EONIKO METXOBIO [TOATTEXNEIO

Y XOAH HAEKTPOAOT'OQON MHXANIKQON KAT MHXANIKON TTIOAOTTETON
TOMEAY. EINIIKOINONION, HAEKTPONIKHY KAI XTYXTHMATQON IIAHPO®OPIKHY

Meiétn tng [ToAOmhoxng Auvvauixng Xuyypovionot lleplodixdg
Avatopaypéveyv Hiextpovixoyv Toahaviotoy péow Avaywyng o
IN'evixevpéveg MetafBintég Apdonc-I'wviac

Study of the Complex Synchronization Dynamics of Periodically

Forced Electronic Oscillators via Reduction to Generalized
Action-Angle Variables

AITTAQOMATIKH EPT'AXIA

TOV

Kwvotavtivou Metald

EnBrénwv: Iuwdvvne Koutvne
Av. Kadnyntic E.M.IL

Adva, Tobhog 2024






NATIONAL TECHNICAL UNIVERSITY OF ATHENS

SCHOOL OF ELECTRICAL AND COMPUTER ENGINEERING
DIVISION OF COMMUNICATIONS, ELECTRONICS AND INFORMATION SYSTEMS

Study of the Complex Synchronization Dynamics of Periodically
Forced Electronic Oscillators via Reduction to Generalized
Action-Angle Variables

DIPLOMA THESIS

by

Konstantinos Metaxas

Supervisor: Yannis Kominis
Associate Professor N.T.U.A.

Athens, July 2024






ge

5

Edvixé Metoofio Ilohuteyveio

Yyoh Hiextpordywv Mmyavixdv xoa Mnyovixoyy Tmolo-
YO TGV
Topéac Emxowvoviev, Hiextpovixrc o Xuotnudtov 1Iineo-
(popixnc

2
5
gl

.-
L] Y
W0 pompoEy

13“%
nvpPPopo

MeAiétn tng [ToAbnAoxng Avvopixnie Xuyyeovicwol Ileplodixddg
Avatopaypeveyv Hiextpovixwy Tohaviotoy peow Avaywyng o
I'evixevpéveg MetafBAntég Apdong-I'wviag

Study of the Complex Synchronization Dynamics of Periodically
Forced Electronic Oscillators via Reduction to Generalized
Action-Angle Variables

AITAQMATIKH EPT'AYIA

TOL

Kwvotavtivou Metal

EnBrénwv: Iuwdvvne Koutvng
Av. Kadnyntic E.M.IL

Evyxpitnxe and tnv teels) e€etactint| emttponsy tnyv 51 Iouiou, 2024.

Iodvvne Kouivng Ioadhog-ITétpog Ywtneiddng Xopdhopnoc WUANGxNG
Av. Kodnyntic E.M.IL Koadnyntiec E.M.IL Aéxtopac E.M.IL

Adrva, Todhog 2024



Kwvotaviivog Metagdcg
Awmhwpatovyoc Hiextpohdyog Mnyovinog o Mryavixog YTroroyiotoy, E.M.IL

Copyright © Kovotavtivoc Metagde, 2024.
Me empOradn moavtog dixanwpatog. All rights reserved.

Anayopebeton 1 avtiypapn, anolxeuon xa Swovour TG mopoloas epyaciag, €& 0AoXATpoU ¥ TUAUATOS AUTAC,
Yo eumopixd oxomnd. Emtpéneton 1 avatdnworn, anodixeuon xa. Slavour Yol 6XOTd U1 XEEDOOKOTIXS, EXTIOUDEL-
A N epeuvnTixic @Oong, umd TNy mpolmddeon va avagpépeTtar 1 TNy TEOEAELOTC Xou Vo dloTreeitar To Topdy
uivupa. Epwthuata mou agopodv TN yeron tne gpyosiag yio xepdooxomixd oxomd meénel var aneudivovTtal Teog

TOV CLYYEAUPED.

Ou amddelc xou Tol CUUTERACUATA TOU TEQLEYOVTOL GE OUTO TO EYYPUPO EXPEALOUY TOV GUYYRUPEN XoL DEV TEETEL

va gpunveudel 6Tl avtintpoownevouy Tig enionues Yéoelc Tou Edvixold Metodflou Iohuteyvelou.



ITepiindn

Ta teheutalor ypdvia 1) QaouoTiny Yewpla TV BUVOUXOY CUCTNUATLY EYEL TEOCEAXUGCEL WOLUTERO EV-
OLUPEPOY CUUTIANPOVOVTOG XAl ETEXTEVOVTAUC XAACOIXES TEYVIXES. LUYXEXQUEVA, TO PACUO TOU TEAECTY
Koopman nepiéyet onuoavtixéc TANeopopleg Yo TV YEWUETEIO TOU QUGIXOU YWEOU X0l TUREYEL ULl XUTAAAT-
An ouluyia mou ypopuxonolel ohxd o clotnua. PoouaTiXd AVATTOYUATO XATIAANAGY TOEATNENOULWY
TOCOTHTWY YEVIXEVOUV EVVOLEC OTwe Tar isochrons xou tar isostables mopéyovtag ouyypedvwe anodotixoig
TEOTOUS OAOU aELiunTXol uTtoloylouod Toug. Emmhéov, to @doua Tou tehecty| unopel vor cuVOEVEl e
Yoo téc évvoleg dmne ot euotadelc xou actadelc ToamhéTNTES (OMUElWY 160PEOTINS, 0PLIXDY XUXAWY)
X0l UEGEK TOU 0PLOUOU XATUAANAWY GUVIRTNOLOXDY YWOEWY, GTOUC OTOLOUS PUCUATIXG avamTUYUATH £YOUY
vonua, yevixeletan 1 avdAucr oto medlo Laplace oe un ypouuixd cuctiuata. Me autdv Tov TpoTO €106-
yovton yevixeupéveg UetaBAntég dpdong ywviog yia dissipative cuothuata. H eqopuoyy tne avaywyhc
TEQLOOIXWY CUCTNUATWY OF UTEG TUPEYEL EVOY AUOTNEO XL YEVIXO TEOTO UEAETNG TEELOOLXA OloTapary-
HEVWY TOAAVTOTOV, YEVIXEDOVTOC TROCEYYLOTIXA LOVTEAN TEWTNG TAENG, EUPEWS YENOWOTOLOUUEVA GTNY
nhextpovixy| Bihoypagio. To yovtéha autd Pasilovto oe entyelpuoto 6To Tedlo TN CUYVOTNTOG, EQUT-
vEDOUY TOV GUYYPOVIOUO 1 TO ATOTEAECUO XATIAANANG OVAUELE NG AEUOVIXY X0l EPPAVICOLY WG XUPLOTER-
0UG TEPLOPIOUOUS TNV amalTnom yia ac¥evY| SLEYERGTT) Xl GYEDOV 0pUOVIXT| TAAAVTOGT. TTO CUYXEXPIIEVES
TEOUTOVETELS VLol TNV TERLOBLXT) BLOTAEAY 1), CUVAYOLUE OTL 1) HEAETT Efval LGOBUVOUT UE AUTY ULAS LOVOOLAO-
TUTNG XUXALXTG amexéviong Bdoet Tng omolog umopoly va TeoxUouy oL TEPLOYEC GUVTOVIOUOU, YVWOTES
o¢ Arnold Tongues. Oewpdvtac 500 TOA) xhaoxolc nhextpovixols tahavtwtés (Colpitts xou dtapoptxol
LC) yehetdye avohutixd xon oprduntixd Ty un yeouuxy) Suvouixy toug npocdiopiloviag Tic XaUmOAES
OLUAGBMONG oL ETUBIANOLY TOLOTIXA BlapoEETIXd pactxd TopTealta. ['a Tov Tahavtwty Colpitts yenot-
pomotwvtoag Ty Yewpla Shilnikov amodewvioupe v moloT: Sour TOU BloryedUUATOS BLOXAAUBOCEWY
%o xou TNV UToEEYN YooTIXAG ouUTERLPopds. Xty mepintwon Twv dlopopndy LC TohavtoTtov, 1)
Yewpla xavovixwy Loppov xa 1 pédodoc Melnikov emitpémouy tny avohutix anddelln tng Onapdng Twy
HOUUTUAGY BLOXAADWONG Xl TNS TOTOAOYIXAC LOOOLVAULNS, TOUASYIGTOV OE Wlol TEQLOY T TNS dPY NS, OAWY
TWY XUXAOUATWY TOU OVAXOLY GTNY aUTAV ooYEvela. AIEYElpovTag TEQLOOIXE TA TAUPATEVEL CUGC THUATA,
mpocdlopilouye, ue Bdon Ty avoartuydelon Yewplo, Ti¢ TEQLOYEC GUVTOVIOUOU X0l ETEXTEVOUUE TNV UEAETY,
YENOWOTOLOVTIC TNV TEQLYPAPY| OE UETABANTES BpdonG-YwVidG, OF MEPITTWOEL, YEVIXOTEPWY TEQLOBIXMY
otatoporywv. To opriunTind amoTEAEGUATA XU Ol TEOGOUOLWGCELS EMBEBUWVOLY TNV oY) XL TNV EVPKLC T
TOV TPOTEWOUEVGLY UeVodwy. H uerétn ohoxhnpdvetar ye tny eE€TA0T TOU Y00TIXO) GUYYEOVICHOU TOU
Tahavte T Colpitts. O Yewpntind Yepyehwuéves uedodol mou avamtiy Ny ELAYOUY ULol VEX TEOGEY VLo
xalL YEVIXEDOLY TIC TROCEYYLIOTIXEC TEYVIXEC IOV YENOWOTO0UVTOL 0TV NAexteovixy| BiBAoypapla, emitee-
TOLY TNV UEAETN TNV OUVOULXNG GUYYPOVIOUOU GE QUOTNEO XU YEVIXOTEQO TANCLO, TUREYOLY BUVATOTNTES
oYEdlaoNg oXEBWY CUCTNUATLY YPOVIOUOU Xl BElYVOUY OTL €vag TohaVIWTAC UTopel Vo yernoionoiniel
¢ BLEETNS, TOAAATAACLICTAC CUYVOTNTOS, 1) XAl OC YEVWATEL YOOTIXDY ONUATWY UECK XUTIAANANG
EMAOYTC TOV TOPUUETEWY TNE OLEYEROTS.

A€Ceig KAewdod

Metofintéc Apdone-T'wviag, Teheotric Koopman, Kuxhixég Anewovioeic, ITohimhoxn Auvouuxr Xuyypeo-
viopoU, Awchadwoelg, Mn Ioopuix) Auvouixy, Xdog, Atupéteg Xuyvotntog, Hhextpovixol Toaraviwtée.
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Abstract

Over the last years, spectral theory of dynamical systems has attracted attention complementing and
expanding classical techniques. In particular, the spectrum of the Koopman operator contains important
information regarding the geometry of the phase space and provides an appropriate conjugacy that
globally linearizes the system. Spectral expansions of appropriate observables generalize notions like
the isochrons and the isostables providing efficient numerical algorithms for their global computation.
Moreover the operator’s spectrum can be connected with known notions like the stable and unstable
manifolds (of limit points or limit cycles) and through the definition of appropriate functional spaces,
in which spectral expansions are valid, the Laplace domain analysis is extended to nonlinear systems.
In this way, generalized action-angle coordinates can be defined. The application of this reduction on
periodic systems provides a rigorous and general framework for the study of periodically perturbed
oscillators, generalizing approximate first order models that are usually utilized in the field of electronics.
These models rely essentially on frequency-domain arguments, interpreting synchronization as the
the result of harmonic mixing, and suffer from the limitations of weak forcing and nearly harmonic
oscillations. Under certain conditions for the periodic forcing, the study is equivalent to that of a one
dimensional circle map based on which the synchronization regions, referred to as Arnold tongues, can
be derived. Considering two classical electronic oscillators (Colpitts and differential LC') we study
analytically and numerically the nonlinear dynamics associated with each of them determining the
bifurcation curves that result in qualitatively different phase portraits. Using Shilnikov theory we prove
the qualitative structure of the bifurcation diagram of the Colpitts oscillator and show the existence of
chaotic behavior. Regarding the differential LC' oscillators, combining normal form theory and the
Melnikov method, we analytically prove the existence of each bifurcation curve and the topological
equivalence, at least in a neighborhood of the origin, of all systems belonging to this family. Periodically
stimulating the above systems, we determine, based on the developed theory, the synchronization
regions and extend the study, using the complete description with action-angle coordinates, to cases
of general periodic forcing. The numerical results and the conducted simulations verify the validity
and the robustness of the proposed methods. The study is concluded with the investigation of the
chaotic synchronization of the Colpitts oscillator. The rigorous developed methods introduce a new
approach and generalize the approximate techniques used in the electronics literature, allow the study
of the synchronization dynamics of periodically perturbed oscillators in a general context, provide
capabilities regarding the design of accurate timing systems and demonstrate that a single limit cy-
cle oscillator can function as a divider, multiplier or a chaotic generator, depending on the driving signal.

Keywords

Generalized Action-Angle Variables, Koopman Operator, Circle Maps, Complex Synchronization
Dynamics, Bifurcations, Nonlinear Dynamics, Chaos, Frequency Dividers, Electronic Oscillators.
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Euyoeiotieg

H nopodoa epyaota dev a elye ohoxhnpmiet, xou Befolwe Yo elye TOAD SlopopeTinn Lopdt|, Ywelc Tov
emPBrénovta Kodnynth pou xdpo Kopivn. Tov euyaplotd yio 6ca éuodor xatd TNy SLdpxeLs EXTOVNOTG
NG, YL TNV UTOCTARIEY), TNV ELTLOTOGUVY X0 TO OUCLICTIXO EVOLUPEROV TTOU OV ETEBELEE, OANS Xou Yial TNV
eheudepla mou pou €dwoe xatd TNV Yerétn Tou Yéuatog. Méow tng cuvepyaotag yog slpo Théov BERonog
OTL 1) MEPLOY Y| TV AuVoX®V LuoTNUdToY, xon evpltepd Twv Egapuocuévey Modnuatixdy, elvon outy
mou Yo HOEA EMGTNUOVIXE VoL 0XOAOUICL XL TO YEYOVOS auTO amoTtehel Evay axdun AOyo yio Tov onolo
Tov euyaploTw. Ev okiyolg, o xiprog Kouilvne Atav o xahibtepoc emPrénnmv mou Yo unopodoo va €y
xan eAilw 1 ouvepyaoio pog va ouveytotel. Enlong, suyoaptotd: tov x0pto XwTneiddn Yl To eLMXELVES
EVOLAPEQOY %O TIC ONUAVTIXEC GUUPBOVAES Tou, xadde xou Tov xVpto WURAdxT, Oyl udvo wg UENOS TNg
TEWEAOUG EMTEOTAS, AhAd xURIWS Yiot TIC TOAUTWES YVOOELS TOU améxTnoa and Ta podruota Eréyyou
oTNV Ly OohN.

Oa Hleha oxoun va euyapiotiow Ty T.A. Tewpyio Xewova yioa v ddoyn cuvepyoaosia xon thv
ovctaoTixy| Bordela Tou You Tpocépepe, dTote auTH ypeeldotnxe. EEdMou, 1 épeuvd tne anotélece Bdor
v Ty nopovoa epyacio. Amo to Epyactripio Hhextpovixhc, Yo Hlera va avapepdn otov Ap. Baotin
Alron yio TV cuvepyaoia oe YEuato OYETIXG UE TNV EPELVE TOU.

Befolwe, wiaitepeg euyapiotiec agiCouv otny Havdodpa, agol ywelc authv TOANE Yo Aoy SLapopeTixd.

Kupioe, dung, o Hieha va ex@pdon Ty euyvouocsivn pou oty untépo wou ‘Avvar 1 ovextiuntn
UTOCTARLEN TNG OAAL AUTA T YEOVLAL XU YEVIXOTERX OO €Y HddEL amd aUTHY, ATOTEAOUY Alyoug HOVo amnod
TOUC AOYOUC Lot TOUG OTIOLOUC TNV EUYOPLOTE.

Kwvotavtivoc Metagdc,
Adva, 51 Touiiou 2024.
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Extevrc Ilepiindn ota EAAnvixd - Extended Summary
in Greek

Y10 MopdV xePdloto TopatideTon EXTEVAC Xou avahuTixy| Tepthnn g epyaoctag oto ehknvixd. Axolou-
Yeltow 7 (B Sour) Ye To uVplo oOua NG epyaociog, ahAd amodellel xou TOAD Aemtouepeic enednyroelg
TopoAelmovTon xou Unopolv vo Beetolv mAfeng avolupéveg ota avtic oo Kegdhona. Avogopéc oe Xyrh-
potor apopoly auTd Tou xupiou pépoug tng Epyooiag xou 1 mapdideor toug dev emavalopfdveTon otV
nopoloa tepidndr. H avtiotolynon tou xde Xyruatog ye tnv oehida mou autd Peloxetan, undpyel 6TNV
apy x| AMoto Eynudtwy.

0.1 Ewaywyn

O tohavtwtée epgavilovton xatd Ty HEAETN TOAGY TEYVOROYIXWY (NAEXTEOVIXADV, UNYOVIXWY) XoL
Brohoyddv (Suvoux) TAnduopol, veupwmvixd dixtua) cvotnudtwy. Eldwdtepa oe nlextpovixée epap-
HOYES YPNOYLOTOLOOVTOL GUY VA G YEVVATELES ONUATOY POAOYIOU 1) ¢ PEROVTA GHUATIL EVTOS EVPUTEQWY
TNAETUXOWOVIOXDY UG TNUETWY. ALEYEIROUEVH ATtO EEWTEPIXG GHUTA UTTOPOVY VO GUYYPOVIGTOUV UE QUTA
dlvovtog oTtnv €000 TEPLOBIXES HUUATOUORYES UE TEOCUPUOLOUEVA PUCUOTIXG YAUPUXTNELO TIXE XL YOUNAO
YopuPo pdong. O cuyypoviouds €yel Bpel eUpela EQUPUOYT OTA NAEXTEOVIXE GTOUG BrOYOUS XAEWDWUEVNS
pdone (PLL) xo o€ Sioupétec ouyvétntog, ot onolol givar urediuvol yio Ty Slaipeon e ouyvotnTag
evoc ofuatog avopopds ue évay axépoto aptdud [14]. Emmiéov, ohoxAnpwUéves UAOTOOELS GUYYEOVIO-
HEVWY TAAAVTOTOV YENOULOTO00VTOL EVEENMS GTO TESO TMV ACUPUATOV ETUXOVMVIDY, 1OG EVOAAAXTIXY TV
ImneLoxdv LAoTOoEWY, TEOGPEROVTAS YoUNAT XaTavdAnaT toylog xau younié d6puBo @done [7]. Xuy-
EXPUEVAL, O XUPLOTEQOG TEPLOPIOUOS XaTd TV oyediaon synthesizer cuyvotnrag eivan 1 1oy le, 1 onola
amouTel TNV YEHON AVUAOYIXWDY GUYYPOVICUEVKDY TUAAVTWTMOV VT PNQLaxedy OMOXANEWUEVLY XUXAWUATWY
(Baotopévoue oe flip-flop droupétec ouyvotntog ue Aoy Bootouévn oe pedua) [51]. Lto miaioo twv
YOOTIXDY CUCTNUETOV, O GLYYPOVIOUOS EXEL BEEL EQuUPUOYT 0TO TAGOLO TWV UCYUADY ETUXOVOVIGY [34].

Adyw tng onuaciag Tou o8 TEAXTIXEC EPUPUOYES, O CUYYEOVIOUOS TV TOAAVIWTOV EYEL ATOTEAETEL
avTixeluevo épeuvac 0To TEdio Twv nhextpovixdy. O meptoodtepec avantuydeioec uédodol [10, 7, 6,
58, 25, 9, 8, 26] eoudlouv otnv elpeoy TEOCEYYIOTXOY TOTWY Yl To locking range, to cuyvotxé
dtdotnua, dnAadY, eviog Tou omolou mapatneeiton xAeldwpa cuyvotntag. H pédodoc Harmonic Balance
€yeL mapadoactoxd yenowonomidel wg to xuplapyo pyahelo Yot TNV PEAETT NAEXTEOVIXOY TUAAVTWTWY Xol
el enextadel ue Quoxd TEOTO xou oTNV TEpiTTWoN TEpLodxrc dtatapayfic [58]. Ioodivaues avahioelg
€youv avoamtuyVel xau ue yphon gaotdetodv [27]. H pédodoc tou Averaging oe cuvduaoud pe v pédodo
Slowly Varying Amplitude éyet eniong ypnowonomndei extevix [10, 7, 6, 8]. Ouctaotixd, GAeC oL Topandve
pédodol Bacilovton oe QUOUATIXG ETUYELNUATA, EPUNVEDOVTOIC TO QPULVOUEVO TOU GUYYPOVIOUOU WS TO
ATOTEAEOUA TNG XATAAANANG avdueEne apuovixay. Ot utodéoeig otig onoleg Pacilovton ol pédodol autég
Teplopllouv TNY EQUPUOYT| TOUC OE TERLTTWOELS AoUevolg €YY UOTS, EVEK Ol TROCEYYLOTIXE GUVIYUEVOL TUTOL
yta o locking-range ovtiotolyoly 6g YPUUUIXES TPOGEYYIOEIC TWY GUVORPWY TWY TRAUYUATIXMY TEPLOY WY
ouyyeoviopol. H elcayomyh twv goviéhwv gdone [55, 56] oto medlo twv nhextpovix®y, meploploTnxe
%Vl OE QUTOVOUO CUOTAUATA, EVE) YPUUUIXES TROCEYYIoELS BlaTtopayévwy HOVTEADY avTiuETWTIlouY
Toug (Bloug meptoptopoUs Ue Tic Tpoavapepdeioeg uetddouc Harmonic Balance xou Averaging.

Extég and toug Jewpntinois TepLoplools Ty UTHEYoUc®Y HEVO0WY, N UEAETN TOU GUY)YQEOVIGUOU
070 eSO TNG CLYVOTNTOC ATOXEUTTEL EPUPUOYES OTIOU O (BLOC TOAAVTWTNG UTOREL Vo AELTOVPYNOELS WG
OLEETNS 1) TOAATAAGCLAGTAG CUYVOTNTAS, WG YEVVATELOL YOOTIXWY CNUATODY 1) WS LOYURS UN YRUUUXOS
TOAVTOTAG, AVAAOYWS PE TNV e@aprolopevn dwtapayn. Emmiéov, ol cuvéneieg Tou cuyypoviouol @dong
070 TESlo TOU YEOVOU, GE EPUOUOYEC TOU OmAUTOLY A.y. axplf3n uétenon yedvou, cuyve oueEAOOVTOL.



0.1. Ewcaywy? 2

Y1y mapolca epyacion avanTUCCOUUE EVal EVOTIOLNUEVO %ot UOTNEO TAACLO Yiar TNV UEAETY TEPLOOXA
OLATOROYUEVWY TUAXVTWTOV X0l ToeoValdloupe TaVES EQUOUOYES TNS TEOTEWVOUEVTS Hedodoloylag oTny
OlalpeoT) 1} TOV TOAAATAAGLIOUO CUYVOTNTAS, XoMS Xal G 0,TL aopd TNV EOIULCT TV QPUOUATIXGDV
WBLOTATWY Tou ohpatog e€6dou.

Mordnuatind, ol auToCUVTNEOUUEVOL TOAXVTWTES Elvol BUVOUIXE CUCTAUATA TIOU €YOLY KOS EAXUCTES
oploxolg xUxhoug ot omolol yopuxtneiloviol omd Wit CUYVOTAT Xal oG XATIAANAEC TOGOTNTEC TOU
TOGOTXOTOLOUV TNV EAXTIXOTATA TOUG, EVK OL YOOTIXEC TOAXVTIOOELS CUVBEOoVTUL PE TNV UTopdn VO
ToEdgevou eAxuoTy. Ot évvolec auTEC UmopolV Vo ueAeTIo0Y GUVOAIXS PE YeYion Tne Vewploc Koopman
7 omolo Blvel TNV BLYVATOTNTA EMEXTACT) TUEAUTNENOWMY TOCOTATWY OE LOLOGUVIRTYOELS TOU TEAECTH %ol
yevixelel TNV avdAuor oto nedto Laplace and o ypouuixd otar un yeauuxd cuothuata. Emmiéov, uéow
TWV WLOCUVIRTHOENDY TOu BlveTon 1) BUVATOTNTA OpLoHOU TwY isochrons mou odnyel oTa YVKOTd povieha
QACNC, AAAS XL 1) YEVIXEUGT] TOUG UE TOV OPLOUO XATIAANAWY HETABANT®Y BpdoNne 0TS OTOLES 1) SUVIULXY)
elvow yoouuixt).

H perétn tou ouyypoviopol twv todavtntoy ot eEntepés dieyépoelg yivetaw cuvidwe otnyv BiS-
NoYpaplor TNG NAEXTROVIXTC UE YENOT TROCEYYLOTIXWY TENOTNG TAENG HOVTEAWY Tou otnpllovion oty
B TNG HUTAAANANG UEENG TOV OPUOVIXGY %o omontoly oD ued Thdtn. Actyvouue dti 1 SBLdoTaTY
ameEXOVION o€ PETUBANTEC-Opdom Ywviag umopel va meptypdel Tov cuyypovioud e avdaipetn ewtepiny
BLéyepar, eved av oUTH Exel Wiol To ey Lop@h (yYwelc teploplopod 6To TAGTOS TNC), N avdAuon avdyeTo
OTNV PEAETT] ULOG UOVOOLAOTATNG XUXAXTG AMEOVIONG Amd TNV OTold TROXVTTOUY TANPMC Ol TEQLOYES
ouvtoviopol. H xuxhixr autr anewdvion xadopileton amd Tic xopundieg andxpione @dong PRC xow PTC.
Evtéc twv meploymy ouyyeoviopol To ofjua e£600U fval GUYYEOVIOUEVO UE TNV BLATOEIY Y|, EVE EXTOG
autol 1 xivnon ebvor ameplodnt| (yootixd 1 nuitepodixr). H yedodohoyia auth etvar yevixr xou uropel vo
€QUPUOCTEL OE BLAPOPETIXNOUE TOAAVTIWTES. ExTOC amd ToV GUYYEOVIOUO TEQLOBIXGY CUC TNUATWY UEAETAUE
XL TNV SLVATOTNTO YAUOTIXOL GUYYROVIGHOU.

Yty mapovoa gpyacta Yo UeAETNIOOV 5U0 CUYXEXPUIEVO BUVOULXE GUC TAUATH NAEXTEOVIXWV To-
hvtotov: o dlpopnds LC tohavtwtic xow o Colpitts. Tt v perétn tou mohdmhoxou cuyypovio-
MOV TOUG MOUTEITOL TEEMTOL Wal AVOALUTIXT) UEAETYN TNG U1 YEUUUXT) DLVIUIXAC TOU XddE CUCTAUATOS XoL O
TEOGOLOPLOUOE TWV BlaXAABOoEWY Tou oyetilovion Ye T TopopéTeous Toug. ot TNV avoluTixy| YEAETN
yenowonotelton 1 Vewpio Melnikov xou Shilnikov eved o axp3fic UTOAOYIGUOS TOV XOUUTUAGDY BLUXAAOWOTG
TeoyHoToToLElTon oELiunTnd yior xde choTnuaL.

H nopoloa epyacio eivon opyavouévn we e€hc:

e Y10 Kegpdhowo 3, etodyouye toug Baoixolc optopolc tou ¥dous, Twv (Tapdievwy) EAXUCTOV Xou
v exdetwv Lyapunov, évvoleg ot onoleg Ya yenowonoindoldv xotd tny didpxela Tne epyooiog.

e Y10 Kegdhowo 3, pehetdue avalutind tov tedectr Koopman oto Suvouixd cuctiuata, pe Wwiadteen
EUPACT) GTA QPUCHATING AVATTOYUATOL, XU TOV CUVOEOUUE UE TNV UEAETT) TV TEQLOOLXA DLATAURAYUEVEV
TOAOVTWTOV.

o Y710 Kegdhano 4, yehetdue avohuTind TG XUXALXES UTELXOVIOELS TTOU TTROXVTITOUY XOTA TNV UEAETT] TOU
CLUYYPOVIOUOU TEPLOBIXE. BLUTARAYHEVWY CUCTNUATWY, OTwS Oelloue oTo Tponyoluevo Kegpdioo.

e 10 Kegdhowo 5, mapoucidalouvue tic Bacinég apyéc Aettoupyiog twv tpaviiotop xat ye Bdon auvtéc
HOVTEAOTIOLOUUE Tot CLUC TAUATA TKV dlapopxev LC tohavtwtey xan Tou Colpitts. Tlapéyeton enlong
Qo avoo oot xou cLlHTNoN TV UEVOdWY Tou yenotwomowlvTal otny BiBAoypapla Twv NAex-
TEOVIXMY Yol TNV VAAUGT) AUTOVOUWY X0l TEPLOOIXY DLUTURXYUEVDY TUAXVTWTWY.

e Y70 Kegdhowo 6, pehetdton auotned n un yeouux| duvouixy| xdde xAdong TahavinTdy 1060 Vew-
eNTXd 600 xan aELiUNTIXd TEOGBLoEIoVTaS TIg XUUTOAES BLUXASDWOTC.

e Y10 Kegdhawo 7, yehetdtar o moAOTAoXOC GUYYEOVIOUOS xdle TahavTwTy, TeoodlopilovTo Ta OL-
oY POUMOITO. CUVTOVIOUOU GTO EMUTESO TwV TapopéTewy TS Slatapay e (TAATOS xou oLy VOTNTA) Xou
OElYVOUUE OTL 1 XUXAXT] ATELXOVLOT| TEQLYPAPEL EMUEXWS TNV duvaxT| cuyyeoviouol. Egetdlovtag
0 doun Twv isochrons, 1 onola xadopilel Tig WBLOTNTES CUYYPOVIGUOY TOL GUCTAUNTOS, TROXVTTEL
OTL GE AUTAV AVTOVOUXAATOL 1) TOAOTAOXT] BUVOIXT] TV AUTOVOU®Y CUCTNUATWY. Eminiéov, mapéye-
T €Val THEABELY U YPHONS TNG TAPOUS OIOLUC TATNG ATEOVIONG OF PETUPBANTES Dpdonc-ywviag Yo
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TNV PEAETT) TOU GUYYPOVIOUOU X0l OAOXANEWVOUUE UE TNV ECETAGT, TOU YAOTIXOU GUYYPOVIGHOU TOU
Tohavtwty) Colpitts.

e Y10 Kegdharo 8, cuvoliletan 1 epyaocio xou mapéyovtar xateLdOvVoeElS UEANOVTIXDY EMEXTUCEWY.

0.2 ExV9éteg Lyapunov, Xdog xou ITapdZevor EAxuvotég

Yy evotnra auth topatidevton oL Yeyehiddelc oplouol Tou ydoug xou Tev exdetdv Lyapunov, xodog
xa WOTNTES TWV TEAEUTUWY, ot omolol Ya yenowonoindolyv xodOAn Tny €xTacT Tng pyaciag.

0.2.1 ExUéxec Lyapunov
Oewpolye éva BUVOIXG CLCTNUY,
&= f(x), v € R", (1)
omou  f elvan C7, r > 1 ouvdptnon xa éotw ¢(x,t) n por tou nedlou.

Definition 0.2.1. FEotw xo € R™ ka1 ¢p(xo,t) n tpoxd pe aoxikry ovvdrikn xo. YvpPodilovue ue d(t)
tov Uepehicrdn mivaka tng eflowong mvdrwy,

. Of

X == X =A)X, X(0)=1I,. (2)
Oz &

Zo,t)

Ia e € R™, opilovue tov yapaktnpiotiké exlétn Lyapunov otnv katedluvon tov e ws

Mz, €) = limsup%log <H<I>(t)e||)7 (3)

=00 lell
omov || - || elvar ovvrjiing EvkAelbeaa vépua otor R™. Av & = 0, opilovue \(xg,e) = —o0.

Ou amopaitnTeg TPOTOTOIACELS TOL OPIGUOY Yiol TNV TEpinTwon mou to clotnue (1) elvar Broxpitol
Yeovou elvar Teoavelg. YNMUELOVOUUE OTL OAa Tal OMUela TOU avixoLy oTNY (Biar TpoyLd yapaxtneilovto
amo Tov (Blo exdétn Lyapunov. Auté delyvel 6ti ol exdéteg Lyapunov elvan pior idldtTnTtor cuVUQAoUéVn e
v xdde Tpoytd.

Av xpotioouue otodepy| TNy TeoYLd unopolue Vo dewprioouue Toug exdéteg Lyapunov wg cuvoptroelg
optopévec otov R”, A(e).And tov oplopd eivan tpogavés 6Tt 1) vopua tou Staviopotog e dev ennpedlet Tov
ex0€tn, Snhady) A(ce) = A(e) yio xdde un-undevixd ¢, xou €tol yweic BAIBN TS YEVIXOTNTAG UTOROVUYE VoL
Vewprioouye |le|| = 1. Xpnowonowhvrag Woétnteg g vopuas uropolue va dei€ovue 61t

A(e1 + e2) < max ()\(61), )\(62)), Vey, es € R, (4)

amd OTOU EMETAUL AUECKS OTL TO GUVOAO,
A ={ueR" A\Nu) <r}, (5)
omou r € R, elvan undywpog tou R™. Enouévee, ov exdéteg Lyapunov wag tpoylde 6ev umopolv va

AdBouv mepiocotepeg and n = dim R™ Supopetinég Twée. Autd unopel var to det xavelc g e€Xg: av Tpog
dtomo dev toyve, tote Yo uTipy oy k SLovOoUOTA U; OOTE TO Uk VO YRAPETAUL WS YROUULXO GLVBUAOUOS TV

wi xou AMug) > AMug), i =1,...,k —1 70 onolo buwe avtPoiver otny (4).
‘Eotw howndv vp > --- > vg ot s < n dwpopetiol exdétee Lyapunov wio dedouévng tpoylde. Av
oplooupe to GUVOha
L; = {e € R"|\(e) < v}, (6)
€y ouue
{O}ILS+1CLSC"-CL1:Rn (7)
et

/\(6) =y < e€ L;— L. (8)
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Definition 0.2.2. O1 apiduof v; opilovtar ws to pdopa twv exbetwyv Lyapunov mov oyetilovtal pe tny
tpoxid ¢(xo,t). H nolanmAdtnta kalevds and tous v; opiletar wg k; = dim L; — dim L.

H opototnta yetagd tou oplogol g moAhamhotnrag evog exdétn Lyapunov xow evog YEVIXEUUEVOU
©OL6YEOL EVOC Yoouuxol teheoTh (mivaxa) Teénel va elvor Tpo@avhc.
Tn6 oplopéves ouvirixeg To bpto oty (3) undpyel xau tapoxdtw Topadétouye Tic Tpolnovéoelc auTéc.

Definition 0.2.3. O Oepehidong nivaxag ® Aéyetar kavovikds, av

tlirélo%log |det ®(t)] < oo 9)
yia kdOe fdon {ei,...,en} Tov R" téroa doe,
i Ae;) < i A(b;) yia kdOe dAn Bdon {b1,...,b,}, (10)
i=1 i=1
1wyve 0T,
zn: Mes) = lim % log |det ®(#)|. (11)

=1

Enuewwveton 6Tt and Ty TowtoTT Tou Abel,

log |det ®(t)| = /0 tr (®(7)) dr, (12)

omoTE Bev YpEeldleTol OUCLICTIXG XavElS TNV YVWoT Tou (Blou Tou Yepehddoug mivoxa. Eyouue tdpa to

axérovio Oewpnua.
Theorem 0.2.1. Av ®(t) kavovikdg, téte to dpro otnr (3) vndpyer yia kide e € R™
Proof. Acite [37]. O

Ou éxdetec Lyapunov elvou éva eldog @dopatog mou yopoxtneilel pior dedouévn Tpoyld. XTo ETOUEVO
xepdhono Va yeretricouye Tov teheotry Koopman xan Yo etodyouye yéow auvtol éva dAho Tohd yeHoLo
(pAoUA TOU EMITEETEL TNV AVATTUEY CUVIRTACEWY TROYIWY OE WLOCLVAPTACELS Tou TeAeoTr. O exldéteg
Lyapunov Yo amodetytolv 1biaitepa yefotdol xatd TNy UEAETN TOU YAOTIXOU GUYYPOVIGUOU.

[Mo var xdvouye mo cuyxexplévn Ty €vvola Twv exdetev Lyapunov, yehetdue o @dou L0 cuy-
HEXPUEVOWY TEOYLOV: oNueia looppoTiog xau TERLOOXES TRoYIES, TIC onoleg 0plloUUE ToPUXAT.

Definition 0.2.4. e FEotw xg € R™. Tdte xg Aéyetar onpelo 1woppornias tov (2.1), av f(xg) = 0.
o Fotw (t) pia meprodikny Avon tov (2.1). Tére
I'={zeR"|z=1(t), t e R} (13)
efvar évas oprakds kUkAog tou (2.1).
e FEotw xg € R" ka1 éotw P(t) o Yepelidhng mivakag mov efvar Abon tov,

= Of

X =2 X = AX, X(0)= I,. (14)

¢(zo0,t)

Téve n tpoxid ¢(zo, t) Aéyetar vnepPodixr, av vndpyer tpoPodikds mivakas P kar otalepés ki, ko, A1, Ag >

0, dote

H@(t)P‘I’fl(T)H <ke M > 1
Hcp(t) (I - P)qu(T)H < hpeet=T) ¢ < g (15)
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Etvar mpogavég 6T av xg onueio ooppotiag, 1 unepBoiixdtnTa ivon Looduvaun Ue TNV un UTopedn
OLOTLIGY UE UNBEVIXG TEAYUATIXG PEEOC TOU YROUULXOTIOLNUEVOU TEVOXAL.

Trodétoupe 6Tt t0 clotnua (1) éxer we Aon évav unepBohixd optoxd xOxho ocuyvotntac w. ‘Eotw
zo éva onuelo otov optaxd xOxho tou (1) xa éotw P(t) o Veyehddne nivaxac tou (2). H Yewpio
Floquet ouvendyeton 6t ®(t,0) = U(t)eP'U~1(0), énou o nivaxac U eivan t = 27 /w mepiodixde, et =
diag (1, g1, ..., tn—1) xou 1 5 ||, i =1...,n — 1 eivou ot nodhamhaotaotéc Floquet. H oyéon |u;| #
1, mpoxintel amd Ty unddeon 6TL o xOxhog elvan unepBolxde.  Opiloupe toug exdétec Floquet g
Ai = 2mlog(p;)/w ol onoiol TocoTIXOTOLNY TOC0 EAXTIXG 1| OTWOTIXOC Elval 0 0ptaxdS xOXAOS XAt
avaroyla ye Tig Wwrotég Tou Jacobian mivoxa oty mepintwon evog onuelou looppomiog. Lnueivouue Ot
L, s -y fin—1 Ebvor loTypéc Tou monodromy matrix ®(27/w,0).! Elvon mpogavéc 6Tt o oplode xixhog
elvow euotadh) av xou povov av 1 > |u,|, i =1,...,n — 1. Tdpo unopolue vor amodelfouye TV napoxdte
TEOTAOT).

Proposition 0.2.2. 1. Eotw x¢ onuelo 1wopporniag tov (1) kar éotw \; o1 d1apopetikés 1610TIpéS
tou Jacobian mivaxa, téte v; = Re(\;).

2. Av 7o (1) embéyetar évay vnepBodiké opiakd kUkAo e extétes Floquet N;, téte v; = Re(\;).
Proof. Acite tnv Anédeiln oto Kegpdhawo 2. O

Ynueidvetor 6Tt oL uto¥éoelc Tou Oewpruatog oYeTd ue TNy Umopeén Tou oplou oylouy otV
TEPITTOON Tou oNUEloU LGOEEOTIC, AN O)L OTNV TEQITTWOT TWV OPLIXWY XUXAWY.

‘Etol xatohfiyouue 6t 0TI 6V0 GUYNIOUEVES TIEQLTTAOCELS ONUEIDY LGOPEOTIOC X0l 0PLIXWY XOXAWY TO
pdopa Lyapunov toutiletar ye Ti¢ BOTWWES TS AUTEC TEOXVTTOUY Amd TNV XAACOIXT] YROUUXOTOINCT
xan TNy Yewplo Floquet péow tng yeauuixonoinong yopw amd tny xatdAAnin TpoyLd.

Xy npdln, 0 UTOAOYIOUOS TOU QACUTOC Yol Lol Tuyador Tpoyld umopel var yivel pévo aptduntixd.
‘Evoc xhaoowxd akydprduoc eivar o [65], tov onolov xou Yo yenowonotioouue oto Kepdhowo 7 yior tny
MEAETT TOL YAOTIXOU GLYYEOVIoHOL Tou TahavTwTy Colpitts.

0.2.2 Xdog xou ITapdEevor EAxuotég

X1y mopoloo EVOTNTO XAVOUUE CUYXEXPIIEVO TL EVVOOUUE UE TOV Op0 Y&0¢ xou 0ptlouue Toug Topdie-
voug (yooTinolg EAXUCTES), €vvola TiC oToleC Vol YENOLLOTOACOUUE GE ETOUEVO XEQPSNOLAL.

Ou oplopoi mou Ya axohoudioouy a@opolv GUOTAHUNTA GUVEYOLUS YeOvou TNe popphc (1), oAAd ol
AmAEA{TNTES TPOTOTOLNTELS YIoL TNV TEPITTMON TWY CUCTNUATWY BLaXELTOV YEOVOU EIVAL TEOQIVELC.

Definition 0.2.5. Eotw A cvunayés kar avarloiwto (ya Jetikols ypdvovg) ovvodo tng (1). Aéue
ot n pon P(x,t) éxea evaiointn e&dptnon and ns apyikés ovrdnkes oto A, av vrdpyer € > 0 tétowo
wote ya kdle x € A ka1 Y kdOe yerrorid U tov x, vndpyxery € U ka1t > 0 téroa dote,

[o(x,t) — oy, 1) > e. (16)

Definition 0.2.6. H ponj ¢(z,t) tng (1) elvai topologically transitive o€ éva kAewotd avarloimwto ovvolo
A av yw omowdrirote avoiytd ovvola U,V C A, vrdpyer t > 0 térow dote p(U,t) NV # ().

Twpo unopolue va 0plcoupe Tt eVVoOUUE AEYoVToC OTL €val avaAAOlWTO GUVORO Elvol YaOTiXO.

Definition 0.2.7. Eva cvunayés kar avaAdoiwto ovvolo A €lvar yaotiké av n pon éyer evaiontn
ekdptnon ka1 elvar topologically transitive oo A.

H évvoia Tou cuvohou Cantor Yo amodelydel ypriown oto enoueva.

Definition 0.2.8. Ay (X, d) eivai évag petpikds xapos, éva ovvoro E C X Aéyetar ovvodo Cantor av
eflvar mAnpws disconnected, perfect (kdOe onueio tov E elvar onueio ovoodpevong) kar ovumayés.

VEneton apéowc 6t iy, ..., pn—1 ebvon Wlotipéc e amedvione Poincaré opiopévne and onoladnrote eyxdp-
ol Touh) X otov xOxho. O molhamhactactég elvon aveEdptnrol and v topn X, agol ancixovicewg Poincaré
avTiotoly00oeC ot BlapopeTinés Topée elvar wetafl toug ouluyelc.
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Y10 onueio autd Bivouue Eva VeueMmOES ToEddELYUd. OcwpolUe To GOVOAO OAWY TWV AUPL-ATEIRWY
(xon amd Tic o peptéc) axorouvhdv N oupfoéhwy, tou opilovia og,

sV =]]A, A'=A={1,...,N}. (17)
€L
Eotw a,b € %V Buo olpBoro-oxoroudiec ye a = {... a_y ... a_1. ap a1 ... ap ...}, b =

{... by ..ob1. bg by ... by ...}, OmOL a;,b; € A H tekeio Swywpiler tnv axohouvdia oe 500
dmetpar uépn xon amAde eEummnpeetel we onueto exxivionc. Av egodidcouue o BV ue v ouvdptnon

o

1 Og,p,
d(a,b) = T, 18
) iz_:oo 211 + Oa; b 1)
6mou § elvo To déhta Tou Kronecker, eivon mpogavéc 61t o (BN, d) yiveton petpindc ydpoc. Amodenevietor
[61] 67t 0 BV eivon cuumayfic, Thfpwe disconnected xou perfect, onéte elvar ohvoro Cantor. Opiloupe

TWEA TNV UTELXOVIOT] UETATOTLON,
o:xN 52N

(...a,l.aoal...)%(...a,lao.al...), (19)

X0l AVOPEPOUACTE OE AUTHY WS Lol TAYeN petatdmion N cuuBoinv. Amodewvieton OTL 1 o €xel apriufoluo
dmeipo TAYOC TEQLOBIXWY TEOYIWY, LTepaEiuNcipo dnelpo TARYOC AMEQLOBIXMY TEOYLMY oL ULOL TUXVY
tpoyté [61]. To teheutaio deiyver 6L 1 o eivon topologically transitive oto XV, Emniéov éotw 6L n
U eivor epioyf tou a € XV axtivac €. ‘'Oco pixph xow av auth emheyel, undpyet tdvia n > 0 Gote
a; = b; V|i| < n. Enopévwe, n o éyer euaiointn e€dptnon and Tic apyxéc ouvidfixec oto B™ xou €tot
XATAAYOUUE OTL To X" elvan YooTIXO.

[Topd Tt 0 YMEOg %At TO GUGTNUO TOU XATACKEVEG TNV GTO TEOTYOUUEVO TORADELYUA QULVOVTUL TAHEWS
Yewpntixd, Yo S0VUE apYOTERN OTL UTO CUYXEXPWEVES TPOUTOVEGELS, GUOTAUATA GUVEYOUS Kol BLOXELTOU
Yeovou elvar Tomtohoyxd t1oodivoua pe Thnpelg petatonioeic N cUUBOAwY.

ITpotol opicoupe ToV ToEdEevo eEAXUGTY, YEEldleTon Vor 0plGOUKE TNV EVVOLO TOU EAXUGTY) YEVIXOTEQOL.

Definition 0.2.9. Eva kAeioté kar avalloiwto ovvolo A Aéyetar ehxvotng, av vrndpye yeatond U
tov A tétoia hoTe
o(Ut) C A, Vt>0, [)o(U,1t)= A4, (20)

t>0

kar n ¢(-,t) elvar topologically transitive oto A.

O mopandve oploudg elval ouclaoTXE ToTohoYIXOS. EAxuotéc unopolv va opiotolv xou ue Bdon
évvoleg tng Yewplag pétpou. O enduevoc oplopoc ogethetar otov Milnor xar yior autd EAXUCTEG e TNV
TOEOXATE WLOTNTA avapépovTan w¢ ehxuotéc Milnor.

Definition 0.2.10. Eva kAeioté kai avaAdoiwto ovvolo A Aépyetar edxvotnis Milnor, av vrdpyer a
teploxn éXéng D OetikoU pétpov, kar dev vndpyer kavéva pikpdtepo ovvolo A' C A touv omolov 1) epioxri
éréng va tavtiletar pe to D e eaipeon fows ovvoda undevicov pétgpou.

H duagpopd puetadh twv 600 0plop®Y OQEAeTOL 0TO YEYOVOS OTL ot évay eEAxuot) Milnor emitpénovran
xdmota onueta var Eepiyouy amd autdy, eved pla TETol TepinTwon avTiBaivel 6ToV OploUd TOU EAXUCTY| e
TNV TomoloYr €vvola.

‘Eyovtag oploet Tny €évvolo Tou EAXUGTH|, UTOROUUE VoL SWCOUUE X0l TOV 0pLOUO TOU TURAEEVOU EAXUCTH.

Definition 0.2.11. Evag eAxvotis A Aéyetar napdEevos eAkvotns, av elval xaotkos.

ENUELOVOUUE OTL, UTOVETOVTOC OTL O YWOEOS PAoNC Elval TEWBIdoTATOS, TROYIES Tou e&ehlooovTaL oV
OTOV TOEEEEVO EAXLGTH €Youv €vay VeTnd, €vav apvnTixd xat évay exdétn Lyapunov {co ye to 0. O
Yetog exdétng ogelleton oTny evancUncio TOL EAXUCTH WG TEOG TNV AEYWES CUVITXES, O dEVNTIXOS GTO
6Tl T0 6OVOAO amOTEAEL EAXUGTY| XU O UNOEVIXOS EAXUCTAC Oelyvel 6Tl 1) xivnom mpoyyatonoteiton méve
GTOV EAXUCTY).



7 Extevig Ilepiindn ot EAAnvixd

0.3 O Teieotric Koopman cta Auvvauixd Juotrhpata

Yty mapoloa evOTNTO EIGAYOUUE TNV UeAETN Tou teheoth Koopman ota Suvauixd cuctipata. Evo-
APEPOUAC TE XVPIME YLl IBLOTNTEC TOU GUVOEOLY EAXUGTES HE TIC LOLOCUVOPTAHCELS TOU TEAEOTH Xl ETUTEE-
TIOLY PUCUTIXG AVOTTOYUATA TUPATNENOULWY TOCOTATMY.

0.3.1 Opiopol

OewpolUE BUVOULXS CUOTAUATA GUVEYOUS YEOVOU TNG UORPHC,
&= F(x), x € R", (21)

omou F : R™ — R™ etvou woe C7, 7 > 2 ocuvdptnon, Gote 1 Umopén xat 1 govadixotnta e Abong eivan
eZaopollopévec xot é0tw @(x,t) n poR Tou (21). M mapartnefiown tocdTnta etvor wa C ouvdptnon
f:R" = C oe évav yopo Banach F.

Definition 0.3.1. Eotw f € F. O tedeotis nuiouddas Koopman Ut : F — F cvoyetiopuévog je tnv
pon ¢ opiletar wg
U'f=fo¢(,t). (22)

Ané tov opiopd éneton apéowe 6Tt o Ut elvan ypopuxde. Stnv cuvéyewa opilope Tov yervitopa 1
anelpootd teleot) Koopman.

Definition 0.3.2. Eotw D éva mukvd vrootvodo tov F kar f € D. O ameipootds tekeotns Koopman
opiletar we,
Lf =lim

Utf—
vir-s (23)
t—0 t
To 6 F € C"(R") e&oogoiilelr tnv obyxhon tou opiou otnyv (23) ool o tereoThc elvar toyupd

ouveyhc [54]. A tov optopd (21) énetan opéons 6Tt
Lf(x) = F(z) - V[(x), (24)

xaL - ONAGOVEL To olvnieg eowTepd Ywvouevo ctov R™. Xpnowonowwvtog Tov anclpootd teleoty| L,
UTOPOUUE VO OPIGOUUE TO PAGUN TOU TEAEGTH.

Exté¢ and tov anelpootéd teleaty|, unopel vo oplotel xou o tehectric Perron-Frobenius nou cuvoéstan
e Tov dué teheoth tou U, U*. O dude tehecthc dpd 0Tov Yhpo F* TwV gpoyUévey YeuuUXOY
ocuvaptnoloxwy 9 : F — C xau ixavorolel

v (Utr) = (Ue) (), FeF v eF (25)

[TepropilovTog TiC TaUEATNEHOHIES CUVIRTHOELS OE EVOL GUUTIAYT) YOEO TOU QUCIXOU YWEOU To GUVIQTNOLOXA
UT0pOoLY VoL GUOYETIOTOUY PE éval uétpo xan autéd (delte Kepdhawo 3) pe par L ouvdptnon nuxvénroc p.
Téte pnopel o oplotet o teheothc Perron-Frobenius P! : L1(K) — LY'(K) oc

(vv) (= | 1@ (26)

Ye mepintwon mou 1o clotnua datneel To PéTpo, ol 8Vo tehectéc elvar autoouluyelc xou adjoint, ondte
oL TEpLYpapES e Pdor omolovdnfroTe and Toug dVo elvor loodlvaues. e dissipative cucthAuata, auTd OEV
oy e, Me nopduoto tpémo e tov teheothh Koopman, uropodv va optotolv blotéc (point spectrum)
X0l O AMELPOCTOS TEAEOTAS, YVWOTOC w¢ TeAecTyc Liouville.

Definition 0.3.3. Opilovue to resolvent oUrolo tou tedeotr) Koopman p(L) ws to oUroro dAwv twv
A € C ya ta omoia o avtiotpopog touv A\l — L vndpyer kai €ivar gpaypévos ypaujikos teAeotns oe tukrd
vroovoda tou F.

Tdpa optlouye 10 Qdoua TOU TEAECTH.
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Definition 0.3.4. To gdoua tov Ut, 1} 1w00dUvapa tov L, opiletar wg to ocuumfpwua tov resolvent
ouvérov, o(L) = C — p(L).

To @dopo uropel va xotnyoptonoindel oe: point, continuous xou residual [12]. Eva A € o(L) avixet
oto continuous @dopa av 0 AI — L eivon éva mpog €var, v elvon entl, ohhd €yel muxvi| ewdva. Auth 1
(PUCUATIXT CUVLOTOG APORE TO TNV ERYOOLXT) GUUTERLPORE EVOS YAOTIXOU GUCTAUNTOS TAVEL GTOV EAXUGTY.
To point @doya anotekeiton and dha o0 A € o (L) yio to omolot 0 AI — L Bev elvon évar mpog éva. Xe authv
NV TERINTWOT UTopoLY Vo 0ptoTOUV IWBLOGUVIPTACELS XAl WLOTES TOU TEAEOTH. AUTH 1 CUVIOTOG Elvol
1 To oNuovTLer Xt yopaxtnellel cucThuata o onolo xaTtéyouv oplaxolg x0xhoug xal onueio looppomiog.
H residual cuviot®oo anoteheiton and dha o A € o(L) wote o AI — L elvon évo-npoc-éva, ohhd dev eivar
entl xou Bev €yEL TUXVY| ELXOVAL.

Definition 0.3.5. Ma 1b100vrvdptnon tov teAeotry Koopman avtiotoyn tng 10wtiuns A € C oto point
pdoua, elvar pa ovvdptnon ¢y € F tétowa wote

Ulpx(z) = Moz (x) (27)
Ioodvvayua,
Lox(z) = Apa(x). (28)
Ané tov oplopd €neton OTL av @y, P, EVOL BVO BLOGUVAPTACELS AVTIOTOLYES TV A1, A2, TOTE 1) Pf =
1;11 qbl;i elvan pio Wroouvdptnom avtiotolyn g WoTung kA1 + kade, k12 € R, xou av ¢, wblocuvdptnon

avtioToyng TN WoTWAC A, TOTE TO (BLo Loy el oL VLol TNV GLUVEETNOT cPy Yo xdde un undevixod ¢ € R.
Ou enextdoelc yio Tov teheotr Perron-Frobenius npémet va efvon mpogavelc. Xnuewdvetoan mwg o
CUGTAPOTA TOU BLaTNEOLY TO PETEO, OL WLOTWES TwY dVo TtautilovTal.
Y autd To oNpeio ONUELOVOUUE OTL OL OL LOLOCUVIRTAHCELS EfVOL OPLOPEVEC GE OMO TOV QPUCIXO YWEO
xow 10 Ul (z) elvon xohae optopévo v xdde t € R. Mropolue v oplooupe 18L0cUvapTACELC Xou OE
UXEOTERA GUVOAXL X0 VO TIG ETEXTEIVOUUE OTNV CUVEYELN OE XATAAANAL UEYOADTERL.

Definition 0.3.6. Eotw A un avaAloiwto ovvoro. Trobérovue 6t ya kdle x € A, vndpyer oridotnua
I, dote ¢p(x,t) € AVt € I,. M ovvdptnon ¢y Aéyetar open eigenfunction oyetkr) tns 1O10TIUNS A
av,

Ulpr(z) = eMor(z) Vit € L. (29)

Av to A elvar proper (6n\adn téoo katd tnv mpog ta umpootd 600 kar katd THY TPoS Ta mow pon)
avaAdoiwto vrooUrodo Tou gaocikol xwpov, Tote N ¢y Aéyetar subdomain eigenfunction kar I, = R.

Hpogavae av 1o A glvar dhoc o gacwdc yopoc, I, = R xou ¢y wbrocuvdptnon tov UL T tnv
EMEXTACT) TV LBLOCUVIRTACEWY QUTWY GE PEYAURDTERN GUVOAX YPELlOUAGTE TOV YPOVO TOU omoLTelTal Yiot
éva onuelo va gtdoel To A. Autdg unopel vo optoTel dtanoUnTind yio YeTinole Yedvous »e

o(z,7) € cl(A), oz, t) ¢ A VO<t<T, (30)
xou o opvnTixole T < 0, g
d(z,7) € cl(A), o(z,t) €A, V1T <t<DO. (31)

Mpogava eivon t(z) = 0 av € A. Av P elvon 10 o0volo 6hwv tov onueiwv yio ta onola o t opile-
tou (Oelte Kepdhawo 3 yio Aemtopepy| oulitnom) umopolue Vo ETEXTEVOUUE TIC IBLOCUVUPTACELS GE open
eigenfunctions cOugwva Ye To NOUEVO.

Proposition 0.3.1. Eotw A kA€10td ka1 ouvvektikd kai éotw ¢y : A — R dove

Pr(x) = Apa(z), = € A. (32)

Ia z € P, enexteivovje tnv ¢y ws,

d(2) = e Mg (4(2,1(2))) . (33)

Téte n ¢y elvar ouvvexns open eigenfunction oto P apkel To ta 1 to t1 va eivar memepaouéva.



9 Extevig Ilepiindn ot EAAnvixd

Ao Ty avetépe xataoxeun, elvar Tpogavéc 0Tt av P elvon proper avohholwto UTocUVOAO TOU PACIXOY
Yweov, 1N ¢ elvor subdomain WBlocuvdptnon. Av o P tautileton ye 6ho Tov Qooixd yheo 1 ¢y eivor
Wroouvdptnon tou U

Av vrodéooupe ot to (21) eivon ypouuxd, dnhadh F(x) = Az, ye dwpopetinéc WBotiwée A; xou
opLoTepd xou 0eid Wodtavioyata wy, v; avtiotorya. Téte (Seite Kepdhowo 3) ov idlocuvapthoel elvon
oL ¢i = (x,w;) avtiotoryn e Ai xou x&de ypouux cLVEETNOT TNS XATACTAONS AVATTUCOETOL OE VOl
TENEPACHEVO dpoloua LBlocLVUPTHCEWY Tou TeAeoTy|. Eniong énetan éti o yetaoynuatiopog Laplace tng
e€odou elvan par et ouvdptnon Ye mohoug ota Aj. Ou mopatnerioelg autég Yo yevixeudoly xatdhAnia
XoL OTNV U1 Yeouuxn Teplntmon.

[Mo Adyoug mAnpdTnTog, oy o Tivoxag 6ev efval Sy wvorololog, Tote Bacllouevol 6Ny didonact Jor-
dan ymopolye vor 0plcOUUE TNV EVVoLa TWY YEVIXEUUEVWY IBLOCUVAPTHCEWY OIS TopouxdTte (TeplocoTERES
Aemtouépetec oto Kegdhowo 3).

Definition 0.3.7. Mia dwwvvouatikn ovvdptnon ¢ : R™ — R"™, ue otoiyeia oto F, Aéyetar elvar éva
dudvvoua yevikevuévwv 10100vvaptioewy, av vrdpyel tivaxas Jordan J, kadoUuevos idonivakas, wote

U'd(z) = e’ o(x). (34)

Yy yeopuux tepintwon, n euotadfg, 1 aoTadhc xou 1 XEVTEWX TOAAATAGTNTOTY TALTICOVTAL UE TOUG
avT{oTOLYOUC Y WEOUE TOU TaEAYOLY Ta LBLOBLVOCUOTA. LUYXEXPUUEVA av UToYEcoue U aoTadelg WOLOTIHES,
(Ay .oy Aw), ¢ oudétepa euotoels (Ayt1, - -5 Aute) ot 8 UOTAVEC (Aygipels - -« Autets), Paotlouevol
OTO AVATTUYUA OE LBLOCLUVAPTAGCELS, UTOPOUUE VoL EXPEACOUNE TOUS YOEOUSG oUTONE WG

M = {x € Rn| ¢1(x)’ .- 'a¢u+c($) = 0}
M. = {.73 € Rn| le(x)v RRE ¢u($) =0, ¢u+0+1($) =0,..., d’u-i—c-&-s(:z) = 0} (35)
My ={z € R"| puscr1(z) = 0,..., putets(w) = 0},

omou ot ¢ etvan (yevixeupéveg) wtoouvapthoels. O tapamdve oplopds Va emextadel ue eviehds QUOLOAOYIXO
TEOTO GTNY U1 YRUUUIXY| TERITTWOT).

O Koopman resolvent tekeotrc Vo pog yeewaotel yio tny enéxtaon tne avdiuong Laplace otny un
YOEUUUIXT] TEQITTWOT.

Definition 0.3.8. Opilovue tov resolvent tekeotr) wg
R(s;L) = (s — L)™%, s € p(L). (36)

Xpnowonomvrac 1o yeyovie 6t o Ul elvor toyupdc cuveyhc xa TNy 0AOXANPWTIXH ovamapdoToon
Tou resolvent TEAEOTY| Yl TUPATNENOWES TOCOTNTEG OE XATAAANAOU GUVIQTNOLOXOU YWEOUS, TROXUTTEL
611 0 petaoymuatiopéc Laplace tou U f(x) undpyer xou,

LU f)(s,20) = /000 e f(¢p(xo,t))dt = R(s, L) f(x0), Re(s) > w, (37)

yia xdmolov mpayuatixo w. Ilapduoleg expedoelc umopel xaveic vo AdBel yio tov Fourier petaoynuo-
TIOUO TOEAUTNENCWOY TOCOTATLV PEAYUEVNES XOHAVOTNG.  XTNV TERIMTWOT oUTH, YEMNOWLOTOWVTAS TNV
ohoxhnpwtind| avaxataoxeul e Ul f and tov petacynuatiousd Laplace g, xou unodétovtac 6t w < 0,
éyoupe 6TL o Fourier petaoynuoatiopdc tne Ul f undpyer, ouyxhiver amohitog xon loolTan e,

FUf)(s,20) = / " (8o, t))e Mt = R{iw, L) () o). (38)

Keivoupe v evotnta peletodvtog tny entdpoaor tnyv enidpaon e wiotnTag g ouluylag otov TEAEoTH
Koopman. Av éyoupe 800 cuotipata o onola eivoar C* diffeomorphic, pe C* diffeorphism h : R™ — R”
xou pe avtiotolyeg poés o1 (x,t) xau ¢a(y, t), ToTE av Pg ) elvan pLa Wocuvdptnon (avtiotolym e Wotunc
A) tou teheotr) Koopman cucyetiopévn pe tnv pot| @2, tpoxintel 6Tt 6Tl 1 ¢2 ) o h elvan WBlocuvdpTnon
tou teleotr) Koopman cuoyetiouévn ye tnv pot| ¢1 xou avtictolyn tng dlag wiotwng A. Avtiotolyo
CUUTEPAOUN EYE XAVEIC XOU VIO TNV TERITTMON TWV YEVIXEUPEVWY LOLOCUVAPTACEWY.
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0.3.2 EAxvotég xou Idiocuvaptroslg

Mehetdpe Ty oyéon ueTald oAxd eEAXTIX®Y EAxLoTOV A xau Tou Tedeoth) Koopman. Tao aroteréopota
elvon yevxd xou dev amantelton 1 unddeon cuyxexpévou ToTou ehxvaTy (T.y onuelo woppotiag).

Proposition 0.3.2. O eAxvotrs A efvar ohikd eAktikds av kar puévos av
Jim Ulf =0, (39)
yia ki0e f € F pe f(z) =0, Vo € A.
Proof. Acite tnv anédeln oto Kegdhawo 3. ]
Me tov {610 TpdT0 anodEWVIOUUE TO ENOUEVO
Proposition 0.3.3. Eotw dt1 0 A elvar ohikd eAktikés ka1 ¢y pia 101wovvdptnon. Tote,

Re(A) <0 < ¢r(z) =0, Ve e A
Re(A) =0 <= ¢y(z)£0,Vr e A

Proof. Acite tnv anédeln oto Kegdhawo 3. ]

H nopandve mpodtaoT Selyvel 6Tl oL IBLOGUVIPTHOELS TOU Elvol TAUTOTIXE (OEC UE TO UNBEV VL GTOV
ehxvoth| oyetiCovton Ye TNy 1o TNTA TS euotddeloc. AvTidéTng oL IBloCUVIPTAGELS TTOL BEV Efval TAUTOTIXA
loeg pe to undév oyetilovta e xadapd pavtacTxég WioTéS, agol o tekeatric Koopman neplopiopévoc
Tdve 6Tov ehxuoTh elvan opBopovadiaioc. O mapatnenoels autég o meoxdPouv xou T TNV GUVEYELY,
oty Vot UEAETHOOUYE PUACUATIXESG EMEXTAGEL TORATNENOWWY TOCOTHTWY.

‘Eotw tdpa 611 0 yodpog X elvar cuunayhc xou avarholwtog. Tote €youpe to axdhouto Oeoprnua.

Theorem 0.3.4. Eotw ¢ pia 1doovvdptnon pe A < 0. Téte to ovvoro

Mo = {z € X[ ¢x(2) = 0}, (41)
elvar avaAdoiwto kai oAikd aovuntwtikd €votalés.
Proof. Acite v anddeln oto Kepdhowo 3. O

To nopamdvey Osdpnua toyler xau otny nepintworn mou X = R™ opxel 1 ¢y vo unv undevileton 610
drepo. Emextelvovtog 1o mopamdvey Oempnua €YOUUE TO TURUXATL TOPLOU.

Corollary 0.3.4.1. Eotw ¢y, ¢ = 1,...,m 101000rapTNOEIS TOU TEAEOTI) TUOXETIOUEVES UE 1010TIHES
Re(\;) < 0. Téze n oun
M = m{l' € X|¢)\z (z) = 0}, (42)
j=1

opilel éva avaldoiwto kar ohikd aovuntwtikd evotalés ovvolo.

Emopévee 1o olvoho M omwe oplotnxe mopamdvey TepLhouSAveL TEVTOTE OTOLOVONTOTE GANOYV OAXd
acuunTwTixd eAxvot A. H olvbeon ye tnv evotadr) xou aotodh) ToAAmAOTNTA OTKS 0ploTXE oTNY
Yoouuxn teplntwon meenel va efvon TpopavAg ot Tapovel Ti YevixeOoelg Tou Yo axoloudcouy.

0.3.3 ®Paopatixd AvantOyuota

Yy mopoloa eVOTATA YEAETHUE TIC LOLOTNTEG CUCTNUATKY Tou €Y0UV oplaxols xUxhoug, oruelo
100ppEOTLAS, AVAALOIWTOUC TOPOUC 1) E0Y00IX00E EAXUCTES UE WOIETERT EUPOOT] OTIC HU0 TEWTES TEPLTTWOELS.
Eviagpepbuacte yia Tng cuvinixeg utd Tig omoleg 1 yeovixn eEEAET Uiog TapaTNEoWNE TOCOTNTOS UTOEEL
var avomtuy Vel oe éva (tidavie dnelpo) dlpoloua IBlocuVIETHoEWY Tou TEAeoTH. Meletdye Tny nepinTtwon
xdde elxuoTy| EeywploTd.
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Ynpeia Icoppomiag

Trodétoupe 6Tt T0 obotnua (21) éye éva evotadéc onueio woppomiog (ywelc PAUBN TN yevixdtntog
N opyh TV aZ6vewy) Ue Teptoyh ENENe B xou amoutolpe ty axdroudn cuvdixn un cuvtoviopol (non-
resonance) ot (amiéc) Wotéc tou [60].

Definition 0.3.9. O110wtiuéS \; Tov ypappikonomnpévov yipw ané Tny apyn CUOTAHATOS TOU TPOKUTTEL
andé to (21), Aéyovtar non-resonant av dev undpyovv un apvnuikol aképaior m;, touddyiotor Vo un
HnoOeviKol, WoTe

)\S:ml)\1+---+mn)\n,56{1,...,n}. (43)

Av 1o nedlo F elvar avolutind xou to onuelo toopporiog utepBohind, 1 Yewplor XAVOVIXOY LORPHY
[60] ouvendyeton Ty UopEn wog avahutixic alhayhc petantav h pe Dh(0) = I, dote (21) xou to
avtioTolyo yeauuixononuévo alotnua va eivar C culuyn ot wa teployy) g aeyNS.

Agol yvwpelloupe Tic WBLOoUVOETACELS EVOC Yeauuxol cucthdatoc xou Bacilouevol otny (40), yv-
wpilouue xou TIC WBLOCUVAPTACELS TOU N Yeouuxol cuoThuatog (21) ToUAd loTOV OE Lol YELTOVIE TNS
LU

s(x) = (51(2), ..., 50(2)), 55(2) = (h(2), wy), (44)
ol omoleg emlong elvon avohutiée. H oamexdvion s mopéyer por avolutinf) culuyio Teog To Blaydvio
YOOUUIXO GUGTNUOL.

‘Eotw g : R — R™ wa enopxde ooy mapatnerown nocétnta ye ¢(0) = 0. Iopduyowa ye tny
Yoo teplntwon Y€Aovye var avamTOZOUUE TNV g OTIC LOLOGUVAPTACELS S5 TOU U1 YRUUULXOU CUCTAUATOC.
Aol 1 s elvor avahutin pmopolpe va xatahiZoupe oto oxdrouto avdmtuypo xovtd otny oy (Acite
Kegdhoo 3 yio hentouépetes),

g@) = D Ukt (@) s (x) (45)

{k1,....en YENR

To Slaviopata vy, k, ovopdlovtar Koopman modes xou poll Ue to S, . g, Unopoly va Yewpniolv og o
TEOBOAEC VL OTIC WOTWES k1A + -+ - + kp Ay Av g = id T67Te €)0UyE,

1 ak‘lknsfl
Vky..kn = kil .. k! aklyl - 8knyn'

(46)

[ T 1BLodlovbopata Tou Thvoxo Ds ' =V xau 5(3_1) = id ouvendyetat 6Tt Ds; = w;, 6mou to w; elvon
T0 1-007T0 opLoTERS WoaLdvuopa. Enouévee yio @ emopxnde wixed si(z) = (x,w;), mouv onuoivel 6Tl oE
Lol TIEQLOY T TNG APY TS OL LBLOGUVIPTACELS UTOPOLY VAl TEOGEYYLGTOUY U6 TLC AVTIOTOLYES WBLOCUVIPTACELS
TOU YRUUUXOTONUEVOU CUOTAUATOS, OTIWS X0l AVUUEVOTAV.

Emopévoe, Yoo o oy yertovid tng opy g €YOUUE,

n

Ulg(z) = Z sj(x)vjeMt + Z Vkyokn S (2) . .. 857 (2) exp (ki1 + .. knAp)t), (47)
J=1 ki+-+kn>1

Tou Blvel TNV gacuatixy Sidonacn TS Ypovixc eZEAENC wlag Topatneowng tocdtntag ota Koopman
modes (vj), otic WloouvopThoel (s;) xou otg Wotwée (Aj). To mpwto dbpolopa avtiotolyel oto
YOoUUXO XOUUdTL Xou To dmelpo dlpolopa oTo un yeauuixé wépoc tne (21). Ipogoavae av g(0) # 0,
mpootiietan évag otadepdc 6poc. Av to avdmtuypa Taylor tne g €yet vonua oe 6ho To nedlo ENEn B,
T61€ 10 avdmTuype (47) enexteivetan eniong oe 6ho to B (beite Kepdhawo 3).

Topo TEOYWEAUE GTOV 0PLOUS TOU XATIAANAOL GLVIETNOLIKOV YWEOU, 0 omolog Vo efvar XAELGTOC 1
TEOC TNV JEAoT TOU TENEOTY, HOTE avamTOYUaTa TNE Hop@hc (45) xou (46) va €youv vonua. Axohouvddvrag
0 [48, 54] opiloupe Tov Modulated Fock Space (MFS) w¢ tov ytpo 6Awv twv cuvaptioewy g = fo's
6mou s : B — C" elvon ot (avohutinég xou pryadinéc) wroouvaptioeic Koopman xou f: C* — C axépoua,
ue

1

— \f(z)\26_|z‘2dz < 00, (48)
7Tn (Cn
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TIOU UTOREL VoL OPLOTEL XAl WG TO TETPAYWVO TN VOpUaS 6ToV Yweo. To ecwtepind yivouevo and To onolo
TEOXUTITEL 1) TOROTAVG VOpUL Efval TO,

o9 == [ A5 e (19)

Anodewvietan (Aeite to Kegpdhato 3 yio neplocdtepec AeMTOPEPELES) OTL O YWPOC Elval XAELOTOHC LTS TNV
dpdiom tou teheot Koopman, xou eodlacuévog ye To eowtepind yivouevo (49), eivar Reproducing Kernel
Hilbert Space (RKHS) pe nuphve K (z, w) = exp (s(z) - s(w)).

‘Onoc oplotnne o MFS, etvou évac avohholwtoc w¢ mpoc Ty dpdom tou Ut ympog xou nepthayufdver dheg
TIC TOPATNENOWES CUVAPTACELS TOL ETOEYOVTAL Pacyotixd avartoyuata. Ilapdtt or cuvinxeg urnopel va
HoLELoLY TEPLOPIGTIXES, IXAVOTIOLOUVTAL TETELUUEVA YO TIC TTEPLOCOTERES CUVAPTHCELS TTOL Vol GUVAVTHOOUUE
oTa endueva. TENOC ONUELDOVOUUE OTL To PUCUOTIXG v TOYUoTa EMBeBouwvouy tTny UaeET Lévo Tou point
(PACUATOG.

‘Eotw tdhpa g pa ouvdptnon otov MES. Téte oybouv o tpobnodéoeic (Seite Kepdharo 3) yio tny
Omopén Tou petacynuatiopol Laplace xou €Tol amodeixvieton To endUevo Ocwpnua.

Theorem 0.3.5. Eotw f ua napatnprioun mooétnta ue f(0) = 0 orov MFS. Téte n dpdon tou
resolvent teAeatr) otnv f, 1j 10060vaua o petaoynuationds Laplace tov Ul f, divetar and v,

"L si(zo)v; v M (zg) ... sk (x
R(z, L) f(zo) = ) - <_°)jj + > ";_’“(ki A(l °+) - k:A(n)O). (50)

j=1 {k1yikn }ENT K+ tkp>1
H ROC elvar n {z € C|Re(z) > max; Re(\;)}.
Proof. Acite to Kegdharo 3. O

O petaoynuotioude Laplace avtiotouyel mhipne oto avdmtuypa (47) xou anoteheiton and to ypouuxd
xoupdtt (tpdto dpoloua) xat amd To U Yeouuxd (devtepoc dmelpo dlpoloua) Aoy TNG U1 YEUAUXOTNTOC
e F. Kotd autév tov 1pomo €youpe Wiot TAen avamopdoTaoT) Tng Xeovixhc eEEMENC CUVIRTACEWY GTOV
MFS. Hpogavae, av f(0) # 0, npootieton évac 6poc tne popprc f(0)/z oto avintuyua Laplace xou 1
ROC yiveta {z € C|Re(z) > 0}.

‘Eotw topa 6Tt 1 nonersonance umddeon Oev oylel. Xe autAy TNV TEQINTWOT OV UTOPOLUE VoL
€)OUUE €val AVETTUY U TaPOUOLo PE To (47), oAAd umopolue VoL omodeloupE XATOLL ATOTEAECUATO OYETIXG.
ue ouCuyiec. TroVétouue oL 1 apyr) elvan éva unepBohxd onueio ooppotiac ye amhéc wiotiwée. To
Ocwpnua Tou Hartman ouvendyeton Ty Unopin evoe C1 diffeorphism h optopévou oe pia teptoyh N tng
apy S, WOTE

Uh(z) = e’'h(z), x € N, t € I(x), (51)
J émou elvan o Jacobian miveac xou I(z) efvon éva Sidotnpa e€uptdpevo and to x. Emmiéov av k = V1A,
omou o V' mepiéyel tar Wodtaviopata tou J, téte 1 ouluyio k €yel Tic wbioouvapTthoelc Koopman g
otouyeio mopduota pe to (44). H ouluyia propel va enextadel oe 6ho to B (deite Kegpdhowo 3), apxel 1o
onueto wooppomiog vo eivan evotadée [48]. H nepintwon evéc aotadols onueio toopponiog elvor napduoLa
UE avTLoTRowT| Tou Ypbvou. Enouévec, ot authv Ty mepintwon ol ouvaptiioeic k =V 1h € C1(B) v
wroouvapTtioel e (21) oe 6ho to nedio EnEnc B. Ilpogovoe av o nivaxag dev Swrywvornoteital, 1oy louv
TOL AUTA CUUTERAOUATA, OAAS YOl TIG YEVIXEUUEVES LOLOCUVAPTNOELS.

[Mo umepBolind caypatixd onuela LlooppoTiag, oL WBLOGUVAPTACELS UTOEOLY Vo emextotoly oE open
eigenfunctions 6to P xot ot ohxég euctoelc xan actodelc norlanidtnteg, Wi, W5 oto P elvan mpogavisg
tloodUvopES pe autéc oty (35).

‘Eotw tdhpo 61t to onpelo woopporiog etvon un unepBohind. Trodétoupe u aotadeic Blotpée (A, ..., Ay),
¢ ouvdétepa guotadelc (Aytis ..., Aute) ¥t § LOTOVEIC (Aydetl,- -5 Adutets), ONeC amhéc. Amd 1o
Oepnua Palmer ? [33], av ypddouue v Jacobian oe duo pmhox A, B xdde éva and o onolo oyetile-
ToL YE TIC WNPEVIXOU Wou P PndEVIXol Tpoypatixol pépouc Wiotipée, t6te (21) etvar C° ouluyhc pe o
cLGTNUY,

& = Bz +r(x)

Ay (52)

2 Anautel pporypévouc un ypopixol 6pouc oty F.
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Téte ypnotponowdviac Ty (52) anodewvieton 6Tl 0 tTeheotric Koopman éyel u aotodeic tBlotéc 51, . . ., Sy
xo s EVOTAVEIS Syp1, - - -, Suts. ETOUEVLC 1 TOU TV zero-level cuvorwy, dnwe €xouy oplotel otny (35),
arotelolV Ti¢ eucToelg xan aoTadeic TOANATAOTNTES, Xou avTioTolyo 1) XEVTELXY| TOAAATAOTN T SiveTon
méA and v (35). Ot tponomofoelc yio TV Tepintwon tov o A dev dlaywvomoleiton Tpémel var efvar
TPOQAVELC.

Emopévoe, yenowonouwwvtog tov teheoth Koopman €youye yevixeloel Toug opiopole yio Ty eustady,
aoTady| %o XEVTEWXT) TOAAATAOTNTO BUVOIXGY CUGTNUATWY TOU XATéYouv onuela tooppotias. Eyouue
eniong anodellet 6TL LTS TNV cLVHTXN nonresonance Yo TS WIOTWES, 1 YEOVIXT| EEEMEN WAC TOEUTNENOWNG
rtocoTNTAg Unopel vor avamtuydel oe éva dreipo dipoloua Koopman 1010GUVARTAGEWY OYETIXOY UE WOLOTYIES
TOU YRUUUIXOTIOLNUEVOU CUCTAUATOS X0l UE QUTOV TOV TEOTO VoL £YOUNE TOV PeTaoynuationd Laplace tng.

Opraxoi Kixhot

Trodétoupe dtL 1 (21) xatéyet évay unepBohind, euotadr| optaxd xOxho pe tedio EAEne B xou cuyvotn-
Tac w. Oewpolpe Ty didonaon Floquet ®(¢,0) = U(t)eP!U~1(0) yia tov depehidrdn mivaxa, dmou o
nivaxac U ebvan T' = 27 /w mepiodinde, ePT = diag (1, 1, ..., pin—1) xon 1 > [pg| > -+ > |pn_1| sbvon ot
Floquet todhamhaoctactéc. To bt |p;] < 1, mpoximter and tig unodéoelg UTEPBOAXOTNTAUS Yot EVG TEVELOC.
Optloupe touc exdétec Floquet we A = 2mlog(p;) /w. Lnpewdveton ot ot 1, py, . .., fp—1 Ebvon 1O10TIUES
Tou monodromy matrix ®(27/w,0).

‘Evo tohd onuavtixd anotéheopa (deite Kepdhowo 3) ouvendyeton 6tL evtoc tou B, n (21) ynopel va
HETACY NUATIOTEL OTNY

y=A(0)y

6= w. (53)

omou o A elvan 21 meprodinoc. ITpaxtind Sioywpeilel To Sldvuouo XATACTAONS OE UETABANTES EVTOS XOou
EXTOC EAXUCTH.

‘Eotw topa g(y, 0) por Stoavuopatixf cuvdetno, avoluTxh g Tpoc Y (EXTOC EAXUCTH HETOBANTA) Xou
L? 51y 0 (néve otov ehxuoth petaPhnti). Ot blocuvopthoeic mou oyetilovian pe touc exdétec Floquet
elvan

2(y,0) = U (0)y (54)

6mou o mivaxac U € R(—1) elvan 0 meplodinde mivaxac Floquet towv y ouvietaypévmv oty (53).
Ynuetdvoupe 6t o UL elvon o mivoxag tou omolou ot ypapuée elvor ta apiotepd wbiodieviopata Floquet,
0ote zi(y,0) = (y, w;) (n opotdTNTaL UE TNV TEPIMTWON TV ONUEIY LooppoTiac TEETEL Va elvan eupovic).

Ernopévoe mapdpola pe v (45) unopolue vor avomtOZOUUE TNV ¢ OE LOLOCUVOPTHCELS TOU TEAEOTH
(Seite Kegdhowo 3),

x (n—1)

m Mnp—1 ik6
9(y,0) = Z Uy -1,k 21 -1 € (55)
{mi,...mn_1}EN"—1 keZ

OTOU TU Ay ,....m,, 1k EVOL T Koopman modes. Xnueiovouue 6T

0
.7 9%

i 83/ ~ Wi, (56)

y=0

TO OTOl0 ONUALVEL OTL XOVTA GTOV 0plaxd XUXAO, TO avdnTuyUa Teooeyyileton and to avticTolyo Yeoy-
wxononuévo (avantuyua Floquet). To avdntuyua otnv (55) eivon napdpoo ye to (45) xon delyver ot
LIS TOPOTNEHOLUT] TOGHTNTO AVOAUTIXA OTIC Y peToBhntée xon L? otny 0 enexteivetor o€ locuvapthoelc
Koopman. Xrnuewdvouye 6Tl 1 g elvor ouvdeTnomn Twv PETACYNUATIOUEVLY PeToBAntodv (y, ). Autéc
OLVOEOVTOL BLOPOPOUOPPIXS UE TIC OpPYIXEC oUVTETAYUEVES & Wéow e (y,0) = (hi(z), ha(z)), dote
si(w) = z; o h, 5, = "2 clvan o1 BLocLVapPTAoEIc Koopman cuoyetiopévec ue Touc exdétec Floquet xou
TNV WBLOTY tw, avtloTolya, 0TS apyXEC oLVTETAYUEVES. OL BIOTWES TopauéVouY avahholwTeg. Ao TNy
(55) éyoupe TNV ypovixy eEEMEN TS g WG,

t _ A1+... _1Ap—1+iwk)t m Mn—1 k6
Utg(y,0) = > elmditmn ikl ik A e (5T)

{mi,...;mn_1}EN"—1 keZ
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Hopbdpowa maipver xavelc to avdmtuypa pag ouvdptnone G(z) exneppacuévne oTic apyxés UeTaBhnTéc.
YuvodiCovtag, ony TEpinTwor TwV optaxdy XOUXAWY €YOUUE WOLOCUYVIUPTACELS S; = 2 © h CUCYETIOUEVES
ue Tic A xou Ty s, = €2 gvtictoyn e iw. Bty (57), v m; = 0, éyoupe Ty Aion otadeph
xatdotoone n omolo avtiotolyel oto avdntuyuo Fourier tou oploxol xOxhou, emfefoumdvovtag 6t 0
TEQLOPLOUOG TOU TEAECTY| TV oTov EAxVoTH elvon opfouovadiaiog. T'evixde, ol WloTWES Tou TEAEOTY
€YOUV TNV POPPH A = M1 + - - - + Mp_1Ap—1 + thw ue avticTolyn Woocuvdptnom,
2 etk gt g g (58)

Ynuetdvoupe 6Tt téve 010 eaxuoth A (optoed xOxho) o Teheothc Koopman Ut| 4 elven optopovadiatoc
xan ot WocuvapTioel elvar uetald Toug opdoyhvieg oto A. O xoatdhhnhog cuvaptnolaxog yweog MES
nou TepthapBdver tic g(y, 0) avodutixéc oc mpoc y xou L2 w¢ mpog O umopel vo yivel pe mapbpolo tpémo
UE TNV TEPIMTWOT TV onuelwv toopporiag, HE TNV OLopopd OTL THEA DEV OTAUTOUUE TOV UNOEVIOUO TwWV
TOEATNEHOHLWY TOCGOTHTWY ETL TOL EAXUCTY. 1lepiocdTepE AETTOUEREIES YOl TNV XATAGKELY| Kol WOLOTNTES
Tou Yweou PBeloxovton oto Kegpdhowo 3. To onuovtixd elvon 6TL oL mapatneroyes tocotnteg mou Vo
YENOWOTOLCOUUE UTOPOUY VoL Yewpntoly OTL AVAXOUY GE AUTOV, WOTE PACUATIXG AVATTOYHATO VoL £YOUY
vonuo oe 6ho to B.

I'o g otov MFES, anodewmvietar 6Tt 0 yetaoynuatiopos Laplace undpyet xou €Tol €youue TO ENOUEVO
Yewpnua.

Theorem 0.3.6. Eotw g pia napatnpnoun nooétnta ovov MFES. H 6pdon tov resolvent teAeotn otny
g, 1§ 100dtvaua o petaoxnuationuds Laplace tov Ulg, diverar and tny

kn— :
a’k‘1,...,k;n,17mzlf1 (.I(]) c. anll (xo)eZke(xO)

R(s, L)g(z0) = . : (59)
kl,...,k"§N, meZ s — (k'l)\l + . k11 + me)

pe ROC {s € C|Re(s) > 0}.

Proof. Acite v anddeln oto Kepdhowo 3. O

O petaoynuatiopde Laplace avtio totyel tAfpws oto avdmtuypo (57) xat anotekeiton and tov uetooyn-
wotiopd Fourier tng Aone otadeprc xatdotaone mou e€ehicoeton mévew otov xUxho (mpwto ddpotoyua,
ki = 0) xou and v cUVEIGYOEE TNS W Yeouuxotntas tne F (drepog devtepog 6poc). Kotd awtdv tov
TEOTIO €Y OLUE Lo TATIRT] AVATOEAC TUOT TWV TORATNEOW®Y TocoThtwy otov MFES.

Av vnodécoupe 6Tl oL WIoTIES Aj elvon amOUOVWUEVES, TOTE To Vewpnuo UToAolTwY UTopel Vo eqoo-
nootel xou o divel opéons to avdmtuyua (57), and to onoio o petaoynuatiopds Laplace éneton eniong
(59). e authv Vv nepinTwon o petaoynuatiopdc Laplace Yo Aoy plar uepduoppn ouvdptnon xotd ov-
TiIoToy ol Y TNV Ypouuixt| Teplntwon. 201600, e XATAAANAOUS CLUVAETNCLAXO) YOEOUS, TO AVATTUYUA
(57) xau o yetacynuatioude Laplace (59) toybouv aveldptnto and T av oL WOOTWES EVIL ATOUOVOUEVES.

Kotd avtiotoryio umopel xaveic vo optlel euotadelc, aotadelc xon xevTpinés TOAATAOTNTES Yo TOUG
0plxol XUXAOUG WS TO TNV amd xowvol Toun Twv zero level cuvohwv TV actad®y, cucTolnOy xou
guoTaddv-aoTaddy 1BocuVapTAcELY avtioToywy Ty exdetwv Floquet. Ou opopol (35) epapudlovion
AECWG.

Ketvoupe tny evotnta emonuaivovtog 6Tl oTnv TERIMTOOT TV 0plaxmy xXUXAwY Oev amonteiton xoplo
nonresonance LOYeST OTWE GTNY TERITTWON TWV ONUEIY LoOPEOTIAC.

Avoarhoiwtol Toépor

H avdiuon mou Yo axohoudfioel mévew oToug NUTERLOOXOUS EAXUOTES ATOTEAE! QUOLXT) ETEXTACT) TWV
TEONYOUUEVKY LOEMV.

Trodétoupe 6t 1 (21) emdéyeton évay NUTEELOOIXG EAXLOTY, dnAadr udpyel évac m doTaTog,
avarlolwtog Tépoc. IIdve otov topo 1 duvauixy) Tou cucThpatog elvar cLlUYTG PE TNV

0=w, 08 weR™ (60)
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Y1ic ouvéyeto urtodétoupe Ty KAM ouvifxn yio Tic un ouvtoviopgéves cuyvotntes w; [60],
[k - w| = /[k[7, VE € Z - {0}, (61)

v xdmowa v, 7 > 0, 6mov |k| = max; |k;|. ToviCouue 61t oo KAM cuvifxn elvon yevixn pe tv évvola
OTL Ol GUYVOTNTEC TOU TNV xavoTololy €youv Yéteo 1. EmBdilovtac xdmoeg emniéov cuvinxec oTo
Yeopuxonoinuévo abotnua (Seite Kepdhoto 3) o Veyehddng mivoxos Tou yeauuuixoToinuévou cUGTAUATOS
umopel vo dlaonacTtel oe €vay numeptodixd mivoxa U xou évay diayovio mivoxa D ye n — m Floquet
nolomhaotootéc pe i < 1. Xpnowonowdvrag wa ouluyio oe 6ho to nedio €NEne (Seite Kegpdhowo 3)
avtiotolyn pe v (53), UTOPOVUE Var PECOUUE TO GUOTNUN OTNV HOpPY),

y=A0)y

i , yeR"™™ 6eS™. (62)
0=w

[opdpola ye v meplntmon Tou optaxols xUxhou unopolue vo Beolue TIC WBLOCUVAPTACEL, TOU VTLO-

ool otouc n — m Floquet exdétec, eved oL unéhoimec m Vo éyouv v popeh € dote yevind wa

1BLOCLVAETNOT VL EYEL TNV LOPPT,

k?nfmei(fl@l-‘rm-‘rémem), (63)

k1
2tz

avtiotouyn e WoTwhAc k1A +. . kn—mAn—m + (€101 + - - - +L0p,). Ot drotipée pe k; = 0 avtiototyoly
0TO (QPACUA TOU TEAECTH OTAV AUTOC TEPLOPLOTEL 0TOV EAXUGTY| emBEPoumvovTag OTL elvar optopovadlalog.
Y16 autéc Tic Tpolnovéoelc TopuTnERoES TOGHTNTES Tou elvan avahutiée otic (y) petafBintée xou L2
otc (0) pumopolv va avantuydolv o,

2 : k kn—m _i(£101+...Lm0m,
g(y7 0) = aklymykn—m:flr--em 211 tee ZRZT‘VTeZ( 1 )7 (64)
{k1,....kn—m}eN"—m {01, . L }EL™

H xotaoxeur| tou cuvoptnoloxol yweou yivetar tapouotla. H ypovixr e€€MEN pag Topatnefiotung TocoTn-
TG Obveton amd TNy

Ulg(y,0) = > et dnmbitetinemt) g, Lt P i 014l Om)
kiyeooskn—m€NY1 ... EZ
(65)
xaL o yetaoynuotiopos Laplace trng,
k kn—m ! ok Om
R(s, L)g(xo) = > Ot P2 (F0) 2y ()OOt 0) =

Kt Jon 1€ML o €T s — (k'l)\l + -+ kn—mAn—m + i(£1W1 + -+ Emwm))
AvtioTtolyo cuumepdouata Loy YOUY XL YLl TNV LOEPY| TOU PETACY NUATIOMOU. LNUELOVETOL OTL YIo TNV
€€y YY) TOV AVATTUYHATLY amotTelTon Yo nonresonace cuvUhxn GG CLUYVOTNTES, XOTd avTioTolyio ue
Ta onpela toopporiog. Emmiéov autd to cuoTAUATA TOEEYOUY EVa OTAG TORABELYUO UT) UTOUOVOUEVGY
WBLOTGY, 0poL LG TNY LTOVEST U GLYTOVLGUOU, N WOTWY L1601 + - - - + £,,0,, umopel va yiver auvdaipeta
et Khelvouye ye tny mapatripnom 6Tt xou oTIg TEELC TEPLTTMOOELS TOU UE MEASTAUNXAY (C TWEA TO QAU
Tou TedeoTh| TawtileTon pe TNy point cuviotdoo tou. Tapaxdtw, 6Tou Va peretnioly yevixdtepa epyodixol
ehuoTég, Vo mpoxLPEL xaL Uia GUVEYHS CUVIGTWON TV oelheTal oTNY ToVOC YAOTIXT CUUTERLPORAL.

I'evixdtepor EAxvotég

[TopdTt evOLaPeEEOUACTE XUPIWE Yl TOUC TUEATAVE TEELS TOTOU EAXUCTOV OTNV Tapolod EVOTHTO
OElYVOUUE TWC UTOEOUY TO TEONYOUUEVH AMOTEAECUOTA VoL YEVIXEUTDOUY GE GUOTAUATA UE BLIOTIORE TOU
xatéyouv Milnor ehxuotég. Xe authy Ty Tepintwon Yo tpoxdPel xo 1 UVEYHC CUVLOTOCA TOU PACUATOG.

Yrodétoupe 6T To (21) emdéyerton vav olxd, oupnayh eaxuoth A, pe (ouuroyn) 3 medlo éAEnc B,
oto onolo 1 duvopxd etvor epyodxd. ‘Otav o Ut meplopiotel otov A, etvor opdopovadiaioc [54] otov ydheo

3Av Bev elvan ouunoyfic, Yewpolye éva ouprayéc UTocOVOAS Tou B.
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ouvapthoewy L2(A), ¢ Tpoc 10 uéTtpo 11, X0t oL GLVAPTAGELS aUTEC PoPOLY Vol VewpnolV WS OpLOUEVES
oe 6ho to B xou cupPoiiloupe tov ywpeo touc pe Ha. Avtiotorya pe tic (53) xon (62), av A elvon pia
XOVOVIXS UTEPBOAXNA M BLGTATY TOAMATAOTITA X0 CUYXEXPWEVES Ppaopatixés ouvirixes ouvtpéyouy [53],
1 (21) eivar C" ouluyhc oe yio yertovid tou A pe o,

y=Au)y (67)

= w(u),

OTOU Ol PETABANTES U AVTLOTOLYOVUY OE UETABANTES TAVe GTOV EAXUGTY Xt OL i O €€ amd TOV EAXUCTH.
Ou petofintéc (u,y) enexteivovion oe ohdxhneo to nedio éNine B (Seite Kegdharo 3). Eotw topa Hp
elvor o ywpeog Hilbert towv cuvaptioewy mou elvar opdoywwvieg mpog autéc oto Hy. H ouviixn auty
tooduvapel ue v f =0 oto A [48]. Eivor mpogavéc 6t o Hp elvor avodholwtoc und tny dpdomn tou U,
Av Hi; = Hy U1, 61ou 1 oupPoriler tic otadepéc oto B ouvapthoels, xau H = Hp @ Hy elvan 0 yopog
TOU TOPEYETOL Atd TO TAVUGTIXO YIVOUEVO TV YOpwY anodetxvietar [48] 6Tt

o(UY) = cl[ U a-+ b] : (68)

aEU(Ut\HA), beo(Ut|HB)

6mou 1o ¢l oupPoliler to closure tou cuvohou. Tuyxexpwéva av (Si,...,S,) lvar ot WlocuvapTAcELS
oVTIOTOLYES TOV WBLOTOY e apynuxd wéen (A1, ..., Ay) T6TE
o(UY) =l (U(Uf{A) T R k:n)\n) (k1. k) € N, (69)

To mopomdve amoTEAEGU YEVIXEVEL T ATOTEAEGUATO TTOU ELYOUE GUVAYEL VLo TOUG TEOTYOUREVOUS ELOLXOU
TOTOU EAXUCTEC xou Oelyvel OTL To @dopa Umopel var SlaomaoTel oe U0 CUVIOTWOES, ULol TOU ECUOTATOL
amd TG EXTOC TOU EAXUCTY UETHBANTES xan uio Tou edoptdton amd Tig enl Tou ehxuoT petofBintéc. H
Buapopd éyxertan 670 6L 0 o (Ut g,) umopel yevind va nephapufdver xau cuveyy| ounotdoa. O tpdnog
TOU Ol TEONYOUUEVES TEPLTTOOELS TEOXUTTOLY WG EWIXY TEPITTWOT TwV Tapamdve elvon mpogavrc (deite
Kegdhoo 3). Ot Reproducing Kernel Hilbert Spaces énwg eiyav oplotel otic tponyolueves Teptntdoele
umopoly vo yenotporonbolv Yo tov optopd tou Hp. Buyxexpéva opillovue we Hiy tov dAwv tov
axepalwv ouvoapthoewy f: C" — C nou undevilovton otov A, wote

/ 1F(51(2), . .., sn(2))|2e” Us1PHHlsnl) gy < o0, (70)

H vopua xor 10 e0wTERIXO YLVOUEVO UTOPOUY VA 0pLOTOUV PE TOV YVoTo tedno. O oployde autog
elvor CUVETHC UE AUTOV TOV EWBIXMY TEPITTOOEWY. MNUELOVOUUE OTL OTIC TRONYOUUEVEG XATACKEVES TGV
ywewv Hilbert, dev anawtricoue ol tapatneriowes cuvaptioels vo undeviovtal 6Tov eAxucTy| apol opiloue
anevdeioc tov H avti tou Hp.

Ye 6,7t apopd ToV YopaxTELoS Tou glopatoc ent Tou edxuot| o (U] 4), o teheothc Koopman propet
vo. dlaonaoTel we [48],

Ut’A = ZPjeiwjt —|—/ ede(w). (71)
Jj=1 e

O npwrog dpog expedlel To point spectrum Tou TEAEoTH xan o@eileTon TNV OYEBOV TEELOBIXY XIvnoT
méve otov ehxuoth. O teheothc Pj elvan o teheoctiic mpoPorfic, TeoBéhhoviag wa ouvdptnon g € L?(A)
Ve OTIC IBLOCUVIPTAGELS Piy;. LNUELGVETAL OTL 0L WOLOTES iw; ebvan xadapd gavtacTinés agod o Ut|y
elvon optopovadialog xau elvon amAég and TNV UTOVEST TNG EPYOOXOTNTOG.

O 8e0tepOC 6pOC EXPEALEL TNV GUVELCQORA TN CLUVEYOUS CUVLGTWOOS TOU QAoUATOS, OTou To E cup-
Boilel éva cuveyéc paopotind YEtpo. Amodexvietar 6Tt 1) Bpdor Tou resolvent teheots| (xou avticTotya
o petacynuatiopéc Laplace tou Ulg(x0) dtav undpyel) oe i ouvdptnon g diveton amd v

R(s.L1)g Z 2ICON / T B 4), Re(s) > 0 (72)

s—zwj 0 § — W
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1 ool expdlel TNV GYEBOV TEELOOLXY| XAl TNV TEPLOBIXT) CUVLOTWON TN xivnong entl Tou eAxuoTh. Ao Ty
(72), oL teplodinéc xou NULTEPLOBXEC ENXVOTEC Elval EWBIXEC TEPLTTWOELS OTIC OTtoleS BEV UTdPYEL XoVOAOU
ATEPLOBLXY) CUVLOTOON YO 1 TEPLOBIXT| CUVIGTWON EXPEALEL TNV XIVNGT GTNY POV XATACTACT.
‘Evo amhé mapddetypot CUGTAUNTOC UE CUVEYES Qdopa elvol TO AmAd EXPEUUEC TO OTOlO UTOPEL Vo
petaoynuatiotel otig petaBintéc Spdone-ywviog (v I € [a, b])
I=0
. (73)
0=1.
Eivar mpogavée 6t xdde g(1,0) = g(I) eivon Broouvdpetnon avtiotoyy tne Wotwhc A = 0 eved dev ut-
Gy 0UV LBLOCUVARTACELS EEUPTOUEVES oo To 6. (2oTd00 elvol TPOXUTTEL OTL Ol YEVIXEUUEVES GUVORTHOELS
g(I,0) = €®§(I — ¢), mou aviieToL OOV G PéTpa cival LBLOCGLVIPTACEC X0l AVopéPOVTaL KC 1BLO-PETEa.
Ernopéve to obotnua éyet ouveyée gdopa. T tetpaywmvixd ohoxhnpdown f(I,0), xou xatddnia opto-
HEVO PETPO E€yOuUE

U'f(I,0) = f*(I) + /R ePtdps (£(1,0)), (74)

we f*(I) v péon twn tne f mou eivan oe cuvénewr pe v (3.139).

0.3.4 Merafintéc Apdong-T'wviag yia Yuotuata pe Atacnopd: Xnueia Icop-
pomniog

Enextelvouye Tov oplopd YeTUBANTOV dpdonc-ywviog omd tor XoATOVINVE CUCTAUATO GE GUCTHUTO
ue dtaomopd mou €youv orueio Loopporiog. Ot wéeg Vo eQopuocTodY avTloTOLYO XUl OE GUOTHUNTA [UE
0pLX0VC XUXAOUC.

Trodétoupe 6tL 1 (21) €yer v apy| e evotadéc onueio woopponiag pe Wotwée 0 > Re(A1) >

- > Re(\p), n nonersonance cuviixn toylel, éotw B 1 neployf €AEng, xou €0Tw ¢ Wiot XUTEANNAN
ropatnprown tosétnta. Téte o dpoc s1(z)vie Mt xuplupyel otnv ypovid eZéMEN dnee TpoxUTTEL omd
v (47). OpiCouye ta isostables we axorovdwe.

Definition 0.3.10. 1716 ng nponyolueres vnodéoeis opiovue ta isostables I, wg
T, = {x € Bl a|si ()| = "7}, (75)
kata =1 av A\1 € R ka1 a = 2 dgpopetikd.

H &udnplon ogetheton otnv Omapdn culuydy 6pwv oty TEpinTworn uryadxr WoTwhAc.  Xe xdde
nepintwon to emmedoovvola |s1| avtiotoryolv ota isostables xou TocoTixomollY TNV GUYXALON TEOC
T0 onuelo wopporiog. Ioodivaua Yo unopoloay va oploTolv W,

I = {w € B| Jim e %O oz, 1) — afsy ()| Re (ar /1049 ) eRet

= 0} : (76)

omou ¢ € [0,2m) v a =2 xau ¢ = 0 1} 7 Swopopetind. H enéxtaon oe aotadf onuela toopponiog yiveton

UE QVTLOTEOPT| TOU YPOVOU.
Anodewxvietan (8eite Kegdhawo 3) étu n pony (T, -) amewxovilel ta isostables Z, ota isostables Z .
Emmhéov, av € I, xou 2’ € v émeton 6T
/ Sl(x)

1
— = 1
T—T Re(n) og

: (77)

si(z!

Av n 0Tl A1 = o1 + iwy elvor yodur), uropolue v oploouye Ta isochrons we¢ to emmedochvola
tou arg (si(x)). Elvow mpogavde avollolwta wg mpog v anewxévion ¢(2m/wi, ). Av [si| = r; xo
arg (s1) = 01, vnto¥étovta 6L A; elvan uryadixy, éyouue

rL = 0171 (78)
él = Wwi.
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Emopévee ta isostables agopoolv tny euctdieia Tou onuelou wooppoTiag v T isochrons tnv évvola
e @done. ‘Etol, oty neplntwon towv onuelwy wwopponiog, to isostables eivon n mo onuavtixn petofi-
Nt Ly mepintwon eninednv cuotudteny Ta isostables-isochrons mopéyouv 16odlvapes YeToBAnTéS
dpdione ywviac yio To oVotnua (78) xou €youpe wia éva Tpog éva oyéon avdueoo otic (z,y) YeTaAnTtéc
xou Tig petaPhntée Spdone-ywviog (r1,61) eviéc tou B. Av 1 ddotaon eivon peyahltepn omd 2 (1
WOLoTI A TpaypaTixr), ToTE teploodtepes WioouvapThoelc Koopman oyetxée pe tic A, i > 2 Ya npénet vo
yenowornondolyv yia vo Tapéyouv Eva Teog Eva avTio Toty o

Kovtd oto onyeio iooppotia ot 1docuvapthoel s1 npooeyyilovia we (z, wr). Enoyévne ta isostables
elvan mapdAnho unepemineda oo A1 € R xon xUAvOpixég emipdveleg ue otadepd av dEova yior uyadnh Ag.

Apduntixeg Medodor

Ou wocuvaptioel Koopman nogéyouv 10od0vauee petafintée dpdong ywviag. Ta isostables ou
AmOTEAOUY XoU TNV THO CMUAVTIXY) UETOBANTY OTNV TERINTWOTN oUTH UTOEOVY VO UTOAOYLGTOLY apldunTixd
e Bdon To mopaxdTe O

Theorem 0.3.7. Av f a mapatnprioyun mooétnra * pe (Vf(0),v1) # 0 kar A\ n kupiapxn ot

Ocwpolie to Laplace average

T
fr(x) = lim 1 /0 f(d(z,t)) e Midt. (79)

Téte n fy, €lvar pun-tetpiupévn 1boovvdptnon avtiotoyn tns A1 kai ta emnredoovvola | fy, | avtiotoryoly
ota isostables, dote av x € Iy ka1 2’ € L, va 1woyva 6t

@] =1fr )] = 7=1 (80)
Proof. Acite yia Ty anédeiln 1o Kegpdiowo 3. O

To mapandve Ocwpnua Tapeyel eniong Evav TeéTo LTOAOYIoHOL TwV isochrons otny mepinTtwon yi-
yodixAc WoTWhAC. AvoTepng TEENS ILOGUVIPTATELS UTOPOUY VO UTOAOYIGTOOY 1

T
: A Ak— -
Ple) = Jim /0 (£ (6(2.0) = P (@)t = = o (@)eM1t) el (1)
Av n Brotiun elvon mporypatiny| omodexvieton (Seite Kegdhowo 3)
far (@) = Jim £ (o, 1)) 1, (82)

H mopamdve diver évay €0xolo TpoTo utoloylouol ywelc To apliunTixd TeoBAnua aoTdlela XoTd ToV
UTIOAOYLOUO TOU ONOXANEOUATOS.

0.3.5 Avaywyn oe MetafAntéc Apdone-I'oviag yia ITeplodixd Juotripata

LV mopoloa eVvOTNTA LEAETAUE TO TEOBANUA 0ol YeTaBANToY Bpdonc-yoviag (toodbvaua Thdtouc-
pdonc) oty nepinTwon teEpLodixwy cuotnudtey. H pédodoc tne avaywyhic ot povtéha @dong eivon Tohd)
dnuogihfic otoug TahavtemTég xau €yel avantuyVel aveldptnta and to mhaioto tou tedeots) Koopman [21,
64, 28, 50, 15]. H Yewpioc Koopman dume yevixeler xou eVOTOLEl TNV TROGEYYIO.

H xhacowxy Ilpocéyyion

Trodétoupe 6Tt 1 (21) emdéyetan évayv euotady), unepBoiixd oplaxd xixho I' pe medio éNenc B,
ouyvoTnTa w, Tepiodo 27 /w xar exdétec Floquet 1 > A\ > -+ > A\, 1. 'Eotw g € I, t61€ ¢(20, 1) elvan
wa tapapetponoinon e I Eivaw guowxd vo oplotel wa @don 6 € [0, 27 /w) oe xéde onuéio =z € T' w¢

x = ¢(xg,0/w). (83)

4 Aev avixel amapaitnta otov MFS énewe oplotnre vopitepa, ehhd Bonddet tnv culitnon vo unotedel 6Tt avixel.
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To onuelo undevinic gdong xo emAéyeton audalpeta xou 1 6 audveTton yeouuxd ue Tov Ypovo. O oploudg
e @dong umopel vo enextadel oe onolodhrote onuelo Tou Tediou EAENC Tou 0pLIXOY XUXAOU PECL TN
évvolog Twv isochrons. To cuumhipwua Tou B avagépetar we phaseless set [28]. Ta isochrons opilovton
oc oxohovdne (Bev mpénel var cuyyéovton e ta isochrons twv onueiwy toopponiog).

Definition 0.3.11. Tro0érovzas éui n (21) emdéxetar évav evotadr, vrepBolikd opakd kUkAop medio
éxéns B, opilovpe to isochron Iy avtiotoryo tng ¢pdons 6 w,

7y~ {z € Bl Jim [0(e.1) — oleot + )] =0} (s4)

Ao Tov oploud mpoxintel 6TL Tor oschrons elvon Ta GUVola onuelwy Tou Yolpdlovton TNV (Blar aoLUTTLTLIXY
(pdom, Ue TNV €vvola OTL GUYXAIVOLY TEOC TNV (Bl TpoYLd oTNV poviun xatdotoot . 1 H @dorn e€ehicostan
Yoouuxd yia xdde x € B xou ymopel va Yewpndél n yuetoBAnTt ywviog yio o clotnua. AmodeixvieTtal 6T
Ta isochrons eivor [64] n — 1 Swotateg ToAamAGTNTES TOU Bonpovy To Tedio ErEne. Eivor avodlolmta o
Tpog Ty anewdvion ¢(-, 2m/w) nou opilel o enexdvion Poincaré.

Av (21) Swotapory Vet and pla cuvdetnon g(z, t) neplddou 11 dote N UETUBANTA XATAGTACTS VoL TOPAUUEVEL
mavTo Yoo oto B, €youue yio TNV @don

0=V0-(F(z)+g(z,t) =w+VO-g(z,1), (85)

Av xou 1 mopoamdvey oyéon toylel vtog 6Aou Tou medlou €AENG, 0 LTohoYLouog Tou VI elvar 8Ooxolog
xan yoplc TNy Yewpla Koopman dev umdpyet tponog va Beedel. Emmiéov 1 eliowon eivon memheyuévn
pe Vv xatdotaon z. o autd cuyvd mpooeyyiletar oe mpdtn T4EN, dote to VO va mpooeyyiletan and
VO p@p) = Q(0) xou 1 g(z,t) and ™y g(p(x0,0/w),t) = g(0,t). H cuvdptnon Q(6) uropel va Boedel v
1 TEELodx AOom NG

oF |

PR
ox b(wo.t)

z, (86)

we v ouvixn xavovixonoinone Q(0) - F(zg) = w. Enopévec n npocéyylon npdtne té&ng elvor 1
0 =w+Q0) 9(6,1). (87)

HopdTt 1 e€iowon e€aptdton pdvo and to 6, yenowonolotvion neputépw mpooeyyioeg[50, 21, 28] yio vo
™V x&vouv autévopn. ‘Eootw 6 = ¢ + wit, 6mov wy = 21 /Ty. Téte n (87) yivetan

b =Aw+ Q¢ +wit) gl +wit,t), Aw=w —wi. (88)

Av yuo nopddetypa urodécouue 61t to [T — T'| elvon pixpd 5, téte 1 (89) mpooeyyileton ye Tov ypovixd
HEco GO TNC WG OGS TNV CUYVOTNTA Wi, Aol 1 ¢ e€ehlooeTon To apYd,

T
b= Aw+ Tll QT (6 + wit)g(d + wit, t)dt = Aw + h(e), (89)
0

omou N h elvon 2 meplodxn weg npog ¢. Elvar mpogavég 6TL av

in h(¢) < |Aw| < h(¢), 90
Smn (¢) < |[Aw| LD (#) (90)

t67€ 1 (90) éxel éva evotadéc onuelo woppotiag Tou avtioTolyel oe xheWwuévn xatdotaon. M avtio-
TOLY 1] AVEAUOT| YENOLOTOLEITAL VLot aVTEPNS TEENS oLy ypoviopole 1 :m, énou |Th —mT| eivon wixpd, xou
0 Ypovixoc pécog bpoc hopPdveton we tpoc nTh. H edind tepintwon érou h(¢p) = sin (¢), (89) avagpépeton
o¢ egloworn Adler. H nopandve avdiuon yenowonoteiton cuyvd otnyv BiBhoypoapio TV nAEXTEOVIXGOY Xal
o avapepiel extevéotepa ota endpeva [25, 26, 10, 7, 38].

H mopamdve pédodog €yel moAlolg meploplopols, cuyxexpuéva yiveton 1 unddeon OTL 1 dlatapoy)
elvar moAd acevrc, “ote va mpooeyyiotel T6co 10 VO 600 xou 1 g and TIC TYWES TOUC GTOV 0plaxd

S Avtiotowyel oe 1: 1 ouyypovioud bmwe Yo eEnyndel mopoxdte:
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%x0xho xat ETUTAEOV 0 YPOVIXOC Péoog bpog oty (87) ewodyel emmiéov o@dhpata. Eva o yevixd mhaicto
mopéyetar and T ouvopthoelc PRC xou PTC. Av unodécouue 6Tl 1 Satapoyy| g elvon Temepaouévng
owdpxetac Ty, xou eMPBAAAETOL TNV YEOVIXY| GTLYUT TOU O TAAAVTIWTAS €Yl QdoT 0, uetd and yedvo Ty, To
onueto Yo petaavniel oe dlapopetind isochron e QaoT Orey ONAXDH Vo aviixer oto Zy, ., . ‘Etol opllouye,

PRC(6) = Opew — 0, PTC(A) = 6 + PRC(A) mod 27, 6 € S°. (91)

H PRC &ivel tnv diagopd (pdone avdueoa oe xdde onueio tou optaxod xUxAOU %ot TOU BLUToEoyUEVOU
uohLC 1 Bratapay ) offioet. Egocov diver Swopopéc, n PRC etvan aveldptntn and tny emhoyy| Tou onueiou
undevixic @dong xo. Avtétwe, n PTC elaptdton and v emAoyy| Tou onuelov xp xou DlapopeETIXES
emhoyég 0dnyoLy oe PTC nou Sapépouy xatd €vay mpocietind mapdyovta. Xruewwveton ot 1 PTC
hopBdveton mod 27 xou ex xataoxeuhc n PRCE (—m, 7] 8. Oetixée (apvntidée) tée yio v PRC avti-
ototyolv oe mporiynan (xaduotéenon) @done. H PRC neprypdger mhipme Ty andxpelon evog TahavteTh
HTav aUTHS UTOXELTOL OE TENEPAoUéVC didpxetac datapayée . Av uropolpe vo ehéyZouue 1660 To TAGTOC
A g Sotapoy g 0G0 xaL TNV QACT) TOU TAAAVTWTH TNV GTLYUY TN egopuoync g, oo PRC,PTC yivovta
ouvopthoelg xat Tou mhdtoug pe PRC(6,A = 0) = 0. H emgpdveir PTC(A, ) avagépeton we Winfree
Time Crystal [64, 28].

Ot PRCs unopotv va Swywpetotolv [28] oe TiOmou 1 A Trmou 0 avtiotoydvtag o cuveyels xou
aoLveyelc ouvapthoele, avtiotolyo. Mnropolue enione va Tic ywpioovue [28] oe TOmou I xaw TUmou II,
av 0 0pLXOg XOUXAOG Elvol ATOTEAEGUN BLOXAADWOTNS GAYUATO-XOUPBOL OE OUOXAVIXT] TOAATAGTNTA 1 OV
€yel dnuovpyniel péow dlaxhddwone Hopf, avtictoiya. Ov PRCs Aopfdvouy detixéc Tipéc otny mpdt
TeplmTeOoN, xou T660 VeTES OGO o VPYNTIXESC OTNY OEUTEQY. LNUELWVOUNE OTL 1) GLVAETNOT ) %ot Ot
PRC cuvdéovton péow tng

. 0PRC(A,0)
tim TR0 ), (92)
pe Ty — 0. T autédy Tov MoY0 1 cuvdptnon Q) avagépeton we anepoot PRC (IPRC).
Q¢ éva apriunTind mapdderyua, av xou Yo e&eTdoouue TOAD teplocbTepa 6To Kegdiono 7,
b= —-Qu+ QGx(1 — %) + AQGx(1 — z%)g(t) (93)

y=(zr—-y)/Q,

e @ = 3, G = 0.5. To oyfua 3.1 tc xaunvrec PRC xou PTC tav n dwtopayt g(t) avuiotoiyel oe
opYoymvio Takué mhdtoug 1 xou didpxeto T'/10. To isochrons tou (UTOGVOUOL) CUGTAUUTOS PULVOVTOL OTO
Yyua 3.2 vnohoylopéva ue Bdon v (102) mou Yo napouctaoTtel TopaxdTte:

Y 0vdeon pe Tig Idtoocuvaptriosic Tou teheotr) Koopman

Yy meplintwor TV TEPLOBIXMY CUGTNUAT®Y, oL WBLocuVaETHoELS Tou TeheT) Koopman divovton and
v (58),

2 gt ekl (94)

pe avtiotolyn Wt miAL + -+ - + My—1 -1 + tkw. O Teploplogde Tou TEAESTH 0TOV 0plaxd xOXAO
éyer tic e we WBroouvapthoeic. Eivan mpogavéc 6t f = w oe dho 10 tedlo ENEne, ondte and v (57)
v g = id, émeton 6TL Tar isochrons efvon to emimedocUVola TOU 0plOUATOS TNE BLOGUVEETNONS TOL Elvon
avtioTtolyn TNe WBLoThc iw, Tou elvor évag Loodivouog oplouds pe tov (84) (cpol ot BLocLVUPTAGELS TOU
avtiototyolv otoug exdétec Floquet undeviCovton otny pédvipo xatdotoon). H napoathienon auts divel

PRC(0) = 0(znew) — 0, 0(x) = arg(fu(z)), (95)

xan avtioToiya v v PTC.
Y10 onuelo autd unopolue va YEVIXEOOOUUE TNV €vvola Twv isochrons yio mo yevixolg eEAXUOTES.
‘Eotw 611 1 (21) emdéyeton évav evotadr ehxvoty Milnor, ye nedlo éAinc B, o yio teployn Tou onoiou

6 Aot dlo onuelo dev umopolv va dlapépouv o Qo PeYahlTERY omb TNV Wioh epiodo.
TApxet puoxd o Tehxd onuelo udhic 1 datapoyr ofifioel vor unv avixel oto phaseless set
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undpyer ouluyia Tne popghc (67). Emmhéov unodétouue 6t o Ut| 4 emdéyeton m opohéc W100UVaPTAHTELS
si(u(z)) (avtiotouyec otic iw;). Tote unopolv vo oploToly To yevixeuuéva isochrons wg,

Ty, on = {z € B| Jim [|9(z.t) — o(s(x). 1) = 0}, (96)

TIOU QVTIOTOLYEL OTNV XOLVY| TOUY| TWV ETUTEGOCUVOAY TWV OPLOUATWY TV S;. Mropolv eniong va oploToly
isochrons oyetixd pe Ty i-00TH UETOPBANTY Yoviag, xpatovTag eAcOVepeS Ti UTOAOLTES UETOPBANTES YLViog.
H egapuoy?) tov mopandve o TEPLOOXA Xl NUITEPLOOXA CUCTAUATA BIVEL TOUS YVOOTOUS OpLoUOUC.

Avtiotouyo pe v petoAnTh @don unopolue vo oplooupe xau o peToBANTA dpdon (thdtoug). ‘Eotw
s; WoouvdpTnom oyetixd| we tov exdétn Floquet \j = 0 +iwj. Toéte av rj = 55 yio Aj € R xou rj = |5,
0; = arg(s;) dwupopetind, éyoupe

e SR
J T (97)

0; = wj.

Enopévwe av unodécoupe m < n uryodixég WoTuée xan anoppldoule T TeploceuoUUeVeES UETUBANTES
ANOY® aLLUYWY dpwY, €youne n—m — 1 petofAnTtéc dpdong xou m + 1 petafAntéc yoviog mou edelocovta
olugwva ye v (97). Ot 1y, 0;, 0 elvon 1oodivopes petaBintéc Spdomnc-ywviog xon 0 ENXUGTAC avTIoTOLYEL
oto r; = 0. H petafintd 0 elvan unedduvn yio tnv teploont| xivnon enl tou oploxol xOxhou xan Ta
EMNEOOCGUVOR TNG avTioTolyoly ota isochrons. Ou unéloineg yetoBAnTtég yoviog pall e tig YeToBAnTéS
opdomng 15 avTioToly o0V oTNV peTaBotiny duvauxr]. ‘Onwg xow otny tepinTtwor Twv onueiwy looppoTiug 1
r1 HETABANTY Spdong xuptapyel 0TV cUYXAOT GTOV 0ploXd XUXAO, eve 1) 6 xuplapyel oty e&éMEn Tng
(pdong, ondTe 1 Suvox| urtopet var avary el 6To BidtdoTaTo CLOTNUA,

T = 0171
(98)

0 =w.

Eivar mpogavéc 6t 1 (98) yevixelel to govtého @dong mou culntiinxe mponyouuévwe Teocauidvovtag
TO UE TNV TO ONUAVTIXT UETUBANTY Bpdome.

Definition 0.3.12. Me tovg napandvew ovuPoriopot opilovue ta isostables tov I, wg
Z,, = {x € Bl ri(x) = ro}. (99)

EuyxplvovTag TNV TERINTWON TwV 0plaxdY XOXAWY Xl TwV onuelnv oopporiog, BAEnovue OTL oty
TEMOTN TERIMTWON N Mo SNUaVTXY UETUBANTA elvon 1 @dor, 1 onola yopuxtnellel Ty xivnon ndvew ctov
ot H petoaBinth tne Spdong expedlel xar otig 600 MEQIMTHOOELS ToV pUING GUYXAONG TEOS TOV
EAXUOTY XaL OTNV TEPIMTWON TWV 0PLIXOY XUXAWY ETUITEETOVIOL XAl JEVNTIXES TWES TNG AOYW TWV Ol
AUPOPETIXV TOTOAOYIXGY WLOTHTWY TOUG.

Ynuewveton L 1 avorywyn (98) elvon axpPric yior eminedo cLCTAUATO Xt TOEEYEL Mo VL TIPOS EVal
oyéon, Yetalld twv (z,y) xou Twv (r1,0).

OEWPOVTAC TMPA TO dLoTaUpayUéVo cVOTNUA, UTopoVUE Vo etauiicoupe Ty (85) pe Ty 7 petaBinTy,

0=w+V0-g(x,t)

. (100)
71 =o1r1 + Vry - g(x,t).

¢ mpog TIC IBLOCUVIRTHOELS €Y OUUE,

Vs,

iSn

Vry =VsiorVisi|, Vo=

(101)

Mpogovae yior v €xer vomua 1 (100) mpéner 1 Satopayh v elvon TETOWL HGOTE 1) HETOBANTH XUTAGTAOTC
VoL Topaéver évor evtog tou medlou énEne. Eivou mpogavég ot Q(0) = VO(r; = 0,6).
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Apduntixéc Médodor

Y mopovoa evotnta culntdue pedddoug utohoytopol twyv isochrons (emnedooUvola tng #) xou
Twv isostables (emnedoolvoha tne r1). Avtictorya ye v (79) éyoupe to oxdhoudo.

Theorem 0.3.8. Av f: R" — R jua napatnpioun ovvdptnon & pe un undevikrj appovici oty w
otay mepioprotel oToy oplaxd kUkAo. Toéte n

— 1; 1 " t —iwt
fule) = Jim [ U fz)e (102)

efvar un tetpiupérn 1doovvdptnon avtiotoyn tns iw kai étol ta emmnedoovvola tng arg(f,(z)) avtio-
Toryolv ota isochrons.

Proof. Acite v anddeln oto Kegpdiowo 3. O

To 6p0 oty (102) cuyxiiver ye pudud 1/r, HGote to didotnua ohoxAfipwong dev ypeldleton vo efvon
TON) peydho. Avtideto pe vy (79) n ohoxhnewtéa dev Exel TNV popn 0 - 0o, ondte aprduntixd {nriuato
autol Tou TOToL dev cuvaviovial. To Vf, urnopel va utohoyiotel ohxd odnyovtag oto VO, agol

IVL@) = lm = [ Ve t) - (@(t)e)e “tdt, (103)

omou P(t) eivar 0 VegeMddNG TVOXAC TOU YROUUXOTONUEVOU GUGTAUATOS YUpw and TNy ¢(z,t).
AvtioToya yua to isostables €youue To axdrovdo.

Theorem 0.3.9. Eoto f e mepatnprioun ovvdptnon ¥ ue flr =0, (V£(0),v1) # 0 drov vy efvar to
o€t 10101dvvopa tov monodromy matriz ka1 \; n kupiapyn 10wtiun. Oewpole to Laplace average

r

1
fa(@)=lim = [ f(¢(z,1)) e Mt (104)
r—oo 1 Jq
Téte n f, elvar un terpipupérn 1bwovvdptnon aveiotoryn s A1 kar ta emmedboovvora fx, 1 |f,|
(avadéyws pe tnv A1) avtiotoryoly ota isostables.

Proof. Acite tnv amédeln oto Kegdhawo 3. O

H ohoxinpwted f (¢(z,t)) et éyel tnv poper 0 - co. O bpog autde aouunteTind Telvel oe wia
TEPLOOLXY GUVEETNOT XL 1) ONOXAHEWOT| TEETEL Var €yel TOAD xohf) axp(Bela dote vo unv teoxdpouv
aprdunTixd o@dhuata. o Tov (Blo Aoyo, to Sudotnua T dev mpénel Vo eivor TOAD UeYdAo. BNuyxexpéva
elvor xahd Yo aprdunTXo0g AOYOUS VoL ATOTIHATOL TO OAOXANPWUA HETA TNV TUEEAEUCT) TOU HETABATIXNOU
OLLOTAATOS XAl Yl Xeovo (oo Ue v meplodo tng cuvdptnong oplou. Avtideta ye tnv mepintwon Tou
onuetou tooppotiag, AOYw Twv xadupd PAVTACTIXWY WLOTWOY, 1 fi, 0V unopel vo utoloyilotel wg TO
6pto TNg ohoxhnpwtéag tapouot ue TV (82). Autd gaivetar and to LyAua 3.3 dnou goivetar 1 Ypovixh
eZénin tne f (¢(z, 1)) e~ yia Tov Tohavtwtd Van der Pol (108). Enouévec 1 oyéon (21) oto [45] dev
Loy VEL.

O apriuntixdc urnohoytopds petaBintodv dpdone yeyahltepne téing yiveton topduota ue v (81).

Me tov {6to tpémo unopolue va ndpoupe to gradient Vry ohixd,

IV (2) = Tim ~ [ V(6 0) - (B(t)er)e M, (105)

omou ®(t) eivar 0 Vegehddne TvoXag TOL YRUUUXOTONUEVOL CUGTAUATOS YW ard TNV ¢(z,t).

‘Etot ye v Yewplac tou tekeotr) Koopman yropolye va unoloyloouye ohxd 1660 to isochrons xau
T isostables ahhd xan tar gradients autdv mou neprypdpouy TAYewe tTV(100). Luyxexpyévo yio eninedo
cLoTAUATA 1) avarywyT) ebvon oxplBrc.

8 Aev avixer avaryxoiwe otov MFS, odld Bondder tnv oulhtnon va 1o utodécoupe.
9 Aev avhxer avaryxoiwe otov MFS, odld Bondder tnv oulhtnon va to utodécoupe.
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‘Evo teheutato Yéua mou mapaével elval 1 ETAOYT TNG XATIAANANG Topatneriowng f agol ol cuvifixeg
U1 EXPUMOPOY IXOVOTIOLOUVTOL VLot GAEC OYEDOV TIG GUVORTHOELS, oAk 1 ouvdfxn f|r = 0 otnv epintwon
Twv isostables dev elvon teTEluPévn. Mot TéTolo xataoxevy| elvon 1 oxdhoudr [42].

Apywd Yewpolue to avdntuypa Fourier tng hAbong otadeprc xatdotoong

$(xo,t) = cpe’™?. (106)

kEZ

Trodétoupe 6tL undpyel eninedo m dote P(¢(zo,t)), 6mou P elvor 1 opdoydvia tpoBoly| oto m, vo elvon
éva star set. OplCoupe Ty anexdvion,

9:(6:p) > Pleo) +p > Ple)e™. (107)
kEZ

Tote unopolyue vo VewpOOUUE WS TORATNEYOLLT TOCOTNTA TNV,

IP@ =P
@) = 1Bt o) - Pla)] -

omou ¢ eivon tétowa wote P(z) = g(¢, p). o xdde x € I woyle p =1 dote f(x) =0,z € I'. To Eyhua
3.4 Selyvel TNV xaTaoxELT

O vnoloytoude tou Vry anatel tov utohoyioud tou Vf oty (105). Enedh o vnoloylouds tne
[ ylveton oprduntnd évag aneudeiog unoloyloud elodyel Tepautépw opdApata. AVt autod pmopel va
yenowonoinel w¢ gradient to,

(108)

Vf(z) = &(@(P(o(2,1)))), (109)
omou 7 elvon 1 mpofolry Tou onueiov P(P(x,t)),0tnv Tpofolf Tou oploxol xUxAou €Tl TOL EMTEDOU X
opiletar we w(P(z)) = P(¢p(zo, ) xou £ eivon to povadiodo xddeto Sidvuopa otov npofeBAnuévo oplaxd
x0%\0.
Q¢ apriunTtind mapddetypa, av Yewpeltar To cbotnua Van der Pol,
3.5'1 = T2

110
i‘gle(l—x%)—xl. ( )

‘Olec ol mponyolUeveS TOGOTNTES QalvovTal 6To Ly fud 3.5.

0.3.6 Xvuyypoviocwog Ileprodixd Alatapaypévoy Taraviwtony

Egapudélouye v Yewplo Koopman yio tnv eAéTn ToU TOAITAOXOU GLY YEOVIOHOU TUAAVTWTWY. Ocw-
eoluE 0 oLOTNUA
&= F(x) + g(x, 1), (111)
omou g elvar TEELodLnY| Ue meplodo T xan UTOVETOUUE OTL O AUTOVOUOS TORAVTWOTAG ExEl ouyvoThTa w. To
TEOBANUA TOU GUYYPOVIOUOU BLUTUTMVETHL w¢ €€ UTO Toleg Tpolnovécelg Yo TN Slotapoy e elval o
TOAAVTWTAC HAEWWUEVOS e auThY. Me 1 : n cuyfolileton 1 xaTdoTACT) OTOU 1) TUQATNEOVUEVY) CUYVOTNTA
tooUton pe 1/n authv tne dtatapoyic.

0.3.7 Tepopuwxn Ilpocéyyion

Xwple xodérou yvoor dewplag Koopman xau yenowonotdvtag uévo ty UeTaBAnTr Ywviog omd tny
(100), npooeyyiloupe to VO(z) pe Q(O) = VO(r1 = 0,0) xou v g(z,t) pe g(d(zo,0/w),t) = g(6,t)
xatahyovtoag oty (87). ©étovtac 6 = ¢ + wit, nadpvoupe Ty,

d=Aw+ Q¢ +wit)lg(e +wit,t), Aw=w —wi. (112)
[ty nepintwon tou 1 : 1 ouyypoviopol Yewpotue Th = T + Ty, |Ts| uxpd. Tote [21] hopPdvovrac

TOV YPOVIXO UECO OpOo w¢ Tpog T €youe,

T
b= Aw+ 1 QT (¢ + wit)g(¢ + wit, t)dt = Aw + h(9), (113)

Ty Jo
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omou h elvon 2m meplodinf) we mpog ¢. O meptopiopol g Yedodou auTAC ogellovion OTNV TEOCEYYLON
HOVO UE TO WOVTENO QAOMG, TNV YEuUUxd Tpocéyylon Tou VO xai Tou g and Tig TWWES TOU Ve GTOV
oploxd x0xho xan and To averaging. Ou meploptopol autol amoutody TOAD Uixpd TAATOG BLATORUYHC Xou
TOAD uixpo T.

H eZlowon (91), Selyver 6Tt pior LY YEOVIOUEVY XAUTACTOON AVTIOTOLYEL OE éval EUoTAES LeoppoTiog.
H xatdotoorn auth) xotaoteégetal Y€ow Lo Slaxhddwone odypatoc-xouBou. To yovtélo autd npoAénet
yoouuxh e€dptnon tou (Aw) and to mAdTOC TNg Slotopay e ot TEETEL Vo epunveudel we dTL Tal bpta
ouyyeoviopol oto A — T eninedo Lextvolv and to onueio T xou yior pixed Aw oxohoudolv Tig Eqorn-
TOUEVEC 0TO omnuelo auto. o peyohltepo TAGTY eupaviCovion BUVAUIXG POUUVOUEVA TOU OEV UTOEOLY VoL
TEELYPAPOLY amd auTO YOVTELND. AVTIoTOLYEC TPOCEYYIOTIXEC avahOELC LoYDOUY X0l YId CGUYYPOVIOUOUG
avatepng téing (oeite Kegpdhowo 3). H napomdve avdiuon Vo dolue 6tL elvon o and Tig mo ouyvé
YENOWOTOLOVUEVES UEVOBOUS OTA NAEXTEOVIXE. (2¢ EVal TROXTIXG TORABELY UL, oV VEWEHICOUUE TO GUCTNUA
(93) pe mopayétpouc @ = 3,G = 0.5 xou g(z,t) = Av;(t) = cos(wit), t6te T0 Lyhua 3.6 deiyvel Tig
neptoyéc ouyypoviopol. Eivar mpogavéc 6t n ypouuxh npocéyyion tne (90) dev mpofiénet pe axpifBeto
TIC TEPLOYEC AUTEC 00TE Ylo PxEd TAATY. AV xou Bev €xel oaxOun OpLoTEl, O TUPOVOUIGTHE TOU optduoU
TEPLO TROPNC aVTIoTOLYEL GTOV AOYO UeTAL) TNg oY VOTNTOC €000 %o TNG BlaTapay .

0.3.8 T'evixdtepn Ilpocéyyion

Enextelvouye 10 anhd ypouuixd Lovtéro yenowonolnvtoag tny Yewpla Koopman.
H avoyoyn oe yetoBAntég dpdomne-ywviag elvar 1,

0=w+V0-g(x,t)

) (114)
71 =o1r1+ Vry - g(x,t).

To cbotnua (114) propet va Wodel we autévopo oto ST x RT x RT. Opfloupe tnv eyxdpoto toph
Poincaré ¥ mou avtiotolyel otny mopathenor Tou GUGTALNTOS avd YeOVoUS (Goug UE TOAAATALGLYL TNG

T1. Aev emPBdiiovpe xapia oLV N oV BlaTapay ™) TEEAY TNG LOPPNS,

g(z,t)=A Z h(z,t —nTy), (115)
neN

omou 1 h éyer tenepacuévn didpxewa (Toy,). Tlopdtt umopel vo gaiveton meploplotixy| 1 Lop@n auth, anotehel
ToA) %o epintwon. Egapuoyéc nepthopfdvouy cuyypovioud nhextpovixdv [25, 26], veupwmvixmy [28]
X0 0TV cLoTNUdTLY [23]. Epdoov puetall d0o dtadoynmy teptddmwy to obotnua eZehooeton avtdvoua
10 uropet vo oprotel wor didLdoTaTn anedvion,

ry — e (7‘1 + 01 (7”1,0))

(116)
0— 0+ wly + (52(7’1, 9) mod 27,

OOV 0L GLVOPTAGELS §; VAU TOVY TNV BLopopd avduesa oTig TS (6, 71) xan Tic xavolpyLeg UETOBA-
NTEC PETA TNV EQPAPUOYT TNG OLOTAUPAYTG.

To cbotnua (114) xou 1 anexdvion (116), teprypdpouy TAHewS TNV omdxplon ETinedwY cUOTAUETWY,
EVO XL O PEYUNDOTERES OLIGTACELS 1) TEOCEYYLOT) Efvon TOAD XohY) xou BixonoAoYE(TAL AOYW TNG AUEANTENG
ouvelopopdc Twv exdetdv Floquet avdtepng tééng.

Av o napdyovtac 01T elvon enaprde apvnTnde, 1 uetoBAnty dpdone otny (116) propel va topaherpdet
¢ oLYXAvoUG oY LENOE 6TO 0, OTOTE AVUYOUACTE OTNV XUXALXY ATELXOVION,

0 — 60 + w1 + 02(0,0) = 0 + wT1 + PRC(6, A) mod 27, (117)

mou amewovilel Tov ST otov eautéd Tou. H perétn tne (117) Yo gavepdoel Tic TEpLoyéC GUYYPOVIGHOY
Tou ouoThuatog. [ mapddetypa, 1 meployh cuyypeoviopol 1 : 1 avtictouyel oe éva onueio Looppomiog
xau 1 11 n neployn oe évay n xOxho. T'evindeg cuyypoviouol avdtepng TAENG TopaTnEodVTIL SBUGKONOTERY

Y0ewpolue Ty ouvolix| enintwon e dlotopayhic ouv Vo epopréleT Loduvapa oto apyxd onuelo (6,r1)
XUTA TNV EAEUOY) TNE XL QUTH VoL £YEL UNBEVLXT DLdpXELAL.
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’

ool oL avtioTolyec Teptoyés Toug eivon ToA) otevéc. And tnv (117) eivan mpogavéc bt ubévo o bpog
wTt mod 27 ennpedlel Tic WI6TNTES TOL oUYYpEoviopwoL xau av Ty = kT + sT, k € N, s € [0,1) téte
uovo o swl = 2ms €yel onuacta. TEéhog onuewdvouue OTL LY YEOVIGHOL TNG HOPPNS M © N ONUALVOLY
OTL M XUXALXY| ATELXOVLOT| TIROYUOTOTOLEL 1M TTEQLOTROPES UETE amd N TepLlddoug TS dlatapoaync. ARG 1
ouyvoTnTa TN Teptodixhic xivnone otny €€odo Peloxetar oe 1/n oyéon e Ty cuyvoTHTA ELGHBOU.

Me ypnon tne Yewploc Koopman xotadfoue ye auotned TOTo OTL Lol XUXAXT] ATEXOVIOT UToREL Vol
TEPLYPAPEL TNV BUVAULIXY) GUYYEOVIGUOD EVOE TERLOBIXY BLATAROYUEVOU TOAVTWTY. e avtideon pe To anid
YEoUUXO HoVTEAO @domng, ol Tpoceyyioelg mou éywvay Bactlovtor otny Yewpla Koopman xou emitpénouy
TNV AVIAUGCT] O oG TO YEVIXO TAAIGLO UE YeHom TNS UETOPBANTAS dpdomng.

0.4 Kuxiuxéc Anewxovioelc

Yty mapovoa evotrnta napadéToupe Ta facndtepa anotehéopata oG xUXAES. lapahelnouue xdmolo
eviudpeoa Bonintind arnoteréopata xong xou anodeilewc. H avdivon pe dhec Tic Aentouépetleg Pploxeton
oto Kegdiowo 4.

MeAetdue TNV xUXAXT| ATEXOVLOT

0 — 60 +wT1 + PRC(0, A) mod 2, (118)
TOU TEPLYPAPEL GTROBOOXOTIXE TNV PACY) EVOC TUAAVTWTY UTO TNV enidpaoT meplodixrc e&wTteptxy| Bi-
aTapay fg.
0.4.1 KuxAwxég Anewxovioeig xou Aprduog Ilepiotpoprg
Eoto f: St — R 7 O ouvdptnon mou opllet tnv xwduxd aretxdvion,

0 — f(0) =0+ wli + PRC(6, A) mod(2m), (119)
elTe YEVIXS xdmotar GANT) XUXALXY| ATEXOVION).
Definition 0.4.1. Opilovpe 7o lift tns f ws pua Ct ovvdptnon F rov ucavoroiel

f(z mod 27) = F(x) mod 2. (120)

To lift amhde dlver v "Eetulypévn” @dorn tng xuxhixrc anexovions. Eivo npogavée 6t 8o lift
e f dlagépouy xatd 2km, k € Z xou 6T F™ elvan éva lift tng f7.

Definition 0.4.2. Mia areikévion f Aéyetar opoiopoppiopds mov datnpel tov mpooavatoAious av n F
etvar avéovoa ue ovvexn avtiotpoen.

H ouyxexpwévn amewédvion f(0) = 0+ wTi +PRC(6, A), éyer tny 8ot auTth oy 1) Toedry wyog Tne
PRC radpver tipéc povo evtoc tou (—1,1). H ouvdpen |[PRC/| < 1 etvon mpogavdde ixavh xon averyxoro.
Axbpn xon av dev toyler autd, elvar ahniéc 6t F(0) = minge(o oq) F'(z) xu F(27) = max,e(oox) F(z)
%L AUTES oL BVO IBLOTNTES ElVOL TTIOL YENOWOTOLOUVOL YIol TNV OTOSELET) TWV TAUPAUXETE.

Proposition 0.4.1. I'a kdOe k € Z éxovue
F(z + 2k7) = F(x) + 2km. (121)
Proof. Acite tnv anédeln oto Kegdhawo 4. O

Ané To mapandve, énctar 6TL ) F™ —id eivon 27 meplodny).
Tdpa optlouye TNV ToO oNPAVTIX TOGHTNTA TOU YoeaxTNE(CEL Uior XUXAIXT] ATEXOVIO.

Definition 0.4.3. Opilovue tov apifué meprotpopns wg,

p(f) = tim I

n—oo 2N

(122)
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To xivntpo mlow and Tov oploud mEENeL Vo elvon TEOPAVES: TEPLYPAPEL TNV XATd PHECO 6p0 alENoT)
OTNV QACT avd ETAVEANPN TNS HUXAMXAC ATEXOVIONS. 2TV TEPIMTWOT OTEPEdS TEpLoTRoPnS, 6 — 0 +
2ra = Ry, p = a wote pnrol apuiuol TepLoTEoPrc avToTOLY00V OE TEPLOBXES XIVAOELS ol dpenToL
oe nuneptodxéc [30]. To anoteréopata authc tne edixic nepintwone Yo yevixeudody yio YEVXOTEPES
HUXANXESC ATELXOVIOELC.

Yt napoxdte otodeponotolue To @ xou ouuBoiilovue to p(z) pe p. Eivaw enione mpogavéc 6t av o
aptiude mepiotpophc undpyet xan F, Fo elvon 600 lift tng f, té1e epdoov autd drapépouy xatd axépoto
TOAOTALGLO TOUC 27, oL avtioTolyol aplduol TEpLETEOPHC BLUPEPOLY XATA EVOV AXEQOLO APLUUO.

H nopaxdte npodtacn Yeyehidvel tny Urtopdn Tou aptduol TEplo TROPTE Xol TOV GUVBEEL UE TNV TERITTKON
NG OTEPELS TEPLOTPOPHC.

Proposition 0.4.2. O apiluds nepiotpopns vrdpyer. EmnAéov av vndpyer mepiodikr) tpoxid, tote o p
efvai pntos.

Proof. Acite tnv amédeln oto Kegdhawo 4. O

ITpogavdde 1 mapamdve TEOTACT), OTWE Xl OAEC OL TRONYOUUEVES, e€ox0AouUToUY Vo Loy DoLY XU
xan oy Oev umo¥€couue xapiot CUYXEXPWEVT Hop®n Yiot TNV f, AAA AMOUTACOUUE auUTY| Vo Slotneel Tov
TPOCAVATOALGUO.

An6 tov opopd énetan apéowe 6t p(f™) = mp(f). Otav n f emdéyetar évav m o aptdud teptoTpophc
elvaw pntée, p(f) = k/m yi xdnoov oxépono k. O mopovopoothc Tou p aviioToyel oty Té&n e
Teptodnic Tpoytde, eved o aptiuntic delyver tdoec neploTpopéc Eyouv Yiver (Tdoec Qopéc M @dom Exel
tufoel To 2m) meotol o xixhog xheloel. Emopévee elvan guotohoyxd va opioet xavelc 1o xhaopotind
wépoc [30] 7(f) = p(F') mod 1 mou yapoxtneiler tic WBLOTNTEC OYETXE PE TNV TeptodixdTnta. Tlpoxtind
To T elvan WBIOTNTA TNE AMEXOVIONS, EVE To p e€apTtdton xau and To lift.

0.4.2 Ilepropiopdc o Anewxovioeig mou AwatneoLy Tov IlpocavatoAioud xo
TaZwvounor Poincaré

[TapoT €youpe Bellel 6TL 1 Ut N TEELOBIXTC TEOYLACS Elvol CUVETEYETOL PNTEC TYES TOU p BEV UTOPOVUE
OXOUOL VL ATTODEIEOVUE TOROTAVG AMOTEAECUOTA AOYw Tou OTL 1 F Bev elvon avoryxalwe yvnolwe adfovoa.
Y10 TopodTey XAVOLUE TNV UTOUEST) aUTY|, EVE OV amante(tal xdmota cuyXeEXpEvn woppn tne f. 'Etot
Yol UTOPEGOUPE Vo YoEoXTNEICOUUE TAYPWS OAES TIC TPOYIES TNS XUXAMXAC ATEXOVIONG. LNUELWVETOL OTL
n unodeon ot 1 f olatneel Tov TEOCUVATOAGUO Loy Vel Yia Glyoupa Wxed TEOg UETELA TAKTY dLatopay g,
ARG Oyt ovaryxodws yiar TOAD Loy ued.

Apyxd €youpe 6T 0 apriud TeploTpophc elvon aveldpTnTog Tou ornuelou .

Proposition 0.4.3. Av o aqpiOuds nepiotpoens p vrdpyel, tote elvar ave€dptntos tov .
Proof. Acite v anddeln oto Kepdhowo 4. O

I'vopiCoupe 6Tt 1 Omapln meplodinic TeoyLde cuvendyeton entd apllud meplotpophc. loylel xau to
avtioTtpogo.

Proposition 0.4.4. Me g napandvw vrotéoes av p(F) = p/q, émov p,q oxetikeds mpdTor aképaiol, n
[ €éxer meprodikn Tpoxid mepiédov q.

Proof. Acite v anddeln oto Kepdhowo 4. O

Eivor mpogavée 6t av o p(F) elvan dppntog, t6te 1 f Sev €yel neplodixn tpoytd. Katd avtiotouyio
ue o Kegdhowo 3, 6mou dellape 6Tt oL BloTwég Tou teheotry Koopman mopopévouv avohholwteg YeTagy
oLLUYOY CUOTNUATWY TO (Bl €YOUNE Xou YLol TNV TEPITTWSET Tou apLIUOy TEPLOTEOPNC.

Proposition 0.4.5. Eotw éu n f eivar opiopérn onws mapandvew kar g €vag opolopop@ioos ToU
detnpet Tov mpooavatohioud. Tére 7(f) =7(g o fog).

Proof. Acite tnv anédeln oto Kegdhawo 4. O
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Emmiéov €youue T0 axdlovdo anotéleopa oyeTixd e TNV €€3pTNoT Tou aplluol TEPLGTEOPHS p amd
v ocuvdptnon f.

Proposition 0.4.6. O p(f) ekaprdtar ovrexds and tny f, 6nkadn ya kdde € > 0, vndpyer 6 > 0 wote
av f,g etvar § roved atnr C° tomodoyia M, |7(f) — 7(g9)| < e.

Proof. Acite tnv anédeln oto Kegpdhawo 4. O

Proposition 0.4.7. I'a évav ouowopoppionsé mov dwtnpel tov mpooavatohioud, av p(f) = p/q dnov
D, q €lval oXETIKWOS TPWTOl aképaiol, GAES o1 TEPLOOIKES TPOXIES Exouy TNy 101a Tepiodo q.

Proof. Acite tnv amédeln oto Kegdhawo 4. O

Yuveyiloupe pe ToV TAREYN YOEUXTNELOUO OAWY TWYV TEOYLOY Ylag TETOIS XUXALXTG anedviong Eex-
VOVTAC Ao TNV TEp(TTmon Tou pntol aptiuol TEpIc TEoPNS.

Proposition 0.4.8. Av f ouoouopgiopiés mov diatnpel Tov mpooavatoAious pe pnto apidud tepiotpoens
7(f) = p/q, n poxid evés onpelov x Tov avrke oTov KKAo éxe Ty e Téén 2 oo [0,27) pe Ty
tpoxid tov 0 und Tny dpdon tns otepds meprotpopris 8 — 6 + 2pm/q.

Proof. Acite v anddeln oto Kegpdhowo 4.
O

Definition 0.4.4. Eotw g opotopopgionds mov Stnpel tov mpooavatoliopd orov St. Tére to onueio
x € S! etvar erepoxohviké ota y; € St kar yo € St und Ty g av,

lg™ () = g"(y1) || == 0, |lg" (x) = g"(y2)|| = 0. (123)

Proposition 0.4.9. Eotw f éva opoopoppionds mov datnpel tov mpooavatoliousé pe pntoé apidud
reprotpogris T(f) = p/q.

/ / z 4 4 7/ z z z. /7
o Av n f éxe akpiBds pua meprodikn tpoxid, toéte onjieio TOU dev avikel o€ aUTHY €lval eTEPOKAIVIKG
uné Ty f9 o€ dvo onueia g tpoxids. Av g > 1, ta onueia elvar Sagopetikd, €vd n mepintwon

q = 1 avuiotoiyel o€ oporxhivikn Tpoxid.

o Ay undpxouv TepIooOTEPES TEPLOOIKES TPOXIES, kdDe onuelo mov Oev avhkel o€ kdmowa €€ avtwy
€lval eTeporAviké o€ dVo onpeia Tov avniKovy g€ O1aPOPETIKES TEPIOOIKES TPOYIES.

Proof. Acite tnv anédeln oto Kegdhawo 4. O

Ou mponyolueveg mpotdoelg yopoxtneiouv TAHewe OAEC TIC TPOYLES WG XUXAXAC AMEXOVIONE TOU
yopaxtneileton and pntod oprdud TEPLGTROPHS p.

Ye 6,1 agopd TNy mepinTwaon Tou dpentou aptiuol TeploTEoP, Yvweilouue 1o 6TL Bev LTdEYOUY
TEPLOOXES TEOYLES, OTOTE TREMEL TOEAUTNEELTOL NULTEELOOIXY 1 YaoTixY| xivnon. Tpdypatt autd toylel dnwg
OElY VoLV Tal EMOUEVA ATOTEAEOUATA

Definition 0.4.5. H areaiévion f eivai topologically transitive otov S, av ya kde U,V C S, vrdpyer
k€N dote fFU)YNV £ ().

Proposition 0.4.10. Eotw f opoopoppionés mov dwatnpel tov mpooavatohiopsé pe dppnto apidud
reprotpogns 7(f).
o Av n f elvar topologically transitive, téte f n elvar ovlvyns pe oteped meprotpon) pe aprud
reproTpogns 7(f).

o Av f dev eivar topologically transitive, tote vndpyer éva avvolo Cantor otov kUkAo kar pia tpoxid
mov to yepile mukvd. Xnueia ektés Tov ouvédov avtoU elval opokAvikd mpo§ avto

Hsup,egn [f(z) — g(x)| <0
L2 Anhadh, mp/q mod 1 < np/q mod 1, av xou pévov av f™(z) < f*(z).
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Proof. Acite v anddeln oto Kegpdiowo 4. O

H roapomdve mpdtaon yopaxtneilel Afiows OAeg Tig TiavéS TPOYLES EVOC OUOLOUORPLOUOY TTOU SlaTnpel
TOV TEOCAVATOMOUO UE dppnto apulud mepiotpogric. H mpwtn mepintwon avitiotolyel oe nuimeptodiny
xivnomn eved 7 Sevtepn oe yootxr. Mall ye ta anotehéopata Yoo Tov pnTo pliud, OROXANROVOUY TNV
TagVOUNo” OAwY TV THAVOY TEOYLOY UIC TETOWG ATEWMOVIONS, 1N OTola avapépeTol we Tagivounor
Poincaré.

Ynuetdvoupe 61t av emBrndoly tepantépm cuviixes, 6we Yio topddetypa 1 f vo etvar C' Slapopopop-
pLopog, teploptlovtal TEpUTERK ot TWAVES TEQLTTWOELS YId TI TROYIES. LUYXEXPWEVA LoYVEL TO axdAouvdo
Ocwpenua Tou Denjoy.

Theorem 0.4.11. Av f: St — St etvar O dragopopoppionds, pe dppnro p(f) ka1 tapdywyo ppaypévng
kUpavong, téte f eivar transitive otov S* ka1 éxor efvar ou{nyrs Tpog pia TELITTPOPH TNS 1OPPHS R,y

Proof. Acite tnv amodeln oto Kegdhawo 4. O

0.4.3 Ileproyég XuyypoviocwoL: I'N\wooeg Tou Arnold

Ynv nopoloa evOTNTa ETLOTEEPOLUE TNV EWLXT Lop@T TNS xUxAxhc anexévione (118), xou peketdye
v enldpact tou mAdtoug A atov 6po g PRC xou otic nepioyéc ouyypoviopol. Oewmpolue uixpd mpog
ueoaio TAdTN WoTE N f vor Slatneel TOV TEOGUVATOMOUO.

©¢étoupe W = ¢, oupPoiilouvpe tov aprlud nepiotpoprc ue p(¢p, A) xou v PRC(0, A) ue v(0, A).
Téte éneton apéows (deite to Kegpdhawo 4) 611 0 p(¢, A) eloptdton ouveyne and ta oployato Tou xou
ue un @divouca oyéon we meog To ¢. Ot TEPLOYEC LY YEOVIOHOL YVWOTES Xal ¢ YAwooeg Tou Anrold,
AOY® TOU GHUNTOC TOoug, 0pllovTon aUOTNEE OTWE TAUPUXATE.

Definition 0.4.6. I'ia r € R opilovue
T = {(¢, A)| p(¢, A) = r}. (124)
Orav o r elvar pntog, n T, elvar pia meproyn) ovyyporiopol 1 kAewbwuérvn katdotaon.

Enuetdveton 6Tl 0 Topamdve oploldg e€axolouiel va Loy DeL xou Yo TEQITTHOOELS 6Tou 1) f dev Slatnpel
Tov mpocavatoliops. To mapaxdtw anotéheoyo Oelyvel TNV UTaEdn X0l TNV TOLOTIXY| CUUTERLPORE TGV
TEQPLOY OV AUTOV.

Proposition 0.4.12. I'a kd0¢ pnté p/q vrdpxovr ovvaptioes ¢1, ¢p2 tov A ue ¢1(0) = ¢2(0) = p/q,
d1(A) < p2(A) yia A € [0,€) ka1 téroies dote

(¢, A4) € Tpyq = ¢1(A) < ¢ < $2(A). (125)
Proof. Acite tnv anédeln oto Kegdhawo 4. O

H rapandve mpdtaot yopoxtnellel TAeme TIC TEQLOYES TOU EMTEDOU TUPUUETPWY TNG ELGOBOV, OTOU
uTdiEyEL PNTOS aEtiUOg TEPLOTROPTC XAl AVTIOTOLYOUY OE XAUTUC TUCELS GUYYPOVIOUOU GE GYEON UE TNV Ol
atopoy ). Kadde to mAdtog audveton, n anewdvion nadet vo Slatneel TV TpOCAVATOACUS Xt Ta cOVopX
TWY TEPLOY WY CUYYPOVIOHOU UTopel VoL emixahu@ oy 0dnywvTaS o€ TOAD-eVaTAUEL X TOAUTTAOXAL (POUVO-
HevaL.

Avagopixd pe Ty TEpinTWoT TV deenTwy dptludy TEPLOTROPHS EYOUUE TO oxdAoulo.

Proposition 0.4.13. T'a dppnro apidud repotpogns ¢, vrdpyer ovvdptnon ¥ tov A € [0,€), dote
p(9,A) = ¢ <= & =(Q). (126)

Proof. Acite tnv anédeln oto Kegdhawo 4. O
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Mo opolopopgiopolc Tou SLTNEOLY TOV TEOCAUVATOAGUS O dpLIUOS TERLGTROPHS p elvon un-@idivouca
ouvdptnon tou ¢. Av to mAdTog TN Blatapaync elvon Loyupd, N povotovia Tadel Vo Loy Uel, aAAd oE
x&e mepintwon o apriude meplotpophc elvor otadepds (we cuvdptnon Tou ¢ pe To Thdtog otadepd) oTa
SrooThpoTa Tou avtioToryoly ot pntéc tpéc. To ypdonua p(¢, A) v otadepd A Aéyeton Devils Staircase.
To Eyfua 4.1 detyver tov aptdud neplotpopnic wog ameixovions tne popgphic (118) (mou éyel mpoxiier amd
T0 obotnua (93)) v teele Slapopetixéc Tée Tou Thdtouc A. Etic dbo mpmtee nepintwoelc (a) xo (b),
1 AMEOVIOT BLTNEEL TOV TPOCAVATOAGHUOS ot 0 aptiudg Teptoteoprc p elvon un @divouca cuvdeTnon Tou
¢, evddr autd dev oylel otov (c). Kadde to mhdtog avldveton, to dtaothpata otadepod p avidvovio
AVTLOTOLYWVTAS OTNV EUPAVION) TEPLOCOTERMY XAEWWUEVWY XATACTACENY, EVEL TO TAJTOC Xdde TETOLEG
TEPLOY NG AUEAVETAL.

INo A = 0, To yétpo Lebesgue towv TuoY Tou ¢ TOU AVTIGTOLYOLY GE ENTEC TWES Tou p elvon PUndEv,
eved To pétpo Lebesgue twv Tyov mou avtioTolyolv oe dpentec TWéS Tou ¢ elvon éva. Koaddg to A
aUEAVETAL TO GUVOAO TV ONUEIDY TOU ¢ TOL AVTLOTOLYOVY GE ENTH TWH VLo TO p €xel VeTINd PETRPO XL TO
cUVOAO TwV ornuely Tou ¢ yio Ta ontola To p hauBdvel dppntn Ty elvon éva chvoro Cantor. Enouéve,
v pxeo A pla T Tou @ emheyuévn Tuyalor Yo avtioTolyel mavoTeEpa O dEENTN T TOU p, AAAL
umopel vor uetatpanel o eNnTA Ye wat audolpeTar LX) Slotopory Y.

And Vv Topomdve oavEALoT XATAAAYOUUE OTL 0 aplUUOC TEPLOTROPNEC TNC XUXAIXAS OTELXOVLONG TIOU
ocl€ape OTL MEQLYEAPEL TNV BUVOULXT) TOU TEPLOBIXEL SLUTURAYUEVOU TAAAVTWTY AoBAVEL ENTEC TWES oV %ol
HOVOV av LTIdEYEL TIEPLOBIXY) TpoYLd. Acl&aue 6Tl oL TEPLOYEC AUTEC OTO EMUNEDO TWV TUPUUETRGY TNG ELGOBOU
elvor xaAOC 0pLOUEVES, Ta OpLol TOUG UETUBAAAOVTOL CUVEYMS UE TO TAATOS Xl OVTLOTOLYOVY OUCLAGTIXG
OE CUYYPOVLOUEVES UE TNV €l0000 xataotdoels. O mupavoudcthc Tou aptiuol TEpLoTEOPHC AvVTIoTOLYE
xaL oty TAgn ouyyeoviouol. ‘Oco 1 arexdvion datneel Tov tpocavatoloud, 1 tavouncr Poincaré
yopoxtneilelr TAeng Oheg Tig TiavEC TEoyLE, Yiol OTOWBATOTE TYH TOU pllUo) TEPLOTEROPNC, EVE oV
auTé mder Vo Loy VEL Ol TEPLOYES GUYYPOVIGHOU UTOREL Vol ETIXAADTITOVTOL OBNYWVTAUS OE MO TOAOTAOXA
(POLVOUEVAL.

0.5 HAiextpovixol TalaviwTég

IToAkéc nhextpovixéc cUOXEVES amantoly TEPLOBXE ofjuorta yiar Vo Aettoupyricouy. Tumixd mapadety-
portor TEPLAUBAVOUY UTOAOYLO TIXE GUG TAUATA, OTIOL O YPOVIGHOS Efval TOAD ONUOVTIXOE XIS XO THAETULXOLV-
WVIOXE CUC TAUATO OTIOU TOL TEQLOBXE CHUTA UETAPEROLY TNV TANEOGOpla. TNV Topodoo EVOTATA, PO
TOPOUGLACOUUE GUVOTTIXG. TIC apyEéc Aettovpyiag Twv Teavlitop, poviehomololue Tig 800 xatnyoplec Ta-
AVTOTOV TV Vol UEAETHCOUKE XAl XEVOUUE (L0l AVUOXOTNOT TV Paoxdy Hedodwy avaAuong duTOVOUWY
X0l TEELOOLXGL DLATUQUYUEVODY TUAAVTOTOY GTO TEBLO TNG NAEXTEOVIXAS.

0.5.1 AwroAwxé Teavlictop

To dimohxd tpalvictop agevpédnxe ota Bell Labs to 1948. Efvou pio S1dtaén teidv axpodextav xat
1N Aettoupyio TG unopel vor cuvoPloTel wC 1 YETATEOTY ULog TAONE ELGOB0U UETHED TwVY 5V0 AXPODEXTWY
oe pelpa mou eéet otov Tpito. To Eyruoa 5.1 (a) delyver tnv Sour evoc npn tpavliotop. Ot Tpelc
MUY OYLIES TEPLOYEC Elvon 0 exttountde (n tomov), n Bdon (p tOnoL) xar 0 cuAAéxTNe (n totou). Ao pn
dlodot oynuatiovton petald tou exunounol xou tne Bdone (EB) xat tou culiéxtn xau tne Bdone (CB).
Yy opln) evepyd meployy, Yot TNV onola evOlopepduaoTe, 1 évwon (EB) elvar opld mohwpévn, evid n
(CB) avdotpopa.

To Eyfua 5.1 (b) delyver v poY| pedpatoc yia éva dimohxd tpavliotop mou TohGVETL 6TV 0pdh
evepY6 meployf and ty Vag xou tny Vop. H opdn mohwon e évwone (EB) Yo npoxodécer tny por
EEVUATOC AOYW TWV NAEXTEOVIKV TOU €YYEOVTOL OO TOV EXTOUTO oTnV Bdom xot AOYw TWV OOV TOU
eyyéovtar and v Pdon tov exnound. To pedua mou péet péow e (EB) ip xuplapyeiton omd v
oLVICTWOOA TV NAexTeoviny. Ta eyyeoueva and Tov exmound mpoc TNy Pdon niexteovia elvon Qopeig
petovotnTog xou €tol Yo mopoatnendel didyuorn meog tov cuAAExTY. Katd tnv didyuon xdmola nhextpdvia
Yo emavacLYSLAGTOUY Ue omég xon Yo yadoiv. Tehxd to pedua tou cUAEXTY i, Va eluptdtar and To
NAEXTEOVIOL OTNV TEQLOY Y| AUTHY X0l €TOL,

i = Ie'BE/VT (127)
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onou Ig elvan yior otodepd Ye SLaoTAOELS PEVUATOC, ECOPTWUEVT AT TNV YEWUETEI XU T TEOOUEIEELS
oty Bdon. Me Vi = kT /q oupPolileton 1 Vepuixt| tdon.

To pelua i oelleTon O Uit GUVIGTWON EYYEOUEVRY antd TNV BACT TEOC TOV EXTOUTO OTWY XL AT
L. CUVIOTOON OTWY TOU THEEYEL TO EEMTEPIXO XOXAWUA Yia var avTioTaduioer 6oec ydvovton xatd Thy
enavaoivdeaT. Aupdtepec eivor avéhoyee Tou eVBE/ VT (ote ip va unopel va exppacTel we

ip = ic/B. (128)

H rapduetpoc S xupaiveton ané 50 oe 200.
[Mo to pedua Tou EXTOUTON TEOPAVHS EYOUUE,

io = i+ iy = (B + Die, ic = e, (129)
omov a = B/(B+1).

Y10 mopamdve HoVTELD 0 BimoAxd umopel vor bwiel wg Evag U YEOUUIXOG UETATY NUUTIONOC TNS TAOTG
UBE OTO PEUUA ic. LTNV 0p01) evepyd meployn ouerolue v e€dptnon and ty vep ( @auvéuevo Early)
AOY® TWV UXEWY TOCOTIXMY Blapoptdy Tou auTh ewodyet. Ta peduota TV UTOAOTWY AXPOBEXTMV i, i,
elvor amA®S AVIAOYO TOU % Xl WOOVIXE Ge = Te. 2TO OYNUA 5.2 olveTon TO XUXALOUITIXG cOUBoho Tou
npn BJT.

H Aettoupyio Tou pnp tpavliotop elvan avtioTtoryn aAld AOYw TV SLOPORETIXGY TEOCUEEENY €YOUUE
exYetinf oyéon Tou i and Ty vER (AvaoTpoPy| Tdone).

Av 1 tdonc vpg petadiietar YOpw and to onuelo wooppotiag DC, gouvouevo @opTiong expdeTiong
odnyoly otny Unapdn YwenTuixoThTwyY ot LPniéc ouyvotnteg. Iloupalelnovtog wa Hie€odixy| avdiuon),
10 opTio mou elvar amodnxevuévo oty Bdon odnyel oty Unapdn PG YwENTIXOTNTIC AdYW BldyUoTC.
Avtiotouya, ol petaforéc oto anodnxeupévo @optio otV TEPLOY N ATOYUUVLONS UETAEY BAong exTouTo
odnyel oe W axoun YLeNTOTNTA oL Pall UE TNV TEOTYOUUEVT) SNULOURYOLY TNV GUVOMXT| YOENTXOTNTA
petaZl Bdone xou exmounol (Cr). Enedh xatd oty opdn neptoyh n évwon CB eivar avdotpopo tolwuévn
Onutovpyeiton plar oxdpn ywenTxdTTa LETaEl Tou cLAAEXTN xou g Bdone (C),) n onolo eZaptdton omd
v tdon Ven.

0.5.2 MOS Teavlictop

To Myfua 5.3 delyver v guoixn dour evoc NMOS tpavlictop. To tpavlictop xataoxeudleton og
€va p-TUTIOL UTOGTPWHA, 6T0 onoto aynuatilovta 600 LoyUEd VOYELUEVES TTEQLOYES, 1) TNYY| XOU 1) UTOBOY Y.
‘Eva Aemtd 0TpOUA LOVWTH AVITTUGCETOL GTNV EMLPAVELX €l TOU oTtolou oy nuatiletor To NAeXTEOBLO TNS
mOAng. To vndotpwua oynuatilel pn EVOOELS UE TNV TNYY) XL TNV UTOS0Y 1) XaL VAL AvAOTEOPA TOAWUEVES.
Ayelolue tny enidpaon Tou couatog xon Vewpolue To TpaviicTop (KC GTOLYELO TEUOY UXEODEXTMOV: TUAT
(G), mnyA (S) xou unodoyn (D).

Av n v o n unodoy | elvon yeuUEVES Xt eQopUlooTel pa YeTinr| Tdom otny TOAY, onég anwiolvTon
ond TO LTOCTEWUY, UE ATOTEAECUA VoL SNULOUEYEITOL Wit TEPLOYY) Aoy OUVOONS (Xovdht) omd To apvnTind
qpoptio TV atéuwy. H Vet tdomn ehxdel nhextpdvia amd TNy UTodOY Y| Xou TNV TNYT) TEOSC TO XAVAAL %ol
OTAY CUCOWEEVTEL EMaPXEC TAHVOC NAEXTEOVIWY Lot I TERLOY Y| ONuLovpYElTaL amd TNV UTOB0YY| TEOS TNV
mnyh. H ehdyiotn anoutoduevn vas eivon 1 tdon xatwgiiov Vi. Ondte vy Vgs > Vi, xou 9etuer) vps
Tdo), péet pebua oto xovdh. To Bddoc Tou xavahiol dev eivon opotduoppo agold ot xdlde onueio Tou
e€aptdTan and To T6co 1 epapuolopevn tdor unepBaivel Ty Vi. ‘Etol npoxintel oL,

% (Vas — Vi —vps/2) vps, (130)
omou W, L elvar to TAATOC XL TO UAXOC UAXOG TNG TEELOYNG AMOYUUVWONG, [y €lVOL 1) XivNTIXOTNHTA

TV nAextpoviny xa Cyy elvar 1 ywenuxdtnta ofewdlov. Av vps > Vs — Vi, mpoxokeiton xopeoudq
(xatdotoon wwodlvoun pe Ty opdY| evepyd nepoyy) Tou BJT), odnydvrtac otnv.

iqg = fn Cog

W os - v (131)

‘Etol ouyxpivovtag agnenuéva ta 800 tpavliotop, BAETOUUE OTL 1) AELTOLEYIA TOUC CLVICTATOL GTNY UN
YOOUUIXT HETATEOTY| Wiag Tdong eloédou oe pedua. H dlapopd €yxeitar 6To eld0g TN 4N YROUUXOTNTOG

id = MnCoa:
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(exdetnh) v oo BJT xan tetparywvixs v to MOS). Topbpota pe to BJT, xaw oto MOS tpavlictop
10 pedua €€600u e€apTdton acVevidg amd TNV Tdon vpc, U€ow Tou gavopévou Early, oAAd Aoyw twv
TOGOTXWY UOVO UETABOAMY oL auTH TeoxaAel, dev Vo Tnv AdBouue vddn.

Pouvoueva QOPTIONC-EXPOPTIONG UOVTIEAOTOOUVTOL ENIONG HECW TOQUCITIXWY YWENTIXOTHTWY, ToRo-
powa pe o BJT, otav eqopudleton petoAnts tdon otny eicodo. O ywentwdtnieg Cyq, Cgs ogeilovton
670 Qouvouevo ywenuxdtntog otny TOAn. H Cg, xon 1 Cgp, €lvon oL ywenTixdTnTeS anoyLuvemong Twy pn
OLO0WY TOL BNULOLEYOVVTOL ATO TNV TNYY) XL TO UTOG TEMUA, Xl TNV UT000Y 1| Xt TO UTooTewua. ‘OAeg ot
TOEATAVE EEURTMVTOL ATO TA YEWUETEWE YopaxtneoTixd W, L Tou oTolyelou xou and TNV YwenTixdTnTa
oZewiou Cop. To Nynua 5.2 Selyvel To xuxhouotind oluBoro. H hertovpyio evog PMOS tpavlictop etvan
TOEOUOLYL UE TIC XUTEAMNAES UETATEOTES (1 XavdAL, P TNy o LTOSoYY)).

0.5.3 Awgopixol LC TahaviwTég

Agnenuéva omolocdrinote LC Sapopixd TahavTonThc uropel vo yoviehonomndel 6nwe oto Xyrfua 5.4.

H avtiotaon Ry, avtiototyel oe yior un yeouuxh ehey youevn and téon tnyr| pebuatoc I = —1o(Vr) f(ve/ Vi)
OToU v, lvan 1) TAoT TOU TUXVKTA, v xou I elvon oTadepég Ye Slao TdoELS TAoTG X PEVUATOS, avTioToLY A,
xow Vi ebvou 1 tdon méhworne. H ouvdptnon f umotideton mepttth, toukdyiotov C4) e f(0) = 1 xa
f(g) (0) < 0. H ev oepd e to mnvio cuvBedeuévn avtiotaon ogeileton 6TIC wUES anwheés Tou. Xenot-
ponownvtog vopoug Kirchhoff €youue to cbotnua,

dv, .
c ; = —ip + Iof(v/V})
4 (132)
LY
dt c L-
Oétovtac wy = 1/V LC xou xdvovtag Tig Topaxdte oAayEéS HETUBANTOY,
Ve R
x = v y = VTL and T = wot (133)
T0 obotnua (132) yiveton,
dx
P —Qy + QG f(x)
@ - l(x ) (134)
dr  Q v
6TOoL
1 /L RI,
= — — = . ].
Q=3\e 6= (135)

‘Eotw 611 ¥éhoupe va dieyelpovye to cbotnua pe wo e€otepnr tnyn. H Sotapoyr) uropel vo eivan
elte adpolotny, we évac ypovixd e€aptiuevoc 6poc otny vr = Vipg(t) + Vi, 6nouv Vi avtiotouyel otny
Tdon TOAWGNG €V TN amousta Tng dlatopay e xou Vi, elvon To mAdtog Tou egopuolouevou orfuatog. H
novn mapduetpoc mou ennpedletan ebvon 1 Iy mou yivetan In(t) = Ip(1 + Ag(t)), 6mou A eivan 1o evepyd
TAdTog TN Bartapay i avdhoyo teog to Vi, ‘Etou n (134) yiveta,

o Qu+QGfa) + QGAF(a)g(r)
7 (136)
% = é(x - y)

Evolhooctind 1 Srotapoyf Yo urnopovoe vo etooydel dueca péow tne uedodou éyyuone [10] evic
ofuatog peduatoc. Me avagopd oto 5.4, 1 xotdotacn auty elval LoodUVOUN UE TNV ELOAYWYT| WG TNY NS

pevuatoc mopdAAnha pe tov C. Xe authv v mepintwon évac 6poc i(t) = ILing(t) mpootiVetor otnv
elowon tou v oty (132), dote petd v xavovixonoinon (133) to cvotnua yiveto,
dx
7. = ~Qu+QGS(x) + Ag()
-
1 (137)

dr a( Y),
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omou A elvar to TAdTOC TNg Blartopayne.

To avtévopo clotnua (134) xou to dratoparypéva (136), (137) unopodv va Bwdoly we avunpbontot
QUTAC TNS XAEONE TOAXVTWTOV OL 0ToloL BLaPEPOLY UOVO GTNY Hopen tTne f.

[Mpoxtixég uhomotioels gaivovtow oto Lyhua 5.4. Ltnv MOS vionoinon oto (a) eivon

f(z) ==z(1—2?), Iy = aVpp, V» = Vb, (138)

omou a elvar 1 xhion TS Un YeuuxdTNToG oTNV apyh Tov a&ovwy xou Vpp elvar 1 tdon tohwon. Xtnv
nepintwon tov BJT,
f(z) = tanh(x), Io = vlcg,,, Vi =2V, (139)

omou v = g(a), xou 1 g eivar abovoa e v — 1 xodde o @ — 1.

0.5.4 O Tahaviwtrng Colpitts
Ocwpolpe tov tahavtonth Colpitts Tou Lyfuatog 5.5. H avtiotaon R avtiotolyel oTic wuixéc andAeleg
TOU TNVIOU. MTol TUPOXATe aEAOVUE TNV aywYotnTa Go. Xenowonowhvtog vopoug Kirchoff, éyouue
Cric1 = —Isexp (—ve2/Vr) +ir
Covoy = Iyexp (—voe/Vr) +ip — 1 (140)
Liy, = —ve1 — ve2 — Rip + Ve,

omou Vee 1 tdom téhwong xou I to pedua téhwone. Eiwodyovtag xatdhinhes ahhoryée yetofAntoyv (deite
Kegdhoo 5) xatolfyoupe oto olotnua,

_ g 2
xl_Q(l—k‘) (1 € Jrl‘g)
T = i.ﬁ(}?,

Qk (141)

k(1 -k 1

3= —Q(g)(ml +x2) — 6953,
OTov o I I

k L Q=2 (142)

:Cl—l-Cz R ,g:VTR(Cl‘f’CQ)‘

Av ¥éhoupe va Sieyelpouye TOV TOAXVTOTY UE Eva TERLOBIXG orjud, TOTE Uit Toh) cuvnhouévn uédodog
ouvioTtaton oTNY eloaywYh Topdhhnha ue to I, plag ypovoeZopthuevne tnyic pevpatoc i = TAf(t), dmou
A elvau 10 xavovixomounuévo mhdtog g dtatopayic. Autd odnyel otnv ahhay I — I(1 + f(t)). 'Etou
10 (141) yiveton

. g 2y

Tl = m (1 — € + Ig)

iy = & (3 + Af(1)) (143)
I3 = _Qk(lg_k(xl + $2) — éx?’?

0.5.5 Avaoxonnorn Xuvniicpuévey Medoédwy Avaiuong

[Topouctdlouvye Wiar oVAoXOTNOY TWV TLO CLYVE YENOLLOTOUUEV®DY UEVOBWY TOU YENOWOTOLOUY-
T otV PBAoypaplar TV NAEXTEOVIXGY TOAAVIWTOY YL TNV AVIAUCT] AUTOVOUMY Xl TEQLOOLX Ot
ATAPAYUUEVWY TUAAVTIOTOV CNUELDVOVTAS TOUC TEPLOPopol Tou xdle ula €yel. Teywvixéc Aemtouépeieg
TopoAelmovTon, ol Biefodxr avdhuoy Twv uetddwy Beloxeta oto Kegpdiowo 5.
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Avtovopor TahaviwTég

To xprthpto Barkhausen [52] eivon 1 mo xhooixr uédodoc avdhuone ToAavTmTdY. L0U@onve Ue auTo,
1 OAoL ToL GTOLYELA YRUUUXOTIOLOUVTAL Xo 1) XElon THLY| TWV TUQUUETEMY YLl TNV OTOLL 1) YUEAXTNELOTIXY
e€lowon éyel pavtaotinég pileg elvon To xptthpto Takdviwong. H pédodog elvar ovolactind toodivoun ue
™V elpeon e dtoahddwone Hopf [35] yio o obotnua dtay autd ypoppxonoteitar Yopm ond tTnv apyn.
HMoapdha awtd, n cuvirnn dev e€acgaiilel 6TL 0 xOxhog Tou Vo teoxdPel eivan evoTadfc.

Ytov [40], o tahavtwthg Colpitts unotieto 6Tt Aettoupyel xovtd otnv xouniAn Hopf. Auté emitpénel
™y avarywyh oty xevipixh toloamidtnta [60, 11] xar oty Tpocéyylon ToL GUCTAUATOC OE AUTHY atd
Vv xavovixt| woey) Hopf. To mpdBinua tne uedodou eivon ot elvan €yxupn oe plar Uixer| LOVO YELTOVIA TNG
xaumOAng Hopf 6mou o oplaxdg wbxhog elvan oyeddv nuitovoetdric. Ouctactind mpooceyyileTtal 0 optaxdg
%x0xhog mou yevviETtal xotd Ty Stoxhddworn Hopf xou dev napéyet tepoutépm mAnpopopio yia Tnv Suvauixy
Tou. Mmopel va dwiel wg yevixevon Tou xpitneiov Barkhausen.

AN\ owoyéveto uedodwv elvor autéc tou oyetilovta pe tnyv pédodo Harmonic Balance [58]. Kotd
TNV EQUPUOYT TNS 0Ta NAeEXTEOVIXE BAETEL xavelg Ta tardnTnd oTotyelo cav vo oy nuatiCouv pia cuvdeTNno
uetagopd H(s) tne omolog 1 eloodog elvan puar un yeouuxi ouvdetnon f(v), evéd wg é€odo diver xodapd
nuttovix tdon v = A cos (wt) (8eite Lyfua 5.6). To giktpo H anoppintel OAeC TIC QUOUATINES CUVIGTOOES
oto avdmtuypa e f(v) extéc e depehmdouc. H mpocéyyion auth elvar ouctaotind toodivaun Ue Tic
TOEATIAVE X EYEL VOTUA LOVO xovTd oty xoumOAn Hopf.

M éAAn mpocéyyion [9] cuviotaton oty Yedpnon Tou un yeouuxol ToAoVTIOT! W aoUevds U
YEOUUIXOU X0t TNV TEOGEYYLON TNE TAONE EE000U (OC ULC UiXENG U1 YRUUUMXAC SLOTApay fig EVOS NULTOVIXOU
opov. Kdti tétoto elvon ahndéc, av yio Topddelyua oL ouxés anmieleg telvouv oo undév. ‘Oieg ot pédodot
€)OLY OLUCLUGTIXA TOU (BLOUG TEPLOPLONOUS: AcVEVAC Un YRUUMXOTNTA 1) AEtTOoLEYIA XOVTA OTNY XOUTOAN
Hopf xou nuitovix| mpocéyylon tng tdong e€660u.

Extéc¢ twv nopandve, €youvy npotaldel xou auoTneég, ToloTixéc uéVodol GE GUYXEXQLIEVA XUXAWUATAL.
H mo xhaowt| elvan auth tou Colpitts [41, 18] 6mou avahbovtar ot daxhadooel tou (141). Ty pédodo
QUTAHY €QopUOlOLUE Xou EUEC OTNY UEAETN TNG UN YRUUUXAC Suvouxic Twv Tohavtwtoyv. Iapduoleg
ueréteg éyouv elodyel mopadelypata Tou Ydoug peretwvTag to xOxhwuo tou Chua [31, 32]. ITowotixéc
npooeyyioeg [14] €youv yiver xou yioo Ty MOS vlomoinon tou dagpopixod L, ahld €youv meptoptoTel
o apLiuNTIXT| EVPECT] TV DLAXAADDOEWY, TURA TNV YEVXOTERY HEAETH AUTAS TNG XAAONG TUAAVTOTWY.

Avaywyh ®dong xou Isochrons

H 8éa tng avaywyhc o Yovtéra @dong elony 9 6Touc NAEXTEOVIXOUS TOAXVIWTES VLol TRMTY POEd.
oo [15] 6mou yenowonoiinxe to TeHOTNS TEENS Yeauuxd HOVTELD Yo Tov xadoploud tng enidpacns Tou
Yoplfou oe évav Tahavtwth. Lty ouvéyewar ota [55, 56] elofydn n évvola twv isochrons, xadoe xou
oeutepofdiuteg TpooeyYioelg Toug, oL oToleg OUMG AELIUNTIXG OEV €YOLUY XATOLO OYEAOG GE OYECT) UE TNV
xerion Tou tekeotr Koopman nou napoucidooue. Aev €yel allomoiniel nepartépw 1 évvola Twv isochrons
OTA NAEXTEOVIXY.

Yuyypoviopoc oe Ileplodiny] Alatapayi

Ou yédodol mou yENoWOTOVOVTAL YL TNV AVAAUGT] TOTU GUYYPOVIGUO) TERLOOLXS BLOTAUROYUEVKDY Ta-
AOVTWTOY UTORoLY VoL YwEIoToUY OE TeElG oxoyéveleg: harmonic balance, averaging xou povtéha gdong.

Harmonic Balance

Trodétovye OTL €vol EEWTEPIXO GO EYYEETOL GTOV TOAAVTWTY Xou OTL To TardnTixd oTolyela cuUY-
xpotolv éva bandpass @iktpo pe xevipiny) cuyvoTNTo W (o1 BNAABY PE TNV CUYVTOTNTA TOU AUTOVOUOU
tohovtoth. To Eyrdua 5.7 delyver o block didypopua tou cuothuatog [58]. H tdon e€68ou unotideton
NUTovoedic v, = B cos (wot + ¢) xou 1 eloodog v;(t) = Ah(wi,t) 6mov h eivon 27 teplodixr cuvdpTno.
H f ogeileton 670 un Yeouixd XOUUATL TOU XUXAOUATOC.



0.5. HAextpovixol TalaviwTtég 34

Trodétovrag 6Tl 1 €€080¢ *AEWWVEL 0TNV £l0000, Wy = Nwjy, xou €T,

f(vi,v,) = f (Ah(wmt), B cos (wot + ¢)) = Z an (A, B, @) cos (nwot) + by (A, B, ¢) sin (nwot). (144)

n=0
Egapuélovtag 1o ¢iiteo,
Ae?® = H(jw) (a1(A, B, §) — jbi(A, B, ). (145)

Yty (145) to bandpass @ihtpo H éyel v popeh H(jw) = Ha(j(w — wp)) dote xaveic yeyiotonotel to
W — Wp UeYIOTOTOWVTAS TNV e€lowomn XxatdAAnia ¢ Teog ¢. ¢ mapdderyua, av datopoydel Teplodixd
n BJT vlonoinon tou LC 81opopixol TohavTmTr), %ol 0xX0AOUIOVTAC To TURUTAVE XATOAYEL XOVElS OTL
(Beite Kegdhowo 5 yio hentopépete)
w N(0)
Awpaxy = — max ——=, 146
T Q elozm D(O) e
onou N, D cuvoptioeic Tou 0. Ot Boacixol meploplopol tng uevddou etva: 1 é€odog umotiVeton apuovixy,
U1 YRS (ouvOUEVaL aehoUVTAL, TO QiATEo TpooeyyileTton and TEOTNG TAENC piATeo, 1) dlatapoy | uToTi-
Yeton aoevic. X TOUC TEPLOPIOROUE TNS EVOL TOAY XOVTE OTIC TMEQITTWOELS TWV ACVEVOC U1 YOOUUIXODY
TONOVTOTOV XL TNS YEUUUXAS TEOTEYYLIONS TOU YOVTEAOU (pdong (Tou Yo Topouctao TolV TopaxdTw).

Averaging xouw AcOevog MetaBarlouevn Pdon xaw ITAdTog

H 8éa tou averaging éyel #dn oulnmiel xau Véter coBapoic neploptopole. Luyxexptuéva [21], dew-
eOVTOC €Vl GUOTNUA
& =ef(x,tye), v € R", (147)

omou € U xou f CT,r > 2, gporyuévn oe @poryuévo olvola xan T mepodiny|. o to averaged clotnua

T
j== /0 F(y;t,0)dt, (148)

av To € elvon emapxde uxpd, To x, y etvon O(€) xovtd oe uior ypovixh xhipoxa t ~ 1/¢€, Yewpmdvtag Tt TV
t = 0 Eexavolv O(e€) xovtd. Enopévme to averaging €yel vopua yio tixpd H6vo e.

Trdpyouvv noléc epyaoiec [10, 7, 6, 8] nou axohovdolv v pévodo auth oe cuVBUAGUS UE TNV
pédodo twv apyd uetaBarhouevey TAdTouc xou @dong. g €va TaEABELYUA OVAUPECOUUE GUVOTTIXG To
anoteléoparta oo [10] (mhhene avdiuon oto Kegdhato 5). Oewpotye tov MOS biagopixd LC todhavtoty,
oA pe TNV avtioTaon mapdhinia ye To tnvio. Trodétovtag acdev Eyyuor, 1 Stoupopxr e€lowan Tou
TEPLYRAPEL TO choTNUA Elval 1)

wo woR d
Q - Q adt
Ocewpolpe appovixh elcodo xat 6Tt 1 €€080¢ Exel XAEWBDOOEL GTNV ULOT GUYVOTNTA, ONAAOH Vin, = Vip, cOs (wint),
v = V(t)cos(wt+0(t)). H pdon 6(t) xa to nhdroc V() unotideton 6Tt petoBdhhovion mToAd apyd o€
oYEoT UE TOUG Opoug wint. Egapuolovtoc averaging 6to cUotnua mou mpoxUtTeL yio o V, 6 xotadfyouue
OTL HOVO OL OPUOVIXES OTNY CUYVOTNTA W EYOLY GUVELGQORA GTNY duvor. ot xuBieh un yeouuxoTnTa
€YEL XOVEIC TO GUCTNUL,

b+ —+wiv = (in1(v) + i (v, V1) - (149)

. woaR [ 1 3 o kVi,
= — — =14 - — 20

174 20 (aR + 4cV 5 cos (20) (150)

0=Aw— Wsin (20).
H Onapén onuelou woopporiog avtioTtolyel oc xAewbwuévn e v eicodo xatdotacy. Tétow xatdotaot
UTAPYEL LY,

k mn
lw —wo| = |Aw| < ok BVin _ AWmax, (151)

4Q
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an6 v omolo mpoxinTel To péyioto locking range. Ipayuixomnoinon ylpw oamd to onuelo wcopponiog
delyvel 6L autd elvon evotadéc.

Ov opoldtnteg tne uevddou authc we v Harmonic Balance yétdodo eivon mtolhéc. Apyind oc oppodtepeg
TIC MEQINTWOELS LUTOTIUETOL OTL 0 QUTOVOUOS TOAVTWTAG ElVoL OYEBOV YEOUUIXOS UE CUYVOTNTA XOVTA
OTNV Wp, 1) CUYVOTNTA €EH00U ElVOL XOU AUTH XOVTY OTNY Wy Xl UOVO 0L GEOL GUVTOVIOUOU UE OPUOVIXO
TEPLEYOUEVO OTNY Wy €youv onuoocio (emedr) eite éva bandpass ¢iktpo, eite to averaging omoppintet
TIC dAeg appovixéc). Emmiéov oty uédodo auth yivetow n unddeon 6t to mAdTog xou 1 @don dev
petaBdhhovTar YeRyopa, Wi TEocEyYLlon nou elodyel neputépw o@dhpata. Me emoxémnon e (151),
xatohryer xavelc 6tL To locking range elvon cuppeTed YOpw omd TNV W Xl AULEAVETOL YEOUUULXS UE
70 TAdTOC €10600U. (20TOG0 aUTO GeV Elval 0wWoTO, OTWS Exel eENyNUEl xou Yot TNV YROUULXOTIO(NGT, TOU
povtéhou @dong xou Yo culntndel xou téAL ota endueva. Ouotaotxd, 1 (151) divel Ty xhion Twv cuvoE®Y
TOV TEPLOYDY GUVTOVIGHOU Lol TOAD UXEd TAATH X Uixpég oUYVOTES amoxAioel Aw.

I'ooppixd Movtéla ®dong

H avorywy?| o€ ypopuuxd povtéha pdong €xel eppaviotel tpdogota [25, 26] ke 1 evorowntixh Yewpio Tou
CUYYPOVIOUOU TV NAEXTEOVIX®Y TohavToT®Y. Ouolactixd 1 pédodog elvar axpBoe Bla ue TV yeouuixy
Tpooéyyion e elowong Qdong mou TapouctdoTxe oto pépog Tou TehecTr) Koopman. Xuyxexpuéva,
oV 0 AUTOHVOUOS TOANVTOTAC €YEL GUYVOTNTA W XAt 1) STy TERLOBLXY CUYVOTNTOC w (UE Oyt UEYSEA
BLopopd o 800 cuyvoTnTeS), xau av 0 = ¢ + wt, N e&lowon @done mpooeyyiletar oe TEAOTN TEEN XAt PETE
amd averaging,

s awt L [ gr =A
o= w+T/o Q" (¢ +wt)g(t)dt = Aw + h(9). (152)

To didvuoua dratapoy v g Yewpeiton 6Tt €xel yio wovo evepyd ocuviotwoa, Ty i. To locking range topa
oiveton and TV Awmax = maxy |h(¢)], n onola oty nepintwon nuitovixAc eloédou divel maxy |h(¢)| =
A|l'1]/2, 6mou |T'1| eivar to mhdtog Tne me@ne oppovixhc tne Q.

H neplopiopol tne uetddou cuvodilovton oto TapoxdTe.

o H petaffinty) Twv isostables aueheiton mApwe. Emmiéov to gradient VO npoceyyileton amd Tic
avtioTolyeg TWéS TOL TAVK GTOV oploxd X0UXA0, OTwS xou 1 dlatopayr. AuTth 1 TEAOTNG TEENg
TEOGEYYLON LoYVEL WOVO Lol TORD UXEES TES TOU TAGTOUSC TNG OLoTapory .

e Yy ellowaon Tne pdong €xel yivel averaging to omolo €l0dYEL TEPATERL TEQLOPIOUOUS GTO OGO
Loy uer| uropel vou lvan 1) dlarTopoy ).

e To yéyioto locking range nmpoéxue GUUUETEIXO WS TEOS TO Wy X avdhoyo Tou TAdTouc. Autod
TO ouunEpaoUa elval axplBme avdhoyo pe T uedodov Harmonic Balance xou averaging. H cwoth
epunvela elvar 6TL TO TEOCEYYIOTIXG LOVTENO PAoTC BIVEL TNV XA(OT) TN EQATTOUEVNC TWV CUVOEWY
v Arnold tongues, mapd ta (Bl To dpta.

Y10 [26], éxet yivel pua mpoonddetor vo oupmepthndel xou 1 enidpaom tne Slatapoyic 0To TAETOS TS TOAGY-
TWOTNG. LUYXEXQWEVA, 1) ATOXALCT] TOU TAATOUE HETAUED TOU QUTOVOUOU TORAVTWTH X0 TOU BLUTOROYUEVOU
o€ xamoLa pdom ¢, Yewpelton 6TL umopel var bovel wg Ypovindg UECOS 6pOC EVOS YIVOUEVOU avTIGTOLYOU UE
0 QT (¢ + wt)g(t), uévo mou Thpa N cuvdptnon Q avtxadicTator amd wa G cuvdptnon D urebiuvn
yioe to mhdtog. H eniSpoon tou mhdtoug oty (152) thpa ebvor, (152),

h(¢)

(153)
Y10 mopomdve €xel yivel 1 unodeon OTL Vou UEV TO TAATOG ETULTEEMETOL VoL EYEL UXEES ATOXAICELS Amd TNV
QUTOVOUY| TWT TOU, OAAGL TOL YUEAXTNELOTIXG TNG XUPATOUOR®NS Topauévouy avohholwta. H mpocéyylon
aUTH OEV OlPEL TOV TEQLOPLOUO Yo UXEE TTAATY), EVG TO averaging €lodyel ToUg YVWwoTolg TERLOPLOUOUC.
Ouotaotind eivar cav va tpooeyyileton To obotnua dpdonc-ywviog (114) ye to

0=w+V(0,r)-g(t)

. (154)
r1 = o1 + Vri(0,0)g(t),
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XL 0TV CUVEYELX Vo EQopuoleTal averaging otny e€iowon tng dpdong. Hapdia autd dev uTdpyel xdmola
aotnet| eZoywyh e (153), and v (154) tou va dixonohoyel Tov mapdyovta 1/(1 4+ A) oty e&iowon
¢ @done. Enouévee, to gradients mpooeyyilovton xou mdhl amd Tic avtioTolyeg TWES TOUG GTOV 0plaxd
x0xho mepLopllovTag TNV eQopuoyn Tng uedddou xou AL o€ acevelc dlatapoyég.

Yuvodilovtag, ot pédodor Harmonic Balance, Averaging xou to xhaooixd goviého @done (ywels v
en{dpoiom ToU TAATOUC) Elvol OUGLAGTIXE LGOBUVOPES: OL BLOTATES TOL LYY POVIoHoU xoopilovtal and Tov
GUYOLAOUO TWV GLYVOTATWY TOL Blvouy TNV Yeuelmdn elte Y€ow xatdhAniou gihtpopiopatog elte u€ow
averaging. H petaffAnty| dpdong ayvoeiton xan 1 Suvouixy| npoceyylleton o€ Yl TOAD pixet| TERLOYT| TOU
optaxol xUxhou, xdtt mou anawtel ToA) ac¥evn €yyuon. Ou uédodol auTtéc ouctaoTixd TEoceYYIlouy TNV
EQATTOUEVY) TV GUVOPKY TV TEQLOY WY CUVTOVLOUOD Yiol TOAD WXEE TALTY X0 TOAD UXEEC CUYVOTIXEG
otapopéc. Me autdv tov TeoT0 TOAAG duvouLxd pouvoueva aperolvTor. H dewpnon xo tou mhdroug 6To
[26] mopapéver teploploTixnd, apol ovolaoTtixd npooeyyilel Ty dwtopay i xou To gradient tne petoBAnThc
dpdone (6mwe xou TS Pdong) omd TIC TWES TavL GTOV XUXAO Xou oTNY ouVEyEl e@opublel averaging,
AmOLTOVTOG Xot AL ac¥evég mAdTog Stapayric. To mpdfBinua tou cuyypoviouol avtipetonileton 6TV
YEVIXOTNTOL TOL oo TNy Yewpla Koopman.

0.6 Mn 'poppixy Auvvopixy] Hhextpovixwy Takavtwtoy

Mehetdue tnv un yeouuixr| duvouixy| Tou dlagoptxol LC tahavtwt xodog xo Tou Colpitts. Teyvixég
AemTopépElEC TopaAeimovToL Xan UmopoLy va Bpedoly TAewy avaiuuéves oto Kegpdhawo 6.

0.6.1 Mn yeappixy] dSuvauixn dapopixwy LC TahkaviwTtoy

O tahavtwTég autol Teptypdpovton and to olotnue (134),

T =—-Qy+ QG f(x)
y=(r—y)/Q,

ue f toudyotov C4, meprtth xon £ (0) < 0. Asiyvouue avohutixd 6TL TOUNGYLOTOY G pia TEpLoYH
™G opY NS, aveEopTATWS and Ty wop®h e f, 6ha Tor cuothpata TN Hopehc (155) eupavilouv molotxd
™y auth TV oupneppopd. Yrodétoviac f(z) = x — ca® + O(2®) xou xdvovtag xatddhnhec alhoyée
UETABANTGY TO CUCTNUO YEAPETL,

(155)

= (156)

Tog = W1T1 + oo — x%xg — .%':{’ + O(x‘;’)
Apehdvtog Toug bpoug avidtepns téEne to (156) avtiotouyel oty xavovixr uopyr Bogdanov-Takens ye
Zs ovppetpla (6 Ty z — —x) [35, 60].

Tomxéc ALaXAAdWOELS

H opyn elvan onpeto woopponiog yio xde g1, po. E&etdlovtag tov Jacobian mivoxa, mpoxinter ot
v = 0 to obotnua €xel pior OLAY| Undevixt| WloTiy) avtiotolywmvtoag o codim-2 Bogdanov-Takens
oteAddwon. Ta g < 0 and pa < 01 apyr etvan euotadnc. Xto po = 0, pr < 0 cuyBaiver par StaxAddwon
Hopf (cuuPoriletor g HM). Me xatddhnhouc petaoynuatiopolc (deite Kepddowo 6) amodeneviouue 6t
elvon supercritical diaxAddwon. T'a g = 0, u2 # 0 o Jacobian rmivoxag €yet pior undevixt| wtoTiur. Ao
v (156) gaivetar 6L yioo i = 0, 800 cuppetpixd onuela wooppomiac (£,/f11,0) Swnhaddhvovtan ond
v oy T pr > 0, n apyy yivetan odyuoa, eved egetdlovtag tov Jacobian mivaxo ota cuuueTeixd
onuela, TpoxUTTEL 6Tl aLTd dnutovpyolvtar aotadh. Ondte wa subcritical Pitchfork (cupfBoiiletar we
FW) 8undédwon oupBoiver oto g = 0. Ta 300 cuupetpixd onusia wopponioc yivovta euotadt| uéow
woc subceritical Hopf Stoxhddwone (ouuBoiileto we H (2)) Yoo o1 = p2, Ve 800 aotadeic optaxol xOxhol
OLAXAAOWVOVTAL.

[Tepoutépw Tomég Slohadwoelc dev undpyouv. Ilpénel duwe var uTdEYOLY OAXESC BLOXAABWOELS OpL-
oy wAwv vt i pg < 0, 8ev undpyetl xovévag optoxds xixhog, agol V- f(z) < 0. Enopévec
TEETEL VoL €Y 0LV GUULBEL OMXES DAXAABDOELS TTOU TEOXUAOVY TNV XATAC TEOPY) TV ELCTAIWY Xl Ao TUdOV
oplox@v xUxhwv. H uerétn Toug amoutel tnv Ocwpioa Melnikov.
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MéYobo¢ Melnikov

Oewpolue éva BdLdoTaTo Blatopayuévo XoAToviovd cUoTNUA TS HopPnS,

. OH
T = aﬁy"‘d(%%@ﬂ)

OH

y = _% +69(x,yaﬁaﬂ),

(157)

onou H eivon 1 XopAtoviavn, 1 lvan €vor Bldvuoua ToapouéTewy, € EIVaL 1) TOPAUETEOS dlatapay g xat f, g
ETOPXAOS OUAAES CUVAPTAHOELS. Lta Topaxdtw h(z,y, €, 1) = (f(:z:,y, e n),9(z,y, e,u)). Trodétovpe 6TL
(60, 21],

o [ e =0, n (157) éyel wa ogoxhvixt| tpoytd I' mou cuvdéel to adyua zo pe Tov eautd ToU.

e [a e = 0, (157) undpyet wo Lovo-TopaueTteixy| ooyévelo oplaxadv xwv 'y @ (zp(t), yn(t))
nepLodou Ty, Y h € I, 6mou I xdmoto SldoTnua.

Apyind e€etdloupe TNy BlaThHENOY TV TERLOOLXGY TEOYLOY LTS TNy enidpacn g datapayhc. Opllouue
v ouvdpetnon Melnikov we axoroliwe.

Definition 0.6.1. Opilovue tnv (npdtng tdéns) ovrdptnon Melnikov katd punkog €vds opiakol kUkAou

wg,

T,
M(ha :u) = /0 (yha _i;h) : (f (xh(t)vyh(t)>0’u) y g (xh(t)ayh(t)a 0, :u)) dt, h el (158)

‘Onwe éyel oplotel, n ouvdptnon Melnikov divel oe mpdytn Td€n TNy andotoon UETAED TWV ETUTEDWY
e Xophtoviavic evdg onueiou xou tne exdvag Tou péow tne amewdvion Poincaré (Kegpdhowo 6). Eneton
OTL €vag 0ploxdg xOxAog datneeliton av 1) amboTacn auth elovt undév. e oyén pe tnv ouvdptnorn Melnikov
€youpe to axdhoudo.

Theorem 0.6.1. Av vndpyer hg € I kai j19 dote

M (ho, po) = 0, 87M(hoauo) # 0, (159)

Ooh
T0T€e Ya enapkds Uikpd € n (157) éxea évav vrepfohid kikdo T'e ya p = po + O(€), dnAadn o T'y,
daTnpeitar wsg TEP0OIKY TPox1d VTS TNV €midpaon Tng datapaxns.

Proof. Acite [2]. O

Y ouvéyeta e€etdloupe v Swatripnon tne ooxhvixic tpoyldc. Eotw Wo(ze o) xaw W (xc0) 1
evoTalfc xou 1) Ao Tod7ic TOAAATAGTNTA TOU BLATAEAYUEVOL GayUaTog, avTioTolya. T € uixpod, To onucio
toopporiag dlatneeiton wg odyua, elvon € xOVTd 6TO aBLATAEUXTO, OTWS XL OL AVTIOTOLYEC TOMNATAOTNTES.
[Mapdpora ye v mponyoluevn nepintwor, opiouue tnv cuvdptnorn Melnikov wg axohotdwg.

Definition 0.6.2. H nmpatng tdéng ovvdptnon Melnikov vroAoyiopuévn katd unkog tng opokAVIKNG
Tpox1dS opiletal wg

M) = [~ IH () hlao),0. ) (160)

Ané tov oplopd (beite Kepdhowo 6) mpoxinter 6Tt anotekel Ty mpddtn t8&ng npocéyylon tne ondo-
Toong PeTaEh W¥(ze o) xar tou Wo(xc o). Enopévoc yioa otodepd i, xar € uxpd, ot tolManAdTnTes eite
Towtiovton eite dev téuvovto xodtohou. Me amAy| EMOXOTNGOY TV 0pIGUNOY TwV 0V0 cuvapThoewy Mel-
nikov mpoxOntel 6Tl 1 YOVN Blaopd elvon TNV XounUAN €Nl TN omolog YIvETal 1) OAOXAAEWOT), oV XoL 1)
avdhuon yioe Ty e€aywyt Toug ebvon Sapopetiny| (Seite Kegpdhato 6). "Eyoupe to mapoxdte dedenua.
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Theorem 0.6.2. Ay vndpyet j19 &dote

M(o) = 0, 22 (119) 0, (161)

o
téte yia € emapkas pukpd, o evotadng kar aotadng roAdarAdTnTa tov e, We, (we0) kar WY, (ze0),
tavtilovtar ya = o + O(e).

Proof. Acite [60]. O

Me yperion tne napomdve Yewpliog unopolue va peheTAoOLUE Tic OAxéC Btaxhadnaoel tou (155).

OAxéc ALaxXAAdWOELS
IMa va petatpédouye to (156) otnv popey| (157). etodyoupe tnv odhory i UETUBANTY,

T =eu, y =€, puy =€, ly =€, t — t/e, (162)

on6te To (156) yiveto

U=

) ) | (163)

z}:u—u2+6(yv—uv

To olotnua (163) éxe thpa v wopeh (157) xa cuyxexpéva avtototyel otov Tolavtwty Duffing.
T e = 0, 1 Xoguhtoviovd efven 1 H (u,v) = 202 — Ju? + Tu? xu 1o noptpaito gdong tou yvwoté xou
arewxovileton 6to Xyfua 6.1. Abo cUUUETEIXES OUOXAVIXES TROYLES Fat (Mo Za ouppetplac) cuVdEOUY
™V opyn (Tou eivar odypo) Ye ToV EQUTO TNE XAk AVTLOTOLY0UY 0To undevixd eninedo tne H. T —1/4 <
h < 0, x&¢e eninedo e H (u, v) = h avtiotolyel oe 500 CUUUETEIXES TEPLOBIXES TPOYLES TTOU GUYXpOVOVTOL
ot0 h = 0 oynuatiCovtac plor cUUUETEXT opoxhvixy) Teoytd. T b > 0 undpyel wa wovadixy Teplodixy
TEOYL.

Adyw ouppetploc apxel va eEetdooupe pévo tnv I . Hapouetporowdviac Ty tpoytd xot utohoylov-
toc TNV ouvdpTtnorn Melnikov, xotodfyoupe étt, M(v) = 0 yioo v = 4/5, xar €0l yior ETUEXOS Uixpd €, TO
obotnua (163) €xet opoxhxt tpoytd v v = 4/5+ O(e) ¥ 1oodlvapa oTic p LETHBANTES, o OLOXAVIXH
xoumOAn Saxhddwaone (oupBoliletan pe P)

4
po = o+ 0 (1) (164)
'Etot éyoupe amodel€etl avahuTind Ty Umopdr oUoXMVIXTE BLOAABWONG OpLIXMY XOXAWY XL 1) TOUQOTAVE
eZlowomn Bivel TV ypopux) TEOGEYYLON NG XAUTOANG Yo f Uixpd (1oodUVopo TG EQUTTOUEVH OTO
H1 = 0).

[No tov xadopioud Tou TAHOUC TV OPLIXOY XAl TOV TEOGOLOPIOUO TNG XOUTUANG BLaXAdBMONG
odyuatoc-xouPou, yenoiwonolue tny cuvdetnon Melnikov unoloyiouévn otic neplodixéc tpoytéc. Ildve
oe pa eptodix Tpoyid v (t) e (163), n ouvdptnon Melnikov etvou

M(h,v) = /Th Up, (1/1) — u2v> dt
0

= I/Il(h) — Ig(h)

(165)

Ened? 11 (h) > 0 apxel n yerétn twv plldv tne

~

2(h)
Li(h)
)

Xpnowonowhvrog WBotteg e R xotahfyoupe (Seite Kepdhowo 6) oo axdrouda.

N(h,v) = v — R(h), R(h) = (166)

1. Tw v > 1, v > R(h) vy xde h € (—1/4,0) xou vndpyet povadixé h > h* dote R(h) = vy.
Enopévog, undpyet euotodic meptodnt| tpoytd yia € xou v = v + O(e).
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2. Avyg € (R, 4/5), v < R(h) yie xédde h € (—1/4,0) xou undpyouv h—1, hg > h* Gote R(h;) = v.
Ondte, uTdpyouv dV0 TERLOBXES TPOYLES Yia ixpd € xat v = 1y + O(€), 1 wo evotadnic xow 1 Gk
acTadig evTog Tng euoTadolc.

3. Av iy € (4/5,1), undpyer povadixd hg € (—1/4,0) dote R(h) = v xou povadixd hy > h* wote
R(h2) = v. "Apa 10 (6.34) éyer Vo ouppetpixole vrepBohixole xixhoug Y v = vy + O(e). O
ouupeTpixéc tpoytéc elvan aotadeic apol R(h) < vg yioo h > ho xou R(h) > vy ywo h < hg. H tpit
eviog g omolag Bpioxovton ol dAieg BUo elvan eusTodvc.

4. Yto v = Ry, ouufaivel Sloxhddwon odypoatoc-xoufou xan ol euotadeic xou actodels xOxhol cuy-
xpovovtal o e€agpavilovra.

5. Avv < Ry, v < R(h) yw xé&de h > —1/4. "Apa Sev undpyouy TERLOBIXES TPOYLES.

Enotpégpovian otic apyixéc mapopétpouc i tou (156), UnopolUe Vo ONOXANEMOOUUE TNV avdAuoT
otaxAadoeny. o
3/2
4p1/5+ O (ul/ ) < pg < 1, p1 >0, (167)

uTdipy oLV TEELS xUXAOL: évag evotadic (tou yevwhinxe and supercritical Hopf Sioocdhddwon tne opyhc)

xou 6Vo aotadels (Yevwhinxay and subcritical Hopf StoncdhoBdoeic v oupueteixdy onueiny tooppotig).

O evoTtadnc oploaxde xUXAOG TEQLXUXAGDVEL TOUC oG Tl o Tor ONUEl LOOPEOTIAC. LTNY XAUTUAT OpOX-

Avxrc BloxAddwaong ol 800 actoelc x0xAoL GUYXEOVOVTOL Xl ONULOUEYOUY ULal CUUHETELXT] OUOXAVIXY
TeoyLd. It

R 0 (u3” dpr /5 + 0 (1 0 168

i1+ (u1><u2< pa /5 + (u1)7u1>, (168)

uTdEy oLV 600 xUXAOL: €vag PEYUADTEROS EVGTUUYC TOU TERXUXAWVEL TOV aoTady. o

112 = Ryppin + O (ui””) , >0, (169)

ot 800 x0xhot cuyxpovovTon xat eEopavilovtal péow pLa Slaxhddwong odypatoc-x6uBou (cuuBoiileton ye
K). Ia

po < Ryp1 + O (ui’ﬂ) , 1 >0, (170)

dev uTdpyouv optaxol xUxhot xat 1 (156) €xet d0o cuppeteixd eustadt) onueio loppomiog xou TV apy R K
odrypo. To Myhua 6.2 cuvoilel tig Broahadnoelg Tou(156). Toviloupe dtt ot (169) xou (164) avtioTtoryolv
OUCLUGTIXA OTIG EPATTOUEVES TWY TEAYHATIXOV XOUUTUAGOY. Enouévng xdie nAextpovinds ToAavTwThg ToU
omolou N un yeopuxr cuvdptnon f xavornotel Ti¢ mpolnodéoeic mou Véoaue €xel SuvaULXT) TOTOAOYLXA
L6000V, TOUASYLOTOV XOVTd oTnV opyh, Ue To ovotnua (156). Av thpo exppdoouye T xounOheS
BlaxAddwone we mpog Tic @, G petafAntéc Yo €youue

G-1 G-1
Ynueia Ioopponioc: H apyn xau (£+/11,0), 1 > 0, < (:I:\/GC, i\/Gc) , G> 1.

Supercritical Hopf AwAddwon HWD po =0, p1 <0< Q>’G=1, G>0.

Subcritical Pitchfork Awmddwon FO . w =0&G=1. (171)
Subcritical Hopf Atoxhddwon H® = o, i >0 (3-26)Q*=1, G > 1.

Homoclinic Bifurcation Awodddwon P py = 4ue/5, p1 >0 < 12— 7G = 5/Q%, G > 0.
Saddle-Node Awoxhddwon K : py = Rz, 1 > 04 G(1 —3R,,) + 3Ry, = 1/Q2, G > 0.

Yoppeteia xow AlaxAadooelg

Me xivntpo v ouppetpio z — —z,y — —y Tou (155) otV Topoloo evotnto YEAETUE TN oyéon
HETAED CUUMETEIUS XoL DLAXAAIBDOEWY YEVIXOTERL.

Definition 0.6.3. Mia oudoa Lie eivar pna kAeiotr) vmoopdda Twy Ypapu koY, avTioTpéuwy Letaoyn-
patiopcwy tov R™ oto R", mov ouvuPorilovue ws I'.
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Xenowonowdvtag tny dpdon g I' oe évav ypouuixd yweo V, unopolue vo avanapacticovye Ty I'
UE Wi Ypouxr ameovion pe avtiotoryo mivaxo T7.

Definition 0.6.4. Eva dvvapuxd ovotnua & = f(z) elvar avalloivto ws mpos tnr I av,

f(yz) =~f(z), vy €T, z € R", (172)

1 10o0dUraua,
f(Tyx) =T, f(x), Vy €T, z € R". (173)

Enouévee av z(t) etvon hoon, téte xaw 1y - z(t) = Tyx(t) elvon hoon,.

H amholotepn un tetplupévn opdda elvon 1 1o6uop®n Teog TV Zg. LTNV AVATORICTAON UE TIVIXES
anoteheltar and dLo otovyelo R, I, wote R?> =1,. T tov R, undpyet tivaxog opotdotnTag S wote o R
OTIC VEEC CUVTAYUEVES VoL EYEL TNV LOPYPTY),

R= (174)

0 —1in2

I, 0]

we ny > 0, ng > 1 xou cupPohilovpe pe X, X~ v edva tov I, Ing aviiotolywe. Yto endueva
YENOWOTOLEITAL 1) C AV pop®n Tou R.

Definition 0.6.5. I'ia onueia 1w0opporias opilovyue:
o Eva onueio 10opporniag xg Aéyetar otalepé av Rxy = xp.
o Avo onueia 1wopporniag eivar R— ovlvyn av £1 = Rxg.
Avaléyws ya oprakols kUkAovg:
o Ma meprodikny Avon xy Aéyetar otalepny (F Avon-kikAos) av Rx¢(t) = x¢(t) ya kdOe t.

o M neprodixry AVon x5 Aéyetar ovupetpikn (R Avon kokdog) av Rrs(t) = x5(t + T/2) ya kdOe
t, omov T' n mepiodos.

M otodepy| meprodixf) Abon ¢ avijxel otov avalholwto wg mpog R ywpeo xou étol anantel nq > 2.
Avahoyone, n xs anatel ng > 2. Iewuetexd augdtepol xUxhol avtioTolyolv oe R avadAolwTeg XheloTéC
xoumOAES xat omolocdhmote R avalholwtog xOxhog eivar eite timou F' eite S [35]. Ipogavde av zo un
avolholwTog, uTdpyel xat SeUTEROC xOXAOC T1 CLULUYHS TEOC AUTOV.

Ot Brahadmoelg Twv R culuyoy onueiny LooppoTiog dev mopouatdlouy xopio 51opopd, amhas yivovton
oe Le0yn. ‘Eyouue to axdhovdo oyetnd pe ta otadepd onueio.

Theorem 0.6.3. Eotow f(x,u) dwuvvopaticé nedio opilov éva Lo avadoimwto olotnua, xo éva otalepd
onueio wopporiag kai (1 pMia TapdUETPOS.

e Av yia p =0 o onueio wopporiag éxer pa undevirrj 1wtiun pe wdidvvoua v € X+, tdére ovu-
Paiver wua fold draxAddwon kar étor vndpyovy tehikd dVo onueia wopporias avtifetns evotdeag.

o Av yua pp = 0 éyer pua undevikn) 1dotun pe 1dodidvvopa v € X, tote a pitchfork daxAdo-
won odnyetl otnr dnuovpyia Vo R ovlvydy onueilwy 1w0opporiag, evd to apxiké onueio aArdle
evotdOea.

o Av yia 1 = 0 o onueio 1w0opporiag éyer 6o kabapd pavraotikés ovlUYELS 1010TIUES e 1010XWPO
X¢, téte ovpPatver pia Hopf daxdddwon. Av o X¢ avike otor X1, n S1axdddwon Hopf ovpPaiver
evtds Tou X ondre dnuiovpyeitar évag F kUkdog. Av o X avijker orov X ~, téte n Suukdddwon
Hopf ovpBatver evtés X, ue anotédeopa va dnuiovpyeitar évas S kokAos.
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Yy mepintowon tou (155), ng = 2,n1 = 0, dote poévo duxhadnhoeig Pitchfork xou Hopf mou odnyotv
oe S whxhoug umopoly va GuUBolv.

LTpEPOUoTE TOPA OTLC BIIMAABDOELS 0PIV XUXAWY. ALXAABOCELS Un avoAoldTOY xOXAWY BEV
ToEoLGLdlouy oudeuio SLapopd, WOTE AcyYOAOUUAOTE UE TOUSC X0OxAoug Tumou F, S,

Zexwvdpe ye v mepintwon tov F xixhwy. Anodewvietor (Kepdhowo 6) 6tL o authv tnv mepintwmon
1 omewovion Poincaré elvoan R avohholwtn avdyovtag Ty avdhuon 6e auThV Za CUUUETEIXOY BLoXELTOU
YeOvou cuoTNUdTLY. 'Eyouue To mopaxdte

Theorem 0.6.4. Eoto f(x, i) davvouatié nedio opilov éva Zy ovppuetpixé ovotnua, 6mov i tapd HeTpos
ka1 é0tw 6Tt xyp évag kUKkAoOS.

o Av oto i = 0, p1 = 1, kavévag dAdog moAdamAaoiaotnig Oev éxel pétpo 1, ka1 to avtiotoryo
wwdidvvopa v € X1, téte a fold (saddle-node) daxAddbwon cupPaiva evtés tov X e
anotédeopa va dnuovpyolrtar 6o F'— kiUkAot e dagpopetikols Ttimous evotdlelag.

o Av yua pp = 0, p1 = 1, kavévag dAdos moAdamAaoiaotris Oev éxer uétpo 1, kar to avtiotoryo
wwdidvvoua v € X, tote ovuPaiver pa dukAdowon Pitchfork evtés tov X~ dnuiovpydvtag
ovo R oulvyels kUkAous, evw o apxkos aAddler tny evotdlad tov.

o Av yia pp = 0, p1 = —1 ka1 kavévag dAdog ToAdamAaoaotrs Oev éxel uétpo 1, tote ovuPaiver
wa flip (period-doubling) SaxkAddwon. Av to avtiotoiyo 1bwdidvvoue v € X, téte o kUklog
oimAaoiag mepi6dov elvar F' addids S timov.

o Av yia p = 0, 12 = % a1 kavévag d\og moAMamlacaotis dev éxe uétpo 1, téte pa
avaAdoiwtn KapumUAn diakAaddvetar and To ONHELD 100pPOTIAS avTIoTOLY WY TAS O€ évay avaAdoiwTo
tépo T? = R(T?) ya to ouvexols xpdvou adotnua.

Yuveyilovtac pe toug S xixhoug, anodeixvietar (Kepdhowo 6) 6t 1 anewxdvion Poincaré Sev eivon
R avadholwtn, ohhd ypdoeto oc P = Q2 yiu xatddnia optopévn Q. H cuvdfxn auth dev emitpénel
TNV EPEAVLOT BLTAACLIGUGY TEPLOBOL, EV6 amoutel xaTdhAnhn TeomoToinon Twv cuvinxdy v € X+ ue
Bv = +v, 6nou B n Jacobian tn¢ Q. Me autéc Tic Tpononotioelg To Oedprnuo epopuoleTo.

Y10 (155), ng = 2 xau étou éyoupe povo Pitchfork, xon Hopf Srodhadidoeic odnywvtag o S xixhoug,
xal SLAABWOELS Ay HATOG-XOUBOL Yior TOUC S xUXAOUC, GE GUVETEL UE Tal ToRaTdve. ALEnom tne TéEng
TOU CUOTAUTOC OTO Ly Aua 5.5, ue mpootixn emmAéov tanks Sotneel Ty Zs oupuetpla teptopilovtog Ta
BUVAULXEL PALVOUEVL TTOU UTOPOUY VoL TpoxUYoUY GE TaEOUOLX UE TO ETUNEDO GUGTNUA.

Avvapixy] Tng YAonoinong BJT xouw MOS

Yt mponyoLueva Yehetoaue toug dlapopixols LC ToahavimTée Yevind xou Oelaue OTL 1) SuVaLXY)
CUUTERLPOEE TOUG Elvor (Blar OE TOLAAYLOTOV Wi TERLOYTH TNG 0Py G, LTNY TMapovoa evOTnTa UToOYI{OUUE
aptuNnTd T TANEELS XAUTOAES SLoXAGOWoNE Yior TNV LAoTolnon tou Tahavtwty| pe BJT xouu MOS.

T v vhornoinon pe BJT éyoupe f(z) = tanh(z) xu ¢ = —1/3. O avdtepor bpot e f Yo
OANGEOUY TOGOTXE. TIG XAUUTUAES BLOXAAOWONS, WOTE 1) YRoUUXTH Teoagyyior Yo madoel vou Loy Vel Loxptd
a6 to onuelo Bogdanov-Takens. H xouniin Sindédwone supercritical Hopf (H™M) cuuBaiver axpiBioc
670 Q%G = 1 xau 1 Pitchfork oto G =1 (FW). Ta ouluyh onueia woopporiac Sivovtos and Ty

(TeyYe) = (£2,£2), Gtanhz =2, G > 1, z #0. (175)
H subcritical Hopf xapnoin Siwdddoone (H?)) diveton ané tnv

r tanhr
tanh 7’ r (1 — tanh? r)

(G,Q% = , > 0. (176)

H opoxhvixty (P) xou n fold (K) 8ev unopodv vo unohoytotodv avolutixd poxetd and to BT onueio
(Q,G) = (1,1), éxou yenorponototpe To MATCONT [16]. To Eyfua 6.3 Seiyvel tic xoumiies Slaxhddwong
oto eninedo twv napopétewy. Ou xoumiieg opoxhvixrc xou fold dxhddwone (@, G) madouv va eivon
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eudeiec xadde anopoxpuvopacte and to (1,1), dnee avopévetar. Lnuewdvetor 6Tl 1 TOLOTXY TEPLYPUPT
Tou (156) meprypdyer TAHewe Ty duvopxy| Tou (155) ue v dedouévn popenh e f.

To Eyfua 6.4 delyver paowd mopteaita Tou (155) yia Tipée mapauétewy Tou aviiloTololv oe xdie
teptoy) Tou LyAuatoc 6.3. Xto (a), oL TapdUETEOL AVAXOUY GTNY TEELOYT XAT® ond TNV XouTOAY super-
critical Hopf xou petadd g xounding Pitchfork tng Hopf. Emouéveg, n opyn eivon euotadrc xou dev
uTdipyouv dAhoL eElxvoTéc (eite o Vetxo eite oe apvnTxols ypdévous). 2to (b), oL TopdueTtpol avixouy
TNV TEPLOY Y TV amtd TNy xaunUAn supercritical Hopf xo yetad tne xaunving Pitchfork tne Hopf. Apa
n apyn etvon repeller o Stxhaddveton évag evotadic optoaxds xOxhoc. Lto (¢), oL TUpdUETEOL avixouV
otny neployn) mou opileton and tn xounOAN Pitchfork xau tnv subcritical Hopf, ondte €youv dnuovpyniet
0Lo ouuueTEd aoTadr onuelo looppotiag. To onuela autd €youy yivel euotody| xan €youv dnuoupynlel
dVo actadelc oplaxol xOxhot YOpw toug, oto (d), 6TOU oL TUPGUETEOL AVAXOUY GTNV TEELOYT UETAEY TNS
xounOhne subcritical Hopf xau tng opoxivixfc xaunding. Xto (e), ot aotadel xOxhol €youv evwiel
oE Vv UEYOADTERO PECW TNG OUOXAVIXNG OLOXAAOWONS XAl Ol TUPAUETEOL AVAXOUV OTNV TEPLOYT TOU
opileton amd TNV OUOXAVIXT) XUUTOAY X0t TNV XaUTOAY odypotoc-xouBou. Téloc, ato (f), ol napduetpot
AVAXOLY GTNY TERLOYT| TOU ETNEdOL peTald TN xaumUAng pitchfork xon tne xoundAng odyuatoc x6ufou
%o LTdEyouv uévo onuelo looppotiag. Efvar mpogavég 6TL tal gaoixd enineda ToU CUCTAUATOC PE TNV
ouyxexpyévn f xou tou (156) elvon moloTixd (Bo xan oL xaumOAES Bloaxhddmwong SLaépouy UOVo TOCOTIXG.

Oewpdvtac TNy MOS vhonoinon éyoupe f(x) = z(1 — 2?) xou ened dev undpyouv O(z°) dpot, To
oVoTNUA TOL TEOXUTTEL oTNY TEp{TTWoN auTY elvor oxpEBdS Loodivauo e to (155) oe 6ho Tov Qacixd
ydpo. To onusia woopporiag, ot Sovhaddoeic Pitchfork xon Hopf (HW, H®)) divovron and v (171),
OAAG OL XAUUTUAES OUOXAVIXTAG SLOXAEBWONE %otk BLOAIBWONG GAYHATOC-XOUB0L TEETEL VoL UTOAOYLOTOUV
oprdunTixd yia onueto yaxpld ond 1o (Q, G) = (1,1). To Eyhua 6.5 deiyver to didrypaypa SLoxhadWoENmY
¢ mpog Tig mopopéteoue @, G. Elvou mpogavég ot moloTind elvon mopoduoto pe autéd tou BJT xow pévo
TOGOTIXA YOPUXTNPLOTING TWY XAUTUAGY OLop€pouy. Ot xaUTOAES OUOXAVIXAS OLOXAAOWONE Xo GAYUATOG-
x6uBou madouy va elvan ypoppxée paxpld and to (Q,G) = (1,1) xa eivon pdhioto ToAD x0vtd petald
toug. T awtd oto (b) mopéyovtar peyeduuéves. Ta gaoixd noptpaita elvor TpoPUVKS TapdUOLL e AUTE
oT0 Xy fua 6.4.

0.6.2 Mn I'pappixy Auvvapixy] Touv Takavtwty Colpitts

Ocwpole tov tohavtwty) Colpitts o onolog teptypdgpetal and Tig eElOOOELS

g -

I = m (1 — € + 333)

iy = s (177)
Ok

T3 = —Qk(lg_k)($1 + x9) — ;xg.

H opy? elvor To povadixd onueio 1ooppomiag ot YROUUIXOTOLOVTAS YUR® ond oaUTO TEOXVOTTEL AUECWS OTL
elvow evotadéc yioo g < 1 xou aotadée (saddle-focus) yi g > 1. ¥to g = 1 ouuPaiver wio supercritical
Hopf Stohddworn. ey v HeAETn TV OAX®Y SLoxhadwoewy, Yo YPELCTOVUE Aol GTOLYEld ond THY
Yewpla Tou Shilnikov.

Teoyiég Opoxivixég oe Saddle-Focus: To ®awvopevo Shilnikov

Yy napoloa evotnta topovotdlovion (ywelc tny mhien avduon, deite Kepdhowo 6) xdmoto Jepehcrdn
amoteréopata mou oyeti{ovtou pe opoxiixéc tpoyLég oe saddle-focus onueio loopponiog. Ocwpolue éva

cLOTNUA TN HOPPNC

&= pr—wy+
Y =wz+ py+ Q2 (178)
zZ=MAz4+Qs3,
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6mou Q123 eivor O(||x||?) xovid oty apyh. Yrodétoupe 6L 1 (178) déyeton wo ool TpoyLd
I' ouvdéouca TV apyn Pe TOV €auTO TNC xau A > —p > 0. Oewpolue 600 Touéc Poincaré Il xou
IT; 6mwe oto Xyfua 6.6, tg anewovicewg Py : Ilp — II; xou Py : II; — Iy xou ypnowonololue tnv
P = PioP : Iy = Il wc anewxdvion Poincaré. Oswpolye 6t to Il elvon emopxde xovtd otny
oY Y|, OOTE TO CYANIA AT TNV YENON TNS YPUUUXOTONUEVNE POTE TOU TEBIOU Ylal TOV TPOGOLOPLOUO TOU
Py : Iy — II; va ebvon puixpd (Seite Kegpdhowo 6). Emmiéov emhéyetar étol wote xapio Tpoytd va unv
emoteégel oto Il npotol tuhoet o Iy, evd to Iy elvon enopxe yeydho, wote Py(Ilp) € int(1ly). ‘Etot
oplCoupe To Il we

Iy = {(m,y,z) eER}zclee®™ €, y=0z¢ (0,6]}. (179)

[TpooeyyiCovtac Tov P w¢ €vay ag@ivind UETACYNUATIONO, XaToahYoUUe OTL 1) anewovion Poincaré €yet
™Y LoppH

x| P, x (g)p/)‘ (acos (% log (e/z)) + bsin (§ log (e/z))) + xo (180)
z x(g)p//\ (acos(%log (¢/2)) + bsin (£ log (6/z)))
Oewpnvtog Tor opoywvia
Ry = {(a:,y,z) ER3y =0, ee¥™/¥ <z <, e TRFIN < < 66_27rk>\/w} ) (181)

’ /. 7/ /7 /. ’
To omola xaAUTTOUY 6Ao To llj, €youUE TO TUEUAATL ATOTEAECUAL.

Theorem 0.6.5. ['a k emapkds peydro, to Ry mepiéyer éva avalloiwto ovvoro Cantor oto omoio n
ameikovion Poincaré P elvai tomoAoyicd 1006Uvaun pe pua mAnpn petatomon 600 oupforwy.

Proof. Acite [61]. O

To BOedpnua poc héel GTL OE ULol TEPLOYTH NG OUOXMVIXAC Tpoytde, To olotnua (178) éyel yootixh
CLUTEELPOES xou apiuriotua drelpo TAYog horsesoes.

‘Eotw topa napduetpoc i1 wote 1 I' v undpyer yia g = 0, eved ot euctadelc xou actadel moA-
hamhdtnTeg Sloywetlovton yior 1 # 0. Xe uior TEpLoY TN OUOXAIXNC TEOYLEC TOCO GTOV PUCIXO YWEO
660 XL GTOV YOEO TWY TUEUUETEWY, UETE and xatdhhnhec odhayés petafhntayv (8 = —p/A), n omo-
newovion Poincaré ypdgetan g,

(182)

z| P, axzd cos (€log z + ®1) + x0 + €eu
z B0 cos (Elogz + ®o) + a0 + 1 |

To otadepd onueia tne P avtiotoyolv oe xOxhoug evic loop yia tnv (178). Oewpdvtac tov Jacobian
oo yUpw and To onueio wooppomniag (deite Kepdhowo 6) éyouue 6T yia § > 1, dote —p > A,

e 1 < 0: 0ev UTHEYOLY YN TETPWHEVES TIEPLOBIXES TEOYLES

o 11> 0: yio xde p, undpyel otadepd onueio yio z > 0.
Ané v ypauuixonoinon tpoxintel 6Tl yior 1 > 0, 1 povadixn Teplodixr) Teoyld elvon evoTalNC Yior (1 xou
Z XA xou 1 odoxAVIXT) TeoyLd elvan edxvotrc. H meplodog tne meptodinnic Teoylde »we cuVEETNoNG Tou
p potvetan oto Lyrua 6.7 (b).

Avtiotowya, av § < 1, éyoupe,

o 1 < 0: menepacuévo aptiud onueiwy Loopponiog

o 1= 0: apriunowa drewpo Ao onueiwy Loopporiog

o ;1> 0: menepaouévo apriud onuelwv Loopponiog
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Kadde to |p| minowdler to undév, oupPaiver évo dnetpo mARUOC BLoxhod®oenmy odypatoc-xOuBou xou
oimhaotaouol mepddou. O xOxhol Tou dnulovpyolvToL amd aUTES LEIoTOVTOL Xou oL (Lol T aUTES Ol
hodWoELS.  Buvontixd o eetdoouue T Staxhadwoels evog onuelou oopporiag (Seite Kegdhouo 6
yioo peyolUtepn avdivon). Kadde avldvouye to p and apvntixéc mpoc Vetixée Tiuée, par Slaxhddwon
odrypotogc-x6uBou odnyel oty Snulovpyia eusTaddy xOxhwy av § > 1/2 xou aotaddv dlapopeTind, xo-
Ve xan evoc oorypatixod. O evotadic (aotadfc) xUxhog upiotato dlaxhddwon Simhactacuol Teptddou
000 Qopéc, HoTte aol Exel Lavd dnutovpyndel, xatao TeEpeTar PEGW ULog BLoAddwong odyUaTog-xoufou.
‘Etot npoxintel tolotixd 1 e€dpTnon TV oplaxdy XOxAwy ond To f 6Tee 0to Lyfua 6.8 ().
Kelvovtog onuetdvoupe 6Tt extog amd Ty xUpLol ouoxhvixy| Tpoytd, eugaviovtal xat 6eutepedouaeg
vy 0 < 1. Ou tpoytéc auTég TEPVOLY Lol Popd amd Uit YELTOVLE Tou onueiov toopporiag TpoTtod Xhel-
couv og auto. o xdde Tétola TPoYLd oL TEONYOUUEVES AVUAUGCELS LOYVOUY TEQLTAEXOVTAUS TNV OUVUULXY)
Tou ouoTHUatoC. Enopéveme, uio opoxiwixt dlaxhddwor tomou Shilnikov opyavivel teelg ooyéveleg
OLIXAADDOEWV: GAYUATOS XOUBOU, BITAACLUCUO) TEPLOBOU Xl DEVTEPEVOVUCES OUOXAVIXES.

Alaxhadwoelg tou Taraviwty Colpitts

Mehetdue Tig dtaxhadnoelg Tou Taravtwth Colpitts we mpog Tig mapauéteouc @, G otadcpomolvTag
w0 k=1/2. Y10 g = 1, oupPaiver o supercritical Hopf Stoochddwon 1 onoio odnyel otnv Snuiovpyia
TOU %xUELoL 0pLuxoL xUXAov. Ilepoutépw TomIXES BlaxAad®oELS dev uTtdpyouv. [o g > 1, ol WroTég elvon
oLptiw, Aye A > —p > 0 xou étor n apyn eivon saddle-focus. To cVotnua (177) éyer pa opoxhvixy
TpOY1d O paiveton oto Xyrua 6.9 (a). Emouévee n Ocwplo Shilnikov eqapuoletar, ye wio tpononoinon:
1 aotofic torhamAotnTo W €yel Sidotaon 2, ondTe 1) eUSTAVEL TWV TEOYLWOY AVTIOTEEPETAL, LGOOUVOUA
AVTLOTREPETOL O YPOVOS. Xnueldveton 0Tt § < 1/2 enopévwe ol Blaxhad®oele odyuatoc-xoufou oe o
TEQLOYT) TNG OUOXAVIXTG TEOYLAS 00NYoLV o eucTadelc oploxol xUxhoug.

To dudrypapua dtaxhadhoewy tou (177) eivan tepinmhoxo xou oto yfua 6.9 (b), poatveton 1 Yepehddng
oour) Tou. Me T cupPBoiilovton oL BlaxAadWoel; odyuatog-xopufou, pe F' ol dimhactaouol teplddou xou
ue H n ogoxhvixn dtaxhddwon. O detxtne n = 1 delyvel 6TL avagepdpaote otny Yeuehlnddn dour| xou o
ex¥étne otny F1,1 OnAcdver Ty deltepn oe oelpd Blaxhddwor Simhactacuol Teptodou. O mpotog deixtng
yenowonoteltat Yo Adyoug anapidunonc. ‘Oieg ol xounieg €youy unoroylolel ye yerion tou MATCONT
[16].

Kétw and v xoumdin Fo1 o xOplog oplaxds x0Oxhog ebval 0 povadindg eAxusTig xat xadde TepVae
TNV XUTOAY SimAacLocuo) TEpLOdoL, dnutovpyeitan évag xUxhog dimhdotag meptodou. Koadde tepvdue tny
F11, ouyPatvel oxdun €vog SImAACLICoUOS TERLOO0U, axoAoVOUUEVOS amd axoun Evoy otV F1(,21)- ‘Etou
€youue ydoc tumou Feigenabaum mnou mpoxOntel and Sloboyixéc BlaxhadOOELS SITAACLICUO) TEELOBOU
(Byhuo 6.10). O avtiotowyoc napdievog ehxvothc goiveton oto LyAua 6.11 (a). Xnuewdvetar 6T oy-
poOTERES oL Fo 1 xou Fp 1 0dnyolv oe oploxd x0xAo TepLOBOL TETEATALCLAS OE GYECT| UE TOV XUELO.

E&etdlouye tig daxhadwoelg and g xauniieg T'. Aelyvoupe xdnoleg uévo and to dneipo TARYoC Toug.
H T 1 éyer 800 ouvddotaong 2 Cusp exuALGUEVAL OTUELD UE 0EVNTIXG GUVTEAEGTH XAVOVIXHS HORPYNC. 2E
aUTA TEELG xOXAOL GUYXEOVOVTAL ot XoTaoTEEpovTal. Metall tev 500 xoumuAdy e 11,1 Ue XEVTpo To
onueto Cusp cuvundpyouy 500 evotadelc xixhol pall ye évay aotady). Extodc tny neployfc autrg undpyet
uovo évag euctadng optoaxdg x0xhog. T'evind to Cusp onpeio oTig xounbAeg GayUaTog-xOufou AOYw TOou
gpouvouévou Shilnikov odnyolv oe mtoAvotddeia.

A6 v mponyolpevn avdluon Yvwelloupe OTL ETUEXMS XOVTA TNV opoXAVIXY TEoYLd (Xou 6ToV
YOPO TWV TURUUETEWY XL OTOV QUOLXG YOPO) UTdpyel Yoot ouuneptpopd. Eva tumxd mopdderypo
ydouc Shilnikov gaiveton 6to Xyrua 6.11 (b). Xnueidvoupe 6Tl LTdEYOLY Xt SEVTEREVOUCES OUOXAVIXES
TeOYLEC oyeTxég pe TNy Hi, ol omoleg dev gaivovion oto Eyfua 6.9 ytl aprduntixol teploptopol dev
EMTEETOLY TOV UTOAOYLOUO TOUC.

H Sopr| tou Yy ruatoc 6.9 etvon Yepyehmdng und tny évvola 6TL 1) Fp 1 Onutodpynoe €vov xOxho TERLOBOU
000 1ol OAEC OL UTONOLTES BLOXAABOTELS ApopoLGaY UTOY TOV XUXh0, 0ploVTag TNV TERLOYT) TOU ETTEBOU
TOEUUETEWY TIOU OPYAUVMVETOL OO TNV xUplol OUoXAVIXT BlaxAddwor. H Soun autr enovolopuBdvetar pe
NV Slapopd 6Tt XoTOAES BlaxAddwoNne odyuatog-xoufou opilouv avtiotolyeg Teployéc Tou EmmESoL Tou
0pYAVOVOVTAL amtd GANES OUOXAVIXES XoUTONES (UE TEPLOCOTEPES ETUOTPOYES OE Lol TEPLOY T TNG Y S
ety xheloouy). T mopdderypa 1 xaunvin T3 opilel Ty meptoyh OTOU oL TEPUTERE BLOXAABWOELS POl
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€vay xUxho e Tela Tomxd Yéytota Tou x3. Ot SlopopeTinés auTé BOPES OEV TRETEL VO GUYYEOVTOL UE TIG
BELTEPEVOUGES OUOXAVIXES XOUTIOAES XKoL TOL AVTIOTOLY O (POLVOUEVA TIOU OUTEC GUVETAYOVTAL.

Extég and Tic Siaxhadmaoeig mou oulntiinxay topamdve xon oyetiCovtal ye To gonvouevo Shilnikov,
umdpyouv xou dhheg omwe 1 11 xou 1 Fy mou oyetiCovion e Ty emxdAudn Sla@opeTXdY BoudY Tou
otarypdpupatog Swhadwoewy. H Tp €yel 60o cuvdidotaong 2 Cusp exguliouéva onueia ye avtidetoug
CUVTEAEOTEG XAVOVIXHC HOPPNC: TO dpLOTERO EYEL opVNTIXO eV TO Oe&l VeTind. €10l PeTald TwV XAIBwY
e 11 cuvurdpyouy Vo dlapopeTixol euotadelc xOxhot pall pe évay aotodt). H xatdotaon avtiotpégetan
yia To dhho Cusp onueto. H Fy €yet 800 cuvdidotaons 2 expuALoUEVO onuela YEVIXEUPEVNC BLOXAAOWOTNG
Oimhaolaopol TeEptodou e VeTIXO OUVTEAESTY xavovixrg Hopghc. Amd ta onuelo autd Eexivd axdun
war Stoxhddwon odrypotoc-xéuPou (deite Kegpdhowo 6). Avahdyme pe v nepoyy| émou Beloxovtar ot
TOUEAUETEOL O GYECT) XU UE TNV XOUTUAT GAYUATOG-XOUPBOU, UTEEYEL £vag euaTo|C xUXAOG TERLOBOU 500
(avapepbuaote otny anexévion Poincaré) xou évac aotadic neptddou éva, eite évag euotodic teptddou 2
TIOU GUVUTIAEYEL UE EVay euaToY| TERLODOL EVal Xal UE EVay oo ToY| TEPLOOOL BUO.

Keivovtag onuewdvoupe 6t 1 Jeyehcddne doury emiopfBdveton yeuilovioc Tov yoeo napauétemy. Ot
OLUPOPETIXEC TEPLOYEG UTOPEl Vo ETIXOAUTTOVTOL 00NYWVTaS o moAucTdleia.  lloAuctdleia uropel va
TeoXVPEL Xou EVTOC TNG AUTHS dounc Aoyw Twv Cusp onuelov. Tumxd nopadelypata diotdielog gaivovton
oto Yyfua 6.13. ¥to (a), o mapduetpot Beloxovion otny optldpevn and toug 800 xhddoug tne 1711
neptoyhc. 2to (b), ol ntapduetpot Beloxovtor Téve and Ty Fo 1, xou and v T3, odnydvioag otny UTopin
eUOTAVOV XOXAWY TTOU AVAXOLY OF BLOPORETIXEC DOUEC.

0.7 IToAOmAoxmn Avvopixn Xuyyeovicpol HAextpovixedyv Takaviwtov

YTy Topolca EVOTNTO HEAETAUE TO TEOBANUO TOU GUYYLPOVIGUOU TV NAEXTROVIXMY TUAAVTOTMYV TOU
TEpLY RPNV TEOTYOLUEVKS. To mpdPBAnua SloTuTdVETUL W EENG: Yol TYWES TUPUUETEMY Yol TS OTO(ES
umdieyet évag evoTadng oplaxdg xUXAOS, TL TAATOG X CUYVOTNTA TEETEL VoL €YEL Wio EEWTERIXY| BloTapay 1),
OOTE VO XAEWWOOEL GE QUTAY 0 TAAAVTWTAC. XENOWOTOWVTAS TNV XUXAXY anewdvion Yo eEdyouue To
OLdrypoa GUYYEOVLOUOU Xol Yia Toug 800 ToAavTwTES. o Toug Slapopxoic LC TohavTmTES UENETAUE Xou
€VoL TUEAOELY O OTIOV TEETEL VoL YenotoTotnUel 1 BIBLIOTATY AMEUOVIOT), AVTL TNG HOVOOLACTUTNG XUXAXNS
XL ONOXATPOVOUUE PE EVaL TORABELY U YooTo) cuyypeoviolol Tou Colpitts.

0.7.1 H yevixr teyvix

H teyvin) mou yenowomololue elvon Pooixd xowvn xar yio Toug 800 Tahavtwtég xou Baciletar otny
Yewpla Koopman xot oTic xuxhxég anewxovicel. Oewpolue OTL OL TOQGUETEOL ElVaL TETOLEC WOTE Vol
undpyel evotadrc optaxds xOxhog. Egapudlovue dratapayr) Ag(z,t) nepddou T xou mhdtoug A, dote
1 xotdotaon va Beloxeton mdvta evioc Tou nediou ENENe tou xOxhou. T v g(x,t) unodétouue v

woper,
g(:l:at) = Zh($,t—nT1), (183)
n=0

omou h(x, ) etvou cuvdptnon nenepaopévne dudpxetac Top xou 1 = KT +sT, k € N, s € [0,1). opatnemv-
Ta¢ To obotnua oTeoBooxomxd avd yedvoug 11, 1) optlovtac oodivaya pio topr Poincaré, neprypdgouue
10 cboTnua Ye Ty dBLdotaty anewdvion (Seite Kepdhawo 7 A mponyolueva pépn tne puetdppacnc),

r — e?1 1 (7“1 + (51(7“1,0))

(184)
0 — 0 + wTy + 62(r1,0) mod 27,

7 omola lvar axEPrc Yo TNV tepintworn v LC Tahavtwtody xat ToAD xahy tpocéyyior yia tov Colpitts.
Ou §; meptypdpouy TNV BLopopd avaUes OTIC Tohoég PETOBANTES Xou TG VEEG UETA TNV EQUPUOYY| TNG
drotaporyfc. Av o mapdyovtog 0111 (toodivapa o o1kT) elvon enapxde apyNTxdS Tar oNueia TS TOUAS
XVOOVTOL TRUXTIXG TV GTOV 0plaxd xUXAO XL 1 UETOPBANTA 11 umopel va ayvoniel emitpénovtag Ty
TEOCEYYLON UG TNV XUXAXT] ATELXOVLOT),

0 — 0+ wly +6(0,0) =0+ wly + PRC(0,A) mod 2, (185)
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omou n PRC(6, A) avtiotouyel otny Slapopd pdong avipess 0Tto Tohotd Xat TO XouvoUpYlo onueio uohe 1
oratopary ) ofvioet Yo mAdtog dratapay e A. H Slapopd auth petpdton uéow twyv isochrons xatd to yvwotd
xot €10l 1) Boun) TV TEREUTAUl®VY EMNEEGLEL GNUAVTIXG TNV OmOXELOY) TOU TOAVTWTYH ool xadopllel TNy
xuxAxr) amewovion. O meployéc ouyypeoviogol oto eninedo A — 17 Tou AVTIOTOLYOUY GE XAELOWUEVES
AATACTACELS XoU EMPBAANOLY ENTH OYEoT UETAED TN TURATNEOUUEVNE CLYVOTNTAS Xl AUTNG TNS OLoTapay e
yopaxtneilovion and pntod aptdud neptotpoprc. AviidéTwe dpenTeC TWES, TOUAYLOTOVY Yiol UXEd-UECOLA
TA&TY ToU 1) amexovion elvan avTioTEEPLUN 081 YoUY o NuiTEpLodIXY 1} Yoot xivnor. Ondte to mpdfBinua
AVEYETOL OTNV EVEEST] TV TEpLOY WY 6To A — T mou yoapoxtnellovtar and pntolc aptduolc TERLOTEOPNC.
Ovuctaotixd, AoYw TeplodixdtnTac TNe anemovione we npog 1, ot teployéc elvon oto eninedo A — s xou o
nopdyovtag k amhode eaogahiler Ty yeryopn obyxion otov opoxd xixho. Tovilouue ét p = p/q av
XL LOVO oV UTGEYEL TROYLE Teptddou q. O apriunthc Oely Vel TOoeg PORES 1) PACT) EYEL TEQUOEL TO 27 KoL
and TAEURAS CLUYVOTXXNG OYéong HETAL) €L06B0U €£OBOL BeV EYEL OTUACIAL.
Ta Bripata tou oaxoroudolue cuvoilovion we e€ng

1. Trobétoupe pior wopey| yia Ty A xou ETAEYOUUE TOROUETEOUS oL 00NY0UV TNV LTt n eusTtadoi
%x0XAOL.

2. TlpoobdiopiCouue tnv dour Twv isochrons xa €tor v PRC w¢ cuvdptnon tne gdone 6 xou yia
OlopopeTind Thdtn A.

3. Ilpoadiopilouye tov aprlud TeploTEOPnC p Yo Sdpopa s xou A, OTOTE Xt TO SLEYEAUUUO CUYYEO-
VIoUoU.

4. Bploxouye xatdhhnio k xou cuyxplvouue to amotehéopota pe Ty aneudelog Tig dlapopinés eglow-
OELC.

H mepintowon yeryopwy xou loyueoy Slatapoy v 6eV avTETWTICETon amd Tol Tapamdve xou Yo e€eTaoTel
Eeywptotd Yo Tov dagopixd LC tohavtwth. Avtictoiyo Vo eetaotel Eeywpeliotd 1 nepintwon tou
yootixo) cuyyeoviouol tou Colpitts.

0.7.2 IIoAOmAoxr Auvvopixy Xuyyeovicouol Awagpopixey LC Tahaviwtony

Trodétoupe v MOS vionoinon (mapdpower avtwetwnileto n nepintwon tov BJT), pe Siéyepon
e@apuolopevn we Tdom,

i =—Qy+ QGx(1 — 2%) + QGAz(1 — z%)p(t)

i= (-0, (186)

6mou Yo Ty mepLodn p(t) vmodétope TNV Yveoth popgh ue h(t) = L7, (t), Ton = T/10 xu Ty =
ET + sT,k € N 6nou T' n) meplodog tou autdvouou xUxhou.

Isochrons xow Phase Response Curves

To Myfua 7.1 delyvel to isochrons yio SLQPORETIXES TUES TWV TULAUETOWV.

Yta (a) xou (b), ou nopduetpol Q xou G avixouy oty Teptoyh petofl tov HW xau FJ(FI) ToU Ly HUaTOg
6.5. Qot600, 670 (), eiven wo xovtd oty HY and bt o0 (b), bmou o (un tetpyuuévoc) exdéne Floquet
elvan o apvnTxde. 't autd oto (a), o isochrons poidlouv pe autd tne xavovixhc popphic Hopf xou etvon
nepinov hoyaprduxée onelpeg, evéd oto (b) 1 Sopr auth tadel vo oy Vel Y dUPOTERES TIC TEPLTTMOOELS
oplCovTar e OAOXANEO TOV QPUCIXO YWEO EXTOC TOU CTUEIOU LGOPEOTIIC.

Y10 (¢) ot mapdueTEOoL avAXOUY GTNY TEPLOYY| LETAUEY TWY F_(Fl) wou H?) | ondte to phaseless set nepih-
opfdver TNy euo o) TOAAATAGTNTO TOU GAYHATOS X0k To 000 CUUUETEIXE OTUElN LOOPEOTIOC, 0ONYOVTIG
oe mo mepimhoxn douh. Lto (d) or mapductpor Beloxovta petofl twv H?) xa P xou é1ol o phase-
less set mepthapPBdver tic euotadeic TOAATAOTNTES (ECWTEPUG ACTOUVMY TV XOXADY) TWV CUUUETEIXOV
onueiwy ooppomiog, TNV Vs Tod ) TOAATAOTNTA TNE AEY NS X0t TOUG 6VO ac Taels XUHAOUS, TEQLTAEXOVTOG
Tepottépw TV dour. Xto (e) ol mopduetpol Peioxovian petald twv P xou K, enopévie to phaseless
set amoteheiton and tov acTtodh xOxho, pall e To EcWTERIXG TOU. ATO TA TUPATAVE XAl ATO TO My Hud
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7.1, xotalfyoupe 6Tl 1) dour| Twv isochrons etvor CAANAEVOETN HE TNV TOAUTAOXOTNTA GTNY OUVAULXT] TOU
CLC THUATOC.

Xenotpomnotolye Tic mapopéteous TV (a), (b) yio vo yehetiooupe tov cuyypeovioud. To Xyruo 7.2
oelyver Tnv PRC oav cuvdptnom tou mhdtoug xou tng @dong, xodwe xou Tov Winfree time crystal. Efvou
Teogoavic 1N enidpact TN dounc Twyv isochrons otny Spopetixy woppr Twv PRC, PTC. ¥to Nyfua 7.3
gaivetaw oo PRC xou PTC vy idiec mopapétpous (Q, G) und woyuer xaw acdev| dotapoyn. T uixpd-
ueoaior TAATN 1 TAHENS XATNYOELOTIOMOT) OAWY TWV TEOYLOV ELVOL EQIXTY, EVE YLOL LOYUEES BLUTOROYES M
ATEXOVIOT) TOJEL VoL DLATNEEL TOV TPOCAVATOALGHO xa £TOL auTO eV elvon Théov duvatov. Tlapdha autd o
aprduoe TeploTpopic e€oxorouiel vo yopaxTnellel TiC XAEWBWUEVES XATACTICELS.

Yuyyeoviopnog

‘Eyovtag Beet tnv PTC yia Sidpopec Twég Tou mhdtoug, unopolue vo feolue tov apldud TeploTpophc
xan €Tol o dudypopua cuyyeoviopol. Ou teptoyée autég Eextvolv and pntég Tuée Tou oplldvtiou dZova
XL T GUYVORO TOUG AVTLOTOLYOUV GE BLaXAABwoT odyuatoc-xouBou yia xpd-pecaia mAdtn. To Xyruo
7.4, delyvel T TEQLOYEC CUYYPOVIOUOU Yo Tot 6U0 cUvoha mapauéteny. To dudypauuo elvor GUUUETELXO
1660 WG TPOC 8 660 X WS TEog p. Ol TocOTINES BlAPORES TOLU TaEATNEOVVTOL (VAL ATOTEAECUO TGV
otapopwy oTic PTC ol omoleg ye tnv oelpd Toug ogeihovton oty dopopeTixry dour Twv isochrons. Xto
(a), ot meptoyéc 1 : 2 xou 1 : 1 elvon evpelec xou emxahintovton xodme To TAATOC aUEdvETaL, EVE AVOTEPOL
ouyyeoviouol, 6mwg 1 : 3, elvar otevol xan unopolv va Ttopatnendoldy yio uxed uovo mhdtrn. Avtidétwg,
TNV OeVUTERY TEPIMTWON Ol TEPLOYES CUYYPOVIOUOU ELVOL XUAWS OPLOUEVES, EVE OVOTEQOL CGLYYPOVICUOL
elvar mo edxola mopatnerolol. Ot Teployéc Ueyohmvouy oAAd Bev emXaAITTOVTOUL XadMC TO TAUTOC
augdveton. H anewdvion tohpa elvon oyeddv avtioteéduun xou o apriuog neplotpopnc elvon adwy we Teog
8, OXOUT xoU VLot LEYEAT TAGTY. Ot Sapopéc avdueso oto 800 GUVOA TopaUéTemY aivovton xat and Devil’s
staircase mou avtioTolyel oe 0ptloVTIo TOUY) TWV BLaY PUUUETWY GUYYEOVIGHOV. XT0 Ly o 7.5 Topatneoue
OTL YloL TNV TP TN TEPpITTwoT 6To (&) 1 amewdvion dev elvar avtioTpédiun yior peydha TAdTy Sotapoy e,
e amotéleoya o apldude TeploTEoPhC Vo uny elvor ad&mv. Avtidétwe yio Ty Seltepn nepintwon oto (b),
1 AMEWOVION ElVaL OYEDOV AVTIOTEEPIT], OOTE 0 apLIUOC TEPLGTEOPNC Vo elvan cuvey g xou avwy. To
YEYOVOG auTO Belyvel 6Tl TO BeUTERO GUVORO TUPAUUETEWY EVAL XATOIAANAOTERO YAl GUYYPOVLGUO.

Mo to 8edTEPO GOVOAO TOPUUETEMY CUYXEIVOUUE TNV TEAYHATIXT ATOXELOT) TOU CUCTAUATOS UE AUTTV
e xuxhixg amewoviong. Emedr) o exdétng Floquet A = —1.1 o x0xhog elvan emopxdc EAXTIXOS %ol
umopolue vo Yewprioovue 6Tl k = 2 yio ToL ETOUEVAL.

Y10 Eyfuo 7.6, ou napduetpor tne Sotapoyric Beloxovtar oty teptoyh) p = 1/2. T v xuxhixh
anewbdvion oauto petappdleton ot Evay 500 x0xho ota (c) xat (d). And Ty xupatopopyt 6To (a), BAénouye
6TL T0 ofua elvon TepLodd, evéd oto (b) 1 tour Poincaré avtiotolyel mAfpwe oTov 800 XUxA0 TG XUXMXAS
anewbdvione. Xto (e) BAémoupe OTL 6T xou GTay 0 TANAVTWTAC AELTOUPYEl aUTOVOU, OF XATAOTAON
xheWopatog To @dopo eivar daxplté. Emmiéov agol p = 1/2, n andotoon petold TV QUOUOTIXOV
xopupov eivan 1/2(kTy + Ts) o to ofjua e€680u €xel ouyvotnta on ue to 1/2 tne ouyvétntag etoddou,
Onhadh 1 medTn appovixy| Beloxeton oty 1/2(kTh + T).

Yto Eyfuo 7.7 gatveton éva mopddetypa 1 : 1 ocuyypoviopol to omolo umopel vo avohudel axpiBeg
pe Tov {Blo Tpémo Tou pekethooue TV TEpinTwon tou 1 1 2 (neplocdtepec Aentouépetec Bploxovtal oTo
Kegdhowo 7).

Y10 Yy 7.8 ol TapdUeTEOL BEV AV XOLY OE TEQLOYY| UE XOADS OPLOUEVO ptiUd TEQLOTEOPNC UE
anoTtéAeopa 1) xlvnon vo elvon aneplodixr]. Autd Qalvetar TOC0 amd TNV TEOYLA TNS XUXAXAC OTELXOVIONG
ota (¢) xou (d) 600 xou amd v Tour| Poincaré otov cuveyy| ypévo oto (b) to onueio tng onolag yepilouv
TUXVE ToV xOxho umodewvbovtac pdAAov nuiteptodiny) xivnon. And to @dopa oto (e) mopatnpolue
OTL M anéoTAoT PETOEY TWV QUOUATIXOV XOPUP®Y Bev elval oTadepr] xoL amoTeheitan and TOV YEuUUIXO
cLVOBLACUS 600 aveEdpTNTKY cLYVOTATWY. Emouévewe 1 xivnomn elvan nuineptodixy.

Ye 6,TL apopd TO GANO GET TUPUUETEWY, OTLC TEPLOYES GLYYPOVIGUOU OL TROYIES Elvol TOLOTIXG. (BIES, EVEK
oAAGLEL 1) CLYVOTIXT BLoPOEd TWV JPULOVIXGDY AOYW TOU PeyahuTépou k mou amante(tan (Adyw peyolhTtepou
exVétn Floquet) xou tng Stapopetiniic ouyvoTNTaC TOL QUTGVOROL cUGTHUATOC. 20TH00 GTNY TERITTKHON
OTIOU Ol TOPAUETEOL OVAXOLY OE TEPLOY T oL YapoxTneiletar and dppnto apilud TEpLoTEOPE OTWS OTo
Eyfua 7.9, n xivnon elvar molotixd Slagépel amd TNV NULITERLOdXT Tou eldope oTNY TERINTWOT TOU TEOo-
nyoluevou cuvohou mapauetewy. Ilpdypaty, av xan ) TEOYId TNS XUXAXNG ATEOVIONG Vol TEOPAVES
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ameptodiny (c),(d), énwe xou 1 ypovooed oto (a), and to onueio g aneévione Poincaré nou yepi-
Louv ouyxexpiévo Tuiuata Tou xOxhou oto (b) xou and to cuveyéc @doua 6To (€), XATaNRYOouUE OTL
n xivnon ebvan yootnr). Emouéveg, av xou 1 mepintomon auth 0ev eivan 1 xoTahANAOTERT] Yiol EQUQUOYES
CUYYEOVIOHOU, BIVEL TNV BUVATOTNTO TUEAYWYNHS EVOS YAOTIXOU GHUATOS EEOD0U.

And to mopomdve BAETOUUE OTL €VOC CUYYROVIGUEVOS TOAVTWTAS UTopel va yenowwonondel we di-
AUEETNG CUYVOTNTIC UETATPETOVTOS Uit TEPLOOWXT E(0000 GE TEpLOBIXT] €000 UE EAEYYOUEVES (PUCUATIXES
YEUUMES UELOVOVTIS LY YEOVKS Tov Yopuo @dong AoYw Tng ampocdloploTiag 6Ty Yoy TOU TOUAAVTWTH.
To xheldwyo 0Ty QAo EMTEETEL TNV YENOT OE EQUPUOYES OTou amanTeltal axp3hc Yeoviouos. Av et
ToupyNoel 6TV EexheldwTn (Un CUYYEOVIOUEVT) XATACTUOY UTOREl Var TOPEYEL NULTERLOOIXY) 1 YOOTIXT
€€060. OuoloTxd, 0 (BL0¢ TOAAVTWTAC UTOPEL VO AELTOURYHOELS WC OLUEETNS, TOAMATAACIICTAS 1 WG
YEVWATRLOL YOOTIXWDY ONUATOY, AVAAOYWS UE TNV EQapuoloUevT el0060.

YUY YPOVIOWOG LUTO TNV ENBpACT LOoYLENG %o TayEog dratapayrs: ITAYeng ava-
TAEAC TACT] UE HETABANTES Bpdoelg-YwViag

Yty nopoloo evotnTa alpouue ToV TERLOpLoUS To 011 v elvon ETOEXDC UXEO XAl UEAETOUE TNV
OLOLIoTATY ATEXOVION 1) OTtolol TEPLYPAPEL axEBOC TO GUGTNUA, EQPOCOV aUTO elval eninedo. Xto Myrua
7.10 (a) xou (b), mapovotdleton 1 Wrocuvdptnon Koopman oyetixd e tov exdétn Floquet A; xou oo (c)
paivovton didpopeg toootoduixés autrc (isostables) pall ue isochrons. Kdie tous 500 tétouwy xopumuAndy
opllet éva yovadind onueio Tou @actxol yweou xou aviiotpopa. Elvar Aoimév mpogavic 1 éva meog éva
avtototyio Twv (11, 0) cuvtetayyévoy pe Tic (z,y). Xta (d) xou (e), gaivovtan o gradients Vry xou VO
TOU YENOWOTOLO0VTOL Yiol TOV TPOGdLloptopd Tne andxpione o€ yevixy Satopayh xou oto (f) qoivetar o
neptoplopds tou VI, otov oploxd xOxho, dnhadr n IPRC Q(6). 1o (g) yio vor cuvBEcouye To Tapddetypo
nepontépw pe to avamtiyuata Koopman, tapoucidletor 1 ypovixh eZéhén tou (U f)e ™Mt n omola xatd
TOL YVWOTE oLUYXALVEL GE TIEELOBIXT TRPOYLA.

Auwrtapdocouye meplodixd tnv MOS vlomnoinon tou Sagopixod LC toahavtwT| Ye éva oo dueang

EYYUOTIS TNG LHOPYTC,
p(t) =Y 6(t —nTh), (187)
n=0

ywelc va emBdhhoupe xdmolov teptoptopd 6o 0111. Oewpolye tny nepintwon 11 = 0+0.175, 1 L.oodbvoua,
= 0 xou s = 0.1, ondTE 1 AVAY WYY OTNV LOVOOLICTATY) XUXALXT| ATEOVLOT) OEV Elvan TAEOV €YXUET XAl Yo
AUTO YENOWOTOLOUUE TNV TAYEN BIOLAGTATY ATEUOVION YIa TNV UEAETY TOU CUYYEOVIGHOU. 2T0 Xyfua 7.11
(c) xou (d), paiveton N amdxpELom TNG BLOXEITAS ATELXOVIONE, ot Ot UETABANTES Spdomg-ywviog cuyxAivouy oe
éva onuelo Loopporiog mou avtiotolyel o 1 : 1 cuyypovicuévn xatdotact. Eivow npogavéc 6t To onucio
toopponiog Beloxeton poxptd and tov optaxd xixho (r = 0) Hote N avarywyh 6T0 HOVTEAO YAoNC VoL UnV
elvan €yxupn. Ano TNy ypovooelpd TN PETABANTAC & TEOXVTTEL OTL 1) TAAAVTWOT EIVOL LOY VRS U1 YEOUUULXY.
To onuela tne anewdvione Poincaré oto (b), cuyxhivouv oe éva otadepd onueio, oe cuvénela pe to
amoteléopata TN daxpltrc anewxovions. EZetdlovtoc to @doua tne @ yetaintic oto (e), Peloxouue
ot (Mpogovads elvor Saxpltd) 1 paouatixy andotoon LETHE) Twv xopupny eivar 1/(sTy), ondte to ofjua
eZ000U €yel GUYVOTNTA BEXATAAOLO OE GYEON PE QUTAHY TOU auTOVoUou Tohavtwth. H dewploa Koopman
YEVIXEVEL AOLTIOV UE QPUOIXO TEOTIO TNV LOVOBLACTATY XUXALXY| ATEXOVLIOT). LNUELDVOUUE OTL 1 EQUNVElDl EVOG
1 : g ouyypoviopol otny mepinTwon aUTH YeEWlETAL TEPLOGOTERT, TEOCOY T, POl UTopel Vo avTioTolyEl
oe x0xho 1 onueio toopporiog Yo TNV 1 petoBAnth (deite Kegpdhowo 7).
Avuty| n yédodoc cuyypoviopol unopel vo aflononiel Yoo TNV TOEUYWYT) LOYUEA UN YEUUUXDY Ta-
AOVTWTOV PE Yaunho 6puBo pdong xat TOAATAACIIG TGV (S TEOS THY GLYVOTNTA TOU AUTOVOUOU CUG TH-
HOITOC).

0.7.3 IIoAOmAoxr Avvopixy Xuyyeoviconol tou Talaviwty Colpitts

Mehetdue pe avtiotolyo tpémo Tov ToAITAOXO GUYYeoVoUo evog Taulavtwt Colpitts, utodétovtag
6T Swatoparyh ebvan plar Ty peduatog TapdhAnho Tpog authy e towone we TAf(t), 6mov

ft) = Z Lio,7,,)(t — nT1), (188)

n=0
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xou To, = T/10, Ty = kT + sT, k € N xau T eivar 1 meplodoc Tou autdVOpoU CUGTALATOS. XTNny
TeplnTwon auThY, xatd Tov utoroylowd twv PRCs xou tng andxplong umd tny dlatoapayr) YenoLyLonolovUe
Tpooouoiwon oto Simulink (6mou undpyouy un WavxdTNTES) Yiot TNV EMPEBAWON TWV ATOTEAECUATOV.
H evotnta xhelvel ue tov ooTXd GUYYROVIOUO TOU TOAVTWOTH.

Isochrons xouw Phase Response Curves

Mehetdue tnv dour| Twv isochrons we mpog Tig nopopéteous Q, g otadeponowwvtag to k = 0.5. To
Yyfua 7.12 Seiyver tic avtiotoryeg molamidtntes. Mto (a), napduetpol eivor TETOlEC DOTE EVag 0pLoXOS
x0xhog givar o povadixoc elxuothc/repeller, agol dev éyel oupPel xapio dtoxhddwon Simhactaouol tepLd-
oou 1) odypatog-xouBou. Enouévwe, To phaseless set mepthouS3dver Ty dudLdc ToTn euoTord ) TOAATAGTNTA
™ apyhc. Xto (b), ou napduetpot Beloxoviar mévew and tnv Fy 1 xou xdtw and v F1 1 tou yfuatoc 6.9
(b), ue amotéheopa 1 daxhddwaor dimhactacuol Teptddou va Exel odnyrioel oe évay euctadr 50o-xOxAo,
evd 0 apywde éyet yivel ooypatixéc. To phaseless set mephopBéver to W*#(0), tov aotadh xOxho xou
™V euo tadr moloamAdTnTa awtov. XNto (c), ol tapdueteot Beloxovtal Tévew and Ty Fi 1 xat Ty Fl(i) TOU
Yyfuatoc 6.9 (b). Enopévec éxel oupPel axdun évog dimhactaopdc Teptddou TEpITAEXOVTUC TEPULTER® TNV
dour| twv isochrons. T'a tic mapapétpouc ota (d) xou (e), éyoupe cuvinapén 600 evoTUME XUXAWY, OTOTE
x&de medio Tou Yactxol Yweou Ya cLYXAIVEL Ot Evay €€ AUTOV AVIAOYKC UE TIG VO TAEC TOAATAOTNTES
Tou xadevog. Emouévee 1 @dorn xdie onuelou dev elvan amapaitnta auTy| TOU 1Blov (UKAoL, OONYOVTOG
oe mepimhoxn dour. To oyruota autd delyvouv ta isochrons cav va upye o €vag and Toug 600 P6VOo
x0xhoug. TpoxOdntel howmdv xan AL OTL 1) BUVAULXY) TOL AUTOVOUOU eTNEEAlEL TNV Gour| TwV isochrons xou
EMOPEVS TNV AOXQELOT) TOU CUC TAUATOS OF TEQLODIXES DLUTOROYES.

H Bour| twv isochrons xadopiler tic PRC, emouévmg v xuxhxt| anedvion xou €ToL Tny andxpelor)
oe meptodixéc dratapayéc. o to mpdto cUvoro mapopétewy (log;ng = 1,log;g Q@ = 1.35, o xupiopyoc
exVétne Floquet eivar —0.022), unoloyiloupe tic PRC xou PTC yio Sidpopec Twéc Tou mhdtoug A. ¥to
Eyfua 7.13 (a) gaivovton ot PRCs, xat oto (b) o Winfree Time Crystal (emgdveia oprouévn and v PTC).
Ou PRCs xou ot PTCs yio 600 8edopéva mhdtn poivovton ota (¢) xou (d). ‘Onwe xou otoug dagopixod LC
TUAAVTOTES, ToRdTL Yo toyuer| dotapay ) 1 PTC dev avtioteégeton, o aprdudg mepiotpophc e€oxohoviet
var yapoxtneilet Tic WLOTNTES Tou ouyyEoviopoL. Xto (e), ouyxpivetan 1 Vewpnrtixd vroloyouévn PTC
UE QUTAY TTOU TEOXUTTEL and Tpocouolwon oto Simulink. Yrnuewdvetar 6tL Yoo Tov utohoyioud tne PTC,
oTNY TEOCOoUoiwoT Bev yenowonololvTtol To isochrons ahhd yetpdton aneuieiog 1 yeovixh xoaductépnon
ané v npocopoiwor. H mold uixer| dwaupopd avdueco ota 6Vo amoteAéouata Oelyvel OTL 1 YEAETN
NS HUXAXNAG AMEXOVIONE TOU VEWENTIXOU CUCTAUATOSC CUVETAYETOL €YXUPX AMOTEAECUATA XOL Yo TO
TEOYUATXO G0OTNUA, Xou Oelyvel Tepautépw OTL 1 uédodog cuyYyEOVIoUOU UTOREl Vo EQUPUOCTEL XU GE
cuoThpata oL lvar 7 uadpa xouTtd”, Ywelc TNV Yenom eELoMoEWY, YL TOV TEOGOLOPLGUO TOU BLory PAUUITOS
CLYYEOVLOUOU

Yuyypoviowocg

O rnpoobdioptopde tou Winfree Time Crystal, emtpénet tov vnohoyiopd tov p(s, A) xa v eloy-
oYY TRV dlaypouudTey ouyyeoviouol. Tapduowr ye Toug dlagopixols LC TahavInTé T CUUTEQACUTA
OYETIXA UE TLC TEPLOYES OLYYEOVIOUOU Loy UouY Xou € auTHY TNV TEpinTwor. AuTtéc galvovTol 6To My rua
7.14 (a). T wixpd mhdn 1 amewxdvion ebvon avtioteédun xou oL neployés dev emxarintoviar. Kadde to
TAATOC AUEAVETAL, Ol TEPLOYES EMXAAVTTOVTOL UE TPOTIO TUPOUOLO UE TNV TEWTT| TERITTWON TV BLAPORLXDY
LC tohaviotodv xan 4ovo TocoTixéS Olagope mapatneolvton. H yevixdtepn opoldtnta ye tnv mpd
TEPIMTOOTN TEOXUTTEL XU ot TO YEYOVOS OTL 0 0pLoxdS xOXAOS Bev elvon Wiadtepa eEAxTixdS (xuplapyog
ex¥étne Floquet xovtd ato undév). Hopdpola cuunepdopata tpoxintouy xou and tny e&étaon tou p(s; A)
yioo otodepd xan Loyupd A oto Xyfua 7.14, agold autdg Bev elvan adEmv wg Tpog s.

Moadl{ ye tnv olyxplon tng andxplone YETAHED TOU GUVEYOUS CUCTAUATOS XU TNG OVITYHEVNS XUXALXNG
ATEXOVIOTG TEOYUATOTIOLOVUE XAl TROCOUOLOGELS Yiot TNV emahdeuon tng Aettoupyiog. Emiéyeton k£ = 40
eneldr) o tohhaniactaotrc Floquet elvan apxetd yeydrog. Ioapovoidlovpe éva mapddelyuo oUYYEOVIGHOU
X TepLocoTERa unopolv va Beedoly oto Kegpdhato 7.

Y10 Eyfuo 7.15, ou napdpetpor avixouy otny meptoyf 1 1 3 ouyypoviopol tou Lyduatog 7.14 (a).
H »wawn anexédvion Baoctlouevn oty dewentixd vroroyiopévn PTC gaiveton oto (d) evd 1 utoroyio-
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wévn péow mpocouoiwone oto (e). H tpoytd cuyxhiver oe évay tplo x0xho 6nwe avopéveto. Avtiotouyo
ouunepdopoto toybouv xo yiot To cobweb oo (). Xnueidhvetar 6TL ot Blapopéc GTa TOGOTIXG. Y AUEUXTNELO-
TIXA TOU 3 ®XUXAOL AVAUEGI TNV TEOCOUOIWST| X0t TO VEWENTIXG GUGTNUAL, OPEIAOVTOL XAUTd x0PLO0 AOYO GTO
OtapopeTind onuelo undevixnic gdonc. H ypovooepd tne @ petofints tne €€660u, avtioTtolyn tng tdong
Vet, ebvon meploduinr) 6mwe gatveton oto (c), eved o pdopa ota (g) xar (h) etvon Sloxpitd e Ty goaouatixd
dropopd avdpeoa 6T apuovixés va tooltat ye 1/3(KT +Ts). Ilpogavie n ouyvotnta Tou ofjuatog e£650u
loolTon e To éval Tp{To authc Tng etoddou. Lta (a) xau (b), to onueia tne anedvione Poincaré cuyxi-
vouv o€ évay Tpla xOXAo O GUVETELX PE TNV Blaxptth| amewxovior). H cuugpovia tomv anoteAeoudtonv yetadd
NG TEOCOUOIWOTNE Kol TV UTOAOYIOUGY PE BAoT TO Wovixd LOVTEAO Bely Vel OTL 1) XUXAXT ATEXOVLON
UTopEl var TepLYedPEl TANPWS TNV SUVOULXY| GLUYYEOVIGUO) TOU TpayUaTixol cucThuatos. Ilpogavae Tta
YUEAXTNELO TIXE TOU XAEWDWUATOS Eivan TooTd (Btar HE auTd TV dlaopixey LC ToAavTwT®y.

[Tepoutépw mapadetyuota undpyouvy oto Kegdhowo 7: 6to Nyrua 7.16 éva mapdderyua 1 : 2 cuyypovio-
1oV To omolo avoAlETOL oXEBMOC TUEOUOLNL UE ORIV Xk LA A1) CUY Y POVICUEVT) XATAC TAUCT) UE YAOTIXY)
€€000 0710 Lyfua 7.17. H avdhuon tne teheutaiog etvar avdhoyn tng yootixig xivnong otoug dlapoptxoic
LC tohovtwTéc.

Ta nopandve emBeBUdVOUV TNV TOLOTIXA TOVOROLOTUTY] duVALXT cuYyeoviouol téco tou Colpitts
000 %ot TV dlpopxey LC tahavtwtoy, omng xan avopévaue. Kuplwg, duwg, delyvouv 6Tl 1 avdiuon
CUUPOVEL UE TIC TPOCOUOLOCELS 1] LOUVIXMY LOVTEAWY ATOBEXVVOVTOC TNV EVpWoTio TG uevdoou.

XaoTinog XUy YPOVIOWKOS

‘Onwe €youpe 1N det o todavtwtrc Colpitts mapoucidlel 800 TOLOTIXE BLaPORETIXOUE TOEAEEVOUS
ehxvuotéc: tumou Feigenbaum xou tOmou Shilnikov. H yootxr cuumepipopd emiteénel Tov yootixd cuy-
yeoviopd tou Colpitts eite und tnv enidpaon meplodixfc datapayfic (ouyypoviouds @dong) eite péow
xatdhAnhng o0leving ue dAho mavopolbtuto clotnua (Thipne ouYYEOVIGHOG).

Ytov ouyypovioud @gdong To cLOTNUA AVTIETOTILETOL WG EVIC TOAVTOTAG UE YAOTIXE OLUORPOVUEVO
TAGTOC XAl OPOLOUOPPA TEPLOTEEPOUEVT YdoT. Trovétouue TNy Umapdrn xotdhining Tourc Poincaré, mote
1 QACT) Vo UTOREL VoL 0pLOTEL WG YRAUUUIXT GUVEETNOT UETAEL BUO SLIBOYIXWY ETLOTEOPMY TOU GUCTAUNTOG
oe authv (o x&le emotpogh N @don €xer avindel xatd 2m). Opilovpe g w Ty péorn ouyvdtnTa
EMOTEOPAC OE AUTAY. LNUELWVETH TS 1) EVVOLA NG QPAomNG OV elval XoAOSC OPLOUEVT Yol GAOUSC TOUG
YAOTIXOUE TOAVTWTES. AxOun xou OTay €lvat, ALEAVETAL TUNUOTIXG YRS xou 1 ad&non Tne Umopel va
el wg doyutiny|. [evind, 660 Mo cuplc elvon 1) dEUOVIXT] UL0G TURATNEACILY TOCOTNTAS OTNY W, TOCO
O oY VRO Elval TO Yd0C OBNYMOVTIC G XoXWS OPLOUEVY] PAOT).

Trovétovtag TNV TepInTwon eVOC TOAXVTWTY UE XOADS OPLOUEVY QACT], O GUYYQEOVICUOS TOU UE [l
e€mtepr) dlotopay”) YIVETAUL UE TOEOUOL0 TEOTO PE TNV TERITTMON TWV TEPLOOIXWY CLUOTNUATWY. T
xAeldwua 1:1 mpémel 1 cuyvoTNTa €L06BOL BeV Blaépel TOAD and TNy w. 'evixd oto eninedo A — Ty, oL
TEPLOYEC GUYYPOVIoHOU Bev Blapépouy ToloTd amd Tig Arnold tongues. Xnueidhveton duwe 6Tl TO TAUTOS
e SLotopary i eV TEENEL var elval UTERBOAIXA LoYUEO OTE VAL XATACTEIAEL TO YOOTIXE OLOORPOVUEVO
TAdToC.

Y70 medlo TNg cUYVOTNTAS, O TEPLOPLOUOS TNG XAAWS OPLOUEVNS QACTC DEV Elvol TLo TOGO GNUAVTIXOG
v Ty €€€taon Tou cuyypoviopol. To gdouc Tou aUTOVOUOU YAOTIXOU GUOTAUNTOS ELVOL GUVEYEC WE
peak otV w, eve Tou BlatoEayPEVOL TUPOUGLALEL YEVIXA XOPUPEC TOGO GTNY W OGO X OTNY Wip. AV
N wWin xou T0 A elvon TéTol MOTE Vo UTEEYEL XAEBWUA, Ol QUOUATIXES YEOUMES TTOU OPEINOVTAL OTNY W
ATOPEOPAOVTOL OO AUTESC TNG Wip, 1 LOOBUVAUA 1) ETEQOCUCYETION TV BUO ONUATKLY Topouctdlel UEYLoTa
Yt YeOViXEC OTIYUES KTy,

EZetdlovtoc to yéoo nedlo X = (21 + - - - + xy,) /1, énou xdde z; avtiotoryel otnv & uetoBAnTs Tou
drotaporyuévou cuathatog pe apyxh ouvdrixn (z;(0),v:(0), 2;(0)), eivar Tpogavéc 6T oe mepinTwon un
CLYYPOVIOUOU, YLl UEYHAO T, QUTO TELVEL OTO UNBEV, EVE TUAUVTWVETOL UE CUYVOTNTA W OLAPORETIXG.

Mehetdue tov tohavtoth Colpitts yio tywée napapétowy log;y @ = 0.69, logqg = 0.88, xau k = 0.5,
yio Ti¢ omoleg undipyel Tapdevog elxuoThc Tomou Feigenbaum émwe gaivetar oto Nyfua 7.18. Me authv
TNV TEPIMTWON 1) YAoT lvol XOUAWS OPLOUEVT] XU WS CLUYVOTNTO UTopel va yenowonotndel 1

N,
w = lim QWTt, (189)

t—o0
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6mou Ny 1o mAfloc Twv péyiotwy e = uetoAnthic oto didotnua [0,t]. Enedh w ~ 1 Swtapdocoupe to
obotnua pe f(t) = cos (wint) 6OV win, = 0.99 xou TAdToc A = 2.

To Eyfua 7.18 (b) delyvel tnv olyxplon YETAED TOU AUTGVOUOU TOANXVTOTH XL TOU GUYYPOVIOUEVOU
670 1edlo Tou ypovou. Ilupdti ) dratapoy | €xel cLYYEOVIoEL XaTIAANAA TNV YA, OV €YEL XATAOTEIAEL TO
YOOTIXG Blotoppoluevo Thdtoc. Xto (c), elvon Eexddopo 6Tl To pdoua Tapauéver GUVEYES OANG HE XDpLoL
(PUOUATIXY) YROUUT OTNY Wip. XENOWOTOLOVTOS OlopopeTixd TAdTn unopel xavelc va e€dyel To dSidypopua
CLYYPOVIOUOU OTWE OTNV TEPITTMWOT TV TEPLOOXWY CUCTNUATMLY, AAAS CTUEWDVETAL TS Ol AVTIOTOLYES
neptoyéc Yo elvon TOAD Tlo oTEVEC.

Y10V TATET) LY YEOVIOUO GUVBEOUUE U0 TOYOUOLOTUTIOUS YooTxolg TohavTwTég Colpitts uéow olleuing
Tou avTioTolyel oe olVdeoN pe avtiotdoel (resistive coupling). O otdyoc eivar 0 TAHENG oLYYPOVIOUOS
TV 800 CUCTNUATKY, dNAAOY ave€apTATWS NG aEYMS CUVINXNG, 1 XATACTACT TV BV TUAAVTIWTWY
tehxd va tautiCetan. Ipogavag, oUleuln uetall TEQLOBXGY CUCTNUATLY 00NYEL O avTioTolyo cuyyEo-
VIOUO, aAAd eTedn 1 avdiuon Boaoctletan oty avaywyt @dong, uropel va Sieloydel xatd topduolo tpdTo
UE TO TEOTYOLUUEVAL.

Ave>0,u=(x+y)/2, v=y—x xu cacdyovue Ty cLlevin yetalld dVo cuotnudtwy Colpitts,
€)Y OUE,

= f(x,t)+e(ly—x) = f(z,t) + ev

J= F(,t) - ely — @) = F(y,) — ev. (190)

Cpouixomoi®vTag Yopw and tny oLy yeovn AUon & = Yy = U, X0l UETA A0 XATIAANAOUC YPOVO-EEARTWOUEVOUS
petooynuatiopols (deite Kepdhawo 7), xotohiyoude OTL Y1l € > Appaz/2 = €c OTOU Apgz O UEYLOTOC
ex¥étne Lyapunov tou yootxo) cuoTARATOS, 1) GUYYPOVT XATdoTaon eivon UG TS XATd UECO OPO UE
NV €vvola OTL UixpEg dlatopayéc Telvouv ato Undév xatd uéco 6po.

Mmnopolpe va Yewpfooupe to didvuopoa log |v| (6rou | - | onuaiver epopuoyR tne anoldTou Thc oe
x&de Véom Tou Blaviouatog) ooy Wi LETABANTH oL Tparyuatonolel TohudtdoTato Tuyaio tepinato, 6Tou N
u unopetl va wwiel we VopuPog. Kovtd oto xatdehl Tou cuyypoviouol, 1 Suvouixy| Tou Tuyaiou TEpITATOU
xardoplleton amd Soxupdvoelg xou €Tot 1) xatavour log v " amAdvel GTov }pdvo” avTIOTOLYOVTAG OE EVTOVES
auopelwoelg yio Tic petaBintéc v. To garvouevo autéd elvan yvwotd we modulation intermittency.

Eneidr) évag napdlevoc ehxuoTtrc anoteAeitar and dnelpeg aotadelc Teplodixég TpoyLES, oL onoleg elval
TuxvéS otov eEAxuath [30], n uekétn tne petdBacne otny olyypovn xatdotaon uropel vo yivel eZetdlovrag
autég. Kdlde tétola mepiodunn tpoytd €xel évay TETELUUEVO TOAATAACIOTY (00 UE Eva xon Evay oot
xuplopyo mohhamiactactr. Mo Slochddwor cUUPalVeEL yia TNV -00TY| TEQLOOIXY| TEOYIA OTO €.; OTAV TO
u€Teo Tou xuplapyou TohhamiactacTh Yiveton (oo pe 1, xou 1 Siedduvor telvel var yivel evotodc.

H tn €. mou Berjxape mponyouuévee 8ev avTioTolyel anapaltnta oTny = max; €. ;,0Tou 0 GuYYpo-
viouog ebvan mparypotixd tadene. T e € (e, E), n obyypovn xatdotaon eivar euotadic pbvo xotd péco
6p0, avtioTolywvTag ot évay Milnor eAxuotr und TNV Evvola 6TL GYEBOV OAEC OL dPYIXES CUVUHAXES OF Wil
TepLoY Y| aLTo) GUYXAVOUY oE aUTOV. Aol oUW UTEEYOUV TERLOBLXES TEOYLEC TTOL BEV ElVOL CUYYPOVIO-
MEVES, LUTEEYOLY ot TUXVE GOVOAIL OEYLXWY CUVUNXGOY TOU OEV GLUYXAIVOUY GTNY GUYYEOVY XATACTAUOY).
Avutéc ol ouvinixec unopel vor GUYXAVOUY GE dAAT TEELOOLXY| TEOY LA, OE GAAOV EAXUCTH| 1| Vo TEVOUY GTO
arewpo. H mpwtn mepintowon and Tig mopamdve avTloTolyel og oyeddv TANen CUYYPOVIOUS, EVK OTIC UT-
ONOITEC O CUYYPEOVIOUOC UTopel Vo eivon Hovo Topodixds. AvticTolya av e = min; e.;, TOTE Yo € < e,
n oUYyeovn xoutdotact eivor aoTodhc, eve yio € € (e, ), oyedov dhec ot opyixéc auviixes amoxAivouv
and auth. Enoyévwe atov miien cuyypoviopd undpyet éva didotnua (e, E) evtde tou onolou oupfoivouv
OLOXAUOWOELC.

[ va egapudoouue Ta mopamdve otov Tohavtwty Colpitts, unoloyiCouue Tov péyioto exdétn Lya-
punov, pe tov ohyéptdpo and to [65], ico ye A = 0.031, ondte €. = 0.015. Lto Eyrua 7.19 gaiveton 1
YPOVOOELRd TNS BLopopdic TNS XATdoTaonS TV 800 TahavTwTtdy. Lto (a), 1 olleuin elvon aclevéotepn
ond TO XATOPAL, OTHTE oL TOhaVTWTES Bev elvan ouyypoviopévol. 3to (b), n ovleuin € elvar xovtd oto
xatdOM, xou apatneeiton modulation intermittency. Xto (c), € > €. xou €youpe TP CUYYPOVIOUO.
IoapdT Sev elpacte olyoupol OTL €cmaz, O WXEEC AUEOUEIDOELS TNG BLaPORdS BNADOVOLY OTL € < €cmaz-
[Tpogavng ye adénomn tng Loy voc Tne cLLELVENE 0 LY YEOVIOUOS Yo YiVEL TAHENC Xou 1) TEOC AUTOV GUYXALON
Yo emitoryuviet.

Yy napoloa evotnto ueheTrdnxe Slelodixd 0 TOMNITAOXOG GUYYEOVIOHOS NAEXTEIXWY TUAAVTWTMYV.
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Aciope 6T N x| anedvion 6twe Teoéxule and Ty avdiuon Koopman xou to avtio tolyo anoteréo-
pota, umopel vo eptypdiper TAYpwe ToV cLUYYEOVIoN6 TOGO TeV Blopopxty LC TahavTwTdY 600 X TOU
Colpitts xou culnthcaue oyetnés epapuoyéc. Av 1 dlatapay etvon Tay g Xou Loy UEY| ATOLTELTAL 1) TEQLY PUpT|
HEOW TN BIBLECTATNG AMEWOVIONG O UETOPBANTES Bpdomn-ywviog Yot TNV UEAETN TNG BUVOUIXTC CUYYEO-
VIOHOU ToU amoTeAEl QUOLXT| YEVIXELUOT] TNG HOVOBLAG TUTNG XUXAXAG amewoviong. Téhog pehetHdnxe 7
BUVATOTNTA CUYYEOVIOUOL Tou YaoTixol Tahavtwty Colpitts 1600 we mpog v @don 660 xaL TAHEWC.

0.8 Xvpnepdopata xow Merloviixég Enextdoeig

Yty mapovoa epyaocio peAethooue Tov teAeotr) Koopman xou Tic eoppoyéc tou otov moAiThoxo
CUYYPOVIOUO NAEXTROVIXDY TOAVTOTOV avahDOVTAS ETUONG TNV U1 YEOUMXT) OUVAULXT| TV TEASUTAWY.

H dewplo Tou teAe0Tr eMTEETEL ULt TLO GUYVOAXT] VEDENOY) BUVOULXMY CUCTNUATOY UE EAXUCTES XAl
T PAUCUOTIXG OVOTTOYUOTA TURATNENOWOY CUVIRTAOEMY YEVIXEDOLY TNV YVOOTH YEOUUIXY TERITTWOT.
Xenotonotdvoc xatdhAnhes 1L0cUVapTHOELS Urtopolv Vo optotoly petafAntéc dpdonec-ywviog (isocrhons-
isostables) yevixebovtag Ty Yvoo T avoywyr oto povtého gdone. Ot amodotixol ohybprduol aptduntixos
UTIOAOYLOUOU ETUTRETOUY TNV EQPUPUOYY| OE TEaxTixd oL AT TTd cLYXEXPWEVES TEoUTOVETELS Yiot TNV
Orotapory 1, HAUTUANEOUE OTL Lol LOVODLAG TOTY) XUXAXT| OTEXOVLIOT) TERLYRAPEL TAHEWS TNV duvaULxY cuy-
YEOVIOUOU TEQLOOLXS BLUTAURAYHEVWY UG TNUATWY, XAl Ol TEQLOYES CUYYPOVIOUOU AVTIGTOLYOUY OE ENTEG
TWéS Tou apriuol TEPLoTROPYC.

Yty ouvéyelo avahbovtog TNy uolxr Asttovpyia Twv MOS, BJT poviehomolfooue o€ Lop@t| SuvaxoU
CLCTARATOS TNV Asttoupyia Twv dlaopixwy LC tohavtwtony xoog xa Tou Tahavintr Colpitts ol onolot
Yo yenowpononiolv wg yopuxtnelo Tixd topadetyuata. EEetdlovtac tig ouvnhouéveg pedddoug avdhuong
QUTOVOUWY X0l TEQLOOXE BLUTURAYUEVWY CUCTNUATWY oty BiBAloypagio TV NAEXTEOVIXGDY, Oelloue OTL
ovotaoTd Bactlovtar otny Bla opyn xou amoutolyv oA ac¥evy| Slatapoyy), BivovTag TeoxTixd TNy xAlor
TOV CLVOPKY TWV TEPLOYWY CUYYPOVIOUOU.

E¢etdlovtag avohuTnd Tny W Yeouixr duvouxr apyixd Twv diapopixey LC tahavtoTtdy, delloue
OTL, TOUAYLOTOV GE Ulal TEPLOY T TNG 0EY NS, 1) TOLOTIXY GUUTEELPOES TOUG EiVal TOUVOUOLOTUTY Xl TROGC-
oloploae T XAUTOAES BtoxAadMOOoE®Y. Ol TOAAVTIWTEG QUTOL AVAXOLY YEVIXOTERA GTNY OUGO TwV Zo
CUUUETELXWY CUCTNUATWY To omola emlong avahOGoUE YLol Vo BEEOUUE TG OUOLOTNTEC TOL ToEOLGLALOULV.
Xy ouvéyela, peretovtog tov tohavtotr Colpitts eldaue ot yapaxtneileton and noAdmAoxn cuutepl-
popd xou 1 VePEMMBNG BOUT| TV SLOXAABWCEWY TOL UTAYOREVETAL om6 To (ouvopevo Shilnikov. Aprduntind
UTOAOY{OUUE HATOLEG AT TIC AMELPES XUUTOAES OAYUATOSC-XOUS0U Xou BLITAACIACUOY TERLOOOU.

Troloyilovtag aprduntixd to isochrons eldoye 6Tt 1) TOAOTAOXY BUVOIXY TWV TOEATEVE GUC THUGTWY
AVTAUVOXAGTOL GTNY ToOAUTAOXT) Bour) Touc. Lo mopopétpous yia Tig omoleg UTdpEyEL €vog Eus TS HUX-
AOG, UEAETHOUUE TOV TOAUTAOXO GUYYPOVIOUO XAUE GUG TAULATOS YPNOULOTOWVTAS TNV XUXAXT ATELXOVIOT),
TEOGOLOPICAUUE TO BLAYEOUUA CLYYEOVIOUOD %ol ETBEBUMOUUE TNV CUVETEL UETOEY TWV CUUTEQUOUATOY
amd TNV UEAETN TNG XUXAXNC OMELXOVIONG XL TWV ATOTEAEOUATLY and Tty ancuieiog enfAuon twv o
APOPOY EELOWOEWY.  LTNV OUYYEOVN XUTACTACN Ol TOAAVIWTESC UTOPOUY Oov OLUEETEC CUYVOTNTOG
UETATEETOVTAS €Val TEPLOOIXO N EL0OB0U O TERLOBIXY| €£000 UE EAEYYOUEVES (PUOUATIXEC YRUUUES 1)
cav a3 7 poloyia” Aoyw Toug meploplouévou Yoplfou pdonc. Extoc twv meploydy cuyyeoviouol 1
€Zodoc elvon ameplodixy (Yot 1 NUTEELOBIXT) xou Utopel vo yenotuwonotnlel oe avtiotoly e eqopuoyEc.
EZetdlovtog to Sudypaya GUYYEOVIOUOU Yl BLpOpETIXES THIES TapopéTewy (dpor xat SlapopeTiny| doun
isochrons) xotoAiZope 6TL ToPUETEOL TOU OONYOUV OE THO EAXTIXOUS XUXAOUS Topouatdlouy Slapope-
Tixég WLOTNTES oLy yeoviopoL. Ievixebovtog Ty avdhuor, detlope OTL 1 BLBLdC ToTN AMEMOVIOT OE PETUBA-
Ntég dpdone ywviog pnopel vo teptyedder v duvaixt| und avdolpetn dlatopayr). Etotl, n avarntuydeica
AVIAUGCT] TEOGPEREL TNV BUVATOTNTO GUVOMXTG HEAETNEC TOU GLYYEOVIGUOU NAEXTEOVIXMV TOAXVTWTWY X0l
OElyVEL TNV BUVITOTNTA TEOXTIXWDY EQUPUOYWY TOU GLYVE cuoXOTIoVToL amd TNV YENHOT TWV TUEAdOC!-
AWV TEYVIXWY, OTL ONAAOY Vo TOAAVTWTAG UTOREL Vo AELTOURYHOEL (G DLEETNS, TOAATAACIACTAS, 1)
YEVVATELOL YAOTIXWY ONUATWY, OVOAOYWS UE TIC TUPAUUETEOUC TNE €10600u.  ONOXANPOOAUE TNV UEAETN
OelyvovTag TNV SUVATOTNTO CUYYEOVIOUOU Tou Yool Tahavtntr Colpitts eite ev gdoel elte TApwe.

Ot uy€dodol Tou TAPOUGLAGTNHAY TEOGPEEOUY €V YEVIXO TAX(CLO Yia TNV UEAETN TOU GUYYQEOVIGHOU
NAEXTEOVIXMY (%o Oyt U6Vo) TahavTwTtdy. Melhovuxée enextdoelc nephaBavouy TNV Yehon ouyyeo-
VIOGUEVWY TOAVTWTOV ¢ axpl3h) pOAGYL 68 GUOTAULITA TOU AmonToLY oxplBela TNV UETENOT TOu YEO-
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vou. EmnAéov, o xatdAANAog GUVBUAOUOS ATOXEICEWY GUYYPOVICHEV®Y TAAAVTIOTOV Yo UTopoUcE Vo
xenowonomndel wg éva cbotnua Tolhamhactao Tt cuyvotntag. H epopuoyr) wv uedddnv oe yevixel-
OEIC TV CUCTNUATWY Tou eEETATTNXAY €Yl ETLONG EVOLIPEROY, OTwE N YeNon LC TohavTwTtdY ue TOA-
hamad LC' tanks mou Swatnpolv tny Zo ouuuetpla. H Umopln averlolnTtwy tépwyv ot TETold UG TH-
HOTOL ETUTEETEL YEVIXOTEQOUG GUYYPOVIGHOUS Xl aVTIGTOLYES EMEXTACELS TWV UEVOBWY X O VEWENTIXO
eninedo pe TNV HEAETH GULELYUEVWY XUXAXOY amexovioewy. Mo oxourn duvatdtnta nepthaufBdvel Ty al-
tonolnon tne yetoBAntrc dpdong (isostables) yia TNV YEVIXOTEEN UEAETT BLoTopaYEVODY CUCTNUATOY ElTE
amo YEVIXOTERES CLVAPTHOELC ElTe amd Loyupég xan Toyelg dlatapayéc. Télog, ol avamtuyuéveg pédodot
EMTEETOLY TNV EQUAQUOYT) TOUG OE GUG THPATA TOTOU ”uabpal XOUTLH” GTOL 1) BLUVAULXT| TOU GUG THUATOS OEV
elvot YVwo Ty, 0AAd LoVO TopatneNOWES TOGOTNTES TOU cLC THUATOS elvan Slodéoiues. "Etol unopel xaveig
Vo Tpocdlopioel Tig xVPLEC WLOTWES Tou TeeoTr) Koopman t€touwy cusTNUdTmY amd TG YPOVOOELRES 1| v
UTOAOY{OEL TAPOC TELRUUATIXG TNV XUXAIXT] ATELXOVLCT] X0 TO AVTIGTOLYO OLAYQOUUA GUYYPOVIOHOU.



Chapter 1

Introduction

Oscillators are ubiquitous across various technological (e.g., electronic, mechanical) and biological
systems (e.g., population dynamics, neural systems). Particularly in electronic applications, they serve as
essential components, functioning either as clock signal generators or as carriers of relevant information
within telecommunication systems. When subjected to periodic external perturbations, oscillators
can synchronize, producing a periodic output signal with a tunable frequency, while concurrently
reducing phase noise owing to the locking mechanism. Common applications of synchronization in
electronics encompass the frequency dividers within a Phase-Locked Loop (PLL), tasked with dividing
the frequency of a reference signal by an integer number [14]. Moreover, integrated implementations of
synchronized oscillators, are used in the field of wireless communications, as an alternative to digitally
implemented dividers, offering low-power consumption and low-phase noise [7]. In particular, the
main limitation in the design of frequency synthesizers for portable communication devices is the
power budget, which requires the use of analog synchronized oscillators instead of digital integrated
circuits (flip-flop-based frequency dividers with current-mode logic) [51]. Synchronization within chaotic
systems is also applied in the context of safe communications [34].

Due to their importance in practical applications, synchronized oscillators have been a subject
of theoretical research in the electronics literature. Most developed analyses [10, 7, 6, 58, 25, 9, 8,
26] aim to derive an approximate formula for the locking range, namely the frequency interval inside
of which the output signal is locked to the perturbation. Harmonic Balance has been traditionally
used as the primary tool for the study of autonomous oscillators and has been naturally extended
to synchronization applications [58]. Equivalent analyses are also conducted through phasor-based
methods [27]. Averaging combined with the method of Slowly Varying Amplitude has also been
extensively utilized [10, 7, 6, 8]. Both methods rely essentially on spectral arguments, interpreting
synchronization as the the result of harmonic mixing. The assumptions that both analyses are based
on, limit their application to cases of weak forcing, while the approximate derived formulae for the
locking range, correspond merely to its linear approximation. The introduction of phase models [55,
56] in the field of electronics was mainly restricted to the development of numerical methods for
the computation of isochrons. The crucial connection between the synchronization properties of a
periodically perturbed oscillator and the isochrons was neglected. Approximate linear phase models
for periodically forced oscillators [25, 26], suffered from the same limitations as the Harmonic Balance
and Averaging methods. An attempt was made in [26] to introduce an amplitude variable to consider
the effect of strong forcing, but it lacked rigorous foundation. Qualitative analyses have also been
suggested [14], but the methodology is intuitive rather than rigorously founded.

Apart from the theoretical limitations of the existing analyses, the study of synchronization in the
frequency domain, obscures applications in which a single limit cycle oscillator can function as a divider,
multiplier, chaotic generator, or as a strongly nonlinear oscillator depending on the driving signal.
Moreover, the implications on the time domain of phase locking in applications, e.g. demanding precise
timing measurements, is commonly neglected. In this work, we develop a unified and rigorous framework
for the study of periodically forced oscillators and demonstrate several possible applications of the
proposed methodology in frequency division, multiplication and in terms of the tunable characteristics
of the output signal.

Mathematically, self-sustained oscillations are associated with the existence of stable limit cycles
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of autonomous dynamical systems, while chaotic oscillations are associated with the existence of
strange attractors. These concepts can be treated in a unifying way within the Koopman operator
framework that has been developed over the past years. This formalism allows the spectral expansions
of appropriate functions of the state variables (observables) offering insight about their time evolution.
Generalization of the Laplace domain analysis of nonlinear systems follows as well. Moreover, the
Koopman operator methods enable the calculation of the isostables and the isochrons of a limit cycle,
as a natural generalization of the well-known action-angle variables for conservative systems, that
facilitate the dimensional reduction and the analysis of the corresponding dynamical systems. The angle
variable, corresponding to the phase of a limit cycle, has been introduced independently of the Koopman
operator framework in the electronic literature [56, 55], but the application on synchronization [25, 26]
still relies on grequency-domain arguments.

The synchronization of oscillating systems corresponds to their locking to a periodic perturbation.
Utilizing the action-angle reduction, we show that under suitable forms of forcing—without the need
for small amplitudes—the analysis of the perturbed system reduces to that of a one-dimensional circle
map. This family of maps, which depends on the Phase Response Curve (PRC) or equivalently the
Phase Transition Curve, is crucially affected by the structure of the isochrons and captures all relevant
information regarding synchronization. The study of these maps reveals synchronization regions in
terms of the forcing parameters. The introduction of the action variable allows the extension of
this map to a two-dimensional representation without constraints on the form of the forcing. This
formalism facilitates the investigation of synchronization in limit cycle oscillators subject to external
forcing in a unified and comprehensive manner. Furthermore, the notion of the angle variable (or
phase), along with Lyapunov exponents, proves valuable in the examination of chaotic synchronization.
Chaotic synchronization can be viewed either as the locking to a periodic perturbation or as the mutual
synchronization of two identical chaotic systems.

In this work, two common families of electronic oscillators are studied as particular applications:
the differential LC' and the Colpitts. Through modeling, it becomes evident that a rigorous bifurcation
analysis is essential to ensure the appropriate selection of parameters for the circuit elements, thus
achieving the desired dynamical behavior, whether periodic or chaotic. Using analytical tools, such
as the the Shilnikov and the Melnikov theory, we deduce the qualitative aspects of the dynamics and
extend them numerically, computing the global bifurcations curves of each system.

Finally, the study of the corresponding circle map (irrespective of which family of oscillators is used)
reveals the synchronization regions (Arnold Tongues) which define the locking regions of the system
subjected to external forcing. Within these regions the output is periodic and the system functions as
a frequency divider, converting periodic input signals into periodic outputs with controllable spectral
lines. Conversely, outside these regions, the system operates in the unlocked state and can generate
a chaotic output with a continuous spectrum or a quasiperiodic output. Although rapid and strong
forcing perturbations cannot be described by the circle map, the two-dimensional map is shown to
adequately capture the dynamical characteristics of the system revealing the locking state. In that
case the system can be used as a multiplier with respect to the fundamental frequency. Moreover, the
chaotic region of the Colpitts oscillator allows one to either synchronize it in phase with an external
force or completely synchronize two identical oscillators irrespective of their initial ”"seed” (initial
point). Practical applications of these oscillators include frequency dividers-multipliers with tunable
spectral lines, chaotic or quasiperiodic generators, and precise time-keepers due to the locked phase
and elimination of phase ambiguity. Essentially, a single limit cycle oscillator can function as a divider,
multiplier, or chaotic generator depending on the driving signal.

The present thesis is organized as follows.

e In Chapter 2, we introduce the fundamental definitions of chaos, (strange) attractors and
Lyapunov exponents which will be useful throughout the thesis.

e In Chapter 3, we study in detail the Koopman operator in dynamical systems, emphasizing
on spectral expansions, and connect it with the study of the dynamics of periodically forced
oscillators.

e In Chapter 4, we study in depth the circle maps that arise within the study of synchronization,
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as proven in the framework of the Koopman operator, and discuss its implications on the
synchronization dynamics of the continuous time system.

e In Chapter 5, we present the basic operational principles of the MOS and BJT transistors
providing a mathematical modeling of the two oscillator families-the differential LC and the
Colpitts. These models serve as practical applications of the theoretical methods discussed.
Additionally, we provide a review of the most commonly employed methods in electronics
literature for analyzing autonomous and periodically forced oscillators, discussing their primary
limitations.

e In Chapter 6, we rigorously study the nonlinear dynamics associated with each class of oscillators
both analytically and numerically, determining the bifurcation curves.

e In Chapter 7, we study the complex synchronization of each family of oscillators obtaining
the resonance diagram with respect to the forcing parameter space (amplitude and frequency
of the perturbation) and show that the circle map can adequately capture the relevant to
synchronization properties. The isochron structure, which determines the synchronization
properties of the system, depend on the dynamical characteristics of the autonomous systems.
Moreover, we provide an example where the two-dimensional action-angle map is necessary to
describe the dynamics and conclude the Chapter with the study of the chaotic synchronization
of the Colpitts oscillator.

e In Chapter 8, we summarize the present work and provide directions for future research.



Chapter 2

Preliminaries on Lyapunov Exponents, Chaos and
Strange Attractors

We begin the study by giving some preliminary definitions and properties concerning the Lyapunov
exponents and the concept of chaos. Although we are mostly interested in limit cycle systems, these
fundamental notions will be used in later Chapters. Our treatment follows [60].

2.1 Lyapunov Exponents
We consider a continuous dynamical system,
&= f(x), x € R", (2.1)
where f is a C", r > 1 function and denote its flow by ¢(x,t).

Definition 2.1.1. Let xy € R™ and consider the trajectory ¢(zo,t). We denote by ®(t) the fundamental
solution matriz of,

. 0
X = 8—f X =At)X, X(0)=1I,. (2.2)
Llp(xo,t)
For a vector e € R™, we define the Lyapunov characteristic exponent in the direction of e by
1 D(t
Ao, e) = limsup - log <H ( )eH), (2.3)
too el
where || - || denotes the standard Euclidean norm on R™. If ® =0, we define A\(xg,e) = —oo.

If system (2.1) is discrete and not continuous, the modifications of the definition should be apparent.
It is important to note that all points belonging to the same trajectory, are characterized by the same
Lyapunov exponent. This suggests that the Lyapunov exponents are a property of the trajectory under
consideration.

Fixing the trajectory, we can consider the Lyapunov exponents as functions defined on R™, A(e).
From the definition it is evident that the actual norm of e is irrelevant so that A(ce) = A(e) for any
nonzero ¢ and without loss of generality one can always assume that |e|]| = 1. The properties of the
norm suggest that

Ale1 + e2) < max (A(e1), A(e2)), Ver, ez € R™, (2.4)

from which it follows directly that the set
Ay ={u e R"| Au) <r}, (2.5)

where r € R, is a subspace of R". Hence, the Lyapunov exponents of a trajectory cannot admit more
that n = dim R"” different values. This can be seen as follows: if this was not true, there would be k
vectors u; such that uy is a linear combination of u; and A(ug) > A(w;), i = 1,...,k — 1 which is a
contradiction by (2.4).

o7
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Let 1 > - -+ > v, be the s < n distinct Lyapunov exponents of the trajectory. Then we if we define
the sets

L; = {e € R"|\(e) < v}, (2.6)
we have
{0} =Ly CLsC---C L =R" (2.7)
and
/\(e) =y, < e€ L; — Ll‘+1. (28)

Definition 2.1.2. The numbers v; are defined as the spectrum of the Lyapunov exponents associated
with the trajectory ¢(xo,t). The multiplicity of each v; is defined as k; = dim L; — dim L; ;.

The reader should note the similarity between the multiplicity of a Lyapunov exponent and that
of the generalized eigenspace of a matrix. In the following, we briefly state certain conditions for the

existence of the limit in (2.3).

and for any basis {e1,...,e,} of R"™ such that

n n
Z Ae;) < Z A(b;) for any other basis {b1,...,bn}, (2.10)
i=1 i=1
we have
n ‘ 1
Z;A(ei) = Jim ~log |det ®(t)). (2.11)

We remark that Abel’s identity suggests that

t
log |det ()| = / tr (®(7)) dr, (2.12)

0
so that one does not essentially need to know the fundamental matrix ®(¢). Now we have the following

Theorem 2.1.1. If ®(t) is reqular, then the limit in (2.3) exists for any e € R™

Proof. See [37]. O

The Lyapunov exponents are a type of spectrum that characterize a a specific trajectory of a
dynamical system. In the next chapter, we will study the Koopman operator and introduce another
very useful spectrum that characterizes the system as a whole and enables the expansion of trajectories
to eigenfunctions of the operator. Two very important solutions of dynamical systems are fixed points
and limit cycles which we define next.

Definition 2.1.4. o Let xg € R"™. Then xq is called a fized point of (2.1), if f(xo) = 0.
e Let y(t) be a periodic solution of (2.1). Then
I'={zeR"|z=1(t), t e R} (2.13)

is a limit cycle of (2.1).
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o Let zg € R™ and let ®(t) be the fundamental solution matriz of,

. Of

X== X = A(t)X, X(0) = 1I,. (2.14)

¢(107t)

Then the trajectory ¢(xo,t) is hyperbolic, if there exists a projection matriz P and constants
ki,ko, A1, A9 > 0, such that

H(b(t)P@—l(T)H I T
Hq}(t) (I—=P) <I>’1(T)H < kpe?2tT) < g (2.15)

It is clear that if x( is a fixed point, hyperbolicity implies that there are no eigenvalues, for which
the linearization (Jacobian) matrix possesses eigenvalues with zero real part. Let us assume that (2.1)
admits a hyperbolic limit cycle with frequency w. Let z¢ be a point on the limit cycle of (2.1) and let ®(¢)
be the fundamental solution matrix of (2.14). Floquet theory suggests that ®(t,0) = U(t)eP*U~1(0),
where the matrix U is t = 27 /w periodic, eP* = diag (1, p1, ..., pn_1) and 1 # |p;|, i=1...,n — 1 are
the Floquet multipliers. The fact that |u;| # 1, follows from the hyperbolicity assumption. We also
define the Floquet exponents by \; = 27 log(;)/w which quantify how attractive or repelling is the
limit cycle in the same way that the eigenvalues of the Jacobian do in the case of an equilibrium. We
note that 1,1, ..., tn_1 are the eigenvalues of the monodromy matrix ®(27/w,0).! It is clear that the
limit cycle is stable if and only if 1 > |u;|, i=1,...,n — 1.

The Lyapunov spectrum of fixed points and limit cycles is straightforward to compute: it includes
the characteristic exponents (eigenvalues or Floquet exponents) of the linearization matrices, as the
next Proposition shows.

Proposition 2.1.2. 1. Let x¢ be a hyperbolic fized point of (2.1) and let \; be the (distinct)
eigenvalues of the Jacobian linearization matriz, then v; = Re()\;).

2. If (2.1) admits a hyperbolic limit cycle with Floquet exponents \; and xo a point of the cycle,
then v; = Re(\;).

Proof. 1. In that case ®(t) = exp (Jt) where J is the Jacobian matrix. Now if we choose as e a
generalized eigenvector of J, it follows that v; = A;. In particular the assumptions of Theorem
2.1.1 hold, so that one only needs to take the limit ¢ — oo in (2.3). Since the spaces L; cover R"
the eigenvalues are the only Lyapunov exponents.

2. Let {t,}72; be an increasing sequence with lim¢,, = co and e = ;(0) where U(t) = [u1 ... up].
Then Floquet theory implies,

n—oo

1 1 _
- log |[@(tn)ui(0)]] = ;- log i (t)e™ | === Re(Xq), (2.16)

since ||u;(t,)|| is bounded. Hence for every sequence {¢,}°° ; the limit f(t,) converges to Re(\;)
which shows that v; = A;. Since the spaces L; cover R™, the result follows.
O

We note that in the case of the fixed point, the assumptions of Theorem 2.1.1 hold. However, in
the case of the limit cycle, the limit in (2.9) does not exist, and this is the reason why we worked with
sequences in the proof. Thus, we conclude that in the two common cases of fixed points and limit
cycles, the Lyapunov spectrum coincides with the eigenvalues provided by the Jacobian matrix and
the Floquet theory, respectively.

Regarding the computation of Lyapunov exponents of arbitrary orbits, this can be done only
numerically. A very popular algorithm is provided by [65], which we will use in Chapter 7, when we
study the chaotic synchronization of the Colpitts oscillator.

Tt follows immediately that p,..., 1 are eigenvalues of the Poincare map defined by any transversal
cross-section Y on the cycle. The multipliers are independent of the cross-section 3, since Poincare maps
corresponding to different transversal cross-sections are conjugate.
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2.2 Chaos and Strange Attractors

In this section we define what we mean by the the terms chaos and strange attractors that we
will frequently use in the following Chapters. We state the definitions for continuous time dynamical
systems of the form (2.1) but the appropriate modifications of the definitions for the case of maps
should be obvious.

Definition 2.2.1. Let A be a compact and invariant set of (2.1). We say that the flow ¢(x,t) has
sensitive dependence on initial conditions on A, if there exists € > 0 such that for any x € A and any
neighborhood U of x, there exists y € U and t > 0 such that

[o(x,t) — oy, 1) > e. (2.17)

Definition 2.2.2. The flows ¢(x,t) of (2.1) is topologically transitive on a closed invariant set A if
for any two open sets U,V C A, there exists t > 0 such that ¢(U,t) NV # (.

Now we can define precisely when an invariant set is chaotic.

Definition 2.2.3. A compact and invariant set A is chaotic if it has sensitive dependence on initial
conditions and the flow is topologically transitive on A.

The concept of a Cantor set will be also useful in the discussion to follow.

Definition 2.2.4. If (X,d) is a metric space, a set E C X is a Cantor set if it is totally disconected,
perfect (every point in E is a limit point) and compact.

Now let us give a fundamental example. We consider the set of all bi-infinite sequences of N
symbols, defined as,

sV =]]A, A'=A={1,...,N}. (2.18)
€L
Let a,b € YN be two symbol sequences with a = {... a—p, ... a_1. a9 a1 ... ap ...}, b =

{-e.b_p ...b_1.bo by ... by ...}, where a;,b; € A. The dot separates the sequence into two infinite
parts ande merely serves as a starting point. If we equip £V with the function

oo

1 ba b,
d(a,b) = —_eibi 2.19
(CL, ) Z 2‘1‘ 1 +5ai,bi ( )
i=—00
where § is Kronecker’s delta, it is clear that (X, d) becomes a metric space. It can be proven [61] that
¥V is compact, totally disconnected and perfect, hence it is a Cantor set. Now we define the shift map,

o 2N N

(..a-1.apay ...)— (... a_1ap.ay ...), (2.20)

and refer to it as a full shift on NV symbols. It can be proven that ¢ possesses a countable infinity of
periodic orbits, an uncountable infinity of nonperiodic orbits and a dense orbit [61]. The latter suggests
that o is topologically transitive on XV, Further suppose that U is a neighborhood of a € V. No
matter how small it might be chosen, there always exists a n > 0 such that a; = b; V|i| < n. Hence, o
has sensible dependence on initial conditions on £V and we conclude that X" is chaotic.

Although the space and system constructed above may appear purely theoretical, we will later see
that under certain conditions, discrete and continuous-time systems are topologically conjugate to a
full shift of N symbols. Before defining the strange attractor, we first need to define the notion of the
attractor.

Definition 2.2.5. A closed invariant set A is an attractor, if there is a neighborhood U of A such that

$(Ut) C A, ¥t>0, [)o(Ut)=A4, (2.21)

t>0

and ¢(-,t) is topologically transitive on A.
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The above definition is essentially topological. Attractors can be also defined in a measure theoretic
context. The following definition is due to Milnor and is referred to as a Milnor attractor.

Definition 2.2.6. A closed invariant set A is a Milnor attractor, if there exists a realm of attraction
D with positive measure, and there is no smaller set A C A whose realm of attraction coincides with
D up to a set of Lebesgue measure zero.

The distinction between the two definitions lies in the fact that the Milnor attractor permits some
points to escape from it, whereas this scenario is not possible in an attractor in the topological sense.
Now that we have defined an attractor, the definition of a strange attractor comes naturally.

Definition 2.2.7. An attractor A is called a strange attractor, if it is chaotic.

We remark that, assuming the phase space is three-dimensional, trajectories evolving on the strange
attractor of the system possess one Lyapunov exponent equal to zero, one negative, and one positive.
The positive exponent accounts for the system’s sensitive dependence on initial conditions, the negative
one indicates that the set is attracting, and the zero exponent reflects the fact that we are on the
attractor.

Now that we have covered the fundamental definitions regarding the chaotic behavior of a dynamical
system, it’s worth noting that the treatment has not been extensive since our primary focus is on
systems possessing limit cycles and on their response to periodic forcing. However, we will find that
chaotic behavior naturally arises in various scenarios, and the above discussion will prove useful.
Furthermore, in Chapter 7, we will explore how chaotic systems can also be synchronized under certain
conditions. We continue in the next Chapter with a detailed study of the Koopman operator in in
dynamical systems.



Chapter 3

The Koopman Operator in Dynamical Systems

In this chapter we study the recent theoretical advancements on Koopman operator. We mainly
focus on properties regarding the connection between attractors (particularly limit cycles and equilibria)
and Koopman eigenfunctions as well as spectral expansions of state observables. All theoretical results
will be utilized in the study of complex synchronization of electronic oscillators.

3.1 Preliminaries
We consider an autonomous continuous time dynamical system
&= F(x), x € R", (3.1)

where F': R® — R" is a C", r > 2 function so that existence and uniqueness of solutions are assured
and denote the flow of (3.1) by ¢(x,t). An observable is a C'! function f : R™ — C in a Banach space
F.

Definition 3.1.1. Let f € F. The Koopman semigroup operator Ut : F — F associated with the flow
¢ is defined by

U'f = foo(,t). (3.2)

From the definition it immediately follows that U’ is linear. Moreover it should be clear that

Koopman operator is a Markov operator (Ulc = ¢ for any constant function) and is a contraction with
respect to the supremum norm,

1U flloo < [Iflloos £>0, f € L. (3.3)
Next we define the generator or infinitesimal Koopman operator.

Definition 3.1.2. Let D be a dense subset of F and f € D. The generator of the Koopman operator
1s defined as

szlimw.

t—0 t (3.4)

The fact that F' € C"(R"™) guarantees the convergence of the limit in (3.4) since the operator is strongly
continuous [54]. From the definition and (3.1) it follows immediately that

Lf(z) = F(x) - Vf(z), (3.5)
and - denotes the usual inner product in R".

Apart from the infinitesimal operator, there is also a dual operator U*! acting on the conjugate
space F* of the bounded linear functional v : F — C. This operator satisfies,

b (Utf) - (U*tu}) (f), f€F, veF (3.6)

62
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If we restrict the observables on a compact subspace K of the phase space, bounded linear functionals
can be associated with a measure p and that, provided it is absolutely continuous, with a L' density
function p. Then we have,

vih) = [ f@ps (3.7
and we can define the Perron-Frobenius operator P! : L'(K) — L'(K), by
(vv) (= | 1@, (38)
from which it follows that
[ 1@ (Po) @iz = [ @' Diaota)da. (3.9)

If S is a measurable subset of K and f is the characteristic function of S, then

P'p) (2)dx = ) p(x)dx, (3.10)
S o(St)~1

where ¢(S,t)"! = {x\(b(x,t) IS S} is the preimage of S through the dynamics. Hence, the Perron-
Frobenius operators is related to the forward propagation of densities, and the Koopman operator with
the backward propagation of observables. One can consider the above equation as the definition of the
Perron-Frobenius operator. Since under the conditions impose on F', the flow is smooth, we have

Plp) (z) = GO (3.11)
( ) /¢(xt)—1 |det J|

where J is the Jacobian matrix. If the system is measure-preserving, that is p (d)(S, t)_l) = u(S) for the
invariant measure, F = L?(u) equipped with the standard norm and the dynamics is invertible, then it
is obvious that the norm of any observable remains invariant under the action of the operators which
are unitary and satisfy U’ = P~t. This means that the Perron-Frobenius operator associated with the
forward flow coincides with the Koopman operator associated with the backward flow. Moreover, P?
and U? are adjoint,

(P'f.p) = (f.U’p). (3.12)

The generator A of the Perron-Frobenius operator is known as the Liouville operator [5] satisfies
Pt = el (3.13)
and its action on a density function is given by,
Ap= -V - (pF). (3.14)
That is, the time evolution of g(z,t) = P!(p(x)) satisfies

g B
5 TV eF) =0 (3.15)

Now we proceed with defining the spectrum of the operator.

Definition 3.1.3. We define the resolvent set of the Koopman operator p(L) as the set of all A\ € C
such that the inverse of \I — L exists and is a bounded linear operator on a dense domain of F. The
spectrum of U, or equivalently L, is defined as the complement of the resolvent set, o(L) = C — p(L).

Having defined the spectrum of the operator, or equivalently, its generator, we want to define
its eigenfunctions and eigenvalues which we will enable spectral expansion of observable functions in
appropriate functional spaces. But before that we need to deal with a technical matter. The spectrum
of the operator is generally the union of three disjoint sets: point, continuous and residual [12].
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e The point spectrum consists of all A\ € o(L) for which AI — L is not injective. Thus, we can
define eigenvalues and eigenvectors. This component is the most important and characterizes
systems possessing (hyperbolic) limit cycles equilibria and invariant tori.

e A )\ € o(L) is in the continuous spectrum if AI — L is injective, is not surjective and has a
dense image. This spectral component capture the ergodic behavior of chaotic systems on the
attractor.

e A )€ o(L)isin the residual spectrum if A\I — L is injective, is not surjective and does not have
a dense image.

Definition 3.1.4. An eigenfunction of the Koopman operator associated with A € C in the point
spectrum, which will be called eigenvalue, is a function ¢y € F such that

Ulpr(z) = eMoy(z). (3.16)
Equivalently,
Lox(z) = Apa(x). (3.17)

From the definition it follows that, if ¢),, ¢\, are two eigenfunctions associated with eigenvalues
A1, Ao, then ¢ = qb];ll gbf\i is an eigenfunction associated with k1 A1 + k22, k12 € R, since

U (ghd5) = UM (63U (832) = exp ((kids + kado)t) 01 0 (3.18)
Moreover it is straightforward to see that if ¢, is an eigenfunction associated with A, so is c¢)y for any

nonzero ¢ € R. The extension to the Perron-Frobenius operator should be apparent. A A € C is an
eigenvalue in the point spectrum, associated with the eigenfunction p, if

P'p = \p, (3.19)
or equivalently in terms of its generator,
Ap = log(\)p. (3.20)

If the system is measure preserving, we stated that the operators are adjoint, which implies that the
also share the same spectrum, but generally different eigenfunctions. For dissipative systems, the
two operator theoretic frameworks are not equivalent and in the following we focus on the Koopman
operator.

At this point we remark that the eigenfunctions are defined in the whole phase space, thus Ul¢y(x)
is well defined for any ¢ € R. We introduce the notion of eigenfunctions defined in smaller subsets and
extend them properly in larger ones.

Definition 3.1.5. Let A be a set that is not invariant. We assume that for each x € A, there exists
an interval I, such that ¢(x,t) € AVt € I.. A function ¢y is called an open eigenfunction associated
with the eigenvalue X if,

Ulpr(z) = eMor(z) Vit € L. (3.21)

If A is a proper (namely, both forward and backward) invariant subset of the phase space, ¢y is call a
subdomain eigenfunction and I, = R.

It is clear that if A coincides with the whole phase space, then I, = R and ¢, is an eigenfunction
of Ut. Obviously, forward invariant sets correspond to I, = (t1,00) and correspondingly for backward
invariant. Frequently we have functions evolving as eigenfunctions but defined in smaller regions of the
phase space. In order to extend these "local” eigenfunctions from a set A to larger sets, we need to
define the time that it takes a point to reach A: heuristically, we say that a point needs time 7 > 0 to
reach A, if,

¢(z,7) € cl(4), ¢(2,t) ¢ A, VO<t<T, (3.22)
and similarly for negative time 7 < 0,
d(z,7) € cl(A), o(z,t) €A, V1T <t<DO. (3.23)

The above observations motivate the following definition.
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Definition 3.1.6. For an open and connected set A, we define its reachable set as P=F U BU A,
where

F={J|¢(cA),-t) = |J o4, - JsA4 -], (3.24)
t>0 L 0<r<t v<0 J

B={J|o(cd4),~t) = |J o4 -7 [J o4 -] (3.25)
t<0 L t<7<0 0<~y J

Then the time to reach A is a functiont: P — R. If z € A, it is defined as t(z) =0 and if z € F, t(z)
1s the unique number such that

ze¢(c(A),—t(z)) = |J oA -7 ¢4 —). (3.26)

0<7<t(2) <0
For z € B, the definition is analogous. For z € P, we define I, = (t1,t2) as,
tel, = ¢(z,—t) € P, t >ty = ¢(z,—t) € B, t<t; = ¢(z,—t) & F. (3.27)

From the definition, P is essentially the set of all points that can reach A through either the
backward or the forward flow and the function ¢(z) merely gives the corresponding time. We remark
that the difference in the definition compared to [48] is to handle some special cases. Now we can
extend eigenfunctions defined in subsets of the phase space to open eigenfunctions on P.

Proposition 3.1.1. Let A be open and connected and assume that there exists a ¢y : A — R such that
() = Aoy (x), = € A. (3.28)

For z € P, we extend ¢y as,
6(z) = e D0 (6(2,1(2))) - (3.29)

Then ¢y is continuous and an open eigenfunction on P provided that to or t1 are finite.

Proof. Since t1 or ty are finite, A is not invariant. Let z € P and 7 € R, then ¢ (¢(z,7)) = t(z) — 7.
Thus we have,

Ox (6(2,7)) = e MOEDg, {qﬁ (6= 7).t (o2, ﬂ))}
= ¢ MO, (62, 1(2))

= eMoa(2),

(3.30)

which shows that ¢, is an open eigenfunction. To prove the continuity of ¢»(z) on P, let € > 0, z € P
and t such that ¢(z, —t) € A. Since A is open, we choose §; > 0 such that ||¢(x, —t) — ¢(y, —t)|| < 01
implies that ¢(y, —t) € A. The continuity of ¢, on A allows us to select §; small enough so that,

62 (6@, ~1)) = o2 (8(y, ~0) | < e RO, (3:31)
from which one immediately has,
6x(2) = oa@)| = RV 5 (8, ~) = 62 (8ly, 1) | < e (3.32)
Since by continuity of the flow ¢(-,t) there exists & > 0 such that,
o= yll <8 = [loe, ) - oy, ~0)]| < o1, (3.33)

the proof is complete. O
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From the above construction, it follows that if P is a proper invariant subset of the phase space,
¢y is a subdomain eigenfunction. If P coincides with the whole phase space ¢ is an eigenfunction of
U'. Before continuing let us assume that (3.1) is linear, i.e., F'(z) = Az and find the eigenfunctions
to motivate the following analysis. Let A have distinct eigenvalues \; with associated left and right
eigenvectors v;, w; respectively. It is straightforward to see that

where (-,-) denotes the standard inner product in C", is an eigenfunction associated to \;. Hence
the spectrum of the Koopman operator in the linear case contains the eigenvalues of A and linear
combination of them. Further, because the v; and w; form biorthogonal bases, for an arbitrary xy € R™,

n n
xo = Z T, W;)v Z x)vj, (3.35)
=1 =1

from which it follows that

C(b(a}(), t) = CUt Z ¢j((130)?)j

J=1

=CY  Ul¢;(xo)v; (3.36)

Jj=1

=Y exp (A\jt) ¢ (o) Cj,

J=1

for any matrix C' € R™*". Hence, any linear function of the state is expanded into a finite sum of
eigenfunctions in the linear system case. We keep this in mind for future reference in the nonlinear case.
From (3.36) it further follows that in the Laplace domain the output function is a rational function
with poles at ;.

For completeness of the presentation, let us assume that the eigenvalues are not distinct so that
A is not necessarily diagonalizable. In that case, let s be the number of distinct eigenvalues, let g,
denote the geometric multiplicity of Ap, mg p, k& < g5 the length of the k-th chain associated with the
eigenvalue A\, and M}, maxj my,;, the maximum length of the chain. Then A can be decomposed as

A=>"AuPy + D, (3.37)
h=1

where Dj, are nilpotent matrices such that D,]yh = 0 and Dﬁ # 0, k < Mpy. The matrices P;, are
projection matrices to the corresponding eigenspaces and we have the relations

Dy Dy, = opi Dy, PpDy = Dp Py, = 01Dy, PPy = 0pi P, (3.38)

where 9;; is Kronecker’s delta. We remark that the above decomposition is general and holds for finite
dimensional, linear operators and is referred to as the Kato Decomposition [29]. Thus, one can compute
the exponential matrix of A,

A =3[ M, + Z tJ Antpl | (3.39)

h=1 ]<Mh

The matrix D;, can be written as

Dy, = ZDn,h, (3.40)
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where D, j, is nilpotent with index my, . Thus, (3.39) can be written equivalently as,

s gn Mik,h—1 1
At _ Ant k Ank 1yd
e —Z ehPh—{-Z Z Hteth’h . (3.41)
h=1 k=1 j=1
Now, let v,’j’i, h=1,...,s,k=1,...,9,t=1,...,myy the k-th chain of generalized eigenvectors and

wi’i the corresponding dual chain. Then one has the relations,

Avkt = Nkt Av, = Mol of T 2 < i <y,

A k,my p k,mp n k,i+1

. i (3.42)
w, = ANw,” " Afwyt = MNwyt 4wy T <y,

If gf)zl(x) = <x,wZ’i> [48], then it is straightforward that qb’,zz(:c) = )\hd>i’i(:c) + qb’,i’”l and qbi’mk’h is
a usual eigenfunction associated with Aj,. The rest functions qbi’l, 1 <4 < my ) can be though of
generalized eigenfunctions [48] associated with the chain my, ;. From the above relations we have,

M, h

U@ = D gt @), (3.43)

n=t
and thus, we can connect the eigenfunctions with the decomposition of the matrix A,

gn Mk,h

Pyx = Z Z QSZ"(x)vi "
k=1 n=1
M, h

J _ k,j n—j, j
Dk,hx_ Z o7 (2)v), .
n=j+1

(3.44)

The above analysis motivates the following definition.

Definition 3.1.7. A wvector function ¢ : R — R", whose indices belong in F, is called a vector of
generalized eigenfunctions if there exists a Jordan matrixz J, called eigenmatriz, such that

Ulp(z) = e’lo(x). (3.45)

It is obvious that the case of a diagonal matrix J is equivalent to the regular definition of
eigenfunctions. Thus, the case of multiple eigenvalues complicates the definition with technical details
without adding essentially new information. With the above presentation we wanted to illustrate that
the concept of eigenfunctions can be extended naturally to treat this case as well. In what follows
we will not treat generalized eigenfunctions in more detail, since all results can be modified in an
straightforward manner.

In the linear case the stable, unstable and center manifolds are simply the spans of the correspond-
ing eigenvectors in each case. If we assume u unstable eigenvalues (A1,...,\,), ¢ neutrally stable
(Aut1s -+ Aute) and s stable (Aygiqe, - -5 Adutets), we can express these spaces as

M =A{z € R"| ¢1(2), ..., bute(x) = 0}
Me={z € R"[ ¢1(2),...,0u(®) =0, putct1(z) = 0,..., utets(2) = 0} (3.46)
M, = {33 € Rn‘ ¢u+c+1(x) =0,..., ¢u+c+s(w) = 0}7

where ¢ are corresponding (generalized) eigenfunctions. The above equivalent definition will be
generalized in a straightforward manner in the nonlinear case.

Now we return back to the general case of nonlinear systems. In order to extend the Laplace
domain analysis to the nonlinear case and connect it with the spectrum of the operator, we define the
Koopman resolvent.
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Definition 3.1.8. We define the resolvent operator by
R(s;L) = (sI — L)™', s € p(L). (3.47)

Since the semigroup operator U! is strongly continuous, there exists a w € R such that

IU*FI < Me | f]], ¥t >0, (3.48)
where || - || is a norm in F. Thus, for the resolvent we have the following representation [17]
Rs,D)f = [0, f e 7, (3.49)
0

for Re(s) > w, which we will use in the following to derive the Laplace transform of observables in an
appropriate functional space. We note that if f belongs to a kernel Hilbert space (in the next sections
we will provide such spaces), then it is absolutely bounded and hence the integral in (3.49) converges
pointwise. For more general spaces, the integral would converge strongly but not necessarily pointwise
[54]. Under the previous assumptions on f, it is straightforward to prove that the Laplace transform of
U'f(z) exists so that,

LU f)(s,20) = /OO e S f(¢p(xo,t))dt = R(s, L) f(x0), Re(s) > w. (3.50)

0

Further, we can obtain similar expressions for the Fourier transform of an observable of bounded
variation. In particular it is well known[59], that in this case we can reconstruct U’ f by

t 1 eieo st
U'f(x) = / e L(f)(s,x0)ds, ¢ >w, t >0, (3.51)

21 feioo

and if w < 0, we conclude that the Fourier transform of U’ f exists, converges absolutely and is given
by

oo .

F(U'f)(s,20) = / f((zo,t))e™"*"dt = R(iw, L)(f)(z0). (3.52)
0

We close this section by considering how conjugacies affect the the Koopman operator. We consider
two dynamical systems

z=Fi(x), x € R"

. 3.53)
Y= F(y), y € R", (

with flows ¢ (x,t) and ¢o(y,t) respectively. We assume that the two systems are C* diffeomorphic,
that is there exists a C* diffeorphism A : R® — R” such that

h(¢1(x,t)) = ¢2(h(x), t). (3.54)

Then, if ¢2 ) is an eigenfunction (with eigenvalue \) of the Koopman operator associated with ¢o, we
have

exp (M) o x(h(x)) = par(P2(h(),1)) = P2 a((P1(x, 1)), (3.55)

which shows that ¢ ) o h is an eigenfunction of the Koopman operator associated with ¢; with the
same eigenvalue A. The result is obviously true for generalized eigenfunctions as well.

3.2 Attractors and Eigenfunctions

Now we study the connection between globally attractive attractor A and the Koopman operator.
The results in this section are general and are not limited to specific cases of attractors.
We begin with a straightforward result.
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Proposition 3.2.1. The attractor A is globally attractive if and only if

lim U'f =0, (3.56)

t—o0
for any f € F with f(x) =0, Va € A.

Proof. The necessity is straightforward. For the sufficiency, one needs to consider the function d(z)
where d is the distance from the attractor A. Then,

lim d(¢(z,t)) =0 = w(z) C A, (3.57)

t—o00

and the result follows. O
In the same manner we can prove the following.
Proposition 3.2.2. Let A be globally attractive and ¢y an eigenfunction. Then,

Re(A) <0 <= ¢p(z)=0,Vz e A

Re(A\) =0 <= ¢x(z) #0, Vz € A (3:58)

Proof. If ¢5(x) = 0Vx € A, it follows from the previous proposition that U'¢,(x) = 0 which implies
Re(A) < 0. Now suppose that Re(A\) < 0. Since A is globally attractive, for any y € A there exists a x
such that y € w(x)! and hence an increasing sequence {t,}°°; with ¢, — oo such that ¢(t,,z) — y.
Now continuity of ¢, implies that

OA(y) = ox (lim @(tn, x)) = lim ¢ (¢(2,tn)) =0, (3.59)

which concludes the proof of the first equivalence.
For the second equivalence, let ¢ # 0 in A. Then it is clear that Re(A) > 0. If Re(\) > 0, then

. t _ . _
Jim |Utox(2)] = lim |on (o(z,1))| = oo, (3.60)
which is a contradiction since ¢, is bounded on A. If Re(A) = 0, then the result follows immediately
from the first equivalence.

O

The above proposition suggests that eigenfunctions that vanish on the attractor are associated
with the stability properties. In contrast eigenfunctions that are not identically zero, are related to the
dynamics on the attractor and are associated with purely imaginary eigenvalues, while the Koopman
operator is unitary when restricted on the attractor. These observations will arise again when we study
spectral expansions of observables.

Now, let X be a compact forward invariant set. Then we have, the following converse-like theorem
of the previous proposition.

Theorem 3.2.3. Let ¢y be an eigenfunction with Re(\) < 0. Then the set
My ={z € X| ¢r(x) = 0}, (3.61)

1s forward invariant and globally asymptotically stable.

Proof. Let
By =A{z € X[ [|oa(2)[| < a}, (3.62)
and for ¢ > 0, define
Ne={z € X| min ||z — y|| < €}. (3.63)
yEMo

1A point y belongs to the omega limit set w(z) of a point =, if there exists a sequence {t,, }°°, with t,, — oo,
such that ¢(x,t,) — .



3.3. Spectral Expansions 70

Then, for t > 0,
[U x| = RPNy < a, (3.64)

which shows the invariancy. Further it follows that w(x) C M. Now continuity implies that there exist
a > 0,6 > 0 such that Ns C B, C N, and hence

x € Ny = ¢(x,t) € N, (3.65)
which concludes the proof. O

The above theorem holds for X = R"” provided that ¢, doesn’t vanish at infinity. Extending the
above Theorem we naturally conclude the following.

Corollary 3.2.3.1. Let ¢y, ¢t =1,...,m be eigenfunctions of the Koopman operator associated with
eigenvalues Re(\;) < 0. Then the intersection

M = ({z € X|px,(x) = 0}, (3.66)
j=1

1s twariant and globally asymptotically stable.

As a result, the set M as defined above, always includes any other global attractor A (Proposition
3.2.2). The connection with the stable and unstable manifolds, as defined in the linear case should be
obvious and motivates the generalization to follow.

3.3 Spectral Expansions

In this section we study properties of systems possessing limit cycles, equilibria, quasiperiodic and
ergodic attractors with a special focus in the first two cases. We are interested in the conditions under
which the time evolution of an observable can be expanded into a (infinite) sum of the time evolution
of eigenfunctions. We deal with each attractor separately.

3.3.1 Equilibria

We assume that (3.1) admits a hyperbolic stable fixed point (without loss of generality the origin)
with basin of attraction B and impose the non-resonance condition on its (simple) eigenvalues [60].

Definition 3.3.1. The eigenvalues \; of the linearized system around the origin of (3.1) are called
non-resonant if there are no nonnegative integers m;, at least two nonzero, such that

As =miA + - +mpAn, s€{1,...,n}. (3.67)

If the vector field F is analytic and the fixed point hyperbolic, normal form theory [60] implies that
there is an analytic change of variables h with Dh(0) = I,,, such that (3.1) and the induced linearized
system are C'*° conjugate in a neighborhood N of the origin. Since we know the eigenfunctions of a
linear system (3.34), and based on (3.58), we know that the eigenfunctions of the nonlinear system
(3.1) at least in a neighborhood of the origin, are given by

s(x) = (s1(2), .-, 50 (@), 5j(2) = (h(2), w)), (3.68)

and, further, are analytic. The map s provides an analytic conjugacy to the linear diagonal system.

Let g : R™ — R be an observable sufficiently smooth with g(0) = 0. Similar to the linear case, we
wish to expand g in terms of the eigenfunctions of the nonlinear system s;. Since s is analytic we can
Taylor expand g(s~!(y)) near the origin to obtain

9(57')) = 9(0) + (Dg)" Ds™'y
1 (3.69)
2

T 1 " 9y
T ~1 2 ~1 T 2.1
+ -y (Ds ) <D g) Ds 'y + 5Y ]221 6ij s; y+0(3),
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where DFu denotes the derivative of order k of the function u evaluated at 0 and O(3) denote higher
order terms. Higher order terms can be expressed in a similar manner in terms of the derivatives of s~
and g. Now assume that g is vector valued. If we set y = s(x), we get the expansion near the origin

g(x) = Z vklmknslfl (z)...sF (z) (3.70)
{k1,....kn }ENP

The vectors vy, ., are called the Koopman modes and with s,  x, can be seen as projections on the
eigenvalue k1A + -+ - + kpAn. If ¢ = id then we have

1 8k‘1.--kns_1
(% = )
ki...kn kl'kn'aklyl 8knyn

(3.71)

For the eigenvectors of the Jacobian matrix we have Ds~! =V and s(s~!) = id implies that Ds; = w;,

where w; the i-th left eigenvector. Hence, for x sufficiently small s;(z) = (z,w;), which means that

near the origin the eigenfunctions can be approximated by those of the linearized system, as expected.
Now, for x in a neighborhood of the origin we have the expansion,

n
Ug(z) = Z sj(z)vjetit 4 Z Vkyo ke S0 (T) . . . sEn () o1t hndn)t (3.72)
J=1 ki4eetkn>1

which gives the spectral decomposition of the time evolution an observable in terms of Koopman modes
(vj), eigenfunction (s;) and eigenvalues (A;). The first summation corresponds to the linear part and
the infinite sum to the nonlinear part of (3.1). We note that if g(0) # 0, a constant term is added to
the summation representing. If the Taylor expansion (3.69) is valid in the whole basin of attraction B,
the expansion in (3.72) can also be extended to the whole B using the notion of open eigenfunctions.

Proposition 3.3.1. If g is analytic in B, then the spectral expansion (3.72) is valid in the whole basin
of attraction B replacing s; by (possibly open) eigenfunctions.

Proof. Let z € B = Uo¢(N, —t) and t(z) the time it needs to reach N. Then,

U’T'g(z) — UTg (¢(x, —t(Z)) — Z ,D]ﬁ...k’nslfl (x) o sz" (x)e(k1>\1+---kn)\n)7'7 (3.73)
{k1,....kn }ENP

where Uk, 1, is the Koopman mode associated with g o ¢(-, —t(2)). Since,

Dby oy = Vky € 1T RnAn)t(2) (3.74)
and the eigenfunctions are extended as §;(z) = e M*)g; (¢(z,t(2))), we have the expansion in open
eigenfunctions

Ug(z) =U"g (¢(z, —t(2)) = Z Oy ke ST() - 5E () eRrAatkndn)T (3.75)
{k1,...,kn}€Nn

in the whole basin of attraction B. O

Now let us study in greater detail the class of functions that admit expansions of the form (3.70)
and (3.71) and remain invariant (in the sense that they remain in the same functional space) under the
action of the operator. Following [48, 54] we define the Modulated Fock Space (MFS) as the space of
functions g = f o s where s : B — C" are the (analytic and complexified) Koopman eigenfunctions and
f 1 C" — C entire, with

1
— | 1f(2)Pe P dz < oo, (3.76)
7Tn Cn
which can be defined as the (squared) norm of the space. An inner product of the following form can
also be defined

o) == [ A5 (3.77)
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The space is closed under the action of the Koopman operator,

n

_ /fnf(h(z)ﬂ2e-46XP<-AtVﬂzﬂ2d (M () ..o (Pha(2))

_ e—()q—l—...)\n)t/ ‘f(h)|2e—\exp(—)\t)h(z)‘th < 00

[ 1700t o M an) = [ (P w0 (o o, ~1)
Cn

(3.78)

Further, equipped with the inner product (3.77) the space is a Reproducing Kernel Hilbert Space with

kernel,
K(z,w) = exp (s(z) - s(w)). (3.79)

This can be seen as follows: The monomials

1

(mq!...my!)

7z 2z (21,0, 2n) € CF (3.80)

form an orthonormal base in this space, since

2 00
/VW?”M://M+fWWﬂWM@:/l/r%%$wm=mn (3.81)
C RJR 0

0

and odd parity implies (2", n™) = 0 for n # m. Moreover,

/ ‘qunl ...Z’Z’Ln’26_(|z1|2+~.-+|zn|2)d21 codzy, = </ ‘Z‘2m16_|zll2dz> (/ ‘z’2mn€—|zn|2dz>
cn C C (3.82)

=mq!...m,!7"

The fact that (3.79) is a kernel is straightforward. A few remarks regarding the construction of the
space are in order. As defined the MFS is an invariant space under U’ and includes all observables
admitting a spectral expansion. It is important to note that the condition on the norm is essential
so that the space remains invariant. Although the conditions may seem restrictive they are trivially
satisfied by all common observable that will be used in the study of particular systems in the following
sections. We also note that this construction is more general (see [48]) and allows one to decompose
the spectrum of the Koopman operator to the spectrum on the attractor (DC term corresponding to
zero eigenvalue) and off the attractor (terms vanishing at the fixed point). This will prove of particular
interest when we study limit cycle systems. We also note that the spectral expansion derived validates
that only point spectrum is of interest in this case.

Having defined an appropriate space of functions that admit spectral expansion, we can also
explicitly find their Laplace transform connecting the analysis of nonlinear systems to the linear case.
Let g be an observable in the MFS. The space is Hilbert and ||[U!f]| < || f]| since Re()\;) < 0 (simple
inspection of (3.76) and (3.72)), hence the summations in (3.72) are strongly convergent and U’ is
strongly continuous. Thus, the assumptions on (3.50) are satisfied and the Laplace transform exists.
We can prove using the dominated convergence theorem (we will provide the proof for limit cycle
systems, this one here is similar) the following.

Theorem 3.3.2. Let f be an observable in the MFS, with f(0) = 0. Then action of resolvent operator
on f, or equivalently the Laplace transform of U'f, is given by

R 1)) = 3 2000 > o ) )

j=1 Aj (ktrookn }ENT, pdodhn >l (kiAs+ .. knAn)

The ROC is {z € C|Re(z) > max; Re(\;)}.

Proof. See the similar proof of Theorem 2.4.1. O
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The Laplace transform corresponds completely to (3.72) and is constituted of a linear term (first
summation) and of the contribution of the nonlinearity in F' (infinite second term). In this way we
have a complete representation of the time evolution of any observable in the defined MFS. Further we
have a one to one correspondence between the Laplace domain expansion (3.83) and the time domain
expansion (3.72). Apparently, if f(0) # 0, a term f(0)/z is added to the Laplace transform modifying
the ROC to {z € C|Re(z) > 0}.

Now let us assume that the nonersonance assumption is not valid. In this case, we cannot derive
an expansion similar to (3.72) but we can still prove conjugacy results. We still assume that the origin
is a hyperbolic fixed point with simple eigenvalues. Hartman’s theorem implies the existence of C*
diffeorphism h, with Dh(0) = I, defined in a neighborhood of the origin N, such that

Uth(z) = e’h(z), z € N, t € I(x), (3.84)

J is the Jacobian and I(x) = (a(x),b(x)) is an interval depending on the initial point . One can
extend I(z) to I(x) = (a(x),c0), if the fixed point is stable, and to (—oo, b(x)) if it is unstable. For
saddles, I(z) remains bounded. Further if we use k = V~1h as the diffeorphism, where V' is the matrix
containing the eigenvectors of J, then (3.84) implies

kop(z,t) = eMk(z), A =diag(,..., ), (3.85)

which shows that the conjugacy k has Koopman eigenfunctions as components, similar to (3.68). If the
matrix is not diagonilaziable matrix then one speaks of generalized eigenfunctions (see Section 3.1).
The conjugacy can be extended to the whole basin of attraction B, provided that the fixed point is
stable, as we show next.

Proposition 3.3.3. If the fized point is stable, then there exists a C' diffeomorphism h : B — R"
with Dh(0) = I between the nonlinear and the linearized system.

Proof. By the inverse Lyapunov theorem, there exists a Lyapunov function V' and a neighborhood of
the origin U such that V() < 0, 2 € U and V() > 0, « € U, but not at the origin. The neighborhood
U can be chosen small enough to be contained in the region NV, in which Hartman’s theorem provides
a conjugacy h. Let ¥ be a level set of V' in U, homeomorphic to a sphere. Then, for any = € B there
exist a unique point zo(z) € ¥ and a unique time t(x) € R such that ¢(z,t(x)) = zo(z) € X. Now
define,

h(z) = e M Oh (¢(z,t(x))), = € B. (3.86)

It follows that,

UTh(z) = e~ At@)=7)p, (qzb (¢(z,7), t(z) — ’7’)) = AT A, (z,t(z)) = eATh(z). (3.87)
Since the time ¢(z) for z to cross X is the same as that of y = h(x) to cross h(X), the invertibility of
h(z) is proven. Moreover, all functions in the definition of A depend in C! manner on their arguments
and the proof is complete. O

Correspondingly, the Koopman eigenfunctions & = V~'h are extended to the whole basin of
attraction B. The case of unstable fixed points is treated analogously through time reversing. Although
we are studying continuous time systems, in the next section of limit cycle systems, we will need the
discrete version of the above Proposition, which we state and prove below.

Proposition 3.3.4. Consider a discrete time system x,.1 = f(x,) where f is a C? diffeormphism. If
the origin is a hyperbolic stable equilibrium with basin of attraction B then there exists a C conjugacy
h: CY(B) — R"™ to the linearized system.

Proof. By the inverse Lyapunov theorem, there exists a neighborhood U of the origin and a function
V such that V(xzp,41) < V(x,) and V(z) > 0 in U (but not at the origin). The region U is chosen
to lie within N in which Hartman’s theorem provide a conjugacy h. Let ¥ be a level set of V in U,
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homeomorphic to a sphere, and ¥’ = f(X). Then for any x € B, there exists a unique n(z) € Z and
zo(x) in the region between ¥ and ¥’ such that f™(®)(z) = zo(x). If A is the Jacobian matrix of f and

h(z) = A"@p ( Fri@) (x)) , (3.88)

then it is clear that U™h(z) = A™h(z) since n (f™(x)) = n(z) — m. With similar arguments as in the
case of continuous time, the invertibility of & follows. The only problem in the above construction
is that n(z) is C! in the region between f*(¥) and f¥*1(X) but not on the boundaries. This can be
solved by considering a different level set X/ such that each f(X*) lies within f™(X') and f™(X'). Since
the map iL(x) remains the same, the proof is complete. ]

Returning to the continuous time case, if the (hyperbolic) equilibrium is a saddle, then the above
construction does not hold since one cannot find a Lyapunov function V. Nevertheless, the extension
to the whole basin of attraction can be achieved through open eigenfunctions,

s(x) = e MO (¢(z,t(2))), v € P. (3.89)
Thus, the global stable and unstable manifolds in P, W;(u) = PN W@ where

W= (Wi (0),1), W= ¢ (Wi(0),t), (3.90)

>0 <0

are clearly equivalent to those defined in (3.46), where s; are the open eigenfunctions defined previously.

The case of a nonhyperbolic fixed point possessing a center manifold can be treated in a similar
manner. We assume u unstable eigenvalues (Mg, ..., Ay), ¢ neutrally stable (Ay41, ..., Adut+c) and s stable
(Mitests -« > duters) of the Jacobian matrix at the origin (all simple). Based on Palmer’s theorem 2
[33], if we write the Jacobian as two blocks A, B with each capturing the non-zero real part eigenvalues
and the zero-part, respectively, then (3.1) is CY conjugate (that is there exists a homeomorphism that
maps orbits) to the system

& = Bz +r(x)

. (3.91)
gy = Ay.

Then in a similar manner as (3.85), we prove that that the Koopman operator possesses u unstable
eigenfunctions si,...,s, and s stable sy41, ..., Syts respectively. The zeros level sets are backward
and forward invariant by Corollary 3.2.3.1 and as defined on (3.46), constitute the center-unstable and
center stable, respectively, manifolds, since the dynamics on them is given by

& = Bz +r(x)
. _ (3.92)
Zy(s) = diag (>\(1)(u+c+1)7 co 7)‘(u)(u+c+s)> Zy(s)-
In the same manner the dynamics on the center manifold as defined in (3.46), is given by
& = Bx +r(z), (3.93)

as expected for the center manifold. The modifications for the case of non-simple eigenvalues should
be apparent through the notion of generalized eigenfunctions.

Hence, using the Koopman operator framework we have shown that under nonresonace conditions
for a fixed point, the time evolution of any observable can be decomposed into a infinite summation of
Koopman eigenfunctions associated with the eigenvalues of the linearized field and derived its Laplace
transform. We have also, extended globally the conjugacy to the linearized system and generalized the
definitions of stable, unstable and center manifolds.

21t demands bounded nonlinear terms in F.



75 Chapter 3. The Koopman Operator in Dynamical Systems

3.3.2 Limit Cycle Systems

We assume that (3.1) admits a hyperbolic, stable limit cycle I' with basin of attraction B and
frequency w. Let  be a parametrization of the limit cycle, equivalently a periodic solution of (3.1) and
® the fundamental solution matrix of

X = gﬁ: X =At)X, X(0) = I,. (3.94)

~

Floquet theory suggests that ®(¢,0) = U(t)eP*U~1(0), where the matrix U is T = 27 /w periodic,
ePT = diag (1, 1, .., ftn—1) and 1 > |py| > -+ > |pn_1| are the Floquet multipliers. The fact that
|pi| < 1, follows from stability and hyperbolicity assumptions. We also define the Floquet exponents
by i = 2mlog(u;)/w which quantify the attractiveness of the limit cycle in the same way that the
eigenvalues of the Jacobian do in the case of an equilibrium. We note that 1, u1,..., tn—1 are the
eigenvalues of the monodromy matrix ®(27/w,0).

We begin with the proof of a fundamental result [36] that allows the global linearization of the
nonlinear system in the same way as in the case of equilibria.

Theorem 3.3.5. In the basin of attraction B, system (3.1) is conjugate through a C diffeomorphism
to the system

y, yeR"! ge st (3.95)

where A is 21w periodic.

Proof. First rescale time so that w = 1. In a neighborhood N of T', there exist functions s(z) and z(z)
such that
s=1, 2=g(z,s), (3.96)

where s(0) = s(27), g is 27 periodic in s and z = 0 on I'. The above system can also be seen as a non-
autonomous field identifying ¢ = s. We use interchangeably the two considerations. Let A(t) = Dg|.—o.
First we prove the conjugacy of (3.96) to y = A(t)y in the basin of attraction Q of z =0 in (3.96). By
Floquet theory,

y(t) = P(t)e”" P~ (0)yo = P(t)e"yo, P(0) =1. (3.97)
Considering a Poincaré section at t = 2kw, we get the discrete systems
Yn+1 = 62”Byn; Zn+l1 = g(zn) <398)

The above systems are conjugate (through h) in the whole basin of attraction 2 as a result of the
Proposition regarding the linearization of discrete time systems. Now let ®(z,t,ty) denote the flow of
(3.96) starting from the point z at the time to (since it is non-autonomous the starting time matters).
Let z € Q, s € R, zg = ®(z,—s,5) € {(2,0)] z € Q} and define,

h(z,s) = (ﬁ(s)eBSe_meBh (9" (20)) , s) (3.99)

Since h is a conjugacy between the two discrete systems, the form of A simplifies to,

h(z,s) = (P(s)eBsh(z()), s) , (3.100)

which clearly evolves as (y,t) with § = A(f)y. The invertibility is obvious and hence the conjugacy
inside 2 is proven.

Thus, (3.95) is conjugate to y = A(t)y inside N. To extend the conjugacy inside the whole basin of
attraction B, consider the cross-section ¥ = {z € N| s(z) = 0} and define #(x) as the minimum r € R
such that ¢(z,r) € ¥ (this time obviously exists due to the stability of I, is negative if the point x is
after the first intersection with ¥ and positive otherwise). Then, for x € B we define

H(z) = (y,t') = (15 (—t(x)) e P@h (¢(z,t(x))) —t(:c)) : (3.101)
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Since t(¢(z, 7)) = t(x) — 7, it is clear that H(z) satisfies
y=At)y, =1 (3.102)

The invertibility follows from the fact that the time in the (y,¢) domain is the same as t(x) and since
all functions depend in a C! manner on their arguments, the proof is complete. O

The above proposition practically decouples the evolution to on- and off- attractor variables. Let
g(y,0) be a vector valued function, analytic in y (off the attractor variables) and L? in # (on the
attractor variables). We want to derive an expansion in terms of Koopman eigenfunctions. The
eigenfunctions associated with the Floquet exponents are

2(y,0) = U Y(O)y (3.103)

where the matrix U € R(*=D*(=1) is the periodic Floquet matrix of the y coordinates in (3.95). To
see that, one should only note that

S(U (0)y) = DO (B)y). (3.104)

We remark that U~! is the matrix whose rows are the left Floquet eigenvectors, so that z;(y,0) = (y, w;)
(notice the similarity with the case of equilibria).
Hence, in the same manner as in (3.70) Taylor expanding we have,

9(y,0) = Z bt (0) Y1 - Yy

{m1,...mp_1}eN?—1

_ Z [P () (Pil(ﬂ)z)inl . <P71(9)z>

{m1,...mp_1}eN?—1

Mnp—1

n—1

. (3.105)
= Y e O AW 0) 5 (0,0)
{ml,...,mn,1}EN"71
= > Qoo A2 e
{ml,...,mnfl}Eanl,kEZ
where a,,, ... m,_, .k are the Koopman modes. We note that
0
el afg ~ w;, (3.106)
Yly=0

which means that near the limit cycle, the expansion can be approximated by the linearized system.
The expansion in (3.105) is similar to the one in (3.70) and shows how an observable analytic in y
and L? in 6 is expanded in terms of Koopman eigenfunctions. We note that ¢ is a function of the
transformed coordinates (y, #). They are diffeomorphically connected with the initial coordinates x
through (y,0) = (hi(z), ha(x)), so that s;(z) = z; o h1,s, = €2 are the Koopman eigenfunctions
associated with the Floquet exponents and with iw, respectively, on the initial coordinates. The
eigenvalues (Floquet exponents and iw) remain unchanged. From (3.105) we have the time evolution
of the observable g as,

Ulg(y,0) = Z e(ml)‘1+'"m"—l’\"—1+i”k)taml7,”7mn_1,k LA .z;nfl_leike. (3.107)
{mi,....mp_1}eN""1 k7

If we have a function G(x) expressed in the initial coordinates, we have the expansion

UG(x) = U'g(i (2). ()
= Z e(m1>\1+---mn71>\n71+iwk)t

g cim— o S1 (2) 8,77 (@) s ().

{m1,....;mn_1}eN"—1 keZ
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To summarize, in the case of limit cycle systems we have the eigenfunctions s; = z; o h associated
with A\; and s, = eh2(®) agsociated with iw. In (3.107), for m; = 0, we have the steady state
solution corresponding to the Fourier expansion of the limit cycle verifying that the operator when
restricted on the attractor is unitary. Generally an eigenvalue of the Koopman operator has the form
A=miA + -+ mu_1 A1 + tkw and associated eigenfunction

2 etk gt gt g (3.109)
Now we are interested in constructing the functional space of functions admitting an expansion of the
form (3.105) and which is closed under the action of the operator. First we note that on the attractor
A (limit cycle) the Koopman operator U?| 4 is unitary and hence eigenfunctions on A are mutually
orthogonal. Next we define the space of functions g(y,6) analytic in y and L? in  such that

lgll* = 1 dhdz < oo, (3.110)
and equip it with the inner product,
1 c —|z|?
(91,92) = == g195¢ " dfdz, (3.111)
™ cn—1 /g1

where with S we denote the circle of length 27. The similarity with the case of equilibria should be
obvious. To prove that it is closed with respect to the action of U?,

/ / 1f o bz, £)[2e " dzde—/ / F(2,0) 2 @@ (2 0 (2, 1)) dB
Cn— 1
— 6—(>\1+...)\n t/ / |f(z’0)|2€—(6*2A1t‘21|2+...+e*2)\n—1t|zn71‘2)dzde
Cn 1 Sl

< 00
(3.112)

We note that the above construction is equivalent to defining the space of all g (analytic in z and L?
in 6) by

90,00 = D Frika O 2T frr ka1 (0) € L2(6), (3.113)

k1,...,kn—1€EN

with inner product

1
(91,92) = o Z Eq!. --knl!/l Fovbon s O f2 e (0)d0, (3.114)
ki,....,kn—1€N s
and with norm
gl =" > kll...kn_ll/ | Fogon |2(6)d0. (3.115)
ki, on_1€N St

Using (3.81) and (3.82) it follows that (3.110) and (3.111) are equivalent with (3.114) and (3.115),
respectively. In this case, functions of the form
™yt i

1 2z
- (&
2m (m1' e .mn_ll)1/2

, (215000, 20-1,0) € CPL X ST (3.116)

form an orthonormal basis of the MFS. To show that the space is a kernel Hilbert space, one only
needs to notice that the kernel is given by

kl knfl
K(z,w) = Z (z1w1) k' -‘-(27];—110?—1) ' 3117
F,eedim 1 €N 1l k!
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We close the discussion of the functional space with an interesting relation, namely one has

1

= — 0)do A1
57 [, 90, Gy

(K (w, 2), g(w, 0)) = % S b by / Foro 1 (6)d8
K1 yeokn—1EN st

which means that the inner product of a kernel and a function in the space, yields the average value of

the function at that point with respect to the angle variable. For this reason the space is often called

Average Kernel Hilbert Space [48]. We note again that in this functional space, expansions of the form

(3.105) are valid inside the whole basin of attraction B. The construction of the space even though it

seems restrictive, will contain all observables used in the following.

Having constructed the space of observables that admit an expansion in terms of Koopman
eigenfunctions for limit cycle systems, we wish to find the Laplace transform of expansions of the
(3.105). The space is Hilbert and ||[U'f|| < ||f|| since Re();) < 0 (simple inspection of (3.107) and
(3.115)), hence the summations in (3.107) are strongly convergent and U? is strongly continuous. Thus
the assumptions on (3.50) are satisfied and the Laplace transform exists. We prove the following (the
proof of which is similar to the omitted proof of (3.83))

Theorem 3.3.6. Let g be an observable in the MFS. Then action of resolvent operator on g, or
equivalently the Laplace transform of Ulg, is given by

k1 kn—1 ik0(z0)
k... .kp_1,m?1 (7o) ...z —1 (wo)e
R(s, L)g(wo) = > . (klf S W (3.119)
Kt oooskin 1 EN, mELZ 1AL An=1An—1
with ROC {s € C|Re(s) > 0}.
Proof. For some N, M we have
2
S e 0) A ) A bt
k1+...kn_1<N,|m|<M
< Z 62(k1>\1+~~~kn)\n_5)t|ak17m’kn717m|2k1! . k;n—].! (3120)
ki+...kn—1<N,|m|<M
< e el > @kt o Rl = €T g2,

ki,...kn_1EN;MEZ

Since, the right hand side is integrable for Re(s) > 0, the dominated convergence theorem implies that

o
= M+ Mp_1An_1—8s+iwk)t m M1 10
R(S,L)Q(ZUO) —/ Z e(m1 1+..mp_1 1 —s+iwk) R A4 1(1130)-..2”_1 (IL‘())GZ ds
0 {mlr~~:mn71}€Nn71,k€Z
oo ] '
= Z / e(m1)\1+...mn71)\n71ferzwk)tamlr“’mnil’k Z{m (x()) o Z;nfl—l(mo)ezkﬁds
{ma,.ymn_1}eNn—1 kez” 0
m M1 k6
_ Z amlv---vmnfl,mz]_ 1(:6()) e Zn—n]_ (Qjo)ez (CE())
- s — (miA + -+ mp_1 o1 + ikw
M1,ee;Mn—1€N, kEZ (midr+ -+ mn1An1 + )
(3.121)
O

The Laplace transform corresponds completely to the expansion in (3.107) and is constituted of
the Fourier expansion of the steady state solution evolving on the limit cycle (first summation, k; = 0)
and of the contribution of the nonlinearity in F' (infinite second term). In this way we have a complete
representation of the time evolution of any observable in the defined MFS. Further we have a one to
one correspondence between the Laplace domain expansion (3.119) and the time domain expansion
(3.107).
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If we assume that the eigenvalues \; are isolated, one could use the Residue Theorem to obtain,

Ay ,... kn_1,m = Res (R(S, L)g(xo)) (Aj) = 1 75 R(s, L)g(xq)ds, (3.122)

2

where ; is a closed curve surrounding A;, from which the expansion in (3.107) follows immediately.
This would imply that the Laplace transform given in (3.119) would be a meromorphic function, similar
to the linear case. However we have shown that in appropriate functional spaces, the expansion (3.107)
holds irrespectively of whether the eigenvalues are isolated, in which case the Laplace transform in
(3.119) would not be meromorphic. This observation is obviously valid for the case of equilibria as well.

The discussion on the definition of stable and unstable manifolds of equilibria is naturally extended
in the case of hyperbolic limit cycle systems. Namely, we define the stable (unstable) manifold as the
joint zero level sets of unstable (stable) Koopman eigenfunctions associated with the unstable (stable)
Floquet exponents. The definitions in (3.46) apply immediately. Similarly, one can treat the case of
non-hyperbolic limit cycles possessing purely imaginary Floquet exponents. Definitions of (3.46) are
also applicable in that case.

We close with one important observation. To derive the spectral expansion on systems with an
equilibrium a nonersonance condition was imposed. In the case of limit cycle systems no such condition
is needed.

3.3.3 Quasiperiodic Attractors

The analysis of quasiperiodic attractors serves as a natural extension of the ideas we have discussed
thus far. We will observe that all the properties we derived earlier are applicable, albeit modified, in an
analogous manner in this case. In particular, the connection with the limit cycle case should become
obvious.

Suppose that (3.1) possesses a quasiperiodic attractor, namely an m dimensional attracting,
invariant torus. On the torus the dynamics is conjugate to

f=w, S weR™ (3.123)
Next we assume KAM conditions for the icommensurate frequencies w; [60],
|k -w| >~/Ik|", Vk € Z — {0}, (3.124)

for some 7,7 > 0, where |k| = max; |k;|. We remark that the KAM condition is generic in the sense that
frequencies satisfying this are of measure 1 (full measure). Further, we suppose that the linearization
matrix A(6) of the nonlinear function F' on an orbit belonging on the torus has a full spectrum, which
means that there are m isolated A € C for which the system

z= (A0 + wt) — A])z, (3.125)

does not have an exponential dichotomy. Then, the fundamental matrix of the linearized system can be
decomposed in a quasi periodic matrix U and a diagonal matrix D having n — m Floquet multipliers
with |u;| < 1. We can use a conjugacy to transform the system to a similar form with (3.95), but with
m angle variables and n — m dimensional y vector that captures the off-attractor evolution,

y=A0)y

: (6) , yeR"™™ e S™. (3.126)
0=w

The conjugacy is valid inside the whole basin of attraction using arguments identical to the limit cycle

case. Similar to (3.103), we find the eigenfunctions corresponding to the n — m Floquet exponents.

The other m eigenfunctions have the form €%, so that the general form of the eigenfunction is, similar

to (3.109),

k En—m i(£101+ Lm0
zf...zn’irgbe(l ! mfm)

(3.127)
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associated with eigenvalue k1A + ... kn—mAn—m + (€101 + -+ + €,0,,). The k; = 0 eigenvalues
correspond to the on attractor spectrum verifying that the restriction of the operator on the attractor
is unitary. Under these assumptions, expansions of the form (3.105) are valid for observables analytic
in off the attractor variables (y) and L? in on the attractor (6). Namely for such an observable g,

k kn—m _i(€1014.. £ Om
9(y,0) = E Akey oo Kool 21 v+ Zpom ettt ), (3.128)
{k1yeskn—m }eENP—™ {01, .. . b }EL™

The construction of the Hilbert space is exactly similar to the one in the case of limit cycle systems,
with the appropriate modification that the angle variables # € S™ instead of S' and that the z € C*~™.
In the same manner we prove that the time evolution of observables in this space admit a Laplace
transform of the form (3.119), but with n — m Floquet exponents \; and m frequencies w;. Namely, we
have

Ulg(y,0) = > et dnmbilortetinamt) g, Lt 2 01l Om)
k1yeoiskn—m€ENYL,... b EZ
(3.129)
and
k knfm ) ckmUm
R(S L)g(CUO) = Z ak1,...,kn,7,“[17m75m211(33'()) s Bn—m (xo)ez(h@l(zo)-i- bmBm (20)
, e ST S (k1A + 4 kn—mAn—m + i(lwr + -+ + L)
(3.130)

The m; = 0 part will now correspond to the multi-dimensional Fourier expansion of an orbit on the
torus (on attractor evolution) and the second part to the transient evolution (off attractor) towards the
attractor. It should also be noted that, like in the case of a stable equilibrium, a nonresonant condition
(of KAM type) is needed so that spectral expansions are valid.

In the previous section of limit cycle systems, we mentioned that if the eigenvalues are not
isolated, then the Laplace transform is not meromorphic and the Residue Theorem would not apply.
The invariant tori constitute naturally such a case, since under the iccomensurate condition on the
frequencies, ¢101 + - -+ + £,,0,, can become arbitrarily close to zero, although the KAM condition
guarantees the existence of the spectral expansion.

We close the section of Spectral Expansion with a comment on the spectrum of the operator.
In all three cases considered (equilibria, limit cycles, tori), the spectrum of the operator coincides
with its point spectrum, thus the continuous and residual spectra are empty. If the attractor was in
general ergodic and we are interested in the spectrum of the operator when restricted on it, then the
on-the-attractor spectrum would have a continuous component as well. This observation will prove
useful in the case of synchronization later on.

3.3.4 More General Attractors

Even though, as stated in the beginning, we are interested in the cases of systems possessing
equilibria, limit cycles or invariant tori as attractors, we investigate in this section how the previous
results can be extended to general dissipative systems possessing a Milnor attractor. In this case we
will see that the continuous component of the spectrum will become important.

Assume that (3.1) admits a global, compact attractor A, with (compact) ® basin of attraction
B, on which the dynamics is ergodic. This means that almost all points on A are accessible and an
invariant measure p exists on A. An example would be if F' is divergence free on a bounded domain.
When U is restricted on A, it is unitary [54] on the space of functions L?(A), with respect to p, and
these functions can be thought of as being defined on the whole B and we denote their space by H 4.
This property should be expected from the analysis of both the periodic and quasiperiodic systems
(we had imposed the condition that observables were L? in the angle variables to derive the spectral
expansions). Similar to (3.95) and (3.126), if A is a normally hyperbolic m dimensional manifold and

3If it is not compact one just consider a compact subset of B.
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certain spectral conditions [53] hold, (3.1) is C" conjugate in a neighborhood of A to

v= Alwy (3.131)
i = wu),

where the u coordinates can be considered as on-attractor and y as off-attractor (c.f. with the case of
periodic limit cycle systems). The coordinates (u,y) can be extended to the whole basin of attraction
B using a construction similar to the cases of equilibria and limit cycles. Now let Hp be the Hilbert
space of functions orthogonal to those in H 4,

[ fodn=ovoe . (3.132)
B

The above requirement is essentially equivalent to f = 0 on A [48]. It is clear that Hp is invariant
under U'. Now let H; = Hp U 1, where 1 denotes the constant functions on B, and let H = Hp @ Ha
be the tensor product of the two spaces. Then it can be proven [48] that the eigenvalues are given by

o(UY) =cl U a+ b] , (3.133)
an‘(Ut\HA), bGU(Ut|HB)
where cl denotes the closure of the set. In particular, if (si,...,s,) are principal eigenfunctions
associated with negative real part eigenvalues (A1, ..., \,) then
o(U) = dl (U(U;[A) A et kn)\n> , k1, k) € NP, (3.134)

The above result generalizes the analysis of the previously studied attractors that in a natural way:
the spectrum of the operator can be decomposed into two components. The first depends on the
off-attractor variables and the second one on the on-attractor variables. For example in the limit cycle
case, the on-attractor spectrum U(U}EIA) consists of the eigenfunctions e**? with associated eigenvalues
ikw. The off-attractor spectrum o(U!|p,) consists of the linear combination of Floquet exponents
with the on-attractor frequency, namely the eigenfunctions are given by

Mtk (3.135)

and the associated eigenvalues are miA; + ... my_1A1 + tkw. The only difference in the general case is
that the on-attractor spectrum o(U?|y,) can generally contain a continuous component. Before we
study this issue in more detail, we want to connect the Reproducing Kernel Hilbert Spaces that we
constructed for the particular cases of systems possessing equilibria, limit cycles or invariant tori. We
choose as H; the RKHS space of all entire functions f : C* — C vanishing on A, such that

/ |f(s1(2),... ,sn(z))\267(‘31|2+'"H5"|2)d2 < 0. (3.136)

The inner product and the norm can be defined in the usual way. This definition consistent with
all previously studied cases. We remark that in the previous constructions of the Hilbert spaces we
did not require that the observables vanish on the attractor because we were essentially we defining
immediately H instead of Hj.

Now we are returning to the issue of characterizing in more detail the on-attractor spectrum
o(U%|4). The Koopman operator can be decomposed as [48],

Ul 49 = / h ¢™d[E(w)gl = Pige™' + / h e“td[E(w)g), (3.137)
—00 j=1 —00

where F is an operator valued measure and can be separated into two terms. The first term represents
the point (atomic) spectrum of the operator and captures the almost periodic motion on the attractor.
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The operator P; are projection operators projecting a function g € L?(A) into the eigenfunction Picw;
namely

We note that the eigenvalues iw; are purely imaginary since U*|4 is unitary and simple by the ergodicity
assumption.The second term represents the contribution of the continuous component of the spectrum,
where FE denotes a continuous spectral measure. In a similar manner as in the previous cases, one
can show that the resolvent operator (and correspondingly the Laplace transform of Ulg(x0) when it
exists) acting on an observable g is given by

R(s, La)g(zo) = i W + /OO M, Re(s) >0 (3.139)
—~ j

oo s — 1w

which captures the almost periodic and aperiodic motion on the attractor. In view of (3.139), periodic
and quasiperiodic attractors follow naturally as particular cases with no contribution of the continuous
component of the spectrum, while the (almost) periodic component corresponds to the steady state
solutions.

We remark that if one studies the autocorrelation R(t) = (U'g, g) of a L? observable g, then for
any x,

I :
R(t) = lim / Ut g(2)UTg(z)dr = / edogy(w), (3.140)
T—oo T’ 0 R

where o4(w) = (E(w)g, g). Thus, we conclude that o,4(w) is the Fourier measure of R(t).

As a simple example of a system possessing continuous spectrum, one can consider the simple
pendulum (even though it is Hamiltonian rather than dissipative (3.137) holds) which can be transformed
to the action variables (for I € [a,b])

(3.141)

It is clear that any g(I,0) = g(I) is an eigenfunction corresponding to the eigenvalue A = 0 and
no eigenfunction depending on 6 exists. If we consider the generalized function (measure) g(I,0) =
e5(I — c), then

Ulg(I,0) = TH06(1 — ¢) = e'lg(1,0). (3.142)

As a result, the system possesses a continuous spectrum and eigenfunctions are replaced by eigenmea-
sures. For a square integrable observable f(I,0),

FULO) = D)+ ) a;(I)e’” =

e~ ) (3.143)
U'S(1,6) = f*(1) + ) é"a;(1)e'”,
JEL*
where f*(I) is the mean value of f. If we define,
dPs (f(1,0)) = Z a;(1)e%5(51 — B)dB, P(A) = /Adpﬁ, (3.144)

JEL*

it is straightforward to show that P is a projection valued measure. This allows the representation,

UtF(1,0) = F4(I) + / ¢Pdps (£(1,9)), (3.145)

R

which is consistent with (3.139). The above example suggests that even though the Koopman operator
spectrum is continuous, the spectrum of single trajectories is discrete and peaked at jI.
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3.4 Action - Angle Variables for Dissipative Systems: Equilibria

Eigenfunctions of the Koopman operator have enabled us to derive spectral expansions of the
evolution of appropriate observables and to generalize the notion of stable, unstable and center
manifolds. Now we extend the notion of action-angle variables of Hamiltonian systems in dissipative
utilizing the Koopman operator framework. We study separately equilibria and limit cycles although
the ideas are the same.

Suppose that (3.1) admits the origin as a stable equilibrium with eigenvalues 0 > Re(A1) > --- >
Re(A,), nonersonance condition holds, denote the basin of attraction by B, and let g be an appropriate
observable (see previous section). Then we have the expansion in (3.72) and as t — oo the term
s1(z)v1eM? dominates the time evolution. Here we must note that if Im(\;) # 0, there is also the
conjugate term of si(z)vie*?, so that eventually all points having the same |s1(z)| converge to the
fixed point with the same rate. Hence we define the isostables as

Definition 3.4.1. Under the previous assumptions, we define the isostable L, as
I, = {x € B alsy(x)| = eReW)T} , (3.146)
and a =1 if \y € R and a = 2 otherwise.

The distinction between the cases of real and complex eigenvalue are due to the presence of a
conjugate term in the second case. In each case however, the level sets of |s1| correspond to the
isostables of the system and quantify the rate of convergence toward the fixed point. We note that
equivalently isostables could be defined as

1 = {x € B‘ lim e Re(A)t

t—o00

¢(x,t) —alsi(x)|Re (vlei(‘”lt“")) efea)(t+7)

= 0} : (3.147)

where ¢ € [0,27) for a = 2 and ¢ = 0 or 7 otherwise. The distinction is again due to the complex or
real nature of \;. The equivalence should be obvious by simple inspection of (3.4.1) and the expansion
(3.72). The extension to unstable fixed points follows directly by reversing time.

Now we connect the flow with the isostables. Let = € Z,. Then |s;(z)| = e*Re(\)t
is an eigenfunction associated with Aq,

and because s1

Utsi(z) = eMis(z) = Ul|si(z)| = RPN sy(2)], (3.148)

from which it follows that the flow ¢(-,7") maps the isostables Z; to the isostables Z, . Further, let
x €I, and 2’ € Z,.. Then it is clear that

1
T—7 = log 51(2)

Re()\l)

: (3.149)

/

si(x

which gives a relation between the time need for a point to travel from one isostable to the other.

In the same way we can define the isochrons, if the eigenvalue \y = o1 4 iw; is complex, as the
level sets of arg (s1(x)). They can be equivalently seen as invariant sets under the map ¢(-, 27 /w1 ).
Their true importance will be later shown in the case of limit cycle systems. If we set |s;| = r and
arg (s1) = 61, assuming \; is complex, we have

n=omn (3.150)
91 = W1. .

Hence, we see that the isostables capture the stability property of the equilibrium while the isochrons
are related to the phase. In case of planar dynamical system, the isostables and the isochrons provide
equivalent action-angle coordinates (3.150) according to the transformation

(l‘,y) (|s1(x,y)|,arg51(a:,y)) (,r?H)’ (3151)
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and we have a one-to-one correspondence between the (z, y) coordinates and the action-angle coordinates
in B. If the system’s dimension is higher than two (or the eigenvalues are real), then more Koopman
eigenfunctions associated with A;,7 > 2 should be used in order to provide a one-to-one correspondence,
in the same manner as for the \; case.

In the vicinity of the fixed point, the eigenfunction s; can be approximated by (z,w;). Hence the
isostables are parallel hyperplanes for A\; € R and cylindrical hypersurfaces with constants axes in
the case of complex A;. The same observations are valid for higher order isostables and isochrons
respectively.

3.4.1 Numerical Methods

The definition of isostables provides an extension of the action-angle coordinates and are based on
the computation of the leading Koopman eigenfunction. Until now all results are rather theoretical and
do not provide a way to actually compute it in a given system. In this section we present an efficient
computation based on Laplace Averages [49].

Theorem 3.4.1. Let f be an observable with f(0) = 0 * with (V£(0),v1) # 0 and Ay the leading
eigenvalue. Consider the Laplace average

T
) = Jim [ (@(o.0) M (3.152)

Then fy, is a nontrivial eigenfunction associated with A1 and the level sets | fx,| correspond to isostables,
so that if x € Z; and 2’ € I/, we have

[ @)= @)] = 7=7 (3.153)

Proof. We have,

r =1 L —Mitg
U"fy (z) = lim T/o f(gb(a:,t—l—r))e t

T—o0
T+r
:e/\erh—{%o;/r " [ (o(z,1)) e Mdt
1 (T 17 1 [T
— eAerhféoT/o f(p(a,t)) e Mdt — T/o f(p(z,t)) e Mdt — T/T f($(x,t)) e Mt
= e/\lrf/h (x)a

(3.154)

which shows that fy, is an eigenfunction associated with A;. The non degenerate condition (V f(0),v;) #
0 comes from the fact that in the vicinity of the fixed point s; = (z,w;) and hence (Vs1(0),v1) # 0.
It can also be seen as imposing the condition that the first Koopman mode in the expansion of f on
$1, A1 is nonzero so that the eigenfunction is nontrivial. Then by definition of the isostables the result
follows. O

The necessity of (Vf(0),v1) # 0 can be seen alternatively as follows. Assume that we are using

(3.147) as the definition of isostables and denote A\ = 01 + iw;y. Then for a x € Z, we have

lim e 9!
t—o0

U f(z) — eo1(t+7) <Vf(:£), Re (Ulei(w1t+9)) >‘ =0, (3.155)
which is follows from simple inspection of (3.72). Thus,

1 [T 1 [T ,
lim — / Ulf(z)e  dt = lim - / e1 ()=t <Vf(x),Re (vlez(w1t+9)>>dt. (3.156)
0

T—oo T 0 T—o0

41t does not necessarily belong to the MFS defined in earlier section, but the expansions are valid in a
neighborhood of the cycle
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Hence,

T
fr,(z) = lim o1+~ At <Vf(:1c), Re (vlei(wltJre)) > dt

T—o0 0
. - o17T—iw1t 1
_Th—{I;oT/O e <Vf($), 9 dt (3.157)

1 T . T .
= lim — (/ <Vf(0), U1>6017+19dt + / <Vf(0), U1>6017—(26+2w1t)dt> .
0 0

T—o0 2T

From here it is straightforward to evaluate the integrals and get

(@) = LT F0),en)le, (3.159)

and so that it is in agreement with (3.4.1) it is necessary to have (V f(0),v1) # 0. The above proof is
due to [45] but it is equivalent to the above.
Higher order Koopman eigenfunctions can be obtained through Laplace averages as,

T
faw) = Jim 1 /O (f (6(x,1) — f, ()M — - — f)\kil(x)e/\"’—lt) el . (3.159)

The case of unstable equilibria is the same with time reversing. Laplace averages (3.152) provide
a way of easily numerically computing isostables but require the evaluation of an integral that often
introduces numerical errors. Based on (3.155), (3.156), (3.159) we see that in the case of a real
eigenvalue,

P (@) = lim f (@, 1)) e, (3.160)

If A1 is not real, one can use the map ¢(-, 27 /w1 ), under which the corresponding isochrons are invariant,
in order to calculate the isostables [45], but the computation of the integral with sufficient accuracy
imposes usually no significant errors.

3.5 Phase - Amplitude Reduction for Limit Cycles

In this section we deal with the problem of defining action-angle coordinates for dissipative systems
possessing a stable limit cycle (equivalently phase - amplitude reduction). It will be the most important
section for the rest of the treatment. This approach is very common in oscillators since the concepts of
phase and isochrons have been proposed in a context independent of the Koopman operator framework
[21, 64, 28, 50, 15]. We will connect these ideas with the analysis developed in the previous sections
and show how this theory generalizes previous results.

3.5.1 The Classical Approach

Assume that (3.1) admits a stable, hyperbolic limit cycle I with basin of attraction B, frequency w,
period 27 /w and Floquet exponents 0 > A\ > --- > \,_1. Let g € T, then ¢(x0,t) is parametrization
of I'. Tt is natural to introduce a phase 6 € [0, 27 /w) at its point = € I as

x = ¢(xo,0/w). (3.161)

The above definition suggests that xq is arbitrarily chosen as the zero phase point and 6 grows linearly
with time (in S'). Equivalently, equivalent definitions include some normalization factors in the phase
in order to belong in S1(0,1) or S*(0,27). We consider all these definitions equivalent (as they differ
only by a normalization factor) and use them interchangeable in the following. Having defined the
phase on the limit cycle, we can extend this definition by attributing a phase at each point in the
basin of attraction. The complement of B is usually referred to as the phaseless set [28]. We do this by
defining the isochrons (they should not be confused with the isochrons defined for equilibria, we will
connect the ideas later on),
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Definition 3.5.1. Assume that (3.1) admits a stable, hyperbolic limit cycle with basin of attraction B.
We define the isochron Ty associated with the phase 6 as,

Ty = {x € B lim [¢(x,t) - o(wo, t +0)| = o} . (3.162)

The definition suggests that isochrons are the set of points that share the same asymptotic phase,
in that they evolve towards the same trajectory on the limit cycle. The phase evolves linearly with for
every x € B and can be thought of as the angle coordinate of the system. It has been proven [64] that
isochrons are n — 1 dimensional manifolds partitioning the basin of attraction. They are invariant with
respect to the map ¢(-, 2w /w) (compare this with the observation regarding equilibria), which defines
a Poincaré map and corresponds to stroboscopically observing the system at times multiples of the
period 27 /w.

Now, let us assume that (3.1) is perturbed by an external periodic function g(z,t) of period T}
which is such that the state variable always remains inside B. Then (3.1) becomes

&= F(x)+ g(x,t). (3.163)
We want to establish a relation similar to (3.163) for the perturbed phase. Generally, we have
0=V0-(F(z)+g(z,t) =w+VO-g(z,1), (3.164)

since at the absence of forcing the phase evolves linearly. This equation is valid globally in B, but
until now we have provided no method for calculation of V6 (we will return to this later). Moreover
this equation depends on x and cannot be solved alone. This makes this equation alone (without an
action coordinate) impractical to use. As a frequent simplification, suppose that that the perturbation
is weak and of order O(¢), so that we can approximate V60 by V0|4, + = Q(0) and g(z,t) by
g(P(x0,0/w),t) = g(0,t). Now, the conjugate first variational equation,

or|T

- 1
o oo 2, (3.165)

=
has a periodic solution (exactly similar to the Floquet theory) which is normal to the isochrons on the
limit cycle, so that @ satisfies (3.166) with the normalization Q(0) - F'(z¢) = w, which follows from the
fact that V6 - F\(x) = w Vo € B. Hence the restriction of V6 on the limit cycle can be found through
backward integration of (3.166), resulting in

0=w+Q0)Tg0,1). (3.166)

The equation depends only on 6 and can be solved alone. But usually further approximations are used
[50, 21, 28] to make the equation autonomous. Let 6 = ¢ + w;t, where w; = 27/7;. Then (3.166)
becomes

b =Aw+ Q¢ +wit) gle+wit,t), Aw=w —wi. (3.167)

As an example, suppose that [T} — T is small . Then (3.168) is usually averaged with the frequency
w1, since ¢ evolves slowly to yield,

¢ =Aw+ !

T
7 [ QU6+ wit)g(é+wit, t)dt = Aw + h(¢), (3.168)
1Jo

where h is 27 periodic in ¢. It is evident that if

in |h < |Aw]| < h(o)|, 3.169
¢§g]{gw)\ (@) < |Awl ¢g[108};<ﬂ)\ (®)] ( )

then (3.169) has a stable equilibrium which corresponds to a phase locked state, or a synchronized state.
A similar analysis can be used for higher order synchronization n : m, in which |T7 — mT/n| is small,

5Tt corresponds to a 1 : 1 synchronization as will explained in the next
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and the averaging will be with respect to the period nT}. In the particular case that h(¢) = sin (¢),
(3.168) is referred to as the Adler’s equation. We will study synchronization dynamics more thoroughly
in the next sections. This above analysis for a time periodic forced oscillator is frequently used in the
study of electronic oscillators [25, 26, 10, 7, 38].

The above described approach imposes many limitations, namely it assumes that the perturbation
is weak, so that we can approximate both V@ and g by their values on the limit cycle and further
averages (3.166) in order to make it autonomous. A more general framework is provided through the
use of the PRC and PTC curves that pose on restriction on the strength of the perturbation. Suppose
that the perturbation g is of finite duration 7Ty. Then if it is applied when the oscillator has phase 6
(thus the point in the phase space belongs to Zy), after time T, the point will be moved to a different
one having in general a different phase 6,,¢,,. The new point belongs to Zp, . Then we define,

PRC(0) = Opew — 0, PTC() = 6 + PRC(#) mod 27, 6 € S*. (3.170)

The definition of PRC (Phase Response Curve) suggests that it gives the phase difference between
every point belonging to the limit cycle and its image when, the perturbation vanishes. Since it
gives differences, PRC is independent of the choice of the zero-phase point zg. In contrast, PTC
(Phase Transition Curve) does depend on the choice of zp and a different choice results in a PTC
differing by an additive factor. It should be noted here that the PTC is taken mod 27 and by
construction PRCE (—m, 7] ©. Positive (negative) values of the PRC correspond to advances (delays) in
the phase. The PRC describes completely the phase of an oscillator subject to finite duration external
perturbations 7. If we can control both the amplitude A of the perturbation and the phase when it is
applied, PRC,PTC depend on the amplitude as well and PRC(6, A = 0) = 0. The surface defined by
PTC(A,6) is referred to as as the Time Crystal of Winfree [64, 28].

The PRCs can be distinguished [28] to Type 1 or Type 0 corresponding to continuous and
discontinuous functions, respectively. We can also classify them [28] as Type I and Type II, if the limit
cycle is a result of a saddle-node bifurcation in a homoclinic manifold or if it is created through a
Hopf bifurcation, respectively. The PRCs admit positive values in the first case, and both positive and
negative values in the second one. We note that the PRC and @ functions are related according to

_ OPRC(A,0)

and with T; — 0. For this reason Q(0) is referred to as the Infinitesimal PRC (IPRC).
To make he discussion more precise, consider as an example (we will examine in detail more
examples in Chapter 7) the system,

i=—-Qu+ QGx(1 — %) + AQGxz(1 — z*)g(t)
which we will study in greater detail in the following, with Q = 3, G = 0.5. Fig. 3.1 shows the
PRC and PTC curves calculated with the perturbation g(t) corresponding to a rectangular pulse of

amplitude 1 and duration equal to 7'/10. The isochrons of the (autonomous) system are shown in Fig.
3.2 computed with (3.186) that will be presented in the following.

(3.172)

3.5.2 Connection with the Koopman eigenfunctions
In case of limit cycle systems, eigenfunctions of the Koopman operator are given by (3.109),

2 gt etkd (3.173)

< Zn—1

with associated eigenvalue miA; + -+ + mp_1An—1 + tkw. The restriction of the operator on the limit
cycle has e as eigenfunctions. By definition

Ul(e?) = etel (3.174)

6Since two points cannot differ by a phase greater than half of the period, if they do we can always map this
phase difference to (—m,7].
"Provided that the final point will not belong to the phaseless set.
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Figure 3.1: Top: (a) PRC and (b) PTC corresponding to (3.172) parameter values @ = 3, G = 0.5.
Bottom: (c) PRC and (d) PTC for specific amplitude values.
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Figure 3.2: (a) Isochrons corresponding to (3.172) computed according to (3.186). (b) The limit cycle.
Parameter values Q =3, G =0.5

88



89 Chapter 3. The Koopman Operator in Dynamical Systems

and hence
0 =w, (3.175)

and this relation holds in the whole basin of attraction. From (3.107) for g = id, it follows that if we
define isochrons as the levels sets of the argument of the eigenfunction associated with the eigenvalue
iw, we have an equivalent definition with (3.162) (since the eigenfunctions associated with the Floquet
exponents vanish at the steady state). This observation connects the well known property of phase
with the Koopman operator spectrum and enables the computation of the PRC as,

PRC(0) = 0(zpew) — 0, 0(x) = arg(f,(z)), (3.176)

and correspondingly for the PTC.

At this point we want to make a general remark and show that the notion of isochrons can be
viewed in a more general context. Suppose that (3.1) admits a stable Milnor attractor, with basin
of attraction B, in a neighborhood of which, a conjugacy to the form (3.131) exists (see previous
subsections). Further suppose that U?|4 admits m smooth eigenfunctions s;(u(x)) (corresponding to
eigenvalues iw;). Then we can define the generalized isochrons as

Lo = {i € Bl i (o) — 6(s(2). 0 =0 | (3.177)

which corresponds to the joint level sets of the arguments of s;. We also define the isochrons associated
with only the i-th angle, by letting the remaining angle variable to be free. For the particular case
of periodic systems, the definition is consistent (only one eigenfunction s; exists), while the case of
two-dimensional tori suggest the existence of two angle variables 01, 0> each corresponding to one
principal eigenfunction. We will not deal with this type of attractors and in what remains we focus on
limit cycle systems.

Phase reduction provides an equivalent angle variable for (3.1). We can extend the reduction by
defining action variables in accordance with the case of equilibria. Let s; be an eigenfunction associated
with one of the Floquet exponents \; = o + iw;. Then we have

Uls;j(x) = eMlsi(z). (3.178)
If we define r; = s; for A; € R and r; = |s;|, 6; = arg(s;) otherwise, we have

"3 = 93" (3.179)
éj = wj. '

Hence, if we eliminate redundant variables (due to conjugate eigenvalues-eigenfunctions) we get

0=w

«91:w1

O = Win (3.180)

T = 0171

Tn-m—1 = On—m—1Tn—m—1

where we have assumed m complex eigenvalues. The equation (3.180) provide the action angle
coordinates of the system and the attractor is just r; = 0. The variable 6 captures the periodic
dynamics on the limit cycle and its level sets correspond to the isochrons. The other phase variables
along with r; correspond to the transient dynamics. As in the case of equilibria, the 1 action coordinate
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dominates the convergence towards the limit cycle, while the 8 variable dominates the phase evolution,
so that the dynamics can be reduced to

= (3.181)
6 =w. '

It is clear that (3.181) generalizes the phase reduction model considered in the previous section by
augmenting it with the most significant action variable.

Definition 3.5.2. With the above notation we define the isostables of T,
I,y = {z € Bl ri(z) =ro}. (3.182)

A few remarks concerning the similarities and differences with equilibria are in order. In the last
case, the isostables are the most important notion, since the phase doesn’t characterize the motion on
the attractor (besides it is not always well defined). In limit cycle systems, it is rather the phase of
particular interest and for this reason it was defined first. Simple inspection of (3.182), (3.4.1) shows
one difference: in the case of limit cycles we allow the r variable to obtain negative values if X is real.
This is due to the topological difference between limit cycles and equilibria.

It is very important to note that the reduction in (3.181) is exact for planar systems and provide a
one-to-one correspondence

(2,y) ¢ (r1,0). (3.183)

Considering now the perturbed equation (3.163), we can augment (3.164) by the r variable to yield,

0=w+ V0 g(x,t)

: (3.184)
7 =o1r + Vry- gz, t),
which is exact for planar systems. In terms of the eigenfunctions we have
Vry = Vs or Vs
Vsn (3.185)

Vo = —.
iSp
We remark that in order (3.184) to hold the perturbation must be such that the state variable always

remains inside the basin of attraction of the limit cycle, otherwise the problem is now well defined.
Now it is clear that the infinitesimal PRC corresponds to Q(#) = VO(r; = 0,6).

3.5.3 Numerical Methods

In this section we provide numerical methods for the computation of isochrons (level sets of #) and
isostables (level sets of r1). Thanks to the Koopman operator formalism these ideas we only need to
define appropriate eigenfunctions for each eigenvalue and then consider the corresponding level sets.
Following (3.152)we prove,

Theorem 3.5.1. Let f : R™ — R be an observable 8 with non zero harmonic at w when restricted on
the limit cycle. Then

fu(r) = lim 1 TUt f(z)e “ta, (3.186)

r—oo 1 Jo

is a non trivial eigenfunction associated with iw and hence the level sets of arg(f,(xz)) correspond to
isochrons.

81t does not necessarily belong to the MFS defined in earlier section, but the expansions are valid in a
neighborhood of the attractor
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Proof. The fact that f, defines an eigenfunction associated with iw is proven exactly in the same way
as (3.153). The non degeneracy condition guarantees that the in the expansion of U?f in eigenfunctions
the projection of the steady state part on the iw eigenfucntion will be non zero, so that f,, will be non
trivial.

Alternatively, we can calculate the integral in (3.186) as follows. Let x € Zy. Then,

T
fo@) = 5 [ @t t+ o) ta

tim [ (F0Ge) — Flotant + ) | < (3.187)
i [ #(0G1) — £(6lan, 0+ 0))at] =0,
™ Jo

from which it follows that .
1 .
fula) = / F(b(wo, 1))~ dt. (3.188)
0
O

The limit in (3.186) converges with order 1/r so that the interval must be too large to numerically
good results. Unlike (3.152) the integrand is not of the form 0 - co so that such numerical issues do not
arise in this case. In the same way one can calculate V f,, to obtain V6 globally,

1 (" -
IV fw) = im - [ D (o)) ar
r=oo 1 [ ox
L ‘ (3.189)
= lim ~ [ Vf(¢(z,1)) - (D(t)e;)e " dt,
r—oo T Jo
where ®(t) is the monodromy matrix satisfying the first variational equation
. F
o = or O, D(0) = I,,. (3.190)
0 | (a1

We can work in a similar manner for the isostables. We prove in exactly the same way the following

Theorem 3.5.2. Let f be an observable * with f|r = 0, (V£(0),v1) # 0 where vy is the right eigenvector
of the monodromy matriz and A1 the leading eigenvalue. Consider the Laplace average
1 T
fu(@)=lim = [ f(¢(z,t)) e Mdt. (3.191)

r—oo 1 Jo

Then fy, is a nontrivial eigenfunction associated with A1 and the level sets fx, or |fx,| (depending on
A1) correspond to isostables.

Proof. The proof can be obtained through simple modification of (3.152) and (3.186). We want only to
note that (3.191) essentially extracts the projection on A; and the condition (V f(0),v1) # 0 guarantees
that this projection is non zero (see the discussion in previous Section). O

We want to make a comment regarding (3.191). The integrand f (¢(z,t)) e=*1* is of the form 0- oo,

as one can see by inspection of (3.107). This term asymptotically tends to a periodic function, and the
integration must have very low tolerance so that numerical errors don’t result in the integral diverging.
For the same reason, the interval T" must not be too large. In particular, numerically it is efficient
to evaluate the integral after the transient interval has passed and for time equal to one period of
the limit function. Unlike the equilibrium case, because of the imaginary eigenvalues, f), cannot be
computed as the limit of the integrand similarly to (3.160). This can seen by Fig. 3.3 where the time
evolution of the term f (¢(z,t)) e=** for the Van der Pol (3.196) system is illustrated. Hence relation
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Figure 3.3: The term f (¢(x,t)) e~ for the Van der Pol (3.196). It is apparent that it does not
converge to a constant number as stated in relation (21) of [45], but to a periodic function as expansions
of the form (3.107) and (3.119) suggest.

(21) in [45] does not hold. Considering the numerical computation of higher order action variables, one
could use the same method as in the case of equilibria (3.159).
In the same manner as (3.189) we can obtain the gradient Vry globally,

eIV, (x) = lim L Vi(d(x,t) - (®(t)e;)e Midt, (3.192)

where ®(t) is the monodromy matrix satisfying the first variational equation

. OF

d=" @, ®(0) = I,. 1
R X0 (3.193)

b(z,t)

In this way, through the Koopman operator framework we can globally compute both the isochrons
and the isostables along with their gradients describing completely (3.184). In particular if the system
is planar this reduction is exact and one can work with the action-angle variables instead of the original
coordinates.

A final issue concerning the observables remains. The nondegenracy conditions are easily satisfied
for almost any choice of f. The real issue is satisfying the condition f|r =0 in case of isostables. We
give a construction of such an observable following [42]. First we consider the Fourier expansion of the
steady state solution

d(xo,t) = Y cpe™™. (3.194)
keZ
Now assume that there exists a plane 7 such that P(¢(zo,t)), where P denotes the orthogonal projection
on 7, is a star set. Then we define the map

9 (,p) = Plco) +p ) Pleg)e™?. (3.195)
kEeZ

Then, we can use as an observable

P@ - P
@) = 13600, 9) - Plao)] " (3.196)

9Tt does not necessarily belong to the MFS defined in earlier section, but the expansions are valid in a
neighborhood of the cycle
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Figure 3.4: Geometrical construction of the observable [42].

where ¢ is such that P(x) = g(p, p). For any x € T" it follows that p = 1 so that f(z) = 0,2 € I". Fig.
3.4 illustrates the geometry of the discussed construction.

The computation of Vry requires the computation of V f in (3.192). A straightforward computation
of the gradient of the observable f would introduce further numerical errors considering that we do
not have a closed form of f. In order to avoid this, we use as the gradient,

Vf(z) =& (P(o(,1)))), (3.197)

where 7 is the projection of the point P(¢(x,t)), on the projection of the limit cycle on the plane
defines as m(P(z)) = P(¢(zo,¢)) and £ the unit vector normal to the projected limit cycle. From
the geometry in Fig. 3.4, it should be clear that sine the limit cycle corresponds to the zero level
set of f, the gradient on the limit cycle and & are parallel so that after the transient time, the two
computational schemes coincide.

As a numerical example we consider the Van der Pol system

T1 =2
e , (3.198)
g9 =x1(1 —x]) — x1.

All the quantities discussed are illustrated in Fig. 3.5. The calculations have been performed according
to the numerical schemes discussed in this section.

3.6 Synchronization of Periodically Forced Oscillators

In this section we consider the application of the Koopman operator framework to the complex
synchronization of limit cycle systems. We consider the perturbed system

i = F(z) + g(x, 1), (3.199)

where g is a periodic function of ¢ with period 77 and assume that the autonomous oscillator has
frequency w and period T' = 27 /w. The problem of synchronization can be stated as follows: under
which conditions, is the oscillator locked in phase with the external perturbation, so that they oscillate
with frequencies in a rational relation, and if they are not locked what phenomena arise. We denote as
1 : n synchronization the situation under which the observed frequency of the oscillator is equal to the
1/n of the forcing frequency.
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(a)

Figure 3.5: Van der Pol system (3.198). First row: (a) 71(z,y) and (b) el'Vry Second row: (c) el Vo
and (d) isochrons. Third row: (e) isostables and (f) contours of isostables (blue) and isochrons (orange).
Fourth row: (g) eI Q(0) = ef'Vo(r1 =0,0).
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3.6.1 Linear Approximation

In the previous section, when we were discussing the case of weakly periodically perturbed oscillators,
we gave a first approach to study this problem without any knowledge of the Koopman operator
framework. Using only the angle variable from the system (3.184), we approximated V6(x) by
Q(0) = VO(r1 = 0,0) and g(z,t) by g(é(xo,0/w),t) = g(0,t) and arrived at (3.166). Next letting
0 = ¢ + wit, we get (3.168), which we repeat here,

b= Aw+ Q¢ +wit)lg(o+wit,t), Aw=w — wi. (3.200)

As an example of the case of 1: 1 synchronization we suppose that 73 = T + T, |Ts| small. Then [21]
can be averaged with respect to the period T} to yield

T
b= Aw+ Ti QT (¢4 wit)g(¢p + wit, t)dt = Aw + h(9), (3.201)
1Jo

where h is 27 periodic in ¢. Here we want to note that averaging is essentially equivalent to considering
only the resonant terms in the double Fourier series of Q7 (¢ + w1t)g(¢ + wit,t) (since it is 27 periodic
in ¢ and 77 periodic in t). Now we can state the limiting conditions that are assumed to derive this
simple phase model: validity of the truncated angle coordinates, linear approximation of V@ by Q(6),
approximation of of g by its value on the limit cycle and averaging. All these considerations are usually
summarized as ”"weak forcing” condition and ”small detunings” (small Aw).

Despite the limitations of the above method, we see that under the conditions (3.170), the
equation for the phase possesses a stable equilibrium which corresponds exactly to the phase locked
or synchronized state. This state is destroyed at the borders of synchronization (as Aw approaches
its maximal or minimal value) through a saddle node bifurcation. The model predicts that there is
a linear relation between the locking range (Aw) and the amplitude of the forcing. This is not the
case even for small perturbation, and taking into account the approximations to derive it, we conclude
that the correct interpretation is that for Aw near zero, the synchronization borders at the A — T}
plane (where A denotes the amplitude forcing) emanate from the point 77 (or w; if one uses A — w;
synchronization plane) and are linear following their tangent lines. For higher amplitude values, more
complex phenomena like period doubling bifurcations can occur which are note described by this model.
Outside the synchronization region quasiperiodic or chaotic motion occurs.

One can derive similar linear approximations for higher order synchronization states 1 : n. The
derivation is exactly identical, but in this case one should consider a relation 71 = T'/n + T, set
nf = ¢ + w1t and average (3.201) by n7; where now the detuning Aw = nw — wy. The linear analysis
is identical and one can conclude that these synchronization regions emanate from 7 /n points in the
A —T7 plane.

The analysis described above is the most frequently used in the study of periodically forced
oscillators due to its simplicity. Even though quantitative and even qualitative results for cannot
be derived for most amplitude forcings, it shows that 1 : n synchronization regions on the A — T}
plane emanate from 71 /n points. To illustrate the limitations we consider the system (3.172) with
parameters Q = 3,G = 0.5 and g(x,t) = Av;(t) = cos(wit), namely without the terms depending
on z (corresponding to ”direct injection” as will be explained in the next). Fig. 3.6 shows the true
synchronization regions. Equation (3.169) does not accurately predict the regions even for small forcing.
It is apparent that the regions are linear with A only for small values. The rotation number p has not
yet been defined but roughly speaking, it is the ratio between the observed frequency of the forced
oscillator and the forcing.

3.6.2 A More General Approach

In this section we extend the simple, linear model used to describe the synchronization properties
using the ideas of the Koopman operator framework. This way enables us the study of complex
synchronization of oscillators subject toe strong forcing and the derived results are not approximations.



3.6. Synchronization of Periodically Forced Oscillators 96

w1/w

Figure 3.6: Synchronization regions of (3.172) with sinusoidal forcing. Parameters @ = 3,G = 0.5.
The linear model fails to predict the regions even for small amplitude forcing.

We begin with the perturbed system (3.199). The reduced action-angle equations describing the
motion of the perturbed system are

? =w+ V- g(z,t) (3.202)
71 =o1r1 + Vry - g(x,t).

We remark that higher order action coordinates have negligible contribution, since they correspond

to larger Floquet exponents |);|. If the system is planar, equations are exact as explained previously.

System (3.202) defines an autonomous system in S' x RT x R*. We define a (obviously transversal)

Poincaré section

¥ ={(,r1,t) € S* xR x RT| t mod T} = 0}, (3.203)

which corresponds to stroboscopically observing the system at times equal to multiples of the forcing
period. We impose no condition on the forcing apart from being of the form,

glx,t) =AY h(xz,t —nTy), (3.204)
neN

where the function A is a finite duration (T5,) perturbation (meaning that outside the [0, Tpy,) interval
they are 0). The assumption on the forcing profile may seem too restrictive, but it a very common case.
Applications include synchronization of electronic systems [25, 26], neurons [28] and optical systems
[23]. Since between two periods the system evolves autonomously '°, a two dimensional map is defined

r, — e?1Th (7‘1 + 01 (?”1,0))

(3.205)
0— 0+ wly + (52(7’1, 9) mod 27,

where the functions §; represent the the difference between the old action-angle coordinates (6, 71) and
the new ones after the application of the forcing.

System (3.202) and hence the map (3.205), describe completely the system only in the planar
case, in which there is a one to one relation between the (x,y) variables and the (6,71). Even in
the multi-dimensional case, however, due to the strong convergence of the other action variables, the
approximation is reasonable.

Now suppose that the 017} factor is sufficiently negative (this corresponds to either a strongly
attractive limit cycle and/or to a sufficiently high period of the perturbation). Then the action equation

10We consider the aggregate effect of the perturbation as equivalently applied to the initial point (71, ) at its
arrival and having zero time length. The equivalency should be apparent to the reader.
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in (3.205) can be omitted since it converges rapidly to 0, namely to the limit cycle. Hence considering
only the angle equation, we get the circle map,

0 — 0+ T + 65(0,0) = 6 + wTy + PRC(6, A) mod 2, (3.206)

which is a map of S! to itself. We note that we assume the cycle to be born via a Hopf bifurcation, as
will be the case in the application to follow. Equation (3.206) can be studied to yield the synchronization
regions of the initial perturbed system. That is, 1 : 1 synchronization region corresponds to a stable
fixed point for the circle map and generally 1 : n region corresponds to an n cycle, since the phase of the
oscillator returns to the same value after exactly n periods of the forcing thus (the perturbed oscillator)
having frequency equal to 1/n the forcing frequency. We remark that higher order synchronization
are narrow and hence more difficult to observe in practical experiments. From the form of (3.206)
it is clear that only the term w7j mod 27 affects the synchronization properties of the system. If
Ty = kT + sT, k€ N, s €[0,1) then only the swT = 2rs matters. We make a final remark regarding
regions of m : n locking of the circle map. In these regions the circle map orbits performs m rotations
after n periods of the forcing. But the frequency of the forced oscillator is in 1/n relation with the
frequency of the forcing.

In this way, in view of the Koopman operator, we have rigorously derived a circle map orbit to
study the synchronization of periodically perturbed oscillators. Unlike the simple linear phase model,
the approximations used here are confirmed by the Koopman operator framework developed in the
previous sections. In the next chapter we study circle maps of the form (3.206) in a more general
setting before applying the theory to study the synchronization propertied of electronic oscillators.



Chapter 4

Circle Maps

In the previous chapter we derived the circle map,
0 — 0 +wTi + PRC(0, A) mod 2, (4.1)

that describes stroboscopically the angle (phase) variable of an oscillator subject to periodic forcing.
This circle map could describe the synchronization properties of the oscillator. In this section we study
the dynamics of this circle map to establish some results that will enable us to decide whether the map
possesses a cycle or not (a condition equivalent to locking as described in the previous section). Our
treatment follows [30] and [60] with some modifications.

4.1 Circle maps and Rotation Number

The cycle S! can be viewed as S' = R/27Z. Let f : S' — S! be the function defining the circle
map,

0 — f(0) = 0 + wT; + PRC(, A) mod 2, (4.2)

or an even more general circle map 6 — f(60). We begin with a useful definition.
Definition 4.1.1. For f defining a circle map, we define as a lift of f a C function F satisfying
f(z mod 27) = F(z) mod 27. (4.3)

The lift simply corresponds to the unwrapped phase of the circle map. We will say that f is C*
and F is C'. In the definition we used a instead of the lift since we have the following

Proposition 4.1.1. If I, F5 are both lifts of f, then they differ by 2kw, k € Z.

Proof. The proof is obvious from the definition (4.3). O
Further we can find a lift of f™! if we know a lift of f.

Proposition 4.1.2. If F is a lift of f, then F™ is a lift of f™.

Proof. We have
(FoF)(x) mod 2 = f o (F(z) mod 27) = f o f(x mod 27), (4.4)

and the result follows inductively. O
Now we introduce the notion of an orientation preserving map.

Definition 4.1.2. We say that f is an orientation preserving homeomorphism if any lift F' is increasing
with continuous inverse.

!Superscript denotes composition.

98
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We note that viewing f as being defined on the circle rather that [0,27), solves the discontinuity
problem caused by the modulo operator. In this case we consider that any =,y € S! with 2 # y define
exactly two connected closed intervals.

In the case of the circle map that we are discussing, f(0) = 0 + wT) + PRC(0, A), if the derivative
of PRC admits values outside (—1,1) the map is not orientation preserving. The constraint [PRC’| < 1
is obviously necessary and sufficient. However, it is still true that F'(0) = minge(gon) F'(z) and
F(27) = max,c[2r) F'(z) (see Fig. 3.1) in either case and this property is the one we will need in this
section.

Proposition 4.1.3. For any k € Z we have
F(x + 2km) = F(x) + 2km. (4.5)
Proof. The proof is straightforward since,
F(0 + 2km) = 0 + 2kw + wT1 + PRC(0 + 2k7, A) = F(0) + 2km. (4.6)

The proposition holds in general for any f under the assumption of orientation preserving homeo-
morphsim. Let k£ = 1 at first. Then,

F(z +27) mod 27 = f(z + 27 mod 27) = f(z) = F(x) mod 2. (4.7)

Thus, F(z + 27) = F(x) + 2mn,m € Z. If m > 1, intermediate value theorem implies the existence of
y € (z,z + 27) such that
F(y) = F(x) + 2mm. (4.8)

It is clear then that
f(xmod 27) = f(y mod 27) — y =2+ 2jm, j € Z, (4.9)

which contradicts the choice of y. The case m < —1 (since F is increasing) can be treated in the same
way. For k # 1, the result follows inductively. O

Proposition 4.1.4. The function F™ — id is 27 periodic.

Proof. We have,
F(z+2m) — (x +27) = F(z) — x, (4.10)

and since F™ is a lift (Proposition 4.1.2),

F™(z + 2kr) — (z + 27) = F™(2) — . (4.11)

Proposition 4.1.5. There exists an integer k,, such that
2kpm < F""(x) —x < 2(kp, +3)m, € R, n > 1. (4.12)

Proof. Since F™(x) — x is periodic it suffices to prove the statement for x € [0, 27). There exists m € Z
such that 2mm < F™(0) < 2(m + 1)m. Now Proposition 4.1.3 implies that 2(m + 1) < F"(271) <
2(m + 2)7 from which one has,

2m — Dr 42 <2mm < F*"(0) < F'(z) < F"(27) <2(m+2)7 < 2(m + 2)7 + =z, (4.13)
and the result follows for k, = m — 1. O

All we used in the proof is that F' admits its minimal and maximal values at 0, 27 respectively
along with the property described in Proposition 4.1.3. Now we define the most important quantity
that describes a circle map. We will use it extensively in the applications that will follow in order to
decide whether periodic orbits exist (equivalently synchronization).
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Definition 4.1.3. If F is a lift of f, we define the rotation number as,

p(F(z)) = lim M

n—oo  2NT

(4.14)

The motivation of the definition should be clear: it describes the average increase in phase at every
iteration. In case of a rigid rotation, 8 — 0 + 2wa = R,, p = a so that rational rotation numbers
correspond to periodic motions and irrational to an aperiodic motion that densely fills the cycle [30].
Let x € R be fixed. For simplifications reasons we denote p(F'(x)) by p(F).

Proposition 4.1.6. Let Fy, Fy be two lifts, with corresponding rotation numbers p1,ps (which we
assume to exist). Then p1 = py + k, for some integer k.

Proof. There exists an integer k, such that

Fy = Fh+2kr = Fi(F1) = Fi(Fa + 2kn) = Fi(Fy) + 2km = Fy(Fy) + 4k, (4.15)
and inductively it follows that F]* = F' + 2nkm. Now it is clear that p; = p2 + k. O
Now we prove the existence of p and relate it with the case of a rigid rotation.
Proposition 4.1.7. The rotation number exists for a circle map defined as above.
Proof. We first consider the case that f admits a cycle of period m, that is

(o) =0, F"(z) =z + 2km, (4.16)

for some integer k. Now Proposition 4.1.3 implies FV™ = x4 2jkmn, for any positive integer j, and hence

Fim k
i 2@ JH

j—oo  2imm m

(4.17)

Now for an arbitrary positive integer n, we have n = jm +r, 0 < r < m and since |F"(z) — x| is
bounded by a constant M, one has

|[F (@) = FI™(@)| [P (2) - FI ()|

27 21 (4.18)
M
< —.
~ 2mn
So it follows that, {
Fm Fom k
£ ) O i ] B 15 (4.19)
n—oo  2nT j—oo 2(jm4r)m m

This shows further that whenever f possesses a periodic orbit, p exists and is rational in accordance
with the simple rigid rotation.
Now for the general case we have,

2kpm < F"(x) — x < 2(ky, + 3), (4.20)

for any x and any n > 1 and some positive integer k,,. Hence, for any positive integer m,

Fr(z) —
L GO R A
27
F2n B
< (z) (z) <kp+3

27 (4.21)

kn <

kn

mn (x) _ Fn(m—l) (I)

kn, <
" 2

< k, + 3.
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Adding them by parts yields,

kn F™(xz)—x k,+3
o< < ,

4.22
n 2mnm n ( )
which together with the first equation in (4.21) yields
Frmn(z)  Fm 3
‘ (z) @) 3 (4.23)
mn n n
Interchanging m with n gives
mn m
'F @) @) 3 (4.24)
mn m m

Adding by parts (4.23) and (4.24) yields

n m

‘F”(x) F7(z)

<3 (; + 1) ; (4.25)

which shows that F™(x)/n is a Cauchy sequence and the result follows from completeness of R. [

Some remarks regrading the rotation number are in order. From the proofs it follows that nothing
changes if we consider generally orientation preserving homeomorphisms. The Proposition 4.1.5 is the
only that actually demands the condition F'(0) = min,c[ 2r) F'(7) and F(27) = max,¢[ 2r) F'(7) and
is used only in the proof of Proposition 4.1.7, to show that the rotation number exists for a map that
does not possess a periodic orbit. Hence, in a more general setting, if one considers circle maps for
which the propositions 4.1.1 - 4.1.6 without 4.1.5 can be proven, we can still conclude that the rotation
number exists and is rational if f possesses a periodic orbit. The actual necessity of Proposition 4.1.5
is that F™ — x must be bounded by two integers of constant difference for every n. This in turn is used
to prove that F"(x)/x is a Cauchy sequence and conclude convergence.

From the definition of the rotation number it immediately follows that p(F™) = mp(F). When f
admits an m cycle the rotation number is rational and p(F') = k/m for some positive integer k. The
denominator of p corresponds to the order of the cycle and the nominator merely shows how many
rotations have been made (how many times the phase 6 has crossed the 27 value) before the cycle
closes. Hence it is natural to consider the fractional part [30] 7 = p mod 1 which captures the relevant
information. In other words, p(F') depends on the choice of F', but 7(f) is a property of the circle map
f (along with point x).

4.2 Restriction to Orientation Preserving Maps and Poincaré Classification

Although we have proved that rational p is equivalent to the existence of periodic orbit(s), we cannot
proceed with proving further results due to the fact that F' is not necessarily increasing. Assuming this,
we will be able to characterize completely each orbit of the circle map. Although this assumption is
true for small to moderate forcings it does not necessarily hold for strong perturbations as it is evident
by Fig. 3.1. In this section we restrict to orientation preserving homeomorphism without assuming
any particular form for f. We remark that the previous results continue to hold under the assumption
of orientation preservation for arbitrary map f.

Proposition 4.2.1. We have

lz —y| <2r = |F"(x) — F"(y)| <27, n>1. (4.26)

Proof. Since x < 2w + v,
F(z) < F(y+2m)=F(y) + 2n (4.27)
Using the same arguments for y < x + 27, the result follows inductively. O

Now we can prove that the rotation number is a property of the map and is independent of the
choice of the point x.
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Proposition 4.2.2. The rotation number p is independent of the choice of x.
Proof. Let z,y € R and y = y1 + 2am, a € Z, |x — y1| < 2m. Then,

[F"(x) — F"(y)| = [F" (%) — F"(y1 + 2a7)|
= |F"(x) — F"(y1) — 2ar| (4.28)
<|F™(z) — F"(y1)| + 2am.
Hence, by Proposition 4.1.6,
[F"(x) ~ FMy)| _ a+ 1
2nm -~ n
and the result follows. ]

, (4.29)

We showed in Proposition 4.1.7 that the existence of a periodic orbit implied a rational rotation
number. Now we prove the converse.

Proposition 4.2.3. With the above assumptions, if T(f) = p/q where p,q are relatively prime positive
integers, f admits a periodic orbit of period q.

Proof. Since p(f9) = qp(f) = p, it suffices to show that if the rotation number is integer (or equivalently
7 = 0), then f admits a fixed point. Suppose it is not true. Then F(x) — x ¢ 27Z, since if it was
not that case  mod 27 would be a fixed point of f. If we choose F' such that F'(0) € [0,27), then
0 < F(x) — z < 2w, since otherwise F(y) — y € 27Z for some y. By continuity, there exists a 6 > 0
such that

0<0<F(z)—x<2r—0<2m x€[0,2m). (4.30)

Since F(x) — x is periodic, the inequality is extended to the whole real line. Setting, z = F*(0), 0 <
1 <n — 1, and adding by parts the deduced inequalities, one has

nd < F"(0) < n(2m — ), (4.31)

which contradicts the hypothesis that p(F') € Z~o. The contradiction implies that f does possess a
periodic orbit. O

It is now straightforward to see that, if p(F') is irrational, f cannot admit a periodic orbit. The
following fundamental result shows that the period of each periodic orbit is actually the same.

Proposition 4.2.4. For an orientation preserving homeomorphism, if 7(f) = p/q where p,q are
relatively prime positive integers, all periodic orbits have the same period q.

Proof. Suppose that y € [0,27) is a point that belongs to a ¢ periodic orbit and z mod 27 = y. Then
F'(z)=x+2jr, = = =k+=,i€Z", j,ke€Z, (4.32)
? q

which follows by the existence of the rotation number. We can choose a lift F' for which k = 0, so that
j = mp,1 = mgq, for some positive integer m. Now we need to use that F' is increasing. If

Fi(z) — 2pm > & = F*(x) — 4pr = FI(F? — 2pr) — 2pw > Fi(x) — 2pm > (4.33)

and inductively F™ — 2mpr > x. But F™ — 2mpr = F' — 2j7 = x, which gives a contradiction.
Similarly one can show that F? — 2pm < « lead to a contradiction, from which it follows that
F% —2pm = x. The fact that f has a lift F satisfying the previous relation shows that every periodic
orbit must have period gq. O

In Chapter 2, when we were studying the Koopman operator, we showed that eigenvalues are
invariant under conjugacies and eigenfunctions are transferred in a natural way between the conjugate
systems. Now we show that the rotation number is also invariant with respect to conjugacies.
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Proposition 4.2.5. Let f be defined as above and h an orientation preserving homeomorphism. Then
7(f)=7(h"to foh).
Proof. Let F, H lifts of f, g such that F(0), H(0) € [0,27) and let W = H ' oFoH, w=h"1o foh.
It is straightforward to see that H~! is a lift of A1,

H™'(z) mod 27 = h™! (h(H_l(x) mod 27r)> =h! (H(H_l(:n)) mod 27‘(‘) = b~z mod 27), (4.34)

and similarly H= ' o F o H is a lift of h™! o f o h. Now from the proof of Proposition 4.1.5, it follows
that |H~!(x) — 2| < 47 and from the proof of Proposition 4.1.6,

v —y| <4m = |F"(x) — F"(y)| < 4. (4.35)
Thus,
(HLF"H)(z) — Fn(x)] < ((H—lan)(x) . (F”H)(x)‘ +|[F"(x) — (F"H)(z)| < 87 (4.36)
Now it is clear that

(H'F"H)(z) — F™(x)

=0 4.37
Py ; (4.37)

lim
n—oo

and the result follows. O
By utilizing similar arguments we can prove the following.

Proposition 4.2.6. 7(f) depends continuously on f, in that for every e > 0, there is a § > 0 such
that if f,g are § close in C° topology 2, |p(f) — p(g)| < e.

Proof. For a fixed € we can choose n such that 3/n < € and § > 0 such that F™(0), G™(0) are bounded by
the same integers k,, given by Proposition 4.1.5. Following the arguments as in the proof of Proposition
4.1.4, the conclusion follows immediately by taking the limit m — oo and using the existence of the
rotation number. O

Having proven the fundamental results on the rotation number we continue with characterizing the
orbits of the map, based on the rotation number.

Rational Rotation Number

Proposition 4.2.7. For an orientation preserving homeomorphism f with rational rotation number
7(f) = p/q, the orbit of a point z belonging to the cycle has the same order ® in [0,2m) with the orbit
of 0 under the rigid rotation defined by 0 — 0 + 2pw/q.

Proof. We denote by 7 the projection to S'. Let F be a lift of f such that F9(z) = z + 2pm. If we
define the set

A=nl <{z, F2),. .., qul(z)}) , (4.38)

where 771(-) denotes the inverse image under the projection, then [z, z + 2pn] is partitioned into pq
intervals by A. This follows immediately from the fact that {z, f(z),..., f971(2)} partitions [z, z + 27]
into ¢ intervals and from the definition of A. From the properties of F, the interval [z, z + 27p] is
also partitioned into the intervals [z, F(2)],...,[F?1(2), F9(z)]. Hence each [F'(z), Fi*!(z)] contains
exactly p + 1 points of A. In the ordering of the points of A that partition [z,z + 2pm], let z; be
the right neighbor of z and 21, = 7(21). Then there exist k € Z* such that f¥(z) = 21, and hence
21 = FF*(2) —r = G(2) for some r € Z. Now we argue that G preserves the ordering, that is if z, is
n steps righter than z then G"(z) = z,. Indeed, if we consider the ordered set {z,z1,...,2,} with
zy < 2+ 27 and 2441 = 2 + 27, the fact that G is increasing and that G(z) = 21 shows that G*(z) = z
for £ < q. Repeating the same argument, we conclude that the ordering is preserved under G. Hence,
GP(z) = F(z) from which we have f*?(z) = f(z) and thus kp = 1 mod ¢. As a result the orbit is
ordered as (z, ..., f{D¥(2)) which is the same as that of the rigid rotation Ry/q- O

*sup,egr |f(z) —g(z)] <0
3That is mp/q mod 1 < np/q mod 1, if and only if f™(z) < f"(2).
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Definition 4.2.1. Let g be an orientation preserving homeomorphism defined on S'. Then x € S! is
heteroclinic to y; € S* and yo € S* under g if,

g™ (z) = g"(y1)|| == 0, |lg" (x) — " (y2)|| = 0. (4.39)

Before completing the classification of all orbits associated with an rational rotation number, we
need the following lemma [30].

Lemma 4.2.8. Let f : I — I, where I is some closed interval (e.g. S'), be a continuous increasing
map. Then any x € I that is not a fixed point is positively and negatively asymptotic to adjacent fized
points.

Proof. Let x € I be a non-fixed point. Let (a,b) be the maximal open interval containing x and no
fixed points. Then f(z) — z cannot change sign inside [a,b] and since f is increasing f ((a,b)) C [a, b].
Suppose that f(z) —x >0, x € (a,b). Then {f"(z)} 2, is increasing and as bounded, converges. The
limit point y is a fixed point since by continuity,

y= lim f*(z) = lim f((f"(z)) = f(y). (4.40)

The case f(x) —z < 0, € (a,b) can be treated analogously. Similar arguments for f~! conclude the
proof. O

Proposition 4.2.9. Let f be an orientation preserving homeomorphism with rational rotation number

7(f) =p/q

o If f possesses exactly one periodic orbit, then every point not belonging to this orbit is heteroclinic
under f? to two points on the periodic orbit. If ¢ > 1, these points are distinct, while ¢ = 1
corresponds to a homoclinic orbit.

e [f more than one periodic orbits exist, then each point not belonging to one of them is heteroclinic
to two points belonging to separate periodic orbits.

Proof. Let y € S' be a point belonging to the periodic orbit (exists from Propositions 4.1.10 and
of period ¢ by Proposition 4.2.1), i.e. a fixed point for f¢, x € R, x mod 27 = y and F a lift with
Fi(x) = x + 2mp. Then considering G = F? — p, restricted to [z, z + 27|, assumptions of Lemma 4.2.8
hold and the first case follows from Lemma 4.2.8, since fixed points (for f?) will belong to the same
periodic orbit. The fact that forward and backward points are distinct if the periodic orbit includes
more than one point follows immediately from the proof of Lemma 4.2.8.

If more than one periodic orbit exists, then we need to prove that the two fixed points provided by
Lemma 4.2.8 belong to separate periodic orbits. If it is not true, there exist adjacent zeros a < b of
Fi(x) — x — p, for which x = a mod 27 and y = b mod 27 belong to the same g periodic orbit of f and
further no periodic orbits exist in the set

A={de S'd=zmod 2, z € (a,b)}. (4.41)

It follows that there exists 0 < k < ¢ — 1, such that f¥(z) = y and
q—1
B=J ™ (4). (1.42)
n=1

contains no periodic orbits. But B covers the complement of { f"(x) }f;%] which means that the map
admits only one periodic orbit. This is a contradiction and the result follows. O

Propositions 4.1.9, 4.1.10, 4.2.1, 4.2.2 and 4.2.4 characterize completely the possible orbits of an
orientation preserving circle map possessing a rational rotation number p.
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Irrational Rotation Number

We now study the case of irrational rotation numbers. We already know that no periodic orbits
exist, so we assume that either quasiperiodic motion or chaotic motion can arise. Indeed that is the
case and can be concluded by the following results.

Definition 4.2.2. A map f is topologically transitive on S*, if for any U,V C S!, there exists k € N
such that fX(U)NV # 0.

Lemma 4.2.10. Let f : S — S be an orientation preserving homeomorphism with irrational rotation
number p. Let m,n € Z, with n # m, x € S' and denote by I any of the two intervals defined by f"(x)
and f™(x). Then the forward {f*(x)}ren and backward {f=%(x)}ren iterates of f intersect I.

Proof. We consider the case of forward orbits, since the other case can be treated similarly. Equivalently,
we need to show that St = (J;2, f~*(I), where f~*(I) is an interval on the projected circle S'. It is
clear that if I;, = f~*(=")(I), then I, and I,_; share a common endpoint. If S is not covered by Iy,
then the sequence of endpoints must converge to a z € S'. Thus,

z= lim fHOTM o f(z) = lim [T o () = fT (2), (4.43)
which is a contradiction, since f does not possess any periodic orbits (irrational p). O

Proposition 4.2.11. Let f : S' — S' be an orientation preserving homeomorphism with irrational
rotation number p. Then, the w limit set w(x) is independent of the choice of v € S*.

Proof. Let x,y € S and take z € w(x). By definition, there exists a sequence k, — oo such that
f¥n(x) — 2. By the previous Lemma, there exists a sequence a,, such that f® (y) is inside the interval
defined by f*n(z) and fF»+1(x). Since f*»(x) — z, it follows that f% (y) — 2 and thus z € w(y). By
symmetry, w(y) C w(z) and the proof is complete. O

Proposition 4.2.12. Let f: S — S! be an orientation preserving homeomorphism with irrational
rotation number p. Then, the w limit set is either the whole S' or a Cantor set in S*.

Proof. It is obvious that w is closed, non-empty and invariant under the action of f. Suppose that
there exists another set A C S' which is non-empty, closed and f invariant. Thus, w C A which shows
that w is the minimal set of S' with these properties and any closed, f invariant subset of w is either
or w itself. Since the boundary dw is closed and invariant subset of w, we have that dw = () or S*. The
first case implies that w = S'. If dw = w, it is clear that w is totally disconnected. Moreover, if x € w,
there exists a sequence k,, — co such that f*(x) — 2. The invariancy implies that f*»(z) € w and
hence w is perfect, concluding the proof. O

Lemma 4.2.13. Let f : S — S be an orientation preserving homeomorphism with irrational rotation
number p. Let F': R — R be the lift of f, such that p(F) = 7(f), n1,n2, my, ma not necessarily distinct
integers and x € R. Then we have

nip+mi < mngp+me < F™(z)+2mim < F"(x) + 2mam. (4.44)

Proof. Let p(y) = F™(y) 4+ 2mym — F"2(y) — 2mam. If p changed sign, then, by continuity, it would
also have a zero. Thus, there would exist a y € R such that F™ (y) — F"2(y) = 2(mg —my)m, which is a
contradiction since f does not have periodic orbits. Now suppose that F™ ()4 2mym < F"2(x)+2mar.
The previous argument shows that F"!(y) + 2mim < F"2(y) 4+ 2men, Vy € R. If z = F"2(0) and
for x = 0 we have F™~"2(z) — z < mj — mg. Since this inequality is also independent of z, we get
Fm=m2(0) < mg — my. Inductively, we conclude that F"(”“”?)(O) < mo — my. Thus,

p= lim Frm=n2)(0)  my —my

n—oo 2n(ny — n2)m ny—ng

(4.45)

The inequality is strict since the left hands side is irrational, while the right one is not and the ”if”

direction is proven.

Now suppose that n1p+m1 < nap+ma. By exact same arguments we can not have F™ (x) 4+ m; >
F"2(x) 4+ mg since that would imply nip + mi1 > naop + me. Equality cannot hold since f has not
periodic orbits. Thus, we conclude that F"!(x) + m; < F"2(z) + mg and the proof is complete. [
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Now we can prove the main result on circle maps characterized by irrational rotation numbers,
referred to as the Poincaré classification.

Theorem 4.2.14. Let f : S' — S! be an orientation preserving homeomorphism with irrational
rotation number p.

e If f is topologically transitive then f is conjugate to a rigid rotation R, (y).

e [f f is not topologically transitive, then f is semi-conjugate (in the sense that the conjugacy is
surjective but not invertible) to r.5).

Proof. Let F be a lift of f such that p(F) = 7(f), § € S! and x € R whose projection on S is 6.
Consider the set B = {F"(z)+27m| m,n € Z}. If 7 is the projection on S*, then B = =~ (f"(6))
Now let R, = z + 277 (we denote for simplification 7 = 7(f)), the lift of a rigid rotation.

We define

nez’

H:B—-R

F™(2) 4 2mm — 27 (nT + m). (4.46)

The previous Lemma implies that H is increasing, and since 7 is irrational, H(B) is dense in R. For
F*(z) +m € B,

HoF (F"(z) +2mn) =2r((n+ 1)1 + m) = R- o H (F"(z) + 2mx), (4.47)

which shows that H o F = R, o H in B. Now let y € cl(B) — B. Then there exists a sequence
{Zn}nen € B such that x, — y. Since H is monotone the right (limsup) and left (liminf) limits of
H(x,) are independent of the choice of z,. If they are not equal, then R — H(B) would contain an
interval, which contradicts the density of H(B). Thus we can define H(y) = lim H(z,) and H can be
extended continuously to the whole cl(B). The projection of cI(B) to S! is just w. If f is transitive
we have w = S!, and cl(B) = R, thus H is extended to the whole R. As a result, H remains strictly
monotone in R and a conjugacy is defined between F' and R, on the whole R.

If f is not transitive, w and thus cl(B), is a Cantor set. We remark that H extended on cl(B)
is monotone (not strictly), surjective and continuous. To extend H to R it suffices to define H as
constant between the intervals defined by points in the Cantor set. This constant is equal to the value
of H at the endpoints. Thus, H is a semi-conjugacy between F' and R..

In either case, since for z € B,

H(z+2nm)=2m(nt +m+1) = H(z) + 27, (4.48)

and periodicity persists the under continuous expansion, a (semi)conjugacy h : S — S! can be defined
as the projection of H to S! between f and RT|51. O

At this point, we remark that in the case of rational rotation number, the circle map f could never
be semi-conjugate to a rigid rotation, since that would imply the existence of only periodic orbits. The
above Theorem is summarized in the following corollary.

Corollary 4.2.14.1. Let f be an orientation preserving homeomorphism with irrational rotation
number 7(f).

e If f is topologically transitive, then f is conjugate to a rigid rotation with rotation number 7(f).

o If f is not topologically transitive, then there exists a Cantor set on the circle and an orbit that
densely fills it. Points outside the Cantor set are homoclinic to it.

The above discussion completely characterizes all possible orbits of an orientation preserving
homeomorphism with an irrational rotation number. The first case corresponds to a quasiperiodic
motion while the second to a chaotic. Together with the results on rational rotation numbers provide
a complete characterization of all possible orbits of an orientation preserving homeomorphism and
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is referred to as the Poincaré classification. We remark again that no explicit form for the map has
been assumed and that under small and moderate forcing the map under consideration falls into this
category.

Closing this Section, we remark that imposing further conditions such as f being a C' diffeomor-
phism, restricts the possibilities of Theorem 4.2.14. We state the most important result in the following
Theorem, known as Denjoy’s Theorem.

Theorem 4.2.15. If f : S — St is a C! diffeomorphism, with irrational p(f) and derivative of
bounded variation, then f is transitive in S* and Proposition 4.2.14 implies that it is conjugate (through
a homeomorphism) to Ry y).

Proof. See [30]. O

4.3 Synchronization Regions: Arnold Tongues

In the first section we considered a circle map of the form (4.1), defined the rotation number and
proved several results relating it with periodic orbits. But we could not provide a complete study
of the orbits unless F' was increasing. In the previous section we restricted to orientation preserving
homeomorphisms and completed the study of all possible orbits of a circle map. The results didn’t
require any particular form for f. In this section we return to the map (4.1), study the effect of
the amplitude A in the PRC term and the synchronization regions. We keep considering small and
moderate forcing so that f is orientation preserving. We denote w1] = ¢, the rotation number by
p(¢, A) and PRC(0, A) by v(0, A). Then we have the following.

Proposition 4.3.1. The rotation number p(¢p, A) is continuous in (¢, A) and nondecreasing in ¢.

Proof. The continuous dependence follows by Proposition 4.2.6. For fixed A and for ¢; > ¢o,
FO,¢01,A) =0+d1+7(0,A) > 0+pa+7v(0,A) = F(0, 2, A) = F"(0,¢1,A) > F"(0,pa, A), (4.49)

and the result follows. O

For the F? term one has,
F2(0,6,A) =0+ ¢ +7(0,A) +7 (0 + ¢ +7(0,A4),4), (4.50)

and similarly as one considers higher orders of F™, more composite terms of the form (9 + ko + G(6, ¢, A))
appear. In general, by Taylor’s Theorem, there exists a & = £(0, k, ¢, A) such that

v (0+ ko +G(0,0,A),A) =~(0 + ko, A) ++'(§, A)G(9, 6, A), (4.51)

where prime denotes differentiation with respect to # and G is a term consisting compositions of ~
with itself. Hence for the general term F™, n > 1, we can write

n—1

F™(0,6,A) =0+np+ > (0 + 1o, A) + h(8, ¢, A), (4.52)
j=0

where h is a function as differentiable as v and h — 0 as A — 0. Now we define rigorously the
synchronization regions, which are called Arnold Tongues.

Definition 4.3.1. For r € R we define
T, = {(¢, A)| p(¢, A) = r}. (4.53)

When r is rational, T is called an Arnold Tongue and corresponds to a locked or synchronized state, as
explained in Chapter 2.
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We note that Arnold Tongues can also be defined in the case that f is not orientation preserving
which we will use later on. We now prove the existence and qualitative behavior of the Tongues for at
least small to moderate forcing.

Proposition 4.3.2. For each rational p/q there exist functions ¢1, ¢2 of A with $1(0) = ¢2(0) = p/q,
$1(A) < ¢p2(A) for A € [0,€) and such that

(9,4) € Tp/q = $1(A4) < ¢ < P2(A). (4.54)
Proof. Considering the equation,
H(97 ¢7 A) = Fq(g) ¢7 A) —0- 2p7T = 07 (455)

it is clear that a solution with respect to # with fixed ¢, A corresponds to a periodic solution with
period ¢. For A =0,¢ = 27p/q is a solution for all # and since,
oG

o6 — g £0, (4.56)
99 | 4=0,=2p/qn

implicit function theorem implies the existence of a C* function ¢(6, A), 0 € [0,27), A € [0,€) such
that,

F40,¢(0,A),A) — 0 — 2pr =0, (4.57)
with ¢(0,0) = 2p/qm. Now taking
¢1 (A) = inf ¢(67A)) ¢2(A) = Ssup d)(eaA)a (458)
6€[0,2m) 6€[0,2m)
it is clear that
(¢>A) € Tp/q — ¢1(A) <¢< ¢2(A) (4'59)

What remains to be proven is that ¢o(A) > ¢1(A) as A increases from zero. This follows from the fact
that
q—1

= 3" (0 + 2p/am) £ 0, (4.60)

A=0 q =0

9 OF1/9A

dA|,_,  OF1/9¢

since =, corresponding to the PRC, takes both positive and negative values (the limit cycle is born via
a Hopf bifurcation, see Chapter 2) and generically d¢/0A is not identically zero. O

The Proposition we just proved characterizes completely the regions of rational rotation number,
for at least small amplitude of the forcing, which correspond to periodic orbits for the circle map
and which in turn imply synchronization with the perturbation, as explained in Chapter 2. As the
amplitude increases and the map stops preserving orientation, the Arnold Tongues naturally continue
(as they are continuous functions of the parameters) but they can overlap leading to multistability
phenomena. We remark that as p 4+ ¢ increases the tongues become narrower and the observation in
practical experiments is difficult [28]. We will provide and study particular synchronization diagrams
in the Chapter of synchronization of electronic oscillators. There is also a similar result concerning the
case of irrational rotation numbers, which we state in the following.

Proposition 4.3.3. For any irrational number (, there exists a function ¢ of A € [0,¢€) such that
pld, A) = ¢ <= ¢ =9((). (4.61)

Proof. See [22]. O
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Figure 4.1: Rotation number of a circle map of the form (4.1) for three different values of the forcing
A. (a) A=0.44, (b) A=1.34, (c) A= 3. Plateaus correspond to locked states. Rotation number is
nondecreasing in ¢ for orientation preserving maps (a,b), and constant regions increase and widen as
A increases. System under consideration is (3.172).

For orientation preserving maps, the rotation number p was proved to be a nondecreasing function
of ¢. If the forcing is strong, the monotonicity fails to hold. In either way, the rotation number is
constant on intervals corresponding to rational rotation numbers. The graph of p(¢, A) for fixed A is
called the Devils Staircase. In Fig. 4.1 the rotation number of a circle map of the form (4.1) (referring
to the system (3.172)) for three different values of the forcing A is shown. For the two cases in (a) and
(b), the map preserves orientation and p is nondecreasing in ¢, while this is not the case in (c). As the
amplitude is increased, the intervals of constant p are increased corresponding to the appearance of
more locked states. Moreover, the existing synchronization regions are widened.

Let us examine Fig. 4.1 in more detail. For A = 0, we conclude that the Lebesgue measure of ¢
values corresponding to rational values of p is zero, while the Lebesgue measure of ¢ values corresponding
to irrational values is one (full measure). As A is increased the set of ¢ values corresponding to rational
values for p has a positive measure. The set of ¢ values corresponding to irrational p is a Cantor set.
Hence, for A small a ¢ value chosen at random, will most likely correspond to an irrational p, but it
can be converted to a rational number by an arbitrarily small perturbation.

In this chapter, we studied circle maps of the form (4.1), which arise from the investigation of
synchronization in periodically forced limit cycle systems (see Chapter 2). We defined the rotation
number and showed that the existence of periodic orbits implies that it assumes rational values.
Assuming further that the map preserves orientation ( which holds true for at least small to moderate
forcing), we demonstrated the equivalence between rational values and the existence of periodic orbits
and provided a complete classification of arbitrary orbits. We then defined synchronization regions
in the A — ¢ = w1} plane, known as Arnold Tongues, corresponding to rational rotation numbers
emanating from rational multiples of 2. We established the existence and the form of these regions for
at least small forcing amplitudes A. As the amplitude increases, the boundaries evolve continuously
but may also overlap, leading to multistability. We examined the effect of amplitude forcing on p(¢; A)
(considering A as a parameter) and concluded that increasing A results in the appearance of new
synchronization regions and the widening of existing ones, while the non-invertibility of f is reflected
into p ceasing to non-decreasing in ¢. With this machinery in place, we are now ready to delve
into the complex synchronization of electronic oscillators in Chapter 6. In the next chapter, we will
mathematically model electronic oscillators and explore the nonlinear dynamics associated with the
autonomous systems in Chapter 5.



Chapter 5

Electronic Oscillators

Various electronic systems require periodic signals to operate. Typical applications include compu-
tational and control systems, where timing is crucial, telecommunication systems, where the periodic
signals are used as carriers of the relevant information, and phase locked loops where the phase of an
oscillator is locked to an external signal. In this Chapter we are concerned with the mathematical
modeling of electronic oscillators. We are mostly interested in two types of oscillators: the differential
LC and the Colpitts. We begin with some basic properties of the transistors and continue with
the derivation of the models. We conclude this chapter by reviewing the primary methods found
in electronics literature for analyzing autonomous and periodically forced oscillators, along with a
discussion of their limitations.

5.1 The BJT

The BJT (Bipolar Junction Transistor) was invented at the Bell Labs in 1948 and resulted in the
replacement of vacuum tubes with transistors. It is a three-terminal device and its basic principle can
be summarized as the use of voltage between two terminals to control the current flowing in the third
terminal. Fig. 5.1 (a) illustrates a simplified structure of a npn BJT that. The three semiconductor
regions are the emitter (n type), the base (p type) and the collector (n type). Two pn junctions are
formed between the emitter-base (EB) and the collector-base (CB). The active mode, in which we are
interested, is the state when the (EB) junction is forward biased and the (CB) reverse biased.

Fig. 5.1 (b) shows the current flow for a transistor operating in forward mode that is biased through
Vpr and Vo that we will use to analyze the behavior. Forward bias on the (EB) junction will cause
current consisting of electrons injected from the emitter to the base and holes injected from the base
into the emitter. The current flowing through the (EB) junction is denoted by ir and is dominated by
the electron component. The electrons injected from the emitter into the base are minority carriers
and due to lower concentration at the emitter side, diffusion will occur towards the collector. During
the diffusion, some electrons will be lost due to recombination with holes. Finally, the current of the

(b) Forward-biased R biased
N ;
(a) Metal
| o contz E
n-type ptype n-type contact —q & i
E 0“7 Emitter Base Collector ﬂ . i Injected holes| (g ecombine
mitter B B - ollector electrons (i
region region region —
® i © | =
\in
Emitter—basc Collector—base B
junction B junction — Al LBy I
ase 1]
(EBR]) @) (CBJ) Vi

Figure 5.1: Simplified structure of a BJT transistor and current flow in a BJT operating in active
mode from [52].
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¥

Figure 5.2: Circuit symbols for the BJT (a) and for the MOS (b).

collector i, will depend on the electrons that reach its region. Hence,
i = I,evBE/VT (5.1)

where Ig is a constant with current dimensions, referred to as saturation current and depends on the
geometry and on the doping profile of the base. With Vp = kT'/q, we denote the thermal voltage.

The base current 4, is comprised of a component due to the holes injected from the base into
the emitter and of component that owed to the holes that the external circuit must provide in order
compensate for the holes lost during recombination. Both current components are proportional to
eYBE/VT g0 that we can express ip as a percentage of the collector current i,

ip = Zc/ﬁ (5‘2)

The parameter 5 typically ranges from 50 to 200 and is referred to as common-emitter current gain.
The emitter current equals the sum of the currents of the collector and the base. Thus,

te =i+ iy = (B + 1)ic, ic = aie, (5.3)

where the constant a = /(5 + 1) is referred to as common-base current gain.

In the model we presented, the BJT can be viewed as a non-linear transformation of the voltage
vpg to the current i.. This current is independent of the votage vop provided that it is positive so
that the operation is in the forward mode. The current flowing through the other two terminals iy, 7.,
are merely proportional to 7. and assuming that the doping of the emitter region is strong, while the
doping of the base region is weak, the factor & — 1 so that one can neglect the current flowing through
the base and consider i, = i.. Fig. 5.2 shows the circuit symbol of a npn BJT.

We remark that the operation of the pnp transistor is similar but the doping profile for each region
is reversed. This implies the exponential relation between i. and vgp (reversed voltage). Here we must
also note that the collector current ¢, depends weakly on the voltage v. through a linear relation, with
the reciprocal of the proportional coefficient referred to as Early resistance, but it will not be very
important in the analysis of oscillators .

In the previous analysis we have assumed that the transistor is biased with constant voltages so
that it operates always in the forward mode. If the voltage vgg alternates values around the DC point,
then the transistor alternates between forward mode and cutoff. This transition is not instantaneous
but charge-storage phenomena impose time dependence. The charge stored in the base during forward
mode is,

Q =1i.7p, (5'4)
where 7r denotes forward base-transit time. This results in the small-signal diffusion capacitance,
dQ 1,

Cde (55)

= —— = —1
dvgg  Vr ©

'Tt introduces only small quantitative differences.
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Figure 5.3: Physical structure of a NMOS transistor [52].

where we used (5.1). Usually one approximates i. in the above, by its DC value.

Changes in vpg result in changes in the charge stored in the depletion region between the base and
the emitter. This phenomenon is modeled through the capacitance of the junction (EB) and can be
approximated by,

Ce = 20607 (56)

where C¢q corresponds to the value of C. when no voltage is applied at (EB) junction. During forward
mode the (CB) junction is reverse biased and presents a capacitance referred to as depletion capacitance.
Its value depends on the reverse bias vop and is denoted by C),. The two capacitances C,, Cy4. can be
aggregated to yield to the emitter-base capacitance C, so that the BJT exhibits two major parasitic
capacitances: Cr,C),.

5.2 MOS transistor

In this section we provide a brief analysis of the other important type of transistor: the MOS
transistor. The ability to shrink the dimensions and integrate it have made MOS transistor very
popular in electronic devices. Fig. 5.3 illustrates the physical structure of a NMOS transistor. The
transistor is fabricated on a p-type substrate, in which two heavily doped regions, called source and
drain, are formed. A thick layer of electrical insulator is grown on the surface on top of which the gate
electrode is formed. The substrate forms pn junctions with each of the source and drain regions. These
junctions are reverse biased. We will neglect the effect of the body on the operation of the transistor
and consider MOS as a three terminal element comprising of the gate(G), the source (S) and the drain
(D).

If the drain and the source are grounded and a positive voltage is applied to the gate, holes are
repelled from the substrate and being pushed downward, a depletion region (called henceforth channel)
by the negative charge of atoms is formed. The positive voltage attracts electrons from the drain and
the source towards the channel and when a sufficient number is accumulated, an n region is created
connecting the drain and the source. The minimum voltage vgg needed to accomplish that is called
threshold voltage V;. For Vgg > V4, if a positive vpg voltage is applied, current flows through the
channel. The depth of the channel is not uniform, since it depends at every point on the amount by
which the voltage exceeds V;. This results in an approximately trapezoidal shape. Considering that the
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Figure 5.4: Equivalent circuit of an LC differential oscillator.

stewed charge is proportional to the area of the channel, one can conclude that

w
— (Vas — Vi — vps/2) vps, (5.7)

tqg = Mncox I

where W, L denote the width and length of the depletion region, u, is the mobility of the electrons
and C,,; denotes the oxide capacitance. If vpg > Vigg — V4, the channel is quenched and saturation
appears (which is the equivalent of the forward mode in the BJT), resulting in

T (Vas — V2. (5.8)
Here we can see the similarities between the two types of transistors. Abstractly, both operate
as nonlinear voltage controlled currents. The difference lies in the exact form of the nonlinearity
(exponential for the BJT and quadratic for the MOS). We are mostly interested in this characteristic
for both of the transistors. We should also remark that similar to the BJTs, in the saturation region
the current iy does depend weakly on the applied vpc, in a linear manner, phenomenon called Early.
Similarly we are not interested in these type of phenomena.

We close this section with a brief discussion about the parasitic capacitances. Similarly to the
BJT, charge storage phenomena demand some time and are modeled by parasitic capacitances. The
capacitances Cyq,Cys result from the gate capacitance effect. The Cg, and Cg, are the depletion
capacitances of the pn junctions formed by the source region and the substrate, and the drain region
and the substrate, respectively. All of them depend on the geometrical dimension W, L of the element
and on the oxide capacitance C,,. The circuit symbol is shown in Fig. 5.2. The operation of a PMOS
transistor is similar with the appropriate modifications (n channel, p doped source and drain).

Z‘d = Mncozv

5.3 Differential LC Oscillators

In this section we mathematically model the differential LC oscillators. Abstractly, any oscillator
belonging in this class can be equivalently modeled by the circuit shown in Fig. 5.4.

The resistance R,; equivalently corresponds to a nonlinear voltage controlled current source
I =—1y(V7) f(ve/ Vi) where v, denotes the voltage across the capacitor, v, and Iy are constants having
voltage and current dimensions, respectively, and V; stands for the bias voltage. Function f is assumed
to be odd, at least C*, with f(0) = 1 and f®(0) < 0. The resistance connected in series with the
inductor corresponds to its ohmic losses. The name of the oscillator results from the passive elements
L,C (inductor and capacitor) and of the properties of f. Applying Kirchhoff laws, we deduce the
System,

dve :
C=E = —ip + Iof (v/V;)
di (5.9)
Ld—tL = v — Rip.
Setting wy = 1/V LC and introducing the change of variables,
z= e Yy = fiL and 7 = wot (5.10)

Vi
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system (5.9) is transformed to the dimensionless equivalent one,

X Qut Qe
.
S (5.11)
y = — —
where
1 [T, RI
Q_E 6’G_VT' (5.12)

Now let us suppose that we want to perturb the autonomous oscillator by an external voltage
signal. We can insert the perturbation as an additive, time-dependent term in v; = Vj,g(t) + V7, where
Vr corresponds to the bias voltage at the absence of forcing and V;, is the amplitude of the applied
signal. The only parameter that is affected is Iy which becomes Iy(t) = Io(1 + Ag(t)), where A is the
effective amplitude of the perturbation proportional to V;,. Hence (5.11) becomes,

Zi“ = —Qu+ QGf(z) + QGAf(x)g(r)

.

7 (5.13)
i~ oY

Another approach of perturbing the system would be the direct injection method [10] where, a
current signal is used as the external forcing. Referring to Fig. 5.4, this situation is equivalent with
a time dependent current source parallel to the capacitor C'. In that case, a time dependent current
i(t) = Ling(t) term is added in the differential equation for v. in (5.9), which after the normalization
(5.10) results in the forced system,

O QutQGI() + Ag(r)

. (5.14)
y — J—

ar @(f Y),

where A denotes again the effective amplitude of the forcing. We note that the main difference between
the two approaches is that the forcing term in (5.13) depends on the state variable z, while this not
the case in (5.14). When we study the complex synchronization of electronic oscillators, we will mainly
focus on the first approach, namely (5.13), as being the most common. The autonomous system (5.11)
and the forced systems (5.13), (5.14) can be viewed as the the representatives of all systems belonging
in this class which differ only in the nonlinear term f.

Practical implementations of such circuits are shown in Fig 5.4. In case of the MOS implementation
in (a) one can deduce, using (5.8) that [14]

f(x) =z(1—2?), Iy = aVpp, V» = Vb, (5.15)

where a denotes the slope of the nonlinearity at the origin and Vpp denotes the bias current. In the
case of the BJT implementation (b), one has

f(:c) = tanh(a}), Iy = VICanu V. =2Vp, (5.16)

where v = g(a), a is the common-base forward short-circuit current gain defined in (5.3) and g is an
increasing function such that v — 1 as a — 1. We remark that in both implementations the parasitic
capacitances are either in parallel to C' (e.g. Cys for the MOS and C, for the BJT) or are negligibly
small compared with it. We note that regarding the two forcing technique, with reference to Fig. 5.5,
the first approach (5.13) is equivalent to adding a time dependent component in vy, vy = Ving(t) + V7,
while the second (5.14) can be implemented by connection a time dependent current source parallel to
the LC' tank. We will analyze the nonlinear dynamics for this of class of oscillators in the next Chapter,
where we will show that, at least around the origin, they all share the same qualitative behavior.
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Figure 5.5: Different implementations of the differential LC oscillator: (a) MOS transistors and (b)
BJTs. (c) Schematic of a Colpitts oscillator.

5.4 The Colpitts Oscillator

We consider the Colpitts oscillator shown in Fig. 5.5 (¢). The parasitic capacitances of the BJT
can be included in the capacitors C 2. The resistor R corresponds to the ohmic losses of the inductor
and Gy to the parallel conductance of the current source Iy. In the following we assume that Gy is
negligible.

Using Kirchhoff laws, we deduce the following equations

Cric1 = —Isexp (—ve2/Vr) +ir
Covog = Isexp (—vo2/Vr) +i — 1 (5.17)
Lip = —ve1 — vo2 — Rip + Ve,

where V.. and I correspond to the bias voltage and current, respectively. It is straightforward to see
that the unique equilibrium of (5.17) is,

I
UCl,eq = Vee = RI — Vrln (;)

I 5.18
V02,eq = V7 In <I> ( )

iLeq=1.
Introducing the change of variables,

VC1 — UCl,eq

r1 =
Vr
VC2 — VC2,eq
Ty = v,
T
. . 5.19
UL, — ULeq ( )
xr3 = 7[

t=wot. wn = /M
ot 0 L01027

system (5.17) becomes,
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h= G (e )
= J (1
T Q(l — k) e +x3
iy = Sy (5.20)
Qk '
. Qk(1 — k)
i3 = ————(21 + x2) — =T3,
3 p (71 2) 0 3
where the parameters @), g, k in terms of the circuit elements are given by,
Ch woL IL
k= , Q= , = . 5.21
C1+ Oy @ R 9 VrR(Cy + Cs) ( )

Now suppose that we want to perturb the Colpitts oscillator by an external signal. A very common
approach is to connect in parallel with the current source I, a time dependent current source i = T Af(t),
where A is the normalized amplitude of the perturbation. This results in an additive term in the
second equation (for veg) of (5.17), or equivalently I — I(1+ Af(t)). Applying the change of variables
described in (5.19), the autonomous system (5.20) takes the form

. g o

=g ()

iy = & (z3+ Af(t)) (5.22)
I3 = _Qk(lg_k)(xl + 1»2) — 221'37

where the parameters @, g, k are again given by (5.21). We will use the model (5.22) when we study
the complex synchronization of the Colpitts oscillator subject to external forcing.

5.5 Review on Common Methods of Analysis

In this Section we review the most frequent methods used in electronics literature to study the
behavior of non-linear oscillators and stress the main limitation of each technique. We present the
methods concerning autonomous and forced oscillators separately. Exclusively in this section we use j
to denote the imaginary unit in accordance with the electronic literature.

5.5.1 Autonomous Oscillators

Barkhausen criterion [52] is the traditional method that designers use to analyze an electronic
oscillator. In this approach, small signal analysis is used to derive the characteristic equation for the
oscillator. Then, it is argued that oscillations start when the roots of this equation belong to the right
complex plane. The critical values of the parameters are those for which there exists roots lying on the
imaginary axis. Essentially, this approach is equivalent to linearizing the system around an equilibrium
and determining when a Hopf [35] bifurcation occurs, and arguing that when this happens a limit cycle
is born. However, this condition is only necessary and not sufficient, since in the case of a subcritical
Hopf bifurcation (@ > 0 in (5.23)), an unstable limit cycle bifurcates and no self sustained oscillations
are present.

In [40], the Colpitts oscillator is assumed to operate near the Hopf bifurcation curve. This allows
one to approximate its behavior by the reduction on the center manifold [60, 11]. Then, performing
appropriate transformations, one obtains in polar coordinates the system

= duyr + ard + O(p3r, s, r°)

' . w=+/—p1, 5.23
0:w+cu1+br2+0(M%,M1T2,T4) ( )

where 1 = g is the effective parameter which is close the bifurcation Hopf curve and d, a, b are functions
of the parameters g, Q). Then neglecting higher order terms, one obtains approximate forms for the
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Figure 5.6: Block diagram of the oscillator for the Harmonic Balance method [58].

frequency and the amplitude of the oscillation, namely

d bd
A== o =wt e — L~ w, (5.24)
a a

The problem with this approach is that it is valid only in a small neighborhood of the Hopf bifurcation
curve where the limit cycle is nearly sinusoidal. The analytical result actually approximates the nearly
sinusoidal limit cycle born at the Hopf bifurcation and does not offer insight regarding the behavior for
other parameter values. This approach can be seen as an analytical generalization of the Barkhausen
criterion, in that it considers the case dynamics of the system, but suffers from the same limitation
that parameters must lie near the Hopf bifurcation curve.

Another family of approaches is based on the Harmonic Balance [58] method. When applied to
the electronics literature, one usually sees the passive elements (inductors, capacitors) as a bandpass
filter with transfer function H(s) whose input is a nonlinear function of the output voltage f(v) and
whose output is the output voltage v = A cos (wt), which is assumed to be purely harmonic (see Fig.
5.6). Then, H filters all components in the expansion of f(v) except for the first which leads to self
sustained oscillations,

27
A:mgmdﬁ £ (A cos (8)) cos (6)do. (5.25)

This approach is essentially similar to the two above and is thus valid only for parameters near the
Hopf curve.

Another variant [9] of this method is to assume that the oscillator can be written as a weakly
perturbed one and the solution can be approximated by

v(t) = Acos (wt) + eh(wt, €), (5.26)

where € is a small parameter quantifying the nonlinearity and h a nonlinear function whose harmonics
are found through the harmonic balance method. As an example, in (5.9) if one considers the ohmic
losses R tending to zero arrives at a situation where this method is applicable. These methods suffer
from the same limitations and essentially do not differ by those previously discussed. In all these
methods the oscillator is viewed as nearly sinusoidal because the parameters lie close to the Hopf curve
or as a linear with a very weak nonlinear perturbation.

Apart from these, qualitative methods have also been proposed. The most classical rigorous study
of autonomous nonlinear oscillators is that in [41, 18] where the bifurcations associated with the system
(5.20) are studied in order to determine the behavior of the Colpitts oscillator. This approach is similar
to the nonlinear dynamics approach we follow here and will be presented in the next Chapter. Other
studies have introduced the notion of chaos in electronics literature investigating the Chua’s circuit [31,
32]. Qualitative approaches [14] have been presented for the MOS implementation of the differential
LC oscillator, but have been limited to the numerical analysis of the particular system rather than
analytically showing the universal behavior of differential LC' oscillators.

5.5.2 Phase Reduction and Isochrons

The concept of phase reduction was first introduced in the electronics literature in [15], where it
was used to determine the effect of noise on the oscillator. Clearly the noise affects only the asymptotic
phase (c.f. the discussion on Chapter 3) and the approximate linear relation

0=w+QT()g(0), (5.27)
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was used to show that a constant phase difference was induced if the noise was deterministic. Moreover
stochastic properties of the phase were obtained in the case of white noise. The vector (Q was referred
to as the ”perturbation projection vector” but is exactly the same vector that we used in Chapter 3
when we approximated linearly V8 on the limit cycle. The locking state is interpreted as the state
where the phase difference between the oscillator and the perturbation is constant and corresponds
to the equilibrium of (5.27). Next in [55, 56] the notion of isochrons was introduced and linear and
quadratically approximation near the limit cycle were obtained. These approximations have diminished
significance in view of the Koopman operator framework, since one does not need to use approximations.
No further work on isochrons and how they are related to the synchronization properties of a system
are found in electronics literature.

5.5.3 Locking to Periodic Forcing

Synchronization properties of oscillators have attracted much interest and the corresponding
methods used can be divided into three families: harmonic balance, averaging and phase reduction.
We discuss each of them and demonstrate their limitations.

Harmonic Balance Approach

We assume that a periodic signal is injected into an oscillator. The passive elements are assumed
to form a bandpass filter with central frequency w equal to that of unperturbed oscillator. Fig. 5.7
illustrates the block diagram of the system [58]. The output voltage is assumed purely harmonic
v, = B cos (wot + ¢) and the input signal is v;(t) = Ah(w;,t) where h is a 27 periodic function. The
function f accounts for the nonlinear part of the circuit. Then, supposing that locking between the
input and output signals occurs, wy = Nw;, and hence,

f(vi, v0) = f (Ah(wint), B cos (wot + ¢)) = Z an(A, B, ¢) cos (nwot) + b, (A, B, ¢) sin (nwot). (5.28)

n=0

Now, assuming that wg lies sufficiently close to w and using standard Harmonic Balance arguments
one has, '

Ae’? = H(jw) (a1(A, B, ¢) — jbi(A, B,¢)) . (5.29)
In (5.29) the bandpass filter H usually has the form H(jw) = H2(j(w — wp)) so that one is able to
deduce the maximum value of |w — wy| by maximizing it with respect to ¢.

In order to be more specific, we consider the case of a differential LC' oscillator which is forced such
that Io(t) = Ch(wint; A), where h(-; A) is 27 periodic and h(wint;0) = 1. The filter is approximated as,

H(jw) = 1—1-‘?20626(?’ Aw = w — wo. (5.30)
We assume that the output voltage has the form
v = vy B cos (weutt + 0), B > 0. (5.31)
Expanding the periodic signal I in Fourier series,
Iy(t) = G :
T = (A)+2 nzl an(A) cos (NnNwoyst) + 2 nzl cn(A) sin (nNwoyet), (5.32)
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where e .
an(d) = 5= | hor ) cos nd)do, en(4) = 5 /0 h(@; A) sin (n)do (5.33)

Similarly expanding f(v/v,) yields,

0 27
f(v/Vy) =bo(B) +2 Z by (B) cos (nweytt + nb), b, (B) = % ; f (Bcos¢)cos (ng)dp.  (5.34)
n=1

The parity of f implies bg, = 0 and thus the series in Eq. (5.34) contain only odd terms. Multiplying
(5.34) with (5.31) yields,

() f (/W)

- = 2a0(A) mz::l bam—1(B) cos [(2m — 1) (woust + 0)]

+2 Z Z an(A)bom—1(B) [cos (amm(t)) + cos (Bn,m(t))] (5.35)

+2 Z Z cn(A)bam—1(B) [sin (an,m(t)) + sin (ﬁmm(t))} )

where
W (t) = (RN = (2m — 1))wout — (2m — 1)0, Bpm(t) = (RN — (2m — 1) )wout + (2m — 1)8. (5.36)

Next we assume that the bandpass filter H rejects all components away from w. Considering that wgy:
lies sufficiently close to w, the indices m,n of the terms of the double summation in (5.35) that pass
through the filter must satisfy,
N+1F1
nN—(2m—1):i1:>m:$. (5.37)
Let S be the set in which n belongs so that (5.37) gives integer values for m. Applying the filter to the
terms in (5.35) and using phasors, one has,

v Beit = 2ol [aO(A)bl(B)ej9+Z (an(4) — Gen(A)) (uv-1(B)e TN D0 4 by (BN HD?) ]

- ) Aw
1+ 2‘7620-770 nes
(5.38)
where Aw = weyt — w. Now if we set

Z an(A )sin (nNO) — ¢, (A)sp,(B) cos (nN6)

nes (5.39)
D(0) = bi(B )+ Z an(A ) cos (nINO) + ¢, (A)d,(B) sin (nN§),

nes

where s,(B) = byn+1(B) 4 bpn—1(B) and d,,(B) = byn+1(B) — byn—1(B). The maximum locking
range is now given by

w N(6)

Awpax = é eg[%)?;r) W (5.40)
The above is a typical method to analyze the synchronization properties of a circuit under periodic
forcing. It has many limitations: the output is assumed harmonic, many nonlinear dynamical phenomena
are neglected, the filter is assumed to be first order. Essentially it is true only under very weak injection
and under the assumption that the unperturbed limit cycle is nearly sinusoidal. Besides, one assumes
that the frequency of the free running oscillator is w = wy = 1/v/LC which is not true (it might be
the case that they are not even close). In its limitation it is very close to those of weakly nonlinear
oscillators and first order phase reduction models and does add anything new in the proposed methods.
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Averaging and Weakly Varying Phase-Amplitude

The idea of averaging has already been discussed in the derivation of (3.168) and is actually a
rigorous method, when it is applicable, but sets serious limitations in the systems. To show the theory
behind it, following [21], we consider a system

T =ef(x,t,e), z € R", (5.41)

where € is sufficiently small, f is C",r > 2, in its arguments bounded on bounded sets and periodic in
T. We also consider the averaged equation,

T
g = % /0 F(y,t,0)dt. (5.42)

Then, if € is sufficiently small, z,y are O(e) close on a time scale ¢ ~ 1/e, provided that at ¢ = 0 they
are O(¢e) close. Hence the averaging is meaningful only for a very small parameter e.

There are many works [10, 7, 6, 8] that follow this approach together with the slowly varying
phase-amplitude method. We follow [10] as an example. We consider the MOS differential LC' oscillator,
but the resistor is assumed to be connected in parallel with the inductor instead of series connected.
Under weak forcing decompose i = — f (v, v;,) into two components, namely i = i,,;(v) + i (v, Vip)
and approximate i;,, (v, vin) = tin(v,0) + g(v)vi,. The differential equation describing the model is now
written (not normalized)

wo LL)OR d
Q Q dt
Suppose that v;, = Vi, cos (wint), v = V(t) cos (wt + O(t)), where wy, = nw and w is close to wy. Then
assuming that V' (¢),0(t) vary slowly compared to wt, one approximates

V4 =0+ wiv = (int(v) + din (v, 0in)) - (5.43)

0= —wV(t)sin (wt + 0(1)), (5.44)

and obtains the following system after averaging

V= —;% (V +R <I£l + I+ %(Gn_1 + Gnt1) cos(n@)))
(5.45)
0=Aw+ ZOLQV (Gr—1 — Gpy1) sin (nh),

where Aw = w —wy, I¢,(V,0) is the first harmonic of i,;(v), Gi(V, 8) denotes k-th harmonic of g(v) and
If ,(V,0) is the first harmonic of 4;,(v,0). Averaging is equivalent to retaining only the first harmonic
at w, which in turn is essentially equivalent to the Harmonic Balance method. As we explained in
Section 5.3, the nonlinearity has the form

F(v,0m) = av (1 - (VZd>Q> + Aav (1 - <‘;;d)2) Vin. (5.46)

Here we approximate 1 — (v/ Vdd)2 by 1 and hence (5.46) by,
f(v,vin) = av(l — cv® + ki), ¢ = a/VE, k= Ala. (5.47)

Then assuming n = 2 (5.45) becomes,

V= _woakt ( -1+ §cV2 _ ke cos (29))
20 \aR 4 2 (5.48)
0=Aw— Msin (20).

4Q
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The equilibrium of (5.48) corresponds to the locked state of the system and it is straightforward to see
that, a fixed point exists provided that
Aw| < DR in _ N (5.49)
4Q
which gives the maximum locking range. Linearizing around the equilibrium, one directly concludes
that the solution is stable.

One should immediately notice the similarity in the above approach and the Harmonic Balance. In
both cases, it has assumed that the free-running oscillator is nearly sinusoidal with frequency close to
wp, the output frequency is close to the free-running and only the resonance terms whose harmonic
components are located at wp matter (either a filter rejects other components, or averaging them, they
have no contribution). Moreover, in this case one assumes that the amplitude and the phase of the
output signal vary slowly. Inspecting the result in (5.49), one would conclude that the locking range
increases linearly with the input amplitude and is symmetrical around wg. However, this is not true
and as shown in Chapter 3, a similar result is derived under linear approximation of the phase model,
which we will review in the following. Essentially, (5.49) provides the slope of the borders of the Arnold
Tongues which coincides with the locking range only for infinitesimal amplitudes.

Thus, we conclude that these assumptions are too restrictive and hold only for nearly sinusoidal
free-running oscillators, which are perturbed by a weak forcing. In essence, the two methods are nearly
identical and suffer from serious limitations, only to yield an approximate result for the locking range.
The latter will be shown in the following for the third family of methods.

Phase Reduction Models

Phase Reduction Models have appeared recently [25, 26] as unifying the theory of synchronization
in electronic oscillators. Essentially the proposed methods is exactly similar to that described in Section
3.6.1. Specifically, we assume that the free-running (unperturbed oscillator) has frequency wp and the
perturbation is periodic of frequency w. Then if the phase of the oscillator is 8 = ¢ + wt, the phase
equation is approximated by

b= Aw+ QT(d) +wt)g(t), Aw = wp — w, (5.50)

where the vector the perturbation is assumed purely time-dependent (no dependence on the state
variable) and is denoted by g. It is further assumed that g has only one nonzero entry (corresponding
to one source), i. The equation (5.50) is further approximated by the averaged equation,

b= Aw+ o Yor dt = Aw+h
o= w—l—T/O Q" (¢ + wt)g(t)dt = Aw + h(9). (5.51)

Then, the locking range is given by
Awmax = ch;iX ’h(¢)|a (552)

which in case of sinusoidal forcing yields maxg |h(¢)| = A|T'1]/2, where |T'1| is the amplitude of the
first harmonic of the @) function. Similar arguments hold for higher synchronization ratios. It is clear
that this approach is exactly identical to that of Section 3.6.1 and has already been proposed in [50,
28] outside the electronic literature. We refer to the above model as the classical phase model.

We summarize again the serious assumptions and corresponding limitations of this approach.

e The action variable has been completely omitted. Moreover the gradient V6 has been approxi-
mated by the its values on the limit cycle. This is true only for very weak forcing.

e The phase equation has been averaged. As has already been mentioned in the discussion of
previous methods, this imposes very restrictions on the forcing amplitude.

e The maximum locking range is shown to be symmetric around wy and proportional to the
amplitude of the forcing. This is exactly equivalent to the Harmonic Balance and the Averaging
methods. The appropriate interpretation is that this reduced, approximate phase model gives
the tangent of the Arnold tongues (resonance regions) rather than the borders themselves.
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In [26], an attempt has been made to deal with the effect of the perturbation on the amplitude of
the oscillator. It is assumed that the oscillator is nearly sinusoidal with amplitude Ay and that the
perturbation’s effect is a small amplitude deviation A(t). The form of the oscillation is assumed to
remain unchanged. This deviation is defined as,

A(t) = ~1, (5.53)

where E(t) is an energy-like variable of the circuit and the subscript 0 denotes the absence of forcing.
The deviation A(t) is assumed to be given as the response of an LTI system to the perturbation,

A(t) = /00 gi(T)h(t—T)dT = /00 gi(T)D(t —T,wT +d)u(t—7)dr = /000 gi(t—7)D(1,w(t—7)+ ¢)dr,

— 00 —00

(5.54)
where ¢ is defined as previously and D(t, ) is a function vanishing at ¢t = co. Next [26] averages (5.54)
to obtain the average deviation of the amplitude,

1 T 00
A(9) = / / 9i(t)D(T,wt 4 0)drdt. (5.55)
T Jo Jo
This amplitude deviation is assumed to have the following effect on the phase equation (5.51),

- h(¢)
=Aw+-——F—. 5.56
¢ 1+ A(9) (5.56)
In the above approach, the amplitude is allowed to attain small deviations when the forcing is applied
but the qualitative characteristics of the waveform remain unchanged. This maintains the restriction
of weak forcing and does not solve it as is mentioned in [26]. Averaging imposes the usual restrictions
as well. Essentially, it is like approximating the action-angle system (3.202) by

0=w+V(0,r)- gt

. (5.57)
=011 + V?‘1(9, 0) -g(t),

and averaging the action equation. But still there is no rigorous derivation of (5.56), from (5.57). (5.57).
Hence, the gradients are again approximated from those on the limit cycle, limiting the applications of
this method again only to weak injections. Theoretical considerations related to the validity of the
assumption also arise.

To conclude, the Harmonic Balance, the Averaging and the classic phase model (without the effect
on amplitude) are essentially equivalent: the synchronization characteristics are determined by the
mixing of harmonics that result at a fundamental harmonic either through averaging arguments or
because of the existence of a filter. The action variable is completely neglected and all the dynamics
is assumed to evolve in a very close neighborhood of the limit cycle. Examining 3.6, it is clear that
these methods yield the tangents of the borders of the resonance regions. Moreover it is clear that for
synchronization case discussed in Chapter 3, these approaches fail to describe properly the dynamical
phenomena associated with locking. The consideration of the effect of the amplitude deviation on
the phase in the model proposed in [26] and discussed briefly above, is still restrictive: it essentially
corresponds to the approximation of the gradients of the action angle variables by those computed
on the limit cycle together with averaging, imposing thus the requirement of weak forcing. The
derivation also is theoretically justified by the the action-angle system. No such approach actually
provides a unifying framework, as opposed to the Koopman operator theory, and would fail to describe
properly the dynamics associated with the periodically perturbed oscillators that we will address in
the following.



Chapter 6

Nonlinear Dynamics of Electronic Oscillators

In this chapter we study the nonlinear dynamics associated with each of the two classes of electronic
oscillators we modeled in Chapter 4: the differential LC' and the Colpitts.

6.1 Nonlinear Dynamics of Differential LC' Oscillators

We consider the dynamical system (5.11),

i =-Qy+QGf(x)

i = (-0, (6.1)

with f at least C*, odd and f(®)(0) < 0. We first show analytically that at least in a neighborhood of
the origin, regardless of the exact form of f, all systems having the form (6.1) behave qualitatively the
same. Let f(x) = 2 — cz® + O(x°). We introduce the following change of variables,

T = SQ\/@L
vy = 9Q*VGe (—Qu + QG f (), (6.2)
7= é, = 9Q*G — 1), p2 = 3(Q*G - 1).
transforming (6.1) into,
1"1 = T2

) (6.3)

o = p121 + HoTo — $%l’2 — :sz + O(:c‘;’)
Truncating the system (6.3) results in the Bogdanov-Takens normal form with Zy symmetry (under
r — —x) [35, 60], which we study in detail. Henceforth, when referring to (6.3) we will mean the
truncating system.

6.1.1 Local Bifurcations

The origin is an equilibrium for any 1, ue. The Jacobian matrix around the origin is given by

0 1 ] (6.4)

Hi o p2

with 7 = pg and A = —py. It is clear that at pu; = 0 the Jacobian matrix admits a double zero
eigenvalue, corresponding to a codim-2 Bogdanov-Takens bifurcation (from which the name of the
normal form arises). In the following we study the bifurcations with respect to u1, po.

For p; < 0 and py < 0 the origin is stable. At up =0, p; < 0 a Hopf bifurcation (denoted H™))
occurs. At this point, using the transformation

z=Tx, T =

0 Vom
Yo ] (6.5)

123
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we can bring the system into the form

|0~y
z_[\/—iﬂl 0 Z+

fi(z)
10 ] (6.6)

where

fi(z) =~ (Ml\/—um — pipiaz + py/—p1zs — N%Zgzl) /1. (6.7)

Hence, changing into polar coordinates,

i = dprr + ar® + O(idr, pr®,1”)

. Cw= T (6.8)
0=w+cu + br? + O(,U%nul"ga 7”4)

we conclude that a = p1/8 < 0, from which it follows that the Hopf bifurcation is supercritical and a
stable limit cycle bifurcates.

At p; = 0, p2 # 0 the Jacobian matrix in (6.4) has a zero eigenvalue. From (6.3) we see that at
p1 = 0, two symmetric equilibria at (4,/p1,0) bifurcate from the origin. For p; > 0, we see from (6.4)
that the origin becomes a saddle gaining a stable manifold while the Jacobian matrix at the symmetric

equilibria is,
0 ! ] , (6.9)

Ay =
—2p1 p2 — 1

from which it follows that the symmetric equilibria are born unstable. Hence a subcritical Pitchfork
(denoted FM) bifurcation at p; = 0 occurs. From (6.9) we see that the symmetric equilibria gain
stability via a Hopf bifurcation (denoted H (2)) at pu1 = po. In the same manner as with the Hopf
bifurcation at the origin, we can prove that the Hopf bifurcation at p; = po is subcritical giving rise to
two symmetric unstable limit cycles.

No other local bifurcations associated with equilibria exist. Now we turn our attention to global
bifurcations associated with the periodic orbits. It is clear that for pus < 0, no limit cycles exist
(neither stable nor unstable), since V - f(x) < 0. Hence, global bifurcations must occur that cause the
destruction of the stable and unstable limit cycles. In the study of global bifurcations we will need the
Melnikov method which we introduce in the following subsection.

6.1.2 Melnikov’s Method

We consider two dimensional, perturbed Hamiltonian systems of the form,

OH
T = 87 +6f($,y,€,,u)
y (6.10)

. 3H+ ( )
=——— +eg(z,y,€
y ax g 7y7 7/"[/7

where H is the Hamiltonian, p is a vector of parameters, € is a perturbation parameter and f,g
are assumed to depend smoothly on their arguments. In the following we denote by h(z,y, €, pu) =
(f(ma Y, € ,U), g(l‘a Y, €, M)) . We assume that [607 21]7

e For ¢ =0, (6.10) has a homoclinic orbit I' connecting the hyperbolic saddle point xy with itself.

e For ¢ =0, (6.10) has a one-parameter family of periodic orbits 'y, : (zp(t), yn(t)) with period T},
for h € I, where I is some interval.

First we study how the periodic orbits persist under the perturbation. We consider a cross section X
and for any point z € ¥ we define the Poincaré return map P(h, €, u) and the function that gives the
difference between the two levels of the Hamiltonian,

d(h,e,u) = H(P(h,e, 1)) —h, h = H(z). (6.11)
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Namely, we are interested in the difference between the values of the Hamiltonian at the beginning
point on ¥ and at the end point on X. Let g u(t) = (Theu(t), Yn,en(t)) denote the orbit of the
perturbed system (6.10) starting from a point z which lies in the intersection of ¥ with the h-level set
of the Hamiltonian. Taylor expanding d yields [21]

T(h,e,m) OH OH
= /0 VH (q}z,s,u(t)) : <(’9y (Qh,e,u(t)) +ef (Qh,e,u(t)a Emu) a_% (Qh,e,u(t)) + €9 (Qh,e,u(t)a €, ,LL)) dt

7(
= 6/0 VH (qhﬂev#(t)) : h (qh767ﬂ(t>7 07 M) dt + O(€2>7
(6.12)

where T},  ,, is the time that g ., needs to return to X. For € small I'y ., persists as periodic orbits
[60] and

T(h, €, ,LL) =Ty + O(E), Th,eu = Th + O(E)v Yheu = Yo + O(E) (6'13)

Hence, approximating (6.12) T, z,y at first order yields

Ty
d(h, e, u) = 6/0 VH (xp(t), yn(t)) - b (@a(t), yn(t), 0, 1) dt + O(é%). (6.14)

Equivalently, (6.14) can written in the following forms

T
d(ha 6 /L) = 6/0 (_yha i’h) : (f (xh(t)a yh(t)7 0, :u) g (l‘h(t)v yh(t)v 0, N)) dt + 0(62)
= glrp.0.p)da = f(a.9.0.)dy + (&) (615)

h
~ [l oty + 00,
int I'y,

where the last equality follows from Green’s Theorem. Thus, it is natural to define the Melnikov
function as follows.

Definition 6.1.1. We define the (first order) Melnikov function along a limit cycle as,

T,
M(ha /‘L) = / (yhv _';Eh) : <f (xh(t)a yh(t)? 0’ ,LL) » g ('Th(t)> yh(t), Oa M)) dt? h e I’ (616)
0
which gives the first order approrimation of the displacement d.
From the definitions it follows that a limit cycle persists under the perturbation if h is a zero of
d(h, e, ) and the Melnikov function gives the first order approximation of d with respect to e. We have

the following result.

Theorem 6.1.1. If there exists a hg € I and pg such that

oM
M<h07M0) = 07 ailu(h(% ,LL()) 7& 07 (617)

then for sufficiently small € (6.10) has a hyperbolic limit cycle T'c for u = uo+ O(€), namely Ty, persists
as a periodic orbit for small perturbations.

Proof. See [2]. O
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Next we are interested in the persistence of the homoclinic orbit. This case is more complicated.
First we consider a fixed p and drop the explicit dependence of all variables on this parameter. Every
p € I can be parametraized as p = go(—to) where go(t) = (z1(t),y1(t)) denotes the homoclinic orbit
and tg € R. A vector 7, normal to I' at the point p is given by m, = VH (qo(—to)). Now for small
€, the saddle point zg persists as a saddle equilibrium z. g = z9 + O(¢) and depends smoothly on e.
Accordingly, the local stable and unstable manifolds of zcg, W} (xco) and W} (xc0) are € close to
the unperturbed manifolds, W} (zo) and W} (xo). The global stable and unstable manifolds are now
given by

W*(ze) U¢ Wine(2e0) 1)
+<0

W 1’60 U¢ Wloc x60) )
t>0

(6.18)

Let p € I'. Then W*(zp) and W"(xy) intersect transversely m, at p and hence W*(zo) and W"(z, )
intersect m, transversely at points p{ and py. Generally the points of intersection might not be unique.
We choose p? and p{ to be the points closest to z. in the sense that the perturbed flow does not
intersect 7, again in positive and negative times, respectively. It can be proven that with this definition
p¢ and pf are unique [60]. The signed distance between W¥(zc o) and W*(zco) at p is now defined as,

(pe —pd) - VH(qo(—to))
IVH(qo(—t0))]

We also remark that, if ¢°(¢) and ¢“(¢) denote the orbits of the perturbed system with initial condition
p¢ and pY, respectively, then they are O(e) close to the orbit go(t — o) of the unperturbed vector field,
for positive and negative times, respectively. The same holds for their time derivatives as well.

Now approximating d(tg, €) at first order around € = 0, we have

EVH (q0(—to)) - (¢t — af)

d(p,e) = d(to,€) = (6.19)

od
d(to, €) = d(to,0) + e—(tg,0) + O(e?) = +0(€?), 6.20
where 3 a8
qe 2 qe
= Ze , ¢f = e ] (6.21)
! Oe | .o 1 Oe |
If we define the Melnikov function by,
M (to) = VH (qo(to)) - (¢} — q7), (6.22)

then it is clear that it is the lowest order approximation in the Taylor expansion of the distance between
W (xc0) and W*(zc ) at the point p. In order to compute explicitly the function M (ty), we need to
consider the time-dependent Melnikov function,

M (t,to) = VH (qo(t —to)) - (¢i'(t) — ¢i(t)) (6.23)
where
w04l (t) s 0g2(t)
alt)=—5 N alt) = —5 ) (6.24)

and ¢“(t), t < 0, (respectively ¢¥(t), t > 0) denotes the orbit of the perturbed vector field with
q*(0) = ¢ (¢2(0) = ¢?). Now, using the fact that each of the ¢} and ¢f satisfies the perturbed vector
field and using the properties of the Hamiltonian, it is straightforward to show that [60],

d

= (VH(ao(t = t0)) - 4"*(8)) = VH(qo(t = t0)) - h(qo(t — t0), 0). (6.25)
To simplify the notation, let A“*(¢t) = VH (qo(t — to)) - ¢;"°(t). Integrating (6.25), we get
0
A*(0) = A%(=a) = [ VH(qo(t —t0)) - h(qo(t — to),0)dt
—a (6.26)

A%(a) — A%(0 / VH (qolt — to)) - hlao(t — o), 0)dt,
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for some a > 0, from which it follows that

M(to) = A"(0) — A%(0) = A®(a) — A"¥(—a) + ’ VH(qo(t —to)) - h(qo(t — to),0)dL. (6.27)

—a
Recalling now that ¢;"° is bounded [60] as ¢ — oo and ¢ — —oo, respectively, and that

lim VH(qo(t —to)) =0, (6.28)

[t| =00

we conclude that
M (to) = / VH(qo(t —to)) - h(qo(t — to),0)dt = / VH(qo(t)) - h(gqo(t), 0)dt.  (6.29)
—00 —00
Similar to (6.15), one can write equivalent forms for (6.29),

= [ " VH (1)) - (), 0)dt

_ / TV (1)) - ((a0(1), 0), g(ao(t), 0)
. (6.30)

= ﬁ‘g(‘r7yv0)d$ - g(IE,y,O)dy

= / V - h(z,y,0)dzdy.
int I'

Thus we note that the Melnikov function is constant for every tg, which shows that, at first order,
the distance between the stable and unstable manifolds W"(z ) and W*(z) is constant at every
point p. Hence for a fixed u and e sufficiently small, the stable and unstable manifolds either coincide
(M = 0) or do not intersect at all (M # 0). Now considering the Melnikov function as a function of the
parameter u, we summarize the previous analysis in the following definition similar to Definition 6.1.1.

Definition 6.1.2. The first order Melnikov function evaluated on a homoclinic orbit is defined as
M) = [ V@) hao(0).0, )t (6:31)
—00

By simple inspection of the two Definitions 6.1.1 and 6.1.2, we observe that the only difference lies
in the evaluation of the contour integral, although the derivation in each case is different. Similar to
Theorem 5.1.1, we have the following Theorem regarding the effect of the parameter pu.

Theorem 6.1.2. If there exists a pg such that

oM

M(po) =0, TM(MO) # 0, (6.32)

then for € sufficiently small the stable and unstable manifolds of x. o, Wéﬂ(xgyo) and Wéfﬂ(ﬂfe,o), coincide
for = 1o + O(e).

Proof. See [60]. O

Now we have developed all the necessary tools to study the global bifurcations associated with the
limit cycles of (6.1).
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Figure 6.1: Phase portrait of the Duffing oscillator from [60].

6.1.3 Global Bifurcations

We use the Melnikov method to study the global bifurcations associated with system (6.3) for
pi, 2 > 0, but first we need to transform it to the form (6.10). Following [57], we introduce the
following change of variables

T=eu, y =€, pu =€, py =€, t = t/e, (6.33)
which transforms (6.3) into

U=

) ) (6.34)

b:u—u2+e(uv—uv

System (6.34) is now of the form (6.10) and in particular it corresponds to a perturbed Duffing
Oscillator. For € = 0, the Hamiltonian is given by
H(u,v) = %UQ — %uQ + iu“, (6.35)

and its phase portrait is well known and depicted in Fig. 6.1. Two symmetric homoclinic orbits I‘S—L
(Zo symmetry) connect the origin (which is a saddle) with itself and correspond to the zero level set
of H. We note that for —1/4 < h < 0, each level set of H(u,v) = h corresponds to two symmetric
periodic orbits, which collide at h = 0 forming the symmetric homoclinic orbits. For A > 0 a unique
symmetric periodic orbit exists.

Due to symmetry it suffices to consider only the Far orbit in order to investigate the persistence of
the homoclinic orbit. It is straightforward to see that a parametrization of

Iy = {(u,v) € R?|H(u,v) = 0 and u > 0}, (6.36)
is
V2 V2 tanh (1)
qo(t) = (uo(t),vo(t)) = (Cosh @' cosh(®) ) (6.37)
Hence, evaluating the Melnikov function along ¢g, we have
M) = [ VH(a0) - (Fa0.0.0).glav.0.0) de
= / vod — udvddt (6.38)
4 16
=-v——.
3 15

Thus, M (v) =0 for v = 4/5, and by Theorem 5.1.2 we conclude that for sufficiently small €, system
(6.34) possesses a homoclinic orbit at v = 4/5 + O(e) or equivalently returning to the p parameters, a
homoclinic bifurcation curve (denoted P)

4 3/2
p2=cpt O <M1 ) : (6.39)
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Thus we have proved the existence of a global homoclinic bifurcation of limit cycles and (6.39) gives
the linear approximation of the bifurcation curve for p; small (equivalently the tangent at p; = 0).

Now the difficult part of the analysis of global bifurcations is to determine the exact number of limit
cycles that exist after the homoclinic bifurcation and find the saddle-node (of limit cycles bifurcation)
locus (if it exists). The complete analysis with all the details can be found in [11] or [13], here we state
the main results omitting some technical proofs. We evaluate the Melnikov function along a periodic
orbit v, (t) of (6.34). Thus,

Th
M) = [ Gno=in) - (£ (0 (000(0).0.0) g (s (0), 0(0),0.0) )

Th 6.40
:/ u(yv—u%) dt (6.40)
0
= l/Il(h) — IQ(h)
It is clear that I;(h) > 0 (Green’s Theorem) and hence one can consider the function

N(h,v) = v — R(h), R(h) = 252; (6.41)

and study its zeros. Considering v as a function of u, h (since H(u,v) = h), a straightforward calculation
of the derivative of I o with respect to h, results in the following system [11]

1Y\ . 3 1 5
-1 =|- -1 ——=I
h(h+4> 1 <4h+4> 1 162

(6.42)
1Y\ . 1 )
h <h + > I, = _1Zhll + Zh]g,

4

where dot denotes differentiation with respect to h. From (6.42) once can immediately derive the
differential equation that R(h) satisfies, which is the following Ricatti equation,

4h(4h +1)R — 5R? — (8h — 4)R + 4h = 0. (6.43)
Using (6.43) and the definition of R(h) we can prove the following properties for R,
® limh_>_1/4 R(h) =1

R(0) = 4/5

limp_, oo R(h) = o0

R(h) > 1/2 for h >0

There exists a unique h* > 0 such that R(h*) = 0. Further R(h*) > 0 for h > h* and R(h*) <0
for h < h*. Therefore at h*, R admits a minimum R, ~ 0.752.

Most properties can be proven in a straightforward manner based on (6.43). Detailed proofs are in [11].
Now based on the previous properties and recalling the connection between R, the Melnikov
function M (h,v) and the the displacement function d(h, €, ), we conclude the following.

1. For v > 1, v > R(h) for any h € (—1/4,0) and there exists a unique h > h* such that R(h) = vp.
Thus a stable periodic orbit exists for small € and v = 1y + O(e).

2. If vg € (R, 4/5), v < R(h) for any h € (—1/4,0) and there exist hi, ho > h* such that R(h;) = v.
Thus, two periodic orbits exist for small € and v = vy + O(€), one stable and one unstable inside
the stable one.

3. If vy € (4/5,1), there is a unique hy € (—1/4,0) for which R(h) = v and a unique hg > h* such
that R(hg) = v. This implies that the system (6.34) possesses two symmetric hyperbolic limit
cycles for v = vy + O(e€). The orbits are unstable since R(h) < vy for h > hg and R(h) > vy for
h < hg. The third orbit, inside of which the two symmetric unstable cycles exist, is stable.
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Figure 6.2: Bifurcation diagram with respect to u1, 1o parameters (e1,e2 in the figure) for system (6.3)
from [35].

4. At v = R,, a saddle node bifurcation occurs and the stable and unstable limit cycles collide and
disappear.

5. If v < Ry, v < R(h) for any h > —1/4. No periodic orbits exist.

Now returning to the original x parameters of (6.3), we can complete the bifurcation analysis. For

411 /5+ O (ui)ﬂ) < pa < p1, p1 >0, (6.44)

there are three cycles: one stable (which was born via supercritical Hopf bifurcation at the origin)
and two unstable (born through subcritical Hopf bifurcations at the unstable equilibria). The stable
limit cycles surrounds the two unstable and the equilibria. We derived this result from the analysis
based on the Melnikov method. At (6.39) the two unstable limit cycles collide and form a (symmetric)
homoclinic loop. For

Rppir + O (ui’”) < p < 4 )5+ O (;fj”) , >0, (6.45)
there are two limit cycles: a bigger stable surrounding the unstable. At
3/2
i = Rongir + 0 (1), 1 >0, (6.46)

the two limit cycles collide and disappear through a saddle node bifurcation of limit cycles (denoted
K). For

po < Ryui + O (u?p) , 1 >0, (6.47)

no limit cycles exist and the (6.3) has two symmetric stable equilibria and a saddle at the origin. Fig.
6.2 summarizes the results we have proven about the bifurcations of system (6.3). We remark that
the bifurcation curves (6.46) and (6.39) essentially correspond to the tangent at the origin of the real
bifurcation curves.

As explained in the beginning of this section any electronic oscillator whose nonlinear function f
satisfies the requirements following (6.1) (which are typical for a differential LC' oscillator), demonstrates,
at least around the origin, dynamics topologically conjugate to that of (6.3) and hence Fig. 6.3 is
characteristic for this class of oscillators. If we want to express the bifurcation curves in terms of the



131 Chapter 6. Nonlinear Dynamics of Electronic Oscillators

original parameters @, G, we would have:

G-1 G-1
Symmetric Equilibria: The origin and (£,/u1,0), p1 > 0,< (i\/ e ,i\/ e ) , G>1.
c c
Supercritical Hopf Bifurcation H™) : py =0, 11 <0 Q*G=1, G>0.
Subcritical Pitchfork Bifurcation FV : y; =0 G = 1.
Subcritical Hopf Bifurcation H?) : p1 =g, 1> 08 (3-20)Q*=1, G > 1.
Homoclinic Bifurcation Bifurcation P : py = 4u5/5, p1 >0 < 12 —7G =5/Q%, G > 0.

Saddle-Node Bifurcation K : iy = Rz, 1 > 0< G(1 — 3R,,) + 3R, = 1/Q%, G > 0.
(6.48)

6.1.4 Symmetry and Bifurcations

Before we study specific systems arising from differential LC' oscillators, we wish to study the effect
of symmetry on the bifurcations of a system in a more general context motivated from the fact that
(6.1) possesses the symmetry x — —z,y — —y. We begin with some definitions.

Definition 6.1.3. A Lie group is a closed subgroup of the group of linear, invertible transformations
of R™ to R™, which will be denoted by I'.

Utilizing the act of I' on a vector space V we can represent I' by a linear map

p T — GL(V)

O (6.49)

where v - v denotes the action of an element v € I" on an element v € V and GL(V) is the group of
invertible transformations of V' into V. The representation of the group I' enables us to think of it as
analogous to the linear map on a vector space. Now we can define symmetric dynamical systems in a
general context.

Definition 6.1.4. A dynamical system & = f(x) is said to be I' equivariant, if
f(yz) =vf(z), ¥y €T, z €R", (6.50)

or equivalently
f(Tyz) =T, f(x), Vy eI, z € R", (6.51)

where T, denotes the representation of the action of .

The definition essentially implies that if f is I" equivariant and x(t) is a solution, then v-x(t) = Tyx(t)
is also a solution. The simplest non-trivial group I' is a group consisting of two elements, isomorphic to
Zso. In its representation it consists of two matrices R, I,, such that R? = I,,. There exists an invertible
linear transformation 7" such that R in new coordinates has the form,

R= 0 —1in2

Iy 0 ] (6.52)

with n; > 0, ng > 1 and denote by X, X~ the image of I,,1, I,o respectively. Next we assume that
this coordinate transformation has been done and we have the following definition [35].

Definition 6.1.5. For equilibria we define:
o An equilibrium xq is called fized, if Rxo = xo.

o Two equilibria are called R— conjugate if ©1 = Rxg.
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For limit cycles analogously we define:
e A periodic solution x5 is called fized (F solution-cycle) if Rxy(t) = x¢(t) for any t.

e A periodic solution xs is called symmetric (S solution-cycle) if Rxs(t) = xs(t + T/2) for any t,
where T is the period.

Concerning the definition we remark that a fixed periodic solution x; belongs to the space that
is invariant under R and hence requires n; > 2. Analogously xs requires no > 2. When viewed
geometrically as loci in R”, both cycles correspond to invariant curves and any R invariant cycle
is either F' or S [35]. It should be apparent for any non-invariant cycle xg, there exists a cycle z;
conjugate to it.

Bifurcations of R conjugate equilibria do not exhibit any differences compared to the usual case.
For codimension-1 bifurcations of equilibria, we can prove the following theorem [35].

Theorem 6.1.3. Let f(x,u) be a vector field defining a Zs invariant system, xo a fized equilibrium
and p a parameter.

o If at u =0 the equilibrium possesses a zero eigenvalue with corresponding eigenvector v € X,
then a fold bifurcation happens and two fized type equilibria are born with different stability.

o If at = 0 the equilibrium possesses a zero eigenvalue with corresponding eigenvector v € X,
then a pitchfork bifurcation happens and two R conjugate equilibria are born, while the original
equilibrium changes stability.

e If at p = 0 the equilibrium possesses two conjugate, purely imaginary eigenvalues with corre-
sponding eigenspace X, then a Hopf bifurcation occurs. If X¢ belong to X, the Hopf bifurcation
happens inside X giving rise to a F cycle. If X¢ belongs to X, then the Hopf bifurcation
happens inside X+ giving rise to a S cycle.

It is clear that in the case of (6.1), no = 2,n; = 0, so that only Pitchfork bifurcations and
Hopf bifurcations giving rise to S cycles can occur. Next, we study the bifurcations of limit cycles.
Bifurcations of non-invariant cycles have nothing different compared with the usual cases and hence we
state some results for the F, S types.

We begin with the case of F' cycles. Let ¥ be an R— invariant, transversal to the cycle hyperplane
that we use as cross-section. If the cycle is of type F' one can easily prove that the Poincaré map,
is R|y equivariant. That reduces the analysis to the study of Zy symmetric discrete time dynamical
systems. Using a similar decomposition as in (6.52) for the Jacobian of the Poincaré map, we can
immediately prove a Theorem concerning the codim-1 bifurcations, similar to Theorem 5.1.3.

Theorem 6.1.4. Let f(x, pn) be a vector field defining a Zo symmetric system, where u is a parameter,
and suppose that it admits a xy cycle.

o Ifat =0, py =1, no other multiplier has modulus 1, and corresponding eigenvector v € X+ 1,
then a fold bifurcation happens inside X+ giving rise to two F— cycles with different stability.

e Ifat =0, uy =1, no other multiplier has modulus 1, and the corresponding eigenvector v € X~
2. then a pitchfork bifurcation happens inside X~ giving rise to two R conjugate cycles, while
the original cycle changes stability.

e If at p = 0, p1 = —1 and no other multiplier has modulus 1, then a flip (period-doubling)
bifurcation occurs. If the corresponding eigenvector v € X, then the period-two cycle is of F -
type and otherwise of S type.

o Ifatp=0, p12= e % gnd no other multipliers have modulus 1, then an invariant closed curve
bifurcates from the fized point corresponding to an invariant torus T? = R(T?) for the continuous
time system.

!Discrete analogue of the Jacobian of the Poincaré map for X+ in the continuous case.
2Discrete analogue of the Jacobian of the Poincaré map for X~ in the continuous case.
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Now we continue with the study of S cycles. In that case ¥ cannot be selected to be R invariant,
but one can choose two R conjugate cross-sections 31 2 such that the Poincaré map P : ¥ — X can be
written as the composition of two R conjugate maps 1 : X1 — Yo and Q2 : 39 — ¥. If we define
Q = R'Q1, we conclude that P = Q2. In that case we have no symmetry for the discrete time system,
but a different property.

Theorem 5.1.4 holds in this case as well, with appropriate modifications. The condition P = Q?,
rules out the period-doubling bifurcation, since if we denote by A and B the the Jacobian matrices of
P and Q, then A = B?. In the first two statements of the Theorem one should replace the condition
v € X* with Bv = +wv, respectively. With this modification Theorem 5.1.4 applies in the S cycles as
well.

In the case of (6.1), ng = 2 we have only a Pitchfork bifurcation, a Hopf bifurcation giving rise
to an S cycle and a Saddle-Node bifurcation of this S cycle, in accordance with the previous results.
We note that if multiple tanks are used in the implementations shown in Fig. 5.5, the Zs symmetry
persists, and the above results restrict the dynamical phenomena to be similar to those of the planar
case with a single tank.

6.1.5 Dynamics of the MOS and BJT implementations

In the previous subsections we characterized the dynamics of a differential LC oscillator at least
around the origin. In order to derive the complete bifurcation curves of a system of the form (6.1)
and find the Homoclinic and Saddle-Node bifurcation curves away from the bifurcation point (where
the linear approximation of the curve ceases to hold) we need to consider a particular form for f and
numerically calculate the bifurcation curves with respect to @, G. To this end in the following we study
the MOS and BJT implementations of differential oscillators whose schematics are illustrated in Fig.
5.5.

We begin with the BJT implementation. In that case f(z) = tanh (z), ¢ = —1/3 and (6.1) becomes

T = —Qy + QG tanh (x)

J= (@ —9)/Q. (6.53)

Since f has higher order terms that quantitatively affect the bifurcation curves, (6.48) correspond
generally to the tangents of the real curves of (6.53). Similar calculations as in (6.4)-(6.8) show that the
supercritical Hopf bifurcation (H (1)) happens exactly at Q>G = 1 and the Pitchfork at G =1 (F (1)).
This is expected since we are linearizing around the origin and local bifurcation curves associated with
the origin must persist. The symmetric equilibria are given by

(Teyye) = (£2,£2), Gtanhz =2z, G > 1, z # 0. (6.54)

We can see that the equilibria as given in (6.48) are approximations of (6.54). The subcritical Hopf
bifurcation curve (H(?)) is given parametrically by

T tanhr
tanhr’, (1 — tanh? r)

(G,Q%) = , > 0. (6.55)

The Homoclinic (P) and the Saddle-Node bifurcation (K') curves cannot be computed analytically
away from the point (@, G) = (1,1) where the linear approximation provided by the Melnikov method
is no longer valid. To this end, we compute numerically the curves using the continuation methods
of MATCONT [16]. We remark that the homoclinic curve is computed via the homotopy method.
Figure 6.3 illustrates the bifurcation diagram computed numerically. The bifurcation curves correspond
exactly to those in (6.48), but the Homoclinic and Saddle-Node bifurcation curves are no longer straight
lines as (@, G) deviate from the Bogdanov-Takens point (1, 1), as expected. It is important to note
that the qualitative behavior of (6.3) describes completely the global behavior of (6.53) since no other
bifurcations occur and no other equilibria exist.
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Figure 6.3: Bifurcation diagram with respect to @, G parameters for the BJT implementation. The
blue line corresponds to a supercritical Hopf bifurcation (H (1)), the vertical red line to a pitchfork
(F(l)), the green to a subcritical Hopf (H(?), the magenta to a homoclinic bifurcation (P) and the
orange to a saddle-node (K).

Figure 6.4 shows the phase portrait of (6.53) for parameters corresponding to each region defined
by the bifurcation curves in Figure 6.3. In (a), the parameters belong to the region defined by the
supercritical Hopf and Pitchfork bifurcations, but lie below the Hopf curve. Consequently, the origin
is stable, and no other attractors or repellers exist. In (b), the parameters also belong to the region
defined by the supercritical Hopf and Pitchfork bifurcations, but lie above the Hopf curve. As a result,
the origin becomes a repeller, and a stable limit cycle bifurcates. At (c), the parameters belong to the
region defined by the Pitchfork and subcritical Hopf curves, leading to the birth of two symmetric
unstable equilibria. These symmetric equilibria gain stability, and two symmetric unstable limit cycles
surrounding them bifurcate at (d), as the parameters lie in the region defined by the subcritical
Hopf and Homoclinic curves. At (e), the two unstable limit cycles merge into a larger unstable cycle
through a homoclinic bifurcation, as the parameters belong to the region defined by the Homoclinic
and Saddle-Node curves. At (f), only equilibria exist, as the parameters are in the region defined
by the Saddle-Node and Pitchfork curves. It is evident that the phase planes of (6.53) and (6.3) are
qualitatively similar and the bifurcation curves differ only quantitatively.

Next we consider the MOS implementation. Then f(z) = z(1 — 2?) and the system (6.1) becomes

i=—-Quy+ QGx(1 — z?)

J= (@ —)/0. (6.56)

No O(z”) terms exist and thus, system (6.3) is exactly equivalent to (6.1) inside the whole phase
space, not only in a neighborhood of the origin. The equilibria, the Pitchfork and the Hopf bifurcation
curves (HM, H®), are given by (6.48), but the Homoclinic and the Saddle-Node curves need to be
numerically computed away from the point (Q,G) = (1,1). Figure 6.5 shows the bifurcation diagram
of (6.56) with respect to the @, G parameters. It is clear that qualitatively it is similar to the BJT
case (Fig. 6.3), and only quantitative aspects of the bifurcation curves differ (e.g. P, K are concave in
the case of the BJT and convex in the case of MOS). We also note that although (6.56) is equivalent
to (6.3), the Homoclinic and Saddle-Node curves cease to be linear away from the point (Q,G) = (1,1)
and, in fact, are very close (a quantitative difference with the BJT implementation). For this reason
we provide an enlarged view of the curves in (b). The phase portraits closely resemble those in Fig.
6.4, hence we refrain from displaying them again.
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Figure 6.4: Phase portraits of system (6.53) describing the BJT implementation for parameters (Q, G)
belonging to each of the regions defined by the bifurcation curves of Fig. 6.3. Blue color corresponds
to attractors, red to unstable entities, circles to nodes and crosses to saddles. (a): parameters lie in the

region between H(®) and F (b): parameters lie in the region between H() and FJ(:), but above H®).

(c) parameters lie in the region between FJ(:) and H®. (d) parameters lie in the region between H(?)
and P. (e) parameters lie in the region between P and K. (f) parameters lie in the region between K
and F!.
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Figure 6.5: Bifurcation diagram with respect to @, G parameters for the MOS implementation. The
blue line corresponds to a supercritical Hopf bifurcation (H (1)), the vertical red line to a pitchfork
(F(D), the green to a subcritical Hopf (H(?)) the magenta to a homoclinic bifurcation (P) and the
orange to a saddle-node (K).

6.2 Nonlinear Dynamics of the Colpitts Oscillator

We consider the Colpitts oscillator of Fig. 5.5 (c) that is described by the system (5.22),

. g —xa

Ir = m (1 — € + .Tg)

iy = Sy (6.57)
Qk '

T3 = —M(x1 + x9) — 223:3.

It is clear that the unique equilibrium of the system is the origin. Linearizing about it, one has the
Jacobian matrix,

0 g g9
Q(1—k) Q1K)
_Qk(A-k)  Qk(1-k) 1
g9 g9

from which it follows that the characteristic polynomial is given by,
P(s) =53 +5*/Q + s+ g/Q. (6.59)

Now using Routh’s criterion one can immediately conclude that for g < 1, the origin is stable, while for
g > 1 the matrix A has two unstable complex conjugate eigenvalues p + iw and one real stable A with
|A| > |p| > 0. At g = 1, using the reduction on the center manifold one can show that the a coefficient
in (6.8) is given by
1 Q°

a__T6(1+4Q2)(1+Q2)2<0’ (6.60)
so that a supercritical Hopf bifurcation occurs at g = 1 giving rise to a stable limit cycle of frequency
1. It is evident that there are no further local bifurcations concerning the origin. In fact, the Colpitts
oscillator is known to possess complex behavior [41, 18] and two routes to chaos have been observed:
period doublings and Shilnikov phenomenon. The first route to chaos is easy: bifurcations double the
period of a limit cycle until it tends to infinity, when chaos arises. The second case is more delicate
and we will discuss it first in its generality before we continue with the study of global bifurcations of
the Colpitts oscillator.
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Figure 6.6: Homoclinic orbit and definition of cross-sections Il ; for the study of (6.61) from [60].

6.2.1 Orbits Homoclinic to a Saddle-Focus: The Shilnikov Phenomenon

In this section we present some fundamental results associated with orbits homoclinic to a saddle-
focus. Our treatment mostly follows [60, 61, 35]. We consider systems of the form

&= pr—wy+
Y =wr+ py+ Qo (6.61)
Z =Mz + Qs,

where Q123 are O(||z|?) at the origin. It is clear that p 4 iw and ) are eigenvalues of the Jacobian
matrix at the origin. We assume that (6.61) admits a homoclinic orbit I' connecting the origin with
itself and that A > —p > 0. We study orbits near I' through a Poincaré map. We consider two
cross-sections Iy and II; as in Fig. 6.6. The cross-section Il is a rectangle in the x — z plane is defined
as

Iy = {(x,y,z) € R3| x € [e 62”’)/‘”,6], y=0z¢€ (O,e]}. (6.62)

and II; is an appropriate (will be made more specific shortly) rectangle belonging to the plane z = €. If
Py : 1l = II; and P, : II; — Iy we use P = Py o Py : [Ig — Il as the Poincaré map. For € sufficiently
small, we can use the linearized flow in order to find the map Py : Iy — II; [61] since the introduced
error does affect the results. Thus it is clear that the definition of Il implies that an orbit does not
return to Iy before it crosses IIy. It follows that, the map Py is given by

(2,0,2) 2 (z (Z)W cos (‘; log(e/z)> @ (Z)m sin <°; log(e/z)> , e> . (6.63)

or in polar coordinates,
e\ w
(r,0) ==z <z> X log(e/z) | . (6.64)

The rectangle II; is chosen large enough so that Py(Ilp) € int(Il;). Let pg = W*(0) N IIy. We can
approximate P; as an affine transformation,

Py(h) = po + Bh, (6.65)

where h represents coordinates on II;. The linear approximation is valid, since the introduced error is
small and does not affect the results [61]. Hence, in this case,

8
o

(@,y, )T 2

o O Q

QUL O o™

o O O

ow 8
+

01, (6.66)
0
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where pyg = (x0,0,0) which is unique due to the definition of IIy. The form of the matrix B follows from
the fact that every point in IIy has zero y component. Now we can find the Poincaré map P = P; o Py,

H |7 (£)"* (acos (10 (¢/2)) +bsin (§ log (¢/2)) ) + o 66
z z(£)"* (acos (§1og (¢/2)) + bsin (§ log (¢/2)) )
Next we we consider the rectangles
Ry, = {(m,y, 2) eR3y =0, ™/ <z <e ee RN < < ee*Q”’“*/w} . (6.68)
It is clear that
T, = G Ry, (6.69)

The definition of Ry, enable us to prove the following fundamental result [61].

Theorem 6.2.1. For k sufficiently large, Ry contains an invariant Cantor set on which the Poincaré
map P is topologically conjugate to a full shift of two symbols.

Proof. See [61]. O

The theorem states that in a neighborhood (in the phase plane) of the homoclinic orbit, system
(6.61) has chaotic behavior and a countable infinity of horseshoes [61]. Now we assume that there is a
parameter p such that I'" appears for u = 0, while the stable and unstable manifolds split for p # 0.
3 We study how this homoclinic orbit is created following [19]. In a neighborhood of the homoclinic
orbit in both the phase space (as we did before) and the parameter space, (6.67) becomes,

[x] I x (g)p/)‘ (acos (% 1og (€/2)) + bsin (¥ log (e/z))) + z0 + ep

A (6.70)
z z (£)” (acos (4 log (¢/2)) + bsin (%log(e/z))) + fu

where we can assume without loss of generality that f > 0 4. Rescaling we can set f = 1. The map
(6.70) can be written in the following after appropriate transformations (6 = —p/X is the important
parameter),

)
[x] i [om:z cos (logz + ®1) + o + €p (6.71)

z B0 cos (Elog z + Bo) + 0 + p

We study fixed points of P that correspond to one-loop periodic orbits of (6.61). For z sufficiently
small, the z component of the fixed point is given by the solution of

2 — g = (ep + 20)B2° cos (€log z + By). (6.72)
The Jacobian of the Poincaré map is a matrix
A C
J = D B (6.73)
where
A = az’ cos (5 log (z) + <I>1)
B = Bzz07! (5 cos (f log (2) + 2) — &sin (5 log (2) + @2))
(6.74)
C = azz’ <5cos (glog( )+ 1) — &sin (flog (2) +<I>1))
)-

D = 32° cos (f log (2) + @4
If § > 1, so that —p > A, we have (see Fig. 6.7)

3More rigorously one can define a two dimensional cross-section ¥ and define 1 as a scalar parameter which
is zero if W*(0) and W?(0) intersect on X. The parameter u is a smooth function of the actual parameters of
the system.

4The sign actually depends on the split of the stable and unstable manifolds.
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Figure 6.7: Solution of (6.72) for § > 1 in (a) and period of the periodic orbit in (b). From [60].

e ;1 < 0: no non-trivial periodic orbits
e 4 > (: there is one fixed point for each p, for z > 0.

From (6.74) it is straightforward to conclude that for g > 0, the unique periodic orbit is stable for u
and z small (since the terms 2°, 2~ are small and hence the eigenvalues are small) and the homoclinic
orbit is an attractor. The period of the corresponding periodic orbit depends on u as is shown in Fig.
6.7 (b).

If 6 < 1, we have [19] (see Fig. 6.8)

e 4 < 0: finite number of fixed point
e 1 = (0: countable infinity of fixed points
e 4 > (: finite number of fixed points

From (6.74) it follows that det J ~ 220=1 Thus, regarding the stability one must distinguish the cases
9 €(1/2,1) and 6 € (0,1/2) since in the first case the map is area-contracting, while in the second case
it is area-expanding.

At first we examine two particular cases for the fixed points that will prove useful in the general.
From (6.76) and (6.74), if a fixed point corresponds to a local maximum of the right hand side of
(6.76), then B = 0 and if a fixed point corresponds to a zero of the right hand side of (6.76), then
D = 0. In the second case that D =0, A\ = A, Ao = B and the fixed point is a saddle since B is large
and A is small. If B = 0, the eigenvalues are given by

A++A24+4CD
2 )

A2 = (6.75)
and since A ~ 2%, 0D ~ 2%°~! one can neglect the A terms (since z is small). If § < 1/2 the eigenvalues
can be made arbitrarily large and the fixed point is unstable. Analogously, if § > 1/2, the fixed point
is stable.

In the two specific cases examined above, we encounter either a saddle (D = 0) or a stable (unstable)
node (B = 0) depending on §. Utilizing these observations and referring to Fig. 6.8 (b), we can analyze
the stability and bifurcations of a fixed point in the general scenario, from its creation to its destruction.
At u = ug < 0, a saddle-node bifurcation occurs. At p = us < 0, the fixed point with lower z has
larger period (since it passes closer to the fixed point of (6.61)) and is a saddle, while the other one is
stable (unstable) depending on 6 > 1/2 or 6 < 1/2 (since it is close to having B = 0). We continue
with studying the (un)stable fixed point. At p = pg < 0 the stable (unstable) fixed point has become
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Figure 6.8: Solution of (6.72) for 6 < 1 in (a) and enlarged in (b). (¢) Dependence of the limit cycles
on p. From [60].

a saddle, since D = 0, through a period-doubling bifurcation. At u = ug > 0, B = 0 again, and the
saddle has become stable (unstable) via a (reverse) period doubling bifurcation. Finally at u = pg > 0
a saddle node bifurcation occurs and the fixed point is destroyed. This analysis is repeated for every
fixed point and the dependence of the periodic orbits of the limit cycle on pu as shown in Fig. 6.8
should be clear. We remark that if v; denote the p values for which the graph in Fig. 6.8 (¢) admits a
vertical tangent, then [60]
lim Vil _ exp (pm/w). (6.76)
J—0o0 I/j
If the above quantity is small, then one-loop periodic orbits will be visible only for a narrow range of
parameters.

We close the discussion by noting that double-pulse or subsidiary homoclinic orbits exist in the
case 6 < 1. These orbits pass once through a neighborhood of the fixed point before they return to
the origin. For any such orbit the previous analysis applies. To conclude a homoclinic bifurcation of
the Shilnikov type organizes three infinite families of bifurcations: saddle-node, period-doubling and
subsidiary homoclinic.

6.2.2 Bifurcations of the Colpitts Oscillator

Now we return to the study of the bifurcations of the Colpitts oscillator with respect to the Q,G
parameters fixing k = 1/2. As we mentioned in the beginning, at g = 1, a supercritical Hopf bifurcation
results in the birth of a stable limit cycle which we call the primary limit cycle. For g > 1, the
eigenvalues are p + iw, A with A > —p > 0 and thus the origin is a saddle-focus. The system (6.57)
admits a homoclinic orbit as shown in Fig. 6.9 (a). Hence we conclude that Shilnikov theory as
presented in the previous Subsection applies, with one modification: the unstable manifold W* has
dimension 2, so that the stable orbits become unstable and vice versa. Equivalently we can think of the
same phenomena but with time reversing. We note that § < 1/2 and hence saddle-node bifurcations in
a neighborhood of the homoclinic orbit result in unstable limit cycles for (6.62) and, by time reversing,
in stable for (6.57). We also expect period-doubling bifurcations.

The bifurcation diagram of (6.57) is quite complex and in Fig. 6.9 (b), we show its fundamental
structure (we will comment on this later on). We denote with 7" the tangent (or saddle-node) bifurcations
in which a saddle and a stable limit cycle collide and the leading multiplier becomes 1. With F' we
denote the flip (or period-doubling) bifurcations when the primary cycle loses stability and a cycle
of double period is born. The leading multiplier becomes —1. With H we denote the homoclinic
bifurcation. The second index n = 1 means that we are referring to the fundamental structure. The
superscript in Fy ; denotes the second Feigenbaum cascade and the first index is used for enumerating
purposes in the case of multiple occurrences of the same type of bifurcation. We examine in detail
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Figure 6.9: (a) Homoclinic orbit of the Colpitts oscillator (6.57). (b) Bifurcation diagram of the
Colpitts oscillator (6.57). Tangent bifurcations are denoted with 7', flip with F' and homoclinic with
H. The second index n = 1 refers to the fundamental structure. The superscript in F ; denotes the
second Feigenbaum cascade and the first index is used for enumerating purposes in the case of multiple
occurrences of the same type of bifurcation.

the occurring bifurcations. All bifurcation curves have been computed using MATCONT [16] and in
particular the homoclinic orbit using the homotopy method.

Under the Fp; curve the primary limit cycle is the unique attractor and as we cross the flip
bifurcation curve a limit cycle of double period is born. Upon crossing F7i 1, another period doubling

occurs, followed by yet another at F1(21) (see Fig. 6.10). This suggests a Feigenbaum route-to-chaos
through period doubling bifurcations. The corresponding strange attractor is shown in Fig. 6.11 (a).
We note that both Fb; and Fi; lead to a limit cycle with a period four times that of the initial
one. Additionally, another Feigenbaum cascade originates from F i, similar to what was described
previously.

Next we examine the tangent bifurcations denoted by the 1" curves. There is an infinite of such
bifurcations (due to the Shilnikov phenomenon) but we only show the first three of them. The 77 1
bifurcation admits two codim 2 Cusp (in these points the leading Floquet multiplier becomes 1, but
the normal form of the fold bifurcation is zero) degeneracy points with negative normal form coefficient
5. At these points three cycles collide and disappear. Between the two branches of the Ty curve
centered at each Cusp point, two different stable solutions coexist along with one unstable limit cycle.
Outside this region there is one stable limit cycle. We note that a negative sign for the normal form
coefficient is equivalent to time reversing and one should alternate the unstable-stable terms. The
other 771,751 curves do not admit such codimension 2 points. In general cusp points of the tangent
bifurcation curves due to the Shilnikov phenomenon lead to multistability.

From the analysis of the previous subsection we know that sufficiently close to the homoclinic orbit
in both the phase and the parameter space, horseshoes and chaotic behavior arises. A typical example
of Shilnikov chaos can be seen in Fig. 6.11 (b). We note that there are also double-pulse or subsidiary
homoclinic bifurcations associated with Hj, which are not illustrated in Fig. 6.9 since numerical issues
do not allow their precise computation.

In the beginning we mentioned that the structure illustrated in Fig. 6.9 is fundamental and we now
want to make this precise. The F{ 1 resulted in a period doubling bifurcation and further flip or tangent
bifurcations concerned this cycle. Essentially Fj; defines the parameter space where the one-pulse
homoclinic orbit organizes the bifurcations. This structure repeats itself but with different bifurcation
curve defining the corresponding region. A tangent bifurcation 73 for example results in a cycle for
which x3 variable admits three local maxima in one period (opposed to two in the case of Fy 1) and is

5The Poincaré map is locally topologically equivalent to the normal form 1 — 1+ 81 + Ban — n°.
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Figure 6.10: Feigenbaum cascade with log;y @ = 0.1271 fixed. (a) Primary cycle, parameter values
logip g = 0.29. (b) Limit cycle after the first period doubling Fp 1, parameter value log;qg = 0.32. (c)
Limit cycle after the second period doubling F} 1, parameter value log;qg = 0.38. (d) Limit cycle after

the third period doubling F1(,21)7 parameter value log;;g = 0.397.

not associated with the structure in Fig. 6.9. This bifurcation curve defines a region in the parameter
space where a structure qualitatively similar to that in Fig. 6.9 exists, with the main difference that
the new homoclinic bifurcation curve Ho makes one big and one smaller turn before returning to the
origin. At this point one should not confuse Hs with the first subsidiary homoclinic bifurcation curve
which is associated with the structure of H; and makes one big turns before returning to the origin.
Now we return to the main structure of Fig. 6.9. The previous bifurcations are associated with
the existence of the Shilnikov-type Homoclinic orbit. However, the saddle-node locus 77 and the
period-doubling F} are not related to this phenomenon and we examine them now. These bifurcations
result from the overlap of the different structures, as they were described previously. The T} curve
exhibits two codim 2 Cusp degeneracy points but in this case the normal form coefficients are of
opposite signs: the coefficient of the left point is negative, while that of the right one is positive. This
means that between the two branches of the 77 curve centered at the left Cusp point, two different
stable solutions coexist along with one unstable limit cycle leading to multistability. The situation
for the left cusp point is analogous, but with the interchange of stable and unstable roles. The F}
curve admits two codim 2 points of generalized period doubling bifurcation with positive normal form
coefficient. These points are the origin of an extra codim 1 saddle-node bifurcation locus. Figure 6.12
shows the bifurcation diagram of the normal form 6. In region 1, there is a stable fixed point. This
fixed point loses stability and a stable period two cycle is born in region 2. In region 3, the equilibrium

6The Poincaré map is locally topologically equivalent to the normal form 1 — —(1 + 1)1 + Ban® £ 7°.
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Figure 6.11: (a) Feigenbaum strange attractor for parameter values log;q @ = 0.1271,log;y g = 0.41.
(b) Shilnikov strange attractor for parameter values log;, @ = 0.164,log;q g = 0.6
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Figure 6.12: Bifurcation diagram of the generalized period doubling bifurcation from [35]. The F1i
curve corresponds to a period doubling bifurcation and the T to a saddle-node bifurcation. The B2
parameters are equivalent bifurcation parameters of the normal form.
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Figure 6.13: Coexistence of limit cycle attractors. (a) Bistability due to cusp degeneracy of curve
Ti1: logypg = 0.518,logy @ = 0.06. (b) Bistability due to overlap of different structures: log;qg =
0.775, logyo Q = 0.6765.
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regains stability and another unstable period two cycle is born. The two period two cycles collide and
disappear at the saddle-node curve T2,

Concluding the analysis of the fundamental structure, we note once again that the same pattern
repeats itself filling the parameter space. The different structures may overlap leading to multistability
phenomena as mentioned previously. Multistability inside the same structure can be also observed
due to the Cusp degeneracies. Two typical examples of multistability are shown in Fig. 6.13. In (a),
the parameters lie within the region enclosed by the two branches of 17 ; centered at the cusp point.
In (b), the parameters lie above both Fp 1, resulting in the existence of a stable cycle with a period
double that of the initial one, and T3, resulting in a stable cycle with three maxima of the xg variable
per period.



Chapter 7

Complex Synchronization Dynamics of Electronic
Oscillators

In Chapter 6, we conducted a bifurcation analysis of the differential LC' and the Colpitts oscillator,
examining the attractors and repellers that arise for various parameter values. In this chapter, we
formulate the problem as follows: given parameter values that sustain a limit cycle and subject the
oscillator to periodic forcing, what perturbation parameters (which are assumed to refer to the period
and the amplitude of the perturbation) are needed to achieve locking between the oscillator and the
external forcing. To address this question, we will employ the action-angle variables introduced in
Chapter 3. We demonstrated that, under certain assumptions on the forcing, the contribution of the
action variable is negligible, and the synchronization regions are fully determined by the circle map of
the phase. An analytical treatment of the circle maps has been presented in Chapter 4. We apply this
theory to two classes of oscillators: the differential LC and the Colpitts, and derive the synchronization
diagrams, namely the Arnold tongues. The approach we will follow for both oscillators will be similar
and will be analyzed in the next. It’s noteworthy that for the differential LC' oscillator, we present
a scenario where the circle map reduction is ineffective, and the action variable becomes necessary.
We demonstrate how to address this case accordingly. Finally for the case of Colpitts oscillator we
investigate a different scenario: chaotic synchronization. We show that the chaotic oscillator can be
locked to a external perturbation or mutually synchronize with another identical chaotic Colpitts
oscillator when properly coupled.

7.1 The General Technique of Analysis

In this Section we present the general method that we use in order to study the synchronization
properties of the differential LC' and the Colpitts oscillator subject to periodic forcing. We mainly
combine the results of Chapters 3 and 4.

First we assume that the parameters belong to a region such that the oscillators admit a stable
limit cycle I" with basin of attraction B (see Chapter 6). Both forced oscillators can be written in the
form

i = f(z)+ Ag(z,t), € RN (7.1)

where N = 2 for the differential LC' and N = 3 for the Colpitts oscillator. The function g is T} periodic
with respect to t and represents the forcing, while A denotes its amplitude. We assume that in the
presence of the perturbation the state variable remains always inside B and denote by ¢(x,t) the flow
of (7.1). Now we introduce the action-angle variables inside the basing of attraction B as in Chapter 3.
We have proved that the isochrons (sets of points having the same asymptotic phase) and the isostables
(sets of points converging to the steady state with the same rate) are given by level sets of appropriate
Koopman eigenfunctions, which can be computed efficiently through Fourier and Laplace averages. In
this way we can can find the phase and isostable coordinate of each point in the phase space. Recalling
Section 2.6.2, system (7.1) can be described by the action-angle equations

0=w+V0-g(x,t)

. (7.2)
71 =o1r1 + Vry - gz, t),

145



7.1. The General Technique of Analysis 146

where 6 is the phase (angle) variable, r; is the isostable (action) variable and o1 = Re(\;) with A\; the
leading Floquet exponent. We note that for the domain of the phase 6 we use interchangeably the
interval [0,7T), where T, is the period of the unforced limit cycle, and [0, 27) since they differ only by a
normalization factor. For the differential LC' oscillator (7.2) is exact, while for the Colpitts oscillator
the introduced error due to higher order isostable coordinates is negligible. Next we assume that the
perturbation g(z,t) has the form,

glx,t) = hz,t —nTy), (7.3)
n=0

where h(z,-) is a function of finite duration T,,. In the following we consider 77 = kT + sT,k €
N, s € [0,1). The assumption on the forcing profile may seem restrictive, but it a very common case.
Applications include synchronization of electronic systems [25, 26], neuromorphic systems [28] and
optical systems [23]. System (7.3) defines an autonomous system in S x RT x R*. We define the
(obviously transversal) Poincaré section

¥ ={(,r1,t) € S* xR x RT| t mod T} = 0}, (7.4)

which corresponds to stroboscopically observing the system at times equal to multiples of the forcing
period. Since between two periods the system evolves autonomously, a two dimensional map is defined

ry — eo1 T (7’1 + 01 (7’1,0))

(7.5)
0— 0+ wly + 52(7‘1, 9) mod 27,

where the functions §; represent the difference between the old action-angle coordinates (0, r1) and the
new ones after the application of the forcing. Now if we assume that the factor o177 (or equivalently
o1kT) is sufficiently negative, the point we observe stroboscopically always belongs to the cycle itself
(equivalently the period of the perturbation is sufficient for the oscillator to relax to its limit cycle)
and we can neglect the action variable 1. This enables us to approximate (7.5) by the circle map

0 — 0+wl+6(0,0) =0+ wT; + PRC(A,4A) mod 27, (7.6)

where the function PRC(6, A) corresponds to the phase difference between the point of the cycle having
phase 6, and the phase 6,1 of the point after the perturbation ceases, when we apply a perturbation
h of amplitude A. That is,

PRC(07 A) = Q(QZ)(yna Ton)) - 9(:1,‘”), Un € I'nm I@(;pn)) (77)

where § = arg f;,(x) and f;, is the Koopman eigenfucntion related with the eigenvalue iw. Hence, the
isochrons structure crucially affect the synchronization properties of the system. The map (7.6) has
been extensively studied in Chapter 4, where we have shown that rational rotation numbers correspond
to phase locking states which in turn imply rational relation between the forcing frequency and the
frequency of the perturbed oscillator. We have proved that these regions exist and emanate from
rational multiples of the period and form the Arnold tongues. When referring to these regions we will
use interchangeably the terms ”synchronization regions”, "resonance regions”, ”locked states” and
” Arnold tongues”. In contrast, irrational rotation numbers, under the assumption of invertibility of the
circle map (which we show that is true for at least small to moderate A), result in either quasiperiodic
or chaotic behavior. In this way the problem of synchronization reduces to finding regions in the A — T}
plane for which (7.6) admits a rational rotation number. We note that (7.6) suggests that only the
sT term affects the synchronization properties, so that the synchronization diagram is periodic with
respect to T" and essentially it is a s — A diagram. In other words, the necessity of the term kT is to
ensure that the limit cycle will have enough time to relax to its limit cycle before the next perturbation
comes.

A final remark on the interpretation of the diagrams is in order. As mentioned in Chapter 4, the
crucial quantity characterizing the synchronization properties of (7.6) is the rotation number. It is
rational, p = p/q, if and only if a periodic orbit of period ¢ exists. The numerator p denotes how
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many cycles the phase variable has completed, or equivalently, how many times it has crossed 27w

before returning to the same value. From this perspective, concerning the locking properties of the

continuous-time system, any p/q locked state corresponds to a continuous time solution with period

equal to 1/q that of the forcing. Thus, for example regions such as 2 : 3 and 1 : 3 should be considered

equivalent. They correspond to the same locking state with respect to the external perturbation.
From the above analysis we can summarize the technique as follows

1. Assume a certain form for the function h and choose appropriate parameters for which a stable
limit cycle for the autonomous system exists.

2. Determine the isochron structure through the numerical methods discussed in Chapter 3. From
this we can find the PRC function for any phase 6 and for different amplitudes A.

3. Determine the rotation number p of (7.6) for different values of s and A and hence the resonance
diagram.

4. Find a least value for k and compare with the results obtained with direct solving the differential
equations.

Regarding the third step we want remark that the structure of isochrons determines the synchro-
nization properties of the circle map and hence of the perturbed oscillator. This structure is a property
of the autonomous oscillator and, in contrast with the PRC, does not depend on the nature of the
perturbation. We will show that this structure depends on the dynamical phenomena described in
Chapter 6 and provide a specific example on how the synchronization regions are affected.

Moreover, in the case of the differential LC oscillator we also investigate a scenario where the
phase reduction is not valid and an action (r1) coordinate is necessary to study the synchronization
properties of the considered system. Finally, we show that the chaotic Colpitts oscillator can be locked
to an external perturbation or mutually synchronize with another identical oscillator when properly
coupled.

7.2 Complex Synchronization Dynamics of Differential LC' Oscillators

We begin with the study of Differential LC Oscillators. The analysis cannot be carried out in a
general form as in (6.2) and therefore we consider the MOS implementation (similar results can be
derived for the BJT implementation as well) of Fig. 5.5 described by the non-autonomous system,

i=—Qy+ QGx(1 — 2%) + QGAz(1 — z%)p(t)
j=(z—y)/Q,

where p(t) is the periodic perturbation of period 77 of amplitude A. We remark that we have made
the assumption that the forcing is applied as a voltage signal at the gate of M5 (see (5.15) and (5.16)).
The parameters @, G are such that a stable limit cycle exists (see Fig. 6.5). Further we assume that
the perturbation p(t) has the form,

(7.8)

p(t) = Z Loz, (t — nT1), (7.9)
n=0

where 1 4(-) is the caracteristic function of the set A. In the following we consider T,, = 7//10 and
Ty = kT + sT,k € N where T is the period of the unforced limit cycle.

7.2.1 Isochrons and Phase Response Curves

We study the isochrons structure of (7.8) for different parameter values for which the system admits
a stable limit cycle (see Chapter 6). Figure 7.1 shows the corresponding manifolds.

In (a) and (b), the parameters Q and G fall within the region defined by H") and FJ(rl) of Fig.
6.5. However, in (a), their proximity to H(1) is greater compared to (b). This proximity influences
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the dynamics significantly, resulting in distinct structures of the isochrons. Specifically, in (a), the
isochrons resemble those of the Hopf normal form (6.8), also known as the Stuart-Landau oscillator
[50], characterized by logarithmic spirals. Conversely, in (b), the isochrons exhibit a different pattern.
Despite these differences, both cases share the characteristic of having the whole phase space, except
for the origin, as the basin of attraction B. It’s worth noting that the limit cycle’s characteristics, such
as period and Floquet exponent, differ between the two cases. The Floquet exponent takes values of
A= —0.05 and A = —1.1 in cases (a) and (b) respectively.

In (c) the parameters lie within the FS) and H® curves. Hence the origin is a saddle and two
symmetric unstable fixed points have been born. As a result the phaseless set, includes the stable
manifold of the origin along with the symmetric equilibria, leading to a more complicated structure of
the isochrons. In (d) the parameters lie within the region defined by H® and P. Thus, two symmetric
unstable limit cycles have been born surrounding the symmetric equilibria which have gained stability.
The phaseless set now includes the stable manifolds of the symmetric equilibria, which coincides
with the interior of each symmetric limit cycle, the stable manifold of the origin and the symmetric
unstable limit cycles themselves. This complicates further the structure of the isochrons. In (e) the
the parameters lie in the region defined by P and K curves. Consequently, the two unstable limit
cycles have merged into a bigger one and the phaseless set includes the unstable cycle, the stable
manifold of the origin and the stable manifolds of the two symmetric stable fixed points (interior of the
unstable cycle). This results in a further complication in the structure of the isochrons. From the above
discussion and Fig. 7.1, we conclude that the structure of isochrons fully characterizes the dynamics of
the system. This characterization depends not only on other attractors or repellers ((c)-(e)) but also
on the limit cycle itself (e.g., the difference between (a) and (b)).

In the following, we concentrate on cases (a) and (b) to examine the variations introduced in the
characteristics of the limit cycle due to different parameters and study how they affect the resonance
diagrams. In both scenarios, the limit cycle is the unique attractor of the system, and the phaseless
set comprises solely the origin. This setup enables us to employ arbitrary amplitudes for the forcing
without concerns about points ending up in the phaseless set (which is just a point). Figure 7.2
illustrates the PRC as functions of the amplitude of the forcing and of the phase, and the Winfree time
crystal [64, 28], which corresponds to the asymptotic phase of a perturbed point, for the perturbation
given by (7.9). It’s worth noting that the PRC, as defined in (7.7), depends crucially on the isochron
structure as well as the form of the perturbation. The differing isochron structures observed in Fig. 7.1
lead to discrepancies between the PRC and PTC curves in Fig. 7.2.

As mentioned in Chapter 4, if the circle map defined in (7.6) is orientation preserving, we can fully
classify every orbit of the circle map. A necessary and sufficient condition for this is that the PTC
curve is monotonic. Figure 7.3 illustrates the PRC and PTC curves for the same set of parameters
(Q, G) under weak and strong forcing. We conclude that the map is monotonic for at least small
amplitudes, but this condition ceases to hold for stronger ones. This implies that with weak forcing, we
can fully classify every possible orbit of the circle map (7.6). However, for stronger forcings, although
this may not hold true, the rotation number can still capture significant information associated with
the existence of periodic orbits. From Fig. 7.3, the influence of the isochron structure on the PRC and
PRC curves becomes more apparent. It’s important to note that these differences will significantly
affect the synchronization properties of the system, as demonstrated in the following sections.

7.2.2 Synchronization

Having obtained the PTC curves for different amplitudes A, we can determine the rotation number
of (7.6), and the diagram p(s, A) corresponds to the synchronization diagram. As discussed in Chapter
4, synchronization regions, representing locked states, emanate from rational points on the horizontal
axis and for at least small forcing, they do not overlap. At the boundaries, synchronization is destroyed
via saddle-node bifurcations, resulting in unlocked states. Therefore, for a fixed forcing amplitude
A, locked regions are determined by the loci of saddle-node bifurcations. Conversely, when fixing
s and varying A, the bifurcations depend on how different tongues are traversed. In Fig. 7.4, the
Arnold tongues for the two parameter sets are depicted. We note that the diagram is periodic with
respect to the horizontal axis s, as previously explained, and thus, we limit the display to s € [0, 1).



149 Chapter 7. Complex Synchronization Dynamics of Electronic Oscillators

T
(e)
1
2

0.5

> 0 0y
-0.5

-1 -2

-2 0 2

T

Figure 7.1: Isochrons for the autonomous system (7.8) (with A = 0). (a) and (b) The parameters lie
between H) and FJ(rl) but the Floquet exponent in (b) is smaller. (c) The parameters lie between

FJ(rl) and H®. (d) The parameters lie between H?) and P. (e) The parameters lie between P and K.
The limit cycle and the equilibria present for each case can be found in Fig. 6.4.
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Figure 7.2: Top: (a) PRC and (b) PTC corresponding to (7.8) parameter values @ = 1.25, G = 0.68.
Bottom: (c) PRC and (d) PTC corresponding to (7.8) parameter values @Q = 3, G = 0.5.
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Figure 7.3: Top: (a) PRC and (b) PTC corresponding to (7.8) parameter values ) = 1.25, G = 0.68
for weak and strong forcing. Bottom: (c) PRC and (d) PTC corresponding to (7.8) parameter values
@ =3, G = 0.5 for weak and strong forcing.
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Figure 7.4: Synchronization regions (Arnold Tongues) corresponding to (7.8). (a) Parameter values
@ =1.26, G = 0.68 and (b) parameter values Q =3, G =0.5
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Figure 7.5: Rotation number p as a function of the variable s controlling the period of the perturbation
for fixed amplitude forcing A = 1.3 In (a) it is not increasing for @ = 1.25,G = 0.68. In (b) it is
increasing for Q = 3, G = 0.50.

The same periodicity holds for the p variable (only the term p mod 1 matters, see Chapter 4). The
quantitative differences in the structure of the two cases due to the isochrons are evident. In case (a),
the synchronization regions for 1 : 2 and 1 : 1 are broad and overlap with increasing amplitude, whereas
higher-order synchronization regions, like 1 : 3, are narrow and observable only for small forcing, where
the map is invertible. Conversely, in the second case, locked regions are well-defined even for strong
forcing, with higher-order synchronization, including 1 : 4, being observable. The regions tend to widen
with increasing amplitude. The map in the second case is nearly invertible and the rotation number is
increasing in s, even for very large amplitudes, allowing us to infer that aperiodic motion outside the
Arnold Tongues will be quasiperiodic, provided the map is topologically transitive. This conclusion
contrasts with case (a), where such inference would not necessarily hold. For further confirmation
of this observation, one could compare the Devil’s staircase as depicted in Fig. 7.5 for each of the
two cases, corresponding to a horizontal cross-section in Fig. 7.4. In (a), the map is not invertible for
strong forcing, and the rotation number is not increasing, yet it still captures relevant synchronization
information (remaining constant inside the resonance region). Conversely, in (b), the map is nearly
invertible, and the rotation number is continuous and increasing.

We note again that in a p/q Arnold tongue, the numerator p denotes how many cycles the phase
variable has completed, or equivalently, how many times it has crossed 27 before returning to the same
value. From this perspective, concerning the spectral properties of the continuous-time system, regions
such as 2 : 3 and 1 : 3 should be considered equivalent. They correspond to the same locking state
with respect to the external perturbation.

After obtaining the resonance diagrams of the oscillator subjected to external periodic perturbation,
we can observe the results on both the discrete circle map and the original continuous-time perturbed
system. First, we present examples of 1: 2 and 1 : 1 synchronizations, along with aperiodic motion, for
the second parameter set in Fig. 7.4 (b). We note that the Floquet exponent A = —1.1 and the cycle
is sufficiently attracting, allowing us to set at least k£ = 2, which we use subsequently.

In Fig. 7.6, the forcing parameters lie in the resonance region defined by p = 1/2. In the discrete
time (c) and (d), this translates to a stable period two cycle. As seen in (a), the resulting signal is
periodic, while in (b), the Poincaré section (7.4) corresponds entirely to the period two cycle of the
circle map. The spectrum of the output signal is depicted in (e). Under synchronization conditions,
the spectrum remains discrete, but the spacing between the frequency peaks is determined by both
the injected period 7" and the rational rotation number. In the case of p = 1/2, the frequency spacing
equals 1/2(kTy + Ts) and the output signal has frequency equal to 1/2 that of the forcing with the first
harmonic centered at 1/2(kTy + T5).

In Fig. 7.7, the forcing parameters lie in the resonance region defined by p = 0 which is 1 : 1
synchronization region. In the discrete time (c) and (d), this translates to a fixed point for the circle
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map. As seen in (a), the resulting signal is periodic, while in (b), the Poincaré section (7.4) corresponds
entirely to the stable point of the circle map. The spectrum of the output signal is depicted in (e).
The spectrum is again discrete, but the spacing between the frequency peaks equals 1/(kTy + T;) and
the output signal has frequency equal to 1/2 that of the forcing with the first harmonic centered at
1/ (kTO + Ts)'

As a final example for this parameter set, we present a case of aperiodic motion in Fig. 7.8. The
forcing parameters lie in a region between Arnold tongues where the rotation number is irrational
(practically, due to limited numerical accuracy, the rotation number may appear rational but does
not fall within any Arnold tongue). In discrete time (¢) and (d), it is evident that the orbit of the
circle map does not converge to any stable periodic cycle. However, we cannot definitively ascertain
if the motion is chaotic or quasiperiodic, although we suspect it to be quasiperiodic based on the
nature of the resonance diagram in Fig. 7.4. The time series in (a) confirms the aperiodic motion,
and the Poincaré section in (b) does not converge to any orbit but fills the cycle. Upon examining the
spectrum in (e), it becomes apparent that the spacing between the frequency peaks is not constant,
contrasting with synchronized cases. However, it is also not continuous, confirming the hypothesis that
the aperiodic motion is indeed quasiperiodic and not chaotic. In fact it is the linear combination of
two icommensurate frequencies.

Next, we examine the first set of parameters: @ = 1.25 and G = 0.68. The synchronized cases do
not differ compared to those of the previously studied parameter set, and for this reason, we do not
repeat them here. The only quantitative difference is the spacing between the frequency peaks, which is
influenced by the distinct characteristics of the limit cycle: the free-running frequency differs, and the
Floquet multiplier is —0.05, suggesting that higher values for k, at least 10, should be utilized for the
oscillator to lock to the external perturbation. Despite the qualitative similarity in the synchronized
cases, the aperiodic case is different. From Fig. 7.4 and the subsequent discussion, we suspect that the
motion in this case will be chaotic instead of quasiperiodic. In Fig. 7.9, we assume parameters that lie
within a region of an ill-defined rotation number, in the sense that it does not belong to any Arnold
tongue. In (c) and (d), it is clear that the orbit of the circle map does not converge to any periodic
orbit, as expected. Similarly, the time series of the output signal in (a) is not periodic. The points in
the Poincaré section in (b) tend to fill specific parts of the cycle, suggesting that the motion is chaotic
rather than quasiperiodic. Indeed, upon examining the spectrum in (e), we conclude that the spectral
lines are continuous, confirming that the motion is chaotic.

From the above results, we can immediately see how a synchronized oscillator can be applied
in practical scenarios. Firstly, the characteristics in the locked state suggest that the oscillator can
function as a frequency divider, converting periodic input signals into periodic outputs with controllable
spectral lines. Additionally, it can be utilized in applications requiring chaotic or quasiperiodic motion.
When operated in the unlocked state, it can generate a chaotic output with a continuous spectrum or
a quasiperiodic output. More generally, synchronization offers the significant advantage of having a
locked phase, meaning that the issue of arbitrary phase is eliminated, resulting in reduced phase noise.
Essentially, the above analysis suggests that a single limit cycle oscillator can function as a divider,
multiplier or a chaotic generator, depending on the driving signal.

7.2.3 Synchronization under Strong and Rapid Perturbation: Complete Action-
Angle Representation

In the previous subsections we made the assumption that ¢17} is sufficiently negative so that we
can neglect the equation for 1 in (7.5) and utilize only the circle map (7.6). Under this assumption
we showed that the circle map describes effectively the synchronization dynamics of the the forced
oscillator and derived the resonance diagram. Now we loosen this requirement and utilize both the
angle and the action (isostable) variable to study (7.8).

Since the system (7.8) is planar, there is a one-to-one correspondence between each point (x,y) in
the phase space and the action-angle coordinates (r, ). We have already computed the 6 coordinate,
which represents the isochrons. In Fig. 7.10 (a) and (b), the Koopman eigenfunction associated with
the Floquet exponent A is illustrated. The iso-curves of this surface correspond to the isostables (as
discussed in Chapter 3). In (c), various isochrons and isostable curves are shown. The intersection
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of any two such curves defines a point with the corresponding action-angle coordinates. Conversely,
from the (z,y) coordinates, one can straightforwardly determine (r,6). We remark again that the
action-angle coordinates, as Koopman eigenfunctions, define a diffeomorphism,

h:B — R?

(2,9) = (. 6), (7.10)

and in these new coordinates, the system evolves linearly. In (d) and (e), the first coordinate of the
gradients Vry; and V6 are displayed, which are used to determine the response of the system to a
general perturbation as given by (7.2), and (f) shows the restriction of V6, on the limit cycle, which is
the well known infinitesimal PRC @Q(#) (see Chapter 3). As discussed in Chapter 3, the evolution of an
observable can be expanded in a series of eigenfunctions, as expressed in (3.85). If f =0 on the limit
cycle, which is the case for the observable used in computing the isostables, the time evolution of f(x)
is given by,

Ulf@) = >, e W, sf(@)sh(a), (7.11)

meEZ>o, kEZ

from which it follows that (U?f)e~** tends to

Ulf(z)e ™t — Z e“ktay ko s1(2)sh(x), (7.12)
keZ

which is shown in (g) in order to give a practical insight of the Koopman operator framework introduced
in Chapter 3.

Now we suppose the architecture of direct injection of the MOS oscillator, as discussed in Chapter
5, instead of the architecture that was previously discussed. In that case, (7.8) becomes

i =—Qu+ QGx(1 —z%) + Ap(t)
y=(-y)/Q.

To illustrate this scenario we choose as the periodic perturbation,

(7.13)

p(t) = 6(t —nTh), (7.14)
n=0

namely we assume that instead of a periodic sequence of rectangular pulses, the perturbation is a
pulse series (equivalent to rectangular pulses with 7, — 0). In this case however, we don’t impose any
restriction on 0171. It can be made arbitrarily large (absolutely) so that the phase reduction model
may not be valid. In such a scenario, the two-dimensional map (7.5) should be employed to determine
whether the oscillator is locked to the external perturbation.

Let T1 = 0 4 0.17p, or with the previously introduced notation, k¥ = 0 and s = 0.1. In Figure
7.11, we observe the response of both the discrete-time map (7.5) and the continuous-time system
to the applied perturbation. In (c) and (d), the two-dimensional map converges to an equilibrium,
corresponding to a synchronized 1 : 1 state for the perturbed oscillator. However, the action variable r
is far from 0 (the limit cycle), indicating that reduction with only the phase variable would not be
valid. The time series of the x variable is periodic, as expected, but the oscillation is strongly nonlinear
compared to earlier scenarios. In (b), the points of the Poincaré section converge to a fixed point (the
transient phenomenon is not shown here), consistent with the discrete map in (c¢) and (d). Examining
the spectrum of the time series of x in (e), we find that the spectrum is discrete, as expected for the
synchronized state, with spacing between the frequency peaks equal to 1/(sTp), namely the frequency
of the perturbation. In essence, this results in the output signal having a frequency ten times that of
the free-running oscillator.

Consequently, in the case of strong and rapid forcing, the circle map describing the evolution of the
phase at the arrival of each perturbation should be augmented with the action variable to provide a
valid description of the synchronization dynamics of the system. The Koopman operator framework
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Figure 7.10: (a) and (b) Koopman eigenfunction associated with A;. (c) Isostables and isochrons. (d)
First coordinate of gradient e! Vry. (e) First coordinate of gradient el V@ and (f) e7'V0(0,0) = eI Q(0).
(g) Time evolution of the Koopman modes associated with kA\; + ivw, k > 1
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introduced in Chapter 3 naturally generalizes the one-dimensional circle map. However, one should be
cautious when using with the cases of higher-order synchronization (with respect to the forcing).

In general, a 1 : 2 synchronization could correspond to either a two-cycle for both the r variable
and the 6 variable or to an equilibrium for the r variable and a two-cycle for the 6 variable. Similar
considerations apply for the general 1 : ¢ case, motivating the generalization of Arnold tongues to
apply in this scenario as well.

In terms of possible applications, the resulting periodic solutions were strongly nonlinear, which
can be particularly useful in certain cases. Moreover, this scenario enables the design of oscillators
with a frequency equal to a multiple of the free-running frequency (i.e., a multiplier), in contrast to the
cases discussed in the previous subsection where the frequency was always divided. The significant
advantage of the locked phase applies here as well.

7.3 Complex Synchronization Dynamics of the Colpitts Oscillator

We continue with the study of the periodically perturbed Colpitts oscillator (5.22), which is
described by the system of equations,

. g 2

=g

Ty = & (z3+ Af(t)) (7.15)
T3 = —Qk(lg_k)(l'l + x2) — 22163-

We note that, referring to Fig. 5.5 (c¢), we have assumed that the forcing corresponds to a current
source I Af(t) parallel to the bias source Iy = I. Similar to the differential LC' oscillator, we suppose
that f is a periodic function of period 77, and A is the normalized amplitude of the perturbation. The
parameters @, g, and k are selected so that a stable limit cycle exists (see Chapter 6). Similar to (7.9),
we assume the following form for the forcing,

ft) = Z L7, (t — nT1), (7.16)

n=0

where T, = T/10 and Ty = kT + sT, where k € N and T is the period of the unforced limit cycle.
The steps we follow are in accordance with the case of the differential LC' oscillator: we first study the
isochrons, examining how they are affected by changes in the dynamics due to different parameters, and
then analyze the phase response curves. We continue by deriving the Arnold tongues and investigating
the synchronization dynamics. Both in the derivation of the PRCs and in the analysis of the response
subject to a perturbation, we use a simulation in Simulink to compare with the theoretical findings,
where non-idealities in the BJT and in the passive elements are considered. Concluding this section,
instead of using both the action and the phase variable to study synchronization under strong and
rapid forcing, we explore a different kind of synchronization possible in the Colpitts oscillator: chaotic
synchronization.

7.3.1 Isochrons and Phase Response Curves

We begin with the study of the isochrons structure for different values of @), g and fixing k£ = 0.5.
Figure 7.12 shows the corresponding manifolds.

In (a), the parameters are such that a limit cycle is the unique attractor of the system. No period
doubling or tangent bifurcations have occurred, resulting in the coexistence of attractors or the creation
of repellers. Hence, the phaseless set contains only the two-dimensional stable manifold of the origin,
W#(0). In (b), the parameters lie above the Fp; curve and below the Fj; curve of Fig. 6.9 (b), and
a period-doubling bifurcation has resulted in a stable limit cycle of double period, while the initial
limit cycle has become saddle. This results in a more complicated structure for the isochrons, as
the phaseless set now contains both W#(0), the unstable limit cycle itself and its stable manifold.
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In (c), the parameters lie above the curves Fj; and F1(,21) of Fig. 6.9 (b). Consequently, another

period-doubling bifurcation has resulted in the birth of another stable limit cycle of double period, and
the previous ”period two” cycle has become unstable, resulting in two unstable limit cycles (period
"one” and "two”). It is apparent that the isochron structure has become more complicated. For the
parameters in (d) and (e), we have coexistence of two stable cycles. Hence, each point in the phase
space will converge to either of them depending on whether it belongs to the basin of attraction of one
or the other. Thus, the phase of each point that we are computing is not necessarily the phase that
corresponds to the same limit cycle, thus further complicating the isochron structure. In the Figure we
compute the phase as if there was only one cycle (we suppose that we do not know the existence of
the other). From the discussion above, we again conclude that the structure of isochrons is crucially
affected by the dynamics of the system and reveals its complexity. Even repellers that do not affect
the stability properties of the system influence their structure.

As previously mentioned, isochrons are an intrinsic property of the system but crucially affect
its response to an external periodic perturbation. Here, we focus on the first set of parameters
(logpg = 1,1log;p @ = 1.35, leading Floquet exponent —0.022), where the system admits a unique
stable limit cycle without other attractors or repellers. The phaseless set comprises only W#(0), and
the structure of isochrons is relatively simple. Using the perturbation (7.16), we compute the PRC
and PTC of the system (7.15) for different values of the forcing amplitude A. It’s worth noting
that the forcing A must allow for large values (compared to the case of differential LC' oscillators)
due to the large values of the state variables resulting from normalization. Fig. 7.13 (a) shows the
PRCs, and (b) illustrates the Winfree Time Crystal (surface defined by PTC). The PRCs and the
PTCs for two fixed amplitude values are depicted in (c) and (d). We remark that, as in the case of
differential LC' oscillators, the circle map (defined by the PTC) is not invertible for strong forcing,
but the rotation number still captures the relevant synchronization information. Lastly, in (e), we
compare the theoretically derived PTC (from the system (7.15)) with the one derived from simulation
in Simulink. Here, we note that in order not to rely on any prior knowledge in the simulation, we have
not used the isochrons to compute the PTC, but rather measured it via the delay in phase between
the perturbed and the unperturbed time series directly from the simulation. Due to the ambiguity
in the zero-phase point, we have translated the simulation-derived PTC so that a comparison makes
sense. The close correspondence suggests that the results derived through the study of the circle map
of the ideal system also yield valid results for the real system and further suggest a general way of
extracting the PTC (which captures all the information essential for determining the circle map) from
a circuit seen as a ”black box”, without the need for having the differential equations describing it.

7.3.2 Synchronization

After computing the Winfree Time Crystal, we can determine the rotation number p(s, A) of the
circle map (7.6) and establish the resonance diagram for the periodically perturbed Colpitts oscillator.
We remind that due to the form of (7.6), only the term sT' of 77 matters in the synchronization
properties, allowing us to restrict values to s € [0,1). All observations regarding the form of the
Arnold tongues discussed in the case of the differential LC oscillator naturally apply here as well, with
only quantitative differences observed. Upon examining the leading Floquet exponent, we observe
that it is of the same order as in the second case of the LC oscillator, hence we expect qualitatively
similar behavior. Figure 7.14 (a) illustrates the Arnold tongues. For small forcing amplitudes (where
the map is also invertible), the resonance regions are well defined and do not overlap. Higher-order
synchronizations such as 1 : 3 or 1 : 4 can also be observed, but the corresponding regions are narrow.
As the amplitude is increased, and the map ceases to preserve orientation, the regions become wider but
also overlap, leading to the destruction of synchronization. It is worth noting that 1 : 1 synchronization
regions are particularly wide. These properties resemble those of the resonance diagram in Fig. 7.4 (a),
implying a relationship between the attractivity of a limit cycle and its synchronization properties.
Specifically, the circle map ceases to be invertible for stronger forcing, leading to the overlap of different
synchronization regions. We can further validate this relationship by examining the Devil’s staircase,
namely the plot p(s; A) for a fixed and large value of the forcing A in Fig. 7.14. As expected, the
rotation number is not increasing in s since the map does not preserve orientation, similar to the case
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Figure 7.12: Isochrons for the autonomous system (7.15) (with A = 0). In (a) the stable limit cycle is
the unique attractor of the system and no unstable limit cycles exist. In (b) the parameters lie above
Fy,1 and below Fy ; of Fig. 6.9; thus a period doubling bifurcation has resulted in a stable period two
cycle and the period one cycle has lost stability. In (c) the parameters lie above Fy; and below F1(21)
of Fig. 6.9; another period doubling bifurcation has occurred. In (d) and (e) two stable limit cycles
coexist.
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Figure 7.14: (a) Resonance diagram for the Colpitts oscillator (7.15). (b) Devil’s staircase for A = 68.
Parameter values log,qg = 1, log;o @ = 1.35, k = 0.5.

of the differential LC' oscillator with the second set of parameters.

Having obtained the resonance diagram, we compute the response of the Colpitts oscillator in
discrete time and continuous time for different forcing parameters s and A. We further perform
simulations of the oscillator in Simulink to validate its operation. We remark that the small Floquet
multiplier demands a value of k& = 40.

In Fig. 7.15, the forcing parameters lie within the 1 : 3 synchronization region of Fig. 7.14 (a).
The circle map defined by the theoretically derived (d) and the simulation-derived (e) PTC converge
to a 3-cycle. The same is apparent from the cobweb plot (f) (the cobweb with the PTC derived from
simulation is omitted, since it does not offer anything new). We remark that the difference between the
two 3-cycles (theoretical and simulation) is only due to the different zero-phase points. The x variable
of the output, which corresponds to the voltage V.1, is periodic as shown in (c). Its spectrum in (g)
and (h) is discrete as expected under resonance conditions and suggests that the period of the output
equals three times that of the forcing, and the spacing between the frequency peaks is 1/3(kT + T5).
In (a) and (b), we can see that the points of the points on the Poincaré section (7.4) (the transient
phenomenon has been omitted) converge to a three-period cycle in accordance with the circle map
orbits. The complete correspondence between the theoretical results and the simulation suggests that
the circle map can accurately describe the synchronization dynamics of the perturbed oscillator. It is
important to note that the computation of the PTC is irrelevant, whether it is derived theoretically or
directly from the simulation. Moreover, the synchronization phenomenon, as seen in its generality, is
qualitatively the same for both the Colpitts and the differential LC oscillator, in the sense that inside
an Arnold tongue, the response is expected.

In Fig. 7.16, the forcing parameters lie within the 1 : 2 synchronization region. The analysis of
the results is exactly similar to that of the 1 : 3 case and that of the cases of the previously described
oscillator, so we do not repeat them again.

Finally, in Fig. 7.17, we explore the case of an unlocked state, where synchronization between
the oscillator and the forcing fails. Here, the parameters lie in a region where the rotation number is
irrational (practically rational but outside any tongue). Both the theoretically derived circle map (d),
(e) and the simulation-derived map (f) suggest the absence of a periodic orbit as an attractor, indicating
aperiodic motion. However, we cannot yet determine whether this motion is chaotic or quasiperiodic.
Both the theoretical and simulated Poincaré sections show consistency with the circle map orbits,
verifying the aperiodic motion, something also evident from the time-series of the x variable in (c).
Nevertheless, (a) indicates that the points of the Poincaré section tend to cluster in specific parts of
the circle rather than densely filling it, suggesting chaotic rather than quasiperiodic motion. This
observation is further supported by examining the spectrum in (g), (h), which is continuous, unlike the
discrete spectrum observed under synchronization.

Based on the analysis above, we can conclude that the circle map effectively captures the syn-
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Figure 7.15: Limit Cycle and points at the time of arrival of each pulse obtained from system (7.15) in
(a) and from simulation in Simulink in (b). Corresponding time series of x in (c). Circle map orbit in
(d) and corresponding cobweb in (e). Circle map orbit using the simulation derived PTC in (f). Output
spectrum X (f) = |F(z(t))| in (g) and enlarged in (h). The frequency spacing equals 1/3(kT + T5).
Forcing parameters: A = 64, s = 0.31, k = 40. Circuit parameters log;, g = 1, log;( @ = 1.35, k = 0.5.
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Figure 7.16: Limit Cycle and points at the time of arrival of each pulse obtained from system (7.15) in
(a) and from simulation in Simulink in (b). Corresponding time series of x in (c). Circle map orbit in
(d) and corresponding cobweb in (e). Circle map orbit using the simulation derived PTC in (f). Output
spectrum X (f) = |F(z(t))| in (g) and enlarged in (h). The frequency spacing equals 1/2(kT + T5).
Forcing parameters: A = 64, s = 0.44, k = 40. Circuit parameters log;, g = 1, log;( @ = 1.35, k = 0.5.
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Figure 7.17: Limit Cycle and points at the time of arrival of each pulse obtained from system (7.15) in
(a) and from simulation in Simulink in (b). Corresponding time series of x in (c). Circle map orbit in
(d) and corresponding cobweb in (e). Circle map orbit using the simulation derived PTC in (f). Output
spectrum X (f) = |F(x(t))| in (g) and enlarged in (h). Forcing parameters: A = 64, s = 0.23, k = 40.
Circuit parameters log;og = 1, log;o @ = 1.35, k = 0.5.
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chronization dynamics of the perturbed Colpitts oscillator, as expected from the previous discussions
on the synchronization of differential LC oscillators. Importantly, our analysis indicates consistency
between the simulation of the non-ideal model and the theoretical results, suggesting robustness in this
method of synchronization.

7.3.3 Chaotic Synchronization

In Chapter 6, we explored how the Colpitts oscillator demonstrates a strange attractor under
certain parameter values. We noted that chaos in this oscillator can arise from either Shilnikov-type
mechanisms or Feigenbaum cascades. This chaotic behavior distinguishes the Colpitts oscillator from
the differential LC oscillators studied in previous sections, enabling a different form of synchronization:
chaotic synchronization. Following [50], we can further categorize chaotic synchronization into phase
synchronization, where the system is periodically perturbed, and complete synchronization, where two
coupled identical oscillators synchronize with each other.

Phase Synchronization

We begin by studying phase synchronization. In this case, the system can be viewed as an oscillator
with chaotically modulated amplitude and with an average uniformly rotating phase. We assume the
existence of an appropriate Poincaré cross-section ¥ such that the phase can be defined as

t—t,
o) =2n——— 4 2n7, t, <t <tpy1, (7.17)
tn+1 —tn

where t,, denotes the time of the n- th crossing with the Poincaré section . Furthermore, we define w
as the radial frequency of the number of returns to the Poincaré cross-sections. It is important to note
that this assumption does not hold for all chaotic oscillators; not all have a well-defined phase. Even if
we assume this to be the case, the phase does not evolve linearly with time, as with limit cycle systems
(see Chapter 3 and the Koopman eigenfunction), but can be seen as diffusive. Specifically,

¢=w+F, (7.18)

where the function F' represents the effective noise (which is deterministic). In general, the broader
the peak of the spectral line of an observable at w, the stronger the effect of the chaos resulting in an
oscillator with an ill-defined phase.

Synchronization in this case can be achieved similarly to limit cycle systems by perturbing the
oscillator with a periodic function. For a 1:1 locking, which we will examine, the input frequency
should not significantly differ from w. Generally, in the A — T}, plane, the synchronization regions
qualitatively resemble Arnold tongues, as in the case of synchronization of limit cycle systems. The
forcing essentially suppresses the diffusion of the phase. It’s worth noting that the amplitude of the
perturbation should not be too strong to avoid suppressing the chaotic modulated amplitude.

Phase synchronization can also be examined in the frequency domain, where the limitation of
a well-defined phase is not important. The autonomous oscillator has a continuous spectrum and
a frequency peak at w, while the spectrum of the perturbed oscillator demonstrates peaks at both
w and w;,. If w;, and A are such that locking occurs, the peak at w is absorbed by that at w;,, or
equivalently, the autocorrelation of the output has non-decreasing maxima at times k75,.

A final way of examining phase synchronization is through the mean field X = (z; +--- 4+ z,,)/n
where each xz; is the x variable of the oscillator with different initial conditions (x;(0), y;(0), 2;(0)) on
the attractor. For large n, the mean field tends to 0, but under synchronization, it is oscillating with
frequency w.

We examine the Colpitts oscillator with log;, @ = 0.69, log;; g = 0.88, and k = 0.5, which results
in a strange attractor due to Feigenbaum cascade, as illustrated in Fig. 7.18. In this case, the phase is
well defined, and one can approximate the mean radial frequency as

N,
w = lim 27T7t, (7.19)

t—o0
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Figure 7.18: (a) Strange Attractor. (b) Synchronized Responce. (¢) Spectrum X (f) = |F(x(t))| of
the synchronized responce. Circuit parameters log;; @ = 0.69, log;og = 0.88 k = 0.5 and forcing
parameters A = 2, wo = 0.99.

where N; denotes the number of maxima of the x variable in the interval [0,¢]. Practically, using a
high value for ¢, we get w ~ 1. We perturb the oscillator exactly as in the previous subsections, but for
the periodic function f in (7.15), we choose f(t) = cos (wint). To achieve 1:1 locking, we set w;, = 0.99
and the amplitude A = 2.

Fig. 7.18 (b) shows the comparison between the autonomous oscillator, the synchronized oscillator,
and the forcing. As we can see, the forcing has modified the phase accordingly to synchronize with the
perturbation, but it has not suppressed the chaotically modulated amplitude. The difference with the
response of the autonomous oscillator is clear. In (c), we see that the spectrum remains continuous due
to the chaotic amplitude, but it has the strongest peak at wyy¢, while peaks at higher harmonics also
appear indicating that synchronization has been achieved. A straightforward calculation of the mean
radial frequency (7.19) shows that it is equal to wy,; as expected. Similar to the case of limit cycle
systems, using different amplitudes, one can find the resonance diagram, whose form will be similar to
Arnold tongues.

Complete Synchronization

We close the study of chaotic synchronization of the Colpitts oscillator by examining the Complete
Synchronization. In this context we consider two identical dynamical systems demonstrating chaotic
behavior,

l‘:f(!E,t), y:f(yvt) (720)

We note that the systems are not necessarily autonomous and hence the analysis to follow can be
naturally applied to chaotic systems arising from periodically perturbed oscillators, as in the previous
sections. The goal of complete synchronization is to introduce dissipative coupling between the two
systems, which in electronic oscillators corresponds to coupling through resistors, in order to make
identical, i.e. x = y for large t. Hence, regardless of the different initial conditions of the systems that
result in different orbits evolving on the strange attractor, the state variables will eventually coincide in
the longterm. We note that the same idea of dissipative coupling can be applied to limit cycle systems
as well, resulting in the mutual synchronization of the systems. The analysis of it is exactly similar
to the phase dynamics presented in previous sections and for this reason we concentrate on chaotic
systems.

In the following we assume that (7.20) describe two Colpitts oscillators. Let € > 0, u = (z+y)/2, v =
y — x and introduce the coupling

&= f(z,t)+ely —z) = f(x,t) + ev (7.21)
§=fy,t) — ey —a) = f(y, 1) — ev. '
Linearizing around the synchronous solution x = y = u in order to study its stability, we get
0
U= 2 v — 2ev. (7.22)

ox u(t)
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Figure 7.19: (a) Coupling strength ¢ = 0.01. The oscillators are not locked. (b) The coupling strength
is close but smaller than €q,: modulation intermittency. (c) Locking with € > €.mq,. Circuit
parameters: log;o () = 0.69, log;y g = 0.88, kK = 0.5.

If we introduce the time dependent transformation ¢ = =2y, (7.22) becomes,

o
ox u(t)

V=

(7.23)

The mean growth of ¥ is governed by the maximum Lyapunov exponent A4, of the chaotic system
(7.20) (see Chapter 2), which shows that for € > A\q2/2 = €. the synchronous solution is stable in the
sense that small perturbations decay to zero on average.

Before examining numerical examples for the Colpitts oscillator, we make some remarks concerning
the establishment of synchronization. We can consider the log |v| (where |-| denotes taking the absolute
value of its element of the vector) variables as performing a multi-dimensional random walk, where the
chaotic synchronous state u is viewed as noise. Near the synchronization threshold, the dynamics of
the random walk are mainly determined by fluctuations, and the distribution of logv spreads in time,
resulting in bursts in the time evolution of the v variables. This phenomenon is known as modulation
intermittency.

Recalling that the strange attractor, as explained in Chapter 2, consists of an infinite number of
unstable periodic orbits, which are also dense in the attractor [30], we can examine the transition to
synchronization as the synchronization of these orbits. Each periodic orbit possesses a trivial multiplier
equal to one and one always-unstable leading multiplier. A bifurcation occurs for the i-th periodic orbit
at €.; when the dominant multiplier’s modulus equals 1, and the direction tends to become stable.

The e, value we found above does not necessarily correspond to I = max; €. ;, where complete
synchronization exists. For € € (e, F), the synchronous solution is stable only on average, as we
explained before, and the synchronous state is a Milnor attractor in the sense that almost all initial
conditions in a neighborhood of the attractor converge to it. Since there exist periodic orbits that
fail to synchronize, there also exists a dense set of initial conditions for which the systems fail to
synchronize with one another. This dense set of points might converge to another periodic orbit, a
remote attractor, or escape to infinity. In the first case, the result is akin to complete synchronization,
while the other cases suggest that almost synchronization is only transient. Correspondingly, we can
define e = min, e.;, and for € < e, the synchronous solution is unstable, while for € € (e, E), almost
all initial conditions diverge from the synchronous regime. Hence, in the case of chaotic complete
synchronization, there exists an interval (e, E') where bifurcations occur, in contrast to the bifurcations
of limit cycle systems.

Now we apply the ideas discussed to synchronize two Colpitts oscillators using the coupling of the
form (7.21). We find that the maximum Lyapunov exponent, calculated using Wolf’s algorithm [65], is
A = 0.031, hence e, = 0.015. Fig. 7.19 illustrates the difference between the first state variable of the
two oscillators. In (a), the coupling strength is smaller than the threshold, and as expected, the two
chaotic oscillators are not synchronized. In (b), the coupling strength e is close to the threshold, and
modulation intermittency occurs. In (c), € > €, and synchronization is observed. We note here that
we cannot explicitly compute €4z, 50 We are not certain that all periodic orbits are synchronized,
but only that the synchronous state is a Milnor attractor. The small bursts that follow a synchronous
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regime, before it becomes again synchronized, observed in (c), suggest that € < € mqz. As the coupling
strength is increased, the synchronization becomes complete, and these intermittencies are absent,
while the convergence towards the synchronous state is also faster.

In this chapter, we examined the synchronization properties of both the differential LC' and the
Colpitts oscillators under periodic forcing. We demonstrated that a circle map effectively captures the
information regarding synchronization, building upon the concepts introduced in Chapter 3. Using the
analysis from Chapter 4, we derived synchronization regions based on circle maps. Applications of these
concepts include frequency division or generally situations where oscillators with reduced phase noise
are required. Subsequently, we explored the impact of strong and rapid forcing on the synchronization
properties of the differential LC oscillators. Our analysis revealed that the two-dimensional map
defined by the action-angle coordinates can effectively characterize this scenario. Applications of this
case may include frequency multiplication. Lastly, we investigated synchronization mechanisms of the
chaotic Colpitts oscillator: phase synchronization, where the oscillator is synchronized with an external
forcing, and complete synchronization where two coupled oscillators synchronize with each other in the
sense that the state variables coincide completely.



Chapter 8

Conclusion and Future Research

8.1 Summary and Conclusions

In this thesis, we present a comprehensive examination of the Koopman Operator and its applications
in the complex synchronization dynamics of electronic oscillators while also rigorously studying the
nonlinear dynamics associated with the autonomous systems. The proposed methods offer a unified and
rigorous framework for the study of periodically forced oscillators through the reduction to generalized
action-angle coordinates, a technique that has been introduced in the electronis literature. The
developed methodology offers potential applications in frequency division, frequency multiplication,
and in terms of the tunable characteristics of the output signal, which are often obscured when studied
in the frequency domain.

The developed Koopman framework allows for a more generalized and unified treatment of
dynamical systems with attractors. Under specific assumptions, any function of the state variables can
be expanded into an infinite series of Koopman eigenfunctions, akin to the finite expansion seen in
linear systems. For systems exhibiting limit cycle, this approach facilitates the extension of isochrons by
leveraging certain Koopman eigenfunctions and offers efficient computational methods. The definition of
isochrons is naturally extended to general systems with Milnor attractors within the Koopman operator
framework. Additionally, the framework introduces action variables to complement the angle variables
provided by isochrons, leading to a diffeomorphism that linearizes the system in the new variables.
It is demonstrated that only one action variable dominates the time evolution of the others, offering
a rigorous method for deriving action-angle coordinates in dissipative systems. This complements
traditional phase reduction models, particularly in the case of limit cycle systems. Effective numerical
methods for calculating gradients of the new variables enable rigorous study of systems under arbitrary
perturbations, without the constraint of weak forcing. Focusing on periodic perturbations with specific
characteristics (though not limited to weak forcing), we demonstrate that a circle map can effectively
capture the complexity of the synchronization dynamics.

Analysis of this circle map reveals that the rotation number captures all pertinent information
regarding synchronization. Rational rotation numbers indicate locking with external perturbations,
with the denominator determining the synchronization order. Additionally, we prove the existence of
Arnold tongues and their linear evolution of their borders with respect to the amplitude. With further
constraints on forcing amplitude (generally avoiding excessively strong forcing), we demonstrate a
comprehensive classification of all possible system orbits (Poincaré classification).

Subsequently, after briefly examining the operation of two transistor types (MOS and BJT), we
model two basic oscillators—the differential LC and the Colpitts—for studying associated nonlinear
dynamics and synchronization properties. Traditional approaches in electronic literature concerning
the analysis of autonomous and forced oscillators are reviewed. Weakly nonlinear systems and nearly
sinusoidal oscillations are commonly assumed in the former case, while a rigorous nonlinear analysis has
been conducted on the Colpitts oscillator. Although the concept of isochrons has been introduced, it has
not yet been further utilized. Approaches regarding the synchronization of electronic oscillators typically
require nearly sinusoidal free-running oscillations, weak forcing, and small detunings. These methods
primarily rely on frequency domain arguments, where synchronization properties are determined by
frequency mixing resulting in the fundamental frequency, essentially providing the slope of Arnold
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tongues’ borders. Attempts to consider perturbation effects on amplitude still face limitations, and
their derivations lack rigor. None of the aforementioned methods adequately describe synchronization
properties of the systems under study due to amplitude limitations.

Before studying the synchronization properties of the considered oscillators, we first examine their
nonlinear dynamics. We introduce the Melnikov method, demonstrating analytically that, at least in a
neighborhood of the origin, all differential LC' oscillators exhibit qualitatively similar behavior and
elucidate the complete bifurcation picture. Motivated by the symmetry inherent in these systems, we
explore the Zy symmetry in a broader context. Turning our attention to the Colpitts oscillator, we show
that the complex dynamics of its fundamental structure stem from the Shilnikov phenomenon, which
we review. We identify some of the infinite number tangent and flip bifurcation curves. Cascading
bifurcations of the latter type lead to another form of chaos: Feigenbaum chaos. This fundamental
structure repeats it self throughout the parameter space.

Considering the main case of systems possessing stable limit cycle, we analyze the general method-
ology which is based on the phase-amplitude reduction and on the study of the circle map. We
show that the isochrons capture the complex behavior of each system (depending on the parameters
based on the preceding bifurcation analysis), determine the characteristics of the circle map and
hence the synchronization properties of the system. Next we apply this method on each system and
obtain the synchronization regions (Arnold Tongues). In this way, the oscillators can operate as
frequency dividers, converting periodic input signals into periodic outputs with controllable spectral
lines. They can also operate as precise time keepers with low phase noise as a result of the locked
phase. In the case of differential LC oscillator we argue that when the parameters are such that
a stable limit cycle with sufficiently negative Floquet exponent, exists, then the oscillator becomes
more suitable for the locking mechanism. Conversely, if the oscillators are operated in the unlocked
state, chaotic or quasiperiodic motion can be achieved. Further, we provide a scenario where the
complete two dimensional action-angle map should be utilized to study the synchronization properties
of the differential LC' oscillator. The resulting periodic solution is strongly nonlinear with a frequency
equal to a multiple of the free-running frequency exhibiting characteristics of a multiplier. Thus, the
developed framework offers a unified treatment of periodically forced oscillators and demonstrates
several practical applications that are usually obscured within the traditional methods utilized in the
electronics literature. In particular, a single limit cycle oscillator can function as a divider, multiplier
or a chaotic generator, depending on the driving signal. Finally, we show that the Colpitts oscillator
when operating in the chaotic region, can be synchronized in phase with an externally applied signal
or completely with another identical oscillator, if properly coupled.

8.2 Future Research

The methods proposed in this work offer a rigorous unified framework for studying the synchro-
nization dynamics of electronic oscillators. Determining the resonance regions enables the design
of an appropriate periodic perturbation to lock the free-running oscillator to the external reference
signal. Consequently, the output signal experiences reduced phase noise and phase indeterminacy.
This could be employed in systems requiring devices that can measure time with high accuracy.
Moreover, combining appropriately locked oscillators could also yield frequency multipliers, in addition
to applications in frequency division. It would be intriguing to apply the proposed methodology to
generalizations of the considered oscillators, such as differential LC' oscillators with multiple LC' tanks.
Generally, if n tanks are present, the dynamical system has order 2n but maintains the Zo symmetry
discussed in Chapter 6. The associated dynamical phenomena are more complex, allowing for different
synchronization mechanisms.

The presence of invariant tori in such systems enables the study of generalized isochrons, as defined
in Chapter 3. Investigating the generalization of the proposed circle map to two-dimensional coupled
circle maps in the presence of periodic forcing would be an interesting theoretical pursuit. Another
avenue for future research is utilizing the notion of isostables, which is often overlooked. For planar
oscillators, the two-dimensional action-angle system provides a comprehensive characterization of the
oscillators under autonomous operation or arbitrary forcing. For higher-dimensional systems, the
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induced error is small. The corresponding map, obtained through an appropriate Poincaré section,
facilitates the study of synchronization in a broader context without constraints on the period or form
of the perturbation. This generalization offers significant new applications, such as using the system as
a multiplier (with respect to the free-running frequency) instead of a divider.

Finally, the Koopman operator framework could be applied to electronic oscillators treated as
black boxes, where the governing equations of their dynamics are unknown. In such cases, one could
determine the principal eigenvalues of the operator by observing the time evolution of appropriate
trajectories and proceed numerically with an analysis based solely on the observed time-series, as
theoretically justified in Chapter 3, or calculate immediately the PTC from the time delay between
time series and extract the corresponding resonance diagram purely experimentally.
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