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IIepiAnwn

Aut n Sumlepatiky Siepsuva 1o Bédtioto 'Edeyxo (Optimal Control) péoo Avaiu-
ong [IpoonieAaopdtntag (Reachability Analysis). Artocagnvidet katdpyag ta Baoika
otoixeia tou BEATIoTOU eAéyXoU Kat Vv agia rmou rpocbidetl otov €AeyX0 CUCTUATOV.
Tuveyidel pe 9ewpia kat epappoyég ota [poomeddoa Zuvoda (Reachable Sets),
KaBmGg Katl otr) Xpr)o1n Tou duvapikou mpoypappatiopou oty Reach-Avoid avdAvon,
pa pébodo ermiduong mPoBANPATeV BEATIOTOU €AEYyXOU HE OTOXO TNV ermiteudn evog
OTOXO0U H€ Ttapakapyrn sprodiov. Zulnteitat emiong n évvola tng ArtoouvOeong I1po-
ortedaowotntag (Reachability Decomposition), 1 oroia amdorotel ta rpoBArpata
nipoortiedacipotntag vyndov Siactdcewv. H peAétn epappddel autég g dewpieg o
éva ouotnpa quadrotor 6 diactdoewv, ouykpivoviag ta anotedéopata g rapado-
Ol0KAS aVAAUONG TPOCTIEAQCTHOTNTAS HE TNV ArooUVOeoT MPOoTieAacotnIag, a-
vadelkviovtag TV AnoteAeopatiKotIa g TeAeutaiag. Xin ouvexeld, H1epeuvd mwg
n Evioxutukr) Mabnon (RL), pla texvikn pnxavikng pabnong Afyng anopacewmv,
propel va evoopateBet otnv Avaduon [poomnedacpotntag. Ilapouoiadetar n mpo-
oopoiwor evog ouotrpatog 6A oeAnviakng rpooedagiong, pe ) xpnon RL Reacha-
bility Analysis kat RL Reachability Decomposition. Ta supnpata avadsikviouv ta
MAEOVEKTIIATA KAl TA PEIOVERTATa Kabe pebodou.

210 KUpPl0 PEPOS autng tng 61atpiBrig, XP1OIHOIO0UHE TV avAAUOoT IIPOOoTIE-
Aaowdtntag ya va emvonooupe €va zero-sum game pe model-free, actor-critic
Q-learning mpoo£yy1lon yla tov UTIOAOY1OHUO0 IIPOCTIEAACIH®OV CUVOAGV O€ YPAPHIKA
1] YPAPIKOIIOW)O1H1a OUCTIATA, KO Kt Itapoucsia dlatapaxmv. ApYiKA mapou-
otddoupe 1o Hiktuo Kpikev (critic network) mmou xprnoponoieitatl otnv POCEYy1ot)
Jag, TO OTO10 ATTOTEAEITAL ATIO £vav KPITIKO KAl 6U0 nBomoloug: £vav yia Tov eAey-
K1) Kat évav yla 1) Statapaxr). Lt GUVEXELd, EI0AYOUE Pid EMTAUSIEVI] KATAOTAOT)
IoU {avaypaget ) ouvAaptnorn MAEOVEKTIATOG ITou e&aptdtat amno ) §pdon tev mpo-
BAnuatev npoonieAacipdtntag og CUPIIAyL Hop®n. Xin ouvéxeld, oxedialoupe Evav
aAyop1Bpo mou mpooeyyidetl ) BEATIOT MOATIKY, UTIOAOYidel To TIPpo0BAoipio cUVOAo
Kat eivat BeATIOTONOMPEVOS G TIPOG Th XPOVIKY TToAurAokotnta. Tédog, Seixvoupe

TV AMOTEAEOPATIKOTTA TOU ITAA1010U Pag PE0® NTapadelypdi®v IIpocopoinong.

Ag¥e1g-rAe181a: BéAtiotog EAeyyxog, Auvapikog Ipoypappatiopdg, Evioxutikr Mabn-
on, Reachability Decomposition, Hamilton-Jacobi Reachability, Q-Learning, Reach-
ability Analysis, Reach-Avoid Analysis, Actor-Critic






Abstract

This Master’s thesis investigates optimal control via Reachability Analysis. It first
clarifies the basics of optimal control and the value it brings to system control.
The focus then shifts to the theory and applications of reachable sets, and the
use of dynamic programming in Reach-Avoid Analysis, a method to solve optimal
control problems with the aim of reaching a target while circumventing obstacles.
The concept of Reachability Decomposition, which simplifies high-dimensional
reachability problems, is also discussed. The study applies these theories to a
6D quadrotor system, comparing the results of traditional reachability analysis
with reachability decomposition, highlighting the effectiveness of the latter. It
then explores how Reinforcement Learning (RL), a decision-making machine
learning technique, can be incorporated into reachability analysis. A 6D lunar
lander system simulation is presented, using RL Reachability Analysis and RL
Reachability Decomposition. The findings provide insights into the pros and cons
of each method in complex control environments.

In the main part of this thesis, we use reachability analysis to devise a zero-sum
game with a model-free, actor-critic Q-learning approach for computing reachable
sets in linear or linearizable systems, even in the presence of disturbances. We
first introduce the critic network that is utilized in our approach, which consists
of a critic and two actors: one for the controller and one for the disturbance. Next,
we introduce an augmented state that rewrites the action-dependent advantage
function of reachability problems in a compact form. We then design an algorithm
that approximates the optimal policy, calculates the reachable set and is optimized
in terms of time complexity. We finally show the efficacy of our framework through

simulation examples.

Keywords: Optimal Control, Dynamic Programming, Reinforcement Learning,
Reachability Decomposition, Hamilton-Jacobi Reachability, Q-Learning, Reacha-
bility Analysis, Reach-Avoid Analysis, Actor-Critic
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Kegpadawo 1
BéAtiotog EAeyyog

O BéAtiotog €AeyX0g €ival 0 TOPEAS TOV EPAPHOOHEVROV NABNPATIK®V TIOU aoX0Asitat
HE VvV €UpeoT] TOU KAAUTEPOU TPOTTOU €AEYXOU €vOG OUCTHHATOS Yl THV €Itteudn
evog ermubupntou anoteAéopatog. O otdoxog tou PEAtiotou eAéyyou eivat va Ppe-
el pla otpatnyiky) €AEyXOU TOU HEYIOTOTIOLEL 1] €AAXIOTOOEL P10 OUYKEKPIHIEVT)
AVTIKEIEVIKI] OUVAPTNOT], Ve TtapdAAnda oeBetal T0Ug PUOIKOUG TIEPIOPLIOOUG TOU
ouotrpatog [1].

E18kotepa,

ty
H(e) = [ Late) ). 0t + 0atty). 1)

orou z(t) etvatl to onpa ewo6dou, u(t) o édeyxog, ty 0 apxiKog xpovog pe to > 0
Kat t o TeAikOg Xpovog pe ty € [tg,00), L(x(t),u(t),t) eivar 1o ouypaio kootog,
O(z(ty),tr) etval 10 TEAMKO KOOTOG, £VO TO CUCTNPA MEPIYPAPETAL AIO T} XPOVIKI)
etlonon

@(t) = f((t), ul(t),t) (1.1)

oroovz € X CR"xaru € U CR".

Ot AUoeig nipoBAnudtev BeAtiotou eAéyxou propouv va Angbouv aglornoidviag
mv apxn €layiotou tou Pontryagin [2], n omoia amoteAel avaykaia ocuvOnkn 1
Auvovtag v HJIB &iowon, rou arotedel kavy) ouvornkn [3]. H Xaptoviavry H

6ilvetal armo tov turno

H(x(t),u(t), p(t),t) = L(x(t),u(t),t) +p" f(z(t),u(t),?)

orou p(t) eivat moddardaciaotég Lagrange [4].

O1 avaykaieg ouvOrkeg optimality [5] eivat ot €€ng:
. H

T = — (state equation)
Ip

. OH
p = ——— (costate equation)
ox
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oH
—— = 0 (stationary condition)

ou

H(x*(8), u* (t), p* (£),£) < H(z*(t), u(t),p"(t),1),Yu € U

orou U 10 0UvoA0 tev 10086V eAéyyou. Ao v Tedeutala POKUITTet OTt 1] BEATIOTY)
OTPATNYIKY €AEYXOU TTOU €Aax10TOrOEl 10 KOotog petabaong (cost-to-go/running
cost) Sivetal amno tov vopo gAéyxou avatpopodotnong g XapAtoviavnig [6]:
u*(x(t)) = argmin H (x(t), u(t))
uelU

o oroiog divel tn BéAtiotn eicodo eAéyxou yia pia dedopévn katdotaon x(t).

H value function [7] avuunpooerieuet 10 eAdx1oto K6otog petabaong anod pa de-
dopévn Katdotaon oty KATdoTaot)-0toX0 Kal XP1OHOIIolEiTtal yid TOV IIPoodloplopod
G BEATIOTNG OTPATNYIKNG €EAEYXOU IMOU €AAX10TOIIOLEL TO0 KOOTOG. AnAadn,

V(x) = min J(u(t))

uelU

H npooeyylompdtnua (Reachability) eivat pia onpaviikr) évvola otov BéAtioto
€Aeyx0, KaB®G TIapéxel Evav TPOITo va IPOGdI0PIoTEl av P CUYKEKPIIEVT KATAoTA-
On 10U CUOCTNPATog HPropel va ermteuxBel amo pa debopévrn apyikn kataotaon,
XPNOHOMOIWVIAS P10 OUYKEKPIHEVH OTpatnyikn eAéyxou. H avdduon ng duva-
ToTNTag MPOoeyyong ivat 1dlaitepa Xprjon o Kataotdoelg 0Iou 10 ouotnpa eivat
TTOAUTIAOKO KA1 Ol £10P0EG EAEYXOU €lval TTEPIOPIONEVEG, OTIOG OTNV AUTOVOLLI TTAO-
fynon oxnpdiov, Orou 1o oxXnpa mEEmetl va arnopuyet eprtodia eve odevel Ipog Tov
IIPOOPLOO TOU, Ot EPAPHOYEG TG POUITOTIKYG o¢ path planning, k.4., BA. [8], [9].

[Tpoxketatl yia pia TEXVIKI IOU XPNOHOoToleital otov PEATIOTO €AeyXO yid TOV
TIPOCO10P1I0PO NG MIPOCTIEAACTHOTNTAG £VOG CUCTHHATOS arto pia 6eSopévr apXIKy
Kataotaor). ITapéxel évav 1poro UmoAoy1oPoU T0U OUVOAOU TMPOCTIEAACTIOTHTAG TOU
ouotnuatog (Reachable Set) [10], to omoio eivatl 10 oUVOAO OA®V TOV KATAOTAOE-
®V TIOU PIOPOUV va €rMTeUXB0oUVv amod v apX1Kr KATAoTaor XPnotHonolmviag pid

OUYKEKPILEVT] OTPATNYKL) eAéyxou. YroAoyietal g

R = {x | Ju(t) pe z(t) = x yia xanowo t}

To Reachable Set prnopet va xpnoponown el yia 10 oxediaocpo piag otpatnyikng
€AEYXOU TIOU HEYIOTOIOLEL TNV MTPOCTIEAACTIOTATA TOU CUCTHHATOG, £Ve MApdAAnia

bev mapaBiadel T0UG PUOIKOUG TIEPIOPIOOUG TOU.

1.0.1 Hamilton-Jacobi Reachability Analysis

'Eva a§loonpeioto nmapakAdadt tou Reachability eival 1o Hamilton-Jacobi Reacha-

bility Analysis (HJRA) [11]. TIpdkettatl yia pia TeXVIKY ITOU XPNOllonoteital otov
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BéAtioto €Aeyxo, otnv omoia, otav o0el éva duvapiko ovotnpa Kat €vag otoyxog,
MIAPAYEL TO CUVOAO TOV APXIKOV KATACTACE®V ATTO TIS OIOiEG TO CUOTNA EYYUNHEVA
9a ermtuyet tov otoxo auto. ErumAéov, n pébodog mapéyetl tov PéATioto EAeyxo yia
Vv emiteudn tou otoxou. Mropel emiong va epappootei yia sprnodia kat pn a-
opaleig kataotaocelg: H npooniedacpointa HJ Sa emiotpéyet éva oUuvoAo apyikov
KATAoTAOE®V Ao TG OTI0IEG TO0 OUCTNHA TIPEMEL va HPEIVEL PAKPld ylda va Tapape-
vel aopadég, Kabmg Kal Tov €AEYX0 yla va 1o €rmtuxel auto. Ilapéxetal emiong 1
duvatotnta va cuvduaoctouv oevapila 1000 1€ OTOX0UG 000 Kal Pe eprnodia, kat duva-
Tat akopn Kat va AaBoupie uroyn T Xepotepeg duvatég Satapaxeg (r.x. avepog).
Extog autou, n Hamilton-Jacobi avdAuorn nipooeyyloidtntag anoteAel 10XUpo ep-
yaleio ya v emiduorn nipoBAnpatev BEAtiotou eAéyxou, Kabwg propet va xeipiotet
BI YPOPUIKA CUOTHATA PE TIEPLOPIO0US KAl aBeBalotnteg.

Baoiletatl ot pepikn Siagopikr) egiowon Hamilton-Jacobi, n oroia meptypdget
v e§EAEN tng ouvaptnong adiag tou npoBArjpatog BéAtiotou edéyxou. H pepikn
Srapopikn e§iowon Hamilton-Jacobi Sivetat arnd:

oV oV
or HHE 50

onou V(z,t) eival n ouvaptnon agiag.

)=0

[Mpoxettat oy rpdgn yla éva nipoBAnpa Suvapikou mpoypappatiopoy, Katd 1o
ortoio €va npoBAnpa PEATIoTOU eAéyXOU avadustal o€ Pia akoloubia andouotepmv
UTIOTIPOBANUATOV PECW® TNG £MMAUONG NG PEPIKNG Srapopikig e§iowong Hamilton-
Jacobi 1pog ta 1miow oto Xpovo, SEKIVAOVIAG arto TV KATAoTtao-0toX0 Kat Iyaivo-
VIag IPog Ta Mo® otV ap)Kr) katdotaorn. H Avor tou HJRA napéyxet i ouvdaptnon
a&lag, n oroia ot cuvéxela XProTHoroteital yia tov urtoAoyiopo g BEAtiotng otpa-

TYKLG EAEYXOU.

Reachable Sets

Aedopévou ot piddpe yia Reachability, n e§iowon 1.1 ege1bikevetal og eghg:
B(t) = f(x(t), u(t), ), 2(0) = o, t > 0 (1.2)

Av optotet og £¥(+) 1 poxa mou §ekivaet arnod v kataotaon x(-) eAéyx® u(-), orou
€ : Ry — X, t0te yua éva target set T C R” - 10 0UvoAO OV KATAOTACE®V ITOU
avarapiotouy 1o otoxX0 TV BeAtiotov TpoX1ov - Katl éva constraint set C C R” -
10 OUVOAO OAGV TV erutpentov states katd v e§€Agn pag tpoxag - opidoviat to
aopaiéc ovvoAo KAl 10 anotuxEg ouvoslo.

To aopadég ouvolro, eedr|g safe set, ouvaptrioet tou C opidetal ®g 10 GUVOAO TV
APXIKGOV KATAOTACE®V AITO TIG OITOIEG 0 EAEYKTNG MITOPEL va Siatnproet T’ adopiotov

1O OUCTNHA £VIOG TOU OUVOAOU ITEPLOPIOPMV

Q) :={zx € X|FueU,Vr >0,8:(r) € C} (1.3)
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Avrtiotoixa, oupBoAidoviag 10 CUPMARP®IIA TOU GUVOAOU MePloplopov og F = C¢,

AapBavoupe to failure set, otnv oroia nepintoon to § yiverat:

QUF) ={reX|FuelUVr>0,8(r) ¢ F} (1.4)
'Etot, opiletat 1o Backwards Reachable Set (BRS) tou otoxou 7 g:

R(T)={zx € X|FueU,3r>0,(r) € T} (1.5)

Znv oucia, 10 OUVOAO APYIK®OV KATAOTACE®V AITO TI§ OITOiEG TO CUOTIHA TIPETTEL
va exwvroel oote pe BeBatdtnta Kat pe PEATIOT0 TPOMO va @TAcel OT0 OTOXO TOU
oe Xpovo tr, amotedetl 1o Backwards Reachable Set. Zto mAaicio autd, opidetat
kat 1o Backwards Reachable Tube (BRT), to oroio arotelei 10 oUVOAO apXlK®V
KATAoTdoe®V Ao TG Oroieg 10 oUOTNA MPEIEL va SEKVIOEl wote pe BeBatdtnta kat
He BEATIOTO TPOTIO VA PTACEL OTO OTOXO0 TOU Ot XPOvo 10 oAU t¢. lapopoiot opropoi
undpyouv kat yia Forward Reachable Set (FRS) kat Forward Reachable Tube (FRT)
[12].

Ao v 1.4 givat epgavég ot 1o Q(F) eivat to avoid backwards reachable set.
Amo £6m kat épa 9a avagépetat wg A(F) yia Adyoug oupBodiopou. Zuvdudlovag,
Aowov, ta backwards reachable set kat avoid backwards reachable set opidetat to
Reach-Avoid Set, 65nAadn 1o 0UVOAO TV KATACTACERV Y1d TIG 0TI01eg 0 EAeyX0g 0bnyet
10 oUoTnua oto 7 £V TAUTOXPOVRG arodeuyet o F. ZupBoiioviag to oUuvodo auto

wg RA mpoxurttet:
RA(T; F) ={z € X|FueU,3Ir >0,(1) € T AV € [0,7]s (k) € F} (1.6)

10 oroio SnAMVEL T0 OUVOAO T®V KATACTACER®V Yld TIS OTIOIEG UTTAPXEL KATIO0 orjpa
gAéyxou 1ou uropei va obnyroet 10 cuotnua oo 7 arnogeuyoviag to F OAeg TG

TIPOYEVECTEPES XPOVIKEG OTIYHEG.

Avuvapikog Ilpoypappatiopog yia Reach-Avoid Avaluon

O unoAoyilopog tou ouvodou Reach-Avoid amattei tov oplopd 600 empavelakmv
ouvaptrosey rmou da Slaxmpilouv TG KAtaoTdoelg IoU aviKouv otov Xopo T ard
ekeiveg rou Bpioxkovial otov xwpo F. Ot ouvaptroeig autég Sa eivar signed ouvap-
moeg I(+) : X = Rkatg() : X = R, o1 onoieg eivat ouveyeig katd Lipschitz ex

KATAOKEUTG Kat opidovtal wg e&ng:

Kat

20



avtiotoika.

To [ 9a avagépetat wg n ouvdaptnon payoff kai 1o g wg n ouvdptnorn discriminator,
onwg reptypagetat oto [13].

O1 emdpavelakeg oUVAPTLOELG AUTEG KaO10ToUv duvato Tov oplopo Tou continuous-

time functional

V¥ z(t)) = min max< (&%, (7),7), max g(£%(k), k) 7. 1.7
(a(0) = iy mac{ (€4 (), 7). mas (€2 (). 5) 1.7)
I[Tpérnet va onpelwdet €86 ot to V¥ (z(t)) 9a eivat apvnuiko eav kat povo dv ) tpoxia
@tdoel oto T, xwpig moté va napabialet 1o cuvodo meproptopmv C.

H eAayxiotonoinon tou functional (1.7) opilet t ovvaptnon aiag og:

V(x(t)) = inf Vi(x(1)) (1.8)

uelU

Iooduvapa,
<0, x(t) € RA(T; F)

V=)= { >0, 2(t) ¢ RA(T: F)

TéAog, yia va ouykAiver ) value function otn Auon, mpémnetl va kavomotel v

akodoubn RABE (Reach-Avoid Bellman Equation):

V(e(t) = maox {g(a(t) mini(e0), inf V() |
orouv z'f =&t +6—1), pe 0 <d < T —t xat, mpogavag, 0 <t < T.

1.0.2 Reachability Decomposition

H npoomtieAacipotnta HJ propet va pnyv eivat mpaktiki yia cuotipata vpniov da-
OTA0E®V AOY® TG UMMOAOY10TIKYG TTIOAUTTAOKOTHTAG NG pebddou rmou audavetat exOe-
TIKA pe ) idotaor tou ouotpatog. Qg arotédeopa, potabnke 1o System Decom-
position [14]. Me auto 1o 1éxvaopa, 1o BRS pmnopet va urnodoyiotet pe akpiBela ya
aroouvbedepéva duvapika (decoupled dynamics) kat duvapika nou sivat ouvdede-
Péva pe évav oUyKeKPLPEVO TPOITo rmou 0dnyel ota Asyopeva avtoteAn vmoovotnuata
(self-contained subsystems). TI'ia dynamics mou ev undayoviail otig MAPATTAVE
Katnyopieg, mpoosyylotikeg Avoelg untoAoyiloviat.
Av éva ouotnpa

T = (y1>y27yc)7

propet va tebel otnv enovopalopevn self-contained form

Y1 J1(y1, Ye, u)
Yo | = | fo(y2,Ye, u)
yc fc(ymu)
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101 €ival S1aomacipo wg
[Zjl] B [fl(y1, Ye, u)] [w] . [fz(y2, Ye, U)]
| = and |7 | =
Ye fc(ym u) Ye fc(ya u)

Av dev unidpyxet coupling otov éAeyxo, 1 value V' tou apx1koU cuotr)patog UIo-

Kata to [15].

Aoyietal wg:

V(y1,y2,ye) = max{V (y1,9c), V(y2, ye) }

kat 1o BRS urnodoyietatl pe axkpiBeia. Zinv ouoia, n adia V' oe éva oroiodrjmote
onpeio eivat n péylotn, dndadr) n xepodteprn, value petadu twv duo Sodiactatwv
ouoTNUATOV.

Edv o éAeyxog eival coupled, n amoouvBeon eival akpiBrig POVO ya Tig TEPT-
TIIWOELG OTIG OTToieg TIPETIEL va Xp1otponoln el o BEATIOTOg €AeyX0G £iTe YA TO UTIO-
ovotnpa 1 eite yua 1o untoovotnpa 2. H érAeon autrn eikovoroleital mapakato oG

egng:

Coupled

subsystem controls | Avoid target | Reach target

Intersection of
back projection

Union of
back projection

Reconstruction

Zxnpa 1.1: IMivakag vrocuotnpdatov pe coupled control. H mArpng ki ermtuyng
avakataokeun tou backwards reachable set 1oxUel yia t1g EPUTIOOEIS PE TO TIK
[16].

e epUTI®Ooelg 010U 10 cuotnpa dev propet va tebel o autotedr] poper) 1 OIou
N avakataokeun dev prnopel va yivet, egetaloupe v IPOCEYYIOTIKY ATOOUVOEDT)
(approximate decomposition). H éAAeiyn {OTUKOV KATACTACER®V 0 KABs unoouotr)-
pa prnopet va aviotabuiotel 9enpmdviag 0Tt MPOKELTAL Yid AYVOOTES “PeuTikeg dia-
Tapaxeg”, Ol Ormoieg IEPIEXOUV TAVIA TIS XE1POTEPEg OUVATEG TIPEG. XUVEM®G, Td
ouotfjpata sivat mAéov decoupled kat prnopet va epappootei reachability decom-
position yia va unodoyiotouv ta backwards reachable sets, aAAd pe onpavuka
xapnAotepn akpiBela. INpota poBaAldstal 1o target set ota 6o uvnoouotpata Kat
ot ouvéxela yivetal progagate kabe urnoouotnpa pog ta Imio® yla va Anget to
BRS kafe uniocuotrpatog. X ocuvexela AapBavetatl n topn (Xeipotepn nepintwon)

Petady autiv TOv OUVOAGV Yia va rpooeyyiotel 1o BRS tou ouvoAikou cuotrpatog.
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o e ————— — — —I ——————
|
|
|
|
|
[ 1 -
_ \ J %
*requires V ’
L to be X

decoupled

Zxnpa 1.2: Yronpooéyyiorn. To unodoyiopévo reachable set (prmhe) eivat onpavuka
HIKPOTEPO AT TO MPAYHATIKO TOU apX1KOoU cuotnpatog (mpdowvo) [17].

Zinv niepimeon avtr), ouvnOwg urnodoyidetat 1o 40-55% 1ou Backwards Reach-

able Set Tou apxkoU cuotpATOS.

1.0.3 Hamilton-Jacobi Reachability Analysis oe Quadrotor 6 Auwa-

OTACERV

O1 IIPOCOHOINOEIS PEXPT TO TEAOG TOU KepaAaiou autou Bpiokoviat oto GitHub! pou,
fork tou framework ovopatt helperOC tou HJ Reachability Group. Avadiopyaveoa
10 repository toug wote va arnaptidetal ano neploodepa rapadeiypata Kat épuaga
kat éva bug rou Bprka oto dynSys tou Quadrotor6D. Ot aAAayég UrtapXouv o€ SeEX®-
ploto branch oto 61k6 pou repo, eve £xm 1o EVPEPDOEL £vav gUVINPI T ToU H1KOU
ToUGg yla v adAayrn Kat okoreuwm va avoie éva pull request wote va ouyxwveubei.
Xpnowonotouvtat Level Set Methods [18], 6nAadn duvapikog nmpoypappatiopog,
oto ev Aoyw framework.

H 6uvapikn tou cuotfjpatog tou e€adidotatou quadrotor sivat:

z= ($,i,y,y,0,é) (1.9)

! https://github.com/Costopoulos/helperOC/tree/master
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_ Ti+sind(u1+u2)
m

cosO(u1+uz)—mg—Ty
m

l(uz—ul)—Ré
L Tyy _

orou | eival 10 PAKOG Ao 10 KEVIPO Padag £0G T0 AKPO TOU TNAEKATEUBUVOUEVOU
oxnpatog, 1" eivat ) petagopikn avitiotaor translational drag, R eivat i) iepiotpo-
@1k avtiotaon rotational drag, m eivat ) pada tou terpatpoxou xat Iy, etvai n porn
adpaveldag Tou.

Zinv ekova napakdate @aivetat o urtoAoyiopog tou BRS yia epyaoia anoguyrg
KUAWSp1koU eprobiou aktivag 3 mou Ppioketat oty apxr v afovev. e ere-
Eepyaotr) Intel(R) Core(TM) i5-7300HQ CPU @ 2.50GHz pe pvrjun RAM 16GB o

unioAdoylopog difjpknoe 12 Asrtd. xinit eivat n apyikn 9¢or tou drone.

i
4
2
0
2
10 \
0 0

-10 -10

10 10

-10 -10

The reachable set at the end and xinit

2
0
0
-2
-2
-4
10 10
10 10
-10 10 -0 -10 10 -10

Zxnua 1.3: Yriodoyiopog backwards reachable set. To untoAdoyiopévo reachable set
Bpioketatl oy KAt-6£81a e1kova.

ITpooBétoviag F'kaouoiavo 9opubBo standard deviation otov x-afova pe tyr 0.2,
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eAN¢Onoav ta napaKATe.

-10 <10

The reachable set at the end and xinit

s 8

=10 -10 -10 -10 -10 -10

10

Zxnpa 1.4: YrioAoyiopog backwards reachable set pie Aeukd 96puBo otov opiddvtio
agova. To urtoAoylopévo reachable set Bpioketal oty Katw-6e81d e1kova.

Eivatl eppavég 61t o 96pubog avaotdtwoe mANp®g Tov uroAoytopo tou BRS, pe

arnotédeopa 1o quadrotor va Kivduvetet va £pBet oe ertadr) Pe o eProdio.
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t=3.00s

-5 1 I | — T |
10 5 0 5 190 0 -10

Zxnpa 1.5: YrioAoyiopog backwards reachable set pie Aeuko 96puBo otov opiddvtio
agova. To uroAoylopévo reachable set Bpioketal oty Katw-6e81d ekova.
Decomposed Quadrotor

To ovonpa 1.9 daondtat ota §Uo MAPAKAT® CUCTHHATA |
pP1 = ($7 ‘,1‘:7 97 9)

b2 = (3/7 g'/a 97 0)

AeSopévou ot peAetatal oevapio anogpuyng, to Reachability Decomposition eivat
eQ1kto Kat 1o BRS prnopel va kataokevaotei pe mAfpn akpiBela. Ltov 610 ernedep-
yaotr], 1 avakataokeur) tou napakat® Backwards Reachable Set oAdokAnpmOnke os

4 Aerttd, oto 1/3 tou apy1kou xpovou.
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0
-10 -10 -10 -10

The reachable set at the end and xinit

2
] 0
2 )
-4 -
10 - 10
0 0 10

-10 -10 -10 =10 -10 -10

Zxnua 1.6: YnoAdoyilopog backwards reachable set yia to Siaocriacpévo ocuotnpa.
To urnodoyiopévo reachable set Bpioketal otnv Katw-8e§1d eikdva kat givat id10 pe
TOU aPX1KOU CUCTATOG.

To urtodoyiopévo Reachable Set eivat teAeing 1610 pe autd tou cUVOAIKOU OU-

otfjpatog. To ocootd kepdiopévou xpovou pe ) pebodo autr) eivat 66.7%.
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KegpaAaio 2
Evioyxutikn Ma6non

H evioxutuikr pabnon (Reinforcement Learning) sivat piia mpooeyyion PnXavikng
pabnong orou évag mpaktopag (agent) pabaivel g va eMITUXEL £vav OTOX0 PECK
aAAnAerudpdosnv Soxkiprg kKat AdBoug pe éva duvapiko niepiBaidov. Turonotetl v
16¢a 6 ) avtapoBr) (reward) 1) n ipepia (punishment) evog agent yia ) cuprnept-

(POPA TOU TOV KAVEL 0 TBavo va eravaAdBel 1] va arogpuyel autt) 1 CUPIEPIPOPA

oto 1éAdov.
Agent
State, Reward Action
St Tt Qi

Environment ]

Zxnpa 2.1: Bpoxog aAAnAenidpaong npaxktopa-repiBaiioviog [19].

O pdktopag Kat 1o rep1Bardov eivat o1 facikoi Yapaxktjpeg tou RL. To riepBAA-
Aov etvat 1o mepBaAAov oto oroio o0 mpaktopag Asttoupyel Kat aAAnAemdpd Orwg
paivetat oo Zxnua 2.1. O mpaxtopag anopaociel mowa evépyeia Sa AdBetr apou
OAOKANp®oet pa (evoexopéveg eAATY)) TapATrPNon g KATAoTAon§ TOU KOOH0U OF
K40t otdbio g adAndemnidpaong. To mepiBadAdov propei va adAdagel ano povo tou
] ®G ATOTEAEOHA TV EVEPYELDV TOU Tpdktopa. O mpaxtopag AapBdvet emiong éva
ofjpa aviapoBng (reward) arnd to niepiBaAdov Tou, 10 Oroio eival Evag aplOpnTKkog
Selking Tou mMOoo KAAn 1] AoXNPn £ival 1 KAtaotaorn ToU KOOHOU AUty T OTyHL).
O 010X0g TOU IIPAKTIopa €ivatl va HEYLIOTOMO|0el ) OUVOAIKI] aviapoilBr tou, v
anédoorn (return). Ot PEBOSO1 EVIOKUTIKIG PAONONG EMITPEIOUV OTOV TIPAKTOPA Va
ermAgyel oupneptdpopEg rmou Sa tov FonOrjoouv va emTuxel 1oV oToX0 ToU.

Zuveyxidovtag pe 1ig opodoyieg, pia katdotaor (state) s eitval pia A png neprypa-

1) G KATAOTAONG TOU KOGHOU. Agv UTIAPYEL Kapia mAnpogopia yia tov KOO0 [ou
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va givatl KpuppEvn aro v Kkataotaor. M napatrpnon (observation) o eivat pia
HEPIKN TIEPyPAPT] P1AG KATAOTAONG, I OToia PItopel va mapaleinet mAnpodopieg.
IMa napdadetypa, n kataotaon evog drone propet va meptypdgetat anod tig yovieg
KAl 11§ TaXUTNIeS TV apfpmoemv ToU, Ve [11d Iapatr)pnorn KItopel va meptypadetat
ano évav mivaka pe 1§ (X,y) THEG autou Katl 1oV eprodiov yupe tou.

Atagpopetikd rieplBaldovia EMIPETOUV H1aPOPETIKOUG TUTIOUG evepyel®v. O 0pog
"Xopog dpdong” (action space) avagépstatl oto oUvoro OAev TV bavev Spaotn)-
POTAT®V Ot £va OUYKEKPIEVO TtepBaAdov. Optopéva repiBailovia, OIwG auto oto
011010 YIVETAl IIPOCONOIMOT] TIAPAKAT® OTO KEPAAALO0 AUTO, £XOUV H1aKPITOUG XOPOUG
dpdaong, Orou POvo évag MEMePACHEVOS aplBpog Kvrjoewv eivatl Siabéopog otov
nipaktopa. AAAa mepiBaAdovia TPOOPEPOUV CUVEXEIG XDPOUG dpaorng, Onwg eKeiva
OIIOU 0 MPAKTOPAG XEPILETAL £€va POUIIOT OTOV MPAYHATIKO Koopo. Ot dpaceig sivat
dlaviopata mpaypatikov THeV 08 XWPOUG TI0U lval OUVEXEIS.

Ot smuntooelg autng g 81akplong ya tg rnpooeyyioslg Babiag Evioyutikng
Mdbnong (Deep RL) eivat peyddeg. Oplopéveg owkoyéveleg alyopibpwmv prmopouv
va xpnowaorionfouv dpeoca povo o Pia Katdotaon Katl 9a anattovoav OravilK
enegepyaoia oty AAAn.

[Ipoxwpwvtag otnv noAttik (policy), mpokettal yia €évav Kavova 1mou Xp1otpio-
roteitat ano évav mpaxIopa yia va anodaociost oe moteg evépyeleg Sa rpobei. Mnopet
va eivatl vieteppiviotiky), ornote oupBoAidetat pe pu: ay = p(s¢), 1 oroXaoUKY, OtV
oroia mepirtwon oupBodiletat pe m : ap ~ w(+|sy). Zin Babua evioxuukrn pdbn-
on epappodovial MAPAPETPOTIONHEVESG TIOATIKEG, SNAadr] KAvoveg TV Omoiv 1a
aroteAéopata ival UMoAOYioHES OUVAPTIOELS TIOU £6PTAOVIAL AIO €va GUVOAO Ta-
papérpav (yia mapddeiypa, ta fapn kat g npokatadnyelg (biases) evog veupovikou
81KtUou), o1 ortoieg prtopouv va aAAaxBouv PEo® TEXVIKWV [BEATIOTONOINONG IIPOKEL-
HEVOU Vva €MNPEAOTEl 1] CUPITEPLPOPA.

Ot 6paoceig evog agent mpaypatoniolovviatl avdioya pe v oAtukn wou. 'Etot,
opidetat ) évvola g petabaong Kataotdoewg (state transition): mpoxkettat yua to 1
oupBaivel 0TOV KOO0 PETASY TG KATAoTAong ) ouyyy (¢, s¢) Kat g Kataotaong 1)
ouypn (E+1, s¢41) kat e§apratat pévo and toug UoKoUg VOoUg Tou IteptBaldoviog
Kat tnv mo npoodatrn Spdon ay. Mropel va eivatl VIETEPPUIVIOTIKT 1] OTOXAOTIKT.

Me Baon 0Aeg T1G TAPATIAV® £VVOIEG, O1 EVVOILEG 1S aviapolBrg Kat tng arodoong
kabiotavtat rmo katavontég. H ouvaptnon aviapoBrg e&aptdtat and v tpéxouvoa
Katdotaor) ToU KOOHO0U, TNV £VEPYELA TTOU HOALS £Y1VE KAl TNV EMTOPEVI] KATAOTAON
TOU KOOHOU :

Tt = R(Stvat75t+1)'

H anébdoon opiletat wg 1o abpoiopa 0Aev TV aviapoBev mou £xel AdaBetl mote o
nipaktopag, aAdd discounted avaloya pe 10 moco pakpla oto péAdov Sa AngpOouv.

Autr) n Swatinwon g aviapoBhg meplAapBavel Evav OUVIEAEOTH] EKITIOONG 7Y €
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(0,1):
R(¢) = Z'ytrt.
t=0

O ouvtedeoth|§ EKMTIOONG Xpetadetatl 610t éva infinite-horizon dBpoiopa aviapoBov
propei va pn ouykAivel og MEMEPAOHEVT TIHL], YEYOVOG ITOU IIPETEL va arnodeuyOet
[20].

Ernopévag, o otdxog tou RL eival va §1aA&8et v MOATIKT) ITOU PEYIOTOTOLEL TV
avapevopevn arnodoor) (expected return) 6tav o PAKTOPAG MPATIEL Pe Ao autnv.

IT10 ouykekppéva, 1 avapevopevn arnodoor), rou cupBolidetat pe J (), eivatl tote:
J(m) = Eeor[R(S)],

pe E va eival n péon upn.

To xevipikd npoBAnpa Pedtiotoroinong oto RL propei tote va ekppaoctel oG eErg
7" = argmax J(m),
™

orou w* givat n BEATiot TMOATIKY).

TéAdog, n ouvaptnon adiag (value function) eivar oroudaiag onpaociag, Kadog
Seixver v adia pag kataoctaong. Me tov 6po adia, esvvoeital nj avapevopevn a-
6001 eAv EKIVIOEL 0 TIPAKTOPAS OTNV EKACTOTE KATAOTAOT) 1] OT0 £KACTOTE {EUYOG
Katdotaong-6pAocng Kat otn OUVEXELd Opa oUP(®VA HE P1d OUYKEKPIHEVT] TTOATTIKY)
yla avta. ‘Etot, n on-policy value function 1j amAag value function, V7 (s), n onoia
bivel tnv avapevopevn anodoon edv 0 MPAKTOPAS SEKIVAOEL A0 KATAOTAOT § Kat

EVEPYEL TTIAVIA CUPPGOVA PE TNV TIOATUIKN T opidetal g:
V7(s) = Egnr[R(E) [s0 = 5].

H BéAuiotn ouvaptnon agiag, optimal value function, n oroia divetl tv avapevopevn
arodoor £dv 0 PAKTOPAS SEKIVIOEL A0 KATAOTAOT] § KAl eVEPYEL mavia ouppava

pe i BéAtiotn moAtky m opiletal wg:
V*(s) = max Ee~r [R(€) [s0 = 5],

1), 100duvapa,
V*(s) = max J(§)

Na onpetwBei ed® 6t1 untdpyxouv HUo peyddeg Katnyopieg alyopibpwev evioyutt-
K1g pabnong: model-free kat model-based. Ot péBodor xwpig poviedo dev mpoona-
Youv va pabouv éva pntd poviédo tou reptBalAoviog. Avii aUuToU, EMIKEVIPAOVOVIAL
otV apeorn eKPAdnon pag moAMUKLG 1) piag ouvdaptnong agiag yia ) Afyn aro-
pace®v KAl 1 Pedtioon g anoddoong. O aiyopiBpotl xwpig poviedo pabaivouv

ano ug aAAnAemudpdoeig pe 1o nepiBaidov, ouvnBwg pe Soxkipur Kat opdipa, Xepig
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va dnpioupyouv pia avarnapdotaot) tg UMoKeipevng Suvapikng tou oUCTHATOG.
IMapadeiypata aAyopiBumv evioxXUtikng pabnong xopig poviéda nepdapbavouv: Q-
Learning [21], [22], SARSA (State-Action-Reward-State-Action), DQN (Deep Q-
Network) [23], Policy Gradient methods [24], éniwg PPO [25], REINFORCE [26],
[27].

O1 model-based péBobot, anod tnv aAAn, epldapBavouv v eKpadnorn evog pn-
TOU POVIEAOU TOU TIEP1BAAAOVTIOG, TO OTIOI0 ATOTUIIGVEL T SUVANIKT] TOU OUCTIHATOS.
To povtédo autd xpnolporoteitat yia to oxedlaopd Kat ) Afyn anoddcemv. MoAlg
10 POVIEAo pabeutel, Propouv va epappootouv diapopol aryopidpol oxediaopou
yla v eupeon pag PEAtiong moAttikng 1) ouvaptnong aiag. Mapadeiypata adyo-
piOp®v evioxutikng padnong rou Paociovral oe povieda repthapBavouv: MeBodoug
duvapikou npoypappatiopov (r.X. Value Iteration, Policy Iteration), Asvépikn a-
vadfjiton Movie Kdplo (MCTS), Model-Based napaAdayég tou Q-Learning (rt.x.
Dyna-Q [28]).

O111€060601 ou Bacidoviatl oe poviéda pmnopet va eivat enapedeig 0tav 1o iep1BAA-
Aov glval oxeKA anio Kat 1 SUVAPIKY) TOU £ival YV®OTr) 1] PIOPEl va IPooeyyiotel
pe akpiBela. Me v Urtapdn £vog poviédou, ot 1€00801 autég PIopouV va eKTEAOUV
TIPOCOPOIWOELS KAl va 0Xed1adouv €K TV IIPOTEPHV Yid va Bpouv Tig KaAUTEPES EVEP-
yeleg Tou mperel va AndOouv. Qotdoo, propel va eivatl meploplopévr) 1 epapioyr)
Toug otav 1o repBaddov eival 1d1aitepa MOAUITAOKO KAl 1] ATIOKINON £vOg akplBoug

poviédou eival SUOKOAD.

2.0.1 HJRA pe Evioyutikn Maénonq

'Eva ano ta Baoikd avuxkeipeva pedéng oto RL eivat k1 o BéAtiotog €Aeyxog, eve
pedetatal exkteveg kat to Hamilton-Jacobi Reachability. Avii i ouvaptnon agiag va
untodoyidetatl pe duvapiko npoypappatiopo kat level set methods, paBaivetat aro
Tov agent Katd v aAAnAenidpaon Tou pe 10 Suvapiko rep1BAAdov.

Ta ouvexeig xwpoug, 1 BEATiotn cuvaptnon adiag iIkavorotel t pepikn dtadopt-
K1) e§iowon Hamilton-Jacobi (HJ PDE). H Auon tng HJ PDE 6ivet to BéAtioto KOotog
petdaBaong yia Kabs kataotaor), cuviEToviag Katd autdv Tov TPOTo 1) BEATIoT TToAL-
k). Qotooo, 1 eniduorn twv HJ PDEs amotedel mpokAnon yia npoBArjpata uyniov
draotdoswv, pdBAnNpa yveoto kat g the curse of dimensionality. Mia evaAAaKTikr)
Auon eivat 1) POCEYYon THg ouvaptnong agiag pie ) XPHon VEUPOVIK®OV SIKTU®V ot
£€va MMAAIoI0 YVOOTO ®G VEUPHOVIKOS SUVAPIKOG Tpoypappatiopog (neural dynamic
programming). Ot mapdperpol T0U VEUP®VIKOU S1KTUOU [eAtioTornolouvidl PE T
xpnon aAdyopifpwv RL, 6rniwg o Proximal Policy Optimization (PPO) kat Q-Learning.
BéBata, eme1br) ot policy-gradient p€Bodot ermotpépouv katavopr mbavottov el
TV dpaocewv, avti yia ) pEylotn avapevopevn peddoviikn aviapoibr) (oniwg to Deep
Q-Learning), mpotippouviat oe ipoBArpata pe high-dimensional action spaces.

Kata mAnpn avadoyia pe ta Asyopeva O10 MAPATIAVE UMOKEPAAAlo, Ot €va

npoBAnpa BEATIOTOU €AEYXOU 0 OKOITOG ivatl va Ppebel ) KAAUTEPT TTOAITIKY) EAEYXOU
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wote va ermteuxel Evag ouykerp1évog 0toxX0g. ZuvnBwg, otdxog eival va eAaxioto-
ronBel 1o running cost J, amod 1o ornoio mpoxkuvrtet 11 Xapdtoviavryy H, n oroia
AVTIIIPOO®ITEVEL T CUVOAIKY] £VEPYELA TOU ouotrpatog. Emopéveg, o kaAutepog e-

Aeykg ©* mpokuITel orataAqviag tn Atyotepn duvatr) evépyela, § ou Kat
u* = arg min H (u)
u

Opoiwg, n BéAtiot ouvaptnon agiag, ou AapBavetal 6tav o rpdktopag Spa oup-

@ova pe t BéAtiotn moAtukn v, diveratl amnod ) oxéon) :
V*(z) := min J(z)
u

Zto mAaiolo Reachability Analysis rou £€xet opiotel og €60, to Lagrange func-
tional mou 9édoupe va peyiotoronBet eivat, kata avadoyia pe 1o V7™ (s) rou opiotrn-
KE TIAPATIAV® :

V(@)=Y yTr(ar ur), @.1)

orou r(z,u) : R” x R" — R eivar n ovvdptnon aviauorig (reward function) kat
v € [0, 1) etval n mapdperpog XPOViKAG EKITIROOTG, VOO 0§ pududs uadnong (learn-
ing rate). Tia to mpoBAnpa tou unokepadaiou 2.0.2 emAéxOnke rapaddayrn tou

aAyopibpou Q-Learning rmou ouykAivel eTtuXwg otr Auor).

2.0.2 Ed¢appoyn oe Lunar-Lander

Z10 UToKEPAAA10 autd epappodovial ta naparndve ot oeAnvakato (lunar lander)
tou OpenAl Gym [29]. H katdotaon Sivetar and to e€adiactato Sidvuopa z =
(x,2,y,7,0, 9) Kal o pooeAnvetng £xel 4 mbaveg 6paoelg (6ndadn terpadiactato
action space): va XpnolIomo|oel TV aplotept], TV KUPLA 1) TV aploTEPn] PnXavy),
1 va pnv nipoBel oe 6paon. To mepiBardov autd bev £xel 11g petaBAniég bool mou
AVTIIIPOO®IIEVOUV av Kabe modt ayyidet 1o peyydpl, enopévag dev eival 8D, onwg 1o
avtiotoixo tou OpenAl Gym. Na onpewwBei eriong ot eival drakpitd meptBaidov.
Opidovtag v eddayioty npoonpacpévn anootacn D petady evog onueiou [z, y]T €

R? k1 evdg ouvodou S wg

Do) = min V=7 -7 .2
[Z,9]edS
6mou ¢ = —1 av [z,y]7 € S xat ¢ = +1 aldoy, pe HS va eivat 0 GUVOPO TOU

ouvoAou.

To rep1Bcp1o aoPpaAeiag opiletatl aro v anootaor D ard 10 KEVIPO ToU OKAPOUG
£€0G TNV ermdpaveld g oeAnNvng, KabMG K1 amod v eAdx10Tn Aootaon arnod 1a apt-
otepd, ta 6e81d katl ta ave opa. Madi, autég o1l téooeplg ouviotwoeg opidouv éva
roAvyevo P, C R? 1o omoio optoBetei 1o constraint set. To acpadég rep1Bmp1o

(safety margin) opidetat enopéveg og g(s) = —D(x,y; P.). To target set T opile-
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Tal ®G pa opboyovia meploxr) eviog tou ouvodou reploptopov (6nd. T C FP.) nou
OKOTIOG €ival va @taoctel xopig vnapén ouykpouoewv. To mepiBopilo otoxou (tar-
get margin) opidetal opoing wg n eAayiotn npoonpacpévr anootaor D aro o T,
dndadn I(s) = D(z,y; T).

Xpnowomnowwviag tov aAyopibpo Reach-Avoid Q-Learning [30] urtoAoyidovrat ta
reach-avoid R.A ouvoAa.

Ot npooopowoelg PEXPL TO TEA0G ToU Kepadaiou autou Ppiokoviatl oto GitHub
repository! pou, fork tou framework ovépat safety_rl tou Safe Robotics Lab. 'E-
euaga éva bug nou Bprjka oto repository toug oxetikd pe ta visualizations tou lunar
lander, katd 1o omoio 1 £wkOva oBrvVeL IO Ypryopa aro O,1t ypadetat mAnpogpopia
MAV® TG, OUVETN®MG ATOTUTIOVETAL KEVY).

Zta napakdie nelpapata 1o nepBaddov péxetl ya 3.5 ekatoppupla gradient
updates pe apxwko y 0.9 xat tedko-péyloto 0.999999. To learning rate au-
Eavetat ava 500000 gradient updates pe decay 0.1, 6nAadr) 1o y naipvel ug t-
prég {0.9,0.99,0.999,0.9999, 0.99999, 0.999999}. To mpdaocwvo opboywvio rapadin-
Adypappo dnAcvet 1o otoxo T, To UrAe avadelkvuel TOV EMTPENONEVO XOpo P. kat
10 KOKK1vO 10 failure set mou oxkomog eival va anogpeuyBei. O1 9 e1kOveg aATOTU-
niovouv slices g ouvdaptnong adiag yia 81apopetikég TIHES TOU v, Kat vy, pe 6 = 0
xat § = 0. Endve, Heoaia Kat KAt® oglpd aviotoxouv oe vy = 1,0, —1 avriotot-
xa. Ipotn, 6eutepn Kat teAevtaia oA aviotoouv oe v; = —1,0, 1 avtiotoka.
H Swakekoppévn ypappir) unodndovel 10 oUvolo pndevikov srmumnedov kat ta BEAn
urodnAcvouv v Kateubuvorn g apX1KAg taxutntag.

O rwdkag £rpete yia 6 opeg kat 10 Aertta oe NVIDIA GeForce GTX 1050 kat 11
wpeg kat 15 Aerta oe dedicated 8GB RAM, 4-core CPU, hosted oto Linode.

'https://github.com/Costopoulos/Safety-RL
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Zxnua 2.2: YrnoAoyilopog reach-avoid set yia to cvotnpa 6A oeAnvakdtou. O
pubuog pabnong eivat 0.9.

O pubpog pabnong 0.9 dev eival apKetdg yia va UrtoAoyiost o alyopibpog owota

1o reach-avoid set.
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Zxnua 2.3: YrmoAoyiopog reach-avoid set yia to cUotnpa 6A ceAnvakdtou. O
pubpnog pnabnong eitvat 0.99.

O pubpnog 1abnong 0.99 dev eival apkretodg yia va unoAoyioet o aAyopiO110g owota
10 reach-avoid set, wotdoo 1o P, §exivdel va oxnuatiletat.

Ia pubpo pabnong and 0.999 kat ndve aAAdlel onPAVIIKA 1] ATIEIKOVIZOHIEVT
value function. To reach-avoid set £¢xe1 oxnpatiotei mAéov oxedov tedeing. Ot ap-
XIKEG TaXUTITEG TIPOG TA AP1oTERA Kat rpog ta He81d rpokalouv ) cuvdaptnon adiag
va eneKteivetal opt{oviia aro 10 Oplo KAl T0 Urodlo, onwg avapevotav. Opoing,
Ol APXIKEG KATAKOPUPEG TAXUTHIEG IIPOKAAOUV TV OUVAPTNOL TIPNS va givatl deti-
KI] KOVId 010 KAT® KAl T0 MAVR PEPOS TOU TepBAAAOVIog, avadeikvuoviag €101 10
gpmodio.

IMa to Adyo autd ouprnepldapbavetal Povo n) e1kova pe pubo pabnong 0.999999.
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Zxnua 2.4: YrmoAoyilopog reach-avoid set yia to cvotnpa 6A ceAnvakdtou. O
pubpnog pnabnong eitvat 0.999999.

O pubpog pabnong 0.999999 eivar o BéAtiotog. O SrakeKOPEVEG YPANHESG TTIOU
0p100ETOUV TOV ATIAYOPEUPEVO ATTO TOV EITITPEIOPEVO XMPO IIPOOEYYI{ouV 1Kavorot-
NTUKA Ta 0pld NG EMMPAVELAS TG OEANVNG, OCUPNEPIAAPBAVOPIEVEOV KAl TV YOVIRV,

K1 TOU X®OPOoU ota apiotepd kat 8e§ia. To reach-avoid set €xe1 oxnpatiotel rmAgov.

Decomposed Lunar-Lander

To cuotnpua g e§adidotatou oeAnvaxkdrtou dlaoratal ota SUo MAPAKAT® CUCTHUA-

Ta:
z1 = (z, &, 9,9)
22 = (yv yv 67 0)

Agbopévou Ot pedetdral oevapilo aging, to Reachability Decomposition &ev
elval eP1Kto KAl 1 avakataokeur] tou reach-avoid set Sa umnosktipunBel katd 1n
1€6060 tou approximate decomposition.

Zta napakdie nelpapata o nepBdddov péxetl ya 1.5 ekatoppupla gradient
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updates pe apxiko y 0.9 kat teAdwké-péyioto 0.999. To learning rate auiave-
tat ava 500000 gradient updates pe decay 0.1, dnAadr 1o y maipver 11§ TIPS
{0.9,0.99,0.999}. To mpdowo opBoywvio mapardnAoypappo dnAaovet 1o otdxo 7,
10 PImde avadelkvUEL TOV EMMITPENOPEVO Xwpo P, mou ermrpénetal va KivnOei to x-
unoouotnpa, 21, Kat 1o KOkKivo to failure set mou okorog eivatl va anogeuyOei. H
TIEPIOXI] AVAPEDA OTIS PAUPES O1AKEKOUPEVEG ONPLATOO0TEL TOV ETTITPETIOHEVO XDPO
P, mou emrpénetat va kwvnBei 1o y-unoovotnua, z2. To £0wTePIKO TOU POY Ta-
padAndoypdppiou onpatodotel 1oV OUVOAIKO erutpenopevo Xwpo F.. Ot 9 ekdveg
arotuniovouy slices g ouvdptnong alag yia S1apopetikég TIPEG TOU v, KAl Uy, HE
6 = 0 xat § = 0. Enave, Heoaia KAl KAt oglpd avuototxouv oe vy = 1,0,—1
avtiotoxa. Ipotn, Sevtepn kat tedevtaia otAn avuotolyouv oe v, = —1,0,1 a-
vtiotoixa.

O xkibikag £tpede yla 2 dpeg kat 25 Aerta oty id1a kapta ypapikov NVIDIA
GeForce GTX 1050 kat 4 wpeg kat 52 Asmtd otov 610 unodoyiotr) dedicated 8GB
RAM, 4-core CPU, hosted oto Linode.

Zxnpa 2.5: Yrodoyiopog reach-avoid set yia to 6taoriaopévo ovotnua 6A osAnva-
kdatou. O pubpog pabnong eivai 0.9.
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O pubpog pabnong 0.9 bev eival apketdg yla va uroloyiotei owotda to reach-

avoid set.

Zxnpa 2.6: Yrodoyiopog reach-avoid set yia 1o 6taoriacpévo ouotnua 6A ogAnva-
Kkatou. O pubpog pabnong eivat 0.99.

O pubuodg pabnong 0.99 dev eival apketdg yla va unodoyiost owotd 1o reach-

avoid set, wotdco 1o P. Eexvast va oxnpuartidetat.
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Zxnua 2.7: Ynodoyiopog reach-avoid set yia to Staoracpévo ouotnpa 6A ogAnva-
katou. O pubuog pabnong ivatr 0.999.

O pubpog pabnong 0.999 eivat o Bédtiotog. To zero level set otov opigovtio &go-
va €Xel TIETUXEL To KaAUtepo duvato arotédeopa, 6viag oAU Kovid oto £€6adog ot1o
onpeio ou Bpioketatl o otdxog, adAd Kat oto nave Pépog. To aviiotolxo otov Ka-
TaKOPUPO Adova £Xel MANPWS ATOPOVOOEL TNV KOPUGPY 0T0 BOUVO autd Tng OgArvrg,
nipoodidoviag emiong BEAtiota anotedéopata. O emMIPENMOPEVOS XWPOG €ival To oUvo-
Ao mou anaptidetal anod ta 6o pod moAuvywva. To reach-avoid set £éxel oxnuatiotet
TTAEOV.

Av 10 Y @tacetl TG peyadutepeg tou 0.999, 1o anotédeopa dev sivar 1dwaitepa
81aPopeTIKO Yla auto Kat dev ouprieptAapBavetal otig arelkovioetg.

Zwnv kapta ypadpikov NVIDIA GeForce GTX 1050, to mAnpeg reach-avoid set
avakataokeudotnke 61% taxutepa, oto 39% tou Xpdvou g mMArpoug pebodou!
'‘Ocov agopad otn pvrpn RAM 8GB, CPU 4 rtuprjvev, n Auon Bpebnke oto 46.7% tou
apx1KoU Xpovou, Je srmrtaxuvon 53,3%.

[Tpodaveg 1 avakataoKeur| tou reach-avoid set 1ou AN POUG CUCTIIATOG UTIEKTL-

BAHOnKe, 6101 yua tv agign oty topt] twv 6o unocuotnudatewy to decomposition dev
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Aertoupyel (Exfpa 1.1), ondte KAtaPeUyel KAvVelg OV IIPOOEYYIOTIKL] arnoouvleon.
Qot600, o 1000 onpavikn diagopd xpodvou, 1o reach-avoid oUVOAO AVAKATACKEU-

daotnke e akpiBela riepirou 43%.
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Kepaiawo 3

Extetapévn IlepiAnyn

IIepiypadpn IIpoBAnpatog

Bewpoupe £va HUuvapKo cUoTna £VOG P0G Td EPITPOG KIVOUPEVOU MPAKTIOPd e -
tpriown katdotaon z(t) € X C R™, eloodo edéyyou u(t) € U C R™, xat Siatapayr)

w(t) € W C RP, 10 oroio egediooetal oupgmva pe v akddoudn duvapikn e§iowon
&(t) = Az(t) + Bu(t) + Cw(t), z(0) = xo,t > 0, (3.1

orou A € R™™ gival o dayvwotog plant mivakag, B € R™*™ givai o ayvwotog
niivakag £10660u ka1 C' € RP*P givat o ayveotog mivakag diatapaymv.

Znpeidvetat 6t to ouotnpa (3.1) propet eite va e§aptatat arnod to Xpovo eite Ox1.
H 1ébodog mou mpoteivetatl otnv mapovoa gpyacia eivar ave§aptnu and to xpovo,
aAAd propel Kavelg €UKOAA va MPOCAPHOCEL TO MAAIOIO0 AUTO Of CUCTHPATA ITOU
petaBdaAAoviatl oto Xpovo.

O otodyog sivat va urtodoyiotei 1o Reachable Set (ITpoorieAdoo Zuvodo) G oto
1éA0g tou Xpovikou opidovta 1" € R . To ripoottd ouvodo tou (3.1) otov TeAKO Xpovo

aro éva oUVoAo apX1Kov kataotaceav Xg C R™ eivat:

G(Xo) ={s€ X |zg € Xo,u(r) € Uyw(r) € W,
tw. z(T) = s xat 2(7) & Xops, V7 € [0, 7]} (3.2)

orou X ps €ival 1o oUVoAo ToU TePypAPel 6Aa ta eprnddia oto reptBadAov.

Me dAAa Aoyia, 1o TeAko reachable set amoteAeital amo OAeg 11§ KATAOTACELG TTOU
PIopouv va ermteuyBouv 1) xpovikr) otypn T, and orowadrnote ap)1Kr) Katdotaon
oto X, yla orowadArnote arodektr] e§wiep1kr) eicodo 1} Satapayr), dedopévou ot 0

nipaxtopag dev Ya £pOet o emadr) 1€ KAMO10 ePRodd10.
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Mé£0odog finite-horizon BEAtiotou eAéyyou

TupBodidoupe ) Sagopd petady g tpéxoucag kataotaong x(t) xkat g teAKng
kataotaong z(7') og ) véa pag katdotaorn Z(t) := x(t) —z(T). Opidovtag v tehky
kataotaon &g =5 := x(T"), priopovpe va ypayoupe Z(t) := z(t) — xy. Tuvenwg, o
¢deyxog kat n Sratapaxr) yivoviat 4(t) := u(t) —uy karw(t) := w(t)—wy, aviiotoxa,
9ewpaviag uy = u(T) xkar wy := w(T).

To evnuepwpévo duvapiko cuotnpa yiverat

z(t) =a(t) — 'y
=Az(t) + Bu(t) + Cw(t),z(0) = xo — x¢,t > 0. (3.3)

Ztoxog eivat n) emiteudn g PéAtiotng ouvaptnong asiag (value function)

V*(Z;to, T) := maxmin J(T; u; w; to, T) (3.4)

w u

yla to ayveoto ovotpa. J(T; u; w;te, 1) eival n ouvdaptnorn kKoéotoug rou opidetat

©G £§1g

+= /T(:ETMJZ‘ + 4 Ru — wT Fw)dr (3.5)
to

omou ®(T) := (1/2)z™(T)P(T)z(T) eivar 10 tehixd wootog ne P(T) = Pr €
R™ ™ > ( va sivat o tedeutaiog mivakag Riccati kat M € R™*™ > 0, R € R™*"™ >
kat F' € RP*P > ( eival o1 mivakeg katdotaong, £10080u eAéyxou Kal datapaxrs,
avtiototxa, ot ortoiol opidoviatl amod to xprjoty. Oa unobecoupe €86 011 T0 cUCTNPA
glvatl aviyveuolpo Kat eAEy§ipo.

Mag evBiadepet ouolaotikd va Bpoupe évav BEAtioto édeyxo @* kat pia BéAtoty
Slatapayn w* terowa wote J(z; u;to, T) < J(Z;u,ty, T),VZ,u xar J(z; w*;ty, T) >
J(Z;w; tg, T), VI, W, aviiotoiya, o1 0roieg Prmopouy va meptypadouv @g 1o S1apopiko
naiyvio ou @aivetat oto (3.4). To amotédeopa autou tou matyviou Sa rapdyet to

Reachable Set o1o 1€A0g T0U XpOoVIiKOU opidovia AOy® g oplakig ouvOnkng [31]:
V*&(T);T) =z (T)P(T)z(T),VZ(T) € G (3.6)

orou G 9a eivat to mpootté cuvodo. ‘Eva tétolo npoBAnpa éxet Avon povo av zy = 0
[32]. Zinv mapouvoa spyaocia da mpotabel pia mPootyylon Xwpeig Poviedo yia v
€UPE0T] TOU TIPooBactpiou cuvodou G.

Ia v emiduon 10U NPOoBANPATOS BEATIOTOU €A£yXOU TEMEPACHEVOU Opidovia

rou neptypdgetat arno v (3.4), e§dyoupe v akoroubr e§iowon Hamilton-Jacobi-
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Bellman (HJB):

Lot 1
ot 2

(z*Mz + @ Ru* — 0 Fu*)

+AT(Az + Bu* + Cw*),Vz (3.7)

agou n Xapitoviavry H oe oxéon pe (3.3),(3.4) kat (3.5) opiletatl wg £&ng

1
H(Z; a3 w5 \) = §(ngM:i + @' Ru — w" Fw)

+A\Y(AZ + Bu + Cw),Vz, 4, w, A (3.8)

Kdavovtag xpron tng pebodou oapwong (sweep method) [33] kat A = % n

etlowor (3.7) yivetat

ov: 1
— T = 5(:ETMgz +a*"Ru* — w*T Fo*)
* T
e (AZ + Bu* + Cw*),Vz (3.9

AapBavoviag unoyn ot 1o ouotnpa (3.1) eival ypappiko kat ) Statapayr] peyt-
otorotel ) ouvaptnorn kootoug L@R (8.5), n ouvdpnon aliag 9a €xel terpaywvik)

Hopdn OtV KATAotaon T, 0§ @AIVETAl MAPAKAT®.

1
V*(Z;t) = ijTP(t)QE,Va’c,t. (3.10)

orou P(t) € R™™ eivai n Avon [34] tng e&iowong Riccati

—P(t)=M + P(t)A+ AT P(t)
+P(t)(CF~'C" — BR™'B")P(t) (3.11)

'Etot, 0 BéAtiotog €Aeyx0g Kat 1) Statapaxr) eivatl avtiotoxa:
u*(z;t) = —R'BYP(t)z,Vz,t. (3.12)

w*(z;t) = F~'CTP(t)z,Vz,t. (3.13)

IMa va xepiotet kaveig ) pébodo emiAuong tou ouotnpatog (3.1) og dStapopiko

raiyvio, Sa £npere va favaypdyet 11 napandve e§lo0oelg g £5ng

w*(z;t) = arg min max H(Z; u; w; A) (3.14)
uelU weW

w*(Z;t) = arg max min H(Z; u; w; A) (3.15)
weW uwelU

Model-free Actor-Critic M£€606og

Opioupe v akodoubn cuvdptnon Q : Rvtmtp) o Rndtmtp)x(ntmtp) _y R+
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GV* ov*

T;U; W V*¥(z;t)+H
Qs mw;t) o=V (50) + (s w s S, )
1 1
= V*(z;t) + §£TM§7 + 2uTRu
1
— 5wTFw + zTP(t)(AZ 4+ Bu + Cw)
1 .
+ 5@TP(t):z,v:f, u,w, t. (3.16)
21 cuvéxeta opigoune v ertavinuévn katdotaon U := [z alwT]T € R(+m+p)

yla va avaypadel oe ouprayr) Hopdr] 1] CUVAPTNOL ITAEOVEKTHIATOG IOV £§aptdtal

ano ) 6paon (action-dependent value function) [35]. ITio cuykekpipéva,
Qz;mywst) = U Q(H)U (3.17)

O1tou

At) = | Qux(t) Quu(t) Quwl(t) (3.18)

Kdvovtag X101 1oV CUPHETPIKGOVY 1810THTeV Tou mtivaka Riccati, 21 P(t) Az = (1/2)
ATP())Z, xat yia toug edéyxous Z' P(t)Bu = (1/2)2T(P(t)B + BT P(t))u xat
TTP(t)Cw = (1/2)zT(P(#)C + CTP(t))w. 'Etol, KaPe pepovopévo Q; éxel g
egng:

Qu(t) = () 4 P() 4 M+ POA + ATP() + POB + PC. Quml) =

qu( ( )B (t) WX(t)T = (t)C', Quu(t) =R, Quw(t) - Qwu(t)T =0,

Quu(t ) =

Ta u* xat w* v edlonocmv (3.12) kat (3.13) propouv va diatunwbouv pe
model-free 1pém0 Xpnowonowwviag TG otatikeg ouvlnkes 0Q(T; u;w;t)/0u = 0

kat 09(Z; u; w; t) /0w = 0. AapBavoupe

@ (7;t) = arg min Q(7; i ; t) = —QlQu(t)z. (3.19)

g

0 (Z;t) = arg max Q(F; ;W ) = Qo Qux(t)Z. (3.20)

Zinv ntapouvoa spyaocia, Sa mpotabel pia mpoogyyion S1apopikev matyviov og

Aton tou ouotipatog (3.1), enopéveg ot mapanave e§lonoetg Sa yivouv tpa
u*(z;t) = arg mﬁin max Q(Z; u; w; t) (3.21)
w*(z;t) = arg max mln Q(z; u; w; t) (3.22)
Anupa 1: H a§ia tou atyviou Q*(z; u*; w*;t) = maxyg ming Q(Z; u; w; t) tav-
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tidetat pe i Bédtiotn tpn V* oto (3.10) tou Sagopikou natyviou (3.4), orou P(t)

eivat o mivakag Riccati rou Bpébnke amno tnv eniduon tng eiowong (3.11).

Amobeifn. : Apkel kaveig va avuxkataotroet 1§ e§lonoetg (3.14) kat (3.15) o) ou-

vapwon Q (3.16) yua va AdBet v (3.11). Enopéveg, Q(Z; u*;w*;t) = V*(z;t) O

3.0.1 Actor-Critic ApxiteRToViKY)

AT10TI010VTag TG OUPHETPIKEG 1810TNTEG TOU TTivaka Q, propovpe va uniodoyiooupe

EIITUX®G T cuvaptnon Q oy (3.16) wg &g
1 - 1 _
QX (z;u*;w i t) = §UTQ(75)U = Evech(Q(t))T(U ®U) (3.23)

omov vech(Q(t)) € R((vtmp)(ntm+p+1)/2) giyan y mpd&n piong Sravuopatoroinong,
1 oroia PEIDVEL ONPAVIIKA TV UITOAOY10TIKY) IToAurAokotnta. Opidoupe topa tov

opo v(t)TW, := %vech(@(t)), rnou mnipooeyyidet v Q-function wg £&hg
Q*(z;u*; w*;t) = WEo(t)(U @ U) (3.24)

pe W, € R{(ntmip)(ntmtp+1)/2) o givar o1 exuprioeig Papoug anéd v Kpit Kat
v(t) € R((ntmAp)(ntmtp+1)/2)x((ntmtp)(ntm+p+1)/2) 13,9 @Payuvn ouvaptnon a-
KUVIKAG BAoNG, AroKAE10TIKA £§aptopevn and 1o Xpovo.

Z10)0g pag eivat va fpoupe TG 10avikeg EKTIINOELS Bapav, EMOPEVHS Epapiolou-
€ H1d IIPOCAPHIO0TIKY] TEXVIKI] EKTIINONG ITOU XPNOHOTIOLEL Ta TpEXovta BApr), OT®g
paivetat oy [36]. Katda cuvenela, £xoupe

O(; ;w3 1) = W, v(t)(U @ U) (3.25)
orou WCTU(t) = %vech(Q:(t)).

'‘Ocov adopa ot opur tou actor, dnpioupyoue dvo actor instances, évav yia tov

€Aeyxo Kat évav ya ) datapayn. Mapopola pe to critic, avatiBetat ,LL(t)TV[/'a1 =
—Quu Qux(1)7 xat ()T Way = Qi Qux(1)T 1 va ypaget

a*(z;t) = W, pu(t)z. (3.26)

W*(T5t) = W p(t)7. (3.27)

orou Wy, € R™ ™ givai o1 ekuprioetg Bapwv tou edeykiy, Wy, € R™*P ot ekuipnjoeig
Bapoug tou mapayovia Siatapaxng kat u(t) € R™ ™ gival pia aAAn neplopiopévn

OKTIVIKY] oUvAaptnon rou eaptatat pévo arto to Xpovo. Ot actors tdte yivoviat

(#;1) = WT u(t)z. (3.28)

S

(T t) = WEpu(t)z. (3.29)
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[Tpénet ebw va onuelwdel 0t auty n Sopun apopd oe OAOKANPO TO XOPO KAl OX1
povo éva ouprnayég ouvodo. Auto cupBaivel kabBmg ot critic approximators mou
neptypagovtat otg elonoetg (3.25) - (3.29) dev xapakinpidovial ard opdaipata
TIPOCEYY101G, OTTOTE EMTITUYXAVOVTAL BEATIOTEG TTOAITIKEG.

H e&lowon Bellman avarnapiotatat Xpnotponoimviag ty 0AOKANPGOTIKY] IIPOCEY-
ylon evioXuTikg pabnong (integral reinforcement learning approach) arno to [37]

g £§Ng
V*¥(z(t);t) = V*(Z(t — At);t — At)
(z"Mz + 4" Riu — w" Fw)dr (3.30)

N (T)P(T)z(T), (3.31)

pe At € R va eivat pia pikpookoriky) otadepr) Ty,

Xpnotonolevtag 0 mapanave Anppa, omou anedeixdn ot QX (T; u*; w*;t) =

V*(Z;t), ot mapanave e§1000e1g PIopouv va gavaypapouv og edrg

A A

Q*(&(t); G (1) 0" () 1) = Q*(&(t — At);a*(t — At);
w*(t — At);t — At)

t
1 / (zTMz + 4' Rl — 0T Fi)dr (3.32)
2 Ji-ae
Q*(@(T); u™(T); w™(T); T) = 1:TCT(T)P(T)fE(T) (3.33)

Aro 10 (3.6) kat ano 1o nmaparnave Afppa, givatl pogavég ot o reachable set G
propei va arnoxtBei dpeoa ané o Q*(z(T); u*(T); w*(T); T).

21 ouvéxela €mMALyOUPE Ta OPAAPATA €. KAl €.2, Ta oroia 9¢Aoupe va pun-
deviocoupe pe KataAAnAn mPOCAPHOYL] TOV KPIKOV Bapadv tou (3.25). To apyiko

opdApa tou critic, e.; € R neprypagetar og e&ng

ect 1= Q(T; U3 W; t)

— Q(&(t — Ab); Ut — At); w(t — At);t — At)

(zTMz + 4" Ri — T Fib)dr

1/t AT A
+ = / (zT'Mz + 4T Ri — 0w Fi)dr (3.34)
2 Ji-nt
ériov U = [a‘:TﬁTﬁ)T]T eival n enaudnpévn Katdotaon rou anoteAsitat and 1o

petpriowpo Sidvuopa g MANPOUS KATAOTAONS KAl TOV EKTIHOUEVO €AEYXO KAl T

Satapaxr). ‘Oocov apopd oto Seutepo critic error, £Pedng avapepopevo g teAko
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opaiua xpwrkou (final critic error), opidetal ®g 1 MPAYHATIKY] TUHL)

oo i= %:ET(T)P(T):E(T) — WIW(T)(T(T) ® U(T)) (3.35)

It ouvéxela, SnAovoupe ta opAApata MPOoEyylong yla toug duo actors, tov

£Aeyxo rat ) datapaxn, og eq1 € R™, eq0 € RP avtiotoixa. Mo ouykekpipéva,

eat i= Wik u(1)7 + Qui Qux(t) T (3.36)
eaz = Wy ()7 — QuuQux(t)T (3.37)

pe ta Quu, QM QW QW Vva IPOKUITTIOUV ATo TNV €KTIPNO0T TOU KPLT) W..
H tetpayovikn voppa tov opaipdtev, akodouboviag ) pébodo adaptive eléy-

X0u tou [36], propel va AngOel wg £&ng

R 1 1
Ni(We, We(T)) = 5 llec|[* + 5 [lecr|l” (3.38)
N 1 9
No(Wy,) = glleall\ (3.39)
N 1 9
N3(Wy,) = 5“@12” (3.40)

'Etot, 1o learning framework propet va vAorown B¢t pe ) xprjon evog aiyopibpou
gradient descent oto (3.38), 1€ 10V ak6AoUB0 KAVOVIKOTIOUEVO TPOTIO
A ON- 1

C:—ac =

oW,
O€c1 Of€c2
= —a, + (3.41)
((1—|—O'TG')2 (1 —1—03fo)2>

pe a. € RT va eivat o puBpoég ouykAiong mou kabopilel o oxedlaotng yla 1o gra-
dient descent kat o(t) := v(t)(U(t) @ U(t) — (U(t — At) @ U(t — At)), o(T) :=
v(T)(U(T) @ U(T). KaBog 1a €. Kal eq TEivouv oto 0, 1) EVIIEP@OT) TOU KPITIKOU
(3.41) e€aopaditet 6u W, — W, xar Wo(T') — W,(T).

Opoiwg, epappoloviag pia kavovikonopévry gradient descent rpooéyyion ota

(3.39) - (3.40) mpoxkuITtouV ta akoAouba arotedéopata pubuicenv 1@V ndoroiav

X ON: _
Weo, = —ayq 3Wa1 = —a,Tel; (3.42)
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P ON3 _
Way = —a 8Wa2 = —a,zel, (3.43)

e aq € RT va eivatl évag dAAdog pubpog cuykAlong rmou Kabopilel o oxedlaotrg yia
Vv kabodo rAiong. Ta tuning tov nborov (3.42) kat (3.43) syyvoviatl 6t Kabmg
€al,€q2 — 0, o1 Wal — Wy, xat Wa2 — W,,, avtiotoka.

Opigoupie topa t0 6PpdApa eKTHINONG TOU KptukoU og W, € R((m+m+p)(ntm+p+1)/2)
®S Wc =W, — WC. Opoiwg, ta opdApata ektipnong v Svo actors Wal e Rnxm,
Wa, € R™P opigoviat ag Wy, 1= W,, — Wal kat Wo, = W, — WGQ, avtiotoia.

H duvapikn 1ou opAaApatog eKTinNong 10U KPITkou givat

c =

: W, deey ~ OW, degy W, desy ~ OW, degy
W, = _
8601 ot 8ecf 6t 8601 ot 866}0 6t

_ OWedea  OW. dea
-~ Oeq 6t Deqy 6t

oo TW, (3.44)
—Qe——5 .
‘(14 070)2
Kal Ol aVIoTo1XeG SUVAPIKEG TOV POPE@V EAEYXOU Kat Slatapaxwv eival
T —— T — t)QXuRil
Wy = —oZT n(t)W,. — gz’ A (3.45)
R OO

B . £) QuwF !
Way = —0qZZL pp(t)Wa, — aqZZ7 t) @ (3.46)

11+ p(O)Tp(@)]?

61100 Qyy = mat(We[n(n+1)/2+1 : (n(n+1)/2+nm]) kat Qxy := mat(We[n(n+
1)/2+1:(n(n+1)/2+ np)).

H nipoavagepBeioa pebododoyia prmopet va ouvoyiotel otov MAPAKAT® AAyopio-
po. rand(x) eivain tuxaia ouvdptnon pe prkog Siavuopatog . point sOfTheTarget
elval ta onpueia mou anoteAdouv v otdxo, targetCoords (x) eival to diavuopa
TV CUVIETAYHEVOV X KAl Y TOU 0toX0U yla . Critic eival n ouvapinon nouv evn-
HEPOVEL TIG TIAPAPETPOUG TOU KPITKoU 010 (3.41), eved Actorl sivar n ouvdptnon
OU EKTIPA TIS TIAPAPETPOUS TOU TPKOTOU nboroou oty (3.42) kat Actor?2 auvry
IOU €KTIPA TI§ Tapap€rpoug tou deutepou nboroov, otn (3.43). Ot ouvaptioelg
AdaptControl kat AdaptDisturbance ekupouv tov €éAeyxo Kat 1) dwatapayy,
avtiotolxa, oupgeva pe g e§lonoeg (3.28), (3.29), aviiotoixa. H AdaptQ ekupa
TIG TIAPAPETPOUG TOU Q and myv (3.25), evod n Augment Xpnolponoteital aniog ya
MV £MAUEnon g TPEX0U0Ag KATAOTAong KAtd tv emiduon g S1apopiknig edion-
ong. Tédog, 10 trajectory’s last eival 1o teAeutaio VYOG CUVIETAYVHEVOV X-Y

oe kabe trajectory.
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AAyo6p18pog YroAoyiopou Reachable Set

1: G+ 0

2: We(0) < rand(10)-

3: Wy, (0) < rand(2)

4: Wa,(0) <= rand(2)

5: points <— pointsOfTheTarget-

6: allT'rajectories < [ ]

7: for : = 1 to points do

8: xy < targetCoords (i) ;

9 fort €T do

10: W, + Critic(#, d,w,ac, M, R, F,At, P(T));
11: Q < AdaptQ(z, u, w, W.);

12: Wa1 +— Actorl(ic,zl,@,aa);

13: Wa2 + Actor2(z,w, Q,aa];

14: U <+ AdaptControl(®,, Wal];

15: W + AdaptDisturbance(s,®, WQQ);
16: T <— Augment (Wc, Wal, Wa2) ;

17: Return ﬁ,ﬁ);

18: end for

19:  trajectory « x(t);
20: allTrajectories < [allTrajectories, trajectory);
21 G+ GJ{trajectory’s lastk
22: end for
23: Return G;

N
~

: Calculate minimum distance from z to target using Euclidean Norm;
: Plot Trajectory from xg to the closest point of the target using allTrajectories;

N
a1
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IIpooopoloelg

O1 pooopP0IWoELS PEXPL TO TEAOG TOoU KedpaAaiou autou Bpiokovtat oto GitHub repos-
itory! pou.

Y& autr Vv evotntd, ArodelkvUeTal 1] ATIOTEAEOUATIKOTNTA TOU TIPOTEIVOLIEVOU
framework péowm pooopowwoewy. vetal pedétn anmiov ocuctnpAtev onpeiou-otoxou,
ota oroia o rpdxtopag-onueio eivat e§orAiopévog pe tov online, X®pig poviédo mpo-
TEWVOHEVO aAYyOp1OP0 TOU OTOXEVEL OV MPOOEYYLon NG PEATIOTNG MOATIKNG. ETn
OUVEXELld, UTToAoyiletal 1 pox1d IPog 10 OTOX0, Aropeuyoviag IapdAAnia tuyxovia
epnodia mou PIopetl va UMAapyouv. LTI MAPAKAT® UTIOEVOTNTEG UITOPEl Kavelg va
napaxkoAoubrjoet tnv anodoor) Tou alyopibpou yla cuotrjpata pe 0, 1 kat 3 eprodia,
avtiotoiyd.

'‘OAeg 01 TIPOCOPOIMOELS XAPAKTINPidovtal and MenepAcPEVO XPOoViKO opilovia T
6 sec, Brpa soatepikg duvamkng At = 0.05 sec, kabaig kat pubuoug ouykAlong
Qe, g 90 xkatl 1.5 avtiotoxa. '‘Ocov adopd otoug mivakeg ITOU opioviat aro Tov
oxedlaotr), o mivakag nou kataoctaong eivat M = I, autog tou eAéyyou eivat R =
0.1 xat o avtiotoixog g dwatapaxng eivat F' = 0.1. O tedikog mivaxkag Riceati
etvar P(T) = 0.513, evo ot tedikég dpdoetg edéyxou kat Satapaxng u(T), w(T),
avtiotoxa, etvat kat ot o 0.005. Ot apX1KEg TIHEG TV WC, Wal, Wa2 ermAgyovrat
tuxaia, ektog amno ta dUo otoixeia tou WC TOU avTioTtolXouV otd Quu, Qww, Ta oroia

npénet va Sapépouv anod 1o pndév, kabng avuorpépoviat oto (3.19) - (3.20).

3.0.2 Arnouocia Epnodiou

'Eot® éva amdo cuotnpa onpeiou-otoXou On®g auto mou @aivetat otnv Eucova 1. O
agent, ITOU AMeKOVI{ETal ®G PITAE KOUKKIOA, @TAvel pe serutuyia kat oxedov BeAtiota
OTO OTOXO TOU, TOV OKOUPO UITAe KUKAO. O 010X0G amelkovidetat pie KOKKIVO Xpoud,
aAAd 1o urtodoy1{opevo 1pooBactjio (UmAE) Tov eplEXet téAela, onote dnpioupyeitat

auToO TO0 OKOUPO UITAE Xp®Hd.

! https://github.com/Costopoulos/helperOC/tree/ReachabilityGame
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Trajectory to Reachable Set

40

30

20

Y Value [m]

10+

_20 | | | | | |
-20 -10 0 10 20 30 40

X Value [m]
Zxnua 3.1: Tpoxwa ipog 1o Reachable Set. To mpoottd cuvolo (PrAe) mepiéxet
ardAuta tov otoX0 (KOKKIVO), €€ OU KAl TO OKOUPO UITAE Xpwud
3.0.3 Movadiko Epnodio

E&etdletat topa 1o 1610 ovotnua, addd pe éva eprnodio mou avaxorreet ) Siadpopr).
Zto Zynpa.2 1600 o otdx0g 600 KAl 1o prtodio eivat tetpdywva kat oto Ewova.3 kat

Ta 600 eival KUKAIKA, 0nog akplBag Kat oto oxnpa 1.
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Trajectory to Reachable Set

40
30

20

10 - O <>

10+

Y Value [m]

_20 | | | | | |
-20 -10 0 10 20 30 40

X Value [m]

Zxnua 3.2: Tpoxid pe éva epunodio oxnuatog popBou. To 1poottd cUVoAo (UIAg)
TEPLEXEL ATTOAUTA TOV OTOXO (KOKKIVO), YU autd Kdal T0 oKoUpo urie xpopa. To
£UIO610 eival Xp@IATIOPEVO Pe NwB Xpopa.

Eivatl mpopavég 011 0 TPAKTIOPAG PTAVEL PE EMITUXIA OTO OTOX0, XAvoviag POAlS Kat
petd Bilag 10 eprmodlo.  Xe pa POUIIOTIKI) £PAPHOYT] TOU MPAYHATIKOU KOCHO0U,
Kkdmnolog 9a mpoobete Sidpopoug eAéyxoug aopaleiag yia va Saodpadiosr tnv a-
opAAeld TOU CUCTHHIATOG TOU. AUTH I EMEKTACT PIIOPEL EUKOAA va EPAPHOCTEL OTO

mAaiolo mov mpoteivetal oty apouvoda epyacia.
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20 Trajectory to Reachable Set

N
o
T

Y Value [m]
=

O—O

10+

_20 | | | | | |
-20 -10 0 10 20 30 40

X Value [m]

Zxnua 3.3: Trajectory with One Obstacle. The reachable set (blue) perfectly
contains the target (red), thus the dark blue color. Obstacle is colored in magenta.

[Mapdépowa aroteAéopata IPOKUITIOUV KAl OINV MEPIMIOON Tou eAAelposidoug
(Zxnua 1.3), 6rtou o pdkIopag PTAVEL KAt ITAAl 0to ITPooBACTI0 CUVOAO Kal artogpe-

Uyel 10 pwb eprodio.

3.0.4 Tpia Epnodua

To ovotpa pwv eprodinv propet eUKoAa va yevikeutel oe moAudpiOpa epnodia.
Emnopévag, Sa doxipaotel tpa n amoteAeopatikotIa ToU v A0y® aAyopibpou ya

ta 6uUo dapopetika ocuotrpata v Zxnuatev 3.4 kat 3.5.
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Trajectory to Reachable Set
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Zxnua 3.4: Tpoxid pe 1pia epnodia, 6da €xoviag peb xpoud.

O alyopiBpog propet va erutuyel reachability kat oug 8uo dlatdelg, mapa wmyv
urapdn dapopwv avukepévoy. Agidel va onueindei e6¢ 011 0 IpdxrTopag rpooeyyiet
Ta eprodia 600 10 dHuvatdv MEPLOoOTEPO XWPIS VA TA CUVAVINOEL, Yid VA EMITUXEL T
péylotn duvatr) BeAtiototnta otov oxedlaopo ng tpoxiag. a dAAn pa gopd, to
IIPOOLTO OUVOAO MEPIKAEiEl MANPWSG TOV OTOXO0, EMITUYXAVOVTIAG €101 IIPOOITOTNTd OF

KAaBe onpeio tou oto)OU.
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20 Trajectory to Reachable Set

N
o
T

Y Value [m]
=

O -
_20 1 1 1 1 1 ]
-20 -10 0 10 20 30 40

X Value [m]

Zxnua 3.5: Tpoxid pe tpia eprodia, 0Aa Xpepatiopéva pe HoB, oe S1apopeTiKy
Satadn).

®£toviag o auotnpd XepKa neptdopia ot didtadn tou Zxnpatog 3.4 rapayoviat

Ta aroteAéopata mou napouvotadoviatl oto Xxnpa 3.6.
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40 Trajectory to Reachable Set

20
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Y Value [m]
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Trajectory to Reachable Set

Y Value [m]

X Value [m]

Zxnua 3.6: Auotnpotepo riepiBaidov. O aAdyopiBpog anodevyel kabe epnodio, Kavo-
viag eAlypoug petadu toug.
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To miep1BAAAov ota nmapandve oxHpata €ivat auotnpotepo and auvto oto ZXHua
3.4 anod arnoyrn xopou. To eurddio pe v uwnddtepn TR tou aiova y €xel TAEoV
petakvnBel mpog ta KAtw Katd pia povada, nieplopioviag £€tot tov H1ab€oo Xopo
Kivnong. H tpoxid eival topa rmo ofeia rat £xel Vo akpég, ereldr] mpenet va
OTPIUGXTEL TIEPIOCOTEPO AVAIECA OTA EUITOdIA.

®a a&ie va toviotel €8 1 Sabikaocia nmou 9a akodoubouoe éva drone-agent yia
10 ovotpa Xxnpa 3.6B. Xwpig to Q-network, 1o drone S9a akoAouBouce TUPAA
Vv Kateubuvor nou opiet 1o pavpo PEAog, pe arnotédeopia va ouykpouotei otyoupa
pe 1o avukeipevo. Qotoco, 1o critic update, n extipnon g TPAS ToU Q Kat N
IIPOCCPOYE] TOV VOH®V EAEYX0U EVNHEPOOAV ETNITUX®OG To drone yla tov Kivouvo ot
PAYHATIKO Xpovo, adAddadoviag £Tot v rmopeia tou Kat e§acpadifoviag v acdpaietd

Tou.

Trajectory to Reachable Set

Y Value [m]
(3]

Update Critic
0r Adapt Q Value
Adapt
N Adapt w
2+ '

2 - 6 8 10 12
X Value [m]

Zxfpa 3.7: Meta 1o critic update kat tnv Pooappoy1 IOV EKTIPHOPEVROV TIHOV, TO
I €navip®pEvo agpooKA(POg artopeuyel pe emtuyia to eprodio. H tedkn 1poyxia
aneikovi¢etal pe mpdaoctvo Xpoud.

AnotcsAéopata

AuTt) 1 evOTTA MEPLEXEL AETTTOPEPEIEG OXETIKA HE TNV UITOAOY1O0TIKI] TTOAUTTAOKOTTA
TOU TIpoTelVOIEVOU aAyopibpou. EmumAéov, meptypdgdovial ta 0pia tou aAyopldpikou

nAaioiou Kat rapéxoviat 0dnyieg yia tmyv epappoyr) o éva MPAYHATIKO OEVAP1O.
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3.0.5 YmnoAoylotiki] moAunAokotnta

H xpovikr] moAurdoxkdtnta g eKTpnong g ouvaptnong @ kabopiletatl and ug e§i-
oaoelg (3.25) kat (3.41). Zuykekptpéva, to critic network enekteivetal teIpayovika
pe 1o péyebog g ermaudnpévng Kataotaong U € R*™+P 1o oroio petappade-
tat oe O((n + m + p)?). H extipnon eléyxou g e1066ou kabopiletatl amoé Tig
(3.28) kat (3.42), orou o xpovog arodidet O(nm). Opoiwg, 1 exktipnon wg dua-
tapaxng kabopidetal ano ug (3.29) xat (3.43), orou o xpovog arodider O(np). Ot
dwadkaoieg extipnong g npooéyylong rapayeyov (gradient descent) rou mept-
ypagovtat oto [38] sival ouclactuika autég otTig Oroieg otnpidovial ol UTIOAOYIOTIKEG
avaykeg. Emopéveg, n ouvoldikr) Xpoviki rmoAurdokotnta tou online framework

etvat O((n +m + p)? +n(m +p)) = O((n +m + p)?).

3.0.6 Iltspropiopoi

O1 MeP10P1IoPO1 TOU TIPOTEIVOHEVOU TTAA1010U TIPETEL va onHel®Oouv yia va aglodoyn-
Oei n epappooda 10U o KABe oevaplo. Autdg o model-free aAyopiOpog propet
va xpnotpornownfel oe ouveXoUg XPOovou, Ayveotd Ypappikd cuotpata. Av kat dev
agopd 1 PN YPAPHIKL) MEPINTaon), av éva i YPAHHIKO oUoTnia Umopel va ypap-
pkortowBel yUpw amo €va onpeio 100pportiag Kat av 1o oUotnpad eivatl aviXveuotio

Kat eAéygipo, n pebododoyia 1oxuvet.

3.0.7 Obdnyicg epappoyng

To nipotetvopevo rAaiolo Sev amattei MoAAEg ipodiaypadeg yia va vloroinOel cwotd.
O online, model-free ¢éAeyxog tou popnot xpetadetal pia akpiBr] ypappiKiy avatpo-
@odotnon katdotaong, £00dou kat datapax®v yia va tpodpodotnOel to cuotnua.
Agbopévou ot 1o ouotnpa eival aviyveuollo, I KAatdotaor UIopet va urnoAoytlotet

0®OTd av 1 £§0dog sivat yveortr).

Tupnepaopata

Zv napovoa SUTA®PATIKY gpyacia mpotddnke évag online aAyopiBpog uroAoyt-
OH0U TIPOOITI®V OUVOA®V Xwpig poviédo. ITo ouykekpipéva, n PEATION] MOATIKY)
evog ouveyxoug I'XA cuotnpatog mpooeyyidetal péom Q-Learning kat urnoloyietat
1o reachable set. Tt ouvéxela, ekteAeital pia deypatiky) Ipoyid tou aiyopibpou.
Arnodeikvuetal padbnpatikd ot 1] ACUPITIETIKL guotdabela eival eyyunpévn yla ou-
ompata ayveotng/aBéBaing duvapikrg. Afonoiwviag dedopéva rmpocopoinong, 1
ATIOTEAECPATIKOTTA TOU MAAL0I0U EMKUPOONKE TEPATTEP®, OX1 POVO 08 Fe®PNTIKO

erinedo.
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Chapter 4

Introduction

Robotic systems’ capabilities have significantly increased in recent years, thanks
to quick developments in sensing and processing technology, as well as new
optimization methods and data-driven techniques. The quantity and variety of
robots functioning autonomously has increased at an unprecedented rate as a
result of these advancements, from fully autonomous multi-agent systems of
warehouse robots [39] to self-driving cars.

The safety and dependability of these systems depend critically on the decision-
making components’ proper operation. Although solid operational guarantees are
necessary for the deployment of such robotic systems in high-stakes situations,
these are the same situations where doing so is usually the most difficult since
they frequently entail extremely complex, dynamic, and uncertain environments.
One possible solution to this matter is reachability analysis [40].

For continuous-state dynamical systems, reachability analysis is a key mathe-
matical technique for the construction and verification of controllers with safety
properties. It can determine the appropriate control strategy for a dynamical
system whose evolution can be influenced through a control input, driving the
system’s state toward a desired target configuration while averting undesirable
failure states. A reach-avoid problem is more precisely understood as the conjunc-
tion of two reachability issues: one in the positive, where the controller aims to
reach the target set, and one in the negative, where the controller aims to avoid
the failure set. However, it is not enough to solve each problem independently
and then integrate the computed solutions, since the optimal choice is coupled
between the problems.

More precisely, the controller wants to minimize the outcome of the game,
while the disturbance wants to maximize it. The goal is to solve a Hamilton-
Jacobi (HJ) PDE, which will efficiently compute the value function [41] and,
thus, lead to the reachable set [42], the set of points that the agent can reach
while avoiding the obstacles that block its way. One must first establish the
optimal cost function (value function) by solving the steady-state Hamilton-Jacobi-

Bellman (HJB) problem [43], a nonlinear partial differential equation, to obtain the
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optimal control policy. With very few exceptions, this solution cannot be obtained
analytically in closed form. Because of this, general Hamilton-Jacobi algorithms
eventually rely on state space discretization and are computationally demanding,
necessitating computation and memory exponential in the state dimension [44],
since they are solved with dynamic programming approaches [45]-[47]. Due to
these computation requirements, those algorithms are typically not run online.
The most common method is to limit the online section in only performing memory
lookups of an offline precomputed controller, like the authors of [48] do.
Reinforcement Learning (RL) [49] techniques have recently been employed to
solve such dynamic programming problems, introducing online methods as well
[50], [51]. Model free approaches such as Tabular Q-Learning (TQ) and Double
Deep Q-Network (DDQN) are widely utilized to approximate reachable sets [30], but
often fail to do so in the finite-time horizon. The value function is approximated
correctly, especially as the learning rate v approaches 1, but the computational
complexity can be rather heavy. On the other hand, model-based approaches such
as [52] are rather niche, thus are not fully including real-world robotic application
scenarios. In this work the authors present an online, model-free framework, that

is computationally optimized.

Contribution The central theoretical contribution of this paper is the derivation
of a novel, reinforcement learning method of constructing reachable sets in finite
time. Unlike most popular frameworks that partially run the computations online,
this framework can estimate the value function fully online and guarantee safety
for the agent to succeed at its task. Furthermore, the proposed scheme relies
on the use of only a critic network, allowing the simultaneous learning of the
value function and the optimal strategy, thus leading to a less computationally
expensive learning architecture. Finally, since the algorithm utilizes Q-learning, a
model-free approach is introduced, allowing the user to apply it without having

any information of the model’s system dynamics.

Structure The remainder of the paper is structured as follows. Section 5 states
the finite optimal control problem for general nonlinear dynamical systems that
undergo disturbances, whereas Section 6 presents the optimal control two-point
boundary value problem (TPBVP). In Section 7, an actor-critic learning framework
is developed for learning online and in finite time the solution to the optimal control
problem, as well as the reachable set. Section 8 provides illustrative numerical
examples, through which the efficacy of our approach is proven. Section 9 touches
computational complexity matters, implementation details and limitations of the

proposed framework. Finally, Section 10 concludes the paper.

Notation The notation used in this paper is standard. Specifically, R denotes

the set of real numbers, R the set of all positive real numbers, R**? the set of
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a x b real matrices and N denotes the set of natural numbers. Amax(A4) (resp.,
Amin(A)) denotes the maximum (resp., minimum) eigenvalue of the matrix A and
Omax(A) (resp., omin(A)) denotes the maximum (resp., minimum) singular value
of the matrix A. I,, signifies the n x n identity matrix, (-)7 and (-)~! denote the
transpose and inverse operator, respectively. || - ||; is the i-norm of the vector,
whereas vech(4d), vec(A) and mat(A) are the half-vectorization, the vectorization and
the matrization of matrix A, respectively. The Kronecker product of two vectors K,
M is denoted as K ® M, & is the Minkowski sum of two sets and A denotes the
logical AND operation. tr(A) is the trace of matrix A and € is the set operator "in".
Lastly, K,
the set K, respectively, while a — b denotes that "a approaches b".

K| and 0K denote the closure, the cardinality and the limit points of
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Chapter 5

Problem Formulation

Consider a dynamical system of a forward moving agent with a measurable state
z(t) € X C R"™, control input u(t) € U C R™, and disturbance w(t) € W C RP,

which evolves according to the following dynamical equation

&(t) = Az(t) + Bu(t) + Cw(t), z(0) = xo,t > 0, (5.1)

where A € R™*" is the unknown plant matrix, B € R™*™

is the unknown input
matrix, and C € RP*? is the unknown disturbance matrix.

Note that the system (5.1) can either depend on the time or not. The method
we propose in this paper is independent of time, but one can easily adjust our
framework to time-varying systems.

The goal is to compute the Reachable Set GG at the end of the time horizon
T € R,. The reachable set of (5.1) at the final time from a set of initial states

Xo C R" is:

G(Xo) ={s € X |zy € Xo,u(r) € Uyw(r) € W,
s.t. 2(T) = s and x(7) ¢ Xops, V7 € [0, T} (5.2)

where X, is the set that describes all the obstacles in the environment.
In words, the final reachable set consists of all the states that can be reached
at time T, from any initial state in X, for any admissible external input or

disturbance, given that the agent will not come in contact with an obstacle.
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Chapter 6

Finite Horizon Optimal Control
Method

We denote the difference between the current state x(¢) and the final state z(7T) as
our new state Z(t) := x(t) — (7). Defining the final state as z; := z(T), we can
write Z(t) := x(t) — xy. Consequently, the control and the disturbance become
u(t) := u(t) — uy and w(t) := w(t) — wy, respectively, considering u¢ := u(7") and
wy = w(T). The updated dynamical system becomes

x(t) =2(t) — oy
—AZ(t) + Ba(t) + Co(t), #(0) = z0 — a5, > 0. 6.1)

Our goal is to obtain the optimal value function

V*(Z;t0, T) := maxmin J(T; u; w; to, T) (6.2)

w u

for the unknown system. J(; u;w;to,T) is the cost functional defined as
J(z;3;w; 10, T) = ®(T)

+é /tOT(:zTMf + 4" Ru — w Fw)dr (6.3)
where ®(T) := (1/2)zY(T)P(T)z(T) is the terminal cost with P(T) := Pr €
R™ ™ > ( being the last Ricatti matrix and M € R™" > 0, R € R™*"™ > (
and F' € RP*P > ( being the matrices that penalize the state, control input and
disturbance, respectively, all defined by the controller. We will assume here that
the system is detectable and controllable.

We are essentially interested in finding an optimal control @* and optimal
disturbance w* such that J(z; u*;to, T) < J(z;u;to, T),VZ,uand J(z; w*;ty, T) >
J(Z;w; ty, T), VT, w, respectively, which can be described as the differential game

shown in (6.2). The result of this game will produce the Reachable Set at the end
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of the time horizon due to the boundary condition [31]:
VXz(T);T) =z (T)P(T)z(T),VZ(T) € G (6.4)

where G will be the reachable set. Such a problem has a solution only if x; = 0
[32]. In this paper, we will propose a model-free approach for finding the reachable
set G.

In order to solve the finite horizon optimal control problem described by (6.2),

we derive the following Hamilton-Jacobi-Bellman (HJB) equation:

1
_8({;/; — §<i'TM.f + ’lj,*TR’L_L* - U_}*TF’LT}*)
+ AT(AZ + Ba* + Cw*),Vz (6.5)

since the Hamiltonian H with regards to (6.1),(6.2) and (6.3) is defined as

1
H(@; 0w \) = §(a?TM:E + @' Ru — w" Fw)

+ M(Az + Bu + Cw),Vz, 4, w, A (6.6)

By making use of the sweep [33] method and A = %, equation (6.5) becomes

8V* 1 _T _ _xT _ _xT _
_ —— M * * * F *
5 5 (" Mz +u*" Ru* —w* Fw*)
o * T
+ 8‘; (AZ + Bu* + Cw*),Vz (6.7)

Taking into consideration that our system (5.1) is linear and the disturbance is
maximizing the L@R cost functional (6.3), the value function will have a quadratic

form in the state z, shown below.
* (= 1 =T = \Jm
V*(z;t) = 32 P(t)z,Vz,t. (6.8)

where P(t) € R"*" is the solution [34] to the Riccati equation

—P(t)=M + P(t)A+ ATP(t)
+ P(t)(CF~'cT — BR™'BT)P(t) (6.9)

Thus, the optimal control and disturbance are, respectively:

u*(z;t) = —R'BYP(t)z,Vz, . (6.10)
w*(z;t) = FCTP(t)z, Yz, t. (6.11)

If one wanted to handle the solution method of system (5.1) as a differential
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game, they would have to rewrite the equations above as

SX (T p) — : = T T
u*(z;t) = arg min max H(Z; w;w; N)

w*(T;t) = arg max zréilr}’H(:E; a;w; \)

69

(6.12)

(6.13)






Chapter 7

Model-free Actor-Critic Method

Let us define the following function Q : R("t7+p) y R(ntm+p)x(ntm+p) _y R+

o . ___ov* ovr
Q(z;uyw;t) := V*(z;t) + H(Z; u; w; ot W)
= V*(z;t) + %aﬁTMj + %aTRa

1
-5 o' Fw + 21 P(t)(Az + B + Cw)

1 .
+ iszP(t):i,VE, u,w, t. (7.1)
We then define the augmented state U := [z7a @ "]T € R(*+™P) to rewrite

the action-dependent advantage function in a compact form [35]. More specifically,

O(z;u;w;t) = ~UTQ(H)U (7.2)

where

Q) = | Qux(t) Quu(t) Quwl(t) (7.3)

Making use of the Riccati matrix’s symmetrical properties, 7' P(t) Az = (1/2)z T (P(t) A+
ATP(t))z, and for the controls ' P(t)Bu = (1/2)zY(P(t)B + BT P(t))u and
zTP(t)Cw = (1/2)zT (P(t)C + CT P(t))w. Thus, each individual Q; is as follows:
Qxx(t) = P(t) + P(t) + M + P(t)A + ATP(t) + P(t)B + P(t)C, Qu(t) =
Qur(t)" = P(H)B. Quu(t) = Qua(t)” = P(IIC. Quult) = R. Qu(t) = Quua(t)” =0,
Quult) = F.
u* and w* of equations (6.10) and (6.11) can be formulated in a model-free way
by utilizing the stationary conditions 0Q(Z; u; w; t) /0u = 0 and 0Q(Z; u; w; t) /0w =
0. We obtain
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u*(Z;t) = argmin Q(Z; u; w; t) = —Ql Qux(t)Z. (7.4)

w*(Z;t) = arg max Q(Z; @; 0; ) = Qe Qux(t)Z. (7.5)

In this manuscript, a differential game approach will be proposed as the

solution of system (5.1), therefore the equations above now become

u*(z;t) = arg min max Q(Z; u; w; t) (7.6)
u w

w*(T;t) = arg max min Q(ZT; u; w; t) (7.7)
w u

Lemma 1: The value of the game O*(z; u*;w*;t) = maxy ming Q(T; u; w;t) is
the same with the optimal value V* in (6.8) of the differential game (6.2), where

P(t) is the Riccati matrix found from solving equation (6.9).

Proof. : Substitute equations (6.12) and (6.13) in the Q function (7.1) to obtain
(6.9). Therefore, Q(z; u*; w*;t) = V*(z;1t) O

7.0.1 Actor-Critic Architecture

By utilizing the symmetric properties of the Q matrix, we can successfully calculate
the @ function in (7.1) as

O* (2 0% w3 ) — %UTQ(t)U _ %vech(@(t))T(U 2 U) 7.8

where vech(Q(t)) € R{(n+m+p)(ntm4p+1)/2) js the half-vectorization operation,
which significantly reduces the computational complexity. We now define the term

v(t) "W, := Jvech(Q(t)). that approximates the Q-function as
Q*(z;u*; w*;t) = WEo(t)(U @ U) (7.9)

with W, € R((»+m+p)(ntmip+1)/2) peing the critic weight estimates and v(t) €
R((vtmtp)(ntmtp+1)/2) x ((ntmtp)(ntm+p+1)/2) g pounded radial basis function, solely
dependant on time.

Our goal is to find the ideal weight estimates, thus we apply an adaptive
estimation technique that utilizes current weights, as shown in [36]. Consequently,

we have

O(z; ;w3 1) = W, v(t)(U @ U) (7.10)

where W, v(t) := lvech(Q(1)).

As for the actor structure, we create two actor instances, one for the control and

one for the disturbance. Similar to the critic, we assign p(t)TW,, := —Q7lQux(t)T
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and p(t)*W,, = QuiQux(t)T to write
a*(z;t) = WL u(t)z. (7.11)

WX (5 ) = W p(t)7. (7.12)

where W,, € R™™ are the controller actor’s weight estimates, W,, € R™*? the
disturbance actor’s weight estimates and u(t) € R™*™ is another bounded radial

time-only dependent function. The actors then become

(#;t) = WT u(t)z. (7.13)

S

(T t) = WEp(t)z. (7.14)

We must note here that this structure is for the whole space and not just a
compact set. The reason for that is that the actor-critic approximators described
in the equations (7.10) - (7.14) are not characterized by approximation errors, thus
optimal policies are achieved.

The Bellman equation is represented using the integral reinforcement learning

approach from [37] as

VH(E(t);t) = V*(@(t — At);t — At)

(zTMz + 4' Rl — 0 Fi)dr (7.15)

with At € R™ being a tiny standard value.
Using the Lemma above, where we have demonstrated that Q*(z; 4*; w*;t) =

V*(z;t), we can rewrite the equations above as

QY (E(t); W (1) 0" () 1) = Q*(T(t — At); a*(t — At);
w*(t — At);t — At)

t
1 / (z"Mz + 4 Ri — 0T F)dr (7.17)
2 Ji-nt
Q*(3(T); #*(T): 6*(T): T) = ~&™(T) P(T)%(T) (7.18)

From (6.4) and from the Lemma above, it is obvious that the reachable set G can
be immediately acquired from Q*(z(T); u*(T); w*(T); T).
We then choose the errors e.; and e.2, which we want to reduce to zero by

properly adjusting the critic weights of (7.10). Describe the initial critic error,
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+

1/t AT e AT
5 / (zTMz + 4T Ri — 0 Fi)dr (7.19)
t—At

where U := [z74T@T]"T is the augmented state that consists of the measurable full

state vector and the estimated control and disturbance. As for the second critic

error, this point on referred to as final critic error, it is defined as the real value

Cef 1= %i‘T(T)P(T)f(T) — WXo(T)((U(T) @ U(T)) (7.20)

Next, we declare the actor approximation errors for our two actors, the control,

and the disturbance, as e,; € R™, e,0 € RP respectively. More specifically,

eat = W ()7 + Que Qux(t)@ (7.21)
eaz = Wi ()7 — QuuQux(t)T (7.22)

with Quu, qu, QW wa being derived from the estimation of the critic Wc.
The squared norm of errors, following the adaptive control method of [36], can

be obtained as

A 1 1
N1 (We, We(T)) = 5”6361”2 + gHeCfHQ (7.23)
~ 1 9
No(Wa,) = 5llearl] (7.24)
~ 1 9
N3(We,) = iHeaQH (7.25)

Thus, the learning framework can be implemented by employing a gradient
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descent algorithm in (7.23), in the following normalized manner

c =

W, = —a. 20
oW,

0€c1 Of€c2
= —a + 7.26
c ((1+0TU)2 (1+U}Faf)2) (7.26)

with . € RT being the convergence rate that the designer specifies for the
gradient descent and o (t) := v(t)(U(t) @ U(t) — (U(t — At) @ U(t — At)), o(T) :=
o(T)(U(T) @ U(T). As e.1 and e approach 0, the critic update (7.26) ensures
that W, — W, and W.(T) — W.(T).

Similarly, by applying a normalized gradient descent approach in (7.24) - (7.25)

the following actor tuning results are yielded

A 8N2

Woy = —q—r— = —aaZel] (7.27)
1 8Wa1 1

z ON3 _

Wea, = —a 6Wa2 = —a,zel, (7.28)

with o, € RT being another convergence rate that the designer specifies for the
gradient descent. The actor tuning (7.27) and (7.28) guarantee that as e,1, €49 — 0,
then Wal — W, and Wa2 — W, respectively.

We now define the critic’s estimation error as W, € R((ntm+p)(ntm+p+1)/2)
as WC = W, — WC. Similarly, the two actors’ estimation errors Wal e Rxm™,
Wa, € R"*P are defined as W, := W,, — Wal and W, := W,, — W@, respectively.

The dynamics of the critic’s estimation error are

i (Wedea | OWedee OW.de,  OW, deey
© \ ey dt Oeqp dt Ode.1 dt Oeqp dt

_ OWede  OWedeq
N 86’01 dt 8@61 dt

UUTWC (7.29)
—e—————— .
‘(1+0T0)2
and the respective dynamics of the control and disturbance actors are
; ; D@
W = —auzz u ()W, — ayzsT—HH@x (7.30)
o = 0BT pWar = 0aTT T T

B - )Oxw 1
Wa, = — 07T L p1(t)Wa, — il —H (1) Qw (7.31)

where Qy, := mat(We[n(n+1)/2+1 : (n(n+1)/24+nm]) and Qyy := mat(W,[n(n+
1)/2+1: (n(n+1)/2+ np)]).
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The aforementioned methodology can be summarized in the algorithm below.
rand(x) is the random function of x digits in vector length. pointsOfTheTarget
are the points that consist of the target, targetCoords (x) is the vector of the x
and y coordinates of the target for . Critic is the function that updates the critic
parameters in (7.26), while Actorl is the function that estimates the first actor’s
parameters in (7.27) and Actor?2 the one that estimates the second actor’s ones,
in (7.28). The AdaptControl and AdaptDisturbance functions estimate the
control and disturbance, respectively, according to the equations (7.13), (7.14),
respectively. AdaptQ estimates Q’s parameters from (7.10), whereas Augment
is just used to augment the current state during the solving of the differential
equation. Lastly, trajectory’s last is the last pair of x-y coordinates in each

trajectory.

Reachable Set Computation Algorithm

G+ 0;
W.(0) < rand(10);
Wa, (0) <= rand(2);
Wa,(0) <= rand(2);
points < pointsOfTheTarget;
allTrajectories < [ ;
for : = 1 to points do
xy < targetCoords (i);
fort €T do
W, + Critic(#, d,®,ac, M, R, F,At, P(T));
Q + AdaptQ(®, 4, v, W,);
Wal +— Actorl(i,ﬁ,@,aa);
Wa2 — ActorZ(:i‘,w,Q,aa];
U <+ AdaptControl(Z,, Wal];
W < AdaptDisturbance(Z,w, WaQ);
T < Augment (Wc, Wal, W@) ;
Return ﬁ, w;
end for
trajectory < z(t);
allTrajectories < [allTrajectories, trajectory);
G+ GJ{trajectory’s lastk
: end for
: Return G;
: Calculate minimum distance from z to target using Euclidean Norm;
: Plot Trajectory from xg to the closest point of the target using allTrajectories;

© ® NG AR 6w

N N N N N N = o o e e e e e e
Qoo O 0N ke o
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Chapter 8

Simulations

The simulations until the end of this chapter can be found in my GitHub reposi-

tory1 .

In this section, we demonstrate the efficiency of the proposed framework
through simulations. We study simple point-target systems, in which the point-
agent is equipped with our online, model-free algorithm that aims to approximate
the optimal policy. Next, the trajectory to the target is calculated, while avoiding any
obstacles that may exist. In the sections below, one can witness the performance
of the algorithm for systems of O, 1 and 3 obstacles, respectively.

All simulations are characterized by a finite time horizon T of 6 sec, an internal
dynamics step At = 0.05 sec, as well as convergence rates a, a, of 90 and 1.5
respectively. As for the designer-defined matrices, the matrix that penalizes the
state is M = I, the one that penalizes the control is R = 0.1 and the one that
penalizes the disturbance is F' = 0.1. The final Riccati matrix is P(T') = 0.5]3,
while the final control and disturbance actions u(7T), w(T'), respectively, are both
0.005. The initial values of WC, Wal, WQQ are randomly selected, except from Wc’s
two elements that correspond to Quy, Qww, Which need to differ from zero, as they

are inverted in (7.4) - (7.5).

8.0.1 Obstacle Absence

Consider a simple point-target system like the one shown in Fig.1. The agent,
depicted as the blue dot, successfully and almost optimally reaches its target, the
dark blue circle. The target is depicted in red, but the calculated reachable (blue)

perfectly contains it, thus this dark blue color is created.

! https://github.com/Costopoulos/helperOC/tree/ReachabilityGame
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Figure 8.1: Trajectory to the Reachable Set. The reachable set (blue) perfectly
contains the target (red), thus the dark blue color.
8.0.2 Single Obstacle

Let us now consider the same setup, but with an obstacle intercepting the path.
In Fig.2 both the target and the obstacle are square-like and in Fig.3 both are

circular, exactly as in figure 1.
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Figure 8.2: Trajectory with One Obstacle in a Rhombus-like Scenario. The
reachable set (blue) perfectly contains the target (red), thus the dark blue color.
Obstacle is colored in magenta.

It is clearly visible that the agent successfully reaches the target, just barely
missing the obstacle. In a real-world robotic application, one would add various
security checks to ensure the safety of their system. This extension can be easily

applied in the framework proposed in this work.
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Figure 8.3: Trajectory with One Obstacle. The reachable set (blue) perfectly
contains the target (red), thus the dark blue color. Obstacle is colored in magenta.

Similar results are acquired in the ellipsoid case (Fig.3), where the agent once
more does reach the reachable set and avoids the magenta obstacle.
8.0.3 Three Obstacles

The setting of three obstacles can easily be generalized to numerous ones. There-
fore, we will now test the efficacy of our algorithm for the two different settings of
Fig. 8.4 and 8.5.
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Figure 8.4: Trajectory with Three Obstacles, all colored in magenta.

The algorithm can achieve reachability in both set-ups, despite the existence of
various objects. It is worth noting here that the agent approaches the obstacles as
much as possible without encountering them, to achieve maximum optimality in
the trajectory planning. Once again, the reachable set totally encloses the target,

thus achieving reachability in every point of the target.
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Figure 8.5: Trajectory with Three Obstacles, all colored in magenta, in an alternate
setting.

Further strictifying Figure 8.4’s setup produces the results demonstrated in Figure

8.6.
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Figure 8.6: Stricter Environment. The algorithm dodges every obstacle, maneuver-
ing between them.

The environment in the figures above is stricter than the one in Fig. 8.4 in
terms of space. The obstacle with the highest y-axis value has now moved down
by one point, thus limiting the available movement space. The trajectory now is
sharper and has two edges, because it must squeeze more between the obstacles.

It would be worth highlighting here the process that a drone-agent would follow
for the system of Fig. 8.6b. Without the Q-network, the drone would have blindly
followed the direction determined by the black arrow, thus certainly colliding with
the object. However, the critic’s update, the estimation of the Q value and the
adaptation of the control laws successfully informed the drone about the danger

in real time, therefore changing its course and guaranteeing its safety.
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Figure 8.7: After the critic network is updated and the estimated values are adapted,
the drone successfully avoids the obstacle. The final trajectory is depicted in green.
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Chapter 9

Results

This section contains details regarding the computational complexity of the pro-
posed algorithm. Furthermore, the algorithmic framework’s limits are outlined

and instructions for the implementation in a real-world scenario are provided.

9.0.1 Computational Complexity

The time complexity of the Q-function estimation is determined by the equations
(7.10) and (7.26). In particular, the critic network expands quadratically with the
size of the augmented state U € R"t"*?, which translates to O((n 4+ m + p)?).
The input’s control estimation is determined by (7.13) and (7.27), where the time
yields O(nm). Similarly, the disturbance estimation is determined by (7.14) and
(7.28), where the time yields O(np). The gradient descent estimation procedures
outlined in [38] are essentially what the computational needs rely on. Therefore,
the overall time complexity of the online framework is O((n+m+p)?+n(m+p)) =
O((n+m+ p)?).

9.0.2 Limitations

The proposed framework’s limitations must be noted to assess its applicability
in each scenario. This model-free algorithm can be used in continuous-time,
unknown linear systems. Although the nonlinear case is not concerned, if a
nonlinear system can be linearized around an equilibrium point, and if the system

is detectable and controllable, the methodology does hold.

9.0.3 Implementation Instructions

The proposed framework does not require many specifications to be properly
implemented. The online, model-free control of the robot needs an accurate linear
state, input, and disturbance feedback to be fed to the system. Since the system

is detectable, the state can be properly computed if the output is known.
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Chapter 10

Conclusions

In this thesis, the initial chapter delves into optimal control, reachability analysis,
reach-avoid analysis and reachability decomposition, and their application to a 6D
quadrotor system’s simulations; first on the full system, then on the same system
with Gaussian noise and, lastly, on the decomposed system. The computational
speed of the latter’'s BRS was notably faster, solving the problem in 4 minutes
compared to 12 minutes for the full systems on a PC with an Intel(R) Core(TM)
i5-7300HQ CPU @ 2.50GHz and 16GB RAM. The decomposition method was the
traditional one, based on dynamic programming.

The second chapter explores the theory of reinforcement learning (RL) and its
application in reachability analysis, demonstrated through Lunar Lander system
simulations, again in the context of the full system and then the decomposed one,
this time with a variant of Q-Learning. The decomposed system’s reach-avoid set
reconstruction was significantly faster, running for 2h25m on an NVIDIA GeForce
GTX 1050 GPU (61% faster) and 4h52m on a Linode CPU with 8GB RAM and 4
cores (53.3% faster). However, the precision of the decomposed system was about
43%, which was expected for an approximate decomposition.

Chapter 3 provides a summary of Chapters 4-9 in Greek, while from Chapter 4
the main project unfolds. This project proposed an online, model-free reachable set
computation algorithm. More specifically, the optimal policy of a continuous LTI
system is approximated through Q-Learning and the reachable set is computed.
Then, a sample trajectory of the algorithm is executed. The asymptotic stability
is mathematically proven to be guaranteed for systems of unknown/uncertain
dynamics. By leveraging simulation data, the efficacy of the framework was

validated further, not only on the theoretical level.

87






Bibliography

(1]
(2]

(3]

(4]

(5]

[6]

[7]

(8]

[9]

(10]

(11]

(12]

(13]

R. Vinter, Optimal Control. MA: Birkhauser Boston, 2010.

L. Pontryagin, Mathematical Theory of Optimal Processes (Classics of Soviet
Mathematics). Taylor & Francis, 1987.

M. Athans and P. Falb, Optimal Control: An Introduction to the Theory and Its

Applications (Dover Books on Engineering). Dover Publications, 2007.

“Optimal control of continuous-time systems”, in Optimal Control. John
Wiley and Sons, Ltd, 2012, ch. 3, pp. 110-176.

“Static optimization”, in Optimal Control. John Wiley and Sons, Ltd, 2012,
ch. 1, pp. 1-18.

D. Kirk, Optimal Control Theory: An Introduction (Dover Books on Electrical

Engineering Series). Dover Publications, 2004.

“Differential games”, in Optimal Control. John Wiley and Sons, Ltd, 2012,
ch. 10, pp. 438-460.

I. Chahma, Set-valued discrete approximation of state-constrained differential
inclusions (Bayreuther mathematische Schriften). Mathematisches Institut
der Universitdat Bayreuth, 2003.

M. Dellnitz, O. Junge, M. Post, and B. Thiere, “On target for venus - set
oriented computation of energy efficient low thrust trajectories”, Celestial

Mechanics and Dynamical Astronomy, vol. 95, no. 1, pp. 357-370, May 2006.

R. Baier, M. Gerdts, and I. Xausa, “Approximation of reachable sets using

optimal control algorithms”, 2012.

S. Bansal, M. Chen, S. L. Herbert, and C. J. Tomlin, “Hamilton-jacobi reach-
ability: A brief overview and recent advances”, CoRR, vol. abs/1709.07523,
2017.

I. M. Mitchell and C. J. Tomlin, “Overapproximating reachable sets by
hamilton-jacobi projections”, Journal of Scientific Computing, vol. 19, no. 1,
pp. 323-346, Dec. 2003.

dJ. F. Fisac, M. Chen, C. J. Tomlin, and S. S. Sastry, Reach-avoid problems

with time-varying dynamics, targets and constraints, 2014.

89



[14] M. Chen, S. Herbert, and C. J. Tomlin, “Fast reachable set approximations
via state decoupling disturbances”, in 2016 IEEE 55th Conference on Decision
and Control (CDC), IEEE, Dec. 2016.

[15] M. Chen, S. Herbert, and C. J. Tomlin, Exact and efficient hamilton-jacobi-

based guaranteed safety analysis via system decomposition, 2016.

[16] S. Herbert. “Coupled control reconstruction array”. (), [Online]. Available:
https://images.squarespace—cdn.com/content/v1/5164717eed4b09%efa7e93fbf/
1494972105382-KP4A88VKG9072MHGI4TX/coupled_control_table.
png?format=1500w.

[17] S. Herbert. “Approximate decomposition method”. (), [Online]. Available:
https://images.squarespace—cdn.com/content/v1/5164717eed4b09%efa7e93fbf/
1494978689550 - 00G5CJIJCILEQYM6HVHBGP / approx .gif ? format=
2500w.

[18] I. Mitchell, “Application of level set methods to control and reachability

problems in continuous and hybrid systems”, Jan. 2002.

[19] OpenAl. “Agent-environment interaction loop”. (2018), [Online]. Available:
https://spinningup . openai.com/en/latest/_images/rl_
diagram_transparent_bg.png.

[20] J. Achiam. “Key concepts in rl”. (2018), [Online]. Available: https: //

spinningup . openai.com/en/latest /spinningup/rl__intro.
html (visited on 03/17/2023).

[21] C. Watkins, “Learning from delayed rewards”, Jan. 1989.

[22] C.d. C. H. Watkins and P. Dayan, “Q-learning”, Machine Learning, vol. 8,
no. 3, pp. 279-292, May 1992.

[23] V. Mnih, K. Kavukcuoglu, D. Silver, et al., “Playing atari with deep reinforce-
ment learning”, CoRR, vol. abs/1312.5602, 2013.

[24] R. S. Sutton, D. McAllester, S. Singh, and Y. Mansour, “Policy gradient meth-
ods for reinforcement learning with function approximation”, in Advances
in Neural Information Processing Systems, S. Solla, T. Leen, and K. Miller,
Eds., vol. 12, MIT Press, 1999.

[25] J. Schulman, F. Wolski, P. Dhariwal, A. Radford, and O. Klimov, Proximal
policy optimization algorithms, 2017.

[26] R. J. Williams, “Simple statistical gradient-following algorithms for con-
nectionist reinforcement learning”, Machine learning, vol. 8, pp. 229-256,

1992.

[27] W.R.J., “Toward a theory of reinforcement-learning connectionist systems”,
Technical Report, 1988.

90


https://images.squarespace-cdn.com/content/v1/5164717ee4b09befa7e93fbf/1494972105382-KP4A88VKG9O72MHGI4TX/coupled_control_table.png?format=1500w
https://images.squarespace-cdn.com/content/v1/5164717ee4b09befa7e93fbf/1494972105382-KP4A88VKG9O72MHGI4TX/coupled_control_table.png?format=1500w
https://images.squarespace-cdn.com/content/v1/5164717ee4b09befa7e93fbf/1494972105382-KP4A88VKG9O72MHGI4TX/coupled_control_table.png?format=1500w
https://images.squarespace-cdn.com/content/v1/5164717ee4b09befa7e93fbf/1494978689550-OOG5CJC1LEQYM6HVHBGP/approx.gif?format=2500w
https://images.squarespace-cdn.com/content/v1/5164717ee4b09befa7e93fbf/1494978689550-OOG5CJC1LEQYM6HVHBGP/approx.gif?format=2500w
https://images.squarespace-cdn.com/content/v1/5164717ee4b09befa7e93fbf/1494978689550-OOG5CJC1LEQYM6HVHBGP/approx.gif?format=2500w
https://spinningup.openai.com/en/latest/_images/rl_diagram_transparent_bg.png
https://spinningup.openai.com/en/latest/_images/rl_diagram_transparent_bg.png
https://spinningup.openai.com/en/latest/spinningup/rl_intro.html
https://spinningup.openai.com/en/latest/spinningup/rl_intro.html
https://spinningup.openai.com/en/latest/spinningup/rl_intro.html

(28]

[29]

(301

(31]

(32]

[33]

[34]

[35]

[36]

(371

[38]

(391

(40]

(41]

R. S. Sutton, “Integrated architectures for learning, planning, and react-
ing based on approximating dynamic programming”, in Machine learning
proceedings 1990, Elsevier, 1990, pp. 216-224.

G. Brockman, V. Cheung, L. Pettersson, et al., Openai gym, 2016.

Kai-Chieh Hsu and Vicenc¢ Rubies Royo and Claire J. Tomlin and Jaime
F. Fisac, “Safety and Liveness Guarantees through Reach-Avoid Reinforce-
ment Learning”, CoRR, vol. abs/2112.12288, 2021.

Liberzon, Daniel, Calculus of Variations and Optimal Control Theory: A Concise

Introduction. USA: Princeton University Press, 2011.

Botan, C. and Onea, A., “A fixed end-point problem for an electrical drive
system”, in ISIE ’99. Proceedings of the IEEE International Symposium on
Industrial Electronics (Cat. No.99TH8465), vol. 3, 1999, 1345-1349 vol.3.

ARTHUR BRYSON, JR., “Applied Optimal Control: Optimization, Estimation,

and Control (1st ed.)”, in Guidance, Navigation and Control Conference.

ARTHUR BRYSON, JR. and ALAIN CARRIER, “A comparison of control syn-
thesis using differential games (H-infinity) and LQR”, in Guidance, Navigation

and Control Conference.

Kontoudis, George P. and Vamvoudakis, Kyriakos G., “Kinodynamic Motion
Planning With Continuous-Time Q-Learning: An Online, Model-Free, and
Safe Navigation Framework”, IEEE Transactions on Neural Networks and
Learning Systems, vol. 30, no. 12, pp. 3803-3817, 2019.

Ioannou, Petros A and Sun, Jing, Robust adaptive control. Courier Corpora-
tion, 2012.

Draguna L. Vrabie and Kyriakos G. Vamvoudakis and Frank L. Lewis,
“Optimal Adaptive Control and Differential Games by Reinforcement Learning
Principles”, 2012.

Baldi, P., “Gradient descent learning algorithm overview: a general dynamical
systems perspective”, IEEE Transactions on Neural Networks, vol. 6, no. 1,

pp- 182-195, 1995.

B. Heater. “Amazon debuts a fully autonomous warehouse robot”. (2022),
[Online]. Available: https://techcrunch.com/2022/06/22/amazon—
debuts - a- fully - autonomous — warehouse — robot/ (visited on
01/14/2023).

D.P. Bertsekas and I.B. Rhodes, “On the minimax reachability of target sets
and target tubes”, Automatica, vol. 7, no. 2, pp. 233-247, 1971.

Liberzon, Daniel, Calculus of Variations and Optimal Control Theory: A Concise

Introduction. Princeton, NJ: Princeton University Press, 2011.

91


https://techcrunch.com/2022/06/22/amazon-debuts-a-fully-autonomous-warehouse-robot/
https://techcrunch.com/2022/06/22/amazon-debuts-a-fully-autonomous-warehouse-robot/

[42]

[43]

[44]

[45]

[46]

(47]

(48]

[49]

(50]

(51]

(52]

Bansal, Somil, S. Chen Mo and Herbert, and C. J. Tomlin, “Hamilton-Jacobi
reachability: A brief overview and recent advances”, in 2017 IEEE 56th
Annual Conference on Decision and Control (CDC), 2017, pp. 2242-2253.

F. L. Lewis, D. Vrabie, and V. L. Syrmos, Optimal Control. Hoboken, NJ: John
Wiley & Sons, 2012.

Ian M. Mitchell, “The Flexible, Extensible and Efficient Toolbox of Level Set
Methods”, Journal of Scientific Computing, vol. 35, pp. 300-329, 2-3 Jun.
2008.

J. Si, A. G. Barto, W. B. Powell, and D. Wunsch, Handbook of Learning and
Approximate Dynamic Programming. Hoboken, NJ: John Wiley & Sons, 2004,
vol. 2.

Powell, Warren B, Approximate Dynamic Programming: Solving the Curses of

Dimensionality. Hoboken, NJ: John Wiley & Sons, 2007, vol. 703.

F. Wang and H. Zhang and D. Liu, “Adaptive Dynamic Programming: An
Introduction”, IEEE Computational Intelligence Magazine, vol. 4, no. 2, pp. 39-
47, 2009.

Sylvia L. Herbert and Mo Chen and SooJean Han and Somil Bansal and
Jaime F. Fisac and Claire J. Tomlin, “FaSTrack: A modular framework
for fast and guaranteed safe motion planning”, in 2017 IEEE 56th Annual
Conference on Decision and Control (CDC), IEEE, Dec. 2017.

Sutton, Richard S and Barto, Andrew G, Reinforcement Learning: An Intro-

duction. Cambridge, MA: MIT press, 2018.

Vamvoudakis, Kyriakos G and Kokolakis, Nick-Marios T, Synchronous Re-
inforcement Learning-Based Control for Cognitive Autonomy. Boston - Delft:
Now Publishers, 2020, vol. 8.

Kokolakis, Nikolaos-Marios T. and Vamvoudakis, Kyriakos G., “Safety-Aware
Pursuit-Evasion Games in Unknown Environments Using Gaussian Pro-
cesses and Finite-Time Convergent Reinforcement Learning”, IEEE Transac-

tions on Neural Networks and Learning Systems, pp. 1-14, 2022.

I. Grondman, M. Vaandrager, L. Busoniu, R. Babuska, and E. Schuitema,
“Efficient Model Learning Methods for Actor-Critic Control”, IEEE Transac-
tions on Systems, Man, and Cybernetics, Part B (Cybernetics), vol. 42, no. 3,
pp.- 591-602, 2012.

92



	Βέλτιστος Έλεγχος
	Hamilton-Jacobi Reachability Analysis
	Reachability Decomposition
	Hamilton-Jacobi Reachability Analysis σε Quadrotor 6 Διαστάσεων

	Ενισχυτική Μάθηση
	HJRA με Ενισχυτική Μάθηση
	Εφαρμογή σε Lunar-Lander

	Εκτεταμένη Περίληψη
	Actor-Critic Αρχιτεκτονική
	Απουσία Εμποδίου
	Μοναδικό Εμπόδιο
	Τρία Εμπόδια
	Υπολογιστική πολυπλοκότητα
	Περιορισμοί
	Οδηγίες εφαρμογής

	Introduction
	Problem Formulation
	Finite Horizon Optimal Control Method
	Model-free Actor-Critic Method
	Actor-Critic Architecture

	Simulations
	Obstacle Absence
	Single Obstacle
	Three Obstacles

	Results
	Computational Complexity
	Limitations
	Implementation Instructions

	Conclusions

