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Abstract

Variational principles have provided, since Lagrange’s monumental work (Mécanique Ana-
Iytique, 1815), an effective framework for the systematic study of fluid dynamics. Hamilton’s
principle and Lagrangian action symmetries are two fundamental tools encountered in varia-
tional methods that give rise to the variational formulation of the complete fluid flow problem
and to the variational derivation of conservation laws. Since the understanding of the motion of
rotational free-surface waves is of fundamental importance for a plethora of applications in na-
val, coastal and marine hydrodynamics, the question of applying the variational methods to such
flows seems to be, not only interesting, but justified too.

In this work, we address this question in the Lagrangian framework (approach), where the fluid
continuum is modeled as continuously distributed fluid parcels. Then, the variational formula-
tion for the free-surface flow problem is a straightforward extension of Hamilton’s principle for
discrete systems. Conservation of mass is embedded in the principle via two distinct ways,
which results in either a primitive or a constrained action functional. In either case, the differ-
ential equations governing the bulk fluid motion are derived by using the standard methods of
Calculus of Variations, while the kinematic and dynamic boundary conditions are obtained by
considering and treating appropriately the boundary terms that result after the variation of the
action functional.

Detailed investigation is next made in the class of variational problems which involve function-
als defined on a variable region. In this case, the variational formula contains two types of var-
iations, the local ones due to variations of the fields at a fixed point of the domain, and the
boundary ones, due to the variation of the boundary. Continuous infinitesimal transformations
leaving invariant the functional (symmetries) result in the well-known Noether’s First Theorem.
Under the assumption that the fields satisfy the equations of motion, Noether’s Theorem states
that, for each symmetry there exists a conservation law, and provides the formula to obtain it.
One of the propositions of this work is that, in fact, along the extremals, the Weak Formulation
of the Euler-Lagrange equations of motion, if taken in the specific forms driven by the symme-
tries the functional, provides an alternative (apparently equivalent) systematic approach to ob-
tain invariant quantities.

To address the question regarding the efficiency of the two methods, we explore a very im-
portant symmetry in the context of vortical free-surface flows, arising from the relabeling of
fluid parcels. The primitive action functional is invariant (relabeling symmetry), and this gives
rise to Cauchy’s invariant equations. This is proved both by using the Weak Formulation ap-
proach and Noether’s Theorem. The former proof is straightforward, simpler than the second
one, and provides us with Cauchy’s invariants without any additional assumptions (except the
standard smoothness assumptions). The analogous procedure with Noether’s Theorem seems to
need additional assumptions, concerning the variations on the boundary and the initial state of
the fluid, restricting unnecessarily the class of flows considered. Therefore, our approach seems
to be simpler and more general in the treatment of this case. The analysis is completed with a
thorough investigation of Cauchy’s invariant equations and their consequences. It is shown that
a number of well-known vorticity theorems and conservation laws (e.g., Ertel’s Potential Vor-
ticity, Circulation Theorem, Weber’s transformation) can be derived as consequences of Cau-
chy’s invariants (written either in Lagrangian framework or in Eulerian terms), showcasing the
significance of the relabeling symmetry.
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Introduction

Gravity water waves, also called free-surface waves are of fundamental importance both theo-
retically and practically. Understanding and predicting phenomena related with the motion of
water waves is of interest in naval, coastal and offshore engineering, oceanography and mathe-
matics. Due to their impact on such a wide range of disciplines, water waves constitute a very
active field of research with numerous developments documented up to now. It is constantly
enriched by new contributions, involving mathematical reformulations and proofs, numerical
computations and experiments. However, there is a specific difficulty in the mathematical for-
mulation of the water wave problem. It stems from the inherent nonlinearity and time depend-
ence of the boundary conditions on the upper boundary of the fluid domain, the free surface,
which, in addition, is an unknown boundary [(Stoker, 1957; Wehausen & Laitone, 1960;
Debnath, 1994)]. This feature further complicates the mathematical analysis and the numerical
computation of the free-surface flow problem. Up to now, the great majority of works (books
and papers) dealing with free-surface flows has been assumed that the flow is potential in the
bulk of the fluid. Since rotationality is always present in sea waves (not only because of the
breaking of waves and their interaction with turbulent wind flow, but also in the usual and small
sea waves due to the interaction with various types of local currents [(Babanin, 2006)]), the
necessity to develop a sound and efficient theory of rotational (vortical) water waves has be-
come evident and has been underway nowadays.

It is well known that Variational Principles constitute a unifying basis from which the complete
dynamic description of any mechanical system follows. Consequently, the variational approach
seems to enjoy numerous advantages, and is anticipated to be an efficient formulation for fluid
dynamics as well. The following survey on the various approaches towards a sound variational
formulation of rotational flows (with or without free surface), mainly in the context of Eulerian
framework, has been adopted from the Introduction of a recent paper by (Mavroeidis & Atha-
nassoulis, 2022). This extract, almost one-page long, is included in quotations.

«The need for rotational wave theories, in conjunction with the extraordinary success of the
Hamiltonian variational formulation for irrotational waves, raises the question of extending the
method to the more realistic (and more complicated) case of rotational free-surface flows. In
this case, however, the choice between Lagrangian and Eulerian description of the fluid motion
becomes significant. In the second approach, the physical fields, say the velocity u , the density
p and the pressure p, are expressed as functions of spatial coordinates (x,z) = (x,,x,,2)

and time 7, while in the former one the main field is the position of fluid parcels, X (a,t),
considered as a function of their initial positions @ = (a,,a,,a,) and the time. It is thus clear

that the Lagrangian description, being non convenient in applications and almost forgotten in
engineering hydrodynamics, is directly amenable to methods of Analytical Mechanics, based
on virtual displacements. Lagrange himself derived the hydrodynamic equations (in the Lagran-
gian description) by using D’ Alembert Principle of virtual work in 1815 (Lagrange, 1815) (Sec.
11), but their derivation from Hamilton’s Principle should be waiting for more than a century
before appearing in 1929 [(Lichtenstein, 1929)].

The first attempt to derive the Eulerian equations of fluid dynamics by means of Hamilton’s
Principle was made by Herivel in 1955 [(Herivel, 1955)]. He recognized the need of introducing
constraints in the standard Lagrangian function, and he implemented as constraints the conser-
vation of mass and the conservation of entropy. The obtained variational equations apparently
produce Euler’s equation of momentum; however, the underlying velocity representation turns



to be restricted to irrotational flows, when the entropy is assumed to be constant, as it should
be. See also the discussion in [(Seliger & Whitham, 1968)] (p. 5). Let it be noted that, from a
purely mechanical point of view, entropy should not be of significance for the dynamics of an
ideal mechanical system, as the considered fluid flow is. The variational controversy has been
resolved, at least for the bulk motion of the fluid, by means of the clever proposal of Lin [(Serrin,
1959; Lin, 1963)] who introduced the purely mechanical constraint of the conservation of fluid
parcels’ identity. See also Sec. 3.1. Although Lin’s constraint is commonly used in conjunction
with the entropy constraint [(Seliger & Whitham, 1968; Fukagawa & Fujitani, 2010)], in fact,
it can replace the latter, leaving us with a purely mechanical variational formulation.

The Herivel-Lin approach became the standard one after the publication of the works of Serrin
[(Serrin, 1959)] and Eckart [(Eckart, 1960)]. Many papers have appeared since then, exploiting
various aspects and deepening our understanding of this variational formulation. Penfield [(Pen-
field, 1966)], Bretherton [(Bretherton, 1970)] and Salmon [(Salmon, 1988)] discussed the im-
portance of using Hamilton’s Principle (the Herivel-Lin approach) for studying Eulerian rota-
tional flows of ideal fluids. The necessity of introducing Lin’s constraint has also been high-
lighted, by means of transformations between the two descriptions of fluid flow [(Seliger &
Whitham, 1968); (Bampi & Morro, 1984)]. In an alternative direction, the Eulerian variational
formulation was obtained from that in the Lagrangian description, by using canonical transfor-
mations [(Van Saarloos, 1981; Griffa, 1984)]. The papers by Seliger and Whitham [(Seliger &
Whitham, 1968)] and Fukagawa and Fujitani [(Fukagawa & Fujitani, 2010)] dealt with many
aspects of Hamilton’s Principle for rotational flows, including its relation with the Clebsch ap-
proach. They also discussed the variational formulation with reduced versions of Lin’s con-
straint, that is, velocity representation with fewer potentials; see, also, the discussion in
[(Salmon, 1988)] (Sec. 5). However, as first illustrated in [(Bretherton, 1970)] and later proved
with more advanced mathematical tools in [(Graham & Henyey, 2000; Yoshida, 2009; Scholle
et al., 2020)], these considerations apply only to a restricted class of flows, with zero helicity
and without points of vanishing vorticity; see, also [(Ohkitani, 2018)] and [(Feldmeier, 2019)]
(Sec. 6.17).

All papers mentioned above, dealing with the Herivel-Lin Hamiltonian variational formulation
of three-dimensional (3D) rotational flows, do not touch upon the issue of boundary conditions.
In fact, the only work that the present authors found, with some discussion on boundary condi-
tions in this context, is the book by Berdichevsky [(Berdichevsky, 1989)] (Sec. 9.3), where he
derives a form of the free-surface dynamic condition, having all the kinematic conditions a priori
imposed. In a different direction, which uses Hamilton’s Principle in conjunction with the con-
strained variations in the Euler-Poincaré framework, a limited number of works dealing with
free-surface boundary conditions appeared recently (see [(Ardakani et al., 2019; Bridges,
2019)], and references therein). Although these works are interesting and illuminative as regards
various aspects of the variational formulation of unsteady vortical free-surface flows, they are
limited to two-dimensional (2D) flows, utilizing a stream function. Again, they need to impose
the kinematic conditions as constraints in the variational formulation. »

In the present work, we are concerned with the variational formulation of rotational free-surface
flows in the Lagrangian description, and the variational derivation of several conservation laws.
The formulation presented in this thesis includes both a primitive and a constrained variational
principle, constructed such that applied pressure in the free surface is taken into account. The
analysis performed enables us to obtain variationally both the dynamical equations of motion
and the boundary conditions on the seabed, the lateral boundaries and the free surface. Focus is
next placed on the class of variational problems, at which the functional is defined on a variable
region. Our interest lies primarily in the concept of invariance of the functional under a family



of continuous infinitesimal transformations, a consequence of which is Noether’s (First) Theo-
rem, derived by (Noether, 1918). Noether’s Theorem relates symmetries with conservation laws
for fields that satisfy the Euler-Lagrange equations of motion (see, e.g., (Kosmann-Schwarz-
bach, 2010; Anco, 2017)). In this context, a novel systematic approach to obtain conservation
laws from symmetries is proposed, which corresponds to the Weak Formulation of the Euler-
Lagrange equations of motion, when the latter are satisfied. To shed light on the efficiency of
the two methods, we thoroughly discuss the particle relabeling symmetry in fluid dynamics,
first noticed by (Newcomb, 1967), and then investigated by many other authors (see, e.g., (Miil-
ler, 1995; Yahalom, 1995; Padhye, 1998; Névir, 2004)). We show that Cauchy’s invariant equa-
tions is the corresponding conservation law, and present its derivation both via Noether’s The-
orem and the Weak Formulation. In particular, in the former case we show that to obtain Cau-
chy’s invariants, additional assumptions on the boundary and the fluid seem to be essential,
whereas in the Weak Formulation the derivation is straightforward, simpler and free of any
additional constraints. Cauchy’s invariant equations, written in purely Lagrangian form, can be
interpreted in the Eulerian description providing as consequences many other well-known vor-
ticity theorems and conservation laws that govern rotational flows.

The present work is divided into three parts. In Part I, which contains Chapters 1-6, the theoret-
ical formulation of the inviscid vortical fluid flow is presented. Chapter 1 provides a detailed
description of the Lagrangian and Eulerian frameworks in fluid mechanics, and introduces the
basic notation and fundamentals relations. In Chapter 2, the point transformation which con-
nects the two descriptions is introduced, and an extensive study of the induced transformations
between line, surface and volume elements in the Lagrangian and Eulerian spaces is provided.
Chapters 3 and 4 contain, respectively, the classical derivation of the Lagrangian and Eulerian
equations that govern the fluid flow, namely conservation of mass, momentum and energy. In
Chapter 5, numerous conservation laws and vorticity theorems are presented in the Eulerian
description, and are also proved with the classical methods, that is, directly by the governing
equations of motion. Lastly, Chapter 6 contains a detailed study of the images of several Eu-
lerian (physical) vectors in the Lagrangian space, and more particularly, those of velocity, vor-
ticity and fluid acceleration. Next in Part II, which consists of Chapters 7-10, we are concerned
with the variational formulation of the rotational free-surface flows. In particular, Chapter 7
provides the variational derivation of the Lagrangian equations of motion using an extension of
Hamilton’s principle. Both a primitive and a constrained variational principle are constructed,
and in addition, boundary conditions are obtained variationally. In Chapter 8, we present a care-
ful analysis of the variational problem which involves variations of a functional defined on a
variable region. In this context, we discuss in detail Noether’s Theorem and propose a novel
method of deriving conservation laws by symmetries, the Weak Formulation approach. Chapter
9 is devoted in the exploration of the particle relabeling symmetry. We prove that the conserva-
tion law corresponding to it is Cauchy’s invariant equations and draw a comparative analysis of
the two methods (Noether’s Theorem and Weak Formulation). Lastly, in Chapter 10 we inter-
pret Cauchy’s invariant equations and relate them with numerous well-known vorticity theo-
rems and laws in the Eulerian formalism. Part III consists of three appendices, which contain
supplementary details of this work. Appendix A gives the proof of Euler’s identity and Reyn-
old’s Transport Theorem. Appendix B discusses the volume-preserving transformations and
their relation with the particle relabeling symmetry in the existing literature. Lastly, Appendix
C complements Chapters 6 and 10 with necessary theorems that pertain to the Piola transfor-
mation.
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Chapter 1

Formulation of the Fluid Flow

1.1. Introduction

Fluids consist of molecules, as all matter does. At first, one might argue that it suffices to study
the dynamics that govern the individual molecules in order to obtain information about the fluid
properties. However, this approach will soon prove to be problematic when it comes to solving
large-scale practical problems. More than that, there seems to be a lack of interest to truly un-
derstand the behavior of the molecules; we are rather interested in investigating the behavior of
observable quantities. By the term observable we refer to mean values in space and time, which
are evaluated over a sufficiently small volume which is made up of a large number of molecules,
and over a sufficiently long time-interval compared to a particular time interval associated with
the molecules [(Karamcheti, 1966)]. These quantities are often called macroscopic quantities.
This concept is really a reasonable offshoot of the fact that, in fluids, the molecular spacing of
molecules is usually very small at normal pressure and temperature conditions (e.g., in liquids

it is of the order of 10 ~® mm ) while the number of molecules per volume is very large (e.g., in

liquids it is of the order of 10" molecules/mm?>) [(Gerhart et al., 2016)]. Thus, we shall con-

sider the fluid to be a continuous medium or simply a continuum, namely, a continuously dis-
tributed matter. This otherwise simple statement is of considerable importance, since it will,
later on, enable us to describe the flow field from two different perspectives. Furthermore, this
Continuum Hypothesis (CH), permits us to employ the differential calculus in our analysis, and
thus, study the various quantities appearing as continuous fields over space and time. Of course,
this does not exclude the possibility of discontinuities, as is the case for instance in free-surface
flows and shock waves. Indeed, the calculus used will be flexible enough to account for discon-
tinuous cases too.

Having established the CH, we are now in position to introduce the definition of a fluid particle
or fluid element or else fluid parcel. Fluid particles are infinitesimally small regions of fluid
that own individuality and are free to translate, rotate and deform [(Badin & Crisciani, 2018)].
Obviously, a fluid particle consists of a number of molecules, and a collection of fluid particles
is an alternate, and surely more helpful, way to describe and visualize the fluid (!). At this point,
it is imperative for the reader to understand that, from a conceptual standpoint, a fluid particle
serves as a “pointlike fluid body” on which the physical principles and laws can be applied (the
analogue of “pointlike massive body” in Classical Mechanics). Of course, a fluid element is not
literally pointlike; it has a finite volume. An extensive discussion on the size of a parcel’s vol-
ume (its lower and upper bounds) can be found for instance in [(Batchelor, 1967, p.4; Badin &
Crisciani, 2018, p.2)].

(1) (Morrison, 1994, p.29) explains why fluid particles are pure idealizations, with the following reasoning:

«This is an idealization since in reality, fluid elements don’t exist: if they were of macroscopic size, they
wouldn’t maintain their integrity forever, and if they were of microscopic size, we would be outside the realm of
fluid mechanics. »



1.2. Fluid Flow Description

To describe the fluid flow, two possibilities exist. One is to keep track of individual particles as
they move, using for instance colored dye or neutrally buoyant particles. This is the so-called
particle / material point of view or Lagrangian method, named after Joseph-Louis Lagrange
(1736-1813) (?). The second possible way to describe fluid flow is to fix the observation point
in a space filled with fluid, and occupy ourselves with the spatial distribution of all the fluid
quantities. This is the so-called field point of view or Eulerian method, named after Leonhard
Euler (1707-1783).

Let us now pause for a moment and review what has already been said. Two completely distinct
approaches have been sketched out, and the intriguing point is that they pertain to the same fluid
flow. Thus, it seems reasonable to attempt to interrelate them in a way that will retain the sound-
ness of both. From a physical standpoint, one has to estimate the rudimentary difference of those
two methods. The Lagrangian approach proposes that we “stick” to the particle, and thus, to its
identity, while the Eulerian one that we “stick” to a certain position in space. Then, intuitively,
we shall associate the particle’s identity with a certain position in space at a given time. Indeed,
this is the essence of the so-called point transformation, introduced in Chapter 2. For the mo-
ment, we confine ourselves to saying that it is a nonsingular mapping; each point in space is
occupied by a fluid parcel, and conversely, to each fluid parcel, space coordinates are assigned.
Indeed, this is how the two “separate worlds” eventually meet. We now proceed with the math-
ematical formulation of the two descriptions.

1.2.1. Lagrangian Description

In the Lagrangian framework, the fluid is viewed as a continuous distribution of infinite fluid
parcels (*). Since we are particularly interested in the fate of each particle, we need to distinguish
between the various elements. Thus, a label or identifier must be assigned to each one of them.
To be more precise, we define the label to be the three-dimensional vector

a = (al,az,a3)€V(").

A convenient choice of labels is to take them to be the particles’ positions at some instant of
time (usually at ¢+ = ¢,). However, there is no particular criterion as to what the labels a rep-

resent [(Bennett, 2006, p.5; Badin & Crisciani, 2018, p.3)] (*). Indeed, any triple of a fluid ele-
ment’s properties at a particular time can be used to identify the fluid elements. Unless otherwise
stated, throughout this work labels will be taken to be particles’ initial positions.

Note that labels are conserved in the course of motion! They are assigned to a parcel at some
time, and are of no dynamical consequence. This point is also pointed out by (Bretherton, 1970),
who states that, permutation of equivalent particles (same mass, momentum and energy), which
possess different labels, does not affect the dynamics of the fluid flow. Indeed, conservation of
particle identity is a fundamental concept in the Lagrangian path of work, and will be frequently
encountered.

(%) Historically, the so-called Lagrangian equations of fluid flow motion are first encountered in the works of Euler
[(Karamcheti, 1966, p.158)]. A historical excursion of this misnomer is presented in (Truesdell, 1954, p.30).

(%) For the cognoscenti, it is clear that this viewpoint is an extension of Classical Mechanics, where the objective
is to identify the particles’ trajectories.

(%) The freedom to label and relabel particles is a central part of this thesis and is explored in Chapter 9.
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NB! An immediate consequence of the conservation of labels in the course of time concerns
the domain ¥ )| to which the labels refer to. In the labeling space, both the domain ¥ | and

its boundary 0V ‘“), are fixed in time. They are spaces of indices, whose elements are com-

pletely specified at the time of labeling. Of course, it has been implicitly assumed that particles
neither enter nor leave our region of interest. In fact, if we had continuous inflow or outflow of
particles, things would change significantly. Without being able to delve deeper into the subject,

(a)

the author is confined to say that a relabeling would occur, which would alter both V**’ and

OV @ at each instant of time. <

Now the fluid motion can be described by expressing any fluid quantity Q , associated with an

element labeled with a, as a function of time ¢ . In other words, in the Lagrangian description,
labels a and time ¢ are the independent variables. Thus, a Lagrangian quantity Q reads

0 =0f(a,t).

For instance, the position of a fluid parcel is given by the function x («, ¢). Now to obtain the
element’s velocity, we differentiate its position field x (a,¢) with respect to time, and get

¥ = x(a,t) = dx(a,t)/0t. (1.1)

0/0t denotes the so-called Lagrangian derivative in time. It gives the time rate of change of
Lagrangian quantities, that is, with the labels a held fixed.

To close this Subsection, it is worth to briefly discuss the usefulness of this method, though the
rest of this thesis will bring out the beauty of it (see also the discussion at the end of the thesis).
It seems that the Lagrangian method is a well-known framework for oceanographers and biol-
ogists. Measuring devices that float to investigate the ocean currents, the salinity or the temper-
ature of the ocean, or acoustically-tracked floats that monitor endangered marine species are
only some of the numerous examples. In addition, when one studies pumps and turbines, the
Lagrangian description is more suitable, since focus is placed on fluid particles gaining or losing
energy. This could also the case when we need to monitor interfaces (e.g., free surface flow
problems) (see e.g., ((Shopov et al., 1990)). By distributing particles on the interface (e.g., free
surface), the interface can be automatically resolved. From a computational standpoint, a bound-
ary of the mesh is aligned with the interface, and the boundary moves with it. However, possible
intersections and dispersion of the parcel’s paths may not render apt the Lagrangian approach
(®). Finally, the so-called Vortex Methods, which describe the flow field in terms of the vorticity,
are based on the Lagrangian description of the governing equations (for more see (Kou-
moutsakos, 2001)).

1.2.2. Eulerian Description

In the Eulerian method, we are only implicitly concerned with the fluid parcels. In fact, we
record the history of each point in space, from which various parcels pass. Since attention is
drawn to physical points, their position in space with respect to a particular coordinate system
must be identified, and in fact, it will be given by the position vector

X = (xlaXZaXS)EV(x)'

(®) The reader who is interested to explore in general the various computational techniques in flows with inter-
faces can study for instance (Hirt & Nichols, 1981) and (Rice & Faghri, 2005a; 2005b).
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NB! In contrast to the labeling space V), the physical space V' *) is a time-dependent do-
main. At any time ¢ after the labeling time, the fluid parcels change position moving in the

physical space V) enclosed by the corresponding boundary 9V *). Hence, by definition,

V%) has a dynamical character, and its configuration changes with the course of time. 4
y g g

An Eulerian quantity ¢ can be described as a function of the position x and time ¢, which are
the independent variables. Thus, we write

g = q(x,t).

For instance, the fluid velocity at a point is given by the function u( x, 7). Observe that, while

in the Lagrangian description the vector x is a field, in the Eulerian viewpoint x stands for a
variable. Their connection will be presented in Subsection 1.2.3.

Before we close this Subsection, we shed some light to the applicability of the Eulerian ap-
proach. To begin, the Eulerian description enjoys the advantages of simple and comprehensive
treatment. Indeed, as will be evidenced in Chapters 3 and 4, the Lagrangian equations of motion
possess a much more complicated form, compared to the Eulerian ones, and advanced geomet-
rical material needs to be invoked in the former case. Moreover, as (Saidi et al., 2014)) remark,
the Eulerian approach is usually preferred on the grounds that Eulerian methods have less com-
putational cost, and deal with concentration of particles, which are more suitable in engineering
problems. Even in the case of interfaces mentioned before, Eulerian methods are employed to
overcome the various difficulties encountered in the particle methods (see e.g., (Papadakis &
Voutsinas, 2019; Papadakis et al., 2022)). On the other hand, a grave subtlety of the field view-
point is that it does not fit the principles and laws of Classical Mechanics (e.g., Newton’s second
law of motion), since we depart from the concept of the particle. Note though, that both the
Eulerian and Lagrangian descriptions of fluid motion are essential, and it is imperative that they
coexist and be compatible to each other. This is better evidenced in the next Subsection.

1.2.3. Relation between the Lagrangian and Eulerian Descriptions

To clarify the relation between the Lagrangian and Eulerian descriptions of the fluid flow, we
need to introduce the kinematical constraints and objective relations on which we base our anal-
ysis. The relations presented below are of fundamental importance, since they interrelate the
Lagrangian and Eulerian quantities.

The Eulerian quantity ¢ = ¢(x,¢) ata given location x and time ¢, must equal the Lagran-
gian quantity Q = Q(a,t) possessed by the fluid parcel labeled with @, which at the same
instant ¢ occupies that position, x (a,?), and inversely. Then, the ensuing kinematical con-
straint holds

()
q(x’t) = q(x(a,t),t) = Q(a’t)’ (123)
and inversely,
()
Qa,t) = O(a(x,t),t) = q(x,1). (1.2b)

Equality () expresses the (physical) fact that, the fluid quantity at one and the same fluid parcel
is the same in either formulation. ]
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The objective relation presented above is implemented in the definition of the Eulerian velocity
(see also (Bennett, 2006, p.7; Kambe, 2009, p.214)).

Definition 1.1 [Eulerian Velocity|

Let U,(a,t) = x,(a,t) be the components of the velocity of the examined fluid parcel, in

Lagrangian variables. Then, the components of the velocity in the Eulerian formulation are de-
fined as

u;(x,t) = u;(x(a,t),t) (: U.(a,t)=x,(a,t). (1.3)

Equality (=) expresses the (physical) fact that, the velocity at one and the same fluid parcel is
the same in either formulation. Eq. (1.3) is a kinematical constraint. ]

Having established relations (1.2), we are now in position to investigate how the time rate of
change of an Eulerian quantity is associated with the time rate of change of a Lagrangian one.
To do so, let us consider the Lagrangian quantity Q, which is related with the Eulerian quantity
g via (1.2a), which reads
()
q(x,t) = q(x(a,t),t) = Q(a,1).

Now taking the time rate of change of Q(a,t), we have

90(a,t)™ dq(x(a,t),t) _ dq(x,t)
or ot T dt

O(a,t) = , (1.4)

where the symbol d/d ¢ is used to denote the time rate of change keeping the labels a fixed,
that is, following the fluid parcels (°). Note that the operator d («)/d ¢ applies to Eulerian quan-
tities.

According to Eq. (1.4), and doing chain rule, we have

3

dqg(x,t) _ dqg(x(a,t),t) "’:’” 0q(x(a,t),t) n Z 0q(x(a,t),t) 3xj(a,t) _

dt dt rule ot — 8xj ot
03 9 g(x,1) | NIg(x,1)
g —+ _— ..
o1 ; ox,

(1.5)

This leads us to define the so-called total or material derivative.

(®) Calculation of dg/dt is equivalent to the calculation of the inertial («total») derivative of the quantity

q(x,t).
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Definition 1.2 [Total / Material Derivative]

The operator of the total or material derivative in the Eulerian description is defined as

3
d(-) 9(+) 9(+) 9(+)
= + ;——— = —=+ (u-V,)(e , 1.
dt |k ot Zuf Ox; ot (V) Eul, (1.6)
descr. J=1 / (felsltr. descr.
where u = u(x,t) is the Eulerian velocity. ]

Eq. (1.6) has an intriguing interpretation. Recall that, by definition (1.4), d (+)/dt expresses
the time rate of change of the Eulerian quantity g following the fluid elements, and hence, it is
a pure Lagrangian concept. Derivative 0(+)/0¢ expresses the time rate of change of ¢, taken
at a fixed point x in space, and thus, we refer to it as the local derivative. Obviously, /0t is
a pure Eulerian concept. Now the second term on the right-hand side of Eq. (1.6), namely
(u-V, )(*), contains the spatial operator V_, and thus, accounts for the motion of the fluid

element as it moves from one point to another in the fluid field. Since it represents the time rate
of change due to the movement of fluid parcels, we refer to it as the convective derivative.
Physical interpretations of definition 1.2 through simple examples can be found for instance in
(Anderson, 2011) and (Gerhart et al., 2016).

To close this Chapter, we provide an example, which will bring out the practicality of definition
1.2. Let us attempt to calculate the acceleration of a fluid parcel, namely x (a,¢). To do so, we
need to calculate the rate of change of the velocity u(x,t) = u(x(a,t),t) keeping un-
changed the fluid element, labeled by a (see definition 1.1). Invoking definition 1.2, we write
oU.(a,t) Ea(13) g
¥ (a,t) = ——— = —(u;(x(a,t),t)) =
(a,1) y (i (x(a,0),0)

E.04) Qu,(x,1) o= Ou, (x,1) 47
10 | 3500000

(x,1).
a1 ox o0

Jj=1

Hence, employing the definition of the total derivative, Eq. (1.6), we expressed the material
fluid acceleration X (a,?) interms of Eulerian variables only. This case illustrates that relation

(1.6) is indeed a fundamental tool to connect the Lagrangian and Eulerian descriptions. The next
Chapter will provide us with the geometrical material needed to explore further this connection.
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Chapter 2

Point Transformation

2.1. General Setup

Consider a point transformation G = G, , parametrically dependent on a scalar ¢ (time), map-

ping each a € y @ (from the @ —space) in x(a,t) € y (in the x —space), as indicated in
the following Eq. (2.1) (see also Figure 2.1):

G=G,: VW — y® = y®(

X, = X a,,a,,a
at a given ! 1( e 3), (21)

Xy, = x5(a,,a,,ay).

NB! The a —space and the x —space may be thought as different spaces, or as different sys-

tems organizing the same (geometrical) space. The second interpretation is the most appropriate
in Hydrodynamics. Further, the co-ordinate systems need not be Cartesian orthogonal systems,
as indicated in the figure. In the hydrodynamic interpretation, the @ —coordinates label (iden-
tify) a set of fluid parcels (forming a continuum) at an initial time ¢,, and the pair (a,7) [or -

equivalently- the quadruple (a,,a,,a;,t)]identifies the fluid parcel (material point) @ which,
at the time 7, is located at the position x = x(a) = x(a,t). <4

We assume that the transformation G is a bijection (one-to-one and onto) ('), thus the inverse
map
G'=G" VD =) — @
a, = a,;(x;,x,,x5),
at a given ! 1( ! 2 3) (22)
x — a=a(x)= a, = a,(x;,x,,x3),

t>1,
a3 = 613()61,)62,)63),

is also well defined (exists). In addition, we assume that, for each ¢ > ¢,, the transformation

G =G, is regular [smooth], more exactly, a C' —diffeomorphism (%); that is, both G and

1 In the context of fluid dynamics, this implies that a single particle, labeled with ¢ at the time ¢,, cannot occupy
Y p 0

two different positions at the same time, and that conversely, two distinct particles cannot occupy the same position
x simultaneously.

(%) Further smoothness of the transformation will be assumed whenever needed throughout this work. For the scope

of this Chapter, C : —diffeomorphism is sufficient. However, the results can be equally well generalized when the
P

mapping isa C - diffeomorphism.
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G ! are differentiable and, thus, continuous. The last assumption will be needed to calculate
the induced transformations of shapes and of rates of changes.

In the present section we are going to examine the main geometrical implications of this map-
ping. The transformation (bijection) G = G, induces transformations between line elements,

surface elements, and volume elements of a — space and corresponding elements of the x —
space. Consider the points 4 and P in the a — space, with co-ordinates ¢ and a + da, and

their images A and P (via the transformation G ) in the x — space, with co-ordinates x and
x + d x . Time is assumed to be freeze (constant), in this (geometric) part of our study. Conse-

quently, the parametric dependence on ¢ will be, in general, suppressed.
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2.2. Transformation of line elements

First, we shall investigate how a generic infinitesimal line element AP = da is transformed
by means of the transformation G, Eq. (1.1). From the analytical point of view, it is clear that

AP = dx(a) [since AP = dal]. (2.3a)

According to the discussion made in Section 2.1, the image AP of the element AP can also be
written as

ap = G(4P) = G(da) (2.3b)
or, equivalently,
AP = x(4P) = x(da) (2.3¢)
a — space . 4, ~
as A G ’ A2
a - x=x(a,rt)
a—A
A
X — space
as
a

Figure 2.1: Transformation of line elements.

All three expressions (2.3a,b,c) are useful for the clear understanding and the correct calcula-
tions. Especially, pay attention on the equality

x(da) = dx(a) (: dx)
the image the differential J (2.4)
= = dx.
of da of x(a)

The differential dx(a) = dx is easily calculated:
dx = —da, + —da, + —da 2.5a
da, ' da, > Ba, ° (2.52)

or, in expanded form,
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dx, Ox,/0a, Ox,/0a, Ox,/0a; || da,
dx, | = | 0x,/0a, 0Ox,/0a, Ox,/0a, ||da,|. (2.5b)
dx, 0xy/0a, 0Ox;/0a, Ox;/0a, ||da,

Recall that, the 3 x 3 — matrix of partial derivatives appearing in Eq. (2.5b), also called the

Jacobian matrix of the transformation, is in fact the first Fréchet derivative of the vector function
x = x(a) [equivalently, the transformation x = G (a) ]. The following symbols are also com-

monly used, offering various alternative notations:
Ox,/0a, Ox,/0a, Ox,/0a,
def a(xl’xz’x3) def def {Dx(a)’

J| = ———— = | 0x,/0 ox,/0 ox,/0 =
Ul = aay.ay) T2t O O PO DG(a).

(2.6)
0x,y/0a, Ox;/0a, Ox;/0a,

Scholium: At this point, a comment seems to be necessary in order to explain the plethora of
alternative symbols for the same concept. Clearly, the symbol [J ] is the more concise, while

Dx(a)= DG(a) are the standard notation for the Fréchet derivative. The first is widely used

in Lagrangian Hydrodynamics, while the second are more common in Analysis. The latter are
also more appropriate to express various mathematical properties, as e.g., the chain rule

D(GoF)(u)=D(G(v))

OD(F(u)).

v=F(u)

The expanded form is clearly necessary to give us the exact meaning of the notion, while the
quotient notation, 0 (x,,---)/ 0 (a,, ), 1s often used in Calculus and bears some interesting

properties, which will be exploited in the sequel. Thus, all these symbols are indeed useful, each
one carrying over connotations facilitating some specific directions of the investigation. (*) m

Using the notation introduced by Eq. (2.6), Eq. (2.5) can be also written in the form

_0(xy,x,,x3)

dx =[J]da or dx = a, (2.7a)
O(a,,a,,ay)
or, adopting a more geometric notation,
== _— == 0(x s Xy X _
AP = [J]4P  or AP = SIELEELED Y (2.7b)

d(a,,a,,ay)

where the vectors are analytically represented by a vertical, 3 x 1—matrix. Egs. (2.7a,b) can

also be written in the following alternative ways, emphasizing on the geometrical transfor-
mation:

AP = G(4P) = [J] 4P, (2.7¢)
or on the analytical structure of the formula:
ox

x(da) = [J]da =

da, 2.7d
oyl (2.7d)

(®) The situation described in the scholium is common in Mathematics. Alternative symbols/notations sometimes
may be confusing, but sometimes may enlightening as well.
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Let us now consider the special cases where the (infinitesimal) vector AP = da is taken to be
parallel to the axes of @ — space, assumed orthogonal:

AA, = da, = da, e, || a, —axis, (2.82)
A4, = da, = da, e, || a,—axis, (2.8b)
A4, = da, = da, e, || ay —axis. (2.8¢)

where €, e,,e; are the unit vectors of the orthogonal axes of @ — space. Then, we can calcu-
late the images x (Zl—gll) = x(da;), i =1,2,3, either directly (ad hoc) geometrically, or by

specifying the general relation (2.7). Working along the lines of the first approach, we start by
writing

x =x(a)= x(a)i, + x,(a)i, + x;(a)i,, (2.9)

using a local orthogonal system in x —space (#,,1,,1; are orthogonal unit vectors in the x —
space). Now, bearing in mind that

A4, = x(A—Al) = x(dal) = (dx(a))a, = const.

a; = const.
12122 = x<AA2) = x(daz) = (dX(a))al=consl. (210)
a; = const.
1&1&3 = x(AA3) = x(da3) = (dX(a))al=consl.
a, = const.
we obtain
A4, = (dx(a)) W e 2.11a)
= X(a))a,=const. = | — 1 —1 —1 a;, .dla
! a3:cons; 3611 ! 3611 2 3611 3 !
A4, = (dx(a)) O 0, 0%,y (2.11b)
= X(a))a, =const. = / —1 — 1 a,, .
2 a3:constt< 8612 ! 8612 2 8612 3 2
A4, = (dx(a)) O L0, 0%y, @2.11¢)
= X(a))a, =const. = | —1 —1 —1 a,, d1cC
} a2:constt 8613 ! 8613 2 8613 3 3

The same results are obtained by applying (any of the) Egs. (2.7) to the specific circumstances
described by Eqs (2.10):

AA, = x(ﬂl) = (dx(a))a, = const. =

a; = const.
Ox,/0a, Ox,/0a, Ox,/0a, da,
= | 0x,/0a, Ox,/0a, Ox,/0a, da,
Ox;3/0a, Ox;/0a, Ox;/0a; |, — o |das

a; = const.
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Ox,/0a, 0 0||da, 0x,/0a,
= |0x,/0a, 0 O0||da,| = |0x,/0a,|da,, (2.12a)
Ox;/0a, 0 0] |da, O0x;/0a,

and similarly,
0 Ox,/0a, 0] |da, 0x,/0a,
0 O0x,/0a, 0||da,|=|0x,/0a,|da,, (2.12b)
0 O0x;/0a, 0] |da, O0x;/0a,
0
0

AA2 = (dX(a))alzconSL =
a, = const.

0 Ox,/0ay ||da, Ox,/0a,

0 O0x,/0a; ||da,| =|0x,/0a;|da;. (2.12¢)

0 0 Ox;/0a; ||da, 0x;/0a,

12123 = (dx (a ))“1 = const. —

a, = const.

Obviously, Egs. (2.12) provide us with exactly the same results as Egs. (2.11), as expected.
Introducing the notation x;; =0,x; =0x;/0a;, i, j € {1,2,3} (which will be extensively
used subsequently), we write the Jacobian matrix in the form

X1 X2 X3
[J] = [J<x{ij})} = | X X222 X3 | (2.13)

X311 X33 X33

Then, Egs. (2.11) or (2.12) can be written in the concise, and easy-to-memorize, form

AA, = x., da,, (nosummation) k =1,2,3, (2.14)

where x , is the vector (x,,,x,,,x;, ), thatis the & ”—column of the Jacobian matrix [J]
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2.3. Study of the Jacobian matrix

2.3.1. The Jacobian matrix of the inverse transformation

As discussed in Section 2.1, the point transformation G, is a bijection, and thus the inverse map
is well defined. In addition, for each ¢ > ¢, the transformation G =G, is assumed to be a

C' — diffeomorphism; that is, both G and G ~' are differentiable. Obviously, the composition

of G and G ' produces the identity transformation,

(GoG ') (x) =G(G'(x)) = I, x = x, (2.152)
and
(G 'eG)(a) =G '(G(a)) =1,a =a. (2.15b)

Differentiating Eqgs. (2.15a) and (2.15b), and applying the chain rule, we obtain
DG(a)oDG '(x) =1, and DG '(x)oDG(a) = 1I,. (2.16a,b)

As already noted,

DG(a) = e e [J]. (2.17)

Similarly, we can write

DG '(x) = (2.18)

def a(alaazaafi) d;f [ Gfl}

O(x,,xy,X3)
However, according to Egs. (2.16a,b), the Jacobian matrices (Fréchet derivatives) of the map-
pings x = G(a) and @ = G~ '(x) are inverse of each other, i.e.,

[JG”} =[] =[] (2.19)

Thus, from now on the symbol [J G } will be abandoned, and the Jacobian of the inverse

transformation G~ ' (x) will be denoted by [/ ]~ or [J - }, whatever is more convenient for

the corresponding manipulations.

By using the quotient notation, 9 (x,,---)/ 9 (a,,---), Eq. (2.19) can be also written in the form

—1
8(01,02,03) o a(x17x27x3)

(2.20)

a(x17x27x3) a 8(01,02,03)

This latter form, apart from being clear, concise, and easily memorized, provides a justification

of the quotient notation, since carries over one property of the common quotient (and only this
one, to be precise!).
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2.3.2. The Jacobian determinant and the structure of the inverse Jacobian matrix

Of great interest is also the determinant of the Jacobian matrix [J ] = DG(a), called Jacobian

determinant. Following the traditional notation of Lagrangian Hydrodynamics, the Jacobian
determinant will be denoted by J ; that is,

J = deta(xl’xz’x3)
a(a17a27a3)

— det[J]. 2.21)

[This is why we use the symbol [J ] Jacobian matrix]. For reasons that will become clear soon,

it is expedient to think of the Jacobian determinant J as a function of 9 independent variables,
X, =0x;/0a;,i,j€e{1,2,3}:

X1 X2 X3
J=J(xup) = [x0 %2 X (2.22)

X311 X3p X33
Now, if we expand J with respect to its first row, we obtain:

J=J(x,,) =

¥

Xon X3 Xo1 X23 Xa1 Xop

= xy (= I)HI

+ X (_I)HZ + x5 (— 1)1+3

X3p X33 X3 X33 X311 X32

_ EETSER! 8(x2,x3) oy l+2 8(x2,x3) 1\ 143 8(x2,x3) _
= x; (=1 —8 (az’%) +xp, (= 1) 8(a1,a3) + x5 (= 1) 8(a1,a2) =
= X Ju + X, J1 + X3 Ji - (2.23)

The quantities J,;,J,,J 3 are the cofactors of the Jacobian matrix (or of the Jacobian deter-

minant), corresponding to the elements X,;, X, , X;3. From the structure of Eq. (2.23) (%), it is

clear that
6J(x{ij}) B 6J(x{ij}) B 6J(x{ij}) B
— =Ju, " =Jn, o =J. (2.24)
axy, 0x4, 0X13
In fact, we have established the following more general formula
oJ (x . ) the cofactor of
{J} .o
S N LIS DAY S , ,J€11,2,31. 2.2
ox,; Y {the element x,; et J (2.25)

The general formula (2.25) contains 9 equations, three of which are identified with Egs. (2.24).
To ascertain the validity of the 6 additional equations contained in formula (2.25), we work

4) Observe, for example, that the term x,, appears only as a multiplier of J |, , and it is not contained in an
p 11 app y p y

TE
other term appearing in the right-hand side of Eq. (2.10).
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similarly as above, expanding the determinant first with respect to its second row x,,,x,, ,

X ,5, and then with respect to its third row x;,,x5,,x5;5.

Eq. (2.25), in conjunction with Cramer’s rule for the calculation of the inverse of a matrix,
provides us with the following very useful result:

a1 =l =10, 0, (2.26)

where [J i ] is the matrix having elements the cofactors of [J ] , and [J i ]T is the transpose of

[J ; j]. Further, since

Oa,/0x, 0Oa,/0x, O0a,/0x,

Oa,/0x, 0Oa,/0x, 0Oa,/0x; |, (2.27)
Oay/0x, Oa;/0x, 0Oa;/0x,

[Jrl: a(alaazaa3) _
O(x,,X,,X3)

we have also established the following useful formulae

9a; _Ju _109J _ 1 07 (xyr 1) (2.28)
Ox; J J O0x, - J dx,, '
Eq. (2.28), written in expanded form, reads as follows:
Oa,/0x, Oa,/0x, 0a,/0x, Ju I i
[J]il: Oa,/0x, 0Oa,/0x, Oa,/0x, :% Jin Ja Iy |- (229)
Oay/0x, Oa;/0x, Oa;/0x, Ji3 Sy I

Remark: It is interesting to explicitly describe a simple recipe on how to construct directly the
2x 2 —minor determinant which expresses the cofactor J, ;:

O(x,,%p)
d(a,,as)

where a, f € {1,2,3} — {1} and 7,0 € {1,2,3} — {j}, the indices «, B [respectively,
¥, ¢ ] being put in their natural order. You can check the above recipe for constructing J, ;, by

J = (- 1)i+j

tj

, (2.30)

recalculating the terms J;,J,,J3, given in Eq. (2.23). ]

Exploiting Eq. (2.30), or by using the direct approach mentioned above, after Eq. (2.25), we
obtain the following formula for the inverse Jacobian matrix [J | ', where all the cofactors are
given explicitly as 2 x 2 — determinants:
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g, = a(xZ,x3) J, = 8(x3,x1) J, - a(xl,xz)

a(aZ,a3) 8(a2,a3) 8(a2,a3)

N B a(xZ,x3) B 8(x3,x1) B a(xl,xz)
= J i = 8(a3,a1) I = 8(a3,a1) Ja2 = 8(a3,a1) - @30

g = a(xZ,x3) g, = 8(x3,x1) g = a(xl,xz)

a(al,az) a(al,az) a(al,az)

The explicit form of Eq. (2.31) will be useful in the sequel, for quick checking of various ex-

pressions containing the cofactors J, ;.

2.3.3. Further results on the structure of the matrix of cofactors [J ; j]

The explicit form of the matrix of cofactors [J i ] is given above, in Eq. (2.31). Looking care-

fully at the structure of the column vectors

3(x2,x3) 3(x2,x3) 3(x2,x3)
a(aZ,a3) 8(a3,a1) a(al,aZ)
J. = 3(x3,x1) L, = 3(x3,x1) . 3(x3,x1) 2.32)
a(aZ,a3) 8(a3,a1) a(al,aZ)
a(xl,xz) a(xl,xz) a(xl,xz)
a(aZ,a3) 8(a3,a1) a(al,aZ)
we easily realize that
2 3 3 1 1 2
that is, each column vector is the cross-product of two specific, uniquely-defined vectors.
The row vectors, J,. ,J,.,J;. , written explicitly below
J - 8(x2 x3) 8(x2,x3) 8(x2,x3) (2.342)
8(512 a3) 8(513 al) 8(a1,a2)
J, - 8(x3 xl) 8(x3,x1) 8(x3,x1) (2.34b)
8(512 a3) 8(a3,a1) 8(a1,a2)
J. - 8(x1,x2) 8(x1,x2) 8(x1,x2) (2.340)
8(a2,a3) 8(a3,a1) 8(a1,a2)
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exhibit a similar structure. To reveal this structure, we need the specific (yet non uncommon)
notation:

of(a) _ df _
da  Oa

of of Oof
da, da, 0Oa,

. (2.35)

Using the above notation, the row vectors (2.34) are also written as cross products, in the fol-
lowing way:

0x, O0x, dx; Oux dx, O0x,
J,. = X , J,y. = X , Ji. = X : (2.36)
da da da Oa da Oa
The divergence of all row vectors is equal to zero, that is,
v, J,. =V, J,., =V, J;, =0. (2.37)
The proof of Egs. (2.37) results from the identity
v, |22,0v) _ 4|92, 0¥ _ . (2.38)
da Oa da Oa

which holds true for any (twice differentiable) functions ¢ = ¢ (a) and v = v (a).

2.3.4. The transformation of the gradient and the Laplacian of a scalar function

For a scalar function p = p(a) = p(x), under the correspondence x = x (a), we easily ob-

tain the transformation law of the first partial derivatives and the gradient, by using the chain
rule:

i=3 i=3

8p 8p 8xi 6x,- 8p
— = —— — = — . 2.39
da; Z_; Ox; Oa, Z_; da; Ox; (2-39)

If the vectors (8p / 361]){ B
J

3 i=3
and (8 p/ 8xl.) -, are represented as 3 x 1 —matrices (vertical),

then, the transformation law (2.39) takes the following matrical form:

T
Vor = [J] V,p, (2.402)
[vertical] [vertical]
or, in expanded form,
Op/0a, Ox,/0a, Ox,/0a, Ox;/0a, ||0p/Ox,
op/da,| = | 0x,/0a, Ox,/0a, Ox;/0a, ||0Op/Ox,]|. (2.40b)
Op/oa, Ox,/0a; Ox,/0ay Ox;/0a; ||0p/Ox,
Noting that
-1 _ T T T
() =)y =)= o @41

() The first of Egs. (2.41) expresses the following important result from Linear Algebra:
«the inverse of the transpose of a matrix equals to the transpose of the inverse».
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from Eq. (2.40a) we obtain

Vep = [77'] V.p.

[vertical] [vertical]

(2.42a)

The same formula, Eq. (2.42a), can be also obtained from Eq. (2.40a) by symmetry arguments,
or by starting from an equation similar to Eq. (2.26), with (8 p/Ox; )j “in the left-hand side.
J

Using Eq. (13), Eq. (2.42a) can be also written in the form

1
Ver = 5] Ver: (2.42b)
[vertical] [vertical]

We shall now proceed to obtain the transformation law of the second partial derivatives and the
Laplacian of a scalar function. Again, the basic tool to do this is the chain rule:

Ox, = dp 0
+
da, Z@xk Oa,

k=1

8%p 8 = dp 0x;, = 9
da; Oa; ~ Oa, Z Ox, Oa, B Z@ai

k=1 k=1

op
ox,

0x,
da,

O0x,0x; 0Oa; 0Oa; Ox, 0Oa,;0a;

k=1 /=1 k=1

We shall not pursuit this issue further, since it seems no possible to construct nice, well-struc-
tured equations, under the assumed generality of the point transformation.
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2.3. Transformation of surface elements

Consider now an infinitesimal surface element (parallelogram) formed by two infinitesimal vec-
tors in the a — space,

AP = da”, @ = da?. (2.43)

This parallelogram will be denoted by [TP, TQ] = [d a’, da? ]. Since the infinitesimal

vectors AP and AQ are transformed to the vectors

ap = G(ﬁ) = (AP) = x(da”) = dx"(a),

(2.44)
AQ = G(@) = (@) = x(da?) = dx%a),

(see also Figure 2.2) by the point transformation G, the parallelogram [ﬂ? , @] is trans-
formed to another, distorted, infinitesimal parallelogram, denoted by

[4P, 40] = G([ﬂv,@]), (2.45a)

or
[dx",dx?] = G([da" da?]). (2.45b)

Our goal, in the section, is to characterize (calculate all the characteristics of) the image paral-

lelogram [ZB , ;I—Q ]. To achieve this goal, we start by giving convenient forms of the trans-
formed vectors:

AP = dx"(a) = dx[ i, + dx} i, + dx} i, (2.46a)
where
a — space

a ©
’ a - x=x(a,1)

a= A

4,

X — space
4]

Figure 2.2: Transformation of surface elements.
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0 0 0
dxlp = idalp + al da’ ia’af,
Oa, da, Oa,
0 0 0
dx? = 22 40" + Z2ga” + 2 qa”, (2.46b)
Oa, Oa, Oa,
ox 0x 0x
dx? = a—3dalp 3 2 daf + a—3daf
a, a, as

Using indicial notation, and adopting (in this section) the standard summation convention (the
repeated indices are summed over the range {1,2,3}), Egs. (2.46a) and (2.46b) are written in

the concise form

AP = dx"(a) = dx' i, (2.47a)
and
P Ox; P _ P
dx, = o da; = x,,da; . (2.47b)

Similarly, we obtain

40 = dx%a) = dx2 i,
(2.482)
and

_ Oxy
 da,

J

dx? da? = x,; daf?. (2.48b)

In order to find out the geometrical characteristics of the image parallelogram [ZB , ;I—Q ], we

calculate the cross product of the transformed vectors AP = dx" and TQ —dx?:

1

(dxpxde) = Eimn (dxp)m (de)

Q
J2
= &, X, . X, dajlj dag. ® (2.49)

imn mj nj,

_ P
= Eipy Xp;, da; x,; da

imn " mj

By setting successively i = 1, i =2, i = 3, in Eq. (2.49), we obtain the following more explicit

forms of the components of the cross product d x” x d x ¢ :

(a’xan’xQ)1 = (xzjl X3y, — X3, xzjz)da;: daj%, (2.50a)
(a’xan’xQ)2 = (x3j1 Xi;, — Xy x3jz)da;l) daj%, (2.50Db)
(a’xan’xQ)3 = (xljl Xopj, = Xy xljz)da;: daj%. (2.50¢)

(°) The indices m,n, j,, j, are summed up over the range {1,2,3}, in Eq. (2.49).
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It is interesting to note that, all coefficients (factors) of the terms d ajP d an are appropriate

cofactors J, ; of the Jacobian matrix [J ] . To facilitate the explicit use of cofactors in a trans-

formed version of Egs. (2.50) [to be constructed, see Eqs. (2.54)], we observe that

Xaj, X35, = X35, X5, = 0 J2) uy gy
Xyj Xy, T Xy Xy = G(jl,jz)Jz{jl,jz},, (2.51)
Xij, Xap, = Xy Xiy, = 00 T2) Sy
where
{jwjz}/ = {1,2,3} - {jwjz}, (2.52)

that is, {j,,/,} is the complement of {/,, j,} with respect to the range {I,2,3}, and

o(j,,J,) 1s an appropriate «sign function», defined by

+1, when(j,,j,) = (1,2)or(2,3)o0r(3,1), (thedirect order)
c(ji.j,) = 0, when j, =j,, (2.53)
—1, when (j,,j,) = (2,1)or (3,2)o0r (1,3), (the reverse order)

Combining Egs. (2.50) and (2.51) (7), we find
(dedeQ)l = Jig gy ©UrsJ2) daj daf =
= Jy (dag da? —day daZQ) + J, (daf dal —dal da3Q) +

+ Ji; (dalp daf —da) dalQ) =

(2.54a)
Jun o I I
= Jlo-(dapxdaQ) = |dal daj daj |,
da? da¥ daf
and, working similarly, we also obtain
(dx"xdx?) = Jy, ;0. jy)da) dal =
J21 J22 J23 (2 54b)
— Jz.o(dapxdag) = dalp dag daé3 R
da? da¥ daf
(dxxdx?) = Jy, v o(i,j,)da) daf =
J31 J32 J33 (2 540)

= J3,-(dap><daQ) = |da! dal dal|,

da? da¥ daf

(") Or by direct calculation from Egs. (2.50), without using Egs. (2.51).
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where J,, is the vector (J,,,J;,,J;5), and the expressions J;, « (dap X daQ) are written
in classical vector notation, the dot (+) denoting the dot product and the cross (X) denoting the

cross product. Thus, the whole expression J;, » (d a’xd aQ) represents a mixed product,

which is also written in the form of a determinant, as shown in Egs. (2.54).

Egs. (2.54) reveals the (expected) feature that, the components of the cross product d x “x d x ¢

, which characterize the infinitesimal surface element [d x”, d x€¢ ], are analogous (in some
appropriate sense) to the components of the cross product d a’xda® , which characterize the

infinitesimal surface element [da”, da? ], the pre-image of [d x”, d x¢ ].

From Egs. (2.54), and the very meaning of the cross product, the following conclusions are
easily drawn:

e The area S([ﬁ,TQ]) = S([dxp,de]) of the image element is given by the
norm of the vector d x” x d x¢ :
S([ﬁ,ﬁ—é]) = depxdeH.

e The plane, on which the image element [ AP, AQ ] lies, is perpendicular to the vector
dx"xdx?.

Our final task in this section is to specify Eqgs. (2.54) and their consequences for the case where
P,0 € {4,,4,,4;},1.e., when the infinitesimal surface elements [ﬂ? , @ ] are orthogonal

parallelograms lying on the planes of the orthogonal system Ae, e, e;.

Assume first that P = 4, and Q = 4,, thatis, consider the infinitesimal orthogonal parallel-
ogram [ﬂl , A4, ], lying on [e,,e,]—plane, which is transformed into the infinitesimal

(non-orthogonal, in general) element [;1—;11 , ;1—212 1=G ( [ A4, , A4, ] ) . In this case,

(dal,daf,dal) = (dal,0,0) = (da,,0,0), (2.552)
(daf,daf,da?) = (0,dal,0) = (0,da,,0), (2.55b)
and dx’ = Tgll, dx? = 21—212 (2.55¢)

Applying Egs. (2.54), under the specifications presented by Egs. (2.55), we find

Jll J12 J13
(éélxééz)l = |da, 0 0| = J,da,da,, (2.562)
0 da, 0
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J21 J22 J23
(Zullx 21212) —|da, 0 0| =J, da,da,, (2.56b)
2
0 da, 0
J31 J32 J33
(Zullx 21212) —|da, 0 0| =Jyda,da,, (2.56¢)
3
0 da, 0
which means that
AAx Ay = (Jyy iy + Joyiy + Jyyis)da, day = J 5 da, da,. (2.57a)
Working similarly, we obtain
Ay x Ady = (Jyy iy + Iy iy + Jy iy )da, day = J., da, da;, (2.57b)
A% A4, = (Joy iy + Iy iy + Jsy iy )da, day = J_, da, da,. (2.57¢)

Note that the vectors J,,,J . ,,J . are the first, second and third column of the matrix of co-

factors [J i ] , respectively.

Egs. (2.57) can be also written in the following, more concise and easy-to-memorize, form:

A, xAd, = J (a.5) € {(1,2),(2,3),(3,h },
{aaﬂ} = {1a2a3}_{a,ﬂ}

(2.58)

cia.py da, day, where {

Eq. (2.57) permits us to draw the following more specific conclusions, concerning the area and
the direction of the surface elements [ Zlgla , Zlglﬂ } ,(a,p) € {(1, 2),(2,3),(3,1) }:

o Thearea § ( [ ,Zl,zla , AA 5 } ) of the image element is given by the formula

S([Eﬂﬁ” _ S([ET%D _ HJ
() - dedn

{a, pY H

A4, 44,

e The plane, on which the image element

lies, is perpendicular to the vector

n = J (not unit vector) .

L44,4, “ta,py
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Supplement of Section 2.3: Egs. (2.57) can be easily rederived by direct calculation of the
cross products of the transformed line elements:

ox, .

0x,

O0x,

A4, x 44, = i+ =i+ — iy | x i\ +——i, +——i; |da, da, =
: 2 da, ' da, > 0a, 13] da, h da, °  Oa, A
i) 3 i
= |0x,/0a, O0x,/0a, O0x,/0a,|da da, =
0x,/0a, 0x,/0a, O0x,/0a,
0(xy,x3) , O(xy,x;) , (x,x,) ,
= i i, + ———i,|da,da, =
d(ay,a,) d(ay,a,) d(ay,a,)
=J.yda, da,. (2.59a)
4. x 4d. Ox; +8x2 . +8x3 . Ox, Ox, . +8x3 N da. d
X = i i iy | X i i i =
2 : da, ' Ba, > da, ° day, ' day, °  day ° 42 s
[ i i
= |0x,/0a, O0x,/0a, Ox;/0a,|da,da;, =
0x,/0a,; Ox,/0a; Ox;/0a,
0(xy,x3) , O(xy,xy) , O(x1,x,) .
= i i, + ——— i, |da, da; =
d(a,,ay) d(a,,ay) d(a,,ay)
=J. da, da;,. (2.590)
= e ox, . Ox, . 0x; | Ox, . 0Ox, | 0xy |
AA; X AA, = 8a3 ll+8a3 12+8a3 1; [ X a_alll—i_a_allz +8_all3 dayda, =
i) 3 i
= |0x,/0ay; Ox,/0ay; Oxy/0a,|da;da, =
0x,/0a, O0x,/0a, 0Ox;/0a,
0(xy,x3) , 0(xy,xy) , (x1,x,) ,
= i i, + ——— i, |dayda, =
d(ay,a,) d(ay,ay) d(ay,ay)
=J.,da,da,. (2.59¢c)

32

0x,

0x, .

Ox




2.4. Transformation of volume elements

The three (infinitesimal) vectors AA4,, A4, , A4, defines a rectangular parallelepiped in the

a — space, which, via the transformation G = G, is transformed into a non-rectangular paral-

lelepiped, (approximately) defined by the image vectors ;1;11 , ;1;12 , ;1;13 . The latter will be
denoted by the symbol [;1, ;11 ;12 ;13 ], and its volume will be denoted by V( [4,4,4,4,] ) :

As we know from Vector Algebra, the volume of the parallelepiped [;1, ;11 ;12 ;13 ]is given by

the triple product of the generating vectors 21;11 , 21;12 , 21213 . Thus, we have

V([4.4,4,4;]) = 44, .(222x223) _

0x,/0a, O0x,/0a, O0x,/0a,
= det| Ox,/0a, Ox,/0a, O0x,/0a; |da,da,da, =
0x,/0a, Ox;/0a, Ox;/0a,
et 2T ) L da
d(ay,ay,az)
that is,

V([4,4,4,4,]) = J da,da, da, (2.60)

Of course, da, da, da, is the volume of the rectangular parallelepiped [ 4, 4; 4, A5 | in the
a — space. Thus, Eq. (2.60) is also written in the form
V([A4,4,4,4
([4.4 4 4,]) = J. (2.61)
V([4,4,4,4,])

According to Eq. (2.61), the magnification factor of a rectangular volume element (parallelepi-
ped) in the a — space, under the transformation G = G, is identified with the Jacobian deter-

minant J = det [J]
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Chapter 3

The Lagrangian Equations of Fluid Flow Motion

In this Chapter we derive the equations that govern the fluid flow motion in the Lagrangian
description. As will be shown, all the existing principles and physical laws of Theoretical Me-
chanics can be directly applied in the Lagrangian framework. This stems from the fact that, as
described in Chapter 1, fluid parcels act as “individual bodies” in the fluid, rendering the corre-
spondence with Theoretical Mechanics reasonable. Thus, the Lagrangian viewpoint seems to be
suitable for deriving the governing dynamical equations of the fluid flow. In what is to follow,
the laws of conservation of mass, momentum and energy will be presented in detail.

3.1. Conservation of mass

Let us consider a material volume ¥ (*) (') at the labeling time #,. If we denote the fluid mass

contained in ¥ () by m , and its mass density by o (a,z,), it holds that

m :fp(a,zo)dV(‘”, (3.1)

V(ll)
where dV'“ = d a, da, da, (%) is a volume element in the labeling space.

With the passage of time though, the material volume evolves in the physical space, according
to the point transformation (2.1),

G — G[: V(a) N V(x) — V(X)(t),
. x; = x(a;,a,,a;3),
at a given
a — x=x(a)= {x, = x,(a,,a,,ay),
x; = x3(a;,a,,a;3),

occupying a different position and taking another shape. Then, using the mapping above, the
material volume at a time ¢ is expressed as

e =y©u =G, (re).

Since we are dealing with a material volume, containing a specific amount (always the same)
of fluid parcels, the mass contained in it will equal the mass contained in ¥ ). Reminding
ourselves of the physical fact that as a fluid property, density can be written as
pla,t) = p(x(a,t),t) = p(x,t), we have

(!) A material volume is defined as a volume of fluid which consists always of the same fluid parcels and moves
with them with the passage of time.

(%) If labels were not taken to be particles’ initial positions, the product da, da, da, would not necessarily have

dimensions (length)3 and we would not be able to treat it as an infinitesimal volume in the labeling space.
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m =f,0(a,t)dV(x) =f,0(x,t)dV("), 3.2)
17452 17452
where dV*) = dx, dx, dx, isan infinitesimal element in the x — space.
Hence, combining Egs. (3.1) and (3.2), it results that
pla,ty)dv™® :fp(x,t) dv™ . (3.3)
y (@) y ()

Before invoking the fundamental theorem of Calculus concerning the change of variables in a
volume integral (see e.g., (ITavterion, 1994)), we postulate the theorem in a concise form below
for convenience.

Theorem 3.1 [Change of variables in a volume integral|

If a domain D is transformed to the domain x (D) by means of a regular point transformation
a — x(a),and f(x) is a function integrable over x ( D), then, the following formula holds

true:
x(D)

where J is the Jacobian determinant of the transformation, defined by
0x,/0a, 0x,/0a, O0x,/0a,
J = deta(xl’x2’x3) = |0x,/0a, O0x,/0a, O0x,/0a;]|.
d(a,,a,,ay)
Oxy/0a, O0xy/0a, Ox;/0a,

F(x)dv = ff(x(a))JdV(‘”,

Applying now Theorem 3.1 to the term appearing on the right-hand side of Eq. (3.3), we obtain:

fp(x,t)dV(x) :fp(x(a,t),t)JdV(“) :fp(a,t)JdV(“). (3.4)

1745 y (@ p (@)

Now combining Egs. (3.3) and (3.4), we get the integral form of the law of conservation of mass

fp(a,to)dV(“) :fp(a,t)JdV(”)_ (3.5)
V(a) V(a)

The above form can be treated in a plethora of ways, thus providing us with different formula-
tions of the law of mass conservation. An integro-differential one is obtained by observing that
the left-hand side of Eq. (3.5) is time independent. Thus, we can write

%fp(a,t)JdV(“) =0. (3.6a)

y (@)
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But the Lagrangian time derivative, O/ 8t| ,» commutes with the volume integral over the la-

beling space, since V “) is completely defined at the labeling time #,,, and does not vary with

time (see Subsection 1.2.1). Therefore, Eq. (3.6a) is equivalent to Eq. (3.6b), which reads

f%(p(u,t)])dlf(”) =0. (3.6b)

y (@)

The above though, holds for any infinitesimal volume element J ¥ ). If we take a small ele-

ment of volume dv‘*) and take the limit as it approaches zero, that is, shrink the volume to just
a point, we acquire the pure differential form (%)

%(p(u,t)]) =0. (3.7)

Lastly, straight from Eq. (3.5), and using the same arguments as above, we can derive another

elegant form for the constraint of conservation of mass, which reads [(Lamb 1932; Bennett,
20006)]

pla,t)J = p(a,ty) = p,(a). (3.8)

(%) This argument, which will be extensively used throughout this Chapter, is usually referred to as the localization
lemma (see e.g., (Buresti, 2012, p.79)).
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3.2. Conservation of momentum
3.2.1. Analytical Derivation of the Conservation of Momentum
Consider again the material volume ¥ *), described in Section 3.1. The momentum p; of a

fluid parcel of mass p (@,¢) dV ) is defined as
p, = x,(a,t) p(a,t)dv"™ i =1,2,3. (3.9)

Invoking the definition of the velocity of a fluid parcel, Eq. (1.3),
(%)

ui(x,t) = ui(x(aat)at) = Ui (aat):xi (aat)a
Eq. (3.9) can be rewritten as
p, = u, (x,t) p(x,t)dV® i =1,2,3. (3.9)

Now according to Newton’s second law of motion, at any time ¢, the rate of change of the
momentum of the material volume ¥ *) must equal the total forces acting on it, that is

% fui(x,t)p(x,t)dV(x) = F% i =1,2,3. (3.10)

y ()

At this point it is essential to discuss the classification of forces in order to acquire a deeper
understanding of Eq. (3.10). More specifically, total forces, F', consist of two types of forces;

surface forces, F°, and body forces, F ® Thus, it holds that
F©° — Fs 4 F°, (3.11)

Surface forces decrease extremely rapidly when the distance between the interacting elements
increases and are significant only when the distance is of the order of the separation of molecules
[(Batchelor, 1967, p.7)]. A surface force works on the surface of the material volume, and thus,
is proportional to its area. Pressure, surface tension, normal and shear stresses are some exam-
ples of surface forces. It holds that

1

= f fii(x,0)ds"™ [ i=1,2,3, (3.12)

oy

where f.° is the surface force per unit area, d s = n ds*) is the vector surface ele-

ment, and n*) the outward vector normal to it. In our case, in which we are dealing with an
inviscid fluid, the only surface force present is the one due to pressure p, and therefore, we
have

1

Fr=- f p(x,t)nMds™ i=1,2,3, (3.12)
v

On the other hand, body forces, also called volume forces, decrease slowly when the distance

between the interacting elements increases and must be taken into account even for distances

characteristic to natural fluid flows [(Batchelor, 1967, p.7)]. Their slow variation permits them

to act equally on all the matter contained in an infinitesimal material volume, and thus, a body
force is said to be proportional to the size of this material volume. Gravity, electromagnetic
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forces and centrifugal and Coriolis forces fall into this category. Body forces are therefore ex-
pressed as

1

wzfﬁ%wmummeﬂA& (3.13)

v

where f, ® is the surface force per unit mass. In our problem, focus will be placed on conserva-

tive body forces, that is, forces derived from a potential, say P (x). Hence, the above shapes

Fb — _faP(x)
l dx,

y ()

p(x,0)dvV™ i=1,2,3. (3.13"

Inserting now Eqgs. (3.12") and (3.13') into Eq. (3.11), Eq. (3.10) becomes

ifu[(x,t)p(x,t)dl/(x) =
dt

e (3.14)

:_fp(x,t)n,»(x)ds(x)—fag(x)p(x,t)dl/(x).
X

o™ oV

To change the integration in the volume integrals appearing above from the physical to the
labeling space, we invoke Theorem 3.1, and write

u, (x,t) p(x,0)dv™ qui(x(a,t),t)p(x(a,t),t)JdV“') -

y (%) y (@)
Fa.L3) (3.15)
= [s@np@nrare,
y (@)
and similarly,
9P (xeyav :f_ap(x(a—’t))p(x(a,t),t)JdV“” =
(x) axi (a) axi
yi y
3.16
0P (x(a,t)) (a) (.10
= | ————=p(a,t)JdV'".
(a) axi
(P

Concerning then the surface integral of Eq. (3.14), we employ Eq. (2.58), which states that the
surface element d s*) associated with the surface element d s *) is expressed as (*)

ds'™ =1[J,,1ds",
or in a component form as

3 3
n®ds™ =dsi = E J;ds\" = E Jntds'® i =1,2,3.

j=1 j=1

4) The matrix [J . ] consists of the cofactors and is explained in the Subsection 2.3.3.
ij
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with n*) being the normal outward vector in the labeling space. Using the above formula, it
thus holds that

3
f p(x,0)nMds™ = f p(x(a.n.n) Yy Jyni ds' =

oV oy =1
3
- >4
oa .

yaij=1 /

pla.t) - 0/ v,

(6jxi)

where in the last equality, a more convenient notation for J,; was invoked, Eq. (2.25), and

Divergence Theorem was applied. The above can take an even more convenient form, by em-
ploying the identity [see also (Eckart, 1960; Seliger & Whitham, 1968)] (°)

3

2.7,
J

=1

oJ

Thus, the surface integral shapes

3

x x 0 a,t oJ a
f p(x,t)nMds™ :f E %(a )a(a ) av'® . (3.18)
J Ji

PYas pl j=1

Combining now Egs. (3.14), (3.15), (3.16) and (3.18), and using the definition of material de-
rivative, Eq. (1.6), we obtain

3

%fxi(a,t)p(a,t)JdV“” = —fzap(“’t) 0 gy _

y (@ y@i=1 Oa;  000;x) (3.19)
—pr(a,t)JdV(“).
(a) (9)61.
y(a

(®) Eq. (3.17) can be easily proved with straightforward calculations. Indeed, for i = 1, we have

3 97 dJ 0J 0J
Zaj = 0| s 2l 374 o\ sl a7 o~ | T
709 ,x) 0(0,x,) 0(0,x,) 0(0;x,)
a s a 9 a ’
_ 9, (x5,x3) +a, (x5,x3) +o, (x5,x3) _
d(ay,ay) d(ay,ay) d(ay,a,)
_ 5 0x, 0x; 0x, Ox,4 0x, 0x; 0Ox, Ox, 0x, 0x; Ox, 0x,
! da, day; Oa, Oa, ? day Oa, O0Oa, Oa, 3 da, da, 0da, 0a, |

Under the assumption that the position field x (a, t) acquires sufficient smoothness, we apply Schwarz’s Theo-

rem, and thus, the terms above cancel each other out. Similarly, one can show the identity for i = 2, 3.
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We observe that the first term in Eq. (3.19) can be further manipulated. In fact, due to the con-
stancy of ¥ ) in time, the Lagrangian derivative 9/0¢ | ,» commutes with the volume integral

over ¥ (), permitting us thus to write

dv'® =

f@(xi(a,t)p(a,t)J)

0

— | % (a,t 1) J AV =

8t[xl(a ) p(a,t) P
Va

y (@)

0 1) J
:f)‘c'l.(a,t)p(a,t)JdV(“)+f)'cl.(a,t) (p(g ) )dV<‘”
v y (@) !
- [s@np@nsare.
V(“)
(3.20)

where in the last equality, conservation of mass, Eq. (3.8), was invoked.

Eventually, inserting Eq. (3.20) into Eq. (3.19), we get the integral form of the conservation of
momentum, which reads

3
) op(a,t) 0J
(a.t O JdV@ = _f P v _
fx,(a ) p(a,t) H; da; 0(0,;x,;)
y -

)
- f—aP(x(a’t))p(a,t) Jdv@
(a) aXI
J.

(3.21)

Finally, letting a small element of volume 4 v“’ and taking the limit as it approaches zero, we

are led to the following differential form for the conservation of momentum [(Lamb 1932; Ben-
nett, 2000)]

pla,t)J

) OP(x(a,)|  ~~dpla,t) 9T
£ (a,1) + = ]_ > 5a a(ajxi)’l_l’2’3'(3'22a)

i

Jj=1

To obtain the vectorial form of it, we employ the notation for the matrix of the cofactors, [/, ],

described in Subsection 2.3.3. Therefore, we obtain a mixed, Lagrangian-Eulerian form of the
equations of fluid flow motion, which reads

po(a)(¥(a,t)+ V,P(x(a,t))) + |J,;|V,pla.,t) = 0.
3x1 3x3 3x1 3x1

(3.22b)

Conservation of momentum (3.22b) states that the rate of change of the momentum of a fluid
parcel (see Eq. (3.9)) equals the conservative body forces (see Eq. (3.13)), and the pressure (see
Eq. (3.12)) acting on the fluid parcel.

3.2.2. Other Equivalent Forms of the Equations of Fluid Motion

Eq. (3.22b) can be further worked out and give other useful forms as well. In fact, the transfor-
mation of the gradient of the scalar function p(a,7) = p(x(a,t),t) = p(x,t)is given by
the formula, Eq. (2.42b)
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Vep(x,t) =J7[J,;|V,pla,t), (3.23a)
and similarly,

VeP(x,0) =J [ J,;]|V,P(x(a,1)). (3.23b)
Now another mixed, Lagrangian-Eulerian form can be obtained by employing Eq. (3.23a) to

Eq. (3.22b). In addition, invoking conservation of mass, Eq. (3.8), Eq. (3.22b) becomes
[(Herivel, 1955; Bretherton, 1970; Bennett, 2006)]

p(a,t)(jc'(a,t)-I-VxP(x))-i-pr(x,t) =0.
3x1 3x1 3x1

(3.22¢)

Combining Eqgs. (3.23), (3.8) and (3.22c¢), the latter is transformed in a purely Lagrangian form,
as follows

po(a) ¥(a.t)+ p(a.0)[J,, |V, Pla.0)+]J,; |V, p(a,t) = 0.
3x1 3x3 3x1 3x3 3x1 3x1

(3.22d)

Lastly, we mention that one can even obtain the Eulerian form of the equations of motion, by
making use of Eq. (1.7), which gives the fluid parcels’ acceleration, ¥(a,?), in terms of the

velocity field u(x,7). Combining thus Egs. (3.22¢) and (1.7), along with the (physical) fact
that p(a,t)= p(x(a,t),t)= p(x,t), we obtain

p(x,1) E%u_,(x,z) + WJerP(x(a,t)) + V. p(x,0) =0,

j=1 J

(3.22¢)

which is the standard (Eulerian) form of the equations of fluid flow motion in the presence of
external forces, as will be shown in Section 4.2.
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3.3. Conservation of energy

We start again by considering the material volume ¥ ¥, as defined in Section 3.1. The total

energy < of a fluid parcel of mass p (a,t) dV ™ is defined as

g:

%xz(a,t) +E(p,s)]p(a,t)dV<x>, (3.24a)
or invoking Eq. (1.3), as

g:

%uz(x,t)-l—E(p,s)]p(x,t)dV(x), (3.24b)

where E = E(p,s) is the internal energy per unit mass, and is due to its internal state (e.g.
compression/ expansion) (°).

The first law of thermodynamics entails that, at any time ¢, and in the absence of heat sources,

the rate of change of the total energy of the material volume ¥ (*) equals the work done by the
total forces acting on it. Thus, according to Eq. (3.24b), it holds that

d

- lu2(x,t)—|—E(p,s) p(x,t)dV™® = wra, (3.25)
V(X)

2

Following the classification made in Eq. (3.11), the work of the total forces consists of the work
done by the surface forces, W * , and the work done by the body forces, W ° . Thus, we write

wrod — s 4wt (3.26)
Invoking now Egs. (3.12') and (3.13"), the components of the total work shape
WS = —f p(x,t)u(x,t)nVds™, (3.27a)
oy
and
Wb :—f V.P(x)u(x,t)p(x,t)dV™. (3.27b)
y )

Substituting Egs. (3.27) to Eq. (3.25), we obtain

< [1uZ(x,r)+E(p,s)]p(x,r)dV“‘>=
dt 2
V(X)
:—f VxP(x)u(x,t)p(x,t)dV(x)—f p(x,)u(x,t)nPds™
y ) oy
(3.28)

To alter the integration in the volume integrals appearing in Eq. (3.28) from the physical to the
labeling space, we employ Theorem 3.1, and write

(°) Internal energy is thoroughly described in Subsection 7.2.2, in conjunction with Variational Principles. The
reader who wants to delve deeper into the thermodynamic concepts at this point, is urged to study Subsection 7.2.2.
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f[%u2(x,t)+E(p,s)]p(x,t)dV(x) =

y (X)

:f[% u’ (x(a,t),t)+ E(p,s>] p(x(a,t),t)Jdv® = (3.29)

y (@)
Eq.(13)

_ f[%x2(a,t)+E(p,s)]p(a,t)JdV(”).

y (@)

Similarly, it holds that

V.P(x)u(x,t)p(x,t)dvV™ =
()
:f V.P(x(a,t)) u(x(a,t),t) p(x(a,t),t)J dv® (3.30)

y (@)
Eq.(1.3)

= f V.P(x(a,t)) x(a,t)pa,t)JdvV® .
y (@)

To treat the surface integral of Eq. (3.28), we work as in Section 3.2, and therefore, using iden-
tity Divergence Theorem, we have

p(x,)u(x,t)nPds™ =

R1ASY

33
= ZZ f p(x(a,t),t)u,(x(a,t),t) Jij ”ﬁa) ds@ —

J=li=1gpw@

Eq.(1.3)
q: ZZfi p(a,t))'cl.(a,t)a—J dv@ =
Jj=1i=1 y (@) 8aj a(ajxl)
3 3
0 ( . o0J
= — (p(a.0) % (a.t) ) ————dvV'",
;;;[a;@aj (0 ;x;)
(3.31)
where in the last equality identity (3.18) was invoked.
Now, in view of Egs. (3.29), (3.30) and (3.31), Eq. (3.28) shapes
6 1 ) (a)
— — 1)+ E(p, 1) JdV'Y =
£y [2x (a,t) + E(p S)]p(a )
V(ﬂ)
—— [ VP @) @) pan s ave -
V(ﬂ)
3 3
—ZZ fi(p(a,t)xi(a,t))a—JdV(”). (3.32)
et L da; 0(0 ;x;)
i=1j=1 y (@ J Jol
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Concerning now the first integral appearing above, we observe that the constancy of ¥ ) in
time, enables the Lagrangian derivative 9/ 8t| ,» to commute with the volume integral over

¥ (@ and thus, it results that

gt [ x*(a,t)+ E(p, s)]p(a ) Jdv@ =
:fﬁ“lﬁ(a 1)+ E(p s)]p(a 0)J| v = (3.33)
ot 2 ’ ’ ’ '
y (@)

o1l .,
= == 1)+ E(p, ) JdV @,
f)at[zx (a,t) + E(p S)]p(a )
Vﬂ

where in the last line, conservation of mass, Eq. (3.8), was employed.

Finally, using Eq. (3.33), Eq. (3.32) becomes

(1 .,

—|= )+ E(p, ) JdV @ =
_(/:31‘[2)( (a,t) +E(p s)]p(a )
Vﬂ

V.P(x(a,t)) x(a,t) p(a,t)JdvV® — (3.34)
V(ﬂ)
_ _ 9 @
22 f (p(a.t) %, (a.1)) 50 av'®
1 =1j = V(ﬂ)

which is the integral form of the conservation of energy.

To obtain the differential form of the conservation of energy, we consider a small material ele-
ment of volume dv‘*) and take the limit as it shrinks to just a point. Therefore, using also Eq.
(3.8), we get [(Lamb 1932; Bennett, 2006)]

% %xz(a,t)-l-E(p,S) po(a) =
aJ
— VP t - 1) X (@) | =
(x) x(a,t) p,(a) ;;8 p(a,t)x, (a ))(9((9jx,~)
(3.35)

Conservation of energy (3.35) states that the rate of change of energy of a fluid parcel (see Eq.
(3.24)) equals the work done by the conservative body forces and the pressure field tensor which
act on the fluid parcel (see Eq. (3.27)).
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Chapter 4

The Eulerian Equations of Fluid Flow Motion

As discussed in Chapter 1, sometimes information about what happens to a fixed portion of
particles (material volume) as it moves is not useful in our context. Rather, we would like to
understand what effects a fluid has on a particular volume in the physical space through which
fluid may flow (control volume), fixed or moving ('), as it interacts with the fluid. However, we
soon realize the difficulty that arises in such an approach. All the principles and physical laws
that govern the fluid motion and which were presented in Chapter 3, can be stated in their stand-
ard form only in the Lagrangian description. However, in the Eulerian framework, where parcels
are absent, one cannot directly apply the well-known principles and physical laws of Classical
Mechanics. As will be shown, the transition from the Lagrangian to the Eulerian viewpoint will
be accomplished via Reynold’s Transport Theorem (RRT). For convenience, RRT is given be-
low, and its proof can be found in Appendix A.2, Supp. 6.

Theorem 4.1 [Reynold’s Transport Theorem, RTT|: Assume that the point transformation de-
scribed in Chapter 2, G = G, : V@ — &) = y &4y,

. x, = x(ay,a,,ay),
at a given
t >t
xy = x3(ay,a,,a;),

is a bijection and C' — diffeomorphism. For a function fre ) % [t,,t,] — R, which is as-
) p 0-h

sumed to be a C' — diffeomorphism, each of the following formulas holds

diff(x,t)dV“‘) ZIWCZV(”+ff(x,t)vx-u(x,t)dV(x), (4.1a)
tV(x) v () ! 483

or equivalently

iff(x,t)dV“‘) :fMdV“‘) +fvx~(f(x,t)u(x,t))dV(x), (4.1b)
dtV(x) y(x) o1 y (%)

or equivalently

%ff(x,t)dl/(") :f%dvm + f f(x,)u(x,t)n™ ds™ | (4.1¢)
V(%) y(x) YA

(x

where, n'* is the normal outward vector, and 8V *) the bounding surface of the physical

space V). |

(Y Ttis imperative for the reader to understand that the moving control volume need not follow the material volume.
In fact, a control volume is nothing but a pure mathematical abstraction, embodied in our analysis to account as a
geometrical entity, independent of mass, to which the fundamental principles and physical laws will be applied.
This point will become clear later on. However, the interested reader can further explore the concept of control
volume for instance in (White, 2011) and (Gerhart et al., 2016).
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In this Chapter, we employ RRT and using the concept of a fixed, nondeforming control volume
(%), we derive the Eulerian form of the laws of conservation of mass, momentum and energy.

4.1. Conservation of mass

Consider the material volume ¥ *) in the physical space, which is analytically described in
Section 3.1. Now, by the law of conservation of mass, presented in Section 3.1, we know that

if/?(x,t)dV(x) =0, (4.2)
dt

y ()
since by Eq. (3.2), the integral appearing above expresses the mass contained in the material
volume ¥ ). For a fixed, nondeforming control volume V) which is coincident with the

material volume 7 *) at an instant of time, the time rate of change of the mass contained in the
former will equal the time rate of change of the mass contained in the coincident material vol-
ume. Thus,

%fp(x,t)dﬁm = %fp(x,t)dV(x). (4.3)

I}(X) )

Combining then Egs. (4.2) and (4.3), RRT (4.1b), shapes as follows for the control volume y e

IWWW +fvx-(p(x,t)u(x,t))d17<x> =0, (4.4)
P ! P
which can be viewed as the integral form of the law of conservation of mass in the Eulerian

description. Now let us assume that the control volume is a small stationary element of volume
dv . Then by taking the limit as d v approaches zero, we shrink the tiny volume to just a point,

and therefore we are able to make the transition from integral to the differential form of the
conservation of mass, which reads (see e.g., (White, 2011; Gerhart et al., 2016))

dp(x,t)

5 + V. (p(x,0)u(x,t)) = 0. (4.42)
Working out the divergence operator, V. , we are led to an even more intriguing form. Indeed,
we have
dp(x,t)

Y +p(x,t)V,-u(x,t)+ V., p(x,t)u(x,t)= 0, (4.4b)

and using the definition of the material derivative d /d ¢ given in Eq. (1.6), the above becomes

dp(x,t)

P +p(x,t)V, -u(x,t) = 0. (4.4¢)

Egs. (4.4a) and (4.4c) are the most common differential forms of the law of conservation of
mass, and are usually referred as the continuity equation.

() Dealing with a moving control volume would require a slight modification in the analysis. In fact, the velocity
field u appearing in RRT would be substituted by the relative velocity w , which is the fluid velocity seen by an
observer who moves with the control volume.
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4.2. Conservation of momentum

We begin again by considering the material volume ¥ *). Then, according to the law of con-
servation of momentum, Eq. (3.10), we have

% fui(x,t)p(x,t)dV(x) = Flotmv) = 1,2,3, (4.5)
V(X)

For a fixed, nondeforming control volume ¥ *), coinciding with the material volume ¥ *) at
an instant of time, the total forces acting on the former will equal the total forces acting on the
coincident material volume. Hence, it holds that

Ftotal (c.v) = Ftotal(miv)' (46)
Combining then Egs. (4.5) and (4.6), RRT (4.1b), reads as follows for the control volume y

0 x,t)u, (x,t . A
i 8)t =0) gy *fo (P Ce,tyu (x,0) u(x,0))dV = F oy

8 P

which by inserting Egs. (3.12') and (3.13") into the above relation, we get

8(p(x’t;t”f(x’”)dﬁ<x> + [elprnu (xuxn)ar -

p ) p )

0P (x)

x,t)dV™,
i, p(x,1)

:—fp(x,t)ﬁ§x)d§<x)—

PYAS 20

where d § ) = A ¢ 5™ isthe vector surface element, and n ‘¥’ the normal outward vector.

Applying the Divergence Theorem to the surface integral appearing above, we have

fa(p(x’t(;tu[(x’t))dlf(x) _|_fvx.(p(x,t) u[(x,t)u(x,t))dl;(x) =

p () y () (47)

= _f —8P(x)p(x,t)+—8p(x’t) dv™ .
J 0x 0
Fix

X.

i i

which is the integral form of the conservation of momentum.

To obtain the differential form of it, we take the control volume to be small, say dv, and take
the limit of the integral as dv approaches zero. Consequently, we get

O p(x.0)u; (x.1))
ot

—}—Vx'(p(xat)ui(x’t)u(x’t)) = —%p(x,t)—%,

i i

(4.8a)
or equivalently,
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aui(xat) + 8p(x,t)
ot ot

p(x,t)

u; (x,t)+V, -(p(x,t) u; (x,t) u(x,t)) =
(4.8b)
0P (x)

dp(x,1)
= - — 1) —
o0x, p(x.t) 0x

Working out the divergence operator, V, -, we have that (see e.g., (Bird et al., 2006, p.822))
Vi(pu;u) =pu; Vi -u+(V, pu; u+p(Vyu;)u. (4.9)

Substituting Eq. (4.9) in Eq. (4.8b), and recalling the definition of material derivative d/d¢,
Eq. (1.6), Eq. (4.9) becomes

[%Jrv"p(x’”"(x’tH/’(x’t)Vx'"(x,t) ui(x,t)+p(x,t)W+
() u(x,0) Vo, (x,0) = — S 5 gy 2 020D,
dx; 0x

i i

The term in the parenthesis expresses conservation of mass as seen from Eq. (4.4b), and thus, it
vanishes. The above equation then reduces to

ou, (x,t
p ety | ety Vo, (1) + 20D 0P g 08D 5
ot Ox, ox,
(4.10a)
or in vector form
p(x,1) wui(x,tH%JrvxP(x) +V.p(x,t) = 0. (4.10b)
i=1 X

Using again the material time derivative, Eq. (4.10b) can also take the following form (see e.g.,
(White, 2011; Gerhart et al., 2016))

p(x,t)

d”;’:’t)+vxP(x)]+pr(x,t):0' (4.11¢)

In our problem, we are concerned with barotropic flow, that is, pressure and density are directly
related via (see e.g., (Serrin, 1959))

pla,t) = f(p(a,t)). (4.12)
Hence, it holds true that (see e.g., (Bird et al., 2006; Serrin, 1959; Kambe, 2009))

g'(p)
Vv 1 d 1 d d
P _1dr (g oy v (g(p) =V f L ap vxf—pzvxh,
p pap p

f(P)
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where h is the enthalpy, for which in the absence of entropy variations (%), it holds that
dh =dplp.

Substituting then Eq. (4.13) into Eq. (4.11c), we get

du(x,t)

P + V. P(x) + V.h(x,t) =0,

or gathering the last two terms together,

du(x,t) _

o —V, [h(x,t) +P(x)]. (4.11d)

Eq. (4.11d) is in fact a very elegant formula, which will be frequently implemented in our anal-
ysis. Eq. (4.11d) tells us that the fluid acceleration d u/d ¢ is expressed as the gradient of a

function, namely enthalpy minus the potential energy density. As will be shown in Chapter 5,
this plays a key role in the properties that govern the fluid flow we study. For now, we solely
mention that Eq. (4.11d) is often found in literature as

du(x,t)

= V. p*(x,1), 4.12,i
77  pF(x,1) ( )

where the a C' — differentiable potential
p*(x,t) = —P(x)—h(x,t), (4.12.11)

is often referred in the literature as the acceleration potential, and may be single-valued or
multi-valued. Acceleration potential ¢* ( x,¢) was discovered by (Euler, 1757), and plays a

crucial role in the Bernoulli integrals. One can study for instance (Truesdell, 1954) and (Wu et
al., 2006).

(%) The reason for which we do not consider entropy variations in our problem is extensively discussed in Subsec-
tion 7.2.2, in conjunction with Variational Principles. The reader who wishes to explore the thermodynamic aspects
that govern our problem at this point, is urged to read Subsection 7.2.2.
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4.3. Conservation of energy

Consider again the material volume 7 *) . The law of conservation of energy, Eq. (3.25), states
that
4
dt

y ()

%u2(x,t)—|—E(p,s) p(x,t)dv™) = preatmy), (4.13)

Now for a fixed, nondeforming control volume ¥ *, coinciding with the material volume " *)

instantaneously, the work done by the total forces acting on the former equals the work done by
the total forces acting on the coincident material volume. Therefore, we have

Wtotal (c.v) — Wtotal (m.v) ' (414)
Combining Egs. (4.13) and (4.14), RRT (4.1b) shapes for the control volume as

ot () :f%[%uz(x,t)ntE(p,s)]p(x,t)dﬁ(") +

P
[

P

[% u?(x,1) +E(p,s)]p(x,t) u(x,t)|dv®e,

which by invoking Eqgs. (3.27) to the above equation, we obtain

f%[%u2(x,t)+E(p,s)]p(x’t)dl}(x) 4

Py

+fvx- dve —

P

[%uz(x’t)+E(p,s)]p(x,t)u(x,t)

:—f VxP(x)u(x,t)p(x,t)dI}(x)—fp(x,t)u(x,t)n(x)d§(x),

y o oy

where d§® = a™) 4§ is the vector surface element d V¥ , and ™ the normal out-
ward vector.

Applying now Divergence Theorem to the surface integral appearing above, it holds that

fi
ot

8

%uz(x,t) + E(p,s) | p(x,t)dV™ +

AV = (4.15)

—i—fo-l p(x,t)yu(x,t)

8

%uz(x,mE(p,s)

- _f[vxp(“"(x,t)p(x,rwvx (p(x,0)u(x,0))]dP

Eq. (4.15) is the integral form of the conservation of momentum.
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The differential form of it is derived by considering the control volume element dv, and take
the limit of the integral as it shrinks to a point. Hence, it results that

% %uz(x,t)—i-E(p,s)

%uz(x,t)—l—E(p,s)

p(x,t)+V, -

p(x,t)u(x,t)

= -V, P(x)u(x,t)p(x,t)—V, -(p(x,t) u(x,t)).
(4.16)

Working out the divergence operator, V, -, appearing in the second term above, we have (see
e.g., (Bird et al., 2006, p.822))

1 1
V, - Eu2+E pul=yV, Eu2+E plu+

%uz—i—E]pVx-u. (4.17)

Substitution of Eq. (4.17) in Eq. (4.16) yields
d

dt

%uz(x,t)—l—E(p,s)

%WWM+M%Q

= VY, P(x)u(x.0)p(x.0) =V, (p(x.0)u(x.1)),

p(x,t)%— p(x,t)V, u(x,t) =

(4.18)
where the notation for the material derivative d / d ¢ was used.

Finally, employing the law of conservation of mass, Eq. (4.4¢c), we deduce a very convenient
differential form for the conservation of energy, which reads (see e.g., (White, 2011; Gerhart et
al., 2016))

% %uz(x,t)—i-E(p,s) p(x,t) = =V, P(x)u(x,t)p(x,t)—Vx-(p(x,t)u(x,t)).

(4.19)
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Chapter 5

Local and Integral Conservation Laws

This Chapter is dedicated to the presentation of several local and integral conservation laws in
the Eulerian framework. Their proof is given using the standard methods; the various theorems
are derived directly via the Eulerian equations of fluid motion presented in Chapter 4. These
vorticity theorems will bring out important facets of the flows we study, and thus, they will
enable us to acquire a deeper understanding on the flows themselves. Furthermore, in Chapter
10, all of those theorems will be proved using a completely different approach, which is
grounded on Variational Principles. Hence, it is interesting to explore the two distinct ways (the
Classical and the Variational) from which conservation laws in rotational flows can arise.

Before proceeding though to the analytical derivation of the conservation laws, it seems reason-
able to elucidate the following point. At the end of the Chapter, the careful reader will realize
the absence of several fundamental theorems in vortex dynamics (e.g., Helmholtz’s theorems).
The reason behind this lies on the fact that the scope of this Chapter is by no means to provide
a monograph on the theorems and conservation laws that govern rotational flows. Rather, we
explore those which, in Chapter 10, will also be derived directly via a variational approach, so
that we showcase the distinction in the two paths of work (the Classical and the Variational).
Treatises on vorticity and vortex dynamics can be found for instance in (Truesdell, 1954),
(Lighthill, 1963), (Batchelor, 1967) and (Wu et al., 2006).

5.1. D’Alembert-Euler Condition

Having obtained the dynamical equations of motion in the Eulerian description, Egs. (4.11), we
take the curl of both sides of Eq. (4.11d) and derive the formula

v o dulx.n)

0| 5.1
x P (5.1)

Eq. (5.1) is the well-known D ’Alembert-Euler condition, derived by D’ Alembert [(D’ Alembert,
1752, 1761)] and Euler [(Euler, 1757, 1761, 1770, 1806)]. Eq. (5.1) expresses the important
result that, for an inviscid barotropic fluid with conservative forces, the fluid acceleration
dul/dt is curl-free.

(Lévy, 1890) commented that classical hydrodynamics is characterized by D’ Alembert-Euler
condition, and that all the fundamental theorems are consequences of it. Indeed, it is shown that
all of the results presented in this Chapter stem from this condition!
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5.2. Beltrami Vorticity Equation

Starting with the fluid acceleration, d u/d t, and using the definition of the material derivative,
Eq. (1.6), it holds that

du ou ou 1 )
- 2= .V =241V +w , 5.2
dt ot (- Vi u ot 2 « () o (5-2)

where the identity (see e.g., (Bird et al., 2006, p.822))
(v-V)v = %V(vz)-l—(va)xv,

was invoked, along with the definition of vorticity, @ = V_ x u. Taking then the curl of Eq.
(5.2) we have

du ou
V. x— =V, — , 5.3
xxdt xx[at+wxu] (5.3)

since the curl of a gradient vanishes. But the local time derivative, 9 /9 ¢, commutes with the
curl operator, V, X, and therefore, we can write

Ju O(V, xu) Ow

V, X : 5.4
ot ot ot 64
Moreover, using the identity (see e.g., (Wu et al., 2006, p.43))
Vx(wxv)y=w-Viw+w(V-v)—(w-V)y—v(V-w),
and taking into account that vorticity is divergence free, V, -@ = 0, it holds that
V. x(oxu)=(u-V,))o+o(V, - u)—(o-V, )u. (5.5)
Substituting then Egs. (5.4) and (5.5) in Eq. (5.3), the latter shapes
d 0
V. x—u:—w+(u~Vx)w+w(Vx~u)—(w~Vx)u, (5.6a)
dt ot
or introducing the notation for the material derivative, d /d ¢, the above becomes
du do
Vi, Xx—=—+4+o(V,-u)—(o-V,)u. 5.6b
PRy ( ) —( ) (5.6b)

Multiplying both sides of Eq. (5.6b) with p ',

du |1 do 1 1
Ve X—|— = ——+ V. u)—(0-V - =
[x dt]p 014 (0% 00V u) L
d|w dp™! 4 0]
S el +o (V. - B R vi =
dt[p] @— o (V, -u)p - x]u
-1
:iﬂ —w dp —(V, -u) p | - Q.Vx u =
dt\ p dt P
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= d [QJ—wl—pzd—p—(Vx -u)pﬂ—[g-vx]u =
P

dt Yol dt
dt{ p P

where to obtain the second equality, differentiation in time by parts was done.

(5.7)

,2dp
£ (v, -
pldr (Vi -u)p

But in the brackets above, we recognize conservation of mass in the form of Eq. (4.4c). Hence,
Eq. (5.7) reduces to

Vxxﬂ l:i
dt | p dt

3]—[3-%]% (5.8)
p p

Now inserting d’ Alembert’s Euler condition, Eq. (5.1), Eq. (5.8) takes the final form

w(x,t)]
p(x,1)

a
di

w .
p(x,1)

Vx]u(x,t) | (5.9)

Eq. (5.9) is the so-called Beltrami’s Vorticity Equation for an ideal barotropic inviscid fluid
with conservative forces, derived by (Beltrami, 1871). It gives us a material expression for the
vorticity and information on its evolution in the physical space.
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5.3. Ertel’s Potential Vorticity Theorem

Let S = S (x,t) be any scalar quantity that is materially preserved, that is, d S/dt = 0.
The potential vorticity, P = P(x,t), as defined by (Rossby, 1936, 1940) and (Ertel, 1942),
reads

o(x,t)

P(x,t) =
(e = D

V. S (x,t). (5.10)

Since S may be any materially conserved quantity, the potential vorticity P stands for a class
of quantities. We are now ready to present the following theorem, owned to (Ertel, 1942).

Theorem 5.1 [Ertel’s Potential Vorticity Theorem, Ertel’s PVT)|

In a barotropic, inviscid fluid with conservative body forces, the potential vorticity P, as de-
fined in Eq. (5.10), is a Lagrangian invariant, that is,

dP(x,t) _

0. 5.11
P (5.11)

Proof of Theorem 5.1:
Using the definition of the material derivative, Eq. (1.6), we start by writing

[E]—F(WVX)VXS

w—d(vxS) = o 9V:5) +(u-V,) V.S 5,

dt ot

V.

=w|V, , (5.12)

since the local time derivative, 9 /9t , commutes with the gradient operator, V, .

To treat now the last term appearing in the brackets of Eq. (5.12), we do differentiation by parts
and have

(u-V )V, S =V, ((u-V,)S)— (V. u) V,S. (5.13)
Employing Eq. (5.13), Eq. (5.12) shapes
w%:w-vx [aa—f +(u-V,)S|—(0o-V,)uV,§ =
:w.vx[%]—(w-vx)uvxb’: (5.13)
= —(o-V,)uV._.S,

where the material preservation of S was invoked, namely d S/d¢t = 0.

To proceed, we multiply both sides of Eq. (5.13") with p ', and differentiating by parts, we get

-V

X

p dt p

djeogs|-vsd
dt| p dt
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ulVv.>S,

X

ﬂvxs]z
e,

i[ﬂ]_[ﬂ.vx
dt\ p p

which invoking Beltrami’s vorticity equation, Eq. (5.9), gives us

i[ﬂvxs] =0, (5.14)
dt\ p
completing our proof. ]

Scholium: The name “Potential Vorticity” attributed to P , Eq. (5.10), is not vague. Rather, the
idea behind it is really interesting and is given briefly below. Let us start by considering two

neighboring iso- S surfaces, as shown in Figure 5.1.
S=So+dS

/ N 4

Figure 5.1: Two neighboring iso- S surfaces and an infinitesimal cylinder whose upper sur-
face area d A is enclosed by the closed curve C .

Suppose now that the distance d between the two surfaces increases so that V, S decreases.

Then, since by Ertel’s PVT P is materially conserved, the component of the vorticity diffusion
vector @/ p (') parallel to V, S must increase, according to definition (5.10). Also, if the den-

sity p varies very weakly, what changes is the vorticity, o .

Now let a small cylinder whose lower and upper surfaces are adjusted to the two surfaces. De-
note its upper surface area with d 4, and suppose that it is bounded by a closed curve, say C .

If this small cylinder represents a vortex tube (%), it is obvious that by stretching the spacing of
the 1so- S surfaces, the tube is stretched too, and therefore, its surface area d 4 will shrink. But
as explained, the vorticity will increase. This result is in fact expected in vorticity-tube stretch-
ing, where due to the conservation of angular momentum, the component of vorticity in the
stretching direction increases (Tennekes & Lumley, 1972).

Consequently, it is clear that by stretching apart (or analogously compressing) the iso-S sur-
faces, the existing vorticity distribution can be altered in the same way as if stretching (or com-
pressing) a vorticity tube. This is why we call P the “Potential Vorticity”. The interested reader
can find more on Ertel’s PVT and its significance in standard textbooks of geophysical fluid
dynamics (see e.g., (Pedlosky, 1986)) and articles (see e.g., (Dewar & Rhines, 1986), (Névir,
2004), (Miiller, 1995)). <«

()) In this context, we follow (Wu et al., 2006) and assign the name “vorticity diffusion vector” to the vector w / p
in order to distinguish with the vorticity vector o .

(®) A tube-like surface which is formed by all vorticity lines passing through a closed curve, which itself is not a
vorticity line, and can shrink to just a point inside the fluid, is called a vortex tube (Wu et al., 2006).
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5.4. Hankel-Kelvin Circulation Theorem

Consider a closed curve C ) in the physical space, which can vary both in shape and size with
the passage of time, as sketched in Figure 5.2. The circulation, denoted by T" (¢), .is defined as

the line integral of the velocity field u = u( x,¢) around the closed curve C *’, that is (Kel-
vin, 1869) )(*)C)

I'(t) :§ u(x,t)dx, (5.15a)
C(x)

with d x being the line element in the physical space. Using Stokes’ Theorem, circulation can
also be expressed as the integrated vorticity flux, that is

(1) = f(vx xu(x,t))ds™ = fw(x,t)ds(x), (5.15b)
s g0

where §) is any surface whose boundary is formed by the curve C, and
ds™ = n™ ds™ is the vector surface element in the physical space with n*) being the
normal outward vector.

/
Y

\

i . i 3
1 is X ! Iy Xo

X1 X1

Figure 5.2: Definition of Circulation.

(®) According to (Truesdell, 1954), it was (Kelvin, 1869) who gave prominence to the significance of the concept
of circulation and introduced the name for the line integral of Eq. (5.15a). Later, circulation was used independently
by Frederick Lanchester (1878-1946) in England, Wilhelm Kutta (1867-1944) in Germany and Nikolai Joukowski
(1847-1921) in Russia, and led to a major breakthrough in the theory of acrodynamic lift at the end of the 20®
century [(Karamcheti, 1966)].

(*) As (Anderson, 2011) remarks, according to the American Heritage Dictionary of the English Language, “cir-
culation” refers to “the movement in circles or circuits”. However, in the context of fluid mechanics, existence of
circulation in a flow does not imply that the fluid parcels move necessarily around in circles. Rather, it simply
entails that the line integral of Eq. (5.15a) is finite.

(®) The intrigued reader is urged to study (Truesdell, 1954), where the significance of circulation is thoroughly
discussed throughout the book, and the concept of circulation per unit area, as introduced by (Hankel, 1861), (Roch,
1863) and (Kelvin, 1869), is invoked as a means to interpret vorticity.
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We are now ready to formulate the Circulation Theorem, proved independently by (Hankel,
1861) and (Kelvin, 1869) (°).

Theorem 5.2 [ Hankel-Kelvin Circulation Theorem|

In a barotropic, inviscid fluid with conservative body forces, the circulation around any closed
material curve C*), as defined in Eqs. (5.15), is a Lagrangian invariant, that is,

r
ar) _ . (5.16)
dt
Such a flow is called a circulation-preserving flow. ]

Proof of Theorem 5.2:

We start by taking the total time derivative, d /d ¢, of the circulation T" (¢). According to Eq.
(5.15a) therefore, we write

M:igg udngg i(udx)zgg ﬂdx+9§ LG R T
dt dtJc codt cw dt c® dt

Now using Eq. (4.121), and applying Stokes’ theorem, the first term of the right-hand side of
Eq. (5.17) shapes

du Eq.(4.12i)
—dx = V. p*dx = | V. x(V. p*)ds® =0, (5.18)
C(X) dt C(X) * * *

S(X)
since the curl of a gradient is zero.

Concerning the second term on the right-hand side of Eq. (5.17), we start by writing the formula
for the rate of change of the material line element d x , which reads (7)

d(d x)

S = (dxVu (5.19)

Invoking Eq. (5.17), and applying Stoke’s theorem, the second integral in Eq. (5.17) becomes

fﬁ umzfﬁ u(dx-Vx)u:lb(ﬁ Viu'dx =
cw® dt ) 2 Jcw

1 (5.20)
=3 f(Vx xV.u>)ds™ = 0.
S(X)
Inserting Eq. (5.18) and (5.20) in Eq. (5.17), we obtain the desired result. ]

(®) The proof of the circulation theorem first appeared incidentally in (Hankel, 1861), although he did not recognize
its significance. This is exemplified by the fact that this result was put in an unnumbered equation. Eight years
later, (Kelvin, 1869) discovered it independently, and it was him who stressed the importance of this theorem.
More historical information can be found in the classical book of (Truesdell, 1954) and the remarkable publication
of (Frisch & Villone, 2014).

(") Eq. (5.19) can be easily proved using Eq. (2.7d). Indeed, it holds that (see e.g., (Wu et al., 2006, p.18))

Eq.(2.7d) chain Eq.(27d)
@ — d([‘;]d“):di‘]]da = (V.uls1)da=V, u([J1da) = (dx-V,)u.
t [ [ rute
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5.5. Mofftatt’s Helicity Conservation Theorem

Consider the material volume ¥ *) in the physical space. The helicity, H = H (t), as de-
fined by (Moffatt, 1969), is

H (1) :fu(x,t)w(x,t)dV(x). (5.21)
y ()

In his celebrated work, (Moffatt, 1969) found that the above integral is the measure of the “knot-
tedness” of vortex lines and (®). Moffatt’s Theorem on the conservation of helicity is stated
below.

Theorem 5.3 [ Moffatt’s Helicity Conservation Theorem ]

In a barotropic, inviscid fluid with conservative body forces, the helicity over a material volume
V(%) as defined in Eq. (5.21), is a Lagrangian invariant, that is,

dH (1) _
dt

if @ n™ = 0 on the boundary. u

0, (5.22)

Proof of Theorem 5.3:
We begin by taking the total time derivative, d /d ¢, of the helicity H (¢) , which reads

aH (1) :ifude(x) :fi(ude(x)) =
dt dt dt

v V“; (5.23)
:f—(u wJ)dv®,
dt

y (@)

where in the last equality use of Eq. (2.60) was made, along with the fact that ¥ “) is specified
at t = t,, and thus, it does not vary with time.

Invoking now conservation of mass (3.8), p(a,t) J = p,(a), Eq. (5.23) becomes

dH (1) :fi wollay@ :fiﬂ 0o dV @ =
dt dt yo, dt| p
yo yo (5.24)
Eq.(3.8)
¢ fi nel  yay@ :fi 22 pave,
dt| p dt| p

y (@ y ()
where in the last equality, Eq. (2.60), dV ) = J dV “), was employed.

To treat further Eq. (5.24), we use both the dynamical equations of motion, Eq. (4.121), and the
Beltrami’s vorticity equation, Eq. (5.9). Hence, the term inside the integral of Eq. (5.24) shapes

(®) The concept of helicity is in fact an elaborate topic on vortex dynamics in order to be deeply understood. This
is however, beyond the scope of this thesis. Therefore, the reader curious to explore the physical aspects of helicity
and its significance in fluid dynamics is urged to study the works of Moffatt.
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d

dt

e

uw]"’ff” du o d[

] Eq.(4.124a)
Y2,

= (VoM = tu
Yo

(0]
TR "Vx]”:
P P P (5.25)

= 2.V, (p* +u?).
P

Inserting Eq. (5.25) in Eq. (5.24), and using the fact that @ is divergence free, we obtain

dH (1) _

r fw-Vx(go*—l—uz)dV(x) = fo-(w(go*—l—uz))dV(x).

y (¥) y ()
By Divergence Theorem, the above takes the form
dH (1) _

- —f((p*-l—uz)a)n(x)ds(x) =0, (5.26)

oV

since we have hypothesized that the normal component of the vorticity vanishes on the bound-
ary, thatis, @ 1™ = 0 on ¥ ). This completes our proof. u
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Chapter 6

Fluid Kinematics in Physical and Labeling Spaces

The aim of this Chapter is to provide a rigorous presentation of the fluid kinematics, both in the
physical and the labeling space. Using the Point Transformation introduced in Chapter 2, our
attention is placed on how several Eulerian quantities are transformed in the Lagrangian frame-
work. This concept is of fundamental importance, since it will later on enable us to investigate
the transformation of vorticity theorems and conservation laws in the physical and labeling
spaces (see Chapter 10).

6.1. Image of the Eulerian Velocity in the Labeling Space

Adopting the standard notation that vectors are vertical columns, we set the vector field
V =V (a,t) tobe

V(a,t) =[J]" u(x,t), (6.1a)
which in expanded form shapes
v, Ox,/0a, O0x,/0a, O0x;/0a, ||u,
V,|=|0x,/0a, 0x,/0a, O0x;/0a, ||u,|. (6.1b)
v, Ox,/0a; Ox,/0a; Oxy/0ay || u;

Egs. (6.1) provide us with a one-to-one mapping between the fields V' (a,¢) and u(x,z), in
which

(1) at t = ¢, the two fields become identical (1),

(2) if one vanishes, so does the other.

Therefore, it is reasonable to consider ¥V (a,¢) as the image of the velocity field u(x,¢) in
the labeling space [(Casey & Naghdi, 1991; Wu et al., 2006)]. Observe that, ¥ (a,¢) is in fact

the velocity covector transformed to the labeling space [(Kambe, 2009, p. 213)]; formula (6.1)
showcases how the components of the Eulerian velocity transform in the labeling space.

To be more precise, each component of the Eulerian velocity u( x,¢) is imaged to a vector

I7j (a,t), j =1,2,3, which according to Egs. (6.1) reads (see also Figure 6.1)

(6.2a)

I7 , =V , 1 = , 1 ’ ’
(a.0) (@,0),,9 = m(x )[Gal Oa, Oa,

uy; =0

Ox, Ox, le]

" Taking the labels a to be the particles’ positions at the time ¢, the Jacobian matrix degenerates to the identit
g p p 0 g y

matrix at £ = £ .
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V.(a.t)=V(a.t) (xe.py| 222 9% 0% (6.2b
a, = a, - = u X, , , , .
? S da,” da,’ day, )
V.(a.t) = V(a,b) (e.ry| 22 9% 0% (6.2
a, = a, - = u X, , , .ZLC
3 w=y da,” da, da, )
a — space o
as A
Vs
e A
X — space
ey as
a

Figure 6.1: The image of the velocity field u( x,¢) in the labeling space.

To further investigate the vector field V (a ,¢), we write the following relation

Via,t)da = (u"(x,0)[J])da = u" (x,0)([J]da), (6.3)
where d a is a material line element, that is, a line element in the labeling space.
We now recall Eq. (2.7d), which tells us that

dx =[J]da, (6.4)

where d x 1is the line element in the configuration space which corresponds to the line element
d a in the labeling (reference) space, and to emphasize the fact, it could be written equivalently
as d x(a) or x(da). At this point, it is crucial to understand that, by definition, d x is a
material line element; it contains the same particles that compose the line element d a .

Then view of Eq. (6.4), Eq. (6.3) results in (see also (Kambe, 2009, p.243))
Vi(a,t)da = u" (x,t)dx, (6.5a)

or in vector form,

V(a,t)-da = u(x,t)-dx. (6.5b)
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Scholium: Eqs. (6.1) may at first sight seem a bit unmotivated, but in fact, there is a simple but
very fundamental stimulus behind this thought, presented also in (Vitdez, 2001). In the Eulerian
framework, we have defined the circulation I" (z) to be the line integral of the velocity field

u = u( x,t) around a closed curve C in the physical configuration (see Section 5.4). To ob-
tain the suitable form for the circulation in terms of Lagrangian variables, that is, in terms of a
closed loop C, in the labeling space, we need to know the corresponding components of

u( x,t) in that space.

To be more precise, starting from the Eulerian definition of the circulation, Eq. (5.14a), the
vector field ¥V = V (a,t) is constructed so that the following relation be true

I'(¢) :iu(x,t)-dx = § V(a,t)-da. (6.6)
c c,
Eq. (6.6), in fact, defines the vector V (a,t), by postulating that the elementary circulation,
V (a,t) -da,written in Lagrangian variables, should be identical with the elementary circula-
tion, u( x,t)-d x, written in Eulerian variables.

Observe that here, the concept of scalar invariance is enlightened; circulation, as a scalar quan-
tity, is invariant under any parametrization. Therefore, the product u( x,7)-d x must be inde-

pendent of the parametrization used as well. Transforming then the line element d x in the
physical space to the line element da in the labeling space according to Eq. (6.4), the compo-
nents of u( x,¢) must transform oppositely in order to compensate, and in fact, this transfor-
mation rule is given in Egs. (6.1). <«
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6.2. Image of the Eulerian Vorticity in the Labeling Space
We start by setting the vector 2 = Q (a,t) to be
Q(a,t) =V, xV(a,t). (6.7)

To acquire further information on 2 (a,t), and establish its relation with other physical quan-
tities, we invoke Theorem 6.1. Its proof can be found in Appendix C, Supp. 15.

Theorem 6.1
Assume that the point transformation described in Chapter 2,
G — G[: V(ll) N V(x) — V(X)(t),
. xp = x(ay,a,,a;),
at a given
a — x=x(a)= {x, = x,(a,,a,,ay),

t >t
x; = x3(a;,a,,a;3),

is a bijection and C = diffeomorphism. If the functions

Q:V'“x[ty,t,] = Dy, and q:Vx[t,,1,] = D

q 9
are C' —differentiable vector fields, related as follows

Q(a,t) =[J]" q(x,1), (6.8)

3x1 3x3 3x1

then the vector fields V , X Q and V _ X g are related by the so-called Piola transformation

(see Appendix C, Supp .15), that is,

V. xQ(a,t) = [J;1" (V. xq(x,0)),
3x1 3x3 3x1

(6.9)

where [J ] is the Jacobian matrix of the point transformation, [J; ;] the matrix of the cofactors,

and V, X, V _ X are the divergence operatorsin ¥ ) and ¥ *) respectively. |

Since the vector fields V' (a,t) and u (x,t) satisty Eq. (6.8) (see def. (6.1)), Theorem 6.1
results in

V,xV(a,t)=[J,;1" (V,xu(x.1)), (6.10)
where the standard assumption that vectors are vertical columns has been adopted.

But given the definition of @, Eq. (6.7), along with the definition of the Eulerian vorticity,
o = V _ Xu,Eq.(6.10) takes the form (%)

(%) It is interesting to observe the opposite structures that the images of u and @ possess, a point made in (Wu et
al., 2006). The former makes use of the Jacobian matrix [J ] (see Egs. (6.1)), while the latter makes use of the
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Qa,t) =[J;] o(x,1), (6.11a)

and in expanded form reads

Q, Ju Iy Iy || @,
Q, | =1|Jp Jn Jpl||o,]. (6.11b)
Q, Jiz J Iy )| @

As stated in Theorem 6.1, Eq. (6.11a) is a Piola transformation (). Observe that it describes a
one-to-one mapping between the fields 2 (a,7) and @ ( x,¢) in which

(1) at t = t, the two fields become identical (*),

(2) if one vanishes, so does the other,
(3) they are both divergence-free in their respective variables.

Then, we may consider 2 (a,¢) to be the image of the vorticity field @ ( x,¢) in the labeling
space [(Casey & Naghdi, 1991; Wu et al., 20006)].

To further emphasize this point, we mention that each component of the Eulerian vorticity
o (x,t) 1s imaged to a vector Qj (a,t), j =1,2,3, which based on Egs. (6.11) reads (see

also Figure 6.2)
Q(a,t) = 2a,0), =0o(x,0)J,J5.J5), (6.12a)
wy; =0
Q,(a,t) = Q(a,t), = o,(x,1)(Jy,Tn.Jn), (6.12b)
;=0
Q,(a,t) = Qa,1), , =o;(x,0)(Jy,J5,J5). (6.12c)
w, =0

cofactor matrix [/, ;] (see Eqgs. (6.11)), which by Eq. (2.26), equals the product J [J - ]T. This pertains to the

fact that, velocity is a polar vector, while the vorticity is an axial vector (else a pseudo-vector). The reader who
wishes to delve deeper into the concepts of polar and axial vectors can study for instance (Arfken & Weber, 2005).

(®) Given that the fields 2(a,t) and @ ( x,¢) are related by the Piola transformation, the Piola identity holds,
which states that (see Appendix C, Supp. 16)

V, 2(a,t)=JV _ o(x,t).
In (Casey & Naghdi, 1991) the Lagrangian vorticity £ (a ,¢) is initially defined by the Piola transformation, and
then several pertinent relations (such as the above and Eq. (6.7)) are gradually proved.
(*) Taking the labels a to be the particles’ positions at the time 7, the matrix of the cofactors degenerates to the
identity matrix at ¢ = ¢

0

69



a — space

X3

as A

e; A Q ] X9

X — space

l\/v
Y

(4] e:

a;

Figure 6.2: The image of the vorticity field w ( x,7) in the labeling space.

NB! The vector field 2(a,t) is usually referred to as the Lagrangian vorticity [(Casey &

Naghdi, 1991)], or as the Beltrami’s material vorticity [(Viludez, 2001)]. It was first introduced
by (Beltrami, 1871) (°), using a different procedure, which is also presented in (Truesdell, 1954)
and (Truesdell & Toupin, 1960). It is important to understand that Eq. (6.7) is a definition for
the Lagrangian vorticity 2 (a,¢), on the grounds that it defines an expression solely in terms

of Lagrangian variables. On the other hand, Eq. (10.11a) is a relation between the Lagrangian
vorticity 2 (a ,t), and the Eulerian vorticity o (x,7). <

Now to study the vector field 2 (a,7) to a greater extent, we note that
Q" (a.ds” = = (0" (x.0[J,;1)ds" =" (x.0)([J,;1ds), (6.13)
where d s'“) is a surface element in the labeling space.
We then refer to Eq. (2.58), which implies that
ds™ =[J,,1ds'", (6.14)

where ds ‘) is the surface element in the physical space which corresponds to the surface ele-
ment d s in the labeling space, and to emphasize this fact, we could also write the former as
ds™ (a) or s (d s')). Again here, it is important to highlight that ds‘* is a material
surface element, that is, it is “fixed in the fluid”, composed of the same particles that constitute
the material surface element d s .

(%) To be more precise, it was the vector (a ,¢)/2 appearing in (Beltrami, 1871).
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Invoking Eq. (6.14), Eq. (6.13) then leads to (see also (Kambe, 2009, p.247))
Q" (a,t)ds" =" (x,t)ds™, (6.15a)
or in vector form,

Q(a,t) - ds' = w(x,t)-ds™. (6.15b)

Scholium: The stimulus behind Egs. (6.11) is closely related to the one behind definition (6.1).
Recall again that, by Stokes” Theorem, circulation " (#) was defined as the integrated vorticity

flux over a surface S, bounded by a closed curve C in the physical space (see Subsection 5.4).
To make the transition into the Lagrangian description of it, that is, in terms of a surface §

bounded by a closed curve C, in the labeling space, we need to examine how the components

of the vorticity @ = o ( x,¢) transform in the labeling space.

Using Eq. (5.14b), the vector field 2 = Q(a,t) is constructed so that the following relation
holds

L(t) = fw(x,t)-ds(x) = f!)(a,t)-ds(“). (6.16)
S S

Eq. (6.16), in fact, defines the vector 2 (a,¢), by postulating that the elementary vorticity flux,
Q(a,t)-ds', written in Lagrangian variables, should be identical with the elementary vor-
ticity flux, @ ( x, 1) - ds ), written in Eulerian variables. . <
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6.3. Image of the Fluid Acceleration in the Labeling Space

To explore the image of the fluid acceleration in the labeling space, which is not that apparent,
we begin by taking the Lagrangian derivative in time of Eq. (6.1). Introducing the definition of
the material derivative, Eq. (1.6), we write

Vi(a,t) = 2(uT (x,0)[J]) = i(uT (x,0)[J]), (6.17a)
at a = const. dt

which using chain rule takes the following form

du' (x,t)

Vi(a,t) = [J]+u' (x,1) dcg‘t]]. (6.17b)
Using the chain rule, one can easily show that (°)
d[J]:qu(x,t)[J], (6.18)
dt
and therefore, using the geometrical results of Subsection 2.3.4, we get
T d[J] Eq‘(_é‘lg) T _ T .
u T u (qu[J]) = (u qu)[J] =
(6.19)
2 Eq.(2.40a) . 2
:vxT u (xat) [J] — vaT X (aat) )
2 Eq.(13) 2
In view of Eq. (6.19), Eq. (6.17) reads
T .2
VT (a,y = 3 (50 5 g %] (6.20a)

or equivalently (7),

(°) Indeed, using the definition of the Jacobian matrix (see Eq. (2.6)), we have

0x,/0a, 0x,/0a, O0x, /0a,
di‘” 0%,/0a, 0%,/0a, 0%,/0a; | —
t rule
0xy/0a, 0x;/0a, 0x;/0a,

Ou,/0x, Ou,/0x, Ou,/0x; || 0x,/0a, Ox,/0a, Ox,/0a,
=|0u,/0x, Ou,/0x, Ou,/O0x;||0x,/0a, Ox,/0a, O0x,/0a;|=V _u(x,t)[J]].
Ouy/0x, Ouy/0x, Ouy/0x; || 0xy/0a, O0xy;/0a, O0x;/0a,
(") It is quite intriguing the fact that, both the vector fields ¥ (a, ¢) and u ( x, ¢) , and their Lagrangian derivatives
intime V (a,t) and d u( x,1)/dt, are subject to the same relation, that is,
Q(a,t) = [J]" q(x,t)+V F(a,1),

where in the former case, function F is the zero-scalar field, and in the latter, it equals the kinetic energy per unit
mass.
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r du(x,t)

V(a,t) =[J] .

+V,

x%(a,t)
— ] (6.20b)

Next, we set the vector field 4 = A (a,t) tobe

A(a,r) = [J]7 LD, (6212)
dt
which in matrix form is written as
4, Ox,/0a, O0x,/0a, Ox;/0a, ||du,/dt
A, |=|0x,/0a, 0Ox,/0a, Ox,/0a, ||du,/dt|. (6.21b)

A, Ox,/0ay, O0x,/0ay; Oxy/0a; ||du,/dt

Egs. (6.21) provide us with a one-to-one mapping between the fields A (a,t) and
du(x,t)/dt in which

(I)at ¢ = t, the two fields become identical,

(2) if one vanishes, so does the other.
Hence, we shall consider 4 (a,?) to be the image of the fluid acceleration field du (x,7)/d ¢t
in the labeling space [(Casey & Naghdi, 1991; Wu et al., 2006)] (*).

Now according to Theorem 6.1, since the vector fields 4 (a,¢) and du (x,t)/dt are related
as in Egs. (6.23), their curls are related by the Piola transformation (°), namely,

VaxA(a,t):[Jij]T[vxx%]. (6.22)

Again here, Eq. (6.22) defines a one-to-one correspondence between the vector fields

V,xA(a,t)and V XM,inwhich

(1) at ¢ = 0 the two fields become identical,
(2) if one vanishes, so does the other,

(3) they are both divergence-free in their respective spaces.

Thus, we shall say that V  x 4 (a,t) is the image of the curl of the fluid acceleration
V . x (du(x,t)/dt) inthe labeling space [(Casey & Naghdi, 1991; Wu et al., 2006)].

(®) Recall from Chapter 1 (see Eq. (1.7)) that, the term d u (x,¢)/d ¢ is the fluid acceleration; it expresses the
acceleration of a fluid parcel locates at the position x at time ¢ .

(°) It is of interest that the vector fields 2(a,7) and @(x,t), and the vectors V_x A(a,t) and

V. x(du(x,t)/dt), satisfy the same relation

Q(a,t) =[J,;1 q(x,1).

This is anticipated; it is a direct consequence of Corollary C.2 given in Appendix C, Supp. 22.
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Chapter 7

Variational Formulation in the Lagrangian Description

7.1. Introduction

The variational approach to mechanics seems to originate in between 1676 and 1689. The Ger-
man mathematician and philosopher Leibniz, a contemporary of Newton, replaced the “mo-
mentum” and “force” of Newton by the “kinetic energy” and “potential energy” respectively.

In other words, Leibniz based the study of motion, which is a directed phenomenon, on two
fundamental scalar quantities by using the energy theorem, which states that the sum of kinetic
and potential energy remains constant during the motion. As (Lanczos, 1949) points out, «...it
is a fact that these two fundamental scalars contain the complete dynamics of even the most
complicated material system, provided they are used as the basis of a principle rather than of
an equation ». It was, however, Euler and Lagrange who discovered the exact Principle of
Least Action, according to which the particular path for which the action (=time integral of
the kinetic energy) is stationary is the actual path of motion. To account though for systems
for which the conservation of energy does not hold (e.g., when potential energy is a function
of time too), Hamilton constructed a suitable action (Hamilton, 1834), establishing a new prin-
ciple. Indeed, Hamilton’s formulation of the Principle of Least Action states that the particular
path for which the action (=time integral of the difference between kinetic and potential en-

ergy) is stationary is the actual path of motion. A detailed historical excursion in variational
principles can be found for instance in (Lanczos, 1949),(Jahnke, 2003) and (Goldstine, 2012).

Although a plethora of problems in physics and engineering are solvable using the vectorial
approach, the superiority of the variational principles is mostly apparent in the more compli-
cated problems. One of the main differences of the variational and Newtonian methods lies in
the modeling of the problem. Indeed, in the vectorial treatment, focus is placed on each particle
separately, and thus, the forces acting on each particle of the system must be determined inde-
pendently for each one. Obviously, when dealing with a large number of particles, or when
there is difficulty in expressing the problem purely in terms of particles, this path of work
becomes intractable. On the other hand, in the variational approach, the particle is part of a
system, and therefore, the problem is tackled by considering the entire system, without breaking
it into parts. Knowledge of the potential energy, which is a function of the particles’ positions,
suffices to determine the forces acting on them. This subsequently generates another difference
between the two treatments, which concerns the constraints that exist between the particles of
a system. In the variational approach, one can incorporate these constraints without the
knowledge of the forces that maintain the constraints. This is in contrast to the Newtonian
treatment, where detailed knowledge of the forces is required, often rendering the latter a cum-
bersome process (e.g., the case of a cylinder rolling without slipping on a surface). Moreover,
variational principles are invariant with respect to a change of basis in the function space where
the fields belong. This is of fundamental importance, since it implies that the resulting equa-
tions remain valid for an arbitrary choice of function spaces, which facilitates the formulation
of them, as well as their solution (e.g., solving a problem of partial differential equations can
be formulated as a problem of coordinate transformation). We save for last the fundamental
feature of the variational approach, which is that it is a unifying principle. This means that all
the dynamical equations governing the motion of the system, along with the boundary condi-
tions of it, all result from the principle that the action is stationary, no matter how complicated
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the mechanical system may be. Hence, variational principles constitute a unifying basis from
which the complete description of the mechanical system follows. It is anticipated then that the
variational approach may be an efficient formulation for fluid dynamics as well.

In the Lagrangian description of vortical fluid flow, the fluid is thought of as being an infinite
and continuous distribution of fluid parcels. Fluid parcels consist of many molecules, and have
a finite volume which evolves with the change of time, and thus, they are the analogue of the
“pointlike massive bodies” encountered in Classical Mechanics. Then, variational formulation
for the motion of an inviscid fluid is a straightforward extension of the variational formulation
for a frictionless mechanical system consisting of material points. This raises the following
question: Which are the peculiarities of Variational Principles in Fluid Dynamics, and which
are the differences with Classical Mechanics?

To begin with, since the fluid is thought of as being a continuous distribution of divisible fluid
parcels, we transit from finite degrees of freedom, encountered in Classical Mechanics, to con-
tinuously distributed infinite degrees of freedom. The position of the system (= the position of
all fluid parcels) is completely specified (defined) by the family of the vectors

X,(t), a=(a,,a,,a;) eV,
As a help for keeping track of the analogy with the discrete case, we note that
X, (t) < r, () position vectors,
a — n index,
V@ « {1,2,---,N}={n} the range of the index.

Observe that, to identify a particle in the discrete case, we assign a number to it, say n, whose
range is the set of naturals up to the number of particles that compose our system, say N . In
the continuous case though, identification of particles is done with the labels a, which are a

triple of continuous parameters and belong to the labeling space ¥ (). This subsequently im-

N
plies that sums over the particles in Classical Mechanics, that is g P, are replaced by inte-

n =1

grals over the volume ¥ “) of the parcels, thatis | P, dV @ .

y (@)

Another peculiarity encountered in the continuous case concerns conservation of mass. When
dealing with “pointlike massive bodies” in Classical Mechanics, masses are concentrated and
are assumed to be constants. This is not just in words, but is also inherited in the formulation
of the variational principles. For fluids, however, density is continuously distributed, and fluid
parcels deform as they move, so one must argue that the mass of the system will remain un-
changed during the motion. Thus, conservation of mass should be imposed as a (bulk) con-
straint, and we have to account for it while constructing the variational principle. The construc-
tion of the variational principle in the continuous case also involves the consideration of ther-
modynamics, which in the discrete case can be ignored. In fact, in a continuous system, we
replace the (standard) potential energy of the discrete system by the sum of the potential and
internal energy, provided there is no irreversible production of entropy in the system.

The last aspect we have to consider is that Hamilton’s principle can be applied, in general, in
ideal mechanical systems which are holonomic. In Classical Mechanics, this is common in

82



many instances, but, when it comes to fluids, one encounters “weak” non-holonomy. By
“weak” we mean that it does not deter us from using Hamilton’s principle, as will be shown in
the rest of this Chapter.

An overview of the relevant literature shows that the first variational derivation of the hydro-
dynamical equations in the Lagrangian framework is encountered in Lagrange’s 1815 “Méca-
nique Analytique”, where use of D’Alembert Principle of virtual work is made [(Lagrange,
1815)]. However, the derivation of the Lagrangian equations of motion by means of Hamilton’s
Principle had to wait for more than a century before appearing in (Lichtenstein, 1929). But it
was (Herivel, 1955) who first constructed a proper form of Hamilton’s Principle, by consider-
ing the now standard (Primitive) Lagrangian function (kinetic minus internal minus potential
energy), as an extension of the case in Classical Mechanics. Since then, notable contributions
have been documented, the most important of which being (Eckart, 1960), (Seliger & Whitham,
1968), (Bretherton, 1970), (Van Saarloos, 1981), (Morrison, 1994), (Salmon, 1988) , (Bennett,
2006), and (Fukagawa & Fujitani, 2010). However, in the existing literature, boundary condi-
tions, and especially free-surface boundary conditions, are almost untouched. Thus, the scope
of this Chapter is to provide a complete variational formulation for rotational free-surface flows
in the Lagrangian description, which will provide us both with the governing dynamical equa-
tions and the boundary conditions of the problem.
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7.2. Background and Motivation

An ideal (inviscid) fluid flow (in the Lagrangian specification) reflects quite closely an ideal
(no friction) mechanical system consisting of material points. Thus, it is not surprising that a
variational principle for this system can be formulated in close analogy with the variational
principle of Classical Mechanics of material points. The dynamical equations governing this
ideal mechanical system, which is subjected to external forces, can be derived by Hamilton’s
Principle in the form [(Gantmacher, 1975; Mottaghi et al., 2020)]

A a1
5f Ldt+f swdt =0, (7.1)
) o

where L is the Lagrangian of the system, S W is the virtual work of the loads not included in
the Lagrangian, and [¢,,¢, ] an arbitrary time interval.

Before proceeding to the application of Hamilton’s Principle to the fluid system though, we
first describe the fluid domain, and then, delve into the construction of the Variational Princi-
ple.

7.2.1. Description of the fluid domain

In our work, the fluid domain ¥ ) is bounded by three parts (see Figure 7.1). More precisely,
the upper region of interest is the free boundary of the fluid, called free surface, which deforms

under the influence of gravity and applied pressure, and is denoted by 0Vf(“). The lower

boundary of the domain is an impermeable moving seabed, denoted by 8Vs(l;') , and lastly, the
fluid is restricted horizontally by vertical rigid walls, the so-called lateral boundaries 0 Vlﬁ,“) .

At this point, it is essential to remind ourselves of an important point made in Chapter 1. More
precisely, under the assumption that no particles enter or leave the region we study, in the

labeling space, both the domain, ¥ (), and the boundary of it, ¥ “’, are unchanged in time

[(Bennett, 2006; Buldakov et al., 2006; Weber 2019)]. As spaces of indices, their elements are
specified at the initial time, ¢ = ¢,,. At any later time ¢, the particles change positions, moving

in the physical space y () , which is enclosed by the corresponding boundary 9% ). Thus,

the physical representation of the boundary must be carefully distinguished from the material
representation of it, both analytically and conceptually. However, the physical viewpoint is

essential in the visualization and comprehension of the configuration of the fluid domain ¥ )
in the pure Lagrangian framework, and therefore, will be invoked whenever needed.

- The Free Surface

In the Lagrangian framework, the free surface is a material surface, consisting always of the
same particles. The material description of it comes from the identification of the particles that

constitute it. A particle is on the free surface, if at the initial time ¢ = ¢, its vertical position

coincides with the still water line, that is,
a, =0, (7.2a)

Therefore, the free surface has the parametric representation
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x,(a,t) = x,(a,a,,0,t), acdV{”. (7.2b)

- The Seabed
In general, the seabed can have a varying depth, both in space and time. It is located at
Xy = —h(x,,x,,t),
where % (x,,x,,t) 1s a known depth function of the horizontal variables (x,,x,) and time

t. But the seabed is a material surface, always containing the same particles. The material
description of it stems again by identifying the particles that compose it. A particle is on the
seabed, if at the initial time ¢+ = ¢, , its vertical position coincides with the corresponding

depth, that is,
as = _h(xlaxzat)‘tzto = —h(a,,a,,ty) = —hy(a,,a,), (7.3a)

where the variables (x,,x,) are seen as functions of (a,?). Therefore, the seabed has the

following parametric representation

Xsb (aat) = Xsp (alaaZa_hO (‘11»‘12)»1) > aeaVs(t:l)s (73b)
with

)C3 (aat) = )C3 (alaaZa_ho (alaaz)at)

= —h(x (a,ay,—hy(a),a,),1).x, (ay,ay,—hy (ay,a,),).t).

- The Lateral Rigid Boundaries

Regarding the lateral rigid boundaries, they are fixed vertical surfaces, that is, they do not vary
neither with space nor with time. Lateral boundaries are material surfaces, and we say that a
particle is on the lateral boundary if its horizontal position at the initial time ¢ = ¢, coincides

with the physical position of the boundary, that is,
a, = X ,,0r ay; = X,y. (7.4)

Note that x, , , x, ;, denote the horizontal position of the lateral boundaries.

aK n; ‘ g

a Vsh

Figure 7.1: Geometrical configuration of the fluid domain (Source: (Mavroeidis & Atha-
nassoulis, 2022)).
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7.2.2. Preliminaries of the Variational Principle

Before proceeding to the application of the Principles of Analytical Dynamics to the fluid sys-
tem, we have to examine if there are constraints applied to the geometric and the kinematic
variables, x(a,t) and x(a,t). The nature of the fluid system imposes us to think of two

different types of constraints: bulk constraints, applied to the whole interior, int (V(")) , of the

index field ¥ ), and boundary constraints, applied to the boundary, OV “). We shall focus

here on the bulk constraints, leaving the boundary constraints to be examined later on, in con-
junction with the boundary conditions of the fluid flow. The bulk constraint applied to every

a € int (V(”)) is the conservation of mass, Eq. (3.8),

p(a,t)J(0x/da) = p(a,t,) = p,(a). (7.5)

The above constraint is essential, as it expresses a fundamental physical law (see also Section
3.1).

It is noteworthy that Eq. (7.5) can be implemented in the variational principle via two distinct
ways. The first direction is to view constraint (7.5) as an equation defining the mass density
p(a,t) in terms of the position vector field x(a,¢). Then, we are dealing with one inde-

pendent field (functional variable), namely the position field x(a,?). On the other hand, one
can consider the fields p (a,?) and x(a,t) to be independent, by introducing the constraint

(7.5) via a Lagrange multiplier. The former principle is called the Primitive Variational Prin-
ciple (PVP), while the latter will be named the Constrained Variational Principle (CVP). Both
cases will be thoroughly presented in Sections 7.3 and 7.4 respectively.

We now proceed with the presentation of the quantities needed in the variational formulation
of the fluid motion, following the general principles of Analytical Dynamics.

- Kinetic energy of a fluid parcel
The kinetic energy of a fluid parcel of mass p (a,t) J d V@ s given by

%xz(a,t)p(a,t)JdV(”). (7.6)

- External potential energy of a fluid parcel

The external energy of the examined ideal mechanical system owes to the presence of an ex-
ternal potential field. In this work, where free surface phenomena are studied, we encounter
external forces derived by a gravitational field, which is assumed to be homogeneous with
acceleration g (!). More specifically, the external energy of a fluid parcel of mass

pa,t)JdV'® is
P(x(a,t)) p(a,t)J dv'®, (7.7)

where P(x(a,t)) = P(x;(a,t)) = g x;(a,t).

(!) Of course, more than one external potential fields may be present. Also, for massive systems, the self-gravi-
tation might be important, as in Astrophysical Fluid Dynamics.
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- Internal energy of a fluid parcel

The internal energy of the inviscid fluid may be due to its internal state (e.g., compression/
expansion). In the present model, we shall assume that the internal energy E (per unit mass) is
a function of the (local) density only, £ = E(p). At a first sight, the knowledge of the func-

tion £ (p) seems to be needed. However, since only the changes of the internal energy are

important, it is conceivable that the knowledge of its rate of change (with respect to its unique
argument) will suffice for our purposes.

To calculate OF (p)/ 0p we shall start by following the traditional approach, invoking gen-

eral principles of Thermodynamics. The controversial features of this approach (?) will be dis-
cussed and resolved.

> - An excursion to General (equilibrium) Thermodynamics

According to General (equilibrium) Thermodynamics, for a single-component simple system
(fluid or otherwise), the internal energy & of a material element M (*) in thermodynamic
equilibrium, should be a function of two independent extensive variables of this amount of
mass, the most common choice being the volume 7 and the Entropy S . In this case, an equa-
tion of the form & = &(V,S), called the Fundamental Equation, characterizes the Thermo-

dynamical properties of the considered substance [(Serrin, 1959; Callen, 1960)]. In many cases,
and especially herein, it is preferable to work with specific quantities

Specific internal energy E = %,
Specific volume v = 1 Specific entro s = i
p IV p Py A

Then, the fundamental equation (per unit mass) takes the form [(Callen, 1960)]

E = E(v,s). (7.8)
According to Eq. (7.8), the differential of the specific energy is given by
aE = £ qp 4 9E 45, (7.9a)
ov s
where
OF OE
== = — p, = =T, 7.9b,c
oo D o (7:95.0)

with p being the pressure and 7' being the temperature of the material element (for our appli-

cation, the fluid parcel). Eq. (7.9) expresses the First Law of (equilibrium) Thermodynamics,
and provides us with formulae needed to implement the internal energy of the fluid parcel.

(®) The controversy comes from the fact that Thermodynamics deals with thermal phenomena, which are not
amenable to a Hamiltonian description. The resolution of the controversy, presented in detail below, lies on the
fact that we shall content ourselves with only mechanical properties of the fluid, not introducing any (non-me-
chanical) thermodynamic quantity.

(%) That is, of a concrete amount of mass M .
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A formal controversy between the above-described thermodynamical approach and our as-
sumption £ = E(p), is that the former uses two independent variables, v and s, while our

assumption makes use of only one independent variable, p , which is essentially the same with
the one of the two thermodynamical variables, since p = 1/ v . However, the essential contro-
versy arises if one proceeds to the extension of the model £ = E(p) to the model
E = E(v,s), as suggested by Thermodynamics. Because, in this case, one introduces to the

(fluid dynamic) model the term T ds=d q = heat flow, which is of purely thermal nature.

The problem here is that the thermal phenomena (studied by Thermodynamics) are not com-
patible, in general, with the Lagrangian and Hamiltonian formalism of the Classical Analytical
Mechanics (see also (Herivel, 1955; Mavroeidis & Athanassoulis, 2022)). Thus, the introduc-
tion of the model £ = E (v, s) for the internal energy, annihilates the premise that we can
formulate an analog of Hamilton’s Principle (of discrete-particle Mechanics) for the (inviscid)
fluid continuum, since the latter is an ideal mechanical system. Obviously, this premise is valid
as far as no phenomena incompatible with Lagrangian and Hamiltonian formalism are intro-
duced in the model to be constructed. <

> - An excursion to generic Variational Formulation, without reference to any underlying
Mechanical system

A fair discussion of the above-mentioned controversy requires to consider the Variational For-
mulation (for any physical or more general system) from a more general point of view. Within
this larger context, the Lagrangian density L need not be given as the difference of a kinetic
minus an internal and potential energy density (as happens for ideal mechanical systems, in
Classical Mechanics). Instead, we may use any (appropriate) expression for L that leads (upon
variations) to the desired field equations. Even if the chosen Lagrangian density cannot be
deduced by reference to any underlying mechanical system, if it leads to the correct field equa-
tion, the variational principle has been established, ant this is all that is desired [(Goldstein et
al., 1980)].

From this, generic, point of view, the use of the model £ = E (v, s) (or the equivalent and
more convenient for our purposes, £ = E (p,s)) for the internal energy of the fluid, can be
tentatively accepted, with the understanding that its validity does not come from Hamilton’s
Principle of Mechanics, but postponed to be established directly by the calculation of the vari-
ational equation. Probably, this is the tacit assumption of many authors that accept the model
E = E (p,s) without any discussion of the controversy of introducing Thermodynamics into
the play. We would like to say that, although it is not catastrophic, does not provide any further
results. <

Let us now come back to our main subject, that is to the determination of the internal energy
of a fluid parcel. Our assumption that £ depends only on the density p =1/v, excludes the

entropy from Eq. (7.9), leaving us with the formulae
0F ;. OF _

dE = — dv,

= —p. 7.10
ov ov P ( )

Now, taking into account the relation v =1/ p, we obtain
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OF OE Ov

=2 Cpl-==E. (7.11)
op odv 0p P

Eq. (7.11) is exactly what we need for the implementation of the Variational Principle, to be

presented below. In anticipation, we remark here that an equation of state, p = p (p), is also

needed in the case of compressible fluids, where both fields, p and p, are unknown. However,

this equation is of empirical nature, and it is not expected to be obtained from the variational
principle. In the case of an incompressible fluid, the condition p = constant cancels the need

of an additional equation of state.

All that said, we proceed with the assumption that the internal energy of a fluid parcel of mass
p(a,t)JdV'® is given by

E(p) p(a,t)Jdv®. (7.12)
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7.2.3. Virtual Work

What remains to be specified is the virtual work of the external loads that act on the boundaries
of the fluid domain. It suffices to define the virtual work of the forces that act on those bound-
aries which have a dynamic condition. In fact, since the seabed undergoes a predetermined
motion and the lateral boundaries are fixed in space and time, the only boundary that will be
considered in virtual work will be the free surface. The external load on the free surface appears
by means of the applied pressure p, and the corresponding virtual work is easily expressed in

the physical description as

oW = f p(x,t)0xds™ = f p(x(a,t),t)ox(a,t)ds™, (7.13)
oV oV

where d s

= n™) ds"™ is the vector surface element in the physical space, n*) the out-
ward vector normal to it, and 8V§x) accounts for the boundary of the free surface in the Eu-
lerian description.

However, since the whole formulation is constructed in terms of material variables, it is rea-

sonable to interpret Eq. (7.13) in a purely Lagrangian form. To do so, we recall from Eq. (2.58)

(x)

that the surface element d s'*’ of the physical space that corresponds to the surface element

d s of the labeling space is ()
ds™ =[J,;1ds"", (7.14a)

or more explicitly written,

dsl(x) Jll J12 J13 dsl(a)
dsi |\ =|Jy Ty Jo||dsi® | (7.14b)
ds{™ Jy Jn Iy | dsi®

Hence, the i projection on the physical space of the surface element d s ) which corresponds

to the material surface element d s’ in the labeling space reads
3 3
nds™ =dsi® = § J;ds'® = § Jynds“ i =1,2,3, (7140
j=1 j=1

with n‘“) being the outward normal vector in the index space. Taking then into account the
inner product appearing in Eq. (7.13), and implementing Eq. (7.14c), it results that

5W=ZZ f pla,0)J, n'™ x, (a,t)ds™. (7.15)

4) Note that [ J . . ] is the matrix of the cofactors, as introduced in Subsection 2.3.2, and that vectors here follow
ij

the standard convention, and are viewed as vertical columns.
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7.3. The Primitive Variational Principle

As mentioned in Section 7.2, one way to account for the constraint of conservation of mass
(7.5), s to use it as an equation defining the mass density p (a,¢) as a field dependent on the

motion field, x(a,t). In fact, we can write

pla,ty) po(a) 5
a,t) = x(a,t)| = = . 7.16
plan) = plx(a,n)] J(0x/da) J(0x/0a) 0 (7.16)
Hence, it is possible to define the action as a functional of one independent functional argu-
ment, namely, the motion field x(a,?).

7.3.1. Lagrangian Function, the Action Functional and the Formulation of the Primitive
Variational Principle

The Lagrangian density per unit volume is now defined as usual, i.e., the kinetic minus the
potential (external and internal) energy of the fluid parcel

Lp = LP(x(a’t)ax(a’t)’ajx(a’t)) -

= K(x(a,t))—E(0,x(a,t))~P(x(a,0)) = (7.17)

— [%x2(a,t)—E(p[x(a,t)])—P(x(a,t))]p(a,t)J.

The total Lagrangian, of the whole fluid considered, is obtained by summation over all fluid
parcels (in our case, that means volume integration)

Ly, = Lp[x(-.0)] =f Lp(x(a,1),%(a,0),0,x(a,0))dV" =

p (7.18)
y

%xz(a,t)—E(p[x(a,t)])—P(x(a,t))]p(a,t)JdV(“) :
y (@)

Finally, the Primitive Action Functional is constructed by integrating the total Lagrangian
over an (arbitrary) time interval [ ,¢, ]

SP = Sp[x(.,.)] :f I_LP [x(-,t)]dt =

S

y (@)

%xz(aat)—E(p[x(a,t)])—P(x(a,t)) pla,0)JdvV Wz,

(7.19)

(®) According to Eq. (7.16), the fluid density depends on the first derivatives O jX = Ox,/ 6a_ ;- Then, we write
p = plx(a,t)] (andnot p = p (x(a,t))) in order to remind the operational dependence, that is, the depend-
ence on operators acting on the field x(a,¢) . This operational dependence is not essential, however, as far as the
calculations are performed correctly.
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It should be stressed (once again) that the action functional S, [x( ) ] is considered here as

a functional over the single (vector) field of parcel’s position,
x(e,:) = {x(a,t), acV te [to,tl]}.

Mass conservation is built in the action functional (7.19), which is formulated with only one
independent functional argument, as shown in Eq. (7.16). This is the reason for which the var-
iational principle presented in this section is characterized as “Primitive”.

Combining then the Lagrangian function (7.18), and the virtual work (7.15), we construct the
complete, augmented Primitive Action Functional of our problem according to in Eq. (7.1) to
be

33 :
‘STP = ‘STP[x("‘)] = ZZI f pla,t)J;, n' 6x, (a,t)ds'® di +

i=1j=1 0 (a)
6Vf

+L/:0’1f[%)'c2(a,t)—E(P[x(a,t)])—P(x(a,t)) P(a,l‘)JdV(")dt_
y (a)
(7.20)

We are now able to formulate the primitive variational principle for the fluid motion.

Theorem 7.1 [The Primitive Variational Principle for inviscid Fluid Dynamics, in Lagran-
gian description, PVP)]

The field x(-,-) satisfies the differential equation

po(a)|#(a,t) + VP (x(a,t))| + |J,;|V,pla,t) =0,
3x1 3x3 3x1 3x1

(7.21)

within the fluid domain, if and only if it satisfies the law of conservation of mass, Eq. (7.16),
and renders stationary the Action Functional S, [x(-,-) ], Eq. (7.20), for arbitrary admissible

variations O X (+,-).
In other words, Eq. (7.21) is equivalent with the variational equation
~ 3 ~
58, = 6,8, =0,  Vadmissible 5x(-,-). (7.22a)
i =1
Sx(+,) € CH(V Wx[ty,1,]),

ox(.,+) is admissible if
ox(a,t) =0, Y(a,0)€(V x{ty.1,}).

(7.22b)
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7.3.2. Direct proof of the Primitive Variational Principle
- The Gateaux derivatives of the action functional

The first step of the proof is to calculate the Gateaux derivatives of the action functional, Eq.
(7.20). Taking the variations dx;, according to Eq. (7.1), we have

3

> 6.Se[x()] =0 =

i=1
:»Z5f fL dV(“)dH—Zf s wdt =0.

y (a)

(7.23)

The integral in the second term appearing above has already been discussed and is found in Eq.
(7.15). As for the first term, we write

25 f fL V@ dr =

i=1

y (@)
—25 f f (x(a,0),%(a,0),0,x(a,0))dV@ di =
y (a)
_Zf f X, + o PO |av e de =
a(a
i=1 V(a)
aL,
V(a)
1,
@ dt +
V(tl)
(a)
+Zf fzﬁ(ﬁ 0,(8x,)dvV™@ dt.

V(tl)

I3

(7.24)

For convenience we treat each integral separately. Integral /, cannot be further manipulated,

so we proceed with the other two. Starting with /,, and doing integration by parts, we obtain

e

V(a)
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Sx, dv“dt,

f oL 4L oL
. [ [ 3
t, 8t t 8t

y (@) y (@)

and invoking the admissibility condition (7.22b), the first integral above vanishes. Therefore,
the above reduces to

I a5
,0 ot

9%,
y (@)

Sx, dV'“dt. (7.25)

Proceeding now with integral 7, and doing again integration by parts, we write

I, = Zf f a(a a (Sx)dV@dr =

y (@)
= Sx. |dv® dt — f f Sx, dV“Wdr ,
;f f [a(ax) Z a(ax) xi
V(tl) V(tl)

and by Divergence Theorem, the above becomes

Zf f a(ax> " ds® di - Zf f a(ax) Sx, n(® ds' dt .

j=1 oy (@ ov (@)
(7.26)

Consequently, combining Eq. (7.24), (7.25) and (7.26), the Gateaux derivative of Eq. (7.24)
shapes

25 f fL AV @ dr =

i=1 y (@

D I

3 oL,
_Za [a 9
P=l y (@) J=1 (@)

_ZZI f 8(3 - X; j(”) ds'™ dt .

i=1j=1 8V”

8L
0X;

Sx, dvV@ dt—  (7.27)

- Euler-Lagrange Equations corresponding to variations within the fluid domain

Since Eq. (7.23) holds for admissible variations ¢ x(-,-) that satisfy Eq. (7.22b), it must also
hold for variations ox(-,-) that vanish on the boundary 0V (@) that is, for variations
x(+,)€CH(V Wxty,1,]),
oV “x [y, 1],
ox(a,t) =0, V(a,t) €
VO {t,, ).
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Then, all the boundary terms become zero, and we are left solely with the volume integral terms
contained in Eq. (7.23). But variations o x are independent to each other in the interior domain

int ( V@ x(ty,t,] ) and thus, invoking Egs. (7.27) and (7.15), Eq. (7.23) finally takes the

form

[ 53
t ox; ot

y (@)

oL,
0%,

Sx; dv®dt =0, i =1,2,3.

= L
—Zf’f[—P
— 8(8jxi)

Assuming now that the terms in parenthesis are continuous, and since variations dx may be
arbitrary continuous functions, the standard variational arguments lead us to the following
equations:

3

_Zaj
=1

The above equations are the well-known Euler-Lagrange equations of motion (E-L equations)
[(Gelfand & Fomin, 1964; Goldstein et al., 1980)], and will be treated in detail below.

oL,
0%,

oL,

oL
ox, : r_9 —_—
9(9;x;)

n ox. Ot

1

=0,i=1,2,3, acV®. (728

- Treatment of the E-L Equations

To acquire the equations of motion that govern the fluid flow, we need to implement the form
of the Lagrangian density Lp, namely Eq. (7.17), to the E-L equations (7.28). First, observe

that, in accordance with Eq. (7.17), we have

OLp 0P OP
— J— = —p, —, 7.29
Ox, r Ox, Po Ox ( )

i i i

where use of conservation of mass (7.16) was made to obtain the second equality. Further,
concerning the second term of the left-hand side of Eq. (7.28), we get

oL,
0%,

9
ot

0 0
= —(pJi)=—(pJ)x +pJi.,
8t(p X;) 8t(p )X, + p JX;

and invoking the conservation of mass (7.16), which is independent to time, the above reads as

9
ot

oL,
0%,

= pJi. . (7.30)

1

As for the last term in Eq. (7.28), we first observe that the spatial derivatives O X, enter the

Lagrangian density L, only through the internal energy E . More precisely, by Eq. (7.12) we
know that £ depends only on the density p, thatis, £ = E (p). But by conservation of mass,
Eq. (7.16), density depends on the Jacobian J, and by definition, J contains the partial deriv-
atives 0, x;. Therefore, applying a chain rule, and using Eq. (7.16), we get

ILp,  9(pJE) O0(pE) IE OE dp 9J

_ 5 —2E (731
9(0,x)  00,%)  00,x) oa@x) © 8p8J8(8jxl-)( )
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But differentiating mass conservation (7.16), it occurs that

9p

= —p,J 2 =—pJ", 7.32
57 Po oy (7.32)

where for the last equality conservation of mass, Eq. (7.16), was invoked. Substituting then

Egs. (7.11) and (7.32) in Eq. (7.31), and doing some simplifications, we are led to

dLp _ oJ
9(0,x) T 0(0,x)

and thus, differentiation by parts implies

3

> o

j=1

3

:Zaj »
j=1
3
_Z 8(8 +jZ:1p3

The above can take an even more convenient form, by invoking the identity give in Eq. (3.17),

3
Za.[—‘”
; 71009 ,x,))

oJ
ICER

L,
710(0;x,)

(7.33)
0J

710(9;x,)

b

=1

from which Eq. (7.33) finally reads

3 3

oL oJ
o | —L—|=) 0, p——"—. (7.34)
,-221 1000 ;x;) jzzl 7700 x;)
Combining now Egs. (7.29), (7.30) and (7.34), the E-L equations (7.28), shape
. IP( x(a 1)) .
pola)| % (a,t) + ————= 0.pla, t) 0,i =1,2,3,
0 jz_l J )

or using the auxiliary geometrical material of Chapter 2, the vector form of it reads

po(a) [ (a,t) + V,P(x(a,t))] + |J,; |V, p(a,t) =0
3x1 3x3 3x1 3x1

which is the same as Eq. (7.21), and thus, completes our proof. ]
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7.4. The Constrained Variational Principle

Another way to deal with the constraint of conservation of mass, Eq. (7.5), is to include it in
the action functional

o

p (@)

%kz(a,t) —E(p(a,t))—P(x(a,t))|p(a,t)JdV“dt

via a Lagrange multiplier, say K (a,t). Then, the action is defined as a functional of three
independent functional arguments; the motion field x («,7), the density p (a,¢) and the mul-
tiplier K (a, ¢) . For each of the arguments, independent variations will be performed.

7.4.1. Lagrangian Function, Action Functional, and the Formulation of the Constrained
Variational Principle

The Lagrangian density per unit volume is now defined as

L= L(x(a,t),%(a,t),0,x(a,t),p(a,1),K(a,t)) =

%xz(az,t)—E(/f)[x(a!,t)])—1’("(“"”)]/f’(“"t)‘]Jr (7.35)

+K(a,t)(pla.t)J(a,t)—p,(a)).

The total Lagrangian then becomes

L=L]x(,0),p(+,1),K(+,1)] :f Ldv® =

y (@)

%fcz(a,t) —E(p[x(a,n)]) - P(x(a,t))]p(a,t) Jdv® + (7.36)
y (@)

+ f K (a,t)(pla,t)J(a,t)— py(a))dyv®

y (a)

Lastly, the Constrained Action Functional reads

S = S[x(.,.),p(.,.),K(.,.)] :f ILP [x(-,t)]dt -

S

y (@)

+J:0f1fK(a,t)(p(a,t)J(a,t)_po(a))dedt

y (@)

%xz(“’t)_E(P[x(aaf)])—P(x(a,t))]p(a,t)JdV“”dt+
(7.37)
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As was done in Section 7.3, combining the Lagrangian function (7.36), and the virtual work
(7.15), we construct the augmented Constrained Action Functional as below

S = 8[x(.).p(+).K(-,)] =

y (@)

S

y (@)

%xz(“’t)_E(P[x(aaf)])—P(x(a,t)) pla,t)Jdv dt+

33 ‘

+sz f pla.t)J;; ni 5x,(a,1) ds' dr.

i=1j=17" v @

(7.38)

We are now in the position to formulate the constrained variational principle for the fluid flow.

Theorem 7.2 [The Constrained Variational Principle for inviscid Fluid Dynamics, in La-
grangian description, CVP]

The fields x (-,.), p(+,-), K(-,+) satisfy the equations
pla,t)J = py(a), (7.39a)
K(a,t) = h(a,t)+P(a,t)—%5c2(a,t), (7.39b)

po(a)|[E(a,t) + VP (x(a,t))| + |J,;|V,pla.t) =0,
3x1 3x3 3x1 3x1

(7.39¢)

within the fluid domain, if and only if they render stationary the Action Functional
S [x(- 20 ), P(e,0), K(+,-) ], Eq. (7.38), for arbitrary admissible variations & x (-,-),
5p(°7°)75K(°7°)'

In other words, Egs. (7.39) are equivalent with the variational equation

3
5§S = Z5XIS+5;,S +5,8 =0,

i =1 (740&)
V admissible 6x (+,+),00(+,+),0K(+,-).
The admissibility conditions for the variations
56]('5') S {§X(','),§p(','),§K(',')},
are
Sq(-,.)eC* (V' x[ty.4,]),
(7.40b)
Sx(a,t) =0, Y(a,0)e(V“xity.1}).
|
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Since variations 5x,d p and 5K are independent to each other within the fluid domain (%),
Eq. (7.40a) shapes as
3

Z&xig[x,p,l(ﬁxi] =0, (7.41a)

i =1

5,8[x,p,K:6p] =0, (7.41b)
and

5xS[x,p.K;:6K] =0, (7.41c¢)

7.4.2. Direct proof of the Constrained Variational Principle
- The Gateaux derivatives of the action functional

We begin our analysis by calculating the Gateaux derivatives of the action functional, Eq.
(7.38), with respect to all of its arguments. Taking first the variation 6K , Eq. (7.41c) becomes

~ 1
5¢S[x,p.K;6K| =0 & f f(pJ—pO)5K dv'® dt = 0. (7.42)
Ly
y (@)

Considering now variations & p, Eq. (7.41b) reads

5,8[x,p.Ki6p] = 0 —

IS

y (@)

I

y (@)

%xz—E—P]&p]—pJg—E§p+KJép%’V(”) dt = 0 <—
2

lxz—E—P—pa—E—i-K JSpdV@dt =0,
2 op

and by substituting Eq. (7.11), we get

f
ff[lxz—E—P—£+K
ty 2 P
y (@)
t 1
ff[gicz—h—PnLK]JdpdV(”)dt:0,
ty

y (@)

JSpdV®Wdt =0 «—

(7.43)

where 7 = E + p/ p is the enthalpy (see also Section 4.2).

Lastly, we examine variations ox,. Working as in Section 7.3, we easily arrive at

=t y (@)

oL 0

Ox, Ot

oL

oL _oL
(0 ;x;)

Ox. dvV' dt +
0X,; !

(°) This independence is essential and stems from the way the action functional was designed. Egs. (7.41) result
because variations § p ,and & K give only volume integrals, as will be also evidenced in Subsection 7.4.2.
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(7.44)
_ZZf f pla,t)J,; nﬁ.") ox;(a,t)ds' dt = 0.

(a)
vy

- Euler-Lagrange equations corresponding to variations within the fluid domain

Since Eq. (7.44) holds for admissible variations dx, it must also hold for variations that vanish
on the boundary 0¥ ), namely for those for which

Sx(+,) € CH{V Wx[ty,1,]),
OV Wx[ty,1,1,

ox(a,t) =0, V(a,t) e .
Vs {t,,t,}).

Therefore, the boundary terms vanish, and only the volume integrals of Eq. (7.44) are nonzero.
Since variations oJx are independent to each other in the interior domain

int( V) x[t,,t,]], using the standard variational arguments, Egs. (7.42)-(7.44) yield
0-b q y

SK: pJ=p,, acV'®, (7.452)
Sp: K:h+P—%x2, acvV (7.45b)
3
Ox;: a—L—ia—.L —Za.a—L =0,i=1,2,3, acv'. (7.450)
Ox; 0t{ 0%, ] 1000 ;x,)

Eq. (7.45a) expresses the conservation of mass, while Eq. (7.45b) identifies the Lagrange mul-
tiplier K in terms of enthalpy, potential and kinetic energy. Although the form of K, Eq.
(7.45b), resembles Bernoulli’s theorem [(Bennett, 2006, p.33)], a closer look displays a funda-
mental difference; K equals the potential minus kinetic energy density, while the left-hand
side of Bernoulli’s law is the potential plus the kinetic energy density. Lastly, in Eq. (7.45¢)
we recognize the dynamic equations of fluid motion, which will be elaborated further below.

- Treatment of the Dynamic Equations of fluid motion

To treat the dynamical equations, we employ the form of the integrand L, Eq. (7.35), to Eq.
(45c¢). To be more precise, working in analogy with the case of primitive variational principle,
the partial derivatives read

oL 0P
% 8_X_L — o Ui, (7.47)
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The main difference now lies in the calculation of the last term of Eq. (7.45¢). Here, the density
is independent to the Jacobian J, by the way the principle was designed. Therefore, by taking
the partial derivatives with respect to 9, x,, solely J is differentiated. Thus, we write

e ey
2

] 0J

or lez_EJ 0J 0J
- r P 00,x,)

_9oL 9 Lt kp—2L =
2(0,x,) 2 2(0,x) T 00,x,)

Using then Eq. (7.45b), which defines the multiplier K, and recalling the definition of en-
thalpy, the above becomes

oL 0.7 0J
o = (h—E = : 7.48
00, T P60y T e (7.48)
Hence,
3 3 3
oL 0.7 0.7
o |-t N9 |p-9L |-N"9, 2 | 7.49

where the identity (3.17) was invoked.

Finally, substituting Eqs. (7.46), (7.47) and (7.49) in Eq. (7.45c¢), the dynamic equations of
motion shape as

OP(x(a,t))

1) J
pla,t) o,

) _ Ny aJ
X, (a,t)+ ——Z jp(a,f)m,
Jri

j=1

which if written in vector form, as done in Subsection 7.3.2., coincide with the Eq. (7.39c¢),
completing our proof. ]
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7.5. Boundary Conditions

7.5.1. Treatment of Boundary Terms

Having obtained the E-L equations of motion, the volume integrals contained in Eq. (7.1) are
eliminated, and only the boundary terms remain, which will provide us with the boundary con-
ditions. More specifically, according to Eq. (7.23), we have the following boundary variational
equation

ZZI f 3(3 ) ox, nj(“)ds(”) dt —

i=1j=1 (u)

_ZZI f ﬁ(d,l‘)JU n;a)5xi(a,t)ds(a) dt = 0.
=1 =1 oV @
which using Eq. (7.34) is explicitly written as

ZZI f pla,t)J,;; ox, n(") ds@ dt —

i=1j=1 8[/(”)

—ZZI f pla,t)J,; n' ox,(a,t)ds™ di= 0.

i=1j=1 8V§u)

(7.50)

One way to tackle the above boundary terms is via Eq. (7.14c). Indeed, by using this identity
on Eq. (7.50) we can change from integration over a to integration over x. Employing the
physical argument that p(a,t)= p(x(a,t),t)= p(x,t), and similarly for p, we have
[(Morrison, 1994)]

f f p(x,t)Sxnds™ dr — f fﬁ(x,t)axn<x>ds<x>dt:o, (7.51a)

AV (%) oy )

where 0V (*) is the boundary on the physical space which corresponds to 0¥V (@, and n* is
the outward vector normal to 9V (*),

To facilitate further the treatment of Eq. (7.51a), we decompose the variations ox into their
normal and tangential components, that is,

The normal components ox | can be expressed as
Sx, =50, n", (7.53a)
where 0 Q| is a scalar quantity.

The tangent components 5x|| are expressed as
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ox; =00, "+ 60, 1, (7.53b)

with £, £, being vectors tangent to the boundary V), and & Q,.1, 00, , scalar

quantities.

Consequently, invoking Eq. (7.53a) into Eq. (7.50), we get

ll
f f p(x,t)é‘QL<n(X),n(x)>dS(x) dt —
t

140
(7.51b)

31
—f f p(x,1) 60, <n(x),n(x)>ds(")dt =0,
t

0
oV

where < o, > stands for the inner product of the vectors involved.

Before we proceed to the core of our analysis, we discuss the outline of the following method.
Eq. (7.51b) is in fact a very convenient form to work with, especially compared to the initial
Eq. (7.50). It is reasonable then to attempt to deal with the Eulerian form of the integral (7), Eq.
(7.51b), and pose our arguments on the material variations 6 x = 6 x(a,t) in the physical

boundary OV . This will provide us with boundary conditions on 9V . Subsequently,

since the labeling boundary oV coincides with the physical one at ¢ = ¢, we can directly
extract the boundary conditions in the Lagrangian description as well, which was our quest
from the start. However, we should not undermine the importance of understanding the bound-
ary on the labeling space, and thus, the reader is urged to revise the pertinent discussion made
in Chapter 1.

7.5.2. Boundary Conditions on the Free Surface

To examine variations on the free surface, we vanish the variations on the seabed and the lateral
boundaries. Using the notation o Qi for the amplitudes of o xi , Eq. (7.51b) becomes

t i

f f (p(x,t)—p(x,1)) 0] <n§x>,n§x>>ds<)‘> dt = 0, (7.54)
t

0 YA

where ntgx) is the vector normal to the free surface in the physical space, 8Vf(x) .

On the free surface though, variations & x" are arbitrary. Then, Eq. (7.54) implies that
p(x,t) = p(x,t) ondV. (7.55a)

Butsince p(a,t)= p(x(a,t),t)= p(x,t),the above is equivalently written as

(") This may sound a bit peculiar at first, on the grounds that we are dealing with the Lagrangian description
throughout the whole Chapter, and an Eulerian viewpoint in the treatment of boundary terms is likely to be baf-
fling. However, the reader will soon be convinced that this is the most convenient way to extract the boundary
conditions in the labeling space. This is also exemplified by the dearth of a thorough investigation of the topic in
the existing literature; boundary terms are only little caught up in works dealing with Variational Principles in the
Lagrangian description of fluid motion.
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p(a,t) = p(a,t) ondV{?”, (7.55b)

which is the dynamical free surface boundary condition in the presence of applied pressure
P (a,t) . This condition implies that at each instant of time, particles on the free surface must

respond in pressure variations so that the pressure is maintained uniform on it.

We should also highlight that, in contrast to the Eulerian description, no kinematic condition
on the free surface occurs in the Lagrangian framework. The reason for this stems from the fact
that in the Eulerian description, we insert the geometric field 7 (x, ), which accounts for the

free surface elevation. Then, under this viewpoint, the kinematic condition is essential in order
to ensure that the motion of the free surface is in alignment with the motion of the fluid parcels
(see e.g., (Karamcheti, 1966; Mavroeidis & Athanassoulis, 2022)). However, in the Lagrangian
viewpoint, we deal exclusively with parcels and no geometric field is inserted, rendering such
a kinematic condition superfluous.

7.5.3. Boundary Conditions on the Seabed

To study variations on the seabed, we apply Eq. (7.552) to Eq. (7.51b), and vanish the variations
on the lateral boundaries. Denoting with & Qib the amplitudes of 5xib on the seabed, Eq.
(7.51b) becomes

4
[ [ pxnsor (a9 i yas ar = o, (1.56)
to

ove

where ngff ) denotes the normal vector on the seabed in the physical space, 0 st)x) .

However, the seabed is impermeable, and thus, there is zero mass flow through the impermea-
ble boundaries (¥). The variational form of the kinematical impermeability condition reads

5xY =0  ondviY, (7.57a)
and in the material description it takes the form
sxP(a,t) =0 ondVi”, (7.57b)

In view of Eq. (7.57a), Eq. (7.56) is satisfied, and the corresponding boundary term is zero.
Then, the particles on the seabed can only move tangentially on it arbitrarily. Further, we do
not expect any dynamical condition, since the motion of the seabed is predetermined, as already
explained.

7.4.3. Boundary Conditions on the Lateral Boundaries

Regarding the lateral boundaries, applying Eqgs. (7.54) and (7.56), and using the notation o QT

for the amplitudes of the variations 5xf on the lateral boundaries, Eq. (7.51b) becomes

(®) At this point, it is important to emphasize the following. One could argue that the kinematical condition of the
impermeability on the seabed is a priori put in the problem, and that it does not occur a posteriori from the varia-
tional principle. Nevertheless, imposing Eq. (7.57a), is a part of the modelling made, and thus, it should not cause
any complications.
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gl
[ [ pxn oo (ni ) as ar = o, (7.5)

ty

oV
(x

where n}Y) = (Myy.15 My, 2, 0) is the normal vector on the lateral boundaries in the physical

space, OV,

Here, the impermeability condition must be invoked too, since lateral boundaries are rigid and
do not permit mass flow through them. Therefore, the kinematical condition is

5xP =0 ondVY, (7.59a)
and in the material description it shapes as
5x®(a,t) =0  ondViY, (7.59b)

Using Eq. (7.59a), Eq. (7.58) is automatically satisfied. Thus, the particles on the lateral bound-
aries have the freedom to move only tangent to them. Again here, the prescribed motion of the
lateral rigid boundaries renders unnecessary a second condition of dynamical nature.
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Chapter 8

Variational Problem Involving a Variable Region

8.1. Introduction

Emmy Noether was born to a Jewish family on March 23, 1882, in Erlangen, Germany. Her
father, Max Noether (1844-1921), was a German mathematician specializing in algebraic ge-
ometry and in the theory of algebraic functions. Although Noether initially planned to teach
English and French, she quickly became interested in mathematics. At the time, the university
of Erlangen was one of the three existing “free” universities in Germany. There, in 1872, Felix
Klein (1849-1825) gave a lecture on the significance of the concept of groups in geometry,
rendering Erlangen the most frequently mentioned town in mathematical literature. Even though
women could not be accepted in German universities (with the exception of attending a course
as audience, and if the professor permitted to), Noether managed to obtain a bachelor’s degree
in mathematics in 1903, at the University of Erlangen. Facing similar difficulties, she then at-
tended University of Gottingen, where she completed her PhD in mathematics in 1907. The
subject of her doctorate was bilinear invariant theory, with advisor the mathematician Paul Gor-
dan (1837-1912). At the University of Gottingen, she also had the chance to collaborate with
other great mathematicians too, among which were David Hilbert (1862-1943), and Hermann
Minkowski (1864-1909). From 1907 to 1914 Noether worked at the Mathematical Institute of
Erlangen, but without being paid, since at the time women were not allowed to hold academic
positions. In 1915, Klein and Hilbert invited her at the University of Gottingen so that she assists
the students in understanding the concepts of general relativity, using her expertise in the theory
of invariants. Since the faculty objected, she gave lectures under Hilbert’s name for the ensuing
four years. In 1922, Noether became an “unofficial associate professor” at the University of
Gottingen, where she settled for several years. However, in 1933, when Adolf Hitler became
Chancellor in Germany, and the Nazi hijacked the German institutions, Noether and other Jew-
ish professors were dismissed. In 1934, and with the recommendation of the mathematician
Hermann Weyl (1885-1995), Noether moved to the United States and became a visiting profes-
sor at Bryn Mawr College in Pennsylvania, while she also gave lectures at the Institute for Ad-
vanced Study in Princeton University. However, she remarked about Princeton that she was not
welcome at «the men's university, where nothing female is admittedy». In 1935, she undergone a
surgery to remove a tumor the doctors had detected. Four days later, she fell into a coma, and
passed away on April 14, 1935, at the age of 53. Her body was cremated and her ashes were
buried in the cloister of the M. Carey Thomas Library at Bryn Mawr. Since then, Noether’s
biography has been the subject of many works, the most known of which being (Dick & Weyl,
1981), (Kimberling, 1981), (Taussky-Todd, 1981), (Ogilvie & Harvey, 2003), (Lederman &
Hill, 2011), (Kosmann-Schwarzbach, 2010), (Neuenschwander, 2017) and (Read & Teh, 2022).

Concerning her work, Emmy Noether made significant contributions in ring theory and ideals
in abstract algebra in the 1920s, while in the 1930s she published a plethora of works in non-
commutative algebras and hypercomplex numbers. Despite her notable mathematical contribu-
tions in the theory of rings and algebra, Noether is best remembered for the two celebrated
theorems that bear her name. To begin with, in early 1918, Noether published the article “In-
varianten beliebiger Differentialausdrucke” (“Invariants of Arbitrary Differential Equations™)
[(Noether, 1918a)]. On January 25 of the same year, Klein presented this article at the Royal
Gottingen Scientific Society. It was during the ensuing months that Noether discovered the
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reason behind the difficulty in interpreting the conservation laws in general relativity, and thus,
on February 15, she sent a postcard to Klein, at which she briefly outlined her second theorem.
It was just a few months later that Noether published her epoch-making article ‘Invariante Var-
iationsprobleme’ (“Invariant Variational Problems”), published in 1918 [(Noether, 1918b)]. In
this article, she proved two theorems (the so-called Noether’s First and Second Theorems), es-
tablishing the connection between symmetries and conserved quantities. Noether’s First Theo-
rem considers the case where the functional is invariant under a family of continuous infinites-
imal transformations (symmetries) which depend on constant parameters. It states that, if the
Euler-Lagrange equations of motion are satisfied, then for each symmetry, there is an expression
whose divergence vanishes. Noether’s Second Theorem considers the case where the functional
is invariant under a family of continuous infinitesimal transformations, depending on arbitrary
functions of the independent variables. Then, it states that there must exist a relation between
the Euler-Lagrange equations of motion. Lastly, the last section of her 1918’s article is devoted
to Hilbert’s assertion that, in general relativity, there are no proper conservation laws, because
«the energy equations do not exist at all», which she explains via her Second Theorem (see
also(Brading & Castellani, 2003; Kosmann-Schwarzbach, 2010; Read & Teh, 2022)). Albert
Einstein (1879-1955), who had just published his theory of general relativity at the end of 1915,
was among the first to truly recognize the significance of Noether’s work, by describing it in a
letter to Hilbert as «penetrating mathematical thinking»., although he did not cite her results in
his own scientific work. Klein, Hilbert and Weyl did greatly appreciate the value of her 1918’s
work too. But how original was Noether’s work?

In a letter to Wolfgang Pauli in 1921, Klein argued that Noether’s Theorems were a very well-
known collection of results. Indeed, the ideas contained in Noether’s 1918 article seem to first
be encountered in Lagrange’s “Mécanique Analytique” [(Lagrange, 1788)], where Lagrange
derived several conservation laws (conservation of kinetic energy/ of the motion of the center
of mass/ of the momentum) and principles (principle of areas/ of least action). In the second
edition (Lagrange, 1815), he notes that there is a correlation between the conservation laws and
the invariance properties. It was then (Jacobi, 1866) and Lie (during 1874-1896) among those
who investigated this correlation, with the latter being noticeable cited in Noether’s 1918’s pub-
lished work. Apart from Lie, Noether cites Hamel and Hergoltz for special finite groups, and
Weyl, Lorentz and Klein for special infinite groups. In a footnote of her article, she also refers
to (Kneser, 1918) by writing «In a recently-appearing paper of Kneser (Math. Zeit., Bd. 2), he
treated the construction of invariants by similar methods», and to (Engel, 1916). Hence, the
relation between invariance properties and conservation laws had been somehow investigated
in literature, and Noether was aware of it. However, it seems that no one had not established it
formally, as Noether did in her First Theorem, while in addition, her Second Theorem is com-
pletely original.

But Noether’s two Theorems became influential very gradually. After submitting her 1918’s
article, Noether herself did not cite it in her subsequent works, but neither did most of the math-
ematicians and physicists until 1950. It was in the 1950s that Noether’s Theorems started gain-
ing popularity, especially by those working on the theory of general relativity, and to a lesser
extent, to those studying quantum mechanics, classical mechanics and pure mathematics. This
might be due to the fact that, at the time, physicists and mathematicians might not have been
able to recognize the value and significance of those theorems, or they might have been inter-
ested in areas where Noether’s Theorems had not been applied yet. In addition, since the corre-
lation between symmetries and conserved quantities had been encountered previously (at least
informally), they might have not thought that it was necessary to refer to Noether explicitly.
Finally, the development of the theory of integrable systems in 1970s may have played a key
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role in the subsequent rapidly increasing use of Noether’s 1918’s work. An extensive presenta-
tion of the reception of Noether’s Theorems throughout the years can be found in (Kosmann-
Schwarzbach, 2010) and (Read & Teh, 2022).

Now the deeper understanding of Noether’s article, which came after the 1970s, resulted in
significant generalizations of her theorems (except for the Bessel-Hagen generalization which
was made in 1921). In between 1970-1985 Olver and Vinogradov made important advances in
Noether’s work, from which the “Noether-Olver-Vinogradov Theorem” resulted, concerning
the one-to-one correspondence between symmetries and conservation laws. Moreover, discrete
versions of Noether’s Theorems first appeared in (Logan, 1977) and (Hydon & Mansfield,
2011). Along that time, geometrization of Noether’s work seems to first appear in (Trautman,
1972), who presents it in the context of manifolds and fibre bundles, and is followed by many,
two of which are (Goldschmidt & Sternberg, 1973) and Marsden in his work during 1974-2010.
A detailed presentation of several generalizations can be found in (Brading & Castellani, 2003;
Kosmann-Schwarzbach, 2010; Read & Teh, 2022). Furthermore, numerous applications of her
two Theorems were encountered in a wide range of areas; partial differential equations, stability
problems, fluid mechanics, geometric optics, nonholonomic systems. Noether’s 1918 work also
contributed to the development of a large number of branches in mathematics and physics; clas-
sical and quantum mechanics, general relativity, differential geometry and gauge theories.

Consequently, it comes as no surprise that Noether herself, and her groundbreaking theorems
have more than often been the center of admiration and respect. We quote a part of Einstein’s
letter to the New York Times in 1935, which states «...Noether was the most significant creative
mathematical genius thus far produced since the higher education of women began», and a part
of Alexandrov’s eulogy of Noether in 1936, who wrote «These results and her work on differ-
ential invariants would have been enough by themselves to earn her the reputation of a first-
class mathematician and are hardly less of a contribution to mathematics than the famous re-
search of S. V. Kovalevskaya».

In this Chapter, we investigate the class of variational problems, at which the functional is de-
fined on a variable region. The concept of invariance of the functional under a family of contin-
uous infinitesimal transformations, will lead us to Noether’s First Theorem, which establishes
a connection between symmetries and conservation laws. A novel systematic approach to do so
is proposed next, and both methods are discussed in a general context.
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8.2. Statement of the Problem

To begin our analysis, we consider the functional of the form
f
F=Flacol= [ [ Flacn.0,0x.0.0,qx0)dvdr s
Lo
V

Functional (8.1) has as argument the field function

g(-,):Q = D, Q=7Vx[ty,t,], (8.2)

which is assumed to be a C?— diffeomorphism, depending on the spatial variables
x = (x,,x,,x;) and time 7. It has been assumed that x belongs to a time-independent do-

main V ('), while time, ¢, to the interval [z,,¢,]. We further assume that the domain ¥V is

bounded by the surface 0V, and that it is sufficient smooth. Using the notation in Eq. (8.2), Eq.
(8.1) shapes in a more concise form as

Flg(,+)] :f F(q(x,1),0,q(x,1),0,q(x,t))dV dt, (8.3)

Q

NB! In the theory of fields, the notation & = (&,,&,,&5,&,) is usually substituted for

(x,t) = (x,,x,,x5,t), and thus, no distinction between time and spatial variables is made.

Although this does not cause any implications in the analysis performed, it is noteworthy to
mention the reason behind this distinction. In fact, works that investigate the mathematical as-
pects of fields, do not inspect what the variables involved represent a priori. The latter are simply
treated as mathematical objects, and therefore, & seems to be a suitable choice for noting the
variables jointly, and conducting the mathematical analysis easily. On the other hand, works
that deal with a specific physical problem introduce the variables from a conceptual perspective,
and directly apply the corresponding mathematical results. Thus, notation (x,#) is brought in
the analysis from the start. In this work, we shall adopt the notation (x,#) in the mathematical
modeling too. Albeit peculiar in a pure mathematical analysis, it will permit us to account for
the different character of the spatial and time variables (*). <«

In the following analysis, we will be concerned with the variation of the functional (8.1) when
both the field ¢, and the region of integration Q, are varied. Therefore, we define the varied

field function as

Gg(-,-):Q - D, Q=7Vx[i,i]l, (8.4)

where now the varied spatial variables X belong to a domain V', and the varied time 7 to the
interval [7,,7,].

(!) The case of a time-dependent domain V' (¢) can be considered too, however, several intermediate steps in the

analysis performed here change. Generalization of the results of this Chapter to time-dependent domains is one of
our future goals.

(») Note that, from Chapter 7, where free surface flows are examined in detail, it has become obvious that space
and time play distinct roles in our problem, and thus, should not be treated jointly.
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At this point, it is important to mention that, as seen in Egs. (8.2) and (8.4), the functions ¢(-,-)
and §(-,-) have different domains. The former is defined on = V x[¢,,¢,], while the

latter on Q = ¥V x [Zy,f,], with Q= Q in general (see Figure 8.1). To facilitate the analysis

though, we assume that g (+,-) and g(-,-) can be extended in a way that preserves the C* —

smoothness required in the first-order functional (8.1) (for more see (Henry, 2005)). Therefore,
by now, we consider the field functions as below

q('a')a‘i('a'):QUQHDUD. (85)

v

V =V+6V

Figure 8.1: Schematic diagram of the transformation of the spatial domain V.

Before we proceed with the analysis of the problem described here, it is imperative for the reader
to keep in mind that the variational problem addressed here differs from Hamilton’s principle,
presented in Chapter 7, in certain aspects [(Brading & Brown, 2000)]. First of all, here, we do
not consider arbitrary transformations; we conduct a particular infinitesimal transformation,
and the latter does not involve solely variations of the dependent variables (fields). As already
mentioned, we are occupied with the concept of varying the independent variables too, that is,
we change the region of integration. Lastly, the statement of the problem is such that variations
are by no means required to vanish on the (time and spatial) boundary of interest, and thus,
certain assumptions in Hamilton’s principle cannot be made here too.
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8.3. The First Variation of the Functional

The objective of this Section is to calculate the first variation of the functional (8.1), correspond-
ing to variations of the fields and of the region of integration. To do so, we adopt the analytical
approach, and express the variations in terms of a family of & — transformations, with ¢ being

an infinitesimal quantity.

8.3.1. The Family of ¢ — transformations

Consider the family of & — transformations

[ =1(s) = ®(x,1,4,0,4,0,q;¢), (8.6a)
'%j = )Ej (‘9) - (I)j(xntaqaatqﬂajq;g)a ] = 19293, (86b)
g, (%,0) = §q,(x,t;6) = ¥,(x,t,4,0,4,0,q;6), i =1,...,n, (8.6¢)

which depend on an infinitesimal parameter & € (—&;,&,).

Note that for ¢ = 0, transformation (8.6) reduces to the identity transformation

t =1(0) = ®(x,t,4,0,4,0,4:0), (8.7a)
xj = '%j (O) = (I)j(xataqaatqﬂajq;o)a ] = 19293, (87b)
q;(x,1) = q,(x,1,0) = ¥,(x,1,4,0,4,0,4;0), i =1,...,n. (8.7¢)

Functions @, @; and ‘¥'; are assumed to be (at least) C - diffeomorphisms with respect to

their variables (°). Therefore, both @, <Dj and ¥, and @', d)]fl and ‘P;l , are differentiable

with respect to all of their arguments, and thus, continuous. This assumption is essential, on the
grounds that it enables us to express Eq. (8.6¢) as done.

Indeed, since by Egs. (8.7a) and (8.7b) it holds that
0,0

=1 0@ =0, 9,0 =o0,ad 9,®,| =5,

& = & = E =

the Inverse Function Theorem implies that for € € (—&, &, ), Egs. (8.6a) and (8.6b) give us
(see also (Sagan, 1992))

x = y(x,i;¢), t = 1(x,i;¢). (8.8a,b)

Using Egs. (8.8), which associate the original variables (x,¢) with the varied ones (x,7), we
then write

VY. (x,t,4,0,9,0,q;¢) =

= ‘I’I-(x(i,f,g),r(fc,f,g),q(){(...),T(...)),(?,q(---),ajq(---);g) = qi(i,f),
which is Eq. (8.6¢).

(®) Depending on the order of the functional, one can assume that @ , q)j and ¥, acquire sufficient smoothness

with respect to ¢ .
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8.3.2. Calculation of the variations 67,0 x and O¢q

Having assumed that ¢ is a small quantity, we can use Taylor’s Theorem, and expand 7 (&),
X; (&) and g, ()Ej,f,g) around & = 0. Then, by Egs. (8.6), we have

3 0D (x,t,9,0,9,0,q;¢
{ = ®(x,1,4,0,4,0,4;0) + ¢ (x.1.94.9,4,0,4:¢) +o(¢),
oe o
~ 8CD'(x7t7q58 qaaqag)
X =@, (x,t,4,0,4,0,4;0) + & — 8‘9[ / +o(e),
=0
5 oY, (x,t,q9,0,4,0.q;¢
G, (%.7) = W, (x.0.4.0,4.0,q:0) + ¢ (x.1.4.0,4.0,8:6)) )
de o0
where 0(+) is the Landau symbol (*).
Invoking the identity transformation (8.7), the above equations shape as
lT = t+g¢(x9t9qaatqﬂajq)+0(‘9)a (893)
'%j :x_j+g<0j(x9taqaatqaajq)+0(8)9j:19293a (89b)

ql(i9f) = Qi(xat)+gl/ji(x9t9qaatqaajq)+0(‘9)9 i = 1,...,7’1, (890)

where we have set

00 (x,t,q,0,4,0,q;
o, = 00(x:10.9,0.9,058) (8.10a)
de 0
_ 0®,(x,t,9,0,4.0,4;¢) (8.10b)
or = Oe ’ |
e=0
— aqli(xataqaatq’ajq;g) (8 IOC)
l de e=0 |

Functions ¢, ¢; and y,, as defined in Egs. (8.10), are usually found in the literature as the
generators of the transformations (8.6) [(Sagan, 1992; Neuenschwander, 2017)].

Dropping the arguments in ¢, ¢, and y, for simplicity, we now set the increments

At =F—t=cp+o(e), (8.11a)
Ax, =%, —x; = ¢¢, +o(¢), j=1,2,3, (8.11b)
Ag, = q,(X,1)—q,(x,t) = ¢y, +o(&),i=1,..,n. (8.11c)

() Recall that y = o (&) meansthat y/& — 0 as & — 0.
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The corresponding variations, 67,8x; and 0¢;, are defined as the principal linear parts of the

increments (8.11), and therefore, read

St=~t—t=c¢gp, (8.12a)
Ox, X, —x; =¢¢;, ] =1,2,3, (8.12b)
6q, ~ §, (%, 1) —q,(x,t) =¢cy,, i =1,...n. (8.12¢)

Eq. (8.12¢) expresses the variation of the field ¢;, when both ¢, and the variables (x,¢) are

varied, and thus, we will refer to it as total variation of q, .

We further consider the increment
Ag;(x,1) = g, (x,t)—q;(x,1) = 7, (x,t) + 0(¢), (8.13)

where the new function ¥/; (x, ) is introduced. The principal linear part of it then is

gqi(xat)%qi(xat)_qi(xat):gl/7i(xat)- (814)

Observe that Eq. (8.14) expresses the first order variation of the field function ¢, , induced by
varying ¢, ata given point (x,?). Then, to distinguish from Eq. (8.12c), we refer to Eq. (8.14)

simply as the localized variation of q; .

To acquire a relation between the two variations, (8.12c) and (8.14), we write
Ag; =g, (%,7) — q; (x,t) =

= (6 (2D =4, (6,0 )+ (8 (x.0) = g, (x,0) ) =
3

Taylor's 9 (x,1) 9q;(x,1) .
= TSty e oy + (4 (k) — gy (x.0) ) Fo(e) =

Theorem at e xj
Eq.(8.14) Og.(x,t 3 0q,; (x,t -
_ Mé‘t_'_ Lé‘xj_ké‘qi(x,t)—ko(g).
ot — 0x

(8.15)
But according to Eq. (8.13), the quantities ¢, (X,#) and ¢q; (x,?) differ by a quantity of order
¢ . Hence, Eq. (8.15) takes the equivalent form

dq. (x,t 3.0¢q, (x,t
_ 9q,(x )5t+z q,(x,t)

Aq.
4 o1 dx,

Sx; +0q,(x,t)+0(e), (8.15"

Jj=1

and the corresponding linear part of Ag, with respect to ¢ reads [(Gelfand & Fomin, 1964;
Goldstein et al., 1980; Sagan, 1992)]

dq. (x,t 3.0¢q. (x,t
_ q;(x )5t+z q;(x,t)

o0q.
qi EY

Sx; +0q,(x,1). (8.16a)

X .
=1 J
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In vector form, Eq. (8.16a) becomes

5q = %5t+(5x-V)q(x,t)+5q(x,t) . (8.16b)

Egs. (8.16) is a really important relation. It tells us that the total variation of a field function ¢ ,
0 q , is composed of two parts, that is

The first one accounts for the change in the boundary of Q (see also Figure 8.1), expressed via
the term

Sqpp = M5t+(5x~V)qr(x,t), (8.17b)

ot

which contains the variations of the variables involved, namely 0¢ and O X . The second one,
reflects the variation of the field ¢, taken at a fixed point in the region €2, and reads

Sqp = 0q(x,t). (8.17¢)

Observe that if the region of integration is unchanged, that is 0¢zp, = 0, variations 0 ¢ and

5 ¢ (x,t) coincide. Therefore, it is anticipated that variations & ¢ (x,¢) are the ones that gen-
erate the equations of motion. This point however, will become clear in Section 8.4.

8.3.3. Calculation of the variations 6(9,¢,) and 6(9,4;)

Having established variations 0¢,0x ; and 0¢q;, we are now in position to define the variations

of the field’s partial derivatives, that is, 6(9,¢;) and 6(9,4q;). We begin by defining the in-

crements

aql'(-’zaf) 9q; (x,t)
A(0 = — — , 8.18
(9,4, 57 £y (8.18a)
and
0q,(x,f 0q.(x,t
A q,) = q,(~x ) 9q;(x )_ (8.18b)
/ X, Ix;
Concerning Eq. (8.18a), we write
aqi(iat) aqi(xat)
MO = =~ =
(4, (2,0)—q,(%,D)) (g, (D) =g, (x.)) (o o) .
= = + +l == 9, (x,0).
ot ot ot 0t
o 0, Qs
(8.19)
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To avoid lengthy relations, we treat each term appearing above separately. Regarding (s, it is

reasonable to start with the calculation of the term in the parenthesis, (0/97 — 0/0¢t) . In fact,
doing chain rule and employing Eqgs. (8.11a, b) and (8.12a, b), we get

0 0t 0 3.0%, 9 FEes(81lab)
Loy

ot 0t o7 — Ot 0X; Egs.(812a)
G, a(5t)) 0 d(0x;) 0
L, 9 [ 00600 9 — 8.20
o1 [+ o1 ]8t+; or oz, 0 (820
99 a6 a I6x) 9
= of o | o of 2a ar ag | W)

Invoking now Eq. (8.20), and using Taylor’s theorem, (J; shapes

0 0 .
— —_——— ) ,t —
O =197 (‘)t]q’(x )
Ttor's (9 0, (x,1) ~0q, (x,1)
= | —=—-—= 1)+ —— ot + — =
Theorem[at a ] i (x ) at jz_:l axj X +0(8)
3200 | 9(5¢) 0g,(x,1)  <~O(Sx;) Ig, (x,1)
= - —— + - .
or 0 Z ar 0%, o)
(8.21)
As for O,, by Taylor’s Theorem, it holds that
9, Talor's 9 | 9q, (x,1) ~ g, (x,1)
0, = E(qi( ) —q,(x, t))Thmm 5l " 5t+;—8xj Sx; |+ o(e)
(8.22)
Lastly, O, reads
04, (x,7) = q,(X,0)) F¢.519 0 5q,(x,0)
o D D) wo o(Fa@D)
ot Eq. (8.14) ot
Eq.(820) O( S q, (%,1)
= ( ) +o(e) = (8.23)
ot
Taylor's 8(3% (x,l‘))
The(:)rem ot +0(8)'
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Finally, adding Egs. (8.21), (8.22) and (8.23), and doing some simple algebra, Eq. (8.19) be-
comes

o(Sq,(x,t 9%q. (x,t 3.0%q. (x,t
(54;( ))+ 4 (x )5f+z g, (x,1)
ot ot 9t dx,

Jj=1

A(D,q;) = Sx; +o(g). (8.24a)

Working similarly for the term (8.18b), one can prove that

8(5_qi(x,t)) d%q. (x,1) 210%, (x,1)
A q) — + 24 Si+y T Sy +o(e),
(©;4:) dx, a1 dx, ax 0x, < F o(¢)

(8.24b)

Retaining only the linear parts in Egs. (8.24), the corresponding variations shape [(Gelfand &
Fomin, 1964; Goldstein et al., 1980; Sagan, 1992)]

8(5ql.(x,t)) d%q. (x,1) 21 0%, (x,1)
5(0,q;) = + — St+ Yy ————5x;, 8.25
(9:4:) a1 IR ; orox, (8:25)
and
8(5qi(x,t)) d%q. (x,1) 21 0%, (x,1)
5(0,q,) = +— St+ Y ———6x,. 8.25b
(9;4:) dx, 1 dx, Zaxkaxj e (8:230)
In vector notation, Egs. (8.25) equal
8(3q(x,t)) 2%q(x,1) 0q(x,t)
o(0 = + — 5t + (6x- V) ————|, 8.26a
(9,9) £y YE (0x-V) 57 ( )
and
A Sq(x,t 2
5(0,q) = (94 (x0) L 240 5 5k vy 2D ) (8.26b)
dx; Jdt Ox; dx;
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8.3.4. Calculation of the first variation of the functional

Subsections 8.3.2 and 8.3.3 have provided us with all the essential information needed to cal-
culate the first variation of the functional (8.1). To place emphasis on this result, we present it
in the following theorem.

Theorem 8.1 [The First Variation of a Functional defined on a Variable Region|
Consider the functional (8.1),

Fla(,)] :f F(q(x.1),0,q(x,0),0 ,q(x,t))dV dt, Q=Vx[t,,1],
Q

and assume that under the family of continuous transformation (8.9),

i =t+06t(x,t,q,0,q4,0,9)+o(¢),

X, =x; +0x,(x,1,4,0,4,0,9) +o(¢), j =1,2,3,

J
Qi ("27;) =4, (xat) +5Qi(x7t7q’atqaajq) +O(‘9) ’ I = 1,...,71,
the Lagrangian density F displays the same functional form (°).

Then, the first variation of the functional (8.1), 5% , under the family of transformations (8.9),
is given by the formula

3

OF o OF & OF |-
5F :f OF N9 98 0 OF \5.(x.tydv di+
) |04 Zaxj 9.4 0104 q(x.1)

j=1

3

B OF — B OF -
+ —|Fét+—96 1) |+ — | Féx, +—— 6 ) || dV dt,
[15 5 2aCeD | D F o St
where
Sq(x.t) = 5q—295D 5 (5% V) q(x.1). -

ot

Proof of Theorem 8.1:

Let us start by considering the increment of the functional (8.1), which reads

AF :fF(q(i,f),a;q(i,f),a]q(i,f))dVdf—
)

(®) Theorem 8.1 makes the assumption that the Lagrangian density F displays the same functional form under the
infinitesimal transformations described [(Goldstein et al., 1980)]. Of course, this subsequently implies that the form
of the E-L equations of motion remains unaltered too. However, this could also be the case having assumed that
the original and transformed Lagrangian densities differ by a divergence. For the sake of simplicity though, and
since the usefulness of the results is not undermined, we do not consider this extended version; the whole analysis
is conducted with the assumption of form invariance (see Eq. (8.27))! The reader who is interested in exploring the
extended versions of some of the conclusions made in this and the subsequent Sections is urged to study for instance
(Brading & Brown, 2000; Neuenschwander, 2017; Doughty, 2018).
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—f F(q(x,t),(“)tq(x,t),(?jq(x,t))dV dt.

Q

(8.27)

Now taking into account transformations (8.9), we can change the integration in the first integral
from Q to Q. The pertinent theorem is given below [(ITavtedidn, 1994)] (°).

Theorem 8.2 [Change of Variables in a Multiple Integral|

If a domain D is transformed to the domain D by means of a regular point transformation
(x,f) — (x,t),and f(x,t) is a function integrable over D, then, the following formula

holds true:

ff(sc,f)dr?df — ff(x(fc,?),t(fc,f))Jdth,
Q D

where J is the Jacobian determinant of the transformation, defined by

J = det

a(£la£2a£3at~)

O(x,x,,x5,1) a

0x,/0x, 0Xx,/0x, O0Xx;/0x,
0x,/0x, 0Xx,/0x, 0X,/0x,
0x,/0x, O0X;/0x, O0X;/0x,
dt/dx, 0t/dx, 0Oil/dx,

0x,/0t
0x,/0t
0x,/0t|
ot /ot

Before applying Theorem 8.2 though, we shall calculate the Jacobian determinant of this trans-
formation. Introducing Egs. (8.9), (8.11) and (8.12), it holds that

0% /0x, 0% /0x, 0% /0x5 0%/ 0t
Sy O(X |, % ,,%5,1) 0x,/0x, 0x,/0x, 0Xx,/0x; 0x,/0t
p— t p— p—
S O(x,x,.x 1) |0%,/0x, 0%,/0x, 0F,/0x, 0%/01
9i/dx, 09ildx, 0ildx, OFl0t
1+0(dx,)/0x, 0(6x,)/0x, 0(0x,)/ 0x, d(ox,)/ 0t
0(0x,)/ 0x, 1+0(0x,)/0x, 0(5x,)/0x, 0(6x,)/ 0t
| a(sx)iox, 00,  1+0(Sx)0x,  dxyor | )T
0(ot)/0x, 0(ot)/0x, 0(0t)/0x, 1+ 0(ot)/0t
CICIAR = d(Sx;)
=1+ I+ —=+ ,
o1 ]H[ ox, |

(®) Had the regions of integration Q and Q had another form, Theorem 8.2 would not apply in general. To be
more precise, if the domain was time-dependent, or a lower or upper bound of an integral contained a field (as is
the case in free surface flows in the Eulerian description), further treatment would be required to transform one
region to the other. This question pertaining to moving boundaries, was raised to the author due to her exposure to
such physical problems. A generalization of the theory presented in this Section for this type of problem is one of

our future goals.
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which doing some simple algebra eventually shapes

) ~0(5x))
J =1 +Z—axj to(s). (8.28)

Applying now Theorem 8.2 to Eq. (8.27), and invoking Eq. (8.28), we obtain

AF :f[F(q,a;q,a].q)J—F(q,a,q,ajq)}dm -
Q

F(q,@tq,ajq) dVdt+o(g),

:f F(c},@;c},@;q)

Q

d(st) 9(ox;) |
1+ +Z

whose principal linear part with respect to ¢, that is, the first variation of the functional (8.1),
reads

3

RN a(s1) 9(5x;)

oF f q q4,9; q) 1+ + Z—

ot ox, ~F(q.0,q,0,q)|dVdt.

(8.29)

To treat Eq. (8.29), we use Taylor’s Theorem, and expand F ( q,0:4, 8} q ) around the point
(q,a,q,ajq). Thus, we write

(8.30)

(8.31)

OF 54 +8—F5(at ,)+Z—5(a g)|dvdr.

aqz t i

oNIF

i=1

j=1 !

Inserting now Eq. (8.16a), the first term of the second integral of Eq. (8.31) reads

+ 9 54 (x,0), (8.32a)

while invoking Egs. (8.25), the second and third terms in the last integral of Eq. (8.31) shape
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5(0,q,) =
2 q (9,4q;)
- 8.32b
_ 9F | 9%, ~ 0%, | OF 9(54q,(x.0)) (8:320)
-~ 9,q,| 0t —~9tdx; | 9,q, ot ’
and
OF
——38(0,q,) =
9,4,
- 8.32¢
OF : oF (84, (x.1)) (8329

i aql
+
Ot dx, Ej@xkax T

Moreover, note that the following holds

ajqi ajqi axj

O(F 51) EEMF5n)
_+ _ 4 =

9(5t)  O(Sx))
ot 8xj + Z

mF) O(F)
5 5 <ﬁ+§: 5x,

j=1 j=1

(8.33)

Now taking into account Eq. (8.3b) concerning the form of /', and doing chain rule, Eq. (8.33)
becomes

(51 , ~0(5x,)

O(F 5t) 23MF5@)
_+ e,

ot — ox; ot — Ox; £~ 0x,
3 2
i 8F ql ql
+ —L 51+ —5 t+ o +
; dq, 81‘ Z 8 4, t? ;atax /
d%q,
- + 0,
;; 9,9, e 8t8x 8xk8xj %
(8.34)
Then, using Eqgs. (8.32) and (8.34), Eq. (8.31) simplifies to
3
I(F &1) O(F Sx;)
oF :f ————2 4+ Y ———Ldvdt+
ot Z X,
Q j=1 /
oF a<3ql'(xat)) : OF a<gql'(xat))
+ 1) + + dVdt.
;f ) 0,9, ot ;qui ox;
(8.35)

Eq. (8.35) can take an even more convenient form if we do differentiation by parts in the last
two terms of the second integral. More specifically, we have
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0(0q, (x,t — —
oF 9(dq )) _ 0| 9F 5 (x.0) 0| oF 54 (x.0).
atqi ot ot atqi ! atqi
and

0(0q, (x,t — —
oF 9(3q,(x.0)) o [ oF 5o ey |- 227 |54 ety
qul. ij ij qul. X; qul.

Therefore, employing Egs. (8.36) in Eq. (8.35), it occurs that

n 3
OF 98| 0F a | oF ||=
59’-‘:§f——— —E— 5q,(x,t)dVdt+
) |9q, 91| 0,q,) L4ox,| 0,4, 9; (x.1)
i Q J
n 3
) OF — G,
+ —| F 6t + 0q.(x,t —_
I DG g x|+ 5o
Q i=1 t1i j=1 J

which completes our proof.
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8.4. Interpretation of The First Variation

In the previous Section, we calculated the first variation of a functional which is defined on a
variable region. In fact, according to Theorem 8.1, it holds that [(Gelfand & Fomin, 1964; Gold-
stein et al., 1980; Sagan, 1992)]

oF 0| 0OF || =
o — |- =10 ,0)dV dt +
Tff jaxaq 1|0 409"
3
OF 0 oF =
F5t+—5 t E — | Féx, +—96 1) || dV dt,
f f 9, q(x.1) |+ j:laxj % 0,4 a(x.1)

(8.37)

Eq. (8.37) has a very intriguing structure that is worth to explore further. To facilitate the anal-
ysis, we rewrite Eq. (8.37) in the form

SF =6F 5 +F wp, (8.37")

with (')

5F e f f

and

5¢BD :5?BD,1 + 577BD,2 =

or
8jq

a9
8t

OF

8 Sq(x,t)dVdt, (8.38a)

3
f 0 0
= —(F ot —(F 6x,)|dV dt 8.38b
3
0 | OF =
——5 t — | =5 O |dVdt.
f f o1 a(x.0) ;axj 9,4°9%"

Concerning 5§ ¥, , Eq. (8.38a), we recognize the vector form of the E-L equations of motion
in the term in the bracket [(Gelfand & Fomin, 1964; Goldstein et al., 1980)]. Observe that they
are multiplied by the localized variations 5 q(x,t), which are in fact the ones that generate
the equations of motion, since they refer to the variation of the field ¢ , without considering any

change in the region of integration. This is an “interior” term, describing the bulk contributions
to the variation [(Brading & Brown, 2000)]. Hence, Eq. (8.38a) is the weak formulation of the
E-L equations of motion!

(7) The subscripts of §F,, and 6 F , are chosen so that they reflect the concept related to them, that is, the

weak formulation of the E-L equations of motion, and the variations that result on the boundary respectively.
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Regarding the second part of the variation (8.37'), 6 ¥ ,, we use the Divergence Theorem,

and since the domain J/ is assumed to be time-independent, it can be written as below

f

SF s :f F5t+§—125q(x,t) av| +
t
v 0 (8.39)
¢ 3
1 8F _
+f f Fox,+—0dq(x,t)|n dSdt,
"oy ; 0.

with d § = n dS being the vector surface element in the space V', n the normal outward
vector normal to it, and 9 V' the boundary of V. Form (8.39) expresses the important fact that,
S8 F sp is the sum of a volume integral evaluated at the endpoints of the time domain 7, 7,, and

a time integral over the net outward flux through the boundary 07 . Thus, Eq. (8.38b) is a
“boundary”, term [(Brading & Brown, 2000)].

Eq. (8.39) brings out a noteworthy aspect of § F . Variation § ¥ 5, reduces to a boundary

integral, and thus, contains information pertinent to the boundary of our region of interest. How-
ever, a closer look on Egs. (8.38b) and (8.39) indicates that § ¥ |, does not exclusively reflect

the changes the functional undergoes due to the variable region! More precisely, referring to
Eq. (8.38b), variation

hrla S,
oF :ff—F5t § —(F 6x.)|dV dt, 8.40
BD, 1 . (91‘( )‘l‘jlaxj( x;) (8.40)
’ —

expresses the variation of the functional when only the region €2 is varied, and thus, contains
the corresponding variations §¢ and & x . On the other hand, variation

t a
BD,2 " at
V

has occurred via a differentiation by parts, Eq. (8.36), and contains variations 5 q(x,t), taken

3

0
+Za

Jj=1

OF 54(x.0)

dV dt, (8.41)
(9jq

OF -
— dq(x,1)
J,q

at a fixed point ( x,7). Obviously, the presence of 6 ¥, , in Eq. (8.37') is independent of

whether a transformation in the region of integration, €2, is made. To put even more insight on
this, we mention that 6 ¥ ,, , is the integral that provides us with the boundary conditions

when we examine the variation of a functional defined in an unvaried region (see also Chapter
7).

Consequently, an alternative interpretation of Eq. (8.37') could be that the first variation of a
functional which is defined in a variable region, is the sum of the variation of the functional
taken by solely varying the field function ¢ , 5 F ;| + 6 ¥, ,, and the variation of the func-

tional due to the variation of the region of integration, § ¥, ;. On the whole, both interpreta-

tions presented above will enable us to obtain some fruitful results in the following Section.
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8.5. Invariance of the Functional

Employing the variation of the functional (8.1), Eq. (8.37), we can deduce some important the-
orems that fall into the category of “Invariant Variational Problems”. Before we proceed
though, we state the definition for the invariance of a functional, which will be extensively used
subsequently.

Definition 8.1 [Invariance of a Functional)

The functional (8.1),
77[q(°,~)] :f 1b/ﬁF(q(x,z‘),(‘9tq(x,z‘),(9jq(x,z‘))a’Va’z‘,
"y

is said to be invariant under the family of continuous transformations (8.9),

i = t+5t(x,t,q,(9[q,8jq)+0(5),

)E' - xj +5xj(xat’q’a[q’ajq)+0(8)’ ] - 1’2537

J
G, (x,1) = q,(x,t) +5q,(x,t,4,0,4,0,9) +o(e),i=1,..n,
if it holds that

fflfF(q(x’t)’azq(xat)aajq(x,t))dV dt =
"y

:ftlfF(q(x,t),@tq(x,t),ajq(x,t))dV dt.
"y

As (Kosmann-Schwarzbach, 2010) clarifies, the expression “The functional is invariant under
a transformation” is equivalent to saying that “A transformation is a symmetry of the func-
tional”. Hence, we shall use either the term invariant transformation, or symmetry (*), to refer
to those transformations that leave invariant the functional, in the sense of Definition 8.1. We
now proceed with the presentation of several important conclusions.

8.5.1. The Rund-Trautman Identity

Having defined the concept of invariance of the functional, we now formulate the Rund-Tra-
utman identity, derived by (Rund, 1972) and (Trautman, 1967). It can be read from two different
perspectives; either as an efficient test for the invariance of a functional in place of Definition
8.1, or as a consequence of it. Its proof stems directly from Theorem 8.1 and Definition 8.1.

(®) The word “symmetry” has its roots on the Greek word «ovupetpion, derived by «oOv» (with, together) and
«uétpov» (measure). It is originally found in Euclid’s Elements to indicate a relation of commensurability. An
extensive historical excursion on the term “symmetry”, along with its various uses in physics can be found in (Read
& Teh, 2022, Chapter 1).
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Theorem 8.3 [The Rund-Trautman Identity|
If the functional (8.1),

77[q(.,.)] :ftlfF(q(x,t),@tq(x,t),ajq(x,t))dth,

is invariant under the family of continuous transformations (8.9), then the following identity
holds true

IR

F5t+aa—5q(x t) dvV dt +

t

3
0 OF =
+]z_:l@_xj Fox; +a—5q(x,t)

J

3
ff OF |_0|0F Sq(x,t)dVdt=0,
= Gx 8 ot| 0,q
(8.42)
where
Sq(x.t) = 5¢ =290 50 5%V q(x.0). n

ot

8.5.2. Noether’s First Theorem

It is now time to state formally Noether’s First Theorem (°). It was first proved by Noether in
1915, and then published in her 1918’s article (Noether, 1918b). It explores the invariance prop-
erties of the functional when the field function is an extremal, that is, when the E-L equations
hold.

Theorem 8.4 [ Noether’s First Theorem]
If the functional (8.1),

:ftlfF(q(x,t),()tq(x,t),(?jq(x,t))dV dt,
"y

is invariant under the family of continuous transformations (8.9), then, along the extremals of
¥, it holds that

h 0 OF =
—|Fot+—90 1) | dV dit +
IO f ot 0,q a(x.1)
4 . (8.43)
h 0 OF =
+ — | Féx. +—— 06 ,t)|dV dt =0,
o g xS
© Ty i=t J J
where
Sq(x,t):5q—%5t—(5x-wq(x,t). n

(°) As already stated in the Introduction of this Chapter, in her 1918’s article, Noether proved two theorems. Here,
discussion is made on Noether’s First Theorem, to which we will refer as Noether’s Theorem for simplicity. An
English translation of Noether’s article can be found for instance in (Kosmann-Schwarzbach, 2010).
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Theorem 8.4 is proved in a straightforward way, by employing the E-L equations of motion and
using Theorem 8.3.

The integrand of Eq. (8.43) is usually referred to as Noether’s current. It has the structure of a
conservation law in the theory of fields [(Anco, 2017; Kosmann-Schwarzbach, 2010; Neu-
enschwander, 2017)], and thus, Eq. (8.43) defines the integral / global form of a conservation
law. Hence, Noether’s Theorem relates the fundamental concepts of invariance and conserva-
tion. Invariance implies that a particular quantity, here the functional (8.1), is unaltered by a
transformation; the quantity is compared within two distinct domains of definition, here €2 and
Q. On the other hand, conservation means that a quantity is unaltered throughout a process,
that is, the quantity is compared before and after a process, but always within a certain domain
of definition. Then, Noether’s theorem entails that for each symmetry of the functional, there
exists a conservation law (°).

Hence, what in fact of greatest significance is that, when the symmetries of a functional can be
found relatively easy, Noether’s ingenious Theorem provides us with a systematic derivation of
conservation laws! However, it also possesses certain subtleties and limitations, which will be
discussed in Section 8.6.

8.5.3. Conservation laws using a Weak Formulation of the E-L equations

To simplify the analysis performed in this Subsection, we make extensive use of the notation
introduced in Section 8.4. To begin with, we recall that, by Theorem 8.3, invariance of the
functional (8.1), under the family of transformations (8.9), leads to the following result

Invariance of the Functional: §F y, + F gp = 0, (8.44)
where § F, and 6§ 5, are given in Egs. (8.38). Then, if the E-L equations of motion are
satisfied, that is,

Weak Formulation: § ¥, = 0, (8.452)

by Noether’s Theorem it holds that
Noether’s Theorem: 5 F zp = 0. (8.45b)

But as explained in Subsection 8.5.2, Eq. (8.45b) provides us with conservation laws that cor-
respond to a symmetry of the functional.

(1%) The inverse problem, that is, whether one can always find symmetries of a given functional that correspond to
a particular conservation law, is an elaborate topic, which is described (with reference to specific examples) by
(Alonso, 1979), (Olver, 1993), (Brown, 2020) and (Read & Teh, 2022, Chapter 7). In addition, the relevant scho-
lium of (Goldstein et al., 2001) is given below:

« It should be remarked that while Noether’s Theorem proves that a continuous symmetry property of a
Lagrangian density leads to a conservation condition, the converse is not true. There seems to be conser-
vation conditions that cannot correspond to a symmetry property. The most prominent examples at the
moment are the fields that have soliton solutions, e.g., are described by the sine-Gordon equation, or the
Korteweg-de Vries equation. »

The interested reader can also find pertinent ideas on (Ryder, 1996) and (Bluman et al., 1989).
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At this point two questions arise. First of all, is Eq. (8.45b) a convenient form to work with in
all cases? Secondly, is there any other form, equivalent to Eq. (8.45a) that can associate in-
variance and conservation, and therefore, lead to conservation laws?

Being initially motivated by the second question, we place attention on Eq. (8.44). In fact, it can
be reduced to

Interrelation: §F ;, = — 5F zp, (8.46)

which interrelates the two component variations of the functional, by stating that 5  ; equals
SF 5p (see also Egs. (8.45)).

Then, in view of Eq. (8.46), we see that if Eq. (8.45b) yields a conservation law for each sym-
metry of F , it is expected that Eq. (8.45a) will do too ('!). Although the two variations have a
different structure (one is a bulk term and the other a boundary one; see also Section 8.4), Eq.
(8.46) implies that they carry the same information (due to the invariance of the functional).

Indeed, it is a proposition of the author that working with Eq. (8.45a), one can equally well
derive the conservation laws that correspond to the invariances of the functional.

Proposition 8.1 [ Weak Formulation of the E-L equations of motion]
Suppose that the functional (8.1),

Qr[q(.,.)] :ftlfF(q(x,t),@,q(x,t),ajq(x,t))dth,
"y

is invariant under the family of continuous transformations (8.9), that is, Egs. (8.9a,b,c) define
a symmetry of the functional.

Then, the identity

t 3 _
f f a—F—Zia—F—ia—F Sq(x,t)dV dt =0, (8.47)
e 0q jzlaxj 0,9 0t0,.q
where the variations 0 q (x,1)

5q(x.t) = 5q—%5t—(5x-vm(x,r),

are taken along this symmetry, leads to invariant quantities (conservation laws), along the ex-
tremals of F . L

It is worthwhile to comment on the content of the above proposition. If the variation 5 q(x,t)

is considered arbitrary, then Eq. (8.47) provides us with the Euler-Lagrange equations, that is,
the complete information associated with the critical-point condition of the functional. Now, if

the variation & g (x,¢) is taken along the specific direction (¢, ¢ ;) (see Egs. (8.9)) in the
«extended phase space» (with points (¢, x, ), it is natural to expect that Eq. (8.47) will provide

(*!) Note that prior acquiring Eq. (8.46), which is exactly the same as Eq. (8.44), and has its grounds solely on the
invariance of the functional, one could not interrelate the two approaches.
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us with some restricted amount of information associated with the critical-point condition of the
functional. This more specific (restricted) information happens to be a conservation law, as far
as the direction (¢, ;,y,) leaves the functional invariant. Of course, this is not (couldn’t be)

an intuitive conclusion; it is the result of the technical manipulations performed with that general
variation formula presented in Theorem 8.1.

At this point though, it is essential to clarify one point. Eq. (8.45a), which is also the resulting
condition of Proposition 8.1, was initially obtained by solely using the fact that the field function
q satisfies the E-L equations of motion. Therefore, one could argue that invariance of the latter

would suffice to render Eq. (8.45a) another way to derive conservation laws. Although this
could be the case, equivalence with Noether’s theorem would then be erroneous. The reason for
this lies on the fact that invariances of the E-L equations of motion may give rise to conservation
laws that are not associated with symmetries of the functional, or inversely, there may be invar-
iances of the equations of motion that do not lead to conservation laws. The reader who wishes
to delve deeper into the subject is urged to study for instance the works of (Barut, 1966), (Den-
man, 1966), (Boyer, 1967) and (Doughty, 2018). It is therefore essential to highlight that, Eq.
(8.46), and thus, the Weak Formulation, have their grounds entirely on Eq. (8.45), which con-
cerns the invariance of the functional and the assumption that we work on extremals. It should
be clear that it is this equation that permits us, in first place, to properly interrelate the two
approaches (see Figure 8.2).

More than this, the following fact is quite surprising: If one finds symmetries of the functional,
the Weak Formulation of the equations of motion can provide us with conservation laws that
govern the considered mechanical system. Note though, that the same conservation laws can be
derived using the Strong Formulation of the equations of motion. So, we can actually go from
a weak formulation to a strong one. This will be better exemplified in Chapters 9 and 10.

/ Noether's Theorem

Invariance of 4 Fields satisfy

the Functional E — L equations Conservation Laws

7

Figure 8.2: Schematic illustration of the equivalence of the two approaches.

Weak Formulation

Lastly, Weak Formulation possesses another interesting aspect. We start with a reference to
(Vujanovic, 1978), where Noether’s theorem is derived by the Lagrangian formalism of
d’ Alembert’s principle of virtual work, which is a differential principle. Vujanovic departs from
the standard integral approach of investigating the invariance of the functional under a family
of transformations. Rather, he offers an alternative condition that the Lagrangian density func-
tion and the variations must satisfy (see Eq. (22) in (Vujanovic, 1978)), so that conservation
laws result ('?). This idea seems to first be encountered in (Webster, 1969), who, invoking D’
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Alembert’s principle of virtual work and doing a specific choice of virtual displacements, ob-
tained the principle of conservation of energy. (Bahar & Kwatny, 1987) generalize the work of
(Vujanovic, 1978) to constrained systems. They argue that such approaches, which deviate from
the integral formulation of Noether’s theorem, are better understood from the engineering com-
munity which is not familiar with the concept of infinitesimal transformations. However, these
methods actually lack the interpretation of the conditions that lead to Noether’s current (see Eq.
(22) in (Vujanovic, 1978), and Eq.(21) in (Bahar & Kwatny, 1987)); they appear as a testing
that is most suitable in simple applications. Furthermore, in the works mentioned, D” Alembert’s
principle of virtual work is merely used as a starting point to obtain an alternate condition, which
if satisfied, provides us with Noether’s current. Clearly, Proposition 8.1 goes far beyond that.
In any case, we realize that the interrelation of Noether’s theorem with the equations of motion
has been somehow explored in the literature (in the differential approach), and thus, the Weak
Formulation can be seen as the integral analogue of it.

Hence, it should be (again) stressed out that, the main scope of Proposition 8.1, and what actu-
ally makes it unique, is to establish another systematic way, apparently equivalent to Noether’s
Theorem, to be used directly to extract conservation laws. But now, the first question comes
into play:

When is the Weak Formulation, Eq. (8.45a), a more efficient approach, compared to No-
ether’s Theorem, Eq. (8.45b), to find conservation laws corresponding to symmetries of the
functional?

The answer to this question is not clear or easy, and by no means unique. The generality of the
forms of 5 ¥, and 5 F 5, Egs. (8.38), along with the wide variety of physical problems on

which this theory can be applied render difficult a possible answer. However, the author will
attempt to give a deeper insight on this question in Section 8.6 and Chapter 9.

(*2) The careful reader will realize that to prove his assertion, (Vujanovic, 1978) follows the inverse procedure of
that presented in Subsection 8.3.3 (in its differential form) regarding the differentiations in parts.
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8.6. Subtleties and Limitations

This Section is devoted to the presentation of the subtleties and limitations that either Noether’s
Theorem, Weak Formulation or both possess. Our objective is to briefly discuss some of them,
with reference to the corresponding works or specific examples.

8.6.1. Dependence on the Lagrangian Formalism

Both Noether’s Theorem and the Weak Formulation require a functional to be defined, that is,
the mechanical system under consideration must have a Lagrangian density for the theorems to
apply. (Wigner, 1954) pointed out this limitation of Noether’s Theorem by giving an example
of a dynamical system not amenable to a Lagrangian formulation. He found time translation and
rotation symmetries, but no conservation law corresponding to them. As (Brown & Holland,
2004) remark, several attempts have been made to investigate the association of symmetries and
conservation principles without invoking neither a Lagrangian nor a Hamiltonian structure. Sig-
nificant work has been made for instance by (Takahashi & Umezawa, 1964), (Lurie et al., 1966),
(Takahashi, 1968) and (Hojman, 1992) ('3).

8.6.2. Dependence on the Choice of the Lagrangian Function

Having established Noether’s Theorem and Weak Formulation, we realize that they both depend
strongly on the form of the Lagrangian density F , since invariance of the functional is a pre-
requisite for both. But as (Goldstein et al., 1980) points out, we may use any (appropriate) ex-
pression for F that leads (upon variations) to the desired field equations, even if the chosen
Lagrangian density cannot be deduced by reference to any underlying mechanical system ('4).
In other words, a mechanical system may be modeled by multiple Lagrangian densities, which
differ by more than a divergence term. Then, the corresponding functionals may possess differ-
ent sets of symmetries (some may not have symmetries at all), which may subsequently lead to
either the same or to different conservation laws. (Morandi et al., 1990) provide the example of
the two-dimensional harmonic oscillator, which can be described with two Lagrangian densities
differing by more than a divergence term. The functionals associated with them have different
symmetries, however, by Noether’s Theorem, the same conservation law is obtained. This sub-
sequently implies that time translations, space translations and rotations do not always result in
the conservation of energy, linear momentum and angular momentum respectively. Several ex-
amples of this can be found for instance in (Santilli, 1982) and (Ryder, 1996).

(**) The reader who wishes to explore further the concept of the so-called non-Lagrangian theories in conjunction
with symmetry and conservation is strongly urged to study the works of Hojman.

(**) This more general point of view is clearly described by (Goldstein et al., 1980). The relevant exact from Gold-
stein’s book is given below:

«Within this larger context, the Lagrangian density need not be given as the difference of a kinetic and
potential energy density. Instead, we may use any expression for L that leads to the desired field equa-
tions. Thus, we have seen that a Lagrangian density for the sound field, Eq. (12-24), is given naturally in
terms of the vector displacement # . But we also noted that the field can also be described in terms of a
scalar o, the fractional change in gas density. The wave equation in terms of o can be derived from a
Lagrangian density given by Eq. (12-30), which is not the same as Eq. (12-24), and which cannot be de-
duced by reference to any underlying mechanical system. It leads to the correct field equation, and that
is all that is desired. »
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8.6.3. Dependence on Boundary Assumptions

The subtlety presented here concerns mainly Noether’s Theorem. Recall first that, if invariance
of the functional is secured, and if the E-L equations of motion are satisfied, Noether’s Theorem
provides us with the integral form of a conservation law, for each symmetry (Theorem 8.4).
However, it seems that not all of the resulting conservation principles are meaningful [(Blaker
& Tavel, 1974; Santilli, 1982; Smith, 2008)] (**)! To be more precise, the integral of motion
obtained has the form (8.43), that is,

IR
o ot
v

dV dt +
0

F5t+8—F§q(x,t)
q
t

(8.48)

3

S [

0 aV j=1

n,dSdt =0

Féx, +8—Fé_’q(x,t)
J,q

In the theory of fields, Noether’s Theorem, in most cases, makes the assumption that the varia-
tions vanish at the spatial boundary (see e.g., (Gelfand & Fomin, 1964; Browne, 2011)), which
allows Eq. (8.48) to be reduced to

t t

[ Sarac=["[

t 8t t at
V V

0

F5t+§—F5q(x,z)

4

dvdt =0, (8.49)

The quantity 0 I/ 0t in Eq. (8.49) is the so-called conserved Noether charge [(Brading &

Brown, 2000)]. It is given this special name to distinguish with the other integrated terms in Eq.
(8.48). Now if we drop this assumption concerning the boundary, which should be done for
instance in the case of free surface flows, we may not be able to obtain a conserved charge
[(Brading & Brown, 2000; Brown & Holland, 2004)], thus, rendering the derivation of a mean-
ingful conservation law more difficult (see also Chapter 9). Is then the Weak Formulation,
which does not carry information on the boundary, a more suitable method to acquire the con-
servation principles that govern our mechanical system?

Something can be said to this point, based on certain observations made in Sections 8.3-8.5.
When working with the Weak Formulation approach, Eq. (8.45a), the integrand contains the E-
L equations of motion. Since for the complete description of the mechanical system one has to
consider the dynamical equations of motion, as well as the boundary conditions (see also Chap-
ter 7), Eq. (8.45a) seems to carry less information than that needed. On the other hand, in No-
ether’s approach, Eq. (8.45b), the integrand contains not only the variations dealing with a
change in the boundary region, but also certain terms related to variations taken at an unvaried
region (see Section 8.4). But the conservation law results due to the variation on the boundary
region (otherwise the problem degenerates to Hamilton’s principle). Therefore, one can tell that
Eq. (8.45b) carries redundant information, compared to what is necessary. The truth is though,
that both Noether’s Theorem and the Weak Formulation contain the same information for the
problem (see Eq. (8.46) and the proof of Theorem 8.1); it is just a matter of grouping of terms
that can render one or the other a more suitable method of deriving conservation laws (1¢). This
will also be evidenced in Subsection 8.6.5 and Chapter 9.

(%) By a meaningful conservation law, we mean a conservation law that possesses a physical interpretation for the
considered mechanical system, and not merely an integral form of a quantity.

(*%) This point is better exemplified by the structure of this grouping. In Noether’s Theorem variations are differ-
entiated, with respect both to time and space. On the other hand, in the Weak Formulation variations are simply
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8.6.4. Noether’s Theorem coinciding with the E-L equations

In the literature, it has been frequently inspected that Noether’s Theorem coincides with the E-
L equations of motion, rendering the former trivial. For instance, (Olver, 1993) makes such an
observation in the context of electrostatics, by considering a time translation, while (Brown &
Holland, 2004) comment this by giving examples of translations in quantum mechanics and
electromagnetism (!7). This is mentioned not as a drawback of Noether’s approach, but rather,
to further clarify the intuition behind the interrelation between the two approaches presented.

8.6.5. An example from fluid dynamics. Conservation of Energy

To close this Section, we briefly present an example from fluid dynamics. Using both methods
(Noether’s approach and the Weak Formulation), we investigate the conservation law that cor-
responds to a time-translation symmetry. To do so, let us consider the Primitive Action Func-
tional, described in Section 7.3, which reads

Sy [x(-

)] =
S

y (@)

S ¥ @0 — E(p[x@n]) = P(x(@.n) | p(a,) JdV@ar,

(8.50)
where the density field p(a,t) = p [ x(a,t )] is defined through the position field by means

of the formula (conservation of mass)

pla,ty) . po(a)
J(Bx/@a) B J(Bx/@a)'

plat) = plx(a,t)] = (8.51)

Now, we make a time translation, that is, we conduct the following infinitesimal transformations

[ =t+e,6€(—€y,60)> (8.52a)
a =a;, j=12,3, (8.52b)
% (a,f) = x;(a,t),i=1,2,3. (8.52¢)

According to transformation (8.52), and using Egs. (8.12) and (8.16), the corresponding varia-
tions shape

ot = ¢, (8.53a)

oa =0, (8.53b)
Eq.(8.16b) _

ox =0 <«<— ox(a,t) =—x(a,t)e. (8.53¢)

multiplied by the E-L equations of motion. In simple symmetries (e.g., translations and rotations), Noether’s The-
orem is expected to yield the corresponding conservation laws easier, since the terms involved are greatly simpli-
fied. But when it comes to symmetries which possess a more complex form (see e.g., Chapter 9), differentiating
the variations may become a cumbersome process. It is in those transformations that the Weak Formulation mostly
enjoys the elegance in the derivation of invariant quantities.

(*7) In (Brown & Holland, 2004, Section 5), where quasi-invariance is examined, they observe that the coincidence
of Noether’s current with the equations of motion does not hold. This is expected, and the reader should be careful
in that the conclusions drawn in this Chapter concern the invariance of the functional, in the sense of Definition
8.1.
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Now based on Egs. (8.52), we are able to investigate the transformation of the quantities in-
volved in Eq. (8.50). Concerning now the fluid parcel’s velocity, x (a,z), we use Eq. (8.52¢),
and by doing chain rule, we write

Ox;(a,t)Ee(855090%, (a,f) 0X,(a,i) 97

. (a,t) = — R =
*i(a.1) ot ot ot ot

Eq.8550) X, (a,f) . .
- ot = x;(a,t),i=12,3,

(8.54)

and thus, x (a,t) remains invariant under transformation (8.52).

As explained in Section 7.3, the mass density p (a,?) is defined as a field dependent on the
position vector x (a,t) (see also Eq. (8.51)) and thus, variation of the latter induces a specific
variation (transformation) of the former. In fact, we have

i po(a) B po(a)
plai) = plx(a,i)] = J(0%/9a)  J(0x/da

= plx(a,0)] = p(a,t),

(8.55)

since the elements of the Jacobian remain unaltered by the transformation (8.52) (direct conse-
quence of the definition of the Jacobian). That is, p (a,¢) is invariant under transformation
(8.52).

Now we are in position to prove that the functional (8.50) is invariant under the transformation
(8.52), as seen below

= %fcz(a,f)—E(f)[fc(a,f)])_f’(fc(a,f))][)(a,f)J @]dw")df =
a
lNo V(a)

Eq. (8.54) ' 1. 9 ) o7
Eﬁss(,)fﬁ[” 5xz(a,t)—E(p[x(a,t)])—P(x(a,t))]p(a,t)] 8—;‘]411/( )8—261: -
Eq. (8.52a) gy 1 2

= —x (a,t)—E(p[x(a,t)])—P(x(a,t))]p(a,t)]dV(")dt =

J L1

def

= S’Primit [x(’a')]-
(8.56)

We shall now proceed to find out the conservation law induced by this time-translation invari-
ance (symmetry), using both Noether’s Theorem and the Weak Formulation. To highlight the
difference in the two derivations, both approaches are presented in detail.
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- Noether’s Theorem

Having established the invariance of the functional (8.50) (see Eq. (8.56)), and assuming that
the position field x(a,t) satisfies the E-L equations of motion, we apply Noether’s Theorem,

and obtain

S

y (@)

3

oL 9
[L §t+8—§x(a t)] ;5

=JJ

y (@)

oL,
—LS5x(a,)||dVWdt =0 —

8x

) oL, N 9
B B S
8t[ Y x] Z@a

0L,
0;x

dvWds =0,

(8.57)
where Egs. (8.53) have been invoked to eliminate the variations ¢ and 0 x(a,?).

Using now Egs. (7.17) and (7.30), the first term appearing in the integral of Eq. (8.57) shapes

0 P . 0 1
el tr e T )] at[ ¥ X ]p
Eq. (8.51) 9 (1 o (1 .
= — E—x +E+P]:_p08t_x +E]—p0gX3,

(8.58a)

where in the last line, the form for the external potential energy, P = g x,, has been substi-
tuted.

As for the second term in the integral of Eq. (8.57), we use identity (3.17) and Eq. (7.34), and

thus, have
N 9
Zaaj ;/Z@a [ (0, x) "] a
o(px;) 0oJ
_ZZ da, 9(9;x,)

j=1
i=1j =1

(8.58b)

Inserting Egs. (8.58) into Eq. (8.57), we obtain

ff —x +E]po+zza(px) 6"]x')+pog563

y (@) i=rj=1 ’

dv'9dt =0,

which, under the assumption that the time interval [¢,,¢, ] is arbitrary (see Subsection 7.3.1),

becomes
f 9L s +E]po+pogx3+zza(px") 0J  lay@ —o.  (8.5%)
S atl 2 — T da; 0(0;x;)
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Eq. (8.59) is in fact the integral form of conservation of energy, as evidenced by Eq. (3.34).
Now assuming that the fields involved are sufficiently smooth, we take the limit of a small

volume element dv‘“) as it shrinks to zero. Then, Eq. (8.59a) shapes

1 d(px;) 0oJ
- X —|—E]p + Py g X3 + =0, (8.59b)
2 0 ree s ZZ da, 0(0;x,)

i=1j=1

0

ot

which is the differential form of conservation of energy, namely Eq. (3.35). Consequently, the
time translation symmetry (8.53) corresponds to the law of conservation of energy, Eq. (8.59).

- Weak Formulation

We will now attempt to derive the same conservation principle via the Weak Formulation. By
Proposition 8.1, along the extremals, it holds that

a OL, @9 OL,|—
— Sx(a,t)dV@dt =0 «<—
f f ax ox 019,x 0 @Y
y@ , (8.60)
<:>f f[po(x'+vx1>)+[J V,p|lxdv®dt =0,
@

where Eqgs. (7.21) and (8.53) have been inserted.

To avoid lengthy relations, we treat the terms in the integrand of Eq. (8.60) separately. More
precisely, we first observe that

0

: 8.61
B (8.61)

po(éc'—FVxP)x:pl ]+gx3

where again the form P = g x, was employed.

In addition, regarding the second term in the integral of Eq. (8.61), we use the geometric mate-
rial of Section 2.3, and write

([ vp)x_zzaa 6(6x)xi:

i=1j

a(px) 8J o~ 9%, 9J
_ZZ a(ajxi)_;;p da. 9(0 .x,)

i=1j=1

(8.62)

The second equality made use of the identity (3.17).

To further treat the second sum appearing above, we invoke formula (2.28), along with the
relation (1.3). Then, it holds that

LGN 0%, 9y 23 G 8x da,
Z P Z N
-~ da, 99 ,x,) 8a ox;

i=1j= i=1j=1
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Eq.(1.3) u;
= ZPJ— — pJIV,u=p L, (863
where in the last line, Euler’s Identity was invoked (see Appendix A, Supp. 1).

Now, the quantity d J/d ¢, can be calculated by differentiating in time the constraint of con-
servation of mass, Eq. (8.51). It is straightforward that

dJ dJ LJ Ee@®Sh g . Po

J+p—=0 &= — = —p— &= — = —p—-. 8.64
p P P pp 11 sz (8.64)

Hence, combining Egs. (8.63) and (8.64), the former becomes

3
ox,; OE 0 OE

P . Y
L 5 = — - = —, 8.65
Zzpﬁa 8(8 x) = Po pzp Po 9p 01 Po EY ( )

i=1j =
with Eq. (7.11), thatis, DE/d p = p/p*, being used.

Finally, combining Egs. (8.61), (8.62) and (8.65), it is easily seen that Eq. (8.65) provides us
with the same conservation law that Noether’s Theorem did (as expected), namely conservation
of energy.

Although this is merely an example, it illustrates that, there may be instances (especially in
simple transformations), where Noether’s Theorem is a more straightforward method to derive
conservation laws. Indeed, Weak Formulation required many intermediate steps (Egs. (8.63),
(8.64)), thus rendering the whole derivation more complicated. However, this is not always the
case. In Chapter 9 we elaborate on a symmetry encountered in fluid dynamics, for which the
Weak Formulation seems to be the most suitable path of work!
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Chapter 9

Cauchy’s Invariant Equations from Particle Relabeling
Symmetry

9.1. Introduction

In 1967, William A. Newcomb, a theoretical physicist, noticed a continuous symmetry of the
Lagrangian labels of fluid elements, which he called “exchange invariance” [(Newcomb,
1967)]. Considering an incompressible ideal fluid, Newcomb observed that the action is pre-
served if the original labels are replaced by new ones, provided that this mapping is volume-
preserving. Using Noether’s First Theorem, he then obtained new invariants. This continuous
symmetry is now called “particle relabeling symmetry”, and these invariants have been identi-
fied with the Cauchy’s invariants equations many years later (see (Frisch & Villone, 2014)).
Hence, it seems that Noether’s work led to the rebirth of Cauchy’s invariants at the very end of
the 20™ century and the beginning of the 21%, without though Cauchy being named.

Before Newcomb, few works had been documented concerning the invariance of fluid mechan-
ics. (Eckart, 1960) examined parallel displacements in time and labels, and using the energy-
momentum tensor, he derived the circulation theorem and obtained the Cauchy invariants equa-
tions. Although he did not notice the connection with the particle relabeling symmetry, in 1963
Eckart states that «The general theorems just mentioned are also consequences of this invari-
ance (meaning volume-preserving transformation of labels), a fact that does not seem to have
been noted before» [(Eckart, 1963)]. (Calkin, 1963) applied Noether’s Theorem in the context
of hydrodynamics and magnetohydrodynamics, and obtained various known conserved quanti-
ties, none of which being Cauchy’s invariant equations though. It seems that it was (Ertel, 1965)
who first related formally the invariance of fluid mechanical objects with unimodular transfor-
mations of the labeling coordinates, specializing the latter to represent particle positions at the
initial time.

After Newcomb, numerous conservation laws were linked to the particle relabeling symmetry.
(Bretherton, 1970) argued that equivalent fluid parcels (particles of the same mass, momentum
and energy) can be interchanged without altering the dynamics of the fluid flow, and then re-
covered the Circulation Theorem directly. His approach is less favorable than that of others in
that the latter, Cauchy’s invariant equations are derived first, and then the Circulation Theorem
(and other vorticity theorems) results. (Ripa, 1981) obtained Ertel’s PVT for incompressible
stratified fluids, although he considered another Lagrangian symmetry. (Salmon, 1982, 1988)
considers the most general transformation of labels, which he chooses to be time-dependent,
and recovers Ertel’s PVT, Circulation Theorem, and Conservation of Helicity. Ertel’s PVT and
the relabeling symmetry has also been investigated in the context of oceanic flows in (Miiller,
1995), who makes use of Noether’s Theorem for a compressible fluid in a rotating frame of
reference. The same year, (Yahalom, 1995) derives Conservation of Helicity for an ideal ba-
rotropic fluid by considering a translation group in the label space represented by the Lynden-
Bell and Katz labeling, while (Albert, 1997) calculates the general generator of the particle re-
labeling symmetry using the computer algebraic system REDUCE. (Padhye & Morrison, 1996a,
1996b) and (Padhye, 1998) find Lagrangian symmetries for hydrodynamics and MHD, which
result in conservation of potential vorticity and of cross helicity, respectively. In addition to the
usual derivation via Noether’s First Theorem, use of Noether’s Second Theorem is also made
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to explore an infinite parameter continuous relabeling symmetry. In this case, generalized Bian-
chi identities are obtained, which in the context of hydrodynamics recover Ertel’s PVT, if one
assumes that the Euler-Lagrange equations of motion are satisfied. (Névir, 2004) investigates
both the barotropic and the baroclinic case, for which the relabeling symmetry is parametrized
by one and two arbitrary functions respectively. Then, via Noether’s First Theorem, he derives
conservation of helicity (barotropic case) and conservation of enstrophy (baroclinic case). In
addition, Nevir expresses the relabeling symmetry in the Eulerian description, and relates it to
the well-known groups of translation and rotation. (Kambe, 2009) interprets relabeling as a per-
mutation of fluid parcels with equal masses, and thus, considers relabeling as a time-dependent
transformation. Kambe then derives both Beltrami’s vorticity equation and the Circulation The-
orem. More recently, (Webb & Mace, 2014; Webb, 2018) used Noether’s First and Second
Theorem (in the latter, the version with Lagrange multipliers is applied) in MHD and gas dy-
namics, and obtained Ertel’s PVT, conservation of helicity and cross helicity.

In the existing literature though, it seems that assumptions both for the fluid properties and the
boundary are made, restricting, thus, (unnecessarily) the class of flows considered. The aim of
this Chapter is to explore the particle relabeling symmetry in the most general case, where no
simplifications or assumptions are invoked. Both Noether’s First Theorem and the Weak For-
mulation approach are employed to obtain the corresponding conservation law, and a compara-
tive analysis of the two methods is drawn.
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9.2. Particle Relabeling

This Section is dedicated to the presentation of the concept of particle relabeling, along with
various aspects of it. First, a general description of the relabeling is given, and then, a special
class of relabeling transformations is investigated.

9.2.1. General Setup

As has been extensively discussed in Chapter 2, under plausible (although not always valid)
flow regularity hypotheses, we can assume that, at each time 7 , there exists a bi-diffeomorphism

G i W@ — Y™ = &y,

V() s x = G,(a), ac W, (9.1a)
with inverse G, ' : V) (1) — W@,

W@ sa=G, (x), x V™), (9.1b)
where x is the current position, at time ¢, of the fluid parcel labeled with a at a time 7. We
can think of @ as an index (label) identifying the material particles of the fluid (fluid parcels).

We say that the mapping (9.1) defines a labeling of fluid parcels.

A relabeling is defined by means of another (different from G, ) bi-diffeomorphism ()
G e W@ — Y™ — &y,

v () s =G, (a), aew?, (9.22)
with inverse G, ' : V) (1) — w @
w5 a=G"(x), xev®(@), (9.2b)

where the fields x (e,¢) and x (e,+), at any time ¢ > ¢, belong to the same (invariant) phys-

ical space ¥ *) and are related by the equation

x, =x(a,t) =x,(a,t), i =1,2,3. (9.2¢)

1

(}) Note that the notation x is used to account for the different functional dependence of the field x (-,-) under
the transformation of the labels. To clarify this point, consider the transformation from cartesian (x, y) to polar

(7, @) coordinates, namely
x =rcosf, and y = rsind.
Then, if we set the functions f, and f, to be
fi(x,y) = x, and f,(x,y) =y,

we can set the functions f , and f , to have the same value, but a different functional dependence, that is,

J;l(”,é’) = rcosd = f, (rcosé,rsind),
and
7, (r.0) = rsin@ = £, (r cosd, rsind).
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Eq. (9.3) expresses the physical fact that, the components of the position vector x = x(a,?)
of the particle designated by a, are invariant with respect to particle relabeling, as far as two
different labels, a and a, refer to one and the same parcel (solely the functional dependence of
the position field alters). Observe that each component of x transforms as a scalar, which means
that the components collectively do not transform as a vector [(Padhye, 1998, p.33)].

Note also, that the invariance of the physical space ¥ *) under the relabeling, Eq. (9.2¢c), per-
mits us to express the volume element d ¥ ) in terms of the volume elements d W “) and

dW @ as follows (%)
dV S = J(a,t)dw® = J(a,t)dw®. 9.3)

Expression (9.3) is a fundamental relation, since it provides us with a formula that associates
the initial and transformed volume elements in the labeling spaces. It will be crucial for our
subsequent analysis.

Now as has already been discussed in Chapter 1, we may intuitively choose the label a to be
the particle’s initial position x,, thatis, x, = x(a,?,) = a.Now, since in general @ = a ,

we see that there is a freedom as to what the label expresses, and thus, we can choose it to be
something other than the initial position of the particle. This is nothing else but the relabeling
we study. Of course, even if we start from an arbitrary labeling a, for which

x, = x(a,t,) = f(a), we can always transform to a labeling a ", which is the initial po-

sition, by simply setting @ = f (a) [(Holland, 2012)].

NB! In this context, we initially (°) depart from the standard assumption made throughout the
rest of this work, that labels a are the fluid parcel’s positions at the time ¢, . The reason for this
lies on the fact that, in our analysis, we investigate a variation in labels, the so-called relabeling,
and thus, one should not a priori assign them to a particular physical meaning, but only a pos-
teriori. Hence, we shall use a different notation from what has been used in the other sections,
and denote the fluid domain in the labeling space by # “) in place of the previously used ¥ “.
In fact, it holds that (see also (Bennett, 2006, p.17))

AV = J(a,ty) dw' . ©4)
\_Y_J ;V_J
volume Jacobian volume
element in determinant element in
y @ _ space attime t W@ — space

The relabeling with which we are concerned here, is analytically described by the following
infinitesimal transformation

t=t, a=a(a,t)=a+da(a,t), (9.5a,b)

where 5a = Sa(a,t) is an infinitesimal change in labels @ € W ).

() In this context, the Jacobian determinant J will be denoted with J (@, ¢) to give prominence to its implicit
dependence on time and its explicit dependence on labels. We should not undermine however the fact that, J
contains the partial derivatives O X and thus, transformation of the labels @ or/and of the position field

19

x (a,t) induces specific transformation rules for the Jacobian determinant.

(%) This is only the case when variations of labels take place. Then, we can return to the standard assumption.
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We are now able to delve deeper into the interpretation of the particle relabeling. In our work,
we start by considering a specific particle labeled with a at a time 7. At the same time, we
relabel the particle, that is, we change the label identifying it from a to a. We still refer to the
one and the same particle, however we alter the index with which we describe it (*). This is
illustrated in the Figure 9.1 (°). It is important to understand that the path of the fluid particle is
unaffected by the relabeling; the particle merely possesses a different label for us to pinpoint it.

labeled with a

AN

ly

relabeled with a

AN

ly

Figure 9.1: The path of a fluid particle labeled with a and relabeled with a at a time ¢.

9.2.2. A Volume-Preserving Relabeling

Concerning the relabeling (9.5), we shall not consider general transformations of the labels a .
Rather, we confine ourselves to a special class of them, namely the volume-preserving ones. A
volume-preserving transformation ¢ — a (a) is characterized by the unity of the Jacobian

(see also Appendix B1, Supp. 9), and thus, it holds that [(Kambe, 2009)]

o(a) 0(ay,a,,a;) |

d(a) 0(a,,a,,ay) (9.6)

The name «volume-preserving» stems from the fact that, the infinitesimal volumes are invariant
under relabeling. This is better evidenced by applying the geometrical results of Section 2.5, for
which

d(a) . Eq.(9.

6) .
aw'® = = dw®, 9.7)

Condition (9.6) restricts the family of transformations we consider in the relabeling (e.g., rota-
tional transformations and translations do satisty Eq. (9.6)). It is a condition that we impose,
and the reason for this restriction in the class of transformations (9.5) will become clear later on

).

(*) This is the analogue of the passive view encountered in canonical transformations (see e.g., (Goldstein et al.,
2001)).

(%) Note that relabeling can also be viewed differently. For instance, (Kambe, 2009) interprets relabeling by replac-
ing equivalent particles, that is, particles with the same mass, density and entropy. Then, a fluid particle labeled
with @ at ¢+ = ¢ moves to a new position, where the particle labeled with @ at + = ¢ occupied before.

(®) In the works dealing with the PRS though, the condition for unimodularity is encountered as a prerequisite for
the invariance of the action functional. However, the author does not adopt this approach (see Subsection 9.3.2),
and the interested reader is urged to study Appendix B2, Supp. 12, where discussion on this discordance is made.
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Now for the infinitesimal transformation (9.5), condition (9.6) implies that (see Appendix B1,

Supp. 9)
V,-da(a) =0, (9.8)

The above result entails that the vector field da(a) is divergence-free, and therefore, can be
represented as [(Kambe, 2009; Salmon, 1982)] (")

Sa(a) = V,x5R(a), (9.9)

where SR(-) € C* ( w @ ) is an arbitrary vector field.

(") Note that representation (9.9) is not the only possible. One, for instance, could use the ensuing representation

oa(a) = V_ O6R (a)xV R, (a),

where 6R,,R,(-) € C : ( w ) are arbitrary scalar functions. This representation involves two arbitrary scalar

functions rather than an arbitrary vector one, as that of Eq. (9.9). This type of representation seems to be mostly
encountered in the case of baroclinic flows (6@ = V J R, x V ). Itarises asa consequence of the invariance

of entropy, which must be secured in order for the functional to be invariant [(Bretherton, 1970; Padhye, 1998;
Névir, 2004)] employs this type of representation in the case of barotropic flows too. However, in this thesis,
without loss of generality, we choose to work with representation (9.9).
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9.3. Particle Relabeling Symmetry for the Primitive Variational Principle

In this Section, with the general problem of Section 7.3 as a starting point, we formulate the
particle relabeling symmetry for the Primitive Action Functional. Then, both the Weak Formu-
lation and Noether’s Theorem will be employed to derive the corresponding conservation law.

In view of the discussion made in Section 9.2, the Primitive Action Functional, defined in Sec-
tion 7.3 (see also (Bennett, 2006)) reads

S, = S, [x(+,)] :fllf Lp(x(a,t),%(a,t),0,x(a,t))dW' dt =

W (@)

%xz(“’t)_E(P[x(aaf)])—P(x(a,l‘))]p(a,t)J(a,t)dW(")dt,

(9.10)

where the density field p (a,t) = p [ x(a,t) ] is defined in terms of the position field by means
of the formula (conservation of mass) [(Bennett, 2006)] (%)

J(a,t,)

P(aaf)EP[x(aaf)]:Po(“)m- (9.11)

We stress again that the functional (9.10) is considered as a functional over the position field
x(a,t) only, and that Eq. (9.11) defines the density p (a,?) as a field dependent on the field

x(a,t).

9.3.1. Consequences of Particle Relabeling

Now, based on the discussion made in Subsection 9.2.1, we explore the consequences of the
particle relabeling transformation

[ =t, (9.12a)
a =a(a,t) =a+oa(a,t), (9.12b)
x, =X;(a,t) =x,(a,t),i =1,2,3, (9.12¢)

which the Primitive Action Functional (9.10) undergoes.

Velocity Invariance: The components of the velocity vector x = x(a,t) of the particle des-
ignated by a, are invariant with respect to particle relabeling, as far as two different labels, a
and a, refer to one and the same parcel, that is, at any time ¢ > ¢, we have

x(a,t) = x,(a,t), i =123, (9.13)

(®) Recall that the total mass d m (@) of a particle is conserved, and thus, it holds that

dm(a) = p,(a)J (a,t,)dW'” = p(a,t)J(a,t)dW"
\—_W_—J \_ﬂ_-/

volume volume

element in element in

a — space X — space
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Eq. (9.13) is a direct consequence of Eq. (9.2¢). Indeed, since the physical space ¥ * ) is invar-
iant under the relabeling, the velocity of a fluid parcel does not change and thus, it holds that

x.(a,t) = u,(x,t), forx=3x(a,r), (9.14a)
and

x (a,t) =u,(x,t), forx=x(a,t). (9.14b)
However, according to transformation (9.12), the velocity fields are, in general, related as below

Ox, (a,t) Es01) d5. (d(a,t),t)

X . 1) = =
xl(a ) ot dt
chain rule a)"él(&',t) 3 afél(&’t) 3ﬁj(a,l‘)
" 4 = 9.15
. 0 t) 0 t
= X, ﬁt)—l—ZX(a) aa(f)
j=1

A sufficient, but by no means necessary, condition for securing the velocity invariance (9.13),
is to choose the particle relabeling to be time-independent, that is, to impose the condition
[(Padhye & Morrison, 1996b; Névir, 2004; Holland, 2012)]

da(a,t) 0 Eg.0120) 9 Sa(a,t)

= =0 Sa =36 . 9.16
5 Y = Ja a(a) (9.16)

Condition (9.16) underlines the fact that, relabeling of a particle can be done equally well at any
time ¢ (see also (Bennett, 2006, p.8)). This is anticipated based on the discussion made for the
interpretation of the relabeling in Subsection 9.2.1.

Density Invariance: The density field p = p (a,t) of the particle designated by a , is invar-
iant with respect to particle relabeling, as far as two different labels, « and a, refer to one and
the same parcel, that is, at any time ¢ > ¢,

p(a,t) = pla,t). (9.17)

Eq. (9.17) again results from Eq. (9.2¢). The invariance of the physical space V™) with respect
to relabeling, implies that the density of a fluid parcel does not change. Therefore, we have that

pla,t)y = p(x,t), forx=x(a,t), (9.18a)
and
pla,t) = p(x,t), forx=x(a,t). (9.18b)

Since the fluid density is a field dependent on the position field, transformation of the latter
induces specific transformation rules for the former. Therefore, working as in the case of veloc-
ity invariance, we have to examine if any conditions result. Using conservation of mass (9.11),
Eq. (9.18) gives us

J(a.t,) J(a,ty)

pla,t) = p(a,t) < p, (&)m = py(a) J(a.0) po(a) = p,(a),

which is true by Eq. (9.13) at ¢ = ¢,.
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To obtain the last equality in the above equation, we used the following formula

_ Ox Ee0O29) 9% 0x Oa
Ja,t) = — = —=—— .

Oa Oa oa Oa Oa
Hence, invariance of fluid density does not result in further conditions on the relabeling (°).

9.3.2. Invariance of the Primitive Action Functional

We are now in position to examine the invariance of the Primitive Action Functional under the
relabeling transformation (9.12). Employing the notation of Subsection 9.3.1, we formulate the
pertinent theorem below.

Theorem 9.1 [Invariance of the PVP |

Consider the action functional (9.10),

Sp[x(.,.)] =

(a)

:ftlf [%xz(a’t)_E(p[x(aat)])_P(x(a,t)) p(a,l‘)J(a,t)dW(a)dt,
s

where the density field p(a,t) = p [ x(a,t) ] is defined in terms of the motion field x(a,?)
via the conservation of mass (9.11),

J(a,ty)
pla,t) = p[x(a,t)] = p, (“)m-

Then, S, is invariant under the particle relabeling transformation (9.12),

[ =t,
a=a(a)=a+oda(a),

x, = %,(d,t) = x,(a,t),i =123,

1

where Sa (¢) € C* ( w @ ) is an infinitesimal variation in the labels « . |

Proof of Theorem 9.1:
We first begin by noting that Eq. (9.12b), a = a (a), implies the invariance of the velocity
field x; (a,t) (see Eq. 9.15). In addition, Eq. (9.12¢) provides us with the invariance of the

fluid density p (a,t) (see Eq. 9.18), and with the invariance of the volume element in the
physical space (see Eq. (9.3)).

(°) For the discordance with the literature concerning the invariance of the density field, the reads is urged to
study Appendix B2, Supp. 12.
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We now prove the invariance of the primitive action functional under the relabeling transfor-
mation (9.12), as seen below

S’Primit [):7(-,)] -

dzefff[%fcz(a,t)—E(ﬁ[fc(ﬁ,t)])—f’(f(&,t))]ﬁ(é,r)i(&,r)dwmdt —
ty W

(a)

Using Egs. (9.3) 4
9.11, (9.12) I f

& (9.16) " @

%)'cz(a,t)—E(p[x(a,t)])—P(x(a,t))]p(a,t)](a,t)dW(“)dt:

d;f S’Primit [x(-,-)].
(9.19)

This completes our proof. |

Therefore, we shall refer to transformations (9.12) as the Particle Relabeling Symmetry (PRS)
('9). But as discussed in Chapter 8, each symmetry of the functional has a corresponding con-
servation law. The conservation law corresponding to the PRS is derived in the following Sec-
tion.

(1%) Definition of the term «symmetry» is given in Section 8.5. We repeat here that a symmetry is a transformation
that leaves the functional invariant.
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9.4. Derivation of Cauchy’s Invariant Equations from Particle Relabeling
Symmetry

Now we are in position to explore the conservation law that corresponds to the PRS. To do so,
we restrict the PRS (9.12) to the class of unimodular transformations, namely those which sat-
isfy Eq. (9.6). Since this result is of great importance for the rest of this work, we present it in
the ensuing theorem.

Theorem 9.2 [Cauchy’s Invariant Equations from PRS, PVP)]

Consider the action functional (9.10),

Sp[x(-,)] =
:f’lf [%)‘cZ(a,l‘)—E(/O[x(a,t)])—P(x(a,t)) p(a’t)J(a,l‘)dW(")dt,

W@
where the density field p(a,t) = p [ x(a,t) ] is defined in terms of the motion field x(a,?)
via the conservation of mass (9.11),

pla,t) = p[x(a,t)] = p, (a){]((aT”t:))-
If we take the ensuing particle relabeling transformation, (9.12),

f=t,

a=a(a)=a+oda(a),

)
; (a,t) = x;(a,t),i =1,2,3,

where Sa (+) € C? ( w @ ) is an infinitesimal variation in the labels a , which is divergence-

free, then along the extremals of S,, Cauchy’s invariant equations hold, that is

%[Vax([J]T i(a,0))] =0, (9.20a)

or equivalently,

V, X

%([J]TX(a,t)w =0, (9.20b)

9.4.1. Proof of Theorem 9.2 using the Weak Formulation

-Some Preliminaries

By Theorem 9.1, the Primitive Action Functional (9.10) is invariant under the relabeling trans-
formation (9.12). Therefore, by Proposition 8.1, along the extremals of S,, the equation
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41 oL 3 oL 0L —
f f P N9 T2 0 Ot Sy dW W di = 0, (921a)
‘4 0x i X

W i Y
where (1)
Sx(a,t) = 5x—%5t—(5a-va)x(a,t), (9.21b)

defines the integral (global) form of a conservation law.

But Eq. (9.21a) is the vector form of the Euler-Lagrange equations of motion (see also Section
8.4). For the action functional (9.10), E-L equations read (see Section 7.3) (%)

oL, 23: o9 0L, 9 0L,
0x jzlaaj Bjx ot 0x

= po(a)[%(a,t) +V, P(x(a.t))] + |J,;|V,p(a.b). (9.22)
3x1 3x3 3x1

As for the variations & x(a,t), invoking transformation (9.12), according to Eq. (9.21b) they
take the following form

dx(a,t) = —(da(a)-V,) x(a,t), (9.23a)
or in matrix notation (')

ox(a,t) = —[J]Sa(a).

3x1 3x3 3x1

(9.23b)

Egs. (9.22) and (9.23b) are in fact a very convenient form to work with, and therefore, this
matrix notation will be adopted in the following analysis. Using the standard assumption that
vectors are vertical columns, Eq. (9.21a) becomes

t _
f fpo(a)jc'T(a,t)5x(a,t)dW(”)dt-I—
to

W (a) 0,
t _
+f f po(a)V P(x(a,t))dx(a,t)ydw “dt + (9.24)
W@ 0,
t _
+f f (1J,,1V,p(a.t)) Sx(a.t)ydWdt = 0.
“ W@ 0,

To facilitate the treatment of the above equation, we treat each integrand separately.

(*!) Extensive presentation of the various variations appearing in Eq. (9.21b) is given in Subsection 8.3.2.

(*?) Recall that [J ,, 1 1s the matrix of cofactors. Details on its structure are found in Subsection 2.3.3.

(**) Note that [ J ] is the Jacobian matrix. Detailed description of it can be found in Subsection 2.3.1.
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-Treatment of Integrand QO ,

Employing Eq. (9.23b), it holds that

Q, =p,(a) ¥ " (a,t)ox(a,t) =
Eq.(9.23b)

= —pola)i'(a,t)([J]Sa(a)) =
= —po(a) (¥ (a,1)[J])Sa(a) = (9.25)

Eq.(9.9)

= —py(a)(¥"(a.0)[J])(V, xSR(a)) =
= —p,(a)B"(a,t)(V,x5R(a)).

In Eq. (9.25) we have set the vector B (a,t) to be

B(a,t) =[J]" ¥(a,t) =

T

= L san) - L s -

def of 5 . . . (9.26)
= (1 ka0 ) =& (a,0) (V, %(a,0)) =
B . x*(a,1)
- a([J]T t(a,0))-V," T]
Employing now the identity (#) (see e.g., (Bird et al., 2006, p. 822)

wl (Vxv)=(Vxw)lv+V(vxw), (9.27)

Eq. (9.25) shapes

T
0, = —py(a)(V,xB(a,t)) SR(a)— p,(a)V,(5R(a)xB(a,t)).
Using then Eq. (9.26), the above takes the form

.2
0, = —p, (a) @D 5 R(a) -

T
0 .
v, xa([J]T x(a,t))} ~V, XV,

_pO(a)va'<5R(a)><B(aat))a

which eventually results in

0, = — py(a) vax%(wfx(a,m)] SR(a)+ py(a) V,-(5R(a)x B(a,1)),

(9.28)
since the curl of a gradient is zero.

(**) The identity (9.27) is written in matrix notation, so that it is in accordance with the notation used here. Recall
that the standard notation that vectors are vertical columns has been adopted.
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-Treatment of Integrand QO ,

Invoking again Eq. (9.23b), and using the geometrical material of Chapter 2, we have
0,(a,t) =py(a) V P(x(a,t))ox(a,t) =

Eq.(9.23b)

= po(a)VIP(x(a,t))([J]5a(a)) =
=py(a)[VIP(x(a.1))[/]|a(a) =

Eq.(2.40a)
= po(a)V,P(x(a,t))da(a) =
Eq.(9.9)
= —py (@) V]P(x(a,))(V, x5R(@)) =

Eq.(9.27) T
= —p,(a) (V,, X VaP(x(a,t))) SR(a)— p,(a) Va-(éR(a)x VaP(x(a,t))),

and since the curl of a gradient vanishes, the above reduces to

0,(a,t) =—py(a)V,-(5R(a)x V ,P(x(a,1))). (9.29)

-Treatment of Integrand QO ,

As for the last integral of Eq. (9.24), making use of Eq. (9.23b), along with geometrical results
of Chapter 2, we write

Q3(a,t):([Jij]vap(a’t))Tgx(a’t):
Eq.(9.23b) T
= —([1%p(a.0) (V]5a(a)) =
Eq.(2.42b)
= —(VIp(x.0J)([J16a(a)) =

(9.30)
= —(Vip(x,0)[J])a(a)J =

Eq.(2.40a)

= —V/p(a,t)Sa(a)J =

~ Vaplan)
=TT o) pola)da(a),

where in the last equality the law of conservation of mass was substituted, namely
pla,t)yJ = p,(a).

Now since V , h = V  p/p (see Eq. (4.13)), employing Eq. (9.8), Eq. (9.30) reads
Os(a,t) = —py(a)V, h(a,t)a(a) =

Eq.(9.9)
= —po(a)V ] h(a,0)(V,x5R(a)) =

Eq.(9.27)

= —py (@) (V,xV,h(a,0)) SR(a)—p,(a)V,-(SR(a)xV, ha,1)),
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which finally reduces to

O(a,t) = —py(a)V,(SR(a)xV h(a,t)). (9.31)

-Derivation of the Cauchy’s Invariant Equations
Adding Egs. (9.28), (9.29) and (9.31), Eq. (9.24) becomes

fllf(Ql(aaf)+Qz(a,t)+Q3(a,t))dW(“)dt:O =

W (a)
f“fpO(“)Va‘[5R(“)X(B(“’t)+vah(“’t)+VaP(x(“af)))}dW<‘”dt+

“ W@

+I0’1 f po(a) V,,X%([J]T )'c(a,t))] 5R(a)dW(“)dt — 0.

W (a)
(9.32)

The first integral of Eq. (9.32) seems to require further manipulation. More specifically, using
already mentioned results, we obtain

B(a,t)+V, h(a,t)+V,P(x(a,t)) =

— T (e, )+ Ya P @) g V. P(x(a.t)) =

P (a)
= [E;J(];) [po(a)(x'(a,t)+VxP(x(a,t)))+[J—1]TJV,, p(a,t)} —
Eq(_l%) [J]T

s lpo@ (a0 + V. P(x (@) )+ 1,1V, p(an)] =
0

=0,
(9.33)

because the terms in the bracket of the third equality above, are the Euler-Lagrange equations
of motion, Eq. (9.22), which, by assumption of Theorem 9.2, are satisfied.

Finally, in view of Eq. (9.33), Eq. (9.32) takes the form
t T
1 9 (11T & (a)
po(a) |V, xa([J] x(a,t))| SR(a)dW'"dt =0, (9.34a)
Lo
W (a)

or since the Lagrangian derivative in time, 0/ 0 ¢, and the curl operator in the labeling a -space,

V , X, commute, the above is equivalently written as

f f po(a)%[va x([]” x(a,r>)r5R(a)dW(”)dt = 0. (9.34b)
W (a)
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But the time interval [7,,¢, ] and the vector potential 5 R(a) are arbitrary. Consequently, by

Du Bois-Reymond lemma, Eqgs. (9.34) results respectively in

vV, x %([]]T X(a,t)w =
and
E[v“ x (/1" x(a,t))} -
which completes our proof. ]

The above equations, which are Egs. (9.20), are the so-called Cauchy’s invariant equations
[(Cauchy, 1815/1827)], written in Hankel’s form [(Hankel, 1861)]. Their interpretation and re-
lation with other well-known vorticity theorems and conservation laws will be clarified in Chap-
ter 10.

9.4.2. Proof of Theorem 9.2 using Noether’s Theorem

Now it is interesting to attempt to prove Theorem 9.2 via Noether’s Theorem, and compare the
process to the one presented in the previous Section. This will enable us to draw important
conclusions for the two methods of deriving conservation laws.

-Some Preliminaries

Since by Theorem 9.1, the Primitive Action Functional (9.10) is invariant under the relabeling
transformation (9.12), Noether’s Theorem implies that along the extremals of S, it holds that

S

W (a)

3

0
¥y

=1 J

L 5a.+%é_‘x(a O dw@Ddt =0
PUT 0 x ’ ’

J

—[—5x(a t)

(9.35a)
with variations J x (a,t) being defined as in Egs. (9.23).

Using the Divergence Theorem, Eq. (9.35a) reads

L
f f% ]dW<">dt+f f L §a)dW(")dt
ty

W (a) W (a)

f f Z—ax(a Hynl@dSwdi =0,

ow(a) /=1 j

(9.35b)

whered S (@ = n(® 4 S (@ is the vector surface element in the space W ), n(«) the normal

outward vector, and W ) the boundary of W ) |
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-Investigation of the component terms

Concerning the first integral in Eq. (9.35b), we have

h oL, —
f f 2 ,P ox(a,t)
) ot| 0x

W (a)
Eq.(7.30) [t _
— f f%(po(a)xT(a,t)5x(a,t))dW(“)dt:
ty
W (a)

Eq‘(():‘m)_floll f %(po(a)xT(a,t)([J]5a(a)))dW(“)dt =

W (a)

— _fll f %(po(a)[J]T Jb(a,t)5a(a))dW(“)dt =

W (a)

dw ' dt =

Eq.(9.9) t
— _f f %[po(a)[J]T #(a,t)(V, x5R(a))|dw 0 dt =
“
Eq.(9.27)

— _flollf Vax%[po(a)[J]T x(a,t)]m(a)dW(")dt—

W (a)

—fll f Va-[(po(a)[J]T x(a,t))xaR(a)]dWWdt =

W (a)

:_floll f v, x%[po(a)[J]T x(a,t)]aR(a)dWWdt—

W (a)

_f” f 9o (@) (1717 &(a.0) ) x SR(a)| n@) d 5@ di,
K ow (a)

(9.36)
where the last equality was obtained using Divergence Theorem.

Regarding the second term in Eq. (9.35b), we write

11 Eq.(9.8) t
f f V. (Lpda)dw@dt = f f (V. L) SadW@dt =
to to

W (a) W (a)

Eq.(9.9) t
= f f(VaLP)T(Vax5R(a))dW(”)dt:
Lo

W (a)

Eq.(9.27) [ T
z f f(v,,x(v,,LP)) SR(a)dW @ di +
Ly

W (a)

_|_f;01fVa-((VaLP)x5R(a))dW(”)dl‘,

W (a)
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which since the curl of a gradient is zero, results in

ftlf V. (Lpsa)dwdi :ftlf Ve ((V,Lp)xSR(a))dW P dt =
to ty

W (a) W (a)

t
:f f (V Lp)xOR(a)yn® dS® dt,
t

" ow (@
(9.37)

where Divergence Theorem was invoked.

Now we proceed with the third term in Eq. (9.35b), which is the most complicated one out of
the three. Using the notation of Chapter 2, namely

:J.j:(J J2j7J3j)

1j»

[aJ

_ oJ oJ oJ
(0 ;x)

9(0;x,) 0(0;x,) 0(d ;x3)

and invoking the result (7.31), it holds that

g N OL, —
f f Z—&x(a,t)n}”)dS(”)dt -
t0 0. x

ow@ =1 "7
Eq.(7.31) t 3 ~
N f f Zpa—J5x(a,t)n(”)dS(a)dt:
ty , (0 ;x) J
ow(a) /=1
Eq.(9.23) f 3 i
- _f f Zp(“’t)”-j) ([J16a(a))n(® dS@ dt =
t .
" oaw /=1
Eq.(9.9) 1 3
= —f f Zp(a,t)(J.j)T [J](VaX5R(a))n}a)ds(a)dt:
" ow (@ /=1
Eq.(9.27)

- _ffl f ivax(p(a,t)(J,j)T[J])aR(a)nj(a)dS(,,)dt_

" owa =1

—f” f v,,-[(p(a,t)(J,j)T[J])xaR(a)]n}wdSw)dt.

ow (a)
(9.38)

Therefore, substitution of Egs. (9.36), (9.37) and (9.38) into Eq. (9.35b), the latter shapes
A, +4, =0, (9.39)

where 4, is the volume integral

h ) . ‘
4, :f; V;[) v, xa[po(a)[J]T x(a,z)]ak(a)de Vdt, (9.40a)
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while 4 , is the surface integral

41
4, :f f (V,L,)x6R(a)n® dS@ dt —
o

ow (a)

_fll f [po(a)([J]T x(a,t))xaR(a)}nm dS@ dt —

ow (a)

_f’1 f ivaX(p(a,l‘)(J,j)T[J])é‘R(a)nj(a)dS(a)dt_

" o J=1

_ftl f Voo (p(a,0) (1) 1J])x SR(a) | dS@adr.
" ow (a)
(9.40b)

-Standard Treatment of 4, and 4,

According to our knowledge, in the existing works found in literature, the integrals 4, and 4 ,
are treated under certain assumptions. First, either initial density is assumed by the start to be
uniform, that is p, (@) = const. [(Salmon, 1982; Miiller, 1995; Névir, 2004; Bennett, 20006)],
or if initial density is not taken to be uniform, condition V , - (p,0a) = 0 is imposed in place

of Eq. (9.8) [(Bretherton, 1970; Padhye & Morrison, 1996b)]. In either case (see Eq. 9.36), the
volume integral 4, takes the simplified form

A, :f:ll f lva x%([J]T J'C(a,t)méR(a)dW(“)dt. (9.41a)

W (a)

As for the integral 4 ,, and since & R(a) is arbitrary, we may choose it to vanish on the bound-

ary 0 W (@), Then, only the first three integrals of Eq. (9.40b) vanish, and we are left with the

last one, which has its roots in the surface term (9.38). In literature, we encounter the following
treatment. To begin, there are works dealing with the relabeling symmetry in functionals with-
out internal energy (see e.g., (Newcomb, 1967)), for which the term (9.38) obviously does not
occur. In others, which consider internal energy (see e.g., (Miiller, 1995; Padhye & Morrison,
1996a, 1996b; Albert, 1997; Padhye, 1998; Névir, 2004)), surface terms similar to (9.40b) arise,
which contain derivatives of & R too. The usual assumption made there, is that suitable bound-

ary conditions hold, such that the integral on the spatial boundary vanishes. This means that, in
addition to the (valid) assumption that § R is chosen to be zero on 9 W (¢) | further (redundant)

assumption on the other variations is made. For instance, assuming that 5§ R is such that S x
vanishes on the boundary, makes Eq. (9.38) vanish, and thus, the remaining term of 4, is

zeroed. In fact, to stress even more this attitude towards the spatial boundary, we refer to (Miil-
ler, 1995), who prior specifying the transformation which will be performed, takes the integral
on the spatial boundary equal to zero. Also, (Kambe, 2009) explicitly states that he retains the
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assumption that & x vanishes on @ (@), as he does when he derives the equations of motion
by Hamilton’s principle. In either case, the aforementioned assumptions result in

A4, =0. (9.41b)

Invoking Eqgs. (9.41) in Eq. (9.39), we obtain Eqgs. (9.20), that is, we obtain the same conserva-
tion law with the one derived by the Weak Formulation, namely Cauchy’s invariants. However,
in the Noether’s approach, certain assumptions have been made, the most important of which is
the vanishing variations on the boundary 0 W («). In fact, this is not always the case. For in-
stance, in the free-surface flows, which is our case, variations on the spatial boundary O W (¢)
do exist, and are non-vanishing, so one cannot make the assumption just mentioned. Further-
more, we repeat that this variational problem differs from Hamilton’s principle; in the former,
variations are not required to vanish on the (time and spatial) boundary (see Section 8.2)!

In fact, a proper treatment would be to work analytically with the remaining terms of the integral
A4, as well, which as seen, is a quite complex integral. The intrigued reader can attempt to

extract the conservation law via Egs. (9.35), but without any simplifications that facilitate the
analysis. It will soon be obvious that Noether’s Theorem is much more demanding in the treat-
ment! To the best of our knowledge, the treatment of Subsection 9.3.3 is unique, both in the
method used, and in the absence of simplifications; the existing works in PRS enjoy the ad-
vantages of boundary simplifications, and are obtained via Noether’s Theorem.

To close this Chapter, we mention that in the free surface flow problem, or other problems that
the boundary is of importance, conservation laws corresponding to a particular symmetry may
not be easily obtained via Noether’s Theorem. On the other hand, using the Weak Formulation
and without any assumptions on the boundary, one may derive the desired conservation law in
a straightforward way.
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Chapter 10

Cauchy’s Invariant Equations and Their Consequences

In Chapter 9, Cauchy’s invariant equations were recovered variationally by the PRS. In this
Chapter, our interest lies on their interpretation and the derivation of other conservation laws
implied by them. In other words, starting from a purely Lagrangian result (the PRS in a func-
tional in the Lagrangian description and Cauchy’s invariant equations), we deduce several vor-
ticity theorems and laws in both the Lagrangian and the Eulerian formalism. To do so, the geo-
metrical material of Chapters 2 and 6 is employed.

10.1. Cauchy’s Invariant Equations

In Chapter 9, Cauchy’s invariant equations (')
0

E[Vax([J]T w(a,n))] =0, (10.12)

or equivalently,

Vv, % E(

[J]ch(a,t))} =0, (10.1b)

were derived by the PRS of the Primitive Action Functional.

Egs. (10.1) bear Cauchy’s name, although they are not to be found in that form in [(Cauchy,
1815/1827)]. Indeed, in his attempt to integrate the Eulerian equations of motion, Cauchy con-
sidered incompressible fluid flow with conservative body forces. Then, transforming the Eu-
lerian pressure gradient into a Lagrangian one, he deduced the relation

3
Y O V.ii(a,0)xV,x = 0(x,1). (10.2)
i=1

It was (Hankel, 1861) who, considering both compressible and incompressible fluids and with
reference to [(Cauchy, 1815/1827)], rewrote Cauchy’s equations (10.2) in the form

V. x (/1" %(a.0)) = @ (x.1,). (10.3)

Obviously, Eq. (10.3) coincides with Eq. (10.1a), and thus, with Eq. (10.1b) too. Hence, Egs.
(10.1) are Cauchy’s invariant equations written in Hankel’s form.

We now employ Eq. (1.3), which we repeat here
u,(x,t) =u,(x(a,t),t) =x (a,t). (10.4)

Recall that Eq. (10.4) expresses the physical fact that the velocity at one and the same fluid
parcel is the same in either formulation.

(}) A historical excursion on Cauchy’s invariant equations, and how they fell into oblivion can be found in (Frisch
& Villone, 2014).
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Then, in view of Eq. (10.4), Cauchy’s invariant equations (10.1) can be equivalently written as
[(Salmon, 1988; Kambe, 2009)]

%[Vax([J]T u(x,0)| =0, (10.52)

or equivalently,

v, x 2([J]Tu(x,t)w:0. (10.5b)

ot

Note that Egs. (10.5) are written in a mixed, Lagrangian-Eulerian formulation, which calls for
an investigation of the relations of the analytical expressions of various physical fields in the
labeling and physical spaces. To do so, we employ the geometrical material of Chapter 6.

In particular, we invoke definitions (6.1), (6.7) and Eq. (6.11a), which we repeat here for con-
venience,

V(a,t) =[J] u(x,t), (10.6)
and
Q(a,t) =V, xV(a,t), L(a,t)=1[J;] o(x,1) (10.7a, b)

Recall that the vector field 2 (a,t) is the so-called Lagrangian vorticity (see also Section 6.2).

Using definitions (10.6) and (10.7a), we obtain the following equalities
0 Eq.(1074) 9 Q (a ,t)

Eq.(10.6)

e T — B — — _—
at[vax(m u(x,t))} at[vaxV(a,t)] S (108a)
and
0 T £q.(10.6) oV (a,t)
v, x E([J] u(x,0))| = VX =2, (10.8b)
In view of Egs. (10.8), Cauchy’s equations (10.5) take the concise form
Q(a,t) =0, (10.9a)
and
V,xV(a,t) =0, (10.9b)

respectively. Now having as a starting point form (10.9), we begin to investigate further Cau-
chy’s invariant equations.
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10.2. Consequences of Cauchy’s Invariant Equations

Our aim in this Section is to explore Cauchy’s invariant equations. Suitable treatment of the
purely Lagrangian relations (10.9) will permit us to obtain conservation laws and vorticity the-
orems in the Eulerian description.

10.2.1. Cauchy Vorticity Formula
First of all, emphasis is placed on Eq. (10.9a), which states that

Q(a,t) =0 = Q(a,t) = 2(a,t,) fort>t,. (10.10)

Eq. (10.10) entails that the Lagrangian vorticity is stationary in the labeling space, always equal
to its initial value (*). We shall then write 2 (a,t) = 2 (a) for simplicity. This otherwise

simple result is of special importance, since it implies that the vector field £ is not an unknown
field. Rather, it is assigned a certain (known) value (e.g., its value at the initial time ¢ =¢)).

Vorticity conservation equation (10.10) plays a key role in the complete formulation of the free-
surface flow problem in the Lagrangian description (see e.g., (Buldakov et al., 2006)).

Scholium: Observing Eq. (10.10), we realize that particles preserve the Lagrangian vorticity
Q2 (a) they initially possess, as they preserve their labeling with the passage of time. Then
Cauchy’s invariant equations are equivalent to the conservation of identity (see also Section
1.2). This observation probably clarifies the obscure point encountered in the attempt to con-
struct the variational principle for vortical flows in the Eulerian description; absence of the so-
called Lin’s constraint (of conservation of identity) results inevitably in irrotational flows (see
e.g., (Herivel, 1955; Seliger & Whitham, 1968)). In view of Eq. (10.10), this is related to the
fact that not keeping track of the particles, one does not keep track of the vorticity per se. One
can then intuitively expect that information about the vortical nature of our flow will be unclear.
A pertinent point is also made in (Rylov, 1999), who argues that « ..it is clear that the fluid
properties (vorticity frozen into fluid) described by the Kelvin’s theorem are very important for
calculating rotational flows, whereas for irrotational flows the constraints imposed by the Kel-
vin’s theorem degenerate into identities which are fulfilled automatically.» This topic, albeit
intriguing, is out of the scope of this thesis. However, a fruitful discussion of it along with a
brief treatment of the problem can be found in (Mavroeidis & Athanassoulis, 2022). <

Now combining Egs. (10.7b) and (10.10), we obtain the relation
Q(a) =[J;;1" o(x,1). (10.11)

Eq. (10.11) is known as the Cauchy vorticity formula, derived by (Cauchy, 1815), although its
importance was recognized only thirty years after its discovery (°) (*). Observe that the

(3 As pointed out by (Frisch & Villone, 2014), Cauchy’s invariant equations are the three-dimensional generali-
zation of the two-dimensional vorticity invariant. Indeed, in two-dimensional incompressible inviscid flows, the
Eulerian vorticity is materially conserved, thatis, d @ (x,t)/dt = 0 (see e.g., (Moran, 1984)).

(%) Historical information on the Cauchy vorticity formula can be found in (Truesdell, 1954) and (Frisch, 2014).
Also, Cauchy’s derivation of the formula (10.11) can be found in (Truesdell, 1954).

(*) Here, the Cauchy vorticity formula was recovered by making use of Cauchy’s invariant equations. However,
modern derivations of it have as a starting point the vorticity equation of Helmholtz, expressed in the Eulerian

framework, namely d w/dt = o (V, -u). Its application, however, is by no means confined to the vorticity in
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difference between Eq. (10.7b) and Eq. (10.21) is that, in the latter, 2 (a) = 2 (a,t,) 1s

time-independent, whereas in the former, £ (a,¢) is, in general, time-dependent.

Now, in contrast to the Lagrangian vorticity £ (a), the Eulerian vorticity @ ( x,¢) will keep

evolving with time. To be more precise, using the geometrical relation (2.26), Eq. (10.11) is
rewritten as below

Q(a)=J[J] ' o(x,t). (10.11"

Employing now the equality @ (x,7,) = £ (a), which is obtained by Eq. (10.11) for

t =1t,, weget
o(x,t)=J " [J]e(x,t,). (10.12)

Eq. (10.12) has some noteworthy points. First, this formula states that the current vorticity,
o (x,t), can be calculated by multiplying the initial vorticity, @ ( x,¢, ), by the Jacobian ma-
trix [J]. Next, Eq. (10.12) describes the evolution of the vorticity @ ( x,7) in the physical
configuration, and as already pointed out, it is driven by the Jacobian matrix [J]. The latter

describes the particles’ displacements from their initial positions, and is thus a fundamental
measure of the continuum’s instantaneous deformation (°). This is highlighted by (Truesdell,
1954), who referring to @ ( x,¢) of Eq. (10.11) as the convected vorticity, he draws the fol-

lowing important conclusion:

«In two different motions having the same initial and final configurations and the same initial

vorticity, the convected vorticity is identical, although the intermediate history may be quite
different. »

The above is equivalent to saying that the evolution of the Eulerian vorticity is purely kinematic.

Lastly, invoking Eq. (2.58) for the transformation of the surface elements, namely
ds™ =1[J,;1d s, Eq.(10.12) reads [(Truesdell, 1954)]

o' (x,t,)ds") =o' (x,t)ds™, (10.13a)

or in vector form,

o(x,t,)-ds' = w(x,t)-ds™. (10.13b)
The above expresses the fact that the flux of vorticity through a material surface ds‘* at time
t is constant, and always equal to its initial value. Even though @( x,¢) and ds* may vary

with time, their product is time-independent.

an ideal fluid. (Frisch & Villone, 2014) mention that the Cauchy formula applies also to magnetic fields in ideal
conducting fluid flow governed by the MHD equations. On this subject on can study (Moffatt, 1978).

(%) This is the reason for which the Jacobian matrix [ J] is usually referred to as the deformation gradient tensor
(see e.g., (Malvern, 1986), (Wu et al., 2006)).
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10.2.2. D’Alembert-Euler Condition
Let us now explore Eq. (10.9b), which we repeat below
V,xV(a,t) =0. (10.9b)

We also recall Eq. (6.20b), which defines the vector ¥ and reads

)'cz(a,t)]

: (10.14)

a

. B T du(x,t)
Via,t) =[J] —dt +V

To treat Eq. (10.14b), we refer to the ensuing Corollary, whose proof is given in Appendix C,
Supp 15.

Corollary 10.1

Assume that the point transformation described in Chapter 2,
G — G[ . V(ll) N V(x) — V(x) (t) R

, x, = x(ay,a,,ay),
at a given

a — x=x(a)= {x, = x,(a,,a,,ay),
t >t
x; = x3(a;,a,,a;3),

is a bijection and C = diffeomorphism. If the functions
Q:V Wx[ty,t,]1 = Dy, q:VIx[ty,t;,1 = D,,
F:V9x[ty,t,]1 — Dp,
are C' —differentiable vector fields, related as follows,

Q(a,t)=[J]" q(x,t) + V F(a,1),
3x1 3x3 3x1 3x1

(10.15)

then the vector fields V, x Q@ and V _ x q are related by the so-called Piola transformation
(see Appendix C, Supp. 15), that is,

V.xQa,t) =[J,;1" (V,xq(x.0)).
3x1 3x3 3x1

(10.16)

Since the vector fields V (a,¢) and du(x,t)/dt satisfy Eq. (10.15) (see Eq. (10.14)), Cor-
ollary 10.1 gives us

(10.17)

V,xV(a,0)=1[J,1" [vx x%].

Invoking then Cauchy’s invariant equations, Eq. (10.9b), Eq. (10.17) is simplified to
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o du(x,t)

=0, 10.18
x P (10.18)

which is D’ Alembert-Euler condition, presented in Section 5.1.

10.2.3. Beltrami’s Vorticity Equation

As explained in Subsection 10.2.1, Cauchy’s invariant equations provide us with a type of vor-
ticity equation in the labeling space, namely Eq. (10.10). Therefore, one expects to derive the
corresponding vorticity equation in the physical space. This is the objective of this Subsection.

Starting again with Cauchy’s invariant equations (10.9a), and using relation (10.11"), the former
take the form

Eq.(1011) g
2a.n=0 = (I oxn]=0 =
10.19
chain rule d d[J]*l ( )

— [J]fla(Jw(x,t))—i— Jo(x,t) =0,
where d/dt is the total time derivative (see Eq. (1.6)).

Now invoking conservation of mass (3.8), p(a,t) J = p,(a),andrecalling that p (a,t) =
p(x(a,t),t)=p(x,t),Eq. (10.19) reads

/] —

10.20
dt (10.20)

plxi)o(x.0) dUl! plxt)o(xn
p(x,t) dt p(x,t) B

Since the initial density p, = p (x,t,) is independent of time and never shrinks to zero, Eq.
(10.20) becomes

-1
[J]fld_ (l)(x,t) +d[J] (l)(x,t) — (10201)
dt| p(x,t) dt p(x,t)
But using the geometrical material of Section 2.3, one can easily show that
[J1lJ]1' =1, (10.21a)
where [ is the identity matrix. Differentiation of Eq. (10.21a) results in
d[J . d[J]™" dlJ1"' _ d[J .
o LA R e e vt £4 I (L&A
dt dt dt
Then, making use of Eq. (10.21b), Eq. (10.20") becomes
d|o(x,t) _d[J][J]_lw(x t) (1022)
tlp(x,t) dt p(x, t)
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The above equation can take an even more elegant form if we employ Eq. (6.18), which gives
the time rate of change of the Jacobian matrix, that is,

dcgi] =V, u(x,t)[J] qua) %[]]_1 — V. u(x,1). (10.23)

Indeed, using Eq. (10.23), Eq. (10.22) reads

d M] _ quM, (10.24a)
di\ p(x,1) p(x,t)

or
a M] | .vx]u(x,t)_ (10.24b)
dt| p(x,t) p(x,1)

In Egs. (10.24) we recognize Beltrami’s vorticity equation for an ideal inviscid barotropic fluid
with conservative body forces (see Section 5.2). It is the vorticity equation in the physical con-
figuration. A derivation of Beltrami’s vorticity equation from Cauchy’s invariant equations us-
ing differential forms, can be found in (Kambe, 2009, p.248).

10.2.4. Ertel’s Potential Vorticity Theorem

Let us start by setting S = S (a) to be any scalar quantity of the labeling coordinates only.
This means that the scalar S is chosen so that it is conserved following the fluid particles.
Mathematically written, this reads

S(a) = % = 0. (10.25)

Given that the Lagrangian derivative in time, 0/ 0¢, and the gradient operator V , in the label-

ing space commute, it is obvious that the quantity V S is materially conserved too. Indeed, by
Eq. (10.24), it holds that

o(V,S(a)) ) Eq.(10.25)
— =V, S(a) = 0, (10.26)
ot
Now by Cauchy’s invariant equations (10.9a), we deduce the following relation
0

E(Q(a)-vaS(a)) = 0. (10.27)

To make a transition to the Eulerian space, certain steps need to be taken. To begin, using the
physical fact that S(a) = S(x(a),t) = S(x,t), and invoking Eq. (2.40a), which trans-
forms the gradient operator, we have that

V,S(a) =[J]" V., S(x,t). (10.28)
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Using then Eq. (10.11"), which expresses the Lagrangian vorticity in terms of the Eulerian one,
along with Eq. (10.28), the term in the parenthesis of Eq. (10.27) is equivalently written as
below

Eq.(10.11')

2" (a)V,S5() = J(o(x0[]") V,S) =

associativity T 1 T

= Jo (x,t)([J_ } V,S(a)
of matrices
Eq.(10.28)

- Ja)T(x,t)“J_l]T([J]TVxS(x,t))} = (10.29)

associativity

- JwT(x,t)l([J]_l [J])TVxS(x,t)] _

of matrices

= Jo (x,t)V S(x,1).

Inserting Eq. (10.29) in Eq. (10.27), and using the definition of the total derivative, we obtain
the relation

d T
E(Jw (x,t)VxS(x,t)) = 0. (10.30)

Using next conservation of mass (3.8), p(a,t) J = p,(a), and employing the physical fact
that p(a,t) = p(x(a,t),t)= p(x,t), Eq. (10.30) takes the following form

T
Ao (DG g =o, (10.31a)
dt| p(x,t)
or in vector notation,
Aot g sl =o. (10.31b)
dt| p(x,t)

Eq. (10.31) is Ertel’s Potential Vorticity Theorem (see Section 5.3). Its relation with Cauchy’s
invariant equations has been investigated by many authors (see e.g., (Miiller, 1995; Padhye &
Morrison, 1996; Salmon, 1988; Névir, 2004)).

This leads to the following result

The PRS of the Primitive Action Functional is equivalent to the invariance in time of the
potential vorticity.

10.3.5. Hankel-Kelvin Circulation Theorem

Consider a closed loop in the labeling space, denoted by C‘“, which is fixed; neither its shape,
nor its position vary with time. We next define the quantity I" (¢) to be the following line inte-

gral
Eq.(10.7a)
[ () :56 V(a,t) da :fVaxV(a,t)-ds(") = f.(z(a,t)-ds“”,
C(ll)

s s (@

(10.32)
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where S ) is the surface area in the labeling space, enclosed by the curve C®. For the second
equality Stokes’ theorem was used.

But S“), being a material surface in the labeling space, is constant in time. Thus, by taking the
time derivative of Eq. (10.32), we obtain

dr (1) _ ifg(a,t).dsm :fQ(a,t)-ds(“), (10.33)
dt ot
s (@ s (@
which employing Cauchy’s invariant equations, Eq. (10.9b), gives us
ar) _ . (10.34)
dt

To gain an insight on the Eulerian interpretation of Eq. (10.34) though, we need to express
quantity I' (¢) in terms of Eulerian variables. To do so, we take a closed material loop in the
physical space, composed of the same particles that constitute C ). Denoting the former with

c™ (see also Figure 10.1), it is important to understand that, in contrast to C @ curve C¥
will change both shape and position as it evolves in time

a — Space
p X3 A
as A dx
C(a)
C(X)

da i3“

\

i .
e; A 1 12 X2

X — space

€

e, as X1

a
Figure 10.1. Closed material loops in the labeling and the physical space.

Then, making use of Egs. (6.5), V (a,t)-da = u(x,t)-dx, and (6.15), (a,t)-d s =
o(x,t)-ds'™, we express quantity I' () in Eq. (10.32) as below

m):9§ u(x,t)-dx:fw(x,t)-ds(x), (10.35)
C(X)

s )

with §*) being the surface area in the physical space, whose boundary is the material curve
c.
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But in Eq. (10.35), we recognize the circulation (see Section 5.4). Therefore, Eq. (10.34) is the
Hankel-Kelvin Circulation Theorem (see Section 5.4). The connection of Cauchy’s invariant
equations with the Circulation Theorem has been explored my many authors (see e.g., (Eckart,
1960; Salmon, 1988; Kambe, 2009)).

Hence, we arrive at the following interesting remark

The PRS of the Primitive Action Functional is equivalent to the invariance in time of the
circulation.

10.2.6. Moffatt’s Helicity Conservation Theorem

Consider the volume ¥ ) in the labeling space, and suppose that € (a ,¢) is everywhere tan-

gent to the boundary of it, 9V > = §“). The condition of tangency is expressed as
Q(a,t)-n' =0 ondvV, (10.36)

(a (a)

where n'® is the unit outward vector normal to the surface ¥ ) in the labeling space.

We next set the quantity H (¢) to be

H (1) :fQ(a,t)-V(a,t)dV(”), (10.37)

y (@)

and since ¥ “), as a volume in the labeling space, is fixed in time, we have

dH (1) _ 0 , w _ [[9 . (@)
P ath(a,t) Va,t)dV f8t<g(a’t) V(a,t))dV
v v (10.38)
:f(Q(a,t)-V(a,t)-l—Q(a,t)-V(a,t))dV(”).
y (@

Invoking now Cauchy’s invariant equations (10.9a), the first term in the integral of the right-
hand side of the above equation vanishes. Therefore, Eq. (10.38) reduces to

dH (1) _

7 (a)
- f!)(a,t) Via,t)dv®. (10.39)

y (@)
But Cauchy’s invariant equations (10.9b) imply that
V,xV(a,t) =0 < V(a,t) =V ,® (a,t), (10.40)

where @ (a,¢) isa C' — differentiable potential field (°).

Then, in view of Eq. (10.40), we obtain

(6) For the sake of completeness, we mention that the potential @~ appearing in Eq. (10.40) coincides with the

potential (p*appearinginEqs. (4.12).OnecaneasilyseethatCD*(a,t) = (p*(x(a,t),t) = (p*(x,t).
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dH (1)

o —fQ(a,t)-VaCD*(a,t)dV(”) :fVa-(CD*(a,t)Q(a,t))dV(”).

v y (@

(10.41)

For the last line we used the fact that, by construction, 2 (a,t) is divergence-free (see Eq.
(10.72)).

Applying now Divergence Theorem, Eq. (10.41) reads

%:f@*w,t)aw,r)-ds("% (10.42)
v

which employing the boundary condition (10.36) shapes

dH (1) _

0. 10.43
P (10.43)

To delve deeper into the Eulerian representation of the quantity H (¢), we make use of the
geometric material of Chapter 2 for the line, surface and volume elements. To be more precise,
we take the line elements not to be tangent to the surface elements, so that da - d s = dv @

in the labeling space, and d x - d s*) = d ¥V *) in the physical space.
Then, inserting formulas (6.5), ¥ (a,t)-da = u(x,t)-dx,and (6.15), (a,t)-d s =
o(x,t)-ds'™, quantity H (¢) of Eq. (10.39) is equivalently written as
H(t):fw(x,t)-u(x,t)dV(x), (10.44)
y ()
with 77 *) being the corresponding volume in the physical space. Note again that, in contrast

to V@, V') does vary with time.

But according to Eq. (5.20), Eq. (10.44) is the helicity in the domain ¥ ). Moreover, we ob-
serve that, by Egs. (6.15) it holds that

Q(a,t) - nds' = w(x,t)- n ds™, (10.45)

with d s = 1™ ds™ and d s = n'® ds'“, as defined in Eq. (10.15). Eq. (10.45)
enables us to transform the condition of tangency on the boundary, Eq. (10.36), to the physical
configuration.

Indeed, combining Egs. (10.45) and (10.36), we deduce that
o(x,t)-n™ =0 ondgr™, (10.46)
which states that the vorticity field @ ( x, ¢) is everywhere tangent to the boundary 97 .

Having identified that A (¢) is the helicity, Eqs. (10.43) and (10.46) constitute Moffatt’s He-
licity Conservation Theorem (see Section 5.5). This was also pointed out by (Salmon, 1988).
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Finally, motivated by the physical meaning of helicity (see Section 5.5, (Moffatt, 1969; Wu et
al., 2006, p.71)) we draw the following remarkable conclusion

The PRS of the Primitive Action Functional is equivalent to the invariance of the topology
of vortex lines.

10.2.7. Weber’s Transformation

Another important result can be obtained by Cauchy’s invariant equations, if we start with Eq.
(6.17b), which states that

rdu(x,0) | o

V(a,t) =[J] o )

(10.47)

x?(a,t)
— |

But by Cauchy’s invariant equations, we recovered D’ Alembert-Euler condition, Eq. (10.18).
The latter implies that the fluid acceleration du/d ¢ is the gradient of a potential, say ¢ * (7).

Indeed, it holds that

><a’u(x,t) _ du(x,t)

V., =
dt dt

= V. p*(x,1). (10.48)

But using the physical argument that ¢ *(x,¢) = ¢*(x (a,t),t) = ¢*(a,t), along with the
geometrical results of Section 2.3 for the transformation of the gradient operator, namely Eq.
(2.40a), Eq. (10.48) is equivalently written as

T du(x,1)

[/] i1

=V, p*(a,t). (10.49)

Inserting the above in Eq. (10.47), we get (see also (Wu et al., 2006, p.114))

V(a,t): M]

vV, | o*(a,t)+ (10.50)

2

Next, integrating Eq. (10.50) over time, and since the gradient operator V , commutes with the
(Lagrangian) time integral, we obtain (see also (Truesdell, 1954, p.191; Wu et al., 2006, p. 114))

Va,t) =V(a,t,)+V, f[(o (a,r) + XD (2" ”]dr. (10.51)

Eq. (10.51) is known as Weber’s transformation, derived by (Weber, 1868) (¥).

Now the above form can be transformed in the physical space by employing Eq. (10.7a), which
defines the vector V' (a,t). Indeed, Eq. (10.51) reads

(") Obviously, the potential ¢* satisfies Eq. (4.12, ii). However, since we have not explicitly defined ¢* via
Cauchy’s invariant equations, we shall not make use of it.

(®) In (Truesdell, 1954), one can fine the proof of Weber’s transformation, as given in (Appell, 1897).
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t

[J1° u(x,t) = u(x,to)—i—Vaf

0

)'c2(a,r)

*(a,7) +
p*(a,7) 5

]dr =

t

u(x,t)=[J"1" u(x,ro)ﬂflfvaf

0

2

(p*(a,r)—k—XZ(a’T)]dr.

(10.52)

Eventually, formula (2.40a), which gives the transformation rule of the gradient operator, ena-
bles us to express Eq. (10.52) in a purely Eulerian form. Using the standard physical arguments,
we obtain that

! 2
u(x,t) =[J " u(x,to)-l—fo[(p*(x,r) + %]m. (10.53)
0

Comparing Eq. (10.53) to Eq. (10.12), two interesting points arise. First, the Eulerian velocity
u ( x,t) is history-dependent, and the particles’ history is embedded in the time integral on the

right-hand side of Eq. (10.53). Thus, the evolution of velocity cannot be attributed solely to
kinematics! Of course, this is in contrast to the evolution of the Eulerian vorticity @ ( x, 1),

which excludes completely the kinetics (see discussion of Subsection 10.2.1). In addition, Eq.
(10.53) is an extended Clebsch-type representation for the velocity field (see e.g., (Yoshida,
2009)); it reveals an underlying structure for the field u ( x,¢), which is of particular im-

portance in the Eulerian description (see e.g., (Mavroeidis & Athanassoulis, 2022)). How one
can derive the Bernoulli integrals by Weber’s transformation, assuming a (simple) Clebsch rep-
resentation for the initial velocity can be found in (Wu et al., 2006).

10.2.8. Concluding Remarks

The PRS in the Primitive Action Functional resulted in a conserved quantity, namely Cauchy’s
invariant equations. This was accomplished by the Weak Formulation method, at which, the
dynamical equations of motion were multiplied by suitable variations, and then, were integrated
over space and time (Chapter 9). Subsequently, pertinent geometrical material and arguments
enabled us to derive, in the Eulerian description, several local and integral conservation laws
that govern vortical flows. It is of particular interest that, starting from a weak formulation, we
deduced a plethora of results that can be equally well obtained from a strong formulation of the
problem, that is, directly from the dynamical equations of motion (see Chapter 5). Thus, it seems
that the method of Weak Formulation could yield an alternative, systematic way of finding con-
served quantities that govern a particular mechanical system. Last but not least, the analysis of
Chapter 10 suggests that there exists a solid connection between the various vorticity theorems
and laws. Indeed, one can recover all the important conservation laws by solely using Cauchy’s
invariant equations!
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Future Work

In the present work, we mainly examined the variational formulation of vortical free-surface
flows in the Lagrangian description, and deduced variationally numerous conservation laws.
This opens several interesting directions of research in the future, some of which are summa-
rized below.

>

>

Extension of Noether’s Theorem to problems with moving and time-dependent (free)
boundaries, and investigation of the validity of the Weak Formulation approach in such
problems.

Investigation of symmetries in the rotational free-surface flow problem in the Lagran-
gian description, with emphasis on phenomena associated with the wave propagation.

Investigation of symmetries in the rotational free-surface flow problem in the Eulerian
description, as it has been recently formulated variationally by (Mavroeidis & Atha-
nassoulis, 2022), and variational derivation of the corresponding conservation laws. An
irrotational analogue of it has been presented by (Benjamin & Olver, 1982).

Study of the open flow in the context of the Lagrangian description. It constitutes an
open problem in the existing literature.

Numerical analysis of the free-surface flow problem using the Lagrangian description.

A deeper study of the rotational flows reveals an intimate connection of the Lagrangian descrip-
tion of the flow with the representation of the velocity by means of Clebsch and complex po-
tentials (see, e.g., (Rylov, 1999a, 1999b, 2006, 2018)). In this connection, the following future
direction seems to be interesting.

>

Investigation of the representation of the fluid velocity by means of Clebsch and com-
plex potentials, with reference to their Lagrangian origin. A detailed analysis on the
completeness/restrictions of such representations seems to be a deep and open problem.
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Supplementary Material






Appendix A

Euler’s Identity and Reynold’s Transport Theorem

A.1 Euler’s Identity

Theorem A.1 [Euler’s ldentity]

Assume that the point transformation described in Chapter 2,
G=G: VW — y® =y,

x, = x,(a,,a,,a
at a given ! 1( R 3), (Al)
a — x=x(a)= {x, = x,(a,,a,,ay),
t >t
x; = x3(a;,a,,a;3),

is a bijection and C * — diffeomorphism. Then the following formula holds true

d(InJ)
dt

=V, -u(x,t), (A.2)

where J is the Jacobian determinant of the transformation, defined by

0x,/0a, 0x,/0a, O0x,/0a,
J = deta(xl’xz’x3) =|0x,/0a, O0x,/0a, O0x,/0a,|,

d(ay.,a,,ay)
e Ox;/0a, 0xy/0a, O0x;/0a,

and the components of the vector u read

u;(x,t) = u;(x(a,t),t) = x,(a,t). (A.3)

Proof of Theorem A.1:
Consider the point transformation (A.1), whose Jacobian determinant reads (")
Ox,/0a, O0x,/0a, 0x,/0a,
J =|0x,/0a, 0x,/0a, O0x,/0ay|=¢
0xy/0a, O0x;/0a, 0x;/0a,

Ox, 0x, O0x,

- )
Y 0a; da; Oa,

(A.4)

and, by definition, contains the partial derivatives O ; X; . Since we are interested in calculating

the time rate of change of the Jacobian keeping @ = const., namely,

(}) The last equality of Eq. (A.3) is another classical form of writing the Jacobian determinant of a transformation
using the Levi-Civita symbol, and highlights the fact that the Jacobian is a sum of terms over the permutations
i,j,k of1,2,3 [(Xpvodxng, 1998)]. It is employed here, because it will later clarify the way differentiation of

the determinant is done.
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d(InJ)  9(InJ)
dt ot

: (A.5)

a

it is reasonable to start by calculating the corresponding time rate of change of its elements. To
do so, we write (%)

ox; ]

Ja,

d 8xi] 0
where u; defined as in Eq. (A.3), that s,

di

0 Ox, ou,
= = , (A.6)
Jda. Ot da,

J

90| " 01

a

uj(xat) = ui(x(aat)at) = xi (a’t)'
Using now Eq. (A.3), we do chain rule in the term appearing on the right-hand side of Eq. (A.6),
and get
2\ du, Ox,
Ox, Oa; ’

ou. B A7)
da, '

k=1

But straight from the definition of it, the Jacobian determinant is a sum of products of terms
0 ; X; . Therefore, it can be easily shown that the time rate of change of it, Eq. (A.6), is the sum

of three determinants in each of which only one row is differentiated (see also (Aris, 1989)).

Let us obtain the first determinant. Taking the time rate of change of the first row, and invoking
Eq. (A.6), we have

Ou,/0a, Ou,/0a, Ou,/0a,
det" =|0x,/0a, 0x,/0a, 0x,/0a, (A.8)
0xy/0a, O0xy/0a, 0x;/0a,

Expanding det " by the first row, we write

det M — Ou, | Ox, 9x; 0xy Ox, Ou, | 0x, Ox, Jxy O0x, N
e - 8a1 aaz 8a3 8a2 aa3 8a2 8a1 8a3 8611 aa3
’ ’ (A.9)
N Ou, | 0x, O0x, 0x; 0x,
da, | Oa, Da, Oa, da, |

C

Invoking Eq. (A.7), in each of the terms A4, B and C appearing above, they shape

Ou, 0x,
4 =
0x, da,

0x, 0x; 0Ox, Ox,

da, da, 0Oa, Oa,

Ou, Ox,
0x, Oa,

0x, 0x; 0Ox, Ox,

da, 0ay; Oa, Oa,

(®) The differentiation d /d ¢ is taken with @ = const., and thus, it enables us to interchange the order of differ-
entiation.
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Ou, 0x,| 0x, 0x; Ox; Ox,

+ - )
0xy 0a, | 0a, 0a; Oda, Oa,
(A.10a)
B Ou, 0x, | 0x, 0x; Ox; Ox, N Ou, 0x, |0x, 0x; Ox; 0x,
~ Ox, da, | Da, da, da, da, 0x, 0a, | 0a, Oa; Oa, Oa,
N Ou, 0x; | 0x, O0xy Ox; 0x,
0x; Oa, | Oa, da, Oda, Da; |’
(A.10Db)
and
C Ou, 0x, | dx, 0x; Ox; Ox, N ou, 0x, | 0X, O0x; Ox; Ox,
~ Ox, da, | da, da, da, da, 0x, day | 0a, 0a, 0Oa, Oa,
N Ou, Ox; | 0x, 0x; Ox; 0x,
0x; Oa, | 0a, da, Oa, da, |
(A.10¢)
Inserting Egs. (A.10) into Eq. (A.9), the latter takes the form
det O g, o, o (A.11)
et =c c c , .
1oy, 29y, 5o,

where the coefficients c,,,c,, and c¢,; will be presented below. In fact, for ¢,, it occurs that

Ox, | 0x, O0x; Ox; Ox,
da, | 0a, Oay; O0Oa, Oa,

0x,
da,

0x, 0x, Oxy O0x,
da, Oa, da, Oa,
0x, | 0x, O0x; Ox; 0x,

+ —
day | 0a, Oa, Oa, Oa,

‘i = +

b

which is obviously the expansion of Eq. (A.4). Hence, we write

¢y = J. (A.12a)
Regarding coefficient c¢,,, we find that

_ Ox, | 0x, Ox3  Ox; Ox,
= da, | 0a, 0a; Oda, Oa,

0x,
da,

0x, Ox; Ox; Ox,
da, Da; Oa, Oa,
0xy | O0x, Ox, Oxy O0x,

+ —
da, | Oa, Oa, da, Oa,

_|_
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Applying then Schwarz’ s Theorem, all the terms above cancel each other out, and therefore, it
results that

¢, =0. (A.12b)
Doing the same procedure, one can show that

¢, = 0. (A.12¢)

Consequently, using Egs. (A.12), Eq. (A.11) becomes

u
det® = —LJ, (A.13a)
X
and similarly,
u ou
det® = —2J, det® =21, (A.13b,¢)
X2 X3

Now as already explained, the time rate of change of the Jacobian determinant is the sum of the
determinants det "’ , and thus, we have

dJ Oou, Ou, Ou,
= = det™ 4+ det® 4 det® = + + J=(V,.-u)J. A.14
dt Ox, Ox, 0x, (Vie-n) ( )
Finally, we obtain the elegant formula
d(an) — Vx .u(x,t),
dt
which completes our proof. ]

Identities (A.2) and (A.14) were first introduced by Euler. Euler’s identity has some interesting
applications, two of which will be given in this Appendix.

First, Euler’s identity plays a crucial role in the physical interpretation of the divergence of the
velocity field in fluid dynamics. According to Eq. (2.60), the Jacobian determinant is the ratio

of the volume element at a time ¢, d V' *), to the volume element at time ty, dV @) that is,

dv™
J — W. (AIS)

Therefore, the Jacobian determinant expresses the dilatation or expansion of a volume element
in time, and thus, represents the volumetric strain.

Suppose now that the fluid is incompressible. This means that the fluid element moves without
any change in its volume with the passage of time (see e.g., (Karamcheti, 1966)). But zero dila-
tation is equivalent with J = 1, according to Eq. (A.15). Then, Euler’s identity (A.15) gives

us
V. u(x,t) =0. (A.16)
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Eq. (A.17) is the well-known condition of incompressibility, derived by (Euler, 1757), although
it had been found earlier by (D’ Alembert, 1749) for the axisymmetric case (°).

Another useful application of Euler’s identity is presented in Appendix A.2. Euler’s identity is
employed to prove a very fundamental theorem in the context of fluid dynamics, namely Reyn-
old’s Transport Theorem.

(%) For a historical excursion on the incompressibility condition, one can study (Darrigol & Frisch, 2008).
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A.2 Reynold’s Transport Theorem

Theorem A.2 [Reynold’s Transport Theorem, RTT)

Assume that the point transformation described in Chapter 2,

G=G, VW — 7™ =y

. x, = x(a,,a,,a;3),
at a given
t >t

‘x3 = X3(a1,a2,a3),

is a bijection and C 2 — diffeomorphism. For a function f : v ) x [¢,,¢,] — R, which is

assumed to bea C' — diffeomorphism, each of the following formulas holds

dt

V(X) V(X)

%If(x,l)dV(x) ZIMdV(x)—i‘ff(X,f) Vx~u(x,t)dV(x),

(A.17a)
or equivalently

d . df (x, . x
Eff(x,t)dV( ) :f%drﬂ ) +fo~(f(x,t)u(x,t))dV( ',

V(X) V(X) V(X)

(A.17b)
or equivalently

iff(xﬂ‘) dv :fM dv ™ L f f(x,0)u(x,t) n™ gg™ ,
dt ot
V(X) V(X) BV(X)
(A.17¢)
(*) is the normal outward vector, 0¥ *) the bounding surface of the space ¥ *) and
the components of the vector u# read

where n

0x;(a,t)

ui(x,1) = u;(x(a,0),1) = ——

=x,;(a,t).

a = const.

Proof of Theorem A.2:

We start by considering the function f : v ) x [t,,¢,] — R, and assume it to be a C -

diffeomorphism. Then, by means of the point transformation, Eq. (A.1), the following formula
holds true

f(x,t) = f(x(a,1),1). (A.18)
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Eq. (A.18) in fact enables us to express the function f in terms of coordinates both in the
labeling and the physical space.

Now in the attempt to calculate the term
d
I = Eff(x,z)olVW, (A.19)
V(X)

we encounter the ensuing implication: space ¥ * ) =y () is time dependent, and there-
fore, the time derivative d/dt, taken with @ = const., cannot commute with the volume inte-
gral over the physical space. To overcome this difficulty, we employ Eq. (2.61). In addition,
using the constancy of ¥ “) in time, along with Eq. (A.18), we have by chain rule that

_d o _ [4 @ _
I = dtff(x(a,t),t)JdV —fat(f(x(a,t),t)J)dV =

y y @
- [ 4L xa.0.0 5 de(x(a,t),t)]dV(") _
ot dt
y (@)
:f df(xc(ia,t),t) J+ f(x(a,t),1) Vx-u(x,t)J]dV(") =
y (@) t
:f df(xc(it;,t),t)_l_f(x(a’t)’t)vx_u(x’t)]dV(x) ,

y ()

where in the third equality Euler’s identity was invoked, and in the last equality, use of Eq.
(2.61) was made. Combining thus the above equation with Egs. (A.20) we get one of the forms
of the RTT, which reads

iff(x,t) dv ™ :f 4/ (x0) + f(x, )V, -u(x,t)|dV™,
dt dt

y () y ()
An alternative form can be derived using the definition of the total time derivative. Then, the
above is written as below

4 (0 _
dtff(x,t)dV

)

ot

)

or more concisely,

d x 0 , x x
Eff(x,t)dV( : :f%dw ) +fvx~<f(x,r>u(x,r>)dV< .

V(X) V(X) V(X)

Lastly, invoking Divergence Theorem in the last integral of the above relation, we obtain
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da o _ [0S (x,1) o () g (%)
dtff(x,t)dV —f Y dv —|—ff(x,t)u(x,t)n ds™

y (¥) y (¥) 8V(X)

(x)

where d s = n'® ds™ is the vector surface element in the physical space, n‘* the nor-
phy p

mal outward vector normal, and 97 * the boundary enclosing ¥ ).
This completes our proof. |

Egs. (A.17) are known as the Reynold’s Transport Theorem (RRT), first introduced by Osborne
Reynolds in 1903 [(Reynolds, 1903)]. Of course, all three forms (A.17a,b,c) are equivalent, and
pertaining to the context, the most suitable form is employed.

To close this Appendix, we shed some light to Reynold’s Transport Theorem. Before anything
else, we mention that RRT can also be found in literature (not common in the context of fluid
dynamics) as Leibniz- Reynolds Transport Theorem, since it is a three-dimensional generaliza-
tion of the Leibniz integral rule.

Now concerning its structure, observe that RRT is a pure kinematical theorem, on the grounds
that it applies to any scalar function /', independently of what it represents (*). This point be-
comes clear in Chapter 4, where the Eulerian equations of fluid flow motion are derived via
RRT, with f taking different forms. Moreover, form Eq. (A.17¢) takes an intriguing interpre-
tation, which is especially useful in fluid dynamics. It states that the time rate of change of the
integral of a function f over a time-dependent volume equals the integral of the rate of change
of the function f* at a fixed point, plus the flux of the function f out of its bounding surface.
Further discussion on the interpretation of RRT and alternative proofs of it (e.g., those based on

physical arguments) can be found in many classical textbooks in fluid mechanics (see e.g., (An-
derson, 2011; White, 2011; Gerhart et al., 2016)).

(%) Of course, RRT can be generalized for functions f which are vector-valued or tensors.
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Appendix B

Volume-Preserving Transformations

B.1 Volume-Preserving Transformations

We first begin with a brief definition on the concept of the volume-preserving transformations.

Definition B.1 [ Volume-Preserving Transformation]

Consider the point transformation

R: W@ — w@

IS

=a,(a,,a,,a
at a given ! 1( b2 3), (Bl)

» = dy(ay,a,,as),

3 = as(ay,ay,a;y),

1Y
N
I
N
~
1Y
N
I
IS

Qe

and assume that it is a bijection (one-to-one and onto), anda C - diffeomorphism. Then, if the
following formula for the Jacobian of the transformation (B.1) holds true,

d(a) _ 0(ay.a,,a;)
d(a) d(ay,a,,ay)

da,/0a, 0a,/0a, 0a,/0da, (B.2)
=|0a,/0a, 0a,/0a, 0a,/0a;| =1,
da,/0a, 0a,/0a, 0a,/0a,

we say that (B.1) is a volume-preserving transformation. ]

Invoking the geometrical results obtained in Section 2.5, we note that the name “volume-pre-
serving” 1is attributed to transformations that satisfy condition (B.2), since it holds that

aw@® — 20 @ 9@ @ Eq‘(:Bz)dW“’). (B.3)
J(a,t) O0(a)

Eq. (B.3) states that under the point transformation (B.1)-(B.2), the element d W is con-
served.
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Now we present an important result, which pertains to infinitesimal point transformations. It is
stated in Theorem B.1 below.

Theorem B.1 [Infinitesimal Volume-Preserving Transformation|
Consider the infinitesimal point transformation

R:W@ — @
at a given (B4)

a — a=a(a)=a+da(a),
t >t

where Sa: W@ — W@ isaninfinitesimal function, and assume that it is a bijection (one-

to-one and onto), and a C - diffeomorphism.

Then, if the transformation is also volume-preserving, it holds true that

V,-da(a) =0. (B.5)

Proof of Theorem B.1:

If the transformation (B.4) is volume-preserving, then by Definition B.1, Eq. (B.4) holds, that
is
o(a) 0(ay,a,,ay)

_ — 1. (B.2)
d(a)  0(ay,a,,ay)

Explicitly written, formula (B.2) reads

da,/0a, 0a,/0a, 0da,l0da,

gi“i = |0a,/0a, 9d,/da, 0d,/da,| =1, (B.2")
a
day/da, 0ay/0da, 0a;/0a,
or
da,|da, da; 0Oa, Oa, da, | 0da, 0a, O0Oa, Oa,
da, | 0a, da; 0Oa, Oa, da, | 0a, day; Oday Oa,
o " (B.2")
N da, | da, day da, day | .
da, | O0a, 0a, O0Oa, Oa, -
Using the form of transformation (B.4), we have that
0a, 0(a;,+da;) 0(da;)
- :1+ 7i:172737 (B6a)

Oa. Oa. Oa.

1 1 1
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oa, B 0(a, +da;) B 0(da;)

1

oa, oa, Oa.

J J J

i i) =1,2,3. (B.6b)

Therefore, keeping only first order terms, and doing some simple algebra, quantities 7, 7 ,

and 7 , shape

. [1 L 0@a) | 9(Gay) , 0(8ay)  0(8ay) O(8ay) D(Say) D(Say)

da, da, da, da, da, da, da,
0(da,) 0(da,) 0(day)
~ 1+ + + :
da, da, da,
. d(da,) 8(5a2)+8(5a2) 8(5a3)_8(5a2) 0(day) B
? da, da, da, Oda, da, da, ’
S 0(da,) 8(5a2)+8(5a3)_8(5a3)_8(5a3) d(da,) B
; da, da, da, da, da, da, ’

since da,, da, and O a; are infinitesimal quantities, and so do their partial derivatives.

Hence, invoking the results for 7|, 7, and 7 5, the condition of unimodularity (B.2) takes the
form
0(da 0(da 0(da
(5a,)  0a) d(da) _ |
Oa, da, Oa,

b

which in vector notation reads
V,0a =0,

and this completes our proof. ]
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B.2 Volume-Preserving Transformations and PRS

This part of the Appendix aims to explore the volume-preservation of the transformation en-
countered in the PRS described in Section 9.2, and to unravel the disagreement of the author on
that topic. This is done with reference to certain works. However, the scope of this Appendix is
by no means to make a historical excursion (this is done in Section 9.1). Rather, we present a
specific methodology encountered in literature.

In the existing works, the condition for the relabeling transformation

r =t, (B.7a)
a=a(a)=a+oda(a), (B.7b)
X (a,t) =x,(a,t),i =123, (B.7¢)

to be volume-preserving, enters the problem of PRS via the invariance of the density field.

To be more precise, we recall that when working with the Primitive Variational Principle (see
Sections 7.3 and 9.3), the mass density p (a,t?) is defined as a field dependent on the motion

field x(a,t), via the conservation of mass (see Egs. (B.8) and (B.9) below). In the works that
deal with the PRS, initial density is usually assumed uniform, that is, p, (@) = const., and the
labels a are taken to be the particles’ positions at the time ¢ = ¢, and thus, J (a,t,) = 1.

Then, the conservation of mass shapes (see e.g., (Salmon, 1988; Miiller, 1995; Yahalom, 1995;
Névir, 2004;))

pla,t)J(a,t) =1. (B.8a)
In fact, sometimes the assumption of uniform initial density is dropped, and thus, we encounter

mass conservation in the form (see e.g., (Ertel, 1965; Padhye & Morrison, 1996a, 1996b;
Padhye, 1998))

pa,0)J(a,0) = p,(a). (B.8b)

Even works that deal with the general case for the notion of the label, that is, works that do not
assign the labels to initial positions (see e.g., (Bennett, 2006)), when they are concerned with
the PRS, they no longer keep the complete form for the conservation of mass. They first make
a time independent change of labels from a to b such that Eq. (B.8a) holds for the new labels
b, and then apply the relabeling transformation to the latter.

Egs. (B.8), albeit reasonable, conceal the Jacobian determinant J (a,t,) which is a crucial

component in mass conservation. In its complete form, the latter reads

po (@) J (a,ty) = pla,t)J(a,1). (B9)

The pertinent question that arises here is the following:

How do the various forms for the conservation of mass affect the invariance

of the fluid density?

To answer this question, we need to refer to Section 9.3. Since the fluid density must be invariant
under relabeling (see Eq. (9.17)), we have that
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pla,t) = p(a,t). (B.10)
Now under the assumption that labels a are the particle’s initial positions, Eq. (B.10) gives us

é(&(’&t)) B /;(‘Zlf)) = J(a,t) = J(a,t) < 0(a) _ 1, (B.11)
0 0

since invoking transformation (B.7), and doing chain rule, it holds that

J(an=2x 0% _0xda_ 5., 04 (B.12)
Oa Oa oa Oa Oa

Observe that Eq. (B.11) implies that transformation (B.7b), a = a (a), is volume-preserving

(see Definition B.1). Indeed, the volume preservation of the relabeling transformation appears
here to be essential to guarantee the invariance of the density field p(a,t).

But in Subsection 9.3.1 we showed that invariance of the fluid density did not restrict the class
of relabeling transformations to volume-preserving ones. Therefore, we question the following:

Where does this discrepancy lie on?

The answer to this question, although simple, is by no means obvious. The error in this approach
has its roots in Eq. (B.11). Observe that, according to Eq. (B.12), Eq. (B.11) is valid only in
certain cases (e.g., when labels a are the particle’s initial positions). However, as explained in
the beginning of Section 9.2, the essence of relabeling is that labels in general, have a freedom
concerning to what they express. This means that, even if we initially take the labels a to be
initial positions, the new labels a need not represent initial positions too. Therefore, Eq. (B.11)
should, in general, be written as

[i(d’f) _ pla,r) B9 j~(d~, ty) _ J(a,ty) |
P (a) P, (a) J(a,t) J(a,t)
which by Eq. (B.12) holds true in general. Thus, if conservation of mass is worked out properly,

invariance of the fluid density is secured without the need to impose any condition on the rela-
beling transformation.

(B.13)

In fact, volume preserving relabeling seems to arise due to the implicit assumption made that
labels a satisfy the relation
- F4(512) d(a) d(a)
J@a,t)) =1 «<— J(a,t))— =1 «— — =1
(a,t,) ( 0)8(a) 9(a)
This means that condition 0(a)/0(a) = 1 is implicitly invoked from the beginning of the

analysis, and then, the various manipulations regenerate it at the end (as expected), but now
explicitly!

(B.14)

To the author, imposing the condition for the volume preservation is not a matter of the density
invariance. Rather, it is a condition that we impose on our own, because it is a convenient class
of transformations to work with, and subsequently, derive conservation laws with physical sig-
nificance. And to place even more emphasis on that, how would it be possible that by merely
changing the identification of particles (relabeling) the action functional governing the fluid
motion change? It would go against our physical intuition!
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Appendix C

Piola Transformation

This Appendix aims to provide an insight on the Piola transformation, and to present some
pertinent theorems. Piola transformation is named after Gabrio Piola (1794-1850), an Italian
mathematical physicist of the 19 century. Piola is known for his contributions to mechanical
science, and particularly continuum mechanics, with many concepts bearing his name, among
which are the well-known Piola-Kirchhoff tensor and Piola’s Theorem. His works, albeit re-
markable and important, did not receive due attention, probably due to the component-wise
notation used (Levi-Civita tools were not available back then) and the Italian language at which
they were written ('). An English translation of Piola’s works, along with comments on his life
and scientific activity can be found in (dell’Isola et al., 2014; 2018).

A definition of Piola transformation is given below. It is a transformation formula, determining
the connection between the Lagrangian and Eulerian descriptions [(Vitdez, 2001; Silhavy,
2013; Ciarlet, 2021)].

Definition C.1 [Piola Transformation|

Assume that the point transformation described in Chapter 2,

G=G,: VY — 7™ =y

at a given 1= XI(al’az’a3)’ (Cl)
a — x=x(a)= ix, = x,(a,,a,,a;),
t >t
x3 = x3(a]7a27a3)7
is a bijection and C* — diffeomorphism. If the functions
0:V [ty ,t,] — D,, and q: VI x[ty,t,] — D,,
are C'— differentiable vector fields, then the transformation 7 : D s — Do,
T a,t) = J.. 1" x,t),
Q(a,t) =[J;;] q(x,1) C2)
3xl1 3x3 3x1
where [J; ;] is the matrix of the cofactors, is called a Piola transformation. [

(}) This point is clearly stated by (dell’Tsola et al., 2014), whose exact comment with reference to (Russo, 2003) is

given below:

« In a sense the works of Piola seems, for different reasons and in different aspects, to have had a similar
destiny to many works of those authors belonging to the Hellenistic scientific koine: indeed while they
left a permanent trace in the human scientific progress they were not recognized as the original sources
of the innovative content which they actually had. The loss of the capability of understanding Greek and
mathematical formalism was, however, a historical event independent of the will of Hellenistic authors,
while the decision of writing in Italian was a conscious choice of the patriot Piola. »
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In expanded form, Piola transformation is written as below
0, Ju Ju I |4
Q= |7 Jn Junl||4:2] (C.2")
0, Jis Ju I l4as

In more concise form, it is expressed as

O.(a,t) =q(x,t)-J,,,i=12,3, (C.3a)

with J; being defined as in Section 2.3 to be

da, Oa, Oa;

J,=J ; ;
Ox, 0x, 0x,

= J(Vea;(x.0)),i=1,2,3. (C.3b)

Another formula owned to Piola is the Piola identity, which is given as a theorem below.

Theorem C.1 [Piola Identity|
Assume that the point transformation described in Chapter 2,
G=G,: VY — 7™ =y
. x, = x(a,,a,,a3),
at a given

a — x=x(a)= ix, = x,(a,,a,,a;),

X3 = x}(a]7a27a3)7
is a bijection and C* — diffeomorphism. If the functions

QIV(a)X[to,t1]—>D and q:V(X)X[tO’tl]—)D‘I’

0>
are C' — differentiable vector fields, related by the Piola transformation, that is,
7 Q(a,0) =[J;;1" q(x,1),
3x1 3x3 3x1
then the Piola identity holds, that is
V,0(a,t) =JV, -q(x,t), (C.4)
where J is the Jacobian determinant of the point transformation (C.1), and V -, V- are the

divergence operators in V@ and y %) respectively. ]

Proof of Theorem C.1:

By assumption, the vector fields Q (a,¢) and ¢q (x,¢) are related by the Piola transformation,
and therefore, Egs. (C2) and (C.3) hold. Taking then the divergence of Q (a,?), we have
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0 0 0 , 0
V..0(a.1) = Qlaia 1) Q;L(Za,t) N Q;L(Ia 1) Z O, (a, t)’ C5)
1 2 3

i=1

where the terms 0Q, / Oa, appearing above, can, according to Eq. (C.3a), be written as follows

00, (a,t aJ-i
Qi (a,t) _ aq(x(a,t),t).l,q_ Fog(x, 1) =i (C.6)
da, da, da

i

Invoking the definition of the vector J ;, Eq. (C.3b), and dropping the arguments for simplicity,
the first product on the right-hand side of Eq. (C.6) shapes

dq, Oa; dq, Oa; 0q, Oa,
84 J 84 'J(vxai) —J q. a; + q- a; + q; a; (C7)
Oa, 8ai da, 0x, Oda, Ox, Oa, 0x,
But since ¢ (x(a,t),t) = q(x,t), by chain rule, it holds that
23: dg(x(a.00,0) | _ ,[09(x.0)  0q:(x.0)  Das(x0))
i=1 da, 3 dx, dx, 0 x4 (C.8)
=JV, q(x,t).
Then, invoking Eq. (C.8), Eq. (C.6) becomes
oJ ., od ., 0J .4
V,0Q(a,t) = JV, q(x,t) + q(x,1) + + (C9)
da, Oda, oa,

Examining the sum appearing in the parenthesis on the right-hand side of Eq. (C.9), we set

G = (G,,G,,G,;) = 0J. + 0t + 05 (C.10)
Oda, Oda, Oa,

Taking the first component, G,, and using the definition of J; as given in Eq. (C.3b), we
obtain

1

0 8(x25x3)+ 0 8(x25x3)+ 9 0(x,,x3)
da,0(a,,a;) Oa, d(ay,a;) 0Oa;0(a,,a,) ’

which expanding the sub-determinants, shapes

G — 0%x, Ox, 8x2 0 *x, 0%, 0x, 0Jx; 07X, N
"' 9a,da, da, 8a2 Oda, Oa, aal da, 0a, Oda, Oa, Oa,

0%, 0x, 8x2 d *x, 0%, 0x, 0x; 0%, N
8a28a3 da, 8a3 da, da, 8a28a3 da, 0Ja; Oa, da,

0%x, 0x; N d%x; O0x, 0%, 0x, 2%, 0x,
day da, da, 0Oa;0a, 0a, 0da;da, da, 0Oa,da, da,
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Since the point transformation is assumed to be C*— differentiable, the second-order partial

derivatives appearing above are continuous, and thus, Schwartz’s theorem holds. Hence, one
can easily see that all of the above terms cancel each other out, that is, G, vanishes identically.

Similarly, one can show that the other two components, G, and G,, are vanishing too, and
thus, that

G=0. (C.11)
Eventually, invoking Eq. (C.11) in Eq. (C.9), we get

V,0(a,t)=JV -q(x,t), (C.12)
which completes our proof. ]
Now we present a Corollary of Theorem C.1, which can be used in two different ways; either

as a generalization of Theorem C.1, or as a proof for the nonvalidity of the inverse of Theorem
C.1, in that one can find infinitely many vector fields Q (a,¢) and g( x,¢) satisfying Theorem

C.1.

Corollary C.1

Assume that the point transformation described in Chapter 2,
G=G, VW — y™® =y

. x, = x(a,a,,a3),
at a given

a — x=x(a)= {1x, =x,(a,,a,,a;),

xy = x3(ay,a,,ay),
is a bijection and C* — diffeomorphism. If the functions
Q:V Wx[ty,t,]1 = Dy, q:Vx[ty,t,] = D,,
F:V@x[t,,t,] = D
are C' — differentiable, related as follows,

Q(a,t) =[J;;1" q(x,0) +V, x F (a,1),

(C.13)
3x1 3x3 3x1 3x1
then the vector fields V ,-Q and V _-q satisfy the Piola identity, that is,
V,0(a,t) =JV_ -q(x,t). |
Proof of Corollary CI:
We start by setting the function Q Y (@ x [t,,2,] — DQ to be
0(a,t) =[J;,;1" q(x.0). (C.14)
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Then, by Theorem C.1, it holds that
V,0(a,t)=JV q(x,t). (C.15)

Now employing Eqgs. (C.13), (C.14) and (C.15), we have

Eq.(C.13) T
Vol@a,t) =V, xF(a,t)) = V(17,1 q(x,0)) =
(C.16)
Eq.(C.14) R Eq.(C.15)
= V,0(a,t) = JV_ . q(x.,t).
But since the divergence of the curl is zero, V ,-(V , X F') = 0, the above reads
V,0(a,t)=JV _q(x,t),

completing our proof. ]

We now proceed with another important theorem, at which, assuming initially a particular rela-

tion between two fields, we are led in a Piola transformation for their curls. It is formally stated
below (%).

Theorem C.2

Assume that the point transformation described in Chapter 2,
G=G, VW — y® =y

. x; = x(a;,a,,ay),
at a given
a — x=x(a)= {x, =x,(a,,a,,a;),
t>t,
x3 = x3(a]7a27a3)7

is a bijection and C* — diffeomorphism. If the functions
0V W[ty t,] — Dy, and g¢: V% (t,,t,] — D,,
are C' — differentiable vector fields, related as follows

Q(a,t) =[J]" q(x,1),
3x1 3x3 3x1

(C.17)
then the vector fields V , X Q and V , X ¢ are related by the Piola transformation, that is,

V.x@(a,0) =[J,;1" (V. xq(x,0))
3x1 3x3 3x1

', (C.18)

where [J] is the Jacobian matrix of the point transformation (C.1), [J; j] the matrix of the

cofactors, and V , X, V _ X are the divergence operators in V@ and ) respectively. m

(%) Similar results can be found for instance in (Casey & Naghdi, 1991) and (Wu et al., 2006), although not formally
stated. The author failed to find formal statements, in the way Theorem C.2 is.
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Proof of Theorem C.2:
The vector fields Q (a,t) and g (x,t) are related by Eq. (C.17),

Q(a,t) =[J]" q(x,1),
which in expanded form reads

0, O0x,/0a, Ox,/0a, O0x;/0a, ||q,
0, |=|0x,/0a, 0x,/0a, Ox;/0a, ||q, |- (C.17Y)
0, Ox,/0ay; 0Ox,/da; Ox;/0a; ||q;

We now set the vector H = H (a,t) tobe
H(a,t) =V, x0(a,t), (C.19a)

or using an elegant formulation of the curl matrix operator (Abbott, 2002), Eq. (C.19a) shapes

H, 0 —0/0ay, 0/0a, ||0Q,
H,|=|0/0a, 0  -0/9a,||0,| (C.19b)

We examine in detail only the first component of H , since others can be similarly treated.
Invoking Eq. (C.17'), and dropping the arguments for simplicity, we have

D0, 90,

: da, B Oda,
B da,| Oa, & Oa, 1 Oda, 1 da,| Oa, & da, 1 Oa, Sk

from which invoking Schwartz’s Theorem, it easily results that (°):
- dq, 9x, 0q, Ox; 0q, 0x, dq, 0x, 0q; 0x; 0q; Ox;
b da, Da, 0Oay da, Oa, Oa, da, Da, da, Da, Oda; Da,

A B C

(C.20)

But doing chain rule, the various products appearing in term 4 above, can be written as follows

dq, 0x, _ dq, O0x, +8q1 dx, N dq, O0x, | 0x, ’ (C21a)
da, Oa, 0x, 0a, O0x, da, 0Ox; 0a, |da,
dq, 0x, _ dq, O0x, N dq, 0x, N dq, 0x; | 0x, ' (C21b)
da, Oa, 0x, 0a, 0x, 0a; 0x; Oa, |0a,

(%) Again here, Schwartz’s theorem applies, since by assumption, the point transformation is assumed to be C =
differentiable.
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Therefore, using Egs. (C.21), it is easily shown that 4 in Eq. (C.20) reduces to

Oxy; Ox, Ox; O0x,
da, Oa, da, Oa, |

4 dq, | 0x, Ox, ox, 8x1] dq,

- +
0x, | 0a, Oa, da, Oa, 0x,

which in concise form reads

dq, 0(x,,x,) dq, 0(x;3,x))

_ B _ (C.22a)
0x, 0(a,,a;) Ox; 9(a,,ay)
Similarly, one can show that the terms B and C of Eq. (C.20) take the form
5 002 0(x1x;) 94, 8(’52”%), (C.22b)
0x, 0(ay,ay) 0x; 0(a,,ay)
and
_ 0q; 0(xy,x;) " 9q; 0(xy,x3) (C.22¢)

C = .
dx, 0(a,,ay) dx, 0(a,,ay)

Egs. (C.22) if inserted in Eq. (C.20) they give us

H - 693_892 9(x,,x5) 891_893 (x5,x,) 892_891 d(xy,x,)
: 0x, 0x;|0(a,,ay) Oxy Ox, |0(a,,ay) ox, 0x,|0(a,,a;)
(C.23)
We now proceed with setting the vector & = h(x,t) to be
h(x,t) =V _xq(x,t), (C.24a)
which employing again the formulation of (Abbott, 2002), the above shapes
h, 0 —0/0x; 0/0x, ||q,
hy,| =1 0/0x, 0 —0/0x,||q,|- (C.24b)
In view of Egs. (C.24), Eq. (C.23) becomes
H (a,t) = h(x,t)-J,, (C.23Y)
where J , is given in an equivalent form in Eq. (C.3b) (see also Section 2.3).
Generalizing the result (C.23"), we obtain
H (a,t) =h(x,t)-J,,,i=172,3. (C.25)
Eventually, using the matrix notation of Section 2.3, we rewrite Eq. (C.25) as below
H(aat) = [Jij]T h(xat) ]
3x1 3x3 3x1
which substituting Egs. (C.19) and (C.24) completes our proof. ]
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Lastly, it is interesting to adduce a corollary for Theorem C.2 too, which, as Corollary C.2, has
a dual interpretation (*).

Corollary C.2

Assume that the point transformation described in Chapter 2,

G=G, VW — y™® =y

. x, = x(ay,a,,4a;5),
at a given
a — x=x(a)= 1x, =x,(a,,a,,a;),
t>t,
x3 :x3(a]7a27a3)7

is a bijection and C * — diffeomorphism. If the functions
Q:V Wx[ty,t,1— Dy, q:VIx[ty,t,] = D,,
F:V®x[ty,t,1 — D,
are C' — differentiable, related as follows,

Q(a,t) =[J] q(x,t) + V, F(a,1),
3x1 3x3 3x1 3x1

(C.26)

then vector fields V , x Q and V _ x ¢ are related by the Piola transformation, that is,

V.xQa,0) =[J,1" (V. xq(x,0)).

3x1 3x3 3x1
[
Proof of Corollary C2:
We begin our proof by setting the vector field Q : V4 x [ty.t,] — D o 0 be
0(a,1) = [J]" q(x,0). (C.27)
Then, Theorem C.2 implies that
V,x0a,t) =[J,;1" (Vxq(x,1)). (C.28)
Combining thus Egs. (C.26), (C.27) and (C.28), we obtain
Eq.(C.26)
V.x(Q(a,t) =V, F(a,)) = V,x([J1"q(x,0)) =
Eq.(C.27) _ Eq.(C.28) . (C.29)
= V,xQ(a,t) = [J;1' (Vxq(x,1)).

(*) To the best of our knowledge, Corollaries C.1 and C.2, albeit simple (almost trivial), have not been investi-
gated in the literature.
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But the curl of the gradient vanishes, V , x (V ,F') = 0, and hence, the above results in

V,xQa,0) = [J,;1"(V, xq(x,0)),

which completes our proof.
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Discussion

On the Applicability of the Lagrangian Description to
the Numerical Solution of Free-Surface Flows

Numerical analysis of free-surface wave motion, wave generation and wave-structure interac-
tion has been widely investigated in literature using either the Eulerian or the Lagrangian ap-
proach. Most of the relevant literature belongs to the former approach, although there is a con-
siderable and growing amount of works employing the Lagrangian description [(Monaghan,
1994; Idelsohn et al., 2004; Koh et al., 2012; Luo et al., 2019; Salis et al., 2022)]. The main
difficulty encountered in problems with free surface though in the Eulerian description is that
the free surface, being the upper boundary of the fluid domain, is unknown and must be pre-
dicted simultaneously with the underlying wave field. Lagrangian description resolves this com-
plication since it allows for a natural tracking of the evolving fluid domain. Free-surface parti-
cles stay on the free-surface throughout the motion, rendering the Lagrangian boundary of the
domain a fixed boundary of labels [(Buldakov et al., 2006; Weber, 2019)].

Probably, the first water-wave solution using the Lagrangian framework has been presented by
(Gerstner, 1809) who found the exact solution of rotational free-surface flows in an infinitely
deep ocean. (Stokes, 1847) considered flow between material surfaces in irrotational water
waves and obtained the wave-induced mean drift, the so-called Stokes drift, without though
using directly the Lagrangian method. Almost one century later, (Miche, 1944) studied both
irrotational and irrotational free-surface flows in a fluid of finite depth by employing the La-
grangian formalism. Under the assumption that the fluid is inviscid, numerous other works in
the Lagrangian description have been reported [(Abrashkin, 1996; Constantin, 2001, 2012,
2014, 2015; Clamond, 2007; Chen et al., 2010; Henry, 2013, 2016; Abrashkin & Pelinovsky,
2017)], with the diversion being between vortical waves of Gerstner-type and irrotational waves
of Stokes type. As for the viscous case, it has been explored for oceanic applications by many
[(Jenkins, 1987, 1989; Melsom, 1993; Weber & Melsom, 1993; Weber, 2019)]. It is of interest
now to delve deeper into certain numerical applications of the free-surface waves problem
which are based on the Lagrangian description.

(Nishimura & Takewaka, 1988) presented two numerical schemes to analyze the Lagrangian
equations of motion for two-dimensional free-surface flows under the assumption of irrota-
tionallity. Only the dynamic free-surface condition is imposed; kinematic conditions are auto-
matically satisfied by using a suitable mesh. In the so-called velocity formulation, pressure is
eliminated and the calculation of particle velocity and position is done at lagged time steps by
using the condition of irrotationality, the continuity equation and the surface condition. In the
so-called pressure formulation, pressure is determined by the equations of motion such that the
particle positions satisfy conservation of mass at each time step. The latter formulation is more
efficient, since the coefficient matrices are half as large and with better characteristics. How-
ever, there is a complication in the determination of pressure at boundaries when arbitrarily
shaped meshes are employed. In both cases though, a sufficiently fine mesh must be employed
to maintain the accuracy and stability in the computation. The schemes are finally examined in
the application to the resonant behavior of sloshing waves in a rectangular tank and to the break-
ing of a solitary wave.
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(Weber et al., 2006) extend the work of (Phillips, 1977) to a viscous rotating ocean and show
that the Eulerian and Lagrangian frameworks yield the same form for the mean wave-induced
volume fluxes in the oceanic surface layer. The Lagrangian description though, seems to have
the advantage that the form drag, which is a source term for the wave-induced transports, is
explicitly expressed.

(Buldakov et al., 2006) investigate two dimensional incompressible free-surface flows in the
Lagrangian space, at which the free surface is a fixed boundary of labels so that they overcome
the difficulty with the moving boundary in the Eulerian formulation. The complete formulation
of the problem consists of the mass conservation, the vorticity conservation equation, the dy-
namic free-surface boundary condition and the boundary conditions on rigid and open bounda-
ries. The usual asymptotic expansions (Pierson-type expansions) employed in the linear conti-
nuity equation in the Eulerian framework satisfy only approximately the nonlinear conservation
of mass in the Lagrangian description, since unbalanced higher-order source terms appear.
(Buldakov et al., 2006) propose a complete asymptotic formulation of the problem and apply it
to the problem of a regular wave travelling in deep water. It is shown that the fifth order La-
grangian asymptotic solution approximates the steep waves much better than the Eulerian
Stokes expansion, and is uniformly valid at large times.

(Pizzo et al., 2023) derive a general theory for permanent progressive waves on an arbitrary
vertically sheared steady Lagrangian mean flow in the Lagrangian description and map it to the
Eulerian one. They remark that the Lagrangian framework offers tremendous flexibility in how
one approaches the corresponding problems due to the particle labeling freedom, and the gov-
erning equations they work with are the conservation of mass and conservation of vorticity. In
addition, the Lagrangian viewpoint enables one to associate the kinematic constraint on the vor-
ticity with several characteristics of water waves, such as the free surface geometry and velocity
in the Eulerian description and the connection between the Lagrangian drift and the Benjamin-
Feir instability. Applying these results to problems in remote sensing and ocean wave modeling,
they show that it is the Lagrangian current that can be measured remotely from wave dispersion
alone, and not the Lagrangian one.

Supp. 26



Bibliography of Part I1I

Abrashkin, A. A. (1996). Three-dimensional Gouyon waves. Fluid Dynamics, 31(4), 583—
587.

Abrashkin, A., & Pelinovsky, E. (2017). Lagrange form of the nonlinear Schrédinger
equation for low-vorticity waves in deep water. Nonlinear Processes in Geophysics,
24(2), 255-264.

Abbott, P. (2002). Tricks of the Trade. Mathematica Journal, 8(4), 516-522.

Anderson, J. (2011): Fundamentals of Aerodynamics (SI units). McGraw hill.

Aris,R., (1989), Vectors, Tensors, and the Basic Equations of Fluid Mechanics, Dover
Publications.

Bennett, A. (2006). Lagrangian fluid dynamics. Cambridge University Press.

Buldakov, E. V, Taylor, P. H., & Taylor, R. E. (2006). New asymptotic description of
nonlinear water waves in Lagrangian coordinates. Journal of Fluid Mechanics, 562,
431-444.

Casey, J., & Naghdi, P. M. (1991). On the Lagrangian description of vorticity. Archive for
Rational Mechanics and Analysis, 115, 1-14.

Chen, Y.-Y., Hsu, H.-C., & Chen, G.-Y. (2010). Lagrangian experiment and solution for
irrotational finite-amplitude progressive gravity waves at uniform depth. Fluid
Dynamics Research, 42(4), 045511.

Ciarlet, P. G. (2021). Mathematical elasticity: Three-dimensional elasticity. SIAM.

Clamond, D. (2007). On the Lagrangian description of steady surface gravity waves. Journal
of Fluid Mechanics, 589, 433-454.

Constantin, A. (2001). Edge waves along a sloping beach. Journal of Physics A:
Mathematical and General, 34(45), 9723.

Constantin, A. (2012). An exact solution for equatorially trapped waves. Journal of
Geophysical Research: Oceans, 117(C5).

Constantin, A. (2014). Some nonlinear, equatorially trapped, nonhydrostatic internal
geophysical waves. Journal of Physical Oceanography, 44(2), 781-789.

Constantin, A. (2015). The flow beneath a periodic travelling surface water wave. Journal of
Physics A: Mathematical and Theoretical, 48(14), 143001.

D’Alembert, J. L. R. (1749). Recherches sur la précession des equinoxes. et sur la nutation
de ’axe de la terre, dans le systéme Newtonien. chez David 1’ainé.

dell’Isola, F., Andreaus, U., Cazzani, A., Esposito, R., Placidi, L., Perego, U., Maier, G., &
Seppecher, P. (2018). The Complete Works of Gabrio Piola: Volume II: Commented
English Translation (Vol. 97). Springer.

dell’Isola, F., Maier, G., Perego, U., Andreaus, U., Esposito, R., & Forest, S. (2014). The
complete works of Gabrio Piola: Volume I Commented English Translation-English and
Italian Edition. Springer Publishing Company, Incorporated.

Euler, L. (1757). Principes généraux du mouvement des fluides. Mémoires de I’académie Des
Sciences de Berlin, 274-315.

Ertel, H. (1965). Theorem {iber die unimodulare Transformation hydrodynamischer
Numerierungskoordinaten. Gerlands Beitr. Geophysik., 74(H. 3), 255-260.

Gerhart, P. M., Gerhart, A. 1., & Hochstein, J. I. (2016). Fundamentals of Fluid Mechanics
(Eight Edition). In Wiley (Vol. 8).

Gerstner, F. (1809). Theorie der wellen. Annalen Der Physik, 32(8), 412—445.

Supp. 27



Henry, D. (2013). An exact solution for equatorial geophysical water waves with an
underlying current. European Journal of Mechanics-B/Fluids, 38, 18-21.

Henry, D. (2016). Equatorially trapped nonlinear water waves in a-plane approximation with
centripetal forces. Journal of Fluid Mechanics, 804, R1.

Idelsohn, S. R., Oniate, E., & Pin, F. Del. (2004). The particle finite element method: a
powerful tool to solve incompressible flows with free-surfaces and breaking waves.
International Journal for Numerical Methods in Engineering, 61(7), 964—989.

Jenkins, A. D. (1987). Wind and wave induced currents in a rotating sea with depth-varying
eddy viscosity. Journal of Physical Oceanography, 17(7), 938-951.

Jenkins, A. D. (1989). The use of a wave prediction model for driving a near-surface current
model. Deutsche Hydrographische Zeitschrift, 42(3—6), 133—149.

Karamcheti, K. (1966). Principles of ideal-fluid aerodynamics. John Wiley & Sons.

Koh, C. G., Gao, M., & Luo, C. (2012). A new particle method for simulation of
incompressible free surface flow problems. International Journal for Numerical
Methods in Engineering, 8§9(12), 1582—-1604.

Luo, M., Reeve, D. E., Shao, S., Karunarathna, H., Lin, P., & Cai, H. (2019). Consistent
Particle Method simulation of solitary wave impinging on and overtopping a seawall.
Engineering Analysis with Boundary Elements, 103, 160—171.

Melsom, A. (1993). Effects of variable eddy viscosity on wave-induced currents under ice.
Annales Geophysicae (1988), 11(1), 78-88.

Miche, M. (1944). Mouvements ondulatoires de la mer en profondeur constante ou
décroissante. Annales de Ponts et Chaussées, 1944, Pp (1) 26-78,(2) 270-292,(3) 369-
406.

Monaghan, J. J. (1994). Simulating free surface flows with SPH. Journal of Computational
Physics, 110(2), 399-406.

Miiller, P. (1995). Ertel’s potential vorticity theorem in physical oceanography. Reviews of
Geophysics, 33(1), 67-97.

Névir, P. (2004). Ertel’s vorticity theorems, the particle relabelling symmetry and the energy-
vorticity theory of fluid mechanics. Meteorologische Zeitschrift, 485—498.

Nishimura, H., & Takewaka, S. (1988). Numerical analysis of wave motion using the
Lagrangian description. Nonlinear Water Waves: IUTAM Symposium, Tokyo/Japan,
August 25-28, 1987, 119-126.

Padhye, N., & Morrison, P. J. (1996a). Fluid element relabeling symmetry. Physics Letters A,
219(5-6), 287-292.

Padhye, N., & Morrison, P. J. (1996b). Relabeling symmetries in hydrodynamics and
magnetohydrodynamics. Univ. of Texas, Austin, TX (United States). Institute for Fusion
Studies.

Padhye, N. S. (1998). Topics in Lagrangian and Hamiltonian fluid dynamics: relabeling
symmetry and ion-acoustic wave stability. The University of Texas at Austin.

Phillips, O. M. (1977). The dynamics of the upper ocean. Cambridge University Press.

Pizzo, N., Lenain, L., Remcke, O., Ellingsen, S. A., & Smeltzer, B. K. (2023). The role of
Lagrangian drift in the geometry, kinematics and dynamics of surface waves. Journal of
Fluid Mechanics, 954, R4.

Reynolds, O. (1903). Papers on Mechanical and Physical Subjects: The sub-mechanics of the
universe (Issue 1. 3). Cambridge University Press.

Supp. 28



Russo, L. (2003). The forgotten revolution: how science was born in 300 BC and why it had
to be reborn. Springer Science & Business Media.

Salis, N., Luo, M., Reali, A., & Manenti, S. (2022). Wave generation and wave—structure
impact modelling with WCSPH. Ocean Engineering, 266, 113228.

Salmon, R. (1988). Hamiltonian fluid mechanics. Annual Review of Fluid Mechanics, 20(1),
225-256.

Silhavy, M. (2013). The mechanics and thermodynamics of continuous media. Springer
Science & Business Media.

Stokes, G. G. (1847). On the theory of oscillatory waves. Trans. Cam. Philos. Soc., 8, 441—
455.

Vitdez, A. (2001). The relation between Beltrami’s material vorticity and Rossby—Ertel’s
potential vorticity. Journal of the Atmospheric Sciences, 58(17), 2509-2517.

Weber, J. E. H. (2019). Lagrangian studies of wave-induced flows in a viscous ocean. Deep
Sea Research Part I1: Topical Studies in Oceanography, 160, 68—-81.

Weber, J. E. H., Brostrom, G., & Saetra, @. (2006). Eulerian versus Lagrangian approaches to
the wave-induced transport in the upper ocean. Journal of Physical Oceanography,
36(11),2106-2118.

Weber, J. E., & Melsom, A. (1993). Transient ocean currents induced by wind and growing
waves. Journal of Physical Oceanography, 23(2), 193-206.

White, F. M. (2011). Fluid Mechanics seventh edition by Frank M. White. Power-.

Wu, J. Z., Ma, H. Y., & Zhou, M. De. (2006). Vorticity and vortex dynamics. In Vorticity and
Vortex Dynamics. https://doi.org/10.1007/978-3-540-29028-5

Yahalom, A. (1995). Helicity conservation via the Noether theorem. Journal of Mathematical
Physics, 36(3), 1324-1327.

Supp. 29



