rate of healthy
cells; cc1 , cc2 denote threshold nutrient concentration values regulating the cellular death rate.
Finally, in order to ensure that the death rate increases as the nutrient concentration decreases,
we select:cc1 > cc2 .

Equation (2.5) describes the relative processes for the cancer cell phase. The termk1;2 is the
cancer cells mitosis rate constant, andk2;2 is the cancer cells death rate constant. The other terms
remain the same as described in the previous Equation (2.4).

Since Tumor cells typically increase more rapidly and are less likely to die under nutrient-poor
conditions than Normal cells, it is supposed thatk1;2 � k1;1 and k2;2 � k2;1, so for cancer cells
are observed higher mitosis and lower death rates. Finally, for simplicity, it is assumed that the
threshold nutrient concentrations,cp, cc1 and cc2 , are identical for normal and cancer cells.

2.3.2 The Blood Vessel Phase (� 3)

The volume fraction of blood vessels increases through angiogenesis and decreases due to oc-
clusion. Accordingly, it is supposed that vessels are removed from the vasculature if the pressure
exerted on them by the surrounding cells, (� 1p1 + � 2p2), exceeds the critical valuepcrit (in practice,
the vessels �rst become occluded, then their blood 
ow declines, reducing the wall shear stress
that they experience and ultimately leading to their regression). The rate of new vessel formation
is assumed to be proportional to the volume fraction of blood vessels (� 3) and the total volume
fraction of the cells (� 1 + � 2), the cells acting as a source of angiogenic factor. It is assumed that
vessel growth is inhibited when there is too little extracellular material to form new vessels. The
growth rate increases monotonically towards a bounded maximum as� 4, the extracellular material,
increases.

It is supposed that the rate of angiogenesis depends on the local nutrient/oxygen concentration
by assuming further that vessel growth is suppressed when nutrient levels are either low or high and
maximal for intermediate values ofc (this means that the cells only express the angiogenic factors,
such as VEGF, that stimulate vessel growth when nutrient levels are between these threshold
values). Healthy cells and tumor cells are assumed to act identically as sources of angiogenic
factor. Combining the above assumptions the following expression occurs forq3, the mass balance
source term, using Equation (2.1):
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q3 = � k3� 3H (� 1p1 + � 2p2 � pcrit ; � 3)
| {z }

occlusion

+ k4 (� 1 + � 2) � 3

�
� 4

" + � 4

� �
c

(c� + c)2

�

| {z }
angiogenesis

: (2.6)

H (p; �) =
1
2

�
1 + tanh

p
�

�
; � � 1; (2.7)

In Equation (2.6), k3 is the occlusion rate constant, andk4 is the angiogenesis rate constant.
The �rst term on the right-hand side of Equation (2.6) models vessel occlusion, withpcrit denoting
the critical pressure for vessel occlusion and� 3 denoting the smoothness of occlusion pressure
dependence. The second term on the right-hand side of the same Equation represents the vessel
angiogenesis with� denoting the blood vessel volume fraction at which the angiogenesis rate
becomes half-maximal,c� is the nutrient concentration at which the rate of angiogenesis is maximal,
and Equation (2.7) is a smooth approximation to the Heaviside step function.

2.3.3 The Extracellular Material Phase (� 4)

The extracellular material is a simplistic representation of the phase that includes the additional
material required to create volume in the other phases, i.e., during mitosis and angiogenesis, and
the material that remains when volume from another phase is lost, i.e., during apoptosis, necrosis,
and vessel occlusion. The system is assumed to be closed, with no external replenishment of
resources except that related to balancing 
uxes across the boundary of the computational domain.
Therefore, the extracellular material equation to be consistent with the mass source term Equation
(2.3) is formulated as:

q4 = � q1 � q2 � q3 = � k1;1� 1� 4

�
c

cp + c

�

| {z }
healthy cell birth

+ k2;1� 1

�
cc1 + c
cc2 + c

�

| {z }
healthy cell death

� k1;2� 2� 4

�
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�
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+ k2;2� 2

�
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| {z }
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+ k3� 3H (� 1p1 + � 2p2 � pcrit ; � 3)
| {z }

occlusion

� k4 (� 1 + � 2) � 3

�
� 4

� + � 4

� �
c

(c� + c)2

�

| {z }
angiogenesis

:

(2.8)

Since the extracellular material (ECM) is essentially a passive medium that provides material
for or accepts material from processes relating to the other phases, its volume fraction is calculated
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using the no-voids condition Equation (2.2) instead of its mass balance equation. In other words,
the equation used to update the ECM phase volume fraction is:

� 4 = 1 � � 1 � � 2 � � 3: (2.9)

This Equation (2.9) ensures that the conservation of mass is preserved when the system is
discretized.

2.3.4 Initial and Boundary Conditions

In order to close the mass balance equations, initial and boundary conditions are imposed.
Initial conditions must be provided on the computational domain, 
. Equation (2.1) is applied,
� i is prescribed for each phase and allt � 0 on the corresponding in
ow section of the boundary
� i

Inf low . The in
ow sections are de�ned to be those parts of � on which~ui � ~n < 0, where~n is the
outward-pointing unit normal to the boundary. No condition is required on the remainder of the
boundary since the mass balance equations are hyperbolic.

2.4 The Momentum Balance Equations

Supposing that the Reynolds number of the 
ow is low enough to neglect inertial terms (creeping

ow), the conservation of momentum can be written in the following form:

~r � (� i � i ) + ~Fi = 0; i = 1; :::; 4: (2.10)

where� i denotes the stress tensor in each individual phase and~Fi ; denotes the corresponding mo-
mentum source terms, which include the e�ects of pressure and inter-phase drag. These equations
are not, on their own, enough to determine the velocities~ui , which govern the 
ow in the mass
balance equations. A continuity equation must supplement them for the phase mixture, which
immediately follows from summing Equation (2.1) to give:

4X

i =1

~r � (� i ~ui ) = 0 ; (2.11)

and appropriately de�ned constitutive relations for phase pressures.

2.4.1 Momentum Balance Equations for the Four Phases (� 1; � 2; � 3; � 4)

The mechanical behavior of the tissue is modeled by assuming that each phase behaves like a
viscous and compressible 
uid and the stress tensor associated with it has the form:

� i = � pi I + � i

�
~r ~ui +

�
~r ~ui

� T
�

+ � i

�
~r � ~ui

�
I ; i = 1; :::; 4 (2.12)
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in which pi are the phase pressures, and� i , � i are the dynamic shear and bulk viscosities, respec-
tively. This work assumes that the phases are in local thermodynamic equilibrium, so� i = � 2

3 � i

throughout. The e�ects of pressure are also included in the momentum sources in Equation (2.10),
along with terms representing inter-phase drag. This leads to the following:

~Fi = pi I ~r � i +
4X

j =1 ;j 6= i

dij � i � j ( ~uj � ~ui ) ; i = 1; :::; 4 (2.13)

in which dij is the drag coe�cient associated with the relative movement between phases i and j
surfaces.

For calculating both pressures and velocity �elds for each phase, constitutive relationships
between phase pressures are prescribed through the continuity equation for the phase mixture
Equation (2.11). First, it is assumed that the pressure in the blood vessel phase is constant, so
that p3 = p3

� , wherep3
� is the externally-imposed pressure in the vasculature. Second, the healthy

and tumor cells are assumed to act like isotropic 
uids, with additional cell-cell interactions, so
that:

p1 = p2 = p4 + � ( � ) ; (2.14)

where� = � 1 + � 2 is the total cell volume fraction. For simplicity, the healthy cells and the tumor
cells are assumed to interact with each other in precisely the same manner. The cells have a natural
density � � , below which they are so sparsely distributed that they experience no stress and do not
interact. For � = � 1 + � 2 > � � , the cells move to reduce their stress. Accordingly, the functional
form used to de�ne � ( � ) is [22]:

� ( � ) =

(
�( � � � � )
(1� � )2 if � � � �

0 if � < � �
(2.15)

where � is a tension constant measuring the tendency of cells to restore their natural density,� �

is the cellular volume fraction value in healthy tissue, � (� ) is a function calculating the increase
in pressure exerted by cells whenever their local density exceeds their natural value.

2.4.2 Boundary Conditions

The system which couples the momentum balance equations (2.10) with the compressibility
constraint Equation (2.11) and the pressure relations Equation (2.14) requires additional conditions
on the boundary of the domain � before the pro�les of~ui and pi can be found.

For sections of the boundary,~ui = 0 is imposed for i = 1; :::; 4. If the whole of � is a solid
obstacle,pi must also be speci�ed at one point in the domain to obtain a unique solution. For the
remaining sections of the boundary, the normal stress� i � ~n is speci�ed, where~n is the outward-
pointing unit normal to �. It is impossible to determine the normal stress around the whole
boundary for all phases:~ui must be speci�ed along some boundary section for at least one phase
to obtain a unique solution.
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2.5 Nutrient (Oxygen)

The contribution of the di�usible nutrient to the overall volume is assumed to be negligible, and
its transport is taken to be di�usion dominated. Furthermore, it is considered that the timescales of
transport and reaction processes for nutrient are considerably shorter (order of minutes) compared
to the timescales of processes associated with 
uid phase changes of volume fractions (order of
days or weeks). Under this assumption, the nutrient is governed by the quasi-steady state, and
the general form of its reaction-di�usion equation is the following:

Dc
~r 2cj + qc = 0; j = 1; :::; Nd; (2.16)

in which cj (j = 1; :::; Nd) denote the concentration of the di�usible nutrient. The di�usion
coe�cient for the nutrient Dc is assumed constant, and theqc represents the source term associated
with the nutrient.

2.5.1 Mass Balance Equation for Nutrient (c)

The di�usible nutrient used here is oxygen, denoted byc. The nutrient supplied by the vascu-
lature and consumed by both normal and cancer cells, providing them with the energy that they
need not only to remain alive but also to proliferate. For simplicity, the rate at which the two
cell types consume nutrient to carry out normal baseline activities is assumed to be proportional
to the nutrient concentration and their respective volume fractions. In addition, the nutrient is
consumed by the normal and cancer cells at rates that are proportional to their proliferation rates
(see Equations (2.4) (2.5)). Combining these processes leads to a source termqc in the nutrient
di�usion Equation (2.16), which takes the form:

qc = k5� 3 (cv � c)
| {z }

replenishment

� k6;1� 1c � k6;2� 2c
| {z }

baseline consumption

� k7;1� 1� 4

�
c

cp + c

�
� k7;2� 2� 4

�
c

cp + c

�

| {z }
consumption due to cell birth

:
(2.17)

wherek5 is the nutrient replenishment rate constant for the replenishment performed by the local
vasculature whilecv represents the constant concentration of the nutrient within the blood vessels,
k6;i , i = 1; 2, denote the consumption rate constants for cell sustenance of healthy and cancer cells,
respectively, andk7;i , i = 1; 2 are the rate constants for the consumption of nutrient for mitosis for
healthy and cancer cells, respectively. The parametercp is identical to that used in the cell phase
source terms of Equations (2.4), (2.5). We assumed thatk7;1=k7;2 = k1;1=k1;2 for consistency with
the cell birth terms in Equations (2.4), (2.5).

2.5.2 Boundary Conditions

Equation (2.16) for the distribution of the di�usible nutrient, cj , can be closed by prescribing
either Dirichlet or Neumann boundary conditions. For the former,cj is speci�ed on the domain
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boundary �, while for the latter, ~r cj � ~n is speci�ed, where~n is the outward-pointing unit normal
to �. In our case, we imposed the Neumann boundary condition.

2.6 Nondimensionalisation

It is convenient to recast the model in dimensionless form to solve it. In addition, when we insert
the model in Comsol Multiphysics® , we put it in its dimensionless form. Since the phase volume
fractions, by de�nition, � 1, � 2, � 3 and � 4 are dimensionless, only the independent variables,~x and t,
the phase velocities~ui , the pressurespi , and the nutrient concentration c are nondimensionalized.
This is done in the following way:

t =
t

0

k1;1
; ~x = L0~x

0
; ~ui = L0k1;1 ~ui

0
; pi = � p

0

i ; c = cvc
0
; (2.18)

where primes (0) denote dimensionless variables and asterisks (� ) denote dimensionless param-
eters. The birth rate parameter for healthy cells,k1;1, is used to scale time,L0 is a typical length
scale (taken later to be the initial radius of the tumor seeded in the healthy tissue), � is the
cell-cell interaction tension constant (see Equation (2.15)), andcv is the nutrient concentration in
the blood vessels (see Equation (2.17)).

2.6.1 Mass Balance Equations

Substituting from Equations (2.18) in Equations (2.1) leads to the following evolution equations
for � 1, � 2 and � 3, the phase volume fractions of the healthy cells, cancer cells, and blood vessels,
respectively:

@�1
@t0

+ ~r
0
�
�

� 1 ~u1
0
�

= � 1� 4

�
c

0

c�
p + c0

�

| {z }
cell birth

� k�
2;1� 1

 
c�

c1
+ c

0

c�
c2

+ c0

!

| {z }
cell death

: (2.19)

@�2
@t0

+ ~r
0
�
�

� 2 ~u2
0
�

= k�
1;2� 2� 4

�
c
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c�
p + c0

�

| {z }
cell birth

� k�
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c�

c1
+ c

0

c�
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+ c0

!

| {z }
cell death

: (2.20)

@�3
@t0

+ ~r
0
�
�

� 3 ~u3
0
�

= � k�
3� 3H

�
� 1p

0

1 + � 2p
0

2 � p�
crit ; � �

3
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| {z }
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+ k�
4 (� 1 + � 2) � 3

�
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" + � 4

� �
c
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�

| {z }
angiogenesis

:

(2.21)
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in which

k�
2;1 =

k2;1

k1;1
; k�

1;2 =
k1;2

k1;1
; k�

2;2 =
k2;2

k1;1
; k�

3 =
k3

k1;1
; k�

4 =
k4

cvk1;1
;

c�
p =

cp

cv
; c�

� =
c�

cv
; c�

c1
=

cc1

cv
; c�

c2
=

cc2

cv
;

p�
crit =

pcrit

�
; � �

3 =
� 3

�
:

(2.22)

The phase volume fraction of extracellular material is calculated from the no-voids condition
(see Equation (2.2)), which remains unchanged by the nondimensionalisation,i.e.,� 4 = 1 � � 1 � � 2 �
� 3. When imposing boundary conditions,� i is prescribed for each phase on �Inf low

i , the sections
of � for which ~ui

0
� ~n

0
< 0 where~n

0
is the outward-pointing unit normal to the boundary.

2.6.2 Momentum Balance Equations

Equations (2.10)-(2.14) transform to give the following equations for the dimensionless phase
velocities ~ui

0
and phase pressuresp
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in which dij = dji ,
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wherei; j = 1; :::; 4 and j 6= i , and

�
0
(� ) =

(
(� � � � )
(1� � )2 if � � � �

0 if � < � �
(2.28)

with � = � 1 + � 2. On � we impose the Dirichlet boundary condition: ~ui
0
= 0, i = 1; :::; 4.

2.6.3 Reaction-Di�usion Equation for Nutrient

Finally, the nutrient concentration equation (2.16), with source term (2.17), becomes:

D �
c
~r

02c
0
= � 3

�
1 � c

0
�

| {z }
replenishment

� k�
6;1� 1c

0
� k�

6;2� 2c
0

| {z }
baseline consumption

� k�
7;1� 1� 4

�
c

0

c�
p + c0

�
� k�

7;2� 2� 4

�
c

0

c�
p + c0

�

| {z }
consumption due to cell birth

:
(2.29)

in which
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Here Equation (2.17) has been divided byk5, the timescale on which nutrient exchanges between
the tissue and the blood vessels. On the boundary, we impose the Neumann condition,~r

0
c

0
�~n

0
= 0.

2.7 Inserting the Mathematical Model into Comsol Mul-
tiphysics

All computations in the present thesis are performed in the environment of Comsol Multiphysics® ,
version 5.3a, which is based on the Finite Elements Method (FEM). Engineers and scientists use
this software to simulate designs, devices, and processes in all engineering, manufacturing, and
scienti�c research �elds. COMSOL Multiphysics ® , COMSOL for abbreviation, is a simulation
platform that provides fully coupled multiphysics and single-physics modeling capabilities [31].

27



The tissue is modeled as a circular domain with (dimensionless) radius,Rtissue = 16. The com-
putational mesh is an unstructured mesh generated with the Delaunay Triangulation method and
contains approximately 20.000 elements, resulting in approximately 362.000 degrees of freedom.

All simulations are initialized by seeding a number of cancer cells on a healthy tissue, which
prior to the tumor's appearance, is considered to be at an equilibrium state [23, 22] and satis�es
the following assumptions:

ˆ each phase is spatially uniform with zero velocity (i.e.,~ui � 0, i = 1; 3; 4),

ˆ initially there are no tumor cells present (i.e.,� 2 � 0),

ˆ the volume fraction of healthy cells is such that� 1 = � � = 0:6, the natural cell density, below
which the cells do not interact or experience any stress,

ˆ p3 = p�
3 = 0 and p4 = 0, so p1 = p2 = 0 because� 1 = � � .

Equations (2.2), (2.19), (2.21) and (2.29) then reduce to the following system of nonlinear
equations given by:

� � � 4

�
c

0

c�
p + c0

�
� k�

2;1� �

 
c�

c1
+ c

0

c�
c2

+ c0

!

= 0: (2.31)

� k�
3� 3H (� p�

crit ; � �
3) + k�

4� � � 3

�
� 4

" + � 4

� �
c

0

(c�
� + c0)

�
= 0: (2.32)

� � + � 3 + � 4 = 1 (2.33)
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These equations are then solved for the unknown model variables� 3, � 4 and c
0
, and one model

parameter, chosen arbitrarily, here to be the angiogenesis rate constantk�
4 in order to obtain a

unique solution. So, now there are four equations and four unknown variables for the system. The
chosen solution must also satisfy� 3, � 4, c

0
2 [0; 1] and k�

4 � 0 to be valid physically. The solution
for the remaining parameter values shown in Table 2.1 is given by:

� 1 = 0:6; � 2 = 0:0; � 3 = 0:01749783; � 4 = 0:3825022;

c
0
= 0:2532031; p1 = p2 = p3 = p4 = 0:0; k�

4 = 0:002944900

(2.35)

The initial conditions of the problem were obtained by seeding a healthy tissue in a steady state
with a small number of tumor cells. Consequently, the initial conditions for the current problem
will be the same as the values presented above Equation (2.35) with the only di�erence in the
volume fraction of cancer cells� 2. At t = 0, a small tumor was seeded at the center of the healthy
tissue so that:
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Table 2.1: Dimensionless parameter values for the simulations[22].

Parameter Value Description
k�

1;2 2.0 Tumor cell birth rate
k�

2;1 0.15 Healthy cell death rate
k�

2;2 0.075 Tumor cell death rate
k�

3 0.1 Vessel occlusion rate
k�

4 0.0029449 Angiogenesis rate
k�

6;1 0.01 Nutrient consumption rate (healthy cell baseline)
k�

6;2 0.01 Nutrient consumption rate (tumor cell baseline)
k�

7;1 0.1 Nutrient consumption rate (healthy cell birth)
k�

7;2 k�
7;1 � k�

1;2 Nutrient consumption rate (tumor cell birth)
c�

p 0.25 Cell birth rate dependence on nutrient
c�

c1
, c�

c2
0.2, 0.1 Cell death rate dependence on nutrient

c�
� 0.05 Threshold nutrient concentration for angiogenesis rate

p�
crit 0.3 Critical pressure for vessel occlusion
� �

3 0.2 Smoothness of occlusion pressure dependence
" 0.01 Angiogenesis rate dependence on ECM

� � 0.1 Cell tension constant
� �

i 10.0 Phase dynamic shear viscosities (i = 1; :::; 4)
� �

i � 2
3 � �

i Phase bulk shear viscosities (i = 1; :::; 4)
d�

ij 1.0 Interphase drag coe�cients (i; j = 1; :::; 4; j 6= i )
D �

c 1.0 Nutrient di�usion coe�cient

� 2 (x; y; t = 0) =

(
0:05 cos2

�
�r
2

�
for r � 1

0 otherwise:
(2.36)

where r =
p

x2 + y2. To compensate for the addition of tumor cells, the initial distribution of
healthy cells was modi�ed to be:

� 1 (x; y; 0) = 0:6 � � 2(x; y; 0)) ; (2.37)

while all other variables were initialized throughout the domain using the values given in Equation
(2.35).

The boundary conditions were chosen as follows.

ˆ For Equations (2.23)-(2.26) impose the following boundary condition on �. This allows the

ow of cell and blood vessel phases through the boundary.

� i
0
� ~n = 0 and ~u4

0
= 0 (2.38)

ˆ For Equation (2.29) impose the following boundary condition on �.

~r 0c
0
� ~n = 0 (2.39)
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ˆ For Equations (2.22) impose the following boundary condition on �Inf low
i , the region of � for

which ~ui
0

� ~n < 0 (~n being the outward-pointing unit normal to the boundary).

� i = � 1
i ; i = 1; 2; 3; 4: (2.40)

The above conditions are inevitably arti�cial, in the sense that interactions with tissue outside
the computational domain are neglected. The values of the remaining parameters are given in
Table 2.1, where assumed that the tumour cells proliferate and die at, respectively, double and
half the rate of their normal cells.
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Chapter 3

Cancer Treatments

Nowadays, there are many techniques for cancer treatment, among which surgery, radiother-
apy, and chemotherapy are the dominant ones [32]. In addition, there are more novel approaches
that include antiangiogenic treatments, immunotherapy, and hormone therapy applied to a wide
spectrum of this disease. Thus, there also exists uniformity that allows us to view the problem of
cancer treatment from a more all-embracing perspective [3].

The main objectives of cancer treatments are two-fold: curative and palliative. Clearly, if
feasible, complete tumor eradication is sought, and this is a realistic and viable option for certain
types of cancer. In other situations, a total cure is unrealistic, and then the objective becomes to
manage the disease, delay its further progression or maintain it at a tolerable level and alleviate
the symptoms. For types of cancer that are still largely not curable, the objective simply becomes
to improve the quality of life and survival probabilities by avoiding life-threatening toxicity. These
are the objectives of palliative care. But at large, the main aim of cancer treatments is to eradicate
the disease [3].

3.1 Radiotherapy

It is estimated that about one-half of all cancer patients receive radiotherapy during their course
of treatment, either as a primary procedure or in conjunction with surgery and chemotherapy, i.e.,
as adjuvant therapy [33]. Radiation is energy that is carried by waves or a stream of particles.
Radiation works by damaging the genes (DNA) in cells. Genes control how cells grow and divide.
When radiation damages the genes of cancer cells, they cannot grow and divide anymore. Over
time, the cells die. This means radiation can be used to kill cancer cells and shrink tumors [4].

3.1.1 Radiation Therapy E�ect on Cell Cycle

The cell cycle phase is important because radiation usually kills the cells that are actively
dividing. It does not work very quickly on cells in the resting stage (G0), dividing less often. The
amount and type of radiation that reaches the cell and the speed of cell growth a�ect whether
and how quickly the cell will die or be damaged. The term "radiosensitivity" describes how likely
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radiation will damage the cell. Cancer cells tend to divide rapidly and grow out of control. Radia-
tion therapy kills cancer cells that are dividing but also a�ects the dividing cells of normal tissues.
Radiation therapy is always a balance between destroying the cancer cells and minimizing damage
to the normal cells [4].

It has long been known that cells in di�erent cell cycle phases display di�erent radiosensitivity.
Cells in the late S phase are usually the most radioresistant, and cells in the M phase are the most
radiosensitive [34]. A classic paradigm is that radiation causes so-called mitotic death. Mitotic
death is the most common way of radiation-induced cell death for all solid tumors and most of the
hematopoietic tumors [35, 34]. This means that radiation does not kill the tumor cells right away,
but that cell death occurs at some point after the �rst mitosis following irradiation. The irradiated
cells may undergo one, two, or a few divisions before they die hours or days later [36, 4, 34]. Mitotic
death is caused by chromosome damage resulting from unrepaired or misrepaired radiation-induced
DNA breaks. In the presence of such chromosome damage, problems arise in mitosis when the
cell needs to separate the DNA to produce two identical daughter cells [37]. Also, chromosome
damage may cause the genetic material to be unevenly distributed between the two nuclei of the
daughter cells [34].

It is also well known that radiation halts cell cycle progression by inducing arrest at the cell
cycle checkpoints. Three major radiation-induced cell cycle checkpoints exist in G1, S, and G2
phases (see Figure 1.1). Because most irradiated tumor cells do not die before attempting to
divide, the checkpoints are important to allow essential repair of the radiation damage. The G1
checkpoint depends on the tumor suppressor p53 and is often de�cient or lacking in tumor cells.
Tumor cells may therefore rely more on the S and G2 checkpoints for the repair of radiation dam-
age compared to normal cells [34].

It is well known that radiation causes cells to arrest the progression through the cell cycle
transiently [37]. This arrest takes place at the so-called cell cycle checkpoints inG1, S, and G2
phases (see Figure 3.1) [34].

The G1 checkpoint prevents damaged cells from entering S-phase and largely depends on the
tumor suppressor p53 [38]. Defective G1 checkpoint control thus represents a major di�erence
between cancer and normal cells [34].

The S-phase checkpoint does not stop the cells at a speci�c point in the cell cycle but is
manifested as reduced DNA replication during the whole S-phase. Irradiated cells are thus moving
more slowly through S-phase. The S-phase checkpoint depends on the cell cycle kinase Wee1, and
radiation-induced activation of the ATR-Chk1 pathway [39, 40, 34].

The G2 checkpoint halts the cells in the late G2 phase and is the last checkpoint before cells
enter mitosis. The G2 checkpoint is activated in both tumors and in cycling normal cells. Similar
to the S-phase checkpoint, activation of the G2 checkpoint requires the ATR-Chk1, and Wee1
pathways [41, 42, 43]. The immediate G2 checkpoint measured within the �rst couple of hours
after irradiation is also dependent on ATM kinase, as the checkpoint is partly abrogated in cells
lacking functional ATM [34].
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Figure 3.1: Radiation-induced cell cycle checkpoints in G1, S, and G2 phases[34].

3.1.2 Types of Radiation Used to Treat Cancer

Radiation used for cancer treatment is called ionizing radiation because it forms ions (electri-
cally charged particles) in the cells of the tissues it passes through. It creates ions by removing
electrons from atoms and molecules. This can kill cells or change genes, so the cells stop growing.
Ionizing radiation can be sorted into two major types:

1) Photon radiation (x-rays and gamma rays)

2) Particle radiation (such as electrons, protons, neutrons, carbon ions, alpha particles, and
beta particles)

Some types of ionizing radiation have more energy than others. The more energy, the more
deeply the radiation can penetrate the tissues. The way each type of radiation behaves is vital in
planning radiation treatments. A radiation oncologist selects the type of radiation most suitable
for each patient's cancer type, and location [4].

The most common type of radiation used for cancer treatment by far is photon radiation which
is a high-energy photon beam. It is the same type of radiation used in x-ray machines and comes
from a radioactive source such as cobalt, cesium, or an apparatus called a linear accelerator.
Photon beams of energy a�ect the cells along their path as they go through the body to get to
cancer, pass through cancer, and exit the body [4].

3.1.3 The Main Types of Radiation Therapy

Radiation therapy can be administered in a number of ways. Sometimes radiation is given
more than one way at the same time, or di�erent types of radiation may be given one after the
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other. There are two main types of radiation therapy,External Beam Radiation and Internal
Beam Radiation . SometimesRadiopharmaceuticals are used as an alternative type of radia-
tion therapy.

1) External Beam Radiation is the most widely used type of radiation therapy, and it
most often uses photon beams. The radiation comes from a machine outside the body and is
focused on cancer. This type of radiation is often given by machines called linear accelerators
(see Figure 3.2). External beam radiation can be used to treat large areas of the body. It
also can treat more than one area, such as the main tumor and nearby lymph nodes [44].

2) Internal Radiation Therapy is also known asBrachytherapy , which means short-
distance therapy. This method puts radiation sources into or near the area that needs
treatment. The radiation only travels a short distance, so there's less risk of damaging
nearby normal tissues. Brachytherapy can be used to deliver a high dose of radiation to a
small area in a fairly short period of time. It is useful for tumors that need a high dose of
radiation or are near normal tissues that are easily hurt by radiation [45]. The main types
of internal radiation are:

ˆ Interstitial radiation: the radiation source is placed directly into or next to the tumor
using small pellets, seeds, wires, tubes, or containers.

ˆ Intracavitary radiation: a container of radioactive material is placed in a cavity of the
body such as the chest, rectum, etc.

Ultrasound, x-rays, or CT scans are used to help the doctor put the radioactive source in the
right place. The placement can be permanent or temporary (see Figure 3.3 ).Permanent
Brachytherapy uses small containers, often called pellets or seeds, which are about the size
of a grain of rice. Once in place, the pellets give o� radiation for several weeks or months.
Because they are very small and cause a little discomfort, they are left in place after their
radioactive material is used. InTemporary Brachytherapy , any type that places such
as hollow needles, tubes (catheters), or 
uid-�lled balloons into the area to be treated, then
they are removed after treatment. Radioactive material can be put in these containers for a
short time and then removed [4].

3) Radiopharmaceuticals are drugs that contain radioactive materials called radioisotopes.
They may be put into a vein, taken by mouth, or placed in a body cavity. Depending on
the drug and how it is administered, these materials travel to various parts of the body to
treat cancer or relieve its symptoms. They put out radiation, mostly in the form of alpha
and beta particles, that target the a�ected areas. They're most often used in small amounts
for imaging tests, but larger doses can be used to deliver radiation [4].

3.1.4 Dosing and Treatment with External Beam Radiation

As External Beam Radiation is the most popular and widely used treatment in Radiotherapy,
it is worth mentioning the dose and treatment associated with this method. The treatment gives
cancer the strongest radiation dose while sparing normal tissue as much as possible. The dose and
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Figure 3.2: In the case of external beam therapy, the radiation source is housed in a gantry, and
an adjustable patient couch is used to position the patient appropriately[14].

Figure 3.3: In the case of Internal Beam Therapy or Brachytherapy, internal radiation is facilitated
by using radioactive seeds and radiation catheters[14].
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the duration of treatment di�er from one patient to another and depend on the size of the tumor,
how sensitive the tumor is to radiation, and how well the normal tissue in the area can withstand
the radiation [4].

The total amount of radiation is measured in units called Gray (Gy) or centigrade (cGy),
which is one-hundredth of a Gray. Gray is the international unit of radiation dose: one joule per
kilogram of matter (1 Gy = 1 Gray = 1Joule

Kg ) [46]. For External Radiation, the total dose is often
divided into smaller doses called Fractions, typically given over a number of weeks. This allows the
best dose to be given with the least damage to normal tissues. Every Fraction lasts about 30-45
minutes. Treatments are usually given 5 days a week, with a break at the weekend, for about 5 to
8 weeks [47]. The conventional treatment is 30 fractions of 2 Gy given one fraction per day, 5 days
a week [33]. Moreover, doses for External Beam Radiation, as adjuvant therapy, typically range
from 45 to 60 Gy (i.e., 1,5 Gy/fraction - 2Gy/fraction for 6 weeks ) for the treatment of various
cancer types such as breast, head, and neck, etc. [47].

Some cancers may be treated more often than once a day.

ˆ Hyperfractionated radiation divides the daily dose into 2 treatment sessions without changing
the length of the treatment. In this case, the patient is treated twice a day for several weeks.

ˆ Accelerated radiation gives the total dose of radiation over a shorter period of time. In other
words, giving more frequent doses (more than once a day) to get the same total dose of
radiation may shorten the treatment course by a week or two.

ˆ Hypofractionated radiation breaks radiation into fewer doses so that each dose is larger.
Sometimes, this could mean it is given less often than once a day [4].

3.2 Chemotherapy

Chemotherapy is a standard treatment method used for managing many types of cancers.
Chemotherapy is applied on its own or with a combination of other treatments, such as radiother-
apy [48]. Chemotherapy involves using di�erent drugs or drug combinations that can reduce the
abnormal proliferation of cancer cells and lead to cell death. Cancer cell-lysis is achieved either by
inducing cell-cycle arrest, manipulating the DNA structure necessary for replication, or altering
metabolic pathways [14, 49].

Compared to other cancer therapy methods, such as surgery or radiation therapy, which can be
localized to the area of interest, in the case of chemotherapy, treatment is facilitated by cytotoxic
agents, which are transported via the circulatory system. Hence, the side e�ects are not localized.
This considerably increases the concern regarding the type and amount of drugs used in this
context. The potential side e�ects that come along with the excessive use of chemotherapeutic
drugs call for more vigilant investigations on the drug dosing strategies to ensure optimal use of
drugs which will minimize side e�ects and maximize desired e�ects due to treatment. Even though
the cytotoxic agent can annihilate many cancer cells, some drug-resistant cells remain una�ected
(see Figure 3.4 ). Moreover, the drug's use can also a�ect some normal cells (side-e�ect). Other
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Figure 3.4: Illustrative diagram showing the e�ect of a chemotherapeutic drug on cancer cells and
normal cells [14].

factors that a�ect the growth of the tumor and the e�cacy of drugs used are the immune response
and vascular delivery (which supplies oxygen, nutrients, and drug) to the tumor [14].

3.2.1 Cytotoxic Drugs: Taxanes

Cytotoxic drugs have a generic name, and they may also have one or more brand names. The
generic name is the chemical name of the drug, for example, docetaxel. The brand or trade name
is the name given to the drug by the company that makes it, such as Taxotere. Drugs can be
produced by more than one company and may have more than one brand name. For some drugs,
the brand or trade name is the most commonly used name. For other drugs, the generic name is
the most often used [48, 50].

Few new classes of antineoplastic agents have stimulated as much excitement and activity as
the Taxanes [51]. Of these,Paclitaxel which was initially extracted from the bark of the Paci�c
yew tree, Taxus Brevifolia, is the archetypal taxane and was the �rst to be isolated and charac-
terized as having anticancer activity in rodents during the early 1970s [52, 53]. It was later shown
to promote microtubule assembly/stabilization and prevent microtubule depolymerization and the
assortment of replicated chromosomes into the newly developing progeny [52, 54]. Accordingly,
paclitaxel was successfully shown to preemptively block tumor cells from undergoing anaphase
and to arrest them into the more radiosensitive phases of the cell cycle, predominantly G2 and M
[54, 52]. These critical discoveries provided the catalyst for the further development of paclitaxel
in preclinical and clinical settings [55, 52]. Once paclitaxel was shown to have clear clinical bene�t
in a spectrum of tumor types in phase I and II clinical trials, other analogs, and formulations
were developed to improve upon its large-scale production and therapeutic e�cacy, essential for
widespread clinical use [52].
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To improve upon the supply chain of the mitotic spindle toxin, Paclitaxel andDocetaxel (a
Paclitaxel analog) were obtained by the semisynthesis of a complex and noncytotoxic renewable
precursor molecule isolated from the needles of the English yew, Taxus baccata [52, 56]. Remov-
ing the needles from the yew tree, as opposed to the bark, for chemosynthesis is sustainable and
enables the production of the chemotherapies on a scale large enough for clinical use with less
environmental detriment. Most notably, docetaxel proved to be twice as potent as paclitaxel and,
similar to paclitaxel, was found to have antitumor activity against a variety of transplantable tu-
mors in mice [52, 56, 57].

Docetaxel (Taxotere) is a novel semisynthetic agent of the taxoid class that enhances tubu-
lin polymerization and inhibits microtubule depolymerization. Microtubules are essential cellular
components required to maintain cell shape, motility, transport between organelles, and cell divi-
sion [51]. This leads to cell cycle arrest in the G2/M phase, known to be 2.5 times more sensitive to
radiation than the G1/S phase [58]. A docetaxel-induced mitotic arrest occurs due to activation of
the mitotic checkpoint (also known as the spindle assembly checkpoint), the major cell cycle control
mechanism acting during mitosis to prevent chromosome missegregation. The mitotic checkpoint
delays the separation of the chromosomes, which enter mitosis as replicated pairs of sister chro-
matids until each pair has made stable attachments to both poles of the mitotic spindle. This
arrangement ensures that each daughter cell will receive one copy of every chromatid. Chromatids
connect to spindle microtubules through their kinetochores, protein complexes that assemble on
centromeric regions of DNA. Unattached kinetochores, which have not made stable attachments to
microtubules, activate a signal transduction cascade that delays mitotic progression by inhibiting
the anaphase-promoting complex/cyclosome [59, 60]. Docetaxel treatment arrests cells in mitosis
due to the presence of a small number of unattached kinetochores. This is the way that Docetaxel
kills cancer cells.[60]

3.3 Combined Therapies

In many cases, in order to eradicate cancer completely and to avoid the chance of cancer relapse,
it is essential to use multiple treatment modes together or intermittently, which is referred to as
a combination therapy [61, 14]. Combination therapy involves using various agents from di�erent
treatment modalities, as mentioned above, to facilitate a more e�ective cancer cure than that can
be accomplished by using monotherapy [14].

3.3.1 Chemoradiotherapy Treatment

Chemoradiotherapy is the combination of chemo- and radiotherapy. Chemotherapy uses anti-
cancer (cytotoxic) drugs to destroy cancer cells, such as Docetaxel. The drugs circulate throughout
the body in the bloodstream. Radiotherapy uses radiation; usually x-rays, to destroy cancer cells
[62]. Furthermore, cell cycle phase e�ects on radiosensitivity can be signi�cant when radiotherapy
is combined with chemotherapy or new targeted drugs. Drugs administrated several hours or days
before irradiation may alter the cell cycle phase distribution and cause radioresistance or radiosen-
sitivity. For instance, drugs causing the tumor cells to accumulate in mitosis before irradiation will
likely cause radiosensitivity [63]. Drugs with this competence are Taxanes. On the other hand,
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there may be no radiosensitizing e�ect if such drugs are added after irradiation. This is why, most
of the time, it is more e�cient to use a combination of Chemotherapy and Radiotherapy [34].

Taxanes are rapidly gaining prominence in the management of solid tumors [64]. Numerous
studies have demonstrated the radiosensitizing properties of Taxanes in various cell lines [65].
Docetaxel (Taxotere) has been studied in combination with radiation with promising results. In
phase II trials, docetaxel combined with radiation therapy resulted in response rates of up to 80
%, with the most commonly used schedule being docetaxel at 20 to 30mg=m2, wherem2 denotes
the patient's surface area, per week with concomitant radiation administered at fractions of 1.8 to
2.0 Gy, 5 days a week over 5 to 6 weeks [66].

Choy et al. [65] conducted a phase I study of weekly docetaxel with concurrent thoracic ra-
diation therapy in patients with unresectable stage III NSCLC. Docetaxel was administered as a
1-hour infusion every week for 6 weeks at an initial dose of 20 mg/m², escalated in increments
of 10 mg/m² as tolerated to each successive cohort of three patients. Thoracic radiation therapy
was administered 5 days a week for 6 weeks to the primary tumor and regional lymph nodes (40
Gy), followed by a boost to the tumor and involved nodes (20 Gy). A total of 15 patients (11
males and 4 females)with a median age of 61 years were enrolled in the study. Patients had stage
IIIA (nine) or IIIB (six) disease. The principal dose-limiting toxicity was esophagitis, and the
maximum-tolerated dose of docetaxel with concurrent radiation therapy was 30 mg/m². Seven
patients achieved a partial response for an overall response rate of 47% [66].

Koukourakis et al. [58] investigated the radiosensitizing e�ects of docetaxel and concomitant
radiotherapy in 30 patients (all male) with advanced NSCLC, 18 of whom had stage IIIB disease
and 12 who had stage IV disease. The median age was 65 years. Patients were treated with
a 20-minute infusion of docetaxel, 20 to 40mg=m2=wk. Radiation therapy was administered at
5d=wk for 5 weeks to a total dose of 60 to 64 Gy using a concomitant boost technique. Esophagitis,
asthenia, and anorexia were the dose-limiting toxicities noted at the docetaxel dose of 40mg=m2.
Complete responses were seen in 8 (27%) patients and partial responses in 15 (50%) for an overall
response rate of 77%. The recommended phase II dose was 30mg=m2 of docetaxel.

A phase II trial of docetaxel and radiation therapy in 35 patients with stage IIIA or IIIB NSCLC
was conducted by Koukourakis et al. [67]. The dose of docetaxel, 30mg=m2=wk, was established
from their previous phase I trial [58]. In contrast to the phase I study, conventionally fractionated
radiotherapy was used to achieve better tolerance, fewer side e�ects, and similar e�cacy. Patients
received docetaxel, 30mg=m2, as a 1-hour infusion weekly for 6 weeks with concurrent radiation
therapy (2 Gy=d for 5 days a week for a total dose of 64 Gy over 6.5 weeks). The median age
of participants was 64 years, and 33 of the 35 patients were male. The main side e�ects were
asthenia and radiation-induced esophagitis, which required 2-week treatment delays in 6 patients
and minor delays of less than 1 week in 11 patients. Complete responses were seen in 12 of the 35
patients (34%) and partial responses in 16 (46%), for an overall response rate of 80%. The overall
and local progression-free survival at 1 year was 60% and 48%, respectively.

Last but not least, combined chemoradiotherapy with taxane is widely used in many treatment
protocols for various cancer types. Protocol using Carboplatin, Paclitaxel, and Radiation Therapy
for Neoadjuvant Treatment of Esophageal and Gastroesophageal Carcinomas [68] is one example
that taxanes are used o�cially in therapeutic protocols. Another example is a Cancer Protocol
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using Carboplatin and Paclitaxel with Radiation Therapy for the Treatment of Locally Advanced
Non-Small Cell Lung Cancer [1].
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Chapter 4

Radiotherapy Simulations

Radiotherapy simulations were performed in this �rst section of our computational study of
combination therapies in growing tumors. More speci�cally, the mathematical model described
above in Sections 2.2-2.7 was used in our analysis of radiotherapy. Some extensions were developed
to the aforementioned mathematical formulation to incorporate the term radiation in this contin-
uum tumor model. Then the extended model formulation was added to Comsol Multiphysics,®

software concluding in our numerical results.

4.1 Problem Statement

We have developed the model based on Hubbard and Byrne [22]. We extended the model that
we have already described in Chapter 2 with an additional term that models radiotherapy using
insight from Boemo and Byrne [69], which assumed that the death rate of uninfected tumor cells
caused by radiation is an exponentially decaying function of time with half-lifer � 1

t which is written
as follows:

R = krad � 2H (t � t rad ) e� r t (t � t rad ) : (4.1)

In Equation (4.1) krad is the strength of radiotherapy dose,� 2 is the volume fraction of the
tumour cells, H denotes the Heaviside step function whereH (x) = 1 if x > 0 and H (x) = 0
otherwise. Moreover,t rad is the time that each dose of radiotherapy starts, andr t is the half-life
of tumor cell death due to radiotherapy.

4.2 The Linear-Quadratic Formula of Radiotherapy

In the above attempt to �nd the terms krad and r t from Equation (4.1), the Linear-Quadratic
(LQ) Model of Radiotherapy helps us. The LQ model quanti�es the Survival Fractions (SF) of cell
colonies given a speci�c radiation dose, and it provides a simple and practical relationship between
them and takes the form of an exponential function with a linear, and a quadratic term [70, 71].
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For modeling the SF of each cell, at the speci�c dose level,d, is �rst calculated by Fowler [72]
using the LQ cell survival model:

SF = en(� �d � �d 2): (4.2)

where n is the number of fractions,d is the size of each dose fraction, son � d is the total dose
measured in Grays. Lastly,� and � are the linear and quadratic coe�cients, respectively with
� (Gy) and � (Gy2) [72, 73]. These two parameters are associated with cell-speci�c radiosensitivity,
and for many tumors, the �

� ratio is estimated or known from empirical observations [73].

In a simulation, each cell is assigned speci�c values for� and � according to the intrinsic
radiosensitivity of the cell type modeled [74] According to Williams et al., [75] for rapidly prolif-
erating normal tissues and for tumors too, it is reasonable for the ratio�� to be chosen equal to 10
[75].

�
�

= 10: (4.3)

The LQ model has become the dominant mathematical model in modeling the survival fraction
of cells in preclinical studies, partly motivated by its close links to clinical observations. Studies of
fractionation e�ects in tissues and tumors demonstrated that not only did the LQ model e�ectively
reproduce in vitro survival but also the e�ect of clinical fractionation, providing a consistent way
to interpret these e�ects [76, 77].

4.3 Parameters Fitting

The attempt to �nd the terms krad and r t from Equation (4.1) is continued, but �rst, it is
reasonable for the two parameters� and � to be found, which are associated with the LQ model
Equation (4.2). Higashi et al., [78] applied an irradiation dose of 30 Grays for a single fraction.
After radiotherapy in the irradiated group, viable cell number decreased exponentially and showed
a 6:25-fold decline from Day 0 to Day 12. So on 12th Day, the cells were 6.25 times less compared
with the initial cell population. In other words, the SF of the cells was:

SF = 0:16 = 16%: (4.4)

Applying (4.4) in the LQ model Equation (4.2) and combining the Equation (4.3) a system of
equations was solved in order to the parameters to be found� and � .

(
SF = 0:16
�
� = 10

�!

(
0:16 = exp[n (� � � d � � � d2)]
�
� = 10

: (4.5)

42



Since the clinical study reports a single fraction, we setn = 1 and d = 30 Grays for the
irradiation dose, which are applied from Higashi et al. [78].

(
0:16 = exp[1 (� � � 30� � � 302)]
�
� = 10

�!

(
0:16 = exp

�
� �

�
1 + 30�

�

�
30

�

�
� = 10

�!

(
� = 0:015

� = 0:0015
:

(4.6)

If we assume that cancer cells are uniformly distributed, then cancer cell death rate due to
radiotherapy using Equation 4.1 can be formulated as:

d� 2

dt
= � krad � 2e� r t (t � t rad ) : (4.7)

Integrating Equation (4.7) :

1
� 2

d� 2 = � krad exp (� r t (t � t rad )) dt �!

[ln � 2]� 2
� 2 (0)

= � krad

Z t

t rad

exp (� r t (t � t rad )) dt �!

� 2

� 2(0)
= exp

�
�

krad

r t
[1 � exp (� r t (t � t rad ))]

�
:

(4.8)

The �nal form of Equation (4.8) was applied inMatlab in order to �t parameters, krad and r t

against the LQ model (Equation 4.2). From Higashi [78] the concentration of tumor cells decreases
84% in 12 days, thus � 2

� 2 (0) = 0:16. Hence, our parameter �tting aims at �tting parameters, krad

and r t so that t = 12 the concentration of � 2 cells is � 2
� 2 (0) = 0:16. Our goal was achieved, as can

be con�rmed in Figure 4.1

The �tting process produced the following values forr t and krad are 0:5 and 0:91, respectively.
Parameter r t = 0:5, which denotes half-life cell death due to radiotherapy, remains �xed in our
simulations because it depends particularly on the interaction among tumor cells. The valuekrad ,
which denotes the strength of radiotherapy, depends on the dose of irradiation applied every time,
so it can be modi�ed when applying a di�erent schedule for radiotherapy (described below). As
a result, from the above Parameter Fitting performed inMatlab , the value for r t that arose was
used in our radiotherapy schedule, too, in which the dose of radiotherapy varies from the dose that
Higashi et al. [78] applied in his research butr t remains the same because there is no dependence
on the strength of the radiation dose.
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Figure 4.1: Schematic representation of the viable tumor cells after irradiation.

In this �rst section of our study, the radiation therapy simulations based on the schedule
consisted of 1.5 Gy in 30 fractions (total dose, 45 Gy) administered 5 days a week, with a break
at the weekends, for 6 weeks [79, 80]. Applying this schedule in the LQ model Equation (4.2) to
�nd the total Survival Fraction (SF) after irradiation, we compute SF = 0:45 =45%. Taking for
granted the radiotherapy schedule described above, theSF = 0:45 occurred for this trial, and the
parameterr t = 0:5 were applied in COMSOL. The parameterkrad is not known because it depends
on the radiation dose, so many values were tested to �nd the appropriate one.

4.4 Inserting the Mathematical Model into Comsol Mul-
tiphysics

Before presenting the way that the mathematical model with radiotherapy is implemented into
Comsol Multiphysics ® , we describe the computational tools used in this thesis. A commercial
�nite elements code, Comsol Multiphysics, Version 5.3a, was used to implement the model. The
tissue is modeled as a circular domain with (dimensionless) radius,Rtissue = 16.

To implement the mathematical model in COMSOL, various models were used that are already
in the software as well as the form of Coe�cient Form PDE, which provides a general interface
for specifying and solving many well-known PDEs in the coe�cient form. More precisely, the
interface "Transport of Diluted Species" (tds) of Comsol Multiphysics® was used for the mass
balance equations of healthy and cancer cell phases and the blood vessel phase. The module of the
"Transport of Diluted Species" was used to calculate the concentration �eld of a dilute solute in a
solvent. Transport and reactions of the species dissolved in a gas, liquid, or solid can be handled
with this interface. The driving forces for transport can be di�usion by Fick's law, convection when
coupled to a 
ow �eld, and migration when coupled to an electric �eld. The interface supports the
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simulation of transport by convection and di�usion in 1D, 2D, and 3D, as well as for axisymmetric
components in 1D and 2D. The dependent variable is the molar concentration, c. In our case,
"convection" is chosen as a Trasport Mechanism to be described better [81]. The equation form
used in our case is the following:

@ci
@t

+ r � (� D i r ci + ~ui ci ) = Ri ; i = 1; 2; 3: (4.9)

The term r � (� D i r ci ) denotes the di�usion mechanism, which has no e�ect on the movement
of the 
uid and the term D i is practically zero. The conservative form of the equation is chosen as
suitable to render the dynamic behavior of a compressible 
uid such as the 
uid studied. Linear
shape functions were used to discretize the mass balance equations. A source term (Reaction)Ri

was added to the basic model to describe the source termsqi ; with i = 1; 2; 3.
The boundary conditions, which have been implemented in our mathematical model formu-

lation, have already been mentioned in Section 2.7 but shortly mentioned here too. Boundary
conditions were set, along the length of the boundary as an "Open Boundary". The equation of
this boundary condition, given the negligible factor,D i is:

ci = ci;borderline ; for ~ui � ~n < 0; with i = 1; 2; 3: (4.10)

where~n is the outward-pointing unit normal to the boundary. Equation (4.10) ensures the supply of
each component to the boundary sections whenever there is a mass in
ow. The "Coe�cient Form
PDE" interfaces with shape functions were used to calculate velocities through the momentum
conservation equations. The boundary conditions chosen for the calculation equations of~ui with
i = 1; 2; 3 are the "Zero Flux" conditions, that is, of the form:

� ~n � (� cr ~ui � �~u i + 
 ) = 0 ; with i = 1; 2; 3: (4.11)

while, for the last momentum conservation equation corresponding to the extracellular material
phase, the Dirichlet-type boundary conditions were chosen along the boundary:

~u4 = 0: (4.12)

As in the case of the velocity calculation, the pressure calculation ofp4 was carried out by
inserting the continuity equations for the four-phase mixture into the "Coe�cient Form PDE"
model. In this case, linear shape functions are chosen.

The pressures of the two cell phases (healthy and cancer cells ) as well as the volume fraction
of the extracellular material phase are calculated algebraically.

Finally, the "Transport of Diluted Species" interface of Comsol Multiphysics was used again to
calculate the nutrient concentrationc. The stationary form of the equation is chosen in this case,
while additional transport mechanisms are not taken into account. As in the case of mass balances
of the volume phases, a source term (Reaction) is added to describe the source termqc. Along the
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Table 4.1: Dimensionless parameter values for the radiotherapy simulations.

Parameter Value Description
k�

rad 0.22 Strength of radiotherapy
r �

t 0.5 Half-life of tumour cell death due to radiotherapy
t �
rad 60 Time that radiation starts its activity
T �

p 1 Time period between two doses of radiotherapy

length of the boundary, a "Zero Flux" boundary condition of the component mass is chosen. The
form of the described equation and the boundary condition for the nutrient is as follows:

r � (� Dcr c) = Rc (4.13)

and
� ~n � (� Dcr c) = 0 ; (4.14)

respectively.

As mentioned above, radiotherapy simulations were performed in COMSOL, and many simu-
lations were made in order to select an appropriate value for the strength of radiotherapy so that
the SF be 0:45 or 45%. Eventually, the suitable value waskrad = 0:22. The resulting diagram for
this computation analysis is illustrated and described in Section 4.5.

To incorporate the radiotherapy e�ect in the mathematical model presented in Sections 2.2-2.7,
we modify the mass balance equations as follows:

@�2
@t0

+ ~r
0
�
�

� 2 ~u2
0
�

= k�
1;2� 2� 4

�
c

0

c�
p + c0

�

| {z }
cell birth

� k�
2;2� 2

 
c�

c1
+ c

0

c�
c2

+ c0

!

| {z }
cell death

� k�
rad exp

h
� r �

t

�
t

0
� t �

rad

�i
� 2 � ONOFF

| {z }
radiotherapy

(4.15)

Equation (4.15) is in its dimensionless form because this is the form of equation incorporated
in COMSOL. The dimensionless variable ist

0
and the dimensionless parameters arek�

rad , r �
t and

t �
rad . The value and the description for each parameter are given in Table 4.1.

The ONOFF term is a controller that indicates the beginning of radiotherapy, so it is activated
when t �

rad = 60 in our case.

ONOFF =

(
ON 1

OFF 0
(4.16)
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Closing this Section, the Events (ev) interface was added to our mathematical model because it
was used to create solver events. In our case, the fractions of radiotherapy are simulated as events
because each fraction occurs at a di�erent time. In other words, each event (fraction) starts at
a later time compared with the previous events and at an earlier time compared with the future
events. For example, for Event 1, the event starts att i = t �

rad , for Event 2, the event starts at
t i = t �

rad + T �
p , for Event 3, the event starts att i = t �

rad + 2 � T �
p , etc. The parameterT �

p , as reported
in Table 4.1, is the time period between two consecutive doses of radiotherapy.

4.5 Numerical Results

Before we proceed with the presentation of the radiotherapy results, we brie
y report informa-
tion regarding the computational mesh and the solvers used to solve the problem.

The tissue is modeled as a circular domain with (dimensionless) radius,Rtissue = 16. The
computational mesh is generated with the Extra �ne mesh option of the Fluid dynamics mesh
category. The computational mesh is also an unstructured mesh generated with the Delaunay Tri-
angulation method for the grid's tessellation. The model contains a total of approximately 20.000
elements, which results in approximately 400.000 degrees of freedom. The maximum element sur-
face is equal to 0.416 square units, and the minimum element surface is equal to 0.0048 square
units for the present section. In Figures 4.2a and 4.2b, the computational grid for the examined
tissue is depicted.

The direct MUMPS direct solver was chosen to solve the system. The MUMPS solver works on
linear systems of the formAx = b and uses several preordering algorithms to permute the columns
and thereby minimize the �ll-in [82]. Furthermore, the BDF solver was chosen for the time inte-
gration. The Segregated solution approach was chosen. This way of solving does not deal with all
the variables at once; instead, it separates them into two or more groups (segregated steps). Each
group is solved sequentially at each time step, reducing the required memory. In this model, the
system of equations was divided into three groups. In the �rst step, the mass balance equations
of the four phases were introduced; in the second step, the momentum balance equations were
applied; and in the third step, the mass balance equation of the nutrient component was applied.
The segregated solution allows the de�nition of a lower limit for the tumor cell volume fraction to
prevent the system from going to zero or having negative values for the volume fraction. For this
purpose, the lower limit was set equal to 1� 10� 15 [83].

In the present section, the results from COMSOL are presented. More precisely, the "Surface
Integration" was utilized through the Surface Integration option of the "Derived Values" to calcu-
late the total number of cancer cells on the domain's surface. The integral

RR
S � 2 dxdy calculates

the total surface area occupied by cancer cells; thus, it is related to the total number of living
cancer cells. As illustrated in Figure 4.3, the number of living cancer cells (SF) decreases when
irradiation is applied.

To recap those mentioned above, the strength of the irradiation dose applied in our model is
krad = 0:22. Radiotherapy starts on the 60th day (t=60) and ends after 6 weeks (t=101) with 5
days a week of irradiation to be applied to the patient with a break (2 days) at the weekends.
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(a) Mesh for the examined tissue (b) More detailed mesh for the same tissue

Figure 4.2: Computational Grid

Figure 4.3: The Value of
RR

S � 2 dxdy in relation to Time(days) when radiotherapy is applied in the
tissue.
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Figure 4.4: The Value of
RR

S � 2 dxdy in relation to Time(days) when radiotherapy is applied in the
tissue in a more detailed depiction.

As shown in Figure 4.3, throughout irradiation is applied the concentration of surviving cancer
cells remains at low levels. The survival fraction in our case isSF = 45%, as derived from the
application of the dose of 1.5 Gray/fraction in the LQ model for a total of 30 fractions. Indeed,
the decrease in the concentration of cancer cells comparing the number of cancer cells when radio-
therapy starts and the remaining surviving cancer cells when radiotherapy ends is a 45% decrease.
Speci�cally, at t = 60 the concentration is� 29 and at t = 101 is � 13.

Applying radiotherapy in the growing tumor model, oscillations were observed during the frac-
tions. This can be explained because when irradiation is applied, the concentration of cancer cells
decreases rapidly. When the delivery of irradiation to the patient stops, i.e., at the weekends, the
surviving cancer cells proliferate again. This 
uctuation in the population of tumor cells creates
these oscillations.

Last but not least, a more detailed illustration of applied radiotherapy is depicted in Figure
4.4. It is clear that the tumor cells decrease directly when irradiation is applied and remain at
low levels throughout radiotherapy. When irradiation is not applied anymore, the surviving cancer
cells increase rapidly. This means that the e�ect of radiation doesn't remain in the tissue since
radiotherapy is completed. The result is reasonable, i.e., the curve decreases and increases rapidly
when radiation starts and ends, respectively, because this is the formalism of radiation. In other
words, when irradiation is applied, the cancer cells that have to die are dying directly with no
delay. In closing, the form of this continuum model enables us to regulate the Survival Fraction of
tumor cells. For example, in our case, the SF equalsSF = 45% and krad equalskrad = 0:22. Now,
in another case, the SF may be 50% or 30%, so the only thing that we have to do in this present
model is to decrease or increase, respectively, the value of the parameterkrad .
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Chapter 5

Combined Chemoradiotherapy
Simulations

Combined chemoradiotherapy simulations were performed in this second section of our com-
putational study of combination therapies in growing tumors. More speci�cally, the mathematical
model described above in Sections 2.2-2.7 is based on the work of Breward et al. [20] and Hubbard
and Byrne [22], combined with the radiotherapy term described in Section 4.4 was used in our com-
putational analysis. Moreover, we incorporate chemotherapy based on the model of Lampropoulos
et al. [23]. Finally, this model formulation was added to the environment of Comsol Multiphysics
® software concluding our numerical results.

5.1 The Established Cancer Protocol

Our chemoradiotherapy simulations are based on a cancer protocol to examine the consequences
to cancer cells. More precisely, this cancer protocol is for treating locally advanced Non-Small Cell
Lung Cancer (NSCLC) using cytotoxic therapy combined with radiation therapy [1]. The cyto-
toxic drug is Taxane (Docetaxel), concurrent with radiation therapy. The application of this way
of treatment was selected because, as mentioned in Section 3.3 Docetaxel (Taxotere) has been
studied concurrently with radiation with favorable results, and this combination of therapy (Tax-
ane+Radiotherapy) is gaining prominence in preclinical and clinical studies.

The treatment process that is followed is :

ˆ 60 Gy external beam thoracic radiotherapy in 30 fractions over 6 weeks, which means 2
Gy/fraction.

ˆ 45 mg=m2 Docetaxel starting the �rst day of radiation therapy and repeating weekly� 6
weeks, concurrent with radiation therapy.
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5.2 Importing the Modeling of Cytotoxic Therapy in our
Mathematical Model

In this section, we extend the two-dimensional, continuous, multiphase, mathematical model
for vascular tumor growth described in Chapter 2 to incorporate cytotoxic therapy.

In order to model the cytotoxic therapy and study the e�ciency of chemotherapeutic treatment,
the current model has been extended to incorporate the e�ect of a cytotoxic drug (e.g., taxanes,
with Docetaxel a prime example of this drug category) in the dynamics of a growing tumor. The
drug is treated as a di�usible species, which is administered to the body intravenously [23, 84],
thus delivered to the tissue via the circulatory system and subsequently exponentially depleting
in the bloodstream due to hepatic metabolism [23, 85]. The drug gets consumed by healthy and
cancer cells alike, at a rate described by the Michaelis{Menten kinetics, and selectively targets fast
proliferating cells. Finally, it is assumed that the drug's decay rate in the tissue is proportional
to its concentration and modeled by �rst-order kinetics. Combining the above, the following mass
balance equation for the drug is obtained:

� Dwr 2w = krep;d � 3 max(wc � w;0) � kd;d � w

�
w

wm + w

X

i =1 ;2

kcn;i � i H (l i � lcr ; hd) ;
(5.1)

wherew is the concentration of the cytotoxic drug,Dw is the di�usion coe�cient of the drug, krep;d

denotes the drug replenishment (due to the surrounding vasculature) rate constant,kd;d is the drug
decay rate constant in the tissue,wm denotes the value at which drug consumption rate by cells
is half-maximal, kcn;i are the constants of drug consumption by healthy (i = 1) and cancer cells
(i = 2), respectively and lcr is the limit value that sets the level distinguishing the proliferating
and quiescent state of a cancerous cell.

The concentration of the drug in the bloodstream,wc, decays exponentially in time:

wc = wve� kel (t � t inj ) ; (5.2)

with wv denoting the concentration of the drug in the bloodstream at the moment of the injection,
t inj , and kel is the rate constant for the drug expulsion from the bloodstream.

In order to con�ne the drug to target only the fast-proliferating cells, the smooth transition
Heaviside step functionH is utilized with hd, the smoothness parameter for cytotoxic therapy:

H (p; �) =
1
2

�
1 + tanh

p
�

�
; � � 1; (5.3)

with � denoting the blood vessel volume fraction at which the angiogenesis rate is half-maximal.
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By adopting this approach, one can distinguish whether mitosis is taking place for healthy
(i = 1) or cancer cells (i = 2). In particular, the following expression quanti�es whether healthy
and cancer cells have enough sources to divide or remain in a quiescent state:

l i = km;i � 4
c

cp + c
; for i = 1; 2; (5.4)

where c is the nutrient concentration, km;i is cell mitosis rate constant andcp is the threshold
nutrient concentration for mitosis.

Finally, Neumann-type boundary conditions are imposed for the drug (similarly to the di�usible
nutrient case):

r w � ~n = 0 (5.5)

where~n is the outward-pointing unit normal to the domain boundary.

To incorporate the e�ect of the cytotoxic drug on healthy and cancer cells, the source terms in
Equations 2.4 and 2.5 are modi�ed respectively, taking the following form:

q1 = k1;1� 1� 4

�
c

cp + c

�

| {z }
cell birth

� k2;1� 1

�
cc1 + c
cc2 + c

�

| {z }
cell death

� kap;1� 1
w

wm + w
H (l1 � lcr ; hd)

| {z }
e�ect of the cytotoxic drug

;

(5.6)

q2 = k1;2� 2� 4

�
c

cp + c

�

| {z }
cell birth

� k2;2� 2

�
cc1 + c
cc2 + c

�

| {z }
cell death

� kap;2� 2
w

wm + w
H (l2 � lcr ; hd)

| {z }
e�ect of the cytotoxic drug

;

(5.7)

where kap;1 and kap;2 are the drug-induced apoptosis rate constants for healthy and cancer cells,
respectively.
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5.3 Nondimensionalisation

For the dimensionless form of the drug's mass balance, the concentration in the plasma imme-
diately after injection, wv, is considered as a characteristic drug concentration and is nondimen-
sionalized using:

w
0
=

w
wv

: (5.8)

The resulting dimensionless mass balance for the drug is:

� D �
wr 2w

0
= k�

rep;d � 3 max(w�
c � w

0
; 0) � k�

d;d � w
0

�
w

0

w�
m + w0

X

i =1 ;2

k�
cn;i � i H (l �

i � l �
cr ; h�

d) ;
(5.9)

where

D �
w =

Dw

krepR2
0
; k�

rep;d =
krep;d

krep
; k�

d;d =
kd;d

krep
;

w�
m =

wm

wv
; h�

d =
hd

km;1
; l �

cr =
lcr

km;1
;

(5.10)

whereR0 is a typical length scale; in our case,R0 is the radius of the initial cancerous seed,

and

l �
i =

l i
km;1

= k�
m;i � 4

c
0

c�
p + c0 ; k�

cn;i =
kcn;i

krepwv
for i=1,2. (5.11)

The dimensionless concentration of the drug in the bloodstream,wc, decays exponentially in
time (i.e., clearance rate of the drug) is:

w�
c = e� k �

el

�
t
0
� t �

inj

�

; (5.12)

where

k�
el =

kel

km;1
; t �

inj = t inj � km;1 ; t
0
= km;1 � t and w�

c =
wc

wv
(5.13)
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The modi�ed dimensionless source terms for the case of cytotoxic therapy on healthy and cancer
cells are:

q
0

1 = � 1� 4

�
c

0

c�
p + c0

�

| {z }
cell birth
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(5.14)
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;

(5.15)

where

k�
ap;i =

kap;i

km;1
for 1=1,2. (5.16)

5.4 Implementation of Cytotoxic Therapy Model into Com-
sol Multiphysics

Before adding the Cytotoxic Therapy to the mathematical formulation in the environment of
Comsol Multiphysics® , it is essential to describe how radiotherapy's parametersr t and krad were
adapted to the current irradiation dose. By applying the LQ model's Equations 4.2 and 4.6 and
applying the dose of radiation 30 Gy, the survival fraction of viable cancer cells after radiotherapy
was SF = 0:33 or 33%. As is already mentioned, the value ofr t remains constant atr t = 0:5 be-
cause there is no e�ect from radiation dose; however, the value of the strength of radiation changes
because it depends on the current radiation dose. Many simulations were performed employing
di�erent values of krad in the environment of Comsol before resulting in the appropriate one that
gives SF=0.33 or 33%. The best values for parameters to describe the current irradiation dose of
the treatment process arer t = 0:5 and krad = 0:23.

All computations were performed in the environment of COMSOL Version 5.3a using the same
tools described in Section 4.4. After inserting the cytotoxic therapy in the mathematical model
into Comsol Multiphysics ® , there are some additional terms in some of the equations. The source
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terms of healthy and cancer cells are modi�ed accordingly.

The mass balance equation for healthy cells takes the following form:
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(5.17)

where

l �
1 = k�

m;1� 4
c

0

c�
p + c0 : (5.18)

The mass balance equation for cancer cells takes the following form:
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(5.19)

where

l �
2 = k�

m;2� 4
c

0

c�
p + c0 : (5.20)

Moreover, the cytotoxic drug (Taxane) is added, and the form of the dimensionless mass balance
for the drug is the following:

� D �
wr 2w

0
= k�

rep;d � 3 (w�
c � w

0
) � k�

d;d � w
0

�
w

0

w�
m + w0

�
k�

cn;1� 1H (l �
1 � l �

cr ; h�
d) + k�

cn;2� 2H (l �
2 � l �

cr ; h�
d)

�
:

(5.21)
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Table 5.1: Dimensionless parameter values used in the simulations with cytotoxic drug[23].

Parameter Value Description
D �

w 0.1 Drug di�usion coe�cient
k�

ap;1 60 Healthy cell drug induced apoptosis rate constant
k�

ap;2 60 Cancer cell drug induced apoptosis rate constant
k�

cn;1 0.209 Drug consumption by healthy cells rate constant
k�

cn;2 0.209 Drug consumption by cancer cells rate constant
k�

rep;d 1 Drug replenishment constant
k�

el 3.36 Drug expulsion rate constant
k�

d;d 4:27� 10� 3 Drug decay rate constant
w�

m 2 Drug concentration at which drug induced apoptosis rate is half-maximal
w�

v 1 Concentration of drug in the bloodstream at the moment of injection
T �

p� cyt 7 Period between two consecutive doses of chemotherapy
t �
chemo� cyt 60 Time that chemotherapy starts its cytotoxic activity

l �
cr 0.28 Critical proliferation values

h�
d 0:01�h Smoothness parameter for cytotoxic therapy mass balances

To simulate the cytotoxic drug injections, the Events (ev) interface was applied to the envi-
ronment of COMSOL. In our case, the injections of cytotoxic therapies are simulated as events
because each injection happened at di�erent time instances. In other words, each event (injection)
starts at a later time compared with the previous events and at an earlier time compared with the
future events. For example, for Event 1, the event starts att i = t �

chemo� cyt , and for Event 2, the
event starts at t i = t �

chemo� cyt + T �
p� cyt , for Event 3, the event starts att i = t �

chemo� cyt + 2 � T �
p� cyt ,

etc. The parameterst �
chemo� cyt and T �

p� cyt are described in Table 5.1

The parameters used in the simulations with the cytotoxic drug are summarized in Table 5.1.
The values of these dimensionless parameters used for the cytotoxic chemotherapy application
model are described below:

ˆ Determination of D �
w : The Einstein-Stokes equation is used to determine the di�usion coef-

�cient of the drug:

D =
kB T
6��r

; (5.22)

where kB is the Boltzmann constant,T the temperature, � denotes the dynamic viscosity,
and r corresponds to the hydrodynamic radius of the molecule. Since the case of docetaxel
is examined, its hydrodynamic radius is approximately 1:59 nm [23, 86]. For simpli�cation,
the nutrient species is considered to be oxygen, with a hydrodynamic radius 152pm =
0:152 nm [23, 87]. Then, by applying Einstein - Stokes equation for both docetaxel and
oxygen (dimensionless) di�usion coe�cients:
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D �
w

D �
c

=
kB T

6��r w

kB T
6��r c

=
rw

r c
=

0:152nm
1:59nm

=)

D �
w

D �
c

= 0:1 =)
D �

w

1
= 0:1 =) D �

w = 0:1;

(5.23)

whereD �
c = 1:0, is the nutrient di�usion coe�cient see Table 2.1.

ˆ Determination of k�
ap;1 and k�

ap;2: By assuming that the mitosis rate of healthy cells typically
ranges in timescales of days, is de�ned that:

1
km;1

= 1 day =) km;1 =
1

day
=

1
86400

1
s

: (5.24)

It is also assumed that healthy and cancer cells are a�ected through the same mitosis-
inhibiting mechanism by the drug. This re
ects to the following relations for (dimensionless)
drug induced apoptosis rate and drug consumption rate constants:

k�
ap;1 = k�

ap;2; (5.25)

k�
cn;1 = k�

cn;2: (5.26)

In addition, it is assumed that drug consumption rate constants are linked with apoptosis rate
constants by multiplying them with a characteristic drug concentration, which is assumed
to be the drug concentration in the bloodstream during injection,wv. The wv parameter is
calculated below.

kcn;1 = wv � kap;1; (5.27)

kcn;2 = wv � kap;2: (5.28)

The drug induced apoptosis rate constant is calculated [23, 88]

kap;1 = 1:8 � 10� 4 1
s

: (5.29)
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To calculate the parametersk�
ap;1 and k�

ap;2 is enough one of them to be calculated according
to Equation 5.25. With the help of Equations 5.16, 5.24 and 5.29:

k�
ap;1 =

kap;1

km;1
=

1:8 � 10� 4 1
s

1
86400

1
s

= 15:552 =)

k�
ap;1 = k�

ap;2 = 15:552:

(5.30)

In COMSOL simulations, we applied a larger value in these parameters for the needs of the
simulations with the cytotoxic drug, i.e. k�

ap;1 = k�
ap;2 = 60.

ˆ Determination of w�
v : A typical drug schedule of docetaxel is 45mg=m2 weekly [1]. Based

on that, the dimensionless period between two doses is equal to (see Table 5.1):

T �
p� cyt = 7: (5.31)

A course of docetaxel-based chemotherapy is simulated and divided into six sessions. The
�rst session takes place at (dimensionless) time (see Table 5.1):

T �
chemo� cyt = 60; (5.32)

and as explained above, each two consecutive doses areT �
p� cyt = 7 apart. To calculate

the drug concentration in the bloodstream,wv it is assumed that the patient is 1:70 m tall,
weighing 70 kg and his total blood volume is 4:6 L. The empirical Du Bois equation [89] is
applied to calculate the total body surface area:

BSA = 0:007184W 0:425H 0:725; (5.33)

whereW is the patient's weight in kg and H is the patient's height in cm. By considering
the typical drug schedule of 45mg=m2 weekly, the concentration in the blood of the patient
at the moment of injection is calculated below:

BSA = 0:007184 700:4251700:725 = 1:8097m2; (5.34)

45
mg
m2

� BSA = 45
mg
m2

� 1:8097m2 = 81:4365mg = 0:0814365g; (5.35)
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The molar mass of Docetaxel is:

Mr Docetaxel = 807:879
g

mol
; (5.36)

The Equations 5.35 and 5.36 are divided and the result is the following:

0:0814365g
807:879 g

mol

= 1:008� 10� 4 mol: (5.37)

The Equation 5.37 is divided by the patient's total blood volume which is 4.6 L in order for
wv to be calculated:

wv =
1:008� 10� 4 mol

4:6 L
=) wv = 2:1913� 10� 5 mol

L
: (5.38)

The dimensionlessw�
v equals 1 (see Table 5.1).

ˆ Determination of k�
rep;d : For the drug replenishment term through the vasculature, it is

assumed that the kinetic constant rate,k�
rep;d is equal to the corresponding one for the

nutrients, c, thus its dimensionless value is:

krep;d = krep ! krep;d = 1: (5.39)

In particular, by assuming the replenishment of oxygen through the circulatory system in
the timescale of minutes,krep has the following form:

krep =
1
5

min � 1 =
1

300
s� 1: (5.40)

From Equations 5.10, 5.39 and 5.40 the parameterk�
rep;d is calculated (see Table 5.1):

k�
rep;d =

krep;d

krep
=

krep

krep
=

1
5 min � 1

1
5 min � 1

= 1 �! k�
rep;d = 1: (5.41)
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ˆ Determination of the parametersk�
cn;1 and k�

cn;2: From Equations 5.27, 5.29 and 5.38kcn;1 is
de�ned:

kcn;1 = wv � kap;1 = 2:1913� 10� 5 mol
L

� 1:8 � 10� 4 1
s

�!

kcn;1 = 3:9443� 10� 9 mol
L � s

(5.42)

From Equations 5.11, 5.38, 5.40 and 5.42k�
cn;1 is de�ned:

k�
cn;i =

kcn;i

krepwv
for i=1,2 =)

k�
cn;1 =

kcn;1

krepwv
=

3:9443� 10� 9 mol
L �s

1
300 s� 12:1913� 10� 5 mol

L

=)

k�
cn;1 =

3:9443� 10� 9 mol
L �s

7:3043� 10� 8 mol
L �s

=) k�
cn;1 = 0:0540:

(5.43)

From Equation 5.26:

k�
cn;1 = k�

cn;2 = 0:209; (5.44)

because is applied a larger value in these parameters for the needs of the simulations in
COMSOL (see Table 5.1).

ˆ Determination of k�
el: To estimate the rate constant for the drug expulsion from the blood-

stream, k�
el is adopted as a commonly applied equation in compartment models used in

pharmacokinetics [23, 90, 91]:

k�
el =

CL=VD

km;1
; (5.45)

whereCL is the clearance rate andVD the volume of distribution. In Equation (5.45), the
denominator denotes the kinetic constant rate of mitosis of healthy cells, and it is applied in
order to obtain the dimensionless value fork�

el. Typical values [84] for:

CL = 15:7
L

m2h
; (5.46)
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and
VD = 112

L
m2

; (5.47)

From Equations 5.45, 5.46, 5.47 and 5.24 :

k�
el =

CL=VD

km;1
=

15:7 L
m 2h

112 L
m 2

1
24 h

=
0:1402

1
24

1
h
1
h

=) k�
el = 3:3621: (5.48)

Thus, the dimensionless value fork�
el equals 3:36 (see Table 5.1).

ˆ Determination of k�
d;d: For the drug's decay rate constant, the following relation is used [91]:

k�
d;d =

ln 2=Thalf

krep
; (5.49)

whereThalf is the half-life of the cytotoxic drug. The expression is divided bykrep in order
to compute the dimensionless value ofk�

d;d. The half-life of docetaxel is as follows:

Thalf = 13:5 h = 810 min; (5.50)

[84]. From Equations (5.49), (5.50) and (5.40) :

k�
d;d =

ln 2
810 min

1
5 min

=
8:5574� 10� 4

0:2

1
min

1
min

=) k�
d;d = 4:27� 10� 3: (5.51)

Thus, the dimensionless value of the decay rate constant isk�
d;d = 4:27� 10� 3 (see Table 5.1).

ˆ The dimensionless value ofw�
m is obtained directly from the paper from Lampropoulos et al.

[23] (see Table 5.1).

ˆ Determination of l �
cr : For parameter l �

cr , is considered that its value needs to satisfy:

l1 < l �
cr < l 2 (5.52)

based on the assumption that healthy cells are practically una�ected by cytotoxic therapy.
It is determined (through a series of simulations) that a value close tolcr = 0:28 produces
the most realistic results [23] (see Table 5.1).

ˆ The dimensionless value ofh�
d is obtained directly from the paper from Lampropoulos et. al

[23] (see Table 5.1). Practically, the value of the steepness parameterh�
d is small, and that

means that no smoothing is added to the model.
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5.5 Numerical Results

Initially, the tissue for our computational analysis is modeled as a circular domain with (di-
mensionless) radius,Rtissue = 20. The computational mesh is generated with the Extra �ne mesh
option of the Fluid dynamics mesh category. The computational mesh is an unstructured mesh
generated with the method of Delaunay Triangulation, generating approximately 20.000 elements
and about 400.000 degrees of freedom. The maximum element surface is equal to 0.52 square
units, and the minimum element surface is equal to 0.006 square units. The computational grid
for the examined tissue is the same as depicted in Figure 4.2 (4.2a and 4.2b). The solvers were
used, MUMPS and BDF, as referred to in Section 4.5 to solve the system and for time integration,
respectively. The Segregated solution approach was chosen as mentioned in Section 4.5. The lower
limit for this computational analysis was set equal to 1� 10� 15.

The simulations which are examined in this second section of our computational study of
combination therapies in growing tumors are the following:

1. Computational analysis applied "No Therapy"

2. Computational analysis applied "Only Radiotherapy"

3. Computational analysis applied "Only Chemotherapy"

4. Computational analysis applied "Combined Chemoradiotherapy"

In this section, our results are divided into three categories. In the �rst category, we have the
"Surface Integration" of cancer cells where the integral

RR
S � 2 dxdy is used to calculate the total

surface area occupied by cancer cells, thus related to the total number of living cancer cells. In the
second category, we have the "Surface Integration" of blood vessels where the integral

RR
S � 3 dxdy

is used to calculate the total surface area occupied by blood vessels. When the integral of vessels is
calculated, a limitation is imposed

RR
S � 3 � (� 2 > 10� 3) dxdy. With this restriction, only the vessels

close to tumor cells are being studied. In the third category, snapshots of spatial volume fraction
distribution of cancer cells and blood vessels phase are depicted. These two-dimensional diagrams
are referred for treatment free, radiotherapy, chemotherapy, and chemoradiotherapy simulations.

Regarding the �rst category of our results, Figure 5.1 depicts the evolution of cancer cell sur-
face for the cases; No Treatment, Radiotherapy, Chemotherapy, and Chemoradiotherapy. More
speci�cally, the total number of living cancer cells decreases when some type of therapy is applied,
while cancer cells increase rapidly when No therapy is applied. Moreover, as illustrated in the
same Figure 5.1, by applying Combined Chemoradiotherapy, cancer cells decreased more when
compared to the other cases. As a result, the survival fraction of tumor cells, in the case of Com-
bined Chemoradiotherapy, is the smallest. Consequently, Combined Chemoradiotherapy is better
than Only Radiotherapy or Only Chemotherapy when applied for cancer treatment.

Continuing to the second category of our results, Figure 5.2 presents the evolution of blood
vessels surface for the cases; No treatment, Radiotherapy, Chemotherapy, and Chemoradiother-
apy. As demonstrated in Figure 5.2, the total number of blood vessels decreases when a therapy
is applied, while vessels increase rapidly when No Treatment is applied. As clearly illustrated
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Figure 5.1: Evolution of
RR

S � 2 dxdy for treatment free, radiotherapy, chemotherapy, and chemora-
diotherapy simulations.

by applying Combined Chemoradiotherapy, the blood vessels decreased the most. Consequently,
Combined Chemoradiotherapy is better than Only Radiotherapy or Only Chemotherapy when
applied for cancer treatment, as suggested by our results.

It is worth noting why we studied the blood vessels in all of the cases mentioned above. When
cancer cells have access to more vessels, the possibility for metastasis is higher compared to the
case where the number of vessels is restricted, so the chance for cancer cells to metastasize is
smaller. The blood vessels behave di�erently in each treatment, and this situation a�ects the
dynamics of tumor metastasis. For instance, when Only Radiotherapy is applied, the number of
vessels that occupy the tissue's domain is larger than if Only Chemotherapy is applied, in which
the vessels decrease more. As depicted in Figure 5.2, if No Therapy is applied, the chance for
tumor metastasis is the greatest. On the contrary, in Combined Chemoradiotherapy, the number
of vessels is decreased signi�cantly. As a result, in Combined Chemoradiotherapy, the chance of
metastasis is the smallest compared with the other three cases.

In the third category of our results, two-dimensional distribution diagrams are illustrated. The
results of Treatment Free and Radiotherapy simulations are presented in Figure 5.3. While the
cancerous population is constantly increasing in the case that no treatment is applied to the grow-
ing tumor, the distribution of surviving cancer cells gets suppressed by radiotherapy. The duration
of irradiation treatment is six weeks starting at the dimensionless time, Time=60, and completing
at the dimensionless time, Time=102. At the dimensionless time, Time=200, it can be obtained
that in the case of treatment free, the cancer cells reach the limits of the tissue domain very early
compared to the irradiation therapy. The formulation of the necrotic core is observed at the irra-
diated cancer cells at Time=200.
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Figure 5.2: Evolution of
RR

S � 3 � (� 2 > 10� 3) dxdy for treatment free, radiotherapy, chemotherapy,
and chemoradiotherapy simulations.

Figure 5.4 depicts snapshots of the cancer volume fraction. One can observe that chemotherapy
suppresses the growing tumor since, at dimensionless times, such as Time=120, chemotherapy isn't
applied anymore. The most signi�cant suppression of the growing tumor can be observed when
chemoradiotherapy is applied. The duration of chemotherapy and chemoradiotherapy treatment
is six weeks starting at the dimensionless time, Time=60, and completing at the dimensionless
time, Time=102. Moreover, the formulation of the necrotic core is observed at later time inter-
vals in comparison with the cases in Figure 5.3. When chemotherapy is used, the formulation
of the necrotic core is observed at the dimensionless time, Time=240. In the case of combined
chemoradiotherapy, the necrotic core appeared at Time=300. This con�rms the long lasting e�ect
of the cytotoxic drug in the bloodstream. Docetaxel remains in the patient's body for more time
interval, so it continues to decrease tumor growth after the treatment is over. Especially in com-
bined chemoradiotherapy, the formulation of necrotic core delays the most compared to the above
mentioned cases.

Snapshots of the spatial distribution of blood vessels are illustrated in Figure 5.5. If no therapy
is applied to the growing tumor, the population of blood vessels increases constantly. On the other
hand, the vascular fraction distribution is smaller when radiotherapy is applied. This resulted that
the in
ammation in the tissue will be less than in the treatment-free case, in which a noticeable
increase in vessel volume fraction is inevitable.

Finally, snapshots of the spatial distribution of vessels are depicted in Figure 5.6. These
results suggest that when radiotherapy and chemotherapy are given together is more successful at
reducing the blood vessels phase than treatment with only chemotherapy delivered. As the growth
of vascular system is suppressed the most, in a chemoradiotherapy-treated tumor, the in
ammation
is the smallest. Reaching to conclusion, combined chemoradiotherapy is the most e�ective way of
reducing both tumor size and blood vessel population, as concluded from the results.
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(a) Treatment Free (b) Radiotherapy

Figure 5.3: Snapshots of spatial volume fraction distribution of cancer cells: (a) in a no-treated
tumor (left column) and (b) in a radiotherapy-treated tumor (right column) at dimensionless times,
Time=60, 120, 180 and 200 with applying radiotherapy at the dimensionless time, Time=60.
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(a) Chemotherapy (b) Chemoradiotherapy

Figure 5.4: Snapshots of cancer cells volume fraction distribution: (a) in a chemotherapy-treated
tumor (left column) and (b) in a chemoradiotherapy-treated tumor (right column) at dimensionless
times, Time=60, 120, 180, 240 and 300 with applying both chemotherapy and chemoradiotherapy
at the dimensionless time, Time=60.
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