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Abstract

In this particular thesisve will deal with algorithms for finding the pseudospectrum of
square matrices. The pseudospectrum of a matrix is a crucial concept in numerical linear
algebra and related fields such as control theory, quantum mechanics, fluid dynamics, and
other areas 6 computer science. The pseudospectrum provides more detailed information
than the spectrum, facilitating a more complete understanding of the behavior of a given
operator or matrix. To gain an intuitive understanding of the pseudospectrum, we use
graphica calculation methods.

The pseudospectrum of matrix can be graphically calculated and visualized using a
variety of methods and algorithms. Three such algorithms, the GRID algorithm, the
InclusionExclusion algorithm, and the Paftollowing algorithm, are extensively used for
this purpose.

This thesis preents an implementation of the GRID, Inclusixclusion, and Path
Following algorithms in Matlab and Python. GRID and InchBxatusion are capable of
leveraging multiple processors, as computations at each grid point are independent. The
PathFollowingalgorithm starts by locating a point on the curve and then repeats the
prediction and correction of the next point.

For the GRID and Inclusiixclusion algorithms we compute pseudospectra in random

number matrices, Kahan matrices and Toeplitz GrCaricestr We provide precise timing
of the algorithms and examine the parameters required to find sufficient accuracy.

Keywords: pseudospectrum, grid, Inclusiérclusion, pattiollowing
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1173 e 0d @posUszgfievyUrs aUas

Opgwopog 1.1.1. Mia ouvdptnon ||| : € — R ovoudletor vdpua dravvopdtoy
av vy xdde x,y € C”, wavonoel To axdhouda:

@) el 20 (un apvroc).
(ii) |lzf| =0 av xo pévo av = 0.
(iii) |lax|| = |a|||z|| yw xdde a € C.

@(iv) Jlze+yll <zl + lyll (terywvieh ovedtnta).

Ogiopoc 1.1.2. Mia vopua || - || ovoudletan opllopovadiaia avaAdoiwtn av yio
x&e ddvuopa € C” xon ya xdde opdopovadaio mivoxa U € C"*¥ (dnhad),
U*'U=UU*=1,),wybe ||Uz| = |z|.

Opiopog 1.1.3. Mia ouvdptnon (-,-) : C” x C” = C ovoudleton eowtepird
ywipevo av Y xde x,y, w € C”, wavoroel ta oxdAouda:

() (@.a) 20 (un apvmmcr).

(ii) (x.x) =0 av xou uévo av x = 0.

(iii) (z+y,w) = (x,w) + (y,w) (mpocdetixn).
(iv) (azx,y) =a(x,y) yw xdde a € C.

(v) (z,y)=(y,2).

Amo6 Tov oplopd Tou EcKTERIXO) Yvouévou, evxoha umopel xavelc va emfBe-
Boucdoer TIC TP dTed WBLOTNTES:

(1) (z.,ay) ={ay;zy=T{y=x)=az,9).

(2) (xy+2)=W+z2z)=(y,2)+ (z,2) = (x,y) + (x, 2).

(3) =0 avxo yévo av (z,y) =0 yw xéde y € C”.

ITépropa 1.1.2. TIa ke eowtepiké ywopevo (-.-) oro C”, n owidptnon
f(x) = +/(x,x) elvar véppa Gravvopdrwr.
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o H [,-véppa (1) p-vépua), ywo omoovdfnote nporypotixd apudud p > 1, opi-
CeTton g

ol = [[lz 22 o @l"|| = Qoal + faal? + -+ o)

P

e H EukAeioia vopua (1 la-vipua, ¥ 2-vépua) opiletar og

lzls = ”[.1-1 g e J-,,]"‘Hl) = (J&af? + |mal2 + -+ - + |z D).

o H alpowrikny vippa (¥ 11-vdppa, § 1-vépua) opileta wg

]li = H[.'rl Xy e ;IT"]’IYH| = |z1| + |@2| + -+ - + |20
xou efvon Yvwo ) xou wg vdppa tov Mavydtar, xodoe cuvdéeton Ue TNV ano-

O TAoT) TOL BLaVUEL €val AUTOXIVITO XIVOUUEVO TdVEW GTO 0pYoymVIo TAEYHA
0poUwY Tou Moavydray.

o H eyt vépua (f max-vépua, §i oo-vippua) opileton wg

l@lles = ”[1:1 Xo v - ;zr,,]T” = max {|x1], |z2f, ..., |z, |}
o



13.7h)1 e U0d Yos¥ors GUsa

Optopdg 1.3.1. Mio cuvdptnon ||o || : C"** = R ovopdleton vdpua mvdkwv
av v xde A, B € C"*”, woavornotel ta axdrovda:

(@) A1 >0 (un apvrmoce).

(ii) ||A]| =0 av xou pévo av A =0.

(iii) |la A|| = |a| ||A]] Yo xdde a € C.

(iv) A+ BIl < 1A + |B]l (zpryowe avicbmna).

(v) ||AB| < ||A|||B]l (umo-nolamiactacTixy| BioTnTa).
LUush U d 00 d

Ewbixotepa, vy xdlde vépua mvdxwv || o || xo yio to povodiado mivaxa 1,
Loy VEL
=2l < ILIP = L] > 1.

Enopévoc, yia xdlde avtiotpéduo mivaxa A € C*,

I

: “ g 1
= lAA7Y < IANIATY = 1A7 2 g

il ==L .
| AT

1,

14¢g3edUsd 2?23 eV Yoaszvoears GUs

o H [-vdppa evéc mivaxa A = [a;;] € C*¥ opileton e

Al = lasl.
i,j=1
o H véppa Frobenius (R lo-vdpua) evog nivaxo A = [a;;] € C opiletan g
B 1/2
Al = (Z a-,'j\g) = /trace(A*A),
ig=1

omou pe trace(-) oupPorilouye To yvog mivaxa.

o H [ -vdpua evéc mivaxa A = [a;;] € C*¥ opileton e

Al = maxf|as] @ 4.7 =1:2;.. . ;2



15 EgsedUsd A UoheUsUd (Ogl¥¥oayd)

Eotww ||| uio vopua Stavuopdtwy oto CV. H enayduevn and
my || - || vdppa oto C**¥ opiletan wg
Ax
|A|| = max ||[Az|| = max [|[Az| = nmxu,
[|]|=1 [l]|<1 x#0 |||

e H véppa mvikwr peyiotov alpoiojatos katd otnAn oto C"* opiletan 6¢

v
41 = s 3o
=

H vépua || o||; endyeton and tn Swavuopatixr I1-vopua. 1

o H vdppa mvdxwr peyiotov atpoiopjatos katd ypapjr oto C* opileton g

17
40 = s 3 o)
J:

H vépua || o || emdyeton amd tn Stovuopatiny| loo-vopua, Snhady

lA]l = Hnllaxl lA 2|00 -
Z||co=

oo

o H gaopaniny (teAeotikn)) véppa mvikwr oto C* opiletan g
|All2 = max {\/X: A€ U(A*A)} .

omou e o(A) ouvuBoliloupe to pdopa evég mivoxa A € C**¥, dnhadr to
oUVoho Twv WoTWOY Tou A. Topatnpodue étLav A € o(A*A) xu x € C¥
éva (un undevixd) Wwdtdvuoua tou A*A mou avtioToyel oty Wty A,
to1E

(Az)*(Az) = 2*A*Azx = 2* Az = MNz*z) = ||Az|3 = X|z||3.

Enouévag, ou wbotyée tou mivaxa A*A ebvon pn apvntinég i €tol unopoiyv
va 0ploToUY ot (Un apvnTixés) tetpaywvixéc pileg toug. Emmiéov, n pacua-
T vopua || o |2 ebvan véppa mvdxwv 1 omola endyetan amd v Euxheidia
voppar || - [|2, Snhodn

A

| = max ||Az|2,
llzll2=1

xou elvor opopovadiata avolhoiwtrn, nhadh (U AV ]2 = ||All2 yia xdde

{ebyog opi‘)opbvoz&ociow mvéxov U,V € C*v.

?2h1eUd Yo3 Yo



1.6.¢ aGUGeUUsoase jaUasU

Eotw évag mivaxag A € C*¥ ye gdopa o(A) = {A € C: det(A 1, — A) = 0}.
H gaopatixn axtiva tou A opileton wg

p(A) = max{|\|: A€ a(A)}.

Ocsdpenua 1.4.1. Eow || o || pla véppa mvikewv oto C*V. Téte ya kdde
A e C, wyve p(A) < ||A]l-

Y10 Yewpnua mou axohouvlel amodewcvieTton 6Tt 1) Qoouater| axtiva p(A) eivon
0 PéYloTo X4t Pedyua (infimum) TV vopudy mvixemy.

Ocwpnpa 1.4.3. Eotww évag mivakas A € C™7 1 évag mpaypatikds apidpds
£ > 0. Tére vndpyer pia vépua mvikowr || o || térow dote ||A|l < p(A) + <.
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file: grid 01 program.m

A=[ 0.8147 0.0975 0.1576 0.1419 0.6557 ;
0.9058 0.2785 0.9706 0.4218 0.0357 ;
0.1270 0.5469 0.9572 0.9157 0.8491 ;
0.9134 0.9575 0.4854 0.7922 0.9340 ;
0.6324 0.9649 0.8003 0.9595 0.6787

N = 10;
epsilons=[1 0.8 0.5 0.2 0.005];

[X, Y, Z, Vxmin, Vxmax, Vymin, Vymax, maxepsilon] = gridcalculate(A, epsilons, N);
gridplot(X, Y, Z, epsilons, Vx min, Vxmax, Vymin, Vymax);

file: gridplot.m

function gridplot(X, Y, Z, epsilons, Vxmin, Vxmax, Vymin, Vymax)
figure(1); %% create a figure

hold on;

mycolour = "krgbm";

[maxepsilon, ind] = max(epsilons);
[axisxmin, axisxmax, axisymin, axisymax] =
grid_find_axis_limits(Vxmin(ind), Vxmax(ind), Vymin(ind), Vymax(ind));

axis([axisxmin axisxmax axisymin axisymax]);

%% Change the axis limits so that the x - axis ranges from axisxmin to axisxmax and the y - axis ranges from

for i = 1:length(epsilons)
%% Plotting the grid, black color
tax = [Vxmin(i) Vxmax(i) Vxmax(i) Vxmin(i) Vxmin(i)]; %% x points for a rectangle
tay = [Vymin(i) Vymin(i) Vymax(i) Vymax(i) Vymin(i)l; %% y po ints for a rectangle
p = plot(tax, tay, mycolour(mod(i, length(mycolour)) + 1) );
%% plots Omega rectangle; plot() plots a 2D line,
%% getting points from the corresponding values of the tax and tay vectors

hold on; %% hold on retains plots in the current axes so that new plots added do not delete existing plots

contour(X, Y, Z', [epsilons(i) epsilons(i)], mycolour(mod(i, length(mycolour)) + 1), "linewidth", 2) ;

%% Display the contours of the Z', at Z' = epsilon
end
%% pause;
%% print("grid_02_merged_matlab.jpg", " -djpg") ; %% print the figure in the file

Us $¥ZzUOW2EY Jd Uy oUGaUd

axisymin to axisymax
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file: gridcalculate.m

function [X, Y, Z, Vxmin, Vxmax, Vymin, Vymax, maxepsilon] = gridcalculate(A, epsilons, N)
%% print_2d_array(A, "A");

n = length(A);

norma = norm(A,2); %% norm(X, 2) returns the 2 - norm or maximum singular value of matrix X,
%%which is approximately max(svd (X)). This value is equivalent to norm(X) in Matlab, but not in Python numpy.

%% fprintf("matrix A: rows = %d, 2 -norm = %f \ n\n", n, norma);

Ah = (A+A")2; %% A'is the transpose matrix
Ash=(A -A)2;
%% print_2d_array(Ah, "Ah");%% print_2d_ar ray(Ash, "Ash");

%% The eigenvalues of Ah and Ash in ascending order

EAh = sort(real(eig(Ah))); %% eig(A) returns a column vector containing
EAsh = sort(imag(eig(Ash))); %% the eigenvalues of square matrix A.

%% print_1d_array(EAh, "EAh");%% pr int_1d_array(EAsh, "EAsh");

for metr = 1:length(epsilons)

Vxmin(metr) = EAh(1) - epsilons(metr) * norma; Vxmax(metr) = EAh(end) + epsilons(metr) * norma;

Vymin(metr) = EAsh(1) - epsilons(metr) * norma; Vymax(metr) = EAsh(end) + epsilons(metr) * norma;

Vxstep(metr) = (Vxmax(metr) - Vxmin(metr)) / N; Vystep(metr) = (Vymax(metr) - Vymin(metr)) / N;

%%fprintf("epsilons(%d) = %f, xmin = %f, xmax = %f, ymin=%f, ymax = %f, xstep=%f, ystep = %f \n\n\n",
%% me tr, epsilons(metr), Vxmin(metr), Vxmax(metr), Vymin(metr), Vymax(metr), Vxstep(metr), Vystep(metr));

end

[maxepsilon, indexofmaxepsilon] = max(epsilons);
xmin = Vxmin(indexofmaxepsilon);xmax = Vxmax(indexofmaxepsilon);
ymin = Vymin(indexofmaxepsilon);ymax = Vymax(indexofmaxepsilon);

xstep = Vxstep(indexofmaxepsilon);ystep = Vystep(indexofmaxepsilon);

%% fprintf("xmin = %f, xmax = %f, ymin=%f, ymax =%f, xstep=%f, ystep = %f \n\ n\ n",
%% Xmin, xmax, ymin, ymax, xstep, ystep);
for I=1:N
x = xmin + (I - 1)*xstep;
X()=x;
for J=1:N
y =ymin + (J - 1)*ystep;
Y()=y;
Z =X +i*y;

S = svd(z*eye(n) -A);
Z(1,J) = S(end);
end
end

%% fprintf("Results for max epsilon = %f \ n\ n", maxepsi  lon);
%% print_1d_array(X, "X"); %% print_1d_array(Y, "Y");

%% print_2d_array(Z, "Z");%% print_2d_array(Z', "Z");

end

27



file: grid find axis_limits.m

function [axisxmin, axisxmax, axisymin, axisymax] = grid_find_axis_limits(xmin, xmax, ymin

if xmin <0

axisxmin = xmin * 1.2;
elseif xmin ==

axisxmin = -1;
else

axisxmin = xmin / 1.2;
end

if ymin <0
axisymin = ymin * 1.2;
elseif ymin ==
axisymin = -1;
else
axisymin = ymin / 1.2;
end

if xmax <0
axisxmax = xmax / 1.2;
elseif xmax ==

axisxmax = 1;

else

axisxmax = xmax * 1.2;
end
if ymax <0

axisymax =ymax / 1.2;
elseif ymax ==

axisymax = 1;
else

axisymax = ymax * 1.2;
end

end

, ymax)

28



file: print 1d array.m

function print_1d_array(A, name)
fprintf(" \n");
numberofelements = length(A);
printf(  "vector %s: number of elements = %d
fprintf(" \n");
for i=1:numberofelements
fprintf("%12.4f", A(i));
end
fprintf(" \' n\ n\ n");
end

file: print 2d array.m

function print_2d_array(A, name)
fprintf(" \n");
[rows, cols] = size(A);
totalelements = rows * cols;
printf("matrix %s: rows = %d, cols =%d, total elements = %d
fprintf(" \n");
for i=1:rows
for j=1:cols
fprintf("%12. 4f", AG, )));
end
fprintf(" \n");
end
fprintf(" \ n\ n\ n");
end

\ n", name, numberofelements);

\ n", name, rows, cols, totalelements);
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matrix A: rows =5, cols=5, total elements =25

0.8147 0.0975 0.1576 0.1419 0.6557
0.9058 0.2785 0.9706 0.4218 0.0357
0.1270  0.5469 0.9572 0.9157 0.8491
09134 09575 0.4854 0.7922 0.9340
0.6324 0.9649 0.8003 0.9595 0.6787

matrix A: rows =5, 2 - norm = 3.312915
matrix Ah: rows =5, cols =5, total elements =25

0.8147 0.5017 0.1423 0.5276 0.6441
0.5017 0.2785 0.7588 0. 6896  0.5003
0.1423 0.7588 0.9572 0.7006  0.8247
0.5276 0.6896 0.7006 0.7922  0.9467
0.6441 0.5003 0.8247 0.9467 0.6787

matrix Ash: rows =5, cols=5, total elements = 25
0.0000 -0.4042 0.0153 -0.3857  0.0116
0.4042 0.0000 0.2118 -0.2679 - 0.4646
-0.0153 -0.2118  0.0000 0.2151 0.0244
0.3857  0.2679 -0.2151  0.0000 -0.0127
-0.0116 0.4646 -0.0244 0.0127  0.0000

vector EAh:  number of elements = 5

-0.4627 -0.0870 0.0740 0.7339  3.2631

vector EAsh: number of elements = 5

-0.7575 -0.3439 0.0000 0.3439 0.7575

epsilons(1) = 1.000000, xmin = -3.775599, xmax =6.576030, ymin=
ystep = 0.814078

epsilons(2) = 0.800000, xmin = - 3.1130186, xmax = 5.913447, ymin=

ystep = 0.681561

epsilons(3) = 0.500000, xmin = -2.119141, xmax =4.919572, ymin=

ystep = 0.482786

epsil ons(4) = 0.200000, xmin = -1.125267, xmax = 3.925698, ymin=
ystep = 0.284011

epsilons(5) = 0.005000, xmin = -0.479249, xmax = 3.279680, ymin=
ystep = 0.154808

xmin = -3.775599, xmax =6.576030, ymin= -4.070389, ymax =4.070389,

-4.070389,

- 3.407806,

- 2.413932,

- 1.420057,

-0.774039,

xstep = 1.035163,

ymax = 4.070389,

ymax = 3.407806,

ymax = 2.413932,

ymax = 1.420057,

ymax = 0.774039,

ystep = 0.814078

xstep = 1.035163,

xstep = 0.902646,

xstep = 0.703871,

xstep = 0.505097,

xstep

=0.375893,
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Results for max epsilon = 1.000000

vector X:  number of elements = 10

-3.7756 -2.7404 -1.7053 -0.6701 0.3651  1.4002 2.4354 3.4705 45057 5.5409
vector Y: number of elements = 10
- 4.0704 - 3.2563 -2.4422 -1.6282 -0.8141 0.0000 0.8141 1.6282 2.4422
matrix Z: rows =10, cols =10, total elements =100
49637 44270 3.9755 3.6334 3.4210 3.3491 3.4210 3.6334 3.9755 4.4270
42874 3.6622 3.1160 2.6879 2.4185 2.3277 2.4185 2.6879 3.1160 3.6622
3.7638 3.0426 23747 1.8112 1.4421 13228 14421 1.8112 2.3747 3.0426
3.4579 2.6648 1.8841 1.1370 0.5376 0.3932 0.5376 1.1370 1.8841 2.6648
3.4150 2.6175 1.8292 1.0650 0.4085 0.0802 0.4085 1.0650 1.8292 2.6175
3.5986 2.8522 2.1412 14892 0.9378 0.6669 0.9378 1.4892 2.1412 2.8522
3.8172 3.0739  2.3477 1.6496  1.0257 0.7042 1.0257 1.6496 2.3477 3.0739
3.9350 3.1528 2.3716 15931 0.8274 0.2577 0.8274 1.5931 2.3716 3.1528
41801 3.4308 2.7078 2.0399 1. 5026 1.2741 15026 2.0399 2.7078 3.4308
46195 39452 3.3274 2.8038 2.4362 2.3007 2.4362 2.8038 3.3274  3.9452
matrix Z": rows =10, cols =10, total elements = 100
4.9637 42874 37638 3.4579 3.4150 3.5986 3.8172 3.9350 4.1801 4.6195
4.4270 3.6622 3.0426 2.6648 2.6175 2.8522 3.0739 3.1528 3.4308 3.9452
3.9755 3.1160 23747 1.8841 1.8292 2.1412 2.3477 2.3716 2.7078 3.3274
3.6334 26879 1.8112 1.1370 1.0650 1.4892 1.6496 15931 2.0399 2.8038
3.4210 2.4185 1.4421 0.5376  0.4085 0.9378 1.0257 0.8274 15026 2.4362
3.3491 23277 13228 0.3932 0.0802 0.6669 0.7042 0.2577 1.2741  2.3007
3.4210 2.4185 1.4421 05376 0. 4085 0.9378 1.0257 0.8274 15026 2.4362
3.6334 2.6879 1.8112 1.1370 1.0650 1.4892 1.6496 1.5931 2.0399 2.8038
3.9755 3.1160 2.3747 1.8841 1.8292 2.14 12 2.3477 23716 2.7078 3.3274
44270 3.6622 3.0426 2.6648 2.6175 2.8522 3.0739 3.1528 3.4308 3.9452
15 F
10
5 L
0 -
5 F
10 1
15
1 1 1 1 1 1 1
15 10 5 0 5 10 15

3.2563
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4.5. Python Helper Functions

import sys

import numpy as np

from numpy import linalg as LA

from matplotlib.pyplot import plot

import matplotlib.pyplot as plt

from matplotlib.patches import Rectangle
from scipy.linalg import eigvals

from scipy.linalg import toeplitz

import time

def printf  (format, *args):
sys.stdout.write(format % args)

def  printldarray (arr, name):
print()

numberofelements = arr.size
printf("vector %s: number of elements = %d
print()

for i in range(numberofelements):
printf("%12.4f", arr[i])

print("  \'n\n")

def print2darray (arr2D, name):
print()
rows, cols = arr2D.shape

totalelements = arr2D.size

\ n", name, numberofelements);

printf(" matrix %s: rows = %d, cols=%d, total elements = %d", name, rows, cols, totalelements
print("  \n")
foriinrange (rows):

for j in range(cols):
printf("%12.4f", arr2D[i][j])
print()
print(" "\ n\n")
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def

def

def

def

findaxislimits (xmin, xmax, ymin, ymax):
if xmin < 0: axisxmin = xmin * 1.2
elif xmin ==0: axisxmin = -1
else: axisxmin = xmin / 1.2
if ymin < 0: axisymin = ymin * 1.2
elif ymin == 0: axisymin = -1
else: axisymin = ymin /1.2
if xmax < 0: axisxmax = xmax / 1.2

elif xmax == 0: axisxmax =1

else: axisxmax = xmax * 1.2

if ymax < O: axisymax = ymax /1.2
elif ymax == 0: axisymax =1

else: axisymax = ymax * 1.2

return (axisxmin, axisxmax, axisymin, axisymax)

geteigenvalues  (A):
eigenvals = eigvals(A)
Xi = np.zeros(len(eigenvals))
Yi = np.zeros(len(eigenvals))
for i in range(len(eigenvals)):
Xi[i], Yi[i] = (eigenvals[i].real, eigenvals[i].imag)
return (Xi, Yi)

kahan (n, theta=1.2, pert=25):

S = np.sin(theta)

€ = np.cos(theta)

u = np.matrix(np.eye(n) - ¢ * np.triu(np.ones((n, n)), 1))

z = np.matrix(np.diag(s ** np.arange(0, n)))

eps = np.finfo(float).eps

u=2z%*u+ pert* eps * np.matrix(np.diag(np .arange(n, 0,

return u

grcar (n, k=3):
g = np.tril(np.triu(np.ones((n, n))), k) - np.diag(np.ones(n
return g

-1))

1),

_1)
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def gridcalculate (A, epsilons, N):

svdtime =0

n, cols = A.shape

norma = LA.norm(A, 2)
## norm(X, 2) returns the 2 - norm or maximum singular value of matrix X,
## which is approximately max(svd(X)).

## This value is equivalent to norm(X) in Matlab, but not in Python numpy.

Ah = (A + A.transpose()) / 2
Ash=(A - A.transpose()/2
## print2darray(Ah, "Ah");

## print2darray(Ash, "Ash");

## The eigenvalues of Ah and Ash in ascending order

EAh, koko = LA.eig(Ah) ## LA.eig(Ah) returns a column vector containing
EAh = sorted(EAh  .real) ## the eigenvalues of square matrix A.

EAh = np.array(EAh)

EAsh, koko = LA.eig(Ash)

EAsh = sorted(EAsh.imag)

EAsh = np.array(EAsh)

## printldarray(EAh, "EAh");

## printldarray(EAsh, "EAsh");

Vxmin = np.zeros((epsil ons.size, 1))
Vxmax = np.zeros((epsilons.size, 1))
Vymin = np.zeros((epsilons.size, 1))
Vymax = np.zeros((epsilons.size, 1))
Vxstep = np.zeros((epsilons.size, 1))

Vystep = np.zeros((epsilons.size, 1))

for metr in range(epsilons.size ):
Vxmin[metr] = EAh[O] - epsilons[metr]*norma
Vxmax[metr] = EAh[ - 1] + epsilons[metr]*norma
Vymin[metr] = EAsh[0] - epsilons[metr]*norma
Vymax[metr] = EAsh[ - 1] + epsilons[metrJ*norma
Vxstep[metr] = (Vxmax[metr] - Vxmin[metr])/N
Vystep[metr] = (Vymax[metr] - Vymin[metr])/N

maxepsilon, indexofmaxepsilon = np.amax(epsilons), np.argmax(epsilons);
xmin = Vxmin[indexofmaxepsilon]

xmax = Vxmax[indexofmaxepsilon]

ymin = Vymin[indexofmaxepsilon]

ymax = Vymax[indexofmaxepsilon]

xstep = Vxstep[indexofmaxepsilon]

ystep = Vystep[indexofmaxepsilon]



X =np.zeros((N, 1))
Y =np.zeros((N, 1))
Z = np.zeros((N, N))
for I in range(1, N+1):
X = xmin + (I - 1) * xstep
X[I-1]=x
for Jin range(1, N+1):
y =ymin + (J - 1) * ystep
Y -1l =y
z = complex(x, y)
currenttime = time.time()
u, S, vh = np.linalg.svd(z * np.eye(n, dtype=int)
svdtime += time.time() - currenttime
Z[l -1]J -1]1=S[ -1]

return (X, Y, Z, Vxmin, Vxmax, Vymin, Vymax, maxepsilon)

- A, full_matrices=True)
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def gridplot (X, Y, Z, epsilons, Vxmin, Vxmax, Vymin, Vymax, Xi, Yi,
filename, title, screen_or_file = "screen”):
mycolour =['g’, 'm’, 'b', 'y', 'r', 'c’]
fig, ax = plt.subplots()  ## define Matplotlib figure and axis
maxepsilon, indexofmaxepsilon = np.amax(epsilons), np.argmax(epsilons);
Xmin = Vxmin(in dexofmaxepsilon]
xmax = Vxmax[indexofmaxepsilon]
ymin = Vymin[indexofmaxepsilon]
ymax = Vymax[indexofmaxepsilon]
axisxmin, axisxmax, axisymin, axisymax = findaxislimits(xmin, xmax, ymin, ymax)
ax.set_xlim([axisxmin, axisxmax])
ax.se t_ylim([axisymin, axisymax])
plt.title(title)
for i in range(len(Xi)):
plot(Xili], Yifi], 'k."
X, Y = np.meshgrid(X, Y)
for i in range(epsilons.size):

ax.contour(X, Y, Z.transpose(), levels=epsilons, colors =(g,'m,'b,Y,'r, 'c))
## contour levels must be increasing
ax.add_patch(Rectangle((Vxminli], Vymin[i]), Vxmax]i] - Vxmin[i], Vymax([i] - Vymin[i],
edgecolor = mycolour[i % len(mycolour)], fill=False, lw=0.5) )

if screen_or_file == "file" :
fig.savefig(filename, dpi=1200)

elif screen_or_file == "screen" :
plt.show()

plt.close(‘all’)

o

zU Uds UUaUgUUaU " UyyeUUye, U seayoegel Us dyeseegeU UU o253 UGeeUUU
30 U eddoalUgUeias GW@3fedlw0UrygU0 U cUars ldeossgyoeialUs UgUReUUU.

gridplot (X, Y, Z, epsilons , Vxmin, Vxmax, Vymin, Vymax, Xi, Yi, filename , tite ," screen ")

gridplot (X, Y, Z, epsilons , Vxmin, Vxmax, Vymin, Vymax, Xi, Yi, filename , title ," file ")
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4.8. Python check pseudospectral 8 a 3 UpdgfUpgpoade L 3

UU aUUUGaUgYGegelU "a3UsaUd UgcecUars Umslehxts xgUx1 UG U

OU o3 UUelieageU GUUdU); e NUde=e ddeog atbddeslla vs Usg “~ayoeUUsd
50.

OU g easoaliegel aUs dU U Usesssalicgel GU o3 yvYideU Us
29U utsUGey OUUsoayd Useyd Usg U (0. O6psilod.,2, 0.5, 0.8,
aUdi d aUs Ua ‘ceyg asUUUGa Ui UGU @ Uaohysdesad 295U oa¥YdU

o .

haoUd Usd "~ Uys UL GUgd UPesovehtxnsl esahoady e Us
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eUoUa13Us d tesyYaUUGd, oaUs HRGe esa) UasUs Ues U.
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defcheck _pseudospectra ( algorithm =" grid ", data =" random"):
if (algorithm == "grid" or algorithm == "inex"):
epsilons = np.array([0.05, 0.2, 0.5, 0.8, 1])
N_array = [50]
elif (algorithm == "kahan" or algorithm ==" grear"):
N_array = [400]
epsilons = np.array([0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02])
dimensions = [5, 10, 25, 50, 100, 200]
for dim in dimensions:
if data == "random™:
A = np.random.uniform(low=0.0, high=1. 0, size=(dim, dim))
elif data == "kahan":
A = kahan(dim)
elif data == "grcar":
A = grcar(dim)
Xi, Yi = geteigenvalues(A)
for N in N_array:
currenttime = time.time()
if algorithm == "grid":
X, Y, Z, Vxmin, Vxmax, Vymin, Vymax, maxepsilon, svdtime = gridcalculate(A, epsilons, N)
print(“algorithm: grid, dim = %d, N = %d, time = %.6f seconds, svdtime = %.6f seconds"
% (dim, N, time.time() - currenttime, svdtime), flush=True)
filename = "pse_grid_" + "dim_" + str(dim) + "_N_" + str(N) + ".jpg"
title = "pse_grid_" + "dim_" + str(dim) + "_N_" + str(N)
gridplot(X, Y, Z, epsilons, Vxmin, Vxmax, Vymin, Vym ax, Xi, Yi, filename, title, "screen")
elif algorithm == "inex":
X, Y, Z, Vxmin, Vxmax, Vymin, Vymax, maxepsilon, svdtime, svdcount, exclusiontime =
inexcalculate(A, epsilons, N)
print("algorithm: inex, dim = %d, N = %d, time = %.6f se conds, svdtime = %.6f seconds,
svdcount = %d out of %d, exclusiontime = %.6f seconds"

% (dim, N, time.time() - currenttime, svdtime, svdcount, N*N, exclusiontime), flush=True)

filename = "pse_inex_" + "dim_" + str(dim) + "_N_" + str(N) + ".jpg"
title = "pse_inex_" + "dim_" + str(dim) + "_N_" + str(N)
gridplot(X, Y, Z, epsilons, Vxmin, Vxmax, Vymin, Vymax, Xi, Yi, flename, title, "screen"”

Toevlaldgs Yy Udadd

check_pseudospectra(algorithm = "grid", data = "random")

Output

algorithm: grid, dim = 5, N = 50, time = 0.201646 seconds, svdtime = 0.178129 seconds
algorithm: grid, dim = 10, N = 50, time = 0.365266 seconds, svdtime = 0.330736 seconds
algorithm: grid, dim = 25, N = 50, time = 1.591566 seconds, svdtime = 1.542037 seconds
algorithm: grid, dim =50, N = 50, time = 4.389621 seconds, svdtime = 4.344524 sec

algorithm: grid, dim = 100, N = 50, time = 33.778812 seconds, svdtime = 33.666790 seconds
algorithm: grid, dim = 200, N = 50, time = 162.277393 seconds, svdtime = 161.961666 seconds

- - o - -
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N= 50

dim =25

dim =50

25
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N_array = [20]
extension = [0.0001, 0.01, 1, 100]
epsilon_array = [np.array([0.0001]), np.array([0.01]), np.array([1]), np.array([100])]
dimensions = [5, 10, 25, 50, 100, 200]
for dim in dimensions:
A = np.random.uniform(low=0.0 , high=1.0, size=(dim, dim))
Xi, Yi = geteigenvalues(A)
for N in N_array:
for i in range(len(epsilon_array)):
epsilons = epsilon_array[i]
currenttime = time.time()
X,Y,Z, Vxmin, Vxmax, Vymin, Vymax, maxepsilon, svdtime = gridcalculate(A, epsilons, N)
print("algorithm: grid, dim = %d, N = %d, epsilon = %.2f, time = %.6f seconds "
% (dim, N, epsilons, time.time() - currenttime), flush=True)

Program Output

algorithm: grid, dim =5, N = 20, epsilon = 0.00, time = 0.036024 seconds

algorithm: grid, dim =5, N = 20, epsilon = 0.01, time = 0.034522 seconds

algorithm: grid, dim = 5, N = 20, epsilon = 1.00, time = 0.034525 seconds

algorithm: grid, dim =5, N = 20, epsilon = 100.00, time = 0.0 35022 seconds
algorithm: grid, dim = 10, N = 20, epsilon = 0.00, time = 0.055037 seconds

algorithm: grid, dim = 10, N = 20, epsilon = 0.01, time = 0.055537 seconds

algorithm: grid, dim = 10, N = 20, epsilon = 1.00, time = 0.057037 seconds

algorithm: grid, dim =10, N = 20, epsilon = 100.00, time = 0.058040 seconds

algorithm: grid, dim = 25, N = 20, epsilon = 0.00, time = 0.224238 seconds

algorithm: grid, dim = 25, N = 20, epsilon = 0.01, time = 0.224736 seconds

algorithm: grid, dim = 25, N = 20, epsilon = 1 .00, time = 0.235772 seconds
algorithm: grid, dim = 25, N = 20, epsilon = 100.00, time = 0.228679 seconds

algorithm: grid, dim = 50, N = 20, epsilon = 0.00, time = 0.731869 seconds

algorithm: grid, dim = 50, N = 20, epsilon = 0.01, time = 0.728039 seconds

algorithm: grid, dim = 50, N = 20, epsilon = 1.00, time = 0.739521 seconds

algorithm: grid, dim = 50, N = 20, epsilon = 100.00, time = 0.727508 seconds

algorithm: grid, dim = 100, N = 20, epsilon = 0.00, time = 5.473539 seconds

algorithm: grid, dim = 100, N = 20, epsilon = 0.01, time = 5.491022 seconds

algorithm: grid, dim = 100, N = 20, epsilon = 1.00, time = 6.611641 seconds

algorithm: grid, dim = 100, N = 20, epsilon = 100.00, time = 6.694494 seconds

algorithm: grid, dim = 200, N = 20, epsilon = 0.00, ti me = 26.462770 seconds
algorithm: grid, dim = 200, N = 20, epsilon = 0.01, time = 26.459198 seconds

algorithm: grid, dim = 200, N = 20, epsilon = 1.00, time = 26.337740 seconds

algorithm: grid, dim = 200, N = 20, epsilon = 100.00, time = 25.944083 seconds
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def check_time (algorithm = "grid", data = "random"):
epsilons = np.array([1]) ## epsilon = 1, constant
N_array = [5, 10, 20, 50, 100, 200]
dimensions = [2, 5, 10, 25, 50, 100, 200]
if data == "random" :
print("Data: matrix of random numbers \'n")

elif data == "kahan" :

print("Data: kahan matrix \n")
elif data = ="grcar":
print("Data: grcar matrix \'n")

for dim in dimensions:
if data == "random" :
A = np.random.uniform(low=0.0, high=1.0, size=(dim, dim))
elif data == "kahan" :
A = kahan(dim)
elif data == "grcar"
A = grcar(dim)
Xi, Yi = geteigenvalues(A)
for N in N_array:
currenttime = time.time()
if algorithm == "grid":
X, Y, Z, Vxmin, Vxmax, Vymin, Vymax, maxepsilon, svdtime =
gridcalculate(A, epsilons, N)
print("  algorithm: grid, dim = %d, N = %d, time = %.6f seconds, svdtime = %.6f seconds "
% (dim, N, time.time() - currenttime, svdtime), flush=True)
elif algorithm == "inex"
X, Y, Z, Vxmin, Vxmax, Vymin, Vymax, maxepsilon, svdtime, svdcount, exclusiontime =
inexcalculate(A, epsilons, N)
print("algorithm: inex, dim = %d, N = %d, time = %.6f seconds,
svdtime = %.6f seconds, svdcount = %d out of %d, exclusiontime = %.6f seconds"
% (dim, N, time.time() - currenttime, svdtime, svdcount,

N*N, exclusiontime), flush=True)

7 oe Gldg 3 Y U dchegkdtime

check_time("grid", "random")
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dim N time svdtime
2 0.00 0.00
2 10 0.01 0.01
2 20 0.04 0.03
2 50 0.24 0.19
2 100 0.84 0.66
2 200 4.87 3.87
5 5 0.00 0.00
5 10 0.01 0.01
5 20 0.05 0.05
5 50 0.27 0.22
5 100 1.08 0.89
5 200 5.56 4.64
10 5 0.01 0.01
10 10 0.02 0.02
10 20 0.08 0.07
10 50 0.47 0.42
10 100 1.95 1.76
10 200 10.08 9.06
25 5 0.03 0.02
25 10 0.12 0.11
25 20 0.38 0.36
25 50 2.20 211
25 100 8.37 8.03
25 200 46.51 45.20
50 5 0.07 0.06
50 10 0.26 0.25
50 20 1.01 0.99
50 50 6.57 6.46
50 100 25.42 25.02
50 200 129.56 127.92
100 5 0.45 0.41
100 10 1.68 1.65
100 20 6.59 6.54
100 50 41.51 41.37
100 100 201.97 201.35
100 200 981.37 978.90
200 5 2.40 2.15
200 10 8.77 8.51
200 20 33.70 33.42
200 50 208.51 208.13
200 100 856.82 855.96
200 200 4143.22 4138.74
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T e 0 dheck_precision("grid", "random")
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def check_precision(algorithm = "grid", data = "random"):

### Code to find a good enough precision, varying epsilon, precision, and dimension
if data == "random" :
print("Data: matrix of random numbers \n")

N_array = [5, 10, 20, 50, 100, 200]
epsilon_array = [np.array([0.01]), np.array([1])]
extension = [ 0.01, 1]
dimensions = [5, 10, 25, 50, 100, 200]
for dim in dimensions:

if data == "random" :

A = np.random.uniform(low=0.0, high=1.0, size=(dim, dim))
Xi, Yi = geteigenvalues(A)
for N in N_array:
for iinrange(len(epsilon_array)):
epsilons = epsilon_arrayf[i]

currenttime = time.time()

if algorithm == "grid™:

X, Y, Z, Vxmin, Vxmax, Vymin, Vymax, maxepsilon, svdtime = gridcalculate(A , epsilons, N)
print(“algorithm: grid, dim = %d, N = %d, epsilon = %s, time = %.6f seconds"
% (dim, N, str(extension[i]), time.time() - currenttime), flush=True)
filename ="pse_grid_" + "dim_" + str(di m) +"_N_"+str(N) +"_eps_" + str(extension[i]) + ".jpg"

title = "pse_grid_" + "dim_" + str(dim) + "_N_" + str(N) + "_eps_" + str(extension[i])

gridplot(X, Y, Z, epsilons, Vxmin, Vxmax, Vymin, Vymax, Xi, Yi, filename, title, "screen")

elif algorithm == "inex":
X, Y, Z, Vxmin, Vxmax, Vymin, Vymax, maxepsilon, svdtime, svdcount, exclusiontime
= inexcalculate(A, epsilons, N)
print("algorithm: inex, dim = %d, N = %d, epsilon = %s, time = %.6f seconds"
% (dim, N, str(extensionli]), time.time() - currenttime), flush=True)
filename = "pse_inex_" + "dim_" + str(dim) + "_N_" + str(N) + ".jpg"
title = "pse_inex_" + "dim_" + str(dim) +"_ N_" + str(N)

gridplot(X, Y, Z, epsilons, Vxmin, Vxmax, Vymin, Vymax, Xi, Yi, filename, title, "screen")
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check _pseudospectra (algorithm =" grid ", data =" kahan")
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pse_gnia_aim_25 N 400
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check_time("grid", "kahan")

dim N time svdtime
2 0.00 0.00
2 10 0.01 0.01
2 20 0.03 0.02
2 50 0.18 0.14
2 100 0.72 0.59
2 200 5.25 4.31
5 5 0.00 0.00
5 10 0.01 0.01
5 20 0.04 0.03
5 50 0.23 0.20
5 100 0.91 0.79
5 200 6.79 5.86
10 5 0.00 0.00
10 10 0.02 0.02
10 20 0.06 0.06
10 50 0.37 0.34
10 100 1.47 1.34
10 200 10.19 9.26
25 5 0.02 0.01
25 10 0.06 0.06
25 20 0.22 0.22
25 50 1.38 1.34
25 100 6.12 5.96
25 200 39.26 38.09
50 5 0.07 0.06
50 10 0.23 0.23
50 20 1.12 1.10
50 50 6.43 6.34
50 100 24.23 23.95
50 200 125.94 124.54
100 5 0.43 0.40
100 10 1.64 1.62
100 20 6.69 6.65
100 50 47.40 47.24
100 100 195.86 195.31
100 200 947.11 944.84
200 5 1.99 1.83
200 10 7.34 7.20
200 20 30.54 30.37
200 50 219.05 218.75
200 100 828.37 827.63
200 200 4048.26 4045.51

57



4.13.9 a 3 UFEoéplitz GrCar
OU aUU0UUGaUgYlGegeToeplitza 3 Bredido s U Us UG UYE Uaxd5 U¥ @00 %100.

UOU g eacoalegel aUs dU U Usessalegel aU powlldeib Ulia | Wlewe @y dol
(0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02) el Uoj amlsdlUdi d oUs Ueq eaxg asUUUGa Ui UC
Usofhyoadesad 2950 a¥d0 "~Uya  Uxid.

Fge Uy yYaeUUU:
T U fHoaUOd Usd "~ Uyps UL GUgd UPeavxhuaxml ecafoaadye Us yUgluelGylheU
245 0GeeUU0U0 "6g yeegel oayv3Us egUoydgsfd aUs 00 GUa30UUs) .
f B g eacoslefhd Usg yUglueiyle UUced "ealy Goydl Uell Gell3) cUp ) sbed.
1 Bs G)Jhsese eUUs aao26 eg9a) U0y e U h UgUeid Urs UgecUaxvs ~93Ye

Toveildgs Yy Udadd

check _pseudospectra ( algorithm =" grid ", data =" grcar ")
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dim
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=25, 2 360
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.01,

.01,

.02

.02
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check_time("grid", "grcar")

dim N time svdtime
2 0.00 0.00
2 10 0.01 0.01
2 20 0.03 0.02
2 50 0.16 0.13
2 100 0.65 0.51
2 200 5.36 4.25
5 5 0.00 0.00
5 10 0.01 0.01
5 20 0.03 0.03
5 50 0.21 0.18
5 100 0.83 0.70
5 200 6.22 5.18
10 5 0.00 0.00
10 10 0.01 0.01
10 20 0.06 0.06
10 50 0.35 0.31
10 100 1.64 1.48
10 200 10.25 9.23
25 5 0.02 0.02
25 10 0.07 0.07
25 20 0.29 0.28
25 50 1.80 1.75
25 100 7.87 7.64
25 200 38.46 37.35
50 5 0.06 0.05
50 10 0.22 0.21
50 20 0.88 0.87
50 50 5.79 5.71
50 100 21.52 21.34
50 200 122.01 120.08
100 5 0.36 0.33
100 10 1.44 1.41
100 20 5.88 5.83
100 50 35.94 35.82
100 100 156.65 156.09
100 200 743.23 741.09
200 5 2.58 2.26
200 10 8.48 8.23
200 20 30.78 30.55
200 50 193.62 193.19
200 100 865.37 864.52
200 200 3643.28 3639.74
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FUdyasOUUs GU o1 lsalU Udd Us ¢¥#OWaald Uy oUGaUd
file:  inex_01_program .m

A=[ 0.81470.0975 0.1576 0.1419 0.6557 ;
0.9058 0.2785 0.9706 0.4218 0.0357 ;
0.1270 0.5469 0.9572 0.9157 0.8491 ;
0.9134 0.9575 0.4854 0.7922 0.9340 ;
0.6324 0.9649 0.8003 0.9595 0.6787

epsilons=[1 0.8 0.5 0.2 0.005];
[X, Y, Z, Vxmin, Vxmax, Vymin, Vymax, maxepsilon] = inexcalculate (A, epsilons, N);

gridplot(X, Y, Z, epsilons, Vxmin, Vxmax, Vymin, Vymax);

file: gridplot.m

function gridplot(X, Y, Z, epsilons, Vxmin, Vxmax, Vymin, Vymax)
figure(1l); %% create a figure

hold on;

mycolour = "krgbm";

[maxep silon, ind] = max(epsilons);
[axisxmin, axisxmax, axisymin, axisymax] =
grid_find_axis_limits(Vxmin(ind), Vxmax(ind), Vymin(ind), Vymax(ind));

axis([axisxmin axisxmax axisymin axisymax]);

%% Change the axis limits so that the x - axis ranges from axisxmin to axisxmax and the y - axis ranges from axisymin to axisymax

for i = 1:length(epsilons)
%% Plotting the grid, black color
tax = [Vxmin(i) Vxmax(i) Vxmax(i) Vxmin(i) Vxmin(i) 1; %% x points for a rectangle
tay = [Vymin(i) Vymin(i) Vymax(i) Vymax(i) Vymin(i)]; %% y points for a rectangle
p = plot(tax, tay, mycolour(mod(i, length(mycolour)) + 1) );
%% plots Omega rectangle; plot() plots a 2D line,
%% getting points from the corresponding values of the tax and tay vectors

hold on; %% hold on retains plots in the current axes so that new plots added do not delete existing plots

conto ur(X, Y, Z', [epsilons(i) epsilons(i)], mycolour(mod(i, length(mycolour)) + 1), "linewidth", 2) ;
%% Display the contours of the Z', at Z' = epsilon
end
%% pause;
%% print("grid_02_merged_matlab.jpg", " -djpg") ; %% print the figure in the file
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file: inexcalculate.m

function [X, Y, Z, Vxmin, Vxmax, Vymin, Vymax, maxepsilon] = inexcalculate(A, epsilons, N)

print_2d_array(A, "A");

n = length(A);

norma = norm(A,2); %% norm(X, 2) returns the 2 - norm or maximum singular valu e of matrix X,
%% which is approximately max(svd(X)).
%% This value is equivalent to norm(X) in Matlab, but not in Python numpy.

fprintf( "matrix A: rows = %d, 2 -norm = %f \ n\n", n, norma);

Ah = (A+A")/2; %% A'is the transpose matrix
Ash=(A -A)2;

print_2d_array(Ah, "Ah");

print_2d_array(Ash, "Ash");

%% The eigenvalues of Ah and Ash in ascending order
EAh = sort(real(eig(Ah)) )i %% eig(A) returns a column vector containing
EAsh = sort(imag(eig(Ash))); %% the eigenvalues of square matrix A.

print_1d_array(EAh, "EAh");

print_1d_array(EAsh, "EAsh");

for metr = 1:length(epsilons)

Vxmin(metr) = EAh(1) - epsilons(metr) * norma;

Vxmax(metr) = EAh(end) + epsilons(metr) * norma;

Vymin(metr) = EAsh(1) - epsilons(metr) * norma;

Vymax(metr) = EAsh(end) + epsilons(metr) * norma;

Vxstep(metr) = (Vxmax(metr) - Vxmin(metr)) / N;

Vystep(metr) = (Vymax(metr) - Vymin(metr)) / N;

fprintf("epsilons(%d) = %f, xmin = %f, xmax = %f, ymin=%f, ymax = %f, xstep=%f, ystep = %f

metr, epsilons(metr), Vxmin(metr), Vxmax(metr), Vymin(metr), Vymax(metr), Vxstep(metr), Vystep(metr

end

[maxepsilon, indexofmaxepsilon] = max(epsilons);
xmin = Vxmin(indexofmaxepsilon);

xmax = Vxmax(indexofmaxepsilon);

ymin = Vymin(indexofmaxepsilon);

ymax = Vymax(indexofmaxepsilon);

xstep = Vxstep(indexofmaxepsilon);

ystep = Vystep( indexofmaxepsilon);

fprintf("xmin = %f, xmax = %f, ymin=%f, ymax =%f, xstep=%f, ystep = %f
Xmin, xmax, ymin, ymax, xstep, ystep);

\' n\ n\ n",

i

\ n\ n\ n",
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Z = zeros(N,N);

for I=1:N
X =xmin + (1 - 1)*xstep;
X()=x;
for J=1:N
y=ymin+ (J - 1)*ystep;
Y=y
Z =X+ ity;
zita(l,J) = z;
end
end
svdcount = 0;
for I=1:N
for J=1:N
if (Z(1,J) == 0)
svdcount = svdcount + 1 ;
S = svd(zita(l,J)*eye(n) - A);
smin = S(end);
Z(1,J) = smin;

%Perform the exclusion
if (smin > maxepsilon)
x = real(zita(l,J));
y = imag(zita(l,J));
%% plot(x, y, 'b+")
%% hold on
%% circle( x,y,smin - maxepsilon);
for a=1:N
for b=1:N
if (abs(zita(a,b) - zita(l,J))<(smin
Z(a,b)=2(1,3);
end
end
end
end
end
end

end

fprintf("Number of svd factorializations = %d out of %d

fprintf("Results for max epsilon = %f \ n\ n", maxepsilon);

print_1d_array(X, "X");

print_1d_array(Y, "Y");

print_2d_array(Z, "Z");

print_2d_array(Z', "Z");

end

- maxepsilon))

\ n\ n", svdcount, N*N);
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matrix A: rows =5, cols=5, total elements =25
0.8147 0.0975 0.1576 0.1419 0.6557
0.9058 0.2785 0.9706 0.42 18 0.0357
0.1270 0.5469 0.9572 0.9157 0.8491
0.9134  0.9575 0.4854 0.7922 0.9340
0.6324 0.9649 0.8003 0.9595 0.6787
matrix A: rows =5, 2 - norm = 3.312915
matrix Ah: rows =5, cols=5, total elements =25
0.8147 0.5017 0.1423 0.5276 0.6441
0.5017 0.2785 0.7588 0.6896  0.5003
0.1423 0.7588 0.9572 0.7006  0.8247
0.5276 0.6896 0.7006 0.7922  0.9467
0.6441 05003 0.8247 0.9467 0.6787
matrix Ash: rows =5, cols=5, total elements =25
0.0000 -0.4042  0.0153 -0.3857 0.0116
0.4042  0.0000 0.2118 -0.2679 - 0.4646
-0.0153 -0.2118 0.0000 0.2151 0.0244
0.3857  0.2679 -0.2151  0.0000 -0.0127
-0.0116  0.4646 -0.0244 0.0127  0.0000
vector EAh:  number of elements = 5
-0.4627 -0.0870 0.0740 0.7339  3.2631
vector EAsh:  number of elements = 5
-0.7575 -0.3439 0.0000 0.3439 0.7575
epsilons(1) = 1.000000, xmin = -3.775599, xmax = 6.576030, ymin = -4.070389,
ystep = 0.814078
epsilons(2) = 0.800000, xmin = -3.113016, xmax =5.913447, ymin= - 3.407806,
ystep = 0.681561
epsilons(3) = 0.500000, xmin = -2.119141, xmax =4.919572, ymin= -2.413932,
ystep = 0.482786
epsilons(4) = 0.200000, xmin = -1.125267, xmax = 3.925698, ymin= - 1.420057,
ystep = 0.284011
epsilons(5) = 0.005000, xmin = -0.479249, xmax = 3.279680, ymin= -0.774039,
ystep = 0.154808
xmin = -3.775599, xmax =6.576030, ymin= -4.070389, ymax =4.070 389,

xstep = 1.035163,

ymax = 4.070389,

ymax = 3.407806,

ymax = 2.413932,

ymax = 1.420057,

ymax = 0.774039,

xstep = 1.035163,

xstep = 0.902646,

xstep = 0.703871,

xstep

xstep = 0.375893,

ystep = 0.814078

=0.505097,
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Number of svd factorializations = 38 out of 100

Results for max epsilon = 1.000000

vector X:  number of elements = 10

-3.7756 - 2.7404 -1.7053 -0.6701 0.3651 1.4002 2.43 54  3.4705 4.5057 5.5409

vector Y: number of elements = 10

-4.0704 - 3.2563 -2.4422 -1.6282 -0.8141 0.0000 0.8141 1.6282 2.4422 3.2563

matrix Z: rows =10, cols =10, total elements =100

49637 4.9637 49637 3.3491 3.3491 3.9755 3.9755 39755 3.9755 3.9755

4.9637 49637 49637 3.3491 3.3491 39755 3.9755 3.9755 3.9755 3.9755

3.4150 3.4150 4.9637 4.9637 3.3491 3.3491 3.9755 3.9755 3.9755 3.9755

3.4150 3.4150 3.4150 49637 0.5376 0.3932 0.5376 1.8841 1.8841 1.8841

3.4150 3.4150 3.4150 1.0650 0.4085 0.0802 0.4085  1.8292 21412 3.0739
3.9350 3.9350 3.9350 2.3477 0.9378 0.6669 0.9378 3.0739 3.0739 3.0739

3.9350 3.9350 3.9350 3.9350 1.0257 0.7042 1.0257 3.0739 3.0739 3.0739

3.9350 39350 3.9350 3.9350 0.8274 0.2577 0.8274 3.3274 3.3274 3.3274
3.9350 3.9350 2.8038 2.8038 2.8038 2.4362 3.3274 3.3274 3.3274 3.3274
3.9350 2.8038 2.8038 2.8038 2.8038 2.4362 3.3274 3.3274 3.3274 3.3274

matrix Z": rows =10, cols =10, total elements = 100

4.9637 49637 3.4150 3.4150 3.4150 3.9350 3.9350 3.9350 3.9350 3.9350
49637 49637 3.4150 3.4150 3.4150 3.9350 3.9350 3.9350 3.9350 2.8038
4.9637 49637 49637 3.4150 3.4150 3.9350 3.9350 3.9350 2.8038  2.8038
3.3491 3.3491 49637 49637 1.0650 2.3477 3.9350 3.9350 2.8038 2.8038
3.3491 3.3491 3.3491 05376 0.4085 0.9378 1.0257 0.8274  2.8038 2.8038

3.9755 3.9755 3.3491 0.3932 0.0802 0.6669 0.7042 0.2577 2.4362  2.4362
3.9755 39755 39755 0.5376 0.4085 0.9378 1.0257 0.8274 3.3274 3.3274
3.9755 3.9755 39755 1.8841 1.8292 3.0739 3.0739 3.3274 3.3274 3.3274
3.9755 3.9755 3.9755 1.8841 21412 3.0739 3.0739 3.3274 3.3274 3.3274
3.9755 3.9755 3.9755 1.8841 3.0739 3.0739 3.0739 3.3274 3.3274 3.3274
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algorithm: inex old , dim = 100, N = 100, time = 15.701841 seconds, svdtime = 12.930729
seconds, svdcount = 969 out of 10000, exclusiontime = 2.638437 seconds

algorithm: inex old , dim = 200, N = 200, time = 225.695099 seconds, svdtime = 142.285086
seconds, svdcount = 2066 out of 40000, exclusiontime = 82.901686 seconds

bUaUyss ) f 6 d

algorithm: inex, dim = 100, N = 100, time = 21.210351 seconds, svdtime = 13.125244
seconds, svdcount = 969 out of 10000, exclusiontime = 7.943380 seconds

algorithm: inex , dim = 200, N = 200, time = 156.936674 seconds, svdtime = 131.624937
seconds, svdcount = 2066 out of 40000, exclusiontime = 24.759557 seconds

69



56.F g 3 Y} Ungxgalculate

def inexcalculate(A, epsilons, N):
svdtime =0
exclusiontime =0

n, col s=A.shape

norma = LA.norm(A, 2) ## norm(X, 2) returns the 2 - norm or maximum singular value of matrix X,

## which is approximately max(svd(X)).

## This value is equivalent to norm(X) in Matla

Ah = (A + A.transpose()) / 2
Ash=(A - A.transpose()/2

EAh, koko = LA.eig(Ah) ## LA.eig(Ah) returns a column vector containing
EAh = sorted(EAh.real) ## the eigenvalues of square matrix A.
EAh = np.array(EAh)

EAsh, koko = LA.eig(Ash)

EAsh = sorted(EAsh.imag)

EAsh = np.array(EAsh)

Vxmin = np.zeros((epsilons.size, 1))
Vxmax = np.zeros((epsilons.size, 1))
Vymin = np.zeros((epsil ons.size, 1))
Vymax = np.zeros((epsilons.size, 1))
Vxstep = np.zeros((epsilons.size, 1))
Vystep = np.zeros((epsilons.size, 1))

for metr in range(epsilons.size):

Vxmin[metr] = EAh[O] - epsilons[metr[*norma
Vxmax[metr] = EAh[ - 1] + epsilons[metr]*norma
Vymin[metr] = EAsh[0] - epsilons[metr]*norma
Vymax[metr] = EAsh[ - 1] + epsilons[metr]*norma
Vxstep[metr] = (Vxmax[metr] - Vxmin[metr])/N
Vystep[metr] = (Vymax[metr] - Vymin[metr])/N

maxepsilon, inde xofmaxepsilon = np.amax(epsilons), np.argmax(epsilons);

xmin = Vxmin[indexofmaxepsilon]
xmax = Vxmax[indexofmaxepsilon]
ymin = Vymin[indexofmaxepsilon]
ymax = Vymax[indexofmaxepsilon]
xstep = Vxstep[indexofmaxepsilon]

ystep =  Vystep[indexofmaxepsilon]

X =np.zeros((N, 1))
Y = np.zeros((N, 1))
Z =np.zeros((N, N))
zita = np.zeros((N, N), dtype=np.complex_)

b, but not in Python numpy.
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for I in range(1, N+1):

X = xmin + (I - 1) * xstep
X[l -1]=x
for J in range( 1, N+1):

y =ymin + (J -1)
Y[J -
z = complex(x, y)

* ystep
1=y

zitall -1][J -1]=z

svdcount =0

zitald =]
for i in range(N):

for j in range(N):
zitald.append((i, j, zita[i][j]))

for I'in range(1, N+1):

for J in range(1, N+1):

if (]I

listofindicestodelet

-1][J -1]==0):
svdcount = svdcount + 1

currenttime = time.time()

u, S,vh= np.linalg.svd(zita]l -1][J - 1] * np.eye(n, dtype=int) - A
svdtime += time.time() - currenttime
Z[l -1]J -1]1=S[ -1]
smin=S[ -1]
if (smin > maxepsilon):

currenttime = time.time()

listofindic estodelete =[]

for ¢ in range(len(zitald)):

if (abs( zitald[c][2] - zita[l  -1][3 -1]) <(smin
Z[zitald[c][O]][zitald[c][1]] = Z[I -1]0 -1]

e.append(c)

for index in sorted(listofindicestodelete, reverse=True):
## reverse order doesn't throw off the subsequent indexes!!
del zitald[index]

exclusiontime += time.time() - currenttime

return (X, Y, Z, Vxmin, Vxmax, Vymin, Vymax, maxepsilon, svdtime, svdcount, exclusiontime)

full_matrices=True)

maxepsilon) ):
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check _pseudospectra (algorithm =" inex ", data =" random")
Output
algorithm: inex ,dim =5, N =50, time = 0.281189 seconds, svdtime = 0.060560 seconds, svdcount =

772 out of 2500, exclusiontime = 0.194108 seconds

algorithm: inex, dim = 10, N = 50, time = 0.181621 seconds, svdtime = 0.035007 seconds, svdcount =

238 out of 2500, exclusi ontime = 0.115588 seconds

algorithm: inex, dim = 25, N = 50, time = 0.170111 seconds, svdtime = 0.061054 seconds, svdcount =

112 out of 2500, exclusiontime = 0.078549 seconds

algorithm: inex, dim = 50, N = 50, time = 0.205637 seconds, svdtime = 0.114075 se conds, svdcount =
63 out of 2500, exclusiontime = 0.058550 seconds

algorithm: inex, dim = 100, N = 50, time = 0.677109 seconds, svdtime = 0.563546 seconds, svdcount

= 42 out of 2500, exclusiontime = 0.054026 seconds

algorithm: inex, dim = 200, N = 50, time = 1.774977 seconds, svdtime = 1.540344 seconds, svdcount
= 29 out of 2500, exclusiontime = 0.033498 seconds
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FLlisaUd

¢ Ggs3 Yy Ockdtime Uesg oaUGUaUaeg 25U Ugid .Uaofhy adea

7 oe tldg 3 Y U dchegkd time

check _time (" inex ", random")

g0 WBUOayGeldds); csceyUjgédd Uaosyamteea gl "~ a3UsaUd UgeUaxrs
asaesUU G0ds U R Cbsady otelheealti 3.0y s oY 02050 Uds UsYeagid

dim N grid inex svd svds total  svds exclusion
time time time made N x N time
25 50 2.20 0.16 0.06 110 2500 0.08
25 100 8.37 0.91 0.18 307 10000 0.64
25 200 46.51 6.38 0.56 1025 40000 5.49
50 50 6.57 0.19 0.11 61 2500 0.06
50 100 25.42 0.91 0.30 161 10000 0.52
50 200 129.56 5.25 0.87 476 40000 4.03
100 50 41.51 0.67 0.57 43 2500 0.06
100 100 201.97 1.76 1.28 94 10000 0.37
100 200 981.37 6.52 3.43 247 40000 2.73
200 50 208.51 1.88 1.67 30 2500 0.04
200 100 856.82 3.67 3.17 58 10000 0.26
200 200 4143.22 10.08 7.52 139 40000 2.07

zU Ud o6j3eld Ux¥s oaUUYeaoaders Uset 3 UUUGeexmsoa, Unsd&ph
oy683 €990, hd, oaUs 2a3U00Us a990hUU; e GdeUsUsehd HOGs d

B 6} fh3ed oswWl UB)gUoes3Us esoselilUsd eUst 300Us “@ai HOc d

aUs HOGe d Us(y asbelbeld GdeUa¥ys Us¥Y ¥3es3U (?) eUosUatl 33U

aUs e¢U Ues Ggseesaf 64 h3a.
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dim N grid inex svd svds total  svds exclusion
time time time made NxN time
2 5 0.00 0.00 0.00 23 25 0.00
2 10 0.01 0.01 0.01 78 100 0.00
2 20 0.04 0.05 0.02 257 400 0.02
2 50 0.24 0.47 0.09 1397 2500 0.35
2 100 0.84 3.24 0.30 5272 10000 2.83
2 200 4.87 25.45 1.19 20447 40000 23.81
5 5 0.00 0.00 0.00 16 25 0.00
5 10 0.01 0.01 0.00 42 100 0.00
5 20 0.05 0.03 0.01 126 400 0.01
5 50 0.27 0.27 0.05 618 2500 0.20
5 100 1.08 1.89 0.17 2242 10000 1.62
5 200 5.56 14.09 0.69 8499 40000 13.03
10 5 0.01 0.00 0.00 13 25 0.00
10 10 0.02 0.01 0.00 29 100 0.00
10 20 0.08 0.03 0.01 76 400 0.01
10 50 0.47 0.20 0.04 291 2500 0.14
10 100 1.95 1.31 0.13 959 10000 1.09
10 200 10.08 10.00 0.47 3440 40000 9.19
25 5 0.03 0.01 0.01 11 25 0.00
25 10 0.12 0.01 0.01 19 100 0.00
25 20 0.38 0.03 0.02 33 400 0.01
25 50 2.20 0.16 0.06 110 2500 0.08
25 100 8.37 0.91 0.18 307 10000 0.64
25 200 46.51 6.38 0.56 1025 40000 5.49
50 5 0.07 0.02 0.02 9 25 0.00
50 10 0.26 0.04 0.03 19 100 0.00
50 20 1.01 0.05 0.04 23 400 0.00
50 50 6.57 0.19 0.11 61 2500 0.06
50 100 25.42 0.91 0.30 161 10000 0.52
50 200 129.56 5.25 0.87 476 40000 4.03
100 5 0.45 0.15 0.12 9 25 0.00
100 10 1.68 0.24 0.22 17 100 0.00
100 20 6.59 0.28 0.25 19 400 0.00
100 50 41.51 0.67 0.57 43 2500 0.06
100 100 201.97 1.76 1.28 94 10000 0.37
100 200 981.37 6.52 3.43 247 40000 2.73
200 5 2.40 0.66 0.48 9 25 0.00
200 10 8.77 1.02 0.86 16 100 0.00
200 20 33.70 1.23 1.07 20 400 0.01
200 50 208.51 1.88 1.67 30 2500 0.04
200 100 856.82 3.67 3.17 58 10000 0.26
200 200 4143.22 10.08 7.52 139 40000 2.07
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T ae 0 dheck_precision('inex", "random")
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N = 20

oto £=0.01 Aemtopépero

N = 50

oto £=0.01 Aemtopépero

N = 100

oto £=0.01 Asmtopépela

N = 200

octo £=0.01 AentopépeLa

€

0.01

dim

5
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g = 0.01

N =5
N = 10
N = 20

N = 50

oto €=0.01 AsmtopépeLlo

N = 100

oct1o £=0.01 Asmtopépelo

oN» EED.(gQ\QT[DuE"pE Lo

dim

10
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dim = 25
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check _pseudospectra ( algorithm =" inex ", data =" kahan")

86



dm = 5, B00=
u = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02

pse_inex_dim_5_N_300

dim = 10, ? 3680
u = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02

pse_inex_dim_10_N_300
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00

0.2 04 06 08 10

dim =25, ? 360
U = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02

pse_inex_dim_25_N_300
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dim =50, ? 380

o

u = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02

pse_inex_dim_50_N_300
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-0.75 -0.50 -0.25 0.00 025 050 075

dim = 100, ? 380
v = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02

pse_inex_dim_100_N_300

-0.25

-0.50

-0.75

dim = 200, » 380
U = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02

pse_inex_dim_200_N_300
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check_time("

inex ", "

kahan ")

dim N grid inex svd svds total  svds exclusion
time time time made Nx N time
2 5 0.00 0.00 0.00 23 25 0.00
2 10 0.01 0.01 0.01 80 100 0.00
2 20 0.03 0.06 0.02 296 400 0.03
2 50 0.18 0.50 0.10 1623 2500 0.34
2 100 0.72 3.48 0.41 6200 10000 2.96
2 200 5.25 35.55 2.25 24161 40000 32.80
5 5 0.00 0.00 0.00 22 25 0.00
5 10 0.01 0.02 0.01 76 100 0.00
5 20 0.04 0.07 0.03 263 400 0.03
5 50 0.23 0.72 0.18 1438 2500 0.51
5 100 0.91 5.04 0.65 5442 10000 4.23
5 200 6.79 38.48 2.52 21127 40000 35.33
10 5 0.00 0.01 0.00 20 25 0.00
10 10 0.02 0.02 0.01 59 100 0.00
10 20 0.06 0.08 0.04 186 400 0.03
10 50 0.37 0.89 0.26 974 2500 0.58
10 100 1.47 4.50 0.79 3569 10000 3.55
10 200 10.19 31.66 2.89 13687 40000 28.13
25 5 0.02 0.02 0.02 13 25 0.00
25 10 0.06 0.05 0.04 39 100 0.00
25 20 0.22 0.15 0.11 102 400 0.03
25 50 1.38 0.75 0.44 463 2500 0.27
25 100 6.12 3.81 1.43 1606 10000 2.23
25 200 39.26 21.34 4.61 5942 40000 16.08
50 5 0.07 0.04 0.03 12 25 0.00
50 10 0.23 0.08 0.07 28 100 0.00
50 20 112 0.21 0.19 75 400 0.01
50 50 6.43 0.94 0.69 299 2500 0.21
50 100 24.23 4.04 2.24 971 10000 1.68
50 200 125.94 21.14 7.98 3453 40000 12.68
100 5 0.43 0.24 0.21 12 25 0.00
100 10 1.64 0.43 0.40 24 100 0.00
100 20 6.69 1.12 1.07 64 400 0.02
100 50 47.40 4.07 3.80 220 2500 0.20
100 100 195.86 12.90 11.22 652 10000 1.53
100 200 947.11 51.04 37.51 2198 40000 13.03
200 5 1.99 0.90 0.77 12 25 0.00
200 10 7.34 1.62 1.49 23 100 0.00
200 20 30.54 3.75 3.60 54 400 0.02
200 50 219.05 11.61 11.23 171 2500 0.22
200 100 828.37 33.85 31.86 482 10000 1.72
200 200 | 4048.26 133.08 118.40 1523 40000 14.06
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5.11.8 a 3 UFEoéplitz GrCar
OU aUU0UUGaUgYlGegeToeplitza 3 Bredido s U Us UG UYE Uaxd5 U¥ @00 %100.

OU g easoaliegelU aUs dU U Useessategel U0 3y3xyUdasUde; Ybgadwd Yls d;
(0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02) el UojamBlaUdi d aUs Usq GagasUUUGa Ui UL
Usofhyoadesad 2950 a¥d0 "~Uya  Uxid.

Fge Uy yYaeUUU:
T U fHoaUOd Usd "~ Uyps UL GUgd UPeavxhuaxml ecafoaadye Us yUgluelGylheU
245 0GeeUU0U0 "6g yeegel oayv3Us egUoydgsfd aUs 00 GUa30UUs) .
f B g eacoslehd Uesg yUglueilGyYleUUesd €U Usd "~ Uy UeyUyegd ~e8g dyal
1 Bs c)Jhsees vUUs aao26 90 §UUysesUPehawgUsbsYars

check_pseudospectra(algorithm =" inex ", data=" grcar ")
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dim = 5, B00=
0 = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02
pse_inex_dim_5_N_300
dim = 10, ? 300
0 = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02
e =
L —l
-’




dim =25, ? 360
u = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02

pse_inex_dim_25_N_300

dim =50, ? 380

o

vu = 0.0001, ©0.0005, 0.001, 0.005, 0.01, 0.02

05 00 as 1o 15 20 25 30

dim = 100, ? 380

o

u = 0.0001, ©0.0005, 0.001, 0.005, 0.01, 0.02




j1es3eeyUpdad

ToelddgsyyUdadd

check_time("

inex ", "

grcar

)

dim N grid inex svd svds total  svds exclusion
time time time made N x N time
2 5 0.00 0.00 0.00 23 25 0.00
2 10 0.01 0.01 0.00 77 100 0.00
2 20 0.03 0.04 0.01 250 400 0.02
2 50 0.16 0.47 0.08 1313 2500 0.36
2 100 0.65 3.49 0.28 4955 10000 3.10
2 200 5.36 29.07 1.17 19141 40000 27.48
5 5 0.00 0.00 0.00 16 25 0.00
5 10 0.01 0.01 0.00 46 100 0.00
5 20 0.03 0.04 0.01 135 400 0.02
5 50 0.21 0.44 0.06 641 2500 0.34
5 100 0.83 3.00 0.23 2268 10000 2.66
5 200 6.22 23.26 0.84 8462 40000 21.95
10 5 0.00 0.00 0.00 16 25 0.00
10 10 0.01 0.01 0.01 52 100 0.00
10 20 0.06 0.05 0.02 149 400 0.02
10 50 0.35 0.54 0.13 707 2500 0.37
10 100 1.64 3.81 0.50 2543 10000 3.18
10 200 10.25 28.14 1.77 9541 40000 25.87
25 5 0.02 0.01 0.01 16 25 0.00
25 10 0.07 0.05 0.04 53 100 0.00
25 20 0.29 0.15 0.12 158 400 0.03
25 50 1.80 0.96 0.57 792 2500 0.35
25 100 7.87 5.26 2.22 2913 10000 2.89
25 200 38.46 33.79 8.30 11134 40000 24.95
50 5 0.06 0.05 0.04 17 25 0.00
50 10 0.22 0.14 0.12 52 100 0.00
50 20 0.88 0.40 0.37 163 400 0.02
50 50 5.79 2.28 1.89 820 2500 0.34
50 100 21.52 9.93 7.04 3043 10000 2.73
50 200 122.01 51.63 28.18 11640 40000 22.75
100 5 0.36 0.28 0.24 17 25 0.00
100 10 1.44 0.86 0.83 53 100 0.00
100 20 5.88 2.49 2.43 164 400 0.02
100 50 35.94 12.95 12.54 828 2500 0.33
100 100 156.65 45.01 42.24 3080 10000 2.54
100 200 743.23 191.33 169.54 11820 40000 21.05
200 5 2.58 1.50 1.27 17 25 0.00
200 10 8.48 4.29 4.05 53 100 0.00
200 20 30.78 12.68 12.44 164 400 0.03
200 50 193.62 60.11 59.52 829 2500 0.31
200 100 865.37 24751 244.25 3095 10000 2.85
200 200 | 3643.28 999.08 974.01 11871 40000 23.91
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6.3.8U) 99 Ulieeo slhcaddieppugl G UUGUGoatL Usa U

EIZOAOZX:

AeC™, >0

K: 0 0pBpog tov onpeimv Tov cuvépov mov B VIOAOYIGTOVV
d, : 1 dievbuvon Yo To TpdTO oNpeio, cuvbwg d, =147

tol:  axpifero yio to mpdTo onueio, cuvibmg 10

7: 10 Prpa yro v TpdPAeym, cuvnBwg 107

BHMA 0: Yrnoloyiopdg Tov Tp@dTov onpeiov

. £
new __ 7 7 e , ’
™" =4+ Edo , OOV Ay Y10l Ty L0 110 TN TOV TVOKOL.

new old

Oco |2/ —z"| > 1ol

zal(/ L Zm w

Yrohoyopds TG TPUAETES (S, s Wpin> Vi ) HE SVD y10 TOV mivaka z“1— A

new

Ymoloyiopog tov z" , chupwva pe v oyéon (5.2)

Télog_smavainyng

new

=Zl

Ia £=2.3,...K
BHMA 1: I1p6Preyn
YoAOYIGHOG TG TPUTAETAG (S 05 Wi s Vi ) HE SVD y10 TOV Mivoka z, I - A

vV . u_.
— . min " min
rA =l

V., u

min "~ min

Zy =z, +Try

BHMA 2: AiopBoon
Yrotoyiopdg tov z, , oOupova pe v oyéon (5.3),
avtikafieTOVTag Omov A T0 Z, KOl Kkdvovtag xpfion TG TPUAETAC Y10 TO Z, .

Téhog_smavainyng

Télog,
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6.4.z atlab7 L tsaUd a9 9§ e Byrah

] } 6 U drahl 01 _program.m

A=[ 0.0760 0.4173 0.4893 0.7803 0.1320
0.2399 0.0497 0.3377 0.3897 0.9421
0.1233 0.9027 0.9001 0.2417 0.9561
0.1839 0.9448 0.3692 0.4039 0.5752
0.2400 0.4909 0.1112 0.0965 0.0598

epsilons =[0.8, 0.5, 0.2, 0.1];
K =50000 ;

d0 = complex(1,1) ;

tol =100 -6;

t=100 -3,

for i = 1:length(epsilons)

epsilon = epsilons(i);
fprintf(" \ n calling bruhl with epsilon = %.2f
bruhl(A, epsilon, K, d0, tol, t, 0, 'random.jpg";
end

\ n", epsilon);
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] } 6 Ualruhl.m

function z = bruhl(A, epsilon, K, d0, tol, t, save, name)
figure(1); %% create a figure
hold on;
n = length(A);
eigs = sort(eig(A));
disp(" \n eigs \n");
disp(eigs);
10 = eigs(1);
disp(* \'n LO \n");
disp(l0);
s = svd(A);
disp(* \n s \n");
disp(s);
z = zeros(K,1);

%% Find the first point

zlold =10 + (epsil on/2)*do;

[U, S, V] = svd(zlold *eye(n) - A);
umin = U(:, end);

smin = S(end);

vmin = V(;, end);

zlnew = zlold - ((smin - epsilon) / real( (conj(d0) * (vmin') * umin) ) ) * dO;
count=1,;
while (abs (z1new - zlold) > tol)

zlold = zlnew;

[U, S, V] = svd(zlold * eye(n) - A);

umin = U(;, end);

smin = S(end);

vmin = V(:, end);

zlnew = zlold - ((smin - epsilon) / real( (conj(d0) * (vmin*) * umin) ) ) * dO;
count = count + 1;

end
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z(1) = zlnew;

%For the rest of the points
for(k=2:K)
%% Prediction
[U,S,V] = svd(z(k - 1)*eye(n) - A); %the triplet for z(k
umin = U(:,end);
smin = S(end);
vmin=V(: ,end);
grad = (vmin')*umin;
%% disp(grad);
r = (grad*i)/abs(grad);
%% disp(r);
pred =z(k - 1)+t*r;
%% disp(pred);
%% Correction
z(k) = pred - ((smin - epsilon)/((umin‘)*vmin));
%% disp(z(k));
%% disp(" \ n\n");
end
%% plot(z, 'g");
plot(z);
if (save == 1)
plot(eigs, 'linestyle’, 'none’, 'marker’, '*');
print(name, " - djpg") ;
end
%% close(1);
%% end
%% disp(count);
end

-1)
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6.5 e UUay 0 e UUB o &ilabg
calling bruhl with epsilon = 0.80
eigs

-0.0783 - 0.3508i
- 0.0783 + 0.3508i

0.3640+ Oi

-0.7208 + Oi

2.0028+ Oi
LO

-0.078255 - 0.350776i

2.3595
0.7814
0.6429
0.3706
0.1545

calling bruhl with epsilon = 0.50

eigs

-0.0783 - 0.3508i

- 0.0783 + 0.3508i
0.3640+ Oi
-0.7208 + Oi
2.0028+ Oi
LO

-0.078255 - 0.350776i

2.3595
0.7814
0.6429
0.3706
0.1545
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calling bruhl with epsilon = 0.20

eigs

-0.0783 - 0.3508i

- 0.0783 + 0.3508i
0.3640+ Oi
-0.7208 + Oi
2.0028+ Oi
LO

-0.078255 - 0.350776i

2.3595
0.7814
0.6429
0.3706
0.1545

calling bruhl with epsilon = 0.10

eigs

-0.0783 - 0.3508i

-0.0783 + 0.3508i
0.3640 + Oi LT
-0.7208 +  Oi
2.0028 + Oi 1
LO
0.5
-0.078255 - 0.350776i
0 -
S
05
2.3595
0.7814
0.6429 A
0.3706
0.1545 15 1 L L 1 )
2 . 0 1 2 3
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6.6.PythonT L tsaUd a9 ) deBreh

] 1+ 6 Ualmuhl. py

import numpy as np
from scipy.linalg import eigvals
from numpy.linalg import svd

import matplotlib.pyplot as plt

import sys
def printf(format, *args):
sys.stdout.write(format % args)

def bruhl(A, epsilon, K, d0, tol, t, save, name):
plt .figure()
n =len(A)
eigs = np.sort(eigvals(A))
10 = eigs[1]
s = np.linalg.svd(A, compute_uv=False)
z = np.zeros(K, dtype=complex)

zlold =10 + (epsilon / 2) * dO

U, S, V = svd(zlold * np.eye(n, dtype=int) - A, full_matrices=Tr ue)
print(V); print(" \'n")

umin = U[;, -1]

smin=S[ -1]

vmin=V[ -1,1]

print(vmin); print()

zlnew = zlold - ((smin - epsilon) / np.real(np.conj(d0) * np.matmul(vmin.T, umin))) * dO
printf(" \'nzlnew=")

print(zlnew)

count=1

while abs(zlnew - zlold) > tol:

zlold = z1new

U, S, V =svd(zlold * np.eye(n, dtype=int) - A, full_matrices=True)

umin = U[;, -1]

smin=S[ -1]

vmin=V[ -1,1]

zlnew = zlold - ((smin - epsilo n)/np.real(np.conj(d0) * np.matmul(vmin.T, umin))) * dO

printf(" \'nzlnew =")
print(z1lnew)

count+=1



z[0] = z1lnew

for k in range(1, K):

U, S,V = svd(z[k - 1] * np.eye(n, dtype=int) - A, full_matrices=True) # the triplet forz(k -1)
umin = U[;, - 1]
smin=S[ -1]

vmin=V[ -1,1]

grad = np.matmul(vmin.T, umin)
r = (grad * 1j) / np.abs(grad)
pred = z[k - 1) +t*r

# Correction

## z[K] = pred - ((smin - epsilon) / (np.matmul(umin.T, vmin)))
z[k] = pred
if k%100000 == 0:
print(grad)
print(r)
print(pred)
print(z[K])
print" \n\n")
printf"  \ n\ n\ n iteration = %d \' n\ n\ n", k)
printf(* ~ \n")
plt.plot(z)
if save == 1:

plt.plot(eigs, linestyle="none', marker="")

plt.savefig(name, format="jpg’)

103



## program

A = np.array([[0.0760, 0.4173, 0.4893, 0.7803, 0.1320],
[0.2399, 0.0497, 0.3377, 0.3897, 0.9421],
[0.1233, 0.9027, 0.9001, 0.2417, 0.9561],
[0.1839, 0.9448, 0.3692, 0.4039, 0.5752],
[0.2400, 0.4909, 0.1112, 0.0965, 0.0598]])

epsilons =[0.8, 0.5 ,0.2,0.1]

K = 50000

d0 = complex(1,1)
tol = 10** -6
t=10** -3

for epsilon in epsilons:

if epsilon == 0.8:
printf("  \ n calling bruhl with epsilon = %.2f \ n", epsilon);
bruhl (A, epsilon , K, dO, tol , t,1,' random. jpg ")

gU U gUUeayGeUUU eU0U3s ~ Uy hdMatlabd. e U UgU¥Y
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