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forcing the oscillator to move through a prescribed circumferential path. An analytical and 

experimental framework is developed, and analysis is undertaken to identify the beneficial effects of 

the DDA to the dynamic response of the system. The DDA is subsequently applied to phononic and 

locally resonant metamaterials as a means to enhance their dynamic properties. Analytical, numerical 

and experimental results showcase significant improvements and advantages over the conventional 

phononic and acoustic structures, such as broader bandgaps and increased damping ratio. Finally, a 

conceptual design of a seismic metamaterial in the form of a metabarrier is proposed and an 

investigation of its response under seismic excitation is analyzed. Results indicate the beneficial role of 

the device and DDA mechanism, hence placing the concept as a compelling alternative to existing 

seismic protection technologies. 
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1 INTRODUCTION  

1.1 Introduction & Motivation 

The founding pillar of this research work lies in the mitigation of vibrations and the enhancement of 

the dynamic properties of a variety of engineering structures. Specifically, the main goal of the studied 

vibration control mechanisms is the acoustic treatment and consequently, noise reduction through 

various proposed frameworks that target the low-frequency domain of an incoming acoustic wave. 

Inspired by the use of novel metamaterials and amplification mechanisms, a series of innovative 

systems are conceptualized, designed and presented herein, seeking for solutions to low-frequency 

vibration control and sound attenuation problems.  

To begin with, environmental Noise Pollution is currently considered the second largest cause of 

pollution in the world, next only to air pollution. Exposure to severe environmental noise contributes 

to several health impacts and is currently a growing concern of both the general public and 

policymakers. It is undoubtedly a serious issue in modern urban areas that can significantly deteriorate 

the quality of life of people living in such conditions. According to WHO, excessive exposure to high 

levels of road traffic noise can increase the health risks of ischemic heart disease (IHD), stroke and 

diabetes. In addition, annoyance and sleep disturbances may occur to people exposed to high levels of 

ambient noise for long periods of time. Similar consequences to human health can be provoked by 

railway and aircraft noise, that are very common in modern European cities. For the aforementioned 

health reasons, the Environmental Noise Guidelines for the European region propose the reduction of 

the noise level produced by road traffic to 53 dB Lday (day - evening noise level) and to 45 dB Lnight 

(night noise level). Similar noise level limitations are proposed for aircraft and railway noise. The actual 

situation in the EU countries, concerning noise pollution, is far from these limitations proposed by the 
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The strength of sound, which human ears perceive, is called loudness. Mathematically, the higher SPL, 

the louder sound. However, at different frequencies, human ears have different sensitivity. Generally, 

human is less sensitive to lower than higher frequency sound. Figure 1-1  depicts the equal loudness 

contours for which a listener perceives the same loudness. The unit of the loudness is phon, and the 

phon of each contour is the SPL at 1 kHz. 

1.2.2 State-of-the-Art in Low-Frequency Noise Mitigation 

In the last two decades, there is tremendous development in the acoustic field to absorb or suppress 

sound wave propagation. However, traditional acoustic materials have certain limitations for sound 

insulation and absorption at low-frequency. Investigation of the acoustic performance of common 

means of acoustic treatment, such as plasterboard panels, is most often focused on middle to high 

 

Figure 1-1: The equal loudness contours and the SPL spectrum of some popular noise sources as illustrated by the 
insets. (based on the figure of Nguyen 2021) 
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constitute widespread means for acoustic treatment in a vast range of applications from room 

acoustics to loudspeaker enclosures, etc.  In addition, although they are considered the most common 

solution (de Melo Filho et al., 2019), their effectiveness in low-frequency isolation has not been 

extensively documented, even in cases where novel composite honeycomb arrangements (Moore and 

Lyon, 1991) with negative stiffness element inclusions (Chronopoulos et al., 2017) are considered. 

As a summary, state-of-the-art research includes various acoustic materials such as natural fibers and 

recycled materials, metamaterials, acoustic black holes, micro-perforated panels, and advanced foams 

aiming to achieve broadband noise mitigation. The capability of new technologies and research allows 

to build complex systems like perforated panels, gradient-index, space-coiling, and metamaterial-

based periodic structures that seek a solution towards mitigation of low-frequency noise, without the 

need of huge masses. An overall schematic representation of acoustic materials for noise reduction is 

presented in Figure 1-3. 

 
In the following sections a short explanation, history and literature review of metamaterial concepts 

are presented along with details on their extraordinary wave manipulation properties. Recent 

applications in vibration control and sound attenuation are also provided.     

 

Figure 1-3: Overall schematic representation of acoustic materials (based on the figure of Kishore et al., 2021) 
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Subsequently, negative effective acoustic parameters were observed in many other structures, 

including periodically arranged Helmholtz resonators (Fang et al., 2006) (Figure 1-7), membrane-type 

structures (Yang et al., 2008), and coil-up space structures. The material parameters of such 

metamaterials can be tuned to any values in material space by adjusting their microstructures. In 

other words, their architecture can be designed to produce the desired response, including negative 

effective mass (Huang et al., 2009; Huang and Sun, 2009; Lu et al., 2009; Yao et al., 2008), negative 

Poisson's ratio (Lakes, 1993), and negative stiffness (Huang and Sun, 2012). 

 

Figure 1-6: (a) Cross section of a coated lead sphere that forms the basic structure unit (b) for an 8 X 8 X 8 sonic 
crystal. (c) Calculated (solid line) and measured (circles) amplitude transmission coefficient along the [100] 

direction as a function of frequency, (d) calculated band structure of a simple cubic structure of coated spheres in 
very good agreement with measurements (the directions to the left and the right of the G point are the [110] and 

[100] directions of the Brillouin zone, respectively (Liu et al., 2000). 
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In 2008, the first membrane-type acoustic metamaterial was proposed (Yang et al., 2008). The 

investigated material consisted of a tensioned elastic membrane with an additional mass on a support 

frame. Results showcased sound insulation properties much greater than the ones predicted by the 

mass law. Since then, membrane-type metamaterials have attracted the interest of researchers and 

the industry due to their simple structure that seems promising for future applications. Studies have 

developed a number of analytical and numerical models to estimate the acoustic characteristics of 

these novel concepts (Chen et al., 2014; Langfeldt et al., 2015; Zhang et al., 2012), and performed 

experimental validation tests (Gao et al., 2018) in acoustic impedance tubes.  

However, membrane-type acoustic metamaterials may suffer damage due to the pre-stress tensor of 

the membrane and consequently their practical implementation is significantly reduced. Therefore, a 

more realistic alternative for noise reduction applications comprises thin-plate type acoustic 

metamaterials. Langfeldt et al. (2019) proposed an analytical method to estimate the eigenmode and 

sound transmission loss (STL) of thin-plate metamaterials while Varanasi et al. (2013), proposed to 

replace the concept of the elastic membrane with a lightweight thin plate acting together with a mass 

block, and a frame. More recently, the sound insulation performance of a large square-plate acoustic 

metamaterial panel composed of a periodic array of square elements which was evaluated under 

normal excitation (X. Wang et al., 2019). Characteristic examples of low-frequency membrane and thin 

plate type acoustic metamaterials are presented in Figure 1-8. 
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originally designed for machinery and specifically train and other vehicle suspension mechanisms, its 

application was extended lately as a solution to numerous vibration control problems. 

In particular, such inertial amplification devices have been introduced and experimentally tested as a 

means to enhance the performance of conventional base isolation and TMD systems (Chowdhury et 

al., 2021; Moraes et al., 2018; Nakamura et al., 2014; Shi et al., 2022). As an example, Marian and 

Giaralis (2014) and Giaralis and Taflanidis (2018) proposed an inerter-enhanced TMD, namely the 

tuned-mass-damper inerter, as a seismic protection measure of structures. In a similar way, Cheng et 

al. (Cheng et al., 2020) presented a simple inertial amplification mechanism, the IAM, that improves 

the performance of the classic TMD using the amplification effect of a triangular shape mechanical 

system.  

1.2.3.2 Applications in Metamaterials 

As previously mentioned, conventional locally resonant metamaterials (LRMs) (Huang et al., 2009) 

may require hefty internal parasitic masses, as well as additional constraints at the amplitudes of the 

internally oscillating locally resonating structures, which may prohibit their practical implementation 

(Kulkarni and Manimala, 2016). Therefore, achieving wide and low-frequency bandgaps, based solely 

on traditional LRM structures is a challenge. Recently, attempts have been made towards artificially 

increasing the resonating mass's inertia via amplification mechanisms.  

Inspired by the successful application of inertial amplifiers in engineering applications, several works 

proved their suitability in the context of periodic structures (Acar and Yilmaz, 2013; Mi and Yu, 2021; 

Taniker and Yilmaz, 2017; Yilmaz and Hulbert, 2010; Yuksel and Yilmaz, 2015). Researchers (Feifei and 

Lei, 2019; Kulkarni and Manimala, 2016; Wang, 2020) studied the longitudinal elastic wave 

propagation characteristics of inertant acoustic metamaterial configurations having inerters either in 

the local attachments or in the lattice, using effective models for their one-dimensional discrete 

element lattice chains. These analyses indicated that up or downshifting of the bandgap frequency 

range and its extent depends on the inerter configuration while retaining static mass addition to the 

host structure to a minimum level. Frandsen (2016) investigated wave motion propagation in a 

continuous elastic rod with periodically attached inertial amplification mechanisms, which he utilized 

in a manner that alters the intrinsic properties of the continuous structure. He concluded that the 

inertial amplification system is superior, as the simple local resonance system requires approximately 

twenty times heavier mass to obtain a comparable bandgap width. Li and Li (2018) extended 

Frandsen's model and included inertial amplification to infinite elastic beams. 
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negative stiffness elements have been proposed as advanced mechanisms to enhance dynamic 

behaviour and provided additional damping (Antoniadis et al., 2015; Michelis and Spitas, 2010). 

Another example of such an NS-based absorber is the KDamper (KD) concept that has been examined 

in various engineering applications such as seismic mitigation and protection of structures 

(Konstantinos A Kapasakalis et al., 2020; Konstantinos A. Kapasakalis et al., 2020; Mantakas et al., 

2022) and low-frequency sound attenuation (Kalderon et al., 2021; Paradeisiotis et al., 2020). 

Additional information and details on the concept are provided in the following chapters of this thesis. 

In the context of metamaterial structure, the inclusion of negative stiffness elements to the oscillating 

system shows promising results in addressing this issue, to a certain extent, revealing the potential of 

the use of negative stiffness (Antoniadis et al., 2015, 2016; Paradeisiotis et al., 2020) towards the 

design of low-frequency acoustic metamaterials (I Antoniadis and Paradeisiotis, 2018; Ioannis 

Antoniadis and Paradeisiotis, 2018; Chronopoulos et al., 2017, 2015).  

1.3 Scope & Originalities of the Thesis 

The scope of this research work lies in the mitigation of vibrations and enhancement of the dynamic 

properties of noise attenuation and vibration control mechanisms. Specifically, the main goal of the 

study is the acoustic treatment and the proposition of noise reduction frameworks that specifically 

target the low-frequency regime of an incoming acoustic wave. The envisaged mechanisms are 

inspired by the use of phononic and acoustic metamaterials as well as the inclusion of amplification 

mechanisms and are designed and conceptualized to seek solutions to low-frequency vibration control 

and sound mitigation problems. A series of analytical and numerical frameworks as well as 

 

Figure 1-11: Examples of a negative stiffness enhanced acoustic metamaterial: (left) view of the proposed 
honeycomb architecture and the employed NS element, and (right) numerical model of the proposed tripod NS 

mechanism (Chronopoulos et al., 2017) 
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For the calculation of the Sound Transmission Loss (STL) in the case of a thin plate, using the single DoF 

model, the expression of the mechanical impedance pZ  can be rearranged to include the transfer 

function of the displacement (Paradeisiotis, 2019), namely: 

1

1 XF

p

T

j A
 (2-7) 

whereA is the surface of the plate subjected to the excitation. Therefore, the STL is calculated as 

follows: 

10 2

1
10logSTL  (dB) (2-8) 

2.2.2 Vibrating plate approximations 

2.2.2.1 Sound radiation from a rectangular panel in an infinite rigid baffle 

The fluid domain is assumed homogeneous and compressible. The mass density of air and sound speed 

are noted as 0 and 0c , respectively. The infinitely large acoustic rigid baffle divides the space into two 

domains i.e., the excitation domain V and the receiver domainV . The panel is subjected to the 

incident pressure ip , with incidence angle i and azimuth angle i . Therefore, the excitation domain 

consists of the incident pressureip , the reflected pressurerp , and the re-radiated pressure radp  due 

to the motion of the finite panel. 

 
Figure 2-2: Wave propagation at a partition. 
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2 2 2 | | ( ) ( )  PR x  (2-13) 

and is the position vector of a point in the receiver domain while  is the 

position vector of the centre of an elemental radiator with surface Son the panel, having a normal 

velocity amplitude . For the local coordinates, it holds that 
2
xl , 

2
yl . 

Following the derivation of the transmitted pressure expression, there are two different ways used to 

determine the radiated (transmitted) power. The first method is to integrate the intensity on a 

hemisphere in the far-field by enclosing the plate which is followed in this work, while the second one 

is to integrate the acoustic intensity over the surface of the vibrating plate. Both approaches require the 

knowledge of the distribution of the velocity over the plate, and they assume a weak coupling between 

the vibrating structure and the radiated sound field. 

Applying the far-field approximation, as described in Appendix A.1, the transmitted intensity tI  is 

calculated as  is the position vector of the centre of an elemental radiator with surface: 

2

0 0

( , , )
( , , )

2
t

t

p r
I r

c
 (2-14) 

Then, the transmitted power t  is derived by integrating the transmitted intensity on a hemisphere in 

the far field which is enclosing the plate as: 

2 2
2

0 0

sint tr d d  (2-15) 

while the incident power on the panel is defined as: 

2

0 0

cos

2
i x y

i

p l l

c
 (2-16) 

2.2.2.2 Vibration of a panel subject to external pressure 

With reference to Figure 2-3, the finite-sized flat panel partition is assumed to be rectangular and 

baffled, with lengths xl  and yl  along the x  and y  axes, respectively. The panel of thickness h , is 

considered homogeneous and isotropic and is modelled as a classical thin plate, implying that the effects 
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It is noted that the laboratory geometry and the measurement procedure do not accurately follow the 

ISO standards guidance, however, the developed model can be used for room-to-room sound 

transmission predictions. The panel is excited by the source located in the left corner of the source room 

and the incidence and radiated acoustic pressure is extracted from the fluid-structure interface nodes. 

An arithmetic average is performed as follows: 

,
1

1 n

t t i
i

P p
n

 (2-40) 

,
1

1 n

i i i
i

P p
n

 (2-41) 

where n  denotes the total number of measuring nodes; i denotes the node number; ip  denotes the 

incidence pressure. and tp  denotes the transmitted pressure. Then the averaged pressure was used to 

compute the simulated STL by the following expression: 

1020log
i

t

P
STL

P
 (2-42) 

 
Figure 2-7: (a) Plan view of the sound laboratory setup used in ABAQUS model. (b) Depiction of the vibro-

acoustic model. (c) Positioning of the twelve (12) mounts on the surface of the panel. 
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2.4.3 Effect of support conditions in STL 

In order to investigate the effects of elastic mounting in the following FE vibro-acoustic simulations, 

twelve (12) linear springs were attached to the panel, as presented in Figure 2-7 (c). The resulting STL 

frequency response compared to the simply supported and clamped configurations are presented in 

Figure 2-10. The total stiffness of the mounting is considered equal to the generalized stiffness of the 

simply supported panel ( * 5
1  1.1 10  [ / ]k k N m ), while no damping is considered for the mounts. 

Following the logic of classic vibration isolation, the eigenfrequency of the panel can be lowered enough 

and moved outside the frequency range of interest, e.g., above 20 Hz. However, a significant decrease 

of this frequency can have certain implications. On the one hand, it leads to slightly reduced STL 

frequency response, while on the other hand, it may present practical problems including excessive 

vibration magnitude, possible resonances with other supportive structural elements such as bolts or the 

frame, or even inadequate rigidity to undertake impact loads. The optimal solution requires a 

combination that leads to a relatively low fundamental eigenfrequency that can be effectively 

dampened without the need of excessive damping. At the same time, the fundamental frequency is 

required to be high enough, so that the overall STL is not significantly reduced, and no vibrational 

implications come into play when the mounting is very soft. 

Another purpose of the comparison in Figure 2-10 is to highlight the deviation of the eigenfrequencies 

between the simply supported and clamped panels that is derived from the uncertainty introduced by 

this fact in real world installations. Depending on the technique of the installation the exact support 

conditions may vary in these two cases. However, the inclusion of the soft elastic mounts, eliminates 

 
Figure 2-10: Effect of support conditions in Sound transmission loss (STL). 
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this uncertainty as it produces an explicit, calculated frequency response by design. Additionally, the 

reduction of the eigenfrequencies alone almost eliminates the participation of the higher modes even 

without the consideration of any energy diffusive elements besides the structural damping of the panel 

itself which holds for all three cases compared here. 

2.4.4 Effect of damping 

Further examination considers the effect of damping introduced by the elastic mounts. Assuming the 

same stiffness for the mounts as in section 2.4.3 a comparison is presented in Figure 2-11. 

The results are meant to demonstrate the expected level of damping in order to effectively damp the 

fundamental frequency. As already mentioned, even in cases of low damping, the STL response is 

flattened as the higher eigenfrequencies are effectively damped while only the first eigenfrequency 

requires significant damping. Whether the actual values of the assumed viscous dampers for high 

damping ratios are realistic, is surely a matter of discussion and depends on practical factors such as the 

material used for the mounts and spatial considerations of the implementation.  

Certainly, the positions of the mounts have a significant role on their damping effectiveness. Especially 

in this case of viscous damping, the velocity amplitude is maximum at the centre of the panel and 

minimum along the edges, therefore a mount positioned at the centre would most effectively dampen 

the fundamental resonance. However, this case would change the dynamic behaviour of the panel and 

would also require an additional supporting frame along the middle of the panel, which is something 

that is preferably avoided. For these reasons such a modification is not investigated in the current 

contribution. 

 
Figure 2-11: Effect of damping in Sound transmission loss (STL). 
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3 KDAMPER 

3.1 Background 

The idea of the KDamper absorber is based on other popular vibration control devices that have been 

proposed by researchers many years before. The Tuned Mass Damper (TMD) is one of the most well-

known and well-established approaches to achieve passive vibration control. The concept was initially 

applied more than 100 years ago by Frahm (1911) and later optimized by Den Hartog (1956). The idea 

consists of an oscillating mass, stiffness and damping elements that are attached to the original 

structure, and when tuned accordingly, provide significant vibration attenuation properties. Since its 

initial application, the TMD has been implemented in various applications and many forms of 

structures. A non-exhaustive list of recent applications includes vibration absorption due to ground 

motion and wind loading in bridges, skyscrapers (McNamara, 1977; Qin et al., 2009), and in the bases 

of structures (De Domenico and Ricciardi, 2018a; Palazzo et al., 1997; Tsai, 1995). Although the TMD is 

considered a reliable vibration control method and its applicability has been widely tested, it presents 

disadvantages that are not negligible: (a) the mass requirements are significant compared to the total 

mass of the structure, and (b) environmental factors and material behavior uncertainties may lead to 

gradual detuning of the system and consequently, to loss of its damping properties and effectiveness 

(Weber and Feltrin, 2010).  

Aiming to overcome the large mass requirements of the above system, various methodologies have 

been proposed to artificially increase the inertial forces. In the early 2000s, Smith et al. (2002) 

introduced the inerter, a novel two-terminal element with the property of generating an additional 

force that is proportional to the relative acceleration of the two terminals. The proposed configuration 

was profitably adopted as a means to increase the damping properties of a Formula One racing car 
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representation of the mechanisms of the conventional TMD, the TMDI as well as the innovative 

concept of the KDamper. 

The KDamper vibration control system has been examined for the protection of bridges (Sapountzakis 

et al., 2017, 2016) wind turbines (Kampitsis et al., 2022; Konstantinos A. Kapasakalis et al., 2021b), as 

well as, structural systems (K.A. Kapasakalis et al., 2021; Konstantinos A. Kapasakalis et al., 2021a, 

2020; Mantakas et al., 2022), achieving reduction of the displacement demand at the base level. 

Specifically, Kapasakalis et al. (2021), introduced the extended version of the KDamper concept as a 

vibration absorber for low-rise buildings; the system was applied supplementary to conventional base 

isolation for a typical RC structure. Optimization and subsequent analysis were performed by adopting 

a simplified structural model and by assuming linear structural behavior and linear KDamper 

components.  

In this research work, the KDamper vibration control mechanism is designed and implemented in 

acoustic panels and metamaterial assemblies as a means to enhance the vibration control and noise 

attenuation properties of a system and achieve mitigation in the low-frequency range. More details of 

the proposed configurations are provided in the following sections of this thesis.  

 

Figure 3-1:  (a) SDoF oscillator (M-C-K), (b) conventional Tuned Mass Damper system (TMD), (c) enhanced TMD 
with grounded inerter (TMDI), (d) KDamper concept. 
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Thus, the equations of motion of the KDamper excited by a harmonic motion in mass m  are: 

  ( )    ( )  ( )S D S D S S P S Dmu c u u k u k u u f t�� �� �� �� �� �  (3-2) 

( )  ( ) 0D D D S D N D P S Dm u c u u k u k u u�� �� �� �� �� �  (3-3) 

Assuming a harmonic excitation in the form of: 

0( )    j t j t
STf t Fe k U e� Z � Z�  �   (3-4) 

and a steady state complex response of: 

( ) j t
S Su t U e �Z�  (3-5) 

( ) j t
D Du t U e �Z�  (3-6) 

where ,S DU U  denote the response complex amplitude, the equations of motion of the KDamper 

become: 

2 ( ) ( ) ( )S D S D P S D S SmU j c U U k U U k U f t� Z � Z�� �� �� �� �� �� �  (3-7.a) 

2 ( ) ( ) 0D D S D P S D N DmU j c U U k U U k U� Z � Z�� �� �� �� �� �� �  (3-7.b) 

A careful examination of Eq. (3-7) reveals that the amplitude MDF  of the inertia force of the additional 

mass and the amplitude NF  of the negative stiffness force are exactly in phase, owing to the negative 

value of Nk . These forces are calculated as follows: 

2
MD D DF m U�Z�  � �  (3-8.a) 

0N N DF k U�  � d (3-8.b) 

Thus, similarly to the inerter (Smith, 2002), the KDamper essentially becomes an indirect approach to 

increase the inertia of the additional mass Dm , without however increasing the mass Dm itself. 

Moreover, it should be noticed that the value of MDF  depends on the frequency, whereas the value of 

NF  is constant in the entire frequency range. The latter is proved to be of great importance, 

specifically in the case of low-frequency vibration isolation applications. 

The optimal design of the KDamper parameters follows exactly the corresponding steps as in Den 

Hartog (1956). First, the Transfer Function of the KDamper results from equations (3-7). The  transfer 
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The equations of motion are: 

  ( )    ( ) S D S D S S P S D Gmu c u u k u k u u mu�� �� �� �� �� � ��  (3-13.a) 

( )  ( )D D D S D N D P S D D Gm u c u u k u k u u m u�� �� �� �� �� � ��  (3-13.b) 

Assuming a harmonic excitation and steady-state response, the Eqs. of motion (3-13) of the KDamper 

become: 

2  ( )   ( ) S D S D S S P S D GmU j c U U k U k U U mU� Z � Z�� �� �� �� �� �� � ��  (3-14.a) 

2 ( )  ( )D D D S D N D P S D D Gm U j c U U k U k U U m U� Z � Z�� �� �� �� �� �� � ��  (3-14.b) 

The Transfer Functions of the KDamper system finally result: 
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2/ 1AD D G UDH U U H�Z� � ��  (3-15.c) 
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 (3-15.d) 

The following non-dimensional parameters that concern the KDamper are introduced: 

/Dm m�P�  (3-16.a) 

D N Pk k k�  � � (3-16.b) 

/ ( ) /D D D N P Dk m k k m�Z � � ��  (3-16.c) 

/ 2 / 2 ( )D D D D D N P Dc m c k k m� ] � Z� � ��  (3-16.d) 

tot Dm m m�  � � (3-16.f) 

0 / / 2 ( / ) / ( ) / 2tot S P N P N Df k m k k k k k m m� S � S� � �� �� ��  (3-16.g) 

3.2.3 Extended KDamper (Base excited) 

The proposed vibration absorption concept is an extension of the KDamper referred to herein as the 

EKD system, illustrated in Figure 3-4. In a similar way to the KDamper, the EKD incorporates a system 

of masses, negative stiffness and positive stiffness elements as well as artificial dampers. The main 
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variation would be the change of the system configuration where the positive stiffness spring (Pk ) 

connects the damper mass (Dm ) to the base of the system while the negative stiffness element ( Nk ), 

is attached between the damper mass (Dm ) and the mass of the oscillator (m ). Also, an additional 

artificial damper is adopted and placed in parallel with the negative stiffness element so that we end 

up having two dampers, namely Dc  and Pc .  

The following equations of motion for the EKD are derived: 

( ) ( )+  S NS S D NS S S S S Gmu c u u k u u k u mu�� �� �� �� � ��  (3-17.a) 

( ) ( )D D N S D NS S D PS D PS D D Gm u c u u k u u k u c u m u�� �� �� �� �� �� � ��  (3-17.b) 

Assuming a harmonic excitation and steady-state responses, the equations of motion (3-17) of the 

EKD become: 

2  ( ) ( )   S NS S D NS S D S S GmU j c U U k U U k U mU� Z � Z�� �� �� �� �� �� � ��  (3-18.a) 

2 ( )  ( )D D NS S D NS S D PS D pS D D Gm U j c U U k U U k U j c U m U�Z �Z �Z�� �� �� �� �� �� �� � ��  (3-18.b) 

And the Transfer Functions of the KDamper system finally result: 
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 (3-19) 

2/ 1AS S G USH U U H�Z� � ��  (3-20) 

2/ 1AD D G UDH U U H�Z� � ��  (3-21) 
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 (3-22) 

 

Figure 3-4: Schematic presentation of the Extended KDamper (EKD) absorber excited at its base. 
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This is an extended version of the classic KDamper concept. The purpose of this configuration is to 

retain the displacements and velocities within reasonable limits and display a realistic and efficient 

design. 

The following non-dimensional parameters that concern the EKD are introduced: 

/Dm m�P�  (3-23.a) 

D NS PSk k k�  � � (3-23.b) 

/ ( ) /D D D NS PS Dk m k k m�Z � � ��  (3-23.c) 

/ 2 / 2 ( )NS NS D D NS NS PS Dc m c k k m� ] � Z� � ��  (3-23.d) 

/ 2 / 2 ( )PS PS D D PS NS PS Dc m c k k m� ] � Z� � ��  (3-23.e) 

tot Dm m m�  � � (3-23.f) 

0 / / 2 ( / ) / ( ) / 2tot S PS NS PS NS Df k m k k k k k m m� S � S� � �� �� ��  (3-23.g) 

where �P is the mass ratio of the additional mass of the EKD, NS�] and PS�] are the damping ratios of 

the artificial dampers NSc and PSc , respectively, and 0f  is the EKD nominal frequency. 

3.2.4 Enhanced KDamper with Inertial amplifier (KD-IAM) Concept  

In this work the simple to realize inertial amplification mechanism (IAM) system is presented to 

enhance the vibration mitigation performance of the classic K-Damper. Compared to the widely 

known flywheel-gear inerter (Smith, 2002), the mass amplification effect of the IAM system is a result 

of the geometrical amplification effect of a triangular shape mechanical system. This amplification 

mechanism is very common in nature (Feng et al., 2019; Feng and Jing, 2019; Wang and Jing, 2019) 

and has been exploited to enhance the performance of other mechanical systems, such as the TMD 

(Cheng et al., 2020).  Here, by coupling the IAM system with the classic KDamper we introduce a new 

inerter equivalent KDamper, namely the KD-IAM, which is proposed to enhance the performance of 

traditional KDampers. In particular, the addition of the IAM allows to suppress the responses of both 

the primary structure and the absorber. The theory of classic KDamper is thus extended to investigate 

the dynamic properties of the coupled mechanism.  

Figure 3-5 (a) shows the KDamper with the inclusion of the inertial amplifier (IAM), where jm is the 

connecting mass, which is assumed to be negligible in order to act just as a connector, namely, an 
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 The following expressions can be derived for the potential energy U, the nonlinear force N, and the 

equivalent nonlinear stiffness kN of this mechanism: 

�� ��21
( )

2NS c H HiU u k l l�  � � (3-42) 

2 2
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NS NS
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Where a is the undeformed height of the NS device, d the length of the lever arm, HIl  the length of 

the undeformed conventional spring, and ck  the spring stiffness. The negative stiffness configuration 

is schematically presented in Figure 3-6 (b) and the parameters of the NS mechanism are presented in 

detail in Table 3-1. 

m

mD
kN

kP

kS

 

m m

mDmD

 

(a) (b) 

Figure 3-6: (a) View of the EKD prototype. (b)  Conceptual configuration of the NS element. 
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3.5 Concluding Remarks 

In this chapter, the most prominent KDamper configurations are discussed and a novel KDamper 

absorber combined with an Inertia Amplifier is introduced as an inerter equivalent configuration. 

Additionally, the Traditional Optimal design approach (based on Den Hartog (1956)) is briefly 

presented as a baseline procedure which showcases the design limitations of the absorbers. Finally, 

based on the selected optimized parameters an experimental validation of the KD concept is 

illustrated. 

 

Figure 3-7: Theoretical and experimental Dynamic response of the EKD device vs the SDoF oscillator. 
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And the corresponding STL is estimated by Eq. (4-3). 

4.3 Optimal Design Approach for the KDamper acoustic mounts 

4.3.1 Specification of non-dimensional parameters  

The static stiffness 0k  of the KDamper is defined according to Eq. (3-1), where 0f can be seen as a 

central or design frequency of the KDamper. Normally, in previous vibration absorption applications of 

the KDamper, (Antoniadis et al., 2015, 2016; Paradeisiotis et al., 2020a, 2020b) 0f  corresponded to 

the operational excitation frequency of the system in question, around which the attenuation band 

would be centered (see section 3.3). However, in this investigation, 0f  is set as one of the 

optimization variables for maximization of the STL of the mounted panel. 

The stiffness parameters of the KDamper are selected according to Eq. (3-1) in order to maintain the 

total stiffness of the system. However, an increase in the absolute value of Nk , or reduction in the 

absolute value of Pk  or Sk , may endanger the static stability of the system. These parameters may 

present fluctuations due to material fatigue, manufacturing tolerances, non-linear behavior of 

structural elements, and among others, temperature variations. 

In order to ensure that  potential loss of the static stability is prevented, the possible variations of Nk , 

Pk  and Sk  are taken into account during the optimization procedure of the KDamper parameters, 

(Kapasakalis, 2020) contrary to the classic KDamper design, which foresees variation only in the 

negative stiffness element Nk . In this way, these static stability margins are imposed via the 

introduction of the tolerances , P , and S , respectively: 

limN N
N

N

k k

k
 (4-12) 

limP P
P

P

k k

k
 (4-13) 
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Figure 4-6 presents the enhanced acoustic performance of the KD-IAM mounted panel, with the black 

dotted line corresponding to the lumped parameter model, as derived from the first mode 

approximation of the simply supported panel. By comparing the STL curves of the KD-IAM mounted 

panel with those of the simply supported panel, we observe that the mounted panel shows a 110Hz 

wide absorption band between 25 and 135Hz which corresponds to the resonance region of the 

simply supported case. Additionally, a maximum STL gain of 32dB occurs which, compared to the FFR 

panel, is a 13dB increase in STL. 

4.7 Indicative KD-IAM mount designs 

In this section, an implementation according to the parameters provided in Table 4-5 and for design 

frequency equal to 0f  [Hz] is presented. Generally, according to section 3.3, for max  90% , the 

negative stiffness elements are more difficult to be realized in practice. In structural mechanics, 

negative stiffness is generally obtainable through post-buckling processes (snap-through 

phenomenon). This means that high Nk  results to more unstable and difficult to control 

 

Figure 4-6: STL for the case study of the KD-IAM mounted panel in comparison to the simply supported panel. 
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4.7.2 KD mount with Belleville springs 

Considering four KDamper mounts at each corner of the panel that act in parallel, the optimized 

parameters given in Table 4-5 are divided in four, corresponding to each mount. 

4.7.2.1 Realization of Negative Stiffness Elements 

In this implementation, the negative stiffness element of the oscillator is realized utilizing disk 

(Belleville) springs. The exerted force and the equivalent stiffness of this type of springs are nonlinear 

functions of the vertical displacement s of the inner diameter iD . The height of the spring is denoted 

by 0,  el D  (the external diameter), and 0 0h l t , where t  is the thickness. The relevant notation is 

demonstrated in Figure 4-8. More specific information about disk springs is provided by 

manufacturers (Bauer, 2008). 

Di

De

t

h0 l0 s II

I

OM III

III

 

Figure 4-8: Notation and dimensions of disc (Belleville) spring (based on (Paradeisiotis, 2019)). 

Specifically, the calculation of the exerted force of an individual spring as a function of the 

deformation s is the following: 

2 0 0
4( ) 1

2c

h hs s
F s F K s

t t t t
 (4-36) 

where is the exerted force when the disc is at its flattened position and is estimated 

as: 

3
20
42 2

1

4
1c

e

t hE
F K

K D
 (4-37) 

By setting the ratio of the outer to the inner diameter of the disk ( /e iD D ) parameters iK are 

defined as: 
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The stresses developed are described by the following equations: 
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Where 
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Standard disk springs dimensioned in accordance to DIN 2093 have ratios of 0 /h t up to 1.3. However, 

in order for such a disk to demonstrate negative stiffness behaviour, this ratio needs to be 0 / 2h t , 

which is categorized as non-standard. Furthermore, for 0 / 8h t  the disc becomes a bistable 

element, meaning that in a certain range of deformation s (snap-through region), the exerted force 

becomes negative thus, these types of discs may act as switch elements. On the other hand, it has to 

be taken into account that as this ratio increases, considering all other parameters constant, the force 

cF  increases too and the developing stresses are getting higher. This fact is problematic, especially for 

cyclic operation as in this case, due to the low fatigue strength of the mechanism. 

The range of the vertical displacement s  where the disk exhibits the desired negative stiffness 

characteristics is centered around the flat position of the disk where the exerted force is cF and the 
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(a) (b) 

Figure 4-9: Resulting stiffness and stress during deformation of disk springs. (a) Equivalent stiffness of a single spring 
and six disk springs in a parallel configuration. (b) Development of stress in each disk spring. 

The realization of the negative stiffness element via six (6) parallel disks, is reconfigured into two 

stacks of three, positioned on a fixed base as demonstrated in Figure 4-11 (a) and (b). The discs are 

held together by a bolt and two washers at their flat position. This way, the two stacks still act as two 

parallel springs, resulting in the desired Nk value; however, the exerted forces of each stack have the 

same magnitude but opposite directions, meaning that they cancel each other out and the equilibrium 

position is neutrally stable.  

4.7.2.2 Realization of Positive Stiffness Elements 

For the positive stiffness elements of the mount, namely the Sk and Pk  elements of the KDamper, the 

material of choice is rubber. Since certain categories of rubbers also present damping properties, 

defined by the loss factor due to their hysteretic, viscoelastic behaviour, they comprise an obvious 

option to combine along with the aforementioned stiffness elements in the form of rubber pads. 

Specifically, drawings of the circular pads with a hole in the middle are illustrated in Figure 4-10. The 

selected material for the realization of the positive stiffness elements of the mount / 4Sk and / 4Pk is 

CR07 (chloroprene rubber with 7% carbon black) in the form of rubber pads. Common rubber 

materials, such as chloroprene rubbers with black carbon additives, demonstrate the desired damping 

effects due to internal friction. Typical values range from 0.05up to 0.7, depending on the 

composition and quality of the material.  
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Table 4-9: Dimensions of rubber pads (chloroprene rubber, 7% carbon black, CR07). 

4.7.2.3 Design 

In order to apply the appropriate pre-stress conditions required to provide the necessary negative 

stiffness of the disc springs, an M6 bolt holds all of the six-disc springs flattened, while at the top and 

bottom interface between the springs and the bolt, the two washers, as shown in Figure 4-11 (a) and 

(b), also act as the added mass Dm of the KDamper oscillator. 

Figure 4-11 (c) and (d) shows an indicative configuration for incorporating the eight mounts to the 

gypsum board. In reality, the fixed base of each mount belongs to the unified aluminum part of the 

frame or the stiffeners on which the board is fixed. 

 

 D [mm] d  [mm] h [mm] 

kP/4 34 10 38.9 

kS/4 75 52 47 

 

 

(a) (b) 

 

 

(c) (d) 

Figure 4-11: Indicative realization of the mounted panel. (a)  KDamper mounts with Belleville springs. (b) section 
view. (c) Indicative configuration of the mounts. (d) Indicative mounting of the panel. 
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The panel was discretized by 20-node quadratic solid hexahedral elements, the stiffeners were 

discretized by 2-node linear elements while the fluid domain was discretized by 20-node quadratic 

acoustic hexahedral elements. Regarding the amplifiers, beam elements were used to simulate the 

links connected with MPC pin constraints. Tie constraints were used to simulate the coupling of the 

fluid-structure interface and the stiffeners-panel interface, while non-reflecting boundary conditions 

were specified to generate the infinite fluid domain. The KDamper mount elements were modeled by 

assigning connectors with the appropriate elastic properties. Lastly, the discretization of the fluid 

domain had more than three quadratic elements across the wavelength of interest to increase the 

accuracy of the computational results (Marburg, 2002). 

In Figure 4-13, the acoustic performance of the KD-IAM mounted panel in terms of STL is evaluated. 

The direct comparison between the STL curves derived from the LMP approximation and the FE 

analysis shows that the analytical model accurately predicts the system's acoustic properties, 

considering the assumptions of the method. Specifically, the LMP indicated bandgap is approximately 

20Hz shifted to higher frequencies compared to the FE model, while the bandwidth remains the same. 

Naturally, more peaks and valleys appear in the numerical predictions due to the panel-mount 

system's higher modes.   

 

Figure 4-13: STL for the case study of the KD-IAM mounted panel; comparison between the FE and the LPM. 
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and the above coefficients are the following: 
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0 0 / /Dk m�Z �Z �U�  �   (5-27) 

0/D�U �Z �Z�  (5-28) 

It should be noted that from now onwards, the Greek letter �N, refers to the non-dimensional 

parameter of the KDamper; the wavelength is included in the parameter q defined in Eq. (5-12). The 

roots of Eq. (5-21) are calculated as follows: 
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Finally, the dispersion curves can be obtained from 1,2�O as: 

1(q)� Z � O�� �  (5-30) 

2(q)� Z � O�� �  (5-31) 

Consequently, ,L H� Z � Zare the bandgap limits ( L H�Z �Z �Z� d � d): 
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(5-33) 

And wb the normalized bandwidth: 
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By setting 0�N� , the corresponding band-gap limits of the TMD unit-cell can be obtained from Eq. 

(5-33)-(5-28) as follows: 

0 /L D P Dk m�N� Z � Z�o�•�•�•�o �  (5-35) 

0 (1 ) 1wb �N �P�o�•�•�•�o � �� ��  (5-36) 

According to Eq. (5-33)-(5-34) the normalized bandgap width Wb  can be increased not only by 

increasing the parameter�P (i.e., the value of the internally oscillating mass Dm ), but also the value of 

the parameter�N(i.e., the magnitude of the negative stiffness element Nk ). This can be considered 

among others as a consequence of Eq. (3-8), since the usage of a negative stiffness element can be 

considered as an indirect approach to artificially increase the inertia of the system. 

Figure 5-2 presents the resulting normalized bandgap widths Wb  for a variation of both the �Nand �P 

parameters of the KDamper metamaterial. As it can be observed, a normalized bandgap width of 

3Wb �  may already be achieved for values of �N close to max�N , even for negligible values of the 

internal oscillating mass ( 0�P� )(I. Antoniadis and Paradeisiotis, 2018). Thus, the extraordinary 

properties of the KDamper metamaterial chain showcase that large bandgaps can be accomplished 

compared to those generated by conventional acoustic metamaterials, even for chains with high 

values of internal oscillating masses (10�P�t ).  
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� « � »� ¬ � ¼

F  (5-38.d) 

 

For   1M �! , the above matrices of the single unit-cell, are formulated appropriately. Therefore, the 

frequency response of the lattice may be calculated via the following expression:  

1
2( )metaKDTF M jC K F�Z ��� �� �� ��  (5-39) 

where 

,1 ,1 ,2 , 1
1 ...

T

S D S S MmetaKD
px

U U U U

F F F F
��� ­ � ½� ° � °

� � ® � ¾
� ° � °� ¯ � ¿

TF  (5-40) 

5.3 Enhanced KDamper-IAM metamaterial for acoustic applications 

Aiming to further improve the KDamper metamaterial dynamic characteristics, a new configuration is 

developed based on the KD-IAM concept, as initially presented in chapter 3. The enhanced meta-

structure is realized by adopting the KDamper unit-cell rationale with the inclusion of an inertial 

amplifier (IAM). The KDamper mechanism can find multiple applications in low-frequency damping 

and absorption applications. An indicative concept for the implementation of KDamper based 

metamaterials towards the design of acoustic low-frequency attenuation panels is examined herein. 

Figure 5-4 depicts the model of a KD-IAM unit-cell for the simplest case of a meta-structure that is 

based on the periodic repetition of such unit-cells. Specifically, jm is the connecting mass, which is 

assumed to be negligible in order to act just as a connector, namely asan additional DoF. The effective 

 
Figure 5-3: KDamper acoustic metamaterial finite lattice. 
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5.3.2 Transmission loss of the KDamper-IAM metamaterial 

For the case of M number of unit-cells, the equation of motion of the KD-IAM metamaterial is 

expressed in matrix formulation as follows:  

unit- 

( ) ( ) ( ) ( )metaKD IAM metaKD IAM metaKD IAMt t t t�� �� ���� �� � M u C u K u f  (5-55) 

where , , , , , ,
metaKD IAM metaKD IAM metaKD IAM

pxp pxp pxp px1 px1 px1 px1M K C u u u F
�� �� ��

 and 2 3p M�  � � is the number of degrees of 

freedom of the metamaterial.  

In the case of a single unit-cell, M=1, the mass (metaKD-IAMK ), damping ( metaKD-IAMM ) and stiffness 

( metaKD-IAMM ) matrices are the following: 

* 0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0 *

B
metaKD IAM
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m

m

m

m

m

��

� ª � º
� « � »
� « � »
� « � »� 
� « � »
� « � »
� « � »� ¬ � ¼

M  (5-56.a) 
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Figure 5-5: KD-IAM acoustic metamaterial finite lattice. 
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(b) 

Figure 5-6: Performance of the KD-IAM periodic structure. (a) Dispersion curves: irreducible Brillouin zone. (b) STL 
for various numbers M of unit-cells. 

5.5 Indicative implementation for Meta-panel designs 

5.5.1 KD-IAM Meta-structure design 

Figure 5-7 shows a feasible conceptual design of a meta structure panel for M=1 number of unit-cells. 

Naturally, the various parallel KD-IAM elements can be divided according to the number of positions 

and are chosen to be positioned on the surfaces of the panels. The rationale behind the quantity of 

each element lies on the required properties that should be realized, the constraints that apply due to 

their dimensions, and the requirement of an adequate number of supports in order to achieve a 

uniform pressure distribution on the surface of each panel. Specifically, sixteen (16) negative stiffness 

elements are utilized, eight (8) at each panel, and two (2)Pk springs are located on top of each 

negative spring. Concerning the sk springs, a total number of thirty-two (32) elements is prescribed, 

divided accordingly for each of the two panels. Lastly, fifty-four (54) IAMs are employed in order to 

achieve the required amplification.  

The material of the positive springs (Sk and Pk ) is envisaged as acrylonitrile butadiene styrene (ABS), a 

material that can be used in conventional 3D printers. On the other hand, the negative stiffness 

springs and the amplifiers are made of steel. The ABS material is modelled as linear elastic-perfectly 

plastic, with Young's modulus equal to 1740E MPa� , yield stress 27.8yield MPa�V � , and mass density 
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equal to 31100 /kg m�U� . Steel is modelled as linear elastic-perfectly plastic with Young's modulus 

equal to 210GPa� ( �  , yield stress 275yield MPa�V � , and mass density equal to 37800 /kg m�U� . 

To enable simple fabrication in a single material system without the need for a complex assembly, the 

positive springs are implemented as arches. The shape of the semi-circular arches implementing the 

springs are chosen to allow large strains in the linear regime without yielding or buckling. Clearly, this 

poses a limit on the stiffness of the entire system, as both springs are bending-dominated. 

 

Figure 5-7: KD-IAM meta-structure conceptual design. 

The width and thickness of all the elements is properly adjusted to result in the desired stiffness, 

which was initially calculated based on Eq. (5-60) and (5-61) (Guell Izard et al., 2017). 
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The geometry of the positive springs is depicted in Figure 5-8 (a) and the relevant geometrical 

parameters are provided in Table 5-3. 
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Figure 5-11 presents the results of the FE simulation of the KD-IAM meta-structure with one-unit-cell. 

Obviously, in reality the acoustic performance of such a meta-structure is much more complex and 

difficult to be accurately predicted. The main reason is the positioning of the various structural 

elements between the panels and the panel stiffness. Depending on the selected configuration, the 

dynamic response may vary significantly. In this particular case, the frequency range of improved STL 

is slightly higher than what was predicted analytically, specifically between 120 and 220 Hz, compared 

to the free finite rigid (FFR) panel approximation. In any case, the lumped parameter models of the 

acoustic meta-structure provide a reasonable approach for the dimensioning of the various elements 

and an estimation of the expected performance. Additionally, a more refined FE model can provide 

further insight into the realistic performance of the system, as well as the effect of the configuration 

and geometry of the stiffness elements. 

Air domain

KD-IAM meta-structure

 
Figure 5-10: KD-IAM meta-structure Finite  Element model. 
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5.6 Concluding Remarks 

The vibration and sound properties of a sandwich meta-structure based on the synergetic KDamping 

and Inertial amplification concepts is studied. First, the theoretical framework of the periodic structure 

is presented followed by a typical case study of a building acoustics application. It is highlighted that 

deep and wide bandgaps can be formed in the low-frequency regime. Thus, the KD-IAM is deemed 

capable for low-frequency acoustic insulation without the requirement of many unit-cells and any 

added complexity that could be entailed in a practical implementation. Finally, the feasibility of the 

concept is demonstrated by providing preliminary designs of all the essential parts comprising the KD-

IAM meta-structure. Appropriate technological implementations of this concept can lead to significant 

improvements in all types of low-frequency technological applications, with emphasis on low-

frequency noise isolation/absorption. 

 
Figure 5-11: STL Performance of the KD-IAM meta structure.  
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6 DYNAMIC DIRECTIONAL AMPLIFICATION 
MECHANISM (DDA) CONCEPT 

6.1 Background 

As presented in the previous chapters of this thesis, integration of amplification mechanisms to 

increase the inertia of the oscillating masses of passive vibration absorbers is of key significance to 

enhance the behavior and improve the dynamic properties of existing technologies. To this end, 

various inertial and displacement amplification mechanisms have been developed and implemented in 

numerous engineering fields. From sensors and electromechanical signal amplifiers to Tuned Mass 

Dampers (TMDs) and other vibration control devices the idea of mass amplification has long been 

considered by a great number of researchers. A detailed literature review of such amplification 

mechanisms is provided in chapter 1 of this research work.  

In the concept of vibration control, inertial amplification was initially introduced by Smith (2002). The 

so called inerter, takes advantage of a levered mass mechanism and generates an additional force that 

is proportional to the acceleration between the two, inerter connected points. Subsequently, the 

system was used in passive absorbers (e.g., TMDs and NS mechanisms) to increase their damping 

properties. The concept of mass amplification has been also considered as a method to enhance the 

vibration attenuation and filtering properties of phononic and locally resonant metamaterial lattices. 

One of the first studies included lattices with levered amplification mechanisms (Yilmaz and Kikuchi, 

2006). Later, experimental tests indicated the existence of large bandgaps that extend to the low-

frequency domain (Acar and Yilmaz, 2013), providing insight into a new promising class of inertially 

amplified metamaterials.  
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6.3.1 Dynamic modelling of the DDA mechanism 

Let T be the kinetic energy of m as follows: 

2 21
( )

2
T m u v� ��  (6-7) 

Substituting Eq. (6-5)  into Eq. (6-7) , the kinetic energy can be rewritten as: 

�� ��221
1 tan

2
T mu �M�  � � (6-8) 

Similarly, the potential energy (U) is written as: 

2 2
0 0

1 1
( ) ( )

2 2x yx x y yU Lk L k LL� � � ��  � � (6-9) 

Where 

2 2 2 2
0( - )xL x v x u v� �� � ��  (6-10) 

2 2 2 2
0( )yL u y y v u� �� � �� ��  (6-11) 

Substituting Eqs. (6-10)-(6-11) into Eq. (6-9), and assuming that Lx0=x0 and Lyo=y0 the potential energy 

(U) is the following: 

2 2 2 2 2 2
00 00

1 1
( ( - ) ( tan ) ) ( ( ) )

2 2x yxU k x u u k y v u y�M ��� �� �� �� �� ��  (6-12) 

The Rayleigh dissipation function of the mechanism is given as: 

�� �� �� ��
2

2
2 2 2 2

0 00 0

1 1
( - ) ( tan ) ( )

2 2x yD xc x u u c y v u y�M� �� �� �� ������  (6-13) 

By employing the Lagrangian equation, 

( ) ( )
i

i i i

d T U T U D
Q

dt q q q

� ª � º�w �� �w �� �w
�� �� � � « � »�w �w �w� ¬ � ¼

 (6-14) 

the governing equation of the DDA mechanism in the direction of motion is given as follows: 

Mu Cu Ku F�� �� �  (6-15) 

where, 2(1 ( ))M tan m�M�  � � , 2( )x yC c c tan �M�  � � and 2( )x yK k k tan �M�  � � . 

and the natural frequency of the mechanism is given as: 
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and y accelerations are almost identical. Hereafter, it is concluded that the analytical equations can be 

safely used to describe the performance of such an amplification mechanism. 

6.5 Numerical example in acoustic panels 

Based on the above observations, we can use the proposed amplification mechanism in many 

applications. Indicatively, the mechanism can be applied to metamaterials with seismic and acoustic 

properties (Kalderon et al., 2022, 2021), to machine bases, anti-vibration false floors, acoustic panels, 

etc. Herein, the applicability of the mechanism to acoustic doors is examined in order to increase their 

low-frequency acoustic absorption capabilities.  

Figure 6-10 (a) shows an ideal implementation of the arrangement. The mechanism is placed inside 

the door and is attached to one of the two door leaves. The mass of the mechanism comprises a third, 

rigid partition i.e., a steel sheet, the dimensions and characteristics of which are presented in Table 

6-1 while the characteristics of the DDA are presented in Table 6-2.  It should be noted that the 

dimensions of the panel, the stiffnesses of the springs etc., have been chosen in accordance with 

products that are commercially available. Finally, the elastic supports are assumed to function only in 

the direction perpendicular to the panel. 

DDA mount

Inner steel sheet 

 

Figure 6-10: Conceptual depiction of the proposed DDA system of an  acoustic door .  
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 Background 

In this chapter, a simple Dynamic Directional Amplifier (DDA) (Kalderon et al., 2021) is introduced as a 

means to increase the resonating mass of a locally resonant metamaterial (LRM) structure artificially, 

without the need of complex geometries and additional mass. The amplification is achieved with a rigid 

link that improves inertia and damping (Mahmoud I Hussein & Frazier, 2013)  on the desired direction 

of motion, by simply coupling the kinematic DoFs of the resonating mass. The main aim of this study is 

to illustrate, via the use of a formal mathematical framework, that we can enhance the performance of 

LRM structures while retaining or even improving the practical constraints such as having compact, 

lightweight, and buildable unit-cells. Towards this goal, a mass-in-mass model is adopted, and a 

preliminary parametric analysis is performed using both Bloch's theory (1929) on two-dimensional 

infinite lattices and conventional vibration theory on finite lattices. A numerical example is studied as a 

seismic mitigation application in order to highlight the advantages of the proposed arrangement over 

the initial study. To this end, a conceptual design of a seismic metamaterial in the form of a metabarrier 

is proposed and an investigation of its response under seismic excitation is analyzed. Results indicate 

the beneficial role of the device and DDA mechanism, hence placing the concept as a compelling 

alternative to existing seismic protection technologies. 
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 Bloch analysis 

Figure 8-1 illustrates the primary unit-cell of a simple mass-in-mass configuration, which consists of an 

external mass ( Lm ) an internal resonator ( Rm ) and the corresponding massless springs and dashpots. 

Based on this simple configuration, the enhanced unit-cells are conceptualized. Figure 8-1 (a) depicts 

the configuration of a conventional locally resonant unit-cell and Figure 8-1 (b) illustrates the 

configuration with the DDA attached in the resonating mass ( Rm ). 

By placing such units in a lattice, at a distance �>�A�rx�A�ry, an infinitely periodic material is composed, as 

illustrated in Figure 8-2. Harmonic wave propagation in the mass-in-mass lattice system is considered. 

 

 

(a) (b) 

Figure 8-1: The periodic mass-in-mass unit-cell (a) w/o DDA (b) with DDA attached in the resonating mass (mR) 

 

Figure 8-2: 2-D spring-mass effective lattice. 
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The set of equations that describe the harmonic motion of the simple typical unit-cell of Figure 8-2 (a), 

at location ,  p q , can be expressed as (Mahmoud I Hussein & Frazier, 2013): 

�� ��
�� ��

, , 1, 1, , , , 1, 1,

, ,
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The displacement of a DoF at a specific position of the lattice may be expressed in a complex notation 

as:  

( ) ( q )
,

q
,

� Ö � Öx x y yy xj ap q p qt
p q p q

a ju U e Ue Ue� N � N�O � � � �� � �  (8-2.a) 

Where U  is the wave amplitude, ,x y� N � Nthe wavenumbers  and q ,qx y the propagation constants along 

the horizontal and vertical directions.  

In the time part of the solution, the parameter ��S is defined as ( )S Sj�O �Z �N�  � r , or in the case where the 

attenuation between the unit-cells is considered ( ) ( ) ( )
SS S S dj�O �] �N �Z �N �Z �N� �� �r ,  where �� represents the 

branch number, ( )S� ] � N is the wavenumber-dependent damping ratio and ( )S� Z � N is the wavenumber-

dependent frequency (dispersion relation). As a result, the imaginary part is the frequency of the 

damped wave propagation, ( ) Im[ ( )]dS S�Z �N �O �N� , and the damping ratio is calculated as: 

Re[ ( )]
( )

( )
S

S
S

� O � N
� ] � N

� O � N
�  � �  

(8-3) 

Utilizing Bloch's theorem, the spatial part of the solution is expressed as: 

q q, , ,x x y y x yj pa j qa jp jqp q p q t p q t
L L Lu U e e U e e� N � N� O � O� � � ��  �   
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( 1) q ( 1)q q, 1 , , ,x x y y x y yj pa j q a jp j q jp q p q t p q t p q
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Substituting these relations into the equations of motion and incorporating the conditions for unit-cell 

periodicity yields four homogeneous equations, which can be written in a matrix notation as follows:  

2[ ] 0LRM LRM LRM LRM� O � O�� �� � M C K u  (8-5) 
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Assuming for simplicity reasons that Lx Ly Lk k k�  �   and Rx Ry Rk k k�  �  , and that the system has no 

damping allows the investigation of the problem by adopting the one-dimensional propagation theory. 

Utilization of the trigonometric transformation q q2 ( ) 2(1 cosq)j je e�E ��� �� �� � ��  leads to the following 

dispersion equation (M I Hussein et al., 2014): 

4 2[( ) 2 (1 cosq)] 2 (1 cosq) 0L R L R R R L L Rm m m m k m k k k� Z � Z�� �� �� �� �� �� �  (8-7) 

Based on Dertimanis (2016), we can deduce a rough estimate of the required quantities to obtain a 

bandgap within the frequency region of our preference, as follows: 



Acoustic Panels Based on the Enhanced KDamper (KD-IAM) concept 157 

Innovative Vibration Absorbers and Metamaterials for Low-Frequency Wave Mitigation 

2

1H
R L

L

f
m m

f

� ª � º� § � ·
� « � »�  � �� ¨ � ¸
� « � »� © � ¹� ¬ � ¼

 (8-8.a) 

2 2 2 2 24 4 ( )R L R H L Lk f m f f m� S � S� � ��  (8-8.b) 

with Lf and Hf [Hz] denoting the low and high threshold of the selected bandgap, respectively.  

Once the equation of motion of the simple LRM is derived, we can study the band structure of the LRM-

DDA metamaterial. The DoFs of the coupled system are the following: 
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The system with the amplified masses Rm can be calculated by multiplying ,  LRM LRMM C and LRMK by 

the transformation matrix Q .The dispersion relationship of the LR structure with Dynamic Directional 

Amplifiers is provided by: 

2det[ ] 0LRM DDA LRM DDA LRM DDA� O � O�� �� ���� �� � M C K  (8-10) 

where  
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 Transfer functions of the DDA Enhanced LRM Structure 

Figure 8-3 presents a lattice configuration with finite number of locally resonant unit-cells. 

Consequently, the equation of motion of the structure, for x yM M�u number of unit-cells is presented 

in matrix formulation as follows: 

���W(t)+ (t)+ (t)= eMu Cu Ku F  (8-12) 

Where  1 1 1 1, ,  ,  ,  , ,m m m m m m m m mm�u �u �u �u �u �u �uK u u FM C u and m is the number of degrees of freedom (DoFs) of 

the metamaterial. 

For the case of the lattice without the amplification mechanism,4 x ym M M� . On the other hand, for 

the lattice with the DDA, 3 x ym M M� and the global mass G
LRM DDA��� ª � º� ¬ � ¼M , damping G

LRM DDA��� ª � º� ¬ � ¼C and 

stiffness G
LRM DDA��� ª � º� ¬ � ¼K  matrices can be calculated as follows: 

G T G
LRM DDA G LRM G�� � M Q M Q  (8-13.a) 

G T G
LRM DDA G LRM G�� � C Q C Q  (8-13.b) 

G T G
LRM DDA G LRM G�� � K Q K Q  (8 13.c) 

The transform matrix is expressed as: 

 

Figure 8-3: Structure with Mx�î�0 y unit-cells with a periodic loading acting at the right boundary. 

F
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 (8-14) 

The mass G� ª � º� ¬ � ¼M  stiffness G� ª � º� ¬ � ¼K  and damping G� ª � º� ¬ � ¼C  matrices are assembled to generate the Global 

matrices of the finite metamaterial lattice. Assuming that the periodic structure is excited harmonically 

at the input nodes with frequency�Z, the force magnitude vector F is equal to zero everywhere except 

from the row or column corresponding to the component of the input node, for which it has unit 

amplitude. The transfer function of each degree of freedom may be calculated by the following 

expression: 

2 1[ ]G G G
LRM DDA LRM DDA LRM DDA LRM DDA� O � O��

�� �� �� ��� �� �� ��TF C F� 0 � . (8-15) 

Thus, the frequency response of the nodal displacements can be obtained. In this case, inu denotes the 

displacement of the outer masses ( Lm ), where the input excitation is applied, and finu  denotes the 

displacement of the rear outer mass of the last unit-cells. The Frequency Response Function (FRF) of 

the structure is consequently expressed in decibels as follows: 

1020log fin

in

u
FRF

u

� § � ·
� � ¨ � ¸

� © � ¹
 (8-16) 

 Numerical results 

As previously described, the 2D periodic metamaterial works as a passband or stopband filter, where 

for the infinite case without damping, perfect filtering properties occur. Naturally, the generated 

bandgaps are more dominant in the direction of interest, where the DDA is mobilized. Hence, the 

following analysis concerns only the direction of amplification, assuming for simplicity one row of unit-

cells. An indicative case study is presented based on Dertimanis et al. (2016) work on mass-in-mass 

metamaterials designed to mitigate seismic waves and protect civil engineering structures. According 

to their publication, three (3) different bands are studied; the first one is between 0.5 �t 1.5 Hz, the 

second one between 1.0 �t  2.5 Hz, and the third one between 2.0 �t 5.0 Hz. By assuming that the external 
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mass is Lm =1Mgr, the required resonating mass ( Rm ) and stiffness ( Rk ) of the resonator can be 

estimated from Eq. (8-8) (a), (b). Table 8-1 summarizes the derived values. 

Table 8-1: Unit-cell's structural parameters for the three bandgap scenarios of the study. 

 Effect of amplification in bandgap formation and Frequency response 

Aiming to study the effect of the DDA amplification mechanism on the band structure and frequency 

response, the present investigation focuses on scenario 2 (Table 8-1) and / 1L Rk k � . Herein, the band 

structure and the frequency response (FRF ) of the undamped lattice are calculated. The baseline 

configuration (simple LRM) is subsequently compared with the model that incorporates the DDA. The 

dispersion curves in Figure 8-4 indicate that the inclusion of the amplification mechanism increases the 

width of the bandgap, which derives from a drop of the acoustic branch. On the other hand, the optical 

branch remains unchanged. The frequency response displays that in the very low-frequency region, 

below 1.0 Hz, the whole curve of the LRM with the DDA is shifted downwards compared to the LRM 

without the DDA. As expected, the attenuation characteristics are improved as the angle �Mof the DDA 

increases. The resonances of the structural modes before the bandgap for the case of the LRM without 

the DDA, are replaced with a subband in the very low-frequency region.  

The main drawback of the DDA beneficial effect is the reduction of the depth of the bandgap without 

however, a significant compromise of the overall performance of the metamaterial. The DDA is a 

mechanism that amplifies the effective oscillating mass of the LRM. This inertia increase of the unit-

�����o�o�[�•���Œ���•�}�v���š�]�v�P���u���•�•���o�������•���š�}���]�v���Œ�����•�����}�(���š�Z���������v���P���‰���Á�]���š�Z���(�}�o�o�}�Á�����U���Z�}�Á���À���Œ�U�����Ç�������Œ�����µ�����������������Ç���}�(��

the frequency response function within the generated bandgap. Similar reduction of the frequency 

response decay is observed to conventional LRMs as the resonating mass proportionally increases.  

Scenario 
Band thresholds Parameters 

�> �@ Lf Hz  �> �@  Hf Hz  �> �@Lm Mgr  �> �@Rm Mgr  �> �@ /Rk kN m  

1 0.5 1.5 1.0 8.0 78.96 
2 1.0 2.5 1.0 5.25 207.26 
3 2 5 1.0 99.0 829.05 
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 Effect of the Number of Unit-Cells 

As a following step, the effect of the number of unit-cells on the overall performance of the periodic 

metamaterial is investigated. Figure 8-5 illustrates the effect of the number of cells on the associated 

FRFs, for the considered undamped case. It is clear that the attenuation of the signal within the bandgap 

frequency range increases as the number of employed unit-cells is higher. In this analysis, for the sake 

of comparison, the total mass and stiffness of the studied undamped lattice is retained stable while the 

number of unit-cells increases.  

For higher number of unit-cells, the bandgap depth increases while at the same time, a marginal effect 

on the high-frequency behavior of the system is observed. For N= 4, the maximum bandgap depth 

  

Figure 8-4: (left) Dispersion curves and (right) frequency response of the undamped finite lattice for mL=1Mgr, 
mR=5.25 Mgr, kL/kR=1 and N= 4 unit-cells. 

 

Figure 8-5: Frequency response (FRF) of the undamped finite lattice for the first band and kL/kR=1, and 
amplifier angle �3=75�  for different number of unit-cells. 
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reaches -40dB, yet for more than N=10 units, the metamaterial surpasses -100dB bandgap depth. This 

increase in bandgap depth is also observed in the very low-frequency subband. 

 Parametric analysis 

�0���‰���Œ���u���š�Œ�]�������v���o�Ç�•�]�•���]�•�����}�v���µ���š�������(�}�Œ���šhree different stiffness ratios /L Rk k (external to internal spring 

stiffness), based on the scenarios summarized in Table 8-1.Figure 8-6 presents the dispersion curves for 

the studied bandgaps and stiffness ratios for the case without DDA and for two amplifier angles, namely 

�ò�ì�£�����v����75�£ It is shown that the external stiffness Lk does not significantly influence the frequency band, 

but affects the behavior of the dispersion curves, mainly the optical branch.  

 

Figure 8-6: Dispersion curves for data of Table 1 and for three stiffness ratios. The simple LRM is compared 
with the LRM-DDA with �”=60�‰ and 75 (a) first band; (b) second band; (c) third band.  

(b)

(a)

(c)

�‘ ���‘ �~ 
L 
Ú

�‘ ���‘ �~ 
L 
Ú

�‘ ���‘ �~ 
L 
Ú
Ù
Ù �‘ ���‘ �~ 
L 
Ú
Ù
Ù
Ù

�‘ ���‘ �~ 
L 
Ú
Ù
Ù �‘ ���‘ �~ 
L 
Ú
Ù
Ù
Ù

�‘ ���‘ �~ 
L 
Ú
Ù
Ù
Ù�‘ ���‘ �~ 
L 
Ú �‘ ���‘ �~ 
L 
Ú
Ù
Ù

LRM w/o DDA, optical branch

LRM-DDA, �3� ����o , optical branch

LRM-DDA, �3� 75o, optical branch

LRM w/o DDA, acoustic branch

LRM-DDA, �3� 75o, acoustic branch

LRM-DDA, �3� ����o , acoustic branch

q q q

q q q

q q q



Acoustic Panels Based on the Enhanced KDamper (KD-IAM) concept 163 

Innovative Vibration Absorbers and Metamaterials for Low-Frequency Wave Mitigation 

For instance, Figure 8-6 (a) depicts the dispersion curves for case 1. It is observed that for a specific DDA 

angle the frequency gap remains essentially unaltered, while at the same time, the optical branch 

reaches higher frequencies as the stiffness ratio increases due to the significant change of the optical 

mode. This performance is better reflected in the behavior of the finite lattices. 

In order to examine in more detail the effect of the amplifier angle compared to the bandgap 

characteristics of the studied cases, the normalized bandwidth for all the cases and angles is plotted in 

Figure 8-7. This is defined as: 

�� �� �� �� / ,     / 2w H L av av H Lb f f f f f f� �� � ��  
(8-17) 

where Lf and Hf  correspond to the lower and upper bandgap limits, respectively, and avf  is the mid-

gap frequency.   

It is illustrated that for large amplifier angles ( )�M , all cases show a similar normalized bandwidth ( )wb  

size; however, there are differences in the performance of the metamaterial in the case of smaller 

angles. For example, the analysis with the parameters of scenario 1 (black line) and / 1L Rk k �  

(continuous line) displays the most significant normalized bandwidths when small amplifier angles ( )�M  

are considered; when compared with the case where a larger stiffness ratio is utilized /L Rk k =100 or 

1000 the arrangement with / 1L Rk k �  indicates a better performance. In addition, when a stiffness 

ratio / 100L Rk k �!  is applied, there is no change in the gap size ( )wb ; in this case, the normalized 

�����v���Á�]���š�Z�� �]�•�� �}�v�o�Ç�� ���� �(�µ�v���š�]�}�v�� �}�(�� �š�Z���� ���u�‰�o�]�(�]���Œ�–�•�� ���v�P�o���X�� �/�v�� �š�Z�]�•�� �•�š�µ���Ç�U�� �š�Z���� ���u�‰�o�]�(�]���Œ�•�[�� ���v�P�o���� �Z��s been 

indicatively selected as �M=60�£����and 75�£, respectively. The selection of these relatively large angles has 

been made to showcase the extraordinary capabilities of the mechanism. 

 

Figure 8-7: Normalized bandgap width as a function of the amplifier's angle.  
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Figure 8-8 illustrates the frequency response functions (FRF ) that correspond to the dispersion curves 

of Figure 8-6. The specific FRFsrefer to a structure with four (4) unit-cells, while again three (3) 

different cases are compared: without DDA, with DDA of as �M=60�£,  and with DDA of as �M= 75�£. For 

every case three (3) stiffness ratios �� ��/L Rk k  are studied. It is clearly observed that the lower the 

stiffness ratio is, the more profound the bandgap formation is, and the beneficial effects of the DDA are 

highlighted. On the contrary, for the stiffness ratio case of / 100L Rk k �! , the bandgaps hardly appear 

and the DDA cannot significantly improve the performance of the lattice, as the natural frequencies of 

the structure are shifted higher. These results indicate that the normalized bandgap width as a metric, 

although it may provide a valuable indication of the metamaterial effectiveness, may be deceptive and 

should be used in conjunction with the frequency response of the structure. In conclusion, the 

performance of such unit-cells is heavily affected by the stiffness ratio between the inner and the outer 

springs of the periodic structure and high values should be avoided in the design.   

 

Figure 8-8: FRF of the far-right external mass of the finite lattice for N=4 unit-cells and for three stiffness ratios 
(a) 1st band (b) 2nd band (c) 3rd band 
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Miniaci et al., 2016; Palermo et al., 2018; Zaccherini et al., 2020) is proposed. These barriers should be 
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a realistic solution. The external and internal masses Lm and Rm  respectively, should be rigid enough 

to behave similarly to the theoretical mass-in-mass model, and the selected number of unit-cells should 

be large enough to reveal the properties of the periodic structure. 

Figure 8-9 displays a potential arrangement of the proposed system. The locally resonant unit-cells are 

embedded into the ground in a radial layout, such that the barriers enclose the structures of interest. 

In the case seismic excitation occurs, the barrier filters out the low-frequency content of the wave by 

absorbing the seismic energy internally and hence, mitigating the excitation. It is essential to note that 

due to its geometry, the proposed metabarrier alignment is suitable to protect structures against 

surface waves (Datta, 2010), which are known for their detrimental effect on man-made structures due 

to their high amplitude low-frequency components (Anderson, 1990). Mitigation of seismic body waves 

(S and P waves) is not part of the present study and design concept.  

Under this perspective, the device under investigation is presented in Figure 8-10. A reinforced concrete 

hollow cylindrical section comprises the external mass �� ��Lm  of the unit-cell configuration and a steel 

cylindrical section the mass of the resonating feature �� ��Rm . The model springs can be realized by some 

type of elastomeric - rubber material of stiffness equivalent to the theoretical model, which can be 

reinforced appropriately depending on stiffness and strength requirements. The DDA mechanism can 

be realized by a simple rigid beam (potentially a robust steel beam) attached to a rigid foundation. The 

depicted conceptual design comprises only one row of 4 unit-cells and is equivalent to the one-

  

(a) (b) 

Figure 8-9: Schematic representation of (a) the DDA metabarrier radial layout in plan-view and (b) the typical 
cross-section of the installation. 
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dimensional chain of the locally resonant units. Nonetheless, the design can be further elaborated by 

adding more rows and unit-cells to improve the device's performance. 

  

Figure 8-10: Schematic representation of the proposed metabarrier structure with Dynamic Directional 
Amplifier (DDA) for mitigation of seismic excitation.  

 Dimensioning 

Aiming to quantify the material parameters of the unit-cell, a simple iterative process is followed. 

Initially, the limits of the frequency bandgap, namely Lf and Hf , are selected, together with the 

magnitude of the external mass (Lm ). As a following step, Eq. (8-8) (a) and (b) are employed to estimate 

the required design parameters. Based on the material properties of lightweight concrete and steel, an 

initial geometry (length and radius for each cylindrical section) is specified, such that the required unit-

cell masses are attained. 
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For the case of the internal and external spring properties (Lk  and Rk ) of the mass-in-mass structure, 

common rubber materials like chloroprene rubbers with carbon additives may be adopted, as they 

demonstrate the desired stiffness properties. The stiffness calculation of the material should consider 

the required (and also allowable due to the geometry limits of the structure) dimensions of the rubber 

in order to achieve the desired stiffness of theLk  and Rk  elements. The compressive stiffness of the 

rubber pad is calculated as follows: 

 rubber
comp

E A
k

h
�  (8-18) 

where rubberE is the elastic Young's Modulus of the rubber material, A is the area of the rubber and h

its height.  

Obviously, the calculation requires the knowledge of the elastic vertical stiffness modulus rubberE , 

provided by relevant stress-strain tests of the material in question.  For the purpose of this indicative 

design, the hyper-elastic properties of rubber are neglected; consequently, the calculated value from 

Eq. (8-18) is an approximation that can be used as a starting point of the detailed dimensioning of the 

rubber pads. We remark that the elastic connections can also be realized with conventional metal 

springs, leaf springs, truss-like springs, or compliant structures that provide the required stiffness. 

Based on the rubber properties and the initially selected dimensions of the unit-cell, the outer and inner 

diameters of the pad are selected such that the elastomer fits to the unit. In case that the required 

stiffness and/or masses cannot be achieved, the dimensions of the external and resonating features are 

readjusted. This procedure is repeated until all the parameters correspond to the desired ones. By all 

means, a more optimized approach can be programmed that can minimize the required materials and 

maximize the performance of the metastructure; however, this optimization falls out of the scope of 

the current contribution. 

Table 8-2 displays a feasible set of design data, aiming to obtain the second bandgap, as described in 

section 8.4. The selected properties are based on the analogies presented in Table 8-1 that correspond 

to the analysis of the simple LRM configuration without the addition of the DDA mechanism. Therefore, 

by adopting the above properties, the DDA enhanced lattice should achieve the demanded bandgap 

and extend its filtering properties to lower frequencies.  
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Table 8-2: Indicative unit-cell design parameters of the metabarrier.  

 FE Numerical Investigation of the DDA Metabarrier  

Aiming to validate the performance of the designed metabarrier, the finite element code ABAQUS�  is 

employed for a series of frequency response and seismic time-history analyses. The parameters of the 

model were formulated by adopting the material values of the conceptual design, as indicated in Table 

8-2 of section 8.5.1. For the purposes of this study, a model with N=4 unit-cells is adopted, and its 

filtering properties are subsequently investigated. The design follows the second scenario bandgap 

where Lf =1 and Hf =2.5 Hz, respectively.  

Three-dimensional FE modeling is used to realistically capture the exact geometry of the design, its 

kinematic boundaries, as well as the appropriate stiffness properties of the proposed materials of the 

barrier. Linear elastic spring elements and dashpots model the vertical stiffness (rubberK ) and damping (

Theoretical parameters 

Parameters value units Description 

Lf  1 Hz Low bandgap frequency limit 

Hf  2.5 Hz Upper bandgap frequency limit 

Lm  250 kg External mass of each unit-cell 

Rm  1310 kg Resonating mass of each unit-cell 

Rk  51.82 kN/m Stiffness of the internal spring 

Lk  51.82 kN/m Stiffness of the external spring 

Design parameters 

Parameters value units Description part 

conc�U  1400 kg/m3 Lightweight concrete density 

Reinforced concrete 
�t external mass 

1D  1 m External diameter of the concrete cylinder 

2D  0.90 m Internal diameter of the concrete cylinder 

concL  1.15 m Length of concrete cylinder 

concm  241 kg Mass of concrete part 

steel�U  7850 kg/m3 Steel density 

Steel �t resonating 
mass 

3D  0.5 m Diameter of the steel cylinder 

steelL  0.85 m Length of steel cylinder 

steelm  1310 kg Mass of steel part 

rubberE  1800 kPa Rubber Young's modulus 

Rubber �t internal 
and external springs 

rubbert  0.25 m Height of internal element's rubber 

rubberA  7.85*10-3 m2 Area of internal element's rubber 

rubberk  56.55 kN/m Stiffness of rubber element  

�M 75 �¹ Amplifier angle DDA 




























































































































































































































































