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Abstract 

 This work is based on the development of numerical tools for the computational analysis of 

engineering structures that involve adhesion problems, that is interface and interphase problems. 

The proposed numerical tools are implemented within the framework of non-linear Finite Element 

Methods (FEM) and are developed so as to be utilized by design engineers and researchers for the 

design and analysis of adhesively bonded joints and composite structures.  

Initially, a Progressive Failure Model (PFM) is developed and applied to predict the behaviour of an 

experimentally tested blade-stiffened panel found in the literature. The developed PFM has been 

implemented in non-linear finite element analysis procedures under the framework of the commercial 

software Ansys. Failure initiation and failure propagation as well as the post buckling ultimate attained 

load have been numerically evaluated. Final failure behaviour of the simulated stiffened panel is due to 

sudden global failure, as concluded from comparisons between numerical and experimental results being 

in good agreement. 

In the following, particular focus has been given initially in the study of the failure 

mechanisms that evolve during the pure mode delamination propagation in fiber reinforced 

composite materials (interface problems) and later in the study of the mixed-mode loading and 

fracture of adhesively bonded joints (interphase problems). The proposed numerical tools involve 

novel constitutive relations that describe the aforementioned phenomena and are based on fracture 

and damage mechanics, in accordance to Cohesive Zone Modeling (CZM) techniques.  

Initially, a continuum damage constitutive model is presented for the prediction of the in-

plane failure modes of laminated composite materials. In the following, new cohesive laws are 

developed for the prediction of delamination initiation and propagation under Mode I and Mode II 

loading and fracture in fibrous laminated composite materials. Having provided numerical 

predictions of the failure response of composite materials, the next research activity is focused on 

providing constitutive relations for the predictions of structural adhesively bonded joints. The 

proposed constitutive relations, are validated with tests conducted on steel-to-steel and steel-to-

composite adhesive joint geometries that involve flat adherents. Next, a numerical parametric study, 

that involves axisymmetric adhesive joints (tubular cases), has been conducted, showing the 

potential of the proposed numerical tool.    

In conclusion, the present PhD thesis provides separate numerical tools that can be combined 

for the prediction of the failure response of structures that involve composite materials and adhesive 

joints.  
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1. Structural adhesive bonding 
 
 
 
 
 

1.1 Introduction 

 Many methods exist for bringing together similar or dissimilar structural materials, in 

terms of the joining technique utilized. Conventional mechanical joints, such as bolted, pinned or 

riveted are preferred due to their simplicity and the disassembly ability that they offer for joining 

metal or composite materials. However, when a mechanical joint is loaded, local damage is 

induced at the fastener holes due to stress concentrations (da Silva et al., 2011). This fact leads to 

the structural degradation of a joint and jeopardizes the structural integrity of the assembly 

structure. The demands for designing lightweight structures without any loss of stiffness and 

strength have turned many researchers and design engineers to seek for alternate joining methods. 

Thus, the field of structural adhesive bonding has matured with the development of a wide range 

of adhesives from the chemical industry. Adhesive bonding is a material joining process in 

which an adhesive, placed between the adherend surfaces, solidifies to produce an adhesive bond. 

The reasons why adhesive bonding is so desirable compared to other conventional joining 

methods (e.g. fastening) have been given by Adams et al., 1997: 

1. Often, thinner gage materials can be used with attendant weight and cost savings. 

2. The number of production parts can be reduced, whereas the design is more simplified. 

3. The need for milling, machining and forming operation of details is reduced. 

4. Large area bonds can be made with a minimum work force without special skills. 

5. Adhesive bonding provides a high strength to weight ratio with three times higher the 

shearing force of riveted joints. 

6. Improved aerodynamic/hydrodynamic smoothness and visual appearance. 

7. Use as a seal, and/or corrosion preventer when joining incompatible materials. 

8. Excellent electrical and thermal insulation. 

9. Superior fatigue resistance. Adhesively bonded assemblies have shown a fatigue life 

twenty times better than riveted structures of identical parts. 

10. Often, the adhesive is sufficiently flexible to allow for the variations in coefficients of 

thermal expansion when joining dissimilar materials. 
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 However, it isn’t but until the past century that science and industry enabled the 

development of a wide range of adhesives with the introduction of synthetic polymers. Before 

then, the only adhesives available were derived from natural sources such as plants and animal 

collagen.  

Adhesive bonding for load-bearing primary structures has been developed only several 

decades ago and has its roots in the field of aeronautics. In the 1930s, the first synthetic resin 

glues were produced, followed by epoxies, neoprenes and acrylonitriles during the World War II, 

where technology advanced under the pressure of improvement of weapons. The first notable 

application for joining similar adherents is the bonding of plywood laminate in the British 

wooden Mosquito bomber during World War II. In the meantime, in United States, Narmco 

developed the Meltbond adhesives in the early 1940’s for the consolidated Vultee B-36 bomber. 

Since those times, the use of structural adhesives has increased steadily and has been adopted for 

joining similar or dissimilar structural materials (metals, plastics, composites etc.). In modern 

aviation, many applications can be found in the construction of the F-18 and F-20 fighter 

aircrafts, where composite panels where adhesively bonded to form the wing skins and control 

surfaces. Similar applications are found in many types of commercial aircrafts, such as in 

AIRBUS A380 (see Figure 1.1), where around 46% of the joints are based on adhesive bonding 

techniques. Also, Boeing 787 and the Airbus A350 contain more than 50% bonded composite 

structure. 

 
Figure 1.1: Adhesive bonding applications in the new Airbus A380 commercial aircraft (Figure taken 

from Katsiropoulos et. al. (2011)). 

 By extrapolating the experience gained from aeronautics, adhesives have been adopted 

more and more by other industries like the marine industry, wind turbines, piping and civil 

engineering to mention just a few.  
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 Adhesive bonding has many applications in the construction of wind blades, since most 

structural parts are composites. Specifically, significant research has been devoted for the design 

and analysis of the adhesively bonded wind turbine blades, which are constructed in a box 

section-type with monolithic and sandwich layers. Thus, the blades are constructed in two 

separate parts and then adhesively assembled to form the aerodynamic shape. Additionally, shear 

webs are adhesively bonded to the upper and lower shells of the blade, as shown in Figure 1.2. 

  
Figure 1.2: Cross section of a wind turbine blade showing adhesively bonded parts (Jensen 2008). 

Adhesive bonding has been adopted by the marine industry at the decade of 1980. It has 

been a field of research by several scientists since then, with the design of adhesive joints in 

marine structures (deck-to-hull, bulkhead-to-hull joints) gaining the greatest focus. Specific 

structural parts of a ship, such as superstructures, bulkheads, masts or even the entire deck, may 

be replaced by composite materials, properly designed and adhesively bonded either to 

composite or metal parts. Figure 1.3, presents a modern large-scale application where either a 

composite bulkhead or a composite deck is adhesively bonded to a steel hull.  

  
Figure 1.3: Composite bulkhead adhesively bonded to steel hull (left) and composite deck adhesively 

bonded to steel hull (right). 

Additionally, modern adhesive bonding technologies offer many techniques for repairing 

defected structural elements that have a discontinuity (physical cracks) or have lost part of their 

stiffness or strength (e.g. corrosion). In most cases, repairing is achieved with the application of 

supplemental structural materials on and in the vicinity of the defect, with the aid of adhesive 

materials. The design of each repair, aims at compensating the loss of strength or stiffness owed 

to the corresponding defect. Thus, patch repair is a very promising technique in marine 
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applications, where carbon, glass or combined fabric patches are either directly laminated or 

cured composite patches are adhesively bonded on the cracked or corroded area of metallic parts 

(i.e. fuel tank, water ballast tank, hull etc.). This technology is advantageous in the marine 

industry, since the hot work of welding is avoided, minimizing thus the risk of a fire, plus the 

repair can be done on the spot with no need of dry-docking of the ship. The stripping out of 

neighboring compartments needed for welding is also avoided. The sealing of the cracks made 

by adhesive joining is water-tight and it can be performed on complex surface geometries. 

Repairs of this kind can adapt to any substrate geometry and fit into places where normal 

welding would not easily reach. The maintenance cost is reduced and the materials used are light, 

so they are easy to transport and to handle with no need of heavy lifting machinery.  

1.2 Adhesive material systems 

 When selecting an adhesive system for bonding similar or dissimilar materials, one should 

first consider the factors common to all adhesive bonding applications. The expected end use 

environment is probably the most important of these considerations. Among the environmental 

concerns are expected temperature ranges, chemical and UV exposure and possible UL electrical 

requirements. Other important considerations are the anticipated bond loading and strength 

requirements of the final  application. In most cases, more than one type of adhesive could fulfill 

the necessary requirements. Each system exhibits characteristic properties that fit particular 

application needs. In general, structural adhesives can be categorized in 6 groups, that is epoxies, 

urethanes, acrylics, anaerobics, cyanoacrylates and UV curable adhesives (Adams et al., 1997). 

 Epoxies are known for their versatility. Their bond strength, electrical conductivity and 

temperature resistance can be modified to fit almost any specific application needs. Epoxies are 

made in either one- or two-part formulations. The two-part systems consist of a resin and a 

hardener, which must be mixed together in strict proportions for maximum bond strength. They 

can be cured at room or elevated temperatures. One-part epoxies require no mixing; however, 

they must be cured by heat, usually around 300º F for one hour or more. Heat cured epoxies tend 

to exhibit greater strength than their mixed counterparts. The two-component systems are more 

widely used because they can be stored for long periods of time and do not activate until mixed. 

Unlike other adhesives, epoxies are not solvent based, but cure as the result of a chemical 

reaction. 

 Urethanes, also known as polyurethanes, form strong bonds on a variety of substrates. 

Urethanes are found primarily in applications that require high strength with flexibility. 

Urethanes are available in both one- and two-part systems. One-part formulations require heat 

curing while two-part systems may be room temperature cured. 

 The acrylics used today are second generation or modified acrylic systems. These 

“improved” acrylics provide many of the same attributes as epoxies and urethanes as well as 

having the advantage of rarely needing primers. These are one- or two-part systems consisting of 
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a catalyst primer and the adhesive. Usually, the one-part systems do not need mixing or weighing, 

greatly simplifying their application. 

 Anaerobics are one-part thermosetting adhesives whose curing mechanism is triggered by 

the absence of oxygen. This eliminates the problem of premature curing. Curing occurs at room 

temperature, and can be speeded by addition of heat or ultraviolet radiation. The cure cycle may 

be as short as 15 seconds set time and 2–24 hours for full cure. Anaerobics also exhibit the useful 

property of being easily cleaned from unbonded surfaces after the bondline has set up. 

Anaerobics are excellent for critical sealing and bonding applications where strength is not 

critical. Their use is also expanding into the sealing of welds and soldered joints. 

 Cyanoacrylates are single-part, fast curing “convenience adhesives.” With a normal setting 

time of 2 or 3 seconds and a full cure time of 24 hours at room temperature, these systems are 

popular in tacking and quick contact assembly operations. The presence of surface moisture, 

even in limited quantities such as humidity in the air, initiates curing. Cyanoacrylates are highly 

application specific. 

 Ultraviolet (UV) curing technology was first developed in the mid 1960s as a method for 

curing packaging inks. Since then, the technology has advanced and spread into other areas. 

Adhesives, potting compounds and sealants, as well as inks, are now available with UV curing 

systems. The rapid cure and other advantages of these systems have made UV curables one of 

the fastest growing families of adhesives in use today. 

1.3 Fabrication of adhesive joints 

 The fabrication of an adhesive joint assembly is a straightforward procedure that must be 

followed with extreme caution and concentration, since the quality of an adhesive joint is a key 

parameter to its structural integrity and its in-service performance. Thus, the fabrication process 

involves the surface preparation of the bonding surfaces, application of the  primer, application 

of the adhesive, assembly of the various components to be joined and finally the curing of the 

adhesive joint.  

 The preparation of the surfaces to be adhesively bonded will largely determine the success 

or failure of the bonded joint. The purpose of surface preparation is to ensure that after the 

adhesive is applied, it will wet the surface of the adhered and not what appears to be the surface. 

The apparent surface could be a layer of oil, grease, film or some other contaminant. One basic 

consequence of the surface treatment is the enhancement of the degree of mechanical 

interlocking (see Figure 1.4) between adhesive polymers and substrates, which seems to increase 

the strength of the joint (Anyfantis and Tsouvalis, 2009; Bishop, 2005). Roughening the surfaces 

of the adherents can be achieved either by mechanical or by chemical methods. Since when 

using a chemical treatment method, immersion of the substrates into a chemical solution is 

inevitable, it is impractical to apply such a method to the large scale structures incorporated in 
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the marine industry. Surface roughness is one of the major parameters that control the state of the 

adhesion achieved by chemical or mechanical surface treatments. 

 
Figure 1.4: Mechanical interlocking arises from the flow of the adhesive into the pores and interstices of 

the materials according to the theory of adhesion. 

 In the framework of mechanical treatment methods, polishing and grit blasting are the most 

common techniques utilized for roughening the adherend surfaces. In fact, grit-blasting can be 

applied only on the bonding surfaces of metal adherents while polishing is applied to the 

composite surfaces. According to Harris & Beevers (1999), grit blasting is a very promising 

technique because it introduces chemical changes on the surfaces of the adherents, which in turn 

affect the strength and the structural integrity of the joint. Nevertheless, there is a value of the 

surface roughness which is optimum for the strength of the adhesion. The value of the surface 

roughness does not only affect the strength of the adhesive-adherend interface, but also has a 

profound and critical influence on the stresses near this interface (Morais et al., 2007). The 

process of adhesion is in itself a subject of considerable research, as are the joint failure modes 

(Shalid and Hashim, 2002). 

 In real life applications a low viscosity primer usually is applied, in one or more coats, by 

spraying or brushing. Primer may provide flexibility, shock resistance and peel resistance for 

improved strength characteristics. Primers may also be used to wet or penetrate the adherend 

better than the adhesive itself or to protect a treated surface of a substrate prior to the application 

of adhesive. 

 After the primer has dried, the adhesive is applied, usually in liquid or paste form 

(thixotropic). Adhesives may be applied manually by roller, brush, extrusion and flow, and 

trowel, semi automatically with spray guns or high pressure extrusion guns; automatically by 

machine methods that are usually geared for mass production of a particular component.  

 If the adhesive contains a solvent, most of it must be removed before the joint is closed. 

Evaporation of the solvent may be done at room temperature or be speeded up by moderate 

heating with infrared lamps or a hot air oven.  After the solvent has been removed, the coated 

parts should be immediately mated before the tack life of the adhesive expires. Arrangements 

should be made for positioning the components for mating and for holding them in place while 

the assembly cures. Assembly fixtures ranging from simple jigs or locating rivets, pins etc., to 

self contained equipment (which also includes provision for applying pressure, heat or both) are 
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used for positioning. Special tapes may be used (for many applications) to position the 

components and also to provide adequate pressure. 

 Those adhesives where bond must meet higher requirements of strength, heat resistance or 

both need be cured or set. Curing may be achieved by heat alone, pressure alone or by a 

combined process. 

1.4 Loading and fracture in bonded structures 

It is of great importance not only to describe but also to understand the types of loading 

stresses involved in adhesively bonded structures. Apart from the materials involved, the design 

configuration of an adhesive joint depends on the loading stresses developed within the joint. In 

adhesive bonded joints between similar or dissimilar adherents, five basic types of loading 

stresses are common: tension, compression, shear and cleavage or peel as illustrated in  

Figure 1.5. 

 

Figure 1.5: Types of loading stresses in bonded structures. 

Tensile stresses develop when the forces acting perpendicular to the plane of the joint are 

distributed over the entire bonded area and at the free surfaces of the adherents. Adhesive joints 

perform well to tensile loading, while the entire adhesive contributes to the strength of the joint. 

Unfortunately, in practical applications, loads are hardly ever purely axial but cleavage or peel 

stresses tend to develop due to the eccentricity of the loading. In order to design a joint to carry 

pure tension loads, it is of great importance to introduce specific constrains by not allowing 

cleavage stresses to develop.  

On the other hand, compressive loads are the opposite of tensile, as they also act 

perpendicularly to the plane of the joint, but tend to bring the adherents closer and reduce the 
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adhesive thickness. As for the tensile loads, it is important to keep the loads aligned so that 

purely compressive stresses develop within the adhesive. Due to the high compressive strength 

of most adhesives, a joint loaded in compression is not likely to fail, although it may crack at 

weak spots because of uneven stress distribution. In fact, a joint loaded in pure compression 

hardly needs structural adhesive bonding of any sort. If the compression force is high enough 

and there is no movement of the adherents, the adherents will maintain a relative position 

between each other.  

Adhesives are generally strongest when stressed in shear, while the entire bonded area 

contributes to the strength of the joint. Shear stresses result when forces act in the plane of the 

adhesive trying to separate the adherents. Joints dependent upon the adhesive’s shear strength are 

relatively easy to manufacture and are commonly used. Most joint configurations are designed at 

a manner that all types of loading, exerted to the adherents, conclude to shear loading of the 

adhesive. On the other hand, cleavage and peel stresses tend to be catastrophic for the joint, in a 

way that they are totally undesirable.  

Cleavage occurs when forces act at one end of a rigid bonded assembly and tend to split 

the adherents apart. Peel stresses are much alike cleavage but apply to a joint when one or both 

of the adherents are flexible. Joints loaded in peel or cleavage provide much lower strength than 

joints loaded in shear because the stress is concentrated on only a very small area of the total 

bond. Peel stresses are confined in a very thin line at the edge of the bond, so the remainder of 

the bonded area makes no contribution to the strength of the joint. 

 When an adhesive joint is stressed either under pure tension, compression, shear, peel and 

cleavage loading or combined, the loads are being transferred from one substrate to the other 

through the adhesive and via the adherend/adhesive interface. Thus, fracture of adhesive joints is 

located at the weakest point of the structure and is usually divided into two types: usually at 

either the interface of the adhesive and the adherend (interfacial or adhesive failure) or inside the 

adhesive itself (cohesive failure), since adhesives usually are less strong than the adherents, as 

shown in Figure 1.6. In many practical applications the crack path is oscillatory, i.e. travelling 

from one interface to its opposite by cracking the bulk adhesive. 

          

 (a)  (b) 

Figure 1.6: Adhesive or interfacial failure (a) and cohesive failure (b) of an adhesive joint 



Chapter 1: Structural adhesive bonding                                                                                         9 

 

1.5 Adhesive joint geometries 

The butt joint design configuration is based on the ability of the adhesive to withstand 

tension stresses developed by the tension loading of the adherents. The simplest joint to make is 

the plain butt joint (see Figure 1.7), Adams et al. (1997). The major drawback in using butt joints 

is their inability to withstand bending forces because the adhesive would then experience 

cleavage stresses. Another drawback is the difficulty to align the two adherents during the 

manufacturing process of the butt joint. Butt joints in general are not used when composite-to-

metal or composite-to-composite thin skins are involved. 

 
Figure 1.7: The plain butt joint. 

If the adherents are too thick to design simple over-lap joints, the butt joint can be 

improved by redesigning it in a number of ways. Any modification of the simple butt joint is 

oriented towards reducing cleavage effects caused by side loading.  

Thus, Baker and Hart (1957) introduced the scarf butt joint (see Figure 1.8), a more 

practical adhesive joint between similar or dissimilar adherents, which keeps the axis of loading 

in line with the joint and does not require a major machining operation. Hart-Smith (1973) is the 

pioneer of the development of scarf joints and lap-stepped joints between metal and composite 

adherents for astronautic and aeronautic applications. Since Hart-Smith (1973), several 

researchers have been focused on stepped-lap butt joints and scarf joints between dissimilar 

adherents. Ikegami et al. (1990) and Sato and Ikegami (1992) conducted a further investigation 

on the strength of scarf joints by feeding several researchers to work on the optimization of scarf 

and stepped-lap butt joints between dissimilar adherents.  

 
Figure 1.8: Scarf and stepped butt type joints. 

 Dance and Kellar (2004) patented the “comeld joint” in order to bring together FRP and 

metals by enhancing the performance of the stepped lap joint. He proposed a special surface 

treatment technique of the metal by using a power beam to create protrusions and cavities in the 

metal onto which the composite is laid and cured. According to Smith (1990) the comeld joint 

failed at a much higher load than a common double stepped lap joint when stainless steel was 
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used as the metal adherend, by offering a significant advantage in joint design. Investigating the 

utilization of butt joints for thick adherents made from dissimilar materials (composite-to-steel), 

Dvorak et al. (2001) suggested a promising configuration illustrated in Figure 1.9. Dvorak’s 

results show that adhesively bonded tongue-and-groove joints between steel and composite 

plates loaded in monotonically increasing longitudinal tension are stronger than conventional 

strap joints, even in relatively thin plates. However, the complex manufacturing process of the 

proggles on the steel adherend exhibits a drawback in this innovative type of joint.  

Melogranaa et al. (2003) based upon Dvorak’s results, conducted a parametric 

experimental study in an effort to redesign the tongue and groove joint, by optimizing 

configuration between thin carbon fiber laminates and steel. This research promotes the 

utilization of thin composite and metal adherents for tongue and groove joints in marine 

applications, while Melogranna leads to the conclusion that the tongue-and-groove joints with 

large aspect ratio (length to width: 2) tongues were stronger than the conventional single lap 

joints.  

 
Figure 1.9: The tongue and groove butt joint proposed by Dvorak et al. (2001). 

Lap joints are the most commonly used as adhesive joints between dissimilar adherents 

(composite and metal), because they are simple to manufacture, are applicable to thin adherents 

(skin or sheet) and most of all, they stress the adhesive in a way that it is stressed in shear. 

However, the single lap joint causes the adhesive to be stressed not only in shear. In this design 

the adherents are offset and the loading forces are not in-line, as illustrated in Figure 1.10. This 

eccentricity leads to the development of bending moments and as a result cleavage stresses that 

develop at the ends of the joint seriously impairs the efficiency of the joint, Adams et al. (1997). 

 
Figure 1.10: Schematic presentation of a single lap joint. 
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The need to redesign an overlap joint so as to reduce peel stresses at the edges of the 

overlap area and the manufacturing difficulty to enhance the joint with a spew fillet led to the 

tapered lap joint. According to Oterkus et al. (2006), there is a strong relation between the taper 

angle and overlap length regarding to the linear or the non-linear behaviour of the joint. But an 

optimization of both can lead to very efficient joint design. The latest research on design 

optimization of single lap joint by combining spew fillets and/or tapered ends is that of Deng and 

Lee (2008). According to the authors, the results show that the combination of an inside taper in 

the plate and a triangular fillet give the most reduction in the maximum interfacial stresses of 

about 30%. 

Furthermore, Zeng and Sun (2001) first introduced the wavy-lap joint. According to the 

authors, this new design not only avoids the load eccentricity but also allows the development of 

compressive stress at the joint’s end of the overlap section. Tong and Steven (1999) pointed out 

the existence of a positive normal stress (peel) at the end of the overlap region of the ordinary 

single-lap joint, which is critical for the adhesive. Referring to Adams et al. (1997), they pointed 

out that adhesives have good strength to compressive and shear loading, but when the peel or 

cleavage is considered, their performance is poor. Therefore, by changing the stress field from 

tensile to compressive at the overlap area, the adhesive efficiency is increased and as a 

consequence the overall joint performance will be better. 

An alternative configuration of the single lap joint is the joggle lap joint (Figure 1.11). This 

joint poses the easiest method of bringing loads into alignment and it can be used for effectively 

bonding composite-to-composite or composite-to-metal. Also, it provides a free aligned surface 

to which it is easy to apply pressure. Unless gross distortion causes peel and cleavage, normal 

structural loads will induce compressive forces in the critical regions and premature failure will 

be avoided, Lees (1986). 

 
Figure 1.11: The joggle-lap joint. 

 After the introduction of the joggle-lap joint a new generation known as single strap (or lap) 

and double strap (or lap) joints has been introduced. A step beyond single lap joints, strap and 

double lap joints are designed to keep the operating loads aligned and are generally used when 

overlap joints are impractical because of adherend thickness, Adams et al. (1997). As the single 

strap joint, see Figure 1.12, is subjected to tension, a non uniform stress field is developed within 

the joint and the adherents, Shenoi and Wellicome (1993). The through thickness and along the 

bond line variation of shear and tensile stresses causes a severe deformation of the single strap 

joint. 
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Figure 1.12: The single strap joint. 

To overcome the susceptibility of premature failure due to cleavage and peel stresses in the 

single strap joint, the double strap joint has been introduced by Hart-Smith (1973), Figure 1.13a. 

This type of joint is preferred if a substantial load-bearing capacity is required. This may be 

enhanced by focusing on the geometry of the joint, especially important if untoughened 

adhesives must be used. Chamfering to give the tapered double strap joint, (see Figure 1.13b) 

improves joint strength; the greater compliance of the tapered tip reduces stress concentration at 

the edge of the joint and thereby reduces any tendency towards peel and cleavage failure, Hart-

Smith (1973). 

 
Figure 1.13: a) Double Strap Joint (DSJ) b) DSJ with tapered edges. 

The employment of single strap or double strap joints in marine applications took a giant 

leap forward with the introduction of the patch repair technology of cracked plates (e.g. hull, 

deck), see Figure 1.14.  

 
Figure 1.14: Patch repair of cracked steel plates. 
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Acquiring information from the relevant field of aeronautics, (Baker, 1988 and Rose, 

1988), patch repair of cracked steel plates in naval structures is more and more applied as 

referred by Clifford et al. (2002). Grabovac et al. (2009) present a real application case of a patch 

repair in an aluminium superstructure using a modified vinylester resin as adhesive. The repair 

exhibited outstanding results even after 15-year operational time. The importance of the single or 

double strap joints is that of being implemented as models for efficiently analyzing patch repairs.     

The double lap joint presented in Figure 1.15, points out a configuration of bringing 

together composites and metal, by balancing the load, Hart-Smith (1973). It is well known that 

the behaviour of the composites is highly anisotropic in respect of both stiffness and strength. In 

the fiber direction, unidirectional composites can be very strong and stiff, whereas the transverse 

and shear properties are much lower. This makes the composite adherents vulnerable at the 

interlaminar plane. Like shear stresses, peel stresses peak at the ends of the overlap and can 

induce composite failures due to the low transverse tensile strength, da Silva and Adams (2007). 

This has turned several researchers to the study of the best configuration between dissimilar 

adherents (e.g. composite-to-metal).    

 
Figure 1.15: The double lap joint. 

Tsouvalis and Karatzas (2011) proposed a novel adhesive joint configuration based on a 

butt - double lap geometry. This simple concept composite-to-metal joint can be simply and 

easily manufactured using even conventional manufacturing methods of composite materials. 

The authors have showed that their proposed joint yields comparable strengths to those attained 

from the double strap steel-to-composite joints and superior to the strength of other novel 

concept steel-to-composite joints, either with CFRP or with GFRP. 

Joining large sandwich components to steel or aluminum structures is a reliable and 
economical way but a very demanding task. After conducting several numerical and 
experimental studies, Hentinen et al. (1997) concluded that the overlaminated joint is more 
efficient compared to a bolted joint. Furthermore, Clifford et al. (2002) examined the mechanical 
response of a prototype joint (see Figure 1.16) between a glass-fiber reinforced polymer sandwich 
superstructure and a steel hull formed via resin infusion and subsequently modified the joint 
configuration to improve performance through a combined modelling and mechanical testing.  
 Cao and Grenesdt (2003) based their research on Cliffords’ (Clifford et al., 2002) design 

concept by pointing out a new lighter and stronger joint between sandwich panels and steel 

plates. They stated that, by moving the edge of the steel further away from the area of high stress 

concentrations in the joint, a lighter joint was obtained. The limited number of tests suggested 
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that the new joint design was stronger. Neither the new joint nor the reference joint broke 

completely even after very large deformations, as the authors state. 

 

 
Figure 1.16: Joint proposed by Clifford et al. (2002). 

 

Two different techniques to join a composite skin/foam core sandwich to a steel section 

were developed and tested to failure by Cao and Grenesdt (2004). One joint was based on 

bonding and bolting, whereas the other used perforated steel flanges which were embedded and 

co-infused with the glass fiber skins, (see Figure 1.17). Both joint concepts were relatively 

simple to manufacture, although the co-infused perforated joint was the simpler. This joint was 

also lighter and stronger than the bonded-bolted joint. The strengths of the specimens with joints 

were approximately 90% of that of composite skin/foam core reference beams made of the same 

materials. However, the failures never occurred at the joints, but typically where the composite 

skin thicknesses were locally increased. This thickness increase resulted in some skin waviness 

and an associated reduction of compression strength. 

 

 
Figure 1.17: Joint configuration proposed by Cao and Grenesdt (2004). 

1.6 Advances in adhesive bonding technology 

Pires et al.  (2003) used two different structural adhesives (DP490 and ESP110) in the 

same overlapped region to bond single lap joints. The strains to failure were on average 5.3% for 

the DP490 and 2% for the ESP110. The initial Young’s modulus of the ESP110 adhesive is 

higher than that of the DP490 adhesive, 5.9 GPa compared with 1.8 GPa, and its cohesive 
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strength is also higher. They have showed that the use of a bi-adhesive system was advantageous 

to the joint; the more flexible the adhesive, the more uniform the stress distribution in single lap 

joints and the smaller the stress concentration. Yan et al. (2007) used elastic finite element 

methods to investigate the effect of parallel slots, at the adherents of aluminum single lap joints, 

on the stress distribution at the mid-bondline. Particularly, they have conducted a parametric 

study based on the variation of the length and depth of the slots. They have shown that the peak 

stress in mid-bondline decreased markedly with the existence of two parallel slots located in the 

outside of the adherend, with respect to the middle part of the lap zone, as well as that the 

original low stress in this zone of the joint increases. The stress level in the middle part of the 

overlap zone is higher than that of the normal joint. For the peel stress, the peak stress changed 

markedly from positive to negative at the left end of the lap zone and it is of benefit to restrict 

the harmful effect of the peel stress on the joint. Also, when a high elastic modulus adhesive is 

used, the stress in the middle part of the joint increases while the stress concentration at the point 

near the end of the lap zone decreased, so that the peak stress decreases markedly. 

A field of increasing research is the welding of metals to fibre reinforced polymers. To this 

end an innovative method to produce hybrid joints for multi-material components with the use of 

ultrasonic welding technology was investigated by Balle et al. (2009) for the joining of a thin 

plate of aluminium alloy to CFRP. The ultrasonic welding technology is an innovative method to 

produce hybrid joints for multi-material components. Results demonstrated that after the welding 

the carbon fibers are almost perfectly surrounded by the aluminium alloy developing both an 

intermolecular contact and a mechanical interlocking, however the complexity of the process as 

well as the fact that so far 3 mm thick substrates can be joined presents a significant drawback. 

The use of shape memory alloys for the improvement in the performance of composite 

patch repairs of metallic structures is investigated by Khalili et al. (2010). NiTi wires between 

plies were embedded in kevlar/epoxy patches that were positioned in notched and unnotched 

plates. Tensile, bending and impact loading were performed for different patch configurations. 

Results showed the beneficial effect of the shape memory alloy to the patch performance. 

In the context of designing more auspicious hybrid joints, the formation of a fibre-friendly 

fixation through “cold-metal transfer” in the metal substrate is investigated by Ucsnik et al. 

(2010). In particular different shaped extrusions in a particular pattern were formed in the area of 

the metal that is to be bonded with a Carbon epoxy substrate for the creation of double lap shear 

joints for tensile testing. The fashioned metal to composite joints exhibited a great increase of the 

failure load and strain compared to traditional double lap shear joints. 

 A novel approach for joining CFRP to aluminium is presented by Möller et al. (2010). This 

approach consists of a fabric of carbon fibres and titanium wires which is then thermally joined 

to the aluminum substrate with the use of laser beam welding. The process is used in such a way 

that only the aluminium structure is molten creating a brazed bond to the titanium wire structure. 

Subsequently the fabric is immersed with the matrix material and an integral CFRP aluminium 

structure is formed. It was shown that a good wetting of the titanium structure can be obtained 



16                                                                                         Chapter 1: Structural adhesive bonding                   
 

 

and static tensile tests demonstrated that this approach is in principle suitable to produce load-

bearing joints.  

A direction of increasing research is based on the utilization of Carbon Nano Tubes (CNTs) 

for increasing the performance of adhesive joints or for aiding health monitoring techniques.  

Faulkner et al. (2011) investigated the use of CNTs as an epoxy adhesive additive for 

adhesive joints between steel–composite interfaces and composite–composite interfaces. The 

study also examined the effect of CNT functionalization to improve CNT dispersion and thus 

improve joint strength. It is shown for both steel–composite and composite–composite adhesive 

joints that the dispersion of MWCNTs in the adhesive can improve fracture properties. 

Burkholder et al. (2009) have shown that Mode I testing determined a modest significant 

increase in GIc due to CNT reinforcement with no difference in crack propagation behavior. 

However, Mode II testing indicated a significant increase in GIIc due to CNT reinforcement. 

Hsiao et al. (2003) utilized different weight fractions of MWCNTs dispersed in epoxy to 

produce toughened adhesives. The reinforced adhesives were used to bond the graphite 

fibre/epoxy composite adherents. Their shear strength was experimentally measured through 

single lap joint tests. They have showed that by adding 5 wt% MCNT in the epoxy adhesive, the 

average shear strength of the adhesion is improved by 45.6% (±5.6%). 

The use of carbon nanotubes network was evaluated in the work of Lim et al. (2011) for 

the damage monitoring of adhesively bonded hybrid composite-to-metal joints. Towards this end, 

conductive networks of carbon nanotubes were introduced to the composite substrate as well as 

the epoxy adhesive. By measuring the resistance signals during quasi-static and cyclic tensile 

loading, the extent of damage and the type of failure mechanism of the joint was identified, thus 

proving that by selectively modifying the surface conductivity of a composite substrate and/or 

the adhesive, creates an efficient method for the detection of damage. 
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2. Analysis of Adhesive Joints 
 
 
 
 
 

2.1 Introduction 

 Bonded joints are frequently expected to sustain static or cyclic loads for considerable 

periods of time without any adverse effect on the load-bearing capacity of the structure. A lack 

of suitable material models and failure criteria has resulted in a tendency to 'overdesign' adhesive 

joints. Safety considerations often require that adhesively bonded structures, particularly those 

employed in primary load-bearing applications, include mechanical fasteners (e.g. bolts) as an 

additional safety precaution. These practices result in heavier and more costly components. The 

development of reliable design and predictive methodologies can be expected to result in more 

efficient use of adhesives. In order to design structural joints in engineering structures, it is 

necessary to be able to analyze them. This means to determine stresses and strains under a given 

loading, and to predict the probable points of failure. There are two basic mathematical 

approaches for the analyses of adhesively bonded joints: closed-form analyses (analytical 

methods) and numerical methods (i.e. finite element or FE analyses). Differential equations are 

derived by applying a physical principle such as conservation of mass, momentum or energy. 

These equations govern the kinematic and mechanical behaviour of general bodies. The analysis 

of adhesively bonded joints started 70 years ago with the simple closed-from model of Volkersen 

(1938) that considers the adhesive and adherents as elastic, and that the adhesive deforms only in 

shear. The equilibrium equation of a single lap joint led to a simple governing differential 

equation with a simple algebraic solution. However, the analysis of adhesive joints can be highly 

complex if composite adherents are used, the adhesive deforms plastically or if there is an 

adhesive fillet. In those cases, several differential equations of high complexity might be 

obtained (non-linear and nonhomogeneous). For those cases, numerical methods are more 

adequate.  

2.2 Analytical and semi-empirical solutions 

It is well known that analytical methods is an important means to identify effective critical 

parameters, and thus closed form solutions, particularly the simple explicit ones, are 
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valuable in the preliminary design stage. Therefore, considerable efforts have been devoted to 

the development of theoretical and analytical methods for studying adhesively bonded joints. 

The simplest analysis considers one of the most common joints that can be found in practice, the 

single-lap joint (SLJ), Adams et al. (1997). In this analysis, the adhesive is considered to deform 

only in shear and the adherents to be rigid. The adhesive shear stress (τ) is constant over the 

overlap length, as shown in Figure 2.1, and is given by τ = P/bl, where P is the applied load, b is 

the joint width and l is the overlap length. The value of the shear stress can be interpreted as the 

average shear stress acting on the adhesive layer. 

 
Figure 2.1: Deformations in single – lap joints with rigid adherents. 

According to da Silva et al. (2009), this analysis is not very realistic due to many 

simplifications, but is still the basis for quoting adhesive shear strength in many test situations 

such as ASTM and ISO standards (Tong and Steven, 1999). 

For a single lap joint in tension, Volkersen (1938) pioneered the stress analysis using a 

shear lag model, in which it was assumed that adhesive layer experiences only shear straining 

and adherents only undergo longitudinal deformation. The tensile stress in the upper adherent is 

maximum at A (see Figure 2.2) and decreases to zero at B (free edge), so the strain must 

progressively reduce from A to B.  

 
Figure 2.2: Deformations in single – lap joints with elastic adherents. 

 The reduction of the strain in the adherents along the overlap and the continuity of the 

adhesive/adherent interface cause a non-uniform shear strain (and stress) distribution in the 

adhesive layer. A serious drawback connected to the theory of Volkersen is that it neglects the 

eccentricity in the applied load, as depicted in Figure 2.3, which is caused by the non-symmetric 

geometry of single-lap joints. The eccentricity serves to introduce bending moments in the 

adherents, which in turn lead to bending deformations of the adherents. De Bruyne (1944) 
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adapted Volkersen’s single-lap theory for the double lap joints. De Bruyne modelled the 

adherents as bars which are allowed to deform in the longitudinal direction, uniformly through 

the thickness of the adherents. The adhesive layer was considered to be a shear spring carrying 

only the shear stresses needed to transfer the longitudinal forces from the inner to the outer 

adherents. 

 
Figure 2.3: The eccentricity of the SLJ loaded in tension. 

Goland and Reissner (1944) made a significant contribution by taking into account the 

adherent bending and adhesive peeling effects as well as adherent's large deflection (see Figure 

2.4) in a two-step and decoupled approach. Their work has been widely used and evaluated 

experimentally and numerically by many investigators.  

 
Figure 2.4: Deformations in single – lap joints predicted with Goland and Reissners’s model. 

Hart-Smith (1973) proposed an improved model which removes the lumped overlap 

(assumed by Goland and Reissner analysis) restriction by treating the adherents as beams on an 

elastic foundation, and provided stress solutions for linear elastic and elastic plastic adhesives. 

Hart-Smith has also applied his theory on composite laminated adherents, by validating his 

results with respective numerical and experimental studies. There is no doubt that the earlier 

work done by Volkersen (1938) and Goland and Reisner (1944) was a big step forward in the 

stress analysis of adhesively bonded joints. But according to da Silva et al. (2011) their work has 

several limitations: They do not account for variations of the adhesive stresses through the 

thickness direction, especially the interface which are important when failure occurs close to the 

interface. The authors also support that the peak shear stress occurs at the ends of the overlap, 

which violates the stress-free condition, as presented in Figure 2.5. Analyses that ignore the stress 

free condition overestimate the stress at the ends of the overlap and tend to give conservative 

failure load predictions. Ojalvo and Eidinoff (1978) used Hart-Smith’s formulation, while Chen 

and Cheng (1983), and Crocombe and Adams (1981) adopted Goland and Reissner’s 

formulation. Ojalvo and Eidinoff (1978) used a more complete strain/displacement equation for 
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the adhesive layer to investigate the influence of adhesive thickness on the stress distribution. 

There are also several attempts to extend or advance their work by including more factors. 

 
Figure 2.5: Adhesive shear stress distribution when the stress free condition at the ends of the overlap is 

verified. 

Oplinger (1994) attempted to improve the solution of Hart-Smith (1973) by considering 

large deflections of the overlap coupled with the adhesive shear stress.  Tsai et al. (1998) 

improved theoretical solutions of Volkersen/De Bruyne’s and Goland and Reissner’s for double 

lap and single lap adhesive joints, respectively. This study is based on the assumption of linear 

shear stress distributions through the thickness of the adherents. Jalali and Taheri (1998), Hart-

Smith (1973), Tsai et al. (1998), Frostig et al. (1999), Mortensen and Thomsen (2002), Yang et 

al. (2004) and Zou et al. (2004) have also made contributions to theoretical analysis for 

adhesively bonded joints incorporating composite or steel adherents. It is noted from the above 

literature references that, the Euler beam theory has been widely used to model adherents and the 

case of coupling the peel strain with large overlap deflections has not been considered. 

 Zou et al. (2004) present a robust analytical tool for joint design. This tool is based on the 

classical laminated plate theory in conjunction with an adhesive interface constitutive model for 

balanced composite joints subjected to in-plane and out-of-plane loads. According to the author, 

this so promising tool can be easily extended to the application of various joint configurations 

(single lap, single strap etc.). Luo and Tong (2007) presented closed-form solutions that predict 

accurate edge moment and adhesive stresses for an isotropic SLJ. His study is also based on the 

use of Euler beam theory. However, the analysis of adhesive joints can be highly complex if 

composite adherents are used, the adhesive deforms plastically or if there is an adhesive fillet. In 
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those cases, several differential equations of high complexity might be obtained (non-linear and 

non-homogeneous). For those cases, numerical methods are more adequate. 

2.3 Numerical solutions 

 The Finite Element Method (FEM), the Boundary Element Method (BEM) and the Finite 

Difference Method (FDM) are the three major numerical methods for solving partial differential 

equations in science and engineering. The FEM is by far the most common technique used in the 

context of adhesively bonded joints. One of the first reasons for the use of the FE method was to 

assess the influence of the spew fillet. The joint rotation and the adherents and adhesive 

plasticity are other aspects that are easier to treat with a FEM analysis. The study of Adams and 

Harris (1984) is one of the first FE analyses taking into account these three aspects.  

 The use of the BEM is still very limited in the analysis of adhesive joints. Vable (2008) 

explains why boundary elements can be useful for analyzing adhesive joints. The BEM has been 

used for the analysis of metallic structures repaired by composites (patch-repair). Salgado and 

Aliabadi (1995) and Liu et al. (2007) utilized the BEM to analyze cracked sheets, in which the 

patch and the cracked sheet were modeled using boundary elements and the adhesive was 

simulated as shear springs. However, these studies are focused on the cracked plate rather than 

on the adhesive bond. Cavallini et al. (2006) presented a boundary element technique for 

modeling an adhesively bonded structural joint. The formulation allowed the analysis of general 

lay-up laminates such as the Glare material.   

 The FD method is especially used for solving complex governing differential equations in 

closed-form models, that are usually non-linear and non-homogeneous. Öchsner (2011) refers 

that the major advantage of the FDM is the simple computer implementation of the procedures. 

The main disadvantages are the expected complications for the simulation of boundary 

conditions for complex shaped geometries and the difficult attainment of symmetry of the 

stiffness matrix. For these reasons, the FDM is only applied to simple geometries.  

 The finite element method is obviously treated in more detail due to its importance, and 

several approaches to failure analysis are treated with continuum mechanics, fracture mechanics 

and the more recent damage mechanics and extended finite element method (XFEM). The FE 

method is a numerical analysis procedure that provides an approximate solution to problems in 

various fields of engineering. Ashcroft (2011) gives a description of the method applied to 

adhesive joints.  

2.3.1 Continuum mechanics approach 

 In the continuum mechanics approach, the maximum values of stress, strain or strain 

energy, predicted by the FE analyses, are usually used in the failure criterion and are compared 

with the corresponding material allowable values. Initially, the maximum principal stresses were 
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proposed for very brittle materials whose failure mode is at right angles to the direction of 

maximum principal stress. This criterion ignores all the other principal stresses, even though they 

are not nil. Establishing the failure modes in lap joints bonded with brittle adhesives, Adams et al. 

(1997) have extensively used this criterion to predict joint strength with success. However, 

because of the singularity of stresses at re-entrant corners of joints, the stresses depend on the 

mesh size used and how close to the singular points the stresses are taken. Values of stresses 

calculated at Gauss points near the singularity or extrapolation of Gauss point values to the 

singularity were, in fact, used. Therefore, care must be taken when using this criterion. Although 

the criterion is sensitive to the mesh size used, the physical insight into the failure process is very 

clear, as the maximum principal stress is the most responsible for the failure of joints bonded 

with brittle adhesives.  

 Von Mises proposed a yield criterion, which states that a material yields under multi-axial 

stresses when its distortion energy reaches a critical value. Such a criterion has been used by 

Ikegami et al. (1990) to study the strength of scarf joints between glass fiber composites and 

metals. It should be noted that this criterion is more applicable to material yielding than strength. 

Shear stresses have been extensively used to predict lap joint strength, especially in closed-form 

analyses, considering a limiting maximum shear stress equal to the bulk adhesive shear strength. 

These are also described here for a complete description of the continuum mechanics approach. 

Greenwood (1969) used the maximum shear stress calculated by Goland and Reissner's analysis 

(Goland and Reissner 1944) to predict joint strength. The Engineering Sciences Data Unit 

(ESDU 1979) implemented this criterion into a commercial package. More recently, John et al. 

(1991) used shear stresses together with a critical distance to predict the strength of double lap 

joints. Lee and Lee (1992) also used the maximum shear stress in tubular joints. da Silva et al. 

(2009a, b) showed for single lap joints that this criterion is only valid for brittle adhesives and 

short overlaps. This approach ignores the normal stresses existing in lap joints and therefore it 

overestimates the joint strength.  

 When ductile adhesives are used, criteria based on stresses are not appropriate because 

joints can still endure large loads after adhesive yielding. For ductile adhesives, Adams and 

Harris (1984) used the maximum principal strain as failure criterion for predicting the joint 

strength. This criterion can also predict the failure mode. However, it is equally sensitive to the 

mesh size, as previously discussed for the maximum principal stress approach. Hart-Smith (1973) 

proposed that the maximum shear strain might be used as a failure criterion when plastic 

deformation was apparent. da Silva et al. (2009c) implemented this criterion and others into a 

commercial package. da Silva et al. (2009a, b) have shown, for single lap joints, that the 

maximum shear strain criterion is very accurate for ductile adhesives. Crocombe (1989) studied 

the failure of cracked and un-cracked specimens under various modes of loading and used a 

critical peel stress at a distance from the singularity with some success. An alternative method 

was also proposed to use an effective stress, matched to the uniaxial bulk strength, at a distance. 

However, it was found for the latter criterion that the critical distance at which it should be 
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applied varied with different modes of loading because of the change in the plastic zone size. No 

general criterion for a given adhesive was presented. There is no real physical justification for 

these criteria applied at a distance, and many of them are dependent on parameters such as the 

adhesive thickness ta, which means that no general criterion of failure is available within these 

methods. The strain energy is the area under the stress-strain curve. Therefore, both stress and 

strain criteria can be related to strain energy. However, it should be noted that criteria based on 

strain energy take account of all the stress and strain components. As a result, they are more 

suitable as a failure criterion than either stresses or strains alone.  

 Plastic energy density has also been used as a failure criterion (Adams and Harris 1987), 

being similar to the total strain energy criterion but it only takes the plastic part of the 

deformation into account. Zhao et al. (2011) applied a criterion whereby if the average plastic 

energy density over a certain distance within the single lap joint reached a critical value, then the 

joint was deemed to have failed. The specific energy is not so sensitive to the size of the 

integration zone, as it is 'averaged' over an area (2D analyses) or volume (3D analyses). It is 

common knowledge that the accuracy of the FE approach is more reliable when it is interpreted 

as an average, rather than in a pointwise sense. The integration region is usually chosen as a 

whole element for numerical convenience. In Zhao et al. (2011), the value of adhesive thickness 

ta was used for integration and the predictions compared very well with the experimental results 

for a ductile adhesive. In the analysis of lap joints, Crocombe (1989) found that, for largely 

ductile adhesives, the whole overlap yielded before failure. A new failure criterion was then 

proposed based on the yielding of adhesive in the whole overlap. Once a path of yielding was 

found in the overlap with a given load, the joint was thought to be failed. Such a criterion is 

useful for very ductile adhesives in which the adhesive bond cannot support any larger load once 

it yields globally. However, it should be noted that the adhesives need to be extremely ductile 

(more than 20% of failure strain in shear) for the whole adhesive bond to yield before final 

failure (Adams et al., 1997; da Silva et al., 2008). Also, this criterion is only applicable to lap 

joints. Unfortunately, for certain geometric conditions, joints tend to fail before the whole 

adhesive bond yields. It should be realized that all the above criteria are applicable to continuous 

structures only. They run into difficulty when defects occur or more than one material is present, 

since stresses or strains are not well defined at the singular points. As a result, new criteria or 

modified versions of the above criteria need to be developed.  

2.3.2 Fracture mechanics approach 

 Continuum mechanics assumes that the structure and its material are continuous. Defects 

or two materials with re-entrant corners obviously are not consistent with such an assumption. 

Consequently, continuum mechanics gives no solution at these singular points resulting in stress 

or strain singularities. Cracks are the most common defect in structures, for which fracture 

mechanics has been developed. In fracture mechanics, it is well accepted that stresses calculated 
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by using continuum mechanics are singular (infinite) at the crack tip. The reason why 

singularities exist is explained as follows. Figure 2.6 shows stresses around the tip of a sharp 

crack in an infinitely large plate given by continuum mechanics.  

Δσy

A

B

Δσy

 
 (a)  (b) 

Figure 2.6: Stress discontinuity around (a) a crack tip and (b) a re-entrant corner.  

 Physically, the y-stresses, σy, at the crack tip A must be finite (instead of infinite as theory 

predicts). However, σy stresses into the crack and away from the tip of the crack (shown as B in 

Figure 2.6) are nil because of the free surfaces. Consequently, a discontinuity of σy is apparent at 

point A unless σy is zero there. Such a stress distribution cannot be accommodated in continuum 

mechanics, which requires all the stresses to be continuous. As a result, stresses at the crack tip 

are not defined (being infinite). With current theories on mechanics, such a singularity always 

exists when the crack angle is <180°. This result was found by Williams (1959) for stress 

singularities in a wedged notch. This argument is also applicable to the stress singularity in two 

materials bonded together with a re-entrant corner. Actually, the stress discontinuity still exists, 

although the free surfaces do not exist. For ductile materials, a large amount of material yielding 

occurs and the crack may propagate stably before final failure. Thus, linear elastic fracture 

mechanics (LEFM) does not work anymore for such materials. The HRR (Hutchinson Rice 

Rosengreen) solution developed by Hutchinson (1968) and by Rice and Rosengren (1968) has, 

however, been extensively used in ductile fracture. Another important parameter governing 

failure is the so-called crack tip opening displacement (Dugdale, 1960). However, a strain 

singularity still exists for ductile materials, even though the stress singularity has disappeared. 

Fracture mechanics has been successfully applied to many engineering problems in recent years. 

 The damage tolerance design concept, originally adopted in the aircraft industry, was based 

mainly on the well-established concept of LEFM, and it has gradually gained ground in other 

engineering fields. Many studies dealing with adhesive joints use the strain energy release rate, 

G, and respective critical value or fracture toughness, Gc (O'Brien et al., 2003; Cheuk et al., 2005; 

Shahin and Taheri, 2008) instead of stress intensity factors because these are not easily 

determinable when the crack grows at or near to an interface. However, the fracture of adhesive 

joints inherently takes place under mixed mode because of the varying properties between 

different materials and the complex stress system. Failure criteria for mixed mode fracture can be 
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developed in a way analogous to the classical failure criteria, although the fracture surface (or 

envelope) concept must be introduced. Various mathematical surface functions have been 

proposed to fit the experimental results, such as the 3D criterion (Dillard et al., 2009): 
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where GI, GII and GIII are the energy release rates at Mode I, II and III fracture, respectively. The 

linear energetic criterion (α = β = γ =1) and the quadratic one (α = β = γ =2) are the most 

commonly used. The law parameters may be chosen to best fit the experimental data, or they 

may be prescribed based on some assumed relationship. Alternate forms for fracture envelope 

criteria have also been proposed (Kinloch, 1987; Hashemi et al., 1989; Charalambides et al., 

1992). In all cases, the failure surface can be made to match experimental results very closely, by 

including additional constants.  

On the other hand, cracks are more prone to develop at the bi-material interface because of 

the existence of stress concentrations at that area (Goyal et al., 2008) and thus be responsible for 

the total failure of the adhesive joint. The Virtual Crack Closure Technique (VCCT) has been 

utilized for the numerical simulation of the failure behaviour of adhesive joints (Panigrahi and 

Pradhan, 2007; Zhang et al., 2010; Sun and Yang, 2004). According to this method, the internal 

nodal forces are calculated at the crack tip together with the relative displacements of the 

adjacent nodes. These magnitudes are used for the calculation of the energy release rate (Gi, i = I, 

II or III), which is further compared with the experimentally measured fracture toughness (Gic, i 

= I, II or III) of the material system. Crack propagation then occurs if the energy release rate 

magnitude is greater than the Gic magnitude. This method is valid within the framework of 

Linear Elastic Fracture Mechanics (LEFM) and thus it is not appropriate in numerical predictions 

of adhesive joints with ductile adhesives.       

 Fracture mechanics can thus be used to predict joint strength or residual strength if there is 

a crack tip or a known and calibrated singularity (Clarke and McGregor, 1993). When materials 

deform plastically, the LEFM concepts have to be extended into elasto-plastic fracture 

mechanics. The J-integral proposed by Rice and Rosengren (1968) is suited to deal with these 

problems. The analytical definition of the J-integral is given by Rice as an energy line integral: 

 2
1

d dj
j

C

u
J w x T S

x


 

   (2.2) 

where C denotes a curve surrounding the crack tip, the variable S indicates the arc length, w is 

the energy density, Tj is the traction vector, uj is the displacement vector and x1 - x2 is the 

coordinate system. The integral path can be arbitrary provided that it travels from one of the 

crack surfaces to another counter-clockwise and it encloses the crack tip. The J-integral approach 
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has been used by a variety of researchers to predict the joint strength of cracked adhesive joints 

with good results (Choupani, 2008; Sørensen and Jacobsen, 2003; Banea et al., 2010). 

Nonetheless, for ductile adhesives the value of Gc is not independent of the joint geometry 

(Kinloch and Shaw, 1981). This is mainly because the adherents restrict the development of the 

yield zone in the adhesive bond, making Gc a function of joint geometry.  

 The major advantage of the path-independence of the J-integral in homogeneous materials 

disappears due to the interface length dependence and practice of using far field stresses and 

strains to calculate J is no longer possible. Under these conditions, the J-integral must be 

extrapolated against interface length to a point so that a great deal of mesh refinement is required. 

In real joints, the bondline is usually very thin and the two interfaces with the adherents will 

interact with each other. The interference of different singular sources so closely sited (thin 

bondlines) makes numerical extrapolation very difficult. If an integral path includes both 

interfaces, some singular effects will offset each other and the accuracy is then doubtful. 

Therefore, the parameter J may not be used as a strength criterion for joints without a pre-crack. 

Moreover, failure modes are extremely complicated in the area of stress or strain concentrations. 

Therefore, if fracture mechanics is to be used for ductile adhesives, the process will be 

prohibitive: first it needs to be  determined when and where a crack with a reasonable size 

initiates. Then, this crack has to propagate stably and be arrested. Next, a new crack at another 

place may initiate and propagate into an unstable one, causing catastrophic failure. This process 

is very difficult to simulate because the crack sizes and positions are very difficult to determine. 

Furthermore, such a process will involve a large amount of computing time with very fine mesh, 

and the mesh shifting and releasing involved in crack propagation will be very difficult to 

perform. 

2.3.3 Damage mechanics - Cohesive Zone Modeling approach 

 Advanced modeling techniques are thus required that comprise accurate failure predictions, 

surpassing the aforementioned limitations associated to the continuum and fracture mechanics 

approaches, to effectively model damage evolution within a material or structure with bonded 

components. Structural damage during loading can be found in the form of micro-cracks over a 

finite volume or interfacial region between bonded components, such that load transfer is locally 

reduced, globally resulting on a drop of applied load for a given value of applied displacement to 

the structure. Figure 2.7 shows a typical uni-axial σ-ε diagram up to failure for a ductile material 

or structure.  

 A FE model built solely with solid continuum elements comprising the elastic and plastic 

constitutive behaviours of each one of the materials, wrongly gives as modeling output the abcd' 

curve because of generalized plasticization without damage evolution, while a damage and 

failure based model can actually provide the real abcd curve, by allowing damage to grow 
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through the simulation of material stiffness degradation between point c (damage onset) and 

point d (complete failure).  
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Figure 2.7: Typical uni-axial σ-ε response of a ductile material or structure. 

 Damage mechanics permits the simulation of step-by-step damage and fracture at a pre-

defined crack path or arbitrarily within a finite region up to complete structural failure (Duan et 

al., 2004). However, this is still an innovative field under intense development, regarding more 

accurate modeling techniques, reliable and simple parameter determination methods, increase of 

robustness and elimination of convergence issues and it is also under heavy implementation in 

commercial FE software packages such as ABAQUS® (Campilho et al., 2011a).  

 The available techniques for damage modeling can be separated into local or continuum 

approaches. In the local approach, damage is confined to a zero volume line or a surface, 

allowing the simulation of an interfacial failure between materials, e.g. between the adhesive 

bond and the adherent (Yang et al., 2001), the interlaminar failure of stacked composites (Turon 

et al., 2007a) or the interface between solid phases of materials (Chandra et al., 2002). By the 

continuum approach, the damage is modeled over a finite region, within solid finite elements of 

structures to simulate a bulk failure (Song et al., 2006) or along an adhesive bond to model a 

cohesive fracture of the adhesive bond (Kafkalidis and Thouless, 2002).  

 The use of cohesive zone models (CZM's) coupled to conventional FE analyses is the most 

widespread method of predicting static or fatigue damage uptake in structures (Tvergaard and 

Hutchinson, 1992; Tvergaard and Hutchinson, 1993; Yang et al., 1999; Yang et al., 2000; Yang 

and Thouless, 2001; Campilho et al., 2005; Campilho et al., 2007).  

 CZM's are based on the assumption that one or multiple fracture interfaces/regions can be 

artificially introduced in structures, in which damage growth is allowed by the introduction of a 

possible discontinuity in the displacement field. The technique consists of the establishment of 

traction-separation laws (addressed as CZM laws) to model interfaces or finite regions. The 

CZM laws are established between paired nodes of cohesive elements, and they can be used to 

connect superimposed nodes of elements representing different materials or different plies in 

composites, to simulate a zero thickness interface (local approach; Figure 2.8a), or they can be 

applied directly between two non-contacting materials to simulate a thin strip of finite thickness 

between them, e.g. to simulate an adhesive bond (continuum approach; Figure 2.8b). A few works 

on CZM techniques use the local approach (Campilho et al., 2005, Turon et al., 2007a). With this 



28   Chapter 2: Analysis of adhesive joints 
 

 

methodology, the plastic dissipations of the adhesive bond are simulated by the solid finite 

elements, whilst the applicability of cohesive elements is restricted to damage growth simulation 

(Figure 2.8a). 

Cohesive elements
Adhesive continuum elements

Zero thickness layers of 
cohesive elements

Adherent continuum elements

Rows of superimposed
 nodes

Cohesive elements
Adherent continuum elements

Cohesive elements to 
replace the adhesive layer

(a)

(b)

 

Figure 2.8: Cohesive elements to simulate zero thickness failure paths - local approach (a) and to model 
thin adhesive bond between the adherents-continuum approach (b) in an adhesive bond. 

 Although the computer implementation of LEFM techniques endured great success some 

decades ago, they are restricted to small-scale yielding beyond the crack tip. Since for modern 

toughened adhesives the plastic zones developing along the adhesive bond can be larger than the 

adherents thickness (Ji et al., 2010), a large effort was undertaken beginning in the late 

1950s/early 1960s by Dugdale (1960). The concept of cohesive zone was proposed to describe 

damage under static loads at the cohesive process zone ahead of the apparent crack tip, which 

can be understood as a phenomenon of microvoids formation that grows with the increase of the 

load, forming thin fibrils until the crack appears (see Figure 2.9). 

 

Figure 2.9: Formation of the process zone ahead of the crack in thin polymeric ductile adhesive layers. 

2.3.3.1 Cohesive laws 

 The constitutive relation of cohesive elements is described by cohesive laws, that relate the 

tractions σ with the corresponding separations δ (relative displacements between the two crack 
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faces, i.e. between the two planes of the cohesive elements) i.e. traction–separation or T-S laws, 

σ-δ. The concept of a cohesive law is that the stress along the crack faces of the process zone can 

be described by a traction-separation law in Mode I, II and III loading and fracture (see Figure 

2.10).  

 
Figure 2.10: Basic loading and fracture modes of an adhesive joint. 

The local normal stress σI and the local shear stress σII inside the process zone are functions of 

the local normal crack opening δI and tangential sliding δII. This can be written as: 

 σI = σI (δI, δII) and σII = σII (δI, δII) (2.3) 

According to Sørensen and Kirkegaard (2006), the evaluation of the path-independent J-integral 

along a path around the fracture process zone yields: 
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(2.4) 

with * and *  defined as the normal opening and tangential sliding displacement at the pre-

crack tip, as shown in Figure 2.11.  

 
Figure 2.11: Basic deformation modes of an adhesive layer with thickness t under normal stress σI and 

shear stress σII. 
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 When * ≠0 and * =0, a situation called pure normal opening or Mode I (see Figure 2.11), 

the second integral of the Equation (2.4)
* *
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 turns to zero, 

and the equation now yields: 
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and the pure Mode I cohesive law is derived by differentiation. Respectively, the pure Mode II 

cohesive law can be derived when only tangential opening is present, meaning that * = 0, from 

the following equation: 
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 As it can be seen, it is assumed that the local cohesive stresses depend on the local opening 

displacement but not on the crack opening history. This means that there is no interaction 

between the pure Mode I and pure Mode II cohesive law and that the normal cohesive stresses do 

not depend on the tangential crack opening and that the shear stresses do not depend on the 

normal crack opening. 

 σI= σI (δI) and σII= σII (δII)  (2.7) 

This leads to the ability to measure pure mode cohesive laws under mixed mode loading by 

measuring both the normal and tangential crack opening. 

 In general, a cohesive law is described by two parts, a traction strengthening part and a 

traction softening part, either of which may be linear or non-linear, as shown in Figure 2.12. In 

CZM techniques, the two approaches that can be used regarding the cohesive law type are the 

intrinsic and the extrinsic approach (Kubair and Geubelle, 2003).  

 In the intrinsic approach, the tractions, starting from the origin, have a hardening (rising) 

part that denotes an increasing resistance of the cohesive surface to separation. The slope of this 

part of the cohesive law controls the stiffness of the cohesive area modelled. At a given 

separation δ0, the cohesive traction reaches a maximum value σc, corresponding to the cohesive 

strength. After that point, the traction–separation curve follows a softening (decreasing) path 

associated with the failure process. Tractions are being reduced until δ reaches a critical value δc, 

from which point onwards tractions are set to zero, thus leading to the creation of a traction–free 

surface (i.e. a physical crack). The energy release rate is the key parameter in the formulation of 

a cohesive law, since the area under the traction–separation curve corresponds to the fracture 

toughness Gc of the adhesive joint system. This approach was first introduced within the context 

of finite element methods by Needleman (Needleman, 1987), who used a polynomial form for 
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the traction–separation law in the modelling of void nucleation associated with particle 

debonding.  

σ

δ

σc

δ0 δc

Gc

 
Figure 2.12: Typical traction-separation law (cohesive law). 

 On the other hand, the extrinsic approach relies on modeling of the softening (decreasing) 

part of the cohesive law only. The area under the curve also corresponds to the fracture 

toughness Gc of the cohesive zone. However, a steep ascend (very high stiffness) is included in 

the cohesive law for numerical purposes and prior to the softening part, without affecting the 

total area (Gc) under the law. The most common extrinsic model which is embedded in most 

commercial finite element software, is a linear one used extensively in a variety of fracture 

simulations. Developed extrinsic models over the years include triangular (Alfano and Crisfield, 

2001), linear-parabolic (Allix and Corigliano, 1996), polynomial (Chen, 2002) and exponential 

(Chandra et. al, 2002). 

 Under the continuum assumption (see Figure 2.8), thin adhesive bonds to join structural 

members are a large field of application of CZM's (Campilho et al., 2008a), but the single row of 

cohesive elements used to model the bulk strip of adhesive makes it impossible to differentiate 

thickness-wise effects or concentrations of stresses towards the interface (Magalhães et al., 2005), 

providing an equivalent behaviour of the bond. Differences exist regarding the definition of the 

cohesive laws between the local approach modelling (the initial stiffness can use the penalty 

function method - extrinsic cohesive laws) and continuum CZM modelling (the initial stiffness 

must accurately reproduce the deformation behaviour of the thin material strip - intrinsic 

cohesive laws).  In the local approach for bonded joints simulation, the adhesive is modeled as 

an elastoplastic continuum by solid FE elements and the "intrinsic fracture energy" is considered 

for the CZM laws instead of Gc relating to the required dissipation of energy to create a new 

surface, while the plastic dissipations of ductile materials take place at the solid elements 

representative of the adhesive bond. Thus, Gc is the sum of these two energy components, 

increasing by inclusion of the plastic dissipation of materials in the models. Under these 

assumptions, damage growth is ruled by the work of separation of the fracture surfaces instead of 

Gc, due to the dissipated energy by the continuum elements. The effects of external and internal 

constraints on the plastic dissipations of an adhesive bond are thus accountable for in the local 
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approach. On the other hand, compared to the continuum approach, to be described in the 

following, more parameters and computations are needed (Ji et al., 2010).  

 Among the CZM techniques, a methodology which relies on intrinsic cohesive laws and on 

the continuum approach (see Figure 2.8) for the numerical prediction of the loading and fracture 

behaviour of adhesive joints is based on the Embedded Process Zone (EPZ) approach, 

introduced by Thouless and his co-workers (Yang et al., 1999, 2000, 2001; Yang and Thouless, 

2001). Kafkalidis and Thouless (2002) have developed the well known trapezoidal model for the 

description of the EPZ under the continuum approach, as shown in Figure 2.13. According to the 

EPZ, the adhesive layer works as the continuum which provides and transfers tractions between 

the adherents. From the numerical point of view, the adhesive material is totally represented by 

interface or cohesive elements that can model the kinematics incorporated in the EPZ. The 

constitutive relations are given in terms of opening and shear traction–separation laws under pure 

Mode I (Yang et al., 1999) and pure Mode II (Yang et al., 2001) loading and fracture, 

respectively. The EPZ approach has been also applied in finite element models to simulate mixed 

- mode loading and fracture (Campilho et al., 2008a; Campilho et al., 2009b; Campilho et al., 

2009c). Yang and Thouless (2001) used the EPZ approach for the numerical prediction of 

geometries that undergo extensive plastic deformation under mixed - mode loading e.g. T-peel 

and single-lap specimens. The authors utilized a failure criterion together with the introduction 

of a phase angle to relate the pure Mode I and Mode II trapezoidal T-S laws and thus to develop 

a mixed-mode EPZ model. On the other hand, Campilho and his co-workers (Campilho et al., 

2005, 2007, 2008a, 2008b, 2009a, 2009b, 2009c) developed a cohesive mixed-mode damage 

model to predict the behaviour of ductile adhesives with a trapezoidal shape T-S law 

representing loading and fracture of each fracture mode, within the framework of Elastic Plastic 

Fracture Mechanics. The trapezoidal model has been proven to be an effective T-S law that can 

adequately model the coupling between the behaviour of the adhesive/adherent interface and the 

behaviour of the adhesive itself, namely the adhesive failure and plasticity, respectively. 

 In the framework of CZM techniques and within the continuum approach, Paulino and his 

co-workers have made significant contributions by developing new traction-separation laws and 

by evaluating the effectiveness of the already existing ones in various types of loading and 

fracture conditions (Alfano et al., 2007; Alfano et al., 2009; Park et al., 2009). In particular, 

Alfano et al. (2007) and Alfano et al. (2009) have conducted a comparative numerical-

experimental study, in order to show the influence of the shape of three intrinsic cohesive laws 

(triangular, trapezoidal and exponential) to the Mode I fracture of pre-cracked adhesively bonded 

Double Cantilever Beam specimens. One of the authors' major conclusion is that the triangular 

and trapezoidal laws yield promising results in the undamaged region of cracked adhesive joints 

since the pre-peak slope of the corresponding traction-separation laws can be controlled 

(intrinsic type).  

 Park et al. (2009) developed a potential-based constitutive model, shown in Figure 2.13 for 

the prediction of mixed-mode cohesive fracture. The derivation of the cohesive laws and the 
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mixed-mode model is based on the PRP potential (Park-Paulino-Roesler) also developed by the 

authors. In the PRP model, both normal and tangential interactions are described by polynomial 

potentials. The authors have introduced two parameters, one for each separate Mode (I or II), 

which control the softening behaviour of the corresponding cohesive law. In this way the PRP 

model is applicable to various material softening responses (brittle, quasi-brittle and ductile). 

 
(a) 

 
(b) 

Figure 2.13: Trapezoidal laws (from Campilho et al. 2008) (a) and Park-Paulino-Roesler laws (from Park 
et al. 2009) (b). 

2.3.3.2 Determination of cohesive parameters 

 Finite element analyses that include CZM techniques offer a powerful means to account 

for the largely nonlinear fracture behaviour of modern adhesively bonded joints, but the CZM 

parameters require careful calibrations by experimental data and respective validation in order to 

accurately simulate the failure process. Despite this fact, standardized methods for the definition 

of the critical stresses are not yet available. In recent years, many works were published 

regarding the definition of the CZM parameters (Gc or Jc if ductility is present and σc in Mode I 

and II, respectively) and a few data reduction techniques are currently available (e.g. the property 

determination technique, the direct method and the inverse method) that enclose varying degrees 

of complexity and expected accuracy of the results.  
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 By the direct method, the complete CZM law and the respective shape for a given material 

strip or interface can be precisely estimated by the differentiation of the J-δ curves. The most 

commonly used experimental set-ups in order to measure Mode I and Mode II cohesive laws is 

the Double Cantilever Beam (DCB) and the End Notch Flexure (ENF) test, respectively, as 

shown in Figure 2.14. Ji et al. (2010) measured the Mode I cohesive laws of a bonded DCB joint, 

trying to provide data for the parameter calibrations in numerical models and also to investigate 

the relation between adhesive thickness and interface toughness. The same authors (Ji et al., 

2011)  have conducted experiments for measuring the Mode II cohesive laws by testing bonded 

ENF specimens. In both cases LOCTITE Hysol 9460 was utilized as the adhesive material 

system.  

 

 (a)  (b) 

Figure 2.14: Double Cantilever Beam (a) and End Notch Flexure (b) specimens for measurement of the 
pure Mode I and II cohesive laws. 

 Andersson and Stigh (2004) used a direct method to determine the continuum CZM 

parameters in Mode I of a ductile adhesive bond of Dow Betamate® XWI044-3 in a DCB test 

configuration, after approximation of the J-δ data to a series of exponential functions to reduce 

errors in the measured data. In the work of Carlberger and Stigh (2010), the continuum CZM 

laws of a thinbond of a ductile adhesive (Dow Betamate® XWlO44-3) were determined in 

tension and shear using the DCB and ENF test configurations, respectively. The values of JΙc and 

JΙIc were derived by a J-integral formulation to accurately capture the large plastic straining 

effects present at the crack tip of the ductile adhesive (Yan et al., 2001a, b). Actually, the J-

integral is a viable means to capture the adhesive nonlinearity for a monotonic loading process, 

i.e., if no unloading occurs. A typical JΙc / δΙ  and JΙIc / δΙI  relation is shown in Figure 2.15a. To 

obtain the cohesive laws a differentiation was needed over the JΙc / δΙ and JΙIc / δΙI data plots and 

typical results are presented in Figure 2.15b. It can be seen that the cohesive laws derived 

depended substantially on the adhesive layer thickness. 

   For the measurement of mixed mode cohesive laws, different experimental set-ups have 

been used. Efforts have been made to find a test set-up that will allow testing under the full range 

of mode-mixities, which means from pure Mode I to pure Mode II, with just one type of 

specimen geometry. One of the most used experiment set-ups is the Mixed Mode Bending 

(MMB), shown in Figure 2.16a, providing an easy variation of the mode ratio by just altering the 

lever length of the loading lever (de Moura et al., 2009). The MMB test can be considered as a 



Chapter 2: Analysis of adhesive joints                                                                                               35 

 

superposition of the DCB and the ENF tests mentioned before, used for the fracture 

characterization of pure Mode I and pure Mode II, respectively.  

         
 (a) (b) 

Figure 2.15: Energy release rate versus separation (a) and measured cohesive laws (b). 

 Apart from the MMB specimen, other configurations have been also used. A promising 

one is presented in Choupani (2008), where the author used modified Arcan specimens. This test 

set-up is consisted of various combinations of adhesive, composite and metallic adherents with a 

special loading fixture, in which by altering the loading angle a full range mode mixity loading is 

achieved. Choupani (2008) was able to obtain Mode I, Mode II and mixed mode fracture data 

and perform numerical analyses of the experiments. His main goal was to measure the fracture 

toughness KIc and KIIc and then derive formulas for the derivation of JΙc and JΙIc. The experiment 

set-up and the geometry of the specimen used is shown in Figure 2.16b. 

   

 (a) (b) 

Figure 2.16 Mixed Mode Bending Specimen (a) and the modified Arcan specimen (b). 

 
 A very promising experimental test for measuring pure and mixed mode cohesive laws is 

the Double Cantilever Beam with Uneven Bending Moments (DCB-UBM) proposed by 

Sørensen et al. (2006). In this study the specimen geometry used is called Double Cantilever 

Beam under Uneven Bending Moments (DCB-UBM). The principle of creating different 

bending moments in the two free beams of the DCB-UBM specimen is shown schematically in 

Figure 2.17. Forces of identical magnitude, P, are applied perpendicular to two transverse arms 
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connected to the end of the beams of the DCB specimen. The un-cracked end of the specimen is 

restricted from rotation but can move freely in the x1-direction. Different moments are obtained 

if the length of the two moment arms, l1 and l2, of the transverse arms are uneven (M1 = P l1 and 

M2 = P l2). M1 and M2 are defined positive when they act in the counter clockwise direction, as 

shown in Figure 2.17. With one of the beam arm fixed, say l2 ≥ 0, the mode mixity can be 

changed simply by altering the other moment arm, l1. The significant advantages of the DCB-

UBM test are that the energy release rate can be calculated analytically with no need to measure 

the crack propagation. Moreover, since the specimen is loaded with pure moments, there are no 

transverse forces transmitted, reducing significantly this way any friction between the opening 

faces. The same specimen geometry can be used for all the range of mode mixities, so that there 

are no errors associated with differences in the process.  

 

Figure 2.17: Schematic representation of the Double Cantilever Beam loaded with Uneven Bending 
Moments (DCB-UBM). 

2.3.3.3 Applications of Cohesive Zone Models based on the Embedded Process Zone Approach 

The majority of CZM studies relate to static applications. Concerning bonded joints, Yang 

et al. (1999) used a CZM, within the continuum framework, to simulate a pure tensile fracture in 

bonded DCB and T-peel joints, not specifying the adhesive used. A trapezoidal CZM law (see 
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Figure 2.13a) was employed to simulate the adhesive bond behaviour. The authors concluded 

that JIc and σu,I are the dominant parameters in the FE analyses, while the two shape parameters 

δ1,Ι/δu,Ι  and δ2,Ι/δu,Ι have a marginal influence on the results. As a result, the shape parameters 

were arbitrarily fixed at δ1,Ι/ δu,Ι  = 0.15 and δ2,Ι/ δu,Ι = 0.5, while JIc and σu,I were fitted by an 

inverse method between the experimental and FE data of the DCB specimens. By testing the 

proposed CZM law at varying conditions, the authors assumed that it could be used to predict the 

tensile fracture of different test geometries. The same authors considered an identical trapezoidal 

CZM law (Fig. 29) for elastic-plastic crack growth modelling in shear by the continuum 

approach of a ta = 0.4 mm ductile adhesive bond of Ciba® XD4600, considering the ENF test 

(Yang et a1., 2001). The value of JIIc was determined with a trial and error inverse procedure, by 

comparing the experimental and FE data for one particular set of dimensions. The two shape 

parameters, δ1,Ι/ δu,Ι and δ2,Ι/ δu,Ι, were arbitrarily equaled to 0.15 and 0.5, respectively, because 

of numerical evidence that their effect on the fracture process was not significant. Stress σu,II was 

estimated by the assumption that in the ENF tests performed, the local strains at the crack tip 

were approximately 40%. Using the shear stress-shear strain (τ - γ) experimental curve of the 

adhesive obtained by torsion tests of adhesively-bonded butt joints, the value of σu,II = 35 MPa 

was found for γ = 40%, and thus it was used in the subsequent analyses. Comparison of the 

experimental and FE P-δ curves for one specimen is presented in Figure 2.18. Results from a 

FEM calculation using only the continuum properties of the adhesive bond with no failure 

criterion were superimposed in Figure 2.18, showing that the deformation behaviour of the 

specimen is only accurately captured until crack initiation, rendering the results invalid for crack 

propagation. The authors also emphasized the large difference of the CZM parameters for 

tension and shear loadings, justifying the use of mode dependent CZM relations to analyze the 

mixed mode fracture of bonded structures.  

Yang and Thouless (2001) simulated the mixed mode fracture of plastically deforming 

asymmetric T-peel specimens and single lap joints using a mode dependent CZM to simulate the 

adhesive bond (Ciba® XD4600), equally by a continuum modelling approach. Tension and shear 

fracture parameters obtained from previous works were combined with mixed mode propagation 

criteria to provide quantitative predictions of the deformation and fracture load of bonded 

structures under a mixed mode loading. Tension and shear CZM laws, previously developed for 

this adhesive in the works of Yang et al. (1999), (2001), respectively, were used without 

modification with an energetic propagation criterion similar to that of Equation (2.1). Since 

experimentally both evaluated geometries undergo adhesive failures, the shear CZM parameters 

from the work of Yang et al. (2001) were used, since in this work adhesive failures also occurred 

in the ENF specimens tested. 

Kafkalidis and Thouless (2002) performed a FE analysis of symmetric and asymmetric 

single lap joints using a continuum CZM approach that included the adhesive plasticity by means 

of trapezoidal CZM laws. The CZM laws, propagation criterion and analysis procedure were 

similar to those of Yang and Thouless (2001). Using CZM parameters determined for the 
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particular combination of materials used, the FE predictions for different bonded shapes (varying 

the overlap length) showed excellent agreement with the experimental observations. A few 

parametric studies on bonded joints or repairs are also available that use CZM's for optimization 

of the geometry (Campilho et al., 2009b), or evaluation of geometrical modifications to the 

adherents or adhesive bond to increase their load bearing capabilities (Campilho et al., 2008b).   

  
Figure 2.18: Experimental and numerical load-deflection plot for the ENF test  

(Yang et al., 2001). 

Campilho et al. (2009a) experimentally tested carbon-epoxy scarf repairs in tension, using 

scarf angles between 2° and 45°, considering CZM's for the strength prediction. To account for 

the ductile behaviour of the adhesive (Huntsman Araldite® 2015), a trapezoidal CZM including 

the adhesive plasticity was used. The cohesive laws of the adhesive layer-continuum approach 

and composite interlaminar and composite intralaminar (in the transverse and fiber direction) 

local approach necessary to replicate numerically the experimental failure paths, were previously 

characterized with DCB and ENF tests for tension and shear, respectively, using an inverse 

methodology. Validation of the proposed model with experimental data was accomplished in 

terms of global stiffness, strength and corresponding value of b, and failure mode. The layout of 

cohesive elements in the models is depicted in Figure 2.19.  
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Figure 2.19: Layout of cohesive elements with different CZM laws in the scarf repair FE models 

(Campilho et al., 2009b). 

The adhesive representative elements were inserted along the scarf replacing the adhesive 

bond, the interlaminar elements were positioned between different oriented plies, the transverse 

intralaminar elements were used vertically in the 90° plies to simulate intralaminar matrix 

cracking, and the fibre elements were placed vertically in the 0° plies to simulate fibre cracking. 

Two distinct failure modes were experimentally observed: types A and B failures. Type A failure 

was observed for the repairs with 15°, 25° and 45° scarf angles, consisting on a cohesive failure 

of the adhesive. Type B failure occurred for the scarf angles of 2°, 3°, 6° and 9°, representing a 

mixed cohesive and interlaminar/ intralaminar failure (Figure 2.20). A detailed discussion for 

this failure mode modification was provided, based on a stress analysis of the repairs. The CZM 

simulations accurately reproduced the experimental fracture modes, and the failure mode 

modification between types A and B, showing the effectiveness of CZM modelling for static 

applications. 

 
Figure 2.20: Type B failure for a 3° scarf angle repair: FE prediction (Campilho et al., 2009b). 

The FE study of Campilho et al. (2009c) addressed the tensile strength optimization of 

carbon epoxy single and double strap bonded repairs by geometric modifications at the overlap. 

CZM's were considered for local modelling of the adhesive, i.e., to provide crack growth, whilst 

the ductile adhesive bond (Huntsman Araldite® 420) was modified by solid FE elements. 

Validation of the procedure was initially accomplished with experimental results from the 

literature. 

 

2.4 Objectives and layout of PhD thesis 

 
 The main scope of this PhD thesis is the development of numerical tools for the 

computational analysis of engineering structures that involve adhesion problems, that is interface 

and interphase problems. The proposed numerical tools should be able to be implemented within 
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the framework of non-linear Finite Element Methods (FEM) and to be utilized by design 

engineers and researchers for the design and analysis of adhesively bonded joints and composite 

structures. For this purpose, particular focus has been initially given in the study of the failure 

mechanisms that evolve during the pure mode delamination propagation in fiber reinforced 

composite materials (interface problems) and later in the study of the mixed-mode loading and 

fracture of adhesively bonded joints (interphase problems). The proposed numerical tools 

involve novel constitutive relations that describe the aforementioned phenomena and are based 

on fracture and damage mechanics, in accordance to Cohesive Zone Modeling (CZM) techniques.  

Initially, a continuum damage constitutive model is presented for the prediction of the in-

plane failure modes of laminated composite materials, under the framework of progressive 

damage modeling. In the following, new cohesive laws are developed for the prediction of 

delamination initiation and propagation under Mode I and Mode II loading and fracture in 

fibrous laminated composite materials. Having developed numerical predictions of the failure 

response of composite materials, the next research activity is focused on providing constitutive 

relations for the predictions of structural adhesively bonded joints. The proposed constitutive 

relations are validated with tests conducted on steel-to-steel and composite-to-steel adhesive 

joint geometries that involve flat adherents. Next, a numerical parametric study, that involves 

axisymmetric adhesive joints (tubular cases), has been conducted, showing the potential of the 

proposed numerical tool.    

In conclusion, the present PhD thesis provides separate advanced numerical tools that can 

be further integrated in one for the prediction of the failure response of structures that involve 

composite materials and adhesive joints. Thus, damages and failures occurring either within 

composite materials or within the adhesive layer of the joined members could be numerically 

captured and consequently the maximum allowable loading conditions of a structure can be 

accurately predicted. 

In detail, the research activities performed within the framework of this PhD thesis are 

provided herein according to the following layout:  

Progressive failure analysis of composite materials 

 Chapter 3 focuses on the numerical prediction of the post buckling progressive and final 

failure response of stiffened composite panels based on structural nonlinear finite element 

methods. For this purpose, a Progressive Failure Model (PFM), that accounts for all in-plane 

failure modes, is developed and applied to predict the behaviour of an experimentally tested 

blade-stiffened panel found in the literature. The developed PFM has been implemented in non-

linear finite element analysis procedures under the framework of the commercial software Ansys. 

Failure initiation and failure propagation as well as the post buckling ultimate attained load have 

been numerically evaluated and compared to the corresponding experimental values. 
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Experimental and numerical investigation of the pure Mode I and II delamination growth 

Chapter 4 involves an experimental and numerical investigation of the fiber bridging 

mechanisms incorporated in the Mode I and II fracture growth of laminated composite materials, 

within a combined framework of LEFM and damage mechanics. For this purpose, Glass Fiber 

Reinforced Polymer (GFRP) coupons have been manufactured and tested under a traditional 

DCB and ENF test configuration. The main focus of the experimental part is to investigate and 

compare the effectiveness of three different fiber bridging laws, calculated from three respective 

available in the literature data reduction schemes, describing the bridging zone, for the Mode I 

and II, respectively. The numerical investigation aims at validating the experimentally obtained 

bridging laws and proposing to the literature a novel effective numerical implementation 

(Traction-Separation law) of the experimentally obtained bridging laws. The proposed Traction-

Separation laws aim at predicting the entire fracture process zone (fiber bridging and cohesive 

zone) developing during the delamination growth in pure Mode I and pure Mode II. 

Development of a novel constitutive model for ductile adhesive joints 

In Chapter 5 a new Traction–Separation law is developed that represents the constitutive 

relation of ductile adhesive materials. Two formulations are provided regarding the modelling 

space utilized for the finite element predictions, that is a 2D and a 3D space. Both proposed 

models (2D and 3D) are capable to predict the elastic, plastic and failure material response of a 

thin ductile adhesive layer constrained between two continuum media under mixed-mode 

loading and fracture conditions. The 2D model accounts for Mode I and Mode II fracture, 

whereas the 3D model additionally accounts for Mode III fracture. The proposed 2D and 3D 

models represent the constitutive response of user-developed 2D and 3D cohesive elements, 

respectively, that are utilized to model the mechanics and kinematics of the adhesive layer. 

Initially, the independent-mode proposed laws (loading and fracture in Mode I, II and III) are 

mathematically described and then introduced in a developed formulation that simulates the 

interdependency of the mixed-mode coupled laws.  

Experimental and numerical investigation of metal-to-metal adhesive joints 

For verification and validation purposes of the proposed 2D and 3D laws and mixed-mode 

model (Chapter 5), steel adherents have been adhesively bonded with a structural ductile 

adhesive material in order to fabricate a series of single lap and double strap adhesive joint 

configurations. The manufactured joints have been experimentally tested under uniaxial loading 

and their global response (force - displacement) has been recorded. Numerical predictions have 

been carried out of the tested specimens in a 2D and 3D space, respectively. Thus, corresponding 

numerical and experimental results have been compared for each joint case, respectively.  

It has been concluded that uni-axial testing of the single lap and double strap joints, 

stresses the adhesive layer mostly in Mode I (peel stresses) and Mode II (in-plane shear stresses), 
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in a way that the contribution of Mode III (out-of-plane shear stresses) is of insignificant 

importance. For this purpose, a new to the literature experiment has been designed, which is 

based on a simple Single Lap Joint subjected to Eccentric Loading (SLJ-EL). The basic concept 

that lays behind this configuration is that the in-plane co-axial tensile loads, lead the adhesive 

layer to develop significant amounts of normal stresses, in-plane and out-of-plane shear stresses 

which correspond to Mode I, II and III loading and fracture. Thus, numerical predictions of the 

tested SLJ-EL specimens have shown the adequacy of the proposed 3D model to predict the 

mixed-mode response of adhesive joints, where all three fracture modes (Mode I, II and III) 

contribute to the failure of the adhesive layer. All the above work is described in Chapter 6. 

Experimental and numerical investigation of composite-to-metal adhesive joints 

 Chapter 7 initially presents a combined experimental and numerical parametric study of 

adhesively bonded Single Lap Joint (SLJ) geometries between relatively thick dissimilar 

adherents. The primary objective of this study is to investigate the effect of various parameters, 

i.e. adherents’ thicknesses (two different stiffness ratios, 0.175 and 0.35), adhesive thickness (0.5 

and 0.8 mm) and overlap length (25 and 75 mm), on the failure load and failure mode of joints 

with dissimilar materials. The SLJ specimens were tested under a uniaxial tensile quasi-static 

displacement. The numerical part of this work focuses on predicting the experimental attained 

response, in terms of the force-displacement and force-strain curves, of the tested SLJ specimens 

with the use of the proposed 3D laws, described in Chapter 5.  

 Additionally, the experimental cohesive laws of a ductile adhesive layer obtained from 

DCB-UBM tests of composite-to-steel specimens have been utilized in numerical predictions 

according to the proposed 3D Traction-Separation laws (Chapter 5). All the above work is 

described in Chapter 7. 

 

Numerical parametric analysis of tubular adhesive joints  

 Chapter 8 deals with the investigation of the effect of the geometrical configuration 

(including material selection and detail geometrical parameters) to the maximum strength of 

tubular joints subjected to internal pressure and axial loading, with the use of the proposed 3D 

laws. Two cases have been considered, that is tubular adhesive joints between composite tubes 

with equal thickness and a case where a tube is adhesively bonded to a steel flange. Thus, a 

Single Lap Joint (SLJ) and a Single Strap Joint (SSJ) geometrical configuration have been 

considered for the first case, whereas a SSJ configuration has been considered for the tube-to-

flange joints. For the case of the SSJ configuration, two different strap thicknesses and two 

different materials have been considered together with 6 different overlap lengths, resulting to 24 

study cases for the tube-to-tube and 24 study cases for the flange-to-tube adhesive joints, 

respectively.  
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3. Progressive failure analysis of composite materials 
 
 
 
 
 

3.1 Introduction 

This section deals with the development of a Progressive Failure Model (PFM) and its 

implementation to non-linear finite element analysis for the prediction of the failure process of a 

blade-stiffened composite panel under compressive loads.  

The analysis and design of composite laminated materials has gained increasing interest in 

the field of marine structures. In fact, for more than 40 years, conventional fiberglass composites 

have dominated the recreational boating industry due to their advantages over different materials 

used for ship construction (Smith, 1990). Τhe shipbuilding industry has already started to 

incorporate composite materials in new ship construction and to replace specific steel 

components with composite ones in existing ships (Mouring, 1999; Shenoi, 1993). The 

advantage of high strength to weight and high stiffness to weight ratio and the flexibility they 

offer to the designer for adjusting their strength so as to meet certain performance requirements, 

has turned them to be very attractive and promising, especially with the design of future 

structures.  

Fiber reinforced plastic stiffened panels are commonly utilized as components for the 

construction of a composite marine structure. The introduction of stiffened skin panels 

manufactured from composite materials has increased the potential to produce even more 

efficient structures, (Shenoi, 1993a). The main beneficial advantage of the composite stiffened 

panels is that they offer significantly higher strength capacity than the skin panels without 

stiffeners, when loaded in compression.  

Among the early works about buckling and postbuckling behaviour of composite structures 

is that by Stevens et al. (1995), with the major conclusion stating that during postbuckling, 

composite structures can carry loads higher than the critical buckling load. Several other 

researchers have studied the postbuckling behaviour of laminated composite stiffened panels. 

Postbuckling design is being used for steel structures in terms of weight savings. Orifici et al. 
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(2008a) state that the application of postbuckled design within the framework of composite 

structures has been limited, owing to concerns relating to the durability of composite materials, 

since the latter do not yield locally under the high local stress field developed in the postbuckling 

range.  

In most cases, failure of stiffened panels has been experimentally measured to be far 

beyond their postbuckling range (Shenoi, 1993a, b; Orifici et al., 2008; Falzon, et al. 2000). 

There are several mechanisms involved in the failure of stiffened composite panels loaded in 

compression. Apart from fiber breakings, fiber buckling, matrix cracking, fiber-matrix shear and 

delamination, stiffener-skin separation is likely to occur and lead to catastrophic results, since the 

ribs carry most of the load (Raju et al., 1996). Classical non-linear analyses are unable to predict 

the behaviour of the stiffened panels afterwards the point of damage or failure initiation. 

However, Hinton et al. (2002) and Puck and Schurmann (1998) utilized various failure criteria to 

predict the onset of each different damage mechanisms that are separately involved in composite 

stiffened panels buckling failure. However, for panels that can withstand higher loads, beyond 

damage onset, the use of such analyses is not sufficient to predict ultimate failure.  

Thus Lee (1982) pioneered an approach based on progressive failure analysis of composite 

structures with the use of the finite element method. Since then, numerous authors have 

developed numerical based algorithms to address the progressive failure and collapse of 

composite laminated structures (Naik et al., 2008; Laurin et al., 2007).  

The implementation of progressive failure algorithms into a finite element analysis for the 

study of buckling and postbuckling behaviour of composite stiffened panels loaded in 

compression is a matter of increasing interest. Most previous studies have mainly focused on the 

progressive failure analysis of composite plates with cut-outs (Lopes et al., 2007; Labeas et al., 

2008), since the stress concentrations developed at the edge of the cut-outs lead to guided failure 

paths, offering a well defined case for benchmarking and validation of the developed progressive 

failure models. To the authors' knowledge, progressive failure analysis of composite stiffened 

panels has not been sufficiently studied. Orifici et al. (2008b) has conducted a non-linear finite 

element analysis by introducing a stress-based adhesive degradation model in order to predict the 

failure mechanisms introduced by the debonding behaviour in blade-stiffened composite panels 

under compressive loads.  

 Falzon et al. (2000) experimentally investigated the postbuckling behaviour of blade-

stiffened composite panels under compressive loads. According to the authors, two identical 

stiffened panels have been manufactured and tested under the same loading and boundary 

conditions, but failed under different mode. One of the panels failed explosively, whereas the 

other panel underwent a mode switch near its ultimate load capacity, according to experimental 

observations. In a latter work, Falzon and Hitchings (2003) achieved the numerical prediction of 

the mode-switch of the latter panel in its post-buckling range under the framework of a modified 

explicit dynamic analysis. However, to the authors’ knowledge Falzon did not utilize any type of 

failure methodologies to numerically address failure process of either panel. Thus, in the present 
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work, experimental tests described by Falzon et al. (2000), have been numerically simulated with 

the implementation of a developed PFM into a non-linear finite element analysis.  

3.2 Progressive failure model methodology 

3.2.1 Overview 

 The basic concept that lies under the term progressive failure analysis is the progressive 

reduction of the material stiffness matrix of the plies that undergo damage or failure under 

specific failure modes. Failure initiation and propagation is detected with the use of failure 

criteria. By reducing certain material properties of the plies that satisfy a specific failure criterion 

in a rational manner, the ability of the composite structure to carry further load is decreased. This 

procedure carries on until the global stiffness matrix of the composite structure becomes 

“numerically unstable”, a fact that, from a physical point of view, denotes total failure. The 

development of an efficient progressive failure model is based on the appropriate selection of 

two ingredients; the type of the failure criteria utilized and the implemented material degradation 

scheme.  

 The algorithm of the developed PFM in the present work is illustrated with the aid of the 

flowchart of Figure 3.1. The methodology followed requires that equilibrium must be obtained 

for both geometric and material nonlinearities (Lopes et al. 2007). 

The geometric nonlinearity is required since buckling and postbuckling involve large 

rotations/strains and thus nonlinear strain measures and kinematics must be taken under 

consideration. The material nonlinearity is based on the degradation of the material properties of 

the laminas, to simulate damage mechanisms. The fracture behaviour of the modeled composite 

material system is assumed to be brittle. Hence, the composite material behaviour in terms of 

stress-strain relationship is considered to be linear until first failure detection, beyond which the 

material property degradation procedure is applied. The incremental/iterative solution of the 

nonlinear finite element equations has been addressed with the use of Newton – Raphson method. 

Simulations involving damage mechanics should be approached with a displacement control 

analysis, due to the form of the loading path of the structure (snap-through issues). In order to 

achieve convergence at certain sub-steps of the analysis where material nonlinearities cause 

sudden drop of the stiffness matrix, a line search algorithm is used to initially minimize the large 

residual force.  

 A progressive failure analysis of a structure that involves buckling and postbuckling, 

requires the following methodology to be considered (see Figure 3.1). Unless the structure has 

initial out-of-the-loading-plane deformations or lateral loading is applied, or both, the need for 

initial geometric imperfection is obligatory in order to trigger buckling in a finite element 

analysis. The critical buckling modeshape, which involves out-of-plane deformations, is usually 

scaled and imported as the initial stress free imperfect condition.  
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Figure 3.1: Flowchart of the developed PFM. 

 

 By considering a displacement controlled incremental solution, let ui denoting the applied 

compressive in-plane displacement at the ith step of the nonlinear analysis which varies from 0 to 

n. The variable u0 (i=0) denotes the initially applied displacement, which is needed to establish 

the first finite element solution. After obtaining equilibrium at the ith displacement step 

(including the initial step i=0), the stress tensor of all laminas and of all elements incorporated 

into the finite element mesh is calculated and stored. All these stresses are then introduced into 

specified failure criteria, which are then checked to determine whether any failures have 

occurred or not. If no failure has been detected, the displacement is incrementally increased by 

Δu to form ui+1 = ui + Δu and the analysis for the i+1 step is carried on. In the case where failure 

has been detected, specific changes in the material stiffness matrix are implemented based on the 

material degradation model utilized. This modification comprises for the nonlinearity associated 

with the material damage, as previously stated. Equilibrium is re-established by performing new 

nonlinear iterations at the ith step until the point where no additional lamina/element failures are 

detected. The applied displacement is then increased in order to obtain equilibrium at the next 
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sub-step, which is based on the applied displacement ui+1. This procedure is repeated until final 

failure is identified (complete loss of the ability of the modeled composite structure to carry 

further loads) in the framework of the main loop presented in Figure 3.1. Final failure takes place 

at the load level at which static equilibrium cannot be any further obtained. According to Lopes 

et al. (2007) at failure or close to, static equilibrium ceases to be achieved because fracture is in 

itself a dynamic process, with sudden dissipation of energy by means of conversion into kinetic 

energy of a great part of the accumulated strain energy. For this reason structural collapse may 

be simulated with the implementation of the progressive failure model in dynamic analyses 

(explicit or implicit) which take into account the inertia of the structure.    

 The above described PFM methodology has been implemented into the commercial finite 

element software ANSYS® v.11 and programmed in APDL language with the use of the 

software’s feature namely “restart analysis”. The following sections give in detail the failure 

criteria incorporated into the model and the respective material degradation rules utilized. 

3.2.2 Failure criteria 

 In failure analyses of composite structures several approaches have been developed which 

can be utilized to characterize the onset and progression of failure. This involves monitoring a 

particular parameter that controls the damage development and growth. These damage 

approaches are in general based on theories of strength or fracture mechanics. In order to 

perform a more realistic failure analysis, the use of a distinct failure criterion is appropriate to 

describe each damage mechanism separately. Failure criteria can be separated into two classes 

regarding their ability to distinguish among the different failure modes incorporated in the failure 

of composite materials: independent and interactive. The former are easy to apply and give the 

mode of failure but neglect the effect of stress interactions in the failure mechanisms. The latter 

perform in the opposite way, as they consider stress interactions but do not give the failure mode.  

The failure criteria incorporated in the present PFM are used to predict intralaminar failure 

modes involving fiber, matrix and fiber-matrix shear, individually. For the assessment of fiber 

and matrix failure modes, the independent failure criteria proposed by Hashin (1980) have been 

utilized. In order to identify fiber-matrix shear mode an expression described by Padhi et al. 

(1998) has been utilized. This expression actually refers to the interactive failure criteria 

proposed by Tsai in terms of a single tensor polynomial failure criterion by considering the 

failure index proposed by Tsai and Wu (1971). The failure criteria presented in Equations (3.1) – 

(3.6) are expressed in a reduced two dimensional form. 

The calculated stresses at the ith displacement step are transformed into the principal 

material properties coordinate system (1-2) of each lamina (considering the fiber orientation 

angle) and then introduced in the failure criteria for unidirectional composites (Hashin). The 

failure criteria are expressed in terms of limit stresses which are strength along fiber direction X, 

strength normal to fiber direction Y, shear strengths S and transverse shear strength R. The in-
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plane stresses considered are σ11, σ22 and σ12. The subscript “1” denotes the along the fibers axis, 

whereas the subscript “2” denotes the transverse to fibers axis. The failure indices describing 

fiber and matrix failures which are based on the Hashin criteria are given by: 

Fiber failure mode in tension:  σ11> 0  
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Fiber failure mode in compression: σ11<0  
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Matrix failure mode in tension: σ22>0  
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Matrix failure mode in compression: σ22<0  
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The subscripts “C” and “T” denote compression or tension, respectively. The expression that 

describes fiber-matrix shear failure mode is given by the polynomial failure criteria in the 

following form: 

 2
6 66 12H F   (3.5) 

where F66 equals to 1/S2 according to the failure criteria of Tsai-Wu. Thus, the shear failure 

index is expressed by: 
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Failure occurs when one or more of the failure indices ( 2
fe , 2

me  and 2
se ) yields a value 

greater or equal to one. The determination of the dominating failure mode of a specific lamina at 



Chapter 3: Progressive failure analysis of composite materials                                                                  49 

 

the ith displacement step is given from the maximum value of the respective failure index, which 

is considered afterwards for the application of the material property degradation scheme.      

3.2.3 Failure methodology 

Several material degradation methods can be found in the literature (Lopes et al., 2007; 

Labeas et al., 2008). Existing methods for damage modeling can be separated into two categories; 

methods that rely on ply discount techniques and methods that are based on continuum damage 

mechanics. Non-linear constitutive models defined in the framework of the mechanics of 

continuum media have been developed by Ladeveze et al., (2000) and others, as found in the 

literature. According to Lopes et al. (2007), the standard implementation of strain-softening 

constitutive models results in mesh-dependent results. The solution becomes non-objective and 

relies on the mesh refinement approach at a way that the computed energy dissipated decreases 

with the reduction of the element size. This obstacle can be partially overcome by scaling the 

material response, after the stress point that reflects to failure initiation, as a function of the size 

of the element so as to maintain the computed energy dissipation independent of the element size. 

This secures that the energy dissipation equals to the material fracture energy. 

 In order to avoid any kind of mesh dependencies, the damage model used in this work is 

based on ply discount techniques. If instant unloading instead of strain softening constitutive 

models of the damaged lamina is being utilized, then the material property degradation rules 

should be based on partial reduction schemes (percentage reduction of the corresponding 

material properties). Total reduction schemes (complete reduction of the corresponding material 

properties), often lead to ill-conditioned matrices that tend to cause inevitable convergence 

difficulties (Lopes et al., 2007). This phenomenon leads to conservative estimations of the final 

load attained, since failure identification is based on the loss of static equilibrium. For this 

purpose, the material property degradation rules proposed by Camanho and Matthews (1999) 

have been implemented into the proposed herein PFM for the failure analysis of the stiffened 

panels, which are based on partial reduction schemes. The adopted material property degradation 

rules are listed in Table 3.1.  

Table 3.1: Material properties degradation scheme (Labeas et al. 2008). 

Failure mode Material property degradation rules 

Fiber tensile failure  E11 = 0.07 E11 

Fiber compressive failure E11 = 0.14 E11 

Matrix tensile failure  E22 = 0.2E22, G12 = 0.2G12, G23 = 0.2G23 

Matrix compressive failure E22 = 0.4E22, G12 = 0.4G12, G23 = 0.4G23 

Fiber-matrix shear failure G12 = ν12 
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 According to Camanho and Matthews (1999), the stiffness reduction associated with 

failure due to compressive loads is different from the stiffness reduction associated with failure 

due to tensile loads. This effect leads to the assumption that the surfaces of the crack under 

tensile loading are traction free, whereas under compressive loading they can still carry load.  

The degraded material properties 'S are related to the original undamaged material 

properties S of each lamina through the damage operator. Thus the original and reduced material 

properties are arranged in the following vector form:  

  T

1 2 12 12 23S E E G G  (3.7) 

  T' ' ' ' ' '
1 2 12 12 23S E E G G  (3.8) 

In order to optimize the performance of the developed algorithm in terms of decreasing the 

CPU cost, the material property degradation coefficients (presented in Table 3.1) are introduced 

into a 5x5 square matrix defined with the letter C. Each row of matrix C contains the coefficients 

representing the respective dominating failure mode and each column describes the sequence of 

the material properties to be degraded, in the same order as given by vector S or 'S :   

 

12 12

12 12

0.07 1 1 1 1

0.14 1 1 1 1

1 0.2 1 0.2 0.2

1 0.4 1 0.4 0.4

1 1 1

C

G

G




 
 
 
 

  
 
 
 
 

 (3.9) 

Thus, the material degradation procedure of each lamina can be expressed as follows: 

 ' TS C L S  (3.10) 

where L defines a five component vector, where the dominating failure mode sets the value of 

unity to the respective component of vector L and the remaining components are set to zero. The 

component TC L of Equation (3.10) defines the damage operator applied to the original 

undamaged material properties. The damage reduction scheme is applied only once, for each 

failure mode, in the element ply level.  
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3.3 Failure analysis of a stiffened panel 

3.3.1 Geometry and materials 

 The stiffened panel which was experimentally studied under compressive loading by 

Falzon et al. (2000) has been considered in this work for the application of the developed PFM. 

The panel consists of four stiffeners not evenly spaced on the skin, as presented in Figure 3.2a. 

The spacing between the central two stiffeners is twice that of the outer stiffeners, as shown in 

Figure 3.2b.  

 

 
(a) 

 
(b) 

Figure 3.2: Geometry (a) and cross section (b) of the stiffened panel. 

The panel and the skin have been manufactured from unidirectional prepreg T800/924C 

with material properties listed in Table 3.2. The ply thickness is 0.125mm and the stacking 

sequence of the skin is  2 S
90 / 0 / 90 / 45 / 0 / 90 / 45 / 0  . The stacking sequence of the stiffener 

is  2 S
90 / 0 / 90 / 0 / 45 / 90 / 0 / 90 / 45 / 45 / 90   .  

 

 

 



52                                                                  Chapter 3: Progressive failure analysis of composite materials 

 

 

Table 3.2: Material properties used for T800/924C. 

E1 162 GPa 

E2 9.20 GPa 

ν12 0.30 

G12 5.00 GPa 

G23 1.45 GPa 

Intralaminar strength allowables in MPa 

XT 2700  

XC 1650  

YT 55  

YC 255  

S12 100  

R 20  

 

3.3.2 Buckling analysis 

The finite element mesh, loading and boundary conditions of the stiffened panel are shown 

in Figure 3.3.  

 

 
Figure 3.3: Finite element model of the simulated stiffened panel. 
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In order to simulate the laminated skin and stiffeners of the panel, “Shell281” continuum 

structural elements have been chosen from the ANSYS® v.11 element library. The layered 

element Shell281 has eight nodes with six degrees of freedom per node, it is transverse shear 

deformable and full integration is utilized for the computation of its stiffness. During the analysis 

three integration points through each lamina thickness were considered. The average element 

length used for the analyses is 2.75 mm. As described in section 3.2.1, an artificial geometrical 

imperfection is required to be introduced to the undeformed finite element mesh prior to the 

application of the compressive loading and the initiation of the non-linear analysis. This 

imperfection is in the shape of equilibrium state of the panel subjected to a loading acting 

perpendicular to one of the edges. Thus, such imperfection results from an eigenvalue analysis. 

The amplitudes of the critical buckling mode (1st buckling mode shape) are scaled according to 

calculated offsets and then added to the original nodal coordinates. An empirical rule commonly 

used for the geometrical perturbation values is that the maximum lateral perturbation is equal to 

1% of the plate thickness, since when using a perturbation factor less than 1% no significant 

imperfection is introduced, leading to very high calculated initial buckling loads. Thus, in the 

present work a perturbation factor of 1% was used. 

Figure 3.4 compares the first calculated buckling mode shape in terms of the out-of-plane 

displacement, between the eigenvalue analysis conducted herein and the respective one 

presented in Falzon et al. (2000). Note that the contour plot obtained from ANSYS buckling 

analysis is symmetry expanded, that is the other half of the model is reflected together with its 

corresponding output results. The results obtained from both analyses capture a four half wave-

length mode shape with very good agreement. The initial buckling load calculated herein equals 

to 117.4 kN, a value which agrees very well with the respective value of 113.84 kN given by 

Falzon et al. (2000), (difference of 3%).  

 
 (a) (b) 

Figure 3.4: First buckling modeshape: (a) Eigenvalue analysis by Falzon et al. (2000); (b) Current 
buckling analysis (Anyfantis and Tsouvalis, 2011a). 
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3.3.3 Failure analysis 

In order to study the postbuckling behaviour and later the failure initiation and propagation 

occurring at the stiffened panel, prescribed displacement ux (incremented by ui+1 = ui + Δu) was 

applied to one edge of the plate. Comparisons of the results obtained from the experimental 

program carried by Falzon et al. (2000) with the respective results from finite element 

calculations are based on the measurement locations illustrated in Figure 3.5. In this figure, the 

measurement locations on the panel (M1, M2 and M3), where both experimental data and 

numerical results are compared, are depicted.  

 
Figure 3.5: Measurement locations on the stiffened panel (dimensions in mm). 

Figure 3.6 presents distributions of the lateral displacements (uz) as obtained from finite 

element calculations (prior to failure initiation) and as experimentally registered in Falzon et al. 

(2000) with the aid of the Moire fringe pattern. The deformation pattern of the postbuckled panel 

(Figure 3.6b) denotes a rotation of the stiffeners due to their reduced torsional stiffness under 

increased compression with respect to Fig. 6a. Since, the distance between the central stiffeners 

is double of that between the edge stiffeners, buckling initiates earlier in the central zone and 

later in the side areas. The results from the numerical simulation (Figure 3.6b) are in very good 

agreement with the experimental Moire fringe pattern (Figure 3.6c). Both results indicate higher 

amplitudes of deformation in the central zone characterized by the increased number of the 

Moire fringes (Figure 3.6c) and by the red coloured areas (Figure 3.6b), in the experimental 

results and the finite element calculations, respectively. Figure 3.7 presents the variation of the 

out-of-plane displacement (uz) along the centerline nodal path denoted in Figure 3.5. According 

to Figure 3.7, the lateral deformation of the centerline is consistent with the observed 

postbuckled behaviour. Initially, the central zone undergoes buckling deformation and any 

further increase in the compressive load causes the edge zones to develop as high lateral 

displacement as the central zone does. As a result, local buckling of the skin between the 
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stiffeners, global buckling along the panels length and stiffeners’ stripping characterizes the 

buckling and postbuckling behaviour of the stiffened panel, respectively. 

 

 
(a) (b) 

 
 (c) 

Figure 3.6: Buckling and postbuckling results: (a) Initial buckling deformation at 150 kN force;  (b) 
Postbuckling deformation at 300kN force; (c) Moire fringe deformation at 300 kN force (figure 

graphically modified from Falzon et al., 2000). 

According to Falzon et al. (2000) the first panel underwent a mode switch to five half-

wavelengths prior to final failure at a load level of 601 kN whereas the failure of the second 

panel occurred at 573 kN and is characterized by sudden failure. The numerical analysis based 

on the developed PFM has shown that the maximum attained load of the stiffened panel is 532.4 

kN, which yields a relative difference of 7% with respect to the second panel experimentally 

tested. 

   The axial reaction force as a function of the out-of-plane displacement is shown in Fig. 8. 

The lateral displacement was measured in the test from an LVDT placed at a buckle peak 

whereas in the finite element model this buckle peak was found to be 80 mm below the top edge 

of the panel, shown in Fig. 5 and denoted with the codename M3. The axial reaction force as a 

function of axial and shear strains evaluated at two locations on the central stiffeners are 

presented in Fig. 9 and Fig.10 respectively. The axial and shear strains history was measured in 
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the test from back-to-back strain gages bonded 4 mm and 20 mm from the top edge of the central 

stiffeners, shown in Fig. 5 and referred to as M1 and M2, respectively. 
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Figure 3.7: Buckled and postbuckled lateral deformation of the centerline nodal path. 

Failure initiation determined by the first ply failure is predicted in the postbuckling region 

of the stiffened panel. The first failure is accumulated by matrix cracking occurring at 8.5 mm 

maximum out-of-plane displacement with the corresponding reaction force of 520 kN, as 

illustrated in Figure 3.8.  
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Figure 3.8: Force versus the out-of-plane displacement at M3 measurement location. 

The combination of local longitudinal, transverse and shear stresses developed at the 

buckle peak measured at location M3 satisfied the respective failure criteria of the matrix 

cracking failure mode. The location of failure initiation was calculated at the outmost layers of 
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the skin elements at M3 location of the panel. The top and bottom layers of the skin having their 

fibers oriented at 90o from the loading axis are in fact more prone to damage initiation than the 

inner layers. This is expected since postbuckling is associated with bending of the plating. Thus, 

the developing bending strains and stresses are higher in the outer layers and they are either 

tensile or compressive on the outer and inner sides of the buckle peaks. 

Furthermore, the absence of fibers along the loading direction at the outmost layers results 

in premature failure appearing in the form of matrix cracking. By slightly increasing the applied 

load, damage propagates rapidly in two different directions, normal to each other. As the load 

carrying ability of the initially damaged layers is reduced, the load is transferred to the adjacent 

layers which also fail under increased stress level. Damage propagates from the buckle peak to 

the edges of the panel in the zone below and above the nodal centerline as illustrated in Figure 

3.5. This can be confirmed by the behaviour of the load versus out-of-plane deformation 

presented in Figure 3.8, where the slope of the curve decreases suddenly, after the point of 

failure initiation and forward. Once damage propagates to the central stiffeners, the outmost 

layers of the overlap part of the stiffener start to satisfy the matrix cracking failure criteria, they 

start to fail and the material properties are degraded respectively.  

Apart from the buckling and postbuckling behaviour of the skin, the ribs are also deformed 

under buckling. This phenomenon leads to elevated bending stresses at the outmost layers of the 

web. The external layers of the web have their fibers oriented at 90o to the loading axis. Thus, 

failure in the form of matrix cracking of these layers results in immediate failure of the adjacent 

layers oriented at 0o and o45  with fiber failure and matrix failure, respectively. This fact is 

observed through Figure 3.9 and Figure 3.10, where axial and shear strains versus load are 

presented, respectively. In these figures the experimentally evaluated results of Falzon et al. 

(2000), the predicted results from the simple nonlinear finite element analysis and the numerical 

results with the introduction of the developed PFM are compared.  
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Figure 3.9: Force versus axial strains at M1 measurement location. 
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The strain results obtained from the non-linear analyses are in great agreement with the 

respective experimental ones, until the failure initiation load. The introduction of the developed 

PFM results in a sudden decrease of the slope of the curves, which is in accordance with the 

experimental curves. The load capacity loss of the panel coming from the properties degradation 

of the layers at the buckle peaks, affects the behaviour of the central ribs after failure initiation. 

Under approximately constant load level, strains tend rapidly to decrease in amplitude and even 

change their sign, as illustrated in Figure 3.9. This implies that bending moments change their 

sign, since the layer at the measurement location M3 tends to develop tensile stresses instead of 

compressive stresses being developed until failure initiation. The reaction force-axial strains 

curve calculated with the PFM is in good agreement with the experimentally evaluated 

respective results in the plateau region.  

The behaviour of the shear strains presented in Figure 3.10 is analogous to the behaviour of 

the axial strains previously described. The numerically calculated curve is again characterized by 

a sudden drop in the slope, followed by a plateau region after the failure initiation load.  
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Figure 3.10: Force versus shear strains at M2 measurement location. 

Figure 3.11 compares the effect of the introduction of the developed PFM to the simple 

nonlinear analysis in terms of the out-of-plane deformation field of the panel under the 

maximum applied displacement, which is common in both cases.  
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 (a) (b) 

 

 
(c) 

Figure 3.11: Contour plot of uz at complete failure from the simple nonlinear analysis results (a), with 
PFM (Anyfantis and Tsouvalis, 2011a) (b) and experimental failure of the panel Falzon et al. (2000) (c).    

The deformation predicted in the framework of the failure analysis is based on the 

postbuckling shape of the panel and shows that maximum amplitudes are concentrated at the 

buckle peak near the centerline of the panel. The material properties degradation reduced the 

stiffness of several layers in the area of the buckle peak. This fact elevated the compliance and 

turned the central zone of the stiffened panel to develop high out-of-plane deformations. This 

behaviour is illustrated in Figure 3.12, where the lateral displacement along the central nodal line 

is compared with results obtained from the simple nonlinear and from the failure analysis.  
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Figure 3.12: Lateral deformation of the central nodal line at the maximum attained applied displacement 

(prior to complete failure). 
 

3.4 Conclusions 

In this Chapter, a Progressive Failure Model (PFM) has been developed and utilized as the 

constitutive relation of continuum shell elements for the prediction of the behaviour of an 

experimentally tested composite blade-stiffened panel found in the literature, within its buckling and 

postbuckling range. The basic concept that lays behind the PFM is the progressive degradation of the 

material properties of the composite layers that undergo damage, according to specific failure criteria 

and under an iterative numerical scheme. A combined framework of Hashin and Tsai-Wu failure 

criteria together with the employment of a material property degradation scheme are being 

utilized in this study and give relatively accurate predictions with respect to the experimental 

results. Failure initiation and propagation is calculated, owing to the accumulation of the intralaminar 

failure modes induced in fibre reinforced composite materials. Hashin failure criteria have been 

employed in order to address the fiber and matrix failure modes in compression and tension. On the 

other hand, the Tsai – Wu failure criterion has been utilized for addressing shear failure. Failure 

detection is followed by the introduction of corresponding material degradation rules depending on the 

individual failure mechanisms. Failure initiation and failure propagation as well as the post buckling 

ultimate attained load have been numerically evaluated. Final failure behaviour of the simulated 

stiffened panel is due to sudden global failure, as concluded from comparisons between numerical and 

experimental results being in good agreement. 

 The failure analysis of the panel has shown that failure initiation is associated with matrix 

cracking at the buckle peaks. Failure propagation has an intensive effect on the stiffness of the 

panel due to the rapid progression of failure and the subsequent stiffness degradation. The initial 

local buckling of the skin between the stiffeners turns into global buckling of the panel. After 
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failure initiation and up to the final failure, no further increase in the load capacity of the panels 

has been evaluated. The simulation results denote that the panel fails abruptly, a fact that is 

consistent with the failure mode of one of the panels experimentally studied. The other panel 

undergoes a mode switch prior to failure. In order to address this phenomenon, inertia effects 

should be considered in the framework of a nonlinear dynamic analysis, not considered in this 

study. The developed PFM is an efficient analysis and design tool in addressing the failure 

mechanisms that are involved in the buckling and postbuckling behaviour of composite 

structures loaded in compression. 
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4. Experimental and numerical investigation of pure Mode I and II 
delamination growth  

 
 
 
 
 

4.1 Description of the problem 

Among their outstanding mechanical properties, the high strength-to-weight ratio is one 

of the most challenging properties of composites that have turned them to be candidate structural 

materials in almost all industrial applications. However, laminated fibrous composites have low 

through-thickness mechanical properties, poor impact damage tolerance, and low interlaminar 

fracture toughness. As a result, they are susceptible to delamination damage, which is defined as 

a crack between two adjacent layers, either in service conditions or during their fabrication.  

 Determination of the mechanisms incorporated in the interlaminar fracture of composite 

materials is focused on characterizing either the opening mode I (Mode I) or the shear mode II 

(Mode II), mostly within the framework of Linear Elastic Fracture Mechanics (LEFM), as shown 

in section 2.3.2. The most commonly employed approach to characterize interlaminar fracture 

resistance of composites is by determining the Strain Energy Release Rate (ERR - G). If crack 

growth resistance is independent of the crack length α, then the SERR magnitude is a material 

constant that equals to the fracture toughness denoted by GI,0 or GII,0 in the case of Mode I or 

Mode II, respectively (Broek, 1986).  

 For the determination of GI,0 under pure Mode I loading, the Double Cantilever Beam 

(DCB) test has been accepted as a standard method (ASTM D5528-01, 2007; ISO 15024:2001, 

2001) for the determination of GI,0 under pure Mode I loading. Several authors have utilized the 

DCB test in order to address the process of delamination initiation and propagation (Sorensen et 

al., 2007; Sorensen et al., 2008; Szekrényes and Uj, 2005). 

For the measurement of GII,0 a standard does not exist but many efficient experimental 

procedures can be found in the literature. The End Notched Flexure (ENF), End Loaded Split 

(ELS) and Four Point ENF (4ENF) tests are the most popular tests adopted in the literature. The 

ENF test (Barret and Foschi, 1997) is most widely used due to its simple fixture based on a 

conventional three-point bending set-up, and has been adopted by the Japan Industrial Standards 

Group (JIS) as a standard test. On the other hand the ELS (Blackman et al., 2006) and 4ENF 
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(Martin and Davidson, 1999) tests require a more complicated test set-up than that of the 

ENF test and present some problems related to large friction effects (Schuecker and Davidson, 

2000). Particularly the 4ENF test requires a four-point bending device that allows free rotation of 

the two loading points, in order to ensure that the desired equal loading can be achieved (Martin 

and Davidson, 1999). The ELS specimen is more prone to large displacements (Wang et al., 

1995) as it is treated as a cantilever beam and thus experimental results are affected by the 

variability in the clamping boundary conditions (Hashemi et al., 1990). On the other hand, in 

recent years the DCB-UBM test (Double Cantilever Beam - DCB specimen loaded by Uneven 

Bending Moments) has been used often for the characterization of pure and mixed mode fracture 

of composite structures (Sørensen and Jacobsen, 2003; Sørensen and Jacobsen, 2009). However, 

the complexity of the DCB-UBM experimental set-up (see section 2.3.3.2) makes it difficult to 

be applied.  Therefore, in this work the DCB and ENF test configurations are adopted, for the 

Mode I and II loading and fracture characterization, respectively. 

Delamination growth in fibrous composites is followed, most of the times, by fiber 

bridging mechanisms e.g. fibers crossing over from one crack face to its opposite, due to fiber 

debonding and pull-out, and applying closure stresses to the crack faces, as illustrated in Figure 

4.1a. Fiber bridgings influence the magnitude of fracture toughness as crack propagates. This 

phenomenon is well described by the R-curve (fracture resistance curve) where, after crack 

initiation (GI,0 or GII,0) and during crack growth, the ERR magnitude increases until it reaches a 

plateau, namely steady state fracture toughness (GI,SS or GII,SS), Suo et al. (1992). According to 

Suo et al. (1992) the R-curve must not be taken as a material property because it depends on the 

geometrical characteristics of the specimens used in the experimental programme. Instead, a 

bridging law which can be easily derived from an R-curve, e.g. through its differentiation with 

respect to the local opening or sliding, can be considered as an interfacial material property of 

the composite system considered (Sørensen and Jacobsen, 2009). A bridging law in fact 

describes the bridging zone in terms of the closure stress (σi), due to the existence and 

development of fiber bridgings, versus the pre-crack tip opening displacement (δ*), as crack 

propagates (see Figure 4.1b). After crack initiation, which occurs at a characteristic stress value 

called critical bridging stress σc,i (i = Mode I or II), the fiber bridging zone is described by a 

linear or  non-linear softening law until a maximum value of *
i  (i = Mode I or II) is reached, 

namely *
c,i ( region A in Figure 4.1). Beyond *

c,i  the bridging fibers lose their load carrying 

capability and fail, by leaving behind part of the crack faces traction-free (region B in Figure 4.1).  

Taking advantage of the fact that the R-curve describes fiber bridging mechanisms, 

several authors have utilized the J-integral approach to describe the fiber bridging behaviour in 

terms of a traction-separation law in Mode I and II (see section 2.3.2). The most significant 

advantage of a bridging law is that it overcomes the theoretical stress singularity of the crack tip 

by assigning a definite stress value σc,i which quantifies the initiation of the bridging zone. For 

this reason, a bridging law can be implemented into numerical procedures for predictions of the 
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delamination process. A traction-separation law is actually a numerical representation of a 

bridging law, properly modified for implementation into finite element methods. 

AB

P, δ

P, δ

 

σi

σc,i

 
 
 (a) (b) 

Figure 4.1: The bridging zone as formed during Mode I fracture (a) and as described by a fiber bridging 
law (i  = Mode I or II) (b). 

The present work involves an experimental and numerical investigation of the fiber 

bridging mechanisms incorporated in the Mode I and II fracture growth of laminated composite 

materials, within a combined framework of LEFM and damage mechanics. For this purpose, 

Glass Fiber Reinforced Polymer (GFRP) coupons have been manufactured and tested under 

traditional DCB and ENF test configurations. The main focus of the experimental part is to 

investigate and compare the effectiveness of three different fiber bridging laws, calculated from 

three respective available in the literature data reduction schemes, describing the bridging zone, 

for the Mode I and II, respectively. The numerical investigation aims at validating the 

experimentally obtained bridging laws and at proposing to the literature a new effective 

numerical implementation of the experimentally obtained ridging laws. Thus, the derived 

bridging laws have been converted to Traction-Separation (T-S) laws according to three different 

models for the simulation of the DCB (Mode I) case and two different models for the simulation 

of the ENF (Mode II) case. The obtained bridging laws and further T-S models from each data 

reduction scheme were implemented into interface finite elements for the numerical simulation 

of the DCB and ENF tests. The corresponding finite element results were compared with the 

respective experimentally measured magnitudes.  

4.2 Materials, geometry and test parameters 

Six layers of 600 gr/m2 unidirectional glass fabric (UD) have been stacked together with 

epoxy resin (D.E.R. 353 Liquid Epoxy Resin and Epamine PC13 hardener) to manufacture a 

composite laminated plate. During manufacturing, a 58 μm thick PTFE film was inserted in the 

mid-plane and along one of the edges of the laminate for the creation of an artificial initial 

*
i  

*
c,i  
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delamination. This PTFE film is thicker that the usual corresponding films used in the literature, 

in order to comply with the increased layer thickness of the quite heavy UD glass reinforcement 

used in the present study. Moreover, this relatively thick PTFE artificial crack film simulates 

better the physical defects that can be found in normal composite marine structures. The UD 

fabrics were initially impregnated with the epoxy/hardener matrix system by the hand lay-up 

method and afterwards the plate was cured at 25 oC for 48 hours under constant 0.6 bar pressure 

with the aid of vacuum bagging. After the curing process, four DCB and five ENF specimens 

were cut out from the plate with the use of waterjet. The composite system had a fibre weight 

fraction of 50% with orthotropic elastic properties listed in Table 4.1.  

Table 4.1: Glass/Epoxy elastic material properties. 
E1 (MPa) E2 (MPa) E3 (MPa) ν12 ν13 ν23 G12 (MPa) G13 (MPa) G23 (MPa)

18000 2200 2200 0.29 0.29 0.38 1800 1800 1600 

The geometry and dimensions of the DCB and ENF specimens are given in Figure 4.2 

and Figure 4.3, respectively. The actual thickness of the DCB and ENF specimens is 2h = 

4.55±0.1 mm and their width b is equal to 20 mm. The hatched areas depicted in these figures 

represent the pre-crack α0 (initial delamination length), chosen to be equal to 50 mm in 

accordance with ASTM D5528-01, 2007. As far as the ENF tests are concerned, in order to 

achieve crack growth stability, the initial crack length, α0, was chosen to be equal to 70% of the 

half length of the specimen Carlsson et al., (1986), resulting in a value of α0 equal to 35 mm.   

 
Figure 4.2: Schematic side and top view of the tested DCB specimens (dimensions in mm). 
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Two 1.5 mm thick piano hinges aligned with the specimen axis and loading line were 

adhesively bonded to the pre-cracked edge of the DCB specimens with the use of two-part 

toughened epoxy adhesive. During the curing of the adhesive, the piano hinges were under 

constant pressure with the aid of clamps and provisions were taken so as to ensure a constant 

adhesive thickness. The specimens were left 48 hours after the completion of the curing process 

of the adhesive before the experimental testing.  

As regards the DCB specimens, crack length, α, is defined as the distance from the 

loading line to the crack tip. Crack propagation was monitored by visual inspection of the crack 

length through the use of a high resolution (1920x1080), 60 frames per second video camera 

equipped with 16x optical zoom lens, recording the marked side of the specimens. Additionally, 

two plastic auxiliary measurement sticks (see Figure 4.2) were bonded at the pre-crack tip of the 

DCB specimens, and were placed in-between a high-speed laser scan micrometer (Keyence 

LS5041) for monitoring the pre-crack opening displacement * magnitude during the tests.  

 
(a) 

 

 
 (b) 

Figure 4.3: Geometry (a) and experimental set-up of the ENF specimens (dimensions in mm). 

In aiding crack length measurements, thin vertical lines have been marked on the lateral 

sides of the specimens with a spacing of 5 mm (Δα) for the DCB specimens and 2mm (Δα) for 

the ENF specimens. Prior to the creation of these marks, a thin layer of a water-soluble white 

correction fluid was applied to enhance visualization of crack growth. Monitoring of the crack 

length in Mode II fracture propagation ENF tests is considered to be a rather difficult task, since 

crack grows without a clear opening Blackman et al. (2006). Besides the obvious reason that 

there is no physical crack opening, local plasticity and microcracks formed in front of the crack 

tip at crack initiation and at the early stages of crack propagation foster this difficulty. 

The DCB specimens were loaded in displacement controlled tension δ at a 2 mm/min 

speed. During each DCB test the load-applied displacement curve (P-δ) and the relative pre-

crack tip opening displacement (δ*) were recorded as a function of time. On the other hand, the 
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ENF specimens were loaded in 3-point bending by a static displacement, applied with a speed of 

0.5 mm/min. The load-bending displacement curve (P–δ) was recorded during each test. Crack 

propagation was monitored by visual inspection of the crack length with the aid of a high 

resolution video camera (1920x1080) equipped with 16x optical zoom lens, which was recording 

the marked side of the specimens with a rate of 60 frames per second. All tests were conducted 

by an MTS hydraulic testing machine (858 Mini Bionix II) equipped with a 15 kN load cell.  

4.3 Data reduction schemes - Overview 

 The term data reduction scheme refers to the method utilized for the calculation of the 

energy release rate (ERR) magnitude. The reduction scheme is applied on the data of the opening 

(Mode I) or the sliding (Mode II) displacement, in order to apply in the sequence the J-integral 

approach and derive a bridging law. For the calculation of the ERR in Mode I, three different 

data reduction schemes have been considered:  

 Corrected Beam Theory - CBT 

 Experimental Compliance Method - ECM  

 Modified Compliance Calibration - MCC 

The CBT, ECM and MCC methods are the ones proposed in ASTM D5528-01. 

 For the calculation of the ERR in Mode II, i.e. ENF fracture tests, three reliable data 

reduction schemes have been considered:  

 Compliance Calibration Method - CCM 

 Corrected Beam Theory - CBT  

 Compliance-Based Beam Method – CBBM 

Since a standard is not yet available for the calculation of the ERR in Mode II, the selected 

methods are taken from the literature. 

4.3.1 Data reduction schemes for the DCB tests 

The Corrected Beam Theory (CBT) data reduction scheme is one of the most frequently 

used methods for calculating the ERR magnitude, expressed in terms of the crack length α. CBT 

was introduced by Williams (1989) and is given by the following formula: 

 I

3

2 ( )

P
G

b





 

  (4.1) 

where   is a correction factor for the crack tip rotation, determined experimentally by 

generating a linear regression of the cubic root of the compliance (C1/3) versus the delamination 
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length (see Figure 4.4a). The compliance C is defined as the ratio of the point load displacement 

to the applied load (δ/P).  

 The Experimental Compliance Method (ECM) has been a classical data reduction scheme 

for addressing GI, since its introduction to the composite community by Berry (1983). This 

method utilizes the Irwin – Kies equation for the calculation of GI:  
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According to ECM, a power function is fitted with the use of the least-square method over the 

compliance versus the crack length plot, so as to obtain the R coefficient and the n power 

exponent (see Figure 4.4b) needed for the following expression, Berry 1983: 

 nC R  (4.3) 

Thus, by differentiating Equation (4.3) and substituting it to Equation (4.2) the Irwin – Kies 

equation takes the form:   
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 The Modified Compliance Calibration (MCC) method utilizes the following expression 

for the determination of the ERR values as a function of the crack length: 
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    (4.5) 

where A1 is a compliance calibration term, taken as the slope of a straight line generated by the 

least-square fit of the delamination length normalized by the specimen thickness (α/h) versus the 

cubic root of the compliance (see Figure 4.4c). 

 

   
(a) (b)   (c) 

Figure 4.4: Least-square fits to obtain the parameters needed for the CBT (a), ECM (b) and MCC (c) data 
reduction schemes. 
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4.3.2 Data reduction schemes for the ENF tests 

The CCM has been a classical data reduction scheme for addressing GII, since its 

introduction to the composite community by Russell and Street (1985). This method utilizes the 

Irwin – Kies equation (Irwin and Kies, 1954) for the calculation of GII:  
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 (4.6) 

where C is the compliance of the specimen (bending displacement per unit load, C = δ/P). The 

compliance C is expressed in terms of a constant term C0 and a term proportional to the cubic 

power of the crack length α according to the following equation:  

 3
0C C ma    (4.7) 

where constant term C0 equals to the initial compliance at crack initiation (α0). Coefficient m can 

be determined from the slope of the experimental curve of the compliance versus the cubic 

power of crack length. By differentiating Equation (4.7) with respect to the crack length and 

substituting in Equation (4.6), the GII values are given for each discrete measured crack length   

αi (i = 0,…,n, where 0 corresponds to crack initiation and n to the maximum number of crack tip 

measurements) by Equation (4.8). 

 
2 2

II

3

2

m P
G

b



  (4.8) 

CBT method has been proposed for ENF tests by Wang and Williams (1992). This approach is 

based on a beam elastic foundation model and takes into account corrections of the measured 

crack length α.  The calculation of GII is given by: 
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where E1 is the modulus along the specimens’ longitudinal direction and Δ1 is a crack length 

correction, accounting for the developed shear deformation when the specimen is loaded, which 

is given in the following form by de Moura and de Morais (2008): 
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and Γ is given by  

 1 3

13

1.18
G

 
   (4.11) 

where E3 and G13 are the transverse and shear moduli, respectively. 

The CCM and CBT data reduction schemes require accurate crack length measurements, 

which present difficulties in obtaining with the crack monitoring technique used in this study. 

Thus, de Moura et al. (2009) proposed a novel, beam theory based calculation method, 

incorporating the crack equivalent concept and applied this method to composite bonded ENF 

tests. According to the authors, CBBM depends only on specimen’s compliance during the tests 

and considers several effects neglected by the classical methods that affect the behaviour of the 

specimen and consequently the P–δ curve. The most important advantage of this method is its 

ability to obtain an R-curve explicitly through the P–δ curve, since monitoring of the crack 

propagation length hides difficulties. The calculation of GII is obtained by modifying the Irwin – 

Kies equation, as follows:  
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where αe is the equivalent crack length expressing a correction to the real crack length in order to 

account for the bridging zone influence and given by Equation (4.13): 
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The flexural modulus of the specimen Ef has an important influence on the slope and 

behaviour of the global P–δ curve. Thus, it is calculated through the relation of the initial 

compliance C0 with α0. 
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where 
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The corrected compliance Cc is given by Equation (4.16): 
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where C is the compliance of the ENF specimens during the test and its calculation is based on 

the beam theory. 
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4.4 J-integral approach 

In order to characterize the R-curve effect (fracture toughness’ increase as delamination 

grows), the J-integral approach is considered for the derivation of the bridging law. By 

calculating the J-integral around the crack tip and along the crack faces and by considering the 

existence of a bridging zone, the following expression of the energy release rate is obtained for 

Mode I and II (Suo et al. 1992): 

 I,ss I,0 I,bG G G    (4.18a) 

 ΙI,ss IΙ,0 ΙI,bG G G   (4.18b) 
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where δI and δII are the local relative opening and sliding magnitudes of the crack faces for the 

Mode I and II loading and fracture, respectively. GI,0 and GII,0 are the initial fracture toughness 

(at crack initiation) components, which involves matrix cracking and is assumed to be constant. 

The bridging increase fracture toughness components GI,b and GII,b are calculated by the 

integration of the bridging stresses σI and σII with respect to δI and δII, respectively. Hence, after 

the integration in Equation (4.19), the GI,b and GII,b magnitudes are expressed in terms of the pre-

crack tip opening displacement *
Ι and *

ΙΙ , respectively. In fact GI,b, GII,b involve the contribution 

of the fibre bridging to the steady state fracture toughness, namely GI,SS and GII,SS. According to 

Equation (4.19) the bridging stresses σ depend on the local opening and not on the crack 
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trajectory. Thus, by differentiating Equations (4.18) with respect to *
Ι and *

ΙΙ , separately for the 

Mode I and Mode II  case, the following expression of the bridging law is generated: 
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where *
Ι Ι( )  and *

ΙΙ ΙΙ( )   are the experimentally obtained bridging stress developed between the 

crack faces and expressed in terms of the opening and sliding of the pre-crack tip, for the Mode I 

and II respectively. As it can be seen from Equations (4.20), the components GI,0 and GII,0 have 

been vanished, since they are constant terms. 

4.5 Experimental results 

 Processing of the experimental results obtained from the DCB and ENF tests aims at 

calculating two magnitudes; the critical fracture energy or initial fracture toughness in Mode I 

(GI,0) and Mode II (GII,0) from the crack initiation monitoring and the R-curve in Mode I (GI - 
* ) 

and II (GII - 
* ) from the crack propagation monitoring. Thus, the three data reduction schemes 

described in section 4.3.1 for the DCB tests (CBT, ECM and MCC) and section 4.3.2 for the 

ENF tests (CCM, CBT and CBBM), are adopted for the construction of the corresponding R-

curves in Mode I and Mode II, respectively. Then, the discrete GI - 
*  and GII - 

* data sets are 

fitted with the use of analytical functions. This step is important for acquiring continuous 

description of either GI - *  or GII - * relation, in order to apply the J-integral approach 

(Equation (4.20)) analytically, without the need of using numerical differentiation schemes. 

4.5.1 Post-processing of the DCB test results 

The global response of the tested DCB specimens in terms of the registered load (P) 

versus the applied displacement (δ) data is presented in Figure 4.5. All four experimental curves 

exhibit an initial linear response, followed by increasing non-linearities as the crack begins to 

propagate. After the maximum load is attained, the slope of the load-displacement curves begins 

to soften together with delamination progression. The softening behaviour of the tested 

specimens with codenames 1 and 2 is in great agreement, whereas the respective behaviour of 

specimens 3 and 4 seems to vary. Such deviations are attributed to the existence of transverse 

fiber yarns and/or fiber knits in the vicinity of the pre-crack tip.  

A typical P-δ-α plot is additionally presented in Figure 4.5 for specimen 1. The circles on 

the graph indicate the crack length in mm, as measured from the high resolution video camera by 
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image processing techniques. The same procedure was followed for the derivation of the P-δ-α 

data sets for specimens 2, 3 and 4.  
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Figure 4.5: Load – displacement results from all DCB tests. 

 
 It should be pointed out that crack initiated directly from the PTFE insert film and in each 

case propagated along the mid-plane of the specimens. The crack propagated in a stable manner 

during the tests, as denoted by Figure 4.6.  A closer study of the results of Figure 4.5 and Figure 

4.6 reveals that, for every specimen, the rate of increase of the crack propagation was slightly 

slowed down at the point where the maximum load was obtained. 
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Figure 4.6: Displacement versus crack length obtained from the tested DCB specimens. 

The compliance was calculated from the expression Ci = δi /Pi  for each value of αi and 

Equation (4.3) was utilized for fitting the experimental compliances for each specimen, in 

accordance with the ECM data reduction scheme. The corresponding results are shown in Figure 

Figure 4.7 and the coefficients R, together with their respective exponents n, are listed in Table 
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4.2. The crack length measurements vary from 50 mm (crack initiation) to 80 mm with an 

increment Δα equal to 5 mm. 
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Figure 4.7: Compliance (C = δ / P) versus crack length. 

The ERR values for each crack length αi were calculated according to the CBT, ECM and 

MCC data reduction schemes by utilizing Equations (4.1), (4.4) and (4.5), respectively. 

Parameters |Δ| and A1 which are defined in the CBT and MCC schemes and are necessary 

magnitudes for the calculation of GI, are listed in Table 4.2. GI,0 values are quite close between 

each other, not only among the tested specimens but also among the methods adopted for their 

calculation, since the obtained mean values from the CBT, ECM and MCC methods equal to 

0.58, 0.51 and 0.57 N/mm, respectively.  

 Figure 4.8 presents the R-curves obtained with the CBT, ECM and MCC data reduction 

schemes. The GI magnitude increases as the delamination propagates, thus denoting the 

existence of fiber bridging mechanisms. After a certain crack length, GI seems to converge to an 

average plateau level, the steady state fracture toughness GI,SS. Figure 4.9 presents a magnified 

view of a DCB test, where the fiber bridging phenomenon dominates at the specimens’ mid-

plane during delamination growth.  

Table 4.2: Experimental parameters calculated with the CBT, ECM and MCC data reduction 

schemes. 

CBT ECM MCC 
Specimen 

|Δ| R n A1 

1 23.29 5.05E-5 2.25 19.50 

2 17.59 3.14E-5 2.36 20.59 

3 15.93 2.87E-5 2.39 18.90 

4 16.49 2.78E-5 2.39 19.01 
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Figure 4.8: R-curves of the tested DCB specimens calculated with the CBT (a), ECM (b) and MCC (c) 
data reduction scheme. 

 

5mm
 

Figure 4.9: Fiber bridgings developed during the DCB tests. 
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The pre-crack tip opening displacement ( * ) was monitored as a function of time with 

the use of the high-speed laser scan micrometer. These registered data were related to the 

corresponding applied displacement data δ directly through the time parameter. Thus, the * -α 

discrete data sets can be easily obtained by combining the P-δ-α data sets (see Figure 4.5) with 

the corresponding *  magnitude measured from each DCB test.  

Since the main scope of this work is to derive a law that will characterize the bridging 

zone and that can be used as a material property of the composite material system, an analytical 

function (fitting function) that describes the trend of all specimens data sets must be determined. 

This procedure is required in order to apply the J-integral approach (use of Equation (4.20)) to 

the GI - *  relation and hence produce an analytical form of the resulting bridging law. A 

different technique could pertain to the numerical differentiation of the discrete experimental GI - 
*  data sets according to Equation (4.20), so as to derive the bridging laws. This technique 

would yield a bridging law characterized by discontinuities and lack of smoothness and hence it 

could not be directly implemented in a numerical procedure (e.g. finite element method).   

Several efforts have been made towards finding a fitting function that would yield a value 

of the adjusted coefficient of determination (R2) as close to unity as possible, according to the 

least square method. All three GI - 
*  data sets are best described with the use of an exponential 

fitting function yielding values of R2 that equal to 0.75, 0.71 and 0.83 for the CBT, ECM and 

MCC methods, respectively, as shown in Figure 4.10. The form of the exponential fitted function 

is given by the following equation: 

  * *
I I 1 I 2 3   exp( / )   G C C C    (4.21) 

where C1, C2 and C3 are the fitted coefficients listed in Table 4.3 for the three cases of Figure 

4.10. The value of the average steady state fracture toughness GI,SS is taken equal to the 

asymptote of each separate exponential function. The respective results are also listed in Table 

4.3.  

 

Table 4.3: Calculated coefficients of the exponential function used for fitting the GI – δ* data sets 
and energetic characteristic parameters. 

 C1  C2 C3 
GI,0 

(N/mm) 

GI,SS 

(N/mm) 

GI,b 

(N/mm) 

Iexp,I  

(N/mm) 

CBT -0.705 -1.054 1.286 0.58 1.28 0.70 0.695 

ECM -0.651 -0.444 1.163 0.51 1.16 0.65 0.654 

MCC -0.834 -1.384 1.408 0.57 1.40 0.83 0.825 
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Figure 4.10: GI - 
* data sets calculated with the CBT (a), ECM (b) and MCC (c) data reduction scheme. 

By applying Equation (4.20) to the continuous GI - 
*  curves plotted together in Figure 

4.11a for reasons of comparison, the resulting bridging laws are shown in Figure 4.11b. In these 

two figures a moderate disagreement between the results obtained from the ECM and the other 

two methods is observed. The accuracy of the ECM is based on the number of the discrete points 

used to fit the C – α relationship (see Figure 4.7) and probably this is the reason for the above 

mentioned disagreement. However, all three calculated bridging laws have the same exponential 

softening behaviour. On the contrary, the critical bridging stress σc,I and the critical crack 

opening displacement *
c,Ι  (stress release bound) of the obtained bridging laws vary. The 

magnitude of the critical bridging stress relies on the magnitude of the initial slope of its 

respective GI - 
* curve, since it is calculated through the differentiation of the latter (Equation 

(4.20)). Thus, stiffer initial slopes yield higher values of the critical bridging stress and the 

opposite. This can be seen when comparing Figure 4.11a with Figure 4.11b. The obtained σc,I and 
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*
c,Ι  values of the experimentally obtained bridging laws from the CBT, ECM and MCC methods 

are listed in Table 4.4. 

A very interesting issue is the comparison of the energy uptake (Iexp) at the completion of 

the FPZ, which equals to the magnitude of the definite integral of the experimentally obtained 

bridging laws shown in Figure 4.11b. As shown from Table 4.3, the Iexp values are in great 

agreement with the fiber bridging increase fracture toughness GI,b, calculated from the 

subtraction of GI,0 from GI,SS. This fact is in accordance with the J-integral approach and denotes 

that the obtained bridging laws describe only the FPZ of the composites’ interface without taking 

into account the initial ERR needed for crack initiation (GI,0).  

Table 4.4: Parameters of the experimentally obtained bridging laws. 

 σc,I (MPa) *
c,Ι  (mm) 

CBT 0.66 5.97 

ECM 1.47 2.98 

MCC 0.6 6.34 
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Figure 4.11: Analytical fit of the experimentally obtained GI,0 - δ
* data sets (a) and their corresponding 

calculated bridging laws. 

4.5.2 Post-processing of the ENF test results 

 The same processing procedure is followed for the derivation of the Mode II bridging 

laws from the ENF test results as described in the previous section (4.5.1). The global response 

of the tested ENF specimens in terms of load-bending displacement curves is depicted in Figure 

4.12. All five experimental curves of this figure denote a good repeatability of the results and 

exhibit an initially linear response, followed by increasing non-linearities, as the crack begins to 

propagate.  
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Figure 4.12: Load – displacement results from all ENF tests. 

 

According to Figure 4.12, four of the specimens clearly exhibit a maximum load level, after 

which the slope of the load-displacement curves begins to slightly soften together with 

delamination progression, thus indicating entrance into a steady-state condition. The fifth 

specimen does not exhibit any drop of the load after a certain maximum load level, but even this 

seems to enter into a steady-state condition. The crack propagated in a stable manner during the 

displacement control fracture testing of all specimens. 

A typical P-δ-α curve is additionally presented in Figure 4.12. The circles on the graph 

indicate the crack length in mm, measured from the left support of each specimen (see Figure 

4.3b), as extracted from the high resolution video by image processing techniques. Figure 4.13 

shows the crack as it propagates in Mode II during the test. It is noteworthy that the crack 

initiated directly from the insert film and for all tests propagated along the mid-plane of the 

specimens.    

 

 
Figure 4.13: Crack propagation in Mode II. 



Chapter 4: Experimental and numerical investigation of pure Mode I and II delamination growth         81 

 

For the calculation of the ERR values with CCM, the compliance C must be calculated. 

Thus the ratio Ci = δi/Pi has been used directly for the calculation of the compliance for each 

value of αi. The compliances of the ENF tests are presented in Figure 4.14 as a function of the 

cubic power of the crack length, for all crack length values where measurements were taken (αi = 

35, 37, 39, 41 and 43 mm). It is observed that the compliance of all tested specimens increases 

together with the cubic power of the crack length, without important changes in the slope. This is 

in accordance with the CCM method and specifically with Equation (4.7). The derivation of 

coefficient m is necessary for the calculation of the GII values (see Equation (4.8)). Hence, a 

linear regression based on the least square method was performed over the discrete C – α3 data 

sets from each ENF test (see Figure 4.14). The obtained slope from each linear fitting function 

was utilized as coefficient m. The linear fittings simulate very accurately the experimental 

measurements, exhibiting values of the coefficient of determination that vary within the range of 

0.95 – 0.99. The ERR values calculated from Equation (4.8) for all specimens are listed in Table 

4.5.  

Table 4.5: Fracture toughness values, GII, as calculated from CCM (in N/mm). 

crack length (in mm) 
 

α0 = 35 α1 = 37 α2 = 39 α3 = 41 α4 = 43 

Specimen 1 0.66 1.24 1.60 1.83 2.02 

Specimen 2 0.65 1.34 1.58 1.71 1.92 

Specimen 3 0.79 1.41 1.63 1.65 1.86 

Specimen 4 0.75 1.61 1.97 2.15 2.24 

Specimen 5 0.79 1.60 1.92 1.93 2.09 

Mean value 0.73 1.44 1.74 1.85 2.03 

COV (%) 9.4 11.3 10.86 10.66 7.4 

 COV:  Coefficient of variance 

 

Table 4.6: Fracture toughness values, GII, as calculated from CBT (in N/mm). 

crack length (in mm) 
 

α0 = 35 α1 = 37 α2 = 39 α3 = 41 α4 = 43 

Specimen 1 0.63 1.18 1.52 1.74 1.74 

Specimen 2 0.64 1.31 1.54 1.67 1.77 
Specimen 3 0.60 1.29 1.58 1.71 1.73 

Specimen 4 0.67 1.36 1.63 1.68 1.68 
Specimen 5 0.72 1.27 1.48 1.65 1.70 

Mean value 0.65 1.28 1.55 1.69 1.72 

COV (%) 7.0 5.2 3.8 2.0 2.1 
 COV:  Coefficient of variance 
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Table 4.7: Fracture toughness values, GII, as calculated from CBBM (in N/mm). 

crack length (in mm) 
 

α0 = 35 α1 = 37 α2 = 39 α3 = 41 α4 = 43 

Specimen 1 0.64 1.17 1.53 1.75 1.97 

Specimen 2 0.65 1.28 1.59 1.74 1.97 
Specimen 3 0.58 1.01 1.41 1.71 1.82 

Specimen 4 0.70 1.34 1.70 1.79 1.85 
Specimen 5 0.73 1.26 1.51 1.72 1.68 

Mean value 0.66 1.21 1.55 1.74 1.85 

COV (%) 8.6 10.8 7.0 1.7 6.4 
 COV:  Coefficient of variance 
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Figure 4.14: Experimentally measured compliance vs. cubic crack length for the ENF specimens. 

 

For the calculation of the GII magnitude with the CBT and CBBM data reduction 

schemes, Equation (4.9) to (4.11) and (4.12) to (4.17) have been utilized, respectively. The 

corresponding GII calculated values are listed in Table 4.6 and Table 4.7. The ERR values have 

been derived in terms of the equivalent crack length, αe, in the case of CBBM, which is 

calculated by Equation (4.13). This calculation yields as many values as the recorded P–δ data 

during each test. Thus, for reasons of comparison, GII values obtained by the CBBM method are 

listed in 4.17 with respect to the real crack length as experimentally measured, without any loss 

of generality. It must be mentioned that GII values obtained using CBT and CBBM methods 

exhibit very good repeatability since their coefficient of variance (COV) for each crack length 

attains low values. In the case of the GII values calculated with the CCM method, coefficients of 

variance is slightly higher.  

Figure 4.15 presents the R-curves obtained from the mean values of fracture toughness 

from all five specimens, as a function of the crack length, as calculated by CCM, CBT and 

CBBM. The CBBM data reduction scheme has yielded a continuous R-curve in comparison to 
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the respective curves obtained from CCM and CBT which appear to be discrete. As Figure 4.15 

shows and Table 4.5 to Table 4.7 indicate, fracture toughness increases together with crack 

propagation. The R-curve obtained from the CBT scheme reaches a plateau region (steady state 

fracture toughness, GII,SS), where it is assumed that the ERR remains stable for any further 

increase of the crack length.  In the case of the CCM and CBBM schemes results, Figure 4.15 

indicates that this steady state conditions is marginally achieved. As it is shown from Table 4.5 

to Table 4.7, fracture toughness at crack initiation, GII,0, and steady state fracture toughness, 

GII,SS, indicate very good repeatability with a coefficient variation approximately equal to 6%. 

The R-curves obtained by CBT and CBBM are in quite good agreement between each other, 

whereas the R-curve obtained by CCM exhibits slightly higher values. 
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Figure 4.15: Experimentally measured R-curves from all specimens. 

For obtaining the bridging law described by Equation (4.20), definition of function GII–
*  is required. In fact function GII–

*  can be implicitly defined by combining the relationships 

GII–α shown in Figure 4.15 and function * –α. Using the recordings of the high definition 

camera, function * –α was defined with image processing techniques and is shown in Figure 

4.16. This function was then used to calculate the final experimentally derived function GII–
* .  

In the sequence, three GII–
*  discrete data sets were plotted corresponding to the three data 

reduction schemes, and analytical functions were fitted to the results for each case separately. 

This procedure is necessary for deriving a smooth differential relationship from Equation (4.20b), 

appropriate for implementation into a numerical procedure (e.g. finite element method). If 

numerical differentiation was performed on the discrete experimental GII - *  data sets, we 

would result in a bridging law characterized by discontinuities and lack of smoothness and hence 

not directly implemented in a numerical procedure. Figure 4.17 presents the respective GII–
*  

data sets, together with their corresponding fitting functions. 
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Figure 4.16: Sliding displacement at the pre-crack tip in terms of the crack length. 

 Several efforts have been made towards finding the best fitting functions, corresponding 

to a value of the coefficient of determination, R2, as close to unity as possible. For this reason, 

two candidate analytical functions were utilized for fitting the data sets, i.e. a second order 

polynomial with the following analytical expression: 

 2
II 1 2 3( )* * *G C C C        (4.22) 

and a power law with the following analytical expression: 

   3* *
II ΙΙ 1 ΙΙ 2( )

C
G C C    (4.23) 

 The GII –
* data set produced using CCM exhibits significant variations. Nevertheless, 

results from each test exhibit the same behaviour in terms of their corresponding change in slope, 

as depicted in Figure 4.17a. A second order polynomial (parabola) fitting function was utilized 

for the regression of the GII –
* data set reduced with CCM, which yields a value of R2 equal to 

0.87, since the other candidate function (power law) did not adequately describe the increasing 

behaviour of the GII values (see Table 4.8). It should be pointed out that the parabola function 

captures in a very satisfactory manner the behaviour of the data sets up to a *  value of 0.14 mm. 

Beyond that point the function begins to decay. This unphysical behaviour was not considered 

for further calculations and thus the part of the GII –
*  parabola fitting curve for values of *  

higher than 0.14 mm was omitted, as shown in Figure 4.17a.  
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Figure 4.17: GII - 
* data sets calculated with the CCM (a), CBT (b) and CBBM (c) data reduction 

scheme. 

 In contrast to the above case, GII –
* data sets reduced with CBT and CBBM have a very 

lower dispersion, as shown in Figure 4.17b and Figure 4.17c, respectively. The results obtained 

with CBT exhibit a low increase rate of the fracture toughness, without clearly reaching a steady 

state value. This behaviour is well described with the use of a power law and a second order 

polynomial (parabola), as shown in Figure 4.17b. The corresponding values of the coefficients 

are listed in Table 4.8. Additionally, the R2 coefficients for the CBT data set regression are 0.89 

and 0.82 for the power law and the parabola fittings, respectively. For the same reasons as in the 

case of Figure 4.17a, the part of the GII –
*  parabola fitting curve for values of *  higher than 

0.13 mm was omitted.  

 In the case of the CBBM results, steady state fracture toughness was reached near the 

final experimentally measured values of GII and * . Thus, again a power law (R2 = 0.87) and a 
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parabola function (R2 = 0.94) were utilized for fitting the corresponding CBBM GII –
*  dataset, 

as presented in Figure 4.17c. The corresponding values of the coefficients are listed in Table 4.8.  

 With the GII – *  functions known for the three cases considered in this study, the 

bridging laws *
IΙ ΙΙ  can be then obtained from Equation (4.20b). The differentiation with 

respect to *  of the second order polynomial fitting functions leads to linear bridging laws and 

of the power fitting functions to non-linear bridging laws. Figure 4.18 compares all bridging 

laws inferred by CCM, CBT and CBBM data reduction schemes. For reasons of clarity the linear 

bridging laws are plotted together in Figure 4.18a whereas the non-linear bridging laws (power 

laws) are compared in Figure 4.18b. At crack initiation the shear traction attains a peak, followed 

by a decay to zero, which depends on the specific GII –
*  function adopted for each case. Finally, 

after a certain value of * , namely *
c,ΙΙ  , shear traction becomes zero denoting the completion of 

the FPZ under further crack growth. The mean value of *
c,ΙΙ  for all cases can be seen in Table 

4.8. 
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Figure 4.18: Linear (a) and power (b) experimental bridging law as derived from the J-integral approach. 

Table 4.8 compares the values of the area integrals (Iexp,II) calculated from each bridging 

law, with the mean values of the GII,b magnitude (from Equation (4.27)) for the three data 

reduction schemes. The area integrals are in very good agreement with the corresponding GII,b 

values for the three cases (CCM, CBT and CBBM), denoting the validity of the fitting functions 

used to describe the data sets produced from each different case.   

 The area under each *
IΙ ΙΙ  curve, Iexp,II, is a characteristic property of the obtained 

bridging law which expresses the energy uptake at the completion of the bridging zone and in a 

theoretical basis its value must agree with the fibre bridging fracture toughness increase, GII,b. 

The GII,b magnitude is calculated explicitly by II,SS II,0 II,bG G G  . 
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Table 4.8: Parameters of the proposed traction-separation law. 

 Bridging Law C1  C2 C3 
Iexp,II 

(N/mm) 
GII,b 

(N/mm) 
GII,0 

(N/mm) 

CCM Linear -60.14 16.97 0.77 1.21 1.3 0.73 

Power 2.65 0.00015 0.224 1.10 
CBT 

Linear -56.2 15.3 0.69 1.04 
1.07 0.65 

Power 3.30 0.0065 0.32 1.20 
CBBM 

Linear -42.4 13.9 0.667 1.15 
1.19 0.66 

The calculated softening behaviour of the bridging laws is based on the functions used to 

fit the GII –
*  data sets. The bridging stress at the initiation of the crack propagation (critical 

bridging stress, c,IΙ ) calculated with the CCM, CBT and CBBM methods are given in Table 4.9 

together with the critical Mode II sliding of each law, respectively. 

Table 4.9: Parameters of the experimentally obtained Mode II bridging laws. 

 Bridging Law c,IΙ  (MPa) *
c,ΙΙ  (mm) 

CCM Linear 16.97 0.14 

Power 48.40 0.16 
CBT 

Linear 15.30 0.14 

Power 32.40 0.16 
CBBM 

Linear 13.90 0.16 

4.6 Fracture Process Zone (FPZ) characterization 

 Loading and fracture of DCB and ENF composite specimens lead to the Mode I and II 

delamination growth, respectively. During this process a Fracture Process Zone (FPZ) is formed 

in the plane were delamination propagates, which consists of a fibre bridging zone and a 

cohesive zone, as schematically presented in Figure 4.19. The latter includes local plasticity of 

the matrix material together with the creation of microcracks. The fibre bridging zone is 

quantified by a bridging law, whereas the cohesive zone is quantified by a cohesive model. The 

cohesive zone is geometrically located ahead of the physical crack tip, whereas the bridging zone 

is formed behind the crack tip (Sorensen et al. 2008). In the previous sections, the experimental 

bridging laws have been obtained in pure Mode I and II delamination growth. The corresponding 

experimental cohesive laws cannot be calculated, since the obtained GI –
* and GII –

* data sets 

presented in Figure 4.10 and Figure 4.17, respectively, provide information only for the bridging 

zone (lack of data below GI,0 and GII,0). The only available information for the cohesive zone is 
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the initial fracture toughness GI,0 and GII,0, which from a physical point of view quantify the 

energy needed for the formation of the cohesive zone. However, during the application of the J-

integral to the analytical fitting functions of Figure 4.10 and Figure 4.17, the GI,0 and GII,0 

magnitudes vanish, since these are constant terms (see section 4.4). The constitutive response of 

either bridging or cohesive zone is described by a Traction – Separation model (T-S) σi - δi (i = I 

or II for Mode I or II, respectively). 

Fiber bridging zone Cohesive zone

Crack tip

 
Figure 4.19: Formation of the Fracture Process Zone during delamination growth. 

  The following two sections aim at proposing a procedure on how the experimental 

bridging laws can be effectively implemented into numerical simulations. Regardless of the data 

reduction scheme utilized for the derivation of the bridging laws (CBT, ECM and MCC for the 

DCB tests and CCM, CBT and CBBM for the ENF tests), these laws are subjected to specific 

amendments and enhancements, in order to describe the FPZ resulting from the subsequent 

formation of the bridging and cohesive zone. Thus, a new T-S model is proposed that yields very 

promising results in the numerical prediction of the Mode I and Mode II delamination 

propagation, as it will be shown in the following sections. For reasons of comparison, in both test 

cases (DCB and ENF) a T-S model has been developed that does not include the cohesive zone, 

i.e. GI,0 or GII,0. In addition, a T-S model available in the literature is included, which will be 

used latter for the DCB simulations only.  

4.6.1 Mode I fiber bridging and cohesive models 

The derived bridging laws shown in Figure 4.11b must be subjected to several 

modifications in order to be treated as Traction-Separation (T-S) laws. 

The first approach aims at utilizing the bridging laws shown in Figure 4.11b without 

taking into account the initial fracture toughness GI,0. The corresponding T-S law type is 

presented in Figure 4.20a. The right hand side decreasing part of this curve is exactly the 

experimental bridging laws, as obtained from the J-integral approach. The curve includes also 

the incorporation of an initial linear response until the point with co-ordinates σc,I - δ0,I. This 

amendment is necessary in order to overcome the stress singularity point at *
Ι

 = 0 (see Figure 
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4.11b). Hence, an initial linear stiffness KI is introduced and its magnitude is chosen to be very 

high (105 MPa/ mm) in order to allow the stresses to be transferred through the mid-plane 

interface invariantly and without leading to numerical instabilities of the non-linear solution. The 

first linear part of the traction-separation law of Figure 4.20a is given by the following 

expression:  

   K       for ,00      (4.24) 

The preceding equation is utilized to describe loading prior to the initiation of the stress-release 

softening function, which occurs at σc,I. From that point and forward the experimental bridging 

law is utilized. By differentiating Equation (4.21) according to Equation (4.20a), the σΙ = f (δΙ) 

relation is given by:    

   1 2
2

 /  expC C
C

  
 

 
  

 
 for ,0 ,c       (4.25) 

The total area under the traction-separation law ( ,c0     ) of Figure 4.20a equals to Iexp, 

which in turn equals to the fiber bridging increase fracture toughness GI,b as previously described 

(see Table 4.3) and is given by the following equation: 

    I,b c,I ,0 1 ,c 2 ,0 2

1
exp / exp /

2
G C C C           (4.26) 

Having defined the initial linear stiffness KI, the δ0,Ι magnitude can be easily obtained 

from Equation (4.24). For this type of traction-separation law, δc,Ι is equal to the experimentally 

evaluated *
c,Ι , since δ0,Ι is relatively very small when compared to δc,Ι. Thus the contribution of 

the first term of the right hand side of Equation (4.26) is negligible and the GI,b magnitude equals 

to Iexp. 

In the current interface formulation, it is assumed that normal compressive stresses do not 

induce damage, but their existence indicates contact conditions, which must be taken under 

consideration. For this purpose, when normal stresses σΙ are compressive and hence the δΙ 

magnitude is negative denoting contact between the adjacent surfaces of the interface, a penalty 

contact algorithm is used to describe the traction-separation relationship: 

   pK      for 0   (4.27) 

where Kp is the penalty stiffness, chosen to be equal to 105 MPa/mm.       

The initial fracture toughness GI,0 must be taken into account into the traction-separation 

laws, since a constant term is assumed, which vanishes during the differentiation of Equation 
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(4.18a) to derive Equation (4.20a). This modification is necessary in order to attain the total 

energy uptake (GI,SS) accumulated during crack initiation and the formation of the FPZ. In fact, 

the GI,0 magnitude corresponds to the energy uptake for crack initiation.  
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Figure 4.20: Traction-Separation (T-S) model without I,0G (a), three-parameters T-S model of the 

Fracture Process Zone (cohesive and bridging zone (with II,0G ),Sorensen et al. (2007) (b) and proposed T-

S model of the Fracture Process Zone (cohesive and bridging zone (with II,0G ), Tsouvalis and Anyfantis 

(2012) (c). 

A promising traction-separation law, namely the three-parameters model, that 

incorporates GI,0 into the experimentally evaluated bridging laws, was initially proposed by 

Tamuzs et al. (2001) and recently utilized in a modified version, as presented in Figure 4.20b, 

and described by Sorensen et al. (2008). According to Sorensen et al. (2008) and Figure 4.20b, 

there are two key stress magnitudes, namely σc,I and σmax,I. The σc,I magnitude, as previously, 

corresponds to the critical bridging stress experimentally obtained. On the other hand, magnitude 
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σmax,I is chosen to be equal to 40% of the matrix material strength (Su). For the epoxy resin used 

herein as the matrix material, Su equals to 44.7MPa (Dow Chemical Company, 2012). In this 

model, the initial slope KI equals to the through-thickness Young modulus (E3) divided by the 

constitutive interface element thickness, which in our case equals to one. Having defined KI and 

σmax,I magnitudes, the equation describing the first linear part of the three-parameters model is 

given by Equation (4.24). Thus, one can easily obtain from this equation the separation 

parameter δ0,Ι, which is equal to 0.0081 mm for all cases.  

The δ1,Ι magnitude is determined directly from the expression used to calculate the area 

under the traction-separation curve until that point, which equals to the experimentally 

determined value of GI,0 (denoted as the dark grey area in Figure 4.20b), Sorensen et al. (2008). 

Thus, the corresponding calculated values of δ1,Ι for the traction-separation laws calculated from 

the CBT, ECM and MCC methods are 0.0626, 0.0527 and 0.0617 mm respectively.  

The remaining part of the curve from δ1,Ι to δc,Ι is based again on the experimentally 

obtained bridging laws as described by Equation (4.25). Hence, magnitude δc,Ι is calculated by 

summing the determined δ1,Ι values with the experimentally evaluated *
c,Ι  values for each case. 

In most cases, σmax,I is much higher than σc,I. This fact leads to numerical instabilities and 

convergence of the non-linear solution is difficult to be achieved unless the chosen time step is 

extremely small and artificial damping is utilized in the element formulation. Thus, in general, 

the three-parameters model depicted in Figure 4.20b is based on GI,0 and not on the exact value 

of σmax,I,  Sorensen et al. (2008).  

 An effective traction-separation law is proposed in this work (Tsouvalis and Anyfantis, 

2012), that addresses the issue of embedding GI,0 to the experimentally evaluated bridging law, 

as depicted in Figure 4.20c. The main advantage of this procedure is that no extra parameters 

need to be assumed or/and adjusted for achieving numerical convergence. The initial linear part 

is described by Equation (4.24) and the same values of KI and δ0,Ι are utilized, as given for the 

traction-separation law of Figure 4.20a.     

Regarding the next part of the curve, the critical stress is maintained constant until δ1,Ι is 

reached and is described by:  

 I c,I( )     for 0, 1,       (4.28) 

The area under the curve shown in Figure 4.20c between δΙ = 0 and δΙ = δ1,Ι expresses the GI,0 

magnitude, which is given by the following expression: 

  I,0 c,I ,0 c,I ,1 ,0

1

2
G           (4.29)  

Having GI,0 and δ0,Ι magnitudes known, δ1,Ι can be easily calculated from Equation (4.32). 

After the completion of the crack initiation process at δ1,Ι, the normal stresses σΙ are being 
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released according to the exponential softening behaviour given by the experimentally evaluated 

bridging laws. Thus, with any further increase in the separation δΙ beyond the value of δ1,Ι the 

stresses are described by the following relation: 

  c,I I 1,I c,I I,0( ) exp ( ) / G           for 1, c,       (4.30) 

where  

 *
c,I 1,I c,I       (4.31)  

Beyond δc,Ι the bridging fibers lose their load carrying capacity and fail. Thus the stresses are 

totally released: 

   0     for c,Ι    (4.32) 

Having incorporated the GI,0 magnitude into the proposed traction-separation law, the total 

energy uptake at the completion of the FPZ is the desired ERR magnitude that equals to the 

steady-state fracture toughness I,SSG  and is defined by the total area under the curve σΙ - δΙ of 

Figure 4.20c, which is given by: 

 I,SS I,0 I,bG G G   (4.33) 

      I,SS c,I 0,I c,I 1,I 0,I I,0 1,I c,I I,0 c,I c,I I,0
1 exp / exp /2G G G G                  (4.34) 

The parameters of the proposed traction-separation laws utilized for the simulation of the 

present DCB tests are listed in Table 4.10.  

Table 4.10: Parameters used for the DCB simulation with the proposed traction-separation law. 

 σc,I (MPa) δ0,Ι (mm) δ1,Ι (mm) δc,Ι (mm) 

CBT 0.66 10-5 0.88 6.85 

ECM 1.47 10-5 0.35 3.33 

MCC 0.6 10-5 0.96 7.30 
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4.6.2 Mode II fiber bridging and cohesive models 

 As in the previous section, an initial stiffness KII is introduced to describe the σΙI (δΙI)  

relation, in order to overcome the theoretical stress singularity point at *
IΙ = 0 (see Figure 4.18),  

as:  

   K       for 0,0       (4.35) 

 The slope KII of the preceded equation is chosen to be high enough so as to allow the 

stresses to transfer through the mid-plane interface invariantly. Thus, the optimum interface 

stiffness is the highest value that does not lead to numerical instabilities (de Moura et al. 2008). 

Maintaining the critical bridging stress value σc,ΙI calculated by Equation (4.20b) unchangeable, a 

very small value of δ0,ΙI is generated. The initial fracture toughness GII,0 must be embedded to the 

traction-separation laws, since it disappears during the differentiation of Equation (4.18b) to 

derive Equation (4.20b).  

 The first traction-separation model aimed at utilizing the experimentally obtained bridging 

laws without embedding the initial fracture toughness GII,0 (as in Figure 4.20a), for reasons of 

comparison. Thus, only the fibre bridging zone is modelled. The corresponding T-S model is 

presented in Figure 4.21. Equation (4.35) is utilized to describe loading prior to the initiation of 

the stress-release softening function, which occurs at σc,I. From that point and forward the 

experimental bridging law is utilized. By differentiating Equation (4.22) and Equation (4.23) 

according to Equation (4.20b), the σΙI = f (δΙI) relation of the linear bridging laws (parabola 

regression of the GII –
*  data sets) is given by:   

 II 1 2( ) 2C C       for 0, c,        (4.36) 

and the σΙI = f (δΙI) relation of the power bridging laws (power regression of the GII –
* data sets) 

is given by:   

 3 1
II 1 3 2( ) ( )CC C C   

     for 0, c,       (4.37) 

  The total area under the curve shown in Figure 4.21a and Figure 4.21b equals to the fibre 

bridging fracture toughness increase GII,b. The corresponding analytic formula of the GII,b 

magnitude for the T-S model of Figure 4.21a is,  

 IΙ,b c,IΙ c,II

1

2
G    (4.38) 

whereas the analytic formula of the GII,b magnitude for the T-S model of Figure 4.21b is 
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 3 3
IΙ,b c,IΙ 0,II 1 2 c,II 2 0,II

1
( ) ( )

2
C CG C C C           (4.39)  

Since δ0,ΙI is several orders of magnitude smaller than *
c,IΙ , the magnitude of δc,ΙI remains equal 

to *
c,IΙ  for all obtained bridging laws.  
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Figure 4.21: Linear (a) and power (b) Traction-Separation (T-S) model of the bridging zone (without 

II,0G ). 
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Figure 4.22: Linear (a) and power (b) proposed Traction-Separation (T-S) model of the Fracture Process 
Zone (cohesive and bridging zone (with II,0G ), (Anyfantis and Tsouvalis, 2011b). 

A new effective traction-separation model is proposed and presented in Figure 4.22, which 

involves both bridging and cohesive zone, i.e. Fracture Process Zone (FPZ). This model is 

actually is the same one proposed for addressing the FPZ in Mode I (see Figure 4.20c) and 
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addresses the issue of embedding GII,0 to the experimentally evaluated bridging law and hence 

incorporating the cohesive zone into the traction-separation model. According to this model, the 

stresses that develop during the formation of the cohesive zone are assumed to remain constant. 

The main advantage of this procedure is that no extra parameters need to be assumed or/and 

adequately adjusted for achieving numerical convergence. The initial slope KII and the relative 

displacement δ0,ΙI are calculated by the aforementioned procedure and the initial behaviour of σΙI 
(δΙI) relation is given by Equation (4.35). Afterwards, the critical stress is maintained constant 

until displacement δ1,ΙI is reached, as described by:  

 IΙ c,IΙ( )     for 0, 1,       (4.40) 

The areas under the curves of both plots shown in Figure 4.22 between δΙI = 0 and δΙI = δ1,ΙI 

express magnitude GII,0 and are given by the following expressions  

  ΙI,0 c,IΙ ,0 c,IΙ ,1 ,0

1

2
G           (4.41) 

Having  GII,0, σc,ΙI and δ0,ΙI magnitudes known, δ1,ΙI can be easily calculated from Equation (4.41). 

In fact the first term of the right hand side of Equation (4.41) is negligibly small compared to the 

remaining term and thus it does not practically contribute to the GII,0  magnitude. After the 

completion of the cohesive zone at δ1,ΙI, the shear tractions σΙI are being released according to the 

softening behaviour described by the experimentally evaluated bridging laws. Thus, with any 

further increase in the relative displacement beyond the value of δ1,ΙI, the tractions are given by 

the experimentally obtained bridging laws. Therefore, Equation (4.36) and Equation (4.37) can 

be rewritten within the range of ( δ1,ΙI - δc,ΙI), as following: 

  II 1 1 2( ) 2 ,C C            for 1, c,        (4.42) 

 3 1
II 1 3 1 2( ) ( )C

,C C C    
       for ,0 ,c       (4.43) 

The critical relative displacement is expressed by:  

 *
c,IΙ 1,IΙ c,IΙ       (4.44)  

Beyond δc,ΙI, the bridging fibres lose their load carrying capacity and fail. Thus the closure 

tractions are totally released: 

   0     for c,ΙΙ     (4.45) 
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The total energy uptake at the completion of the FPZ is defined by the total area under the curve 

σΙI - δΙI . Thus, the calculated steady state fracture toughness GII,SS is given by Equation (4.38) 

and Equation (4.39) for the linear and power T-S model, respectively.  

 IΙ,SS IΙ,0 IΙ,bG G G   (4.46) 

  ΙI,SS c,ΙI c,II 0,IΙ c,IΙ 1,IΙ 0,IΙ
1 ( )2G           (4.47) 

   3 3
ΙI,SS c,ΙI 0,IΙ c,IΙ 1,IΙ 0,IΙ 1 2 c,II 2 0,II

1 ( ) ( )2
C CG C C C                (4.48) 

4.7 Numerical modeling of the experiments 

4.7.1 Mesh, loading and boundary conditions 

 The finite element mesh of the tested DCB and ENF specimens is presented in Figure 

4.23 and Figure 4.24, respectively, together with its corresponding loading and boundary 

conditions. The nodes located at the right edge of the DCB model were considered to have all 

their degrees of freedom constrained (see Figure 4.23). Two vertical prescribed displacement 

conditions with opposite sign have been applied at the corner nodes of the other edge of the DCB 

model, in order to simulate the experimental loading condition (see Figure 4.2). The pre-crack 

has been modeled by introducing pairs of nodes at the adjacent to the midline element edges, 

with no coupling or merging between them. In this way, each lever arm in the pre-crack area is 

independent to the other. 

 
Figure 4.23: Finite element mesh of the tested DCB specimens. 

 The two supports and the load application device, utilized for the three-point bending of 

the ENF specimens, were modelled as semi-circles with rigid elements and had their real 

dimensions (diameter = 4 mm).  Frictionless contact surfaces were considered between these 

three items and the corresponding areas of the specimen. The finite element mesh was refined at 

the regions of the supports and at the region where the crack would propagate (Figure 4.24b). 

The penalty contact algorithm has been applied for the simulation of the contact mechanics 

incorporated in the adjacent to the pre-crack region element faces (see Figure 4.24b). The 

magnitude of the friction coefficient in the pre-crack region was selected to be equal to zero, 
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since the global response finite element results of the ENF model do not exhibit significant 

sensitivity to the variation of this magnitude.  

P, δ

X 

Y 

 
 

(a) 

 
 

Interface elements

X 

Y 

Pre-crack tip 

 
(b) 

Figure 4.24: Finite element model of the tested ENF specimens (a) and magnified area presenting the 
crack propagation region of the ENF model (b). 

  The composite material has been modelled with CPS8 continuum 2D elements available 

in the element library of ABAQUS®
 6.8. A more dense mesh has been utilized in the ENF model 

and particularly in the crack propagation area compared to the DCB model, as shown in Figure 

4.24 and Figure 4.23, respectively. This is necessary since the crack faces come into contact as 

crack propagates during the three-point bending of the ENF model. These contact boundary 

conditions are highly non-linear and thus a dense mesh facilitates the convergence of the solution 

of the non-linear equations and boundary conditions that arise. The material properties of the 

composite system listed in Table 4.1 have been considered for the analyses. In order to account 

for geometrical and material nonlinearities, the Newton-Raphson method has been utilized 

together with a line search algorithm. A displacement controlled approach is utilized for aiding 

the convergence of the non-linear solution and avoiding numerical instability issues involved in 

crack growth analyses, where softening behaviour is apparent. In the mid-plane of the specimens 

and just after the pre-crack, user developed interface elements (see Appendix A2) have been 

embedded for modeling the delamination propagation process. The Mode I and Mode II 

Traction- Separation laws presented in section 4.6.1 and 4.6.2 are utilized as constitutive 

relations of the user developed interface elements.  

  Appendix A includes the formulation of the plane interface elements utilized in 3-

dimensional analyses (Appendix A1), where volumetric elements are used, and additionally 

includes the formulation of the line interface elements utilized in 2-dimensional analyses 

(Appendix A2), where plane elements are used. In fact the 2D formulation of the line interface 
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elements is based on the 3D plane interface element formulation but is reduced to a 2-

dimensional space.  

 For the creation of the finite element mesh (plane and interface elements), ANSYS® v.11 

has been utilized and then the nodal coordinates and the element connectivity were accordingly 

transferred to ABAQUS® CAE modeling environment, where the properties, loading and 

boundary conditions were applied and the solution took place. This process is necessary, since 

the quadratic developed 2D and 3D interface elements (Appendix A) are not available at the 

ABAQUS® element library and thus cannot be embedded explicitly. This modeling procedure is 

followed for the creation of all models within this PhD thesis.   

4.8 Numerical results 

4.8.1 Finite element predictions of the DCB tests  

A typical variation of the through-thickness stress σy over the domain of a DCB coupon, 

based on the finite element model of Figure 4.23 is presented in Figure 4.25. These stresses close 

to the interface in fact balance the implied σΙ tractions in the delamination growth plane, which 

result from the constitutive response of the interface elements according to the utilized T-S 

model and the corresponding data reduction scheme used for the calculation of the bridging law. 

The red-to-yellow contours represent the tensile stresses σy that signify the tendency of the two 

delamination faces to close, owing to the Fracture Process Zone (FPZ). The two components of 

the FPZ, that is the bridging and the cohesive zone depicted in Figure 4.25, have been fully 

developed and propagate in a stable manner during the delamination propagation in the DCB 

specimen. The blue-to-light green contours represent contact compressive stresses, as developed 

during crack propagation and modeled with the penalty method.  

 
Figure 4.25: Typical σy stress distribution during crack propagation of a DCB test simulation. 
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As far as the DCB numerical predictions is concerned, the experimentally obtained 

bridging laws from the CBT, ECM and MCC methods were appropriately modified according to 

the two T-S models shown in Figure 4.20a and Figure 4.20b and the respective proposed model 

of Figure 4.20c. The numerical P-δ curves obtained from the three constitutive relations for each 

data reduction scheme are compared with the respective experimental curves in Figure 4.26. 

Experimental curves from all specimens are plotted in these figures, since the traction-separation 

laws utilized for the simulations constitute a material property describing the interface behaviour 

of the specific composite system. 
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Figure 4.26: Numerical P-δ curves of the DCB simulations obtained from the three Traction-Separation 
(T-S) models for the CBT (a), ECM (b) and  MCC(c) data reduction schemes. 

All numerically calculated curves exhibit an initial linear response based on the bending 

stiffness of the DCB specimen lever arms. The point where the slope of all P-δ numerical curves 
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begins to diverge from linearity coincides with crack initiation and the following increasing 

nonlinearities describe delamination propagation.  The comparison between the numerical and 

the experimental results will be made on the basis of the load at which divergence from linearity 

occurs, of the maximum load attained and of the applied displacement corresponding to this 

maximum load. 

The T-S model which neglects the initial fracture toughness GI,0 (Figure 4.20a), fails to 

adequately reproduce the experimental results for all three data reduction schemes. According to 

this model, crack initiates at the maximum bridging stress σc,I and beyond this magnitude the 

delamination propagates. In terms of the P-δ plot, numerical results indicate that crack initiates at 

approximately 20 N for the CBT and MCC methods and at 26.5 N for the ECM method, instead 

of the experimentally measured value of approximately 35 N. These deviations between the 

numerically calculated values are reasonable, since σc,I is equal to 0.66 and 0.6 MPa for the CBT 

and MCC methods and 1.47 MPa for the ECM method, as shown in Table 4.4. The maximum 

calculated load for this traction-separation law is equal to 34, 37 and 36.5 N for the CBT, ECM 

and MCC data reduction schemes, respectively, quite lower than the experimentally measured 

value of approximately 55 N. This law actually underestimates the required load for crack 

initiation and crack propagation, denoting the need for incorporating the GI,0 magnitude into it.  

Regarding the displacement value corresponding to the maximum load, CBT and ECM schemes 

predict a significantly lower value, whereas MCC scheme predicts it with relative accuracy. 

The three parameters T-S model which incorporates GI,0 (Figure 4.20b), yields more 

accurate results from the previous modeling that neglects it.  The delamination initiates between 

35 and 40 N for all data reduction schemes, thus being close to the measured average load level 

at crack initiation, which is approximately equal to 35 N.  The maximum numerical load is 

approximately equal to 53 N, compared also well to the experimental average value of 55 N.  

However, the numerical displacement values corresponding to this maximum load are far greater 

than the average experimental one, especially for the case of the MCC scheme. 

The proposed T-S model, which also incorporates GI,0, presents the more accurate 

prediction with respect to the maximum attained load.  Moreover, in combination with the ECM 

data reduction scheme, exhibits also an almost perfect match with the experimental 

measurements up to the maximum load, predicting quite accurately the delamination initiation, 

the maximum load and the displacement corresponding to it. In combination with the other two 

reduction schemes, delamination initiation is not accurately predicted.  

The softening behaviour beyond the maximum attained load that is predicted by the P-δ 

numerical curves is in all cases smooth, thus not being similar to the experimental measurements 

which indicate an initial abrupt load reduction, which is followed by a smoother softening. A 

possible reason for this difference may be that the composite lever arms start to locally fail after 

a certain load, a fact which has not been taken into account in the FE models. An additional 

reason may be the fact that the behaviour after the delamination initiation may not be sufficiently 

modeled by a single function, but separate functions are needed for modeling the behaviour 
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before and after the maximum load, as the change of the delamination growth rate in Figure 4.6 

indicates. 

4.8.2 Finite element predictions of the ENF tests  

 The deformed configuration of the ENF finite element model of Figure 4.24 is presented 

in Figure 4.27. The relative sliding between the upper and the lower half of the specimen denotes 

the crack propagation process. Figure 4.27 also presents a typical variation of the in-plane shear 

stress σxy over the domain of a ENF coupon. As in the DCB case, these stresses balance the 

implied σΙI tractions in the delamination growth plane, which result from the constitutive 

response of the interface elements according to the utilized T-S model and the corresponding 

data reduction scheme used for the calculation of the bridging law. The red-to-green contours 

represent the shear stresses σxy that signify the tendency of the two delamination faces to close, 

owing to the Fracture Process Zone (FPZ). The two components of the FPZ, that is the bridging 

and the cohesive zone depicted in Figure 4.27, have been fully developed and propagate in a 

stable manner during the delamination propagation of the ENF specimen.  

 
Figure 4.27: Typical shear stress σxy distribution during crack propagation of a ENF test simulation. 

 The experimentally obtained bridging laws from the CCM, CBT and CBBM methods 

were appropriately modified according to both the T-S model that does not account for the 

cohesive zone (GII,0 magnitude, see Figure 4.21) and that taking into account the cohesive zone 

(see Figure 4.22), as described in the previous section. The numerical P–δ curves calculated 

using the available T-S models for each one of the three data reduction schemes are compared 

with the experimental curves in Figure 4.28.  
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Figure 4.28: Numerical P-δ curves of the ENF simulations obtained from the three Traction-Separation 
(T-S) models for the CCM (a), CBT (b) and CBBM (c) data reduction schemes. 

  

All numerical curves exhibit an initial linear response based on the bending stiffness of the 

ENF specimen, followed by increasing non-linearities, caused by the softening behaviour of the 

bridging laws. As it can be seen from Figure 4.28, the T-S model which neglects the initial 

fracture toughness GII,0 and thus the existence of the cohesive zone provides only a qualitatively 

correct prediction of the response of the specimen for all bridging laws; however it fails to 

predict the experimental failure load and the corresponding bending displacement in all cases. 
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The results obtained when utilizing the proposed new T-S model of Figure 4.22 are very 
promising for the simulation of the ENF test. The numerical P–δ curves calculated with this 
model predict quite accurately the failure load for all bridging law schemes used, although there 
are small deviations in the corresponding bending displacement for the CCM and CBT data 
reduction schemes. The numerical results obtained with the linear and power traction separation 
laws for the CBT and CBBM methods, do not show important differences. However, the power 
laws seem to yield more stiff results when compared to the corresponding results from the 
utilization of the linear traction-separation laws, which fit better to the experimental 
measurements. The numerical P–δ curves produced when using the power and linear laws 
derived from the CBBM data reduction scheme exhibit the best agreement with the 
corresponding P–δ experimental curves. 

Thus, the linear traction separation model predicts very accurately both the failure load and 
the corresponding bending displacement value, its numerical results coinciding almost perfectly 
with the experimentally measured response.  This model, in contrast to the other one (power 
function) for the CBT and CBBM schemes, predicts accurately the non-linearities which start to 
appear at approximately 300 N, when the crack starts to propagate. 

4.9 Conclusions  

In this Chapter new constitutive relations of cohesive elements have been developed for 

simulating interlaminar fracture in fibrous composite laminates. Thus, in this study fracture tests 

of unidirectional glass fiber /epoxy Double Cantilever Beam (DCB) and End Notch Flexure 

(ENF) coupons have been conducted, in order to address the fiber bridging mechanisms that are 

involved in the well-known Fracture Process Zone under Mode I and Mode II delamination 

growth, respectively. Processing of the experimental measurements include construction of the 

R-curves (ERR versus crack length), reconstruction of these curves in terms of the pre-crack tip 

opening or sliding displacement and calculation of the corresponding bridging laws through the 

J-integral approach. For the calculation of the ERR in Mode I fracture, three different data 

reduction schemes have been utilized (Corrected Beam Theory - CBT, Experimental Compliance 

Method - ECM and Modified Compliance Calibration - MCC). For the calculation of the ERR in 

Mode II fracture, three corresponding data reduction schemes have been utilized (Compliance 

Calibration Method - CCM, Corrected Beam Theory - CBT and Compliance-Based Beam 

Method - CBBM). Thus, different bridging laws have been obtained according to the data 

reduction scheme utilized either in the DCB case or in the ENF case. 

 In order to investigate the effectiveness of the obtained bridging laws, the fracture tests 

were simulated with the finite element method. The experimentally evaluated bridging laws were 

converted into Traction-Separation models applicable to user defined interface/cohesive finite 

elements and simulation of the fracture tests has been carried out. A new to the literature 

Traction-Separation model is proposed that addresses both the developed cohesive and fiber 

bridging zone during Mode I or II delamination propagation and eliminates the need for any 
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estimation of the magnitudes and parameters which are necessary to fit the numerical results 

over the respective experimental ones.  

The conclusions drawn are as follows: 

 In a direction transverse to the delamination path (weft direction), fiber yarns seem to affect 

the ERR magnitude as crack propagates, as concluded from the force – applied displacement 

(P - δ) experimental measurements for the case of the DCB tests. 

 The energy uptake defined by the area under the experimentally evaluated bridging laws 

(Mode I or II) equals to the fiber bridging fracture toughness and does not include the initial 

fracture toughness (quantification of the cohesive zone) calculated at crack initiation. 

 The initial slope of either GI – * or GII – * curve influences the magnitude of the critical 

bridging stress obtained from the J-integral approach.  

 In order to utilize the obtained bridging law as a material property of the interface to be 

modelled (e.g. as a constitutive relation of interface elements), the initial fracture toughness 

magnitude must be taken into account. 

 In the case of the composite material system adopted herein and for Mode I delamination 

growth, the bridging law calculated from the ECM data reduction scheme and modified 

according to the proposed Traction - Separation model gives quite accurate results regarding 

the characterization of the Fracture Process Zone.  

 For the ENF tests the proposed Traction-Separation model with the linear softening function 

as produced from the CBBM scheme is very promising in numerical simulations for Mode II 

fracture growth.   

 The properties of the proposed Traction - Separation model are derived through a 

straightforward experimental procedure that involves fracture propagation tests (DCB or ENF 

tests for Mode I or II fracture, respectively).  

The Traction - Separation model provides a simple and easy-to-program tool for the simulation 
of the delamination initiation and propagation process in fibrous composite materials. 
Additionally, in comparison with the existing models in Mode I, it is smoother, hence, 
convergence of the non-linear numerical solution is easier to be achieved. 
 
 
 
 
 
 
 
 
 
 
 
 
 



105 

 

 
 
 
 
 
 

5. Development of a novel constitutive model for ductile adhesive 

joints 

 
 
 
 
 

5.1 Introduction 

In the framework of the numerical analysis of adhesive joints with finite element methods, 

Cohesive Zone Modeling (CZM) techniques have been mostly utilized by many researchers and 

design engineers. Relative information is given in detail regarding the theoretical background 

and state-of-the-art in section 2.3. However, a brief description is provided in this section for 

aiding the reader to cope with CZM methodologies. 

In CZM techniques, interface elements are incorporated in the lines (of a 2D model) or in 

the surfaces (of a 3D model) where damage initiation and propagation is supposed to take place. 

The latter are controlled through the constitutive relation of the utilized interface elements, given 

by a CZM law which is described through a Traction-Separation (T-S) law.  

Thus, CZM laws are established between paired nodes of interface elements and they can 

be used to connect superimposed nodes of elements representing different materials or different 

plies in composites, to simulate a zero thickness interface (local approach; Pardoen et al., 2005), 

or they can be applied directly between two non-contacting materials to simulate a thin strip of 

finite thickness between them, e.g. to simulate an adhesive bond (continuum approach; Xie and 

Waas, 2006). 

A very promising CZM methodology, based on the continuum approach, for the 

numerical prediction of the loading and fracture behaviour of adhesive joints is based on the 

Embedded Process Zone (EPZ), introduced by Thouless and his coworkers, (Yang et al., 1999; 

Li et al., 2005; Yang et al., 2001; Yang and Thouless, 2001). The general concept that lays 

behind the term EPZ is that the adhesive layer is responsible for providing tractions σ between 

the involved substrates (Yang and Thouless, 2001). From the numerical point of view, the 

adhesive material is totally represented by interface elements that can model the kinematics 

incorporated in the EPZ.  
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The development of a mixed-mode EPZ model is divided into two main phases. The first 

phase involves the development of a model in pure Mode I, pure Mode II and pure Mode III 

loading and fracture, in terms of a T-S law, σ(δ). Magnitude δ is the local separation (opening in 

Mode I or sliding in Mode II and Mode III) of the adjacent substrates, calculated at their 

interface. Such a law consists first of an increasing behaviour of the tractions developed in the 

EPZ up to a peak value, followed by a traction softening function to zero level. The traction 

increasing part involves the linear elastic and upcoming plasticity behaviour of the adhesive 

layer utilized, whereas the second part involves damage initiation and propagation owing to the 

creation of microcracks, nucleation of voids and the extensive plasticity (fibrous deformations). 

The second phase involves the incorporation of damage and fracture criteria in order to couple 

the pure mode laws under the framework of a mixed-mode model. 

In this work a new T-S law, which describes the embedded process zone of a ductile 

adhesive material constrained between substrates that form a structural adhesive joint, is 

developed and formulated under the combined framework of fracture and damage mechanics. 

The new T-S law will be referred as proposed EPZ law.  

The proposed EPZ law has been formulated to describe the mixed-mode response of an 

adhesive layer subjected to Mode I and II loading and fracture (Anyfantis and Tsouvalis, 2012a) 

and of an adhesive layer subjected to Mode I, II and III loading and fracture (Anyfantis and 

Tsouvalis, 2012b), respectively. Thus, section 5.2 provides the mathematical description and the 

numerical implementation of the proposed EPZ law which addresses the loading and fracture 

behaviour of a ductile adhesive material in either pure Mode I, II and III. On the other hand, 

sections 5.3 and 5.4 provide a developed formulation that simulates the interdependency of the 

pure mode EPZ laws coupled under Mode I and II mixity (2D proposed mixed-mode EPZ model) 

or under Mode I, II and III mixity (3D proposed mixed-mode EPZ model), respectively. The 

proposed 2D and 3D EPZ laws and mixed-mode models have been implemented in Equation 

(A1.20) and Equation (A2.28) for the description of the constitutive relation of the 2D and 3D 

interface elements given in Appendix A1 and Appendix A2, respectively. 

5.2 Proposed pure mode EPZ laws 

The proposed pure mode EPZ laws are presented in Figure 5.1 and are formulated so as to 

be utilized either in 2-dimensional or in 3-dimensinal finite element modeling of adhesive joints. 

Within the following formulation a subscript, namely i, has been utilized to distinguish the 

parameters and magnitudes involved in each separate law. This subscript equals to I, II or III 

when referring to Mode I, Mode II or Mode III, respectively. Thus, for the 2D proposed EPZ 

laws i equals to I or II only, whereas for the 3D proposed EPZ laws i equals to I, II or III (Mode 

III is included in the 3D formulation only). 
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Figure 5.1: Proposed EPZ laws for the prediction of Mode I (a) and Mode II or III (b) loading and fracture 
(Anyfantis and Tsouvalis, 2012a; 2012b ).  

The σΙ tractions that are used to describe loading and fracture in the Mode I EPZ law, 

express the normal to the adhesive bondline stresses, known as peel or cleavage stresses, 

whereas σΙΙ and σΙΙΙ tractions describe the in-plane and out-of-plane shear stresses, respectively. 

The traction strengthening part of the proposed laws is defined by an exponential function, which 

aims at describing the elastoplastic behaviour of a ductile adhesive layer. This part differentiates 

the proposed EPZ law from the trapezoidal law which describes this region with an elastic – 

perfectly plastic approach, i.e. tractions are maintained constant after the initial linear elastic 

region (first inflexion point) until they enter the softening part (second inflexion point). For the 

description of the traction softening part (damage propagation) a linear function is utilized, as 

also given in the trapezoidal law.  
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The reversibility of the laws (unloading paths) has been included in the following 

formulation, as shown in Figure 5.1 by the linear unloading paths, for both traction strengthening 

and softening parts (dash lines). 

The analytical function utilized for the description of the elastoplastic behaviour of a 

ductile adhesive material including its reversibility, is given by the following equation: 

   c, ,max

,max c,

1 expi i i
i i i

i i

k 
  

 

  
        

      for     0,0 i i    (5.1) 

where subscript i equals to I, II or III. The magnitude σc,i represents the critical stress and the 

magnitude δ0,i is its corresponding separation at damage initiation under pure mode loading and 

fracture conditions. Magnitude δi,max is equal to the maximum separation calculated at a 

converged time step of the non-linear analysis procedure. Thus, during loading, both δi and δi,max 

magnitudes are equal and together increasing and tractions follow the exponential function. 

However, if at given time step the calculated δi is less than δi,max, unloading is detected and hence 

δi,max remains constant and equal to the last value of δi. As aforementioned, during unloading, 

tractions follow the linear paths to conclude to the origin (see Figure 5.1).  

In order to avoid interpenetration between the, adjacent to the cohesive elements, 

continuum elements, a penalty contact algorithm has been included only in the formulation of 

Mode I EPZ law (see Figure 5.1). The contact algorithm is activated when δi becomes less than 

zero and hence tractions are described by: 

  I I p Ik         for     I 0   (5.2) 

where kp is the penalty magnitude (≈105 ÷ 106 MPa/mm, Tsouvalis and Anyfantis 2011a). It is 

assumed that negative stresses do not induce damage but treated only as contact conditions. The 

initial slope of Equation (5.1) is equal only to magnitude ki, which is called initial stiffness, as 

seen from the following equation. 

 
0i

i
i

i

k











 (5.3) 

This characteristic of the current exponential form is advantageous with regards to the 

development of the mixed-mode loading and fracture model, which will be described in the 

following. The initial stiffness ki is directly defined for each mode by dividing the corresponding 

elastic constant of the adhesive material with the adhesive thickness (Campilho et al., 2005; 

Campilho et al., 2007; Campilho et al., 2008a), kI = Ea / ta, kII = Ga / ta and kIΙI = kIΙ, where Ea and 

Ga is the Young and shear modulus of the adhesive, respectively, and ta the adhesive thickness. 
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Magnitude δ0,i can be directly defined or implicitly calculated, considering that the 

exponential form of Equation (5.1), on a theoretical basis, tends asymptotically to the horizontal 

asymptote σc,i. Thus, the corresponding ordinate is selected equal to (1-e)σc,i, where (1-e) is the 

tolerance and e is the numerical error between the asymptote σc,i and the corresponding value 

utilized in the numerical analysis, as depicted in Figure 5.2.  

 
ik

, ,
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exp i i
i c i c i

c i
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,c ie

   ,1 c ie 

 
0,i  

i
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,c i Horizontal assymptote

i = Mode I, II or III

 
Figure 5.2: Exponential form utilized for the traction strengthening part of the proposed EPZ law. 

Substituting the left hand side of Equation (5.1) with the term (1-e)σc,i and solving with 

respect to δ0,i, the following relation is obtained:    

 c,

0,

ln( )
i

i
i

e

k


    (5.4) 

As aforementioned, damage initiation and propagation is described by a linear traction 

softening function in the proposed EPZ laws. The term damage includes every type of 

degradation occurring within the adhesive layer, i.e. creation of microcracks, nucleation of voids 

and the extensive plasticity (fibrous deformations) etc. The linear softening function utilized in 

the formulation laws, from the critical traction point to the traction–free regime is given by 

Equation (5.5).  

   c, c, c,

c, 0, c, 0,

(1 ) (1 )i i i
i i i

i i i i

e e  
  

   
 

  
 

      for    0, c,i i i      (5.5) 
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where δc,i is the critical separation. In order to include reversibility (unloading) in the softening 

part, a control parameter of the damage extension D has been introduced which varies within the 

range [0,1]. 

 
 
 

0, c, ,max

,max c, 0,

1
i i i

i i i

D
  

  


 


  (5.6) 

 At this point Equation (5.5) can be rewritten in the following form, which includes both 

loading and loading: 

   c,
0,

(1 ) (1 ) i
i i i

i

D e
  


     for     0, c,i i i      (5.7) 

 Beyond the critical separation, the corresponding tractions are set to zero, hence leaving 

behind new traction–free surfaces (physical cracking). 

   0i i         for     c,i i    (5.8) 

 The total energy consumed at the end of the proposed EPZ law is given by the definite 

integral (area) of its curve. 

  
c ,

c, 0,

c 0, c, c, c, c, 0,
0 c,

1
exp

2

i

i i i

i i i i i i i i i i
i i

k
J d k

k

  
       



  
        

    
   (5.9) 

The selection of the proposed particular shape of the EPZ law has been made on the basis 

of the fact that this shape is a very good analytic fit of experimental T-S laws measured from 

steel-to-steel adhesive joints, as found in the literature for pure Mode I (Ji et al., 2010) and pure 

Mode II (Leffler et al., 2007), respectively. To the author knowledge, measurements of 

experimental T-S laws are rare in the literature. 

 Figure 5.3 presents the analytical fitting of a typical experimental T-S law, obtained from 

DCB (Ji et al., 2010) and ENF tests (Leffler et al., 2007), with the proposed EPZ laws (Equation 

(5.1) and Equation (5.5)), for both pure Mode I and pure Mode II, respectively. Despite the fact 

that the experimental T-S laws have been obtained for different adhesive systems (LOCTITE 

Hysol 9460 for the DCB tests and DOW Betamate XW1044-3 for the ENF tests) the mechanical 

behaviour of both adhesive materials is characterized as ductile.  
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Figure 5.3: Analytical fitting with Equation (5.1) and Equation (5.5) of a typical experimental T-S law 
obtained from Ji et al. (2010) and Leffler et al. (2007) through Mode I - DCB tests (a) and Mode II – ENF 

tests (b), respectively.  

 According to Figure 5.3, the traction increasing part has been fitted with great accuracy 

by Equation (5.1), yielding a coefficient of determination (R2) equal to 0.98 and 0.99 for the 

Mode I and Mode II case, respectively. On the other hand, the experimentally measured traction 

softening part (damage propagation region) in Mode I has a linear trend with a local non-

linearity at the beginning of the descend, whereas in Mode II a highly non-linear behaviour is 

attained. However, it is impossible to formulate the coupling (interdependency) between a linear 

and a highly non-linear softening response within a numerical scheme, in order to yield a mixed-

mode constitutive model. Additionally, Campilho et al. (2005), Campilho et al. (2007), Yang et 

al. (1999), Li et al. (2005), Yang et al. (2001) and Yang and Thouless (2001) state that a linear 

softening is adequate for modelling the physical phenomena occurring during damage 

propagation in the EPZ. For this purpose, within the present PhD thesis, no efforts were made to 

utilize a non-linear softening function and thus a linear description (Equation (5.5)) has been 

adopted.  

5.3 Proposed 2D mixed-mode EPZ model 

Having defined the pure mode EPZ laws in Mode I and Mode II, the next phase is 

focused on the formulation of the 2D mixed-mode EPZ model (see Figure 5.4). The present 

model accounts for the dependency between Mode I and Mode II loading and fracture and thus it 

can be used in plane stress/strain finite element modeling of adhesive joints. 
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Two are the guiding magnitudes through this formulation; the mode mixity ratio β, which 

is given by: 

 








  (5.10) 

and the coupling of deformations, that is the equivalent deformation δm 

 2 2

m
  

 
   (5.11) 
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Figure 5.4: Proposed 2D mixed-mode EPZ model (i = I or II). 

The mixed-mode formulation utilizes Equation (5.10) and Equation (5.11) for the 

composition of the mixed-mode EPZ law from the two pure mode EPZ laws and under a certain 

mode mixity ratio. The same fundamental equations combined with damage and fracture criteria 

will be used for the determination of the parameters characterizing the decomposed laws from 

the calculated mixed-mode EPZ law, under a particular mode mixity ratio. For the prediction of 

damage initiation under mixed mode loading, the quadratic stress criterion is utilized, (Campilho 

et al., 2008): 

 

2 2

cm, cm,

c, c,

1
 

 

   
    
       

 

 
 (5.12) 

where σcm,I and σcm,II are the decomposed critical tractions in Mode I and Mode II mixed-mode 

law (see Figure 5.4). The Macaulay brackets  are used to show that negative normal tractions 

do not induce damage and in that case σcm,I equals to zero and thus only tangential tractions 

(shear stresses) are involved within the EPZ. By solving Equation (5.4) with respect to σc,i and 
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σcm,i (for i = I, II) separately and substituting into Equation (5.12), the quadratic stress criterion 

can be rewritten in terms of the deformation field as: 

 

2 2

0m,I 0m,II

0, I 0,II

1
 

 

   
           

 (5.13) 

where δ0m,I and δ0m,II are the mixed mode decomposed relative displacements where damage 

initiates. By substituting Equation (5.10) and Equation (5.11) into Equation (5.13), the mixed 

mode total relative displacement δ0m can be obtained as follows: 

 
2

2 2 20m 0, 0,
0, 0,

1   
   

 





 (5.14) 

Again, by substituting Equation (5.10) and Equation (5.11) into Equation (5.14), the decomposed 

relative displacement in Mode I is obtained by 

 0, 0,

0m,I 2 2 2

0, 0,

 


  
 

 




 (5.15) 

and in Mode II by 

 0, 0,

0m,IΙ 2 2 2

0, 0,

 
 

  
 

 




 (5.16) 

Having calculated δ0m,I and δ0m,II, the mixed-mode decomposed critical stress at each 

Mode i, σcm,i can be calculated by utilizing Equation (5.4). 

 0m,

cm, ln( )
i i

i

k

e


    (5.17) 

The decomposed mixed-mode EPZ laws in Mode I and Mode II retain the initial slope ki 

(and thus the initial linear elastic response) of their respective pure mode EPZ law, as shown in 

Figure 5.4. This proofs the advantageous characteristic of Equation (5.1), according to which the 

linear elastic properties of the adhesive material are maintained under any mode mixity 

conditions. 
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For the prediction of damage propagation in the adhesive layer, the linear energetic 

fracture criterion (Equation (5.18)), that couples the fracture energies in Mode I (
I

J ) and Mode 

II (
II

J ), has been considered, (Campilho et al., 2008).  

 I II

Ic IIc

1
J J

J J
   (5.18) 

From a physical point of view, the satisfaction of the preceding criterion implies that the 

tractions in the EPZ are eliminated and thus new traction free crack faces are generated. The 

fracture energies 
i

J  are given in the same way as in Equation (5.9), by calculating the definite 

integral of the decomposed mixed mode EPZ laws:  

  
cm,

cm, 0m,

0m, cm, cm, cm, cm, 0m,
0 cm,

1
exp

2

i

i i i

i i i i i i i i i i
i i

k
J d k

k

  
       



  
        

    
  (5.19) 

The substitution of Equation (5.15) to Equation (5.17) into Equation (5.19) yields a direct 

calculation of the decomposed relative displacements δcm,I and δcm,II in Mode I and Mode II, 

respectively 

 

 Ic IIc I IIc II Ic 0m,I IIc cm,I 0m,II Ic cm,II

cm,I
IIc cm,I Ic cm,IΙ

2 2 2J J C J C J J J

J J

   


  

   



 (5.20) 

 

 Ic IIc I IIc II Ic 0m,I IIc cm,I 0m,II Ic cm,II

cm,II
IIc cm,I Ic cm,IΙ

2 2 2J J C J C J J J

J J

   
 

  

   



 (5.21) 

 

where Ci (i = I, II) is the definite integral of the decomposed exponential part of each mixed-

mode T-S law. 

  cm, 0m,

0m, cm, cm,
cm,

expi i i

i i i i i
i i

k
C k

k

 
  



   
              

 (5.22) 

Magnitude δcm can thus be obtained from Equation (5.11). The geometric representation of the 

deformation parameters involved in the preceding formulation is shown in Figure 5.5. 
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Figure 5.5: Geometric representation of the deformation parameters under constant mode mixity 

β. 

 Having calculated all necessary parameters involved in the mixed-mode EPZ laws, their 

computational implementation is provided. Loading and unloading is also considered in the 

mixed-mode laws. The traction increasing part is given from the following equation, which is 

similar to Equation (5.1): 

   cm, ,max
m,

,max cm,

1 expi i i
i i i

i i

k 
  

 

  
        

      for     0m,0 i i    (5.23) 

The damage parameter at this point is formulated according to the mixed-mode separation δm as 

follows: 

 
 
 

0m cm m

m cm 0m

1D
  

  


 


 (5.24) 

The linear softening part for both loading and unloading is described from the following 

equation which takes under consideration the preceding damage parameter D:  

  m, cm,
0m,

(1 )(1 ) i
i i i

i

D e


  


    for 0m m cm     (5.25) 

Finally, the traction free region beyond the critical separation is given by the following equation: 

  m, 0i i    for m cm   (5.26) 
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5.4 Proposed 3D mixed-mode EPZ model 

In this section, the proposed pure mode EPZ laws (Mode I, II and III), are formulated 

under a 3D mixed-mode model that accounts for their coupling and interdependency. The 

proposed mixed-mode model is presented in Figure 5.6 and is the same one that accounts for the 

2D mixed-mode model (Figure 5.4). Two cases are considered according to the sign of the 

normal tractions σΙ, since positive tractions contribute to the loading and fracture and negative 

tractions denote contact in the adhesive bondline. Thus, one case considers the Mode I, II and III 

mixity (positive σΙ) and the remaining one considers only Mode II and III mixity (negative σΙ). 
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Figure 5.6: Proposed 3D mixed-mode EPZ model (i = I, II or III). 

5.4.1 Mode I, II and III mixed-mode model 

The guiding parameters for the formulation of the 3D mixed-mode model are the mode 

mixity ratios: 

 









    and   









  (5.26) 

and the resultant total separation δm 

 2 2 2

m
   

  
     (5.27) 

The current formulation is based on Equation (5.26) and Equation (5.27) for the 

composition of the 3D mixed-mode EPZ laws for given pure mode EPZ laws, under constant 

mode mixity ratios. The same basic equations combined with damage initiation and propagation 

criteria are utilized for the definition of the parameters that characterize the three decomposed 

mixed-mode EPZ laws calculated from the mixed-mode model.  
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Damage initiation under mixed-mode loading is predicted with the use of the quadratic 

stress criterion (Campilho et al., 2008): 

 

2 2 2

cm, cm, cm,

c, c, c,

1
  

  
  

  

     
       
     
     

  (5.28) 

where σcm,I, σcm,II and σcm,IIΙ are the critical stresses of the decomposed mixed-mode EPZ laws 

(see Figure 5.6). Solving Equation (5.4) with respect to σc,i and σcm,i (for i = I, II και ΙΙΙ) 

separately and substituting to Equation (5.28), the stress criterion is written as: 

 

2 2 2

0m,I 0m,II 0m,IIΙ

0,I 0, II 0, IIΙ

1
  

  

     
       
     
     

  (5.29) 

where δ0m,I, δ0m,II and δ0m,IΙI are the obtained mixed-mode separations denoting the actual damage 

initiation point. Substituting Equation (5.26) and Equation (5.27) into Equation (5.29), the 

resultant total separation δ0m is obtained:  
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0m 2 2
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0, 0, 0,

1
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  (5.30) 

Substituting Equation (5.26) and (5.27) into Equation (5.30) the decomposed separation in Mode 

I loading and fracture is obtained: 

 0,m

0m,I 2 21




 
 


 

  (5.31) 

and in Mode II and III loading and fracture: 

 
0m,IΙ 0m,I

  


    and   
0m,IΙ 0m,I

  


   (5.32) 

Having calculated δ0m,I, δ0m,II and δ0m,IIΙ the decomposed critical stresses σcm,i may be 

calculated for each Mode i, by utilizing Equation (5.4). 
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cm, ln( )
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k

e


     (5.33) 
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The decomposed EPZ laws maintain their initial slope ki (and thus their initial linear 

elastic stiffness) from the respective pure mode loading and fracture laws, as shown in Figure 5.6. 

This fact proofs the advantage of the selected exponential form (Equation (5.3)), according to 

which the linear elastic response is modeled regardless the mode-mixity ratios. 

The linear energetic fracture criterion has been selected for the prediction of damage 

propagation within the adhesive layer, which provides the needed coupling between the fracture 

energies in Mode I (
I

J ), Mode ΙΙ (
IΙ

J ) and Mode III (
IΙΙ

J ), Campilho et al. (2008).  

 I II IΙI

Ic IIc IIΙc

1
J J J

J J J
    (5.34) 

From the physical point of view, the satisfaction of the preceding criterion denotes the 

elimination of the tractions within the embedded process zone and thus new traction–free 

surfaces are being generated. Fracture energies 
i

J  are being calculated, as in Equation (5.9), 

through the definite integral of the decomposed mixed-mode EPZ laws: 
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  (5.35) 

Substituting Equation (5.26) and Equation (5.35) into Equation (5.34), an exact 

calculation of the decomposed critical separations δcm,I, δcm,IΙ and δcm,IΙΙ is obtained, respectively: 

Ic IIc IIΙc I IIc IΙIc II Ic IΙIc IΙI Ic IIc 0m,I IΙIc IIc cm,I 0m,II Ic ΙΙIc cm,II 0m,IΙI Ic ΙIc cm,IΙI

cm, I

IIc IIΙc cm,I Ic IIΙc cm,IΙ Ic IΙc cm,ΙIΙ

2 2 2 2J J J C J J C J J C J J J J J J J J

J J J J J J

     


    
 

     


 
 (5.36a) 

cm, IΙ cm, I
  


  (5.36b) 

cm, IΙΙ cm, I
  


   (5.36c) 

where Ci (i = I, II και ΙΙΙ) is the area under the decomposed EPZ laws that is given from the 

exponential function. 
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 (5.37) 

Magnitude δcm is calculated through Equation (5.27). 
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    (5.38) 

Having calculated all necessary parameters involved in the mixed-mode EPZ laws, their 

computational implementation is provided. Loading and unloading is also considered in the 

mixed-mode laws. The traction increasing part is given from the following equation, which is 

similar to Equation (5.1):  

   cm, ,max
m,

,max cm,

1 expi i i
i i i

i i

k 
  

 

  
        

      for     0m,0 i i     (5.39) 

A damage parameter is also used that controls the extension of failure D within range [0,1]: 
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  (5.40) 

The softening part is given by the following function:  

  m, cm,
0m,

(1 )(1 ) i
i i i

i

D e
  


    for 0m m cm      (5.41) 

Lastly, tractions after the critical separations are being totally released: 

  m, 0i i    for m cm    (5.42) 

5.4.2 Mode II and III mixed-mode model 

In the case where tractions σΙ are negative and assuming that these negative tractions do 

not induce any damage but act only as contact stresses, coupling between only Mode II and III 

loading and fracture is present.  The coupling of the two modes is given by one mode mixity 

ratio:  

 
c

II









  (5.43) 

and, consequently, the resultant total separation δm is given by: 
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    (5.44) 
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For the prediction of damage initiation, the quadratic stress criterion is being utilized: 
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  (5.45) 

 Solving Equation (5.4) with respect to σc,i and σcm,i (for i = II και ΙΙΙ) separately and 

substituting to Equation (5.45), the stress criterion is written as: 
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 (5.46) 

Substituting Equation (5.43) and Equation (5.44) into Equation (5.46) the resultant total 

separation δ0m is obtained:  
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  (5.47) 

Separations δ0m,II and δ0m,III are calculated through Equation (5.43), Equation (5.44) and Equation 

(5.47): 
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  (5.48) 

The decomposed critical stresses are calculated with the use of Equation (5.33) for i = II 

or III. Damage propagation is predicted again with the use of the linear energetic criterion: 

 II IΙI

IIc IIΙc

1
J J

J J
   (5.49) 

By substituting Equation (5.43) and Equation (5.35) into Equation (5.49), an exact 

expression is derived for δcm,IΙ and δcm,IΙΙ, respectively: 

 IIc IIΙc II IΙIc IΙI IIc 0m,II ΙΙIc cm,II 0m,IΙI ΙIc cm,IΙI

cm,III
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  (5.50a) 

 
cm,II c cm,III

     (5.50b) 

where Ci (i = II και ΙΙΙ) is given by Equation 5.37. 
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5.5 Conclusions 

In this chapter a new to the literature Traction-Separation (T-S) law is developed for 
modelling the elastic, plastic and damage material response of a ductile adhesive layer, under the 
framework of the Embedded Process Zone approach. The shape of the proposed T-S law is 
characterized by two regions, i.e. a traction increasing part and a traction decreasing part. The 
initial increasing part is mathematically described by an exponential function, the selection of 
which is based on analytical fittings of experimentally measured cohesive laws. The selected 
exponential function provides a very useful advantage, according to which the initial slope is 
maintained constant regardless the selection of the remaining parameters. Within the exponential 
traction increasing part, the elastic and plastic behaviour of the adhesive layer is described 
whereas within the linear traction decrease part, damage initiation and propagation is described.  

Initially the pure mode laws where formulated for modeling the pure Mode I, Mode II and 
Mode III loading and fracture. Then, these laws were incorporated in a developed mixed-mode 
model which accounts for the mixed-mode loading and fracture response of the adhesive 
material. The developed model is formulated so as to be utilized in 2-dimensional (Mode I and 
Mode II) and 3-dimensional (Mode I, Mode II and Mode III) finite element procedures. Within 
these models, the interdependency and coupling of the pure mode laws has been done on the 
basis of introducing dependent relations of the separation field (δI, δII and δΙΙΙ), i.e. mode mixities 
and equivalent separations. These two guiding parameters through the formulation meet the 
nominal quadratic stress criterion and the linear energetic criterion which correspond to the 
damage initiation and propagation point, respectively.  

From the numerical point of view the great advantage of the proposed T-S law shape is that 
convergence of the non-linear solution becomes much easier, since the traction gradients vary 
smoothly within the laws. Additionally, three physical parameters must be defined for each pure 
mode law and one numerical parameter for the mixed-mode model. In the following chapters (6, 
7 and 8) the proposed mixed-mode model is utilized for the numerical prediction of steel-to-steel 
and composite-to-steel adhesive joints involving either flat or tubular adherents. 
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6. Experimental and numerical investigation of metal-to-metal 
adhesive joints 

 
 
 
 
 

6.1 Description of work 

This chapter focuses on the verification and validation of the proposed constitutive model 

described in chapter 5, with metal-to-metal adhesive joints. Thus, for the validation of the 

proposed 2D and 3D mixed-mode EPZ models, two simple yet common joint configurations 

have been adopted, that is a Single Lap Joint (SLJ) and a Double Strap Joint (DSJ). These types 

of joints are good candidates for validating numerical models, since the involved adhesive 

material in both cases is loaded under mixed-mode conditions (Tsouvalis and Anyfantis, 2010).  

The experimental program involves the fabrication and testing of SLJ and DSJ specimens, 

which consist of relatively thick metal substrates and a structural ductile adhesive material. All 

specimens were loaded by a uniaxial static tensile displacement and during the experiments the 

global response (force-displacement) of each joint was monitored. Additionally, a study of the 

effect of the surface preparation on the strength of the joints is considered only for the DSJ 

geometrical configuration. This is done by testing two sets of DSJ bonded specimens, which 

differ in the technique utilized for the surface preparation of the bond areas of the metal 

substrates, namely grit blasting (GB) and the use of simple sandpaper (SP), in order to produce 

different surface roughness. According to the experimental results, the GB technique has yield 

higher values of surface roughness, compared to the SP technique, which in turn has led to 

higher strength limits of the corresponding tested DSJ coupons (Anyfantis and Tsouvalis, 2009). 

For this reason, the bond surfaces of the metal substrates of the SLJ specimens have been grit 

blasted prior to the application of the adhesive material in order to fabricate the adhesive joints. 

A simple analytical model is also developed in Anyfantis and Tsouvalis (2009) by modifying a 

corresponding model provided by Xiao et al. (2004) and its validity against the produced 

experimental DSJ results is investigated. 

The response of the coupons was numerically predicted with the use of the proposed 2D 

and 3D laws and mixed-mode EPZ model within the framework of finite element analysis 

procedures and comparisons with corresponding experimental measurements are provided. 



124                        Chapter 6:.Experimental and numerical investigation of metal-to-metal adhesive joints 
 

 

Initially, the proposed pure mode EPZ laws have been utilized as is, in a plane strain 

analysis (2D space – 2D EPZ laws), without considering their coupling or interdependency 

through the entire loading history. This, analysis will show the adequacy and effectiveness of the 

selected shape of the proposed EPZ laws, that is an exponential traction increase part followed 

by a linear traction decrease part. Then, the proposed EPZ laws were utilized in the developed 

2D and 3D mixed-mode EPZ model for the prediction of the mixed-mode loading and fracture 

behaviour of the adhesive layer. The developed stress fields (peel, in-plane and out-of-plane 

shear) are presented as they evolve during the loading of both joint cases. Comparisons are also 

given from the FEA results of both joint configurations with the use of 2D continuum elements 

and with the use of the 2D mixed-mode EPZ model in interface elements, within the linear 

elastic region of the adhesive material utilized. Moreover, the numerical results obtained from 

the utilization of the proposed EPZ laws are compared with the corresponding results obtained 

from the trapezoidal T-S laws and the 2-Dimensional PRP cohesive model (see section 2.3.3.1).  

6.2 Single Lap and Double Strap adhesive joints 

6.2.1 Experimental programme 

The geometry and dimensions of the fabricated and tested SLJ and DSJ specimens are 

presented in Figure 6.1. Normal marine grade steel has been used for the manufacturing of all 

metal substrates. Araldite 2015 has been utilized for the fabrication of the adhesive joints, which 

is a relatively stiff two-component epoxy adhesive manufactured by Huntsman Container 

Corporation Ltd. The actual width of the SLJ and DSJ specimens is 28.5 mm and 23.5 mm, 

respectively. 

One of the scopes of the experimental program was to study the influence of the surface 

preparation method on the strength of DSJs. Hence, two texturing techniques were used for the 

bonding surface preparation of the substrates in order to generate different levels of surface 

roughness, namely grit blasting (GB) and use of simple sandpaper (SP). All adherents were first 

degreased with acetone before the application of the specific surface preparation procedure. SP 

treatment was performed using first a coarse sandpaper (100), followed by a finer one (200). 

With regard to the GB specimens, the common in the shipbuilding industry Sa2½ near-white grit 

blast cleaning was applied (approx. 2.5 mm grit size), according to the Swedish standards. At the 

end of both surface preparation procedures, the specimens were cleaned with solvent and then let 

to dry.  

After the above treatment, the average surface roughness, Ra, of the bonding surfaces of 

the adherents was measured using a portable roughness measurement instrument with a 1 mm 

diameter stylus tip. The sampling length was 8 mm and the cutoff limit was 0.8 mm for each 

measurement. The measured average Ra values were equal to 4.15 μm (CoV = 2%) and 2.28 μm 

(CoV = 4.6%) for the GB and SP areas, respectively. These values indicate, besides a very good 
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repeatability of measurements (very low Coefficient of Variation - CoV), that the average 

roughness attained by using the GB procedure was clearly larger than that attained by the SP 

method (approximately double). As it will be shown latter on, the grit blasted DSJ specimens 

attained higher loads than the ones treated with sandpaper. Thus the GB procedure was applied 

over the bond areas of the SLJ specimens, which yielded average Ra values equal to 4.68 μm 

(CoV = 1.6%). 

 
(a) 

 

 
(b) 

Figure 6.1: Dimensions (in mm) and geometrical configuration of the SLJ (a)  and the DSJ (b)  specimens. 

During the bonding procedure of the both SLJ and DSJ specimens, some very small 0.5 

mm diameter Cu particles were spread onto the bonding surfaces. These particles functioned as 

spacers for the bond and kept the adhesive layer thickness as close to the value of 0.5 mm as 

possible, ensuring at the same time a constant and uniform adhesive layer thickness among all 

specimens. Thus, as subsequent corresponding measurements indicated, the thickness of the 

cured adhesive layer was 0.5±0.01 mm. Before bonding the straps the adherents were placed in 

contact and a thin PTFE film was inserted in-between them, avoiding thus the creation of a butt 

type adhesive joint. After the assembly, the specimens were cured in an oven under a uniform 

pressure loading. According to the adhesive material manufacturer, curing procedure consisted 

of heating the specimens in 60C for 4 hours, followed by a slow cooling to ambient temperature. 

The specimens were left in ambient temperature for 48 hours before performing the tests. 

The specimens were loaded by a uniaxial static tensile displacement, applied with a speed 

of 0.1 mm/min by an MTS hydraulic testing machine. Two strain gage sensors (SG-1 and SG-2) 

were placed on each DSJ specimen, the first on the free surface of one of the straps and the 

second on the free surface of the inner adherent, at the positions shown in Figure 6.1b. They both 

had a gage length of 10 mm. Their aim was to monitor strains at these two parts for reasons of 
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comparison with the respective numerical results. During the tests the applied displacement 

together with the reaction forces were monitored. Nine in total specimens were tested, six DSJ 

specimens (three treated with GB and three treated with SP) and three SLJ specimens. Figure 6.2 

shows one specimen of each case under experimental conditions. 

        
 (a) (b) 

Figure 6.2: Experimental test of (a) a SLJ and (b) a DSJ specimen. 

6.2.2 Analytical calculation of the stiffness prediction of  DSJ 

The analytical model presented by Xiao et al. (2004) is focused on the stiffness prediction 

of a double lap shear joint (DLS). In the present study, Xiao’s assumptions are adopted, aiming 

at modifying his model to account for DSJs. Figure 6.1 is a schematic view of a DSJ in its 

undeformed (a) and deformed (b) state. Half of the joint is shown in this figure, to the right of its 

axis of symmetry y. In addition, the thickness of the adhesive layer is shown exaggerated. The 

joint is loaded by a tensile axial load F in x-direction. The part of the inner adherent outside the 

strap joint is denoted as segment 1, whereas segment 2 signifies half of the length of each strap, 

from its axis of symmetry to its edge. L1 and L2 are the lengths of segments 1 and 2, respectively, 

whereas u1 and u2 are their corresponding axial deformations and u3 is the axial deformation of 

the adhesive layer.  
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Figure 6.3: Schematic view of a DSJ in its undeformed (a) and deformed (b) state (half the joint is shown). 

The realistic assumption that load F applied to the joint is uniform over the length of 

segment 1, results in the development of a constant tensile stress σ1 over the length L1, which is 

given by the following simple equation: 

 1
1

F

bt
   (6.1) 

where b is the width of the joint and t1 the thickness of the inner adherent. Furthermore, Equation 

(6.2) and Equation (6.3) below describe the well known linear elastic stress-strain and strain-

displacement relations, respectively, in segment 1, 

 1 1 s    (6.2) 

 1
1

1

u

L
   (6.3) 

where ε denotes strain and ES is the modulus of elasticity of the inner adherent (equal to that of 

steel in the present case). Substitution of Equation (6.2) and Equation (6.3) into Equation (6.1) 

yields the following expression for the total axial deformation u1T of both segments 1 (the one 

shown in Figure 6.3 and its symmetric), as a function of the applied load F. 

 1
1T 1

1 s

2L F
u 2u

bt E
   (6.4) 

Generating a free body diagram of segment 2, shear traction forces develop at the interface 

of the strap and the adhesive layer. Applying symmetry conditions to segment 2 at y-axis, the 

eccentricity of these shear traction forces introduces a bending effect on the straps. This effect is 

very small since the lever arm (half of the strap thickness) is very small.  The above fact has 

been verified from finite element analyses of the current problem, where it was shown that y-

displacement of the free edge of the strap was negligible compared to the other displacements. 
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Moreover, strap bending affects more the peel stresses in the adhesive and not the overall axial 

stiffness of the joint which is the objective of the present analytical approach. Thus, by 

neglecting bending of the straps, it can be considered that segment 2 is deforming only in the 

axial (x) direction. Following the same procedure as that followed for segment 1 and taking into 

account that each strap transfers a load F/2, the following expression is derived for the total axial 

deformation of each strap: 

 2
2T 2

2 s

L F
u 2u

bt E
   (6.5) 

where t2 is the thickness of each strap and Es is the strap modulus of elasticity (equal again to 

that of steel in the present case). With regard to the behaviour of the adhesive, it is assumed that 

it deforms under a uniform shear stress state and shear forces are uniformly distributed over its 

interfaces with either the strap or the inner adherent. Thus the constant shear stress developed in 

the adhesive, τav, is given by: 

 av.
22

F

bL
   (6.6) 

whereas the axial deformation of the adhesive is  

 3 au t    (6.7) 

where, tα is the thickness of each adhesive layer and γ the assumed uniform shear strain of the 

adhesive. Moreover, the shear stress of the adhesive can be expressed as 

 av. G   (6.8) 

where G is the shear modulus of the adhesive material. Substituting Equation (6.7) and Equation 

(6.8) into Equation (6.6), the total axial deformation of the adhesive layers of the joint is given 

by the following expression: 

 a
3T 3

2

F t
u 2u

b L G
   (6.9) 

According to the initially made assumption for a linear response of the DSJ, its load-axial 

deformation behaviour is described by the following simple formula: 

 Tu K F  (6.10) 
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where uT is the total axial deformation of the DSJ and K its axial stiffness. Thus, taking into 

account that 

 T 1T 2T 3Tu u u u    (6.11) 

and substituting Equation (6.4), Equation (6.5) and Equation (6.9) into Equation (6.11) and the 

result into Equation (6.10), the following analytical expression for the axial stiffness K of the 

DSJ as a function of the material properties of its constituents and its geometric characteristics is 

obtained: 
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This definition of the axial stiffness will be compared to the corresponding experimental results 

in section 6.24. 

6.2.3 Numerical modelling of the SLJ and DSJ geometries 

6.2.3.1 2D Plane stress finite element models 

Two modeling procedures have been adopted for the numerical simulation of the SLJ and 

DSJ configurations in a 2dimensional space. Both procedures share common boundary/loading 

conditions and the element type used for all substrates, but differentiate on the finite element 

approach followed for modeling the adhesive layer, as presented in Figure 6.4 and Figure 6.5. 

Only one quarter of the DSJ has been modelled (Figure 6.5), due to the symmetry it presents and 

the corresponding boundary/symmetry conditions that have been applied.  

The first procedure is based on modeling the adhesive layer with continuum elements, 

whereas the second is based on embedding the interface elements, described in Appendix A2, at 

the adhesive bondline (see Figure 6.4 and Figure 6.5). The first modeling procedure aims at 

providing only the deformation and stress field of the adhesive joint within the linear elastic 

region of the adhesive material, for reasons of comparison and validation with the respective 

results given by the second modeling procedure. The latter modeling approach utilizes the 

proposed EPZ laws or mixed-mode model to predict the linear elastic, non-linear elastic and 

plastic behaviour as well as damage initiation and propagation, all developing in the EPZ of the 

adhesive bondline.  
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Figure 6.4: 2D plane stress finite element model of the adhesive layer of SLJ specimens: (a) with 

continuum elements - C.E. and (b) with interface elements - I.E.. 
 

 

 
 

 
Figure 6.5: 2D plane stress finite element model of the adhesive layer of DSJ specimens: (a) with 

continuum elements - C.E. and (b) with interface elements - I.E..    

The continuum 2D elements CPS8 available in the element library of ABAQUS® 6.10 

have been used to model the substrates of the joints in both modelling procedures and the 

adhesive layer in the first modelling procedure. A comparative study between the FE results 

obtained with plane stress elements (CPS8) and plane strain elements (CPE8) has shown very 

small differences. Plane strain elements yield slightly increased force values (≈ 1.8%) for given 

applied displacements compared to the corresponding results from the plane stress elements. On 

the other hand, plane stress element results show better agreement with the respective 

experimental results for both cases considered (SLJ and DSJ), which is in agreement with Yang 

et al. (2001) for similar geometry tests. Since plane strain elements overestimate the stiffness of 

the models, plane stress elements have been utilized.  Four layers of elements have been placed 
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through the adhesive thickness in the first modelling procedure, whereas the element length in 

the overlap area was 0.25 mm in all finite element models.  

In order to account for geometrical and material nonlinearities, the Newton-Raphson 

method has been utilized together with a line search algorithm. A displacement controlled 

approach is utilized for aiding the convergence of the non-linear solution and for avoiding 

numerical instability issues involved in crack growth analyses, where softening behaviour is 

apparent.  

6.2.3.2 3D Volumetric finite element models 

Figure 6.6 and Figure 6.7 present the 3D finite element models constructed for the 

simulation of the SLJ and DSJ joints, respectively. For the case of the SLJ geometry, loading and 

boundary conditions have been applied on the areas of the tabs that are constrained in the grips 

of the testing machine, as shown in Figure 6.6. As far as the DSJ case is concerned, the 1/4 part 

has been modeled due to its geometrical, loading and boundary conditions symmetry and the 

corresponding constrains have been applied to its boundary domain, as depicted in Figure 6.7. 

Quadratic 20-node brick elements (C3D20) available in the ABAQUS® element library have 

been utilized for the metal substrates in both cases. 

 
Figure 6.6: 3D finite element model of the SLJ – boundary conditions and detail of the overlap area. 
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Figure 6.7: 3D finite element model of the DSJ. 

The whole adhesive layer is represented by plane interface elements, described in 

Appendix A1, (placed between adjacent continuum elements in the overlap areas) and the 

proposed EPZ laws or mixed-mode model have been utilized for the description of their 

constitutive relation. The cohesive elements utilized have constant dimensions (0.5 x 0.5) mm2 in 

the entire overlap areas. For the numerical integration of the stiffness matrix and the internal 

force vector, a 3 x 3 Gaussian quadrature rule has been used. The Newton-Raphson method has 

been utilized for the solution of the displacement control non-linear problem augmented by the 

line search algorithm. 

6.2.3.3 Parameters of the proposed EPZ mixed-mode models 

The implementation of the proposed mixed-mode EPZ model (2D or 3D), within the 

framework of the interface finite element formulation, requires the definition of the pure Mode I, 

pure Mode II and pure Mode III (for the 3D model) EPZ law parameters that describe the 

structural ductile adhesive adopted herein (HUNTSMAN Araldite 2015). In order to provide 

accurate measures of the required parameters of the Mode I, Mode II and Mode III loading and 

fracture, DCB and ENF specimens should be fabricated and tested, respectively, by utilizing the 

same materials and fabrication procedure as involved in the fabrication of the SLJ and DSJ 

specimens. Since, within the framework of the current work such experiments were not available, 

the corresponding parameters were taken from the literature. Thus, the parameters for the 

proposed pure EPZ laws in Mode, Mode II and Mode III are listed in Table 6.1. The parameters 

used for the Mode II law are also used for the Mode III law, since both refer to shear loading and 

fracture. 
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For the calculation of the initial elastic stiffness kI, kII and kIII in Mode I, II and III loading 

(see section 5.2), Ea was taken equal to 1850 MPa, Ga equal to 711.5 Mpa (magnitudes taken 

from the adhesive’s manufacturer property datasheet – Araldite 2015, Huntsman Co.) and ta 

equal to 0.5 mm. The critical tractions σc,I and σc,II and the fracture energy JIc were taken from 

the manufacturers’ data sheet, which were measured from steel-to-steel adhesive joints. 

Parameters σc,I and σc,II have been taken equal to the  strength of the adhesive material and the 

lap shear strength (measured from steel-to-steel lap shear specimens), respectively. The fracture 

toughness JIIc was taken from de Moura et al. 2009. Additionally, parameters δ0,Ι, δ0,ΙΙ and δ0,ΙΙΙ 

(δ0,ΙΙ = δ0,ΙΙΙ) are needed for the complete definition of the proposed EPZ laws. Since, 

experimental information about these specific values is not provided, Equation (5.4) has been 

utilized for their derivation. In fact, the error e is a numerical utilized parameter without a 

physical interpretation, thus its selection is described in the following sections where the 

numerical results are presented together with the corresponding experimental ones. A value of 

the error e equal to 0.1% has been finally utilized for both joint geometries. 

Table 6.1: Physical parameters of the proposed pure mode EPZ laws. 

Mode i ki (N/mm3) σc,i (MPa) Jic (N/mm) 

I 3700 30.0 4.0 

II 1423 18.5 4.7 

III 1423 18.5 4.7 

6.2.4 Experimental and Numerical results of the SLJ and DSJ geometries 

6.2.4.1 Effect of the surface preparation technique 

The global response of the tested DSJ specimens in terms of force-applied displacement 

curves is depicted in Figure 6.8. All six experimental curves of this figure denote an initially 

linear response, followed by increasing non-linearities, as the adhesive layer enters plasticity 

deformed and the joint begins to progressively debond. Moreover, it seems that the sandpaper 

treated specimens exhibit larger non-linearities, since their failure is more progressive than that 

of their corresponding GB specimens and two out of the three fail at larger axial displacements. 

On the contrary, grit blasted specimens exhibit a slightly greater stiffness than that of the 

sandpaper treated ones, leading also to slightly higher failure load values. The experimental 

measurements of Figure 6.8 exhibit a very good repeatability, apart from the response of one of 

the SP treated specimens, which will be explained later.  

The results from applying the analytical Equation (6.10) in the present problem are also 

presented in Figure 6.8 (dotted line). It is evident that the analytical model predicts very well the 

initial part of the force-displacement response, being bounded by its own basic assumptions of 

linear elastic behaviour. 
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Figure 6.8: Force vs. applied displacement for the tested DSJ specimens. 

 
Figure 6.9 presents the variation of strains measured by SG-1 on the strap and SG-2 on the 

inner adherent, respectively, as a function of the applied loading. Once more, strain 

measurements exhibit a good repeatability, except the same one case which will be discussed 

later. The behaviour of strains from both sensors is linear, as expected, reaching maximum 

values just before the failure of the joint. These maximum values are well below the yield point 

of steel (<< 2000 με). This behaviour is justified by the fact that the steel adherents are quite stiff 

and, therefore, the weak point of the joint is the adhesive layer which fails first. Thus the 

adherents are not heavily loaded, resulting in low maximum strains. 
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Figure 6.9: Variation of strains from SG-1 on the strap (a) and SG-2 on the inner adherend. 
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An exception to the above normal strains behaviour is that exhibited by the strain measured 

at location SG-2 of specimen SP-1 (blue curve that diverges from linearity in Figure 6.9b). Such 

a behaviour, where, after a certain load level, strain gradually stops to increase and begins to 

decrease, denotes a bending behaviour of the DSJ, with the compressive side being that of the 

strain gage (the upper one in Figure 6.1b). Taking into account the perfectly symmetric geometry 

of the joint with respect to x-axis (see Figure 6.1b), the only cause that can result in such a 

bending behaviour is the unsymmetric way of gradual failure of the adhesive layers, below and 

above the inner adherent. Thus, it seems that in specimen SP-1, the lower adhesive layers started 

to fail before and more rapidly than the upper ones, thus forcing the specimen to bend upwards, 

creating a compressive strain component on its upper surface, which, when superimposed to the 

global tensile strain, is responsible for the particular shape of the corresponding curve in Figure 

6.9b. This bending behaviour had a negative effect on specimen SP-1, resulting in a decreased 

failure load compared to that of the other specimens which, more or less, exhibited a pure tensile 

behaviour up to their failure. As Figure 6.8 shows, this decrease is significant, being 

approximately equal to 12%. Therefore, the above example makes clear that the aim should 

always be a completely symmetric DSJ with identical and uniform adhesive layers on both sides 

of the inner adherent. 

The analytical model of section 6.2.2 was also applied to calculate the strains in the strap 

(segment 2) and the inner adherent (segment 1) and the results are also plotted in Figure 6.9 

(dotted lines). The very good prediction of the analytical model is evident, since, as discussed 

before, strains at these two locations behave almost linearly up to the joint failure. 

6.2.4.2 Effect of the shape of the proposed laws – Uncoupled approach 

This section aims at investigating the effectiveness of the selected shape of proposed EPZ 

laws, that is an exponential traction increase part followed by a linear traction decrease part (see 

section 5.2), through a plane strain analysis (2D space – 2D EPZ laws) of the SLJ and DSJ 

geometries, without considering their coupling and interdependency during the entire loading 

history. This task is important prior to the incorporation of the proposed EPZ laws in the 

developed mixed-mode model, which is necessary for the accurate prediction of the mixed-mode 

loading and fracture response of the adhesive layer. 

For this purpose, the 2D finite element models of the SLJ and DSJ geometries, presented in 

Figure 6.4b and Figure 6.5b, have been adopted for finite element predictions. For the 

implementation of the proposed EPZ laws into the interface elements that describe the behaviour 

of an adhesive layer, four sets of characteristic constitutive parameters must be defined, 

separately for Mode I and II. The first set involves the initial elastic response of the adhesive and 

is described by the ratio between the Young’s or shear modulus and the adhesive thickness kI = 

Ea / ta and kII = Ga/ta, for Mode I and Mode II respectively, given in Table 6.1 .The rest three sets 

of cohesive parameters involve the critical stresses (σc,I and σc,II) together with their respective 
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relative displacement values (δ0,I and δII,0) and the critical separations after which tractions vanish 

(δc,I and δc,II). The latter have been defined implicitly through the JIc and JIIc integrals, by solving 

Equation (6.9) with respect to δc,I and δc,II magnitudes. Since in this part the mixed-mode model 

is not included within the constitutive formulation of the interface elements, the material 

properties (EPZ parameters) listed in Table 6.1 do not yield accurate results and thus cannot be 

utilized as is.  

In the independent and uncoupled formulation utilized herein, these parameters evolve 

together as a natural result of the interaction between the deformation of the substrates and the 

behaviour of the two separate cohesive laws. This means that the initially defined pure mode 

EPZ laws (together with their parameters), remain constant through the analysis procedure. By 

taking as granted the initial stiffnesses kI and kII, Mode I critical stress σc,I (see Table 6.1) and δ0,I 

and δII,0 from de Moura et al. (2009), the remaining magnitudes were obtained by an inverse 

method, i.e. by fitting the numerically calculated load-displacement response of the SLJ and DSJ 

configuration over the respective experimentally measured data. Only one experimental case has 

been adopted from each joint case, both treated with grit blasting (GB) surface preparation 

technique. 

Figure 6.11 illustrates a comparison between the load/displacement curves obtained from 

the SLJ and DSJ tests and the FEA results based on the proposed EPZ laws shown in Figure 6.10. 

It is not surprising that two separate EPZ law sets have been obtained (one for the SLJ and one 

for the DSJ model), since regardless the mixed mode response of the adhesive layer, the 

formulation of the EPZ laws remains uncoupled. 

Both experimental curves obtained from SLJ and DSJ tests denote an initially linear 

response, followed by increasing non-linearities as the adhesive layer begins to substantially 

deform plastically.  
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Figure 6.10: Proposed EPZ laws together with their corresponding parameters as obtained through a best 
fit analysis between numerical and experimental results of a SLJ (a) and DSJ (b) specimen. 



Chapter 6:.Experimental and numerical investigation of metal-to-metal adhesive joints                         137 

 

Figure 6.11 shows that, although the numerical results were fitted to the experimental data 

by selecting appropriate values for some of the EPZ law parameters, the proposed exponential 

character of the proposed EPZ law proved adequate for modelling the elastoplastic behaviour of 

the ductile adhesive up to the maximum attained stress in the opening Mode I and the sliding 

Mode II responses. The DSJ attained much higher loads than the SLJ. This is reasonable, since 

the bonding surface of the DSJ is four times larger than that of the SLJ. Additionally, due to the 

symmetry of the DSJ configuration, the adhesive layer is stressed mostly in shear whereas the 

geometrical eccentricity of the SLJ leads to the development of cleavage stresses at the adhesive 

edge. Cleavage stresses are the most critical stresses that jeopardize the integrity of the joint by 

leading to premature failure. According to experimental observations and numerical predictions, 

in both cases and after the maximum attained load, the joints debonded in a sudden manner until 

complete failure. This debonding procedure is represented by the softening behaviour of the 

load/displacement curves after the maximum load. The sudden debonding behaviour was 

simulated with the use of a linear softening function which was incorporated separately in each 

of the EPZ laws describing pure mode failure. The FEA of the DSJ additionally captured the 

softening behaviour, as depicted in Figure 6.11b. The SLJ experimental curve exhibits a 

softening response characterized by a slower rate in comparison to the rate of the respective DSJ 

softening behaviour. In this case, the linear softening part of the EPZ law used for the simulation 

of the EPZ of the SLJ (see Figure 6.10a) in combination with the uncoupled approach, did not 

capture the softening behaviour of the experimentally obtained response curve, as shown in 

Figure 6.11a. Nevertheless it is essential to state that, instead of the shear stresses, the cleavage 

ones being developed at the adhesive edge are responsible for crack initiation, as cleavage 

stresses peak at 0.02 mm with a value of 30 MPa, whereas shear stresses peak at 0.1 mm having 

a value of 21 MPa. After crack initiation, total failure of the adhesive depends on the developed 

shear cohesive law.  
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Figure 6.11: Experimental and numerical global response of a SLJ (a) and a DSJ (b) specimen. 
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On the other hand, although the DSJ configuration is a shear lap type of joint in which the 
adhesive is loaded mostly in pure shear, the Mode I failure process must be additionally 
incorporated into the mixed mode cohesive law in order to numerically capture failure initiation. 
Finally, the cohesive law in Mode II contributes mostly to the total energy release rate during the 
mixed mode fracture process of the DSJ, since JIIc is almost twice as JIc. 

6.2.4.3 Validation of the 2D and 3D proposed mixed-mode model – Coupled Approach 

6.2.4.3.1 Global response of the SLJ and DSJ geometries 

In contrast to the uncoupled approach of the EPZ laws followed in the previous section, 

in this section the proposed EPZ laws are utilized in a coupled form, according to the proposed 

2D and 3D mixed-mode models described in sections 5.3 and 5.4, respectively, for the prediction 

of the SLJ and DSJ experimental results. 

Initially the 2D mixed-mode model is considered for validation. For this purpose, the 2D 

finite element models of the SLJ and DSJ geometries, presented in Figure 6.4b and Figure 6.5b 

have been adopted for finite element predictions. The parameters that define the pure mode EPZ 

laws are the ones listed in Table 6.1, only for Mode I and Mode II. The obtained Finite Element 

Analysis (FEA) results are compared with the corresponding experimentally measured data for 

the SLJ and DSJ configurations in Figure 6.12.  

The experimental measurements from all three tested specimens (all treated with grit 

blasting surface preparation technique) from each case respectively are plotted in this figure. It is 

noteworthy that the pure mode parameters given in Table 6.1 have been utilized for the FEA of 

both joint configurations. Additionally, parameters δ0,Ι and δ0,ΙΙ are needed for the complete 

definition of the proposed EPZ laws. Since, experimental information about these specific values 

is not provided, Equation (6.4) has been utilized for their derivation. As described in section 5.2, 

these parameters are defined through the error e, which is a numerical parameter without a 

physical interpretation. Thus, their values are calculated through a best fit analysis between the 

corresponding numerical and experimental results, which has led to a common value for e equal 

to 0.1% utilized for the prediction of both joint geometries. It is noteworthy to mention that the 

experimental cohesive laws that describe Mode I (Ji et al. 2010) and Mode II (Leffler et al. 2007) 

loading and failure, even though obtained from different ductile adhesive systems (LOCTITE 

Hysol 9460 for the DCB tests and DOW Betamate XW1044-3 for the ENF tests) than the one 

utilized in this work (Huntsman Ltd. Araldite 2015), yield an error e equal to 0.08% and 0.1%, 

respectively, as derived through a best fit analysis. Despite the fact of the different adhesive 

systems used, the value of e obtained from the best fit analysis of both SLJ and DSJ models is 

equal to the corresponding one calculated from the best fit analysis of the Mode II experimental 

law (0.1%) and close enough to the one obtained from the Mode I law (0.08%). This is good 

evidence that the error value obtained from the best fit analysis of the SLJ and DSJ models is not 
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arbitrary. A sensitivity analysis regarding the effect of the error e value to the finite element 

predictions is given later on this work. 

Figure 6.12 also compares the FEA results obtained by utilizing the trapezoidal EPZ laws 

within the framework of the mixed-mode model described in Campilho et al. (2008) and 

presented in Figure 2.13a in section 2.3.3.1. The corresponding parameters utilized are the same 

as those for the proposed EPZ laws (see Table 6.1). Parameters δ2,Ι and δ2,ΙΙ corresponding to the 

second inflexion point of the trapezoidal EPZ laws have been taken equal to the respective δ0,Ι 

and δ0,ΙΙ parameters calculated from the best fit analysis (through the error e). Thus, δ2,Ι and δ2,ΙΙ 

have been taken equal to 0.0691 mm and 0.898 mm, respectively for both joint models. 

Additionally, for reasons of completeness, the results obtained from the PRP (Park-

Paulino-Roesler) cohesive model (see Figure 2.13b, Park et al. (2009)) have been also compared 

with the aforementioned numerical and experimental results in Figure 6.12. The PRP intrinsic 

cohesive model consists of potential-based polynomial laws that are formulated for predicting 

mixed-mode cohesive loading and fracture. The comparison of the PRP model with the proposed 

EPZ mixed-mode model aims at validating the effectiveness of the proposed formulation, since 

in the PRP model the separate fracture modes are coupled directly within the PRP potential 

without the use of damage or fracture criteria, as utilized in the proposed formulation (Equation 

(5.12) and Equation (5.18)). The physical parameters of the PRP cohesive model that must be 

defined are the normal and tangential cohesive strengths (σc,I and σc,II or σmax and τmax in Figure 

2.13b, respectively) and the Mode I and II fracture energies (JIc and JIIc), taken equal to those for 

the proposed EPZ laws (see Table 6.1). The initial elastic slope of the intrinsic PRP normal 

(Mode I) and tangential (Mode II) laws is calculated implicitly through the initial slope 

indicators λn = δnc / δn and λt = δtc / δt, defined as the ratio of the critical crack opening to the final 

crack opening, as depicted in Figure 2.13b. In order to include the physical initial slopes kI and 

kII (see Table 6.1) in the PRP laws, the respective values of the λn and λt have been calculated, 

given the σc,i and Jic parameters. The corresponding values, utilized in the numerical analyses, 

are listed in Table 6.2.  

Table 6.2: Parameters used for the PRP cohesive model. 

α = β = 2 (quasi-brittle) α = β = 1.1 (ductile) 

λn λt λn λt 

0.2084 0.1879 0.5771 0.5453 

Moreover, two shape parameters (α and β) that control the material softening responses 

(brittle, quasi-brittle and ductile) must be defined, according to the PRP model. In the current 

work, two cases have been taken into account regarding the behaviour of the EPZ. The first case 

considers a brittle behaviour (α = β = 2) and the remaining one considers a ductile behaviour (α = 

β = 1.1). The values selected for the α and β shape parameters that represent the ductile 
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behaviour are the smallest possible, since the PRP cohesive laws cannot mathematically be 

defined for lower values.  

According to Figure 6.12, apart from the relatively small numerical differences between 

the experimental registered curves from each specimen set, all three respective experimental 

curves share a common behaviour, which can be divided into three regions. The first region is 

described by a linear behaviour, followed by increasing non-linearities up to the load carrying 

capacity level of each joint, which bounds the second region of the curves. The third region is 

described by a softening behaviour, which denotes the inability of each joint to carry further load. 

In this region failure mechanisms are developing in the adhesive/substrate system, i.e. plasticity 

of the ductile adhesive, void nucleation in the adhesive, debonding at the adhesive/adherent 

interface, micro-cracking, etc.  

As far as the FEA results obtained with the proposed EPZ laws are concerned, the initial 

linear and the following non-linear region depend thoroughly on the adhesive material 

elastoplastic response, described by the exponential behaviour of the EPZ laws, which yields 

very promising results (see Figure 6.12). On the other hand, the corresponding FEA results 

obtained with the trapezoidal laws capture the initial linear region but fail to capture the 

experimental non-linear region, in each case. As regards the PRP model FEA results, a very 

good agreement with the experimental results is observed. This agreement is better when 

utilizing shape parameters that represent brittle behaviour (α = β = 2) rather than when utilizing 

shape parameters that represent ductile behaviour (α = β = 1.1), particularly for the DSJ model 

(Figure 6.12b). A very good agreement is also observed in the response predicted from the 

proposed and PRP model up to the maximum experimental load, in both test cases considered. 

The behaviour of the response obtained from the PRP model after the maximum load is un-

realistic, since, according to the experimental results, damage progression is characterized as 

rapid and not gradual as depicted in Figure 6.12. This behaviour is accurately predicted by the 

proposed EPZ model. The PRP model overestimates the maximum applied displacement 

(elongation at break), a magnitude of great significance when designing ductile adhesive joints. 

Nevertheless, both EPZ models (proposed and trapezoidal) and the PRP model predict 

the experimental maximum attained load with very good accuracy for both joint configurations, 

as listed in Table 6.3. This conclusion validates the effectiveness of the proposed mixed-mode 

EPZ model in predicting the maximum attained load of a joint. 

Table 6.3: Experimental and numerical strength of joints (kN). 

Proposed laws 
Trapezoidal 

laws 

PRP model 

(α = β =2) 

PRP model 

(α = β =1.1) 
 Experiments 

Value % diff. Value % diff. Value 
% 

diff. 
Value % diff. 

SLJ 13.4 13.0 2.1 12.9 2.5 12.86 4.0 12.79 4.6 

DSJ 42.5 42.6 0.2 43.5 1.6 43.46 1.6 43.36 1.6 
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Figure 6.12:  Global response of (a) SLJ and (b) DSJ, in terms of the applied displacement - u and 

reaction force - P, as experimentally registered and numerically calculated with the 2D proposed, 

trapezoidal EPZ mixed-mode model and PRP model. 



142                        Chapter 6:.Experimental and numerical investigation of metal-to-metal adhesive joints 
 

 

During the tests, only elastic stresses were developed at the metal substrates of both joint 

types. The experimentally measured and numerically predicted strains, at the two locations of the 

DSJ specimens as depicted in Figure 6.1b (SG-1 on the strap and SG-2 on the inner adherent), 

are presented in Figure 6.13. Strain measurements exhibit a good repeatability, except one case 

of SG-1 strains shown in Figure 6.13a. The behaviour of strains from both sensors is linear, as 

expected, reaching maximum values just before the failure of the joint. These maximum values 

are well below the yield point of steel (<< 2000 με). This behaviour is justified by the fact that 

the steel adherents are quite stiff and, therefore, the weak point of the joint is the adhesive layer 

which fails first. Thus the adherents are not heavily loaded, resulting in low maximum strains. 

This elastic behaviour was accurately predicted by the FEA with the mixed-mode EPZ model. 

The selection of a linear softening function for the description of the traction-separation 

relationship in Mode I and Mode II found to be very promising for the prediction of the failure 

process of the SLJ and DSJ, as shown in both Figure 6.12 and Figure 6.13. The FEA results 

obtained with the incorporation of the pure mode EPZ laws into the mixed-mode EPZ model are 

in very good agreement with the corresponding experimental ones.  
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Figure 6.13:Reaction force vs. strains of the DSJ as experimentally registered and numerically calculated 
(a) on the strap-SG1 and (b) on the inner adherent-SG2. 

In an effort to initially validate the proposed 3D mixed-mode model described in section 

6.3, the SLJ and DSJ geometries have been considered for FEA in a 3-dimensional space. For 

this purpose, the 3D finite element models of the SLJ and DSJ geometries, presented in Figure 

6.6 and Figure 6.7 have been adopted for finite element predictions. The parameters that define 

the pure mode EPZ laws are the ones listed in Table 6.1, for Mode I, Mode II and Mode III. The 

error e equal to 0.1% utilized in the previous 2D FEA has been also used for the proposed 3D 

mixed-mode model. The obtained FEA results from the 3D mixed-mode model are compared 

with the corresponding ones obtained from the 2D mixed-mode model (see Figure 6.12) and the 

experimentally measured data for the SLJ and DSJ configurations in Figure 6.14.  
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Figure 6.14: Global response of (a) SLJ and (b) DSJ, in terms of the applied displacement - u and reaction 
force - P, as experimentally registered and numerically calculated with the 2D, 3D proposed and 3D 

trapezoidal EPZ mixed-mode mode. 

In this figure numerical predictions obtained from the 3D trapezoidal mixed-mode model 

given by Campilho et al. (2009a) are also presented. The parameters utilized for its definition are 

the ones listed in Table 6.1 and additionally δ2,Ι and δ2,ΙΙ (δ2,ΙIΙ = δ2,ΙΙ) have been taken equal to 

0.0691 mm and 0.898 mm, respectively for both joint models, as for the 2D trapezoidal model. 

According to Figure 6.14 in both joint cases considered, there is an identical match of the 

numerical global response obtained from the 2D and 3D proposed mixed-mode model, up to the 

maximum attained force. This is expected since the cases analyzed are in fact plane stress (in-

plane loading) and thus the contribution of the Mode III loading and fracture to the mixed-mode 
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response of the adhesive layer is insignificant. This statement will be proven later on, where the 

variation of stresses on the adhesive layer is presented. The predicted softening behaviour 

(region after the joints' strength) by both the 3D proposed and the trapezoidal mixed-mode 

models is not accurate compared to the corresponding experimental behaviour and the one 

predicted with the 2D proposed model, for both joint geometries. The experimental softening is 

characterized as sudden and dynamic. However, the 2D proposed model captures this sudden 

drop in the force. It can be assumed that the Mode III stresses, that is out-of-plane shear stresses, 

introduced with the implementation of the 3D proposed or trapezoidal models in these plane 

stress problems are responsible for the smooth drop of the force after the attainment of its peak 

value. 

6.2.4.3.2 Sensitivity of the error parameter 

As aforementioned, the physical parameters of the pure mode proposed EPZ laws utilized 

for the FEA of the SLJ and DSJ configurations are listed in Table 6.1. In these particular cases, 

magnitudes δ0,i (i = I, II and III) are unknown parameters, since an experimentally measured T-S 

law is not available for pure Mode I and II loading and fracture of the bi-material system. Thus, 

Equation (6.4), which relates δ0,i to the corresponding σ0,i magnitude through the error e, has been 

utilized. A parametric analysis of the SLJ and DSJ FEA results has been carried out investigating 

the sensitivity of the error value e, based on the 2D proposed EPZ mixed-mode model. The 

corresponding results are presented in terms of the global response of the joints in Figure 6.15. 

The pure mode EPZ law parameters utilized are the ones listed in Table 6.1, whereas three 

values of the error e have been taken into account in the parametric analysis, e.g. 1%, 0.1% and 

0.01%. It must be noted that in all three cases the same fracture toughness value Jci (i = I, II) has 

been utilized.   
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Figure 6.15: Sensitivity analysis results of the error value e utilized in the FEA of the SLJ (a) and the DSJ 
(b). 



Chapter 6:.Experimental and numerical investigation of metal-to-metal adhesive joints                         145 

 

 As concluded from the FEA results (see Figure 6.15) the value of the selected error e has 

a small effect on the maximum attained force, whereas it has a higher effect on its corresponding 

displacement of each joint configuration. From the results obtained in the framework of the 

sensitivity study and from the comparisons between the experimental and FEA results, it can be 

concluded that an error e value equal to 1% results in an accurate prediction of the joint strength 

(in terms of the maximum load carrying capacity) and in a conservative prediction of the 

corresponding displacement at failure. When designing an adhesive joint with respect to its 

attained load (e.g. strength), the proposed EPZ model yields very promising results, since an 

error e value ranging from 0.01 to 1% does not affect the linear and the non-linear load path (see 

Figure 6.15) up to the strength limit. This is significant during the analysis and design of a 

ductile adhesive joint, because the yield initiation (point where the non-linear region initiates in 

the P-u plots) is usually taken as the load allowable limit. 

6.2.4.3.3 Continuum and EPZ linear elastic stresses 

In order to yield more confident conclusions regarding the capabilities of the proposed 

mixed-mode EPZ model, some further insight has been given in the developed stress field within 

the bondline area. The stresses in the adhesive bonded joints are being transferred from one 

substrate to the other through the adhesive layer. For this purpose, comparisons between the FEA 

results obtained from the two modeling procedures provided in section 6.2.3.1 are presented. In 

fact, the FEA results of the models of the SLJ and DSJ configurations presented in Figure 6.4 

and Figure 6.5 are given within the linear elastic region of the adhesive material. Thus, for the 

models with continuum elements of the adhesive layer (see Figure 6.4a and Figure 6.5a) only the 

adhesives’ elastic properties were utilized during the analyses.  

Figure 6.16 and Figure 6.17 compare the von Mises stress variation in the vicinity of the 

overlap area of the SLJ and DSJ models, respectively, as calculated with the utilization of 

continuum and interface elements for the adhesive layer. The same stress contour range has been 

used in each corresponding case, in order to provide qualitative comparisons.  

 
 

 
Figure 6.16: Von Mises stress distribution developed in the linear elastic region of the SLJ 

configuration, modeled with (a) 2D continuum elements and (b) interface elements.  

(b) 

(a) 
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Figure 6.17: Von Mises stress distribution developed in the linear elastic region of the DSJ 

configuration, modeled with (a) continuum elements and (b) interface elements. 

The continuum elements model, by its nature, provides the variation of stresses both 

through the thickness and along the length of the adhesive layer, whereas the interface elements 

model provides stress variations only along the bondline. Within the latter model, stresses are 

transferred between the substrates by means of tractions that obey the proposed EPZ laws and 

apply on the interface. A study of Figure 6.16 and Figure 6.17 reveals that the stress distributions 

are almost identical between each other in each case. This conclusion verifies the accuracy of the 

proposed FEA model in the linear elastic region. 

Apart from the contour plots presented, which in fact provide a qualitative representation 

of the developed stress field, an effort to compare the peel and shear stress magnitudes as they 

vary in the bond area, is made. For this purpose, the peel and shear stress distribution along the 

bondline as a function of the non-dimensional overlap length (x/ L) is plotted for the case of the 

SLJ and DSJ in Figure 6.18 and Figure 6.19, respectively. These results are calculated at the load 

levels of 1 kN and 2 kN for the SLJ and DSJ, respectively. Normal σI and tangential σII tractions 

obtained from the interface elements model are denoted as σy and τxy, respectively, in Figure 6.18 

and Figure 6.19, according to the planes stress models.  

The stress distributions resulting from the FEA of the models which utilize continuum 

elements for the adhesive layer are taken from a path lying at the midline of the thickness of the 

adhesive layer. The start point of the path (x = 0) is at the left hand side of the adhesive layers’ 

edge, whereas the end point is at the adhesive layers’ opposite edge (x = L) for both joints, as 

presented in Figure 6.18 and Figure 6.19. The magnitude L denotes the overlap length, where for 

the SLJ this magnitude equals to 25 mm and for the DSJ equals to 50 mm. In the formulation 

presented in section 5.2, it is assumed that negative peel stresses do not induce damage and are 

treated as contact stresses described by Equation (5.2). Thus, compressive peel stresses (contact 

stresses) calculated from the interface elements are not presented in Figure 6.18a and Figure 

6.19a, since they do not represent the true stress state of the adhesive material, in contrast with 

the results calculated from the continuum elements used for the adhesive. 
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Figure 6.18: Variation of (a) peel σy and (b) shear τxy stresses along the bondline of the SLJ. 
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Figure 6.19: Variation of (a) peel σy and (b) shear τxy stresses along the bondline of the DSJ. 

The FEA results obtained with the implementation of the mixed-mode EPZ model show 

good agreement with the respective results obtained with continuum elements for the adhesive 

layer, in term of both shape and magnitude along the overlap length, particularly near the 

adhesive edges where cracks initiate. The peel and shear stress free boundary conditions at the 

edges of the adhesive are captured when using continuum elements for the adhesive material. On 

the contrary, interface elements fail to capture this behaviour. This is expected, since the 

tractions being developed in the embedded process zone, depend on the corresponding 

separations, which are based on the deformation of two adjacent continuum elements. Thus, in 

the linear elastic region, only zero separations would yield zero tractions. In the case of the SLJ, 

both peel and shear stresses (see Figure 6.18) are symmetric about the middle of the overlap 

length (at x = 12.5 mm) and attain their maximum values at the free edges of the adhesive layer, 
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that is at x = 0 and 25 mm. The maximum percentage difference of the shear stresses calculated 

with the two different modeling procedures does not exceed 7.5%. On the other hand, shear 

stresses peak at the middle of the DSJ model (right edge) at x = L. The distribution of the shear 

stresses along the overlap length is in excellent agreement between both FEA models of the DSJ 

(Figure 6.19b). Nevertheless, the peak peel stresses obtained from interface elements are 

accurately predicted at the adhesive edges for the SLJ (Figure 6.19a) and at the left edge of the 

DSJ (Fig. 16a). The differences in these graphs regarding the points where stresses change sign 

are attributed to the effect of compressive stresses to the through the thickness stress variation, 

which is not included in the interface element formulation. 

6.2.4.3.4 EPZ stress distributions on the bond area 

This section aims at providing the calculated stress fields on the adhesive area domains of 

the SLJ and DSL models, as calculated with the 3D proposed EPZ mixed-mode model. Within 

the linear elastic region, where the developed tractions are analogous to the separations through 

the kI, kII and kIΙΙ stiffness constants, the resulting von Mises equivalent stresses developed at the 

steel adherents of the SLJ and DSJ configurations are presented in Figure 6.20.  

 

 
(a) 

 

 
(b) 

Figure 6.20: 3D Von Mises stress distributions calculated within the linear elastic range of the adhesive 
material of the SLJ (a) and DSJ (b) model. 
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For the presentation of the calculated stress fields, 2-dimensional contour graphs have been 

utilized with normalized axes, as schematically shown in Figure 6.21 for the SLJ and the DSJ 

configurations. Peel stress σz, in-plane shear τxz and out-of-plane shear τyz stresses correspond to 

the Mode I, II and III loading and failure modes, respectively. It is reminded that, since 1/4 of the 

DSJ configuration has been modeled, corresponding results are presented on half of the DSJ 

bond area.  

y

x

L

w

z

      

y

x

L

w
z

 
 (a) (b) 

Figure 6.21: Dimensions and coordinate system of the overlap area of the SLJ (a) and the DSJ (b) 
configurations. 

Figure 6.22 and Figure 6.23 present the σz and τxz stress variations at three levels 

throughout the non-linear loading history of the SLJ model; at 0.01 mm (very early, linear phase), 

at 0.1 mm (when response starts to deviate from linearity) and at 0.2 mm (near the maximum 

load). Figure 6.24 presents the out-of-plane shear stress τyz variation only for the last level, since 

these stress values are very small. 

At a first glance, the peel and in-plane shear stresses are symmetrical both with respect to x 

direction (at y/w = 0.5) and with respect to y direction (at x/L = 0.5). On the other hand, out-of-

plane shear stresses are anti-symmetrical, a behaviour which is reasonable since the SLJ 

geometry is anti-symmetric by nature. The linear elastic σz and τxz stress variations (Figure 6.22a 

and Figure 6.23a) present a peak at the middle of the two opposite x-edges (x/L = 0 and 1), 

reducing in a non-linear manner as x/L tends to 0.5. More specifically, in this early stage peel 

stresses are negative in most of the adhesive area, a fact that denotes contact conditions, whereas 

in-plane shear stresses are very small. At the next evaluation point (u = 0.1 mm, Figure 6.22b 

and Figure 6.23b), negative peel stresses cover a slightly smaller area than before, whereas in-

plane shear stresses have redistributed and peak at the four corners of the adhesive area. At the 

maximum joint strength point (u = 0.2 mm, Figure 6.22c and Figure 6.23c), lower value peel 

stresses are generally obtained, with the negative stresses denoting contact developing in a quite 

smaller area than before. The corresponding in-plane shear stresses attain their maximum values 

(18.5 MPa) in most of the adhesive area, becoming lower near the edges in x-direction (x/L = 0 

and 1). This maximum value is equal to the shear strength of the adhesive σc,II (see Table 6.1), a 

fact that shows that the SLJ configuration is shear dominated. The out-of-plane shear stresses τyz, 

presented in Figure 6.24, remain at very low levels (0.75 MPa) and thus can be characterized as 

elastic during the whole SLJ's loading history. In fact τyz  stresses do not contribute to the loading 

and failure of the adhesive layer. 
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Figure 6.22: Peel stresses σz distributions over the adhesive area of the 3D SLJ model for applied 

displacement u equal to 0.01 mm (a), 0.1 mm (b) and 0.2 mm (c).  
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Figure 6.23: In-plane shear stresses τxz distributions over the adhesive area of the 3D SLJ model for 
applied displacement u equal to 0.01 mm (a), 0.1 mm (b) and 0.2 mm (c).  
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Figure 6.24: Out-of-plane shear stresses τyz distributions over the adhesive area of the 3D SLJ model for 

applied displacement u equal to 0.2 mm. 

Same as before, Figure 6.25 and Figure 6.26 present the peel, σz, and  the in-plane shear, τxz, 

stress variations at three levels throughout the non-linear loading history of the DSJ model; at 

0.01 mm (very early, linear phase), at 0.07 mm (when response starts to deviate from linearity) 

and at 0.11 mm (near the maximum load). Figure 6.27 presents the out-of-plane shear, τyz , stress 

variation only for the last level, since these stress values are very small. As a general observation, 

the peel and in-plane shear stresses are symmetrical both with respect to x direction (at y/w = 1) 

and with respect to y direction (at x/L = 0.5), reminding that only half of the bond area is shown 

in these figures.  The out-of-plane shear stresses however, are symmetrical with respect to x 

direction (at y/w = 1) and anti-symmetrical with respect to y direction (at x/L = 0.5). The linear 

elastic σz stresses (Figure 6.25a) peak at the middle of the adhesive's free edge (x/L = 0, y/w = 0.5) 

and are being reduced in a non-linear manner as x/L tends to 0.2. These stresses are negative in 

most of the adhesive area, a fact that denotes contact conditions. Within the area between x/L = 

0.51 and x/L = 0.76, positive peel stresses develop, that remain in low levels compared to the 

maximum ones. The in-plane elastic shear stresses τxz (Figure 6.26a) develop in the entire bond 

area and peak at the middle of the joint (at x/L = 1).  

 At the second evaluation point (u = 0.07 mm), positive peel stresses (Figure 6.25b) 

develop in a larger area near the adhesive edge (from x/L = 0 to 0.33) when compared to the 

corresponding stress field in Figure 6.25a. Also, the positive peel stress area between x/L = 0.51 

and x/L = 0.76 vanishes. The peak values of the in-plane shear stresses at that point (Figure 6.26b) 

are again constrained at the middle of the joint (at x/L = 1) and are being reduced towards 

position x/L = 0.5.  

 At the maximum joint strength point (u = 0.11 mm, Figure 6.25c and Figure 6.26c) peel 

stresses maintain their peak values at x/L = 0 and develop in an extended area up to x/L = 0.4. 

The peak stresses at x/L = 0 are equal to 8.6 MPa, small compared to the tensile strength of the 

adhesive σc,I, which is equal to 30 MPa (see Table 1). The in-plane shear stresses τxz redistribute 

in a way that are reduced in the vicinity of x/L = 0 and x/L = 1 and maximize in the internal bond 
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area (from x/L = 0.15 and x/L = 0.91). The maximum τxz values are equal to 18.31 MPa, a value 

close enough to the shear strength of the adhesive σc,II (18.5 MPa). According to this last note, 

DSJ geometry can be characterized as a shear dominated joint type. The out-of-plane shear 

stresses τyz, presented in Figure 6.27, remain at very low levels (0.99 MPa) and thus can be 

characterized as elastic during the whole DSJ's loading history. As was the case for the SLJ 

configuration too, stresses τyz do not significantly contribute to the loading and failure of the 

adhesive layer. 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.0

0.2

0.4

0.6

0.8

1.0
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.0

0.2

0.4

0.6

0.8

1.0

 y 
/ w

x / L

-0.96

-0.52

0

0.36

0.80

1.2

1.7

2.1

2.6

 σ
z
 (MPa)

 
(a) 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.0

0.2

0.4

0.6

0.8

1.0
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.0

0.2

0.4

0.6

0.8

1.0

 σ
z
 (MPa)

 

-5.35

-3.52

0

0.14

1.98

3.81

5.64

7.47

9.30

y 
/ w

x / L  
(b) 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.0

0.2

0.4

0.6

0.8

1.0
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.0

0.2

0.4

0.6

0.8

1.0

 σ
z
 (MPa)

 

-6.25

-4.39

0

0.60

1.18

3.03

4.89

6.74

8.60

y 
/ w

x / L  
(c) 

 

Figure 6.25: Peel stresses σz distributions over the adhesive area of the 3D DSJ model for applied 
displacement u equal to 0.01 mm (a), 0.07 mm (b) and 0.11 mm (c).  
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Figure 6.26: In-plane shear stresses τxz distributions over the adhesive area of the 3D DSJ model for 
applied displacement u equal to 0.01 mm (a), 0.07 mm (b) and 0.11 mm (c).  
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Figure 6.27: Out-of-plane shear stresses shear stresses τyz distributions over the adhesive area of the 3D 

DSJ model for applied displacement u equal to 0.11 mm. 
 

6.3 Development of a Single Lap Joint subjected to Eccentric Loading 

6.3.1 Description of work 

According to section 6.2.4, it has been concluded that uni-axial testing of the single lap and 

double strap joints stresses the adhesive layer mostly in Mode I (peel stresses) and Mode II (in-

plane shear stresses), in a way that the contribution of Mode III (out-of-plane shear stresses) is of 

insignificant importance. For this purpose, a new to the literature experiment has been designed 

and carried out, which is based on a simple Single Lap Joint subjected to Eccentric Loading 

(SLJ-EL). This test considers a common Single Lap Joint configuration which is eccentrically 

loaded as shown in Figure 6.28.  

 
Figure 6.28: Schematic representation of the SLJ-EL adhesive joint used for the mixed-mode (Mode I, II 

and III) loading and fracture of the adhesive layer. 
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 The basic concept that lays behind this configuration is that the in-plane co-axial 

eccentric tensile loads, lead the adhesive layer to develop normal stresses, in-plane and out-of-

plane shear stresses which correspond to Mode I, II and III loading and fracture. From the early 

stages of loading the entire adhesive layer is subjected to mixed mode conditions which evolves 

in a progressive manner together with the increase of the exerted load, as will be shown in the 

numerical analysis part of this section. 

6.3.2 Geometry and Materials 

 In order to design the geometrical configuration and derive the dimensions of the SLJ-EL 

specimen, which will be further fabricated and tested, two basic constrains have been taken 

under consideration. The first one aims at maintaining an elastic stress-state in both substrates 

involved during the entire loading history of the specimen. The second constraint aims at 

achieving a mode mixity ratio between Mode II and Mode III not lower to 0.5. As shown later on, 

the mode mixities vary over the adhesive bond area. As far as the material selection is concerned, 

a mild steel (St37) and a relatively stiff epoxy (Araldite 2015) have been chosen for the 

substrates and adhesive, respectively. Considering the above, a parametric numerical analysis 

has yielded the geometry and dimensions of the fabricated specimens depicted in Figure 6.29.  
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Figure 6.29: Geometry with nominal dimensions of the fabricated SLJ-EL specimens. 
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The tabs shown in this figure, especially in the side view, are made from the same material 

as the main substrates of the SLJ-EL and are adhesively bonded on the metal substrates, in order 
to keep the loading path between the testing machine and the specimen’s geometry co-axial. 
Metallic pins were inserted in the holes of each specimen, which let the specimen to freely rotate 
at these two constrain points. 

6.3.3 Fabrication procedure 

 All bonding surfaces have been mechanically treated with the use of the common in the 

shipbuilding industry Sa2½ near-white grit blast cleaning (approx. 2.5 mm grit size), according 

to the Swedish standards. This procedure yielded an average surface roughness Ra of the 

metallic bonding areas equal to 4.92 μm (CoV = 2.3%).  

At the end of the surface preparation procedure, the specimens were cleaned with solvent 

(acetone) and then were let to dry, prior to the application of the adhesive material. First, the tabs 

were adhesively bonded on the main metal substrates and cured under ambient lab conditions 

(20°C). Then, the adhesive material was spread on the remaining bonded surfaces with the use of 

a spatula and then these were attached together as shown in Figure 6.30. The polypropylene 

spacers were utilized in order to achieve the nominal dimensions and alignment during the 

bonding process.  

Constant clamp pressure

Spacer

Rigid table

CFRPSteel

Steel Spacer

Excessive adhesive trap

Steel

Steel

Excessive adhesive trap

 
Figure 6.30: Configuration utilized for the fabrication of the SLJ-EL specimens.  

The thickness of the adhesive layer was 1 mm and provisions (short tough steel wires) 

had been taken during fabrication to keep this value constant for all specimens. The adhesive 

was applied over large steel plates from which the actual specimens will be finally subtracted, in 

order to achieve exactly same joints. After the application of the adhesive material, constant 

pressure was applied over the overlap area with the aid of clamps. The system was placed in an 

oven, one hour after the application of the clamps, at 70°C for 45 min. After the completion of 

the curing process, the specimens were cut from the “mother” plate together with their 

corresponding loading holes, with the use of waterjet. Three specimens were finally fabricated 

and tested. 
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6.3.4 Testing procedure 

 The objective of the tests was to provide experimental measurements of the fabricated 

specimens loaded in tension for comparison with the finite element analysis results with the use 

of the proposed 3D mixed-mode EPZ model (see section 5.4). Additionally, the simulation of the 

experimental tests aim at investigating the potential of the proposed SLJ-EL geometry for testing 

a thin adhesive layer loaded under mixed-mode conditions. Three SLJ-EL specimens were tested 

under a tensile loading using a MTS hydraulic testing machine at room temperature under 

displacement control with a rate of 0.25 mm/min. The experimental setup is shown in Figure 

6.31. Three strain gage sensors have been attached on top of the overlap edge of one side of each 

specimen, as shown in Figure 6.29. These locations were selected so as to provide variations of 

the strains along the width of each specimen and will be used for comparisons with the 

numerical results.  Both ends of each specimen were fixed in custom-made fixtures with the use 

of metallic pins, which let the specimens' ends to rotate freely. The pins' average real diameter 

was measured equal to 24.95 mm where the specimens' corresponding diameter varied within the 

range between 25.2 mm and 25.8 mm. Equal thickness plastic washers were utilized as spacers 

in-between each side of the specimen's end and the corresponding socket area of the fixture (see 

Figure 6.31), in order to align the specimen with the loading axis of the testing machine. During 

the tests the applied displacement together with the reaction forces were monitored. The 

experimental measurements are presented in the next section, together with the numerical ones. 

 
Figure 6.31: Experimental set-up of the SLJ-EL specimens. 
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6.3.5 Finite element modeling 

 This section deals with the numerical modeling of the SLJ-EL experimental tests. The 

geometry presented in Figure 6.29 has been considered for the construction of the finite element 

mesh and the corresponding boundary and loading conditions have been applied, based on the 

experimental set-up presented in Figure 6.31. The steel adherents and tabs have been modeled 

with 29904 quadratic 20-node brick elements (C3D20) available in the ABAQUS® element 

library. The whole adhesive layer is represented by 3D cohesive elements (see Appendix A1) 

and the proposed EPZ mixed-mode model (see section 5.4) has been utilized for the description 

of their constitutive relation. The cohesive elements utilized have constant dimensions (1.2 x 1.2) 

mm2 in the entire overlap area, a value derived after a mesh density convergence analysis. For 

the numerical integration of the stiffness matrix and the internal force vector of the quadratic 

cohesive elements, a 3 x 3 Gaussian quadrature rule has been used. For reasons of simplicity and 

for CPU time savings the pins and its interaction with the models' holes has not been modeled. 

Instead, the contact surfaces of the holes' circumference have been detected and the 

corresponding nodes laying at these surfaces have been constrained with the use of rigid links 

that allow rotational degrees of freedom. The latter are not available in the formulation of the 

C3D20 continuum elements, but are necessary for the realistic modeling of the imposed 

boundary conditions (pin support – free in-plane rotation) to the specimen during the experiment. 

Thus, a beam-type Multi Point Constraint (MPC) has been applied at the aforementioned internal 

nodes of the holes (half circle) with their master node located at the geometrical center of each 

hole, respectively, as shown in Figure 6.32. The boundary and loading conditions are applied at 

the master nodes of the MPCs. The displacement control experimental loading condition is 

translated to tensile applied displacement to one master node (-uy).  

 Newton-Raphson method has been utilized for the solution of the displacement control 

non-linear problem augmented by the line search algorithm. 

 
Figure 6.32: Finite element model with its corresponding boundary and loading conditions of the 

tested SLJ-EL specimens' geometry. 
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 As far as the material properties is concerned, the steel adherents were modeled within 

their linear elastic range, having a Young modulus equal to 170 GPa (experimentally measured 

value) and a Poisson ratio equal to 0.3. For the description of the constitutive behaviour of 

cohesive elements utilized for modeling of the adhesive layer, the 3D proposed EPZ mixed-

mode model is utilized. The definition of the pure mode EPZ law properties is based on the 

corresponding ones described in section 6.2.3.3. These properties refer to an adhesive layer of 

Araldite 2015 (also utilized for the fabrication of the SLJ-EL specimens) with a thickness of 0.5 

mm. For fabrication reasons, in the framework of the current experimental program the adhesive 

layer had an actual thickness equal to 1 mm. However, according to the experimental work 

reported by Ji et al. (2010) and Ji et al. (2011), the parameters of the cohesive laws are affected 

by the thickness of the corresponding bondline, in Mode I and II loading and fracture, 

respectively. Specifically, the parameter significantly affected are the critical stresses σc,I and σc,II. 

The authors have shown that a 1mm thick adhesive layer yields a 14.7 % percentage decrease 

and a 4.5 % percentage increase in the σc,I and σc,II magnitudes, respectively, of the 

corresponding magnitudes obtained from a 0.5 mm thick adhesive layer. Thus, for reasons of 

completeness, both cohesive law property sets (the one referring to the 0.5 mm thick adhesive 

and the one calculated for the 1mm thick adhesive used herein) have been utilized in the 

simulations of the SLJ-EL specimens. These two sets are listed in Table 6.4 and the 

corresponding cohesive laws are depicted in Figure 6.33.  
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Figure 6.33: Pure mode EPZ laws utilized for the constitutive relation of the cohesive elements that model 

the adhesive layer. 
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Table 6.4: Properties of the pure mode EPZ laws utilized in simulation of the SLJ-EL tests. 

magnitudes kI kII = kIII σc,I σc,II = σc,III JIc JIIc = JIIIc e 

units N/mm3 N/mm3 MPa MPa N/mm N/mm % 

Set 1 1850 650 30 18.5 4 4.7 0.1 

Set 2 1850 650 25.6 19.33 4 4.7 0.1 

 

6.3.6 Numerical and experimental results 

 The global response of the SLJ-EL configuration is presented in Figure 6.34, as 

experimentally measured and numerically predicted. As far as the experimental curves are 

concerned, these are characterized by an initial linear response followed by increasing non-

linearities until the maximum force level, that is the strength of the joint. After that point, a 

softening behaviour (inability to carry further load) is obtained that denotes the sudden 

progressive failure of the adhesive layer. A very good repeatability is observed regarding their 

global response behaviour and regarding their maximum attained load (average strength equal to 

26.36 kN with a coefficient of variance equal to 3.5%).  
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Figure 6.34: Global response of the adopted SLJ-EL configuration as experimentally measured and 

numerically calculated with the cohesive laws sets 1 and 2. 
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 After the elastoplastic material response of the adhesive layer, interfacial debonding 

(adhesive failure) was observed in both sides A and B of all specimens as depicted in Figure 6.35.

      

 (a) (b) 

Figure 6.35: Indicative fracture mode observed at the SLJ-EL side A (a) and side B (b) of Figure 6.31. 

 According to Figure 6.35, physical cracks initiated at the overlap edges and propagated 

along the steel-adhesive interface with an asymmetric manner. However, a close look of the 

failure surfaces, presented in Figure 6.36, denotes that the crack trajectory within the adhesive 

layer is oscillatory, i.e. travelling from one interface to its opposite through the adhesive material. 

This fact leads to the conclusion that both adhesive and cohesive failure modes are present 

during the fracture of the adhesive material. Accordingly, the utilization of the proposed mixed-

mode model, which is developed within the framework of the Embedded Process Zone approach, 

is a good candidate for numerical modelling of the loading and damage behaviour of the 

adhesive layer utilized to form the SLJ-EL specimen. 

 
Figure 6.36: Failure surfaces of the corresponding tested SLJ-EL specimen of Figure 8. 

 The numerical predictions of the simulated SLJ-EL configuration is based on the finite 

element model of Figure 6.32 and the corresponding 2 sets of cohesive parameters listed in Table 

6.4 have been utilized, respectively, for comparison reasons. The obtained results are plotted in 

Figure 6.34. Both curves, i.e. the dashed and continuous black lines that correspond to the 

cohesive law set 1 and 2, respectively, share a similar behaviour but differ in the predicted 

strength values. They are characterized by an initial linear response, followed by a nonlinear part 

Side A Side B
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up to the strength limit, a behaviour which is close enough to the corresponding experimental 

measurements. However, the predicted behaviour and strength from finite element calculations 

with the cohesive laws set 2 (predicted strength equal to 25.91 kN, corresponding to a 2% 

difference from the experimental average value) yields better predictions compared to the ones 

obtained from the cohesive laws set 1 (predicted strength equal to 24.87 kN, corresponding to a 

5.6% difference from the experimental average value). This leads to the conclusion that the 

procedure followed to derive the cohesive laws set 2 from the cohesive laws set 1 yields 

promising results. 

During the tests, only elastic stresses were developed at the metal substrates of both joint 

types. This fact denotes that the non-linearities of the global P-u response are attributed to the 

adhesive material ductility, which is well described by the exponential function of proposed EPZ 

laws. Figure 6.37 presents a comparison between the experimental strains as measured from one 

specimen and the corresponding numerically predicted values (with the cohesive laws set 2), at 

the three locations of the SLJ-EL specimens as shown in Figure 6.29. Similar experimental load- 

strain behaviour is obtained from the two remaining specimens. The trend of the load-strain 

curves from all three sensors can be characterized linear, as expected, reaching maximum values 

just before the failure of the joint. These maximum values are well below the yield point of steel 

(<< 2000 με). This behaviour is justified by the fact that the steel adherents are quite stiff and, 

therefore, the weak point of the joint is the adhesive layer which fails first. Thus the adherents 

are not heavily loaded, resulting in low maximum strains. This elastic behaviour was accurately 

predicted by the FEA with the mixed-mode EPZ model. 
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Figure 6.37: Strain measurements vs. the load of the adopted SLJ-EL configuration as experimentally 

measured and numerically calculated with the cohesive laws set 2. 



164                        Chapter 6:.Experimental and numerical investigation of metal-to-metal adhesive joints 
 

 

 Figure 6.38 presents the steel adherents’ von Mises stresses over the deformed shape of 

the simulated SLJ-EL geometry as predicted during its loading history. Within the linear elastic 

range of the adhesive layer (point A of Figure 6.34) and prior to the creation of the fracture 

process zone (damage initiation and propagation) the equivalent stresses peak at the outermost 

edge of the load line side of the overlap area, as shown in Figure 6.38a. Additionally, the well 

known “bending effect” of the load eccentricity occurring at the out-of-plane (side view of 

Figure 6.29) is apparent at the beginning of the load application. At the force level of 23KN 

(point B of Figure 6.34) the von Mises stresses peak in the vicinity of the middle of the width of 

the overlap area, as shown in Figure 6.34b. According to this figure, the peak stresses (red 

contour) have decreased to 130 MPa compared to the respective ones of Figure 6.38a, being 

equal to 260 MPa. This fact denotes the creation and propagation of the fracture process zone 

developed during the loading of the adhesive layer and located ahead of the crack tip. Figure 

6.38c presents the developed stresses at the maximum force level. The blue contours around the 

adhesive bond area, referring to stress-free areas, denote the physical creation of crack faces, i.e. 

the partial debonding of the adhesive joint and the redistribution of the tractions of the EPZ 

approach, and the resulting von Mises stresses on the metal adherents. This fact in turn, leads the 

peak stresses in the overlap area and in the vicinity of the crack tip to further decrease to 90 MPa.

  

 
 (a)  (b)  (c) 

Figure 6.38: Deformed shapes with von Mises stress distributions of the simulated SLJ-EL specimens 
during the formation of the EPZ (a) and the damage propagation in the adhesive layer (b, c). 

It is concluded that as the applied load increases in magnitude and the adhesive layer enters 

the elastic, plastic and damage region in a sequential manner, the “bending effect” of the metal 

adherents is being reduced. This is reasonable, since damage evolution and physical cracking of 

the adhesive layer, leads to a progressive decrease of the inherently induced eccentric 

deformation of the SLJs. This conclusion can be further justified, if one considers the 
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experimental and numerical load-strain behaviour at the SG-3 location (≈ 26 mm away from the 

load application line), as depicted in Figure 6.37, where at the maximum force level SG-3 strains 

are relatively lower compared to SG-1 and SG-2 strains. This fact denotes that the bending stain 

component has been reduced from the total strain magnitude and axial strains dominate. 

Figure 6.39 shows a front view of the deformed shape of Figure 6.38c. From this figure the 

contribution of the out-of-plane shear stresses (referring to Mode III) in the mixed-mode loading 

and fracture deformation of the SLJ-EL specimen, can be clearly seen. 

 
Figure 6.39: Front view of Figure 6.38 c showing the contribution of Mode III in the mixed-mode loading 

and fracture of the SLJ-EL geometry. 

6.3.7 EPZ stress distributions on the bond area 

On an effort to give some further insight to the loading and fracture process of the 

adhesive layer, the variation of developed peel, in-plane and out-of plane shear stresses in the 

embedded process is studied. Three force levels have been considered and the corresponding 

calculated stresses have been plotted over the adhesive layer domain with the aid of 2-

dimensional graphs. These levels are denoted with the letters A, B and C on the numerical curve 

(calculated with the cohesive law set 2) of Figure 6.34 and refer to the linear elastic, elasto-

plastic and maximum attained (strength) force level, respectively. In the following graphs the 

axes have been normalized to unity with respect to the nominal dimensions, that is the overlap 

width w (25mm) and overlap length L (80mm), and with the aid of the local coordinate system x-

y-z shown in Figure 6.32. Thus, the corresponding stresses that represent the EPZ are denoted as 
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σz, σyz and σxz and correspond to the Mode I peel, Mode II in-plane and Mode III out-of-plane 

shear stresses, respectively. 

Prior to presenting the stress field developed in the adhesive layer, it is important to see the 

contribution of Mode III loading and fracture to the mixed-mode response of the SLJ-EL 

geometrical configuration. For this purpose the absolute value of the mode mixity δIII/δΙΙ (see 

Equation A1.24 in Appendix A1) has been plotted over the adhesive area domain, in Figure 6.40, 

calculated in the early stages of loading (point A in Figure 6.34). According to this figure, the 

mode mixity ratio increases within the area between x/L = 0.5 and x/L = 1, and peaks in the 

vicinity of x/L = 1, with a value of 1.5. This value denotes that the maximum contribution of 

Mode III is 150% higher than Mode II. This is reasonable, if one considers the eccentricity 

between the load-line and the outermost edge of the geometry (x/L = 1) and observing the 

deformed configuration of the SLJ-EL specimen in Figure 6.39. 
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Figure 6.40: Indicative distribution of the Mode II and III separation ratio δIII / δΙΙ over the bond area of 

the SLJ-EL adopted geometry. 

Figure 6.41, Figure 6.42 and Figure 6.43 present the variation of the peel σz, in-plane σyz 

and out-of-plane σxz shear stresses over the adhesive area as evolves during the loading of the 

SLJ-EL configuration, respectively. As a general remark, peel, in-plane and absolute out-of- 

plane shear stresses are symmetrical with respect to x/L at y/w = 0.5. Within the linear elastic 

region (see Figure 6.41a) peel stresses are concentrated near the adhesive area edges, that is at 

y/w = 0 and y/w = 1, and peak in the vicinity of the loading axis. Contact stresses (negative 

normal tractions) are developed in most of the adhesive area (blue contours), which are assumed 

that do not induce damage. As the adhesive layer enters plasticity, peel stresses redistribute in a 

way that maximize within the range x/L = 0.25 and x/L = 0.75 and also near the edges, as shown 

in Figure 6.41b. Additionally, normal stresses tend to develop in a larger area within the 

adhesive layer, by converting their sign from negative (contact) to positive (peel). This behaviour 

is more intense at the maximum force level predicted by the SLJ-EL finite element modeling, 

according to Figure 6.41c. However, the maximum peel stresses are lower than the 

corresponding ones of Figure 6.41b, i.e. 7.4 MPa compared to 10 MPa. This is the result of the 

variable mode-mixity within the embedded process zone, obtained during the loading history of 

the SLJ-EL model and causes softening of some material points in a sequential manner. 
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Figure 6.41: Peel stresses σz developed over the bond area corresponding to point A (a), B (b) and C (c) of 
the global response of the SLJ-EL configuration (see Figure 6.34). 

 
The linear elastic in-plane shear stresses σyz have developed in the entire adhesive domain 

and increase in magnitude from the outermost edge (x/L = 1) to its opposite (x/L = 0) 

approaching the loading axis, as shown in Figure 6.42a. The maxims concentrate at the corner 

edges, which in fact are stress concentration points where damage initiates. Within the advanced 

non-linear region of the global response curve of the SLJ-EL geometry (point B in Figure 6.34), 

nearly the half of the adhesive layer has entered plasticity, denoted with the red contour region in 

Figure 6.42b. At that force level, unloading continued by change in sign of the σyz stresses is 

calculated, in the region of the adhesive layer between x/L ≈ 0.94 and x/L = 1. This negative σyz 

stress area has extended at the maximum force level of the SLJ-EL model, according to Figure 

6.42c. This behaviour is reasonable, if one considers the effect of the Mode III to the deformed 
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shape (scissoring of the adherents) of the SLJ-EL model presented in Figure 6.39. Also, a stress 

softening is observed at the vicinity of the edge near the loading axis (x/L = 0), as shown in 

Figure 6.42c. 
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Figure 6.42: In-plane shear stresses σyz developed over the bond area corresponding to point A (a), B (b) 

and C (c) of the global response of the SLJ-EL configuration (see Figure 6.34). 
 

The variation of the out-of-plane shear stresses is characterized antisymmetrical in all load 

levels (see Figure 6.43). Within the linear elastic response, the stress distribution of the 

corresponding out-of-plane shear stresses σxz is presented in Figure 6.43a. According to this 

figure, σxz stresses peak in absolute value at the two corner edges of the adhesive layer at x/L = 0 

and decrease as approaching the opposite edges at x/L = 1. As soon as the adhesive material 

enters plasticity (see Figure 6.42b) and its ability to carry higher stresses decreases, the σxz stress 

field redistributes (see Figure 6.43b) with an opposite pattern of that of Figure 6.43a. The 

scissoring of the adherents of the SLJ-EL geometry becomes more intensive and now the 
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maxims of σxz stresses concentrate in the other left hand side half and at y/w = 0 and y/w = 1. 

This behaviour follows up to the maximum predicted force level, as shown in Figure 6.38c. 
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Figure 6.43: Out-of-plane shear stresses σxz developed over the bond area corresponding to point A (a), B 
(b) and C (c) of the global response of the SLJ-EL configuration (see Figure 6.34). 

 

 

6.4 Conclusions 

 Experimental tests were initially performed on single-lap and double-strap joints and the 

corresponding measurements were compared with numerical results obtained from the developed 

2D and 3D mixed-mode EPZ models, for validation purposes, as described in Chapter 5. The 

traction – separation laws were incorporated in the developed mixed-mode models and were 
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implemented into interface elements that were used to model the adhesive layer bondline, in a 

2D and 3D finite element space, respectively. The numerical results are in very good accordance 

with the respective experimental ones, both for the load-displacement and for the load-strains 

curves. The proposed models predicted accurately the elastoplastic response and strength of both 

types of joints considered, by utilizing in each analysis the same pure mode laws.  

 Additionally, the existing in the literature trapezoidal law, which is adequate for 

modeling ductile adhesives, has been used for the FEA of the tested joints and comparisons are 

given. Comparisons are also provided with the corresponding FE results obtained from the PRP 

(Park-Paulino-Roesler) model. The shape of the PRP cohesive laws is controlled by two shape 

parameters (α and β) that can be adjusted so as to represent brittle, quasi-brittle and ductile 

material softening behaviours. For the sake of the current work, two cases regarding the selection 

of these parameters have been considered; brittle (α = β= 2) and ductile (α = β= 1.1) behaviour. 

 The trapezoidal law captures accurately the linear elastic region and strength but does not 

capture accurately the nonlinear elastoplastic region of the tested joints. For the adhesive joint 

cases considered where thick steel substrates and a ductile adhesive material are involved, the 

trapezoidal law predicts higher loads for a given value of applied displacement when compared 

to the corresponding results obtained from the proposed law and the experimental measurements. 

This difference becomes higher for values of load approaching the strength of the joints. This 

outcome is important when designing a structural part that includes an adhesive joint.  In such a 

case, the proposed law predicts the global response and the stress distributions, on this part with 

higher accuracy than the trapezoidal law.  

 On the other hand, both the proposed and the PRP model (especially the brittle case with 

α = β= 2) predict with great accuracy the elastic and plastic softening behaviour of both test 

cases up to the experimental maximum load. Unexpectedly, the brittle PRP cohesive laws yield 

more promising results compared to the ductile PRP cohesive laws. However both PRP laws 

predict a gradual damage behaviour after the maximum load in both joints, which is inconsistent 

with the rapid one experimentally registered. The proposed EPZ and the trapezoidal model 

capture this rapid progressive damage response. 

 For the definition of each law in pure Mode i (i = I, II) four parameters are necessary, that 

is, the initial stiffness (ki), the critical stress (σc,i), its corresponding separation (δ0,i) and the 

critical separation (δc,i) or the fracture toughness (Jic). The critical stress and the fracture 

toughness have to be experimentally measured, whereas the initial stiffness can be evaluated 

easily from the elastic properties of the adhesive material provided by the manufacturer. An 

analytic formula has been derived for the calculation of the physical parameter δ0,i through a 

specific numerical parameter (error e). A sensitivity study towards the effect of this parameter to 

the FEA results has shown that, in the case of a ductile adhesive like the one studied here, 

accurate predictions of the strength and conservative predictions of the corresponding 

displacement at failure are obtained, when considering a value of the error e equal to 1% or less. 

Considering the above, it can be concluded that the proposed EPZ laws can be referred as two-
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parameter laws when designing towards the strength of an adhesive joint with a ductile adhesive 

material. However, when designing towards the maximum attained displacement, the proposed 

laws are three-parameter laws. 

 The constitutive model presented here provides an alternative capability for the simulation 

and design of structures with bonded components which involve a ductile adhesive material. 

Comparisons with the PRP model, which couples the separate fracture modes explicitly through 

the PRP potential validates the effectiveness of the proposed mixed mode formulation which is 

based on damage and fracture criteria together with the equivalent separation and the mode 

mixity parameter for coupling the separate fracture modes.  

 According to the aforementioned numerical results, it has been concluded that uni-axial 

testing of the single lap and double strap joints, stresses the adhesive layer mostly in Mode I 

(peel stresses) and Mode II (in-plane shear stresses), in a way that the contribution of Mode III 

(out-of-plane shear stresses) is of insignificant importance. For this purpose, a new to the 

literature experiment has been designed, which is based on a simple Single Lap Joint subjected 

to Eccentric Loading (SLJ-EL). This test considers a common Single Lap Joint configuration 

which is eccentrically loaded. The basic concept that lays behind this configuration is that the in-

plane co-axial tensile loads, lead the adhesive layer to develop normal stresses, in-plane and out-

of-plane shear stresses which correspond to Mode I, II and III loading and fracture. These tests 

were designed such that the metal substrates will not enter plasticity and the adhesive will be 

achieving a mode mixity ratio between Mode II and Mode III not lower to 0.5. The experiments 

were simulated in a 3-dimensional finite element space and the 3D developed mixed-mode 

model has been utilized for the adhesive layer. The numerical results are in very good agreement 

with the corresponding experimental measurements, within the linear and non-linear region and 

attained strength, yielding a difference of 2%. It has been concluded from a mode-mixity graph 

(δIII/δII) that in the early stages of loading the contribution of Mode III is 150% higher than that 

of Mode II. Additionally, following the linear elastic response of the adhesive material, the 

adhesive layer laying at the vicinity of the loading axis, enters plasticity in a progressive manner 

until the creation of physical cracking. 
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7. Experimental and numerical investigation of composite-to-metal 
adhesive joints 

 
 
 
 
 
7.1 Description of work 

 Having validated the proposed EPZ laws and mixed-mode model with experiments 

obtained from steel-to-steel adhesive joints (see Chapter 6), this chapter is focused on validating 

the proposed numerical laws with experiments from composite-to-steel adhesive joints. This 

chapter is divided in two main sections.  

 The first section (7.2) presents an experimental parametric study of adhesively bonded 

Single Lap Joint (SLJ) geometries between relatively thick dissimilar adherents. The primary 

objective of this study is to investigate the effect of various parameters, i.e. adherents’ 

thicknesses (two different stiffness ratios, 0.175 and 0.35), adhesive thickness (0.5 and 0.8 mm) 

and overlap length (25 and 75 mm), on the failure load and failure mode of joints with dissimilar 

materials. For this purpose, mild steel and carbon fiber reinforced polymer (CFRP) laminates 

have been considered as the structural adherent materials. Seven SLJ cases have been considered 

for fabrication and experimental testing. The SLJ specimens were tested under a uni-axial tensile 

quasi-static displacement. Three strain gages were attached to specific locations on each SLJ 

specimen, aiming at giving some local insight to the strain variations during loading. The applied 

displacement, the reaction force and the strains were monitored during the tests. The tests where 

then numerically modeled in a 3D space within ABAQUS® commercial finite element software 

and the adhesive layer's material response was  simulated with the proposed mixed-mode model.  

 The next section (7.3) is focused on the numerical implementation of experimentally 

measured cohesive laws which describe a ductile adhesive material utilized for bonding similar 

or dissimilar structural materials. The main aim is to provide and validate all necessary 

amendments that must be considered in order to obtain a Traction-Separation law that can be 

used as the constitutive relation of cohesive elements for the simulation of adhesive joints. Thus, 

typical experimental cohesive laws from steel-to-CFRP adhesive joints (same materials as in 

section 7.2), reported in the Diploma Thesis of Andrianakis (2011), have been considered for 
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numerical implementation according to the proposed EPZ laws. The steel-to-CFRP adhesive 

joints were tested under the Double Cantilever Beam loaded with Uneven Bending Moments 

(DCB-UBM) experimental configuration. The manufacturing of the specimens was performed at 

the Shipbuilding Technology Laboratory at the National Technical University of Athens, 

whereas the tests were carried out at the Risø National Laboratory for Sustainable Energy, 

Materials Research Division, Technical University of Denmark. 

 The measured cohesive laws were first converted to numerical constitutive relations 

according to the proposed EPZ laws and additionally, for reasons of comparison, to the already 

known triangular shaped cohesive laws (available model in ANSYS and ABAQUS® finite 

element commercial software). Then, these were utilized for the numerical simulation of the 

experimental tests of section 7.2and comparative results are provided. 

7.2 Single Lap Joints 

7.2.1 Experimental program 

Initially, two CFRP composite laminated panels were manufactured which differ in the 

number of the constituent reinforcing layers utilized, that is 15 and 22, hence achieving two 

different thicknesses. The fabrics were made from 200 g/m2 unidirectional carbon fibers (CST 

200 supplied by SGL Group) and the polymer system utilized was an epoxy resin LH 160 with 

the 135-136 hardener, both provided by HAVEL Composites. The UD fabrics were initially 

impregnated with the epoxy/hardener matrix system by the hand lay-up method and afterwards 

the plates were cured at 25 oC for 48 hours under constant 0.6 bar pressure with the aid of 

vacuum bagging. 

 After curing, two pairs of plates with dimensions (200 x 200) mm and (200x150) mm, 

respectively, were cut out from the 22 layers panel. One pair of plates and a single plate with 

dimensions (200 x 200) mm and (200x150) mm were also cut out from the 15 layer panel. As for 

the tabs which are necessary to fabricate the SLJ geometry, four and three rectangular plates, 

have been subtracted from the 22 and 15 layers panels, respectively. All cuts were made with the 

use of the waterjet technique with a cutting tolerance of ±0.2 mm.  

 Additionally, for the metallic substrates, plates from mild steel with the corresponding 

dimensions of the CFRP subtracted plates have been utilized. The structural adhesive material 

Araldite 2015 provided by Huntsman Container Corporation Ltd., that is a two-part and 

relatively stiff epoxy adhesive material, has been utilized as the joining material of the metallic 

and CFRP substrates.  

 All substrates were first degreased with acetone before the application of the specific 

surface preparation procedure. The bonding areas of the CFRP plates were polished using first a 

coarse sandpaper (100), followed by a finer one (200). For the treatment of the corresponding 

bonding areas of the metallic plates, the common in the shipbuilding industry Sa2½ near-white 
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grit blast cleaning was applied (approx. 2.5 mm grit size), according to the Swedish standards. 

This procedure yielded an average surface roughness Ra of the metallic bonding areas equal to 

4.15 μm.  

Initially, each metallic plate was bonded with its corresponding metallic tab plate and 

provisions have been taken (short tough steel wires) in order to maintain a constant adhesive 

thickness. After the completeness of the curing process of the steel tabs, each CFRP substrate-tab 

system was adhesively bonded with its corresponding steel substrate - tab system, as shown in 

Figure 7.1.  

Constant clamp pressure

Spacer

Spacer

Rigid table

CFRP
CFRP

Steel

Steel

 
Figure 7.1: Configuration utilized for the fabrication of the dissimilar SLJ adhesive joints (polyurethane 

was used for the spacers). 

After the assembly, the specimens were cured in an oven under a uniform pressure 

loading. According to the adhesive material manufacturer, curing procedure consisted of heating 

the specimens in 70C for 45 minutes, followed by a slow cooling to ambient temperature. The 

specimens were left in ambient temperature for 48 hours before performing the tests. After the 

completion of the curing process, the specimens were cut with the use of waterjet.  Seven cases 

have been considered that differ in the overlap length (25 or 75 mm), in the adhesive thickness 

(nominal 0.5 or 0.8 mm) and in the stiffness ratio (0.175 or 0.35). Figure 7.2 shows a schematic 

view of the considered SLJ cases and Table 1 lists the corresponding dimensions of each case. 

Three specimens were fabricated and tested from each SLJ case, resulting in total 21 specimens. 

LoLa

tc ta ts

Steel

Steel

CFRP
CFRP

 
Figure 7.2: Schematic representation of the fabricated SLJ specimens. 

Table 7.1: SLJ cases considered in the parametric study (magnitude w is the width of the joints). 

Case tc (mm) ts (mm) Lt (mm) La (mm) Lo (mm) ta (mm) w (mm) SR 

SLJ-1 7.98 8 40 75 75 0.52 23.76 0.21

SLJ-2 8.60 8 40 75 75 0.89 24.00 0.22

SLJ-3 9.56 5 40 75 75 0.51 23.93 0.39

SLJ-4 9.29 5 40 75 75 0.84 23.89 0.38

SLJ-5 9.99 5 40 75 25 0.51 23.83 0.41

SLJ-6 9.99 8 40 75 25 0.85 23.99 0.26

SLJ-7 8.12 8 40 75 25 0.50 24.04 0.21
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Figure 7.3 depicts a side view of a 75 mm long overlap area of respective SLJ coupons. It 

can be clearly seen that the adhesive layer has a uniform thickness along the overlap length. 

 
Figure 7.3: Side view of a typical SLJ with 75 mm overlap length. 

 All specimens were loaded by a uniaxial static tensile displacement, applied with a speed 

of 0.1 mm/min by an MTS hydraulic testing machine. Three 5 mm length strain gage sensors 

(SG-1, SG-2 and SG-3) were placed on each SLJ specimen, at the locations shown in Figure 7.4. 

Their aim was to monitor strains at these three locations for reasons of comparison with the 

respective numerical results. During the tests the applied displacement together with the reaction 

forces were monitored. Figure 7.5 shows a typical SLJ-4 specimen under experimental 

conditions. 
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Figure 7.4: Experimental set-up of the SLJ specimens. 

 

 
Figure 7.5: A typical CFRP-to-Steel SLJ with 75mm overlap length under experimental conditions. 
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7.2.2 Numerical modeling 

The actual average dimensions listed in Table 7.1 of the SLJ geometries shown in Figure 

7.2 have been considered for the finite element analysis. Thus, seven models have been 

constructed in a 3-dimensional space according to the mesh and loading and boundary conditions 

shown in Figure 6.6 and described in section 6.2.3.2. As far as the CFRP and steel adherents are 

concerned, quadratic 20-node brick elements (C3D20) available in the ABAQUS® element 

library have been utilized. The whole adhesive layer is represented by plane interface elements, 

described in Appendix A1, (placed between adjacent continuum elements in the overlap areas) 

and the proposed EPZ laws or mixed-mode model have been utilized for the description of their 

constitutive relation. The cohesive elements utilized have constant dimensions (0.5 x 0.5) mm2 in 

the entire overlap areas. For the numerical integration of the stiffness matrix and the internal 

force vector, a 3 x 3 Gaussian quadrature rule has been used. The Newton-Raphson method has 

been utilized for the solution of the displacement control non-linear problem augmented by the 

line search algorithm. 

Table 7.2: Orthotropic elastic properties of the CFRP adherents (Andrianakis, 2011). 

E1 (MPa) E2 (MPa) E3 (MPa) ν12 ν13 ν23 G12 (MPa) G13 (MPa) G23 (MPa) 

35000 3000 3000 0.35 0.3 0.3 2000 1500 1500 

As far as the material properties is concerned, the CFRP adherents were modeled as linear 

orthotropic with the properties listed in Table 7.2. On the other hand, the steel adherents were 

modeled as linear elastic – perfectly plastic materials (bi-linear model) based on the Von Mises 

plasticity model. The Young modulus has been taken equal to 170 GPa (experimentally 

measured magnitude), Poisson ratio equal to 0.3 and the Yield stress limit equal to 180 MPa. For 

the description of the constitutive behaviour of cohesive elements utilized for modeling of the 

adhesive layer, the 3D proposed EPZ mixed-mode model is utilized. The definition of the pure 

mode EPZ law properties is based on the corresponding ones described in section 6.2.3.3. 

According to the manufacturer of the adhesive material the shear strength of the adhesive σc,II 

varies together with the substrates utilized for the creation of the adhesive bond. The 

manufacturer provides the shear strength measured from adhesively bonded SLJ geometries from 

similar materials, including CFRP-to-CFRP. Additionally, he states that when analyzing 

adhesive joints with dissimilar materials, as the SLJ cases adopted herein, the selection of the σc,II 

magnitude must be based on the corresponding lower value measured from SLJ with similar 

adherents; e.g. for an adhesive layer with 0.5 mm thickness, the σc,II magnitude equals to 18.5 

MPa and 14.25 MPa, for steel-to-steel and CFRP-to-CFRP substrates, respectively. Thus, in our 

case for the 0.5 mm thick adhesive layer the σc,II magnitude has been taken equal to 14.25 MPa. 

The remaining parameters have been taken equal to the respective ones listed in Table 6.1 which 

correspond to steel-to-steel adhesive joints. 
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The aforementioned parameters refer to an adhesive layer with a thickness of 0.5 mm. In 

the framework of the current parametric analysis, an additional adhesive thickness has been 

considered equal to 0.85 mm. However, as reported in section 6.3.5, according to the 

experimental work reported by Ji et al. (2010) and Ji et al. (2011), the parameters of the cohesive 

laws are affected by the thickness of the corresponding bondline, in Mode I and II loading and 

fracture, respectively. Specifically, the parameter significantly affected are the critical stresses 

σc,I and σc,II. The authors have shown that a 1 mm thick adhesive layer yields a 14.7 % 

percentage decrease and a 4.5 % percentage increase in the σc,I and σc,II magnitudes, respectively, 

of the corresponding magnitudes obtained from a 0.5 mm thick adhesive layer. Table 7.3 

presents the corresponding parameters utilized for the definition of the pure mode EPZ laws of 

the 3D interface elements for the simulation of the seven SLJ cases. Set 1 corresponds to cases 

SLJ-1, SLJ-3, SLJ-5 and SLJ-7 whereas Set 2 corresponds to cases SLJ-2, SLJ-4 and SLJ-6. 

Parameter e has been taken equal to 0.1 % as concluded from previous investigations in Chapter 

6. 

Table 7.3: Properties of the pure mode EPZ laws utilized in simulation of the CFRP-to-steel SLJ 
tests. 

Magnitude kI kII = kIII σc,I σc,II = σc,III JIc JIIc = JIIIc e 

units N/mm3 N/mm3 MPa MPa N/mm N/mm % 

Set 1 3700 1300 30 14.25 4 4.7 0.1 

Set 2 2176 765 25.6 15 4 4.7 0.1 

 

7.2.3 Numerical and Experimental results 

7.2.3.1 Cases with long overlap length: Cases SLJ-1 to SLJ-4  

In order to draw confident conclusions regarding the parametric study and the effect of 

the corresponding parameters (adhesive thickness, overlap length and stiffness ratio), a 

comparison between the experimental and numerical results in terms of the measured and 

calculated global response and strength (maximum attained force), is presented. Thus, Figure 7.6 

presents the strengths from all seven cases considered (see Table 7.1 and Figure 7.2) as 

experimentally measured and numerically evaluated.  

To begin with, a relatively increased deviation from the average value of the experimental 

strengths is obtained regarding the SLJ cases with 75 mm overlap length compared to the SLJ 

cases with 25 mm overlap length, resulting to a maximum coefficient of variation (CoV) equal to 

5.7% and 1.4%, respectively. According to Figure 7.6, the selection of either the adhesive 

thickness (0.5 mm and 0.85 mm) or the stiffness ratio (0.175 and 0.35) to the strength of each 

joint’s case has a small effect the corresponding obtained average strength. On the other hand, as 

expected, there is a significant effect of the overlap length on the strength of the joints, 

regardless the selected adhesive thickness and stiffness ratio.  
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In particular, a 70% increase of the adhesive thickness results to a maximum 5% increase 

of the strength of the corresponding SLJ cases with 25 mm overlap length. The same conclusion 

is drawn out for the effect of the stiffness ratio on the strength of the joints, where an increase of 

100% results in a 5% maximum increase of the strength. However, the joints with three times 

longer overlap length yield a maximum 100% increase in their strength, with respect to the joints 

with the short overlap lengths, i.e. 75mm and 25 mm, respectively. 
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Figure 7.6: Collected experimental and numerical strengths for all considered SLJ cases.  
 

Figure 7.7 and Figure 7.8 present a comparison between the experimentally measured 

and numerically evaluated global response in terms of the reaction force – applied displacement 

and reaction force – strains, for the SLJ-1 and SLJ-2 cases, respectively.  According to the 

experimental measurements shown in Figure 7.7 and Figure 7.8, a very good repeatability has 

been obtained. In both cases, the P - u relations are globally characterized by a linear behaviour 

up to the maximum attained load, where further increase in the applied displacement lead to the 

decay of the force and the subsequent failure of the joints. In fact these two cases differ only in 

the adhesive thickness utilized to fabricate the SLJ geometries, that is 0.5 mm and 0.89 mm for 

the SLJ-1 and SLJ-2 case, respectively. The developed strains at the three measurement locations 

follow a linear pattern (see Figure 7.7b and Figure 7.8b), which denotes that they remain within 

the linear elastic region of either the CFRP or the steel substrates.  

It is noteworthy, that at the force level of 15 kN for the SLJ-1 case and 12.5 kN for the 

SLJ-2 case, a change in the slope of the P- Strain relation has been recorded in the SG-3 location, 

as shown in Figure 7.7b and Figure 7.8b. This inflexion point is consistent with global P – u 

relation, where at the same force level (15 kN for SLJ-1 case and 12.5 for SLJ-2 case), the non-

linear region is starting and continues up to the strength of each joint. These changes in the 

slopes are attributed to the damage initiation and propagation occurring within the adhesive layer. 
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As far as the finite element results are concerned, the experimental behaviour in either P - u or P 

- Strains has been accurately predicted, in both SLJ-1 and SLJ-2 cases. However, as 

aforementioned, the proposed mixed-mode model fails to capture the experimental average 

strength and its corresponding displacement at failure, yielding to a difference of 15% and 17% 

for the SLJ-1 and SLJ-2 case, respectively. A very good prediction of the strains has been 

obtained particularly at the SG-1 and SG-3 measurement locations. However a slight deviation 

of the FEA predictions is obtained at the SG-2 location, as depicted in Figure 7.7b and Figure 

7.8b.  
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Figure 7.7: Global response of the SLJ-1 case in terms of the force – displacement (a) and force –strains 
(b) as experimentally registered and numerically evaluated. 
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Figure 7.8: Global response of the SLJ-2 case in terms of the force – displacement (a) and force – strains 
(b) as experimentally registered and numerically evaluated. 

Figure 7.9 presents the variation of the principal stresses at the maximum attained force 

level of the deformed model of SLJ-1 and SLJ-2 cases. The top substrate is the steel one, 

whereas the bottom substrate is the CFRP one.  
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Figure 7.9: Qualitative variation of principal stresses over the SLJ domain of SLJ-1 and SLJ-2 cases. 

According to the calculated deformed shape of the SLJ-1,2 models, the CFRP substrate, 

which is more compliant than the steel substrate, follows the well known eccentric behaviour of 

a single lap joint in a way that leads the adhesive layer to develop high peel and in-plane shear 

stresses at the right and the left hand side edges of the bondline (cohesive zone – fictitious crack), 

respectively. Further insight can be given by examining the developed stresses over the adhesive 

area as calculated with the proposed EPZ mixed-mode model. Figure 7.11, Figure 7.12 and 

Figure 7.13 present the peel (Mode I), in-plane (Mode II) and out-of-plane (Mode III) shear 

stresses, respectively, according to the local coordinate system depicted in Figure 7.10, as 

calculated from the SLJ-1 model. Without any loss of significant information, stress variations of 

the SLJ-2 model are not provided, since they share the same behaviour with the SLJ-1 model. 
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Figure 7.10: Dimensions and coordinate system of the overlap area of the SLJ configurations. 

 The axes of the 2D stress figures have been normalized according to the real dimensions 

of the overlap length and width of the model. The peel stresses plotted in Figure 7.11 are 

calculated at the maximum force level of the SLJ-1 model. Apart from, the symmetry with 

respect to the x axis at y / w = 0.5 that they exhibit, they peak at x / L = 1. This behaviour is 

common through the entire loading history of the SLJ model.  

On the other hand, in-plane shear stresses peak at x / L = 0 within the linear elastic region 

of the adhesive material (see Figure 7.12a). As the loading increases and the adhesive layer 

enters plasticity the in-plane shear stresses almost reach the plateau of 14.2 MPa (see Figure 

7.12b). The plastic zone then extends in that area with any further increase in the load and at the 

same time the adhesive material laying in the right hand side, at x / L = 1, contributes to the 

loading by developing elastic stresses. At the maximum attained force, the plasticity of the 

adhesive layer has extended and damage initiation and propagation is located at both adhesive 

edges (area of the softening behaviour of the T-S law), as shown in Figure 7.12c. However the 

rate and magnitude of the damage extension is much higher at x / L = 0; a fact that has as a 

consequence the deformed shape of Figure 7.9, where the cohesive zone is apparent at left hand 

side of the overlap area. 
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Figure 7.11: Peel stresses σz distribution over the adhesive area of the SLJ-1 model at the maximum 

attained force (u = 0.86 mm). 

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0
0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

y 
/ w

σ
xz

 (MPa)

 

0.4

1.0

1.6

2.1

2.7

3.3

3.9

4.4

5.0

x / L
 

(a) 

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0
0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

 

 

5.8

6.8

7.9

8.9

9.9

11.0

12.0

13.1

14.1
σ

xz
 (MPa)

y 
/ w

x / L
 

(b) 

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0
0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

  

 

 7.7

8.5

9.3

10.1

11.0

11.8

12.6

13.4

14.2
σ

xz
 (MPa)

y 
/ w

x / L
 

(c) 

Figure 7.12: In plane shear stresses τxz distribution over the adhesive area of the SLJ-1 model for u equal 
to 0.1 mm (a), 0.5 mm (b) and 0.86 mm (c). 
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The out-of-plane shear stresses (Mode III) remain at very low levels and can be 

characterized linear during the entire loading history of the SLJ-1 or SLJ-2 models, as shown in 

Figure 13. Thus they do not contribute to the mixed-mode loading and fracture of the adhesive 

layer. This conclusion was expected since the problem under examination is in fact plane strain 

and hence, dominant fracture modes are Mode I and Mode II. They peak at the vicinity of the 

two corner edges of the adhesive layer, that is at x / L = 0  and y / w = 0 and 1.   
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Figure 7.13: Out-of-plane shear stresses τyz distribution over the adhesive area of the SLJ-1 and SLJ-2 

model at the maximum attained force (u = 0.86 mm). 

Following the evaluation of the SLJ-1 and SLJ-2 cases which involve SLJ geometries 

with 8 mm thick steel substrates, the SLJ-3 and SLJ-4 cases are examined which involve 5 mm 

thick steel substrates. The corresponding results are shown in Figure 7.14 and Figure 7.15. A 

very good repeatability of the P-u and P-Strains experimental relations has been obtained.  

All three respective experimental P-u curves of SLJ-3 (see Figure 7.14a) and SLJ-4 (see 

Figure 7.15a) case share a common behaviour, which can be divided into three regions. The first 

region is described by a linear behaviour bounded by the inflexion point at the force level of 13.2 

kN for the SLJ-3 and 12.5 kN for the SLJ-4 case. The second region is bounded by the inflexion 

point and the load carrying capacity level of each joint. The third region is described by a 

softening behaviour, which denotes the inability of each joint to carry further load. In this region 

failure mechanisms are developing in the adhesive/substrate system, i.e. plasticity of the ductile 

adhesive, void nucleation in the adhesive, debonding at the adhesive/adherent interface, micro-

cracking, etc.  

Despite the overestimated prediction of the average experimental maximum loads, the 

FEA results predict accurately the experimental P-u behaviour in both cases, as shown in Figure 

7.14a and Figure 7.15a.  The same conclusions can be drawn out from the P-Strains relations, 

apart from the strain predictions at the SG-3 location of Figure 14b, where the load level of the 

change in the slope is underestimated with subsequent deviations in the predicted behaviour.  
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Figure 7.14: Global response of the SLJ-3 case in terms of the force – displacement (a) and force –strains 
(b) as experimentally registered and numerically evaluated. 
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Figure 7.15: Global response of the SLJ-4 case in terms of the force – displacement (a) and force –strains 
(b) as experimentally registered and numerically evaluated. 
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The change in slope (inflexion point) and the subsequent bilinear behaviour of the P-u 

plots, are of significance importance and further examination must be given. According to the  P-

Strains relations shown in Figure 7.14b and Figure 7.15b, a change in the slope is additionally 

observed at the same force levels for the strains measured at the SG-3 location. In fact, this 

particular location refers to strain measurements on the free surface of the steel substrates at the 

overlap edge, as shown in Figure 7.4. This change in slope is attributed to the yield (plastic zone 

creation) of the steel substrate at the opposite to the SG-3 location, as experimentally observed 

and numerically calculated. Figure 7.16a presents a typical SLJ-3 specimen (the same occurs 

with the SLJ-4 specimens) after the failure of the bond, where the permanent deformation of the 

steel adherend can be seen with a naked eye. The developed plastic zone in the steel adherend 

are presented in Figure 7.16b, as numerically calculated with the use of a bi-linear (elastic 

perfectly plastic) material model for the ductile steel substrate. 

The local yield of the steel adherend has a significant effect on the loading and fracture 

mode of the adhesive bond. A comparison between the experimentally captured and numerically 

calculated deformation in Figure 7.17 reveals at first hand the damage evolution process within 

the adhesive layer. The experimental observations are in good agreement with the numerical 

results shown in this figure. According to Figure 7.17a, an extensive damage zone (plasticity, 

void nucleation and micro-cracking) has been developed at the left hand side edge of the 

adhesive layer, whereas a smaller damage zone seems to form at the right hand side edge of the 

adhesive layer. This behaviour is similar to the corresponding one described previously, for the 

SLJ-1 and SLJ-2 cases. 

 

 
(a) 

 

 
(b) 

 

Figure 7.16: Typical failure mode of a specimen of the SLJ-3 and SLJ-4 case denoting permanent plastic 
deformation of the steel substrate (a) and variation of the Von Mises plastic strains over the steel adherent 

domain. 
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(a) 

 
(b) 

Figure 7.17: Typical deformed shape near the maximum attained force as experimentally captured (a) and 
numerically predicted (b).  

 
 In order to conduct confident conclusions regarding the effect of the yield zone 

developed in the steel adherend, the peel stress σz, the in-plane shear stresses σxz and the out-of-

plane shear stresses σyz as these vary over the adhesive layer (see Figure 7.10) at the maximum 

attained force level are shown in Figure 7.18.  

 The peel stresses follow the same pattern to that presented in Figure 7.11 within the 

linear elastic region and early stages of plasticity of the adhesive layer. With further increase in 

the applied force and as the steel adherent enters plasticity, high peel stress concentrate in a 

larger area than that of Figure 7.11, as shown in Figure 7.18a. This redistribution, where the peel 

stresses peak in the area around x / L = 1 bounded within [y / w = 0.2, y / w = 0.8] and decrease in 

magnitude in the areas bounded within [y / w = 0, y / w = 0.2] and [y / w = 0.8, y / w = 1.0] is 

attributed to the subsequent redistribution of the out-of-plane shear stresses as shown in Figure 

7.18c. The σyz stresses follow the pattern presented in Figure 7.13 within the linear elastic and 

early stages of plasticity of the adhesive layer. However, the plastic zone developed in the steel 

adherend leads to the shrinkage of its width at that location (see Figure 7.16), which 

subsequently leads the adhesive material to develop increased out-of-plane shear stresses. Thus, 

the contribution of the Mode III fracture mode to the failure of the SLJ-3 and SLJ-4 cases is 

considered important. The in-plane shear stresses follow the pattern shown in Figure 7.12a and 

Figure 7.12b within the linear elastic and early stages of plasticity of the adhesive layer, 

respectively. However, with the yield initiation of the steel adherent the in-plane shear stresses 

redistribute in a way that at the maximum attained load they present the variation shown in 
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Figure 7.18b. This behaviour is much different than the one presented in Figure 7.12c, which 

corresponds to SLJ-1 and SLJ-2 cases and where plasticity in the steel adherent is not present. 
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Figure 7.18: Variation of the peel stresses (a), in-plane shear stresses (b) and out-of-plane shear stresses (c) 
over the adhesive layer domain at the maximum attained force level as calculated with the SLJ-3 model 

(the same for SLJ-4 model). 
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7.2.3.2 Cases with short overlap length: Cases SLJ-5 to SLJ-7 

 Having evaluated both experimentally and numerically the behaviour of the SLJ-1,2,3 

and 4 cases, which involve single lap joint geometries with 75 mm overlap length, the behaviour 

of the SLJ-5, 6 and 7 cases that involve 25 mm overlap length will be examined. Figure 7.19, 

Figure 7.20 and Figure 7.21 present a comparison between the experimental measurements and 

numerical results for the SLJ-5, 6 and 7 cases, respectively.  
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Figure 7.19: Global response of the SLJ-5 case in terms of the force – displacement (a) and force – strains 
(b) as experimentally registered and numerically evaluated. 
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Figure 7.20: Global response of the SLJ-6 case in terms of the force – displacement (a) and force – strains 
(b) as experimentally registered and numerically evaluated. 
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Figure 7.21: Global response of the SLJ-7 case in terms of the force – displacement (a) and force – strains 
(b) as experimentally registered and numerically evaluated. 
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 According to Figure 7.19, Figure 7.20 and Figure 7.21, the experimental data are in very 

good agreement regarding both their behaviour and maximum joint strength. The P-u curves 

exhibit an initial linear response followed by increasing non-linearities as the adhesive layer 

enters plasticity. This behaviour, is more emphasized in the SLJ-6 case where the thickness of 

the adhesive layer is 0.85 mm compared to the respective magnitude of the SLJ-5 and SLJ-7 

cases, that is 0.5 mm. This is reasonable, since thicker adhesive layers correspond to the 

development of larger plastic zone inside the layer, leading to increased plastic deformations and 

strains. As far as the FEA results are concerned, these are in great agreement with the 

corresponding experimental measurements, since they capture the linear and non-linear 

behaviour of the P-u plots in all three cases considered (SLJ-5, 6 and 7). A very good agreement 

is additionally observed between the P- strains experimental and numerical results.  

Figure 7.22 and Figure 7.23 present the distribution of the principal stresses over the SLJ-

5, 6 and SLJ-7 deformed models, respectively.  

 
Figure 7.22: Qualitative variation of principal stresses over the SLJ domain of SLJ-5 and SLJ-6 cases. 

 
Figure 7.23: Qualitative variation of principal stresses over the SLJ domain of SLJ-7 case. 

According to these figures, regardless of the stiffness ratio and the adhesive thickness, in 

all three cases, damage and cracking initiates at the right hand side edge of the adhesive overlap 

area, in under Mode I loading and fracture conditions. This statement can be further justified by 

examining the variation of the corresponding to Mode I peel stresses σz over the adhesive area, as 

shown in Figure 7.24.  The positive peel stresses that contribute to Mode I loading and fracture 

develop in the areas bounded by [x / L = 0, x / L = 0.25] and  [x / L = 0.6, x / L = 1], whereas in 

the remaining area negative contact stresses develop that denote contact conditions. The positive 

peel stresses peak at x / L = 1 with magnitude equal to 13.1 MPa. On the other hand, the in-plane 

shear stresses in the linear elastic region peak at the opposite edge at x / L = 0 (see Figure 7.25a) 
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and thus plasticity in the adhesive layer initiates from that point and propagates towards the 

remaining adhesive edge at x / L = 1 (see Figure 7.25b). Finally, at the maximum attained load, 

the in-plane shear stresses have become plastic in almost the entire adhesive area and decrease 

(softening) in the vicinity of the adhesive edge at x / L = 1, as shown in Figure 7.25c. As 

aforementioned, at this location peel stresses maximize and thus they become responsible for 

damage and fracture initiation of the adhesive layer.  

 The out-of-plane shear stresses σyz peak, in the entire loading history, at the two left hand 

side corner of the adhesive layer at the x / L = 0 as shown in Figure 7.26. Their magnitude 

remains at very low stress levels and thus σyz stresses remain in the linear elastic region, without 

contributing to the failure of the adhesive layer.   
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Figure 7.24: Variation of the peel stresses (over the adhesive layer domain at the maximum attained force 

level as calculated with the SLJ-5 model (the same for SLJ-6 and SLJ-7 model). 
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Figure 7.25: Variation of the in-plane shear stresses σxz over the adhesive layer domain at the elastic 
region (a), early stages of plasticity (b) and at the maximum attained force level (c) as calculated with the 

SLJ-5 model (the same for SLJ-6 and SLJ-7 model). 
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Figure 7.26: Variation of the out-of-plane shear stresses σyz over the adhesive layer domain at the 

maximum attained force level as calculated with the SLJ-5 model (the same for SLJ-6 and SLJ-7 model). 
 
 

7.3 DCB-UBM tests  

7.3.1 Experimental program 

 Only an overview of the experimental program of the DCB-UBM tests is given, within 

the framework of the current PhD thesis, since the numerical simulation of the experiments is the 

area of focus. Relevant detailed information is provided in the Diploma Thesis of Andrianakis 

(2011).  

 Figure 7.27 presents a schematic view of the fabricated and tested DCB-UBM specimens. 

The selection of the materials and their corresponding dimensions were based on their possible 

applications in the marine industry. The width of all specimens w had an average value equal to 

30±0.2 mm. The actual adhesive thickness ta was 1±0.05 mm. The steel and CFRP adherents had 

an actual thickness, ts and tc, equal to 5±0.2 mm and 9.5±0.5mm, respectively. 

 As far as the CFRP composite material is concerned, 22 layers of 200 g/m2 and 0.4 mm 

thick unidirectional carbon fiber fabrics (CST200 supplied by SGL Group) were combined with 

an epoxy resin LH 160 with the 135-136 hardener, both provided by HAVEL Composites. The 

UD fabrics were initially impregnated with the epoxy/hardener matrix system by the hand lay-up 

method and afterwards the plates were cured at 25 oC for 48 hours under constant 0.6 bar 

pressure with the aid of vacuum bagging. The metal adherents, which were fabricated from mild 

steel, were adhesively bonded to the cured CFRP substrates with Araldite 2015 (Huntsman 

Container Corporation Ltd) epoxy adhesive.  

 Prior to the application of the adhesive material on the bonding surfaces of the adherents, 

a 1 mm thick PTFE sheet (equal to the adhesive thickness) was utilized for the creation of the 

pre-crack. The length of the PTFE sheet was selected equal to 60 mm (see Figure 7.27), a value 

that yields a 10 mm pre-crack defined between the crack tip and the fixture. In fact, this value 
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does not affect the experimental results, since the substrates are subjected to constant moments 

applied at the two attached metal fixtures.  
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Figure 7.27: Geometrical configuration and dimensions (in mm) of the DCB-UBM specimens. 

The fabricated specimens were tested under the DCB-UBM experimental configuration, as 

shown in Figure 7.28. As aforementioned, a special fixture was attached (bolted-bonded) at the 

steel and CFRP adherents (see Figure 7.27), that was used for the application of pure bending 

moments to the specimen by two transverse arms, using a wire/roller system at the cracked ends 

of the beams (see Figure 7.28a). The moment applied at each beam of the DCB specimen can be 

controlled through the length of the transverse arms, l1 and l2, resulting to a moment equal to M1 

= Pl1 and M2 = Pl2, for the steel and CFRP adherend, respectively, where P is the force applied 

by the wire. So, by changing the lengths l1 and l2, different moment ratios   M1/ M2 can be 

obtained, enabling this way the same specimen geometry to be used for different mode mixities 

and eliminating the errors that could occur by changing the testing procedure in order to obtain 

different mode mixities. Moreover, since this set-up produces pure moments, the moment ratio 

throughout the length of the specimen is the same. 

 During the experiments, the pre-crack tip opening * was measured for the Mode I tests 

and both opening * and sliding *  separations were measured, for the Mode I and mixed Mode 

I and II loading and fracture tests, respectively. Thus, an extensometer (INSTRON 2620-602) 

was mounted on one side of the DCB-UBM specimens for recording the *  separation. For the 

mixed-mode tests, on the opposite side, two linear variable differential transducers (LVDTs) 

were mounted through a special set-up to keep a record of the tangential displacements *  at the 

neutral axis. The specimens were loaded using a constant displacement rate of the lower beam 

at 5 or 10 mm/min. Figure 2b shows a DCB-UBM specimen under testing conditions. 
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 (a)  (b) 

Figure 7.28: Schematic view of the DCB-UBM configuration (a) and a CFRP-to-steel specimen under 
testing (b). 

Two cases have been considered herein for testing and numerical validation, regarding 

the mixed-mode loading and fracture of the adhesive material. The first case (Case A) considers 

pure Mode I, whereas Case B considers mixed-mode (combined Mode I and II) loading and 

fracture of the adhesive. In order to conclude to the necessary moment ratio which must be 

applied to each case (Case A or B) for leading the adhesive to stress and fail under Mode I or 

mixed-mode conditions, preliminary finite element simulations were conducted. Thus, following 

the convention shown in Figure 7.29, a moment of CFRP to steel ratio equal to M1 / M2 = +2 and 

M1 / M2 = -6, , was obtained and utilized in the experiments for Case A and Case B, respectively.  

 
Figure 7.29: Moment convention used in the DCB-UBM tests. 

7.3.2 Post Processing of the experimental results 

 During the experiments the load on the wire was measured directly, through a load-cell.  

The normal *  and tangential *  separations at the pre-crack tip were determined from the 
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recordings of the sensor devices (extensometer and LVDTs). Figure 7.30 presents a typical 

applied load - normal opening relation as experimentally measured from a Case A specimen. 

Additionally, Figure 7.31 presents the load - normal opening and tangential sliding relations as  

experimentally measured from a Case B specimen. According to Figure 7.30, the load increases 

without any recordings of the normal opening separation, until the load level of 0.28 kN where 
* begins to increase in magnitude with any further increase of the load. Prior to the load level of 

0.28 kN, the applied work from the moments is dissipated for the bending of the substrates and 

immediately after this level, part of the work is dissipated for the formation of the Cohesive Zone 

(CZ) within the adhesive layer. At the load level of 0.32 kN the CZ has been fully developed and 

thus the load is constrained to this plateau denoting steady state fracture, with the creation of new 

fracture surfaces.    
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Figure 7.30: Typical global response of a Case A specimen (Mode I experiment) in terms of the applied 

force - normal separation.  
 
 Figure 7.31a is characterized by the same behaviour but with much lower load levels. 

This is reasonable, since the adhesive material is stressed under mixed-mode conditions and 

hence the contribution of Mode II is significant (see Figure 7.31b) to the loading and fracture 

response of the adhesive layer. On the other hand, the load - tangential sliding response, is 

somehow different, as shown in Figure 7.31b. Magnitude *  begins to increase in magnitude in 

the early stage of the loading history compared to magnitude * . This is attributed to the fact 

that, when the thin adhesive layer is loaded under Mode II, the developed cohesive zone extends 

in a larger area behind the physical crack tip. 
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Figure 7.31: Typical global response of a Case B specimen (mixed-mode experiment) in terms of the 
applied force - normal (a) and tangential (b) separation. 

 Having measured the applied load with respect to the separations ( * , * ), the next step 

is the calculation of the energy release rate JI and JII, so as to further derive the experimental 

cohesive laws according to the J-integral approach. This is accomplished with the use of 

analytical formulas in the context of linear elastic fracture mechanics, as proposed by Suo and 

Hutchinson (1990). According to these authors the specimen is considered as a bimaterial joint 

with the adhesive layer ignored. The advantage of the utilized analytical formula is that the 

energy release rate depends on the loading and the geometry of the DCB specimen, but not on 

the crack length. This fact facilitates the obtention of the release rate since the crack length is 

usually hard to measure.The results are based on the assumption of plane stress condition.  

 Figure 7.32 and Figure 7.33 present the constructed R-curves (discrete data-points) by 

considering the dimensions of the DCB specimens and the P - * , *  measured data of Figure 

7.30 and Figure 7.31, as input parameters to the analytical formula proposed by Suo and 

Hutchinson (1990).  

 According to these figures, the behaviour of the Mode I R-curves is characterized typical. 

The JI magnitude begins to increase from a certain definite level for values of *  starting from 

zero. This JI level defines the well known initial fracture toughness magnitude JI0, which 

corresponds to the energy needed for the creation of the cohesive zone and it is a constant value. 

From JI0 and forward, the behaviour of the JI - 
*  relation is considered non-linear as JI tends to 

stabilze at a plateau level, known as the steady state fracture toughness JIss. Magnitude JIss, from 

a physical point of view, corresponds to a fracture toughness level beyond which physical crack 

propagates with a stable manner accompanied with a full developed CZ behind the crack tip. The 

energy needed for the full formation of the cohesive zone JIcoh., is given by the subtraction of the 

Initial fracture toughness from the steady state fracture toughness, that is JIcoh. = JIss - JI0.  
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Figure 7.32: R-curve as calculated from the corresponding P - * curve of Figure 7.30(Case A specimen).   
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Figure 7.33: R-curves as calculated from the corresponding P - * and P - * curves of Figure 7.31 (Case 

B specimen).   
 

 On the other hand, the behaviour of the Mode II R-curve (JII - * ) of the Case B 

specimen presented in Figure 7.33 is different. The fracture toughness JII begins to increase from 

zero together with the recordings of the tangential sliding *  and tends to a plateau level, 

namely Steady State Fracture Toughness JIIss. The Initial and cohesive fracture toughness cannot 

be defined explicitly.  
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 For the calculation of the experimental cohesive laws, a differentiation must be obtain of 

the corresponding R-curves, presented in Figure 7.32 and Figure 7.33, with respect to  *  and 
* (if present) according to the J-integral approach. Thus, for avoiding errors that arise from the 

direct numerical differentiation of the discrete JI - *  and JII - *  data sets, analytical 

differentiation is proffered instead. Several analytical functions have been utilized for providing 

a best fit of the discrete data-sets, i.e. exponential, polynomial, power etc.. The final selected 

analytical fitting functions are presented in Figure 7.32 and Figure 7.33, accordingly. Figure 7.34 

presents the obtained experimental cohesive laws from a pure Mode I (Case A) and a mixed-

mode experiment (Case B), obtained after the differentiation of the analytical fitting functions 

shown in Figure 7.32 and Figure 7.33, respectively. 
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Figure 7.34: Typical experimental cohesive laws from a Case A (a) and Case B (b) experiment. 
 

7.3.3 Numerical implementation of the experimental cohesive laws 

 This section aims at providing all necessary amendments that must be considered in order 

to utilize the obtained experimental cohesive laws in numerical simulations, according to an 

extrinsic triangular model and the proposed EPZ model. The triangular cohesive zone model is 

the one which is already built-in in most commercial FEA software (e.g. ANSYS and 

ABAQUS®) for the simulation of adhesive joints. However the proposed EPZ laws and mixed-

mode model are more adequate, since they describe the process zone developed within a ductile 

adhesive material, under pure or mixed mode loading and fracture.  

 Let’s initially consider the Mode I cohesive laws ( *   ) of Figure 7.34, as 

schematically shown in Figure 7.35. Regardless of the necessary amendments, i.e. the utilized 

shape of the numerical cohesive law, the key parameters that must be maintained constant are the 

characteristic fracture toughness magnitudes, i.e. JI0, JIcoh. and JIss. As aforementioned in section 

4.6, magnitude JI0 is a constant parameter which vanishes when differentiating the JI - *  

analytical relation to derive the corresponding cohesive law. Thus, the total area under the 
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*    curve corresponds to the cohesive zone energy uptake JIcoh.. According to the proposed 

EPZ model, the traction decreasing part is given by a linear softening function. By keeping 

constant the JIcoh. and the critical stress σc,Ι magnitudes, the critical separation of the numerical 

softening function (δc,i - δ0,i) can be calculated though the area of the triangle: JIcoh. = 0.5 σc,Ι (δc,i - 

δ0,i). 

σc,I

σI

δI

Experimental cohesive law

Numerical approximation

δ   -c,I 0,Iδ  δc,I
*

Icoh.J

 
Figure 7.35: Experimental and numerical approximation of a Mode I cohesive law.  

 

The next step is the incorporation of the initial fracture toughness parameter JI0 to the 

numerical cohesive law, which is not included in the experimental one. The proposed procedure 

is shown in Figure 7.36.  

δc,I δI


Entire area under EPZ law 
     Steady-state fracture toughness 

Cohesive zone fracture toughness

JIss = JI0  +  JIcoh.

δc,I - δ0,I

δ0,I

kI

σI

σc,I

JIcoh.JI0

Initial fracture toughness

 
Figure 7.36: Numerical implementation of the experimental Mode I cohesive law according to 

the proposed EPZ law. 

The aim is to equal the JI0 magnitude to the area under the exponential traction increase 

part of the proposed EPZ law, according to Equation (5.22). The initial stiffness kI is calculated 
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from the ratio between the Young modulus of the adhesive material and the adhesive thickness ta. 

By considering kI, JI0 and σc,Ι, magnitude δ0,I can be calculated through Equation (5.22) and 

additionally the error parameter e from Equation (5.4). These ammendements lead the proposed 

EPZ law to describe the entire process zone which is defined by magnitude JIss. 

 As far as the treatment of the Mode II cohesive law obtained from the mixed-

mode experiment, a quite different procedure is followed. The entire area under the proposed 

EPZ law equals directly to the value of the measured JIIss magnitude. The initial stiffness kII is 

obtained by dividing the shear modulus of the adhesive layer to the adhesive thickness ta. The 

critical stress σc,ΙI utilized is the one experimentally measured (see Figure 7.34b). For the 

calculation of the δ0,II magnitude, Equation (5.4) is utilized with the error parameter e calculated 

from the corresponding Mode I cohesive law.  

 For the calculation of the extrinsic triangular laws, the procedure is more simple, since 

the data needed to be defined are the σc,i and Jiss (i = I or II), which are directly taken from the 

post-processing of the experimental results.  

Table 7.4: Parameters of the pure Mode I and II proposed EPZ laws. 
 kI kII σc,I σc,II JI0 JII0 JIcoh. JIIcoh. JIss JIIss e 

 MPa/mm MPa N/ mm % 

Case A 3700 - 19.3 - 0.573 - 0.173 - 0.746 - 0.124 

Case B 3700 1423 18.1 17.1 1.17 - 0.49 - 1.67 1.78 0.00007

 

7.3.4 Finite Element Modeling 

 In order to validate the experimental cohesive laws and the proposed numerical 

implementation procedure, the DCB-UBM tests have been considered for finite element 

modeling in a 3D space. The finite element model together with the applied boundary and 

loading conditions presented in Figure 7.37 are based on the average dimensions and geometry 

of the DCB specimen shown in Figure 7.27 and the experimental configuration shown in Figure 

7.28 and Figure 7.29.  

 For the modeling of the steel or CFRP substrates, 20-node brick elements (C3D20) 

available in the ABAQUS® element library have been utilized. The adhesive layer has been 

totally removed and 3D cohesive elements (see Appendix A1) have been used instead for a 

length of 100 mm after the pre-crack tip, with dimensions equal to 0.5 x 0.5 mm2, a value 

derived after a mesh density convergence analysis. For the numerical integration of the stiffness 

matrix and the internal force vector of the quadratic cohesive elements, a 3 x 3 Gaussian 

quadrature rule has been used. 
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Figure 7.37: Finite element model of the DCB-UBM tests together with the imposed loading and 

boundary conditions. 
 
 As far as the material properties are concerned, the CFRP adherents were modeled as 

linear orthotropic with the properties listed in Table 7.2. The steel adherents were modeled as 

isotropic linear elastic. The Young modulus has been taken equal to 170 GPa and the Poisson 

ratio equal to 0.3. For the description of the constitutive behaviour of cohesive elements utilized 

for modeling of the adhesive layer, the 3D proposed EPZ laws and mixed-mode model was 

utilized. The definition of the pure mode EPZ law properties is based on the corresponding ones 

described in the previous section and listed in Table 7.4.  

 The degrees of freedom (dofs) of the nodes laying at the areas of the DCB model, where 

the aluminum parts were bonded have been tied with the use of beam elements (kinematic Multi-

Point Constraint - MPC). Thus, the bending moment (M1 and M2) was applied at the master node 

of each MPC set, since corresponding rotational dofs where implicitly introduced thanks to the 

beam elements. The corresponding applied moments are listed in Table 7.5 for each case 

modeled (Case A and Case B).  

The translational dofs laying at the locations where the rollers hold the specimen into 

position (see Figure 7.28) have been constrained. Additionally, contact elements have been 

placed in-between the pre-crack surfaces in order to avoid element interpenetration. This is 

necessary when modeling the mixed-mode Case B tests, where the moments have the same sign.  

In order to account for the geometrical and material nonlinearities, the Newton-Raphson 

method has been utilized together with a line search algorithm. A force controlled approach was 

utilized for the solution of the non-linear problem. 

Table 7.5: Applied loading conditions and corresponding details. 

 M1 / M2 P l1 l2 M1 M2 

  kN mm mm N mm N mm 

Case A -2 0.4 176.5 86.5 -70600 34600 

Case B 6 0.2 519 86.5 103800 17300 
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7.3.5 Experimental and Numerical results 

 Figure 7.38 and Figure 7.39 present a comparison between the experimentally measured 

and numerically calculated global responses of the pure Mode I (Case A) and mixed-mode (Case 

B) DCB-UBM configurations, respectively. 
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Figure 7.38: Comparison of the experimental and numerical results of the Case A specimen.  

 

 The numerical results have been calculated with the triangular extrinsic CZM and the 

proposed EPZ model, considering the properties listed in Table 7.4. According to the predictions 

of the pure Mode I test (see Figure 7.38), both types of laws share a common behaviour, 

described by an initial non-linear load increasing part followed by a constant load level (plateau 

region). The second part agrees well with the corresponding behaviour of the experimental 

results, compared to the first part, where deviations are apparent. However, numerical prediction 

with the proposed EPZ law yields a steeper load increasing part in contrast with the prediction 

obtained by the triangular law, which is more compliant. However, the experimental load plateau 

(0.32 kN) and the corresponding normal opening value * (0.03 mm) where the load plateau is 

obtained, is accurately predicted (< 3% deviation) by the proposed EPZ law. The numerical 

prediction with the triangular law underestimates the experimental load plateau (≈ 9% deviation) 

and overestimates the corresponding normal opening value (≈ 40%).  
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Figure 7.39: Comparison of the experimental and numerical results of the Case B specimen in terms of 
the load and pre-crack tip normal opening (a) and tangential sliding (b).  

 

 The numerical prediction of the mixed-mode DCB-UBM case (Case B) is presented in 

Figure 7.39. A similar behaviour as in Case A is obtained regarding the numerical P - *  relation. 

Both the triangular and the EPZ laws capture the experimental load plateau (≈ 0.18 kN) with a 

deviation less than 8%. However the proposed EPZ law underestimates the corresponding 

normal opening value * (0.07 mm) since the load plateau is obtained with a deviation equal to 

40%, in the P - * (see Figure 7.39a). The triangular law overestimates this magnitude with a 

deviation equal to 38%. The numerical P - *  relation obtained with the proposed EPZ law, 

shown in Figure 7.39b, is in better agreement to the experimental one in the initial non-linear 

load increasing part, as compared to the prediction with the triangular law. However, the 

triangular law predicts more accurately than the EPZ law the experimental tangential sliding 

displacement * (0.13 mm) where the load plateau is obtained.  
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7.4 Conclusions 

 Initially, an experimental parametric study of adhesively bonded Single Lap Joint (SLJ) 
geometries between relatively thick dissimilar adherents has been conducted. The experimental 
part involved an investigation of the effect of various parameters, i.e. adherents’ thicknesses, 
adhesive thickness and overlap length, on the failure load and failure mode of joints with 
dissimilar materials. The tests where then numerically predicted in a 3D space and the adhesive 
layer's material response was simulated with the proposed mixed-mode model.  

For the cases considered, where relatively thick substrates were utilized, there was a small 
effect of the adhesive thickness and the stiffness ratio to the experimental strength of the joints. 
On the other hand, as expected, there is a significant effect of the overlap length to the strength 
of the joints, regardless of the selected adhesive thickness and stiffness ratio. In particular, a 70% 
increase of the adhesive thickness results to a maximum 5% increase of the strength of the 
corresponding SLJ cases with 25 mm overlap length. The same conclusion is drawn for the 
effect of the stiffness ratio to the strength of the joints, where an increase of 100% results in a 
5% maximum increase of the strength. However, the joints with three times longer overlap 
length (200% increase) yield a maximum 100% increase in their strength, than the joints with 
short overlap lengths, i.e. 75mm and 25 mm, respectively. In the case where a long overlap 
length (75mm) and a relatively thin steel adherend (5mm) was utilized, the steel entered 
plasticity at the vicinity of the adhesive overlap edge. Numerical simulations of the 
aforementioned experiments were conducted in a 3-dimensional finite element space by utilizing 
the developed 3D mixed-mode EPZ model. According to the numerical results, the proposed 
model captured accurately the global responses, in terms of force-displacement and force-strains, 
in all seven cases modeled. The experimental strengths of the short overlap lengths were 
predicted with great accuracy compared to the corresponding predictions of the cases with long 
overlap lengths where larger deviations were calculated. 
 In the following, particular focus has been given on the numerical implementation of 
experimentally measured cohesive laws which describe a ductile adhesive material utilized for 
bonding similar or dissimilar structural materials. The main aim was to provide and validate all 
necessary amendments that must be considered in order to obtain a Traction-Separation law that 
can be used as the constitutive relation of cohesive elements for the simulation of adhesive joints. 
Thus, typical experimental cohesive laws from steel-to-CFRP adhesive joints, derived from 
Double Cantilever Beam tests subjected to Uneven Bending Moments (DCB-UBM), have been 
considered for numerical implementation according to the proposed EPZ laws. The measured 
cohesive laws were first converted to numerical constitutive relations according to the proposed 
EPZ laws and additionally, for reasons of comparison, to the already known triangular shaped 
cohesive laws (available model in ANSYS and ABAQUS® finite element commercial software). 
Then, these were utilized for the numerical simulation of the experimental tests and comparative 
results are provided. The proposed laws and procedure has yield promising comparisons between 
the experimental and numerical results, denoting the validity of the former.  
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8. Numerical parametric analysis of tubular adhesive joints 
 
 
 
 

8.1 Introduction 

Much of the existing pipeline infrastructure is constructed from steel materials. Steel is 

strong, mechanically robust and relatively inexpensive. However, large sums of money are spent 

in trying to reduce the exposure of steel pipelines to corrosive environments. A recent study 

(Koch et al., 2002) indicated that in the United States alone the annual direct cost of corrosion in 

the gas-distribution network was $5 billion US and the corresponding corrosion cost for drinking 

water and sewer systems was $36 billion per year. One way to overcome this problem is to use a 

material with good corrosion resistance, such as fibre reinforced polymers (FRPs), instead of 

steel.  

Various fibre reinforced composite thin walled tubular structures have been in 

preferential use in piping systems for the last two decades and have a wide range of applications 

in aerospace, marine, chemical, petroleum and other industries for transportation of various 

fluids. FRPs represent an attractive alternative for pipelines subjected to severe internal or 

external environments in onshore or offshore applications (Lees, 2006). 

Most recently, composite tubes have been used in forming truss structures in space 

launch vehicles for weight reduction considerations. With properly developed manufacturing 

processes for composite pipes (such as centrifugal casting and computer controlled filament 

winding) within the past decade, the mechanical performance of such pipes has been 

dramatically improved. Ideally a pipe system would be preferred to be designed without joints, 

since joints could be a source of weakness and/or excess weight. However, limitations on 

component size imposed by manufacturing processes and the requirement of inspection, 

accessibility, repair and transportation/assembly necessitates some load carrying joints in most 

piping systems. The rule of thumb states that one joint should be installed for every four feet of 

composite pipe in marine applications, thus, further demanding the development of efficient 

composite pipe joints (Ramadan and Taheri, 2011). 

Pipe joining systems can be classified into two major categories, depending on whether 

the joint is designed to take the full axial load due to the internal pressure (tensile resistant joints) 

or whether provision is made so that the system resists the axial forces away from the joints 
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(non-tensile resistant). Adhesive joints are widely used as tensile resistant connections for 

CFRP filament-wound pipe sections. These joints are typically formed using either a bell and 

spigot system (Single Lap Joint - SLJ) or a coupler (Single Strap Joint - SSJ) to connect two pipe 

sections (see Figure 8.1). It is important to note that, in the latter case, the mechanical properties 

of the coupler can be quite different to those of the pipe. If a thin-walled pipe section is closed 

and fully pressurized, then the hoop stresses will be twice the longitudinal stresses. However, 

there may well be cases where axial loads occur in the absence of pressure, e.g. as a result of 

bending, axial loads due to thermal expansion, self-weight, etc. and the performance under these 

conditions is also important.  

 
Figure 8.1: SLJ (a) and SSJ (b) popular adhesive joint connections of composite tubes used in pipeline 

systems (Lees, 2006).  

Bonded joints between tubular members under axial tension develop relatively high 

stresses with steep gradients localized at the joint ends. The stress concentrations which arise 

from geometric discontinuities are well established facts. In the event of adhesion failure, the 

process begins to happen from these vulnerable and critical end-zones of the joints. Failure due 

to the various possible modes, such as interlaminar or intralaminar delamination, cohesion 

failure, adhesion failure or a combination thereof and their subsequent propagation/coalescence, 

cause abrupt fracture in the adhesively bonded joints. Consequently, the importance of effective 

adhesive bonding has been recognized in the past years and considerable amounts of analytical, 

finite element and experimental works have been carried out on the subject of adhesive joints. A 

good amount of literature dealing with the stress analysis of adhesively bonded lap joints 

between flat adherents is available (Anyfantis, 2009). However, literature relating to bonded thin 

walled tubular lap joints is very limited (Ramadan and Taheri, 2011). 

One of the fundamental problems in the analysis of adhesive joints in FRP composite 

tubes involving stress and strain fields is to construct an appropriate mathematical model 

representing the physical problem and able to be solved with reasonable amount of accuracy. 

Fracture mechanics parameters such as SERR, J-integral and SIF can be used to characterize the 
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propagation of such failures or damages, but do not predict the joints’ strength and thus Cohesive 

Zone Modeling (CZM) techniques are necessary that combine damage and fracture mechanics 

(see section 2.3.3). Although plenty articles are available for the prediction of damage initiation 

and propagation in adhesively bonded flat laminated FRP composites by utilizing CZM 

techniques, none has been devoted to the realistic 3D analysis of tubular adhesive joints. Most of 

the analyses so far in this direction are of two-dimensional in nature, considering flat adherents 

with simplified assumptions, that lack explaining the mixed mode fracture behaviour of 

adhesively bonded joints of laminated FRP composites under a general state of loading 

conditions.  

Considering the lack of the applications of CZM techniques to the realistic numerical 

predictions of tubular adhesive joints in the literature, this chapter focuses on a parametric finite 

element analysis of tube-to-tube and tube-to-flange adhesive joints. For this purpose and having 

validated the proposed EPZ mixed-mode model with steel-to-steel and steel-to-CFRP 

experiments in previous chapters, this model will be used herein as the constitutive relation of 

3D cohesive elements for modeling CFRP-to-CFRP tubular adhesive joints. While the particular 

focus is pipeline connections, the embodied principles are applicable to any adhesively bonded 

advanced composite tubular joint subjected to a combination of pressure and axial load or torsion 

moments. 

 

8.2 Details of the parametric study 

This parametric study focuses on investigating the effect of geometric and material 

parameters to the behaviour and strength of tubular adhesive joints used for bringing together 

CFRP pipes. Initially, it is essential to specify a candidate piping system where CFRP tubes will 

be utilized instead of the already installed steel pipes.  

Various piping systems are available in ships, which are designated for the transportation 

of either liquids or gas and are designed according to corresponding rules and regulations. A 

good candidate piping system for replacement with CFRP tubes is the one that involves bilge, 

ballast and sea water pipes. Thus, a steel pipe has been selected that has an internal diameter of 

150 mm and a wall thickness of 4.5 mm, according to the "ABS Rules for building and classing 

steel vessels (see Table 4 on part 4-6-2) Part 4: Vessels systems and machinery, Chapter 6: 

Piping systems, Section 2: Metallic piping". These steel pipes are designed to operate at a 

maximum 10 bar internal pressure.  

According to the literature (Lees, 2006), the selected CFRP pipes to replace the 

corresponding aforementioned steel ones, have a wall thickness of 4mm while the internal 

diameter remains equal to 150 mm. In order to investigate the joining configuration of these 

tubes, the two adhesive joint geometries shown in Figure 8.1 have been adopted. A tube-to-

flange adhesive joint has been additionally included in the numerical parametric study, due to the 
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interest of studying the effect of the inherent tri-material system it poses. The selected flange 

type and geometry is taken according to the KS JIS rules for Flanges. Since the current work is 

focused on providing to the literature the potential of CZM techniques and the proposed mixed-

mode EPZ model for modeling tubular adhesive joints, the adopted geometries presented in 

Figure 8.2 refer to simplified versions of the corresponding ones presented in Figure 8.1. The 

value of the free length (from overlap edge to the end of the joint) is selected equal to 200 mm. 

This value has been derived from preliminary finite element simulations, aiming at eliminating 

the effect of the stress field developed at the ends of the joints, i.e. locations where boundary and 

axial loadings are applied. 
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Figure 8.2: Tube-to-tube SLJ (a) and SSJ (b) geometries and tube-to-flange SSJ (c) geometry adopted in 
the numerical parametric study (all dimensions in mm). 
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The aim of the parametric study is to yield conclusions regarding the effect of various 

geometric and material parameters to the behaviour and strength of the adopted adhesive joint 

cases, subjected to combined internal pressure and axial loading. The operational pressure of 10 

bar has been kept constant for all cases, while the axial strength of the joints (ultimate applied 

force - Fu ) was calculated.  

In all three adhesive joints (Figure 8.2a, b and c) six values of the overlap length Lo have 

been considered, as follows: 

 20 mm 

 40 mm 

 60 mm 

 80 mm 

 100 mm 

 120 mm 

As far as the SLJ cases are concerned, the Lo magnitude is the unique parameter investigated. 

However, for the tube-to-tube and the tube-to-flange SSJ adhesive joint cases the effect of strap 

material and thickness ts have been also considered in the parametric study. The two materials 

selected for the strap are the following: 

 CFRP (the same as the tube material) 

 Aluminum  

and the two strap thicknesses are the following: 

 4 mm 

 8 mm. 

Hence, 24 cases have been considered for the tube-to-tube and tube-to-flange SSJ geometries    

(6 overlap lengths x 2 materials x 2 strap thicknesses) and 6 cases for the tube-to-tube SLJ 

geometries. 

8.3 Numerical Modeling 

 For the numerical simulation of the parametric cases described in the previous section, a 

finite element mesh has been constructed in a 3-dimensional space (see Figure 8.3) according to 

the dimensions shown in Figure 8.2. For modeling the CFRP tubes, strap material and flange, 20-

node brick elements (C3D20) available in the ABAQUS® element library have been utilized. 

The adhesive layer laying at the overlap regions of the tubular adhesive joints was represented by 

zero-thickness 3D cohesive elements (see Appendix A1). For the numerical integration of the 

stiffness matrix and the internal force vector of the quadratic cohesive elements, a 3 x 3 Gaussian 

quadrature rule has been used. For the SSJ cases (see Figure 8.2b and Figure 8.2c), no adhesive 

(and hence no cohesive elements) was placed in-between the faces of the tubes or tube and 
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flange that come in contact, thus avoiding the creation of butt-type adhesive joints. The material 

properties utilized in the parametric numerical analyses are listed in Table 8.1. 

Table 8.1: Material properties of the substrates and adhesive utilized in the FE parametric 
analyses. 

T 300/934 CFRP [±45º] (Das and Pradhan; 2010) 

Er (MPa) Eθ (MPa) Ez (MPa) νrθ νrz νθz Grθ (MPa) Grz (MPa) Gθz (MPa) 

9600 59574 59574 0.42 0.02 0.02 7000 4500 4500 

6061 Aluminum Alloy (www.matweb.com) 

E (MPa) ν        

73000 0.33        

Stainless Steel (flange material) 

E (MPa) ν        

200000 0.33        

Adhesive material (proposed EPZ laws parameters) - Mode II = Mode III 

kI (N/mm) kII (N/mm) σc,I (MPa) σc,II (MPa) JI0 (N/mm) JII0 (N/mm) e (%)  

1850 623 25.6 19.3 4 4.7 0.1  

A mesh sensitivity analysis has been conducted regarding the number of elements utilized 

through the thickness of the pipe and straps, both in the overlap area and in the free length 

regions. The effect of the through-thickness element divisions to the strength of the joints was 

investigated by selecting three corresponding values, i.e. 1, 3 and 5. The results have shown that 

this parameter does not affect at all the calculated strength of the joints, but only increases the 

CPU time with further increase of the divisions. Thus 1 element has been utilized in all cases, 

apart from the cases that involve thick straps (8 mm), which were modelled with two elements 

through their thickness. In all cases, the in-plane dimensions of the continuum and cohesive 

elements laying at the overlap areas was taken equal to 2 x 2 mm2, a value derived after a mesh 

density convergence analysis. An element length equal to 6 mm has been utilized in the free 

length areas of all modeled cases, since the stress gradients at these areas area are small due to 

the effects of the internal pressure and axial loading. 

 For the simulation of the loading conditions presented in Figure 8.2, two sequential load 

cases have been considered. Initially a pressure of 1 MPa (10 bar) was applied on all element 

faces located in the internal surface of the tubes and flanges, by considering the tube and flange 

edges fully fixed (all dofs constrained). After the solution of this load case, the developed stress 

state was maintained invariant and then the second load case was applied; the axial translation 

constraint applied at all nodes of one of the edges was released and a prescribed axial 

displacement was applied, for the simulation of the axial loading (F). All dofs of the nodes at the 

other edge were maintained constrained. In order to account for geometrical and material 
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nonlinearities, the Newton-Raphson method has been utilized together with a line search 

algorithm. A displacement controlled approach is utilized for aiding the convergence of the non-

linear solution and for avoiding numerical instability issues involved in crack growth analyses, 

where softening behaviour is apparent.  

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 
 

Figure 8.3: Typical finite element mesh of a tube-to-tube SLJ (a) and SSJ (b) case and of a tube-to-flange 
SSJ case (c). 
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8.4 Numerical results 

8.4.1 Tube-to-tube adhesive joints 

 The main scope of the current parametric study is the investigation of the effect of the 

parameters given in detail in section 8.2 on the strength of the adopted tube-to-tube and flange-

to-tube adhesive joints. Figure 8.4, presents a comparison of the maximum attained load 

(strength), as numerically predicted from the finite element models given in Figure 8.3, for all 

considered cases of the SLJ and SSJ tube-to-tube adhesive joint geometries. It must be noted that 

the overlap length Lo in the SSJ cases is the half length of the strap material, according to Figure 

8.2.  

 To begin with, the strength predictions are approximately equal for all considered cases 

and for Lo values less than 80 mm. Regardless the case considered, the trend of the global 

response curve denotes a behaviour of the strength tending to a plateau as of the overlap length 

increases. This behaviour is obvious for Lo values higher than 100 mm and particularly for the 

SSJ cases that have an 8 mm thick strap. The existence of a plateau beyond which the strength of 

lap joints does not increase with further increase in the overlap length is a common characteristic 

of adhesive joints with flat adherents (Anyfantis, 2009).  
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Figure 8.4: Comparison of the maximum attained forces from all tube-to-tube SLJ and SSJ cases. 

 According to Figure 8.4, the SLJ cases fail at the same force level as the SSJ geometries 

with a 4mm CFRP strap material, even if the latter configuration has an actual overlap length of 

2Lo. Thus, the SLJ configuration is preferable in design considerations, because with less 

adhesive material and avoiding extra strap materials, the same strength levels can be attained 

compared to the SSJ geometry. However, a special mould has to be manufactured for the 
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creation of the special socket in one of the tube's end (see Figure 8.2a). Additionally, it can be 

concluded that regardless the selected material for the strap (CFRP or Aluminum) of the SSJ 

geometries, thinner straps (4 mm) yield higher levels of strength compared to the  thicker straps 

(8 mm), only for large Lo. On the other hand, for a given thickness, CFRP straps yield higher 

strength values compared to Aluminum straps, according to Figure 8.4. For a given thickness, 

the stiffness ratio between CFRP and Aluminum (Eθ,CFRP / EAl.) is equal to 0.82. Considering the 

aforementioned observation, stiffer strap materials, in terms of the material properties, yield 

lower strength values of the tube-to-tube SSJ configurations.     

 Figure 8.5 presents a comparison of the global Force-Displacement responses as 

numerically calculated for the six different overlap lengths, for the tube-to-tube SLJ geometry 

and for a typical SSJ geometry. In reality, each curve begins from zero; however, for reasons of 

clarity, the curves have been shifted between each other by 0.4 mm. 
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Figure 8.5: Global response of the SLJ (a) and SSJ (b) tube-to-tube cases. The numerical obtained curves 
have been shifted by 0.4 mm for reasons of clarity. 

 According to Figure 8.5, the trend of the predicted global response is characterized non-

linear for small overlap lengths and turns into linear as the overlap length increases, particularly 

in the typical SSJ case of Figure 8.5b. This behaviour is totally attributed to the exponential 

traction increasing part of the proposed EPZ laws, which describes the elastoplastic region of the 

ductile adhesive material utilized. Thus, in the cases where a relatively small overlap length is 

utilized, the entire adhesive layer contributes to the stress development and subsequently enters 

plasticity at the same time leading to sudden failure. This behaviour is evident in Figure 8.6a and 

Figure 8.6b, where the red- and blue-colored stress contours correspond to the plastic material 

response of the adhesive layer and have developed in the entire overlap length. 

 On the other hand, larger overlap lengths lead the stresses to be constrained at the vicinity 

of the adhesive edges, as shown in Figure 8.6, in a way that they reduce in magnitude in the 

vicinity of the overlap's middle. Hence, plasticity is localized at the vicinity of the adhesive 
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edges and propagates together with the damage initiation and propagation from these points into 

the middle of the adhesive layer. 

 
 

 

 
 

Figure 8.6: In-plane shear stress variation of the 2D axisymmetric SSJ tube-to-tube adhesive joint with Lo 
equal to 20, 80 and 140 mm at the maximum force level. 

 

 Figure 8.7 presents a comparison between the predicted distributions of the in-plane shear 

stresses of the 2D axisymmetric tube-to-tube SSJ adhesive joint with a 4 mm and 8 mm CFRP 

strap material. The SSJ case with the thin strap yields a 14% higher strength than the 

corresponding SSJ case with a thick strap. This behaviour can be justified by observing the 

variation shown in Figure 8.7b. The regions laying at the outer overlap edges develop plastic 

shear stresses whereas shear stress become plastic in much smaller regions at the middle of the 

(b) 

(c) 

(a) 



Chapter 8:.Numerical parametric analysis of tubular adhesive joints                                                       219 

 

joints compared to Figure 8.7a. For this purpose, the stress concentrations developing in the 

middle  of the overlap, lead to the premature failure of the adhesive joints. 

 

 
 

 

 
 

Figure 8.7: In-plane shear stress variation of the 2D axisymmetric tube-to-tube SSJ adhesive joint with Lo 
equal 140 mm and  4mm (a) and 8mm (b) CFRP strap at the maximum force level. 

8.4.2 Tube-to-Flange adhesive joints 

 A similar behaviour is observed in Figure 8.8 regarding the trend of the strength-overlap 

length curves of the tube-to-flange SSJ cases. The predicted strengths are equal, whereas for all 

cases and for Lo values less than 80 mm, beyond this value, the strengths tend to reach a specific 

plateau level, different from case to case.  

In contrast to the tube-to-tube SSJ cases (see Figure 8.4), the thin CFRP straps of the 

tube-to-flange SSJ cases yield the lowest strength values for Lo higher than 80 mm, as shown in 

Figure 8.8. This is attributed to the cooperation of the adhesive joint formed between the thin 

CFRP strap and the steel flange, where a small stiffness ratio equal to 0.3 arises from the steel-

to-aluminum adhesive joint. The best performance, in terms of strength, is obtained by utilizing 

the thin Aluminum straps for tube-to- flange SSJ. Figure 8.9 presents a comparison of the global 

Force-Displacement responses as numerically calculated for the six different overlap lengths, for 

a typical SSJ geometry. As in Figure 8.5, the global response is characterized as non-linear for 

(a) 

(b) 



220                                                      Chapter 8:.Numerical parametric analysis of tubular adhesive joints 

 

small overlap lengths and turns to linear as the overlap length increases. Figure 8.10 presents the 

in-plane shear distribution over the axisymmetric tube-to-flange SSJ adhesive joint, at the 

maximum load level. This figure can be compared to the corresponding tube-to-tube SSJ case 

shown in Figure 8.7b, where the shear stresses peak towards the middle of the tube-to-flange SSJ 

case, compared to the tube-to-tube case. 
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Figure 8.8: Comparison of the maximum attained forces from all tube-to-flange SSJ cases. 
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Figure 8.9: Global response of the SSJ flange-to-tube cases. The numerical obtained curves have been 

shifted by 0.4 mm for reasons of clarity. 
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Figure 8.10: In-plane shear stress variation of the 2D axisymmetric tube-to-flange SSJ adhesive joint with 
Lo equal 140 mm and 8mm CFRP strap at the maximum force level. 

 

8.5 Conclusions 

 An extensive numerical parametric study has been conducted involving tubular adhesive 

joints used for bringing together CFRP pipes. Thus, single lap and single strap geometries have 

been considered for tube-to-tube adhesive joints and single strap geometries for tube-to-flange 

joints. This parametric study focuses on investigating the effect of geometric and material 

parameters to the behaviour and strength of tubular adhesive joints used for bringing together 

CFRP pipes in marine applications. 

 The cases were modeled in a 3dimensional finite element space and the proposed 3D 

mixed-mode model has been utilized for the material response of the adhesive layer. Applying an 

internal pressure to all cases, the outcome from the simulations was the ultimate strength under 

axial loading. According to the numerical results, regardless the case considered, the trend of all 

global response curves denotes a behaviour of the strength to tend to a plateau with the increase 

of the overlap length (Lo). This behaviour is obvious for Lo values higher than 100 mm and 

particularly for the SSJ cases that have an 8mm thick strap. The existence of a plateau beyond 

which the strength of lap joints does not increase with further increase in the overlap length is a 

common characteristic of adhesive joints with flat adherents. 

 Additionally, the SLJ cases fail at the same force level as the SSJ geometries with a 4mm 

CFRP strap material, even if the latter configuration has an actual overlap length of 2Lo. Thus, 

the SLJ configuration is preferable in design considerations, because with less adhesive material 

and avoiding extra strap materials the same strength levels can be attained, compared to the SSJ 

geometry. On the other hand, a special mould has to be manufactured for the creation of the 

special reception in one tube's end. 
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9. Conclusions and scientific novelties 
 
 

 The field of computational mechanics and specifically finite element methods has been 

well matured, by providing finite element technology capable to simulate the kinetics and 

kinematics which develop during the deformation of composite materials and structural 

adhesively bonded joints. However, there is a lack in the literature regarding constitutive models 

that incorporate damage and failure, in either case, which is the motivation of the current PhD 

thesis. For this purpose, in the present study, an effort has been made to develop new constitutive 

relations that predict the loading and fracture response of composite structures and adhesively 

bonded joints, under the framework of cohesive finite element technology together with damage 

and fracture mechanics.  

The general conclusions and novelties are as follows:  

 Development of a Progressive Failure Model within the framework of finite element 

procedures that can adequately predict the failure load of composite structures through 

the assessment of the in-plane fracture modes. The model has been utilized for the 

simulation of the loading and fracture response of a stiffened composite panel under 

compressive loads, within the buckling and post-buckling region. It has been concluded 

that the developed PFM is an efficient analysis and design tool in addressing the failure 

mechanisms that are involved composite structures. 

 Development of novel traction-separation laws for modeling Mode I and Mode II 

delamination initiation and propagation in fibrous composite materials. A methodology is 

presented according to which experimentally measured fiber bridging laws are converted 

to numerical constitutive equations of cohesive elements based on specific proposed 

amendments. The constitutive relations include the effect of both zones occurring during 

delamination growth, i.e. fiber bridging zone and cohesive zone. These laws were utilized 

for modeling Double Cantilever Beam (DCB) and End Notch Flexure (ENF) composite 

geometries for addressing Mode I and Mode II loading and fracture, respectively. It has 

been concluded, that the proposed procedure and constitutive relations are adequate 

numerical tools for the analysis and design of composite structures that fail in 

delamination.  

 Development of a novel traction-separation law for the finite element prediction of the 

mixed-mode response of a ductile adhesive layer used in adhesively bonded joints, based 
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on the Embedded Process Zone (EPZ) approach. The new to the literature law were 

initially formulated for pure Mode I, Mode II and Mode III loading fracture and then it 

was incorporated into a developed mixed-mode model (2D and 3D) which accounts for 

their coupling and interdependency. It has been concluded that the proposed EPZ mixed-

mode model can be referred to as two-parameter laws when designing towards the 

strength of an adhesive joint with a ductile adhesive material compared to the existing 

three-parameter trapezoidal model. However, when designing towards the maximum 

attained displacement, the proposed laws are three-parameter laws. The model has been 

initially applied for the prediction of the response of metal-to-metal adhesive joints, that 

is Single Lap and Double Strap Joints. The proposed model is an adequate analysis and 

design tool which can predict the force-displacement response, the failure load and the 

developed elastic, plastic and damage stress fields, as these evolve during the loading of 

adhesively bonded joints. 

 A new to the literature experimental test has been designed and carried out, based on a 

Single Lap Joint subjected to Eccentric tensile Loading (SLJ-EL). This test has been used 

for the validation of the aforementioned 3D EPZ mixed-mode model, since the adhesive 

layer fails under the contribution of all three fracture modes (Mode I, Mode II and Mode 

III) in a progressive manner, during the loading of the specimen. 

 New to the literature experimental tests have been conducted that involve adhesively 

bonded thick CFRP and steel adherents under the Single Lap Joint (SLJ) geometrical 

configuration, within the framework of a parametric study. It has been concluded that 

only the overlap length has a significant effect on the joints' strength compared to the 

adhesive's thickness and the joint stiffness ratio. The proposed EPZ 3D mixed-model has 

been applied for the simulation of the experiments, concluding to promising results. 

 A new procedure is proposed for converting experimental cohesive laws obtained from 

Double Cantilever Beam tests subjected to Unbalanced Bending Moments (DCB-UBM), 

to numerical traction-separation laws, according to the novel EPZ laws. This procedure 

provides all necessary amendments that must be taken under consideration when utilizing 

experimental laws to numerical simulations. The procedure has been validated with pure 

and mixed-mode tests and it has been concluded that it yields very promising results. 

 New to the literature predictions of tubular adhesive joints are presented which involve 

cohesive zone modeling in a 3-dimensional space with the use of the proposed 3D EPZ 

mixed-mode model. The potential of the proposed model has been shown through a wide 

numerical parametric analysis of tubular adhesive joints. 

 

In conclusion, the present PhD thesis provides advanced numerical tools that can be further 

integrated in a more general Finite Element code for the prediction of the failure response of 

structures that involve composite materials and adhesive joints. Thus, damage and failure 
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occurring either within composite materials or within the adhesive layer of the joined members 

could be numerically captured and, consequently, the maximum allowable loading conditions of 

a structure can be accurately predicted. 
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Appendix A 
Formulation of the 3D and 2D interface element 

 
Cohesive Zone Modeling (CZM) techniques have been adopted for the simulation of the 

crack initiation and propagation process in cohesive or interfacial failure problems or 

delamination of laminated composite materials, developing under pure or mixed mode loading 

and fracture conditions. As it has been shown  in section 2.3.3, under the framework of Finite 

Element Analysis procedures, CZM techniques are based on the incorporation of interface (or 

cohesive) elements in-between the adjacent faces of continuum elements that lay on the plane (or 

path) were the fracture process will take place.  

The main focus of the current PhD thesis is based on providing to the literature cohesive 

laws that adequately predict the loading and fracture behaviour of the modeled system (adhesive 

joint or composite itself). Since, ABAQUS® does not provide the ability to the user to program 

his own cohesive laws, it is essential to develop and program an interface element formulation so 

as to implement the developed cohesive laws (constitutive relation of the developed cohesive 

elements). Thus for the needs of the current PhD thesis a 2D and a 3D cohesive element have 

been developed, which formulation is given in Appendix A1 and A2, respectively.  

Appendix A1: Formulation of the 3D interface element  

The 3-Dimensional interface finite element consists of two quadratic plane elements 

(initially co-planar), which describe the mechanics and kinematics in a three dimensional 

Cartesian space of the cohesive zone to be modeled. The two constituent planar elements connect 

the adjacent faces of two 3D continuum elements. Each plane element consists of 8 nodes and 

thus the cohesive element has 16 nodes in total. The 3D cohesive element can be connected with 

20-node 3D volumetric continuum elements, as shown in Figure A1.1. The two constitutive 

planes of the 3D interface element are located in the same position (coincident nodes – zero 

thickness), in the initial undeformed state and separate as a consequence of the deformation of 

the connected volumetric continuum elements.  

Figure A1.2 presents the parent 3-D interface finite element together with the global 

coordinate system (x-y-z) and the respective local curvilinear coordinate system (ξ-η). In this 

figure, the presented node numbering follows the connectivity convention of ABAQUS®. The 

relative displacements (separations), which result from the displacements of the two constituent 

planes of the interface element, will be transformed according to an orthogonal triad unit vector 

system lying on the reference plane. This triad allows the transformation to a normal and two 

tangential separations, which in turn yield tractions in the corresponding directions, through the 

constitutive relation that describes the cohesive zone being modeled. 
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Figure A1.1: Connectivity of the 16-node 3D interface finite element with 20-node volumetric continuum 

elements. 
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Figure A1.2: 3D interface finite element. 

 
 Each node of the developed interface element has three degrees of freedom (dof’s), 

one translation in each direction of the global coordinate system (ux, uy, uz). Thus, the total nodal 

dofs of the 3D cohesive element are 48 (3x16). The vector containing the nodal dofs is given by: 

      
1x 24 1x 24

T1 1 1 2 2 2 16 16 16 bottom top
N x y z x y z x y z N N....u u u u u u u u u u u u


     
  

 (A1.1) 

The difference of the nodal displacements of the top and bottom plane that defines the relative 

displacements is calculated by: 
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  top bottom
N N Nu u u    (A1.2) 

The top plane is defined by nodes 9 - 16 whereas the bottom plane is defined by nodes 1 - 8, by 

following the convention of Figure A1.2. Equation A1.2 can be rewritten in a programming 

environment as follows: 

        
bottom bottom24x 4824x1 24x24 24x24
N N

N top top
N N

u u
u

u u

    
         

    
 (A1.3) 

 Matrix [Φ] consists of two square unite matrices with 24 x 24 dimensions, sequentially 

placed. For the interpolation of the nodal relative displacements within the reference surface of 

the cohesive element (see Figure A1.3), quadratic polynomials have been utilized with respect to 

the local coordinate system (ξ, η). Let Ni (ξ, η) be the shape functions that correspond to a node 

pair, as listed in Table A1.1, where ξ and η are within the range of [-1,1].  

Table A1.1: Node pairs that share the same shape functions. 

 Node Pairs 

i Node 1 Node 2 

1 1 9 

2 2 10 

3 3 11 

4 4 12 

5 5 13 

6 6 14 

7 7 15 

8 8 16 

 

Each shape function gives 1 to its corresponding node pair and 0 to the remaining  nodes. The 

shape functions utilized for the 3D cohesive element are given by the following equations: 

     1 5 8

1 1
( , ) 1 1

4 2
N N N         (A1.4a) 

     2 5 6

1 1
( , ) 1 1

4 2
N N N         (A1.4b) 

     3 6 7

1 1
( , ) 1 1

4 2
N N N         (A1.4c) 



Appendix A1            243                 

 

     4 7 8

1 1
( , ) 1 1

4 2
N N N         (A1.4d) 

   2
5

1
( , ) 1 1

2
N        (A1.4e) 

   2
6

1
( , ) 1 1

2
N        (A1.4f) 

   2
7

1
( , ) 1 1

2
N        (A1.4g) 

   2
8

1
( , ) 1 1

2
N         (A1.4h) 

 By utilizing the preceding shape functions, the relative displacements can be rewritten 

within the reference plane of the cohesive element, in a continuous form, considering the discrete 

nodal values: 

  
 
 
 

 
x

y

z

,

, , ,

,

u

u u H u

u

 
     

 


 
      
  

 (A1.5) 

where vector Δu is of dimensions 3x1 whereas matrix Η (ξ, η) is of dimensions 3x48 and is 

defined in the following way: 

        1 3x3 2 3x3 8 3x3, Ν , Ν , .... Ν ,H               (A1.6) 

By combining Equation A1.3 with Equation A1.5 matrix B is obtained with dimensions 3x48, 

which connects vector Δu with the nodal dof’s vector uN: 

    N Nξ,η =H ξ,η Φu u u    (A1.7) 

A reference plane is defined that lays on the middle in-between the top and bottom planes of the 

3D cohesive element, as shown in Figure A1.3.  

 The coordinates of the reference plane are defined as the average of the coordinates of the 

top and bottom plane: 

  R top bottom
N N

1

2
x x x    (A1.8) 
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where top
Nx and bottom

Nx  are the coordinates of the top and bottom surface, respectively, at a given 

location as calculated during the non-linear solution of the equations of equilibrium. Thus, for 

the calculation of top
Nx and bottom

Nx the corresponding coordinates of the nodes (see Figure A1.4) at 

the undeformed state top
N and bottom

N  are being summed with the respective displacements, 

calculated at a given step of the non-linear analysis. 

 bottom bottom bottom
N N Nx u    (A1.9a) 

 top top top
N N Nx u     (A1.9b) 

As shown in Figure A1.3, an orthogonal triad is defined on the reference plane, which consists of 

two tangential unit vectors t1 και t2 and one normal to the tn. For the calculation of these vectors a 

continuous description of the coordinates of the reference plane is essential. 

 

tn

t1

t2

x
z

y

Reference plane

Top plane 

Bottom plane

 
Figure A1.3: The three planes that define the 3D interface element. 

 
Thus the coordinates of all material points laying on the reference plane (see Figure A1.4) 

are being calculated by utilizing the matrix containing the shape functions, as follows:  

 R R( , )x x     (A1.10) 
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By this way the unit vectors being parallel to ξ  and η axis are being defined, respectively: 

 
R

ξ R

1x
v

x




 



 (A1.11a) 

 
R

η R

1x
v

x




 



 (A1.11b) 

For the calculation of the partial derivatives 
Rx





 and 
Rx





, Equation (A1.10) is inserted in 

Equation (A1.11). 

  
R

R R ( , )
( , )

x
x x

  
   

  
  

  
 (A1.12a) 

  
R

R R ( , )
( , )

x
x x

  
   

  
  

  
 (A1.12b) 

where 
( , ) 





and 
( , ) 





is the first partial derivative of the shape functions (Equation A1.4) 

with respect to ξ given as follows: 

    1, 5, 8,

1 1
( , ) 1

4 2
N N N          (A1.13a) 

    2, 5, 6,

1 1
( , ) 1

4 2
N N N          (A1.13b) 

    3, 6, 7,

1 1
( , ) 1

4 2
N N N          (A1.13c) 

    4, 7, 8,

1 1
( , ) 1

4 2
N N N          (A1.13d) 

  5, ( , ) 1N          (A1.13e) 

  2
6,

1
( , ) 1

2
N        (A1.13f) 
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  7, ( , ) 1N          (A1.13g) 

  2
8,

1
( , ) 1

2
N        (A1.13h) 

and with respect to η given as follows: 

    1, 5, 8,

1 1
( , ) 1

4 2
N N N           (A1.14a) 

    2, 5, 6,

1 1
( , ) 1

4 2
N N N          (A1.14b) 

    3, 6, 7,

1 1
( , ) 1

4 2
N N N          (A1.14c) 

    4, 7, 8,

1 1
( , ) 1

4 2
N N N          (A1.14d) 

  2
5,

1
( , ) 1

2
N         (A1.14e) 

  6, ( , ) 1N          (A1.14f) 

  2
7,

1
( , ) 1

2
N        (A1.14g) 

  8, ( , ) 1N          (A1.14h) 
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Figure A1.4: Reference plane of the 16-node 3D interface element. 
 
 The normal unit vector tn (see Figure A1.3) equals to the cross product of the coplanar 

orthogonal unit vectors vξ and vη. Thus, the local normal unit vector expressed in the curvilinear 

system of the reference plane is equal to: 

 
R R

n ξ η R R

1
=

x x
t v v

x x 
 

  
        

 

 (A1.15) 

the coordinates of which are calculated as follows: 

 1
n

y z z y
t

J
     

  (A1.16a) 

 2
n

z x x z
t

J
     

   (A1.16b) 

 3
n

x y y x
t

J
     

   (A1.16c) 

 where xξ, yξ, zξ and xη, yη, zη is the first partial derivative of the coordinates of each point 

laying on the reference plane with respect to ξ and η, respectively. The magnitude of the vector tn 

equals to the Jacobian determinant of the transformation matrix and its calculation is given by 

the following equation: 
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R R

2 2 2x x
J y z z y z x x z x y y x            

 
             

 
  (A1.17) 

The unit tangential vector t1 is taken equal and parallel to vξ: 

 
R

1 R

1x
t

x




 



     (A1.18) 

and its corresponding components are given by the following equation: 

 1
1

1

x
t

J
   (A1.19a) 

 2
1

1

y
t

J
    (A1.19b) 

 3
1

1

z
t

J
    (A1.19c) 

The magnitude of vector t1 equals to: 

 
R

1

x
J x y z  


   


     (A1.20) 

Aiming at constructing an orthogonal basis t1 - t2 - tn the unit vector t2 is given by the cross 

product of the unit vectors t1 - tn. 

 2 1 n t t t       (A1.21) 

with components  

 1 2 3 3 2
2 n 1 n 1t t t t t    (A1.22a) 

 2 3 1 1 3
2 n 1 n 1t t t t t   (A1.22b) 

 3 1 2 2 1
2 n 1 n 1t t t t t     (A1.22c) 
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 At this point, the rotational matrix Θ, which consists of the three orthogonal unit vectors t1 

- t2 - tn, can be defined: 

 

1 1 1
1 2 n
2 2 2
1 2 n
3 3 3
1 2 n

t t t

t t t

t t t

 
    
  

  (A1.23) 

 The relative displacements given by Equation (A1.7) and expressed with respect to the x-

y-z  coordinate system can be transformed with the use of the rotational matrix Θ, with respect to 

the orthogonal triad t1 - t2 - tn. 

    1 2 n , ,u u   
       (A1.24) 

and in matrix form: 

 

1 2 3
1 1 1 x
1 2 3
2 2 2 y
1 2 3
n n n z

t t t u

t t t u

t t t u











     
         

         

 (A1.25) 

 Having calculated the local coordinate system with respect to the global coordinate system, 

the internal force vector and the stiffness matrix of the 3D cohesive element may be calculated. 

Taking under consideration the large displacement and rotation theory and neglecting inertial 

and field forces the expression of the virtual work for a body with volume V with several 

interfaces Scoh, is given as follows: 

 
1 2 n

coh ext

s

coh coh ext extd d d
V S S

u V u t S u t S   
 

        (A1.26) 

 where σ is the Cauchy stress tensor, u is the displacement field, Δu are the relative 

displacements per node pair and text and tcoh are the tractions applying to the internal and external 

surfaces of the cohesive element at a given deformation state. Thus, the nodal internal forces 

form a 48 x 1 vector el
Nf which is defined as follows: 

 
1 1

el
N loc

1 1

d df B t J   

 

     (A1.27) 
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The traction vector loct  contains the three stresses (loading and fracture in Mode I, II and III) that 

develop within the cohesive element and expressed by the constitutive relation of the interface 

with respect to the relative displacements  1 2 nu         . 

   
III

loc II

I

t f


   


  

 
   
 
 

  (A1.28) 

 The tangent stiffness matrix el of the 3D 16-node interface element has dimensions 48 x 

48 and defined according to ABAQUS® sign convention as: 

 
el

el TN loc
el

N el

dS
f t

B B
d u

 
    

    (A1.29) 

which concludes to the following equation: 

 
1 1

el
loc

1 1

d dB C B J   

 

        (A1.30) 

where locC  is the 3 x 3 tangent stiffness matrix of the constitutive relation of the cohesive zone 

being modeled, 

 loc
loc

1 2 n

t
C

u  





 (A1.31) 

and in matrix form: 

 
III

loc II

I

0 0

0 0

0 0

C

C C

C

 
   
  

  (A1.32) 

 The out of the diagonal terms lead to coupling between the respective loading and 

fracture modes. In general, these are assumed equal to zero, since coupling and interdependency 

of the pure modes is established within the formulation of the constitutive model utilized.  

 For the calculation of the el
Nf  and el  magnitudes, given by Equation (A1.27) and 

(A1.30), respectively, a numerical integration procedure is utilized based on the Gauss scheme, 

which is given by the following relation: 
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1 1

1 11 1

, d d ,
m n

i j i j
i j

f WW f     
  

          (A1.33) 

where m and n are the Gauss points along ξ and η axes, magnitudes Wi and Wj are the Gauss 

weights at the corresponding integration point (i, j). In general, equal number of integration 

points is utilized along each axis, so a (m x m) scheme is produced. In the current work, a 3 x 3 

Gauss point scheme has been utilized. Figure A1.5 and Table A1.2 present the locations with 

their corresponding weights according to Gauss numerical procedure, which were utilized for the 

integration of the global force vector and stiffness matrix of the developed interface element. 

 

 

Table A1.2: Gauss quadrature numerical integration considering 9 points (3x3). 

Gauss point i ξi Wi j ηj Wj 

1 1 0.6  0.55555555555 1 0.6  0.55555555555

2 2 0 0.88888888888 1 0.6  0.55555555555

3 3 0.6  0.55555555555 1 0.6  0.55555555555

4 1 0.6  0.55555555555 2 0 0.88888888888

5 2 0 0.88888888888 2 0 0.88888888888

6 3 0.6  0.55555555555 2 0 0.88888888888

7 1 0.6  0.55555555555 3 0.6  0.55555555555

8 2 0 0.88888888888 3 0.6  0.55555555555

9 3 0.6  0.55555555555 3 0.6  0.55555555555
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η
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31
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Figure A1.5: Location of the 9 Gauss points laying on the reference plane of the 3D interface 
element.  
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Appendix A2: Formulation of the 2D interface element  

The 2-Dimensional interface finite element consists of two quadratic line elements 

(initially co-planar), which describe the mechanics and kinematics in a two dimensional 

Cartesian space of the cohesive zone to be modeled. The two constituent line elements connect 

the adjacent faces of two 2D continuum elements. Each plane element consists of 3 nodes and 

thus the cohesive element has 6 nodes in total. The 2D cohesive element can be connected with 

8-node 2D plane continuum elements, as shown in Figure A2.1. The two constitutive lines of the 

2D interface element are located in the same position (coincident nodes – zero thickness), in the 

initial undeformed state and separate as a consequence of the deformation of the connected plane 

continuum elements.  

Figure A2.2 presents the parent 3-D interface finite element together with the global 

coordinate system (x-y-z) and the respective local curvilinear coordinate system (ξ-η). In this 

figure, the presented node numbering follows the connectivity convention of ABAQUS®. The 

relative displacements (separations), which result from the displacements of the two constituent 

lines of the interface element, will be transformed according to an orthogonal triad unit vector 

system lying on the reference line. This triad allows the transformation to a normal and two 

tangential separations, which in turn yield tractions in the corresponding directions, through the 

constitutive relation that describes the cohesive zone being modeled. 

 

 8-node plane 
element

 8-node plane 
element

6-node interface 
element

 

Figure A2.1: Connectivity of the 16-node 3D interface finite element with 20-node volumetric 
continuum elements. 
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Figure A2.2: 2D interface finite element. 

 Each node of the developed interface element has two degrees of freedom (dof’s), 

one translation in each direction of the global coordinate system (ux, uy). Thus, the total nodal 

dof’s of the 2D interface element are 12 (2x6). The vector containing the nodal dofs is given by: 

      
1x 6 1x 6

1 1 2 2 6 6 bottom top
N x y x x y N N....yu u u u u u u u u


     
  

 (A2.1) 

The difference of the nodal displacements of the top and bottom line that defines the relative 

displacements are given by Equation (A1.2). The top line is defined by nodes 4 - 6 whereas the 

bottom plane is defined by nodes 1 - 3, by following the convention of Figure A2.2. Equation 

A1.2 can be rewritten in a programming environment as follows: 

        
bottom bottom6x126x1 6x6 6x6
N N

N top top
N N

u u
u

u u

    
         

    
 (A2.2) 

 Matrix [Φ] consists of two square unite matrices with 6 x 6 dimensions, sequentially 

placed. For the interpolation of the nodal relative displacements within the reference surface of 

the cohesive element (see Figure A2.3), quadratic polynomials have been utilized with respect to 

the local coordinate system ξ. Let Ni (ξ) be the shape functions that correspond to a node pair, as 

listed in Table A2. 1, where ξ and η are within the range of [-1,1].  

 

Table A2. 1: Node pairs that share the same shape functions. 
 Node Pairs 

i Node 1 Node 2 

1 1 4 

2 2 5 

3 3 6 

 

 Each shape function gives 1 to its corresponding node pair and 0 to the remaining  nodes. 

The shape functions utilized for the 2D cohesive element are given by the following equations: 
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  2
1

1
( )

2
N       (A2.3a) 

  2
2

1
( )

2
N      (A2.3b) 

 2
3( ) 1N     (A2.3c) 

 By utilizing the preceding shape functions, the relative displacements can be rewritten 

within the reference line of the cohesive element, in a continuous form, considering the discrete 

nodal values: 

    
   x

y

u
u H u

u


 

 

        
 (A2.4) 

where the vector Δu is of dimensions 2x1 whereas matrix Η (ξ, η) is of dimensions 2x12 and 

defined by the following  way: 

        1 2x2 2 2x2 3 2x2Ν Ν ΝH           (A2.5) 

By combining Equation A2.3 with Equation A2.5 matrix B is obtained with dimensions 2x12, 

which connects vector Δu with the nodal dof’s vector uN: 

    N Nξ =H ξ Φu u u    (A2.6) 

A reference line is defined that lays on the middle in-between the top and bottom lines of the 2D 

cohesive element, as shown in Figure A2.3.  

 

Reference line

Top line

x

y

tn

t1
Bottom line

 
Figure A2.3: The three lines that define the 2D interface element. 

 
 The coordinates of the reference line Rx  are defined as the average of the coordinates of 

the top top
Nx  and bottom bottom

Nx line as shown in Equation A1.8. Again, for the calculation of 
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top
Nx and bottom

Nx the corresponding coordinates of the nodes (see Figure A2.4) at the undeformed 

state top
N and bottom

N  are being summed with the respective displacements, calculated at a given 

step of the non-linear analysis (see Equation A1.9). 

 As shown in Figure A2.3, an orthogonal basis is defined on the reference line, which 

consists of a tangential unit vector t1 and a normal to the tangential, tn. For the calculation of 

these vectors a continuous description of the coordinates of the reference plane is essential. 

 

x

y ξ

ξ = -1 ξ = 1

( , )1 4 ( , )3 6 ( , )2 5

 
Figure A2.4: Reference plane of the 16-node 3D interface element. 

 
Thus the coordinates of all material points lying on the reference plane are being calculated 

by utilizing the matrix containing the shape functions, as follows:  

 R R( )x x    (A2.7) 

The unit tangential vector t1 is taken equal and parallel to vξ: 

 
R

1 ξ R

1x
t v

x



 

 


 (A2.8) 

For the calculation of the partial derivative 
Rx





, Equation (A2.7) is inserted in Equation 

(A2.8). 

  
R

R R ( )
( )

x
x x


   

  
  

  
   (A2.9) 

where 
( )





is the first partial derivative of the shape functions (Equation A2.3) with respect to 

ξ given as follows: 

 1,

1
( )

2
N       (A2.10a) 
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 2,

1
( )

2
N       (A2.10b) 

 3, ( ) 2N       (A2.10c) 

At this point the corresponding components of the tangential vector t1 can be written as: 

 1
1

x
t

J
   (A2.11a) 

 2
1

y
t

J
    (A2.11b) 

where xξ and yξ are the first partial derivatives of the coordinates of each point laying on the 

reference line with respect to ξ. 

 The normal unit vector tn (see Figure A2.3) is now defined as: 
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 (A2.12) 

and its corresponding components are given by the following equations: 
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 The magnitude of vectors t1 and tn equal to the Jacobian determinant of the rotational 

matrix and its calculation is given by the following equation: 
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2 2x
J x y 


  


  (A2.14) 

At this point, the rotational matrix Θ, which consists of the two orthogonal unit vectors t2 - tn, can 

be defined: 
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  (A2.15) 

The relative displacements given by Equation (A2.6) and expressed with respect to the x-y  

coordinate system can be transformed with the use of the rotational matrix Θ, with respect to the 

orthogonal triad t1 - tn. 

    1 nu u 
      (A2.16) 

and in matrix form: 
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 (A2.17) 

 Having calculated the local coordinate system with respect to the global coordinate 

system, the internal force vector and the stiffness matrix of the 2D interface element may be 

calculated. Taking under consideration the large displacement and rotation theory and neglecting 

inertial and field forces the expression of the virtual work for a body with volume V with several 

interfaces Scoh, is given as follows: 

 
1 2 n

coh ext

s

coh coh ext extd d d
V S S

u V u t S u t S   
 

        (A2.18) 

 where σ is the Cauchy stress tensor, u is the displacement field, Δu are the relative 

displacements per node pair and text and tcoh are the tractions applying to the internal and external 

surfaces of the cohesive element at a given deformation state. Thus, the nodal internal forces 

form a 12 x 1 vector el
Nf which is defined as follows: 
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    (A2.19) 

The traction vector loct  contains the three stresses (loading and fracture in Mode I and II) that 

develop within the cohesive element and expressed by the constitutive relation of the interface 

with respect to the relative displacements  1 nu      . 
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  (A2.20) 
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 The tangent stiffness matrix el of the 2D 6-node interface element has dimensions 12 x 

12 and defined according to ABAQUS® sign convention as: 
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    (A2.21) 

which concludes to the following equation: 
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       (A2.22) 

where locC  is the 2 x 2 tangent stiffness matrix of the constitutive relation of the cohesive zone 

being modeled, 
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 (A2.23) 

and in matrix form: 
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  (A2.24) 

 The out of the diagonal terms lead to coupling between the respective loading and 

fracture modes. In general, these are assumed equal to zero, since coupling and interdependency 

of the pure modes is established within the formulation of the constitutive model utilized.  

 For the calculation of the el
Nf  and el  magnitudes, given by Equation (A1.27) and 

(A1.30), respectively, a numerical integration procedure is utilized based on the Gauss scheme, 

which is given by the following relation: 

    
1

11

d
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i i
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f W f  


         (A2.25) 

where m are the Gauss points along ξ axis, magnitudes Wi are the Gauss weights at the 

corresponding integration point i. In the current work, a 3 Gauss point scheme has been utilized. 

Figure A2. 5 and Table A2. 2 present the locations with their corresponding weights according to 

Gauss numerical procedure, which were utilized for the integration of the global force vector and 

stiffness matrix of the developed interface element. 
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Table A2. 2: Gauss quadrature numerical integration considering 3 points. 

Gauss point i ξi Wi 

1 1 0.6  0.55555555555 

2 2 0 0.88888888888 

3 3 0.6  0.55555555555 

 

 

x

y ξ

ξ = -1 ξ = 1

2 31

 
Figure A2. 5: Location of the 3 Gauss points laying on the reference line of the 2D interface 

element.  
 

 

 

 

 
 
 
 
 
 
 
 
 

 
 
 


