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Abstract 

 

Structural health monitoring (SHM) of Solid Rocket Motors (SRMs) using the finite element method to 

analyze strains is a powerful technique to evaluate the structural integrity of the SRM and consequently to 

prevent accidents that may have both economical and possibly human losses. The main purpose of this 

thesis is the detection of grain propellant cracks in the solid propellant of SRMs. The dimensions and the 

material properties of the three layers of the SRM are based on relevant literature. Two dimensions finite 

element models, with and without crack, are modeled and thermal loads are applied in order to simulate the 

post-production storage cooling of SRMs. Existing methods for structural health monitoring of SRMs are 

described. Hoop strains are collected from different areas of the SRM for the healthy model without crack 

and for the damaged model with crack and signal detection theory is employed to define the probability of 

detection and the probability of false alarm. It is shown that with one sensor it is possible to detect small 

grain propellant cracks with high probability of detection and very small probability of false alarm. 

Simulating the real-world case, an uncertainty for the material properties, particularly, the Young’s modulus 

and the thermal expansion coefficient is suggested. 1000 different cases of different material properties are 

used to conduct finite element simulations of the SRM response in temperature cool down from curing 

temperature to storage temperature. The strain data are used to feed an artificial neural network for 

regression and predict the new hoop strains for a sample of 100.000 different material properties. It is 

concluded that in this case, one sensor placement was insufficient to detect grain propellant cracks with high 

probability of detection. Thus, the use of 3,6 and 9 sensors is suggested and further analyzed. It is proven 

that a system comprising 6 sensors in the middle of the insulation and outer of the cylinder was the most 

efficient. 
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I. Introduction 

A solid propellant rocker motor or SRM is a rocket with a rockets engine that uses as fuel solid propellants. 

The earliest rockets were solid-fuel rockets powered by gunpowder and they were utilized in warfare by the 

Chinese, Persians, Mongols and Indians as beforetime as the 13th century [1].  

Since solid-fuel rockets can stay in storage for an extended time without much propellant degradation and 

due to they consistently launch reliably, they have been frequently utilized in military applications for 

example missiles like METEOR (MBDA Missiles) [2][3]. So, today, SRMs are been used in advanced 

military operations and in space exploration as recently in ARTEMIS I space mission to moon which uses 

solid rocket busters [4][5]. 

A SRM is comprised by three main components, the casing, insulation and solid propellant. The objective of 

the case is to acquire the power being produced throughout the ignition of the solid propellant. This permits 

the power being produced to be directed in one direction (through a nozzle), so that the rocket produces a lot 

of thrust. In regard of this process the case must be capable of sustaining high temperatures and pressures. 

As a consequence of this, SRMs casing are constructed as cylindrical thin-walled pressure vessels. Materials 

for the casing vary from cardboard to steel alloys. The insulation represents as a layer of protection for the 

casing because it reduces the conduction of heat from the solid propellant throughout the operation. For the 

insulation, the main material that is used is an ethylene propylene diene monomer (EPDM) liner. The heart 

of an SRM is the solid propellant with high energy density that is being used to produce huge amounts of 

thrust when ignited. SRMs are usually made of composite propellants comprised of some chemical 

components as for example fuel, binders, oxidizers and curing agents and the most common material that is 

being used is ammonium perchlorate (AP) [5]. 

The main method of construction of the case is filament wound, which is being used to made high pressure 

vessels utilized in aerospace industries. Construct of filament wound composite vessels consists of: 

construction of composite material, of metallic polar boss and rubber lining design. A mixture of hoop and 

helical winding is employed. The layer sequence and angle of winding are based on construct and analysis. 

The shell part and ends have dissimilar layer sequence and thicknesses. Composite motor cases will get 

metallic end fittings. These end fitting are entrenched to the composite portion at the varied stages of 

manufacturing. Carbon fiber with epoxy resin scheme is mostly utilized as material [6]. 

Any part of a SRM is susceptible to developing flaws but the main cause of SRM failures is because of the 

nozzle and propellant. In this thesis, the main focus is the propellant and its interaction with the other part of 

the SRM due to its unique material properties and the its different flaws. The most ordinary defects and 

flaws are aging effects, grain propellant cracks and delamination between insulation and propellant. In this 

case, the main concern is the grain propellant cracks, because these cracks could be spreading all through the 
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operation of the SRM, increasing and concentrating pressure, causing unexpected case pressure, thrust 

evolution and eventually resulting in case fracture and failure of the motor due to a case burst or burn-

through. 

Structural health monitoring (SHM) entails the observation and analysis of a system over time utilizing 

periodically sampled response measurements to monitor changes to the material and geometric properties of 

engineering structures. A structural health monitoring for a SRM is important for various reasons. The most 

important of them is that it can prevent a possible crash of a solid rocket motor that carries astronauts and 

thus save human lives. Also, it rapidly reduces the costs of the associated industry. So, in this thesis, it is 

developed a structural health monitoring approach for an SRM based on Finite Element Method to detect 

flaws associated with grain propellant cracks. 

At present, many researchers have tried to make a SHM model to detect grain propellant crack or 

delamination. Le et al. [7], have made a 2D model, using finite element software package ABAQUS, for the 

half section of the cylinder with sensors distributed spread equally along the inner surface of the case to 

study the impact of grain propellant cracks on radial stress of an SRM during freezing process. Using 3,4 

and 6 sensors respectively, the minimum and maximum values of their readings is being collected and then 

their difference is being calculated and is being compared with the accuracy of the sensors. With this 

process, the 3,4 and 6 sensors systems can detect 18.8,9 and 7.6mm grain propellant cracks with 100% 

probability of detection. 

Applying the same procedure, Le et al. [8] 3,4 and 6 sensors systems detect 15 degrees of debonding, on the 

propellant insulation interface, for the first 2 and 9 degrees for the last one with 100% probability of 

detection. Also, a second method has been recommended that compares the healthy model with damaged 

model with debonding radial stress. In this way, the debonding degree detection is increased from 15° to 12° 

for 100% probability of detection. 

Liu et al.  [9] proposed a deep convolutional neural network that predicts the grain propellant crack length 

and the delamination angle with root mean square error 3.2mm and 2.0° respectively from the 2D model 

constructed in finite element software package ABAQUS. 

In this thesis, a finite element method has been used to investigate the effect of grain propellant cracks on 

the SRM with an artificial neural network (ANN) for regression of the uncertainty propagation of the 

material properties and the application of the detection theory to the SRM, using the hoop strains of different 

areas of the cylinder both from the FE model and the surrogate model. 
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II. Theoretical Framework 

 

a. Uncertainty Quantification (UQ) 

The Monte Carlo method is a type of simulation, which most common goal, of using this procedure, is to 

predict specific parameters and probability distributions of random variables whom the values are based on 

relations with random variables with defined probability distributions [10]. In this work we are interested in 

the forward probabilistic UQ framework, which is also known as uncertainty propagation. This direction is 

of particular interest for the case where we want to propagate the uncertainty involved in the material 

parameters to the strain field of the SRM. Let’s define the basic random vector 
XDX with 0

X

d
D  and 

0d +  that includes 0d  material parameters, i.e. Young’s modulus and coefficient of thermal expansion for 

the three layers. When the statistical process is realized we observe a particular realization of X = X with 

 
0

T

1 2, ,...., dX x x x= . A probabilistic description of X is expressed through the joint probability density 

function as ( )X;p X=XX X Θ  with a known functional form and a vector that contains the population 

parameters, 
XX D ΘΘ with 1

X

dD Θ and 1d + . Integer 1d  indicates the number of parameters involved 

in the probabilistic model ( )p X . If the components of X are statistically uncorrelated and treated as 

independent events, then the pdf of X may be written as the product of its marginal pdfs as:  

 ( )X ,

1:

; ( ( ); )i d

i d

p X p X d
=

= = X xX θ θ , with 
d Xθ θ       (1) 

The relation between the material parameters and the strain response is described through a computational 

model [11] 

 :M X E= =X E    (2) 

that receives a realization of X = X and returns the corresponding Ε = E outcome in a deterministic fashion. 

Τhe relation E = M(X) describes a real-value function that operates over X. Let’s consider the random vector 

EDE with 2

E

dD  and 2d +  that arranges 2d  strain components (features). As before, when the 

statistical process is realized we observe a particular realization of E = E with  
2

T

1 2, ,.., ,..,i dE    = . The 

aim of the uncertainty propagation is to estimate the probability distribution of Ε, as ( )Ε Ε;p E=Ε θ , with 

E θD


θ , 3

θ

d
D


 and 3d + . The mean vector within 

Eθ  is estimated as 
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 ( )   ( ) ( ) ( )
X

E Xμ = E = E ; di i i

D

i ε M X M X p X X  = =   X X θ     (3) 

and the component variances, are given as: 

 ( )      
22 2

Eσ = Var = Var E Ei i i ii ε M M M = −       (4) 

The covariances are formally described as: 

  cov =E E Ei j i j i jε ε ε ε ε ε     −       with i ≠ j (5) 

Eq. (15) to (17) are analytically intractable and as such one needs to employ statistical simulations to tackle 

the problem. Monte Carlo Simulation (MCS) is a robust method that is based on the idea of random 

sampling. In practice, n realizations are sampled from ( )X;p X=X X θ , 

( ) ( ) ( ) 
0 0 01 d 1 d 1 d

1 2
,..., , ,..., ,...., ,..., , 1,2,...,

k k k n
x x x x x x k n

= = =
=  which are then fed forward to M(X) in order to 

produce ( ) ( ) ( ) 
2 2 21 d 1 d 1 d

1 2
,..., , ,..., ,...., ,..., , 1,2,...,

k k k n
k n     

= = =
=  outcome instances. The latter are 

collected and statistically analyzed. It has been shown that if a large number of random samples are 

simulated, then the method can achieve a complete description of the statistical behavior of the output 

random vector E. The epistemic uncertainty that is introduced because of the sampling process is quantified 

through formal inferential statistics. According to the Central Limit Theorem, we can write the following 

probability statement for the population mean, μi, that is estimated from a formal statistical inference applied 

on the sample mean component, 
iε : 

 ( ) ( ) ( )E1,1 2 1,1 2
Pr μ =1i i

i in α n α

s s
ε t i ε t α

n n
− − − −

 
−   + − 

 
    (6) 

where (1-α) is the desired confidence level and ( )1nt −  is the critical value of the Student’s t-distribution with 

n-1 degrees of freedom. The sample size is denoted as n. Magnitude is n  is called the standard error and 

is equal to the standard deviation of the normally distributed sample average. The preceding statement is 

valid for cases where the response random variable εi is normally distributed or not highly skewed. In a 

similar fashion, a confidence interval may be constructed for the variance, 
iε , based on the below 

probabilistic statement: 

 
( )

( )
( )

2 2 2

E2 2

1, 2 1,1 2

1 1
Pr σ =1i i

n α n α

n n
s i s α

χ χ
− − −

 − −
  − 

  

     (7) 

where ( )2

1nχ −  is the critical value of the Chi-squared distribution with n-1 degrees of freedom.  



 
12 

 

The Monte Carlo estimators converge always to the real parameters with a prediction error being reduced as 

the sample size increases. It is typical to expect that ~105 realizations are required in order to have a 

prediction error less than 5% in the QoI for a 95% confidence interval. 

 

b. Surrogate Modeling 

The computationally demanding statistical simulation scheme requires the employment of surrogate 

modelling in order for the process to time affordable. Surrogate modes are data-driven models that are 

usually generated from physics-based models. Their main objective is to substitute computationally 

intensive simulations with fast and accurate models. In principle, surrogate modeling is a regression 

problem. In this direction, a relatively limited number of simulations is performed and the obtained response 

data are used for training a statistical model. The idea is to identify the latent statistical structure of the 

synthetic observations and accordingly construct the model that best describes the data generation process. 

Depending on the degree of non-linearity of the mapping function (Eq. (2)) a different modeling strategy 

may be employed. Machine learning tools suit well this purpose. In this work we decided to employ a dense 

multilayer perceptron (Artificial Neural Network - ANN) to act as the surrogate model. The contribution of 

artificial intelligence on many research fields is critical and ANN help on making decisions on models with 

a lot of data. They can be used for regression or classification.  

ANN for regression is combined of 3 layers: input layer, which picks ups signals and passes them to the next 

layer, hidden layer, which does all kinds of calculating and feature extraction and output layer, which 

delivers the final results. The input layer consists of d0 nodes that each one receives an instance (or 

realization) of the material parameters,  
0

T

1 2, ,...., dX x x x= . The output layer consists of d2 nodes and each 

node is associated with a specific strain feature,  
2

T

1 2, ,...., dE   = . Artificial neural networks are a 

sufficient machine learning method because of their flexibility to change weightings, deviations, hidden 

values and the number of neurons and the number of the hidden layers so a good regression model is 

achieved [12][13]. During the supervised learning stage, a training set [X, E]n of n instances is used in order 

to train the weights and biases associated with the model’s architecture. The number of these quantities are 

defined within the hidden layers implicitly and are considered as hyperparameters that the user needs to set. 

The activation functions need to be as well defined by the user. The training process is in fact an 

optimization process which ends once a prediction error is minimized to an acceptable level or a number of 

epochs is reached. 
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Figure 1: ANN architecture. 

c. Detection Theory 

 

First of all, in this part of the thesis is very useful to explain the base principals of the classical hypothesis 

testing: 

Classical Hypothesis Testing [14] 

A statistical hypothesis is an assertion or conjecture one or more populations. The hypothesis testing consists 

of two hypotheses, the null Hypothesis 𝐻0, which refers to the hypothesis we want to test and the alternative 

hypothesis 𝐻1 where it led us the rejection of the alternative hypothesis usually represents the question to be 

answered or the theory to be tested. The null hypothesis nullifies or opposes the alternative hypothesis and is 

often the logical complement to the alternative hypothesis. 

In these hypotheses are included and some errors in our decisions, which are: 

• Type I error: Rejection of the null hypothesis when it is true. 

• Type II error: Nonrejection of the null hypothesis when it is false. 

In the table below there are concluded the possible results of hypothesis testing: 

Table 1: Possible results of Hypothesis Testing 

 𝑯𝟎 is true 𝑯𝟎 is false 

Do not Reject 𝑯𝟎 Correct Decision Type II error 

Reject 𝑯𝟎 Type I error Correct Decision 
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Moving forward, although detection theory was initially developed to address signal detection problems 

within information and communication technology (radars, telecom etc.), its strength was quickly 

acknowledged by the SHM community. The involved statistical discipline and technical ingredients fit well 

to the damage identification problem, either if treated as a binary (Healthy or Damaged) or as a multi-class 

problem, with the former acting as the basis in this work. Signal discrimination is based on the likelihood ratio 

test, which is in principle a statistical hypothesis test constructed over two competing hypotheses. We define 

the null hypothesis as the Healthy state of the RSM (
0

H H ), i.e. its geometry being intact. We are interested 

in testing this null hypothesis against the alternative hypothesis of the SRM being damaged (
1

H D ), which 

translates into the existence of a grain propellant crack of minimum length equal to αcr. The sensor readings 

are arranged in a real-valued vector test

dX , with d   being the number of installed sensors. Each 

component in testX  may be considered as an average timeseries post-processed within the data acquisition 

system,    
n

test test

1n

1 t

t
t

i i
t =

= X X . We need to associate vector testX  with one of the two defined SRM states (H 

or D) and this action is performed by comparing the probabilistic support (likelihood) provided by their 

statistical structure. The d-dimensional multivariate probability density function (PDF) that corresponds to the 

healthy state is denoted as ( )H H;f  Θ  and the respective model for the damaged state is denoted as 

( )D D;f  Θ . The distribution parameters are deterministic yet unknown values H D, D ,D
d Θ ΘΘ Θ

with d   , and they will be estimated from sample statistics or defined from deterministic signals within 

noise. The competing hypotheses may be formally written as: 

 
( )
( )

0

1

test H test H

test D test D

H :

H :

H ;

D ;

f

f





 




X

X

x Θ

x Θ
 (8) 

The Neyman-Pearson detector [15] asserts that the reading testX is associated with the Damage state if the 

probabilistic support for this event to occur is higher than the probabilistic support of its counterpart event 

(Healthy state) to occur or mathematically given by the conditional probabilities as: 

    test testPr D| Pr H|X X         (9) 
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Figure 2: Matched Filter of Neyman-Pearson detector. 

 

By applying the Baye’s rule into Eq. (9) for the nominator and denominator, the likelihood ratio test is written 

as:  

 ( )
( )
( )

D test D

test H D

H test H

;
L ; ,

;

f

f
 

x Θ
x Θ Θ

x Θ
       (16) 

It is evident that the detector’s accuracy is controlled by the assigned probabilistic structure and the estimated 

corresponding parameters ( H D,Θ Θ ), which are directly related to the specified sensor topology and 

architecture. The level of achieved accuracy is proportional to the discriminant strength or richness in 

information content provided by the selected features. This is in fact a problem of optimal sensor placement 

and is in the heart of this research. The likelihood ratio partitions the feature space in two regions by 

introducing a threshold per feature. However, the binary decision that revolves around to reject or to fail-to-

reject the null hypothesis is associated with a risk of mistakenly making a decision in favor of a hypothesis 

that is not the state of nature. This level of risk is quantified through probabilistic assignments to the involved 

errors and reflects well known Type I and Type II errors in the classical hypothesis testing setting.  

Within the framework of detection theory, the complement probability associated with Type II error defines 

the probability of detection, PD, and is estimated from the below series of integrals: 

 ( )
( )

D D D

: =

; d
L

P f

  

+

= 
x x

x Θ x  (11) 

Type I error is equivalent to the probability of false alarm and is given by:  

 ( )
( )

FA H H

: =

; d
L

P f

  

+

= 
x x

x Θ x         (12) 
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Figure 3: Hypothesis Testing. 

 

The instance x corresponds to the partition boundaries and sets the lower limit of the integrals. Having 

defined the performance metrics, the aim is to optimize the detector’s accuracy by maximizing the probability 

of detection and minimizing the probability of false alarm. However, these two objectives are competing each 

other in the sense that there does not exist such a utopia point that optimizes both metrics at the same time. 

However, the Neyman-Pearson detector, i.e., the likelihood ratio test in Eq. (10), is an optimal criterion, in the 

sense that for a specified level probability of false alarm the detector maximizes the probability of detection. 

Two cases are of particular interest under this analysis. The first relates to the reference condition where the 

material parameters are deterministic quantities and randomness in the strain readings comes solely from 

measurement noise, which is assumed to follow a zero-mean, homogeneous and uncorrelated Gaussian 

process with variance σ2. This corresponds to the case where a deterministic signal is hidden in White Gaussian 

Noise (WGN). We may reformulate the hypotheses in order to reflect the typical framing where the null 

hypothesis refers at the noise only state of nature and the alternative hypothesis refers at signal in noise state 

of nature. The absence of a signal indicates that the SRM remains healthy, whereas the identification of a 

signal (in noise) indicates the existence of a grain propellant crack. The PDF is described as

( ) ( ) ( )H D Nf f =  =   and the parameter vectors are given as  H x,d d d=Θ 0 Σ  and  D x,d d d=Θ Δε Σ , 

w~N(0,σ2) s~N(Δε,σ2)

Threshold PFA

PD

x[0]

Decide H1Decide H0
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where d0 is the d-dimensional zero mean vector, 
2

x xd d d d= Σ Ι is the d x d- dimensional covariance matrix 

and dΔε  is the d-dimensional mean vector that contains the deterministic signal. In the case where only one 

feature is considered, i.e. only one sensor is installed, i.e. d = 1, then the problem turns out to be univariate. 

The analytical solution to the problem is provided by the equation below:  

The equation (10) we can rewrite it as: 

1

2

2 /2 2

0

1

2

2 /2 2

0

1 1
exp[ ( [ ] ) ]

(2 ) 2
   (13)

1 1
exp[ [ ]]

(2 ) 2

N

N

a

N

N

a

x a A

x a

 


 

−

=

−

=

− −



−




 

, where A=Δε(a). 

If we logarithm both side we get: 

1

2

2

0

1
( 2 [ ] ) ln( )   (14)

2

N

a

A x a NA 


−

=

− − +   

Which can be simplified to: 

21

2 2

0

[ ] ln( )    (15)
2

N

a

A NA
x a 

 

−

=

 +  

And finally, we have: 

21

0

1
[ ] ln( )  = γ'  (16)

2

N

a

A
x a

N NA




−

=

 +  

To determine the detection performance, we first note that the test statistic 
1

0

1
( ) [ ]

N

a

T x x a
N

−

=

=   is Gaussian 

under each hypothesis. The means and variances are: 

1 1

0

0 0

1 1
( ( ); ) ( [ ]) ( [ ]) 0   (17)

N N

a a

E T x H E w a E w a
N N

− −

= =

= = =   

With the same way we get: 

1
( ( ); )    (18)E T x H A=  

And: 
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21 1

0 2

0 0

1 1
var( ( ); ) var( [ ]) var( [ ])    (19)

N N

a a

T x H w a w a
N N N

− −

= =

= = =   

Similarly, we get:  

2

1
var( ( ); )    (20)T x H

N


=  

So, we get: 

2

0

2

1

(0, )   under  

( )    (21)

( , )   under 

N H
N

T x

N A H
N






 
  
 
 
  

 

And then: 

0
2

'
Pr( ( ) '; ) ( )   (22)

FA
P T x H Q

N





=  =  

, where Q(x)=1-Φ(x). 

The threshold is found: 

2

1
' ( )   (23)

FA
Q P

N




−
=  

We can relate 𝑃𝐷 to 𝑃𝐹𝐴 through the below equations: 

2
1

2
1

( ) 22

( )

( ) ( ( ) )   (24)
FA

D a FA

Q P A
NAN

P Q Q Q P

N





−

−

−

= = −  

And finally for this thesis case, for N=1 and A=Δε(a), we get: 

                                                           ( )
2

1

D FA 2
P Q Q P





− 
= −

 
 
 
 

 (25) 

where ( ) ( )1Q  = −   is the Q-function and ( ) ( )1 2 erfinv 1 2Q
−  = −   is its inverse mapping. The 

preceding equation gets as input the magnitude of the informative feature, Δε, the noise level σ2 and the PFA 
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level of interest and delivers the maximum probability of detection when that is a characteristic of the detection 

system.  

In the case where variability in the material parameters is taken into consideration, then the dispersion around 

the mean is not guided by the statistical structure of the noise but by the degree of variability of the basic 

random variables which consequently propagates to the strain response (features). By considering that 

normality in the data holds, the probabilistic model for the features in the healthy state is 

( ) ( )2

H H H H; N ; ,f   = Θ  and the corresponding model for the features in the damaged state is 

( ) ( )2

D D D D; N ; ,f   = Θ . For one strain sensor (d = 1), as before, Εq. (25) no longer applies since (

2 2

D   ) and the estimation of the probability of detection needs to be separated in a two-step process.  

 

Figure 4: Hypothesis Testing for different standard deviation. 

 

We first obtain the threshold, γ, that results in the desired probability of false alarm as: 

 FA

H 0

P 1 Q
   

 
 

  − −
= −  =   

   
       (26) 

and solving with respect to the threshold we obtain: 

Thershold γ

Decide H1Decide H0

x[0]

PFA

PD

p(x[0];H1)

p(x[0];H0)
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 ( )1

FAPQ  −

 =  +        (27) 

Then the probability of detection may easily be obtained as: 

 D
D

D

P  Q
 



 −
=  

 

 (28) 

If we substitute Eq. (8) in Eq. (9) then the system’s characteristic performance may be derived from:  

 ( )1

FA D

D

D

P
P  

Q
Q

  



−

 
  + −

=  
 

 (29) 

When d ≠ 1, then the problem revolves around a multivariate normal model with ( ) ( )H H H; N ; ,f  = Θ 0 Σ  

and ( ) ( )D D D; N ; ,f  = Θ Δε Σ  where HΣ and DΣ is the covariance matrix for the healthy and damaged 

state, respectively.  

 ( )
( ) ( )

( ) ( )

1

test D test

test H D
1

test H test

1
exp

2
L ; ,

1
exp

2

 −

 −

 
− − −  

 
−  

D

H

Σ x Δε Σ x Δε

x Θ Θ

Σ x Σ x

  (30) 

It is evident that the performance of the detectors depends solely on the magnitude of the parameters 

H D, ,Θ Θ Δε and these will be defined from a statistical simulation based on a deterministic model. The 

analytical description for the system’s characteristic is intractable and a numerical approach is  required in 

order to estimate the probability of detection given the probability of false alarm. Within the Neyman-Pearson 

setting one may solve an optimization problem in order to initially obtain the threshold that results in the 

specified probability of false alarm, i.e.  ( )( )( )2

MC FA FAargmin ln P P = − . Then use this threshold within a 

Monte Carlo Simulation (discussed in sub-section 2.2) in order to obtain the optimal probability of detection. 

However, in this work, since the main interest is to construct the ROC curve, we evaluated the PFA - PD pair 

for different specified values of the threshold. This is performed by passing through Eq. (30) a n-sized sample 

(referred as training set) with a given threshold and count the true negatives (TN) and false positives (FP). 

Then the following Monte Carlo point estimators may be used: 

 
DP TN n=  and 

FAP FP n=   (31) 
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III. Case Study 

 

a. Problem Definition 

In this paper, the cylindrical geometry of the SRM allows the problem to be regarded as axisymmetric or 

plane strain allowing for 2D modeling in the r-z plane and r-θ plane, respectively. Since there is interest to 

model a crack initiating and propagating along a radial direction at a random yet controlled angle θ, the 

problem was modeled as plane strain, as shown in Figure 4. As shown in Figure 4, the structure consists of 

case, insulation and grain or grain propellant. The inner and outer dimensions of radius of grain propellant is 

203.2mm and 406.4mm, respectively. The thickness of insulation is 2.54mm and the thickness of case is 

3.175mm [16]. Especially in this study, it was modeled only the one quarter of the cylinder, as shown in 

Figure 4, because it was considered that the results on the remaining cylinder is the same due to symmetry. 

  

Figure 5: 3D Structure of propellant, insulation case and crack and one quarter of the cylinder with dimensions. 

The linear elastic material properties of the case, insulation and grain propellant of SRM is shown in Table 2 

bellow. Young’s Modulus of grain propellant and insulation is depended on temperature but in this case, it 

was used theirs mean value. 

Table 2: Material Properties 

Material 

Parameter Grain 

propellant 

Insulation Case 

Poisson’s ratio 0.499 0.499 0.3 

Thermal Expansion 

Coefficient [strain / ℃] 

9.56e-5 8.75e-5 2.16e-6 

Young Modulus 14.2 MPa 37.9 MPa 55.9 GPa 
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b. Finite Element Modeling 

The model is constructed in ANSYS Mechanical APDL. All the cases are modeled to simulate the SRM 

cooling from 71°C to storage temperature -51°C. So, the total temperature drop is 120°C. In this model, on 

the left line of the cylinder it was constrained the horizontal displacement (displacement on X-axis) and on 

the bottom line it was constrained the vertical displacement (displacement on Y-axis). All the fixed lines are 

shown on the bellow figure. 

 

 

Figure 6: Fixed lines on the cylinder. 

 

This model is meshed into more than 19000 8-node quadrilateral elements of plain strain and the mesh near 

the crack region is meshed more finely, as shown on Figure 8. After a lot of consideration and assessment of 

results it was selected 8-node over 4-node elements, because less elements provided the same accuracy on 

results, as shown in figure 6 and 7, where there are plotted the hoop strains of a specific crack length for 

different element types (4-node and 8-node) and density on the case and it is clearly that the 4-node elements 

results converge into 8-node elements results. 
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Figure 7: Comparison of different element types for grain propellant crack equal to 11mm. 

 

Figure 8: Comparison of different element types on the outer of the cylinder 0° degrees for grain propellant crack equal to 11mm. 
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Figure 9: Mesh Design and corresponding boundary conditions. 

On the current analysis except the 120°C temperature drop, it was designed a crack in the inner arc of the 

cylinder on 45º degrees to simulate the cracks that occur in SRMs. The list of the crack lengths (a-crack 

length) that have been analyzed is: 

[2mm,7mm,8mm,10mm,11mm,16.1mm,21.5mm,26mm,31mm,35.9mm,40.9mm,45.8mm] 

The selection of the crack lengths is completely random and it is based on bibliography.[16] 

The design of the crack and its mesh [17] in the model is shown in Figure 9. This mesh refinement around 

the crack tip is a typical FE modeling strategy for calculating fracture mechanics related magnitudes, such as 

stress intensity factor (SIF) or Strain Energy Release Rate (SERR) for the purposes of static or fatigue crack 

growth simulations. Although such approaches are beyond the scope of this work, mesh refinement was 

adopted here for ensuring that a smooth strain redistribution will be captured remotely. 
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Figure 10: Crack Design and mesh near the crack tip.  

 

 

 

c. ANN as a Surrogate Model 

For training the ANN, firstly, it has been considered an uncertainty on the material properties and specific 

±5% for young modulus and ±10% for thermal coefficient and in that way a matrix 6×1000 has been made 

for the material properties. Then, importing this matrix into ANSYS and shuffling the rows the program ran 

for 1000 different cases. With these results a neural network for regression has been trained, which 

performance can be seen in the following figures.  

 

Figure 11: Performance of ANN. 

It is clearly that the loss of the neural network is very low and the accuracy is very close to 1. Then this 

model has been used to propagate these results for 100.000 different cases of material properties. This 

processed has been followed both for the healthy and damaged model. 
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IV. Signal Exploration – Feature Engineering 

First of all, it was important to understand the stress and strain patterns on the undamaged model and then on 

the model with the crack. Through the figures 11 to 14 there are presented the contour plots of hoop strain-

stress and radial strain-stress for each model. The crack length of 11mm is selected randomly here. Further 

in the analysis there are analyzed more crack lengths.  

As it is shown in figure 11a&b, it is clearly that both hoop and radial strains are bigger in the inside arc of 

the grain propellant and they are gradually reduced to the outer arc of the cylinder for the model with no 

crack. Tha maximum value of hoop strain is 0.048486 and of the radial strain is -0.057814. 

 

Figure 12a&b: Undamaged Model a. Hoop Strain b. Radial Strain. 

Also, for the undamaged model, hoop stresses are smaller in the inside arc and bigger in the outer arc but the 

radial stresses are smaller on the inside of the cylinder and they are gradually increased to the case where the 

stress measurements due to different material are again smaller and are gradually reduced to the outer of the 

cylinder, as shown in figure 12a&b. 

 

Figure 13a&b: Undamaged Model a. Hoop Stress b. Radial Stress. 
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Respectively, as it shown in figure 13a&b, hoop and radial strains are gradually reduced from the inside to 

outer of the cylinder but the maximum measurements are located near the crack tip. The maximum value of 

hoop strain is 0.152771 and of radial strain is -0.159751. 

 

Figure 14a&b: Crack 11mm a. Hoop Strain b. Radial Strain with zoom on crack. 

Furthermore, as shown in figure 14a&b, hoop and radial stresses are gradually increased from inside to outer 

of the cylinder but with the maximum measurements located at the crack tip. 

 

Figure 15a&b: Crack 11mm a. Hoop Stress b. Radial Stress. 

 

 

The collected results are focused on the outer of the cylinder and on the middle of the insulation, and on the 

hoop strain and stress where the results measurements were significantly bigger, where it is possible to place 

sensors. As shown in figure 15, where there are plotted the residual strains on the outer of the cylinder 

(Damaged model strains-Healthy model strains) for different crack lengths on the hoop direction, it is easily 

observed that the bigger measurements are located away from the crack. Respectively, for middle of 
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insulation, it is observed that strains are significant smaller on the sides and bigger on the crack tip, which 

can be seen in figure 16. 

 

 

Figure 16: Residual Hoop Strain Outer of the Cylinder for Different Crack Lengths. 
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Figure 17: Residual Hoop Strain Middle of Insulation for Different Crack Lengths. 

 

Respectively for residual hoop stress in figure 17 and 18 there are plotted the hoop stresses for outer of the 

cylinder and middle of insulation for different crack lengths. 
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Figure 18: Residual Hoop Stress Outer of the Cylinder for Different Crack Lengths. 

 

Figure 19: Residual Hoop Stress Middle of Insulation for Different Crack Lengths. 

-40 -30 -20 -10 0 10 20 30 40

-5

0

5

10

15

20

a=2mm

a=7mm
a=8mm

a=11mm

a=16.1mm

a=26mm

a=35.9mm

a=45.8mm

Residual Hoop Stress Outer of the Cylinder

R
es

id
u
al

 H
o
o
p
 S

tr
es

s(
M

P
a)

Degrees(°)

-40 -30 -20 -10 0 10 20 30 40

-0.09

-0.08

-0.07

-0.06

-0.05

-0.04

-0.03

-0.02

-0.01

0.00
a=2mm

a=7mm

a=8mm

a=11mm

a=16.1mm

a=26mm

a=35.9mm

a=45.8mm

Residual Hoop Stress Middle of Insulation

R
es

id
u
al

 H
o
o
p
 S

tr
es

s(
M

P
a)

Degrees(°)



 
31 

 

In this thesis, the main analysis is carried out for hoop strains on the outer of the cylinder and middle of the 

insulation, because it was taken into account that the sensors placed in the structure measure strain. In 

figures 19 and 23 are plotted the residual strain for different crack lengths and degrees starting from crack 

tip as 0º degree. These graphs are really helpful cause they show respectively the sensors location from 

crack tip what measures it really gets. Also, there are included graphs, figure 20 and 24, with zoom of the 

results of figures 19 and 23 so the results are more readable. The curves of these graphs are constructed with 

polynomial fits, as shown in figures 22 and 25, so the results for intermediate crack values are more accurate 

and the curves smoother. The method of the fitting will be discussed further in this thesis. From these graphs 

it is clearly, as written before, that placing a sensor on 45º degrees from the crack tip on the outer of the 

cylinder and on crack tip on middle of insulation gives better and more accurate measurements for the 

damaged situation. 

 

 

Figure 20: Residual Strains Outer of the Cylinder for different crack lengths and degrees. 
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Figure 21: Residual Strains Outer of the Cylinder for different crack lengths and degrees Zoom for Crack Lengths 0-10mm. 

 

Figure 22: Scatter Diagram with Regression Lines. 

Least square fitting is a mathematical procedure for finding the best-fitting curves to a given set of points by 
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Squares, we shall find 𝑏0 and 𝑏1, the estimates of 𝛽0 and 𝛽1, so that the sum of squares of the residuals is a 
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errors about the regression line and is denoted by SSE. This minimization procedure for estimating the 

parameters is called the method of least squares. Hence, we shall find a and b so as to minimize: 

2 2 2

0

1 1 1

ˆ( - ) ( - - )
n n n

i i i i i

i i i

SSE e y y y b b x
= = =

= = =   (32) 

Differentiating SSE with respect to find 𝑏0 and 𝑏1, we have: 

0 1 0 1

1 10 1

( ) ( )
2 ( ),   2 ( ),   

n n

i i i i

i i

SSE SSE
y b b x y b b x

b b= =

 
= − − − = − − −

 
  (33) 

Setting the partial derivatives equal to zero and rearranging the rems, we obtain the equations: 

2

0 1 0 1

1 1 1 1 1

,     
n n n n n

i i i i i i

i i i i i

nb b x y b x b x x y
= = = = =

+ = + =       (34), 

Which may be solved simultaneously to yield computing formulas for 𝑏0 and 𝑏1. 

Given the sample  ( , );  i=1,2,...,n ,i ix y the least squares estimate 𝑏0 and 𝑏1 of the regression coefficients 𝛽0 

and 𝛽1are computed from the formulas: 

1 1 1 1
1

2 2 2

1 1 1

1

1 1
1 1

( )( ) ( )( )
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( ) ( )

n n n n

i i i i i i

i i i i

n n n

i i i

i i i

n n

i i

i i

n x y x y x x y y
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n x x x x

y b x

b y b x
n

= = = =

= = =

= =

− − −

= =

− −

−

= = −

   

  

 

(35) 

R-squared
2( )R is a statistical measure that represents the proportion of the variance for a dependent variable 

that is explained by an independent variable or variable in a regression model. R-squared explains to what 

extent the variance of one variable explains the variance of the second variable [19]. The R-Squared is given 

by the equation: 

2

2

1

1 ,  :

( )
n

i i

i

SSE
R where

SST

SST y y
=

= −

= −
(36) 

Where, SST is the total corrected sum of squares. 

The Adjusted R-Squared is a modified version of R-Squared that has been adjusted for the number of 

predictors in the model. The adjusted R-squared increases when the new term improves the model more 

than would be expected by chance. It decreases when a predictor improves the model by less than expected. 
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Typically, the adjusted R-squared is positive, not negative. It is always lower than the R-squared. It is given 

by formula: 

2 / ( 1)
1 ,

/ ( 1)
adj

SSE n k
R

SST n

− −
= −

−
(37) 

Where n is the number of points in the data sample and k is the number of independent regressors. 

 

 

Table 3: Least Square Fitting for Outer of the Cylinder. 

Equation Y=Intercept+B1*x^1+B2*x^2+B3*x^3+B4*x^4+B5*x^5 

 Residual Hoop Strain Outer of the Cylinder 

Plot θ=45° θ=40° θ=30° θ=20° θ=10° θ=0° 

Intercept -4.74193e-4 -0.00207 -0.00565 -0.00296 0.01029 0.01335 

B1 -0.00165 0.00182 0.01074 0.00878 -0.01594 -0.02213 

B2 0.23617 0.23579 0.20301 0.07532 -0.09272 -0.12275 

B3 -0.00285 -0.003 -0.00274 -4.86532e-4 0.00292 0.00355 

B4 1.15239e-5 1.57931e-5 2.11077e-5 2.66918e-6 -3.92067e-5 -4.76858e-5 

B5 3.05289e-9 -2.86437e-8 -8.55254e-8 -1.18829e-8 2.08772e-7 2.53658e-7 

Residual Sum of 

Squares 

1.47244e-5 2.40332e-5 2.12823e-4 6.68151e-5 7.55964e-4 0.00128 

R-Squared 1 1 1 1 1 1 

Adj. R-Square 1 1 1 1 1 1 
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Figure 23: Polynomial Fitting of Figure 20 Curves. 
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Figure 24: Residual Strains Middle of the Insulation for different crack lengths and degrees. 

 

Figure 25: Residual Strains Middle of the Insulation for different crack lengths and degrees Zoom for Crack Lengths 0-10mm. 
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Table 4: Least Square Fitting for Middle of Insulation. 

Equation Y=Intercept+B1*x^1+B2*x^2+B3*x^3+B4*x^4+B5*x^5 

 Residual Hoop Strain Middle of Insulation 

Plot θ=45° θ=40° θ=30° θ=20° θ=10° θ=0° 

Intercept -0.02928 -0.01654 0.05597 0.08304 0.05931 0.04555 

B1 0.13409 0.11014 -0.00153 -0.0378 -5.4723e-4 0.01999 

B2 0.34298 0.31731 0.16727 0.04465 0.01206 0.01268 

B3 -0.00441 -0.00402 -0.00173 9.14996e-5 4.76353e-4 4.00383e-4 

B4 2.39271e-5 2.09479e-5 4.79297e-6 -4.88172e-6 -5.04649e-6 -3.86972e-6 

Residual Sum of 

Squares 

0.02401 0.01415 0.01228 0.03309 0.01454 0.00764 

R-Squared 1 1 1 1 1 1 

Adj. R-Square 1 0.99999 0.99999 1 1 1 
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Figure 26: Polynomial Fitting of Figure 23 Curves. 
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V. Deterministic Signal in Noise 

Using the theory described in II c. Detection Theory, the detection problem is mean-shifted. At 0 mm crack 

length we have white Gaussian noise with zero mean and σ=5με standard deviation. Then, for every crack 

length is taken a strain gaussian distribution with Δε mean and σ=5με standard deviation. Null hypothesis is 

continuously the noise only gaussian distribution and alternative hypothesis is the signal associated with 

each crack strain distribution. 

 

Figure 27: Gaussian Distribution of Residual Strain. 

Using now the (17) equation for a predefined 𝑃𝐹𝐴  and Δε results that have been analyzed previously we 

want to find probability of detection. Based on the results of the constructed Python code, which are shown 

in Figure 27, we can see for different 𝑃𝐹𝐴 from what crack length we can detect that the structure is damaged 

for 𝑃𝐷 = 99.9%. 
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Figure 28: Probability of detection-Crack Length-Probability of false alarm Outer of the Cylinder θ=45°. 

Also, as it is shown in Figure 28, if we place a sensor in 0 or 10 degrees, we increase the detector’s 

resolution because we identify smaller cracks with the same accuracy.  
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Figure 29: Probability of detection-Crack Length-Probability of false alarm-Degrees Outer of the Cylinder. 

Respectively, for the middle of the insulation we can see in Figure 29 for what crack lengths we get 

probability of detection 99.9%. Furthermore, as shown in Figure 30, placing a sensor in 45 degrees is more 

efficient than on the sides because we will get damage results for smaller crack lengths. 
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Figure 30: Probability of detection-Crack Length-Probability of false alarm Middle of Insulation for θ=45°. 

 

Figure 31: Probability of detection-Crack Length-Probability of false alarm-Degrees Middle of Insulation. 
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Another way of summarizing the detection performance of a NP detector is to plot 𝑃𝐷 versus 𝑃𝐹𝐴. Every 

curve of this diagram is constructed for a standard mean value Δε(a). As expected, the performance is higher 

for big 𝑃𝐹𝐴 and is decreased for lower 𝑃𝐹𝐴. 

The ROC curves in Figures 31 and 32 summarize the performance of a single sensor placed either on the 

case or in the insulation. The grey area (lower triangle) denotes a lack of information gain, and any 

inferences are purely speculative. These curves correspond to the optimal setting in the Neyman-Pearson 

detection theory, which can be used in a risk assessment analysis. We first define the possibility of false 

alarm and detection in our system, and then we determine the corresponding minimum crack length that is 

considered detectable given the defined performance metrics. It is shown that placing a sensor at 45° on the 

outer of the cylinder the detector detects a crack of approximately 10mm with a great performance. 

Respectively, when a sensor is being placed on 0° on the middle of the insulation a crack of approximately 8 

mm is recognized with a great performance. 

 

Figure 32: ROC Outer of the Cylinder for θ=45°. 
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Figure 33: ROC Middle of the Insulation for θ=0°. 
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VI. Aleatoric Probabilistic Modeling 

In this part, the first process that is done is the regression of the 1000 data sample from the Ansys program 

to the 100000-sample data. First, for the healthy model an artificial neural network has been used with the 

following characteristics: 

First layer and first hidden layer: Dense=32, activator: relu 

Second hidden layer: Dense=32, activator: relu 

Test size= 5% 

Validation size= 10% 

Batch size=10 

Epochs=280 

The performance of this neural network is shown in the 3 following graphs where it is clear that the loss of it 

is very low and the accuracy is very close to 1. In figure 34, the upper line refers to prediction results of 

grain propellant the bellow one to insulation and the down one to case. The blue line completely overlaps 

the red one, fact that shows that the predictions with the real results are closely to the same. 

 

Figure 34: Prediction values versus actual values of the healthy model. 
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Figure 35: Accuracy of ANN for regression of the healthy model hoop strains. 

 

 

Figure 36: Loss of ANN for regression of the healthy model hoop strains. 

Also, there are plotted the predicted hoop strains versus the hoop strains from the previous deterministic 

analysis, the hoop strain in noise, for the three different areas, grain propellant, insulation and case, where 

the analysis that is performed in this case is significantly larger than the previous one. For each area, there is 



 
47 

 

a q-q plot, which indicates that the data follows the normal distribution and a convergence plot which shows 

how the data converge into the mean value. 

 

Figure 37: Predicted Hoop Strains distribution versus Deterministic Signal in Noise in Grain propellant. 

 

Figure 38: Q-Q plot of Predicted Hoop Strains in Grain propellant. 
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Figure 39: Convergence graph of Predicted Hoop Strains in Grain propellant. 

 

 

 

Figure 40: Predicted Hoop Strains distribution versus Deterministic Signal in Noise in Insulation. 
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Figure 41: Q-Q plot of Predicted Hoop Strains in Insulation. 

 

 

Figure 42: Convergence graph of Predicted Hoop Strains in Insulation. 

 



 
50 

 

 

Figure 43: Predicted Hoop Strains distribution versus Deterministic Signal in Noise in Case. 

 

 

Figure 44: Q-Q plot of Predicted Hoop Strains in Case. 
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Figure 45: Convergence graph of Predicted Hoop Strains in Case. 

Following the same process for the hoop strains of the damaged model, the respectively neural network is: 

First layer and first hidden layer: Dense=512, activator: relu 

Second hidden layer: Dense=256, activator: relu 

Third hidden layer: Dense=128, activator: relu 

Fourth hidden layer: Dense=64, activator: relu 

Fifth hidden layer: Dense=32, activator: relu 

Test size= 5% 

Validation size= 10% 

Batch size=32 

Epochs=320 

The performance of this neural network is shown in the 3 following graphs where it is clear that the loss of it 

is very low and the accuracy is close to 0.82. 
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Figure 46: Prediction values versus actual values of the damaged model. 

 

 

Figure 47: Accuracy of ANN for regression of the damaged model hoop strains. 

 



 
53 

 

 

Figure 48: Loss of ANN for regression of the damaged model hoop strains. 

 

Furthermore, the residual hoop strains for all the areas for 3 different angles are calculated and the 

respectively difference in standard deviation. The results are shown in figures 48 and 49 where the big 

difference between the healthy and the damaged model is located in the middle of the insulation. This data 

will be used on the same way as the data from the deterministic model to calculate the probability of 

detection. 
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Figure 49: Residual Hoop Strain for different areas and angles. 

 

Figure 50: Difference in standard deviation for different areas and angles. 
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Because the results now have different mean values but also different standard deviations a new way to 

calculate probability of detection and probability of false alarm which is presented in the section II.c. 

 

Using the equation (29) the 
DP  and 

FAP are calculated for the three different areas and the ROC graphs also. 

From these figures, it is shown that the best results are located on the outer of the case and on the middle of 

the insulation but the performance of the detector was not high enough, so the placement of more sensors in 

each arc was considered crucial. 

 

Figure 51: Probability of detection-Crack Length-Probability of false alarm Middle of the Insulation θ=45°. 

In figure 51, it is shown that a single sensor that is placed on 45° on the middle of the insulation doesn’t give 

good performance even for high probability of false alarm equal to 20%, where the best prediction is close 

to 80% of probability of detection for a crack of 45.8mm. This is shown also in figure 52, where for a 

specific probability of false alarm 0.01 the obtained probability of detection is lower than 50%, results that 

can’t been taken into consideration due to the very low performance. Also, in figure 53, where the roc for 

one sensor on 45° on the middle of the insulation is plotted, it is evident that the performance has dropped 

dramatically in contrast to the rocs for the deterministic model. 
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Figure 52: Probability of detection-Crack Length-Probability of false alarm-Degrees Middle of The Insulation. 

 

Figure 53: ROC Middle of the Insulation for θ=45°. 
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Figure 54: Probability of detection-Crack Length-Probability of false alarm of Grain propellant θ=30°. 

Moving forward on the plotted results on 3mm from grain propellant and insulation interface it is clearly 

that placing a single sensor on this specific area doesn’t seem to lead to sufficient information gain even for 

high probabilities of false alarm. This fact is confirmed also on the roc graph where it is shown the very low 

performance of the detector. 
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Figure 55: Probability of detection-Crack Length-Probability of false alarm-Degrees Grain propellant. 

 

Figure 56: ROC Grain propellant for θ=30°. 
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Figure 57: Probability of detection-Crack Length-Probability of false alarm of Outer of the Case θ=0°. 

For the case of placing a sensor on 0° on the outer of the cylinder the detector give a 90% probability of 

detection for 20% probability of false alarm for a crack of 45.8mm but for a low 
FAP , as it is shown in 

figure 58, the probability of detection is again very low. The roc graph on this case gives better results than 

the cases of grain propellant and insulation. 
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Figure 58: Probability of detection-Crack Length-Probability of false alarm-Degrees Outer of the Cylinder. 

 

Figure 59: ROC Outer of the Cylinder for θ=0°. 
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For the case of the uncertainty propagation, one sensor through an arc was not enough to obtain a good 

probability of detection for a small probability of false alarm, so it was important to place more sensors. The 

addition of multiple sensors provides (hopefully) additional informative features that, when combined, 

increase knowledge of the system's state of nature. This information gain is expected to increase the 

discriminant power of the hypothesis test, which is then quantified by an increase in accuracy. The ROC 

curves for this case were derived using Equations (30) and (31). In the following figures, there are presented 

the ROC graphs for 1,3,6 and 9 sensors for hoop strains on the outer of the cylinder and middle of the 

insulation and 3mm from grain propellant insulation interface. 

 

Figure 60: ROC Middle of the Insulation for 1 and 3 Sensors. 

In figure 60, it is evident that placement of 3 sensors on 0°,30°,45° on the middle of the insulation increases 

dramatically the performance of the detector and so it is possible to detect smaller cracks. On the other hand, 

placing 3 sensors on 3mm from grain propellant insulation interface doesn’t increase enough the 

performance of the detector. Last, placing 3 sensors on the grain propellant, also, increases the performance 

in contrast to figure’s 59 results. 
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Figure 61: ROC Grain propellant for 1 and 3 Sensors. 

 

Figure 62: ROC Outer of the Cylinder for 1 and 3 sensors. 
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Figure 63: ROC Grain propellant and Middle of the Insulation for 6 sensors. 

Furthermore, the placement of 6 sensor system with 3 sensors on grain propellant and another 3 on the 

insulation and a system with 3 sensors on insulation and another 3 on case is analyzed, and the better 

performance it is gained from the system on case and insulation and the detection capability is increased in 

contrast to 3 sensor systems. Adding now additional 3 sensors on the grain propellant to the previous 

optimal system the detector’s performance doesn’t add some extra value to the detector’s performance. So 

the best solution is the placement of 3 sensors on case and another 3 on the insulation. 
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Figure 64: ROC Outer of the Cylinder and Middle of the Insulation for 6 sensors. 

 

Figure 65: ROC Outer of the Cylinder, Middle of the Insulation and Grain propellant for 9 sensors. 

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

6-Sensors

3-Sensors Outer of the Case

3-Sensors Middle of the Insulation

θ=0°,30°,45°

 1mm

 10mm

 21.5mm

 35.9mm

 45.8mm

ROC for 6 Sensors in Case and Insulation

P
D

PFA

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

9-Sensors

3-Sensors 3mm from Propellant-Insulation Interface

3-Sensors Middle of the Insulation

3-Sensors Outer of the Case

θ=0°,30°,45°

 1mm

 10mm

 21.5mm

 35.9mm

 45.8mm

ROC for 9 Sensors in Grain Propellant, Insulation and Case

P
D

PFA



 
65 

 

 

Figure 66: ROC for 1,3,6 and 9 sensors for 10mm crack length. 

Also, in figure 67, it can be seen the various probabilities of detection for different crack lengths for 

probability of false alarm 0.01 and 3,6 and 9 sensors. The fact that the additional 3 sensors on the 6 sensor 

system doesn’t add any useful information it is clear in this graph where the curve of 6 and 9 sensors if 

exactly the same. 
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Figure 67: Probability of detection-Crack Length-Probability of false alarm-Sensors. 

As a conclusion of all the above graphs, the placement of 3 sensors in middle of insulation and another 3 on 

the outer of the cylinder is the optimal to detect smaller crack lengths with higher probability of detection. 
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VII. Concluding Remarks 

Structural health monitoring is crucial to detect cracks in solid rocket motors. The method that is analyzed in 

this thesis compares the data of the damaged model with the healthy one, using finite element analysis with 

the ANSYS APDL software package. One sensor is considered enough for the deterministic case to detect 

small crack lengths with high probability of detection in case where the material properties are treated as 

uncertainties, occasion which is closer to the real world. However, it is shown that a system of 6 sensors, 

located in the middle of the insulation and outer of the cylinder, optimizes the detection performance of the 

system. 

 

VIII. Connection points of thesis subject with Marine sector 

 

In this thesis we deal with the study of cracks in SRMs, that are usually made of composite materials and for 

all of them a Structural Health Monitoring system has been established to monitor their health and evaluate 

it. But these methods can easily be transferred to the shipbuilding sector where cracks can appear in the 

construction of a ship, lot of ships are constructed from composite materials, and the SHM method is critical 

to them to evaluate and monitor their health in order to avoid different failures in their construction and to 

avoid accidents which will have economical losses and possibly human life losses. 
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