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Abstract 
 
In this particular thesis we will deal with algorithms for finding the pseudospectrum of 

square matrices. The pseudospectrum of a matrix is a crucial concept in numerical linear 

algebra and related fields such as control theory, quantum mechanics, fluid dynamics, and 

other areas of computer science. The pseudospectrum provides more detailed information 

than the spectrum, facilitating a more complete understanding of the behavior of a given 

operator or matrix. To gain an intuitive understanding of the pseudospectrum, we use 

graphical calculation methods. 

 

The pseudospectrum of a matrix can be graphically calculated and visualized using a 

variety of methods and algorithms. Three such algorithms, the GRID algorithm, the 

Inclusion-Exclusion algorithm, and the Path-Following algorithm, are extensively used for 

this purpose. 

 

This thesis presents an implementation of the GRID, Inclusion-Exclusion, and Path-

Following algorithms in Matlab and Python. GRID and Inclusion-Exclusion are capable of 

leveraging multiple processors, as computations at each grid point are independent. The 

Path-Following algorithm starts by locating a point on the curve and then repeats the 

prediction and correction of the next point. 

 

For the GRID and Inclusion-Exclusion algorithms we compute pseudospectra in random 

number matrices, Kahan matrices and Toeplitz GrCar matrices. We provide precise timing 

of the algorithms and examine the parameters required to find sufficient accuracy. 

 

 

Keywords: pseudospectrum, grid, Inclusion-Exclusion, path-following 
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ȺɘůŬɔɤɔɐ 

 

ɇɞ ɣŮɡŭɞűɎůɛŬ Ůɜɧɠ ˊɑɜŬəŬ ŮɑɜŬɘ ɛɘŬ ɏɜɜɞɘŬ ůɖɛŬɜŰɘəɐ ůŰɖɜ ŬɟɘɗɛɖŰɘəɐ ɔɟŬɛɛɘəɐ ɎɚɔŮɓɟŬ əŬɘ ůŮ ůɡɜŬűɐ ˊŮŭɑŬ, 

ɧˊɤɠ ɖ ɗŮɤɟɑŬ Ůɚɏɔɢɞɡ, ɖ əɓŬɜŰɞɛɖɢŬɜɘəɐ, ɖ ŭɡɜŬɛɘəɐ Űɤɜ ɟŮɡůŰɩɜ əŬɘ Ɏɚɚɞɘ ŮˊɘůŰɖɛɞɜɘəɞɑ ŰɞɛŮɑɠ ɡˊɞɚɞɔɘůŰɩɜ. 

ɃɡůɘŬůŰɘəɎ, Űɞ ɣŮɡŭɞűɎůɛŬ ˊŬɟɏɢŮɘ ˊɘɞ ɚŮˊŰɞɛŮɟŮɑɠ ˊɚɖɟɞűɞɟɑŮɠ Ŭˊɧ Űɞ űɎůɛŬ ɛɧɜɞ, ŮˊɘŰɟɏˊɞɜŰŬɠ ɛɘŬ ˊɚɞɡůɘɧŰŮɟɖ 

əŬŰŬɜɧɖůɖ Űɖɠ ůɡɛˊŮɟɘűɞɟɎɠ Űɞɡ ŰŮɚŮůŰɐ ɐ Űɞɡ Ůɜ ɚɧɔɤ ˊɑɜŬəŬ. ũɘŬ ɜŬ ŬˊɞəŰɖɗŮɑ ɛɘŬ ŭɘŬɘůɗɖŰɘəɐ əŬŰŬɜɧɖůɖ Űɞɡ 

ɣŮɡŭɞűɎůɛŬŰɞɠ, ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ɔɟŬűɘəɏɠ ɛɏɗɞŭɞɘ ɡˊɞɚɞɔɘůɛɞɨ.  

 

Ƀɘ ɘŭɘɞŰɘɛɏɠ ˊŬɟɏɢɞɡɜ əɟɑůɘɛŮɠ ˊɚɖɟɞűɞɟɑŮɠ ɔɘŬ Űɘɠ ɘŭɘɧŰɖŰŮɠ Ůɜɧɠ ˊɑɜŬəŬ. ɋůŰɧůɞ, ɛˊɞɟŮɑ ɜŬ ŮɑɜŬɘ əɎˊɤɠ ŬɜŮˊŬɟəŮɑɠ 

ůŰɖɜ ˊŬɟɞɢɐ Ůɜɧɠ ˊɚɐɟɞɡɠ ɢŬɟŬəŰɖɟɘůɛɞɨ Űɞɡ ˊɑɜŬəŬ, ɘŭɘŬɑŰŮɟŬ ůŰɞ ˊɚŬɑůɘɞ ɛɖ əŬɜɞɜɘəɩɜ ˊɘɜɎəɤɜ. ɇɞ ɣŮɡŭɞűɎůɛŬ, 

Ŭˊɧ Űɖɜ Ɏɚɚɖ ˊɚŮɡɟɎ, ŭɑɜŮɘ ɛɘŬ ˊɘɞ ɚŮˊŰɞɛŮɟɐ ˊŮɟɘɔɟŬűɐ Űɖɠ ůɡɛˊŮɟɘűɞɟɎɠ Ůɜɧɠ ˊɑɜŬəŬ. ɀŬɗɖɛŬŰɘəɎ, ɔɘŬ ɏɜŬɜ n Ĭ n 

ˊɑɜŬəŬ A əŬɘ ɏɜŬɜ ɛɖ ŬɟɜɖŰɘəɧ ˊɟŬɔɛŬŰɘəɧ Ŭɟɘɗɛɧ Ů, Űɞ Ů-ɣŮɡŭɞűɎůɛŬ Űɞɡ A ŮɑɜŬɘ Űɞ ůɨɜɞɚɞ Űɤɜ ɛɘɔŬŭɘəɩɜ Ŭɟɘɗɛɩɜ z 

ɔɘŬ Űɞɡɠ ɞˊɞɑɞɡɠ (zI - A) ɏɢŮɘ ɛɘŬ ɛɞɜŬŭɘəɐ Űɘɛɐ ɛɘəɟɧŰŮɟɖ Ŭˊɧ Ů. ɀŮ ɎɚɚŬ ɚɧɔɘŬ, Űɞ ɣŮɡŭɞűɎůɛŬ ŬɜŰɘˊɟɞůɤˊŮɨŮɘ ɛɘŬ 

ˊŮɟɘɞɢɐ ůŰɞ ɛɘɔŬŭɘəɧ ŮˊɑˊŮŭɞ ɧˊɞɡ ɖ ɜɧɟɛŬ ŭɘŬɢɤɟɘůɛɞɨ (Űɞ ŬɜŰɑůŰɟɞűɞ Űɖɠ ŬˊɧůŰŬůɖɠ Ŭˊɧ ɏɜŬɜ ɛɘɔŬŭɘəɧ Ŭɟɘɗɛɧ ůŰɞ 

űɎůɛŬ) ŮɑɜŬɘ ɛŮɔɎɚɖ, ˊŬɟɏɢɞɜŰŬɠ ˊɚɖɟɞűɞɟɑŮɠ ɔɘŬ Űɖɜ ŮɡŬɘůɗɖůɑŬ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ Űɖɠ ɘŭɘɞŰɘɛɐɠ. 

 

ɇɞ ɣŮɡŭɞűɎůɛŬ Ůɜɧɠ ˊɑɜŬəŬ ɛˊɞɟŮɑ ɜŬ ɡˊɞɚɞɔɘůŰŮɑ ɔɟŬűɘəɎ əŬɘ ɜŬ ɞˊŰɘəɞˊɞɘɖɗŮɑ ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ ɛɘŬ ˊɞɘəɘɚɑŬ 

ɛŮɗɧŭɤɜ əŬɘ Ŭɚɔɞɟɑɗɛɤɜ. ɇɟŮɘɠ ŰɏŰɞɘɞɘ Ŭɚɔɧɟɘɗɛɞɘ, ŭɖɚŬŭɐ ɞ Ŭɚɔɧɟɘɗɛɞɠ GRID, ɞ Ŭɚɔɧɟɘɗɛɞɠ Inclusion-Exclusion əŬɘ 

ɞ Ŭɚɔɧɟɘɗɛɞɠ Path-Following, ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ŮəŰŮɜɩɠ ɔɘŬ Űɞ ůəɞˊɧ ŬɡŰɧ. 

 

ɆŰɖɜ ˊŬɟɞɨůŬ ŮɟɔŬůɑŬ ˊŬɟŬɗɏŰɞɡɛŮ ɛɘŬ ɡɚɞˊɞɑɖůɖ Űɞɡ Ŭɚɔɧɟɘɗɛɞɡ GRID ůŮ Matlab əŬɘ Python. Ƀ Ŭɚɔɧɟɘɗɛɞɠ ŬɡŰɧɠ 

ŮɑɜŬɘ ɘəŬɜɧɠ ɜŬ ŬɝɘɞˊɞɘŮɑ ˊɞɚɚŬˊɚɞɨɠ ŮˊŮɝŮɟɔŬůŰɏɠ, əŬɗɩɠ ɞɘ ɡˊɞɚɞɔɘůɛɞɑ ůŮ əɎɗŮ ůɖɛŮɑɞ Űɞɡ ˊɚɏɔɛŬŰɞɠ ŮɑɜŬɘ 

ŬɜŮɝɎɟŰɖŰɞɘ. ɆŰɖ ůɡɜɏɢŮɘŬ, ˊŬɟŬɗɏŰɞɡɛŮ ɛɘŬ ɡɚɞˊɞɑɖůɖ Űɞɡ Ŭɚɔɧɟɘɗɛɞɡ Inclusion-Exclusion ůŮ Matlab əŬɘ Python. Ƀ 

Ŭɚɔɧɟɘɗɛɞɠ ŬɡŰɧɠ ŬˊɞŰŮɚŮɑ ɛɘŬ ɓŮɚŰɑɤůɖ ůŮ ůɢɏůɖ ɛŮ Űɞɜ Ŭɚɔɧɟɘɗɛɞ GRID. Ƀ Ŭɚɔɧɟɘɗɛɞɠ Inclusion-Exclusion 

ɝŮəɘɜɩɜŰŬɠ ɛŮ ɛɘŬ ˊŮɟɘɞɢɐ ˊɞɡ ŮɑɜŬɘ ɔɜɤůŰɧ ɧŰɘ ˊŮɟɘɏɢŮɘ Űɞ ɣŮɡŭɞűɎůɛŬ, ŭɖɛɘɞɡɟɔŮɑ çɕɩɜŮɠ ŬˊɞəɚŮɘůɛɞɨè ɢɤɟɑɠ 

ůɖɛŮɑŬ ɣŮɡŭɞűŬůɛɎŰɤɜ. ɇɏɚɞɠ, ˊŬɟŬɗɏŰɞɡɛŮ ɛɘŬ ɡɚɞˊɞɑɖůɖ Űɞɡ Ŭɚɔɧɟɘɗɛɞɡ Path-Following Űɞɡ Bruhl ůŮ Matlab əŬɘ 

Python. Ƀ Ŭɚɔɧɟɘɗɛɞɠ Path-Following ɝŮəɘɜɎ ɛŮ Űɞɜ ŮɜŰɞˊɘůɛɧ Ůɜɧɠ ůɖɛŮɑɞɡ ůŰɖɜ əŬɛˊɨɚɖ əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ Űɖɜ 

ˊɟɧɓɚŮɣɖ əŬɘ Űɖ ŭɘɧɟɗɤůɖ Űɞɡ ŮˊɧɛŮɜɞɡ ůɖɛŮɑɞɡ. 

 

ɇɞ ȾŮűɎɚŬɘɞ 1,"ɁɧɟɛŮɠ ȹɘŬɜɡůɛɎŰɤɜ əŬɘ ɄɘɜɎəɤɜ", ˊŬɟɞɡůɘɎɕŮɘ ɛɘŬ ɛɘəɟɐ ŮɘůŬɔɤɔɐ ůŰɘɠ ɓŬůɘəɏɠ ɛŬɗɖɛŬŰɘəɏɠ 

ɏɜɜɞɘŮɠ ˊɞɡ ɢɟŮɘɎɕɞɜŰŬɘ ůŰɖ ůɡɜɏɢŮɘŬ Űɖɠ ŭɘˊɚɤɛŬŰɘəɐɠ ŮɟɔŬůɑŬɠ. ɄŬɟɞɡůɘɎɕɞɜŰŬɘ əŬŰɎ ůŮɘɟɎɜ ɞɘ ɜɧɟɛŮɠ 

ŭɘŬɜɡůɛɎŰɤɜ, ɞɘ ɜɧɟɛŮɠ ˊɘɜɎəɤɜ (ůɡɜɐɗŮɘɠ əŬɘ ŮˊŬɔɧɛŮɜŮɠ) əŬɘ ɖ űŬůɛŬŰɘəɐ ŬəŰɑɜŬ. 

 

ɇɞ ȾŮűɎɚŬɘɞ 2,"SVD ɄŬɟŬɔɞɜŰɞˊɞɑɖůɖ ɄɑɜŬəŬ", ɛŬɠ ŮɘůɎɔŮɘ ůŰɘɠ ˊŬɟŬɔɞɜŰɞˊɞɘɐůŮɘɠ ˊɘɜɎəɤɜ ůŰɖ ɔɟŬɛɛɘəɐ ɎɚɔŮɓɟŬ, 

ɢɤɟɑɕɞɜŰɎɠ Űɘɠ ůŮ ŭɨɞ əŬŰɖɔɞɟɑŮɠ: ŬɡŰɏɠ ˊɞɡ ɓɞɖɗɞɨɜ ůŰɖɜ Ůˊɑɚɡůɖ ůɡůŰɖɛɎŰɤɜ ɔɟŬɛɛɘəɩɜ ŮɝɘůɩůŮɤɜ əŬɘ ŬɡŰɏɠ ˊɞɡ 

ɓŬůɑɕɞɜŰŬɘ ůŮ ɘŭɘɞŰɘɛɏɠ. ɆŰɖɜ SVD ɏɜŬɠ ˊɑɜŬəŬɠ ŬɜŬˊŬɟɑůŰŬŰŬɘ ɤɠ A = U D V* ɛŮ Űɞɜ D ɜŬ ŮɑɜŬɘ ɛɖ ŬɟɜɖŰɘəɧɠ 

ŭɘŬɔɩɜɘɞɠ ˊɑɜŬəŬɠ əŬɘ ɞɘ U əŬɘ V ɜŬ ɘəŬɜɞˊɞɘɞɨɜ ůɡɔəŮəɟɘɛɏɜŮɠ ůɡɜɗɐəŮɠ. 



 

1 

 

 

ɇɞ ȾŮűɎɚŬɘɞ 3, "ȹɘŬŰŬɟŬɢɏɠ ȽŭɘɞŰɘɛɩɜ əŬɘ ɊŮɡŭɞűɎůɛŬ ɄɑɜŬəŬ", ŮɝŮŰɎɕŮɘ Űɞɜ ɟɧɚɞ Űɤɜ ɘŭɘɞŰɘɛɩɜ əŬɘ Űɞɡ ɣŮɡŭɞ-

űɎůɛŬŰɞɠ Ůɜɧɠ ˊɑɜŬəŬ ůŮ ɛŬɗɖɛŬŰɘəɎ əŬɘ űɡůɘəɎ ůɡůŰɐɛŬŰŬ. ɈˊɞɔɟŬɛɛɑɕŮɘ Űɖ ůɖɛŬůɑŬ Űɖɠ ŬˊɞůɨɜɗŮůɖɠ 

ŰŮŰɟŬɔɤɜɘəɩɜ ˊɘɜɎəɤɜ ůŮ ɘŭɘɞŰɘɛɏɠ əŬɘ ɘŭɘɞŭɘŬɜɨůɛŬŰŬ, ɛɘŬ ŭɘŬŭɘəŬůɑŬ ˊɞɡ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ůŮ ŭɘɎűɞɟŮɠ ŮűŬɟɛɞɔɏɠ 

ɧˊɤɠ ɖ ŬɜɎɚɡůɖ ŮɡůŰɎɗŮɘŬɠ əŬɘ ɖ ŬɜɎɚɡůɖ ŭɞɜɐůŮɤɜ ˊŮɟɘůŰɟŮűɧɛŮɜɤɜ ůɤɛɎŰɤɜ. ɋůŰɧůɞ, ŬɜŬɔɜɤɟɑɕŮɘ ŬůɡɜɏˊŮɘŮɠ ɛŮ 

ˊŮɘɟŬɛŬŰɘəɏɠ ˊŬɟŬŰɖɟɐůŮɘɠ ɧŰŬɜ ɞɘ ɘŭɘɞŰɘɛɏɠ ˊŬɟɞɡůɘɎɕɞɡɜ ŬɜɩɛŬɚɖ ůɡɛˊŮɟɘűɞɟɎ ůŮ ůɢɏůɖ ɛŮ Űɞɜ əŬɜɧɜŬ Űɞɡ ˊɑɜŬəŬ 

Ŭˊɧ Űɞɜ ɞˊɞɑɞ ɡˊɞɚɞɔɑůŰɖəŬɜ, ůɖɛŬŰɞŭɞŰɩɜŰŬɠ ɛɖ əŬɜɞɜɘəɞɨɠ ˊɑɜŬəŮɠ. ɇɏŰɞɘɞɘ ˊɑɜŬəŮɠ ŮɑɜŬɘ ɕɤŰɘəɐɠ ůɖɛŬůɑŬɠ ůŮ 

ˊɞɚɚɎ ŮˊɘůŰɖɛɞɜɘəɎ ˊŮŭɑŬ. ȼ ŬɜɎɔəɖ ɜŬ ɛŮɚŮŰɖɗɞɨɜ ɞɘ ɘŭɘɧŰɖŰŮɠ Űɤɜ ɛɖ əŬɜɞɜɘəɩɜ ˊɘɜɎəɤɜ ɞŭɐɔɖůŮ ůŰɞɜ ɞɟɘůɛɧ Űɞɡ 

ɣŮɡŭɞűɎůɛŬŰɞɠ Ůɜɧɠ ˊɑɜŬəŬ. 

 

ɇɞ ȾŮűɎɚŬɘɞ 4 "Ƀ ȷɚɔɧɟɘɗɛɞɠ GRID",ˊŬɟɞɡůɘɎɕŮɘ ɛɘŬ ɡɚɞˊɞɑɖůɖ Űɞɡ Ŭɚɔɧɟɘɗɛɞɡ GRID ůŮ Matlab əŬɘ Python. Ƀ 

GRID ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɔɘŬ Űɖɜ ŮɨɟŮůɖ Űɞɡ ɣŮɡŭɞűɎůɛŬŰɞɠ Ůɜɧɠ ˊɑɜŬəŬ ȷ. ȷɟɢɘəɎ, ŭɖɛɘɞɡɟɔŮɑ ɏɜŬ ˊɚɏɔɛŬ (grid) ɛɏůŬ 

ůŮ ɏɜŬ ŮˊɘɚŮɔɛɏɜɞ ɢɤɟɑɞ Űɞɡ ɛɘɔŬŭɘəɞɨ Ůˊɘˊɏŭɞɡ, ˊŮɟɘɚŬɛɓɎɜɞɜŰŬɠ ůɖɛŮɑŬ z. ɆŰɖ ůɡɜɏɢŮɘŬ, ɡˊɞɚɞɔɑɕŮɘ Űɖɜ (zI - A) ɔɘŬ 

əɎɗŮ z, əŬɗɞɟɑɕɞɜŰŬɠ Ŭɜ Űɞ z ŬɜɐəŮɘ ůŰɞ ɣŮɡŭɞűɎůɛŬ. Ƀ Ŭɚɔɧɟɘɗɛɞɠ ɛˊɞɟŮɑ ɜŬ ŬɝɘɞˊɞɘɐůŮɘ ˊɞɚɚɞɨɠ ŮˊŮɝŮɟɔŬůŰɏɠ, 

əŬɗɩɠ ɞɘ ɡˊɞɚɞɔɘůɛɞɑ ůŮ əɎɗŮ ůɖɛŮɑɞ Űɞɡ ˊɚɏɔɛŬŰɞɠ ŮɑɜŬɘ ŬɜŮɝɎɟŰɖŰɞɘ. ȺɜŰɞɨŰɞɘɠ, ɖ ŮˊɘŰɡɢɐɠ ŮűŬɟɛɞɔɐ Űɞɡ 

Ŭɚɔɞɟɑɗɛɞɡ ŮɝŬɟŰɎŰŬɘ Ŭˊɧ Űɖɜ Ůˊɘɚɞɔɐ Űɞɡ ɢɤɟɑɞɡ ɋ, Űɞ ɞˊɞɑɞ ˊɟɏˊŮɘ ɜŬ ˊŮɟɘɏɢŮɘ Űɞ ɣŮɡŭɞűɎůɛŬ. 

 

ɇɞ ȾŮűɎɚŬɘɞ 5 "Ƀ ȷɚɔɧɟɘɗɛɞɠ Inclusion-Exclusion: ȸŮɚŰɑɤůɖ Űɞɡ ȷɚɔɞɟɑɗɛɞɡ GRID",ˊŬɟɞɡůɘɎɕŮɘ ɛɘŬ ɡɚɞˊɞɑɖůɖ Űɞɡ 

Ŭɚɔɧɟɘɗɛɞɡ ŬɡŰɞɨůŮ Matlab əŬɘ Python.Ƀ Ŭɚɔɧɟɘɗɛɞɠ Inclusion-Exclusion, ˊɞɡ ŬɜŬˊŰɨɢɗɖəŮ Ŭˊɧ Űɞɜ ȽɤɎɜɜɖ ȾɞɨŰɖ 

əŬɘ Űɞɜ ȺɡůŰɟɎŰɘɞ ũŬɚɚɧˊɞɡɚɞ, ŮɑɜŬɘ ɛɘŬ ɓŮɚŰɑɤůɖ Űɞɡ Ŭɚɔɧɟɘɗɛɞɡ GRID. Ƀ Ŭɚɔɧɟɘɗɛɞɠ GRID ŮɑɜŬɘ ɡˊɞɚɞɔɘůŰɘəɎ 

Ŭəɟɘɓɧɠ ɚɧɔɤ Űɞɡ ɛŮɔɎɚɞɡ Ŭɟɘɗɛɞɨ. Ƀ Ŭɚɔɧɟɘɗɛɞɠ Inclusion-Exclusion ŮˊɘŭɘɩəŮɘ ɜŬ Űɞ ŮɚŬɢɘůŰɞˊɞɘɐůŮɘ ŬˊɞəɚŮɑɞɜŰŬɠ 

ɞɟɘůɛɏɜŬ ůɖɛŮɑŬ Ŭˊɧ Űɖɜ ŮɝɏŰŬůɖ. ɂŮəɘɜɩɜŰŬɠ ɛŮ ɛɘŬ ˊŮɟɘɞɢɐ ˊɞɡ ŮɑɜŬɘ ɔɜɤůŰɧ ɧŰɘ ˊŮɟɘɏɢŮɘ Űɞ ɣŮɡŭɞűɎůɛŬ, 

ɢɟɖůɘɛɞˊɞɘŮɑ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ SVD ˊŬɟŬɔɞɜŰɞˊɞɘɐůŮɤɜ ɔɘŬ ɜŬ ŭɖɛɘɞɡɟɔɐůŮɘ çˊŮɟɘɞɢɏɠ ŬˊɞəɚŮɘůɛɞɨè ɢɤɟɑɠ ůɖɛŮɑŬ 

ɣŮɡŭɞűɎůɛŬŰɞɠ. ȷɡŰɧɠ ɞ Ŭɚɔɧɟɘɗɛɞɠ ŮɑɜŬɘ ɚɘɔɧŰŮɟɞ ɢɟɞɜɞɓɧɟɞɠ, ŭɘŬŰɖɟɩɜŰŬɠ ˊŬɟɎɚɚɖɚŬ Űɖɜ ŬəɟɑɓŮɘŬ Űɖɠ ɛŮɗɧŭɞɡ 

GRID. 

 

ɇɞ ȾŮűɎɚŬɘɞ 6 "ɆɡɛˊŮɟɎůɛŬŰŬ əŬɘ ɀŮɚɚɞɜŰɘəɏɠ ɄɟɞɞˊŰɘəɏɠ",ˊŬɟɞɡůɘɎɕŮɘ ɛɘŬ ŬˊɞŰɑɛɖůɖ ɔɘŬ Űɞɡɠ Ŭɚɔɧɟɘɗɛɞɡɠ Grid 

əŬɘ Inclusion-Exclusion əŬɘ ɛɘŬ ŮɘůŬɔɤɔɐ ůŰɞɜ Ŭɚɔɧɟɘɗɛɞ Path-Following Űɞɡ Bruhl ɛŬɕɑ ɛŮ ɛɘŬ ɡɚɞˊɞɑɖůɐ Űɞɡ 

Ŭɚɔɧɟɘɗɛɞɡ ŬɡŰɞɨ ůŮ Matlab əŬɘ Python. Ƀ Path-Following Ůɘůɐɢɗɖ Ŭˊɧ Űɞɜ Kostin, ɖ ŰŮɢɜɘəɐ ŮűŬɟɛɧůŰɖəŮ ɔɘŬ ˊɟɩŰɖ 

űɞɟɎ Ŭˊɧ Űɞɜ M. Brühl, ɛŮ ɛŮɗɧŭɞɡɠ ˊŬɟɎɚɚɖɚɖɠ ŬɜɑɢɜŮɡůɖɠ əŬɛˊɡɚɩɜ ˊɞɡ ŬɜŬˊŰɨɢɗɖəŬɜ ŬɟɔɧŰŮɟŬ Ŭˊɧ Űɞɡɠ Ⱦ. 

ɀˊɏəŬ əŬɘ Ⱥ. ũŬɚɚɧˊɞɡɚɞ. ɆŮ ŬɜŰɑɗŮůɖ ɛŮ Űɘɠ ˊɟɞɖɔɞɨɛŮɜŮɠ ɛŮɗɧŭɞɡɠ ˊɞɡ ɢɟɖůɘɛɞˊɞɘɞɨɜ ɏɜŬ ɞɛɞɘɧɛɞɟűɞ Űɟɘɔɤɜɘəɧ 

ˊɚɏɔɛŬ əŬɘ ɓŬůɑɕɞɜŰŬɘ ůŮ ŰŮɢɜɘəɏɠ ŭɘɢɞŰɧɛɖůɖɠ, ɞ Ŭɚɔɧɟɘɗɛɞɠ Path-Following ɝŮəɘɜɎ ɛŮ Űɞɜ ŮɜŰɞˊɘůɛɧ Ůɜɧɠ ůɖɛŮɑɞɡ 

ůŰɖɜ əŬɛˊɨɚɖ əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ ˊɟɞɓɚɏˊŮɘ əŬɘ ŭɘɞɟɗɩɜŮɘ Űɞ ŮˊɧɛŮɜɞ ůɖɛŮɑɞ. 

 

 

 

  



 

2 

 

1. ɁɧɟɛŮɠ ȹɘŬɜɡůɛɎŰɤɜ əŬɘ ɄɘɜɎəɤɜ 
 

1.1. ɁɧɟɛŮɠ ȹɘŬɜɡůɛɎŰɤɜ ůŰɞ ɜ 
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1.2. ɆɡɜɐɗŮɘɠ ɁɧɟɛŮɠ ȹɘŬɜɡůɛɎŰɤɜ ůŰɞ ɜ 
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1.3. ɁɧɟɛŮɠ ɄɘɜɎəɤɜ ůŰɞ ɜxɜ 
 

 

 

 

 

 

 

 

 

 

 

ȽŭɘɧŰɖŰŮɠ 

 

 

 

 

 

 

 

 

1.4. ɆɡɜɐɗŮɘɠ ɁɧɟɛŮɠ ɄɘɜɎəɤɜ ůŰɞ ɜxɜ 
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1.5. ɆɡɜɐɗŮɘɠ ȺˊŬɔɧɛŮɜŮɠ (ūɡůɘəɏɠ) ɁɧɟɛŮɠ ɄɘɜɎəɤɜ ůŰɞ ɜxɜ 
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1.6. ȼ ūŬůɛŬŰɘəɐ ȷəŰɑɜŬ 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  



 

7 

 

2. SVD ɄŬɟŬɔɞɜŰɞˊɞɑɖůɖ ɄɑɜŬəŬ 

 

2.1. ũɜɤůŰɏɠ ɄŬɟŬɔɞɜŰɞˊɞɘɐůŮɘɠ 

 

ɆŰɞɜ ɛŬɗɖɛŬŰɘəɧ əɚɎŭɞ Űɖɠ ɔɟŬɛɛɘəɐɠ ɎɚɔŮɓɟŬɠ, ˊŬɟŬɔɞɜŰɞˊɞɑɖůɖ (factorization) ˊɑɜŬəŬ ɐ ŬˊɞůɨɜɗŮůɖ 

(decomposition) ˊɑɜŬəŬ ŮɑɜŬɘ ɖ ɏəűɟŬůɖ Ůɜɧɠ ˊɑɜŬəŬ ůŮ ɔɘɜɧɛŮɜɞ ˊɘɜɎəɤɜ. ɈˊɎɟɢɞɡɜ ˊɞɚɚɏɠ ŭɘŬűɞɟŮŰɘəɏɠ 

ˊŬɟŬɔɞɜŰɞˊɞɘɐůŮɘɠ ˊɑɜŬəŬ. ȼ əŬɗŮɛɘɎ ɓɟɑůəŮɘ ɢɟɐůɖ ůŮ ɛɘŬ ůɡɔəŮəɟɘɛɏɜɖ əŬŰɖɔɞɟɑŬ ˊɟɞɓɚɖɛɎŰɤɜ. ɈˊɎɟɢɞɡɜ ŭɨɞ 

ɓŬůɘəɏɠ əŬŰɖɔɞɟɑŮɠ: 

 

ɄŬɟŬɔɞɜŰɞˊɞɘɐůŮɘɠ ˊɞɡ ůɢŮŰɑɕɞɜŰŬɘ ɛŮ Űɖɜ Ůˊɑɚɡůɖ ůɡůŰɖɛɎŰɤɜ ɔɟŬɛɛɘəɩɜ ŮɝɘůɩůŮɤɜ: 

¶ ˊŬɟŬɔɞɜŰɞˊɞɑɖůɖ LU, 

¶ Ŭ́ɟŬɔɞɜŰɞˊɞɑɖůɖ əŬŰɎŰŬɝɖɠ, 

¶ ˊŬɟŬɔɞɜŰɞˊɞɑɖůɖ Cholesky, 

¶ ˊŬɟŬɔɞɜŰɞˊɞɑɖůɖ QR, 

¶ ˊŬɟŬɔɞɜŰɞˊɞɑɖůɖ RRQR, 

¶ ˊŬɟŬɔɞɜŰɞˊɞɑɖůɖ ɛŮ ˊŬɟŮɛɓɞɚɐ. 

 

ɄŬɟŬɔɞɜŰɞˊɞɘɐůŮɘɠ ɓŬůɘůɛɏɜŮɠ ůŮ ɘŭɘɞŰɘɛɏɠ əŬɘ ůɢŮŰɘəɏɠ ɏɜɜɞɘŮɠ: 

¶ ȽŭɘɞŭɘɎůˊŬůɖ, ˊɞɡ ɞɜɞɛɎɕŮŰŬɘ Ůˊɑůɖɠ űŬůɛŬŰɘəɐ ŬˊɞůɨɜɗŮůɖ, 

¶ Ŭ́ɟŬɔɞɜŰɞˊɞɑɖůɖ Schur, 

¶ Ŭ́ɟŬɔɞɜŰɞˊɞɑɖůɖ QZ, 

¶ ˊŬɟŬɔɞɜŰɞˊɞɑɖůɖ Takagi, 

¶ Ŭ́ɟŬɔɞɜŰɞˊɞɑɖůɖ SVD, 

¶ ȷɜŬɚɚɞɑɤŰŮɠ ůŮ əɚɑɛŬəŬ Ŭ́ɟŬɔɞɜŰɞˊɞɘɐůŮɘɠ. 
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2.2. ɄŬɟŬɔɞɜŰɞˊɞɑɖůɖ SVD 
 

ȷˊɧ Űɘɠ ŭɡɜŬŰɏɠ ˊŬɟŬɔɞɜŰɞˊɞɘɐůŮɘɠ ˊɞɡ ɡűɑůŰŬɜŰŬɘ ɔɘŬ Űɞɡɠ ˊɑɜŬəŮɠ, ɖ ůɖɛŬɜŰɘəɧŰŮɟɖ, ɤɠ ˊɟɞɠ Űɘɠ ŮűŬɟɛɞɔɏɠ, ŮɑɜŬɘ ɖ 

ˊŬɟŬɔɞɜŰɞˊɞɑɖůɖ ɘŭɘŬɕɞɨůɤɜ Űɘɛɩɜ(singular value decomposition - SVD).ȺűŬɟɛɧɕŮŰŬɘ ůŮ ˊɑɜŬəŮɠ m×n 

 

A = U D V* 

 

ɧˊɞɡ:  

¶ ɞ D ŮɑɜŬɘ ɏɜŬɠ ɛɖ ŬɟɜɖŰɘəɧɠ ŭɘŬɔɩɜɘɞɠ ˊɑɜŬəŬɠ, 

¶ ɞɘ ˊɑɜŬəŮ ɠ U əŬɘ Űɞ V ɘəŬɜɞˊɞɘɞɨɜ: U*U=I,  V*V=I .  

¶ Ƀ ́ɑɜŬəŬɠ V* ŮɑɜŬɘ ɞ ŬɜŬůŰɟɞűɞůɡɕɡɔɐɠ (conjugate transpose) Űɞɡ V (ɐ ŬˊɚɎ ɞ ŬɜɎůŰɟɞűɞɠ, Ŭɜ ɞ V ˊŮɟɘɏɢŮɘ 

ɛɧɜɞ ˊɟŬɔɛŬŰɘəɞɨɠ Ŭɟɘɗɛɞɨɠ),  

¶ ɞ Ƚ ŮɑɜŬɘ ɞ ŰŬɡŰɞŰɘəɧɠ ˊɑɜŬəŬɠ (əɎˊɞɘŬɠ ŭɘɎůŰŬůɖɠ). 

 

ɇŬ ŭɘŬɔɩɜɘŬ ůŰɞɘɢŮɑŬ Űɞɡ D ɞɜɞɛɎɕɞɜŰŬɘ ɘŭɘɎɕɞɡůŮɠ Űɘɛɏɠ Űɞɡ ˊɑɜŬəŬ A.Oɘ ɘŭɘɎɕɞɡůŮɠ Űɘɛɏɠ Űɞɡ A əŬɗɞɟɑɕɞɜŰŬɘ ˊɎɜŰŬ 

ɛɞɜŬŭɘəɎ. Ƀɘ ˊɑɜŬəŮɠU əŬɘ V ŭŮɜ ɢɟŮɘɎɕŮŰŬɘ ɜŬ ŮɑɜŬɘ ɛɞɜŬŭɘəɞɑ ɔŮɜɘəɎ. 

 

ȷɜ A ŮɑɜŬɘ ɏɜŬɠ ɜ x ɛ ɛɘɔŬŭɘəɧɠ ˊɑɜŬəŬɠ, ŰɧŰŮ ɡˊɎɟɢɞɡɜ ɞɟɗɞɛɞɜŬŭɘŬɑɞɘ ˊɑɜŬəŮɠ U ᶰ ɜxɜ əŬɘ V ɴ ɛxɛ ŰɏŰɞɘɞɘ ɩůŰŮ 

 

 

ɧˊɞɡdiag{s1,  s2, ..., smin{ɜ, ɛ}}ᶰ ɜxɛəŬɘs1  Ó  s2 Ó  é  Ó  smin{ɜ, ɛ}  Ó   0. 

 

Ƀ ŭɘŬɔɩɜɘɞɠ ˊɑɜŬəŬɠ diag{s1,  s2, ..., smin{ɜ, ɛ}}  ůɡɛɓɞɚɑɕŮŰŬɘ ɛŮ Ɇ əŬɘ ɞɘ Űɘɛɏɠ 

 

s1  Ós2Óé  Ó  smin{ɜ, ɛ}  Ó   0 

 

əŬɚɞɨɜŰŬɘ ɘŭɘɎɕɞɡůŮɠ Űɘɛɏɠ Űɞɡ A. ȷɜ ɔɟɎɣɞɡɛŮ U = [u1 u2 ... uɜ] əŬɘ V = [v1 v2 ...· vɛ], ŰɧŰŮ ŰŬ ŭɘŬɜɨůɛŬŰŬ ůŰɐɚŮɠ ui əŬɘ 

vi (1 < i <min{v, ɛ}) ɚɏɔɞɜŰŬɘ ŬɟɘůŰŮɟɎ əŬɘ ŭŮɝɘɎ ɘŭɘɎɕɞɜŰŬ ŭɘŬɜɨůɛŬŰŬ Űɞɡ A ˊɞɡ ŬɜŰɘůŰɞɘɢɞɨɜ ůŰɖɜ ɘŭɘɎɕɞɡůŬ Űɘɛɐ si. 

ȷˊɧ Űɘɠ ůɢɏůŮɘɠ A V = U Ɇ    əŬɘ    A* U = V Ɇɇ ˊɟɞəɨˊŰŮɘ ɧŰɘ 

 

 

ȰɜŬ Ŭˊɚɧ ˊŬɟɎŭŮɘɔɛŬ ˊŬɟŬɔɞɜŰɞˊɞɑɖůɖɠ SVD ŮɑɜŬɘ 
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2.3. ȽŭɘɎɕɞɡůŮɠ ɇɘɛɏɠ əŬɘ ȹɞɛɐ ɄɑɜŬəŬ 
 

ȼ ˊŬɟŬɔɞɜŰɞˊɞɑɖůɖ SVD ŭɑɜŮɘ ˊɞɚɚɏɠ ˊɚɖɟɞűɞɟɑŮɠ ɔɘŬ Űɖ ŭɞɛɐ Ůɜɧɠ ˊɑɜŬəŬ. ȷɜ ɗŮɤɟɐůɞɡɛŮ ɧŰɘ ɖ ɘŭɘɎɕɞɡůŬ Űɘɛɐ sr 

ŮɑɜŬɘ ɖ ŮɚɎɢɘůŰɖ ɛɖ ɛɖŭŮɜɘəɐ ɘŭɘɎɕɞɡůŬ Űɘɛɐ Ůɜɧɠ ɜ x ɛ ˊɑɜŬəŬ A, ŭɖɚŬŭɐ Ŭɜ 

 

s1  Ó  s2, ...,  Ó  sr   Ó   sr+1  =  ...  =   smin{ɜ, ɛ}  =   0 

 

ŰɧŰŮrank(A) = r 

 

Ⱥˊɑůɖɠ,       s1 = s1(A) = ||A||2 

 

Ⱥˊɘˊɚɏɞɜ, ɔɘŬ ɜ > ɛ, ɘůɢɨŮɘ 

 

Ůɜɩ ɔɘŬ ɜ = ɛ, 

 

Ƀɘ ɛɖ ɛɖŭŮɜɘəɏɠ ɘŭɘɎɕɞɡůŮɠ Űɘɛɏɠ Űɞɡ A ŮɑɜŬɘ ɞɘ ŰŮŰɟŬɔɤɜɘəɏɠ ɟɑɕŮɠ Űɤɜ ɛɖ ɛɖŭŮɜɘəɩɜ ɘŭɘɞŰɘɛɩɜ Űɤɜ (ɗŮŰɘəɎ 

ɖɛɘɞɟɘůɛɏɜɤɜ) ŮɟɛɘŰɘŬɜɩɜ ˊɘɜɎəɤɜ AA*  əŬɘ A* A. 

 

ɇŬ ŬɟɘůŰŮɟɎ ɘŭɘɎɕɞɜŰŬ ŭɘŬɜɨůɛŬŰŬ Űɞɡ A ŮɑɜŬɘ ŰŬ ɘŭɘɞŭɘŬɜɨůɛŬŰŬ Űɞɡ AA* . 

 

ɇŬ ŭŮɝɘɎ ɘŭɘɎɕɞɜŰŬ ŭɘŬɜɨůɛŬŰŬ Űɞɡ A ŮɑɜŬɘ ŰŬ ɘŭɘɞŭɘŬɜɨůɛŬŰŬ Űɞɡ A* A. 
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3. ȹɘŬŰŬɟŬɢɏɠ ȽŭɘɞŰɘɛɩɜ əŬɘ ɊŮɡŭɞűɎůɛŬ ɄɑɜŬəŬ 
 

3.1. ȺɘůŬɔɤɔɐ 
 

Ƀɘ ɘŭɘɞŰɘɛɏɠ ŮɑɜŬɘ ɏɜŬ Ůɘŭɘəɧ ůɨɜɞɚɞ ɓŬɗɛɤŰɩɜ Űɘɛɩɜ ˊɞɡ ůɢŮŰɑɕɞɜŰŬɘ ɛŮ ɏɜŬ ɔɟŬɛɛɘəɧ ůɨůŰɖɛŬ ŮɝɘůɩůŮɤɜ. ȼ ɛŮɚɏŰɖ Űɤɜ 

ɘŭɘɞŰɘɛɩɜ ŰŮŰɟŬɔɤɜɘəɩɜ ˊɘɜɎəɤɜ ŮɑɜŬɘ ɏɜŬ ɘŭɘŬɑŰŮɟŬ ůɖɛŬɜŰɘəɐ əŬɘ ŬˊɞŰŮɚŮɑ Űɞ əɡɟɘɧŰŮɟɞ ŮɟɔŬɚŮɑɞ ɛŮ Űɞ ɞˊɞɑɞ ŭɘŬˊɘůŰɩɜɞɜŰŬɘ ɞɘ 

ɘŭɘɧŰɖŰŮɠ əɎɗŮ ˊɑɜŬəŬ ɐ ŰŮɚŮůŰɐ. ȾɎɗŮ ɘŭɘɞŰɘɛɐ ůɡɜŭɡɎɕŮŰŬɘ ɛŮ ɏɜŬ ŬɜŰɑůŰɞɘɢɞ ɚŮɔɧɛŮɜɞ ɘŭɘɞŭɘɎɜɡůɛŬ. Ƀ ˊɟɞůŭɘɞɟɘůɛɧɠ Űɤɜ 

ɘŭɘɞŰɘɛɩɜ əŬɘ Űɤɜ ɘŭɘɞŭɘŬɜɡůɛɎŰɤɜ Ůɜɧɠ ůɡůŰɐɛŬŰɞɠ ŮɑɜŬɘ ŮɝŬɘɟŮŰɘəɎ ůɖɛŬɜŰɘəɧɠ ůŰɖ űɡůɘəɐ əŬɘ Űɖ ɛɖɢŬɜɘəɐ, ɧˊɞɡ ŮɑɜŬɘ 

ɘůɞŭɨɜŬɛɞɠ ɛŮ Űɖ ŭɘŬɔɤɜɞˊɞɑɖůɖ ˊɑɜŬəŬ əŬɘ ˊɟɞəɨˊŰŮɘ ůŮ əɞɘɜɏɠ ŮűŬɟɛɞɔɏɠ ɧˊɤɠ ɖ ŬɜɎɚɡůɖ ŮɡůŰɎɗŮɘŬɠ, ɖ űɡůɘəɐ Űɤɜ 

ˊŮɟɘůŰɟŮűɧɛŮɜɤɜ ůɤɛɎŰɤɜ əŬɘ ɞɘ ɛɘəɟɏɠ ŰŬɚŬɜŰɩůŮɘɠ Űɤɜ ŭɞɜɞɨɛŮɜɤɜ ůɡůŰɖɛɎŰɤɜ. ȼ ŬˊɞůɨɜɗŮůɖ Ůɜɧɠ ŰŮŰɟɎɔɤɜɞɡ ˊɑɜŬəŬ ȷ ůŮ 

ɘŭɘɞŰɘɛɏɠ əŬɘ ɘŭɘɞŭɘŬɜɨůɛŬŰŬ ŮɑɜŬɘ ɔɜɤůŰɐ ɤɠ ŬˊɞůɨɜɗŮůɖ ɘŭɘɞŰɘɛɩɜ. 

 

ɋůŰɧůɞ, ɖ ɛŮɚɏŰɖ Űɤɜ ɘŭɘɞŰɘɛɩɜ ŮɜŭɏɢŮŰŬɘ ɛɖ ůɡɛűɤɜŮɑ ɛŮ Űɘɠ ˊŮɘɟŬɛŬŰɘəɏɠ ˊŬɟŬŰɖɟɐůŮɘɠ. ȷɡŰɧ ůɡɛɓŬɑɜŮɘ ɧŰŬɜ ɞɘ ɘŭɘɞŰɘɛɏɠ 

ˊŬɟɞɡůɘɎɕɞɡɜ ŬůɡɜɐɗɘůŰɖ ůɡɛˊŮɟɘűɞɟɎ, ůŮ ůɢɏůɖ ɛŮ Űɖ ɜɧɟɛŬ ˊɑɜŬəŬ ɛŮ ɓɎůɖ Űɖɜ ɞˊɞɑŬ ɡˊɞɚɞɔɑůŰɖəŬɜ. ȼ ɜɧɟɛŬ ˊɞɡ 

ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ůɡɜɐɗɤɠ ŮɑɜŬɘ ɖ űŬůɛŬŰɘəɐ, ɖ ɜɧɟɛŬ ŭɖɚŬŭɐ ˊɞɡ ŮˊɎɔŮŰŬɘ Ŭˊɧ Űɖɜ ȺɡəɚŮɑŭŮɘŬ ŭɘŬɜɡůɛŬŰɘəɐ ɜɧɟɛŬ (ɜɧɟɛŬ-2). 

ɆŰɖ ůɡɔəŮəɟɘɛɏɜɖ ɜɧɟɛŬ, ŬůɡɜɐɗɘůŰɖ ůɡɛˊŮɟɘűɞɟɎ ůɖɛŬɑɜŮɘ ɧŰɘ ɞ ˊɑɜŬəŬɠ ŮɑɜŬɘ ɛɖ-əŬɜɞɜɘəɧɠ, ŭŮɜ ɘůɢɨŮɘ ŭɖɚŬŭɐ ɖ ɘůɧŰɖŰŬ ȷȷ* = 

ȷ*ȷ. Ⱥˊɑůɖɠ, ŰŬ ɘŭɘɞŭɘŬɜɨůɛŬŰɎ Űɞɡ ŭŮɜ ŮɑɜŬɘ ɞɟɗɞɔɩɜɘŬ.  

 

ȼ ɛŮɚɏŰɖ ɛɖ-əŬɜɞɜɘəɩɜ ˊɘɜɎəɤɜ ŮɑɜŬɘ ˊɞɚɨ ůɖɛŬɜŰɘəɐ əŬɘ ůɡɜŬɜŰɎŰŬɘ ůŮ ˊɞɚɚɞɨɠ ŮˊɘůŰɖɛɞɜɘəɞɨɠ ŰɞɛŮɑɠ. ȳůɞɜ ŬűɞɟɎ ŰŬ 

ɀŬɗɖɛŬŰɘəɎ, ŮűŬɟɛɧɕŮŰŬɘ ůŰɖ ɆɡɜŬɟŰɖůɘŬəɐ ȷɜɎɚɡůɖ, ůŰɖɜ ȷɟɘɗɛɖŰɘəɐ ũɟŬɛɛɘəɐ ȯɚɔŮɓɟŬ, ůŰɘɠ ɆŰɞɢŬůŰɘəɏɠ ȷɜŮɚɑɝŮɘɠ, ůŰɖ 

ɗŮɤɟɑŬ ɀŬɟəɞɓɘŬɜɩɜ Ŭɚɡůɑŭɤɜ əŬɘ ůŰɘɠ ȹɘŬűɞɟɘəɏɠ ȺɝɘůɩůŮɘɠ. ȺəŰɧɠ Űɤɜ ɀŬɗɖɛŬŰɘəɩɜ, ŮűŬɟɛɧɕŮŰŬɘ ɛŮŰŬɝɨ Ɏɚɚɤɜ ůŰɖɜ 

ɅŮɡůŰɞɛɖɢŬɜɘəɐ, Űɖɜ ɈŭɟɞŭɡɜŬɛɘəɐ, əŬɘ Űɖ ɀŮŰŮɤɟɞɚɞɔɑŬ.  

 

ȼ ŬɜɎɔəɖ ɛŮɚɏŰɖɠ Űɤɜ ɘŭɘɞŰɐŰɤɜ Űɤɜ ɛɖ-əŬɜɞɜɘəɩɜ ˊɘɜɎəɤɜ ɞŭɐɔɖůŮ ůŰɞ ɞɟɘůɛɧ Űɞɡ Ů-ɣŮɡŭɞűɎůɛŬŰɞɠ (ɐ Ŭˊɚɩɠ 

ɣŮɡŭɞűɎůɛŬŰɞɠ) Ůɜɧɠ ˊɑɜŬəŬ, ɛɘŬɠ ɜɏŬɠ ɏɜɜɞɘŬɠ ůŰɖ ɛŮɚɏŰɖ Űɤɜ ɘŭɘɞŰɘɛɩɜ [ȹȺɆɈɄɅȼ2018]. 
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3.2. ȽŭɘɞŰɘɛɏɠ əŬɘ ȽŭɘɞŭɘŬɜɨůɛŬŰŬ ɄɑɜŬəŬ 

 

ȺɜŬ ɘŭɘɞŭɘɎɜɡůɛŬ Ůɜɧɠ ŰŮŰɟŬɔɤɜɘəɞɨ ˊɑɜŬəŬ A ŮɑɜŬɘ ɏɜŬ ɛɖ ɛɖŭŮɜɘəɧ ŭɘɎɜɡůɛŬ v ˊɞɡ, ɧŰŬɜ ˊɞɚɚŬˊɚŬůɘŬůŰŮɑ ɛŮ Űɞɜ A, 

ɘůɞɨŰŬɘ ɛŮ Űɞ Ŭɟɢɘəɧ ŭɘɎɜɡůɛŬ, ˊɞɚɚŬˊɚŬůɘŬůɛɏɜɞ ɛŮ ɏɜŬɜ Ŭɟɘɗɛɧ ɚ , ɏŰůɘ ɩůŰŮ: 

 

Av = ɚ v 

 

Ƀ Ŭɟɘɗɛɧɠ ɚ ɞɜɞɛɎɕŮŰŬɘ ɘŭɘɞŰɘɛɐ Űɞɡ A ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ v. 

 

ɆŰɖɜ ŬɜŬɚɡŰɘəɐ ɔŮɤɛŮŰɟɑŬ, ɔɘŬ ˊŬɟɎŭŮɘɔɛŬ, ɏɜŬ ŭɘɎɜɡůɛŬ ɛŮ 3 ůŰɞɘɢŮɑŬ, ɛˊɞɟŮɑ ɜŬ ŰŬɡŰɘůŰŮɑ ɛŮ ɏɜŬ ɓɏɚɞɠ ůŮ ɏɜŬ 

ŰɟɘůŭɘɎůŰŬŰɞ ɢɩɟɞ, ɝŮəɘɜɩɜŰŬɠ Ŭˊɧ Űɖɜ Ŭɟɢɐ Űɤɜ Ŭɝɧɜɤɜ. Ɇ'ŬɡŰɐɜ Űɖɜ ˊŮɟɑˊŰɤůɖ, ɏɜŬ ɘŭɘɞŭɘɎɜɡůɛŬ Ůɜɧɠ 3x3 ˊɑɜŬəŬ A 

ŮɑɜŬɘ ɏɜŬ ɓɏɚɞɠ ɖ əŬŰŮɨɗɡɜůɖ Űɞɡ ɞˊɞɑɞɡ ɐ ŭɘŬŰɖɟŮɑŰŬɘ, ɐ ɔɑɜŮŰŬɘ Ŭəɟɘɓɩɠ ɖ ŬɜŰɑɗŮŰɖ, ɛŮŰɎ Űɞɜ ˊɞɚɚŬˊɚŬůɘŬůɛɧ ɛŮ Űɞɜ 

A. ȼ ŬɜŰɑůŰɞɘɢɖ ɘŭɘɞŰɘɛɐ ŮɑɜŬɘ ŬɡŰɐ ˊɞɡ əŬɗɞɟɑɕŮɘ ˊɤɠ ŬɚɚɎɕŮɘ Űɞ ɛɐəɞɠ Űɞɡ ɓɏɚɞɡɠ Ŭˊɧ Űɖ ŭɘŬŭɘəŬůɑŬ, əŬɘ ŮɎɜ ɖ 

əŬŰŮɨɗɡɜůɖ Űɞɡ ŬɜŰɘůŰɟɏűŮŰŬɘ ɐ ɧɢɘ. 

 

ɆŰɖɜ Ŭűɖɟɖɛɏɜɖ ɔɟŬɛɛɘəɐ ɎɚɔŮɓɟŬ, ɞɘ ɏɜɜɞɘŮɠ ŬɡŰɏɠ ůɡɜɐɗɤɠ ŮˊŮəŰŮɑɜɞɜŰŬɘ ůŮ ˊɘɞ ɔŮɜɘəɏɠ əŬŰŬůŰɎůŮɘɠ, ɧˊɞɡ ɞɘ 

ˊŬɟɎɔɞɜŰŮɠ ˊɞɡ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŮ ˊɟŬɔɛŬŰɘəɐ əɚɑɛŬəŬ, ŬɜŰɘəŬɗɑůŰŬɜŰŬɘ Ŭˊɧ ůɩɛŬŰŬ əɎɗŮ ŭɘɎůŰŬůɖɠ (ɧˊɤɠ ɔɘŬ 

ˊŬɟɎŭŮɘɔɛŬ ɞɘ ŬɚɔŮɓɟɘəɞɑ ɐ ɞɘ ɛɘɔŬŭɘəɞɑ Ŭɟɘɗɛɞɑ), ɞɘ əŬɟŰŮůɘŬɜɏɠ ůɡɜŰŮŰŬɔɛɏɜŮɠ Rn ˊɞɡ ŬɜŰɘəŬɗɑůŰŬɜŰŬɘ Ŭˊɧ ŰɡɢŬɑɞɡɠ 

ŭɘŬɜɡůɛŬŰɘəɞɨɠ ɢɩɟɞɡɠ (ɧˊɤɠ ɔɘŬ ˊŬɟɎŭŮɘɔɛŬ Űɤɜ ůɡɜŮɢɩɜ ůɡɜŬɟŰɐůŮɤɜ, Űɤɜ ˊɞɚɡɤɜɨɛɤɜ ɐ Űɤɜ ŰɟɘɔɤɜɞɛŮŰɟɘəɩɜ 

ůŮɘɟɩɜ), əŬɘ ɞ ˊɞɚɚŬˊɚŬůɘŬůɛɧɠ ˊɘɜɎəɤɜ ˊɞɡ ŬɜŰɘəŬɗɑůŰŬŰŬɘ Ŭˊɧ əɎɗŮ ɔɟŬɛɛɘəɧ ŰŮɚŮůŰɐ ˊɞɡ ŬˊŮɘəɞɜɑɕŮɘ ŭɘŬɜɨůɛŬŰŬ 

ůŮ ŭɘŬɜɨůɛŬŰŬ (ɧˊɤɠ ɖ ˊŬɟɎɔɤɔɞɠ Ŭˊɧ Űɞ ŭɘŬűɞɟɘəɧ ɚɞɔɘůɛɧ).  

 

ɇɞ ůɨɜɞɚɞ ɧɚɤɜ Űɤɜ ɘŭɘɞŭɘŬɜɡůɛɎŰɤɜ Ůɜɧɠ ˊɑɜŬəŬ (ɐ ɔɟŬɛɛɘəɞɨ ŰŮɚŮůŰɐ), ɛŮ Űɞ əŬɗɏɜŬ ɜŬ ŰŬɘɟɘɎɕŮɘ ůŰɖɜ ŬɜŰɑůŰɞɘɢɖ 

ɘŭɘɞŰɘɛɐ Űɞɡ, əŬɚŮɑŰŬɘ Űɞ "ɘŭɘɞůɨůŰɖɛŬ" Űɞɡ ˊɑɜŬəŬ ŬɡŰɞɨ. Ƀ ɘŭɘɞɢɩɟɞɠ Ůɜɧɠ ˊɑɜŬəŬ A ŮɑɜŬɘ Űɞ ůɨɜɞɚɞ ɧɚɤɜ Űɤɜ 

ɘŭɘɞŭɘŬɜɡůɛɎŰɤɜ ɛŮ Űɖɜ ɑŭɘŬ ɘŭɘɞŰɘɛɐ, ůɡɛˊŮɟɘɚŬɛɓŬɜɞɛɏɜɞɡ əŬɘ Űɞɡ ɛɖŭŮɜɘəɞɨ ŭɘŬɜɨůɛŬŰɞɠ. ɀɘŬ ɘŭɘɞɓɎůɖ Űɞɡ A ŮɑɜŬɘ 

əɎɗŮ ɓɎůɖ Űɞɡ ůɡɜɧɚɞɡ ɧɚɤɜ Űɤɜ ŭɘŬɜɡůɛɎŰɤɜ ˊɞɡ ŬˊɞŰŮɚŮɑŰŬɘ Ŭˊɞ ɔɟŬɛɛɘəɎ ŬɜŮɝɎɟŰɖŰŬ ɘŭɘɞŭɘŬɜɨůɛŬŰŬ Űɞɡ A. ȺɜŬɠ 

ˊɑɜŬəŬɠ ɛŮ ůŰɞɘɢŮɑŬ ˊɟŬɔɛŬŰɘəɞɨɠ Ŭɟɘɗɛɞɨɠ ɛˊɞɟŮɑ ɜŬ ɛɖɜ ɏɢŮɘ əŬɛɑŬ ɘŭɘɞŰɘɛɐ, ŬɚɚɎ ɏɜŬɠ ˊɑɜŬəŬɠ ɛŮ ůŰɞɘɢŮɑŬ 

ɛɘɔŬŭɘəɞɨɠ Ŭɟɘɗɛɞɨɠ, ɏɢŮɘ ˊɎɜŰŬ ŰɞɡɚɎɢɘůŰɞɜ ɛɑŬ ɛɘɔŬŭɘəɐ ɘŭɘɞŰɘɛɐ. 

 

Ƀɘ ɘŭɘɞŰɘɛɏɠ əŬɘ ŰŬ ɘŭɘɞŭɘŬɜɨůɛŬŰŬ ɏɢɞɡɜ ˊɞɚɚɏɠ ŮűŬɟɛɞɔɏɠ əŬɘ ůŰŬ ɗŮɤɟɖŰɘəɎ, ŬɚɚɎ əŬɘ ůŰŬ ŮűŬɟɛɞůɛɏɜŬ 

ɛŬɗɖɛŬŰɘəɎ. ɉɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŰɖɜ ˊŬɟŬɔɞɜŰɞˊɞɑɖůɖ ˊɘɜɎəɤɜ, ůŰɖɜ ȾɓŬɜŰɘəɐ ɀɖɢŬɜɘəɐ, əŬɘ ůŮ ˊɞɚɚɞɨɠ Ɏɚɚɞɡɠ 

ŰɞɛŮɑɠ. 
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ȰůŰɤ A ɏɜŬɠ ˊɑɜŬəŬɠ NxN ɛŮ ˊɟŬɔɛŬŰɘəɞɨɠ ɐ ɛɘɔŬŭɘəɞɨɠ ůɡɜŰŮɚŮůŰɏɠ. ȰůŰɤ v ɏɜŬ ɛɖ ɛɖŭŮɜɘəɧ ˊɟŬɔɛŬŰɘəɧ ɐ ɛɘɔŬŭɘəɧ 

ŭɘɎɜɡůɛŬ ůŰɐɚɖɠ ɛɐəɞɡɠ N, əŬɘ ɏůŰɤ ɚ ˊɟŬɔɛŬŰɘəɐ ɐ ɛɘɔŬŭɘəɐ ɓŬɗɛɤŰɐ Űɘɛɐ. ɇɧŰŮ Űɞ v ŮɑɜŬɘ ɏɜŬ ɘŭɘɞŭɘɎɜɡůɛŬ Űɞɡ A 

əŬɘ Űɞ ɚ ŮɑɜŬɘ ɖ ŬɜŰɑůŰɞɘɢɖ ɘŭɘɞŰɘɛɐ Űɞɡ, Ŭɜ 

 

A v   =   ɚ v. 

 

ȷəɧɛŬ əɘ Ŭɜ Űɞ ȷ ŮɑɜŬɘ ˊɟŬɔɛŬŰɘəɧ, ɞɘ ɘŭɘɞŰɘɛɏɠ Űɞɡ ŮɑɜŬɘ ɔŮɜɘəɎ ɛɘɔŬŭɘəɏɠ ŮəŰɧɠ Ŭɜ Űɞ ȷ ŮɑɜŬɘ ŬɡŰɞůɡɜɖɛɛɏɜɞ (self-

adjoint) ɇɞ ůɨɜɞɚɞ ɧɚɤɜ Űɤɜ ɘŭɘɞŰɘɛɩɜ Űɞɡ ȷ ŮɑɜŬɘ Űɞ űɎůɛŬ Űɞɡ ȷ, ɏɜŬ ɛɖ əŮɜɧ ɡˊɞůɨɜɞɚɞ Űɞɡ ɛɘɔŬŭɘəɞɨ Ůˊɘˊɏŭɞɡ 

ˊɞɡ ůɡɛɓɞɚɑɕɞɡɛŮ ɛŮ ů(A). ɇɞ űɎůɛŬ ɛˊɞɟŮɑ Ůˊɑůɖɠ ɜŬ ɞɟɘůŰŮɑ ɤɠ Űɞ ůɨɜɞɚɞ Űɤɜ ůɖɛŮɑɤɜ z  ɴE ɧˊɞɡ ɞ Ůˊɘɚɨɤɜ 

ˊɑɜŬəŬɠ (resolvent matrix), 

 

(z - A)-1 

 

ŭŮɜ ɡˊɎɟɢŮɘ. Tɞ z - A ŮɑɜŬɘ ůɡɜŰɞɛɞɔɟŬűɑŬ Űɞɡ zI - A, ɧˊɞɡ Ƚ ŮɑɜŬɘ ɞ ŰŬɡŰɞŰɘəɧɠ ˊɑɜŬəŬɠ. 

 

ɆŮ ŬɜŰɑɗŮůɖ ɛŮ Űɘɠ ɛɞɜŬŭɘəɏɠ Űɘɛɏɠ (singular values), ɞɘ ɘŭɘɞŰɘɛɏɠ ɏɢɞɡɜ ɜɧɖɛŬ ɛɧɜɞ ɔɘŬ ɏɜŬɜ ˊɑɜŬəŬ ˊɞɡ ŮɑɜŬɘ 

ŰŮŰɟɎɔɤɜɞɠ. ȷɡŰɧ ŬɜŰɘəŬŰɞˊŰɟɑɕŮɘ Űɞ ɔŮɔɞɜɧɠ ɧŰɘ ůŮ ŮűŬɟɛɞɔɏɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ɧŰŬɜ ɏɜŬɠ ˊɑɜŬəŬɠ ˊɟɧəŮɘŰŬɘ ɜŬ 

ůɡɜŭɡŬůŰŮɑ ŮˊŬɜŬɚɖˊŰɘəɎ, ɔɘŬ ˊŬɟɎŭŮɘɔɛŬ, ɤɠ ŭɨɜŬɛɖ Ak ɐ ɤɠ etA = 1 + tA + 1/2(tA)2 + ... 

 

ũɘŬ Űɞɡɠ ˊŮɟɘůůɧŰŮɟɞɡɠ ˊɑɜŬəŮɠ A, ɡˊɎɟɢŮɘ ɏɜŬ ˊɚɐɟŮɠ ůɨɜɞɚɞ ɘŭɘɞŭɘŬɜɡůɛɎŰɤɜ, ɏɜŬ ůɨɜɞɚɞ N ɔɟŬɛɛɘəɎ ŬɜŮɝɎɟŰɖŰɤɜ 

ŭɘŬɜɡůɛɎŰɤɜ v1, ..., vN  ɛŮ  Avj = ɚjvj.  ȺɎɜ Űɞ ȷ ɏɢŮɘ N ŭɘŬəɟɘŰɏɠ ɘŭɘɞŰɘɛɏɠ, ŰɧŰŮ ŮɑɜŬɘ Ůɔɔɡɖɛɏɜɞ ɧŰɘ ɏɢŮɘ ɏɜŬ ˊɚɐɟŮɠ 

ůɨɜɞɚɞ Ŭˊɧ ɘŭɘɞŭɘŬɜɨůɛŬŰŬ, ˊɞɡ ŮɑɜŬɘ ɛɞɜŬŭɘəɎ ɛɏɢɟɘ Űɖɜ əŬɜɞɜɘəɞˊɞɑɖůɖ Ŭˊɧ ɓŬɗɛɤŰɞɨɠ ˊŬɟɎɔɞɜŰŮɠ. ũɘŬ 

ɞˊɞɘɞɜŭɐˊɞŰŮ ˊɑɜŬəŬ A ɛŮ ˊɚɐɟŮɠ ůɨɜɞɚɞ ɘŭɘɞŭɘŬɜɡůɛɎŰɤɜ {vj}, ɏůŰɤ V ɞ ˊɑɜŬəŬɠ NxN Űɞɡ ɞˊɞɑɞɡ ɖ j ůŰɐɚɖ ŮɑɜŬɘ Vj, 

ɏɜŬɠ ˊɑɜŬəŬɠ ɘŭɘɞŭɘŬɜɡůɛɎŰɤɜ. ɇɧŰŮ ɛˊɞɟɞɨɛŮ ɜŬ ɔɟɎɣɞɡɛŮ ɧɚŮɠ Űɘɠ N ůɡɜɗɐəŮɠ ɘŭɘɞŰɘɛɩɜ ŰŬɡŰɧɢɟɞɜŬ ɛŮ Űɖɜ Ůɝɑůɤůɖ 

ˊɘɜɎəɤɜ 

 

AV = Vȿ, 

 

ɧˊɞɡ ȿ ŮɑɜŬɘ ɞ ŭɘŬɔɩɜɘɞɠ NxN ˊɑɜŬəŬɠ Űɞɡ ɞˊɞɑɞɡ ɖ jɖ ŭɘŬɔɩɜɘŬ əŬŰŬɢɩɟɖůɖ ŮɑɜŬɘ Aj. ɃˊŰɘəɎ: 
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ȹŮŭɞɛɏɜɞɡ ɧŰɘ ŰŬ ɘŭɘɞŭɘŬɜɨůɛŬŰŬ Vj ŮɑɜŬɘ ɔɟŬɛɛɘəɎ ŬɜŮɝɎɟŰɖŰŬ, ɞ V ŮɑɜŬɘ nonsingular, əŬɘ ɏŰůɘ ɛˊɞɟɞɨɛŮ ɜŬ 

ˊɞɚɚŬˊɚŬůɘɎůɞɡɛŮ Űɞ ŭŮɝɑ ɛɏɚɞɠɛŮ  V-1 ɔɘŬ ɜŬ ɚɎɓɞɡɛŮ Űɖɜ ˊŬɟŬɔɞɜŰɞˊɞɑɖůɖ 

 

A   =   V ȿ V-1 

 

ɔɜɤůŰɐ ɤɠ ŬˊɞůɨɜɗŮůɖ ɘŭɘɞŰɘɛɩɜ ɐ ŭɘŬɔɤɜɞˊɞɑɖůɖ Űɞɡ ȷ. ȿŬɛɓɎɜɞɜŰŬɠ ɡˊɧɣɖ ŬɡŰɧɜ Űɞɜ Űɨˊɞ, ɏɜŬɠ ˊɑɜŬəŬɠ ɛŮ ɏɜŬ 

ˊɚɐɟŮɠ ůɨɜɞɚɞ ɘŭɘɞŭɘŬɜɡůɛɎŰɤɜ ɚɏɔŮŰŬɘ ɧŰɘ ɛˊɞɟŮɑ ɜŬ ŭɘŬɔɤɜɞˊɞɘɖɗŮɑ (ŮɑɜŬɘ ŭɘŬɔɤɜɞˊɞɘɐůɘɛɞɠ).  

 

ȼ ŬˊɞůɨɜɗŮůɖ ɘŭɘɞŰɘɛɩɜ ŮəűɟɎɕŮɘ ɛɘŬ ŬɚɚŬɔɐ ɓɎůɖɠ ůŮ çůɡɜŰŮŰŬɔɛɏɜŮɠ ɘŭɘɞŭɘŬɜɨůɛŬŰɞɠè, ŭɖɚŬŭɐ ůɡɜŰŮɚŮůŰɏɠ ůŮ ɛɘŬ 

ŮˊɏəŰŬůɖ ɘŭɘɞŭɘŬɜɡůɛɎŰɤɜ. ũɘŬ ˊŬɟɎŭŮɘɔɛŬ, Ŭɜ A=V ȿ V-1, ŰɧŰŮ ɏɢɞɡɛŮ 

 

V-1 (Akx)  =V-1  (VȿV-1)kx  = ȿk  (V-1x). 
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3.3. ɉŬɟŬəŰɖɟɘůŰɘəɧ Ʉɞɚɡɩɜɡɛɞ ɄɑɜŬəŬ 

 

ȼ Ůɝɑůɤůɖ ɘŭɘɞŰɘɛɐɠ ɔɘŬ ɏɜŬɜ ˊɑɜŬəŬ A ŮɑɜŬɘ 

 

Av = ɚ v 

 

ˊɞɡ ŮɑɜŬɘ ɘůɞŭɨɜŬɛɞ ɛŮ 

 

(A - ɚ I) v = 0, 

 

ɧˊɞɡ I ŮɑɜŬɘ ɞ n× n ŰŬɡŰɞŰɘəɧɠ ˊɑɜŬəŬɠ. ȺɑɜŬɘ ɏɜŬ ɗŮɛŮɚɘɩŭŮɠ ŬˊɞŰɏɚŮůɛŬ Űɖɠ ɔɟŬɛɛɘəɐɠ ɎɚɔŮɓɟŬɠ ɧŰɘ ɛɘŬ Ůɝɑůɤůɖ Mv 

= 0 ɏɢŮɘ ɛɘŬ ɛɖ ɛɖŭŮɜɘəɐ ɚɨůɖ v Ŭɜ əŬɘ ɛɧɜɞ Ŭɜ ɖ ɞɟɑɕɞɡůŬ det(M) Űɞɡ ˊɑɜŬəŬ M ŮɑɜŬɘ ɛɖŭɏɜ. ȯɛŮůɞ ŮˊŬəɧɚɞɡɗɞ ŮɑɜŬɘ 

ɧŰɘ ɞɘ ɘŭɘɞŰɘɛɏɠ Űɞɡ ˊɑɜŬəŬ A ŮɑɜŬɘ Ŭəɟɘɓɩɠ ɞɘ ˊɟŬɔɛŬŰɘəɞɑ Ŭɟɘɗɛɞɑ ɚ ˊɞɡ ɘəŬɜɞˊɞɘɞɨɜ Űɖɜ Ůɝɑůɤůɖ 

 

det(A - ɚ I)=0. 

 

ɇɞ ŬɟɘůŰŮɟɧ ɛɏɚɞɠ ŬɡŰɐɠ Űɖɠ Ůɝɑůɤůɖɠ ɛˊɞɟɞɨɛŮ ɜŬ Űɞ ŭɞɨɛŮ (ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ Űɞɜ əŬɜɧɜŬ Leibniz ɔɘŬ Űɖɜ ɞɟɑɕɞɡůŬ) 

ɤɠ ɛɑŬ ˊɞɚɡɤɜɡɛɘəɐ ůɡɜɎɟŰɖůɖ Űɖɠ ɛŮŰŬɓɚɖŰɐɠ ɚ. Ƀ ɓŬɗɛɧɠ Űɞɡ ˊɞɚɡɤɜɨɛɞɡ ŬɡŰɞɨ, ŮɑɜŬɘ n, ɧůɞ əŬɘ ɖ ŰɎɝɖ Űɞɡ 

ˊɑɜŬəŬ. Ƀɘ ůɡɜŰŮɚŮůŰɏɠ Űɞɡ ŮɝŬɟŰɩɜŰŬɘ Ŭˊɞ Űɘɠ ŮəɢɤɟɐůŮɘɠ ůŰɞɜ A, ɛŮ ɛɧɜɖ ŭɘŬűɞɟɎ ɧŰɘ ɞ ɧɟɞɠ ɓŬɗɛɞɨ n ŮɑɜŬɘ ˊɎɜŰŬ 

(-1)n ɚn. ɇɞ ˊɞɚɡɩɜɡɛɞ ŬɡŰɧ ɞɜɞɛɎɕŮŰŬɘ ɢŬɟŬəŰɖɟɘůŰɘəɧ ˊɞɚɡɩɜɡɛɞ Űɞɡ A əŬɘ ɖ ˊŬɟŬˊɎɜɤ Ůɝɑůɤůɖ, ɢŬɟŬəŰɖɟɘůŰɘəɐ 

Ůɝɑůɤůɖ Űɞɡ A. 

 

 

ũɘŬ ˊŬɟɎŭŮɘɔɛŬ,  

 

ɇɞ ɢŬɟŬəŰɖɟɘůŰɘəɧ ˊɞɚɡɩɜɡɛɞ Űɞɡ A ŮɑɜŬɘ 

 

 

 

 

ˊɞɡ ŮɑɜŬɘ 

 

Ƀɘ ɟɑɕŮɠ Űɞɡ ˊɞɚɡɤɜɨɛɞɡ ŬɡŰɞɨ ŮɑɜŬɘ 2, 1, əŬɘ 11. ɄɟɎɔɛŬŰɘ, ŬɡŰɏɠ ɞɘ ŰɟŮɘɠ ŮɑɜŬɘ ɞɘ ɛɧɜŮɠ ɘŭɘɞŰɘɛɏɠ Űɞɡ A, ˊɞɡ 

ŬɜŰɘůŰɞɘɢɞɨɜ ůŰŬ ɘŭɘɞŭɘŬɜɨůɛŬŰŬ [1,0,0]',  [0,2,-1]'əŬɘ [0,1,2]' (ɐ əɎɗŮ ɛɖ ɛɖŭŮɜɘəɧ ˊɞɚɚŬˊɚɎůɘɞ Űɞɡɠ). 
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3.4. Ɉˊɞɚɞɔɘůɛɧɠ Űɤɜ ȽŭɘɞŰɘɛɩɜ ɄɑɜŬəŬ 

 

Ƀɘ ɘŭɘɞŰɘɛɏɠ Ůɜɧɠ ˊɑɜŬəŬ A ɛˊɞɟɞɨɜ ɜŬ ˊɟɞůŭɘɞɟɘůŰɞɨɜ ɓɟɑůəɞɜŰŬɠ Űɘɠ ɟɑɕŮɠ Űɞɡ ɢŬɟŬəŰɖɟɘůŰɘəɞɨ ˊɞɚɡɤɜɨɛɞɡ. ɆŬűŮɑɠ 

ŬɚɔŮɓɟɘəɞɑ Űɨˊɞɘ ɔɘŬ Űɘɠ ɟɑɕŮɠ Ůɜɧɠ ˊɞɚɡɤɜɨɛɞɡ ɡˊɎɟɢɞɡɜ ɛɧɜɞ Ŭɜ ɞ ɓŬɗɛɧɠ Űɞɡ n ŮɑɜŬɘ 4 ɐ ɛɘəɟɧŰŮɟɞɠ. ɆɨɛűɤɜŬ ɛŮ Űɞ 

ɗŮɩɟɖɛŬ Abel-Ruffini ŭŮɜ ɡˊɎɟɢŮɘ ɔŮɜɘəɧɠ, ůŬűɐɠ əŬɘ Ŭəɟɘɓɐɠ ŬɚɔŮɓɟɘəɧɠ Űɨˊɞɠ ˊɞɡ ɜŬ ɡˊɞɚɞɔɑɕŮɘ Űɘɠ ɟɑɕŮɠ Ůɜɧɠ 

ˊɞɚɡɤɜɨɛɞɡ ɓŬɗɛɞɨ 5 ɐ ɛŮɔŬɚɨŰŮɟɞɡ. 

 

Ɉ́ ɞɔɟŬɛɛɑɕɞɡɛŮ ŰŬ ɓɐɛŬŰŬ ɔɘŬ Űɖɜ Ůˊɑɚɡůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ɘŭɘɞŰɘɛɩɜ: 

1. ɈˊɞɚɧɔɘůŮ Űɖɜ ɞɟɑɕɞɡůŬ A-ɚI. ȳŰŬɜ ŬűŬɘɟŮɗŮɑ Űɞ ɚ Ŭˊɧ ŰŬ ŭɘŬɔɩɜɘŬ ůŰɞɘɢŮɑŬ, ɖ ɞɟɑɕɞɡůŬ ŬɡŰɐ ŮɑɜŬɘ ɏɜŬ ˊɞɚɡɩɜɡɛɞ 

ɓŬɗɛɞɨ n. 

2. ȸɟŮɠ Űɘɠ ɟɑɕŮɠ ŬɡŰɞɨ Űɞɜ ˊɞɚɡɤɜɨɛɞɡ. Ƀɘ n ɟɑɕŮɠ ŮɑɜŬɘ ɞɘ ɘŭɘɞŰɘɛɏɠ. 

3. ũɘŬ əɎɗŮ ɛɑŬ ɘŭɘɞŰɘɛɐ, ɚɨůŮ Űɞ ůɨůŰɖɛŬ (A-ɚI)x = 0. ȺˊŮɘŭɐ ɖ ɞɟɑɕɞɡůŬ ŮɑɜŬɘ ɛɖŭɏɜ, ɡˊɎɟɢɞɡɜ ɚɨůŮɘɠ ŭɘŬűɞɟŮŰɘəɏɠ 

Űɖɠ x = 0. ȷɡŰɏɠ ŮɑɜŬɘ ŰŬ ɘŭɘɞŭɘŬɜɨůɛŬŰŬ. 

 

ũɘŬ Űɞɡɠ ˊŮɟɘůůɧŰŮɟɞɡɠ ˊɑɜŬəŮɠ, Űɞ ˊɟɧɓɚɖɛŬ ɘŭɘɞŰɘɛɩɜ ŮɑɜŬɘ, ɢɤɟɑɠ ŬɛűɘɓɞɚɑŬ, ɡˊɞɚɞɔɘůŰɘəɎ ŭɡůəɞɚɧŰŮɟɞ Ŭˊɧ Űɞ  

ȷx = b. ȼ Ŭəɟɘɓɐɠ ɚɨůɖ ɔɟŬɛɛɘəɩɜ ůɡůŰɖɛɎŰɤɜ ˊɟɞɏəɡɣŮ ɛŮ ɏɜŬ ˊŮˊŮɟŬůɛɏɜɞ ˊɚɐɗɞɠ ɓɖɛɎŰɤɜ əŬɘ ůŮ ˊŮˊŮɟŬůɛɏɜɞ 

ɢɟɧɜɞ. (ȱ, ɘůɞŭɨɜŬɛŬ ŭɘŬŰɡˊɤɛɏɜɞ, ɞ əŬɜɧɜŬɠ Űɞɡ Cramer ɏŭɤůŮ ɏɜŬɜ Ŭəɟɘɓɐ Űɨˊɞ ɔɘŬ Űɖɜ Ůɜ ɚɧɔɤ ɚɨůɖ.) ɆŰɖɜ 

ˊŮɟɑˊŰɤůɖ Űɤɜ ɘŭɘɞŰɘɛɩɜ ŭŮɜ ɛˊɞɟŮɑ ɜŬ ɡˊɎɟɢɞɡɜ ɞɨŰŮ ŰɏŰɞɘŬ ɓɐɛŬŰŬ ɞɨŰŮ ŰɏŰɞɘɞɠ Űɨˊɞɠ, 

 

ɄɟɞəɨˊŰŮɘ ɧŰɘ əɎɗŮ ˊɞɚɡɩɜɡɛɞ ɓŬɗɛɞɨ n ŮɑɜŬɘ Űɞ ɢŬɟŬəŰɖɟɘůŰɘəɧ ˊɞɚɡɩɜɡɛɞ əɎˊɞɘɞɡ ůɡɜɞŭŮɡŰɘəɞɨ ˊɑɜŬəŬ ŰɎɝɖɠ n. 

Ⱥˊɞɛɏɜɤɠ, ɔɘŬ ˊɑɜŬəŮɠ ŰɎɝɖɠ 5 ɐ ˊŬɟŬˊɎɜɤ, ɞɘ ɘŭɘɞŰɘɛɏɠ əŬɘ ŰŬ ɘŭɘɞŭɘŬɜɨůɛŬŰŬ ŭŮɜ ɛˊɞɟɞɨɜ ɜŬ ˊɟɞəɨɣɞɡɜ Ŭˊɧ 

ɏɜŬɜ Ůɘŭɘəɧ ŬɚɔŮɓɟɘəɧ Űɨˊɞ, əŬɘ ˊɟɏˊŮɘ ůɡɜŮˊɩɠ ɜŬ ɡˊɞɚɞɔɘůŰɞɨɜ ɛŮ ˊɟɞůŮɔɔɘůŰɘəɏɠ ɛŮɗɧŭɞɡɠ. 

 

ŪŮɤɟɖŰɘəɎ, ɞɘ ůɡɜŰŮɚŮůŰɏɠ Űɞɡ ɢŬɟŬəŰɖɟɘůŰɘəɞɨ ˊɞɚɡɤɜɨɛɞɡ ɛˊɞɟɞɨɜ ɜŬ ɡˊɞɚɞɔɘůŰɞɨɜ Ŭəɟɘɓɩɠ, Ŭűɞɨ ŮɑɜŬɘ 

ŬɗɟɞɑůɛŬŰŬ ɔɘɜɞɛɏɜɤɜ Ŭˊɧ ůŰɞɘɢŮɑŬ ˊɘɜɎəɤɜ, əŬɘ ɡˊɎɟɢɞɡɜ Ŭɚɔɧɟɘɗɛɞɘ ˊɞɡ ɛˊɞɟɞɨɜ ɜŬ ɓɟɞɡɜ ɧɚŮɠ Űɘɠ ɟɑɕŮɠ Ůɜɧɠ 

ˊɞɚɡɤɜɨɛɞɡ ŬɡɗŬɑɟŮŰɞɡ ɓŬɗɛɞɨ ɛŮ ɧůɖ ŬəɟɑɓŮɘŬ ɕɖŰɖɗŮɑ. ɄŬɟɧɚŬɡŰŬ, ɖ ˊɟɞůɏɔɔɘůɖ ŬɡŰɐ ŭŮɜ ŮɑɜŬɘ ŮűɘəŰɐ ůŰɖɜ 

ˊɟɎɝɖ, ŮˊŮɘŭɐ ɞɘ ůɡɜŰŮɚŮůŰɏɠ ɗŬ ŮˊɖɟŮɎɕɞɜŰŬɜ Ŭˊɧ ŬɜŬˊɧűŮɡəŰŬ ɚɎɗɖ ůŰɟɞɔɔɡɚɞˊɞɑɖůɖɠ, əŬɘ ɞɘ ɟɑɕŮɠ Ůɜɧɠ 

ˊɞɚɡɤɜɨɛɞɡ ɛˊɞɟŮɘ ɜŬ ŮɑɜŬɘ ɛɘŬ ŮɝŬɘɟŮŰɘəɎ ŮɡŬɑůɗɖŰɖ ůɡɜɎɟŰɖůɖ Űɤɜ ůɡɜŰŮɚŮůŰɩɜ. (Ƀˊɤɠ ɔɘŬ ˊŬɟɎŭŮɘɔɛŬ Űɞ 

ˊɞɚɡɩɜɡɛɞ Űɞɡ Wilkinson). 

 

ȷˊɞŰŮɚŮůɛŬŰɘəɏɠ, ŬəɟɘɓŮɑɠ ɛɏɗɞŭɞɘ ɡˊɞɚɞɔɘůɛɞɨ ɘŭɘɞŰɘɛɩɜ əŬɘ ɘŭɘɞŭɘŬɜɡůɛɎŰɤɜ ŰɡɢŬɑɤɜ ˊɘɜɎəɤɜ ŭŮɜ ɐŰŬɜ ɔɜɤůŰɏɠ, 

ɛɏɢɟɘ Űɖɜ Ůˊɘɜɧɖůɖ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ QR Űɞ 1961. ɆɡɜŭɡɎɕɞɜŰŬɠ Űɞɜ ɛŮŰŬůɢɖɛŬŰɘůɛɧ ɉŬɞɡɕɢɧɚɜŰŮɟ ɛŮ Űɖɜ LU 

ŬˊɞůɨɜɗŮůɖ, ˊŬɑɟɜɞɡɛŮ ŬˊɞŰŮɚɏůɛŬŰŬ ůŮ ɏɜŬɜ Ŭɚɔɧɟɘɗɛɞ ɛŮ əŬɚɨŰŮɟɖ ůɨɔəɚɘůɖ Ŭˊɧ Űɞɜ Ŭɚɔɧɟɘɗɛɞ QR. ũɘŬ ɛŮɔɎɚɞɡɠ 

ŮɟɛɘŰɘŬɜɞɨɠ ŬɟŬɘɞɨɠ ˊɑɜŬəŮɠ, ɞ Ŭɚɔɧɟɘɗɛɞɠ Lanczos ŮɑɜŬɘ ɏɜŬ ˊŬɟɎŭŮɘɔɛŬ ɛɘŬɠ ŬˊɞŰŮɚŮůɛŬŰɘəɐɠ ŮˊŬɜŬɚɖˊŰɘəɐɠ 

ɛŮɗɧŭɞɡ ɔɘŬ ɜŬ ɡˊɞɚɞɔɑůɞɡɛŮ ɘŭɘɞŰɘɛɏɠ əŬɘ ɘŭɘɞŭɘŬɜɨůɛŬŰŬ, ŬɜɎɛŮůŬ ůŮ ŬɟəŮŰɏɠ ɎɚɚŮɠ ˊɘɗŬɜɧŰɖŰŮɠ. 
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3.5. ȼ ɉɟɖůɘɛɧŰɖŰŬ Űɤɜ ȽŭɘɞŰɘɛɩɜ 

 

Ƀɘ ɘŭɘɞŰɘɛɏɠ ɛˊɞɟɞɨɜ ɜŬ űŬɜɞɨɜ ɘŭɘŬɑŰŮɟŬ ɢɟɐůɘɛŮɠ ůŰɘɠ ŬəɧɚɞɡɗŮɠ ˊŮɟɘˊŰɩůŮɘɠ [TREFETHEN2005] : 

 

ȹɘŬɔɤɜɞˊɞɑɖůɖ əŬɘ ŭɘŬɢɤɟɘůɛɧɠ ɛŮŰŬɓɚɖŰɩɜ: ɢɟɐůɖ Űɤɜ ɘŭɘɞůɡɜŬɟŰɐůŮɤɜ ɤɠ ɓɎůɖɠ. ȰɜŬ ˊɟɎɔɛŬ ˊɞɡ ɛˊɞɟɞɨɜ 

ɜŬ ŮˊɘŰɨɢɞɡɜ ɞɘ ɘŭɘɞŰɘɛɏɠ ŮɑɜŬɘ ɖ ŬˊɞůɨɜŭŮůɖ (decoupling) Ůɜɧɠ ˊɟɞɓɚɐɛŬŰɞɠ ˊɞɡ ˊŮɟɘɚŬɛɓɎɜŮɘ ŭɘŬɜɨůɛŬŰŬ ɐ 

ůɡɜŬɟŰɐůŮɘɠ ůŮ ɛɘŬ ůɡɚɚɞɔɐ ˊɟɞɓɚɖɛɎŰɤɜ ˊɞɡ ˊŮɟɘɚŬɛɓɎɜɞɡɜ ɓŬɗɛɤŰɏɠ Űɘɛɏɠ, əɎŰɘ ˊɞɡ ɛˊɞɟŮɑ ɜŬ əɎɜŮɘ 

ŮɡəɞɚɧŰŮɟɞɡɠ Űɞɡɠ ŮˊɧɛŮɜɞɡɠ ɡˊɞɚɞɔɘůɛɞɨɠ.  

 

ɆɡɜŰɞɜɘůɛɧɠ: Ŭɡɝɖɛɏɜɖ Ŭˊɧəɟɘůɖ ůŮ ŮˊɘɚŮɔɛɏɜŮɠ Ůɘůɧŭɞɡɠ.ȼ ŬɜɎɚɡůɖ Űɞɡ űŬɘɜɞɛɏɜɞɡ Űɞɡ ůɡɜŰɞɜɘůɛɞɨ, ɑůɤɠ Űɞ ˊɘɞ 

ɞɘəŮɑɞ ůŰɞ ˊɚŬɑůɘɞ Űɤɜ ŭɞɜɞɨɛŮɜɤɜ ɢɞɟŭɩɜ, Űɤɜ ŰɡɛˊɎɜɤɜ əŬɘ Űɤɜ ɛɖɢŬɜɘəɩɜ ŭɞɛɩɜ. ȾɎɗŮ ŮˊɘůəɏˊŰɖɠ ůŮ ɛɞɡůŮɑŬ 

ŮˊɘůŰɐɛɖɠ ɏɢŮɘ ŭŮɘ ŮˊɘŭŮɑɝŮɘɠ ˊɞɡ ŭŮɑɢɜɞɡɜ ɧŰɘ ɞɟɘůɛɏɜŬ ůɡůŰɐɛŬŰŬ ŬɜŰŬˊɞəɟɑɜɞɜŰŬɘ əŬŰɎ ˊɟɞŰɑɛɖůɖ ůŮ ŭɞɜɐůŮɘɠ ůŮ 

Ůɘŭɘəɏɠ ůɡɢɜɧŰɖŰŮɠ. ȷɡŰɏɠ ɞɘ ůɡɢɜɧŰɖŰŮɠ ŮɑɜŬɘ ɞɘ ɘŭɘɞŰɘɛɏɠ Űɞɡ ɔɟŬɛɛɘəɞɨ ɐ ɔɟŬɛɛɘəɞˊɞɘɖɛɏɜɞɡ ŰŮɚŮůŰɐ ˊɞɡ ŭɘɏˊŮɘ Űɞ 

Ůɜ ɚɧɔɤ ůɨůŰɖɛŬ əŬɘ ɖ ɛɞɟűɐ Űɖɠ Ŭˊɧəɟɘůɖɠ ůɢŮŰɑɕŮŰŬɘ ɛŮ Űɘɠ ŬɜŰɑůŰɞɘɢŮɠ ɘŭɘɞůɡɜŬɟŰɐůŮɘɠ. ɄŬɟŬŭŮɑɔɛŬŰŬ 

ůɡɜŰɞɜɘůɛɞɨ ŮɑɜŬɘ ɔɜɤůŰɎ: ůŰɟŬŰɘɩŰŮɠ ˊɞɡ ŬˊɞůɡɜŰɞɜɑɕɞɡɜ Űɞ ɓɐɛŬ Űɞɡɠ əŬɗɩɠ ˊŮɟɜɞɨɜ ɔɏűɡɟŮɠ, ůɞˊɟɎɜɞ Űɖɠ ɞˊɞɑŬɠ 

Űɞ ɣɖɚɧ E ůˊɎŮɘ ŰŬ ˊŬɟɎɗɡɟŬ, Űɞ ɟŬŭɘɧűɤɜɞ AM, ɧˊɞɡ Űɞ ůɐɛŬ Ŭˊɧ ɏɜŬɜ ɛŬəɟɘɜɧ ůŰŬɗɛɧ ŮˊɘɚɏɔŮŰŬɘ Ŭˊɧ ɛɘŬ ɗɎɚŬůůŬ 

ɗɞɟɨɓɞɡ Ŭˊɧ ɏɜŬ əŬɚɎ ůɡɜŰɞɜɘůɛɏɜɞ əɨəɚɤɛŬ ůɡɜŰɞɜɘůɛɞɨ, əŬɘ Űɞɜ əɞɢɚɑŬ Űɞɡ Ŭɜɗɟɩˊɘɜɞɡ ŬɡŰɘɞɨ, Űɞɡ ɞˊɞɑɞɡ ɖ 

ɓŬůɘəɐ ɛŮɛɓɟɎɜɖ ŬɜŰɖɢŮɑ əŬŰɎ ˊɟɞŰɑɛɖůɖ ůŮ ŭɘŬűɞɟŮŰɘəɏɠ ŰɞˊɞɗŮůɑŮɠ ŬɜɎɚɞɔŬ ɛŮ Űɖ ůɡɢɜɧŰɖŰŬ Űɖɠ Ůɘůɧŭɞɡ Űɞɡ ɐɢɞɡ. 

 

ȷůɡɛˊŰɤŰɘəɐ ŬɜɎɚɡůɖ əŬɘ ůŰŬɗŮɟɧŰɖŰŬ: ɖ əɡɟɑŬɟɢɖ Ŭˊɧəɟɘůɖ ůŮ ɔŮɜɘəɏɠ Ůɘůɧŭɞɡɠ. ɇɘ ɗŬ ůɡɛɓŮɑ ɧůɞ ˊŮɟɜɎŮɘ ɞ 

ɢɟɧɜɞɠ (ɐ ůŰɞ ŬəɟŬɑɞ, t Ÿ Ð) ůŮ ɏɜŬ ůɨůŰɖɛŬ ˊɞɡ ɏɢŮɘ ɓɘɩůŮɘ əɎˊɞɘŬ ˊŮɟɘůůɧŰŮɟɞ ɐ ɚɘɔɧŰŮɟɞ ŰɡɢŬɑŬ ŭɘŬŰŬɟŬɢɐ; ɇɞ 

ˊɟɧɓɚɖɛŬ ɗŮɟɛɧŰɖŰŬɠ Űɞɡ Fourier ŭɑɜŮɘ əŬɘ ˊɎɚɘ ɏɜŬ ˊŬɟɎŭŮɘɔɛŬ: ȳˊɞɘɞ əɘ Ŭɜ ŮɑɜŬɘ Űɞ ůɢɐɛŬ Űɖɠ Ŭɟɢɘəɐɠ əŬŰŬɜɞɛɐɠ 

ɗŮɟɛɞəɟŬůɑŬɠ, ŰŬ ɡɣɖɚɧŰŮɟŬ ɖɛɘŰɞɜɞŮɘŭɐ əɨɛŬŰŬ űɗɑɜɞɡɜ ɔɟɖɔɞɟɧŰŮɟŬ Ŭˊɧ ŰŬ ɢŬɛɖɚɧŰŮɟŬ, əŬɘ Ůˊɞɛɏɜɤɠ ůɢŮŭɧɜ 

ɞˊɞɘŬŭɐˊɞŰŮ Ŭɟɢɘəɐ əŬŰŬɜɞɛɐ ɗŬ ɛɞɘɎɕŮɘ ŰŮɚɘəɎ ɛŮ Űɞ ɖɛɑŰɞɜɞ Űɞɡ ɛɘůɞɨ ɛɐəɞɡɠ əɨɛŬŰɞɠ ɛŮ ɛɖŭŮɜɘəɎ Ŭəɟɘɓɩɠ ůŰŬ 

ŭɨɞ ɎəɟŬ Űɞɡ ŭɘŬůŰɐɛŬŰɞɠ. ɄŬɟɧɛɞɘŬ ŮɟɤŰɐɛŬŰŬ ˊɟɞəɨˊŰɞɡɜ ůŰɖ ɗŮɤɟɑŬ Ůɚɏɔɢɞɡ əŬɘ ůŰɖɜ ŬɟɘɗɛɖŰɘəɐ ŬɜɎɚɡůɖ, ɧˊɞɡ 

ɞ ɢɟɧɜɞɠ ŮɑɜŬɘ ŭɘŬəɟɘŰɧɠ əŬɘ ɖ ůŰŬɗŮɟɧŰɖŰŬ ŮɝŬɟŰɎŰŬɘ Űɘɠ Űɘɛɏɠ Űɤɜ ɘŭɘɞŰɘɛɩɜ. ɇŬ ˊɟɞɓɚɐɛŬŰŬ ůɨɔəɚɘůɖɠ Űɤɜ 

ŮˊŬɜŬɚɐɣŮɤɜ ˊɘɜɎəɤɜ ůŰɖɜ ŬɟɘɗɛɖŰɘəɐ ŬɜɎɚɡůɖ ůɢŮŰɑɕɞɜŰŬɘ Ůˊɑůɖɠ, ɛŮ Űɞ ˊɞůɞůŰɧ ůɨɔəɚɘůɖɠ ɜŬ əŬɗɞɟɑɕŮŰŬɘ Ŭˊɧ Űɞ 

ˊɧůɞ əɞɜŰɎ ŮɑɜŬɘ ɞɟɘůɛɏɜŮɠ ɘŭɘɞŰɘɛɏɠ ůŰɞ ɛɖŭɏɜ. 
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3.6. ȹɘŬŰŬɟŬɢɏɠ ȽŭɘɞŰɘɛɩɜ 

 

ɇɞ ˊɟɧɓɚɖɛŬ Űɤɜ ŭɘŬŰŬɟŬɢɩɜ Űɤɜ ɘŭɘɞŰɘɛɩɜ Ůɜɧɠ ˊɑɜŬəŬ: ȹŮŭɞɛɏɜɞɡ Ůɜɧɠ ɜ x ɜ ˊɑɜŬəŬ A əŬɘ Ůɜɧɠ ɜ x ɜ ˊɑɜŬəŬ 

ŭɘŬŰŬɟŬɢɐɠ E, ɞɟɑɕɞɡɛŮ Űɞɜ ’ = A + E əŬɘ ɛŮɚŮŰɎɛŮ Űɘɠ ůɢɏůŮɘɠ ˊɞɡ ůɡɜŭɏɞɡɜ Űɘɠ ɘŭɘɞŰɘɛɏɠ Űɤɜ ˊɘɜɎəɤɜ ’ əŬɘ A. 

 

Ƀɘ ŭɘŬŰŬɟŬɢɏɠ ’ = ȷ+Ⱥ ɧˊɞɡ ||Ů|| < Ů ɔɘŬ əɎˊɞɘɞ Ů >0 Ůɜɧɠ ŰŮŰɟŬɔɤɜɘəɞɨ ˊɑɜŬəŬ A  ɴ ɜxɜ əŬɗɩɠ əŬɘ ɞɘ ɘŭɘɞŰɘɛɏɠ Űɞɡɠ 

ŬˊɞŰŮɚɞɨɜ Űɖ ɓɎůɖ ɔɘŬ Űɞɜ ɞɟɘůɛɧ əŬɘ Űɖ ɛŮɚɏŰɖ Űɞɡ ɣŮɡŭɞűɎůɛŬŰɞɠ Ůɜɧɠ ŰŮŰɟŬɔɤɜɘəɞɨ ˊɑɜŬəŬ əŬɘ ɔɘô ŬɡŰɧ ůŰɞ 

ˊŬɟɧɜ əŮűɎɚŬɘɞ ɗŬ ɛŮɚŮŰɐůɞɡɛŮ Űɞ ˊɟɧɓɚɖɛŬ ŭɘŬŰŬɟŬɢɩɜ ɘŭɘɞŰɘɛɩɜ, Űɖ ůɢɏůɖ ŭɖɚŬŭɐ Űɤɜ ɘŭɘɞŰɘɛɩɜ Űɤɜ ŭɘŬŰŬɟŬɢɩɜ 

ɛŮ ŬɡŰɏɠ Űɞɡ Ŭɟɢɘəɞɨ ˊɑɜŬəŬ. Ƀɘ ɘŭɘɞŰɘɛɏɠ Űɤɜ ŭɘŬŰŬɟŬɢɩɜ ŰŮɑɜɞɡɜ ɜŬ ůɡɔəŮɜŰɟɩɜɞɜŰŬɘ ɔɨɟɤ Ŭˊɧ Űɘɠ ɘŭɘɞŰɘɛɏɠ Űɞɡ 

Ŭɟɢɘəɞɨ ˊɑɜŬəŬ. ȼ ˊŬɟŬŰɐɟɖůɖ ŬɡŰɐ ŮɑɜŬɘ ɖ ɓŬůɘəɐ ɘŭɏŬ ɔɘŬ Űɞɜ ɞɟɘůɛɧ ˊɞɡ ɣŮɡŭɞűɎůɛŬŰɞɠ ˊɞɡ ɗŬ ŭɞɨɛŮ ˊŬɟŬəɎŰɤ. 

 

ŪŮɩɟɖɛŬ. ȰůŰɤ A  ɴ  ɛɑŬ ɘŭɘɞŰɘɛɐ Ůɜɧɠ ŰɡɢŬɑɞɡ ˊɑɜŬəŬ ȷ, ŬɚɔŮɓɟɘəɐɠ ˊɞɚɚŬˊɚɧŰɖŰŬɠ m. ɇɧŰŮ, ɔɘŬ əɎɗŮ ɜɧɟɛŬ 

ˊɘɜɎəɤɜ ||°|| əŬɘ ɔɘŬ əɎɗŮ ŭ >0, ɡˊɎɟɢŮɘ Ů >0 ŰɏŰɞɘɞ ɩůŰŮ ɔɘŬ əɎɗŮ ˊɑɜŬəŬ Ⱥ ɛŮ ||Ů|| < Ů, ɞ ŭɑůəɞɠ ȹ (ɚ, ŭ) ɜŬ ˊŮɟɘɏɢŮɘ 

Ŭəɟɘɓɩɠ m ɘŭɘɞŰɘɛɏɠ Űɞɡ ˊɑɜŬəŬ ȷ (ɚŬɛɓɎɜɞɜŰŬɠ ɡˊɧɣɖ əŬɘ Űɘɠ ˊɞɚɚŬˊɚɧŰɖŰŮɠ). 

 

ȰŰůɘ, ŮˊɘɓŮɓŬɘɩɜŮŰŬɘ ɖ ůɡɜɏɢŮɘŬ Űɤɜ ŭɘŬŰŬɟŬɔɛɏɜɤɜ ɘŭɘɞŰɘɛɩɜ ɤɠ ˊɟɞɠ ŰŬ ůŰɞɘɢŮɑŬ Űɞɡ Ⱥ. Ⱥˊɞɛɏɜɤɠ, ɞɘ ɘŭɘɞŰɘɛɏɠ Űɤɜ 

ŭɘŬŰŬɟŬɢɩɜ ŰŮɑɜɞɡɜ ɜŬ ůɡɔəŮɜŰɟɩɜɞɜŰŬɘ ɔɨɟɤ Ŭˊɧ Űɘɠ ɘŭɘɞŰɘɛɏɠ Űɞɡ Ŭɟɢɘəɞɨ ˊɑɜŬəŬ.  
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3.7. ɊŮɡŭɞűɎůɛŬ ˊɑɜŬəŬ 
 

Ƀɘ ŭɘŬŰŬɟŬɢɏɠ Ůɜɧɠ ˊɑɜŬəŬ əŬɘ əŬŰô ŮˊɏəŰŬůɖ Űɤɜ ɘŭɘɞŰɘɛɩɜ Űɞɡ ŬˊɞŰŮɚɞɨɜ Űɖ ɓɎůɖ ɔɘŬ Űɞɜ ɞɟɘůɛɧ Űɞɡ 

ɣŮɡŭɞűɎůɛŬŰɞɠ Ůɜɧɠ ˊɑɜŬəŬ A ɴ  ɜxɜ , ůŮ(ȷ), ɔɘŬ ŭŮŭɞɛɏɜɞ Ů > 0. ŪŬ ŭɞɨɛŮ ˊɤɠ Űɞ ůɨɜɞɚɞ ŬɡŰɧ ñŭɘŬůŰɏɚŮŰŬɘò əŬɗɩɠ ɖ 

ˊŬɟɎɛŮŰɟɞɠ Ů ŬɡɝɎɜŮɘ. ŪŬ ɛŮɚŮŰɐůɞɡɛŮ Űɘɠ ɘŭɘɧŰɖŰɏɠ Űɞɡ ůŮ ůɢɏůɖ ɛŮ Űɘɠ ɘŭɘɧŰɖŰŮɠ Űɞɡ ȷ. ȳˊɞɡ ŬˊŬɘŰŮɑŰŬɘ, Űɞ 

ɣŮɡŭɞűɎůɛŬ ɞɟɑɕŮŰŬɘ ɔɘŬ ɜɧɟɛŮɠ ˊɘɜɎəɤɜ ˊɞɡ ŮˊɎɔɞɜŰŬɘ Ŭˊɧ ɜɧɟɛŮɠ ŭɘŬɜɡůɛɎŰɤɜ. 

 

ũɘŬ ɏɜŬ Ů > 0, Űɞ ɣŮɡŭɞűɎůɛŬ Ůɜɧɠ ɜ x ɜ ɛɘɔŬŭɘəɞɨ ˊɑɜŬəŬ A ŮɑɜŬɘ Űɞ ůɨɜɞɚɞ ɧɚɤɜ Űɤɜ ɘŭɘɞŰɘɛɩɜ ɧɚɤɜ Űɤɜ 

ˊɘɜɎəɤɜ ˊɞɡ Ŭˊɏɢɞɡɜ Ŭˊɧ Űɞɜ A ŬˊɧůŰŬůɖ (əŬŰɎ ɜɧɟɛŬ) ɛɘəɟɧŰŮɟɖ ɐ ɑůɖ Űɞɡ Ů. 

 

ɋɠ űɎůɛŬ ů(ȷ) Ůɜɧɠ ŰŮŰɟŬɔɤɜɘəɞɨ ˊɑɜŬəŬ ȷ, ɞɟɑɕŮŰŬɘ Űɞ ůɨɜɞɚɞ Űɤɜ ɘŭɘɞŰɘɛɩɜ Űɞɡ. ȺɑɜŬɘ űŬɜŮɟɧ ɧŰɘ Űɞ űɎůɛŬ 

ŬˊɞŰŮɚŮɑ Ůɘŭɘəɐ ˊŮɟɑˊŰɤůɖ ɣŮɡŭɞűɎůɛŬŰɞɠ, ɔɘŬ Ů = 0. 

 

Ƀ ˊɑɜŬəŬɠ (ɚ - A)-1 ŮɑɜŬɘ ɔɜɤůŰɧɠ ɤɠ ɞ Ůˊɘɚɨɤɜ ˊɑɜŬəŬɠ Űɞɡ A ůŰɞ ɚ. 

 

ŪŬ ŭɩůɞɡɛŮ ŰɩɟŬ 4 ɘůɞŭɨɜŬɛɞɡɠ Űɡˊɘəɞɨɠ ɞɟɘůɛɞɨɠ Űɞɡ ɣŮɡŭɞűɎůɛŬŰɞɠ: 

1. ůŮ(ȷ) = {ɚ  ɴ  :  ||(ɚȽɜ - ȷ)
-1 ||  Ó Ů-1}. ɇɞ Ů-ɣŮɡŭɞűɎůɛŬ ŮɑɜŬɘ Űɞ ŬɜɞɘɢŰɧ ɡˊɞůɨɜɞɚɞ Űɞɡ ɛɘɔŬŭɘəɞɨ Ůˊɘˊɏŭɞɡ 

ˊɞɡ ɞɟɘɞɗŮŰŮɑŰŬɘ Ŭˊɧ Űɖɜ Ů-1əŬɛˊɨɚɖ ůŰɎɗɛɖɠ Űɖɠ ɜɧɟɛŬɠ Űɞɡ ŮˊɘɚɨɞɜŰŬ ˊɑɜŬəŬ. 

2. ůŮ(ȷ) = {ɚ  ɴ  : ɚ  ɴů(ȷ + E) ɔɘŬ əɎˊɞɘɞɜ E ɴ  ɜxɜ ɛŮ ||E|| Ò Ů}. ɇɞ Ů-ɣŮɡŭɞűɎůɛŬ ŮɑɜŬɘ Űɞ ůɨɜɞɚɞ Űɤɜ Ŭɟɘɗɛɩɜ 

ˊɞɡ ŮɑɜŬɘ ɘŭɘɞŰɘɛɏɠ əɎˊɞɘɞɡ ŭɘŬŰŬɟŬɔɛɏɜɞɡ ˊɑɜŬəŬ A + E ɛŮ ||E|| < Ů. 

3. ůŮ(ȷ) = {ɚ  ɴ  : || (ɚ Ƚɜ - ȷ) ɜ|| < Ů ɔɘŬ əɎˊɞɘɞ ɜ ɴ ɜ ɛŮ ||ɜ|| = 1}.Ƀ Ŭɟɘɗɛɧɠ ɚ ŮɑɜŬɘ ɛɘŬ Ů-ɣŮɡŭɞɘŭɘɞŰɘɛɐ Űɞɡ A, 

əŬɘ Űɞ ɜ ŮɑɜŬɘ ɏɜŬ ŬɜŰɑůŰɞɘɢɞ Ů-ɣŮɡŭɞɘŭɘɞŭɘɎɜɡůɛŬ. ɇɞ Ů-ɣŮɡŭɞűɎůɛŬ ŮɑɜŬɘ Űɞ ůɨɜɞɚɞ Űɤɜ Ů-ɣŮɡŭɞɘŭɘɞŰɘɛɩɜ. 

4. ůŮ(ȷ) = {ɚ  ɴ  : smin(ɚ Ƚɜ - ȷ) < Ů},  ɧŰŬɜ ŬɜŬűŮɟɧɛŬůŰŮ ůŰɖ ɜɧɟɛŬ || ɞ ||2, ůɡɛɓɞɚɑɕɞɜŰŬɠ ɛŮ smin(
.
) Űɖɜ 

ŮɚɎɢɘůŰɖ ɘŭɘɎɕɞɡůŬ Űɘɛɐ Ůɜɧɠ ˊɑɜŬəŬ. 

 

ɆŰɖɜ ˊŮɟɑˊŰɤůɖ ˊɞɡ ɚ ɴ ů(ȷ), ɗŮɤɟɞɨɛŮ ɧŰɘ ||(ɚȽɜ ð ȷ)-1|| = Ð. 

 

ɇɞ űɎůɛŬ ˊŮɟɘɏɢŮŰŬɘ ůŰɞ Ů-ɣŮɡŭɞűɎůɛŬ ɔɘŬ əɎɗŮ Ů > 0. ȰŰůɘ, ůŮ ŬɜŰɑɗŮůɖ ɛŮ Űɞ űɎůɛŬ, ŰŬ ɣŮɡŭɞűɎůɛŬŰŬ ŮɝŬɟŰɩɜŰŬɘ 

Ŭˊɧ Űɖ ɜɧɟɛŬ. Ⱥə ˊɟɩŰɖɠ ɧɣŮɤɠ ŬɡŰɐ ɖ ɏɚɚŮɘɣɖ ŬɛŮŰɎɓɚɖŰɖɠ ɜɧɟɛŬɠ ɛˊɞɟŮɑ ɜŬ űŬɑɜŮŰŬɘ ɤɠ ŮɚɎŰŰɤɛŬ ůŰɖɜ ɘŭɏŬ Űɤɜ 

ɣŮɡŭɞűŬůɛɎŰɤɜ, əŬɘ ůɑɔɞɡɟŬ ůɡɜɏɓŬɚŮ ůŰɞ ɔŮɔɞɜɧɠ ɧŰɘ ɖ ŬɜɎˊŰɡɝɖ ɛɘŬɠ ɗŮɤɟɑŬɠ ɛɖ əŬɜɞɜɘəɧŰɖŰŬɠ ɏɢŮɘ ɛŮɑɜŮɘ ˊɞɚɨ 

ˊɑůɤ Ŭˊɧ Űɖɜ ŬɜɎˊŰɡɝɖ Űɖɠ Űɡˊɘəɐɠ űŬůɛŬŰɘəɐɠ ɗŮɤɟɑŬɠ. (ɇŬ ɣŮɡŭɞűɎůɛŬŰŬ ŮɑɜŬɘ ɛɘŬ ɘŭɏŬ Űɖɠ ŬɜɎɚɡůɖɠ, Ůɜɩ ɞɘ 

ɘŭɘɞŰɘɛɏɠ Ŭɜɐəɞɡɜ ůŰɖɜ ɎɚɔŮɓɟŬ.) ɋůŰɧůɞ, ŬɡŰɧ ˊɞɡ ˊɟŬɔɛŬŰɘəɎ ɢɟŮɘɎɕŮŰŬɘ ɜŬ ɔɜɤɟɑɕŮɘ əŬɜŮɑɠ ɔɘŬ ɏɜŬ ŮűŬɟɛɞůɛɏɜɞ 

ˊɟɧɓɚɖɛŬ ŮɝŬɟŰɎŰŬɘ ůɡɜɐɗɤɠ Ŭˊɧ Űɖ ɜɧɟɛŬ. [TREFETHEN2005] 
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3.8. ɆɖɛŬůɑŬ Űɞɡ ɊŮɡŭɞűɎůɛŬŰɞɠ ɄɑɜŬəŬ 

 

ȼ ˊɚŮɘɞɜɧŰɖŰŬ Űɤɜ ɔɜɤůŰɩɜ ŮűŬɟɛɞɔɩɜ Űɖɠ ŬɜɎɚɡůɖɠ ɘŭɘɞŰɘɛɩɜ ˊŮɟɘɚŬɛɓɎɜŮɘ ˊɑɜŬəŮɠ ɐ ŰŮɚŮůŰɏɠ ˊɞɡ ŮɑɜŬɘ əŬɜɞɜɘəɞɑ 

ɐ əɞɜŰɎ ůŰɞ əŬɜɞɜɘəɧ, ɛŮ ɘŭɘɞůɡɜŬɟŰɐůŮɘɠ ɞɟɗɞɔɩɜɘŮɠ ɐ ůɢŮŭɧɜ. Ƀɘ ɔɜɤůŰɏɠ ɛɖɢŬɜɘəɏɠ ŰŬɚŬɜŰɩůŮɘɠ ŭɘɏˊɞɜŰŬɘ, ɔɘŬ 

ˊŬɟɎŭŮɘɔɛŬ, Ŭˊɧ əŬɜɞɜɘəɞɨɠ ŰŮɚŮůŰɏɠ, ɧˊɤɠ əŬɘ ɞɘ ŰŬɚŬɜŰɩůŮɘɠ Űɖɠ əɓŬɜŰɘəɐɠ ɛɖɢŬɜɘəɐɠ, ŰɞɡɚɎɢɘůŰɞɜ ůŰɖɜ Űɡˊɘəɐ 

Űɞɡɠ ŭɘŬŰɨˊɤůɖ. ȾŬŰɎ ůɡɜɏˊŮɘŬ, ɖ ŭɘŬɑůɗɖůɐ ɛŬɠ ɔɘŬ Űɘɠ ɘŭɘɞŰɘɛɏɠ ɏɢŮɘ ŭɘŬɛɞɟűɤɗŮɑ Ŭˊɧ Űɖɜ əŬɜɞɜɘəɐ ˊŮɟɑˊŰɤůɖ. ȹɨɞ 

ŬɘɩɜŮɠ ŮˊɘŰɡɢɘɩɜ ɏɢɞɡɜ ŭɖɛɘɞɡɟɔɐůŮɘ ůɘɔɞɡɟɘɎ ɧŰɘ ɖ ɘŭɏŬ Űɖɠ ɘŭɘɞŰɘɛɐɠ ŮɑɜŬɘ Űɧůɞ ɘůɢɡɟɐ ůŰɖɜ ˊɟɎɝɖ ɧůɞ əŬɘ 

ɗŮɛŮɚɘɩŭɖɠ ɤɠ ˊɟɞɠ Űɖɜ ɘŭɏŬ. Ƀɘ ˊŮɟɘůůɧŰŮɟŮɠ Ŭˊɧ ŬɡŰɏɠ Űɘɠ ŮˊɘŰɡɢɑŮɠ ˊŮɟɘɚŬɛɓɎɜɞɡɜ ˊɟɞɓɚɐɛŬŰŬ ˊɞɡ ŭɘɏˊɞɜŰŬɘ Ŭˊɧ 

əŬɜɞɜɘəɞɨɠ ɐ ůɢŮŭɧɜ əŬɜɞɜɘəɞɨɠ ŰŮɚŮůŰɏɠ. 

 

ɈˊɎɟɢŮɘ ɧɛɤɠ ɛɘŬ əŬŰɖɔɞɟɑŬ ˊɟɞɓɚɖɛɎŰɤɜ ɔɘŬ ŰŬ ɞˊɞɑŬ ɞɘ ɛɏɗɞŭɞɘ ɘŭɘɞŰɘɛɩɜ ŮɜŭɏɢŮŰŬɘ ɜŬ ŬˊɞŰɨɢɞɡɜ: ˊɟɞɓɚɐɛŬŰŬ 

ˊɞɡ Ŭűɞɟɞɨɜ ˊɑɜŬəŮɠ ɐ ŰŮɚŮůŰɏɠ ɔɘŬ Űɞɡɠ ɞˊɞɑɞɡɠ ɞ ˊɑɜŬəŬɠ V-1, ůŰɖɜ ŬˊɞůɨɜɗŮůɖ ɘŭɘɞŰɘɛɩɜ 

 

A   =   V ȿ V-1 

ŮɎɜ ɡˊɎɟɢŮɘ, ˊŮɟɘɏɢŮɘ ˊɞɚɨ ɛŮɔɎɚŮɠ Űɘɛɏɠ: 

 

|| V-1||  »  1. 

ȷɡŰɧ ůɡɢɜɎ ůɖɛŬɑɜŮɘ ɧŰɘ ŮɑɜŬɘ ŮəɗŮŰɘəɎ ɛŮɔɎɚɞ ůŮ ůɢɏůɖ ɛŮ ɛɘŬ ˊŬɟɎɛŮŰɟɞ. 

 

ȹŮɜ ŮɑɜŬɘ ˊɟɞűŬɜɏɠ ůŰɖɜ Ŭɟɢɐ ŮɎɜ ɖ ɘŭɏŬ Űɤɜ ɣŮɡŭɞűŬůɛɎŰɤɜ ŮɝɡˊɖɟŮŰŮɑ əɎˊɞɘɞ ůəɞˊɧ. ȹŮɜ ŮɑɜŬɘ Űɞ ||(z - A)-1 || 

ɛŮɔɎɚɞ, Ŭəɟɘɓɩɠ ɧŰŬɜ Űɞ z ŮɑɜŬɘ əɞɜŰɎ ůŮ ɛɘŬ ɘŭɘɞŰɘɛɐ Űɞɡ ȷ; ũɘŬ ɏɜŬɜ əŬɜɞɜɘəɧ ˊɑɜŬəŬ, ɧŰŬɜ || ā || =  || ā ||2, ŬɡŰɐ ɖ 

ŭɘŬɑůɗɖůɖ ŮɑɜŬɘ ůɤůŰɐ. ȷɠ Űɞ ŭɞɨɛŮ ůɢɖɛŬŰɘəɎ. 

 

 

 

 

 

 

(Ŭ) əŬɜɞɜɘəɧɠ ˊɑɜŬəŬɠ (ɓ) ɛɖ əŬɜɞɜɘəɧɠ ˊɑɜŬəŬɠ 

 

ȼ ɔŮɤɛŮŰɟɑŬ Űɤɜ ɣŮɡŭɞűŬůɛɎŰɤɜ: ůɢɖɛŬŰɘəɐ ɧɣɖ. 

ɆŮ əɎɗŮ ŭɘɎɔɟŬɛɛŬ, ŰŬ ˊŮɟɘɔɟɎɛɛŬŰŬ ŬɜŰɘˊɟɞůɤˊŮɨɞɡɜ Űɞ ůɨɜɞɟɞ Űɞɡ ůŮ(ȷ) ɔɘŬ ŭɨɞ Űɘɛɏɠ Űɞɡ Ů. 

 

ȼ ůɖɛŬůɑŬ Űɤɜ ɣŮɡŭɞűŬůɛɎŰɤɜ ˊɟɞəɨˊŰŮɘ ɔɘŬ ˊɑɜŬəŮɠ ˊɞɡ Ŭˊɏɢɞɡɜ ˊɞɚɨ Ŭˊɧ Űɞ əŬɜɞɜɘəɧ, ɔɘŬ Űɞɡɠ ɞˊɞɑɞɡɠ Űɞ 

 ||(z - A)-1|| ɛˊɞɟŮɑ ɜŬ ŮɑɜŬɘ ɛŮɔɎɚɞ Ŭəɧɛɖ əŬɘ ɧŰŬɜ Űɞ z ŮɑɜŬɘ ɛŬəɟɘɎ Ŭˊɧ Űɞ űɎůɛŬ. 
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3.9. ɄŬɟŬŭŮɑɔɛŬŰŬ ɔɘŬ Űɞ ɊŮɡŭɞűɎůɛŬ ɄɑɜŬəŬ 

 

ȰůŰɤ ɞ ŭɘŬɔɤɜɞˊɞɘɐůɘɛɞɠ ˊɑɜŬəŬɠ 

 

 

 

 

ɧˊɞɡ ɞ ˊɑɜŬəŬɠ ɛŮŰŬůɢɖɛŬŰɘůɛɞɨ 

 

 

 

 

ɏɢŮɘ ɓŬɗɛɧ əŬŰɎůŰŬůɖɠ k2(S) = ||S||2 ||S
-1||2 = 6.8066.  

 

 

 

 

 

 

 

 

 

 

 

 

 

          ɇŬ ɣŮɡŭɞűɎůɛŬŰŬ Űɞɡ A ɔɘŬ Ů = 0.3 əŬɘ 1.                     ɇŬ ɣŮɡŭɞűɎůɛŬŰŬ Űɞɡ A ɔɘŬ Ů = 0.3 k2(S) = 2.0420  

əŬɘ Ů = k2(S) = 6.8066. 

 

ɆɡɔəɟɑɜɞɜŰŬɠ ŰŬ ɣŮɡŭɞűɎůɛŬŰŬ, ɓɚɏˊɞɡɛŮ ɧŰɘ s0.3(A)  s2.0420 (ȿ) əŬɘ s1(A)  s6.8066(ȿ). ȷɜ əŬɘ ŭŮɜ űŬɑɜŮŰŬɘ ɛŮ Űɖɜ 

ˊɟɩŰɖ ɛŬŰɘɎ, ŰŬ ɣŮɡŭɞűɎůɛŬŰŬ Űɞɡ ŭɘŬɔɩɜɘɞɡ ˊɑɜŬəŬ ȿ ŮɑɜŬɘ ɖ ɏɜɤůɖ Űɟɘɩɜ əɡəɚɘəɩɜ ŭɑůəɤɜ. 
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Ƀɘ ŰɟɘŭɘŬɔɩɜɘɞɘ ˊɑɜŬəŮɠ Toeplitz əŬɘ ɞɘ ŭɘŬŰŬɟŬɢɏɠ ŰɏŰɞɘɤɜ ˊɘɜɎəɤɜ ˊɟɞəɨˊŰɞɡɜ ůŮ ˊɞɚɚɏɠ ŮűŬɟɛɞɔɏɠ, 

ůɡɛˊŮɟɘɚŬɛɓŬɜɞɛɏɜɖɠ Űɖɠ Ůˊɑɚɡůɖɠ ůɡɜɐɗɤɜ əŬɘ ɛŮɟɘəɩɜ ŭɘŬűɞɟɘəɩɜ ŮɝɘůɩůŮɤɜ,ŬɜɎɚɡůɖ ɢɟɞɜɞůŮɘɟɩɜ əɚ.́ ȺɑɜŬɘ 

Ůˊɞɛɏɜɤɠ ůɖɛŬɜŰɘəɧ ɜŬ əŬŰŬɜɞɐůɞɡɛŮ Űɘɠ ɘŭɘɧŰɖŰɏɠ Űɞɡɠ.Ƀɘ ɘŭɘɞŰɘɛɏɠ ˊɟŬɔɛŬŰɘəɩɜ əŬɘ ɛɘɔŬŭɘəɩɜ ŰɟɘŭɘŬɔɩɜɘɤɜ 

ˊɘɜɎəɤɜ Toeplitz ɛˊɞɟŮɑ ɜŬ ŮɑɜŬɘ ˊɞɚɨ ŮɡŬɑůɗɖŰŮɠ ůŰɘɠ ŭɘŬŰŬɟŬɢɏɠ Űɞɡ ˊɑɜŬəŬ.  

 

 

 

ȷɠ ŮɝŮŰɎůɞɡɛŮ Űɞɜ ŰɟɘŭɘŬɔɩɜɘɞ ˊɑɜŬəŬ Toeplitz 

 

 

 

 

 

 

 

 

 

 

 

 

 

ȳɟɘŬ ɣŮɡŭɞűŬůɛɎŰɤɜ ůŮ(ȷ), Ů = 10-2, 10-3, ..., 10-8,ɔɘŬ Űɞɜ ˊŬɟŬˊɎɜɤ ŰɟɘŭɘŬɔɩɜɘɞ ˊɑɜŬəŬ Toeplitz 

ɛŮ ŭɘɎůŰŬůɖ N = 64.Ƀɘ ɘŭɘɞŰɘɛɏɠ ůɖɛŮɘɩɜɞɜŰŬɘ ɛŮ ůɡɛˊŬɔŮɑɠ ŰŮɚŮɑŮɠ. 

 

 

 

 

 

 

 

 

 

 

 

ɈˊɏɟɗŮůɖ ɘŭɘɞŰɘɛɩɜ 100 ˊɘɜɎəɤɜ A + E, ɧˊɞɡ A ŮɑɜŬɘ ɞ ŰɟɘŭɘŬɔɩɜɘɞɠ ˊɑɜŬəŬɠ Toeplitz ɛŮ ŭɘɎůŰŬůɖ N = 64 əŬɘ əɎɗŮ E 

ŮɑɜŬɘ ɏɜŬɠ ŰɡɢŬɑɞɠ ˊɑɜŬəŬɠ ɛŮ ||E|| = 10-3. Ƀɘ ɘŭɘɞŰɘɛɏɠ Űɞɡ A ŮɑɜŬɘ ˊɟŬɔɛŬŰɘəɏɠ (ɛŮɔŬɚɨŰŮɟŮɠ ŰŮɚŮɑŮɠ), ŬɚɚɎ ɖ 

ŭɘŬŰŬɟŬɢɐ ˊɞɡ ŮɘůɎɔŮŰŬɘ Ŭˊɧ Űɞ E Űɘɠ ɛŮŰŬəɘɜŮɑ ˊɞɚɨ ůŰɞ ɛɘɔŬŭɘəɧ ŮˊɑˊŮŭɞ, əɞɜŰɎ ůŰɖɜ ɏɚɚŮɘɣɖ ɛŮ |z| = (0.001)1/64 

(ůɡɛˊŬɔɐɠ əŬɛˊɨɚɖ). ȼ ŭɘŬəŮəɞɛɛɏɜɖ ɏɚɚŮɘɣɖ ŬɜŰɘůŰɞɘɢŮɑ ůŮ N Ÿ Ð əŬɘ |z| = 1. 
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3.10. ɊŮɡŭɞűɎůɛŬ: ȽůŰɞɟɘəɐ ȷɜŬŭɟɞɛɐ 

 

ɇŬ ɣŮɡŭɞűɎůɛŬŰŬ ŮɑɜŬɘ ɏɜŬ ɘůɢɡɟɧ ŮɟɔŬɚŮɑɞ ɔɘŬ Űɖɜ əŬŰŬɜɧɖůɖ Űɖɠ ůɡɛˊŮɟɘűɞɟɎɠ ˊɞɚɨˊɚɞəɤɜ ůɡůŰɖɛɎŰɤɜ. 

ɀˊɞɟɞɨɜ ɜŬ ɢɟɖůɘɛɞˊɞɘɖɗɞɨɜ ɔɘŬ Űɖɜ ɞˊŰɘəɞˊɞɑɖůɖ Űɖɠ ŮɡŬɘůɗɖůɑŬɠ Ůɜɧɠ ůɡůŰɐɛŬŰɞɠ ůŮ ŭɘŬŰŬɟŬɢɏɠ, ɔɘŬ Űɖ ɚɐɣɖ 

ˊɞůɞŰɘəɩɜ ɞɟɑɤɜ ůŰɖ ůɡɛˊŮɟɘűɞɟɎ Űɞɡ ůɡůŰɐɛŬŰɞɠ əŬɘ ɔɘŬ Űɞɜ ŮɜŰɞˊɘůɛɧ ŬůŰŬɗɩɜ Űɟɧˊɤɜ ɚŮɘŰɞɡɟɔɑŬɠ. ɇŬ 

ɣŮɡŭɞűɎůɛŬŰŬ ɏɢɞɡɜ ɢɟɖůɘɛɞˊɞɘɖɗŮɑ ůŮ ɛɘŬ ŮɡɟŮɑŬ ˊɞɘəɘɚɑŬ ŮűŬɟɛɞɔɩɜ, ůɡɛˊŮɟɘɚŬɛɓŬɜɞɛɏɜɖɠ Űɖɠ ůɨɔəɚɘůɖɠ 

ŮˊŬɜŬɚɐɣŮɤɜ ɛɖ ůɡɛɛŮŰɟɘəɩɜ ˊɘɜɎəɤɜ, Űɖɠ ŬɜɎɚɡůɖɠ ůűŬɚɛɎŰɤɜ ˊɟɞɠ ŰŬ ˊɑůɤ Űɤɜ Ŭɚɔɞɟɑɗɛɤɜ ɘŭɘɞŰɘɛɩɜ, Űɖɠ 

ůŰŬɗŮɟɧŰɖŰŬɠ Űɤɜ űŬůɛŬŰɘəɩɜ ɛŮɗɧŭɤɜ əŬɘ Űɖɠ ŬɜŬɔɜɩɟɘůɖɠ ŬůŰŬɗɩɜ Űɟɧˊɤɜ ɚŮɘŰɞɡɟɔɑŬɠ. Ȱɢɞɡɜ Ůˊɑůɖɠ 

ɢɟɖůɘɛɞˊɞɘɖɗŮɑ ɔɘŬ Űɖ ɚɐɣɖ ůɖɛŬɜŰɘəɩɜ ŬˊɞŰŮɚŮůɛɎŰɤɜ ůŰɖ űŬůɛŬŰɘəɐ ɗŮɤɟɑŬ əŬɘ Űɘɠ űŬůɛŬŰɘəɏɠ ɘŭɘɧŰɖŰŮɠ Űɤɜ 

ɕɤɜɞˊɞɘɖɛɏɜɤɜ ˊɘɜɎəɤɜ Toeplitz. 

 

ɇŬ ɣŮɡŭɞűɎůɛŬŰŬ ɏɢɞɡɜ Űɘɠ ɟɑɕŮɠ Űɞɡɠ ůŰɖ ɗŮɤɟɑŬ Űɤɜ ŭɘŬŰŬɟŬɢɩɜ Űɤɜ ɔɟŬɛɛɘəɩɜ ŰŮɚŮůŰɩɜ əŬɘ ˊŬɟɏɢɞɡɜ 

ˊɚɖɟɞűɞɟɑŮɠ ɔɘŬ Űɞ ˊɩɠ ɞɘ ɘŭɘɞŰɘɛɏɠ Ůɜɧɠ ˊɑɜŬəŬ ɛˊɞɟɞɨɜ ɜŬ ŬɚɚɎɝɞɡɜ əɎŰɤ Ŭˊɧ ɛɘəɟɏɠ ŭɘŬŰŬɟŬɢɏɠ. 

 

Ƀ J. M. Varah, ůŰɖ ŭɘŬŰɟɘɓɐ Űɞɡ Űɞ 1967 ůŰɞ ɄŬɜŮˊɘůŰɐɛɘɞ Űɞɡ ɆŰɎɜűɞɟɜŰ, ŮɘůɐɔŬɔŮ Űɖɜ ɏɜɜɞɘŬ Űɖɠ s-

pseudoeigenvalue, ɔɜɤůŰɐɠ əŬɘ ɤɠ r-ˊɟɞůŮɔɔɘůŰɘəɐ ɘŭɘɞŰɘɛɐ. ȳɟɘůŮ Űɞ 2-norm E-pseudospectrum ɤɠ ˊɟɞɠ Űɖɜ ŮɚɎɢɘůŰɖ 

ɛɞɜŬŭɘəɐ Űɘɛɐ smin (A - )..), ŭɑɜɞɜŰɎɠ Űɞɡ Űɞ ɧɜɞɛŬ E-spectrum əŬɘ Űɞɜ ůɡɛɓɞɚɘůɛɧ S.:(A). Ƀ Varah ŰɧɜɘůŮ ɧŰɘ ɔɘŬ ɛɘŬ 

ɛɖ űɡůɘɞɚɞɔɘəɐ ɛɐŰɟŬ, ŰŬ ɣŮɡŭɞűɎůɛŬŰŬ ɛˊɞɟŮɑ ɜŬ ŮɑɜŬɘ ˊɞɚɨ ŭɘŬűɞɟŮŰɘəɎ Ŭˊɧ Űɞ űɎůɛŬ. 

 

Ƀ H. J. Landau ŮɘůɐɔŬɔŮ ŬɜŮɝɎɟŰɖŰŬ E-pseudoeigenvalues ɛŮ Űɞ ɧɜɞɛŬ E-proximate eigenvalues Űɞ 1975. ȼ ŮɟɔŬůɑŬ 

Űɞɡ Landau ŮűɎɟɛɞůŮ ŬɡŰɐ Űɖɜ ɏɜɜɞɘŬ ůŰɖ ɗŮɤɟɑŬ Űɤɜ ˊɘɜɎəɤɜ Toeplitz əŬɘ Űɤɜ ůɢŮŰɘəɩɜ ɞɚɞəɚɖɟɤŰɘəɩɜ ŰŮɚŮůŰɩɜ. 

 

ɆŰɖ ŭŮəŬŮŰɑŬ Űɞɡ 1980, ůɖɛŬɜŰɘəɏɠ ůɡɜŮɘůűɞɟɏɠ ɏɔɘɜŬɜ Ŭˊɧ Űɞɜ S. K. Godunov əŬɘ Űɞɡɠ ůɡɜŬŭɏɚűɞɡɠ Űɞɡ ůŰɞ 

Novosibirsk. ɀŮɚɏŰɖůŬɜ ˊɩɠ ɖ ɛɖ əŬɜɞɜɘəɧŰɖŰŬ ŮˊɖɟŮɎɕŮɘ Űɖɜ ŬɟɘɗɛɖŰɘəɐ ůŰŬɗŮɟɧŰɖŰŬ Űɤɜ ŭɘŬəɟɘŰɘəɩɜ ŭɘŬűɞɟɘəɩɜ 

ŮɝɘůɩůŮɤɜ. 

 

ȼ ŮˊɘŭɟŬůŰɘəɐ ŮɟɔŬůɑŬ Űɞɡ L. N. Trefethen çPseudospectra of Matricesè, ˊɞɡ ŭɖɛɞůɘŮɨŰɖəŮ Űɞ 1992, ˊŬɟɞɡůɑŬůŮ Űɖɜ 

ɘŭɏŬ Űɤɜ ɣŮɡŭɞűŬůɛɎŰɤɜ əŬɘ ˊŬɟɞɡůɑŬůŮ ŭŮəŬŰɟɑŬ ˊŬɟŬŭŮɑɔɛŬŰŬ. ȷɡŰɧ Űɞ ɏɟɔɞ ůɖɛŬŰɞŭɧŰɖůŮ ɏɜŬ ůɖɛŮɑɞ əŬɛˊɐɠ, 

ɛŮŰɎ Űɞ ɞˊɞɑɞ ɖ ɏɜɜɞɘŬ Űɤɜ ɣŮɡŭɞűŬůɛɎŰɤɜ ɎɟɢɘůŮ ɜŬ əŮɟŭɑɕŮɘ ŮɡɟŮɑŬ ŬɜŬɔɜɩɟɘůɖ. 

 

Ƀɘ D. Hinrichsen əŬɘ A. J. Pritchard, ůŰŬ ɛɏůŬ Űɖɠ ŭŮəŬŮŰɑŬɠ Űɞɡ 1980, ɏɔɟŬɣŬɜ ŬɟəŮŰɏɠ ŮɟɔŬůɑŮɠ ůɢŮŰɘəɎ ɛŮ Űɖɜ 

ŬəŰɑɜŬ ůŰŬɗŮɟɧŰɖŰŬɠ ɛɘŬɠ ɛɐŰɟŬɠ. ɆŮ ɛɘŬ ŮɟɔŬůɑŬ Űɞɡ 1992, ŮɘůɐɔŬɔŬɜ Űɞɜ ɧɟɞ ůɨɜɞɚɞ űŬůɛŬŰɘəɩɜ Űɘɛɩɜ əŬɘ Űɞɜ 

ůɡɛɓɞɚɘůɛɧ dA, p) ɔɘŬ ɜŬ ŭɖɚɩůɞɡɜ Űɞ ˊɟŬɔɛŬŰɘəɧ ŭɞɛɖɛɏɜɞ c-ɣŮɡŭɞűɎůɛŬ Ůɜɧɠ ɛɖ əŬɜɞɜɘəɞɨ ˊɑɜŬəŬ. 

 

Ƀ L. N. Trefethen əŬŰɏɚɖɝŮ ůŰɞ ůɡɛˊɏɟŬůɛŬ ɧŰɘ ŰŬ ɣŮɡŭɞűɎůɛŬŰŬ ɏɢɞɡɜ ŮűŮɡɟŮɗŮɑ ŬɜŮɝɎɟŰɖŰŬ ŰɞɡɚɎɢɘůŰɞɜ ˊɏɜŰŮ 

űɞɟɏɠ Ŭˊɧ ŭɘŬűɞɟŮŰɘəɞɨɠ ŮɟŮɡɜɖŰɏɠ: J. M. Varah, H. J. Landau, S. K. Godunov, L. N. Trefethen əŬɘ (D. Hinrichsen əŬɘ 

A. J. Pritchard)! 
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3.11. ɄɟŬəŰɘəɞɑ ȷɚɔɧɟɘɗɛɞɘ ɆɢŮŭɑŬůɖɠ Űɞɡ ɊŮɡŭɞűɎůɛŬŰɞɠ 
 

ɆɡɢɜɎ, ůŰɘɠ ˊɟŬəŰɘəɏɠ ŮűŬɟɛɞɔɏɠ ɖ ɏɜɜɞɘŬ Űɞɡ ɣŮɡŭɞűɎůɛŬŰɞɠ ŮɑɜŬɘ ˊɞɚɨ ˊɘɞ ɢɟɐůɘɛɖ Ŭˊɧ ŬɡŰɐ Űɞɡ űɎůɛŬŰɞɠ, ŭɘɧŰɘ 

ŮɛˊŮɟɘɏɢŮɘ Űɘɠ ɘŭɘɞŰɘɛɏɠ ŬɚɚɎ əŬɘ Űɖ ůɡɛˊŮɟɘűɞɟɎ Űɞɡɠ ɔɘŬ ɛɘəɟɏɠ ŭɘŬŰŬɟŬɢɏɠ Űɞɡ ˊɑɜŬəŬ. ȺəŰɧɠ ŬɡŰɞɨ, ɖ ůɡɛˊŮɟɘűɞɟɎ 

Űɞɡ ˊɑɜŬəŬ əɞɜŰɎ ůŰɘɠ ɘŭɘɞŰɘɛɏɠ ŮɑɜŬɘ ˊɞɚɚɏɠ űɞɟɏɠ ŬˊɟɧɓɚŮˊŰɖ ŬəɧɛŬ əŬɘ ɔɘŬ ůɢŮŰɘəɎ Ŭˊɚɞɨɠ ˊɑɜŬəŮɠ. 

 

ɇɞ Ů-ɣŮɡŭɞűɎůɛŬ Ůɜɧɠ ŰŮŰɟŬɔɤɜɘəɞɨ ˊɑɜŬəŬ ȷ ŮɑɜŬɘ ɏɜŬ ůɨɜɞɚɞ Űɞɡ ɛɘɔŬŭɘəɞɨ Ůˊɘˊɏŭɞɡ Űɞ ɞˊɞɑɞ ˊŮɟɘɚŬɛɓɎɜŮɘ Űɘɠ 

ɘŭɘɞŰɘɛɏɠ Űɞɡ ˊɑɜŬəŬ əŬɗɩɠ əŬɘ Űɘɛɏɠ ɞɘ ɞˊɞɑŮɠ ŮɑɜŬɘ çůɢŮŭɧɜè ɘŭɘɞŰɘɛɏɠ. ɄɟɧəŮɘŰŬɘ ɔɘŬ ɛɘŬ ŮˊɏəŰŬůɖ Űɞɡ űɎůɛŬŰɞɠ (Űɞɡ 

ůɡɜɧɚɞɡ ŭɖɚŬŭɐ Űɤɜ ɘŭɘɞŰɘɛɩɜ) ɔɘŬ ɜŬ əŬɚɨɣŮɘ ůŰŬŭɘŬəɎ ɞɚɧəɚɖɟɞ Űɞ ɛɘɔŬŭɘəɧ ŮˊɑˊŮŭɞ əŬɘ ŬˊɞŰŮɚŮɑŰŬɘ Ŭˊɧ Űɘɠ 

ɘŭɘɞŰɘɛɏɠ Űɤɜ ŭɘŬŰŬɟŬɢɩɜ Űɞɡ ȷ, ŭɖɚŬŭɐ Űɤɜ ˊɘɜɎəɤɜ ȷ + Ⱥ, ɧˊɞɡ E ɏɜŬɠ ˊɑɜŬəŬɠ ɛŮ ||Ⱥ|| < Ů , ɔɘŬ əɎˊɞɘɞɜ ɛɖ 

ŬɟɜɖŰɘəɧ Ŭɟɘɗɛɧ Ů.ɇɞ űɎůɛŬ ŬˊɞŰŮɚŮɑ Ůɘŭɘəɐ ˊŮɟɑˊŰɤůɖ Űɞɡ ɣŮɡŭɞűɎůɛŬŰɞɠ ɔɘŬ Ů = 0. 

 

Ʉɞɨ çɕŮɘè ɏɜŬɠ ˊɑɜŬəŬɠ ȷ ůŰɞ ɛɘɔŬŭɘəɧ ŮˊɑˊŮŭɞ; ȺɎɜ o ȷ ŮɑɜŬɘ əŬɜɞɜɘəɧɠ, ŰɧŰŮ Űɞ űɎůɛŬ ů(ȷ) ŮɑɜŬɘ ɛɘŬ ɘəŬɜɞˊɞɘɖŰɘəɐ 

ŬˊɎɜŰɖůɖ ůŮ ŬɡŰɐɜ Űɖɜ ŮɟɩŰɖůɖ ɔɘŬ ůɢŮŭɧɜ əɎɗŮ ůəɞˊɧ. ȼ ɞɘəɞɔɏɜŮɘŬ Űɤɜ ɣŮɡŭɞűŬůɛɎŰɤɜ ůŮ(ȷ) ŮɑɜŬɘ ɛɘŬ ˊɟɞůˊɎɗŮɘŬ 

ɜŬ ŭɞɗŮɑ ɛɘŬ ɘəŬɜɞˊɞɘɖŰɘəɐ ŬˊɎɜŰɖůɖ ůŰɖɜ ˊŮɟɑˊŰɤůɖ ˊɞɡ ɞ ȷ ŭŮɜ ŮɑɜŬɘ əŬɜɞɜɘəɧɠ, ɑůɤɠ ˊɞɚɨ ɛŬəɟɘɎ Ŭˊɧ Űɞɜ 

əŬɜɞɜɘəɧ. ȹŮɜ ŮɑɜŬɘ ŰɏɚŮɘŬ ŬˊɎɜŰɖůɖ. ɇŬ ɣŮɡŭɞűɎůɛŬŰŬ ůŰŮɟɞɨɜŰŬɘ Űɖɜ ŬˊɚɧŰɖŰŬ Űɤɜ űŬůɛɎŰɤɜ, ɤůŰɧůɞ, ˊŬɟɎ Űɖɜ 

ˊɞɚɡˊɚɞəɧŰɖŰɎ Űɞɡɠ, ŭŮɜ ˊŬɟɏɢɞɡɜ ŬəɟɘɓŮɑɠ ŬˊŬɜŰɐůŮɘɠ ůŰŬ ŮɟɤŰɐɛŬŰŬ ˊɞɡ ɗŬ ɐɗŮɚŮ əŬɜŮɑɠ ɜŬ əɎɜŮɘ ůɢŮŰɘəɎ ɛŮ Űɖ 

ůɡɛˊŮɟɘűɞɟɎ Űɞɡ ȷ. ɄŬɟɏɢɞɡɜ əŬŰɎ ˊɟɞůɏɔɔɘůɖ ŬˊŬɜŰɐůŮɘɠ, ɤůŰɧůɞ, ɛŮ Űɖ ɛɞɟűɐ ɞɟɑɤɜ ˊɞɡ ůɡɢɜɎ ŮɑɜŬɘ ŬɟəŮŰɎ 

ůŰŮɜɎ. ɄŬɟɏɢɞɡɜ ɛɘŬ ɡˊŮɜɗɨɛɘůɖ ɧŰɘ ɞɘ ɘŭɘɞŰɘɛɏɠ ˊɞɡ ŮɑɜŬɘ ŮɡŬɑůɗɖŰŮɠ ůŮ ŭɘŬŰŬɟŬɢɏɠ ɛˊɞɟŮɑ ɜŬ ɏɢɞɡɜ ˊŮɟɘɞɟɘůɛɏɜɖ 

ůɖɛŬůɑŬ ɔɘŬ Űɞɜ ˊɟɞůŭɘɞɟɘůɛɧ Űɖɠ ůɡɛˊŮɟɘűɞɟɎɠ Űɞɡ ȷ. ɇɏɚɞɠ, ˊŬɟɏɢɞɡɜ ɛɘŬ ŮɚəɡůŰɘəɐ ɔŮɤɛŮŰɟɘəɐ ŮɟɛɖɜŮɑŬ Űɖɠ ɛɖ 

əŬɜɞɜɘəɧŰɖŰŬɠ. ɇɞ ɔŮɔɞɜɧɠ ŮɑɜŬɘ ɧŰɘ ɞɘ ɛɖ əŬɜɞɜɘəɞɑ ˊɑɜŬəŮɠ əŬɘ ɞɘ ŰŮɚŮůŰɏɠ ŭŮɜ ɕɞɡɜ ůŰɞ ɛɘɔŬŭɘəɧ ŮˊɑˊŮŭɞ, ŬɚɚɎ 

ɛˊɞɟŮɑ əŬɜŮɑɠ ɜŬ əɎɜŮɘ ɛɘŬ əŬɚɐ Ŭɟɢɐ ůŰɖɜ ˊɟɧɓɚŮɣɖ Űɖɠ ůɡɛˊŮɟɘűɞɟɎɠ Űɞɡɠ, ŮɎɜ, ŮəŰɧɠ Ŭˊɧ Űɞɜ ůɡɜɐɗɖ ɡˊɞɚɞɔɘůɛɧ 

Űɤɜ ɘŭɘɞŰɘɛɩɜ, ůɢŮŭɘɎůŮɘ ɛŮɟɘəɏɠ ɔɟŬɛɛɏɠ ˊŮɟɘɔɟɎɛɛŬŰɞɠ Űɖɠ ŮˊɘɚɨɞɡůŬɠ ůɡɜɎɟŰɖůɖ ɐ Űɤɜ ɘŭɘɞŰɘɛɩɜ ɛŮɟɘəɩɜ ŰɡɢŬɑŬ 

ŭɘŬŰŬɟŬɔɛɏɜɤɜ ˊɘɜɎəɤɜ.[TREFETHEN2005] 

 

Ɉ́ Ɏɟɢɞɡɜ ɎˊŮɘɟɞɘ ŰɏŰɞɘɞɘ ˊɑɜŬəŮɠ Ⱥ ɔɘŬ əɎɗŮ Űɘɛɐ Űɞɡ Ů, ɔŮɔɞɜɧɠ ˊɞɡ ŭɖɚɩɜŮɘ ɧŰɘ Űɞ ɣŮɡŭɞűɎůɛŬ ŭŮɜ ɛˊɞɟŮɑ ɜŬ 

ˊɟɞůŭɘɞɟɘůŰŮɑ ŮˊŬɟəɩɠ ɢɤɟɑɠ Űɖ ɓɞɐɗŮɘŬ ɡˊɞɚɞɔɘůŰɐ.Ȱɢɞɡɜ ŬɜŬˊŰɡɢɗŮɑ ŬɟəŮŰɞɑ Ŭɚɔɧɟɘɗɛɞɘ ɔɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ əɡɟɑɤɠ 

Űɞɡ ůɡɜɧɟɞɡ Űɞɡ ɣŮɡŭɞűɎůɛŬŰɞɠ, Űɞ ɞˊɞɑɞ ŮɑɜŬɘ Űɞ ůɨɜɞɚɞ 

 

 

 

ɧˊɞɡ Űɞ ůɨɜɞɚɞ 

 

ŬˊɞŰŮɚŮɑŰŬɘ Ŭˊɧ Űɞ ˊɞɚɨ n ůɖɛŮɑŬ əŬɘ ɎɟŬ ɗŮɤɟɞɨɛŮ, ɢɤɟɑɠ ɓɚɎɓɖ Űɖɠ ɔŮɜɘəɧŰɖŰŬɠ ɧŰɘ ŰŬ ůɨɜɞɚŬ Űɖɠ ůɢɏůɖɠ (*) 

ŰŬɡŰɑɕɞɜŰŬɘ ɛŮŰŬɝɨ Űɞɡɠ. 

 

Ƀɘ Ŭɚɔɧɟɘɗɛɞɘ ˊɞɡ ɗŬ ˊŬɟɞɡůɘɎůɞɡɛŮ ɏɢɞɡɜ ůŰɧɢɞ Űɖɜ ɔɟŬűɘəɐ ůɢŮŭɑŬůɖ Űɞɡ ɣŮɡŭɞűɎůɛŬŰɞɠ, Űɖɜ ŮɨɟŮůɖ ŭɖɚŬŭɐ Űɞɡ 

ůɡɜɧɟɞɡ Űɞɡ, ÖȿŮ, ɔɘŬ əɎɗŮ Űɘɛɐ Űɞɡ Ů əŬɘ əŬŰŬŰɎůůɞɜŰŬɘ ůŮ ŭɨɞ ɓŬůɘəɏɠ əŬŰɖɔɞɟɑŮɠ, Űɞɡɠ Ŭɚɔɧɟɘɗɛɞɡɠ Grid əŬɘ Űɞɡɠ 

Ŭɚɔɧɟɘɗɛɞɡɠ Path-Following. 
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4. Ƀ ȷɚɔɧɟɘɗɛɞɠ GRID 
 

4.1. ɄŮɟɘɔɟŬűɐ Űɞɡ ȷɚɔɞɟɑɗɛɞɡ GRID 
 

Ƀ ŬˊɚɞɨůŰŮɟɞɠ Űɖɠ əŬŰɖɔɞɟɑŬɠ ŮɑɜŬɘ ɞ Ŭɟɢɘəɧɠ Ŭɚɔɧɟɘɗɛɞɠ GRID. ũɘŬ Űɖɜ ŮɨɟŮůɖ Űɞɡ ɣŮɡŭɞűɎůɛŬŰɞɠ Ůɜɧɠ ˊɑɜŬəŬ 

Aᶰ ɜxɜ, ɞ Ŭɚɔɧɟɘɗɛɞɠ GRID ŮˊɘɚɏɔŮɘ ɏɜŬ ɢɤɟɑɞ Űɞɡ ɛɘɔŬŭɘəɞɨ Ůˊɘˊɏŭɞɡ, əŬɘ əŬŰŬůəŮɡɎɕŮɘ ɏɜŬ ˊɚɏɔɛŬ ɋ (grid) ɛɏůŬ 

ůŰɞ ɢɤɟɑɞ ŬɡŰɧ, ˊɞɡ ŬˊɞŰŮɚŮɑŰŬɘ Ŭˊɧ ůɖɛŮɑŬ z Űɞɡ ɛɘɔŬŭɘəɞɨ Ůˊɘˊɏŭɞɡ. ɆŰɖ ůɡɜɏɢŮɘŬ ɡˊɞɚɞɔɑɕŮɘ Űɖɜ (zI - A) ɔɘŬ əɎɗŮ 

z ɋɴ əŬɘ ŬˊɞűŬɑɜŮŰŬɘ ŮɎɜ Űɞ ůɡɔəŮəɟɘɛɏɜɞ z ŬɜɐəŮɘ ůŰɞ ɣŮɡŭɞűɎůɛŬ ɛŮ ɓɎůɖ Űɞɜ Ƀɟɘůɛɧ: 

 

ůŮ(ȷ) = {ɚ  ɴ  : smin(ɚ Ƚɜ - ȷ) < Ů} ,   

ŬɜŬűŮɟɧɛŬůŰŮ ůŰɖ ɜɧɟɛŬ || ɞ ||2, ůɡɛɓɞɚɑɕɞɜŰŬɠ ɛŮ smin(
.
) Űɖɜ ŮɚɎɢɘůŰɖ ɘŭɘɎɕɞɡůŬ Űɘɛɐ Ůɜɧɠ ˊɑɜŬəŬ. 

 

ȷ́ ɧ Űɘɠ ɛŮɗɞŭɞɚɞɔɑŮɠ Ůˊɘɚɞɔɐɠ Űɞɡ ɢɤɟɑɞɡ ɋ ŮˊɘɚɏɔɞɡɛŮ Űɖ ɢɟɐůɖ Űɞɡ ŬɟɘɗɛɖŰɘəɞɨ Ů́ŭɑɞɡ Űɞɡ ˊɑɜŬəŬ (Field of 

Values). ɋɠ ŬɟɘɗɛɖŰɘəɧ ˊŮŭɑɞ (Field of Values, FoV) Űɞɡ A ɞɟɑɕŮŰŬɘ Űɞ ůɨɜɞɚɞ Űɤɜ ˊɖɚɑəɤɜ Rayleigh: 

 

Ὂέὺὃ  
ᾀᶻὃᾀ

ᾀzᾀ
ȟ ᾀ ɴ  ὅȟ   ᾀ π 

 

ɇɞ ˊŬɟŬˊɎɜɤ ůɨɜɞɚɞ ŮɑɜŬɘ əɡɟŰɧ əŬɘ ŬˊɞŰŮɚŮɑ Űɞ ŮɚɎɢɘůŰɞ əɡɟŰɧ ůɨɜɞɚɞ ˊɞɡ ˊŮɟɘɏɢŮɘ Űɞ űɎůɛŬ Űɞɡ ˊɑɜŬəŬ. ȼ ɢɟɐůɖ 

Űɞɡ ŬɟɘɗɛɖŰɘəɞɨ ˊŮŭɑɞɡ ŮɑɜŬɘ ɛɘŬ Ŭˊɧ Űɘɠ ˊɘɞ ŬˊɞŭɞŰɘəɏɠ ɛŮɗɧŭɞɡɠ ɔɘŬ Űɖɜ Ůˊɘɚɞɔɐ Űɞɡ ɢɤɟɑɞɡ ɋ əŬɗɩɠ ˊɟɞůŮɔɔɑɕŮɘ 

əŬŰɎ ˊɞɚɨ Űɞ ɣŮɡŭɞűɎůɛŬ. ȰɜŬ ɚɎɗɞɠ Ŭɟɢɘəɧ ɢɤɟɑɞ ɛˊɞɟŮɑ ɜŬ ɞŭɖɔɐůŮɘ Űɞ ɋ ɜŬ ɛɖɜ ˊŮɟɘɏɢŮɘ ɞɚɧəɚɖɟɞ Űɞ 

ɣŮɡŭɞűɎůɛŬ. ȹŮɜ ŮɑɜŬɘ, ɧɛɤɠ, ŭɡɜŬŰɧ ɜŬ ɝɏɟɞɡɛŮ Ůə Űɤɜ ˊɟɞŰɏɟɤɜ ˊɞɘŬ ŮɑɜŬɘ ɖ əŬɚɨŰŮɟɖ Ůˊɘɚɞɔɐ Űɞɡ ɢɤɟɑɞɡ, ŭɘɧŰɘ 

ŬɡŰɧ ŮɝŬɟŰɎŰŬɘ Ŭˊɧ Űɖ ɛɞɟűɐ əŬɘ Űɖ ɔŮɤɛŮŰɟɑŬ Űɞɡ ɣŮɡŭɞűɎůɛŬŰɞɠ ˊɎɜɤ ůŰɞ ɛɘɔŬŭɘəɧ ŮˊɑˊŮŭɞ ˊɞɡ ŭŮɜ ŮɑɜŬɘ ɔɜɤůŰɐ 

ŮɝôŬɟɢɐɠ. 

 

Ƀ Ŭɟɘɗɛɧɠ Űɤɜ SVD ˊŬɟŬɔɞɜŰɞˊɞɘɐůŮɤɜ ŬˊɞŰŮɚŮɑ Űɞ əɨɟɘɞ ɢɟɞɜɘəɧ əɧůŰɞɠ Űɞɡ. ȹŮɜ ɛˊɞɟɞɨɜ ɧɛɤɠ ɜŬ ɛŮɘɤɗɞɨɜ ůŰɖ 

ůɡɔəŮəɟɘɛɏɜɖ ɡɚɞˊɞɑɖůɖ əŬɗɩɠ ɞ Ŭɚɔɧɟɘɗɛɞɠ ˊɟɏˊŮɘ ɜŬ ɡˊɞɚɞɔɑɕŮɘ Űɖɜ (zl - A) ɔɘŬ əɎɗŮ ůɖɛŮɑɞ Űɞɡ ˊɚɏɔɛŬŰɞɠ. 

 

Ƀ Ŭɚɔɧɟɘɗɛɞɠ GRID ŮɑɜŬɘ ɛˊɞɟŮɑ ŮɨəɞɚŬ ɜŬ ŮəɛŮŰŬɚɚŮɡŰŮɑ ˊɞɚɚŬˊɚɞɨɠ ŮˊŮɝŮɟɔŬůŰɏɠ. Ƀɘ ɡˊɞɚɞɔɘůɛɞɑ ůŮ əɎɗŮ ůɖɛŮɑɞ 

Űɞɡ ˊɚɏɔɛŬŰɞɠ ŮɑɜŬɘ ŬɜŮɝɎɟŰɖŰɞɘ, əŬɘ ɏŰůɘ ɖ ŮɟɔŬůɑŬ ɛˊɞɟŮɑ ɜŬ əŬŰŬɜŮɛɖɗŮɑ ůŮ ɧɚɞɡɠ Űɞɡɠ ŮˊŮɝŮɟɔŬůŰɏɠ ɛŮ ŮɚɎɢɘůŰɖ 

ŬɜɎɔəɖ ɔɘŬ ŮˊɘəɞɘɜɤɜɑŬ ɛŮŰŬɝɨ Űɞɡɠ.ɀˊɞɟɞɨɛŮ ɜŬ ɡˊɞɚɞɔɑɕɞɡɛŮ Űɞ ɣŮɡŭɞűɎůɛŬ Űɞɡ ˊɑɜŬəŬ ɔɘŬ ˊŮɟɘůůɧŰŮɟŮɠ Ŭˊɧ ɛɘŬ 

Űɘɛɏɠ Űɞɡ Ů, ŭɑɜɞɜŰŬɠ Űɖɜ əŬɗŮɛɘɎ ůŮ ŭɘŬűɞɟŮŰɘəɧ ŮˊŮɝŮɟɔŬůŰɐ. ȸɏɓŬɘŬ, ɖ ŮˊɘŰɡɢɐɠ ŮəŰɏɚŮůɖ ˊɟɞɦˊɞɗɏŰŮɘ Űɞ 

ɣŮɡŭɞűɎůɛŬ ɜŬ ŬɜɐəŮɘ ɞɚɧəɚɖɟɞ ůŰɞ Ŭɟɢɘəɧ ɢɤɟɑɞ ˊɞɡ ŮˊɘɚɏɔŮɘ ɞ Ŭɚɔɧɟɘɗɛɞɠ ɔɘŬ əɎɗŮ Űɘɛɐ Űɞɡ Ů. ȾɎŰɘ ŰɏŰɞɘɞ 

ŮɝŬůűŬɚɑɕŮŰŬɘ ɝŮəɘɜɩɜŰŬɠ Űɞɜ Ŭɚɔɧɟɘɗɛɞ əŬɘ ɡˊɞɚɞɔɑɕɞɜŰŬɠ Űɞ ɢɤɟɑɞ ɔɘŬ Űɖ ɛŮɔŬɚɨŰŮɟɖ Űɘɛɐ Űɞɡ Ů, Ŭűɞɨ Űɞ ɛɏɔŮɗɞɠ 

Űɞɡ ɣŮɡŭɞűɎůɛŬŰɞɠ ɛɘəɟŬɑɜŮɘ ɧůɞ ɛɘəɟŬɑɜŮɘ əŬɘ Űɞ Ů. 

 

Ƀ Ŭɚɔɧɟɘɗɛɞɠ GRID ɔɘŬ Űɖɜ ŮɨɟŮůɖ Űɞɡ ɣŮɡŭɞűɎůɛŬŰɞɠ ɔɘŬ ɛɘŬ Űɘɛɐ Űɞɡ Ů ɝŮəɘɜɎ ɛŮ Űɖɜ Ůˊɘɚɞɔɐ Űɞɡ ɢɤɟɑɞɡ ɋ əŬɘ ůŰɖ 

ůɡɜɏɢŮɘŬ, ɔɘŬ əɎɗŮ ůɖɛŮɑɞ Űɞɡ ˊɚɏɔɛŬŰɞɠ ɡˊɞɚɞɔɑɕŮŰŬɘ ɖ smin  (zI - A),ɩůŰŮ ɜŬ ˊɟɞůŭɘɞɟɘůŰɞɨɜ ŰŬ ůɖɛŮɑŬ Űɞɡ ɋ ˊɞɡ 

Ŭɜɐəɞɡɜ ůŰɞ ÖȿŮ. 
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4.2. ɊŮɡŭɞəɩŭɘəŬɠ 
 

 

ȺȽɆɃȹɃɆ: 

 

    A ɴ  ɜxɜ 

    Ů > 0 

Ɂ, ɞ Ŭɟɘɗɛɧɠ Űɤɜ ůɖɛŮɑɤɜ Űɞɡ ˊɚɏɔɛŬŰɞɠ ůŮ əɎɗŮ ɎɝɞɜŬ 

 

 

ȸȼɀȷ 1:  Ƀɟɘůɛɧɠ Űɤɜ ɞɟɑɤɜ Űɞɡ ˊɚɏɔɛŬŰɞɠ əŬɘ Űɤɜ ɓɖɛɎŰɤɜ 

 

xmin = ɚmin (ȷȼ) - Ů ||ȷ||2 
 

xmax = ɚmax (ȷȼ) - Ů ||ȷ||2 
 

 

ymin = ɚmin (ȷSH) - Ů ||ȷ||2 
 

ymax = ɚmax (ȷSH) - Ů ||ȷ||2 
 

 

xstep = (xmax - xmin) / N 
 

ystep = (ymax - ymin) / N 

 

 

ȸȼɀȷ 2:   

 

ũɘŬ əɎɗŮ ůɖɛŮɑɞ (x, y) Űɞɡ ˊɚɏɔɛŬŰɞɠ: 
 

z = x + iy 
 

Ɉˊɞɚɞɔɘůɛɧɠ Űɖɠ smin  (zI - A) 
 

ɇɏɚɞɠ ȺˊŬɜɎɚɖɣɖɠ 

 

ɆɢŮŭɘɎɕɞɜŰŬɘ ŰŬ ůɖɛŮɑŬ ŮəŮɑɜŬ ɔɘŬ ŰŬ ɞˊɞɑŬ ɘůɢɨŮɘ smin  (zI - A) = Ů 

 

ɇȺȿɃɆ 

 

 

ũɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɞɡ ȿŮ ɔɘŬ ˊŮɟɘůůɧŰŮɟŬ Ů, ɞ Ŭɚɔɧɟɘɗɛɞɠ ŮəŰŮɚŮɑ Űɖɜ ˊŬɟŬˊɎɜɤ ŭɘŬŭɘəŬůɑŬ ɛɧɜɞ ɔɘŬ Űɞ ɛŮɔŬɚɨŰŮɟɞ 

Ůɝô ŬɡŰɩɜ əŬɘ Ŭˊɚɩɠ ŮəŰŮɚŮɑŰŬɘ ɖ ŰŮɚŮɡŰŬɑŬ ŮɜŰɞɚɐ ɔɘŬ əɎɗŮ Űɘɛɐ[ȹȺɆɈɄɅȼ2018]. 
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4.3. ȾɩŭɘəŬɠ ɀatlab 
 

 

ɆŰɖɟɑɕŮŰŬɘ ůŮ əɩŭɘəŬ Űɖɠ ŭɘˊɚɤɛŬŰɘəɐɠ ŮɟɔŬůɑŬɠ [ȹȺɆɈɄɅȼ2018]. 

 

file:   grid_01_program.m  

 

A = [   0.8147 0.0975 0.1576 0.1419 0.6557 ;  

0.9058 0.2785 0.9706 0.4218 0.0357 ;  

        0.1270 0.5469 0.9572 0.9157 0.8491 ;  

        0.9134 0.9575 0.4854 0.7922 0.9340 ;  

        0.6324 0.9649 0.8003 0.9595 0.6787  

    ];  

 

N = 10;  

 

epsilons = [1  0.8  0.5  0.2  0.005];  

[X, Y, Z, Vxmin, Vxmax, Vymin, Vymax, maxepsilon] = gridcalculate(A, epsilons, N);  

gridplot(X, Y, Z, epsilons, Vx min, Vxmax, Vymin, Vymax);  

 

 

 

file:   gridplot.m  

 

function gridplot(X, Y, Z, epsilons, Vxmin, Vxmax, Vymin, Vymax)  

figure(1);   %% create a figure  

    hold on;  

    mycolour = "krgbm";  

 

    [maxepsilon, ind] = max(epsilons);  

    [axisxmin, axisxmax, axisymin, axisymax] =  

grid_find_axis_limits(Vxmin(ind), Vxmax(ind), Vymin(ind), Vymax(ind));  

 

axis([axisxmin axisxmax axisymin axisymax]);  

          %% Change the axis limits so that the x - axis ranges from axisxmin to axisxmax and the y - axis ranges from axisymin to axisymax  

 

    for i = 1:length(epsilons)  

        %% Plotting the grid, black color  

        tax = [Vxmin(i) Vxmax(i) Vxmax(i) Vxmin(i) Vxmin(i)];  %% x points for a rectangle  

        tay = [Vymin(i) Vymin(i) Vymax(i) Vymax(i) Vymin(i)];  %% y po ints for a rectangle  

        p = plot(tax, tay, mycolour(mod(i, length(mycolour)) + 1) );   

%% plots Omega rectangle;    plot() plots a 2D line,  

                                %% getting points from the corresponding values of the tax and tay vectors  

 

        hold on;  %% hold on retains plots in the current axes so that new plots added do not delete existing plots  

 

contour(X, Y, Z', [epsilons(i) epsilons(i)], mycolour(mod(i, length(mycolour)) + 1), "linewidth", 2) ;  

              %% Display the contours  of the Z', at Z' = epsilon  

    end  

    %%  pause;  

    %%  print("grid_02_merged_matlab.jpg", " - djpg") ;   %% print the figure in the file  
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file:   gridcalculate.m  

 

function [X, Y, Z, Vxmin, Vxmax, Vymin, Vymax, maxepsilon] = gridcalculate(A, epsilons, N)  

%%  print_2d_array(A, "A");  

 

n = length(A);  

norma = norm(A,2);  %% norm(X, 2) returns the 2 - norm or maximum singular value of matrix X,  

 %% which is approximately max(svd (X)). This value is equivalent to norm(X) in Matlab, but not in Python numpy.  

%%  fprintf("matrix A:   rows = %d,   2 - norm = %f \ n\ n", n, norma);  

 

Ah =  (A+A')/2;     %% A' is the transpose matrix  

Ash = (A - A')/2;  

%%  print_2d_array(Ah, "Ah");%%  print_2d_ar ray(Ash, "Ash");  

 

%% The eigenvalues of Ah and Ash in ascending order  

EAh =  sort(real(eig(Ah)));     %% eig(A) returns a column vector containing  

EAsh = sort(imag(eig(Ash)));    %% the eigenvalues of square matrix A.  

%%  print_1d_array(EAh, "EAh");%%  pr int_1d_array(EAsh, "EAsh");  

 

for metr = 1:length(epsilons)  

    Vxmin(metr) = EAh(1) -  epsilons(metr) * norma;    Vxmax(metr) = EAh(end) + epsilons(metr) * norma;  

    Vymin(metr) = EAsh(1) -  epsilons(metr) * norma;   Vymax(metr) = EAsh(end) + epsilons(metr)  * norma;  

    Vxstep(metr) = (Vxmax(metr) -  Vxmin(metr)) / N;   Vystep(metr) = (Vymax(metr) -  Vymin(metr)) / N;  

    %% fprintf("epsilons(%d) = %f,   xmin = %f,   xmax = %f,   ymin= %f,   ymax = %f,    xstep = %f,     ystep = %f \ n\ n\ n",  

%%              me tr, epsilons(metr), Vxmin(metr), Vxmax(metr), Vymin(metr), Vymax(metr), Vxstep(metr), Vystep(metr));  

end  

 

[maxepsilon, indexofmaxepsilon] = max(epsilons);  

xmin = Vxmin(indexofmaxepsilon);xmax = Vxmax(indexofmaxepsilon);  

ymin = Vymin(indexofmaxepsilon);ymax  = Vymax(indexofmaxepsilon);  

xstep = Vxstep(indexofmaxepsilon);ystep = Vystep(indexofmaxepsilon);  

%%  fprintf("xmin = %f,    xmax = %f,    ymin= %f,    ymax = %f,    xstep = %f,     ystep = %f \ n\ n\ n",  

%%          xmin, xmax, ymin, ymax, xstep, ystep);  

 

for I=1:N  

    x = xmin + (I - 1)*xstep;  

    X(I)=x;  

    for J=1:N  

        y = ymin + (J - 1)*ystep;  

        Y(J)=y;  

        z = x + i*y;  

        S = svd(z*eye(n) - A);  

        Z(I,J) = S(end);  

    end  

end  

 

%%  fprintf("Results for max epsilon = %f \ n\ n", maxepsi lon);  

%%  print_1d_array(X, "X");    %%  print_1d_array(Y, "Y");     

%%  print_2d_array(Z, "Z");%%  print_2d_array(Z', "Z'");  

 

end  
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file:   grid_find_axis_limits.m  

 

function [axisxmin, axisxmax, axisymin, axisymax] = grid_find_axis_limits(xmin, xmax, ymin , ymax)  

 

 

    if xmin < 0  

        axisxmin = xmin * 1.2;  

    elseif xmin == 0  

        axisxmin = - 1;  

    else  

        axisxmin = xmin / 1.2;  

    end  

 

    if ymin < 0  

axisymin = ymin * 1.2;  

elseif ymin == 0  

axisymin = - 1;  

else  

        axisymin = ymin / 1.2;  

    end  

 

    if xmax < 0  

        axisxmax = xmax / 1.2;  

    elseif xmax == 0  

        axisxmax = 1;  

    else  

        axisxmax = xmax * 1.2;  

    end  

 

    if ymax < 0  

        axisymax = ymax / 1.2;  

    elseif ymax == 0  

        axisymax = 1;  

    else  

        axisymax = ymax * 1.2;  

    end  

 

end  
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file:   print_1d_array.m  

 

function print_1d_array(A, name)  

    fprintf(" \ n");  

numberofelements = length(A);  

printf( "vector %s:    number of elements = %d \ n", name, numberofelements);  

    fprintf(" \ n");  

    for i=1:numberofelements  

fprintf("%12.4f", A(i));   

        end  

    fprintf(" \ n\ n\ n");  

end  

 

 

 

 

 

 

 

 

file:   print_2d_array.m  

 

function print_2d_array(A, name)  

    fprintf(" \ n");  

    [rows, cols] = size(A);  

    totalelements = rows * cols;  

printf("matrix %s:   rows = %d,   cols = %d,   total elements = %d \ n", name, rows, cols, totalelements);  

    fprintf(" \ n");  

    for i=1:rows  

        for j=1:cols  

fprintf("%12. 4f", A(i, j));   

        end  

        fprintf(" \ n");  

    end   

    fprintf(" \ n\ n\ n");  

end  
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4.4. ȷˊɞŰŮɚɏůɛŬŰŬ Űɞɡ ȾɩŭɘəŬ ɀatlab 
 

 

matrix A:   rows = 5,   cols = 5,   total elements = 25  

 

      0.8147      0.0975      0.1576      0.1419      0.6557  

      0.9058      0.2785      0.9706      0.4218      0.0357  

      0.1270      0.5469      0.9572      0.9157      0.8491  

      0.9134      0.9575      0.4854      0.7922      0.9340  

      0.6324       0.9649      0.8003      0.9595      0.6787  

 

matrix A:   rows = 5,   2 - norm = 3.312915  

 

matrix Ah:   rows = 5,   cols = 5,   total elements = 25  

 

      0.8147      0.5017      0.1423      0.5276      0.6441  

      0.5017      0.2785      0.7588      0. 6896      0.5003  

      0.1423      0.7588      0.9572      0.7006      0.8247  

      0.5276      0.6896      0.7006      0.7922      0.9467  

      0.6441      0.5003      0.8247      0.9467      0.6787  

 

matrix Ash:   rows = 5,   cols = 5,   total elements = 25 

 

      0.0000     - 0.4042      0.0153     - 0.3857      0.0116  

      0.4042      0.0000      0.2118     - 0.2679     - 0.4646  

     - 0.0153     - 0.2118      0.0000      0.2151      0.0244  

      0.3857      0.2679     - 0.2151      0.0000     - 0.0127  

     - 0. 0116      0.4646     - 0.0244      0.0127      0.0000  

 

vector EAh:    number of elements = 5  

 

     - 0.4627     - 0.0870      0.0740      0.7339      3.2631  

 

vector EAsh:    number of elements = 5  

 

     - 0.7575     - 0.3439      0.0000      0.3439      0.7575  

 

epsilons(1) = 1.000000,    xmin = - 3.775599,    xmax = 6.576030,    ymin= - 4.070389,    ymax = 4.070389,    xstep = 1.035163,     

ystep = 0.814078  

 

epsilons(2) = 0.800000,    xmin = - 3.113016,    xmax = 5.913447,    ymin= - 3.407806,    ymax = 3.407806,    xstep = 0.902646,     

ystep = 0.681561  

 

 

epsilons(3) = 0.500000,    xmin = - 2.119141,    xmax = 4.919572,    ymin= - 2.413932,    ymax = 2.413932,    xstep = 0.703871,     

ystep = 0.482786  

 

epsil ons(4) = 0.200000,    xmin = - 1.125267,    xmax = 3.925698,    ymin= - 1.420057,    ymax = 1.420057,    xstep = 0.505097,     

ystep = 0.284011  

 

epsilons(5) = 0.005000,    xmin = - 0.479249,    xmax = 3.279680,    ymin= - 0.774039,    ymax = 0.774039,    xstep  = 0.375893,     

ystep = 0.154808  

 

xmin = - 3.775599,    xmax = 6.576030,    ymin= - 4.070389,    ymax = 4.070389,    xstep = 1.035163,     ystep = 0.814078  
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Results for max epsilon = 1.000000  

 

vector X:    number of elements = 10  

 

     - 3.7756     - 2.7404     - 1.7053     - 0.6701      0.3651      1.4002      2.4354      3.4705      4.5057      5.5409  

 

vector Y:    number of elements = 10  

 

     - 4.0704     - 3.2563     - 2.4422     - 1.6282     - 0.8141      0.0000      0.8141      1.6282       2.4422      3.2563  

 

matrix Z:   rows = 10,   cols = 10,   total elements = 100  

 

      4.9637      4.4270      3.9755      3.6334      3.4210      3.3491      3.4210      3.6334      3.9755      4.4270  

      4.2874      3.6622      3.1160      2.6879      2.4185      2.3277      2.4185      2.6879      3.1160      3.6622  

      3.7638      3.0426      2.3747      1.8112      1.4421      1.3228      1.4421      1.8112      2.3747      3.0426  

      3.4579      2.6648      1.8841      1.1370      0.5376      0.3932      0.5376      1.1370      1.8841      2.6648  

      3.4150      2.6175      1.8292      1.0650      0.4085      0.0802      0.4085      1.0650      1.8292      2.6175  

      3.5986      2.8522      2.1412      1.4892      0.9378      0.6669      0.9378      1.4892      2.1412      2.8522  

      3.8172      3.0739      2.3477      1.6496      1.0257      0.7042      1.0257      1.6496      2.3477      3.0739  

      3.9350      3.1528      2.3716      1.5931      0.8274      0.2577      0.8274      1.5931      2.3716      3.1528  

      4.1801      3.4308      2.7078      2.0399      1. 5026      1.2741      1.5026      2.0399      2.7078      3.4308  

      4.6195      3.9452      3.3274      2.8038      2.4362      2.3007      2.4362      2.8038      3.3274      3.9452  

 

matrix Z':   rows = 10,   cols = 10,   total elements = 100  

 

4.9637      4.2874      3.7638      3.4579      3.4150      3.5986      3.8172      3.9350      4.1801      4.6195  

      4.4270      3.6622      3.0426      2.6648      2.6175      2.8522      3.0739      3.1528      3.4308      3.9452  

      3.9755      3.1160      2.3747      1.8841      1.8292      2.1412      2.3477      2.3716      2.7078      3.3274  

      3.6334      2.6879      1.8112      1.1370      1.0650      1.4892      1.6496      1.5931      2.0399      2.8038  

      3.4210      2.4185      1.4421      0.5376      0.4085      0.9378      1.0257      0.8274      1.5026      2.4362  

      3.3491      2.3277      1.3228      0.3932      0.0802      0.6669      0.7042      0.2577      1.2741      2.3007  

      3.4210      2.4185      1.4421      0.5376      0. 4085      0.9378      1.0257      0.8274      1.5026      2.4362  

      3.6334      2.6879      1.8112      1.1370      1.0650      1.4892      1.6496      1.5931      2.0399      2.8038  

      3.9755      3.1160      2.3747      1.8841      1.8292      2.14 12      2.3477      2.3716      2.7078      3.3274  

      4.4270      3.6622      3.0426      2.6648      2.6175      2.8522      3.0739      3.1528      3.4308      3.9452  
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4.5. Python Helper Functions 
 

import sys  

import numpy as np  

from numpy import linalg as LA  

from matplotlib.pyplot import plot  

import matplotlib.pyplot as plt  

from matplotlib.patches import Rectangle  

from   scipy.linalg import eigvals  

from scipy.linalg import toeplitz  

import time  

 

def printf (format, *args):  

sys.stdout.write(format % args)  

 

 

def  print1darray (arr, name):  

print()  

    numberofelements = arr.size  

printf("vector %s:    number of elements = %d \ n", name, numberofelements);  

print()  

    for i in range(numberofelements):  

printf("%12.4f", arr[i])    

    print(" \ n\ n")  

 

 

def  print2darray (arr2D, name):  

print()  

    rows, cols = arr2D.shape  

    totalelements = arr2D.size  

printf(" matrix %s:    rows = %d,   cols = %d,   total elements = %d", name, rows, cols, totalelements )  

    print(" \ n")  

    for i in range (rows):  

        for j in range(cols):  

printf("%12.4f", arr2D[i][j])    

print()  

    print(" \ n\ n")  
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def  findaxislimits (xmin, xmax, ymin, ymax):  

    if xmin < 0:        axisxmin = xmin * 1.2  

    elif xmin == 0:     axisxmin = - 1 

    else:               axisxmin = xmin / 1.2  

    if ymin < 0:        axisymin = ymin * 1.2  

    elif ymin == 0:   axisymin = - 1 

    else:               axisymin = ymin / 1.2  

    if xmax < 0:        axisxmax = xmax / 1.2  

    elif xmax == 0:   axisxmax = 1  

    else:               axisxmax = xmax * 1.2  

    if ymax < 0:        axisymax = ymax / 1.2  

    elif ymax == 0:   axisymax = 1  

    else:               axisymax = ymax * 1.2  

    return (axisxmin, axisxmax, axisymin, axisymax)  

 

 

 

def  geteigenvalues (A):  

    eigenvals = eigvals(A)  

    Xi = np.zeros(len(eigenvals))  

    Yi = np.zeros(len(eigenvals))  

    for i in range(len(eigenvals)):  

        Xi[i], Yi[i] = (eigenvals[i].real, eigenvals[i].imag)  

    return (Xi, Yi)  

 

 

 

def kahan (n, theta=1.2, pert=25):  

    s = np.sin(theta)  

    c = np.cos(theta)  

    u = np.matrix(np.eye(n) -  c * np.triu(np.ones((n, n)), 1))  

    z = np.matrix(np.diag(s ** np.arange(0, n)))  

    eps = np.finfo(float).eps  

    u = z * u + pert * eps * np.matrix(np.diag(np .arange(n, 0, - 1)))  

    return u  

 

 

 

def  grcar (n, k=3):  

    g = np.tril(np.triu(np.ones((n, n))), k) -  np.diag(np.ones(n -  1), - 1)  

    return g  
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4.6. ɆɡɜɎɟŰɖůɖ  gridcalculate 
 

def gridcalculate (A, epsilons, N):  

    svdtime = 0  

    n, cols = A.shape  

    norma = LA.norm(A, 2)     

## norm(X, 2) returns the 2 - norm or maximum singular value of matrix X,  

## which is approximately max(svd(X)).  

## This value is equivalent to norm(X) in Matlab, but not in Python numpy.  

 

    Ah = (A + A.transpose()) / 2  

    Ash = (A -  A.transpose()) / 2  

    ##  print2darray(Ah, "Ah");  

    ##  print2darray(Ash, "Ash");  

 

    ## The eigenvalues of Ah and Ash in ascending order  

    EAh, koko =  LA.eig(Ah)   ## LA.eig(Ah) returns a column vector containing  

    EAh = sorted(EAh .real)    ## the eigenvalues of square matrix A.  

    EAh = np.array(EAh)  

    EAsh, koko =  LA.eig(Ash)  

    EAsh = sorted(EAsh.imag)  

    EAsh = np.array(EAsh)  

    ##  print1darray(EAh, "EAh");  

    ##  print1darray(EAsh, "EAsh");  

 

    Vxmin = np.zeros((epsil ons.size, 1))  

    Vxmax = np.zeros((epsilons.size, 1))  

    Vymin = np.zeros((epsilons.size, 1))  

    Vymax = np.zeros((epsilons.size, 1))  

    Vxstep = np.zeros((epsilons.size, 1))  

    Vystep = np.zeros((epsilons.size, 1))  

    for metr in range(epsilons.size ):  

        Vxmin[metr] = EAh[0] -  epsilons[metr]*norma  

        Vxmax[metr] = EAh[ - 1] + epsilons[metr]*norma  

        Vymin[metr] = EAsh[0] -  epsilons[metr]*norma  

        Vymax[metr] = EAsh[ - 1] + epsilons[metr]*norma  

        Vxstep[metr] = (Vxmax[metr] - Vxmin[metr])/N  

        Vystep[metr] = (Vymax[metr] - Vymin[metr])/N  

 

    maxepsilon, indexofmaxepsilon = np.amax(epsilons), np.argmax(epsilons);  

    xmin = Vxmin[indexofmaxepsilon]  

    xmax = Vxmax[indexofmaxepsilon]  

    ymin = Vymin[indexofmaxepsilon]  

    ymax = Vymax[indexofmaxepsilon]  

    xstep = Vxstep[indexofmaxepsilon]  

    ystep = Vystep[indexofmaxepsilon]  
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    X = np.zeros((N, 1))  

    Y = np.zeros((N, 1))  

    Z = np.zeros((N, N))  

    for I in range(1, N+1):  

        x = xmin + (I - 1) * xstep  

        X[ I - 1] = x  

        for J in range(1, N+1):  

y = ymin + (J - 1) * ystep  

            Y[J - 1] = y  

z = complex(x, y)  

            currenttime = time.time()  

            u, S, vh = np.linalg.svd(z * np.eye(n, dtype=int) -  A, full_matrices=True)            

            svdtime += time.time() -  currenttime  

            Z[I - 1][J - 1] = S[ - 1]  

 

    return (X, Y, Z, Vxmin, Vxmax, Vymin, Vymax, maxepsilon)  
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4.7. ɆɡɜɎɟŰɖůɖ  gridplot  
 

def gridplot (X, Y, Z, epsilons, Vxmin, Vxmax, Vymin, Vymax, Xi, Yi,  

filename, title, screen_or_file = "screen"):  

    mycolour = ['g', 'm', 'b', 'y', 'r', 'c']  

    fig, ax = plt.subplots()     ## define Matplotlib figure and axis  

    maxepsilon, indexofmaxepsilon = np.amax(epsilons), np.argmax(epsilons);  

    xmin = Vxmin[in dexofmaxepsilon]  

    xmax = Vxmax[indexofmaxepsilon]  

    ymin = Vymin[indexofmaxepsilon]  

    ymax = Vymax[indexofmaxepsilon]  

    axisxmin, axisxmax, axisymin, axisymax = findaxislimits(xmin, xmax, ymin, ymax)  

    ax.set_xlim([axisxmin, axisxmax])  

    ax.se t_ylim([axisymin, axisymax])  

plt.title(title)  

    for i in range(len(Xi)):  

plot(Xi[i], Yi[i], 'k.')  

X, Y = np.meshgrid(X, Y)  

for i in range(epsilons.size):  

ax.contour(X, Y, Z.transpose(), levels=epsilons, colors  = ('g', 'm', 'b', 'y', 'r', 'c'))  

## contour levels must be increasing  

        ax.add_patch(Rectangle((Vxmin[i], Vymin[i]), Vxmax[i] - Vxmin[i], Vymax[i] - Vymin[i],  

                                edgecolor = mycolour[i % len(mycolour)], fill=False, lw=0.5) )  

    if screen_or_file == "file" :  

fig.savefig(filename, dpi=1200)  

    elif screen_or_file == "screen" :  

plt.show()  

plt.close('all')  

 

 

ɀŮ Űɖɜ ŰŮɚŮɡŰŬɑŬ ˊŬɟɎɛŮŰɟɞ, ŮˊɘɚɏɔɞɡɛŮ Ŭɜ ɗɏɚɞɡɛŮ ŰŬ ɔɟŬűɐɛŬŰŬ ɜŬ ŮɛűŬɜɘůŰɞɨɜ ůŰɖɜ ɞɗɧɜɖ 

ɐ ɜŬ ŬˊɞɗɖəŮɡŰɞɨɜ ůŮ ŬɟɢŮɑŬ. ɇŬ ɞɜɧɛŬŰŬ Űɤɜ ŬɟɢŮɑɤɜ ŭɖɛɘɞɡɟɔɞɨɜŰŬɘ ŬɡŰɧɛŬŰŬ. 

 

gridplot ( X, Y, Z, epsilons , Vxmin , Vxmax, Vymin , Vymax, Xi , Yi , filename , title , " screen ")  

 

gridplot ( X, Y, Z, epsilons , Vxmin , Vxmax, Vymin , Vymax, Xi , Yi , filename , title , " file ")  
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4.8. Python check_pseudospectra ůŮ ɄɑɜŬəŮɠ ɇɡɢŬɑɤɜ ȷɟɘɗɛɩɜ 
 

 

ŪŬ əŬŰŬůəŮɡɎůɞɡɛŮ ˊɑɜŬəŮɠ ŰɡɢŬɑɤɜ Ŭɟɘɗɛɩɜ ɔɘŬ ŭɘŬůŰɎůŮɘɠ dim  Ŭˊɧ 5x5 ɤɠ 100x100.  

 

ŪŬ əɟŬŰɐůɞɡɛŮ ůŰŬɗŮɟɐ Űɖɜ ŬəɟɑɓŮɘŬ N(ˊɚɐɗɞɠ ůɖɛŮɑɤɜ Űɞɡ ˊɚɏɔɛŬŰɞɠ ŬɜɎ ɎɝɞɜŬ) ůŰɞ 

50.  

 

ŪŬ ɡˊɞɚɞɔɑůɞɡɛŮ əŬɘ ɗŬ ŬˊŮɘəɞɜɑůɞɡɛŮ ůŮ ɔɟɎűɖɛŬ Űɞ ɣŮɡŭɞűɎůɛŬ Űɞɡ ȷ  

ɔɘŬ ŭɘŬűɞɟŮŰɘəɏɠ Űɘɛɏɠ Űɞɡ Ů (0.05, 0.2, 0.5, 0.8, 1), epsilons ,  

əŬɗɩɠ əŬɘ Űɞ ɢɤɟɑɞ ɋ ˊɞɡ əŬŰŬůəŮɨŬůŮ ɞ Ŭɚɔɧɟɘɗɛɞɠ ɔɘŬ əɎɗŮ ˊŮɟɑˊŰɤůɖ.  

 

 

 

ɆɡɛˊŮɟɎůɛŬŰŬ: 

¶ ɆŮ ɧɚŮɠ Űɘɠ ˊŮɟɘˊŰɩůŮɘɠ Űɞ ɢɤɟɑɞ ɋ ˊŮɟɘɚɎɛɓŬɜŮ ɞɚɧəɚɖɟɞ Űɞ ɣŮɡŭɞűɎůɛŬ 

(Ŭəɧɛɖ əŬɘ ůŰŬ ɔɟŬűɐɛŬŰŬ ˊɞɡ ɏɢɞɡɛŮ əɎɜŮɘ ɛŮɔɏɗɡɜůɖ əŬɘ ŭŮ űŬɑɜŮŰŬɘ). 

¶ Ƀ ɡˊɞɚɞɔɘůɛɧɠ Űɞɡ ɣŮɡŭɞűɎůɛŬŰɞɠ ɢɟŮɘɎɕŮŰŬɘ ɛŮɔŬɚɨŰŮɟɖ ŬəɟɑɓŮɘŬ ɧůɞ 

ɛŮɔŬɚɩɜŮɘ ɖ ŭɘɎůŰŬůɖ, əŬɘ ɧůɞ ɛɘəɟŬɑɜŮɘ Űɞ Ů. 
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ȾɩŭɘəŬɠ ůɡɜɎɟŰɖůɖɠ check _pseudospectra  

 

defcheck _pseudospectra ( algorithm  = " grid ", data  = " random "):  

if (algorithm == "grid" or algorithm == "inex"):  

        epsilons = np.array([0.05, 0.2, 0.5, 0.8, 1])  

        N_array = [50]  

    elif (algorithm == "kahan" or algorithm == " grcar"):  

        N_array = [400]  

        epsilons = np.array([0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02])  

    dimensions = [5, 10, 25, 50, 100, 200]  

    for dim in dimensions:  

        if data == "random":   

            A = np.random.uniform(low=0.0, high=1. 0, size=(dim, dim))  

        elif data == "kahan":   

            A = kahan(dim)  

        elif data == "grcar":   

            A = grcar(dim)  

        Xi, Yi = geteigenvalues(A)  

        for N in N_array:  

                currenttime = time.time()  

                if algorithm == "grid":  

X, Y, Z, Vxmin, Vxmax, Vymin, Vymax, maxepsilon, svdtime = gridcalculate(A, epsilons, N)  

print("algorithm: grid, dim = %d, N = %d, time = %.6f seconds, svdtime = %.6f seconds"  

                              % (dim, N, time.time() -  currenttime, svdtime), flush=True)  

                    filename = "pse_grid_" + "dim_" + str(dim) + "_N_" + str(N) + ".jpg"  

                    title = "pse_grid_" + "dim_" + str(dim) + "_N_" + str(N)  

gridplot(X, Y, Z, epsilons, Vxmin, Vxmax, Vymin, Vym ax, Xi, Yi, filename, title, "screen")     

                elif algorithm == "inex":  

X, Y, Z, Vxmin, Vxmax, Vymin, Vymax, maxepsilon, svdtime, svdcount, exclusiontime =  

inexcalculate(A, epsilons, N)  

print("algorithm: inex, dim = %d, N = %d, time = %.6f se conds, svdtime = %.6f seconds,  

svdcount = %d out of %d, exclusiontime = %.6f seconds"  

                                 % (dim, N, time.time() -  currenttime, svdtime, svdcount, N*N, exclusiontime), flush=True)  

                    filename = "pse_inex_" + "dim_" + str(dim) + "_N_" + str(N) + ".jpg"  

                    title = "pse_inex_" + "dim_" + str(dim) + "_N_" + str(N)  

gridplot(X, Y, Z, epsilons, Vxmin, Vxmax, Vymin, Vymax, Xi, Yi, filename, title, "screen" )  

 

 

Ⱦɚɐůɖ ůɡɜɎɟŰɖůɖɠ 

 

check_pseudospectra(algorithm = "grid", data = "random")  

 

Output  

algorithm: grid, dim = 5, N = 50, time = 0.201646 seconds, svdtime = 0.178129 seconds  

algorithm: grid, dim = 10, N = 50, time = 0.365266 seconds, svdtime = 0.330736 seconds  

algorithm: grid, dim = 25, N = 50, time = 1.591566 seconds, svdtime = 1.542037 seconds  

algorithm: grid, dim = 50, N = 50, time = 4.389621 seconds, svdtime = 4.344524 sec onds  

algorithm: grid, dim = 100, N = 50, time = 33.778812 seconds, svdtime = 33.666790 seconds  

algorithm: grid, dim = 200, N = 50, time = 162.277393 seconds, svdtime = 161.961666 seconds  

 

ɀŮŰɎ Ŭˊɧ əɎɗŮ ɔɟŬɛɛɐ ŮɛűŬɜɑɕŮŰŬɘ ůŰɖɜ ɞɗɧɜɖ Űɞ ŬɜŰɑůŰɞɘɢɞ ɔɟɎűɖɛŬ 
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N = 50 ɔɘŬ ɧɚŬ ŰŬ ɔɟŬűɐɛŬŰŬ 

əɧəəɘɜɞ: Ů = 1,        ˊɟɎůɘɜɞ: Ů = 0.8,     ɛˊɚŮ: Ů = 0.5,   

ɛŬŰɕɏɜŰŬ: Ů = 0.2,     əɑŰɟɘɜɞ: Ů = 0.05    

 

 

 

 

 

 

 

 

 

dim  = 5  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

dim  = 10  
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N = 50 ɔɘŬ ɧɚŬ ŰŬ ɔɟŬűɐɛŬŰŬ 

əɧəəɘɜɞ: Ů = 1,        ˊɟɎůɘɜɞ: Ů = 0.8,     ɛˊɚŮ: Ů = 0.5,   

ɛŬŰɕɏɜŰŬ: Ů = 0.2,     əɑŰɟɘɜɞ: Ů = 0.05    

 

 

 

 

 

 

 

 

 

dim  = 25  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

dim  = 50  
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N = 50 ɔɘŬ ɧɚŬ ŰŬ ɔɟŬűɐɛŬŰŬ 

əɧəəɘɜɞ: Ů = 1,        ˊɟɎůɘɜɞ: Ů = 0.8,     ɛˊɚŮ: Ů = 0.5,   

ɛŬŰɕɏɜŰŬ: Ů = 0.2,     əɑŰɟɘɜɞ: Ů = 0.05    

 

 

 

 

 

 

 

 

 

dim  = 100  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

dim  = 200  

 

ɚŮˊŰɞɛɏɟŮɘŬ 

 

ɖ ɛŬəɟɘɜɐ 

ŭŮɝɘɎ ɘŭɘɞŰɘɛɐ 

ŭŮɜ ɛˊɐəŮ 

ůŰɞ ɣŮɡŭɞűɎůɛŬ 
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4.9. ȾɩŭɘəŬɠ Python ɔɘŬ ȰɚŮɔɢɞ Űɖɠ ȺˊɑŭɟŬůɖɠ Űɞɡ Ů ůŰɞɜ ɉɟɧɜɞ 
 

ɇɞ ɛɏɔŮɗɞɠ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ŭŮɜ ŮɝŬɟŰɎŰŬɘ Ŭˊɧ Űɖɜ Ůˊɘɚɞɔɐ Űɞɡ epsilon  ɧˊɤɠ űŬɑɜŮŰŬɘ Ŭˊɧ 

Űɞ Ŭəɧɚɞɡɗɞ ˊŮɑɟŬɛŬ. ȺɑɜŬɘ ɚɞɔɘəɧ, əŬɗɩɠ ɏɢɞɡɛŮ ˊɎɜɤ əɎŰɤ Űɞɡɠ ɑŭɘɞɡɠ ɡˊɞɚɞɔɘůɛɞɨɠ, 

Ŭˊɚɩɠ ŬɡŰɞɑ ɔɑɜɞɜŰŬɘ ůŮ ɛŮɔŬɚɨŰŮɟɞ ɔŮɤɛŮŰɟɘəɎ ɢɤɟɑɞ. ɇɞ ɔŮɔɞɜɧɠ ɧŰɘ ɞɘ ɡˊɞɚɞɔɘɕɧɛŮɜɞɘ 

Ŭɟɘɗɛɞɑ ŮɑɜŬɘ ɛŮɔŬɚɨŰŮɟɞɘ ŬɟɘɗɛɖŰɘəɎ ŭŮɜ ŮˊɖɟŮɎɕŮɘ ůŮ əɎŰɘ Űɞɜ ɢɟɧɜɞ ɡˊɞɚɞɔɘůɛɞɨ. 

 

ȾɩŭɘəŬɠ 

N_array = [20]  

extension = [0.0001, 0.01, 1, 100]  

epsilon_array = [np.array([0.0001]), np.array([0.01]), np.array([1]), np.array([100])]  

dimensions = [5, 10, 25, 50, 100, 200]  

for dim in dimensions:  

    A = np.random.uniform(low=0.0 , high=1.0, size=(dim, dim))  

    Xi, Yi = geteigenvalues(A)  

    for N in N_array:  

         for i in range(len(epsilon_array)):  

            epsilons = epsilon_array[i]  

            currenttime = time.time()  

X,Y,Z, Vxmin, Vxmax, Vymin, Vymax, maxepsilon, svdtime  = gridcalculate(A, epsilons, N)  

print("algorithm: grid, dim = %d, N = %d, epsilon = %.2f, time = %.6f seconds "  

                  % (dim, N, epsilons, time.time() -  currenttime), flush=True)  

 

Program Output  

algorithm: grid, dim = 5, N = 20, epsilon = 0.00, time = 0.036024 seconds  

algorithm: grid, dim = 5, N = 20, epsilon = 0.01, time = 0.034522 seconds  

algorithm: grid, dim = 5, N = 20, epsilon = 1.00, time = 0.034525 seconds  

algorithm: grid, dim = 5, N = 20, epsilon = 100.00, time = 0.0 35022 seconds  

algorithm: grid, dim = 10, N = 20, epsilon = 0.00, time = 0.055037 seconds  

algorithm: grid, dim = 10, N = 20, epsilon = 0.01, time = 0.055537 seconds  

algorithm: grid, dim = 10, N = 20, epsilon = 1.00, time = 0.057037 seconds  

algorithm: grid, dim = 10, N = 20, epsilon = 100.00, time = 0.058040 seconds  

algorithm: grid, dim = 25, N = 20, epsilon = 0.00, time = 0.224238 seconds  

algorithm: grid, dim = 25, N = 20, epsilon = 0.01, time = 0.224736 seconds  

algorithm: grid, dim = 25, N = 20, epsilon = 1 .00, time = 0.235772 seconds  

algorithm: grid, dim = 25, N = 20, epsilon = 100.00, time = 0.228679 seconds  

algorithm: grid, dim = 50, N = 20, epsilon = 0.00, time = 0.731869 seconds  

algorithm: grid, dim = 50, N = 20, epsilon = 0.01, time = 0.728039 seconds  

algorithm: grid, dim = 50, N = 20, epsilon = 1.00, time = 0.739521 seconds  

algorithm: grid, dim = 50, N = 20, epsilon = 100.00, time = 0.727508 seconds  

algorithm: grid, dim = 100, N = 20, epsilon = 0.00, time = 5.473539 seconds  

algorithm: grid, dim = 100, N = 20, epsilon = 0.01, time = 5.491022 seconds  

algorithm: grid, dim = 100, N = 20, epsilon = 1.00, time = 6.611641 seconds  

algorithm: grid, dim = 100, N = 20, epsilon = 100.00, time = 6.694494 seconds  

algorithm: grid, dim = 200, N = 20, epsilon = 0.00, ti me = 26.462770 seconds  

algorithm: grid, dim = 200, N = 20, epsilon = 0.01, time = 26.459198 seconds  

algorithm: grid, dim = 200, N = 20, epsilon = 1.00, time = 26.337740 seconds  

algorithm: grid, dim = 200, N = 20, epsilon = 100.00, time = 25.944083 seconds  
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4.10. ɆɡɜɎɟŰɖůɖ  check_time ůŮ ɄɑɜŬəŮɠ ɇɡɢŬɑɤɜ ȷɟɘɗɛɩɜ ɔɘŬ ɉɟɞɜɞɛɏŰɟɖůɖ 
 

ŪŬ əŬŰŬůəŮɡɎůɞɡɛŮ ˊɑɜŬəŮɠ ŰɡɢŬɑɤɜ Ŭɟɘɗɛɩɜ ɔɘŬ ŭɘŬůŰɎůŮɘɠ Ŭˊɧ 2x2 ɤɠ 200 x200.  

 

ŪŬ əɟŬŰɐůɞɡɛŮ ůŰŬɗŮɟɧ Űɞ Ů = 1.  

 

ŪŬ ɡˊɞɚɞɔɑůɞɡɛŮ Űɞ ɣŮɡŭɞűɎůɛŬ Űɞɡ ȷ ɔɘŬ ŭɘŬűɞɟŮŰɘəɏɠ Űɘɛɏɠ Űɖɠ ŬəɟɑɓŮɘŬɠ, Ŭˊɧ N = 5  ɤɠ N 

= 200.  

 

ɆɡɛˊŮɟɎůɛŬŰŬ: 

 

ȳůɞɜ ŬűɞɟɎ Űɞɜ ɢɟɧɜɞ ŮəŰɏɚŮůɖɠ Űɞɡ Ŭɚɔɧɟɘɗɛɞɡ Grid , ůɡɛˊŮɟŬɑɜɞɡɛŮ ɧŰɘ ɞ ɢɟɧɜɞɠ ŮəŰɏɚŮůɖɠ 

ŮɑɜŬɘ ɔɟŬɛɛɘəɧɠ ůŮ ůɢɏůɖ ɛŮ Űɞ ɛɏɔŮɗɞɠ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ.  ɀɘəɟɞŭɘŬűɞɟɏɠ ɡˊɎɟɢɞɡɜ, ŬɚɚɎ 

ɞűŮɑɚɞɜŰŬɘ ˊɘɗŬɜɧŰŬŰŬ ůŮ ɕɖŰɐɛŬŰŬ Űɞɡ hardware  Űɤɜ ɡˊɞɚɞɔɘůŰɩɜ, əŬɘ ˊɘɞ ůɡɔəŮəɟɘɛɏɜŬ ůŰɞ 

űŬɘɜɧɛŮɜɞ Űɞɡ caching  (ŰɞˊɞɗɏŰɖůɖ ŭŮŭɞɛɏɜɤɜ ůŰɖɜ əɟɡűɐ ɛɜɐɛɖ Űɞɡ ŮˊŮɝŮɟɔŬůŰɐ). 

 

ɇɞ ɛɏɔŮɗɞɠ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ŮɝŬɟŰɎŰŬɘ Ŭˊɧ ŭɨɞ ˊŬɟɎɔɞɜŰŮɠ:  

¶ Űɖ ŭɘɎůŰŬůɖ dim  Űɞɡ ŭɘůŭɘɎůŰŬŰɞɡ ˊɑɜŬəŬ( dimxdim ) ˊɞɡ ɛŮɚŮŰɎɛŮ 

¶ Űɖɜ ŬəɟɑɓŮɘŬ, ŭɖɚŬŭɐ Űɞɜ Ŭɟɘɗɛɧ N Űɤɜ ůɖɛŮɑɤɜ ˊɞɡ ɛŮɚŮŰɎɛŮ əŬŰɎ xəŬɘ əŬŰɎ y ( NxN 

ůɡɜɞɚɘəɎ)  

 

ɇɞ ɛɏɔŮɗɞɠ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ŭŮɜ ŮɝŬɟŰɎŰŬɘ Ŭˊɧ Űɖɜ Ůˊɘɚɞɔɐ Űɞɡ epsilon  ɧˊɤɠ ŮɑŭŬɛŮ ůŮ 

ˊɟɞɖɔɞɨɛŮɜɖ ŮɜɧŰɖŰŬ. 

 

ɇɞɜɑɕɞɡɛŮ ɧŰɘ ˊɟɧəŮɘŰŬɘ ɔɘŬ ŰŮŰɟŬɔɤɜɘəɞɨɠ ˊɑɜŬəŮɠ, ɞˊɧŰŮ ɧŰŬɜ ˊŮɟɜɎɛŮ, ɔɘŬ ˊŬɟɎŭŮɘɔɛŬ, 

Ŭˊɧ ŭɘɎůŰŬůɖ 50 ůŮ ŭɘɎůŰŬůɖ 100, Űɞ ɛɏɔŮɗɞɠ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ŰŮŰɟŬˊɚŬůɘɎɕŮŰŬɘ, əŬɗɩɠ ɞ 

ˊɑɜŬəŬɠ Ŭˊɧ 50 x 50 ɔɑɜŮŰŬɘ 100 x 100. ɇɞ ɑŭɘɞ ɘůɢɨŮɘ əŬɘ ɛŮ Űɖɜ ŬəɟɑɓŮɘŬ, əŬɗɩɠ Űɞ grid  

ůɖɛŮɑɤɜ ˊɞɡ ˊŬɑɟɜɞɡɛŮ ŮɑɜŬɘ ŭɘůŭɘɎůŰŬŰɞ, əŬŰɎ xəŬɘ əŬŰɎ y.  

 

ɆɢŮŭɧɜ ɧɚɞɠ ɞ ɢɟɧɜɞɠ ŬűɞɟɎ Űɘɠ svd  ˊŬɟŬɔɞɜŰɞˊɞɘɐůŮɘɠ. 
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ȾɩŭɘəŬɠ 

 

def check_time (algorithm = "grid", data = "random"):  

    epsilons = np.array([1])       ## epsilon = 1, constant  

    N_array = [5, 10, 20, 50, 100, 200]  

    dimensions = [2, 5, 10, 25, 50, 100, 200]  

    if data == "random" :  

print("Data: matrix of random numbers \ n")  

    elif data == "kahan" :  

print("Data: kahan matrix \ n")  

    elif data = = "grcar" :  

print("Data: grcar matrix \ n")  

    for dim in dimensions:  

        if data == "random" :  

            A = np.random.uniform(low=0.0, high=1.0, size=(dim, dim))  

        elif data == "kahan" :  

            A = kahan(dim)  

        elif data == "grcar"  :  

            A = grcar(dim)  

        Xi, Yi = geteigenvalues(A)  

        for N in N_array:  

                currenttime = time.time()  

                if algorithm == "grid":  

                    X, Y, Z, Vxmin, Vxmax, Vymin, Vymax, maxepsilon, svdtime =  

gridcalculate(A, epsilons, N)  

print(" algorithm: grid, dim = %d, N = %d, time = %.6f seconds, svdtime = %.6f seconds "  

                           % (dim, N, time.time() -  currenttime, svdtime), flush=True)  

                elif algorithm == "inex" :  

X, Y, Z, Vxmin, Vxmax, Vymin, Vymax, maxepsilon, svdtime, svdcount, exclusiontime =  

inexcalculate(A, epsilons, N)  

print("algorithm: inex, dim = %d, N = %d, time = %.6f seconds,  

svdtime = %.6f seconds, svdcount = %d out of %d, exclusiontime  = %.6f seconds"  

                             % (dim, N, time.time() -  currenttime, svdtime, svdcount,  

N*N, exclusiontime), flush=True)  

 

 

Ⱦɚɐůɖ ůɡɜɎɟŰɖůɖɠ check_time  

 

check_time("grid", "random")  
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ȷˊɞŰŮɚɏůɛŬŰŬ 

ɢɟɞɜɞɛɏŰɟɖůɖɠ  

Ŭɚɔɞɟɑɗɛɞɡ grid  ůŮ  

ˊɑɜŬəŮɠ  

ŰɡɢŬɑɤɜ Ŭɟɘɗɛɩɜ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

dim  N time  svdtime  

2 5 0.00  0.00  

2 10 0.01  0.01  

2 20 0.04  0.03  

2 50 0.24  0.19  

2 100  0.84  0.66  

2 200  4.87  3.87  

5 5 0.00  0.00  

5 10 0.01  0.01  

5 20 0.05  0.05  

5 50 0.27  0.22  

5 100  1.08  0.89  

5 200  5.56  4.64  

10 5 0.01  0.01  

10 10 0.02  0.02  

10 20 0.08  0.07  

10 50 0.47  0.42  

10 100  1.95  1.76  

10 200  10.08  9.06  

25 5 0.03  0.02  

25 10 0.12  0.11  

25 20 0.38  0.36  

25 50 2.20  2.11  

25 100  8.37  8.03  

25 200  46.51  45.20  

50 5 0.07  0.06  

50 10 0.26  0.25  

50 20 1.01  0.99  

50 50 6.57  6.46  

50 100  25.42  25.02  

50 200  129.56  127.92  

100  5 0.45  0.41  

100  10 1.68  1.65  

100  20 6.59  6.54  

100  50 41.51  41.37  

100  100  201.97  201.35  

100  200  981.37  978.90  

200  5 2.40  2.15  

200  10 8.77  8.51  

200  20 33.70  33.42  

200  50 208.51  208.13  

200  100  856.82  855.96  

200  200  4143.22  4138.74  
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4.11. ɆɡɜɎɟŰɖůɖ  check_precision ůŮ ɄɑɜŬəŮɠ ɇɡɢŬɑɤɜ ȷɟɘɗɛɩɜ ɔɘŬ ȺɨɟŮůɖ ȽəŬɜɐɠ ȷəɟɑɓŮɘŬɠ 

 

ȺˊŮɘŭɐ ɖ ŭɘɎůŰŬůɖ Ůɜɧɠ ˊɑɜŬəŬ ŮɑɜŬɘ ŭŮŭɞɛɏɜɖ (Ŭˊɧ Űɞ ˊɟɧɓɚɖɛŬ ˊɞɡ ɏɢɞɡɛŮ ɜŬ ɚɨůɞɡɛŮ), 

ɏɢŮɘ ůɖɛŬůɑŬ ɜŬ ɓɟɞɨɛŮ Űɖɜ ŮɚɎɢɘůŰɖ ŬəɟɑɓŮɘŬ ɖ ɞˊɞɑŬ ŮɑɜŬɘ ɘəŬɜɞˊɞɘɖŰɘəɐ, ɛŬɠ ŭɑɜŮɘ 

ŭɖɚŬŭɐ ɛɘŬ əŬɚɐ ŮɘəɧɜŬ Űɞɡ ɣŮɡŭɞűɎůɛŬŰɞɠ, ůɡɜŬɟŰɐůŮɘ ˊɎɜŰŬ Űɖɠ ŭɘɎůŰŬůɖɠ Űɞɡ ˊɑɜŬəŬ. 

 

ȹɞəɘɛɎɕɞɡɛŮ Ů=0.01  əŬɘ Ů = 1, ɔɘŬ ŭɘŬůŰɎůŮɘɠ Ŭˊɧ 5 x 5 ɏɤɠ əŬɘ 200 x 200, əŬɘ ŬəɟɑɓŮɘŮɠ 

Ŭˊɧ 5 x 5 ɏɤɠ əŬɘ 200 x 200.  

 

ȷˊɧ ŰŬ ůɢɐɛŬŰŬ Űɤɜ ŮˊɧɛŮɜɤɜ ůŮɚɑŭɤɜ, ůɡɛˊŮɟŬɑɜɞɡɛŮ ŰŬ Ůɝɐɠ (ɔɘŬ ˊɑɜŬəŮɠ ŰɡɢŬɑɤɜ 

Ŭɟɘɗɛɩɜ):  

¶ ũɘŬ Ů = 1, ŬəɟɑɓŮɘŬ ɑůɖ ɛŮ Űɖ ŭɘɎůŰŬůɖ ŭɑɜŮɘ ɔŮɜɘəɎ ɎɟɘůŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ. 

¶ ũɘŬ Ů = 1, ɔɘŬ ŭɘŬůŰɎůŮɘɠ ɏɤɠ əŬɘ 200 x 200, ŬəɟɑɓŮɘŬ 50 x 50 ŮɑɜŬɘ ůɢŮŭɧɜ Ɏɣɞɔɖ,  

¶ ũɘŬ Ů = 1, ɔɘŬ ŭɘŬůŰɎůŮɘɠ ɏɤɠ əŬɘ 50 x 50, ŬəɟɑɓŮɘŬ 20 x 20 ŮɑɜŬɘ ɘəŬɜɞˊɞɘɖŰɘəɐ. 

¶ ũɘŬ Ů =0.01, ɏɤɠ əŬɘ 10 x 10, ŬəɟɑɓŮɘŬ 200 x 200 ŭɑɜŮɘ ɎɟɘůŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ. 

¶ ũɘŬ Ů =0.01, ɔɘŬ ŭɘŬůŰɎůŮɘɠ ˊɎɜɤ Ŭˊɧ 10 x 10, ɢɟŮɘɎɕŮŰŬɘ ŬəɟɑɓŮɘŬ ˊɎɜɤ Ŭˊɧ 200 x 

200  

 

 

Ⱦɚɐůɖ:   check_precision("grid", "random")  
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ȾɩŭɘəŬɠ ůɡɜɎɟŰɖůɖɠ  check_precision  

 

def check_precision(algorithm = "grid", data = "random"):  

 

    ###  Code  to find a good enough precision, varying epsilon, precision, and dimension  

    if data == "random" :  

print("Data: matrix of random numbers \ n")  

    N_array = [5, 10, 20, 50, 100, 200]  

    epsilon_array = [np.array([0.01]), np.array([1])]  

    extension = [ 0.01, 1]  

    dimensions = [5, 10, 25, 50, 100, 200]  

    for dim in dimensions:  

        if data == "random" :  

            A = np.random.uniform(low=0.0, high=1.0, size=(dim, dim))  

        Xi, Yi = geteigenvalues(A)  

        for N in N_array:  

             for  i in range(len(epsilon_array)):  

                epsilons = epsilon_array[i]  

                currenttime = time.time()  

 

                if algorithm == "grid":  

                    X, Y, Z, Vxmin, Vxmax, Vymin, Vymax, maxepsilon, svdtime = gridcalculate(A , epsilons, N)  

print("algorithm: grid, dim = %d, N = %d, epsilon = %s, time = %.6f seconds"  

                                 % (dim, N, str(extension[i]), time.time() -  currenttime), flush=True)  

                    filename = "pse_grid_" + "dim_" + str(di m) + "_N_" + str(N) + "_eps_" + str(extension[i]) + ".jpg"  

                    title = "pse_grid_" + "dim_" + str(dim) + "_N_" + str(N) + "_eps_" + str(extension[i])  

gridplot(X, Y, Z, epsilons, Vxmin, Vxmax, Vymin, Vymax, Xi, Yi, filename, title, "screen")  

 

                elif algorithm == "inex":  

X, Y, Z, Vxmin, Vxmax, Vymin, Vymax, maxepsilon, svdtime, svdcount, exclusiontime  

= inexcalculate(A, epsilons, N)  

print("algorithm: inex, dim = %d, N = %d, epsilon = %s, time = %.6f seconds"  

                                 % (dim, N, str(extension[i]), time.time() -  currenttime), flush=True)  

                    filename = "pse_inex_" + "dim_" + str(dim) + "_N_" + str(N) + ".jpg"  

                    title = "pse_inex_" + "dim_" + str(dim) + "_ N_" + str(N)  

gridplot(X, Y, Z, epsilons, Vxmin, Vxmax, Vymin, Vymax, Xi, Yi, filename, title, "screen")  
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Ů = 0.01       Ů =  1   

 

 

dim  = 5,   Ɂ = 5 

 

 

 

 

     Ů = 0.01                                         Ů =  1 

 

 

dim  = 5,   Ɂ = 10 

 

 

 

 

     Ů = 0.01                                         Ů =  1 

 

 

dim  = 5,   Ɂ = 20 

 

 

 

 

     Ů = 0.01                                         Ů =  1 

 

 

dim  = 5,   Ɂ = 50 

 

 

 

 

     Ů = 0.01                                         Ů =  1 

 

 

dim  = 5,   Ɂ = 100  

 

 

 

 

     Ů = 0.01                                         Ů =  1   

 

 

dim  = 5,   Ɂ = 200  
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     Ů = 0.01                                         Ů =  1   

 

 

dim  = 10,   Ɂ = 5 

 

 

 

 

     Ů = 0.01                                         Ů =  1   

 

 

dim  = 10,   Ɂ = 10 

 

 

 

 

     Ů = 0.01                                         Ů =  1   

 

 

dim  = 10,   Ɂ = 20 

 

 

 

 

     Ů = 0.01                                         Ů =  1   

 

 

dim  = 10,   Ɂ = 50 

 

 

 

 

     Ů = 0.01                                         Ů =  1   

 

 

dim  = 10,   Ɂ = 100  

 

 

 

 

     Ů = 0.01                                         Ů =  1   

 

 

dim  = 10,   Ɂ = 200  
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     Ů = 0.01                                         Ů =  1   

 

 

dim  = 25,   Ɂ = 5 

 

 

 

 

     Ů = 0.01                                         Ů =  1   

 

 

dim  = 25,   Ɂ = 10 

 

 

 

 

     Ů = 0.01                                         Ů =  1   

 

 

dim  = 25,   Ɂ = 20 

 

 

 

 

     Ů = 0.01                                         Ů =  1   

 

 

dim  = 25,   Ɂ = 50 

 

 

 

 

     Ů = 0.01                                         Ů =  1   

 

 

dim  = 25,   Ɂ = 100  

ɚŮˊŰɞɛɏɟŮɘŬ (Ů = 0.01) 

 

 

 

     Ů = 0.01                                         Ů =  1   

 

 

dim  = 25,   Ɂ = 200  

ɚŮˊŰɞɛɏɟŮɘŬ (Ů = 0.01) 
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     Ů = 0.01                                         Ů =  1   

 

 

dim  = 5 0,   Ɂ = 5 

 

 

 

 

     Ů = 0.01                                         Ů =  1   

 

 

dim  = 50,   Ɂ = 10 

ɚŮˊŰɞɛɏɟŮɘŬ (Ů = 1) 

 

 

 

 

     Ů = 0.01                                         Ů =  1   

 

 

dim  = 5 0,   Ɂ = 20 

ɚŮˊŰɞɛɏɟŮɘŬ (Ů = 1) 

 

 

 

 

     Ů = 0.01                                         Ů =  1   

 

 

dim  = 5 0,   Ɂ = 50 

ɚŮˊŰɞɛɏɟŮɘŬ (Ů = 1) 

 

 

 

 

     Ů = 0.01                                         Ů =  1   

 

 

dim  = 5 0,   Ɂ = 100  

ɚŮˊŰɞɛɏɟŮɘŬ (Ů = 0.0 1)  

 

 

 

 

     Ů = 0.01                                         Ů =  1   

 

 

dim  = 5 0,   Ɂ = 200  

ɚŮˊŰɞɛɏɟŮɘŬ (Ů = 0.0 1)  
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     Ů = 0.01                                         Ů =  1   

 

 

dim  = 100,   Ɂ = 5 

 

 

 

 

     Ů = 0.01                                         Ů =  1   

 

 

dim  = 100,   Ɂ = 10 

 

 

 

 

     Ů = 0.01                                         Ů =  1   

 

 

dim  = 100,   Ɂ = 20 

ɚŮˊŰɞɛɏɟŮɘŬ (Ů = 1) 

 

 

 

 

     Ů = 0.01                                         Ů =  1   

 

 

dim  = 100,   Ɂ = 50 

ɚŮˊŰɞɛɏɟŮɘŬ (Ů = 0.0 1, 0.1 )  

 

 

 

 

     Ů = 0.01                                         Ů =  1   

 

 

dim  = 100,   Ɂ = 100  

ɚŮˊŰɞɛɏɟŮɘŬ (Ů = 0.0 1, 0.1 )  

 

 

 

 

     Ů = 0.01                                         Ů =  1   

 

 

dim  = 100,   Ɂ = 200  

ɚŮˊŰɞɛɏɟŮɘŬ (Ů = 0.0 1, 0.1 )  
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     Ů = 0.01                                         Ů =  1   

 

 

dim  = 200,   Ɂ = 5 

 

 

 

 

     Ů = 0.01                                         Ů =  1   

 

 

dim  = 200,   Ɂ = 10 

 

 

 

 

     Ů = 0.01                                         Ů =  1   

 

 

dim  = 200,   Ɂ = 20 

ɚŮˊŰɞɛɏɟŮɘŬ (Ů = 1) 

 

 

 

 

     Ů = 0.01                                         Ů =  1   

 

 

dim  = 200,   Ɂ = 50 

ɚŮˊŰɞɛɏɟŮɘŬ (Ů = 0.0 1, 0.1 )  

 

 

 

 

     Ů = 0.01                                         Ů =  1   

 

 

dim  = 200,   Ɂ = 100  

ɚŮˊŰɞɛɏɟŮɘŬ (Ů = 0.0 1, 0.1 )  

 

 

 

 

     Ů = 0.01                                         Ů =  1   

 

 

dim  = 200,   Ɂ = 200  
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4.12. ɄɑɜŬəŮɠ Kahan 
 

ŪŬ əŬŰŬůəŮɡɎůɞɡɛŮ ˊɑɜŬəŮɠ Kahan ɔɘŬ ŭɘŬůŰɎůŮɘɠ Ŭˊɧ 5 x 5 ɤɠ 200 x 200.  

 

ŪŬ ɡˊɞɚɞɔɑůɞɡɛŮ əŬɘ ɗŬ ŬˊŮɘəɞɜɑůɞɡɛŮ ůŮ ɔɟɎűɖɛŬ Űɞ ɣŮɡŭɞűɎůɛŬ Űɞɡ ȷ ɔɘŬ ŭɘŬűɞɟŮŰɘəɏɠ Űɘɛɏɠ Űɞɡ Ů 

(0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02) ɛŮ ŬəɟɑɓŮɘŬ 300 əŬɗɩɠ əŬɘ Űɞ ɢɤɟɑɞ ɋ ˊɞɡ əŬŰŬůəŮɨŬůŮ ɞ 

Ŭɚɔɧɟɘɗɛɞɠ ɔɘŬ əɎɗŮ ˊŮɟɑˊŰɤůɖ.  

 

 

ɆɡɛˊŮɟɎůɛŬŰŬ: 

¶ ɆŮ ɧɚŮɠ Űɘɠ ˊŮɟɘˊŰɩůŮɘɠ Űɞ ɢɤɟɑɞ ɋ ˊŮɟɘɚɎɛɓŬɜŮ ɞɚɧəɚɖɟɞ Űɞ ɣŮɡŭɞűɎůɛŬ (Ŭəɧɛɖ əŬɘ ůŰŬ 

ɔɟŬűɐɛŬŰŬ ˊɞɡ ɏɢɞɡɛŮ əɎɜŮɘ ɛŮɔɏɗɡɜůɖ əŬɘ ŭŮ űŬɑɜŮŰŬɘ). 

¶ Ƀ ɡˊɞɚɞɔɘůɛɧɠ Űɞɡ ɣŮɡŭɞűɎůɛŬŰɞɠ ɛŮ Űɘɠ ˊŬɟŬɛɏŰɟɞɡɠ ˊɞɡ ɗɏůŬɛŮ ɐŰŬɜ Ŭəɟɘɓɐɠ. 

¶ Ƀɘ ɢɟɧɜɞɘ ɐŰŬɜ ˊŬɟɧɛɞɘɞɘ ɛŮ ŬɡŰɞɨɠ Űɤɜ ŰɡɢŬɑɤɜ ˊɘɜɎəɤɜ 

 

 

Ⱦɚɐůɖ ůɡɜɎɟŰɖůɖɠ 

 

check _pseudospectra ( algorithm  = " grid ", data  = " kahan ")  
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Ɇɨɔəɟɘůɖ ɢɤɟɑɤɜ əŬɘ ɣŮɡŭɞűŬůɛɎŰɤɜ 

 

dim  = 5, Ɂ = 300                              

Ů = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02     

 

 

 

 

 

 

 

 

 

 

 

 

 

dim  = 10, Ɂ = 300                              

Ů = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02     

 

 

 

 

 

 

 

 

 

 

 

 

dim  = 25, Ɂ = 300                              

Ů = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02     
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dim  = 5 0, Ɂ = 300                              

Ů = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02     

 

 

 

 

 

 

 

 

 

 

 

 

 

dim  = 100, Ɂ = 300                              

Ů = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02     

 

 

 

 

 

 

 

 

 

 

 

 

 

 

dim  = 200, Ɂ = 300                              

Ů = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02     
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ɉɟɞɜɞɛɏŰɟɖůɖ 

 

 

ȾɚɐůɖůɡɜɎɟŰɖůɖɠ 

check_time("grid", "kahan")  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

dim  N time  svdtime  

2 5 0.00  0.00  

2 10 0.01  0.01  

2 20 0.03  0.02  

2 50 0.18  0.14  

2 100  0.72  0.59  

2 200  5.25  4.31  

5 5 0.00  0.00  

5 10 0.01  0.01  

5 20 0.04  0.03  

5 50 0.23  0.20  

5 100  0.91  0.79  

5 200  6.79  5.86  

10 5 0.00  0.00  

10 10 0.02  0.02  

10 20 0.06  0.06  

10 50 0.37  0.34  

10 100  1.47  1.34  

10 200  10.19  9.26  

25 5 0.02  0.01  

25 10 0.06  0.06  

25 20 0.22  0.22  

25 50 1.38  1.34  

25 100  6.12  5.96  

25 200  39.26  38.09  

50 5 0.07  0.06  

50 10 0.23  0.23  

50 20 1.12  1.10  

50 50 6.43  6.34  

50 100  24.23  23.95  

50 200  125.94  124.54  

100  5 0.43  0.40  

100  10 1.64  1.62  

100  20 6.69  6.65  

100  50 47.40  47.24  

100  100  195.86  195.31  

100  200  947.11  944.84  

200  5 1.99  1.83  

200  10 7.34  7.20  

200  20 30.54  30.37  

200  50 219.05  218.75  

200  100  828.37  827.63  

200  200  4048.26  4045.51  
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4.13. ɄɑɜŬəŮɠ Toeplitz GrCar  
 

ŪŬ əŬŰŬůəŮɡɎůɞɡɛŮ ˊɑɜŬəŮɠ Toeplitz  GrCar  ɔɘŬ ŭɘŬůŰɎůŮɘɠ Ŭˊɧ 5 x 5 ɤɠ 100 x100.  

 

ŪŬ ɡˊɞɚɞɔɑůɞɡɛŮ əŬɘ ɗŬ ŬˊŮɘəɞɜɑůɞɡɛŮ ůŮ ɔɟɎűɖɛŬ Űɞ ɣŮɡŭɞűɎůɛŬ Űɞɡ ȷ ɔɘŬ ŭɘŬűɞɟŮŰɘəɏɠ Űɘɛɏɠ Űɞɡ Ů 

(0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02) ɛŮ ŬəɟɑɓŮɘŬ 300 əŬɗɩɠ əŬɘ Űɞ ɢɤɟɑɞ ɋ ˊɞɡ əŬŰŬůəŮɨŬůŮ ɞ 

Ŭɚɔɧɟɘɗɛɞɠ ɔɘŬ əɎɗŮ ˊŮɟɑˊŰɤůɖ.  

 

 

ɆɡɛˊŮɟɎůɛŬŰŬ: 

¶ ɆŮ ɧɚŮɠ Űɘɠ ˊŮɟɘˊŰɩůŮɘɠ Űɞ ɢɤɟɑɞ ɋ ˊŮɟɘɚɎɛɓŬɜŮ ɞɚɧəɚɖɟɞ Űɞ ɣŮɡŭɞűɎůɛŬ (Ŭəɧɛɖ əŬɘ ůŰŬ 

ɔɟŬűɐɛŬŰŬ ˊɞɡ ɏɢɞɡɛŮ əɎɜŮɘ ɛŮɔɏɗɡɜůɖ əŬɘ ŭŮ űŬɑɜŮŰŬɘ). 

¶ Ƀ ɡˊɞɚɞɔɘůɛɧɠ Űɞɡ ɣŮɡŭɞűɎůɛŬŰɞɠ ɛŮ Űɘɠ ˊŬɟŬɛɏŰɟɞɡɠ ˊɞɡ ɗɏůŬɛŮ ɐŰŬɜ Ŭəɟɘɓɐɠ. 

¶ Ƀɘ ɢɟɧɜɞɘ ɐŰŬɜ ɚɑɔɞ ɛɘəɟɧŰŮɟɞɘ Ŭˊɧ ŬɡŰɞɨɠ Űɤɜ ŰɡɢŬɑɤɜ ˊɘɜɎəɤɜ 

 

 

 

Ⱦɚɐůɖ ůɡɜɎɟŰɖůɖɠ 

 

check _pseudospectra ( algorithm  = " grid ", data  = " grcar ")  
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Ɇɨɔəɟɘůɖ ɢɤɟɑɤɜ əŬɘ ɣŮɡŭɞűŬůɛɎŰɤɜ 

 

dim  = 5, Ɂ = 300                              

Ů = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02     

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                ɚŮˊŰɞɛɏɟŮɘŬ 

 

 

 

 

 

dim  = 10, Ɂ = 300                              

Ů = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02     

 

 

 

 

 

 

 

 

 

 

 

 

                                          ɚŮˊŰɞɛɏɟŮɘŬ 
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dim  = 25, Ɂ = 300                              

Ů = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02     

 

 

 

 

 

 

 

 

 

 

 

dim  = 5 0, Ɂ = 300                              

Ů = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02     

 

 

 

 

 

 

 

 

 

 

 

 

 

dim  = 100, Ɂ = 300                              

Ů = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02     
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ɉɟɞɜɞɛɏŰɟɖůɖ 

 

 

 

ȾɚɐůɖůɡɜɎɟŰɖůɖɠ 

check_time("grid", "grcar")  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

dim  N time  svdtime  

2 5 0.00  0.00  

2 10 0.01  0.01  

2 20 0.03  0.02  

2 50 0.16  0.13  

2 100  0.65  0.51  

2 200  5.36  4.25  

5 5 0.00  0.00  

5 10 0.01  0.01  

5 20 0.03  0.03  

5 50 0.21  0.18  

5 100  0.83  0.70  

5 200  6.22  5.18  

10 5 0.00  0.00  

10 10 0.01  0.01  

10 20 0.06  0.06  

10 50 0.35  0.31  

10 100  1.64  1.48  

10 200  10.25  9.23  

25 5 0.02  0.02  

25 10 0.07  0.07  

25 20 0.29  0.28  

25 50 1.80  1.75  

25 100  7.87  7.64  

25 200  38.46  37.35  

50 5 0.06  0.05  

50 10 0.22  0.21  

50 20 0.88  0.87  

50 50 5.79  5.71  

50 100  21.52  21.34  

50 200  122.01  120.08  

100  5 0.36  0.33  

100  10 1.44  1.41  

100  20 5.88  5.83  

100  50 35.94  35.82  

100  100  156.65  156.09  

100  200  743.23  741.09  

200  5 2.58  2.26  

200  10 8.48  8.23  

200  20 30.78  30.55  

200  50 193.62  193.19  

200  100  865.37  864.52  

200  200  3643.28  3639.74  
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5. Ƀ Ŭɚɔɧɟɘɗɛɞɠ Inclusion-Exclusion: ȸŮɚŰɑɤůɖ Űɞɡ ȷɚɔɞɟɑɗɛɞɡ GRID 

 

5.1. ɄŮɟɘɔɟŬűɐ Űɞɡ ȷɚɔɞɟɑɗɛɞɡ Inclusion-Exclusion 

 

Ƀ Ŭɚɔɧɟɘɗɛɞɠ GRID, ɔɘŬ Űɖɜ ŮɨɟŮůɖ Űɞɡ ɣŮɡŭɞűɎůɛŬŰɞɠ Ůɜɧɠ ˊɑɜŬəŬ A  ɴ ɜxɜ, ŮˊɘɚɏɔŮɘ ɏɜŬ ɢɤɟɑɞ Űɞɡ ɛɘɔŬŭɘəɞɨ 

Ůˊɘˊɏŭɞɡ, əŬɘ əŬŰŬůəŮɡɎɕŮɘ ɏɜŬ ˊɚɏɔɛŬ ɋ (grid) ɛɏůŬ ůŰɞ ɢɤɟɑɞ ŬɡŰɧ, ˊɞɡ ŬˊɞŰŮɚŮɑŰŬɘ Ŭˊɧ ůɖɛŮɑŬ z Űɞɡ ɛɘɔŬŭɘəɞɨ 

Ůˊɘˊɏŭɞɡ. ɆŰɖ ůɡɜɏɢŮɘŬ ɡˊɞɚɞɔɑɕŮɘ Űɖɜ(zI - A)ɔɘŬ əɎɗŮ z  ɴɋəŬɘ ŬˊɞűŬɑɜŮŰŬɘ ŮɎɜ Űɞ ůɡɔəŮəɟɘɛɏɜɞ z ŬɜɐəŮɘ ůŰɞ 

ɣŮɡŭɞűɎůɛŬ ɛŮ ɓɎůɖ Űɞɜ Ƀɟɘůɛɧ: 

 

ůŮ(ȷ) = {ɚ  ɴ  : smin(ɚ Ƚɜ - ȷ) < Ů} ,   

ŬɜŬűŮɟɧɛŬůŰŮ ůŰɖ ɜɧɟɛŬ || ɞ ||2, ůɡɛɓɞɚɑɕɞɜŰŬɠ ɛŮ smin(
.
) Űɖɜ ŮɚɎɢɘůŰɖɘŭɘɎɕɞɡůŬ Űɘɛɐ Ůɜɧɠ ˊɑɜŬəŬ. 

 

Ƀ Ŭɚɔɧɟɘɗɛɞɠ GRID ɔɘŬ Űɖɜ ŮɨɟŮůɖ Űɞɡ ɣŮɡŭɞűɎůɛŬŰɞɠ ɔɘŬ ɛɘŬ Űɘɛɐ Űɞɡ Ů ɝŮəɘɜɎ ɛŮ Űɖɜ Ůˊɘɚɞɔɐ Űɞɡ ɢɤɟɑɞɡ ɋ əŬɘ ůŰɖ 

ůɡɜɏɢŮɘŬ, ɔɘŬ əɎɗŮ ůɖɛŮɑɞ Űɞɡ ˊɚɏɔɛŬŰɞɠ ɡˊɞɚɞɔɑɕŮŰŬɘ ɖ smin  (zI - A),ɩůŰŮ ɜŬ ˊɟɞůŭɘɞɟɘůŰɞɨɜ ŰŬ ůɖɛŮɑŬ Űɞɡ ɋ ˊɞɡ 

Ŭɜɐəɞɡɜ ůŰɞ ÖȿŮ. 

 

Ƀ Ŭɟɘɗɛɧɠ Űɤɜ SVD ˊŬɟŬɔɞɜŰɞˊɞɘɐůŮɤɜ ŬˊɞŰŮɚŮɑ Űɞ əɨɟɘɞ ɢɟɞɜɘəɧ əɧůŰɞɠ Űɞɡ. ȹŮɜ ɛˊɞɟɞɨɜ ɧɛɤɠ ɜŬ ɛŮɘɤɗɞɨɜ ůŰɖ 

ůɡɔəŮəɟɘɛɏɜɖ ɡɚɞˊɞɑɖůɖ əŬɗɩɠ ɞ Ŭɚɔɧɟɘɗɛɞɠ ˊɟɏˊŮɘ ɜŬ ɡˊɞɚɞɔɑɕŮɘ Űɖɜ (zl - A) ɔɘŬ əɎɗŮ ůɖɛŮɑɞŰɞɡ ˊɚɏɔɛŬŰɞɠ. 

 

Ƀ Ŭɚɔɧɟɘɗɛɞɠ GRID ŮɑɜŬɘ ŮɝŬɘɟŮŰɘəɎ ůŰŬɗŮɟɧɠ əŬɘ ŭɑɜŮɘ ůɑɔɞɡɟŬ ůɤůŰɎ ŬˊɞŰŮɚɏůɛŬŰŬ, ŬɚɚɎ ŰŬɡŰɧɢɟɞɜŬ ŮɑɜŬɘ əŬɘ 

ŮɝŬɘɟŮŰɘəɎ ɢɟɞɜɞɓɧɟɞɠ. ɇɞ ɓŬůɘəɧ ˊɟɧɓɚɖɛŬ ŮɑɜŬɘ ɖ ɛɞɟűɐ əŬɘ Űɞ ɛɏɔŮɗɞɠ Űɞɡ ɢɟɖůɘɛɞˊɞɘɞɨɛŮɜɞɡ ɢɤɟɑɞɡ ɋ, əŬɗɩɠ 

ŬɡŰɧ ˊɟɏˊŮɘ ɜŬ ŮɑɜŬɘ ŰɏŰɞɘɞ ɩůŰŮ ŬűŮɜɧɠ ɜŬ ˊŮɟɘɏɢŮɘ ɞɚɧəɚɖɟɞ Űɞ ɣŮɡŭɞűɎůɛŬ ɔɘŬ Űɖɜ ůɡɔəŮəɟɘɛɏɜɖ Űɘɛɐ Űɞɡ Ů əŬɘ 

ŬűŮŰɏɟɞɡ ɜŬ ɛɖɜ ŮɑɜŬɘ ˊɞɚɨ ɛŮɔŬɚɨŰŮɟɞ Ŭˊô ŬɡŰɧ, ɏŰůɘ ɩůŰŮ ɜŬ ɛɖɜ ɔɑɜɞɜŰŬɘ ˊɞɚɨ ˊŮɟɘůůɧŰŮɟŮɠ SVD 

ˊŬɟŬɔɞɜŰɞˊɞɘɐůŮɘɠ Ŭˊɧ ɧůŮɠ ɢɟŮɘɎɕɞɜŰŬɘ.  

 

ɇɞ ɕɐŰɖɛŬ ŮɑɜŬɘ, ɢɤɟɑɠ ɜŬ ŬɚɚɎɝŮɘ ɖ ɛɏɗɞŭɞɠ ɡˊɞɚɞɔɘůɛɞɨ Űɞɡɢɤɟɑɞɡ ɋ, ɜŬ ɛŮɘɩůɞɡɛŮ Űɞɜ Ŭɟɘɗɛɧ Űɤɜ ůɖɛŮɑɤɜ ŰŬ 

ɞˊɞɑŬ ɗŬ ŮɝŮŰɎůɞɡɛŮ Ŭɜ Ŭɜɐəɞɡɜ ɐ ɧɢɘ ŮɜŰɧɠ (ɐ ůŰɞ ůɨɜɞɟɞ) Űɞɡ ȿŮ. 

 

ȰɜŬɠ ŰɏŰɞɘɞɠ Ŭɚɔɧɟɘɗɛɞɠ ŮɑɜŬɘ ɞ Inclusion-Exclusion (ȽȺ) ɞ ɞˊɞɑɞɠ ŬɜŬˊŰɨɢɗɖəŮ Ŭˊɧ Űɞɡɠ ȽɤɎɜɜɖ ȾɞɨŰɖ əŬɘ ȺɡůŰɟɎŰɘɞ 

ũŬɚɚɧˊɞɡɚɞ. ɂŮəɘɜɎ Ŭˊɧ ɏɜŬ ɢɤɟɑɞ ɋ Űɞ ɞˊɞɑɞ ɔɜɤɟɑɕɞɡɛŮ ɧŰɘ ˊŮɟɘɏɢŮɘ Űɞ ȿŮ (inclusion region) əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ 

ŬˊɞəɚŮɑŮɘ əɎˊɞɘŬ ůɖɛŮɑŬ ůŰɞ ˊɚɏɔɛŬ Űɞɡ ůɡɔəŮəɟɘɛɏɜɞɡ ɢɤɟɑɞɡ. ũɘŬ ŰŬ z  ɴɋ ˊɞɡ ɔɜɤɟɑɕɞɡɛŮ Űɖɜ ŰɟɘɎŭŬ(smin, umin, 

vmin) ˊɞɡ ŭɑɜŮŰŬɘ əɎɜɞɜŰŬɠ ɛɘŬ SVD ˊŬɟŬɔɞɜŰɞˊɞɑɖůɖ Űɞɡ ˊɑɜŬəŬ zI - A, ɛˊɞɟɞɨɛŮ ˊɘɗŬɜɩɠ ɜŬ əŬŰŬůəŮɡɎůɞɡɛŮ ɏɜŬ 

exclusion region, ŭɖɚŬŭɐ ɛɘŬ ˊŮɟɘɞɢɐ ɖ ɞˊɞɑŬ ŭŮɜ ɏɢŮɘ əŬɜɏɜŬ əɞɘɜɧ ůɖɛŮɑɞ ɛŮ Űɞ ɣŮɡŭɞűɎůɛŬ Űɞɡ ȷ. 
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5.2. ɊŮɡŭɞəɩŭɘəŬɠ 
 

 

ȺȽɆɃȹɃɆ: 

 

    A  ɴ ɜxɜ 

    Ů > 0 

    Ɂ, ɞ Ŭɟɘɗɛɧɠ Űɤɜ ůɖɛŮɑɤɜ Űɞɡ ˊɚɏɔɛŬŰɞɠ ůŮ əɎɗŮ ɎɝɞɜŬ 

 

 

ȸȼɀȷ 1:  Ƀɟɘůɛɧɠ Űɤɜ ɞɟɑɤɜ Űɞɡ ˊɚɏɔɛŬŰɞɠ əŬɘ Űɤɜ ɓɖɛɎŰɤɜ 

 

xmin = ɚmin (ȷȼ) - Ů ||ȷ||2 
 

xmax = ɚmax (ȷȼ) - Ů ||ȷ||2 
 

 

ymin = ɚmin (ȷSH) - Ů ||ȷ||2 
 

ymax = ɚmax (ȷSH) - Ů ||ȷ||2 
 

 

xstep = (xmax - xmin) / N 
 

ystep = (ymax - ymin) / N 

 

 

ȸȼɀȷ 2:   

 

    ũɘŬ əɎɗŮ ůɖɛŮɑɞ (x, y) Űɞɡ ˊɚɏɔɛŬŰɞɠ: 
 

z = x + iy 
 

s =smin  (zI - A) 
 

ɇɏɚɞɠ ȺˊŬɜɎɚɖɣɖɠ 

 

    ũɘŬ əɎɗŮ ůɖɛŮɑɞ (x, y) Űɞɡ ˊɚɏɔɛŬŰɞɠ: 

ȷɜ s> Ů 

   ũɘŬ əɎɗŮ z'Dɴ°(z, s-Ů):  

z': out 

ɋ = ɋ \ D°(z, s - Ů) 

ɇɏɚɞɠ_ŮˊŬɜɎɚɖɣɖ ɠ  

ɇɏɚɞɠ_Ŭɜ 

ɇɏɚɞɠ_ŮˊŬɜɎɚɖɣɖɠ 

 

    ɆɢŮŭɘɎɕɞɜŰŬɘ ŰŬ ůɖɛŮɑŬ ŮəŮɑɜŬ ɔɘŬ ŰŬ ɞˊɞɑŬ ɘůɢɨŮɘ smin  (zI - A) = Ů 

ɇȺȿɃɆ 

 

ũɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɞɡ ȿŮ ɔɘŬ ˊŮɟɘůůɧŰŮɟŬ Ů, ɞ Ŭɚɔɧɟɘɗɛɞɠ ŮəŰŮɚŮɑ Űɖɜ ˊŬɟŬˊɎɜɤ ŭɘŬŭɘəŬůɑŬ ɛɧɜɞ ɔɘŬ Űɞ ɛŮɔŬɚɨŰŮɟɞ Ůɝô ŬɡŰɩɜ 

əŬɘ Ŭˊɚɩɠ ŮəŰŮɚŮɑŰŬɘ ɖ ŰŮɚŮɡŰŬɑŬ ŮɜŰɞɚɐ ɔɘŬ əɎɗŮ Űɘɛɐ [ȹȺɆɈɄɅȼ2018].  
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5.3. ȾɩŭɘəŬɠ ɀatlab 
 

ɆŰɖɟɑɕŮŰŬɘ ůŮ əɩŭɘəŬ Űɖɠ ŭɘˊɚɤɛŬŰɘəɐɠ ŮɟɔŬůɑŬɠ [ȹȺɆɈɄɅȼ2018]. 

 

file: inex_01_program .m 

 

A = [   0.8147 0.0975 0.1576 0.1419 0.6557 ;  

        0.9058 0.2785 0.9706 0.4218 0.0357 ;  

        0.1270 0.5469 0.9572 0.9157 0.8491 ;  

        0.9134 0.9575 0.4854 0.7922 0.9340 ;  

        0.6324 0.9649 0.8003 0.9595 0.6787  

    ];  

 

N = 10;  

 

epsilons = [1  0.8  0.5  0.2  0.005];  

[X, Y, Z, Vxmin, Vxmax, Vymin, Vymax, maxepsilon] = inexcalculate (A, epsilons, N);  

gridplot(X, Y, Z, epsilons, Vxmin, Vxmax, Vymin, Vymax);  

 

 

 

file:   gridplot.m  

 

function gridplot(X, Y, Z, epsilons, Vxmin, Vxmax, Vymin, Vymax)  

figure(1);   %% create a figure  

    hold on;  

    mycolour = "krgbm";  

 

    [maxep silon, ind] = max(epsilons);  

    [axisxmin, axisxmax, axisymin, axisymax] =  

grid_find_axis_limits(Vxmin(ind), Vxmax(ind), Vymin(ind), Vymax(ind));  

 

axis([axisxmin axisxmax axisymin axisymax]);  

          %% Change the axis limits so that the x - axis ranges from axisxmin to axisxmax and the y - axis ranges from axisymin to axisymax  

 

    for i = 1:length(epsilons)  

        %% Plotting the grid, black color  

        tax = [Vxmin(i) Vxmax(i) Vxmax(i) Vxmin(i) Vxmin(i) ];  %% x points for a rectangle  

        tay = [Vymin(i) Vymin(i) Vymax(i) Vymax(i) Vymin(i)];  %% y points for a rectangle  

        p = plot(tax, tay, mycolour(mod(i, length(mycolour)) + 1) );   

%% plots Omega rectangle;    plot() plots a 2D line,  

                                %% getting points from the corresponding values of the tax and tay vectors  

 

        hold on;  %% hold on retains plots in the current axes so that new plots added do not delete existing plots  

 

conto ur(X, Y, Z', [epsilons(i) epsilons(i)], mycolour(mod(i, length(mycolour)) + 1), "linewidth", 2) ;  

              %% Display the contours of the Z', at Z' = epsilon  

    end  

    %%  pause;  

    %%  print("grid_02_merged_matlab.jpg", " - djpg") ;   %% print the figure in the file  
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file:   inexcalculate.m  

 

 

function [X, Y, Z, Vxmin, Vxmax, Vymin, Vymax, maxepsilon] = inexcalculate(A, epsilons, N)  

 

print_2d_array(A, "A");  

 

n = length(A);  

norma = norm(A,2);  %% norm(X, 2) returns the 2 - norm or maximum singular valu e of matrix X,  

                    %% which is approximately max(svd(X)).  

                    %% This value is equivalent to norm(X) in Matlab, but not in Python numpy.  

 

fprintf( "matrix A:   rows = %d,   2 - norm = %f \ n\ n", n, norma);  

 

Ah =  (A+A')/2;     %% A' is the transpose matrix  

Ash = (A - A')/2;  

 

print_2d_array(Ah, "Ah");  

 

print_2d_array(Ash, "Ash");  

 

%% The eigenvalues of Ah and Ash in ascending order  

EAh =  sort(real(eig(Ah)) );     %% eig(A) returns a column vector containing  

EAsh = sort(imag(eig(Ash)));    %% the eigenvalues of square matrix A.  

 

print_1d_array(EAh, "EAh");  

 

print_1d_array(EAsh, "EAsh");  

 

for metr = 1:length(epsilons)  

    Vxmin(metr) = EAh(1) -  epsilons(metr)  * norma;  

    Vxmax(metr) = EAh(end) + epsilons(metr) * norma;  

    Vymin(metr) = EAsh(1) -  epsilons(metr) * norma;  

    Vymax(metr) = EAsh(end) + epsilons(metr) * norma;  

    Vxstep(metr) = (Vxmax(metr) -  Vxmin(metr)) / N;  

    Vystep(metr) = (Vymax(metr) -  Vymin(metr)) / N;  

    fprintf("epsilons(%d) = %f,    xmin = %f,    xmax = %f,    ymin= %f,    ymax = %f,    xstep = %f,     ystep = %f \ n\ n\ n",  

             metr, epsilons(metr), Vxmin(metr), Vxmax(metr), Vymin(metr), Vymax(metr), Vxstep(metr), Vystep(metr ));  

end  

 

[maxepsilon, indexofmaxepsilon] = max(epsilons);  

xmin = Vxmin(indexofmaxepsilon);  

xmax = Vxmax(indexofmaxepsilon);  

ymin = Vymin(indexofmaxepsilon);  

ymax = Vymax(indexofmaxepsilon);  

xstep = Vxstep(indexofmaxepsilon);  

ystep = Vystep( indexofmaxepsilon);  

 

fprintf("xmin = %f,    xmax = %f,    ymin= %f,    ymax = %f,    xstep = %f,     ystep = %f \ n\ n\ n",  

          xmin, xmax, ymin, ymax, xstep, ystep);  
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Z = zeros(N,N);  

 

for I=1:N  

    x = xmin + (I - 1)*xstep;  

    X(I)=x;  

    for J=1:N  

        y = ymin + (J - 1)*ystep;  

Y(J)=y;  

z = x + i*y;  

zita(I,J) = z;  

end  

end  

 

svdcount = 0;  

 

for I=1:N  

    for J=1:N  

        if (Z(I,J) == 0)  

            svdcount = svdcount + 1 ;  

            S = svd(zita(I,J)*eye(n) - A);  

            smin = S(end);  

            Z(I,J) = smin;  

 

            %Perform the exclusion  

            if (smin > maxepsilon)  

                x = real(zita(I,J));  

y = imag(zita(I,J));  

                %%  plot(x, y, 'b+')  

%%  hold on  

                %%  circle( x,y,smin - maxepsilon);  

                for a=1:N  

                    for b=1:N  

                        if (abs(zita(a,b) - zita(I,J))<(smin - maxepsilon))  

                            Z(a,b)=Z(I,J);  

                        end  

                    end  

                end  

            end  

        end  

    end  

end  

 

fprintf("Number of svd factorializations = %d out of %d \ n\ n", svdcount, N*N);  

 

fprintf("Results for max epsilon = %f \ n\ n", maxepsilon);  

 

print_1d_array(X, "X");  

 

print_1d_array(Y, "Y");  

 

print_2d_array(Z, "Z");  

 

print_2d_array(Z', "Z'");  

 

end  
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5.4. ȷˊɞŰŮɚɏůɛŬŰŬ Űɞɡ ȾɩŭɘəŬ ɀatlab 
 

matrix A:   rows = 5,   cols = 5,   total elements = 25  

 

      0.8147      0.0975      0.1576      0.1419      0.6557  

      0.9058      0.2785      0.9706      0.42 18      0.0357  

      0.1270      0.5469      0.9572      0.9157      0.8491  

      0.9134      0.9575      0.4854      0.7922      0.9340  

      0.6324      0.9649      0.8003      0.9595      0.6787  

 

 

matrix A:   rows = 5,   2 - norm = 3.312915  

 

 

matrix Ah:   rows = 5,   cols = 5,   total elements = 25  

 

      0.8147      0.5017      0.1423      0.5276      0.6441  

      0.5017      0.2785      0.7588      0.6896      0.5003  

      0.1423      0.7588      0.9572      0.7006      0.8247  

      0.5276      0.6896      0.7006      0.7922      0.9467  

      0.6441      0.5003      0.8247      0.9467      0.6787  

 

 

matrix Ash:   rows = 5,   cols = 5,   total elements = 25  

 

      0.0000     - 0.4042      0.0153     - 0.3857      0.0116  

      0.4042      0.0000      0.2118     - 0.2679     - 0.4646  

     - 0.0153     - 0.2118      0.0000      0.2151      0.0244  

      0.3857      0.2679     - 0.2151      0.0000     - 0.0127  

     - 0.0116      0.4646     - 0.0244      0.0127      0.0000  

 

 

vector EAh:    number of elements = 5  

 

     - 0.4627     - 0.0870      0.0740      0.7339      3.2631  

 

 

vector EAsh:    number of elements = 5  

 

     - 0.7575     - 0.3439      0.0000      0.3439      0.7575  

 

epsilons(1) = 1.000000,    xmin = - 3.775599,    xmax = 6.576030,    ymin = - 4.070389,    ymax = 4.070389,    xstep = 1.035163,     

ystep = 0.814078  

 

epsilons(2) = 0.800000,    xmin = - 3.113016,    xmax = 5.913447,    ymin= - 3.407806,    ymax = 3.407806,    xstep = 0.902646,     

ystep = 0.681561  

 

epsilons(3) = 0.500000,    xmin = - 2.119141,    xmax = 4.919572,    ymin= - 2.413932,    ymax = 2.413932,    xstep = 0.703871,     

ystep = 0.482786  

 

epsilons(4) = 0.200000,    xmin = - 1.125267,    xmax = 3.925698,    ymin= - 1.420057,    ymax = 1.420057,    xstep  = 0.505097,     

ystep = 0.284011  

 

epsilons(5) = 0.005000,    xmin = - 0.479249,    xmax = 3.279680,    ymin= - 0.774039,    ymax = 0.774039,    xstep = 0.375893,     

ystep = 0.154808  

 

xmin = - 3.775599,    xmax = 6.576030,    ymin= - 4.070389,    ymax = 4.070 389,    xstep = 1.035163,     ystep = 0.814078  
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Number of svd factorializations = 38 out of 100  

 

Results for max epsilon = 1.000000  

 

 

vector X:    number of elements = 10  

 

     - 3.7756     - 2.7404     - 1.7053     - 0.6701      0.3651      1.4002      2.43 54      3.4705      4.5057      5.5409  

 

 

vector Y:    number of elements = 10  

 

     - 4.0704     - 3.2563     - 2.4422     - 1.6282     - 0.8141      0.0000      0.8141      1.6282      2.4422      3.2563  

 

 

 

matrix Z:   rows = 10,   cols = 10,   total elements = 100  

 

      4.9637      4.9637      4.9637      3.3491      3.3491      3.9755       3.9755      3.9755      3.9755      3.9755  

      4.9637      4.9637      4.9637      3.3491      3.3491      3.9755      3.9755      3.9755      3.9755      3.9755  

      3.4150      3.4150      4.9637      4.9637      3.3491      3.3491      3.9755      3.9755      3.9755      3.9755  

      3.4150      3.4150      3.4150      4.9637      0.5376      0.3932      0.5376      1.8841      1.8841      1.8841  

      3.4150      3.4150      3.4150      1.0650      0.4085      0.0802      0.4085      1.8292      2.1412      3.0739  

      3.9350      3.9350      3.9350      2.3477      0.9378      0.6669      0.9378      3.0739      3.0739      3.0739  

      3.9350      3.9350      3.9350      3.9350      1.0257      0.7042      1.0257      3.0739      3.0739      3.0739  

      3.9350      3.9350      3.9350      3.9350      0.8274      0.2577      0.8274      3.3274      3.3274      3.3274  

      3.9350      3.9350      2.8038      2.8038      2.8038      2.4362      3.3274      3.3274      3.3274      3.3274  

      3.9350      2.8038      2.8038      2.8038      2.8038      2.4362      3.3274      3.3274      3.3274      3.3274  

 

 

 

matrix Z':   rows = 10,   cols = 10,   total elements = 100  

 

4.9637      4.9637      3.4150      3.4150      3.4150      3.9350      3.9350       3.9350      3.9350      3.9350  

      4.9637      4.9637      3.4150      3.4150      3.4150      3.9350      3.9350      3.9350      3.9350      2.8038  

      4.9637      4.9637      4.9637      3.4150      3.4150      3.9350      3.9350      3.9350      2.8038      2.8038  

      3.3491      3.3491      4.9637      4.9637      1.0650      2.3477      3.9350      3.9350      2.8038      2.8038  

      3.3491      3.3491      3.3491      0.5376      0.4085      0.9378      1.0257      0.8274      2.8038      2.8038  

      3.9755      3.9755      3.3491      0.3932      0.0802      0.6669      0.7042      0.2577      2.4362      2.4362  

      3.9755      3.9755      3.9755      0.5376      0.4085      0.9378      1.0257      0.8274      3.3274      3.3274  

      3.9755      3.9755      3.9755      1.8841      1.8292      3.0739      3.0739      3.3274      3.3274      3.3274  

      3.9755      3.9755      3.9755      1.8841      2.1412      3.0739      3.0739      3.3274      3.3274      3.3274  

      3.9755      3.9755      3.9755      1.8841      3.0739      3.0739      3.0739      3.3274      3.3274      3.3274  
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5.5. ȸŮɚŰɑɤůɖ Űɞɡ Űɟɧˊɞɡ ˊɞɡ ɔɑɜŮŰŬɘ Űɞ exclusion 
 

ɆŰɖɜ Ŭɟɢɘəɐ Ůəŭɞɢɐ Űɞɡ Ŭɚɔɧɟɘɗɛɞɡ I nclusion - Exclusion , Űɞ exclusion  ɔɘɜɧŰŬɜ ɛŮ ɏɜŬ ŭɘˊɚɧ 

loop  ˊɞɡ ɏŰɟŮɢŮ əɎɗŮ űɞɟɎ ˊɞɡ ɔɘɜɧŰŬɜ əɎˊɞɘɞ exclusion , ɩůŰŮ ɜŬ ɓɟŮɗɞɨɜ ŰŬ ůŰɞɘɢŮɑŬ Űɞɡ 

ˊɑɜŬəŬ Zˊɞɡ ˊɟɏˊŮɘ ɜŬ ŮɝŬɢɗɞɨɜ Ŭˊɧ Űɖɜ ŮɝɏŰŬůɖ ůŰɖ ůɡɜɏɢŮɘŬ. ȷɡŰɧ ɞŭɖɔŮɑ ůŮ 

ˊɞɚɡˊɚɞəɧŰɖŰŬ ɢɟɧɜɞɡ exclusion  O( N2) ɧˊɞɡ Ɂ ŮɑɜŬɘ ɖ ŬəɟɑɓŮɘŬ (ˊɚɐɗɞɠ ůɖɛŮɑɤɜ ŬɜɎ ɎɝɞɜŬ).  

 

ȸŮɚŰɘɩůŬɛŮ Űɞ exclusion  ɓɎɕɞɜŰŬɠ ŰŬ ůŰɞɘɢŮɑŬ Űɞɡ Z ɛŬɕɑ ɛŮ ŰŬ indices  ůŮ ɛɘŬ 

ɛɞɜɞŭɘɎůŰŬŰɖ ɚɑůŰŬ. ȾɎɗŮ űɞɟɎ ˊɞɡ ɔɑɜŮŰŬɘ əɎˊɞɘɞ exclusion , ɓɔɎɕɞɡɛŮ ŰŬ ůŰɞɘɢŮɑŬ Űɞɡ 

ˊɑɜŬəŬ Z ˊɞɡ ˊɟɏˊŮɘ ɜŬ ŮɝŬɢɗɞɨɜ Ŭˊɧ Űɖɜ ŮɝɏŰŬůɖ Ŭˊɧ Űɖ ɚɑůŰŬ, ɩůŰŮ ɜŬ ɛɖɜ ŰŬ ŮɝŮŰɎůɞɡɛŮ 

ůŰɖ ůɡɜɏɢŮɘŬ. ȷɡŰɧ ɞŭɖɔŮɑ ůŮ ˊɞɚɡˊɚɞəɧŰɖŰŬ ɢɟɧɜɞɡ exclusion  O( N). ɆŰɘɠ ɢɟɞɜɞɛŮŰɟɐůŮɘɠ 

ˊɞɡ Ŭəɞɚɞɡɗɞɨɜ ɓɚɏˊɞɡɛŮ ɧŰɘ Űɞ exclusion  time  ɛŮ ɓɎůɖ Űɞɜ Ŭɟɢɘəɧ Űɟɧˊɞ ŮəŰɞɝŮɨŮŰŬɘ əŬɗɩɠ 

ˊɎɛŮ Ŭˊɧ ŬəɟɑɓŮɘŬ 100 ůŮ 200, Ůɜɩ ɛŮ Űɞɜ ɓŮɚŰɘɤɛɏɜɞ Űɟɧˊɞ ŬɡɝɎɜŮŰŬɘ ɔɟŬɛɛɘəɎ (200 x 200 

ŬəɟɑɓŮɘŬ ɏɢŮɘ 4ˊɚɎůɘŬ ůɖɛŮɑŬ Ŭˊɧ Űɖɜ 100 x 100).  

 

 

 

ɉɟɞɜɞɛŮŰɟɐůŮɘɠ 

 

ȷɟɢɘəɧɠ Űɟɧˊɞɠ:  

 

algorithm: inex old , dim = 100, N = 100, time = 15.701841 seconds, svdtime  = 12.930729 

seconds, svdcount = 969 out of 10000, exclusiontime = 2.638437 seconds  

 

algorithm: inex old , dim = 200, N = 200, time = 225.695099 seconds, svdtime = 142.285086 

seconds, svdcount = 2066 out of 40000, exclusiontime = 82.901686 seconds  

 

 

 

ȸŮɚŰɘɤɛɏɜɞɠ Űɟɧˊɞɠ:  

 

algorithm: inex, dim = 100, N = 100, time = 21.210351 seconds, svdtime = 13.125244 

seconds, svdcount = 969 out of 10000, exclusiontime = 7.943380 seconds  

 

algorithm: inex , dim = 200, N = 200, time = 156.936674 seconds, svdtime = 131.624937 

seconds, svdcount = 2066 out of 40000, exclusiontime = 24.759557 seconds  
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5.6. ɆɡɜɎɟŰɖůɖ  inexcalculate 
 

def inexcalculate(A, epsilons, N):  

    svdtime = 0  

    exclusiontime = 0  

    n, col s = A.shape  

    norma = LA.norm(A, 2)    ## norm(X, 2) returns the 2 - norm or maximum singular value of matrix X,  

                             ## which is approximately max(svd(X)).  

                             ## This value is equivalent to norm(X) in Matla b, but not in Python numpy.  

 

    Ah = (A + A.transpose()) / 2  

    Ash = (A -  A.transpose()) / 2  

 

    EAh, koko =  LA.eig(Ah)   ## LA.eig(Ah) returns a column vector containing  

    EAh = sorted(EAh.real)    ##  the eigenvalues of square matrix A.  

    EAh = np.array(EAh)  

    EAsh, koko =  LA.eig(Ash)  

    EAsh = sorted(EAsh.imag)  

    EAsh = np.array(EAsh)  

 

    Vxmin = np.zeros((epsilons.size, 1))  

    Vxmax = np.zeros((epsilons.size, 1))  

    Vymin = np.zeros((epsil ons.size, 1))  

    Vymax = np.zeros((epsilons.size, 1))  

    Vxstep = np.zeros((epsilons.size, 1))  

    Vystep = np.zeros((epsilons.size, 1))  

    for metr in range(epsilons.size):  

        Vxmin[metr] = EAh[0] -  epsilons[metr]*norma  

        Vxmax[metr] = EAh[ - 1] + epsilons[metr]*norma  

        Vymin[metr] = EAsh[0] -  epsilons[metr]*norma  

        Vymax[metr] = EAsh[ - 1] + epsilons[metr]*norma  

        Vxstep[metr] = (Vxmax[metr] - Vxmin[metr])/N  

        Vystep[metr] = (Vymax[metr] - Vymin[metr])/N  

 

    maxepsilon, inde xofmaxepsilon = np.amax(epsilons), np.argmax(epsilons);  

    xmin = Vxmin[indexofmaxepsilon]  

    xmax = Vxmax[indexofmaxepsilon]  

    ymin = Vymin[indexofmaxepsilon]  

    ymax = Vymax[indexofmaxepsilon]  

    xstep = Vxstep[indexofmaxepsilon]  

    ystep = Vystep[indexofmaxepsilon]  

 

    X = np.zeros((N, 1))  

    Y = np.zeros((N, 1))  

    Z = np.zeros((N, N))  

    zita = np.zeros((N, N), dtype=np.complex_)  
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    for I in range(1, N+1):  

        x = xmin + (I - 1) * xstep  

        X[I - 1] = x  

        for J in range( 1, N+1):  

y = ymin + (J - 1) * ystep  

            Y[J - 1] = y  

z = complex(x, y)  

zita[I - 1][J - 1] = z  

 

svdcount = 0  

 

    zita1d = []  

    for i in range(N):  

        for j in range(N):  

            zita1d.append((i, j, zita[i][j]))  

 

    for I in range(1, N+1):  

        for J in range(1, N+1):  

            if (Z[I - 1][J - 1] == 0):  

                svdcount = svdcount + 1  

                currenttime = time.time()  

                u, S, vh = np.linalg.svd(zita[I - 1][J - 1] * np.eye(n, dtype=int) -  A, full_matrices=True)  

                svdtime += time.time() -  currenttime  

                Z[I - 1][J - 1] = S[ - 1]  

                smin = S[ - 1]  

                if (smin > maxepsilon):  

                    currenttime = time.time()  

                    listofindic estodelete = []  

                    for c in range(len(zita1d)):  

                            if ( abs( zita1d[c][2] -  zita[I - 1][J - 1] ) < (smin -  maxepsilon) ):  

                                Z[zita1d[c][0]][zita1d[c][1]] = Z[I - 1][J - 1]  

listofindicestodelet e.append(c)  

                    for index in sorted(listofindicestodelete, reverse=True):     

                        ## reverse order doesn't throw off the subsequent indexes!!  

                        del zita1d[index]  

                    exclusiontime += time.time() -  currenttime  

 

    return (X, Y, Z, Vxmin, Vxmax, Vymin, Vymax, maxepsilon, svdtime, svdcount, exclusiontime)  
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5.7. Python   check_pseudospectra ůŮ ɄɑɜŬəŮɠ ɇɡɢŬɑɤɜ ȷɟɘɗɛɩɜ 
 

ŪŬ əŬŰŬůəŮɡɎůɞɡɛŮ ˊɑɜŬəŮɠ ŰɡɢŬɑɤɜ Ŭɟɘɗɛɩɜ ɔɘŬ ŭɘŬůŰɎůŮɘɠ dim  Ŭˊɧ 5x5 ɤɠ 100x100.  

 

 

ŪŬ əɟŬŰɐůɞɡɛŮ ůŰŬɗŮɟɐ Űɖɜ ŬəɟɑɓŮɘŬ N (ˊɚɐɗɞɠ ůɖɛŮɑɤɜ Űɞɡ ˊɚɏɔɛŬŰɞɠ ŬɜɎ ɎɝɞɜŬ) 

ůŰɞ 50. 

 

 

ŪŬ ɡˊɞɚɞɔɑůɞɡɛŮ əŬɘ ɗŬ ŬˊŮɘəɞɜɑůɞɡɛŮ ůŮ ɔɟɎűɖɛŬ Űɞ ɣŮɡŭɞűɎůɛŬ Űɞɡ ȷɔɘŬ 

ŭɘŬűɞɟŮŰɘəɏɠ Űɘɛɏɠ Űɞɡ Ů (0.05, 0.2, 0.5, 0.8, 1), epsilons , əŬɗɩɠ əŬɘ Űɞ ɢɤɟɑɞ 

ɋ ˊɞɡ əŬŰŬůəŮɨŬůŮ ɞ Ŭɚɔɧɟɘɗɛɞɠ ɔɘŬ əɎɗŮ ˊŮɟɑˊŰɤůɖ.  

 

 

 

ɆɡɛˊŮɟɎůɛŬŰŬ: 

¶ ɆŮ ɧɚŮɠ Űɘɠ ˊŮɟɘˊŰɩůŮɘɠ Űɞ ɢɤɟɑɞ ɋ ˊŮɟɘɚɎɛɓŬɜŮ ɞɚɧəɚɖɟɞ Űɞ ɣŮɡŭɞűɎůɛŬ 

(Ŭəɧɛɖ əŬɘ ůŰŬ ɔɟŬűɐɛŬŰŬ ˊɞɡ ɏɢɞɡɛŮ əɎɜŮɘ ɛŮɔɏɗɡɜůɖ əŬɘ ŭŮ űŬɑɜŮŰŬɘ). 

¶ Ƀ ɡˊɞɚɞɔɘůɛɧɠ Űɞɡ ɣŮɡŭɞűɎůɛŬŰɞɠ ɢɟŮɘɎɕŮŰŬɘ ɛŮɔŬɚɨŰŮɟɖ ŬəɟɑɓŮɘŬ ɧůɞ 

ɛŮɔŬɚɩɜŮɘ ɖ ŭɘɎůŰŬůɖ, əŬɘ ɧůɞ ɛɘəɟŬɑɜŮɘ Űɞ Ů. 

 

 

 

 

Ⱦɚɐůɖ ůɡɜɎɟŰɖůɖɠ 

 

check _pseudospectra ( algorithm  = " inex ", data  = " random ")  

 

Output  

algorithm: inex , dim = 5, N = 50, time = 0.281189 seconds, svdtime = 0.060560 seconds, svdcount = 

772 out of 2500, exclusiontime = 0.194108 seconds  

algorithm: inex, dim = 10, N = 50, time = 0.181621 seconds, svdtime = 0.035007 seconds, svdcount = 

238 out of 2500, exclusi ontime = 0.115588 seconds  

algorithm: inex, dim = 25, N = 50, time = 0.170111 seconds, svdtime = 0.061054 seconds, svdcount = 

112 out of 2500, exclusiontime = 0.078549 seconds  

algorithm: inex, dim = 50, N = 50, time = 0.205637 seconds, svdtime = 0.114075 se conds, svdcount = 

63 out of 2500, exclusiontime = 0.058550 seconds  

algorithm: inex, dim = 100, N = 50, time = 0.677109 seconds, svdtime = 0.563546 seconds, svdcount 

= 42 out of 2500, exclusiontime = 0.054026 seconds  

algorithm: inex, dim = 200, N = 50, time  = 1.774977 seconds, svdtime = 1.540344 seconds, svdcount 

= 29 out of 2500, exclusiontime = 0.033498 seconds  

 

 

ɀŮŰɎ Ŭˊɧ əɎɗŮ ɔɟŬɛɛɐ ŮɛűŬɜɑɕŮŰŬɘ ůŰɖɜ ɞɗɧɜɖ Űɞ ŬɜŰɑůŰɞɘɢɞ ɔɟɎűɖɛŬ 
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N = 50 ɔɘŬ ɧɚŬ ŰŬ ɔɟŬűɐɛŬŰŬ 

əɧəəɘɜɞ: Ů = 1,        ˊɟɎůɘɜɞ: Ů = 0.8,     ɛˊɚŮ: Ů = 0.5,   

ɛŬŰɕɏɜŰŬ: Ů = 0.2,     əɑŰɟɘɜɞ: Ů = 0.05    

 

 

 

 

 

 

 

 

 

dim  = 5  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

dim  = 10  
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N = 50 ɔɘŬ ɧɚŬ ŰŬ ɔɟŬűɐɛŬŰŬ 

əɧəəɘɜɞ: Ů = 1,        ˊɟɎůɘɜɞ: Ů = 0.8,     ɛˊɚŮ: Ů = 0.5,   

ɛŬŰɕɏɜŰŬ: Ů = 0.2,     əɑŰɟɘɜɞ: Ů = 0.05    

 

 

 

 

 

 

 

 

 

dim  = 25  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

dim  = 50  

 

 

 

 

 

 

 

ɚŮˊŰɞɛɏɟŮɘŬ 

 

ɖ ɛŬəɟɘɜɐ 

ŭŮɝɘɎ ɘŭɘɞŰɘɛɐ 

ŭŮɜ ɛˊɐəŮ 

ůŰɞ ɣŮɡŭɞűɎůɛŬ 
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N = 50 ɔɘŬ ɧɚŬ ŰŬ ɔɟŬűɐɛŬŰŬ 

əɧəəɘɜɞ: Ů = 1,        ˊɟɎůɘɜɞ: Ů = 0.8,     ɛˊɚŮ: Ů = 0.5,   

ɛŬŰɕɏɜŰŬ: Ů = 0.2,     əɑŰɟɘɜɞ: Ů = 0.05    

 

 

 

 

 

 

 

dim  = 100  

 

ɚŮˊŰɞɛɏɟŮɘŬ 

 

ɖ ɛŬəɟɘɜɐ 

ŭŮɝɘɎ ɘŭɘɞŰɘɛɐ 

ŭŮɜ ɛˊɐəŮ 

ůŰɞ ɣŮɡŭɞűɎůɛŬ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

dim  = 200  

 

ɚŮˊŰɞɛɏɟŮɘŬ 

 

ɖ ɛŬəɟɘɜɐ 

ŭŮɝɘɎ ɘŭɘɞŰɘɛɐ 

ŭŮɜ ɛˊɐəŮ 

ůŰɞ ɣŮɡŭɞűɎůɛŬ 
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5.8. ɆɡɜɎɟŰɖůɖ  check_time ůŮ ˊɑɜŬəŮɠ ŰɡɢŬɑɤɜ Ŭɟɘɗɛɩɜ ɔɘŬ ɢɟɞɜɞɛɏŰɟɖůɖ 
 

ŪŬ əŬŰŬůəŮɡɎůɞɡɛŮ ˊɑɜŬəŮɠ ŰɡɢŬɑɤɜ Ŭɟɘɗɛɩɜ ɔɘŬ ŭɘŬůŰɎůŮɘɠ Ŭˊɧ 2 x 2 ɤɠ200 x 200.  

 

ŪŬ əɟŬŰɐůɞɡɛŮ ůŰŬɗŮɟɧ Űɞ Ů = 1. 

 

ŪŬ ɡˊɞɚɞɔɑůɞɡɛŮ Űɞ ɣŮɡŭɞűɎůɛŬ Űɞɡ ȷ ɔɘŬ ŭɘŬűɞɟŮŰɘəɏɠ Űɘɛɏɠ Űɖɠ ŬəɟɑɓŮɘŬɠ, 

ȷ́ ɧN = 5 ɤɠN = 200.  

 

ɆɡɛˊŮɟɎůɛŬŰŬ: 

 

ȳůɞɜ ŬűɞɟɎ Űɞɜ ɢɟɧɜɞ ŮəŰɏɚŮůɖɠ Űɞɡ Ŭɚɔɧɟɘɗɛɞɡ grid , ůɡɛˊŮɟŬɑɜɞɡɛŮ ɧŰɘ ɞ ɢɟɧɜɞɠ 

ŮəŰɏɚŮůɖɠ ŮɑɜŬɘ ɔɟŬɛɛɘəɧɠ ůŮ ůɢɏůɖ ɛŮ Űɞ ɛɏɔŮɗɞɠ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ.  

 

ɇɞ ɛɏɔŮɗɞɠ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ŮɝŬɟŰɎŰŬɘ Ŭˊɧ ŭɨɞ ˊŬɟɎɔɞɜŰŮɠ:  

¶ Űɖ ŭɘɎůŰŬůɖ dim  Űɞɡ ŭɘůŭɘɎůŰŬŰɞɡ ˊɑɜŬəŬ ( dimxdim ) ˊɞɡ ɛŮɚŮŰɎɛŮ 

¶ Űɖɜ ŬəɟɑɓŮɘŬ, ŭɖɚŬŭɐ Űɞɜ Ŭɟɘɗɛɧ N Űɤɜ ůɖɛŮɑɤɜ ˊɞɡ ɛŮɚŮŰɎɛŮ əŬŰɎ x əŬɘ əŬŰɎ 

y ( NxN ůɡɜɞɚɘəɎ) 

 

ɇɞ ɛɏɔŮɗɞɠ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ŭŮɜ ŮɝŬɟŰɎŰŬɘ Ŭˊɧ Űɖɜ Ůˊɘɚɞɔɐ Űɞɡ epsilon  ɧˊɤɠ ŮɑŭŬɛŮ 

ůŮ ˊɟɞɖɔɞɨɛŮɜɖ ŮɜɧŰɖŰŬ. 

 

ɇɞɜɑɕɞɡɛŮ ɧŰɘ ˊɟɧəŮɘŰŬɘ ɔɘŬ ŰŮŰɟŬɔɤɜɘəɞɨɠ ˊɑɜŬəŮɠ, ɞˊɧŰŮ ɧŰŬɜ ˊŮɟɜɎɛŮ, ɔɘŬ 

ˊŬɟɎŭŮɘɔɛŬ, Ŭˊɧ ŭɘɎůŰŬůɖ 50 ůŮ ŭɘɎůŰŬůɖ 100, Űɞ ɛɏɔŮɗɞɠ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ 

ŰŮŰɟŬˊɚŬůɘɎɕŮŰŬɘ, əŬɗɩɠ ɞ ˊɑɜŬəŬɠ Ŭˊɧ 50 x 50 ɔɑɜŮŰŬɘ 100 x 100. ɇɞ ɑŭɘɞ ɘůɢɨŮɘ 

əŬɘ ɛŮ Űɖɜ ŬəɟɑɓŮɘŬ, əŬɗɩɠ Űɞ grid  ůɖɛŮɑɤɜ ˊɞɡ ˊŬɑɟɜɞɡɛŮ ŮɑɜŬɘ ŭɘůŭɘɎůŰŬŰɞ, əŬŰɎ 

x əŬɘ əŬŰɎ y.  

 

ȳŰŬɜ Űɞ ɛɏɔŮɗɞɠ ŬɡɝɎɜŮŰŬɘ, ůɢŮŭɧɜ ɧɚɞɠ ɞ ɢɟɧɜɞɠ ŬűɞɟɎ Űɘɠ svd  ˊŬɟŬɔɞɜŰɞˊɞɘɐůŮɘɠ. 

ȷɡŰɧ ůɡɛɓŬɑɜŮɘ ɔɘŬŰɑ ɛŮ Űɖ ɢɟɐůɖ Űɤɜ əŬŰɎɚɚɖɚɤɜ ŭɞɛɩɜ ŭŮŭɞɛɏɜɤɜ, ɞ ɢɟɧɜɞɠ ɔɘŬ Űɞ 

exclusion  ɔɑɜŮŰŬɘ ˊɘɗŬɜɧŰŬŰŬ ɚɞɔŬɟɘɗɛɘəɧɠ (ůɑɔɞɡɟŬ ɚɘɔɧŰŮɟɞ Ŭˊɧ ɔɟŬɛɛɘəɧɠ). 
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ȾɩŭɘəŬɠ 

 

ȼ ůɡɜɎɟŰɖůɖ check _time  Űɞɡ əŮűŬɚŬɑɞɡ ɔɘŬ Űɞɜ Ŭɚɔɧɟɘɗɛɞ grid .    

 

 

Ⱦɚɐůɖ ůɡɜɎɟŰɖůɖɠ check _time  

 

check _time (" inex ", " random ")  

 

 

ɇŬ Ŭ́ɞŰŮɚɏůɛŬŰŬ Űɖɠ ɢɟɞɜɞɛɏŰɟɖůɖɠ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ inex  ůŮ ˊɑɜŬəŮɠ ŰɡɢŬɑɤɜ Ŭɟɘɗɛɩɜ 

ŮɛűŬɜɑɕɞɜŰŬɘ ůŰɖɜ ŮˊɧɛŮɜɖ ůŮɚɑŭŬ. ȺˊɘɚɏɔɞɡɛŮ ɛŮɟɘəɎ ɔɘŬ Űɖɜ ŬɜɎɚɡůɖ ˊɞɡ ŬəɞɚɞɡɗŮɑ. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ɀŮ Űɖ ɢɟɐůɖ Űɤɜ əŬŰɎɚɚɖɚɤɜ ŭɞɛɩɜ ŭŮŭɞɛɏɜɤɜ, ɞ ɢɟɧɜɞɠ ɔɘŬ Űɞ exclusion  ŮɑɜŬɘ 

ˊɚɏɞɜ ɛɘəɟɧɠ, əŬɘ ɔɑɜŮŰŬɘ ɚɘɔɧŰŮɟɞ ůɖɛŬɜŰɘəɧɠ ɧůɞ ɖ ŭɘɎůŰŬůɖ ɛŮɔŬɚɩɜŮɘ.  

 

Ƀ ɢɟɧɜɞɠ ɔɘŬ Űɘɠ svd  ˊŬɟŬɔɞɜŰɞˊɞɘɐůŮɘɠ ɛŮɘɩɜŮŰŬɘ ˊɞɚɨ ɧůɞ ɖ ŭɘɎůŰŬůɖ ɛŮɔŬɚɩɜŮɘ, 

əŬɘ ɧůɞ ɖ ŬəɟɑɓŮɘŬ (ˊɚɐɗɞɠ ůɖɛŮɑɤɜ ŬɜɎ ɎɝɞɜŬ (Ɂ) ɛŮɔŬɚɩɜŮɘ. ɇɞ ɑŭɘɞ ůɡɛɓŬɑɜŮɘ 

əŬɘ ɛŮ Űɞɜ ůɡɜɞɚɘəɧ ɢɟɧɜɞ. 

 

  

dim  N grid  inex  svd  svds  total  svds  exclusion  

  time  time  time  made N x N  time  

25 50 2.20  0.16  0.06  110  2500  0.08  

25 100  8.37  0.91  0.18  307  10000  0.64  

25 200  46.51  6.38  0.56  1025  40000  5.49  

50 50 6.57  0.19  0.11  61 2500  0.06  

50 100  25.42  0.91  0.30  161  10000  0.52  

50 200  129.56  5.25  0.87  476  40000  4.03  

100  50 41.51  0.67  0.57  43 2500  0.06  

100  100  201.97  1.76  1.28  94 10000  0.37  

100  200  981.37  6.52  3.43  247  40000  2.73  

200  50 208.51  1.88  1.67  30 2500  0.04  

200  100  856.82  3.67  3.17  58 10000  0.26  

200  200  4143.22  10.08  7.52  139  40000  2.07  
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ɉɟɞɜɞɛɏŰɟɖůɖ Űɞɡ Ŭɚɔɧɟɘɗɛɞɡ inex  ůŮ ˊɑɜŬəŮɠ ŰɡɢŬɑɤɜ Ŭɟɘɗɛɩɜ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

dim  N grid  inex  svd  svds  total  svds  exclusion  

  time  time  time  made N x N  time  

2 5 0.00  0.00  0.00  23 25 0.00  

2 10 0.01  0.01  0.01  78 100  0.00  

2 20 0.04  0.05  0.02  257  400  0.02  

2 50 0.24  0.47  0.09  1397  2500  0.35  

2 100  0.84  3.24  0.30  5272  10000  2.83  

2 200  4.87  25.45  1.19  20447  40000  23.81  

5 5 0.00  0.00  0.00  16 25 0.00  

5 10 0.01  0.01  0.00  42 100  0.00  

5 20 0.05  0.03  0.01  126  400  0.01  

5 50 0.27  0.27  0.05  618  2500  0.20  

5 100  1.08  1.89  0.17  2242  10000  1.62  

5 200  5.56  14.09  0.69  8499  40000  13.03  

10 5 0.01  0.00  0.00  13 25 0.00  

10 10 0.02  0.01  0.00  29 100  0.00  

10 20 0.08  0.03  0.01  76 400  0.01  

10 50 0.47  0.20  0.04  291  2500  0.14  

10 100  1.95  1.31  0.13  959  10000  1.09  

10 200  10.08  10.00  0.47  3440  40000  9.19  

25 5 0.03  0.01  0.01  11 25 0.00  

25 10 0.12  0.01  0.01  19 100  0.00  

25 20 0.38  0.03  0.02  33 400  0.01  

25 50 2.20  0.16  0.06  110  2500  0.08  

25 100  8.37  0.91  0.18  307  10000  0.64  

25 200  46.51  6.38  0.56  1025  40000  5.49  

50 5 0.07  0.02  0.02  9 25 0.00  

50 10 0.26  0.04  0.03  19 100  0.00  

50 20 1.01  0.05  0.04  23 400  0.00  

50 50 6.57  0.19  0.11  61 2500  0.06  

50 100  25.42  0.91  0.30  161  10000  0.52  

50 200  129.56  5.25  0.87  476  40000  4.03  

100  5 0.45  0.15  0.12  9 25 0.00  

100  10 1.68  0.24  0.22  17 100  0.00  

100  20 6.59  0.28  0.25  19 400  0.00  

100  50 41.51  0.67  0.57  43 2500  0.06  

100  100  201.97  1.76  1.28  94 10000  0.37  

100  200  981.37  6.52  3.43  247  40000  2.73  

200  5 2.40  0.66  0.48  9 25 0.00  

200  10 8.77  1.02  0.86  16 100  0.00  

200  20 33.70  1.23  1.07  20 400  0.01  

200  50 208.51  1.88  1.67  30 2500  0.04  

200  100  856.82  3.67  3.17  58 10000  0.26  

200  200  4143.22  10.08  7.52  139  40000  2.07  
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5.9. ɆɡɜɎɟŰɖůɖ  check_precision ůŮ ɄɑɜŬəŮɠ ɇɡɢŬɑɤɜ ȷɟɘɗɛɩɜ ɔɘŬ ȺɨɟŮůɖ ȽəŬɜɐɠ ȷəɟɑɓŮɘŬɠ 
 

ȺˊŮɘŭɐ ɖ ŭɘɎůŰŬůɖ Ůɜɧɠ ˊɑɜŬəŬ ŮɑɜŬɘ ŭŮŭɞɛɏɜɖ (Ŭˊɧ Űɞ ˊɟɧɓɚɖɛŬ ˊɞɡ ɏɢɞɡɛŮ ɜŬ ɚɨůɞɡɛŮ), 

ɏɢŮɘ ůɖɛŬůɑŬ ɜŬ ɓɟɞɨɛŮ Űɖɜ ŮɚɎɢɘůŰɖ ŬəɟɑɓŮɘŬ ɖ ɞˊɞɑŬ ŮɑɜŬɘ ɘəŬɜɞˊɞɘɖŰɘəɐ, ɛŬɠ ŭɑɜŮɘ 

ŭɖɚŬŭɐ ɛɘŬ əŬɚɐ ŮɘəɧɜŬ Űɞɡ ɣŮɡŭɞűɎůɛŬŰɞɠ, ůɡɜŬɟŰɐůŮɘ ˊɎɜŰŬ Űɖɠ ŭɘɎůŰŬůɖɠ Űɞɡ ˊɑɜŬəŬ. 

 

ȹɞəɘɛɎɕɞɡɛŮ Ů = 0.01 əŬɘ Ů = 1, ɔɘŬ ŭɘŬůŰɎůŮɘɠ Ŭˊɧ 5 x 5 ɏɤɠ əŬɘ 200 x 200, əŬɘ ŬəɟɑɓŮɘŮɠ 

Ŭˊɧ 5 x 5 ɏɤɠ əŬɘ 200 x 200.  

 

ȷˊɧ ŰŬ ůɢɐɛŬŰŬ Űɤɜ ŮˊɧɛŮɜɤɜ ůŮɚɑŭɤɜ, ůɡɛˊŮɟŬɑɜɞɡɛŮ ŰŬ Ůɝɐɠ (ɔɘŬ ˊɑɜŬəŮɠ ŰɡɢŬɑɤɜ 

Ŭɟɘɗɛɩɜ): 

¶ ũɘŬ Ů = 1, ŬəɟɑɓŮɘŬ ɑůɖ ɛŮ Űɖ ŭɘɎůŰŬůɖ ŭɑɜŮɘ ɔŮɜɘəɎ ɎɟɘůŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ. 

¶ ũɘŬ Ů = 1, ɔɘŬ ŭɘŬůŰɎůŮɘɠ ɏɤɠ əŬɘ 200 x 200, ŬəɟɑɓŮɘŬ 100 x100 ŮɑɜŬɘ ůɢŮŭɧɜ Ɏɣɞɔɖ,  

¶ ũɘŬ Ů =0.01, ɏɤɠ əŬɘ 10 x 10, ŬəɟɑɓŮɘŬ 200 x 200 ŭɑɜŮɘ ɎɟɘůŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ. 

¶ ũɘŬ Ů =0.01, ɔɘŬ ŭɘŬůŰɎůŮɘɠ ˊɎɜɤ Ŭˊɧ 10 x 10, ɢɟŮɘɎɕŮŰŬɘ ŬəɟɑɓŮɘŬ ˊɎɜɤ Ŭˊɧ 200 x 

200  

 

 

Ⱦɚɐůɖ:   check_precision("inex", "random")  
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5.10. ɄɑɜŬəŮɠ Kahan 
 

ŪŬ əŬŰŬůəŮɡɎůɞɡɛŮ ˊɑɜŬəŮɠ Kahan ɔɘŬ ŭɘŬůŰɎůŮɘɠ Ŭˊɧ 5 x 5 ɤɠ 200 x 200.  

 

ŪŬ ɡˊɞɚɞɔɑůɞɡɛŮ əŬɘ ɗŬ ŬˊŮɘəɞɜɑůɞɡɛŮ ůŮ ɔɟɎűɖɛŬ Űɞ ɣŮɡŭɞűɎůɛŬ Űɞɡ ȷɔɘŬ ŭɘŬűɞɟŮŰɘəɏɠ Űɘɛɏɠ Űɞɡ Ů 

(0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02) ɛŮ ŬəɟɑɓŮɘŬ 300əŬɗɩɠ əŬɘ Űɞ ɢɤɟɑɞ ɋ ˊɞɡ əŬŰŬůəŮɨŬůŮ ɞ 

Ŭɚɔɧɟɘɗɛɞɠ ɔɘŬ əɎɗŮ ˊŮɟɑˊŰɤůɖ.  

 

 

ɆɡɛˊŮɟɎůɛŬŰŬ: 

¶ ɆŮ ɧɚŮɠ Űɘɠ ˊŮɟɘˊŰɩůŮɘɠ Űɞ ɢɤɟɑɞ ɋ ˊŮɟɘɚɎɛɓŬɜŮ ɞɚɧəɚɖɟɞ Űɞ ɣŮɡŭɞűɎůɛŬ (Ŭəɧɛɖ əŬɘ ůŰŬ 

ɔɟŬűɐɛŬŰŬ ˊɞɡ ɏɢɞɡɛŮ əɎɜŮɘ ɛŮɔɏɗɡɜůɖ əŬɘ ŭŮ űŬɑɜŮŰŬɘ). 

¶ Ƀ ɡˊɞɚɞɔɘůɛɧɠ Űɞɡ ɣŮɡŭɞűɎůɛŬŰɞɠ ɛŮ Űɘɠ ˊŬɟŬɛɏŰɟɞɡɠ ˊɞɡ ɗɏůŬɛŮ ɐŰŬɜ Ŭəɟɘɓɐɠ. 

¶ Ƀɘ ɢɟɧɜɞɘ ɐŰŬɜ ˊŬɟɧɛɞɘɞɘ ɛŮ ŬɡŰɞɨɠ Űɤɜ ŰɡɢŬɑɤɜ ˊɘɜɎəɤɜ 

 

 

 

Ⱦɚɐůɖ ůɡɜɎɟŰɖůɖɠ 

 

check _pseudospectra ( algorithm  = " inex ", data  = " kahan ")  
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dim  = 5, Ɂ = 300                              

Ů = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02     

 

 

 

 

 

 

 

 

 

 

 

 

 

dim  = 10, Ɂ = 300                              

Ů = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02     

 

 

 

 

 

 

 

 

 

 

 

 

 

dim  = 25, Ɂ = 300                              

Ů = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02     

 

 

 

 

 

 

 

 

 

  



 

88 

 

dim  = 5 0, Ɂ = 300                              

Ů = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02     

 

 

 

 

 

 

 

 

 

 

 

 

 

dim  = 100, Ɂ = 300                              

Ů = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02     

 

 

 

 

 

 

 

 

 

 

 

 

 

dim  = 200, Ɂ = 300                              

Ů = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02     
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ɉɟɞɜɞɛɏŰɟɖůɖ 

 

 

 

Ⱦɚɐůɖ ůɡɜɎɟŰɖůɖɠ 

check_time(" inex ", " kahan ")  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

dim  N grid  inex  svd  svds  total  svds  exclusion  

  time  time  time  made N x N time  

2 5 0.00  0.00  0.00  23 25 0.00  

2 10 0.01  0.01  0.01  80 100  0.00  

2 20 0.03  0.06  0.02  296  400  0.03  

2 50 0.18  0.50  0.10  1623  2500  0.34  

2 100  0.72  3.48  0.41  6200  10000  2.96  

2 200  5.25  35.55  2.25  24161  40000  32.80  

5 5 0.00  0.00  0.00  22 25 0.00  

5 10 0.01  0.02  0.01  76 100  0.00  

5 20 0.04  0.07  0.03  263  400  0.03  

5 50 0.23  0.72  0.18  1438  2500  0.51  

5 100  0.91  5.04  0.65  5442  10000  4.23  

5 200  6.79  38.48  2.52  21127  40000  35.33  

10 5 0.00  0.01  0.00  20 25 0.00  

10 10 0.02  0.02  0.01  59 100  0.00  

10 20 0.06  0.08  0.04  186  400  0.03  

10 50 0.37  0.89  0.26  974  2500  0.58  

10 100  1.47  4.50  0.79  3569  10000  3.55  

10 200  10.19  31.66  2.89  13687  40000  28.13  

25 5 0.02  0.02  0.02  13 25 0.00  

25 10 0.06  0.05  0.04  39 100  0.00  

25 20 0.22  0.15  0.11  102  400  0.03  

25 50 1.38  0.75  0.44  463  2500  0.27  

25 100  6.12  3.81  1.43  1606  10000  2.23  

25 200  39.26  21.34  4.61  5942  40000  16.08  

50 5 0.07  0.04  0.03  12 25 0.00  

50 10 0.23  0.08  0.07  28 100  0.00  

50 20 1.12  0.21  0.19  75 400  0.01  

50 50 6.43  0.94  0.69  299  2500  0.21  

50 100  24.23  4.04  2.24  971  10000  1.68  

50 200  125.94  21.14  7.98  3453  40000  12.68  

100  5 0.43  0.24  0.21  12 25 0.00  

100  10 1.64  0.43  0.40  24 100  0.00  

100  20 6.69  1.12  1.07  64 400  0.02  

100  50 47.40  4.07  3.80  220  2500  0.20  

100  100  195.86  12.90  11.22  652  10000  1.53  

100  200  947.11  51.04  37.51  2198  40000  13.03  

200  5 1.99  0.90  0.77  12 25 0.00  

200  10 7.34  1.62  1.49  23 100  0.00  

200  20 30.54  3.75  3.60  54 400  0.02  

200  50 219.05  11.61  11.23  171  2500  0.22  

200  100  828.37  33.85  31.86  482  10000  1.72  

200  200  4048.26  133.08  118.40  1523  40000  14.06  
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5.11. ɄɑɜŬəŮɠ Toeplitz GrCar  
 

ŪŬ əŬŰŬůəŮɡɎůɞɡɛŮ ˊɑɜŬəŮɠ Toeplitz  GrCar  ɔɘŬ ŭɘŬůŰɎůŮɘɠ Ŭˊɧ 5 x 5 ɤɠ 100 x100.  

 

ŪŬ ɡˊɞɚɞɔɑůɞɡɛŮ əŬɘ ɗŬ ŬˊŮɘəɞɜɑůɞɡɛŮ ůŮ ɔɟɎűɖɛŬ Űɞ ɣŮɡŭɞűɎůɛŬ Űɞɡ ȷɔɘŬ ŭɘŬűɞɟŮŰɘəɏɠ Űɘɛɏɠ Űɞɡ Ů 

(0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02) ɛŮ ŬəɟɑɓŮɘŬ 300əŬɗɩɠ əŬɘ Űɞ ɢɤɟɑɞ ɋ ˊɞɡ əŬŰŬůəŮɨŬůŮ ɞ 

Ŭɚɔɧɟɘɗɛɞɠ ɔɘŬ əɎɗŮ ˊŮɟɑˊŰɤůɖ.  

 

 

ɆɡɛˊŮɟɎůɛŬŰŬ: 

¶ ɆŮ ɧɚŮɠ Űɘɠ ˊŮɟɘˊŰɩůŮɘɠ Űɞ ɢɤɟɑɞ ɋ ˊŮɟɘɚɎɛɓŬɜŮ ɞɚɧəɚɖɟɞ Űɞ ɣŮɡŭɞűɎůɛŬ (Ŭəɧɛɖ əŬɘ ůŰŬ 

ɔɟŬűɐɛŬŰŬ ˊɞɡ ɏɢɞɡɛŮ əɎɜŮɘ ɛŮɔɏɗɡɜůɖ əŬɘ ŭŮ űŬɑɜŮŰŬɘ). 

¶ Ƀ ɡˊɞɚɞɔɘůɛɧɠ Űɞɡ ɣŮɡŭɞűɎůɛŬŰɞɠ ɛŮ Űɘɠ ˊŬɟŬɛɏŰɟɞɡɠ ˊɞɡ ɗɏůŬɛŮ ɐŰŬɜ Ŭəɟɘɓɐɠ. 

¶ Ƀɘ ɢɟɧɜɞɘ ɐŰŬɜ ɚɑɔɞ ɛɘəɟɧŰŮɟɞɘ Ŭˊɧ ŬɡŰɞɨɠ Űɤɜ ŰɡɢŬɑɤɜ ˊɘɜɎəɤɜ 

 

 

 

check_pseudospectra(algorithm = " inex ", data = " grcar ")  
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Ɇɨɔəɟɘůɖ ɢɤɟɑɤɜ əŬɘ ɣŮɡŭɞűŬůɛɎŰɤɜ 

 

dim  = 5, Ɂ = 300                              

Ů = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02     

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

dim  = 10, Ɂ = 300                              

Ů = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02     
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dim  = 25, Ɂ = 300                              

Ů = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02     

 

 

 

 

 

 

 

 

 

 

 

dim  = 5 0, Ɂ = 300                              

Ů = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02     

 

 

 

 

 

 

 

 

 

 

 

 

 

dim  = 100, Ɂ = 300                              

Ů = 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.02     

 

 

 

 

 

 

 

 

 

 

 

  



 

93 

 

ɉɟɞɜɞɛɏŰɟɖůɖ 

 

 

 

ȾɚɐůɖůɡɜɎɟŰɖůɖɠ 

check_time(" inex ", " grcar ")  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

dim  N grid  inex  svd  svds  total  svds  exclusion  

  time  time  time  made N x N  time  

2 5 0.00  0.00  0.00  23 25 0.00  

2 10 0.01  0.01  0.00  77 100  0.00  

2 20 0.03  0.04  0.01  250  400  0.02  

2 50 0.16  0.47  0.08  1313  2500  0.36  

2 100  0.65  3.49  0.28  4955  10000  3.10  

2 200  5.36  29.07  1.17  19141  40000  27.48  

5 5 0.00  0.00  0.00  16 25 0.00  

5 10 0.01  0.01  0.00  46 100  0.00  

5 20 0.03  0.04  0.01  135  400  0.02  

5 50 0.21  0.44  0.06  641  2500  0.34  

5 100  0.83  3.00  0.23  2268  10000  2.66  

5 200  6.22  23.26  0.84  8462  40000  21.95  

10 5 0.00  0.00  0.00  16 25 0.00  

10 10 0.01  0.01  0.01  52 100  0.00  

10 20 0.06  0.05  0.02  149  400  0.02  

10 50 0.35  0.54  0.13  707  2500  0.37  

10 100  1.64  3.81  0.50  2543  10000  3.18  

10 200  10.25  28.14  1.77  9541  40000  25.87  

25 5 0.02  0.01  0.01  16 25 0.00  

25 10 0.07  0.05  0.04  53 100  0.00  

25 20 0.29  0.15  0.12  158  400  0.03  

25 50 1.80  0.96  0.57  792  2500  0.35  

25 100  7.87  5.26  2.22  2913  10000  2.89  

25 200  38.46  33.79  8.30  11134  40000  24.95  

50 5 0.06  0.05  0.04  17 25 0.00  

50 10 0.22  0.14  0.12  52 100  0.00  

50 20 0.88  0.40  0.37  163  400  0.02  

50 50 5.79  2.28  1.89  820  2500  0.34  

50 100  21.52  9.93  7.04  3043  10000  2.73  

50 200  122.01  51.63  28.18  11640  40000  22.75  

100  5 0.36  0.28  0.24  17 25 0.00  

100  10 1.44  0.86  0.83  53 100  0.00  

100  20 5.88  2.49  2.43  164  400  0.02  

100  50 35.94  12.95  12.54  828  2500  0.33  

100  100  156.65  45.01  42.24  3080  10000  2.54  

100  200  743.23  191.33  169.54  11820  40000  21.05  

200  5 2.58  1.50  1.27  17 25 0.00  

200  10 8.48  4.29  4.05  53 100  0.00  

200  20 30.78  12.68  12.44  164  400  0.03  

200  50 193.62  60.11  59.52  829  2500  0.31  

200  100  865.37  247.51  244.25  3095  10000  2.85  

200  200  3643.28  999.08  974.01  11871  40000  23.91  
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6. ɆɡɛˊŮɟɎůɛŬŰŬ əŬɘ ɀŮɚɚɞɜŰɘəɏɠ ɄɟɞɞˊŰɘəɏɠ 

 

6.1. ɆɡɛˊŮɟɎůɛŬŰŬ Ŭˊɧ Űɞɡɠ ȷɚɔɧɟɘɗɛɞɡɠ GRID əŬɘ Inclusion-Exclusion 
 

Ƀɘ Ŭɚɔɧɟɘɗɛɞɘ Grid  Ůˊɘɚɏɔɞɡɜ ɏɜŬ ˊɚɏɔɛŬ Űɞɡ ɛɘɔŬŭɘəɞɨ Ůˊɘˊɏŭɞɡ əŬɘ ŬˊɞűŬɑɜɞɜŰŬɘ Ŭɜ ŰŬ ůɖɛŮɑŬ Űɞɡ Ŭɜɐəɞɡɜ ůŰɞ 

ɣŮɡŭɞűɎůɛŬ ŮɝŮŰɎɕɞɜŰɎɠ ŰŬ. Ƀɘ Ŭɚɔɧɟɘɗɛɞɘ Grid ɓɔɎɕɞɡɜ ůɤůŰɎ ŬˊɞŰŮɚɏůɛŬŰŬ. ɇɞ ˊɚɏɔɛŬ Ŭˊɧ Űɞ ɞˊɞɑɞ ɗŬ 

ɝŮəɘɜɐůɞɡɛŮ ˊɟɏˊŮɘ ɜŬ ˊŮɟɘɏɢŮɘ Űɞ ɣŮɡŭɞűɎůɛŬ əŬɘ ŰŬɡŰɧɢɟɞɜŬ ɜŬ Űɞ ˊɟɞůŮɔɔɑɕŮɘ ůŮ ɘəŬɜɞˊɞɘɖŰɘəɧ ɓŬɗɛɧ ɏŰůɘ ɩůŰŮ 

ɜŬ ɛɖɜ əɎɜɞɡɛŮ ŬɢɟŮɑŬůŰŬ ɛŮɔɎɚɞ Ŭɟɘɗɛɧ ɡˊɞɚɞɔɘůɛɩɜ. ȷɡŰɧ ŮɑɜŬɘ ŬɟəŮŰɎ ŭɨůəɞɚɞ əŬɘ ůɡɜɐɗɤɠ Űɞ Ŭɟɢɘəɧ ˊɚɏɔɛŬ 

ŮɑɜŬɘ ˊɞɚɨ ɛŮɔŬɚɨŰŮɟɞ Ŭˊɧ Űɞ ɣŮɡŭɞűɎůɛŬ.  

 

ȰɜŬ ɓŬůɘəɧ ŮɟɩŰɖɛŬ ŮɑɜŬɘ ˊɞɘŬ ůɖɛŮɑŬ Űɞɡ ɛɘɔŬŭɘəɞɨ Ůˊɘˊɏŭɞɡ ɗŬ ŮɝŮŰŬůŰɞɨɜ. Ƀ Ŭɟɘɗɛɧɠ Űɤɜ ŮɝŮŰŬɕɧɛŮɜɤɜ 

ůɖɛŮɑɤɜ ŬˊɞŰŮɚŮɑ Űɖɜ əɨɟɘŬ ˊŬɟɎɛŮŰɟɞ Ŭɨɝɖůɖɠ Űɞɡ ɢɟɞɜɘəɞɨ əɧůŰɞɡɠ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ. 

 

Ƀ Ŭɚɔɧɟɘɗɛɞɠ GRID ŮɑɜŬɘ Ŭˊɚɧɠ ůŰɖɜ ŮűŬɟɛɞɔɐ əŬɘ ˊɟɞůűɏɟŮɘ ˊŬɟŬɚɚɖɚɘůɛɧ ůŮ ˊɞɚɚɎ ŮˊɑˊŮŭŬ. ȺˊɘŰɡɔɢɎɜŮŰŬɘ 

ˊŬɟŬɚɚɖɚɘůɛɧɠ Ŭűɞɨ ɞɘ ɡˊɞɚɞɔɘůɛɞɑ Űɖɠ ɛɞɜŬŭɘəɐɠ Űɘɛɐɠ ůŮ əɎɗŮ ůɖɛŮɑɞ ŮɑɜŬɘ ŬɜŮɝɎɟŰɖŰɞɘ. Ƀ ˊŬɟŬɚɚɖɚɘůɛɧɠ ɛˊɞɟŮɑ 

ɜŬ ŮˊɘŰŮɡɢɗŮɑ əŬŰɎ Űɞɜ ɡˊɞɚɞɔɘůɛɧ əɎɗŮ ɛɘəɟɧŰŮɟɖɠ ɛɞɜŬŭɘəɐɠ Űɘɛɐɠ. 

 

ɄŬɟɎ Űɖ ŭɡɜŬŰɧŰɖŰŬ ɔɘŬ ůɢŮŭɧɜ ɘŭŬɜɘəɐ ŮˊɘŰɎɢɡɜůɖ ůŮ ɏɜŬ ˊŬɟɎɚɚɖɚɞ ůɨůŰɖɛŬ, ɞ Ŭɚɔɧɟɘɗɛɞɠ GRID ůɡɜŮˊɎɔŮŰŬɘ 

ˊɞɚɨ ˊŮɟɘŰŰɞɨɠ ɡˊɞɚɞɔɘůɛɞɨɠ. ɆɡɔəŮəɟɘɛɏɜŬ, ɖ ɛɘəɟɧŰŮɟɖ ɛɞɜŬŭɘəɐ Űɘɛɐ ɡˊɞɚɞɔɑɕŮŰŬɘ ůŮ ŭɘŬűɞɟŮŰɘəɞɨɠ ˊɑɜŬəŮɠ, ŬɚɚɎ 

ɧɚɞɘ ŮɑɜŬɘ ɛŮŰŬŰɞˊɑůŮɘɠ Ůɜɧɠ əŬɘ Űɞɡ ŬɡŰɞɨ ˊɑɜŬəŬ. ũɘŬ Űɞɜ ɢŮɘɟɘůɛɧ ɛŮɔɎɚɤɜ ˊɘɜɎəɤɜ, ɞ Ŭɚɔɧɟɘɗɛɞɠ ˊɟɞŰŮɑɜŮɘ Űɖɜ 

ŬɜɎɛŮɘɝɖ ŭɨɞ ˊɟɞůŮɔɔɑůŮɤɜ: ɛŮɑɤůɖ ˊɡəɜɞɨ ˊɑɜŬəŬ əŬɘ ɛŮɑɤůɖ ŭɘŬůŰɎůŮɤɜ ůŰɞɜ ŰɞɛɏŬ. 

 

Ƀ Ŭɚɔɧɟɘɗɛɞɠ ɛˊɞɟŮɑ ɜŬ ɡɚɞˊɞɘɖɗŮɑ ɛŮ ɡɣɖɚɐ ŰŬɢɨŰɖŰŬ ɛŮ Ŭˊɚɐ ůŰŬŰɘəɐ Ůəɢɩɟɖůɖ ɡˊɞɚɞɔɘůɛɩɜ ŬɜɎ ŮˊŮɝŮɟɔŬůŰɐ, 

ŭŮŭɞɛɏɜɞɡ ɧŰɘ Űɞ əɧůŰɞɠ ɡˊɞɚɞɔɘůɛɞɨ Űɖɠ ɛɘəɟɧŰŮɟɖɠ ɛɞɜŬŭɘəɐɠ Űɘɛɐɠ ŮɑɜŬɘ ŰɞɡɚɎɢɘůŰɞɜ ŰŮŰɟŬɔɤɜɘəɧ ɔɘŬ əɎɗŮ ůɖɛŮɑɞ 

Űɞɡ ˊɚɏɔɛŬŰɞɠ. ȼ Ůɝɘůɞɟɟɧˊɖůɖ űɞɟŰɑɞɡ ɔɑɜŮŰŬɘ Ůˊɑůɖɠ ɕɐŰɖɛŬ ɧŰŬɜ Űɞ əɧůŰɞɠ ɡˊɞɚɞɔɘůɛɞɨ Űɖɠ ɛɘəɟɧŰŮɟɖɠ ɛɞɜŬŭɘəɐɠ 

Űɘɛɐɠ ˊɞɘəɑɚɚŮɘ ˊɞɚɨ ůŰɞɜ ŰɞɛɏŬ. 

 

ɆŰɖɜ Ŭɟɢɘəɐ Ůəŭɞɢɐ Űɞɡ Ŭɚɔɧɟɘɗɛɞɡ Ƚnclusion-Ⱥxclusion, Űɞ exclusion ɔɘɜɧŰŬɜ ɛŮ ɏɜŬ ŭɘˊɚɧ loop ˊɞɡ ɏŰɟŮɢŮ əɎɗŮ 

űɞɟɎ ˊɞɡ ɔɘɜɧŰŬɜ əɎˊɞɘɞ exclusion, ɩůŰŮ ɜŬ ɓɟŮɗɞɨɜ ŰŬ ůŰɞɘɢŮɑŬ Űɞɡ ˊɑɜŬəŬ Z ˊɞɡ ˊɟɏˊŮɘ ɜŬ ŮɝŬɢɗɞɨɜ Ŭˊɧ Űɖɜ 

ŮɝɏŰŬůɖ ůŰɖ ůɡɜɏɢŮɘŬ. ȷɡŰɧ ɞŭɖɔŮɑ ůŮ ˊɞɚɡˊɚɞəɧŰɖŰŬ ɢɟɧɜɞɡ exclusion O(N2) ɧˊɞɡ Ɂ ŮɑɜŬɘ ɖ ŬəɟɑɓŮɘŬ (ˊɚɐɗɞɠ 

ůɖɛŮɑɤɜ ŬɜɎ ɎɝɞɜŬ). ȸŮɚŰɘɩůŬɛŮ Űɞ exclusion ɓɎɕɞɜŰŬɠ ŰŬ ůŰɞɘɢŮɑŬ Űɞɡ Z ɛŬɕɑ ɛŮ ŰŬ indices ůŮ ɛɘŬ ɛɞɜɞŭɘɎůŰŬŰɖ 

ɚɑůŰŬ. ȾɎɗŮ űɞɟɎ ˊɞɡ ɔɑɜŮŰŬɘ əɎˊɞɘɞ exclusion, ɓɔɎɕɞɡɛŮ ŰŬ ŰŬ ůŰɞɘɢŮɑŬ Űɞɡ ˊɑɜŬəŬ Z ˊɞɡ ˊɟɏˊŮɘ ɜŬ ŮɝŬɢɗɞɨɜ Ŭˊɧ Űɖɜ 

ŮɝɏŰŬůɖ Ŭˊɧ Űɖ ɚɑůŰŬ, ɩůŰŮ ɜŬ ɛɖɜ ŰŬ ŮɝŮŰɎůɞɡɛŮ ůŰɖ ůɡɜɏɢŮɘŬ. ȷɡŰɧ ɞŭɖɔŮɑ ůŮ ˊɞɚɡˊɚɞəɧŰɖŰŬ ɢɟɧɜɞɡ exclusion 

O(N). ɇɞ exclusion time ɛŮ Űɞɜ ɓŮɚŰɘɤɛɏɜɞ Űɟɧˊɞ ŬɡɝɎɜŮŰŬɘ ɔɟŬɛɛɘəɎ. 

  



 

95 

 

6.2. Ƀȷɚɔɧɟɘɗɛɞɠ Path-Following Űɞɡ Bruhl  

 

Ƀɘ ɛɏɗɞŭɞɘ ɘɢɜɖɚɎŰɖůɖɠ əŬɛˊɨɚɖɠ (path-following) ŬɜŰɘˊɟɞůɤˊŮɨɞɡɜ ɛɘŬ əɟɑůɘɛɖ əŬŰɖɔɞɟɑŬ ŰŮɢɜɘəɩɜ ˊɞɡ ůŰɞɢŮɨɞɡɜ 

ůŰɖɜ ɢɎɟŬɝɖ əŬɛˊɡɚɩɜ ŮˊɘɚŮɔɛɏɜɤɜ ɘůɞɦɣɩɜ. ȷɡŰɏɠ ɞɘ ɛɏɗɞŭɞɘ Ŭɝɘɞˊɞɘɞɨɜ ɏɜɜɞɘŮɠ Ŭˊɧ ɞɛɞŰɞˊɑŮɠ əŬɘ ˊɟɞɓɚɐɛŬŰŬ 

ɘɢɜɖɚɎŰɖůɖɠ əŬɛˊɡɚɩɜ, ˊɞɡ ŬˊŬɜŰɩɜŰŬɘ ůɡɜɐɗɤɠ ůŰɖɜ ŬɟɘɗɛɖŰɘəɐ Ůˊɑɚɡůɖ ˊɟɞɓɚɖɛɎŰɤɜ Ŭɟɢɘəɐɠ Űɘɛɐɠ əŬɘ 

ŭɡɜŬɛɘəɩɜ ůɡůŰɖɛɎŰɤɜ.  

 

ȼ ˊɟɧŰŬůɖ ɔɘŬ Űɖ ɢɟɐůɖ ŬɡŰɩɜ Űɤɜ ŰŮɢɜɘəɩɜ ɔɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ ɣŮɡŭɞűŬůɛɎŰɤɜ ɏɔɘɜŮ ɔɘŬ ˊɟɩŰɖ űɞɟɎ Ŭˊɧ Űɞɜ 

Kostin, ɛŮ Űɞɜ ˊɟɩŰɞ ůɢŮŰɘəɧ Ŭɚɔɧɟɘɗɛɞ ɜŬ ˊɘůŰɩɜŮŰŬɘ ůŰɞɜ M. Brühl [BRUHL1996]. Ƀɘ ɛŮŰŬɔŮɜɏůŰŮɟŮɠ ŮɝŮɚɑɝŮɘɠ 

ɞŭɐɔɖůŬɜ ůŰɖɜ ŮɘůŬɔɤɔɐ Űɤɜ ɛŮɗɧŭɤɜ ˊŬɟɎɚɚɖɚɖɠ ŬɜɑɢɜŮɡůɖɠ əŬɛˊɡɚɩɜ Ŭˊɧ Űɞɡɠ Ⱦ. ɀˊɏəŬ əŬɘ Ⱥ. ũŬɚɚɧˊɞɡɚɞ 

[BEKAS2001], [BEKAS2002]. Ⱥˊɘˊɚɏɞɜ, ˊɟɞŰɎɗɖəŬɜ Ŭɚɔɧɟɘɗɛɞɘ ŬɜɑɢɜŮɡůɖɠ əŬɛˊɡɚɩɜ Ŭˊɧ Űɞɡɠ B. Philippe, D. 

Mezher [MEZHER2002a], [MEZHER2002b]. 

 

ɀɘŬ ɓŬůɘəɐ ŭɘɎəɟɘůɖ ɛŮŰŬɝɨ ŬɡŰɩɜ Űɤɜ ɛŮɗɧŭɤɜ ŬɜɑɢɜŮɡůɖɠ əŬɛˊɡɚɩɜ əŬɘ Űɤɜ ˊɟɞɖɔɞɨɛŮɜɤɜ ɏɔəŮɘŰŬɘ ůŰɖɜ 

ˊɟɞůɏɔɔɘůɐ Űɞɡɠ. Ƀɘ ŰŮɚŮɡŰŬɑŮɠ ɛɏɗɞŭɞɘ ɢɟɖůɘɛɞˊɞɘɞɨɜ ɏɜŬ ɞɛɞɘɧɛɞɟűɞ Űɟɘɔɤɜɘəɧ ˊɚɏɔɛŬ əŬɘ ŮɝŬɟŰɩɜŰŬɘ Ŭˊɧ Űɘɠ 

ŰŮɢɜɘəɏɠ ŭɘɢɞŰɧɛɖůɖɠ ɔɘŬ Űɞɜ ŮɜŰɞˊɘůɛɧ ɛɘŬɠ ɟɑɕŬɠ Űɖɠ ůɡɜɎɟŰɖůɖɠ ůmin(A-zI) -Ů = 0 ůŮ ŮɡɗɨɔɟŬɛɛŬ ŰɛɐɛŬŰŬ ɛŮŰŬɝɨ 

Űɤɜ əɧɛɓɤɜ Űɞɡ ˊɚɏɔɛŬŰɞɠ. ȷɜŰɑɗŮŰŬ, ɞɘ ˊɟɞɖɔɞɨɛŮɜŮɠ ɛɏɗɞŭɞɘ ɢɟɖůɘɛɞˊɞɘɞɨůŬɜ Űɖ ɛɏɗɞŭɞ Newton ɢɤɟɑɠ əŬɛɑŬ 

ˊɟɞəŬɗɞɟɘůɛɏɜɖ ɔŮɤɛŮŰɟɑŬ.  

 

Ƀ Ŭɚɔɧɟɘɗɛɞɠ Path-Following Űɞɡ Bruhl ɝŮəɘɜɎ ɓɟɑůəɞɜŰŬɠ ɏɜŬ ůɖɛŮɑɞ Űɞɡ Ůˊɘˊɏŭɞɡ Űɞ ɞˊɞɑɞ ŬɜɐəŮɘ ůŰɖɜ əŬɛˊɨɚɖ 

ÖȿŮ əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ ɡˊɞɚɞɔɑɕŮɘ Űɞ ŮˊɧɛŮɜɧ Űɞɡ ə.ɞ.ə, ˊɟɞɓɚɏˊɞɜŰŬɠ əɎɗŮ űɞɟɎ Űɞ ŮˊɧɛŮɜɞ ůɖɛŮɑɞ əŬɘ ŭɘɞɟɗɩɜɞɜŰŬɠ 

Űɖɜ ˊɟɧɓɚŮɣɖ. ɇŮɚɘəɎ ɞ Ŭɚɔɧɟɘɗɛɞɠ ɡˊɞɚɞɔɑɕŮɘ ɞɚɧəɚɖɟɞ Űɞ ůɨɜɞɟɞ Űɞɡ ɣŮɡŭɞűɎůɛŬŰɞɠ ɏɢɞɜŰŬɠ ŬəɞɚɞɡɗɐůŮɘ Űɞ 

ɛɞɜɞˊɎŰɘ ˊɞɡ ɞɟɑɕɞɡɜ ɞɘ ɡˊɞɚɞɔɘůɛɞɑ Űɤɜ ůɖɛŮɑɤɜ. ɇɞ ˊɟɩŰɞ ůɖɛŮɑɞ ɓɟɑůəŮŰŬɘ ůɡɜɐɗɤɠ ɝŮəɘɜɩɜŰŬɠ Ŭˊɧ ɛɘŬ ŰɡɢŬɑŬ 

ɘŭɘɞŰɘɛɐ Űɞɡ ˊɑɜŬəŬ, ɖ ɞˊɞɑŬ ůɑɔɞɡɟŬ ɗŬ ŬɜɐəŮɘ ůŰɞ ŮůɤŰŮɟɘəɧ Űɞɡ ɣŮɡŭɞűɎůɛŬŰɞɠ, əŬɘ ŬəɞɚɞɡɗɩɜŰŬɠ ɛɘŬ 

ůɡɔəŮəɟɘɛɏɜɖ əŬŰŮɨɗɡɜůɖ.  

 

ȼ ɘŭɏŬ Űɞɡ path-following ɛŮɘɩɜŮɘ ůɖɛŬɜŰɘəɎ Űɞ ɢɟɧɜɞ ŮəŰɏɚŮůɖɠ ůŮ ůɢɏůɖ ɛŮ Űɞɡɠ Ŭɚɔɞɟɑɗɛɞɡɠ Grid, ŬɚɚɎ ɏɢŮɘ əŬɘ 

ŬɡŰɐ ɞɟɘůɛɏɜŬ ɓŬůɘəɎ ɛŮɘɞɜŮəŰɐɛŬŰŬ. ɇɞ ɛŮɔŬɚɨŰŮɟɞ ˊɟɧɓɚɖɛŬ ˊŬɟɞɡůɘɎɕŮŰŬɘ, ɧˊɤɠ ɗŬ ŭɞɨɛŮ, ɧŰŬɜ Űɞ ɣŮɡŭɞűɎůɛŬ 

ŭŮɜ ŮɑɜŬɘ ůɡɜŮəŰɘəɧ ůɨɜɞɚɞ, əɎŰɘ ˊɞɡ ůɡɛɓŬɑɜŮɘ ůŰɘɠ ˊŮɟɘůůɧŰŮɟŮɠ ˊŮɟɘˊŰɩůŮɘɠ ɔɘŬ ɛɘəɟɏɠ Űɘɛɏɠ Űɞɡ Ů. Ⱥə űɨůŮɤɠ ɞɘ 

Ŭɚɔɧɟɘɗɛɞɘ ˊɞɡ Ŭɜɐəɞɡɜ ůŮ ŬɡŰɐ Űɖɜ əŬŰɖɔɞɟɑŬ ɗŬ ɡˊɞɚɞɔɑůɞɡɜ ɛɧɜɞ ɛɘŬ ůɡɜŮəŰɘəɐ ůɡɜɘůŰɩůŬ Űɞɡ ɣŮɡŭɞűɎůɛŬŰɞɠ 

əŬɘ ɔɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɤɜ ɡˊɞɚɞɑˊɤɜ ˊɟɏˊŮɘ ɜŬ ŮəŰŮɚŮůŰɞɨɜ Ůə ɜɏɞɡ, ɛŮ ŬűŮŰɖɟɑŬ əɎˊɞɘŬ Ɏɚɚɖ ɘŭɘɞŰɘɛɐ. ȰɜŬ Ɏɚɚɞ 

ˊɟɧɓɚɖɛŬ ŮɑɜŬɘ ɧŰɘ əŬɗɩɠ Ŭəɞɚɞɡɗɞɨɜ Űɖɜ əŬɛˊɨɚɖ, Ŭɜ ɔɑɜŮɘ əɎˊɞɘɞɠ ɚɎɗɞɠ ɡˊɞɚɞɔɘůɛɧɠ ɐ ůŮ ůɖɛŮɑŬ ˊɞɡ ŬɡŰɐ ɏɢŮɘ 

ˊŮɟɑŮɟɔɖ ɔŮɤɛŮŰɟɑŬ (ɧˊɤɠ ŬˊɧŰɞɛŮɠ ŬɚɚŬɔɏɠ əŬŰŮɨɗɡɜůɖɠ ɐ ɛɘəɟɐ ŬˊɧůŰŬůɖ ɛŮŰŬɝɨ ŭɨɞ ůɡɜŮəŰɘəɩɜ ůɡɜɘůŰɤůɩɜ) 

ɛˊɞɟŮɑ ɜŬ ŭɩůɞɡɜ ɚɎɗɞɠ ŬˊɞŰŮɚɏůɛŬŰŬ. ɇɞ ˊɟɧɓɚɖɛŬ ŬɡŰɧ ɚɨɜŮŰŬɘ ˊɟɞɓɚɏˊɞɜŰŬɠ ůɖɛŮɑŬ ˊɞɚɨ əɞɜŰɎ ůŰŬ ɐŭɖ 

ɡˊɎɟɢɞɜŰŬ, ɔŮɔɞɜɧɠ ˊɞɡ ɧɛɤɠ ɧˊɤɠ ŮɑɜŬɘ űŬɜŮɟɧ ɞŭɖɔŮɑ ůŰɖɜ ŬɜɎɔəɖ ɡˊɞɚɞɔɘůɛɞɨ ˊŮɟɘůůɧŰŮɟɤɜ ůɖɛŮɑɤɜ əŬɘ ɎɟŬ 

ůŰɖɜ Ŭɨɝɖůɖ Űɞɡ ɢɟɧɜɞɡ ŮəŰɏɚŮůɖɠ. 
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6.3. ɄŮɟɘɔɟŬűɐ Űɞɡ ȷɚɔɞɟɑɗɛɞɡ Űɞɡ Bruhl  ůŮ ɊŮɡŭɞəɩŭɘəŬ 
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6.4. ɀatlabȾɩŭɘəŬɠ ɔɘŬ Űɞɜ ȷɚɔɧɟɘɗɛɞ Űɞɡ Bruhl  
 

 

ȷɟɢŮɑɞ bruhl_01_program.m  

 

A = [    0.0760 0.4173 0.4893 0.7803 0.1320  

         0.2399 0.0497 0.3377 0.3897 0.9421  

         0.1233 0.9027 0.9001 0.2417 0.9561  

         0.1839 0.9448 0.3692 0.4039 0.5752  

         0.2400 0.4909 0.1112 0.0965 0.0598  

    ];  

 

epsilons = [0.8, 0.5, 0.2, 0.1];  

K = 50000 ;  

d0 = complex(1,1) ;  

tol = 10^ - 6 ;  

t = 10^ - 3 ;  

 

for i = 1:length(epsilons)  

    epsilon = epsilons(i);  

fprintf(" \ n calling bruhl with epsilon = %.2f \ n", epsilon);  

bruhl(A, epsilon, K, d0, tol, t, 0, 'random.jpg');  

end  
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ȷɟɢŮɑɞ  bruhl.m  

 

function z = bruhl(A, epsilon, K, d0, tol, t, save, name)  

figure(1);   %% create a figure  

    hold on;  

    n = length(A);  

    eigs = sort(eig(A));  

disp(" \ n    eigs \ n");  

    disp(eigs);  

    l0 = eigs(1);  

disp(" \ n    L0 \ n");  

    disp(l0);  

    s = svd(A);  

disp(" \ n   s \ n");  

    disp(s);  

    z = zeros(K,1);  

 

    %% Find the first point  

    z1old = l0 + (epsil on / 2) * d0;  

    [U, S, V] = svd(z1old  *eye(n) -  A);  

    umin = U(:, end);  

    smin = S(end);  

    vmin = V(:, end);  

    z1new = z1old -  ( (smin -  epsilon) / real( (conj(d0) * (vmin') * umin) ) ) * d0;  

    count=1;  

 

    while (abs (z1new -  z1old) > tol)  

        z1old = z1new;  

        [U, S, V] = svd(z1old * eye(n) -  A);  

        umin = U(:, end);  

        smin = S(end);  

        vmin = V(:, end);  

        z1new = z1old -  ( (smin -  epsilon) / real( (conj(d0) * (vmin') * umin) ) ) * d0;  

        count = count + 1;  

    end  
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z(1) = z1new;  

 

    %For the rest of the points  

    for (k = 2 : K)  

        %% Prediction  

        [U,S,V] = svd(z(k - 1)*eye(n) - A); %the triplet for z(k - 1)  

        umin = U(:,end);  

        smin = S(end);  

        vmin = V(: ,end);  

        grad = (vmin')*umin;  

        %% disp(grad);  

        r = (grad*i)/abs(grad);  

%% disp(r);  

        pred = z(k - 1)+t*r;  

%% disp(pred);  

        %% Correction  

        z(k) = pred - ((smin - epsilon)/((umin')*vmin));  

        %% disp(z(k));  

        %% di sp(" \ n\ n");  

    end  

    %% plot(z, 'g');  

    plot(z);  

    if (save == 1)  

plot(eigs, 'linestyle', 'none', 'marker', '*');  

print(name, " - djpg") ;  

    end  

    %% close(1);  

    %% end 

    %% disp(count);  

end  
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6.5. ȷˊɞŰŮɚɏůɛŬŰŬ Űɞɡ ȾɩŭɘəŬ ɀatlab 
 

calling bruhl with epsilon = 0.80  

 

    eigs  

 

  - 0.0783 -  0.3508i  

  - 0.0783 + 0.3508i  

   0.3640 +      0i  

  - 0.7208 +      0i  

   2.0028 +      0i  

 

    L0 

 

- 0.078255 -  0.350776i  

 

   s 

 

   2.3595  

   0.7814  

   0.6429  

   0.3706  

   0.1545  

 

 calling bruhl with epsilon = 0.50  

 

    eigs  

 

  - 0.0783 -  0.3508i  

  - 0.0783 + 0.3508i  

   0.3640 +      0i  

  - 0.7208 +      0i  

   2.0028 +      0i  

 

    L0 

 

- 0.078255 -  0.350776i  

 

   s 

 

   2.3595  

   0.7814  

   0.6429  

   0.3706  

   0.1545  
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 calling bruhl  with epsilon = 0.20  

 

    eigs  

 

  - 0.0783 -  0.3508i  

  - 0.0783 + 0.3508i  

   0.3640 +      0i  

  - 0.7208 +      0i  

   2.0028 +      0i  

 

    L0 

 

- 0.078255 -  0.350776i  

 

   s 

 

   2.3595  

   0.7814  

   0.6429  

   0.3706  

   0.1545  

 

 calling bruhl with epsilon = 0.10  

 

    eigs  

 

  - 0.0783 -  0.3508i  

- 0.0783 + 0.3508i  

   0.3640 +      0i  

  - 0.7208 +      0i  

   2.0028 +      0i  

 

    L0 

 

- 0.078255 -  0.350776i  

 

   s 

 

   2.3595  

   0.7814  

   0.6429  

   0.3706  

   0.1545  
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6.6. Python ȾɩŭɘəŬɠ ɔɘŬ Űɞɜ ȷɚɔɧɟɘɗɛɞ Űɞɡ Bruhl  
 

ȷɟɢŮɑɞ  bruhl. py  

 

import numpy as np  

from scipy.linalg import eigvals  

from numpy.linalg import svd  

import matplotlib.pyplot as plt  

 

import sys  

def printf(format, *args):  

sys.stdout.write(format % args)  

 

def bruhl(A, epsilon, K, d0, tol, t, save, name):  

plt .figure()  

    n = len(A)  

    eigs = np.sort(eigvals(A))  

    l0 = eigs[1]  

    s = np.linalg.svd(A, compute_uv=False)  

    z = np.zeros(K, dtype=complex)  

 

    z1old = l0 + (epsilon / 2) * d0  

    U, S, V = svd(z1old * np.eye(n, dtype=int) -  A, full_matrices=Tr ue)  

print(V); print(" \ n")  

    umin = U[:, - 1]  

    smin = S[ - 1]  

    vmin = V[ - 1, :]  

    print(vmin); print()  

    z1new = z1old -  ((smin -  epsilon) / np.real(np.conj(d0) * np.matmul(vmin.T, umin))) * d0  

printf(" \ n z1new = ")  

    print(z1new)  

    count = 1  

    while abs(z1new -  z1old) > tol:  

        z1old = z1new  

        U, S, V = svd(z1old * np.eye(n, dtype=int) -  A, full_matrices=True)  

        umin = U[:, - 1]  

        smin = S[ - 1]  

        vmin = V[ - 1, :]  

        z1new = z1old -  ((smin -  epsilo n) / np.real(np.conj(d0) * np.matmul(vmin.T, umin))) * d0  

printf(" \ n z1new = ")  

        print(z1new)  

        count += 1  
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z[0] = z1new  

 

    for k in range(1, K):  

        U, S, V = svd(z[k -  1] * np.eye(n, dtype=int) -  A, full_matrices=True)  # the triplet for z(k - 1)  

        umin = U[:, - 1]  

        smin = S[ - 1]  

        vmin = V[ - 1, :]  

        grad = np.matmul(vmin.T, umin)  

        r = (grad * 1j) / np.abs(grad)  

        pred = z[k -  1] + t * r  

        # Correction  

        ## z[k] = pred -  ((smin -  epsilon) / (np.matmul(umin.T, vmin)))  

        z[k] = pred  

        if k%100000 == 0:  

            print(grad)  

            print(r)  

            print(pred)  

            print(z[k])  

            print(" \ n\ n")  

printf(" \ n\ n\ n iteration = %d \ n\ n\ n", k)  

 

    printf(" \ n")  

plt.plot(z)  

 

    if save == 1:  

plt.plot(eigs, linestyle='none', marker='*')  

plt.savefig(name, format='jpg')  
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## program  

 

A = np.array([[0.0760, 0.4173, 0.4893, 0.7803,  0.1320],  

              [0.2399, 0.0497, 0.3377, 0.3897, 0.9421],  

              [0.1233, 0.9027, 0.9001, 0.2417, 0.9561],  

              [0.1839, 0.9448, 0.3692, 0.4039, 0.5752],  

              [0.2400, 0.4909, 0.1112, 0.0965, 0.0598]])  

 

epsilons = [0.8, 0.5 , 0.2, 0.1]  

 

K = 50000  

d0 = complex(1,1)  

tol = 10** - 6 

t = 10** - 3 

 

for epsilon in epsilons:  

    if epsilon == 0.8:  

printf(" \ n calling bruhl with epsilon = %.2f \ n", epsilon);  

bruhl ( A, epsilon , K, d0, tol , t , 1, ' random . jpg ')  

 

 

 

 

ɇŬ ŬˊɞŰŮɚɏůɛŬŰŬ ɐŰŬɜ ˊŬɟɧɛɞɘŬ ɛŮ ŬɡŰɎ Űɞɡ Matlab .  
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