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Ε ΛΗΨΗ 

 πα α α , α   π µα υ υ α µ  α α υ  υπ  

  α  φ  µ    µ  υ υ   α α υ  α  

    , µ  π µ   π    α π α   α α υ  α  

υ   α π α   µ  . 

Η α α π α  α α  µ   υπ µ   π α α  α α  µ α  

α α υ . Η α α α  π   απ   α α υ  φ α ,  

α α   µ α  π υ α υ   απ   α   α α   

π α µ  .  α  µ  υ   α µ  π υ µ   

α      απ   µ   α µ ,  α υ  

α π α  υπ  α  ,  π α α α α   α α υ  α   

µ  , π φ α   υ α α απ µ   π α µα  α   

α α υ  α α    µ    π α α α α  υ . 

Η α π  π φ  π  µ   π    α α  

 µ   µ α  α µ  (µ. ) π υ α υ    . 

 υ υα µ   µ  π  µ   µ υ  α υ  α π α   

   υπ α   π α α α α   υπ φ υ α µ  

α   υ α α µ    α π α   . Μ   π  αυ  

α φα α     π υ α π     α α υ  µ  

αυ  α φ   απα  α φα α   π π  απ  π α  

α α . 

Η α  α  απ α  απ  5 φ α α. α π α 2 φα α α απ  

α   α α π α  α   µ υ  π  α   υ  α 

υ   α α  µ   α     π  α  α  

α α   µ  π υ πα υ α   3  α  4  φ α . 

 1  φ α  πα υ α   π α  µ  α υ  α π α  µ  

µφα   µ υ  α υ  π υµ φ  π µ . Ω  π υµ φ  

π µα α α  α π µα α π υ πα υ υ  π  π α  α υ  

α α . Ω  α υ α α α  α   α υ α   α α   µ  

 α α υ  π υ   α α υ  απ  µ α α α  υ α   µ α 
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α α  α α . 

Ε α  1  φ α  πα υ α    α α µ     α  

 π α  α   α  µ  α   α  υ 20
υ
 α α, α  α   

π α α µφ   . α υ α  α µα α α µα α α  α  

µα α  α  π α ,  υ α  µ α  ( .µ) α  α   α  

α .  πα υ α   α  α   α  α π α    

αµ α α   µ α α µ α π µα α α  πα υ α  α µα  

π  α µ  µ  α υ  α π α  υ µ  α   

π   µ υ  3
υ
 π π υ π υ α µ π υ  µ α  π µα α π α . 

α πα α µα α υ φα α υ αυ  πα υ α   π  α µ  

α  α α µ  α   υ π    α π α  µ α  α α υ    

υπ α α  α  α   πα  π υ π υ    αυ . α υ α  

α µα α απ  π π α υ µ υ α  µ  µ υ υ α φ  

α π  α  α  υ α  µ  α π π α υ  απ  

υ α  α α υ , π  αυ  π π υ  απ   α  α υ   

 α α   α α υ .  πα υ α   π  α µ  

 υ υ α  α µ  α  α α π υ π π  α π  µ α α 

α   π α υ α  µα  α  µ α µ   π α  

µ   π α α  α α   α α υ . 

 2  φ α  πα υ α   µ  π  µ  φα µ   π µα α 

µ α  µ  µφα   υ  µ υ  π  (Γ  µ υ  

α  Ε  µ υ ) π υ πα υ υ  α α υ  υ α  π µα α 

υ υα  α α α.  

Ε α  2  φ α  πα υ α   α   π µ  

π   π   π   υ α   α µ  υ  α   

υ α  π µ  α  α  υ π υ  µ. . α   π µα 

π  α  πα υ α   µ  µ  α  π  π µ  

υ  µ.  α  α   φ  α  π . α υ α  α µα  

π α  µ  π  α π µα α α  µ.   υ υα µ  

υ  α  α  µ.  µ  α  µ α  µ   Γ  µ  (Γ ) 

α   πα α α   α  α   µ υ  π υ α   α α  
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Ε  α . 

α πα α µα α υ φα α υ αυ  µ α   µα µα   Γ ,  π  

υ   µ α   π   υ α υ Γ  α   π  υ   

α α   α α  υ Γ . 

 3  φ α  πα υ α   µ  α υ  α π α  α α υ  π υ α α  

 α µ  υ π α  υ α   µα α  π   

π φα  α α -α φα α . Η α α α   υπ    µ υ 

υ α  µ   µ υ   π  π υµ φ  α  µ µ φ  υ α  

α  α  α  π  υπ α  υ µ  α  υ µ  αφ  

π π  π υπ α . 

 π µ  µ  o π α   α   2
NRV υπ υ  υ 

µ υ . Ω  υπ     π α   ΝRV .µ υ π µα  α  

α αµ α  απ µ  α    π , υπ  υ υ αυ . Γ α α 

µ   α α υ  πα α   π  υ α   υ α  α  

α  µ   α π υ µ  2
α

 . Μ   α  Μ υ π α  

  (FORM) υπ α   π α α α α   µ . Κ  µ  π υ  

 α π α  υ α  αµ  απ  µ α µ  α φ υ α   µ  

µ   α α υ . Η µ  α φ υ α    π  υ υ  

α π α  π  µ α µ   µ  π  α   π π   µ υ απ µ  

α  β.  π µ  φ  αµ α  υπ  µ  α µα µ  π υ α αµ α  α 

υ φ υ  µα   µ  α υ  α α . 

Μ   α    µ  µ  πα α  µ  π  α υ  

α α  υ µ υ µ υ . Μ α µ  π  α υ α α α  απ α  απ  

α  µ   α α υ  π υ  π α   π  α α  α α υ  α  

  µα  µ   α  .  π  µα  µ  π  

α υ  α α  µα π α  µφ α µ    υ  µ υ µ  

π α φ α   π α  .    µ  π  α υ  α α  π υ 

   α  µ  µ  π α φ α  α    

υ µ υ υπ υ  µ α µ α. Η α α  µ α  α     

α π α  υ α µα   π α  µφ   µ  π  α υ  

α α  π υ  απα υ . 
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Ε α  α  & µ  Ε υ  IV   Μ α  – µ α  ∆ µ α  IV

 µ  µ π α  α  υπ µ   µα α   .µ.  .µ 

 µα α  π α  µ    µ   π υπ α  υ π µα  

υπ   α   αυ   π α µα π α  π α  α µ  α  υ  α 

αυ   α  µα α   µ υ Monte Carlo. O π α   

α αµ α   υ  2
Nact υπ υ  π υ Nact α   π    .µ. Μ  

  α α µ ,   υ µ υ µ  π α φ α   µ  α  υ 

 µα α   µ α  υπ α    υ α  υπ υ.  

υπ   υ α  (  π   π  µ  υπ ) απ α  

απ  π α  α υ . 

υ  υπ υ  π υ π    υ α  υπ α   µ  µ   

υ α  α υ µ   π φ α  υ  α  α   α α υ . Μ  

υ µ υ αυ  υπ α    υ υ  π  π α µα π α   

µα α.  υπ  α υ  π υ    α αφ  α  µ  υ 1% 

υ υ α αφ  υ π  µ υ υπ υ  π α  α 

µα α. Γ α υ  υπ υ  π υ π α µα π α  µα α  π   

µ  α  υ  υ π υ   α   α α υ .   

µ   π α  α α   α α υ  α   µ   υπ α  µ  

 α    π µ υ  µ . 

Η π υπ α  µ υ α υ  α π α  α : 

•   π φ α  απ    µ  π  α υ  α α  α  

 µα α   .µ α    υ α   υπ ,  

•  “ π ”  µ  µ  .µ (    υ µ υ µ  

π α φ α   µ   µ  π  α υ  α α ) α  µ   

π υπ α  υ π µα , 

•  π µ   µα α   π   π φ α  υ α -

α α     π α   α  µ   υ  π α  π υ 

π   µα α    .µ. 

Η µ  φα µ α   π  αµµ  α  µ  αµµ , µ µ φ  α  

π υµ φ  υ α  α  α  α   α α  α  α   υπ  

 (  π   µ  π υ απα α  α  υπ µ   π α α  

α α   α α υ ) υ α  µ  α απ µα α  µ υ MC,  α  

 ( π υ αυ  α  υ α ) α   µ υ .  υ α  µ  φα µ α  µ  
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π υ α  υπ µ   π α α  α α  υπ α  υ µ  α  

υ µ . Η α υ   απ µ  α    υ  µ  α απ µα α 

 µ υ MC, α α υ    α α  µ υ α  α   µ υ 

MC. Η µ  φα µ α  α µα α  µ   υ π  3 αφ  

α  υ  π π υ υ µα  α   α υ  α π α  π π υ 

υ µα  π υ π   π α αφ  υ Ευ α 3. ,  µ  φα µ α  

 α υ  α π α  υ µ  αυ α µ  π υπ α  µ   α 

µ   α α  α α µ π  µ  π υ α π µα α αυ α µ  

π υπ α . 

Η α α  µ υ α α  υ  απ   µ  α φ υ υ  υ α   

υπ  α   π   α  π υ α α φ α    υπ . α, 

 α α  απ   π   υ  α υ  α α ,  π   .µ α   

υπ α α  α α υ . 

  π υ απα α  α  π υ  υ π µα  υµα α  απ  0.1%  2% υ 

υ π υ απα α  α  α υ  µ   µ  MC α π µα α µ  π α α 

α α  π υ υµα α  απ  10
-6

  10
-4

.   υ υπ  υ, µ α   

αυ α    α π α   υπ  α  α α υ  π   µ  α   

α α α  α  α µ π  π µ  µ  υ   α π α .  

π π   π υ απα α  α  µ  υ  µα α   .µ,  

υ α   υπ  α   α µ    µα α  α α υπ  

α  π µα α α  αµ . 

 4  φ α  πα υ α  µ α µ  π  π υ υ υ  α µα 

α µ  ( ) π υ µ  µ   α  Γ  µ  (Γ ).   

µ υ αυ  α   υ υα µ   π µ   υ  µ  α  

 µ υ  Γ  α υ  υ α α  αµ  υπ  . 

Η µ  π  α   µ  υ π υ µ  υ Γ  µ   α µ α  

π α µ  α α α  α  π υ µ  µ  αφ  µ  πα αµ  υ Γ , 

α α α  µ α  υ  α υ  α µ υ  π υ  υ υ µα .  υ υα µ  

 Γ  µ   α α       µ απ υ µ . Ω  µ απ υ µ  

α    αφ  π υ µ  π υ α µ   π υ µ  υ   

α α  ( ).  π µ  µ  α α α  αυ  α   µ   
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πα αµ  υ Γ .  π υ µ  αυ  α   π  µ , µφ α µ   

π α  υ  Γ . 

  µ α   µ  υ π υ µ  µφ α µ    απ  υ  

π υ  π υ µφα α  α α µ  υπ   π π  υ πα  “ υ ” α  

“α αµ ” π υ µ .  α α µ  µ α   π υ µ  µφα α  α   

α µ  π   πα  α    α µ  υ µ απ υ µ . Η µ α  

 α µ  π  α υ  π α µ α π φ  µ α . Η µ α   

α α µ   α µ  π  (α α µ   απ   π υ µ )   

υ α α  µα α α  α α  υ  α  υ α  

   .  

Η π   π υ µ   µ απ υ µ  α α  απ   υ  υ α  

α µ  υ,  υ α υ α υ α µ  (elite),  π α υ 

π υ µ  α   π α  π  π υ απα α  α  υ  υ. 

Ό α     α µ  π   πα  α    α µ   

µ απ υ µ  µφα α  α α µ  α µ α υ  π υ µ . α   

 αφ   απ   π υ µ  µφα α   «α α µ »  

«Κυ »-«Θ µα ».  π π  υ «α α µ »  υ  π υ µ  

π πα  α α φα  υ  απα µ υ  π υ  α π  υ µ   µ  

 α µ  π   α  π υ µ .   «Κυ »-«Θ µα »  

«Κυ » π πα  α α φα  π υ  π υ  µ  αυ  α  υ 

π υ µ  υ µ   α  µ   α µ   α  π υ µ . 

 α  π  µ   π α   α  πα α π  α α α  

π  α αφ  µ   πα αµ  υ Γ  α α υ µ  

π ,   π  π µ  (  π   µ   πα αµ  υ Γ ) π α  

πα α α    α α αµ  α µ α   µ  υ π υ µ   

π µα  α α  υ α  υ  µ απ υ µ . 

Η π υπ α  µ υ π  α : 

•  µ  υ  υ  υ α  α υ  π υ µ  π υ υ υ : 

o π φ α π υ α  µ   α π  υ π υ µ     µ. ,  
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o π φ  π υ α  µ   υ α  α µ  υ π υ µ   

 α   υ α υ π  υ α µ υ (elite),  

o  π α α α α  π υ α  α   α α πα α  

   

•  µ α α µ  π  α π α µ  π υ α α   µ απ υ µ  µ  

π φ  µ α   α µ  π  α  µ α  α αφ  υ  α  

µ  απ  υ  π υ µ    π , 

•     απ µα  υ  µ α   π υ µ  υπ α  

µ  µ α  α αφ  α  υ  π α   α µ  α 

π υµ  α α   υ  µ . 

Η µ  φα µ α    υ α  α αφ  µ  µ  π   α  π  

α α  α    α µ  α  υ µ  µ  π µ  

α π α . Γ α  πα αµ υ   µ υ π  π α µα π  π  

α α  µ    α  α α   α π   αφ  

πα αµ  α    π α  υ   υ α α   υπ  φ  

( .  π   α µ  π υ α     υ υ υ  

π υ µ ). π  α απ µα α πα α α    µ  πα υ  αυ µ  

υ α   µ    π   α µ  π υ  α π  µ α  

υ , α  α απ  α π µα α π υ α  α  α π  π φ  µ α  

 α µ  π .  

 υ α  µ  υ υ α  µ   µ  α υ  α π α , α   

α µ  µ  π µ  α π α  υπ α  υ µ  α  υ µ . 

Η α α µ  πα υ  αυ µ  υ α µ  µ µ  υπ  φ   

 µ  α απ µα α π υ αµ α  α   π   α µ  π υ 

 α π  µ α  υ .  

 5  φ α  πα υ α   α   α  π α  α π υ   µ  

α  α   π α  υ   π µα α π α    α   µα α 

π υ α  υ α µ . 
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ABSTRACT 

In this thesis, the reliability based optimal design of indeterminate truss structures under static 

loading is discussed. The thesis objective is the development of new methods to obtain 

“reliable designs” that minimize the life cycle cost for a particular problem. The term “reliable 

designs” is used to define designs that comply with the safety criteria. 

Chapter 1 surveys the state of the art of reliability analysis methods for complex systems. 

Particular attention is paid on importance sampling methods. In chapter 2, the state of the art 

of optimization methods for structural systems is presented. Particular attention is paid on 

heuristic methods like Genetic Algorithms and Evolutionary Strategies. 

In chapter 3, a method for the reliability analysis of complex structures is presented. The main 

objective of the method is the reduction of the necessary computing effort for an accurate 

evaluation of the failure probabilities of the structure and its elements. This is achieved 

through partitioning of the probabilistic space and subsequent sampling in the areas close to 

the fail-safe surfaces. The method initially focuses on the estimation of the relative 

importance of the random variables of the problem dividing the original vector in two sub-

vectors containing the critical and non-critical random variables. The probabilistic space is 

divided, with regard to the median values of the critical random variables, into 2
Nact

 mutually 

exclusive hypercubes of equal size where Nact is the number of critical random variables. 

Following that, the method calculates the fitness of each hypercube. The subset of hypercubes 

that satisfy the fitness criteria are selected for further analysis. The information with regard to 

the relative importance of the random variables and the fitness of hypercubes is obtained from 

the construction of incomplete failure modes. In particular, the position in the probabilistic 

space of the maximum likelihood points of these modes, is used to determine the importance 

of the random variables and the fitness of the hypercubes. An incomplete failure mode defines 

the a sequence of failure events, that result to considerable deterioration of the resistance 

capacity of the structure. The “branch and bound” method is used for the construction of these 

modes. For the selected hypercubes a one dimensional search determines the point of 

intersection of the principal diagonal of the hypercube and the fail-safe surface in the 

hypercube under examination of the structure. From this point the sampling space is 

determined. The failure probabilities and the error estimates for the structure and its elements 

are calculated from the subsequent sampling of the hypercubes that satisfy the sampling 
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criteria. The accuracy and computational efficiency of the method is examined for numerous 

unimodal and multimodal problems and a number of indeterminate plane and space trusses. 

The results from the analyses show that the method is accurate and computationally 

inexpensive. 

In chapter 4, an optimization method that combines the standard Genetic Algorithm with a 

scheme of Competing Populations is presented. The objective of this task is the development 

of a method that combines the advantages of Genetic Algorithms and co-evolutionary 

methods for improved robustness and high computational efficiency. The scheme of 

Competing Populations is used to control the size of populations of the independently 

evolving Genetic Algorithms attributing more resources to strong populations in the expense 

of the weak ones. A population is defined as strong if its performance index is above average. 

The performance index is given as a function of the fitness of the elite individual and of the 

population, its diversity index and the amount of resources needed to sustain the population 

under examination. The re-allocation of resources takes place when the available resources 

are not sufficient to sustain the entire set of populations. Strong populations engage weaker 

ones, forming couples of engagement, to increase their probabilities of survival. The couples 

of engagement and the outcome of the various conflicts are determined via a set of 

probabilistic rules. The method is examined for a number of multimodal problems and for the 

reliability analysis of two determinate truss structures. Numerous studies are performed to 

examine the effects of the parameters of the competition scheme. The results show that the 

proposed scheme is more robust and less computationally expensive than the multi-GA of 

multiplicity n. A multi-GA of multiplicity n is defined as a set of Genetic Algorithms with n 

fixed sets of parameters that evolve in the system in complete isolation.  

The methods of chapters 3 and 4 are combined for the reliability based optimal design of 

indeterminate truss structures, subject to static loads, of medium complexity. The term 

“medium complexity” is used to define problems with 10~20 random variables and numerous 

modes of failure. The method is applied for the derivation of optimal “reliable designs” for a 

10 bar plane truss and a 25 bar space truss. The analysis of the results shows that the 

combined method manages to obtain reliable designs more frequently and in less time than 

the multi-GA of multiplicity n.  

Finally in chapter 5, thoughts and ideas for the expansion of the combined method for the 

reliability based multi-objective design of space structures are presented. 
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υ µ   α π φ υ  α  µ α π  υ  µ   π α α  

α α   α α υ .   π π  µ ,  α α    α υ  

απα   π   υ  υ π   α α  α α α µ    

 α α υ   π π  α α    π  µ  . Μ µα  

π   υ  α  α  υ π α  α µ  α υ  α   

απα  ,  α  α α   φ  α π α α   

α α υ ,  α π  υ ,  α α     υ  α   

φ υ α α α  µ    α α υ . 

 µ  α υ  α π α   α α υ   υ   π  υ   

µα  απ   µ  απ  µ α  υπ φ α  .   α υ  

α π α   α α υ  α   υπ µ    α π α   µ   

α α υ  α  υ  α π α   α α υ   . π µα  

α υ  α   α    α µ   π α α  µ  π υµ  

απ   απ    π α µ    υ υα µ    

φ . Η π α α αυ  α    π α α α α   α α υ . 

Μ   α υ   απ µ  υπ α   α  α α υ   π  

α υ  α α  α   υ α α α µ  α   απ  

 α  α   α α   α α  µ   υπ φ α  . Η 

α υ  α π α    υ α α  µ  α α  µ α  υ  

υ π    υπ α α    α π α . 

  υ υ    π α α  α α  υ υπ φ υ α µ  υ 

  υ α α αφ   µ    π α α  αυ  µ    

απ  π α α α α  µ  α  απ   απ  υ υπ φ υ 

α µ  α  αφ υ  µ   µ   µ  απ  π α α 

                                                 

4
 JCSS, (2001) “Probabilistic Model Code, Part 1, Basis of design, 12th Draft”, Joint Committee on Structural 

Safety. 



 α µ  Κα α υ  µ  µ  π α  α   α  Γ  Χ  Κ. ∆ µ υ 

Ε α  α  & µ  Ε υ  IV   Μ α  – µ α  ∆ µ α  IV

α α . Η  αυ  υ π φ   υ α α πα µ α   µ α  

α µ      α π  αφ   α α     

απ  π α α  α α  α  αφ υ   αυ  α π  α  α α 

µ α  ( α π α      α α υ ). Η α υ  

α π α  α φα  α  α  π  α µ π  υ π µα  α µ  α  

α υ , α   π  π   α µ  α µ  α  α υ   

α α υ . 

Μ µα  µ  α υ  α π α  α   υ  υπ  υ   

  µ   α  µ  π µα π υ α µ π υ   υ  

α   π π  π υ  υφ α α  α α υ   α  π µα αυ . 

Επ π α π  α   π π  υ π α  α µ  α υ , απα α   

    πα αµ   α α µ   µ α  π υ υπ α   

υ α α α   υ  α π  υ . Η   υπ    Η/  

µα    υ α α α π υµ  π  π µ  µ   α µ  

α π α    υπ  . 

  µ  π  α   π υ  υ α υ υ α  

απ µα   π  υ µ   α π α  π  π µ . α  

α  υ υ α µ  α ,  α α µ   α µ  π  α  π  π υ α 

µ π α   φ α απ    υ υ.  π π  υ υα µ   

µ  π  µ   α  α   α µ  υ  

α  υ    α   α α υ  α   υ α  π µ  

α   π µ  α  α  υ α   µ  α  µ µπ   

 π  π  α α   α α υ .  υ υα µ  αυ  α  υ α  α 

  α µ  π υ π  µ   α   α µ  α   

υµ α υ  µ    φ φ α υ , µ  απ µα α πα α α  µ  

απ  υ  α π α  µ α   π µ   « » . 

 υ υα µ   µ  π  µ  µ υ  π α  α υ  

α µ π  µ α  π µα αυ , α    α π α   α α υ  

α   π µ  α µ  υ π µα  π .  π π  

,  α   π α α  α α   α µ  υ  µ    

α π  υ  ,  α α α π   µ α   

α µ  µ  αµ  α  π   α υ  α α   µ  υ . 
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Ε α  α  & µ  Ε υ  V   Μ α  – µ α  ∆ µ α  V

  α  αυ  α   α π υ  µ α  µ α  α   α µ  

α α υ  µ  π µ  α π α , α µ π α  µ α α π µα α π υ 

π π υ   π π  α µ  α  α  µ   α φ α  α α υ . 

π  α     π υ α π   α αµ µ   α φα α  

 απα  α φα α   π π   απ  π α  α α . 

Η α  απα α  απ  5 φ α α.  1  φ α  πα υ α   π  

µ φ  µ  α υ  α π α  µ  µφα   µ υ  α υ  π π  

υ µ .  2  φ α  πα υ α   µ  π  µ  φα µ   

π µα α µ α  µ  µφα   υ  µ υ  π  (Γ  

µ υ  α  Ε  µ υ ) π υ πα υ υ  α α υ  υ α 

 π µα α υ υα  α α α π υ πα υ α  υ   π µα α 

α  α  α υ  α α υ .  3  φ α  πα υ α  µ  α υ  

α π α  π π  υ µ  π υ α α   α µ  υ π α  υ 

α   µα α  π   π φα  α α -α φα α . Η α α α  

 υπ    µ υ υ α  µ   µ υ  α π  

π υµ φ  α  µ µ φ  π µ  α αφ  α  µ   µ  Monte Carlo  

α π  υπ α  υ µ  α  υ µ  αφ  π π  

π υπ α .  4  φ α  πα υ α  µ  π  π υ υ υ  

α µα α α µ  π υ µ  µ   α  Γ  µ .   

µ υ α   υ υα µ   π µ   υ  µ  α   Γ  

α υ  υ α α  αµ  υπ  .  α µ  α    

π µα α α αφ  α    α µ  µα  α  µ υ   α  

υ µ .  υ α πα υ α  α απ µα α απ   υ υα µ   

µ υ α υ  α π α  υ φα α υ 3 µ   µ  π   

υπ α  µα α  υπ α  µα. ,  5  φ α  

πα υ α   α α φα α   απ µ  υ 3 υ
 α  4

υ
 φα α υ α   α 

 π α   µ   π µα α π υ α  υ α µ  α  

α υ  α π α  π α   . 
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α  α  & µ  υ  1.3   α  – µ α  ∆ µ α  

1 Equation Ch apter  1 Section 1Θεω α Π α ω  – ά υ  π α  

1.1 α  

  α υ  α π α   α α υ , α   υπ µ  υ  

α π α   α α υ  α   µ  .  α  µ   υ  α  

α  π υ µ   α      απ   µ  απ  

µ α  υπ φ α    α υ  α π α  α α  α  υπ φ α   

υπ µ   π α α  α α . Ω  α α µ α  α α υ  α   α α  

α   π α  απ   α α υ   υ υα µ    φ   α   

π υµ   α   π α µ  . µφ α µ   Elms [55], µ α 

α α υ  α  α φα  φ  «  α αµ α  α α   π π  φ  

µ     φ  α µ  α  µ  µ α π α  α α  α   

α  µ   α   π α α α α  α  α  µ   π π  

π  φ   απα  π  µ α υ   α αµ µ   α µ  ». 

 α φ α α   υ µ  µ   α υ υ.  α φ α α    

α    αφ    π   υφ  υ  [55] α    α  

υ α  α π π    α φ α α  π  α α  α   

π α  µ   απ  µ α  µα µα  π α  [132]. υ  µ α 

α α υ  α α α   α φα  φ  «  π α α α α  α   α  

π α    α  µ  µ α   απ  µ  µ ». 

α µ  µ α  α α υ  α  α   α α υ   , π π  α α , α 

α α υ α  α  α υ α  α   π ,  α   α  

φ µ   υ , α π α  αυ α α α µ α , α π  

 πα α  π α αφ  [60], [61], [99]: 

• π  α µ  πα υ α  υπ   α  α α υ  φ α α α 

π α  α α υ   α  (  υ α ). 

• π  α π  α α α  α υ  (µ   )  

π π  πα α αµ α µ  α  φ    π π  υ µα  

φ  π υ υπ α υ  α  π     φ  υ α  

(  α  α ). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.4   α  – µ α  ∆ µ α  

• ∆  π π  α πα υ υ    υ α   ( π  φ , 

,   α π α φ µα α)  α µ  υ α   π   

φα µ  π υ π α    (  α α ). υ  π υ α  

[99]  µ  µ  α α υα  µ α (µ   π α α  µφ  υ 

υ µ υ , µ α µ   υ π   α α υ )  µ  

α α υα  µ α ( α µ  α  υ   µ   α  

 α α υ  α  υ µ  υ α   [122]). 

 α υ  α π α  α φα  α  α  π  α µ π  υ π µα  

α µ  α  α υ , α   π  π   α  α , 

µ  µ α  π υ  υ µ υ  α π α .  υ µ   

α π α  π π  α α  υ  υ  απ   α π α  α  

αυ α α   α π  υ υ    α α υ .  απ  

  α π α   α  µ µα α α  απ  υ  π υ  

µ  α    [123] π υ π υ  α α υ π υ  

α α υ ,    α   υ π  µ α  π α  α α  [123]. Γ α  

π α  α υ  µ α  α α υ  απα α : 

•    πα αµ   µ α  π υ υπ α   υ α α  

υ   α α υ  α  υ  α π  υ  (µ  υ ) [99]. 

•    α α    µ   φ   α α υ  [99] α  

υ  α π  υ  (µ  υ ). 

•    α α   µ  α α  α   α  

[99] α  υ  α π  υ . 

•    α α   π µ µ  α υ  [99]  π   

α α µ     α α υ  α   α   µ . 

•  π π   υ π  υ α π υ πα α  απ   

α α υ  [54]. 

 φ α  αυ  πα υ α  α α υ   α    α  π α  

α  α π α  α    υ   µα α α υ   α α υ .  πα αφ  

1.2, πα υ α    α α µ     π µ   π α  α  
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α  α  & µ  υ  1.5   α  – µ α  ∆ µ α  

 α   α   α  υ 20
υ
 α α π υ α  πα υ α  α  α  π  

 α  α  α  α µα α  α  π α .  πα αφ  1.3, 

πα υ α   α  α   α  υ . α υ α   α α  

µ   π α α  µφ    α   α  αµ α . α   

π α α µφ     µ  α  α     µ . 

α   µ υµ  π α α α  πα υ α  α α µα α α  α  µα α 

 α  π α  α   µα Bayes.  πα αφ  1.4, α   µ   

υ α α  µ α  ( .µ)  υ  πυ α  π α α  α   α  υ  

π α α  α µ α  α  π υ α  .µ. α υ α   π   

α α µ  α   υ  υ  µ   µ  µ ,  α π ,  α α   

 µ α  .µ α   υ α π  µ α  .µ.  πα αφ  1.5, α   

α  α   υ  πυ α  π α α  α   α  υ  

π α α  α  α  αυ . α υ α   µ   α µ α  α  

α  α  µ  α   πα υ α  π αµµα     

α  α  Markov.  πα αφ  1.6, πα υ α   α  α   α  

α π α    αµ α α   µ α α µ α π µα α. ∆ α   

µ  υ υ µα , πα υ α  α µ  υ µα α α   µ  α  

υπ µ   π α α  α α   υ µ  αυ .  πα αφ  1.7, 

πα υ α   π  α µ  µ  α υ  α π α  υ µ  

α   π   µ υ  3
υ
 π π υ α   µ υ  µα α  π υ 

α µ π υ  µ α  π µα α π α .  πα α φ υ  1.9 α  1.10, 

πα υ α   απ  υ µα  υ Bayes, α  µα α  α   

π α  α  α  α   π  α µ  α  α α µ .  

πα αφ  1.13, πα υ α   υ π    α π α  µ α  α α υ   

 υπ α α  α  α   πα  π υ π υ    αυ .  

πα αφ  1.14, πα υ α  µ   α πα α µ  α απ  π π α υ 

µ υ α  µ  µ υ υ α φ  α π  α  α  

υ α  µ  α π π α υ  απ  υ α  α α υ .  

πα αφ  1.15, πα υ α  α α υ   π  α µ  µ  α  

πα α  α υ  υ υ α  α µ  α  α   π  α µ  

 υ υ α  α µ . 

1.2  α µ   α  

 π  α αφ   υ  πα α α  απ   600 π. .  πα α  µ  
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α  α  & µ  υ  1.6   α  – µ α  ∆ µ α  

αµµα  µα α π α  απ α    Mahaviracarya  900 µ. .  

υ π , α π α υ µµα α  µα α π α  α  α  µφα α   

1500 µ. .  π  α α  µα α π α  α  α  απ α   

Girolamo Cardano1  1565.  α α αυ  µ α   1663  α π  π υ  

Blaise Pascal2 (  π α µ   Pierre Fermat3 απ   1654) πα υ  µ υ  α 

 υπ µ   π α  µφ   α α α   π α   

  µα µα . 

O Pascal, πα υ α   α π α  α   π    α  

φα µ  π υ α α  απ   π  υ    απ  µ   µ  

α π   αφ  α µ    αυ  αφ  µ .  α  

µ   π α α   υπ   α αµ µ  π α  π π  

α  απ   Leibniz4 α  α   µ  αυ  α  υ   απ   Laplace5. 

 µ   π α α  µφ     υπ   α αµ µ  

π α  π π  απ  µ α µ   µ α  υ µ   π α α   

υ α µφ  α   µ  υ π  µφ .  αµφ µ α αυ  

π   Laplace α α υπ   µα  αµ α .  α µ  αυ  

πα υ α  α π  φ  απ   James Bernoulli6. 

 Pascal  α   µ υµ  π α α π υ α π α  µ  α  απ   

αµµα υ Huygens7,  π    µα α π α  µ   “De 

Ratiociniis in Ludo Aleae” (  α α   π α ) [91].  Huygens µ π  

 α π α  α  µ   α  α   α π   

(µ   α , π α α π  µ   18  , π µ    α 

 18  π.).  α α αυ  πα υ α  α  α π α µα α α  

µ υµ  π α .  18  α α  Thomas Bayes8 α απ    α  

υπ µ   µ υµ  π α .  α α υ Bayes µ α  2  µ  

                                                 

1 Girolamo Cardano, Φ φ  – α µα  (1501-1576)  

2 Blaise Pascal, α µα  – Φυ  (1623 – 1662) 

3 Pierre Fermat, α µα  (1601-1665) 

4 Gottfried Wilhelm Leibniz, α µα  – Φ φ  (1646 – 1716) 

5 Pierre-Simon Laplace, α µα  (1749–1827) 

6 James Bernoulli , α µα  – Φυ  (1654-1705) 

7 Christiaan Huygens, α µα  – µ  – Φυ  – α  (1629 – 1695) 

8 Thomas Bayes, α µα  – Φυ  - α  (1702-1761) 
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α  α  & µ  υ  1.7   α  – µ α  ∆ µ α  

 α  υ (1763).  Kolmogorov  1933 ( α Γ µα ) α   1950 ( α ) 

[111] πα υ  α  α  π   α  α  α  µα α  π α . 

1.3 Θ α υ  - µα α α  Θ µα α 
α  

 πα αφ  αυ  πα υ α  α α µα α α   α  α   α  

υ  α  α α  µα α  α  π α . 

1.3.1 Θ α υ  

Ω   α   υ  µ  α µ  [35], [92]. α α α  

  α  α   π   π   α µ  υ ,  α π υ  

π   α µ  α  π π α µ  (finite sets) α  α π υ  π   

α µ   α  π π α µ  (infinite sets) [92]. Έ α  b  υπ  

α µ  B υ υ υ (S) α  α α µ  υ υ υ  υπ  υ 

υ υ (S) α  [57]: 

 b S B S∈ ⊆  (1.1) 

∆  α  α   α  α α  α  µ  α  [57]: 

 :A B A B B A= ⊆ ⊆  (1.2) 

Ω    α    π υ  π  α.    α  α  

 υπ    υ  π  α      [57]: 

 A∅ ⊂  (1.3) 

Έ α   α    υπ  υ υ υ  α  α  µ  α  [57]: 

 , ,A A B A B≠ ∅ ⊂ ≠  (1.4) 

  µπ  α   υπ   υ υ υ Ω [35], [57]: 

 j

j

A
∀

= Ω∪  (1.5) 

Γ α   ,  υπ  υ υ υ υ Ω     υ 

Ω π υ  α      α  ’  υµπ µα   υ . 

Ω  µ   υ   α   ( ∩   ) α      π υ α υ  

α  α  α. Γ α  µ   υ   α     α   α µ  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.8   α  – µ α  ∆ µ α  

∩  = ∩ . 

Ω    υ   α   ( U ) α      π υ α υ   

        µ    υ . Γ α    υ   α  

   α   α µ  U  = U . 

Ω  -   υ   α   α    C   υ  π υ  α υ  

   [57]: 

 : ,i i i iC A B B A B c c C c A c B= − = − ∩ ∀ ∈ ∈ ∨ ∉  (1.6) 

∆  α  α   µ α  α α  α απ µ α α   µ  υ  α  

  . Γ α  υµπ µα   ΄  υ υ    [57], [92]: 

 A A A A A A′ ′ ′+ = ∪ = Ω ∩ =∅  (1.7) 

1.3.2 µ  α α  µφ    

 πα α φ υ  1.3.2.1  1.3.2.3 πα υ α   α α  µ   

π α α  µφ   .  πα αφ  1.3.2.4 πα υ α   α   

αµ α . 

1.3.2.1 π   π   υ α  µφ  

 µ   π α α  µφ    υ α  µ α µ   υ α 

πα  υ  α   α α  π αµ .  α    n 

π αµ  α υ µ   πα υ α  nA φ    π α α µφ  

υ  αυ  α   µ  nA/n.  π α α αυ  α  α  υπ   

π π   n→∞ α  α φα α   α  π αµα  υ  α   

µ α α . π  π π α µ  µα α  υ α  α α  µ   

π α α  α α  α  α  υ  υ . α  υπ  υ µ  

αυ  πα υ α   Kolmogorov, Fisher α  Mises. 

 µ  αυ  απ  α   α  µ   π α α  µφ    

 π µα α α υ  α π α  α   π α  απ   υπ µ α υ 

πα α  ( π   π π   πα α φ υ 1.3.2.2) α    απ µα α  

 π µα α α α π α  π α α µφ  π υ  α  υ  

π υ  πα α  π υ  υ π  υ   α  υ α  α µ  µ  απ υ  

α α ( π   π π   πα α φ υ 1.3.2.3). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.9   α  – µ α  ∆ µ α  

1.3.2.2 π   π   µ  

 π α α µφ    α    π  µ   π  

α α π α   π  υ πα α   α α   µ  αυ  αµ α 

 φυ  µα α. α  υπ  υ µ  αυ  πα υ α   

Ramsey, de Finetti, Cox, Savage α  Jeffrey.  µ  αυ   

1.3.2.3 π   π   αµ α  

 π α α µφ    α α  απ   π  υ α 

υµπ φ  α  α  υ µ  π  α  υ π υ πα α .  

µ   π α α  υπ   π   υ α  µφ  α  µ α π π α 

α α αφ   π α  υ υ µ υ φα µ υ. α α µα α π α  

π υ υ  υπ  µ    π   αµ α  υ α α   α  

α (π α α φ  π φ  (spin) υ υ .α.) α υ  πα α 

(απ µα απ    µ µα   α ) α  α .   αυ  υπ   

 α  υ   µα π  π π , α  υπ υ  α  αφ  µ α  

υ απ µα   υ µ  αυ  α  υ µ   πα α φ υ 1.3.2.1. 

1.3.2.4  µ α  (Indifference Principle) 

 Carnap [67] α µ   α α  Leibniz α  Laplace π  µ α 

α α  π α  α  µ   π α α  µφ      

µ  π υ α π π  α  α   αυ , α  α  πα α , α µ  

 α υ µ  αµ π α π µ  µα. 

µφ α µ   α  αµ α  π  αυ   α υπ  απ   Laplace (1816) “… 

given no reason to think otherwise, consider all alternatives equally likely…” α   Carnap 

[67], “…the statement of equiprobability to which the principle of indifference leads is, like 

all other statements of inductive probability, not a factual but a logical statement. If the 

knowledge of the observer does not favor any of the possible events, then with respect to this 

knowledge as evidence they are equiprobable…”  π π  π υ    

π φ  αµ α  α  υπ  υ   υ φα µ υ  α π π  α 

  α φα µ α αυ , α  π α . 

1.3.3 α α µφ  υ α υ  

 π α α µφ   υ α υ   α  [17], [33]    υ 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.10   α  – µ α  ∆ µ α  

π υ   π αµ  (nA)  π   π   υ  π αµ  (n) α  n→∞. 

H π α α µφ    α   µ   υ α µφ  υ: 

 ( ) ( )Pr lim A

n

n
P AA

n→∞= =  (1.8) 

  (1.8) π α  α µ α n : 

 ( ) An
P A

n
=  (1.9) 

  (1.8) α  (1.9) α α µ  α µ  π αµ  υ  πα µφ  

απ µα α.  α µ   απα υµ  π αµ     αφ   

 (1.8) α  (1.9) α α  µ   υ µ υ π , α  υ  

 π α α  µ  υ .  π π    (1.9)   

 µ  α   [200]: 

 
( ) ( )( ) ( )1

A
P P nA A

P A
n n

ε ⋅ −= =  (1.10) 

 π π  π υ n→∞  →0.       υ  υ  (1.10) 

π   µ   π α α  α α    (1.9),   π   

π αµ  π υ απα α  α  π υ   υ µ υ υ α  : 

 
( )
( )

( )
( )2 2

1 P PA A
n

P PA Aβ β
− ′= =⋅ ⋅  

( )P Aβ ε=  (1.11) 

π υ P(A’) α   π α α µφ  υ υµπ µα  .  π π  

π υ  P(A)<<1 π  P(A’)≈1   (1.11) φ α  : 

 ( )2

1
n

P Aβ= ⋅  (1.12) 

µφ α µ    (1.12)  π   π αµ  π υ απα α  α  υπ µ  

 π α α  µφ    µ  υ µ  α α µ  α  

α  υ α φ υ  π α α  µ  α  α  υ α φ υ υ 

α υ υ υ υ  υ . 

1.3.4 µα α α  

µφ α µ   µ    (1.8)  π α α µφ    α  α  

π α µα   α µ   µα [17], [21]: 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.11   α  – µ α  ∆ µ α  

 ( )0 1P A≤ ≤  (1.13) 

π υ   α    α   α  α  α α   α α.  

π α α µφ         α   [17]: 

 ( ) ( ) ( ) ( ) ( )P P A B P A P B P A BA B = + = + − ∩∪  (1.14) 

π υ, P(A) α  P(B) α   π α  µφ     α   α α, α  

P(A∩B)=P(A·B) α   π α α αυ  µφ  υ .  α α  α   

α  αµ α  απ µ α,  µφ  υ  απ   µφ  υ υ,  

π α α µφ       α   µ   µα  π µ υ  

π α . Γ α   Ω π υ π  α α π α  απ µα α  π α α 

µφ  υ α   [21]: 

 ( ) 1P Ω =  (1.15) 

    απ  υπ  υ    α  π α α µφ  

υ   [17], [21]: 

 ( ) ( )P A P B≤  (1.16) 

Γ α α α  α  ΄   [17], [21]: 

 ( ) ( ) 1P A P A′ + =  (1.17) 

φ   ΄ α   υµπ µα   υ , π   µφ  υ   

απ   µφ  υ  ΄ υµ   [17], [21]: 

 ( ) 0P A A′∩ =  (1.18) 

1.3.5 Θ µα α De Morgan9 

   (1.13)-(1.18) α  υ α  α υ   π α  µφ  

 µ   π α  µφ   υµπ µα  . α µα α 

αυ  µ α  µα α De Morgan. α µα α De Morgan µα  π π υ  α 

πα υ υµ   π α α µφ     α υ α   α  

 π ,  απ υ α   υ υα µ    αυ   µ   α  

υµπ µα    µ  α  υ α µα  υ . α µα α αυ  

                                                 

9 De Morgan Augustus – α µα  (1806-1871) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.12   α  – µ α  ∆ µ α  

υ  υ α φα µ   υπ µ  α α  υ µ . 

1.3.5.1 1o Θ µα De Morgan 

 π α α µφ  υ ΄  B΄ π υ α   ( )P A B′ ′∪ , α   µ   

π α α µφ  υ υµπ µα    µ     α  : 

 ( ) ( )P A B P C′ ′ ′∪ =  π υ C A B= ∩  (1.19) 

  (1.19) α  α π    [173]: 

 { }j j
j j

A AP P
 ′′  =     ∪ ∩  (1.20) 

1.3.5.2 2o Θ µα De Morgan 

 π α α µφ   ΄ α  B΄ π υ α   P( ΄∩B΄), α   µ   

π α α µφ  υ υµπ µα        α  : 

 ( ) ( )P D P A B′ ′ ′= ∩ π υ D A B= ∪  (1.21) 

  (1.21) α  α π    [173]: 

 { }j j
j j

A AP P
 ′′  =     ∩ ∪  (1.22) 

π   µ  De Morgan πα υ α   ∆ . 1.1. 

 

∆ . 1.1: Γ αφ  α απα α    De Morgan. 

1.3.6 π  υ  (  ∆ µ υµ ) α α – Θ µα Bayes 

 υπ  υ  (  µ υµ ) π α α µφ  υ   υπ   π π  

     υµ  P(A|M) α   [17], [31], [138]: 

Γ  ( )A B ′∪Γ  B 

Γ  A Γ  A∩B 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.13   α  – µ α  ∆ µ α  

 ( ) ( )( ) ( )| 0
P A M

P A M P M
P M

∩= ≠  (1.23) 

   α  α  µ  α   π α α µφ  υ  α  µ α  υ 

µ  (     α  απ α  ).  π π  π υ ( )=0  

µ υµ  π α α α  ( | )=0 φ   α  υ α  α υµ  π π  

 υπ   π π   α α υ .   (1.23) α π  

 (S), α   [17]: 

 ( ) ( )
( ) ( ) { }1

1 2| 0, , ,...

eN

i

i
n

P A M

P S M P M S A A A
P M

=
∩

= ≠ =∑
 (1.24) 

   (1.24) α   µα υ Bayes [17]: 

 ( ) ( ) ( )
( ) ( )

1

|
|

|
e

i i

i N

j j

j

P M A P A
P A M

P M A P A
=

⋅=
⋅∑  (1.25) 

 απ  υ µα  Bayes πα υ α   πα αφ  1.9.   (1.25) 

   π α α µφ  υ  i υπ   π π  µφ  υ 

 , α   µ     µ υµ  π α α  µφ  υ  υπ   

π π  π  µφ  υ  Ai π απ α α µ  µ   

π α α µφ  υ i π   µα υ  µ υµ  π α α  µφ  

υ  υπ   π π  π  µφ  υ  Aj π απ α α µ  

µ   π α α µφ  υ j  α α α π α  απ µα α Aj. o µα υ 

Bayes µ π α   µα α π   α  α α  

π  [169] α   υπ µ  υ  α φα α  υ µ  [152].  

 (1.23) α  (1.25) µπ  α µ π  α  υπ µ   υ π  

   α α   µ υ   υ µα   υ  α α υ 

υ µα  [78] µ      αµ  υα α  ( α )  α 

α α   µ  υ . 

1.4 υ α  α  

Ω  υ α α µ α  ( .µ) α   µ µα  απ  υ    µ  

x( ) [33], [173].  µ α  x( ) µπ  α α  υ   α    ℜ .  

απ  αυ , πα υ α   ∆ . 1.2. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.14   α  – µ α  ∆ µ α  

 

∆ . 1.2: π  .µ. 

1.4.1 υ  υ α  α α  –  υ  
α α  

 πα αφ  αυ  πα υ α   µ   υ α  πυ α  π α α  

α  υ  υ α  π α α  α µ α  α  π υ α  .µ. 

1.4.1.1 α  υ α  α  

 υ  πυ α  α  µ α µ   π π   υ α  

µφ   µ υ απ µα  . Ω  υ  π α α    

υ  α α  ( ), α υ  .µ, α  π α π  υ  π υ 

α π   α υ  π π  [17]: 

 ( ) { }XF x P X x= ≤  (1.26) 

 ( ) 0XF x x> ∀ ∈ℜ  (1.27) 

 ( ) ( ) ,X XF x F x xδ δ+ ≥ ∀ ∈ℜ  (1.28) 

 ( )lim 1X
x

F x→∞ =  (1.29) 

 υ  πυ α  (  α µα  υ  υ α  α α  ( )  

υ  υ α ) α     πα    π   .µ [17]: 

 ( ) ( )X

X

dF x
f x

dx
=  (1.30) 

  (1.28) α  (1.29)   α α  .µ, π π α  : 

 ( ) ( )1X i X iF x F x+ ≥  (1.31) 

( 1) 

2 

3 

4 

1 
( 2) 

( 3) 

( 4) 

ℜ 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.15   α  – µ α  ∆ µ α  

 ( ) 1X nF x =  (1.32) 

 π π   α  .µ   α   [17]: 

 ( ) ( ) ( ) ( ) ( )1 1 1X X X i X i X if x F x f x F x F x −= = −  (1.33) 

 π α α µφ  υ   π υ α α    π α α  µ   .µ x 

α α  µ    µ   µ  ( )=xi α  : 

 ( ) ( ) ( ) ( ) ( )i

j i

x

i X X j

x x

P A P x x f x dx P A f x
≤−∞

= ≤ = = ∑∫  (1.34) 

 αφ α [6], [7], [17], [31], πα υ α  π  . υ   α   

α  α α µ  (∆ . 1.3),  ∆υ υµ  α α µ  (∆ . 1.4),  α µ  

α  α α µ  (∆ . 1.5),  α α µ  Weibull (∆ . 1.6),  α α α µ  (∆ . 

1.7),  Γ µα α α µ  (∆ . 1.8),  
2
 α α µ  (∆ . 1.9) α    α α µ  

(∆ . 1.10).    α α µ  αυ ,  α  α  υ  (µ  µ , 

α π , α, ), α  α  µα α  α  α   π α  

πα υ α   πα αφ  1.10. 

 

∆ . 1.3:  α   α  α α µ . 

 

∆ . 1.4:  α   ∆υ υµ  α α µ . 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.16   α  – µ α  ∆ µ α  

 

∆ . 1.5:  α   α µ  α α µ . 

 

∆ . 1.6:  α   α α µ  Weibull. 

 

∆ . 1.7:  α   α α µ  Beta. 

 

∆ . 1.8:  α   α α µ  Gamma. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.17   α  – µ α  ∆ µ α  

 

∆ . 1.9:  α   
2
 α α µ  ( φ  µ  α µ  υ α ). 

 

∆ . 1.10:  α    α α µ . 

1.4.1.2 υ α  υ α  α  

 π π  π υ α  .µ, υ  πα µ  φ  µ  αυ     

πα α φ υ 1.4.1.1.  υ α   π α   π µ   πα α φ υ 1.4.1.1, 

π π  α π  α   π π  [6], [7], [138], [173]: 

 
1 2, ,... (..., ,...) 0 1,...,

nX X XF i n−∞ = ∀ =  (1.35) 

 
1 2 1 2 1 1, ,... ..., 1 2 , ,... , ..., 1 2 1 1( , ,..., ,..., ) ( , ,..., , ,... )

i n i i nX X X X n X X X X X i i nF x x x F x x x x x− + − +∞ =  (1.36) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.18   α  – µ α  ∆ µ α  

 υ α   α   [6], [7]: 

 ( ) ( )
( ), ,...,1 2

1 2

1 2

, ,..., 1 2

1 1 2

, ,...,
, ,...,

, ,...,

mum
X X X

n

nN
i i ni

Y Y Y n

i i i ni

F x x x
f y y y

J x x x=
= ∑  (1.37) 

π υ, |J| α   α α  υ α υ µ υ µ α µα µ  απ    Χ  

 α   µ α  Υ α  Nmum α   π απ α    

π    Χ.  π α α µφ  υ   π υ α    π α α  

µ   .µ X α α  µ    µ   µ  χ( )=x α   [6], [7]: 

 ( ) ( ) ( ) ( )
1 2 1 2

1 2

, ,... , ,... 1 2 1 2

( , ,..., )

, ,..., , ,...,
n n

n

X X X X X X n nP A F f x x x d x x x
χ χ χ≤

= ≤ = ∫∫∫
x

x χ  (1.38) 

 π π  α  .µ  π α α P(A) α   [6], [7]: 

 ( ) ( )1 2

1 2, ,... 1 2, ,...,
n

nX X X nP A f x x x
χχ χ

−∞ −∞ −∞
=∑∑ ∑  (1.39) 

1.4.2 π  α α µ  

1.4.2.1 α  

 π   α α µ  π φ υ  π φ   αφ    υµπ φ  

  α  α ’ π α   .µ. υ  α α φα µ  π υ υπ α   υ α α 

   π φ  π υ α  α µ  π α  απ   π  α  µ .  

 πα  α µ  π  π φ  α   απα α   π φ   π  

  υµπ φ  υ υπ  α  φα µ υ.  -  π  α  : 

 [ ] ( )nn
n xm E x f x dxx

∞

−∞
= = ⋅∫  (1.40) 

1.4.2.2  µ  – ∆ α π  - α -  

 µ  µ  α   α π   µ    µ   µ  µ , α  α  π  µα  

µ  µ α  .µ.  µ  µ  α   [6]: 

 [ ] ( )X xE x f x dxxη η ∞

−∞
= = = ⋅∫  (1.41) 

 α π   π   µ  µ , α   [6]: 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.19   α  – µ α  ∆ µ α  

 

[ ] [ ] [ ] [ ] [ ] [ ] [ ]
( ) ( ) ( )

2 2 2 2 22 2 2

222 2

2 2

2

X

X

E E E E E E Ex x x xx x x

E E x f x dxx x x

σ η η
ηη η η +∞

−∞

= − = + − = + − ⋅ ⋅ =
 = = − + − ⋅ ⋅ −    ∫  (1.42) 

 υπ  απ  x α    α  α  α π    (1.42).  

  υπ  π   µ  µ  α    µ α α : 

 x
x

x

COV
σ
η=  (1.43) 

H α µπ  π φ  α  υµµ α  .µ π   µ  µ . Γ α 

π  µ    α α  : 

 ( ) ( ) ( )
( )

3

3

3 3 2
21

1

1x

E x
x

E xι
ηγ γησ η

Ν

=

 − = ⋅ → =−⋅ Ν −  − 
∑  (1.44) 

Γ α µ   µ   µ  υµπ α α    π υ µ  υπ  α  α α µ α  

υµµ  π   µ  µ . µ  µ  υ µ  απ    

υµ  υ  α π   µ  α µ  µ   µ  µ  α  α πα . 

  µπ  π φ  α  α  π   π υ µ  α  υ µ  

π   µ  µ  α  απ  υµπ µα    α π .   

α   µ α  υ π υ   µ  α  απ µα υ µα  απ   µ  

µ .  µ    α π  µ   α  : 

 ( ) ( ) ( )
( ){ }

4

4

24 2
1

1
3 3

1x

E x
c cx

E xι
ηησ η

Ν

=

 − = ⋅ − → = −−⋅ Ν −  − 
∑  (1.45) 

  (1.45) α  α   π ,  α µα α π υ αµ α  απ  

π υ µ  π υ α υ  α  α α µ  α   c=0. Γ α µ  µ  υ 

µ   π α α  µα  α α   µα [ - , + ] α  µ α  

 α  π α α   α  α α µ  α  α πα . 

1.4.3 π  υ α  α α µ  

1.4.3.1 α  

 πα αφ  αυ  πα υ α   µ   µ  µ ,  α π ,  

α  α    α π υ α  .µ.  -  π  µ α  υ  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.20   α  – µ α  ∆ µ α  

g(x1,…,xn) α µ α π υ α   α  : 

 ( ) ( ) ( ) ( )
11 , 1 11

... , , ,,
n

nn

n X X n nn
E g x x f x x d x xg x x

∞ ∞ ∞

−∞ −∞ −∞
  = ⋅  ∫ ∫ ∫ …… … ……  (1.46) 

1.4.3.2  µ  – ∆ α π  – α –  

 µ  µ  α   α π   π   .µ xi υ α µα   .µ x, α   [6]: 

 [ ] ( )1 2, , ,
ii X i i x n iE x x f x x x dxη η ∞

−∞
= = = ⋅∫ …  (1.47) 

 

[ ]
( ) ( )

1 1

2 22

2

2 2

, 1 , , 1, , , ,

X

X n n

ii

i x x n i i x x n i

E E xx

x f x x dx x f x x dx

σ
σ ∞ ∞

−∞ −∞

= − ⇒  
 = ⋅ − ⋅  ∫ ∫… …… …

 (1.48) 

 α α    π   xi υ α µα   .µ x, α  :  

 
( )
( )

3

3 2
2

i i

i

i i

E x

E x

ηγ η
 − =  − 

 (1.49) 

 
( )
( ){ }

4

2
2

3
i i

i

i i

E x
c

E x

η
η

 − = −
−  

 (1.50) 

1.4.4 υ α π  

 υ α π  π φ  π φ  α  αµµ  α α α  .µ. Έ α  υ  

 υ α π  υπ   πα  αµµ  υ . ∆  .µ α  

α  α  α ,  α  υ α   α  υµπ α µ   µ  µ α    

 .µ   µ   . αµ   υ α π   υ π α  α   

α  α α α  υπ  α  .µ α  µ   µ  αµµ  υ  υ .  

υ α π  µ α   .µ α   [17]: 

 ( ) ( )XY x yC E x yη η = − −   (1.51) 

π    υ α π  α    υ    .µ  [17]: 

 1 1XY
XY XY

X Y

C
r rσ σ= − ≤ ≤⋅  (1.52) 

 π π  π υ   υ  α   µ   µ  α  υπ  α  .µ 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.21   α  – µ α  ∆ µ α  

  α   α . 

1.5 α   

Ω  α  α  α    µ α  α  απ υ µ υ ,  

 π υ α α  απ   απ µα  υ α υ φα µ υ [173].  

α  α  µπ  α   υπ   .µ.  .µ α  

υ α  α α υπ   α  α  π υ α α α   πα αµ υ  

αµ α  π   . 

1.5.1 υ  υ α  α α  –  υ  
α α  

  µ α  α  α  α   [173]: 

 ( ) ( ){ }; nF t P t= ≤ ∈ℜx x x x  (1.53) 

  µ α  α  α  α υ µ  χ  α υ α α  : 

 ( ) ( ),
;

n

nF t
f t R

∂
∂= ∈x

x x
x

 (1.54) 

 φ α  « υ µ  χ  α υ α» µ π α  α α υπ   

υ     µ  µ     .µ α  α   π   . 

1.5.2 π  –  µ  – υ  αυ υ  

 -  π  µ α  α  α  α  : 

 ( ) ( )
1 2, ,...,... ;;

n

n n

X X XE f dtt

∞ ∞ ∞

−∞ −∞ −∞
  = ⋅  ∫ ∫ ∫ x xxx  (1.55) 

 µ  α αµ µ  µ  µ α  α  α  α   [173]: 

 ( ) ( ){ } ( ) ( ),t E t t f t dη ∞

−∞
= = ⋅∫x x x x  (1.56) 

 υ  αυ υ  µ α  α  α    α µ  υ  µ α  

 απ µ  αυ   αφ   µ .    υ  

αυ υ µ  π φ   υ α α π  υ α αµ µ υ απ µα  

f(x;t+∆t)   f(x;t).  υ  αυ υ  α   [173]: 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.22   α  – µ α  ∆ µ α  

 ( ) ( ) ( ) ( ) ( ) ( )1 2 1 2 1 2 1 2 1 2 1 2, , ; ,R t t E t t t t f t t d d

∞ ∞

−∞ −∞
= = ⋅ ⋅   ∫ ∫x x x x x x x x  (1.57) 

 υ  αυ α π  µ α  α  α  α   [173]: 

 ( ) ( ) ( ) ( )1 2 1 2 1 2, ,C t t R t t t tη η= − ⋅  (1.58) 

 υ  υ  α µ α   α  α   [173]: 

 ( ) ( ) ( ) ( ) ( ) ( )1 2 1 2 1 2 1 2, , ; ,XYR t t E t t t t f t t d d

∞ ∞

−∞ −∞
= = ⋅ ⋅   ∫ ∫x y x y x y x y  (1.59) 

 π π  π υ  υ  υ  α π α π   µ , α   µ  

 µ  υµπ α α    α  α  υπ  α  α  .  

π π  , π υ α  α  µ  α αµ µ  υ α   µ   υ  

αυ υ  α   µ   µ    α  αυ  α  α  αµµ  

α . 

1.5.3 α µ α α  α α  µ  

α α  α  α  µ  α  µ α α α   πα αµ υ  

αµ α   µ   . π υ   µ φ  α µ α  [173]: 

• υ  φ  α µ α (Strict Sense Stationarity -SSS) 

• υ α  φ  α µ α (Wide Sense Stationarity -WSS) 

α α  α  α   α   α α  α  υ  

φ  α µ α  α  α  µ  α ,  , α  α  υ υ [173]: 

 ( ) ( );f t f=x x  (1.60) 

α α  α  α   α   α α  α  υ α  µ φ  

α µ α  α ,  µ  α αµ µ  µ  α   υ  αυ υ  α  

α  υ υ: 

 ( ) ( ) ( )1 2; ,t R kt tη η= =x x  (1.61) 

α α  αυ  µ φ  α µ α  α  αυ  α  α  υ α  µ φ  

α µ α   α   α .  π π  α µ α  απ   

υ α µ α. υ µ  µ α   α  α  α  π α [173]: 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.23   α  – µ α  ∆ µ α  

 ( ) ( ); ;f t nT f t n+ = ∀ ∈x x N  (1.62) 

π υ,  α   π  πα αφ   α . Φυ  φα µ α π  α µ φ α 

[191], φ α , υ α π  π. π µ α  µ   α υ µ  

α  α  [20], [186]. 

α α  α  α α α    α  µ  α   µ  α αµ µ  

µ    µ    α   µ    µ  µ .  π π  αυ  α  

υ α   π    υµπ φ  µ α   υ   µ   

α υ   α α    π      π    .µ : 

 ( ) ( )
lim

i

i

n

x t

E x t
n→∞=  

∑
 α ( ) ( ); ;iE x t x E x t t µ= =        (1.63) 

α α  µ α   α  µ  α  α  α    µ µ . 

π   υ υα µ    (1.58) α  (1.63),  π π   α  

υµ    υ  υ α π : 

 ( ) ( ) ( ) ( )1 2 1 2 1 2, ,C t t R t t t tη η= − ⋅  (1.64) 

α  µ  {t1,t2} π υ (t1-t2)→∞ υµ   [173]: 

 ( ) ( )
1 2

2 2

1 2 1 2, , 0
t t

R t t C t tµ µ µ µ− →∞→ ⇒ → − ⋅ =  (1.65) 

α   υ  υ α π    µ  π   µπ  α α  

µ   α   µ  t2 απ   µ   α   µ  t1. 

1.5.4 α  α  Markov 

α α  α  α  απ   α  Markov.  

α  α  π υ α   ( ){ } ( ){ }, 0,, 0 tX tX tt ωω= ≥ ∈Ω≥  α   υ  

α  α  Markov α  [189]: 

•    π α  α α  Ω π  π π α µ  α µ  . 

• Ό α   α  α α  µ α α α  i α µ α α α  j  π  µ  

π α α Pij α  π α  : 

 0 1ii ij

j

P P
∈Ω

= =∑  (1.66) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.24   α  – µ α  ∆ µ α  

• Ό α   υ   Ti π υ  α  α   α α  i, α  απ  

 µ   µ π    α α  αυ    µ  µ π   

 α α  j, α υ   α α µ  µ  µ  µ  1 iν . 

•  π α  Pij α  α   π α α  µ π    

α α . 

Γ α  α  α  α  Markov   [189]: 

 ( )( ) ( ), ,0t s S u t s SP X j X i X x u s P X j X iu+ += = = ≤ ≤ = = =  (1.67) 

α   α α  υ υ µα   µ  t+s α  υ  µ   πα α  

α α .  α  α  α  Markov υ  υ α φα µ   µα α 

π µ   α  υ   π  [43], [120], [203], [207], [223]. 

1.6 Θ α π α  - υ µα α 

 πα αφ  αυ  πα υ α  α α  µα α  α   α π α   

µα α α υ   α α υ  α  α   π  α µ  µ  α  

υπ µ   π α α  α α   υ µα . 

1.6.1 α   Θ α π α  

 α π α  υ µα   µ  αυ , α  απ   π α α υ υ µα  

 υ µ υ  υπ  α  α πα αµ   α α  υ α  α  απ   

π α α  υµπ φ  υ α α   π υµ  [150]. Ω  µα α   

απ  µ α  α α   υ υα µ   π µ υ  α µ  .  α π α 

 υ µα  µπ  α   «  π α α α α υ µ  µα α 

υ   π π »   «  π α α α µ  υµ  υπ α   υ  α  

α α » [150]. Ω  α α  υ α  α α µα α α     

υ α  α α  α  π   µα υµπ φ α     π υ υ  

π α αφ  α   φ  υ α µ  α  α υ . 

1.6.1.1 υ  π   αµ  υ µ  

 α π α ( υ  π ) R  υ µα  α   [6], [33]: 

 R 1 fP= −  (1.68) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.25   α  – µ α  ∆ µ α  

π υ, Pf α   π α α α α  υ υ µα .  υ  α π α  R(x), α 

α µ α  π µα α   [6], [33]: 

 ( ) ( ) ( )R 1

x

X X

x

f x dx f x dxx

∞

−∞
= − =∫ ∫  (1.69) 

 π α   Ω (    π α  α α   π  µπ  α 

α  α µα) α    υπ α,  π  α α  Ωf α   π  

υ α  Ωs.  π φ α α µ  µ α  α  π φ α  π φ α 

α α  α  α  µ   υ  α   (Limit State Function)   

  µ  π υ α π    [33]: 

 ( ) 0f = ∈Ωx x  (1.70) 

   (1.70) υµ   α α υπ α Ωs α  Ωf  : 

 
( )
( )

0

0

f

f

>
≤

x

x
α  

s

f

∈Ω
∈Ω

x

x
 (1.71) 

   (1.69) α  (1.70)  α π α  υ µα  α   [33]: 

 ( ) ( ) ( )R 1

f s

f d f d
Ω Ω

= − =∫ ∫X X
x x x x x  (1.72) 

Γ α  υπ µ   α π α   υ µα  α  α α α   υπ µ  υ 

µα  α υπ α Ωf  Ωs.  υπ µ  αυ   π  φ  (  

 π υπ α   φ α  α   µ φ α   υπ ) α  α α 

.  υπ  α α υ   α  υ α   µ φ π    α π α  

  µ φ  π    (1.72) πα υ  α  µ ,  α α.  

π π  π υ α  υ α   µ φ π   υ  α π α    µ φ  

α  µπ  αυ  α φ α    αφ  µ α   απ µ  α φα α  α   

 φ      απ µ  α φα α  π  α α φ α  

π α α α α  Pf α  : 

 ( ) ( ){ } ( )( )0 1f

R
P P R S P

S

  = − ≤ = ≤   
x

x x
x

 (1.73) 

π υ, R(x) α   µ α  α α  α  S(x) α   µ α  φ υ.   

µ α  αυ  α  .µ µ   α  α α    π α α 

α α  α   [31]: 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.26   α  – µ α  ∆ µ α  

 ( ) ( ){ } ( ) ( ){ } ( ) ( )0 ; 0f R SP P R x S x P F x f x dxR x x Sx x

∞

−∞
′ ′= − ≤ = == − ≤ ∫  (1.74) 

1.6.1.2 υ  π  α  π υ α   
µ α α µ  υ µ  

Γ α  µ α α µ α π µα α  α π α υ υ µα  ( υ  

π  R(x;t)) α  : 

 ( ) ( )R 1; ;Ft t= −x x  (1.75) 

 α  : 

 ( ) ( ) ( )R ; 1 ; ;

f s

t f t d f t d
Ω Ω

= − =∫ ∫X X
x x x x x  (1.76) 

 π π  π υ  υ  π υ π φ α  α   (1.72) υ  α   

π π  υ  µ α α µ υ π µα   π α α α α  α  : 

 ( ) ( ) ( ){ } ( )( );
; ; ; 0 1

;
f

R t
P t P R t S t P

S t

  = − ≤ = ≤   
x

x x x
x

 (1.77) 

 π α α α α  υ υ µα , α   α   α π α µ α φ α α  

υ α  υ υ,  α  υ α  α  µ µα α φ  απ  

υ  υ υ α    α α   α  α .  

π π  αυ , α     µ  , µ υ υ µ α   α  

α  α   υ  π υ α  (hazard function or risk function). 

 µ      (Mean Time To Fail MTTF)  υ µα  α   µ   

µ α  α  α  (Mean Time Between Failures MTBF) α  : 

 

( ) ( )
( ) ( )

0

R ;0 ;

R ; ;

T

T

t

MTTF E f d

MTBF E t f d MTTF MTTR

τ τ τ
τ τ τ

∞

∞

= =  
= = = +  

∫
∫

x x

x x

 (1.78) 

π υ, MMTR α   µ   α  πα αφ  υ υ µα   α α  

υ α  απ  µ α α α  α α .  µ    υ µα  α   µ   µ  

 µ α   α  α  α : 

•  µα πα α   α α  υ α  απ  µ α α α  α α   



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.27   α  – µ α  ∆ µ α  

 ( )R ;0MTTR E<<   x  

•  Ό α   π υ  πα αφ   µα  α α  υ α  α   

π  α α  α α   α  R(x;t), S(x;t). 

 υ  π υ α  (Hazard Function)   π α α α α   

υ µα   α µα  υ  α υ µ   µα.    

υ  α π α   α α υ  α υ µ   µα α   [31], 

[62], [173]: 

 { } ( ) ( ) ( ) ( ); ; ; R ; R ;P t T t t F t t F t t t tδ δ δ≤ ≤ + = + − = − +x x x x x  (1.79) 

 υ  π υ α  α     α t→0 υ υ  µ α   

α π α  π    α π α    µ  t [62]: 

 ( ) ( ) ( )( ) ( )( )0

R ; R ; ;
; lim

; R ;

t t f t
h t

R t tτ
τ

τ→
 − += =  ⋅ 

x x x
x

x x
 (1.80) 

 υ  π υ α  α   π α α µφ  υ  α α  

( α  α ’ π α   α αµ µ  )   µ  t. Ω   α   

µ   απ  π   α- υα α [55]. Ω  απ  α  α φυ  

π υ   α   α- υα α  π α α α α      α 

πα υ α  α α   υπ  α  α α υ   υ φυ  π υ υ 

 υπ  α  [55].  απ    µ α  απ  π α α 

µφ    α α  µ    .  υ  

π υ α  α  µ   υ  π  : 

 
( )( ) ( )

( ) ( )( ) ( ) ( ) ( )( )R ,
log R log R, ,,

, ,
R R, ,

t
t tf tt h ht t

t tt t

∂∂ ∂∂= = − = − ⇒ = −∂ ∂
x

x xx
x x

x x
 (1.81) 

π υ ( )( )log R , tx  α   φυ  µ   υ  π .  πα αφ  

1.14, πα υ α  πα α µα α µ  υ  απ  υ α  

υπ µ     υ   π  α π  α  α   

α    υ   µ  α α . 

1.6.2 υ µα α 

 π υπ α  υ µ   π π  υ ,  α    α   



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.28   α  – µ α  ∆ µ α  

υπ µ   α π α  υ . Έ α  π  α µ π  υ π µα  [33], [44], 

[79], [84], [224] α   α α µα µ  υ α  υ µα   υπ υ µα α 

υ µ α µ α  υ  πα α    (∆ . 1.11).  υπ µα  υ α 

α α α   π µ υ  υπ υ µα α.  υπ µα α  π   α  υ α   

π α  α µ  υ  απ α υπ υ µα α  α  π  α  υ α   

µ   υ  α  α   π   .µ υ υ µα  α   µ  

 µα   υ υ µα . 

 

α  µα 

α  µα 

 µα 

 

∆ . 1.11: α , α  α   µα. 

 υ µ α  µ  π υ απ  α µα υ  α  µ α απ  υ 

υ µα , α  α α π π  µ  µ  µα  π   υ α  

αµ  απ  α  µ α   µ α . Ω  µ φ  α α   α υ α 

α α  α   α υ α  π υ α α φ   α α α µ α   

α α  υ υ µα  απ  µ α α φα  α α   µ α α α  α α  µ  

α  α   µ  υ. 

1.6.2.1 Θ µ  υ µα α 

α µ     α α υ µα α α  υ α  α π µ   

α  υ µα α π π α µ υ π υ  µ  ,  α α υ υ µα , 

µπ  α α υπ    απ µα α α     υπ υ µ  π υ 

υ α    [33]    απ µα α α    υπ υ µ    

π υ υ α  πα α. 

  αφ  π  υ µ α  υ υ µα  α   υπ υ µ , 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.29   α  – µ α  ∆ µ α  

απ  α  υ  µ  υ  α  π µ   µ  υ µα .  

µα α  π   α α  α  µ  υ   α α υ 

υ µα  µ α  α  (  α υ ) µα.  µα α  π  α  

α α α α  α α    υ α α υµ   α α υ µ α  

πα  µα.  ∆ . 1.12, πα υ α   αµ  απ   

υ µα . 

∆ . 1.12: α α  απα α  υ µα . 

1.6.2.2 α  υ µα α 

  Ά α  Boole [21]  α α  υ α  υ µα  α   [33]: 

 1 1 0 : 0i iS i N S S i N S= → ∀ ∈ = = → ∃ ∈ =  (1.82) 

π υ S=1 α   α α  υ α  α  S=0 α   α α  α α  υ 

υ µα    µ  υ.  π α α υ α   α  υ µα  α  

  π α α α α α υ α α   α α  υ α . Γ α α 

α  µα π υ απ α  απ  n α  π α α υ α  α  : 

 
( ) ( )
( ) ( ) ( ) ( ) ( )

1 1 11 2

1

321 1 1 ... 11 1

1

111Pr Pr Pr Pr1
n

n

R R i

i

nR S S SS S

P S P S

SSSP S S −

=

= = ∨ ∨ == ∨ =

 = = ⇒  
==== ⋅ ⋅ ⋅=

∩
 (1.83) 

 π α α α α  φ α    υµπ µα  π α α   (1.83): 

 ( ) ( )1f RP S P S= −  (1.84) 

 π π  π υ α α α α    α  µ  υ µ α µ α  

υ ,  φ α  α  υπ µ   π α α  α α     (1.83), 

(1.84) α  : 

µα απ µ  απ  π  υπ υ µ  υ µ α πα α 

µα απ µ  απ  π  υπ υ µ  υ µ α α  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.30   α  – µ α  ∆ µ α  

 ( ) ( )
1

1
n

f R i

i

P S P S
=

= −∏  (1.85) 

π υ, PR(Si) α   π α α υ i υπ υ µα  α α   α α  

υ α .  π π  π υ ( )1 1R iP S− <<    (1.85) φ α  : 

 ( ) ( )
1

n

f f i

i

P S P S
=

≅∑  (1.86) 

π υ Pf(Si) α   π α α υ i υπ υ µα  α α   α α  α α . 

1.6.2.3 α α υ µα α 

  Ά α  Boole [21]  α α  υ πα υ υ µα  α   [33]: 

 1 1 0 : 0i iS i N S S i N S= → ∃ ∈ = = → ∀ ∈ =  (1.87) 

 π α α α α  α  : 

 
( ) ( )
( ) ( ) ( ) ( ) ( )

1 1 11 2

1

321 0 0 ... 00 0

0

000Pr Pr Pr Pr0
n

n

f f i

i

nf S S SS S

P S P S

SSSP S S −

=

= = ∨ ∨ == ∨ =

 = = ⇒  
==== ⋅ ⋅ ⋅=

∩
 (1.88) 

 π π  π υ α α α α    α  µ  υ µ α µ α  

υ ,  φ α  α  υπ µ   π α α  α α  α  : 

 ( ) ( )
1

n

f f i

i

P S P S
=

=∏  (1.89) 

 π α α υ α  α    υµπ µα  π α α   (1.88)  

 π π  α    (1.89)  π π  µ  υ µ  . 

1.6.3 Ψα υ  α  µα υ µα α 

α   µ α α  υµπ φ  υ υ  α µ   υ µα  

α    α : 

• υ µα α απ µ α απ  π µα  µα µ , 

• υ µα α απ µ α απ  µ  π υ πα υ υ  α υ  υµπ φ , 

•  υ µα α  υ µα α απ  µ  π υ πα υ υ  υ υα µ  π µ  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.31   α  – µ α  ∆ µ α  

α  α υ  υµπ φ , 

Ω  π µ   µ
10

 α    π υ  µ α α  υ α  α   µ   

α  α  ( α  -  π α )  π  αυ  ( α  – π α ). Ω  

α υ  α    π υ  µ α α  υ α  α   µ   µ . α 

α µµα α  πα αµ φ  α   α   πα υ α  

 ∆ . 1.13. α ’ α α α υ µα α µπ  α   π µα  α υ  

α α   υµπ φ   µ  υ  .  

 

∆ . 1.13: ∆ α µµα α  πα αµ φ . 

 µ φ  α α     υ µα  π   π α α α α  υ 

υ µα  [6], [7], [33], [79].  π π  α  υ µ    

απ µα  π α α  α α   α α   µ α α  υµπ φ  

α   α α  α  µ  µ υ  α  πα  α  α α υ υ µα .  

α πα  µα,  π α α α α  α  : 

 

( )
( )

1,..., 1, 1,..., ,

,
1,..., 1, 1,..., 1, 1,..., ,

0 1Pr Pr 0

0 1 0Pr Pr 0
1

i j i i N i R

failed

k R
i j i i k k N k i R

P
S S S

N

P S
S S S S

N

= − +

= − + − +

 = = = − ≤  
 −= = ∧ = = − ≤ − 

 (1.90) 

π υ P α   .µ υ π α µ υ φ υ,  α   π   µ   πα υ 

υ µα  Si α  ,

failed

i RS  α   µ   .µ  α  π  α  µ   α α. Γ α 

υ µα α π υ απ α  απ  α π υ πα υ υ  α -  π α  

υµπ φ ,  α α   π  απ  αυ   µ α   π α α 

α α   υπ π  φ : 

                                                 

10   ductile µ αφ α   π µ   µ    Γ α α α υ υ  α α υ . 

 

 

 

 

 

 

α  –  α  α  – α α υ  Θ α



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.32   α  – µ α  ∆ µ α  

 
( )

( ), ,
,,

1
Pr Pr 00

1 1 1 1

failed failed
k R k R

i Ri R

P
PP S P P LL SNN SS

N N N N NN N

−− ⋅  −−  = = = ⇒ = − ≤− ≤   − − ⋅  − −   (1.91) 

 π π  π υ  µα απ α  απ  α π υ π υ  α υ  

υµπ φ   π υ  φ  π υ α α αµ υ  µ   α α α  π  υ 

φ υ  α α  υ α , υµ  µ α   π α α  α α   

υπ π  µ .  π α α α α   υ µα  απ µ  απ  α υ  µ  

α  υ  απ   π α α α α  αυ µ υ α α υ  απ µ  απ  

π µα υ  µ  α  –  π α  υµπ φ .   αυ  α α  

π π  απ  α    α     π α α  α α   υ µα  

π υ απ α  απ  π µα µ  π υ πα υ υ  α  – π α  υµπ φ : 

 ( ) ( ) ( )brittle mixed ductile

f f fP S P S P S≤ ≤  (1.92) 

1.6.4 π µ   α α  α  υ µα  

1.6.4.1 α  

 π α α α α   υ µα  α   υ υα µ   π α  α α  

  π υ  απ . Γ α α µα π υ µπ  α α  α υ α  n 

αφ  α υ  α α   π α α α α  υ α   [31]: 

 ( ), ,

1 1

n n

f S f i i

i i

P P P F
= =

= =∑ ∑  (1.93) 

 α υ α α α  α  υπ  υ  α α  υ υ µα  φ  

α  µ α π α  α   α α  π υ   µ π  υ 

υ µα  απ  α α  υ α   α α  α α .   (1.93)  α 

 µα φ   µφ  µ α  υ µ  α υ α  α α  απ   

µφ    α υ α  α α  α : 

 ( ) 0 1, ,i jP F F j n i j∩ = ∀ = ∧ ≠…  (1.94) 

α α αυ  α   µ α  π µ α α     α 

(Mutually Exclusive and Collectively Exhaustive events) [204].  π α α µφ  υ 

 Fi  υ    α α   µ  υ α  : 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.33   α  – µ α  ∆ µ α  

 ( ) ( ) ( )
( )

, , ,

2

2

, , ,

2 3

2 3 2

1 1 1

,

1 1 1

0, 00Pr Pr

P

0, 0, , 0Pr ...

e i e i e i

e i e i e i

N N N

j jj

j j j j

f i i N N N

j j j

j j j j j

S SS

P F

S S S L

= = = +

= = + = +

 < << − +  = =   < < < − −  

∑ ∑ ∑
∑ ∑ ∑  (1.95) 

π υ Ne,i α   µ   i α υ α  α α , Sj α   π  α φα α  υ j 

υ  α α υ  α  L α   υπ π  π υ α α  απ   απα  

α α .   (1.95)  υµπυ µ  µ φ  α  : 

 ( ) ( ) , ,

1 1

1

, ,
1 11 1

P 1

e i e i

k

j j

N N jN
j

lf i i e i
l l lj k

P SP F L N N
−

+
= = += =

  = = ⋅ + ≤−      ∑ ∑∑ ∩  (1.96) 

Γ α  L   (π  απ   πα αφ  1.11): 

 
, ,

1 11 1 1

e i e i

k

N N

N N N

l

l l l k

P S L
−= = + =

   ≥    ∑ ∑ ∩  (1.97) 

  (1.96)     α α   µ   α α υ  α  υπ  

υ  α α  +1 µ  α υ  υ  υ α  υ υα µ . φ   

υπ π  L α    α  µα  π α  µφ    µ  

αυ  α α +1  α  e,i µ ,  π α α αυ  α α  µ   

π α α  µφ    υ α  υ υα µ  α α   µ . 

1.6.4.2 Ό α π α  υ µ  

 π π  π υ  α   υ  α  α   α  υ α , 

υ  α απ υ  µ  π υ α α     α   φ µα   

π α α  α α  µ   π α  α α    υ . α α 

υπ α  µ   π υ  απ  π µ  α   α  π π   

α α υ  α  α π . 

1.6.4.3 Ό α 1   

µφ α µ   πα α φ υ  1.6.2.1, 1.6.2.2 α  1.6.2.3 α µα µπ  α α  

 α α  υ α    α α  α α  α : 

 
1 υ α 1 α α

1
0 α α 0 υ αi i iS F S
 = = − =    (1.98) 

Γ α µα π υ απ α  απ  π  υπ υ µ   α α  υ α  : 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.34   α  – µ α  ∆ µ α  

 ( )1 2

1 υ α
, ,...,

0 α αnS S S S
= =   (1.99) 

Γ α α  µα  α α  υ µ    α α   υπ υ µ  υ 

α   [6], [17], [21]: 

 ( ) ( ) ( )
1 1

1 1
n n

s i S i

i i

S S S S F F
= =

= = − −∏ ∏  (1.100) 

 πα  µα  α α   υ µα  α   [6], [17], [21]: 

 ( ) ( ) ( )
1 1

1 1
n n

P i P i

i i

S S S S F F
= =

= − − =∏ ∏  (1.101) 

  (1.100) α  (1.101) υ   α α   α  α  πα υ 

υ µα  α α   α α   υπ υ µ  υ.  π α α 

α α  υ µα      πα α α φ α  [6], [21], [31], [33], : 

 

{ } { }( ) { }
{ } { }

1,
11

1,
1

max 1 1 1 1 1

1 min 1

n n

i f i i
i n

ii

n

i f i
i n

i

P F P P F P F

P F P P F

= ==

==

= ≤ ≤ − − = ≅ =
= ≤ ≤ =

∑∏
∏  (1.102) 

α α αυ  α  α ’ α α  φ   π α α  α α   π π  

π υ  .µ α  µ α  υ  α  α   π  α µ . α α αυ  

απ  α  α µ   µ  υ α    π π  π υ µ   π α  

α α    α   [21], [204] α   υπ υ  π φ   π  

  π α α α α   µ  υ υ µα .     π α α  

α α  α  απ   π α α α α  υ µ υ  µ   υ  π α α 

α α  ( µα  πα α α – π  υ µ  µ α )  α    

µα  π µ υ  π α  α α  ( µα   – α υ  

µ α ). µα   αυ  α   α υ µα α π υ απα α  απ  

π  µ  α α αυ  πα υ υ  µ  . 

1.6.4.4 Ό α 2   – Ό α Kounias – Hunter – Ditlevsen 

α α  Kounias [112], Hunter [90] α  Ditlevsen [47] ( υ    α 

Ditlevsen) µ π α  α  υπ µ   π α α  α α   α  

υ µα  α  απ  π α    α α  υ µα α   (1.102) 

µ   α    αυ  α α    υ υ µα .  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.35   α  – µ α  ∆ µ α  

π α α α α   υ µα  φ α   [31], [33]: 

 { } { } ( ) ( ){ }
{ } ( ) ( ){ }

1

1

2 1

1 2

1 max 1 1 1 ,0

1 max 1 1

fL f fU

n i

fL i i j

i j

n n

fU i i j
j i

i i

P P P

P P F P F P F F

P P F P F F

−

= =

<= =

≤ ≤
   = = + = − = ∩ =     

= = − = ∩ =
∑ ∑
∑ ∑

 (1.103) 

π υ, Fi α    α α  υ i µ υ  υ υ µα .    α   

 µα  π α α  υ π υ µ υ  α  υ α µα   αφ   

π α α  α α   υπ π  µ  µ   µα  π α α   

αυ  α α  υ µ υ  αυ  µ  α µ   µ   α µ α µ  

( α υµ υ υ µ υ  υπ  α ).    α    µα  

π α  α α   µ  υ υ µα  µ   µα  µ  

αυ  π α α  α α   µ  υ υ µα  α n-1 υ υα µ . 

 α  αυ  υ  π   α α µα  α υ  υ  

µ υ  απ  0.6 [33].  α µα    αυ  α  υ   α µ  

    α   υ    (supremum) υ  υ α   

αµ    (infimum) υ  υ  π α  π α απ   α 

α µ  [204]. Γ α α π υ  α α α υ α  α α α α  α α α  

  υ α  α µ .  π   υ α  α µ  α   µ  n! 

π υ n  π   µ  π υ απ   µα [204]. α α Ditlevsen υ  

 υ α  φα µ  α  υπ µ   π α α  α α  α  

υ µ .  µ  π µ  υ α   απα    απ   π α α  

α α   µ  υ υ µα . 

1.6.4.5 π α    2   –  Ditlevsen 

 Zhang [227] π  α α Ditlevsen µ   απα   υπ µ    

 αυ  α α  3  α  α α  . α  α     

π α α  α α , α   [204]: 

 { } ( )
2, , 1, 1 2 12

3

max
n

ik ij ijki
k if s

k ji

P P PP
P P P P ∈ −≠=

+ − −≤ + − +   ∑ …  (1.104) 

 { }
1 1

, 1 2 12 1, , 1
1 1

3

0, maxmax

i i
n

i ij ijk
kf s i

j j
i j k

P P PP P P P

− −
= −= == ≠

 − + ≥ + − +   
∑ ∑∑ …  (1.105) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.36   α  – µ α  ∆ µ α  

π υ, Pi, Pij α  Pijk α   π α  α α  [227]: 

 

{ }
( ) ( ){ }
( ) ( ) ( ){ }

1

11

11 1

i i

jij i

jijk i k

P P F

FP P F

FP P F F

= =
== = ∩
== = ∩ ∩ =

 (1.106) 

Όπ  α   π π    Ditlevsen  µ  υ  α   υ  

αµ   Ditlevsen α  υ α   α µ   . 

1.6.4.6 Ό α α π α  υ µ  µ  µ  Γ αµµ  
αµµα µ  

 π µα    α µ    α α   α π υ   

µ  υ α    µπ  α α µ π  α   π µα π . 

 Song, α  Der Kiureghian [204], πα υ υ   µ α α  µ α π  υ 

π µα  α µ   π µα π  π υ α  µ   α υ 

αµµ  π αµµα µ  [204]. 

  Ω (    π α  ) α   2
n
 αµ α  απ µ α α  

  π  α π υ n α   π    [81].  ∆ . 1.14, 

πα υ α  α αµ α  απ µ α α    π  α α n=3. Γ α α 

α αυ   : 

 
2

1

1

n

i j

i

e e e
=

∩ =∅ = Ω∪  (1.107) 

Γ α  π α  α α    αυ    [204]: 

 ( ) ( ) ( )22

1 11 1

: 0 Pr Pr 1

nnk k

i i i ii
i ii i

i P e e P e P ee
= == =

  ∀ ≥ = = =     ∑ ∑∪ ∪  (1.108) 

 π α  α α    υ υ µα  µπ  α αφ   αµµ  

  αµ α  απ µ  α    π    [204]: 

 
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ): : , : , ,r i r i j r i j k

ij ijki r r r

r e F r e F F r e F F F

ij i j ijk i j k

F FP F P P P P Pe e e

F F F F F F FP P P P

⊆ ⊆ ⊆
= = =

∩ ∩ ∩= =
∑ ∑ ∑

 (1.109) 

 µ α µα µ   π α  α α    υ υ µα   µ φ  

  (1.109) α   αµµ  υ υα µ   π α   αµ α  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.37   α  – µ α  ∆ µ α  

απ µ  α    π  , π π  α   µ α π  υ 

π µα  α µ     π µα αµµ  π αµµα µ  µ  

α µ  υ α : 

 { } { }, ,min maxf U f LP P  (1.110) 

π υ  π µ  υ π µα  α  απ    (1.108). Ω  µ α  υ 

π µα  α   α µ      υ υ µα  π υ 

υ α  µ α µ   µ α   αµ α  απ µ  α    π  

   (1.109). 

 

∆ . 1.14: µ α  απ µ α α    π  α α n=3. 

φ  υπ  π π α µ   υ π µα  π    αυ  

απ  α     υ π µα  [18] π  α      α   

µ  υ α . µα  µ υ α    π υπ α υ π µα  

αυ α   µ   α µ    π υ υ   µα. 

1.6.4.7 α  µα n µ  µ    α π α  

 π π  α  υ µα  απ µ  απ  α µ    α π α  

α  µ  υ  ij,  π α α α α  α   [33]: 

 ( ) ( ) ( ) ( ),2 ,2 maxf f f fP P P Pρ ρ ρ ρ = − −   (1.111) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.38   α  – µ α  ∆ µ α  

π υ, Pf,2( max) α  ( ),2fP ρ  α   π α  α α  α α α  µα µ   

.µ π υ α υ  α  α α µ  α  µ   υ  υ  µ  max α  ρ  

α  π υ  αµ  υ  υ  ρ  α  απ   π υ   

 (1.111).   υ  ρ  α  max α   [33]: 

 ( )max
, 1,

1 1

1
max

1

n n

ij ij
i j n

i j

i j

i j
n n

ρ ρ ρ ρ= = =≠
= ≠ = − ∑∑  (1.112) 

  α π α  υ υ µα  α   [33]: 

 ( )1 1
s e

n

n
β β ρ= + −  (1.113) 

1.6.4.8 α  µα n µ  µ    α π α  

Γ α πα  µα   (1.113) αµ φ α   [33]: 

 ( )1 1
s e

n

n
β β ρ= + −  (1.114) 

π υ  ρ  υπ α  µφ α µ    (1.112).  αφ  µ α    

(1.113) α  (1.114) α   υπ µ  υ υ µ υ υ  υ . 

1.7  υ  π α  υ µ  

 µ  α υ  α π α  α α µ   π φ α π υ µ π ,  π  

α  , α  α  µ   π  µ   π  α   π α α α α  υ 

υ µα  α   3 π π α [31]: 

 1
υ
 π π υ.  µ υ  αυ   µ   α π α  υ υ µα  

υπ α     α π α   µ  υ (   µ  π π  

  α αµ µ  α π α  υ υ µα   π  µ α πα µ  υ).  

µ υ  1
υ
 π π υ α υ  α   α µ  α µ  α α υ  π υ υ   

α  α π α  υ µ υ  µ   π µ υ  υ  α φα α . 

 2
υ
 π π υ. αµ υ   υ π µα  α π α  π υ 

α   π   υ  α  α  α   π   

  υ α µα   .µ.  µ  π υ πα υ α  α α υ   

πα α φ υ  1.7.2 α  1.7.3 α α   π υ   π µα  α  π   



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.39   α  – µ α  ∆ µ α  

υ  α  α  α    π    α  υ α  α αφ  µ   

µ φ  µ  π π µ  υ   π   .µ. 

 3
υ
 π π υ. π υ   α  µ   π α α  α α  υ 

υ µα  α    αυ .  µ  αυ   µ π  π   

υ  α  α  α   απα  π     υ 

α µα   .µ.  α α  µ  3
υ
 π π υ α  α   µ  

µα α  (µ  Monte Carlo π.) φ  π    π π  [31]  

π   π µα π υ α µ π α . 

1.7.1  1 υ π π υ 

 µ  1
υ
 π π υ απ     α µ  α µ  α  α . 

 π π  αυ   π α α α α  υ υ µα  α  α α   

α π α   α  : 

 { },, max f if s
PP =  { }mins iβ β=  (1.115) 

π υ Pf,i α  i α   π α α α α  α    α π α   µ   

α α υ .   (1.115) π π α   [31], [149]: 

 ,,
 µα

f if s
i

PP E=     (1.116) 

π υ  µα α  α µ  π υ  π α α α α  υ α  υ   

υ µ υ π   π α α  α α  υ π  µ υ µ υ .  

 (1.115) α  (1.116)  αµ υ  υπ   υπ µ   π α α  

α α   α α α   υ υ µα  [149]. 

1.7.2  2 υ π π υ 

 µ  π α  α υ  2
υ
 π π υ απ  π     

3
υ
 π π υ   απ α  π φ α   αφ  α α α   α α µ  

 .µ µ   α α   π   α  α α   [6], [7], [33], [31], [138]. 

Γ α  π υ  υ π µα  α  α α    µ  µ  α   α π   

.µ α   υ  α  α  υ υ µα  [31], [33]: 

 { } { } ( ) ( )1 2, , , ,..., 0i i ij i j i j nE x C Cov x x x x f f x x xµ = = ∈ = =X x  (1.117) 

1.7.2.1 ∆   α υ µα α µ  αµµ  α  υ  α  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.40   α  – µ α  ∆ µ α  

α  .µ 

  α π α   υ µα , α αµµ  υ  α  α  µ  .µ 

π υ α υ   α  α α µ  α   [31], [33]: 

 ( )M
f

M

P
µβ βσ= = Φ −  (1.118) 

Ό α   υ  α  α   α  αµµ  µπ  α µ π   

π  π   α  Taylor  υ  α  α  [188].  µ  µ  

α  α π   π π  αυ  α  : 

 ( ) ( ) ( )2
2 ,

N N

M M i j

i j i j

f
f COV x x

x x

∂σ ∂ ∂≅ = ⋅∑∑X

x
µ µ  (1.119) 

1.7.2.2 ∆  π α  Hasofer & Lind 

  α π α     (1.118) α  (1.119), απ  µ   π α α  

α α   π π  µ  αµµ  υ  α  α  α  α α   

µ φ  , απ  µ α υ   µ  υ  µ  υ π α µα   

α π α . Γ α  α π  υ υ  µ    α π α  

π π  απ  υ  Hasofer & Lind.   α π α  α  Hasofer & Lind HL 

α     απ α  υ µ υ  µ  µ  υ α µα   .µ α  

 π φ α α α  – υ α   υ  α  α : 

 2

1

N

HL i

i

zβ
=

= ∑  (1.120) 

  υ  α π α  α µ π α   π µα π  µ   

 α π   π α    (1.120) α  α   [31]: 

 ( )min HLβ  (1.121) 

υπ   π π : 

 ( )1,..., 0HL HL nf a aβ β⋅ ⋅ =  π υ ( )
( ) ( )

2

1

i
i i HL

N
i

k

i

A f
a A a

z
A

∂ β∂
=

−= = ⋅∑
z

 (1.122) 

 π α α α α  υ υ µα  α  π  α    (1.118)  [31]: 

 ( )f HLP β= Φ −  (1.123) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.41   α  – µ α  ∆ µ α  

1.7.3 αµ   2 υ π π υ 

 µ  π υ πα υ α   πα αφ  1.7.2 υπ υ   π α α α α  

υ υ µα  υπ   π π    .µ α  α  α  α  

α υ   α  α α µ .  π µ  πα α φ υ  πα υ α   

µ α α     αυ  π µ . 

1.7.3.1 µα α  α µ  .µ 

 π µα  α  α µ  .µ α µ π α  µ   µ α µα µ  υ 

υ  .µ α  υ π µα  α α   α  α  .µ.  

.µ υ µ α µα µ υ υ α υ  α  α α µ  φ  α   

αµµ  υ υα µ   µ α  υ α  υ  .µ.   µ  

υ µ α  (  µ  υ α π ) α α υ µα .µ  : 

 

1 1

1

2

,

2

,

M

M M

x x x

x x x

COV

COV

σ
σ

  =     
XC  (1.124) 

  π υ  υ πα α  υ µα : 

 ⋅ − ⋅ =
X Y Y

C V V 0  (1.125) 

π υ,  α  α  µ  π υ π   υ  υ π µα  α  VY α  

 υ µα  µ φ , π υ α   µ α µα µ      .µ X  

  α  α  .µ Y.  µ φ  VY υ  υ  πα  υ 

µ υ µ α µα µ   : 

 ,1 ,, ,Y Y N M N M N= × ≥  V VA …  (1.126) 

 υ  υ π µα   α  : 

 T= ⋅Y A X  (1.127) 

  υ µα µ  µ  [ ] α   µ  υ µ α  CY α  : 

 [ ] [ ] 2

, , 0 :
i

T T

Y ii Y Y ijE E c c i jσ= ⋅ = ⋅ ⋅ = ∨ = ≠Y XA C A C AY X  (1.128) 

  α π α  υπ α  µ   π υ  υ π µα  π  

  (1.121) α  (1.122).  α µ  υ  υ π µα  

π  π π α  : 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.42   α  – µ α  ∆ µ α  

 ( ) ( ) ( ) ( )min min min
z y x

TT T T T
HLβ ∈Ω ∈Ω ∈Ω

 = = =  z y x
z z y y A X A X  (1.129) 

π υ, Ωx, Ω  α  Ωz α   α  π α  ,  π α    

αµµ  α  .µ α   α  π α    αµµ  α  

.µ π υ α υ  α  α α µ  µ  µ  µ  α  υπ  απ : 

 
[ ]
[ ]

[ ][ ]i i

i

i

E y E y
z

yσ σ
= − == 

0Z

1Z
 (1.130) 

 α  π α    υ α απ α  υ µ υ  

α φ α  (Maximum Likelihood Point)  α    α π α  υ 

υ µα . 

1.7.3.2 µα µ  α  .µ 

 π π  µ  α  .µ φα µ α   µ α µα µ  α  Rackwitz-Fiessler 

[31], [184].  µ  µ  α  υπ  απ   αµ  α  α α µ  α  

 [33]: 

 
( ){ }( ) ( )1 *

* 1 *

*i i i i i i

i

x i

x x x x

x i

F x
x F x

f x

ϕσ µ σ
−

− Φ  ′ ′ ′ = = −Φ    (1.131) 

π υ *

ix  α   µ  π α µ   i .µ. H µ  µ  α  υπ  απ  α  

 υ α  υ µ υ π α µ  µ  απ µα  α α  µ υ α 

υ α α  απ   π  υ µ υ αυ .  π µα αυ  α µ π α  µ   

µ  υ υπ µ  υ µ υ *
x   α α α π    

(1.121). υ  π υ α  µ   α  υ µ υ αυ  µ   µ  µ  

π α φ α  π υ απ    υ π µα  π .  α α α 

π  µα α  α : 

 * *
, 1 ,1 21 HL t HL tt t

β βε ε++ −≤ ∨ ≤−x x  (1.132) 

π υ 1 α  2 α  µ   µ  π υ α α π υ   απα  α α  α  

 α υ . 

1.7.3.3 µα υ µ  µ  α  .µ 

  π π  π υ  .µ α  α  α µ  α   α υ   



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.43   α  – µ α  ∆ µ α  

α  α α µ ,  π υ  υ π µα  α π α  π υ α  µ   υ υα µ  

 α α   πα α φ  1.7.3.1 α  1.7.3.2. 

α µα α  π υ  υ π µα  υ α  : 

µα 1: π   µ α  υ π µα . 

µα 2: π  υ µ υ x*t=1=E[x]  

µα 3: α µα µ   µ α  Χ α  Rackwitz-Fiessler (  (1.131))  

α  α µ  α  .µ (Χn). 

µα 4: α µα µ  υ α µα  Χn  α  α µ  α  .µ 

 υ µα  α  α  α  .µ µφ α µ    (1.125)  

(1.127). 

µα 5: π υ  υ π µα  π  α  υπ µ  υ HL α  xt=1
HL

  

µα 6: π µ   αφ , ||x*t+1- x*t|| α  | HL,t+1- HL,t| 

µα 7:  α α α µα α  α     (1.132), α  x*t+1= xt
HL

 α  

π φ   µα 3. 

1.7.3.4  π  π φα α  

  π  π φα α  (Response Surface Method) α   α α  

αµ  µ  2
υ
 π π υ φ  π   π π   πα α φ υ 1.7.  

µ  α   π   υ  α  α  µ   

π υ µ υ µ   [107]: 

 ( ) ( )g f ε= +x x  (1.133) 

π υ, x α   υ µα  .µ, f(x) α   υ  α  α  α   α   

  µ .   α υ  α   α π  υ  υ : 

  ( ) : ming ε →x  (1.134) 

 υ  α  α  π α  απ  π υ υµ  2    [26], [107]: 

 ( ) ( ) 2

i i

i=1 i=1

a+ b c
N N

i if g x x≅ = ⋅ + ⋅∑ ∑x x  (1.135) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.44   α  – µ α  ∆ µ α  

 πα µ  {a,bi,ci} υπ α  υ  µ   µα α   υ  

α  α   µ α π υ α  υ   υ υ  .µ  [26]: 

 i i i ix x f σ= ± ⋅  (1.136) 

π υ, ix  α   µ  µ   i .µ, i α   υπ  απ   µ α  αυ  α  fi 

α  µ α αυ α  π µ  µ .  π   πα αµ  fi απ  α  

µα α α α   α α   υ  ( )g x  α  α α  π  

υ  πα υ α  απ  υ  Rajashekhar α  Ellingwood [185].   π α  υ 

υπ µ   πα αµ      (1.135)   µ  Dx  π υ απ  

µ  υ µ υ µ  π α φ α   υ  α  α .  υ 

µ υ αυ , π α   π µ  π  µ  Mx  [26]: 

 ( ) ( )
( ) ( )M D

D

f

f f
= + ⋅− −

x
x x x x

xx
 (1.137) 

 α α α υπ µ   πα αµ    (1.135) πα α αµ α  µ   

αφ     (1.136) π π α  : 

 ,i M i i ix x f σ= ± ⋅  (1.138) 

 α α α µα α   µ   υπ µ  υ υ   πα αµ  {a,bi,ci} 

  π π  π υ   πα α  υ : 

 1i i

D D
ε+ ≤−x x  (1.139) 

 π α α α α  υπ α  µ   α µ  µα α  υ 

π α  υ (µ  Monte Carlo, µ  α υ α  µα α  .α.). 

 υ  πα α α   µ υ α  µ   µ φ    (1.135).  

υ  α  α  α  υ α  α αφ   [76], [218], [217]: 

 ( ) ( ) 2

o

i=1 i=1 1

+
N N N

i i ii i ij i j

i j j

f g x x x xβ β β β
< =

≅ = ⋅ + ⋅ + ⋅ ⋅∑ ∑ ∑∑x x  (1.140) 

π υ, ij α   πα µ  α α   υ .  µ  απ  π φα α  

µ π α  υ α α  υπ µ   π α α  α α  α α υ   

υ υα µ  µ   µ  Monte Carlo [109],   υ υα µ  µ   µ υ  

µα α  π   µ  α  π υ [218], [217]    

α υ α  ∆ µα α  [26], [176], [193]. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.45   α  – µ α  ∆ µ α  

 Gayton et al., [76], πα υ υ  πα α α   µ υ µ  πα   

µα α  α   α α  µ .  Petryna et al., [176], φα µ υ  

 µ   υ υα µ  µ   µ  α υ α  µα α  α  υπ µ   

π α α  α π α    απ  Ω  π υ υπ α   .  µ  

φα µ α   υπ µ   µ α   π α α  α α    φυ α 

π υ υπ α   α α µ α φ α.  Moro et al., [147], φα µ υ   µ  αυ  

 π µα α παφ  πα αµ φ µ  . Γ α  υπ µ   µ  

π α µ   υ    (1.135)  µ  απ  π φα α  

υ υ α  µ   µ  Langrange µ    µ   υα α   µ υ  

π   πα αµ  fi   (1.138).  Huh α  Haldar, [89], υ υ υ   

µ  απ  π φα α  µ    π α    α  υπ µ  

  µ α α µ  π α α  α α  µ α  π α  µ  αµπ  

υ   µ  φ . O  Pendola et al., [175], φα µ υ  πα α α   

µ υ  π µα α α  α   π  π υ  υ  α  µφ α 

µ    (1.140) α  3 α  π     µ υ. α α 

αυ  υ    α π α ,  µ   π  υ  π  υ 

µ υ π α µ  α  α   µ α   α µ  υ µ υ π α µ .  

Soares et al., [199], φα µ υ  πα α α   µ υ [175]  π µα α α π α  

α α υ  απ  Ω .  µ  υ υ α  µ   α µ   Rackwitz-Fiessler [184], 

α  µ  υ υπ  φ υ.  Das α  Zheng, [39], [231], φα µ υ   

µ   π µα α υµ  π α .  µ φ α υ π µ υ α µ υ 

α   µ  µ µα  µ   π  υ . α  υ 

µ υ π α µ  α  υ  υ   µ  α α  υ  2   µ  

α υ  υ  π π µ  .µ µ    α  υ α  π α µ   

π  υ   υ  α  α .  Tandjiria et al., [208], 

φα µ υ   µ   π µα α α π α  πα  π υ υπ α   α 

φ . π π α µ   υ π   µ α   πα αµ  

α π α  φ υ  – πα υ   α π α  υ υ µα . 

 Kim α  Na [108], πα υ υ  πα α α   µ υ π υ  υ  

π α µ  π αµ  µ  υ  π π µ υ  υ    (1.140): 

 ( ) ( )
i=1 1 1

a+
N N N

i i ij i j

i j
j i

f g b x c x x
= =≠

≅ = ⋅ + ⋅ ⋅∑ ∑∑x x  (1.141) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.46   α  – µ α  ∆ µ α  

   (1.136) α  (1.137) π α   µ  α µ  α    

α π α  υ υ µα  µ   µ   Rackwitz-Fiessler [184].     

µ  π α µ   υπ α     (1.136) α  µ   µ υ 

π  µ .  υ µα π  α   [108]: 

 ( ) ( )( )1

1

N
i i i i T ii
j j D Dk

k

h g ghδ
−

=
 = ⋅ = − ∆ ⋅ ∆ ⋅  ∑ h u x ux  (1.142) 

π υ α ( )Dg∆ x  α  iT
u  α  : 

 ( ) ( ) ( ) [ ]{ }
1

1
, , , 1, ,

0

kD D iT

kD

kn

e k ig g
g e k n

e k jx x

= =∂ ∂  ∆ = = =   = ≠∂ ∂  
x x

ux … …  (1.143) 

α  α µ α π α µ  α   [108]: 

 [ ]{ } 1.0
1 , 1,

0.9

kiT i iT

i D i i k

k

k i
f n k n

k j

εσ ε ε
= == ± ⋅ ⋅ − ⋅ ⋅ = =  = ≠x x …  (1.144) 

 α α α πα α αµ α  µ  α α φα    µ α  υ  α π α  

υ υ µα  α  α  π  α  πα  µ .  µ  

φα µ α  µ  π υ α  π  υ α  υ α   υ α  υπ µ  

υ  α π α  6- φ υ π α υ  α µ . 

O  Schueller et al., [193], υ υ   µ  απ  π φα α  µ  φ   

µ υ  (µ  α υ α  µα α , πα α π  Monte Carlo .α.) 

υµπ α α    µ  α  α α α   π µα α υ  

υπ  υ . 

1.7.3.5  υ  π α    (First Order 
Reliability Method) 

  α υ  π α    (FORM) απ , π  α    

α υ  π α  ∆ υ α   (SORM),  π  α µ  µ υ  

α  υπ µ   α π α   υ µα .   µ   µ υ  2
υ
 π π υ 

αφ     α  .µ  µ π α  µ  π φ  απ    

π  π  α   α α µ  αυ    υ  α  α  π α  

απ  π υ υµ  π   µφ α µ   µ α µα µ  α  Taylor. α µα α 

 µ υ α  [138]: 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.47   α  – µ α  ∆ µ α  

µα 1: π  υ µ υ xo ( α  π  µα xo= [xo]) 

µα 2: α µα µ   .µ υ α  υ Χ α  Rackwitz-Fiessler (  

(1.131)). π µ  υ µ υ  µφ α µ    (1.125) α  (1.127)  

π π   υ µ  .µ. 

µα 3:   υ  α  α  υπ   π π   X=AY π υ 
i
 α   i αµµ  υ µ υ  : 

 ( ) ( ) ( ) ( ),

1

mn
o i imm

i i oo i
i i

S
S S y y

y=
∂= + ⋅ −∂∑ Ay

A AAyAy
A

 (1.145) 

µα 4: π µ   α υ µ  α υ  ai, π υ  α   αυ α  α  

Lagrange, : 

 
( )

2

1

oi
i i

N
i

i

i

Sc
a c

y
c

λ
=

∂= = ⋅ ∂∑
y

 (1.146) 

µα 5: π µ  υ  α π α  : 

 
1

N

i i

i

y aβ
=

= − ⋅∑  (1.147) 

µα 6: π µ   µ  S( y
m

)   (1.145) 

µα 7: π µ  υ µ υ ym+1
 : 

 

( )
1

2

1

m

m m N

i

i

S

c

β+

=

 + = − ⋅    ∑
y

y a  (1.148) 

µα 8:  υ µ υ xm+1
   α φ  µ α µα µ    

(1.125), (1.127) α  (1.131) 

µα 9: µα µ   α α α  α  ||x
m+1

-x
m

||<  π υ x*=x
m+1

, α  xo=x
m+1

 α  

π φ   µα 2. 

 µ  α υ  α π α  π   απ    µ υ α π α  

µ   π  2
α  

 α  απα α   αφ α [138] α   Advanced FOSM. 

 µ  πα υ α   ∆ . 1.15. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.48   α  – µ α  ∆ µ α  

 

∆ . 1.15: Γ αφ  πα α   µ υ α υ  α π α  π  . 

 Melchers α  Ahammed [142] πα υ υ  πα α α   µ υ α υ  

α π α  π   υ υπ µ   π α α  α α   π π  

α αυ µ  µ  αµµ  υ α  α  α .  Melchers et al., [143], 

πα υ υ  πα α α   µ υ α υ  α π α  π   µ    

α   υ α   µ υ  π π  π µ  µ  υ  .µ  .µ π υ 

α υ  υ  α  α α µ . 

1.7.3.6  υ  π α  ∆ υ α   (Second Order 
Reliability Method) 

 µ  α υ  α π α  υ α   απ  π α   µ υ α υ  

α π α  π   µ    α   υ α µ    υ  

α  α .  µ  µ  π α φ α  x*  υ  α  α  α   

π   µφ α µ    (1.149) α α υ α  α  α α  α  α  

  α α  µ υ   µ   µ  α υ  α π α  π   

πα υ α   ∆ . 1.16. 

 π  α αφ    π   υ  α  α  µφ α µ  

 µ α µα µ  α  Taylor 2   απ α  υ  Fiessler et al. [66].  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.49   α  – µ α  ∆ µ α  

α α α υπ µ  υ  α π α   µ υ α υ  α π α  υ α  

 α  α   α α α  α  µ  α υ  α π α  π  .  

 µ  α υ  α π α  υ α  ,   (1.145) µ α α   [138]: 

 ( ) ( ) ( ) ( )
( ) ( ) ( )

,

1

2

,,

1 1

1

2

mn
o i im

i i oo i
i im

mn n
o j ji i

j j oi i oi j
i j i j

S
S y y

y
S

S
y yy y

y y

=

= =

 ∂+ ⋅ +− ∂ =  ∂ ⋅ ⋅ −− ∂ ∂ 

∑
∑∑

Ay
A AAy

A
Ay

Ay
A AA A

A A

 (1.149) 

 

∆ . 1.16: Γ αφ  πα α   µ υ α υ  α π α  υ α  . 

 πα αφ  1.12, πα υ α   µα  πα α α   µ υ 

α υ  α π α  2   µ      α π α  µ   

π α α  α α  α π µα α µ  υ  αµπυ α  υ  α  

α   π  υπ   .µ υ. 

1.7.3.7 υµπ µα α α  π  α  αµ  υ  2 υ 
π π υ 

 µ  2
υ
 π π υ α   π  υ  α υ   α α  π  

µ  υ υπ µ   π α α  α α   υ µα . α  π µ  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.50   α  – µ α  ∆ µ α  

 µ  αυ  α   απα  µ α µα µ   υ  α  α   

 µ φ , π υ α  α     υ  α  απ υ υ  

πα α , α π π α υ µα α.  α α  µ  αυ  µ α    

π π  π υ  υ  α  α  α  α µ  αµµ   π   .µ υ 

π µα . 

1.7.4  3 υ π π υ 

1.7.4.1  ∆ α  α  φ α , π µ  α   

 µ  α  α  φ α  α  απ µ  α   α υ   α α  

µ  3
υ
 π π υ φ   υφ α α  π µ   π   π   .µ,  υ  

α π   .µ,  π   π   α υ  α α  α    

π π  α µ π α   π α µα  π µα.  αυ   πα α α  υ  

(  υ υα µ  µ   µ υ ) α  α α α µ  α  υπ µ  

α π α  υ µ  α  α α υ .  µ  α  α  φ α   πα α α  

 φα µ α   α  [41], [88], [126], [127], [151], [154], [211],   µ  

απ µ  α   φα µ α  αυ α   υ υα µ  µ   µ υ   α  

[32], [101], [181], [182], [196]. α  π π   µ  αυ  α   

υ α α α π  υ υ µα  α   υπ µ  υ  α π α   

πα α µ  α υ  α α . 

1.7.4.2  ∆ α  α  φ α  

  ∆ α  α  Φ α  (Branch & Bound Method) α  υ αφ  µ   

µ  απ µ  α   α  αφ   α α α π υ α υ α  α  

πα α   α υ  α α . 

 µ  α  α  φ α    αφ α  µα  π  α α µ  

α   α α  υ α  α  υ   α υ    π    

 απ µ  α α  υ υ µα . α µα α  µ υ   π π  

α  : 

µα 1: π µ   π α  α α    υ υ µα  ( µα 

 α α  π υ  υ α ). 

µα 2:  µ  µ   µ α  π α α α α  α   α α  α α  α  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.51   α  – µ α  ∆ µ α  

υπ α   π α  α α   υπ π   υπ   π π  

α α  υ π υ µ υ µ υ . 

µα 3:  α α α υ µα  2 πα α αµ α    π    

π  α φα α   α α υ .    α α α  αυ  α α φ α  µ α 

 υ α α  (Failure Mode).   π α α  µφ   υπ  

α  π υ  α υ α  α α  υπ α   µ  α φ υ α  π α α 

α α   µ .  µ  αυ  α       π α α  α α   

π α  µ α µ  π υ α φ  υπ  α  υπ µ   π α α  α α  

υ υ µα . 

µα 4:  α µ  π  α  α µα α  υ   π α  α α  

   υ  α  (Incomplete Failure Modes) µ   µ  α φ υ. 

 µ  π  α υ  α α  µ  π α  µφ  αµ  υ υ 

αυ  απ π α  α    υ  µ α π α   α  (φ α ).  α µ  

υ   α α α α υ  υ  π  υ  α    υπ π  

π  α υ  α α  ( α ).     υ µ α µ  

α υ  α α α   µ  α φ υ.  α α α υ α  µ    

 π α   α υ  α α  υ v π π υ. 

µα 5:  α µ  π µ  α  α π π  α  πα α αµ α  α µα α 3 

α  4. Ό α    π α  α υ  α α  υ  α  α  υµ  π   

π π  υ α α υ υ µα   α α α   α υ  α α  

µα α . 

µα 6:  µ  α  α  φ α  α α   π µ µα υ υ µα  

 α υ α  π  α υ  α α  π υ υ  π  µ   α α α  

α .  υ µ  α υ  α α  α  α  µ  υ α  

α υ  α α  απ π α  απ    π µ µα. 

1.7.4.3  απ µ  α   

 µ  απ µ  α   υπ    α π α   υ µα    

 α π α   π  µα  α υ  α α . α  µ   

απα µ  α α υπ µ  α   π υπ α υ υ µα , 

πα υ α   αφ α π α  α  υπ µ  υ   



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.52   α  – µ α  ∆ µ α  

α π α .  απ  π π     α π α  α   [33]: 

 ,
1,

minS e i
i n

β β==  (1.150) 

π υ, s α    α π α  υ υ µα  α  e,i α    α π α   

µ   υ υ µα .  π π  αυ   µ  απ µ  α   

µ απ π   µ  α π α  1
υ
 π π υ.  π π  α  υ µ   

 α π α     (1.83)  (1.85) π α , α  α µπ  

π , απ    [9], [10]: 

 
( )

{ } 1

1, 1,

1 Pr 1

,... : min min

m

fs f i

i

i i m i j i j
j n j n

P P S

S S S S

β
β β β
=

= =

  = −Φ = − =    
∈Ω = ∀ ∈Ω ≤ ≤

∏
 (1.151) 

π υ µ  α m π  µα µ  αµ α  υπ   υπ µ   

π α α  α α . 

 πα α α   µ υ αµ α  υπ   α υ  α α  µ   π π  

 µα - α  απ α  (  π π  µ  υ µ )   

α α  α α . α µα α  µ υ υ α  : 

µα 1: π µ    α π α   µ  υ υπ  α  υ µα . 

µα 2: Έ α   υπ  α  α υ α α α  υ µ υ  π υ πα υ   

αµ   α π α  απ   υπ   µ  π µ  µ . 

µα 3: Έ α   π υ  α υ α  α α   π α  α υ α α α  α  

µ π α α  υ α  υ µα  π υ α απ  α    

π µ µα. 

µα 4: φα  υ υ α υ α   µ υ  π υ  π   π  

α υ α α α  α  α α α  υ µ   αµ  π  µ  µ , α 

 µ υ α µ α  α  π υ  α υ α  α α , υπ   π π    µ  

αυ     π  α   α π  π µ . 

µα 5:  α α α πα α  π  α υ  α α  µα α  α 

υ µ  π π  α     µ  π υ  υ  π  α   µ    

. π µ  υ α µ υ α   π π α α  πα   α α α  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.53   α  – µ α  ∆ µ α  

 µ ω  3 α  4 α  α απ µ α α µ  υ υ µα  φ ,  

µ    π   µ  π π  α   υπ   µ  π υ  

υ  π   α   µ    . 

µα 6: Ω  µ  α υ  α α  α  αυ  π υ   α π α  υ  

α   υ α µα  [ min, min+∆ 2] π υ ∆ 2 α   µ  φ α  α  min α   

 α π α   π  µ  α υ α  α α .  α α  

α υ  α   π   π  α υ  α α  π υ α π  α  

υπ µ   π α α  α α  α  υ   µ  ∆ 2.  π  

υ µ  α υ  α α  υ α   µ  υ α  α υ  α α  

απ π α .   α π α   α α υ  υπ α  µ    

Ditlevsen.  απ µα α  µ υ α  υ   µ  φ α  ∆ 2. 

1.7.4.4 υµπ µα α  

 α  µ α µ   µ  α  α  φ α  α  απ µ  α   α  

 α α α π µ . Γ α   µ υ  υµπ α α  : 

•  µ  απ µ  α   µ π   α α α π µ  α  µ  

υπ  π  µ α α   α α  π  φ    πα α µ  

π φ α,  α  µ   µ  α  α  φ α , π υ µ   µ  

α φ υ απ π  υ  υ  µ  αφ  (φ α ).  µ  

α φ υ  µ υ α  α  φ α  α α   α π υ 

α α  απ   π  α υ  α α .  α µ  απ  υ  

 π  α α   π  α υ  α α  µ  π α α µφ  

π  µ   υ  π  α υ  α α  µ  απ µα  

α  µ υ   υπ  . υπ  µ  υ υ  

φ α  α  α α απ  2%  1‰. 

•  µ  α α α   α α  υ  µ , µ  

απ µα  α α α   υπ  υ  απ µα α α α  

υ α   α  πα αµ  υ . 

•  µ  απ µ  α   π φ  µ α  υ α    

  µ   µ  α  α  φ α   αφ   π   

π µ υ  υ .  µ  απ µ  α    π  α υ  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.54   α  – µ α  ∆ µ α  

α α  απ α  π   υπ µ  υ   α π α  π  

α  υ α     α π α  α υπ  α αφ  µ   

πα αµ υ ∆    απα   πα   α α α    

π  α υ  α α .  π π   µ υ α  α  

φ α  α α  υ υ  φ α  απα   πα   α α α  

  π  α υ  α α . 

•  απ µα α  µ  α  µ α µ   π υπ α υ 

υ µα  φ   π   π α  π  α υ  α α    

   µ  [31], [33]: 

 ( )!

! !

e e

e

n n

k k n k

  =  −   (1.152) 

π υ, ne α   π   µ  υ υ µα  α  k α   µ   π υ  

α υ α  α α .  π   π  α υ  α α  αυ α  α  

 π   π   πα µ  ne α   πα µ  k α k<ne/2.  µ  

µ π α  α  α υ  υ µ  α α π α  π   π α  π  

α υ  α α   α  α α υ    υ υα µ  µ   µ υ  [126]. 

1.7.5  ∆ µα α  (Sampling Methods) 

1.7.5.1 Γ  

H α  α α υ  φ   υ  α  α  α  π φ α  

υ µ   α  υ α    υ  π υ  απ υ υ  πα α  µ  

απ µα  αυ µ  π α α υπ µ   υπ µ   π α α  

α α   [12], [68], [119], [219].  π π  αυ    πα υ α    

µ  µα α , π υ µ   α  π υ  π αµ  α   

α αµ    α α  υ υ µα  α   µ  υ, µφ α µ   

 (1.9), µ α   π α  α α   µ  α  υ υ µα  υπ  

α . Ω  π αµα  π µ  α  «  α µ  α α α π υ α υ α  α 

 α  π υ  α  π   υ µ υ µα µα  π µα » 

[31].     υ α  α   α π υ  υπ  µ  

µα α , π υ υ   α α α µα α   π  π   

π φ α  α α - υ α , µ    α   υ α  µ  αυ  

µ  υ υπ  υ  [183]. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.55   α  – µ α  ∆ µ α  

1.7.5.2  Monte Carlo (Monte Carlo Method) 

 α  α  µ υ Monte Carlo ( C) α   α  π υ  π αµ  [190], 

[200] α  Bernoulli.  α υ µ  υ υα µ  µ  ( µα)  µα  µ  

  υ µ απ π   α α  α α , αυ  α α φ α    

α α  υ υ µα    µ  υ.  π α α α α   π π  αυ  

α  µ    (1.9) α      µ  αυ , α  µφ α 

µ    (1.10). Γ α υπ  µ  υ µα α π υ  π α α α α  α  π  

µ  (10
-6

  10
-7

 µφ α µ  υ  [93], [94] α  α   π υ α α  υ υ), 

 µ  MC πα υ  π  υ  υπ  .  πα αφ  1.13, 

πα υ α   α α α υπ µ   π α α  α α  π µ µα  

µ  υ µα    α   υ  [59], [60], [61].  υ α, 

α  µ  α  π   µ  π υ απα α  α  υπ µ  

α π  µ   π α α  α α   υ   πα αµ  υ υπ  

α  π µα . 

 µ  MC   απ α   µ π α  υ  α  π υ  

π µ    α   µ φ    υ υα µ  µ   µ υ  [194].  

Schenk α  Schuëller, [192], µ π   µ  MC α  υπ µ   

υ π  µ  α , π υ π µ α  µ   α µ α  υ α  

α  α ,  α  π  υφ   υ µ .  Nour et al., [164], 

φα µ υ   µ  MC  π µ   α α   αφ  

 µ    µ   υµπ φ  υ φ υ   π π  µ .  

αφ  α  π µ α   υ α α π α α  α   αφ π  

 υµπ φ   αφ    αφ  µ  υ µ υ  

υ α π   α α   α α υφ  υ  α  υ υ  

α π .  Diniz α  Frangopol, [46], υ υ υ   µ  MC µ   µ  α υ  

α π α  π   α  µ   υ π   α   µ µ  

φ   α  α   υ µ ,  απ  Ωπ µ  υ µα (Ω ) υ  

α . α µ α   υ π   µα α   µ   α  

α  υ υ µα , υ υ π µ ,  α  π   µ µ  

φ  α  υ υ υ α   α  υ υ. 

 µ  MC µ π α  α  υπ µ   α π α  υµµ  π α  

[70],  υπ µ   υπ π µ  α  α  [37],  µα α α  

υ αµ  [179], [180],  υπ µ   π α α  α α   α α υ  π υ 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.56   α  – µ α  ∆ µ α  

υπ α   α µ φ α [4],  µ  υ υ   α α υ  [155],  

υ υα µ  µ   µ  α υ α  µα α  α   υ υα µ  µ  υ  

υα α   α µ  α α υ  [172],  α µ  υ µ  µ   

 µ π  υ  α µ α  α   µ   υα α  υ   π  

υ µ  α υ  α α  [131],  υ υα µ  µ   µ  απ  

π φα α   υπ µ  υ  α π α   π µα µ  αµµ  α υ  

π α α υα µ  π α  α α υ  [89],  υπ µ   α  α   

π α α  α α  π α  υπ   [109] α    µ   πα αµ  

π µ µ  α  υπ µ   π α α  αυµα µ   α  α υ  

π π  µ π  υ  µ α  µ  αφ  υ [221]. 

α   µ  υ υπ  υ   µ  µα α  

α απ α  µ  π   µ  α υ α  µα α ,  µ  α  

υπ υ,  µ  α υ υ µ  µα α  α   µ  µα  

µα α . α α   µ  αυ , α   µ   α α α   

µ  α  υ υπ  φ υ   µ   µ  MC, π υ π υ α  

µ   α   α α α  µα α   π  υ π α  υ π  

 π φ α  α α  – υ α  (µ  α υ α  µα α , µ  

α υ υ µ  µα α )   π π   α α α  µα α  µ  

  α π   α α α  µ  (µ  α  π υ, 

µ  µα  µα α ). 

1.7.5.3  α υ α  ∆ µα α  (Importance Sampling 
Method) 

  α υ α  ∆ µα α  (Importance Sampling Method) [15], [25], [72], 

[85], [100], [104], [105], [124], [125], [139], [141], [190], [193], [200] α α   

π π   α α α  µα α  µ   υ  µα  

µα α  α   µ   α π  υ  απ µα  µ  

υ π µ   µα α   π  π   π φ α  α α -

υ α .  π α α α α    (1.9)  π π  αυ  π π α  : 

 ( ) ( )( )1

1
0

n
x i

f i

i i

f
P I G

n hν=
  = ≤     ∑ x

x
x

 (1.153) 

π υ, I[.] α   υ  0-1 ( υ  – α ), f(.) α    υ π υ 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.57   α  – µ α  ∆ µ α  

α φα α  α  h(.) α   υ  α υ α  µα α . 

O Melchers, [140], πα υ  µ α µ  α υ α  µα α  π υ α   

µα α π  υ µ υ µ  π α φ α  µ   υ  α υ α  

µα α  α α   υ  φα α  µ    µ  µ  

π α φ α  α  πυ α µα α  α   α α  (R). Ω  απ µα  

  υ µα  υ α  π  υ µ υ µ  π α φ α  µ  

απ µα  µ   α α α  µ . 

 Moarefzadeh α  Melchers, [145] πα υ υ  µ α µ  π υ υ υ   µ   

µα α  α  υ  µ   µ  α υ α  µα α  α  

α µ π  α µ  α α   π π  .µ µ  υ  υ  

υ  ( ) α   υ α υ α µ υ  π π  µ  

αφ     α π   .µ. 

 Mahadevan α  Raghothamachar, [126] πα υ υ  µ α µ  α  υπ µ   

π α α  α α  α α υ  υ  π υπ α  µ  µ  π  α υ  

α α  µ   µ  α  α  φ α  α  α α   υ  

α υ  α α .  π α α α α   α α υ   π π  αυ  α  

 [126]: 

 
( ) ( )( ) *

* *, *,

*,
1

1
j j

i
f

f j j
j x

P f
P

i h=
= ⋅= ⋅∑ x

x x x

x
 (1.154) 

π υ  υ  µα α  ( )j

xh x  π  υ µ υ µ  π α φ α  *, jx  

 j π υ  α υ α  α α  α   [126]: 
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j i j
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i

h fω
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x x      
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1
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π υ, ˆ i

jω  α    α  i µ  π α µ  [126].  µ  α υ α  

µα α  µ π α  α µα,  υπ µ  υ  α π α  

α α υ  µ  π απ  α υ  α α   υ υα µ  µ   µ  α υ  

α π α  π   [146],  π µα α υ  π υπ α  µ  µ  α µ  

.µ [10] α   π µα α υ αµ  α υ  α α υ  µ      

π α α  υπ α   µ  α φ υ [9], [16]. α α α   µ υ µ    



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.58   α  – µ α  ∆ µ α  

π υ   α α α      υ αµ  α  α  π µα α 

πα υ α   [8], [11]. π π   µ υ µ π   π φ α 

π υ πα α  α   φ   µα α  α  π π   υ  

α υ α  µα α  α   υπ  α α  Ωf.  Marc, et al., [129], 

πα υ υ  πα α α   µ υ α υ α  µα α  (  α υµπ  

µ  α υ α  µα α ) π υ α   α  µα α  α α   

υ  µα α  ( µ   π φ α π υ α α α  α   

π µ ) µ   α µ α µα α  α α    π  

α α  α  µ  υ υπ  υ  α   α α α    

µ   π α α  α α . 

 µ  α υ α  µα α   υ υα µ  µ   µ  α υ  α π α  

π   φα µ α   π µα α µ   υµπ φ  υ   

[69],     υ α   µ  [171].  Cambier et al., [28], 

πα υ υ  µ  π υ µ π   µ  α υ α  µα α   

υ υα µ  µ   µ  α  υπ υ.  Enright α  Frangopol, [58], 

µ π   µ  α υ α  µα α  α  υπ µ     

π α α  α α   φυ  απ  Ω  π υ υπ α   .  Tanaka, [207], 

φα µ  πα α α   µ υ α υ α  µα α  α  υπ µ  α  

 π  α α υ  π υ υπ α  α  υ α α α µα α  φ α µ α α υ 

φ υ α µ  υµπ α α  ,  υ φ   π α α α α  υ 

  υπ α  υ φ υ α  υ  απ  α π α   π υ α  

υ α  α πα α   µ α   υ  π υ α    

µφ  υ φα µ υ υ  υ υ . 

 Mebarki α  Sellier, [137], φα µ υ   µ  α υ α  µα α   

π µα α µ  α α υ   α π α  µ    µ  υ 

υπ  φ υ.  Fu, [71], πα υ  πα α α   µ υ µ    

υπ µ     π α α  α α   υ υα µ  µ   µ  απ  

π φα α  π υ  υ  α  α  π µ α  µ   α π υ µ υ 

1  .  Chan α  Melchers, [29], πα υ υ  µ  α  υπ µ   

π α α  α α  α α υ , π υ α φ α π µ α  µ   α 

α  α , π υ υ υ   µ  α υ α  µα α  µ  

πα α α   µ υ µα  µα α .  Engelund α  Rackwitz, [56] 

πα υ υ  υ  µ   υ α  α  υπ  υ  φ  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.59   α  – µ α  ∆ µ α  

πα α α   µ υ. 

1.7.5.4  α  π υ (Latin Hypercube Method) 

 µ  α  υπ υ µ π α  υ   π µα α α  α  

φα µ α  α   π µα α µ  υ µ  α  µ  υ υπ  

φ υ µ   µ   α π   απ µ  [96], [97], [136], [168], [190], 

[200] [82], [45], [225].  µ  α α   α α µα µ  υ π α  υ 

α    υ π υ  µ  α  υπ  α   µ  υ 

υπ  φ υ µ   µ   α α α  υ απ µα .  

π α   M α , α α   µ α N α  µ  π α υπ µ  

υπ .  π α α α α   π π  αυ  α   [136]: 

 { },

1 1

, 1, ,
i

M
NN

f i M M M M

f i i jM
i ii

D n
P D D i j N D D

nD= =
 = = ∀ ∈ ∩ =∅  ∑ …∪  (1.156) 

π υ Di
M

 α   i υπ  υ π α  υ, α  ||.|| α   µα µ υ .  

µα α π α µα π α  µ   πα α  υ µ υ α  υπ υ L 

(NxM) π υ   υ µ  απ  απ  υ υα µ  α α   µα 1  

.  µ  α  υπ υ L α   [206]: 

 

1 11 1

1

M

N N NM

x x

L

x x

      = =         

x

x

 (1.157) 

π υ xi α   µ  i  µα α .  µ  (xi)j  .µ υ µ υ i  

µα α  α   [206]: 

 ( ) ( )1 1

2j

ij

iji X ijj

x
xx F x

N N

−= = −  (1.158) 

π υ F-1
Xj(.) α     j .µ υ π µα , ijx  α   π α α υπ α  υ 

µ υ i  µα α   j .µ α  xij α   µ  υ µ υ L.  µ  υ 

µ υ ijx  µφ α µ    (1.158) α φα    µ  (xi)j α α   

µ   υπ υ.  ∆ . 1.17, πα υ α   µ  α  υπ υ L 

α π µα 2 .µ α  5 µ α µα α  α  α  α µ α µα α   

π α  . α  π µα  µ υ α   α   πυ α  

µα α   α υ µ υ µ  π α φ α  (∆ . 1.18). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.60   α  – µ α  ∆ µ α  

α α α   µ υ µ    µ  υ υ  µ  α  υ υπ  

φ υ πα υ α   [209], [174], [226].   µ υ µ   µ υ  

µα α  α  α     µ υ πα υ α  απ  υ  Helton α  

Davis [83]. 

1 3

2 4

3 2

4 5

5 1

    =     

X

X

L X

X

X

 

∆ . 1.17:  α  υπ υ 5x2 µ α µα α   π α   

 

∆ . 1.18: µ α µα α     .µ. 

 πα αφ  1.16 πα υ α   α  α  µα α   µ υ 

α  υπ υ µφ α µ  υ  Olsson et al., [168] α  Simpson [198].  ∆ . 

1.19 [198], πα υ α   α   µ  µα α  α  π  

α µ  πα α α   µ υ α  υπ υ.  

O Tang [209], πα υ  πα α α   µ υ α  υπ υ π υ  

µα α υ π α  υ π α µα π α  µ   α υ µ . Ω  

α ∆ α µα α α  α µα α µ  α  α α υ  α   

µ .   µ  αυ  α   απ φυ  α υµ   πυ α  

µα α  α  µ µ   υ υ  (spurious correlation).  Park [174], 

πα υ  πα α α   µ υ α πα α  υ α  µ  µ    µ  

υ α  µ  υ  µ .  Ye et al., [226], πα υ υ  πα α α   

µ υ α  µ υ α υµµ  µ  µ   µ  υ α  π α. 
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 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.61   α  – µ α  ∆ µ α  

 

∆ . 1.19:  ∆ µα α  α  υ µ   µ  α  

υπ υ. 

1.7.5.5  µα  ∆ µα α  (Stratified Sampling 
Method) 

 µ  µα  µα α  [95], [177], [178] απ  π α   µ υ 

α  υπ υ.  π α   α α   π  µ  π α υπ µ  

υπ  π  α   µ  α  υπ υ.  α  µ   µ  α  

υπ υ  πυ α µα α   α  α    υπ  α  α  

 µα α  υ υπ υ π υ α  απ   α αµ µ   µ  [75], 

[30]  υ  υ υ ,f i in n . 

1.7.5.6  α υ υ µ  ∆ µα α  (Directional Sampling 
Method) 

 µ  α υ υ µ  µα α  π πα υ  απ   Deak [40].  

µ  α   µα α υ υ µ υ π α  υ  α  .µ 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.62   α  – µ α  ∆ µ α  

α  α α  µ α  υ , α    µ   π φ α  

α α  / α φα α .  µ  υ α  : 

µα 1. α π  υ υ   .µ Χ    α  .µ α  

α   (πα αφ  1.7.3.2 α  1.7.3.4). 

µα 2. π µ   απ α  U υ µ υ µ  π α φ α  µ   

 [216]: 

 ( ) 0U
U UZ Z

U

λ= =  (1.159) 

µα 3. π µ   π α α  α α  α  µ  υπ  α   υ 

µα  υ Fisher (πα αφ  1.10.5)  [40], [216]: 

 ( )2Pr ,U U Nχ λ=  (1.160) 

µα 4. π µ   µ  π α α  α α  α   α π   α 

υ µ  π  α υ α α α  : 
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−= − ∑  (1.161) 

µα 5. π µ   π α α  α α  υ υ µα  α   α π  υ : 

 [ ] [ ]
1

Pr Pr
sN

s i

i

E E
=

=∑  [ ] [ ]2 2

1

1
Pr Pr

1

sN

s i

isN
σ σ

=
= − ∑  (1.162) 

µα  µ υ α π µα α µ  µ  α µ  α  α  .µ 

α   αµ  υπ   .  α  υ υπ  υ  α  

 π   π   π   .µ α    µ α π  υ α µα  .µ  

µ α  α  α  α υ  .µ α α α   µ µα α  

µ υ.  µ  α υ υ µ  µα α  υ υ α  µ   µ υ  π  

 µ  α υ α  µα α  [145] [48] α   µ  α  υπ υ [168] 

µ      α α   υπ µ   π α α  α α  α   

µ  υ υπ  φ υ.  Nie α  Ellingwood, [156], υ υ υ   µ  

α υ υ µ  µα α  µ  πα α α   µ υ α  υπ υ µ   

π α   α µα α   αµ α  απ µ α υπ α.  π α α 

α α  α    µα  π µ υ  π α  α α .  Waarts α  

Vrouwenvelder, [216], πα υ υ  πα α α   µ υ α υ υ µ  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.63   α  – µ α  ∆ µ α  

µα α  α α αµ φ µ  α υ  υ α  α α µ  α   

υ υ  µ  πα α α   µ υ α υ  α π α  π   π υ   

 αµµ  υ  α  α  µ π α  π  υ  π υ 

πα α  µ   µ υ απ  π φα α . 

1.7.5.7 Ά  µ  µα α  

α  µ  π υ πα υ α  υ  π α  α   µ  π   µ  

υ µ  µα α ,  µ  α  µ α  .α., [119], [190], [232] 

µ    µ   α π  υ απ µα  α  υ υπ  φ υ. 

1.7.6 υµπ µα α α  υ  3 υ π π υ α   µ υ  
µα α  

 πα α φ υ  1.7.4 α  1.7.5, πα υ α   π  α µ  µ  3
υ
 

π π υ α  µ  µα α  α  υπ µ   π α α  α α   

υ µα .  µ  αυ  α    α .  µ  π υ 

πα υ α   πα αφ  1.7.4.1 (µ  απ µ  α   α  µ  

α  α  φ α ) α   υ µα    π α  

α υ  α α  υ υ µα  α   υπ µ   π α α  α α , 

µ  υ υπ µ   π α α  α α   α υ α   υ  α υ  

α α .  π α α α α  υ α  υ µα  α  υ µ  

µ  π υ α  µ   2  [112], [90], [47] α  3   [227]  µ   α 

µ  αµµ  π αµµα µ  [204]. µα  µ  απ µ  α   

α  α  α  φ α  α   α   π  α  υ υπ  

υ   π   π   µ  α   π  α υ  α α . 

 πα αφ  1.7.5 πα υ α   π  α µ  µ  

µα α .  π µα υ υπ µ   π α α  α α  µ απ π   

π µα π υ   µ  π µ   π α α α α  υ 

υ µα  α   µ  υ α       α α  π   π  

 π µ  π υ υ  α . µα  µ  αυ  α  ,  

υπ    α α  απ   π υπ α υ π µα  (π  

µ  α  π  α υ  α α ) α  µ  απ   π α α α α  α   

 π υ  υ α υ µ  π µα . Γ α    

µ  µα α  µα    α π α  απ µ  πα   



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.64   α  – µ α  ∆ µ α  

 π    υ υ α  α µ  α  απ φυ  µα α   

υπ - π π α  α   α α µ   µ  π. [77].  πα αφ  

1.15, πα υ α   α α π    υ υ α  α µ  π υ υ  

α απ υ  α  α   π υ πα αφ  α   α   α α µ  

α  µ µ φ α  υ µα   π π  π µ  µ  µ  π  .µ. 

1.8 υµπ µα α 

  α α υ  φ   π υ α  υπ µ  υ  

α π α   υ µα α απ  α  απ  υ  α  πα   µ  υ α  

φα µ   π α  µ   α υ   α α υ .  µ  µ α 

υ  α α   π   α α µ  α µ  π µ  µ   

 π µ  µα µα , α  µ  µ   π µ  πα αµ  α µα 

υ  [49]. α  α  µ π α   π µα α π   π µα α 

α φ υ.  µ α α µ υ µ υ (Moving Average), µ  αυ µα  

π  (Auto Regressive) υ υα µ  αυ  (ARMA) α  α  α  α  

α  Markov µ π α   π π  υπ µ   α α   

µ  α  α  π µ   µα π  υµπ φ  υ φα µ υ  

π  [202], [203].    α α  α   α π υ  µ  

µα α  α     α α   απ µ  µ  αυ  

µ  υ υπ  υ .  α α α α π υ   /  µα  π π   π υ  

π µ  υ  π υπ α    . πα α  µ  π α  

α π υ   µ  αυ  α  µ   υα α  υ   π   π   .µ, 

 π υπ α  υ  α  α   π   α υ  α α . 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.65   α  – µ α  ∆ µ α  

1.9 α µα  – Θ µα Bayes 

µφ α µ   µα υ Bayes,  µ υµ  π α α µφ  υ   

υπ   π π    υµ     α  : 

 ( ) ( )
( )i

i

P A M
P A M

P M

∩=  (1.163) 

φα µ α   α   α µ  α  υπ   π π    π α α υ 

  µπ  α αφ    µα  µ  υ   µ   υ α  

 j ( φ jM A⊂∪ )   (1.163) µ α µα α  : 
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  α   (1.163) α α α iM A∩  α  jM A∩    (1.164) 

π π α  : 
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 υ υα µ    (1.163) α  (1.165)    (1.25). 

1.10 α µα  – α  α α µ  – α  
Θ µα α 

 πα µα αυ  πα υ α   π  α µ  α  α α µ  α   

µ  µ  υ ,  υπ  απ ,  α α   . π π  πα υ α  

α  µα α  µα α α  α  π α . 

1.10.1 α  α α µ  

 πα αφ  αυ  πα υ α   π  υ  α  α α µ . 

1.10.1.1 α  α α µ  (Normal Distribution – Gauss Distribution) 

   α  α α µ  (  α α µ  Gauss) α   [6], [33], [65], [64]: 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.66   α  – µ α  ∆ µ α  

 ( ) ( )2

2

1
exp

2 2

x
f x

µ
σ π σ

 −= ⋅ −    (1.166) 

π υ, µ α   α   µ  µ  α   υπ  απ .  α  α     

α  α α µ  c α   µ   µ . α α α   α  π  µ   

α  υ  απα α  µ     π  1  α  2  . 

1.10.1.2 ∆υ υµ  α α µ  (Binomial Distribution) 

 υ υµ  α α µ  α    α  α  α α µ  PP(n|N) π υ µα   

 π α α α π υµ  α  n π υ   π π   π αµ  α  

Bernoulli [173].   α   [65], [64]: 
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  α υµ  π  απ  n π υ   π π  α   π αµ  

α  Bernoulli α   [173], [65], [64]: 
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 µ  µ  µ, υπ  απ  , α  α   c  υ υµ  α α µ  

α   [173]: 
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1 6 1
1

1

N p p p
N p

N p p

p p
N p cp

N p p

µ γ

σ

⋅ ⋅ ⋅− − ⋅= ⋅ =  ⋅ ⋅ − 
− ⋅ ⋅ −= ⋅ ⋅ =− ⋅ ⋅ −

 (1.169) 

 π π  π υ →∞,  υ υµ  α α µ    α  α α µ  µ  µ  

µ  µ α  υπ  απ   [65]: 

 ( )1N p N p pµ σ= ⋅ = ⋅ ⋅ −  (1.170) 

 α α    υ υµ  α α µ  α →∞ υ   µ .   

µ α α   υ υµ  α α µ  α  : 

 
( )1 1N p p p

COV
N p N p

σ
µ

⋅ ⋅ − −= = =⋅ ⋅  (1.171) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.67   α  – µ α  ∆ µ α  

Γ α →∞   µ α α   υ υµ  α α µ    µ  α 

π α π  µ  υ p. 

1.10.1.3 π µ  α α µ  (Hyper geometrical Distribution) 

π α   υ υµ  α α µ  απ   υπ µ  α α µ  (hypergeometric 

distribution) π υ µα    π α α α υµ  υ µ  α µ  π υ   

π π  α  α  π υ  π αµ . Έ  x α  y υ υµ  .µ µ  

πα αµ υ  n, p α  m, p α α.  µ υµ  π α α υ x υπ   π π  

 x+y=k α   [173]: 

 ( ) ( )
( ) ( ) ( ) ( )

! ! ! !

! ! ! ! !
P

n m N N m n
P m nx i

i n i m i N N i m n

− −=+= − + − − +  (1.172) 

π υ,  α   π   π αµ , m  π    , n  π   

 υ ’ ( υµπ µα  ) α   m+n=k α   υ  π  

 α µ .  µ  µ  µ, υπ  απ  ,  α  α   c  

υπ µ  α α µ  α   [173]: 

 

( ) ( )
( )

( )
( ) ( ) ( )

( ) ( )
4

2 2

2

12

2

3
1

1

nN m nm n m n N

m n m n mnN m n N

mnN m n N
c

m n m n mnN m n N

m n m n

µ γ
µσ

+ −− + −= =+ + − + −
+ −= = −+ + −  + − + + − 

 (1.173) 

π υ µ4 α   π  4    υπ µ  α α µ  α  α  : 

 
( )

( ) ( ) ( ) ( )
4

4

1

! ! ! !

! ! ! ! !

m n

i

n m NnN N m n
x

im n n i m i N N i m n
µ +

=
− − = ⋅− +  − + − − +∑  (1.174) 

1.10.1.4 α µ  α α µ  (Log-Normal Distribution) 

Ω  α µ  α α µ  α   α α µ  α  π α  φυ  µ   

απ  ( ) α υ  α  α α µ  [173].   α    α   

[144]: 

 ( ) ( )( ) ( ) ( )2

2

ln1 1ln
exp 1 erf

2 22 2

MxMxf Fx x
SS x Sπ

   −  −= ⋅ = +−     ⋅ ⋅  ⋅     (1.175) 

π υ, M α  S α   µ  µ  α   υπ  απ  υ α  µα   

φυ  α µ  α  ( )0,x∈ ∞ .  µ  µ  µ, υπ  απ  , α  α  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.68   α  – µ α  ∆ µ α  

 c  α µ  α α µ  α   [14]: 

 
( )( ) ( )[ ]

( ) ( )[ ] ( ) ( ) ( )
2

2 2

2 2 2 2 2

exp exp 1 2 exp
2

exp exp 1 exp 2 exp 3 exp 62 4 3 2

S
M S S

cM S S S S S

µ γ
σ

 = = − ⋅ ++  
= ⋅ − = + ⋅ + ⋅ −+

(1.176) 

 α µ  α α µ   φα µ   π µ    α   

υ ,  µ α α   µ  µ   α µ  π. 

1.10.1.5 α α µ  Weibull (Weibull Distribution) 

 α α µ  Weibull π π  υ   υπ µ   α αµ µ  α   

α µ . φα µ  α   π µ  α  µα  α   

π  [144] α   φα µ  α   π αφ    α  

υ µ .   α    α   [144]: 

 ( ) ( )1 exp 1 exp

a a

a a x x
f a x Fx xβ β β− −       = ⋅ ⋅ = −− −              (1.177) 

π υ, α α   α   πα µ   υ  α [ )0,x∈ ∞ .  µ  µ  µ, υπ  

απ  , α  α   c  α α µ  Weibull, α   [144]: 

 

( ) ( ) ( )
( ) ( ) ( )

( ) ( )
( )

( ) ( )

2 21 1 1

3 1 1 1

3 2
22 2 1 11 1

1 1 2 1

2 31 1 1 2

1 2 11 2 1

a a a

g aa a a
c

a aa a

µ β σ β
γ

− − −

− − −
− −− −

= ⋅Γ = ⋅  Γ −Γ+ + ⋅ + 
⋅Γ − ⋅Γ Γ+ + + ⋅= =  Γ −Γ Γ −Γ + ⋅ + + ⋅ + 

(1.178) 

π υ Γ() α   α α µ  Γ µα α   υ  g(α) α  : 

 ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )
4 2 21 1 1 1

1 1 1

6 12 31 1 1 2 1 2

4 1 1 3 1 4

a a a a
g a

a a a

− − − −
− − −

 − Γ + Γ Γ − Γ+ + + ⋅ +≡  − Γ Γ +Γ+ + ⋅ + ⋅   (1.179) 

 αφ α πα υ α  α  πα α α  υ π υ µ   α α µ  Weibull 

[144]  π α α   µ  υ αβ β≡ .   α      (1.177) 

π π α   [144]: 

 ( ) ( )1 exp 1 exp
a a

aa x x
f x Fx xβ β β−    = ⋅ ⋅ = −− −        (1.180) 

 µ  µ  µ, υπ  απ  ,   (1.178) π π α   [144]: 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.69   α  – µ α  ∆ µ α  

 ( ) ( ) ( )1 2
21 1 11 1 2 1

a a
a a aµ β σ β− − −= ⋅Γ = ⋅  Γ −Γ+ + ⋅ +   (1.181) 

1.10.1.6 α α µ  α (Beta Distribution) 

  α     α α µ  α α   [1]: 

 ( ) ( )
( ) ( ) ( ) ( ) ( )1 1

; ,1
aa

f x F I x ax x x
a

ββ ββ − −Γ += ⋅ ⋅ =−Γ Γ  (1.182) 

π υ α α   α   πα µ   υ , (x;α, ) α   α π µ  

υ  α α  [ ]0,1x∈ .  µ  µ  µ, υπ  απ  , α  α   c 

 α α µ  α, α   [144]: 

 
( ) ( )

( )( )
( ) ( ) ( )( )( )

2

3 2 2

1

6 21 2 1 22 1

2 32

a a

a a a

a aaa
c

a a aa a

βµ σβ β β
β αββ β βββγ β β ββ β

= =+ + + +
 + + −− + ++ +−  = = + + + ++ +

 (1.183) 

1.10.1.7 α α µ  Γ µα (Gamma Distribution) 

 α α µ  Γ µα α  µ   α α µ  α (απ  υπ π π  αυ ) α  

π π   α α   π  α   υπ µ  υ υ α αµ  µ α  

  π υ α υ  α α µ  Poisson.   α    α   [173]: 

 ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( )
1 1

0

exp ,
exp 1 1

! !1

h kh

k

h xx x x
f Fx x x

kh h

λ λλ λ λλ− −

=
Γ⋅ −= ⋅ = − = −− Γ− ∑  (1.184) 

π υ  α   υ α µ α   α α µ  Poisson, Γ(x) α  Γ(x,a) α   π  

α   π  α α µ  Γ µα α α α  h α   h   α α µ  Poisson.  

   (1.184)   π π  π υ h∈Ν .  µ  µ  µ, υπ  απ  

, α  α   c  α α µ  Γ µα, α   [144]: 

 2 2 6
cµ αθ σ αθ γ αα= = = =  (1.185) 

π υ, α α   α   µ α   α α µ  Γ µα. 

1.10.1.8 α α µ  Poisson (Poisson Distribution) 

 α α µ  Poisson   π α α α υµ  n π υµ  απ µα α α  

π  π αµ  Bernoulli. α   πα µ     α αµ µ  α µ  

π υ µ  π αµ  ≡Np   α   [173]: 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.70   α  – µ α  ∆ µ α  

 ( ) ( )exp

!

n

P n
n

ν
ν ν−=  (1.186) 

 µ  µ  µ, υπ  απ  , α  α   c  α α µ  Poisson, 

α   [144]: 

 
1 1

cµ ν σ ν γ νν= = = =  (1.187) 

1.10.1.9  α α µ  (Exponential Distribution) 

  α α µ  υ α  µ α µ   α α µ  Poisson α     

α αµ  µ α   α  µ απ  α α   υ µα  π υ α υ  

α α µ  Poisson.   α    α   [13]: 

 ( ) ( ) ( ) ( )exp 1 expf Fx x x xλ λ λ= = −− −  (1.188) 

π υ,  α   υ α µ α .  µ  µ  µ, υπ  απ  , α  α  

 c   α α µ , α   [13]: 

 2 6cµ θ σ θ γ= = = =  (1.189) 

π υ 1θ λ−≡  α   µ   α αµ . 

1.10.1.10 α α µ  2 ( 2 Distribution) 

 α α µ  
2 υ α  µ α µ   α  α α µ .  Yi α  r  π  

α  α  α  α α µ  µ  µ=0 α  =1   .µ  π υ α  : 

 2

1

r

i

i

X Y
=

=∑  (1.190) 

α υ  α α µ  
2
 µ  r α µ  υ α .   α    α   [1]: 

 ( ) ( ) ( )
21

2 2

2

1 1
,

exp 2 2
1

1 1
2

2 2

r

r
r

r
x x

f Fx x

r r

χ −  
 Γ ⋅ −  = = −   Γ Γ      

 (1.191) 

 µ  µ  µ, υπ  απ  , α  α   c  
2
 α α µ , α   

[1]: 

 
2 12

2 2r r c
r r

µ σ γ= = = =  (1.192) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.71   α  – µ α  ∆ µ α  

1.10.2  α  Θ µα (Central Limit Theorem) 

1.10.2.1 α  Θ µα 

Έ  X1, X2,…,XN α  α  .µ π υ  i .µ α υ  α α µ  

P(x1,…,xN) µ  µ  µ  µi α  π π α µ  α π  i
2
.  .µ norm π υ α  : 

 1 1

2

1

N N

i i

i i
norm

N

i

i

X

X

µ
σ

= =

=

−
≡∑ ∑

∑  (1.193) 

α υ   π π  π υ →∞ α  α α µ  µ  µ=0 α  =1. π  υ 

 α  µα  πα υ α  απ   Kallenberg [102] α  Papoulis [173]. 

µφ α µ    α  Θ µα  α  απ µα π υ  

αφ   π   υµπ φ  .µ, π π α µ  α π  α  µ  µ , 

α υ  α  α α µ  µ  µ  µ  
1

N

i

i

µ µ
=

=∑  α  α π  2 2

1

N

i

i

σ σ
=

=∑ . 

1.10.2.2 π  υ  α  Θ µα  

Έ  1, 2,…, N  α  α α  .µ π υ α π   υ  υ 

 α  µα .  .µ Log-norm π υ α  : 

 
1

N

Log norm i

i

X Y− =
≡∏  (1.194) 

α υ ,  π π  π υ →∞, α µ  α α µ  φ   µ  αυ : 

 ( ) ( )
1

ln ln
N

Log normnorm i

i

XX Y−
=

′ ≡ =∑  (1.195) 

α υ  α  α α µ  µ  µ  µ  ( )ln
1

i

N

Y
i

µ µ
=

=∑  α  α π  ( )2 2

ln
1

i

N

Y
i

σ σ
=

=∑ .  

µ  µ  µ υπ  απ  , α  α   c,    (1.176)  .µ 

Log-norm α  : 

 

( ) ( ) ( )[ ]
( )[ ] ( )[ ] ( ) ( ) ( )

( ) ( )ln

2

ln
1 1

exp exp exp 10.5 2

exp 2 exp 3 exp 6exp 1 2 exp 34 2

Yi i

N N

Y
i i

A B A B B

c BB BB B

A B

µ σ
γ

µ σ
= =

= = ⋅ −+ +
= ⋅ = + ⋅ + ⋅ −− +

= =∑ ∑
 (1.196) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.72   α  – µ α  ∆ µ α  

1.10.2.3  α  Θ µα  Lindeberg-Feller (Lindeberg-Feller 
Central Limit Theorem) 

 1, 2,..,  .µ π υ α π   π µ  υ Lindeberg. Γ α  a<b  [65]: 

 ( ) ( )lim n

N
n

S
a bP b a

s→∞
 < < = Φ −Φ    (1.197) 

π υ, Φ() α     α α µ  Gauss.  π µ  υ Lindeberg    

1, 2,..,  π  .µ µ  µ=0 α  π π α µ υ µ υ  α π  i
2
.  .µ Sn π υ 

α    µα  πα απ  .µ µ  α π  s
2

n   µ α α  α α µ  

µ  µ=0.  .µ S
*

n π υ α   [65]: 

 * 1 N n
n

n n

X X S
S

s s

+ += =  (1.198) 

α υ  α  α α µ  µ  µ=0 α  =1 [65]. 

1.10.3 α Tchebycheff 

 α α υ Tchebycheff φ   π α α µφ  µ   απ α  απ   

µ  µ  µ α  απ  µ α υ µ  µ  ,   µ  µ  α   α π  

 .µ.  α α υ Tchebycheff α  : 

 ( ){ } { } 2

2
, XP P x xx

σε η ε η εη ε≥ = −∞ ≤ ≤ − + ≤ ≤ +∞ ≤−  (1.199) 

 π α α  .µ x α α   υ α µα  [ - , + ] α  µ  απ   

  α π  π    υ .  µ  αυ  φ   π α α µφ  

  α  α  α    υ . 

1.10.4 Θ µα υ Cramer (Cramer’s Theorem) 

  α   α  α  µ α  α   .µ = +  α υ  α  

α α µ   α    α   α υ   α  α α µ . 

1.10.5 Θ µα υ Fisher (Fisher’s Theorem) 

Έ   µα  α ,   π , α  α α  .µ Xi. Έ  

α µα = +C π υ B υ  υ α    π   .µ Xi π υ α υ  

α α µ  
2
 µ  h α µ  υ α . µφ α µ   µα υ Fisher  .µ C 

α υ  α α µ  
2
 µ  -h α µ  υ α  α  α  α   .µ . 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.73   α  – µ α  ∆ µ α  

1.10.6 µ   α µα   µ  (Law of Truly Large 
Numbers) 

µφ α µ   µ   π α µα  µ  α µ   α µ  µα  

α  απ α   α  α   α υµ  [42]. Έ   µ  α φ υ π υ 

α     α  απ α   απ     α  

υ µ  .    απ α  α  α   

«απ α » φ   π α α µφ  υ α  µ   µ  α φ υ. Έ  

  π   π αµ  π υ π α µα π α .  π α α α µ  υπ υ  

µα α απ     α  απ α   α  : 

 ( ) ( )
1

Pr , 1,..., 1

N

i UE

i

S i N ε
=

∉Ω ∀ = = −∏  (1.200) 

π υ, ΩUE α     α  απ α   α  Si α   i .  

π α α   (1.200) φ α  απ : 

 ( ) ( ) ( )Pr Pr , 1,...,1
N

i UES i Nx x= ≥ ∉Ω ∀ =−  (1.201) 

 ( )( )lim Pr
N

x→∞  α  x  µα (0,1) α   µ   µ  α  →∞, α  

π α α α µ  πα α  α α  απ α  , α   π   

µ    π ,   µ .  υµπ µα     

(1.201) α   πα α   απ α υ : 

 ( ) ( )( )lim P lim 11 1
N

N N
x x→∞ →∞= =− −  (1.202) 

π  α  →∞ α αµ α  µ  α α  πα α  α  απ α  . 

υ π α υ µ υ  π α µα  µ  α µ  α   π α : 

«  µ α α µ   µ α, π υ π α  απ  υ  µ υ   υ α α , α  α 

α α µ   µα,  π α α µφ  α α  υµ   

α υµπ   µ α». 

1.11 α µα Γ – π    (1.97) 

π  α υ   : 

 ( ) 2

1

i ji i j k

i i j i

S SS S S S
= +

∩⊇ ∨ ∩ =∪ ∪ ∪  (1.203) 

α   µα  υ  α  υπ  υ α µα   µ    



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.74   α  – µ α  ∆ µ α  

υ υα µ  α    υ  αυ  (µ  α   µ  υ υ υ µ   αυ  

υ), φ  , : i j i ji j S S S S∃ − ≠ ∅∨ ⊇ .  υ Sk
2
=Si∩Sj πα α α  : 

 ( ) 1

2 2

1

 π π 1 π π

n n

n n

n n

i ik k l
i ik k l j k k

n n

S SS S S

+

′= +
+

   ⊇ ⇒ ⊇∩       ∩ ∩∪ ∪ ∪ ∪ ∪  (1.204) 

µφ α µ    (1.16) α     (1.204) : 

 
, , , ,

1 1 1 1

1

1 1 1 11 1

e i e i e i e i
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n n n n

N N N NN N

l l

l l l l l lk k

P S P S L
− +
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= = + = = += =
            ≥ ≥                     ∑ ∑ ∑ ∑∩ ∩  (1.205) 

π υ L α   π α: 

 

, , , ,

1 1 1 2 1
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1 1, ,

1 2

1 1 1 11 1

1 1 1

...

e i e i e i e i

k k

n n n n

e ie i e i
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N Ne i e i
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NN N

l

l l l k

P S P S
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+ +
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∑ ∑
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∩



 (1.206) 

π υ   υµπ α µα   (1.97). 

1.12 α µα ∆ – π   µ υ υ  
π α  2   

 Breitung, πα υ  µ α πα α α   µ υ α υ  α π α  υ α   

π υ  π α α α α  α   [22], [23]: 

 ( ) ( )
1

1

1

1

N

f HL

j HL j

P
k

β β
−

=
= Φ ⋅− + ⋅∏  (1.207) 

π υ kj α   αµπυ α α  j .µ.   (1.207) απ  α   α   υ 

π µα   π π  π υ HL→∞ υπ   π π    µ  HL·kj 

πα αµ  α . 

O Tvedt, [212], πα υ  πα α α    (1.207) µ      

α α  υπ µ   π α α  α α   π π  π υ   α π α  

υ υ µα  α  µ  [212]: 

 ( ) ( )
1

2 3

1

1

1

N

f HL

j HL j

P A A
k

β β
−

=
= Φ ⋅ + +− + ⋅∏  (1.208) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.75   α  – µ α  ∆ µ α  

π υ,   2 α  3 π υ απ  α  υ   υ    (1.207) µ  

    α α , α   π α   υ  HL→∞ α  HL·kj  

π π α µ .   αυ  α  : 

 ( ) ( ) ( ) ( )( )
1 1

2
1 1

1 1

1 1 1

N N

HL HL HL
j jHL j jHL

A
k k

β ϕβ β β β
− −

= =
  −= ⋅Φ − ⋅− −     + ⋅ + ⋅+  
∏ ∏  (1.209) 

 ( ) ( )
( ) ( ) ( )( )

1
1

3
1

1

11
Re1

11

N
N

HL HL

HL
j

j jHLHL HL j

A
kk

β ββ βϕ β β
−−
==

  ⋅Φ −   −  = ⋅ ⋅+    + ⋅+− − + ⋅         
∏∏

i
 (1.210) 

π υ Re[] α   π α µα  µ   µ α  α µ  α  i α   φα α  

α µ  α.  Breitung, [24], µ   α  µ υ µ  π α φ α   

υ υα µ  µ  α υµπ  α υ  υπ   π α α α α  υ υ µα  

 π α   µ  α  .µ µ  υ µ α µα µ  υ π α  υ 

π  υ µ υ µ  π α φ α    α  .µ.  π α α α α  

 π π  αυ  α  µ    (1.207) π υ   kj υπ α   

  α  .µ. 

 π α α α α  µφ α µ  υ  Koyluoglu α  Nielsen, α α α  µ  µ φ   

π  υ  α  α  α   [113]: 

 ( ) ( ) ( ) { }( ) { }
1

1 2

1

0, 1,..., 1
1

0, 1,..., 1

N
jHLHL

f HL j
j jHL

A k j N
P k

A k j NA

βϕ ββ β
−−

=
= Φ > =− − = Φ ⋅− + ⋅  = Φ < = − ∏  (1.211) 

 Cai α  Elishakoff, π υ  α  υπ µ   π α α  α α    

[27]: 

 ( ) ( )
1

k

f iHL HL

i

P Dϕβ β
=

 = Φ − ⋅−   ∑  (1.212) 

π υ, Di α   i  υ  π υ   µ   Pf µ   µ φ   

π  υ  α  α .   π  , π υ µφ α µ  υ  

υ αφ  α  α  α υπ  π µα α α π α , α   [27]: 

 
1 1 11

2

1 2
1 1 11

1
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2

N N NN

j j ij HL
j j i jj

D D λ λ λλ β − − −−

= = = +=
 + ⋅= = ⋅ ⋅  ∑ ∑∑∑  (1.213) 

 ( ) 1 1 1 1
3 22

3
1 1 1 1 1 1

1
15 91

6

N N N N

j j i j i kHL
j j i j j i j k i

D λ λ λ λ λ λβ − − − −

= = = + = = + = +
 + ⋅ ⋅ + ⋅ ⋅= ⋅ ⋅−   ∑ ∑∑ ∑∑ ∑  (1.214) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.76   α  – µ α  ∆ µ α  

π υ   j α   [27]: 

 
1

2j jkλ − =    (1.215) 

 Zhao α  Ono, [228], π υ  α   α π α   πα α  µ µπ  

 α α  υ π µ υ υ Ks: 

 ( ),

1
1 0

3 3 1 21

s

HL f HL s s

HL s

K
K K

Kn
β ββ

 −= + ≥ + +−   (1.216) 

 ( ),

1
1 0

3 3 2

s

HL f HL s s

HL

K
K K

n
β ββ

 −= + < − +   (1.217) 

π υ, Ks α   µα  αµπυ  kj [228]: 

 
1

1

N

s j

j

K k
−

=
=∑  (1.218) 

 µ α  α  [229], [230]  Zhao α  Ono, π π    (1.216) 

α  (1.217) α  υπ µ  υ  α π α  υ υ µα  α α µ   

π µ  υ α µα   α  αµπυ α , α     

υ α   µ υ  π π  π µ  µ  π  .µ α  µ  α α 

αµπυ α .   (1.216) α  (1.217) π π α   [230]: 

 ( ) ( )( )
( )21

1
10 1 221

, 01

s

HL

KN

HL
HL f s

HL

HL

K
R

βφ ββ β β
  − +  + −  

   = Φ ≥+Φ ⋅−   Φ −  
 (1.219) 

 ( ),

2

2.5
11

0125 23 5
22 5 40

s
s

HL f HL s sHL

K
K

K K
n R

R

β ββ
⋅ +   = + <+−  − +    

 (1.220) 

π υ R α   µ  α α αµπυ α   υ  α  α  [230]: 

 
1

s

N
R

K

−=  (1.221) 

α υ  πα υ α   πα α α   µ υ α υ  α π α  υ α  

, πα υ α  απ  υ  Manohar α  Gupta, [128]. 

1.13 α µα  – ∆  α π α  α α υ  α  
π α α 

 πα µα αυ  α   υ π   υπ α α    α π α  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.77   α  – µ α  ∆ µ α  

 α α υ  α υ µ   α π α   µ  .   µ  

αυ  α  α πα υ α  α φ  π υ π π υ  απ   π α  α υ   

α α υ    µ   υ  α  α  ( υ ) π υ 

υ   π  υ   α π α υ µ υ . 

1.13.1 µ  υ µα  

 ∆ . 1.20 [87], πα υ α  α πα  µα απ µ  απ  n  π  

α (µ ). α n-1 α α α π υ   υπ α α υ µ  

υ µα  υπ  α . 

 

∆ . 1.20: α  µα n . 

  α µ  α µ  [59] α   απ α  α  α α  υ  

υ  π µ   α  α ,  πα α  α α π π  α 

π α  α   υ υ µα  [59], [80]: 

 ( ) ( ) ( )( )d G k Q Q k W W kR G Q Wξ γ γ ψ γ ψ≥ ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅  (1.222) 

π υ Gk, α  Qk α   α α  µ   µ µ  α   φ , Wk α   

α α  µ   φ  π υ υ   α α υ  α π µ   

µα, G, Q α  W α   π µ υ  υ  α φα α ,  α   µ  

υ   µ µ  φ  α  Q α  W α   µ  υ  π υ 

α  µ   π α α αυ  µφ    π  α  

… … 1 2 i n 

P 

P 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.78   α  – µ α  ∆ µ α  

φ .  π π  π υ   φ  Qk α   π υ α µ α   

[61] α  υπ  α  π µα   (1.222) π π α   [59], [80]: 

 ( )( )d G k Q k W W kR G Q Wγ γ γ ψ≥ ⋅ + ⋅ + ⋅ ⋅  (1.223) 

π υ  φ  Wk α α α   υ α υ  µ α   [61]. Θ α    

  υ µα  φ  (W) π  α  φ α (Q) α   µ   µ  α  µ  

 υ υα µ   µ µ  α   φ  α  π µα υ ∆ . 1.20,   

(1.223) π π α   [214]: 

 
0.95

ki
L

s

n R
Pγγ

⋅ ≥ ⋅  
0.95

i
d

s

n R
R γ

⋅=  (1.224) 

π υ s α  L α   π µ υ  υ  α φα α   .µ α  α  φ υ 

α α, Ri
0.95

 α   α α  µ  α  υ i υ (µ  π α α 

υπ α   µ  95%) α  P
k
 α   α α  µ  υ π α µ υ φ υ (µ  

π α α υπ α  k%) [59].  µ  υ π µ υ  υ  α φα α  L υµα α  

α υ  υ  [59], [60], [61] απ  1.35  1.50 α   υ  G, Q α  W 

α   µ  1.35, 1.50 α  1.50 α α [80].  α α  µ   µ µ  α  

 φ  µφ α µ     α µ  [59] α   αφ α [31], 

α   µ , 50% α µ µα φ α, 5% α  φ α µ  π  πα αφ   µ  50 

 [80] α  απ  2% α φ α π   µ  α    µ  π  πα αφ  1   

6% α π  πα αφ  50  [80].  π   υ µ  π α  

υπ α   µ  α  α   µ  υ φ υ   (1.224)  π   

α  .   µ  α  α α  µ  α   υ, 

υπ   π π     υ υ α  µ α µ  αυ α µ  

υ    µ   µ   α α  α , α  : 

 0.95 1, ,
k

s L

i opt

P
i nR

n

γ γ⋅ ⋅= =   …  (1.225) 

    (1.225) πα απ µπ     υπ   π   α  

 α  (fully stressed design).   .µ  α  α  υ φ υ 

α υ  α  α α µ ,   µ  µ  α  α  : 

 [ ] ( ) ( )( ) [ ]
1 1.645 1 s L

i iopt

E P
E R CovR f k CovP

n

γ γ⋅ ⋅= + ⋅ ⋅ + ⋅ ⋅  (1.226) 

π υ f(k) α  υ  π υ α   π α α υπ α  α  .µ υ φ υ. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.79   α  – µ α  ∆ µ α  

 π π  π υ   W/Q α   µ   0,  υ  αυ  α  : 

 ( ) 1.645
Q

f k CovQ CovP
G Q

 = ⋅ ⋅ +   (1.227) 

 π π   π α  α υ   π µα α   [99]: 

 iS R P R n R= − = ⋅  (1.228) 

π υ R α  P α   .µ  α  α  υ φ υ.   .µ {Ri,P}   

α  α  .µ  α   υ  α  α  α υ  α  

α α µ  µ  µ  µ  α  α π : 

 [ ] [ ] [ ] [ ] [ ] [ ]2 2 2

i
i RS P

E n E R E nS P σ σ σ= ⋅ − = ⋅ +  (1.229) 

π    (1.229) α  « » µ   α    (1.226),  µ  µ  

α  α π   υ  α  α  α  : 

 

[ ] [ ] [ ] [ ]
( ) [ ]( )

[ ]( ) [ ]( )
( ) ( )( )

2

2

2 22

,1

1 1.645 1

S

i

i s L

EA B P
E ES C P

n

A C B nCov R Cov P

C CovR f k CovP

σ

γ γ

⋅+= ⋅ =−
= ⋅ = ⋅
= + ⋅ ⋅ + ⋅ ⋅ ⋅

 (1.230) 

 υπ    α  απ   π α α    (1.225)  π   

 υµπ φ    (1.230) α  α   aj α   π π  

υ  α φα α   µ    π  α ,   (1.225), 

(1.226), (1.229) α  (1.230) π π α  : 

 0.95

1

0 1
n

k

j s L ji j
j

a P aR γ γ
=

⋅ = ⋅ ⋅ ≤ ≤  ∑  (1.231) 

 

[ ]
( ) ( )( ) [ ]

[ ] ( ) ( )( ) [ ]
1

1

1
1 1.645

1 1.645 1

n
j i j

s L

j i

n

j i i s Lj
j

a E R
f k CovP E P

CovR

a E R CovR f k CovP E P

γ γ
γ γ

=

=

⋅ = + ⋅ ⋅ ⋅ ⋅ ⇒+ ⋅
⋅ = + ⋅ ⋅ + ⋅ ⋅ ⋅ ⋅

∑
∑  (1.232) 

 [ ] [ ] [ ] [ ] [ ] [ ]2 2 2

1 1
i

n n

j i j RS P
j j

E a E R E aS P σ σ σ
= =

= ⋅ − = ⋅ +∑ ∑  (1.233) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.80   α  – µ α  ∆ µ α  

 

[ ] [ ] [ ]
( ) [ ]( )

[ ]( ) [ ]( )
( ) ( )( )

2

2

2 22

,

1 1.645 1

j Sn

i

i s L

EA B PaC EE ES P
n

A C B nCov R Cov P

C CovR f k CovP

σ

γ γ

⋅+ −  = ⋅ =  
= ⋅ = ⋅
= + ⋅ ⋅ + ⋅ ⋅ ⋅

 (1.234) 

1.13.2 π µ    µ α α   .µ  α  
α  υ φ υ 

 α  υ α α  απ   µ α  υ υ , υ µ α   α µ  α   

α α α  υ π µ µα  υπ µ   α .   µ α α   

α  µ υ  απ  υ α α   µ  8% ( µφ α µ  υ  Gulvanessian α  Holicky 

[80]).  .µ υ φ υ υ α α  απ   µ α α υ φ υ α   α α α 

υ π µ µα  υπ µ   . α φ α α π α   [99]: 

• Φ α υ υ . 

• Φ α   α α υ  (α π φ α, π µ ). 

• Φ α µ α  α  (  π.). 

• υ α  φ α (  µ , µ αφ  α α  µ  α , π.). 

• Φ α π  ( , µ ,  µ α α π.). 

• αυ  φ α (π  , υ φ  α ) 

• Φ α  µ α  α  α  µ . 

α φ α  π   µ α  υ  µ    α π α  : 

• µα φ α π υ  α µα  υ  µ    π   µ  µ  α  

µ  α  υµ α  π α (φ α υ υ , φ α α , π α , 

π α µ  µ α   φ   α α υ , π  µ α α , 

υ , πυ µ  π.). 

• υµα µ α φ α π υ  α µα  υ  µ    π   µ  µ  

α  µ  α  υµ α  υ  (φ α   α α υ , υ α  

φ α, µ  α  α φ α , α  φ α π    α   µ ). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.81   α  – µ α  ∆ µ α  

• υχ µα  φ α π υ  µ  υ  α  µα  µ  µ  π α α 

µφ  α    (φ α , φ α µ α  α , 

µ  π.). α φ α αυ  α  µ  α . 

Γ α α µ µα φ α   µ α α  αµ α   µ  10% [80]. Γ α φ  

α   ( α , αφ α π.)  µ  µ  α   υπ  απ    

φ  [99] πα υ α   . 1.1. α  φ α α   υ  α  

α π µ  . Ω  υ   (sustained loads) α  α  φ α 

π υ α  πα α  α α υ  α µ  µ     α  πα υ υ  α  

α µα .  . 1.1 πα υ α  α µα  µ   υ α  µφ   

µ α   µ   υ  φ  ( ),  υ α µφ   α π µ  

 ( ) α   α υ   υ µα  α  (dp   µ ). Ω  

α π µ   α  α φ α π υ απ υ υ  α µ  µ     

α α υ  α  πα υ υ  µ  α α  µ  α µα . 

 υ   ∆ α π µ   

  E[q] v u 1/  E[p] u 1/  dp 

Γ αφ α 20 0.5 0.3 0.6 5 0.2 0.4 0.3 1-3 

α  20 0.3 0.15 0.3 7 0.3 0.4 1.0 1-3 

 20 1.7 0.4 0.8 >10 - - - - 

α 100 0.6 0.15 0.4 >10 0.5 1.4 0.3 1-5 

. 1.1: α   υ  α  α π µ     φ . 

 α π  α    µ α α  α  υ     φ   

 µ   α α υ  α   [99]: 

 
[ ]2 2 2 1o o

q V U q

q

E qA A
COV

A A
σ σ σ κ σ= + ⋅ ⋅ ≥ =  (1.235) 

π υ v α   υπ  απ   υ  , u α   υπ  απ   

α π µ  ,  α   υ  µα   π φ α  π  υ 

φ υ α   µ ,  α   µ  π φ α π ,  α   π φ α 

π  α  υπ  α  µ  α   α   υ α µφ  µ α   

υ     φ .  α π  α    µ α α  α  

 υ . 1.1 µφ α µ    (1.235)   φ  πα υ α   

. 1.2. α απ µα α υ . 1.2 πα υ α  α  /A=1 α  =1 α  =2 

α α.  υ  µα   α α  µ φ  υ υ µα  φ υ 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.82   α  – µ α  ∆ µ α  

υµα α  απ  1.0  α  2.4.  ∆ . 1.21, πα υ α  φ  µ  υ 

υ    υ   µ φ  υ υ µα  φ υ [99]. 

 

∆ . 1.21: υ  µα  υ µα  φ υ ( ) [99]. 

∆ α π   µ  ∆  α α  
Χ  

=1 =2 =1 =2 =1 =2 

Γ αφ α 0.4500 0.8100 0.500 1.342 1.800 

α  0.1125 0.2025 0.300 1.118 1.500 

 0.8000 1.4400 1.700 0.526 0.706 

χ α 0.1825 0.3425 0.600 0.712 0.975 

. 1.2:  µ  α  α π    φ . 

 υ  α φα α  υ φ υ α  υ α 3 [61] α   µ  G=1.35 

(µ µα φ α) α  Q= W=1.50 (  φ α α  υ µα  φ α).   

µ α α  υ φ υ α φ  µ  υ υ   π     

φ  (Q/(G+Q)) [86]    . 1.1 α  . 1.2 α  υ  µα  =1 

α  =2 α α, πα υ α  α ∆ . 1.22 α  ∆ . 1.23. Γ α L=1.35 (Q/(G+Q)=0)  

 µ α α  α   µ  10%   π π . 

  (1.230) υµπ αµ α  α   α α   π µ µ   

 α   α .   µ α α  υ π µ µα  υπ µ   

π  υ φ υ υµα α  απ  10% [80] ( π π α π α α απ  υ α [99])  20% 

( π µ  υ µα) [99].   µ α α  υ π µ µα  υπ µ  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.83   α  – µ α  ∆ µ α  

 α  α   µ  7% (µ  µ  µ   µ  1.1) [80] [99]. 

Με α  υ CovP α  L
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∆ . 1.22: ∆  µ α α   .µ υ φ υ α  υ  L ( =1). 

Με α  υ CovP α  L
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∆ . 1.23: ∆  µ α α   .µ υ φ υ α  υ  L ( =2). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.84   α  – µ α  ∆ µ α  

 .µ  α  α  υ φ υ ( αµ α  υπ  α   α α   

π µ ) π µ α  α α µ     α µ  α α µ . 

φ  α   (1.230) α    .µ α υ  α  α α µ , α  

υπ  α  .µ µ  υ µ α µα µ  α  Rackwitz-Fiessler [184], µ  µ  

π α µ   µ  µ   µ   .µ,  µ  µ  α    µ α α  

 αµ  .µ  α  α  υ φ υ α  : 

 [ ] [ ]1.0266 0.1526i iE R E CovRR= ⋅ =  (1.236) 

 [ ] [ ] ( )[ ]1.1 11E E CovPP P CovP= = ⋅ −+  (1.237) 

α ∆ . 1.24 α  ∆ . 1.25, πα υ α   µ α  υ  µ α α  υ 

φ υ     . 1.1 α  . 1.2 α  µφ α µ   π π  π υ 

   (1.237) α =1 α  =2 α α.  

α απ µα α υ  α π α    π υ πα α α   π µ  

πα α φ υ  α α  υ   µ α α  υ φ υ α α  α  α 

µ µ φ  α α µ   α π µ  φ  ( =1). 
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∆ . 1.24: ∆  µ α α   .µ υ φ υ α φ   ( =1). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.85   α  – µ α  ∆ µ α  

Με α  υ CovP
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∆ . 1.25: ∆  µ α α   .µ υ φ υ α φ   ( =2). 

1.13.3 π µα α  α υ  α αφ  µ  υ υ 
Q/(G+Q) α  αφ  µ  υ υ  µα α  

  υ  α π α  υ µ υ  µφ α µ    (1.230) α φ  

µ  υ υ Q/(G+Q) πα υ α   ∆ . 1.26.     α π α  

υµα α  απ  3.42  α  3.55. µφ α µ  υ  Bhattacharya et al., [19],  µ , , 

υ  α π α   π π  µ υ  µφ α µ  υ  υ  α   µ  3.5 

[74], π υ α   π α α α α   µ  2.3x10
-4

.  µ  π υ υπ α  

µ    (1.230) α  µ   α α υ  α  π    π µ  

απ   υ α µ . 

 . 1.3, πα υ α   µ   υ  α π α  υ µ υ  α φ υ  

α µ  α α υ  [74]. µφ α µ  α α υ . 1.3,  απ  µ  υ 

 α π α  υ µ υ  π υ  απ  1.75  α  4.3.    π µ υ  

α µ  α µ µα α   φ α απ α π  απ  µ  υ  

α π α  υ µ υ  π υ υµα α  απ  3.5 ( υ )  α  4.3 ( α  

 ) π υ α   απ  π α  α α  2.33x10
-4

  α  

8.55x10
-6

.  αφ  αυ  φ α  υ   αφ   α  µ  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.86   α  – µ α  ∆ µ α  

α π υ υ  α  αφ  µ   απ  υ [123], [121] α  

  π υ απα α  α  π υ   υ µ υ π π υ α φα α  [99].  

Evolution of β  for various Q/(G+Q) ratios
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∆ . 1.26: el α φ  µ  υ Q/(G+Q) ( α ). 

υπ  α α   (µέλους) 

µα + 
†
 3.0 

µα + 
†
 + Ά µ  2.5 AISC LRFD 1984, ANSI A58.1 1982 

µα + 
†
 + µ  1.75 

α α  α , υ α,  απ  Ω  

α  φυ  
∆ α  30  3.5 

υ  α  α α υ  ( =1) 3.5 

α    (∆α α, Φ α α, 

α α, α α  υ α) [163] 
 4.3 

AASHTO LRFD α  α α  [165] 3.5
‡
 

. 1.3: µ   υ  α π α  µφ α µ  υ  α µ . 

† 
( α  φ α υµπ αµ α  α  α φ α  ) 

‡ 
µφ α µ  AASHTO [5] 

 . 1.4, πα υ α   π µ  µ  υ  α π α  υ µ υ  

µφ α µ  π  υ π α  α α µ  [99].   α π α  υ 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.87   α  – µ α  ∆ µ α  

µ υ  υµα α  απ  3.1  4.7 α α υ υ  π υ απα α  α  π υ  

υ µ υ  α π α  α   υ π  µ α  π α  α α . Γ α υ  

α α υ ,  π υµ   α π α  υ π α  α α µ  

υ υ αµµ α  µ    α π α  υ α α µ    [163]. 

υ π  π α  α χ α   α  

π υ  υ 

π υµ   µ   µα  

 =3.1 (Pf≈10
-3

) =3.3 (Pf≈5x10
-4

) =3.7 (Pf≈10
-4

) 

α  =3.7 (Pf≈10
-4

) =4.3 (Pf≈10
-5

) =4.4 (Pf≈5x10
-6

) 

 =4.3 (Pf≈10
-5

) =4.4 (Pf≈5x10
-6

) =4.8 (Pf≈10
-6

) 

. 1.4: µ   υ  α π α  µφ α µ   π α  α α µ . 

 υ  [59], [61] α α α     α α υ  υ  α   

υ  µα α  .  µ  υ υ   α : =0.90 α α α υ  

µ  µα α  π υ υ  α α  αµ α π α    , =1.00 

α  υ  α α υ  α  =1.10 α α α υ  µ  µα α  π υ υ  α α 

 α  π α     [80]. 

 ∆ . 1.27, πα υ α    υ  α π α  υ µ υ  µφ α µ   

 (1.230) α φ  µ  υ υ Q/(G+Q) α   π µ  µ  υ 

υ  .  µ α  υ υ  µα α   π   µ φ   

υ  υ  α π α  υ µ υ . 

 ∆ . 1.28, πα υ α   µ α   αφ  υ  α π α  υ µ υ  

α =0.90  π    α π α  α =1.00 α    αφ  υ , α 

φ  µ  υ υ Q/(G+Q).  αφ  π  α    αφ  µ α   

αυ α    Q/(G+Q). α απ µα α πα α α  α   π π  

π υ =1.10 (∆ . 1.29).   µ  α απ µα α υ ∆ . 1.28 πα α α   α 

=1.10,   αφ  πα αµ  α  α υ  υ Q/(G+Q) π υ υµα α  απ  

0.1  0.5. π π α  α µα    αφ  α  µ    µ  

α απ µα α α =0.90.  αφ  υ  α π α  υµα α  απ  -0.333  -

0.288 α =0.90 α  απ  0.259  0.279 α =1.10.  α µα    αφ  

α  απ  8.41%  9.44% α =0.90 α  απ  7.58%  7.92% α =1.10. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.88   α  – µ α  ∆ µ α  

Evolution of β  for various Q/(G+Q) ratios
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= 0.90

 

∆ . 1.27: el α φ  µ  υ Q/(G+Q) α  φ υ  υ   ( α ). 

Comparison of  for various Q/(G+Q) ratios

-0.34

-0.33

-0.32

-0.31

-0.30
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-0.28
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- 
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-9.30%

-9.10%

-8.90%

-8.70%

-8.50%

-8.30%

∆
/

 (
=

1
.0

0
)

 = 0.90

%  = 0.90

 

∆ . 1.28: ∆  α  ∆ / ( =1.00) α φ  µ  υ Q/(G+Q) ( =0.90). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.89   α  – µ α  ∆ µ α  

Comparison of  for various Q/(G+Q) ratios

0.255

0.260

0.265

0.270
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7.55%

7.63%

7.71%

7.79%

7.87%

7.95%

∆
/

 (
=

1
.0

0
)

 = 1.10

%  = 1.10

 

∆ . 1.29: ∆  α  ∆ / ( =1.00) α φ  µ  υ Q/(G+Q) ( =1.10). 

1.13.4 π µα α  α υ  α αφ   
µ α α   µ α   α  α  φ υ 

1.13.4.1 ∆  π α  

 ∆ . 1.30, πα υ α   µ α  υ str, α φ  µ  υ L,  π   

π   µ  υ υ µα  (π υ υ  α    υπ α α). 

π υµ α    υπ α α α   (n-1) π υ n  π   µ  υ 

πα υ υ µα .   α π α  υ α  µ   απ  µ  υ str 

α  ISO [98], α π α α α α   α α υ   µ  10
-6

 α   ( υ  

α α υ ) α  α φ µ    µ  50  α  α   υ  ≤10
-6 

[98].  π   υπ α α    α π α   α α υ  α  µ  

  Q/(G+Q).  α  υ υ αυ    µ  υ υ str,n=100/ str,n=1 

π υ φ α  υ   α  υ  µ α α   .µ. υ φ υ. 

α ∆ . 1.31 α  ∆ . 1.32, πα υ α   µ α  υ  α π α  υ 

υ µα  ( str)  π    υπ α α α s=1.10 α  L=1.50 α  s=1.10 

α  L=1.35 α α, [59], [60], [61], α  α α υµ   µ    

µ α α  υ φ υ α   α    υ 20%.  α   



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.90   α  – µ α  ∆ µ α  

υπ α α    απ µα  α  υ  α π α  υ υ µα . 

Obtained str  for deterministic optimum
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L = 1.350 - Q/(G+Q) = 0.0 L = 1.365 - Q/(G+Q) = 0.1

L = 1.380 - Q/(G+Q) = 0.2 L = 1.400 - Q/(G+Q) = 0.3

L = 1.450 - Q/(G+Q) = 0.7 L = 1.500 - Q/(G+Q) = 1.0

Target str 

according to ISO

 = 1.00

 

∆ . 1.30: str α COVRi α  COVP µφ α µ  υ  ( φ  µ  υ L). 

Obtained str  for deterministic optimum
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 (COVRi =1.2*COVRi, COVP=1.2*COVP)  (COVRi =1.2*COVRi, COVP=1.0*COVP)

 (COVRi =1.2*COVRi, COVP=0.8*COVP)  (COVRi =1.0*COVRi, COVP=1.2*COVP)

 (COVRi =1.0*COVRi, COVP=0.8*COVP)  (COVRi =0.8*COVRi, COVP=0.8*COVP)

 (COVRi =0.8*COVRi, COVP=1.0*COVP)  (COVRi =0.8*COVRi, COVP=1.2*COVP)

L = 1.50

Target str according to ISO

Target str Eurocode 3

 

∆ . 1.31: str α αφ   µ  COVRi α  COVP ( s=1.10 α  =1.50). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.91   α  – µ α  ∆ µ α  

Obtained str  for deterministic optimum
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 (COVRi =1.2*COVRi, COVP=1.2*COVP)  (COVRi =1.2*COVRi, COVP=1.0*COVP)

 (COVRi =1.2*COVRi, COVP=0.8*COVP)  (COVRi =1.0*COVRi, COVP=1.2*COVP)

 (COVRi =1.0*COVRi, COVP=0.8*COVP)  (COVRi =0.8*COVRi, COVP=0.8*COVP)

 (COVRi =0.8*COVRi, COVP=1.0*COVP)  (COVRi =0.8*COVRi, COVP=1.2*COVP)

L = 1.35

Target str according to ISO

Target str Eurocode 3

 

∆ . 1.32: str α αφ   µ  COVRi α  COVP ( s=1.10 α  L=1.35). 

  α π α  υ µ υ  υµα α  απ  3.11  4.04 α L=1.35 α  απ  3.23  

3.63 α L=1.50.  µ   α α α   π   α    απ µα  

α   α π α  υ µ υ  α   µ  υ υ str,n=100/ str,n=1.  µ   

α α α   φ    απ µα  α  υ  α π α   

α α υ .  α  υ υ Q/(G+Q)   απ µα  µ   υα α  

υ  α π α   π   α υµ    µ α α   .µ  

α  α  υ φ υ. 

 . 1.5, πα υ α    υ str,n=100/ str,n=1 α  α α υµ   µ   

 µ α α  υ φ υ α   α    υ 20%.  α  υ 

 µ α α  υ φ υ   µ  υ str,n=100/ str,n=1.  α  υ 

 µ α α   α    α  υ str,n=100/ str,n=1.  α  υ 

υ Q/(G+Q) µ αφ α   µ   υα α  υ π µα   π   

υπ α α α  µµ α υ π α  α  υ  µ α α   .µ υ 

φ υ. 

 . 1.6, πα υ α   π α α α α   α α υ  α  α υµ  

 µ    µ α α   .µ υ φ υ α   α  α  υ  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.92   α  – µ α  ∆ µ α  

υπ α α (n=100, υπ α α n-1).  π α α α α  υ µα  υ  

υπ α α  α L=1.50 υµα α  απ  4.43x10
-7

  4.42x10
-5

.  α  

π α α α α  α L=1.35  υπ α   1.01x10
-8

.  

0.8*COVRi  1.0*COVRi  1.2*COVRi 
str,n=100/ str,n=1 

L=1.35 L=1.50 L=1.35 L=1.50 L=1.35 L=1.50 

0.8*COVP 1.9427 1.1858 2.3694 1.2988 2.8295 1.4373 

1.0*COVP 1.7288 1.1617 2.0800 1.2614 2.4671 1.3849 

1.2*COVP 1.5918 1.1463 1.8903 1.2374 2.2252 1.3510 

. 1.5:  str,n=100/ str,n=1 α α υµ   CovRi α  CovP ( L=1.50 ( L=1.35)). 

0.8*COVRi  1.0*COVRi  1.2*COVRi 
Pf,s 

L=1.35 L=1.50 L=1.35 L=1.50 L=1.35 L=1.50 

0.8*COVP 2.22x10
-15

 8.21x10
-6

 ≈0 3.07x10
-6

 ≈0 1.12x10
-6

1.0*COVP 2.69x10
-12

 1.93x10
-5

 1.16x10
-13

 8.02x10
-6

 5.00x10
-15

 3.25x10
-6

1.2*COVP 1.96x10
-10

 3.34x10
-5

 1.49x10
-11

 1.49x10
-5

 1.12x10
-12

 6.46x10
-6

. 1.6: Pf,s α α υµ   CovRi α  CovP ( L=1.35 α  L=1.50). 

1.13.4.2 πα µ α µα α 

α   µ α  υ π υ   απα µ  µ  µ   µ  MC  π  

  υπ α α α L=1.35, α  L=1.50 α α. α απ µα α 

πα υ α  α ∆ . 1.33 α  ∆ . 1.34 α α.  π υµ  α α µ  

 π α α  α α  α  /Pf= =10%.  π π  αυ   π   

απα υµ  µ  α α  α  µφ α µ    (1.12)  µ  100.  π  

 απα µ  µ  υµα α  απ  4.38x10
10

  3.10x10
13

 ( α L=1.35) α  απ  

2.37x10
6
  3.20x10

8
 ( α L=1.50). 

 ∆ . 1.35 α  ∆ . 1.36, πα υ α   π   µ  α n=1 α   

α υµ    µ α α  υ φ υ α   α  α L=1.35 α  

L=1.50 α α.  µ  υ  µ α α  υ φ υ   µα  

α  υ π υ   απα µ  µ .  µ  υ  µ α α   

α   π  µα  α απ µα α.  ∆ . 1.37 α  ∆ . 1.38, 

πα υ α   π   µ  α n=10 α  L=1.35 α  L=1.50 α α.  

α  µ  α απ µα α  ∆ . 1.35 α  ∆ . 1.36  α   α α α   

α    α  υ π υ   απα µ  µ . Γ α L=1.35  π  

 απα υµ  µ  α α  α  απ    µ α α  υ φ υ. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.93   α  – µ α  ∆ µ α  

πα µε ε  Π µ ε

1.0E+04

1.0E+05

1.0E+06

1.0E+07

1.0E+08

1.0E+09

1.0E+10

1.0E+11

1.0E+12

1.0E+13

1 2 3 4 5 6 7 8 9 10

n

L = 1.35

 

∆ . 1.33:  π µ  α /Pf =10% ( L=1.35). 

πα µε ε  Π µ ε

1.0E+04

1.0E+05

1.0E+06

1.0E+07

1 2 3 4 5 6 7 8 9 10

n

L = 1.50

 

∆ . 1.34:  π µ  α /Pf =10% ( L=1.50). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.94   α  – µ α  ∆ µ α  

Π  Π µ εω

1.E+04

1.E+05

1.E+06

1.E+07

COVP = 0.80 * COVP (normal) COVP = 1.00 * COVP (normal) COVP = 1.20 * COVP (normal)

COV Ri = 0.80 * COVRi (normal)

COV Ri = 1.00 * COVRi (normal)

COV Ri = 1.20 * COVRi (normal)

L = 1.35

 

∆ . 1.35: ∆ µα α α /Pf =10% ( α  φ α  L=1.35). 

Π  Π µ εω

1.E+04

1.E+05

1.E+06

COVP = 0.80 * COVP (normal) COVP = 1.00 * COVP (normal) COVP = 1.20 * COVP (normal)

COV Ri = 0.80 * COVRi (normal)

COV Ri = 1.00 * COVRi (normal)

COV Ri = 1.20 * COVRi (normal)

L = 1.50

 

∆ . 1.36: ∆ µα α α /Pf =10% ( α  φ α  L=1.50). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.95   α  – µ α  ∆ µ α  

Π  Π µ εω

1.E+10

1.E+11

1.E+12

1.E+13

1.E+14

COVP = 0.80 * COVP (normal) COVP = 1.00 * COVP (normal) COVP = 1.20 * COVP (normal)

COV Ri = 0.80 * COVRi (normal)

COV Ri = 1.00 * COVRi (normal)

COV Ri = 1.20 * COVRi (normal)

L = 1.35

 

∆ . 1.37: ∆ µα α α /Pf =10% (n=10, L=1.35). 

Π  Π µ εω

1.E+06

1.E+07

1.E+08

COVP = 0.80 * COVP (normal) COVP = 1.00 * COVP (normal) COVP = 1.20 * COVP (normal)

COV Ri = 0.80 * COVRi (normal)

COV Ri = 1.00 * COVRi (normal)

COV Ri = 1.20 * COVRi (normal)

L = 1.50

 

∆ . 1.38: ∆ µα α α /Pf =10% (n=10, L=1.50). 

Γ α COVP = 0.8*COVP(normal)  α  υ  µ α α   α    



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.96   α  – µ α  ∆ µ α  

µ   απα µ  µ . α α COVP = 1.2*COVP(normal)  α  

υ  µ α α   α    α   απα µ  µ . 

1.13.5 π µα α  α υ  α αφ  υ  
µα α  

1.13.5.1 ∆  µα α  =0.90 

α ∆ . 1.39 α  ∆ . 1.40, πα υ α   µ α  υ  α π α  α  

α υµ   µ    µ α α   α  α  υ φ υ  π  

  υπ α α  π π  π υ =0.90.  α π α υ µ υ  

υµα α , α L=1.35, απ  2.84  3.59 µ µ  α  8.49% α  10.96% α α  

 µ    α π α  υ µ υ  α =1.00. Γ α L=1.50,  α π α υ µ υ  

υµα α  απ  2.99  3.28 µ µ  α  7.32% α  9.64% α α.  π α α 

α α  υ µα  υ  υπ α α  υµα α  απ  3.92x10
-10

 ( L=1.35)  

6.95x10
-5

 ( L=1.50).  

 µ α  υ π υ   απα µ  µ  α /Pf= =10% α  α L=1.35 α  

L=1.50 α α, α φ  µ  υ n, πα υ α  α ∆ . 1.41 α  ∆ . 1.42. 

Γ α L=1.35  π   απα µ  µ  υµα α  απ  1.4x10
5
  5.5x10

10
 

µα α. Γ α L=1.50,  π   απα µ  µ  πα υ  π  µ  

α π  α  υµα α  απ  1.2x10
5
  1.1x10

6
 µα α.   µ  α απ µα α 

α =1.00 πα α α  µ  υ π υ   απα υµ  µ  α L=1.35. Γ α 

n=1 απα α  µ   30.02%  µ  α  α n=10 απα α  µ   0.37%  

µ  π υ απα α  α  α φ   απα µ  α α  α =1.00. Γ α 

L=1.50 πα α α  µ  υ π υ   απα υµ  µ  α   µ  

α µ    µ  α απ µα α α L=1.35. Γ α n=1 απα α  µ   36.11%  

µ  α  α n=10 απα α   13.75%  µ  π υ απα α  α  

α φ   απα µ  α α  α =1.00. 

α ∆ . 1.43 α  ∆ . 1.44, πα υ α   π   µ  π υ απα α  α 

 α υ  µ   µ  MC α  α υµ    µ α α   .µ υ 

φ υ α   α  α  n=10. α απα µ α µα α α υ  α 10
11

 µα α α 

L=1.35 α  υπ α υ  α 3x10
6
 µα α α L=1.50. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.97   α  – µ α  ∆ µ α  

Obtained str  for deterministic optimum
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 (COVRi =1.2*COVRi, COVP=1.2*COVP)  (COVRi =1.2*COVRi, COVP=1.0*COVP)

 (COVRi =1.2*COVRi, COVP=0.8*COVP)  (COVRi =1.0*COVRi, COVP=1.2*COVP)

 (COVRi =1.0*COVRi, COVP=0.8*COVP)  (COVRi =0.8*COVRi, COVP=0.8*COVP)

 (COVRi =0.8*COVRi, COVP=1.0*COVP)  (COVRi =0.8*COVRi, COVP=1.2*COVP)

 (COVRi =1.0*COVRi, COVP=1.0*COVP)

L = 1.35 -  = 0.90

 

∆ . 1.39: str α αφ   µ  COVRi α  COVP ( L=1.35, =0.90). 

Obtained str  for deterministic optimum
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 (COVRi =1.2*COVRi, COVP=1.2*COVP)  (COVRi =1.2*COVRi, COVP=1.0*COVP)

 (COVRi =1.2*COVRi, COVP=0.8*COVP)  (COVRi =1.0*COVRi, COVP=1.2*COVP)

 (COVRi =1.0*COVRi, COVP=0.8*COVP)  (COVRi =0.8*COVRi, COVP=0.8*COVP)

 (COVRi =0.8*COVRi, COVP=1.0*COVP)  (COVRi =0.8*COVRi, COVP=1.2*COVP)

 (COVRi =1.0*COVRi, COVP=1.0*COVP)

L = 1.50 -  = 0.90

 

∆ . 1.40: str α αφ   µ  COVRi α  COVP ( L=1.50, =0.90). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.98   α  – µ α  ∆ µ α  

πα µε ε  Π µ ε

1.0E+04

1.0E+05

1.0E+06

1.0E+07

1.0E+08

1.0E+09

1.0E+10

1 2 3 4 5 6 7 8 9 10

n

L = 1.35 -  = 0.90

 

∆ . 1.41:  π µ  α /Pf =10% ( L=1.35, =0.90). 

πα µε ε  Π µ ε

1.0E+04

1.0E+05

1.0E+06

1.0E+07

1 2 3 4 5 6 7 8 9 10

n

L = 1.50 -  = 0.90

 

∆ . 1.42:  π µ  α /Pf =10% ( L=1.50, =0.90). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.99   α  – µ α  ∆ µ α  

Π  Π µ εω

1.0E+07

1.0E+08

1.0E+09

1.0E+10

1.0E+11

1.0E+12

COVP = 0.80 * COVP (normal) COVP = 1.00 * COVP (normal) COVP = 1.20 * COVP (normal)

COV Ri = 0.80 * COVRi (normal)

COV Ri = 1.00 * COVRi (normal)

COV Ri = 1.20 * COVRi (normal)

L = 1.35 -  = 0.90

 

∆ . 1.43: ∆ µα α α /Pf =10% (n=10, L=1.35, =0.90). 

Π  Π µ εω

1.E+04

1.E+05

1.E+06

1.E+07

COVP = 0.80 * COVP (normal) COVP = 1.00 * COVP (normal) COVP = 1.20 * COVP (normal)

COV Ri = 0.80 * COVRi (normal)

COV Ri = 1.00 * COVRi (normal)

COV Ri = 1.20 * COVRi (normal)

L = 1.50 -  = 0.90

 

∆ . 1.44: ∆ µα α α /Pf =10% (n=10, L=1.50, =0.90). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.100   α  – µ α  ∆ µ α  

1.13.5.2 ∆  µα α  =1.10 

α ∆ . 1.45 α  ∆ . 1.46, πα υ α   µ α  υ  α π α  υ 

υ µα  ( str) α  α υµ  π   µ    µ α α   

α  α  υ φ υ  π    υπ α α  π π  π υ =1.10. 

 α π α υ µ υ  υµα α , α L=1.35, απ  3.37  4.41 αυ µ  α  6.85% 

α  9.27% α α   µ    α π α  υ µ υ  α =1.00. Γ α L=1.50, 

 α π α υ µ υ  υµα α  απ  3.44  3.96 αυ µ  α  6.44% α  8.89% 

α α.  π α α α α  υ µα  υ  υπ α α  α  αµ α 

α L=1.35 α   µ  7.28x10
-7

 α L=1.50. 

 µ α  υ π υ   απα µ  µ  α /Pf= =10% α  α L=1.35 α  

L=1.50 α α,  π    υπ α α, πα υ α  α ∆ . 1.47 α  

∆ . 1.48. Γ α L=1.35  π   απα µ  µ  υµα α  απ  1.4x10
6
  

6.0x10
14

 µα α. Γ α L=1.50,  π   απα µ  µ  πα υ  π  

µ  α π  α  υµα α  απ  8.5x10
5
  6.6x10

7
 µα α.   µ  α 

απ µα α α =1.00 α  L=1.35 πα α α  α  υ π υ   απα υµ  

µ . Γ α n=1  π   µ  π υ απα α  αυ α  α  29.741% α  

α n=10 απα α  40 φ  π α µα α α  α φ   απα µ  

α α   π   π   µ  α =1.00. Γ α L=1.50 πα α α  α  

υ π υ   απα υµ  µ  α   µ  α µ    µ  α 

απ µα α α L=1.35.  υα α υ  π   µ   π   

µ α   α α  α  απ    υπ α α (n-1). Γ α n=1 απα α  

α   µ  α  267.64% α  α n=10  α  αυ  α   870%. 

α ∆ . 1.43 α  ∆ . 1.44, πα υ α   π   µ  π υ απα α  α 

 α υ  µ   µ  MC α  α υµ    µ α α   .µ υ 

φ υ α   α  α  n=10. α απα µ α µα α υπ α υ  α 10
17

 µα α 

α L=1.35 α  α υ  α 3.6x10
8
 µα α α L=1.50. 

π  α απ µα α  α υ , πα α α    µ α  απ   µ α α α 

µα α   αµ  µ α  υ π α  µ   π α α  α α  α  µ α 

π π υ  µ υ  ( α L=1.50).  µ α  αυ    απ µα α   α  

 υα α  υ  α π α   α α υ   π    

υπ α α ( π  πα α α  α  απ  α α υ . 1.7). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.101   α  – µ α  ∆ µ α  

Obtained str  for deterministic optimum
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 (COVRi =1.2*COVRi, COVP=1.2*COVP)  (COVRi =1.2*COVRi, COVP=1.0*COVP)

 (COVRi =1.2*COVRi, COVP=0.8*COVP)  (COVRi =1.0*COVRi, COVP=1.2*COVP)

 (COVRi =1.0*COVRi, COVP=0.8*COVP)  (COVRi =0.8*COVRi, COVP=0.8*COVP)

 (COVRi =0.8*COVRi, COVP=1.0*COVP)  (COVRi =0.8*COVRi, COVP=1.2*COVP)

 (COVRi =1.0*COVRi, COVP=1.0*COVP)

L = 1.35 -  = 1.10

 

∆ . 1.45: str α αφ   µ  COVRi α  COVP ( L=1.35, =0.90). 

Obtained str  for deterministic optimum
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 (COVRi =1.2*COVRi, COVP=1.2*COVP)  (COVRi =1.2*COVRi, COVP=1.0*COVP)

 (COVRi =1.2*COVRi, COVP=0.8*COVP)  (COVRi =1.0*COVRi, COVP=1.2*COVP)

 (COVRi =1.0*COVRi, COVP=0.8*COVP)  (COVRi =0.8*COVRi, COVP=0.8*COVP)

 (COVRi =0.8*COVRi, COVP=1.0*COVP)  (COVRi =0.8*COVRi, COVP=1.2*COVP)

 (COVRi =1.0*COVRi, COVP=1.0*COVP)

L = 1.50 -  = 1.10

 

∆ . 1.46: str α αφ   µ  COVRi α  COVP ( L=1.50, =0.90). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.102   α  – µ α  ∆ µ α  

πα µε ε  Π µ ε

1.0E+05

1.0E+06

1.0E+07

1.0E+08

1.0E+09

1.0E+10

1.0E+11

1.0E+12

1.0E+13

1.0E+14

1.0E+15

1 2 3 4 5 6 7 8 9 10

n

L = 1.35 -  = 1.10

 

∆ . 1.47:  π µ  α /Pf =10% ( L=1.35, =1.10). 

πα µε ε  Π µ ε

1.0E+05

1.0E+06

1.0E+07

1.0E+08

1 2 3 4 5 6 7 8 9 10

n

L = 1.50 -  = 1.10

 

∆ . 1.48:  π µ  α /Pf =10% ( L=1.50, =1.10). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.103   α  – µ α  ∆ µ α  

Π  Π µ εω

1.0E+12

1.0E+13

1.0E+14

1.0E+15

1.0E+16

1.0E+17

1.0E+18

COVP = 0.80 * COVP (normal) COVP = 1.00 * COVP (normal) COVP = 1.20 * COVP (normal)

COV Ri = 0.80 * COVRi (normal)

COV Ri = 1.00 * COVRi (normal)

COV Ri = 1.20 * COVRi (normal)

L = 1.35 -  = 1.10

 

∆ . 1.49: ∆ µα α α /Pf =10% (n=10, L=1.35, =1.10). 

Π  Π µ εω

1.E+06

1.E+07

1.E+08

1.E+09

COVP = 0.80 * COVP (normal) COVP = 1.00 * COVP (normal) COVP = 1.20 * COVP (normal)

COV Ri = 0.80 * COVRi (normal)

COV Ri = 1.00 * COVRi (normal)

COV Ri = 1.20 * COVRi (normal)

L = 1.50 -  = 1.10

 

∆ . 1.50: ∆ µα α α /Pf =10% (n=10, L=1.50, =1.10). 

 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.104   α  – µ α  ∆ µ α  

 = 0.90  = 1.00  = 1.10 
str,n=100/ str,n=1 

L=1.35 L=1.50 L=1.35 L=1.50 L=1.35 L=1.50

0.8*COVP 2.1842 1.2478 2.3694 1.2988 2.5552 1.3527 

1.0*COVP 1.9265 1.2163 2.0800 1.2614 2.2353 1.3094 

1.2*COVP 1.7592 1.1961 1.8903 1.2374 2.0240 1.2815 

. 1.7:  str,n=100/ str,n=1 α α υµ  υ CovP α   (CovRi=1.0*CovRi). 

1.13.6 π µα α α αφ   

 ∆ . 1.51, πα υ α    υ  α π α  υ µ υ   π    

Q/(G+Q) α   υ . 1.1.  α  υ  µ α α   .µ υ 

φ υ   απ µα  α  υ υ  µ α  υ  α π α  υ 

µ υ   π    Q/(G+Q).  µ  α π   µ  πα α α   

π π    . 

Evolution of β  for various Q/(G+Q) ratios
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3.65

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Q/(G+Q)

ε

Σχ ε α

Γ αφε α

 Κα ε

 

∆ . 1.51: el α φ  µ  υ Q/(G+Q) α  αφ   ( =1.00). 

α ∆ . 1.52  ∆ . 1.54, πα υ α   µ α  υ  α π α   

α α υ   π    υπ α α, α L=1.40, L=1.45 α  L=1.50 

α α.  µ  αυ  υ υ  α   υ  υ Q/(G+Q) 0.3, 0.7 α  

1.0.  µ  υ  µ α α   .µ υ φ υ   µ   



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.105   α  – µ α  ∆ µ α  

υα α  υ  α π α   α α υ   π    υπ α α. 

Obtained str  for deterministic optimum
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∆ . 1.52: str α COVRi α  COVP µφ α µ  υ  ( φ   L=1.40). 

Obtained str  for deterministic optimum
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∆ . 1.53: str α COVRi α  COVP µφ α µ  υ  ( φ   L=1.45). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.106   α  – µ α  ∆ µ α  

Obtained str  for deterministic optimum
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∆ . 1.54: str α COVRi α  COVP µφ α µ  υ  ( φ   L=1.50). 

α ∆ . 1.55  ∆ . 1.57, πα υ α   απ υ  αφ  υ  α π α   

α α υ  α αφ α, α α   α α µ    α π α  

α ,  π    υπ α α.  

α ∆ . 1.58  ∆ . 1.60, πα υ α    αφ  υ  α π α   

α α υ  α αφ α, α α   α α µ    α π α  

α ,  π    υπ α α.  

 α  υ υ Q/(G+Q)   απ µα  µ   υα α  υ  

α π α   α α υ   π    υπ α α µ  α  µ   

 α  απ υ  αφ  υ  α π α   α α υ  α  υπ  

α  α .  α    υπ α α  απ    µ  

αυ    α  απ υ  αφ  υ  α π α   α α υ . 

 αφ π  υ  α π α   α α υ   π   α υµ   

 µ α α   .µ υ φ υ α   α   αφ υ  π  µ  α 

απ µα α α  α α  µ  α   αυ µ  π    

υπ α α   µ α    µ α α   .µ υ φ υ. α 

απ µα α πα α α  α  α  π   απα µ  µ . 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.107   α  – µ α  ∆ µ α  

∆ str  for deterministic optimum
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∆ . 1.55: ∆ str µ α  αφ  α  α . 

Absolute difference of str  for deterministic optimum
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∆ . 1.56: ∆ str µ α   α  α . 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.108   α  – µ α  ∆ µ α  

Absolute difference of str  for deterministic optimum
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∆ . 1.57: ∆ str µ α   α  α . 

Relative difference of str  for deterministic optimum
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∆ . 1.58:  αφ  υ str µ α  αφ  α  α . 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.109   α  – µ α  ∆ µ α  

Relative difference of str  for deterministic optimum
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∆ . 1.59:  αφ  υ str µ α   α  α . 

Relative difference of str  for deterministic optimum
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∆ . 1.60:  αφ  υ str µ α   α  α . 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.110   α  – µ α  ∆ µ α  

1.13.7 υµπ µα α 

π  α πα απ  υµπ α α    υ υα µ   α υ  α π α  µ  µ υ  

π  π φ   υ α α υ α µ  α α υ  αµ α  υπ  

 π α µα  υπ α α α   υ α α α µ  α α υ  µ  

απ   α  αµ  . α α αµ µ α  απ   υ υα µ   

µ  α υ  α π α  µ  µ υ  π , αυ α   αυ α  

α    µα α  υπ  α µ  α α υ  α    µ α α   .µ 

 φ  π υ υ   υπ  α  α α υ . 

1.14 α µα  – µ  α  µ  µ   

 πα αφ  αυ  πα υ α  µ  α  α  π  υ 

α   π π    υ  απ  µ υ α  µ  

µ υ υ. Ω  µ  (voluntary)  α   µ   π α α  

µφ  α  υ π  απ µα   µ  α α φ   

 π   µ  α  µ    υ. Ω  µ  µ  (involuntary)  

α   µ   π α α  µφ  α  υ π  απ µα   

µ  α α φ    π   µ  α     υ. 

1.14.1 π  α α µ  α  µ  µ   

 µ  υ απ  υ α  µ α υ α µ  υ     α  

µ   µ  µ .  Christensen α  Baker [31]  . 1.8, πα υ υ   

  υ  α φ  α  µ α   αφ π  π υ 

πα α α  α α υ      υ  α  α  α α. 

π π α  . 1.8, πα υ α  α   υ α α υ απ  π π  α  

υ  α  φ  α  α  α α µ . 

∆ α α / α Θ α  α 10
8
 µα / α 

α α-Trekking (∆  α ) 2700 

π  α  (∆  α ) 120 

π α α υ  59 

α  µ  αυ  56 

α α  π α α α 21 

α 7.7 

µ α α 2.0 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.111   α  – µ α  ∆ µ α  

∆ α α / α Θ α  α 10
8
 µα / α 

υ µα α  α α  ( υ ) 2.1 

υ µα α  α α  ( µα  α απ ) 0.1 

υ α  ( α α) 0.1 

∆ µ  α ( υ ) 0.002 

υ   (    – - υ α ) 129 

υ   α  30   15 

υ   α υ α  30   13 

υ   α  60   84 

υ   α υ α  60   51 

. 1.8: Ω α   α φ  α 11 

 π α α π  α υ α   α  α α  π π  υ 

. 1.8 α  απ   : 

 ( ) exp

8
Pr Death

10

h t⋅=  (1.238) 

π υ texp α      υ µ  α α. µφ α µ   . 1.8, 

 α   α α α  α  30  α  5.6 φ  αµ    

µ   υ  π υ α   α  60 .   υ α υ υ α α 2 

φ α  α  30  α   µ  1.153   α  60  αυ α  

 1.647.  π α α π  α α φ υ µα    π π   

µ  α α  α   µ  1.489x10
-7 α    µ   85% υ υ  

υ.  α  π υ π α α   µ  α α  α   0.015‰ υ 

υ υ  π α  α  υ µ  π . µφ α µ  υ  Elishakoff α  

Hasofer, [54],  90%  π π   µ  α  φ α   α π  

φ µα  α   φ   α  α  α υ   α   φ   α α υ . 

Γ α  α π    π  αµ  µ α     υ   µ  

α α   αµ α υ φ   υ    α µ υ  υ . 

∆ αφ π  πα α α  α µα α    α  µφ α µ  α 

απ µα α  Whitman [220], Cullen [38] α  Bhattacharya et al., [19] (∆ . 1.61).  

αφ π  αυ  φ α  υ   αφ   µ α  π α  α α .  

                                                 

11 µ   Θα υ (   1970-1973  µ  α α, α υ α  Γ αφ υ α ) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.112   α  – µ α  ∆ µ α  

 

∆ . 1.61: π   α µ  α  (απ  [19]). 

 πα α φ υ  1.14.2 α  1.14.3 πα υ α  πα α µα α υ µ υ µ  µ υ 

α  µ υ υ  π  α  α µ  α   α  µ  

α . 

1.14.2  µ   

 πα αφ  αυ  πα υ α  α α   απ  µ  υ υ 

α   υ   µ , α π  α υ µα  α  α υ α υ µα . 

1.14.2.1 Έ   υ   µ  

 Morrison α  Chapman [148], α αφ υ    µ   α υ α    

µ  α   µ  10
-7

 α  π α  . . .  α µ   π  

α, υ α α  απ α α  α  µ  π   . . . ( α φ α)  

µ   α    υ 10
-6

. α µ α αυ  α  υ µα µ   µ   α  

 α α α φ  α  υ  µ  µ  µ  π υ υµα α  απ  

5x10
-6 

 α  5x10
-7

 [153]. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.113   α  – µ α  ∆ µ α  

H Sharpe, [197], α αφ    µ    µ  π  (π α  

α φ α) α   µ  1.7x10
-6

 ( υ µ  µ   µ  Morrison α  Chapman [148] α  

α  70% υ  υ απ  υ α  ISO [98]).  α α   π α α 

α υ    π   π π  µ υ  α  π π υ  µ  2x10
-4

  

 µ υ  υ . π   π π    α π α α π  απ  

π  υµα α  απ  13%~18%  µ   α υ  . . .  π  α α  

 2.6x10
-5

  α  3.6x10
-5

 µ α  µ υ  υ  απ     µ . 

 Morrison [153] α αφ    µ   α π  α υ α    φυ  

α α φ  α    υ 10
-6

 α  υ π  α    υ 10
-7 α   α  

α α .  µ   π  α υ  µ    π    α   

υ α α  20 φ  υ  απ   µ    υ πα  . µφ α µ  

α α α  ISO [98]  µ  απ    υ   µ  α α  

α    υ 10
-6

. 

π  α πα απ  υµπ α α    π α α α υ  µ  α  α α 

αµ    µ  α  π α     υ   πα . 

α απ µα α πα υ υ  α α υ  α π  π υ φ α  υ   

αφ  µ  υ  απ  υ  µ  µ    υ  

απ  α  α α  α   µ  πα  π   π  π υ α  

α µ  µ α α α π  α α απ φ   α   α µ υ (willingness 

to pay).  

 α µ  µ  π µ    µ  76 α  81  α  α  υ α  

α α [222],  π α α α υ υ µ  α  : 

 ( ) ( )( )76

1

Pr 1 1 Pr annualDeath Death
j=

= − −∏   (1.239) 

 ( ) ( )( )81

1

Pr 1 1 Pr annualDeath Death
j=

= − −∏  υ α  (1.240) 

Γ α µ     µ  1.7x10
-6

  π α α α υ  µ  α α   

µ  (π υ απ  α    α  µ  α α  α   ) α   µ  

0.0129% (1.29x10
-4

) α υ   α  0.0137% (1.37x10
-4

) α  υ α . α 

απ µα α υ   µ  α µ  α  α    µ   α α 

18~19 µα (π υ µ  11 α µµ α π π υ).  µ  αυ  α  υ µ  µ   



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.114   α  – µ α  ∆ µ α  

µ  α µ  υµ  α    µ  π υ υ  π  απ   1950  α   

2000  µ  π υ υµα α  απ  15~16 [63]  α  22~23 µα   [213], 

[166] µ  απ  µ  µφ α µ   ISO [98]  µ  11 µα α  . α α α   

 απ  α  ISO µ      α   µ   υ π   

µ  α  υ µ  µ α  υ  µ . 

1.14.2.2 Έ   υ   α π  α υ µα  

 υ  π  α α φ  α υ µ ,  α µ   π ,  π  

 α α φ  υµ ,   FLE (Flight Loss Equivalent) α   µ υµ  

π α α α υ  π π  π  α  α υ µα , α φ υ  π υ  

α αφ  πα υ α   . 1.9 [2].  υ α π  α α φ  

α υ µ   αµ α  υπ   π π  π υ  α µα  π  απ  

 πα  (π. . α π α α, µ α  α π.). π π α  

. 1.9 πα υ α   π α α α υ υ π   π π  π υ υµ  α 

α α φ  υµ  (  υπ  υ  π α α). 

 µ  υ α π  α α φ υ α υ µα  α  1,000,000 π  α υ  

π υ  α αφ  µ  π  α υ µ  µ α  υ 6 α   µ  0.742 υµ α. 

Γ α α υµ α αυ   µ  π α α α υ α α  π  α   µ  72.8%. Ω  

π  «α α φα » α φ  α α φ α   Embraer Bandeirante µ  

α υ   3.07 α  82.14% α α. 

Γ α µ υ  π υ  α αφ   α  α φ α  υ   υµ α  µ  α 

α  α. α απ µα α πα α α  α  α  α π  

α  [34]. α  α   α  αυ  α  υ   α [34]  

 υπ µ  απ  α    π υ υ  απ   υπ  α  

α α [34]. Γ α    DC9 α   π φ  αµ α π π α 

α φα α   π    µ   Boeing 747. υ  φ α  υ   µ α  

  α α υ 70 π υ α   πα   π    

υ µ  π  α φ υ  α  α α φα .   αυ     

  π υ    α   υ π π υ α φα α  υ 

DC9. π µα   αυ  α      Boeing 747 µπ α  µ  

 π α υ α  α α φ  υµ  απ  α DC9 µ  1.94 υµ α α  

1,000,000 π  α   0.68 υµ  υ DC9.  µ   µ   



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.115   α  – µ α  ∆ µ α  

µ υµ  π α α    747 α α α µ   π   υ α π  

α α φ υ α υ µα  π υ α   µ  1.02 α  υ 0.56 υ DC9. 

α α α φα  α φ  (µ  π  αµ   α  π ),  α α  

α αφ  µ  150~200 , α α α  α Airbus A320, MD80/90 α  737 300-500 

µ  µ  υ  µ  0.19, 0.22 α  0.22 α α.  µ  α  Airbus A320 

υ  υ  π  υ   υ µ  α µ  α α φ  υµ .  

α α  µ  α αφ  (  100 ) α π  α φα  α φ  ( µφ α µ  

α α υ π α α) α α α  α Saab 340 α  Fokker 70/100. µ  

πα αµ   π  υ Boeing 777 α  π    α α αφ  α α φ  υµ  

µ  1,000,000 π    υ. α α φ  250~300   α  

π  µ α  απ  α MD11, Boeing 767 α  Airbus A300. α  αφ  

πα υ   π  υ DC10 (α φ  π υ α α α  απ   MD11) π υ 

πα υ  α α αµ  π υ α α  π    αµ  µ   

µ υµ  π α α . 

π  υχ α  (10
6
)  FLE υχ µα α Θ  

Airbus A300 0.69 8.7 5.99 9 66.56% 

Airbus A310 1.36 3.4 4.62 5 92.40% 

Airbus A320/319/321 0.19 13.6 2.61 5 52.20% 

ATR 0.94 3.2 3.00 3 100.00%

Boeing 727 0.49 73.9 36.34 47 77.32% 

Boeing 737-100/200 0.53 53.2 28.28 39 72.51% 

737-300/400/500 0.22 40.39 8.94 11 81.27% 

737 ( ) 0.40 93.6 37.22 50 74.44% 

Boeing 747 1.02 13.4 13.73 26 52.81% 

Boeing 757 0.45 12.0 5.4 7 77.14% 

Boeing 767 0.56 9.8 5.50 6 91.67% 

Boeing 777 0.00 1.0 0.00 0 /∆ 

Boeing DC9 0.56 61.6 34.41 42 81.93% 

Boeing DC10 0.67 8.8 5.91 15 39.40% 

Boeing MD11 0.85 1.2 1.02 3 34.00% 

Boeing MD80/MD90 0.22 28.8 6.19 10 61.90% 

BAe146/RJ100 0.70 6.4 4.49 6 74.83% 

Concorde 12.5 0.08 1.00 1 100.00%



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.116   α  – µ α  ∆ µ α  

π  υχ α  (10
6
)  FLE υχ µα α Θ  

Embraer Bandeirante 3.07 7.5 23.00 28 82.14% 

Embraer Brasilia 0.58 7.4 4.27 5 85.40% 

Fokker F28 1.72 9.0 15.45 21 73.57% 

Fokker F70/F100 0.33 5.7 1.87 4 46.75% 

Lockheed L1011 0.49 5.2 2.54 5 50.80% 

Saab 340 0.19 11.2 2.10 3 70.00% 

. 1.9: υ α π  α α φ  α υ µ  α  π  α φ υ  

 α µ   π α  α    υ π  α  2000 α α   531,6 α µµ α 

π .  π υ µ   υ π   2000 α α   380 α µµ α α υ  

[167], π  α  υ πα   α  1.4 π .  π α α υ 

π  α µπ α   α α φ  α µα π α  απ    µ   

x  α  π  α  µφ α µ  α α υ . 1.9  µ  α µ  π α α 

α υ α  π  α  π  α   µ  4.061x10
-7 

µ  π υ πα υ  µ  

απ  απ   µ  5x10
-7

  Vrijling et al. [215].  π α α α υ α   

( µφ α µ  α α π υ πα υ α ) α   µ  5.675x10
-7

 µ   

π α α  α υ  π  µ  υ  µ α  µ . 

1.14.2.3 Έ   υ   α υ α υ µα  

α µα µ    υ  απ     υ    

µ α  µ  . . µα α.  α µ    απ  α α υ υ µα α  α 

α   1995 α   µ  2349 µα [170].  µ  αυ  απ  µ α α α 

υ  µ  υ π α µα  α µ     α  υ υ µ  

φ   υ υπ α   π   α  αυµα µ  π υ  υπ π υ  

α α µα α υ  α   π   α µ  π υ υπ π υ  απ  π π   υ α  

υ  π υ υ   υ  α α  α  α µα. π   π π  ,  

π    απα    υ π υ µ   µ  α π α α α υ 

 α υ υ υ µα   α   1995 (µ  π υ µ   µ  10,5 

α µµ α [170]) α   µ  2.25x10
-4

 2  µ υ  υ  απ   α 

π α α α υ  µ  (~2.1x10
-6

 α  π  1950-2003).  µ   

α  µα  µ α  16 α  24   α  1995 α   µ  3.34x10
-4

 

αυ µ  α  48%   µ   µ   α  π π υ µ α  µ υ  υ  υ 

υ α µα  µα  απ  0  α  16 .    υ   

α υ α υ µα  α  π π υ 100 φ  υ     υ   



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.117   α  – µ α  ∆ µ α  

µ  α  200 φ  υ     υ   α π  υ υ µα  

πα αµ  µ  α α υ    µ   µ  υ απ  υ α  

α α αυ . µφ α µ  υ  Vrijling et al. [215]   π  απ φ  

 α  : 

 
( ) ( )accident

4

Pr Death Pr Death

10−
⋅=  (1.241) 

π υ Pr(Death|accident) α   µ υµ  π α α α υ  π π   υ 

. µ  υ  π  απ φ  υ   απ  µ   

   . Γ α µ  υ Pr(Death|accident)=1  π π   

    µ    π  απ φ   υµα α  απ  1.36%   

2.09% µ  απ  µ   1% [215]. Γ α α α π  υ υ µα α  α   

µφ α µ  α απ µα α υ . 1.9 α  µ  Pr(Death|accident)=72.8% α   µ  

0.2956% α  π . Γ α απ  µ  υ   µ α  υ 1% [215]  π   

π  α   α  π      υπ α   µ  αυ  α   µ  3.38. 

 α α    υ  υ µ υ π  (µ  2 π  α  ) α  α  

40% π π υ αµ    απ  µ . 

1.14.3 µ   

 π π  υ απ  µ υ υ, α  υ  υ α α α  α µ υ 

α    υ  α   µ  υ απ  α α α  

π µα. π   . 1.8, πα α α    µ   π  α  π υ 

 α  µ α µ  π  α  πα υ α  α α υ . 

 π π   α α  µ  α αµ µ   π π υ 180    (7.5 

µ   ) α     υ . 1.8,  µ    α   µ  

0.486%. Γ α α µ  π υ µπ α   α α αυ  α π  35   

α αµ µ  π α α α υ   α α  αυ  α   µ  15.68%.  

  υ  πα υ α  α  3  µ υ  υ    µ   

  υ   µ   α π  α υ µα . α απ µα α υµφ  

µ  α α π υ πα υ α  απ  υ  Vrijling et al. [215], α  Starr, [205], α   

 µ α  υ απ  µ υ α  απ  µ  µ υ υ υµα α  

απ  800  1200. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.118   α  – µ α  ∆ µ α  

1.14.4 υµπ µα α 

π  α πα α µα α π υ πα υ α   πα α φ υ  1.14.2 α  1.14.3 

α α α   π υπ α  µ   µα α  υ υ   

π π . Γ α  α π     υ  απ  µ  µ υ υ α  

 µ υ  µ  υ α  υ α µ  α π  α   

α    υ  π υ α  µ  υ υ υ α .  

πα α  αυ    µα α  π α  α υ  α    υ α α 

 µ  α   υπ φ  α µ    µ     υ  

   α α υ .  

1.15  α µα  - Γ  Ψ υ υ α  µ  

 π  υ υ α υ α µα  µ α  π α   π α µα π α  αµ υ 

µ α  α  υ υ α  α µ .  α αυ  πα  µ  « υ α » 

α µ   µα µ   α  π  µ π α    υ α  

υ  π α  υπ α     α  α  .µ.  

 α φ   υπ α   µ   .µ π υ α   « υ α α» 

π α α υπ α .  α α α αυ  πα α αµ α   φ  απα α  α α 

πα α   υ α  υ µα µ  π υ α π π  α   µα α   υ α α 

α µα α  απα α α. 

1.15.1 α  

 π   µ  π υ απα α  α  υπ µ   π α α  α α  µ  

υ µ   µ  α  απ    (1.11). Γ α  α π   α  

α α α α  µ υ α α υ  « υ α » α µ  µ  π  µ  π  πα αφ  

 α µ  µ υ  π µα α α   α  µα α    

πα   « υ α α » α υ α .  φ α  « υ α α » πα υ α   

α  υπ α   µ  υ α α  πα α µ  α υ  (π  

π µ   πα αφ  1.15.4) φ   α « υ α » α µ  [77] α  

 π α µα α µ α µ  α υ α α µ   µα (0,1) (  π µ  

µ   α υ α  α   υ   πα αµ   α υ α  α  nR  

π  π  µ   α υ α  αυ )  π α π µ  µ α α υ α 

υ α  α µ  α  πα υ  π π α µ  π  πα αφ  α : 

 i i Tx x +=  (1.242) 

π υ xi α  xi+T α  µ   α υ α   υ υ α  α µ  α   α   π  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.119   α  – µ α  ∆ µ α  

πα αφ   υπ  α  α  υ υ α  α µ . α  πα µ  µ α  

α  υ υ α  α µ  α   π  πα αφ ,  α α α µ  

[77], [200],  µ µ φ α υ µα   πα  υ υ  α   πα υ α 

υ   µ φ  [77]: 

 ( ) ( )2, 11
,...,, ,..., i N i ii i i M

x x xg x x x h − − −+ + =  (1.243) 

π υ g() α  h() α  υ α   [0,1]
M→[0,1] α  [0,1]

N→[0,1] π υ υ   

µ   α  υ υ α  α µ   υπ π π α υ π α  υ.  

π µ  πα α φ υ  πα υ α   α  α  υ π α    

υ υ α  α µ  α   π  α µ   υ υ α  α µ . 

1.15.2 α α α µ  

Έ  α υ α υ α  α µ  U1, U2, U3,…,Un  µα [0,1).  α υ α αυ  

µ α  α α µ µ   k α  α  [110]: 

 ( ) ( ) ( )1 1 1 1 1Pr , ,n k n k k k ku U u U uuυ υ υυ+ −≤ < ≤ < = −−…  (1.244) 

α  π  α υ α  α µ  uk, υk  µα [0,1) µ  uk<υk α  1≤j≤k. 

 π π  π υ   α  α α µ   k α  α π α π  

υπ -α υ α υ υ α  α µ  υπ   π π    n→∞,  π α α  

υ α υ α µ   π α π    α υ α  α α    

υ µ υ α µα  α   µ  |u1-υ1| .. |uk-υk|. 

1.15.3 π α 

α υ α α α υ α α µ  α α α  υ α α α   α  υ α  α υπ  

π   π µ  µ   α υ α   υ α  α µ  απ   πα α   

α υ α  αυ  α µα α  α   µ   υπ  πα α  α υ α  L→∞. µφ α 

µ  υ  Kapadia α  Lu [103] “an RNG is polynomial-time (PT) perfect or unpredictable if, 

the time required to predict its next output is super-polynomial (exponential) or the 

probability of correct prediction in polynomial-time is the same as randomly guessing a 

value”. α α υ υ α  α µ  α  α υπ   α  υ 

π υ υµ  υ  α  απ π  α   υ   π υ απα α  α  

υπ µ   π µ  µ  µ α  υπ -α υ α   α  υπ -π υ υµ  (π. . 

)  µ  α α  π α α  π   π µ  µ   

π υ υµ   α   µ   π α α υ α α  π  .  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.120   α  – µ α  ∆ µ α  

π µ  α  µα  απ α  α υ  υ α  α µ  µπ  α 

  αφ α [116], [115], [187]. 

1.15.4 υπ α α  Kolmogorov 

µφ α µ   Shannon, [195],  α µ  υ α α  µ α  π π α µ υ µ υ  υπ -

α υ α  µπ  α υπ  µ   π α  υ α µ  υ : 

 ( )2

, 0

log
i

i i

i p

p p
≠

−∑  (1.245) 

π υ pi α   π α α µφ   µ  i. µφ α µ    (1.245)  

αυ α   π α µ α  α υ α  π π α µ υ µ υ , α α αυ α  α   

υ α α .  π υπ α α  Kolmogorov [118], αµ  υπ  α    

υ  α µ   α υ α. Έ  α υ α υ α  υφ  π υ απ α   x 

 α  µα.  π υπ α  k:N→N, απ   µ  x  α  

α µ  π υ  µ  υ α   µ  υ α  α µ  π υ  πα . Ό  

υ  α   α µ  αυ ,  µ α   α µ  α   υ   

π υπ α υ. α  Kolmogorov αµ α α υ α υ υ α  α µ   µπ  

α α α  υ α α φ   πα α  απ  α µ  π π α µ  

π υπ α   αµα µ α π α µα  υ α α α υ α α µ  απα  α µ  

απ υ µ υ  α  π υπ α . 

1.15.5 µ   υ υ α  α µ  

 πα α φ υ  1.15.5.1  1.15.5.5, πα υ α   π  α µ  

αµµ   υ υ α  α µ .  πα α φ υ  1.15.5.6  1.15.5.10 

πα υ α   π  α µ  µ  αµµ   υ υ α  

α µ .   πα α φ υ  1.15.5.11  1.15.5.14, πα υ α    

υ υ α  α µ  α α  µ α  υ µ υ α α αφ  α   α 

υ υ α  α µ  Mersenne Twister. 

1.15.5.1 Γ αµµ  Γ α µ  ∆ α  π π  (Linear 
Congruential Generators) 

 π  α µ  α α  πα α  α υ  υ α  α µ  

α α   α  π π  (modulo) [77], [190], [200].  α υ α α  : 

 ( ) ( )1 modi ix a x c m−= ⋅ + ⋅  (1.246) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.121   α  – µ α  ∆ µ α  

π υ, α, c α  m α   π απ α α  ,  π   α   α  

π π .   modulo  mod µ α   α α    υπ π   

α : 

 ( )mod int
a

a a bb
b

 ⋅ = − ⋅    (1.247) 

  υ υ α  α µ    (1.246) α π   µα  

α α µ   π µα α µ   α  α  υ  α υ  α µα α  

µ  π υ α  π π  (n-k α )  π υ α α π µα α [77]. 

1.15.5.2 Γ αµµ  α µ  α  π π  µ  α α  
(Multiple Recursive Generators) 

 µ  αυ  απ  π α   µ υ π π   πα α φ υ 1.15.5.1.  

α υ α α   [77]: 

 ( )
1

mod
k

j i ji
j

a x cx m−=
 ⋅ += ⋅  ∑  (1.248) 

Γ α  υπ µ   µ  xi απα α   µ  {xi-1,…,xi-k}.   (1.248) α 

υ µ υ  υ υα µ   πα αµ  α  υ α  α πα υ  π  

πα αφ   µ  2
31

-1 [114]. 

1.15.5.3 Γ αµµ  Γ α µ  α  π π  µ  α α µ  α  
Fibonacci (Lagged Fibonacci) 

 µ  αυ  α α   α α µ  α  Fibonacci µ  υ υα µ    π υ 

α   υ µ  απ α  µ α  υ  [77].  α υ α α  : 

 ( ) ( ) ( )modi j i k i j i ki i
x x x xx xm− − − −+= ⋅ ≡ =  (1.249) 

 π   πα αµ  j, k α  m   π  πα αφ   µ  m
k
-1. 

 µ  αυ  απ  π π  υ α µ υ  πα α φ υ 1.15.5 µ    

π  π π   α  υπ µ  υ xi. αµ  υ α α  

π   πα αµ  πα υ α   α α υ Altman [3]. 

1.15.5.4 Γ α υ υ α  α µ  π  µ  µ αφ , 
αφα  µ  α µ  

  π  µ  µ αφ  α  αφα  µ  α µ  (Add with Carry, Subtract 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.122   α  – µ α  ∆ µ α  

with Borrow), α   α α  Marsaglia α  Zaman, [130] α  απ  

π α   µ υ Fibonacci µ  υ .  α υ α α  : 

 ( ) ( )modi i s i r ix x x c m− −= + + ⋅  (1.250) 

Γ α  µ  ci  : 

 1 10 0ic c += =  α  i s i r ix x c m− −+ + <  α  1 1ic + =  (1.251) 

 π   πα αµ  υ   π  πα αφ   µ  10
43

. 

1.15.5.5 Γ α υ υ α  α µ  π απ α α µ  µ  
µ αφ  (Multiply with Carry) 

 π π   α  υ υ α  α µ  π απ α α µ  µ  µ αφ   

α υ α α   [130]: 

 ( ) ( )1 modi i ix a x c m−= ⋅ + ⋅  (1.252) 

π υ   ci α  µφ α µ    (1.251).  αφ  µ α   µ υ υπ  

α  α   µ υ π π  α   π  µ   π  α   

π    α υ α . 

 Marsaglia α  Zaman [130] π υ  µ  m=2
32

 α   α α  α µ  µ  

α α 64 υφ . αµ  υ α α  π   πα αµ  µ    

πα α  α υ  υ α  α µ  µ  µ  π  πα αφ  α  α α µ  

α µ  µ  υ k πα υ α   α α  Coutoure α  L’Ecuyer [36]. 

1.15.5.6 φ  υπ  α µ  (Inversive Congruential 
Generator) 

 α φ  υπ  α µ  α   α α  µ  αµµ  

α υ  υ υ α  α µ .  α υ α α   [51]: 

 ( ) ( )
1

modi i
x a x c m

−−= ⋅⋅ +  (1.253) 

π υ,  π απ α α  α φ  1ix−−  α  απ   : 

 ( )1 modx x m
−= ⋅ ⋅  (1.254) 

 µ  αυ  υ µ  µ   µ  π π  πα υ  υ  µ µ φ α 

α  π  α  α α  α α µ  υ µα  µ  απ φυ  µ   



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.123   α  – µ α  ∆ µ α  

υπ α υ   υπ π π α [51], [50], [157], [158]. Γ α α=2mod4, b=1mod2 α  p≥4  

 (1.253) π π α   [53]: 

 ( ) 2 0,1,...,p

ix i i Na i b= ⋅ =⋅ +  (1.255) 

 Eichernauer-Hermann, [53] απ    π  πα αφ  α  α υ α  

 (1.255) α   µ  m=2
p
.   π π  αυ  πα α  υ α  

α α  α µ   µα (0,m-1). 

1.15.5.7  Γ αµµ  Γ α ∆ α  π π  (Non Linear 
Congruential Generators) 

O Knuth [110], πα υ α  π π    (1.246) µ   α   µ  

αµµ  υ.  α υ α α  : 

 ( ) ( )2

1 1
modi i i

x d x a x c m− −= ⋅⋅ + ⋅ +  (1.256) 

Γ α  µ  αµµ   υ υ α  α µ   α υ α α  : 

 ( ) ( )1,..., modi i N ix g x x m− −= ⋅  (1.257) 

π υ g(x) α  µ α µ  αµµ  απ  [0,1]
N→[0,1] α   α   µ µ   

α .  Eichenauer et al., [50], απ υ   µ  α  π   

υ  g(x) πα α  α υ  υ α  α µ  µ  π  α  µ µ φ α α  

α α µ .  α α α  Eichenauer, [52], πα υ  α α υ   π  

α µ  µ  αµµ   υ υ α  α µ  α    υ . 

1.15.5.8  αµµ  α µ  α  π π  α φ υ 
υπ  (NLCG with multiplicative inverse) 

 Kato et al., [106], πα υ υ  µ α µ  αµµ  α υ υ α  α µ  π υ 

υ υ   π απ α α  α φ    (1.253) µ    (1.246): 

 ( ) ( )
1 1

modi i i
x a x b x c m

−− −= ⋅⋅ + ⋅ +  (1.258) 

  1ix−−  α  µφ α µ    (1.254). α α  π   

 α  α α α   α µ   πα α φ  1.15.5.6  α  1.15.5.8 

πα υ α  απ   Eichernauer-Hermann, [53]. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.124   α  – µ α  ∆ µ α  

1.15.5.9  υπ  α µ  (Matrix Congruential 
Generators) 

 µ  υπ  α µ  απ  υ   µ υ  πα α φ υ 

1.15.5.6.  υ µα xi  α υ α  α   [77]: 

 ( ) ( )1 modi i m−= ⋅ + ⋅x A x C  (1.259) 

π υ,  α  C α   µ   π απ α α  υ  α   υ µα  

π  υ  α α.  π π  π υ  µ   α  α  α  

 υ µα C α    (1.259) υπ π π   π π  π απ   

µ  α  π π  π υ α µ  υ α µα  π φ α  απ    

(1.246) µ   π απ α α  υ  α α α  απ   µ  ii υ µ υ α  

 π   c απ   µ  Ci υ α υ α µα .   π π  

π υ  µ  Ci α  µφ α µ    (1.251) α   µ   α   µ   

µ    i υ α µα  x α  υ µ  µ   µ  υ α µα  xt-1 [77]. 

1.15.5.10  υπ  α µ  µ  α α  (MCG with 
multiple recursion) 

 α µ  αυ  απ  π α    α µ   πα α φ υ 1.15.5.9.  

 (1.259) π π α   [77]: 

 ( )
1

mod
k

j i ji
j

m−=
 ⋅ += ⋅  ∑A x Cx  (1.260) 

    µ  υπ  µ  α α  πα υ α  

π µ   α  υ Niederreiter [159], [162], [161], [160]. 

1.15.5.11 Γ  α α  µ α  µ υ α α αφ  (Feedback 
Shift Register) 

 Tausworthe [210], πα υ  α υ υ α  α µ  π υ α α   

α υ  υφ   µ φ : 

 ( )
1

mod 2

p

j i ji

j

a xx −=
 ⋅= ⋅  ∑  (1.261) 

π µα  α α  υ Tausworthe α   α π υ  µ α   α  

α  α µ  υ υ α  α µ .  α α υ Tausworthe α α  α 

π υ υµα υ π υ Galois 2
α

 . Ω  π υ υµ  n-  υ π υ Galois 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.125   α  – µ α  ∆ µ α  

α   π υ υµ   µ φ : 

 ( ) 1

1 ...k k

kP z A z Az
−= − − −  (1.262) 

π υ  υ  υ {A1,…,Ak} α   µ  0  1.   υ π υ µ υ α    

µ  µ  υ υ  e α  π α  π υ υµ    (1.262) α   

 x
e
+1. α α    αυ  α   αµ  υπ    

α α µ  υ µα  α υ  k α   π  µ  π  πα αφ  π υ 

α  µ α µ   π  υ π υ µ υ Galois. 

1.15.5.12 Γ υµ  Γ  α  α  µ υ 
α α αφ  (Generalized FSR) 

 Lewis α  Payne, [117], π π α    (1.261) α α   : 

 i i p i p qx x x− − += ⊕  (1.263) 

π υ p α   υ   α  α  ⊕  α    υ απ   

(exclusive-OR): 

 0 0 0 0 1 1 1 0 1 1 1 0⊕ = ⊕ = ⊕ = ⊕ =  (1.264) 

 φ  υ π µ υ υ πα α  µ   α υ    (1.264).  

α α α πα α αµ α   φ  α  α α α   α µ υ  α υφ α 

π υ α υ   µ  xi. O Fushimi [73], π π α    (1.263) : 

 3 3i i p i qx x x− −= ⊕  (1.265) 

α   α µ  µ  π  πα αφ   µ  2
521

-1 α p=521. 

1.15.5.13 Γ υµ  Γ  α  α  µ υ 
α α αφ  µ   (Twisted Generalized FSR) 

 α αυ  απ  υ υα µ    υµ  α α  α   

µ  .  Matsumoto α  Kurita, [133], [134], α   υ  

π  πα αφ  α  α   µ µ φ α  υ µα  α π υ α α 

π µα α, π π α    (1.263) µ   α   µ υ A : 

 i i p i p qx x x− − += ⊕A  (1.266) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 
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1.15.5.14 Γ α υ υ α  α µ  Mersenne Twister (Mersenne 
Twister Random Generator) 

 Matsumoto α  Nishimura, [135], πα υ α α    µ  µ υ 

υµ  α α  µ α  υ µ υ α α αφ  π υ α     

π  α µ  υ Mersenne.  π  α µ  Mersenne α  : 

  α  µ  α  2 1nΝ = −  prime → Mersenne Prime (1.267) 

 α υ α  υ α  α µ  α  : 

 ( )1

lu
n k k m kk

x x xx+ + += ⊕ A  (1.268) 

π υ, n α   α  α α   µ υ α  1≤m≤n.  µ α    

(1.268) x
u

k α  x
l
k+1 α  : 

 
( )( ) ( )1

1 0

1 0

,...,
,...,

,...,

u

w r

wl

r

x x x
x x x

x x x

− −
−

= → ==   (1.269) 

π υ, 1≤r≤w α  w α   µ  υ α µα .  µ  A (wxw) α   [135]: 

 

1 2 3 0

1

1

1

w w wa a a a− − −

    =     

A  (1.270) 

µ    xA α α   [135]: 

 

( )
( )

( )
k+1k

1, 2 1 0

1, 2 1 0

απ  xαπ  x

αµ α 0

αµ α 1

, , , , ,

, , , , ,

o

o

w w w r w r

w w w r w r

if x

if x

a a a a a

x x x x x

− − − − −
− − − − −

==  ⊕ =
=
 =   

x
xA

ax

a

x

… …

… …

 (1.271) 

Γ α  πα α   υ υ α  α µ  πα α  α  n-1 « » π υ 

απ υ  n-1 υ α υ  α α υ  α µ   µα (0,2
w
-1) π υ  α α  2

w
-1 

απ  Mersenne Prime. Ω  « » α   υ µα  υφ   α α υ 

α µ  µ υ  w.  π π  υ α µ υ Mersenne Twister  « » αυ  

α  απ   α υ α υ α  α α  υ Knuth [110].    (1.268), 

(1.270) α  (1.271) πα α   n .  α α α πα α αµ α  α  πα α  
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α υ α  n υ α  α α  α µ .  υ α  α µ   µα (0,1) 

αµ α  µ   α  υ α α υ µ   µ  2
w
-1. 

 π  πα αφ  υ α µ υ      µ  2
nw-r

-1 π υ α n=32, 

w=624 α  r=31  µ  π  πα αφ   µ  2
19937

-1 (  24  π  α µ  

α  Mersenne) α  α π    α α µ   π µα α 623 α . 

  µ υ α      π  πα αφ  α  υ α  α αυ  

π  µ   π  µ α  µ  υ π υ α µ  Mersenne α   

α   α   α α µ  α π υ α α π µα α. 

1.16 α µα  – α α α   µ υ α  
υπ υ 

 πα αφ  αυ  πα υ α  πα α α   µ υ α  υπ υ. 

  πα α α  αυ   π υ   π υµ  α   α  

α π  υ υ  µ . 

1.16.1  α  π υ (Latin Hypercube Sampling) 

 µ  µα α  α N µα α  K α  α   [168]: 

 ( )1

N
= ⋅ −S P R  (1.272) 

π υ, S α   µ  π α  µα α  υ υ, P α   µ  

α µ  α  x  π υ   π  µ α υ α α α µ   

φυ  α µ  απ   1,..,  α  R α   µ  NxK υ α  α µ   µα 

(0,1).  µ  S π   µα α K  α π α α µ α   αφ  

υπ α υ π α  υ  α αµ µ  υ π υ   α  α α  

απ   α µ   µ  N.  µ α µα µ    (1.272) α φα    

 υπ  υ α  µ  α µα (∆ . 1.19) α  απ φυ  µ  

 υπ - π π .   µα α  : 

 ( )1ˆ
j

ijij x
sx F −=  (1.273) 

π υ, sij α    υ µ υ S, Fxj α   α α µ  α  j .µ α  xij α   

µ  α  j .µ υ i µα . 

1.16.2  α  υπ υ µ    υ υ  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.128   α  – µ α  ∆ µ α  

(LHS with reduction of spurious correlation) 

 πα α α  αυ    µ   υ υ  (spurious correlation) π υ 

α  υ α  α πα υ α   π π    (1.272).  ∆ . 1.62, 

πα υ α  µα α   α  8 µ  µ  υ  α  αµ  

πα α  υ  α  υ  α  αµ  π α [168].  

  υ  - αµ  π α αµ   υ  -  π α   υ  -  π α

X X X

X X X

X X X

X X X

X X X

X X X

X X X

X X X

 

∆ . 1.62: ∆ µα α υ  α  αµ  υ υ  υ  α  αµ  π α . 

  υ  α  µ   π α υ µα  α  υ   υ  

α αµ α   π π  αµ  π α   µ   υ   π α  α 

α φα  α  αµ   υ . α µα α  µ υ υ α  : 

µα 1. ∆ µ υ α µ υ Y : 

 1

1

ij
ij

p
y

N

−  = Φ  +   (1.274) 

µα 2. π µ  υ µ υ υ α π  υ µ υ Y : 
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( ) ( )
( ) ( ) ( )
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Y

 (1.275) 

µα 3. π µ  α  Cholesky µ  υπ µ  υ µ υ L : 

 ( )cov T= =A LLY  (1.276) 

π υ µ  L  α  α   µ  µ  α: 
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1

1
2 1

1

i

ij ik jki
k

ii ij ik ij

k ii
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l a l l
l

−
− =
=

− ⋅
= − = ∑∑  (1.277) 

µα 4. π µ  υ µ υ * : 

 ( )⋅ T* -1Y = Y L  (1.278) 

π υ       υ µ υ * α  α α   υ 

µ υ P* π υ α α   µ  P   (1.272).  α µ     

     υ   υ   υ µα j π υ  ij=max{ j, 

j=1,…,N}    1 α    ij=min{ j, j=1,…,N}  α µ  . 

µα 5. π µ  υ µ υ µα α  S* : 

 ( )1

N

∗ ∗= ⋅ −S P R  (1.279) 

 µα υ µ υ S* α αµ α  α  π  µ   υ    µ  

 µα υ µ υ S.  π π  π υ απα α  µα µ  υ µ  υ  

µ α   .µ   (1.278) π π α  : 

 ( )⋅ ⋅T* T-1Y = Y LL  (1.280) 

1.16.3  α  υπ υ µ  µ  α υ α  
µα α  (Sample Importance LHS) 

 πα α α  αυ  υ υ   µ  α  υπ υ µ   µ  α υ α  

µα α .   α   α  π  πα υ α  α  2 α  

 ∆ . 1.63 ([168]).  υπ µ  υ µ υ S π α µα π α   

µ α µα µ : 

 ( )1ˆ ijij
su −= Φ  (1.281) 

π υ  υ µα ˆ
iu  π   µ α µα µ  υ µα     α  

α  .µ.  µ α µα µ    υ   µ  π  υ 

µ υ µ  π α φ α .  π α α α α   π π  αυ  α  : 

 ( ) ( ) ( ) ( )( )0
1

1

ˆi

N
u i

if ig u
j u i

u
W uP W u

N u

φ
φ<=

 = = ∑  (1.282) 

π υ, φu α     α  α α µ      α .  µα iu  
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α  : 

 ˆ
i iu u= +m  (1.283) 

π υ, m α   µ  µ  π α φ α .  

 

∆ . 1.63:  α  υπ υ  υ υα µ  µ   µ  α υ α  

µα α  πα υ α  υ α υ µα  ([168]). 

1.16.4  α  υπ υ µ  φ  υ µ  
(Transformed Importance LHS) 

 πα α α  αυ  απ    µ υ  πα α φ υ 1.16.3.   α   

α  π  πα υ α  α  2 α   ∆ . 1.64 ([168]).  

π π   υ   µ   π  π  υ µ υ µ  

π α φ α  υµ  α  φ  υ υ µα α    α υ  

µα α  α αυ  µ   υ  υ α µα  α υ  υ µ υ 

µ  π α φ α . 
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∆ . 1.64:  α  υπ υ  υ υα µ  µ   µ  α υ α  

µα α  µ  φ  υ υ µ  ([168]). 

1.16.5  α  υπ υ υ π   π φ α 
α α  (AILHS Axis Importance LHS) 

 πα α α  αυ  υ  α µ α µα α   π φ α α α -

υ α .   α   α  π , α  2 α , πα υ α   

∆ . 1.65. 

 µα π    -1 α  α   µα α  : 

 ( ) ( ) ( )1 1
, ,  matrices1ijij

su N K
N

−= Φ = × −−S S P RP R  (1.284) 

π υ iju  α   µα  π π µ  α  αµµ  µα α αφ .  

π α α α α   π π  αυ  α  : 

 ( )
1

1 N

f i

i

P b
N =

= Φ −∑  (1.285) 

 απ  bi υπ α  µ   υ  α  α  : 

 [ ]( ) 0,i ig b u =  (1.286) 

π υ, iu  α   υ µα µ   -1 α    (1.284).     
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α  α  & µ  υ  1.132   α  – µ α  ∆ µ α  

(1.286) απα  πα α π  α α α α   α   α   µ   (  απ α  

υ µ υ µ  π α φ α ).  

 

∆ . 1.65:  α  υπ υ µ  α  π   υ  α  

α   υ υα µ  µ   µ  α υ α  µα α  ([168]). 

1.16.6  α  υπ υ µ  µ  πα α  
υ   π   π φ α α α  (Axis 

Importance Correlated LHS, AICLHS). 

 πα α α  αυ  απ    µ υ  πα α φ υ 1.16.5.   (1.284) 

π π α  : 

 ( ) ( )1 * 1
* *ij iju s

N

−= Φ = −S P R  (1.287) 

π υ  µ  *P  µ φ α  µ    α π   υ υ  µ   

α   (1.274)  (1.280).  π π  υ 2 α   µ  

αυ  αυ α  µ   µ   πα α φ υ 1.16.5. 

1.16.7  α  υπ υ  α  π   
π φ α α α  µ  µα α α  µ  MC (AIMC 

Axis Importance MC method). 

  πα α α  αυ , α   α   πυ α  µα α   µ α 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 
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π  υ µ υ µ  π α φ α  µ   α   α α µ .  

 α   α  π , α  2 α , πα υ α   ∆ . 1.66 

([168]). 

 

∆ . 1.66:  α  υπ υ  α  π   υ  α  

α  µ  µα α α  MC ([168]). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.134   α  – µ α  ∆ µ α  

1.17 αφ α 

[1] Abramowitz, M., Stegun, I.A., editors (1972) “Handbook of Mathematical Functions 

with Formulas, Graphs, & Mathematical Tables”, Dover, New York USA. 

[2] AIRSAFE (2003) http://www.airsafe.com/events/models/rate_mod.htm 

[3] Altman, N.S., (1989) “Bit wise behavior of random number generators”, SIAM Journal 

of Scientific & Statistical Computing, 9:941-949. 

[4] Ambrosini, R.D., Riera J D., Danesi, R.F., (2002) “Analysis of structures subjected to 

random wind loading by simulation in the frequency domain”, Probabilistic 

Engineering Mechanics, 17(3):233-239. 

[5] American Assosciation of State Highway and Transportation Officials, (1994) “LRFD 

bridge design specifications”, AASHTO, Washington DC, USA. 

[6] Ang, A.H.S., Tang, W.H., (1975) “Probability Concepts In Engineering Planning & 

Design. Vol. 1 Basic Principles”, John Wiley & Sons, New York. 

[7] Ang, A.H.S., Tang, W.H., (1975) “Probability Concepts In Engineering Planning & 

Design. Vol. 2 Examples”, John Wiley & Sons, New York. 

[8] Au, S.K., Beck, J.L, (1999) “A new adaptive importance sampling scheme for reliability 

calculations”, Structural Safety, 21(2):135-158. 

[9] Au, S.K., Beck, J.L, (2001) “First excursion probabilities for linear systems by very 

efficient importance sampling”, Probabilistic Engineering Mechanics, 16(3):193-207. 

[10] Au, S.K., Beck, J.L, (2003) “Important sampling in high dimensions” Structural Safety, 

25(2):139-163. 

[11] Au, S.K., Papadimitriou, C., Beck, J.L., (1999) “Reliability of uncertain dynamical 

systems with multiple design points”, Structural Safety, 21(2):113-133. 

[12] Ayyub, B.M., Haldar, A., (1983) “Practical structural reliability techniques”, Journal of 

Structural Engineering, 110(8):1707-1724. 

[13] Balakrishnan, N., Basu, A.P., (1996) “The exponential distribution: Theory, methods, & 

applications” Gordon and Breach, New York, USA. 

[14] Balakrishnan, N., Chen, W.W.S., (1999) “Handbook of tables for order statistics from 

Lognormal Distributions with applications” Kluwer, Amsterdam, Netherlands. 

[15] Bavuso, J.S., (1997) “Aerospace applications of weibull and Monte Carlo simulation 

with importance sampling”, NASA Reports, 97RM-102:1. 

[16] Bayer, V., Bucher, C., (1999) “Importance sampling for first passage problems of 

nonlinear structures”, Probabilistic Engineering Mechanics, 14(1-2):27-32. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.135   α  – µ α  ∆ µ α  

[17] Benjamin, J.R., Cornell, C.A., (1970) “Probability Statistics & Decisions for Civil 

Engineers”, Mc Graw Hill, New York. 

[18] Bertsimas, D., Tsitsiklis, J.N., (1997) “Introduction to linear optimization”, Athena 

Scientific, Belmont, Mass., USA. 

[19] Bhattachaya, B., Basu, R., Ma, K.T., (2001) “Developing target reliability for novel 

structures: the case of Mobile Offshore Base”, Marine Structures, 14:37-58. 

[20] Birolini, A. (1985) “On the Use of Stochastic Processes in Modeling Reliability 

Problems”, Lecture Notes in Economics & Mathematical Systems, Springer Verlag, 

Berlin, Germany. 

[21] Boole, G., (1854) “Laws of though” American reprint of 1854 ed., Dover, New York. 

[22] Breitung, K., (1984) “Asymptotic approximations for multi-normal integrals”, Journal 

of Engineering Mechanics, 110(3):357-366. 

[23] Breitung, K., (1989) “Asymptotic approximations for probability integrals”, 

Probabilistic Engineering Mechanics, 4(4):187-190. 

[24] Breitung, K., (1991) “Probability approximations by log likelihood maximization”, 

Journal of Engineering Mechanics, 117(3):457-477. 

[25] Bucher, C.G. (1988) “Adaptive Sampling-an Iterative Fast Monte Carlo Procedure”, 

Structural Safety, 5:119-126. 

[26] Bucher, C.G., Bourgund, U., (1990) “A fast and Efficient Response Surface approach 

for Structural Reliability Problems”, Structural Safety, 7:57-66. 

[27] Cai, G.Q., Elishakoff, I., (1994) “Refined second-order reliability analysis”, Structural 

Safety, 14:267-276. 

[28] Cambier, S., Guihot, P., Coffignal, G., (2002) “Computational methods for accounting 

of structural uncertainties, applications to dynamic behavior prediction of piping 

systems”, Structural Safety, 24(1):29-50. 

[29] Chan, H.Y., Melchers, R.E., (1993) “A simulation method for time-dependent structural 

reliability”, Computers & Structures, 49(6):989-996. 

[30] Cheng, R.C.H., Davenport, T.R., (1988) “Stratified Sampling in the simplex with 

applications to estimating statistical distributions”, Proceedings of the 1988 Winter 

Simulation Conference, Abrams, M., Haigh, P., Comfort, J., (eds), 540-545. 

[31] Christensen, P.T., Baker M.J., (1982) “Structural Reliability Theory and its 

applications”, Springer Verlag, Berlin, Germany. 

[32] Christensen, P.T., (1990) “Consequence modified [beta]-unzipping of plastic structures” 

Structural Safety, 7(2-4):91-198. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.136   α  – µ α  ∆ µ α  

[33] Christensen, P.T., Murotsu, Y., (1986) “Application of Structural Systems Reliability 

Theory”, Springer Verlag, Berlin, Germany. 

[34] Cohen, B.L., (1998) “Public perception versus results of scientific risk analysis”, 

Reliability Engineering & System Safety”, 59:101-105. 

[35] Cohen, P., (1966) “Set theory & the continuum hypothesis”, Benjamin, New York, 

USA. 

[36] Coutoure, G., L’Ecuyer, P., (1995) “On the lattice structure of certain linear 

congruential generators”, Proceedings, of the 1995 Winter Simulation Conf., ACM, New 

York, 263-267. 

[37] Cremona, C., (2003) “Probabilistic approach for cable residual strength assessment” 

Engineering Structures, 25(3):377-384. 

[38] Cullen, H.N., (1990) “The public inquiry into the Piper Alpha disaster”, Technical 

Report, The parliament by the Secretary of the State for Energy, UK. 

[39] Das, P.K., Zheng, Y., (2000) “Cumulative formation of response surface and its use in 

reliability analysis”, Probabilistic Engineering Mechanics, 15(4):309-315. 

[40] Deak, I., (1980) “Three digit accurate multiple normal probabilities”, Numerical 

Mathematics, 35:369–380. 

[41] Dey, A., Mahadevan, S., (1998) “Ductile structural system reliability analysis using 

adaptive importance sampling” Structural Safety, 20(2):137-154. 

[42] Diaconis, P, Mosteller, F., (1989) “Methods of Studying Coincidences”, Journal of 

American Statistical Association, 84:853-861. 

[43] Dimou, C.K., Solomos G.P., (1995) “Evaluation of Stochastic Crack Propagation 

Models”, Applications of Statistics & Probability, ICASP 7, Paris, France, 459-465. 

[44] Dimou, C.K., Solomos, G.P., (1996) “Reliability analysis of a System with the Use of 

Fatigue Reliability Indicators”, Technical Note, J.R.C. #. I.96.42. 

[45] Ding, K., Zhou Z., Liu, C., (1998) “Latin hypercube sampling used in the calculation of 

the fracture probability”, Reliability Engineering & System Safety, 59(2):39-242. 

[46] Diniz, S.M.C., Frangopol, D.M., (2003) “Safety evaluation of slender high-strength 

concrete columns under sustained loads” Computers & Structures, 81(14):1475-1486. 

[47] Ditlevsen, O., (1979) “Narrow Reliability Bounds for structural systems”, Journal of 

Structural Mechanics, 7(4):453-472. 

[48] Ditlevsen, O., Melchers R.E., Gluver, H. (1990) “General multi-dimensional probability 

integration by directional simulation” Computers & Structures, 36(2):355-368. 

[49] Eekelen, Van, A.J., (1995) “Review and Selection of Methods for Structural Reliability 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.137   α  – µ α  ∆ µ α  

analysis”, TU Delft, Faculty of Aerospace Engineering, report LR-788. 

[50] Eichenauer, J., Grothe, H., Lehn, J., (1986) “Marsaglia’s Lattice test and non-linear 

congruential pseudo random number generators”, Metrika, 35:241-250. 

[51] Eichenauer, J., Lehn, J., (1986) “A non linear congruential pseudo random generator”, 

Statistische Hefte, 27:315-326. 

[52] Eichenauer-Hermann, J. (1995) “Pseudorandom number generation by non-linear 

methods” International Statistical Review, 63:247-255. 

[53] Eichenauer-Hermann, J. (1996) “Modified explicit inversive congruential pseudo 

random generator”, Metrika, 35:241-250. 

[54] Elishakoff, I., Hasofer, A.M., (1996) “Detrimental or serendipitous effects of human 

error on reliability of structures”, Computer Methods in Applied Mechanics & 

Engineering, 129:1-7. 

[55] Elms, D.G., (1999) “Achieving structural safety: theoretical considerations”, Structural 

Safety, 21(1-2):311-333. 

[56] Engelund, S., Rackwitz, R., (1993) “A benchmark study on importance sampling 

techniques in structural reliability”, Structural Safety, 12(4):255-276. 

[57] Enderton, H.B., (1977) “Elements of Set Theory”, Academic Press, New York, USA. 

[58] Enright, M.P., Frangopol, D.M., (1999) “Reliability-based condition assessment of 

deteriorating concrete bridges considering load redistribution”, Structural Safety, 

21(2):159-195. 

[59] ENV 1991 (1994) “Eurocode 1. Basis of Design and actions on Structures”, CEN, 

European Committee for Standardisation, Brussels, Belgium. 

[60] ENV 1992 (1995) “Eurocode 2. Design of Concrete Structures”, CEN, European 

Committee for Standardisation, Brussels, Belgium. 

[61] ENV 1993 (1993) “Eurocode 3. Design of Steel Structures”, CEN, European Committee 

for Standardisation, Brussels, Belgium. 

[62] Evans, M., Hastings, N., Peacock, B., (2000) “Statistical Distributions”, 3
rd

 Edition, 

John Willey and Sons, USA. 

[63] European Space Agency, “Disaster Management Database, Earthquakes”, 

http://earth.esa.int/applications/dm/disman/db/risk_monographs/RMEarthquakes.html 

[64] Feller, W., (1968) “An Introduction of Probability Theory & its applications, Volume 

1”, John Willey and Sons, USA. 

[65] Feller, W., (1971) “An Introduction of Probability Theory & its applications, Volume 

2”, John Willey and Sons, USA. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.138   α  – µ α  ∆ µ α  

[66] Fiessler, B., Neumann, H.J., Rackwitz, R., (1979) “Quadratic limit states in structural 

reliability” Journal of Engineering Mechanics, 105(4):661-676. 

[67] Fitelson, B., (2001) “Studies in Bayesian confirmation theory” Ph.D. thesis, Univ. of 

Wisconsin. 

[68] Floris, C. (1985) “Analysis of the Safety of a Prestressed Box Girder Bridge by the 

Monte Carlo Techniques”, ICASP 5, Lind, N.C., (eds), Waterloo, Canada, 174-181. 

[69] Foschi, R.O., Li, H. Zhang, J., (2002) “Reliability and performance-based design: a 

computational approach and applications”, Structural Safety, 24(2-4):205-218. 

[70] Frangopol, D.M., Recek, S., (2003) “Reliability of fiber-reinforced composite laminate 

plates” Probabilistic Engineering Mechanics, 18(2):119-137. 

[71] Fu, G., (1994) “Variance reduction by truncated multimodal importance sampling”, 

Structural Safety, 13(4):267-283. 

[72] Fujita, M., Schall, G., Rackwitz, R., (1985) “Time-Variant Component Reliabilities by 

FORM-SORM and Updating by Importance Sampling”, ICASP 5, Lind, N.C., (eds), 

Waterloo, Canada, pp. 520-527. 

[73] Fushimi, M., (1990) “Random number generation with the 

recursion 3 3t t p t qX X X− −= ⊕ ”, Journal of Computational & Applied Mechanics, 31:105-

118. 

[74] Galambos, T.V., (1998) “Design Codes”, In: “Engineering Safety”, Blockley, D., (eds), 

McGraw-Hill, New York, USA. 

[75] Gallaher, L.J., (1973) “A Multidimensional Monte Carlo Quadrature with adpative 

Stratified Sampling”, Communications of the ACM, 16(1):49-52. 

[76] Gayton, N., Bourinet, J.M., Lemaire, M., (2003) “CQ2RS: a new statistical approach to 

the response surface method for reliability analysis”, Structural Safety, 25(1):99-121. 

[77] Gentle, E.J., (1998) “Random Number Generation & Monte Carlo Methods”, Springer-

Verlag New York - USA, Series on Statistics and Computing. 

[78] Gharaibeh, E.S., Frangopol, D.M., Onoufriou, T., (2002) “Reliability based importance 

assessment with applications to complex structures”, Computers & Structures, 80:1113-

11131. 

[79] Grigoriu, M., (1983) “Reliability of Chain and Ductile-Parallel Systems”, Journal of 

Engineering Mechanics, 109(5):1175-1188. 

[80] Gulvanessian, H., Holicky, M., (2002) “Reliability based calibration of Eurocodes 

considering a steel member”, Workshop on Reliability Based Code Calibration, Zurich, 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.139   α  – µ α  ∆ µ α  

March 21-22, Switzerland. 

[81] Hailperin, T., (1965) “Best Possible inequalities for the probability of a logical function 

of events”, American Mathematics Monthly, 72(4):343-359. 

[82] Hellinga, B.R., Fu, L., (2002) “Reducing bias in probe-based arterial link travel time 

estimates”, Transportation Research Part C: Emerging Technologies, 10(4):257-273. 

[83] Helton, J.C., Davis, F.J., (2003) “Latin hypercube sampling and the propagation of 

uncertainty in analysis of complex systems”, Reliability Engineering & System Safety, 

81:23-69. 

[84] Hohenbichler, M., Rackwitz, R., (1983) “Reliability of Parallel Systems Under Imposed 

Uniform Strain”, Journal of Engineering Mechanics, 109(3):896-907. 

[85] Hohenbichler, M., Rackwitz, R., (1988) “Improvement of Second-Order Reliability 

Estimates by Importance Sampling”, Journal of Engineering Mechanics, 114(12):2195-

2199. 

[86] Holicky, M., Markova, J., (2002) “Calibration of reliability estimates for a column”, 

Workshop on Reliability Based Code Calibration, Zurich, Switzerland. 

[87] Hoshiya, M., (2002) “Redundancy Index of Lifeline Systems”, Journal of Engineering 

Mechanics, 128(9):961-968. 

[88] Hsieh, Y.-C., (2003) “A linear approximation for redundant reliability problems with 

multiple component choices”, Computers & Industrial Engineering, 44(1):91-103. 

[89] Huh, J., Haldar, A., (2002) “Seismic reliability of non-linear frames with PR 

connections using systematic RSM” Probabilistic Engineering Mechanics, 17(2):177-

190. 

[90] Hunter, D., (1976) “An upper bound for the probability of a union”, Journal of Applied 

Probabilities, 13:597-603. 

[91] Huygens C. (1657) “De Ratiociniis in Ludo Aleae – The value of all chances”, in Latin 

[92] Hrbacek, K., Jech, T., (1999) “Introduction to Set Theory”, 3
rd

 Edition, Marcel Dekker, 

Inc., New York, USA. 

[93] Hwang, H.M.H., Hsu, H-M., (1991) “A Study of Reliability-Based Criteria for Seismic 

Design of Reinforced Concrete Frame Buildings” NCEER-99-0023. 

[94] Hwang, H.M.H., Ushiba, H., Shinozuka, M., (1988) “Reliability analysis of code design 

structures under natural hazards”, NCEER-88-0008. 

[95] Ikeji, A.C., Fotouhi, F., (1995) “Computation of partial query Results with an Adaptive 

Stratified Sampling Technique”, CIKM 95, Baltimore, USA, 145-149. 

[96] Iman, R., Conover, W., (1982) “Sensitivity αnalysis Techniques. A self teaching 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.140   α  – µ α  ∆ µ α  

curriculum”, SAND 81-1987, Sandia Labs New Mexico. 

[97] Iman, R., Shortencarier, M., (1984) “FORTRAN-77 Program & User’s guide for the 

generation of latin hypercube & random samples for use with computer models”, SAND 

83-2365, Sandia Labs New Mexico. 

[98] International Organization for Standardization (1998) “General principles on reliability 

of structures”, ISO 2394. 

[99] JCSS, (2001) “Probabilistic Model Code, Part 1, Basis of design, 12
th

 Draft”, Joint 

Committee on Structural Safety. 

[100] Jouris, G.M., Shaffer, D.H., (1978) “Use of probability with linear elastic fracture 

mechanics in studying brittle fracture in pressure vessels”, International Journal of 

Pressure Vessels & Piping, 6(1):3-21. 

[101] Kaisheng, C., Shengkun, Z., Wei, H., (1996) “Artificial intelligence -unzipping 

method in structural system reliability analysis” Computers & Structures, 60(4):619-

626. 

[102] Kallenberg, O., (1997) “Foundations of Modern Probability”, Springer-Verlag, New 

York, USA. 

[103] Kapadia, A., Lu, C., (2000) “Random number generators”, CS/ECE 441 Project Report, 

Dept, of Computer Science, University of Illinois at Urbana-Champaign, USA. 

[104] Karamchandani, A., Bjerager, P., Cornell, C.A., (1989) “Adaptive Importance 

Sampling”, ICOSSAR 1989, 5
th

 International Conference On Structural Safety & 

Reliability, San Francisco, USA, pp. 855-862. 

[105] Karamchandani, A., Cornell, C.A., (1991) “Adaptive hybrid conditional expectation 

approaches for reliability estimation”, Structural Safety, 11(1):59-74. 

[106] Kato, T., Wu, L.-M., Niro, Y., (1996) “On a non-linear congruential pseudorandom 

number generator”, Mathematics of Computation, 65:227-233. 

[107] Kaymaz, I., McMahon, C., Meng, X., (1998) “Reliability based optimization using the 

response surface method and Monte Carlo simulation”, Proceedings, of the 8
th

 

International Conference of Machine Design & Production, September 9-11, 1998 

Ankara, Turkey. 

[108] Kim, S.H., Na, S.W., (1997) “Response surface method using vector projected sampling 

points”, Structural Safety, 19(1):3-19. 

[109] Kmiecik, M., Soares, C. G., (2002) “Response surface approach to the probability 

distribution of the strength of compressed plates”, Marine Structures, 15(2):139-156. 

[110] Knuth, D. E., (1981) “The art of computer programming, Volume 2, Semi numerical 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.141   α  – µ α  ∆ µ α  

Algorithms 2
nd

 Edition”, Addison-Wesley, Publishing, Reading Massachusetts, USA. 

[111] Kolmogorov, A.N., (1950) “Foundations of the Theory of Probability”, AMS, translated 

in English from original “Grundbegriffe der Wahrscheinlichkeitrechnung”, in German. 

[112] Kounias, E.G., (1968) “Bounds for the probability of a union with applications”, Annals 

Mathematical Statistics, 39(6):2154-2158. 

[113] Koyluoglu, H.U., Nielsen, S.R.K., (1994) “New approximations for SORM integrals”, 

Structural Safety, 13:235-246. 

[114] L’ Ecuyer, P., Blouin, F., Coutoure, R., (1993) “A search for good multiple recursive 

random number generators”, ACM Transaction on Modeling & Computer Simulation, 

3:87-98. 

[115] L’ Ecuyer, P., Proulx, R. (1989) “About polynomial-Time ``Unpredictable'' generators”, 

Proceedings, of the 1989 Winter Simulation Conference, 467-476. 

[116] Lagarias, J.C., (1993) “Pseudorandom numbers”, Statistical Science, 8:31-39. 

[117] Lewis, T.G., Payne, W.H., (1973) “Generalized feedback shift register pseudorandom 

number generator algorithm”, Journal of the ACM, 20:456-468. 

[118] Li, M., Vitanyi, P., (1997) “An Introduction to Kolmogorov Complexity & its 

Applications”, Springer-Verlag, 2
nd

 edition. 

[119] Lin, K.Y., Frangopol, D.M., (1996) “Reliability-based optimum design of reinforced 

concrete girders”, Structural Safety, 18(2/3):239-258. 

[120] Lin, Y.K., Yang, J.N., (1983) “On statistical moments of fatigue crack propagation”, 

Engineering Fracture Mechanics, 18(2):243-256. 

[121] Lind, N.C., (1994) “Target reliability levels from social indicators”, Structural Safety, 

78:21-25. 

[122] Lind, N.C., (1995) “A measure of vulnerability and damage tolerance”, Reliability 

Engineering & System Safety, 48:1-6. 

[123] Lind, N.C., (2002) “Social and economic criteria of acceptable risk”, Reliability 

Engineering & System Safety, 78:21-25. 

[124] Liu, Y.W., Moses, F., (1992) “Truss optimization including reserve and residual 

reliability constraints”, Computers & Structures, 42(3):355-363. 

[125] Maes, M.A., Breitung, K., Dupuis, D.J., (1993) “Asymptotic importance sampling”, 

Structural Safety, 12:167-186. 

[126] Mahadevan, S., Raghothamachar, P., (2000) “Adaptive simulation for system reliability 

analysis of large structures”, Computers & Structures, 77:725-734. 

[127] Mahadevan, S., Zhang, R., Smith, N., (2001) “Bayesian networks for system reliability 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.142   α  – µ α  ∆ µ α  

reassessment” Structural Safety, 23(3):231-251. 

[128] Manohar, C.S., Gupta S. (2002) “Modeling and evaluation of structural reliability: 

Curent status and future directions”, Golden Jubilee publications of Department of Civil 

Engineering, Indian Institute of Science, Bangalore, Jagadish, K.S., Iyengar, R.N., 

(eds), Indian Institute of Science, Bangalore, India. 

[129] Marc, A., Breitung M.K., Dupuis, D.J., (1993) “Asymptotic importance sampling”, 

Structural Safety, 12(3):167-186. 

[130] Marsaglia, G., Zaman, A., (1991) “A new class of random number generators”, Annals 

of applied Probability, 1:462-480. 

[131] Marseguerra, M., Zio, E., Cadini, F., (2002) “Biased Monte Carlo unavailability 

analysis for systems with time-dependent failure rates”, Reliability Engineering & 

System Safety, 76(1):11-17. 

[132] Matousek, M. (1992) “Quality assurance”. in Engineering Safety Blockley, D.I. (eds), 

McGraw–Hill, UK, 72–88. 

[133] Matsumoto, M., Kurita, Y., (1992) “Twisted GFSR Generators”, ACM Transactions, on 

Modeling & Computer Simulation, 2:179-194. 

[134] Matsumoto, M., Kurita, Y., (1994) “Twisted GFSR Generators II”, ACM Transactions, 

on Modeling & Computer Simulation, 4:245-266. 

[135] Matsumoto, M., Nishimura, T., (1998) “Mersenne Twister. A 623 dimensionally 

equidistributed uniform pseudorandom number generator”, ACM Transactions, on 

Modeling & Computer Simulation, 8(1):3-30. 

[136] McKay, M.D., Bechman, R.J., Conover, W.J., (1979) “A comparison of three methods 

for selecting values of Input Variables in the analysis of output from a Computer Code”, 

Technometrics, 21(2):239-245. 

[137] Mebarki, A., Sellier, A., (1995) “Importance zone and importance sampling in 

reliability analysis of civil structures”, International Journal of Pressure Vessels & 

Piping, 61(2-3):513-526. 

[138] Melchers, R.E., (1987) “Structural Reliability. Analysis and Prediction”, Ellis Horword 

Limited, Chichester. 

[139] Melchers, R.E., (1989) “Importance sampling in structural systems”, Structural Safety, 

6(1):3-10. 

[140] Melchers, R.E., (1990) “Radial Importance for Structural Reliability”, Journal of 

Engineering Mechanics, 116(1):189-203. 

[141] Melchers, R.E., (1990) “Search-based importance sampling”, Structural Safety, 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.143   α  – µ α  ∆ µ α  

9(2):117-128. 

[142] Melchers, R.E., Ahammed, M., (2001) “Estimation of failure probabilities for 

intersections of non-linear limit states”, Structural Safety, 23:123-135. 

[143] Melchers, R.E., Ahammed, M., Middleton, C., (2003) “FORM for discontinuous and 

truncated density functions”, Structural Safety, 9(2):117-128. 

[144] Mendenhall, W., Sincich, T., (1995) “Statistics for Engineering & the Sciences, 4th 

edition” Prentice Hall, Englewood Cliffs, NJ, USA. 

[145] Moarefzadeh, M.R., Melchers, R.E., (1999) “Directional importance sampling for ill-

proportioned spaces”, Structural Safety, 21:1-22. 

[146] Mori, Y., Kato, T. (2003) “Multinormal integrals by importance sampling for series 

system reliability”, Structural Safety, 25(4):363-378. 

[147] Moro, T., El Hami, A. El Moudni, A., (2002) “Reliability analysis of a mechanical 

contact between deformable solids”, Probabilistic Engineering Mechanics, 17(3):227-

232. 

[148] Morrison, D., Chapman, C.R., (1995) “The biospheric hazard of large impacts”, 

Proceedings, of the Planetary Defense Workshop Lawrence Livermore National 

Laboratory, Livermore, California May 22-26, 1995. 

[149] Moses, F., (1997) “Problems and prospects of reliability-based optimization”, 

Engineering Structures, 19(4):293-301. 

[150] Murotsu, Y., Shao, S., (1990) “Optimum shape design of truss structures based on 

reliability”, Structural Optimization, 2:65-76. 

[151] Murotsu, Y., Okada, H., Niho, S.H., Kaminaga, H., (1995) “A System for collapse and 

reliability analysis of ship structures using a spatial element model” Marine Structures, 

8(2):133-149. 

[152] Nair, P.B., Choudhury, A., Keane A.J. (2001) “A Bayesian framework for uncertainty 

analysis using deterministic black-box simulation codes”, AIAA Journal, 1676:1-11. 

[153] NASA, Impact Hazard Website, http://impact.arc.nasa.gov/ 

[154] Natarajan, ., Santhakumar, A.R., (1995) “Reliability-based optimization of 

transmission line towers”, Computers & Structures, 55(3):387-403. 

[155] Ng, K.-H., Fairfield, C.A., (2002) “Monte Carlo simulation for arch bridge assessment”, 

Construction & Building Materials, 16(5):271-280. 

[156] Nie J., Ellingwood, B.R., (2000) “Directional methods for structural reliability 

analysis”, Structural Safety, 22(3):233-249. 

[157] Niederreiter, H., (1988) “Remarks on non linear congruential pseudorandom numbers”, 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.144   α  – µ α  ∆ µ α  

Metrika, 35:321-328. 

[158] Niederreiter, H., (1989) “The serial test for congruential pseudorandom numbers 

generated by inversions”, Mathematics of Computation, 52:135-144. 

[159] Niederreiter, H., (1993) “Factorization of polynomials and some non linear algebra 

problems over finite fields”, Linear Algebra & its applications, 192:301-328. 

[160] Niederreiter, H., (1995) “New developments in uniform pseudorandom number and 

vector generation”, Monte Carlo & quasi Monte Carlo methods in Scientific Computing, 

(Niederreiter, H. Jau-Shyong P., eds), Springer Verlag, New York, 87-120. 

[161] Niederreiter, H., (1995) “Pseudorandom vector generation by the multiple recursive 

matrix method”, Mathematics of Computation, 64:279-294. 

[162] Niederreiter, H., (1995) “The multiple recursive matrix method for pseudorandom 

number generation”, Finite Fields & their Applications, 1:3-30. 

[163] Nordic Committee on Building Regulations, (1978) “Recommendations for Loading 

and Safety Regulations for Structural Design”, NKB-Report, 36. 

[164] Nour, A., Slimani, A., Laouami, N., Afra H., (2003) “Finite element model for the 

probabilistic seismic response of heterogeneous soil profile” Soil Dynamics & 

Earthquake Engineering, 23(5):331-348. 

[165] Nowak, A.S., Szerszen, M.M., Park, C.H., (1997) “Target safety levels for bridges”, 

Proceedings, of the 7
th

 International Conference on Structural safety & Reliability, 

Shiraishi, N., Wen, Y.K., Shinozuka, M., (eds), Kyoto, Japan, 1897-1903. 

[166] OASP (2001) http://www.oasp.gr/default.asp?l1=3&l2=1#G 

[167] ODV (2003) http://www.obv.org.uk/europe/eu20030328a.html 

[168] Olsson, A., Sandberg G, Dahlblom O., (2003) “On Latin hypercube sampling for 

structural reliability analysis”, Structural Safety, 25(1):47-68. 

[169] Onoufriou, T., Frangopol D.M., (2002) “Reliability based inspection of complex 

structures: a brief retrospective”, Computers & Structures, 80:1133-1144. 

[170] Page, Y., (2001) “A statistical model to compare road mortality in OECD countries”, 

Accident Analysis & Prevention, 33(3):371-385. 

[171] Pandey, M.D., Sarkar, A., (2002) “Comparison of a simple approximation for 

multinormal integration with an importance sampling-based simulation method”, 

Probabilistic Engineering Mechanics, 17(2):215-218. 

[172] Papadrakakis, M., Lagaros, N.D., (2002) “Reliability-based structural optimization 

using neural networks and Monte Carlo simulation”, Computer Methods in Applied 

Mechanics & Engineering, 191(32):3491-3507. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.145   α  – µ α  ∆ µ α  

[173] Papoulis, A., (1991) “Probability Random Variables & Stochastic Processes, 3rd 

edition”, McGraw Hill. 

[174] Park, J.S., (1994) “Optimal latin hypercube designs for computer experiments”, Journal 

of Statistical Planning Inference, 39:95-111. 

[175] Pendola, M., Mohamed, A., Lemaire, M., (2000) “Combination of finite element and 

reliability methods in nonlinear fracture mechanics”, Reliability Engineering & System 

Safety, 70(1):15–27. 

[176] Petryna, Y.S., Pfanner, D., Stangenberg, F., Kraetzig, W.B., (2002) “Reliability of 

reinforced concrete structures under fatigue”, Reliability Engineering & System Safety, 

77(3):253-261. 

[177] Podgurski, A., Yang., C., Masri, W., (1993) “Partition testing, stratified sampling and 

cluster analysis”, SIGSOFT 93, December 1993 Callifornia, USA, 169-181. 

[178] Podgurski, A., Masri, W., McCleese, Y., Wolff, G., Yang., C., (1999) “Estimation of 

Software reliability by stratified sampling”, ACM Transactions on Software 

Engineering & Methodology, 8(3):263-283. 

[179] Pradlwarter, H.J., Schuëller, G.I., (1997) “On advanced Monte Carlo simulation 

procedures in stochastic structural dynamics”, International Journal of Non Linear 

Mechanics, 32(4):735-744. 

[180] Proppe, C., Pradlwarter H.J., Schuëller, G.I., (2003) “Equivalent linearization and 

Monte Carlo simulation in stochastic dynamics” Probabilistic Engineering Mechanics, 

18(1):1-15. 

[181] Pu, Y., Das, P.K., Faulkner, D., (1996) “Structural system reliability analysis of 

SWATH ships” Engineering Structures, 18(12):901-905. 

[182] Pu, Y., Das, P.K., Faulkner, D., (1997) “A strategy for reliability-based optimization”, 

Engineering Structures, 19(3):276-282. 

[183] Rackwitz, R., (2001) “Reliability analysis--a review and some perspectives”, Structural 

Safety, 23(4):365-395. 

[184] Rackwitz, R., Fiessler, B., (1978) “Structural reliability under combined random load 

sequences”, Computers & Structures, 9(5):489-494. 

[185] Rajashekhar, M.R., Ellingwood, B.R., (1993) “A new look at the response surface 

approach for reliability analysis”, Structural Safety, 12:205-220. 

[186] Ravichandran, N., (1990) “Stochastic methods in reliability theory”, John Wiley & 

Sons, New Delhi, India 13. 

[187] Ritter, T., (1991) “The efficient generation of cryptographic confusion sequences”, 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.146   α  – µ α  ∆ µ α  

Cryptologia, 15:81-139. 

[188] Rosenblueth, E. (1985) “What Should we do with structural reliabilities”, ICASP 5, 

Lind, N.C., (eds), Waterloo, Canada, 24-33. 

[189] Ross, S.M., (1996) “Stochastic Processes” Wiley, New York, USA. 

[190] Rubinstein, R.Y. (1981) “Simulation & the Monte Carlo method”, Wiley Series in 

Probability and Mathematical Statistics, John Wiley & Sons, New York, USA. 

[191] Sachs, P. (1972) “Wind Forces in Engineering”, Pergamon Press, Oxford, England. 

[192] Schenk, C.A., Schuëller, G.I., (2003) “Buckling analysis of cylindrical shells with 

random geometric imperfections” International Journal of Non Linear Mechanics, 

38(7):1119-1132. 

[193] Schuëller, G.I., Bucher, C.G., Bourgund, U., Ouypornprasert, W., (1989) “On efficient 

computational schemes to calculate structural failure probabilities”, Probabilistic 

Engineering Mechanics, 4(1):10-18. 

[194] Schuëller, G.I., (2001) “Computational stochastic mechanics – recent advances”, 

Computers & Structures, 79:2225-2234. 

[195] Shannon, C.E., (1948) “A mathematical theory of communication”, Bell System 

Technical Journal, 27:379-423-623-656. 

[196] Shaowen S., Murotsu, Y., (1999) “Approach to failure mode analysis of large 

structures”, Probabilistic Engineering Mechanics, 14(1-2):169-177. 

[197] Sharpe D. (2003) “Hazard evaluation and risk assessment”, Internal Report, Auburn 

University, Alabama, USA. 

[198] Simpson, T.W., (1998) “A Concept Exploration Method for Product Family Design”, 

Ph.D., dissertation, Dept, of Mech. Eng., Georgia Inst. Tech. 

[199] Soares, R.C., Mohamed, A., Venturini, W.S., Lemaire, M., (2002) “Reliability analysis 

of non-linear reinforced concrete frames using the response surface method”, Reliability 

Engineering & System Safety, 75(1):1-16. 

[200] Sobol, I.M., (1974) “The Monte Carlo method”, Univ. Of Chicago, USA, Popular 

Lectures in Mathematics. 

[201] Solomos G.P., Moussas, V.C., (1990) “A time series approach to fatigue crack 

propagation”, Structural Safety, 9:211-226. 

[202] Solomos, G.P., (1989) “First-passage solutions in fatigue crack propagation”, 

Probabilistic Engineering Mechanics, 4(1):32-39. 

[203] Solomos, G.P., Lucia, A.C., (1990) “Markov approximation to fatigue crack size 

distribution”, Fatigue Fracture Engineering Materials Structures, 13(5):457-471. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.147   α  – µ α  ∆ µ α  

[204] Song, J., Der Kiureghian, A., (2003) “Bounds on system reliability by linear 

programming”, Journal of Engineering Mechanics, 129(6):627-636. 

[205] Starr, C., (1969) “Social Benefit versus technological risk”, Science, 165:647-653. 

[206] Stocki, R. (2001) “A method to improve design reliability using optimal Latin 

hypercube sampling”, http://www.ippt.gov.pl/~rstocki/SO-reliab_impr.pdf. 

[207] Tanaka, T., (1995) “Reliability analysis of structural components under fatigue 

environment including random overloads”, Engineering Fracture Mechanics, 

52(3):423-431. 

[208] Tandjiria, V., The, C.I., Low, B.K., (2000) “Reliability analysis of laterally loaded piles 

using response surface methods”, Structural Safety, 22(4):335-355. 

[209] Tang, B., (1993) “Orthogonal array-based latin hypercube”, Journal of American 

Statistical Association, Theory and Methods, 88(424):1392-1397. 

[210] Tausworthe, R.C., (1965) “Random numbers generated by linear recurrence modulo 

two”, Mathematics of Computation, 19:201-209. 

[211] Thampan C.K.P.V., Krishnamoorthy C.S., (2001) “System reliability-based 

configuration optimization of trusses”, Journal of Structural Engineering, 127(8):947-

956. 

[212] Tvendt, L., (1983) “Two second-order approximations to the failure probability”, 

Veritas Report, RDIV/20-004083, Det norske Veritas, Oslo. 

[213] USGS, (2000) http://neic.usgs.gov/ neis/bulletin/ neic_xlaf.html. 

[214] Val, D.V., Stewart, M., (2002) “Safety factors for assessment of existing structures”, 

Journal of Structural Engineering, 128(2):258-265. 

[215] Vrijling, J.K., Hengel, van W., Houben, R.J., (1998) “Acceptable risk as a basis for 

design”, Reliability Engineering and System Safety, 59:141-150. 

[216] Waarts, P. H., Vrouwenvelder, A.C.W.M., (1999) “Stochastic finite element analysis of 

steel structures”, Journal of Constructional Steel Research, 52(1):21-32. 

[217] Wang, G.C., (2001) “Improvement on the adaptive response surface method for high 

dimensional computation-intensive design problems”, Proceedings, of the Int. Design 

Eng., Technical Conf., & Design Automation Conf., September 9-12, 2001, Pittsburgh, 

Pennsylvania, USA. 

[218] Wang, G.C., Dong, Z., Aitchison, P., (2000) “Adaptive response surface method – A 

global optimization scheme for approximation – based design problems”, Journal of 

Engineering Optimization, 33(6):707-734. 

[219] Warner, R.F., abaila, A.P., (1968) “Monte carlo study of structural safety”, Journal of 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  1.148   α  – µ α  ∆ µ α  

the Structural Division, Proceedings of ASCE, 94(ST12):2847-2859. 

[220] Whitman, R., (1984) “Evaluating calculated risk in geotechnical Engineering”, Journal 

of Geothechnical Engineering, 110(2):145-188. 

[221] Wood, D. P., Simms, C. K., (2002) “Car size and injury risk: a model for injury risk in 

frontal collisions”, Accident Analysis & Prevention, 34(1):93-99. 

[222] World Health Organization, Greece, http://www.who.int/country/grc/en/ 

[223] Yang, J.N., Salivar, G.C., Annis, Jr., (1983) “Statistical modeling of fatigue crack 

growth in a nickel base superalloy”, Engineering Fracture Mechanics, 18(2):257-270. 

[224] Yang, J.S., Nikolaidis, E., Haftka, R.T., (1989) “Design of aircraft wings subjected to 

gust loads: A system reliability approach”, Computers & Structures, 36(6):1057-1066. 

[225] Ye, G.-W., Yagawa G., Yoshimura, S., (1993) “Probabilistic fracture mechanics 

analysis based on three-dimensional J-integral database”, Engineering Fracture 

Mechanics, 44(6):887-893. 

[226] Ye, K.Q., William, L., Sudjianto, A., (2000) “Algorithmic construction of optimal 

symmetric Latin hypercube designs”, Journal of Statistical Planning & Inference, 

90:145-159. 

[227] Zhang, Y.C., (1993) “High order reliability bounds for series systems and applications 

to structural systems”, Computers & Structures, 46(2):381-386. 

[228] Zhao, Y.G., Ono, T., (1997) “An empirical reliability index based on SORM”, 

Proceedings, 7
th

 International, Conference, on Structural, Safety & Reliability, 

Shiraishi, N., Wen, Y.K., Shinozuka, M., (eds), Kyoto, Japan, 587-594. 

[229] Zhao, Y.G., Ono, T., (1999) “New approximations for SORM: Part 1”, Journal of 

Engineering Mechanics, 125(1):79-85. 

[230] Zhao, Y.G., Ono, T., (1999) “New approximations for SORM: Part 2”, Journal of 

Engineering Mechanics, 125(1):86-93. 

[231] Zheng, Y., Das, P.K. (2000) “Improved response surface method and its application to 

stiffened plate reliability analysis”, Engineering Structures, 22(5):544-551. 

[232] Ziha, K., (1995) “Descriptive sampling in structural safety”, Structural Safety, 17:33-41. 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.1   α  – µ α  ∆ µ α  

Ε ΕΧ Ε  2  ΕΦ  

2 ΕΘ ∆  Ε Η Η ____________________________________________________ 2.3 

2.1 Ε ΓΩΓΗ _____________________________________________________________________ 2.3 

2.2 ΗΓ Η Η ΕΘ ∆Ω  Ε Η Η ______________________________________ 2.4 

2.2.1  π  α π µα α υ χ  µ α  χ α µ _______________ 2.5 

2.2.2  π  α π µα α α  µ α  χ α µ ______________ 2.6 

2.3  Η _________________________________________________________ 2.7 

2.4 Η  Ε  ΧΕ∆ _________________________________________ 2.7 

2.4.1 Ε αχ π   – Κ υ  _______________________________________ 2.7 

2.4.2 υ  υ  α  ω  – Life Cycle Cost Analysis ___________________________ 2.8 

2.4.3  χ α µ  α  µ π  υ  α π α _______________________ 2.9 

2.4.4  χ α µ  α  αχ π   α _______________________ 2.10 

2.4.5  χ α µ  α  µ π   α α __________________________ 2.10 

2.4.6  χ α µ  α  µ π  υ µ υ φ υ  υ µ ______________ 2.11 

2.5 Η  Ε  ΧΕ∆ _________________________________________ 2.11 

2.5.1 Ε α ω __________________________________________________________________ 2.11 

2.5.2  χ α µ  α  Pareto_______________________________________________ 2.12 

2.5.3  χ α µ  αχ υ µ υ – Ε αχ υ µ υ µ  _________________ 2.12 

2.5.4  χ α µ   υ ___________________________________________ 2.13 

2.5.5  χ α µ  Κα α  α __________________________________________ 2.13 

2.5.6 Εφα µ   π υ α  π ___________________________________ 2.14 

2.6 Η  ΕΧΩ  Ε Η Ω  ΧΕ∆ __________________________________ 2.14 

2.6.1 Ύπα  α  µ α α   _____________________________________ 2.15 

2.6.2 ∆ α α α π ____________________________________________________ 2.19 

2.6.3 Άµ  µ  π ________________________________________________ 2.20 

2.6.4 α  π ___________________________________________________ 2.25 

2.6.5 α ω   α µ  υ  α  ω  υ α ω  π µ ____________ 2.32 

2.7 Η  ∆ Ω  / Ε Ω  Ε Η Ω  ΧΕ∆ _________________________ 2.33 

2.7.1  α ω  α  φ α  (Branch and bound method)________________________ 2.34 

2.7.2  Nelder & Mead______________________________________________________ 2.37 

2.7.3 αµµα µ  φυ  α µ  – (Integer programming)_________________________ 2.37 

2.7.4  α α  µ  απα υµ   – (Tabu search methods) _______________ 2.38 

2.7.5  α χ  αµµ π  – (Sequential linearization) _____________________ 2.40 

2.7.6  π µ ωµ  α π  – (Simulated annealing) ________________________ 2.40 

2.7.7  π µ ωµ  α π  µ  ____________________________ 2.43 

2.7.8 Γ  µ  - (Genetic Algorithms)_______________________________________ 2.44 

2.7.9 υ  µ  (Co-evolution methods) ____________________________________ 2.75 

2.7.10 Ε  α  Ε  (Evolution Strategies)________________________________ 2.80 

2.7.11  π  α π µα α µ  α  µ α  χ α µ ________ 2.87 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.2   α  – µ α  ∆ µ α  

2.8 Ε ______________________________________________________________ 2.89 

2.9 Η   - Ω  Η Η Η  Ε Ω __________________________ 2.91 

2.9.1 Επ µ α  α   π π ω  α χ α ____________________________________ 2.91 

2.9.2 α  µ  υ µ  π αµµα υ ________________________________ 2.91 

2.9.3 α  µ  υ µ  π αµµα χω  α  υ ______________________ 2.92 

2.9.4 υ  Κ  Κα α υ __________________________________________________ 2.92 

2.9.5 α φα α ω  υ  υ  α  ω _________________________________ 2.92 

2.10 Η   – Ε Ε Ε   Ε Ε Η Ε Η  Η  Ε Ω  Ω  Γ ___________ 2.93 

2.11 Η  Γ – Γ   ΘΕΩ Η  ΧΗ _____________________________________ 2.110 

2.12 Η  ∆ – Ε Η  Ε Ε Η ∆ Ω Η  Η  Η  Ε Ε   Γ __ 2.124 

2.13 Η  Ε – Η Ω  ΧΕ ΕΩ  (2.102)  (2.103) __________________________ 2.126 

2.14 Η   – Η Ε  Φ ________________________________________ 2.130 

2.14.1 υ  φα α  (Sphere Function) _______________________________________ 2.130 

2.14.2 µα υ Schwefel (Schwefel’s Function) _________________________________ 2.131 

2.14.3 υ  π  α µα  υ Schwefel (Schwefel’s Double Sum Function) ______ 2.132 

2.14.4 υ  µ υ υ Schwefel (Schwefel’s Max Function)______________________ 2.133 

2.14.5 Γ υµ  υ  υ Rosenbrock (Generalized Rosenbrock’s Function)________ 2.134 

2.14.6 υ  µα  (Step Function) _________________________________________ 2.135 

2.14.7 α µ α υ  µ  υ  (Quartic Function with Noise) ________________ 2.136 

2.14.8 Γ υµ  υ  υ Schwefel (Schwefel’s Generalized Function) ____________ 2.137 

2.14.9 Γ υµ  υ  υ Rastrigin (Rastrigin’s Generalized Function)____________ 2.138 

2.14.10 υ  υ Ackley (Ackley’s Generalized Function) __________________________ 2.139 

2.14.11 Γ υµ  υ  υ Griewangk (Griewangk’s Generalized Function) _________ 2.140 

2.14.12 Γ υµ  υ   – (Generalized Penalty Function) __________________ 2.141 

2.14.13 υ  π υπα  υ Shekel (Shekel’s Foxholes Function) __________________ 2.143 

2.14.14 υ  υ Kowalik (Kowalik’s Function)__________________________________ 2.146 

2.14.15 υ    Καµ α  (Six-hump Camel Back Function) _________________ 2.147 

2.14.16 υ  υ Branin (Branin’s Function) ____________________________________ 2.148 

2.14.17 υ  υ Goldstein-Price (Goldstein-Price Function) _______________________ 2.149 

2.14.18 υ α  α  Hartman (Hartman’s Family) __________________________ 2.150 

2.14.19 υ α  α  Shekel (Shekel’s Family) ______________________________ 2.150 

2.14.20 υ  Fletcher-Powell (Fletcher-Powell Function)__________________________ 2.151 

2.14.21 Γ υµ  υ  Langerman (Langerman’s Generalized Function) ___________ 2.152 

2.14.22 υ  µ ____________________________________________________ 2.153 

2.14.23 µα α π  µ  π µ  χ α µ ________________________ 2.154 

2.15 Γ Φ _______________________________________________________________ 2.156 

 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.3   α  – µ α  ∆ µ α  

2 Μέ ο ο  Β λ οποί ς 

2.1 Ε α ω  

 α µ   α α υ  π α µα π α  α  φ . υ   µ   µ  

µ α  π   π υ απ  α   π α α  µ   π   

υ α υπ α   µα α  υµµ φ  µ   υ  α  α  

απα  α α α     π µ .  φ  αυ  υ   φ α   

 π   π   π α α    υ.    π µ  

α α α   υ α   µ  π υ α π  α   απα   

α  α   π   α  α   υ α  [301].  

 µ  π  απ  α α µ  α π α π α µα π α  µ α 

α µ  π π α  α  π µα υ α µ  [301].  µ  

αυ  υ   π π α υ   αυ µα π   α α α    

µ    π π  π µ  υ π  α µ  α π υ  α  

 φ   π µ . Η π  α αφ   π µα α α α υ  υ υα µ  

µ  α υ  µ  µ υ  π  απ α   Schmit  1960 [285].  

  µ  π  α , µ   µ α   µ   

χ α  πα αµ ω ,  π υ  υ α υ υ α  απ µα   π  

υ µ  , α  υπ  α  π µα, α π α  µ α  π µ  

[122], [284]. Η α  α  υ υ α µ  α   α α µ   α µ  

π  α   π  π υ α µ π α   φ α απ    υ. 

Ω   χ α µ  α   α   π α π     π π  

α µ  α  α π  µ α υ µ  α µ  υ .  π π  

 π υ α  π µ    χ α µ  α  «  χ α µ  π υ 

π φ   α  υ α  υµ α µ  α  α µαχ µ ω  χω » [300]. 

Ω  α µ  υ  α    α  π  απα α   α π   

 µ π  υ  υ µ  π  µ  (   α µ ). Ω  υ α  

π µ  α   απ  υ υ υ  π µ  π υ π π  α 

π α  απ   υπ φ   α µ    α µ  αυ  α α  

απ . Η α µ  υ    π π  υ π υ α  υ 
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α µ ,  π   α µ  υ α  α  α     

υ α  π υ φ υ  υ  π µ  υ π µα  α    υ 

α µα   µ α  α µ . 

Ω  µ α  χ α µ  (µ. ) α   α  πα µ  υ π µα  α 

 π  α α α   υ υα µ  π υ α α π   µ π   

α µ  υ   α π φ   α  υ α  υµ α µ   π π  

 π υ α  π µ .    µ. ,   υ µα  µ. .  µ. , 

µπ  α α  υ   α . 

 πα αφ  2.2, πα υ α   α   π µ  π   

π   π   υ α   α µ  υ  α   υ α  

π µ  α  α  υ π υ  µ. .  πα αφ  2.3, α   π µα 

π .  πα αφ  2.4, πα υ α   π  α µ  

α µ  υ α   π µα α µ α  υ α µ   

 πα αφ  2.5, πα υ α   µ  υ υα µ   α µ  

υ α  α  υπ µ   υ α     π µα α 

π υ α  υ α µ .  πα αφ  2.6, πα υ α   µ  

µ  α  π  π µ  υ  µ.  α  α   φ  

α  π .  πα αφ  2.7, πα υ α   µ  

π  α π µα α α  µ.   υ υα µ  υ  α  α  µ. . 

α υ α  α α υ   µ   Γ  µ  (Γ ) α   πα α α  

 α  α   π  α µ  µ  π υ α υ   α α  

Ε  α  (Ε ). 

2.2 Κα π  Μ ω  π  

α π µα α π  α α µ   υφ   µ. , α  α   π   

α µ  υ  α   υ α  π µ  α   πα α  

α : 

• υ  µ. , υ α  α µ , α  υ α  π µ .  υ α  

 α µ  α   π µ  πα α µ  µ  υ  π  πα α υ . 

•  υ  α  α  µ.  υπ   π π    α  µ.  

α µ π α   υ .  υ α   α µ  α   π µ  
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α  υ  α  πα α µ  µ  υ  π  πα α υ . 

•  υ  α  α  µ.  π υ  υ α  α µ  α  π µ  

α  µ  πα α µ    α µ  α   α  µ.  α µ π α   

υ . 

•  υ  α  α  µ.  π υ  υ α   α µ  α   

π µ  α  υ α  α α   α µ  α  υ  α  πα α µ  α   

α  µ.  α µ π α   α . 

•  υ  α  α  µ.  π υ  υ α   α µ  α   

π µ  α  υ α  α α   α µ  α  υ  α  πα α µ  α   

α  µ.  α  π π µ  µ   µ.  α   µ  α µ α  π  απ  αυ  

α   µ   υπ π  π π µ  µ. . 

2.2.1 Μ  π  α π µα α υ χ  
µ α  χ α µ  

 µ  αµµ  π αµµα µ  (Linear Programming LP) α  µ  αµµ  

π αµµα µ  (Non Linear Programming, NLP) απ  α   π  α µ  

α  µ  α   π µ  υ  µ. . Γ α  µ υ  αυ  π π  

α α φα α   υ α α  πα  πα α   α µ  υ  α   

υ α  π µ .  µ  αυ  α   α α  µ  

µ  α  µµ  µ : 

•  µ   – (Method of steepest descent) 

•   υ α  υ  (Method of feasible directions) 

• π π µ  µ  υ α  υ  - (Modified MFD) 

•  αµµ  π αµµα µ  – (Sequential linear programming)  

•   αµµ  φα  – (Method of inscribed spheres M S) 

•  υ µ υ π αµµα µ  – (Sequential quadratic programming SQP)  

•  υ  π αµµα µ  – (Sequential convex programming) 
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•  µ α α µ  α µπ  – (Method of moving asymptotes) 

 µ  π  π υ α µ π υ   π µα µ α  µµ α α  

 µ π   α π   α µ  υ  α π α  

αυ     απα  α µ  [284], [122].  π  µ  υ 

π µα  α φα    µ  αυ  α υ   α  α   α 

π α υ    α  α µ  απ  α  υ  π  υ υ  

µ. ,  α  υ α  α µ . 

2.2.2 Μ  π  α π µα α α  
µ α  χ α µ  

 υ  µ  π υ µ π α   π µα α π  µ  α  

µ.  α   α α υ  µ υ  α   α  µ υ . 

 α α  α α υ  µ  α α α   µ : 

• ∆ α  α  Φ α  (Branch and Bound Method). 

• ∆ α  Γ αµµ π  (Sequential Linearization Method). 

• α υ αµµα µ  (Integer Programming). 

 α α  α  µ  α α α   µ : 

• Γ  µ  (Genetic Algorithms) 

• Ε  Tabu (Tabu Search) 

• µ µ  π  (Simulated Annealing) 

• Ε  α  (Evolutionary Strategies) 

• υ  α  (Coevolution Strategies) 

 α α υ  µ  α µ π υ   π µα π  α  µ  

π  µ   α   µα µα  π µα  α      

π υ α π  α α υ π µα  αυ .  π π  υ  υ 

α µ  α φα α     α α  µ . 
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 α  µ  α µ π υ   π µα π  µ  π υ  

π υ . α  υ  µα α    α  υ α  α α φα    υ 

απ υ υ α υ  µ υ φ   µ  αυ  α    

α υ  υ α  . 

2.3 µ  µα  

 π µα µ α  π  α   [122] α  [284]: 

 

( )
( )
( )

{ }1

min

0 1, ,

0 1, ,

, , ; 1, , ; 1, ,

j

j

i qii i i d iL i iU d

f

g j p

g j p m

d dx D D i n x x x i n n

= = ≤ = +
∈ = = ≤ ≤ = +

x

x

x

…
…

… … …

 (2.1) 

π υ, f(x) α   α µ  υ , g(x) α    α  α  υ α  

π µ , xiL α  xiU α    α     υ  µ. , xi α  p, m, nd α  n 

α   π    π µ ,    π µ ,  π   

α  µ.  α   υ  α µ   µ. , υ π µα . 

 π   α υ  α     π µ  π υ π π  α α π  

 απ  α µ .  φ  αυ  µπ  α α  µ   µµ  

υ α  υ α µα   µ. . 

2.4 Μ α   χ α µ  

 απ  υ µ φ    α µ    π  υ  

α π  υ υ   υ α α α υ α  α α υ  υ  [170].  

π π  υ υ α µ   υ µ      υ,  

α µ  υ  π αµ  π α απ    α ,   

υ ,   π  α   π α    π π  µ    

α α . α απ   α π  υ υ   α µ  υ α  α  

υ α  α  α  π α   α   / α  υ αµ  

α α   υπ  α  α α υ .  πα αφ  αυ  πα υ α  

α α π   υ α  α αφ   π µ  π . 

2.4.1 Ε αχ π   – Κ υ   

Η α µ  υ   π π   α π   π  υ  α  
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α  [170]  υ υ  υ  α  [69], α   [289]: 

 ( ) ( ) ( )
V i i

i S

f dV f c dV c f
∈Ω Ω

= = ⋅ + ⋅∑∫ ∫x x x  (2.2) 

π υ   µα dV
Ω∫     υ υ , cv α    υ υ  

α  µ α υ α  ci·fi(x) α   υ  υ i πα α π υ υµµ   

αµ φ  υ υ  υ . 

2.4.2 υ  υ  α  ω  – Life Cycle Cost Analysis 

 π π  α υ  υ     α    µα υ υ  

α , υ υ  υ , υ υ  π   π π   α  

υ υ   µ    α α  [289]: 

 ( ) ( ) ( ) ( ) ( ) ( ), , , , ,o m R Ff E C C C C Ct t t t t≡ = + + +  x x x x xx  (2.3) 

π υ Co(x,t), Cm(x,t), CR(x,t) α  CF(x,t) α    α α υ , υ , 

α α α  α  µ  α α  (µ   ) α  x α   υ µα  µ. . 

  π π  π υ  α   α α υ  α  υ  υ υ,  

µ  α αµ µ  υ   α   [289]: 

 ( ) ( ) ( )( ) ( ) ( ),

1 1 0

; ,, i

tN t k
t

o j i j m F

i j

f C E C e P t C e d C tt
λ λτ τ− −

= =
 = + ⋅ ⋅ + ⋅ +  ∑∑ ∫x x x xx  (2.4) 

π υ,  α   υ  µ  α α  φα α υ, α  Cm α  Co α    

υ  α  α α υ  α α.  υ  υ   π π  υπ α  

 α  α α  CF α   [289]: 

 ( )
( ) ( ) ( ) ( )

( ) ( )

1

1 1 1

2 1
1

1 1 1

, , , ,

,

, ,

n n n
i ij

i l ij l
k

i i j i

F l n n n
l ijk

ijk l

i j i k j

P Pt t t t

C Ct

Pt t

ν ν
ν

−

= = = +
− −=
= = + = +

 ⋅ + ⋅ +  = ⋅  ⋅ +   

∑ ∑∑∑ ∑∑ ∑
x x x x

x

x x …
 (2.5) 

π υ Cl α    υπ α   l α  α α , α  k α  n α   π  

 υπ  α  α  α α  α   π   µ  φ  α α. Η 

µ υµ  υ α µφ  α  : 

 ( ) ( ) ( ) ( ) ( )
1

a events

, , , , ,
e

l

N

ij k i j k d

l

t t t t tν ν ν ν µ
=

 = ⋅ ⋅   ∑x x x x x…  (2.6) 
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π υ i α  µdi α   υ α µφ  α   α υ i  υπ α  

α  α α, α  Ne α   π   υπ  α  . Η π α α 

Pl
ij…k

(x,t) α   π α α υπ α   l α  α α   π π  

αυ  µφ    {i,j,…,k}. 

 π π  π υ α  υ α µφ   : 

 ( ){ } ( ){ } ( ){ } ( ){ }, ,
,, , ,

min max min max, , , ,i ij ij i j k
i i ji j i j k

t t t tν ν ν ν>> ≥ >>x x x x …  (2.7) 

 υ  CF   (2.6) π α  απ   : 

 ( ) ( )
1 1

, ,
k n

i

F l i l

l i

C C Pt tν
= =

 ≅ ⋅ ⋅  ∑ ∑ x x  (2.8) 

 π π  π υ  α   α α υ   µ α α   π      

(2.4) π π α  : 

 ( ) ( ) ( ) ( ) ( ), ,
, 1

F m t

o

C t C t
f t C e λλ −+= + −x x

x x  (2.9) 

 π π  α  µ  α  υπ   π π    π α α  α α  

 α α υ  α  α  υ υ,    α   [67], [68]: 

 ( ) ( ) ( ) ,, Po f s ff t f C C= = + ⋅x x x  (2.10) 

π υ Cf α  Pf,s α     α α  α   π α α α α   α α υ . 

 Frangopol α  Maute, [92], πα υ υ  α α π   φα µ   

π  υ    µ  υ µα α α   α αυπ  µ α α. 

 πα αφ  2.9, πα υ α  α α υ  α π µ µα α  υ  

α α υ  π υ α   α υ  υ  . 

2.4.3  χ α µ  α  µ π  υ  
α π α  

α απ   µ  υ υ  υ  µ φ  α   π α  π υ α 

υ µ   α    π υ µ π    α π α   

α α υ  [221], [202], [220], [295], [89], [97], [98].  π π  αυ ,  π µα 

π    (2.1) π π α  : 
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( )
( )
( )[ ]

,

lim

max min

0 1, ,

0 1, , ; 1, ,

.µ

st f s

j

n
j i iL i iU d

k k

i

P

g j p

g j p m x x x x i n n

yE CC

β ∧
= = ′ ′′ ≡ ∪ ≤ = +′ ∈ ≤ ≤ = + ′∈ ⊆≤′

x x yx

Dx

D y Dx

…
… …

 (2.11) 

π υ, E[C(x’)] α   µ  α αµ µ  , Clim α   µ  απ  , xi 

α   µ  µ. , yi α   υ α  µ α  ( .µ), α  s α  Pf,s α   

 α π α  α   π α α α α  υ υπ  α  υ µα  α α. 

2.4.4  χ α µ  α  αχ π   
α  

 µα α π  α µ   π µα π  α  υ   

α π   α  υ υ µα  [65], [48], [51], [207], [27], [101]. Η 

α µ  υ  α   [101], [207]: 

 ( ) B S S

i i i i

V S

f f u dV f u dS= ⋅ ⋅ + ⋅∫ ∫x  (2.12) 

π υ fi
B
 α   υ µα  π α µ  φ , ui α   υ µα  

µ α π    υ  µα , fi
S
 α   υ µα  υ µ   

π φ α παφ  υ  α  ui
S
 α   υ µα  µ α   π φ α 

αυ .  α  µ  υ µα α   (2.12) α   [189]: 

 ( ) 1 1

2 2

f fT T

f f S S

S S

f
   = ⋅ + ⋅ = =      
P u

P u P u P ux
P u

 (2.13) 

Ε α,  Chickermane α  Gea, [51], α µ π υ   π µα    

 π α   α  π υ  µ   φ  α αφ  µ   

 µ   α  υ φ υ   π   π υ .  Diaz et al., [65], 

α µ π υ   π µα   α α µ  υ   π  µ    

α π   α .  π µα α µ π  απ  υ  

Fernandes et al., [81] α α  α α υ . 

2.4.5  χ α µ  α  µ π   α α  

 π µα π  α   π µα µ π   π υ α  

υ α   π π  π υ α   µ α  υ α  α α  α α υ  

[185], [207], [48]. Η α µ  υ  α  : 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.11   α  – µ α  ∆ µ α  

 1min λ− =K × V - M × V × 0  (2.14) 

π υ,  α   µ  α α , V α   µ  µ φ  α   α   

α  µ   µ  υ π µα .  

2.4.6  χ α µ  α  µ π  υ µ υ 
φ υ  υ µ  

 π µα π  α   π µα µ π  υ µ υ φ υ 

 υ µ   α  φ   . Η α µ  υ  α  : 

 1min dλ− =K - ×K 0  (2.15) 

π υ Kd α   αφ  µ  α α  π υ αµ  υπ   µ α   

υ αµ  α  υ υ µα    πα αµ φ  υ α    α   

α  µ   µ  υ π µα .  Walker et al., [286], υ   

α µ  υ α   π µα π υ α  υ α µ   µ  

φ  υ µ    α   µµ  υ  υφ  Ω  πα µ  

α µ   υπ  α  π µα α   α π  υ υ  υ . Ω  

α µ  π  α  µ α  π µα  π µ  π   

µ   υ  µ  [122]. 

2.5 υ α   χ α µ  

 π π  π υ α  π   π µα α   [52]: 

 

( ) ( )[ ]
( )
( )

{ }

1

1

min , ,

0 1, ,

0 1, ,

, , ; 1, , ; 1, ,

N

j

j

i qii i i d iL i iU d

T f f

g j p

g j p m

d dx D D i n x x x i n n

= = ≤ = +
∈ = = ≤ ≤ = +

x x

x

x

…

…
…

… … …

 (2.16) 

π υ T[f1(x),…,fN(x)] α     υ α  {f1(x),…,fN(x)} π υ α   

α µ  υ  µ   π α υπ α   υ α   α   α   

π   α µ  υ α  υ π µα . 

2.5.1 Ε α ω  

 π µα   (2.16) α  µ µα α µ  α  α  µ  α  [52]: 

 ( ) ( ) { }* : * : 1,...,*
n

opt opt i if f i N∃ ∈Ω ∀ ∈Ω ≤ ∀ = ∧∀ ∈x x x Dx x  (2.17) 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.12   α  – µ α  ∆ µ α  

π υ D
n
 α    α µ . µφ α µ    (2.17)    α  

µ µα α µ  α  α  µ  α  υπ  α υπ   απ   

α  π   µ   α µ  υ  α   µ    µ  .  

 π π   υπ     α µ  α  π α α π α   

π π    (2.17).  πα α φ υ  2.5.2  2.5.4 πα υ α   

π  α µ  µ  α  υπ µ  υ υ υ   π υ 

απ  α     υ π µα   υ µ   πα α φ υ 2.1. 

2.5.2  χ α µ  α  Pareto 

Έ α µ  x*   α µ  π υ α π     π µ  α   

µ  υ υ υ   α µ  α  Pareto
1
 α  α  µ  υ υ 

α µ    [52]: 

 ( ) ( ) { } ( ) ( ): * 1,..., : *n

i i N N j jf f i N j f f¬∃ ∈ ≤ ∀ = = Ω ∧∃ ∈Ω <x D x x x x  (2.18) 

π υ Ω  α     α µ  υ α . Η  (2.18)   α 

µ  x*   α µ  α    α  Pareto α     µ  

α µ α π α π  α µ  υ  α   α   µ  µ α   

π  α µ  υ α .      α  Pareto 

α      µ  υ α χ µ ω  (non dominated)  α  απ α α  

  Pareto. 

2.5.3  χ α µ  αχ υ µ υ – Ε αχ υ 
µ υ µ   

Η µ  α υ µ υ (min max optimum) υ    απ  απ  α 

 α α α α  α µ  υ . Γ α  i α µ  υ   

 απ  α   [52]: 

 ( ) ( ) ( )
( ) ( )*

0*
*

i i

i i

i

f f
z f

f

−= ≠x x
x x

x
 (2.19) 

π υ fi(x*) α   µ  α φ υ α  i α µ  υ . Η  µ  

α  µ   π π   α µ  υ   [52]: 

                                                 

1
 Vilfredo Pareto 1848-1923, µ . 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.13   α  – µ α  ∆ µ α  

 ( )[ ]maxmin i
i N

z∈  x  (2.20) 

Ω    α    α  π α  µ   απ  απ   

   i α µ  υ  α   µ  υ α  α    

απ  .  µ α µα µ    (2.20) υπ   π υ α  

π µα  α  µ α  π µα υ α µ    (2.1). 

α α α   µ υ απ   µ  α υ µ υ µ   (weighted min-

max method) π υ  α µ  υ  π π α   [52], [218]: 

 ( )[ ]maxmin 1i i ii N
w z w∈ ⋅ =  ∑x  (2.21) 

π υ wi α      i α µ  υ .  

2.5.4  χ α µ   υ  

  α µ   υ (Global criterion method)  α µ  υ  

π  α   [52], [218]: 

 ( ) ( ) ( )
( )1

*

*

p
N

i i

i i

f f
f

f=
− =   ∑ x x

x
x

 (2.22) 

π υ p α  πα µ  υ  α µ  υ  π .  

µ α µα µ    (2.22) υπ   π µα π υ α  

π   α  π µα µ α  π   µ φ   

 (2.1). 

2.5.5  χ α µ  Κα α  α  

 µ  α α  α   π µα π υ α  π  

µ α µα α   π µα µ α  π  µ  α µ  

υ  [52], [218]: 

 ( ) ( )
1

1
N

i i i

i

f w f w
=

= ⋅ =∑ ∑x x  (2.23) 

α α α   µ υ α α  α  απ   µ  α α  α  µ  α 

α  π α   (2.23) π π α   [207]: 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.14   α  – µ α  ∆ µ α  

 ( ) ( ) ( )[ ] 1

1

1*

N p

i i i i

i

f w f f w
=

 = ⋅ − =  ∑ ∑x x x  (2.24) 

2.5.6 Εφα µ   π υ α  π  

 Quagliarella α  Vicini, [230], φα µ υ   π υ α   α µ  α 

 π   α υ αµ  α α  π  α αφ  π υ  

α µ  υ α  α   υ   α   π  π υ   

π υ α .  Greiner et al., [116], φα µ υ   π υ α   α µ  µ  

  αυ  µ  υ υ  π π υ π α υ α   π υ υπ α   

α µ .  π µα α µ π α  α   Koumousis et al., [169],  

π µα α υπ µ  υ αµ υ  α  υ π µ   α µ  Ω  µφ α 

µ   α  α  υ Ε Ω  π υ  α µ  υ α  α   

υ  ,  π υ υπ α  π   π µ  αµ υ  α µ    

π µ  α  α   α π  υ π  υ µ  µ π µ υ υ α 

 π .  Li et al., [188], υ   π υ α  π µα π   

υ υα µ  π µ  µ α  π    π π α.  1  π π  

α µ π α  π µα µ α  π , π υ α  µ  υ 

α µ υ υ Box [29], π π  π α  µ     απ  υ 

υ µα . Ω  µ. , α   π  α α α   α µ .  2  π π  

α µ π α  π µα µ  υ υ   α µ  µ   π π    π  

α α α   µ α α  µ  µ. , α µ  α α   α µ . Η 

α α α πα α αµ α     υ α µ υ α    α α µ  

 α α  α  υ  α   µ α  υ υ µα .  Shih α  

Wangsawidjaja, [261], µ π   π υ α   α µ  α  

α µ  µ α  α µ  π υ  υ α    α  

µ µα α α  α   υ  α αφ    απ  (fuzzy logic 

membership function [235], [236])  υ π  α π   π µ  υ 

π µα . 

2.6 µα α υ χ  µ α  χ α µ  

 πα αφ  αυ , πα υ α   µ α α   α µ   

π µα α µ  υ  µ. , α α π α  α µ  υ  α   υ α  

 π µ  α  υ  α  πα α µ     . 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.15   α  – µ α  ∆ µ α  

Ε α  πα αφ  2.6.1 πα υ α  α α α  µ  µ α    

. α υ α  α α π υ π π  α π α  α  πα   

  α  α α π υ π π  α π α     αυ  α α  α  

µ α .  πα αφ  2.6.2 πα υ α   α α α π .  

πα αφ  2.6.3 πα υ α   µ  µ  ,  µ   υ α  

υ  α   π π µ  µ  υ α  υ .  πα αφ  2.6.4 

πα υ α   π  α µ  α  α  µ α   

α µ  π µ  µ  υ  µ. .  πα αφ  2.6.5, πα υ α   µ  

α  υπ µ   πα α   α µ  α   π µ  α µ . 

2.6.1 Ύπα  α  µ α α    

 π µα α π α  αφ  π α α φα α     απ  

  ( α  ). υ  φ α   µ  υ α υ υ 

α µ  απ α  α µ  υ  α   υ α  π µ   

  µ. . Η α  π  υ π µα  α   πα   α α α  

π  µ  αφ  α   α   π π  π υ   

α α α  µ α υ µ  α ,  π α α  α  αυ  α απ   

π α µα    α  υ .  υ  π υ α φα υ   πα  

 , πα υ α  α π µα α  α  µ  π µ  α µ  

 πα α φ υ  2.6.1.1 α  2.6.1.2 α α. 

2.6.1.1 µα π  χω  π µ  

Έ α µ  x* υ υ  , α π µα π   π µ , 

α   π     α  α  µ  α  [122]: 

 
( )

0 1,...,
i

f
i n

x

∂ = =∂
x=x*

x
 (2.25) 

 0i i nλ− ⋅ = ≥ ∀ ∈
H

H V 0  (2.26) 

π υ Η α   µ  υ Hess (Ε α  )  α µ  υ ,  α  

 α  µ   µ  υ Ε α  υ α  VH α   µ   

α υ µ  υ Ε α  µ υ.  Ε α  µ  α  : 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.16   α  – µ α  ∆ µ α  

 

( ) ( )

( ) ( )

2 2

2

1 1

2 2

2

1 *

n

n n

f f

x x x

f f

x x x

 ∂ ∂ ∂ ∂ ∂  =  ∂ ∂  ∂ ∂ ∂  x=x

x x

H

x x

 (2.27) 

Η  (2.25) α φα    υπ  α  α α   µ  πα  1   

 α µ  υ  f(x) α   µ   µ . Η  (2.26)    

µ  υ Hess α   µ  (positive definite) απ π α   πα υ  υ 

α µ υ  µ α  (∆ . 2.1). µ α π υ α π    (2.25) α  

(2.27) πα υ α   ∆ . 2.2 α   ∆ . 2.3. 

 

∆ . 2.1: µα  πα α   π φ α  Shrek ( ). 

 

∆ . 2.2: Ε   π µα  α  ( υ  π µα). 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.17   α  – µ α  ∆ µ α  

 

∆ . 2.3: ∆   α  µ  υ  π µα  α . 

2.6.1.2 µα π  µ  π µ  

 π π  π µ  µ  π µ   π µα µ α µα α   

αµ  π µα  π µ  µ   υ  Lagrange: 

 ( ) ( ) ( ) ( )
1 1

pm

i i i i

i p i

L f g hλ λ
= + =

= + ⋅ + ⋅∑ ∑x, x x x  (2.28) 

π υ, i α   µ α  Lagrange α υ  α  α   π µ  

α α α  g(x) α  h(x) α      α  α  π µ . α 

α  µφ α µ  υ  Karush-Kuhn-Tucker (Karush-Kuhn-Tucker criteria of 

optimality) α φα υ    µ  x* α  µ α   υ π µα  α : 

 ( ) ( )
( ) ( ) ( )

1 1

0 0 1,..., 1,..., 0*

0

i i i i i

pm

i i i i

i p i

g h i p m i p

f g h

λ λ λ
λ λ

= + =

∈
= ∧ ⋅ = = + ∧ = ≥
∇ + ∇ + ∇ =∑ ∑

n
x* D

x* x

x* x* x*

 (2.29) 

Η  (2.29) α φα  ,  α µ  α     , α  απ  

α   π   α     µ   α µ  υ .  

2.6.1.3 Μ α α   

 υπ  π µα α, α  π  α π π   πα   α υ α  

π  πα υ α  α  α ∆ . 2.4 α  ∆ . 2.5 α  υ α   α µ  υ  

α  π  µ  π υ α α π   υ    (2.29). 

 π π  π υ  α µ  υ  α     υ α  

π µ  α  υ    α µ  υµ  µ  α  α  αυ  α  

αυ  α     υ υπ  α  π µα  (π π  a α  b  



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.18   α  – µ α  ∆ µ α  

∆ . 2.6, [136]).  

 

∆ . 2.4: υ  µ  π  π  α . 

 

∆ . 2.5: ∆υ α  π µα µ  π  α    (µ  υ  π µα). 

  α µ  D
n
 α   υ  α  α  µ  α  [184]: 

 ( ) [ ] is convex0,11if exists λ λλ∀ ∈ = + ∈ ∀ ∈ →−n n n
x,y D z x y D D  (2.30) 

Η  (2.30)     D
n
 α  υ  (convex) α  α   µ  x 

α  y υ Dn
  υ α z π υ α  µ α   µ  αυ  α   D

n
 α  µ  

υ   µα [0,1]. α υ  f(x) α   υ     µ  α  

α   µ  x1 α  x2   α µ    [113]: 

 ( ) ( ) ( )2

11

22
f f f
  ≤ + +     11 2

x xx x  (2.31) 

 π π  π υ   (2.31)   αυ  α α   υ  α  

 αυ  υ     µ . Γ α  π µα π  µ  π µ  

 µ α α   α φα α  α  α  µ  α : 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.19   α  – µ α  ∆ µ α  

 ( )  ,L ∧ n

ad
Dx  α  υ  (2.32) 

π υ D
n

ad α     απ   α  L(x, ) α   α α α  υ 

π µα . 

 

∆ . 2.6: α  µ φ  υ υ α µ  (απ  Hernadez [136]). 

2.6.2 ∆ α α α π  

 µ υ  π  π µ  µ  υ  µ.  α  υ  α  

πα α µ  υ α   α µ  α   π µ ,    x* 

α  µ  πα α π  α α α , π υ  α  xq α   υ  

 πα α   xq-1 υ α µα  α υ  Sq-1 α  υ µα  a
*
q-1  [284]: 

 *

1 1 1q q q qa− − −= + ⋅x x S  (2.33) 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.20   α  – µ α  ∆ µ α  

 υ µα α υ    υ    µ α   α µ  π υ 

  µ  µ   α µ  υ   α πα α α   

π µ  α µ .  υ µα α υ  α α α    µα  

α υ . Η  (2.33) µ α µα   π µα n µ.   µ α  π µα µ  

  υπ µ  υ µα . 

Γ α  π µα   (2.1)  α α α π  α π µα υ  µ.  

µ  υ  α  πα α µ   υ α   α µ  α   π µ  

υ α  : 

µα 1: q=0 α  x=xo. 

µα 2: q=q+1. 

µα 3: π µ  υ f(xq-1) α  gj(xq-1) j=1,…,m. 

µα 4: µ    π µ   π µ  π υ α π   : 

 ( ) 0jg jε− ≤ ≤ ∈Jx  (2.34) 

π υ  α  µ   π α α   J α      π µ . 

µα 5: π µ  υ ( )1qf −∇ x  α  ( )1qjg j−∇ ∈x J . 

µα 6: π µ  υ α µα  α υ  Sq-1. 

µα 7: π µ  υ µα  a
*
q-1. 

µα 8: π µ    xq µ    (2.33). 

µα 9: Έ   .  α α  α π α    

α α α µα α  αφ  π φ   µα 2. 

2.6.3 Άµ  µ  π  

2.6.3.1 Ε α ω  

  α α α  π  α   υπ µ  υ α µα  α υ  

α  υ µα    (2.33).  µ  µ  α  υπ µ  υ α µα  

αυ  [284] πα υ α   πα α φ υ  2.6.3.2 α  2.6.3.4. 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.21   α  – µ α  ∆ µ α  

Γ α  µ  υ α µα  α υ  Sq-1   (2.33) π υ α π   

α µ  υ  α   πα α  υ  π µ  υ π µα  

α α  3 π π .  1  π π       πα α α µ  

π µ  α   µ    .  2  π π  υπ   π µ  

α  .  3  π π  µ   π µ  α µ  πα α α . Η 

π π  αυ  α π α  απ   π π µ  µ   υ α  υ   

πα α φ υ 2.6.3.4. 

2.6.3.2 Μ  µ   – (Method of steepest descent) 

 µ  µ     α µ  π α  α  µα α  π  

(∆ . 2.7), π υ  υ µα α υ  υ π µ υ µα  α    

π   υ µα α υ  υ π µ υ µα . 

 

∆ . 2.7:   , α α α  υ α µ . 

 α  xq α   υ   πα α   xq-1  [139]: 

 ( )1 1q q k qfλ− −= − ∇x x x  (2.35) 

π υ ( )1qf −∇ x  α     α µ   µ  xq-1. Η µ  k α  απ   

π υ    [139]: 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.22   α  – µ α  ∆ µ α  

 ( ) ( )1 0
T

q qf f −∇ ⋅∇ =x x  (2.36) 

Η    (2.36) υπ α  µ   α  µ υ υ α  α  υ  

[287]. H µ  µ   µ π α  υ   υ υα µ  µ   µ  

µ υ , α  πα υ  α   (∆ . 2.8) α   υ α  α α  

µα  απ   π  υ α  µ υ. 

 

∆ . 2.8: µα α  π   µ    πα υ  α  . 

2.6.3.3 Μ  ω  υ α  υ ω  (Method of feasible 
directions) 

 π π  π υ  π    π µ  α   µ    ,  

υ µα α υ  Sq-1   (2.33) α   [284]: 

 ( )1 1q qf− −= −∇S x  (2.37) 

Η  (2.37) απ  µ α π  α   α α  α  α α α  

π .  Fletcher α  Reeves π π α     [83]: 

 ( )1 1 2q q qf β− − −= −∇ + ⋅S x S  (2.38) 

π υ  α   π α: 

 
( )
( )

2

1

2

2

q

q

f

f
β −

−

∇= ∇
x

x
 (2.39) 

π υ α q=1  υ µα α υ  α  µφ α µ    (2.37). Η π π  



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.23   α  – µ α  ∆ µ α  

 Fletcher α  Reeves   µ   υα α  υ π µα   

π  υ α  µ υ α   απ φυ  φα µ  α  . 

 π π  πα   π µ ,  υ µα α υ  α  απ   

 υ π µα  π  [122], [284]: 

 ( )( ) 11min
T

qq Sf −− •∇ x  (2.40) 

 ( )( ) ( )1 11 0
T

q j qj q g jg − −− • ≤ ∀ ∈∇ S x Jx  (2.41) 

 ( )1 1 1
T

q q− −• ≤S S  (2.42) 

Η  (2.40)   α υ  υ α µα  υ  α    (2.41) 

α φα     µ   µ. ,  α αµ α  πα α α    

π µ . Η  (2.42) α φα    π µα  π π α µ  . 

2.6.3.4 π π µ  µ  υ α  υ ω  - (Modified MFD) 

Η µ   πα α φ υ 2.6.3.2 π π α   α α  µ  π υ α α   

π π  π υ  α  µ  x   α π     π µ . Η  

(2.40)  π π  αυ  π π α  : 

 ( )( ) 11min
T

qqf ξ−− • −Φ∇ Sx  (2.43) 

π υ, Φ α  µ α αυ α α µ   µ  α   α   π π   

µ α .  π µ    (2.41) α  (2.42) π π α  : 

 ( )1 1 0j q q jg jθ ξ− −∇ • + ≤ ∈x S J  (2.44) 

 ( ) 2
1 1 1

T

q q ξ− −• + ≤S S  (2.45) 

 µ  υ Φ α φα υ    π µ  µ  α α   π  π υ 

α π     π µ  α µ  [284].  µ α  j   (2.44) 

φ α   υ α     π µ  : 

 
( ) 2

1
1

j q

j o

gθ θε
−  = +  

x
 (2.46) 

π υ  α   µ . Η  (2.46) α φα  : 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.24   α  – µ α  ∆ µ α  

 ( )1 0j q jg ε θ− = − → =x  (2.47) 

 ( )1 0j qg − =x j oθ θ→ =  (2.48) 

α   απ φυ  πα α α    π µ . 

2.6.3.5 π µ  υ µα  *

1qa −  

  υπ µ  υ α µα  α υ   π µα    π µ  

   (2.33) α   υπ µ  υ µα  a
*
q-1.  π π  π υ 

   π µ  α µ  α π α   µα α   [284]: 

 

( )
( )( )

( )
( )( ) 11

*

1 1 11 1

,
min

qjq

TT
q qj qq q

j

gf

a gf

δ −−
− − −− −

∈

  −− ⋅    =  ∇ •∇ •     J

xx

x Sx S
 (2.49) 

π υ  α   π υµ  µ α   α µ  υ  α  gj(xq-1)  π  

υ j  π µ  α µ . Η  (2.49) π   µ  υ α  µα 

 α µ  υµ   πα α α    π µ .  

 π π  π υ µ   π µ  πα α α   µα *

1qa −  π π α  : 

 

( )
( )( ) 1

*

1 1 1
max

qj

T

q qj q

j

g

a g

−
− − −

∈

  −   =  ∇ •    V

x

x S  (2.50) 

π υ V α     πα α α µ  π µ .  π π  αυ   µα 

α  µ   µ  π υ α αµ α  α   α π  υ υ υ  

πα α α µ  π µ  α µ . 

2.6.3.6 µα µ   α α α  π  

Η α α α π  µα α  α : 

•  π   µ  π   π α µ  µ  π  µ . 

• Γ α π α µ  π  µ   α  υ α    απ  . 

• Η  α  απ υ  µ α   α µ  υ  α  α  

 α   υ α απ α    α  µ   π α µ  



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.25   α  – µ α  ∆ µ α  

µ  α φ υ. 

• α π α  α α  Karush-Kuhn-Tucker  πα α φ υ 2.6.1.3. 

2.6.3.7 υµπ µα α 

Γ α  α µ  µ υ  π    µα υµ   µ   

υπ π µα  π . Η  υ υπ π µα    υ µα 

υ  α   µ  υ µα . Η α α α π  µα α  α  

 α  υ α   π α    µ   α µ  υ    

πα α α    π  π µ  α µ . 

2.6.4 α  π  

2.6.4.1 Ε α ω  

Γ α    υ α   µ υ π   πα α φ υ 2.6.2 α   

α   α α  , υ  π α  π  αφ  α .  

α  αυ  υ υ α  µ   µ  µ υ   πα α φ υ 2.6.3 

α µ π α  µµ α   π µα φ    µα υ  α   

 α µ   υ µ υ π µα .  πα α φ υ  2.6.4.2  2.6.4.5 

πα υ α   π  α µ  α  α µ υ  α µ  π . 

2.6.4.2 Μ  αµµ  π αµµα µ  – (Sequential linear 
programming)  

Γ α  π φ α  π µ   α µ  υ  α   π µ  

α   µ  αµµ  υ α   µ. .  π π   µ υ αµµ  

π αµµα µ   π µα π α  απ  α αµ  αµµ  π µα. Η 

 υ αµµ  π µα  µα    π µ  µ   πα α π  

α α α . Η α α α µα α  α   υ α απ α  µ α   α  

 υ υ µ υ αµµ  π µα  α  πα  µ    αφ   

α µ  υ   απ  α   α  µ  µ α  µ  

α φ υ.  π µα π  α  π   π π    (2.1). 

Η α µ  υ   υ α   π µ  α   µ.  α   [122]: 

 ( ) ( ) ( )1 1min q qf f f δ− −≅ +∇ ⋅x x x x  (2.51) 

 ( ) ( ) ( )1 1 0 1,...,j j q j qg g g j p mδ− −≅ +∇ ⋅ ≤ = +x x x x  (2.52) 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.26   α  – µ α  ∆ µ α  

 ( ) ( ) ( )1 1 0 1,...,k k q k qh h h k pδ− −≅ +∇ ⋅ = =x x x x  (2.53) 

 1,...,l u

i i ix x x x i nδ≤ + ≤ =  (2.54) 

π υ  υ µα x α  : 

 1qδ −= −x x x  (2.55) 

 αµ  αµµ  π µα α  µ   µ  υ α  υ    

π π µ  µ  υ α  υ . Η µ φ  υ π µα  µφ α µ   

 (2.51) α  (2.54) π α   α α α . Ω  µ µα  µ υ 

α α α    π π  π µ  π υ  α µ    π µ  

α  µ  απ   α µ   µ. ,  αµ  π µα π υ πα υ α   

 (2.51) α  (2.54) µ α π α   π µα  π µ  (unbounded 

problem) µ  απ µα  α µ  α α α  µ α   π  απ  α  µ  

απ   α   α α  υ π α  µα .  

 Lin α  Chou, [191], φα µ υ   µ  α     α α µ  

υ   π π  µ µ . Γ α  α µ π  υ π µα  π α  π υ 

α α   π µα α µ π α    φ .  1  φ  π α  α  π µα 

α  µ φ   π π α µ   α  υπ α  υ µ   

π α.  2  φ   α α α π    π     

  π α   1  φ  µ   υ   π  πυ  

π µα  α  µ φ   π π α µ  .  α µ    

απ µα  µα  µ  υ π υ   µ.  α  π µα α   

π υ   α α α  π . O Yang [296], φα µ   µ  αµµ  

π αµµα µ  α   α α µ  υ   π π  µ µ  µ  α µ  

υ    α  π µ   µ  µ α   π  υ   ,  

υ αµ  α α α   α  µ µ .  

 Chen, [46], π    υ αµ  µ α α µ   α  µ. , µ  

απ µα  µ  υ µ υ  υ υ α µ  α   υ αµ  µ α   

α  µ   υ α  π µ  µ    α  υ π υ   

 π µ  µ   α µ   π α α µ  απ  α µ . α   

φ  µ  υ µα  π α    π  υ     

α µ  υ  µ    α   α α  απ  υ υ µα .  



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.27   α  – µ α  ∆ µ α  

 Lamberti, α  Pappalettere [180], [181], πα υ υ  µ α πα α α   µ υ 

αµµ  π αµµα µ  µ    µ  υ υπ   α  

φ  υ υπ µ  υ µα  α   α   υ α   α  

α  π µα α µ  µ  π  µ. . 

2.6.4.3 Μ  ω  αµµ ω  φα  – (Method of inscribed 
spheres M S) 

Η µ  αµµ  π αµµα µ  πα  α υ  υ  µ  

 α  α  µ  απ   π π  υ   α µ , α   

 φ , µ  απ µα  µ   α α  .  µ  π π  

α  π υµ ,    π π  π υ  α α α υ υπ µ   

α µ  υ  α   π µ  υ π µα  πα υ  υ  

υπ    α   µ   πα υ υ  µ α,  α α α 

π  α  π    α µ  α υ α     

απ  π  α µ . Η µ  ω  ω  (  µ  ω  αµµ ω  

φα ) [190], [159] υπ α   α α  α  αµµ  

π αµµα µ  π υ α π    αυ . 

Γ α  µ  xq-1  α µ , υπ   µ α    υ α  αµµ  

φα α α  π α, α α µ α  α υ   π   απ   

α   µ  xq-1 α   π φ α  φα α  αυ . Ω  µ  xq  α α α  

π  α  υ     αµµ  φα α .   

πα   α α α   α µ  υ  π    µ .  υ 

α µ υ α    υ µ α υ υ α  αµµ υ υ   

απ  π .  υπ -π µα π  α   [30]: 

 min sphereR−  (2.56) 

 
( ) ( )

( ) ( ) ( )1 1 1

1 1 1 1

0

1,...,

q q q s

j q q j q s j q

f f R

g g R g j m

− − −

− − − −

∇ • + ∇ ⋅ ≤
∇ • + ∇ ⋅ ≤ − =

x S x

x S x x
 (2.57) 

π υ, Rs α   α α  αµµ  φα α . Η πα α π  α α α µπ  α 

π π  µ    α   α α   µφ α µ   πα α  

, π α  µ α π  υ µ υ α µ     φα α  α  υ α  

π α  µ α π   υ  µ    α µ  υ   

πα α α   π µ  α µ .  π π   µ  xq α   [284]: 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.28   α  – µ α  ∆ µ α  

 ( ) ( )* *

1 1 1 1 1q q q q qa F F aβ− − − −= + ⋅ − ⋅∇ ∇ =x x S x x  (2.58) 

π υ 0< <1      µ α π  απ     αµµ  

φα α  π   π φ α . 

Η µ  αµµ  φα  α  α α µ φ    α   α 

α  π    α υ α     απ  π  α   

µ    αυ , α απ  υ απ   π φ  υ απ -µ  

απ  υ   π  υ   π µ  α µ . µα 

 µ υ α  ,  π π  π υ  α µ    π µ  α  

µ  απ   α µ   µ. ,  µ  αυ  πα υ  α α π µα α µ   

µ  αµµ  π αµµα µ . Επ π ,  π π  π υ  α  π µα 

α   αµµ  υ  π   µ. ,  µ   υ    µ . 

2.6.4.4 Μ  υ µ υ π αµµα µ  – (Sequential 
quadratic programming SQP)  

 µ  υ µ υ π αµµα µ   υ µα α υ  υπ α  µ  

 α α α  π  υ µ υ π µα  π υ  α µ  υ  

π α  απ  υ  2
α  

. Η  υ υ µ υ π µα  µα    

π µ  µ   πα α π  α α α . Η α α α µα α  α   

υ α απ α  µ α   α   α  /   α  απ υ  αφ  

 α µ  υ  α  α  µ   α  µ  α φ υ. Η 

µ φ  υ π µα  π   π π  αυ  α   [284]: 

 ( ) ( ) ( ) ( )11 1 1 1 1 1

1
min

2

T

qq q q q q qQ f F −− − − − − −= +∇ ⋅ + ⋅ ⋅ ⋅SS x x S B S  (2.59) 

 
( ) ( )( ) ( )1 1 1

1 1 1

0 1,...,

0 1,...,

i q q i q

k q q k q

g g j p m

g h k p

− − −

− − −

∇ ⋅ + ≤ = +
∇ ⋅ + = =

x S x

x S x
 (2.60) 

π υ, B α  α  µ  µ  (positive definite)  α  µ   µ α α  

µ .  α  υπ π µα π υ α  µ    (2.59) α  (2.60) 

µπ  α υ  µ   α  µ υ υ α  υ  α   πα α α  . 

α   α  α α α  π   µ  B α α α  µ    

Ε α  (Hessian) µ   υ  Lagrange  α µ  υ . Η 

π υ  υ υπ π µα    (2.59) α  (2.60)   υ µα α υ  

Sq-1.  µ  x
*
q-1 (  υ αµ υ π µα ) υπ α   



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.29   α  – µ α  ∆ µ α  

π απ α α  Lagrange i i=1,…m.  µ  υ µα  a
*
q-1 α  µ   

 υ π µα  π   π  υ  Lagrange [284]: 

 ( ) ( ) ( ){ } ( )
1 1

min max 0,;
pm

i i

i p i

L f u ug h
= + =

= + ⋅ + ⋅∑ ∑x u x x x  (2.61) 

π υ  υ µα  π π µ  π απ α α  Lagrange u α   [284]: 

 ( ){ }1

1 1,...,

1
max 1 1,...,,

2

q

i

u q i m

u q i mu

ι ι

ι ι ι

λ
λ λ−

= = =
= > =⋅ +  (2.62) 

π υ ui
q-1

 α   π π µ  π απ α α  Lagrange υ π µ υ µα . 

 µ  xq υπ α  µ    (2.33).  µ  B π υ α  α   µ   

µ α α  µ  α α α  µφ α µ   µ   Broyden [31], Fletcher [82], 

Godfard [112], Shanno [260] α   π π  υ Powell  α α φα    

µ  B α α  πα   µ  [227], [151]  [284]: 

 
1 1

1

1

TT
q q

q q T T

q

− −
−

−
⋅ ⋅ ⋅= + − ⋅ ⋅

B p p B
B B

p p B p
 (2.63) 

π υ p α   α  α µ α [284]: 

 1q q−= −p x x  (2.64) 

 ( ) 11 qt t −= ⋅ + ⋅ ⋅−y B p  (2.65) 

α   µ  y α   µ  t α   [284]: 

 

( ) ( )
( ) ( ) ( ) ( )

1 1

1 1

; ;

;

q q q q

pm

q q i i

i p i

L L

L f g hλ λ
− −

= + =

′ ′= ∇ −∇
′ = + + ⋅ + ⋅∑ ∑

x x
x xy

x x x x
 (2.66) 

 

1

1

1

1

1 0.2

0.8
0.2

T T

q

T

q T T

qT T

q

t

−
−

−
−

 > ⋅ ⋅ ⋅= ⋅ ⋅ ⋅ ≤ ⋅ ⋅ ⋅ ⋅ ⋅ −

p y p B p

p B p
p y p B p

p B p p y

 (2.67) 

 Bedair, [19] φα µ   µ   π µα α υπ µ   πα αµ φ  

υµ  π α  µ  α µ  υ   µ   υ  α  

πα αµ φ  α  υ  α απ µα α µ  α απ µα α  α υ  µ   

µ  π π α µ  . O Mahmoud [198], φα µ  πα α α   µ υ,  

π µα α υπ µ  υ υ µα  µ α  α µ .  



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.30   α  – µ α  ∆ µ α  

Holzleitner, α  Mahmoud [146] φα µ υ   µ   π  µα  

µ α  α µ .  Horowitz, α  Afonso, [151], υ υ υ   α µ  

 Golfard α  Idani, [111], α  π υ  υ υ υ  π µα   υπ µ  

υ α µα  α υ  S, µ   µ  υ µ υ π αµµα µ   

π µα α π  υφ .  Lee α  Park, [185], α µ π υ   π µα 

 µ  υ υ  π α υ µα  υπ  π µ  µ  µ   α 

πα α α   µ υ,  πα α π  υ µ  π αµµα µ  [14]. 

2.6.4.5 Μ  υ  π αµµα µ  – (Sequential convex 
programming) 

 µ  υ  π αµµα µ   υ µα α υ  υπ α  µ   

α α α  π  υ µ υ π µα  π υ  α µ  υ  

π α  απ  υ  2
α  

.  α  µ   µ  υ µ υ 

π αµµα µ  π υ  υ  Lagrange  α µ  αµ α  υπ  µ  

 υπ µ  υ µ υ B  µ  υ  π αµµα µ   α µ  

υ  υ αµ υ π µα  α   υ   π απ α α  

Lagrange  α αµ α  υπ  α   αµπυ α  υ α  π µ . Η 

α α α µα α  α   υ α απ α  µ α   α   α  /  

 α  απ υ  αφ   α µ  υ  α  α  µ   

α  µ  α φ υ.  αµ  π µα α   [284]: 

 
( ) ( ) ( ) ( )

( ) ( )
21

min ; ; ; ;
2

; α

TL L L L

L F

+ = + +∇ ⋅ + ⋅ ⋅∇ ⋅
= ∈ n

ad

x S x S x S S x S

x x Dx

 (2.68) 

 
( ) ( )
( ) ( )

0 1,...,

0 1,...,

i i j

k k

g g j p m

h h k p

ξ∇ ⋅ + + = = +
∇ ⋅ + = =

x S x

x S x
 (2.69) 

 υ µα  µ. , απ α   απ   µ.  x,  απ   α µ α  (reciprocal) 

µ.  . Η π   µ. , α α  απ   π µ   α  µ  πα α  

 α µ  υ . π µα υ µ α µα µ  αυ , α   π υ  

 υ  υ  υπ π µα  µ   π  α φα α   πα  α  

µ α α   . 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.31   α  – µ α  ∆ µ α  

2.6.4.6 Μ  µ α α µ ω  α µπ ω ω  – (Method of moving 
asymptotes) 

Ά  α  α   µ  µ α α µ  α µπ  [72], [299], [183], [224].  

α  µ   α  π υ υ  πα υ α  µ  µ   µ   απα   

α µ  υ  α   υ α   π µ  α α  πα α µ   

 α µ  [275], [276], [138].   µα α α α  α υπ π µα υ  

µ φ  α  π  υπ α     . Η µ  αµµ  υµπ φ  

υ υπ π µα  µ α α  υ αµ , α α µ   υµπ φ  υ π α µα  

π µα , µ α α   πα αµ υ  υ. µα  µ υ [275], 

[276] α   α α  α αµ φ   υµπ φ   α ’ α α α  

υµπ φ  υ π α µα  π µα .   µα  αµ  π µα 

π  α   [275]: 

 

( )
( )

( )
( )0 0 ( )

1

min

q qn
j j q

oq q
j j j j j

p q
r

U x x L=

 + +  − − ∑  (2.70) 

 

( )
( )

( )
( ) ( )( )

1

, 1, ,

q qn
ij ij q

i iq q
j j j j j

p q
r g i m

U x x L=

 + + ≤ =  − − ∑ x …  (2.71) 

 
( ){ } ( ){ }max , min , 1, ,
q ql u

j j j j jx a x x j nβ≤ ≤ = …  (2.72) 

π υ Lj
(q)

 α  Uj
(q)

 α    α     πα αµ  υ α  j µ. , α   

q πα  α   πα µ  pij
(q)

, qij
(q)

 α  ri
(q)

 α   [275]: 

 ( )
( ) ( )( ) ( )( ) ( )( )

( )( )
2

0

0 0

qq

i jjq q i
j j

j jq

ij
q

i j

j

ff xx
U x

x x
p

f x

x

∂∂
∂ ∂

∂
∂

 − >=  ≤
 α 

0, ,

1, ,

i m

j n

=
=
…
…

 (2.73) 

 
( )

( )( )
( ) ( )( ) ( )( ) ( )( )2

0 0

0

q

i j

jq

ij
q q

i ij jq q

j j

j j

f x

x
q

f fx x
x L

x x

∂
∂

∂ ∂
∂ ∂

 ≥= − − − <
 α 

0, ,

1, ,

i m

j n

=
=
…
…

 (2.74) 

 
( ) ( )( ) ( )

( ) ( )
( )

( ) ( )
1

q qn
q q ij ij

i i q q q q
j j j j j

p q
r f

U x x L=

 = − +  − − ∑x  (2.75) 

π υ f0(x) α   α µ  υ  α  fi(x) {i=1,…,m } α   υ α   



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.32   α  – µ α  ∆ µ α  

π µ  α µ .  πα µ  αi
(q)

 α  i
(q)

 µ π α  α  απ φυ  

α α  α µ  α α  α  α   « υ αµ  µ α α µ α α» α 

α π α   [275], [276]: 

 
( ) ( ) ( ) ( ) ( )

0, ,
q q q q q

j j j j jL a x U j nβ≤ ≤ ≤ ≤ = …  (2.76) 

 µ  υ π µα  µφ α µ    (2.70)  (2.72) α φα   

υ α υ µ  απ µα  πα  α  µ α α   . Γ α ||Uj
(q)

-

xj||→0 α  ||xj- Lj
(q)

||→0 υµ  α   υ φ   µ  πα α  υ α  

  π  υ  υ αµ υ π µα  αυ α   

αµπυ α υ αµ υ π µα   π    µ. .  α  

π π   π µα µ α µα α   π µα αµµ  π αµµα µ .  

π µ   µ  πα α υ  υ α  fi(x)  π   µ. , α  α   

µ φ  υ π  π µα . 

 Zhang, α  Fleury, [298] πα υ υ  µ α πα α α   µ υ (  υµ  

µ  µ α α µ  α µπ ) π υ  µ. ,      .  Fleury 

α  Zhang [84], υ υ   πα α α   µ υ µ   µ υ  π  

 π µα α π  π π  υ µ . 

2.6.5 α ω   α µ  υ  α  ω  
υ α ω  π µ  

Γ α  π υ  υ π µα  π  α  απα α     µ   

α µ  υ ,  υ α  π µ  α  α   µ  υ  

πα   π   µ. .  µ  πα  υπ α  απ   α  

α α υ  φ    π π  απ υ α   υ α  µ   µ   

π π α µ  αφ .  π π  αυ   µ  πα  α   [163]: 

 
( ) ( ) ( )

i i

f f f

x xδ
∂ −′ ′′≈∂

x x x
 (2.77) 

π υ xi α  µ  µ α  α  i µ. . α µ α ′x  α  ′′x  α  : 

 ( )1, , , ,  forward differencei i nx x x xδ′ ′′= + =x x x… …  (2.78) 

 ( )1, , , ,  backward differencei i nx x x xδ′ ′′= − =x x x… …  (2.79) 

 ( ) ( )1 1, , 0.5 , , , , 0.5 , ,  central differencei i n i i nx x x x x x x xδ δ′ ′′= + ⋅ = − ⋅x x… … … … (2.80) 

 µ  πα  α α υ   υα α µ α  πα αµ υ  π   µ. . Η 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.33   α  – µ α  ∆ µ α  

α α,  υπ µ  µ   µ   π π α µ  αφ , πα   

α  π α α π , α  π π  π υ  υµπ φ   

υ α  α  α µ  αµµ  [122], [284]. Γ α    α α   

α α α  π  α   µ  υ υπ  φ υ π α   

υ  α α υ   µ α α υ  φ  α  υπ µ   µ  

πα α . Γ α  υπ µ   µ  πα α   α µ  υ  

α   π µ  µ π α   υµ  π αµµα µ  [170]. Η 

 α α υ  φ  α  υπ µ   πα α  αυ   µα µα  

π υπ α υ π µα  α  µα   α α  υ 

α µ υ.  Haug et al., [134], πα υ υ  α α υ   π  α µ  

µ υ  α  υπ µ   µ  πα α   π µα α π  

α α  α  µα  µ  υ  µ. . 

2.7 µα α α  / µ  µ α  χ α µ  

 µ  α µ  π µ   α  µ.  απ  α απ πα  µµ  υ υπ  

α  π µα . ∆ α  µ. , πα υ α   π µα α π ,  π   

  µµ  α α υ ,  π  α µ  απ  α α µ  

α µ ,  π    αµ υ  α  υ π µ   µα α Ω ,  

π       µ α  υ ,  α   µ   

 π µα α Ω ,  π   π   α υ ,  π  α     

µ   υ µα α µ  µ  .α. 

 π  α µ  µ   µα α π   π µα α µ  / 

α  µ α  πα υ α   πα α φ υ  2.7.1  2.7.11.  µ  π υ 

πα υ α  α : 

•  α  α  φ α  (Branch and bound method) 

•  Nelder & Mead 

• αµµα µ  φυ  α µ  – (Integer programming) 

•  α α  µ  απα υµ   – (Tabu search methods) 

•  α  αµµ π  – (Sequential linearization) 
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•  π µ µ  α π  – (Simulated annealing) 

•  π µ µ  α π  µ   

• Γ  µ  - (Genetic Algorithms) 

• υ  µ  (Co-evolution methods) 

• Ε  α  Ε  (Evolution Strategies) 

•  υ αµ  υ π  - (Dynamic rounding off) 

•  π  π  - (Penalty approach) 

•  α  α  Lagrange - (Lagrangian relaxation techniques) 

•  υ α  α  - (Neighborhood search method) 

•  µ  π π  - (Cutting plane technique) 

2.7.1 Μ  α ω  α  φ α  (Branch and bound method) 

Η µ  αυ  α απ  α  α π µα α π  µ  α  µ.  

α     π  α   π µα α α υ  α π α  π π  

υ µ . αφ α  α   µ  µµ  απα µ  (implicit enumeration 

method) α , µ   α α , π πα  α π     .  

α    µ υ α ; ∆ α ω  (Branch) Φ α  (Bound) α  π π  

(Fathoming) [243].  µ    αυ  α  : 

∆ α ω  (Branch): α   α α α α  π α υµ   α    

α  µ.   αµ  µ   µ α  µ  α    α  µ. , 

α  απ  α µ  υ υ  µ .  µ    α α α  

π α  µ   µ  πα α   α µ  υ  α   

π µ . Η α α α αυ  υ α  µ     α  µ. ,  

Φ α  υ    π π  υ . 

Φ α  (Bounding): Η  απ    µ α µ  φ α .   µ  

µ  µ α   µ  αυ  α  υπ   π π   µ α   α µ  

υ   π   α  µ. , α   π υ υπ π α , φ α  α  α  
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 αυ   π α µα π α   α . 

π π  (Fathoming):  π π     π υ α  α  απ  

α  υπ  α    υπ π   α    µπ  α   

π α     α   απ µα  υπ π  µµ  απ π α . 

Η π  α αφ   υ α µ υ απ α  υ  Land α  Doig, [182] α 

αµµ  π µα α. α  Dakin, [55], π π   α  α µ   

µ  υ µ φ .   Garfinkel α  Nemhauser, [100], φ µ α   µ   

π µα α αµµ  π αµµα µ . 

Η µ  α  α  φ α  υ α    π   α  α   

 α  α  µ  α     µ  α  υ  α   υπ  α  π µα 

α  αµµ .  α  π π , α  π α  µ  π υ φ α   α 

απ π α  α π υ     υ π µα . 

2.7.1.1 αφ   µ υ 

Η   υ π µα  α  : 

 ( ) ( ){ }minbestf f∈=
n
adx D

x x  (2.81) 

µ    D
n

ad α π   απ  . α µα α  µ υ α  : 

µα 1: µ  υ υ   υ π µα  D
n

ad  υ π   

D
n

s. µ  υ fbest(x)=+∞. 

µα 2: µφ α µ  ( )
jf x∂ ∂x , ( )

i jg x∂ ∂x  α i=1,…,m α  j=1,…,n µ  υ 

µ υ  xs. 

µα 3:  ≠ ∅n

s
D  π α   µα 3.1 α   µα 5. 

µα 3.1: Επ  µ υ α  D
n

s k∈ n

s
D  α  D

n
s=D

n
s-{k}. 

µα 3.2: Ε   l µ   {f(x
k

l)} υ µ υ k α l=1,…,nk π υ nk  

π   π α   α  µ  k. 

µα 3.3: Ε  ( ) ( ){ }
1,...,

min
k

kk
best ll n

f f== xx  α  x
k
best≡xbest→fbest(x

k
)  
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µα 4:  fbest(x)≥ fbest(x
k
) φ α  υ υ k. 

µα 4.1:  α x
k
best  α αµ α  π α    fbest(x)=fbest(x

k
) α  

x
k
best=xbest α  απ π  υ υ α  α  υ µ υ π υ α    

x
k
best  D

n
s. Επ φ   µα 3. 

µα 5: fbest(x)=fbest(x
k
) α  xbest=x

k
best. 

µα 6: µα µ   ∆ α α α . 

2.7.1.2 α α α   µ υ α ω  α  φ α  

 α ω  α  φ α  µ  π  π : Ό α   υ µα µ. , 

απ α  απ  υ  α  α  µ.  α  υ α  α µ π   υ υα µ  

 µ υ α  α  φ α  µ  µ   π  α υ α   

  µ     υ π µα .  υ  π µα α   

απ  π µα π   π µ . Η α α α α  πα µφ  µ   

µ  α  α  φ α  µ   φ α   α  υ α  µ  α 

  π υ α α π  υ  π µ  α    µ. . 

 α ω  α  φ α  µ  αµµ  α  µ  αµµ  π αµµα µ : Η 

µ  α  α  φ α  υ υ α  µ  µ  αµµ  π αµµα µ  α  

µ  µ  αµµ  π αµµα µ  α  π υ  υ υ  υπ π µα . 

 π π  π υ  υπ   απ   α   µ     α 

 υπ  α  µ   µ   α µ  υ  α   µ   π  α  

 µ  απ π α . α α α   µ υ α  µ  α  α  φ α  µ  

π απ  α α  π  πα υ α  απ  υ  Hager α  Balling [123].  Mesquita 

α  Kamat, [205], υ υ υ   µ  α  α  φ α  µ   µ  

υ µ υ π αµµα µ  α  π  υµ  υ  π α .  

John, Ramakrishnan α  Sharma, [162], υ υ υ   µ  α  α  φ α  µ  

 µ  αµµ  π αµµα µ  α   α µ  υ µ .  Tseng, 

Wang α  Ling, [283],  Huang α  Arora, [155]-[157], α   Huang [154], πα υ υ  

πα α α   µ υ α  α  φ α   υ υα µ  µ  µ  αµµ  

π αµµα µ  α   µ  υ π υ   µ   µ υ 

α  α  φ α .  Huang α  Arora, [156], πα υ υ  µ α µ  π υ 

υ υ  α µ  π  υ  µ. , µ   µ  α  α  φ α . 
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2.7.2 Μ  Nelder & Mead 

Η µ  Nelder & Mead [213],  α π υ µ  . Η µ   α α  

 π φ α πα α   π   α µ  µ , α  π    

α µ  µ  υ π µ  υ  α υπ - .  α    µ υ 

υ α   [42], [213]: 

 α α  (Reflection) π υ   µ  α  απ   : 

 (1 )r na a= + −x x x  (2.82) 

 Επ α  (Expansion) π υ   µ  α  απ   : 

 (1 )e rγ γ= + −x x x  (2.83) 

  µπ υ  (Contraction) π υ   µ  α  απ   : 

 1 (1 )c nβ β+= + −x x x  (2.84) 

π υ 
1

1 n

i

in =
= ∑x x  α   µ  υ υπ -  α  α,  α   α   πα µ   

µ υ π υ α υ   α α α α α ,  π  µ  α   π  

π α   α α  υ υπ  α α   α α  α  α υ α 

µ   π   α µ  υ  f(x1)≤f(x2)≤…≤f(xNp). Η α α α 

π  µα α  α : 

 ( ) ( ) 11n nf f ε ε ′− ≤ ∨ − ≤x x xx  (2.85) 

Η µ  φα µ α  υ   υ υα µ  µ   µ υ  π  π   

µ  Γ  µ  µ  υ  µ. , [42], [44] α   π µ  

υ α µ  π υ µ   µ.  α  υ  µ. . α α α   µ υ 

πα υ α  απ  υ  Xiong α  Jutan [293], α  Le Riche et al., [187]. O Lacksonen, 

[179], υ   µ  µ   µ υ  α π µα α α  µ.  π   

µ  π µ µ  α π ,  µ   Γ  µ  α   µ  

υ   Hooke–Jeeves. 

2.7.3 αµµα µ  φυ  α µ  – (Integer programming) 

Η µ  α µ π  π µα α α α π α  µ. , α  φυ  α µ .  

π µα α  µ   µ α µα µ  υ  π µα µ.  π υ 0-1 ( υφ α  

µ α ).  π µα  α  υ µ φ  α   [219]: 
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( )min  φ  

 α α ; 1,..., ; 1,...,

T

i d iL i iU d

f

x i n x x x i n n

= ⋅ ≤
= ≤ ≤ = +

c x Ax bx
 (2.86) 

Έ  µ α  zij υ π υ 0-1 ( )0 1 ,ijz i j= ∨ ∀ .  α  µ. , υ π µα  

  (2.86) α    µ α  αυ  : 

 
1

1 1,...,
nn

i ij ij ij d

j j

x z d z i n
=

= ⋅ = =∑ ∑  (2.87) 

π υ dij α  nn  π  α  υ  α  i α  µ. .  υ 

µ α µα µ    (2.87)  π µα π αµµα µ  φυ  α µ  

µ α µα α   π µα φυα  µ.  (zij).   π π  υ π µα  

  (2.86) π υ υπ   µ. , α  υ  µ.  α π µα α αυ  

α µ π α   υ υα µ  µ  µ υ  αµµ  α  µ  αµµ  π αµµα µ  

α  υ  µ. .  αµµ  π µα α π αµµα µ  φυ  α µ  

α µ π α  µ   π υ    µα υ α υ αµµ  π µα .  

α π µα α 0-1 α  µ   µ  α  α  φ α .  Gue et al., [121] 

πα υ υ  α α υ   µ φ  µ υ  α  π υ  π µ  

φυα  µ. . O  Padula α  Kincaid, [219], πα υ υ  π α φα µ ,  

α α µ  µ α α,  µ υ π αµµα µ  φυ  α µ  µ  α  

µ α  π µα α υ υα  α α α. 

2.7.4 Μ  α α  µ  απα υµ   – (Tabu 
search methods) 

Η µ  α α  µ  απα υµ   [277], [106], [107], απ   

  µ  υ  απ α  (greedy search algorithms). Η µ  α   

α α  α  µ  α α  π  α   µ  µ µ  

π  α   µ   Γ  µ . Η αφ π  υ  µ   

µ υ  υ  απ α  α   α α αφ   α υ α    α  

απ φυ   πα υ  υ   π  υ  α µ . Η µ  υ  

απ α  α   α   α   π   πα α α  

α α   α   π   α    α αφ  α  π µ  

.   υ  α α  π         

α α α π  µα α . 
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 α   µ φ   µ  αυ ,  µ α  µ   π   α  

  α  πα α   απ   υπ   µ  απα υµ  . 

 π π  π υ αµ α απ    αυ   α  α   υπ υ α   

π α    α  π α υµ  α π   µ  |f(xq+1)-f(xq)|.   

 απα υµ   απ α  απ  n  π υ απ   (i-n-1,i-1) 

υπ    π υ υ  υ  α  απ  α   µ µ  υ α µ υ.  

Battiti α  Tecchiolli, [18], πα υ υ  µ α πα α α   µ υ µ   α  

µ α α   α υπ µ  µ µ  α   α   µα π µ  

µ µ . Η α υπ µ  µ µ   µ µ  µ  υ  (short-term memory) πα υ  

απ µ  α  υ µ   α  πα α α  µ   π  π  

α α υ µ  αυ  α  υ  µ  υ n α α   α α  . 

Η µ α  υ µ υ   α υπ µ  µ µ  α  υ π   π φ  

 α  πα υ α   ∆ . 2.9.  

 

∆ . 2.9:  α υπ µ  µ µ  (list size) α  π  π φ   α 

 (percent repetitions) (Battiti α  Tecchiolli, [18]). 

Η µ µ  µ υ υ  (Long-Term Memory) µ   α υ  α  

υ . Ό α      υ µ   ,  α µ  

µ α µα α   µ  υ α υ µα µ  α α α µ  µ  ( υ α µ  
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υ µ υ  υ υ ) π   πα αφ  υ  α  µ  α α  µ  

απα υµ  . 

2.7.5 Μ  α χ  αµµ π  – (Sequential 
linearization) 

 π π  µ  αµµ  π µ     α  µ   π υ  

αµ  αµµ  π µ .  µ  υ  α απ υ  α  π υ  

 π µ  αυ . 

 Duan, [71], α   Templeman, α  Yates, [279], [280], π υ   µ α π  υ 

αµµ  π µα   π µα µ.  π υ 0-1. µα  µ υ α   

αυ µ  υπ     α   µ. .  Olsen α  Vanderplaats, [217], 

π υ  µ α µ  π υ  α      µ  α α  

π µα µ  υ  µ. .  υ α α   α  αµµ  π µα 

α  µ. , π  υ µ υ    υ υ  π µα  µ   

 µ  π αµµα µ  α α  α µ  α      

. Ω  π µα α  µ υ α αφ α   µ  υ α µ   αµµ  

π µ  α   α  υ π µα  αµ α  υπ  µ    

µ α   α υ µ υ α µ .  Ghattas α  Grossman, [103], 

µ φ υ   π µα π  α α υ   π µα α µ  α  

α υ  µ  α  µ. . Ω  π π  π µ  υ π µα  α   

α α α   υ π µα  (µ α   µ ,  π.) π υ 

α µ π α  απ   α µ    π µ . µα  µ υ 

α   α   α υ   α α υ   π µα π . α  

µ µα  µ υ α   α  υ µ υ  υ π µα    α  

 π µ  α µ  π υ α  µ   π υ  υ π µα .  Balling 

α   υ  υ [123], [13] [203], α µ π υ   π µα α  µ α  

π α  µ   α α  µ.  υπ α  α  µ  α µ  µ   

 µ  αµµ  π αµµα µ .  υ α α  µ α π  υ υ  

π µα   α  π µα π α  π  π  µ  

α α  υ π υ υ υπ  α  π µα . 

2.7.6 Μ  π µ ωµ  α π  – (Simulated annealing) 

Η  π µ µ  α π  [164], [165], α   α α  
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α  µ . Η α  α, π α  απ     α  µ α  

α  πα υ α  α π  φ  απ  υ  Metropolis et al., [206]. α  π µα 

 µ υ α    υ α   α α  απ   π   µ. . Η µ  

απ  π α   µ υ υ  απ α  α   µ υ α α  µ  

απα υµ   π υ  απ φα  µ α  απ  µ α     

υπ α   υ α α. Η π α α απ   µ α  απ    xk-1→xk 

α  : 

 ( ) ( ) ( ) ( )1 1

1 0

Pr
exp 0

k k k k

K

f

f f ff
f

T
− −

∆ <→ = ∆ = − ∆− ∆ ≥
x x x x  (2.88) 

π υ Κ α   µ α α α   k φ   α α α  π . Η 

πα µ  αυ    υ α µ α   µ α   . Η 

µ α  υ Pr(xk-1→xk) α αφ  Κ πα υ α   ∆ . 2.10. 

 

∆ . 2.10: α α απ  α ∆f=g(Tk). 

 φ   µ υ π µ µ  α π  α  L µα α. Η µ  k+1 α  

: 

 ( )1 0

K

K init initT r T T T+ = ⋅ =  (2.89) 
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π υ init α   α  µ   µ α α  α  r α   υ   

µ .Η α α α π  µα α  α : 

 1K finalT T+ ≤  (2.90) 

π υ final α   µ α α . α µα α  µ υ υ α   [166], [157]: 

µα 1: µ   µ α α  init α  υ µ υ xo. π µ   µ   

α µ  υ  f(xo). µ   µ  L α  r. Κ=0 α  k=1. 

µα 2: Επ   απ   xk. π µ  f(xk) α  ∆f=f(xk)-f(xk-1). 

µα 3:  ∆f<0  xk-1→xk µ  f(xk-1)→f(xk) α  υ α  µα 5.  ∆f≥0 : 

µα 4: π µ   Pr(xk-1→xk).  z≤Pr(xk-1→xk) π υ z υ α α µ   [0,1]  

xk-1→xk µ  f(xk-1)→f(xk) α  υ α  µα 5.  z>Pr(xk-1→xk) π φ   µα 2. 

µα 5:  k<L  k=k+1 α  υ α  µα 2.  k>L υ α  µα 6. 

µα 6: Κ=Κ+1, TK=r·TK-1.  TK>Tfinal, k=1 α  υ α  µα 2 α  µα µ  

 α α α . 

Η µ  π µ µ  α π   φα µ   π  φα µ  

π     µ - α  µ α  [35], [36]. α α α   

α  µ υ µ      υ α  υ  πα υ α   α   

Kvasnicha α  Pospichal, [177], Press α  Teukolsky, [229], Siarry et al,. [264] α  Wang α  

Chen, [288].  Kincaid α  Padula, [166] α   Balling, [12] µ π   µ  α  

  α   π υ υπ  µ    υ υ µ υ υ  

π µα   π π  π µ  µ  α  µ. . π α   α α  

 µ υ  α υ α  υπ  υ µ υ α µ .  May 

α  Balling, [204], πα υ υ  µ α πα α α   µ υ π µ µ  α π  

α   α µ   µ α  π α  υ υ α   µ  

π µ µ  α π  µ  µ µ  µ    απ φυ  µ   α  

υ .  µ   Hedar α  Fukushima, [135], α  May α  Balling, [204], 

πα υ α  π   α  µ  αµ  υπ    π   

α  µ  π µ µ  α π . 
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2.7.7 Μ  π µ ωµ  α π  µ   

 Hedar α  Fukushima, [135], υ υ υ   µ  π µ µ  α π  µ   

µ  µ   (Box method), α   υ υα µ   α α   

µ  π  π  α υπ υ  µ  α α    α υ  

π µα α µ   α α  µ υ π µ µ  α π  α α α  

π  υ υ α µ  π υ π υ  π  α α α. α α  µα α  

µ υ υ α  : 

µα 1: Επ  n+1 µ  α  Simplex. Επ  >0 T, Tfinal α  M. µ  υ 

µ υ  n   α . 

µα 2: α α   n+1 µ   α   f(x1)≤f(x2)≤… ≤f(xn+1). 

µα 3: π υ   m<n+1 α  µ    α . 

µα 4:  |f(x1)-f(xn+1)|≤   TK≤Tfinal µα µ   α α α  α  µα 5. 

µα 5: Επα α   φ  α µα α 5.1  5.6. 

µα 5.1: µ  k=1. 

µα 5.2:  k≤  υ α  µα 5.3 α  υ α  µα 5.4 α υµπ . 

µα 5.3: ( α α ): π µ   k µ  α α α  { } 1

2

n

i n k

+
= − +x   

( ): 2, 1r

i i i n k nρ= + ⋅ − = − + +x x x x …  π υ 
1

1

1

1

n k

i

in k

− +

=
= − + ∑x x  α   α  υ α  

α µ   µα (0.9,1.1). π µ   f(x
r
i). µ   ( ){ }

2 1

ˆ : min r

in k i n
f f− + ≤ ≤ += x  

µα 5.3.1:  ( ){ } ( )1
2 1

ˆ : min r

in k i n
f f f− + ≤ ≤ += < xx  υ α  µα 5.3.3. 

µα 5.3.2: π µ   π α α    (2.88) µ  f(xk-1)≡f(x1), ( ) ˆ
kf f≡x  α  

( )1
ˆf f f∆ = − x . µ  υ υ α υ z.  z≤Pr(xk-1→xk) υ α  µα 5.3.3 α  

k=k+1 α  υ α  µα 5.2. 

µα 5.3.3: µ  υ xr
i:=xi α  υ α  µα 5.5. 

µα 5.4 ( υµπ ω ): υµπ   µ   n+1 µ α µφ α µ    
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( )1 1:i iσ= + ⋅ −x x x x  i=2,3,…,n+1   0≤ ≤1. 

µα 5.5 ( α α ): α α   n+1 µ   f(x1)≤f(x2)≤… ≤f(xn+1) µ  

{x1,…,xn-k+1,x
r
n-k+2,…,x

r
n+1}→{x1,…, xn+1}. 

µα 5.6:  k≤  π φ   µα 5.2 α  υ α  µα 6. 

µα 6: Κ=Κ+1, TK=r·TK-1 α  π φ   µα 3. 

Η µ  φα µ α   π  υ  υ α  α αφ  α   υ α  

µ υ υ α  µ   µ υ  π  µ α πα α α   µ υ α α  µ  

απα υµ   [43], πα α α   µ υ π µ µ  α π  [264], 

α  µ   π α µ  µ  π µ µ  α π  [288]. 

2.7.8 Γ  µ  - (Genetic Algorithms) 

2.7.8.1 Ε α ω  

Η π  α µ  µ  π  µ  α  µ. , π υ  µ φ  υ υ 

α µ  πα υ  α υ  α   α µ  υ  πα υ  π  

π  α α   απ    , α   µ   Γ  

µ  (Γ ) [108], [145], [168], [171], [169]. 

µφ α µ   Goldberg [108],  π  α αφ  α  π µ   φυ  

α    υ µα α µ   α Η/  α  υ  Baricelli [16], [17], α  

Fraser [93], [94], [95], [96]. O Fraser [96], π µ     µ µα  15 

υφ  α  υπ   π α α µφ  α µ  µ  απ  φα υπ  

α α   π   πα υ   . Η π  φα µ   Γ   µ  

φυ  π µα α απ α   Bagley [9]. Η π  φα µ   α α α   

φυ  π   µα α π  α   Holland [141], [142].  Holland 

[143], [144], πα υ α   µα µα  π υ απ    υπ α   

Γ   π µα α π .  µα µα  [144], [145]   

«µ   α υ  υφ ω  ( χ µα α) µ  υ ω α µ α  υ µ υ υ, 

αµ υ  α   π  αυ α µ  π α  π   µ  ». O 

De-Jong [58], µ   α υ µα  µα  απ   υ α υ 

α µ υ (  α  π αµα )  π  π µ  α αφ . 
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Ε α  α  & µ  Ε υ  2.45   α  – µ α  ∆ µ α  

α  α α  π   Γ  α   απ α ,  υ α υ α µ υ 

 α π µα α π ,  υ α α α µ π  π µ  α 

 π  µ. , α   µ  πα  π µ    µ   υ α   πα  

πα α  α  α µ  υ  α   υ α  π µ . 

µα α  µ υ α   α υ αµ α  α α µ π  µ α 

π µα α µ  π µ  α µ  α  α   υ  υπ  φ . Η 

µ   φα µ   π  π µ  (Goldberg α  Kuo [110], Goldberg [108], 

Hajela [124], Lin α  Hajela [192], Huang [154], Huang et al. [158]). 

2.7.8.2 Κ α  Γ  

Η µ   Γ  α   α α  α  µ .  Γ ,  α  µ  

 µ υ  π ,  α π  π α   (π υ µ  

).     µ υ  π υ µ  αυ  µ π α  α  

µ υ α  α µ   π µ  .  α  µ φ  υ Γ   µ. , 

απ α   µ α π π α µ  α υ α  φυ  α µ  0 α  1 ( ). (∆ . 

2.11).     απ  α µ µα.  µ µα απ  µ α 

π α   µ α   α µ  υ π µα  (∆ . 2.12). 

 

∆ . 2.11: µα  πα α   απ  µ. , α  α  Γ . 

  α    µ υ Γ  υ α  : 

Επ  (Selection): Η α α α π   α µ υ υ π υ µ  α α α . 

  π π   α  απ  

( )1001...01010 if x→  

1001...01010

xi 

( )1011...01010 kh z→

1011...01010 

1 1

α  Φυ  µ

, , ,k k kz z z− +…… ……  

∆ α  α  

( )1001...01110 jg y→

1001...01110

υ  α

, ,i i iy y yε ε− +…… ……

 µα  
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Η α α α π  α   υ α  α µ υ. Εφ  α π  α 

µα α  υ  π α α π , α αµ α  α υ  π υ  

απ υ , µ  απ µα α µα α υ  υ  υ  α µφα α  µ  

υ  υ α  π µ  . 

∆ α α ω  (Crossover): Η α α α α µ  υ  υ  k  α  

πα α  l α µ  π υ α απ υ  α  α µα  π µ  . 

α  (Mutation): Η α α α α  α  υ α  π  α   α αφ  

υ  υ  α   φ   α α .   α υ  αυ  

α   α υ   υ   π υ µ . Η µ α  π   

Γ   α α µ   ω  α α α  π  α  α φα    

Γ  α π    α α   π π α µ  . ( α αφ  2.10). 

 

∆ . 2.12: µα  πα α   απ  µ µα   µ  υ π υ µ . 

α µα α  µ υ Γ  υ α  : 

µα 1: µ   µ υ απ  µ α  υπ φ α  , α     

π , α α  α  µ α .. 

µα 2: υ α α πα α  Np (π  α µ ) µ µ  (α  π υ µ ). K=0. 

µα 3: π µ   υ α   α µ υ υ π υ µ . Κ=Κ+1 

µα 4: Επ   µ  υ π υ µ  α  µ υ α υ υ π υ µ  µ  

Χ µ µα 

Υ

Χ 

Ζ

yj 

xi 

zk

Χ  α µ  

100101010 100101110 100101110 
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   α α  α  µ α . 

µα 5: ∆ α α . 

µα 6: α . 

µα 7: Έ    .  α  π α α  

α π α  µα µ   α α α  α  π φ   µα 5. 

2.7.8.3 Θ µα χ µα  

Η  α   υ α   Γ  α   µα µα  

(Schema theorem) π υ π  απ   π α α µ α  υ  υ  α   

α  π α α α α α  µ α  υ µ  α υ α     

  µ υ. µφ α µ  υ  [145], [108]  µα µα   ,  

π  m(H) µ α  υ µ  α υ α  υφ  Η, µ α α   [145]: 

 ( ) ( ) ( )( ) ( ) ( )
ifor all H D

, 1 , 1
1

cr m

i

f H Hm mH t H t P O PH
E f H L

δ
∈

 ≥ ⋅ ⋅+ − ⋅ − ⋅    −    (2.91) 

π υ Η α   υπ  α  α υ α υφ , (H) α   µ   α υ α  αυ , 

(Η) α    υ µα  (  π   α  υφ ), L α   µ  υ 

µ µα , m(H,t) α   π   α µ  π υ µπ υ   α υ α Η  

 t, Pcr α  Pm α   π α  α α  α  µ α  α α, α  f(H) 

α   υ α υ µα  Η. Η  (2.91)  υπ   π π ,   

π α α π  α  α   υ α  α   π α  α α α  υ 

µα  α  π  µ  π   υ  π α α α α α  α α   

µα υ .   
( ) ( )1

1
cr m

H
p O pH

L

δ − ⋅ − ⋅  −     υµπ µα  π α α 

α α α  υ µα .  Whitley [291], µ   α α  Holland, [145], 

α  Schaffer π  πα υ α  απ   Davis, [56], α α    π  µ α  

υ µ  α υ α  υφ  µ α α  : 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )( )
ifor all H D

1, 1 ,1 1
1

O H

mcr

i

f HHm D P D mH t H tP D
E f HL

δ
∈

 ≥ ⋅ ⋅ − = ⋅+ − ⋅ ⋅ −    −     (2.92) 

π υ (1-Pm)
O(H)

 α   π α α µ  α α α  υ µα   µ α . α π  

    µα µα   απ µα α  µ   π µ υ  
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π α    π υ π υ   α  υ : 

 ( ) ( ) ( )
( )[ ] ( ) ( )

cr m

i

Disrupt Disrupt

for all H D

Pr
1 Pr 1 Pr, 1 ,

Pr
P P

H
m mH t H t H H

E H∈
   ≅ ⋅ ⋅ − ⋅ −+     (2.93) 

π υ, Pr(H) α   π α α π  α µ υ µ   µα H, ( )
cr

Disrupt
Pr PH  α   

π α α α α α    α α α  α α  α  ( )
m

Disrupt
Pr PH  α   

π α α α α α    α α α   µ α . 

 µα µα  α φα   α   υ α  µφ   

υ µ υ µα  φ   µ : 

 
( )

( )[ ] ( ) ( )
cr m

i

Disrupt Disrupt

for all H D

Pr
1 Pr 1 Pr 1

Pr
P P

H
H H

E H∈
   ⋅ − ⋅ − >    (2.94) 

 π π  π υ  υ α µφ  υ µ υ µα  α  υ  α  

α  Γ   α  υ α  α α   π π  π    α  

πα α   α   π    (2.93) π π α  :  

 
( ) ( ) ( ) ( ) ( ) ( )[ ]

( ) ( ) ( )[ ]
crm

i

2

DisruptDisrupt

for all H D

PrPr
1 1 1, 1 ,

1 Pr 1 Pr PrPP

HH
m m A B A D C B CH t H t

F F

C D F EHH H∈

≅ ⋅ − − ⋅ − = ⋅ ⋅ = ⋅ +  
  = − = − =   

 (2.95) 

π υ  α   π απ α α  υ  υ π   µ  φ   

υ µ  µα µφα α   α    2  α   α   α  

υ  φ   υ µ  µα µφα α  α  υ  2 . Η  (2.95) 

υ    (2.93) α  Pr(H)<<1 π  [1-(1-A)·(1-B)]≈[1-(1-A)]=A. Η π α α 

π   µα   π π  µ   υ α  µ   µ  α α µ   

υ α  [108], [172], α  : 

 ( ) ( )
( )

( )
( )

,

1

1

Pr

H j

j P

p

i

N

j k
H N k

j N

i

H D i

i

f H f

H
f H

f

∀ ∈ =

∀ ∈ =

= =
∑ ∑
∑ ∑

x

x

 (2.96) 

π υ Η,j α   π   α µ  π υ π υ   υ µ  µα α  f(xi) α   

υ α υ i α µ υ.  Koumousis α  Katsaras [173], υ      

(2.91) α   π υ µ   πα αµ  α  α   α  α α α  
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π  α   µ υ α µ  µ α   α µ  υ 

π υ µ  π υ   µ υ  π  µ  αυ µ  απ .  

πα αφ  2.11, πα υ α  α α υ    µ α  υ π υ  α  /   

πυ α   υ µ υ µα   υ  µ    υ υ α α 

φ υ   α α  α  π . 

2.7.8.4 Κα ω  υ π µα  π  (Formulation of 
optimization problem) 

 π π  υ α  Γ   π µα π  α   π µα 

µ π   α µ  µ  υ αµ υ π µα   π µ : 

 ( ) ( )
( ) { }1

1

,...,max
ii n ii im

i

i

f
d dF x D

=

= ∈ =
Φ∏

x
x

x

 (2.97) 

π υ f(x) α   µ   α µ  υ  α  ( )
1

m

i

i=
Φ∏ x  α   υ  

απ µ   υ α     πα α α   υ α  π µ  υ 

π µα .  µ. , π α  µφ α µ  υ   υ ∆ . 2.11. Η 

υ  Φi(x) α  : 

 ( ) ( )( ) ( ) ( )
( ) ( )
( ) ( )

1 0
1,...,

1 01 1

1 1,...,

i

n i

i ii i

i i

g
q i p m

g gk q

q h i p

≤= = + + >Φ = + ⋅ − 
= + =

x
x

x xx x

x x

 (2.98) 

π υ n α  πα µ  π υ α   µα  υ  π α . 

2.7.8.5 Κω π  α  απ ω π  

Η π  α µ  µ  π   µ. , α   µ α µα µ   

µ   α υ α υφ  ( ) υ µ υ µ υ . Η α α α αυ  

πα α αµ α  α    µ. , α   π µ υ  α υ  υφ  υ υ α  

α  µ φ  υ µ µα . Η α α α απ π  µα   

µ µα α π µ υ  µµ α υ ( α) α   υ α µ  υ α φ υ 

µ α µα µ  υπ α   µ   µ. . 

 π  π   π φ α  π  µα   υ α υ 

α µ υ. µφ α µ   Whitley [291],  π  µ  α υ  υφ  
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Ε α  α  & µ  Ε υ  2.50   α  – µ α  ∆ µ α  

α µ π α  µ  π µ  α  α  υ α  α   µ  π π  

 απ µ   π α  υ α µ υ  µ  π  υ υ  

υ α  . Ά  µ  π  α  µ  π α µα  µ  [56], 

[210], [211],  π π  π µ  υ  µ.   µ   « α » 

π  υφ  (grey encoding). Η  « α» α αφ α  υ   µ  

α α µ  α  υφ α  π   Bitner et al., [25], µ  α  

α α    µ   π    πα υ υ  µ   

π  υ   α υ  υφ , απ α  α  Hamming  µ   µ α. Η 

απ α  α  Hamming H(bi,bj) α   [130]: 

 ( )
1

,
bn

i j ik jk

k

b bH b b
=

= ⊕∑  (2.99) 

π υ bi α  bj α  α α  α µ  i α  j µ υ  nb α  ⊕  α    υ 

απ   (XOR).   υ απ   α  : 

 0 0 0 0 1 1 1 0 1 1 1 0⊕ = ⊕ = ⊕ = ⊕ =  (2.100) 

µφ α µ  υ  Whitley et al., [292],  α µ  π  π π  α 

α   υ α  µ.  (∆ . 2.13). 

 

∆ . 2.13: υ α   Hamming 4 υφ  α  α  απ  υφ α  

π . 

 υπ  π µα α π υ  α µ  υ  πα υ  µα α  π   

µ.    π µα α µ  µ  α µ  α α ,  α υφ α  π , αυ  

 υ α υ Γ  [291]. υ  φ α   αφα   φ  α  Hamming 

(Hamming Cliffs)  π π   α  µ υ π . Ω  φ  α  

Hamming α   α α  π υ   µ  π α  µ  
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υµπ µα  απ  υ υ (απ α  α  Hamming  µ   µ  υ 

µ µα ).   « µα α» α  µ   µ α   α µ  

υ   π   µ. . Έ α π µα α α α  µα  α : 

 ( ) ( )( ) ( ) ( )( )min
max n

nx

f f
f f δε∀ ∈∀ ∈

−±≤−± +′x D

D

x x
x x  (2.101) 

π υ , ,  ε δ′  α  µ   π . Η απ  µ  π   

α α απ µα α  υ α  µ  µ  π  α α     

π π  υ  π υ  µ υ  µ  υ υ α µ  απ  α  

α α α  υ  [290].  π π  π  µ  υ  µ. ,   

α   π π   α  µ υ π  [292] φ  α   π µα 

α  µα   π  µ  υ  µ. ,   α µ υ  υ  υ α  

  µ  απ  µ  π . 

2.7.8.6 α µ  υ Γ  µ υ 

 α  πα µ  υ Γ  α ,  µ  υ π υ µ ,  π  π ,  π  

α   π α α α α  α   πα µ   π α α  µ α . Η 

υµπ φ  υ α µ υ  π   πα αµ υ  υ Γ   α α υ   π  

α .  De Jong α  Spears, [59], πα υ υ   α  α µ  

απ µα α   µ   α π α  υ µ υ  υ π υ µ  α  υ π υ 

 α α .  Cvetkovic α  Muhlenbein, [54], υ  µα υµπ µα α  

 µ    µ  υ π υ µ   π π  µ µ φ υ α α  

α  π   α µ  α π  µ  απ π  µ  (truncation selection) α π  

υ α  α αφ .  Harik et al., [132], π υ   α α  Goldberg Deb 

α  Clark, [109], α  υπ µ  υ υ π υ µ  π υ απα α  α  

  α   υ Γ  µ  µ α υ µ  π α α α υ µ  

α α π µ  α     α υ υ α υ µα µ  α  

υπ α   π α α π  υ  υπ υ µ  πα µ   µ  

υ π υ µ .  Srivastava α  Goldberg, [271], µ     µ  

(building blocks) α π  α π µα α  Γ - α (GA-hard)   µ  Γ -

α (non GA-hard). Η α π  αυ  α α  α  µ   π  υ υπ  

α  π µα . µα α π υ α α α   υ α υµµ α π µα α 

(deceptive problems) α υ  Γ  α υ   α α  Γ -  π µ . 

Έ α π µα α  υ α υµµ  α : 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.52   α  – µ α  ∆ µ α  

 
( ) ( ) { }{ } ( ) ( )opt

,

, D :opt opt opt

f f

f f

+ ∆ > ∀ ∆ ∈ −
′ ′∃ ∆ ∈ +∆ < >> ⊂

n n

opt

n n n n

opt opt

x x x x x D D

x x x x x D D D D
 (2.102) 

π υ ∆x α  ∆x’ α  µ  µ α  υ α µα   µ. . µφ α µ  υ  

Srivastava α  Goldberg, [271],  Γ -  π µα α   π µα α  

π  µ  υ µα  µα     α α    π υ µ  

 π  µα   α  n

optD  π υ π    α µ . 

 πα α  α α  Grefenstette, [115], πα υ  µ α α α π µ  π υ 

 µπ  α α α   υ α υµµ α π µα α µφ α µ    

(2.102) α  α  α π µα α π υ α   α π υ  µ   α 

 Γ . Έ α π µα α  Grefenstette, [115], α   Γ -  π µα α : 

 
( ) ( ) { } { }( ) ( )

, ,opt

opt opt

f f F

f f F ε
′+ ∆ = = ∀ ∆ ∈ − ∃ ∆ ∈

′ ′>> + ∆ >> ∆ << >> ⊂
n n n

opt opt

n n n n

opt opt

x x x x x D D x x D

x x x x D D D D
 (2.103) 

 πα αφ  2.13, πα υ α  α α υ   π α α     

α π µα α α α π α υ    (2.102) α  (2.103)  π   π α α 

µ α ,  π υ µ ,  π  π  α   µ  υ µ µα . 

 Smith α  Fogarty, [265], α π   πα α α  υ Γ  π υ υ  α απ υ  

µ     υ υπ  φ υ α   υ α .  πα α α   

α  µ υ  Γ  µα π α    µ  α  [265]: 

•  µ υ  π υ π α µ υ   α   υ υ   

α µ   α  π α µ  α  π υ α α  α µ α α  

µµ α  µ α α α  α α   π υ µ . 

•  µ υ  π υ π α µ υ   α   υ υ   

α µ   α  µπ  α  ( π   α π      

α µ ,  α π   µ   υ α  υ π υ µ  π.) 

2.7.8.7 α  π  (Selection Strategies) 

 α  π υ µ  πα α  υ  µ   υ α α   α µ  υ  

πα α µ   π  απ   µ  µ  υπ φ υ  α µ .  2  

π π    π  υ α  π υ µ  α α α  π µα µ υ  



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 
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µα α  φ   α  π υ µ  α   π α µ  α   υ 

α α  µ υ [56]. α   φ   π   π α α π   

µ υ  α  υ   υ α  υ.  α  Γ   π α α π   

µ υ α   [145], [108]: 

 ( ) ( )
1

PN

ji i

j

P f f
=

= ∑ xx  (2.104) 

π υ f(xi) α   υ α υ i α µ υ. Η µ  π  µ α  µ  α α µ  

 υ α  (roulette wheel method). α απ    (2.104)  αφ α 

πα υ α  π    α  µ   π α α  π . O Baker 

[11], πα υ   π  α µ  α  π  α µ   Γ . 

Ά  µ  υ υπ µ   π α α  π  α   µ  υ π υ µ  

  α   απ µ     µ α  υ µ  π α α  π  π υ 

µ α  α µ  υ [34], [225]. 

Ά  µ  α     (rank)  α µ υ   υ π υ µ  

[67], [68].  π π  αυ   π α α π  α   [120]: 

 
( )
( )

1

1

1
P

c

p

i N
c

p

j

N i
P

N j
=

+ −=
+ −∑  (2.105) 

π υ i α    α    c α   α α µ   π α  π .  

π  α    µ  α c=1 πα υ υ  π α  π  

2/( p+1) α  2/Np*(Np+1) α α.  π π  αυ  πα α α    υ α 

 α µ υ ( α  α α  π α α π ) α  α   απ υ  

απ  α  α α  µ  απ     υ α µ υ  π υ µ . 

Ά  µ  π  α   µ  π  µ  α α [222], [60], [173] (tournament 

selection). Η π α α π   α µ υ  π π  αυ  α  υ   

 απ  υ   µ  υ  π  α µ  υ π υ µ .  

π π  π  µ  α α (k,n), απ  k π µ α µα α  υ α  π  α n π  

α π α  α α α . α µ   µ   µ α  k α  n 

υµ     π α α π   π   α µ . Η π α α 

π  υ π  υ α µ υ α  : 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 
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 { }
1

1max 1 1

P

P

N

k n

i N

j p

P P
N j=

    = =  − −  −     ∑  (2.106) 

π υ, Np α   µ  υ π υ µ , k  π   α µ  π υ α α  α  n 

 π   α µ  π υ π α  α α α . Η  (2.106)  α   

π π  π υ  π    n’  α   µ   π   . 

 α α   µ υ π  µ  α α α      π α α 

π   k-n   α µ  α   µ  µ . α  π α α 

π   n π   α µ  α   µ   µ  µ . Χα α  

υ  π  µ  α α α         απ α  

π φ α  α  α  µ  π    π α α π  υ π  

υ α µ υ πα υ  sup{Pi}=f(Np,k,n’)<1 α   π π  π  µ  

υ α      π α α  π  α   µ   µ α.  Blickle α  

Thiele, [26], πα υ υ  α α υ    υπ α   µ υ α α  

µ  α α,    α   π    υ α υ Γ . 

Ά  µ  α   µ  π    υ α  (breeder-GA) [210], [211], [57]. 

 µ  αυ  π α  υπ  υ α  π υ µ  ( α π  α 

µα) π υ  υ α α αυ α  µ α  υ  µ  υ  υ  π α  

υ υα µ . α Np π  α α  α α α  π  α απ υ  

 π µ  .  π υ µ   π µ    π π  αυ  π  α  

µ  α  α α   µ υ  υ π υ µ   . 

α  µ  αυ , α  µ   π α α  π   αφ α 

πα υ α  α  π  π υ µ α υ   µ   υ α    

α α   µ  α α µ   υ α  α  µ   π α α  

µ  π  π  υ.  Ponterosso et al., [226], α υ   υ α 

  α α µ   α α α  φ υ π   α υ .  

π π  π υ π    α  απ   υ α   αυ  α  

µ  µ α µ  µ  µ    α   π α   .  Erbatur et al., 

[77], µ π  φ  π υ  πα   α µ  υ    

πα α α   π µ , α α   α  υ αµ   α  α  π  

α  υπ φ α . 

 Nanakorn α  Meesomklin, [212], πα υ υ  µ α µ  α  υ αµ  π α µ  



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.55   α  – µ α  ∆ µ α  

υ υ  π     α µ  υ   α απ φ α   

π   υ α µ υ  µ     π π  π υ  π α α 

π  α  µ  α α µ   υ α   α µ υ α  α α υ . Η 

α  α α     π π   υ  π  π α   µ  απ  

, α  µ  π  µ α  µ   π  αυ  µ  α  α α α  

π α α π    αυ . Η µ α   υ  π  G,j α  

Η,j, π υ   α  π υ  π     π  υ  π  

π υ α α   π υ µ  α πα αµ   υ µ  . Η µ   

α µ  υ  α µ α  α  : 

 ( ) ( ) ( )i i i iF f E= −x x x  (2.107) 

π υ  πα µ  Ε(xi) π υ   υ  υπ α   π µ  α  : 

 
( ) ( ) ( ) ( ) ( )
( ) ( ){ } ( ) ( )1 1

0,max

pm

j i j ii G H jj
j p j

j i j ij i j i

G HE

g hG H

β βλ λ
= + =

   = ⋅ + ⋅   
= =
∑ ∑x xx

x xx x

 (2.108) 

π υ  α   πα µ  π υ   π  µ α   πα αµ υ Ε(xi) π   

π  πα α α   υ α  π µ . Ό α  ( G)j=( H)j= (t)  α  

υ  π  α  : 

 ( ) ( ) ( )( )max 0, max
i

i

i ave

i

f Ft
t

E

φλ ∈
∀ ∉

  − ⋅  =       
n
ad

n
ad

x D

x D

x

x
 (2.109) 

π υ ( )tφ  α   υ  π  υ Γ   µ  απ  , D
n

ad α    

 απ   α  i

aveF
∈ n

adx D
 α   µ  υ α  απ  : 

 ( )i

i

ave iF E f
∈

∈=   n
ad

n
ad

x D

x D
x  (2.110) 

µφ α µ    (2.109) α  (2.110)  υ  π  α   υ  

υ υ  π α α  π  υ α υ υ α µ υ υ π υ µ  π   µ  

π α α π  α   π υ  πα α υ  α α π µ .  π π  

π υ    πα α υ  υ  α  α  π υ  π µ  (  

 α   απ   α    )  α  υπ µ  υ 

(t) αµ α  υπ   µ  υ Ε(xi). Η µ  φα µ α   π µα α υ 

α µ  α α υ  µ  α α α  απ µα α. 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.56   α  – µ α  ∆ µ α  

 µ  α  µ α π α  π υ α φα   µ   π   

α µ  υ π υ µ  α π   π µ  .  π π  αυ   

π   µ  (  ) µ αφ α  αυ   π µ  . α  

αυ   π  α φα α     π φ α υ π  υ µ υ 

(  α µ )  α α  α   α  π .  α   µ  

π π  α  υ α  α   πα υ  υ π υ µ   π  π  

,  υ   π α  αυ  υ  αυ   α α   

µ υ [226]. 

2.7.8.8 α  α α ω  

 π  α µ   α α  α   α α   (Single Point 

Crossover – SPC) (∆ . 2.14) α   µ  (Double Point Crossover – DPC) (∆ . 

2.15), α   α α  µ    µ α  (Uniform Crossover – UC) (∆ . 2.16). α 

απ   πα απ   π   πα υ α   αφ α π   

α α   µ υ α  µ.  (Single Point Crossover per Design Variable – SPVC) 

[45]  α α α α  k  α  µ υ α k  µ  k>2 (∆ . 2.17) [75] 

.α.  Hasançebi α  Erbatur, [133], α   π  µ φ  µ υ  

π   π   υ α α  α α υ Γ .  µ  π  π υ α  

α ,  SPC,  DPC,  α α  π απ  µ υ (Multi Point Crossover - MPC),  

SPVC α   UC. Η πα   µ  αυ   υ µ  π π  α   

α υ α α α υ  (exploration) υ υ   α  φ υ α  α α  

 (exploitation)     υ µ  π .  πα αφ  

2.12, πα υ α  α α υ  α  π  « µ φ » µ υ  α α   

α α α  α α υ  υ υ  . 

 

∆ . 2.14:  ∆ α α   µ υ (SPC) 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.57   α  – µ α  ∆ µ α  

 

∆ . 2.15:  ∆ α α  ∆ π  µ υ (DPC) 

 

∆ . 2.16:  ∆ α α  µ   µ α  (UC) 

 

∆ . 2.17:  ∆ α α  k  ( α α α α ) 

   α α  µπ  α α    α α α  

α α  υ π µα  π υ α µ π α  α π α   α  α α  

π υ   π υ µ  µ  υ  υ α  [77].  π π  αυ ,  

µ µα µ αφ  α   π φ α  µ υ α α  µ   π α  

πα α .    υ  πα α  µ  αφ  π  α α    

α α  π α    υ π  υ    µ  µ  

π α α  π  π υ   α α  υ π υ υ α µ υ 

 υ  π α α π . Εφ    α α α  Γ  π π  α 

π  α  µα α α υ    υ  υ  π  α απ   υπ π  

π υ µ  α αµ α     α α  π υ α πα  α  µ   α 

Γ  α 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.58   α  – µ α  ∆ µ α  

π  α µα α πα υ  α   υ  υ α π  [77]. 

2.7.8.9 Μ α  (Mutation) 

  αυ    α  π υ µ ,  α υ  υφ  π υ  α  

υ α  α πα α  µ  υ   α α .   αυ   α  

υ α  π  « » α   φ   α αφ .  απ  µ  π   

α α α  µ α  α    α φ   µ  υ φ υ  υ α α  

υ µ µα  (∆ . 2.18). 

 

∆ . 2.18:  α  

 π π   α  π α α  µ α , π α  µ   µ  1/L π υ L 

α   µ  υ µ µα  [58], [209], [266]. Η µ  αυ  α   α  

 µ  α  µ  α  α α  α  .   αυ    

υ α α  α µ  α α  α  « » π   µ α  µ  

απ µα  α   υ α  υ µα  π  [58], [209]. Γ α µ  

 π α α  µ α  αµ  υ υ αυ  α αµ α  µ   απ  

υ α µ υ  α    α  Pm>1/L υµ  µ   α  

α α  υ α µ υ  π   π α  φ α µ α  µ α   υ α 

µ α  , α  π α  φ    µ α   µ  υ φ υ  µ α  

µπ  α α µ  απ  α   µ α  µ   α φ    

 υ µ µα .  Greenwell et al., [114], αµ α  υπ   π   

 µ   π α α  µ α   π φ   α µ  π υ απα υ  

 π υ µ , υ   : 

 

1

1
* 2 11

1

L

m L

pu
P u

pu

−−−  = =  −    (2.111) 

π υ p α   π α α µ α υ α α  υ µ µα  α    µ . Η 

 µ   π α α  α   υ  υ  υ  υ π υ µ  

α    π α  υ. Η α  µ    (2.111) α  p→1 α   

α Επ  α  00000010000001000000000000100000100000

10100000101001010101001010110100000010  Χ µ µα 

10100010101000010101001010010100100010  Χ µ µα 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.59   α  – µ α  ∆ µ α  

µ   1/L α  υµπ π  µ   µ  π υ π υ   De-Jong [58] α  Muhlenbein [209] 

 π π    µ  µ α α µ  π α α  µ α . Η µ α   

 µ    µ   π α α p α   µ  υ µ µα  

πα υ α   ∆ . 2.19.  

 π π α α α   µ α α   µ  α  υπ   π π  

 α µ  υ p→0.5 ( π  α αµ α  α υµ α  α α  α  α α α  

π )  π α υ π υ µ  π   µ  µ  ,  

α  µ φ    π υ π α  απ  υ  Hesser α  Männer [137], 

α αµ α  α π φ υ   Γ  υ  υ α: 

 expm o
half

t
P P

t

 −= ⋅     (2.112) 

π υ Po α   π α α µ α    µ  t=0 α  thalf α   µ  π υ 

α   α α µ α   π α α  µ α .  Schwefel, [257], 

α π υ   π µ µα α α  υπ µ    π α α  

µ α .  Dimou α  Koumousis [67], [68], π υ  π π     

Hesser α  Männer [137] π υ  π α α µ α  α  : 

 ( ) ( ) exp

init init

m init
final init final init

half

P t t

P t t t
P P P t t

t

 ≤  =  −+ − ⋅ − >       
 (2.113) 

π υ Pinit α  Pfinal α   α  α   µ   π α α  α α α  tinit α   

µ   α  π υ µ α  π υ  π α α µ α  α   µ  Pinit. 

α α α  υ  µ α  απ    π υ α  µ α  [37], [38].  

 π υ α  µ α  α  : 

 

creep mutation creep mutation
no creep mutation no creep mutation

increase by 1 decrease by 1

0 0 1 0 1 10 0 1 1 0 1

0 1 0 0 1 00 0 1 1 0 1  (2.114) 

 υ   π υ α  µ α  α  α απ φ υ  α α φ  

µ α   π π   απ  π .   αυ   

µα   α α  α   υ α υ Γ    υ  π µα α 

  α µ  π φ α   υ α Γ  µ  α µ  π . 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.60   α  – µ α  ∆ µ α  

 

∆ . 2.19:  µ   π α α  µ α  (  (2.111)). 

2.7.8.10 ∆ µ  

 Rajeev α  Krishnamoorthy, [232], φα µ υ  υ  Γ  α  π  

µ α  υ µ . Η µ  φα µ α  α   µα 3 µ  µ   

   πα αµ  υ Γ  α  π  πα α α   υ  απ .  

υ α  Γ  µ π α    α µ  π υ υ   160 µ . 

 Sugimoto, [274], φα µ  υ  Γ   π µα α υ α µ  α α υ  

µ  α  µ. .  α   π   α  α µ  α   

α µ   µ α  π α  απ  α α µ  α µ . 

 Sakamoto α  Oda, [249], φα µ υ  µ α υ  µ α π υ µ π   Γ  

α  υπ µ    µ φ   π π υ υ µα    π   

α µ   µ  α   α α µ   α . 

 Hajela [125], α   Hajela α  Lee, [126], [127], [128], µ π  υ  Γ  α  

   π α  υ υ µα    µ . Η α α α 

π  α    π π α.  1  π π  µ    µα  

 α   π π  υ α   π µ  π    2  

π π  υπ α  µ α   µ   π αφα  µ  α   π   

 α µ  απ  µ α α α µ  α µ . 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.61   α  – µ α  ∆ µ α  

 Dhingra α  Lee, [64], µ π  υ  Γ   π µα α π υ α  

π  α  πα υ υ  π  πα α µ  α   α µ  

υ  α α υ . 

 Adeli α  Cheng, [1], µ π  υ  Γ   π µα α υ µ  α   

µ α  µ υ  υ  [2] πα υ υ  µ α α   α µ  

υ µ  µ   υ  Lagrange α  µ α π  π µα  

π  µ  π µ   µ φ  π υ α   Γ . 

 Grierson α  Pak, [119], µ π  υ  Γ   π µα α   α  

π α  µα  α  α µ  µ α  α α υ  α  α  π   

µ  υ υπ  υ  υ Γ  µ   υ   α µ  

 α   υπ φ α   α  π   α µ   µ . 

 Koumousis α  Georgiou, [172], µ π  υ  Γ   υ υα µ  µ   

αµµα µ  α   α µ  α α  α  µα  υ µ  

µ α  υπ .  Γ  α α αµ      π α  υ 

υ µα  α   α µ   αµµα µ  µ π α  α  

  α  α µ  α  π α π υ π α  απ   Γ . 

 Rajan, [231], µ π  υ  Γ   π µα α   α  π α  

µα  α  α µ  υ µ  µ  µ  α  α  υ  µ. .    

µ  υ υ µα  α  υ  µ. , α  µ  µ α  υ  

α α α  υπ α    µα υ υ µα  α υ µ  

π α. Η υ µ α α   υ α  υ  α   π  µ  

 α µ α  Boole.  π µα α µ π υ  α   Deb, α  Gulati 

[62], π υ µ  µ   α α  αυ  α   α π υ  µ α  α α  

 α  µ  υ υπ  φ υ  αφ   απ φυ  α  

π  µα  α α  α  µ  απ  π . 

 Ohsaki, [216], πα υ  µ  π υ υ υ  υ  Γ  µ  υφυ   µ  

α   π  α µ  υ µ  α   µ  υ 

υπ  φ υ. α   πα αµ  α µ    µ  π  

 π α υ υ µα  απ   π α α αµ α  α π    

α µ .   π  απ   υ υα µ   π α µ  φ . 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.62   α  – µ α  ∆ µ α  

 Prakkash, et al., [228], φα µ υ  υ  Γ   υπ µ  υ υ αµ υ  

π µ   π µα π α  π υ α .  Ramasamy α  Rajasekaran, [234], 

υ υ υ  υ  Γ  µ  υ  υα  π µα π   

µ α   α  υ υ   µ  αυ  µ   πα µφ  µ υ  

π .  Soh α  Yang, [267], υ υ υ  υ  Γ  µ   α  α αφ  

,  π µα α υ α µ  µα  πα υ α  υ  

α µ  µ  αφ  π π  α π   υ α  π µ . 

 Yang α  Soh, [294], µ π  υ  Γ   π µα α   α  

π α  µα  α  α µ  µ α  α α υ  π υ α µα π α  

µ  α α. Η α α α π  µ  α α   υ α α  α α υ 

Γ   π   Γ  π υ  π   α µ  α α   µ   υ α . 

 Rajeev α  Krishnamoorthy, [233], µ π  υ  Γ   π µα α   

α  π α  µα  α  α µ  υ µ  µ  µ  α  α  

υ  µ. . Χα α   πα α α  αυ  α   µ α  υ µ υ  υ 

µ µα  µ α α   µα α µ   υ  µ. ,   

υα α   α µ  υ   π   µ α  αυ . 

 Huang α  Arora, [156], α µ π υ   µα υ υ α µ  µ  α  

π π µ  µ. , υ α   υ α υ Γ  α   υ α   µ υ 

π µ µ  α π  α   µ υ α  α  φ α . Γ α α α 

π µα α π υ α µ π α   µ  αυ  υ α    υ  

υ α    µ   υ α     π π   µ  

αµµ  π αµµα µ  π υ  µ. , α µ π α   υ  µ. . 

 Jenkins, [160], πα υ  µ α α   α µ  π υ φ  

µ α  π α  µ  Γ . Η µ   µ υ α α  α   

π α α  µ α   π α µ  α α α   απ µα  µ  υ 

υπ  φ υ α   α   υ α  υ α µ υ π . 

 Parmee et al., [223], πα υ α α  φ  πα α α  υ α  Γ  π υ υ υ υ  

 α  Γ  µ   α  π α µ  α α  υ  υ υ 

α µ . 

 Leite α  Topping, [186], πα υ υ  π π  υ Γ   π   µ  



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.63   α  – µ α  ∆ µ α  

π    α   µ α   π α α  µ α  µ      

υ α  υ α µ υ α   µ  υ υπ  φ υ. 

 Chen α  Rajan, [45], πα υ υ  µ α πα α α  υ Γ  α   α µ  

µ α  π α . Η α α α α α  π π α  α    µ. , 

µ α π  α υ α υφ . Η α υ α   µ µα α .  

µ. , απ α   µ µα α .  µ µα α  

α  α    α α .  α  µ. ,  α  µ  υ 

µ µα  α  υπ α  µ α µ  α φ υ  α  µ. , π α  

  SPC α  µ. . Ε α   µ µα α     

α α    αυ  α    α α α µ  απ µα  

µ  υ α µ   α αυ  π υ   α α φ    

µ . π  α απ µα α π υ πα α α  α π  υ µ  υµπ α α  

  πα α α  αυ  πα υ  απ  υ α α  µ  υπ  . 

 Ohmori α  Kito, [215], πα υ υ  µ α πα α α  υ Γ  α π  

α α υ  π υ  π α  υ µα  α     µ    

απ φυ  µα  µ  απ  α µ   α µ  µ  υ υ α  µ . 

 Topping α  Leite, [282], πα υ υ  µ α α α π   α  π υ 

µ π α   πα υ  Γ  α   π   α  

πα  Γ  π υ α    υ π υ µ , υπ -π υ µ , α  

πα  π α α . 

 Soh α  Yang, [268], φα µ υ  Γ   α  α   α µ  

υ µ  φυ   υ υα µ  µ  υφυ   µ .  1  π π   

π µα π  α   µ. , υ µα  α  α µ  µ   π α 

υ υ µα  α .  2  π π   µ.   π α  µ α α  µφ α µ  

α α   µ  α   α  π α . α   φ     

µ  µπ υ α  µ  α απ   α υ . Η α α α π  υ 

1  π π υ πα α αµ α  α  α π α. α υπ µα α π  α π α 

α   α α α π  υ 2
υ
 π π υ π α  απ     

α  π    µ  µ   αφα  µ  α  µ  απ   

υπ  α  π α. 

 Downing, [70], πα υ  µ α µ α π   π α υ υ   



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.64   α  – µ α  ∆ µ α  

Θ α Ε µ  µ  Γ  αµµα µ  α     υ α  

υ Γ  αµµα µ . 

 Groenwold et al., [120], πα υ υ  µ α µ  π υ α α   α  

α     Γ  µ  φα µ   α µ  υ  α α υ .  

 Γ  π  υ       απ α  υ    

α µ  α   α   π α  υ π υ µ  ( µ  

πα µ   αφ   υ α υ Γ  [15]) α     α  

α α  (exploitation capacity [77]) υ Γ . Η µ  α   π  (epochs) 

π υ µ   π α   π   π υ µ  α π α  α α   µ  π υ 

πα υ   υ  υ α. αυ α     π α   

υπ  υ α  υ π   α  π υ π    . 

 Botello et al., [28], πα υ υ  υ υα µ   µ υ π µ µ  α π  

α   Γ  µ   α    απ  α  α α α µ α .  

 απ    υ α   π  α  µ   φα µ  υ 

  µ α .   «µ α α µ »  πα υ  υ  υ α  

 µ    µ   α α     αυ  α  απ  α   

απ φα  π   α   υπ µ   π α α απ   µ υ 

π µ µ  α π  µφ α µ   α µ   πα α φ υ 2.7.6. Η µ  

φα µ α    α µ  µ α  υ µ  πα υ α  αυ µ  

υ α   µ   α  Γ  α   π π µ  µ  π µ µ  

α π  π απ  .  

 Greiner et al., [116], υ   υ α  πα α α  υ α  Γ . Η 1  

πα α α  α   α  Γ  µ  µ  α  π α α α α   µ  0.8.  2  

πα α α   π υ µ  α α α  α  µ µα α ( α µ  µ    

α α α α  απ  α µα  π µ  ) α   π π α  π απ  

απ   α   ( ). Η 3  πα α α  α   υ α α π   

 α   π  υ π υ µ   π µ     α  απ  

π υ µ  2  . Η α α  π π α  µ   µα π υ α µ µα α 

υ  αφ υ  α ’  25%.  π π  π υ α υ µ  α µ   

 πα α α    α µ  υ  υ π  υ 

α µ υ φα µ α     µ α  µ  π  υ  π α α.  πα α α  

φα µ α    α µ  π π υ π α υ µ    µ  υ υ  



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.65   α  – µ α  ∆ µ α  

α  απ   α υ   απ µ  υµπ α α    3  πα α α  πα υ  

 υ  υ α  π π  υ  µ. . 

O Lacksonen, [179], υ   µ  Γ  µ   µ υ  α π µα α α  

µ.  π   µ  π µ µ  α π ,  µ  Nedler & Mead α   µ  

υ   Hooke–Jeeves α 25 υ α  α αφ . υµπ α α    Γ  

πα υ   υ  υ α µ   υ  αυ α υπ  . 

2.7.8.11 Μ -Γ  (micro-GA) 

O µ -Γ  (µΓ ) απ  πα α α  υ Γ  α  α απ  α  απ   

Krishnakumar [175] α  De-Jong [58], α   υ α π π  απ   Carroll [37], 

[38]. µφ α µ   De-Jong [58],  µΓ  πα υ  υ  υ α α   α  

α     α α α  π .  µΓ  αφ π α    µ   

α  Γ   π   µ  π  α µ ,  µ  πα  υ   µ α , 

 π α α α α  π υ α   µ   µ α, α  α   α α α 

α π  υ π υ µ , α α   µ  µ   υ  υ α, α   

π α υ π υ µ  π   απ  υ µ  µ  α φ υ. µα 

υ µΓ  α   α α υ α α µ π  µ  π υ α π µα α µ  µ  π  

π  α α  φ ,  α α α α π    απ µα  µ   

π α α  µ    π  α α υ. 

 υπ  µΓ   π   α µ  υµα α  απ  4  6 µα α     

π   π   µ  ( µ ). Η α π  υ π υ µ  

αµ  α α   µ µ φ α υ  υ  π   80~90%. Γ α µ α 

µ  µ µα  υφ α α  πα α α  υ µΓ  π υ α     

µ α  α  α   υ α   µ υ π . 

 Kwon et al., [178], πα υ υ  µ α πα α α  υ Γ  π υ α α   α α α 

α  π  υ π  α α υ α   υ υ  µ   απ  Γ  α  α   

µ -Γ . Η µ  υ α  α 11 υ α  α αφ  α   υ α 

φα µ α   π µα α π  υ  α  υπ . 

O Glorennec, [105], υ υ   µ  υ µΓ  µ  α αφ   α  π  

 υµπ φ  µπ  υ µ  α   π µ  υ υ 

πα υ  υ υ µα  υ. 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.66   α  – µ α  ∆ µ α  

 Reddy, α  Chakroborty, [242], φα µ υ  µ  π υ α  µ  υ µ -Γ  α  

µ   υ α  φ   α  υα π υ υµπ   µ  

µ  α υ  µ  α αφ  . 

 Sadeghi et al., [248], µ π   µΓ   π µα α µ    

µ  µα   π π  µ  υ  µ υ.   α υ  α   

υπ µ  υ υ φ  υ µα  α    α α  υπ µ  

 µ  ( π , απ υ α α, )  µ   µ   

   υ υ. 

 Liu α  Chen, [193], φα µ υ   µΓ   π µα α υ  µ   µµ  

π   υ υα µ  µ  α υ  µ υ . Ω   α α  υ µΓ  

π α   UC µ  π α α α α α  υφ   µ  0.5 α   α   

α α  . Η µ  π υ  α α µ   πα αµ υ  α υ  

α υ     απ  20  50 . 

 Dennis α  Dulikravich, [63], πα υ υ  µ α πα α α  υ µΓ  (  πα  

µΓ ) α  π   α  µ  α υµπ  µα υ αµ   

α .  α   µ π   αφ  π  µ α   α  α  

α  µ    α α µ   µα  α υ µ  µα α . 

Η   π υ  απ α α µ   α   α  π   

π π  υ α α µ υ µα υ αµ  α . 

 Liu et al., [194], [195], φα µ υ   µΓ   π µα α α µ   α  

υ υ  µµ  π α  µ   α υ  µ . 

 Loomans, α  Visser [196], φα µ υ   µ  υ µ -Γ   π µα α 

π  απ  α  υ µ  πα   . 

2.7.8.12 Γ  υ χ  µ α  χ α µ  

 Γ  υ  µ.  α  απ µα υ υα µ   Γ  µ   α . 

  Γ  υ  µ.  α   µ   υα α  υ α µ υ  π  

π     υ α µ .   µ µα α  : 

 { }1 2, , , n ix x x ∈ℜx…  (2.115) 

π υ n α   π   µ. .    α α  α  µ α  α  : 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.67   α  – µ α  ∆ µ α  

 [ ] [ ] ( ) ( ) ( )
( ) ( ) ( )1 1 2 2

1 2 1 2

1 1 2 2

, , , , , ,
, , , , , ,

, , , , , ,

n n

n n

n n

c x y c x y c x y
x x x y y y

c y x c y x c y x

  ⊗ =   
…

… …
…

 (2.116) 

 [ ] [ ]1 2 1 2 2 1 1, , , , , , ,n n n nx x x x x x xε ε− −→ ± ±… …  (2.117) 

π υ ⊗  α     α α , c(xi,yi) α   υ  υ  α  

{ 1,., n} α   µ α   µ. ,   µ α .   α α  α  

µ α   Γ  υ  µ α  πα υ α   ∆ . 2.20. 

 

∆ . 2.20:  ∆ α α  α  α   π π  υ  µ. . 

 Bessau α  Siarry [21], πα υ υ  µ α πα α α  υ Γ  υ  µ.  π υ α α  

 αυ   υπ π υ µ . Η µ  αυ  πα υ  υ  υ α 

  π π  π µ  µ  π  α α  µ .    

α α  α  µ α   π π  αυ  α   [21]: 

 1
2

i i
in in i i i in

a
a i k a a i k

ββ β β+= = > = = ≤  (2.118) 

 
min max

min max

im i i i

jm j j j

a a a a a aε ε
β β ε β β ε β β

= ± − ≤ ≤ −
′ ′= ± − ≤ ≤ −  (2.119) 

π υ  α  ’ α   µ α   µ   µ. .  µ α   α  ’ π µ α  

 .µ π υ α υ  α  α α µ  υ   (Normal Distribution of 

Truncated Ends)    µ  α α   υ υ α µ  [4]. Η 

π α α µ α  µ α α  µφ α µ   υ   Hesser α  Manner, 

α1 α2 α3 α4 α5 

1 2 3 4 5 

µ  α α  k=2 

α1 α2 α31 α41 α51 

1 2 31 41 51 

α1 α2 α3 α4 α5 

1 2 3 4 5 

µ. , π  µ α  2 α  α4 

α1 α2 α3 α4,m α5 

1 2,m 3 4 5 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.68   α  – µ α  ∆ µ α  

[137]. α µα α  µ υ υ α   [21]: 

µα 1. χ π : α α   α  π υ µ  µ    π α υ 

α  π υ µ  α α  µ α  υ µ  µ  α φ υ  α µ   

π α α µ  υ α µ υ,   π  α α υ.  µ µα 

α   µ   α  υ  π υ µ   µ  π α  υ υπ  α  

π υ µ  α α  µ α   µ  α φ υ. Η π α υ π υ µ  µ   

α   α µ υ  π   j µ. , α   [21]: 

 ( ) ( ) ( ) ( )
max min

1 1

log 1
p pN N

j jjj
j ik ikP ik

i k i j j

x xi k
H P PN P

x x= = +
−= − ⋅ = − −∑∑  (2.120) 

π υ, xj(i), xj(k) α   µ  α  j   i α  k α µ  υ π υ µ , xj
max

, xj
min

 

α  α α υ π υ  µ  α  υπ  α   α  p α   µ  υ 

υπ π υ µ . Η π α υ π υ µ  α    µ. , α   [21]: 

 ( ) ( )
1

1 n

jP P

j

H HN N
n =

= ⋅∑  (2.121) 

µα 2. αυ χ   π υ µ : Έ α   α α α  π  π υ 

 υπ π υ µ  α  α υ µ  α µ  .   υ µα  

αυ  απ   υ µα π υ π  α π  α µα α    

υπ π υ µ  π α   π   µ .  µ  αυ  α   s*. 

µα 3. Φ  µ υ   π χ   α  µ : µπ υ  υ υ 

α µ   π    υ µ υ s*. 

µα 4. Έ χ  :   µ  υ υ α  π  α  α  

µ   υ µ υ υ   α α α π     

  α      αυ  α  µ   υ µ υ 

µ  π   α α α µα α .  α  π π  π φ   µα 1. 

Η µ  φα µ α   π  υ α  α αφ  α    µ   µ υ  

πα υ  αυ µ  υ α α α  υπ  φ . 

 Chelouah et al., [42], υ υ υ  πα α α  υ Γ  υ  µ.  µ   µ   

υ α υ Simplex (Simplex Search)  Nelder & Mead [213].  Γ  υ  µ.  

µ π α  α  α   π  π υ πα υ  αφ  α   



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.69   α  – µ α  ∆ µ α  

υ α  µ   Nelder & Mead [213], µ π α  α   υ 

υπ υ αυ  α   α α υ    . Η πα α α  υ Γ  υ  

µ.  α α   α µ   Bessau α  Siarry [21] µ   αφ   α   

α π   π υ µ    µ  α π   πα α     µ  

 υ α υ απ α  [42]: 

 { } { }j i new
s sif i jε− > ∀ ∈Ω⇒Ω = ∪Ω  (2.122) 

π υ  α   µ  α φ υ  υ α  απ α .  µα α  απ α  

µ α     µ  αυ  α  π  µ υ  απ     

π α .    α α  π π α    µ   α   

 Bessau α  Siarry [21]  [42]: 

 i i
in i in i

a
a a

M M

βα β β β α β α β= + ∆ −∆ = −∆ + ∆ ∆ = ∆ =  (2.123) 

π υ  α  υ α  α µ  α α µ µ   µα [1,1000]. Η µ  π  

π  µ α α   α α υ Γ  υ  µ.  α υπ υ  

π  π υ π υ   . 

 Γ  υ  µ.  [21], [42], µ α   π  υ α  α αφ  µ  π  

α  απ µα α α   υ α φα µ α   π µα π  υ 

π φ   υ µ      µ α  π υ α π  υ  

π µ  µα  α  α π   µ   π υ.  De Falco et al. [57] 

µ π  πα α α   Γ  υ  µ.  π υ α απ  απ  υ  Mühlenbein α  

Schlierkamp-Voosen [210], [211] (  breeder-GA) α  α  υ π φ  π υ α  

α αφ  µ    µ π  υ υ υ υ   π   

υ  α α . 

2.7.8.13 Γ   µα α π υ α  π  

 Γ  α   πα α α   απ  µ φ  π  α   µα α π υ α  

π .  υ Γ  α   α φ  υ µ π υ Pareto. α  

π µα  µ υ π υ α α  υ  Γ   π µα α π υ α  

π  α   µ   υ α  υπ µ   υ α   

α µ  υ π υ µ  α   α π υ  µ α  α µ  α α α  α  π   

α µ  π υ α απ υ   π υ µ   . µ  πα  α  

υ α υ Γ , α π µα α  α α  αυ , α   α   



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.70   α  – µ α  ∆ µ α  

π α  υ π υ µ  [262] α   απ φυ   υ π υ µ   υπ  

  υ µ π υ Pareto [300]. 

 Cheng α  Li, [49] α  [50], α απ υ  µ  α  π υ α   

α µ  µ   υ υα µ   Pareto Γ  α  υ  π  α  π α υµ  

α αφ  π φ α. Η Pareto Γ  απ α  απ  5 .   αυ  α ,  

  π ,  α α ,  µ α , υ υ α µ α  α  υ 

φ  α  Pareto.  φ  α  Pareto α α   α   φ   

υ π µα .  π υ  υ α α  απ  αµ α   µφ α µ   

 (2.124) α α α    1
υ
 α µ  (rank equal to 1).  α µ    

α  απ   υ α   α   α  π    αυ  α  υ α   

. α  F α  υ α    G ( F G ) α  α  µ  α : 

 
, ,

, ,

F i G i

F j G j

i N f f
F G

j N f f

∀ ∈ ≤ →∃ ∈ <   (2.124) 

π υ fF,i α  fG,i α   µ   i α µ  υ  α   α   π   

α µ  υ α .   1
υ
 α µ  (π υ απ  α   µ π  Pareto) 

αφα α  απ   π υ µ  α   α α α   υ α   α  

απ µ    πα α αµ α .  υ α    π π  αυ  

α α α    2
υ
 α µ . Η α α α πα α αµ α  µ    

υ π υ µ . Γ α  π  αµ α  υπ  µ    υ 1
υ
 α µ . Η 

α α α π  α α  µ   π φ α π υ α  α µ    

 απ   µ π  Pareto.   α µ α  α   α υ Cavicchio 

(Cavicchio, [39]) π υ  απ  α α  υ   µ  α   α µ  υ  

α    µ α  υ α µ    υ . α απ µα α α α   

α α υ α µ υ α α µ π  π υ  π υ α  π µα α α  α 

α α  µ  π υ α  µ π  Pareto. 

 Schaffer, [251], [252], πα υ  α π µα α π υ α  π   

µ  Γ  Ε µ  ∆ α µα  (Vector Evaluated GA, VEGA, ∆ . 2.21 π π  a). 

π   α µ  υ  π α   k π   π π  (  k 

α   α  υπ  α  α µ  υ ). Η α α α αυ  

πα α αµ α  α    α µ  υ α .   π υ 

µ υ α  απ  α µα αυ  απ  α    απ   π α α π   

π µ  π υ µ . Η υ α  α µ υ υ υ υ αυ  α   [300]: 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.71   α  – µ α  ∆ µ α  

 ( ) ( ) ( )1, , 1, ,1 1
j

i jf f i k k k j Nj j= = ⋅ + ⋅ + =− −x … …  (2.125) 

π υ, j

if  α   υ α υ i α µ υ  π α  π   j α µ  υ   

µ   µ  fj(x). µα  µ υ α   π α  πα υ α  α  k  µ α  

     π υ α απ υ    α  π µ  . 

 Hajela α  Lin, [129], πα υ υ   µ  Γ  α α µ µ  α , (Hajela Lin 

Genetic Algorithms HLGA, ∆ . 2.21 π π  b). Η π   α µ  α 

α α  α α   υ α υ  µ   µ υ  α α  α  

µφ α µ    (2.23) µ   αφ   α   πα αµ υ  αµ α α   

π  α  απ  µ  υ  υ   α µ . Η α   

α    (2.23)   α α α   απ µα  αυ  

   α  α   π µ υ  α  υ µ   υ α . 

 Fonseca α  Fleming, [86], πα υ υ  α µα π   α µ  α µ   

α α α µ   υ α     υ α µ υ  π υ µ  (Fonseca 

Fleming GA FFGA, ∆ . 2.21 π π  c). Η υ α  α µ υ α  απ   

π    απ   π  υ α α .  α µ   α µ υ α   [300]: 

 ;1 j ii i i
j F Fjr n n ∈= + = S  (2.126) 

π υ, S α    υ π υ µ  α  ni α   π    π υ υ α  

  i. Η υ α  α µ υ α α  απ    υ  α  µ   

π υ µ .   α α    α  α υ α α υ α   µ   α µ  

(2.126)  υ α  α µ υ υπ α  µ    (2.105) α µ  c=1.  

Fonseca α  Fleming  υ α π π α   FFGA  µ     

π α µ  µα  α α µ  υ α  [87] ( π υ αµ α  υπ  α   

υ    µ α π  υ υ  )  µ   α  υ α  

µ α α  [88] ( α   π υ µ  π υ π α  α π  υ α  ) 

α   α   π α  υ π υ µ . 

 Horn, Nafpliotis α  Goldberg, [148], [149], πα υ υ  µ α µ  π υ υ υ   

α α α π  µ  α α µ   α  υ α α  α  Pareto (Niched Pareto 

GA – NPGA, ∆ . 2.21 π π  d).  υ   µ υ α  π  υ 

α µα   α µ  α π  υ α   [300]: 

υ  1: Επ α  υ α α  µα i α  j.   µ  i   µ  j υ α  υ 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.72   α  – µ α  ∆ µ α  

α µ υ j  υ α µ υ i α α α   υ α α  απ  αµ α  υ π υ µ  

υ µ π υ Pareto,   µ  i   µ  j π α  α  π  υ 

π υ µ  π . 

υ  2:   α π α   υ  1  υπ  α  µ  i α   µ  j 

 π   α µ  (ni α  nj α α) π υ πα υ υ  υ α απ α  

µ  απ   α α α  share.  i jn n<    µ  i π α  α 

πα   π υ µ  α α α    α  π π  π α   µ  j. 

 Srinivas α  Deb, [272], πα υ υ  µ α πα α α  υ NPGA  µ  υ α µ  

α µ µ  Γ  (Non dominated Sorting Genetic Algorithm NSGA, ∆ . 2.21 π π  

e). Η α α α α    υ µ π υ Pareto. α µα α  µ υ 

υ α   [300]: 

µα 1: Έ  (S) α  π υ µ   α  (Sp,i), α µ  υ µ π υ Pareto. 

µα 2: α αµ µ  υ α   µ  Fd,i α α µ  υ µ π υ Pareto. 

µα 3: Ε  υ µ π υ Pareto  ,

1

i

p i

j=
−S S∪   (Sp,i+1). Θ  i=i+1. 

µα 4: Γ α α  Sp,i α αµ µ  υ α   µ  , 1, , 1 p id i d iF F −−≤ S .  

µα 5:   ,

1

i

p i

k=
− =∅S S∪  µα µ   α α α  α  π φ   µα 3. 

 Zitzler, [300], πα υ   Ε  α µ  α  Pareto (Strength Pareto 

Evolutionary Algorithm – SPEA ∆ . 2.21 π π  f) π υ  µ α   

 υ µ π υ Pareto α   π . Η πυ α    π  

α µ  υ µ π υ Pareto π  α   υ α υ  α   υ α  

, α α  α  απ   π    π υ υ α α  απ  αυ .   

µ υ α   µ υ α υ  µ  (clusters) α   α   µ  

υ α µ  . Η υ α  α µ υ  µ π  Pareto α α  απ   

π     π  υ α α  απ υ α απ   υ µ  µ .   

π υ µ  πα α  µ   α α   α µ  υ µ π υ Pareto. Η 

υ  µ α µ  υ   απ π      µ  



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.73   α  – µ α  ∆ µ α  

απ µα  α   π α  υ π υ µ . 

 

∆ . 2.21: µ  υ α   α π υ α  π  (Ziztler [300]). 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.74   α  – µ α  ∆ µ α  

 Shimodaira [262], πα υ  µ α µ  π υ α  π  π υ 

α α   Γ  µ  α  µ µ α  α   π α  υ π υ µ  α  

 α  π . Η π α υ π υ µ  α  µ   α π  

υ π υ µ    α µ . Η υ   α µ  π  υ π υ 

υ α µ υ   µ   π α  µ  απ µα  µ   

α α  υ π υ µ  α φ  απ  π  π  α α  α  α υ αµ α 

α φ  υ µ π υ Pareto  π µα α π υ α  π .  

   π υ µ  απ α  απ   π   µ  α  α -1 

π  απ µα υ µ α µα α α   υ α  υ .   µ υ 

α   µ υ α π υ µ  µ  µ  υπ  απ α  απ   π  

 µ    α α υ  υ α µ υ α πα αµ  α α . 

 Busacca et al., [32], φα µ υ  υ  Γ   π µα α π υ α  

π  υ α µ  πυ  α α  µ    µ  υ 

υ ,  µ π   α µ α  α  α π    υ 

π π   α α (µ   α π   π  υ ).  

Marseguerra et al., [200], φα µ υ  πα α α   µ υ Γ  α  α 

π µα α π υ α  π  µ    µ υ α π  

υ  µ   µ  υ α   α   µ α  υ α  α µ α. Η 

υ α  α µ  α α  απ   π  υ α  α    µ   

υπ π  .    π µ   π α  απ    µ π  Pareto. 

  α    µ  α µα υ µ π υ Pareto.    υ α  

α  µ α   π   υ µ π υ Pareto  α   µ π  Pareto 

α    π υ υ α α  απ   α αυ   αφα α  απ   µ π .  

π π  π υ   Pareto υ α   υπ  α      αυ   

α   α .  π π  π υ   αυ   υ α α  απ   µ π  

Pareto   υ α  α  π α   υ µ π υ,    αυ  α   

µ π  Pareto µπ υ α   µ π  Pareto  µ   α α α   π   

  π   µ   α µ  υ α . 

 Coello α  Pulido, [53], πα υ υ  µ α µ  α π υ α  π  µ  

 µ α  πα α α  υ µΓ  α  α π υ α  π µα α.  µ  

αυ  α   ,  µ µ  υ π υ µ  π υ µ π α   π  

π α  υ π υ µ  α    µ µ   π α α α α  α µ  

υ µ π υ Pareto. Η µ µ  υ π υ µ  α    υπ α   α  



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.75   α  – µ α  ∆ µ α  

α  µ α α µ  µ µ .  α   υ α µα υ π υ µ  π α  

απ   µ µ  υ π υ µ  µ  π α µ α π  α µ α  α  α  

µ α α µ  µ µ .    υ   υ µ π υ Pareto υ 

π υ µ  α    µ  α µα   µ µ .  α µα αυ  

απ   µ  υ α µ  απ     α µ    µ µ , 

π υ µ    υ  υ  α µ π  Pareto,   αυ  α   

 µ µ  α  µα υ µ π υ Pareto  µ µ  π υ υ α α  απ   -

α   απ π α  απ   µ µ  αυ . Επ π α  µ  φα µ  

 αφ  π υ  µ  µ      α α  . Η 

µ  φα µ  µ  π υ α α 5 πα α µα α α αφ  α     µ  

 µ υ  π υ α  π  α    µ  α α  µ  

π υ α  µ π  Pareto µ  µ  υπ     µ   µ  -

υ α µ υ α α α µ υ Γ  [61] (Non Dominated Sorting GA, NSGA) α   

Ε  υ π υµ υ Pareto [167] (Pareto Archived Evolution Strategy). 

2.7.9 υ  µ  (Co-evolution methods) 

α  α α   υ  µ  α   αυ   

π υ µ  π υ α   α α µ  π υ  υ α  α µ υ α α  απ  

 α α υ  α υ α  π  α µ  υ α π υ π υ µ .  α µ  

αυ  πα υ υ  µ  αφ  α  π  πα α α ,   µ   π  

α π α   π υ µ ,  µ   υ α  α   µ  π   

α µ  α    α α  υ   π µ  , πα υ α   

αφ α. Ω  υµ ω  (Symbiosis) α    µ α  2  π  

π υ µ  π υ  υ α υ  π   υ α υ υ α   υµ ω  

 (Symbiotic Connection) α    →  ( π υ  π υ µ   π   

π υ µ  ). Η  αυ  υπ  µ  α   πα  υ  π   .  α  

µ φ  υ  µφ α µ  υ  Morrison α  Oppacher, [208], υ α  : 

•   π     (A protagonizes B) A B
+→ . 

•   π  α    (A antagonizes B) A B
−→ . 

• µ α µ  µ α  Φ α ( ) α  ∆  ( ) (Amensalism between Host and Amensal) 

A B
−→  α  → . 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.76   α  – µ α  ∆ µ α  

• µ α µ  µ α  Φ α ( ) α  ∆  ( ) (Comensalism between Host and 

Amensal) A B
+→  α  → . 

• α µ  (Competition) A B
−→  α  B A

−→ . 

• υ α α (Mutualism) A B
+→  α  B A

+→ . 

•  Θ υ  ( )-Θ µα  ( ) (Predation A Predator and B Prey) A B
−→  α  B A

+→ . 

• α µ  (Adaptism) A A
−→  α  A A

+→ . 

 Schlierkamp-Voosen α  Mühlenbein, [253], πα υ υ  µ α µ  π  

π υ  µ  υ π υ µ  µ α α  α  α   α α α.  

π α µ   µ   π υ µ  π υ π   π   µ  

αυ   µ  υ, µ  αυ  µ µ φ  µ  υ µ υ   υπ π  

π υ µ .    α α  αυ ,  Schlierkamp-Voosen α  Mühlenbein, [254], 

πα υ υ  µ α πα α α   µ υ π υ π α απ   µ   α µ  

υ  υ π  υ α µ υ α  α   φ   π α α  

  π υ µ . Η απ  υ π υ µ  α α  απ       

α µ  υ  (∆fe) π   π    π υ υ  α  (Nsols) 

π µ α   π υ µ  µ   υ   ∆fe/Nsols. Έ α π  π π  

µα α  µ α  υ π υ µ   π π  υ µ  π υ µ  

πα υ α  απ  υ  Eiben et al., [76].  π π  αυ  υµ  π α απ  

α α µ   µφ  υ α   µ   µ α υ   π  

  µ α   π υ µ . 

O Horn, [150], α µ π   π µα  υ  (niching)   α   

α  π    αυ  π υ   π  α π α   υ µ  

π υ µ . Ε α, α   π π   α υ   υµ  

 α   α  π  π    υµπ φ  υ µα   

υ .  π π  µ   α  απ υ α  α υ   υµ  

  α α α υ  µ α π α   υ α   [208],   

π π  π υ υµ  µ  α υ       π υ µ  

πα υ  α α µ  µ  απ µα µ  α µ  π    αυ  α 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.77   α  – µ α  ∆ µ α  

π  µ     α α α  π . 

 Hong et al., [147], πα υ υ  µ α µ  α  αυ  υ  υ 

π υ µ    µ  Γ  α  α     α α  α  µ α . 

   α   α α  α  α  υ µ  π α α 

π .    α α α  α α   υ α   α  µ  

 υπ µ   µ    υ α   α µ  π υ µ υ α  µ   

 υ . O   αυ , α α α  µφ α µ   απ  υ  α  α 

υ  πα α α  απ  µ α  υ µ υ υ,  π α α  υ  

αυ α  α  υ µ  π  µ  α  µ   π α α    

υπ π  .  υ α, υµ   φα µ   µ υ α  υ   

µ α . µα  µ υ α   α  υ υπ  υ  φ  

 α α   α α  α  µ α  α α  α   π   

α µ   α   αυ α  α α υ π υ   π π   π υ 

π π  α α    µ α . 

 Jensen, [161], µ π   α  υ   π µα α π υ  

α  α π αµµα µ  α  π υ απα α  υ  υ α. Η υ  

 π υ µ  α α   µ α αµ α   µ α  υ π υ µ  µ  α 

µα π υ π αµ υ   α α  α  α α  α  α α µ  υ (B) 

α  υ π υ µ  ( ) π υ π  α α α α φ   α  α . Η 

υ α µ α  π α  , α    α α  α  Bi α π α µ α  

 αφ  φ υ  α  Ai  α α µ π  π υ  α α  α  j. 

Η π α µ α  ,   α α   α  α µ  

πα υ  α υ     υ µ υ π µµα , α   

υ α  µ α  α µ  π α  α  α α φ . 

 Fujimoto, α  Shimohara, [99], πα υ υ  µ α µ  π  π υ α α  

 α  α µ  µ - .  π π  αυ  αφ  π υ µ  

α α α   α  π  µ    π  υ . α α  

α α   µ υ  υ α    [99]: 

•  π υ µ  απ α  απ  « »  α   α  υ  α  υ  

 α α  π α µ  υ   µ α α µ  π  [237], [238]. 

• Η α α π α µ   α µ υ α  µ α υ µ  µ   π α  



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.78   α  – µ α  ∆ µ α  

π  π υ απα α  α  π  υ . Ά µα π υ υ  µ  απα  α α 

πα αµ υ    α  υ α  α π απ α α  π  α  α π  

µ  π µ υ  α µ υ  π υ  [238], [239], [240]. 

• α µ  α  µ   αµ α α α α   π φ α  α   υ α α 

πα υ α µ α  (  α   α α α α αφ ) [237], [239], [240]. 

•  π  π φ  µ α υ µ  π α π  α  π  α   

π απ α α µ   π υ µ . Ό   απα   φ  αυ α  α  

π υ   υ  α α φ α   µ  α  α µ   

π υ µ  µ α . Η µ  αυ  α  α   υα α  π υ πα υ   

 π υ µ   υ  π µ  α µ  π  [237], [239]. 

•   µ   α µ  π  α  υ α   α   π    

 π υ µ  µ  απ    π   µ  µ  υ  

π α µ α. 

 Rhyne α  Smith, [244], α µ π υ   π µα  α π υ   α  

υ  α   π µα α α πα  π υ µ    Noble α  

Watson, [214], πα υ υ  υ  µ υ  α π µα α π υ α  

π .   µ υ α   α  υ µ υ απ   

α  α   υ α  α  υ µ π υ    α  Pareto. 

Εφ   µα α αυ  α  αµ π   π υ µ  αυ  µπ  α   

α  α  α  π υ µ    Γ . Η α α α π   

 α α  υ µ π υ Pareto µ  πα  α   υ α   α µ  υ. 

 Rosin α  Belew, [245], υ  α  µα α  π  µ   υ α   

α µ   π υ µ  φ   α α α αυ  π  µ α  υ α π  

 α µ υ. Ω  αµ α µ  υ α (shared fitness) α    υ α   

α υ π υ π α απ    α α υ α υ αυ  α α µ π  φ  

απ  α α  α  απ   π  α  α µ π  µ  π υ α. α α π α 

υπ π υ    α  υ  µ α  υ α απ  α α π α α  

α µ π α  α. α π υ α µ π υ  µ  π υ α α  µ  µ  

 υ α  αµ α  α α. Η υ α µ α  α  α  απ   : 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.79   α  – µ α  ∆ µ α  

 
1

Ni

i j

j

F f
=

=∑  π υ 1
j

j

f
N

=  (2.127) 

π υ Fi α   υ α  i α , fj α   α α υ α υ π υ α µ π α  

π υ  απ   α , Ni α   π   α  π υ α µ π α  µ  

π υ α απ   υπ  α  α  α  Nj α   π   α  π υ 

α µ π υ  µ  π υ α  υπ  α  . Η π µ  υ α α µ α 

α  απ   π υ  α  α   α υ α   µα [1/ , 1] 

α α µ   υ α π υ   π υ µ   α  α   

υ µ  .  π π  π υ   πα υ  υ  υ α  α α 

υ α  π   µ α    α  π π   α α υ α  π π υ  µ  

 α φ  υ π   α  π υ α .    µ  υ 

υπ  φ υ  α   α  α  υ υ υ  α  

α  α   π   α  (αυ  π υ   α α α  

π   µ α    α  π υ πα υ υ   υ   fi).  

 α α α  αυ  α   α   υ  µ υ  πα α  

α  π υ µπ  α υπ υ  α α α. 

   α α  αυ ,  Rosin α  Belew, [246], πα υ υ  µ α πα α α  π υ 

α     αµ α µ  υ α  α  µα α , π υ α   

 υ υ υ  π  π υ µ   (Hall of Fame).   αυ  

απ     π  α α  υ µ  π  π υ µ  α  απ  

 π µ  . Η α  αυ  α  υ αφ  µ    υ µ  α  µ  

 υ  υ υ υ αυ  α π  α α  α α α   

π π  απ  υ  απ   µ µ  υ α µ υ.   υ   

α  αυ  α   απ φυ  υ φα µ υ  υ  α α  α  α  

α .  π π   υ  α α  πα υ α   φα µ  υπ  

 α  Ab α πα υ  υ  α α α µ π  υπ υ υ α  

Bb. Η   α    µ υ α  υπ υ υ Ba π υ υ α  α  

 α  Ab α  α α   α µ   µ υ α α  Aa π υ 

υ α  α   α  Ba α  αυ α α  υ α α α υ 

υπ υ υ Ba. Η  υ υπ  α  Ba  α Bb µ  αυ  

µ π   υπ  α  Ab µ υ    : 

 
...

b b a b

a a b a b b

A B B A

A B B A A B

→ >> → >> →  >> → >> → >> → 
…

 (2.128) 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.80   α  – µ α  ∆ µ α  

 π π  αυ   µ  πα α  µ  απ µα  α π     

α µα µ  π υ µ  α   µ  υ   π α αφ α . Η 

α  µ  υ υ υ  π  π υ µ   α α φ α α 

  πα  υ υ αυ  α : 

 
...

b b a b

b a b

a a b a c b

A B B A
B B B

A B B A A B

→ >> → >> →  ′ = ∪ ′ ′>> → >> → >> → 
…

 (2.129) 

2.7.10 Ε  α  Ε  (Evolution Strategies) 

2.7.10.1 Ε α ω  

  α  (Ε ) [74], [131], [270], [256], [269] α απ α  α µ α  

α α  υ 60 απ  υ  Rechenberg [241] α  Schwefel [258] πα α µ  υ  Γ . Η 

φυ  π  α   π   µα µ υ  υ υ α υ, π  α   

π π   Γ , απ   α  α  α  αυ  [7], [23], [24], [256], 

[270]. Η αφ  µ α  Ε  α  Γ  α     α αµ   Ε  α   

π α µ  υ π υ µ   π  α  α υ  Γ  α  πα  α   

   µ   α α   π   α µ . 

Επ π  υ  υπ υ   α   π µα α 

π  πα υ α  απ   Tanskanen [278]. 

α   Γ  α  Ε  πα α α  αφ   π  π   

µ α  ( υα  µ φ   α  µ φ  υ Γ  υ  µ.   Ε )  π  

µ   π  υµ   π  α α α   αµ  Ε  (π α α π  

α   υ α  υ  Γ , α  µ  π   Ε ) α     

α µ   π υ µ  ( µ  υ  Γ  µ  α α α    απ  α 

α, µφ α µ   υ α   µ   α α α     

  Ε ).  π π   α  Γ   α µ    α  µ   

α µ    α      α   µ  µ α  α   α  

α α  π   πα α .  Ε  α α µ   α  π υ π α   

α µ    α  αφ  απ   α µ    α   α  µ α  

 α  υ   υ α    αυ .  Ε   π α α α α , 

α  α   α  α α  απ  µµ   α  π φ α   

α µ υ α  υπ α   α α     α  µ  υ  Γ  π υ  

 αυ  π α  α   α  φ   π  α  πα αµ υ  

α α  µ   π α   α α α . Η π α α µ α   Ε  α α  



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.81   α  – µ α  ∆ µ α  

µ α απ    α α α. α µ   υ α µ   π α    

µ α    υ α υ α µ υ υµ  α   µ   π α α  

µ α   α α    1/5 (µ α µ α  π υ     

υ α    π  5 µ α ) π υ α  α   µ   π α π   

Ε  α   µ α  υ α  υ α [251], [252], [241], [278]. υ  Γ    

α  π α α µ α  α   µ   1/L π υ L α   µ  υ 

µ µα  [209], α ,   π α α µ α   Ε  α α  απ   

υµπ φ  υ π µα   π   α µ  υ , α  α υ  Γ  

α α  απ   π υπ α απ   . 

2.7.10.2 µ  µα  

 π µα π   π π   Ε  α  : 

 ( ) ( )min minfind : nf f∈ ≤ ∀ ∈ ⊆x S x S Rx x  (2.130) 

π υ f(x) α   α µ  υ  υ π µα . Γ α  υ  αυ  π π  

α  : 

 ( )f−∞ < < +∞ ∀ ∈x Sx  (2.131) 

 π π  π υ  π µα υπ α   n  π  π µ    (2.130) 

µπ  α αφ  : 

 

( ) ( ) ( ) ( )[ ]
( ) ( )[ ] ( ) ( )

( )[ ]

min min min

1 1

α
min

1

find :

0 0 0

0
0 α υ

n n
n

i

i i

n i i

i
i

f T g f T g

g g

T g T g
T g

= =

=

∈ + ≤ + ∀ ∈ ⊆  
≤ ∧ == =    >

∑ ∑
∑

x S x S Rx x x x

x x
x x

x

 (2.132) 

π υ T[g(x)] α   υ  πα   µ   α µ  υ   

πα α α   π µ  υ π µα . 

2.7.10.3 α  Ε  α  

µφ α µ  υ  Back α  Schwefel [8] α µα α  µ υ υ α  : 

µα 1: α α  υ α  π υ µ  απ µ  απ  µ µα.  µ  

α   { }{ }; 1,...,;i prob

i ij ES ij µη = ∈∈x x SS , π υ xi α   α µ   π  

  S α  
i
j α   j υ µα  πα αµ    υ Ε  α  i 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.82   α  – µ α  ∆ µ α  

µ  π υ α    prob

ESS   π α  υ υα µ   πα αµ  αυ . 

µα 2: π µ   υ α    µ    (2.132). µ  m=1. 

µα 3: α α   απ υ  απ  µ . Η π   µ α µ  α  α  υ α  

π  π  α  µ  υ α  π υ µ  υµ  /µ α  µ   απ υ . 

Η j µ.  (j=1,…,n) υ απ υ k (k=1,…, )  α υ µ  x α   π υ π α  απ  

 i α α  : 

 
( )

( ) ( )
0,1 1 1

exp 0,1 0,1 22

j j j

k i i

j j j

k i

x x N

N N nn

η τ τη η τ τ
= + ⋅ ′= =′= ⋅  ⋅ + ⋅   (2.133) 

µα 4: π µ   υ α   απ  { }{ }; 1,...,;k prob

k j ES kj λη =∈x S . 

µα 5: Γ α (µ, ) Ε , α α α    απ  α  α υ α    µ   

α µ  υ  α  π   µ α  απ  απ   π    

    π µ  . Γ α (µ+ ) Ε  α α α   µ+  απ  α  

 α  α υ α    µ   α µ  υ  α  π   µ 

α     π µ  . 

µα 6: Έ   µα µ  α α α .  π π  µ   

m=m+1 α  π φ   µα 3. 

Η Ε  µ π α  α π  φ  απ  υ  Rechenberg α  Schwefel  π µα 

π  π φ  π υ α  α φ υ  [241], [257].  µ   πα αµ   α  

τ ′    (2.133) π α  απ  υ  Schwefel [257] α  Back [6].   α  

 Ε  υ  α α      (2.133) π π α  : 

 
( )

( )
( ) ( )

( ) ( )
1 11 1 1

exp 0,1 0,10,1

0,1 exp 0,1 0,1

j jj j
ij j

k kj j j j

N Nx N
x

x N N Nρ ρ ρ ρ ρ ρ

η τ τη ηη η τ τ
 ′⋅ ⊕ ⋅ + ⋅ + ⋅ ⊕     = =   ⊕ + ⋅ ′ ⊕ ⋅ ⋅ + ⋅       

 (2.134) 

π υ ⊕  α    πα α υ υα µ . Η  (2.133)  αυ α α   

υ µα  µ  x α  α   υ µα  πα αµ  υ   µ α  . 

 Gehlaar α  Fogel [102], π υ    π π    (2.134) : 

 
( ) ( )

( ) ( )
( )

( )
1 1 1 1 1

exp ˆ0,1 0,1 0,1
ˆ

ˆ 0,1exp 0,1 0,1

j j j j
ij j

k k j jj j

N N x N
x

x NN N ρ ρ ρρ ρ ρ

η τ τ ηη ηη τ τ
 ′⋅ ⊕ ⋅ + ⋅  + ⋅ ⊕    = =   ⊕ + ⋅′ ⊕ ⋅ ⋅ + ⋅       

 (2.135) 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.83   α  – µ α  ∆ µ α  

π υ  α α  υ α µα   πα αµ  υ   µ α  

π α µα π α  π   µ υ α   α  υ α  α    

 υ α   µ υ α µ  α  π µ . 

2.7.10.4 α  Επα α υ υα µ  ω  Ε  

 Eiben, α  Back [73], υ   µ υ  πα α υ υα µ  α α 

π π µ  α π µα α Ε  π υ απ  π   πα α  α . 

Η 1  πα α α  α   µ  υ υ υα µ  αµ υ  , π υ  ( ),k kx  

α   [22]: 

 ( ) ( ) ( ){ }1 1 1

1 1

1 1
exp0,1 0,1 0,1

j jj j j j
k k m m m

m m

x x N N N
ρ ρηη η τ τρ ρ= =

    = = ′+ ⋅ ⋅  ⋅ + ⋅          ∑ ∑  (2.136) 

Η 2  πα α α  α   µ  υ µ µ φ υ υχα υ υ υα µ   , π υ  

(xk, k) α   [74]: 

 ( ){ } ( ) ( ){ }
1,..., 1,...,

exp0,1 0,1 0,1
j j jj j j

k k mm m i m m
m m

x random randomx N N Nµ µη ηη τ τ= = ′= = ⋅  + ⋅ ⋅ + ⋅   (2.137) 

π υ random{} α   υ α α π     µ . Η π α α π  α  µ.  

α   µ  1/µ. Η  (2.137) µπ  α π π  α α  α αµ α  

υπ   υ α  α π  α  υ  Γ . 

Η 3  πα α α  α   µ  υ α υ πα α υ υα µ  (∆ . 2.22). Γ α α 

α µα α  µ. , α   πα αµ    α α α     

π α  -1 µ α α α .  απ  α   [73]: 

 [ ][ ] [ ]
1 2 3

1 1 1 1

4 5

2 2 1

6

3 3

7 8 9 10 11

4 4 4 4 4 4

64 5 7 8 9 10 111 2 3
32 1 4 4 4 4 41 1 1new

x x x x

x x x

x x

x x x x x x

x xx x x x x x xx x x

= ∝   x  (2.138) 

π υ [[.]] α    α α .  ( ),k kx  υ απ υ α   [73]: 

 ( ) ( ) ( ){ }exp0,1 0,1 0,1ix x N N Nηη η τ τ  ′ = =+ ⋅ ⋅ ⋅ + ⋅            (2.139) 

  αυ   πα α υ υα µ  α  υ α  α φα µ  π   µ α  



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.84   α  – µ α  ∆ µ α  

 π µ υ  α υ µ  µ  υ   µ α   α  µ   υ µα 

 µ α  υ υα µ .  Eiben α  Back [73], υ   π  µ   π  

π   3 αυ  µ  α α  ( πα α υ υα µ )   υ α 

υ Ε  α π  π µ  α αφ . Ε   π π  π µ  µ  α 

α α   α   π υπ α  υ  υ πα α υ υα µ    

  απ  ( υ  φα α  (Sphere model) α  υ  π  

α µα  υ Schwefel) µ  π  α  απ µα  π π  υ υ υα µ  

αµ υ  πα α α   α   υπ π  υ α  α αφ  π  

α α  µ  α   υ α  υ Rastrigin α  Fletcher-Powell. 

 

∆ . 2.22:  ∆ α α  µ  ( α α α α )  Ε . 

2.7.10.5 α α α  Ε  α  

α α   µ   µ  α  αφ   Ε  απ  υ  Γ  

πα α α  απ  υ  Schütz et al., [256], α   Spears, [270].  αφ α 

πα υ α  π  α  [21] [74], [131], [269], [300] π υ υ υ υ  

α α   Ε  µ  α α   Γ  α   α π υ  µ  µ  

υ  υ α α µ   π µ   µ π  α α   

Ε  α    υ α   Γ  π   π   µ.   υ  µ.  

[21],  α   µ µα  α µ υ  π υ αφ   π  

α α  α   π α α µ α  .α. 

 Schwefel [257] α  Back [6], πα υ υ  µ α πα α α   α  Ε  π υ π α 

 µ. , α   πα αµ   µ α  α     α   

µ α µα µ  υ υ α µ  µ  π φ , α   α   

υ α  υ α µ υ.  π π  αυ    (2.133) π π α  : 

 
( ) ( ) ( )

( )( )
exp 0,10,1 0,1

0, ,

j j j j jj

k i k i

j j j

k i i k

NN N

x x N κ

η η α α βτ τ
η

′= ⋅ = + ⋅ ⋅ + ⋅ 
= + ⋅ C α

 (2.140) 

π υ =0.0873 [257], [6] α    α   {xk;αk; k}. Η  (2.140)   

Γ   



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.85   α  – µ α  ∆ µ α  

υ α α  Ε  α α µ π υ  π υ  π µα α π υ  µ. ,  α  

α  µ α  υ  α   υ   α   α α  

α µ  µ. . α υ  f(x) α   α µ  µ.  α : 

 ( ) ( ) { }1

1

, ,
n

i i n

i

f f x x x
=

= =∑ xx …  (2.141) 

O Salomon [250], µ   απ   Ε  π υ   υ π υ µ  α   

 π α µα π α  µ    (2.140) α π  υ α  α αφ  

 π π  π φ     µ. , α   υ  µ   bGA (breeder-GA) 

[210], [211].  bGA [210], [211] α   π  υπ υ υ υ π υ µ  π υ 

π  α π  α µα α   α α  υ  α  µ υ α υ 

υ π υ µ  π υ  π   µ  π α  π α  α     

 α  µ υ α  α   α µ . Η Ε  π α  α απ   π  

 µ.   α  µ   bGA π υ πα υ  µ  υα α  π   

π φ  υ α µα  . Η υµπ φ  αυ  υ bGA, απ α   µ   

 α  πα α   Γ  π : 

•  πα α  υ α  φα µ υ  π µ υ  µ   υ α  

, 

•  πα α    α α α α α  απ   π  µα    

   µ   Γ , 

•  πα α     π α α µ α  α   µ  1/L π υ L α   µ  

υ µ µα . 

 Yao α  Liu, [297], πα υ υ  µ α πα α α  υ Ε  π υ o   

µ α    (2.133) µ π   α α µ  Cauchy α  υπ µ  υ 

υ α µα . Η  (2.133) π π α  : 

 ( ) ( )exp 0,1 0,1
j j j j j j

k i i j k ix x N Nη δ η η τ τ′= + ⋅ = ⋅  ⋅ + ⋅   (2.142) 

π υ j α   υ α α µ   j µ. , π υ α υ  α α µ  Cauchy. Η  α    

 α α µ  Cauchy α  : 

 ( ) ( )
2 2

1 1 1 1
arctan

2

x
f Fx x

t x tπ π  = ⋅ = + ⋅  +    (2.143) 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.86   α  – µ α  ∆ µ α  

Η µ φ   υ  Cauchy α  πα µ α  υ  Gauss µ   αφ    

α π   υ  Cauchy  α  π π α µ .   π π  αυ  

α   µ   π α α  µ    µ α  µ   µ  α   

α α µ  Cauchy πα υ  υ  α π  µ . Η α υ   απ µ  

α 23 υ α  α αφ  α α    Ε  π υ υπ α   µ α  α  

Cauchy π υ υ  υ  υ α  π υµ φ  π µα α. 

 Whitley [291], πα υ  πα α α   Ε  υ  πα υ   

α µ υ . Χα α    α µ  α   µ υ α  

µ απ υ µ  απ µ  απ  π υ µ  π υ α  α α (  

απ µ ).  α   α µα α  απ µ  αυ  α π α  π π α  

α π  α µα  π υ µ  αυ  α µ α α υ    

π υ µ .   α α α  αυ  α   α   υ α  υ α µ υ 

φ   αφ   υ   π υ µ  α   α  α α α   

µ υ α φα υ    π υ µ  α α υ  αφ   π α 

α   α α α  µ υ  υ π υ µ  µ  µα υ π υ µ  α φα   

µ αφ   αυ α  αυ α α   π α υ. Η α   

π α  υ π υ µ    α α υ  υ υ   υ 

π υ µ .  πα µ   π π  αυ   Ε , α   π  υ 

π υ µ  π υ µ α α  α   υ α µ α υ . α  µ µ α 

αµ α   π   π   πα αµ  αυ , α   µ α υ   

υ  µ  υ α υ  µ α  µ  α φ υ π α  µ π   

π υ µ  µ  απ µα  µ π  υ   π µα Ε   π υ µ  µ υ  

υ µ   π   α µ  υ µ απ υ µ ,   α  π π  αυ α   

π α α π    π µ υ  π υ µ  µ  απ µα  µ   

υ α  υ α µ υ.  π   α µ  π υ µ α α υ  π π  α π  µ  

π  α  µ  µ  α  υ α  α υ   µ π   π µ υ  

π υ µ    π π  π υ π  π υ  π   α µ  π υ µ α α υ  

α  µ   π  υ    υ  π υ µ  α  αµ α. 

 Hrstka et al., [153], υ υ  φ  Ε  π   µ  ∆ αφ  Ε  

(Differential Evolution) [273],  απ π µ  α α  µ  ∆ αφ  Ε  

[152], µ α πα α α   µ υ π µ µ  α π  α α  µ.  [199] α   

παυ µ  µ  π µ µ  α π  υ  µ. , [201].  υ α,  

Kucerováa et al., [176], φα µ υ   απ π µ  α α  µ  αφ  



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.87   α  – µ α  ∆ µ α  

  υ υα µ  µ   µ  π π α µ    π µα π α µ  

πα αµ   π µ µα µ - π π  α  υπ µ   µ α  α  

υ υ µα . 

2.7.11 Μ  π  α π µα α µ  α  
µ α  χ α µ  

 πα αφ  αυ  πα υ α   π  α µ  α α υ  µ  

π  α π µα α α  µ. .  µ  αυ  πα υ υ  

π µ  α µ   π   Γ  α   πα α α  αυ  

πα υ υ  π µ  φα µ . 

2.7.11.1 Μ  υ αµ  υ π  - (Dynamic rounding off) 

α α µ φ  µ  π  α π µα α µ  α  µ.  µ   

α   α α  υ 90 α   µ  υ αµ  υ π  µ   π υ  υ 

α υ υ  π µα .   µ  υ α υ α  

π µα  α  µφ α µ   : 

 
!

mincont disc

i ix x =−  (2.144) 

Ω  µ µα α  µ υ α αφ α   αφ   α φα α    µ  π υ 

α    απ   π υ  υ υ  π µα  α  α   π α µα  

 υ α  π µα  α  αφ υ  α φα α    µ  αυ  

απ  α  απ   υ υπ  α  π µα . 

α α α   µ υ υ π  [40], [41] α   µ  υ αµ  

υ π . α  α  µ υ α   π υ  υ µ α υ 

π µα  π  α ’ πα . Γ α µ α µ. , υ π µα  υµ   

µ α π    υ  α   υ α  π υ  υ α υ π µα  

µ α  π .      µ  υπ α  µ   

 (2.144)  α  µ   α  µ. . Η α α α πα α αµ α  n φ  

 α   π   µ. . Ω  π µα  µ υ   µ   α  µ  

υ π  α αφ α   µ   π α α  µ  απ    . 

2.7.11.2 Μ  π  π  - (Penalty approach) 

 π π   µ υ π  π   π µα   (2.1) π π α  



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.88   α  – µ α  ∆ µ α  

 π   α µ  υ  : 

 ( ) ( ) ( )[ ]
1

min
dn

i i

i

f f c T h
=

= + ⋅∑x x x  (2.145) 

π υ [] α   π . Ω  µ µα  µ υ α αφ α   α   

π υπ α  υ υπ  α  π µα  µ   π  nd  π   

π µ . π µα α  π  υ µ  µ   µ  αυ  

πα υ α  απ   Shin et al. [263]. 

2.7.11.3 Μ  χα ω  α  Lagrange - (Lagrangian relaxation 
techniques) 

 υ  µ   µ  π  π  µ   π π  αυ   π  

   α  µ.  π α     υ  Lagrange. Η  

(2.28)  π π  πα υ α  α  µ.  π π α  : 

 ( ) ( ) ( ) ( )
1 1

,
dnm

i i j m j m

i j

L f g hλ λ + += =
= + ⋅ + ⋅∑ ∑x x x x  (2.146) 

α α   Karush-Kuhn-Tucker  π π  αυ  α  : 

 ( ) 0 1,..., 1,..., 0*i i d ig i m i nλ λ= = ∧ = ≥x  (2.147) 

 ( ) ( ) ( )
1 1

0* * *
dnm

i i i m i m

i i

f g hλ λ + += =
∇ + ∇ + ∇ =∑ ∑x x x  (2.148) 

π υ ( )
1

*
dn

i m i m

i

hλ + +=
∇∑ x  α   π    α  µ.  α  x* α    

. Η µ  α  α  Lagrange αυ   φα µ   π  π µ  

π   π υ  υ υα  π µα  [255], [259], α   π υ  υ α  α  

α  µ α  π α  [118], [117] α  [33]. 

2.7.11.4 Μ  υ α  α  - (Neighborhood search method) 

Η µ  [104], αυ   φα µ   π π  π µ  µ  µ  α µ  

π α  υ υα µ   α  µ.  π υ υµ      π α  . 

 π µα   (2.1) π π α   : 

 ( ) ( )
( )

0 1, ,
min ; 1, ,

0 1, ,

j

iL i iU d

j

g j p
f x x x i n n

g j p m

= = ≤ ≤ = + ≤ = +
x

x
x

…
…

…
 (2.149) 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.89   α  – µ α  ∆ µ α  

π υ ( )f x  α : 

 ( ) ( )min ; n

c d d df f= ∀ ∈x x x Dx  (2.150) 

π υ xc α  xd α  α α µα α  υ  µ. , α   α  µ.  α α α  

D
n

d α     α  µ. . α α α   µ υ υ α  α  

πα υ α  απ  υ  Avanthay et al., [5].  Baker et al., [10], υ υ υ   µ  

υ α  α  µ  Γ   π µα    α µ  µα   υ  

υπ  π µ  υ  α  υ α  φ  υ υ. 

2.7.11.5 Μ  µ  π π ω  - (Cutting plane technique) 

 π π  αυ  υµ   π π  υ π µα    (2.1) µ   

α  nd to π   π µ   π µα υ  µ. .  π π  

αυ   π µα   (2.1) υµ   π  [3]: 

 

( )
( ) { },

0 1,...,

min
j

i d

i k ii
k q

h i m m n

x dh ∈

= = + +
−=

x

x
 (2.151) 

π υ hi(x) α   i  π µ  α  dk,i α   k απ  µ   i α  µ. . 

 π    π µ  π υ π α   π µα α   [3]: 

 
,

,

1 1

k inn

d k i

i k

n d
= =

=∑∑  (2.152) 

π υ nk,i α   π   α  µ  α  i µ. . α  µ µα  µ υ 

α αφ α   αυ µ  π υπ α   α  µ υ π υ   

π µ . 

2.8 υµπ µα α 

 φ α  αυ , πα υ α   π  α µ  µ  π  

α  π υ  π µ   π   µ α  µ  α  µ α  

α  µ υ  α  α  µ   Γ  α   Ε . 

α α  α α   α α υ  µ  π  α  [284]: 

• α υ  µ α υ µα   α α α α   υ υ α µ . 

• α υ υ  π µ   π   µ   α µ  υ  α   



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.90   α  – µ α  ∆ µ α  

υ α  π µ   αφ   µ.  φ  απα α   υ α  πα  

 µ  πα α   π   µ. ,    . 

• α α υ     π  υ   α  α . 

•    µπ υ   υπ µ α υ α  / µ  π  

υ    µ  υµ α   . 

• Η π α α α α   α  µ α υ µ  µ   π   µ. . 

•  α µ  π υ π α  απ   α µ  π  α  α   α  

υ α  µ   π π  π υ  π µα α  υ . 

α α  α α   α  µ  α : 

• α α     π  µ    υ µα  απ µ   µ  

 . 

•  π π   Γ ,  υ  µ υ  α   Ε  υµ   

π µ  φυ  α  µ    α   π υ π υ υ   

υ  υ α  π α µ α  π   υπ  α  π µα. 

• α υ υ  υ  υπ     µ   α α υ  µ υ   

 π µα α µ  υ  µ. . 

• µ π υ  µ  π υ α π µα α µ  π  π  α α . 

• α υ υ  υ  υ α  π π  υ υα  π µ   

π µ  µ  α υ   α µ  υ  α   υ α  

π µ . 

 υ υα µ  α  µ  µ  α α υ  µ υ  α α    α υ αµ  

 α α υ  µ . µα    π µ  υ α   µα α 

π  α   π α µ  α  µ  α   

υ υα  π µ ,  υ υα µ  αφ  α µ  (Ε  α  Γ ) α  

µ υ α  µ  α   υ υα µ  αφ  π µ  π  

α  µ υ α   α µ . 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.91   α  – µ α  ∆ µ α  

2.9 α µα  - µ µα α υ  α α υ  

 Dijkstra et al., [66] πα υ υ  3 αφ  α   µα α υ  

α α υ  µ  φα µ   π µα α υ  φυ .  α  αυ  α : 

• π µ α  π υ µ   π π  α α ,  

• µφ α µ  υ µ  π αµµα υ , 

• µφ α µ  υ µ  π αµµα  α  υ . 

2.9.1 Επ µ α  α   π π ω  α χ α  

 π π   π µ α  α  µ   π π  α α  υ   

πα α  πα α  [66]: 

• αµ α α α α α  υ    υ µ  υ µα  µ   π  

α α µ υ  υ υ µα , 

• µ  α α α  υ µ  µ υ  π υ α   α α  α α , 

• µ   α α α  υ µ υ   α αµ α   µ  αυ  α α  µ α. 

   υ  α  απ α α   Cm(x,t) α   [66]: 

 ( ) ( )1

P
,

1

N
fi

m f i
i

C Ct λ=
= ⋅ +∑x  (2.153) 

π υ Cf α    α α , Pfi α   π α α α α  α   i,  α   

 µ   υ υ α   α    µα . 

2.9.2 α  µ  υ µ  π αµµα υ  

 π π   α  µ  υ µ  π αµµα υ  υ   

πα α  πα α  [66]: 

•  α α  υ  υ µ  υ µα  µ  α α α  µ   α  

υ   µ  α  α  α   α µµα  π υ  

 π   υ π  υ υ, 

•  π π  α α   µ υ  υµ   µ  α α α  υ, 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.92   α  – µ α  ∆ µ α  

•  α α  µ υ  υµ α  π   π αµµα µ  α α α  υ, 

• µ   α α α  υ µ υ   α αµ α   µ  αυ  α α  µ α. 

  υ  α  απ α α  Cm(x,t)  π π   α  µ  

υ µ  π αµµα υ  α  : 

 ( ) ( ) ( )1 1

Pr
,

1 1

REP

j

N N
fiR

m fN i
j i

C
C Ct λ λ= =

= + ⋅+ +∑ ∑x  (2.154) 

π υ CR α    α α α , REP α   α µ  α α α  α  j α  

  α  j α α α . 

2.9.3 α  µ  υ µ  π αµµα χω  α  
υ  

  α    µα υ υ  α α , υ υ  υ  α  υ 

υ  υ.    υ  α  απ α α  Cm(x,t)  π π  

 α  µ  υ µ  π αµµα  α  υ , α  : 

 ( ) ( ) ( ) ( )1 1 1

Pr
,

1 1 1

controlREP

j k

NNN
fi controlREP

m f i N N
i j k

CC
C Ct λ λ λ= = =

= ⋅ + ++ + +∑ ∑ ∑x  (2.155) 

2.9.4 υ  Κ  Κα α υ  

 α αµ µ   υ υ µα  α υ µ  α  α  µ   

π  υ υ  α α υ    (2.153), (2.154) α  (2.155): 

 ( ) ( ) ( ), ,o mC C Ct t= +x xx  (2.156) 

 π µα π  α  µφ α µ    (2.1) µ  α µ  

υ     α  α α υ    (2.156). 

2.9.5 α φα α ω  υ  υ  α  ω  

α µα α,  µ α  α υ  υ  , α   π αµµα π υ α υ α  

α υ  υ  α  π υ  α   α  φ µ   , υπ   

π π    π α α α α  α  α υ α υ   π   , 

υ α   [79], [78], [80], [90], [91]: 

• µ    α α   α α υ , 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.93   α  – µ α  ∆ µ α  

• α π υ  υ π µ µα  απ µ   α  υ µ  υ µα α  

υ  µ   , 

• µ   α α  υ α    φα µ  απ µ   

α , 

• α µ  υ υ   α α α  υ α   π α   α α α   

π   π α α   φα µ  απ µ  α , 

• µ   α µ  α α  π  π  µ  υπ µ   

υ π  υ   α π α  α α υ  α  υπ µ  υ υ   

α α  π α , 

• υπ µ   π α α   µ α   α α υ , 

• µ   α µ  υ  α α µ   π µ µα υ , 

• υπ µ   π µ υ   α π α  α   α    

α α υ  α  υπ µ  υ υ  α αµ µ υ υ , 

• π  υ π υ  α  π υ  π  α   (α α µ   

α  υ  π υ  π ), 

• πα   α α α  α   α α  α  α  π   

α  µ   αµ  α αµ µ  . 

2.10 α µα  – υ π  υ  µ α   
υ ω α ω  Γ  

Η π α α, µ  υ   µ α ,  µ µα  α µ α απ   

µ µα π υ απ      π µα  α  : 

 ( ) ( ) ( )( ) ( ) ( )
1 1 11

Pr 11 1 1

jj
pp

NNL L
j L jj L j

m mm m
j j ii

P Popt P P
−−

= = ==

  = ≅ ⋅ −− − ⋅ −  ∑ ∑∑∏  (2.157) 

π υ, L α   µ  υ µ µα , Pm α   π α α µ α , N
j
p α   

π   µ µ  α α π α α  απα α   α α α  j υφ  α  Np α  

 π   α µ  υ π υ µ . Γ α  πα µ  N
j
p  : 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.94   α  – µ α  ∆ µ α  

 
1

0
L

j j

p p p

j

N N N
=

= ≥∑  (2.158) 

Η  (2.157)   π α α  α µ  υ π υ µ  α π υ    

. Η π α α α µ  π     µ  απ  Ngen  α  : 

 ( ) ( )( )Pr 1 Pr
genN

optA = −  (2.159) 

    (2.159) α Ngen→∞ α  : 

 ( )( ) ( )( )( ) ( )( )lim Pr lim lim 01 Pr 1
gen gen

gen gen gen

N N

N N N
optA ε→∞ →∞ →∞= = =− −  (2.160) 

Η  (2.160) α φα   α Ngen→∞  π α α α µ  α υ    

   µ  π  µ  α α α φα α    Γ  α α   

  υπ   π π   α   α  . 

 π π  υ π µα  Ε Χ,  υ α α    µα  

υφ  µ  µ  µ α.   π α α α α    µ   µ  α  υπ   

π π    α  π υ µ  α  µ µ φα α α µ µ  (  π   

υφ  µ  µ   µ   µ α α   µ   π   υφ  µ  µ  µ ) α   

π       (2.157) α  υπ  α  π µα π π α  : 

 ( ) ( ) ( )
1

Pr 1
L

i L ip

m m

i

N
P Popt

L

−
=

= ⋅ ⋅ −∑  (2.161) 

π    (2.159) α  : 

 ( ) ( ) ( )
1

Pr 1 1

genN
L

i L ip

m m

i

N
P PA

L

−
=

 = − ⋅ ⋅ −  ∑  (2.162) 

Ω  µ α    (2.162) α   π α α µ α  Pm,  µ  υ 

µ µα  L,  π    Ngen α   π υ µ  p. 

 ∆ . 2.23, πα υ α   µ α   υµπ µα  π α α   π   

π    gen α   π   α µ  υ π υ µ  Np α µ  L  µ  100 

α  Pm  µ   α  µ  [209], 1.00%. Η υµπ µα  π α α  

π   µ  α   Np α  gen αυ α . 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.95   α  – µ α  ∆ µ α  

 

∆ . 2.23: υµπ µα  π α α  υ, L=100, Pm=0.01. 

α ∆ . 2.24 α  ∆ . 2.25, πα υ α     υµπ µα  π α α  

α L=150 α  L=200 α α α  Pm=1.00%. Η α  υ L   α   

υµπ µα  π α α  µ  α  µ   υ α .  ∆ . 2.26, 

πα υ α     υµπ µα  π α α  α p·Ngen=25000 α  Pm=1/L 

 π  L α  gen. Η µ α  p  π    (2.162) φ   

υµπ αµ α   π α α α µπ α   α  π υ µ    . Η 

π α α α υµπ αµ α   α  π υ µ     α  : 

 ( )initial pop

1
Pr 1 1

2

pN

L
opt

 = − −    (2.163) 

 υ υα µ    (2.163) α  (2.159)   : 

 ( ) ( )( ) 1
Pr 1 Pr 1

2

p

gen

N
N

L
optA

 = − ⋅ −    (2.164) 

µφ α µ    (2.164) υµπ α α    α  υ p α α  p·Ngen  

 µ   υµπ µα  π α α . 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.96   α  – µ α  ∆ µ α  

 

∆ . 2.24: υµπ µα  π α α  υ, L=150, Pm=0.01. 

 

∆ . 2.25: υµπ µα  π α α  υ, L=200, Pm=0.01. 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.97   α  – µ α  ∆ µ α  

 

∆ . 2.26: υµπ µα  π α α  υ, p·Ngen=25000. 

 ∆ . 2.27, πα υ α   αφ   υµπ µα  π α α  α 

p·Ngen=50000 µ   υµπ µα  π α α α p·Ngen=25000. Η α  υ 

υπ  υ    µ   υµπ µα  π α α . Η υ  

πα υ  µ  αµµ  υµπ φ   π   µ  υ µ µα . 

α ∆ . 2.28  ∆ . 2.30, πα υ α     υµπ µα  π α α   

π  Np α  L α Ngen=500 α  Pm  µ  1.0%, 5.0% α  10.0% α α. Η α  υ 

Pm   α   υµπ µα  π α α  α υ µ  L π υ 

υ π α   µ   υ α  υ α µ υ. α ∆ . 2.31  ∆ . 2.33, 

πα υ α   αφ  µ α   υµπ µα  π α α  α αφ  µ  

 Pm α α α   µ  αµµ  υµπ φ  υ π µα .  ∆ . 2.34, 

πα υ α     π α α    (2.163)  π   π   α µ  

α   µ  υ µ µα . Γ α  α π    υµµ   π α α   

 (2.163) α  αµ α α µ α µ  µ µα . 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.98   α  – µ α  ∆ µ α  

 

∆ . 2.27: ∆ αφ  υµπ µα  π α α  { p·Ngen=50000- p·Ngen=25000}. 

 

∆ . 2.28: υµπ µα  π α α  υ, Ngen=500, Pm=0.01. 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.99   α  – µ α  ∆ µ α  

 

∆ . 2.29: υµπ µα  π α α  υ, Ngen=500, Pm=0.05. 

 

∆ . 2.30: υµπ µα  π α α  υ, Ngen=500, Pm=0.10. 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.100   α  – µ α  ∆ µ α  

 

∆ . 2.31: ∆ αφ  υµπ µα  π α α  Pm=0.01 µ  Pm=0.05. 

 

∆ . 2.32: ∆ αφ  υµπ µα  π α α  Pm=0.01-Pm=0.10. 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.101   α  – µ α  ∆ µ α  

 

∆ . 2.33: ∆ αφ  υµπ µα  π α α  Pm=0.05-Pm=0.10. 

 

∆ . 2.34: π    (2.163). 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.102   α  – µ α  ∆ µ α  

 ∆ . 2.35 α   ∆ . 2.36, πα υ α     υµπ µα  

π α α  α Pm  µ  5.0% α  Ngen  µ  50 α  5000 α α.  υ υα µ  µ  α 

απ µα α υ ∆ . 2.29,  α  υ Ngen υ π α   µ   

υµπ µα  π α α   α α φα    υ υ α µ   

 π π . α απ µα α πα α α  α  α ∆ . 2.37  ∆ . 2.41 

π υ πα υ α     υµπ µα  π α α   π  Ngen α  L. α 

∆ . 2.42  ∆ . 2.46, πα υ α     υµπ µα  π α α   

π  L α  Pm. α α α   πα  υ υ  µ φ  Pm,l=a/L. Γ α Pm>Pm,l 

πα α α  α α α α   υµπ µα  π α α . Γ α L→∞, πα α α  

 a→∞. α ∆ . 2.47  ∆ . 2.49, πα υ α       

υµπ µα  π α  (P1-P2)/P1, (P1-P3)/P1 α  (P2-P3)/P2  π  L α  Pm.  

P1, P2 α  P3 α  υ  υ υα µ   πα αµ  Np α  Ngen υ . 2.1. 

P1 P2 P3 

Np Ngen Np Ngen Np Ngen 

50 5000 200 1250 100 2500 

. 2.1: ∆ µ α µ  P1, P2 α  P3. 

 

∆ . 2.35: υµπ µα  π α α  υ, Ngen=50, Pm=0.05. 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.103   α  – µ α  ∆ µ α  

 

∆ . 2.36: υµπ µα  π α α  υ, Ngen=5000, Pm=0.05. 

 

∆ . 2.37: υµπ µα  π α α  υ, Np=50, Pm=0.01. 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.104   α  – µ α  ∆ µ α  

 

∆ . 2.38: υµπ µα  π α α  υ, Np=50, Pm=0.05. 

 

∆ . 2.39: υµπ µα  π α α  υ, Np=50, Pm=0.10. 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.105   α  – µ α  ∆ µ α  

 

∆ . 2.40: υµπ µα  π α α  υ, Np=10, Pm=0.05. 

 

∆ . 2.41: υµπ µα  π α α  υ, Np=100, Pm=0.05. 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.106   α  – µ α  ∆ µ α  

 

∆ . 2.42: υµπ µα  π α α  υ, Np=50, Ngen=50. 

 

∆ . 2.43: υµπ µα  π α α  υ, Np=50, Ngen=500. 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.107   α  – µ α  ∆ µ α  

 

∆ . 2.44: υµπ µα  π α α  υ, Np=50, Ngen=5000. 

 

∆ . 2.45: υµπ µα  π α α  υ, Np=200, Ngen=1250. 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.108   α  – µ α  ∆ µ α  

 

∆ . 2.46: υµπ µα  π α α  υ, Np=200, Ngen=500. 

 

∆ . 2.47:  αφ  υµπ µα  π α α  α (P1-P2)/P1 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.109   α  – µ α  ∆ µ α  

 

∆ . 2.48:  αφ  υµπ µα  π α α  α (P1-P3)/P1 

 

∆ . 2.49:  αφ  υµπ µα  π α α  α (P2-P3)/P2. 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.110   α  – µ α  ∆ µ α  

Γ α  π µα  µ  Np·Ngen=250000.   αυ  φ   υ α  

υ υα µ   πα αµ . Ό α  (Pi-Pj)/Pi→1 α  υ α υ υ υα µ  Pj π υ 

υµ α   R(Pj),   R(Pj)>>R(Pi). Ό α  (Pi-Pj)/Pi→-1 υµ   

R(Pj)<<R(Pi). Γ α (Pi-Pj)/Pi≈0 υµ   R(Pj)≈R(Pi). µφ α µ  α ∆ . 2.47 α  ∆ . 

2.48 α  R(P2) α  R(P1)   o  R(P2)/R(P1) υµα α  απ  1  ∞ α α 

α  R(P1) α  R(P3)   o  R(P3)/R(P1) υµα α  απ  1  ∞ α α 

π  α α  Np·Ngen  α  Np     υ α  υ α µ υ. 

Η   R(P2) α  R(P3) υ π α   o  R(P2)/R(P3) υµα α  απ  1  ∞ 

α α. 

2.11 α µα Γ – Γ  α  Θ µα χ µα  

 µα µα    α  π   M(Η,t) α  M(Η,t+1)  

υ µ υ υ υα µ  Η µ  υ α f(H,t)  π υ µ  υ  υ  t α  t+1 

α π α   πα α  α α: 

 ( ) ( ) ( )( ) ( ),
, 1 , 1 ,

,
d

i
i

f H t
M H t M H t P H t

E f H t
+ ≥ ⋅ ⋅ −      (2.165) 

π υ Pd(H,t) α   π α α α α α     α υ α  α  α α  απ  υ  

 π  α  µ α . Η α α αυ   α   π   α µ  υ 

π υ µ  α  πα  µ  α   π π  π υ  π µα π  υ π α 

  µ   µ φ   µ  υ  υ α  [291]. ∆   π α µα α 

α  α υ π  α  α µ α υ µ   υ µ µα  υ  

α υ µ  π φ . Έ  µα α  α   (  α   υ µ µα ) 

π υ πα υ υ  υ α υ  υ µ υ υ α  µφ α µ    (2.165) 

α αµ α   υ α µφ  υ  α αυ α  µ   π   . α 

µα α  α  : 

 

** * ** *** ** *

** * * ** ** ** *

k A k

k B k

XX X

YY Y

′

′

   
   

 (2.166) 

α  υ π  α  α  µ  α : 

 [ ] [ ] 1
* *; 1

0
i i i i

X Y
i A B A B X YA B

X Y
δ δ =∀ ∈ ≡ ∧ ≠ ∧ ≠ ⊕ = ⊕ =  ≠  (2.167) 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.111   α  – µ α  ∆ µ α  

π υ [A] α  [B] α  α µ   υπ  α  µ . Η  (2.167)   

 µα  α  υ π  µ   µα  α  α    α µα α αυ   

υ  α υ µ  π φ α α  µ   υφ . α µα α =**00***1 α  

=*10**1** α  υ π  ( α    3 π α  µ  0 α   2 π π )  

α µα α C=**11***1 α  D=*10**1** α  α υ π  φ   µα C π   

µ  1 α   D  µ  0 α  3    α υ α  υφ .  π π  αυ   

α  υ α  α  α  µα α µ  υ υ  α αυ υ   πα υ α υ   

π υ µ  φ   µφ  υ    α α φ  υ υ α  α πα . 

  f(H,t)/E[f(Hi,t)]   (2.165)   π π  π  µ  υ α  

π υ  π α α π  α  α    αφ   υ α .  

π π  π  µ  α α α  (k,n)   (2.165) π π α  : 

 
( ) ( ) ( )

( ) ( )
( ) ( )( ) ( )

1

1

11

2 1

1
,

, 1 , 1 ,
0.5 0.5 1

1
, 1 , 1 1

!

n
k

i

dk k

inik i

i j

k
P H t A

i
M H t M H t P H t

k B

A P H t P H t B k
i

−

=

−−−
= =

 −  + ⋅        + ≥ ⋅ ⋅ −  + ⋅ − ⋅
  = ⋅ − = + ⋅ −            

∑

∑ ∏
 (2.168) 

Γ α π  µ  α α α (k,2)   (2.168) π π α  : 

 
( ) ( ) ( ) ( )
( ) ( ) ( )( )1

,
, 1 , 1 ,

0.5

1 , 1 ,

k

dk

k

P H t A
M H t M H t P H t

k

A k P H t P H t
−

+  + ≥ ⋅ ⋅ −  ⋅
= − ⋅ ⋅ −      

 (2.169) 

Ε  α π  µ  α α α (4,2)   (2.168) π π α  : 

 ( ) ( ) ( ) ( ) ( )4
3, 1 , 1 , 3 1 ,

0.25
d

B A
M H t M H t P H t A B B B P H t

++ ≥ ⋅ ⋅ − = ⋅ ⋅ − =   (2.170) 

π υ k/N α   π α α π , α  P(H,t) α   π α α  µα H α α  

α   υπ π .  π π   π α α  π  α α   υ 

α µ υ   (2.165) α  : 

 ( ) ( ) ( )( ) ( )Pr ,
, 1 , 1 ,

Pr ,
d

i
i

H t
M H t M H t P H t

E H t
+ ≥ ⋅ ⋅ −      (2.171) 

π υ Pr(H,t) α   π α α π  υ υ µ υ µα  α  E[Pr(Hi,t)] α  

 µ  π α α π   µ  υ π υ µ . Η π α α α α α  



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.112   α  – µ α  ∆ µ α  

Pd(H,t) α  µ   µ  υ µα  α   π α α α α  υ  

υ . Η π α α α α α  υ  υ  µ α   , µφ α µ   

Thierens [281], α  : 

 cr rr P P= ⋅  (2.172) 

π υ Pcr α   π α α α α  α  Pr α   π α α α α α  α  

απ φα α  α α . Η π α α Pr α  υ  υ π υ α α  π υ 

π α . H π α α α α α  υ υ  µ α     α   α  : 

 
[ ] [ ]
[ ] [ ]r

P Flip A True P Flip B False
P

P Flip A False P Flip B True

    = ⋅ = +     =     = ⋅ =     
 (2.173) 

π υ Flip[.] α α φ α     α α α  υ υ . Γ α SPC  π α α 

αυ  α  : 

 
[ ] [ ]
[ ] [ ]r

P Flip A True P Flip B False
P

P Flip A False P Flip B True

    = ⋅ = ∧     =     = ⋅ =     
 (2.174) 

φ  α  α α  α απ µ α. Η π α α Pr α φ  µ υ  

π  α   υ  υ µ υ  υ µ µα  L α    υ 

µα  (Η)≡ ij π υ   µ   α υ α .  π π   SPC  

π α α Pr α   [281]: 

 
1

ij

rP
L

δ= −  (2.175) 

 π π   DPC  π α α α α α  α  : 

 
( )
( )

2

2
2

1 1

ijij

rP
L L

δδ  = − − − 
 (2.176) 

 π π   SPC α  µ. , απ α    π α α Pr α   µ  1/2. Γ α 

 π π   UC µ  π α α µ  Px, απ α    π α α α α α  

[281] α  : 

 [ ]2 1r X XP P P= ⋅ ⋅ −  (2.177) 

π υ α Px=0.5 υµ  Pr=max{Pr}=0.5. 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.113   α  – µ α  ∆ µ α  

Η π α α α α α  Pd(H,t) α µα µ υ  j α  : 

 ( ) [ ] [ ] [ ] [ ], , 1 1d ijP H t P r true P Mut true P r true P Mut trueδ = − = ∨ = = − = ⋅ =  (2.178) 

 π π   SPC  υµπ µα     Pd(H,t)≡Pd(H,t, ij) α  

 υ   π α α  α α α    α α  α   π α α  

α α α    µ α : 

 ( ) ( )1 , , 1 1
1

ijij

d ij cr mP H t P P
l

δδδ    − = − ⋅ ⋅ −   −   (2.179) 

Γ α υ   DPC, SPC α  µ. , α  UC  1-Pd(H,t, ij) α  απ   : 

 ( ) ( )
( ) ( )2

2
1 , , 1 2 1

1 1

ijijij

d ij cr mP H t P P DPC
l l

δδδδ       − = − ⋅ − ⋅ −   − −  
 (2.180) 

 ( ) ( )1 , , 1 1
2

ijcr
d ij m

P
P H t P SPVC

δδ    − = − ⋅ −      (2.181) 

 ( ) [ ] ( )1 , , 1 2 1 1 ij

d ij cr X X mP H t P P P P UC
δδ   − = − ⋅ ⋅ ⋅ − ⋅ −     (2.182) 

 ∆ . 2.50, πα υ α     µ α   Pd(H,t) π  ij α  L  

π π  SPC µ  Pm=1/L α  Pcr=0.80. Γ α µ  µ  υ υ ij/L  Pd(H,t) 

πα υ  µ α  αµµ  µ α    µ   ij  α µ  µ  υ 

υ αυ  πα α α   µ  αµµ  υµπ φ . 

α ∆ . 2.51  ∆ . 2.53, πα υ α   Pd(H,t)  π π    

α α  DPC, SPC α  µ. , α  UC µ  Px=0.25 α α.  π π  υ DPC 

 µ  αµµ  υµπ φ    µ    ij/L α  π     µ  α 

απ µα α  π π  υ SPC.  π π  SPC α  µ. , α  UC µ  Px=0.25 

πα α α  µ α  αµµ  µ α   Pd(H,t) υπ   π π   Pm=1/L. 

α ∆ . 2.54  ∆ . 2.61 πα υ α   αφ   Pd(H,t) µ α   µ  

α α . π  α ∆ . 2.54  ∆ . 2.57 πα α α   α µ  µ  υ 

υ ij/L  µ  SPC πα υ  υ  Pd(H,t)   µ   π  µ υ . 

α ∆ . 2.58  ∆ . 2.60 πα α α   µ  αµµ  υµπ φ   αφ  

 Pd(H,t) µ α   DPC α   SPC α  µ. , α  UC µ  Px=0.25 α  Px=0.50 

α α.  ∆ . 2.61, πα υ α   αφ   Pd(H,t) µ α   SPC α  µ. , 

α   UC α Px=0.25. Η µ  SPC α  µ. , πα υ   υ  Pd(H,t) απ   



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.114   α  – µ α  ∆ µ α  

υπ  α  µ υ  µ  α   UC µ  Px=0.50 π υ  Pd(H,t) αµ  µ   µ  

 Pd(H,t)  SPC α  µ. . 

 

∆ . 2.50: Pd(H,t) (SPC, Pm=1/L, Pcr=0.80). 

 

∆ . 2.51: Pd(H,t) (DPC, Pm=1/L, Pcr=0.80) 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.115   α  – µ α  ∆ µ α  

 

∆ . 2.52: Pd(H,t) (SPC α  µ. , Pm=1/L, Pcr=0.80) 

 

∆ . 2.53: Pd(H,t), (UC Px=0.25, Pm=1/L, Pcr=0.80). 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.116   α  – µ α  ∆ µ α  

 

∆ . 2.54: ∆Pd(H,t), (SPC-DPC, Pm=1/L, Pcr=0.80) 

 

∆ . 2.55: ∆Pd(H,t), (SPC- SPC α  µ. , Pm=1/L, Pcr=0.80) 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.117   α  – µ α  ∆ µ α  

 

∆ . 2.56: ∆Pd(H,t), (SPC-UC Px=0.50, Pm=1/L, Pcr=0.80) 

 

∆ . 2.57: ∆Pd(H,t), (SPC-UC Px=0.25, Pm=1/L, Pcr=0.80) 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.118   α  – µ α  ∆ µ α  

 

∆ . 2.58: ∆Pd(H,t), (DPC- SPC α  µ. , Pm=1/L, Pcr=0.80) 

 

∆ . 2.59: ∆Pd(H,t), (DPC- UC Px=0.25, Pm=1/L, Pcr=0.80) 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.119   α  – µ α  ∆ µ α  

 

∆ . 2.60: ∆Pd(H,t), (DPC- UC Px=0.50, Pm=1/L, Pcr=0.80)  

 

∆ . 2.61: ∆Pd(H,t), (SPC α  µ.  - UC Px=0.25, Pm=1/L, Pcr=0.80). 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.120   α  – µ α  ∆ µ α  

 

∆ . 2.62: Pd(H,t), (SPC, Pm=1/L, ij=10) 

 

∆ . 2.63: Pd(H,t), (SPC-DPC, Pm=1/L, ij=10) 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.121   α  – µ α  ∆ µ α  

 

∆ . 2.64: Pd(H,t), (SPC- SPC α  µ. , Pm=1/L, ij=10) 

 

∆ . 2.65: Pd(H,t), (SPC-UC, Px=0.25, Pm=1/L, ij=10) 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.122   α  – µ α  ∆ µ α  

 

∆ . 2.66: Pd(H,t), (DPC- SPC α  µ. , Pm=1/L, ij=10) 

 

∆ . 2.67: Pd(H,t), (DPC-UC Px=0.25, Pm=1/L ij=10) 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.123   α  – µ α  ∆ µ α  

 

∆ . 2.68: Pd(H,t), (SPC α  µ.  -UC Px=0.25, Pm=1/L, ij=10) 

 

∆ . 2.69: Pd(H,t) (SPC, L=15, ij=10) 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.124   α  – µ α  ∆ µ α  

 

∆ . 2.70: Pd(H,t), (DPC, L=15, ij=10) 

 υ υα µ    (2.171) µ    (2.179)  α   π υ µ  µα  

υ µ  υ α  α µ  π  υ α  α  SPC : 

 ( ) ( ) ( )( ) ( ), ,
, 1, , , 1 1

1, ,

ijij ij

ij ij cr mo

i ij
o

f H t
M H t M H t P P

lE f H t

δδ δδ δ δ
   + ≥ ⋅ ⋅ − ⋅ ⋅ −   −    

 (2.183) 

π υ Η α   υπ  α  µα µ υ  ij,  α   π  υ µα , α  Pcr α  

Pm α   π α  α α  α  µ α . α µ  α  µπ  α 

α  µ   υ υα µ    α  π  α α  α  π . 

2.12 α µα ∆ – Επ  υ  α α ω   
α α υ  υ Γ  

Η α α υ  υ υ   α α  υ  απ   α µ   

µ α  π υ π φ   α α α α α  µ α   . Η µ  SPC 

π α  υ αµ  µ   µ α  µ  π  [77]. Η αφ π  

  απ  υ   α   µ α α  µ , υ α α π µ , µ. . Γ α  

µα  π    π υ απα α  α αφ π   k µ.   µπ  α α  

 απ  k α  π π   SPC. Γ α  µ  DPC  µ  αυ   µπ  α 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.125   α  – µ α  ∆ µ α  

α  µ  υ k/2 α   αφ π    απ  υ   α  υ α   

2  π  υ α α π µ  µ. . Γ α µ υ  α α  µ  µ  π φ α   

α  π α µ α   µ  α   k/nt ( π υ nt α   π   

µ  µ  π φ α ). Γ α µ µα µ  L α  n µ. , µ υ  L’,  

π α α α υµ  k<=n αφ π   π   µ   µ. , µ  απ  o<=n 

  π π   SPC α  : 

 ( ) ( )[ ] ( )
( ) ( ) ( )

1

1

1

1

1

1,..., 1 1

o

o

i

o

L Li
L

P k o P k
L L

P k k o P k o P k

−
= −

′− ⋅− ′ = = = =   
> < = − = − =

∏
 (2.184) 

Η πα απ    υπ   π π    π    α  υ α α. Η 

υ  π υ   µ α  µ  απ    α  : 

 

( ) ( ) ( ) ( )
( ) ( )

2

1

, 1, 1 1, 2

1,

o

o

mm
P k o P k o P k o

m m

m
P k o

m

λ
λ

λ λλλ λ λ
λ λ λ λ λ− −

−

−−= = ⋅ = − − + ⋅ = − − +
⋅ −+ ⋅ = − <…

 (2.185) 

Η υ  αυ  α  π π µ   π   π α α  -1 .   π  

 µ α  π φ α  α   µ  w (w=1 α SPC, w=2 α DPC π.)   

π α α µ    (2.184) π π α  : 

 ( ) ( )[ ] ( )
( ) ( ) ( )

1

1

1

1

1

1,..., 1 1

wo

wo

i

wo

L Li
L

P k wo P k
L L

P k k o P k o P k

−
= −

′− ⋅− ′ = = = =   
> < = − = − =

∏
 (2.186) 

α   π α α α υµ  υ  w  µ α  α  : 

 

( ) ( ) ( ){ } ( )

( ) ( ){ } ( )[ ]
1

1

1

1 1

1

1 1

wo

i o

wo

i

wo

P k wo P k i w o P k wo

L Li

P k wo w o
L

= +

= −

≥ = = > − ⋅ − ⋅ =  
′− ⋅−≥ > − ⋅ − ⋅  

∑
∏  (2.187) 

Η π α α α υµ  k=o µ α  φ α  απ    (2.185) α  (2.187) : 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.126   α  – µ α  ∆ µ α  

 

( ) ( )

( ) ( )[ ]{ } ( )[ ]
1 1

1
0 0

1

1

P 1, 1

1

10 1

o o x

x
x

wo

i

wo

m
k o x

m

L Li
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λ

λ
λ λ λ− − −

+= =

= −

 ⋅ − ≤⋅ = − − −  
′− ⋅−≤ ⋅−⋅= −

∑ ∑
∏  (2.188) 

Η υ  π υ   µ α  µ  απ    α  µ α π π µ  υ  µ  

 υ α  π υ υ  -1  -w µ α  α -1 . α,  υ  

π υ   µ α  µ  απ  o  µπ  α   µ α π π µ  υ  µ  

 υ α  π υ υ  -1  -w+x µ α  α -1 .  π π  αυ  

 α 2 µ υ  α α  µ  w-x α  w µ α  π φ α  : 

 ( ) ( ), , , , 1 1P k o n w P k o n w x w N x wλ λ ε= = = = = − + ∀ ∈ ∧ = −…  (2.189) 

α   π α α µ α  α  µ α µ  α υ α υ   π   π  

 µ α  π φ α  α  α α .   π   µ α  αυ  α  

µ. ,     α α  υ  υ α µ υ  SPC πα υ  α   

µ  α α υ  υ υ   πα υ α  µ  α   

υ   πα αµ    π  µ α    (  π ). 

Η α α υ  α  µ α αυ α µ  υ  µ   π   µ  

α α  µ  αυ  µ   α α    π  µ α  . 

  fexplore()   α α υ  υ υ α µ  α   fexploit()   

υ α α  µ α  π  (π υ υ α  µ α µ    πα αµ   

  α αυ )  : 

 
( ) ( ) ( )
( ) ( ) ( )explore explore explore

0.5, 2explore explore explore

MPCSPC DPC

UCMPCSPVC
x

k n

Pk n k L

f f f

f f f

≤
=> <

 < < <  < < <  
 (2.190) 

 
( ) ( ) ( )
( ) ( ) ( )exploit exploit exploit

0.5, 2exploit explore exploit

MPCSPC DPC

UCMPCSPVC
x

k n

Pk n k L

f f f

f f f

≤
=> <

 > > >  > > >  
 (2.191) 

π υ k α   π   µ α  π φ α  α  α α , n α   π  

 µ. , L α   µ  υ µ µα  α  SPVC α   µ  SPC α  µ. . α 

 απ µα α π υ πα υ α   πα αφ  αυ  α   υµφ α µ  

α α µ  απ µα α  Erbatur et al., [77] π µ  υ α µ  

µ α  α α υ . 

2.13 α µα Ε – υ  ω  χ ω  (2.102) α  



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.127   α  – µ α  ∆ µ α  

(2.103) 

Γ α   (2.102) α  (2.103),  π α α     α  α  

 π α α  µ α  (Pm) α  υ υ   υ υ   

||D
n

opt||/||D
n
||. Έ    α π υ π     π  2

Lw  π υ 

απ α  µ  α υ  υ υα µ  υ µ µα . Ω  M α   

π υπ α  α    . Η πα µ   α  : 

 wM L L= −  (2.192) 

π υ L α   µ  υ µ µα . Η π υπ α   υ α  µ α µ  

   υ   α : 

 

n

opt 1

2M
=

n

D

D
 (2.193) 

α µα υ π υ µ  µπ  α µ απ υ     α π υ π   

  µ   µ α  υπ   π π    π α α µ α  α 

µ απ    π υ π       α α  α  

αµ α.   π π  α απ µα α  πα α φ υ φ υ   π α µα  

π α α µ π  απ  µ α π α π  π  υ υ α µ    

π υ π    . 

α µα υ π υ µ  α        π υ π υ  α 

µ µα α α α π α απα α   µ α   µ  υ φ υ  i=1,…M . 

Η απ α  α  Hamming [130] α  µ µα α   π υ απα α  µ α 

υ µ  µ  φ υ α   µ  i=1,…M. Γ α      α απ  α 

µα , α µ α µα         α  : 

 ( )( ) ( )( )
M

j i

M M

i j i

S

A S S A S S
∈

∈ → = ∈ →n n

opt opt

x

x xD D∪  (2.194) 

π υ () α    , Si
M

 α   υπ   µ µ  π υ 

α υ   i   M  α  S(D
n

opt) α       π α 

π α    . Η π α α µφ  υ  ( )( )M

iA S S∈ → n

opt
x D , 

υπ   π π   α  µ   µ α µα µ  υ    π  

S(D
n

opt)  α α  απ   απ µα  υπ π  α µ  α  α   [4]: 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.128   α  – µ α  ∆ µ α  
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i j i
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A S S A S S
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   ∈ → = ∈ →   ∑n n
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x xD D  (2.195) 

π υ Ni
p α   π   α µ  α  i . Η π α α   (2.195) π  

 π α α µ α  Pm(t),  t  α  α  υ µ   : 
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i
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 (2.196) 

π υ Ni
p(t) α   π   α µ   i    µ  t.  µα  

π     υ N
i
p(t) α  µ  Npop π υ Npop α   π υ µ  υ Γ .  

 υ  α  π α µα απ  µ α  π   α 

µ α µα     π  S(D
n

opt) α      π µ υ  

. π     α  α α α   π α α    

µ α  α  υ  α   α µ  υ π υ µ   α  

  α  : 

 ( ) ( ) ( ) ( )[ ] ( )[ ]
1 1

Pr Pr 1;
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i M ii i

p m m

i i

N P Pt t t t t
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= =
= = ⋅ ⋅ −→ ∑ ∑n
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Η υµπ µα  π α α   (2.197)   π α α αµ α απ   

 υ π υ µ  α µ α µα     α    .   

gen α   π    µ   ,  π α α α µ α µα  µ α 

υ       π   Ngen  α  : 
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∏
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n
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x D x D

x D

 (2.198) 

Η  (2.198) α   υ  υ π   , υ π υ   α µ  

 ,  π υπ α    α   π α α  µ α .  π  

 α µ     α α  απ   µ  υ α  . Γ α  π µα 

  (2.103) φ   υ α    α α  απ      

    D
n
-D

n
opt α  α φα  α υπ    µα µα   

α αµ α  α   α   υ α  µφ  µ α     µ   

υπ π .  π π  αυ   π υ µ    α  : 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.129   α  – µ α  ∆ µ α  

 ( ) popi i
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N
N Nt

M
= =  (2.199) 

  π α α µ α  Pm(t) µ α α   π    µφ α µ    

(2.112)    (2.198) υ π µα    (2.103) π π α  : 
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 (2.200) 

Γ α  π π    (2.102)  α  υ α  α    π υ µ   

 πα αµ  α   π   . υ  φ α       

 αφ  υ α π  µφ α µ   µα µα   υ α   µ α 

 π υ µ  α µ α α  µ   πα υ   .     

π   µ. , α υ   α µ  π  υ Bitner et al., [25]  

υ α   υ α  µ   απ α  α  Hamming : 

 M
oi i

f f iS = ⋅ ∈ x  (2.201) 

π υ fo α  αυ α  α . Η µ  υ α   α  : 

 ( ){ } ( )
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1

M
i iM
P o popi ii M

i

f E f N f i vS t t= =
= ⋅ = ⋅ ⋅ ∈  ∑x  (2.202) 

π υ i
pop(t) α   υ α µφ   .  υµ    π υ µ  

  µ α α  µφ α µ   : 

 ( ) ( )1
i i o
pop pop

f i
N Nt t

f

⋅= ⋅+  (2.203) 

υµ    υ α µφ   π υ µ  µ α α     α: 
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1

1
i i

pop pop M
j
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i
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ν ν
ν

=

= ⋅+ ⋅∑  (2.204) 

  (2.203) α  (2.204) π π υ    π α α α α α   αφ  α 

 . υ   φ    α  µ   υ   µ α  

π υ απα α  α  µ π       . Η  (2.198) 

   (2.204) π π α  : 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.130   α  – µ α  ∆ µ α  
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π υ  πυ α υ π υ µ    α t=1 α   µ  1/M. Η  (2.205) 

 υπ   π π    π α α π   α µ  α  µφ α µ   

 (2.104). Η    (2.205) α  (2.200)   υµπ α µα    

Pr(x→D
n

opt)  π π    (2.102) α  µ   α  

π α α    (2.103) φ   π υ µ  µ α α   π  π υ  

π   απα µ  α α φ  υφ  αυ α .  π π  αυ   µ  

[Pm(t)]
i
·[1-Pm(t)]

M-i
 µ α  µ  υ µ  Pm(t)/[1-Pm(t)]. Η  αφ  , αυ   

αυ    αφ   υ α      (2.102)    
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n
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2.14 α µα  – υ α  α αφ  

 πα αφ  αυ  πα υ α  υ α  α αφ  α π µα α υ 

α µ  µ    π µ .  υ α   πα α φ  2.14.1  2.14.7 

πα υ υ  µ  α α α .  υ α   πα α φ  2.14.8  2.14.22 

πα υ υ  π  π  α α .  υ α   πα α φ  2.14.13  

2.14.19 α  υ α  µ  µ  π  π  α α .  πα αφ  2.14.23 

πα υ α  π µα α α αφ  µ  π  υ α  π µ .  

υ α  αυ  µπ  α µ π   π µα α α αφ  α  α  

 υ α  µ  π . 

2.14.1 υ  φα α  (Sphere Function) 
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a x a i n f f
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− ≤ ≤ ∀ ∈ = =
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 (2.206) 

υ  υ  α  πα α µ    α µ .  ∆ . 2.71, πα υ α  

 αφ  πα α   υ  α n=2. 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.131   α  – µ α  ∆ µ α  

 

∆ . 2.71: υ  φα α  (n=2) 

2.14.2 µα υ Schwefel (Schwefel’s Function) 
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{ } ( )1 1
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i i

i i
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f x x

a x a i n f f
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∑ ∏x

x

 (2.207) 

υ  υ    α µ  α  µ  πα α µ   n υπ - π π α n-1 

α  µ  υ  h(x1,…,0,…,xn)=0.  ∆ . 2.72, πα υ α   αφ  

πα α   υ  α n=2. 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.132   α  – µ α  ∆ µ α  

 

∆ . 2.72: υ  υ Schwefel (n=2) 

2.14.3 υ  π  α µα  υ Schwefel (Schwefel’s 
Double Sum Function) 
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 (2.208) 

υ  υ  α  πα α µ    α µ .  ∆ . 2.73, πα υ α  

 αφ  πα α   υ  α n=2. 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.133   α  – µ α  ∆ µ α  

 

∆ . 2.73: υ  π  α µα  υ Schwefel (n=2) 

2.14.4 υ  µ υ υ Schwefel (Schwefel’s Max Function) 
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 (2.209) 

υ  µ  υ  α  µ  πα α µ    α µ .  ∆ . 2.74, 

πα υ α   αφ  πα α   υ  α n=2. 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.134   α  – µ α  ∆ µ α  

 

∆ . 2.74: υ  µ υ υ Schwefel (n=2) 

2.14.5 Γ υµ  υ  υ Rosenbrock (Generalized 
Rosenbrock’s Function) 
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 (2.210) 

υ  υ  α  πα α µ    α µ .  ∆ . 2.75, πα υ α  

 αφ  πα α   υ  α n=2. 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.135   α  – µ α  ∆ µ α  

 

∆ . 2.75: Γ υµ  υ  υ Rosenbrock (n=2). 

2.14.6 υ  µα  (Step Function) 

 
( ) ( )

{ } ( )
2

1

0.5

1,..., min ( ) 0.5, 0.5,..., 0.5 0

n

i

i

i
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 (2.211) 

υ  µ  α α α  α  µ  πα α µ   n υπ - π π α n-1 α  µ  

υ  h(x1,…,-0.5,…,xn)=0.  ∆ . 2.76, πα υ α   αφ  πα α   

υ  α n=2. 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.136   α  – µ α  ∆ µ α  

 

∆ . 2.76: υ  µα  (n=2). 

2.14.7 α µ α υ  µ  υ  (Quartic Function with 
Noise) 
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Η υ  αυ  πα υ  α α α  α   υ  α  µ µ φα 

α α µ µ   µα [0,1).  ∆ . 2.77, πα υ α   αφ  πα α   

υ  α n=2 (  αφ  πα α    υ υ   φ  υπ ). 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.137   α  – µ α  ∆ µ α  

 

∆ . 2.77: α µ α υ  µ  υ  (n=2). 

2.14.8 Γ υµ  υ  υ Schwefel (Schwefel’s Generalized 
Function) 
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( ) { }1
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i i i

i

f x x a x a i n

f f n
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= = − =
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 (2.213) 

α  α α   υ  α   πα υ  n-1 π  α α α α 

µ α 302.5253 : , 420.9687j ix j i j x= − ∀ = ≠ =  µ  fmin=-9194.4924  µ  απ α  απ  

   [250].  ∆ . 2.78, πα υ α   αφ  πα α   

υ  α n=2. 
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Ε α  α  & µ  Ε υ  2.138   α  – µ α  ∆ µ α  

 

∆ . 2.78: Γ υµ  υ  υ Schwefel (n=2). 

2.14.9 Γ υµ  υ  υ Rastrigin (Rastrigin’s Generalized 
Function) 
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 (2.214) 

υ  υ  α  πα α µ    α µ .  ∆ . 2.79, πα υ α  

 αφ  πα α   υ  α n=2. 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.139   α  – µ α  ∆ µ α  

 

∆ . 2.79: Γ υµ  υ  υ Rastrigin (n=2). 

2.14.10 υ  υ Ackley (Ackley’s Generalized Function) 
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 (2.215) 

υ  υ  α  πα α µ    α µ .  ∆ . 2.80, πα υ α  

 αφ  πα α   υ  α n=2. 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.140   α  – µ α  ∆ µ α  

 

∆ . 2.80: υ  υ Ackley (n=2). 

2.14.11 Γ υµ  υ  υ Griewangk (Griewangk’s 
Generalized Function) 
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 (2.216) 

υ  υ  α  πα α µ    α µ .  ∆ . 2.81, πα υ α  

 αφ  πα α   υ  α n=2. 
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Ε α  α  & µ  Ε υ  2.141   α  – µ α  ∆ µ α  

 

∆ . 2.81: Γ υµ  υ  υ Griewangk (n=2). 

2.14.12 Γ υµ  υ   – (Generalized Penalty 
Function) 

2.14.12.1 1  α α α  
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∑∑x  (2.217) 

 ∆ . 2.82, πα υ α   αφ  πα α   1  πα α α   υµ  

υ  π  α n=2. 
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Ε α  α  & µ  Ε υ  2.142   α  – µ α  ∆ µ α  

 

∆ . 2.82: Γ υµ  υ  π  (n=2 – 1  πα α α ) 

2.14.12.2 2  α α α  
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Γ α α π µα α   (2.217) α  (2.218)  : 
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 (2.219) 

 ∆ . 2.83, πα υ α   αφ  πα α   2  πα α α   υµ  

υ  π  α n=2. 
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Ε α  α  & µ  Ε υ  2.143   α  – µ α  ∆ µ α  

 

∆ . 2.83: Γ υµ  υ  π  (n=2 – 2  πα α α ). 

2.14.13 υ  π υπα  υ Shekel (Shekel’s Foxholes 
Function) 
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π υ  µ α  aij α  : 

 
µα

1  µα α 5  µα α2  µα α

32 16 0 16 32 32 32 32 32

32 32 32 32 32 16 16 16 32 32 32
ija

 − − − − =  − − − − − − − −  
 (2.221) 

υ  υ  α  πα α µ    α µ .  ∆ . 2.84, πα υ α  



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.144   α  – µ α  ∆ µ α  

 αφ  πα α   υ . 

 

∆ . 2.84: υ  π υπα  υ Shekel ( α  ) 

α ∆ . 2.85  ∆ . 2.87, πα υ α   αφ  πα α   µ  

πα α .  π   π  α α  α   µ  25 µ  µ  αφ  υ α  

α  αυ α µ  π υπ α. 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.145   α  – µ α  ∆ µ α  

 

∆ . 2.85: υ  π υπα  υ Shekel, πα   π  x  

 

∆ . 2.86: υ  π υπα  υ Shekel, πα   π  y 
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Ε α  α  & µ  Ε υ  2.146   α  – µ α  ∆ µ α  

 

∆ . 2.87: υ  π υπα  υ Shekel, πα   π  xy. 

2.14.14 υ  υ Kowalik (Kowalik’s Function) 
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 . 2.2, πα υ α  α α µα α a α  b. 

µ.  ai 1

ib−  µ.  ai 1

ib−  

1 0.1957 0.25 7 0.0456 8 

2 0.1947 0.5 8 0.0342 10 

3 0.1735 1 9 0.0323 12 

4 0.1600 2 10 0.0265 14 

5 0.0844 4 11 0.0246 16 

6 0.0627 6    

. 2.2: ∆ µ α υ  Kowalik  
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2.14.15 υ    Καµ α  (Six-hump Camel Back 
Function) 
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x
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 (2.223) 

υ  υ  α  πα α µ    α µ .  ∆ . 2.88, πα υ α  

 αφ  πα α   υ . 

 

∆ . 2.88: υ   π  αµ α  µ  6 αµπ  (n=2). 
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2.14.16 υ  υ Branin (Branin’s Function) 
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υ  υ  α  πα α µ    α µ .  ∆ . 2.89, πα υ α  

 αφ  πα α   υ . 

 

∆ . 2.89: υ  υ Branin (n=2). 
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2.14.17 υ  υ Goldstein-Price (Goldstein-Price Function) 
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υ  υ  α  πα α µ    α µ .  ∆ . 2.90, πα υ α  

 αφ  πα α   υ . 

 

∆ . 2.90: υ   Goldstein – Price (n=2). 
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2.14.18 υ α  α  Hartman (Hartman’s Family) 
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 . 2.3 α   

. 2.4, πα υ α   υ µα c α  α µ α a α  p α n=3 α  n=6 α α. 

, 1,2,3 , 1,2,3

1 3.0 10 30 1.0 0.3689 0.1170 0.2673

2 0.1 10 35 1.2 0.4699 0.4387 0.7470

3 3.0 10 30 3.0 0.1091 0.8732 0.5547

4 0.1 10 35 3.2 .03815 0.5743 0.8828

ij i iji a j c p j= =
 

. 2.3: ∆ µ α υ α  α  Hartman (n=3) 

, 1,...,6 , 1,..., 6

1 10 3 17 3.5 1.7 8 1.0 0.1312 0.1696 0.5569 0.0124 0.8283 0.5886

2 0.05 10 17 0.1 8 14 1.2 0.2329 0.4135 0.8307 0.3736 0.1004 0.9991

3 3 3.5 1.7 10 17 8 3.0 0.2348 0.1415 0.3522 0.2883 0.3047 0

4 17 8 0.05 10 0.1 14 3.2

ij i iji a j c p j= =

.6650

0.4047 0.8828 0.8732 0.5743 0.1091 0.0381

 

. 2.4: ∆ µ α υ α  α  Hartman (n=6)  

2.14.19 υ α  α  Shekel (Shekel’s Family) 
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 . 2.5, πα υ α   υ µα c α   µ  a α n=5, n=7 α  n=10 

α α. 

, 1,..., 4 , 1,..., 4

1 4 4 4 4 0.1 6 2 9 2 9 0.6

2 1 1 1 1 0.2 7 5 5 3 3 0.3

3 8 8 8 8 0.2 8 8 1 8 1 0.7

4 6 6 6 6 0.4 9 6 2 6 2 0.5

5 3 7 3 7 0.4 10 7 3.6 7 3.6 0.5

ij i ij ii a j c i a j c= =

 

. 2.5: ∆ µ α υ α  α  Shekel (m=5,7,10) 
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2.14.20 υ  Fletcher-Powell (Fletcher-Powell Function) 
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π υ { }, 100,...,100 Nij ija b ∈ − ∈  α  υ α  φυ  α µ , π υ απ  α   

πα αµ υ  υ π µα  α   [ ],ja π π∈ −  α    . α 

α α  υ  αυ  α  απ   Back [6].  ∆ . 2.91, πα υ α   

µ φ   υ  α aij=[[1,2],[3,4]], bij=[[-1,-2],[-3,-4]] α  aj=[1,-1] π  υ  

α υ. 

 

∆ . 2.91: υ   Fletcher Powell (n=2). 



 α µ  α α υ  µ  µ  π α  α   α  Γ  Χ  . ∆ µ υ 

Ε α  α  & µ  Ε υ  2.152   α  – µ α  ∆ µ α  

2.14.21 Γ υµ  υ  Langerman (Langerman’s Generalized 
Function) 
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i j j

f c x a x a xππ= = =
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π υ n=m=30.  µ   α   µ  υ α  α µ   µα [1,100] 

π  α   υ µα c. Η υ  αυ  πα υ  α α π π µ  µ φ .  

∆ . 2.92, πα υ α   µ φ   υ  α n=2 µ  aij=[[1,2],[3,4]] α  cj=[1,2] 

  α µ . α α α  υ  αυ  α  απ  υ  

Bersini et al [20]. 

 

∆ . 2.92: Γ υµ  υ  υ Langerman (n=2). 
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Η υ  αυ  α  υ  α  πα α µ    α µ .  6  

α α α α µ α (x1=5.4829, y1=-1.4252), (x2=4.8581, y2=-7.0835), (x3=-1.4252, y3=-

0.8003), (x4=-1.4252, y4=5.4829), (x5=-7.0835, y5=4.8581) α  (x6=-0.8003, y6=-1.4252). α 

∆ . 2.93 α  ∆ . 2.94, πα υ α   µ φ   υ . 

 

∆ . 2.93: υ  µ  
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∆ . 2.94: υ  µ  ( ) 

2.14.23 µα α π  µ  π µ  χ α µ  

 υπ πα αφ  αυ  πα υ α  π µα α α αφ  υ α µ  µ  

υ α  π µ . 

2.14.23.1  π µα [85] 

 ( ) 4 4 13
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1 1 1

5 5i i i

i i i

f x x x
= = =
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 υ α  π µ  gi(x) α  : 

 ( ) = ⋅ − ≤g A x b 0x  (2.232) 
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π υ: 

 [ ]10 10 10 0 0 0 0 0 0
T =b  (2.233) 

α   µ   α  : 

 

2 2 0 0 0 0 0 0 0 1 1 0 0

2 0 2 0 0 0 0 0 0 1 0 1 0

0 2 2 0 0 0 0 0 0 0 1 1 0

8 0 0 0 0 0 0 0 0 1 0 0 0

0 8 0 0 0 0 0 0 0 0 1 0 0

0 0 8 0 0 0 0 0 0 0 0 1 0

0 0 0 2 1 0 0 0 0 1 0 0 0

0 0 0 0 0 2 1 0 0 0 1 0 0

0 0 0 0 0 0 0 2 1 0 0 1 0

     −  = − −  − − − −  − −  

A  (2.234) 

π υ 0≤xi≤1 α i={1,…,9}, 0≤xi≤100 α i={10,…,12} α  0≤x13≤1.  υ µα υ  

α υ α   x*=(1,1,1,1,1,1,1,1,1,3,3,3,1) µ  6 υ α  π µ   

{g1,g2,g3,g7,g8,g9} α  f(x*)=-15. 

2.14.23.2 ∆  π µα [174] 

 ( ) ( ) ( ) ( )
( )

4 2

1

1 1 1

2 2

2
1 1

cos 2 cos 0.75 0

7.5 0

nn n

i i i

i i i

n n

i i
i i

x x g x

f

i x g x n

= = =

= =

− = − ≤
= −

⋅ = − ≤
∑ ∏ ∏

∑ ∑
x

x

x

 (2.235) 

π υ 0≤xi≤10 α  n=20. H α  µ  µ  µ  α   f(x*)=-0.803619 [247]. 

2.14.23.3  π µα [140] 
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f x h xn
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π υ 0≤xi≤1 α  n=10   α   µ  * 1
ix

n
=  α  f(x*)=-1. 
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π π  απ    αφ α [1], [11]. µα  α  π   φα µ   

π  α µ  µ  α  α υ  α π α  υ µ  π  πα υ α  

 φ α  1. α  µ   π µ  π π α  α   α π υ  

µ  π υ π φ υ  υ  α π α  µ   π α α  α α , µ  

αµ  υπ  , α  αµ α [5], [6], [33], [42] α   

µ α α µ α [20], [35], [43] υ µα α. µ  µ  π  π α  α υ  

α α . Ω  υ µα α α αφ α  α µ  υ µα α α π α α αφ α  απ   

µ  αυ  α  φ   « α α υ » Ω  α υ α α α  α   α υ α 

α   α α ,  µ  µ  υ υ µα , π υ   

µα απ  µ α α α  υ α   µ α α α  α α  [12], [11].  

α µ  υ  µ  α υ  π   µ  α  α  φ α  [14], 

[36], [37], [25], α   µ  απ µ  α   [13], [29], [48], [51] πα υ υ  α  

υπ  α α υ  απα υ  .  π π  αφ  α   φ   

α υ   π α  α υ  α α  π υ  π   π α  α υ  

α α  αυ    π   π   µ  α  α   υπ α α  

α α υ  α  αφ υ α  α   φ  υ υπ µ     π α α  

α α  ( α Ditlevsen π.) α   π   υ υα µ   α υ  

α α  π υ π π  α α  α  υπ µ    Ditlevsen α   !n  

π υ n α   π   α υ  α α .  Song, α  Der Kiureghian, [53], 

α αφ υ   α π µα α µ  20 π α  α υ  α α , α α µ   µ  

υ α  , µπ  α υπ  απ   π υ   π µα  αµµ  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.5   α  – µ α  ∆ µ α  

π αµµα µ  µ  π  µ α  α µ  (µ. )  µ  100000.  α  

π µα   αυ α µ  π υπ α  απ   µ  µα α  

υ π α  υ π υ  α α  απ   π   α υ  α α .  

µ  Monte Carlo (MC) α  πα α α  υ  [50], [52] α α   π   

υ α α  µα α  υ π α  υ α  π υ  υ  

µ  π µα .  α α α αυ  υ α  µ  α α φα  

πα  π  µ .  π α α α α   α α υ  α     

µ  α   [52]: 

 
( ),,

,

1 f sf sf

f s

PPn
P

n n
ε −⋅= =  (3.1) 

π υ, nf α   π   α  α  n α   π   µα  π υ 

π α µα π α . µα  µ υ ( π  α αφ α   φ α  1) α   

υπ  , π υ υ α α  µ α µ   π α α α α  υ υ µα , 

α   π   µ  π υ απα α , α  α φ  α   

π α α  µφ  υ υπ  α  . Γ α υπ  α α υ  µφ α µ   

υ  α  α  ( υ )  απ  µ   π α α  

α α  µ υ  υµα α  απ  10
-5

  10
-6 α α µ   π υ α α υ υ.  

π α α α α   α α υ  α  υ   υπ α α  υ  (π υ 

α    υ α α α α α µ     π π  α α    

π  ),  αµµ  υ   .µ,   µ α α  

 .µ  φ  α   α  α    υ .  π   απα µ  

µ  υµα α  απ  3x10
5
  10

12
 µα α α   µ   µ  10% 

α  υ  α α υ  ( µφ α µ  α απ µα α π υ πα υ α   φ α  

1). Γ α  α π    υ α   µ υ MC α α α  π µα   

υ αυ µ υ υπ  υ . 

α  π  α   α π υ  µ  π υ π α µ υ   α α α 

µα α    υ υ υ  µ   µ υ , α   µ  υ 

υπ  υ  α     α α   µ  [6], [20], [43], [35]. 

 Bjerager, [5] α   Ditlevsen et al., [15] υπ υ   π α α α α  µ   

 α υ α  ∆ µα α  α  υ .  Melchers [40], πα υ  µ α 

µ  π υ π    µα α   µ α υπ - φα α  απ   µ  

 α φ α  (Maximum Likelihood Point).  Moarefzadeh α  Melchers, [42], 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.6   α  – µ α  ∆ µ α  

πα υ υ  µ α πα α α   µ υ α υ α  µα α   υ   

π π µ  µ    α   α α   µ   π α α  α α  

 π π  .µ µ  υ   υ .  Mori α  Ellingwood, [43], 

πα υ υ  µ α π α µ  α α α π υ µ α  υ αµ   υ  

α υ α  µα α   α α   α α α  π  α α  µ  

  µ  υ  υ  µ .  Kim α  Na, [31], α   Zheng, α  

Das, [57], π υ   υ  α  α  µ  π υ υµα µ   µ   

α  µ υ απ  π φα α  [7], [55], α   υ α µ  α υ α  

µα α  υπ υ   π α α α α  υ υπ  α  υ µα .  

Mahadevan α  Raghothamachar, [36], πα υ υ  µ α µ  π α µ µ   

α υ  π π  υ µ , π υ υ υ   µ  α υ α  µα α  

µ   µ  ∆ α  α  Φ α  [11], α  α   µα  α υ  

α α .  µ  υπ   µ  µ  π α φ α   α υ  αυ  

α  φ   µα α  α  απ  α µ α αυ .  Nie α  Ellingwood, 

[45], πα υ υ  µ α µ  π υ π   π φ α  υ  α  

α  µ  α υ α φα  µ µ .  υπ µ   π α α  α α  

α α   µ  α υ α  µα α  α  υ . µφ α µ  υ  

υ αφ   µ  αυ  α  α α α  α π µα α  5  20 

α  .µ.  Mitchell [41], α απ  µ α µ  α  υπ µ  υ  

α π α   υ µα   υ  µ   .µ, α µ   µα α  

απ   µ  µ  π α φ α .  Au α  Beck, [2], πα υ υ  πα α α   

µ υ α υ α  µα α  π υ π µ  α µα α  α υ  Markov 

α  µ υ α  υ  α υ α  µα α .  Olsson et al., [46], 

πα υ υ  πα α α   µ υ α  υπ υ π υ υ   

α π  υ  υ   µ   µα α .  πα α α  

αυ  α α   αµ φ  υ µα   µα α  α  α α α µ   

µ φ   υ  α  α  (Limit State Function). 

 π µ  µ  o π α   α   2
NRV υπ υ  υ 

µ υ . Ω  υπ     π α    .µ υ π µα  α  

α αµ α  απ µ  α    π  [53], υπ  υ υ αυ . Γ α 

α µ   α α υ  µ   α π υ µ  2
α

  πα α   

π  υ α   υ α  α  α . α µα µ   

α α υ  α α    µ   π α α  α α  υ  µ   



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.7   α  – µ α  ∆ µ α  

α  υ π α    (FORM) [11], [12]. Ω  µ  µ  

α   µ  π υ   α π α  υ α  αµ  απ  υ µ  µ  

α φ υ.  µ  α φ υ α    π  υ υ  α π α  π  

µ α µ   µ  π  α   π π   µ υ απ µ  α   [13], [29]. 

α   φ   α υ  αµ α  υπ  µ  α µ  π υ α αµ α  α 

υ φ υ  µα   µ  α υ  α α .  α    

µ  µ  πα α  µ  π  α υ  α α  (IFM) υ µ υ µ υ . 

α µ  π  α υ α α α  απ α  απ  α  µ   α α υ  π υ 

 π α   π  α α  α α υ  α    µα  µ   

υπ π µ  α  .    µ  π  α υ  α α  µ  

µα   απα µ  υπ     µ   π π   π  

α υ  α α  (Failure Modes) [36].  υ α  π  µα  µ  

π  α υ  α α  µα π α  µφ α µ    υ  µ υ 

µ  π α φ α .    µ  π  α υ  α α  π υ    

α  µ  µ  π α φ α  α    υ µ υ 

υπ υ  µ α µ α.  α α  µ α  α    µα  π α α  

µφ   µ  .  µα αυ  απ  α   π α α µφ   

µ  αυ  µ υ   µ  π  α υ  α α  α  αµ α  

απ µ α α.  µ  µ π α  α  α  υπ µ   

µα α   .µ.  .µ  µα α  π α  µ    µ  υ 

π υ    α  υ π µα  α   π α   α αµ α  

 υ  2Nact  υπ υ  π υ Nact α   π    .µ. Ω  « π » 

α   α α α α µ   .µ  .µ µ  α   µα α . Γ α  .µ 

µ  µα α   µ  π   α µ   π   µ   .µ. Γ α  

.µ  µα α   α µ   π α µα π α .  µ  υ π υ   .µ 

  απ µα  µ   π υπ α  υ π µα .   α  

α µ ,   υ µ υ µ  π α φ α   µ  α   

µα α   µ α  υπ α    υ α  υπ υ.  

υπ   υ α  (  π   π  µ  υπ ) απ α  

απ  π α  α υ . Γ α υ  απ µ α  υπ υ , υπ α   µ  µ  

 υ α  α υ µ   π φ α  υ  α  α .  υ µ υ 

αυ  υπ α    υ υ  π  α π α µα π  µα α.  

υπ υ  π υ   α αφ  (π υ α  α   µα α  υπ υ  

υπ µ   π α α  α α ) α  µ  απ  µ α υ µ  µ  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.8   α  – µ α  ∆ µ α  

α φ υ (  µ   1% υ υ α αφ  υ π  µ υ υπ υ)  

π α µα π α  µα α α   αυ . Γ α υ  απ µ α  υπ υ  

π α µα π α  α υ α µα α π υ  π   µ  α  υ  

υ π υ   α   α α υ .  π α  α α   α α υ  α  

 µ   α  α     µ  [52] υπ α  µφ α µ   

 (3.1).   µ   π α  α α   α α υ  α   µ  

 υπ α  µ   α    π µ υ  µ . 

 π µ  πα α φ υ  πα α α  α α υ  α π µ υ  µα α  µ υ.  

πα αφ  3.3, πα υ α   υ  α  α  µ α  α α υ  α   

π α α α α    υ   υ α  α  α   µ  . 

 πα αφ  3.4, πα υ α   υ  α  α   µ ,  

υπ µ   π α α  α α  υ  µ   µ  α υ  α π α  π  

 α   µ  υ α µα   µ  µ  π υ α µ π   

υ α α  υπ µ   µ  π  α υ  α α .  πα αφ  3.5, 

πα υ α   π µα π  α  υπ µ   π α α  µφ  

 µ  π  α υ  α α  α  α α µα µ   α α α  

πα α   µ  π  α υ  α α .  πα αφ  3.6, πα υ α   

α α α α α µα µ  υ π α  υ.  πα αφ  3.7, πα υ α   

µ α α  µα π   µ  π  α υ  α α   π   µ  

µ  π α φ α ,  υπ µ   µ  α  µ  µ  .µ α   α µ  

υ π α  υ  π    .µ.  πα αφ  3.8, πα υ α   

α α α π   υπ  µφ α µ   υ α υ .  πα αφ  3.9, 

πα υ α   µ α α  π µ  υ υ µα α   α 

 π φ α  α  α  α   υπ .  πα αφ  3.10, 

πα υ α  α α π υ π π  α π  α µ α µα α .  

πα αφ  3.11, πα υ α  α α µα µ   α α α  µα α . 

 πα αφ  3.12, πα υ α   µ α υπ µ   π α α  α α  

 µ  α   α α υ .  πα αφ  3.13, πα υ α   υ α   

π µ  µ υ α    πα αφ  3.14, πα υ α  α α µ  

απ µα α απ   α υ  υ α  α αφ  α  α  υπ α  

υ µ .  πα α φ υ  3.16  3.20 πα υ α  α α υ  α α µα α 

 µ υ.  πα αφ  3.21, πα υ α   µ α µ   π α 

α µ π α  π µα α µ  υ µ  .µ.  πα αφ  3.22, πα υ α  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.9   α  – µ α  ∆ µ α  

α απ µα α   µ   υ α  π µ   υ υ α  

α µ .  πα αφ  3.23, πα υ α   π    α  3 

αφ  π  υ  υ µα  19 µ . ,  πα αφ  3.24, 

πα υ α  α απ µα α απ   α υ  υ υπ  υ α  

µ   υ  υπ  π υ   µ υ  π   µ  MC. 

3.3 υ  α   - α α α  
Κα α υ  

 π α α α α  µ α  α α υ  α    µα  π α   

α υ   π υ   α α υ  απ  µ α α α  υ α   µ α 

α α  α α  [11].  µ α  αυ  υ α  µ  α υ α   

α α   µ   α α υ  π υ µα υ   υ α α .  

π  n  π α  π  α υ  α α ,      µ  [11]: 

 ( )!

! !

e e

e

n n
n

k k n k

 ≥ =  −   (3.2) 

π υ, ne α  k α   π   µ  α   υπ α α  α α υ . µφ α 

µ    (3.2),  π   π α  π  α υ  α α  αυ   

 π   π   µ  ne α   υπ α α .  π   π α  

π  α υ  α α  α  απα υ  α µα α  α απ  α α υ  

φ , α  φα µ    α π α ,  π   π α  υ υα µ  π υ 

π π  α α  α   µ  (ne/k)! [53] µ  απ µα  µ  υ α   π α  

α υ  α α  (µ  απ µ  α   α  µ  α  α  φ α ) 

α µ  υ  φα µ  υ   π µα α α υ  α π α  α α υ .  

 π  α φα α  µ α  α α υ  (Ss),  υ    α α , 

φ α    υµπ µα       αυ  [1]: 

 
1

~
n

S i

i

S F
=

  =     ∪  (3.3) 

π υ, [~(.)] α   υµπ µα   υ (.), Fi α   i  α α  α  n 

α   π    α α .  π   π α  π  α υ  

α α  α  µ α    µ    (3.2) α  π π  α φ  

υπ  α   π  α υ  α α  π υ  µ  υ  α  µ  υ k. H 

π α α α α   α α υ  α  : 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.10   α  – µ α  ∆ µ α  

 ( ),

1

P Pr 0 Pr ~ 0
n

f s S i

i

S F
=

    = ≤ = ≤       ∪  (3.4) 

αµ α  υπ ,  µ  π  α υ  α α  (π υ υ  απ  

α µ  υπ  υ υ υ  π α  π  α υ  α α ),   

υπ µ   π α α  α α  µ α  µα   µα  π α  

 α α  µ . Ω  µ  π  α υ  α α  α  αυ  µ  

π α α µφ  µ α  απ  µ α µ  α φ υ π υ α    µ   

π α α  µφ   π  π α  π υ  α υ α  α α  

π απ α α µ  µ  π  µ  υ .   α υ  α α  

πα α   υ υα µ   π  µ  µ   α α υ  φ  α 

 π  α υ α α α  : 

 ( ) ( )
,

,
1,...,

00Pr min Pr
e i

ji S j j j
j N

SS S R L= << ≤ = −  (3.5) 

π υ, Sj Rj α  Lj α   π  α φα α ,  υ  α  α   π α µ  

φ  α α, α  i   α α υ , Ne,i α   µ   i α υ α  

α α  α  Si,s α   π  α φα α   i π υ  α υ α  α α .  

π  α φα α    (3.3)  υ  υ π υ α φα α   µ  

α  : 

 { },

, , ,

11 1 1

1, ,
e im m

NN Nn

S i S i S j e i j j j

ji i i

S S S S j N N k S R L
== = =

 = ≅ = ∈ ≤ = −  ∑∏ ∏ ∏ …  (3.6) 

π υ Nm α   π   α υ  α α . ∆ µ υ ,  π  α υ  

α α  α  αµ α  απ µ α α,  π α α α α   α α υ  

α   [11]: 

 ( ) ( ),,

1

0Pr 0 Pr
mN

i Sf s S

i

SP S
=

<= < =∑  (3.7) 

φ  α  µ υµ  π α α µφ    [53]: 

 ( )
,

, 0
0Pr 0 1, ,

j S
i S S

S i n≤≤ = ∀ = …  (3.8) 

 π α α µφ   i π υ  α υ α  α α   π   π α  

α α   µ  π υ  απ  α   [1], [11]: 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.11   α  – µ α  ∆ µ α  

 ( ) ( ) ( )
( )

, , ,

2

2

, , ,

2 3

2 3 2

1 1 1

,,

1 1 1

0, 00Pr Pr

0Pr

0, 0, 0Pr ...

e i e i e i

e i e i e i

N N N

j jj

j j j j

i Sf i N N N

j j j

j j j j j

S SS

SP

S S S

= = = +

= = + = +

 < << − +  <= =   < < < −  

∑ ∑ ∑
∑ ∑ ∑  (3.9) 

π υ Pr(Sj<0,…,Sjm<0) α   π α α υ  α µ  j  jm α α   

α α  α α .  π α α αυ  α  υ   π µ υ  π α  

α α   µ  α   υ  υ . µφ α µ    (3.7) α  (3.9)  

π α α α α   α α υ   υ   π α  α α   µ  

 α   απ   : 

 ( ) ( ) ( ), , , , , ,

2 32

2 2 3 2

,

1 1 1 1 1 11

, , 0, 00Pr Pr Pr ...
e i e i e i e i e i e im

N N N N N NN

j j jj jjf s

j j j j j j j j ji

S S SS SSP
= = = + = = + = +=

 <<< − + −=   ∑ ∑ ∑ ∑ ∑ ∑∑  (3.10) 

 π µ  µ   µ  α υ  α α   µ  π α  µ  

 α µ  π  α υ  α α .  π α  µφ   µ  π  

α υ  α α  α     µ  µ  π α φ α  µ π α  α 

 µ   µα α   .µ α     π φα  α α -

υ α   α α υ   π α  .  

3.4 υ  α  α   µ  – µ    
π α α  α α  

  (3.10) πα   υ α α µ α µα µ  υ π µα  απ  π µα 

  υ  α  α  υ υ µα   π  π µ   

 υ α  α  α   µ  υ υ µα  α  α   υ υα µ  

υ .  υ  α  α   µ υ  α   υ   .µ υ 

π µα  α   α α  υ υπ  α  υ µα .  υ  α  

α  π α  µ   α π υ µ υ µ   π   π π   

µ υ απ  π φα α  [7], [55] : 

 ( ) ( ) ( )( ) ( ) ( )
1 1

1

, ,

1 1 1

1

!

RV RV

k k

k k

kN Nk
i o

i i o j o j j o j

k j j j j

S
S S x x x x

k x x

∂
∂ ∂

′

= = =

   ≅ + ⋅ − ⋅ −  ⋅    ∑ ∑ ∑ x
x x  (3.11) 

π υ, NRV α   π   .µ υ π µα , xo α   υ µα  µ  

µ   .µ υ π µα  α  k′  α    υ π υ µ υ. Ω  µ  α   

µ  α  π α  π α α υπ α  α   µ  50%.  υ  α  α  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.12   α  – µ α  ∆ µ α  

 α  αµµ   π   .µ   υπ α α   α α υ  π υ 

π   α α µ     φ α.  µ  πα   π  

υ  α  α  α  α α υ  µφ α µ    (3.5)  : 

 
( )( ) ( )( ) ( )( )

1 1 1k k k

k k k

i o i o i o

j j j j j j

S R L

x x x x x x

∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂= −⋅ ⋅ ⋅

x x x
 (3.12) 

 π µ  µ   υ  α  α   µ  π α  µ   

α π υ µ υ 2    υ  π π µ υ  υ  [31].  υ  α  

α   µ υ  π α  απ   : 

 ( ) ( ) ( )( ) ( ) ( )( ) ( )2
2

, ,2
1 1

RV RVN N
i o i o

i i o j o j j o j

j jj j

S S
S S x x x x

x x

∂ ∂
∂ ∂= =

   ≅ + +⋅ − ⋅ −         ∑ ∑x x
x x  (3.13) 

 µ  µ  π α φ α  α   π α α α α , α  µ , 

υπ α  µ   µ υ α υ  α π α  π  .  π α α 

α α  α   [11]: 

 ( ),f i iP β= Φ −  (3.14) 

π υ Φ() α    υ  α α  ( )  α  α α µ  (  

α α µ  Gauss) α  i α    α π α  υ υ (  α    

α  Hasofer-Lind).   αυ  απ  µ   απ α  υ µ υ 

µ  π α φ α  απ   µ  xo  α π µ  π α  .  

υ  α υ  αi,j α   [11], [39]: 

 ( ) ( )2
* *

, , ,*

1
0, , *, 0i j i j i i j

ji

a x x
 = =   ∑x

x
… …  (3.15) 

π υ *

ix  α   µ  µ  π α φ α  υ i µ υ . Γ α µ  α  .µ, α  

α  υ µ  .µ, α  απα α    υ µ α µα µ  Rosenblatt 

(πα αφ  3.17) α  υπ µ  υ  α π α  α  υ µ υ µ  

π α φ α .  µ  µ  π α φ α   α   α  υ α  α  

 υ α φ υ µ α µα µ . 

  α π α   µ υ , απ   α υ    α α υ , 

µ π α     µα α  υ µ υ  α  υ α  µµ α α  µ   

υ α µφ  υ   α υ  α α . α µ   α α υ  µ  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.13   α  – µ α  ∆ µ α  

 α π α  π υ α π   α α [13], [29]: 

 { }min
min 1min , , ,  µ  µi i Ne i

ββ β β β β βε≥ = ⇒… …  (3.16) 

π υ,  α  µ   π α α  Ne α   π   µ   α α υ  

α   µ  µα µ   α α υ .  π α α α α   µ  αυ  

α  π  µ    µ   α  π α α α α  υ π  

µ υ µ υ . Ω  απ µα,  π α α µφ  µ α  π υ  α υ α  

α α  π υ π αµ  µ   µ  υ υπ υ υ αυ  α  π  µ    

µ   π α α µφ  µ α  µ  π υ  α υ α  α α . µφ α µ   

πα α  αυ , α µ  µα µ  µπ  α πα α φ  α π µ α α  

α υ  α   υµ   π  α υ  α α  π υ µα α  απ  α 

µ  αυ   π α α α α   υπ  α  α α υ  α αµ α  αµ α.  

∆ . 3.1, πα υ α    π µα  2 .µ µ  5 µ  απ  α π α 4 απ   

υπ   µ  µ    µ  (n) απ π α  απ  π α  α υ . 

 

∆ . 3.1: π  υ α µ  α   υ α  α  α . 

Γ α  υπ   µ  µ ,  µ   π α  α α  Pf,i α  

α  α α µα α α υ  αi π υ υπ α  µ    (3.14), (3.15) α  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.14   α  – µ α  ∆ µ α  

(3.16) µ π α  α  µ υ α  µ  π  α υ  α α . 

3.5 Μ   υ  α  

Γ α    µ  µ  π  α υ  α α  µ π α  α µ  

π υ  α π   α α   (3.16). π   π    π α  

α α   µ   α α υ  υπ α   α α α α α υ ,   

 µ  π  α υ  α α   π φ  π φ   π   α αµ µ  

π α α µφ  υ  α α   µ  αυ  α   α α  

µ υ  α α α µ     φ α µ  απ µα  µ α   µ φ   

υ α  α  α   µ . Όµ   π φ  π υ α α  µ α απ  

   µ  π  α υ  α α  α  υ  πα  α  µ  

 µα α   υπ  υ π α  υ α   µ α   .µ. 

Γ α    j µ  π υ  α υ α  α α  µ υ  Ne,i α   π µα 

π : 

 ,min f jP−  υπ   π π  { },

0
e ij N

S ∈ ≤  (3.17) 

π υ  υ  α  α  Sj  µ υ   υπ  α  α υ α  α  

µφ α µ    (3.13).  πα απ  π µα απ  π µα υ µ υ 

π αµµα µ   α π µ    .µ Gauss.  π µα   

(3.17) µπ  α µ α µα  : 

 

( )
( ) ( )( ) ( )

2

22 * 2*
,

min
HL

i jHL i
j

T T x

β
β  = =   ∑x

 υπ   π π  { },

0
e ij N

S ∈ =  (3.18) 

π υ () α   µ α µα µ  απ     .µ   α  α υ  

α π µ  µ α .   υ π µα    (3.18) α  : 

 ( ) ( ) { } ( )
( ) ( ) { }

2

,

,
2

,

: 0

0

e iHL j oHL

f j HL

e iHL j oHL

Nj S
P

NS j

β ββ β β
= ∃ ∈ ≥= Φ − = − < ∀ ∈

x

x

 (3.19) 

π υ xo α   υ µα  µ  µ   .µ υ π µα .  α  

π µα π    (3.17) α  (3.18) υπ  α  α  µ  α : 

 ( )
,

0

e i

j

j N

SE
∈

≤ ≠ ∅∩  (3.20) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.15   α  – µ α  ∆ µ α  

π υ, E(Sj≤0) α    α α  υ j µ υ . µφ α µ    (3.20)  

π µα π    α  α  µ  α   µ    α α  

 µ  π υ απ   µ  π  α υ α α α   α   µ    

.  π µα π  α µ  π υ π α   α   µ  

π υ  α υ α  α α  α π    (πα αφ  3.18): 

 { } { } { } { }{ }
max

, ,max min

, , , min

, ,

max
1, 1, , : 0,

min

i j i j

e i RV i j k j

k j k j

a a
N j N a ai k

a a

=∀ ∈ ∃ ∈ ⋅ ≥ =… …  (3.21) 

π υ ai,j α  ak,j α   i υ  α υ  α  j α  k µ  α α,  υπ  

α  µ  π υ  α υ α  α α .  µ α π υ α υ α  α   

 µ  π  α υ  α α  α  πα µ α µ   µ  ∆ α  α  

Φ α  π  πα υ α  απ  υ  Mahadevan, α  Raghothamachar [36]. α 

π  µα µ  π α  π α α  υ υ α , υπ  υ  π µ  π υ 

   (3.21), α  µ φ   µ  π  α υ  α α . π   

π υ  υ π µα  π  υπ α   π α  µφ   µ  

π  α υ  α α  α  α α φ α   υ  π α α µφ .  

α α α αυ  υ α  µ      π α  µ  π  

α υ  α α  υ µ υ µ υ  π υ α π   υ    

(3.21).  α α α α  α µα  α α    µ  υ   

α π α   µ  π  α υ  α α  α   µ  µ   α α υ  

υµ   α π   υ : 

 { }max ,cr
i i k m

ββ β β βε> = …  π υ { }1min , 1,...,cr j mj Nβ β β= =…  (3.22) 

π υ, { k,..., m} α   υ µα  Ne,i µ  µ   α α υ  π υ υ  

π  α  α   µ  π υ  α υ α  α α  α  cr α    

µ  υ  α π α   µ  π  α υ  α α  π υ υ  α .  

 (3.22) φ    α π α   µ  π  α υ  α α  π υ 

απ µ υ  απ   µ  cr/ . Γ α µ  υ  α π α  υ µ υ   α α υ  

µ  υ υ cr/   π  µα µ  µ  π  α υ  α α  α  

 µα α  α   υ φ  υ  υ   µα α   .µ α   

 υ α   υπ  α  αµ α.  πα αφ  3.19, πα υ α  

α α υ   α α α  π   µ  α  µ φ   µ  π  

α υ  α α . 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.16   α  – µ α  ∆ µ α  

π     µ  π  α υ  α α  π υ πα α  µ   π υ   

 π µ  π ,  Nm π  π α  µ  π  

α υ  α α  π α  α µα π , α  υπ µ   µα α  

 .µ υ π µα  α   υ α    υπ .  

3.6 Κα α µα µ  υ π α  υ 

 µ  α  υπ υ α   π α    n αµ α  

απ µ υ  υπ υ  (hypercubes) υ υ .  υ α αµ α    

α µ  µ  απ   υπ  α  υπ α   π α α µφ  υ υπ  

α   [46].  µα α π α µα π α   π α   α   

   .µ µ  απ µα  µ α µα µ  υ π µα  υπ µ   

π α α  α α  απ   υπ µ  υ υ   υ  

α α  ( )  υ  α  α   α µ  π π α µ  ,  

υπ µ  υ  µ  µ α α υ υπ υ NRV α  [8].    

µ υ α  υπ υ   πα α α   (  ∆ α µ   

π α µα α, Hyperspace Division Method [30], [56])   α   α π α  

υ  απ µα  [26], [46] α   π  µ    µ    

  π π   α  MC µ υ α  µ    µ   

 (3.1).  π µ  µ ,  π α   D α α   2 RVN
 µ  

α α υπ µ υ  υπ υ  : 

 { }2

1

, 1, 2

NRV

RVN

j k l k l

j
k l

k l
= ≠

  = ∩ =∅ = ∀ ∈   
D D D D D D …∪  (3.23) 

π υ  υπ  Di, απ α  µ  α µα  υφ  k : 

 { }* * * *

1

α υ α υφ

1
, , , π υ 

1RV

i i

i N i

i i

z z
k k k k

z z

≥= = − <k … …  (3.24) 

π υ, iz  α   µ   i .µ.  ∆ . 3.2, πα υ α   απ   

υπ υ  υ µα φ  µφ α µ    (3.24) α π µα 2 α . 

 π α α  µ υ z α α   α απ  υ  υπ υ  αυ  (π υ  

α     jv   υπ υ) α  : 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.17   α  – µ α  ∆ µ α  

 
2

1

1
2 1

2

NRVRV

RV

RVRV

N

j N

j j jNN
j

D
v j v

D
ν

=
= = ∀ ∈ =∑  (3.25) 

 

∆ . 3.2: π   υπ    RVN
B  (NRV=2) 

3.7 µ  υ α  

3.7.1 µα π   µ  π  α υ  α α  

 µ  π  α υ  α α , µα π α   π     µ  µ  

π α φ α .  µ  π  α υ  α α  i α  j απ  µ   α  µ α  

α  α  µ  α : 

 { }* * * *

, , , ,0 1, , : 0 0i k j k RV i k j ka a k N k a a⋅ > = ∀ ≠ ∧ ≠…  (3.26) 

π υ *

,i ka  α   µ   k .µ υ α µα  α υ   i µ  π υ  α υ α  

α α .   (3.26) α φα    µ  π  α υ  α α  απ  

µ   α  µ α  α  α  µ  α  α µ α µ  π α φ α  , 

α    υπ  µφ α µ   α µ    (3.23) α  (3.24).  

π α α α α  Pf,s  µ α   π µ  µ , α    α  

µα  π α α  α α   µ  π  α υ  α α  π υ  

απ .   µα α SIs  s µ α  α     α π α   

π α α  α α   υπ  α  µ α : 

{1,1} 

Pr(X1) 

Pr(X2) 

{-1,-1} 

{-1,1} 

{1,-1} 

(0.5,0.5) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.18   α  – µ α  ∆ µ α  

 ( ), , ,s f s f s f i

i s

SI P P P
∈

= −Φ =∑  (3.27) 

 ∆ . 3.3, πα υ α   α α α µα π   µ  π  α υ  

α α . Έ  µ  π  α υ  α α  µα π α   3 µ  α α  

   µ  µ  π α φ α . 

 

∆ . 3.3: µα π  µ  π  α υ  α α  (NRV=2) 

3.7.2 «∆ π » (“Curling”) υ α  υ 

 υα α  π α α  α α   α α υ   π   υ µα  .µ α  

υ    µα α   .µ α  υπ  α  π µα.  υ  

 µα α   µ α   µ  π  α υ  α α  υπ α   

   µα α   .µ.  .µ  µα α  α α  απ   

α α α α µ  υ π α  υ α  α µ π α  απ  αυ   µ  α  

 υ α π  α   α  µ υ  MC.   π  α   µ   

π υπ α  υ π α  υ.   µα α VRV,i  i .µ α  : 

 , ,

,1 1

1
1, , ,

g RV
N N

s s
s iRV i RV s act k

s acts k

SIV i N N
N

δ δ
= =
 ⋅ ⋅= = =  ∑ ∑…  (3.28) 

π υ Ns,act α   π    .µ υ s µ α  α  Ng α   π   µ . 

 .µ α     π  µ α µ α φ   υ µα α υ   

µ  µ  π α φ α   µ  π  α υ  α α  π υ απ   

Pr(X1). 

Pr(X2). 

1.

2. 

3. 

4. 
5. 

6. 

1  µ α  

( )1 ,1 ,4f fSI P P= −Φ +  

2  µ α  

( )2 ,3 ,5 ,6f f fSI P P P= −Φ + +  

3  µ α  

( )3 ,2fSI P= −Φ  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.19   α  – µ α  ∆ µ α  

µ α  π   υ µ  .µ  µ  φ  υ µ .  π υπ α υ 

π α  υ µ α  απ  NRV  Nact (  π   µα  .µ) µ   

π   .µ α  π  α π α   υ : 

 { }, ,maxRV i RV RV i
i

V f V≥ ⋅  (3.29) 

π υ fRV α   µ  α φ υ α  υ µα  .µ.   « π »  µ  

 .µ  , (3.23), (3.24) α  (3.25) π π α   α υ  υπ   

π   µ   .µ : 

 { }2

1

, 1, 2

Nact

actN

j k l k l

j
k l

k l
= ≠

  = ∩ =∅ = ∀ ∈   
D D D D D D …∪  (3.30) 

 { }* * * *

1

1

, , , where 0 µ  µα  

1
RV

i i

i N i

binary string i i

z z

k k k k

z z

≥= = − <
k … …  (3.31) 

 
2

1

1
ˆˆ ˆ2 1

2

Nactact

act

actact

N

j N

j j jNN
j

D
v j v

D
ν

=
= = ∀ ∈ =∑  (3.32) 

 πα αφ  3.20, πα υ α   α α α µ   π α π α   .µ α 

π  α  α   µ  µα α   µ   .µ. 

3.8 υ α υπ  

3.8.1 µ   υ α   υπ  

 υ α  υπ υ υπ α   υ   µα α   µ α  

µ  π  α υ  α α  α     υ υπ υ αυ    µ  

α µ α µ  π α φ α   µ  αυ .  υ α π υ απ α  απ   s 

µ α µ  π  α υ  α α   k υπ  α  : 

 ( )
{ }

, ,
1

,
actN

s k s

j jf k s
jact

SI
V

N
δ δ

=
= ⋅∑  (3.33) 

π υ  πα µ  k

jδ  α  s

jδ  α  : 

 

*

*

1 1

1 1

jk

j

j

k

k
δ  == − = −  

*

,

*

,

1

1

s j js

j

s j j

x x

x x
δ  ≥= − <  (3.34) 

π υ, *

jk  α   π µ  υ α µα  α υ  υ k υπ υ α  j .µ 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.20   α  – µ α  ∆ µ α  

µφ α µ    (3.31), *

,s jx  α   µ   j .µ υ µ υ µ  π α φ α  

α  s µ α µ  π  α υ  α α  α  jx  α   µ  µ   j .µ.  

υ  <x,y> α  : 

 
1 0

,
1 0

x y
x y

x y

⋅ > =  − ⋅ <    
1 0

,
0 0

x y
x y

x y

⋅ > =  ⋅ <   π υ , 0 0x y if x= =  (3.35) 

 1  πα α α    (3.35) υ  µ α π  αυ    π   

µ   υ α   υπ υ α  µ   υ α υ υπ υ α  α 

 π φ α   .µ  µ  
k
j·

s
j πα υ  α  π µ .  2  

πα α α  υ  µ α π  υ   φ   υµ  µ   υ α   

αµ α π π .  υ α Vf,k υ k υπ υ α  : 

 ( ), , ,
1

gN

f k f k s
s

V V
=

=∑  (3.36) 

 ∆ . 3.4, πα υ α   υ α  υπ  α   πα α α    

(3.35)  π µα 3 µ  µ  π  α υ  α α  α    .µ. 

 

∆ . 3.4: µ  υ α  υπ  ( α   πα α α    (3.35)) 

3.8.2 π   υπ  

 υπ  π α  α π α  α υ  α  α  µ  α : 

Pr(X1). 

Pr(X2). 

1

2. 

3. 

4. 
5. 

6. 

1  α α α   (3.35). 

,1 1 ,2 2 3

,3 2 3 ,4 1

f f

f f

V SI V SI SI

V SI SI V SI

= = −
= − + = −

2  α α α   (3.35). 

,1 1 2 3

,2 1 2

,3 1 3

,4 2 3

0.5 0.5

0.5

0.5

0.5 0.5

f

f

f

f

V SI SI SI

V SI SI

V SI SI

V SI SI

= + ⋅ + ⋅
= ⋅ +
= ⋅ +
= ⋅ + ⋅

 

 

π ο  4. π ο  3. 

π ο  1. π ο  2. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.21   α  – µ α  ∆ µ α  

 ( ) ( ),max ,max ,min , ,max1f f f cutoff f j fV V V f V V− − ⋅ − ≤ ≤  π υ ,min 0.0fV ≥  (3.37) 

π υ fcut-off α   µ  α φ υ  υ α   υπ  α  Vf,max, Vf,min, α   

µ  α   µ  υ α   υπ  α  υπ .  π µ    

µ    µ  υ α   π π   1  πα α α    (3.35) 

  µ  απ µ   υπ  α υ  π υ  Vf,k<0. 

3.9 Μ α   

Γ α υ  υπ υ  π υ π   υ    (3.37), µ   α  µ υ 

 α  υ  [54], υπ α   µ  µ  α (∆ . 3.5)  υ α  

α υ υ υπ υ α   π φ α  α α - υ α .  υ µ υ 

αυ  υπ α   µ  b (∆ . 3.5) π υ α   υπ  µα α  

π α   α α α    π φ α  α α - υ α  : 

 
act

act

act

N

N

N
vol vol

a
b

f f

α= =  (3.38) 

π υ, fvol (fvol>1) α   πα µ  υ π υ µ α     π  

µα α .  

 

∆ . 3.5: ∆ π φ α α α - υ α  α  π  µα α  

Γ α  απ φυ  µα α   υπ υ   µα α ,  υπ  π υ 

π α  α µα α π π  α π  α µα α   υ : 

 υ α  

 ∆ µα α  

Pr(X1)

Pr(X2) 

a

a 

b

b 

Ό  ∆ µα α . 

∆ π φ α υ α  / 

α  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.22   α  – µ α  ∆ µ α  

 { }max 0.01
ss

i i
i N

Vol Volε ε∈≥ ⋅ =  (3.39) 

π υ ss α   π   υπ  π υ π    (3.37). µφ α µ   

 (3.39) π α   Ns υπ  α α π α π α µα π α  µα α.  

υ    (3.39) π   µ  υ υπ  υ . Γ α 

υπ υ  π υ   υ υ µα α  π π  µ  υ 1% υ 

υ υ π  µ υ υ µα α  απ φα α   α  υ  απ  

 α α α  α υ α  µα α . 

3.10 µ α ∆ µα α  

α   α  µα α  υ k υπ υ 1, , sk N= …  α µ α 

µα α     .µ α  : 

 [ ]
1

1

rand()
0.5

2

rand()

k

i
i act

i

i act

F i N
x

F i N

δ−

−

  ⋅ ∈+  → =   ∉
x  (3.40) 

π υ [ ]1
.iF −  α   α φ    i .µ α  random() α  υ α α µ  π υ 

α α µ α   µα [0,1).  υ α α αυ  µ  πα α  µ   α α  

υ υ α  α µ . Ω  α υ υ α  α µ  µ π α   α µ  

Mersenne-Twister [38] α   µ  π π   α µ  α  π π   

[47].  µ  υ k

iδ  α  απ    (3.34) α  k υπ . Ό α   α  υ µα 

 .µ απ α  απ  α  υ µ  .µ   (3.40) π π α  : 

 ( ) [ ]
1

1

1

rand()
0.5

2

rand()

k

i
act

i

act

i N
z

i N

δ−
−

−

  ⋅Φ ∈+  = → =   Φ ∉
x T z  (3.41) 

π υ ( )1
.

−T  α   µ α µα µ  απ     α  α υ  

α π µ  .µ α  Gauss z    .µ υ π µα  x.  µ  υ 

π α  υ p π υ α  :  

 

rand()
0.5

2

rand()

k

i
act

i

act

i N
p

i N

δ ⋅+ ∈→ =  ∉
p  (3.42) 

π π  α π   πα α  υ  α  k υπ : 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.23   α  – µ α  ∆ µ α  

 { } { }{ }1 1
: max mink k

act j act j
j jj k kj N j N

p px b bδ δ∈ ∧ = ∈ ∧ =−∃ ≥ ∧ ≤  (3.43) 

  (3.43) α φα   α µ α µα α  α    π  

µα α  α  α υ  µ α  .µ  µ  υ π α  υ p 

π π  α α   µα (0,bk]   µα [bk,1) α α  υ π µ υ  

µ  υ k

iδ .  

3.11 Κ α µα µ  α α α  µα α  

α   φ   µα α  α  2 α α  µα µ  .  1  

   π   α  α   π   µ .  α α α α  

υ µ  υπ  µα α  α : 

 
{ } { }{ } { }, , , , , ,

, , , , , ,

max max

max max

f j f j s j f j s j f j

s j f j f j f j f j s j

n n n n n n

n n n n n n

= ∧ ≥ ≥
= ∧ ≥ ≥  (3.44) 

π υ max{nf,j} α   π    α α   α α υ  π υ απα α  α 

 µα µ   α α α  µα α  α  υπ  α  υπ  α  nf,j α  ns,j 

α   π   µ  υ  υπ υ  α α  α  υ α  α α.  

 αυ  α φα  πα  α µ  µ   α απ µα α α πα υ  

 απα µ   α π α . 

 2     απ φυ  πα α αµ  µα α   π  αµ  

αφ .   α αµ µ  µ  απ µα  π α α  α α   

α α υ  Pf,j α  j υπ , α  µ  απ  α υ µ  π  fs,c υ 

µ υ µ  απ µα  Pmax,   α α α µα α  α  υπ  

α  υπ  µα α  α   µ  π α α α α   α α υ  α   

µ  α  α µ   µ   απ µα α: 

 
, ,

, max , ,

f j f j

s c j j c f j

j j

n n
if f P n n P

n n
≤ ⋅ ∧ > ⇒ =  µ  { },max

1,..., 1
max f k

k j
PP = −=  (3.45) 

π υ nj,c α    π   απα µ  µ  α  υπ .  µ  nj,c 

α  υ   µ  π α α  α α   α α υ : 

 { }1

, ,

, , , , ,limmax
f j tot

j c s cp f j c j c

j

P
n f n n nν

−   = ⋅ ⋅ ≥     
 α  

1

, , ,

1

j

f j tot f i

i

P P
−

=
=∑  (3.46) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.24   α  – µ α  ∆ µ α  

π υ fs,cp α   π  υ π υ   µ  π υ απα α  α  

π    (3.45), Pf,j,tot α   µ   j υπ  απ µα  

π α α  α α   α α υ , max{nf} α   π   µ  µ  

α α  α    υπ  π υ π α  α µα α, nj,c,lim α   

 π  µ  π υ αµ α   j υπ  α  jv  α   µ   

υ υπ  α  υπ υ: 

 
1

ˆ
2 act

j j

j j j N

vol vol

Vol Vol
v v

f f
ν= − → = −  (3.47) 

Γ α    π µ  π υ α µ π α    nj,c,lim α  : 

 
, ,lim 20j c RVn N= ⋅  (3.48) 

3.12 π µ   α  α α  

 π α α α α   α α υ  α    µα  π µ υ  µ  

π α  α α .   α  Ns υπ   π α α α α   

α α υ  α     µ  α   [50], [52]: 

 
,

1

sN
f j

f j

j j

n
P v

n=
= ⋅∑  (3.49) 

 
( ) ,2

1

1sN
f j

j j

j j j

nA A
A

n n
ε ε ε

=
⋅ −= = =∑  (3.50) 

Γ α α µ   α α υ   π α  α α  α     α  µφ α 

µ    (3.49) α  (3.50) π υ nf,j α   π   α  υ υπ  α  

µ υ .   π    α α  α π α µ   α α υ   α  

πα  α  α  µ   π α α  α α  υ ,  π α α α α  

 µ  αυ  α   µ   µ υ α υ  α π α  π  . 

3.13 υ α  

 π µ  µ  υ α  α πα α  µα α: 

µα 1: Έ α   α α α . 

µα 2:   υ  α  α  µ  π υ υµ  2   µφ α µ  

  (3.13) α α µ   α α υ . 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.25   α  – µ α  ∆ µ α  

µα 3: π µ    α π α  i  µ   α α υ  α   µ  

υ  α µα  α υ  aij (  (3.14) α  (3.15)). 

µα 4: π µ  υ π υ   µ  µ  µφ α µ    (3.16). 

µα 5: ∆ µ υ α µ  π  α υ  α α  υ µ υ µ υ  µ   

π υ  υ π µα  π    (3.17). α µ  π π  α π  

 π π    (3.21).  α α α πα α αµ α  µ    

µ  µ    α π    (3.22). 

µα 6: ∆ α µ  υ π α  υ  2 RVN
 υπ υ  µφ α µ    

(3.23)  (3.25). 

µα 7: µα π   µ  π  α υ  α α  µφ α µ    (3.26). 

π µ  υ υ  π υ α α  µφ α µ    (3.27). 

µα 8: α µ    .µ µφ α µ    (3.28) α  (3.29). “∆ π ” 

 µ  µ  .µ. α α µ  υ π α  υ  2 actN
 υπ υ  µφ α 

µ    (3.30)  (3.32). 

µα 9: π µ   υ α   υπ  µφ α µ    (3.33)  

(3.36). 

µα 10: π   υπ  α α π α α π α    (3.37). 

µα 11: π µ   µ  a α  b   (3.38). πα   α α α  

α υ  υπ υ  π υ υ  π  α  απ µ  απ  µα α  υπ  

π υ  π   υ    (3.39). 

µα 12: α υ α µα α. 

µα 12α: µ  i=i+1.  i> s υ α  µα 13 α   µα 12 .  

µα 12 : ∆ µα α α  i υπ  π υ  µ  π  υ  π µ  

  (3.40) α  (3.43)  π α  . α α αφ    α α  

 µ   α α υ  α  υ υ µα .  π π  α π    

  (3.44)  (3.45) π φ   µα 12α. 

µα 13: π µ   π α  α α  α  υ υ  µ    



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.26   α  – µ α  ∆ µ α  

 (3.49) α  (3.50) α  α α υ  α  α α µ  . Ό α   π   

α  α α µ   α  πα , µ  υ απ µα   µ υ 

α υ  α π α  π    π α α α α  υ υπ  α  µ υ . 

µα 14: µα µ  α α α . 

3.14 µ  α α µα α 

 πα αφ  αυ , πα υ α  α απ µα α απ   π α  α υ  

µ µ φ  α  π υµ φ  π µ  α π α  α  α  απ   α υ  

α  α  π π  α   υ µ . α απ µα α αυ  

υ α  µ  απ µα α π υ πα υ α   αφ α, µ   α   

( π υ αυ  α  α µ ) α  α  µ  απ µα α  µ υ MC.  υ α α   

 υ υπ  φ υ  π µ  µ υ υ α  µ   µ  

MC.   υ υπ  φ υ (  υ ) α     υ π υ   

µ   µ υ  π  π   µ   µ υ MC. 

3.14.1 Μ µ φ  µα α – Γ αµµ  υ α  α  
α  

 απ  υ µ φ   π µα α π α  α  : 

 ( )Pr 0S S R P≤ = −  (3.51) 

π υ S α   υ  α  α  α  R α  P α   υ α  α  α  

φ υ α α. Ό α   .µ α υ  α  α α µ  α  α φα α   

α  υ  α α α  π α α α α  α   [12], [11]: 

 ( ),
2 2

Pr 0 s R P
f s

s R P

P S
µ µ µ
σ σ σ

   − = ≤ = Φ − = Φ −   +   
 (3.52) 

π υ µs, µR α  µP α   µ  µ   υ  α  α ,  υ  

α  α   υ  φ υ α α α  s, R α  P α   α  υπ  

απ .  πα αφ  3.21, πα υ α   µ α µα µ   π π  

α  α µ  .µ. 

Έ  υ  α  α : 

 S a R b P c= ⋅ − ⋅ +  (3.53) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.27   α  – µ α  ∆ µ α  

π υ a, b α  c α   µ  πα µ  υ π µα  α  R α  P α   .µ 

υ π µα .  .µ α υ  α  α α µ  µ  µ=0 α  =1. Γ α  π µα 

  (3.53) α  9 αφ  υ υα µ   µ  πα αµ  

{a,b,c}.  µ   µ  π υ  α υ α  α α  (L[IFM]) α   µ   µ α 

α  α  υπ µ   υ α   υπ  φα µ α   1  πα α α .  

πα µ  υ α µ υ π α  α υ  α : fvol=1.20, fRV=0.10, fcut-off=0.0, 

fs,c=0.10, fs,cp=0.70 max{nf,j}=30 α  max{nf}=600.  υ υα µ   µ  

πα αµ ,  α  π α α α α ,  π α α α α   µ υ,  

  µ ,    α  µ   π α α  α α  π   

µ   µ υ,  π   µ  π υ απα α  α  µα µ   

α α α  α   π   α  πα υ α   . 3.1. 

/α a b c Pf,acc Pf,meth  Pf,acc/ Pf,meth ∆ µα α 

1 1.0 1.0 3.0 0.01695 0.01594 0.00274 106.33% 260 30 

2 1.0 1.0 4.0 0.00234 0.00218 0.00039 107.15% 1070 30 

3 5.0 1.0 3.0 0.27815 0.25729 0.02218 108.11% 125 60 

4 1.0 5.0 3.0 0.27815 0.27938 0.02341 99.56% 110 60 

5 5.0 1.0 4.0 0.21638 0.19965 0.01959 108.38% 143 60 

6 1.0 5.0 4.0 0.21638 0.20796 0.02009 104.05% 137 60 

7 1.0 1.0 4.5 0.00073 0.00073 0.00013 100.82% 2545 30 

8 1.0 1.0 5.0 0.00020 0.00020 0.00004 103.44% 7912 30 

9 1.0 1.0 5.5 0.00005 0.00005 0.00001 96.84% 26902 30 

. 3.1: π µα α α  π µα   (3.53). 

 α α  µ υ α   π  α .   υ υπ  φ υ  

µ υ α   π  α α αµµ  α , υµα α  απ  4.51%  58%.  

 αυ  µ α   µ α   π α α α α .  α υ  πα α αµ α  

α fvol=1.00 α   . 3.2, πα υ α  α απ µα α .  α α  

µ υ α  π  α   π π  π υ fvol=1.20,  π  α . α α α , 

µα  µ  υ υπ  φ υ   π π  7  9 π υ   

αυ  υµα α  απ  2.45%  0.58%. 

/α a b c Pf,acc Pf,meth  Pf,acc/ Pf,meth ∆ µα α 

1 1.0 1.0 3.0 0.01695 0.01564 0.00266 108.33% 222 30 

2 1.0 1.0 4.0 0.00234 0.00218 0.00039 107.18% 597 30 

3 5.0 1.0 3.0 0.27815 0.25715 0.02217 108.17% 125 60 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.28   α  – µ α  ∆ µ α  

/α a b c Pf,acc Pf,meth  Pf,acc/ Pf,meth ∆ µα α 

4 1.0 5.0 3.0 0.27815 0.27921 0.02340 99.62% 110 60 

5 5.0 1.0 4.0 0.21638 0.20096 0.01959 107.67% 140 60 

6 1.0 5.0 4.0 0.21638 0.20957 0.02009 103.25% 134 60 

7 1.0 1.0 4.5 0.00073 0.00071 0.00013 102.62% 1004 30 

8 1.0 1.0 5.0 0.00020 0.00019 0.00004 107.34% 1941 30 

9 1.0 1.0 5.5 0.00005 0.00005 0.00001 97.19% 3433 30 

. 3.2: π µα α α  π µα   (3.53) α  fvol=1.00. 

 µ  απ   µ  απ   π α µα  µ   π α α  α α  α  

 µ  8.38% α fvol=1.20 α   µ  8.33% α fvol=1.00 µ  υπ  απ  3.85% α  

4.60% α α.   π π   απ  απ   π α µα  µ  α  µ  

υ υ  µ   µ υ.  

 υ  α  α  π - α α υφ υ µ α µ  α υ  µ φ υ 

π α υ α   [10]: 

 ( )
1 2 3 4 5 62 2 5 5g x x x x x x= + ⋅ + ⋅ + − ⋅ − ⋅x  (3.54) 

π υ x1  x4 α   .µ α  υ π µα  α  x5 α  x6 α   .µ  

π α µ  φ . T  µ φ  π α  α   µ α µ  α υ  

πα υ α   ∆ . 3.6.  .µ α υ  α µ  α α µ  µ  [x1] = E[x2] = 

E[x3] = E[x4] = 120kNm, E[x5] = 50kN α  E[x6] = 40kN α  [x1] = [x2] = [x3] = [x4] = 

12kNm, [x5] = 15kN α  [x6] = 12kN α α.   α     π α α  

α α    (3.54) α   [10]: 

 0.0121782 0.0122599L U

f fP P= =  (3.55) 

µ  µ  µ  Pf=0.0122188.  υπ µ   π α α  α α  µ   

π µ  µ  πα α αµ α  α 5 µ  π  {4357, 5003, 6007, 7001, 8001) 

 α  υ υ α  α µ  Mersenne Twister (MTRG), α 3 µ  υ fvol 

{1.00,1.20,1.40} α  7 µ  υ max{nf,j} {30,60,90,120,180,300,600}.  µ   µ  

π υ  α υ α  α α  (L[IFM]) α   µ   µ α α  α  υπ µ   

υ α   υπ  φα µ α   1  πα α α . Γ α  π  πα αµ υ  υ 

π µα  υµ : fRV=0.10, fcut-off=0.0, fs,c=0.10 α  fs,cp=0.70. 

 π α α α α ,    αυ ,  π   µ  α  α   

π    α α  πα υ α  α ∆ . 3.7  ∆ . 3.11 α  µ  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.29   α  – µ α  ∆ µ α  

π   α  υ υ α  α µ  Mersenne Twister  υ υα µ  µ  α 

απ µα α  µ υ MC. 

 

∆ . 3.6: - α α υφ  µ α µ  α υ   µ φ  π α  

Π α α α α  α  π  µ

5.00E-03

1.00E-02

1.50E-02

2.00E-02

2.50E-02

3.00E-02
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∆ . 3.7: Pf α  π  µ  α µ φ  π α  ( µ  π  = 4357) 

5.0m 

x1 

x2 
x3 

x4 

x5 
x6

5.0m 5.0m

x5 x6

x1 

x2 

x3 

x4

φ  π α

- α α υφ  µ α µ  α υ  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.30   α  – µ α  ∆ µ α  

Π α α α α  α  π  µ

5.00E-03

1.00E-02

1.50E-02

2.00E-02
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3.00E-02
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∆ . 3.8: Pf α  π  µ  α µ φ  π α  ( µ  π  = 5003) 

Π α α α α  α  π  µ

5.00E-03

1.00E-02

1.50E-02

2.00E-02

2.50E-02

3.00E-02
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∆ . 3.9: Pf α  π  µ  α µ φ  π α  ( µ  π  = 6007) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.31   α  – µ α  ∆ µ α  

Π α α α α  α  π  µ

5.00E-03

1.00E-02

1.50E-02

2.00E-02

2.50E-02

3.00E-02

30 60 90 120 180 300 600 30 60 90 120 180 300 600 48 97 155 187 245 365 669 42 91 125 164 225 350 640

π  Α υ  α  Γ α Α α
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∆ . 3.10: Pf α  π  µ  α µ φ  π α  ( µ  π  = 7001) 

Π α α α α  α  π  µ

5.00E-03

1.00E-02

1.50E-02

2.00E-02

2.50E-02

3.00E-02

30 60 90 120 180 300 600 30 60 90 120 180 300 600 50 98 147 181 242 370 665 50 86 128 164 223 351 645
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∆ . 3.11: Pf α  π  µ  α µ φ  π α  ( µ  π  = 8001) 

 α α  µ υ α  π  α  α υ  υ  υ υα µ   πα αµ  υ 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.32   α  – µ α  ∆ µ α  

π µ υ α µ υ, α α  π π  π υ fvol=1.20.  α  υ 

max{nf,j}   α   α α  µ . 

  υ υπ  φ υ  µ υ υµα α  απ  10%  20%  µ υ 

MC. Ω  π   µ  π  πα α α  µα  απ  µ   µ   

π α α  α α   µ υ MC α υµα α  απ  0.0115  α  0.0130 α π  

α   µ  600 α   π µ  µ υ απ  0.0105  α  0.0115 α fvol=1.00 

 α fvol=1.20  π α α α α  υµα α  απ  0.0110  α  0.0125.  µ  

 π α α α α  πα υ   µ α  υ   π   α  µ  α 

µ  π   µ  6007. 

3.14.2 Μ µ φ  µα – Μ  Γ αµµ  υ α  α  
α  

 µ  αµµ  υ α  α  α , π υ απ  π µα α α αφ  α 

 µ   υ α  µ  π α  α υ , π α  α  µ  

 υ α   π µ  µ υ.  υ α  α   [31]: 

 [ ] [ ]1( , ) exp 0.2 6.2 exp 0.47 5.0g x y x y= ⋅ + − ⋅ +  (3.56) 

 ( ) [ ]2 ( , ) exp 0.4 2 6.2 exp 0.3 5.0 200g x y x y= ⋅ + + − ⋅ + −    (3.57) 

 [ ]3 ( , ) exp 0.2 1.4g x y x y= ⋅ + −  (3.58) 

π υ, x α  y α  .µ π υ α υ  α  α α µ  µ  µ=0 α  =1.  αφ  

πα α    (3.56)  (3.58) πα υ α   ∆ . 3.12. α απ µα α 

 α υ   υ υα µ  µ  α µ υµ α απ µα α [31], πα υ α  υ  

. 3.3  . 3.5.  πα µ   π µ  µ υ α : fvol=1.20, fRV=0.10, fcut-

off=0.0, fs,c=0.10, fs,cp=0.70 max{nf,j}={30,60} α  max{nf}=600.  µ   µ  π υ  

α υ α  α α  (L[IFM]) α   µ   µ α α  α  υπ µ   

υ α   υπ  φα µ α   1  πα α α .  µ  π   α  

υ υ α  α µ  Mersenne Twister [38] α   4357 α   α α α 

πα α αµ α  α 5 µ  π  {4357, 5003, 6007, 7001, 8001)  α υ   

υα α µ   π α α  α α . 

 α α  µ υ α   π  α .  α  υ max{nf,j}    

 α α  µ  µ  α  µ  υ  υ  α  α  αυ  

α  υ υπ  φ υ. Ω  π   E[Pf] α   (3.56), (3.57) α  (3.58) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.33   α  – µ α  ∆ µ α  

( α αφ  µ  π )   αφ  µ α   π µ  µ υ α  

 µ υ MC α   µ  0.85%, 2.70% α  0.56% α α. 

 

∆ . 3.12: Γ αφ  πα α   υ α  α  α  (3.56)  (3.58). 

 β  Pf  ( )   π  MC 

 MC [31] 2.351 0.00937 N/A 

 MC (MTRG) 2.341 0.00961 (±0.00039) N/A 

E[Pf] - MC (MTRG 5 µ  

π ) 

2.353 0.00931 (±0.00035) N/A 

 α υ  

α π α  π   

2.373 0.00882 -5.8% (-8.2%) 

 απ  

π φα α  2
α

  

2.082 0.01866 99.1 % (94.1%) 

π µα α . [31] 2.349 0.00941 0.4 % (-2.1%) 

Max{nf,j}=30 2.379 0.00869 (±0.00117) -7.2% (-9.6%) 

Max{nf,j}=60 2.345 0.00950 (±0.00096) 1.4% (-1.1%) 

E[Pf] (5 µ  π ) 

max{nf,j}=60 

2.356 0.00923 (±0.001298) 0.85% 

. 3.3: ∆  α π α , Pf α    π   µ  MC  (3.56). 

 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.34   α  – µ α  ∆ µ α  

 β  Pf  ( )   π  MC 

 MC [31] 2.685 0.00363 N/A 

 MC (MTRG) 2.691 0.00357 (±0.00014) N/A 

E[Pf] - MC (MTRG 5 µ  

π ) 

2.693 0.00354 (±0.00020) N/A 

 α υ  

α π α  π   

2.523 0.00582 60.3% (63.0%) 

 απ  

π φα α  2
α

  

2.701 0.00345 -5.0 % (-3.1%) 

π µα α . [31] 2.691 0.00356 -1.9 % (0.3%) 

Max{nf,j}=30 2.630 0.00427 (±0.00062) 17.6% (19.6%) 

Max{nf,j}=60 2.655 0.00397 (±0.00041) 9.4% (11.2%) 

E[Pf] (5 µ  π ) 

max{nf,j}=60  

2.691 0.00356 (±0.00025) 0.56% 

. 3.4: ∆  α π α , Pf α    π   µ  MC  (3.57). 

 β  Pf  ( )   π  MC 

 MC [31] 3.382 0.000338 N/A 

 MC (MTRG) 3.358 0.000392 (±0.000016) N/A 

E[Pf] - MC (MTRG 5 µ  

π ) 

3.378 0.000366 (±0.000019) N/A 

 α υ  

α π α  π   

3.354 0.000398 17.7% (1.53%) 

 απ  

π φα α  2
α

  

3.381 0.000340 0.6 % (-13.2%) 

π µα α . [31] 3.384 0.000358 5.9 % (-8.7%) 

Max{nf,j}=30 3.360 0.000389 (±0.000078) 15.1% (-0.7%) 

Max{nf,j}=60 3.380 0.000362 (±0.000047) 7.1% (-7.6%) 

E[Pf] (5 µ  π ) 

max{nf,j}=60  

3.385 0.000356 (±0.000051) -2.7%  

. 3.5: ∆  α π α , Pf α    π   µ  MC  (3.58). 

 π   µ  α   (3.56), (3.57) α  (3.58), α φ  µ  υ 

max{nf,j}  π α α α α  α      µ  πα υ α   

. 3.6.  υπ  φ   µ υ (  α max{nf,j}=30  max{nf,j}=60) α  

υ µ  µ   υπ    µ  απ  π φα α    

µ  α υ α  µα α  [5], [6], [36].  µ    απα µ  

µ    µ   µ  π   α  υ υ α  α µ  Mersenne 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.35   α  – µ α  ∆ µ α  

Twister  π π   π µ  µ υ α  α max{nf,j}=60 α   (3.56) 

α   µ  2,252 α  πα υ   µ α α   µ  18.69%   

π π   µ υ MC  µ  αυ  α   µ  64,495 α  4.0% α α. Γ α  

 (3.57)  µ   α   µ  4,244 α  169,454, µ   µ α α  υ  

µ  6.67% α  0.58% α  π µ  µ  α   µ  MC, α α. Γ α  

 (3.58)  α  µ   µ  α  υ  µ α α   

π µ  µ υ α  8,291 α  31.68% α α α   µ υ MC 1,644,170 

α  5.07% α α.   υ υπ  φ υ υµα α  απ  3%  4%  

π π    (3.56).  α µα  µ α   2%  3% α   (3.57) 

α   π π    (3.58) υµα α  απ  0.5%  0.7%. 

 max{nf,j=30} max{nf,j=60} 

 ∆ µα α Pf  ∆ µα α Pf  

(3.56) 1252 0.00869 1.17x10
-3

 2124 0.00950 9.55x10
-4

 

(3.57) 1806 0.00427 6.17x10
-4

 3807 0.00397 4.15x10
-4

 

(3.58) 4061 0.000389 7.08x10
-5

 8722 0.000362 4.66x10
-5

 

 max{nf,j=90} max{nf,j=120} 

 ∆ µα α Pf  ∆ µα α Pf  

(3.56) 3399 0.00920 7.23x10
-4

 4458 0.00972 3.70x10
-4

 

(3.57) 6294 0.00370 3.07x10
-4

 9345 0.00380 1.48x10
-4

 

(3.58) 14729 0.000338 3.56x10
-5

 21007 0.000350 1.43x10
-5

 

 max{nf,j=600} MC max{nf,j=600} 

 ∆ µα α Pf  ∆ µα α Pf  

(3.56) 10530 0.00972 3.70x10
-4

 62464 0.00961 3.90x10
-4

 

(3.57) 20146 0.00380 1.48x10
-4

 168124 0.00357 1.45x10
-4

 

(3.58) 90191 0.000350 1.43x10
-5

 1530750 0.000392 1.60x10
-5

 

. 3.6: ∆ µα α, Pf α    α  (3.56), (3.57) α  (3.58). 

 . 3.7, πα υ α   π    α α  α α π µα α  

 (3.56), (3.57) α  (3.58).  µ  α α α π  υ  υπ υ  π υ π υ  

µ µα α υ υ α α  µ  α   π π    (3.58) π υ 

υπ α  µ   υπ  π υ π   µ  µ  π α φ α   υ 

π  µ  υ  υµµ   υπ π  υπ  α   απ µ  υ  

απ   α α α  µα α  α   φ   µ α  υ α . 

Έ α π  α π  µ   υ υπ  φ υ  µ υ α  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.36   α  – µ α  ∆ µ α  

 π  µ  α   α α . µφ α µ  υ  . 3.6 α  . 3.7  π  

 απα µ  µ  α  α α αφ    α α  α   

π π  υ π µα    (3.56)  µ  14.81 α  π µ  µ  

α  104.11  µ υ MC.    πυ α    α α  α   

µ  14.23%. Γ α   (3.57)    πυ α    α α  α   

µ  10.33%  α   (3.58)   αυ  α   µ  5.89%.  απ   

π µ  µ υ αυ α    µ   π α α  α α  µ α . υ  

φ α   µ  υ µ υ  υ υ  α   α   α α α  

µα α   π   π φ α  α α - υ α . 

max{nf,j}  (3.56)  (3.57)  (3.58) 

30 57 50 30 

60 100 95 60 

90 166 153 90 

120 211 212 120 

600 711 696 600 

. 3.7:  α  (3.56), (3.57) α  (3.58) (fvol=1.20) 

 υα α µ   π α α  α α   υ  µ   µ  π   

α  υ υ α  α µ  Mersenne Twister πα υ α  α ∆ . 3.13  ∆ . 

3.15.  π µ  µ  πα υ  υ  υα α  π   π   

µ  π    µ   µ  MC  µα  αφ π   µ  

 π α α  α α  πα α α  α   π π   µ υ MC. Γ α  

 (3.58)  µ  υπ µ   π α α α α  α µ  π   µ  8001 

π  α   π π    (3.56) µ  µ  π   µ  7001. 

α ∆ . 3.16  ∆ . 3.18 πα υ α   µ α   µ   π α α  

α α  α  υ  υ ,   µ   µ  υ fvol α  α φ  µ  υ 

max{nf,j}.  α α  π α µα π α  α µ  π   µ  4357. µφ α µ   

∆ . 3.16  µ  MC υπ µ  µα   π α α α α  α µ  π  

α α αµµ   α α   α  π µ  µ   πα α α  

µ  αφ π    µ  o max{nf,j}.  π  υ fvol π  µµ α  

υ α  π µ  µ υ   π π    (3.56) α  (3.57) 

α    µ α  υ π υ   µ  υπ  π υ α  µ  

απ µα  α   υ α  α µ  υ fvol µ α   µ α .  

π π    (3.58)  µ  υπ µ   π α α α α  α max{nf,j} 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.37   α  – µ α  ∆ µ α  

π υ υµα α  απ  80  130.  

Ε µ  Pf α   

2.0E-03

4.0E-03

6.0E-03

8.0E-03

1.0E-02

1.2E-02

1.4E-02

4357 5003 6007 7001 8001

µ  υ µ  π  Γ α  υ α  µ

P
f 
(
α

 
 

)

MC

 

∆ . 3.13: Pf α   α fvol=1.20 α  max{nf,j}=60. (  (3.56)) 

Ε µ  Pf α   

1.0E-03

2.0E-03

3.0E-03

4.0E-03

5.0E-03

4357 5003 6007 7001 8001

µ  υ µ  π  Γ α  υ α  µ

P
f 
(
α

 
 

)

MC

 

∆ . 3.14: Pf α   α fvol=1.20 α  max{nf,j}=60. (  (3.57)) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.38   α  – µ α  ∆ µ α  

Ε µ  Pf α   

1.0E-04

2.0E-04

3.0E-04

4.0E-04

5.0E-04

4357 5003 6007 7001 8001

µ  υ µ  π  Γ α  υ α  µ

P
f 
(
α

 
 

)

MC

 

∆ . 3.15: Pf α   α fvol=1.20 α  max{nf,j}=60. (  (3.58)) 

α  Pf α   υ

2.0E-03

4.0E-03

6.0E-03

8.0E-03

1.0E-02

1.2E-02

1.4E-02

1.6E-02

30 60 90 120 600

max{nf,j}

P
f 
α

 
 

fvol = 1.0 fvol = 1.2

fvol = 1.4 MC

 

∆ . 3.16: Pf α   α fvol=1.00, fvol=1.20 α  fvol=1.40. (  (3.56)) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.39   α  – µ α  ∆ µ α  

α  Pf α   υ

1.0E-03

2.0E-03

3.0E-03

4.0E-03

5.0E-03

6.0E-03

30 60 90 120 600

max{nf,j}

P
f 
α

 
 

fvol = 1.0 fvol = 1.2

fvol = 1.4 MC

 

∆ . 3.17: Pf α   α fvol=1.00, fvol=1.20 α  fvol=1.40. (  (3.57)) 

α  Pf α   υ

1.0E-04

2.0E-04

3.0E-04

4.0E-04

5.0E-04

30 60 90 120 600

max{nf,j}

P
f 
α

 
 

fvol = 1.0 fvol = 1.2

fvol = 1.4 MC

 

∆ . 3.18: Pf α   α fvol=1.00, fvol=1.20 α  fvol=1.40. (  (3.58)). 

Γ α   (3.58) πα α α  µα  αφ π   απ µ  π υ 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.40   α  – µ α  ∆ µ α  

πα υ α   αφ α [31] α  µ  MC  π  α απ µα α  

µ υ C µ     α  υ υ α  α µ  Mersenne Twister.  

α µα α αυ  φ α  π α  α αφ  α α   α  

υ υ α  α µ  Mersenne Twister α   α  υ υ α  α µ  µ  

α  π π  (MDRG). 

3.14.3 υµ φ  µα α – Γ αµµ  υ α  α  
α  

α  π υµ φ  π µα υ υα µ  αµµ  υ α  α  α . 

 υ α  α  α  α  : 

 ( ) ( )1 20 0, , , ,g gx y z x y z≤ ∨ ≤  π υ 
( )( )1 1

2 2

, ,

, ,

g x cx y z

g y z cx y z

= −
= + −  (3.59) 

π υ x, y α  z α   .µ υ π µα  π υ α υ  α  α α µ  µ  µ=0 α  

=1. α  7 υ υα µ   c1 α  c2.  υ υα µ  αυ  α : A {c1=2, c2=3}, B 

{c1=3, c2=4}, C {c1=4, c2=5}, D {c1=3.5, c2=5}, E {c1=3, c2=5}, F {c1=4, c2=4√2} α  G 

{c1=3, c2=3√2}.  πα µ   µ υ α  υπ  α  π µα α : fvol=1.0, 

L[IFM]=1, fRV=0.10, fcut-off=0.0, fs,c=0.10 α  fs,cp=0.70, max{nf,j}={30,60}.  π α α 

α α  α   Pf=Pf,g1+Pf,g2. Γ α  υπ µ   υ α   υπ  

µ π α   1  πα α α . α απ µα α  α υ  πα υ α  υ  . 

3.8 α  . 3.9  α πα  µ   α  . 

υ υα µ  µ     

υ . Pf Pf,g1 Pf,g2 Pf,g  Pf(UB) Pf(LB) Pf,g1 Pf,g2 Pf,g 

A x(10
-2

) 2.194 1.574 3.747 0.268 4.014 3.479 2.275 1.695 3.970 

B x(10
-3

) 1.032 2.547 3.579 0.370 3.949 3.209 1.350 2.339 3.689 

C x(10
-4

) 0.317 2.041 2.145 0.195 2.340 1.951 0.317 2.035 2.352 

D x(10
-4

) 1.837 2.088 3.924 0.435 4.359 3.490 2.327 2.035 4.362 

E x(10
-3

) 1.217 0.186 1.403 0.105 1.508 1.298 1.350 0.204 1.553 

F x(10
-5

) 2.411 3.638 6.048 0.668 6.716 5.380 3.169 3.169 6.337 

G x(10
-3

) 0.943 1.738 2.681 0.253 2.934 2.429 1.350 1.350 2.700 

. 3.8: Pf α g1(x,y,z), g2(x,y,z) α  υ π µα    (3.59) (max{nf,j}=60). 

υ υα µ  µ    MC 

υ . Pf Pf,g1 Pf,g2 Pf,g  Pf(UB) Pf(LB) Pf,g1 Pf,g2 Pf,g 

A x(10
-2

) 2.308 1.995 4.203 0.347 4.550 3.856 2.400 1.827 4.199 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.41   α  – µ α  ∆ µ α  

υ υα µ  µ    MC 

υ . Pf Pf,g1 Pf,g2 Pf,g  Pf(UB) Pf(LB) Pf,g1 Pf,g2 Pf,g 

B x(10
-3

) 1.097 2.718 3.815 0.458 4.273 3.357 1.296 2.425 3.721 

C x(10
-4

) 0.317 1.979 2.045 0.263 2.307 1.782 0.338 2.194 2.532 

D x(10
-3

) 2.175 1.777 3.952 0.444 4.396 3.508 2.075 2.263 4.338 

E x(10
-3

) 1.349 0.189 1.538 0.135 1.674 1.403 1.294 0.237 1.531 

F x(10
-5

) 1.716 3.879 5.595 0.743 6.338 4.853 3.164 3.271 6.434 

G x(10
-3

) 0.997 1.743 2.740 0.292 3.032 2.448 1.304 1.422 2.726 

. 3.9: Pf α g1(x,y,z), g2(x,y,z) α  υ π µα    (3.59) (max{nf,j}=30). 

 µ  υπ µ   π α α  α α  α   µ  9% α max{nf,j}=60 α  13% 

α max{nf,j}=30.   π π  (µ  α   π π  F α max{nf,j}=30)  

 α     µ  α α  π υ   α  µ .  υπ  

 α   π   α α αµµ   α α  πα υ α   . 

3.10.  απ   π µ  µ υ αυ    π α α α α  µ α . 

 υπ  φ   µ υ   µ   µ  MC,  π π  , 

υµα α  απ  5%  10%.  π π  F  υπ  φ  υµα α  απ  0.1% 

 0.2%.     α α  π     µ  υµα α  απ  

1% α  π π  F  15~17% α  π π  A. Ω  π   π µ υ  

π α  α α  g1(x,y,z) α  g2(x,y,z),  α α  µ υ α   π α π  

α   π π  A~C, α  E α  π  α   π π  D, F α  G. 

υ υα µ   MC max{nf,j}=60 max{nf,j}=30 

υ . Pf Pf,MC  ∆ µα α ∆ µα α ∆ µα α  

A x(10
-2

) 4.199 0.168 14289 1438 221 748 128 

B x(10
-3

) 3.721 0.152 161242 3072 196 1483 106 

C x(10
-4

) 2.532 0.103 2369954 10171 120 5341 60 

D x(10
-3

) 4.338 0.177 1382997 9446 208 5271 122 

E x(10
-3

) 1.531 0.062 391783 4557 215 2276 128 

F x(10
-5

) 6.434 0.263 9324919 19573 204 10406 106 

G x(10
-3

) 2.726 0.111 220142 3355 199 1745 111 

. 3.10: π µα α α   (3.59) ( µα α, α , MC). 

 υ α α   πα α  π µα: 

 ( ) ( )1 20 0, , , ,g gx y z x y z≤ ∨ ≤  π υ 
( )( )1

2

, ,

, ,

g x y z cx y z

g x y z cx y z

= − − − +
= + + +  (3.60) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.42   α  – µ α  ∆ µ α  

π υ c α  µ  µ α  π υ απ  α   πα µ  υ υ 

π µα .  αφ  πα α  υ π µα  πα υ α   ∆ . 3.19.  .µ 

x, y α  z α υ  α  α α µ  µ  µ=0 α  =1.  π µ υ  π α  

α α  α   Pf,g1=Pf,g2=0.041632 α c=3  Pf,g1=Pf,g2=1.932x10
-6

 α c=8.  

π α α α α  υ π µα  α   Pf=Pf,g1+Pf,g2.  πα µ   µ υ 

α : fvol=1.20 fRV=0.10, fcut-off=0.0, fs,c=0.10 α  fs,cp=0.70. Γ α α 6 π µα α 

π α µα π α  3 µ  α αφ  µ  υ max{nf,j}.  

 

∆ . 3.19: Γ αφ  πα α  υ π µα    (3.60) 

 ∆ . 3.20, πα υ α   µ  π α α α α ,   α    αυ  

α   π α α α α   µ υ MC α   π  α α αµµ  α . 

 ∆ . 3.21, πα υ α     µ   π α α  α α   

π µ  µ υ π   α  µ  α  α    µα   

µ υ π   µ  MC α   π  α α αµµ  α .  µ  

απ   µ   π α α  α α   π   α  µ  α   µ  18% 

(c=7, max{nf,j}=20).   υ υπ  φ υ υµα α  απ  1.0%  55% 

α α  π α α  α α  υ π µα .  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.43   α  – µ α  ∆ µ α  

Π α α α α

1.E-06

1.E-05

1.E-04

1.E-03

1.E-02

1.E-01

P
f,

s

Pf,s  µ

c=3 c=5c=4 c=6 c=7 c=8

30 -  60  - 120
30   -  60 

30   -  60 

20 -   30   -   60

20 -   30   -   60

20 -   30   -   60

 

∆ . 3.20: Pf (α  µ  α  µ )   (3.60) 

i Pf/Pf(acc) α  µα

0%

20%

40%

60%

80%

100%

120%

140%

Pf/Pf(acc)

∆ µα

c=3 c=5c=4 c=6 c=7 c=8

30 -  60  - 120 30   -  60 30   -  60 20 -   30   -   60 20 -   30   -   60

20 -   30   -   60

 

∆ . 3.21:  Pf/Pf(acc) α  υ π υ   µα    (3.60) 

υµπ α α    π µ  µ  πα υ  π  α  α α  π π  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.44   α  – µ α  ∆ µ α  

π υµ φ  π µ  µ    υ υπ  φ υ  µ υ α α  

µα υ υ   µ υ MC. 

3.14.4 υµ φ  µα – Μ  αµµ  υ α  α  
α  

α   πα α  π µα: 

 ( ) ( )1 20 0, , , ,g gx y z x y z≤ ∨ ≤  π υ 
( )( )1 1

2 2

0.3 3.3, ,

0.2 3.2, ,

g x y z x y cx y z

g x y z y z cx y z

= − − − − ⋅ ⋅ + +
= + + + ⋅ ⋅ + −  (3.61) 

π υ c1 α  c2 α  µ  µ α  πα µ  υ υ π µα .  

αφ  πα α  υ π µα  πα υ α   ∆ . 3.22.  .µ µ α  x, y 

α  z α υ  α  α α µ  µ  µ=1 α  =1.  π α α α α  υ 

π µα  α   Pf=Pf,g1+Pf,g2.  πα µ   π µ  µ υ α : 

fRV=0.10, fcut-off=0.0, fs,c=0.10 α  fs,cp=0.70. α  υ  16 αφ  

υ υα µ   πα αµ  c1 α  c2 π υ υ  α α α π µα α, α  

π α µα π α  4 µ    µ   πα αµ υ  fvol α  max{nf,j} µ   

µ :{1.20,20}, {1.20,30}, {1.00,20}, {1.00,30}.  

 

∆ . 3.22: Γ αφ  πα α  υ π µα   (3.61) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.45   α  – µ α  ∆ µ α  

H µ   π α α  α α   µ υ MC πα υ α   . 3.11 α 

fvol=1.20 α   . 3.12 α fvol=1.00.  αφ   µ   µ υ MC 

φ α   αφ  π    α α  α  π   α α α 

µα α  µα α  α  α  α  π    α α   

π µ  µ υ µ  max{nf,j}=30. 

υ . C1 C2 Pf,MC υ . C1 C2 Pf,MC 

1 6.00 6.00 5.87x10
-3

 9 10.00 8.00 4.14x10
-5

 

2 8.00 8.00 6.00x10
-4

 10 10.00 9.00 4.20x10
-5

 

3 9.00 9.00 1.28x10
-4

 11 10.00 10.00 4.20x10
-5

 

4 8.00 9.00 5.86x10
-4

 12 10.00 11.00 4.20x10
-5

 

5 8.00 10.00 5.86x10
-4

 13 11.00 8.00 1.15x10
-5

 

6 8.00 11.00 5.86x10
-4

 14 11.00 9.00 1.01x10
-5

 

7 9.00 10.00 1.28x10
-4

 15 11.00 10.00 1.01x10
-5

 

8 9.00 11.00 1.28x10
-4

 16 11.00 11.00 1.02x10
-5

 

. 3.11: υ υα µ  C1 α  C2 α  π µα   (3.61) (fvol=1.20). 

υ . C1 C2 Pf,MC υ . C1 C2 Pf,MC 

1 6.00 6.00 5.69x10
-3

 9 10.00 8.00 4.41x10
-5

 

2 8.00 8.00 6.15x10
-4

 10 10.00 9.00 4.32x10
-5

 

3 9.00 9.00 1.10x10
-4

 11 10.00 10.00 4.32x10
-5

 

4 8.00 9.00 6.05x10
-4

 12 10.00 11.00 4.32x10
-5

 

5 8.00 10.00 6.05x10
-4

 13 11.00 8.00 1.32x10
-5

 

6 8.00 11.00 6.05x10
-4

 14 11.00 9.00 1.03x10
-5

 

7 9.00 10.00 1.10x10
-4

 15 11.00 10.00 1.05x10
-5

 

8 9.00 11.00 1.10x10
-4

 16 11.00 11.00 1.03x10
-5

 

. 3.12: υ υα µ  C1 α  C2 α  π µα   (3.61) (fvol=1.00). 

α ∆ . 3.23  ∆ . 3.26, πα υ α   π α α α α  α  π µ  

µ  α   µ  MC α  α   “ ” α  “ ”   π α α  α α  α 

α 4  µ   πα αµ   π µ  µ υ.  α α  µ υ  

 π π  α   π  α .   π π    α     

π α α  α α  π   µ   µ υ MC. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.46   α  – µ α  ∆ µ α  

Ε  Π α α  Α α

1.E-06

1.E-05

1.E-04

1.E-03

1.E-02

1.E-01

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

P
f,

s

Pf,s Pf,s MC

Pf,s + Error Pf,s - Error

nf,j = 20 - fvol = 1.20

 

∆ . 3.23: Pf,s, , Pf,s,MC α  α α   (3.61) (fvol=1.20, max{nf,j}=20) 

Ε  Π α α  Α α

1.E-06

1.E-05

1.E-04

1.E-03

1.E-02

1.E-01

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

P
f,

s

Pf,s Pf,s MC

Pf,s + Error Pf,s - Error

nf,j = 30 - fvol = 1.20

 

∆ . 3.24: Pf,s, , Pf,s,MC α  α α   (3.61), (fvol=1.20, max{nf,j}=30) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.47   α  – µ α  ∆ µ α  

Ε  Π α α  Α α

1.E-06

1.E-05

1.E-04

1.E-03

1.E-02

1.E-01

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

P
f,

s

Pf,s Pf,s MC

Pf,s + Error Pf,s - Error

nf,j = 20 - fvol = 1.00

 

∆ . 3.25: Pf,s, , Pf,s,MC α  α α   (3.61), (fvol=1.00, max{nf,j}=20) 

Ε  Π α α  Α α

1.E-06

1.E-05

1.E-04

1.E-03

1.E-02

1.E-01

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

P
f,

s

Pf,s Pf,s MC

Pf,s + Error Pf,s - Error

nf,j = 30 - fvol = 1.00

 

∆ . 3.26: Pf,s, , Pf,s,MC α  α α   (3.61), (fvol=1.00, max{nf,j}=30) 

α ∆ . 3.27  ∆ . 3.30, πα υ α     π α α  α α   



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.48   α  – µ α  ∆ µ α  

π µ  µ υ π   π α α α α   µ υ MC.   π π  

   υ υ  µ  α  µ  απ  10% α   α  υ max{nf,j} 

    α α  µ . α α µµα α αυ  πα υ α  α   

 υ υπ  φ υ.  µ   µ   πα αµ υ fvol υ π α  

µα  µ  υ υπ  φ υ.  ∆ . 3.31, πα υ α     

µ  µ  α  υ  µ α α  υ υ Pf,meth/Pf,MC α α 4  µ   

πα αµ   π µ  µ υ. Γ α fvol=1.20 πα α α    α α  

µ  µα  µ  α  υ υ υ υπ  φ υ.  υ υα µ  µ  α 

απ µα α  µ  µ  α  υ  µ α α  υ υ Sim/ Sim(MC) υ 

∆ . 3.32 α fvol=1.00 α  max{nf,j}=30  µ  µ  υ υ Pf,meth/Pf,MC α  

π   µ α   µ   α   α fvol=1.20 α  max{nf,j}=20  

µ   1/6 υ υπ  φ υ  2  π π  (µ  απ   18%  3% υ 

υ   µ υ C). Γ α fvol=1.00, πα α α  µα  µ  υ υπ  

φ υ µ  αφ  π   α α  µ .  α  υ max{nf,j}   

αµµ  α  υ υπ  φ υ µ  α    α α   

µ υ.  α  υµ α µ ,  π   υπ  φ  α   α α  

µ υ, πα α α  α max{nf,j}=20~30 α  fvol≈1.00. 

Ε  υ Π α  α  υ ∆ µα
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∆ . 3.27: Pf,meth/Pf,MC α  NSim/NSim(MC) (  (3.61) - fvol=1.20, max{nf,j}=20) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.49   α  – µ α  ∆ µ α  
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∆ . 3.28: Pf,meth/Pf,MC α  NSim/NSim(MC) (  (3.61) - fvol=1.20, max{nf,j}=30) 

Ε  υ Π α  α  υ ∆ µα
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∆ . 3.29: Pf,meth/Pf,MC α  NSim/NSim(MC) (  (3.61) - fvol=1.00, max{nf,j}=20) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.50   α  – µ α  ∆ µ α  
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∆ . 3.30: Pf,meth/Pf,MC α  NSim/NSim(MC) (  (3.61) - fvol=1.00, max{nf,j}=30). 

 µ  υ Pf (meth) / Pf (MC) α  C.O.V.
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∆ . 3.31: [Pf,meth/Pf,MC] α   µ α α  (  (3.61)) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.51   α  – µ α  ∆ µ α  

 µ  υ Sim (meth) / Sim (MC) α  C.O.V.
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∆ . 3.32: [NSim/NSim(MC)] α   µ α α  (  (3.61)). 

3.14.5 π π  π α  ∆ µα 10 µ  

3.14.5.1 µ  υ α  π µα  

 ∆ . 3.33, πα υ α  π π  µα 10 µ .  υπ α α υ φ α 

α   µ  3. Ω  .µ υ π µα  α   µ    α   φ υ µ  

α  , α π α µ α φ α α   µ  υ µ α   α µ  α  5 µ   

µ .   α   φ υ µ  α υ  α µ  α α µ  µ  

E[ t]=23kN/cm
2
 α   µ α α   µ  10%. Γ α   α     

µ  µ  α   E[ c]=19kN/cm
2
. α µ α   α µ  α υ  α µ  

α α µ  µ   µ α α   µ  10%.  π   .µ υ π µα  α  

 µ  9. Γ α α µ  π υ υπ α   π  φ α  α  υ  α   

υ µ  µφ α µ    υ υ α 3 [18] α υπ   α µ  

π π .  υ  απ µ   α   α   µ  

µ α .  π π  π υ αµ α  υπ   υ µ   α µ  

π µ α    α µ  µ   t/D  µ  6.6%. Γ α  α α µ   

υ α  υ  υπ υ  µ π α   2  πα α α .  α µ   µ  

πα υ α   . 3.13. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.52   α  – µ α  ∆ µ α  

 † ‡          

1 1 3 2 2 4 3 3 5 4 4 6 

5 3 4 6 5 6 7 1 4 8 2 3 

9 3 6 10 4 5 † µ   ‡ µ  α  

. 3.13: µ  µ  υ µα  10 µ . 
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∆ . 3.33: π π  µα 10 µ  (φ α – µ  α µ  – α ). 

3.14.5.2 µ  υπ π µ , πα µ  π µ  µ υ 

α  16 αφ  π π    µ   µ   .µ υ π µα  α  

   υ µ .  π α α α α   α α υ  α  µ  MC α α 

π µα α π υ α  πα υ α   . 3.14.  φ υ α α α υ 

φ α υπ α  µ   α π α  α υ  µ     µ υ  α  

α α  υ φ υ (Load Incremental Method) [9].   π α  

α αφ α   απα αµ φ  φ α.  α α υ µ υ  α    υπ α   

 α  α  υπ  α  µ .  αµµα  πα αµ φ  α  

 α -π  π α .   µ  α α   α α υ  α  α   

υ µα  φ  α α α  π    µα. 

 α υ  πα α αµ α  α 3 αφ   µ   πα αµ  L[IFM] α  

max{nf,j}.  µ  A υµ  max{nf,j}=7 α  L[IFM]=1.  µ  B υµ  L[IFM]=2 

α  max{nf,j}=7.  µ  C υµ  max{nf,j}=10 α  L[IFM]=1. Γ α  µ    

π   µ  π  α υ  α α  α   µ  40  α  µ   α  C 

 π   µ  π  α υ  α α  α   µ   π   µ  µ  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.53   α  – µ α  ∆ µ α  

 α α υ .  π  πα µ   π µ  µ υ α : fvol=1.00, fRV=0.10, 

fcut-off=0.10, fs,c=0.10 α  fs,cp=0.70 α  α  υπ µ   υ α   υπ  

µ π α   2  πα α α .  

µα Pf,s(MC) COV[ c] COV[P1,2] E[Ai] (cm2)  υ µ

1 1.49x10
-4

 0.10 0.15 E[A1]=26, E[A2~5]=46  

2 2.65x10
-4

 0.10 0.15 E[A1]=26, E[A2~5]=46  

3 5.55x10
-4

 0.15 0.15 E[A1]=26, E[A2~5]=46  

4 2.53x10
-3

 0.15 0.15 E[A1]=26, E[A2~5]=46  

5 4.33x10
-3

 0.15 0.15 E[A1]=26, E[A2~4]=40, E[A5]=46  

6 6.86x10
-3

 0.15 0.15 E[A1]=23, E[A2~4]=40, E[A5]=35  

7 6.91x10
-3

 0.15 0.15 E[A1]=23, E[A2,4]=40, E[A3,5]=20  

8 1.01x10
-2

 0.10 0.30 E[A1]=26, E[A2~5]=46  

9 1.17x10
-2

 0.10 0.30 E[A1]=26, E[A2~5]=46  

10 1.39x10
-2

 0.15 0.30 E[A1]=26, E[A2~5]=46  

11 1.48x10
-2

 0.15 0.15 E[A1]=26, E[A2~4]=40, E[A5]=46  

12 1.81x10
-2

 0.15 0.30 E[A1]=26, E[A2~5]=46  

13 2.20x10
-2

 0.15 0.15 E[A1]=23, E[A2~4]=40, E[A5]=35  

14 2.23x10
-2

 0.15 0.15 E[A1]=26, E[A2~4]=35, E[A5]=46  

15 7.87x10
-2

 0.15 0.15 E[A1]=26, E[A2~4]=35, E[A5]=46  

16 8.24x10
-2

 0.15 0.15 E[A1]=23, E[A2,4]=40, E[A3,5]=20  

. 3.14: E[Ai] α α υπ  α  π µα α ( π π  µα 10 µ ) α  Pf,s(MC). 

3.14.5.3 π µα α 

α ∆ . 3.34  ∆ . 3.39, πα υ α   π α α α α  α    α   

 α  π µ  µ ,  π α α α α   µ υ MC α   π  

 απα µ  µ . 

α α α απ µα α,  π   α α  µ υ, πα α α  α  

µ   α  .  µ  υπ   µ  α  µ  µ  .µ α   π α α 

α α  υπ α  µ  µ  υπ  φ .  µ    π α α α α  

α   π α π  α  υµφ α µ  α απ µα α  µ υ MC µ  α   

π µα 4.   υ υπ  φ υ υµα α  απ  0.1%  10% α α  

π α α  µ  α  υ π υ   α µ  υπ . α 

απ µα α πα α α  α   µ  B.  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.54   α  – µ α  ∆ µ α  
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∆ . 3.34: Pf,MC, Pf,s, Pf,s (UB) α  Pf,s (LB) ( π π  µα 10 µ ,  A) 
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∆ . 3.35:  µ  ( π π  µα 10 µ ,  A) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.55   α  – µ α  ∆ µ α  
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∆ . 3.36: Pf,MC, Pf,s, Pf,s (UB) α  Pf,s (LB), ( π π  µα 10 µ ,  B) 
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∆ . 3.37: Pf,MC, Pf,s, Pf,s (UB) α  Pf,s (LB), ( π π  µα 10 µ ,  B) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.56   α  – µ α  ∆ µ α  
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∆ . 3.38: Pf,MC, Pf,s, Pf,s (UB) α  Pf,s (LB), ( π π  µα 10 µ ,  C) 
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∆ . 3.39: Pf,MC, Pf,s, Pf,s (UB) α  Pf,s (LB), ( π π  µα 10 µ ,  C)  

 α  υ L[IFM]   α  υ υπ  φ υ µ  α  α  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.57   α  – µ α  ∆ µ α  

 α  µ  απ µα  µ  υ υ  µ .  α  απ µα α 

πα α α  α   π π   µ  C µ  α  α π µα α 3 α  4 π υ 

 π µ  µ  υπ µ   π α α α α  α  π µα 3 α  

α α υπ µ   π α α α α  α  π µα 4  α α υ . 

 α  υ max{nf,j}   α  υ υπ  φ υ α  αυ  µ  

υ υ  µ .  α  α   υ µ    α  υ π υ   

µ  .µ µ  απ µα  α    π υπ α  υ π µα  α  

α  α  υ υπ  φ υ. 

3.14.6 π π  µα 19 µ  

3.14.6.1 µ  υ α  π µα  

 ∆ . 3.33, πα υ α  π π  µα 19 µ .  υπ α α υ φ α 

α   µ  8. Ω  .µ υ π µα  α   µ    α   φ υ µ  

α  ,  π α µ  φ  α   µ  υ µ α   α µ  α  9 µ   

µ  (∆ . 3.33).  

 

∆ . 3.40: π π  µα 19 µ  (φ α – µ  – µ  α µ  – α ). 

  α   φ υ µ  α υ  α µ  α α µ  µ  E[ t]=27.5kN/cm
2
 α  

 µ α α   µ  7%. Γ α   α     µ  µ  α   

E[ c]=24kN/cm
2
 µ   µ α α   µ  7%. α µ α   α µ  α υ  

α µ  α α µ  µ   µ α α   µ  10%.  π   .µ υ 

π µα  α   µ  12. Γ α α µ  π υ υπ α   π  φ α  α  
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 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.58   α  – µ α  ∆ µ α  

υ  α   υ µ  µφ α µ    υ υ α 3 [18].  υ  

απ µ   α   α   µ  µ α .  φ  P1 α υ  

α  α α µ  µ  E[Pi]=90kN α   µ α α   µ  20%. Γ α  µ  1 

 3 π α   α µ  Φ139.7x4.0 α  α  µ  4  9  α µ  

Φ114.3x3.6.  α µ   µ  πα υ α   . 3.15. 

 † ‡          

1 1 3 2 2 4 3 3 5 4 4 6 

5 5 7 6 6 8 7 3 4 8 5 6 

9 7 8 10 1 4 11 2 3 12 3 6 

13 4 5 14 5 8 15 6 7 16 1 6 

17 2 5 18 3 8 19 4 7    

. 3.15: µ  µ  υ µα  19 µ . 

† µ   ‡ µ  α  

3.14.6.2 π µα α µ υ MC 

 π α α α α ,   µ ,  π   µ ,   µ   

π α α  α α  α    µ α α  υ  µ υ  π α α  

α α ,  µ υ MC, πα υ α   . 3.16.  π α α α α  

α    α π α   µ  2.094.  µ    µ α α µ  

πα αµ  πα υ α  α t=1000.  . 3.16, πα υ α  α µα α   

π α α α α  α αφ  µ  π   α  υ υ α  α µ . 

 π α α α α   α α υ  µφ α µ   µ  MC α φ  µ  

π . υµα α  απ  1.72x10
-2

  α  1.86x10
-2

. 

α µ  Pf,s (MC)  ∆ µα α Ε[Pf,s(t)] COV[Pf,s(t)] 

µ  0.018139 5.68x10
-4

 55130 0.018501 9.2% 

Ε   Pf,s α αφ  µ  π   α  υ υ α  α µ  

µ  π  4357 5003 6007 7001 8001 

Pf,s (MC) 0.018139 0.018556 0.017573 0.018192 0.017187 

. 3.16: π µα α α υ  C 

3.14.6.3 α µ  π µ  µ υ - π µα α 

 πα µ   π µ  µ υ α : max{nf,j}=7, fvol=1.20, fRV=0.05, fcut-off=0.10, 

fs,c=0.00, fs,cp=0.70 max{nj}=1000.  π   απα µ  µ  π  α υ  

α α  α   µ  40 α L[IFM]>1. Γ α  α α µ   υ α  υ  υπ υ  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.59   α  – µ α  ∆ µ α  

µ π α   2  πα α α . υ  α  5 πα α α   π   µ   

µ  π υ  α υ α  α α  µ   µ  α υµα α  απ  L[IFM]=1  α  

L[IFM]=5.  µ  υ  α π α   α α υ  α  π µ  

µ  α   µ  πα υ α   . 3.17. 

L[IFM] 1 2 3 4 5 

Pf,s 0.01468 0.01493 0.01524 0.01351 0.01527 

s 2.179 2.172 2.164 2.211 2.163 

Pf,#1 0.00551 0.00554 0.00565 0.00528 0.00547 

. 3.17: ∆  α π α   π µ  µ υ. 

 π µ  µ  υπ µ   π α α α α  απ  15.99%  α  25.51%  

 µ  µ   µ υ MC.  υπ µ  αυ  φ α   µ φ    

α υ  α α   α α υ .  ∆ . 3.41, πα υ α   9  

α υ  α α  υ π µα  υπ  α  α   . 3.18, πα υ α  α 

π  υµµ    α υ  α α  α  µ  MC α   

π µ  µ .  π  υµµ   α υ α  α α  α  : 

 

, ,

,

1 ,

sN
f j i

f j

j f j

i

f

n
P

n
PF

P

=
⋅

=
∑

 (3.62) 

π υ Pf α  Pf,j α   π α α α α   α α υ  α   π α α α α   

α α υ   j υπ , Ns α   π   υπ  π υ π α  α 

µα α, nf,j α   π   µ  π υ π α   α α  

α α υ   j υπ  α  nf,j,i α   π   µ  π υ π α   

α α  α α υ   j υπ  µφ α µ   i π  α υ α α α . 

 π  α υ α α α  α   {LxCnTm} π υ Lx α   π   

µ   α υ α  α α  (  π π   α υ α  α α  

L5T1C10C11C17C19  π   µ  α   µ  5), Cn α  α µ  π υ α  

  (  α υ α α α  L5T1C10C11C17C19 α µ  10, 11, 17 α  19 

α   ) α  Tm α  α µ  π υ α   φ υ µ  (  α υ α 

α α  L5T1C10C11C17C19  µ  1 α   φ υ µ ).  µ    

α υ  α α  α  υπ  α  µα υµα α  απ  4  8. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.60   α  – µ α  ∆ µ α  

 

∆ . 3.41:  α υ  α α  π π υ υ µα . 

υ α α  MC L[IFM]=1 L[IFM]=2 L[IFM]=3 L[IFM]=4 L[IFM]=5 

L5T1C10C11C17C19 18.70% 13.43% 13.70% 13.57% 14.13% 13.22% 

L8C2C5C6C7C8C9C17C19 16.40% 22.51% 22.73% 21.84% 23.02% 20.94% 

L5C10C11C16C17C19 11.30% 3.74% 3.82% 4.29% 3.87% 3.83% 

L5C2C14C15C18C19 7.00% 2.85% 3.74% 2.43% 2.76% 3.88% 

L8C2C6C7C8C9C13C17C19 5.40% 6.94% 7.73% 6.36% 5.24% 6.58% 

L7C2C7C14C15C17C18C19 5.00% 5.67% 5.93% 5.62% 5.39% 5.60% 

L4T1C2C16C17 3.90% 3.40% 2.83% 3.24% 2.01% 2.81% 

L5T1C2C16C17C19 2.50% 2.77% 2.91% 3.49% 3.20% 3.38% 

L8C2T3C13C14C15T16C17C19 2.10% 1.89% 1.81% 1.39% 0.75% 1.27% 

 72.30% 63.21% 65.20% 62.23% 60.37% 61.50% 

. 3.18:  υµµ    α υ  α α . 

  π π   π µ  µ  πα υ   π υ α α υ α 

α α   L8C2C5C6C7C8C9C17C19 α  µφ α µ   µ  MC  π υ α 

α υ α α α  α   L5T1C10C11C17C19. υ  φ α   π  µ  

π α α α α  υ µ υ  1  α α α α α υ .  µ   π α α  

α α  α  FORM  α α α α α υ  α   µ  4.39x10
-15

 α   π α α 

α α  υ µ υ  µφ α µ   µ  MC, υµα α  απ  6.41x10
-3

  7.53x10
-3

 α 

αφ  µ  π .  α  µ   π µ  µ υ α  

µ  αυ  υµα α  απ  5.28x10-3  5.65x10
-3 α α υ µ υ   µ  π υ  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.61   α  – µ α  ∆ µ α  

α υ α  α α  π  πα α α  απ  α απ µα α υ . 3.17.  π  

υµµ   υ  α υ  α α  α   µ  72.30% α  µ  MC  

υµα α  απ  60.37%  65.20% α  π µ  µ .  π   

αφ  α υ  α α  α  µ  υµα α  απ  88  α  117 α  α 

 µ  MC  π   αφ  α υ  α α  α   µ  94. 

Γ α  α µ  µ   α α   π µ  µ υ α υπ  

 π  α υ  α α  α απ α  2 µ .  

 1  µ  υπ   µα  απ υ  αφ   π  υµµ  

 π  α υ  α α  : 

 ,

1

Abs
FMN

i i MC

i

PF PF
=

= −∑  (3.63) 

π υ PFi α  PFi,MC α   π  υµµ   i α υ α  α α  α  µ  

α   µ  MC α  FM α   π   α υ  α α   µ υ MC. 

 2  µ  υπ   µα  α   αφ   π  

υµµ   α υ  α α  : 

 ( )2

,

1

FMN

i i MC

i

PF PF
=

∆ = −∑  (3.64) 

α π  αυ  α α υ   α α  µ υ α α α α    

α υ  α α   α α υ .  α  π π   π  υ  α  

απ υ υ υ  α   µ   µ  α   µα  π  υµµ   

 α υ  α α  α   µ   µ α.  

 ∆ . 3.42, πα υ α   µα  α   αφ   π  

υµµ   α υ α  α α ,  µα  απ  αφ   

π  υµµ   α υ α  α α , α   υ  π  υµµ  

  α υ  α α . 

 µα  π  υµµ  υµα α  απ  95%  97% απ α    

µ  α α α π    α υ  α α  υ π µα . Γ α  απ υ  α  

  α α α απ µα α πα υ α  α L[IFM]=5. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.62   α  – µ α  ∆ µ α  
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∆ . 3.42: α α υ   α υ  α α . 

3.14.6.4 Μ  υ  – π µ  α  

 υ α α  3 π α  π  υ  α    α π α   

α α υ .  π  αυ  α : π   α   α ’   

α α υ  ( ), α α α    α   µ   α  

υ  ( ), α α α    α   µ   α  υ  

(Γ).  α µ   α   α   α µ  Φ114.3x3.6.  π α  

π  υ  πα υ α   ∆ . 3.43.  

 π   .µ  π π  υ π υ υ   α   µ  13 α   

υπ α α υ υ µα  α   µ  10 α  α µ  υ . 3.15 π α  

α µ  20 ( µ  α  1 α  µ  π α  8) α  21 ( µ  α  2 α  µ  

π α  7).  .µ υ µ α   α µ  α  µ α  α   

α υ  α µ  α α µ  µ   µ α α   µ  10%.  

Γ α α α  α  Γ  π   .µ α   µ  12 α   υπ α α πα αµ  

 µ  8.  π   µ  πα αµ   µ  19 α υ  π υ  υ   α  Γ 

α   α µ   µ  π π α  µφ α µ  α α π υ πα α α   

. 3.19.  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.63   α  – µ α  ∆ µ α  

π  Ε υ   

 † ‡          

18 1 8 19 2 7 † µ   ‡ µ  α  

π  Ε υ  Γ 

 † ‡          

16 3 8 17 4 7 18 1 8 19 2 7 

. 3.19: π π  α µ  µ  α π υ  υ   α  Γ. 

 

∆ . 3.43: π  υ  α   α π α   α α υ . 

 πα µ  υ α µ υ α  π  α   π π   α  µ .  

  αυ  α  α α   α υ φ α α  υ µ  

φ   π   π   α     α α α  π  

µ  µ   α  υ .  α  α α υ  α   [34]: 

 ( ) ( ), ,f s d f s oV P r P r=  (3.65) 

π υ Pf,s(rd) α   π α α α α   α α υ  µ   π   

α α α   µ  α  Pf,s(ro) α   π α α α α   α  α α υ . 

Γ α  υπ  α  µα φ  α  φ  π  υ  υ 

υ µα  α αµ α    α α αµ  µ  µ   µ α . 

3.14.6.5 π µα α –  υπ  υ 

 π α α α α   α α υ  α υ  3 π υ  υ  µφ α µ   µ  

MC α   π µ  µ  πα υ α   . 3.20.  α α  

 α α  Ά  α α  

  Γ 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.64   α  – µ α  ∆ µ α  

π µ  µ υ α  π α π  α  α α  α  Γ α  π  α  α  . 

∆ µα MC L[IFM]=1 L[IFM]=2 L[IFM]=3 L[IFM]=4 L[IFM]=5 

 0.018139 0.014680 0.014932 0.015239 0.013511 0.015275 

 0.000666 0.000664 0.000671 0.000676 0.000676 0.000657 

 0.000696 0.000673 0.000777 0.000702 0.000688 0.000691 

Γ 0.003838 0.003756 0.004060 0.003764 0.003701 0.003889 

. 3.20: Pf,s α υ  3 π υ  υ  α   α  . 

 α   α υ  3 π υ  υ  α  µ  MC α   

π µ  µ  πα υ α   ∆ . 3.34.  π  υ  µ   αµ  

 α  α    α υ µ  απ   π  υ   α    

π  υ  Γ. α α  α     µ   π α α  α α  α  2 

π π υ  µ υ .  α α α    α    µ   

π α α  α α   20~25%  α  µ . υµπ α α   α  υπ  α  

φ    π  υ  α    α   αφ  υ µ    α  

π α  αµ α α    α  µ  µ  . 

∆  α

0.037

0.0450.046
0.052

0.046
0.051

0.045

0.212

0.256 0.272
0.247

0.274
0.255

0.043
0.050

0.0440.0450.038

0.01

0.1

1

MC L[IFM]=1 L[IFM]=2 L[IFM]=3 L[IFM]=4 L[IFM]=5

 Α υ

α 
 (

V
)

Γ

 

∆ . 3.44: ∆  α   α   α α υ . 

α   απ µα α  π µ  µ υ πα α α    



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.65   α  – µ α  ∆ µ α  

π µ  µ  α π α π  µ  υ L[IFM] α     α   

π    α .  µ  απ  υ  α   π µ  

µ υ απ   µ   µ υ MC, α α  α  , πα α α  α L[IFM]=5 α  

L[IFM]=3. Γ α  π  υ    µ  απ  πα α α  α L[IFM]=3. 

 ∆ . 3.45, πα υ α    αφ  υ  α π α  α   ∆ . 3.46, 

πα υ α   υπ  φ .  υ υα µ   απ µ    

υµπ α µα  α α α απ µα α πα α α  α L[IFM]=3 α  α 

πα µφ  α π α  µ   π α α  α α   πα α α  αυ  

πα υ  µ  υπ  φ .  πα αφ  3.23, πα υ α  α 

απ µα α  π α α  α α  α  υ υπ  φ υ α υ  3 π υ  

υ . π π α α   υ π   α α  αυ    

α υ  α α  α  π   π   µ   L[IFM] π   υ α υ 

α µ υ. α υ α  α µα α  α απ µα α  α υ  α µ   

πα αµ υ fvol=1.00.    απ µ  απ α π  ,  π µα α 

π υ α α α α    α α α α µ   ,  µ  π υ  

 α α υ  α     φ υ µ  α πα υ υ  φ υ µ    

α α, α  απα α   υ  υ  µ   fvol (fvol >1.00). 

 αφ   α π α

4.05%
3.73%

3.34% 3.30%

-0.13%

0.30%

-1.00%

-0.08%

0.24%

-0.17%

5.61%

0.04%
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-0.06% 0.06%0.10%

0.46%

-0.71%

0.27%

-2%
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π
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π
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Γ

 

∆ . 3.45:  αφ  υ  α π α . 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.66   α  – µ α  ∆ µ α  

 π  Φ υ

1.48%

0.90% 0.92%

1.43% 1.43%

3.20%
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3.15%
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26.41%
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∆ . 3.46: π  φ . 

3.14.7 π π  µα 31 µ  

3.14.7.1 µ  υ α  π µα  

 ∆ . 3.47, πα υ α  π π  µα (µ  α µ  υπ α α   µ  6) 

απ µ  απ  31 µ .  α  υ υ µα  πα υ α   ∆ . 3.48.  

 

∆ . 3.47: π π  µα 31 µ  ( µ  α µ  – α µ  µ ). 

 

∆ . 3.48: π π  µα 31 µ  ( α ). 
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 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.67   α  – µ α  ∆ µ α  

α φ α π υ υ   µα πα υ α   ∆ . 3.49.  α α  

µ   φ  α : G1,k=G2,k=2kN, Qk=Wk=16kN. 

 

∆ . 3.49: π π  µα 31 µ  (φ α). 

α   α υ  αµ α  υπ  α  α φ α υ υ υ . α φ α αυ  

υ α α  απ   π   α µ   µ  υ υ µα . 

3.14.7.2 ∆ α α  µφ α µ  υ  υ  

 µα α α α  µφ α µ     υ  1 [17] α  3 [18]. 

 υ υα µ  φ  π υ αµ α  υπ  α : 

 ( )1 1, 2,1.35 1.50k k k kLC SW G G Q= ⋅ + + + ⋅  (3.66) 

 ( )2 1, 2,1.35 1.50k k k kLC SW G G W= ⋅ + + + ⋅  (3.67) 

 ( )3 1, 2,1.35 1.50 0.90k k k k kLC SW G G Q W= ⋅ + + + ⋅ + ⋅  (3.68) 

 ( )4 1, 2,1.35 1.20 1.50k k k k kLC SW G G Q W= ⋅ + + + ⋅ + ⋅  (3.69) 

π υ SWk α   α α  µ  υ υ υ .  µ  υ  α υ  

υ υα µ  LC3 α  LC4 α   µ  W=0.6 α  Q=0.8 [18].  µ  υ   

 φ  α   µ  G=1.35 α  Q= W=1.50 [18]. Γ α  µ φ  υ φ α 

µ π α   α µ . α µ  υ υ µα  α π α   4 

µ :  µα,  µα,  α  α .  α µ  α  µ α 

π α  απ  α α µ  α µ  ( . 3.21).  

∆ α µ  d (m) t (m) ∆ α µ  d (m) t (m) 

Φ33.7/3.2 0.0337 0.0032 Φ88.9/4.0 0.0889 0.004 

Φ42.4/3.2 0.0424 0.0032 Φ101.6/4.5 0.1016 0.0045 

Φ48.3/3.2 0.0483 0.0032 Φ114.3/4.5 0.1143 0.0045 

Φ60.3/3.2 0.0603 0.0032 Φ133.0/5.6 0.133 0.0056 

WWW

W/2 

G2 
G2

G2/2 

Q+G1Q+G1Q+G1 

G1, G2 µα φ α 

Q  φ α 

W Φ α µ υ 

G2

g 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.68   α  – µ α  ∆ µ α  

∆ α µ  d (m) t (m) ∆ α µ  d (m) t (m) 

Φ76.1/3.2 0.0761 0.0032 Φ159.0/5.6 0.159 0.0056 

Φ76.1/4.0 0.0761 0.004 Φ168.3/5.6 0.1683 0.0056 

. 3.21: ∆ α µ  α µ . 

Γ α    µ    α µ  µφ α µ  υ  υ  [17], [18] π π  

α π α    π µ : 

 d d d k mS R R R γ≤ =  (3.70) 

π υ m α   π µ υ  υ  α φα α   α   α µ , Sd α   

α αµ  α  Rd α   α  υ υπ  α  µ υ . Γ α  υπ  α  π µα 

m=1.1 [18].  π π  α απ   φ υ µ    (3.70) α   [18]: 

 , , ,d t k t m k t yS R R Aγ σ≤ = ⋅  (3.71) 

 π π  α απ   , αµ α  υπ  α   φα µ  υ 

υ µ ,   (3.70) π π α   [17], [18]: 

 { }, , , min ,d c k c m k c y A yS R R A Aγ σ χ β σ≤ = ⋅ ⋅ ⋅ ⋅  (3.72) 

π υ y α    α  υ υ α,  α   µ α   α µ ,  α    

  π   υ  π φ α (  µ  1 α α µ   α α  1, 2 α  3) 

α   α   µ  υ   α     υ µ .  υ  

αυ  α   υ   α α  υ α  λ  α  υ υ  φ  [18]: 

 
2 2

1
1χ φ φ λ= ≤+ −  ( ) ( )2

10.5 1 0.2 Aaφ λ λ λ λ λ β = ⋅ + ⋅ − + = ⋅   (3.73) 

π υ α α   υ  α ,  α   υ α υ µ υ   υ  

υ µ .  µ  υ υ  α  α α  α  1  4 πα υ α  

 . 3.22.  

α α 1 2 3 4 

α 0.21 0.34 0.49 0.76 

. 3.22: υ  α  α. 

 υ  1 α α  απ  α α α  υ υ .  υ  1 α   

υ α  υ µ υ  α   [18]: 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.69   α  – µ α  ∆ µ α  

 1

y

Eλ π σ=  x xIl
i

i A
λ −= =  (3.74) 

π υ Ε α    α α  υ υ  α  x-x α   π  α α α   

υ  υ µ .   µ   α µ  α α α   α α 1 π  

α  υπ  α  α µ   µ  υ =1. 

 α µ  π υ π   π α αφ  υ υ α 3 α υ  υ υα µ   

 (3.66)  (3.69) α      , πα υ α   ∆ . 

3.47.  µ  µ  υ υ Sd/Rd α  µ  µ  πα υ α   . 3.23.  

α α  µ  υ υ υ  SWk ( α  α µ  υ ∆ . 3.47) α   µ  

SWk≈18.85kN.  µ  αυ     µ µ  π  µ µα υ   υ  υ µα  

φ α (G/(G+Q+W)) π π υ  µ  0.42 α   µ µ  π   υ  υ µα  

φ α (G/(Q+W))  µ  0.71. 

µ α  Ά   Χ α  

Sd/Rd 0.823 0.730 0.787 0.899 

. 3.23:  Sd/Rd   απ µ   α υ . 

3.14.7.3 υ  π α  – µ   .µ υ α  
π µα  

Ω  .µ υ π µα  α υ  α π α  υ υ µα   ∆ . 3.47  ∆ . 

3.49 α :  α  υ µ υ   φ υ µ  α  , α α φ α α   

µ α   α µ   µ   µ . Γ α  α υ  α π α  α µ  

α π α   5 µ  µ   µ α   α µ   µ υ  α α   

π  α µ  .µ µ   .µ υ µ α   α µ   µ α .  µ  αυ  

πα υ α   ∆ . 3.47.    α     

υ  µ   π α α  α α   α α υ  α  υµ   

µ υ   υ  υ π    υπ α α  αυ α   

µ υµ  π α α α α   µ υ   µ α   π    α α   

  µ  .  π   .µ αµ α  υπ  α φ α,  α µ  α   

α  υ υ  α   µ  12. 

µφ α µ   π  υ π α  α µ  [28] α   αφ α [23], [24] 

 µ  µ ,   µ α α  α   α α µ  µ   π α π µ α   

.µ π  α α υ φα µ υ π υ π µ α .  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.70   α  – µ α  ∆ µ α  

 πα µ  α   υ  π µ α  µ   α  α µ  

α α µ  ( α  απ φυ  απ  α  µ  α  µ α  αυ ).  µ  

µ   α   υ  α   [28]: 

 [ ] [ ]2kE R R s R= + ⋅  (3.75) 

π υ s[R] α   υπ  απ   α  υ υ  (  α ,  α  

π).   µ α α   .µ  α  υµα α  απ  7% ( µ  υ α ) 

 α  20% (Ω ) [28]. 

α µ  α α   α µ  π µ α  µ   α  

α µ  α α µ .  µ  µ  α α µ  α α  αµ α  

υ   µ   α α  µ   µ  αφ  π α  (π υ  υπ α   

αµ α π π   3~4% [28]). Γ α α µ  α α  ( µ α  α µ , 

α  φ   π)   µ α α   υπ α   5% [28]. 

α µ µα φ α (φ α υ υ , υ φ , π , µ , π α  

π.) πα υ υ  µ  α π  π   µ  µ  α   υ α  α α α 

υ  [28] π µ α  µ   α  α  α α µ . Γ α α µ µα φ α  

µ  µ  αµ α   µ   α α  µ .   µ α α  υµα α  

απ  1% ( µ  υ α )  10% ( µ  υ α). 

Γ α α  φ α α  α υ µα  φ α ( φ µα φ α, α π φ α, 

υ α  φ α, µ , µ ,  π) α α α   α α µ   .µ 

α  υ   α   υ υ (π  α αφ )  α  υ 

φα µ υ α  υ π υ  φ .  .µ   φ  α   υ µα  

φ  υ  π µ α  µ   α α α µ  α α  (µ ) µ  

(Gumbel, Weibull). H α α µ  µ  α µ α α  α  α   [11], [28]: 

 ( ) ( ) ( )max exp 1o oF x t x t xν ν+ + ≅ − ⋅ ≅ − ⋅   (3.76) 

π υ to α   π  α αφ  α  
+
(x)  υ α  υπ α  (positive out 

crossing rate).  2  µ    (3.76)  α to·
+
(x)<<1.  υ α υπ α  

α   [1], [3], [11], [28]: 

 ( ) ( ) ( ){ }Pr ; ;x F X t x F X t dt x dtν + = ≤ ∧ + >  (3.77) 

π υ F(X;t) α   α α µ   α  α   υπ  α  φ .  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.71   α  – µ α  ∆ µ α  

υ α υπ α  υπ α  µ   υ  υ Rice  [11]: 

 ( ) ( )
0

,
XX

x x f x x dxν ∞+ = ⋅∫  (3.78) 

π υ ( ),
XX

f x x  α    υ  πυ α  π α α   F(X;t) α   

 πα α υ ( );F X t   α  α .  π π  π υ  µ   

φ   α   α µα α α  α  α  µ α  υ  

(π µ µα Ferry-Borges Castanheta [19])  υ α υπ α  α   [28]: 

 ( ) ( )( )1 Xx F x dtν + = −  (3.79) 

µφ α µ    (3.79)  υ α υπ α  α  α   πα α  

α α  υ υ µα  α  υ υ πα αφ . Γ α  υπ µ   

α α µ   µ  µ α  α  α  π π  α α  : 

•  α υ φα µ υ ( α α µα   υ µ  α  

α ), 

•  α  υ υ, 

•   υ  πυ α  π α α   α  α  ( ),
XX

f x x    

 πα  α µ  π  υ υπ  α  φα µ υ. 

3.14.7.4 υ  π α  – µ   .µ - α α  

Γ α  π µα  ∆ . 3.47  ∆ . 3.49   α   φ υ µ  α   

π µ α  µ   α  α µ  α α µ .  µ  µ  α   [28]: 

 , 2y y k yE sσ σ σ   = + ⋅     (3.80) 

π υ y,k α   α α  µ  α  α  s[ y] α   υπ  απ    

α    α  φ υ µ  α α.   µ α α  µφ α µ   

αφ α αµ α   µ  7%  π π  υ φ υ µ  α  8%  

π π    α α [28]. µφ α µ    (3.80) α   µ   

 µ α α   µ  µ    α     φ υ µ  αµ α  

 µ  27.5 kN/cm
2
 α α α  µ    α  y,k=23.5kN/cm

2
.  µ  

αυ  αφ  αφ    µ   µ  π υ π α  απ  υ  Gulvanessian, α  

Holicky [23], α  α  ( [ y]=28.0kN/cm
2
) α υ α S235. H y,k υ α µ , 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.72   α  – µ α  ∆ µ α  

α   µ  µ  π α α υπ α   µ  98.4% [23].  π α α υπ  

α  αφ  µ α   απ  µφ α µ  υ  υ  π α α  

υπ α  95% [17]  α  υ υ . 

Γ α  µ α   α µ   µ   µ  µ  αµ α   µ  [ ]=1.01  µ  

 µ α α   µ  4% [28].  µ α   α µ  π µ α  µ   

α  α µ  α α µ . 

H µ  µ   µ µ  φ  αµ α   µ   α α  µ  υ  [11], 

[23].  α π  υ υ υ  αµ α   µ  1% [24]   α π   µ µ  

φ  G1 α  G2 αµ α   µ  10% [23], [24], [28]. α   µ µ  φ  

π µ α  µ   α  α  α α µ . O  .µ SW, G1 α  G2 α  

 α  α  .µ. 

 µ  µ  α α  φ α αµ α   µ   60%  α α  µ  

(π  πα αφ  50 ) α    µ α α  α   µ  35% [23].  

α α  µ  υ  φ υ α , µφ α µ  υ  Gulvanessian, α  

Holicky [23],  π α α υπ α   µ  4.6%. 

α, α α φ α α µ υ  µ  µ  αµ α   µ   70%  

α α  µ  (π  πα αφ  50 ) α    µ α α  α  

 µ  25% [23].  π α α υπ α , µφ α µ  υ  Gulvanessian, α  Holicky 

[23], α   µ  6%.  α  φ α  α  α φ α α µ υ, π µ α  µ  

 α α µ  Gumbel.  

 φ υ α α α υ φ α υπ α  µ   α π α  α υ  µ   

  µ υ  α  α α  υ φ υ (Load Incremental Method) [9].  

 π α  α αφ α   απα αµ φ  φ α.  α α υ µ υ  

α    υπ α    α  α  υπ  α  µ .  αµµα  

πα αµ φ  α   α -π  π α .   µ  α α  

 α α υ  α  α   υ µα  φ  α α α  π    µα.  

µ  µ ,   µ α α  α   α α µ   .µ υ π µα  

πα υ α  υ π   . 3.24.  

α   α υ   φ α  υπ   υ π   α π α  υ π µ µα  

 π  α φ α α   υπ µ   α   α µ . π αµµα   µ  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.73   α  – µ α  ∆ µ α  

µ  υ π µ µα   α  υµα α  απ  1.00 µ   µ α α   µ  

10%  π π  υ µ  υ α  φ υ µ   α  1.20 µ  α   

µ α α  α µ  υ α   [23].  α  π µ α  υ  µ   

α  α  α α µ  [23].  α π α υ π µ µα   φ  

α α  απ   π  υ π µ µα  ( αµµ  α, π φα α  α, 

 α) µ   µ  µ  α υµα α  απ  1.00 ( π  µ υ   π α α απ  

υ α)  1.40 (α   υ µ   απ  Ω ) µ    µ α α  α 

υµα α  απ  5% (α  υ µ   µ α  π α α)  25% (α   υ µ  

 απ  Ω ) [28].  α π α υ π µ µα   φ  π µ α  µ  

 α  α µ  α α µ  [28] µ  α   π π  υ υπ µ  

   π φα α  α   α π υ π µ α  µ   α  

α  α α µ  [28]. 

υ α α 

µ α  
E[] (f[Xk]) Ε[] ( µ ) 

∆  

α α  
α α µ  

SW SWk 18.85kN 0.01 Normal 

G1~ G2 G1,k~ G2,k 2.0kN 0.10 Normal 

Q 0.6Qk 9.6kN 0.35 Gumbel 

W 0.7Wk 11.2kN 0.25 Gumbel 

y ( φ υ µ ) y,k+2s[ y] 27.5kN/cm
2
 0.07 Lognormal 

y ( ) y,k+2s[ y] 27.5kN/cm
2
 0.08 Lognormal 

 1.01 k α  0.04 Lognormal 

. 3.24:  µ ,  µ α α  α  α α µ  α  .µ υ π µα . 

3.14.7.5 π µα α 

  α π α   α α υ  α  α    α π α   µ  µ  

 πα υ α   . 3.25. α απ µα α π α  απ   α υ  µ   

µ  MC. Γ α α µ  26 α  31   α π α  α  α  11% π π υ αυ µ  

απ   µ   υ  α π α   µ υ  µφ α µ   υ  

( =3.5) [4], [21] α α  α α υ .  

 13 14 15 16 17 18 19 20 26 31 Str 

MC 4.750 4.750 4.528 4.540 4.543 4.764 4.523 4.392 3.871 3.859 4.343 

Pf,s (x10
-6

) 1.02 1.02 2.99 2.81 2.77 0.948 3.06 5.62 54.3 56.9 7.02 

. 3.25: ∆  α π α   α α υ  α   µ  µ  . 

υ  απ α   π  α φα α  (1-Sd/Rd)  µ   α α υ    



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.74   α  – µ α  ∆ µ α  

π   α µ  υ ∆ . 3.47 π υ υµα α  α α µα µ   µ α  απ  

10%  27%.   α π α   α α υ  α   µ  4.343 π υ α   

π α α α α   µ  7x10
-6

.   µ   απ   α π α  α  

ISO [27] ( α υ  α α υ   µ  αυ  α   µ  3.9)   α π α   

α α υ  πα υ α  αυ µ  α  11.35%.   υ  α π α   

α α υ  π    α π α   µ  26 α  31 α   µ  1.121 α  1.125 

α α. 

υ  α  24 υ υα µ   πα αµ υ fvol α  υ µ   µ  π υ  

α υ α  α α  (L[IFM]) α  π µ  µ .  π  πα µ   

π µ  µ υ α : max{nf,j}=7, max{nj}=2000, fRV=0.05, fcut-off=0.10, fs,c=0.10 α  

fs,cp=0.90. Γ α  υπ µ   υ α   υπ  µ π α   2  

πα α α .  π   µ  π  α υ  α α  α   µ  40 α L[IFM]=2 

 4 α   µ   π   µ  µ  α L[IFM]=1.   α π α   

α α υ  α  µ  υµα α  απ  4.340  4.432 µφ α µ  α απ µα α υ 

. 3.26.  µ  απ  µ α   µ  υ  α π α   

µ υ MC α   π µ  µ υ πα α α  α L[IFM]=1 α  fvol=1.075. 

fvol 1.025 1.050 1.075 1.100 1.150 1.200 

L[IFM]=1 4.383 4.393 4.340 4.394 4.377 4.390 

L[IFM]=2 4.439 4.426 4.432 4.423 4.418 4.422 

L[IFM]=3 4.431 4.432 4.426 4.430 4.415 4.419 

L[IFM]=4 4.431 4.432 4.426 4.430 4.415 4.419 

. 3.26: ∆  α π α   α α υ  µ    π µ  µ . 

 ∆ . 3.50, πα υ α    α π α  α α µα µ  α   α α υ  

α  µ  MC α  3 απ   24 π π  π υ α   π   πα αµ υ  

 π µ  µ υ. α α α απ µα α πα α α  α L[IFM]=1.  

 υ  α π α   µ  µ  α   α α υ  πα υ α  

µ µ   π π   π µ  µ υ α  υµα α  απ  1.104   

1.111 (L[IFM]=1 α  fvol=1.075 α  fvol=1.150 α α). 

 π   µ  π υ απα α  α  α υ  υµα α  απ  0.5%  0.8% 

υ π υ   απα µ  µ   µ υ MC. O  υ υπ  

υ α  α  υ υ υ π υ   απα µ  µ  α  υπ  

α  π µα. υ  φ α      π π  υπ   α  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.75   α  – µ α  ∆ µ α  

α µ  υ π α  υ υ υπ µ  υ π υ   µ  .µ α   

υπ  α µα α α  π  µ    µ    π υ απα α  α 

µα α.   π υ απα α  µ   π µ  µ  υµα α  απ  270  

400 sec α  α  µ  MC απα α  57000 sec. 

Evolution of str and el

3.8

4.1

4.4

4.7

5.0

Pf #13 Pf #14 Pf #15 Pf #16 Pf #17 Pf #18 Pf #19 Pf #20 Pf #26 Pf #31 Pf,s

Elements and Structure

MC fvol = 1.15, L[IFM]=3

fvol = 1.15, L[IFM]=1 fvol = 1.075, L[IFM]=1

 

∆ . 3.50: el α  str α  π µ  µ  α   µ  MC. 

 π  α υ  α α  πα υ α  α ∆ . 3.51 α  ∆ . 3.52.  µ  

 π  α υ  α α  υµα α  απ  2  7.  µα α   π   

π    µ  α   π  α υ α L2T3C28.  υ α  α υ α 

α α  L3C20C26C31 πα υ  π  υµµ   µ  80.0%.  α α  

π π  αυ  φ α   απ α  υ α  υ υ µα   α α   

µ  20 α  26.  α υ α α α  L7C13C14C15C16C17C18C19 πα υ  

π  υµµ   µ  13.5%. Γ α  υπ π  π  α υ  α α   

π  υµµ   υπ α   5%  αµ α π π . 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.76   α  – µ α  ∆ µ α  

Id L3C20C26C31

# Fails 160

Length 3

Participation 0.8

Id L7C13C14C15C16C17C18C19

# Fails 27

Length 7

Participation 0.135

Id L3C15C19C31

# Fails 7

Length 3

Participation 0.035

Id L4C7C13C14C19

# Fails 2

Length 4

Participation 0.01
 

∆ . 3.51:  α υ  α α  π π υ υ µα  (1-4). 

Id L5C4C10C16C26C31

# Fails 1

Length 5

Participation 0.005

Id L2T3C28

# Fails 1

Length 2

Participation 0.005

Id L6C10C16C17C26C30C31

# Fails 1

Length 6

Participation 0.005

Id L5C15C16C17C19C31

# Fails 1

Length 5

Participation 0.005
 

∆ . 3.52:  α υ  α α  π π υ υ µα  (5-8). 

 . 3.27, πα υ α  α π  υµµ   α υ  α α  α  

π µ  µ  α  α πα α α  µ  α απ µα α  µ υ MC.  

µα  4  α υ  α α  υµα α  απ  96.41%  99.44% α  

υπ  α  π π  α  α  µ  MC  µα αυ  α   µ  98.00%. 

Όπ  α   π π  υ  α π α  α α α απ µα α  π   



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.77   α  – µ α  ∆ µ α  

µα  απ υ  α   αφ   π  υµµ   π  

α υ  α α  πα α α  α fvol=1.075 α  L[IFM]=1. 

L[IFM]=1 L[IFM]=3 L[IFM]=1 
υ α α  MC 

fvol=1.15 fvol=1.075 

L3C20C26C31 80.00% 73.95% 90.12% 86.35% 

L7C13C14C15C16C17C18C19 13.50% 20.26% 6.82% 10.52% 

L3C15C19C31 3.50% 0.75% 1.96% 2.58% 

L4C7C13C14C19 1.00% 0.75% 0.00% 0.00% 

L5C4C10C16C26C31 0.50% 0.00% 0.00% 0.00% 

L2T3C28 0.50% 3.59% 0.00% 0.00% 

L6C10C16C17C26C30C31 0.50% 0.00% 1.10% 0.00% 

L5C15C16C17C19C31 0.50% 0.70% 0.00% 0.56% 

 (4  α υ ) 98.00% 96.41% 98.90% 99.44% 

Abs - 20.10% 21.439% 12.81% 

∆ - 1.00% 1.52% 0.52% 

. 3.27:   α υ  α α  -  α  απ υ    µ υ. 

3.14.8 µα 25 µ  

3.14.8.1 µ  µα  

 ∆ . 3.53, πα υ α  µα 25 µ .  φ α  α  12 φ  

υπ α . α µ  α α  υ υ µα  πα υ α   

∆ . 3.53 [11]. Ω  .µ υ π µα  α    α   φ υ µ  α  , 

α φ α π υ υ   φ α α   µ α   α µ   6 µ  υ φ α.  

α µ   µ  πα υ α   . 3.28. 

 † ‡          

1 1 2 2 2 6 3 1 5 4 1 4 

5 2 3 6 2 4 7 2 5 8 1 3 

9 1 6 10 4 5 11 5 6 12 3 6 

13 3 4 14 5 10 15 6 9 16 6 7 

17 3 10 18 3 8 19 4 7 20 5 8 

21 4 9 22 5 9 23 6 10 24 3 7 

25 4 8 † µ   ‡ µ  α  

. 3.28: µ  µ  υ µα  25 µ . 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.78   α  – µ α  ∆ µ α  

 

∆ . 3.53: µα 25 µ  (φ α – µ  – µ  α µ  – α ). 

3.14.8.2 µ  υπ π µ  – α αµ  Μ  

α  8 αφ  π π  α  .µ υ π µα .  π π  αυ  

α  α   π α α α α   α α υ , πα υ α   . 3.29.   

α   φ υ µ  α υ  α µ  α α µ  µ  E[ t]=27.5kN/cm
2
  α  

 α     µ  µ  α   E[ c]=24.0kN/cm
2
.   

µ α α  α   µ  7% α  π α αφ  .µ.  µ α   α µ  

 µ α  α υ  α µ  α α µ  µ   µ α α   µ  10%. α 

φ α P1 α  P2 α υ  α  α α µ  µ  E[Pi]=20kN α   µ α α  

 µ  30%.  π   .µ α  π µα α   µ  10. 

µα Pf,s (MC)  (MC) ∆ . (MC) A1 (cm
2
) A2 ~ A6 (cm

2
) t/D 

001 3.96x10
-2

 1.58x10
-3

 15171 7.06 5.64 6.6%

002 1.28x10
-2

 4.52x10
-4

 46802 7.06 6.00 6.6%

003 3.54x10
-3

 1.23x10
-4

 169635 7.06 6.35 6.6%

004 8.71x10
-4

 3.07x10
-5

 689259 7.06 6.70 6.6%

005 1.90x10
-4

 6.82x10
-6

 3157895 7.06 7.06 6.6%

006 4.02x10
-5

 1.45x10
-6

 14932802 7.06 7.41 6.6%

007 8.11x10
-6

 3.31x10
-7

 73953552 7.06 7.76 6.6%

008 1.59x10
-6

 6.51x10
-8

 376418868 7.06 8.11 6.6%

. 3.29: Pf,s(MC),  µ  α  µ  µ  α µ  - µα 25 µ . 

α µα π α  9 πα αµ  µ   π   πα α α    (3.35),  

A1. 

A2. 

A3. 

A4.

A5.

A6.

P1 

P1 

P1 
P1 

P2 P2 

2.54m

2.54m

5.08m

2.54m 

12 

6 3 

4 5 

7 

8 9 

10 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.79   α  – µ α  ∆ µ α  

πα µ  L[IFM],  πα µ  max{nf,j} α   πα α α  α  υπ µ   

υ α   υπ . α α  µ  αυ  πα υ α   . 3.30. 

 π   µ  π  α υ  α α  α   µ  40.  π  πα µ   

µ υ α : fvol=1.00, fRV=0.10, fcut-off=0.10, fs,c=0.10, fs,cp=0.70 α  max{nj}=600. 

 (3.35) max{nf,j} L[IFM]  (3.35) max{nf,j} L[IFM] 

A 1  α . 7 4 F 2  α . 10 4 

B 1  α . 10 4 G 2  α . 20 4 

C 1  α . 20 4 H 2  α . 7 3 

D 1  α . 30 4 I 2  α . 7 2 

E 2  α . 7 4     

. 3.30: µ   πα αµ   π µ  µ υ - µα 25 µ . 

 φ υ α α α υ φ α υπ α  µ   α π α  α υ  µ   

  µ υ  α  α α  υ φ υ Load Incremental Method) [9].  

 π α  α αφ α   απα αµ φ  φ α.  α α υ µ υ  

α    υπ α    α  α  υπ  α  µ .  αµµα  

πα αµ φ  α   α -π  π α .   µ  α α  

 α α υ  α  α   υ µα  φ  α α α  π    µα. 

3.14.8.3 π µα α 

α ∆ . 3.54  ∆ . 3.59, πα υ α   π α α α α   α α υ  α   

π   απα µ  µ  α  µ  υ . 3.30.  α  υ max{nf,j} 

 π  µα   α α  µ υ, π υ α  π  α    π π .  

α α α απ µα α   µ     µ   π α α  

α α  πα α α  α  µ  C. α α  απ µα α πα α α  

α  α  µ  D α  B α α.  α  υ max{nf,j}   α  υ 

υπ  φ υ α  αυ  µ  υ υ  µ .  α α  

µ υ  π α  µα  απ   π   πα α α    (3.35) π υ 

µ π α  α  υπ µ   υ α   υπ υ. T  µ   µ  

π  α υ  α α   π  µα   α α  απ µ  

µ  α   π π  001.  π π  001, α L[IFM]=2 πα α α  µ  

υ π   µ  .µ µ  απ µα  αφ π   α µ  υ 

π α  υ µ  µ  υ υπ  φ υ α  αφ  µ   α α  

 π µ  µ υ. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.80   α  – µ α  ∆ µ α  

Evolution of Pf,s
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∆ . 3.54: Pf,MC, Pf,s, Pf,s (UB) α  Pf,s (LB), µα 25 µ ,  A~D. 
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∆ . 3.55:  µα , µα 25 µ ,  A~D. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.81   α  – µ α  ∆ µ α  

Evolution of Pf,s
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∆ . 3.56: Pf,MC, Pf,s, Pf,s (UB) α  Pf,s (LB), µα 25 µ , , A~C, E~G) 

Performed Simulations
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∆ . 3.57:  µα , µα 25 µ ,  A~C, E~G. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.82   α  – µ α  ∆ µ α  

Evolution of Pf,s
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∆ . 3.58: Pf,MC, Pf,s, Pf,s (UB) α  Pf,s (LB), µα 25 µ ,  E, H and I) 

Performed Simulations
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∆ . 3.59:  µα , µα 25 µ ,  E, H and I). 

 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.83   α  – µ α  ∆ µ α  

3.14.9 µα 64 µ  

3.14.9.1 µ  µα  

 ∆ . 3.60 πα υ α  µα 64 µ .  π   α  .µ 

α   µ  13.  α µ   µ  πα υ α   . 3.31. α µ  υ φ α 

α   8 µ .  µ  αυ  πα υ α   ∆ . 3.60. α µ α   

α µ  µ α  µ α  α   απ  υ µ  .µ.  υπ α α υ 

φ α α   µ  22. Ω  .µ α ,  α    α  φ υ µ , α φ α υ 

υ µα  α   π φ α  µ  υ. 

 

∆ . 3.60: µα 64 µ  (φ α – µ  – µ  α µ  – α ). 

 † ‡          

1 1 5 2 5 9 3 9 13 4 13 17 

5 2 6 6 6 10 7 10 14 8 14 18 

9 3 7 10 7 11 11 11 15 12 15 19 

13 4 8 14 8 12 15 12 16 16 16 20 

17 5 6 18 6 7 19 7 8 20 8 5 

21 9 10 22 10 11 23 11 12 24 12 9 

25 13 14 26 14 15 27 15 16 28 26 13 
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6.0m 

5.0m 
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 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.84   α  – µ α  ∆ µ α  

 † ‡          

29 17 18 30 18 19 31 19 20 32 20 17 

33 1 6 34 2 5 35 2 7 36 3 6 

37 3 8 38 7 4 39 4 5 40 8 1 

41 5 10 42 9 6 43 6 11 44 10 7 

45 7 12 46 11 8 47 8 9 48 12 5 

49 9 14 50 13 10 51 10 15 52 14 11 

53 11 16 54 15 12 55 12 13 56 16 9 

57 13 18 58 17 14 59 14 19 60 18 15 

61 15 20 62 19 16 63 16 17 64 20 13 

. 3.31: µ  µ  υ µα  64 µ . † µ   ‡ µ  α  

3.14.9.2 µ  υπ π µ  – α αµ  Μ  

 π   α α µ   .µ,  µ  µ  α    µ α α  πα υ α  

 . 3.32. Γ α  µ  µ   φ  υµ   αφ  µ .   

π π  υµ  [ 1]=125cm
2
. α  8 π µα α   µ   [Ai].  

υ υα µ  αυ  πα υ α   . 3.33. υ  α  24 αφ  

π µα α  π   [Ai] α   [P1-3].  

 t c P1-P3 A1 

α α µ  LN LN N LN 

Ε[] 27.5kN/cm
2
 24.0kN/cm

2
 375~400~425kN 125cm

2
 

COV 0.10 0.15 0.30 0.10 

. 3.32: µ  .µ, µα 64 µ . 

µα 001 002 003 004 005 006 007 008 

[ 2] 100.0 75.0 100.0 100.0 100.0 100.0 100.0 100.0 

[ 3] 100.0 100.0 75.0 100.0 100.0 100.0 100.0 100.0 

[ 4] 100.0 100.0 100.0 75.0 100.0 100.0 100.0 100.0 

[ 5] 100.0 100.0 100.0 100.0 75.0 100.0 100.0 100.0 

[ 6] 100.0 100.0 100.0 100.0 100.0 75.0 100.0 100.0 

[ 7] 100.0 100.0 100.0 100.0 100.0 100.0 75.0 100.0 

[ 8] 100.0 100.0 100.0 100.0 100.0 100.0 100.0 75.0 

. 3.33: υ υα µ  [Ai], µα 64 µ . 

 φ υ α α α υ φ α υπ α  µ   α π α  α υ  µ   

  µ υ  α  α α  υ φ υ (Load Incremental Method) [9].  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.85   α  – µ α  ∆ µ α  

 π α  α αφ α   απα αµ φ  φ α.  α α υ µ υ  

α    υπ α    α  α  υπ  α  µ .  αµµα  

πα αµ φ  α   α -π  π α .   µ  α α  

 α α υ  α  α   υ µα  φ  α α α  π    µα. 

Γ α  π µα α  3 µ  υ L[IFM]={2, 3, 4}. Γ α  πα µ  υµ : fcut-

off=0.50 α [Pi]=375~400kN α  fcut-off=0.40 α [Pi]=425kN.  π  πα µ   

µ υ α : fRV =0.0, fvol =1.20, max{nf} =100, max{nf,j} =7, fs,c=0.10 α  fs,cp=0.70. Γ α 

 υπ µ   υ α   υπ  µ π α   2  πα α α  α   

π   µ  π  α υ  α α  α   µ  40. 

3.14.9.3 π µα α 

υ  . 3.34  . 3.36, πα υ α   µ    υ  α π α  

Et[ ],  µ  υ  α π α   π α   α α α  100 α    απ α  

 100 π  Et[ ]. H µ α   [ 2], [ 4] α  [ 8],  π    

α π α   α α υ . Γ α  υ υα µ  007  πα υ α  , µ α  υ 

 α π α   α α υ  α [Pi]=375kN.  µ α  ∆ /∆Ε[Αi] πα α α  

α  [ 5].   µ α α  υ Et[ ] υµα α  απ  0.49%  2.28%.  

 απ α  υµα α  απ  -0.52%  1.87%.  

µα 001 002 003 004 005 006 007 008 

t[ ] 4.232 4.232 3.798 4.232 3.298 4.170 4.232 4.232 

COV 0.69% 0.69% 1.17% 0.69% 1.52% 0.49% 0.69% 0.69% 

100 4.210 4.210 3.785 4.210 3.330 4.159 4.210 4.210 

. π . -0.51% -0.51% -0.33% -0.51% 0.95% -0.28% -0.51% -0.51%

. 3.34: α  υ str (MC) α [Pi]=375kN. 

µα 001 002 003 004 005 006 007 008 

t[ ] 3.752 3.752 3.385 3.752 2.868 3.710 3.742 3.752 

COV 1.73% 1.73% 1.85% 1.73% 1.44% 1.53% 1.89% 1.73% 

100 3.778 3.778 3.367 3.778 2.910 3.713 3.774 3.778 

. π . 0.70% 0.70% -0.52% 0.70% 1.48% 0.08% 0.86% 0.70% 

. 3.35: α  υ str (MC) α [Pi]=400kN. 

µα 001 002 003 004 005 006 007 008 

t[ ] 3.368 3.368 2.950 3.368 2.505 3.308 3.362 3.368 

COV 1.84% 1.84% 1.32% 1.84% 2.15% 2.28% 1.78% 1.84% 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.86   α  – µ α  ∆ µ α  

µα 001 002 003 004 005 006 007 008 

100 3.393 3.393 2.988 3.393 2.551 3.346 3.390 3.393 

. π . 0.75% 0.75% 1.30% 0.75% 1.87% 1.15% 0.84% 0.75% 

. 3.36: α  υ str (MC) α [Pi]=425kN. 

α ∆ . 3.61  ∆ . 3.63, πα υ α    µ α  υ  α π α   

α α υ  α  π µ  µ   π   µ  MC ( MC- method)/ MC.  

Γ α [Pi]=375kN  ∆ / MC υµα α  απ  -1.26%  0.09% µ  µ   αφ   

µ  -0.56% α   µ α α   µ  91.5% α L[IFM]=2 απ  -1.42%  0.30% µ  

µ   αφ   µ  -0.46% α   µ α α   µ  116.73% α 

L[IFM]=3 α  απ  -1.66%  0.44% µ  µ   αφ   µ  -0.40% α   

µ α α   µ  175.41% α L[IFM]=4.  

Γ α [Pi]=400kN  ∆ / MC υµα α  απ  -2.14%  1.51% µ  µ   αφ   

µ  0.07% α   µ α α   µ  1917.18% α L[IFM]=2 απ  -2.29%  2.23% 

µ  µ   αφ   µ  -1.05% α   µ α α   µ  143.84% α 

L[IFM]=3 α  απ  -0.61%  1.96% µ  µ   αφ   µ  0.83% α   

µ α α   µ  113.89% α L[IFM]=4.  

Γ α [Pi]=425kN  ∆ / MC υµα α  απ  -2.88%  2.43% µ  µ   αφ   

µ  0.46% α   µ α α   µ  325.53% α L[IFM]=2, απ  -2.50%  2.19% 

µ  µ   αφ   µ  0.58% α   µ α α   µ  272.81% α 

L[IFM]=3 α  απ  -2.13%  2.26% µ  µ   αφ   µ  0.91% α   

µ α α   µ  148.77% α L[IFM]=4. 

α ∆ . 3.64  ∆ . 3.66 πα υ α   µ α  υ υ  απα µ  

µα   µ υ  π   π  µα   µ υ MC. Γ α 

[Pi]=375kN   αυ  υµα α  απ  0.84%  4.41%  α [Pi]=400kN   

υµα α  απ  1.50%  20.79%  α [Pi]=425kN   αυ  υµα α  απ  

3.86%  42.01% α   α   π α α  α α    α  υ 

υπ  φ υ. α ∆ . 3.67  ∆ . 3.70, πα υ α    α υ  

α α   µ υ MC α   π µ  µ υ α αφ  µ  υ L[IFM] α 

[Pi]=375kN α   . 3.37, πα υ α  α π  υµµ   α υ  

α α .  π µ  µ  α α α π  µ  π υ α   α υ  α α  

µ  α   π π  π υ L[IFM]=4. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.87   α  – µ α  ∆ µ α  

Relative difference of str
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∆ . 3.61:  µ α  υ str α φ  µ  υ L[IFM] (E[Pi]=375kN) 

Relative difference of str
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∆ . 3.62:  µ α  υ str α φ  µ  υ L[IFM] (E[Pi]=400kN) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.88   α  – µ α  ∆ µ α  

Relative difference of str
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∆ . 3.63:  µ α  υ str α φ  µ  υ L[IFM] (E[Pi]=425kN) 

Simulation Ratio
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∆ . 3.64:  [ sim/NsimMC] α υ  υ υα µ  υ Ai (E[Pi]=375kN). 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.89   α  – µ α  ∆ µ α  

Simulation Ratio
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∆ . 3.65:  [ sim/NsimMC] α υ  υ υα µ  υ Ai (E[Pi]=400kN). 

Simulation Ratio
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∆ . 3.66:  [ sim/NsimMC] α υ  υ υα µ  υ Ai (E[Pi]=425kN). 

 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.90   α  – µ α  ∆ µ α  

υ α α  MC L[IFM]=2 L[IFM]=3 L[IFM]=4 

L4C9C10C36C37 39.00% 37.06% 32.40% 40.46% 

L5C9C10C11C36C37 28.00% 24.33% 20.16% 24.25% 

L5 1C9C10C36C37 15.00% 8.06% 7.46% 18.99% 

L6 1C9C10C11C36C37 6.00% 13.79% 16.79% 8.28% 

L7 1T2C9C10C11 18 19 3.00% 3.92% 4.03% 4.00% 

L6 1C9C10C11 18 19 3.00% 4.02% 3.00% - 

L6T1T2C9C10C36C37 - - - 4.00% 

 94.00% 91.09% 85.08% 100.00% 

. 3.37: υ  υµµ   α υ  α α  α [Pi]=375kN. 

α ∆ . 3.71  ∆ . 3.74, πα υ α    α υ  α α   µ υ 

MC α   π µ  µ υ α αφ  µ  υ L[IFM] α [Pi]=400kN α   

. 3.38, πα υ α  α π  υµµ   α υ  α α . Γ α  

π µ  µ  α  L[IFM]=4,  α α υ α α α  α   

L5C9C10C11C36C37  α  µ   µ  MC α   µ  α L[IFM]=2 α  

L[IFM]=3 α  π   α α υ α α α  α   L4C9C10C36C37.  

π µ  µ  α α α π  µ  π υ α   α υ  α α . 

υ α α  MC L[IFM]=2 L[IFM]=3 L[IFM]=4 

L4C9C10C36C37 40.00% 36.61% 27.37% 25.57% 

L5C9C10C11C36C37 22.00% 25.36% 26.71% 29.27% 

L5 1C9C10C36C37 16.00% 15.04% 22.84% 14.68% 

L6 1C9C10C11C36C37 11.00% 11.14% 6.97% 18.58% 

L5 1C9C10 18 19 4.00% 6.00% 5.63% 5.93% 

L6 1C9C10C11 18 19 2.00% 1.85% 1.66% 1.90% 

 96.00% 91.14% 95.91% 95.00% 

. 3.38: υ  υµµ   α υ  α α  α [Pi]=400kN. 

α ∆ . 3.75  ∆ . 3.78, πα υ α    α υ  α α   µ υ 

MC α   π µ  µ υ α αφ  µ  υ L[IFM] α [Pi]=425kN α   

. 3.39, πα υ α  α π  υµµ   α υ  α α .  

π µ  µ  α α α π  µ  π υ α   α υ  α α . 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.91   α  – µ α  ∆ µ α  

 

∆ . 3.67:  α υ  α α  (E[Pi]=375kN, MC). 

Id L4C9C10C36C37 

# Failures 39 

Failure Length 4 
Part. factor 0.39 

Id L5C9C10C11C36C37 

# Failures 28 
Failure Length 5 

Part. factor 0.28 

Id L5T1C9C10C36C37 
# Failures 15 

Failure Length 5 

Part. factor 0.15 

Id L6T1C9C10C11C36C37

# Failures 6 

Failure Length 6 
Part. factor 0.06 

Id L7T1T2C9C10C11T18T19

# Failures 3

Failure Length 7
Part. factor 0.03

Id L6T1C9C10C11T18T19
# Failures 3

Failure Length 6

Part. factor 0.03

Id L6T1T2C9C10C36C37

# Failures 2

Failure Length 6

Part. factor 0.02

Id L5C9C10C11T18T19

# Failures 1
Failure Length 5

Part. factor 0.01

Id L7T1T2C9C10T18C36C37

# Failures 1
Failure Length 7

Part. factor 0.01

Id L5T1C9C10T18T19
# Failures 1

Failure Length 5

Part. factor 0.01

Id L4C9C10T18T19

# Failures 1

Failure Length 4

Part. factor 0.01



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.92   α  – µ α  ∆ µ α  

 

∆ . 3.68:  α υ  α α  (E[Pi]=375kN, L[IFM]=2). 

Id L4C9C10C36C37 

# Failures 10 

Failure Length 4

Part. factor 0.3706054 

Id L5C9C10C11C36C37 

# Failures 6 

Failure Length 5

Part. factor 0.2433619 

Id L6T1C9C10C11C36C37 

# Failures 3 

Failure Length 6

Part. factor 0.137908 

Id L5T1C9C10C36C37

# Failures 2

Failure Length 5

Part. factor 0.0806638

Id L4C9C10T18T19

# Failures 1

Failure Length 4

Part. factor 0.0445202

Id L6T1T2C9C10C36C37

# Failures 1

Failure Length 6

Part. factor 0.0445202

Id L5T1C9C10T18T19 

# Failures 1 

Failure Length 5 

Part. factor 0.0392103 

Id L6T1C9C10C11T18T19

# Failures 1 

Failure Length 6 

Part. factor 0.0392103 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.93   α  – µ α  ∆ µ α  

 

∆ . 3.69:  α υ  α α  (E[Pi]=375kN, L[IFM]=3). 

Id L4C9C10C36C37 

# Failures 8 

Failure Length 4 

Part. factor 0.3240557 

Id L5C9C10C11C36C37 

# Failures 5

Failure Length 5 

Part. factor 0.2016785 

Id L6T1C9C10C11C36C37 

# Failures 4 

Failure Length 6 

Part. factor 0.1697384 

Id L5T1C9C10C36C37

# Failures 2

Failure Length 5

Part. factor 0.0746583

Id L6T1T2C9C10C36C37

# Failures 2

Failure Length 6

Part. factor 0.0746583

Id L4C9C10T18T19

# Failures 1

Failure Length 4

Part. factor 0.0457304

Id L5T1C9C10T18T19

# Failures 1 

Failure Length 5

Part. factor 0.0402762

Id L6T1C9C10C11T18T19

# Failures 1 

Failure Length 6 

Part. factor 0.0402762

Id L7T1T2C9C10C11C36C37

# Failures 1 

Failure Length 7

Part. factor 0.0289279



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.94   α  – µ α  ∆ µ α  

 

∆ . 3.70:  α υ  α α  (E[Pi]=375kN, L[IFM]=4). 

Id L4C9C10C36C37

# Failures 10 

Failure Length 4 

Part. factor 0.4046586

Id L5C9C10C11C36C37

# Failures 8 

Failure Length 5 

Part. factor 0.2425488

Id L5T1C9C10C36C37

# Failures 5 

Failure Length 5 

Part. factor 0.1899905

Id L6T1C9C10C11C36C37

# Failures 2 

Failure Length 6 

Part. factor 0.082767 

Id L4C9C10T18T19 

# Failures 1 

Failure Length 4 

Part. factor 0.0400176 

Id L6T1T2C9C10C36C37 

# Failures 1 

Failure Length 6 

Participation 0.0400176 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.95   α  – µ α  ∆ µ α  

 

∆ . 3.71:  α υ  α α  (E[Pi]=400kN, MC). 

Id L4C9C10C36C37 

# Failures 40 

Failure Length 4 
Part. factor 0.4 

Id L5C9C10C11C36C37 

# Failures 22 
Failure Length 5 

Part. factor 0.22 

Id L5T1C9C10C36C37 
# Failures 16 

Failure Length 5 

Part. factor 0.16 

Id L6T1C9C10C11C36C37

# Failures 11

Failure Length 6
Part. factor 0.11

Id L5T1C9C10T18T19

# Failures 4

Failure Length 5
Part. factor 0.04

Id L6T1T2C9C10T18T19
# Failures 2

Failure Length 6

Part. factor 0.02

Id L4C9C10T18T19

# Failures 2 

Failure Length 4

Part. factor 0.02

Id L6T1C9C10C11T18T19

# Failures 2 
Failure Length 6

Part. factor 0.02

Id L5C9C10C11T18T19

# Failures 1 
Failure Length 5

Part. factor 0.01



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.96   α  – µ α  ∆ µ α  

 

∆ . 3.72:  α υ  α α  (E[Pi]=400kN, L[IFM]=2). 

 

Id L4C9C10C36C37 

# Failures 13 

Failure Length 4

Part. factor 0.3661208 

Id L5C9C10C11C36C37 

# Failures 8 

Failure Length 5

Part. factor 0.2536524 

Id L6T1C9C10C11C36C37 

# Failures 5 

Failure Length 6

Part. factor 0.1114155 

Id L5T1C9C10C36C37

# Failures 5

Failure Length 5

Part. factor 0.1504549

Id L6T1C9C10C11T18T19

# Failures 2

Failure Length 6

Part. factor 0.0600232

Id L7T1T2C9C10C11T18T19

# Failures 1

Failure Length 7

Part. factor 0.0185603

Id L5C9C10C11C44C45

# Failures 1 

Failure Length 5 

Part. factor 0.0198864

Id L5C9C10C11T18T19

# Failures 1 

Failure Length 5 

Part. factor 0.0198864



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.97   α  – µ α  ∆ µ α  

 

∆ . 3.73:  α υ  α α  (E[Pi]=400kN, L[IFM]=3). 

Id L4C9C10C36C37 

# Failures 12 

Failure Length 4 

Part. factor 0.2733758 

Id L5C9C10C11C36C37 

# Failures 8 

Failure Length 5 

Part. factor 0.2670912 

Id L5T1C9C10C36C37 

# Failures 7 

Failure Length 5 

Part. factor 0.2284206 

Id L6T1C9C10C11C36C37

# Failures 3

Failure Length 6

Part. factor 0.0697368

Id L6T1C9C10C11T18T19

# Failures 2

Failure Length 6

Part. factor 0.0563247

Id L5T1C9C10T18T19

# Failures 1

Failure Length 5

Part. factor 0.0165853

Id L6T1C9C10C11C44C45

# Failures 1 

Failure Length 6

Part. factor 0.0231129

Id L4C9C10T18T19

# Failures 1 
Failure Length 4

Part. factor 0.0231129

Id L6T1T2C9C10C36C37

# Failures 1 
Failure Length 6

Part. factor 0.0422399



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.98   α  – µ α  ∆ µ α  

 

∆ . 3.74:  α υ  α α  (E[Pi]=400kN, L[IFM]=4). 

Id L4C9C10C36C37 

# Failures 11

Failure Length 4 

Part. factor 0.2557466 

Id L5C9C10C11C36C37 

# Failures 8 

Failure Length 5 

Part. factor 0.292703 

Id L6T1C9C10C11C36C37 

# Failures 6 

Failure Length 6 

Part. factor 0.1858113 

Id L5T1C9C10C36C37

# Failures 6

Failure Length 5

Part. factor 0.1468452

Id L6T1C9C10C11T18T19

# Failures 2

Failure Length 6

Part. factor 0.0592812

Id L7T1T2C9C10C11T18T19

# Failures 1

Failure Length 7

Part. factor 0.0189677

Id L6T1C9C10C11C44C45

# Failures 1 

Failure Length 6 

Part. factor 0.0203225 

Id L4C9C10T18T19 

# Failures 1 

Failure Length 4 

Part. factor 0.0203225 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.99   α  – µ α  ∆ µ α  

 

∆ . 3.75:  α υ  α α  (E[Pi]=425kN, MC). 

Id L4C9C10C36C37 
# Failures 40 

Failure Length 4 

Part. factor 0.4 

Id L5C9C10C11C36C37 

# Failures 24 

Failure Length 5 
Part. factor 0.24 

Id L5T1C9C10C36C37 

# Failures 13 
Failure Length 5 

Part. factor 0.13 

Id L6T1C9C10C11C36C37

# Failures 8 

Failure Length 6 

Part. factor 0.08 

Id L5T1C9C10T18T19

# Failures 4

Failure Length 5
Part. factor 0.04

Id L7T1T2C9C10C11C36C37

# Failures 4
Failure Length 7

Part. factor 0.04

Id L6T1T2C9C10C36C37
# Failures 2

Failure Length 6

Part. factor 0.02

Id L6T1C9C10C11T18T19

# Failures 2 

Failure Length 6
Part. factor 0.02

Id L5C9C10C11T18T19

# Failures 2 

Failure Length 5
Part. factor 0.02

Id L6T1T2C9C10T18T19

# Failures 1 
Failure Length 6

Part. factor 0.01



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.100   α  – µ α  ∆ µ α  

 

∆ . 3.76:  α υ  α α  (E[Pi]=425kN, L[IFM]=2). 

Id L4C9C10C36C37 

# Failures 12 

Failure Length 4

Part. factor 0.3390832 

Id L5C9C10C11C36C37 

# Failures 10 

Failure Length 5

Part. factor 0.1957014 

Id L5T1C9C10C36C37 

# Failures 8 

Failure Length 5

Part. factor 0.242458 

Id L6T1C9C10C11C36C37

# Failures 4

Failure Length 6

Part. factor 0.1144975

Id L5T1C9C10T18T19

# Failures 3

Failure Length 5

Part. factor 0.0557461

Id L4C9C10T18T19

# Failures 1

Failure Length 4

Part. factor 0.0296338

Id L6T1T2C9C10T18T19

# Failures 1 

Failure Length 6 

Part. factor 0.0151162 

Id L7T1T2C9C10C11T18T19

# Failures 1 

Failure Length 7 

Part. factor 0.0077639 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.101   α  – µ α  ∆ µ α  

 

∆ . 3.77:  α υ  α α  (E[Pi]=425kN, L[IFM]=3). 

υ α α  MC L[IFM]=2 L[IFM]=3 L[IFM]=4 

L4C9C10C36C37 40.00% 33.91% 42.88% 36.67% 

L5C9C10C11C36C37 24.00% 19.57% 22.47% 20.45% 

L5 1C9C10C36C37 13.00% 24.24% 16.03% 23.18% 

L6 1C9C10C11C36C37 8.00% 11.45% 4.93% 9.15% 

L5 1C9C10 18 19 4.00% 5.57% 3.11% 5.43% 

L7 1 2C9C10C11C36C37 4.00% - 3.12% - 

 95.00%. 94.74% 94.87% 94.57% 

. 3.39: υ  υµµ   α υ  α α  α [Pi]=425kN. 

Id L4C9C10C36C37 

# Failures 16 

Failure Length 4 

Part. factor 0.4288286 

Id L5C9C10C11C36C37 

# Failures 11 

Failure Length 5 

Part. factor 0.2246991 

Id L5T1C9C10C36C37 

# Failures 7 

Failure Length 5 

Part. factor 0.1603344 

Id L5T1C9C10T18T19

# Failures 3

Failure Length 5

Part. factor 0.0543818

Id L6T1C9C10C11C36C37

# Failures 2

Failure Length 6

Part. factor 0.0493661

Id L7T1T2C9C10C11C36C37

# Failures 1

Failure Length 7

Part. factor 0.031164

Id L4C9C10T18T19

# Failures 1 

Failure Length 4

Part. factor 0.0289084

Id L6T1T2C9C10T18T19

# Failures 1 
Failure Length 6

Part. factor 0.0147462

Id L7T1T2C9C10C11T18T19

# Failures 1 
Failure Length 7

Part. factor 0.0075713



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.102   α  – µ α  ∆ µ α  

 

∆ . 3.78:  α υ  α α  (E[Pi]=425kN, L[IFM]=4). 

 ∆ . 3.79, πα υ α   µα  απ  αφ   π  

υµµ   α  α υ α  α α , α   µα  α   

αφ   π  υµµ   α  α υ α  α α   π  α 

απ µα α  µ υ MC.   αυ  α  µφ α µ    (3.63) α  

(3.64) α α. α π  αυ  α α υ   α α  µ υ α 

α α α    α υ  α α   α α υ .  µ  µα  

α    α  α  α L[IFM]=2  µ  1.514%, α L[IFM]=3  µ  

1.662% α  α L[IFM]=4  µ  1.365%.  µ  µα  απ  αφ  α  

Id L4C9C10C36C37 

# Failures 14

Failure Length 4 

Part. factor 0.3667005 

Id L5C9C10C11C36C37 

# Failures 11

Failure Length 5 

Part. factor 0.2044634 

Id L5T1C9C10C36C37 

# Failures 8 

Failure Length 5 

Part. factor 0.2317681 

Id L6T1C9C10C11C36C37

# Failures 4
Failure Length 6

Part. factor 0.091457

Id L5T1C9C10T18T19
# Failures 3 

Failure Length 5
Part. factor 0.0543828

Id L6T1T2C9C10T18T19
# Failures 2

Failure Length 6

Part. factor 0.0223194

Id L4C9C10T18T19
# Failures 1 

Failure Length 4 
Part. factor 0.0289087



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.103   α  – µ α  ∆ µ α  

α L[IFM]=2  µ  20.987%, α L[IFM]=3  µ  26.010% α  α L[IFM]=4  µ  

24.023%. Ω  π   µα  α   αφ  α α α απ µα α 

α  υπ  α  π µα πα α α  α L[IFM]=4. Ω  π   µα  

απ  αφ  α α α απ µα α πα α α  α L[IFM]=2. 
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∆ . 3.79:  α  απ υ   π  υµµ   α υ  α α . 

 . 3.40, πα υ α   µ   απ α   µ  υ  

α π α   α α υ   π    α π α   µ υ MC E[∆ str] α   

µ  µ  υ υ E[min[ Φ]], µ υ E[max[ Φ]], α  µ υ υπ  

φ υ E[ Φ],  π   µ   µ  π υ  α υ α  α α . Ω  π   

E[∆ str] α α α απ µα α πα α α  α L[IFM]=4. Ω  π   µ  

υπ  φ  α α α απ µα α πα α α  α L[IFM]=3. 

 E[∆ str] E[min[ Φ]] E[max[ Φ]] E[ Φ] 

L[IFM]=2 -0.01% 3.06% 21.61% 6.86% 

L[IFM]=3 0.39% 2.16% 16.76% 5.36% 

L[IFM]=4 0.44% 2.79% 17.74% 5.50% 

. 3.40: E[∆ str], E[min[ Φ]], E[max[ Φ]] α  E[ Φ] α µα 64 µ . 

Γ α  π µα α α α απ µα α  π   α α  µ υ,  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.104   α  – µ α  ∆ µ α  

π α α α αφ    α υ  α α  α   υπ  φ  

πα α α  α L[IFM]=4.   π π   α α  µ υ α  π  α  

α   υπ  φ  π  α  µ  υ υπ  φ υ  µ υ MC.  

     α α   υµπ φ   π µ  µ υ   µ  

 µ   πα αµ υ fvol π α µα π α  2 π π  α α  α fvol=1.10 α  

fvol=1.00 α α. υ  . 3.41  . 3.43, πα υ α   µ  µ  υ 

υπ  φ υ α   µ   αφ  α  απ υ  µ  υ  

α π α   π µ  µ υ  π   µ  MC [|∆ str|], α E[Pi]=375kN, 

E[Pi]=400kN α  E[Pi]=425kN α α.  

 µ  µ  απ  α   µ   υ υπ  φ υ 

πα α α  α fvol=1.00.  µ   µ   υπ  α  πα αµ υ υ π α  

µ  υ υπ  φ υ. Γ α  [|∆ str|] α  α E[Pi]=375kN α  E[Pi]=400kN  

π µ  α µ  α fvol=1.20  α α απ µα α   µ   

π µ  µ  α  fvol=1.10. Γ α [Pi]=375kN α  [Pi]=400kN  µ  µ  

απ  υ |∆ str| πα α α  α fvol=1.00 α  L[IFM]=4. Γ α [Pi]=425kN α α α 

απ µα α πα α α  α fvol=1.00 α  L[IFM]=2. 

E[|∆ str|] E[ Φ] 
 

fvol=1.20 fvol=1.10 fvol=1.00 fvol=1.20 fvol=1.10 fvol=1.00 

L[IFM]=2 0.608% 0.726% 0.405% 1.58% 1.36% 1.14% 

L[IFM]=3 0.536% 0.546% 0.413% 1.59% 1.37% 1.14% 

L[IFM]=4 0.538% 0.569% 0.281% 1.50% 1.31% 1.16% 

. 3.41: E[|∆ str|], α  E[ Φ] α µα 64 µ  (πα αµ  µ  E[Pi]=375kN). 

E[|∆ str|] E[ Φ] 
 

fvol=1.20 fvol=1.10 fvol=1.00 fvol=1.20 fvol=1.10 fvol=1.00 

L[IFM]=2 1.092% 1.867% 0.759% 4.00% 3.97% 2.58% 

L[IFM]=3 1.627% 1.916% 0.914% 3.90% 3.94% 2.62% 

L[IFM]=4 1.066% 1.501% 0.645% 4.36% 3.93% 2.65% 

. 3.42: E[|∆ str|], α  E[ Φ] α µα 64 µ  (πα αµ  µ  E[Pi]=400kN). 

Γ α fvol=1.10, α  [Pi]=375kN   απ α  υ  α π α  υµα α  απ  -

1.54%  0.30% µ  µ   αφ   µ  -0.65% α   µ α α   µ  

94.9% α L[IFM]=2 απ  -1.52%  0.19% µ  µ   αφ   µ  -0.50% α  

 µ α α   µ  113.3% α L[IFM]=3 α  απ  -1.59%  0.33% µ  µ  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.105   α  – µ α  ∆ µ α  

 αφ   µ  -0.49% α   µ α α   µ  134.4% α L[IFM]=4. Γ α 

[Pi]=400kN   απ α  υ  α π α  υµα α  απ  -2.80 %  2.26% 

µ  µ   αφ   µ  0.71% α   µ α α   µ  278.7% α 

L[IFM]=2 απ  -2.67%  2.36% µ  µ   αφ   µ  1.09% α   

µ α α   µ  165.8% α L[IFM]=3 α  απ  -0.64%  2.30% µ  µ   

αφ   µ  1.34% α   µ α α   µ  76.7% α L[IFM]=4. Γ α 

[Pi]=425kN   απ α  υ  α π α  υµα α  απ  -2.79%  2.51% 

µ  µ   αφ   µ  0.35% α   µ α α   µ  414.7% α 

L[IFM]=2, απ  -2.50%  2.36% µ  µ   αφ   µ  0.39% α   

µ α α   µ  379.6% α L[IFM]=3 α  απ  -2.31%  2.79% µ  µ   

αφ   µ  0.78% α   µ α α   µ  187.0% α L[IFM]=4. 

E[|∆ str|] E[ Φ] 
 

fvol=1.20 fvol=1.10 fvol=1.00 fvol=1.20 fvol=1.10 fvol=1.00 

L[IFM]=2 1.182% 1.054% 0.827% 14.98% 13.51% 7.78% 

L[IFM]=3 1.443% 1.155% 1.064% 10.58% 10.35% 6.35% 

L[IFM]=4 1.439% 1.361% 1.057% 10.63% 10.33% 6.50% 

. 3.43: E[|∆ str|], α  E[ Φ] α µα 64 µ  (πα αµ  µ  E[Pi]=425kN). 

Γ α fvol=1.00, α  [Pi]=375kN   απ α  υ  α π α  υµα α  απ  -

0.91%  0.54% µ  µ   αφ   µ  -0.13% α   µ α α   µ  

386.0% α L[IFM]=2 απ  -0.84%  0.74% µ  µ   αφ   µ  0.20% α  

 µ α α   µ  239.0% α L[IFM]=3 α  απ  -0.84%  0.57% µ  µ  

 αφ   µ  0.07% α   µ α α   µ  602.4% α L[IFM]=4. Γ α 

[Pi]=400kN   απ α  υ  α π α  υµα α  απ  -2.76 %  0.82% 

µ  µ   αφ   µ  0.05% α  π  υ   µ α α   µ  

2453.9% α L[IFM]=2 απ  -2.83%  0.88% µ  µ   αφ   µ  0.21% α  

 µ α α   µ  603.9% α L[IFM]=3 α  απ  -0.96%  1.28% µ  µ  

 αφ   µ  0.33% α   µ α α   µ  212.6% α L[IFM]=4. Γ α 

[Pi]=425kN   απ α  υ  α π α  υµα α  απ  -1.92%  2.20% 

µ  µ   αφ   µ  0.30% α   µ α α   µ  375.7% α 

L[IFM]=2, απ  -1.72%  1.96% µ  µ   αφ   µ  0.40% α   

µ α α   µ  303.5% α L[IFM]=3 α  απ  -1.56%  2.27% µ  µ   

αφ   µ  0.67% α   µ α α   µ  166.8% α L[IFM]=4. 

 υ α α   µ   αφ  α  απ υ  µ  υ  α π α , 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.106   α  – µ α  ∆ µ α  

µ   π π  π υ υµ  υπ µ  υ  α π α  απ   

π µ  µ . υ  . 3.44  . 3.46, πα υ α   µ  απ  α   

α  µα α E[Pi]=375kN, E[Pi]=400kN α  E[Pi]=425kN α α,  

υ  υ µ υ   µ  π υ  α υ α  α α . 

Γ α E[Pi]=375kN,  µ  µ  µ    αφ  α  απ υ  µ   

π π  υπ µ  υ  α π α  (E[|∆ str|, ∆ str<0]) πα α α  α 

fvol=1.00 α  L[IFM]=2. α  µ  µα   αφ  α  

απ υ  µ   π π  υπ µ  υ  α π α  ( [|∆ str|, ∆ str<0]) 

πα α α  α fvol=1.00 α  L[IFM]=3 α  L[IFM]=4.  π   π µ  α α 

π α πα α α  υπ µ  υ  α π α  υµα α  απ  1  2 π µα α 

α fvol=1.00 α  απ  6  7 π µα α α fvol=1.10 α  fvol=1.20 α α. 

Γ α E[Pi]=400kN,  µ  µ  µ   E[|∆ str|, ∆ str<0] πα α α  α fvol=1.00 α  

L[IFM]=4. α  µ  µα  [|∆ str|, ∆ str<0] πα α α  α 

fvol=1.10 α  L[IFM]=3.  π   π µ  α α π α πα α α  

υπ µ  υ  α π α  υµα α  απ  1  3 π µα α α fvol=1.00 α  

fvol=1.10 α  απ  2  3 π µα α α fvol=1.20. 

 α E[Pi]=425kN,  µ  µ  µ   E[|∆ str|, ∆ str<0] πα α α  α 

fvol=1.00 α  L[IFM]=2. α  µ  µα  [|∆ str|, ∆ str<0] 

πα α α  α fvol=1.00 α  L[IFM]=4.  π   π µ  α α π α 

πα α α  υπ µ  υ  α π α  υµα α  απ  1  2 π µα α α 

π α π  µ   πα αµ υ fvol. 

E[|∆ str|, ∆ str<0] [|∆ str|, ∆ str<0] 
 

fvol=1.20 fvol=1.10 fvol=1.00 fvol=1.20 fvol=1.10 fvol=1.00 

L[IFM]=2 0.78% 0.92% 0.55% 4.68% 5.51% 1.10% 

L[IFM]=3 0.57% 0.60% 0.84% 3.98% 4.18% 0.84% 

L[IFM]=4 0.63% 0.60% 0.84% 3.76% 4.22% 0.84% 

. 3.44: E[|∆ str|], α  E[ Φ] α µα 64 µ  (πα αµ  µ  E[Pi]=375kN). 

µφ α µ  α απ µα α  . 3.44  . 3.46, α α α απ µα α 

πα α α  α fvol=1.00.  υ  µ   µ   µ  π υ  α υ α  

α α , α α α απ µα α πα α α  α L[IFM]=4. 

 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.107   α  – µ α  ∆ µ α  

E[|∆ str|, ∆ str<0] [|∆ str|, ∆ str<0] 
 

fvol=1.20 fvol=1.10 fvol=1.00 fvol=1.20 fvol=1.10 fvol=1.00 

L[IFM]=2 1.02% 1.54% 1.42% 4.07% 4.63% 2.85% 

L[IFM]=3 1.15% 1.65% 2.83% 2.31% 3.30% 2.83% 

L[IFM]=4 0.48% 0.64% 0.42% 0.95% 0.64% 1.25% 

. 3.45: E[|∆ str|], α  E[ Φ] α µα 64 µ  (πα αµ  µ  E[Pi]=400kN). 

E[|∆ str|, ∆ str<0] [|∆ str|, ∆ str<0] 
 

fvol=1.20 fvol=1.10 fvol=1.00 fvol=1.20 fvol=1.10 fvol=1.00 

L[IFM]=2 2.88% 1.40% 1.05% 2.88% 2.80% 2.10% 

L[IFM]=3 1.73% 1.54% 1.32% 3.46% 3.07% 2.64% 

L[IFM]=4 2.13% 2.31% 1.56% 2.13% 2.31% 1.56% 

. 3.46: E[|∆ str|], α  E[ Φ] α µα 64 µ  (πα αµ  µ  E[Pi]=425kN). 

 α   υ π α  π µ  µ υ  π   α α αφ    

α υ  α α .  µ  υπ  π υ    α υ  α α . α 

π  υµµ   α υ  α α  πα υ α  α ∆ . 3.80  ∆ . 

3.82, α E[Pi]=375kN, E[Pi]=400kN α  E[Pi]=425kN α α. 
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∆ . 3.80:  υµµ    α υ  α α  (E[Pi]=375kN). 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.108   α  – µ α  ∆ µ α  

Comparison of % of FM
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∆ . 3.81:  υµµ    α υ  α α  (E[Pi]=400kN). 

Comparison of % of FM
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∆ . 3.82:  υµµ    α υ  α α  (E[Pi]=425kN). 

 µ  µ  απ  υ α µα   απ υ  αφ  πα α α  α 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.109   α  – µ α  ∆ µ α  

fvol=1.00 µ  π  28.17% α  33.16% α fvol=1.10 α  33.22% α fvol=1.20. Ω  π  

 L[IFM]  µ  απ  υ α µα   απ  αφ  α L[IFM]=2 α  

 µ  30.93%, α L[IFM]=3 α   µ  32.27% α  α L[IFM]=4 α   µ  31.35%.  

υ υα µ  α  µ  α απ µα α  π    υ υπ  φ υ α   

α α  υπ µ  υ  α π α , α  υπ  α  π µα, α α α 

απ µα α α αµ α  α fvol=1.00 α  L[IFM]=4. 

3.14.10 µα 112 µ  

3.14.10.1 µ  µα  

α ∆ . 3.83  ∆ . 3.85, πα υ α , α  µ  , µα 

112 µ  [32].  υπ α α υ φ α α   µ  30. α µ  

α α  υ φ α πα υ α   ∆ . 3.85. υ  µ υ  1  37 α α  

α α υφ  φ  P1 µφ α µ   α α µ  π υ πα υ α   ∆ . 3.86. υ  

µ υ  1  13 α α  α φ α P2 α  P3 α    α   υ  

α α µφ α µ   α α µ  π υ πα υ α   ∆ . 3.87. α 112 µ  

α   10 µ   π   .µ  α µ  υ .  µ  αυ  

πα υ α   ∆ . 3.84 (α µ  απ  1  10).  α µ   µ  

πα υ α   . 3.47. 

 

∆ . 3.83: µα 112 µ  ( α   - µ ). 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.110   α  – µ α  ∆ µ α  

 

∆ . 3.84: µα 112 µ  (  – µ  ∆ α µ ) 

 

∆ . 3.85: µα 112 µ  (   - α ). 

 

∆ . 3.86: µα 112 µ  (Φ  P1). 

1.5 P1 

X 

1.0 P1
1.0 P1 

0.5 P1 0.5 P1 

Z 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.111   α  – µ α  ∆ µ α  

 

∆ . 3.87: µα 112 µ  (Φ α P2, P3). 

 † ‡         

1 1 2  29 4 19  57 22 23  85 38 15 

 2 1 3  30 19 5  58 23 24  86 15 39 

 3 1 4  31 5 21  59 24 25  87 40 19 

 4 1 5  32 21 6  60 25 26  88 19 41 

 5 1 6  33 6 23  61 26 27  89 41 21 

 6 1 7  34 23 7  62 27 28  90 21 42 

 7 1 8  35 7 25  63 28 29  91 43 25 

 8 1 9  36 25 8  64 29 30  92 25 44 

 9 1 10  37 8 27  65 30 31  93 44 27 

 10 1 11  38 27 9  66 31 32  94 27 45 

 11 1 12  39 9 29  67 32 33  95 31 46 

 12 1 13  40 29 10  68 33 34  96 31 47 

 13 2 3  41 10 31  69 34 35  97 33 47 

 14 3 4  42 31 11  70 35 36  98 33 48 

 15 4 5  43 11 33  71 36 37  99 37 49 

 16 5 6  44 12 33  72 37 14  100 37 38 

 17 6 7  45 12 35  73 2 14  101 14 38 

 18 7 8  46 13 35  74 3 16  102 16 39 

 19 8 9  47 13 37  75 4 18  103 18 40 

 20 9 10  48 37 2  76 5 20  104 20 41 

 21 10 11  49 14 15  77 6 22  105 22 42 

 22 11 12  50 15 16  78 7 24  106 24 43 

1.2P2

0.6P2 

0.6P2

0.6P20.6P2

0.6P3
0.6P3

0.6P3 

0.6P3
1.2P3

X 

Y 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.112   α  – µ α  ∆ µ α  

 † ‡         

 23 12 13  51 16 17  79 8 26  107 26 44 

 24 13 2  52 17 18  80 9 28  108 28 45 

 25 2 15  53 18 19  81 10 30  109 30 46 

 26 15 3  54 19 20  82 11 32  110 32 47 

 27 3 17  55 20 21  83 12 34  111 34 48 

 28 17 4  56 21 22  84 13 36  112 36 49 

. 3.47: µ  µ  υ µα  112 µ . † µ   ‡ µ  

α  

3.14.10.2 µ  υπ π µ  – α αµ  Μ  

υ  α  3 αφ    π   α µ  υ φ α. Γ α  1  

α  π α  α µ  Φ152
4
/4

0
 α  2  α  α µ  Φ159

0
/4

0
 α  α  3  

α  α µ  Φ168
3
/4

0
. Γ α  1  α  α  α  6 υ υα µ   π   

µ  µ  α    µ α α   φ . Γ α  2  α  α  3 

υ υα µ   π    µ α α  υ φ υ.  υ υα µ  αυ  

α  α  α  3  α .  υ υα µ   α µ  α   φ  

µα υ  12 π µα α α  υπ  α  µα. α µ α  

π µα  πα υ α   . 3.48. 

Ω  .µ υ π µα  α    α    α  φ υ µ  α φ α π υ 

α α   α α υ  α   π φ   α µ .  µ  µ  υ  α  

 φ υ µ  α   µ  27.5kN/cm
2
 α   µ  µ    α  υ υ   

 α   µ  24.0kN/cm
2
.  π   .µ α   µ  15. 

  µ α α    α  α   2 π π   µ  7%.  

 µ α α   π φα   α µ    π π  αµ α   

µ  10%.   α  α   µ α   α µ  α υ  α µ  α α µ  

 α φ α α υ  α  α α µ . 

Γ α α 12 π µα α π α µα π α  5 πα αµ  µ   π   L[IFM],  

max{nf,j} α   πα α α    (3.35).  µ   πα αµ  α  5 µ  

πα υ α   . 3.49.  π  πα µ   π µ  µ υ α : 

fvol=1.0, fRV=0.1, fcut-off=0.1, fs,c=0.10, fs,cp=0.70, max{nj}=600.  π   µ  π  

α υ  α α  π υ αµ α  υπ  α µα π  α   µ  40. Γ α  

α υ υ α  α µ  Mersenne Twister  µ  π  α   µ  4357. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.113   α  – µ α  ∆ µ α  

µα ∆ α µ  Ε[P1] kN COV[P1] Ε[P2-3] kN COV[P2-3] 

001 15.0 0.30 15.0 0.30 

002 15.0 0.20 15.0 0.20 

003 15.0 0.40 15.0 0.40 

004 20.0 0.30 20.0 0.30 

005 12.5 0.30 12.5 0.30 

006 

Φ152.4/4.0 

17.5 0.30 17.5 0.30 

007 20.0 0.30 20.0 0.30 

008 20.0 0.20 20.0 0.20 

009 

Φ159/4.0 

20.0 0.40 20.0 0.40 

010 20.0 0.30 20.0 0.30 

011 20.0 0.20 20.0 0.20 

012 

Φ168.3/4.0 

20.0 0.40 20.0 0.40 

. 3.48: ∆ µ α 12 π µ  π υ α  α  µα 112 µ . 

   Γ ∆ Ε 

L[IFM] 1 1 1 2 3 

max{nf,j} 7 7 10 7 

 (3.35) 2  α . 1  α . 2  α . 2  α . 

. 3.49: ∆ µ α 5 πα αµ  µ . 

3.14.10.3 π µα α 

Γ α α υπ  α  π µα α,  π α α α α  µ   µ  MC πα υ α  

 . 3.50. Γ α α π µα α 002 α  005  π    α α  α  

µα µ   α α α  α   µ  93 α  81 α  α α. Γ α υ  π  

υ υα µ   π    α α  α  µα µ   α α α  α  

 µ  600 α .  

 001 002 003 004 005 006 

Pf,s ( C) 2.04x10
-4

 4.94x10
-6

 1.80x10
-3

 2.01x10
-2

 2.68x10
-6

 3.33x10
-3

 

 007 008 009 010 011 012 

Pf,s ( C) 1.14x10
-2

 1.68x10
-3

 3.40x10
-2

 6.18x10
-3

 6.77x10
-4

 2.17x10
-2

 

. 3.50: α α α α  α α υ  (Pf,s) (µ  MC). 

   µ   π α α  α α  α 6 απ  α 12 π µα α 

πα υ α  α ∆ . 3.88  ∆ . 3.90.  π α α α α  αυ   αυ   

π    α α . π   α υ   µ  α   υµπ α µα 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.114   α  – µ α  ∆ µ α  

  α υ υ α  α µ  Mersenne Twister α  υπ  α  π µα 

υπ µ   α  ,  π α α α α   α α υ . 

Evolution of Pf,s (MC)

1.0E-04

2.0E-04

3.0E-04

4.0E-04

5.0E-04

6.0E-04

7.0E-04

0 100 200 300 400 500 600 700

Registered Failures (Nf)

P
f,

s
 (

M
C

)

Pf,s 001

Pf,s 011

 

∆ . 3.88: Pf,s α π µα α 001 α  011 ( µα 112 µ  - C). 

Evolution of Pf,s (MC)

2.5E-03

3.0E-03

3.5E-03

4.0E-03

4.5E-03

5.0E-03

5.5E-03

6.0E-03

6.5E-03

7.0E-03

7.5E-03

0 100 200 300 400 500 600 700

Registered Failures (Nf)

P
f,

s
 (

M
C

) Pf,s 006

Pf,s 010

 

∆ . 3.89: Pf,s α π µα α 006 α  010 ( µα 112 µ  - C). 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.115   α  – µ α  ∆ µ α  

Evolution of Pf,s (MC)

1.5E-02

2.0E-02

2.5E-02

3.0E-02

3.5E-02

4.0E-02

0 100 200 300 400 500 600 700

Registered Failures (Nf)

P
f,

s
 (

M
C

) Pf,s 012

Pf,s 009

 

∆ . 3.90: Pf,s α π µα α 012 α  009 ( µα 112 µ  - C). 

 π π    υ υ α  α µ   α α µ   µ υ 

MC πα υ α  α α υ   πα αφ  3.22.  µ  πα υ α   

π π  α α α   α  υ υ α  α µ  Mersenne Twister. 

υ  φ α  υ   α   πυ α  µα α .  α  υ  

µ α α   φ   α α υ  υ π α  α   π α α  α α  

π  α   π π   µ  µ  υ φ υ. 

α ∆ . 3.91  ∆ . 3.95, πα υ α    υ  α π α  α α 

π µα α υ . 3.48, α  π µ  µ  α   µ  MC, α    υ 

 α π α  α  5 πα αµ  µ .  µ  υ α  α   

π   α α .  µ  MC υπ µ  α  υ µα  π   

π α α α α  µ  απ µα   π π      α π α  α 

α  αφ  µ   µ α .   αφ  π   αµ α π π   

υπ α   4%.  υ υα µ  µ  α απ µα α  ∆ . 3.88  ∆ . 3.90 

υµπ α α    µ  MC απα  π  µ α  π   α α  α 

α π  α  α π α  µ   π α α  α α   υ    

µ    α α α  π  π υ   υ  α π υ  α π  µ  

µµ  υ π α  υ µ  απ µα  α   πυ α  µα α . 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.116   α  – µ α  ∆ µ α  

 αφ π   πα αµ   π υ  µα   α α  µ υ. 

Evolution of , C,  ratio

1.5

2.0

2.5

3.0

3.5

4.0

4.5

5.0

005 002 001 011 008 003 006 010 007 004 012 009

Case

96%

97%

98%

99%

100%

101%

 
 r

a
ti

o

β β (MC) Ratio

f vol  = 1.0 - f cut,off =f RV =0.10

2
nd

 Variant

L[IFM]=1 - N[L[IFM]]=40

max{n f,j }=7 max{n j }=600

 

∆ . 3.91: str, str(MC) α  str(MC)/ str (µ  ). 

Evolution of , C,  ratio

1.5

2.0

2.5

3.0

3.5

4.0

4.5

5.0

005 002 001 011 008 003 006 010 007 004 012 009

Case

96%

97%

98%

99%

100%

101%

P
f,

s
 &

 
 r

a
ti

o
β β (MC) Ratio

f vol  = 1.0 - f cut,off =f RV =0.10

1
st
 Variant

L[IFM]=1 - N[L[IFM]]=40

max{n f,j }=7 max{n j }=600

 

∆ . 3.92: str, str(MC) α  str(MC)/ str, (µ  ). 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.117   α  – µ α  ∆ µ α  

Evolution of , C,  ratio

1.5

2.0

2.5

3.0

3.5

4.0

4.5

5.0

005 002 001 011 008 003 006 010 007 004 012 009

Case

96%

97%

98%

99%

100%

101%

P
f,

s
 &

 
 r

a
ti

o

β β (MC) Ratio

f vol  = 1.0 - f cut,off =f RV =0.10

2
nd

 Variant

L[IFM]=1 - N[L[IFM]]=40

max{n f,j }=10 max{n j }=600

 

∆ . 3.93: str, str(MC) α  str(MC)/ str, (µ  Γ). 

Evolution of , C, Pf,s ratio,  ratio

1.5

2.0

2.5

3.0

3.5

4.0

4.5

5.0

005 002 001 011 008 003 006 010 007 004 012 009

Case

96%

97%

98%

99%

100%

101%

P
f,

s
 &

 
 r

a
ti

o

β β (MC) Ratio

L[IFM]=2 - N[L[IFM]]=40

max{n f,j }=7 max{n j }=600

2
nd

 Variant

f vol  = 1.0 - f cut,off =f RV =0.10

 

∆ . 3.94: str, str(MC) α  str(MC)/ str, (µ  ∆). 

α ∆ . 3.96  ∆ . 3.100, πα υ α   π   µ  π υ απα α  µ  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.118   α  – µ α  ∆ µ α  

 µ  MC α   α µ  α   π   α α ,  π   

 α α  α    π   υπ  α α π α  α µ  

απ φα  µα α. 

 π    .µ α   µ  6 (   15) π υ   µα µ  υ 

υ  2
6
=64 υπ υ .  α   µ    π   υπ  π υ 

υ α   πα υ  µ  αφ  α  υ α α  υ  απ   π α α 

α α .  π   υπ  υµα α  απ  12 (π υ α    υ 

18.75% υ π α  υ)  28 (π υ α    υ 43.75% υ 

π α  υ). Γ α  1  πα α α  πα α α  µ  υ π υ   

υπ  α π α υ α    π π  π υ  π α α α α  α  

υ .  π   α  αυ   αυ α   π α α α α  α  

υµ  α   υπ  π υ υ α .  µ  Γ πα υ   υ  

α µ  α  (26.8% υ  α  µ   απ   π   µ  )  α  

µ   (1  πα α α ) πα α α  µ  υ π υ   α   µ  6.4% α  

µ  . Γ α  µ  ∆ α    π   α   µ α α  π α  ( α  

µ   πα α α  µ α µ    υ 1.2% α  0.5% α α).  

Evolution of , C, Pf,s ratio,  ratio

1.5

2.0

2.5

3.0

3.5

4.0

4.5

5.0

005 002 001 011 008 003 006 010 007 004 012 009

Case

96%

97%

98%

99%

100%

101%

P
f,

s
 &

 
 r

a
ti

o
β β (MC) Ratio

f vol  = 1.0 - f cut,off =f RV =0.10

2
nd

 Variant

L[IFM]=3 - N[L[IFM]]=40

max{n f,j }=7 max{n j }=600

 

∆ . 3.95: str, str(MC) α  str(MC)/ str, (µ  ). 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.119   α  – µ α  ∆ µ α  

Evolution of Nsim, Nsim,MC, nf & subsets visited

12 12 15 17 15
21 21 25 25 25 27 28

1.E+00
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1.E+04

1.E+06

1.E+08
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A
n

a
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z
e
d

SubSets Nf

Nsim Nsims,MC

f vol  = 1.0 - f cut,off =f RV =0.10

L[IFM]=1 - N[L[IFM]]=40 

max{n f,j }=7 max{n j }=600

2
nd

 Variant

 

∆ . 3.96: Nsim, Nf, α  π  α µ  υπ  (µ  ). 

Evolution of Nsim, Nsim,MC, nf & subsets visited

12 12 15 17 15
21 20 22 23 23 25 25

1.E+00

1.E+02
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1.E+06

1.E+08
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Case

S
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A
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a
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z
e
d

SubSets Nf

Nsim Nsims,MC

f vol  = 1.0 - f cut,off =f RV =0.10

L[IFM]=1 - N[L[IFM]]=40 

max{n f,j }=7 max{n j }=600

1
st
 Variant

 

∆ . 3.97: Nsim, Nf, α  π  α µ  υπ  (µ  ). 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.120   α  – µ α  ∆ µ α  

Evolution of Nsim, Nsim,MC, nf & subsets visited

12 12 15 17 15
21 21 25 25 25 27 28

1.E+00

1.E+02

1.E+04

1.E+06

1.E+08

005 002 001 011 008 003 006 010 007 004 012 009

Case

S
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u
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o

n
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50

100

150

200
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R
e
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 F
a
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u
re

s
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u

b
s
e
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A
n

a
ly

z
e
d

SubSets Nf

Nsim Nsims,MC

f vol  = 1.0 - f cut,off =f RV =0.10

2
nd

 Variant

L[IFM]=1 - N[L[IFM]]=40 max{n f,j }=10 max{n j }=600

 

∆ . 3.98: Nsim, Nf, α  π  α µ  υπ  (µ  Γ). 

Evolution of Nsim, Nsim,MC, nf & subsets visited

12 12 15 17 15
21 21 25 25 25 27 28

1.E+00

1.E+02

1.E+04

1.E+06

1.E+08
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Case
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A
n

a
ly

z
e
d

SubSets Nf

Nsim Nsims,MC

f vol  = 1.0 - f cut,off =f RV =0.10

2
nd

 Variant

L[IFM]=2 - N[L[IFM]]=40

max{n f,j }=7 max{n j }=600

 

∆ . 3.99: Nsim, Nf, α  π  α µ  υπ  (µ  ∆). 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.121   α  – µ α  ∆ µ α  

Evolution of Nsim, Nsim,MC, nf & subsets visited

12 12 15 17 15
21 21 25 25 25 27 28

1.E+00

1.E+02

1.E+04

1.E+06

1.E+08

005 002 001 011 008 003 006 010 007 004 012 009

Case
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A
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a
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z
e
d

SubSets Nf

Nsim Nsims,MC

f vol  = 1.0 - f cut,off =f RV =0.10

2
nd

 Variant

L[IFM]=3 - N[L[IFM]]=40

max{n f,j }=7 max{n j }=600

 

∆ . 3.100: Nsim, Nf, α  π  α µ  υπ  (µ  ). 

Ω  π   υπ  φ   π µ  α µ  πα υ  α π α  

α α    υ 10
-5

~10
-6

 µ  υ υπ  υ  α  2  µ υ  

π π υ. αµ α  υπ  α π µα α π υ π π υ  α  µ  MC (  π  

   µ  µ   π    α α ) υµπ α α   α 

π α α α α    υ 10
-6

  π µ  α µ  (µ  α π α 

µ ) α  υ α  α πα υ  3  µ υ  αµ   υ 

υπ  φ υ   µ   µ  MC. 

3.14.10.4 Μ   υ π  υ  µ α α  α   µ  
µ   α π α  α α υ  

π π α  12 α  π µ  υ . 3.48,  µ  , α µ π α  

α µα 9 π µα α α  µ   υ π    α π α   

α α υ ,  µ  µ  α  υ  µ α α   π α µ  φ . 

α µ α  π  π µ  πα υ α   . 3.51. 

µα ∆ α µ  Ε[P1] kN COV[P1] Ε[P2-3] kN COV[P2-3] 

013 20.0 0.20 20.0 0.20 

014 

Φ152.4/4.0 

20.0 0.40 20.0 0.40 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.122   α  – µ α  ∆ µ α  

µα ∆ α µ  Ε[P1] kN COV[P1] Ε[P2-3] kN COV[P2-3] 

015 22.5 0.30 22.5 0.30 

016 15.0 0.25 15.0 0.25 

017 15.0 0.35 15.0 0.35 

018 13.75 0.30 13.75 0.30 

019 16.25 0.30 16.25 0.30 

020 18.75 0.30 18.75 0.30 

021 

 

21.25 0.30 21.25 0.30 

. 3.51: ∆ µ α π  9 π µ  (µ  ). 

 π α α α α   9 π µ  πα υ α   . 3.52.  ∆ . 3.101, 

πα υ α   µ α  υ  α π α   α α υ  α αφ  µ  υ 

 µ α α .  µ  µ  υ φ υ α   µ  15kN.   α π α  

µ α α  α  αµµ  π .   υ  R α   µ  0.998. 

 013 014 015 016 017 

Pf,s ( C) 4.48x10
-3

 5.60x10
-2

 6.93x10
-2

 3.60x10
-5

 7.46x10
-4

 

 018 019 020 021  

Pf,s ( C) 2.35x10
-5

 8.75x10
-4

 9.54x10
-3

 3.60 x10
-2

  

. 3.52: Pf,s (π α π µα α – π µ  µ  – µ  ). 

 ∆ . 3.102, πα υ α   µ α  υ  α π α   α α υ  α 

αφ  µ   [Pi].   µ α α  α   µ  0.30. 

  α π α  µ α α  α   αµµ  π .   υ  R, 

 π π  π α µ  π υ µ υ 2
υ
 α µ , α   µ  0.9995 α  υ 

0.9937  αµµ  .  αφ π  α      µ  υ 

 α π α   α α υ  µ  υ π υ µ υ 2
α

  α   υ 

α µα  µ  υ  αυ   π µ  µ υ µ   99%. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.123   α  – µ α  ∆ µ α  

Evolution of  with regard to C.O.V.

y = -7.6601x + 5.8972

R
2
 = 0.9955

2.5

3.0

3.5

4.0

4.5

5.0

0.15 0.2 0.25 0.3 0.35 0.4 0.45

C.O.V.

Linear Fit

Confidence Limits 99.0%

E[P]=15kN

 

∆ . 3.101: st α αφ  µ  υ  µ α α  (µ  ). 

Evolution of  with regard to E[P]

y = -0.3036x + 8.1551

R
2
 = 0.9874

y = 0.0117x
2
 - 0.7118x + 11.6054

R
2
 = 0.9991

1.0

1.5

2.0

2.5

3.0

3.5
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Linear Fit

2nd degree

Confidence Limits 99.0%

C.O.V. 30%

 

∆ . 3.102: st α αφ  µ  υ E[P] (µ  ). 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.124   α  – µ α  ∆ µ α  

3.15 Μ Μ  

 φ α  αυ  πα υ  µ  α  α υ  α π α  π π  

υ µ .  µ  φα µ α   π  µα µα  π µ  α  α  α 

 α υ  υπ α  υ µ .  α α π µα α α   πα α α  υ   

 µ   µ  MC πα α α  µ  υ υπ  υ   π α α  

  αυ   απα  α π α  υ υ µα .  υ α  µ υ 

α α α     π π .  µ  α µ π  µ  π υ α α  

π υµ φ  π µα α  π α  απ   µ φ  υ π α  υ   

µ φ   α α µ   .µ   µ   π π  υ υα µ   µ υ 

µ  α µ υ  π  α   α µ  µ    α π α . 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.125   α  – µ α  ∆ µ α  

3.16 α µα A – υ  µ  α α  
α  

  υ υ  µ  π   π α α α α  α   [3], [12], [52]: 

 ( )
( ) ( )( )

( )
( )( )

( )2

11 1
f

f

n
P P PA A A n

P P n nP nA AA

ε −⋅ − −= = =⋅⋅  (3.81) 

π υ, n α   π   απα µ  µ ,  nf α   π   α  

α  P(A) α   π α α α α . 

 ∆ . 3.103, πα υ α   µ α  υ  υ    (3.1)  π   

π   µ  α   π α α α α . α ∆ . 3.104  ∆ . 3.108, 

πα υ α   µ  πα    (3.1)  π   π   µ  α  

 π α α α α .    µ π α  α P(A)=0.5.  α  υ 

π υ   µ    µ   α α α  µ  µ µ  υ µ . 

 

∆ . 3.103: α  υ  υ    π   n α  PA (µ α  n, PA) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.126   α  – µ α  ∆ µ α  

 

∆ . 3.104: α  υ  υ    π  n (µ α  n, PA) 

 

∆ . 3.105: α  υ  υ    π  PA (µ α  n, PA) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.127   α  – µ α  ∆ µ α  

 

∆ . 3.106: α  υ  υ    π  PA α  n (µ α  n, PA) 

 

∆ . 3.107: 2  α  υ  υ    π  n (µ α  n, PA) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.128   α  – µ α  ∆ µ α  

 

∆ . 3.108: 2  α  υ  υ    π  PA (µ α  n, PA) 

 ∆ . 3.109, πα υ α   αφ  πα α    (3.81)   µ   

π   µ  α   π α α α α .  α   π α α  µφ  

υ  (π υ π α α  απ   π µ   π  µα α )   

µ  υ υ µ  α  µ   α α α  µ . α ∆ . 3.110  

∆ . 3.114, πα υ α   µ  πα    (3.81).   υ  

υ  π   µ   π α α  α α  µ α  µ   α  υ π υ  

 µ  α   µ  α α  µ  µ µ  υ µ . 

 ∆ . 3.115, πα υ α   αφ  πα α    (3.81) µ   π   

α  α   π α α α α .  α   π α α  µφ  υ  

  µ  υ υ µ  αυ α µ  υ µ   α µ  π  α . α 

∆ . 3.116  ∆ . 3.120, πα υ α   µ  πα    (3.81) µ   

π   α  α   µ   π α α  α α .   µ α  µ  

αυ α µ  υ µ   π   π   α  α  µ  µ µ  υ µ   π   

µ   π α α  α α . 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.129   α  – µ α  ∆ µ α  

 

∆ . 3.109: α    (3.81)  π  n α  PA. 

 

∆ . 3.110: α    (3.81)  π  n (µ α  n, PA) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.130   α  – µ α  ∆ µ α  

 

∆ . 3.111: α    (3.81)  π  PA (µ α  n, PA) 

 

∆ . 3.112: 2  α    (3.81)  π  n α  PA (µ α  n, PA) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.131   α  – µ α  ∆ µ α  

 

∆ . 3.113: 2  α    (3.81)  π  n (µ α  n, PA) 

 

∆ . 3.114: 2  α    (3.81)  π  PA (µ α  n, PA) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.132   α  – µ α  ∆ µ α  

 

∆ . 3.115: α    (3.81)  π  nf α  PA. 

 

∆ . 3.116: α    (3.81)  π  nf (µ α  nf, PA) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.133   α  – µ α  ∆ µ α  

 

∆ . 3.117: α    (3.81)  π  PA (µ α  nf, PA) 

 

∆ . 3.118: 2  α    (3.81)  π  nf α  PA (µ α  nf, PA) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.134   α  – µ α  ∆ µ α  

 

∆ . 3.119: 2  α    (3.81)  π  nf (µ α  nf, PA) 

 

∆ . 3.120: 2  α    (3.81)  π  PA (µ α  nf, PA). 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.135   α  – µ α  ∆ µ α  

3.17 α µα  – Μ α µα µ  Rosenblatt 

 µ α µα µ  Rosenblatt (Rosenblatt transformation) µ π α  α  

µ α π  υ π α  υ α  µ  .µ   υ α  α  

α  α  .µ [49]: 

 =z T× x  (3.82). 

π υ, T α   µ  µ α µα µ  υ α  α µα  x  υ µα  

α  .µ z.  µ  T α  : 

 ,1 ,, ,T

z z N= =   V VT A A …  (3.83) 

 MxN µ  V υπ α  µ   : 

 ⋅ − ⋅ =
x z z

C V V 0  (3.84) 

π υ Cx α   µ  υ α π   .µ.  µ  µ  α  α π  α  i 

αµ  α  α α µ   υ µ  .µ, (µ α µα µ  Rackwitz-Fiessler) 

α   [1]: 

 
[ ]{ }( ) [ ] ( )1 *

* 1 * 1

*

0.5 rand()

rand()i i i

i

i i act

x x i i x i i i

actx i

w k i N
x w w x F w

i Nf x

ϕσ µ σ−
− −Φ  + ⋅ ∈= = −Φ = = ∉  (3.85) 

π υ µxi α   µ  µ   i .µ υ υ  α  .µ α  xi α   υπ  

απ .  υ α φ υ µ α µα µ    (3.82),  υ α µ  υ 

µ υ µ  π α φ α  α   υ µα α υ   α  π α   

υπ α  : 

 * = ×-1x T z *  (3.86) 

π υ z* α  x* α  α α µα α υ µ υ µ  π α φ α  α α µ   

α α υ  π υ α   α  π α   α     α  

α µ  .µ α α. 

3.18 α µα Γ – Μ φ  µ  π  α υ  
α α  

α ∆ . 3.121  ∆ . 3.124, πα υ α    π α  π π  

υ υα µ  µ  α  µ φ  µ  π  α υ  α α   π     

 (3.20) α  (3.21).  ∆ . 3.121, πα υ α   υπ  π π  π υ  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.136   α  – µ α  ∆ µ α  

υ α  α  α  f(x,y) α  g(x,y) α π  α   2  π   

π µα π   . 

 

∆ . 3.121: π  υ υα µ  µφ α µ    (3.20) α  (3.21) 

 ∆ . 3.122, πα υ α  α  µ  απ  υ υα µ  µ  π υ  α π  

α    (3.20) α  (3.21).  π π  αυ  α µ  αυ   υ υ α  α 

 µ υ α µ α  µ  π υ  α υ α  α α . 

 ∆ . 3.123, πα υ α   υ α  α  α   µ  π υ π   

 (3.20) α   π   υ    (3.21) π  α   α  

α   α υ .  π π  αυ   : 

 ( ) ( ) ( ) ( ), , , ,, , , ,
0 0

f x g x f y g yx y x y x y x y
a a a a⋅ < ∧ ⋅ <  (3.87) 

 π π  αυ  α  υ α  α µφα  µ  α    α π α  µ υ   

µ   α α υ  α  µ  υ µ .  π π  αυ   π α α 

α α  υ µ υ  υπ α   50%.  

 ∆ . 3.124, πα υ α   π π  π υ  υ υα µ   µ  α π   

υ    (3.21) α   µ     α   µ    . 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.137   α  – µ α  ∆ µ α  

 π π  αυ   π µα π    (3.17)   . 

 

∆ . 3.122:  απ  υ υα µ  µφ α µ    (3.20) α  (3.21) 

 

∆ . 3.123: π  υ υα µ  µφ α µ   (3.20) µ  απ  µφ α µ  

 (3.21) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.138   α  – µ α  ∆ µ α  

 

∆ . 3.124:  απ  υ υα µ  µφ α µ   (3.20), µ  απ  

υ υα µ  µφ α µ   (3.21). 

3.19 α µα ∆ – υ υα µ  µ  π  α υ  
α α  

  α   υ υα µ   µ  α  µ φ   µ  π  α υ  

α α  α  : 

 

( )

{ }
{ }{ } { }

1 2 1

1 2 1 1

1
1,...,1 2 1

1 2 1 2 11,..., 1

1 11

1,..

2 3 1

1 1

min

min

max

e
e

e

e e e

e

e e e e

l l

l l

i
i Nl N

il l i N

N N Nl
N

i

l l

N l N l N N

M M M M

M M M M

M M
M M M M

M M M M M M M

M M M M
M M

M M M M

M M M M

β
β

−
− +

=−
+ = −

− −−
=

+

− − + −

      ←   ← − =     ←      

cC

{ }
., e

i
N

β
 (3.88) 

π υ i α   i µ  µ   α α υ   µ  µ  π υ π   

υ    (3.16) α  l  α   µ   µ  π υ  α υ α  α α  ,e iN . 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.139   α  – µ α  ∆ µ α  

α     υ υα µ  υ µ υ υ υα µ  Cc   (3.88)   

 l α α π   υ    (3.22).  e µα µ  υ π µα  α p 

µ  πα υ υ   α π α  µ α  απ   µ  µ  α φ υ  

 (3.22)  µ  Cc  υ υα µ  α  : 

 [ ],mod e eN N p= −=c cC C  (3.89) 

 π π  αυ     µ  µ  α   µ  eN p− . 

3.20 α µα  – ∆ π  .µ 

Έ   υ α  α  α  π µα   .µ: 

 ( ) ( ) ( ) 2, , exp 0.4 3 6.2 exp 0.3 3 5.0 10facf x y z x y a z= ⋅ − + − ⋅ + + − ⋅ −        (3.90) 

 ( ) [ ] [ ] 2, , exp 0.4 3.8 exp 0.3 6.0 10facg x y z x y a z= − ⋅ + − − ⋅ + − ⋅ +  (3.91) 

π υ afac α   πα µ  π υ   α µ    π   z .µ. α µ α 

µ  π α φ α   υ α  α   π π   α : 

 
( ) ( )
( ) ( )

, ,0 , , 0

, ,0 , , 0

f x y f x y z z

g x y f x y z z

≤ ∀ ≠
≤ ∀ ≠  (3.92) 

µφ α µ    (3.28) α  (3.29)  µα  .µ υ υπ  α  π µα  

α   Χ α   α  VRV,1=1.0, VRV,2=1.0 α  VRV,3=0.0.  π φ  α α -

υ α   π µ  π α   πα υ α   ∆ . 3.125. α ∆ . 

3.126  ∆ . 3.130, πα υ α   π φ α  α α - υ α  α 

afac={1.00,0.75,0.50,0.25,0.05}  α    .µ. Ω   .µ υ π µα  

α   5 π π  α   µ α  X α  Y.  π α α α α  υ 

υ µα  α  αφ    π π  π  α  α π  απ   µ φ   

π φα  α α - υ α  π υ πα υ α  α ∆ . 3.131  ∆ . 3.134, α 

αφ  µ  υ afac α   π µ  .µ z.  

Γ α α α µ π   π µα αυ   π µ  µ ,  π µ  .µ 

α µ π α  π  α   α  µ υ  MC π υ  π α α υπ α  (π υ 

µ  υ α φ υ µ α µα µ  µα    υ α α µ   µ α ) 

α   µ µ φα α α µ µ   µα (0,1). 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.140   α  – µ α  ∆ µ α  

 

∆ . 3.125: υ α  α  α   π µ  π α   

 

∆ . 3.126: υ α  α  α   α  π α   (afac=1.00) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.141   α  – µ α  ∆ µ α  

 

∆ . 3.127: υ α  α  α   α  π α   (afac=0.75) 

 

∆ . 3.128: υ α  α  α   α  π α   (afac=0.50) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.142   α  – µ α  ∆ µ α  

 

∆ . 3.129: υ α  α  α   α  π α   (afac=0.25) 

 

∆ . 3.130: υ α  α  α   α  π α   (afac=0.05) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.143   α  – µ α  ∆ µ α  

 

∆ . 3.131: α   π φ α  α α - υ α   π   z .µ, (afac=1.00) 

 

∆ . 3.132: α   π φ α  α α - υ α   π   z .µ, (afac=0.75) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.144   α  – µ α  ∆ µ α  

 

∆ . 3.133: α   π φ α  α α - υ α   π   z .µ, (afac=0.50) 

 

∆ . 3.134: α   π φ α  α α - υ α   π   z .µ, (afac=0.25) 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.145   α  – µ α  ∆ µ α  

3.21 α µα  – µα α π α  α µ  .µ 

 π π  α  α µ  α  .µ µ  µ  υ α π  C: 

 
( )( )

2

2

,

,

R

P

Cov R P

Cov R P

σ
σ

 =   C  (3.93) 

 π µα α υ  α π α  µπ  α µ α π   π µα α  

α  .µ µ   υπ µ   α  .  π α α α α  

υπ α  µφ α µ    (3.52) α  Y α  α  .µ,  µ  

µ  α  α π   .µ Y υπ α  µ   π υ  υ υ µα : 

 ⋅ − ⋅ =C V V 0  (3.94) 

  υ π µα  α 2 α µ  .µ α  : 

 
( ) ( ) ( )2 2

2 2
2 2 2 2

2 2

0 2 4 ,2 2

2
0

2 2

P R

P P R R

P R

A Cov R P
A

A

σ σ σ σ σ σ
σ σ

 + +  − + + ⋅ = = + −  
 (3.95) 

 ( ) ( ) [ ]
2 2 2 2

1 2 1 2

2 2 2 2
,

, ,

1 1

P R P RA A

Cov R P Cov R P

σ σ σ σ   − − − +   − −   = = =         
V V A V V  (3.96) 

  (3.95) α  (3.96) υ  µ   π π    υ α π   µ α  

P α  R  α   µ   µ . Φυ   π π  π υ  υ α π   .µ P 

α  R α   µ   µ   .µ α  α  α  µ α  υ  π    Χ 

απ  α    υ π µα .  α  µ  υ µ α  CY,  υ µα 

µ  µ  [ ], α    Y α  : 

 2

, , 0 :
i

T

Y ii Y Y ijc c i jσ= ⋅ ⋅ = ∨ = ≠Y XC A C A  (3.97) 

 [ ] [ ]TE E= ⋅AY X  (3.98) 

 T= ⋅Y A X  (3.99) 

3.22 α µα  – Γ  υ υ α  µ  

 πα µα αυ  πα υ α  α α υ   υ π   π  αφ  

π υ  υ υ α  α µ   α π α  µ υ MC. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.146   α  – µ α  ∆ µ α  

3.22.1 Γ α υ υ α  α µ  Mersenne Twister 

 πα αφ  αυ  α   υµπ φ   α  υ υ α  α µ  

Mersenne Twister [38].  α υ υ α  α µ  Mersenne Twister 

µ π α   υπ µ   µ   π α α  α α  υ µα  

64 µ  (∆ . 3.60) α  υ µα  112 µ  [32] (∆ . 3.83  ∆ . 3.85). 

3.22.1.1 µα 64 µ  – ( µ  100 α ) 

Ω   µα µ   α α α  MC α  υπ µ   π α α  α α  

 α α υ  α   π   α  π υ  π π  αυ  αµ α   

µ  500 α .  α α α πα α αµ α  α 2 µ  π   α  

υ υ α  α µ  Mersenne Twister (4357 α  5003 α α).    

 α α   α α α  MC  υ α α   5 µ   100 

α  α  α  µ α υπ α   µ   µ  α     

µ α α . α απ µα α πα υ α  υ  . 3.53 α  . 3.54, α  2 

µ  π  α α. π π α πα υ α  α   π α α α α  α  

µ α. Γ α µ  π  4357  µ  µ  υ  µ υ  µ  π α α  

α α  max{E[Pf,s;t]} α   µ  4.04x10
-4

   α   µ  min{E[Pf,s;t]} 

α   µ  3.22x10
-4

. α  µ  αυ  α µ  π  5003 α  5.54x10
-4

 α  

3.27x10
-4

.  π µ  π α  α α  Pf,s(t) υµα α  απ  2.95x10
-4

  

3.98x10
-4

 ( α µ  π  4357) α  απ  3.11x10
-4

  4.04x10
-4

 ( α µ  π  5003).  

 µ  α  3.50x10
-4

 ( µ  π  4357) α  3.61x10
-4

 ( µ  π  5003).  

 αφ  υ  α   µ  3.14% υ µ  µ     µ  π υ α 

µ  π  5003 α   µ  1.61x10
-5

 (  4.4%  π α α  α α ). Γ α  µ  

 µ   αφ  α   µ  34.9% α µ  π  4357 α  29.9% α µ  

π  5003 α α α    υ  υ  µ  α   µ  10.0%. 

 π π  αυ  α α  απ   υπ   α    µ  α υ  

  π υ µ   µα µπ  π π  α  µ  1.5~1.75 φ  υ υ  

µ  π υ α   π α α α π  8~13% α α. Γ α µα 

µπ  µ  π α α µ  υπ α   µ  10%  µ  υπ  α π α  

α µ  π  4357  µ  α  α µ  π  5003.  α π α α µ  

υπ α   µ  5%  µ  π υ α  α  απ  α  µ  π . 

µ  1-100 101-200 201-300 301-400 401-500 

E[Pf,s(t)] 3.89E-04 3.93E-04 4.04E-04 3.19E-04 3.22E-04 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.147   α  – µ α  ∆ µ α  

µ  1-100 101-200 201-300 301-400 401-500 

COV 0.26 0.13 0.15 0.18 0.08 

Pf,s(tf=100) 3.46E-04 3.98E-04 3.95E-04 3.38E-04 2.95E-04 

. 3.53: E[Pf,s(t)], COV α  Pf,s(tf=100), ( µ  π  4357 – µα 64 µ ). 

µ  1-100 101-200 201-300 301-400 401-500 

E[Pf,s(t)] 3.40E-04 3.27E-04 5.54E-04 4.16E-04 3.30E-04 

COV 0.12 0.15 2.20 0.08 0.17 

Pf,s(tf=100) 3.11E-04 3.71E-04 4.04E-04 4.02E-04 3.38E-04 

. 3.54: E[Pf,s(t)], COV α  Pf,s(tf=100), ( µ  π  5003 – µα 64 µ ). 

α ∆ . 3.135 α  ∆ . 3.136 πα υ α  α απ µα α  . 3.53 α  . 

3.54  υ υα µ  µ   “ ” α  “ ”   µ   π α α  α α  α 

 2 µ  π .  “ ” α  “ ”  α  :  

 ,max , ,min ,f f s f f sP P P Pε ε= + = −  (3.100) 

Γ α µ  π  5003   µ α α  υ  µ υ  π α α  

µ  α  µ α µ  201-300 α  υ   µ α .    Pf,s(t) 

α  5 µ  α  α  2 µ  π  πα υ α  α ∆ . 3.137 α  ∆ . 3.138. 

Γ α  2 µ  π     Pf,s(t) πα υ   α µα    υ 

25%.  ∆ . 3.139 α  ∆ . 3.140 πα υ α     απ α  (  π  

µ ) µ α  α  α  α  2 µ  π . α απ µα α  

πα α α  π α π α. 

 µα π υ α  α   α  π   α  αµ υ  α α  υ α  π  

 . φ  α α  α  υ α α  απ α  µ α  υ   π π  µ υ 

π υ  π µ  π π  α α υ   α α µ . α ∆ . 3.141 α  ∆ . 

3.142, πα υ α   π α µ µ   α α µ  α  2 µ  π   

α  υ υ α  α µ  Mersenne Twister.  υ  υ  R, α  α 

µ  π  4357  µ  0.941 α  α µ  π  5003  µ  0.932. 

Γ α  µ  α     µ  υπ . Ω  µ  υπ  α   

 απ α  µ α  α  α  µ  π α α υπ α  5% πα υ    

 µ . α απ µα α πα υ α  υ  . 3.55 α  . 3.56.  µ  

υπ  απ π α   2 π π  α  µ  π  π υ α . 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 
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∆ . 3.135: α  Pf,s(t) α µ  π  4357. 

Lower Bound, Average, Upper Bound of Failure Probability
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∆ . 3.136: α  Pf,s(t) α µ  π  5003. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 
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∆ . 3.137: Pf,s(t) α µ  π  4357. 

Evolution of Failure Probabilities - Chunks of hundrends
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∆ . 3.138: Pf,s(t) α µ  π  5003. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.150   α  – µ α  ∆ µ α  
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∆ . 3.139: π α  µ α  α  α  α µ  π  4357. 

Evolution of the distance between two consecutive failures

0

2000

4000

6000

8000

10000

12000

14000

16000

0 50 100 150 200 250 300 350 400 450 500

Registered Failures

S
im

u
la

ti
o

n
s

 

∆ . 3.140: π α  µ α  α  α  α µ  π  5003. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.151   α  – µ α  ∆ µ α  

Number of events where the distance between two concequitive failures falls in 

a predetermined range
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∆ . 3.141: αµµα α  π α µ µ   α α µ  α µ  π  4357. 

Number of events where the distance between two concequitive failures falls in 

a predetermined range
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∆ . 3.142: αµµα α  π α µ µ   α α µ  α µ  π  5003. 

 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.152   α  – µ α  ∆ µ α  

-test 101-200 201-300 301-400 401-500 

1-100 π  π  π  π  

101-200  π  π  π  

201-300   π  π  

301-400    π  

. 3.55: Έ  µ  υπ  α µ  π  4357. 

-test 101-200 201-300 301-400 401-500 

1-100 π  π  π  π  

101-200  π  π  π  

201-300   π  π  

301-400    π  

. 3.56: Έ  µ  υπ  α µ  π  5003. 

  υ  µ υ α  υ  µ α α   απ α  µ α  

α  α  α  2 µ  π  πα υ α  α ∆ . 3.143 α  ∆ . 3.144. 

To α φ  υ  µ υ α  µ   π α α α α   α α υ . 

Γ α µ  π  4357   µ  α   µ  2856.238 µ  π υ µ αφ α   

π α α α α   µ  3.50x10
-4

 α  α µ  π  5003  µ  αυ  α  µ  

2767.188 π υ α α µ αφ α   π α α α α  3.61x10
-4

.   

µ α α  α  απ α  µ α   α  α  α  α µ  π  

4357 υµα α  απ  0.80  0.95 µ   µ   µ  0.931 6.9% µ   

 µ . π    µ  α µ  π  5003 πα α α  µ  υ 

 µ α α  απ  µ α µ  µ   µ  1.20  µ α   µ  0.97 µ  

 µ   µ  0.972. 

 . 3.57 α  . 3.58, πα υ α   υ  αµµ  υ   

απ α  µ α   α  α  α  µ  π υ υ  π  α  2 µ  

π . αµ  υ  αµµ  υ   υ   µ  

πα α µ α .  π π  α υ α  π α µα  υ α  α µ   υ  

αυ  π π  α α   µ  µ  α  α υ  µ  απ υ µ υ  µ  

α α υπ µ .  υ  υ  αµµ  υ  α  α µ  

π  4357  µ  0.115 α  α µ  π  5003  µ  0.245.  [Rj] α   µ  -

0.01181 α µ  π  4357 α  0.07014 α µ  π  5003 µ   µ α α  

682.07% α  115.57% α α. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.153   α  – µ α  ∆ µ α  

Evolution of E[dist] and of C.O.V.
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∆ . 3.143:  µ  α   µ α α   απ α  α µ  π  4357. 

Evolution of E[dist] and of C.O.V.
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∆ . 3.144:  µ  α   µ α α   απ α  α µ  π  5003. 

 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.154   α  – µ α  ∆ µ α  

R 1-100 101-200 201-300 301-400 401-500 

1-100 1.0000     

101-200 0.0116 1.0000    

201-300 -0.0821 -0.0968 1.0000   

301-400 -0.0423 0.1039 0.1152 1.0000  

401-500 0.0563 -0.0491 -0.0285 -0.1063 1.0000 

. 3.57: υ  Γ αµµ  υ  α µ  π  4357. 

R 1-100 101-200 201-300 301-400 401-500 

1-100 1.0000     

101-200 0.0662 1.0000    

201-300 0.0928 -0.0232 1.0000   

301-400 0.0573 0.0720 0.1587 1.0000  

401-500 0.0036 0.0537 0.2405 -0.0202 1.0000 

. 3.58: υ  Γ αµµ  υ  α µ  π  5003. 

3.22.1.2 µα 64 µ  – ( µ  250 α ) 

    α α   α α α  MC  υ α α   2 

µ   250 α  α  α  µ α υπ α   µ   µ  α   

  µ α α .    Pf,s(t) α  2 µ  π  πα υ α  

α ∆ . 3.145 α  ∆ . 3.146 α α.   µ  α µ  π  4357 α  

µ  3.64x10
-4

  3.75x10
-4

 α  α µ  π  5003 µ  3.42x10
-4

  3.83x10
-4

.   

µ α α  υ  µ υ α   µ  13% α  18% α µ  π  4357 α  

α µ  π  5003  µ  9% α  10% α α.  

 µ  υπ  α π α  α  α  2 µ  π  α   υ  αµµ  

υ  α   µ  3.1% α µ  π  4357 α  1.3% α µ  π  5003 

α α. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.155   α  – µ α  ∆ µ α  

Evolution of Failure Probabilities - Chunks of hundrends
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∆ . 3.145: Pf,s(t) α µ  π  4357, 250 α . 

Evolution of Failure Probabilities - Chunks of hundrends
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∆ . 3.146: Pf,s(t) α µ  π  5003, 250 α . 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.156   α  – µ α  ∆ µ α  

3.22.1.3 υµπ µα α α µα 64 µ  

µφ α µ   πα α φ υ  3.22.1.1 α  3.22.1.2 υµπ α α  : 

•  µ  MC  α  µ   µ   π α α  α α .  µ  

 π α α  µφ  αυ α  µ   α  µ  υπ   π π  υ π  

µ υ µα  α   π α µα  υ α α  µα α . 

• Γ α  υπ  α  α υ υ α  α µ  π α   π π  

υ α α . 

3.22.1.4 µα 112 µ  – ( µ  100 α ) 

Γ α  µα 112 µ   µ  MC µα α  α  α α αφ  600 

α .  α α α πα α αµ α  α 2 µ  π  4357 α  5003 α α π  

α   π π  υ υ µα  64 µ .     α α  

 α α α  MC  υ α α   6 µ   100 α  α  α  

µ α υπ α   µ   µ  α     µ α α . α 

απ µα α αυ  πα υ α  υ  . 3.59 α  . 3.60. π π α 

πα υ α  α   π α α α α  α  µ α. 

µ  1-100 101-200 201-300 301-400 401-500 501-600 

E[Pf,s(t)] 2.31E-03 2.84E-03 2.29E-03 2.26E-03 3.61E-03 2.41E-03 

COV 0.34 0.19 0.13 0.46 0.14 0.18 

Pf,s(tf=100) 2.27E-03 2.67E-03 2.43E-03 2.37E-03 3.20E-03 2.33E-03 

. 3.59: E[Pf,s(t)], COV α  Pf,s(tf=100) α µ  π  4357 – µα 112 µ . 

µ  1-100 101-200 201-300 301-400 401-500 501-600 

E[Pf,s(t)] 2.70E-03 2.34E-03 2.94E-03 3.63E-03 1.89E-03 4.58E-03 

COV 0.22 0.10 0.35 0.17 0.16 0.42 

Pf,s(tf=100) 2.79E-03 2.56E-03 2.52E-03 3.13E-03 1.97E-03 3.08E-03 

. 3.60: E[Pf,s(t)], COV α  Pf,s(tf=100) α µ  π  5003 – µα 112 µ . 

Γ α µ  π  4357  max{E[Pf,s;t]} α   µ  3.61x10
-3

   min{E[Pf,s;t]} α   

µ  2.26x10
-3

. α  µ  α µ  π  5003 α  4.58x10
-3

 α  1.59x10
-3

.  

Pf,s(tf), υµα α  απ  2.27x10
-3

  3.20x10
-3

 ( α µ  π  4357) α  απ  1.97x10
-3

  

3.13x10
-3

 ( α µ  π  5003).  π α α α α  α  2 µ  π  α  

2.51x10
-3

 α  2.61x10
-3

 α α.   αφ  υ  α   µ  4% π υ α  

υ µ  µ     µ . Γ α  µ   µ   αφ  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.157   α  – µ α  ∆ µ α  

υπ α   µ  π π   100% (∆ . 3.147 α  ∆ . 3.148). 

   Pf,s(t) α  6 µ  α  α  2 µ  π  πα υ α  α ∆ . 

3.149 α  ∆ . 3.150. Γ α  2 µ  π     Pf,s(t) πα υ   

α µα    υ 40% α  60% α µ  π  4357 α  5003 α α. α 

∆ . 3.151 α  ∆ . 3.152, πα υ α     απ α  µ α  α  

α  α  2 µ  π . 

Όπ  α   π π  υ υ µα  64 µ   πα α α  π α 

α απ µα α. α ∆ . 3.153 α  ∆ . 3.154, πα υ α , π  α   

π π  υ υ µα  64 µ ,  π α µ µ   α α µ  α  

µ  π .  υ  υ  α   µ  0.926 α µ  π  4357 α   

µ  0.904 α µ  π  5003 α α. 

Γ α  6 µ  α     µ  υπ . α απ µα α 

πα υ α  α  2 µ  π  υ  . 3.61 α  . 3.62. Γ α µ  π  4357  

µ  υπ  απ π α   4 π π   α µ  π  5003  µ  

υπ  απ π α   5 π π . 

Lower Bound, Average, Upper Bound of Failure Probability
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∆ . 3.147: α  Pf,s(t) α µ  π  4357 – µα 112 µ . 
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∆ . 3.148: α  Pf,s(t) α µ  π  5003 – µα 112 µ  

Evolution of Failure Probabilities - Chunks of hundrends
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∆ . 3.149: Pf,s(t) α µ  π  4357 – µα 112 µ . 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.159   α  – µ α  ∆ µ α  

Evolution of Failure Probabilities - Chunks of hundrends
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∆ . 3.150: Pf,s(t) α µ  π  5003 – µα 112 µ . 

Evolution of the distance between two consecutive failures
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∆ . 3.151: π α  µ α  α  α  α µ  π  4357. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.160   α  – µ α  ∆ µ α  

Evolution of the distance between two consecutive failures
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∆ . 3.152: π α  µ α  α  α  α µ  π  5003. 

Number of events where the distance between two concequitive failures falls in 

a predetermined range
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∆ . 3.153: αµµα α  π α µ µ   α α µ  α µ  π  4357. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.161   α  – µ α  ∆ µ α  
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∆ . 3.154: αµµα α  π α µ µ   α α µ  α µ  π  5003. 

T-test 101-200 201-300 301-400 401-500 501-600 

1-100 π  π  π  π  π  

101-200  π  π  π  π  

201-300   π  π  π  

301-400    π  π  

401-500     π  

. 3.61: Έ  µ  υπ  α µ  π  4357 – µα 112 µ . 

T-test 101-200 201-300 301-400 401-500 501-600 

1-100 π  π  π  π  π  

101-200  π  π  π  π  

201-300   π  π  π  

301-400    π  π  

401-500     π  

. 3.62: Έ  µ  υπ  α µ  π  5003 – µα 112 µ . 

  υ  µ υ α  υ  µ α α   απ α  µ α  

α  α  α  2 µ  π  πα υ α  α ∆ . 3.155 α  ∆ . 3.156. 

Γ α µ  π  4357   µ  α   µ  398.63 µ  π υ µ αφ α   



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.162   α  – µ α  ∆ µ α  

π α α α α   µ  2.51x10
-3

 α  α µ  π  5003  µ  383.08 π υ 

µ αφ α   π α α α α  2.61x10
-3

. 

Evolution of E[dist] and of C.O.V.
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∆ . 3.155:  µ  α   µ α α   απ α  α µ  π  4357. 

Evolution of E[dist] and of C.O.V.
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∆ . 3.156:  µ  α   µ α α   απ α  α µ  π  5003. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.163   α  – µ α  ∆ µ α  

  µ α α  α  απ α  µ α   α  α  α  α  2 

µ  π  α  π π υ  µ   µ α α   µ   α  υπ  

α  α υ υ α  α µ  Mersenne Twister  α α  α α υ   

πα υ  π α.  

υ  . 3.63 α  . 3.64, πα υ α   υ  αµµ  υ   

απ α  µ α   α  α  α  µ  π υ υ  π  α  2 µ  

π .  υ  υ  αµµ  υ  ( α  απ υ  µ ) α  α 

µ  π  4357  µ  0.242 α  α µ  π  5003  µ  0.217 α α.  [Rj] 

α   µ  -0.03311 α µ  π  4357 α  -0.01611 α µ  π  5003 µ   

µ α α  277.70% α  720.18% α α. 

R 1-100 101-200 201-300 301-400 401-500 501-600 

1-100 1.0000      

101-200 -0.0884 1.0000     

201-300 -0.1093 -0.0722 1.0000    

301-400 -0.0790 -0.0640 0.0478 1.0000   

401-500 -0.0821 -0.0057 0.0952 -0.0731 1.0000  

501-600 -0.0155 0.0135 -0.2422 0.0660 0.1123 1.0000 

. 3.63: υ  αµµ  υ  ( µ  π  = 4357). 

R 1-100 101-200 201-300 301-400 401-500 501-600 

1-100 1.0000      

101-200 0.0778 1.0000     

201-300 0.0375 -0.1575 1.0000    

301-400 -0.1945 -0.2166 -0.0328 1.0000   

401-500 0.1838 -0.0408 -0.0391 -0.0708 1.0000  

501-600 0.0058 -0.0546 0.0337 0.1478 0.0787 1.0000 

. 3.64: υ  αµµ  υ  ( µ  π  =5003). 

3.22.1.5 µα 112 µ  – ( µ  200 α ) 

    α α   α α α  MC  υ α α   3 

µ   200 α  α  α  µ α υπ α   µ   µ  α   

  µ α α .    Pf,s(t) α  2 µ  π  πα υ α  

α ∆ . 3.157 α  ∆ . 3.158 α α.   µ  α µ  π  4357 

υµα α  απ  2.32x10
-3

  3.28x10
-3

 α  α µ  π  5003 απ  2.1x10
-3

  2.84x10
-3

. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.164   α  – µ α  ∆ µ α  

  µ α α  υ  µ υ υµα α  απ  9%  24% α  απ  15%  

26% α µ  π  4357 α  5003 α α.  

Evolution of Failure Probabilities - Chunks of hundrends
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∆ . 3.157: Pf,s(t) α µ  π  4357, 200 α , µα 112 µ . 

Evolution of Failure Probabilities - Chunks of hundrends
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∆ . 3.158: Pf,s(t) α µ  π  5003, 200 α , µα 112 µ . 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.165   α  – µ α  ∆ µ α  

 µ  υπ  α π α  α  α  2 µ  π  α   υ  αµµ  

υ  α    π π  µ  υ 10%. 

3.22.1.6 υµπ µα α α µα 112 µ  

µφ α µ   πα α φ υ  3.22.1.4 α  3.22.1.5 υµπ α α  : 

• π   α υ  α  υπ  α  π µα  µ  α α  πα υ υ  

 απ  π υ π   µ  π π   100%. 

• Γ α  υπ  α  α υ υ α  α µ  Mersenne Twister π α   

π π  υ α α . 

3.22.2 Γ α υ υ α  α µ  µ  α  π π  

 πα αφ  αυ  α   υµπ φ   α  υ υ α  α µ  µ  

α  π π  (MDRG) [22], [47]. Όπ  α   π π   α  

υ υ α  α µ  Mersenne Twister  α αυ  µ π α  α  

υπ µ   π α α  α α  µ   α  µ υ MC  µα 64 

µ  α  µα 112 µ .  α υ α α   [22], [47], [50], [52]: 

 ( ) ( )1 modi ix a x c m−= ⋅ + ⋅  (3.101) 

π υ, α, c α  m α   π απ α α  ,  π   α   α  

π π .   mod µ α   α α    υπ π   α : 

 ( )mod int
a

a a bb
b

 ⋅ = − ⋅    (3.102) 

 µ   πα αµ   α  υ υ α  α µ  µ  α  π π  

α   a=16807, c=45 α  m=2
64

-1. 

3.22.2.1 µα 64 µ  – ( µ  100 α ) 

υ α  α  α α α π  α   π π   α  υ υ α  

α µ  Mersenne Twister.     α α   α α α  MC 

α   5 µ   100 α  α  α  µ α υπ α   µ   

µ  α     µ α α . α απ µα α υ  µ υ α  

α   µ  πα υ α   . 3.65. H max{E[Pf,s;t]} α   µ  5.05x10
-4

 

  min{E[Pf,s;t]} α   µ  3.23x10
-4

.  Pf,s(t), υµα α  απ  3.14x10
-4

  3.81x10
-4

 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.166   α  – µ α  ∆ µ α  

µ   µ   µ  3.33x10
-4

.  µ  αυ  α  α  8.8% µ   µ  

 π α α  α α  α µ  π  5003.  

µ  1-100 101-200 201-300 301-400 401-500 

E[Pf,s(t)] 3.23E-04 3.70E-04 3.42E-04 3.51E-04 5.05E-04 

COV 0.10 0.19 0.24 0.30 0.61 

Pf,s(tf=100) 3.26E-04 3.81E-04 3.30E-04 3.14E-04 3.20E-04 

. 3.65: E[Pf,s(t)], COV α  Pf,s(tf=100) ( µα 64 µ ). 

 ∆ . 3.159, πα υ α  α απ µα α υ . 3.65  υ υα µ  µ   “ ” 

α  “ ” .   µ α α  α  µ   µ α   α  

µ α 401-500 πα α α  υ  µ .    Pf,s(t) πα υ α   ∆ . 

3.160.  α π   απ µ  α    υ 20% µ  µ   µα 

[3.14~3.82]x10
-4

. 

Lower Bound, Average, Upper Bound of Failure Probability
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∆ . 3.159: α  Pf,s(t) – µα 64 µ . 

 ∆ . 3.161, πα υ α     απ α  µ α  α  α . α 

απ µα α  α υ  πα υ α   ∆ . 3.162 α   υ  υ  

 π α µ µ   α α µ  α   µ  0.963. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.167   α  – µ α  ∆ µ α  

Evolution of Failure Probabilities - Chunks of hundrends

0.00E+00

1.00E-04

2.00E-04

3.00E-04

4.00E-04

5.00E-04

6.00E-04

7.00E-04

8.00E-04

0 10 20 30 40 50 60 70 80 90 100

Failures

P
f,

s
tr

1-100 101-200

201-300 301-400

401-500

 

∆ . 3.160: Pf,s(t) – µα 64 µ . 

Evolution of the distance between two consecutive failures

0

2000

4000

6000

8000

10000

12000

14000

16000

0 50 100 150 200 250 300 350 400 450 500

Registered Failures

S
im

u
la

ti
o

n
s

 

∆ . 3.161 π α  µ α  α , µα 64 µ . 

 µ  αυ  α  αφ  υ   µ  π υ πα α α  α  α 

υ υ α  α µ  Mersenne Twister. Γ α  5 µ  α     µ  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.168   α  – µ α  ∆ µ α  

υπ . α απ µα α πα υ α   . 3.66 α    π π  υµ  

 α π   µ  υπ . 

T-test 101-200 201-300 301-400 401-500 

1-100 π  π  π  π  

101-200  π  π  π  

201-300   π  π  

301-400    π  

. 3.66: π  t-test, α π π  – µα 64 µ . 

  υ  µ υ  απ α  µ α  α  α  α  υ  

µ α α  πα υ α   ∆ . 3.163.   µ  α   µ  3005.954 

π υ µ αφ α   π α α α α   µ  3.33x10
-4

.   µ α α  

αµ  µ  υ   µ α  α α µ  µ   α α α  α    

µ  υ α   µ  1.058, 5.8% υ   . 

Number of events where the distance between two concequitive failures falls in 

a predetermined range
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2
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∆ . 3.162: αµµα α  π α µ µ   α α µ , µα 64 µ . 

 . 3.67 πα υ α   υ  αµµ  υ   απ α  µ α  

 α  α  α  µ .  µ  µ  υ υ  αµµ  

υ  α   µ  0.105 µ  µ  µ  -0.03536 α   µ α α  127.91%. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.169   α  – µ α  ∆ µ α  

R 1-100 101-200 201-300 301-400 401-500 

1-100 1.0000     

101-200 -0.0378 1.0000    

201-300 -0.0505 -0.0049 1.0000   

301-400 -0.0736 0.0286 -0.0266 1.0000  

401-500 -0.1049 -0.0695 0.0377 -0.0521 1.0000 

. 3.67: υ  αµµ  υ , µα 64 µ . 

Evolution of E[dist] and of C.O.V.
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∆ . 3.163:  µ  α   µ α α   απ α  µ α  α  

α , µα 64 µ . 

3.22.2.2 µα 64 µ  – ( µ  250 α ) 

    α α   α α α  MC  υ α α   2 

µ   250 α  α  α  µ α υπ α   µ   µ  α   

  µ α α .    Pf,s(t) α  µ  αυ  πα υ α  

 ∆ . 3.164.  

  µ  α   µ  3.34x10
-4

 α  3.86x10
-4

 α α α    

µ α α  α   µ  7% α  15% α α. Γ α  2 µ   µ  υπ  

υ t-test α π α  α   υ  υ  α   µ  2.36%. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.170   α  – µ α  ∆ µ α  

Evolution of Failure Probabilities - Chunks of hundrends
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∆ . 3.164: Pf,s(t), 250 α , µα 64 µ . 

3.22.2.3 υµπ µα α α µα 64 µ  

υµπ α α  : 

• Γ α  α υ υ α  α µ  π α   π π  υ α α . 

•  µ  υπ  α π α    π π . 

3.22.2.4 µα 112 µ  – ( µ  100 α ) 

υ α  α  α α α π  α   π π   α  υ υ α  

α µ  Mersenne Twister.     α α   α α α  MC 

α   6 µ   100 α  α  α  µ α υπ α   µ   

µ  α     µ α α . α απ µα α υ  µ υ α  

α   µ  πα υ α   . 3.68. H max{E[Pf,s;t]} α   µ  3.86x10
-3

 

  min{E[Pf,s;t]} α   µ  2.23x10
-3

.  Pf,s(t), υµα α  απ  2.29x10
-3

  3.52x10
-3

 

µ   µ  2.60x10
-3

.  µ  αυ  υµπ π  µ   µ   π α α  

α α   π π   α  υ υ α  α µ  Mersenne Twister µ  µ  

π  5003. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.171   α  – µ α  ∆ µ α  

 ∆ . 3.165, πα υ α  α απ µα α υ . 3.68  υ υα µ  µ   “ ” 

α  “ ” . Γ α  µ α 301-400 πα α α   µ α α  µ α  

 µ α . 

µ  1-100 101-200 201-300 301-400 401-500 501-600 

E[Pf,s(t)] 2.78E-03 3.39E-03 3.86E-03 3.14E-03 2.23E-03 2.59E-03 

COV 0.08 0.32 0.70 1.29 0.16 0.15 

Pf,s(tf=100) 2.59E-03 2.51E-03 3.52E-03 2.29E-03 2.32E-03 2.69E-03 

. 3.68: E[Pf,s(t)], COV α  Pf,s(tf=100), µα 112 µ . 

Lower Bound, Average, Upper Bound of Failure Probability
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∆ . 3.165: α  Pf,s(t) – µα 112 µ . 

   Pf,s(t) πα υ α   ∆ . 3.166.  α π   απ µ  α  

  υ 60%.  ∆ . 3.167, πα υ α     απ α  µ α  

α  α . 

α απ µα α  α υ  πα υ α   ∆ . 3.168 α   υ  

υ   π α µ µ   α α µ  α   µ  0.891. Γ α  6 µ  

α     µ  υπ . α απ µα α πα υ α   . 

3.69.  5 π π   α π α   µ  υπ . 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.172   α  – µ α  ∆ µ α  

Evolution of Failure Probabilities - Chunks of hundrends
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∆ . 3.166: Pf,s(t), 100 α , µα 112 µ  

Evolution of the distance between two consecutive failures
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∆ . 3.167: π α  µ α  α  α , µα 112 µ . 

  υ  µ υ  απ α  µ α  α  α  α  υ  

µ α α  πα υ α   ∆ . 3.169.   µ  α   µ  384.68 π υ 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.173   α  – µ α  ∆ µ α  

µ αφ α   π α α α α   µ  2.60x10
-4

.   µ α α  αµ  

µ  α   α  α υ    µ α. 

T-test 101-200 201-300 301-400 401-500 501-600 

1-100 π  π  π  π  π  

101-200  π  π  π  π  

201-300   π  π  π  

301-400    π  π  

401-500     π  

. 3.69: π  t-test ( µα 112 µ ). 

 . 3.70, πα υ α   υ  αµµ  υ   απ α  µ α  

 α  α  α  µ .  µ  µ  υ υ  αµµ  

υ  α   µ  0.256 µ  µ  µ  -0.00522 α   µ α α  2224.32%. 

Number of events where the distance between two consecutive failures falls in a 

predetermined range
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∆ . 3.168: αµµα α  π α µ µ   α α µ , µα 112 

µ . 

R 1-100 101-200 201-300 301-400 401-500 501-600 

1-100 1.0000      

101-200 -0.1009 1.0000     

201-300 0.0168 0.0564 1.0000    



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.174   α  – µ α  ∆ µ α  

R 1-100 101-200 201-300 301-400 401-500 501-600 

301-400 -0.2370 0.0154 0.1212 1.0000   

401-500 0.0455 -0.0409 0.0787 -0.2526 1.0000  

501-600 0.1398 -0.0280 0.0809 -0.0283 0.0547 1.0000 

. 3.70: υ  αµµ  υ , µα 112 µ . 

Evolution of E[dist] and of C.O.V.
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∆ . 3.169:  µ  α   µ α α   απ α  µ α  α  

α , µα 112 µ . 

3.22.2.5 µα 112 µ  – ( µ  200 α ) 

    α α   α α α  MC α   3 µ   200 

α  α  α  µ α υπ α   µ   µ  α     

µ α α .  

   Pf,s(t) α  µ  αυ  πα υ α   ∆ . 3.170.   µ  

υµα α  απ  2.31x10
-3

  3.44x10
-3

 α    µ α α  υ υµα α  απ  6% 

 54%.  µ  υπ  α π α    π π  α   υ  

αµµ  υ  α  µ  υ 10%. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.175   α  – µ α  ∆ µ α  

Evolution of Failure Probabilities - Chunks of hundrends
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∆ . 3.170: Pf,s(t), 200 α , µα 112 µ  

3.22.2.6 υµπ µα α α µα 112 µ  

υµπ α α  : 

• π   α υ  α  υπ  α  π µα  µ  α α  πα υ υ  

 απ  π υ π   µ  π π   100%. 

• Γ α  υπ  α  α υ υ α  α µ  π α   π π  

υ α α . 

3.22.3  απ µ  α µα 64 µ  

π     απ µ  πα α α  : 

•  π α α α α  α  µ π α   α υ υ α  α µ  µ  

α  π π  α  α  8.4% αµ   µ  π υ αµ α  µ  

 φα µ   α  υ υ α  α µ  Mersenne Twister α µ  π  

5003 α  5.1% αµ   µ  α µ  π  4357. 

• Γ α  µ   100 α   α υ υ α  α µ  Mersenne Twister 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.176   α  – µ α  ∆ µ α  

µ  µ  π  4357 πα υ  µ   µ α α   µ  26%   

π π   α  α υ υ α  α µ  µ  α  π π   

α  µ  α   µ  61%.  α µα   µ   π α α  α α  

α  υ   π π   α  υ υ α  α µ  Mersenne 

Twister. Γ α µ  π  4357  µ  υµα α  [2.95~3.98]x10
-4

  α µ  

π  5003 υµα α  [3.11~4.04]x10
-4

. Γ α  α υ υ α  α µ  µ  

α  π π   π α α α α  υµα α  [3.14~3.81]x10
-4

. 

•  υ  π α µ  (R
2
)  π α µ µ   α α µ   

αµµα µ   π π   α  υ υ α  α µ  Mersenne 

Twister υµα α  0.932~0.940. Γ α  α υ υ α  α µ  µ  α  

π π   µ  α   µ  0.963.   µ α α   α   

απ α  µ α  α  α  α  α υ υ α  α µ  

Mersenne Twister υµα α  απ  0.931~0.972 α   π π   α  

α υ υ α  α µ  µ  α  π π  αµ  µ   µ  1.058. 

•  µ  µ  υ υ  αµµ  υ  µ α   µ   π   

απ  µ α  α  α  α   π π   α  

υ υ α  α µ  Mersenne Twister  µ  0.115 ( µ  π  4357) α  0.245 

( µ  π  5003) α α α   π π   α  υ υ α  

α µ  µ  α  π π  α   µ  0.105. α  α  2  

υ υ α  α µ  πα α α  π  αµ  υ  αυ υ . 

 α υ υ α  α µ  Mersenne Twister π   π π  υ α α . 

 υµπ α µα α  υ α  α α  α   π π   α  

υ υ α  α µ  µ  α  π π . 

3.22.4  απ µ  α µα 112 µ  

π     απ µ  πα α α  : 

•  π µ  π α α α α  µ     α  υ υ α  α µ  

µ  α  π π  υµπ π  µ   µ  π υ υπ   π π   

α  υ υ α  α µ  Mersenne Twister α µ  π  5003. 

• Γ α  µ   100 α   α υ υ α  α µ  Mersenne Twister 

πα υ  µ   µ α α   µ  42%   π π   



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.177   α  – µ α  ∆ µ α  

α υ υ α  α µ  µ  α  π π   α  µ  α   

µ  129%.  α µα   µ   π α α  α α  α  µ   

π π   α  υ υ α  α µ  Mersenne Twister µ  α µα  

[1.97~3.13]x10
-3

 α  α  α υ υ α  α µ  µ  α  π π  

 α µα  α   µ  [2.26~3.54]x10
-3 

. 

•  υ  π α µ  (R
2
)  π α µ µ   α α µ   

αµµα µ   π π   α  υ υ α  α µ  Mersenne 

Twister α   µ  0.904 α  α  α υ υ α  α µ  µ  α  

π π   µ  α   µ  0.891.  π   υ υα µ   µ  π υ  

µ  υπ   α π α  α  α  α  2  υ υ α  α µ  

 µ  5 π π .   µ α α   α   απ α  µ α  

α  α   π π   α  υ υ α  α µ  Mersenne 

Twister α   µ  1.042 α   π π   α  υ υ α  α µ  

µ  α  π π   α   α   µ  0.982.  α 

υ υ α  α µ  µ  α  π π  πα υ   µ α α  

π    µ  µ   α υ υ α  α µ  Mersenne 

Twister πα υ  υ  υ  π α µ . 

•  υ  υ  µ α   µ  α α    π π   

α  υ υ α  α µ  µ  α  π π   2 π π   µ  |R| 

α  υ  υ 0.2 α  α  α υ υ α  α µ  Mersenne Twister 

  υµ α  µ  µ α φ . 

3.22.5 υµπ µα α 

α   2  υ υ α  α µ  πα υ υ  π  α  υµπ φ  α α 

π µα α π υ α . Γ α α υ µ α π µα α  υπ  α  α µ  

α  α α α    υ υ α  α µ .  α   

π υπ α  υ π µα    απ µα  αφ  µ   α π α  

 µ   α  υ υ α  α µ  µ  α  π π .  

  πα α α   π π   α  υ υ α  α µ  Mersenne 

Twister π   υ     απ µα  µ   π α α  υ  

µ  υ  α π α  α α υ   π α  α π α   α  

υ υ α  α µ . 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.178   α  – µ α  ∆ µ α  

3.23 α µα  – π µα α α υ  α  
υ  υ µα  19 µ  

 ∆ . 3.171, πα υ α   9  α υ  α α  υ α υ  

(π  α  µ ).  . 3.71, πα υ α  α π  υµµ  

  α υ  α α  α  µ  MC α   π µ  µ .  

µ    α υ  α α  υµα α  απ  8  10 µ  µ  α   9  

α υ α α α  µ  µ   µ  6.  µ  απ  απ  α απ µα α  

µ υ MC πα α α  α L[IFM]=2 α  L[IFM]=3.  ∆ . 3.172, πα υ α   

µα  α   αφ   π  υµµ   α υ α  

α α ,  µα  απ  αφ   π  υµµ   

α υ α  α α , α   υ  π  υµµ    α υ  

α α . α α α απ µα α πα α α  α L[IFM]=2 α  L[IFM]=3 π  α  

 π π   9 υ  α υ  α α .  υ  π  υµµ  

υµα α  απ  96%  98%. 

υ α α  MC L[IFM]=1 L[IFM]=2 L[IFM]=3 L[IFM]=4 L[IFM]=5 

L8C2C4C7C8T12C15C19C21 10.90% 17.78% 14.01% 15.18% 15.52% 20.13% 

L9C2C6C8C9C11C12C13C18C21 10.80% 7.41% 13.41% 12.38% 7.43% 7.99% 

L10C2T5C10C11C12C13C15C18C19C21 9.90% 5.93% 7.59% 6.48% 7.71% 4.58% 

L8C2C5C6C9C12C13T14C21 9.70% 9.44% 11.67% 12.74% 11.16% 11.62% 

L9C2C6C8C9C11C12C13C20C21 8.80% 4.49% 9.01% 9.13% 5.44% 5.04% 

L10C2C6C8C9C10C11C12C13C19C21 8.20% 6.42% 4.21% 5.79% 6.51% 7.86% 

L10C2C6C8C9C11C12C13C18C19C21 7.10% 9.15% 5.95% 6.70% 9.22% 5.71% 

L8C2C4C7C8C15C17C19C21 3.40% 4.85% 3.52% 4.25% 3.67% 3.78% 

L6T1C10C11C16C17C21 2.20% 0.59% 1.58% 0.79% 0.95% 0.00% 

 71.00% 66.06% 70.95% 73.34% 67.61% 66.71% 

. 3.71:  υµµ    α υ  α α  ( ). 

 ∆ . 3.173, πα υ α   9  α υ  α α  υ α υ  

(α α α    α  απ   α  υ ).  . 3.72, 

πα υ α  α π  υµµ   9  α υ  α α  α  µ  

MC α   π µ  µ . 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.179   α  – µ α  ∆ µ α  

 

∆ . 3.171:  α υ  α α  π π υ υ µα  ( ). 
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∆ . 3.172: α α υ   α υ  α α  ( ). 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.180   α  – µ α  ∆ µ α  

 

∆ . 3.173:  α υ  α α  π π υ υ µα  ( ). 

υ α α  MC L[IFM]=1 L[IFM]=2 L[IFM]=3 L[IFM]=4 L[IFM]=5 

L8C2C4C7C8C9C13C17C19 23.90% 17.15% 22.30% 20.97% 19.24% 24.10% 

L8C2C6C8C9C11C12C13C19 19.90% 19.62% 17.76% 22.07% 22.92% 20.96% 

L7C2C6C9C12C13T14C19 7.90% 5.63% 10.84% 5.46% 8.13% 6.76% 

L7C2C4C7C8C13C17C19 6.60% 13.83% 10.87% 15.28% 10.00% 13.48% 

L8C2C4C6C7C8C9C13C19 6.30% 4.71% 5.36% 3.21% 2.74% 2.76% 

L8C2C4C6C7C8C13C17C19 3.90% 5.21% 9.89% 5.71% 6.37% 3.42% 

L8C2C4C6C7C8C9C17C19 3.10% 2.14% 2.15% 1.36% 3.89% 2.84% 

L7C2C4C6C8C9C13C19 2.60% 7.58% 3.24% 2.44% 4.06% 8.10% 

L8C2C4C6C7C8C9C18C19 2.60% 3.87% 2.40% 5.07% 2.57% 1.81% 

 76.80% 79.74% 84.81% 81.57% 79.91% 84.22% 

. 3.72:  υµµ    α υ  α α  ( ). 

 µ    α υ  α α  υµα α  απ  7  8 µ .    

π  υµµ   9  α υ  α α  α   µ  76.8% α  µ  

MC α  υµα α  απ  79.74%  α  84.81% α  π µ  µ .  µ  

απ  απ  α απ µα α  µ υ MC πα α α  α L[IFM]=2 α  L[IFM]=5. 

 πα α α  αυ  π υ υ  α α α υ   α υ α 

L8C2C4C7C8C9C13C17C19   α α υ α α α   α α υ . 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.181   α  – µ α  ∆ µ α  

 ∆ . 3.174, πα υ α   µα  α   αφ   π  

υµµ   α υ α  α α ,  µα  απ  αφ   

π  υµµ   α υ α  α α , α   υ  π  υµµ  

  α υ  α α . α α α απ µα α πα α α  α 

L[IFM]=5 α  L[IFM]=2 π  α   π π   9 υ  α υ  α α .  

υ  π  υµµ  υµα α  απ  98%  99.5%. 

Characteristics of FM analysis
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∆ . 3.174: α α υ   α υ  α α  ( ). 

 ∆ . 3.175, πα υ α   9  α υ  α α  υ α υ Γ 

(α α α    α  απ   α  υ ).  . 3.73, 

πα υ α  α π  υµµ   9  α υ  α α  α  µ  

MC α   π µ  µ .  µ    α υ  α α  υµα α  

απ  5  8 µ .  π   α  α υ α  α α  α   µ  45.5% α  

µ  MC  α  π µ  µ  υµα α  απ  38.75%  41.61%   

 π  υµµ   9  α υ  α α  α   µ  86.3% α  

µ  MC α  υµα α  απ  84.71%  α  86.01% α  π µ  µ .  

µ  απ  απ  α απ µα α  µ υ MC πα α α  α L[IFM]=5 α  

L[IFM]=2. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.182   α  – µ α  ∆ µ α  

 

∆ . 3.175:  α υ  α α  π π υ υ µα  (Γ). 

υ α α  MC L[IFM]=1 L[IFM]=2 L[IFM]=3 L[IFM]=4 L[IFM]=5 

L7C10C11C14C15C16T18C19 45.50% 39.56% 40.46% 38.75% 39.87% 41.61% 

L5C10C11C16T18C19 9.50% 9.21% 9.59% 10.92% 11.72% 8.90% 

L7C2T5C7C8C16C17C19 7.00% 7.11% 5.89% 7.58% 7.14% 8.08% 

L8C2C6C7C8C9C17C18C19 6.40% 8.07% 9.27% 6.50% 7.00% 7.50% 

L5C10C11C15T18C19 4.70% 7.34% 7.07% 6.53% 6.04% 6.18% 

L7C2C7C8T13C16C17C19 4.50% 4.63% 4.96% 2.55% 2.74% 4.23% 

L8C4C10C11C12C14C15C16C19 3.10% 2.86% 2.69% 3.60% 3.58% 3.33% 

L6C2C12C13C14C15C19 3.00% 4.02% 3.39% 5.61% 5.20% 4.52% 

L8C10C11C12C13C14C15C16C19 2.60% 1.77% 2.71% 2.68% 1.85% 1.45% 

 86.30% 84.56% 86.01% 84.71% 85.14% 85.80% 

. 3.73:  υµµ    α υ  α α  (Γ). 

 ∆ . 3.176, πα υ α   µα  α   αφ   π  

υµµ   α υ α  α α ,  µα  απ  αφ   

π  υµµ   α υ α  α α , α   υ  π  υµµ  

  α υ  α α . α α α απ µα α πα α α  α 

L[IFM]=5 α  L[IFM]=2 π  α   π π   9 υ  α υ  α α .  

υ  π  υµµ  υµα α  απ  96%  96.5%. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.183   α  – µ α  ∆ µ α  
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∆ . 3.176: α α υ   α υ  α α  (Γ). 

 α α  µ   µ  πα α φ α  µ  fvol=1.00.  π α  α α   

α α υ  πα υ α  α ∆ . 3.177 α  ∆ . 3.178.  π   απα µ  

µ  πα υ α  α ∆ . 3.179 α  ∆ . 3.180.  

Γ α  π  υ   α   α  α α υ   µ   fvol=1.00   

µα  υπ µ   π α α  α α   α α υ  µ  αυ  µ  

υ π υ   απα µ  µ  α  π α    µα α  α 

 π µα.  µ   α α  µ  φ α   µ  αµµ α  

π φ α  υ α -α α   π α  .  

 π µα αυ  α µ π α  π υ  µ  α   µ   πα αµ υ fvol π  

α α α υ  π υ α α α α    α α   α α υ  µ  

µ α  υ π µ υ   α µ   υ α α  απα α   

υ  µ   πα αµ υ fvol>1. 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.184   α  – µ α  ∆ µ α  
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∆ . 3.177: Pf,s α α υ  (  α α υ , π  υ  Γ). 

Π α α α α  α α υ
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∆ . 3.178: Pf,s α α υ  (  α  ). 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.185   α  – µ α  ∆ µ α  
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∆ . 3.179: πα µ α µα α (  α α υ , Γ). 

∆ µα α
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∆ . 3.180: πα µ α µα α (  α  ). 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.186   α  – µ α  ∆ µ α  

3.24 α µα Θ –  π  υ 

 πα αφ  αυ  πα υ α  α απ µα α  π   α υ  υ 

π α µα  υπ  υ α  µα 19 µ  ( α  υ  π υ  υ ) 

α  υ υ µα  25 µ .  υπ   α αφ α   PC Intel 

Pentium 4 2.86 GHz (64 kB L1 α  512 kB L2 cache memory) µ  768 Mb µ µ  RAM (333 

MHz) α  Windows 2000 SP4. α απ µα α α αφ α   α µ    

π  α  π  υ π α  α  µ    υ α  α α α  

µ   α α π    υ  υ. α   α υ   /  

 απα α  µ   α    µ  υ υ. 

3.24.1 ∆ µα 19 µ  α  π  υ  

 . 3.74, πα υ α   υπ  ,  π   µ  α   

π   α  α  µα  19 µ  υ ∆ . 3.40. Γ α  µ    

υµα α  απ  33~76 sec ( α µ  µ  π  α υ  α α   µ  2  5).  

π π   µ    µ  π  α υ  α α   υπ   

α   µ  70 sec.  α  υ υ φ α   α  υ π υ    

.µ.   α  µ  MC α   µ  87 sec.   αυ  α  υ µ  µ  

   µ υ α  αυ  φ α    π υ απα α  α  υπ µ   

µ  α  α α υ   υπ  υ  π υ  α π α µα π  

µα α. 

 L[IFM]=1 L[IFM]=2 L[IFM]=3 L[IFM]=4 L[IFM]=5 MC 

 (sec) 69.95 68.92 70.19 32.83 76.17 86.22 

∆ µα α 35142 34451 34548 14560 34783 55130

 1281 1259 1283 605 1317 1000 

. 3.74: π  , µα α, α  ( ) 

  υ υπ  υ π   υπ  φ  υµα α  α  α  

α α υ  απ  1.27  1.44 α  π µα υπ  α . H π υ  αυ  α  

υ  υ π υ   µ  µ  α  υ π υ   µ  π  α υ  

α α  π υ υ α  α   υ π υ απα α  α  µ α   

υ  υπ υ  π υ πα υ υ  αφ , υ π υ   α α   

α α υ  π υ απα α  υ π υ   α   α α υ  α  υ π υ  

 α   µ  π υ α υ  α   π   α α  π υ απα α . 



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.187   α  – µ α  ∆ µ α  

υ  . 3.75  . 3.77 πα υ α   υπ  ,  π   

µ  α   π   α  α υ  3 π υ  υ .   π υ 

απα α  απ   µ  υµα α  απ  25 sec  41 sec  π π  υ π υ 

υ   µ   α    µ υ MC α α  µ  2331 sec (0:38:51). 

Γ α  π  υ     π υ απα α  α  µ  υµα α  απ  26 sec  

81 sec µ   α    µ υ MC α α  µ  2156 sec (0:35:56).  

α  π  υ  Γ   π υ απα α  α  µ  υµα α  απ  41 sec  

81 sec µ   α    µ υ MC α α  µ  392 sec (0:06:32).  

 L[IFM]=1 L[IFM]=2 L[IFM]=3 L[IFM]=4 L[IFM]=5 MC 

 (sec) 40.69 24.52 25.22 40.83 40.88 2330.75 

∆ µα α 22236 13564 13861 21521 21448 1500818

 137 77 78 144 142 1000 

. 3.75: π  , µα α, α  (A) 

 L[IFM]=1 L[IFM]=2 L[IFM]=3 L[IFM]=4 L[IFM]=5 MC 

 (sec) 79.85 40.86 26.48 41.03 80.89 2155.67 

∆ µα α 45914 23576 15227 22849 45316 1437026

 180 107 85 104 217 1000 

. 3.76: π  , µα α, α  ( ) 

 L[IFM]=1 L[IFM]=2 L[IFM]=3 L[IFM]=4 L[IFM]=5 MC 

 (sec) 78.42 40.7 79.59 79.42 81.28 391.73 

∆ µα α 44617 22836 44135 43800 45012 260559

 710 414 656 660 701 1000 

. 3.77: π  , µα α, α  (Γ) 

 ∆ . 3.181, πα υ α   υπ   α  α  α α υ  α  υ  3 

π υ  υ   υ  µ   µ   µ  π υ  α υ α  α α . 

α  αφ  πα υ      α  υ  α π α    

απ µα  µ  υ υπ  υ. υ  φ α   µ  υ π υ  

 π  π υ πα υ υ  αφ  α   µ  υ π υ    .µ µ  

απ µα  µ  υ υ π υ απα α  π   α   µα υ α  

µα α .  . 3.78, πα υ α    υ υπ  υ α α 

υπ  α  π µα α. Γ α  υ     υµα α  απ  1.05%  1.76%.  

 υ υπ  υ π   υπ  φ  πα υ α   . 

3.79. Γ α  3    αυ  υµα α  απ  1.16  1.23.  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.188   α  – µ α  ∆ µ α  

Χ  L[IFM]=1 L[IFM]=2 L[IFM]=3 L[IFM]=4 L[IFM]=5 

 1.746% 1.052% 1.082% 1.752% 1.754% 

 3.704% 1.895% 1.228% 1.903% 3.752% 

Γ 20.019% 10.390% 20.318% 20.274% 20.749% 

 81.130% 79.935% 81.408% 38.077% 88.344% 

. 3.78:  υπ  υ 
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∆ . 3.181: π  . 

 L[IFM]=1 L[IFM]=2 L[IFM]=3 L[IFM]=4 L[IFM]=5 

 117.83% 116.40% 117.16% 122.17% 122.73% 

 115.93% 115.53% 115.93% 119.71% 118.99% 

Γ 116.91% 118.55% 119.95% 120.61% 120.11% 

 127.27% 127.92% 129.91% 144.17% 140.02% 

. 3.79:  υπ  υ π  υπ  φ . 

3.24.2 µα 25 µ  

 π π  αυ  α   π π  005  008 µ  α απ µα α  

µ  A  D.  . 3.80, πα υ α   υπ   υ π µ υ 

α µ υ α   µ υ MC,  π   µ  α   µ  υ  

α π α   α α υ  α  π π  005  008.  υπ   α  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.189   α  – µ α  ∆ µ α  

π µ  µ  υµα α  απ  41 sec  α  228.9 sec α  µ   α  .  

 υ υπ  υ,  υπ  φ  α   π   

α α αµµ  α  πα υ α   . 3.81.  µ   π α α  

α α    µ  υ υ υ υπ  υ α  φ υ. 

µα α µ    C D MC 

Χ  (sec) 40.09 45.59 54.44 59.52 8917.18 

∆ µα α 12397 14405 18341 20297 3157895 005 

 3.584 3.560 3.575 3.581 3.554 

Χ  (sec) 41.98 63.27 96.33 125.41 42166.85 

∆ µα α 13428 20413 31704 40951 14932802 006 

 3.926 3.931 3.946 3.940 3.943 

Χ  (sec) 93.45 136.34 246.16 327.08 120481.14 

∆ µα α 29921 43907 81022 108875 73953552 007 

 4.325 4.330 4.351 4.342 4.312 

Χ  (sec) 145.2 228.86 492.62 722.73 306748.32 

∆ µα α 45410 71198 157043 233883 376418868 008 

 4.587 4.606 4.666 4.684 4.659 

. 3.80: π  , µα α, α . 

µα α µ    C D 

t/tMC (sec) 0.450% 0.511% 0.611% 0.667% 

Nsim/Nsim(MC) 0.393% 0.456% 0.581% 0.643% 005 

 69 79 101 110 

t/tMC (sec) 0.100% 0.150% 0.228% 0.297% 

Nsim/Nsim(MC) 0.090% 0.137% 0.212% 0.274% 006 

 39 60 99 126 

t/tMC (sec) 0.078% 0.113% 0.204% 0.271% 

Nsim/Nsim(MC) 0.040% 0.059% 0.110% 0.147% 007 

 39 55 100 128 

t/tMC (sec) 0.047% 0.075% 0.161% 0.236% 

Nsim/Nsim(MC) 0.012% 0.019% 0.042% 0.062% 008 

 35 51 94 132 

. 3.81:  υπ  υ α  φ υ. 

α ∆ . 3.182  ∆ . 3.185, πα υ α    υ π   µ   π  

 υπ   α  π µ  µ  α  α π µα α 005  008.  



 α µ  α α υ  µ  π µ  α π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  3.190   α  – µ α  ∆ µ α  

α υ  π α µα π α  µ  µ  υ max{nf,j}={7,10,15,20,25,30,35}.  π   

µ  α   υπ   α  αµµ . 

  υ υπ  υ π   υπ  φ  αυ    π  

  α π α  π  πα α α  απ   ∆ . 3.186. υ  φ α    π υ 

απα α  απ   α υ υ α  α µ  Mersenne Twister α πα  α υ α α 

α µα α α   α  υ υ α υ   µα  α  αυ α   

πυ α  µ   π  α α .  υ  π υ   µ υ α 

µ  υ  α π α   4.0 α  α  υπ  α  π µα α    υ 

10%.  π υ  αυ  αυ   1.85 α str = 4.312 α  3.83 α str = 4.659. 

 α   α π α  µ   µ    α α  π υ α .  

µ  υ µ υ    αυ  αυ   π   µ  π υ 

απ π α  µφ α µ    (3.43) α  µ α µ   π α α  απ  

α  50%   π α α µ  υ π υ   α υ µ  π υ απ π α .  

α  υ π υ   µ  π υ α  αυ  α α   π υ  

 µα  α    π υ απα α  α  α υ   µα  α  

α  υ π υ   αµµ  α α  π υ απα α . 

Simulations VS Time

y = 411.6x - 4049.2

R
2
 = 0.9935

0

5000

10000

15000

20000

25000

30.00 35.00 40.00 45.00 50.00 55.00 60.00 65.00

Time

S
im

s

Sims

Linear (Sims)

 

∆ . 3.182: π   – µα α (π µα 005). 
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∆ . 3.183: π   – µα α (π µα 006). 
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∆ . 3.184: π   – µα α (π µα 007). 
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∆ . 3.185: π   – µα α (π µα 008). 
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∆ . 3.186:  υπ  υ π  υπ  φ . 

 π   µ  π υ α α α  α  υ π  υµα α  απ  332 α  
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π µα 005  320 α  π µα 008 µ   π µ  µ . α α  

µ  MC  π   µ  π υ α α α  υµα α  απ  354 (π µα 005) 

 1227 (π µα 008). φ   π υ  α  µ φ   µ  π  

α υ  α α  α    υ 1.0~1.5 sec ( α  υπ  α  π µα)  

  π  π υ  α  απ µα  αυ µ  πυ α  µ  

 π  α α  α  υ υ  πα α   υ α  α υ µ .  

3.24.3 υµπ µα α 

 υ  υπ  π υ  υ α µ υ α  υ  υ  υ π υ  

  .µ, υ π υ   µ  π  α υ  α α  π υ υ α  α  

υ π υ   υπ  α π µα α µ   α π α   α  4.0. 

Γ α π µα α µ   α π α  µ α  υ 4.0,   π υ α α α  α  

α υ   µ  α   πα α   υ α  α υ µ  αυ    υ 

υπ  υ π   υπ  φ . υ  φ α   α   

πυ α  υ µα  α    π υ απα α  α  πα α   υ α  

α υ µ . 

 α  υ π υπ α   α α υ    απ µα  µ  υ υ 

υ υπ  υ π   υπ  φ  α  αυ α    π υ 

απα α  α  π α  α υ   α α υ .   υ υ µα  25 

µ  µ   µα  19 µ  απ α π   α  α π α    υ 

3.0~3.5  µα  19 µ  πα υ  π  π υ   µ  45% α   

µα  25 µ  πα υ  π  π υ   µ  14%. 
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4 Equation Ch apter  4 Section 0 ο  Σχ α µό  µ  χ  
ν αγων ών Γ ν ών γο µων 

4.1 α ω  

 φ α  αυ  πα υ α  µ α α µ  π  π υ α   

υ υα µ   Γ  µ  (Γ ) µ  µα α µ  ( ).   

π µ  µ υ α   µ  υ υπ  φ υ µ  αυ   

 π α   . υ  π υ α  µ   υ  π  Γ  µ  αφ  

 πα αµ  α   αυ µα  π α µ  (  π υ  ) υ π υ   

  π υ µ    υπ  π  α α  υ  π υ µ  π υ 

α αµ α  α α α υ   π   .  απ φ  π υ α  

µ   π      π υ µ  αµ α  απ   . 

 Γ  µ  (Γ ) µ π α    π µα α π υ   

α α  υ  ( π  µ α  α µ  (µ. ), µ φ   α µ  

υ  α   π µ  α µ  π.)  α µ π α  απ µα  µ  

 α  µ υ  π  ( αµµ  π αµµα µ  .α.).  π  

α αφ  α  π µ  φυ  α    υ µα α µ   α 

φ α  υπ  α  υ  Baricelli [7], [8], α  Fraser [36], [37]. O Fraser [37], 

π µ     µ µα  15 υφ  α  υπ   π α α 

µφ  α µ  µ  απ  φα υπ  α α  µ     .  

π  φα µ   Γ   µ  φυ  π µα α απ α   Bagley [4].  π  

φα µ   α α α   φυ  π   µα α π  µ  φυ  

υ µ  α   Holland [51], [52].  Holland [53], [54],  υ α πα υ α  

 µα µα  π υ απ  α    υπ α   Γ .  µα 

µα  [54] υ α   «µ   α υ  υφ  ( µα α) µ  υ α 

µ α  υ µ υ υ αµ υ  α   π  αυ α µ  π α  π  

 µ  ». O De-Jong [21], µ   α υ µα  µα  π  

 υ α  π µ  µ υ  π  π µ . 

α  α α  π   Γ  α   απ α ,  υ α υ   α 

π µα α π ,  υ α α α µ π  π µ  α  π  µ.  

α  υ    µ  απα  π φ  υα α  α  α µ  

υ  α   υ α  π µ    µ   µ. .  
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 Γ  α υ   α α  α  µ .  Γ  π µ υ   

α α α  φυ  π  [39] π υ α π  α µα  π υ µ  

πα υ υ  υ  π α α π  α α α  α φα α   

µ αφ   α α  υ  α µα  π µ  .    

α α  υ π υ µ  παφ α   απ  πα α   α π  

υ α  µα υ  π  π α  α µ αφ υ  α  υ  

α α   π µ   µ  απ µα    µ  υ α  υ 

υ µα .  Γ      υ υ α µ  (π υ α   π υ µ ) 

α α π   µ     π , α α  α  µ α . 

  α α   Γ  πα   α   π υ α απ υ    

π υ µ .  υ  π α α α α  µ α   α µ  αυ  α  

 π α α µ υ α   π   . α   φ   

α α  µ  υ   µ α  υµ   α  α   

α α α α αφ  υ  υ  α   π υ µ   α υ  

υφ  ( α µα α).  α α α π  υ α    α π   

 . α α  α  υ  µ   π α  

   α µ  α   α π   µ   α µ  υ  

 α µ  υ π υ µ .  

 απ α  µ υ α α  απ   π  υ π µα  α   π υ µ  

π   πα αµ  υ Γ  π   µ  υ π υ µ ,  π α α 

α α  α  µ α   π   α α  π.  αφ α [78], 

πα υ α  π  πα α α   α  µ υ  Γ  µ      

υ α  α   µ  υ υπ  φ υ . α α π   

µ  π υ υ  α απ υ   αφ     πα αµ  υ α  

Γ  πα υ α  απ  υ  Eiben et al., [31]. 

 πα µ  π υ π  π   υ α α   υπ    Γ  

α   µ  υ π υ µ .  µ  α  υ α  α υ   π  

  α α α   µ     µ α µ    µα  

α  υ υπ  φ υ. φ  α  υπ µ  υ υ µ υ  

υ π υ µ  αµ α  υπ   π  υ π µα  α   πα αµ υ  υ 

υ  π α  απ  υ  Goldberg et al., [40], Harik et al., [46] α  Srivastava α  Goldberg, 

[82].  Smith, [80] π  µ α µ  π  π υ υ µ   µ  υ 

π υ µ  α µ   π α α υ  π  φα µ α  υ  Γ   α  
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  α  [47], [74], [81]. 

 φ α  αυ  πα υ α  µ α µ  π υ π πα  α   µ  υ 

π υ µ  υ Γ  µ   α µ α  π α µ  α α α .  α  α 

π  π υ µ  π υ   µ απ υ µ  [63] υ π µα .  π υ µ  αυ  

µ  αφ  µ  πα αµ  υ Γ , α α α  µ α  υ  α υ  α µ υ  

π υ  υ υ µα .   α α αµ   µ α  υ µ υ   π υ µ  

α α  απ  υ µ α  µ απ υ µ .  υ  α α  

π υ µ   π   Γ  π µφα α   α   Schlierkamp-Voosen 

α  Mühlenbein [75], [76]. 

α,  υ υα µ   Γ  µ   α α       

µ απ υ µ  [63]. Ω  µ απ υ µ  α    αφ  π υ µ  π υ 

α µ   π υ µ  υ   α α   π   πα αµ υ  υ 

π υ µ  αυ  ( ) [63].  π υ µ   α υ µ   µ  α  

πα αµ υ  υ Γ .  π υ µ  αυ  α     , µφ α µ  

 π α  υ  Γ .   α α αµ   µ α  υ µ υ  υ 

π υ µ  α α µ    απ  υ  π υ  π υ µφα α  

α α µ  υπ   π π  υ πα  “ υ ” α  “α αµ ” π υ µ .  

α α µ  µ α   π υ µ  µφα α  α   α µ  π   πα  

α    α µ  υ µ απ υ µ .  µ α   α α µ   α µ  

π  (α α µ   απ   π υ µ )   υ α α  µα α 

α  α α  υ  α  υ α     .  

α  µ   υ  π α   α  πα   α α α  

π  α αφ  µ   πα αµ  υ Γ ,   π  

π µ  (  π   µ   πα αµ  υ Γ ) π α  πα α α    

α α αµ  α µ α   µ  υ π υ µ   π µα  α α  

υ α  υ  µ απ υ µ .  µ α  υ π υ   α µ   µ απ υ µ  

π υ α  µ   µ α   α µ  π  µφ α µ  π α µ α 

π φ  µ α   α µ  π . 

 π   π υ µ   µ απ υ µ  α α  απ   υ  υ α  

α µ  υ,  υ α υ α υ α µ  (elite),  π α υ 

π υ µ  α   π α  π  π υ απα α  α  υ  υ. Ό α   

  α µ  π   πα  α    α µ   µ απ υ µ  
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µφα α  α α µ  α µ α υ  π υ µ . α    αφ  

 απ   π υ µ  µφα α   «α α µ »   «Θ υ »-

«Θ µα ».  π π  υ «α α µ »  υ  π υ µ  π πα  α 

α φα  υ  απα µ υ  π υ  α π  υ µ   µ   α µ  

π  α  π υ µ .   «Θ υ »-«Θ µα »  «Θ υ » 

π πα  α α φα  π υ  π υ  α   α  υ π υ µ  

υ µ   α  µ   α µ  υ α  π υ µ  (Θ αµα). 

 πα αφ  4.2, πα υ α   µ  υ π µα  π  α   Γ  

π υ µ π α  α    π υ µ .  πα αφ  4.3, πα υ α  

  π υ αµ   απ φ  µ α  υ π υ µ  υ  Γ    

υ  υ α  υ π υ µ  αυ   µ απ υ µ .  πα αφ  4.12  

µ φ  πα α µα , πα υ α   υ α   π µ  µ υ.  

πα αφ  4.4, α   υ  απ   µ υ π     

υ α  π   υπ  φ .  π φ  α  υ α  

µ υ π  πα υ α   πα αφ  4.13  µ φ  πα α µα . 

 πα α φ υ , 4.5  4.7, πα υ α  α πα α µα α α  µ   

υ α  υ µα  π   π µα α α αφ  α    

α µ  α  υ µ  µ  π µ  α π α .  π  υπ µ  

 π α α  α α   υ µ  αυ  πα υ α   µ φ  πα α µα  

 πα αφ  4.14.  πα αφ  Error! Reference source not found., πα υ α  

 υ υα µ   µ υ π  µ   α µ  α υ  α π α  

π π  υ µ  α   α µ  υπ α  υ µ .  

πα α φ υ  4.15  4.19  µ φ  πα α µ , πα υ α   π π  υ 

 µ    α   απ   π µ  µ υ.  π π  αυ  

α  α  α απ µα α  πα αµ  µ   πα α φ υ 4.20 

µ π α   υ υα µ   π µ  µ υ π  µ   

α µ  α υ  α π α  π π  υ µ  α   α µ  υ 

υπ α  υ µα  α  υ µα .   πα α φ υ  4.9 α  4.10 

πα υ α  α απ µα α απ    α µ  υπ α  υ µα  α  

υ µα .  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.7   α  – µ α  ∆ µ α  

4.2 µα π  – Γ  µ  

4.2.1 µ  υ π µα  

 π µα υ α µ  α  π µ  µ  α   [43]: 

 ( ) ( )( ) 0 1, ,
min

0 1, ,

k c

ij

k e

g k N
C

h k N

≤ = ∈= = n
x

x x D
x

…
…

 (4.1) 

π υ Cij(x) α   µ   α µ  υ  α  i µ  υ j π υ µ , 

gk(x) α  hk(x) α   k α  α   π µ  α µ  α α, Nc α  

Ne α   π   α  α   π µ  α α, x α   υ µα 

 µ α  α µ  (µ. ) α  D
n α    α µ . φ   Γ  υ  

α  α α µ π υ  π µα α µ π   π µ  α µ  

 π µα π  α  : 

 ( )
( ) ( )( ) ( )( ) ( ) ( )

1 1c

ij k kNc Ne

ij k kk k

k k N

A
f h h

C c T c Tg h

δ
= = +

′= = − + ′+ ⋅ + ⋅  ∑ ∑x x x

x x x

 (4.2) 

π υ  α  µ   π α α  ck α   υ  π  υ k α   

 π µ  α α.  µ   α  αυ α  α  α    (.) 

α  : 

 ( )
0

x x
T x

x

ε ε
ε

 − >=  ≤  (4.3) 

π υ  α   α   π µ  µ υ  π   πα α α     

α  π µ .  υ  π , α  υ   υ  υ 

α υ  µ  υ π µ  [68]. α,  Nanakorn α  Meesomklin [68], 

πα υ υ  µ α µ  α  υ αµ  π α µ  υ υ  π    

 α µ  υ   α α φα α   α  υ α  απ  υ Γ  

α α υ  π  α   α α  υ π υ µ .  

π µ  µ   υ  π  α   α  α  πα α α  υ 

π µ .  µ φ    (4.3) αυ    αφ    (4.2) µ α  

  α 1x ε− <   α  1x ε− >>   αφ  µ α  µα .  π   

µ φ    (4.3) υ α  α  µ   π   π µ .  π   

υ  π   α  α  π φ  υ  α α  Γ  α 

 π υ πα α υ  α  π  π   υ α  π µ   α 1x ε− >>  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.8   α  – µ α  ∆ µ α  

α φα   π µ  µ   απα µ  α µ  υ α.  

Γ α  π µ  µ ,  υ α µ α     µ   αµ  

α µ  υ    (4.2) α   [25]: 

 ( ) ( )
( )

,

ˆ
min

ij

ij

ij
i j

f
f

f
=   

x
x

x
 (4.4) 

π υ ( ){ }
,

min ij
i j

f x  α    µ    (4.2),  α µ  υ µ απ υ µ  

α  α α π   µ   α µ  υ  υ  υ α µ υ 

 µ  π υ µ .  

  π µα π , π α µ µ  α  Γ , α   [25]: 

 ( ) ( )
( )

,

ˆ
max

min

ij

ij

ij
i j

f
f

f

  = ∈     
n

x
x x D

x
 (4.5) 

4.2.2 Γ  µ  

Ω   Γ  µ  (Γ )  µ υ π α   α  Γ  [41], [44].  

π    α α   α υ α υφ  [39] π υ  µ.  

απ α   υ µ  α υ α υφ  ( µα).    µ  µ υ  

 µ µα.  Γ  α  αυ µα  α π α    υ 

α α α απ   α α α  υπ π  Γ . 

 π α α π  α     (rank)  α µ υ  π υ µ  [25], 

[42]. Γ α  α µ   π α α π  α  : 

 ( ) ( ) ( )
( ) ( )( )

1

ˆ 1
Pr

ˆ 1

j

j
j

S

j ij

R i N tj S

j ij

i

N t rank f
f

N t rank f
=

 − + =
 − + ∑  (4.6) 

π υ Sj α   π υ α   π  π  α  j(t) α   π   α µ  

υ j π υ µ  α    t.  π α α π   α  υ   υ α  

(π π  µ   π α α  π  µ  υ α  [59]) α     

υ α µ υ  π υ µ .   µ   µ  π  µ  α α [10], [86], [18],  

 (4.6)  α  α    µ  µ α π π α µ  π α α π . 

α απ   α  π  α  π   µ α    µ   υπ π   



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.9   α  – µ α  ∆ µ α  

υ π υ µ   π  π υ α α   π υ µ  α α  π  αυ    [84] 

α  α  φ   π α α π  α  υ     υ 

α µ υ  π υ µ  µ  απ µα  α   υ  α α  υ Γ . 

  π υ α α   π υ µ   α  π   π  π υ α  α 

π  α µα, α  υ  α  µ  υ  Sj   (4.6) µ  

απ µα  µ  π  α πα υ  υ  υ α  

π υµ φ  π µα α.     πα αµ  α α  µ   

µ α µα µ    (4.4) α   π α  απ   π   µ    

 (4.2).  

 υ µ  [59],    α  α µ   π υ µ  π   

π µ  .   α α  π υ µ π α  α : ∆ α α  

 µ υ (Single Point Crossover - SPC), ∆ α α  ∆ π  µ υ (Double 

Point Crossover - DPC) α  ∆ α α   µ υ α  µ.  (Single Point Crossover 

per design Variable - SPVC) [48].  π α α α α  α πα α µα α π υ 

α  υµα α  απ  0.60  0.95.  

H π α α µ α  α  µ   π π   φ α   Hesser α  änner 

[49] υ α  α   α  π α α α  µ α  α  π υ µ α . 

 π α α µ α    t α  : 

 ( ) ( ) exp

init init

m init
final init final init

half

P t t

P t t t
P P P t t

t

 ≤  =  −+ − ⋅ − >       
 (4.7) 

π υ initP  α  finalP  α   α  α   µ   π α α  µ α  α α, 

initt  α    απ   π α  π α α µ α  α  α µ α α  α  halft  

α   α α µ   π α µ α α   π α α αυ . 

4.2.3 Κ α  

 µα α  α  υπ   α   υ α  Γ  α   π  

   [17], [39], [55], [59].  π µ  µ   α  

  α   µ µ φ α υ  υ   π π  µ. .  

µ µ φ α υ π υ µ  π φ  π φ    µ   πα  

υ µ  α υ  υφ    µα (string).   µ µ φ α  α  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.10   α  – µ α  ∆ µ α  

µα α  : 

 { }, , ,max , 1,
j

i s j s j sh i
S

U N W j N∀  = ⋅ =   (4.8) 

π υ Ns,j α   π  µφα  υ µ υ µα  Sj, Ws,j α     

υ µα , α  Nsh,i α   π   π α  µ .    Ws,j  

µα  ( υ  υ µ υ  υ) α  : 

 
,

, 2
i

i s j

L
k

s j

k L L

W
= −

= ∑  (4.9) 

π υ Ls,j α   µ  υ j µα  α  Li α   µ   i µ. . Γ α  α µ  

 µα α  : 

 
,

,

1 2, , *,*, *

i

s j

s j

L

j L

L

S s s s

  =    
…  (4.10) 

π υ {s1,s2,…,sLs,j} α  {*,*,…,*} α   α  µ  α  µ α  µ  υ µα  

α α.  π   π α  µ  α µ  µα  L  α  : 

 , 2 iL

sh iN =  (4.11) 

O α µ   µ µ φ α  iU   µ.  α  : 

 

( )
0

2
i

i
i L

k

k

k

U
U

N t
=

=
⋅∑  (4.12) 

π υ Nk(t) α   π   α µ  υ k π υ µ . Ό α  α π α π  µ.   

µ µ φ α α  απ υ    Ui α  iU    (4.8) α  (4.12) α  : 

 ( )
0

2 1
iL

k

i k i

k

U N Ut
=

= ⋅ ⇒ =∑  (4.13) 

Γ α  Γ  υ α  3 α    φα υπ  α  υπ  

α α  υ π υ µ  α  α    υ π υ   . 

 α π      µα   α α α π  α  

 π υ µ . α α   υπ  ( µ µα) α  φα υπ  

(α µ  υ ) α α  α  : 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.11   α  – µ α  ∆ µ α  

 

{ }
[ ] [ ]

min

min, ,

min

min min , max,

min 2

min ,var,

min

k

med

i iI U I U
i i

I rI U

I kI U V

E U C U U C

U C V C V

U C C E Vσ

  ≥ ∧ = ≥ 
≥ ∧ ≥ ⋅

≥ ∧ < ⋅
 (4.14) 

π υ CI,* α   πα µ  α α α  α  Vmin, Vmax, E[Vk] α  
2
[Vk] α  

 µ  υ α  υ υ α µ υ,  µ  υ α  υ α υ α µ υ,  µ  

µ  υ α  α   α π   µ  υ α  α α: 

 

( ) ( )

[ ] [ ] ( ) ( )( )
min max

1,..., 1,...,

2

1

ˆ ˆmin max

1ˆ ˆ ˆ
1

j j

j

k

lk lk
l N t l N t

N t

k lk lk lkV
l l

lj

V f V f

E V E f f E f
N t

σ
= =

=

   = =   
   = = ⋅ −   − ∑  (4.15) 

 1     π  υ  µ µ φ α υ  υ  υ 

π υ µ .    µ  µ µ φ α  { }min i
i

U  α  µ.  α  µ α   

µ  α φ υ min

,I U
C  α   µ  µ  µ µ φ α  i

i
E U    υπ α   α  µ  

α φ υ 
,

med

I U
C   α α α π  µα α .  2  α  3   α  

α µ  π υ π υ υ   µ µ φ α  π π  µ.  α   µ µ φ α 

υ π υ µ   π π   α µ  υ .  2    α   

 α µα   µ   α µ  υ  α  µ  µ α  µ  

α φ υ π υ α   π   µ   α µ  υ  υ 

π  υ α µ υ, α  µα   α α α π  α  

π α    αυ  α     µ µ φ α .  3    

  µ α α   µ   α µ  υ  α  µα   

α α α π  α  π α    αυ   υ υα µ  µ    

 µ µ φ α . α 2  α  3    π α  απ   π   

αυ α  α     (4.2) α  υ µ α µα µ    (4.4). 

4.3 χ µα α ω µ  

 α α µ  α  υ µ  φα µ   φυ  υ µα α α  απ  µ α απ  

 µ φ  α π α   π π  αυ   π υ µ  [66].  Bak, 

[5], υπ    φυ  µα α   α α  µ α  ( υ αµ  

π α)  π α α φα   υ α α π α µ  υ   υ .  

Dimitrova α  Vitanov, [22], πα υ υ   π α   α α  π υ µ  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.12   α  – µ α  ∆ µ α  

µ   π α µ  υ   α µ  αµµ  π  µ  π µ υ  π υ .  

Nee et al., [45], πα υ υ    πα αµ υ   α π  µ α  

αφ  π υ µ   φυ  π .  π φ   αφ   

υ αµ  υ µ απ υ µ  πα υ α  απ  υ  Smith α  Gilpin [45].  Mangel 

α  Tier, [64], πα υ υ   υ π      α   µ α   

α π  υ ,  π µ   α µ  π   φυ  υ µα α π υ 

α  υ α  α π   µ α  φυ  α α φ .  Molofsky, [65], 

α µ   α  φ α  αυ µ  π φ   µα  

α π  µ α  α µ   φυ  π υ µ .  Cassagrandi α  Gatto, [14], 

µ    αφ    απ µ µ α π α (απ µ µ  ) 

α µ   α  µ απ υ µ    µ   υ α µ α υ  α  

απ µ α .  Drepper et al., [30], π υ µ  π µ  µ α α   Doebeli α  

Koella, [28] α α υ   π  µ   π  µ α υ µ  µ α  α  υ α  α 

  α π υ µ . α    π π  υµπ α α   α φυ  

υ µα α α   α α  υ αµ  π α .  Schlierkamp-Voosen α  

Mühlenbein, [75], πα υ υ  µ α µ  π  π υ  µ  υ 

π υ µ  µ α α  α  α   α α α α   π α µ  

 µ   π υ µ  π υ π   π   µ  αυ   

µ  υ, µ  αυ  µ µ φ  µ  υ µ υ   υπ π  π υ µ . 

   α α  αυ ,  Schlierkamp-Voosen α  Mühlenbein, [76], πα υ υ  

πα α α   µ υ π υ π α απ   µ  υ υ  υ π  υ 

α µ  α  α   φ   π α α    π υ µ . O Horn, [57], 

α µ π   π µα  υ  (niching)   α   π   

α υ    αυ  π   π  α π α   

υ µ  π υ µ .  Hong et al., [56], πα υ υ  µ α µ  α  

αυ  υ  υ π υ µ    µ  Γ  α  α     

α α  α  µ α .  Adamidis α  Petridis, [1], µ   υµπ φ  

υ α µ  π υ µ  µ α  α µ απ υ µ  π υ  φ  π υ µ  µ  

αφ  πα αµ υ   υ α  µ   α α α  π φ α  

(µ α υ   π   α µ ) µ    α   υ α  υ 

α µ υ.  Donangelo et al., [29], π µ υ  µ α µ  α α  α α  π υ α 

µα υ α α  µ    π  υ υ  υ  (µ π  υ 

απ υ υ υ  α  α α  π υ α υ ). Ω  µ  α α  α α  α   

α  π υ  π α  π φ  µ α α  απ  µ   µ  α   



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.13   α  – µ α  ∆ µ α  

υ α µ α  α   α  µ µα α α  α α  απ   

υπ µ α  α µ υ. α α  υ αµ  α α  υ υ µα  

( α   απ  π υ α   απ α αυ ) α  υ α  α α απα α  

υπ α   µ  πα αµ υ   φυ  υ µα   α φ α α   

πα α  .  α  α  π υ π υ   φυ  µα π  π π υ  

απ   πα α  υ α   [45]: 

• ∆ αφ   µ α   π   µ α α α  υ αµ  π α  [5]. 

• Ό α  αφ   µ α  υ  υ  π υ  µφα α  α α µ  [22]. 

 π µ  µ  µ υ α  α  φυ  π  απ µ  απ  

α π   (species) π υ α  µ  α    Γ .  Γ  µ  αφ  

µ  πα αµ  α α  α  απ α µ     α µ  υ 

υ µ υ π υ µ   π  π  α  π α  απ   πα  (  

α µ  π  π υ α υ  α   µ  υ µ απ υ µ ).   α α αµ  

   α µ  υ µ απ υ µ  µ  α  υ αµ  α π α .  

υ  υ α  π υ µ  υπ α  µφ α µ   υ α  α µ  

υ,  π α υ α   πα αµ υ  υ Γ  α  µ    

α α α .  α α  π α  π υ    α µ  π  πα  α 

 υ   π υ µ   Γ  α  πα α  α π α .  

α α  αυ   µα π  π π  π µ  α φυ  π   π  

 υµ   π µ . Ό α   α µ  π   πα  α  π  

υ υ υ  α µ   π υ µ  υµ   µφ  α α µ .   

π υ µφα α  α   α α µ  [66]   Θ υ -Θ µα  [66] α  

π π υ   υ πα  υ  α  α  π υ µ   µ απ υ µ .   

µφ α µ    απ   π υ µ   α  α  π  υ α 

π υ µ  π υ α αµ α  µ    α φ  π  π  α   

υ .    π υ µ  α α  απ    υ υ α.  υ 

π  υ π υ µ  α   π    υ  υ 

π υ µ  µ   µ  υ µ υ  υ  υ π υ µ  

( α µ )  µ   α  µ  υ µ υ  υ  υ 

π υ µ  (Θ υ -Θ αµα) µ  αυ  α  υ π υ   α µ  υ. 

α   µ απ υ µ  π α µ α  α α µ α,  µ  υ µµα   

απα µ  π  α µ υ  π υ  αφα α  µ  απ µα  αφ   



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.14   α  – µ α  ∆ µ α  

π  υ π  υ  π υ µ .   µ  π α  α φα α   

απ π    π µ υ  π υ µ  α  µ  αφ  π  α µ  α 

 π υ µ . 

  π  υ α µ υ,   «π »   υπ  .  

 «π π α µ  π »   υ  υπ   π υ α  α µ   

 .   «α α µ » µ π α  α  µ   υ  α   

 π υ αµ υ  α α   α  µ  α π  (  

α α µ  α   υ - µα ).   «φυ  µα» µ π α  

α  µ  υ π µα  α  π  απα α   υπ µ   υ α   

α µ υ.   « υ »   α α α µ α  υ µ υ   π µ υ  

π υ µ .   «Θ υ » α  «Θ αµα» α  α  α  µ π α  

α  α α     π υ µ .   «π α µ »     

 π υ π α µα π  α  π υ µ  µ       υ  

φυ  µα. 

 υ   αφ  π υ µ  α α   υ  υ α  π υ µ  

(  π π  µ απ υ µ ),  µα µ α   α µ  π ,  α φ α 

π φ  α      µ   απ µα  µπ  µ α   

π υ µ  [29].  πα αφ  4.3.1, πα υ α  α α υ   π  µ α   

α µ  π ,  πα αφ  4.3.2 πα υ α  α α υ   υπ µ   

υ  υ α   π υ µ  α   πα αφ  4.3.3 πα υ α   α  

µπ  α   µα µ α  υ µ υ  υ  π υ µ . 

4.3.1 ∆ α µ  α  απα µ  π  

 α µ  π  α  υ α  υ υ α  µ α α  µφ α µ  φ  

α  ∆ α µ   ( ∆ ).  πα α φ υ  4.3.1.1 α  4.3.1.2 

πα υ α   πα α α   π  υπ µ  υ µµα .  πα α α  

αυ  α   π  I (πα αφ  4.3.1.1) α  π  II (πα αφ  4.3.1.2).  

πα αφ  4.3.1.3 πα υ α   πα α α   π   α α α µ   π   

π υ µ  π υ υ  υ .  πα αφ  4.3.1.4, πα υ α   π  

α α α µ   π   π π  π µα .  

   α µ  N(t)  φυ  µα α  : 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.15   α  – µ α  ∆ µ α  

 ( ) ( )
1

pN

j

j

N t N t
=

=∑  (4.16) 

π υ Np α   π   π υ µ  υ µ απ υ µ  α  Nj(t) α   π   

α µ  α  j π υ µ . 

4.3.1.1 π   (Μ  υ υ  µµα ) 

π   π     π υ απα α  α  υπ µ   µ   

α µ  υ , α  α µ    π υ µ , πα αµ  

αµ   απα µ  π  Rreq,  π π  υ µ απ υ µ  N(t) α  : 

 
1

pN

req j j

j

R R N
=

= ⋅∑  (4.17) 

π υ Rj α   απα µ  υπ   α α µ  υ j π υ µ . Γ α 

υ  υ µ α   πα µ  υ υ (t) πα υ α  µ   π π  π υ 

α  α α α .  π  π υ α  απ   µ  αυ  α  φ  α  

υ α  υ υ.  α µ  π  Ravail, α  : 

 ( )
1

m

avail i i

i

R R H t t R
=

= − − ⋅∆∑  (4.18) 

π υ m α   π   µ α  υ ∆   υ µ   µ  ti µ  

µ α   α µ  π  α  iR∆ , R α   π   α  α µ  

π  α  H() α   υ  Heaviside: 

 ( ) 1

0

i

i

i

t t
H t t

t t

 ≥− =  <  (4.19) 

4.3.1.2 π  II ( υ υ  µµα ) 

 α   α α α ,  απα µ  π   υµπ π υ  

α α α  µ  υ  α µ υ  π υ .   αφ  (Rreq-Ravail)/Rreq  α   

π  υ υ µα  υ  π υ µ  α α  α   α α µ α  υ 

µ υ   π υ µ .  πα α α    (4.17) α  (4.18)   µµα 

α  π   υ α   .  Rreq α  Ravail υ υ µα  α  : 

 
0 1

pNt
II

req j j

t j

R R N
= =
 = ⋅  ∑ ∑  (4.20) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.16   α  – µ α  ∆ µ α  

 ( )
0 1

t m
II

avail i i

t i

R R H t t R
= =
 = − − ⋅∆  ∑ ∑  (4.21) 

π υ t α   π    π υ υ  πα .  

4.3.1.3 α α µ  ω  π ω  ω  π υ µ  π υ χ υ  υ  

Ω  π  υ  π υ   π υ µ  π υ υ  υ   µ  πα υ   

πα α α .  1  πα α α   π π   α α α µ   π   π υ µ  π υ 

υ  υ  υ  π υ µ  π υ υ υ  α α .  π π  αυ  

υ    (4.17) α  (4.18)  (4.20) α  (4.21).  2  πα α α  π π   

α α α µ   π  αυ  υ  µ υ  π υ µ  π    (4.17) 

π π α   ( π  ): 

 ( ){ },

1

1
pN

req j j j conv

j

R R N H t t
=

 = ⋅ ⋅ − − ∑  (4.22) 

π υ tj,conv α     α  j π υ µ . Ό α  π π α   υ υ  

µµα    (4.20) π π α   ( π  ): 

 ( ){ },

0 1

1
pNt

II

req j j j conv

t j

R R N H t t
= =
  = ⋅ ⋅ − −   ∑ ∑  (4.23) 

  (4.22) α  (4.23) α φα υ   α υ  π υ µ  π υ υ  υ   

µ   π  π υ α µ α   αυ  α   µ   µ .    

π υ µ ,   µ   απα υµ  π  α   π α µα α α µ α  

µ α   π υ µ  π υ υ υ  α α . 

4.3.1.4  π α  – ∆ α µ  π α µα  π ω  

 φυ  µα α   α α  υ αµ  π α  α : 

 avail reqR R≈  (4.24) 

 π π  αυ   υ  µ α   π υ µ  αµα .  π  

µ α  ( υ αµ  π α ) α φα υ   απα µ   υ  π µ υ  

π υ µ  α υ υ    . Ό α   : 

 avail reqR R>  avail reqR R R∆ = −  (4.25) 

 π α µα  π  ∆R α α µ α  µ α   π υ µ  µ  α  α  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.17   α  – µ α  ∆ µ α  

 α µ  υ . 

4.3.2 υ  υ ω α π υ µ  

 υ  υ α  π υ µ   µ απ υ µ   α α  µ  απ  α 

α α   α µ  υ π υ µ  α  α  απ   π φ   υπ π  

π υ µ  α   α µ   α α  υ  α µ . 

Ω  υ  α   αυ     π  α π  

π υ µ  π υ  υ α  π υ µ  α  υ  α   α α  

 υπ π  π υ µ  [66].  α    υ    π υ µ  

α α α  υ  α   υ α  α µ υ α α  απ   α α υ α 

π α   π  α µ  υ α π υ π υ µ .  Ficisi α  Pollack [35] 

υ  υ  υ  α µ  υπ   π   α  πα .  

Barbosa α  Barreto [6], µ π  υ  Γ   π µα α α  

αφ . O Riechmann [71], απ    µα µ  π µα α, π υ  υ α 

µ α  α  α α  µ α απ  α α α   υπ π  α , 

 Γ  α  υ α  α   α υ αµ  πα .  π υ α υ α α  

µ α απ   α α  α α  α  α α µ π υ  µ  π υ α  

υπ  α  α .  π µ  µ  α   α α  

π υ µ  (  µ υ  υ µ απ υ µ ) α π α   υ  π υ µ . 

 α α µ  µ α   π υ µ  υ µ απ υ µ , µ υ   α  υ 

µ   υ ( υ υα µ   πα αµ   π υ µ )  α 

π π   π α µ α  π υ µ ,  π  υ  υ µ υ  

π υ µ . α α [76], [32], π υ µ π α  π  α  υπ µ  

 υ α   π υ µ  α  υ υα µ   υ α  υ π  υ 

α µ υ µ  α α  υ π υ µ  π   α α  υ υ  

, π α .α.  π µ  µ  α  υπ µ   υ  

υ α  υ π υ µ  φ α  υπ   πα α    π υ µ : 

•  α α υ π υ µ  α πα  α µα (  π  υ  υπ π υ  

π υ µ ).  α α αυ  α   π π  π υ µ  α  π π  α µ υ. 

•   π α    π φ α   α µ  υ π υ µ  (  π  

υ  υπ π υ  π υ µ ).  π α αυ  α   υ µ  µ   

α α  π µ  µ υ α    υπ υ α α  . 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.18   α  – µ α  ∆ µ α  

•  π α  απα υµ  π  α  π  υ α µ υ  π υ µ .  

απα µ  π  υ α  µ α µ   µ υ α α  α   . 

 π υ µ  α α π   φυ  π  π π  α α  πα  , α 

πα υ  υ  π α α  αµ  υπ  .  

4.3.2.1 υ  υ ω α  π υ µ  α  υ α µ υ 

 υ α  π υ µ  α    µα  υ α   α µ  υ : 

 
1

ˆ
jN

j ij

i

F f
=

=∑  (4.26) 

  υ α  υ υ α µ υ Bj α  j π υ µ  α  : 

 { }
1, ,

ˆmax
j

j ij
i N

B f==
…

 (4.27) 

  (4.26) υ  µ υ  π υ µ  α  π υ µ  µ  µ  π   

α µ .  απ    υ α   α µ    απ µα  υ  

π υ µ  µ  µ  π   α µ  π υ  α     

α α α  α  α   µ . υ µ  µ  µ α  α µ   α µ  

υ  π  π α  α πα υ   α   (µ  υ   

α α ).  υ πα    υ  υ α  υ π υ µ  α  υ 

 υ α  υ π  υ α µ υ µ  µα   π α α 

υ  π υ µ  µ  π  µ     µ  π υ µ  µ   π  

α  . 

4.3.2.2 υ  π α  π υ µ  

  π α   π υ µ  (π υ α α π   α π   α µ   

  ) π  µα   α α  Γ  α υ  π α   

   [77], [20].  µ   πα  αυ  α   υ  

υ  υ α   π υ µ , υπ   π   α   α α  υ 

µ απ υ µ  α  π α   π    (α  αυ  α  

υ α )  α φ  απ     µ     [38], [77].   

π α  µπ  α   µ  µ   “ α ” υ π υ µ .  

π υ µ  πα υ υ  υ  π α   µ  µ υ  ( α ) 

π υ µ  α  α α µ α  α α π α µ .  µ α  α α 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.19   α  – µ α  ∆ µ α  

π α µ  µ αφ α   υ  π α α   π  υ 

α µ υ.   π α   π υ µ  µ π α    

α µ υ    α  µ α   υµπ φ   π µ  µ υ απ  

 φ      α   (exploitation)  φ    

(exploration) [85] α   µ   υ α α  υ  α π α µ   α 

µ α α µ  π .  Burke et al. [11], πα υ υ  υ  π  α µ υ  

µ υ  υπ µ   π α .  

 π µ  µ ,   π α , Dj υ π υ µ  j, υπ α  µ  

 α  α υ   υφ  υ µ µα . φ  α   υ 

µ µα   υ α  µ  α   0 α  1 α    α α µ   µ  υ 

υφ υ α υ   υµ  α α µ  [9].  α π   υµ  α α µ   µ α 

µ   α  : 

 ( )1jm jVar f N p p  = ⋅ ⋅ −   (4.28) 

π υ fjm α   π υ µ   φ  υ j π υ µ   m , α  p α   

π α α υ υφ υ α  µ   µ  1   αυ .   π α α υ υφ υ 

α   µ  0.5 (µ  υ α  α π )    (4.28) αµ   µ  µ  

,  µ  Nj/4.   π α  υ π υ µ  α    µ  µ   

α π   α α µ  α    υ µ µα  µ υ  L: 

 { }
1, ,

j jm
m L

D E Var f=  =  …
 (4.29) 

  π α  Dj α    υ α  µ α  υ .  αφ  υ  α  

     µ µ φ α    α π   µ    nD  α   

 π α    α π    L . Ω   L  α    

απ   µ µ . 

4.3.2.3 υ  απα υµ ω  π ω  

 π α α α α  π   α α α α α α µ   µ  (building 

blocks) υ µ µα   π υ µ  [84].  µ   π α α  

α α    α   α α   π    µ  µ  

απ µα  α   υ α  υ π υ µ  α   Γ    υ α α α 

 π     µ α .  π π  αυ     α 

υ  υ  Γ  µ  υ  π α α α α  φ   π υ µ  αυ  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.20   α  – µ α  ∆ µ α  

υ  µ α  π α α α α α α υ  α   α α  α  

.  α  µ   α α   αυ   π α α πα υ  υ 

Γ   π  π  α α υ. Γ α  α α  αυ   α ,  µ   

απα υµ  π  απ  α π υ µ  α  α   π α α  α α : 

 ,

j

j j ori crR R P= ⋅  (4.30) 

π υ Rj,ori α  αυ α  µ  υ υ  α α µ  π  α  j π υ µ  α  

P
j
cr α   π α α α α  υ π υ µ . 

4.3.2.4 υ  υ  υ ω α  π υ µ  

 α   πα αµ υ  π α , υ π   απα υµ  π  α  

π υ µ  α   υ α  υ  π π  α µ υ α  α  π υ µ , π   

α  µ   υ π υ υ υ    αυ .  υ  υ  

υ α  PIj υ j π υ µ  α  : 

 

w a b

j j j

j c

j

B F D
PI

R

     ⋅ ⋅     =   
 (4.31) 

π υ, a, b, c α  w α  πα µ  π υ υ   α    αφ  

µ α   π µ υ  πα α   υ  υ  υ α .   

µ φ    (4.31) µ π α  υ   µ  π µ µα α [72], 

[73]. µα α   αυ  α ,  α µ α π υ πα υ υ   

π   π µ υ  πα αµ υ  α   υ α α υ  µα α   υ 

µ   πα αµ  υ. 

 υ  υ α  π υ µ   α  α  απ υ  π  φ  α  

υπ µ   υ α   π υ µ  (Fj) α   υ α  υ π  

υ α µ υ (Bj)  υ α  α µ   π υ µ  α   υ  υ 

 α  α µ υ υ µ απ υ µ  µφ α µ    (4.4).  

µ α µα µ  π υ π    (4.4)  π   π α α π   

π υ µ     υ    µ απ υ µ , φ   υ µ    

πα α µα  πα αµ  α  π  α α     α    αφ  

µ α   υ α   .  π µ  π υ    (4.31) α  µ  

   π φ α  φ   υ  PIj µπ  α µ π  µ   

µ     υ α  υ π υ µ   µ απ υ µ .  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.21   α  – µ α  ∆ µ α  

4.3.3 Κα  µπ  

 πα αφ  αυ  πα υ α   α  µπ   π υ µ   π π  

α   α µ  π   α  πα  α  α   α  µ α  υ π υ  

 α µ  υ  µπ µ υ π υ µ . 

4.3.3.1 π  υ  π υ µ  

 π α α µπ  µ α   π υ µ  i α  j α  Ravail<Rreq α  : 

 
( )
( )Pr ,

0

i j

i j

ii j

i j

PI PI
PI PIN t PIpop pop T

N t
PI PI

− > ∆    = ⋅        ≤ 
 (4.32) 

 µµα ∆N(t) α    [ ]T  α   [58], [25]: 

 ( ) ( ) ( )
( ) [ ]

0 0

, 0

1

req avail j

j j

x

R R E N t x
N t T x x d

dE R N t

x d

< − ⋅  ∆ = = ≤ ≤    >
 (4.33) 

π υ d α   πα µ  υ  µ α  απ  α α  µ α   α α  

υ  µ α   π υ µ  α  ∆N(t) α   µ  π   α µ  π υ  

µπ  α α   µ απ υ µ .   [ ]T  απ    (4.32) 

 απα µ  α φ α  µ   π   π υ µ  α αµ α   µµα 

υ  α µ υ  π υ .  πα µ  d  α   µ   α φ α   π   

 µµα π  π υ απ  α  πα α   φυ  α  µ  

φυ  υ αµ  υ µ  [29].   (4.32) α φα   µ  πα  

υ  α   α µ  π  πα   α  υµ  π α µα π  (∆ <0). 

 π α α υ   µ απ υ µ  αυ  α α  µ   µµα  π . 

,  π α α υ  µ α   π υ µ  αυ  αµµ  µ    

αφ   υ  υ α   π υ µ  αυ .  π υ µ  π π α  α 

µπ α  µ   µ α υ  α  .  π α α π  υ π υ µ  j απ  

 π υ µ  i α µπ  α  : 

 ( ) ( )
( )

1

Pr 1

CP

pp

CP

S

j

R j pp pN
S

k

k

rank pop
pop N N

rank pop
=

   ′= = −
  ∑  (4.34) 

π υ SCP α   π υ α   π  π   π π  π υ µ , N
t
p α   



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.22   α  – µ α  ∆ µ α  

π   π υ µ  π υ α   µ απ υ µ  α  rank() α     

υ π υ µ   µ απ υ µ  υπ   π π   α  υ π  

υ π υ µ . π µ   π   α α α µπ   π υ µ  α  

 µ   υ α  α α π α α πα υ  υ  πα υ α   

υ α  πα α φ υ 4.12. 

4.3.3.2 Μ α  π υ µ  µ  απ  µπ  

Γ α  µ α  υ π υ   α µ    π υ µ    µπ  υ  

π µ  µ  αµ α  υπ    υ  υ α   

µπ µ  π υ µ  α   πα µ    [29], π υ     

απα µ  α φ α  π   απ µα  υ .  π   α µ  α 

υ  π υ µ  i α  j,  π µ   α  : 

 1 1 1
1t t t ti J i J

i i ij j j

i ij i

PI PI PI PI
N N T e N N T

PI e PI

+ +     − −= + ⋅ = + ⋅ −           (4.35) 

π υ   T  α  : 

( )
max ,2 0.5 max ,2 0.5 0.5

2
0 0.5 0.5 max ,4 0.5

p p

p

N N
g f x g f x

N N
T x

N
x f g x f

N

    ∆ ∆   ⋅ + < − ⋅ − ≤ <           =   ⋅∆  ≤ < + − ⋅ < −    
 (4.36) 

π υ, g α  πα µ  υ  α α  µ α  υ µ   π υ µ . 

µ  υ g  π  υ [0.8,1.2] υ  α α α απ µα α [58].  

υ , eij α  : 

 
( )0.5

1
0.5

ij

e rand
e

⋅ −= +  (4.37) 

π υ, e α  f α   πα  π υ υ   α φ α  π   απ µα  

υ .  πα  f    µ α   α π α   π υ µ  

απ   α α µ A B
−→  B→A   Θ υ -Θ µα  A B

−→  B A
+→ .  

υ  e α    α µα  υ υ  eij.  υ  eij 

π   µα  υ α α  π   α   υ .  

Ό α  µφ α µ    (4.35)  : 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.23   α  – µ α  ∆ µ α  

 1 10 0t t

i jN N+ +≤ ∨ ≤  (4.38) 

  π υ µ  i   π υ µ  j αφα α  απ   µ απ υ µ . 

4.4 υ  απ  υ α µ υ 

     υ α   π µ  µ υ α   α α  υ 

α π α   α α α π  α    υ  απ  

(Overall Efficiency OE).   αυ  α      υ α  (Robustness R) 

π    υ υπ  φ υ (Computational Efficiency CE) : 

 
R

OE
CE

=  (4.39) 

 υπ  φ  (CE) α    π    π υ α  απ  

 α µ  (Nsol,CP) π   π    π υ α  απ  υ  

α α µ υ  Γ  (πα  Γ ) (Nsol,PGA): 

 
,

,

sol CP

sol PGA

N
CE

N
=  (4.40) 

 υ α  µ υ   α α υ α πα  α     µ   

 υ πα υ Γ . φ    π   α α α π   

α  υ α     α  α α   π π  π υ µ  (µ  

υ α  π.) π    π α µα π α   π π  µ απ υ µ .  

 υ α  R υπ α   υ  υ υ  υ π  υ 

α µ  µ α  µ απ υ µ .  α  α µ  υ µ απ υ µ  α  r 

µ  π  α  : 

 ( ) ,
1,..., 1,...,
min min 1, ,

p j final

r ij r R
j N i N t

f f r N= =
  = =    …  (4.41) 

π υ fr α   µ   α µ  υ  υ π  υ α µ  

 υ  υ  π υ µ  ( p) υ µ απ υ µ  α  r µ  π   α  

υ υ α  α µ , fij,r α   µ   α µ  υ  υ i α µ υ υ j 

π υ µ  α  r µ  π  α  NR α   π   µ  π  π υ α . 

  µ  α  π α  µ  π  απ π   α υ   υ π  

υ   Γ  α υ µ  α υ α υµ  ( π  α µ  α α α , 

α  α  α υµ   α α  π υ α υπ  α α  υ  υ ,  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.24   α  – µ α  ∆ µ α  

π  υ υφ υ α  π  υµ  α α φ  µ  (µ α )) π υ µπ  α 

α φα  µ  µ     α  α υ α  υ υ α  α µ .  

µ  Γ     υ α υ α υ υ α  α µ  ( α φα α    

απ µ  υ απ  υ  υπ π υ  π υ µ   π π  α ). α α  

 α  αφ  α υ α υ υ α  α µ  α   α υ  

 π υ µ  α  µ   υ α  α µπ  α   απ µα  µπ . 

 υ α R  µ υ  π  υ  α α µ υ  Γ  α  : 

 ( )1

1

2

1

0

R

R

N GA CP

r r

GA
r r

N CP GA

r r

GA
r r

f f
x fT

f
R T x x f

f f
T x f

f

=

=

 −  ≥   = = < −  ≤ −   

∑
∑  (4.42) 

π υ f  α   πα µ  α  υ µα .  µ   πα µ  α  α  

 µ  1%.   αυ     αφ  (  π  π  υ υ  υ 

π  υ α µ  υ πα υ Γ ) α µ α υ µ  µ  π . 

 µ α π υ α υ α  α  υπ µ  υ  υ α  R πα υ α  

α α υ   πα αφ  4.13. 

 υ α α   υπ  φ  α   π   π  µ  [0,∞).  

πα µ  αυ  α  υ α   µ  µ  µ α  (απ  υ 

υπ  α  υ µα  π.) α  α  π α   π υ υπ α   υ α α. 

   π υ µ  π υ µα υ   µ απ υ µ  υπ α  α  αυ   

υ α α π  α   α α α µ α  υ µ υ   π υ µ  αυ  π  α  

 υ α R α   υπ  φ  CE υπ α   υ α α. α α   

υ  απ  (OE)  π µ  µ υ υπ α   υ α α φ  α  

 υ  υ α  µ α  ( .µ). φ   µ α   υ  απ  

α  .µ µ  µ    [0,∞) α  απ µα υ υ υα µ  π  πα α  

 υ υµ υ  α  µα   .µ α υ  α υµπ   

α µ  α α µ  [9], [2]. π   π π  αυ ,  υ  απ  ( ) α  

.µ π υ µπ  α π µ  µ   α  α µ  α α µ . Ω   

υ α   µ υ α   π α α  υ  απ  (Pr[OE]) α α  

µ   µ α : 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.25   α  – µ α  ∆ µ α  

 [ ] ( )( ) ( )
( )ln

ln
Pr 1 Pr ln 0

OE

E OE
OE OE σ

    < = < = Φ −  
 (4.43) 

π υ Ε[] α  [] α   µ  µ  α  υπ  απ  υ µα  π υ πα α  απ   

α υ   υ α  υ π   α µ υ α  µ  π    

(4.42) π   υπ  φ .   (4.43)  α  µ µα  π   

απ   µα  α   µ  α   π α α αυ ,  π   

µπ  α   µ  α  υ µ   µ   πα αµ  υ. 

4.5 υ α  α αφ  

 µ  α  α 2 π υµ φ  υ α  α αφ .  π µα 

π  α  υ α  αυ  αµ φ α  : 

 
( ){ } ( ) ( )

( )
5 5

1 1

min

min cos 1 cos 1

10 10 10 10 186.7301

i i

f i i x i i i y i C

x y f C

= =
= ⋅ + ⋅ + ⋅ ⋅ + ⋅ + +      

− ≤ ≤ − ≤ ≤ = − +
∑ ∑x

x

 (4.44) 

 
( ) ( ) ( ) ( ){ }

{ }
2 2min , , , 5 exp 0.5 cos 2 cos

3 , , , 3

f x y z w x y x y z w C

x y z w

 = ⋅ ⋅ ⋅ − ⋅ + ⋅ ⋅ ⋅ + 
− ≤ ≤  (4.45) 

π υ C α  αυ α  α . Γ α  π µα   (4.44) (π µα α µ  

[23])  µ  υ µα  α  µ.  α   µ  20.  υ  µ  υ 

µ µα  α   µ  40.  π    υ α υ υ α   µ  

1,0995x10
12

 υ υα µ .   µ  α   µ  13.2699 α C=200.  π µα 

αυ  πα υ  6  α α α α µ α (x1=5.4829, y1=-1.4252), (x2=4.8581, y2=-

7.0835), (x3=-1.4252, y3=-0.8003), (x4=-1.4252, y4=5.4829), (x5=-7.0835, y5=4.8581) α  

(x6=-0.8003, y6=-1.4252). Γ α  π µα   (4.45)  µ  υ µα  α  

µ.  α   µ  8.  υ  µ  υ µ µα  α   µ  32 π υ α   

4,295x10
9
 υ υα µ . Γ α  π µα αυ  υµ  6   µ  30 υ  

  απ α  απ    µ  µ  υ 1%. α ∆ . 4.1 α  ∆ . 4.2 

πα υ α   αφ  πα α    (4.44) α  (4.45) α α. 

 µ απ υ µ  απ α  απ  18 π υ µ  µ  α  π υ µ   µ  40  60 

µα.  µ   πα αµ  υ  α ; {a, b, c, w, d, e, f,g,SCP } = {1.0, 2/3, 0.0, 0.0, 

0.2, 0.2, 0.2, 0.8, 2.0}. Γ α  υπ µ   υ  υ α   π υ µ  

αµ α  υπ  µ    π α  υ π υ µ  α   υ α υ.  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.26   α  – µ α  ∆ µ α  

π υ µ  αυ  µ υ α  απ   υ υα µ  3 π α  α α  (0.6, 

0.75 α  0.90 α α) 3 αφ  π  α α  (SPC, DPC, SPVC) α  2 

αφ   πα αµ  α   (4.7) π υ α   π φ  µ α   

π α α  µ α .  µ  α α  αυ   α   {Pinit, Pfinal, thalf, trest} = 

{0.1, 0.001, 10, 10} α  {0.05, 0.0005, 10, 10} α α.  µ  αυ    α 

µα µ α   π α α  µ α  α  µ   µα µ α  π υ 

πα υ α  απ  υ  Eiben et al., [31], µ  µ    µ  0.2 α   α/ /
2
  µ  0.4 α  

0.1 α α.  µ   πα αµ  Pinit, α  Pfinal π υ   « » α  

π α α µ α ,  µ  1/L π υ L α   µ  υ µ µα , µφ α µ  

υ  Mühlenbein, [67] α  Smith α  Fogarty, [79]. Γ α  π µα   (4.44)  

« » µ   α  π α α  µ α  α   µ  0.025 α  α  

π µα   (4.45) α   µ  0.03125 α α. 

 

∆ . 4.1: Γ αφ  α α    (4.44) (1  υ  α αφ ). 

  π π     α   µ αφ α  αυ   π µ  

 ( µ ). Γ α  π α α π  (  (4.6))  µ   πα αµ υ Sj α  

 µ  2.5.  µ   πα αµ       (4.14) α   

{CI,U
min

, CI,U
med

, CI,r, CI,VAR} = {0.80, 0.85, 0.9925, 0.05}.  α α α π  

µα α  α   π    π   150. 

 α µ  π  µ α α  µφ α µ  4 αφ  ∆  π υ πα υ α  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.27   α  – µ α  ∆ µ α  

 ∆ . 4.3. Γ α α α απ  α π µα α π α µα π α  60 πα α  µ  

αφ  µ  π   Γ α  υ υ α  µ  µ    απ  

α  α  µα  α  υπ µ   υ α   π µ  µ υ 

  µ   πα  Γ . 

 

∆ . 4.2: Γ αφ  α α    (4.45) (2  υ  α αφ ). 

 π µ  µ  υ     α  π µα α  α  

π υ µ  α   πα  Γ   π υ  α π       

(4.44) µ  α  π υ µ   µ  40 µα.  υ   π υ απα α  α  

  α α α  π  α  α µ  µ  υ υ π υ 

απα α  α  απα µ    υ α  . Γ α  π µα   

(4.44) α    υ 0.005‰ ( α   µ  π  α  α  π υ µ   µ  60 

µα) α    υ 1.4‰ α π µα   (4.45). 

 ∆ . 4.4 α  ∆ . 4.5, πα υ α    υ µ υ  υ π υ µ  α   

µ  υ π  υ α µ υ   (4.44) α  φα µ α   ∆  1. 

α   π  4 π υ µ  αφα α   υ  α α µ . Έ α  

π υ µ  α α α   π     µ  υ π υ   α µ  

υ.    α  απ   π υ µ  16 (Pcr=0.9, SPC α   1  π φ  

µ α   π α α  µ α )   58. 

 ∆ . 4.6 α  ∆ . 4.7, πα υ α    υ µ υ  υ π υ µ  α   



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.28   α  – µ α  ∆ µ α  

µ  υ π  υ α µ υ   (4.45) α  φα µ α   ∆  1. 

Όπ  α   π π    (4.44) 4 π υ µ  αφα α   υ υ  

α α µ  π υ α απ α  µ α   π υ µ .    α  

α  απ   π υ µ  18 (Pcr=0.9, SPVC α  2  π φ  µ α   π α α  

µ α )   98.  
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∆ . 4.3: φ  µ α  α µ  π  1  4. 
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∆ . 4.4:   π υ µ  α   (4.44). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.29   α  – µ α  ∆ µ α  
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∆ . 4.5:  υ π  υ α µ    (4.44). 
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∆ . 4.6:  π υ µ  α   (4.45). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.30   α  – µ α  ∆ µ α  
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∆ . 4.7:  υ π  υ α µ  α  (4.45). 

 µ  υ π υ µ  18 µ α   µ    υ π α µα  υ 

 α α µ  µ   π υ µ  2 (Pcr=0.60, DPC α  2  π φ  µ α   

π α α  µ α )   υ  υ π υ µ  18 π    

 µ  απ µα  µ   π α  υ.  α α υ  π   

  φ α   υ  π α α α α  (Pcr=0.90) α   π   

α α  (SPVC) [34].  µ   π α  µ α π    

π υ µ  18 απ  « υ »  π υ µ   « αµα» υ π υ µ  2.  

π υ µ  2 υ  α  αυ       131 α   π  

µα α    150  υπ α  υ µ υ π υ   . 

 ∆ . 4.8 α  ∆ . 4.9 πα υ α   υ  απ   π µ  µ υ 

α α 4 ∆ . Γ α α π µα α υπ  α , π υ    α    

 π ,  υ  απ  α        π υ 

α   υ µ  απ α  απ   π α µα   µ  π    υ 

υπ  φ υ. µα    απ  πα α α  α α  

π υ µ   µ  40 µα.  απ   π µ  µ υ π φ  α  αυ α  

 π   α µ  υ  π υ µ    αµα   π υ πα α α  

α υ  α α µ υ  Γ . µα α  υπ  αυ   υ   υ  

απ  π υ π  α    π π   µ   απ   



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.31   α  – µ α  ∆ µ α  

α α µ  Γ . 
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∆ . 4.8:   υ  απ  α   (4.44). 
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∆ . 4.9:   υ  απ  α   (4.45). 

Γ α  π µα   (4.44) α α α απ µα α πα α α  α ∆  3 

α  α  π µα   (4.45) α α α απ µα α πα α α  α  

∆  1.  υπ   π υ απα α  απ   α µ  α  µ  υ 

απα µ υ υ α υ  α α µ υ  Γ   π π   ∆  

1 α  ∆  2, µ  µ α υ  50% α  60% α α. 

Γ α  ∆  3 πα α α  µ  α  υ υπ  φ υ   µ   

πα  Γ  (  µ  5%). Γ α  ∆  4,  απα µ  υπ   α  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.32   α  – µ α  ∆ µ α  

π π υ  αυ  υ πα υ Γ . 

π   α υ   απ µ  α   µ    µ   α  π υ µ , 

α   υµπ α µα   µ   µ  π υ α  α α α π  

υ α   π α   «π  υπ µ » π υ µ  α  αυ  π υ 

πα υ α   .  µ  υ    π π    

  α  µ  υ  α α µ υ  Γ  α  απα  π υµ φ  

υ α  α αφ   π µα α π .  

4.6  χ α µ  υ µα  9 µ  µ  
π µ  α π α   

 Γ  υ  µ π  υ α α  π µα α υ α µ  α α υ  

υπ µ α  αµµ   µ - αµµ  α υ  [69].  Koumousis α  Georgiou [59], 

υ υ υ  υ  Γ  µ   αµµα µ  α   α µ  π π  

υ µ  υπ .  Rajan [70], α  Deb α  Gulati, [19], µ π  υ  Γ  α 

  α µ  υ µα ,  π α  α   α µ  υ µ  π υ  

π   π α  α µ  α υ  υ µ  µ α  α 

απ φ α   µα  α α  µα µ .  Thampan α  Krishanmoorthy, [83], 

υ υ υ  πα α α   µ υ ∆ α  α  Φ α  α  υπ µ  υ 

 α π α  υ µ , µ   α  Γ  π υ  α µ  υ  

υµπ αµ  α    π α  α α .  

 πα α πα αφ , α    α µ  α α  α  

µα  α  µ υ υ µα  9 µ  [43].  µα αυ  πα υ α  

 ∆ . 4.10.  

h1

h2

L L

P

1

2

3

4

5

 

∆ . 4.10: α  µ  π π  µα 9 µ . 

Ω  µ.  α  α µ α   α µ   µ  α  α   µ  h1 α  h2 π υ 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.33   α  – µ α  ∆ µ α  

υ   µα υ υ µα . 

4.6.1 µ  π µα  

 π µα π  α    α π  υ α αµ µ υ υ  

  α α υ  υπ  π µ  [23], [25]: 

 ( ) ( ) ,

1

min , ,
tN

i i i i i mat f s fail

i

C A h V A h C P C
=

= ⋅ + ⋅∑  (4.46) 

 ( ) ( ), ,

,lim ,lim

, 1.0 0, , 1.0 0
f j f s

j i i s i i

j s

P P
g A h g A h

P P
= − ≤ = − ≤  (4.47) 

π υ Nt α   π   µ  υ υ µα , Vi α    υ i µ υ , Cmat α  

Cfail α    α  µ α υ υ υ  υ υ µα  α     

α α  υ φ α α α, Pf,s α  Ps,lim α   π α α α α   α α υ  

α   α    α  Pf,j α  Pj,lim α   π α α α α  υ j µ υ   

α α υ  α   α   υ. 

  (4.46) απ  απ υ   α µ  υ   π µα α 

α υ  υ   [87], [88].  π α α α α   µ υ  α  µ   

υ  α  α   [15], [16]: 

 [ ], Pr 1f i iP M= ≤  (4.48) 

π υ i α   υ  α  α  α  i µ  π υ α  : 

 
( )( )ii

i

R A
M

F h
=  (4.49) 

π υ, R(Ai) α  F(hi) α   υ α  α  α  π α µ υ φ υ α α.  

υ α  R(Ai) α  F(hi) υ π µα  α  : 

 ( )i y iR A Aσ= ⋅  α  ( ) ( )i i iF h f h P= ⋅  (4.50) 

π υ fi(hi) α   υ  π , y α    α  υ υ , Ai α   

π φ α  α µ  α  P α   π α µ  φ .  υ  π  υ  

 φ   µ υ   π π  µ α α α  φ .  υ  π  α  

π µα [43] πα υ α   . 4.1. 

 φ  P,   α  y α   µ α   π φ α   α µ  Ai α  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.34   α  – µ α  ∆ µ α  

 .µ υ π µα .   .µ α υ   α µ  α α µ  α  υ α   

υπ µ  α  α α υ  π ,  π α α  α α   α α υ . α µ α 

 .µ υ π µα , πα υ α   . 4.2. 

υ  π  
1 2

1

1

h h
f

h

−=  f2 = 0.5 

f3 = 0.0 
2 2

2

4

12

h L
f

h

+= ⋅  
( )2 2

1 2

4

12

Lh h
f

h

+−= ⋅  

. 4.1: υ  π  α  µ υ υ µα  [43]. 

.µ α α µ  Ε[] COV 

Φ  P (kN) LN 20.0 12.5% 

 α  (MPa) LN 400.0 10.0% 

π φ α α µ  (mm
2
) LN µ.  10.0% 

. 4.2:  µ  α  α π   .µ. 

 α  µ  µα  α α    µ  υ   π  

α α  α α υ .  π π  αυ ,  µα π µ α   α 

α  µα απ µ  απ  α  α µ α µ . 

υ υ α    (4.49) α  (4.50)  υ  α  α  M  µ υ   

α α υ  α  : 

 ( ) ( ) ( ) ( ) ( )ln ln ln ln ln
y

y

A
M M A f P

f P

σ σ⋅= ⇒ = + − −⋅  (4.51) 

φ   .µ υ π µα  π µ α  µ   α  α µ  

α α µ   φυ  µ  υ , α υ   α  α α µ . Ά α,  

µ   υ  α  α   α α υ  α υ  α  α α µ  

[2], µ  µ  µ  α  α π  [3]: 

 
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )2 2 2 2

ln ln ln ln ln

ln ln ln ln

y

y

E M E E A E f E P

M A P

σ
σ σ σ σ σ

 = + − −               
 = + +           

 (4.52) 

 µ  µ  α   α π  υ φυ  α µ υ  .µ π υ α υ   

α µ  α α µ  α   [2], [16]: 

 ( ) [ ] ( ) [ ]( ) ( )
2

2 2

ln ln

1
ln 1 ln ln

2X X
E X E X

E X

σσ σΧ
      

  = + = −    
 (4.53) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.35   α  – µ α  ∆ µ α  

π υ Ε[X] α  
2

x α   µ  µ  α   α π   .µ Χ.  µ  µ  α   α π  

 υ  α  α  υ υ α    (4.52) α  (4.53) α  : 

 ( ) [ ] [ ]2

ln
ln 1 ln 1 ln 1

y P

M

y
E A E PE

σσ σ σσ σ Α      = + + + + +              
 (4.54) 

 ( ) ( ) [ ]( )
[ ]( ) ( ) 2 2 2

ln ln 1 1 1
ln

2 2 2ln ln
y

y

A P

E E A
E M

E P f
σ

σ σ σ σ   +    = − + −        − −  
 (4.55) 

υ υ α    (4.48) α    (4.54) α  (4.55) α α υµ    

π α α α α   µ υ  υ υ µα  α   [9], [15]: 

 [ ] ( ) ( )
( )ln

ln
1 ln 0f

M

E M
P P M P M σ

    = < = < = Φ −     
 (4.56) 

π υ Φ α    υ  α α  ( )  α  α α µ  µ  µ=0 

α  =1.   α     π α α  α α  α  υ µα  µ  

α  α µ α α α  Ditlevsen α   [9], [15], [16]: 

[ ]
[ ] [ ]

, ,

1 2

1

, , 1

2 1

ln( ) 0 max ln( ) 0 ln( ) 0

ln( ) 0 max ln( ) 0 ln( ) 0 ln( ) 0 ,0

n n
U

f s f s i i j
j i

i i

n i
L

f s f s i i j

i j

P P P M P M M

P P P M P M P M M

<= =
−

= =

 ≤ = < − < ∩ < 
  ≥ = < + < − < ∩ <   

∑ ∑
∑ ∑ (4.57) 

 υπ  α  π µα  µ   π α α  α α   α α υ  α   

Pf,s=0.5·(P
L

f,s+P
U

f,s).   π α α α α  P[ln(Mi)<0∩ln(Mj)<0] φ   φυ  

α µ   .µ α υ  α  α α µ  α   [16]: 

 ( )2ln( ) 0 ln( ) 0 , ;i j i j ijP M M β β ρ < ∩ < = Φ − −   (4.58) 

π υ Φ2 α     2 α  .µ α  ij α    α  υ  

υ . α µ   π α α    (4.58) α   [16]: 

 
( ) ( ) ( )

( ) ( ) ( )
max , ln 0 ln 0 0

0 ln 0 ln 0 min , 0

i j i j i j ij

i j i j ij

p p P M M p p

P M M p p

ρ
ρ

 ≤ < ∩ < < + > 
 ≤ < ∩ < < < 

 (4.59) 

π υ  πα µ  pi α  pj   (4.59) α   [16]: 

 ( ) ( ) ( ) ( )i i j j j ip pβ γ β γ= Φ − ⋅Φ − = Φ − ⋅Φ −  (4.60) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.36   α  – µ α  ∆ µ α  

α   πα µ  i α  j   (4.60) α   [16]: 

 
2 21 1

i ij j j ij i

i j

ij ij

β ρ β β ρ βγ γρ ρ
− −= =− −  (4.61) 

 υ  υ  ij   (4.61) α   [9]: 

 
( ) ( )

( ) ( )
ln ,ln

ln ln

i j

i j

M M

ij

M M

Cρ σ σ= ⋅  (4.62) 

π υ Cij α   υ α π    µ α  [15] α  ln(Mi) α  ln(Mj) α   υπ  

απ   µ   α α υ .  υ α π  µ α   µ α  xi α  xj 

υπ α  µφ α µ    [9]: 

 [ ]( )( ),i jx x i i j jC E x E x x E x  = − −     (4.63) 

 πα αφ  4.14, πα υ α   υ α  υπ µ   π α α  

α α  υ α  µ υ υ µα . 

4.6.2 µ  απ µα α 

Γ α  πα απ  µα α  3 π µα α π υ α  µ    

α π α   α α υ . α π µα α αυ  α  : αµ  π α  π υ 

α α  π µ    (4.47) α   Pj,lim=10
-4

, Ps,lim=5x10
-4

,  

π α  µ  α Pj,lim=10
-5

, Ps,lim=5x10
-5

 α   π α  µ  α Pj,lim=10
-6

, 

Ps,lim=5x10
-6

. Γ α  π µα α    µ  L α   µ  6m α    υ 

υ  Cfail/Cmat α   µ  20000. O υ   (π υ   α   πα α α  

 π µ  α µ )   (4.3) α   µ  0.1.  π µα π  

α α  π υ µ   µ  20, 40 α  60 .  α α α π  

πα α φ  60 φ  µ  αφ  µ  π   α  υ υ α  α µ . 

Ω  µ.  α  α µ α   α µ   µ  α   µ α  π υ υ   

µα υ υ µα .    µ.  α   µ  7 α  α  µ.  α α  16 

αφ  µ  π υ α   µ  µα   µ  4.  υ  µ  υ 

µ µα  α   µ  24.  µ   µ.  πα υ α   . 4.3. α   

α υ  υ φ α  υ  φ  υπ  φα µ α α α  ( υ µ ).   

α µ  απ α  απ  of 2
24

  (16,777,216 αφ  α µ ). Γ α  

υπ µ   α µ  υ  υ υ υ   α  α  π µα 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.37   α  – µ α  ∆ µ α  

απα α  7h υπ  υ  /  AMD 7 900 MHz.  

µ.  1 - 5 0000 0001 0010 0011 0100 0101 0110 0111 

 4 25.0 31.25 37.5 50 56.25 62.5 68.75 75.0 

( υ α ) 1000 1001 1010 1011 1100 1101 1110 1111 

 (mm
2
) 81.25 87.5 100.0 112.5 125.0 137.5 150.0 162.5 

µ.  6 & 7 0000 0001 0010 0011 0100 0101 0110 0111 

 4 1.00 1.25 1.50 2.00 2.25 2.50 2.75 3.00 

( υ α ) 1000 1001 1010 1011 1100 1101 1110 1111 

 (m) 3.25 3.50 3.75 4.00 4.25 4.50 5.00 5.50 

. 4.3: µ   µ. . 

 µ απ υ µ  απ α  απ  6 π υ µ  υ υ α   µ   π α α  

α α  (0.70 α  0.85 α α) α  3 αφ  π υ  α α  (SPC, 

DPC SPVC). α α α   π υ µ  πα υ α   . 4.4.  µ  

 πα αµ   π α α  µ α  α   {Pinit, Pfinal, thalf, trest} = {0.05, 

0.0005, 10, 10} π υ α   =0.2 α   α/ /
2
  µ  0.06.   α  

µ   π α α  µ α  α  α  π µα  µ  0.041667.  µ   

πα αµ       (4.14) α   {CI,U
min

, CI,U
med

, CI,r, 

CI,VAR} = {0.70, 0.85, 0.85, 0.05}.  υ µ     π   α µ  

π   π µ  .   υ  Sj υ µα  π    

(4.6) α   µ  2.0. 

υ µ  Pcr  υ µ  Pcr  

1 0.7 SPVC 4 0.85 SPVC 

2 0.7 DPC 5 0.85 DPC 

3 0.7 SPC 6 0.85 SPC 

. 4.4: α α  π υ µ . 

α ∆  π υ µ π α  πα υ α   ∆ . 4.3.  µ   πα αµ  

υ  α   {a, b, c, w, d, e, f, SCP}={1.0, 2/3, 0.0, 0.0, 0.2, 0.2, 0.2, 2.0}. Γ α  

µ   υ π  µ  πα αµ  υ , π  υ υ  g   

(4.36), υ π υ υπ µ  υ µµα  α   α α α µ   π , 

π α µα π α  5 πα αµ  µ  (A  E).  µ  α  : A ( π  II, 

α α µ   , g=0), B ( π  I, α α µ   , g=0), C ( π  II,  

α α α µ   , g=0), D ( π  I,  α α α µ   , g=0.8) α  E ( π  

II,  α α α µ   , g=0.8). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.38   α  – µ α  ∆ µ α  

 ∆ . 4.11, πα υ α    υ υ  υ π  υ α µ  

 6 π υ µ  α α  π υ µ   µ  40 . α π α α  

α α α   π υ µ   µ   π υ πα α υ  υ  π µ  α  µ α 

    π υ µ  υ υ   π  α  .  ∆  2, π  

µ   α µ  π  α  10% α  5  α α  α  

π  υ α  µ  α  υ µ  (10  30 ) α π µ α α  

α α α  π .  απ µα  µ  αυ  α   αφ  

π  π υ µ    π   υ    π  π υ α α   

µ απ υ µ .  π υ µ  2 υ    υ    υ υ 

α µ  (   28) α  µα   α α α π  (   

α π    µ µ φ α )   43. 
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∆ . 4.11:   α µ  – ( αµ  α π α 1  µα). 

 ∆ . 4.12, πα υ α    υ υ  υ π  υ α µ  

 6 π υ µ  υ π µα  α µ   α π α , α  π  α µ   

µ  40, α α µ   α µ  π  µφ α µ   πα αµ  µ  D α  µ  

µ α   α µ  π  µφ α µ   ∆  1.  π υ µ  2 α α α π   

 α µ    22 α  α  π υ µ  αυ   α α α π  

µα α    26. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.39   α  – µ α  ∆ µ α  
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∆ . 4.12:   α µ  – (  α π α - 1  µα). 

 ∆ . 4.13 πα υ α    υ π υ   α µ  α  π υ µ  α  

π µα µ  α π α .  υ    π    6   

α  µα α   21   µ   αφ  υ π υ µ  6.  π υ µ  2 

    υ  π υ µπ α  (  µ α ) α  αυ   π   

α µ  υ µ  α    υ.  π υ µ  5 υ  µ    υ  

32    µ   , 10% α  υ υ α µ .  α α α 

π  α  π υ µ  αυ  µα α    47  α π   

 µ µ φ α . 

α απ µα α υµ  α   π π  υ υ   α π α .  

 µ  α π φ  µ α   α µ  π   ∆  1 απ  α   

α  υµ α µ  µ α  υ α  α  υ υπ  φ υ α υ µ  απ  

α ∆  2 α  3.  . 4.5 πα υ α   υπ  φ , α  5 

πα αµ  µ  (A  E) α  α  π υ µ   µ  40 . Γ α  µ  

πα α α  µ  υ υπ  φ υ   µ  α απ µα α  

α α µ  Γ . α α α απ µα α πα α α  α  µ  C 

(µ  υ υπ  φ υ  α  70%), α υ µ  απ    α   α α. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.40   α  – µ α  ∆ µ α  
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∆ . 4.13:  π υ µ  – (  α π α - 1  µα). 

π α A B C D E 

αµ  74.10% 45.68% 34.02% 53.57% 51.67% 

 77.28% 44.77% 33.32% 56.11% 50.64% 

 80.36% 46.69% 33.40% 54.51% 53.90% 

. 4.5:  υπ  φ υ (Γ  100%). 

 . 4.6, πα υ α   υ α  µ  A  E  α πα  µ   

υ α υ πα υ Γ  α  π µα υ  α π α  µ  α  π υ µ   

µ  60 µα.  υ α  π µ  π π  α    π   

α µ   απ α  1% α  2.5% απ   π α µα   . α α α 

απ µα α πα α α   µ  A α  D α υ µ  απ   µ  B α  

C.  π π  E πα υ α      µ   πα  Γ . 

π α  απ   α µ  Γ  A B C D E 

1.0% 2 3 3 2 3 2 

2.5% 5 11 6 7 8 4 

. 4.6: υ α  πα αµ  µ  –  π α 

 ∆ . 4.14, πα υ α   µ , µ  α   µ  υ υπ  

φ υ α  µ  D α  E,  π  α α π µα α π υ α .  

υπ  φ  υµα α  απ  45%  60%.  υ α υ π µα  π  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.41   α  – µ α  ∆ µ α  

 υπ  φ   µ  . α  µ  υ α  π υ µ   

µ α  µα   υπ  φ . 
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∆ . 4.14:  υ υπ  φ υ α  π π  D α  . 

  ∆ . 4.15 πα υ α   υ  απ   µ υ α α 3 π µα α α   

µ  D α   α α  π υ µ   µ  20, 40 α  60 α µ  α α. 
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∆ . 4.15:   υ  απ . 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.42   α  – µ α  ∆ µ α  

Γ α  υ  απ  πα α α  µ   α  18 α α  π υ µ   µ  40 υ 

π µα  υ  α π α   π π   πα αµ  µ  E. Γ α α  

π υ µ   µ  20 α   π π   µ  D,  υ  απ  υµα α  απ  

9  12   µ   πα  Γ .  α  υ α  π υ µ    

απ µα  µ   υ  απ  υ      απ  

 α α µ  Γ . 

4.6.3 υµπ µα α 

 µ   πα   α α α π  α  υ  υ  π υ µ  π υ 

  α  υ α  .   αµ φ  υ   π υ µ   

α µ  υ µ απ υ µ  υ  α α µ υ  Γ   α πα α α  

     υπ  α  π µ   µ  υπ  

.  απ   π µ  µ υ α  υπ  α  π µα απ  α  

υ    α α α  α   α  π µ .  

πα α φ υ  4.15 α  4.16 πα υ α   α α   π   µ   πα αµ υ g 

α   π  υ α  π υ µ   υ α  π µ  µ υ  

α α  µ   υ α υ πα υ Γ . 

4.7  χ α µ  υ µα  25 µ  µ  
π µ  α π α   

α    α µ  µ    α π α  α  µ υ 

π π υ υ µα  25 µ .  µα πα υ α   ∆ . 4.16 [24]. α µ  

 α α υ  µα υ  4 µ .  µ  αυ  α :   α   µα,  

 α  α α α µ .  
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∆ . 4.16: α  µ  π π  ∆ µα 25 µ  (φ α – α µ  µ ). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.43   α  – µ α  ∆ µ α  

4.7.1 µ  υ µα  

Ω  µ.  α  α µ α   α µ   µ  αυ  Ai π υ i=1,…4,  µ  

 µ  υ υ µα  hj π υ j=1,…,7 α  α µ  lk, π υ k=1,2.  µ.  hj α  lk 

υ   µα υ υ µα  (∆ . 4.17). Γ α  µ.  h1  h7, α  α   1  4 

α  α µ  16 αφ  µ ,  α  µ.  l1 α  l2 υµ  8 αφ  µ . 

υ  απα α  (4x4+7x4+2x3)=50 υφ α α  π  π αφ   α µ . 

L 

H1 

H2  H3 

H4 

H5  H6 H7 

L2 L1 

φ1,3φ5,7

φ3,4

φ7,8 

φ11,12

φ9,11

φ5,6 φ9,10

 

∆ . 4.17: α  µ  π π  ∆ µα 25 µ  (µ. ). 

 π υπ α υ π υ  π α   α   µ  2
50

 (1,125,899,906,842,624) 

α µ .  π µα π  α   [24], [26]: 

 
( ) ( ) ,

1

min , , , ,

1,..., 4 1,...,7 1, 2

tN

i j k m i j k mat f s fail

m

C A h l V A h l C P C

i j k

=
= ⋅ + ⋅

= = =
∑

 (4.64) 

π  υ  π µ  π α α  ( α  1  υπ π µα): 

 ( ) ( ), ,

,lim ,lim

, , 1.0 0, , , 1.0 0
f j f s

j i j k s i j k

j s

P P
g A h l g A h l

P P
= − ≤ = − ≤  (4.65) 

π υ Nt α   π   µ  υ υ µα , Vm α    υ m µ υ , Cmat α  

Cfail α    α  µ α υ υ υ  υ υ µα  α     

α α  υ φ α, Pf,s α  Ps,lim α   π α α α α   α α υ  α   

α    α  Pf,j α  Pj,lim α   π α α α α   j µ α   

α α υ  α   α   υ.  2  υπ π µα π α    

π µ  π υ α  µ   µα υ υ α µ : 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.44   α  – µ α  ∆ µ α  

 ( ) 4
,1 4 0.15 0

2
s

h
g h

L
= − ≤ ( ) 7

,2 7 0.05 0
2

s

h
g h

L
= − ≤  (4.66) 

 π α α α α  υ µ υ   υ  α  α  α   υ  υ 

φ υ α  µφ α µ    (4.48), (4.49) α  (4.50).  υ  α  

α  π π α  α  αµ α  υπ   φα µ  υ υ µ  : 

 ( ) ( ) ( ) ( )0 0i y i i i i y i i iR A A f h R A A f hσ χ σ= ⋅ ← ≥ ∨ = ⋅ ⋅ ← <  (4.67) 

π υ  α   µ  υ   α    υ µ υ   υ υ µ  

µφ α µ    υ υ α 3 [33].  υ  π  fi(hi) α  φ α 

πα υ α   . 4.7. 

υ  Επ  

1 0.5f = −  2 0.0f =  

1 34,cos

3

34,cos 13,cos 34,sin 13,sin

f F
f

F F F F

⋅= − ⋅ + ⋅  
1 34,sin

4

34,cos 13,cos 34,sin 13,sin

f F
f

F F F F

⋅= ⋅ + ⋅  

( )3 56,cos 13,cos 56,sin 13,sin

5

56,cos

f F F F F
f

F

⋅ ⋅ − ⋅=  
3 13,sin

6

56,cos

f F
f

F

⋅=  

( )78,cos 34,sin 78,sin 34,cos 4

78,cos 5

7

78,cos 57,cos 78,sin 57,sin

F F F F f

F f
f

F F F F

 ⋅ − ⋅ ⋅ + ⋅  = − ⋅ + ⋅  

( )57,cos 34,cos 57,sin 34,sin 4

57,sin 5

8

78,cos 57,cos 78,sin 57,sin

F F F F f

F f
f

F F F F

 ⋅ + ⋅ ⋅ + ⋅  = ⋅ + ⋅  

( )( )56,cos 910,sin 56,sin 910,cos 6

57,sin 910,sin 57,cos 910,cos 7

9

910,cos

F F F F f

F F F F f
f

F

 ⋅ − ⋅ ⋅ +  ⋅ − ⋅ ⋅ =  

56,cos 6 57,sin 7

10

910,cos

F f F f
f

F

 ⋅ + ⋅ =  

( )1112,cos 78,sin 1112,sin 78,cos 8

1112,cos 9

11

911,cos 1112,cos 911,sin 1112,sin

F F F F f

F f
f

F F F F

 ⋅ − ⋅ ⋅ + ⋅  = − ⋅ + ⋅

( )911,sin 78,sin 911,cos 78,cos 8

911,sin 9

12

911,cos 1112,cos 911,sin 1112,sin

F F F F f

F f
f

F F F F

 ⋅ + ⋅ ⋅ + ⋅  = ⋅ + ⋅
13 12 1112,sinf f F= − ⋅  

1
13,sin

13

l
F

T
=  1 5

13,cos

13

h h
F

T

+=  ( )22

13 1 1 5T l h h= + +  

1 2
34,sin

34

h h
F

T

−=  1
34,cos

34

l
F

T
=  ( )22

34 1 2 1T l h h= + −  

6 5
56,sin

56

h h
F

T

−=  2
56,cos

56

l
F

T
=  ( )22

56 2 6 5T l h h= + −  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.45   α  – µ α  ∆ µ α  

υ  Επ  

2 6 5
57,sin

57

h h h
F

T

+ −=  2
57,cos

57

l
F

T
=  ( )22

57 2 2 6 5T l h h h= + + −  

3 2
78,sin

78

h h
F

T

−=  2
78,cos

78

l
F

T
=  ( )22

78 2 3 2T l h h= + −  

7 6
910,sin

910

h h
F

T

−=  3
910,cos

910

l
F

T
=  ( )22

910 3 7 6T l h h= + −  

3 7 6
911,sin

911

h h h
F

T

+ −=  3
911,cos

911

l
F

T
=  ( )22

911 3 3 7 6T l h h h= + + −  

4 3
1112,sin

1112

h h
F

T

−=  3
1112,cos

1112

l
F

T
=  ( )22

1112 3 4 3T l h h= + −  

. 4.7: υ  π  ( µα 25 µ ) 

Ω  .µ υ π µα  α   φ  P,   α  y,  π φ   

α µ  Ai, α   πα µ  .   .µ α υ   α µ  α α µ  α  

υ α   υπ µ   υ  α  α   α α υ  [15]. 

 α  µ  µα  α α    µ  υ   π  

α α υ.  π π  αυ ,  µα π µ α   α α  µα 

απ µ  απ  α  α µ α µ . Ω  µ  υ υ µα  α   

π  µ  µ   µ α . Γ α α µ   α  µ α  α   

υπ  απ υ  α  υ  π   π α α α α   µ α  α  µ  

 µ  µ   π α α  α α   µ  π υ  απ .  πα α  αυ  

  π  υ  µ   π α α  α α .   α   

  π α α  α α  υ υ µα  υπ α  µ   α   

Ditlevsen [15], [16]. υ υ α    (4.49) α  (4.50) µ    (4.67)  

υ  α  α , α µ  υπ  π  α , α  : 

 ( ) ( ) ( ) ( ) ( ) ( )ln ln ln ln ln ln
y

y

A
M M A f P

f P

χ σ σ χ⋅ ⋅= ⇒ = + + − −⋅  (4.68) 

φ   .µ υ π µα  α υ   α µ  α α µ   φυ  

µ  υ , α υ  α  α α µ .  φυ  µ   υ  

α  α  α υ  α  α α µ  [2], µ  µ  µ  α  α π  [3]: 

 ( ) ( ) ( ) ( ) ( ) ( ){ }ln ln ln ln ln lnyE M E E A E E f E Pσ χ = + + − −                     (4.69) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.46   α  – µ α  ∆ µ α  

 ( ) ( ) ( ) ( ) ( )2 2 2 2 2

ln ln ln lnln y
M Pχσσ σ σ σ σΑ= + + +  (4.70) 

 µ  µ  α   α π  υ φυ  α µ υ  .µ π υ α υ  α µ  

α α µ  α  µφ α µ    (4.53).  α π  α   µ  µ   υ  

α  α  υ µ υ  υ υ α    (4.70) α  (4.53), α  : 

 ( ) [ ] [ ] [ ]2

ln
ln 1 ln 1 ln 1 ln 1

y A P

M

y
E A E P EE

σ χσ σσ σσ χσ
        = + + + + + + +                    

 (4.71) 

 ( ) ( ) [ ]( ) [ ]( )
[ ]( ) ( )

( ) ( )
( ) ( )

2 2

lnln

2 2

ln ln

ln ln ln 1
ln

2ln ln

y
Ay

P

E E A E
E M

E P f

σ

χ

σ σσ χ
σ σ

    + +  + +     = −        −− −        
 (4.72) 

 π α α α α  υ µ υ  υπ α  µφ α µ    (4.56). φ  α 

µ   µ α  α   π  α µ α  π α α α α   µ α  

α   [9], [15]: 

 [ ]{ } { } ( )
( ),

ln

ln
max 1 max 1 max

i

i

f G i i
i G i G i G

M

E M
P P M P M σ∈ ∈ ∈

        = < = < = Φ −       
 (4.73) 

  α    α  Ditlevsen υπ α  µφ α µ    (4.57) π υ  

  µ  υµ   φ  α  µ . α α υπ α  µφ α µ   

 (4.58)  (4.63).   µ   π α α  α α   α α υ  α  

απ    Pf,s=0.5·(P
L

f,s+P
U

f,s). 

4.7.2 µ  π µα α 

Γ α  α  µα 25 µ  α  2 υπ -π µα α π υ α  µ  

υ  π µ  µα    αµ α  υπ   φα µ  υ υ µ .  1  

υπ π µα π  α  µ    (4.64) α  (4.65).  2  

π µα υµ  α   α   π µ  µα    (4.66).   

π π  υµ  L=10m α   Cfail/Cmat  µ  20000. O υ     (4.3) 

α   µ  0.1.  α  π υ µ  α   µ  20, 40 α  60 α µ  α   

α α α πα α αµ α  α 60 αφ  µ  π   α  υ υ α  

α µ . α ∆  µ α α  µφ α µ  α ∆  1, 2, 3 α  4 υ ∆ . 4.3. Γ α 

  (4.65) υµ  Pj,lim=10
-6

 α  Ps,lim=5x10
-6

   µ  µ  α    

µ α α   .µ πα υ α   . 4.8. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.47   α  – µ α  ∆ µ α  

υ α  µ α  α α µ  E[] COV 

Φ  P (kN) LN 20.0 12.5% 

 ∆ α  (MPa) LN 400.0 10.0% 

π φ α ∆ α µ  (cm
2
) LN µ.  10.0% 

. 4.8: π  α α µ , µ  µ  α  α π   .µ ( µα 25 µ ) 

 µ απ υ µ  απ α  απ  10 π υ µ . α α α  υ  πα υ α  

 . 4.9.   π υ µ   µ  α α  φα µ α   DPC. Γ α  

π α α µ α  α  2 π φ .   µ   πα αµ   

π α α  µ α  α   {thalf, trest} = {10, 40}.   α  µ   

π α α  µ α  α  α  υπ  α  π µα,  µ  0.02.  µ   

πα αµ       (4.14) α   {CI,U
min

, CI,U
med

, CI,r, 

CI,VAR} = {0.70, 0.85, 0.85, 0.05}.  α α α π  µα α  µ   

πα υ  150 .  πα µ  Sj   (4.6) α   µ  2.5 α     

π   α µ  π   π µ  .  

υ µ  1 2 3 4 5 6 7 8 9 10 

Pcr 0.6 0.7 0.8 0.9 0.95 0.6 0.7 0.8 0.9 0.95 

Pm Pinit=0.01 Pfinal=0.0001 Pinit=0.02 Pfinal=0.0005 

. 4.9: α µ  GA ( µα 25 µ ) 

 πα µ  υ  α   {a, b, c, w, d, e, f, g, SCP} = {1.0, 2/3, 1.0, 0.0, 0.2, 0.2, 

0.8, 2.5} α  α  υπ µ  υ µµα  υµ   φα µ  υ π υ  α   

µ  α α α µ   π   π υ µ  π υ υ  υ . Γ α α  π υ µ   µ  

40  υµ  π π α 9 µ   π   µ α  b, g, α  SCP,  π  

υπ µ  υ µµα  α   α α α µ     π .  πα µ  υ  

α  9 αυ  µ  πα υ α   . 4.10. 

 I  II  III  IV  V 

b = 0.5 b = 5/6 g = 0.4 g = 1.2 SCP =1.0 

 VI  VII  VIII  IX 

SCP =0.5 π  II α α µ    VII + VIII 

. 4.10: α µ   ( µα 25 µ ) 

 α   α α 2 π µα α πα υ α   ∆ . 4.18. Γ α  1  

υπ π µα (  π µ  µα )  π   α µ  α  

απ   π υ µ  10 α α  π  α µ   µ  60 α  µ  ∆  1. Γ α  2  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.48   α  – µ α  ∆ µ α  

υπ π µα  π   α µ  α  α α  π υ µ   µ  40 

µα α   πα αµ  µ  VIII α  µ  ∆  3. 

A=3.0cm2 

A=9.5cm2 

A=6.5cm2 

1  π -π µα 

A=4.0 cm2 

A=13. cm2 

A=8.5 cm2 

2  π - µα 

 

∆ . 4.18:   α α 2 υπ -π µα α. 

 ∆ . 4.19, πα υ α    υ υ  υ π  υ α µ  

α  1  υπ π µα µ  α  π υ µ   µ  60 α µ  α    υ ∆  

1.  π υ µ  10 α α α π      34   α  υ   54  

.  π υ µ  3, 7 α  9 υ υ    66 , 73  α  106   α α 

π α   α  14%, 15% α  20% α , υ υ α µ  υ 

π υ µ  10, α α. 
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∆ . 4.19:  υ π  υ α µ  (1  π π µα) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.49   α  – µ α  ∆ µ α  

 ∆ . 4.20, πα υ α     π υ µ  α  1  υπ π µα.  

π υ µ  10 πα υ  απ   υ    22  .  µ  αυ  

 α α υ  π  α     απ µα  α   υ  υ α  

υ µ  απ µα     υ   µ απ υ µ .  α α 

 υ υ α υ µα   υ  π α α  α α  (Pcr=0.95)  

  µ  υ  π α  µ  απ µα  µ   υ  

υ α  υ π υ µ  αυ .  υ α α µ   π υ µ  6 αφα α   

38     π υ µ  4 α α α   π    18  . 
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∆ . 4.20:  π υ µ  (1  π π µα) 

α ∆ . 4.21  ∆ . 4.23, πα υ α     υ  υ α ,  

υ α  υ π υ µ  α   π α  α υ  π υ µ  3, 7, 9 α  10.  

π υ µ  10 πα υ  αµ  απ  α α  α  π .  

 µ α  π  α    22     µα  α   υ  

υ α  υ.  υ α   υ    π     

 υ  υ α υ π υ µ  µ α    µ   π α  υ. 

α  π υ µ  9 πα υ  υ  π α  α  π  

(∆ . 4.23) π υ α α π α  α   υ  υ υ α.   υ 

π υ µ  9 µ   π υ µ  10 α α    π υ µ  9 α α α π  α  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.50   α  – µ α  ∆ µ α  

 α µ  11 φ     υ α  α  π υ µ  10   αυ  

υµ α  µ  6 φ .  υµπ φ  πα α α  α  α  π υ µ  7. 
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∆ . 4.21: υ  υ α (1  π π µα). 

Evolution of Fitness
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∆ . 4.22: υ α  π υ µ  (1  π π µα). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.51   α  – µ α  ∆ µ α  
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∆ . 4.23: α  π υ µ (1  π π µα). 

 ∆ . 4.24, πα υ α    υ υ  υ π  υ α µ  

α  2  υπ π µα µ  α  π υ µ   µ  40 α µ  µ    υ ∆  

4  π π   µ  VIII.  π υ µ  8 α α α π      126  

 α   α α α π  µα α   150  .  π υ µ  3 

α υ  α  π α µ   π υ µ  8 α    υ µα α , π  α   

π π  υ π υ µ  8,  150  .    υ π υ µ  3 α  8.3% 

π  α  απ    υ π υ µ  8 α  α α α π α   136  . α,  

π υ µ  4 υ    9% π  α     µ   α α α α 

µα α   α π    µ µ φ α   98  .  

 ∆ . 4.25, πα υ α     π υ µ  α  2  υπ π µα.  

π υ µ  3 α  8 α υ  πα  π  α   φ  υ  

( α π α α) α   α α α µ   π   π υ µ  π υ υ  υ  

  µα  α  υ π υ   α µ  α υ  υ  π υ µ  µ   

µ µ φ  α µ  υ π µα   π . α α  α  α α α  

 υ α α µ   π υ µ  2 αφα α   18  . 

α ∆ . 4.26  ∆ . 4.28, πα υ α     υ  υ α ,  

υ α  α   π α   π υ µ  3, 7 α  8 α  2  υπ π µα.  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.52   α  – µ α  ∆ µ α  

π υ µ  3 α  8 υ α  α α  α  α α α . 
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∆ . 4.24:  υ π  υ α µ  (2  π π µα) 
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∆ . 4.25:  π υ µ  (2  π π µα) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.53   α  – µ α  ∆ µ α  

υ  φ α   αυ µ  π α υ π υ µ  8 (∆ . 4.28) α   αυ µ  

υ α υ π υ µ  3 (∆ . 4.27)   µ  υ  υπ π υ  π υ µ .  

αυ µ  π α υ π υ µ  8 φ α  υ   υ  π α α 

µ α    µ   π υ µ  3. µφ α µ   ∆ . 4.28,  α α υ  α  

π    α  π υ µ  8   α   π α   

π µ  .  φ  π υ π α     υ υ α µ ,  

 π α  υ π υ µ  πα υ  α  α  αυ α   α π  υ 

  B
L
.  α   α π      αυ  α υ  µ α 

π υ  µ    υ    π  υ υ υ. 
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∆ . 4.26: υ  υ α (2  π π µα) 

 ∆ . 4.29 α  ∆ . 4.30, πα υ α   , µ  α  µ  µ  υ 

υπ  φ υ α  1  α  2  υπ π µα α α α  α ∆  1  4. α 

απ µα α πα υ υ  µ  α µα   π   υπ  α  π µα α   

π   α µ   π υ µ .  α   π µ  µα  αυ   

υπ  φ  α  4.0% π π υ α α ∆  1  3 α  α  1.4% α  ∆  4. 

 π φ  µ   υ   υ υπ  φ υ α   ∆  3 

α υ µ  απ  α ∆  4, 1 α  2 α α.  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.54   α  – µ α  ∆ µ α  
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∆ . 4.27: υ α  π υ µ  (2  π π µα) 
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∆ . 4.28: α  π υ µ (2  π π µα). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.55   α  – µ α  ∆ µ α  
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Computational Effort (1
St

 Problem)

Minimum 0.522 0.340 0.835 0.651

Maximum 0.583 0.452 1.038 0.855

Average 0.550 0.402 0.951 0.752
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∆ . 4.29: π  φ  (Γ  – 100%, 1  π π µα). 
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Computational Effort (2
nd
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Minimum 0.564 0.392 0.900 0.685

Maximum 0.618 0.496 1.048 0.847

Average 0.591 0.445 0.990 0.766
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∆ . 4.30: π  φ  (Γ  – 100%, 2  π π µα). 

 ∆ . 4.31, πα υ α   υπ  φ   µ  VII   α   1  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.56   α  – µ α  ∆ µ α  

υπ π µα.  υπ µ  υ µµα  µφ α µ   π   ( υ υ ) 

  α  υ υπ  φ υ α  π π υ 10%  π π  υ ∆  

1. Γ α α ∆  2  4 πα α α  α πα  µ α .  α α α µ   π  

(µ  VIII)   α  υ υπ  φ υ απ  57.4%  116.8% α α υπ  

α  ∆ .  υ υα µ   υ υ  µµα  α  α α α µ    

α  υ υπ  φ υ α α ∆  1 α  2  µ  43.3% α  16.5% α α 

 α α ∆  3 α  4  α  αυ  α   µ  10.5% α  4.1% α α. α 

απ µα α  α υ  υ 2 υ
 π µα  υ  α  α.  υπ  

φ  π α  απ   π   ∆  α  απ   α α α µ   π   

π υ µ  π υ υ  υ .   µ   υπ π  πα αµ υ  υ   

πα α α  µα  µ α  υ υπ  φ υ. 
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Computational Effort (1
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Standard 0.550 0.401 0.953 0.717

Case VII 0.649 0.397 0.959 0.708

Case VIII 1.498 0.975 2.084 1.885

Case IX 0.983 0.566 1.058 0.758
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∆ . 4.31: π  φ  (Γ  – 100%, 1  π π µα - ) 

 ∆ . 4.32, πα υ α   υ α R υ  α  10 µ , α α  π υ µ  

α µ   µ  40 α   1  υπ π µα. α α α απ µα α πα α α  α  

µ  VIII α υ µ  απ   µ  IV α  VI α α. α απ µα α 

πα α α  α   π π  υ 2 υ
 υπ π µα .  ∆ . 4.33, πα υ α  

 υ  απ  (OE)  µ υ α  10 µ , α α  π υ µ  α µ   

µ  40 α   1  υπ π µα. α α α απ µα α πα α α  α  µ  IV, 

VIII α  VI.  υ  µ  α ∆  α α α απ µα α α α ∆  1 α  2 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.57   α  – µ α  ∆ µ α  

πα α α   π π   µ  VIII  α α ∆  3 α  4 πα α α  

 π π   µ  IV. α απ µα α πα α α  α   π π  

υ 2 υ
 υπ -π µα . 
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Robustness Comparison (1
St

 Problem)

RVS #1 1.40 1.67 1.40 1.47 0.73 1.73 2.00 1.73 5.93 2.80

RVS #2 1.00 0.93 1.00 0.67 1.53 1.20 1.40 0.60 3.80 0.80

RVS #3 2.00 2.93 3.87 1.80 5.20 2.40 4.20 1.80 9.40 2.40

RVS #4 2.80 2.67 2.53 1.60 4.13 2.47 1.87 0.93 8.47 1.93

Std Case I Case II Case III Case IV Case V Case VI
Case

VII

Case

VIII
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∆ . 4.32: υ α (1  π π µα - ) 
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Overall Efficiency Comparison (1
St

 Problem)

RVS #1 2.55 3.03 2.62 2.81 1.26 3.25 3.45 2.67 3.96 2.85

RVS #2 2.50 2.35 2.55 1.96 3.39 2.89 3.36 1.51 3.90 1.41

RVS #3 2.10 3.03 4.16 2.15 5.01 2.48 4.35 1.88 4.51 2.27

RVS #4 3.90 3.52 3.28 2.46 4.83 3.24 2.48 1.32 4.49 2.55

Std Case I Case II Case III Case IV Case V Case VI
Case

VII

Case

VIII
Case IX

 

∆ . 4.33: υ  απ  ( ) (1  π π µα - ) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.58   α  – µ α  ∆ µ α  

Ω  π   πα µ  b   (4.31) υµπ α α  , α α   µ φ  υ 

∆ , αφ  µ  υ υ , α α π µα α, µ π   υ  

απ   µ υ. Γ α α ∆  1 α  2, α α α απ µα α πα α α  

 π π   µ  I ( µ  b=5/6). Γ α  ∆  3, α α α απ µα α 

πα α α   π π   µ  I  ( µ  b=0.5)  α  ∆  4 α α α 

απ µα α πα α α   π π   α  µ  ( µ  b=2/3). Γ α α 

∆  1 α  2 α α α απ µα α πα α α  α µ   πα αµ υ b π υ 

υµα α  απ  0.75  1.00   π π   ∆  3 α  4 α α α 

απ µα α α αµ α  α µ  π υ υµα α  απ  0.50  0.66. 

Γ α  πα µ  g   (4.36) α α α απ µα α µ  α   

π π  υ ∆  1 πα α α  α g=1.2 µ  α αµ  α α απ µα α α 

π α  α g=1.0 α   υ µ   µ   πα αµ υ αυ    

µ α υ  α   υ  υ  απ . 

Γ α  πα µ  Sj α  ∆  1 α  ∆  2, µ  µ   µ α  (Sj=0.5) 

υ  α α α απ µα α. π    µ   α  υ α  α α  

υµπ µα α α α ∆  3 α  ∆  4 α  α  ∆  3 α α α 

απ µα α πα α α  α Sj=0.5   π π  υ ∆  4 α α α 

απ µα α πα α α  α Sj=2.0. 

 υπ µ  υ µµα  µ  υ υ  (µ  VII)     

απ   π µ  µ υ α  ∆  1 (µ    µ   µ  υ 

π υ µ  µ α   α µ  π ). Γ α α ∆  3 α  4 α α α 

απ µα α πα α α  α   α µ  α  απα µ  π  υπ α  α  

 α  α µµα α  υ α   . Γ α  ∆  2  υ υ  υ 

µµα    µ   απ    π  µα  µ α   

π   α µ   µ  π υ µ . 

 ∆ . 4.34 α  ∆ . 4.35, πα υ α   υ  απ   π µ  

µ υ α  1  α  2  υπ π µα α α α αφ  α  π υ µ  

µ   α α   υ π   π  αφ  α  π υ µ .  

Γ α α  π υ µ  20 α µ  α ∆  1 α  ∆  2 πα υ υ  OE µ   

µ α  α  α α ∆  3 and ∆  4  απ  α  α α υ . Γ α α  

π υ µ   µ  60 µα,  υ  απ  πα α α  α ∆  2. Γ α α  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.59   α  – µ α  ∆ µ α  

π υ µ   µ  40 µα  α  απ  πα α α  α α ∆  1 α  4.  
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RVS #1 0.43 2.55 2.01

RVS #2 0.63 2.50 3.14

RVS #3 8.58 2.10 1.05

RVS #4 4.60 3.90 2.94
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∆ . 4.34: υ  απ  ( ) (1  π π µα - ) 
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RVS #1 0.58 3.10 3.71

RVS #2 0.75 1.70 3.73
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RVS #4 5.67 2.35 3.57
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∆ . 4.35: υ  απ  ( ) (2  π π µα - ) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.60   α  – µ α  ∆ µ α  

Γ α  α π   α µ  α  π υ µ  α α α απ µα α 

πα α α  α α α µ α ∆ . υ  φ α   α α υ  α 

α α α α µ  υ  α µ υ  π υ  α µ α υ  π υ µ  π µ α  υ  

π υ µ  π υ    π  υ  α µ . α  

π π  π υ  π   α µ  α  πα  α α α απ µα α 

πα α α  α ∆  π υ µ υ  υ  α µ υ  π υ    φ   

υ α υ µα  π   µ α α  µα  απ   µ  αυ  

α  απ    µ  υµ  µα  µ  υ υπ  φ υ. 

 υ α   π   πα αµ  a α  w   (4.31) π υ υ   

υµµ   υ α  υ π υ µ  α   υ α  υ α υ α µ   

 υ  υ α  υ π υ µ . α απ µα α πα υ α     

 υ  απ   µ υ α υ µ  π  πα αµ   π   

υ  απ   µ υ α a=1.0 α  w=0.0 α α. 

 ∆ . 4.36, πα υ α     υ  απ  α  1  υπ π µα α  

∆  1 α  2.  υ  απ  πα α α  α a=1.0 α  w=0.5 µ    

απ  α  72.6% α  50.5% α α. Γ α a=0.0 α  w=1.0 πα α α   

 υ  απ    υ 25%. Γ α  2  υπ π µα α α α 

απ µα α α  α υ  υ υα µ  a=1.0 α  w=0.25 α  a=1.0 α  w=0.50. 

 ∆ . 4.37, πα υ α     υ  απ  α  1  υπ π µα α  

∆  3 α  4. α α α απ µα α α  ∆  3 πα α α  α a=1.0 α  

w=1.0 µ    απ    µ   α  µ  α  47.3%. Γ α a=0.0 α  

w=1.0 πα α α    υ  απ    υ 30%. Γ α  ∆  4 

  a=1.0 α  w=0.0 πα υ   υ  υ  απ .  υ  

απ  πα α α  α µα α: {a=1.0, w=1.0}, {a=0.25, w=1.0} α  {a=1.0, w=0.5}. 

 ∆ . 4.38, πα υ α     υ  απ  α  2  υπ π µα α  

∆  3 α  4.  υ  απ  πα α α  α a=1.0 α  w=0.75 µ    

απ  α  97.8% α  52.1% α α. Γ α a=0.0 α  w=1.0 πα α α   

 υ  απ    υ 22% α  ∆  3  α  ∆  4  

υ  απ  µ α  α  30% π π υ. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.61   α  – µ α  ∆ µ α  
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∆ . 4.36:   υ  απ  ( ∆  1 α  2 - 1  π π µα). 
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RVS#3 0.980 1.017 1.227 1.473 1.169 1.211 1.180 1.305
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∆ . 4.37:   υ  απ  ( ∆  3 α  4 - 1  π π µα). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.62   α  – µ α  ∆ µ α  
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∆ . 4.38:   υ  απ  ( ∆  3 α  4 - 2  π π µα). 

4.7.3 υµπ µα α 

Γ α α ∆  1 α  2  υ  υ  απ  πα α α  α µ  α  

π υ µ . Γ α  υπ µ  υ µµα  π  υ α   π    α  α   

π   π µ  µ  µ α  π α α φυ  µα.   

π α  πα  µα    α α   α α  υ υ 

  π  π α  υ  µ  α  α  πα µ  b.  µ  α  

πα µ  Sj   α   π α   υ α  µπ  µ  απ µα 

 µα  α α µ  υ µµα  µ α   π υ µ  υ µ απ υ µ  

π π α   π υ  π υ µ   υ α α α α υ   α  α 

αυ υ   π   α µ  υ . 

Γ α α ∆  3 α  4,  π  µα  πα     υ  υ α  υ 

π υ µ  α   υ α  α µ  υ.   π α   απ  µ  

πα µ   π π  αυ , π   υ a/b υ   µ α  α αµ α  

α υ  α  α α α απ µα α. 

υµπ α α   α α ∆  1 α  2, α  πα µ  a α  α α α απ µα α 

πα α α  α a=1.0 µ   πα µ  w α υµα α  απ  0.25  0.5. Γ α α ∆  3 

α  4 α α α απ µα α πα α α  α  µ  π υ  πα µ  a α  w 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.63   α  – µ α  ∆ µ α  

υµα α  απ  0.75  1.0. 

4.7.4 µ  απ µα α – µα υ µ  

α α α  υ υ µα  25 µ  απ   π π  π υ α  υπ µ   

α    αµ α  υπ   φα µ  υ υ µ .  υ  

απ µ   α     [33] π µ α   .µ π υ α υ  α µ  

α α µ  [50] µ  αφ   µ α α . 

Γ α  µ   µ  α α  16 π υπ   α µ  [33].  µ  α   

π   α µ  αυ  πα υ α   . 4.11.  µ.  h1  h4 υµα α  απ  

0.25m  3.00m  α  µ.  h5  h7  α µα  α  απ  0.0m  0.90m. α µ  

 α µα  l1 α  l2 υµα α  απ  2.00m  3.75m.  πα µ   .µ υ 

π µα  πα υ α   . 4.12. 

A/A π  ∆ α µ  d (mm) t (mm) A/A π  ∆ α µ  d (mm) t (mm)

1 TUBO-Φ21.3x2.8 21.3 2.8 9 TUBO-Φ88.9x3.2 88.9 3.2 

2 TUBO-Φ26.7x2.9 26.7 2.9 10 TUBO-Φ101.6x3.6 101.6 3.6 

3 TUBO-Φ33.7x3.2 33.7 3.2 11 TUBO-Φ108.0x3.6 108.0 3.6 

4 TUBO-Φ42.7x3.2 42.7 3.2 12 TUBO-Φ114.3x3.6 114.3 3.6 

5 TUBO-Φ48.4x3.2 48.4 3.2 13 TUBO-Φ127.0x4.0 127.0 4.0 

6 TUBO-Φ60.1x3.2 60.1 3.2 14 TUBO-Φ133.0x4.0 133.0 4.0 

7 TUBO-Φ76.1x3.2 76.1 3.2 15 TUBO-Φ139.7x4.0 139.7 4.0 

8 TUBO-Φ82.5x3.2 82.5 3.2 16 TUBO-Φ152.4x4.0 152.4 4.0 

. 4.11: ∆ α µ  α µ  ( µα 25 µ ) 

υ α  α  α α µ Ε[] COV 

Φ  P (kN) LN 20, 30, 40 12.5% 

 ∆ α  (MPa) LN 275.0 7.00% 

π φ α ∆ α µ  (cm
2
) LN α  10.0% 

 πα    LN µφ α µ  υ 0%† ~ 5% [50] ~ 10%

. 4.12:  µ  α  α π   .µ ( µα 25 µ ) 

† µ  α  

µ π α  9 υ  π µα α (3 µ  α  E[P] α  3 αφ  µ  υ 

 µ α α  υ υ  ) µ  L=10 m α   Cfail/Cmat  µ  20000.  

υ     (4.3) α   µ  0.1.  α  π υ µ  α   µ  40, 60, 

80 α  100 α µ . α α   (4.65) α  α µ  Pj,lim=10
-6

 α  Ps,lim=5x10
-6

. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.64   α  – µ α  ∆ µ α  

  π π   α α α π  πα α αµ α  10 φ  µ  αφ  

µ  π   α µ υ   α  α  µα. 

 µ απ υ µ  απ α  απ  12 π υ µ . α α α  υ  πα υ α  

 . 4.13.   µ   πα αµ   π α α  µ α  α   

{thalf, trest} = {10, 40} µ   µ   α  π α α  µ α   µ  0.02.  

µ   πα αµ     α   {CI,U
min

, CI,U
med

, CI,r, CI,VAR} = 

{0.70, 0.85, 0.85, 0.05}.  α α α π  µα α  µ   πα υ  250 

. Γ α  π α α π   α µ  υ π υ µ   πα µ  Sj α   

µ  2.5 α     π   α µ  π   π µ  . 

υ µ  1 2 3 4 5 6 7 8 9 10 11 12 

Pcr 0.7 0.7 0.8 0.8 0.7 0.7 0.8 0.8 0.9 0.9 0.9 0.9 

Τύπος SPC SPC SPC SPC DPC DPC DPC DPC SPC SPC DPC DPC

Pm A B A B A B A B B A B A 

φ   Pinit=1% Pfinal=1‰ φ   Pinit=2% Pfinal=2‰ 

. 4.13: α µ  GA 

α α µα ∆  υ ∆ . 4.3 π α  α ∆  5  7 υ ∆ . 4.39. α 

∆  α π α   4 µ  α α  α α  µ α  υ : 

 µ α υ  µ  ( ∆  1 α  2),  µ α α µα  π  ( ∆  3 

α  4),  µ α µ  α  α  π  α   υ α α  µ  ( ∆  5 α  

7) α  α π φ  ( ∆  6) π υ απ  υ υα µ   1
 α  2  µ α .  α  

µ   πα αµ  υ  α   {a, c, d, e, f, g} = {1.0, 0.0, 0.2, 0.2, 0.2, 1.0}.  

υ υα µ   πα αµ  b, w α  SCP α  ∆  πα υ α   . 4.14 

α  α α  α απ µα α  πα α φ υ 4.7.2. 

∆  b w SCP ∆  b w SCP 

1 – 2 5/6 0.5 0.5 5 – 7 5/6 0.5 1.0 

3 – 4 0.5 1.0 2.0 6 5/6 0.75 1.0 

. 4.14: α µ  w, b α  SCP. 

 π π   ∆  1 α  2,  π   α µ  υ µ απ υ µ  µ α  

µ     α α α . Γ α  πα µ  b π α  µ   µ  5/6 υ  

 µ   πα αµ υ w π υ α   µ  0.5  α υ    π υ µ  µ  

υ  π α.  π  µ  υ  SCP=0.5 α  υπ µ   π α α  

π   π υ µ   π π  µπ  µ    αφ  µ α  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.65   α  – µ α  ∆ µ α  

 π υ µ  υ α   µ  υ  µ  αφ  αφ   π   υ αµ α. 

Γ α α ∆  3 α  4  π   α µ   µ απ υ µ  πα υ  π α 

π    π α  υ π υ µ   α  π  µ  

πα α   υ  υ  υ α    µ   υ α υ υ 

α µ . Ά α π α  υ  µ  α  υ  w  α υ   

π υ µ  µ  π  α    π   π   µ  α    

 π υ µ  π     α αµ α  α . Γ α  πα µ  SCP 

π α  µ   µ  2.0   υ   αφ  µ α   π υ µ  α  

 µ   π α   µπ µ  υ α  απ α α      

 π υ µ  φ  αυ α   π α  µπ  υ . 
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∆ . 4.39: φ  µ α  α µ  π  5  7. 

Γ α α ∆  5 α  7 π α     µ  µ  αυ   ∆  1 α  2 α  

µα π µα α αµ α   µ  υ π υ µ  α  µ  b α  w. Γ α  

πα µ  SCP π α  µ   µ  1.0 π υ απ  α   µ   µ α   1  α  

 2  µ α  ∆ .  α  ∆  6 π α  α  πα µ  w  µ   

 µ   1  α  2  µ α  ( ∆  1 α  2 α  ∆  3 α  4 α α)  α  

πα µ  b π α   µ   1  µ α . Όπ  α   π π   3  µ α  

( ∆  5 α  7)  µ   πα αµ υ SCP α   µ  1.0. 

  µ   µ   α E[P]=30kN α  µ   µ α α  α  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.66   α  – µ α  ∆ µ α  

πα µ   υ  µ  0%, 5% α  10% α α, πα υ α   ∆ . 4.40.  ∆ . 

4.41, πα υ α    α µ  α 3 αφ  µ   µ  µ  υ 

φ υ α   υ   α  .µ µ   µ α α   µ  5%.  

TUBO-D33.7/3.2

TUBO-D42.7/3.2

TUBO-D76.1/3.2

F opt  = 152.47       Deterministic

(a)

 

TUBO-D33.7x3.2

TUBO-D48.4x3.2

TUBO-D76.1x3.2

F opt  = 154.26        C.O.V. 5%

(b)

 

TUBO-D33.7x3.2

TUBO-D48.4x3.2

TUBO-D76.1x3.2

F opt  = 155.00        C.O.V. 10%

(c)

 

∆ . 4.40:  α µ  (E[P]=30 kN). 

F opt  = 114.78       E[P] = 20 kN

(d)

TUBO-D26.7x2.9

TUBO-D33.7x3.2

TUBO-D60.1x3.2

 

F opt  = 154.26       E[P] = 30 kN

(e)

TUBO-D33.7x3.2

TUBO-D48.4x3.2

TUBO-D76.1x3.2

 

F opt  = 180.07       E[P] = 40 kN

(f)

TUBO-D33.7x3.2

TUBO-D48.4x3.2

TUBO-D88.9x3.2

TUBO-D42.7x3.2

 

∆ . 4.41:  α µ  (  .µ COV  5%). 

 . 4.15, πα υ α   µ   µ.  π υ υ   µα υ υ µα .  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.67   α  – µ α  ∆ µ α  

µ α  υ  µ α α   πα αµ υ     µα  

αφ  υ  α µ  (  π    α   µ.  π υ υ   

α µ  υ υ µα ).  αφ  π α   µα υ υ µα  α  

  υ  π  µ  µ α   αυ α    µ α α   

πα αµ υ . ∆ αφ  µ   µ  µ  υ φ υ µ α υ  µα   

µα α   α µ  υ φ α.   πα υ  µ α  αµµ  α   

π   µ  µ  υ φ υ. α α α  α µα α  υ υ υ  π  µ  

α  αυ α   µ  µ  υ φ υ µ  α  µ   µ   µ.  l1 α  υ 

α µα   µ.  l1+l2  αυ α   µ  µ  υ φ υ. 

  υ υ  υ π  υ α µ  α E[P]=40kN, α  µ   

µ α α  α  πα µ    µ  10%, α  π υ µ   µ  80 α µ  

α  ∆  1, πα υ α   ∆ . 4.42.  π υ µ  12 α α α π     

  58 α  α      71.  π υ µ  3 α α α π  

α µ  8.9% α  υ υ   55 α   α α α π  

µα α    58.  π υ µ  9 υ    α  13.5% α   

 α   α α α π  µα α   88  . 

α µ  h1 h2 h3 h4 h5 h6 H7 l1 l2 

a 1.00 1.50 1.85 2.00 0.0225 0.25 0.425 3.5 3.25 

b 0.90 1.30 1.425 1.475 0.0 0.275 0.575 3.0 3.75 

c 0.80 1.20 1.30 1.375 0.275 0.575 0.80 3.25 3.75 

d 1.00 1.40 1.80 2.025 0.025 0.20 0.45 3.5 3.5 

e 0.90 1.30 1.425 1.475 0.0 0.275 0.575 3.0 3.75 

f 1.30 1.80 2.30 2.65 0.0125 0.10 0.325 2.75 3.50 

. 4.15: µ   µ.  α    a  f. 

 ∆ . 4.43, πα υ α    υ µ υ   π υ µ  υ µ απ υ µ  

α α  π υ µ   µ  80 α µ  α  ∆  1.   10 (µ   µ   

α µ  π ) µφα α  α   π  υ . Γ α  π υ µ  12 

πα α α  µ α µ  µ α  υ π υ   α µ  α   α  

π  (  α µα  αυ  α  µ  υ 15%) π υ υ π α , α  

∆ , υ α υ  υ µ υ υ. 

Γ α  π υ µ  9 µ   50  , π  πα α α  2 µα  αυ  υ 

π υ   α µ  α υ µ  απ  µ  α υµ .  71   



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.68   α  – µ α  ∆ µ α  

πα α α  µ  υ π υ µ    π .  π υ µ  7 α  10,  

υ α α µ  υ υ  π α  53  α  37   α α. 
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∆ . 4.42:  υ π  υ α µ  (E[P]=40kN,  .µ 10%) 

Evolution of Population Size
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∆ . 4.43:  π υ µ  (E[P]=40kN,  .µ 10%). 

 . 4.16, πα υ α  α ∆  υ  π υ α   α α υ   

 . Γ α E[P]=30kN    α α α π α   π π  υ 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.69   α  – µ α  ∆ µ α  

∆  6, µ  α  π υ µ   µ  100 α µ  α  π π  π υ  

υ   πα υ   µ α α   µ  5% α  10% α α. Ό α    

πα µ   α  µ  µ α ,  α  α µ  α α α π α  

απ   ∆  4 µ  α  π υ µ   µ  100 α µ . Γ α E[P]=40kN   

 α α α π α  απ   ∆  1 µ  α  π υ µ  80  100 α µ . Γ α 

E[P]=20kN,    α α α π α  α α  π υ µ   µ  60  80 

α µ  α  ∆  3 α  4 µ  α   π π  π υ  πα µ   

πα υ   µ α α   µ  10% π    α µ  

α α α π α  απ  υ  α α µ υ  Γ . 

 µα ∆   υ µ Γ  .  π  

, Det
†
  ∆  3 80 4 161 218 2 

, RV* 5% ∆  4 80 5 46 51 9 

2
0

 k
N

 

, RV 10% Γ  60 3 69 94 2 

, Det  ∆  4 100 2 49 67 4 

, RV 5% ∆  6 100 9 63 63 4 

3
0

 k
N

 

, RV 10% ∆  6 100 8 121 122 8 

, Det  ∆  1 100 2 95 100 4 

, RV 5% ∆  1 80 6 24 33 1 

4
0

 k
N

 

, RV 10% ∆  1 80 12 58 71 7 

α α  
† 

Det µ  α  * RV υ α α α  

. 4.16: α µ   µ υ π υ υ     

Ω  π  α α α   Γ  (π α α α α , π α α µ α  α  

π  α α )  υπ υ  α π υ α α   π  υ µ υ 

 πα αµ  α  Γ .  µ  SPC α   µα  µφα α   6 απ  α 9 

π µα α.  3 αφ  µ  (0.7, 0.8 α  0.9)  π α α  α α  

πα υ α  4, 3 α  2 φ  α α. Γ α  µ  π   πα α α  π α 

α α υ µ  α υ α υ υ α  α µ .  π    µ  

    µ  υµα α  απ  24  161   α α    

π    α  υµα α  απ  29  218 . 

 ∆ . 4.44 πα υ α    µ  α  µ  υπ  φ  α   

υ α µ   π α  µ     α  απ   α  

  υ πα υ Γ , α α 7 ∆ .  π φ  µ   υ   υ 

υπ  φ υ α   ∆  3 α υ µ  απ   ∆  4, α   π φ  µ  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.70   α  – µ α  ∆ µ α  

 µ   υ υπ  φ υ α   ∆  2 α υ µ  απ   

∆  1. Ω  π   υ α υ α µ υ, µ  α   ∆  4,  µ  

π υ  υ  υ α   π υ υπ    υ πα υ 

Γ  ( µ  α φ υ  µ  50%). υ α  α π φ    µ   ∆  1 

υπ  υ ∆  2,  ∆  3 υπ  υ ∆  4 α   ∆  7 υπ  υ 

∆  5. α  ∆  3 π υ  α υπ  υ  α α 

µ υ  Γ  α  π µα µ  α   π µα π υ E[P]=20kN α   .µ 

µ   µ α α   µ  10%   ∆  6 α   α  υ  

 α µ   7 απ  α 9 π µα α µ  υπ  φ   µ   75%. 
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∆ . 4.44: α  υ υπ  φ υ, π α α  α  . 

α ∆ . 4.45  ∆ . 4.47 πα υ α   α π  υ υ  υ π  

υ α µ  α α φ α ∆  α   υπ  φ  α αφ  

µ  µ  υ φ υ α  υ  µ α α   πα αµ υ .  ∆ . 4.45 α 

π φ  ∆  3  6, πα υ υ  π α α   α    υ 

πα υ Γ  υ  υ 50% µ  µ  µ   µ  72.5% α  ∆  4, πα  

π υ  α α µ  Γ  α υ  α   α  υ α  α .  

υ α υπ α  α  ∆  1 α   µ  50% π   υ α  µ υ α  

αµ  µ  αυ   α α µ  Γ . υ  π υ α  µ   



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.71   α  – µ α  ∆ µ α  

µ   α   υπ  φ  α   µ  63%.  

 ∆ . 4.46, α α ∆  υ   φ  απ   π   

α µ  υ πα υ Γ .  π α α   α    υ 

πα υ Γ  α  α α α ∆ , µ  α   ∆  2, υ  υ 50% µ  

 α  µ  α πα α α  α α ∆  3 α  6.  

 ∆ . 4.47 α α ∆ , µ  α   ∆  4, υ   φ  απ  

 π   α µ  υ πα υ Γ .  π α α  

φ   απ   α  υ πα υ Γ  α    υ  υ 50%.  

π  α πα απ  υµπ α α    π µ  µ  πα υ  µ α  

υ  απ   αυ α   υ α υ υπ  α  π µα . 

Obj. Value, CE and Pr. of better sols from std. GA - E[P]= 20kN
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∆ . 4.45:   α µ , υπ  φ , π α α  

α   (E[P]=20kN,  .µ 10%) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.72   α  – µ α  ∆ µ α  

Obj. Value, CE and Pr. of better sols from std. GA  - E[P]= 30kN
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∆ . 4.46:   α µ , υπ  φ , π α α  

α   (E[P]=30kN,  µ ) 

Obj. Value, CE and Pr. of better sols from std. GA  - E[P]= 40kN
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∆ . 4.47:   α µ , υπ  φ , π α α  

α   (E[P]=40kN,  .µ 5%) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.73   α  – µ α  ∆ µ α  

Γ α    υπ  α  π µ   α  απ  πα α α  α  

α α υ  µ α   α µ  π  π υ   µ   π  

.  α  απ µα α πα α α  α α ∆  5  7 α  α ∆  

α α π α π α  α   α µ  π  α α  α  α α α  

π  α υ µ  απ  µ   α µ  π  α  α  ∆  π υ 

υ υ υ  µ α π  µ  µ α φ υ α α υ α α µ  π . 

4.7.5 υµπ µα α 

 µ   πα   α α α π  α  υ  υ  π υ µ  π υ 

  α  .    µ  π υ α υ  Γ   α υ υ   

  µ  µ  .  υ  απ   π µ  µ υ α 

 υπ  α  π µα απ  α  υ    α α α  υ α 

α α π µα α. α α α απ µα α πα α α  α ∆  π υ 

υ υ υ  π  µ  φ υ α α υ α α µ  π   π υ πα υ υ  

α   α µ  π  α α  α  π  α υ µ  απ  

α  µ   π  αυ . µφ α µ  α απ µα α π υ πα α α , α 

π µα α υ  υπ  υ   π  α  π  α   ∆  1 

π υ υ υ  υ  υ α α  αµ  υπ  φ . Γ α π µα α π υ  

υπ    απ  π  πα α  ∆  3 απ  α   

 π . α ∆  6 α  7 απ  α    π  α  α  α  

αµ  υπ  φ  α  υ  υ α.  πα αφ  4.17, πα υ α  

µ   υ π   απ   π µ  µ υ   µ   

π α α µ α   α µ  π . 

4.8  χ α µ  υπ α  φ ω  µ  
π µ  α π α  

 π µα π  α   [27]: 

 ( ) ( ) ,

1

min 1,...,
tN

i m i mat f s fail DV

m

C A V A C P C i N
=

= ⋅ + ⋅ =∑  (4.74) 

π  υ  π µ  [27]: 

 ( ) ( ), ,

,lim ,lim

1.0 0, 1.0 0
f j f s

j i s i

j s

P P
g A g A

P P
= − ≤ = − ≤  (4.75) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.74   α  – µ α  ∆ µ α  

π υ Nt α   π   µ  υ υ µα , Vm α    υ m µ υ , Cmat α  

Cfail α    α  µ α υ υ υ  υ υ µα  α     

α α  υ φ α, Pf,j α  Pf,lim α   π α α α α  υ µ υ  α   α  

 α  Pf,s α  Ps,lim α   π α α α α   α α υ  α   α   

.  µ  Ps,lim α   µ  10
-6

 π υ α α    α π α  =4.754.  µ   

Pf,lim α   µ  10
-5

 π υ α α    α π α  =4.265.   Cfail/Cmat 

α   µ  20000 α    υ υ  α   µ  20MU/m
3
.  µ  υ 

υ  π  α   µ  100.0 α   µ  υ υ   α   µ  0.1.   

π π   α α α π  πα α αµ α  10 φ  µ  αφ  µ  

π   α µ υ   α  α  µα. 

 µ απ υ µ  απ α  απ  6 π υ µ . α α α  υ  πα υ α  

 . 4.17.  µ   πα αµ   π α α  µ α  α   {Pinit, 

Pfinal, thalf, trest} = {0.1, 0.01, 10, 5}.  µ   πα αµ      

 (4.14) α   {CI,U
min

, CI,U
med

, CI,r, CI,VAR} = {0.70, 0.85, 0.85, 0.05}.  

α α α π  µα α  α   π    π   20.  

πα µ  Sj α   µ  1.0 α     π   α µ  π  

 π µ   (π  π µ  α  π   π   µ   

πα αµ υ Sj πα υ α   πα αφ  4.20).  

υ µ  1 2 3 4 5 6 

Pcr 0.7 0.7 0.8 0.8 0.9 0.9 

Τύπος SPC DPC SPC DPC SPC DPC 

. 4.17: α µ  GA 

 α µ  π  µ α α  α α υ ∆  1 π υ πα υ α   ∆ . 4.3. 

 µα αυ  π  µ   µ   1/6 (  100%  π  π υ απα α  α  

π   π υ µ  – π  π µ  α  π   π  υ 

π  µ α   α µ  π  πα υ α   πα αφ  4.17)  

α  α µ  π   5 .  µ   πα αµ  υ  α   

α υ  α   {a, b, c, w, d, e, f, g, SCP} = {1.0, 5/6, 0.0, 0.5, 0.2, 0.2, 0.1, 1.0, 1.0} α  

   π µ  µ υ π υ µ π α  α   ALG#4.  µ  π υ 

α   π    αυ  α α π µα α υπ  α  πα υ α  

 πα α φ υ  4.18 α  4.19.  πα µ  SCP α   µ  1.0  µ  αυ  π α  

  πα αµ  µ  α υ  ALG#3 α  ALG#4 µ      

α α    µ υ. α απ µα α  υ π   π  αυ , 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.75   α  – µ α  ∆ µ α  

πα υ α   πα αφ  4.20. 

4.9  χ α µ  υ µα  10 µ  µ  
π µ  α π α  

 ∆ . 4.48, πα υ α  π π  µα 10 µ  π υ απ   3  π µα 

π .  υπ α α υ φ α α   µ  3. Ω  µ.  υ π µα  

α  α µ α   α µ   µ .  α µ  α µ  α  µ.  

πα υ α   . 4.11.  α µ   µ  πα υ α   . 4.18. 
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 P2 

P2/2 

 3l 

  6l          3 

5l 

3l 

1   2 

  4  

 3l 

    5 
 6 

 A2 

  A3 

A1 

 A2 

A3 

A1 

    A4 

 A4 

   A5     A5 

 

∆ . 4.48: π π  υπ α  µα 10 µ  (3  π µα) 

 † ‡          

1 1 3 2 2 4 3 3 5 4 4 6 

5 3 4 6 5 6 7 1 4 8 2 3 

9 3 6 10 4 5  

. 4.18: µ  µ  υ µα  10 µ . 

† µ   ‡ µ  α  

υ  απα α , 5x4=20 υφ α α  π  µ  υ π µα .    

π α   α   µ  2
20

 (1,048,576) α µ .   µ   α  

π α α  µ α  α   µ  5% [49], [67]. Γ α  3  π µα α  2 

υπ π µα α µ  E[Pi]  µ  40kN, α  60kN α α. Ω  .µ υ π µα  

α    α    α  φ υ µ   π φ   α µ  α  α 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.76   α  – µ α  ∆ µ α  

π α µ α φ α.  υ  απ µ   α   α  µ  

µ α .  υ   .µ α  υπ  α  π µα πα υ α   . 

4.19.  πα µ  υ α µ υ α υ  α π α  α  [27]: max{nf,j}=7, 

max{nj}=600, L[IFM]=2, fvol=1.0, fRV=fcut-off=0.10 fs,c=0.10, fs,cp=0.70 α  α  α α µ  

 υ α   µ   µ  π  α υ  α α  µ π α   2  

πα α α . To π   µ  π  α υ  α α  αµ α   µ  20. 

 π φ  α  πα αµ υ   µ υ α υ  α π α  α   

υµπ φ  υ α µ υ πα υ α   φ α  3. 

υ α  

α  
t,y c,y P1 P2 Ai 

α α µ  LN LN N N LN 

E[] 27.5 kN/cm
2
 24.0 kN/cm

2
 π π µα α . 4.11 

0.07 0.07 0.15 (3  π µα) 0.10 
COV 

0.07 0.07 0.30 (4  π µα) 0.10 

. 4.19: υ  .µ (µ  µ  α   µ α α ) 

Γ α E[P1,2]=40kN   α µ  α   {A1, A2, A3, A4, A5}= {Φ60.1/3.2, 

Φ60.1/3.2, Φ48.4/3.2, Φ76.1/3.2, Φ60.1/3.2}.  Pf,s υ α µ  αυ  α   µ  

9.79x10
-8

 µ     µ  1.78x10
-8

, π υ α   =5.204.  µ  υ Pf,s 

α  α  µ α  µ υ  µ  υ α υ υ. 

Γ α E[P1,2]=60kN   α µ  α   {A1, A2, A3, A4, A5}= {Φ60.1/3.2, 

Φ101.6/3.6, Φ101.6/3.6, Φ82.5/3.2, Φ60.1/3.2}.  Pf,s υ α µ  αυ  α   µ  

4.47x10
-7

 µ     µ  8.68x10
-8

, π υ α   =4.914.   µ   1  

υπ π µα πα α α  µ α α   Pf,s  µ  500% π π υ. υ  απ α   

µ α  µα α υ υ  α  α  υµ  α  υ υ υ υ  

π υ απα α    µ   1  υπ π µα.  

α ∆ . 4.49  ∆ . 4.52, πα υ α    υ π υ   α µ  α  υ 

υ  υ π  υ α µ  α E[P1,2]=40kN α  E[P1,2]=60kN. Γ α  

1  υπ π µα,  π υ µ  1 α  5 α α α π υ    α µ .  π υ µ  

αυ  α α α  απ     α   π   π υ µ . υ  

π α α  α  απ   µ   α µ  υ  υ π  υ 

α µ υ υ ∆ . 4.50.  µ α  υ µ υ   π υ µ    6   

αµ  µ   π  µ   α µ  π .  π υ µ  1 α  5 αυ υ   



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.77   α  – µ α  ∆ µ α  

π   α µ  υ    υ π υ µ  2 π υ α   αφ   9  

.  10    π υ µ  1 α  5 µπ υ  αυ α υ  π υ µ  4 α  6 

α α α  υ   π  .  15    π υ µ  1 µπ α  µ   

π υ µ  3 µ  απ µα  π   υ υ α υ  17  .  

Γ α  2  υπ π µα  π υ µ  3 α α α π    α µ .  π  

φ   α α α  π   α µ  υ  υ π  

υ α µ υ υ π υ µ  αυ  α  υ   α  µ    

 υ µ  π υ µ .  υ  µ  µ  υ  π α  α  υ 

υ  υ α  υ π υ µ  υ   απ µα υ  µ  α  υ  

υ α υ π υ µ  αυ  µ  απ µα α υ α  π   υπ π   µ α  

υ  µπ  α  α αυ   π   α µ  υ.  π υ µ  αυ   π   

  α α α  α   µπ  υ  α  α α α π    

α µ .  µ α  υ µ υ   π υ µ    5   µφ α µ  α 

απ µα α υ ∆ . 4.51 µ   π   µ   α µ  π .   

αυ  πα α α  µ   α µ  υ π υ µ  6.  7   πα α α  µ α 

αφ  µ   α µ  υ π υ µ  1. 
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∆ . 4.49:  π υ µ  (3  π µα, E[P1,2]=40kN) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.78   α  – µ α  ∆ µ α  
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∆ . 4.50:  υ π  υ α µ  (3  π µα, E[P1,2]=40kN) 
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∆ . 4.51:  π υ µ  (3  π µα, E[P1,2]=60kN) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.79   α  – µ α  ∆ µ α  
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∆ . 4.52:  υ π  υ α µ  , (3  π µα, E[P1,2]=60kN) 

 υ α  µπ  αυ α  µα  µ   8   α  υφ α   

10  µ  12   π υ  π υ µ  2 α  4 α α α   π   µ  

αυ  α  υ π υ   α µ  α υ  π υ µ  3 α  1.  π υ µ  5 

υ  π α  14     5% π π υ α    .  

 15   π υ α   π υ µ  3 α α α π      µπ  υ µ  υ  

π υ µ  1 α  6,   α  υ π υ   α µ  υ π υ µ  αυ  α  

 π    π υ µ  1 α  6.  π υ µ  (1, 2 α  5) υ υ   

 α  4.5% α  υ υ α µ  α  2  υπ π µα. 

π       α α 2 υπ π µα α υµπ α α    

π υ µ  3  2  υπ π µα υ    α  2.5% α  υ υ 

α µ  π υ υπ α  απ  υ  π υ µ  1 α  5  1  υπ π µα. 

4.10  χ α µ  χω υ µα  25 µ  µ  
π µ  α π α  

 ∆ . 4.53 πα υ α   µα 25 µ  [15], [16], π υ απ   4  

π µα π  π υ α µ π α   α  αυ .  υπ α α υ 

φ α α   µ  12. Ω  µ.  υ π µα  α  α µ α   α µ   



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.80   α  – µ α  ∆ µ α  

µ .  α µ   µ  πα υ α   . 4.20.  α µ  α µ  α 

 µ.  πα υ α   . 4.11. υ  απα α , 6x4=24 υφ α α  π  

µ  υ π µα .    π α   α   2
24

 (16,777,216) 

α µ .   µ   α  π α α  µ α  α   µ  4.167% 

[49], [67]. Γ α  4  π µα α  2 υπ π µα α µ  E[Pi]  µ  40kN, α  

60kN α α.  πα µ  υ α µ υ α υ  α π α  α  υ α µ υ 

π  α  π  α   π π  υ 3 υ
 π µα  [27], µ   αφ  

  π   µ  π  α υ  α α  α   µ  40. 

 † ‡          

1 1 2 2 2 6 3 1 5 4 1 4 

5 2 3 6 2 4 7 2 5 8 1 3 

9 1 6 10 4 5 11 5 6 12 3 6 

13 3 4 14 5 10 15 6 9 16 6 7 

17 3 10 18 3 8 19 4 7 20 5 8 

21 4 9 22 5 9 23 6 10 24 3 7 

25 4 8  

. 4.20: µ  µ  υ µα  25 µ . 

† µ   ‡ µ  α  

 

∆ . 4.53: π α  µα 25 µ  (4  π µα) 

Γ α E[P1,2]=40kN   α µ  α   {A1, A2, A3, A4, A5, A6}= {Φ42.7/3.2, 

Φ42.7/3.2, Φ60.1/3.2, Φ48.4/3.2, Φ42.7/3.2, Φ48.4/3.2}.  Pf,s υ α µ  αυ  α  

 µ  3.51x10
-7

 µ     µ  6.09x10
-8

, π υ α   =4.961.  µ  υ 

A1. 

A2. 

A3. 

A4.

A5.

A6.

P1 

P1 

P1 
P1 

P2 P2 

2.54m

2.54m

5.08m

2.54m 

12 

6 3 

4 5 

7 

8 9 

10 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.81   α  – µ α  ∆ µ α  

Pf,s α  α  65% µ  υ υ. 

Γ α E[P1,2]=60kN   α µ  α   {A1, A2, A3, A4, A5, A6}= {Φ76.1/3.2, 

Φ76.1/3.2, Φ76.1/3.2, Φ42.7/3.2, Φ48.4/3.2, Φ60.1/3.2}.  Pf,s υ α µ  αυ  α  

 µ  3.84x10
-7

 µ     µ  8.43x10
-8

, π υ α   =4.944. Όπ  α  

 π π  υ 3
υ
 π µα   α   µ  µ  υ φ υ   

α   π α α  α α   α α υ . 

α ∆ . 4.54  ∆ . 4.55, πα υ α    υ π υ   α µ  α  υ 

υ  υ π  υ α µ  α E[P1,2]=40kN.   α µ  

α α α π α  απ  υ  π υ µ  1 α  2.  π υ µ  αυ  αµ α  µ  π α 

µα α   α  α α α  π .  
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∆ . 4.54:  π υ µ  (4  π µα, E[P1,2]=40kN) 

 µπ    9  .  α υ  α   µπ  φ α   

   π υ µ  µφα υ  πα µφ  µ  υ  υ α  µ  

απ µα α µ  αµ α  απ φ  µπ   π υ µ .  π  αυ  

υµπ π  µ   π  π υ πα α α  α   π  µ α   ∆ . 4.55. 

  π π  υ  π υ µ  α υ υ  α    9   π υ α  

µφα α   π   (π υ µ  5 α  6) µπ  µ    π υ µ  6.  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.82   α  – µ α  ∆ µ α  

π υ µ  6    υ  υ α  υ π  υ α µ υ 

α   υ α  υ π υ µ .  10    π υ µ  1 µπ α  µ   

π υ µ  5 α   α α   π  .  

 υ α  π υ µ  1 µπ α  µ   π υ µ  6 α   12   υµ  

α  υ α µ   µπ  α   αφ   α µ  απ  υ  

απα µ υ  π υ    υ  µµα α. π   µπ  αυ  µ  

πα υ α   π υ µ  1 (π υ α α α π  α    ) α  4 µ  υ  

π υ µ  2 α  3 α α α α   π  .  π υ µ  4   

αµ  π α α  α α  πα υ  αυ µ  π α,   µ  υ  

υ µ υ  π υ µ , µ  απ µα α πα υ  υ  υ  υ α. 

 16   µ , α   π υ µ  αυ  υπ π   α α υ π υ µ  1 

α  α α α   π  .  
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∆ . 4.55:  υ π  υ α µ  , (4  π µα, E[P1,2]=40kN) 

 ∆ . 4.56 α  ∆ . 4.57, πα υ α    υ π υ   α µ  α  υ 

υ  υ π  υ α µ  α E[P1,2]=60kN.  µπ  α µ α 

υ  π υ µ    8  .  υ υ υ α µ   π υ µ  3 

α  6 α   π  . Γ α  π υ µ  2  α α α π  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.83   α  – µ α  ∆ µ α  

µα α   16  .  π υ µ  1 αυ   π   α µ  υ 4 φ .  

υ α υ π υ µ  φ α  α     π α υ α   

υ α υ π υ υ α µ υ   17   α   αµ  µ α  

 υ µ  π υ µ .  π υ µ  4 υ    α  5.5% α  5.4% 

α  υ υ α µ  α  1  α  2  υπ π µα α α. 
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∆ . 4.56:  π υ µ  (4  π µα, E[P1,2]=60kN) 

 ∆ . 4.58, πα υ α   π  α υ  α α  π υ α α  απ   

α µ  α π α  α   α υ     µ  E[P1,2]=40kN. υ  

πα α α  15 αφ  π  α υ  α α  µ  υ  υµµ  

π υ υµα α  απ  20.1%  1.8%.  π  10 π  α υ  α α  

π αµ υ  µ  π υ α    µ   α α υ .  π  

υµµ   10 π  α υ  α α   υ  π α α α α  

α α   85.5%  π  5 π  α υ  α α  µ  π  υµµ  

14.5% απ  υ υα µ  α  µ  υ  µ υ   α α υ  α  µ  

υ  π  αυ .  µ   α υ  α α  υµα α  απ  3  7 µ . 

 α α α π  πα α αµ α  α  1  υπ π µα υ 4
υ
 

π µα  µ    υ πα υ Γ .  7 απ   10 π π  π υ 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.84   α  – µ α  ∆ µ α  

α , α αφ  µ  π   α  υ υ α  α µ ,  µ  

υ   α   απ    υ πα υ Γ     α  α 

 α µ  απα α   α υ  19672 αφ   α   23700  

π υ α  απ   πα  Γ . µφ α µ    (4.39)  OE  

π µ  µ υ α   µ  2.81.  πα  Γ  α   µ  π υ α  α 

α υ    α µ  α αφ  µ  µ  π . 
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∆ . 4.57:  υ π  υ α µ  , (4  π µα, E[P1,2]=60kN). 

Γ α  4  π µα α   1  υπ π µα υ 3 υ
 π µα   φ  α µ  

α α α π α  απ   π υ µ  1 (Pcr=70% α  SPC). Γ α  2  υπ π µα υ 3
υ
 

π µα   α  α µ  α α α π α  απ   π υ µ  3 (Pcr=90% α  

SPC). π π α α  1  υπ π µα υ 3 υ
 π µα  α  υ 4 υ

 π µα   

α  α µ  α α α π α  απ  υ  π υ µ  5 (Pcr=90% α  DPC) α  2 

α α (Pcr=70% α  DPC). Tα α α απ µα α α αµ α  απ  Γ  π υ 

µ π   µ  α α  SPC µ   µ   Pcr απ  70%  80%.  

πα α  αυ  απ    α α υπ  α  π µα α,  Γ  α α 

π α  α α π    µ  α  αµ  απ  α   

α  π  α   π π υ   π  µ   π α   α µ  

µ  (saturation of the pool of schemas) α α   υ  π π α   



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.85   α  – µ α  ∆ µ α  

π α  µ  απ µα  π µ   υ υ   α   

 υ α υ υ α µ . υ  α α  απ  φα  α   

1  υπ π µα υ 3 υ
 π µα  α   π υ µ  5 α    .  

α   π α  απ  π υ µ  π υ   π π  α  υ  απ  

  α  α α 2 π µα α µ   α  υ π υ µ  2  1  υπ π µα υ 

3
υ
 π µα . υ  απ  υ    υ α   µ υ α   

α α   α α α  α π µα α π . 

Id L3T4C6C8

# Failures 6

Failure Length 3

Part. factor 0.201

Id L3T4T5C6

# Failures 6

Failure Length 3

Part. factor 0.159

Id L4T1C3C5T8
# Failures 3

Failure Length 4

Part. factor 0.083

Id L3T2C7C9

# Failures 2

Failure Length 3

Part. factor 0.082

Id L4T1C2C3T7

# Failures 4

Failure Length 4

Part. factor 0.079

Id L4T1C4C5T8

# Failures 3

Failure Length 4

Part. factor 0.057

Id L3T2T3C9

# Failures 2

Failure Length 3

Part. factor 0.054

Id L4T1C3C5T7

# Failures 1

Failure Length 4

Part. factor 0.044

Id L4T1C2C3C5

# Failures 1

Failure Length 4

Part. factor 0.044

Id L4T1C3C4C5

# Failures 1

Failure Length 4

Part. factor 0.038

Id L7T1C3C5T11T16T23T25

# Failures 2

Failure Length 7

Part. factor 0.026

Id L6T1C3C5T6T23T25

# Failures 1

Failure Length 6

Part. factor 0.021

Id L4T1C3C5T9

# Failures 1

Failure Length 4

Part. factor 0.021

Id L6T1C3C5T13C20T25

# Failures 1

Failure Length 6

Part. factor 0.021

Id L6T1C3C5C14C17T23

# Failures 2

Failure Length 6

Part. factor 0.018

 

∆ . 4.58: υ  α α     (4  π µα, E[P1,2]=40kN). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.86   α  – µ α  ∆ µ α  

4.11 υµπ µα α 

 φ α  αυ  πα υ α  µ α µ  π  π υ υ υ   

α  Γ  µ  µ  α µα α µ  µ    α   

υ α  α  α  µ  υ υπ  φ υ. π  α απ µα α (2 

υ α  α αφ  α  α  4 π µα α υ µ ), α α υπ  α  

π µα α (π µα α µ  µ  π   α α   α  µ  α  

 α  µ  π  π  α α  α  µα  µ α   α µ  

υ    α µ ) απ α    µ   µ  π υ α  

α α α π  υ α   π   π  π υ µ  π υ   

π    µ  α  µ  υ απα µ υ υπ  

φ υ.  µ  υ υ α  µ  π υ α µ   µ  α υ  α π α  π π  

υ µ  α α α π α     α α π µα α (3  α  4  

υπ π µα) µ  µ  π  α υ  α α . 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.87   α  – µ α  ∆ µ α  

4.12 α µα  – Ψ υ α  µ υ π  

 π µ  µ  υ α  α πα α  µα α: 

µα 0: Ε  ∆ α α α . µ   µ   πα αµ    (4.16)  

(4.37) α  µα α µ  ( ). µ   πα αµ   Γ  α   

πα αµ    (4.2)  (4.15) α    π υ µ  i=1,…,Np. µ  

υ Ni
t
. µ  υ π υ   πα α  NR α  µ  π   α  

υ υ α  α µ . IR=1. 

µα 1: t=0. µ   µ  π   α  υ υ α  α µ  α υ  

π υ µ  α   . α α  α  υ α  π   α µ   π υ µ  

i=1,…,Np.  

µα 2: π µ   υ α  fij(x)  α µ   π υ µ  α i=1,…,Np α  

j=1,…,Ni
t
. π µ   π µ υ  α  α υ  π υ µ  i=1,…,Np. 

µα 3: π µ   α α  υ α  ( )ˆ
ijf x  µφ α µ    (4.4). 

µα 4:  απ φ  α  µπ   π υ µ . π µ   απα υµ  

α  α µ  π  µφ α µ    (4.17)  (4.23) α α µ   π  

υπ µ  υ µµα  ( π    π  ) α  µ   α  π π α   α α α µ  

 π   π υ µ  π υ υ  υ .  Np=1  Rreq=Ravail  Ni
t+1

=Ni
t
 α 

i=1,…,Np α  υ α  µα 8 α  α  Rreq<Ravail υ α  µα 7 α  

υ α  µα 5. 

µα 5: π µ   υ  υ α   π υ µ . π µ   υ  

υ α   π υ µ  µφ α µ    (4.26)  (4.31). π υ   µ  

αυ   φ υ α α υ α  υ µα {A}. 

µα 6: Εµπ . π  υ υ υ π υ µ  {Popi} απ   υ µα {A}. 

µ   π α α  π   υπ π  π υ µ  µφ α µ    (4.34). 

µα 6α: Επ  υ π υ µ  {Popj}. π µ   Pr[Popi,Popj] µφ α µ   

 (4.32) α  (4.33).  Pr[Popi,Popj]≥rand() µ   π υ µ  i α  j   

µπ  α  αφα  υ  απ   υ µα {A} α  αφα  µ  υ i απ   

υ µα { }.  rank{A}>1 π φ   µα 6 α  υ α  µα 6 . 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.88   α  – µ α  ∆ µ α  

µα 6 : Γ α   π υ µ  υπ µ   Ni
t+1

 i=1,…,Np µφ α µ   

 (4.35)  (4.37). Γ α υ  π  π υ µ  Ni
t+1

=Ni
t
. 

µα 7: α µα : α α µ   π α µα  π  µ µ φα α υ  

µ υ  π υ µ  α  υπ µ   Ni
t+1

, i=1,…,Np   Rreq≈Ravail. 

µα 8: Γ  µ : t=t+1. Γ α i=1,…,Np α  j=1,…,Ni
t
 υπ µ   α  

  α µ   π υ µ . π µ  υ fij(x) α   α  α  

π υ µ  i=1,…,Np. 

µα 9: Έ   α υ  π µ υ  π υ µ . Έ    

 α  µ  π υ µ  µφ α µ    (4.14). µ   

µ  Np.  Np≠0 υ α  µα 3 α   µα 10. 

µα 10: Έ  µα µ  ∆ α α α : IR=IR+1.  IR> R υ α  µα 11 

α  π φ   µα 1. 

µα 11: π υ    α µ  α  µ  π  α    

π υ µ  α υ  µ υ  Γ . µα µ   α α α . 

4.13 α µα  – υ   χ  (4.42) 

Έ  α µα α fr
GA

, fr
CP

 µ   α µ  µ  υ π  υ α µ υ α 

R=5 αφ  µ  π : 

{ }100.45,98.56,102.37,99.65,101.98GA

rf = { }99.34,98.00,103.5,98.2,100.54CP

rf =  

   (4.42)  α µ   υ α  α   : 

( ) ( ) ( ) ( ) ( )1.10% 0.56% 1.10% 1.45% 1.41%nomR T T T T T = + + − + +    

α   πα α µα  : 

( ) ( ) ( ) ( ) ( )1.10% 0.56% 1.10% 1.45% 1.41%denomR T T T T T = − + − + + − + −    

H υ α α   µφ α µ    (4.42) α  : 

R=(2+1+0+2+2)/(0+1+2+0+0)=7/3=2.333. 

Έ  α  υ µα µ  α R=5 µ  π  α  : 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.89   α  – µ α  ∆ µ α  

{ }104.43,99.67,103.5,98.2,100.54CP

rf = { }100.45,98.56,102.37,99.65,101.98GA

rf =  

   (4.42)  α µ   υ α  α  : 

( ) ( ) ( ) ( ) ( )3.81% 1.13% 1.10% 1.45% 1.41%nomR T T T T T = − + − + − + +    

α   πα α µα    

( ) ( ) ( ) ( ) ( )3.81% 1.13% 1.10% 1.45% 1.41%denomR T T T T T = + + + − + −    

 π π  αυ   υ α α  : 

R=(0+0+0+2+2)/(2+2+2+0+0)=4/6=0.677 

4.14 α µα Γ – Ψ υ α  υπ µ   Pf,s 
α  µ ω  υωµ ω  

µα 1: µ   υ  α  α  α  µ   µ α µ  υ 

υ µα . π µ   E[ln(X)] α  
2

[ln(X)] α  .µ µ    (4.53). 

µα 2: π µ   E[ln(M)] α  
2

[ln(M)]  υ  α  α   µ  

µ    (4.54) α  (4.55)  (4.71) α  (4.72). π µ   Pf,i  µ υ  

µ    (4.56)  (4.73)  π π  π υ  αµµ  . 

µα 3: Γ α α µ    µ  υπ µ  υ  υ α π  α  υ υ  

υ  µ    (4.63) α  (4.62). π µ  µ    (4.59) α  

(4.60)  P[ln(Mi)<0∩ln(Mj)<0]. 

µα 4: α α   µ    µ   φ υ α  π   Pf,i α υ α. 

µα 5: π µ    Ditlevsen µ    (4.57). 

µα 6: π µ   π α α  α α  υ φ α  Pf,s=0.5·(P
L

f,s+P
U

f,s) π υ PL
f,s 

α  P
U

f,s α    α      Ditlevsen. 

4.15 α µα ∆ – Μ  ω  π   πα µ  g 

 πα µ  g   (4.36)   α α µ α  υ µ υ  υ 

π υ µ . α   π  α  π  α υ   υ π  υ 

υ  αυ   υ α υ α µ υ, α  7 µ  υ g απ  0.0 (α  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.90   α  – µ α  ∆ µ α  

π α µ )  1.2 (π   π α µ  µ  α  ). Γ α  υ µα 

 µ   πα αµ υ g π α µα π α  3 µ    µ   ∆  α   

µ  υ  SCP  π α α  π  α µπ   π υ µ . α µ α 

 πα αµ  µ  πα υ α   . 4.21, 

 1 2 3 

∆  1 2 3 

SCP 0.5 1.0 2.0 

. 4.21: µ   πα αµ υ SCP, α  ∆ . 

α ∆ . 4.59  ∆ . 4.61, πα υ α   α  α  υ υ  υ 

π  υ α µ  α  µ  υ . 4.21. α π  α 

µα α α α π α  απ  υ  π υ µ  2 α  5 (SPC, Pcr=0.70 α  SPC, Pcr=0.85 

α α). α α α απ µα α πα α α   π π  π υ  µ  g 

υµα α  απ  0.8  1.0.  υπ  φ   π π  αυ  υµα α  απ  

50%  55%.  . 4.22, πα υ α   , µ , µ  µ  α    

µ α α  υ υ  υ π  υ α µ , α αφ  

 α π α , α µ  υ g  π α π   π µ  µ  α   

υ  υ α. Γ α  π µα υ  α π α  α α α απ µα α 

πα α α  α µ  υ g π υ υµα α  απ  0.8  1.0. 

Statistics for the g factor
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∆ . 4.59: α  υ υ α µ  –  π α 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.91   α  – µ α  ∆ µ α  

Statistics for the g factor
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∆ . 4.60: α  υ υ α µ  –  π α 

Statistics for the g factor
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∆ . 4.61: α  υ υ α µ  – αµ  π α. 

 π π   µ  α π α    α µ  α α α π α  µ  α   

µ  υ g α   µ  1.0.  π π  υ π µα  αµ  α π α ,  

 α µ  α α α π α    π π  µ  α α α απ µα α 

(απ  α  απ ) πα α α  α g=0.8 (   µ α α   µ  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.92   α  – µ α  ∆ µ α  

 α µ  υ  υ υ α µ  α  π π υ  µ   µ ). 

π α g Ε    COV 

 0.8 58.742 59.518 59.096 0.0013 

 (2) 1.0 58.742 59.728 59.093 0.0015 

 1.0 55.001 55.225 55.129 0.0001 

Χαµ  0.8 49.982 50.016 49.989 ~0 

. 4.22: ,  α  µ  µ  υ  υ π  υ α µ . 

4.16 α µα E – Μ  ω  π   π  υ α χ  
π υ µ  

 πα αφ  αυ  α   υα α  π µ  µ υ  π   

α  π   α µ   π υ µ .  απ   µ υ   µ   

πα  Γ  α  µ  π υ  πα αµ  µ . α απ µα α απ   

 µ α  υ πα υ Γ  α   µ υ, πα υ α  α α  π  

α µ   µ  20 α  60 µα α α. Γ α υ  α α µ υ  Γ   

π   α µ  α  π υ µ  πα υ α  υ  . 4.23 α  

. 4.24 α π  α µ   µ  60 α  20  α α. Γ α α  π υ µ  

 µ  60 µα  π υ µ  6 (SPC, Pcr=0.85)  α α α απ µα α 

υ α    α µ    π µα.  αµ  π   

π υ µ  α   π υ µ  5 (DPC, Pcr=0.85).   µ  α π µα α π υ 

α  α α α απ µα α πα α α  α  π µα αµ  

α π α .  µ  υ α  π υ µ  π  µα   υ α υ 

πα υ Γ  ( . 4.24). Γ α α  π  α µ   µ  20  α α απ  α 3 

π µα α  πα  Γ   α φ  α α    α µ . 

π α  . 1 . 2 . 3 . 4 . 5 . 6 E[ ] 

 59.924 59.478 59.304 59.916 58.742 58.742 59.351 

 55.665 55.222 55.217 55.627 55.085 55.001 55.303 

Χαµ  49.982 49.982 49.982 50.275 49.982 49.982 50.031 

. 4.23:  υ α µ  (πα  Γ  – 60 µα) 

 µ  υπ  φ  [ Φ] υ πα υ Γ  πα υ α   . 4.25.  

π α α µ  υ α  π υ µ    απ α α µ  υ υπ  υ  

  α   α µ   α   α   α  υ π υ   

 π υ απα α    . 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.93   α  – µ α  ∆ µ α  

π α  . 1 . 2 . 3 . 4 . 5 . 6 E[ .] 

 62.747 60.242 60.353 62.129 60.290 61.858 61.270 

 57.362 58.134 56.440 58.723 55.587 56.440 57.114 

Χαµ  53.872 50.016 51.173 52.735 51.643 51.022 51.744 

. 4.24:  υ α µ  (πα  Γ  – 20 µα) 

π α Χαµ    

[ Φ] (60 µα) 23063 23575 23057 

[ Φ] (20 µα) 3756 3851 4102 

. 4.25:   απα µ  α µ  α υ  α α µ υ  Γ  

Γ α  α µ  µ π α   πα αµ  µ  D α  ,  υ υα µ  µ   

µ  1, 2 α  3 υ . 4.21  α µ    υ π  υ υ υα µ  

υ  µ  υ  Γ   υ α α   υπ  φ   µ υ. α 

απ µα α  α υ  πα υ α  υ  . 4.26  . 4.31.  υα α  

µ υ  π   π   α µ  υ π υ µ    µ  α απ µα α υ 

πα υ Γ  πα υ α  µ µ . Γ α α  π υ µ  20 α µ  α   π µα 

 αµ  α π α ,  µ  α αφ   4 απ  υ  6 υ υα µ  α υ  

  . Γ α  π µα µ  α π α   µ    α  

απ   π   α µ   5 απ  υ  6 υ υα µ   µ  

( υ  8  α  α   α   π    υ 

πα υ Γ ). α απ µα α πα α α  α µα α   π µα 

υ  α π α  µ   µ  α π  α    5 απ  υ  6 

υ υα µ   πα αµ  µ . 

µ   . 1 . 2 . 3 . 4 . 5 . 6 E[ .] 

E-1 61.764 59.296* 59.304* 62.069 58.954 58.742* 60.022 

E-2 59.924* 59.916 59.728 61.861 59.023 58.742 59.866 

E-3 58.742* 60.242 58.742* 59.983 59.296 58.954 59.327* 

D-1 60.980 58.742* 58.954* 60.231 59.141 59.329 59.563 

D-2 60.604 58.742* 60.540 60.546 59.924 58.954 59.885 

D-3 60.242 59.329* 59.304* 60.540 58.742 58.954 59.519 

. 4.26:  υ α µ  (  π α – 60 µα – ) 

µφ α µ   . 4.26  π υ µ  2 α  6 πα υ υ   υ  υ α.  

π υ µ  4 πα υ   αµ  υ α. α α α απ µα α α  

πα αµ  µ  πα υ α  υ  υ υα µ  -3 α  D-1. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.94   α  – µ α  ∆ µ α  

µ   . 1 . 2 . 3 . 4 . 5 . 6 E[ .]

E-1 65.180 59.023* 60.860 65.898 61.390 61.540 62.315 

E-2 67.221 62.418 59.830* 65.455 63.069 59.916* 62.985 

E-3 63.206 60.768 62.069 65.862 62.122 59.296* 62.221 

D-1 64.071 61.738 63.318 67.722 58.954* 59.983* 62.631 

D-2 62.899 60.668 61.736 61.715 62.178 63.540 62.123 

D-3 66.184 60.860 60.486 68.383 59.921* 59.983* 62.636 

. 4.27:  υ α µ  (  π α – 20 µα – ) 

µφ α µ   . 4.27  π υ µ  2 α  5 πα υ υ   υ  υ α 

α υ µ  απ   π υ µ  6.  π υ µ  1 α  4 πα υ υ   αµ  

υ α. α α α απ µα α α  πα αµ  µ  πα υ α  υ  

υ υα µ  D-1 α  D-3. 

µ   . 1 . 2 . 3 . 4 . 5 . 6 E[ .] 

E-1 56.854 55.085* 55.789 57.964 55.946 55.832 56.245 

E-2 58.089 55.627 55.665 60.396 55.665 55.085 56.755 

E-3 55.968 55.372 55.001 57.098 55.217 55.085 55.624 

D-1 57.327 55.467 55.085* 55.225* 55.001* 55.222 55.555 

D-2 55.789 55.587 55.372 59.551 55.946 55.085 56.222 

D-3 56.029 55.154* 55.217* 55.967 55.001* 55.085 55.409 

. 4.28:  υ α µ  (  π α – 60 µα – ) 

µφ α µ   . 4.28  π υ µ  5 α  2 πα υ υ   υ  υ α 

α υ µ  απ   π υ µ  3.  π υ µ  1 α  4 πα υ υ   αµ  

υ α. α α α απ µα α α  πα αµ  µ  πα υ α  υ  

υ υα µ  D-3 α  D-1. 

µ   . 1 . 2 . 3 . 4 . 5 . 6 Ε[ .] 

E-1 60.456 56.915 55.085* 59.661 55.613 57.686 57.569 

E-2 60.807 59.384 55.627 64.836 57.145 56.509 59.051 

E-3 63.163 55.388* 56.619 64.264 55.217* 55.665 58.386 

D-1 59.429 55.388* 56.877 60.133 58.635 55.217* 57.613 

D-2 62.850 60.127 59.038 62.172 57.471 55.526* 59.531 

D-3 61.133 56.619 55.587* 63.210 56.142 55.225* 57.986 

. 4.29:  υ α µ  (  π α – 20 µα – ) 

µφ α µ   . 4.29  π υ µ  6 α  5 πα υ υ   υ  υ α 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.95   α  – µ α  ∆ µ α  

α υ µ  απ  υ  π υ µ  2 α  3.  π υ µ  1 α  4 πα υ υ   

αµ  υ α. α α α απ µα α α  πα αµ  µ  

πα υ α  υ  υ υα µ  -1 α  D-1. 

µ   . 1 . 2 . 3 . 4 . 5 . 6 Ε[ .] 

E-1 51.076 49.982 50.337 49.982* 50.275 49.982 50.272 

E-2 51.629 50.016 49.982 50.633 49.982 50.134 50.396 

E-3 51.551 49.982 49.982 50.790 49.982 49.982 50.378 

D-1 52.148 50.016 49.982 50.560 50.016 49.982 50.451 

D-2 53.907 49.982 50.134 50.790 50.272 49.982 50.845 

D-3 52.770 49.982 49.982 50.633 49.982 49.982 50.555 

. 4.30:  υ α µ  ( αµ  π α – 60 µα – ) 

µφ α µ   . 4.30  π υ µ  2 α  6 πα υ υ   υ  υ α 

α υ µ  απ  υ  π υ µ  3 α  5.  π υ µ  1 α  4 πα υ υ   

αµ  υ α. α α α απ µα α α  πα αµ  µ  

πα υ α  υ  υ υα µ  -3 α  D-3. 

µ   . 1 . 2 . 3 . 4 . 5 . 6 Ε[ .] 

E-1 55.539 51.494 50.275 53.872 51.470 51.710 52.393 

E-2 55.222 49.982* 51.611 54.555 50.337 51.710 52.236 

E-3 56.979 49.982* 53.162 52.602 52.012 52.315 52.842 

D-1 56.224 52.503 50.100 52.734 51.807 51.710 52.513 

D-2 56.979 52.702 52.449 51.067 52.414 49.982* 52.599 

D-3 56.663 49.982* 51.450 51.148 52.352 50.954 52.092 

. 4.31:  υ α µ  ( αµ  π α – 20 µα – ) 

µφ α µ   . 4.31  π υ µ  2 α  6 πα υ υ   υ  υ α 

α υ µ  απ  υ  π υ µ  3 α  5.  π υ µ  1 α  4 πα υ υ   

αµ  υ α. α α α απ µα α α  πα αµ  µ  

πα υ α  υ  υ υα µ  D-3 α  E-2. 

µφ α µ  α απ µα α π υ πα υ α  υ  . 4.26  . 4.31  µ  

α α  SPC α  DPC πα υ υ  πα µφ  υ α    π π   

µ  α α  SPVC πα υ   αµ  υ α. υ  µπ  α 

απ   α α α µ  υ  υ  π υ  π π  υ SPVC α  

µα  µ α  [84], [34]   µ   2   µ υ  α α  µ  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.96   α  – µ α  ∆ µ α  

απ µα  µ   α α  υ Γ  α α  µ  αφ α α µα α π υ α 

 υ    . 

 . 4.32, πα υ α   µ  µ  υ υπ  φ υ [ Φ]  µ υ 

α  µ  D α   (µ     µ   µ  υ . 4.21) α  α 3 

π µα α.   π π  πα α α  µα  µ  υ υπ  

φ υ.  µ   πα υ  µ  υπ  φ  απ   µ  D α α  

π υ µ   µ  20. Γ α α  π υ µ   µ  60 α µ   2 απ  α 3 π µα α 

 µ   πα υ  µ  υπ  φ  απ   µ  D. α α α 

απ µα α απ  π υ  υπ  φ υ πα α α  α µ  µ   

α µ  π  ( ∆  2).  π π   α α µ  π  ( ∆  3) 

πα α α   υ  υπ  φ . 

π α  υ µ  60 µα  υ µ  20 µα 

% D E D E 

Χαµ  53.69% 54.34% 61.67% 56.75% 

 47.25% 52.28% 61.28% 54.38% 

 53.11% 48.33% 57.31% 49.13% 

. 4.32:  π  Φ  [ Φ] 

υ  . 4.33 α  . 4.34, πα υ α   µ   υ π υ   α µ  π υ 

απα α  α υ  α   υ πα υ Γ  α   µ υ 

α α.   π π   µ   α  αµ   π π   

π µ  µ υ µ    µ α α   α µ  π υ απα α  

α    π π  υ π µ υ α µ υ α  υ    

µ   α   µ α α  υ πα υ Γ . 

α  α υ   απ µ    µ   µ    π υ 

απα α  α    µ υ π    υµπ α µα   

πα αµ  µ   πα υ  υ  α π    µ   µ  D.  

α π  α  µ  D α  υ µ  µ   α π   απ µ  α υ  

α α µ υ  Γ . 

π  α απ µα α υµπ α α  : 

•  µ  υ α  π υ µ   π  µα    υ υπ  

φ υ.  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.97   α  – µ α  ∆ µ α  

•  υ α  µ υ πα υ  αµ  υα α   µ   π  

υ α  π υ µ    µ   υα α υ πα υ Γ . 

• Γ α  υπ  α  π µα  SPVC πα υ   αµ  υ α. υ  

φ α   α α µ    π φ α . 

•  π µ  µ  πα υ  υ  υ α απ   πα  Γ . 

• α α α απ µα α απ  π υ  υ α  πα α α   π π   

α α µ  π  ( ∆  3) α   ∆  1 (µ   π  α  5%  

π α µ α α µα α).  α  υµ α µ  απ  π υ  υ α  π   

 υ υπ  υ  (απ ) πα α α  α  ∆  1. 

. . π α  COV Ε   

 22937 0.128 16500 31380 

 23455 0.127 13020 32820 60 

αµ  22943 0.123 17040 29460 

 11493 0.153 7600 15720 

 11925 0.150 8400 16760 40 

αµ  11969 0.175 6680 18200 

 4102 0.192 2400 6200 

 3871 0.226 2380 5960 20 

αµ  3756 0.197 2100 5340 

. 4.33: α  υ υπ  φ υ, (πα  Γ ). 

. . π α  COV Ε   α α

 14113 0.575 5368 39590 E-321 

 15428 0.188 10292 22956 D-522 60 

αµ  14494 0.498 5342 31470 E-324 

 7402 0.204 4040 11040 D-022 

 5752 0.306 3672 10362 E-205 40 

αµ  7760 0.221 4226 12752 D-022 

 2463 0.159 1618 3532 D-602 

 2144 0.220 1270 3466 E-405 20 

αµ  1910 0.210 1062 2950 E-415 

. 4.34: α  υ υπ  φ υ, ( µ  µ ). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.98   α  – µ α  ∆ µ α  

4.17 α µα  – Μ  ω  π   π α α 
µ α  ω  α µω  π ω  

 πα αφ  αυ , α   υ π   απ   π µ  µ υ 

 π α α  µ α   α µ  π .  µ  αυ  απ π   

π π   υ π   αφ  π π  π   απ   

µ υ.  µ    µ φ  υ ∆  α  α   ∆  1 α  2. 

υµπ µα   ∆  1 α  2 ( π υ  µ   α µ  π  α  µ  

 5% α  10%  α  α µ µ  π ) π α  2 α µα ∆  µ  

π  µ α   µ  2.5% α  7.5%  α  α µ  π .  µ    

µ φ  υ ∆  α  α   ∆  5 α  7. Όπ  α   π π   µ  

 π α  2 α µα ∆  µ  π  µ α   π   µ  2.5% α  7.5%. 

 π µα π  α  α 3 µ   µ  µ  υ φ υ, 3 µ  υ 

 µ α α  υ  α  4 µ  υ π   α µ   π υ µ .  

υ υα µ  υ    µα (3x3x4)=36 µ .  π µ υ  υ  α  

 µα α π υ  12 α  9 α µ  α α, πα  α  α  υµπ α µ . 

α α   (4.65) α  α µ  Pj,lim=10
-6

 α  Ps,lim=5x10
-6

 α α (π µα 

υ  α π α ).  πα µ   .µ πα υ α   . 4.12.  πα µ  

υ Γ   π υ µ  α  υ  πα υ α   πα αφ  4.7.4.  α  

α υ  π α µα π α  10 πα α  µ  αφ  µ  π  α  α 

υ υ α  α µ . 

 . 4.35, πα υ α   π α α Pr[OE<1].  µ  π α α α  

µ   α  , πα α α  α  µ α   α  α µ  π   µ  

5% π υ α   µ α    υ 60%  π  υ  π υ  υ  

π υ µ .  Pr[OE<1] µ α  α   µ  µ  υ φ υ αυ α .  α  

 ∆  2 α  E[P]=20kN (µ  A 10% µ )  Pr[OE<1] α  µ  υ 0.5. 

o ∆ . 4.62, πα υ α   µ  υ  απ   π   µ  µ  υ φ υ 

α  µ   α  .  α  απ  πα α α  α  µ α   µ  5%. 

Γ α  µ   π  α  απ µα α πα α α  α µα α  α  µ α  

 µ  10%. α α α απ µα α πα α α  α π µα α π υ E[P]=40kN. 

 ∆ . 4.63, πα υ α   µ  υ  απ   π   α  π υ µ   

Γ  α  µ   α  . 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.99   α  – µ α  ∆ µ α  

µα π  A 2.5% A 5% A 7.5% A 10% B 2.5% B 5% B 7.5% B 10%

 28.3% 21.5% 32.1% 39.4% 39.2% 25.0% 35.1% 31.5% 

 † 26.7% 21.2% 21.5% 43.3% 37.0% 24.3% 33.3% 40.0% 

 .µ* COV 5% 23.4% 18.2% 38.9% 34.4% 36.8% 18.7% 27.9% 16.6% 

 .µ COV 10% 24.6% 26.2% 32.2% 41.8% 31.7% 21.4% 37.8% 35.3% 

40 µα 33.2% 13.4% 31.3% 40.7% 19.3% 25.5% 23.9% 14.7% 

60 µα 37.5% 31.9% 34.3% 49.1% 45.0% 19.4% 38.5% 39.4% 

80 µα 12.0% 15.9% 24.7% 23.5% 35.0% 23.9% 25.4% 20.1% 

100 µα 26.0% 10.5% 26.7% 43.5% 37.9% 24.6% 19.2% 31.8% 

E[P]=20 kN 36.4% 29.7% 35.7% 64.8% 47.9% 30.5% 34.2% 47.8% 

E[P]=30 kN 18.8% 15.7% 45.7% 35.7% 30.0% 27.6% 36.0% 13.5% 

E[P]=40 kN 25.2% 8.3% 14.7% 21.9% 26.0% 10.5% 27.6% 15.8% 

α α  † µ  α  * υ α α α  

. 4.35: Pr[OE<1] α  2 µ . 

0.00

0.50

1.00

1.50

2.00

2.50

3.00

3.50

4.00

4.50

Overall Efficiency (Average)

All 1.753 2.343 1.779 1.699 1.919 2.548 2.132 2.540

20 kN 1.511 1.785 1.439 1.034 1.391 1.875 1.679 1.547

30 kN 1.716 1.853 1.468 1.704 1.605 1.889 2.004 2.000

40 kN 2.032 3.389 2.404 2.357 2.760 3.878 2.712 4.073

A 2.5% A 5% A 7.5% A 10% B 2.5% B 5% B 7.5% B 10%

 

∆ . 4.62: υ  απ   π  E[P]. 

Γ α  µ   α  α  π υ µ   µ  40 α  100  α α α 

απ µα α πα α α  α  µ α   µ  5%. Γ α α  π υ µ   µ  

60   υ  απ  πα α α  α µ α   µ  7.5%  α α  

π υ µ   µ  80   υ  απ  πα α α  α  µ α  

 µ  10%. Γ α  µ   α  α  π υ µ   µ  60, 80 α  100   



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.100   α  – µ α  ∆ µ α  

υ  απ  πα α α  α  µ α   µ  10%  α α  

π υ µ   µ  40   υ  απ  πα α α  α µ α   µ  5%. 

0.00

0.50

1.00

1.50

2.00

2.50

3.00

3.50

Overall Efficiency (Average)

Pop 40 1.512 3.180 1.952 1.739 2.151 2.984 3.169 2.110

Pop 60 1.494 1.478 1.914 1.567 1.460 2.100 1.853 2.462

Pop 80 1.918 1.944 1.811 1.992 2.459 2.581 1.822 2.830

Pop 100 2.086 2.769 1.458 1.496 1.605 2.526 1.682 2.758

A 2.5% A 5% A 7.5% A 10% B 2.5% B 5% B 7.5% B 10%

 

∆ . 4.63: υ  απ   π  α  π υ µ . 

  απ  α αµ α  α µ α   α µ  π  απ  4%  6% υ 

π   α  α µ  π  α ∆   µ  , π υ α   

µ   α µ  π  απ  50%  70%  π  π υ απα α  α  

π   π υ µ .  π π  υ ∆   µ   α α α 

απ µα α α αµ α  α µ α   α µ  π    10% π υ 

α   µ   π  α  120%  π  π υ απα α  α  π  

 π υ µ .  αφ π    µ   µ α   α µ  

π  φ α   π φ  µ α   π  αυ .  απ   π µ  

µ υ αυ α   αυ α   π   α µ  (    ) π υ 

 α π  υ  π µ  υ π µα  υπ α ,   µ  

απ  α α  π µα α υ  υ α  υ µ   π  υ  

α α µ υ  Γ .  φα µ  αυ  µπ  α απ   α α  

π µ  µ υ α α   υ α  α   π π  π υ  π  

α µ   π υ µ , α  αφ    µ  υ π µα . 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.101   α  – µ α  ∆ µ α  

4.18 α µα  – π π  µ  π α  
π υ µ  

  π α  υ π υ µ  α  µφ α µ    (4.29).  µ  

µ    αυ  α   [23]: 

 max
4

j

j

N
D =  (4.76) 

π υ Nj α   π   α µ  υ j π υ µ .  µ  αυ  υ  π υ µ  

µ  µ α  π  α µ  αυ α   υ  υ α υ π υ µ . Γ α  

α α   α  αυ    (4.29) π π α  : 

 
{ }

1, ,
jm

m L

j

j

E Var f
D

N

=   = …
 (4.77) 

π υ j α   π   α µ   υ µ  .  µ  π α α 

υ α  µα  π π    (4.77) α  : 

 
1

max
4 4

j

j

j

N
D

N
= =⋅  (4.78) 

 π π    (4.78)   π α  α  α  υ π υ  

 α µ  υ π υ µ .  µ  αυ  µ α   υ π   π π  

αυ   υ α α   υπ    π µ  µ υ α  

π µα  πα α φ υ 4.7.5.  µ , π υ   π α  υπ α  

µφ α µ    (4.29), α   ALG#1.  µ  µ   π π    

(4.77) α   ALG#2.  . 4.36, πα υ α     π α α  

Pr[OE<1] α  πα α α  ALG#1 α  ALG#2 µφ α µ    (4.43). 

∆  1 2 3 4 5 6 7  

ALG#1 26.53% 21.25% 18.91% 14.28% 14.72% 5.69% 46.74% 30.51% 

ALG#2 20.86% 11.78% 12.47% 10.05% 21.47% 0.75% 17.33% 15.53% 

. 4.36: Pr[OE<1] α υ  ALG#1 α  ALG#2 

 α   ∆  5,  ALG#2 πα υ  µ  µ  υ Pr[OE<1].  

π π  υ ∆  6  π α α αυ  α  µ  υ 1%. H  υ ALG#2 

  µ   Pr[OE<1] απ  30.51%  15.53% α    ∆ . 

 . 4.37, υ α   µ  υ  απ   ALG#1 α  ALG#2.  ALG#1 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.102   α  – µ α  ∆ µ α  

πα υ  υ  [OE] α α ∆  2, 3, 5 α  6.  ALG#2 πα υ  

υ  [OE] α    ∆ . α  α υ   α µ υ   µ  

υ  υ α α  µ α  υ 2.00. 

∆  1 2 3 4 5 6 7 

ALG#1 2.27 2.38 4.17 1.73 2.45 2.58 1.23 2.40 

ALG#2 2.67 2.00 3.29 2.45 2.37 2.53 2.63 2.56 

∆ αφ. -17.5% 16.1% 21.2% -41.7% 3.1% 2.1% -114.1% -6.7% 

. 4.37:  υ  απ  α υ  ALG#1 α  ALG#2 

Ω  π   υπ  φ   ALG#2 πα υ  α  υ υπ  φ υ 

α  4%~5% α α ∆  1 α  2. α, α α ∆  3 α  4 πα α α  

µ ,   π α µ   ALG#1,   υ 5%~6%. Γ α α ∆  5 α  7 

πα α α  α πα  α  υ υπ  φ υ  µ  1%  α  ∆  

6  υπ  φ   πα υ  α  µ α . 

α µα π α  4 µ  α µ   πα αµ υ b={0.25, 0.75, 1.25, 1.75} α  

ALG#2.  Pr[OE<1] α   [OE] α υ  ALG#1 α  ALG#2 πα υ α   . 

4.38.  ALG#2 υπ  υ ALG#1   π π  µ  α   π π  π υ 

b=1.75. Γ α µ  υ b π υ υµα α  απ  0.75  1.25 πα α α    E[OE] 

α  ALG#2   µ   ALG#1  µ  6.67%.  Pr[OE<1] µ α  απ  30.51%  

11.4% α  18.81% α b=0.75 α  b=1.25 α α. 

α µ   b=0.25 b=0.75 b=1.25 b=1.75 Ε[] 

ALG#1 2.40 2.40 
[OE] 

ALG#2 2.76 2.69 2.51 2.35 2.56 

ALG#1 30.51% 30.51% 
Pr[OE<1] 

ALG#2 28.90% 11.43% 18.81% 32.84% 23.49% 

. 4.38:  υ  απ  α  µ  Pr[OE<1] α φ  µ  υ b. 

π  α απ µα α, υµπ α α  : 

•  π π  υ  π α  υ π υ µ    απ   

µ υ  π   µ  υ  απ  α   Pr[OE<1]. 

• Γ α ∆  1 α  2, α α α απ µα α α  µ  υ  απ  

πα α α  α µ  υ b απ  0.25 α  1.25. Γ α  Pr[OE<1] α α α 

απ µα α πα α α  α µ   πα αµ υ b απ  0.75  1.25. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.103   α  – µ α  ∆ µ α  

• Γ α ∆  3, 4, 5, 6 α  7  µ   πα αµ υ b π υ α αµ α  α υ  

α α α υ α  απ µα α υµα α  απ  0.75  1.25. Γ α  ALG#1  

π π  υ  π α    µ  µ α    µ  

 πα αµ υ b α α ∆  3 α  4. 

4.19 α µα  – π π   χ  υπ µ  
υ µ υ  ω  π µ υ  π υ µ  µ   

µπ  – Μ  πα  – Μ  ω  π   
πα µ  c 

  (4.35) π υ µ π α  α  υπ µ   π µ υ  π υ µ  µ   

µπ  π π α  : 

 ( )( ) ( )( )1 1 1 1
1 0.5

2

t t t t i J
i i ij j j

ij i

PI PI
N N T e N N T

e PI

+ +    −= + ⋅ Α = + ⋅ − Α Α = +         (4.79) 

  π π  αυ  α  α αφα   α υπ  υ αµυ µ υ 

π υ µ . α  α µα  υ π   µ  πα  υ π υ µ . Ω  

µ  πα , α   α α α µ   π α α α µ , α  υµ  α  

υ π υ   α µ   π υ µ , α  α  υ α  π . Ό α   

φα µ α   µ  πα  α α µ   π υ µ  πα α  µ  α   

υ α   α µ  π υ π α  α α α .  µ  πα  

α αµ α  α αυ   υ α υ µα  α π υµ φ  π µα α α  

  α   π α  υ π υ µ .  α  µ  πα  

α   πα α  υ De-Jong [21],   µ -Γ  [62], [12], [13], (π υ 

α α     µ α  µ   α π  υ π υ µ  α   

 µ µ φ α  π  µ α υ µ  µ  α φ υ) πα υ υ  

υ  υ α α   α  α     π . O  Koumousis 

α  Katsaras, [61] α  Koumousis α  Dimou, [60] πα υ υ   υ  υ π  

 µ  α π  υ π υ µ   πα α α  υ Γ  π υ  π   

α µ  υ π υ µ  α υ  π  υ .    απ µ  

υ π  µ α α µ υ Γ  [60] α  υ π  Γ  [61] α 2 υ α  

α αφ  [61] α  α   α µ  α  υ µα  25 µ  µ  

π µ  α π α  [60], α   π  α µ , α   αυ µ  

υ α   µ  π   π   α  Γ .  µ  

α π    µα  α   υ α   π υµ φ  π µα α 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.104   α  – µ α  ∆ µ α  

α  π  µ α  π α υ π υ µ  [60].  α   υ π  

 µ  c π υ     πα αµ υ Ri  υ  υ  υ α  

 π υ µ   υ  απ   µ υ. 

 υ  π α µα π α   π   ALG#2  πα α φ υ 4.18. Ω  ALG#3 

α   ALG#2 µ   α α α    (4.35) απ    (4.79) α   

ALG#4 α   ALG#3 µ   π   µ  πα  υ π υ µ  

π µ . α απ µα α υ ALG#2 αφ υ    µ  α απ µα α  

. 4.36 α  . 4.37 α  α αφ α   απ µα α α b=0.75. 

 . 4.39, πα υ α   Pr[OE<1] α υ  3 α µ υ .  π π   

 (4.35)   α   µ  µ  υ Pr[OE<1] π υ υ π α  α   

π α α   µ  α πα υ  απ  αµ  υ πα υ Γ . Γ α α 

∆  1 α  2 α   ALG#3 α α α απ µα α πα α α  α  ∆  2 

µ  π α α  µ  13.53% α  υ 11.78% α  ALG#2. Γ α α ∆  3 α  4  

π π  υ ALG#3, υµ  α   Pr[OE<1]  7.3% α  10.81% α  υ 3.35% 

α  4.49% α α. Γ α α ∆  5 α  7  π π  υ ALG#3, υµ  µ   

18.06%  Pr[OE<1] απ  21.47% α  α   29.24% απ  17.33% α α.  α 

 ∆  6  π π    (4.35)   α   Pr[OE<1]  13.3% 

α  υ 0.75%.  π π  υ ALG#4 α  ∆  1 υµ  µ   Pr[OE<1] 

 3.01%.  Pr[OE<1]  π π  υ ∆  2 α   µ  24.19%. Γ α  ∆  3  

ALG#4  µ   µ  4.45% α  υ 7.30% υ ALG#3. Γ α  ∆  4  ALG#4 

  α   Pr[OE<1]   µ  υ  ALG#2 α  ALG#3. Γ α o ∆  5  

ALG#4   µ   Pr[OE<1]  16.32% α  α  ∆  7 υµ  α  

 Pr[OE<1]  π   α  µ  υ ALG#2  23.80%. Γ α  ∆  6 α 

απ µα α υ ALG#4 πα υ υ     µ  α απ µα α υ 

ALG#3  α φ υ   π π  υ ALG#2. Γ α    ∆   Pr[OE<1] 

α   µ  11.43% α  ALG#2,  µ  22.34% α  ALG#3 α   µ  20.98% α 

 ALG#4. 

∆  1 2 3 4 5 6 7 

ALG#2 20.86% 11.78% 3.35% 4.49% 21.47% 0.75% 17.33% 11.43%

ALG#3 19.61% 13.53% 7.30% 10.81% 18.06% 13.30% 29.24% 22.34%

ALG#4 3.01% 24.19% 4.45% 12.28% 16.32% 6.00% 23.80% 20.98%

. 4.39: Pr[OE<1] α υ  3 α µ υ  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.105   α  – µ α  ∆ µ α  

 . 4.40, πα υ α   µ  υ  απ  ( [OE]) α υ  3 α µ υ .  

π π    (4.35)   α   [OE].  ALG#3 πα υ  

υ  υ  απ  α  ∆  2 α  34.0%   µ   µ  απ  

υ ALG#2.  [OE] υ ∆  3 α  ALG#3 πα υ     υ 

52.8%.  [OE] υ ALG#4 α  ∆  4 α πα υ     υ 69.4% 

  µ   ALG#2. Γ α α ∆  5 α  7  υ  [OE] πα α α   

π π   ALG#2. Γ α  ∆  6  ALG#2 πα υ  υ  [OE] α  

21.2%   µ   ALG#4 α  32.8%   µ   ALG#3.  . 4.41, 

πα υ α   υ α (R) α υ  3 α µ υ . α απ µα α  ALG#3 α  

ALG#4 πα υ υ  µ α   µ  α απ µα α υ ALG#2 µ  α   

∆  7. Γ α α ∆  1 α  4  υ  υ α πα α α   π π  υ 

ALG#4. Γ α α ∆  2, 3, 5 α  6  υ  υ α πα α α   π π  

υ ALG#3. Γ α  [R] υ ALG#3 α  ALG#4 πα α α     υ 

25.3% α  31.1%   µ   ALG#2 α α. 

∆  1 2 3 4 5 6 7 

ALG#2 2.67 2.00 3.86 2.78 2.37 2.53 2.63 2.69 

ALG#3 2.22 2.68 5.90 2.58 2.34 3.00 1.98 2.96 

ALG#4 2.59 1.91 3.72 4.71 2.14 2.26 2.17 2.79 

. 4.40:  υ  απ  α υ  3 α µ υ  

∆  1 2 3 4 5 6 7 

ALG#2 1.72 1.11 3.94 2.34 1.67 1.88 1.95 2.09 

ALG#3 1.51 1.60 6.90 2.65 1.75 2.38 1.54 2.62 

ALG#4 1.79 1.16 4.75 6.04 1.70 1.94 1.80 2.74 

. 4.41:  µ   υ α  α υ  3 α µ υ  

Γ α α ∆  1 α  2 α   ALG#3 πα α α  α  υ υπ  φ υ  

 µ   ALG#2  µ  4%. Γ α α ∆  3 α  4  α  υ υπ  φ υ 

α  µ α  α  υµα α  απ  14%  18%. Γ α α ∆  5  7  α  υ 

υπ  φ υ α  ALG#3   µ   ALG#2 υµα α  απ  4%  5%. 

Γ α  ∆  6 πα α α  α  υ υπ  φ υ α  6%. π    

υ ALG#3 µ   ALG#4 υµπ α α    µ  πα  υ π υ µ   

 α  υ υπ  φ υ. Γ α α ∆  1 α  2 πα α α  α πα  

α ,  π   ALG#3,   υ 1% π υ υ αµ   α    υ 5% 

α  ALG#2. Γ α α ∆  5 α  7  α   π   ALG#3, α    υ 5% 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.106   α  – µ α  ∆ µ α  

µ  α  α   π   ALG#2   υ 8% µ  9%. Γ α  ∆  6 

πα α α  α   µ  6.5%  π   ALG#3 π υ αµ   α  υ 

υπ  φ υ   µ   ALG#2 12.5%. Γ α α ∆  3 α  4 πα α α  

 µ α  αυ  υ υπ  φ υ  µ  10.8% α  25.5% α α  

 µ  α απ µα α υ ALG#3.   µ   υπ  φ  υ ALG#2 

 ALG#4 πα υ  α  υ υπ  φ υ α  25.0% α  ∆  3 α  

α  44.0% α  ∆  4. 

Γ α  πα µ  c α  5 µ  c={0.0, 0.2, 0.4, 0.6, 0.8, 1.0} α α ∆  1, 3, 5 

α  6.  π π  υ ALG#3 α α α απ µα α πα υ α  α c=0.8 

  π π  υ ALG#4 α α α απ µα α πα υ α  α α ∆  

3 α  6 α  c απ  0.8  1.0. 

π   α υ   απ µ  υµπ α α    π π    (4.35) 

    µ  υ  απ   µ υ.  µ  πα  

  υ α  π µ  µ υ µ  α  α  υ υπ  

φ υ   π π   ∆  π υ πα υ υ  π α π υ  

α    υ  π υ µ   µα   π α  

π υ µ . Γ α  υ  c α α α απ µα α  π   υ  απ  

 µ υ πα α α  α c=0.8~1.0. 

4.20 α µα Θ – Μ  α  πα αµ υ  Sj α  SCP 

 πα µ  Sj α  SCP υ   α α µ   π α  π   α µ  υ 

π υ µ  α α α  α   π υ µ   µ απ υ µ  α µπ . µ  

υ   µ α  α  πα αµ υ  αυ    υ    

αφ   π α  π . µ   πα αµ υ Sj µ α   µ α  

αυ υ   π   π υ µ  α  π     µ  α  

µ  υ υπ  φ υ α  α  α   π α α  πα υ   π  

. α µ   πα αµ υ SCP µ α   µ α  αυ υ   

π α α π     π υ µ   µ απ υ µ  α µπ  µ  

απ µα  α αµ  π υ µ  α πα υ υ  υ  π α α µπ  

π  α   π α  π  υ   µ απ υ µ  µ α . Γ α  µα 25 

µ  α  3 π µα α µ  E[P]=20kN, 30kN α  40kN α α, α   

πα µ   α  .µ µ   µ α α   µ  10%. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.107   α  – µ α  ∆ µ α  

 . 4.42, πα υ α      α µ  α Sj=2.5 α  SCP 

µφ α µ   µ  υ . 4.14.  α   πα α α  α α  

π υ µ   µ  60 µα.   π π   π µ  µ  α α α π  

π    απ   π    υ πα υ Γ . 

 ALG#3 ALG#4   

100 Ά µα µ  (MU) ∆  (0=Γ ) µ  (MU) ∆  (0=Γ ) ∆ αφ  

E[P] = 20kN 124.81 1 121.41 3 -2.72% 

E[P] = 30kN 156.29 5 154.98 6 -0.84% 

E[P] = 40kN 183.35 4 183.28 5 -0.04% 

80 Ά µα µ  (MU) ∆  (0=Γ ) µ  (MU) ∆  (0=Γ )  

E[P] = 20kN 126.17 3 125.35 3 -0.65% 

E[P] = 30kN 157.24 6 156.88 7 -0.23% 

E[P] = 40kN 187.84 6 184.55 3 -1.75% 

60 Ά µα µ  (MU) ∆  (0=Γ ) µ  (MU) ∆  (0=Γ )  

E[P] = 20kN 120.24 3 128.23 5 6.65% 

E[P] = 30kN 154.15 5 158.44 4 2.78% 

E[P] = 40kN 182.04 2 182.36 3 0.18% 

. 4.42:  υ   α µ  (Sj=2.5 α  SCP µ α ) 

 . 4.43, πα υ α   α  µ  α Sj=SCP=1.0.  α   

πα α α  α α  π υ µ   µ  80  100 µα. Γ α [P]=20kN α  Sj=SCP=1.0, 

 π   µ  α α α π α  απ   πα  Γ . π    

α υ   απ µ  α [P]=20kN πα α α    π µ  µ  

α α α π  3 α µ  α υ  π υ   µ   α µ  υ  απ  

 απ  0.5%  µ  υ υ α µ  υ πα υ Γ .  

Γ α α 3 π µα α π υ α   π   µ  µ  υ φ υ πα α α    

µ   α µ  υ  υ π  υ α µ  α Sj=SCP=1.0 

α  αµ   α  µ  α Sj=2.5 α  SCP µ α . υ α  υ  

α µ υ  πα α α    π π  π υ  Sj=2.5 α  α SCP µφ α µ   

µ  υ . 4.14  π   α µ  α α α π α  απ   ALG#3. 

 π π  π υ Sj=SCP=1.0  ALG#4 α α α π   π    α 

E[P]=40kN   ALG#3 α α α π   π    α E[P]=30kN.  

 α µ  α α α π υ   π    α E[P]=20kN µ   

ALG#4 α α α α π  α µα  π  α   α  υ µ  π µα α  



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.108   α  – µ α  ∆ µ α  

µ α  α  ALG#3. 

 ALG#3 ALG#4   

100 Ά µα µ  (MU) ∆  (0=Γ ) µ  (MU) ∆  (0=Γ ) ∆ αφ  

E[P] = 20kN 119.81 4 119.60 1 -0.18% 

E[P] = 30kN 151.30 2 151.53 1 0.15% 

E[P] = 40kN 181.03 1 181.70 5 0.37% 

80 Ά µα µ  (MU) ∆  (0=Γ ) µ  (MU) ∆  (0=Γ )  

E[P] = 20kN 119.29 0 119.29 0 N/A 

E[P] = 30kN 155.39 5 155.06 5 -0.21% 

E[P] = 40kN 184.45 5 179.18 3 -2.86% 

60 Ά µα µ  (MU) ∆  (0=Γ ) µ  (MU) ∆  (0=Γ )  

E[P] = 20kN 127.77 6 119.69 3 -6.32% 

E[P] = 30kN 154.76 0 154.76 0 N/A 

E[P] = 40kN 184.58 1 183.10 6 -0.80% 

. 4.43:  υ   α µ  (Sj=SCP=1.0) 

 . 4.44, πα υ α   µ  υ  απ  ( [OE]) α υ  ALG#2 α 

Sj=2.5 α  SCP µ α  α  ALG#3 α  ALG#4 α (Sj=SCP=1.0.  µ  απ   

ALG#3 α  ALG#4, πα υ α  µα  µ µ    µ   ALG#2.  ALG#2 

πα υ   υ  [OE] α    ∆  µ  α   ∆  2 α 

 π  α α α απ µα α πα α α   π π  υ ALG#4.  . 

4.45, πα υ α   Pr[OE<1]. Tα α α απ µα α πα α α  α  π  α 

 ALG#2.  ALG#2 πα υ   α  απ  α α ∆  2, 4, 6 α  7 µ   

ALG#4 α πα υ   α  απ   π π   υπ π  ∆ . 

∆  1 2 3 4 5 6 7 

ALG#2 2.67 2.00 3.86 2.78 2.37 2.53 2.63 2.69 

ALG#3 1.54 1.68 2.34 1.90 1.77 1.55 1.33 1.73 

ALG#4 2.33 2.08 2.36 2.48 1.89 2.34 1.84 2.19 

. 4.44: E[OE] α ALG#3, ALG#4 (Sj=SCP=1.0) - ALG#2 (Sj=2.5 α  SCP µ α ) 

∆  1 2 3 4 5 6 7 

ALG#2 20.86% 11.78% 3.35% 4.49% 21.47% 0.75% 17.33% 11.43%

ALG#3 38.87% 36.68% 30.44% 11.44% 40.44% 28.46% 38.70% 36.70%

ALG#4 9.43% 13.19% 1.32% 24.21% 6.37% 7.17% 24.14% 14.41%

. 4.45: Pr[OE<1] α ALG#3, ALG#4 (Sj=SCP=1.0) - ALG#2 (Sj=2.5 α  SCP µ α ) 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.109   α  – µ α  ∆ µ α  

α απ µα α π υ πα υ α  υ  . 4.44 α  . 4.45  απ   µ υ 

υ α  µ  α απ µα α υ α υ πα υ Γ . α απ µα α µ  

υ πα υ Γ  α  α µ α  µ  υ  Sj α  π α α π  

µ  απ µα α πα υ υ  αφ  µ α  υ .  υ α πα υ α   

  απ µ   πα  Γ  α     α µ  ALG#2, 

ALG#3 α  ALG#4  π  α απ µα α υ πα υ Γ  µ  Sj=2.5. 

 . 4.46, πα υ α      α µ  α Sj=2.5 α  Sj=1.0 

 π π  υ πα υ Γ .  πα  Γ  µ  Sj=2.5 α α α π  φ  

  3 απ   9 π π  π υ α .  πα  Γ  µ  Sj=1.0 υ   

π   Γ  µ  Sj=2.5 α α  π  α µ   µ  100 µα.  φα µ  αυ  

απ α   µ α  α α   υ α  µ  α Sj=2.5 π υ 

    απ  υ Γ ,  π   α α  µ α  

π ,   µ   α  Γ  α Sj=1.0. 

α  Γ  Sj=2.5 Sj=1.0   

100 Ά µα µ  (MU) µ  (MU) ∆ αφ  

E[P] = 20kN 127.39* 128.49 0.86% 

E[P] = 30kN 158.67 156.35 -1.46% 

E[P] = 40kN 184.28* 186.40 1.15% 

80 Ά µα µ  (MU) µ  (MU)  

E[P] = 20kN 129.63 119.29 -7.98% 

E[P] = 30kN 163.43 159.16 -2.61% 

E[P] = 40kN 195.06 191.94 -1.60% 

60 Ά µα µ  (MU) µ  (MU)  

E[P] = 20kN 128.36* 131.58 2.51% 

E[P] = 30kN 162.53 154.76 -4.78% 

E[P] = 40kN 198.91 193.72 -2.61% 

. 4.46:  υ π  υ α µ  α φ  µ   Sj. 

 E[OE] υ πα υ Γ  µ  Sj=1.0 ( α  πα  Γ  µ  Sj=2.5) α   µ  1.99 

α   Pr[OE<1] α   µ  16.3%.  [R] υ πα υ Γ  µ  Sj=1.0 α   µ  3.61 

α   υπ  φ  α   µ  1.81.  υ  υπ  φ  φ α  

 µ  α α   υ α  µ  α   α υ   

. π   α υ   απ µ  υµπ α α  ,  πα  Γ  µ  

Sj=1.0 α  π  α  α  υπ  α  π µα. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.110   α  – µ α  ∆ µ α  

α ∆ . 4.64  ∆ . 4.66, πα υ α   α π  υ υ  υ π  

υ α µ ,  υπ  φ  α   υ α µ   π α   υ 

πα υ Γ  µ  Sj=1.0 α  φ     υ Γ  µ  Sj=2.5.  

Γ α E[P]=20kN α  Sj=1.0     πα υ   µ  απ  134 

MU α   142 MU υ πα υ Γ  α Sj=2.5. Γ α Sj=1.0 πα α α  µ  

α π   .  υ α µ   π α  Γ  µ  Sj=1.0 α α   α υ  

α µ  απ  υ  α υ  α µ  υ Γ  µ  Sj=2.5 α   µ  76.67%. Γ α 

E[P]=30kN α  Sj=1.0 πα α α  µ α  α π      µ   

 α Sj=2.5.  πα  Γ  µ  Sj=1.0 α α α π  3 α µ  µ  

αµ   απ    υ π  υ α µ υ υ πα υ Γ  

µ  Sj=2.5.  υ α µ   π α  πα  Γ  µ  Sj=1.0 α   φ υ  

α µ  απ  υ  α υ  υ πα υ Γ  µ  Sj=2.5 α   µ  80.00%.Γ α 

E[P]=40kN α  Sj=1.0 πα α α  µ  α π      µ   

 α Sj=2.5.  υ α µ   π α  πα  Γ  µ  Sj=1.0 α α   

φ υ  α µ  απ  υ  α υ  α µ  υ Γ  µ  Sj=2.5 α   µ  

76.67%.  π  φ   µ  α α α π α  απ   πα  Γ  µ  Sj=2.5. 

Obj. Value, CE and Pr. Of better sols from std. GA - E[P]= 20kN
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∆ . 4.64:   α µ , υπ  φ , π α α  

α   µ  Sj=2.5 (E[P]=20kN). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.111   α  – µ α  ∆ µ α  

Obj. Value, CE and Pr. Of better sols from std. GA - E[P]= 30kN
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∆ . 4.65:   α µ , υπ  φ , π α α  

α   µ  Sj=2.5 (E[P]=30kN). 

Obj. Value, CE and Pr. Of better sols from std. GA - E[P]= 40kN
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∆ . 4.66:   α µ , υπ  φ , π α α  

α   µ  Sj=2.5 (E[P]=40kN). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.112   α  – µ α  ∆ µ α  

υµπ α α    πα  Γ  µ  Sj=1.0 απ  α α α  υπ  α  

π µα.  α   π µα µ  E[P]=40kN  πα  Γ  α    

π    π    υ πα υ Γ  µ  Sj=2.5  

  π π   υ α  π  φ     µ   

πα  Γ  µ  Sj=2.5 α  π  υ   µ  α φ υ (50%). 

 . 4.47, πα υ α   µ  υ  απ   3 α µ    µ  

α απ µα α υ πα υ Γ  α Sj=2.5.  υ  [ Ε] πα υ   

 µ  13.7% α  ALG#3 α  69.1% α  ALG#4   µ   ALG#2. α 

α α απ µα α πα α α  α  ALG#4 α    ∆  µ  

α  α ∆  3 α  4 π υ  υ  [OE] πα α α  α  ALG#3. 

∆  1 2 3 4 5 6 7 

ALG#2 2.67 2.00 3.86 2.78 2.37 2.53 2.63 2.69 

ALG#3 2.25 2.16 4.40 5.32 2.23 2.56 2.53 3.06 

ALG#4 4.56 4.36 4.00 5.11 3.43 6.05 4.33 4.55 

. 4.47: υ  απ  α ALG#3 α  ALG#4 (Sj=SCP=1.0) α  ALG#2 (SCP=2.5). 

 . 4.48, πα υ α   Pr[OE<1].  µ  µ  πα α α  α  

ALG#4 α    ∆  µ  α  α ∆  2 α  6 α α π α α α α 

απ µα α πα α α   π π  υ ALG#2.  αµ  απ  υ ALG#3 

  µ   ALG#2 φ α   µ  α π   µ   υ  απ . 

∆  1 2 3 4 5 6 7 

ALG#2 20.86% 11.78% 3.35% 4.49% 21.47% 0.75% 17.33% 11.43%

ALG#3 14.38% 25.66% 5.31% 3.18% 28.93% 14.56% 21.91% 16.54%

ALG#4 13.92% 16.55% 3.34% 1.85% 16.10% 3.01% 12.08% 8.60% 

. 4.48: Pr[OE<1] α ALG#3 α  ALG#4 (Sj= SCP =1.0) α  ALG#2 (SCP=2.5). 

α ∆ . 4.67  ∆ . 4.72, πα υ α   α π  υ υ  υ π  

υ α µ ,  υπ  φ  α   υ α µ   π α   υ  

α υ  α µ υ  ALG#3 α  ALG#4 µ  Sj=SCP=1.0 α  α    υ Γ  

µ  Sj=2.5 α  SCP µ α .   π π   υπ  φ  πα υ α  

αυ µ    µ   α α   υ Γ .  υπ  φ   

µ  π π  π   200% υ πα υ Γ  µ  Sj=2.5. α α α  

α µα µ    υ α  µ   π α    µ υ α  α  

  υ πα υ Γ  π υ  µ  π π  υπ α   90%. 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.113   α  – µ α  ∆ µ α  

Obj. Value, CE, Pr of betters sols than GA  - E[P]= 20kN
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∆ . 4.67:  α µ , υπ  φ , π α α  π  

  α  ALG#3 π   πα  Γ  µ  Sj=2.5 (E[P]=20kN). 

Obj. Value, CE, Pr of betters sols than GA  - E[P]= 30kN
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∆ . 4.68:  α µ , υπ  φ , π α α  π  

  α  ALG#3 π   πα  Γ  µ  Sj=2.5 (E[P]=30kN). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.114   α  – µ α  ∆ µ α  

Obj. Value, CE, Pr of betters sols than GA  - E[P]= 40kN
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∆ . 4.69:  α µ , υπ  φ , π α α  π  

  α  ALG#3 π   πα  Γ  µ  Sj=2.5 (E[P]=40kN). 

Obj. Value, CE, Pr of betters sols than GA  - E[P]= 20kN
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∆ . 4.70:  α µ , υπ  φ , π α α  π  

  α  ALG#4 π   πα  Γ  µ  Sj=2.5 (E[P]=20kN). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.115   α  – µ α  ∆ µ α  

Obj. Value, CE, Pr of betters sols than GA  - E[P]= 30kN
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∆ . 4.71:  α µ , υπ  φ , π α α  π  

  α  ALG#4 π   πα  Γ  µ  Sj=2.5 (E[P]=30kN). 

Obj. Value, CE, Pr of betters sols than GA  - E[P]= 40kN
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∆ . 4.72:  α µ , υπ  φ , π α α  π  

  α  ALG#4 π   πα  Γ  µ  Sj=2.5 (E[P]=40kN). 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.116   α  – µ α  ∆ µ α  

α   ∆  1 α  2 α α α απ µα α  π     π  

 , πα α α  α ∆  2 α  ALG#4. Γ α α ∆  3, 4, 5 α  7 α 

απ µα α α α  απ   µ  µ  υ φ υ. Γ α  ∆  6  υ  

απ  πα α α  α ALG#4. 

π  α απ µα α υ πα α µα  α  α πα α  υµπ µα α: 

• α α α απ µα α α  π µα (  α µ  α  µ υ 

π π υ υ µα  25 µ ) α  πα  Γ  πα υ α  α   

π α α π  α α µ α  α  αµµ  π  (Sj=1.0). 

•  µ    απ  υ πα υ Γ    π π . 

• α α α απ µα α α  υ  απ  α  Pr[OE<1] α   υ  

π α µα π  α   απ µ  (  π µ  π π  α  

 αυ  π α  α απ µα α υ πα υ Γ  µ  Sj=2.5) πα α α  

α  ALG#4 µ   π α  π  α α α µ α  α  αµµ  π . 



 α µ  α α υ  µ  µ  π α  α   α  Γ   . ∆ µ υ 

α  α  & µ  υ  4.117   α  – µ α  ∆ µ α  

4.21 αφ α 
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 φ α  αυ  πα υ α   α α π   απ µ  α   

υµπ α µ   µ  π υ υ  α απ υ  α  π   α  α  

α , π  α µ  π  υ . 

5.1 υ η α π ία  π π ω  µ  υ ηµ ω  

 φ α  3, πα υ  µ α α µ  α  α υ  α π α  υ µ  

µ  π υπ α  (10~20 α  υ α  µ α  ( .µ)) π υ α   

µα µ  υ π α  υ  αµ α  απ µ υ  α    π  

υπ υ  α   α  α υ α µα α  π  π υ πα υ υ  

αφ , α  φ υ α  µα α . Η µ  α µ   π φ  

π υ α α  απ   α υ   α α α  α α υ , υπ  α ’ α  υ  

 µα α   .µ υ π µα .   µα α   .µ 

α α    π  υµµ   υπ  α  .µ  µ  µ  π  

α υ  α α .   µα α  α α   µ  .µ α   

υ α  π α   µα α   υ  π   Νact µ  .µ  2
Νact

 

αµ α  απ µ υ  α    π  υπ υ . Γ α  υπ , 

υπ α    υ α  π υ υ α α  απ    υ µ υ µ  

π α φ α   µ  π  α υ  α α  α    υ υπ  α  

υπ υ.  υ α π α   υπ  α υ  π υ  π α µα π α   

µα α α  µ   π α α  α α   υπ  α  α α υ . 

Η µ  φα µ   π  αµµ  α  µ  αµµ , µ µ φ  α  

π υµ φ  υ α  α  α  α   α α  α  α   υπ  

φ  υ α  µ  α απ µα α  µ υ Monte Carlo (MC),  α   

( π υ αυ  α  υ α ) α   µ υ .  υπ  φ  α   π  

 απα µ  µ  α  µα µ   α α α .  υ α  µ  

φα µ  µ  π υ α  υπ µ   π α α  α α  υπ α  

υ µ  α  υ µ  αυ α µ  π υπ α . Η α υ   

απ µ  α    υ  µ   α    α απ µα α  µ υ 

MC, α α    µ  υπ  µ  α α α   α α   µ υ 

MC,  π α α α α   α α υ  µ  µ  υπ   (  π   

 π υ απα α  α  µ  MC). Η α α  µ υ α    υ 
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υπ  υ ,  α α  απ   π   υ  α υ  α α ,  

π   .µ α   υπ α α  α α υ . Ε α  α  υ  

α π α   α α υ    µ  υ υ υ υπ  φ υ. Γ α 

π π  µα 21 µ  µ  π  .µ  µ  13 α   α π α   µ  3.2  

υπ  φ  υµα α  απ  0.9%  1.4% µ   υπ   α 

υµα α  απ  1.18%  2.1% υ α υ υ  µ υ MC. Γ α µα 

25 µ  µ  π  .µ  µ  10 α   α π α   µ  3.55  υπ  φ  

υµα α  απ  0.40%  0.64% υ φ υ  µ υ MC µ   υπ   α 

υµα α  απ  0.45%  0.68% υ υ  µ υ MC. Γ α   π µα α  

 α π α   µ  4.66  υπ  φ  υµα α  απ  0.012%  0.062% 

υ φ υ  µ υ MC µ   υπ   α υµα α  απ  0.047%  

0.236% υ υ  µ υ MC. π  α απ µα α υµπ α α    µ  

α  α α α  α  α µ π  π µ  µ  υ   α π α . 

Η υπ  π υ   µ υ α  υπ µ    µα α  

 .µ α    υ α   υπ  α α  υ  απ   π   

µ  .µ, α  α α π µα α π υ α  α   απ  α  απ  

α µ  π  υ υ  υπ  υ. 

Η µ  µπ  α π α   α υ  π α    µ   α  µ  

α   υ π µα ,  µ  α α  α   α  υ α  

α  α . 

5.2  Σχ α µ  µ  π µ  α π ία  

 φ α  4, πα υ  µ α α µ  π  π υ α   

υ υα µ   Γ  µ  (Γ ) µ  α µα α µ  ( ).  

µ  αυ , α π  π υ µ  Γ , π υ υ   µ απ υ µ , α  

αυ α  π  π υ  α µ  υπ  π  α  π π α µ .   

α α αµ   µ α  α   α  α α α  π  υ π υ  

 α µ   π υ µ  µφ α µ   υ  υ α υ π υ µ   

µ απ υ µ ,  π φ  µ α   α µ  π  π υ α  π  α  π  

π  α α   µα α   α  µπ  υ .   µ υ α  

 υ   π υ µ  π υ πα υ υ  αυ µ  υ  υ α   µ   

µ  υ  υ α υ µ απ υ µ . 
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Η µ  φα µ    υ α  α αφ  µ  µ  π   α  

π  α α  α    α µ   α  υ µ  µ  

π µ  α π α . Γ α  πα αµ υ   µ υ π  

π α µα π  π  πα αµ  µ  µ    α  α α   

α π   αφ  πα αµ  α    π α  υ   υ α 

α  υπ  φ  (  π   α µ  π υ α     υ 

υ υ  π υ µ )  µ υ. π  α απ µα α πα α α    µ  

πα υ  αυ µ  υ α   µ   πα  Γ  α µ  υπ  

φ , α  α απ  α π µα α π υ α  α  α π  π φ  µ α  

 α µ  π . 

 υ α  µ  υ υ α  µ   µ  α υ  α π α  π υ πα υ α  

 φ α  3, α   α µ  µ  π µ  α π α   υπ α  

υ µα  α   υπ α  υ µα . Η α α µ  πα υ  

αυ µ  υ α   µ   πα  Γ  µ  µ µ  υπ  φ . 

Η µ  π α  α α   π µα α π υ α  α µ  

µ α α   π  υπ µ   υ α    [1]. 
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