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Computational simulation of flow control
with the immersed boundary method

Iosif C. Moulinos
Ph.D. Thesis

Advisor: Sokrates Tsangaris, Professor NTUA, Em.

Abstract

Flow control constitutes the utmost objective of fluid dynamics. In a multitude of tech-
niques used for regulating the flow parameters and characteristics, moving solid parts are
involved, either rigid or deformable. The computation of this kind of flows by means of
the classical body fitted methods, demands the regeneration of the computational mesh
for every new step in the discretized time domain. On the contrary, immersed bound-
ary methods achieve integration of flow equations in time, even for time varying fluid
domain geometry, using invariant underlying grid throughout the computation.

In the structured grid setting, the class of geometrical domains in which a curvilinear
grid can be fitted, strictly includes and is overwhelmingly larger of the class of domains
discretizable by Cartesian grids. The adaptation of the underlying mesh to the steady part
of the boundary of the fluid domain is a desired feature as it enables the direct imposition
of the boundary conditions. Thus, leads to reduced complexity and increased accuracy for
immersed boundary methods that implement approximation schemes on the immersed
surfaces.

In the present dissertation, a structured curvilinear immersed boundary method, ex-
tended with fluid-structure interaction features for deformable solid bodies, is employed
for the analysis of flow control with several techniques:

* Steady and unsteady separated flow by interaction with actively and passively mov-
ing surfaces
* Peristaltic motion of generalized Newtonian fluids

* Oscillating membrane pulsatile flow.
The investigation is oriented in the direction of the questions:
* How the streamwise length of the detached flow can be reduced by a moving portion
of the surface over which the boundary layer is separated?

* How efficient is the control of the recirculation by a passive membrane?

* What is the effect of the speed, the amplitude and the modality of the peristaltic
wave in transport efficiency?

* How do shear thinning fluids behave under peristalsis in comparison with Newto-
nian fluids?



* How does the membrane’s oscillation amplitude affect the outlet pressure of a bal-
loon pump?

* On which factors does the angle shift between the waves of balloon volume change
rate and outflow pressure depend?

The immersed boundary method (IBM) used, is recommended as adequate for the simu-
lation of the flow manipulation methods studied, as shown by the agreement of its output
with existing results by body fitted algorithms. Extended for generalized Newtonian flu-
ids, the IBM estimations show high grade of coincidence with that of classical methods.
The elastic membrane is introduced for the control of the confined detached flow and the
fluid-structure interaction of the steady and the unsteady flow with the passive means is
analyzed. Parametric investigation of the number of replicas of the wave of contraction
for straight peristaltic pumps, highlights the advantages of the multi-cylinder setting.
Many fluids of interest, such as blood, are non-Newtonian. Shear thinning behavior im-
pact in the peristaltic pumping characteristics is also pointed out. Pressure performance
and the time varying flow field is illustrated for balloon pumping in a straight artery.

Keywords: Computational fluid dynamics, Navier - Stokes equations, Curvilinear im-
mersed boundary method, Fluid-structure interaction, Active - passive flow control, Gen-
eralized curvilinear coordinates, Elastic membrane, Peristalsis, Non-Newtonian fluids,
Pulsatile flow, Intra-aortic balloon pump, Counterpulsation, Biomedical engineering
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Chapter 1

Introduction

1.1 Flow control

Fluid flow control is a branch of fluid dynamics attracting vast attention by researchers because of
the abundance and the significance of its applications. The work of Prandtl presented at the third
international congress of mathematicians in 1904, introducing the boundary layer and a way of con-
trolling it, was a breakthrough in the field [Pra04; Eck17]. Major targets of flow control are volume
rate determination, drag reduction, lift enhancement, mixing augmentation, noise suppression, heat
transfer enhancement and pressure determination. The control methods aim often at the suppres-
sion or the provocation of flow separation, the spatial determination of the transition from laminar
to turbulent flow and the positive or negative gain added to turbulence [Hak01]. For the achieve-
ment of these goals either passive or active or reactive control can be implemented. Multiple flow
control techniques have been applied such as suction-blowing flow, vortex generators, membranes,
flaps, heating sources and electromagnetic fields [WF18; BBC17; MMN22; Hak00; Sto+15; BLWO0S;
MSMO04].

Optimization of control has been proposed through sensitivity derivatives calculation, namely the
adjoint method [GKMO00; Kia+15; Zym+13; McN+04; KTH13; Bou21; RZ10] or by means of stochastic
methods such as evolutionary algorithms [Bin+18; AG09; Tro+12].

Machine learning algorithms have been adapted for the optimization of flow control character-
istics. The discounted reward maximization in deep reinforcement learning [SB18] is implemented

as

T
k
E Y Ritkt1
k=0

* _ .
v*(s) = max Th_r)r(}oIE,I

S = s] ,Vs €8, (1.1)

where v* is the optimal reward, 7t is the policy of the network i.e. the probability that an action is
taken at a given state, R;, ;1 is the reward at step t 4+ k 4- 1, 5; is the current state, and S is the set of
states often perceived as states of a Markov decision process [RK19; Rab+20; RHT20; Fan+20; RRT21;
Vin+22]. For the manipulation of Equation (1.1), Bellman decomposition is applied [Bel58].



1.2 The immersed boundary method

The immersed boundary method was introduced by Viecelli [Vie69] to treat the fluid boundary as a
free surface to which a pressure is exerted. Soon after, Peskin computed flow around heart valves via
this method [Pes72]. The main idea of the method is the decoupling between the shape of the fluid
domain and the grid for the description of the flow dynamics [TVI14]. In the immersed boundary
setting, the need for the regeneration of the mesh, for the discretization of the flow field at cases
involving moving bodies, vanishes.

A crucial and characteristic point for the method, is the way the boundary conditions on the im-
mersed surface are taken into account. A proposed technique for the imposition of the conditions is
by modifying the governing equations with the addition of an external force accounting for the pres-
ence of the boundary [LP00; MY97; Fad+00]. An alternative to the continuous forcing method is the
discrete forcing one, where the external force representing the immersed body is introduced at the
discretized equations. In order to circumvent the diffusion of the external force to multiple neighbor-
ing boundary nodes, direct forcing approaches have been developed. By the cut-cell method, cells
that are cut by the immersed surface, are reshaped. In case the volume center is in the fluid region,
the respective cell is sustained, truncated to the fluid portion of it. Otherwise, the cell is absorbed
by the cells on its vicinity [CSH86; AB99; CL00; Ana07; VSG21]. The ghost-cell method takes into
account the solid nodes neighboring to fluid. The values imposed at these nodes are such, so that the
resulting values, after interpolation at the immersed surface, are the demanded [IV03; TF03; YB19].
The hybrid Cartesian/immersed boundary methods define the values of the variables at fluid nodes
adjacent to solid nodes by interpolating the value at the immersed boundary and the antipodal, with
respect to the node of interest, fluid points [Fad+00; GS05; SY14].

1.3 Thesis outline

Chapter 2: The equations governing the flow phenomena examined are presented. The Navier-
Stokes equations are introduced in integral and differential form and in convective and conservation
configurations. The derivation process of the momentum conservation law for Newtonian and gen-
eralized Newtonian fluids is prescribed. Nondimensionalization of the equations follows, which
allows for the simulations to address to a family of similar problems rather than a single one. Gen-
eralized curvilinear meshes provide better structured adaptability to random boundaries than their
Cartesian counterparts. The generalized curvilinear coordinate system is presented along with the
metric tensor, the covariant derivative and the Christoffel symbols. The differential operators are
expressed in the introduced coordinate system and are used to write the equations of the flow in it.
Subsequently, large eddy simulation for turbulence prediction is demonstrated. The law of motion
of an elastic membrane of negligible mass is employed for the interaction with the flow.

Chapter 3: The combined staggered and non-staggered mesh formulation is employed for the
discretization of the flow field. The Crank-Nicolson scheme is applied for the time integration of
the flow equations. Updates for the velocity field computed by the momentum equations, emerge
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from the projection method. A Newton scheme and the generalized minimal residual method are
used for the solution of the resulting algebraic systems. An advanced version of the ray tracing
algorithm dubs the nodes of the underlying grid and runs the ray - triangle intersection procedure
as a subroutine. The method is firstly implemented for benchmark flow fields, such as the flow
around a sphere and an airfoil. The integration of the membrane motion partial derivatives equation
is performed by a combination of fifth and fourth order Runge-Kutta methods enabling adaptive step
size.

Chapter 4: The steady flow over a backward facing step (BFS) is computed as a warm up for
the validation of the procedure to the geometry of interest. This flow is thereafter controlled by an
elastic membrane. Subsequently, the free unsteady flow over the BFS is simulated. Active control is
introduced in the next section, where the separation bubble is controlled by an oscillating portion of
the backstep bottom. Elastic membrane control is also implemented for the unsteady flow [MMT22].

Chapter 5: The effect of the relative occlusion, the roller speed and the generalized Newtonian
fluids power index on the peristalsis efficiency are clarified for a straight peristaltic pump. Multiple
pair of rollers peristaltic pumps are found to exhibit advantages over those with one pair. Pump-
ing characteristics for various relative occlusion pumps and various power index fluids are drawn
[MMT21].

Chapter 6: Pulsatile flow, imposed by a periodically dilating-contracting balloon of spheroid
shape, under steady inlet flow is studied. The phase difference between the balloon volume wave-
form and the pressure waveform is found to depend only on the Womersley number and to be inde-
pendent from the point of equilibrium and the amplitude of the oscillation of the minor axis length
of the ellipsoidal balloon [MMT23].

Chapter 7: Concluding remarks are noted and directions for further research are proposed.






Chapter 2
Governing equations

The basic governing equations of fluid motion are the equation of mass conservation, along with the
Navier-Stokes equations of momentum conservation, named after Claude-Louis Navier and George
Gabriel Stokes.

2.1 Derivation of the basic equations of fluid motion

Under the continuum hypothesis for fluids, the continuity equation originates from the Lomonosov-
Lavoisier principle, defining that under classical physics assumptions, mass is not created nor de-
stroyed or in other words is conserved. Momentum equations arise from Newton’s second law,
stating that the net force acting on an infinitesimal section of fluid equals the rate by which its mo-

mentum changes and points to the direction of that change.

2.1.1 Integral form of continuity equation

Let the control volume CV be surrounded by a closed control surface CS with outer normal vector n.

The conservation of mass is given as

i Lo o
— dVv + u-ndsS = 11;, 2.1
i ), f ) P 2 2.1)

where t is time, p(x, t) is the density of the fluid, u(x, t) is the velocity field and ", 7i1; is the rate by
which mass included in CS changes in time due to concentrated mass sources or sinks 7i1;, i € {1,..,n}
in the interior of the control volume. The left-hand side terms stand for the mass change in the control
volume due to the temporal change in the density p of the fluid and the mass entering or leaving the

control volume through its boundary CS.



2.1.2 Derivative form of continuity equation

//Cv(divb)dV = ﬁgs(b -n)ds, 2.2)
///CV BPdV + //CV div(pu)dV = Zml (2.3)

Using Gauss’s theorem

Equation (2.1) becomes

In cases where Zn: ri;; = 0 we deduce that almost everywhere, i.e. except of regions with measure
=1
zero, in CV
op )
3 + div(pu) = 0. (24)

Assuming incompressible flow, namely that the variation of the density in the whole fluid domain
is small, the continuity equation becomes

div(pu) = div(u) =0 (2.5)
or 5
up
ol (2.6)

2.1.3 Integral form of the Navier-Stokes equations

Let again CS be a closed surface surrounding volume CV. The momentum equation in integral form
is

d // "
— udV + u(u-n)dS = F, 2.7

where F;, i € {1,..,n}, are the forces exerted on the fluid in CV. The integrals at the left-hand side
denote the change in time of the momentum of the fluid contained in the control volume and the
momentum that crosses the control surface. The forces acting on the fluid are

* Mass or volume forces acting on a mass dm or volume dV element of the fluid. For example
gravitational forces are given as G = [[[-,, godV.

* Forces acting on the element dS of surface CS, written as Fcs = gﬁﬁcs tdS with t the stresses
vector given from ¢t = ¢Tn. The symbol ¢ stands for the Cauchy stress tensor

Uxx ny UXZ
0= |0y Oy Opl- (2.8)

O-Z X O.Zy U.Z Z

¢ Forces from solid body with outer surface S, that are of the same nature with the surface forces
and can be written as —K = [[; tdS.



Concluding, the integral form of the momentum theorem is

d// oudV + pu(u-n)dS:// gpdV+# tdS — K. (2.9)
dt JJ)cv cs cv cs

Lemma 1 is introduced for simplification.

Lemma 1. Given closed surface S and the corresponding surrounded volume V

ﬁéa(b-mds://Vdiv(b®a)dvz///V(b-gmda+divba)dv

The symbol  is let to denote the dyadic or tensor product.
Proof. ¢pa(b-n)dS = [[[,,(div(aib)e; + div(azb)e; + div(asb)es)dV = [[[, div(b @ a)dV
div(b ® a) = div(a1b)e; + div(ab)es + div(aszb)es =
(gradey - b + divbay )ey + (gradwuy - b + divbay ey + (gradas - b + divbasz)es =
(g¢raday -b)ey + (graday - b)ey + (gradas - b)es + divba =
b - grade + divba = gradTa - b + divba,
where we made use of Gauss’s theorem. O

By employing Lemma 1 we get

). ou(u-n)dS = ///Cv(div(pu)u + pu - gradu)dV = ///Cv(div(pu)u + grad™u - pu)dV  (2.10)

and the integral form of the momentum equation becomes

///CV a(gtu) AV + ///Cv(div(pu)u + gradTu - pu)dV = //cvgpdv + //CV divoTdV — K,  (2.11)

where we additionally used the divergence theorem for tensor fields to express the surface forces

term and

[00%x . O0yx 00y
ox ay 0z
0y oy, 00y
ox ay 0z
90y, 00y  00%
ox + ay + 0z |

diveT =V .o =

(2.12)




2.1.4 Derivative convective form of the Navier—Stokes equations

Assuming the absence of body forces exerted on the fluid, the derivative form of the momentum
equation is derived from Equation (2.11)
9(pu)

5+ div(pu)u + grad™u - pu = pg + divoT, (2.13)

except for a set A C CV with measure m(A) = 0. Rearranging the terms of the left-hand side at the
momemtum equation we get
9(pu)

T + div(pu)u + grad™u - pu =

dp ,
P div(ou)

u+ p<a;: +u- gmdu). (2.14)

Using the continuity equation we get the simplified Lagrangian form of the momentum equation

P28 = pg + divor, (2.15)

where the material derivative for the flow field is given as

D 0 0 0 0 0
ﬁ—g+ua+V®+w$—a+u'g7Qd1 (216)

where u, v, w are the Cartesian velocity components of the flow field u.

2.1.5 Derivative conservation form of the Navier-Stokes equations

Considering the identity V - (ouu) = uV - (pu) + pu - Vu for say the x-component of Equation (2.13)
we derive the Eulerian form for the x equation
D(pu) d(pu) d0yx  O0yx n 00y

T TRty St el el =

(2.17)

Working analogously for the equations in y, z directions, we get the Navier-Stokes equations in

d(pu)
ot

conservation form

+V. - (uxu)=pg+V-0. (2.18)

2.1.6 Newtonian fluids

The system of Equations (2.4), (2.18) is incomplete, therefore a material constitutive equation is re-
quired. The tensor D is the rate of deformation given by

1 (du; au]
Dyj = 5 (axj + axi> (2.19)



or in matrix notation

Uy %(My‘f’vx) %(Mz+wx)
1 1
D= E(gradTu + gradu) = E((Vu)T + Vu) = | 3(uy +vy) vy T(w,+v)| . (220)
F(wy+uz) (wy+v2) w;
Materials which obey to the equation
oc=—-pl+r7, (2.21)

where I is the identity tensor, are called Stokes materials. If additionally the shear stresses are pro-
portional to the rate of strain (which is found experimentally for the most common fluids as air and
water)

T = £(Dy), 222)

where f is linear, or
Tl] - “ijkmDijl Z’/]./ k/m - 1/ 2/3 (223)

for a fourth rank tensor a;j,, the fluids are called Newtonian. By demanding the tensor elements to
be independent of axis rotation, a;jx,, should be isotropic

Kijkm = ]/l/(sijékm + y(élkéjm + 51m5]k) + y"(éiké]-m — (5Zm5]k) (2.24)

Hence,
Tj = [y’éijékm + ]’l(ézké]m + 51;715]]() + ]/l//(éikéjm - 51m5]k)] Dy
=1'8;iDyi + u (Dij + Dji) + " (Dyj — Dji) (2.25)

du; Ou;
=1'6::D 4 1)
U 0x; * ox;
where the symmetry D;; = Dj; is taken into account. Using matrices

T =2uD + ' trDI, (2.26)

where y is the (coefficient of) dynamic viscosity, y’ is the bulk viscosity or second coefficient of vis-

cosity and
Ju ov ow
BD = — + — + — = divu. 227
! ox * ay + 0z o 2.27)
Therefore the entries of tensor o are
ou /g
Oxx = =P+ 2;45 + udivu (2.28)



ov )
oy =—p+ 2;1@ + u'divu

0 .
Oz = —p+ Zya—zj + y'divu

ou ov

ou  Jw
U'xz:sz:,u(g‘Fg)

ov  Jdw
Uyzzazyzy g_{—iy .

Substituting these equations in Equation (2.15) we get

Du dp | 9

2 g -y 2y a—”+ 'divu}—i—i a—”+a—v +i_ (a—“+a—w
PDr — P& ox Toax [Hox TF ay” oy  ox oz M\3z " ox
by _ —a—p+i_ v, du +i_2 N\ Wdiou +i_ AL
Por ~ P8y ay 8x_y ox  dy ay_”ay K 0z _V dz 9y
Dw _ 9p 9 [ (dw duy) o[ (dw o\ 0 0w, .
Por P8 Tax ,y<ax+82)} +ay _V(ay+az> 0z ,2V82+deu}'

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

So these are the Navier-Stokes equations for Newtonian fluids. Using the assumption that y is

constant and by employing Schwarz ’s theorem for commutation of partial derivatives in second

partial derivatives, we derive the simplified form for Newtonian fluids

Du 0 <8u ou ou 8u>

°or 5 + U= + v@ + w=
9 u  u  u o(divu)  9(p'divu
:pgx_afc)+y<aac2+8]/2+azz> (8x>+ (Hax :
Dv ov ov ov ov
°or =p<at~l—uax +Vay—|—waz>
ap v v v d(divu)  d(y'divu)
—on =gy (G g i) oG 2

pﬁzp — +tU— F+V— T+ W—

Dw ow Jw ow ow
ot ox oy 0z

:pgz_zT“‘ 0z 0z

BZ (8270 *w 82w>+ a(divu)+8(y’divu)

10
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in scalar form. In a more succinct way, the above system can be written in vector notation as

Du_ou  (ow ow  ow_
Por =Par TP\ Mox TVoy Tz ) T 236
u u u , '
o D 0 1 1
o Vu—e— - 2+ By (v. V(W'Y -
Df — 3 T4 Vu=g pr+1/V u+pV (V u)I+pV W'V -u)l, (2.37)
where the kinematic viscosity v = E, is introduced. By substituting Equation (2.5) in Equation (2.37),
we get for incompressible flows
Du  ou - 1 2
ﬁ—g—i—u-Vu_g F—)Vp—i—vVu (2.38)
or in tensor notation )
Dui . aui aui . 1al 0 u; (239)

== tUzs—=gi—— % .
Dt ot T 9x; 8i 0 0x; 0x;0x;

Furthermore, by substituting Equations (2.28-2.33) in Equation (2.18) and by working in the same
manner we get the conservation form of the Navier-Stokes equations for Newtonian incompressible

flows 3 1
81: +V-(uxu) :g—;Vp—H/V- [(Vu)T + Vu] (2.40)
or in tensor notation
aui 0 . 1 8p 0 aui au]-
and by introducing the continuity equation
?:Jrv-(u@u):g—;Vervvzu (2.42)
> d d d 02
U ) = g 1P Ui
5 T E)ch(ulu/) =g oo Vaxjaxj' (2.43)

2.1.7 Generalized Newtonian fluids

Time-independent non-Newtonian fluids with the constitutive law of the form of a generalized first-
grade Rivlin-Ericksen fluid are considered. The shear-dependent viscosity is given as

c(v) = —pl +2u(y)D, (2.44)
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where D stands for the strain rate tensor (2D is the first Rivlin—Ericksen tensor) (Equation (2.19)) and
v stands for the shear rate (i.e., the strain rate tensor norm):

7 =y2(D : D) = \/2tr(D?)
2 aw\2  _sawN\2  [au ov\® sou  dw\® [ow ov\: (24D
:\/2(8x) +2<ay> +2(3;) +(ay+ax> +(5 +5) +(ay+az>'

The symbol : represents the colon product of dyads.

Starting from Equation (2.34) and assuming shear dependent dynamic viscosity, the incompress-
ible flow Navier-Stokes equations for the class of generalized Newtonian fluids that have a rheolog-
ical equation of state as in Equation (2.44), are

ou

po; To-Viu=pg—Vp+V-(2u(1)D). (2.46)

The category of generalized Newtonian fluids examined, is characterized by rheology predicted
from the Bird—Carreau equation for the shear dependent dynamic viscosity :

() = pine + (1o — ping) (1 + (A9)2) 7. (2.47)

In the above equation, y;y is the viscosity at infinite shear rate, i is the viscosity at zero shear rate, A
is the relaxation time and 7 is the Bird—Carreau power index. Fluids with n < 1 exhibit shear-thinning
or pseudoplastic behavior, whereas n > 1 shows shear-thickening or dilatant behavior, while fluids
with n = 1 degenerate to Newtonian.

2.2 Non dimensional form of the Navier-Stokes equations for incompress-
ible flows

In order to solve families of similar flows by giving a single solution to the system of partial differ-

ential equations which describes them, the nondimensionalization technique is used. For each flow,

characteristic scales of the variables involved are chosen and the system is nondimensionalized as
follows

e Length £

Flow velocity U

Time T~

Characteristic pressure difference P — Pq

External field G.

12



P—Po , _ Xi

. . . . %
The nondimensional variables arise as v" = — for v € {u,v,w}, p’ = ,x; = —, for x; €
u P —Po L

t .
x,y,z} and x) € {x',y/,z'} respectively, ' = —. By the differentiation rules we derive
Y i y P Y y

T

[,871/_1_ ,%+ ,87u’+ ou LG, P-Podp' v azu/+82u’+82u/
uror "Moo Y oy’ Yoy T wé pU? ox' UL \ox? oy? 09z
L ov  ov oV oV LG, P—Podp | v (oW oW 9V
uror Mo Vay TV TS o ooy Tuc\ar oy o 15
Laiwl_’_ /aiwl_’_ ’LZU,_{_ ,Lw_ﬁg,_P—Pwiﬂ+L azw,+azw,+azw, .
uror Maw TV oy TV T ST T ou oz Tuc\ox? T ay? T 922
ou'  ov'  ouw
ox’ oy’ 97

At this point, the following nondimensional parameters are introduced

Strouhal number St =

- S]‘h

Froude number Fr =

&

¢ Reynolds number Re = VE
— P
e Euler number Eu = T
Hence the nondimensional equations become
Stai+ al+ al+ aiu—i _Eual+i 32714_'_827”_'_8271/[
ar " Mox Vay Yoz T & ox Re\dx? 0Jy?> 0z?
ar " "ox Vay 9z S dy Re\ox%2 ody> 9z° (2.49)
ot ax oy oz Fr¥: 9z  Re \0x2 = oy2 022
v v
ox o9y 9z

where the nondimensional variables are represented for simplicity without the prime ’. In vector

notation, the nondimensional Navier-Stokes system in convective form is

ou ou  du ou 1 1 (*u *u J*u
— — — —=-—9—E —=—==+==+==]. 2.
Stat +u8x+vay+waz Fr28 MVP+Re (8x2+8y2+azz> (2:50)
In an analogous manner Equations (2.42) become nondimensional as
ou 1 1 _,
_ . = — — e . 2. 1
Stat+V (u®@u) 728 EquJrReVu (2.51)
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2.3 Navier-Stokes equations in a curvilinear coordinate system

2.3.1 The generalized curvilinear coordinate system

A curvilinear coordinate system is a coordinate chart on the differentiable manifold E" (Euclidean
space in n dimensions) which is isomorphic to the Cartesian coordinate chart on the manifold.

We introduce the one to one and differentiable mapping from R3 to R*: (x,y,z) — (& 1,{). The
values of functions (¢, 7, {) are called curvilinear coordinates of the point with Cartesian coordinates
(x,v,z) in the Euclidean space.

Next, we consider the covariant and the contravariant bases i.e. the one which changes directly
proportionally with the change of the axes, (1,42, &3) and the one which changes inversely propor-
tionally with the axes, (g!,4% ¢°), respectively. These bases are given by the relations

_dx  [(0dx dy dz\

81 T (aglaglag) =(x¢, Ye, z¢)
) dx dy 0

o (o ay oz
83 = g_ agfagfag =\Xg Y 2g
1 _gx_ (95 98 9T\ _
g —V(:— <axray a) —((:x/‘:yrgz)
2 gy = (91 91 91
8 —W—( X' 9y’ 3z ) =(x, My, 1z2) (2.53)
3 _ 9¢ ¢ 9
g - €—<ax/ay az> (éx,@,gz)

The vectors g; are tangent to the respective ¢ grid lines and the vectors g’ are perpendicular to the
respective constant & lines. In order to use Einstein’s notation, we call (x,y,z) as (x1,x2,x3) = rand
(€,1,0) as (¢1,¢2,8%). Consequently the former bases can be written more succinctly as

o or  [(dxy dxz 0x3

gl - aCl - (agl’l 8@7' aéfl) (254)
i wxi (93 9 o

g =Vi= ( v 95y’ ax3>' (2.55)

By definition of the gradient operator, we get for the function ¢&'
del = Ve dr (2.56)

and because r = (¢!, &2, &3), from the chain rule follows that

14



o

dr = 5 dgl = g;dg. (2.57)
Therefore, by Equation (2.56) we derive
dg' = v - gidd. (2.58)
Consequently,
Vg,i &= 5; (2.59)
8 -8 =7

Thus, the two bases g; and gi which share the same index seti = {1,2,3} are reciprocal to each other
and to produce the vectors g',i = {1,2,3} from its dual g;,i = {1,2,3} we use the transformations

1 82X 83 > g3 X 81 3 81 X8
=\ = N\ = 2.60
g g1 (82x83) 82 (83 %< 81) g g3 (81 %X 82) (2.60)
and vice versa ) X ; : 1 ,
_ &xg o &xXg . & Xg

A vector a is expressed in respect of the Cartesian basis (x1, x2, x3) as
a = day X1 + Ax, X2 + Ax,X3,
while in respect of the basis (g1, g2, 83), is written as
a=Alg + A’g + Adgs. (2.62)

The components of a vector written in a covariant basis are contravariant. On the other hand, the
expression concerning the contravariant basis (g',¢2,¢°) is

a=Ag' + Axg* + Asg’, (2.63)

namely, it employs covariant components. By employing Equation (2.59) we get the relation between
contravariant and Cartesian coordinates as

Al :gi “xX; | | | | |
_ (gi gigi) -(1,0,0)ay, + @igi gi’) 01,0,
' @isi 353) +(0,0,1)ax, (2.64)

15



By the same manner, the Cartesian components are given as function of the contravariant ones as

aJCj j
ay, = aTjiA . (2.65)

The volume element in curvilinear coordinates is

d(x1, X2, x3)

AV = | =222/ El 4@ 48, 2.66
The jacobian matrix is
a(xl/x2/x3)
2.67
2,0 267
and its determinant has the form
axl 8x1 8x1
acl 92 9z
- ‘8(x1,Xz,x3) dx; 9x X
g1, ¢2,¢3 oct 92 9¢3 2.
: ) ox3 0x3  0x3 209
ol 9¢2 o3
=g1- (82 % 83).

2.3.2 The metric tensor

Assuming the invariant base e; = (1,0,0), e2 = (0,1,0), e3 = (0,0,1) of the Cartesian coordinate
system, the distance between two points P and Q with coordinates x; and x; 4 dx; is ds

3
ds? = dxidx;. (2.69)
i=1
We can write the differential of x; as
ox
dx = = g’j dé (2.70)
and the equation for ds becomes
ds? = Z 0 et ) (ke ) = i 2.71)
a¢! oc] = &ij ' '
The quantity
axk 8xk
Z aé'l aé'] =8 §j (2'72)

that arises at the right-hand side, is called the metric tensor and is the factor of proportionality be-
tween the product of the differentials of the curvilinear coordinates and that of the length.
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Because bases g; and g/ span the same space,

span{g1,82,83} = span{g',8%,8°},

coefficients M;; should exist, such that

8i = Mg’
8i-8 = Mg -8
gij = Mij.
Therefore,
8i = 8iig-

Similarly, coefficients NV;; should exist such that

8 =Nig;
88 =Nig;-¢g
gll — _/\/’Z
or
g =g'g
and
g g =g

The determinant of the matrix with elements g;; is

det[gij] = [g| = (81 (82 % 83))(81 (82X &3)) =]

2.3.3 Riemannian connection - Covariant derivative

For a vector field Y, the partial derivative with respect to the ith coordinate is

Y, =Yg+Yiyg:

A vector field is expanded as
d
= X _—
X=X Tl

for X" smooth functions on manifold M.

(2.73)

(2.74)

(2.75)

(2.76)

(2.77)

(2.78)

(2.79)

Assuming the differential vector fields X, Y, a connection or covariant derivative, on a Rieman-

nian manifold M, equipped with an inner product /1, is amap (X,Y) — VxY satisfying the following

axioms

e Additivity in the direction Vx, 1 x,Y = Vx, Y + Vx Y

17



* Linearity in the direction VxY = f - VxY
e Additivity of the differentiated field Vx (Y1 +Y2) = VxY1 + VxY»
e Product rule in the differentiated field Vx(fY) = f - VxY + Vxf-Y

If additionally the following two axioms hold, for Z a vector field, the connection is Riemannian or
Levi-Civita

e Compatibility with the metric Vx h(Y,Z) = h(VxY,Z) + h(Y,VxZ)
e Symmetry - torsion freeness VxY — VyX = [X,Y],

where the Lie bracket is defined as [X, Y] (f) = X(Y(f)) —Y(X(f)) and f : M — R is a differentiable
function.

By the product rule for X = g;

, oY/ 08
The derivative g; ; is
gij=Thig1+T7g+. . +Tlg. =T} g (2.81)

where the coefficients Fi.‘j are called Christoffel symbols and because of the symmetry ¢;; = g,

1

k _ k . . .
I =T follows. Substituting in (2.80) we get
Y, =Yg+ Yfrﬁfj g =(Yi+ rﬁfjw’ )8k (2.82)

where the quantity Y]l‘ + FZYj is called covariant derivative of Y and is symbolized as V,;Y*. The
inner product of Equation (2.81) by g” yields

8'8:j =Tl 8" g =Thef =T}, (2.83)

2.3.4 Christoffel symbols

A change of coordinates is introduced from the system &/ to 7¥. Writing the elements of the new basis

8; as a linear combination of the elements of the starting, g;, we get

S =Algi+Alg+Algs
S =Arg1+ A58+ A58
8 =Aig1+ A58+ A58

or more succinctly
g =Alg (2.84)
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and in matrix notation

G=GA. (2.85)

Because |G| = |G||A| and {g;}, {g;}, span their space each, it follows that | A| # 0and A is invertible.
Thus we derive

G=GA™! (2.86)

or in index notation g; = (A_l); g;- By inverting, the relation for §i is
g=(A")gl (2.87)

Starting from the definition of the Christoffel symbols in Equation (2.83), we have

- _; 0%
=8 a?li' (2.88)
The base vectors of the new system are written also as
5= (o) o+ (o) o+ (38
i\ogt J oy T \og2) oy T \ogd ) ayi
g ‘ ! ¢ 1 ¢ 1 (2.89)
aqul
Comparing with (2.84), the coefficients A;'- are given as
i _ 9
P oni
g”i (2.90)
(A7) =3
By (2.87) and (2.90), the two sets of base vectors are related as
~i 8171
— p
g = agpg . (2.91)

Differentiation of (2.89) yields

g 2 [ P ¢’ ag
% _ _ 96 98
ok~ ank <877]g) anion™8' " oy oyt 292

By the chain rule

dgi _ dgiag _ ag .,

where we have used the definition of the Christoffel symbol (2.82). Thus, by substituting and using
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the definition of Kronecker delta, (2.88) takes the form

. a;,li aZCp aé:i agl p
[
T = 3 (317j377" o S ) (2.94)

Starting from a Cartesian base ¢' = x, and transforming to coordinates 7' = ¢, we notice that the
Christoffel symbols are equal to zero for the starting system, so

i o2
fy = gfp a?;fggk‘ (2.95)
By differentiating Equation (2.72) we get
Sijk = (8i-8j)k = 8ik 8 +8i " &jk- (2.96)
Substituting by Equation (2.81) yields
Sijk = T8 -8+ 8- (Thay), (2.97)
in addition, analogously,
8ji = Thigyj + T8 (2.98)
8itj = Tigu + Tiigir- (2.99)

Therefore, by adding the last equations with proper coefficients, multiplying with 3¢™ both sides
and taking into account the symmetry of the Christoffel symbols concerning the lower indices

1 .
ik = Egm] (8ijk + 8kji — Sik,j)s (2.100)

where it is also made use of the fact that [¢”] and [g;j] are both symmetric and their product is the
unitary matrix I

g%er = ¢"gi = ¢"gjx = &"gjx = 3. (2.101)
2.3.5 Differential operators in curvilinear coordinates
The del operator in curvilinear coordinates is

)

V - glaiél.

(2.102)
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The divergence of a vector field Y is the inner product of the del operator with Y i.e.

g 0V8))
ofi
=V,Y' =Y. +T}Y.

- gi -g]-VZ-Yj

Lemma 2.

Th=]""

Proof. Starting from Equation (2.100) we have

. 1 .
Ty = 58" (imj + &jmsi = im)-

(2.103)

(2.104)

(2.105)

We observe that in the expansion of the determinant of the matrix [g;,,], according to the row or the

column including g;,, the coefficient of that element is (—1)"*™A,,;, thus,

a|g‘ — (_1)i+mAmi‘

ag im
Using the chain rule we get
a‘g| — a|g| agim
g/ Igim 0%
So the derivative g;y, ; is
dg| 1

ST g (I A
Moreover, the element g;nl of the inverse matrix of [g;,,] is

1
71 -
gzm |g|

(_1)i+mAmi — ]Zg;nl — ]‘2gim.

(=)™ Aui]

Hence, .
im
imi = 2] i5—— = 2] ;5.
8 7] ]]r]IZgzm ],] ]

Combining with Equation (2.105) and taking into account Equation (2.101) we get

i L i (o 8im  or 8im 5 8if

Fij _2g (211] ] +2],1 ] 2]rm ] )
im 1 _
:glmgimTJ :]/].] 1
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Use of Lemma 2 yields

VY =Y Ty =Yg Y
1 (2.112)

=Y 4+ Y =YY, = ]Ugf )i

Similarly, for the gradient operator applied on a scalar field

P _1

9 d .
=9/ L = ]
Consequently, the Laplacian operator is
29— L 9 (157 ok 9P
Vop = J g Ig -8 2k |- (2.114)

Thus, by combining the results of Subsection 2.3.5 with Equation (2.5) we get that for the conti-
nuity equation the index contravariant form is

9 .
}ag].(]U]) ~0 (2.115)

and by using the differential operators in curvilinear coordinates for Equation (2.46), the momentum
conservation equation is

a(Jur) gk a ack 3 ogl ack 2 7
o5 +paixl-87§f(] Ulu;) = T ox; 90 <] axiP> T ox 00 <]V(’Y)8] 8@"”) : (2.116)

Assuming dynamic viscosity independent from the shear rate

a(Ju*) agk o . ack 9 (3 p ack 9 O
i oV U = (1) i U975 4

2.4 Large eddy simulation

In large-eddy simulation the space and time fluctuations of the flow are resolved to a length A which
is orders of magnitude larger than the Kolmogorov scale #;. The scales of the flow variable ¢ are
separated by using a low frequency pass filter G on them. The convolution of ¢ with the filter function
provides the filtered variable ¢

—+o0

P(x,t) = p(x,t) «G(x,t) = $(u, t)G(x —u)du, (2.118)

For convenience, the filters applied satisfy the properties of conservation of constants, linearity and
commutation with derivation namely
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2. 9 P=F+7
o 9 .99 p
3 o T Mg T

2.4.1 Cartesian coordinates

By applying spatial filtering to Equations 2.6 and 2.41 respectively, the filtered continuity equation is

derived as -
U
Frol 0 (2.119)
and the filtered Navier-Stokes equations as
ou; 0 _ lop J (Ju; aﬂj
e L) =g, — v [t ). 2.12
ot + ox; (1) = 8; 0 0x; —H/axj (axj ox; (2.120)
Addition and subtraction of the quantity v;7; at the second term of Equation 2.120 and manipu-
lation yields
ou; d = 19dp 0 [0u; aﬂj aTi]‘
B+ o ) =8~ ot vae (ax]+ax - 121)

where the subgrid tensor T has the form 7;; = w;u; — u;;. Using the Boussinesq ’s hypothesis of eddy
viscosity, the subgrid scale stress tensor is modeled as

- 1
Tij = —ZVtSi]- + 3(51']"(](](, (2.122)
. .= 1 (ou;  duj . : . .
where v; is the eddy viscosity, S;; = A + T is the filtered strain rate tensor and J;; is the
] 1

Kronecker delta. The Smagorinsky model proposes
Vy = (CSA)Z(Zgijgij)l/z, (2.123)

for Cs the Smagorinsky constant, A the characteristic lower threshold length of the eddy size and
(25;;S;7)!/? the norm of the tensor Sj;.
The Smagorinsky constant is determined as

(LijMij)
Co)? = 00 (2.124)
( S) <Mllim>
where L; = n; — ﬁ\lﬁ; is the resolved stress tensor (or Leonard stress tensor),

]
o =2~ o~
M;; = 2AZS,-]-|S] —2A S;i|S|. The angled brackets represent averaging around a node and the hat
is for test filtering.
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2.4.2 Generalized curvilinear coordinates

By applying spatial filtering to Equations 2.115 and 2.117, respectively, the filtered Navier-Stokes
equations are derived as

-2 U = 2.12
]agj(]U) 0 (2125)
20 9 0 cpm W0 (JOUF| D (jman) e
ot ax; 90 Y~ M T Toxia o p ax; 90 \U 8 ggm '
or
2(10) a0 qp 0 o (007 A 0 (o on)
o 7 Iy — 2% 7 9%'p ii jm Ui _i
n +axia§j(JUul)— axia§j< axip>+vaxia§f (Ig agm) o] (2.127)
with _ —
. _ i 7a€'k - 7a€'k
_ T _
ol =] Uu -0 = az(uiuj—u,'uj)_]azrﬁ. (2.128)
The Smagorinsky constant is given as
(LijMigjx)
Cs)? = Lol 2.129
( ) <Mllingmn> ( )

2.5 Elastic membrane equation of motion

The dynamics of an elastic membrane are predicted by the following equation, under the assump-
tions of small displacement and small inertia

82g(x, t)

T80 — ) — ), |

ox

<1, bpp—0, 0<x<L (2.130)

The constant tension of the membrane (force per width) is T}, the pressure applied on its negative
side is p.(x, t) and the pressure applied at its positive side is p;(x, t). The membrane thickness is b, its
length is I and its density is pp. Assuming known position functions cy(t), ¢;(t) for the membrane’s
both ends,

8(0,1) = co(t)

g(l,t) = Cl(t)r

a boundary value problem, with Dirichlet boundary conditions, is defined for the membrane shape

(2.131)

function g(x, t).
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Chapter 3

Numerical methods for solving the
governing equations

3.1 Immersed boundary method

Immersed boundary methods [Pes72] possess the advantage of simulating the flow around moving
bodies, deformable structures and shapes of complicated geometry, using steady underlying compu-
tational meshes of limited complexity accompanied with a routine to handle the moving, deforming
or complex part of the solid-fluid interfaces. Such solid regions of interest are represented by the cor-
responding closed surface of their outer boundary, which, in hybrid Cartesian-immersed boundary
methods usually is tessellated [GS05; GB98]. In such variants, every additional solid region consid-
ered as immersed body, incurs an initial overhead for triangulating its boundary and for interface
tracking (Subsection 3.1.1) and increases the complexity of imposing the boundary conditions on it
and computing quantities of interest on its surface. Therefore, the minimization of the part of the
solid region considered as immersed is pursued. On this purpose, the grade of fitting of the back-
ground mesh to fluid domain is a crucial factor. In the present thesis, the immersed boundary method
as formulated by Ge and Sotiropoulos [GS07] is employed. A curvilinear, volume structured mesh is
fitted at a surface containing the fluid domain during the whole period of time. Much higher fitting

capability is offered by the set of curvilinear meshes comparing to the Cartesian one.

3.1.1 Classification of computational grid nodes

The background mesh nodes are categorized as solid, immersed boundary or fluid. Solid nodes
are those to the interior of the closed surface triangular mesh describing the immersed boundary,
immersed boundary nodes are those which are less than a cell away and at the outer of the triangular
mesh and fluid nodes are the rest, where the flow equations are solved [BGS08].

For each immersed body, a bounding box is firstly created around it. The bounding box is an or-
thogonal parallelepiped which extends more than a cell out of the immersed body in every direction.
All nodes out of the bounding box are categorized as fluid cells.
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For the rest of the background mesh points, in order for the procedure to be faster, the bounding
box is divided into n; X n; X ny orthogonal blocks for x, y, z Cartesian directions respectively. Every
block is given an “empty” or “full” flag, depending on whether there are elements of the surface
mesh in the block. The ray tracing algorithm is then implemented using rays within a solid angle
such that only blocks with same i,j, as that of the point examined, are intersected by the ray. Thus,
for a surface grid with N triangular elements, the subroutine which for the naive approach (without

block partitioning) repeats N times for each point of the underlying mesh, repeats approximately
N

n;xXn i

in space is assumed. The triangle ray intersection algorithm checks whether the ray is parallel to the

times. In extracting the previous estimation, a uniform distribution of the triangular elements

triangle’s plane, in which case returns negatively. Subsequently, expresses the point of intersection
of the ray with the triangle’s plane as a linear combination of the triangle’s vertices and certifies
intersection in case where all the normalized coefficients of the expression are in the range [0, 1].

The computational geometry procedure for the classification of an underlying grid node is de-
scribed in Algorithm 1 [BGS08] (Figure 3.1) whereas the subroutine for the ray tracing algorithm of
Moller and Trumbore [MT97] is given in Algorithm 2 (Figure 3.2).

Algorithm 1 Decide underlying grid point P flag

¢ Given parameters: Points N and elements E of surface triangular mesh of immersed boundary.

1: if P is inside the bounding box

2: compute the block of the bounding box (iy, iy, i;) surrounding P as
3: iy = |xp —min{xp}] +1 >xp = {x|{3Q € N|xg = x}}
4 iy = lyp —min{yp}] +1 >y = {y[{3Q € Nlyo = y}}
5: i, = |zp —min{zp}| +1 >zip = {z|{3Q € N|zg = z}}
6: if block (iy, iy, 1) contains no surface mesh triangular elements
7: if block (iy,iy,i;) is a fluid block
8: flag of P = "fluid’
9: else
10: flag of P = "solid”
11: else
12: choose ray PS in random direction, such that PS intersects only with blocks (ix, iy, k > i)
13: #intersections = 0
14: for k = i, to ny > 1: number of blocks in z direction
15: V triangle A intersecting with (i, i, k)
16: if PS intersects with A
17: #intersections <— #intersections + 1
18: if #intersections = 0 (mod 2)
19: flag of P = "fluid’
20: else
21: flag of P = "solid’
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22: else flag of P = "fluid’

Eventually, every vertex with "fluid’ flag is checked for whether there is at its vicinity a solid’
node. If this is the case, the "fluid’ vertex is marked as ‘immersed boundary’ node (Figure 3.3).

\x 1 2 3 4
ly
o o r'y ry () (] (] [J [ J [ ] o .
0: fluid block
1 L] [ ] [ ] [ ] [ ] L] [ ] [ ] [ ] L] [ ] L]
bounding ]
box
\ 1: solid block
L] L J L] L] [ ] L]
2
[ ] [ ] [ ] [ ] L] [ ] [ ]
block / | 1: solid point
partitioning |l ¢ o——v— o\ o | o
————— 1: solid point
3 o | o [No o/ ° o‘ o— ® 2: fluid point
immersed —
boundary j N [ 3: solid point
L] [ ] [ ] [ ] [ ] L[] [ ] [ ] [ ] J. ]
4
[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] ] [ ] [ ]

Figure 3.1: Decision of relative position of closed surface and underlying grid points in two dimen-
sional projection. A single ray is emitted from blocks (iy, i) without intersection with the immersed
boundary and a ray for each point of a block is emitted otherwise. The number of ray - immersed
boundary intersections is noted in exemplary rays. Block (1,1): fluid, block (3,2): solid.

Algorithm 2 Decide intersection of ray with triangle

* Given parameters: ray PS (where P: ray origin, S: ray target), triangle ABC (A, B, C are the
position vectors of the triangle’s vertices), constant € < 1
compute triangle edge vectors AB, AC as
AB=B-A
AC=C—-A
pvec = PS x AC
det = AB - pvec
if |det| < €
return ‘ray does not intersect with triangle’
invdet = 1/det
tvec=P—- A
u = (tvec - pvec)invdet
. if lu —0.5] > 0.5
return ‘ray does not intersect with triangle’

=
N 2 2
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13:
14:
15:
16:
17:
18:

quec = tvec X AB
v = (PS - quec)invdet
ifv <Ooru+v>1

return ‘ray does not intersect with triangle’

t = (AB - quec)invdet

return ‘ray does intersect with triangle’, u, v, t

® “A O) 1
P S
y y
C - C -
B B
\
X X \
A A \
\
VS
z z
A A
p O, o
y y
C i C -
B B
\
X X \
A S A \
‘s
\

Figure 3.2: Moller - Trumbore algorithm. Triangle ABC lies on plane x — y. Ray PS is parallel to plane
x — y in (i) and intersects with plane x — y under angle 0 < ¢ < /2 in cases (ii), (iii) and (iv). i)

Flow equations are solved at every fluid node with flag "fluid’.

3.1.2 Navier - Stokes equations discretization on curvilinear mesh

The nondimensional Navier-Stokes equations are solved in three dimensions, on a curvilinear coordi-
nate system & = {¢!,¢2,&%}. The Jacobian of the transformation from the Cartesian to the curvilinear
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Figure 3.3: Categorization of underlying grid nodes for an immersed airfoil. Red: solid body nodes,
blue: immersed boundary nodes, green: fluid nodes. (Coarse discretization for illustrative purposes.)

base is expressed as

J = det (%) . 3.1)
The mass continuity law is (Equation (2.115))

10 ;

Ta_é‘f( JU) =0 (3.2)

and the linear momentum conservation law (Equation (2.116)) is written in the form

a(JU*) oz 3 . ack 9 [ acip\ ock d O
o o an U =5 (1) g (0 ) - @9

In tensor notation, the symbols employed are U’ for the contravariant velocity component, u; for the

Cartesian velocity component, x; for the Cartesian coordinate, p for the pressure, v(-) for the shear
rate dependent kinematic viscosity and g’ for the contravariant base vector
1
g ={s1.828} g = g—i (3.4)
]

For the discretization on the curvilinear mesh, the flow variables (u1, uz, uz, p) are defined at
volume centers while the variables (U!, U?, U?®) are defined at the computational cell face centers
leading to a staggered/non-staggered approach. The momentum equations are solved at surface
centers, using values for the convective and viscous terms interpolated by the cell centers. Thus, the
evaluation of the covariant derivatives of the base vectors i.e. the Christoffel symbols, is avoided,
leading to computational cost reduction [GS07]. In the present study, linear interpolation is used for
the derivation of the convective and viscous quantities of the momentum equations at the surface
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centers [Kan10].

For the i + 3, j, k surface (Figure 3.4), this is written as
2] g

(FLjk)

(i-1/2,j,k) |

Figure 3.4: Indexing of curvilinear underlying grid cell centers and faces.

Fliik Flit1k
Fl..1..,=J..1..(05- == +05- 2L ) 3.5
|z+%,],k ]|z+%,],k < ]|i,j,k ]|i+l,j,k ( )
where
ock 9 , ock N ou;
FK(U,u) = —aiagj (JUu )+—§ 3% 37 (] (v)g’-gma{:;), (3.6)
1

F={F,F?,F}}, U={U,U%U%, u={u,w, u}.

The first term of F" is discretized using second order accuracy as

¢’ B
|:axp agq (IU up):| T

i,jk
agr (] 1)‘Z+ " P’Hrl,]rkz P‘z,],k _ (]Ul)'l- " P’l,],k . p|z 1,7,k
2 — 2/
0xp ik A1
(11?) pliviik + uplije (u?) wplijr + upliz1k (3.7)
n i+1k 2 —3/Jk 2
A2
Upliv1,ik + Uplij Uplijk+ Upli-1,j
3 pli+1,j,k plijk . 3 plijk pli=1,jk
N (u?) i+1 ik 2 UU ) i—3.jk 2
A&

The viscous term of F" is discretized as
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a¢’ i m OUp B
{axr,agq <Iv(7>g‘7 8 agm» =

aer ((vgt g, — (vngt-gma)]
oxy i AZ!
(g 8" )],y (08 8", 9
+ AT
GO SF S0 IO VL7C" S &0 | RO
+ AT ,

with truncation errors @ ((A§1)2>, ® ((Agz)z) and © ((A§3)2> for the three terms in parentheses re-
spectively, where

dup _ Hplivaik — uplijik
oG i+3,7k A
”P|i+1,j+1,k - ”p|i+1,j—l,k i ”p|i,j+1,k - up‘i,jfl,k
dupl - _ 207 208 69)
9|1k 2 ‘
up’i+1,j,k+1 - up|i+1,j,k—1 up’i,j,k-&-l - up‘i,j,k—l
dup B 2AE3 2AF3
9G° i+3,7k 2
The pressure term
ock 9 ([ o
_ 1l 2 3 k(o 960 0 (. dG)
is discretized e.g. at the surface center i + %, j k, as
ag" 9 ( g1 nop | 129p  _130pP
— (] =p = (¢ + g5 +¢ , (3.11)
{ax,, ag7 \” dxp i1k o0&t &2 &3 i1k
where | |
op Pli+1,ik — Plijk 12
- = TWE L (A
¢ i1 jk Agt ((a¢"7)
Plivijrik — Plivj-1k | Plijtik — Plij-1k
op 217 2082 202
372 = +O((A 3.12
g2 i+1,jk 2 (( ¢) ) ( )
Plivtjisr — Plivijx—1 i Plijerr = Plijx—1
op 2057 2A8° 32
533 = +0O((AZ
983 i1 jk 2 ((a2%))
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and analogously at the surfaces i, + %, kandi,j, k+ % Overall, the procedure is second order accu-
rate.

For the velocity values at an immersed boundary node P, the normal from P to the immersed
surface is taken, which intersects the immersed surface at point C. By extending the half line CP, the
tirst intersection with a triangle of fluid points is found, point A. The velocity of P arises as the linear
interpolation between the values for C and A [GS05] (Figure 3.5).

Figure 3.5: Satisfaction of boundary condition on an immersed boundary node P. Velocity for P is
estimated by linear interpolation between the velocity of the closest element C of the immersed sur-
face and point A. Point A arises by extending the half line CP and finding its closest to P intersection
with a triangle of fluid nodes. The example is presented in two dimensions for visual reasons i.e. the
triangle of fluid nodes is represented by the line segment BD.

The time integration of the system of equations is performed via a Crank-Nicolson second order
scheme of the form [CN47; CKS14]

um —un
J At
The superscript (m) is employed to refer to the velocity field derived from the solution of the mo-

= 0.5-F(U",u™) +0.5-F(U",u") + G(p"). (3.13)

mentum equations and before the projection step for the solution of the continuity equation, while
the (n) superscript refers to the last time step at which the flow is already fully computed.

The pressure field is computed so as for the incompressibility constraint to be satisfied. For this
aim, the divergence of Equation (3.3) is considered and Equation (3.2) is used to derive the condition
that is demanded to be satisfied by the pressure correction field

n+1 n
pri=P P (3.14)

7

P P
leading to zero divergence of the velocity field at the next time step [PS72]. The superscript (1 + 1)
refers to the next time step to which the computation is targeting.
Owing to the linearity of the operator acting on pressure and using the expression of Equation
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(2.112), the Poisson equation for the corrections on the pressure field arises [Kan+11]

19()%g/-U"g) i 9 9 (9d i
At o0 T o <] ' axlagf< a? g"))

or .
1egrurm) _ ' 9 aé ntl
At 9¢ agz 9x; o¢/ ‘P '
Using spatial finite differences, the LHS is taken as
1 a(IUj,m) Ul m UZ,m U3 m
AL\ og = alsis (e + oz * o
G i+3.5k ¢ ¢ & i+1 ]k
where
urm Up |z+1]k_Up ’z]k
agp 1+ ]k ACP

The discrete Laplacian (RHS) takes the form

oz” 9¢1 o2

9 (o & (9%
L’C” <8x g7 ( o ? H)> " e

where the first term is computed using a second order central difference as
n+1 n+1
(]gpla(rb - ) _ (]gplacp - >
{ (] 109" ) _ 9 Jiv ik G )i 1k
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and similarly the other two terms.
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The spatial derivative of the pressure correction e.g. at the 7 + %, j, k facet is approximated as
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(3.21)

Consequently, the velocity component at the new time step U""*! is derived from the equation
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The discrete momentum equations are handled by means of a Newton based nonlinear iterative
solver that uses a trust region [Mor+84]. The resulting linear systems are solved by the general-
ized minimal residual method (GMRES) [Kan10; SS86; KK04](Algorithm 3), with the (block) Jacobi
preconditioner. The discretized Poisson equation on the background mesh, that arises for pressure
correction field [GS07], is also solved with the GMRES method, using the algebraic multigrid method
as a preconditioner [RS87].

Algorithm 3 Generalized minimal residual (GMRES)(m)

* Given parameters: Linear system Ax = b, with A an N x N matrix, tolerance ¢

1: choose x
2: computery =b — Axg
r
3: compute v = 0
. 7o
4: forj =1 to mdo
5: compute h;; =v;TAv;, i =1,2,...j
6: compute ¥;,1 = Av; — )_; (h; jv;)
7: hip1j < [1054all2
Oj+1
8: compute v; 1 =
hjs
9: Vi < (00,01, .., Om) > Orthonormal base V,, spans the Krylov space K, (A, b)

10: compute y,, = m]ilanlBel — Hyyll2 > Using QR decomposition H,, = QR, Hy: m x m upper
e m
Y Hessenberg matrix, Q orthogonal matrix, R upper trian-

gular matrix, B = ||ro]|,e1 = (1,0,0,...,0)T
11: compute x,,, = X0 + ViuYm

12: computer,, =b — Ax,,
13 if ||ty >0

14: X0 < X
T
15: 01 <—
7]
16: repeat from 4
17: else
18: return x,,

The implementation of the immersed boundary method and the solution of the Navier-Stokes
equations are performed with the Virtual Flow Simulator software [Cal+15; Vfs].

3.1.3 Solid to fluid transition

The time step of the computation advancement is bounded as a consequence of the constraint of no
sublimation of solid nodes of the underlying mesh. A solid node that converts to a fluid node at
the succeeding discrete time instance possesses inconsistent flow variables values. Therefore, it is
mandatory that the conversion is evolved in two steps. The solid node in time instance i converts
to immersed boundary node at time instance i + 1 so that its velocity is reconstructed by the effect
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of the combination of the boundary conditions and flow values of nearby fluid nodes. At the next
time instance, i + 2, the immersed boundary node having valid values for the flow field variables,
turns into fluid node. For the limitation to be satisfied, suitably upper bounded time step is required
[GS05].

Ag!(x)

At < lrer}12r13 i)’ x € {solid points converting to fluid} (3.23)

where x is the position vector of a solid node, which converts to fluid and A& (x) is the grid spacing
at ¢ direction at position x.

3.2 Turbulence model

The LES method described in Section 2.4 is used along with the dynamic Smagorinsky model for the
computation of turbulent viscosity. The filter applied is the mean filter (box filter) with A = J'/3 in
each direction [Kan+11], described in one dimension by the function

G(r) = %H (%A ~1rl), (3.24)

where H is the Heaviside step function and r is the distance from the filter center [Pop00]. The
transfer function of the filter is derived as the Fourier transform of the filter function in the physical

space [PM06]
sin (L{A)
G(k) = 172 = Sa (*KA) , (3.25)
EKA
with x the wavenumber (spatial frequency). The test filter is also a top-hat filter and its width is twice
as the primary filter width in each direction [Kan+11].

3.3 Curvilinear immersed boundary method test cases

3.3.1 Steady sphere in laminar and in turbulent fluid stream

A sphere of unitary diameter is put in a stream of unitary speed at Reynolds number 100. In Figure
3.6a the surface mesh of the immersed boundary is presented and in Figure 3.6b a detail of it. The
unstructured mesh of uniform density, consists of 236, 321 nodes and 472, 638 triangular elements.
The underlying structured grid consists of 294 x 244 x 244 in x, y and z directions respectively.
The flow direction of the free stream attacking the sphere identifies with the positive x axis. It spans
the area 15D x 10D x 10D, where D is the sphere’s diameter. Mesh nodes are distributed with inter-
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(a) The whole surface mesh. (b) Detail of the surface mesh.

Figure 3.6: Immersed boundary mesh of unitary diameter sphere.

val d¢ as:
0.02D,

0.04D,
0.08D,

¢ — ¢pe| < 1.46D
146D < |¢ — ¢| < 1.92D
1.92D < | — ¢,

o =

where ¢ € {x,y,z} and ¢, is the respective coordinate of the sphere center.
The streamwise velocity field, for Reynolds number 100 is presented in Figure 3.7 and the pressure

contours in Figure 3.8.
The length of the recirculation bubble behind the sphere is reported in Table 3.1.

Table 3.1: Recirculation length and detachment angle for a sphere in a free stream at Reynolds number
100. Comparison with results of [ACS16], [MRF95] and [VPT12].

Angelidis et | Magnaudetet | Vrachliotis et

Metrics

Present results

al. [ACS16]

al. [MRF95]

al. [VPT12]

Recirculation length

0.85D
126.1°

0.88D
126.2°

0.88D
126.1°

0.87D

Detachment angle

The pressure coefficient around the sphere, which is computed as:

_ P—Py

_ 3.26
V2 (3.26)

Cp

is presented in Figure 3.9. The streamlines of the flow are given in Figure 3.10.
Following a line of research for supercritical turbulent flow around a sphere [Ach72; CS04; Jin+04],

such a simulation is performed at Reynolds number 1,140, 000, by predicting turbulence using large
eddy simulation with the dynamic Smagorinsky subgrid scale (SGS) model [Sma63; Ger+91; Kan+11]
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Figure 3.7: The longitudinal velocity field around a sphere at Reynolds number 100.

-04 -0.2 0.0 0.2 0.4

Figure 3.8: The pressure field around a sphere at Reynolds number 100.

(Sections 2.4 and 3.2) and by using the underlying and surface grids used for the laminar case. The
pressure coefficient (Equation (3.26)) is computed and presented in Figure 3.11. The calculated co-
efficient downstream of the separation point does not coincide with the experimental values. The
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Figure 3.9: Pressure coefficient C, for a sphere at Reynolds number 100. Comparison with results of
[MRF95] and [ACS16].

Figure 3.10: Streamlines around sphere at Reynolds number 100.

transition from laminar to turbulent flow on the separated region may affect the flow downstream of
the separation. The weakness of the turbulence model to capture the complex boundary layer transi-
tion pattern is a potential factor for the divergent computational results from the measured quantities
[CS04].
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Figure 3.11: Pressure coefficient C, for a sphere at Reynolds number 1,140,000. Comparison with
results of [CS04] and [Ach72]

3.3.2 Flow around airfoil

In this subsection, the flow around a NACA 4702 airfoil for Reynolds number 1000 and angle of
attack 7°, is simulated. The underlying mesh is Cartesian, consisting of 3050 x 315 nodes. A local
refinement region of the computational mesh imposes denser discretization at the x-range and y-
range of the aerodynamic shape with éx = éy = 0.0008. The starting and ending position of the
suction side recirculation region of the airfoil as a percentage of the airfoil chord, are given in Table
3.2.

Table 3.2: Detachment and reattachment positions for NACA 4702 airfoil in uniform flow. Compari-
son with results of [MA10].

angle of attack a = 7°
Present [MA10]

Reynolds number ‘ Detachment Reattachment ‘ Detachment Reattachment

1000 ‘ 0.9282 0.9697 ‘ 0.9356 0.9712

3.4 Membrane equation of motion

The boundary value problem of Section 2.5 is solved by means of the shooting method. The inte-
gration of the partial differential equation for a given time instance ¢ = ty, starts at one boundary,
assuming the value of the derivative at the same point. By applying the Newton-Raphson method,
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the correct value of the derivative on the boundary where the integration begins is found, aiming at
the satisfaction of the boundary condition on the boundary where integration concludes (Algorithm
4) [Pre+07].

Algorithm 4 Boundary Value Problem solution algorithm

¢ Initialization parameters: time instance ¢t = t(, tolerance J, iteration number n = 0, initial
membrane inclination at step position ¢’(0,ty) = p'

1: define e(p) = g(I, to; ) > Error function, depicting divergence from 2nd BV
2n+n+1 > Next integration index
3: solve initial value problem of Equation (2.130), ¢(0,ty) = 0 and g’(0, to) = u"
4: if le(u")| > o > If error greater than tolerance
5: compute ¢’ (") > Derivative of error with respect to inclination at x = 0
6: compute 1! from Newton-Raphson method > Zero error desired at next step n 41
n
e'(u") = —yni(f _)yn (3.27)
: repeat from 2

8: else > BVP problem is satisfied
9: return g(x, to) > Return BVP solution

For the integration of the ordinary second order differential equation produced by Equation
(2.130) for fixed time t = t(, a transformation to a system of first order ODEs is performed as

dg(x,ty) —y
Can | —(pelsta) — pio) (3.28)
% _ PelX, OTm pilX, 1o :fl(x)~

The pair of ODEs is solved by the Cash-Karp method [CK90] combining a fifth and a fourth order
Runge-Kutta methods [Kut01] with common intermediate points for each step. For a differential
equation of the form

dy(x) _
P = fxy(x) (3:29)
the slopes
RK—order
ki =hf(x, +aih, y, + Z bijk;), i€ {1,.,RK — order} (3.30)
j=1

are calculated, where h is the adaptive step. An integration step is given as
RK—order
y(xupto) =i+ Y ciki. (3.31)
i=1

Coefficients a;, b; j, ¢; are given in Butcher Table 3.3.
For each ODE, the difference of the estimations via the fifth and fourth order methods for y(x,,41, to)
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Table 3.3: Butcher tableau for Runge-Kutta coefficients of the Cash-Karp method.

a | |
0 0
1 1 0
5 5
3 £ 9 0
10 40 40
3 E 2 6 0
5 10 10 5
1 A > 70 %
54 2 27 27
7 1631 175 575 44275 253
8 55296 512 13824 110592 4096
37 0 250 125 0 512 ¢; RK-5
378 621 594 1771
2825 0 18575 13525 277 1 c; RK-4
27648 48384 55296 14336 4
are calculated
e = y5(xnt1, to) — ya(xXnt1, to), (3.32)

where ys5(x,,41, to) and ya(x,+1, o) are the estimations of y(x,11, fo) with Runge-Kutta fifth and fourth
order respectively. In case the maximum, over the ODEs, error

eM; y.—xy = max € x.—x0s 3.33

LA eq € ODE system 1A= ( )

is below a tolerance (tol), the step i starting at x; = xg is considered successful. Otherwise em; x _,, is
used to decide step size (h;1,x,~x,) for iteration i + 1 of the interval starting at x; = xg as

1

N
Rit1x,—x, = Max (0.9 hi—xy - (emlt’zsl*xo) ’ , l”f()’“’) , €My —y, > tol. (3.34)

The first argument of max function aims at ensuring an error close to the value em; , —,, = 0.9 - tol.
The second guarantees that the next step (h;11x,—x,) tested will be at least a given fraction of the
former (h; y,—x,)- In case the maximum error of a completed step (starting at xs = x¢ and ending at
Xe = X0 + Nj x.—x,) is less than a threshold th, the starting value of the next integration step is set twice
as large as the former

hO/xs:x0+hi/xs:xO = 2 : hi/xs:xo’ emirxs:x() < th (335)

By virtue of these adaptations of the integration step, the required accuracy is achieved even in de-
manding intervals, without the procedure in relatively smoother regions to be prolonged.
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3.5 Flow - membrane equations coupling

Fluid - structure interaction between the main flow and the elastic membrane is assumed. The fluid
dynamics equations are loosely coupled with the boundary value problem (BVP) of the membrane
motion equation (Equation (2.130)) in conjunction with the boundary conditions defined by Equation
(2.131). Following the computation of the flow field, the new surface of the membrane is determined.
In order for the no sublimation constraint (Subsection 3.1.3) to be satisfied, binary search is ap-
plied for the selection of an apposite time step.
The computation for an advancement step in time is presented in Figure 3.12.

Point
categorization

Y

Momentum
equations

y U”

Continuity n+1
equation 8

n+1

p

Projection

Y Un+l

Membrane
equation

Figure 3.12: Flow chart of the FSI computation.
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Chapter 4

Flow separation control over a
backward-facing step

Synopsis

The internal steady and oscillating flows are examined through a backward facing step (expan-
sion ratio 2), for low Reynolds numbers (Re = 400, Re = 800). A lower part of the backward facing
step is oscillating with the same frequency as the unsteady flow. The effect of the frequency, the am-
plitude, and the length of this oscillation is investigated. By suitable active control regulation, the
recirculation lengths are reduced, and, for a percentage of the time period, no upper wall, negative
velocity, region occurs. Moreover, by substituting the prescriptively moving surface by a pressure
responsive homogeneous membrane, the fluid-structure interaction is examined. We show that, by
selecting proper values for the membrane parameters, such as membrane tension and applied ex-
ternal pressure, the upper wall flow separation bubble vanishes, while the lower one diminishes
significantly in both the steady and the unsteady cases. Furthermore, for the time varying case, the
length fluctuation of the lower wall reversed flow region is fairly contracted. The findings of the
study have applications at the control of confined and external flows where separation occurs.

4.1 Introduction

Flow separation arises innately in internal and external flows, incurring losses. The suppression of
the effects of the detached flow, such as pressure drop or drag, is a common goal of fluid dynamics
analysis and design. The inner flow past a backward facing step (BFS) constitutes a benchmark
problem for the analysis of recirculation owing to its simplicity, along with the fixation of the lower
wall detachment position at the step location [EN+05; SFS04]. Backward facing step flow applications
abound in everyday life. Bubble zones at the wake of vehicles, separated flow over airfoils at large
attack angles, spoiler flows, detachment of inflow in an engine, and bubble downstream of flows
around constructions/ships are common cases of backward facing step flow applications occurring
in modern practices [Che+18]. For the control of the flow, various methods have been applied, such
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as plasma actuation, electromagnetic actuation, synthetic jet, oscillating flap, inlet pulsation, periodic
perturbation, vortex generators, local forcing, visual feedback [Che+18; WL16; YMO08; MS17; TPP10;
KM14; MH04; CS96; GA13].

The oscillating flow past a BFS having the same frequency as the moving portion of the bottom
wall is simulated by Mateescu and Venditti [MV01] and Mateescu et al. [MMnS10]. Under several
values of the periodical inflow amplitude, the positions where detachment or reattachment occurs
are calculated for various surface oscillation amplitude and frequency values for a range of low and
intermediate inflow Reynolds numbers (400-1000). The Navier-Stokes equations are discretized with
a second order backward implicit scheme and an artificial compressibility scheme is employed for
the coupling of the equations. The pseudotime discretization is performed using a first order implicit
scheme. It is concluded that for increasing wall oscillation amplitude, the upper wall bubble length
increases and its presence percentage during the period decreases. The authors also find that the
lower wall bubble length fluctuation increases. For higher Reynolds number values, the length of
the separation regions increase significantly, a secondary lower wall separation region emerges and
the upper wall separation region is present the whole period. By increasing the oscillation frequency,
the fluctuation amplitude of the lower wall closed streamlines length increases, while the upper wall
bubble remains nearly unchanged.

Fluid structure interaction (FSI) involving elastic membranes [Gra75] has been extensively stud-
ied in biomedical cases and other settings [TP00; LP95; GAL21; MGWO08]. The steady flow in a
2D channel with one rigid plate, and another with a part of it replaced by an elastic membrane, is
perturbed and the resulting flow is studied by Luo and Pedley [LP96]. It is shown that the steady
solutions become unstable as membrane tension falls below a threshold value and self-excited oscil-
lations emerge. The interaction of Poiseuille flow with a tensioned membrane portion of one of the
walls with structural damping, is addressed by Huang [Hua01]. The oscillation of the membrane is
found to strongly depend on inlet and outlet boundary conditions.

The immersed boundary method [Pes72] has been applied for the computation of the flow over
a BFS by Saleel et al. for low Reynolds numbers (0.0001-100) [SSJ13]. The authors implement the
momentum forcing and the mass source/sink to satisfy, at the solid boundaries, zero flow velocity
relative to the boundaries. They employ a finite volume method on a staggered grid with a fractional
step in time. Yang et al. apply an LES-immersed boundary approach for the flow over a backward
facing step for Reynolds numbers in the turbulent region (5100) [Yan+21]. Agreement is found be-
tween the results from the IB method coupled with LES and those from DNS and experiments.

The curvilinear immersed boundary method of Ge and Sotiropoulos has been applied for the
computation of unsteady incompressible flows [GS07], such as that in a 2D driven cavity, an im-
pulsively started flow at a square cross-section duct, the pulsatile flow at a circular-section pipe bend
and the pulsatile flow in a bileaflet mechanical heart valve (BMHV). Moreover, it has been applied by
Borazjani et al. [BGS08] for the research on FSI pertaining to rigid bodies, such as an elastic mounted
cylinder in the free stream and the blood flow through a BMHV. Gilmanov et al. [GLS15] extended
the method and simulated FSI with thin flexible shells.
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In this work, the immersed boundary method [MI05], in the form proposed by Ge and Sotiropou-
los [GS07], is employed to simulate the control of the confined, viscous, steady, and unsteady, in-
compressible flow over a backward facing step. The proposed control methods and the findings of
the present study for the separation of the flow at the standard case of the flow over a backward
facing step, can have a plethora of applications to external and internal industrial and biomedical
flows. The implementation of the method of Ge and Sotiropoulos [GS07] for the computation of the
fluid structure interaction with a deformable body, where the total fluid volume of the computational
domain changes in time, is a novelty aspect of this work.

Initially, the flow characteristics for the BFS under steady and unsteady inflow conditions are
presented. Imposing forced oscillatory movement at a portion of its bottom wall, the unsteady flow
over the BFS is simulated, examining the effect of the amplitude and the frequency of the oscillating
surface. Moreover, the role of the length of the oscillating surface is examined, for which results do
not exist in bibliography. Substituting the moving oscillating part of the bottom wall with an elastic
membrane, the FSI with the steady and unsteady flow is analyzed. To the best of our knowledge,
control of the flow by means of an elastic membrane with direct interaction with the main periodical
flow, has not been implemented so far for the BFS. An elastic membrane has the advantage over the
rigid passive control means, of adaptability within a range of different inflow conditions, without
tuning demanded.

4.2 Problem Setup and discretization

421 Geometry and boundary conditions of BFS with partly moving bottom wall

The geometry of the problem on the x-y plane is shown in Figure 4.1.

A

L4 v \
A L i
I; YA

H
y
hs
410 >
Y g(x,t) “ o
- 1 — Y R
Figure 4.1: Backward facing step with portion I of moving bottom wall. The inlet lies at x = —Iy and

the outletat x = L — .

A backward facing step with expansion ratio two i.e. H/(H — hs) = 2, length upstream of the step
lo = 2H and length downstream L — [y = 30H is examined, following a large part of existing research
[Arm+83; KM85; Gar90; Soh88; PT97].
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Dirichlet boundary condition for the velocity in the inlet (x = —1p) is given as [Gar90; MMnS10]

H-—y

u(x = —lo,y,t) = Up(1 — asin(wt))6(y — hs)m’

v(x =—ly,y,t) =0, y € [hs,H], (41)
where a U is the inflow velocity oscillation amplitude, u, v are the longitudinal and transverse Carte-
sian velocity components, respectively, w is the angular frequency of the oscillation and ¢ is time. At
the outlet (x = L — Ip) the Neumann boundary conditions

?;}/z i =0, pe{uv} (4.2)
are imposed.

We examine two cases for the function g(x, f) of the position of the moving part of the bottom
wall of length /.

(a) Forced motion with frequency same as the frequency of the inflow, according to the equation

[MV01]

g(x,t) = Acos(wt)sin(?), 0<x<], (4.3)

where A is the amplitude of the oscillation and [ is the length of the oscillating portion of the bottom
wall.

(b) Fluid-structure interaction between the flow and the moving part of the bottom wall which is
considered an elastic membrane. The structure couples with the flow according to the equation of a
membrane, under the assumptions of small displacement and small inertia (Equation (2.130)). The
equation of motion of the membrane is constrained with the boundary conditions of membrane’s
both streamwise ends (x = 0 and x = [) being fixed at y =0,

2(0,t) =g(l,t) = 0. (4.4)

At every wall Sy, including the immersed boundary, no slip boundary conditions are imposed

¥(Sw) = s, ¥ €{u, v}, (4.5)

where 5 is the respective velocity component of the wall.

For the derivation of pressure at the immersed boundary, the following Neumann boundary con-
dition which is deduced by the momentum conservation applies [FFSR04; ACS16]

d t
—VP<X, t) ‘n = Uwuélt(x' ) ‘n, (4.6)

where x is the position vector, n is the normal vector to the immersed surface and U, is the velocity
of the immersed surface.

A three dimensional methodology is used for the implementation of the immersed boundary
method (Subsection 3.1.2), therefore a small depth d of the uniform flow field in the z direction is
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considered, specifically d = 0.024H. On the third dimension, z, slip boundary conditions are applied

P
0z

_ %

Z=Zmin aZ

= O’ IIJ € {M, V}’ w|Z:Zmin = w|zzznmx = 0’ (47)

Z=Zmax
where w is the depthwise Cartesian velocity component.

Nondimensionalization of the geometrical and flow quantities is done with H for the length, Uy
for the velocity, png for the pressure and Hp Uy? for the membrane tension T,,. In the following, the
nondimensional version of the involved variables is considered, keeping the same symbol for each
physical quantity i.e.

H=1, lp=2, L=32, u(x=-2,y=0.75,z,t=0) =15 efc.

From hereon we consider the nondimensional problem and all referenced quantities are normalized.

4.2.2 Computational grids and discretization steps

Space and time discretization independence study is performed for each case in order for the un-
derlying grids and time steps to be selected. For the steady case with [y = 0 of Subsection 4.3.1,
the fine mesh used (2019 x 149 grid points) shows a maximum difference of 0.088% in detachment-
reattachment positions results in comparison to the next coarser mesh (2019 x 134 grid points) that
was implemented.

The underlying mesh used in Subsection 4.3.1 for the Iy = 0 case has 2019 points in x direction
and 121 points in y direction. Inflation for x partitioning is applied in the region x € [0,19] with step
size 6x = 0.01 and for y direction partitioning in the region y € [0.45,0.55] with step size éy = 0.005.
Additionally, local inflation near the upper and lower walls is employed. For the Iy = 2 case, a 3025
x 182 dense grid is employed for the discretization of the computational domain with §x = 0.006 for
x € [0,19] and uniform y partitioning with near wall inflation. The flow computation grid consists
for the [; = 0 case of =~ 732,897 nodes and for the [y = 2 case of =~ 1,617,486 nodes.

For Subsections 4.3.2 - 4.3.5, the background grid has 1721 nodes for x discretization. The min-
imum x interval, min 6x is 0.01 for x = 0 to x = 12.5. From x = 125 to x = 30, dx increases
geometrically to the value 0.08. For the y discretization 149 and 113 nodes are used for the active and
passive control cases computations, respectively. In the forced oscillation case the minimum y inter-
val, min 6y is 0.005 for y in the region from —0.22 to 0.25 and increases geometrically in the interval
y € [0.25,0.98] to the value 0.03. From y = 0.98 to y = 1 three more grid lines are located. In the mem-
brane case the interval with y discretization step dy = 0.005 is [0,0.25]. The rest of y discretization,
for y € [0.25,1], is identical to the oscillating surface case. For the 3d fluid computational domain
the calculation grid consists of approximately 600,000 nodes. For the immersed boundary surface
mesh used for the moving part of the bottom wall in Subsections 4.3.2, 4.3.4, 4.3.5, the streamwise
partitioning is performed with step dx = 0.1.

The time step used in Subsections 4.3.3 and 4.3.4 is 0.002 while in Subsection 4.3.5, where the
motion of the solid boundary is less intensive in comparison with the active control case, the nondi-
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mensional time is sampled every 0.01.

Fluid and structure discretization steps should be similar in size to facilitate data exchange through
their interface. To ensure that the integration step for the membrane equation is not of higher order of
magnitude than that of space discretization, an upper bound h < hy,x = 0.02 is set for the ordinary

differential equation integration marching step.

4.3 Results

In this section, the results for the steady and unsteady flows over the backward facing step without
and with control are presented and discussed. The in both walls separated, steady flow of Subsection
4.3.1 is passively controlled using an elastic membrane and the results are presented in Subsection
4.3.2. The forced control of the unsteady, separated flow of Subsection 4.3.3 by an oscillating portion
of the bottom wall, is shown in Subsection 4.3.4 and the management by an elastic membrane of the
same flow is described in Subsection 4.3.5.

4.3.1 Steady flow

In Table 4.1, the characteristic recirculation lengths are presented, for the steady case over the BFS,

for Reynolds number

H
Re = U% — 800, (48)

where v is the kinematic viscosity of the fluid.

Table 4.1: Position of the upper wall detachment and reattachment and lower wall recirculation
length for the backward facing step under steady, parabolic inflow with Reynolds number 800 and
without control. Comparison with results from body fitted methods.

ly=0 Iy =2

Present [MVO01] [Gar90] [Soh88] Present [MVO01]

Grid density 2019 x 121 1201 x 241 600 x 30 3025 x 182 2193 x 401
Upper wall detach. 4.82 4.85 4.85 - 44 4.66
Upper wall reattach. 10.46 10.47 10.48 - 10.38 10.31
Lower wall reattach. 6.06 6.09 6.1 5.8 5.61 5.9

The results, for the validation of the method, are in close agreement with the results obtained via
body-fitted methods.

For Reynolds number 400 and [y = 2 we find the lower wall reattachment at x = 4.065 and no
upper wall separation of the flow.
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4.3.2 Control of steady flow using an elastic membrane

The portion of the rigid bottom wall starting at the step position and having length I = 10 is substi-
tuted with an elastic membrane with tension T,, = 55. The external pressure exerted on the outer
surface of the membrane is taken to be steady and uniform with value p.(x,t) = p, = 0.525. The
criterion for selecting the combination of membrane’s parameters, is the deformation of the mem-
brane to be small and positive and the external pressure to be close to the internal pressure exerted
by the flow. Solving the FSI between the steady flow and the membrane for Reynolds number 400,
the velocity vectors are depicted at Figures 4.2 and 4.3.
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Figure 4.2: The backward facing step under steady inflow, with control portion I = 10 of elastic
membrane bottom wall with T,, = 55 and p, = 0.525, for —0.5 < x < 10. The maximum membrane
displacement arrow emerges at x = 4.655 and has the value g(x = 4.655) = 0.06. Reattachment of
the flow occurs at x = 3.55 (indicated by the dashed line).
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Figure 4.3: Backward facing step under steady inflow, with control portion I = 10 of elastic mem-
brane bottom wall with T, = 55 and p, = 0.525. Detail of the lower wall recirculation region for
0<x<4and0<y <05

Due to the inertia of the flow, the expansion of the mainstream of the flow after the step position,
is not immediate as shown by the longitudinal velocity contours of Figure 4.4 and the longitudinal
velocity profiles of Figure 4.5. It develops downstream of the step and exhibits its major intensity
approximately at the region 2 < x < 3.5, as shown in the transverse velocity contours of Figure 4.6
and the transverse velocity profiles of Figure 4.7.

-0.3 0.0 0.3 0.6 0.9 1.2 1.5
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00750 15 3.0 45 6.0 7.5 9.0 10.5
Figure 4.4: Backward facing step under steady inflow, with control portion I = 10 of elastic
membrane bottom wall with T;, = 55 and p, = 0.525. Longitudinal velocity contour plot for

—0.5 < x < 11. The lower reattachment position is emphasized by the dashed line.
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Figure 4.5: Longitudinal velocity profiles for successive positions x downstream of the step, for BFS
with control portion I = 10 of elastic membrane bottom wall, with T;, = 55 and p, = 0.525, under
steady inflow at Re = 400 (0 < x < 17). The membrane shape is depicted also in nondimensional
units at the bottom (dashed line).
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Figure 4.6: Backward facing step under steady inflow, with control portion I = 10 of elastic mem-
brane bottom wall with T}, = 55 and p, = 0.525. Transverse velocity contour plot for —0.5 < x < 11.

The lower wall closed streamlines extend as far as x = 3.55, reducing by 12.7% the uncontrolled

separation length of magnitude 4.065 (Subsection 4.3.1). The upper wall separation region vanishes.
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The transverse velocity profile is zeroed out at x = 17, indicating that the flow is developed at this
point. Longitudinal velocity profiles of Figure 4.5 confirm the observation, as at this position are

parabolic.
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Figure 4.7: Transverse velocity profiles for successive positions x downstream of the step, for BFS
with control portion of length | = 10 of elastic membrane bottom wall, with T,, = 55 and p, = 0.525,
at steady flow with Re = 400 (0 < x < 17). The membrane shape is depicted also in nondimensional
units at the bottom (dashed line).

Due to the low velocity of the fluid under the inlet flow, at the lower wall bubble, the curvature
of the streamlines is small. Hence, the pressure distribution is nearly uniform for each cross-section
(Figure 4.8) [GTGO07]. At the region 2.9 < x < 5.3 the streamlines are slightly convex down. At
this segment the lower wall pressure is higher than the upper wall pressure with maximum surplus
value Orggzl(p(x,y = g(x)) — p(x,y = 1)) = 0.04 as shown in Figure 4.9. Pressure raises streamwise

after the step, by the combined application of momentum and continuity equations and reaches
its maximum close to the position where the major low recirculation region reaches its end [SA08].
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After this position, the pressure drops streamwise due to the action of viscosity. These remarks are
in accordance with the results of [Gar90] for the analogous case for Re = 800.

0.0417 0.0636 0.0807 0.0979 0.1493 0.1665 0.1836 0.2007 0.2179 0.1779 0.2865 0.3036 0.3136

| [ [ | T T T 1

5 6 7 8 9 10 11 12 13

Figure 4.8: Pressure contours and streamlines for BFS with control portion = 10 of elastic membrane
bottom wall, with T;, = 55 and p, = 0.525, at steady flow with Re = 400 for —2 < x < 13.
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Figure 4.9: Pressure distribution at lower and upper walls downstream of the step for BFS with
control portion | = 10 of elastic membrane bottom wall, with T,, = 55 and p, = 0.525, at steady flow
with Re = 400.

4.3.3 Unsteady periodic flow

The periodic flow under the inflow velocity defined in Subsection 4.2.1, is computed as the subject
of control of the next subsections. The amplitude of the flow oscillation is taken & = 0.05 and the re-
spective frequency of the flow is w = 0.05 following previous research [MMnS10]. The time varying
parabolic inlet velocity profile for oscillation amplitude 2 = 0.05 is depicted at Figure 4.10.

The detachment and reattachment positions under unsteady flow without control are shown in
Figure 4.11. As fluid volume entering the BFS shrinks because of the decrease of the inlet velocity,
the upper wall detachment position is moved downstream because of the reduced viscosity effects
resulting from the lower velocity values. Meanwhile, the lower wall reattachment position is moved
upstream due to the reduced inertia of the flow. Finally, the upper wall reattachment position is also
moved upstream due to the upstream movement of the lower wall stagnation point. In the increasing
phase of the inlet velocity, where the fluid volume inserting the geometry reaches its higher values,
the remarks are reversed. The results are in good agreement with those of Mateescu et al. [MMnS10].
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Figure 4.10: Inflow velocity profiles for four time instances during the period (Equation (4.1)). The
oscillation amplitude is & = 0.05.
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Figure 4.11: Upper wall detachment position (UWDP) and upper and lower wall reattachment posi-
tions (UWRP, LWRP), for unsteady periodic inflow with & = 0.05, w = 0.05 and Re = 400, without
control (A = 0). Comparison with results of Mateescu et al. [MMnS10] is presented.

4.3.4 Active control of unsteady periodic flow

Aiming at controlling the flow of Subsection 4.3.3, the portion of the bottom wall downstream of the
step with length [ is forced moving sinusoidally following Equation (4.3). For amplitude A = 0.2,
frequency w = 0.05 and length I = 10 the evolution of the flow field in time is presented at Figure
4.12. The emergence and disappearance of the upper wall recirculation region and the fluctuation of
the position of lower wall reattachment are visible.

As shown by evolution in time of the positions of detachment and reattachment, presented in
Figure 4.13, the significant lowering of the bottom wall at the half period decreases the inclination of
the lower wall stagnation line and increases its length. Therefore, pushes the lower wall reattachment
position downstream. On the contrary, the maximum positive position of the oscillating portion of
the bottom wall increases the inclination and decreases the length of the stagnation line, therefore
causes the lower wall reattachment position to move upstream. The upper wall backflow emerges
more distantly from the step position and elongates, as the control surface moves downwards. In the
second half of the period, where the control surface moves upwards and the inlet velocity increases,
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the upper wall bubble quickly vanishes. As a consequence of the significant amplitude of the oscil-
lation of the control surface (A = 0.2), which is a fifth of the expanded duct cross-section, the flow is
attached at the upper wall for half of the period.

Comparing the positions of the separated zones, our results are close to those of Mateescu et al.
[MMnS10]. The detachment positions computed with the immersed boundary method coincide with
that computed with the body-fitted method. Upper wall reattachment positions during the cycle are
in good agreement with those predicted by Mateescu et al. Lower wall reattachment position curves
differ slightly before the end of the period. Current results are smoother at the time when the bottom

wall bubble begins to extend downstream.
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Figure 4.12: Computed velocity fields for t = 0,t = T/4,t = T/2,t = 3T /4, respectively, during a
period T, for prescribed motion of the control surface with A = 0.2, w = 0.05, and / = 10. The inflow
is oscillating with @ = 0.05. The Reynolds number is 400.

As seen in Figure 4.14, the increase of the frequency of the oscillation (wyign = 0.1, Wy, = 0.05)
pushes upstream the upper and lower wall reattachment and also the upper wall detachment, loca-
tions. The upper and lower wall recirculation oscillation amplitudes decrease with the higher fre-
quency. Furthermore, the upper wall recirculation instantly vanishes and reappears for a small per-
centage of the period and also emerges earlier in the period for faster oscillating inlet velocity. This
behavior arises probably due to a flow instability at the combination of higher frequency wy;g, = 0.1
and the relatively large wall oscillation amplitude A = 0.2. These observations are in accordance
with analogous research with body fitted methods [MMnS10].

A decrease in the amplitude of oscillation of the moving portion of the bottom wall (Aj,,, =
0.15, Apign = 0.2) causes the reduction of the upper wall separation region length. It also causes
the presence of the upper wall recirculation for larger portion of the period and to the downstream
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Figure 4.13: Upper wall detachment position (UWDP) and upper and lower wall reattachment posi-
tions (UWRP, LWRP) for unsteady periodic inflow with & = 0.05 and Re = 400 and oscillating part
of the bottom wall with w = 0.05, A = 0.2, ] = 10. Comparison with results of Mateescu et al.
[MMnS10] is presented.
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Figure 4.14: Upper wall detachment position (UWDP) and upper and lower wall reattachment posi-
tions (UWRP, LWRP), for unsteady periodic inflow with & = 0.05 and Re = 400 and oscillating part
of the bottom wall with w = 0.1, A = 0.2, [ = 10. Comparison with results for w = 0.05.

movement of the respective detachment position. Furthermore, it leads to the reduction of lower wall
reattachment position oscillation amplitude (Figure 4.15). The less upper wall and lower wall bubble
length fluctuations is directly related to the reduced oscillation amplitude of the control surface. The
remarks of Mateescu et al. [MMnS10] are in agreement with the aforementioned.

Finally, for the increase of the oscillating surface length (Iign = 12.5, lj,, = 10.0), the fluctuation of
the bottom wall recirculation length and top wall detachment position decrease, while the presence
of the upper wall recirculation extends in time, as suggested by Figure 4.16. This trend is attributed to
the fact, that the lower wall stagnation point is more distant to the middle point of the control surface
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Figure 4.15: Upper wall detachment position (UWDP) and upper and lower wall reattachment posi-
tions (UWRP, LWRP), for unsteady periodic inflow, with & = 0.05 and Re = 400 and oscillating part
of the bottom wall, with w = 0.05, A = 0.15, ] = 10. Comparison with results for A = 0.2.

length, which exhibits maximum amplitude. Therefore, its vertical oscillation amplitude reduces and
consequently its longitudinal oscillation amplitude also reduces.
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Figure 4.16: Upper wall detachment position (UWDP) and upper and lower wall reattachment posi-
tions (UWRP, LWRP), for unsteady periodic inflow, with &« = 0.05 and Re = 400 and oscillating part
of the bottom wall, with w = 0.05, A = 0.2, ] = 12.5. Comparison with results for / = 10.

4.3.5 Passive control of unsteady periodic flow via elastic membrane

On the purpose of controlling the flow computed in Subsection 4.3.3, we also employ an elastic
membrane which follows Equation (2.130) with tension T,, = 55 and with steady, uniform external
pressure exerted at its outer side, p.(x, ) = p, = 0.55. As for the steady case, the membrane param-
eters T,, and p, are selected so that the small displacement assumption (Equation (2.131)) is satisfied
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(n}ca}x g(x,t) < 0.1) during the period. Additional objectives leading to the parameters’ values, are
the external pressure to be of the same order of magnitude with the pressure exerted by the flow and
the transmural pressure p, — p;(x, t) to be positive.

The interaction of the flow with the elastic membrane leads to the complete suppression of the
upper wall recirculation as shown in the velocity profiles of Figure 4.17 and the longitudinal veloc-
ity contours of Figure 4.18. The free shear layer is identified by the set of transition points where
longitudinal velocity changes sign.
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Figure 4.17: Computed velocity fields for t = 0,t = T/4,t = T/2, t = 3T /4, respectively, during
an inflow period T, for FSI of the flow with a membrane with T,, = 55 and p, = 0.55. The inflow
(Equation (4.1)) is oscillating with & = 0.05 and w = 0.05. The Reynolds number is 400.

Inasmuch as a membrane stretched in a relatively high grade is employed (T}, = 55), the control
surface oscillation amplitude is restricted comparing to the active control of the previous subsection,
as shown in Figure 4.17. In the longitudinal velocity contours exhibited in Figure 4.18, the oscillation
of the inflow is observed. No negative values region is noted at the upper wall, indicating absence
of upper wall flow reversal. The lower wall recirculation region extension is indicated by the nega-
tive values zone. Following the free shear layer oscillation, the lower wall reattachment position is
fluctuating around x ~ 3.5. In Figure 4.19, the transverse velocity contours suggest more intensive
downstream motion at the region 2.3 < x < 3.3 for t = 3T /4, when the inlet fluid volume rate is
maximum.

The induced pressure at the inner side of the membrane during the periodic inflow cycle is pre-
sented in Figure 4.20. As in the steady case (Figure 4.9), pressure recovers downstream of the step
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Figure 4.18: Longitudinal velocity contours fort = 0, t = T/8,t = T/4,t = 3T/8,t = T/2,
t =5T/8,t=3T/4,t =7T/8, respectively, during a period T, for FSI of the flow with a membrane
with T,,, = 55 and p, = 0.55. The inflow (Equation (4.1)) is oscillating with « = 0.05 and w = 0.05.
The Reynolds number is 400.

and is maximized at a longitudinal position close to the lower wall reattachment cross-section [SA08].
Downstream of the stagnation point, the pressure drops streamwise due to the action of frictional
forces. The maximum pressure fluctuation emerges at the region 0 < x < 1.6 and has the value
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Figure 4.19: Transverse velocity contours fort =0,t = T/4,t = T/2,t = 3T /4, respectively, during
a period T, for FSI of the flow with a membrane with T,, = 55 and p, = 0.55. The inflow (Equation
(4.1)) is oscillating with & = 0.05 and w = 0.05. The Reynolds number is 400.

max (trer[lgl;s) p(x,y =g(x1),t) — min, p(x,y =g(xt), )) = 0.093.

The corresponding membrane shape is presented in Figure 4.21. Membrane curve at the x —
y plane is approximately that of a concave down parabola due to the relatively high values of its
parameters chosen (tension, external pressure). The overall membrane displacement is negatively
correlated with inner pressure distribution mean value. The largest membrane displacement occurs
at x < 5 due to the inner membrane pressure distribution, which exhibits noticeably lower mean
value at the left half of its domain (0 < x < 5) and higher values at the right half (5 < x < 10). The
periodical motion of the membrane is a result of its interaction with the oscillating inlet flow. Through
this interaction, the membrane inner pressure distributions are decided. The work of the membrane
is produced by its oscillation along with the varying membrane inner pressure distribution.

As Figure 4.22 suggests, the length of the lower wall inversed flow zone is shrank significantly
(14.3%), as its maximum value drops to nearly 3.55 from 4.14 for the flow without control. Moreover,
small reduction of the fluctuation of its length is observed. The peak to peak fluctuation of 0.18 for
the without control case, drops to the value 0.14 for the passive control case i.e. a 22.2% reduction is

noted.
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Figure 4.20: Pressure at the internal surface of an elastic control membrane with length I = 10,

tension T, = 55 and external pressure exerted at its outer side, p. = 0.55, for eight instances during
one inflow period T. The inflow is defined by Equation (4.1) with « = 0.05 and w = 0.05.
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Figure 4.21: Shape of an elastic control membrane with length [ = 10, tension T,,, = 55 and external
pressure exerted at its outer side, p. = 0.55, for eight instances during one inflow period T. The
inflow is defined by Equation (4.1) with « = 0.05 and w = 0.05.
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Figure 4.22: Lower wall reattachment position (LWRP) during a period for the periodic flow over a
BFS controlled by an elastic membrane with I = 10, T;;, = 55 and p. = 0.55. The inflow is defined by
Equation (4.1) with « = 0.05 and w = 0.05. Comparison with no control and active control results.

4.4 Summary

The immersed boundary method is implemented to compute the steady and unsteady periodic lam-
inar flow over a backward facing step, without and with control. The results are in close agreement
with those of body fitted methods, for the cases where such exist. Two techniques for the control of
the flow are employed.

Aiming at establishing active control, a portion of the bottom wall downstream of the step is os-
cillating in a prescribed sinusoidal way. The effect of the frequency, the amplitude and the length
of the oscillating surface on the longitudinal detachment and attachment positions and longitudinal
extension of closed streamlines are examined. The impact of the augmentation of the length of the
oscillating surface to the control of the internal flow over a BES, is investigated for the first time in the
literature. Increase of the frequency shifts the occurrence of the upper wall recirculation bubble ear-
lier during the period. A reduction of the oscillation amplitude of the surface, reduces the upper wall
recirculation length. Increase of the length of the control surface compresses the range of the upper
wall detachment position and decreases the fluctuation of the position of the lower wall stagnation
point.

In the passive control setting, an elastic membrane substitutes for the rigid control part of the
bottom wall and both the steady and unsteady fluid structure interaction problems are solved. This
method of control is implemented for the first time for a flow over a backward facing step. As a result
of the control, the upper wall recirculation region vanishes, while the lower one is reduced both in
steady and periodic cases. The fluctuation of the lower wall separation length is also shortened for
the time varying case. A study of the effect of the membrane parameter values to the separation
characteristics, is a further investigation objective.
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Chapter 5

Peristalsis

Synopsis

Peristaltic motion arises in many physiological, medical, pharmaceutical and industrial processes.
Control of the fluid volume rate and pressure is crucial for pumping applications, such as the infu-
sion of intravenous liquid drugs, blood transportation, etc. In this study, a simulation of peristaltic
flow is presented in which occlusion is imposed by pairs of circular rollers that squeeze a deformable
channel connected to a reservoir with constant fluid pressure. Naturally, this kind of flow is laminar;
hence, the computation occurred in this context. The effect of the number and speed of the pairs of
rollers, as well as that of the intrapair roller gap is investigated. Non-Newtonian fluids are consid-
ered, and the effect of the shear-thinning behavior degree is examined. The volumetric flow rate is
found to increase with an increase in the number of rollers or in the relative occlusion. A reduction in
the Bird-Carreau power index results in a small reduction in transport efficiency. The characteristic of
the pumping is computed, i.e., the induced pressure as a function of the fluid volume rate. A strong
positive correlation exists between relative occlusion and induced pressure. Shear-thinning behav-
ior significantly decreases the developed pressure compared to Newtonian fluids. The immersed
boundary method on curvilinear mesh is adapted and validated for non-Newtonian fluids.

5.1 Introduction

Peristaltic flow appears in many physiological processes, such as urine flow in the ureter, lymph flow
in the lymphatic system, bolus and chyme flow through the gastrointestinal tract and spermatic flow
in the vas deferens. Peristaltic pumping is used for industrial applications, such as food displacement
in pipes, and medical applications, such as the extracorporeal pumping of blood and the infusion of
pharmaceutical fluids [BB16; Gra+15b].

Elaboration of Navier—-Stokes equations for two-dimensional analysis with constant viscosity (us-
ing the fact that viscous forces dominate peristaltic flow) results in good predictions for the flow
[Lat66; JS71; SJW69]. The effect of the presence of an axial body on such flows has been theoretically
investigated for Newtonian fluids, and the role of flow parameters in pumping characteristics was
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characterized by Roy et al. [RRR11]. A non-Newtonian analysis for power-law fluids is reported
by Srivastava and Srivastava [SS85], which showed a peristaltic pressure rise reduction for a power
index less than unity.

An analogous experimental examination of peristaltic pumping for a circular deformable tube
was introduced by Latham [Lat66] and Weinberg et al. [WES71]. Flow through a straight deformable
tube squeezed by three pairs of rollers is studied for non-Newtonian fluids using computer tomog-
raphy and Doppler velocimetry by Nahar [Nah12].

The effects of the relative occlusion imposed by the roller, the wavenumber, the Reynolds num-
ber and the back pressure with a sinusoidal-shaped wave are investigated computationally by Tsui
et al. [Tsu+14]. Sawtooth and trapezoidal wave shapes are also calculated by Tatsumi et al. [Tat+09],
who found that the wave formation is less important than the wave amplitude. Additionally, shear-
thinning behavior is simulated by Al-Habahbeh [AH13] and Alokaily et al. [Alo+18] for circular-
segment-shaped waves produced by pairs of circular rollers squeezing the tube. U- and O-shaped
pumps are simulated by Zhoo et al. [Zho+14], who showed that the O-shaped ones may produce
lower levels of wall shear stress. This finding suggests that the O-shaped setting is more suit-
able for blood and other cell-containing fluids, as it poses less hemolysis, or cytolysis in general,
risk. Backflow suppression and uniformization of roller pump outflow are addressed by Manopou-
los et al. [Man+20] by introducing an appropriate inflating portion of the deformable tube. Thus,
producing momentum to compensate for the negative pressure gradient at the outlet of the pump,
that occurs when there is zero occlusion by a roller.

In this study, the confined flow in an elastic tube under a peristaltic wave caused by multiple
(one, two and three) circular rollers moving consecutively is computed by means of the immersed
boundary method (IBM). As the first step, the conclusions drawn via body-fitted methods for the
effect of the roller speed, the half-gap and the Bird-Carreau power index on the peristaltic flow are
confirmed. The curvilinear immersed boundary method of Ge and Sotiropoulos [GS07] is adjusted
and tested for non-Newtonian fluids.

Subsequently, the resulting flow fields and the effect of the number of rollers on the output fluid
volume rate are investigated. Moreover, we compute the pumping characteristics for a straight peri-
staltic pump considering Newtonian and non-Newtonian behavior. The role of relative occlusion

and pseudoplasticity in peristalsis characteristics is analyzed.

5.2 Materials and Methods

5.2.1 Geometry

A two-dimensional symmetric model, given in Figure 5.1, is used to represent the deformable chan-
nel. The elastic tube is squeezed by two opposite circular waves that move horizontally with velocity
c. Simulations were performed for channels with lengths L = 90 mm (Subsections 5.3.1-5.3.3 and
5.3.5) and L = 180 mm (Subsection 5.3.4). The half-height of the undeformed channel is taken as
H = 10 mm, similar to that of the human esophagus. The radius of the circular sector of the roller
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is r = 30 mm (as in the experiments presented by Nahar [Nah12]). The minimum height of the
deformed channel takes several values according to the compression amplitude.

A h
L X

Figure 5.1: Geometry of the two-dimensional computational domain for the peristaltic pump. Mir-
roring this scheme with respect to the x-axis and extruding with respect to the z-axis provides the
geometry of the full pump.

5.2.2 Mathematical Model

Following previous research by Nahar et al. [NJW10] and Al-Habahbeh [AH13], the density of the
pumped fluid is p = 1000 kg/ m>, and its rheology is predicted from the Bird—Carreau equation for
the shear dependent dynamic viscosity [Car68; BAH87] (Equation (2.47))

() = pine + (1o — ping) (1 + (A9)2) T (5.1)

The values of the constants are taken as, pins = 0, o = 0.1452Pa-s, A =20sand n < 1.
At the centerline, symmetry boundary conditions are defined; that is, the axial velocity normal
gradient and the transverse velocity are set to zero:

ou

—| =0, v(x,y=0) =0, (5.2)
s (x,y =0)

where u and v are the streamwise and vertical velocity components, respectively. On the upper,
deformable wall, the no-slip condition is defined.

p(wall) = $pyan, ¢ € {u,v}, (5.3)

where ¢, is the velocity component of the wall.
For Subsections 5.3.1-5.3.4, the boundary data for the left and right ends of the tube—cross-sections
AB and DE in Figure 5.1, respectively-is the periodic condition for the velocity components:

p(x=0,y) =¢(x=Lyy), ¢ €{u v} (5.4)

For Subsection 5.3.5, at cross-section AB of Figure 5.1, the imposed boundary condition is that of
a parabolic velocity profile:

u(x = 0,y) = tnas (1 - %)2) , v(x=0,y) =0, (5.5)

65



where 1,5, is the maximum velocity of the parabolic profile on the axis y = 0. At the outlet cross-
section DE, for x = L, a zero-velocity normal gradient is set:
9¢

35|, =0 #e{uv} (5.6)

A mesh independence study was performed using a coarse (451 x 52 nodes) and a fine (1041 x
102 nodes) Cartesian grid for the 180 mm pump and analogously for the 90 mm pump. The peak
difference at the axial velocity for the two grids is less than 0.25%. The maximum mesh interval of
the fine mesh is 0.1 mm. A three-dimensional solution algorithm is employed; therefore, a subtle
depth is considered along with slip conditions at the boundary surfaces of the third dimension. The
immersed boundary surface of the roller is triangulated with 3104 nodes and 6204 elements, and the
node distance is upper bounded by 0.2 mm.

We adjust the coordinate system shown in Figure 5.1 at the roller and define it as the moving
frame of reference. The simulation was conducted at this moving frame of reference. Consequently,
the roller does not move, whereas the surface y = H moves with velocity v = (—c,0); therefore,
a steady flow field is simulated. To the computed flow field, the roller speed v = (c,0) is added
uniformly in order to return to the laboratory frame of reference.

5.3 Results and Discussion

The relative occlusion (RO) is defined as the ratio of the penetration of a pair of rollers in the de-
formable tube to the height of the undeformed channel, namely,

H-h
RO =~ (5.7)

For roller speed ¢ = 5 mm/s and half gap & = 4 mm, the flow field is shown in Figures 5.2, 5.3
and the pressure field in Figure 5.4.

00 05 10 15 20 25 3.0 3.5 4.0

ummys) Y
—_

_\/

Figure 5.2: Axial velocity contours for 1 roller, c = 5mm/s, L = 90 mm, RO = 0.6 and n = 1.

ON-PO\CDO

The transport efficiency (TE) is defined as the fluid volume rate over the wave speed and over
the height of the complete channel, namely,
1%

TE = .
c-2H

(5.8)
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Figure 5.3: Transverse velocity contours for 1 roller, c = 5 mm/s, L = 90 mm, RO = 0.6 and n = 1.

—1000 —-800 —600 —400 -200 O 200 400 600 800 1000

p(mPa) g
10- ‘ ‘ ‘ ‘ ‘ ‘

8 .

6-

4-

2-

0. | ‘ ‘ ‘ | ‘ |

0 10 20 30 40 50 60 70 80 90

Figure 5.4: Pressure contours for 1 roller, c = 5mm/s, L = 90 mm, RO = 0.6 and n = 1.

5.3.1 Varying Relative Occlusion

The higher the RO ceteris paribus, the higher the values of axial velocity profiles near the centerline
and the higher the pressure rise after the roller, as shown in Figures 5.5 and 5.6, for c = 5 mm/s and
c =10 mm/s.

Axial velocity profiles show higher values as RO rises, as suggested by Figure 5.7. For small
values of RO, retrograde flow arises in the region under the roller, as observed in Figures 5.5 and
5.7c—e.

Transport efficiency is found to be strongly dependent on relative occlusion, as is shown in Table
5.1.

Table 5.1: Transport efficiency (TE) for various pumping conditions and pump length L = 90 mm.
Comparison with results from [AH13].

n=1,R0O = 0.6 c=5mm/s,n =1 c=10mm/s,n =1 ¢ =5mm/s, RO = 0.6
c TE TE TE (%) TE TE TE (%)
mmls) ) | RO (%) aH1B] | RO (%) (%) [AH13]
2.5 788 |08 956 95 06 7838 1 78.4 78
5 78.4 06 784 78 0.2 286 0.75 775 77
10 78.8 02 284 28 05 771 76
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Figure 5.5: Longitudinal velocity near the central axis of the pump (y = 0.05 mm) for various values
of RO and ¢, n = 1 and one roller. Comparison with results from [AH13] (A) is presented.
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Figure 5.6: Pressure near the central axis of the pump (y = 0.05 mm) for various values of RO and c,
n = 1 and one roller. Comparison with results from [AH13] (A) is presented.

5.3.2 Varying Roller Speed

Roller speed has a similar effect to that of RO on axial velocity and pressure. As indicated in Fig-
ure 5.5, for higher roller speed, the axial velocity near the centerline (y = 0.05 mm) away from the
longitudinal center reaches values around 20-25% higher than c. Pressure fluctuation is also approx-
imately linearly related to roller speed, as suggested by Figure 5.6. According to Figure 5.8, the shear
rate near the axis has two similar skewed bell curves, which are symmetric with respect to the vertical
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Figure 5.7: Longitudinal velocity profiles at successive longitudinal positions x (a—g) for various
values of RO and for c = 5 mm/s, n = 1 and one roller. Comparison with results from [AH13] (A) is
presented.

axis passing through the roller center (at x = 45 mm). The peak shear rate is approximately linearly
related to the roller speed. For example, for ¢ = 2.5 mm/s, mj?x{'j/} near the axis is 0.374 s~!, while
for c = 5mm/s, mfx{"y} near the axis is 0.748 s 1.

The transport efficiency is approximately constant with respect to changes in roller speed, so the
flow volume rate through the pump is approximately linearly related to the roller speed, as shown
in Table 5.1.

5.3.3 Non-Newtonian Fluids

As the value of the Bird—Carreau power index decreases, the effect of the moving roller on the axial
velocity near the longitudinal axis of symmetry (y = 0.05 mm) slightly weakens (Figure 5.9); i.e.,
near the axis, the streamwise longitudinal velocity curve exhibits fairly less fluctuation, as shown
in Figure 5.10. More specifically, away from the roller position, the velocity decreases, while at the
position of the roller, it increases.

As suggested in Figure 5.11, near the wall, the axial velocity is higher for pseudoplastic fluids
than for Newtonian fluids. Pressure shows a stronger dependence on the power index, and the force
exerted on the roller decreases almost 5-fold whereas the power index decreases by a factor 0.5, as
observed in Figure 5.12.
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Figure 5.8: Shear rate near the central axis of the pump (y = 0.05 mm), for various values of ¢ and for
RO = 0.6, n = 1 and one roller. Comparison with results from [AH13] (A) is presented.
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Figure 5.9: Dynamic viscosity curves for various values of the Bird-Carreau power index of shear
thinning behaving fluids.

The shear rate also decreases near the x-axis for smaller values of the power index n, as Figure 5.13
shows. Near the wall, the shear rate increases for shear-thinning fluids as compared to Newtonian
fluids, as shown in Figure 5.14. Transport efficiency is weakly dependent on the Bird—Carreau power

index, as presented in Table 5.1.
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Figure 5.10: Longitudinal velocity near the central axis of the pump (y = 0.05 mm) for Newtonian
and non-Newtonian fluids, ¢ = 5 mm/s, RO = 0.6 and one roller. Comparison with results from
[AH13] (A) is presented.
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Figure 5.11: Longitudinal velocity profile at x = 89 mm for Newtonian and non-Newtonian fluids.
The roller speed is c = 5 mm/s, the relative occlusion is RO = 0.6 and there is one roller. Comparison
with results from [AH13] (A) is presented.

5.3.4 Multiple Rollers

The fluid velocity vectors for one, two and three roller pumps with L = 180 mm are illustrated in

Figures 5.15-5.17. The axial velocity shows the highest value near the x-axis away from the roller and

reaches its minimum value under the roller, as is also shown in Figure 5.18. For the case of one roller,
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Figure 5.12: Pressure near the central axis of the pump (y = 0.05 mm) for Newtonian and non-
Newtonian fluids, c = 5 mm/s, RO = 0.6 and one roller. Comparison with results from [AH13] (A)
is presented.
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Figure 5.13: Shear rate near the central axis of the pump (y = 0.05 mm) for Newtonian and non-
Newtonian fluids. The roller speed is ¢ = 5 mm/s, the relative occlusion is RO = 0.6 and there is one
roller. Comparison with results from [AH13] (A) is presented.

the axial velocity under the roller (82 mm < x < 98 mm) and near the longitudinal axis of symmetry
(y = 0.05 mm) is negative with a magnitude nearly half the speed of the moving roller, creating a
recirculation zone. For multiple rollers, no negative axial velocity values appear.

The extrema of transverse velocity are directly before and directly after the roller(s) train for all
cases. This behavior is explained by the need for the area to be vacant for the roller train to pass (e.g.,
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Figure 5.14: Shear rate profile at x = 89 mm for Newtonian and non-Newtonian fluids. The roller
speed is ¢ = 5 mm/s, the relative occlusion is RO = 0.6 and there is one roller. Comparison with
results from [AH13] (A) is presented.

at x = 114.5 mm for two rollers) and for fluid to fill the empty space left from the departure of the
roller (e.g., at x = 65.5 mm for two rollers).

In Figures 5.19 and 5.20, the horizontal and vertical velocity profiles, respectively, are given at the
cross-sections of interest near the beginning and ending of the rollers, distributed under the rollers
and at the incoming flow. The inlet longitudinal velocity profile shows higher values as the number
of consecutive rollers increases. The same pattern is observed for the profiles around the middle of
the length. Transverse velocity maxima are at approximately the same level, v;,,, = 2 mm/s, for one,
two and three rollers. Under the roller center, the vertical velocity nearly vanishes, as is expected
because of the symmetry of the geometry, as shown in Figure 5.20.
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Figure 5.16: Velocity vectors for 2 rollers, c = 5mm/s, L = 180 mm, RO = 0.6 and n = 1.

Pressure reaches its lower value right before the roller train and its higher value right downstream
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Figure 5.17: Velocity vectors for 3 rollers, c = 5 mm/s, L = 180 mm, RO = 0.6 and n = 1.
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Figure 5.18: Longitudinal velocity near the central axis of the pump (y = 0.05 mm) for various
numbers of rollers. The roller speed is ¢ = 5 mm/s, the relative occlusion is RO = 0.6 and the
Bird—Carreau power index is n = 1.

of it, as depicted in Figure 5.21. Moreover, the pressure function under the rollers is monotonous,
with its maxima and minima having similar values, independent of the roller number. Maximum
shear rate values near the axis of symmetry are considerably higher for one roller (0.98 s~ 1) than for
more than one (0.75 s™! for two and 0.68 s~! for three), as shown in Figure 5.22.

The shear rate profiles for a series of vertical sections are given in Figure 5.23.

Away from the rollers’ positions (e.g., x = 0forn € {1,2,3} orx = 117 for n € {1}), the shear rate
increases linearly as a function of the y-coordinate. Generally, the shear rate reaches its maximum
value close to the wall, or close to the roller for streamwise positions, where a roller exists.

As tabulated in Table 5.2, transport efficiency increases sublinearly as the number of consecutive

rollers rises.

5.3.5 Peristaltic Pump Characteristics

We simulated the flow of a parabolic inlet velocity profile (Equation (5.5)) through the pump geome-
try with one roller. Therefore, we determined the pressure rise induced by the presence of the roller
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wave.

06and n = 1.

For a higher inlet flow volume rate, the pressure rise decreases, as Figure 5.24 demonstrates. The
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Figure 5.21: Pressure near the central axis of the pump (y = 0.05 mm) for various numbers of rollers,
c=5mm/s, RO=06andn = 1.

1 T
1 roller
0.9 P '\ 2 rollers - - -
é 0.8 I \ / \ 3rollers ------
8 ' 1 I \ / \ n
o 07 !\ "
y ,."l ] ! I \ \ 1\
>~ 0.6 AR ,|
w R l\ I \ R
‘Tvs 0 . : \l \l 1
S: 04 : “ I| 'y N ll\ :
= 03 . \ 1 A ;
o ,: I I‘ ! alfrar, \ !
§ 0.2 : 1 ‘.‘ :' “‘. '.' ‘.‘. ,l',' ".ll ':' \‘I '. \
‘{:D ] I’ " : / ‘|| ! '-‘ l: ‘l,' \- 1\ -‘
0.1 ,' “ " llll. : ! ‘,".' ' : \ -‘
0 — e '--"' /I j ‘u' " ‘l,' \ \ [N U

0 20 40 60 80 100 120 140 160 180

longitudinal coordinate x (mm)

Figure 5.22: Shear rate near the central axis of the pump (y = 0.05 mm) for various numbers of rollers.
The roller speed is c = 5 mm/s, the relative occlusion is RO = 0.6 and the Bird-Carreau power index
isn=1.
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Figure 5.23: Shear rate profiles at successive longitudinal positions x (a—q) for various numbers of
rollers. The roller speed is ¢ = 5 mm/s, the relative occlusion is RO = 0.6 and the Bird—Carreau
power indexisn = 1.

Table 5.2: Transport efficiency for multiple consecutive rollers, pump length L = 180 mm, ¢ =
5mm/s, RO =0.6and n = 1.

Number of Rollers 1 2 3
TE (%) 60 78 87

pressure drop through the elastic channel beside the roller is reduced as the inlet fluid volume rate
decreases. The pressure rise along the roller length increases dramatically as the inlet fluid volume
rate decreases.

The characteristic line of the peristaltic pump is given in Figures 5.25 and 5.26 for the case of
one roller, a pump with length L = 90 mm and roller speed ¢ = 5 mm/s and for two different
values of the roller gap and of the Bird—Carreau power index. The characteristics are approximately
straight lines with negative slope. The inclinations of the characteristics are negatively correlated
with the relative occlusion. The impact of the roller penetration on the flow becomes more noticeable
when it is deeper, namely, when the half-gap is smaller. For a constant volume flux, the maximum
pressure that develops on the flow is approximately six times higher for RO = 0.8 than for RO =
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Figure 5.24: Longitudinal pressure distribution for the case of one pair roller pump, 90 mm long,
c =5mm/s, RO = 0.6, n = 1 and parabolic flow inlet profile, with various values for maximum
velocity of the profile.
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Figure 5.25: Peristalsis characteristics using linear scale for the pressure, for roller pumps 90 mm long
with one roller moving at c = 5 mm/s.
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Figure 5.26: Peristalsis characteristics using logarithmic scale for pressure, for roller pumps 90 mm
long, with one roller moving at c = 5 mm/s.

0.6. Moreover, for a constant pressure, the relative occlusion and the flow volume rate potentially
observed, are positively related.

Shear-thinning fluids also exhibit approximately straight-line characteristics with negative incli-
nation. The pressure rise potential of non-Newtonian fluids with a Bird—Carreau power index n = 0.5
is over an order of magnitude lower than that of the Newtonian ones. Additionally, the fluid volume
rate potential decreases for shear-thinning fluids. For a non-Newtonian index n = 0.5, the maximum
fluid volume rate that can be pumped decreases by around one-fifth in comparison to that of the
Newtonian fluids.

54 Summary

In the present work, we studied the peristaltic flow with circular rollers for straight roller pumps.
Using various values for relative occlusion RO, roller speed c, Bird—Carreau shear-thinning behavior
expressed by n, number of rollers and length of the deformable tube L, simulations with the curvi-
linear immersed boundary method were performed.

Some of our results were compared with computational results [AH13] obtained with the Open-
FOAM body-fitted algorithm [Che+14]. The validation of the curvilinear immersed boundary method
for non - Newtonian fluids has a satisfying outcome, as good agreement is observed with a similar
depiction of the trends of the flow versus the parameters.

Relative occlusion and the number of consecutive rollers are found to be strongly positively corre-
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lated with the transport efficiency. The Bird—Carreau shear-thinning exponent has a very slight effect,
and roller speed is independent of transport efficiency. For a greater length of the deformable tube,
transport efficiency decreases. Below the critical value for the relative occlusion or for the number of
rollers or above a threshold for the length of the pump, backflow appears under the roller and near
the longitudinal centerline. Increasing the number of identical consecutive rollers causes a lower
upper bound for the shear rate, close to the longitudinal centerline, thus suggesting that multi-roller
pumps are more appropriate for the extracorporeal circulation of biological, cell-containing fluids
such as blood.

Peristaltic characteristics were computed for combinations of values of the input parameters.
Pumping capability decreases linearly as the flow volume rate of the pumped fluid increases. The
pressure rise strongly depends on relative occlusion. For shear-thinning fluids, the inclination of the
characteristic rises drastically, meaning that the pumping potential decreases significantly. As an ex-
ample, for a fluid with a power index n = 0.5, the pressure potential at the pump outflow decreases
by an order of magnitude compared to that of a Newtonian fluid. The maximum volumetric flow
rate that can be pumped also decreases for shear-thinning fluids.
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Chapter 6

Pulsatile flow with balloon pumping

Synopsis

Balloon pumps are employed to assist cardiac function in cases of acute myocardial infarction,
ventricular arrhythmias, cardiogenic shock, unstable angina, refractory ventricular failure or cardiac
surgery. Counterpulsation through increasing the diastolic pressure and reducing the systolic pres-
sure, increases coronary perfusion and assists the heart to pump more blood at each contraction. An
extracting - contracting balloon modifying Poiseuille flow in a straight circular duct is examined in
this study. The balloon is spheroid shaped with length of its minor axis, which is perpendicular to
the flow direction, changing in time following a sinusoidal law. The inlet flow volume rate is steady
while the rate, fluid volume leaves the duct, varies in time due to the presence of the balloon. For
pulsation frequency 60 pulses/min, the pressure difference across the pulsating balloon exhibits sig-
nificant phase lagging behind the outflow volume waveform. The outlet pressure depends on the
balloon radius oscillation amplitude and is computed for a range of such. The flow field around the
spheroid, periodically expanding - contracting balloon in the steady flow stream is presented.

6.1 Introduction

Blood flow in large arteries is laminar pulsatile, namely a superposition of Poiseuille flow with os-
cillating flows, described by a Fourier series with fundamental frequency that of the cardiac rhythm
[McD55]. Womersley developed a method for calculating velocity, rate of flow, and viscous drag
in arteries when the pressure gradient is known, which is commonly referred to as the “"Womersley
problem” [Wom55].

The inverse Womersley problem, namely the determination of the time varying flow field given
the evolution in time of flow rate through a circular pipe, is addressed by Tsangaris and Stergiopulos
[TS88]. An equation expressing the developed flow velocity profile as a function of the time deriva-
tive of the flow rate is derived and integrated using finite differences. First order approximation is
used for time derivatives and second order central scheme for the spatial derivatives.
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The intra-aortic balloon pump (IABP) setting is used to contribute to the heart driven pulsatile
flow. Treatment with intra-aortic balloon pump (IABP) is found to have positive impact if received by
patients facing situations as unstable angina, acute myocardial infarction, ventricular arrhythmias,
acute ischaemic mitral regurgitation, post infarct ventricular septal rupture and percutaneous coro-
nary intervention (PCI) [Par+16]. Using an in vitro bench, the increase of cardiac output under IABP
treatment is examined by Xie et al. [Xie+21]. The placement of an aortic stent at the upstream end of
the balloon gives augmented product of heart rate and stroke volume.

Introduced by Moulopoulos et al, the IABP increases the diastolic blood flow in the arteries and
lowers the end-diastolic arterial pressure, thus resulting in amelioration of coronary blood circulation
and decreased myocardial work without taking blood out of the body [MTK62].

IABP therapy is found to exhibit very low hemolysis rate, implantation time, risk of limb is-
chaemia, anticoagulation and postimplantation complexity, compared to other cardial assistance de-
vices. The surplus of left ventricle output created by the IABP is fairly low for patients with severe
cardiogenic shock (CS) and the use of this kind of mechanical circulatory support assumes the ab-
sence of critical arrhythmia [OH12].

In vitro experiments and clinical study of the role of arterial stiffness in IABP therapy are pre-
sented by [Pap+02; Pap+04]. They find that augmentation of the arterial stiffness leads to the reduc-
tion of systolic and the end-diastolic aortic pressure. Arterial stiffness is found to be more important
than arterial pressure for the effectiveness of IABP and is a potential additional parameter for decid-
ing the use of IABP. Applanation tonometry is proposed for compliance measurements and stiffness
gain via pharmacological interventions.

The TABP-SHOCK 1I trial concluded that the use of IABP had no positive effect on mortality
within 30 days comparing to conventional treatment in patients suffering from cardiogenic shock
following a myocardial infarction [Thi+12]. Such patients, who receive primary PCI in combination
with IABP therapy, are found to exhibit lower mortality rate and better in-hospital outcome [AW+10].

The outcome of IABP-SHOCK II trial is reexamined by Mandawat and Rao [MR17]. They high-
light that a larger number of patients should be included to detect the effects of IABP therapy. It is
asserted that a sample where severe CS is more represented should be chosen for the effect of IABP
in case of heart failure to be investigated. IABP treatment reduces death rate in conjunction with
thrombolytic therapy and increases it when applied in patients undergoing primary PCI [Rom+13].
In case of severe cardiogenic shock, IABP is a candidate bridge to more adequate therapies.

The use of IABP soon after cardiogenic shock occurs, is suggested as reasonable in patients mostly
in hospitals, where more suitable mechanical coronary support devices are not available [Ros+21].

A rigid duct model for the thoracic aorta with cylindrical shaped IABP is examined by Bruti
[Brul5]. Pressure boundary conditions are imposed at both ends of the vessel, which are obtained by
a zero dimensional model of the arterial system.

Computation of the flow field around the IABP during pulsed cardiopulmonary bypass (CPB) by
Gramigna et al. [Gra+15a] showed increased perfusion during balloon inflation through the innomi-
nate, the left carotid and the left subclavian arteries. It also recorded transition from a rotational flow
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to an untwisted one in comparison with non-pulsatile CPB.

Different sizes and positions of the IABP are studied by Caruso et al. [CRF17]. They find that flow
volume through renal, mesenteric and iliac arteries increases by decreasing the maximum balloon
volume and the distance of the balloon from the left subclavian artery. The IABP therapy weaning
process is calculated by Caruso et al [CGF19].

Using their zero-dimensional framework for the simulation of the cardiovascular system and
mechanical circulatory and ventilation support [DL+22], De Lazzari et al. verify the measured flow
patterns present in the case of hemodynamic flow with an IABP for various timing ratios [DL+20].
The blood flow through the aorta in presence of IABP or/and extracorporeal membrane oxygenation
(ECMO), is studied by Gu et al. [Gu+19; Gu+22] using a finite element model.

In the present work, an expanding - contracting balloon, modulates the steady incoming flow
of a circular cross-section pipe. The compliance of the containing vessel is considered negligible.
The Womersley number of the flow refers to 60 pulses per minute and the Reynolds number gets
value corresponding to mean blood flow through the human thoracic aorta during a cardiac cycle.
The output pressure wave of the configuration is presented and the correlation with the balloon
volume change rate is discussed. The presentation of the time evolving velocity and pressure fields
around the prolate spheroid shaped, sinusoidally pulsating balloon is an additional contribution of
this research, clarifying the flow details of balloon pumping in this setting.

6.2 Methodology

6.2.1 Vessel model

A schematic of the pump is shown in Figure 6.1. The containing the intra-aortic balloon pump vessel
is modeled as a straight tube of circular cross-section. The radius of the artery is r, and its length is
L.

—V
Ty
Jdv
7/'

2 Y

Y

Y

X

Figure 6.1: Schematic of the prolate spheroid balloon and the coaxial to it, surrounding pipe.

The balloon shape is that of a prolate ellipsoid of revolution. The spheroid major axis identifies
with the artery axis of symmetry and its middle is at the longitudinal position x;. The balloon surface
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in Cartesian coordinates follows the equation

(x — x7)? e b2
+ + =1, |x—x| <ap, Bu(t) <ra, 1(t) <Ta 6.1
a2 5,20 T (D) [x — x| <ap, Po(t) Yo (t) (6.1)

where «;, > B, = 7, are the corresponding semi axes. The major semi axis length is steady in time

while the median and minor semi axes vary in time following a cosine law

Bu(t) = 71u(t) = ryo — Apcos <2Tnt> , (6.2)

where T is the period of the oscillation.
Consequently, the balloon volume evolves in time as

2
V(t) = %n-sz Bu(t) - p(t) = %71 Swp (T’bo — Aycos (?t)) ) (6.3)

Hence, the fluid volume through the outlet i.e. the pulsating flow volume rate is

av Ay
Qout(£) = Qi (t) + dl(f) — Qu(b) + g e bT” (2 Ty - sin (ZT”t) — Ay -sin (%t)) (64

The geometric values of the pump are presented in Table 6.1. The vessel radius is taken as the
mean value of the aorta radius at the correspondence of the aortic arch and of renal arteries, respec-
tively, of the work of Caruso et al. [CRF17].

Table 6.1: Values of the geometric quantities of the simulation.

Quantity value (cm)
s 0.925
I, 18 (for Q;,, = 0.01L/s), 40 (for Q;, > 0.01L/s)
Xp 3
50 0.32,0.36, 0.44
Ay 0.02, 0.06, 0.14
X] 7

The inlet and outlet flow volume rate curves are depicted in Figure 6.2.

The fluid properties for the simulation are as in Table 6.2.

Table 6.2: Values of the fluid properties in the CGS system of units.

Quantity value
dynamic viscosity p 0.04 g/ (cm-s)
density p 1.06 g/cm?®

For period T = 1s, the nondimensional frequency parameter (Womersley number) of the pulsat-
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Figure 6.2: Inlet and outlet flow volume rate of the balloon pump for Q;, = 0.01 L/s, rpp = 0.32 cm
and A, = 0.02 cm.

ing flow is
a:mw%:rw%, (6.5)

where w = 2771 is the angular frequency of the balloon oscillation.

6.2.2 Boundary conditions

By employing cylindrical coordinates (x,r,6) for the axial, the radial and the tangent direction re-
spectively, the velocity is expressed as (u, U, Uy), where U, is the radial velocity component and Uy
is the peripheral velocity component.

On the inner boundary, namely on the surface of the balloon, fixed boundary conditions are im-

posed
2 2
u('xlrlelt (x ;l) 1; :1/ |x_x1|<ab>:0
Xp By (t)
(x — x7)? r? or(x,t) 2A, . (27
U, (x,r,@,t 2 +,Bb2(t) =1, |x—x|<a ) = 5 = a%—(x—xl)z- T sin (7t>
2 2
Uy (x,r,@,t (x ;Cl) + rz =1, x—xz|§ab):0.
Xp By~ (t)
(6.6)

On the outer boundary of the computational domain, mixed boundary conditions are imposed.
At the inlet, only the axial velocity is non-zero with a parabolic profile

. 2., .2
u(x =0,r,0,t) = 7%:22 <1 _Y rj—zz )

U(x=0,r6,t)=0
Up(x =0,7,6,t) =0.
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At the vessel wall, no slip condition is set

u(x,r =rq,0,t) =0
U (x,r =71,6,t) =0 (6.8)
Up(x,r =1,,6,t) =0.

At the downstream end of the tube, zero longitudinal derivative of the velocity is demanded

Ju

a(x:la,r,(),t):()
oy,

"(x = = 6.9
e (x=1,71,6,t) =0 (6.9)
aUy

py (x =1,,1,0,t) =0.

Taking advantage of the symmetry of the geometry and the flow field and taking into consider-
ation the structure of the solution algorithm, a quarter cylinder geometry is examined. Symmetry
boundary conditions are imposed at the two longitudinal section planes i.e. steady meridional ve-
locity with respect to the tangent direction and zero peripheral velocity

Ju ou T

ﬁ(x,r,ﬂ =0,t) = %(x,r,() = E't) =0
w(x,r,G—O,t)—W(x,r,(?—i,t)—o (6.10)

Up(x,7,0 =0,t) = Ug(x,1,0 = g,t) =0.

6.2.3 Space and time domain discretization

Blood perfusion in large arteries can be considered Newtonian [FQV09] and with negligible com-
pressibility [AB71] for the range of human hematocrit values, therefore, flow Equations (2.115) and
(2.117) are solved on both curvilinear and Cartesian underlying mesh. In the first case the boundary
conditions at the curved surface of the cylinder are set exactly while in the second, they are imposed
by interpolating between the closest triangle of fluid nodes and the neighboring immersed boundary
nodes as for the immersed bodies. To certify independence of the solution from the computational
grid, meshes of increasing density are used. The concluding, finest curvilinear and Cartesian under-
lying grids utilized, are presented in Figure 6.3 and Figure 6.4 respectively, where the difference in
the way the boundary conditions on the curved surface of the cylinder are assigned, is apparent.
The curvilinear consists of 80 x 80 nodes in a parallel plane to the cylinder vessel base, while the
Cartesian consists of 97 x 97 nodes. Both the curvilinear and the Cartesian grids in the flow direction
in the interval 3.6 < x < 10.6 consist of cells with dx = 0.02 cm. In the region 0 < x < 3.6, éx follows
a geometric sequence starting from the value dx = 0.08 cm and concluding to éx = 0.02 cm. Finally,
downstream of the balloon, within the region 10.6 < x < 18, dx increases, following a geometric
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Figure 6.3: Inlet velocity contours of 3d pie-shaped wedge for Q;, = 0.01 L/s and the 80 x 80 curvi-
linear structured computational grid.

sequence with first term dx = 0.02 cm and last 6x = 0.12 cm. The total number of nodes in the axial
direction is 558. For a Cartesian mesh consisting of 66 x 66 x 410 nodes in the transverse plane and
the flow direction respectively, the maximum difference in outlet pressure comparing to the finest
Cartesian mesh is 0.7 %. The respective difference in outflow velocity at the center of the pipe is 0.019
cm/s.

The pulsating balloon is triangulated by a 31206 nodes and 62408 elements grid and the aorta
discretization consists of 72756 nodes and 145508 elements as shown in Figures 6.5, 6.6. Increased
accuracy is required for the epsilon constant of Moller and Trumbore algorithm (Algorithm 2), used
to decide whether the ray is parallel to the triangle for determining the relative position of a node

and the immersed balloon (e = 10~ 15).
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(a) Balloon dense quarter.
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Figure 6.6: Surface grids of prolate spheroid pulsating balloon and pipe, along with their integration
in the computational domain.

Time integration is performed with steps of magnitude ¢ = 0.00002.

6.3 Results

The resulting velocity vectors on a plane defined by the cylinder main axis and a generator axis of
the cylinder, are depicted in Figures 6.7 and 6.8.

The inlet parabolic profile at the pipe cross-section, transitions to a toroid profile around the
pulsating balloon’s lengthwise center, with a cross-section resembling that of the oscillating flow
over the cross-section of an annular pipe [Tsa84]. Downstream of the balloon, the radial velocity
component tends to restore the maximization of the longitudinal velocity profile on the pipe axis.
The maximum, over the cross-section, vectors are of larger magnitude near the inlet and shorter at
the balloon region, as expected by mass conservation.

Axial velocity contours are given in Figures 6.9 and 6.10. At the part of the period where the
balloon volume change rate increases, the outflow volume rate increases. The maximizer of Equation

(6.4) is
2
"h0 "o
KU (4
a, a2
6.11)

argmax Q¢ (t) = =—— arccos ,
te[0,T) ! 21 4

for which a dark red region emerges near the outflow. For the rest of the period, where the balloon
volume change rate decreases, the outflow volume rate follows the same trend. For t = 3T /4 the
longitudinal velocity near the outlet, is minimal. The low velocity region near the outer wall has
smaller thickness in the region 4 < x < 10, where the balloon is placed, due to the viscous effects in
the duct between the wall and the moving surface of balloon.
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Figure 6.7: Velocity vectors on a meridional plane, for balloon pulsating according to Equation (6.2)
with inlet velocity profile given by Equation (6.7), for 8 instances during the period (left side titles
refer to the fraction of the period T). The inlet volume rate is Q;, = 0.01 L/s, 159 = 0.32 cm and
Ap = 0.02 cm.

91



- > > > = — e — = e e . = = = =
= = = = e f— = = = == ==, =, =, j—y =
—_ = = = — . —=
0 — — _— —
e e e —— —_ — —
S _— — = — — T T = = —— — fr— —
— ——’_.-’/v__-“' — — = = = — e = = = ==
= —— — = = = = —
e — S —_ pr—
e S =
- > > > = e = e = = = e = = = =
= = = = j—— —— . —
pr—
0 = j— s s S =
— s ——5 ————
~N b— —_— B E— — —
— —_— = — — ——
= — —— s ——= — — _ e —> —
= — —— = — — — = = = — — _— — = =
—
s —— = = — T = = —
——— = p—
e — = —
- > > = = jry = = = s = e = = e = :
= = = = —_— jr——y e
0 — j— — = s s —— .
% = = = S ——= — :
- — — s s " T —— — N ————
N— — —= — " = =" = —— ——— ——————————>:
—_— ’——75§ f, > e — e —— ——;__:'—“ ‘—*_—:—»*—bﬁ“
—_— —— — p——— = —:
——
—_— —_— —
e s —
- - > = = = = = = = = = = |y — [
= = = — — — —_, — ., —
00 — — = = — — ——— —
— i — e e — —— —
PN — f— —, = = = — — — —_—
m —_— —_— ———> — e ——
f— — j—__’/ - f— _— — f— —rem— _ S T
—_— — _—
/')"// — —— e —
———— = p—
= —
e —— = —
e — f—
- > > = — = = i e e — — - > - :

= = = — _— = ., —=. = =
0 — jr—— pm—— — —_— — —_— e /=, ==
fr— —_— —_— — ——— —_—
~—_— — —, = —— ——— — —_— = — —
N = = == === = = = > = = p— _— " —=
= = — — > - —
—_— === = e
e

|

- = > = = = = = = = = = - = - :
— —_— — —_— — — —_— — —— —— —— — —_ -
0 = — — s — — —_— = — — :
S= = == === —= _ == == == == == =
N=—"—7 —= —— —==—=" =—— — = == = = = = = ==
_ = = —— — = = = ==
—_—— —— = < == ——
=== S
—— ES
- = > = = = = = — = = > S = - -
= = = = ==, — s /e /= /e /= = = = = =
0 — — = —=, —= = — —= — —— ==
~— —— — —_— 5 5 — —— ——— —— — — — — f— f— f——
== — —— —==——== —F — == = = = = = = = =
= = —— == = = = = = = = = = ==
—_— —— — e = o
— 2 =
e ES
- > > > = = = = = = = = = > > =
= = = = = = — = s . = = = = =
w—» —_— — — P— —_— — — — —
P —— j— S e —— —— T — j— j— j— j—
N —= —= = = = = = =" =T = = = ——

—_— = — — — — - - - —-

|
/;
l
l
Wl

[, Jr—
[o )
~ —
00 =—

9 10

Figure 6.8: Velocity vectors on a meridional plane, for balloon pulsating according to Equation (6.2)
with inlet velocity profile given by Equation (6.7), for 8 instances during the period (left side titles
refer to the fraction of the period T). The inlet volume rate is Q;;, = 0.01 L/s, 149 = 0.36 cm and
Ap = 0.06 cm.
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Figure 6.9: Axial velocity contours on a meridional plane, for balloon pulsating according to Equation
(6.2), with inlet velocity profile given by Equation (6.7), for 8 instances during the period (left side
titles refer to the fraction of the period T). The inlet volume rate is Q;, = 0.01 L/s, r49 = 0.32 cm and
Ap =0.02 cm.

Radial velocity contours are given in Figures 6.11 and 6.12. At the position where the incoming
fluid velocity profile attacks the balloon, a high radial velocity region is created, as the streamlines
curve in order to adjust to the geometry. The length of the high radial velocity component region gets
grosso modo higher values during inflation than during deflation.

Axial and radial velocity profiles for 8 instances in time and 24 axial positions are given in Figures
6.13-6.28. Downstream of the intersection of the three perpendicular ellipsoid planes of symmetry,
negative radial velocity component values emerge. The radial velocity component has its maximum
in space at the point where the input stream attacks the balloon and in time at t = T/2

max U,(x,0,0,t) =217 cm/s.
X,
The minimum in time, maximum value for the radial velocity emerges for t = 6T /8

rntin (m]?x U, (x,0,6, t)) =1.88 cm/s.
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Figure 6.10: Axial velocity contours on a meridional plane, for balloon pulsating according to Equa-
tion (6.2), with inlet velocity profile given by Equation (6.7), for 8 instances during the period (left
side titles refer to the fraction of the period T). The inlet volume rate is Q;,, = 0.01 L/s, 9 = 0.36 cm
and A, = 0.06 cm.

For x = 15 the maximum cross-section axial velocity is on the aorta axis.

The evolution of the outlet pressure, poyu, in time is given in Figure 6.29.

The mean value of the waveform of the outlet surplus pressure, with respect to the inlet, is —4.319
Pa for Q;, = 0.01 L/s, rpo = 0.32 cm and A, = 0.02 cm.

The phase shift between the maximization of the outlet flow volume rate and the pressure gradi-
ent is found to be almost independent of 1,y and A;. For Q;,, = 0.01L/s, rp9 = 0.32 cm and A, = 0.02
cm has the value

te[0,T) t€[0,T) 100

op =2m (arg max poyut () — arg max Qout(t)> = 1097 _ arccos (4 — @) = 0.570257,

which is typical for large Womersley numbers [Zam00].
Pressure distribution contours are given in Figures 6.30 and 6.31. Output pressure rises for the
late most part of balloon inflation phase and falls for the late most part of the balloon deflation phase.
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Figure 6.11: Radial velocity contours on a meridional plane, for balloon pulsating according to Equa-
tion (6.2), with inlet velocity profile given by Equation (6.7), for 8 instances during the period (left
side titles refer to the fraction of the period T). The inlet volume rate is Q;, = 0.01 L/s, 0 = 0.32 cm
and A, = 0.02 cm.
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Figure 6.12: Radial velocity contours on a meridional plane, for balloon pulsating according to Equa-
tion (6.2), with inlet velocity profile given by Equation (6.7), for 8 instances during the period (left
side titles refer to the fraction of the period T). The inlet volume rate is Q;;, = 0.01 L/s, 150 = 0.36 cm
and A, = 0.06 cm.
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Figure 6.13: Axial velocity profiles for t = 0T /8 (continuous line), for Q;,, = 0.01 L/s, 1,9 = 0.32 cm
and Aj = 0.02 cm. The dashed line indicates the balloon profile.
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Figure 6.14: Radial velocity profiles for t = 0T /8 (continuous line), for Q;,, = 0.01 L/s, 9 = 0.32 cm

and Aj = 0.02 cm. The dashed line indicates the balloon profile.
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and A = 0.02 cm. The dashed line indicates the balloon profile.
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Figure 6.15: Axial velocity profiles for t = T/8 (continuous line), for Q;, = 0.01 L/s, 1,9 = 0.32 cm

x0=0.01 X0=3 xp=3.5 Xo=4 Xo=4.5 Xp=5
N )Y
. =Z -— ==
X0=5.5 x0=6 x0=65 Y x=7 2 0 x=752 0 y-g 2
BRI N
x0=8.5 X0=9 x0=9.5 x0=10 x0=10.5 xp=11
AN ! C v ( (
B S R - -
xp=11.5 xp=12 xp=12.5 x0=13 xo=14 xp=15
( ( [
\ o 'Od‘\o o %\O o _06\\0 o %\\O o %\0 ° g
‘© o)

2y % 2 %
radial velocity U, (cm/s) — axial coordinate xg + x(cm)

Figure 6.16: Radial velocity profiles for t = T /8 (continuous line), for Q;, = 0.01 L/s, rpp = 0.32 cm

and Aj = 0.02 cm. The dashed line indicates the balloon profile.
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Figure 6.17: Axial velocity profiles for t = 2T /8 (continuous line), for Q;,, = 0.01 L/s, 1,9 = 0.32 cm
and Aj = 0.02 cm. The dashed line indicates the balloon profile.
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Figure 6.18: Radial velocity profiles for t = 2T /8 (continuous line), for Q;,, = 0.01 L/s, 9 = 0.32 cm
and Aj = 0.02 cm. The dashed line indicates the balloon profile.
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Figure 6.19: Axial velocity profiles for t = 3T /8 (continuous line), for Q;,, = 0.01 L/s, 1,9 = 0.32 cm
and Aj = 0.02 cm. The dashed line indicates the balloon profile.
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Figure 6.20: Radial velocity profiles for t = 3T /8 (continuous line), for Q;,, = 0.01 L/s, 9 = 0.32 cm
and Aj = 0.02 cm. The dashed line indicates the balloon profile.
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Figure 6.21: Axial velocity profiles for t = 4T /8 (continuous line), for Q;,, = 0.01 L/s, 1,9 = 0.32 cm
and Aj = 0.02 cm. The dashed line indicates the balloon profile.
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Figure 6.22: Radial velocity profiles for t = 4T /8 (continuous line), for Q;,, = 0.01 L/s, 9 = 0.32 cm
and Aj = 0.02 cm. The dashed line indicates the balloon profile.
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Figure 6.23: Axial velocity profiles for t = 5T /8 (continuous line), for Q;,, = 0.01 L/s, 1,9 = 0.32 cm
and Aj = 0.02 cm. The dashed line indicates the balloon profile.
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Figure 6.24: Radial velocity profiles for t = 5T /8 (continuous line), for Q;,, = 0.01 L/s, 9 = 0.32 cm
and Aj = 0.02 cm. The dashed line indicates the balloon profile.
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Figure 6.25: Axial velocity profiles for t = 6T /8 (continuous line), for Q;,, = 0.01 L/s, 1,9 = 0.32 cm
and Aj = 0.02 cm. The dashed line indicates the balloon profile.
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Figure 6.26: Radial velocity profiles for t = 6T /8 (continuous line), for Q;,, = 0.01 L/s, 9 = 0.32 cm
and Aj = 0.02 cm. The dashed line indicates the balloon profile.
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and Aj = 0.02 cm. The dashed line indicates the balloon profile.
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Figure 6.27: Axial velocity profiles for t = 7T /8 (continuous line), for Q;,, = 0.01 L/s, 1,9 = 0.32 cm
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Figure 6.28: Radial velocity profiles for t = 7T /8 (continuous line), for Q;,, = 0.01 L/s, 9 = 0.32 cm

and Aj = 0.02 cm. The dashed line indicates the balloon profile.
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Figure 6.29: Pressure po,: — pin during a period for various values of 7,y and Ay.
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Figure 6.30: Pressure contours on a meridional plane, for balloon pulsating according to Equation
(6.2), with inlet velocity profile given by Equation (6.7), for 8 instances during the period (left side
titles refer to the fraction of the period T). The inlet volume rate is Q;, = 0.01 L/s, r49 = 0.32 cm and
Ap = 0.02 cm.
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Figure 6.31: Pressure contours on a meridional plane, for balloon pulsating according to Equation
(6.2), with inlet velocity profile given by Equation (6.7), for 8 instances during the period (left side
titles refer to the fraction of the period T). The inlet volume rate is Q;, = 0.01 L/s, r49 = 0.36 cm and
Ap = 0.06 cm.

The outlet longitudinal velocity profiles are given in Figure 6.32.
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Figure 6.32: Outlet axial velocity profile 1y, (7) sampled 8 times during the period. The inlet volume
rate is Q;;, = 0.01 L/s, rpp = 0.32 cm and A, = 0.02 cm.
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The difference of the outlet and inlet axial velocity profiles is given in Figure 6.33.
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Figure 6.33: Difference between outlet axial velocity profile u,,:(r) and inlet axial velocity profile
iy (1), sampled 8 times during the period. The inlet volume rate is Q;, = 0.01 L/s, 0 = 0.32 cm and
Ap = 0.02 cm.

6.4 Discussion

The flow around an intra aortic balloon pump is studied, where the pulsating closed surface mem-
brane is spindle-shaped, with oscillating equatorial radius magnitude. The Womersley number is
11.936 which corresponds to the periodic cardiac flow in the human aorta. The mean Reynolds num-
bers used are 182, 730 and 1515. The lower value corresponds to inlet flow Q;, = 0.01 L/s, while
the higher value corresponds to inlet volume Q;, = 0.0833 L/s, which is the average resting cardiac
output for both trained and sedentary individuals [CGF19; Cif20; HunO5]. The flow fields computed
via a) structured curvilinear meshes, body fitted at the vessel geometry and b) structured Cartesian
meshes, considering the vessel an immersed boundary, are in good agreement.

The radial velocity field exhibits maximum intensity for t = T /4, triggered by the maximization
of the balloon surface oscillation velocity. The most extended intensely negative region emerges for
t = 3T/8 as the result of large balloon oscillation displacement and high flow volume rate (Figure
6.12).

The outlet pressure is not in phase with outlet velocity. As shown in Figure 6.31, for the time
instances t = 3T/4 tot = 5T /4, the pressure distribution is non-monotonic with respect to the
streamwise direction and gets its minimum values near the lengthwise position of the balloon center
of symmetry, where the cross-section area minimizes.

For identical lower extreme position of the balloon small axis length oscillation, the amplitude of
the membrane oscillation and the pressure fluctuation are positively correlated. For larger Reynolds
numbers and for identical oscillations, the output pressure with respect to the inlet, gets lower values.
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The enhanced importance of inertia results in significant lagging of the output pressure curve be-
hind the flow volume rate curve [Zam05]. The phase difference between the maximum flow volume
rate and the maximum outlet pressure is found to be independent of the amplitude of oscillation and
the equilibrium position and to increase slightly for middle Reynolds number cases.

Because of the balloon pulsation, the vessel outlet velocity profile is not parabolic as in the inlet
and the maximum axial velocity is notably lower, in comparison to the Poiseuille value correspond-
ing to the flow rate (Figure 6.32). The high value of the nondimensional frequency parameter (11.936),
which results to increased relative significance of the inertia effects leads to flattened velocity profiles
around the axis, near to the outlet [Wes+19]. Downstream of the balloon, at sufficient distance from
it, shear stresses are significant at the wall vicinity and are almost absent at the flow core [Kis09].

Near the outlet of the pipe, where the flow is developed, the simplified form of the Navier-Stokes
equations

?u 1ou 1ou 19

FERE i ©12
is linear for the velocity profile and pressure [Nic+22]. Therefore, in cases where the steady and the
time dependent pressure gradient parts coexist, they satisfy independently Equation (6.12) [Uch56;
Ver60]. As shown in Figure 6.33, the effect of the pulsation of the balloon at the outlet is more intense
for radii in the middle of the narrowest duct created by the inner and outer solid boundaries.

6.5 Summary

The computation of the laminar flow around an ellipsoidal expanding-contracting balloon with equal
median and minor axes and with major axis at the direction of the flow, in a straight pipe of circu-
lar cross-section is conducted. The minor axis length is oscillating sinusoidally with period that of
the cardiac pulse. The inflow is considered a developed Poiseuille profile. The effect on pressure
of the balloon volume evolution is investigated and the corresponding pulsating flow produced is
described. The flow field around the dilating-shrinking body is documented analytically.

Successive step of the current study is the use of the framework presented, augmented with fluid-
structure interaction to take under consideration the compliance of the artery [Wom57]. Moreover
the cardiac output pulse could be substituted for the steady inlet velocity and the IABP timing could
be used to simulate the three-dimensional flow around the IABP in the human aorta.
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Chapter 7

Conclusions

7.1

Thesis central points

By recapitulating central points of the thesis, the following are noted:

The immersed boundary method (IBM) used, is recommended as adequate for the simulation
of the flow manipulation, where moving rigid or deformable solid parts are involved. The
solution domain discretization mesh is constant in time, hence, the demanding procedure of
mesh generation is substituted by the notably less challenging goal of surface tracing. Each
simulation demands less effort for the discretization part and significantly less processing time.

Larger values of the control surface length, ceteris paribus, for the backward facing step, results
to increased steadiness for the detachment location of the upper wall and higher maximum for
the upper wall reattachment position location. As a consequence of this increase of the length,
the longitudinal oscillation amplitude of the lower wall bubble reduces.

Passive elastic surface means interacting with the main flow are found to be an efficient way
for the recirculation control of steady and time varying flow fields. By supplying suitable ex-
ternal pressure and without an energy source, a membrane can suppress flow separation to a
significant extend.

Biological flows are in majority governed by constitutive equations with shear dependent co-
efficients. The curvilinear immersed boundary algorithm is found to give predictions of non-
Newtonian behavior in accordance with those of body adapted methods.

Analysis of peristalsis in straight peristaltic pumps, shows multi-cylinder settings to confer
advantages over unimodal squeeze wave ones. Parallel and perpendicular to the wave velocity,
velocity gradient fields are less intense for multi modal waves. Pumped fluids, therefore, are
subjected to lower levels of shear rate and suffer shear stresses of less magnitude. Another
positive feature of multimodal waves is the unidirectional longitudinal flow at the full length
and width of the pump, tackling the implications of reversed flow.

109



7.2

Shear thinning generalized Newtonian fluids are set in motion under lower values of reverse
pressure gradient than Newtonian. Slopes of peristalsis characteristics of fluids with pseudo-
plastic behavior are negatively correlated with Bird-Carreau power index. Pumping of this
category of fluids demands less work.

Outlet pressure of an intra-aortic balloon pump maximizes at an approximately constant time
instance during the pulsation period almost independently of the central value of the small axis
length or its oscillation amplitude. For the same frequency, higher peak to peak outlet pressure
is the result of the augmentation of peak to peak balloon volume.

Contribution of the dissertation

In the present dissertation we shed light on flow control in various cases of interest, using the im-

mersed boundary method. The main contributions of this work are summarized here:

7.3

The curvilinear immersed boundary method is applied for the prediction of flow fields with
varying in time fluid volume. The fluid-structure interaction with deformable bodies is added
to the algorithm. Solid response is that of an elastic membrane whose governing equation is
weakly associated with Navier-Stokes equations. The procedure is implemented in steady and
unsteady cases.

Active control of a separation bubble via an oscillating surface is studied, using steady compu-
tational meshes. In addition to the role of amplitude and frequency, the longitudinal extension
of the active surface is taken under consideration.

Fluids pumped by contraction waves or by pulsation, often do not comply with linear constitu-
tive equations. The solver is extended to include fluids following time-independent nonlinear
constitutive equations such as cases of the Carreau-Yasuda rheology model.

A way of confronting the standard issues of negative axial velocities and limitation of shear
stresses in peristaltic pumping is proposed. Increasing the multitude of periods of the wave-
shape is investigated and found to achieve good performance in these directions.

The pumping characteristics of peristalsis for straight pumps are presented for Newtonian and
non-Newtonian fluids and for several values of the relative occlusion.

Pulsatile flow engendered by a spheroid balloon in a cylindrical duct is modeled. Pumping per-
formance for a range of the inflow volume rate value and balloon volume oscillation amplitude
are analyzed and the flow field through the apparatus is described.

Publications

Part of the current work has been/is published as:
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Recirculation control

¢ 9th International Conference on Experiments / Process / System Modeling / Simulation /
Optimization, Athens, 7-10 July 2021

* Josif Moulinos, Christos Manopoulos, and Sokrates Tsangaris (2022) “Computational Analysis
of Active and Passive Flow Control for Backward Facing Step”, Computation 10(1), 12: https:
//doi.org/10.3390/computation10010012

Peristalsis

¢ 9th International Conference on Experiments / Process / System Modeling / Simulation /
Optimization, Athens, 7-10 July 2021

¢ 9th Panhellenic Conference on Biomedical Technology, Aristotle University of Thessaloniki, 9-
11 September 2021

¢ Josif Moulinos, Christos Manopoulos, and Sokrates Tsangaris (2021) ”A Computational Analy-
sis for Active Flow and Pressure Control Using Moving Roller Peristalsis”, Computation 9(12),
144: https://doi.org/10.3390/computation9120144

Balloon pumping

¢ Josif Moulinos, Christos Manopoulos, and Sokrates Tsangaris (2023) “Modification of Poiseuille
flow to a pulsating flow using a periodically expanding - contracting balloon”, Fluids 8(4), 129:
https://doi.org/10.3390/f1uids8040129

7.4 Future directions

Further progress on the research presented in this thesis can be made by expanding on the following
topics.

* More sophisticated variants for the solid response are of interest. Three dimensional stream in
interaction with a surface membrane with pressure - deformation equation of the form

Pg(x,y,t) | *g(xyt)\ _
Tm ( ax?_ + ayz ) - _(pE(xly/ t) - pz(x/yr t))/ (7.1)

allows the control in more complex flow field cases, such as the flow over a finite depth three di-
mensional backward facing step with frictional side walls. Research on the scheme determining
the pressure on the immersed boundary surface, by extrapolating from the immersed bound-
ary nodes or/and fluid nodes, ameliorates the accuracy of the FSI procedure. The widening of

the analysis at the turbulent counterpart of the examined flow remains open.
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¢ Natural and engineering peristaltic applications span a wide range of geometric configurations.
Study of pumping in settings such as in rubbing circular cross-section elastic tube by a torus
contracting ring or in rectangular cross-section elastic tube, will lead in more comprehensive
understanding of the peristaltic mechanism parameters. In the 2a x 2b rectangular tube setting,
Equation 5.5 is substituted for

irth
W= 0,9.2) = 122Q [ 1924 i tanh (ﬂ)
' 7-[3 7T5b i=2n+1,
nelNs . (7.2)
L ()| ()
i=2n+1, cosh <lb> P
nelN 2u

where Q is the flow volume rate.

e Optimization of flow control under suitable objective functions of interest using methods of
Chapter 1 is an exciting area of further examination. Optimization arguments of importance
for the flows presented are among others the membrane parameters (tensile load, external
pressure), the peristalsis waveshape and the shape and position of the pulsating balloon of
the IABP.

¢ Cylindrical coordinate form of the Navier-Stokes equations reduces the computation time of
axisymmetric flows, by reducing their dimensionality and also is expected to increase the com-
putation accuracy because of the lower error levels of the discretization in two dimensions.
Pulsatile flow in the compliant human aorta is the successor of the research in the rigid aorta
presented. More progress in this line of research consists the simulation of the complete human
arterial system in terms of flow rate and pressure propagation, considering zero order model
for the main arteries (excluding aorta).
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pe tn péBodo Tov epPfamTiopévou opiov

Iwonie K. MovAivog
Adaktopikr] Statpift
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IMepiAnyn

O é\eyxog ponjG ATOTEAEL TNV ATDOTEPT) EPAPHOYT] TNG PELGTOSUVOULKTG. M1 TOPAPOPPOCLIUX KoL TTopO-
HOPOOGLHLO KLVOOHEVA GTEPEQ PEPT) XPTOHOTOLODVTOL GE TANBDPA TEXVIKOV POBULONG TWV TOUPOPETPOV
KOUL TV XXPOKTNPLOTIKOV TNG porg. H vmoloyiotikr] tpodAeEn powv mov epmintouy o€ outh] TNV Kotryopia,
HECW® KAQOOIKOV HEBOSWV e TPOCAPHOYT) GTO COUX, WITALTEL TNV ETTOVOYEVEST] TOV DITOAOYLOTLKOD TTAEY-
potog yio kébe véo Prjpa oto medio Tov drakpltod ypodvov. Xtov avtinoda, ot péBodol epPamttiopévou opiov
EMLTUYXAVOUV OAOKANPWGT) 6TO XPOVo TwV eElo®oewy pong yio HETAPAALOPEVT) GTOV XPOVO YEWHETPIO
XWPLOL PEVGTOV, XPTCLHOTOLOVTG XPETAPANTO LITOKEINEVO TAEYHA KATX TOV LITOAOYLGHO.

Ztnv mpocéyylon Sopnpévoy TAEYHATOG, 1] KAXGCT) TV YEWUETPLKOV Tedinv oTa omoio To TAEYpa elval
TPOGOPHOCLO, ETEKTELVETOUL GTUAVTLKR YLOL TNV OLKOYEVELQ TV KOUTUAOYPOpP@Y TTAEYHATWY €V GLYKPIGEL
pe exeivn tov Kapreowavov. H mpocappoyr tov viokeipevov mAéypatog oto otafepd Tpnpa Tov opiov
Tov mediov pevoTov eivor emBLUNTO XOPAKTNPLOTIKO KOOGS emLTpémeL TNV Gpeot emBOA] TV OpLOKGDY
ouvOnK®V, emttuyydvovtag petwpévn tolvmAokdtnTa TG Stadikaciag. To TpokOITOY OXHA 68 QLTH TNV
nepintwon mopovoldlel emiong avEnuévn axpifeta yio pebodovg epParttiopévou opiov mov epappolovv
oXNHOTA TTPOGEYYLONG OTLG EPPATTIOHEVEG ETLPAVELEG.

Sty mapovoa dSatpPn) epoappoleton Sopnpévn, kapmuddypoyppn pébodog epPamttiopévou opiov, emekte-
TOPEVT) HE XOPAKTNPLOTIKG XAANAETIOPAOTG PEVOTOV-TIAPAUOPPHOGLLOV GTEPEOD, YL TNV AVAAUGT) TOV

eAEYXOUL poT|G pe piot TAELdO TEXVIKDV:
o Movipn kot pn poviun amokoAAnpévn por) oe aAAnAenidpaocn pe evepyd ko moBnTikd KvoOpeveg
ETLPAVELEG
+ IleploTadTikr kiviomn yevikevpévwv NevTOVELWY PELOTOV
o TToApxr] por] atd S10yKOOHEVO - GUPPLKVOVUEVO HITAAOVL.
H épevva mpocavatorileton otnv KatedBLVOT TOV EPWTIOEWV:
« TIodg propei va petwBet to prikog g aokoAANpéVNG pong, HEGw® EVOG KLVOUHEVOL TUHHOTOG TNG ETTL-
PAVELNG TTAVK QIO TNV OTTOLAL TO OPLOKO GTPWOHA VoL ATTOKOAANHEVO;
« I1600 amodotikdg eival o EAeyyx0g NG AvakLUKAOPOPiaG péow TTadnTIKAG pepPpivng;

« ITowx eivon 1) emidpaom g TaOTNTAG, TOL TAATOLG Kot TOU TANBOUG KOPLPWDV TOL TEPLGTAATIKOD

KOHOTOG 0TV otod0TIKOTITA HETOPOPAC;

« IIodg ovpmepipépovtol kKatd TNV meploTAACT) Tar SLATUNTIKA AETTUVOHEVE PEVOTA GE GUYKPLOT) HE TO

Nevtwvela pevotd;
+ Tlog ennpedlel To TAATOG TAAGVTOONG TNG HeRPpavng TNV mieor e£6d0v avTAiog praioviov;

« Iotor mapdyovteg kaBopilovv tnv Sropopd oG PeTaEd TV KLpdTOY puBRold aAlayng 6ykov Tov

prodoviod kot mtieong e€6dov;



H pébodog epPamtiopévou opiov mov xpnopomol|fnke TpoTeiveTol wg KATAAANAT YLt TNV TIPOGOHOIWGT)
Twv pefddwv xelpaymynong g pong mov peletovrot. H mpoietn pe v pébodo epPorttiopévou oplov,
KotodmLy emékToong yia yevikevpéva Nevtovela pevotd, epgavifet vynid Pabpd cOPTTOONG He To aote-
Mopota Tov Aapavovtol atd TPOcOopoiwaT) e TG KAaooLkég pebddoug. Etodyetan 1) ehaoTikt) pepfpivn
yloe ToV €Aey)X0 TNG TOKOAANUEVNG PONG Kot arvadDeTan 1) oAANAemidpacn pevaTol - 6TePeol TNG HOVIUNG
KOt TG N LOVIpNG pong pe to mabntikod péco. Hapopetpikr) diepedvnon tov TANO0UG TV aVTLYpAP®Y TOL
KOHOTOG GLOTOANG Yo eVOVYpOpPUN TEPLOTAATIKT OVTALAL AVOOELKVOEL T TTAEOVEKTHATA TNG TTOAVKVALV-
dpng duatakng. Evdpibpa pevotd evdiapépovtog, 6nwg To aipa eivon pun Nevtodvela. Epevvaral ) enidpaon
TNG CLHTEPLPOPAG SLATUN TIKTIG AETTTUVOTG OTLG XOPAKTNPLOTIKEG AVTANoNG. Ilapovsialetal n amddoon wg
7pog TNV mieon ££6d0v ko To xpovopetafAnTd medio porg yia GvtAnon pécw paAoviod oe evBVYpappn
aptnpio.

Agterg kAerdid: Ynoloywotikr) pevotodvvapkt), E€lowoeig Navier-Stokes, Kapmvddypappn pébodog ep-
Bamtiopévou opiov, AAANAentidpaon pevotod - otepeoD, Evepyog - mabntikdg éleyyxog porg, Ievikevpévo
KOpTTUAOYpopo oV T cuvtetaypévov, EAaotikr pepPpdvn, lepiotaron, Mn Nevtovewa pevotd, IToi-

pikr} pory, Evdoaoptikn avtiio pradoviod, AvtidOnon, Blolatpikr texvoroyia
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KepaAairo 1

Elcaywyn

1.1 'EAeyyog pong

O éAeyxog porig eivau évag KAASOG TNG PELOTOSLVLKNG O OTTOLOG TPOGEAKDEL £VTOVX TO EVILOPEPOV TWV EPEL-
vNTOV Adyw NG TANBOpOg KoL TNG oNpaciag Twv eQappoydv tov. H epyacia tov Prandtl mov mapovoidotnke oto
Tpito Sebvég ouvedplo pabnpatikev to 1904, elodyovtog To opLlakd OTPORX Kol Tov Aeyxd Tov, HTov pic Topr oto
yvooTiko autd medio [Pra04; Eck17]. Meiloveg otdyoug TOU eAEYYOL TNG poTig amote AoV 0 kKaBopLopdg Tng mopoxrg
oykov, 1 peiwon tng omeBédovoag, 1 evioyvon g dvwong, 1 adénorn tng avapEng, n kataotohr Tov Bopvpou Kkat o
koBoplopdg tng mieong. O pébodor eAéyyov okomebovy cLVNOWG GTNV KATAGTOAN 1) TNV TTPOKANOT TNG WTOKOAANGTG
NG PoNG, ToV XwpLkd Tpoodloplopd tng petdfoocng amd ypappikn oe TopPmdn por kar to BeTikd 1) apvnTikd képdog
mov pootifeton otnv tOpPrn [Hak01]. T v emPorn twv {nrodpevov ouvBnkov, epappdletal evepyds, mobntikdg
N avTdpacTikdg éleyxog. IIANBmpa TeXVIKOV EAEYYOL POTIG EXOVV EPUPHOCTEL, OTWG EPPVOTIOT-AVaPPOPNCT) POT|G,
yevvrtopeg otpofilwv, pepfpaveg, mreptyta, mnyég BeppodTnTog ko nAektpopoyvntika nedio [WF18; BBC17; MMN22;
Hak00; Sto+15; BLW08; MSMO04].

Beltiotomoinomn tov eAéyyou éxel tpotabel pécw VITOAOYLGHOD TTapaydYwV evatoBnoiag, Sniadn tng cvlvyoig pe-
06d0v [GKMO0; Kia+15; Zym+13; McN+04; KTH13; Bou21; RZ10] 1j pe xprion otoxaotik®v pefddwv 6mng ol e€eAikTikol
alyopiBpol [Bin+18; AG09; Tro+12].

T Tv edpeon Tov pPéYLoTou KEPSOUG, yior SeSOUEVO GTOYO XAPAKTNPLOTIKOV TNG POTIG, EXOUV CKOHA EPAPHOCTEL
ahyopiBpor pnyavikric pabnong. Eto mhaicto tng Pabiiag padnong pe evioyvon [SB18] 1 peyiotomoinon otabpiopévng
avtopolPrig Aappavetal wg

v*(s) = max lim E,
T T—oo

T
k

Y Y Reyesn

k=0

S = S‘| ,Vs €8, (1.1)

omov v* givou n PéATIOTN oo, 7T elvon 1) ToArtikr) Tov SikToov, dNAadh 1 TbavdTHTA Tpaypatonoinong kdtolog
evépyelag oe dedopévn katdotaom, Ry k11 eivan n oporfr oto Pripa t + k + 1, Sy eivon n mapovoa katdotaot, kot S
elvorl To oVOAO TV KOTAOTACEWY oL oToieg cUY VA AopPdvovion wg kataotdoelg dadikaciag amopioewv Markov

[RK19; Rab+20; RHT20; Fan+20; RRT21; Vin+22]. ' tnv emtidvon g e€icwong 1.1 epappdletar Bellman amocvvOeor.

1.2 H péBodog epPfamntiopévov opiov

H pébodog epParttiopévou opiov etorjxOn amd tov Viecelli [Vie69] yia tn Sixyeipion Tov vypod opilov wg eAetBepn

EMLPAVELRL GTNV oTtoia aokelTon TTieor). Alyo apyotepa, o Peskin ypnoipomoinoce tn véa 1déa yioo Tov LITOAOYLOHO TNG



pong YOpw amtd kapdiokég Parfideg [Pes72]. Baoukr) tdéa tng pebddou eivan 1 meptypagr] tng SLVOHLKHG TOL PELOTOD
pe amoovlev€n Tov opiov Tov Ywpiov pevoTod amd To voloyloTikd mAéypa [TVI14]. Zto povtédo tov epPamtiopé-
vov opiov, dev vpioTatol 1 ataitnor emavayévvnong Tov TAEYHATOG Yo TNV dlakpitooinot tov mediov porig, mov
QVOKDTITEL O€ TEPUTTMOGELS VITAPENG KLVOUHEVOV COHATOV.

Kpiowo kat yapaktnpiotikd onpeio tng pebddov eivar o tpodmog pe tov omoio Aappdvovtal vdYv oL oplokég
ovvOnkeg otV epPomtiopévn empdveio. Mia amd tig mpotabeioeg texvikég emPolng Twv ocuvOnKdV amotelel 1) Tpo-
moroinon twv eElodoewv pe v tpocOnkn e€wtepikrig SOVapng mov epLypdel TV mapovaic tov opiov [LP00; MY97;
Fad+00]. Evag evallaktikdg tpodmog tng pefoddov cuvexoig Sbvapng eivon 1 Srakpitr) Sovopn ov epoppdleton amev-
Oeiag oTig Sakprromoinpéveg eEloMoELS Yl v avamapacTioel To epfanticpévo oopa. o va amogevyBel n diayvon
g e€wtepikng dVvapng oe TOAAATAODG YeLTOVIKOUG optakols kopPoug, £xovv avasttuyBel mpooeyyioelg katd Tig
oroieg 1 dvvan epappodleton amevbeiag oto 6pLo. Me tn pébodo tepvopévav kueAov avoaoynuatilovtot to LIToOAoYL-
oTKG KeALE To omToio TépvovToL amd TNV eUPATTTIGPEVT] EMLPAVELXL. Xe TEPUTTWOT) OV TO KEVTPO TOL KeALOV Ppioketal
OTNV TEPLOYT] TOL PEVGTOV, TO KeEAL SLaTnpeltat, TEPIKEKOHUPEVO GTO TUAHA TOV 7oV Ppicketal 6To Xwpio pevatov. Ei-
SAAAWG, TO KeAl amoppopdTon amd ta yertvidlovta pe avtd keid [CSH86; CL00; VSG21]. H pnébodog etcovik®v keAldv
(ghost-cell) AapPdver vTdOYv Tovg oTEPEODG KOPPOLG TTOL YerTvidlovy pe To pevotd. Ot Tipég mov emPdAlovrol oTovg
KOpPovg eivan TéToleg MOTE oL TPOKVITOVOEG TUEG ad opepPorn otny epPosttiopévn empbvela, va eivor ot {ntov-
peveg [IV03; TF03; YB19]. O vuPpidikég Kapreosiavéc/epPanticpévou opiov péBodot opifouvv Tig Tpég Twv peTaPANTOV
6TOLG KOUPOLG PELETOV TOL TAPAKELVTAL G& KOPBOLG G TEPEOD, TTopePPAALOVTAG PETAED TV TIHGOV TOV EUPATTIGHEVOV

oplov KoL TV OVTISLAPETPLKOV, G TPOG TOV KOPPO evdlapépovtog, kopPwv pevotov [Fad+00; GS05; SY14].



KepaAairo 2

Alémovoeg eEl0WOELG

2.1 Tevikevpéva Nevtovelo psvotd

E&etdlovrtal xpovika apetdfAnta, pn Nevtdvela pevotd e GuvToKTIKT eEloWoT) TNG HOPPTG YEVIKEVHEVOD PELGTOD

Rivlin-Ericksen. H cuvektikdtnTo mov e€aprartor amd tov pubpod didtpunong, divetat wg

o(v) = —pI +2u(7)D, (2.1)
6mov D eivon o tavvotig pubpod mapapdppwong (2D eivou o tpdtog tavuotrg Rivlin-Ericksen) kou § eiva o pubpog

Suatpnong (dnA. n detdtepn voppa Tov pubpod TopopdPPe®oNC):

7 =\/2(D : D) = /2tr(D?)

(Y o (Y (0 (a0 (v
B ox dy 0z dy  Ox dz  Ox dy 9z)

To oOpPolo : avamaplotd 1o SUTAd ecwTePLKd YLVOpEVO PeTOED SLAdwV Kot SLadLKOV.

(2.2)

YnoBétovtag duvayikn cuvektikdTnTo eEopTdpEVT 0td TOV pLBPS Srdtpnong, oL e€lodoelg Navier-Stokes acupstie-
OTNG POTG, YL TNV KAGROT) TV YeVIKELPEVWDY NeLTOVELWY pevaT®V pe peoloyikT] eEicworn katdotaong 6mwg N e€icwor
(2.1) eivan

ou .
pop to-Viu=pg—Vp+V-(2u(7)D). (23)
E&etdleton n) katnyopio Twv yevikevpévov Nevt®velov pevot®dv mov yopaktnpileton amd peoloyio ov mpofAéme-

o oo v e€icwon Bird-Carreau yia v Suvolikf) GUVEKTIKOTNTA OV Eivar GLVEPTNGT TOL PLOHOD TAPAUOPPWOTG:

1Y) = pring + (10 = pint) (14 (A1)2) 2 (24)
SNV TopoTtave eElowaT), Hinf EIVOL 1) CUVEKTIKOTNTA Yot &telpo pubuod S&tunong, o eival 1 cuvekTIKOTN T Yo pnde-
vikd pubuod dbtpnong, A eivon o ypdvog xohdpwong ko 1 eivon o exBétng Bird-Carreau. Pevotd pe n < 1 gppavilouvv
OUPTEPLPOPR SLOTUNTIKNG AETTTUVOTG 1) YEVSOTAAGTIKT] CUUTTEPLPOPQR, EVD TYEG 1 > 1 delyvouv Satpuntik mtéyvvor

1 dwroTodtiky cupmepupopd. Pevota pe 1 = 1 ekpuAilovton oe Nevtovela.

2.2 To yevikevpévo KAUTVAGYPAPNO CUGTNUC CUVTETAYPUEVDV

"Eva KOPTTUAOYPOPHO GOGTNHO CUVTETOYHEVWV Elvarl Evag XAPTNG CUVTETAYHEVWV GTT SLotpopioipn TOAAATTAOT T

E™ (EvkAeidelog xdpog 1 Slaotdoemv) ov eival loopopeLkog pe Tov Kapteoloavd x&ptn cuvtetaypévov oTtny ToAlo-



TAOTNTO.

Elodyetan n éva mtpog éva Stapopiciun aretkdvion amd tov R atov R3: (x,y,z) — (&, 17, 7). Ot Tipég tov suvap-
oewv (&, 1, {) kahodvTon kapmuldypogipeg cuvTeTaypéveg Tov onpeiov pe Kapteoiavég ovvtetaypéveg (X, Y, z) otov
EvkAeidero xwpo.

Oewpovpe 1 cuvalloiwtn Péomn ov ahAhilel avahoyo pe TNV aAloyr Twv aEévwy (81, 82,83) kow TV avtodloi-
TN oL AAAGLeEL AVTIOTPOPWG avaAoyx pe TOLG GEoveg (gl, gz, g3), avtiotoya. O mapamdve Pacelg Aapfdvovtal

g

ox_(oxay oz o
81 _ag = aé,aglag & Ye g
ox dy 0z
= ( a an’ 817) (X, Y, 2n) (2.5)
_(9x dy 0z _ (x ,
~5 = (5 it ag) ~Coserw)
_ox_ (95 9 9T\ _
g =Vvi= (ax oy’ az) =(8x 8y/82)
dn dy d
g =V = (az 8Z aZ) (172, 1y, 112) (2-6)

H ovvadloiwtn Baon amotedeital amd Tar SLovOGPAT §; TTOL EQATITOVTNL GTNV AVTIOTOLYT YPOHUN TAEYHXTOG & ko
N avtalloiwtn Pfaon amotedeiton and ta SivdopaTo gi Tov givon k&etar ot ypoppéc otadepot &, avticTorya. Me
oKkomd va Xprioorojoovpe Tov cLHBoALopo tov Einstein petovopdlovpe v tpudda (X, Y, z) oe (X1, X2, X3) = 7 ko
mv tpiéda (&,1,7) oe (€1, &2, E3). Sovenog n tehevtaia Péon propet var ypagei cuvonTikdTepa g

or ax1 aX2 aJC3
=2 (2 %2 9% 2.7
o=~ (5o o 7
. . aéi aé:i Bgi
i_ i_ (Y9 YS YS
§ =V = (axl, 3% 913 ) (2.8)
EE' opiopob Tov teheotr) fabpidoc, Aappavetar yia ) covaptnon &
det =V dr (2.9)
ko emeldn r = (&, &2, ¢3), and tov kavéova g alvsidag éetan 6Tt
or . ,
= —d4d&l = ¢.df
dr P d¢) = g;d¢l. (2.10)
Sovakorovba, artd Ty e€icwon 2.9 AapPdveton
ag' = v gidg. (2.11)
Svpmepaivetal 0Tl
Ve g =6
i 8 / (2.12)
8 -8 =79

Svvayeton OtL ot Svo Paoelg elvon avtioTpogeg kat yio va saporxBov ta Sravooparta §' amd ta gi XPCLHOTOLOVpE
TOUG HETACYNHATIOHOVG

gl = 82 X &3 2_ _ 8%X&1 ¢ = 81 X &
81 (82x83)’ 82 (83 %< 81) 83 (81 x82)

(2.13)



KOt TOOPITOALY

g = _&xg @ = _&xg 9= & (2.14)
g (8% x8% 8% (&’ <8 8- (g' <8
‘Eva Siévuopa a ex@péletar og mpog v Kapreoiov Béon (X1, X2, X3) ©g
a= axlxl + Ax, X2 + QX3x3/
eved g Tpog TN Paon (g1, 82,83) ©G
a= A1g1 + A2g2 + A3g3. (2.15)

Ot oLVIOTOGCEG TOL SLAVOGHATOG TTOL YPAPETAL G cUVOALOLWTN PdoT eival avtadloiwteg. Etov avtimoda 1 ékppaot)
yio v avrodhoiwtn Baon (g1, 8%, 8°) eivon

a=Ag' + Ag% + Asg®, (2.16)

dnradn mepthopPhavel GLVAALOIWTEG GUVIGTOGEG.
Xpnowomowwvtog v eicwon 2.12 AapPaveton n oyéon petad tov avtailolwtwv kot twv Kapteoioavodv cuvre-
TOYHEVOV ©G
Al =g' - ayx;

_(agi o agi) ~(1,o,0)axl+(a§i o agt) +(0,1,0)a,

9x1” 9xy” 9x3 9x1” 9xy” dx3

(2 EY 0o,

0x1” dxp” dx3 (2.17)
oz g oz’
:Eaxl + EQXZ + Eaxa
g’
:aixjaxj
Kata tov idto tpomo, o Kapteoiavég cuviotmdoeg divovtal g cuvapTnoT TwV avTOAAOIOTOVY WG
E)xj i
axl. - ai(;qA . (218)
To cToiyeio 6ykov G& KAPTUAOYPOIES CUVTETAYHEVES elval
(X1, %2, X3) | 121 122 523
av = ‘ A desdes. (2.19)
a(g1, 6%, 8%)
O IokwPravog mivakoag eivort
a(xll X2, XS)
(2.20)
9(¢,¢%, &%)
Kot 1) opilovod tov £xeL Tn HopeN
o ox o
afl  9¢z 93
a(xl, X2, X3) aJC2 aX2 aXQ
_ _ |92 92 9 o ) 2.21
REEm - |E B | eere 220
9x3 9% 9%
ofl  9¢z 93



2.3 O petpucdg TAvuoTng

Yrobétovtag tnv avalroiwtn Péon e; = (1,0,0),e; = (0,1,0), e3 = (0,0,1) tov Kapresioavod custhiparog

ocuvteTaypévev, 1 andotact petafd tov onpeiov P ko Q pe ovvtetaypéveg X; ko x; + dx; eivou ds

ds? = idxidxi. (2.22)
i=1
Mmopodpe va ypajouvpe 1o Stopoplkd TOL X; WG
dxy = 3??615" (2.23)
ka1 e€icwon yio o ds yiveton
ds? :}:21 <g’§dgf> (g’g;w) = g;d'dg. (2.24)
H nocdtnta ,
gii = k; g’; ?;g]f —gig; (2.25)

710V ep@aviletal oto deki pérog, ovopaletol HETPLKOG TAVLGTHG Kot elvat 0 cuvtedeoTng avadoyiog petafd Tewv diopo-

PLKOV TOV KOPTTUAOYPOUHOV GCUVTETOYHEVWV KOl TOV PIKOUG.

2.4 Xvvoxn Riemann - cuvaAloiwtn mapdywyog

Ta éva Sroevuopatikd medio Y 1 pepikr) mapiywyog g Ipog TV i-06TH GLVTETAYHEVT elval

Y, =Yg+ Yy (2:26)
Eva Stavuopatikd medio avamtdooetol oG
0
X=x2 2.27

yi XH Aeteg ovvaptioelg otnv molamAdtnta M.
Yrobétovtag ta Stapopicipa Stavuopatikd medio X, Y, pia cuvoyn 1} cuvalloiwtn Tophywyog, oe ToAamAdTTa

Riemann M e@odiaopévn pe tn petpucr f1, etvou pio aecovion (X, Y) — VY mov ikavoroiet to axdAovbo o€rcdppotor
» Mpocedetikotnra oty katevbuvon Vx 1 x,Y = Vx Y + Vg Y
« Tpopuxoétnta oty katedbovon VixY = f - VxY
« IlpocebeTikdtnTar oT0 Srocpopilopevo medio Vx (Y1 4+ Y2) = VY1 + VxYs
« Kavévoag yvopévou oto Stapoplopevo medio Vx (fY) = f-VxY + Vxf-Y

Edv emupdobeta toxbouv ta 0o akdrovba afidpata, yio dtavvopatikd medio Z, mpokvntet cuvoyr Riemann 1) Levi-

Civita
« SvpPatdtnra pe v petpir) Vx (Y, Z) = h(VxY,Z) + h(Y,VxZ)

« Svpperpia - pndevikd otpéyn VxY — VyX = [X, Y],



omov 1 aykOAn Lie opileton wg [X, Y](f) = X(Y(f)) — Y(X(f)) xan f : M — R givou Siopopicyun cuvéprnon.

Amd Tov kavdva Tov yvopévou, Yy X = g;

g ;98;

VxY = Vg, (Yg)) = 278 +Y5 G (2.28)

H napbywyog g; ; etvon
8ij = Fllj 81 +F12j g2+ +Tign= Ff‘j Sk (2.29)

07OV 1] TOCOTNTA FiFj ovopaleton copPolro Christoffel ko Adyw tng cvppetpiag g = &ji, EmeTon OTL 1"1-‘]. = T;‘l Avti-

kobotwvtag oty e€icwon 2.28, AapPdaveton
Y=Y g+ YITig = (Ys+ThY))g, (2.30)

67mov 1 ToodTNTA Y’l‘. + FZYj kokeitan suvadloiwtn Taphywyog Tov YX kar supPoriletar wg V; YK, ToAamhaciédo-

VoG ecwTepLka v e€icwon 2.29 pe gF, mpoxvrntel

k k
878 =T 8" -8 =Tio) = FZ-‘ (2.31)

2.5 Awopopikol TeEAEGTEG 0 KOUPTTVAOYPOHHIEG CUVTETAYHEVEG

O teheotng del o€ kopumLAOYpoppeg cuvTeTayPEVEG Elvat

;0
V=g—. 2.32
85 (232)
H andxiion Swavuopatikot ediov Y eivon to ecwtepikd ywodpevo tov tedeotr] del pe to Y ie.
- 3(Yig)) . ,
V.Y=¢- ). — ol g VY]
=ViY' =Y+ I’:»]-Y].
INo ta oopPora Christoffel woyter n oxéon
r;?j =77 (2.34)
Xprion tng oxéong 2.34 divel
VY =Y+ T = Y4 )Y
. L 3 . 1 (2.35)
=Yi+ LY =TT Y= U8 Y,
Opota, yio tov tedeotn Pabpidag epappoopévo oe Pabuwtod medio
dp 19 ;
Vo =¢— =-—(]g¢). 2.36
? =855 = a7 UEP) (2.36)
Yvvenwg, o teheatng Laplace Aapfavetal otn popen
10 ; ¢
Vp=-—(Jg g ). 2.37



2.6 Efiowoeig Navier-Stokes oe kKpmoAOypappo GUGTHRATA CUVTETAYUE-

VOV
H ekiowon ocuvéyelag oe Stopopikty popen diveton wg

g—f + div(pu) = 0. (2.38)

ko voBétovtag OtTL 1) por) elvar acvprtiestr), dnAadn 0Tt ot petdfodeg oty TUKVOTHTA, 68 0OAOKANPO TO TEdiO pOrg

elvou pkpéc, 1 e€icwon ocvvéyelag yivetal
div(pu) = div(u) = 0. (2.39)
Enopévewg cuvdvalovtag to amoteAéopata tng evotnrag 2.5 pe v e€icwon 2.39 mpokdmtel 6Tt yix tnVv e€icwon

OULVEYELAG 1] AVTAAAOLWTH HOPPT) SELKTOV elvat

d .
@ (Ju) =0 (2.40)

~| =

KOl XPTOLULOTOLOVTOG TOUG SLotpopLKoVg TEAECTEG O KOUUTTUAOYPOHES CUVTETAYPEVEG otV e€lowaor (2.3), 1) ekicwon

opung eivo

J (]Uk) agk o j azk 9 o ock 9 - ou
N4 ,% 9 ruigy = % 9 (19 95" d o jm Ol
o TPy aé‘j(]U ) dx; 9g/ ( 0x; p) g oci (”{(W)g a§m> ' (241)
Yrofétovtag Suvapikr cvvekTikdtnTo aveEdptntn ortd tov pubpd dbtpnong
a(]Uk) agk o ack o [ o ack 9 S
UV Laet o g,y 90 (padpy etk (o
ot + dx; o¢] (J V') dx; o¢] ( ox; p> +Vaxi FYd] (] g a§m> : (2.42)

2.7 E&iowon xivnong eAacTikng pepPpivng

H dvvayukn tng edaotikig pepfpdvng tpoPAémeton amd tnv akdAovbn e€icwor, vitd TIg LITOBEGELS HIKPOV PETATO-

micewVv KoL pkprg adpivelag

82g(x, t)

T 28D () — pil ), | B

ox

’<<1, bpo =0, 0<x <L (2.43)

v mapanive egiowon, Ty elvon n otabepn téon tng pepfpivng (Sbvapn avé povada mAdtoug), pe(x, f) etvon n
ntieon mov ackeiton TNV apvn Ty TG Thevpd ko p; (X, 1) etvon  wieon wov aokeiton otn Oetikr) tng TAevpd, b eivan
T0 ThY0G TNG HEPPPAvNG Ko Pg elva 1) TLKVOTNTE TNG. YoBétovtag yvwotég ovvaptioelg 0éong, co(t), cj(t), yro ta
axpo TG pepPpérvng TG poperig

8(0,£) = co(t)

gL t) = et),

opiletan TPOPANpA GUVOPLIKGOV TIHGOV pe oplakég cuvOrkeg Dirichlet yia t popen g pepfpavng g(x, t).

(2.44)



KepaAaro 3

ApOuntikég pébodot yia tnv enidvon twv
MAE

O péBodol epPorttiopévou opiov [Pes72] mopovotdlovy 1o TAEOVEKTNHA TG TTPOCOROLOOTG TG PO YOP® oITd Ki-
VOOHEVO GOHATAL, TOUPAPOPPOCLHES KOTATKEVEG KOL OXTHATO TTOAVTTAOKTG YEWHETPIOG, X PTICLHOTTOLOVTOG HOVILO VITO-
KELHEVOL VITOAOYLOTIKG TAEYHOTO TLEPLOPLOPEVTG TTOAVTTAOKOTNTAG, GUVOSELOpEVA artd pia Sadikacio Sioyeipiong Tov
KLVOUWEVOU 1] TOU TAPAHOPPAOGLLOL ) TOU GOVOETOL TUIHATOG TWV SLETLPAVELOV GTEPEOD-pevaTOD. TewpeTpleg oTe-
peol aLTOL TOL €ld0VG avamaPloTAVTAL OO TNV OVTIOTOLXT) KAELOTI] ETTLPAVELX TOV £EMTEPLKOD TOLG OPLOL TTOL OTLG
Kapreowavég-gpPomtiopévou opiov peBddovg ouyva Yneidoveton pe tpiywvo [GS05; GBIS]. Stig mapadiayég ng mo-
pomave Kotnyoping, k&be emutpdobetn meploxr otepeol mov AapPhveton WG ePPATTIONEVO GO, ETLPEPEL CLPYLKT)
emP&puveon yLo TPLYwvoToinan Tov opiov kot yia aviyvevon g diempdvelag (evotnta 3.1). EmurAéov, avdver tnv
TOALTTAOKOTNTA TNG EMLPOANG TOV OPLOKOV GUVONKOV €T ALTHG KOL TOL LITOAOYLGHOD TOGOTHTWV EVOLLPEPOVTOG GTO
OpLo NG. Zuverdg elvot eTlBLUNTT 1) EAXYLOTOTOLNGT) TOV THAHHATOG TNG OTEPENG TTEPLOXTG TToL Bewpeiton epPomticpévo
6plo. Troxevovtag exel, 0 Bobpog TPooaAPHOYHG TOV LITOKEIHEVOL TAEYHOTOG 0TO XWPio pevoTOL, aotedel kpioipo o~
payovta. Xtnv mapovoa diatpiPr] epappoletor 1 péBodog epPantiopévouv opiov 6mwg datvmdveTon amtd Tovg Ge ko
Sotiropoulos [GS07]. KoapmwuAdypopipo oykikd Sopnpévo mAéypo Tpocappoletal e eTLPAVELX TOL TTEPLKAELEL TO XWPLO
pevoTol kaf' OAn TN xpovikr didpkelx NG kivnons. To 6OVOAO TV KAPTUAOGYPAPPWY TTAEYHATOV TPOCPEPEL TTOAD

vPnAoTepn duvatdTnTA TPOCAPHOYNG eV cLuYKpicel pe To Kapteoiavd cvolro.

3.1 Katnyoplonoinomn twv kOUPwv ToL VTOAOYLGTIKOU TAEYHATOG

Ot k6ppol Tov vITokEieEVOL TAEYHATOG KOTIYOPLOTTOLODVTAL WG OTEPEOD, epfarttiopévou opiov kot pevotov [BGS08].
T k&g epPortiopévo odpa, apxLcd dnpovpyeital éva mhaicto optobétnong. Olot ot kOpPol e€wtepikd Tov TAosiov
Kotnyoplomotovvton wg kopfot pevotov. I'a T viTodAoLTa GTpElX TOV LTTOKEIPEVOL TAEYHATOG, HE OKOTTO TNV ETUTR-
xvvon g Swdkasiag, to mhaicio opobetnong dwpeitan oe 1; X 1 X 1y opHoywvia TpHpATA YL X, Y, Z KApTECLOL-
vég xatevbovoelg avtiotoryo. K&Be tpripo Aopféver onpaia "¢delo" fj "yepdito”, Bhoel Tov edv vitdpyoLY oTOLXEI TOV
ETMLPAVELOKOL TAEYHATOG EVTOG TOL TUHTOG. Tl emupavelad TAéypa pe N prywvikd otoyeia, 1 vrodiadikacio ov
yloe TNV amhoikn mpooéyylon (xwpig Swaipeon tov ywpiov e opboywvia Tpufpata) etavarapfdvetor N kOkAovg yia
kGO onpeio Tov vITokeipEVOL TAEYHATOC, EMOVOAXUPAVETAL TTPOCEYYIOTIKA X KOKAoug.

Telwd, k&Be kOpPPog pe onpaio "pevotod” eAéyxetal yio To e&v vIapxeL 6T YeLtovid Tov kOpPog "otepeov”. Eav
LILaPYEL 0 kKOPPog "pevoTod” onpaivetor wg kKOpPog "epfasttiopévou opiov”.

Ot e€lotdoelg porjg emtAvovtan oe kdBe KOpPo oTO Ywpio pevoTol pe onpain "peveTov".



3.2 Awkpironoinon eElowoewv Navier-Stokes og kopmvoAoypoappo tAéypo

O adidotarteg eElodoelg Navier-Stokes (2.40) xou (2.41), ex@p&lovtor e KOPTUAOYPOPRO CUOTNHO CUVTETAYHE-
vov & = {¢1, 2,8} T ™ Sakpironoinon 610 Kapumuddypoppo mAéypa, ol petaAntég g pong (U1, U, U3, p)
opilovtar ota kévrpa Twv keAdY evidy ot petapintéc (UL, U2, U3) opilovrar ota kévipa Twv dYewv TV LTOAOYLOTI-
KOV KUYeADV 0dnydvTag oe opdetn/pn opdbetn tpocéyyiomn. O eElo®oelg OppnG eTLADOVTOL GTA KEVTPO ETLPAVELDV,
XPNOHOTOLOVTOG TEG VIO TOUG CUVRYWYLKOVG KOl TOUG GUVEKTIKOUG OPOLG TTOL TPOKVITTOLY atd TapepPorn oTa ké-
VIPO TOV KEALDOV. ZUVETMG, 1] EKTIUNGT] TOV CUVOALOIOTOV TAPAYOYWV TV davuopdTtwv Pacng, dniadr ta copPora
Christoffel, amogpebyeton, 0dnywvtag ot peiwon Tov LIToAoyLloTikov kdoTovg [GS07].

TNo g Tyég g ToyvTnTag oe kopPo pe onpaia eppfanticpévov opiov, P, AapPdéveton 1 kdbetog atd to P otnv
eppamtiopévn empdvela, 1) omoix trv tépvel oo onpeio C. Emexteivovtag v npievbeio CP, Bpioketol to TpodTo onpeio
TOpNG e Tpiywvo onpeiwy pe onpaia pevotod, to onpeio A. H taydtnta tov P mpokidntel wg ypopptkds cuvdvaopog
HETOED TV TPV Twv onpeiov C ko A [GS05] (oxfua 3.1).

Ixnpo 3.1: Ikavomoinomn tng oprokng ovvOrkng oe koppo epPantiopévov opiov P. H taydtntae Tov P mpooeyyiletan
péoW YPOPUKAG TapepPorng petakd tng taxvtnTag Tov mAnctéotepov ototxeiov C ng epPoamttiopévng empdvelog
kai Tov onpeiov A. To onpeio A evromiletan emekteivovrag v nuievdeic CP kon Bpickovrtog to mAnciéctepo oto
P onpeio topr|g pe tpiywvo mov oxnuartiletar and képpovg pevotov. To mapaderypa eppavileton oe dvo diaotdoelg

XGPLV ETOMTELOG, CUVETMG TO TPLYWOVO TV KOPPwV pevoTtod avamapictatat ard to evfOypappo tprjpe BD.

H ypovikr) 0AokApwcT) TOL GLETHRATOG TOV EELGOCEWY TPAYHATOTOLEITAL HEGK oY ApaTog devTepng TéEng Crank-
Nicolson tng poperig [CN47; CKS14]

u" —ut
I At

O vrepdetktng (m) xpnowomnoteiton yio Tnv avapopd oto medio TaxdTNTOG TTOL TPOKVITEL ATd TNV EMLALOT TV €€L-

=05-F(U",u™) +05-F(U",u") + G(p"). (3.1)

owoewv opprg ko TpLv To Ppa Tpofolrig yio Tnv enidvon g ekicwong Tng cuvéyxelag, evd o vepdeiktng (1) ova-
pépetal oTo tehevtaio Xpovikd Prifa oto omoio 1 porj éxel O TANPWS LITOAOYLOTEL.

To medio mieong voAoyileton £TOL MOTE VA LKAVOTTOLELTAL O TTEPLOPLOROG TNG AOLUTiEGTNG pong. [l Tov okomd
autd AapPaveton n ardkAon g eicwong (2.41) kou ypnoponoteital 1 e€icwon (2.40) dote va Anedel 1 ovvOrkn ov
aouteiton vo TAnpoi to medio StdpBwong mieong

n
¢n+1 — P _ p_, (32)




mov odnyel oe pndeviky amdxion tov mediov TaxbTnTOg 6TO EMdpEVO Xpovikd Pripa [PS72]. O vrepdeixtng (1 + 1)
QVOUPEPETAL OTO ETOHEVO XPOVIKO Pripa, exeivo dnAadr) 6To omolo arrockortel 0 VITOAOYLGHOG.
Béoel tng ypoppikOTNTAG TOL TEAEOTH] OV EVEPYEL OTNV TTiEOT) KoL XprjGLHoTmotdvTag TNV e€ioworn (2.35), tpokvmtel

n e€iowomn Poisson yia 1 Std6pbwon oto medio mieong [Kan+11]
1 9(J%g/ - Uimg; 9 ; ock 9 [ o¢
19(%-UMg) 3 <]g1.a€‘< €¢n+1gk)>.
x; 98\ 9dx;

= (3.3)
Ot dwakprromoinpéveg e€Llowoelg oppric elodryovtor oe Newton eovolntikd emtAdTn yia P YPORULKE GuGTHHATA,

At ag ag!

7OV XPTolomoLel Teployy epmiotoovvng [Mor+84]. Ta mpokdmTovTa YpoppLkd cvotripata emtAvovtal pe ) pébodo
TOU YEVIKELHEVOL eAaryLloTLkoD vitoloimov [Kan10; SS86; KK04] pe tpoctabepormointh Jacobi.

H pé@odog GMRES yproipomoteitot Ko yioe Ty emiAvon ToU YPopULKoD GUOTHHATOS Yia TIG dtopBdoelg tieong mov
avaxontel oo tn drakprromoinon tng e€icwong Poisson (e€icwon (3.3)) oto vrokeipevo mAéypa [GS07], xproiomoled-
vtag tnv adyeppikr) moAvmieypartikn péBodo wg tpootabepomowntr) [RS87].

H epappoyr tng pebddov epPasmttiopévou opiov kat 1 emidvon twv eflowoewv Navier-Stokes mpaypatomolovvrol

pe to Aoyiopikod Virtual Flow Simulator [Cal+15; Vfs].

3.3 Axivnmn o@aipa og 6TpwTO Kol o€ TUPPDdEG pedPA PEVGTOV

Soaipa povadiaiog Sapétpov Tomobeteital oe pedpa povadiaiog toyvtnTag oe apldpd Reynolds 100. To pun dopn-
pévo, emupavelakd TAEYpa oL T dtakpiromotel amoteleiton and 236,321 kopPoug ko 472,638 tprywvikd oTolyeio.
To vmokeipevo dopnpévo, Kapreoioavd mAéypa amotedeiton ammd 294 x 244 x 244 otig katevbivoelg x (Stevbvvon g
porg), y kai z avtiototya. Exteivetan oty meproxn 15D x 10D x 10D, é6mov D eivon 1 Sibpetpog tng opaipag. Ot

KOpPoL Tov TAEYHATOG KaTavEpoVTaL pe SRS TNHA 6 ©G:

0.02D, |¢ — | < 1.46D
8¢ ={ 0.04D, 146D < |¢p— | < 1.92D
0.08D, 1.92D < |¢ — ¢|,

omov ¢ € {x,y,z} xau P, elvou n cvvteTaypévn Tov kévrpov tng ogaipag. To medio Sioprkovg ToydTnTAG Ko oL
looieig mieong yiox apiOpd Reynolds 100 apovoidlovtat oto oyrpa 3.2.

To pnKog g PLEAASAG AVaKLKAOPOPLAG KATAVTL TNG GPaipag avapépetal otov mivaka 3.1.

IMivakog 3.1: Mrjkog avorkuk Ao@opiag kot Yyoviot ctokOAAN oG o opaipa o ehevBepo pedpa oe aptBpd Reynolds 100.
>0ykpion pe amoteréoporta twv [ACS16], [MRF95] ko [VPT12].

Metpix Mopodvta Angelidis et al. Magnaudet et al. | Vrachliotis et al.
amoTeAéoHATA [ACS16] [MRF95] [VPT12]
Mrjkog avakvklogopiog 0.85D 0.88D 0.88D 0.87D
Twvio amokdAAnong 126.1° 126.2° 126.1° -

O ovvrteleotr|g Tieong ov voAoyileTol YyOpw atd Tn oPaipo

P — Py
CP =1 2
Vs

(3.4)
Topovotiletal 6To oyrpa 3.3.

AxolovBdvtag pion ypoppr) épevvag yia vtepkpicun TopPadn por yopw amd cpaipa [Ach72; CS04; Jin+04], pele-
thou 1 ev Aoy por} yio apbpd Reynolds 1,140, 000, tporéyovtag tnv TopPn pe tn pébodo mpocopoimwong peydiwv

11



-0.15 0.05 0.25

0.45

0.65

0.85

1.05

(o) To medio Sroprjkovg ToydTNTOG YOpw ad ceaipa yia apBpd Reynolds (B') To wedio micong yopw amd ceoaipo yio aptbpd

100.

Reynolds 100.

Sxfpo 3.2: Ioodyeic mopapétpwv porg yopw amd opaipa povadiaiog Stopétpou yio aptbpd Reynolds 100.

1.2
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ZxApa 3.3: Yvvtedeotrig tieong Cp yio opaipa oe aplbuod Reynolds 100. Zoykpion pe amoteréoparta tov [MRF5] ko

[ACS16].

SV oe cLVdLAOHO pe To povtédo Smagorinsky vomAeypatikic kAipokog (SGS) [Sma63]. Xprnoylomoteitot To vrokei-

HEVO KoL TO ETLPOVELOKkO TTAEYpQ TTOV Y proLpoToiOnKay yio TV Tepintwot tng oTpwthg pong. O ouvteheoTng ieong

(e€lowon) (3.4)) mapovoidleton oto oxnpa 3.4. O Tipég ov vtoloyilovto KaTdvTL TOL oTpeiov aokdAANoNg dev ov-

prtitouy e Tig TpokvmTovoeg amd melpapatikég petprioets. H petdfoacn and otpwtr) oe TupPmddn por otnv meploxr

évoplng tng puoaAridag, propel va exnpedoet T por| KatdvTl Tov onpeiov amokdAAnong. H dvoyépela Tov povtélov

TOpPng va mpooopoldoel TNy mepinmAokn diadikacio petdfocng Tov 0plakod 6TPOHATOS eival mBovOg TaphyovTog

NG AOKALONG TOV LIOAOYLOTIKOV TOTEAEGUATWVY amtd TG petpnBeioeg moodtnteg [CS04].

12



1 C, +
Cp-[CS04] X

C,-[Ach72 *
0.5 a ]

+
-|.+++ M

e

-0.5

, 4

-15

.
G5 ¥
Y

0 20 40 60 80 100 120 140 160 180
angle (degrees)

Zxnipa 3.4: Tovteleothg mieong Cp yia ogaipa oe apidpo Reynolds 1, 140, 000. Zoykpion pe anotedéopata twv [CS04]
ko [Ach72]

3.4 E&iowon xivnong pepfpavng

To mpoOPANHA GLVOPLOKOVY TIHOV TNG evoTnTag 2.7 emAbeTon pe xprion tng peboddov BoAng. H odoxArpwaon tng S~
popikng eElowong Eekvael oto va kpo, vobétovtag Ty T TNG Tapaydyov oto ido onpeio. Epappolovroag
péBodo Newton-Raphson Bpicketon 1 opbr T tng mapay@youv oto 6pto amd Omov ekkLvel 1) 0OAOKANpwoT), 6To)XebO-
VTAG GTNV LKAVOTIOLNOT) TNG 0PLaKTg oLVOKNG 0TOo GpLo dTToL 1) 0AoKA pwoTn TepadveTat [Pre+07].

T v oAokArpwon tng devtepng Tdéng cvvrioug dapopikrg e€icwong mov maphyeton ard v e€icwor (2.43)
yuo dedopévo xpovikd onpeio t = ty, epappodletal petacxnUatiopoc ot cvotnpa XAE mpodng tédéng pe tn popen

dg(x, tg) _
dx
(3.5)
d —\Pe\A, — Pi\Ay
% _ —(pe(x to)Tm pi(x, to)) — f().

To Cebyog twv EAE emAveton pe tn péBodo Cash-Karp [CK90] cuvdvalovtag peBddovg Runge-Kutta pe xowvé ev-
dwapeca onpeio yro k&Be Pripo. T Srxpopikr) e€lcwon g HopPrg

dy(x)

o~ oy(x) (3.6)
vrtoloyilovton ot KAloELg
RK—order
ki =hf(xn+aih,ya+ Y, bijk;), i €{1,.,RK—order}, (3.7)
j=1

omov h givan to mpocappolodpevo Pripe. Eva Pripo ohokApwong diveton wg
RK—order

y(xupto)) =+ Y, ciki. (3.8)
i=1
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Ot ovvteheoTéq a;, bi,]-, c¢; ovvoyilovtal oTov avtictolyo mivako Butcher.
INo k&Be ZAE, vodoyiletou 1 Stapopd oTIG EKTIUNCELS PHECK TV TEUTTOL Kol TeTapTov Pabpod peboddovg Runge-
Kutta yio to (%41, to)
e = y5(xn41,t0) — Ya(xny1,to), (3.9)

omov y5(x,41, to) Ko Y4 (xy41,t0) elvan ov extipioeg ya o y(X, 11, fp) pe Tig peb6Sovg Runge-Kutta mwépmtng ko

tétaptng tdéng avtiotorya. Otaw to péyloto oedipa twv ZAE

em; . max € xs=xq (3.10)

o eq € ODE system

eival pikpotepo arrd katdAAnAo emdeypévn avoyy (fol), To Pripa i mov apyilel otn Béon x5 = X Oewpeiton emitvyéc.
EW8&AwG TO e x, —y, XPNOIHOTOLELTAL Yiot TOV TPOGSLOPIoHO Tov peYEQoug PRATOC (M1, v —x,) Yot TNV ETVEANYT

i+ 1 oto didoTnpa Tov apyilel 6To X5 = X

_1 .
emi,xszxo) 5 hl,xS:xO

hi1,x,=x, = max (09 Hix=xy ( tol " 710

) , ey —y, > tol. (3.11)

To mpwto 6piopa TG GLVAPTNONG MAX amockomnel 6TV eEACPAALOT) CPAMIOTOG TANGIOV TNG TG MMy —y, =

0.9 - tol. To debrepo amotelel exéyyvo OtL 1) Tir] ToL emdpevoL Pripatog Bo eivon Tovhéylotov dedopévo kKAdopa TNG
mponyoduevng (M, x,—x,)-

E&v to péyloto oc@aApo evog cUPTANpwpévoy Pripatog (ov Eekivdel 6T0 X5 = X KOl TEPALOVETOL OTO X, =
X0 + Hj x —x,) TPOKOTTEL Pk pOTEPO OUTd TeDeEVO KATOPAL Eh, 1) evapkTipLar Tt TOL emdpevoL Pripatog olokApwong
tifetou SumAdoia TG TPONyoLpEVNg
=2 hir-xS:xO/ emj x.=x, < th. (3.12)

hO,xS:onrh,-,xS:XO

AvvapeL TV TPOGAPHOYDOV TOUL PrHATOG OAOKATPWOTG, EMLTUYX&VETOL 1) {NTOVpHEVT) OKpifeLa axdOpa KoL 6€ oot Tikd

Swotrpata, xwpig v empnkdveton 1 Stadikacio oe oXeTIKG OPOAOTEPES TTEPLOYEG.

3.5 X0CevEn eElomoewv pong - pepPpivng

E€etdleton 1) adAnenidpoot pevotol - otepeot (APY) petokd tng kopLag pong kat eAasTikrg pepPfpdvng. O elom-
o€lg SLUVaLKTG TOL PeLOTOL oLLeDYVLVTOL AoBEVHG pe TO TPOPANHA 0pLaKGOV TGV TG e€iowong kivong pepPfpivng
(e€lowor) (2.43)) pe Tov mepLoplopd TV opLakdV cuVONKOVY oL opilovton artd v e€icwor (2.44). Katdmiv tov vroro-
ylopoo tov mediov porig mpoadiopiletan 1) véa emLpdvela TG pepPpavng.

I'o TNV Ikavomoinen Tov meploplopod pn eEdyxvaong, Tnv un dmapén kopPouv ctepeod mov oe dadoykd xpovikod
Bripo va petatpémetal oe KOpPo pevotol xwpicg evdiapeon v Aafet tn onpaio kOpPou epPoamtticpévou opiov, e@oppod-

Cetou Svadikn avalnnon wote va emheyel kKatdAAnAo xpovikd Pripo oAokAnpwong.
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Kepalaio 4

‘EAeyxog amokoAANPEVIG POTIG GE AILOTOWN
dtevpuvon

41 Ewaywyn

EEetdleton 1) eowtepikn) povin ko pn povipn meptodikr) por| péow amdtopung dtevpuveong (Adyog dievpuvorng 2), yio
xopunAotvg apibpovg Reynolds (Re = 400, Re = 800). Eva tprjpa Tov K&Tw TOLXOHATOG TNG amdTopng diebpuveng ta-
AGVTOVETOL [LE TNV GLYXVOTNTO TNG p1) HOVIUNG por|g. Epevvétou 1 emtidpaom Tng ouyvotntag, Tov TAATOUG TRAAVTKOGCTG
KO(L TOV PIKOUG TNG TAAOVTOOHEVNG ETLPAVELRG. Me KatdAANAN pOBLGT) TOL evepyoD eEAEYYOU, HELOVOVTOL TO UIKT) OVOL-
KUKAOQOpPIOG KAl Yo TOG0GTO TNG TEPLOdOL dev eppoviletal LV apvnTIKOV TOYXLTHTOV 6TO Gve Toiywpa. Emumpo-
obeta, avtikabioTOvTag TNV TpokaBopLopéva KLVOOpEVT) ELPAVELX OTTO PHEPPPAVT) TTOVL QUTOKPLVETAL GTNV AGKOVHEVT)
enti authg Tieon, eetdleTon  aAAnAenidpaot vypov-oTepeov. IIpokvmtel OTL EMAEYOVTOG KATAAANAES TUYLES VIO TIG
TOPOPETPOUG TNG HEPPPAVIG, OTTWG 1) TAOT] TNG KO 1) AoKOoVPeVT e’ avThg eEwTepikr] Tieom), eEaelpeton 1) puoaiido
QITOKOAANGTG TNG POTG OTO VM TOLY WU, EVK 1) PUOAAAISX OTO KAT® TOLYWHA CUPPLKVAOVETAL CIHAVTLKE OTT) PHOVLUT
Ko T pn povipn mepintwon. Emmpocbeta, yio tn petafoaddopev otov xpovo mepinTtwot, 1) SLtkUHaVGT) TOL HjKovg
NG MEPLOXNG AVATTPOPNG PONG 6TO KAT® TolYwHa meplopileton onpavtikd. Ta amoteléopata Tng perétng Ppickovv

EQPOPHOYT] OE ECWTEPLKES KL EEWTEPLKEG POEG OTTOL GUPPaLivel ATOKOAAT o).

4.2 Tleprypogn Tov TpoPfARpHaTOG

H yeopetpio tov mpofAfpartog oto eninedo x-y gaivetat 610 oxfipa 4.1.

AxkolovBdvtag peyddo Tuipa NG vetotapevng épevvog [Arm+83; KM85; Gar90; Soh88; PT97], eEetdleton amdTopn
Sievpuvon pe Aoyo Sievpuvong 8vo, H/ (H — hs) = 2, prixog avévTt tng povomhevpng ardtopng dievpuveng lg = 2H
Kau pkog katdvt tng dtevpuvvong L — Ip = 30H.

Ou oprakég ovvOrkeg Dirichlet yia tnv toybtntoc otnv eicodo (x = —Ij) Sivovrou wg [Gar90; MMnS10]

u(x = —lo,y,t) = Up(1 — asin(wt))6(y — hs)ﬁ, v(ix=—lo,y,t) =0, y € [h;,H],  (41)

6mov alUy eivow to TAATOG TAAGVTWONG TNG ToxbTnTag eleddov, U, v eivon 1 Stoaprikng ko n eykapoia Kapreoavr

OUVLOTOOA TNG TAXDTNTOG AVTIGTOLYM, (W ELVAL OL YOVIOKT cu)XVOTNTA TNG TAAAVTWONG Kot t eiva 0 xpodvog. Ztnv
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Exfpa 4.1: Movomhevpn adtopn Stedpuvon pe kivodpevo Tpfipa prikovg I Tov k&tw totydpatog. H eicodog Ppioketon

™ Béon x = —Ig xou 1 é€0dog otn Oéon x = L — .

¢€0do (x = L — Iy) epappdlovrtar ot oplakég ouvBrjkeg Neumann

9

ax |\ =0, p€{u v} (4.2)

E€etdllovpe dvo mepuntdoelg yia t ovvaptnon g(x, t) tng Béong Tov KvoOHEVOL THARATOG TOL KAT® TOLXMOHATOG

prkoug 1.
a) EEavaykacpévn kivnon pe cuxvotnta ion pe tng eloepyopevng pong, oOppwva pe v e€icwon [MV01]

g(x,t) = Acos(wt)sin(?), 0<x<], (4.3)

6mov A givon to mAdTog NG TaAdvTwong ko | eiva To PjKog TOL TAAXVTOUHEVOL TUHHOTOG TOU KATW TOLYMHATOC.

B) AAAnAentidpacn vypoD - oTePe0D HETOED TNG PO KAL TOV KLVOUHEVOL TUIHATOG TOV KATW TOLYMUATOG TToL Oe-
wpeitar ehaotikn pepPpavr. H kataokeun asokpiveton ot por cOpgwva pe tnv eicwon pepfpavng, pe tnv vndbeon
HIKPOV peTaTomticewy kot pukprig adpaverog (eEicwon (2.43)). H ekicwon xivnong tng pepPfpdvng mepropiletar amd tig
oplakég ovvOnkeg ota dkpo TNG Katd T Popd NG pofg (x = 0 ko x = ) wov emPéAiovv undeviky petaxivnon,

y=0

g(0,t) = g(L,t) =0. (4.4)

Ye khbe Toiywpa Sy, mepthapPavopévov tov epfartticpévou opiov, epappolovtal ovvOrikeg pn oAicOnong. Adwx-
OTATOTIONGT) TWV YEWHETPIKOV TTOGOTHTWV KL TWV TTOGOTHTWV PONG Tpaypatomoleital pe To H yux To prjkog, pe to
Up yia v tox0TnTO, pe Ty mocoTnTo pUO2 Yl TNV TiEoT) KO e TNV TOcOTNTO HpUO2 Yl TNV Téiom NG pepPpivng
Ty, 2t ovvéyela, Bewpeiton 1) adidotatr ekdoyn TV epPoviCopeveV HeTaPANTOVY, datnpodvtag To cOPPoro ékaotng
(QLOLKNG TOGOTNTOG

H=1, lp=2, L=32, u(x=-2,y=075,z,t =0) = 1.5 kA

Egekng Oewpotpe to adidotato mpoPAnpo kot OAeC oL aevapepOpeves HETAPANTEG ELVALL KOLVOVLKOTIOLNHEVEG.

4.3 Moviun pon

Ytov mivaxa 4.1, TapovotdlovTol To YUPaKTPLOTIKA HIKT] VOKUKAOPOPLOG, YLo T1) HOVIN TEPITT®oT] Thvew artd
amdtopn dtevpuvor, yio aptBpd Reynolds 800. Ta amotedéopata tng miotonoinong tng pebodov Ppickoval oe otevr

oUPPOVia e Ta amoTteAéopata tov AopPdavovtat and peBddovg mov tpocappolovtal 6to cwpa. o apBpd Reynolds
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400 xau lg = 2, Ppioketon 1) emavakdAAnon k&tw Toty®patog otr Béon x = 4.065 ko dev Ppioketar amokoOAAnomn Tng

PONG GTO VK TOLYWHOL.

[Mivakag 4.1: ©éon TG ATOKOAANONG KoL TNG EMAVUKOAANONG TOL GV TOLYMHOTOG KOl HKOG XVOKUKAOPOPLNG Yot
amdtopn dtevpuveor oe povipr, Tapofoicod poPid por), pe aptBpod Reynolds 800, xwpig éleyyo. ZOykpiomn pe amorte-
Mopota oo pebodouvg tpocappocpéveg ato opto (body fitted).

lp=0 lo=2

Eup. opro [MVo1] [Gar90]  [Soh388] Epp. 6pro [MVo01]

IMTukvoTnTo TAEYpHOTOG 2019 x 121 1201 X 241 600 X 30 3025 X 182 2193 X 401

AmokOAAnon v Toty. 4.82 4.85 4.85 - 4.4 4.66
EmavakoAinon ave toly. 10.46 10.47 10.48 - 10.38 10.31
EnovoakdAAnon kdtw toty. 6.06 6.09 6.1 5.8 5.61 5.9

4.4 'EAeyxog TNG HOVIUNG PONG XPNOLOTOLOVTAG EAXOTIKH HepPfpivn

To TpMHO TOL ATAPAUOPPROTOV KATW TOLYWUATOG HE TO avavTL akpo oTn Béomn tng amdtopung dtedpuveng Kot pe
pikog I = 10, avtikaBiotatan ond ehootikn pepPpévn pe taon T, = 55. H mepipdddiovoa mieon mov aokeitan
oty ewtepiky TAeLpd TG pepPpivng AopPéveton otabepr] kar opotdpopen pe T pe(x, t) = pe = 0.525. H tyrj
EMAEYETOL OUTWG, OOTE VO LT PELTOL 1) TTOUPAPOPPWET) TNG HEPPPAVNG o Hikpég ko Beticég Tyég ko 1) eEwtepikr)
TieoT) va elval eyy0g TV TIHOV TNG E0WTEPLKNG TLECT)G TTOL ACKELTAL QO TNV por.

Adyw g adphvelag Tov pevoToL, 1 dledpuven NG kopLag dEopNG Tng porg KaTavTL NG Béong Tng amdTopNg
dtevpuveong Tov aywyou, dev eivar dpeon Omwg dnAdvetal amd Tig loodeig TG Stoaprkovg ToyOTNTAG TOL TYHHATOG
4.2. H 8éopun tov pevotod mAatOveTon Kathvtt tng amdtopng Siebpuvong kot epgavilel péyriotn évtaot mAdtoveng

oty mepoxn 2 < x < 3.5.

-0.3 0.0 0.3 0.6 0.9 1.2 1.5

oNhomO

[efeoNeoNoXoN Tl

0.0 15 3.0 4.5 6.0 7.5 9.0 10.5

Ixfua 4.2: Andtopn Siebpuven pe otabepd mpogil TaydTnTag e106d0v, pe THApA eAéyyov prikovg I = 10 ehaoTikhg
pepPpévng oto katw toiywpa pe Ty, = 55 xou p. = 0.525. Aukypappa tooypoppdv g Stapikovg TaxdTnTag yio
—0.5 < x < 11. H Béomn emavakdAANONG KAT® TOLYOHOTOG OTUAIVETOL Td TNV SLAKEKOUPEVT) YPOT).

Ou kAeloTég Ypoppég 0T0 KATw ToiywHa ekteivovTal éwg tn Béon x = 3.55, pewdvovtag xatd 12.7% to prxog
amokOAAnong Gvev eléyyxou pe evpog 4.065 (evotnta 4.3). H autoxdAAnon dve totyopotog eEaleipetor. Adyw tng
XOHNANG Tox TN Tag TOL PELETOV KATW AT TN por} EL.6OS0V, 6T YPLOAALSA TOL KATW TOLYOHATOG, 1] KAUITUAOTITA TV
YPOPR®OV pong eivor pikpr]. Katd cvvémela, 1 katavopn mieong eivor oxedov opotdpopen yio kéBe Swatopr) (oxnpo
4.3) [GTGO07]. Ztmv meproxn 2.9 < x < 5.3 ot ypappég porig oTpépouvv ta koila mpog o dvw. H mieon avEavel ot
dtevBuvor g porig KaTAvTL TG AmOTOpNG dlebPLVONG, WG ATOTEAECHO TNG GLVIVAGHEVNG EPAPHOYTS TNG eElowoTg
g oppng ko g e€iowong tng ovvéxelog kot AapPaver tn péylotn T tng mAnoiov tng Béong dmov 1 meployn
avakvkAo@opiag kaTe Todpatog ooy vatot [SA08]. Katavtt avtrig g 8éong, 1) tieon pewwdveton kot tn Stevbuvor

17



NG porg cuvemein TG SPACTG TNG CUVEKTIKOTNTAG.

0.0417 0.0636 0.0807 0.0979 0.1493 0.1665 0.1836 0.2007 0.2179 0.1779 0.2865 0.3036 0.3136
[

E
B
—
B

| | [ | T T T 1

5 6 7 8 9 10 11 12 13

Sxfua 4.3: Icoypoppég mieong kot ypoppég pong yio amdToprn dtedpuvon pe TUpHe eAEyXov eAaoTikng pepPpdvng oo
KT Toiywpa, prikovg I = 10 pe Ty, = 55 kan p, = 0.525, yiox otabepr) por] etcddov pe Re = 400, yia —2 < x < 13.

4.5 Mn poviun meprodikn pon

YmoAoyiletou 1) wepLodikn} por) pe taxvTnTa e160d0L Onwg opictnke aTtnv evotnta 4.2. Akolovbmvtag vtdpyovoa
épevva [MMnS10], to mtAdtog tng tahovtodpevng porig Aapfaveton wg e = 0.05 ko 1 avtiotoryn ocvyvotnta tng porg
AapPéveron wg w = 0.05.

O Béoelg ammokOAAN oG KoL ETaVarkOAANGNG Yo fr) HOVLUN por), Gvev eAEYXOL, TOPOLGLALOVTOL GTO GXNHA 4.4.

6 H
; 5.5 l'!"!;'”*
£ K N N UWDP
o N
ss 5 ‘W "¢ ‘v UWRP - - -
S \'H !’ N LWRP ------
@ A u. UWDP [MMnS10]  [J
g 45 - UWRP [MMnS10]
g LWRP [MMnS10] O
[F]
—

0 02 04 06 08 1 12

time(periods)

Ixnpo 4.4: ©éon amokdAAnong dve Toryopatog (UWDP) kai Béoelg emavakdAAnong dve ko kéto toryodpatog (UWRP,
LWRP) yia pn povipn, eprodikri porj etc6dov pe & = 0.05, w = 0.05 ko Re = 400, &vev eréyyov (A = 0). [Tapovori-

Cetou oVYKpLon pe amoteléopata Twv Mateescu k.o. [MMnS10].

4.6 Evepyog éAeyxog pn HOVIENG TTEPLOdIKNG PONG

Stoxevovtag 6Tov EAEYX0 TNG PONG TNG eVOTNTAG 4.5, TO THNHA TOVL KAT® TOLYWOHATOG KaTavTL TG Béong tng amd-
topung diedpuvong pe pikog I, e€avaykdletal oe nuitovoedy kivion mov akolovBel tnv e€lcwon (4.3). H e€éMén oo
XPOvo twv Bécewv amokOAANoNG ko emavakOAAnong Tapovotdletal oto oxfua 4.5, yia tAdtog A = 0.2, cuyvotnta
w = 0.05 xou prjxog I = 10.

H onpoavtikn obion tov K&Ttw TOLXDOHATOG 6TO PEGO TNG TEPLOSOL EAATTAOVEL TNV KALOT) TNG OTAGUNG YPOUHNG
TOU KAT® TOLYDOHOTOG Kot LEAVEL TO PKOG TNG. ZUVETWG, wOel TO oMpelo eTAVakOAANONG TOL KATW TOLYWOHATOS KT~

vtL. Avtifeta, 1 péylotn BeTikn] HETOTOMLON TNG TAAXVTOVHEVG ETLPAVELAG TOV KATW TOLYORATOG avERVEL TNV KAioT)
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KOl HELWOVEL TO PIKOG TNG YPOUUNG VOKOTTG, TPOKAAWDVTOG TNV AVAVTL HETATOTION TNG Béong emavakdAinong Tov
KOt TolyOpatog. H avaotpoer porjg 6To dvw tolywpo epeoavileTot o amopakpucpéve amtd tn 0éor g amdTopng
Stevpuvong ko emunkvveTon Kabog 1 empdvelo eAEYYoU Kiveital katdvtl. Xto debtepo piod tng mepLddov, 6mov 1)
ETLPAVELXL EAEYYOL KLVELTOUL Ve KO 1) TarXOTNT L6030V aEGveTal, amaeipeTol ToYEWG 1) YLUOAAIdA AVe TOLYOUATOG.
Qg CULVETELDL TOV GNUAVTIKOD TAATOUG TOAAVTWOONG TNG emtpavelag eAéyxov (A = 0.2), mov eivan To éva méPmTO TNG

dratopng tov Stevpupévou aywyou, 1) pory elvat TPOGKOAANHEVT) OTO AV TOLYWHX KT TO Hed NG TepLodov.

8
S
7 )
o \ UWDP
6 ¥ UWRP - - -
é@ ! LWRP ------

UWDP [MMnS10] [
UWRP [MMnS10] O
LWRP [MMnS10] &

5 g
ek

o
4 T i
i j@@?? y
AR
rad

streamwise coordinate x

J
W
RVVL: @

3t ek
PO 7aygﬁé§
0 0.2 04 0.6 0.8 1 1.2

time(periods)

Sxnpo 4.5: ©éon amokoAAnong dve torywpatog (UWDP) kot Bécelg emavakdAAnong v ko katw totywpatog (UWRP,
LWRP) yuo pr pdvipn meprodikny porj eicodov pe & = 0.05 and Re = 400 ko TaAotvTOOHEVO TUHHX TOV KATW TOLYOUXTOG
pe w = 0.05, A = 0.2, ] = 10. Hapovoidleton cbykplon pe aroteréopata Twv Mateescu k.o.. [MMnS10].

4.7 TlabnTikog EAEYXOG PN HOVIUNG, TTEPLODIKNG PONG HECW EAACTIKNG HEN-
Bpavng

YK0meDOVTOG GTOV EAEYXO TNG POT|G TTOL LITOAOYIGTNKE GTNV eVOTNTA 4.5, XPTOLHOTOLELTAL EAAGTIKY) HepPplvr) oV
axolovBel tnv ekicwon (2.43) pe téomn Ty = 55 ko otabepr) xai opotdpopen emPorlopevn mieon aokodpevn otnv
eEwtepikn) mhevpd, pe(x,t) = pe = 0.55. Onwg yia t povipn nepintwon, ot tapapetpor Ty, ko pe emhéyovtan £Tol
DOTE 1) PEYLOTN TAPOPOPYwoT TG HepPpdvng va Swatnpeital oe xoapunAod eminedo (Ir)lca}xg(x,t) < 0.1) xa®' 6An NV
nepiodo. EmumAéov avtikeevikoi okomoi ov 0dnyodv oTig THHEG TV TAPAUETPWY, eivan n eEwtepikn mieon va eivon
8L TaENG peyéBoug pe v mieon mov ackeitan ad TN por| ko 1) Sratoywpatiky wieon pe — pi(x, t) va eivon OeTixen.

H aAAnAenidpaomn tng porg pe tnv ehaotikn pepfpavn odnyel atnv AP KATAGTOAN TNG AVAKLKAOPOPLAS AVe
TOLYOUATOG, OTTWS PALveETOL 6TA TPOPIA ToOTNTAG TOL GYHATOG 4.6. AlorkpiveTan akdpa OTL TO TAATOG TOAAVTWOOTG
NG EMLPAVELNG EAEYYOV TTEPLOPLLETAL GUYKPLTIKA He TO TARTOG EVEPYOD EAEYXOU TNG TTPOTYOUHEVNG EVOTHTAG.

Onwg mapatnpeiton 6to oxfpa 4.7, To piKog tng {dvng atokOAAN NG KATW TOLYDHATOG CUPPLKVOVETAL CTHAVTIKA
(14.3%). H atd kopugr) oe kopuen drakvpavorn tipng 0.18 yio tnv dvev edéyyov mepintwon, téptel otnv tpr 0.14 yx

v epintwon mabntikod eAéyyouv, SnAadn onpeidvetal peinon 22.2%.
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ExNuo 4.6: Yroloyiopéva media toyvtitwv ywa t = 0,t = T/4,t = T/2,t = 3T /4, avtictoa, katd t dibpkeia

piag eptdodov eicodov T, yia adinienidpaon pevoton - otepeot Tng pong pe pepPpavn pe Ty, = 55 wou p, = 0.55. H

eloodog (ekiowon 4.1) todavtodveron pe o = 0.05 kow w = 0.05. O apBpdg Reynolds eivon 400.

>< 5 w -
L no control
o . i
& 45 |- active control ------ . .
'sg passive control ~ + L .
g 4 o - : =
v L4t '
w i .
s 35 S TARTRTTTNY . R LR L E
E . HHHTWH"’H 1 ﬁﬁjﬁrmum\mw” & “ wwwwwwwwwww ””””Tﬁwﬂﬁ’
5 P .
g 3o ’ B PR ’
w
0 0.2 0.4 0.6 0.8 1 1.2
time(periods)

Ixfpo 4.7: Oéon emavaxdAAnong kéto torydpatog (LWRP) katd tn Sidpreia piog meptddou tng meplodiknig porig mvw

artd amdTopn dtevpuvon mov edéyyetar amd ehaotikn pepfpavn pe I = 10, Ty, = 55 kan p, = 0.55. H eicodog opileton

amnd v e€icwon (4.1) pe & = 0.05 ko w = 0.05. Zoykpion pe amoteréopata dvev eAéyyou kot e evepyod EAeyyo.
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KepaAaro 5

[Iepiotadon

51 Ewaywyn

[eprotaitikn kivnomn eppoaviletal o TOAAEG PUGLOAOYLKEG, LATPLKEG, POPUAKEVTLKEG KO Plopnyavikég Stadikaoiec.
O é\eyyog NG mapoyng 6YKov peLoTOD KoL TNG TTiecTG elval KPIGLHOG Y EQapPHOYES AVTANGOTG, OTTWG 1) €yXLoT) evdo-
QAEPLOV PapPAK®V, 1) HETAYYLOT) APOTOG KATL. ZTNV TTopovoa HEAETT), TTOPOLGLALETOL TPOCOUOLWOT] TG TEPLOTAATIKNG
ponig otV omoia 1 épgpa&rn vAomoteitar amd Levyn KLALVSpwV TOL GULPTTLELOVV TTUPAROPPOGCIHO KaVAAL, cLVOEdEpEVO
pe de€aypeviy pevatol atabepng ieonc. To eidog avTd PONG ATAVTATAL WG GTPWTY POT), KATA GUVETELX O VITOAOYLOHOG
élofe xwpa oe tétoleg ouvOrkeg. Epeuvarton 1 emidpaot tov aptBpot ko tng taydnTog TV KUALVIpWY, OTTOG Kol
oL dtotkévou petaEd Tov Lebyoug TV KUALVOpwv. MeAletarton mepiotadon pn Nevtovelwv pevotdv ko eetdletal n
enidpaot) NG ocLUTEPLPOPAS StaTpnTikg AémTuveng otnv dvtAnon. H mapoyn dykou pevotod Ppicketal va av€dvetol
pe TNV av€nomn tov aptBpod kLAIVIpwVY 1) TNg oXeTIKNG épppaEnc. Meiwon otov exBétn Bird-Carreau éyel wg cuvémeln
pikpr peiworn oty amddoon PeTapopds. YroAoyileton  xoupakTnpLlotiky g avtAnong, dniadr n ewoyopevn mieon
WG oLVAPTNOT) TNG TTaPoX TG OyKkov pevatov. Ioxvpn Betikr) cvoyétion vtdpyel avapeca oty oxeTiky ELPpaln KoL TV
emoryopev mieot). H ovpmeppopd apainong vid SIATHNOoT HELOVEL GTJHOVTLIKA TV GVATTTUCOOUEVT TIEST] €V CLYKPIOEL
pe tn Nevtdvera amokpior. Tiveton obykpion pe vhpyxovta voloylotikd amotedéoporta [AH13] mov Aappdvovrol
pe Tov mpocappolopevo oto oapa (body-fitted) adyopiBpo OpenFOAM [Che+14]. H miotomoinon g KapmuAdypop-
ung pefoddouv epPorttiopévou opilov yia pr Nevtdvelo pevoTd €XeEL LKAVOTTOLTIKA OTTOTEAECHATO, KOOGS TopotnpelToct

OUHPWVIN, [1E OHOLX OTTELKOVIOT] TWV TACEWV TNG PONG GE GUVAPTINCT] HE TIG TOPAPETPOVG.

5.2 Tewperpia

T TNV TPOGOHOIWOT) TOV TOPOPOPPOCLUOV KOVOAALOD Y PTCLHOTTOLEITOL SIOLAGTOTO, GUUHETPLKO HOVTEAO, TTOV T~
povctdletal 6o oxfpa 5.1. O eAaoTikdg cwAfvag cupmiédetal amd S0 AVTIKPLOTA KLALVIPLKER KVPXTA TTOL KLVOOVTOL
opilovtia pe ToxvTnta ¢. To nudyog tov amapapdpenTov kavaitod Aapfavetot wg H = 10 mm, 6mtwg tov avBphmi-
vov otsopdéyov. H aktiva Tov kukAkod topéa tov poAdep eivor r = 30 mm (6nwg oto metpdpata Tov opovotdlovol

amd ) [Nah12]). To eAdyioto HYog TOL ToPOPOPPWHEVOL KavalloD AapPével Tiég ovaAOYQ [e TO TTAKRTOG GUHITLEOTG.
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Yxnpa 5.1: Tewpetpio Tov SIOACTATOL VTTOAOYLGTIKOD XWPLOL Yia TEPLOTAATLKY avTAla. O KATOTTPLOUOG TOL GYTHATOG

wg pog Tov GEova x kaL 1 e€mBnon wg mpog tov dEova z atodidel tnv yewpeTpia NG TApovg avtAiog.

5.3 Mabnpatikn teprypaen

AxolovBdvtag épevva Twv Nahar k.o [NJW10] kou Tov Al-Habahbeh [AH13], n mukvotnta tov avtlodpevou pev-
o100 AapPdvetot wg p = 1000 kg/m3 Ko 1) peohoyla Tov TpoPrémetar amd TV e€icwon Bird-Carreau [Car68; BAHS7]

(e€iowon (2.4))

. . n-l
1Y) = Ping + (10— Ping) (1 + (A9)%) 7. (5.1)
O1 Tipég Twv otaBepdv AopBavovtal wg ins = 0, o = 0.1452Pa-s , A =20sxoun < 1.
2TV KEVTPLKT) YPOWHT| opilovton oplakég ouvOrikeg ouppetpiog, dniadn 1 kadetn Pobpida tng akovikrg taxvTnTOog

Ko 1) eykapola toxvtnTo tibevon pndevikéc:

ou

— =0, vix,y=0)=0, (5.2)
o (x,y=0)

61ov 1) U elvan 1) KATA T POPA TNG POTG CUVLOTHOOW TNG TOYVTNTAG KoL V 1] k&Betn ovviotdoa tng toyvtntag. Eni tov

GV TTLPOPOPPHOGLHOL TOLYOUATOG opileTar ouvBrkn pun oAioBnong.

¢(wall) = pyan, ¢ € {u,v}, (5.3)

OTIOV Pyl ELVOUL T) CUVICTOCAK TOYOTNTAG TOL TOLYWOUATOG,.
Y115 evotnTeg 5.4-5.5, 1) oplakr) ouvOnkn yix To apiotepd ko To Se€i dkpo Tov cwAnva-Siatopég AB ko DE oto

oxfpe 5.1, avtictolya-eival 1 eplodikr) GLVONKT YLt TIS GLVIGTOCEG TAYVTNTAG:

p(x=0,y) =¢(x=Ly), ¢ € {uv} (5.4)

TN v evotnta 5.6, ot Stetopry AB tov oyfpatog 5.1, ) emtParropevr oplakt cuvOrkn eivor topoafoiikod TpoPid

TOYVTHTOV:

u(x =0,y) = Umax <1 - (I]{I)z> , v(x=20,y) =0, (5.5)

OOV Uyygy lva 1) péytoTn ToyOTNTA TOL TOPaPorlkod Tpoeik atov dfova y = 0. Ztnv Swxtopr} e€6dov DE, yix x = L,

tiBetan pndevikn k&Betn Babpida ToyvTnTOG

9¢

o =0, ¢ € {u, v} (5.6)

x=L

IIpaypatomoumiBnke perétn avelaptnoiog TAéypatog xpnotpomowdvrag éva adpd Kapteoiavo mhéypa (451 x 52
kOopPwv) ko éva okvotepo (1041 x 102 kopPwv) yio v avtAio towv 180 mm. Avahoyng TukvoTnToag TAEYHOTO EQOp-
pootnkay yoe tnv oaovtAio tov 90 mm. H péyiotn diopopd otnv a€ovikr) toxdTnTar yioe toe 0o A ypota elvo pkpotepn
amnd 0.25%. H péyiotn dwoupépion tov mukvos mAaéypatog eivon 0.1 mm. Adyw tng xpriong tpididotatov alyopibpov
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entidvong, AapPdavetal pikpd Pabog mediov pe cvvBrkeg odicOnong otig oplakég empaveteg tng tpitng dikotaone. H
epPamTiopévn empdvela Tov KUALVEpoL Tprywvoroteitan pe 3104 kopPoug mov mapayovv 6204 ctouyeia pe amdoTaot
TV KOpPPwv mov pphoceTot dvw amd To péyebog 0.2 mm.

To cOoTNUX GLVTETAYHEVOV TTOV epavileTan 6To oXfpa 5.1 TpooapTaTal 6TOV KOUALVSPO Kot opileTan »G KLVOUUEVO
cvotnpa avagopds. H mposopoinon élafe xopa oe autd TO KIVOUHEVO GUOTNHA AVAPOPAS. ZUVETMG, 0 KOALVEPOG
péver axivnrog, ev N emgdver y = H xuwvetton pe taxdmta v = (—c,0), ondte mpocopoidvetan éva otobepd medio
pofic. Xto vroloyiopévo medio porig mpootifeton opoldpop@a N ToxvTTA ToL KUAiVEpov v = (¢, 0) 0VTwg dote va
EMLOTPEYOLE OTO EPYOCTNPLAKO TAALOLO AVAPOPAC.

H oyetwkn épppakn (RO) opileton wg o Adyog tng Sieiodvong Ledyouvg KUAVIPpWVY GTOV TAPAPOPPOCILO COAVA
TPOG TO LYOG TOL TAPAPOPPOTOV KAVAALOD

H—-h

RO = . (5.7)

To medio porig yix ToyvtnTa pdAAep ¢ = 5 mm/s xou nudibkevo i = 4 mm mapovotdletal 6To oxfpa 5.2 Vo TO

nedio mieong oTo oy 5.3.

0.0 05 1.0 15 25 3.0 3.5 4.0

u(mmy/s) _ —
L) — T —
8
6-
4
2
0
Sxfpa 5.2: Iooemgpdveireg akovikig toxvtnTag yioe 1 poAdep, ¢ = 5 mm/s, L = 90 mm, RO = 0.6 xau n = 1.
—1000 —800 —600 —400 —200 0 200 400 600 800 1000
p(mPa) <G | | g
10- ‘ ‘ i ‘
8 A
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0- ; ‘ ! g
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Ixfpa 5.3: Iooempdveieg mieong ywx 1 poAdep, ¢ = 5 mm/s, L = 90 mm, RO = 0.6 xau n = 1.

H and6doon petapopag (TE) opiletar wg 1 mapoxr 6ykov Tov pevaTol TPOg TNV TaXOTNTO TOL KOHATOG KoL TO VoG

TOL TAIPOLG KAVOALOD

(5.8)

54 Mn Nevtovewa pevota

KaBdg perwveton o exbétng Bird-Carreau, 1 enidpaomn tov kivodpevov poAdep atnv a&ovikr tax0TnTo TANGiov TOU
Swaprikovg d€ova svppetpiog (¥ = 0.05 mm) yivetan acBevéstepn dnhadn, kovtd otov dEova, 1) KaTé PKog KOXPITOAT
NG dtapnkovg TayOTNTAG TOPOVGLALEL EHPAVOG HLIKPOTEPT) SLtkOHAVOT), OTTWG Paivetal 6To oxfpa 5.4. Aemtopepé-

otepa, pokpLé amd tn Béon Tov poAdep, 1) ToyOTNTA PELOVETAL, £VG 0T BéoT) Tov pOAAEp, avEdveTal.
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Exnuo 5.4: Kata prikog taxbtnta kovtd otov kevrpikd d€ova g avtiiog (y = 0.05 mm) ywa Nevtdvelo kat )

Nevtovela pevotd, ¢ = 5 mm/s, RO = 0.6 xou évav k0Avdpo. Hapovoidletar cOykpiomn pe amoteAéopota omd pédodo

TPOCOPHOGHEVT) 6TO oOdpa (A: Aedopéva amd To [AH13]).

Mivaxag 5.1: Anodoon petagpopag (TE) yix Subpopeg cuvbnikeg dvtAnong ko prjkog avtAioag L = 90 mm. Xoykpion pe

vrtapyovta anmoteréoporta [AH13].

n=1R0O = 0.6 c=5mm/s,n =1 c=10mm/s,n =1 ¢ = 5mm/s, RO = 0.6
c(mm/s) TE(%) | RO TE(%) TE(%)[AH13] | RO TE (%) | n TE(®%) TE(%) [AH13]
2.5 78.8 0.8 95.6 95 0.6 78.8 1 78.4 78
5 78.4 0.6 78.4 78 0.2 28.6 0.75 77.5 77
10 78.8 0.2 28.4 28 0.5 77.1 76

5.5 TIoAAamAd& poAAep

Toa Sravdoparta TaydTNTOG o avTAieg evag, dvo kot TpLdv poAdep pe L = 180 mm mapovoidlovtat 6to oxfipa 5.5.
H afovikr) toyvtnTo eppovilel péylotn T TAnciov Tov x d€ova pakpld ard to poAiep kot AapPaver tnv eAdyLoT
T NG vd Tov kKOALVSpo. T TNV mepinTwon evog kLAivdpov, 1 afovikn TaydTNTR VIO To POAAep (82 mm < x <
98 mm) kai mtAnciov tov Stoaprikovg dEova cuppetpiog (y = 0.05 mm) eivon apvntikn, Snpovpydvrog {dvn avokv-
kAogopiag. ['o moAhatA& poAAep, dev eppavifeton apvnTikT) €OV TayOTNTO.

Ta axpoTata TG eykdpolag ToaxOTNTAG PPlokovTaL GTO AVAVTL KoL TO KATAVTL OPLO TOL GUPHOD TwV POAAEp, Yia
OAeg Tig mepiTdoElS. H oupmepipopd avtr) eppnvedeton ad Ty eKKEVWOT) XOPoL oL cupfaivet yio t Stédevot) Tov
oULPHOL TV PpOAAep (1.x. yioe X = 114.5 mm yia 800 pOAAep) ko TNV TARPWGCT) TOL KEVOD XMOPOL OV KATAAELTTETALL
amd TNV avaXOPNoT) ToL GLPHOD TV POAAep T.X. ot Béon x = 65.5 mm yix dVo poAdep).

H nieon AopPdver tnv eAdyiotn Tr] g 6To avavTl 0plo TOL GUPHOL TV POAAEp, TN Béom ir)}f{w‘l (x)}, émov
w(x) eivan 1 xopaTopopen mepioTadong ko TNV LYNAOTEPT TN TNG GTO KATAVTL GPLO TOU GLPHOV TwV POAEP, TN

Béom sup{w‘l(x)}. EmuAéov,  ouvaptnon g mieong katd prkog Twv poAlep eivor HOVOTOVY, EVE T PEYLOTAL KoiL
X

24



=

0 \ T \ \ \ \
- - = - - - - -
8F N R YL . D > e > =
> > > — - > > >
6p > > T §~>->"_->T>'>,->T,'>->_,->
4>—> — = = »—»_»'—'//’ —P\\:\\Ak\_,_»*—»_»—’—»_»'*_»:
L i it = — — - —_— - — — —_— —_
.~ < N, —_— > v T > - N —_— P — -
B = = = — —h>_>—> > LM « 2 ~ . AN = — —_— T .—>_>_
é—»l . > L - e = - * a0 _»'-—>—> > l' —_—
40 60 80 100 120 140
10 — : ‘ — —
8 _»" 5 I i e ~ > 5 - e T > e
5 - — — — e > >
6> > > — — —_——— \\ — — -
s o s o o = (XSS5
4 E—> — — — _>_>-—>_.> — — — — =
B — — s —— — > - - — — -~ ———
2 —_— — —— o T > - > 5 T > T > TS T
0,_>_>_>_> — > - T s T T T TS T 2 —~ ]
40 60 80 100 120 140
10 T
- > T T T = T
- - -
8 > S S -~ - -
— — — o e -
—_— = = — b, S —
65 55 = — o, S TN — T —
=== — — —_——n - >
£ > ~ —— — ) —— —— — = — ——
2= T —_ T - —-> T, T ‘\“’——h_hl
0_>_>__>._>._> > > 5T T > —_ Ty > 5 -
40 60 80 100 120 140

Zxnpe 5.5: Aavdopata toyxdtntag yux 1, 2 ko 3 poAiep, ¢ = 5 mm/s, L = 180 mm, RO = 0.6 xau n = 1.

o eEAdLoTa £XOVV TIHEG TTPOKTIKG aveEaptnTeg oumd tov aptBpd Twv kuAivdpwv. H péyiotn tipr tov pubpot didtun-
ong mAnciov Tov &€ova cuppeTping eivan onpavtikd vVIMAOTEPT yia éva pdAep (0.98 s71) amd 6T1 i TeprocoTEpQL
(0.75 s~ 1 yiox 800 ko 0.68 s~ yia tpicr). Omerg paiveran oTov mivaka 5.2, 1) ar68061 PETAPOPAS AVERVEL LITOY PO

KoBdG 0 aptBpog Twv Stadoxikdv poAep avEdveL.

IMivakog 5.2: Aodocn PeTopopdg Yo TOAXITTAG cuveyopeva poAdep, pnkog avtiiag L = 180 mm, ¢ = 5 mm/s,
RO =0.6kuun =1

ITA100g pOAAep 1 2 3

Anédoon petapopds TE (%) 60 78 87

5.6 XapaktnploTikég NEPLOTAATIKNG AVTIALNG

IIpocopowwoaye TN por) mopaBoitcod mpo@ik TayvTnTag £166d0V (ekicwon (5.5)) péow NG YewpeTpiag TG avriiog
e éva poOAAep. Qg ek TOVTOU, LITOAOYioOpE TNV KOENOT) TTLEOTG TTOVL ETTAYETAL ATTO TNV TALPOVG LN TNG KULATOHOPPTIG TOV
poAdep. T LYNAOTEPT eLoEpOUEVT TTOLPOXT] OYKOL peLETOY, 1) adEnon mieong petwvetor. H mroon mieong péow tov
eAOOTIKOD KOvaALOD ekaTépwBev Tov poAdep petwvetal, kKabdg Heldvetal 1) eloepxOpevn mapoyt pevotov. H av€non
Tieong Kot koG Tov poALep avEdvel SpacTikd Kab®G o eLoEPYONEVOS OYKOG PELGTOD EAXTTMOVETAL.

H yopoxtnplotikr KopmOAn Tng meploTaATiknG avTtAlog Sivetal ot oXpata 5.6 Kot 5.7 Yo TV mepinteot avtAiog
evog pOAAep, pe prikog L = 90 mm kou toydtnta poAiep ¢ = 5 mm/s ko yro 300 Sropopetiiég Tuég Tov Storkévou
petaEl TV poALep ko Tov exbétn Bird-Carreau. O yapaktnplotikég eivor katd tpocéyylor evbeieg ypappég pe op-
vkt kAion. H epamtopévn tng ywviog Tng XapoktnploTikng pe Tov opllovtio dEova cuoxeTiletal apvnTikd pe Tnv
oyxetikn épppakn. H enidpaomn ot por, ng dreicdvong tov poAdep eivou peyadOtepn 6ty eivon Pabitepr), dniadn o6tov
70 NudLakevo eival pkpotepo. o dedopévn pory dykov, 1) pHEYLOTN TTLEoT) TTOL AVATTOCGETAL GTN) PO elvol TTpooeyyL-
otwkd €€ popég vymAdTepn yioe RO = 0.8 a6 611 yioe RO = 0.6. T otalbepr] mtieon, 1 oxetikn épgpokn ko 1) wopoxr
Oykov pevaToL cuoyetiovron Oetiid. T SraTpnTikd AeTTUVOHEV PELGTA, 1) KAIOT) TWV XOPAKTNPLOTIKOV QXVEAVEL OE
peyaio PoaBpo, SnAadn n SuvaTdTNTO AVTANGONG HELOVETOL GTHAVTIKE. XOXPAKTNPLOTIKE, Yo pevoTo pe ekfétn n = 0.5,
n dvvnrikr) mieon katdOALYng petdveton pio Ta€n peyéBoug ev cuykpioet pe Tnv avtiotoryn Tipr yio Nevtdvelo pevuoto.

H péyiotn dvvnrikn mopoxr 6ykov peuoTtod eiong HELWOVETOL VIO SLATUNTIKK AETTTUVOPEVO PEVOTA.
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IxnHo 5.6: XapoknploTikég meploTadong yio teplotadtikég avtAiieg prjkovg 90 mm ko evog poOAAep, TTOL KLveital pe

¢ = 5 mm/s, XpnoIHOTOLOVTAG YPOHHIKT] KAIHoKX Yo TNV Tieo.
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Ixnpo 5.7: XapoktnploTikéc meplotadong yio meplotadtikég avtAiieg prjkovg 90 mm ko evog poOAAep, TTOL Kiveital pe

¢ = 5 mm/s, ypnoiomoldvrag AoyoplOpikr kAipoka yix Ty mieom.
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KepaAairo 6

IToApikn pon pe XVTAnon ackov

6.1 Ewaywyn

Avt)ieg aoko0 ypnoyomotobvtat yi tnv vrofondnon g kapdiakng Aettovpyiag o€ TEPUTTOCELS 0EEWG EPPPAY-
HoTog TOL puokapdiov, kothlaknig appubpiog, kapdioyevoig ook, aotafoig otndiyxng, avOek ik KoL Lok arvetdp-
Kewg 1 eyxeipnong kopdibc. H okt ovticdddnon péow adénong tng Stoeo toAkng tieong kot pHeiwong TnG GLGTOALKNG
ntieong, avkavel ) otepaviaio apdtwor kot virofondei Tnv kapdik va avtAel teplocdTEpO aipa o€ kK&Be oPOEN. XNV
nopovon peAétn eEetaletal avtiia prraoviod ov petafaiiel tnv porj Poiseuille e ev00Yypoppo KukAkod aywyo. To
WIToAOVL elval 6Palpoeldoig oXHATOG eVK TO PiKog eAdccovog GEova, mou eival kdbetog ot diebBuvon tng porig,
petoParietal oTov xpovo akorovbwvtag npitovoeldr) vopo. H eioepyopevn mapoyn dykov pevotot eivar otobepr) eved
0 Oykog pevoTod Tov eEépyeTal TOL aywyoL peTaPdAletor oTov xpdvo Adyw tng mapovoiag tng avtiiog aokod. H
Srpopa mieong ekatépwbev Tov cPVLLOVTOC oKD TapovaLdlel onpavTiky dtapopd Paong akohovd®VTag TNV KLpO-
TOHOPPT] TTaPOYTG OYKOU YLt GUXVOTNTA TAAHWGTG 60 opOEewV avd Aemttd. Ilapovoialeton To TApeg edio porig yopw

a6 to prraldvi GvtAnong.

6.2 MeBodoloyiax

Txapipnpa tng avtiilag mapovoidletor oo oxfpa 6.1. To ayyeio mov mepiéxel Tnv evioaopTikt| avTAia prradovioo,

HOVTEAOTIOLEITOL WG EVOVYPOAPHOG aywYOG KLUKALKTG Statoprc. H aktiva tng aptnpioag eivar 4, ko To pjkog tng elvort
Ig.

rigid wall
—
Ta
y
1 ﬁ b T op A Y X
Jv
e 0
- X >

Sxfpo 6.1: Txrjpo Tov oeopoetdois prtahoviot kot tng opoakovikrg meptpdAlovoag aptnpiog.
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To pradovt €xel oxnpo woeldovg eAdeloetdoig ek mepioTponic. O péyiotog dEovig tov tavtileTal He Tov dEova
ovppetplag tng aptnplag kot to pécov tov keital otn dtaprikn 8éon x;. H empdvelx tov aockod oe Kapreoiavég cuvte-
taypéveg oakolovBei tnv e€icwon

(x —x)?

. yz 2
2
&p

B2 (t) M ()
omov ap > By = ¥ eivon oL avtictoryol nud€oveg. To prikog Tov peilovog nuidEova eivar 6Tobepd 6To Xpdvo evod 1)
Lonpepvy aktivo peTafAAAETAL GTOV XPOVO GOHPOVA [E TOV GUVIILTOVOELST] VOHO

=1, |x—x| <ay, (6.1)

Bu(t) = 1p(t) = ryo — Apcos <2]7ft> , (6.2)

6mov T eivou 1) mepiodog g TaAdVTWONG.

JUVETAOG 0 OYKOG TOL pevaToL oty €080, dnAadn 1 Tapoxr) 6ykov g TaAAopevng porg, elva

2
Qout(t) = Qin(t) + dL(ﬂ = Qin(t) + § “&p - aur (2 “Tpo - Sin <217:[t> — Ay -sin <4]7ft>) ' (53)

dt 3 T

Ot Tipég mov AapPfavovton yior T yewpetpika peyéon tng avtiiog divovron otov mivaka 6.1.

IMivakog 6.1: TYéG TOV YEOUETPIKAOV TTOGOTHTWV TNG TPOGOROLOOTG.

IMoocoétnta Twn (cm)
Tq 0.925
Iy 18 (for Q;, = 0.01L/s), 40 (for Q;;, > 0.01L/s)
Ap 3
b0 0.32, 0.36, 0.44
Ap 0.02, 0.06, 0.14
X] 7

OL 1310TNTEG TOL PELGTOV YLA TNV TTPOGOROIWCT) TALPOLGLALOVTAL GTOV TIVOKX 6.2.

[Mivakag 6.2: Tyég twv 1doTiTRV pevetod oto cvotnpa povadwv CGS.

ITocotnta T
Suvopkn cvvekTikOTnTA Y 0.04 g/ (cm-s)
TUKVOTNTA O 1.06 g/cm3

TNo epiodo T = 1s, o apBpoc Womersley [Womb55] tng madAopevng por|g eivon

P % — 11.936, (6.4)

, T, . , , ,
omov w = — elven ) yoviaki cvxvoTTa TG TAAAVTWGTG TOL HTTOXAOVLOD.

Ewdyovtag kohvdpukéc cuvtetaypéves (X, 7, 0) yio Tnv aovikr], TNV GKTIVIKT KOL TV EQOITTOHEVIKT] CLVIGTOCX
avtioTolya, 1 TooTnTa exppdleton wg (i, Uy, Ug), 6mov Uy eivan n aktvikr cuvietdoa tng toyvtntog ko Ug eival
1) TEPLPEPELOKT) CUVIOTOCX TNG TOYVTNTOG.
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370 e0WTEPLKO aTEPED OpLO, SNAADY GTNV EMLPAVELX TOV alokOD, KBOPIleTarl 1) AKTLVIKT GLVIGTOGN TNG TAXVTNTOG

g

U, (x, r,0,t

(x —x;)? r? or(x,t) 5 2mAy . (271 )
+ =1, |x—x| <ap| = =/a? —(x —x;)2- sin | =t ], (6.5
= X0 | 1| <ay o ;— (x —x) T T (6.5)

EV® 0L AoLTég oLVIoTMOOEG TiBevTon pundevikég. Zto eEwTeplcd Oplo Tov LITOAOYLETIKOD Xwpiov eappolovTal PELKTES
oplakég ouvOnkeg. Xtnv elocodo, 1 akovikr] TayOTNTO elvor pn pndevikr] ko akoAovbei tapaBoiikd Tpo@id v oL Aoutég

oLVIOTMOOEG elvor Pndevikég

, 2 2
u(x =0,7,0,t) = 78”:22 (1 _Y r:rzz > . (6.6)

270 Toiywpa Tov ayyeiov, TiBetal ocuvOKkn pn oAicBnong, eved 6To KaTdvTL GKpPo Tov, emPdAietal pndevikn St~
HAKNG Tapiywyog tng toyTNTaG. AELOTOLOVTOG TN GUHPETPIX TG YewpETplog Kkat Tov mediov porig kot Aapfavovtag
vrtdYLy T dopr) Tov adyopibpov enidvong, eEeTdletal éva TETAPTO NG YewpeTpiag kKuAivdpov. Eta dVo Swoprikn emineda
emPdArovtal cuvOrkeg ovppetpiag dSnAadn otabepr peonpuPpvi Tayxdnta wg tpog tnv alyovbiokr) katevBvvor Kot
pndevikn meprpepetokty taxvTnTe. H por) Tov aipartog oe peyddeg aptnpieg propel va Bewpndei Nevtdveia [FQV09],

oVVENAOG emAdovTal oL eElo®oelg por|g (2.40) ko (2.42) o€ kapmuAoypayppo ko Kapreoiavd vrokeipevo mAéypar.

6.3 AmoteAéopata kot Xuintnon

To tpoxvIToVTa StovdopaTa Tox VTN TOG o€ eminedo mov opiletal artd Tov kevrplkd GEova Tov KLALVEpovL kot évav
YeVVHTOp& Tov, ametkovilovtat oto oxfpa 6.2. To mapaforikd mpopil otn Siatopr] e.cddov NG apTnping, petafoaivel
o€ TopoeLdEg YOPw amtd To SLpnkeg kEVTPO TNG TaAAOueVNG HepPpavng, pe StoTopr) Tov opoLdleL GTO TPOPIA T OT-
tag oe datopr] daktuhloeldods aywyov oe Tahavtodpevn pon [Tsa84]. H akxtiviky cuviet®oo tng ToyOTNTHG TELVEL
VO QITOKATAOTHGEL TN) HEYLOTOTOWNGT TNG a€oVIKNG TaX0TNTAS 6TOV AEOVA TOL AywYoL, KXTAVTL TOVL praAoviod. Ta
péylota, emdve otn drotopr, Stoavoopata £xovv peyadbTepo PETPO TANGIOV TNG LGOS0V Ko PIKPOTEPO GTNV TEPLOXT|
TOL QOKOV, OTTWG avapéveTan amd T dxtrpnor g palogs.

Iooyeic Tng akovikng TayvTnTOG divovtal 6To oxfipa 6.3. ZTo TN TG TepLodov 6ov avkavetl o puBpdg aAlayrig

TOL OYKOUL TOU pTahoviol, avEdvel kot 1) e€epyOpevn mapoxr 6ykou pevatov. O peyiotomowmtig g eicwong (6.3) elvar

2
50 b0
20 8
A, \ A2
A Wk A (6.7)

T
arg max Qout(f) = oy arccos 1 ,

tel0,T)

oTnV omoia Xpovikt} oTiyur eppavileton fabeid koxkivn meploxn otnv é£0do Tov aywyoo. I'ia To vtdéAoio Tov Ypdvou
6710V 0 PLOPOG AAAXYTIG OYKOL TOL UTAAOVLOD peLVETOL, 0 pLOROG eE6S0L OyKOL pevoTo akohovbel Tnv idwa Téon. T
t = 3T /4 n Suaprjkng taydtntag mAnciov g e€68ov edayiotomoteitar. H meployr] xopunA®v Toxuthtwy tAnciov Tov
e€WTEPLKOD TOLYDORATOG el pLkpoTepo Téyog otny meproxr) 4 < x < 10 6mov eivar Tomobetnpévo to prardvi, Aoyw
TWV GUVEKTLIKOV QOLVOUEVOV GTOV OyWwYO HETOED TOU TOLYDHOTOG Kot TNG HERPPAVNG.

Iooypoppég Tng katavopung ieong divovtor oto oxnpa 6.4. H tieon e£650v avEdvetot yia To Vo TEPO, PEYLOTO TUAHA
NG PAOTG SLOYKWOT|G KL HELOVETAL YLO TO DOTEPO, HEYLOTO TURHO TNG Ao oupplkvwong. H cuvaptnon tng mieong
eE0d0V, Pout, Pe TOV XpOVo, divetal 6To GNP 6.5.

H péomn ] tng KUHaTOHopy1ig TOL TAeoVAOHATOG Ttieong e€6dov ev oxéoel pe tnv mieor eloddov, eivar —4.319 Pa
ywx Qi = 0.01 L/s, 19 = 0.32 cm xou Ay = 0.02 cm. T tawtdonpn yxoapunAn akpaio 8éon tng TaAdvTwong yla Tov

HIkpO €OV TOL AGKODV, TO TAATOG TNG TAAAVTMOGTG TOL HITOXAOVLOD Kot 1] Stk DpaveT) TG ieong cvoyetiovran BeTika.
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Sxnpo 6.2: Alevbopoata o 0TnTag oe peonpufpivr) oy, yia aokd TaAlopevo cOppova pe Ty eEicwaon (6.2) pe Tpo@ii
taxbtnTag ewlddov ov diveton and v e€icwon (6.6), yio 4 otiypdTuna katd T didpkela NG meptddov (ot TitAot
o010 aplotepd PEPOG TOL OXNHATOG avopépovtal 6To kAdopa tng meptddov T). H eioepxdpevn mapoyr dykov eival
Qin = 0.01 L/s, rp9 = 0.36 cm ko A, = 0.06 cm.

0.0 0.5 1.0 1.5 20 25 3.0 35 40 45 5.0 55 60 6.5 7.0 7.5 8.0

U(CM/S)  p——— 00 U
O\o- T —
C— — —
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00— T —
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V. B [ —
O — B
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Sxipa 6.3: Iooypappéc atovikng taxvtntag oe peonpufpviy 6ym, yia aokd madlopevo coppwva pe tnv ekicwon (6.2)
He TTPoPiA ToyvTNTAG EL6OS0L ToL Siveton amd v ekicwon (6.6), yio 4 oTiypdtuna katd T Sidpkela Tng TepLOSoUL
(ot TiTAoL 6TO OPLOTEPO PEPOG TOL OYNHATOG avapépovTal 6To KAGopa tng mteptddov T). H eloepydpevn mapoyr dykov
eivow Qj, = 0.01 L/s, rpg = 0.36 cm ko Ay = 0.06 cm.

TNo peyoddtepoug aptBpovg Reynolds ko tavtdonpeg talavidoelg, 1 mieon e€6dov wg mpog v elcodo, Aapfdvel
xopnAotepeg Tyég. H dixpopd phong peyiotomoinong ng eEepyopevng mopoxng Oykov peuatol KoL HEYLGTOTTOINGTG
g mieong e€ddov Y Q;, = 0.01 L/s, rpg = 0.32 cm and A, = 0.02 cm eivon

op =2m <argmax Pout (t) — arg max Qout(t)> = 1097 arccos (4 - \/676> = 0.570257.
telo,T) telo,T) 100 2

H napovoa tiyr} tov d¢ eivar yopaktnplotikn yio Stagpopd ¢éong petokd tng kAlong mieong ko g mapoxig Oykouv
peLOTOL Yyio peydhovg aptbpovg Womersley [Zamo00].

H evioyvpévn enidpaot tng adpavelag EXeL WG CLVETELO CTHOVTLKY VOTEPTOT) TNG KAUTOANG Ttieong ev oxéoel pe
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Sxnpo 6.4: Iooypopupég mieong oe peonpuPpivry 6Ym, yiow aokd mTaAlopevo cOppwva pe v e€iowor (6.2) pe mpo@ii
Tax0TNTOG €L60dov Tov divetar and v e€icwon (6.6), yia 4 oTiypoTua Katd T Sdpkela Tng meptdodov (ot TitAol
0TO aPLOTEPO HEPOG TOVL GYNHATOG avapépovton 6To kKAGopa tng mepddov T). H ewoepyopevn mapoxr dykov eivar
Qin = 0.01 L/s, 19 = 0.36 cm ko Ay = 0.06 cm.

200 T T T T T T T

Q =0.01L/s,Re =182, ry9 = 0.32cm, Ay, = 0.02cn ———
150 = QO =0.01L/s, Re = 182, ry9 = 0.36cm, Ay = 0.06cm - - -
100 |- Q =0.05L/s,Re =730, 1,y = 0.36cm, A, = 0.06cm ------ i

= Q = 0.083L/s, Re = 1515, 1}, = 0.36cm, A, = 0.06cm — - —

& S0 Q=0083L/s,Re = 155,19 = 0.44cm, Ab—014cm c—]
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Exnpo 6.5: ITieon pour — Pin Kotd T Siipketa Tng meptdodou yiar SIpopeg TIES TV I KoL Ap.

NV KapOAn tov pubpov mapoxng oykov [Zamo5]. H Siapopd pdong petakd tov péyiotov pubpod mapoxng oykov
pevoTtod otnv €£0do Tng aptnpiag kal Tng péylotng mieong e£0dov, Ppicketal va eivon oxedov aveEaptnTn and To
TAdTOC TNG TOAAVTWOTG KaL T BéoT) wooppomiag kot va avEdveton oe pkpd Bobpod pe adEnom tov apbpov Reynolds.

To tpo@il droprikovg ToyvTnTg €€680V divovton 6To oxrpa 6.6. Adyw TNG TAAPWONG TOL AGKOV, TO TPOPIA TO-
x0tntag otnv ¢é€0do touv ayyeiov dev eivon mapaforikd omwg otny elod6do. H péyiotn afovikr) toydTnta vtodeinmeton
onpavtikd oe oxéon pe tn avtiotowyr Tt Poiseuille. H vymAn tyun g adibotaotng mapapétpov ovyvorntag (11.936)
IOV £XEL WG OITOTEAEGHO QENPEVT] OYETIKT] onpacia TG adphvelog, odnyel oe memAatvopéva Tpo@ik ToyvTNTRG TTEPL
tov dEova Tov aywyol TAnciov tng e€6dov [Wes+19]. Katdvti Tov pradoviot, oe tkavy amdotact) otd autd, oL Statpn-
TG TAOELG EYXOUV ETTOPAGT) 0TI YELTOVLX TOV TOLYOHATOG Kot giva oxedov pndevikég otov mupnva tng porig [Kis09].

H dwpopd teov mpogid akovikrig taybtnTog e£6dov Kkat elcddov divetat oto oxnpa 6.7. H enidpacn tng méApwong
oV prrahoviod otnyv é£0do, eival evTovoTepn o€ aKTiveg TEPi TO HEGO TOV GTEVOTATOL AYWYOD TTOL SLOPOPPOVETOL QLTTO
TO €0WTEPLKO Kol TO eEWTEPLKO Oplo.

ITAnciov tng e£680L ToL aywYol, 61OV 1) por elval AVATTTUYHEVT), 1) ATTAOVOTEVHEVT) pOopeT) TV eElodoewv Navier-
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radial coordinate r (cm)

0 1 2 3 4

axial velocity uoyt(7) (cm/s)

Q1
(o)}
N

Sxfpe 6.6: Mpoid torydTnTog e£080V Uoyt (1) Setypatolnmnpéva 8 wooméyovoeg xpovikég oTiypég otnv mepiodo. H
eloepyopevn mapoyn oykov eivar Q;, = 0.01 L/s, 149 = 0.32 cm ko Ay = 0.02 cm.
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axial velocity difference ugy (1) — u;, (7) (cm/s)

TxApe 6.7: Aiapopd mpopil afoviktig ToydTNTaG e£6800 1oyt (*) Ko TPOoPiA TorybTnTOG E16680V Ujy (7), SerypaTodn-
menuévn 8 woamtéyovoeg oTiypég katd tn dudpkela tng mepLddov, yie Q;, = 0.01 L/s, 159 = 0.32 cm wou A, = 0.02

cm.

Stokes

@+1%,1%—1% (68)

o2 ror vot uox’ '
elval ypopkn ya 7o mtpo@ik Staprikovg taxvtnTog ko tnv mieon [Nic+22]. Katd cvvéneia, oTIg meputtdoelg mov 1)
HOVIUN Ko 1) peToPadAOpev) 6o xpovo kAion mtieong cuvuTdpyouvy, tkavomotovy aveEaptnta tnyv e€icwon (6.8) [Uch56;

Ver60].
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KepaAaro 7

Y UUTEPACPATA

7.1 Kevipikd onueia tng dratpiPrg

Avokepalodvovtoag T Paokd GCUPTEPAGHATA TG EPYUTING, CNHELOVOVTAL T akOAovBar:

« H péBodog epfoamtiopévou opiov mov xpnoipomotdnke, TPOTEIVETAL G KATAAANAN Yl TNV TPOGOHOIWST) TNG
XELPAYWYNONG PONG, OTOU EUTTAEKOVTOL KLVOOHEVO UT] TTOPAUOPPDOCLHO KOl TTAPOHOPPDC LK CTEPER THUHHOTOL.
To mAéypa Srakprromoinomg Tov ywpiov exilvong eivar otabepd otov xpdvo, cLVENHOG 1) amartntiky diadikacio
g yéveong mAéypatog aviikadictator amd Tov aflooTelnTa o eVTPOCLTO GTOXO TG AVIXVEVLOTG ETLPAVELOG.
K&0Be mpooopoinwon amaitel Aydtepn mpoomdbeiax yio tn SLotkpLtomoinon Kot onHavTikd Aydtepo xpovo eneep-

yoolog.

« T peyaddTepeg TYLEG TOL PHKOUG TNG ETLPAVELXG EAEYXOV, Pe 6TaBEPEG TIG AOUTEG TTOPAPETPOUG YL TV ATTOTOWN)
dtebpuvorn eppavileton peyoddtepn otobepotnta tng 060G aToKOAANONG TOL AVE® TOLYDHATOG KL PEYAAVTEPT)
péyloTn T tng 0éong emovakdAANOTG AV TOLYOHATOC. QG cLVERELX TNG OENOTG TOV HIJKOUG, HELOVETOL TO
TAGTOG TNG St Kovg TAAAVTWOGTG TNG PLOAAASOG KATW TOLYOUATOG.

« O é\eyyog tng avaxvkAogopiag Tov HOVIHOL Kot TOL XpovopeTaPAntov mediov porig péow mabnTikng eEAACTIKTG
empavelag oe oAAnAenidpaon pe v kVpLa por, Ppicketon va eivon amodotikdg. Mapéyovrag katdAAnAn eEw-
TEPLKT] TTECT) KOl amovsio TNyNg evépyelag, 1 pepPpdvn propel va kataoteilel TNV amokOAANoN TG porig o€

onpavTiko Pabpo.

« O Broroytkég poég ouyva Siémovton ad cLVTOKTIKEG eELOWOELS He GUVTEAESTEG eEapTMHEVOLG 0td Tov pLbpd
duatpunong. H xapmoddypoyppn pébodog epParttiopévou opilov detyveton v mpoPAémet tn pn Nevtdvelo cupmept-

Qopa oe cLPPVi pe TIg peBddovg oL TpooappOlovTaL 6TO COHA.

« H avéivon tov evB0ypapponv meplotaAtikdv avtAudy vrootnpilet 6Tt ot ToAvkOALVOpeg dratdéelg eppavifovv
TAEOVEKTHHOTA WG TTPOG EKELVES OTTOL TO KOO cupTtieong eivon povotporikd. [opdAinia ko kdbeta otnv KL-
potiky toyvnta, ta medio kAlong taxvTNTag eivar AlydTEPO €VTOVaL YLt TTOAVTPOTLKR KOPOTOL. ZUVET®OG, TO
avtAobpeva pevatd voPdAlovtal oe xapnAotepa emineda puOPOv SidTunong kot vQicTaAvToL XOUNAOTEPEG dLat-
TUNTIKEG ThoelS. EmumAéov Oeticd xopakTnplotikd TV TOAVTPOTIKGOV KUHATOV atoTeAel 1) Stoapnkng kivion oe

pio katebBuvoT 6e OAO TO P KOG TNG AVTALAG OTTOL ATOPEVYOVTAL OL EMLITAOKEG TNG omtcBoppor|c.

o AlotpnTikd Aemtuvopeva yevikevpéva Nevtovela pevotd Tifevton o Kivnon KATw amtd XaUNAOTEPEG TYLES AVE-

otpoyng Pobpidag wieong amd 611 tar Nevtdvera. H xhion TV XopoKTnploTKOV TEPIOTAACTG TOV PEVGTOV
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70V ePPOVilovV YevdomAAGTIKY) GUHTEPLPOPE cuayeTilovTal apvnTikd pe Tov ekBétn Bird-Carreau. H dvtinon

PELOTOV AVTNAG TNG KaTnyoplag otaltel AtydTepo mopexOHeEVO £pyo.

« H mieon €€0dov evdoaoptikng avtiiog praioviod peylotomoleital oe TpoceyyloTikd otabepr) Xpoviky oTLypun
Koté Tn Sudprela TG mePLOSOL TAAPWONG oYX eSOV aveEAPTNTA ATTO TNV KEVTPLKTY TLLT) TOU HIKOUG TOL EAAGTMVOG
&€ova 1} To TAdTog Taddvtwong Tov. Ta otabepr) cuyxvotnta, adEnot Tov 6ykov Tov PITaAoviod atd KopuPr| o€

KopLET) cuveayeTo LYNAOTEPT) T Ttieong e£6d0V amd KopLEY) Ge KopLYPT).

7.2 YopPol tng SratpiPng

2y mapovoa Satpifry epevvrOnke o EAEYXOG TNG PONG O TMEPLTTAOCELS eVILPEPOVTOG He Xprion Tng peBddov

epPoamtiopévou opilov. H kbpla cuvelopopa tng epyaciog ovvoyiletar edw:

« Epappoleton 1 kopmoAoypoppn pébodog epPamtiopévou opiov yix tnv tpodPieym medinv porg pe xpovopetafoi-
Aopevo Oyko pevotov. Xtov alyopiBpo tng peboddov mpootébnke n adAnAenidpoon pevoTov-cTEPEOD pE TOPO-
Hopewopa oopatae. H amdkpilon tov otepeod avtiotolyel o eAaoTikn pepPpivn tng omoiog 1 e€icwor kivnong
ouvdéeton acBevidg pe Tig eElowoelg Navier-Stokes. H Swadikaocio epoppdletal yia pOVIHEG Ko pr) HOVILES TTepL-

MTOCELS.

o Mehetdton 0 evepyodg éAeyxog UoaAASAG ATTOKOAANONG HECK TOAAVTOVHEVNC ETLPAVELAS, XPTOLOTOLOVTOG
otafepd vroroyloTikd TAéypata. Emmpocheta pe tnv enidpaon tov TAdTovg kat NG cuyvotntag eEetdleTon 1

SLOPN KNG EMEKTACT) TNG EVEPYOD ETTLPAVELXG.

« Pevotd mov avtAodvtol HEGK KUPATWY GUGTOANG 1) HECK TTAAHWOTNG, GUX VA SEV TTEPLYPAPOVTOLL PE YPOHHULKEG GU-
vraktikég efloaoelg. O emADTNG enekteiveTal OoTE Vo GUPTEPIANPOODY pevaTd OV AKOAOVOOVVY XPOVIKE ove-

EQAPTNTEC, U1 YPOHMULIKEG KATAOTATIKEG EELOWOELS, OTIWG TEPLITTOCELS TOL peoAoYLKoD povtélov Carreau-Yasuda.

« IIpoteivetal TPOTOG AVTIHETOTLONG TV DEPATOV TV APYNTIKOY XEOVIKOV TOYUTHTOVY Kot TG opLtofétnong twv
SratpnTik®v Thoewv otnv meptotaltiky dvtinon. E€etdletar n adénomn tng moAAamtAdTnTog TV mepLtddwy Tou

KOHATOG KoL PPioKeTaoL var ETLTUYYAVEL KOAQ ATOTEAEGHATA GE QAVTEG TIG KATELOVVOELS.

« TapovoidlovTor oL XapoKTNPLOTIKES TEPLOTAATIKTG GVTANoNG Yot evBVYpoppeg avtAieg yio Nevtdvela kot )
Nevtdvela pevoTd Kot yio SIUpopeg TIHES TNG OXETLIKNG ERPPaEnG.

« Movrtelomoteital 1) oAk por] ov StopopPadvetal artd 6OLoV oPoLPoeldég PIToAdVL oe KUALVSPLKO aywyd. H
emidoom GVTAN GG AVaADETAL YOt VL EDPOG TV TOL PLOROT ELGEPYOHEVOL OYKOU KAl TOV TAATOUG TAAAVTHOGTG

TOL OYKOL TOU PITaAoVIoD Kl epLypapetol To medio porig Siapésov tng ditakng.

34



BipAoypagia

[Ach72]

[ACS16]

[AG09]

[AH13]

[Arm+83]

[BAHS7]

[BBC17]

[BGS08]

[Bin+18]

[BLW0S]

[Bou21]

[Cal+15]

[Car68]

[Che+14]

E. Achenbach. Experiments on the flow past spheres at very high Reynolds numbers. Journal of Fluid
Mechanics 54.3 (1972), oo. 565-575.

D. Angelidis, S. Chawdhary kot F. Sotiropoulos. Unstructured Cartesian refinement with sharp interface
immersed boundary method for 3D unsteady incompressible flows. Journal of Computational Physics 325
(2016), oo. 272-300.

V. G. Asouti ko K. C. Giannakoglou. Aerodynamic optimization using a parallel asynchronous evolutionary
algorithm controlled by strongly interacting demes. Engineering Optimization 41 (2009), oc. 241-257.

A. A. Al-Habahbeh. Simulations of Newtonian and non-Newtonian flows in deformable tubes. Awdaxtopukr

dwatp. Michigan Technology University, 2013.

B. F. Armaly, F. Durst, J. C. F. Pereira xou B. Schonung. Experimental and theoretical investigation of
backward-facing step flow. Journal of Fluid Mechanics 127 (1983), co. 473-496.

R. Bird, R. Armstrong xou O. Hassager. Dynamics of polymeric liquids, Volume 1: Fluid mechanics, 2nd Edition.
Wiley, 1987.

A. Batikh, L. Baldas xou S. Colin. Application of active flow control on aircrafts - State of the art. to:
International Workshop on Aircraft System Technologies. Top. 2017. Hamburg, Germany, ®ef. 2017.

I. Borazjani, L. Ge kot F. Sotiropoulos. Curvilinear immersed boundary method for simulating fluid
structure interaction with complex 3D rigid bodies. Journal of Computational Physics 227.16 (2008),
0. 7587-7620.

C. Bingham, C. Raibaudo, C. Morton kot R. Martinuzzi. Suppression of fluctuating lift on a cylinder via
evolutionary algorithms: Control with interfering small cylinder. Physics of Fluids 30, 127104 (2018).

E. Braun, F. Lu xou D. Wilson. A Critical Review of Electric and Electromagnetic Flow Control Research
Applied to Aerodynamics. Xto: Proccedings of the 39th Plasmadynamics and Lasers Conference (23 - 26 June).
(Seattle, Washington). American Institute of Aeronautics ko Astronautics, 2008.

E. Boujo. Second-order adjoint-based sensitivity for hydrodynamic stability and control. Journal of Fluid
Mechanics 920, A12 (2021).

A. Calderer, X. Yang, D. Angelidis, A. Khosronejad, T. Le, S. Kang, A. Gilmanov, L. Ge kot I. Borazjani.
Virtual Flow Simulator, Version 1.0. 2015.

P. J. Carreau. Rheological equations from molecular network theories. Aldaktopikr) diatp. Madison, WI:

University of Winsconsin - Madison, 1968.

G. Chen, Q. Xiong, P. J. Morris, E. G. Paterson, A. Sergeev kot Y. C. Wang. OpenFOAM for computational
fluid dynamics. Notices of the American Mathematical Society 61.4 (2014), 6. 354-363.

35



[CK90]

[CKS14]

[CLO0]

[CN47]

[CS04]

[CSHS6]

[Eck17]

[Fad+00]

[Fan+20]

[FQV09]

[Gar90]

[GBYS]

[GKMO00]

[GS05]

[GS07]

[GTGO7]

[Hak00]

[Hako1]

J. R. Cash ko A. H. Karp. A Variable Order Runge-Kutta Method for Initial Value Problems with Rapidly
Varying Right-Hand Sides. ACM Transactions of Mathematical Software 16.3 (1990), oc. 201-222.

A. Calderer, S. Kang ko F. Sotiropoulos. Level set immersed boundary method for coupled simulation
of air/water interaction with complex floating structures. Journal of Computational Physics 277 (2014),
00. 201-227.

D. Calhoun ko R. J. LeVeque. A Cartesian Grid Finite-Volume Method for the Advection-Diffusion Equation
in Irregular Geometries. Journal of Computational Physics 157.1 (2000), oo. 143-180.

J. Crank xou P. Nicolson. A practical method for numerical evaluation of solutions of partial differential
equations of the heat-conduction type. Mathematical Proceedings of the Cambridge Philosophical Society
43.1 (1947), 65. 50-67.

G. Constantinescu kot K. Squires. Numerical investigations of flow over a sphere in the subcritical and
supercritical regimes. Physics of Fluids 16.5 (2004), 6. 1449-1466.

D. K. Clarke, M. D. Salas xou H. A. Hassan. Euler calculations for multielement airfoils using Cartesian
grids. AIAA Journal 24.3 (1986), 6o. 353-358.

M. Eckert. Ludwig Prandt]l and the growth of fluid mechanics in Germany. A century of fluid mechanics:
1870-1970. Comptes Rendus Mécanique 345.7 (2017), co. 467-476.

E. Fadlun, R. Verzicco, P. Orlandi xat ]J. Mohd-Yusof. Combined Immersed-Boundary Finite-Difference
Methods for Three-Dimensional Complex Flow Simulations. Journal of Computational Physics 161.1 (2000),
0. 35-60.

D. Fan, L. Yang, Z. Wang, M. S. Triantafyllou xou G. E. Karniadakis. Reinforcement learning for bluff body
active flow control in experiments and simulations. Proceedings of the National Academy of Sciences 117.42
(2020), 0o. 26091-26098.

L. Formaggia, A. Quarteroni kou A. Veneziani, empeAntég. Cardiovascular Mathematics: Modeling and

simulation of the circulatory system. Top. 1. Milano, Italia: Springer-Verlag, 2009.

D. K. Gartling. A test problem for outflow boundary conditions - flow over a backward - facing step.
International Journal for Numerical Methods in Fluids 11.7 (1990), oo. 953-967.

P. L. George xou H. Borouchaki. Delaunay Triangulation and Meshing: Application to Finite Elements.
Hermes, 1998.

M. Gunzburger, H. Kim kot S. Manservisi. On a shape control problem for the stationary Navier-Stokes
equations. Mathematical Modelling and Numerical Analysis 34 (2000), co. 1233-1258.

A. Gilmanov ko F. Sotiropoulos. A hybrid Cartesian/immersed boundary method for simulating flows with

3D, geometrically complex, moving bodies. Journal of Computational Physics 207.2 (2005), oc. 457-492.

L. Ge kou F. Sotiropoulos. A numerical method for solving the 3D unsteady incompressible Navier-Stokes
equations in curvilinear domains with complex immersed boundaries. Journal of Computational Physics
225.2 (2007), oo. 1782-1809.

E. Greitzer, C. Tan xou M. Graf. Internal Flow: Concepts and Applications. Cambridge Engine Technology
Series. Cambridge University Press, 2007.

M. Gad el Hak. Flow Control: Passive, Active, and Reactive Flow Management. Cambridge, England:
Cambridge University Press, 2000.

M. Gad el Hak. The MEMS Handbook. Mechanical and Aerospace Engineering Series. CRC Press, 2001.

36



[IV03]

[Jin+04]

[Kan+11]

[Kan10]

[Kia+15]

[Kis09]

[KK04]

[KM85]

[KTH13]

[LP00]

[McN+04]

[MMN22]

[MMnS10]

[Mor+84]

[MRF95]

[MSMo04]

[MVo1]

[MY97]

G. Taccarino xat R. Verzicco. Immersed boundary technique for turbulent flow simulations. Applied
Mechanics Reviews 56.3 (2003), co. 331-347.

S. Jindal, L. Long, P. Plassmann kot N. Sezer Uzol. Large Eddy Simulations around a Sphere Using
Unstructured Grids. Xto: 34th AIAA Fluid Dynamics Conference and Exhibit. (Portland, Oregon, USA).

American Institute of Aeronautics kot Astronautics, 2004.

S. Kang, A. Lightbody, C. Hill xau F. Sotiropoulos. High-resolution numerical simulation of turbulence in

natural waterways. Advances in Water Resources 34.1 (2011), 6c. 98-113.

S. K. Kang. Numerical modeling of turbulent flows in arbitrarily complex natural streams. AdakTtopikr
Swatp. University of Minnesota, 2010.

E. P. Kiachagias, A. Zymaris, . Kavvadias, D. Papadimitriou xou K. Giannakoglou. The continuous adjoint
approach to the k-e turbulence model for shape optimization and optimal active control of turbulent flows.
Engineering Optimization 47.3 (2015), cc. 370-389.

V. Kislik. Liquid Membranes: Principles and Applications in Chemical Separations and Wastewater Treatment.
Amsterdam, The Netherlands: Elsevier, 2009.

D. A.Knoll kou D. E. Keyes. Jacobian-free Newton-Krylov methods: a survey of approaches and applications.
Journal of Computational Physics 193.2 (2004), co. 357-397.

J. Kim xou P. Moin. Application of a fractional-step method to incompressible Navier-Stokes equations.
Journal of Computational Physics 59.2 (1985), cc. 308—323.

M. J. Krause, G. Thater kot V. Heuveline. Adjoint - based fluid flow control and optimisation with lattice
Boltzmann methods. Computers & Mathematics with Applications 65.6 (2013), 6o. 945-960.

M.-C. Lai xau C. S. Peskin. An Immersed Boundary Method with Formal Second-Order Accuracy and
Reduced Numerical Viscosity. Journal of Computational Physics 160.2 (2000), co. 705-719.

A. McNamara, A. Treuille, Z. Popovi¢ xat J. Stam. Fluid Control Using the Adjoint Method. ACM
Transactions on Graphics 23.3 (2004), oo. 449-456.
H. Muir, L. Michael kot N. Nikiforakis. Numerical Methodologies for Magnetohydrodynamic Flow Control

for Hypersonic Vehicles. Xto: Active Flow and Combustion Control 2021. Empéreix vd R. King xou D.
Peitsch. Cham, Switzerland: Springer International Publishing, 2022, oc. 336-355.

D. Mateescu, M. Muiioz kot O. Scholz. Analysis of unsteady confined viscous flows with variable inflow
velocity and oscillating walls. Journal of Fluids Engineering 132.4, 041105 (2010).

J. J. Moré, D. C. Sorensen, B. S. Garbow xai K. E. Hillstrom. The Minpack Project. Xto: Sources and
development of mathematical software. Empéleio vmd W. R. Cowell. Computational Mathematics. Prentice-
Hall, 1984. Keo. 5, c. 88-111.

J. Magnaudet, M. Rivero kot J. Fabre. Accelerated flows past a rigid sphere or a spherical bubble. Part 1.
Steady straining flow. Journal of Fluid Mechanics 284 (1995), oo. 97-135.

S. O. Macheret, M. N. Shneider kot R. B. Miles. Magnetohydrodynamic and Electrohydrodynamic Control
of Hypersonic Flows of Weakly Ionized Plasmas. AIAA Journal 42.7 (2004), co. 1378-1387.

D. Mateescu kot D. A. Venditti. Unsteady confined viscous flows with oscillating walls and multiple
separation regions over a downstream - facing step. Journal of Fluids and Structures 15.8 (2001), 6o. 1187-
1205.

J. Mohd-Yusof. Combined Immersed Boundary / B-Spline Methods for Simulation of Flow in Complex
Geometries. Annual Research Briefs, Center for Turbulence Research (1997), oc. 317-328.

37



[Nah12]

[Nic+22]

[NTW10]

[Pes72]

[Pra04]

[Pre+07]

[PS72]

[PT97]

[Rab+20]

[RHT20]

[RK19]

[RRT21]

[RS87]

[RZ10]

[SA08]
[SB18]
[Sma63]

[Sohss]

S. Nahar. Steady and Unsteady Flow Characteristics of non-Newtonian Fluids in Deformed Elastic Tubes.
Awdaxrtopikry Staetp. Swiss Federal Institute of Technology (ETH), 2012.

W. W. Nichols, M. O'Rourke, E. R. Elelman kow C. E. Vlachopoulos. McDonald’s Blood Flow in Arteries:
Theoretical, Experimental and Clinical Principles. 7n ékdocm). Boca Raton, FL: CRC Press, 2022.

S. Nahar, S. A. K. Jeelani ko E. J. Windhab. Steady and Unsteady Flow Characteristics of non-Newtonian
Fluids in Deformed Elastic Tubes. 2to: Proceedings of the 7th International Symposium on Ultrasonic Doppler
Methods for Fluid mechanics and Fluid Engineering. (Gothenburg, Sweden). EmpéAeia vrd J. Wiklund,
E. Levenstam Bragd kot S. Manneville. Gothenburg, Sweden: Chalmers University of Technology, 2010,
c0. 61-64.

C.S. Peskin. Flow patterns around heart valves: A numerical method. Journal of Computational Physics 10.2
(1972), o6. 252-271.

L. Prandtl. Uber Flussigkeitsbewegung bei sehr kleiner Reibung. to: Verhandlungen des III. Internationalen
Mathematiker Kongresses. (Heidelberg, Germany). Leipzig, Germany: B.G. Teubner, 1904, cc. 485-491.

W. H. Press, S. A. Teukolsky, W. T. Vetterling xou B. P. Flannery. Numerical Recipes 3rd Edition: The Art of
Scientific Computing. Cambridge University Press, 2007.

S. V. Patankar ko D. B. Spalding. A calculation procedure for heat, mass and momentum transfer in three-
dimensional parabolic flows. International Journal of Heat and Mass Transfer 15.10 (1972), cc. 1787-1806.

T. Pappou ko S. Tsangaris. Development of an artificial compressibility methodology using flux vector
splitting. International Journal for Numerical Methods in Fluid Mechanics 25.5 (1997), oc. 523-545.

J. Rabault, F. Ren, W. Zhang, H. Tang xow H. Xu. Deep reinforcement learning in fluid mechanics: A
promising method for both active flow control and shape optimization. Journal of Hydrodynamics 32.2
(2020), 5. 234-246.

F. Ren, H. Hu xou H. Tang. Active flow control using machine learning: A brief review. Journal of
Hydrodynamics 32.2 (2020), cc. 247-253.

J. Rabault ko A. Kuhnle. Accelerating deep reinforcement learning strategies of flow control through a
multi-environment approach. Physics of Fluids 31.9, 094105 (2019).

F. Ren, ]J. Rabault xou H. Tang. Applying deep reinforcement learning to active flow control in weakly
turbulent conditions. Physics of Fluids 33.3, 037121 (2021).

J. W. Ruge xou K. Stiiben. Algebraic Multigrid. ¥to: Multigrid Methods. Empéieia vrtd S. F. McCormick.
Top. 3. Frontiers in applied mathematics. Society for Industrial ko Applied Mathematics, 1987. Keg. 4,
co. 73-130.

M. P. Rumpfkeil ko D. W. Zingg. The optimal control of unsteady flows with a discrete adjoint method.
Optimization and Engineering 11 (2010), 6. 5-22.

J. H. Spurk xo N. Aksel. Fluid Mechanics. 2n ¢xdoon. Berlin - Heidelberg, Germany: Springer, 2008.
R. S. Sutton kot A. G. Barto. Reinforcement Learning: An Introduction. 2 ékdoor). The MIT Press, 2018.

J. Smagorinsky. General Circulation Experiments with the Primitive Equations I. The Basic Experiment.
Monthly Weather Review 91.3 (1963), cc. 99-164.

J. L. Sohn. Evaluation of FIDAP on some classical laminar and turbulent benchmarks. International Journal
for Numerical Methods in Fluids 8.12 (1988), co. 1469-1490.

38



[SS86]

[Sto+15]

[SY14]

[TF03]

[Tro+12]

[Tsa84]

[TVI14]

[Uch56]

[Ver60]

[Vfs]

[Vie69]

[Vin+22]

[VPT12]

[VSG21]

[Wes+19]

[WF18]

[Womb55]

[YB19]

Y. Saad ko M. H. Schultz. GMRES: A Generalized Minimal Residual Algorithm for Solving Nonsymmetric
Linear Systems. SIAM Journal on Scientific and Statistical Computing 7.3 (1986), 6. 856—869.

K. Stokos, S. Vrahliotis, T. Pappou kot S. Tsangaris. Development and validation of an incompressible
Navier-Stokes solver including convective heat transfer. International Journal of Numerical Methods for
Heat & Fluid Flow 25.4 (2015), co. 861-886.

F. Sotiropoulos kot X. Yang. Immersed boundary methods for simulating fluid-structure interaction.

Progress in Aerospace Sciences 65 (2014), oo. 1-21.

Y.-H. Tseng wou Y.-H. Ferziger. A ghost-cell immersed boundary method for flow in complex geometry.
Journal of Computational Physics 192.2 (2003), 6. 593-623.

X. Trompoukis, V. Asouti, I. Kampolis kot K. Giannakoglou. Chapter 17 - CUDA Implementation of Vertex-
Centered, Finite Volume CFD Methods on Unstructured Grids with Flow Control Applications. Xto: GPU
Computing Gems Jade Edition. Empéreior veé W.-m. W. Hwu. Applications of GPU Computing Series.
Cambridge, MA: Morgan Kaufmann, 2012, o. 207-223.

S. Tsangaris. Oscillatory flow of an incompressible, viscous fluid in a straight annular pipe. Journal de
Mécanique Théorique et Appliquée 3.3 (1984), oo. 467-478.

M. de Tullio, R. Verzicco xau G. Iaccarino. Immersed Boundary Technique for Large - Eddy - Simulation.

Von Karman Institute Lecture Series (2014), 6. 1-97.

S. Uchida. The pulsating viscous flow superposed on the steady laminar motion of incompressible fluid in
a circular pipe. Zeitschrift fiir Angewandte Mathematik und Physik (ZAMP) 7.5 (1956), cc. 403-422.

P. Verma. The Pulsating Viscous Flow Superposed on the Steady Laminar Motion of Incompressible Fluid
in a Tube of Elliptic Section. Proceedings of the National Institute of Sciences of India, Part A 26.3 (1960),
co. 282-297.

VFS - WIND Virtual Flow Simulator. https://safl-cfd-lab.github.io/VFS-Wind/.

J. Viecelli. A method for including arbitrary external boundaries in the MAC incompressible fluid

computing technique. Journal of Computational Physics 4.4 (1969), 6. 543-551.

R. Vinuesa, O. Lehmkuhl, A. Lozano-Durén kau J. Rabault. Flow Control in Wings and Discovery of Novel
Approaches via Deep Reinforcement Learning. Fluids 7.2, 62 (2022).

S. Vrahliotis, T. Pappou ko S. Tsangaris. Artificial Compressibility 3-D Navier-Stokes Solver for Unsteady
Incompressible Flows with Hybrid Grids. Engineering Applications of Computational Fluid Mechanics 6.2
(2012), 55. 248-270.

Y. Vrionis, K. Samouchos kot K. Giannakoglou. Topology optimization in fluid mechanics using continuous
adjoint and the cut-cell method. Computers & Mathematics with Applications 97 (2021), co. 286—297.

N. Westerhof, N. Stergiopulos, M. Noble ko B. Westerhof. Snapshots of Hemodynamics: An Aid for Clinical
Research and Graduate Education. Cham, Switzerland: Springer, 2019.

J. Wang «au L. Feng. Flow Control Techniques and Applications. Cambridge Aerospace Series. Cambridge,
England: Cambridge University Press, 2018.

J. R. Womersley. Method for the calculation of velocity, rate of flow and viscous drag in arteries when the

pressure gradient is known. The Journal of Physiology 127.3 (1955), 06. 553-563.

M. Yousefzadeh ko I. Battiato. High order ghost-cell immersed boundary method for generalized boundary
conditions. International Journal of Heat and Mass Transfer 137 (2019), cc. 585-598.

39



[ZamO00] M. M. Zamir. The physics of pulsatile flow. Biological Physics Series. New York, NY: AIP Press / Springer,
2000.

[ZamO05] M. Zamir. The Physics of Coronary Blood Flow. Biological and Medical Physics, Biomedical Engineering
series. New York, NY: AIP Press / Springer, 2005.

[Zym+13] A. Zymaris, D. Papadimitriou, E. M. Papoutsis-Kiachagias, K. C. Giannakoglou kot C. Othmer. The
continuous adjoint method as a guide for the design of flow control systems based on jets. Engineering

Computations: International Journal for Computer-Aided Engineering 30.4 (2013), oc. 494-520.

40



	Introduction
	Flow control
	The immersed boundary method
	Thesis outline

	Governing equations
	Derivation of the basic equations of fluid motion
	Integral form of continuity equation
	Derivative form of continuity equation
	Integral form of the Navier–Stokes equations
	Derivative convective form of the Navier–Stokes equations
	Derivative conservation form of the Navier–Stokes equations
	Newtonian fluids
	Generalized Newtonian fluids

	Non-dimensional incompressible Navier-Stokes equations
	Navier-Stokes equations in a curvilinear coordinate system
	The generalized curvilinear coordinate system
	The metric tensor
	Riemannian connection - Covariant derivative
	Christoffel symbols
	Differential operators in curvilinear coordinates

	Large eddy simulation
	Cartesian coordinates
	Generalized curvilinear coordinates

	Elastic membrane equation of motion

	Numerical methods for solving the governing equations
	Immersed boundary method
	Classification of computational grid nodes
	Navier - Stokes equations discretization on curvilinear mesh
	Solid to fluid transition

	Turbulence model
	Curvilinear immersed boundary method test cases
	Steady sphere in laminar and in turbulent fluid stream
	Flow around airfoil

	Membrane equation of motion
	Flow - membrane equations coupling

	Flow separation control over a backward-facing step
	Introduction
	Problem Setup and discretization
	Geometry and boundary conditions of BFS with partly moving bottom wall
	Computational grids and discretization steps

	Results
	Steady flow
	Control of steady flow using an elastic membrane
	Unsteady periodic flow
	Active control of unsteady periodic flow
	Passive control of unsteady periodic flow via elastic membrane

	Summary

	Peristalsis
	Introduction
	Materials and Methods
	Geometry
	Mathematical Model

	Results and Discussion
	Varying Relative Occlusion
	Varying Roller Speed
	Non-Newtonian Fluids
	Multiple Rollers
	Peristaltic Pump Characteristics

	Summary

	Pulsatile flow with balloon pumping
	Introduction
	Methodology
	Vessel model
	Boundary conditions
	Space and time domain discretization

	Results
	Discussion
	Summary

	Conclusions
	Thesis central points
	Contribution of the dissertation
	Publications
	Future directions

	Bibliography
	Εισαγωγή
	Έλεγχος ροής
	Η μέθοδος εμβαπτισμένου ορίου

	Διέπουσες εξισώσεις
	Γενικευμένα Νευτώνεια ρευστά
	Το γενικευμένο καμπυλόγραμμο σύστημα συντεταγμένων
	Ο μετρικός τανυστής
	Συνοχή Riemann - συναλλοίωτη παράγωγος
	Διαφορικοί τελεστές σε καμπυλόγραμμες συντεταγμένες
	Εξισώσεις Navier-Stokes σε καμπυλόγραμμα συστήματα συντεταγμένων
	Εξίσωση κίνησης ελαστικής μεμβράνης

	Αριθμητικές μέθοδοι για την επίλυση των ΜΔΕ
	Κατηγοριοποίηση των κόμβων του υπολογιστικού πλέγματος
	Διακριτοποίηση εξισώσεων Navier-Stokes σε καμπυλόγραμμο πλέγμα
	Ακίνητη σφαίρα σε στρωτό και σε τυρβώδες ρεύμα ρευστού
	Εξίσωση κίνησης μεμβράνης
	Σύζευξη εξισώσεων ροής - μεμβράνης

	Έλεγχος αποκολλημένης ροής σε απότομη διεύρυνση
	Εισαγωγή
	Περιγραφή του προβλήματος
	Μόνιμη ροή
	Έλεγχος της μόνιμης ροής χρησιμοποιώντας ελαστική μεμβράνη
	Μη μόνιμη περιοδική ροή
	Ενεργός έλεγχος μη μόνιμης περιοδικής ροής
	Παθητικός έλεγχος μη μόνιμης, περιοδικής ροής μέσω ελαστικής μεμβράνης

	Περίσταλση
	Εισαγωγή
	Γεωμετρία
	Μαθηματική περιγραφή
	Μη Νευτώνεια ρευστά
	Πολλαπλά ρόλλερ
	Χαρακτηριστικές περισταλτικής αντλίας

	Παλμική ροή με άντληση ασκού
	Εισαγωγή
	Μεθοδολογία
	Αποτελέσματα και Συζήτηση

	Συμπεράσματα
	Κεντρικά σημεία της διατριβής
	Συμβολή της διατριβής

	Βιβλιογραφία

