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Abstract

Previous research has convincingly demonstrated that in organizational settings, teams

characterized by a diverse range of information and perspectives tend to outperform their

homogeneous counterparts. Despite this evidence, why do we frequently observe pre-

dominantly homogeneous teams in practice? One prevailing explanation posits that the

advantages of informational diversity are in tension with affinity bias. To delve deeper into

the implications of this conflict on team composition, we study a sequential model of team

formation. In this model, individuals prioritize their team’s performance, as measured by

its ability to accurately predict future outcomes based on various features, while also

considering the potential costs associated with interacting with teammates who employ

different approaches to the prediction task. Our work extends this initial team formation

model by adding an underlying graph structure that changes how both the accuracy of the

team and the disagreement between team members are calculated. We study two different

graph structures. The first is a random undirected graph for which we have the freedom

of changing and adjusting the edges in order to reach the optimal cost, while the second

is a rigid hierarchical pyramid structure in which the edges are fixed in place, allowing

us only the freedom to optimally position the agents within the pyramid. These exten-

sions keep the tension between informational diversity and affinity bias, which we aim to

optimize either by ensuring the optimal connections within the team or by strategically

positioning the team members.
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Περίληψη

Προηγούµενες έρευνες έχουν δείξει ότι εντός οργανωτικών πλαισίων, οι οµάδες που δια-

ϑέτουν ποικιλία πληροφοριών και οπτικών είναι πιο αποτελεσµατικές από τις οµάδες που δεν

κατέχουν αντίστοιχο εύρος. Εάν αυτό το είδος πληροφοριακής ποικιλοµορφίας (informatio-

nal diversity) προσδίδει πλεονεκτήµατα απόδοσης, γιατί ϐλέπουµε συχνά στην πράξη έντονα

οµοιογενείς οµάδες ; ΄Ενα επιχείρηµα είναι ότι τα οφέλη της πληροφοριακής ποικιλοµορφίας

ϐρίσκονται σε εναντίωση µε την µεροληψία απέναντι σε οµοιοµορφία απόψεων (affinity bias).

Για να κατανοήσουµε τον αντίκτυπο αυτής της τριβής στη σύνθεση των οµάδων, µελετάµε ένα

διαδοχικό µοντέλο σχηµατισµού οµάδας στο οποίο τα µέλη νοιάζονται για την απόδοση της

οµάδας τους, αλλά υπάρχει επίσης ένα κόστος όταν αλληλεπιδρούν µε συµπαίκτες διαφορε-

τικών απόψεων. Σε αυτη την διπλωµατική εργασία ϑα επεκτείνουµε αυτό το αρχικό µοντέλο

σχηµατισµού οµάδας προσθέτοντας µια υποκείµενη δοµή γράφου η οποία αλλάζει τον τρόπο

που υπολογίζεται η συνολική άποψη, όπως και η διαφωνία µεταξύ των µελών της οµάδας.

Μελετάµε δύο διαφορετικές δοµές γραφηµάτων. Η µια είναι ένα τυχαίο µη κατευθυνόµενο

γράφηµα για το οποίο έχουµε την ελευθερία της προσαρµογής των ακµών προκειµένου να

επιτευχθεί το ϐέλτιστο κόστος, ενώ το δεύτερο είναι µια προκαθορισµένη ιεραρχική δοµή

πυραµίδας στην οποία οι ακµές είναι σταθερές, επιτρέποντας έτσι µόνο την ελευθερία να

τοποθετούµε τους παίκτες µε τον καλύτερο δυνατό τρόπο πάνω στην πυραµίδα. Αυτές οι

επεκτάσεις διατηρούν την τριβή µεταξύ της πληροφοριακής ποικιλοµορφίας (informational

diversity) και της µεροληψίας απέναντι σε οµοιοµορφία απόψεων (affinity bias), την οποία

τριβή στοχεύουµε να ελαχιστοποιήσουµε είτε διασφαλίζοντας τις ϐέλτιστες συνδέσεις εντός

του γράφου είτε τοποθετώντας στις ϐέλτιστες ϑέσεις τα µέλη της οµάδας.
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Chapter 1

Introduction

1.1 English

Extensive research in the social sciences has consistently highlighted the benefits

of perspective diversity within organizational contexts. Groups comprising individuals

with varied perspectives tend to outperform largely homogeneous groups. This diversity

fosters the availability of a broader range of insights, facilitating constructive synergies

among these diverse viewpoints. As a result, team performance is enhanced [1] [2].

In the literature, this form of diversity is occasionally labeled as cognitive diversity [3].

However, we prefer the term informational diversity to underscore the idea that team

members contribute novel informational resources to the problem-solving efforts. In ad-

dition to empirical observations of this phenomenon in real-world scenarios, a series of

mathematical models have attempted to formalize these informational advantages. These

models operate within abstract contexts where groups of agents collaborate on collective

problem-solving tasks [4].

If informational diversity indeed provides performance benefits to organizational teams,

why do we frequently observe predominantly homogeneous teams in practice? A prevail-

ing argument suggests that the advantages of informational diversity clash with affinity

bias, a human behavioral tendency wherein individuals gravitate towards interacting with

others who share similar perspectives. This inclination is extensively documented in prior

research within organizational psychology [5] [6]. Affinity bias is an aggregate effect that

can result from various underlying mechanisms. For instance, individuals may exhibit

a natural preference for those who share similar perspectives, struggle to evaluate those

with differing viewpoints, or favor teams with fewer disagreements or whose overall stance

aligns closely with their own. Each of these scenarios manifests as a form of affinity bias.

In our discussion, we will concentrate on the observable outcomes of these mechanisms,

encapsulated in the concept of affinity bias, without confining ourselves to a particular

underlying mechanism.

The tension between informational diversity and affinity bias underlies several empir-

ical findings, which demonstrate that teams characterized by informational diversity can

produce both higher-quality solutions and lower group cohesion simultaneously [7] [8].

These findings underscore the challenge of building informationally diverse teams: while

restructuring a team to include members with diverse perspectives has the potential to

Diploma Thesis 13
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boost performance, it may also decrease subjective satisfaction among participants due

to affinity bias. Thus, the question arises: what is the optimal team structure? We are

interested in answering this question by understanding the fundamental phenomena that

emerges from this conflict between informational diversity and affinity bias.

In this thesis, we further build upon a model proposed for team formation in the

presence of both informational diversity and affinity bias [9]. In particular for this model,

agents forming a team are faced with a prediction task: they see instances of a predic-

tion problem encoded by features, and they must make a prediction about some future

outcome for each instance. Consider various teams engaged in different prediction tasks

such as policymakers aiming to forecast policy outcomes, investors seeking to identify

promising start-ups, or doctors grappling with intricate medical diagnoses. These sce-

narios fall under the scope of our framework. Each team member operates with an

objective function comprising two key components: one evaluates the team’s accuracy,

while the other measures their divergence from fellow members. The balance between

these components is controlled by a single parameter, enabling examination of scenarios

where emphasis is placed either on team performance or team cohesion.

While the original work [9] mainly studied the process by which teams grow over time,

as they decide sequentially which new members to add, we choose to focus more on the

optimal connectivity of such teams by introducing an underlying graph structure. We

study two different graph structures. The first is a random undirected graph for which

we have the freedom of changing and adjusting the edges in order to reach the optimal

cost, while the second is a rigid hierarchical pyramid structure in which the edges are

fixed in place, allowing us only the freedom to optimally position the players within the

pyramid. These extensions keep the tension between informational diversity and affinity

bias, which we aim to optimize either by ensuring the optimal connections within the

team or by strategically positioning the team members.

1.2 Ελληνικά

Εκτεταµένη έρευνα στις κοινωνικές επιστήµες έχει αναδείξει επανειληµµένα τα οφέλη

της διαφορετικότητας των οπτικών εντός οργανωτικών πλαισίων. Οµάδες που περιλαµβάνουν

άτοµα µε ποικίλες οπτικές και απόψεις τείνουν να ξεπερνούν σε µεγάλο ϐαθµό τις οµοιο-

γενείς οµάδες. Αυτή η ποικιλοµορφία ϕαίνεται να ενισχύει το ευρύτερο ϕάσµα γνώσεων,

διευκολύνοντας έτσι στην συνέργεια µεταξύ αυτών των διαφορετικών απόψεων. Ως αποτέλε-

σµα, η απόδοση της οµάδας ϐελτιώνεται [1] [2]. Στη ϐιβλιογραφία, αυτή η µορφή διαφορε-

τικότητας περιστασιακά χαρακτηρίζεται ως ποικιλοµορφία αντιλήψεων (cognitive diversity)

[3]. Ωστόσο, προτιµούµε τον όρο πληροφοριακή ποικιλοµορφία (informational diversity)

για να τονίσουµε την ιδέα ότι τα µέλη της οµάδας συνεισφέρουν νέους πληροφοριακούς

πόρους και οπτικές στις προσπάθειες επίλυσης προβληµάτων. Εκτός από τις εµπειρικές

παρατηρήσεις αυτού του ϕαινοµένου σε σενάρια του πραγµατικού κόσµου, µια σειρά από

µαθηµατικά µοντέλα έχουν προσπαθήσει να επισηµοποιήσουν αυτά τα πλεονεκτήµατα. Τα

µοντέλα που έχουν προταθεί λειτουργούν µέσα σε αφηρηµένα περιβάλλοντα όπου οµάδες

παικτών συνεργάζονται σε συλλογικές εργασίες επίλυσης προβληµάτων [4].

14 Diploma Thesis



1.2 Ελληνικά

Εάν η πληροφοριακή ποικιλοµορφία (informational diversity) παρέχει πράγµατι οφέλη

απόδοσης στις οργανωτικές οµάδες, γιατί παρατηρούµε συχνά στην πράξη κυρίως οµοιογε-

νείς οµάδες ; Το επικρατέστερο επιχείρηµα υποδηλώνει ότι τα πλεονεκτήµατα της πληρο-

ϕοριακής ποικιλοµορφίας είναι σε σύγκρουση µε την µεροληψίας απέναντι σε οµοιοµορφία

απόψεων (affinity bias), µια ανθρώπινη τάση συµπεριφοράς όπου τα άτοµα έλκονται προς την

συναναστροφή µε ανθρώπους που µοιράζονται παρόµοιες απόψεις µε τους ίδιους. Αυτή η

τάση έχει τεκµηριωθεί εκτενώς σε προηγούµενες έρευνες στην οργανωτική ψυχολογία [5] [6].

Η µεροληψία απέναντι σε οµοιοµορφία απόψεων είναι ένα γενικό αποτέλεσµα που µπορεί

να προκύψει από διάφορους υποκείµενους µηχανισµούς. Για παράδειγµα, τα άτοµα µπορεί

να επιδεικνύουν ϕυσική προτίµηση για εκείνους που µοιράζονται παρόµοιες απόψεις, να

δυσκολεύονται να αξιολογήσουν άτοµα µε διαφορετικές απόψεις, να προτιµούν οµάδες µε

λιγότερες διαφωνίες ή οµάδες των οποίων η συνολική στάση ευθυγραµµίζεται στενά µε τη

δική τους. Κάθε ένα από αυτά τα σενάρια εκδηλώνεται ως µια µορφή αυτης της µεροληψίας.

Σε αυτη την εργασία, ϑα επικεντρωθούµε στα παρατηρήσιµα αποτελέσµατα αυτών των µηχα-

νισµών, που ενσωµατώνονται στην έννοια της µεροληψίας απέναντι σε οµοιοµορφία απόψεων

(affinity bias), χωρίς να περιοριστούµε σε έναν συγκεκριµένο υποκείµενο µηχανισµό.

Η τριβή µεταξύ της πληροφοριακής ποικιλοµορφίας (informational diversity) και της

µεροληψίας απέναντι σε οµοιοµορφία απόψεων (affinity bias) ϐασίζεται σε πολλά εµπειρι-

κά ευρήµατα, τα οποία δείχνουν ότι οι οµάδες που χαρακτηρίζονται από πληροφοριακή

ποικιλοµορφία µπορούν να παράγουν λύσεις υψηλού επιπέδου ενώ όµως η συνοχή της ο-

µάδας µειώνεται [7] [8]. Αυτά τα ευρήµατα υπογραµµίζουν την πρόκληση της δηµιουργίας

πληροφοριακά ποικιλόµορφων οµάδων: ενώ η αναδιάρθρωση µιας οµάδας ώστε να περι-

λαµβάνει µέλη µε διαφορετικές οπτικές έχει τη δυνατότητα να ενισχύσει την απόδοση της,

µπορεί επίσης να µειώσει την οµαδική συνοχή µεταξύ των συµµετεχόντων λόγω της µερολη-

ψίας απέναντι σε οµοιοµορφία απόψεων. ΄Ετσι, τίθεται το ερώτηµα: ποια είναι η ϐέλτιστη

δοµή της οµάδας ; Μας ενδιαφέρει να απαντήσουµε σε αυτό το ερώτηµα κατανοώντας τα

ϑεµελιώδη ϕαινόµενα που προκύπτουν από αυτή τη σύγκρουση µεταξύ της πληροφοριακής

ποικιλοµορφίας και της µεροληψίας απέναντι σε οµοιοµορφία απόψεων.

Σε αυτή τη διατριβή, επεκτείνουµε περαιτέρω ένα µοντέλο που έχει προταθεί για το

σχηµατισµό οµάδας παρουσία τόσο πληροφοριακής ποικιλοµορφίας όσο και µεροληψίας

απέναντι σε οµοιοµορφία απόψεων [9]. Ειδικότερα για αυτό το µοντέλο, οι παίκτες που

σχηµατίζουν την οµάδα πρέπει να εκτελέσουν µια πρόβλεψη: ϐλέπουν περιπτώσεις ενός

προβλήµατος που κωδικοποιείται από χαρακτηριστικά και πρέπει να κάνουν µια πρόβλεψη

για κάποιο µελλοντικό αποτέλεσµα. Για παράδειγµα µπορούµε να ϑεωρήσουµε, µια οµάδα

υπεύθυνων µιας πολιτικής που προσπαθεί να προβλέψει το αποτέλεσµα των παρεµβάσεων

τους, µια οµάδα επενδυτών που προσπαθεί να προβλέψει ποιες νεοσύστατες εταιρείες ϑα είναι

επιτυχηµένες ή µια οµάδα γιατρών που αντιµετωπίζουν µια περίπλοκη ιατρική διάγνωση.

΄Ολα αυτά είναι σενάρια που καταγράφονται µέσα σε αυτό το πλαίσιο. Κάθε παίκτης έχει µια

αντικειµενική συνάρτηση που αποτελείται από το άθροισµα δύο όρων: ο ένας όρος είναι το

ποσοστό σφάλµατος της οµάδας και ο άλλος όρος είναι το επίπεδο οµοιότητάς του µε τα άλλα

µέλη της οµάδας. Επιπλέον µια µονοδιάστατη παράµετρος ελέγχει το σχετικό ϐάρος αυτών

των δύο όρων στην αντικειµενική συνάρτηση. Αυτή η γενική µορφή για την αντικειµενική

συνάρτηση µας επιτρέπει να µελετήσουµε τα άκρα στα οποία οι παίκτες ενδιαφέρονται είτε
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Chapter 1. Introduction

κυρίως για την απόδοση της οµάδας είτε κυρίως για την οµοιογένεια της οµάδας.

Ενώ η αρχική εργασία [9] µελέτησε κυρίως τη διαδικασία µε την οποία αυτες οι οµάδες

αναπτύσσονται µε την πάροδο του χρόνου, καθώς αποφασίζουν διαδοχικά ποια νέα µέλη

ϑα προσθέσουν, εµείς επιλέγουµε να εστιάσουµε περισσότερο στη ϐέλτιστη σύνθεση τέτοιων

οµάδων εισάγοντας µια υποκείµενη δοµή γράφου. ∆ιαλέγουµε να µελετήσουµε δύο δια-

ϕορετικές δοµές γράφου. Η πρώτη είναι ένας τυχαίος µη κατευθυνόµενος γράφος για τον

οποίο έχουµε την ελευθερία να αλλάξουµε και να προσαρµόσουµε τις ακµές προκειµένου

να ϕτάσουµε στο ϐέλτιστο κόστος, ενώ η δεύτερη είναι µια σταθερή ιεραρχική δοµή πυ-

ϱαµίδας στην οποία οι ακµές είναι σταθερές στη ϑέση τους, επιτρέποντάς µας µόνο την

ελευθερία ως προς την τοποθέτηση των παικτών εντός της πυραµίδας. Αυτές οι επεκτάσεις

διατηρούν την τριβή µεταξύ της πληροφοριακής ποικιλοµορφίας (informational diversity)

και της µεροληψίας απέναντι σε οµοιοµορφία απόψεων (affinity bias), την οποία στοχεύου-

µε να ϐελτιστοποιήσουµε είτε διασφαλίζοντας τις ϐέλτιστες συνδέσεις εντός της οµάδας είτε

τοποθετώντας στρατηγικά κάθε µέλος της οµάδας.
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Chapter 2

Background

2.1 Base Model

The ideas presented in this thesis are extensions of a model proposed for team forma-

tion in the presence of both informational diversity and affinity bias [9]. In this section,

we will introduce the foundational model along with some key results. While we will not

reproduce the proofs, which can be found in the original paper, we will highlight the most

relevant findings that will serve as crucial building blocks in the subsequent chapters of

this thesis.

Let X denote the set of all possible states of the world distributed according to a

probability distribution P. We assume each state of the world is described by a feature

vector x = (x1, . . . , xr) ∈ X, consisting of uncorrelated attributes x1, . . . , xr , i.e., cov(xi , xj) =
0 for all j , i. Each state of the world, x, leads to an outcome y ∈ Y. We assume there

exists a true outcome function f
∗
, such that for any x ∈ X, y = f

∗(x) is the true outcome

of the world sate x.

Imagine a group of agents, each equipped with the ability to forecast the actual out-

come given the state of the world.. An agent i has a fixed predictive model of the world,

denoted by fi : X → Y, which maps each possible state of the world, x ∈ X, to a predicted

outcome, ŷi = fi(x). We will use Li to denote the accuracy loss of agent i ’s predictions

using the loss function ℓ : Y ×Y → R. Also for any two predictive models fi , fj, we define

the level of disagreement di,j between them through a distance metric, δ : Y ×Y → R+.

Li = Ex∼P[ℓ(ŷi , y)] = Ex∼P[(ŷi − y)2].

di,j = Ex∼P[δ(fi(x), fj(x))] = Ex∼P[(fi(x) − fj(x))2].

We assume the true function f
∗

is linear in the feature vector x. Therefore, it can

be decomposed into two components, corresponding to the two types’ feature sets. In

particular, ∀x = (x1, . . . , xr) ∈ X:

f
∗(x) = θ

∗ · x = θ
∗
1
x1 + . . . + θ

∗
k
xk + θk+1xk+1 + . . . + θ

∗
r
xr (2.1)

= θ
∗
1,...,k

· (x1, . . . , xk) + θ
∗
k+1,...,r

· (xk+1, . . . , xr) (2.2)

We will refer to θ
∗
1,...,k

as θ
A

(since it’s the accuracy-optimal weights on A’s features) and
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θ
∗
k+1,...,r

as θ
B
, so that: f

∗(x) = θ
A ·x+θ

B ·x. Additionally, for simplicity, we assume E[x] = 0.

This may seem arbitrary but we can ensure this condition by standardizing all features.

As such given an instance x, individuals of each type can produce a noisy prediction

f
A
, f

B
given ϸA, ϸB are i.i.d. noise sampled from a mean-zero Gaussian distribution with

variance σA, σA.

f
A(x) = θ

A · x + ϸA = θ
A(x) + ϸA (2.3)

f
B(x) = θ

B · x + ϸB = θ
B(x) + ϸB (2.4)

We will also use L
A
, L

B
to refer to the (noise-less) accuracy loss of each type’s predictive

model (i.e., L
A = Ex∼P[ℓ(θA · x, y)] and L

B = Ex∼P[ℓ(θB · x, y)]). A key formula, which is not

shown or proven in the original paper [9], that connects the noise-less accuracy losses

with the θ values is the following:

Lemma 1 (Noise-Less Losses: L
A
, L

B
and θ

A
, θ

B
). By initializing the parameters θ

A

and θ
B
, we gain the ability to tailor the values of L

A
and L

B
to align with our specific

requirements, since:

L
A = (θB)2

L
B = (θA)2

(2.5)

Proof. We will write the proof for L
B

and the same holds for L
A
:

L
B = Ex∼P[ℓ(θB · x, y)] = Ex∼P[(θB · x − θ

∗ · x)2] = Ex∼P[(θA · x)2]

= Ex∼P[(θ∗
1
x1 + . . . + θ

∗
k
xk)2] (Using 2.2)

= E[(θ∗
1
x1)2] + . . . + E[(θ∗

k
xk)2] + 2

������������: 0

E[(
k−1∑
i=1

k∑
j=i+1

(θ∗
i
xi)(θ∗j xj)] (Using E[x] = 0, cov(xi , xj) = 0)

= (θ∗
1
)2

�
���* 1

E[x2

1
] + . . . + (θ∗

k
)2

�
���* 1

E[x2

k
] = θ

A · θA = (θA)2
(Using P = N (0,1))

□

A team, denoted as T , consists of a collection of agents who merge their predictions

using a specified aggregation function, represented by GT . For any x ∈ X, the aggregation

function GT receives the predictions made for input x by all members of T , and outputs a

team prediction for x. Given the team T , we use GT (x) to refer to the aggregated prediction

of team members for state x. In the original work [9] a general class of aggregation

functions inspired by Tullock’s contest success function [10] [11] is used, defined as

follows: Given a team consisting of nA individuals of type A and nB individuals of type B,

we define the following parametric class of aggregation functions:

∀α ∈ [0,∞) : Gα

nA,nB
(x) =

(
n

α

A

n
α

A
+ n

α

B

)
f

A(x) +
(

n
α

B

n
α

A
+ n

α

B

)
f

B(x) (2.6)

Note that when α = 1, the expression simplifies to a straightforward average. Moreover,

as α → ∞, then Gα

nA,nB
(x) tends towards resembling the median.
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2.1.1 Minimum λ value (λ = 0)

Adding individual agents to a team can help alleviate the team’s overall disutility or

cost. The cost an agent i incurs as a member of team T is defined as a combination of (a)

their level of disagreement with other team members, and (b) the team’s overall accuracy

loss. More precisely,

ci(T ) = λ ×
1

|T |�

∑
j∈T

Ex∼P[δ(fj(x), fi(x))] + (1 − λ) × Ex∼P[ℓ(GT (x), y)]

The parameter � ∈ [0, 1] specifies how individual i ’s perception of disagreement is in-

fluenced by the team’s size. Specifically, it indicates the extent to which perceptions of

disagreement are influenced by the absolute versus relative size of opposing viewpoints

within the team. To elucidate, consider a hypothetical scenario where Ex∼P[δ(fj(x), fi(x))]
is held constant at a value δ for all j , i. When � = 0, i perceives disagreement with team

members as (|T−1|δ), and this perception scales linearly with team size |T |. In other words,

a larger team amplifies i ’s sense of discord with teammates. Conversely, when � = 1, i ’s

perception of disagreement level remains approximately constant at (|T − 1|δ/|T |).

We assume a team T would be willing to accept a new member if it reduces the team’s

average cost/disutility across its current members:

λ ×
1

|T |1+�

∑
i,j∈T

Ex∼P[δ(fj(x), fi(x))] + (1 − λ) × Ex∼P[ℓ(GT (x), y)] (2.7)

The team growth dynamics unfold in the following manner: Initially, Team T comprises

nA individuals of type A and nB individuals of type B. New potential team members arrive

sequentially over steps t = 1, 2, . . .. Let’s denote the t ’th individual as it , with their type

indicated by st ∈ A, B. The team incorporates it only if it diminishes the current team’s

cost as per Equation (2.7).

2.1.1 Minimum λ value (λ = 0)

When λ = 0, the team adds new members if and only if the new member reduces the

team’s mean squared error without considering the team’s disagreement. We will now

write the main results that can be derived in this case from [9].

Lemma 2 (Team’s Error Decomposition). Consider a team with a composition of nA type

A members and of nB type B members where the expectation is with respect to (x, y) ∼ P

and ϸc ∼ N(0, σ
2

c
) for c ∈ {A, B}. Then:

Ex∼P[(GT (x) − y)2] =
n

2α

A

(nα

A
+ n

α

B
)2

L
A +

n
2α

B

(nα

A
+ n

α

B
)2

L
B +

n
2α

A
σ

2

A
+ n

2α

B
σ

2

B

(nα

A
+ n

α

B
)2

(2.8)

Proposition 1 (Accuracy-optimal composition). Consider a team with an initial composi-

tion of nA > 0 members of type A and no member of type B. The optimal number of type
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B members whose addition minimizes the team’s accuracy loss in (2.7) is equal to:

n
∗
B
= nA

(
L

A + σ
2

A

LB + σ
2

B

)1/α

(2.9)

Remark 1 Note that due to the symmetry of Equation (2.7) in A and B, the partial

derivatives of the team’s accuracy with respect to nA and nB always have opposing signs,

therefore, at any nA, nB ≥ 0, it is either beneficial to add a new member of type A or a new

member of type B, but never both. These trends remain unchanged even if the agents

predictions are noisy or not.

2.1.2 Maximum λ value (λ = 1)

When λ = 1, the team adds new members if and only if the new member reduces the

team’s disagreement without considering the team’s overall accuracy. We will now write

the main results that can be derived in this case from [9].

Lemma 3 (Team’s Disagreement Decomposition). Consider a team with a composition of

nA type A members and of nB type B members, |T | = nA + nB, where the expectation is

with respect to (x, y) ∼ P and ϸc ∼ N(0, σ
2

c
) for c ∈ {A, B}. Then:

1

|T |1+�
E

∑
i,j∈T

di,j

 = 2

|T |1+�

(
nAnB(LA + L

B + σ
2

A
+ σ

2

B
) + nA(nA − 1)σ2

A
+ nB(nB − 1)σ2

B

)
(2.10)

Proposition 2 Consider a team with an initial composition of nA > 0 members of type A

and nB members of type B. Suppose σB > 0 and � < 1. Then there exist n
lower

B
,n

upper

B
∈ R

such that adding a type B member reduces the team’s disagreement in (2.10) if and only

if n
lower

B
≤ nB ≤ n

upper

B
.

2.2 DeGroot Learning

The DeGroot learning model, stated in its general form by the American statistician

Morris H. DeGroot [12], is a simple and important model of how people in a network

update their opinions over time and eventually reach a group consensus. Antecedents of

this model were articulated by John R. P. French [13] and Frank Harary [14]. The model

has been extensively used in physics, computer science and most widely in the theory of

social networks.

In the DeGroot model links between agents and the weight they put on each other’s

opinions is represented by a trust matrix T where Tij is the weight that agent i puts on

agent j’s opinion. The trust matrix is thus in a one-to-one relationship with a weighted,

directed graph where there is an edge between i and j if and only if Tij > 0. The trust

matrix is stochastic, meaning that its rows consists of non-negative real numbers, with

each row summing up to 1. Each agent starts with an initial belief bi(0) and all the beliefs
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2.2 DeGroot Learning

Figure 2.1. Example of DeGroot Learning. Orange and Purple nodes represent the initial

beliefs and as the rounds progress their opinions converge.

are being updated as:

bi(t) =
∑

j

Tijbj(t − 1)

An important question is whether beliefs converge to a limit and to each other in the long

run. As the trust matrix is stochastic, standard results in Markov chain theory [15] can

be used to state conditions under which the limit exists for any initial beliefs.

Theorem 1 (DeGroot Network Convergence). If the social network graph (represented by

the trust matrix T ) is strongly connected (every node is reachable from every other node),

convergence of beliefs is equivalent to each of the following properties:

• T is Convergent⇔ T is aperiodic.

• T is Convergent⇔ limt→∞ T
t = [1, . . . , 1]T s

Where s is the unique left eigenvector of T with eigenvalue 1 whose entries sum up to 1.

Moreover aperiodicity is easy to satisfy by simply adding a value in the diagonal of matrix

T so that even one agent takes into account his own opinion during updates.

Proof. Suppose matrix T is strongly connected.

Definition: Matrix A is primitive if and only if ∃t0 : A
t

ij
> 0,∀t ≥ t0.

⇐

Given T is aperiodic, using [16] we know that if matrix A is strongly connected and

stochastic (true for matrix T ) then aperiodicity ⇔ primitive. Moreover from [17] we know

that if matrix A is strongly connected and primitive then: limt→∞ T
t = [1, . . . , 1]T s, where

s is the unique left hand side eigenvector with eigenvalue 1 and all positive entries, giving

us this way convergence.
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⇒

Let S = limt→∞ T
t
by convergence. Then ST = limt→∞ T

t
T = S. From the Perron-Frobenius

theorem: An eigenvector of an irreducible (i.e. strongly connected) non-negative matrix

is strictly positive if and only if it is associated with its largest eigenvalue. This vector is

unique if the matrix is primitive. So since S is all positive ⇒ T is primitive which from

[16] gives us aperiodicity.

□

Lemma 4 (DeGroot Network Consensus). With a strongly connected and aperiodic net-

work the whole group reaches a consensus. This means that each agent’s final belief will

be the same. Defining b as the vector of all the initial opinions bi(0), the final beliefs of

all the agents in the network will be equal to:

lim
t→∞

bi(t) = s · b (2.11)

A very simple version of the DeGroot model that we will implement makes the following

assumptions. Firstly, to make sure that the network converges we make sure that all

agents listen to themselves while updating, ensuring aperiodicity by making the diagonal

values of the transition matrix Tii = ϸ. This hyperparameter ϸ can be though of as the

stubbornness of the agents. Also we assume that Tij > 0 if and only if Tji > 0. This makes

sense in the frame of mutual friendships or workplace relationships. Note here that Tij

does not have to be equal to Tji thus the matrix T is not necessarily symmetric. Now also

suppose that the agents equally weight their connections so that Tij = (1− ϸ)/di , where di

is the agents outward degree. Finally lets define the total number of outward degrees as:

D =
∑

k dk. Assuming all of the above we can claim the following.

Theorem 2 (DeGroot Network Influence). Each agent’s influence, defined as their corre-

sponding element in the eigenvector s, for the above simplified version, is just proportional

to their degree:

si = di/D (2.12)

Proof. Note that in the DeGroot Model because of convergence: s · b = (sT ) · b ⇒ s = sT .

Now lets verify this for our version of the model using the fact that Tij > 0 ⇔ Tji > 0,

Tii = ϸ and Tij = (1 − ϸ)/di :

si =
∑

j

Tjisj = siϸ +
∑
i,j

1 − ϸ

��dj

·��
dj

D
=

di

D
· ϸ +

di

D
(1 − ϸ) =

di

D

□
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Chapter 3

Graph Models

In this chapter, we expand upon the findings of the base model by incorporating an

underlying graph structure into the team dynamics. Each team member is conceptual-

ized as a node within a graph, with the edges representing the interconnected network

of workplace relationships and communication channels. The motivation behind this ex-

tension is to generalize the team’s opinion formation process beyond the simple Tullock’s

aggregate function (2.6) to a more realistic framework under the DeGroot learning model.

3.1 Undirected Graph

The DeGroot model, as discussed in Chapter 2, serves as the foundation for our

analysis. We implement a version of the DeGroot model outlined in the previous chapter,

allowing us to apply the result stated in Equation (2.12), which asserts that the influence

of a team member is proportionate to the corresponding node’s degree. To facilitate this

analysis, we construct a random undirected graph denoted as G(nA, nB, p, q), where edges

occur independently with probabilities 0 < p < 1 between nodes of the same type and

0 < q < 1 between nodes of different types. This enables us to adjust the connectivity

between agents of the same and different types. Each node or agent initially holds an

opinion bi(0) = f
A,B(x) based on their type, and they converge to a final consensus opinion,

as determined by Equation (2.11). Moving forward it will be helpful to analyze the two

parts of the total Cost function (2.7) separately as:

Cost
T = λ × Cost

D + (1 − λ) × Cost
A

(3.1)

where the Accuracy Cost is represented by: Cost
A = Ex∼P[ℓ(GT (x), y)] and the Disagree-

ment Cost by: Cost
D = 1

|T |1+�

∑
i,j∈T Ex∼P[δ(fj(x), fi(x))].

3.1.1 Accuracy

Let’s begin by analyzing how the Accuracy Cost changes with the addition of the

underlying graph. In order to calculate the Accuracy Cost: Cost
A = Ex∼P[ℓ(GT (x), y)] we

must first calculate how the aggregate opinion function changes compared to the initial

Tullock aggregation function (2.6).
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Lemma 5 (Undirected Graph Aggregation Function). Consider a team of nA members of

type A and nB members of type B connected on a specific graph G(nA, nB). Then:

G
nA,nB

G
(x) =

(
dA

D

)
f

A(x) +
(
dB

D

)
f

B(x) (3.2)

Where dA =
∑

i∈NA
di and dB =

∑
i∈NB

di , with NA, NB being the sets of agents A, B.

Proof. All the agents will converge to the same final opinion according to (2.11) and as

such we define this final opinion to be the aggregate:

G
nA,nB

G
(x) = s · b

= [
d1

D
, . . . ,

dnA

D
,

dnA+1

D
, . . . ,

dnA+nB

D
] · [f A(x), . . . , f

A(x), f
B(x), . . . , f

B(x)] (Using 2.12)

=

(∑
i∈NA

di

D

)
f

A(x) +
(∑

i∈NB
di

D

)
f

B(x) =
(
dA

D

)
f

A(x) +
(
dB

D

)
f

B(x)

□

This new Aggregation function has a lot of resemblance with the original Tullock Aggregate

(2.6) used in [9] with the changes being: n
α

A
→ dA =

∑
i∈NA

di , n
α

B
→ dB =

∑
i∈NB

di ,

n
α

A
+ n

α

B
→ D. Using this Aggregation function now lets see how the Accuracy Cost

changes compared to its initial form (2.8).

Lemma 6 (Undirected Graph Accuracy Cost). Consider a team of nA members of type A

and nB members of type B connected on a specific graph G(nA, nB). The Accuracy Cost of

the network according to (2.7) will be:

Cost
A = Ex∼P[(GT (x) − y)2] =

(
dA

D

)2

L
A +

(
dB

D

)2

L
B +

(dAσA)2 + (dBσB)2

D2
(3.3)

Proof. We can write:

E[(GT (x) − y)2] = E[(GT (x) − f
∗(x))2]

= E

[(
dA

D
θ

A(x) +
dB

D
θ

B(x) +
dAϸA + dBϸB

D
− f
∗(x)

)2
]

(Using 2.3, 2.4)

= E

[(
−dB

D
θ

A(x) +
−dA

D
θ

B(x) +
dAϸA + dBϸB

D

)2
]

(Using 2.1)

=

(
dB

D

)2

E
[
θ

A(x)2
]
+

(
dA

D

)2

E
[
θ

B(x)2
]

+

(
2dAdB

D2

)
E

[
θ

A(x)θB(x)
]
+

(
1

D2

)
E

[
(dAϸA + dBϸB)2

]
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Next, using the fact that the two types don’t have access to common features, and the fact

that cov(xi , xj) = 0,∀j , i, we know E[θA(x)θB(x)] = 0. Additionally, E[ϸAϸB] = 0 due to the

assumption of independent noises. Therefore, the above equation can be simplified to:

=

(
dB

D

)2

E
[(

f
∗(x) − θ

B(x)
)2]
+

(
dA

D

)2

E
[(

f
∗(x) − θ

A(x)
)2]

+

(
dA

D

)2

E
[
ϸ

2

A

]
+

(
dB

D

)2

E
[
ϸ

2

B

]
=

(
dB

D

)2

L
B +

(
dA

D

)2

L
A +

(dAσA)2 + (dBσB)2

D2

□

Where the expectation is with respect to (x, y) ∼ P and ϸc ∼ N(0, σ
2

c
) for c ∈ {A, B}.

Again we can see that this new Accuracy Cost function has a lot of resemblance with

the decomposed one in the case of λ = 0 (2.8) used in [9] with the changes again being:

n
α

A
→ dA =

∑
i∈NA

di , n
α

B
→ dB =

∑
i∈NB

di , n
α

A
+ n

α

B
→ D.

Now let’s examine the behavior of the network G(nA, nB, p, q) in its two limit cases and

compare them to the original results presented in Proposition 1 (2.9) and Remark 1. It’s

important to note that even for random graphs G with identical values of nA, nB, p, and

q, the randomness associated with the creation of edges can result in different values for

dA, dB, and D. Consequently, this variability affects the values of the Aggregate function

(3.2) and of the Accuracy Cost (3.3). Explicit calculation of the Aggregate function and

the Accuracy Cost is feasible only in two limit cases: p = q = 1 and p = 1, q = 0.

Lemma 7 (Complete Undirected Graph Accuracy). Consider a team of nA members of type

A and nB members of type B connected based on the graph G(nA, nB, q, p) with p = q = 1.

The Aggregate function of this network as well as the Cost function will be the same with

the Tullock Aggregate (2.6) for α = 1, and it’s corresponding Cost (2.8).

Proof. Since the Graph is Complete, which means that every node is connected with every

other node it is true that: di = nA + nB − 1,∀i. As such dA =
∑

i∈NA
di = nA(nA + nB − 1),

dB =
∑

i∈NB
di = nB(nA + nB − 1) and D = (nA + nB)(nA + nB − 1). So we can write:

G
nA,nB

G(p=q=1)(x) =
nA(nA + nB − 1)

(nA + nB)(nA + nB − 1)
f

A(x) +
nB(nA + nB − 1)

(nA + nB)(nA + nB − 1)
f

B(x)

=
nA

nA + nB

f
A(x) +

nB

nA + nB

f
B(x) = Gα=1

nA,nB
(x) (Using 2.6)

□

Using the Tullock’s Aggregate function with α = 1, which is reproduced in the case of the

Complete graph, we can show that the results of Lemma 2 (2.8), Proposition 1 (2.9) and

Remark 1 still hold in the case of the complete undirected Graph. This result is expected

since in the base model proposed in [9] there is no underlying graph and as such every

team member is connected with every other team member. Let us now study the second

limit case of the undirected graph, where type A and type B nodes are fully connected

among themselves but do not listen to nodes of the different type.

Diploma Thesis 25



Chapter 3. Graph Models

Lemma 8 (Disconnected Undirected Graph Accuracy). Consider a team of nA members

of type A and nB members of type B connected based on the graph G(nA, nB, q, p) with

p = 1, q = 0. The Aggregate function as well as the Accuracy Cost function will be:

G
nA,nB

G(p=1,q=0)(x) =
nA(nA − 1)

nA(nA − 1) + nB(nB − 1)
f

A(x) +
nB(nB − 1)

nA(nA − 1) + nB(nB − 1)
f

B(x)

Ex∼P[(GnA,nB

G(p=1,q=0)(x) − y)2] =
(

nA(nA−1)
nA(nA−1)+nB(nB−1)

)2
(LA + σ

2

A
) +

(
nB(nB−1)

nA(nA−1)+nB(nB−1)

)2
(LB + σ

2

B
)

Proof. Since p = 1 and q = 0, the nodes that are connected are only of the same type. An

important note here is that in this case, the DeGroot model does not converge because the

graph is not strongly connected, as is required in Theorem 1. We can solve this by adding

just one edge between two different types of nodes, changing this way the Trust matrix T

as well as the final opinion (2.11) by a small margin. This change, however, is minuscule,

and for large networks, it adds up almost to zero while saving the convergence of the

DeGroot network. As such, for p = 1 and q ≈ 0, we now have that: di = nA − 1,∀i ∈ NA

and di = nB − 1,∀i ∈ NB. As such: dA =
∑

i∈NA
di = nA(nA − 1), dB =

∑
i∈NB

di = nB(nB − 1),
and D = nA(nA − 1) + nB(nB − 1). So we can calculate the value for the Aggregate function

as:

G
nA,nB

G(p=1,q=0)(x) =
(
dA

D

)
f

A(x) +
(
dB

D

)
f

B(x)

=
nA(nA − 1)

nA(nA − 1) + nB(nB − 1)
f

A(x) +
nB(nB − 1)

nA(nA − 1) + nB(nB − 1)
f

B(x)

Using now this new Aggregate function we can calculate the Accuracy Cost function

following similar steps as before:

E[GnA,nB

G(p=1,q=0)(x) − y)2] = E[(GT (x) − f
∗(x))2] =

= E
[(

−nB(nB−1)
nA(nA−1)+nB(nB−1)θ

A(x) + −nA(nA−1)
nA(nA−1)+nB(nB−1)θ

B(x) + nA(nA−1)ϸA+nB(nB−1)ϸB

nA(nA−1)+nB(nB−1)

)2]
(Using 2.1, 2.3, 2.4)

=

(
nB(nB − 1)

nA(nA − 1) + nB(nB − 1)

)2

E
[
θ

A(x)2
]
+

(
nA(nA − 1)

nA(nA − 1) + nB(nB − 1)

)2

E
[
θ

B(x)2
]
+

+
2nA(nA − 1)nB(nB − 1)

(nA(nA − 1) + nB(nB − 1))2
E

[
θ

A(x)θB(x)
]
+

+
1

(nA(nA − 1) + nB(nB − 1))2
E

[
(nA(nA − 1)ϸA + nB(nB − 1)ϸB)2

]
Next, using the fact that the two types don’t have access to common features, and the fact

that cov(xi , xj) = 0,∀j , i, we know E[θA(x)θB(x)] = 0. Additionally, E[ϸAϸB] = 0 due to the

assumption of independent noises. Therefore, the above equation can be simplified to:

=

(
nB(nB − 1)

nA(nA − 1) + nB(nB − 1)

)2

L
B +

(
nA(nA − 1)

nA(nA − 1) + nB(nB − 1)

)2

L
A+

+

(
nB(nB − 1)

nA(nA − 1) + nB(nB − 1)

)2

E[ϸ2

B
] +

(
nA(nA − 1)

nA(nA − 1) + nB(nB − 1)

)2

E[ϸ2

A
]

=

(
nA(nA − 1)

nA(nA − 1) + nB(nB − 1)

)2

(LA + σ
2

A
) +

(
nB(nB − 1)

nA(nA − 1) + nB(nB − 1)

)2

(LB + σ
2

B
)
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Where the expectation is with respect to (x, y) ∼ P and ϸc ∼ N(0, σ
2

c
) for c ∈ {A, B}. Again

we can see that this new Cost function has a lot of resemblance with the one in the case of

λ = 0 (2.8) used in [9] with the changes this time being: n
α

A
→ nA(nA−1) , n

α

B
→ nB(nB−1).

□

Proposition 3 (Disconnected Undirected Graph Accuracy-optimal composition). Consider

a Disconnected team with an initial composition of nA > 0 members of type A and no

member of type B. The optimal number of type B members whose addition minimizes the

team’s Accuracy Cost is equal to:

n
∗
B
=

1

2
+

1

2

√
1 + 4nA(nA − 1)

LA + σ
2

A

LB + σ
2

B

(3.4)

Proof. According to Lemma 8 the Disconnected team’s accuracy can be written as:

Ex∼P[(GnA,nB

G(p=1,q=0)(x) − y)2] =
(

nA(nA−1)
nA(nA−1)+nB(nB−1)

)2
(LA + σ

2

A
) +

(
nB(nB−1)

nA(nA−1)+nB(nB−1)

)2
(LB + σ

2

B
)

Taking the derivative of the right hand side with respect to nB, we obtain:

2n
2

A
(nA − 1)2(2nB − 1)

(nA(nA − 1) + nB(nB − 1))3
(LA + σ

2

A
) −

2nAnB(nB − 1)(2nB − 1)(nA − 1)
(nA(nA − 1) + nB(nB − 1))3

(LB + σ
2

B
) =

=
2nA(nA − 1)(2nB − 1)

(nA(nA − 1) + nB(nB − 1))3

(
nA(nA − 1)(LA + σ

2

A
) − nB(nB − 1)(LB + σ

2

B
)
)

To obtain the zero of the derivative, we can write:

n
2

B
− nB − nA(nA − 1)

L
A + σ

2

A

LB + σ
2

B

= 0⇔ nB =
1

2
+

1

2

√
1 + 4nA(nA − 1)

LA + σ
2

A

LB + σ
2

B

□

We must note here that this value of n
∗
B

from Proposition 3 (3.4) is the same as the value

of n
∗
B

from Proposition 1 (2.9) only in the case of: L
A +σ

2

A
= L

B +σ
2

B
, where for the complete

and for the disconnected graph the optimal team composition is: n
∗
B
= nA. It is also

interesting to point out the different team growth dynamics for these two n
∗
B

values. We

will make this comparison along with some simulated results in Chapter 4.

3.1.2 Disagreement

Let’s continue by analyzing how the Disagreement Cost changes with the addition

of the underlying graph. By using the DeGroot learning process all agents reach the

same final opinion and that can be thought of as canceling out the teams’ disagreement.

However we want to preserve the tension between Accuracy and Disagreement Costs just

as in the base model [9]. One approach to accomplish this is by stipulating that, in

our extended model, disagreement occurs solely between agents directly connected in the

underlying graph—meaning their nodes are directly linked by an edge. By adopting this

criterion, we can reintroduce the Disagreement Cost term:
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Lemma 9 (Undirected Graph Disagreement Cost). Consider a team of nA members of type

A and nB members of type B connected on a specific graph G(nA, nB, p, q). Then:

Cost
D = 1

|T |1+�

∑
i,j∈T E[(fj(x) − fi(x))2] = 2

|T |1+�
(dAB(LA + L

B + σ
2

A
+ σ

2

B
) + dAAσ

2

A
+ dBBσ

2

B
) (3.5)

Where dA = dAA+dAB and dB = dBB+dAB and dAA, dBB represent the edges between nodes

of the same type (i.e. A to A or B to B) and dAB represent the edges between nodes of

different type (i.e. A to B). The expectation is with respect to (x, y) ∼ P and ϸc,ϸ
′
c
∼ N(0, σ

2

c
)

for c ∈ {A, B}

Proof. We can write the left hand side of (3.5) as follows:

1

|T |1+�

∑
i,j∈T

E[(fj(x) − fi(x))2] =
1

|T |1+�

∑
i,j∈T

E[(θi(x) + ϸi − θj(x) − ϸj)2]

=
1

|T |1+�

(
2dABE[(θA(x) + ϸ

A − θ
B(x) − ϸ

B)2] + dAAE[(ϸA − ϸ
′
A

)2] + dBBE[(ϸB − ϸ
′
B

)2]
)

=
1

|T |1+�

(
2dABE[(θA(x) − θ

B(x))2] + 2dABE[(ϸA − ϸ
B)2]

+ dAA(E[ϸ2

A
] + E[ϸ′2

A
]) + dBB(E[ϸ2

B
] + E[ϸ′2

B
])
)

=
1

|T |1+�

(
2dAB(LA + L

B) + 2dAB(E[ϸ2

A
] + E[ϸ2

B
]) + 2dAAσ

2

A
+ 2dBBσ

2

B

)
=

2

|T |1+�

(
dAB(LA + L

B + σ
2

A
+ σ

2

B
) + dAAσ

2

A
+ dBBσ

2

B

)
□

Again we can see that this new Disagreement Cost function has a lot of resemblance with

the base model’s decomposed one in the case of λ = 1 (2.10) used in [9] with the changes

being: nAnB → dAB , nA(nA − 1)→ dAA , nB(nB − 1)→ dBB.

Now lets see how the two limit cases of the network G(nA, nB, p, q) behave in the case

of the Disagreement Cost and also compare them to the original results of [9]. We must

note again that even for random graphs G with the same nA, nB, p, q values because of

the randomness associated with the creation of the edges in the network the dAA, dBB and

dAB values will be different and as such the values of the Disagreement Cost (3.5) will also

be different. The only 2 limit cases where we can explicitly calculate the Disagreement

Cost are for p = q = 1 and for p = 1, q = 0.

Lemma 10 (Complete Undirected Graph Disagreement). Consider a team of nA members

of type A and nB members of type B connected based on the graph G(nA, nB, q, p) with

p = q = 1. The teams Disagreement Cost (2.10) as well as Proposition 2 still hold just as

in the base model.

Proof. Since the Graph is Complete, which means that every agent/node is connected

with every other agent/node it is true that: di = nA + nB − 1,∀i. As such dAA = nA(nA − 1),
dBB = nB(nB − 1) and dAB = nAnB. So (3.5) becomes:

Cost
D

(p=q=1) =
2

(nA + nB)1+�

(
nAnB(LA + L

B + σ
2

A
+ σ

2

B
) + nA(nA − 1)σ2

A
+ nB(nB − 1)σ2

B

)
□
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Lemma 11 (Disconnected Undirected Graph Disagreement). Consider a team of nA mem-

bers of type A and nB members of type B connected based on the graph G(nA, nB, q, p)
with p = 1, q ≈ 0, where q ≈ 0 implies that we let only 1 edge to connect type A and type

B agents in order to keep the graph strongly connected. The teams Disagreement Cost

decomposition for this limit case becomes:

Cost
D

(p=1,q≈0) =
2

(nA + nB)1+�

(
L

A + L
B + σ

2

A
+ σ

2

B
+ nA(nA − 1)σ2

A
+ nB(nB − 1)σ2

B

)
Proof. Since the Graph is Disconnected we now have that: dAA = nA(nA − 1), dBB =

nB(nB−1), and dAB = 1 , for the 1 edge that keeps the graph strongly connected. Replacing

these values to (3.5) we get the above formula.

□

Proposition 4 Consider a team with an initial composition of nA > 0 members of type A

and nB member of type B. Suppose σB > 0 and � < 1. Then there exist n
lower

B
, n

upper

B
∈ R

such that adding a type B member reduces the team’s Disagreement Cost (3.5) if and only

if n
lower

B
≤ nB ≤ n

upper

B
.

Proof. Taking the derivative with respect to nB of the Disconnected Disagreement Cost of

Lemma 11 we obtain:

∂

∂nB

(
Cost

D

(p=1,q=0)

)
=

2(1+�)
(nA+nB)1+�

(
−(1+�)
nA+nB

(LA + L
B + σ

2

A
+ σ

2

B
+ nA(nA − 1)σ2

A
+ nB(nB − 1)σ2

B
) + (2nB − 1)σ2

B

)
Setting the derivative to zero, is equivalent to solving the roots of the following equation:

n
2

B
(1 − �)σ2

B
+ nB(�σ

2

B
+ 2nAσ

2

B
) − const = 0

where:

const = (1 + �)(LA + L
B + σ

2

A
+ σ

2

B
+ nA(nA − 1)σ2

A
) + nAσ

2

B

Note that since σB > 0 and (1 − �) > 0, the above is a quadratic polynomial in nB

with a positive leading coefficient (i.e., (1 − �)σ2

B
). Let n

lower

B
, n

upper

B
denote the roots of

this polynomial. Since the leading coefficient is positive, for any nB ∈ [nlower

B
, n

upper

B
],

the derivative of the disagreement term is negative, indicating that adding new members

of type B will reduce the disagreement. Similarly, outside this range, the derivative is

positive indicating that new type B members will only worsen the team’s disagreement.

This is the same mathematical behaviour with the complete graph case just with different

n
lower

B
, n

upper

B
values.

□

A discussion must be made here for the normalization factor |T |1+�
in the new Dis-

agreement Cost function (3.5). Unlike the base model [9], where it is intuitive to normalize

the Disagreement Cost by the total number of agents to the power of 1 + � (� ∈ [0, 1]),
our generalized framework now bases the Disagreement Cost on the connections between

directly linked agents (dAA, dBB, dAB). In this context, one might propose normalizing by
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the sum of these connections, represented by D = dA + dB = dAA + dBB + 2dAB. However,

this approach poses a challenge. While replacing |T |1+�
with D restores the base model

Disagreement Cost in the complete network, where p = q = 1, it does not hold univer-

sally across all values of �. Specifically, Lemma 10 remains applicable only for a specific

value of �: � =
ln(nA+nB−1)

ln(nA+nB) . This discrepancy is notable, particularly as it pertains to the

Disagreement Cost. While the Accuracy Cost consistently reverts to the base model’s

cost in the complete network scenario (as demonstrated in Lemma 7), the Disagreement

Cost does not exhibit such consistency. Given these considerations, we opt to retain the

original normalization factor |T |1+�
rather than transitioning to D. This decision ensures

the best consistency and coherence within our extended model.

3.2 Pyramid Graph

In the previous section we applied a very simple version of DeGroot learning that

extended the base model’s Cost function (2.7) into including the degree’s (dAA, dBB, dAB)

of the underlying graph. In that case the team member with the most influence was

simply the one with the highest number of connection as shown in Theorem 2 (2.12). In

this section we want to make this difference in influence more explicit by introducing a

rigid hierarchical structure in which our team operates. Our graph now will be defined

not by the p, q connection probability parameters but instead with the parameters k, ℓ.

The parameter k defines the maximum number of "subordinates" that each node in the

pyramid has, while ℓ the number of layers of the pyramid. In Figure 3.2 is an example.

Figure 3.1. Example of Pyramid graph with ℓ=3 and k=4

To incorporate the hierarchical influence dynamics within the pyramid structure, we

introduce the hyperparameter γ. Unlike the previous undirected graph, where each node

equally considered inputs from all connected nodes, the hierarchical framework assigns

varying degrees of influence based on the node’s position within the pyramid. So for ex-

ample in Figure 3.2 the nodes of the 2nd level will listen to their 4 subordinates equally, to

their top node γ times higher and to themselfs in order to maintain aperiodicity. Formally,

this hierarchical influence structure is encoded within a Trust matrix T , from which the

corresponding influence vector s can be derived.
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3.2 Pyramid Graph

Theorem 3 (Pyramid Graph Influence). In a pyramid hierarchical structure with ℓ layers

and k subordinates each agent’s influence, defined as their corresponding element in the

eigenvector s, remains constant for agents within the same layer. However, the influence

increases progressively as we ascend to higher layers of the pyramid following the formula:

s = [ kγ
ℓ−2︸︷︷︸

Top Node

γ
ℓ−3(γ + k)︸       ︷︷       ︸

2
nd

Layer k nodes

γ
ℓ−4(γ + k)︸       ︷︷       ︸

3
rd

Layer k
2

nodes

. . . γ(γ + k)︸   ︷︷   ︸
k

ℓ−3
nodes

(γ + k)︸  ︷︷  ︸
k

ℓ−2
nodes

1︸︷︷︸
k

ℓ−1
nodes

]s

= [ s1 s2 s3 . . . sℓ−2 sℓ−1 sℓ ]

(3.6)

where s = 1/
∑

i si is a normalization factor so that the sum of all the terms inside the

vector s adds up to 1.

Proof. Note that in the DeGroot Model because of convergence: s · b = (sT ) · b ⇒ s = sT .

For our pyramid graph structure the conditions for convergence hold since the graph is

strongly connected and also aperiodic. Now let us verify s = sT ⇒ si =
∑

j Tijsj. For this

proof to be straightforward we must have a clear image of the matrix T. The diagonal

values of the matrix are Tii = ϸ and under the diagonal there are alternating columns of k

length, filed with the values Tb =
γ(1−ϸ)

γ+k
. For the last half of the matrix, which corresponds

to the nodes of the base of the pyramid, the values become Tbb = 1−ϸ. Above the diagonal

there are alternating rows of k length with values Tt =
1−ϸ

γ+k
. Only the 1st row which

corresponds to the top node has k values of Ttt =
1−ϸ

k
. Lets write a simple example of a

full pyramid with ℓ = 3 layers and k = 2. In this case we have 7 nodes and the 7 by 7

Trust Matrix is:

T =



ϸ
1−ϸ

2

1−ϸ

2
0 0 0 0

γ(1−ϸ)
γ+2

ϸ 0
(1−ϸ)
γ+2

(1−ϸ)
γ+2

0 0

γ(1−ϸ)
γ+2

0 ϸ 0 0
(1−ϸ)
γ+2

(1−ϸ)
γ+2

0 1 − ϸ 0 ϸ 0 0 0

0 1 − ϸ 0 0 ϸ 0 0

0 0 1 − ϸ 0 0 ϸ 0

0 0 1 − ϸ 0 0 0 ϸ



So in the general case that the pyramid has ℓ layers and k subordinates we can write for

the top node that:

s1 =
∑

j

Tj1sj = Tiis1 + kTbs2

=

(
ϸkγ

ℓ−2 + k
γ(1 − ϸ)

γ + k
γ

ℓ−3(γ + k)
)

s

=
(
ϸkγ

ℓ−2 + kγ
ℓ−2(1 − ϸ)

)
s = kγ

ℓ−2
s = s1
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For the nodes in the second layer we have that:

s2 =
∑

j

Tj2sj = Ttts1 + Tiis2 + kTbs3

=

(
1 − ϸ

k
kγ

ℓ−2 + ϸγ
ℓ−3(k + γ) + k

γ(1 − ϸ)
γ + k

γ
ℓ−4(γ + k)

)
s

=
(
(1 − ϸ)γℓ−2 + ϸγ

ℓ−3(k + γ) + k(1 − ϸ)γℓ−3
)
s

= γ
ℓ−3 ((1 − ϸ)γ + ϸ(k + γ) + (1 − ϸ)k) s = γ

ℓ−3(γ + k)s = s2

Similar proofs hold for the rest of the middle layers of the pyramid that have agents both

above and bellow them. For the 3rd layer for example we have that:

s3 =
∑

j

Tj3sj = Tts2 + Tiis3 + kTbs4

=

(
1 − ϸ

γ + k
γ

ℓ−3(γ + k) + ϸγ
ℓ−4(k + γ) + k

γ(1 − ϸ)
γ + k

γ
ℓ−5(γ + k)

)
s

=
(
(1 − ϸ)γℓ−3 + ϸγ

ℓ−4(k + γ) + k(1 − ϸ)γℓ−4
)
s

= γ
ℓ−4 ((1 − ϸ)γ + ϸ(k + γ) + (1 − ϸ)k) s = γ

ℓ−4(γ + k)s = s3

We can keep moving down the layers of the pyramid using the same method until we

reach the semi-final layer for which we can write that:

sℓ−1 =
∑

j

Tj(ℓ−1)sj = Ttsℓ−2 + Tiisℓ−1 + kTbbsℓ

=

(
1 − ϸ

γ + k
γ(γ + k) + ϸ(k + γ) + k(1 − ϸ)

)
s

= ((1 − ϸ)γ + ϸγ(k + γ) + k(1 − ϸ)) s

= (γ + k)s = sℓ−1

And for the nodes at the base of the pyramid it is easy to show that:

sℓ =
∑

j

Tjℓsj = Ttsℓ−1 + Tiisℓ

=

(
1 − ϸ

k + γ
(k + γ) + ϸ

)
s

= (1 − ϸ + ϸ)) s = s = sℓ

□

So now based on the result of Theorem 3 (3.6), for the pyramid graph which node has

the most influence? Defining for the parameters that: γ > 1 and for the integer k that:

k ≥ 2 it easy to see that the top node has the most influence followed by the nodes of the

second layer, then the third layer and so forth until we reach the nodes on the base of the

pyramid which have the least influence. Also very interesting is to define the influence

that each layer has as a whole.
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Definition (Pyramid Graph Layer Influence). Consider a team of members connected on

a pyramid graph with parameters k, ℓ. We define the influence of layer n ∈ N in this

pyramid as:

infl(n) = k
n−1

sn (3.7)

Where k
n−1

is the number of nodes in the layer and sn their corresponding influence. For

example: infl(1) = s1, infl(2) = ks2, infl(3) = k
2
s3, . . . , infl(ℓ) = k

ℓ−1
sℓ.

Lemma 12 (Top and Base Layer Influence). Consider a team of members connected on a

pyramid graph with parameters k, ℓ. It is true for their layer influence that:

infl(1) < infl(2)

infl(ℓ) < infl(ℓ − 1)

Proof. Solving the inequalities by using the results of Theorem 3 (3.6) we get:

infl(1) < infl(2)⇔ kγ
ℓ−2

< kγ
ℓ−3(γ + k)⇔ γ < γ + k ⇔ k > 0

infl(ℓ) < infl(ℓ − 1)⇔ k
ℓ−1

< k
ℓ−2(γ + k)⇔ k < γ + k ⇔ γ > 0

□

Lemma 13 (Middle Layer Influence). Consider a team of members connected on a pyramid

graph with parameters k, ℓ. For their layer influence in layer n ∈ [2, ℓ − 2]:

γ > k ⇔ infl(n) > infl(n + 1)

γ < k ⇔ infl(n) < infl(n + 1)

Proof. Solving the first inequality by using the results of Theorem 3 (3.6) we get:

infl(n) > infl(n + 1)⇔ k
n−1

γ
ℓ−n−1(γ + k) > k

n
γ

ℓ−n−2(γ + k)⇔ γ > k

□

Figure 3.2. The results of Lemma 12 and 13 expressed visually. The total influence is

fixed and the layer with the most influence is underlined with red.
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3.2.1 Accuracy

Let’s analyze now how the Accuracy Cost changes in the frame of the pyramid graph.

In order to calculate the Accuracy Cost: Cost
A = Ex∼P[ℓ(GT (x), y)] we must first calculate

how the aggregate opinion function changes compared to the undirected graph (3.2).

Lemma 14 (Pyramid Graph Aggregation Function). Consider a team of nA members of

type A and nB members of type B connected on a pyramid graph. Then:

G(x) = (i1s1 + i2s2 + · · · + iℓ−1sℓ−1 + iℓsℓ) f
A(x)

+
(
i
′
1
s1 + i

′
2
s2 + · · · + i

′
ℓ−1

sℓ−1 + i
′
ℓ
sℓ

)
f

B(x)
(3.8)

Where in, i
′
n
∈ N with n ∈ N representing the layer. It must hold that: i1+ i

′
1
= 1, i2+ i

′
2
= k,

i3+ i
′
3
= k

2
, . . . , iℓ−1+ i

′
ℓ−1
= k

ℓ−2
, iℓ+ i

′
ℓ
= k

ℓ−1
. Where the parameters in show the number

of type A agents in each layer and i
′
n

the number of type B agents.

Proof. All the agents will converge to the same final opinion according to (2.11) and as

such we define this final opinion to be the aggregate:

G(x) = s · b

= [ kγ
ℓ−2︸︷︷︸

Top Node

γ
ℓ−3(γ + k)︸       ︷︷       ︸

2
nd

Layer k nodes

γ
ℓ−4(γ + k)︸       ︷︷       ︸

3
rd

Layer k
2

nodes

. . . γ(γ + k)︸   ︷︷   ︸
k

ℓ−3
nodes

(γ + k)︸  ︷︷  ︸
k

ℓ−2
nodes

1︸︷︷︸
k

ℓ−1
nodes

]s · b

= [ s1 s2 s3 . . . sℓ−2 sℓ−1 sℓ ] · b

Where b is the vector of the initial beliefs:

b = [f A(x), f
B(x), . . . , f

A(x), f
B(x)]

As such based on the positioning of f
A(x) and f

B(x) in the vector of the initial beliefs b
aka the positioning of the agents of type A and type B at the pyramid we get the values of

in, i
′
n
∈ N in order to calculate G(x).

□

Lemma 15 (Pyramid Network Accuracy Cost). Consider a team of nA members of type A

and nB members of type B connected on a full pyramid graph. The Accuracy cost of the

network will be:

Cost
A = (i1s1 + · · · + iℓsℓ)2(LA + σ

2

A
) + (i′

1
s1 + · · · + i

′
ℓ
sℓ)2(LB + σ

2

B
) (3.9)
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Proof. We can write:

Ex∼P[(GT (x) − y)2] = Ex∼P


(θA(x) + ϸA)

ℓ∑
n=1

insn + (θB(x) + ϸB)
ℓ∑

n=1

i
′
n
sn − f

∗(x)


2


= E


−θ

B(x)
ℓ∑

n=1

insn − θ
A(x)

ℓ∑
n=1

i
′
n
sn + ϸA

ℓ∑
n=1

insn + ϸB

ℓ∑
n=1

i
′
n
sn


2
 (Using 2.1)

=
(
E

[
θ

B(x)2
]
+ E

[
ϸ

2

A

])  ℓ∑
n=1

insn


2

+
(
E

[
θ

A(x)2
]
+ E

[
ϸ

2

B

])  ℓ∑
n=1

i
′
n
sn


2

= (LA + σ
2

A
)(i1s1 + · · · + iℓsℓ)2 + (LB + σ

2

B
)(i′

1
s1 + · · · + i

′
ℓ
sℓ)2

□

3.2.2 Disagreement

Let’s continue by analyzing how we can introduce the Disagreement Cost with the

addition of the pyramid graph. By using the DeGroot learning process all agents reach the

same final opinion and that can be thought of as canceling out the teams’ disagreement.

However again we want to preserve the tension between Accuracy and Disagreement Costs

just as in the base model [9]. We will again apply the same approach as in the undirected

graph in order to accomplish this. As such in our extended model, disagreement occurs

solely between agents directly connected in the underlying graph—meaning their nodes

are directly linked by an edge. By adopting this criterion for the pyramid graph the results

of Lemma 9 still hold and we can write that the Disagreement Cost again is:

Cost
D =

1

|T |1+�

∑
i,j∈T

E[(fj(x) − fi(x))2] =
2

|T |1+�
(dAB(LA + L

B + σ
2

A
+ σ

2

B
) + dAAσ

2

A
+ dBBσ

2

B
)

We must note that, unlike the undirected graph analyzed in the previous section,

the pyramid graph does not allow for the definition of complete and disconnected cases.

This is due to the fixed edge connections inherent in the structure of the pyramid graph.

Therefore, our scope for adjustments is limited to the positioning of agent types A or B

within the network. Understanding the optimal placement of team members is crucial

for maximizing the efficiency and effectiveness of the team dynamics within this hierar-

chical structure. In the following chapter, Chapter 4, we delve deeper into the optimal

positioning of team members within the pyramid graph and present simulated results.
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Chapter 4

Results and Analysis

In this chapter, we present the outcomes of simulations and algorithmic analyses

aimed at elucidating the dynamics of our extended model proposed in previous chapters.

We explore the interplay between team structures and decision-making processes, focus-

ing on two fundamental aspects: the connectivity of the network and the positioning of

team members within it. Through a series of experiments, we investigate the implica-

tions of the complete versus the disconnected undirected graph, examining how different

network configurations influence the team’s performance and decision outcomes. Addi-

tionally, we delve into the optimization of edge connections, exploring various approaches

to minimize the cost function for both the undirected and the pyramid graph. Further-

more, we scrutinize the optimal positioning of team members within the pyramid graph,

shedding light on strategies to enhance team cohesion and efficiency. By synthesizing

simulation results and algorithmic insights, this chapter offers valuable insights into the

dynamics of team decision-making in complex network structures.

4.1 Undirected Graph: Complete vs Disconnected

Let’s begin by confirming the results of Propositions 1 (2.9) and 3 (3.4) through team

growth simulations. The results presented in Figures 4.1 and 4.2 were created using

the following conditions: Each world state x comprises 10 features xi , each drawn from

a standard normal distribution with mean = 0 and standard deviation = 0.1, so that

cov(xi , xj) = 0 for all j , i. With a total of 10,000 world states and 10 features each,

this yields a 10 by 10,000 matrix describing the world. After creating the world states,

in order to reach the desirable L
A

and L
B

we generate appropriate values of θ
A

and θ
B

each targeting half of the features, following the equations of Lemma 1 (2.5). As such by

concatenating the created θA and θB we get the vector θ
∗
.

With the foundational elements of our simulation in place, we proceed to construct

the undirected graph. Leveraging the capabilities of the NetworkX package [18], we create

an undirected graph with nA nodes of type A and nB nodes of type B connected with edges

based on the probabilities p and q. It is paramount to ensure that the graph remains

strongly connected for any possible p and q value, guaranteeing this way convergence

for the DeGroot learning process, as stated in Theorem 1. From the constructed graph

we derive the corresponding trust matrix T , enabling us to compute the influence vector
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s (2.12), the dot product of which with the initial opinions b results into the networks

Aggregate opinion GT (x).

Figure 4.1. Simulation of the Team Growth Dynamics with the Base model Tullock Aggre-

gate on the right and the Undirected graph with DeGroot Aggregate on the left. Here the

graph is Complete, p = q = 1 and the green cells represent the 50 (nA, nB) points with the

lowest values.

Figure 4.2. Simulation of the Team Growth Dynamics with the Base model Tullock Aggre-

gate on the right and the Undirected graph with DeGroot Aggregate on the left. Here the

graph is Disconnected, p = 1, q ≈ 0 and the green cells represent the 50 (nA, nB) points

with the lowest values.

Thus, by calculating the Accuracy Cost, which represents the expected squared dif-

ference between the Aggregate GT (x) and the true outcome function f
∗(x) across all world

states x in a given network G(nA, nB, p, q), we can validate the results of Propositions 1

and 3. We compute Accuracy Cost values for various combinations of nA and nB (ranging

from 1 to 40) and visualize them in heat maps shown in Figures 4.1 and 4.2. Additionally,

we plot the Accuracy Cost values that would result from using the Base Model’s Tullock

Aggregate function instead of the DeGroot learning Aggregate, providing further insight.

As depicted in Figure 4.1, the complete network maintains the results of the base model,
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while the Disconnected network in Figure 4.2 deviates and follows the Accuracy-optimal

composition outlined in Equation (3.4). Furthermore, for intermediate values of q ∈ (0, 1),
we observe the minimum line shifting between these two extremes, indicating how the

value of q influences the teams optimal composition. Despite this observation however,

we are unable to derive closed-form equations for q ∈ (0, 1), like the ones for the Com-

plete (Equation (2.9)) or Disconnected (Equation (3.4)) cases due to the randomness of the

graph G(nA, nB, p, q).

It’s noteworthy to consider the theoretical disparity between the n
∗
B

values for complete

and disconnected graphs. Proposition 1 establishes an Accuracy-optimal Composition for

n
∗
B

with a clear linear relationship with nA, characterized by the slope
L

A+σ
2

A

LB+σ
2

B

. Similarly,

Proposition 2 indicates a nearly linear relationship between n
∗
B

and nA. However, upon

comparison across various values of
L

A+σ
2

A

LB+σ
2

B

, we observe that the disconnected graph tends

to adhere more closely to the line n
∗
B
= nA than the complete graph. This tendency of

the disconnected graph can be attributed to the absence of across the aisle dAB edges,

necessitating either more ’bad’ agents (with higher Loss) or fewer ’good’ agents (with lower

Loss) to reach the Cost minimum. This is because information propagation within the

disconnected network is suboptimal.

Figure 4.3. Theoretical Accuracy-optimal Team Compositions for different values of
L

A+σ
2

A

LB+σ
2

B

.

Green represents the optimal composition for the Disconnected network, Red for the Com-

plete and Black is the composition with the same number of agents in each type.

Let’s analyze, for example, Figure 4.3, considering the case where
L

A+σ
2

A

LB+σ
2

B

= 1

2
. Here,

agents of type B experience twice the Loss compared to agents of type A. In the Complete

model’s Accuracy-optimal composition, this leads to the requirement for double the num-

ber of type A agents compared to type B agents to minimize the Cost. For instance, in

Figure 4.3, if nA = 40, the minimum Cost occurs when nB = 20 (red line). However, in

the Disconnected network, achieving the minimum Cost necessitates more type B agents.

With nA = 40, we find that nB = 29 (green line). Therefore, in this case, the Disconnected

graph requires more type B agents, which are the agents with the higher Loss.
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4.2 Undirected Graph: Optimal Edges

Let’s now consider a new problem that arises from the introduction of the undirected

graph in the base model. As mentioned before, for random graphs G with the same nA,

nB, p, q values because of the randomness associated with the creation of the edges the

dA, dB and D values can vary and as such the values of the Aggregate function (3.2) and

of the Accuracy Cost (3.3) can also vary. So a natural question to ask here is: given a

network G of nA and nB agents how can we change the edge connections between them in

order to minimize the Accuracy Cost? Let’s start answering this question by first finding

when the Accuracy Cost is minimized and under which condition.

Lemma 16 (Undirected Graph Minimum Accuracy Cost). Consider a team of nA members

of type A and nB members of type B connected based on the graph G(nA, nB, q, p). The

Accuracy Cost function will be minimized when dA(LA + σ
2

A
) = dB(LB + σ

2

B
) and will be

equal to:

Cost
∗ =

(LA + σ
2

A
)(LB + σ

2

B
)

(LA + σ
2

A
) + (LB + σ

2

B
)

(4.1)

Proof. According to Lemma 6 (3.3) the team’s Accuracy Cost can be written as:

Ex∼P[(GT (x) − y)2] =
(
dA

D

)2

(LA + σ
2

A
) +

(
dB

D

)2

(LB + σ
2

B
)

Taking the derivative of the right hand side with respect to dB, we obtain:

∂

∂dB

(
Ex∼P[(GT (x) − y)2]

)
=

2dAdB

(dA + dB)3
(LA + σ

2

A
) −

2d
2

B

(dA + dB)3
(LB + σ

2

B
)

To obtain the zero of the derivative, we can write:

2dAdB

(dA + dB)3
(LA + σ

2

A
) −

2d
2

B

(dA + dB)3
(LB + σ

2

B
) = 0⇔ dA(LA + σ

2

A
) = dB(LB + σ

2

B
)

Now replacing the value of dB with d
∗
B
= dA

L
A+σ

2

A

LB+σ
2

B

we can see than
dB

D
=

L
A+σ

2

A

(LA+σ
2

A
)+(LB+σ

2

B
) and

dA

D
=

L
B+σ

2

B

(LA+σ
2

A
)+(LB+σ

2

B
) . Applying these values to (3.3) we can find the minimum Cost value

as:

Cost
∗ =

(LA + σ
2

A
)(LB + σ

2

B
)

(LA + σ
2

A
) + (LB + σ

2

B
)

□

We can use now the fact that the minimum for any given graph G is reached when

dA(LA + σ
2

A
) = dB(LB + σ

2

B
) to find which "moves" can be made in order to minimize the

Accuracy Cost. All the possible types of edge additions and removals in a graph are a lot

but in our case every possible move can be boiled down to only 6 categories each affecting

the Accuracy Cost in the same way: Add/Remove Edge between A types, Add/Remove

Edge between B types, Add/Remove Edge between A and B types. Because of the way
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the undirected network calculates the Accuracy Cost (3.3) each of these 6 "moves" affects

the network in the same way independently of which type A or type B nodes are affected.

An important note here is that these moves must be made with respect to the Boundary

Conditions which are:

• The Graph G must be kept strongly connected (applied during removals)

• No new edges can be added when the category is full (applied during additions)

Respecting these boundary conditions we can see that the minimum is reached when:

dA = dB

L
B + σ

2

B

LA + σ
2

A

= dBC

Where C =
L

B+σ
2

B

LA+σ
2

A

is a constant since L
A
, L

B
, σA, σB are all fixed values defined at the start

of the simulation process. As such for any initial dA, dB values after k ∈ N "moves" of

adding or subtracting edges from the graph we are trying to reach the value:

C =
dA + 2(k1 − k2) + (k5 − k6)
dB + 2(k3 − k4) + (k5 − k6)

(4.2)

Where k = k1+k2+k3+k4+k5+k6 with k1,2 = Add/Remove Edge between A types, k3,4 =

Add/Remove Edge between B types, k5,6 = Add/Remove Edge between A and B types.

The above expression can be simplified after the observation that we can use only half of

the ki moves and still reach the same value, since the moves k1,2 , k3,4 , k5,6 mutually

exclude each other.

Lemma 17 (Adding/Removing same Types of Edges). Through the process of trying to

reach the value C through the addition or removal of a particular type of edge, each move

is counteracted when its opposite action is taken. This means that (4.2) can be simplified

to:

C =
dA + 2µ + ξ

dB + 2ν + ξ
(4.3)

Where µ, ν, ξ ∈ Z and when µ, ν, ξ > 0 only the moves k1, k3, k5 are used and when

µ, ν, ξ < 0 only the moves k2, k4, k6 are used, with all 2
3 = 8 combinations between them.

Proof. Lets write how k1 and k2 cancel each other out and the same holds for k3,4 and

k5,6. For any given graph initially we start with:

Cost
init =

(
dA

D

)2

(LA + σ
2

A
) +

(
dB

D

)2

(LB + σ
2

B
)

Let’s start with an example: After k = 3 steps lets assume k1 → k3 → k6 the Cost will be:

Cost
k=3

k1→k3→k6
=

(
dA + 2 − 1

D + 2 + 2 − 2

)2

(LA + σ
2

A
) +

(
dB + 2 − 1

D + 2 + 2 − 2

)2

(LB + σ
2

B
)

=

(
dA + 1

D + 2

)2

(LA + σ
2

A
) +

(
dB + 1

D + 2

)2

(LB + σ
2

B
)
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Now making the k2 move the Cost will become:

Cost
k=4

k1→k3→k6→k2
=

(
dA + 1 − 2

D + 2 − 2

)2

(LA + σ
2

A
) +

(
dB + 1

D + 2 − 2

)2

(LB + σ
2

B
)

=

(
dA − 1

D

)2

(LA + σ
2

A
) +

(
dB + 1

D

)2

(LB + σ
2

B
)

And we can see that by making the move k2 the move k1 has been canceled since:

Cost
k=4

k1→k3→k6→k2
= Cost

k=2

k3→k6

This can be generalized for any possible number of k steps thus the moves k1 cancel the

effect of the moves k2 and vice versa. As a result at the end only k1 or k2 moves remain

and can be expressed through the integer µ = k1 − k2 which is positive when k1 > k2 and

negative when k1 < k2. Following the same logic we can introduce the integers ν = k3−k4

and ξ = k5 − k6 for the moves k3, k4 and k5, k6 respectively.

□

Now a fair question to ask is if the ratio in (4.3) can produce any possible rational num-

ber C. Lets start answering this question by first setting aside the consideration of the

Boundary Conditions.

Lemma 18 (Ratio
dA+2µ+ξ

dB+2ν+ξ
∈ Q+). For any initial dA, dB ∈ N with both dA, dB being even or

both dA, dB being odd, the ratio:

dA + 2µ + ξ

dB + 2ν + ξ

Can reach any possible C ∈ Q+, where µ, ν, ξ ∈ Z.

Proof. Lets start by writing down that since C ∈ Q+ ⇒ C = p/q, where p, q ∈ N. As

such whether p, q are odd or even they can be both turned even by simply multiplying the

nominator and the denominator with an even number for example lets say 2. As such

C = p/q = 2p/2q, where both 2p and 2q are even numbers. Now lets think about the two

cases: First case is that both dA and dB are even. In that case we can use the fact that

every even number is reachable from every other even number by adding or subtracting

2 so that:

dA

dB

→
dA + 2µ

dB + 2ν
=

2p

2q
= C

Now for the second case that both dA and dB are odd we can start by turning dA and

dB even by adding an odd ξ at the nominator and the denominator. This will give us as

before a ratio of even numbers and now as before we can reach C:

dA

dB

→
dA + ξ

dB + ξ
→

dA + ξ + 2µ

dB + ξ + 2ν
=

2p

2q
= C

□

At this point a good question to ask is how can we find the values of µ, ν, ξ . The first
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and simplest solution is an exhaustive search of all the possible µ, ν, ξ ∈ Z combinations

based on the Boundary Conditions of the graph. In order to do that we must "break down"

again the dA and dB values:

dA = dAA + dAB , dB = dBB + dAB

As mentioned in Chapter 3 dAA and dBB represent the edges between nodes of the same

type (i.e. A to A or B to B) and dAB represent the edges between nodes of different type

(i.e. A to B). By doing that we can now write the Boundary Conditions as:

• 1 ≤ d
init

AB
+ ξ ≤ nAnB

• 2(nA − 1) ≤ d
init

AA
+ 2µ ≤ nA(nA − 1)

• 2(nB − 1) ≤ d
init

BB
+ 2ν ≤ nB(nB − 1)

A comment needs to be made here about the lower limits of these inequalities. Firstly

the upper limits are applied while adding edges to the graph. It is easy to see the upper

limits of dAB, dAA and dBB as the values they would have if the graph was complete (aka

every node is connected with every other node). It is also easy to find the lowest value for

dAB as equal to 1 since we want the graph to be strongly connected. The same is not so

obvious however for the lowest values of dBB and dAA. It is theoretically possible for large

enough graphs to get dAA and dBB as low as 0 while still being strongly connected. This

however requires a large enough value of dAB. So in order to keep the boundary conditions

as simple as possible we choose to keep the lowest values of dAA and dBB at 2(nA − 1) and

2(nB −1). These lower bounds for dAA and dBB make sure that the nodes of the same type

are all reachable among themselves ensuring this way a level of connectivity between the

agents of the same type. As such by using the 3 boundary condition inequalities for any

initial graph G(nA, nB, q, p) we can find all the possible values of µ, ν, ξ ∈ Z that respect

the Boundary Conditions and try their combinations in order to reach C.

However this can be very computationally expensive especially for large graphs. Can

we apply another approach? One other approach can be a greedy algorithm which given

a graph G(nA, nB, q, p) tries out iteratively the 6 possible "moves" of addition/removal of

edges and applies the one which lowers the Cost the most. This greedy algorithm will

terminate when no "move" can be applied which lowers the Cost any further. A first

observation that we can make is that the Greedy Algorithm is not Optimal since it can be

trapped close to unreachable solutions due to the boundary conditions.

Lemma 19 (Greedy Search Algorithm is Not Optimal). In order to find the steps µ, ν, ξ

that minimize the Accuracy Cost (3.3) the Greedy search Algorithm is not Optimal since it

can be trapped close to an optimal solution without ever reaching it due to the boundary

conditions of the problem.

Proof. Lets prove this with an example: Lets assume we have a network of nA = nB = 5

type A and type B agents with each having Losses: L
A = 0.1 and L

B = 0.2 with no noise

σA = σB = 0. The optimal ratio that needs to be reached in order to minimize the Cost is:
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C = dA/dB = LB/LA = 2. In the case that the network is complete (p = q = 1) aka every

node is connected with every other node directly then the steps that the Greedy Algorithm

takes are the following:

d
init

A

d
init

B

=
(nA + nB)(nA + nB − 1)/2

(nA + nB)(nA + nB − 1)/2
=

45

45

10k4

−−−−→
45

25

5k6

−−−→
40

20
= 2 = C

In the case however that the network is disconnected (p = 1, q ≈ 0) aka every node of the

same type is connected but the two different types of nodes are connected only with 1

edge so that the network is strongly connected, the steps that the Greedy Algorithm takes

are the following:

d
init

A

d
init

B

=
((nA)(nA − 1) + 1)/2

((nB)(nB − 1) + 1)/2
=

21

21

5k4

−−−→
21

11
, 2 , C

As can be seen in this case the Greedy Algorithm is trying to reach the ratio 20/10.

However when it reaches the ratio 21/11 it cannot do the move k6 because removing

the connection between the type A and the type B agents will disconnect the network

(boundary condition). As a result it terminates in a sub optimal solution since from the

ratio 21/11 no moves are beneficial, from it’s myopic point of view, in lowering the Cost.

However if the algorithm was able to add edges in the graph it would be able to reach the

ratio 40/20 which, as we saw from the case that the initial graph was complete, is an

optimal solution.

□

For small graphs where the boundary conditions are very restrictive or for irrational

values of C (might happen if we choose irrational L
A
, L

B
, σA, σB) the minimum value cannot

be reached. However this does not pose a problem because we can show that the closer

we are at the minimum (4.1) the less is the values of the Accuracy Cost.

Lemma 20 (Accuracy Cost Proximity). For the Accuracy Cost function of the Undirected

Graph (3.3) with dA, dB > 0 as the Euclidean distance of a point (dA, dB) to the line

dA(LA + σ
2

A
) = dB(LB + σ

2

B
) decreases, the value of the Cost function Cost

A
also decreases.

Proof. The Accuracy Cost of the network can be written as:

Cost
A = Ex∼P[(GT (x) − y)2] =

(
dA

D

)2

(LA + σ
2

A
) +

(
dB

D

)2

(LB + σ
2

B
)

Given now that dA, dB > 0 and also that σA, σB > 0 , by considering dA, dB as continues

and not integer values we introduce the Euclidean distance d from a point (dA, dB) to the

line dA(LA + σ
2

A
) = dA(LB + σ

2

B
):

d =

∣∣∣dA(LA + σ
2

A
) − dB(LB + σ

2

B
)
∣∣∣√

LA + σ
2

A
+ LB + σ

2

B

As d decreases, it indicates that the point (dA, dB) is getting closer to the line dA(LA+σ
2

A
) =

dA(LB + σ
2

B
). When d = 0 we have shown in Lemma 16 that the Accuracy Cost function
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is minimized. As such when d decreases, the numerator

∣∣∣dA(LA + σ
2

A
) − dB(LB + σ

2

B
)
∣∣∣ de-

creases. Consequently, Cost
A

decreases because the ratios dA/D and dB/D deviate less

form their optimal values, which are attained at dA(LA + σ
2

A
) = dA(LB + σ

2

B
).

□

Based now on Lemma 20 we can posit that the closer we are to the C value the closer

we are at the minimum. Because of this even when the C value cannot be reached we

know that the Accuracy Cost minimum corresponds to the ratio dA/dB that is the closest

to C. This can be seen visually by plotting the graph of the Accuracy Cost function in

Figure 4.4. Moreover from our simulation results we can see that for reasonably large

graphs most of the time even the Greedy search Algorithm can reach values very close

to the minimum, while the method of exhaustive search can tell us if the minimum is

achievable and exactly under which steps.

Figure 4.4. Accuracy Cost function for the undirected graph with L
A = L

B = 1 and

σA = σB = 0. We see that the minimum values are in the line dA = dB since: C = L
A
/L

B = 1

We can also answer this question from the point of view of the Disagreement Cost (3.5).

So now given a network G of nA and nB agents how can we change the edge connections

between the nodes in order to minimize the Disagreement Cost? The answer turns out to

be much simpler compared to the Accuracy:

Lemma 21 (Undirected Graph Minimum Disagreement Cost). Consider a team of nA

members of type A and nB members of type B connected based on the graph G(nA, nB, q, p).
The Disagreement Cost is minimized by removing as many of the graph’s edges as possible.

Proof. According to Lemma 9 the team’s Disagreement Cost can be written as:

Cost
D =

2

|T |1+�

(
dAB(LA + L

B + σ
2

A
+ σ

2

B
) + dAAσ

2

A
+ dBBσ

2

B

)
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Taking the derivatives with respect to dAA, dBB and dAB, we obtain:

∂

∂dAA

(
Cost

D
)
=

2σ
2

A

(nA + nB)1+�
> 0

∂

∂dBB

(
Cost

D
)
=

2σ
2

B

(nA + nB)1+�
> 0

∂

∂dAB

(
Cost

D
)
=

2(LA + L
B + σ

2

A
+ σ

2

B
)

(nA + nB)1+�
> 0

As such removing edges of any type always reduces the value of the Disagreement Cost.

□

As expected adding edge connection in the graph, based on how we defined the Disagree-

ment Cost, will make Cost
D

get higher. We must however keep in mind that for our

analysis to work the graph must be kept strongly connected. So there is a lower limit

to the amount of edges that can be removed in order to reach the minimum value of the

Disagreement Cost.

So what occurs when we combine the Disagreement with the Accuracy Cost? The total

Cost, denoted as Cost
T

can be written as:

Cost
T = λ × Cost

D + (1 − λ) × Cost
A

= λ ×

(
2

|T |1+�

(
dAB(LA + L

B + σ
2

A
+ σ

2

B
) + dAAσ

2

A
+ dBBσ

2

B

))
+ (1 − λ) ×

( dAA + dAB

dAA + dAA + 2dAB

)2

(LA + σ
2

A
) +

(
dBB + dAB

dAA + dAA + 2dAB

)2

(LB + σ
2

B
)


For this more complicated case we choose to study the model without any noise on the

outcome functions (σA = σB = 0). As such from now on we will study Cost
T

in it’s

simplified form as:

Cost
T = λ ×

(
2(LA + L

B)
|T |1+�

dAB

)
+ (1 − λ) ×

LA

(
dAA + dAB

dAA + dAA + 2dAB

)2

+ L
B

(
dBB + dAB

dAA + dAA + 2dAB

)2


Let’s begin by taking the derivatives of Cost
T

with respect to dAA, dBB and dAB:

∂

∂dAA

(
Cost

T
)
= (1 − λ) ×

2(dBB + dAB)
(dAA + dBB + 2dAB)3

(
L

A(dAA + dAB) − L
B(dBB + dAB)

)
∂

∂dBB

(
Cost

T
)
= (1 − λ) ×

2(dAA + dAB)
(dAA + dBB + 2dAB)3

(
L

B(dBB + dAB) − L
A(dAA + dAB)

)
∂

∂dAB

(
Cost

T
)
= (1 − λ) ×

2(dBB − dAA)
(dAA + dBB + 2dAB)3

(
L

A(dAA + dAB) − L
B(dBB + dAB)

)
+ λ ×

2(LA + L
B)

|T |1+�

We can observe from these results that for non-limit values of λ, i.e. λ ∈ (0, 1), the

above three derivatives cannot be equal to zero at the same time. This it true because

the derivatives of dAA and dBB are zeroed out only when: L
A(dAA + dAB) = L

B(dBB + dAB).
However when this happens the derivative of dAB is strictly positive since it is equal to:

λ ×
2(LA+L

B)
|T |1+�

> 0. We remind the fact that: σ
A
, σ

B
, |T |, dAA, dBB, dAB > 0.
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Based on this observation we can deduce that the minimum for the Total Cost function

will be at the bounds of the dAA, dBB and dAB values. In order to make clear where those

minimums are, lets run some simulations. We will start on Figure 4.5 by plotting on 3D

space with (x, y, z) coordinates being the values of (dAA, dBB, dAB), the 150 points where

Cost
T

has the lowest value. Let’s begin with the case where λ = 0, i.e. there is no

Disagreement Cost and also: L
A = 0.1, L

B = 0.2, |T | = 14, � = 1.

Figure 4.5. Cost
T (dAA, dBB, dAB) plot with red colored points where the Total Cost function

is minimized. L
A = 0.1, L

B = 0.2, |T | = 14, � = 1 and λ = 0.

Figure 4.6. Cost
T (dAA, dBB, dAB) plot with red colored points where the Total Cost function

is minimized. L
A = 0.1, L

B = 0.2, |T | = 14, � = 1 and λ = 0.001.
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From Figure 4.5 we can clearly see that all the minimum points of just the Accuracy

Cost function fall on the plane L
A(dAA + dAB) = L

B(dBB + dAB). This plane is equivalent

with Figures 4.4 line: (LA + σ
2

A
)dA = (LB + σ

2

B
)dB. Now what will occur if we introduce

Disagreement in the model, i.e. a small λ > 0 value? While keeping L
A
, L

B
, |T |, � the same

and changing λ from: λ = 0 to λ = 0.001, we can see in Figure 4.6 that the 18 points

where Cost
T

has the lowest value stay on the plain L
A(dAA + dAB) = L

B(dBB + dAB) but

move to where the value of dAB = 1. We can show that this result holds theoretically

using the Karush–Kuhn–Tucker conditions:

Definition (KKT Conditions). Consider a nonlinear optimization problem with differen-

tiable objective function and functional constraints in the form:

min
x

f (x)

s.t.

hi(x) = 0, i ∈ {1, . . . , r}

gj(x) ≤ 0, j ∈ {1, . . . , s}

The KKT conditions at point x are given by:

− ∇f (x) =
r∑

i=1

λi∇hi(x) +
s∑

j=1

µj∇gj(x) ("Stationarity")

λi ∈ R , µj ≥ 0, ∀i, j ("Dual feasibility")

µj · gj(x) = 0,∀j ("Complementary slackness")

We can draw an intuative understanding of how the KKT conditions generalize the method

of Lagrange multipliers by allowing for inequality constraints from Figure (4.7).

Figure 4.7. KKT Condition Inequality constraint diagram for optimization problems
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Applying the KKT condition in our case we have that:

minxf (x) = Cost
T (dAA, dBB, dAB)

s.t.

g1 = 1 − dAB ≤ 0

g2 = dAB − nAnB ≤ 0

g3 = 2(nA − 1) − dAA ≤ 0

g4 = dAA − nA(nA − 1) ≤ 0

g5 = 2(nB − 1) − dBB ≤ 0

g6 = dBB − nB(nB − 1) ≤ 0

From Stationarity we get the following 3 equations:
∂

∂dAA

(
Cost

T
)

∂

∂dBB

(
Cost

T
)

∂

∂dAB

(
Cost

T
)
 =


µ3 − µ4

µ5 − µ6

µ1 − µ2


Also from Dual feasibility we know that all µj values are non-negative while from the 6

Complementary slackness equations, we can choose whether µj or gj equals zero. We

can make two observations using the Complementary slackness equations. Firstly all

the Lagrange multipliers µj cannot equal to zero since in that case we get the equation:

∇Cost
T = 0, which as we have discussed before does not have a solution. As such at

least one µj must stay positive. Furthermore the pairs of Lagrange multipliers: (µ1, µ2) or

(µ3, µ4) or (µ5, µ6) cannot both be equal to zero at the same time. This is true because for

example when: µ3 = µ4 = 0 then from the Complementary slackness equations we get

that: dAA = 2(nA − 1) and dAA = nA(nA − 1). In order for this to hold nA must be equal to

2 which restrains a parameter we want to be freely adjustable (the number of type A or B

agents). Similar restraining results hold for the other two pairs (µ1, µ2) and (µ5, µ6), which

shows that these pairs of Lagrange multipliers cannot both be positive at the same time.

This now leaves us with a specific number of µj combinations that are applicable, one of

which is:

µ3 = µ4 = µ5 = µ6 = 0⇒ L
A(dAA + dAB) = L

B(dBB + dAB)

∂

∂dAB

(
Cost

T
)
= λ ×

2(LA + L
B)

|T |1+�
= µ1 − µ2

where the value λ×
2(LA+L

B)
|T |1+�

is positive and since both µ1, µ2 are non negative and at least

one of the two Lagrange multipliers must be equal to zero then:

µ2 = 0⇒ µ1 > 0⇒ dAB = 1

As such for this case of the Lagrange multipliers we get the result hinted by the simulation

of Figure (4.6) where the minimum is on the plane L
A(dAA + dAB) = L

B(dBB + dAB) where

dAB is minimized i.e. dAB = 1. We can check one by one the other combinations of
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µj and find more points (dAA, dBB, dAB) that satisfy the KKT conditions, however this is

not necessary since we know that this combination is the one that minimizes the Cost
T

function. We can conclude this because: Cost
T = λ × Cost

D + (1 − λ) × Cost
A

and it is

true that: min(Cost
D)⇒ dAB = 1 and min(Cost

A)⇒ L
A(dAA + dAB) = L

B(dBB + dAB). Thus

while respecting the KKT condition this result gives us the true minimum.

4.3 Pyramid Graph: Optimal Positioning

Let’s now consider a new problem that arises from the introduction of the pyramid

graph in the base model. Unlike the undirected graph analyzed in the previous section,

the pyramid graph does not allow the altering of the edges due to it’s rigid structure.

Therefore, our scope for adjustments is limited to the positioning of agent types A or B

within the network. So a natural question to ask is: given a pyramid graph G of nA and

nB agents what is the optimal way to position them in the pyramid in order to minimize

the Accuracy Cost? Let’s start answering this question by first finding when the Pyramid

graph Accuracy Cost is minimized and under which condition.

Lemma 22 (Pyramid Graph Minimum Accuracy Cost). Consider a team of nA members of

type A and nB members of type B connected on a full pyramid graph. The Cost function

will be minimized when
∑

ℓ

n=1
insn = (LB+σ

2

B
)/(LA+σ

2

A
+L

B+σ
2

B
) or equivalently

∑
ℓ

n=1
i
′
n
sn =

(LA + σ
2

A
)/(LA + σ

2

A
+ L

B + σ
2

B
) and will be equal to:

Cost
∗ =

(LA + σ
2

A
)(LB + σ

2

B
)

(LA + σ
2

A
) + (LB + σ

2

B
)

(4.4)

Proof. According to Lemma 15 (3.9) the team’s Accuracy Cost can be rewritten as:

Cost
A =

 ℓ∑
n=1

insn


2

(LA + σ
2

A
) +

 ℓ∑
n=1

i
′
n
sn


2

(LB + σ
2

B
)

=

 ℓ∑
n=1

insn


2

(LA + σ
2

A
) +

1 − ℓ∑
n=1

insn


2

(LB + σ
2

B
)

=

 ℓ∑
n=1

insn


2

(LA + σ
2

A
+ L

B + σ
2

B
) − 2

 ℓ∑
n=1

insn

 (LB + σ
2

B
) + (LB + σ

2

B
)

Note that since L
A
, L

B
, σA, σB > 0, the above is an always positive quadratic polynomial in∑

ℓ

n=1
insn with a positive leading coefficient. Taking the derivative of the right hand side

with respect to
∑

ℓ

n=1
insn, we can find the minimum:

∂

(
Cost

A
)

∂

(∑
ℓ

n=1
insn

) = 2

 ℓ∑
n=1

insn

 (LA + σ
2

A
+ L

B + σ
2

B
) − 2(LB + σ

2

B
)

50 Diploma Thesis



4.3 Pyramid Graph: Optimal Positioning

To obtain the zero of the derivative, we can write:

2

 ℓ∑
n=1

insn

 (LA + σ
2

A
+ L

B + σ
2

B
) − 2(LB + σ

2

B
) = 0

ℓ∑
n=1

insn = (LB + σ
2

B
)/(LA + σ

2

A
+ L

B + σ
2

B
)

Following the same steps but solving for
∑

ℓ

n=1
i
′
n
sn instead of

∑
ℓ

n=1
insn we can find that

the minimum is reached when:
∑

ℓ

n=1
i
′
n
sn = (LA + σ

2

A
)/(LA + σ

2

A
+ L

B + σ
2

B
). Now replacing

these values to (3.9) we can find the minimum Cost as:

Cost
∗ =

(LA + σ
2

A
)(LB + σ

2

B
)

(LA + σ
2

A
) + (LB + σ

2

B
)

□

Lets now consider what this result tells us for the optimal distribution of type A and

type B agents into our hierarchical structure from an Accuracy point of view. Lemma 22

shows that in order to reach the Accuracy Cost minimum we must solve the equation:

i1s1 + i2s2 + · · · + iℓ−1sℓ−1 + iℓsℓ = (LB + σ
2

B
)/(LA + σ

2

A
+ L

B + σ
2

B
)

where L
A
, L

B
, σA, σB are known constants initialized at the start of the simulation and the

values of sn can be found using Theorem 3 based on the k, ℓ values of the pyramid and the

parameter γ. As such this equation has ℓ unknowns which are the values of in ∈ N. The

in are bounded and can take the values: i1 = {0, 1}, i2 = {0, 1, . . . , k}, i3 = {0, 1, . . . , k
2},

. . . , iℓ−1 = {0, 1, . . . , k
ℓ−2}, iℓ = {0, 1, . . . , k

ℓ−1}. Also it must hold that: i1 + i2 + · · · + iℓ = nA

as well as that: i
′
1
+ i
′
2
+ · · · + i

′
ℓ
= nB. Because of these constraints this equation can

have many or no solutions. There can be no solutions in the case that the parameters

L
A
, L

B
, σA, σB and sn cannot produce any combinations of in which can reach the target, as

well as many solutions in cases where different combinations of in can solve the equation.

For example in the case of a pyramid with hyperparameters: k = 3, ℓ = 3, γ = 2 and

Losses: L
A = L

B
, while σA = σB = 0, there are 4 combinations of in values that fulfill the

requirements of equation:
∑

ℓ

n=1
insn = (LB+σ

2

B
)/(LA+σ

2

A
+L

B+σ
2

B
) and these combinations

are: (i1 = 0, i2 = 2, i3 = 5), (i1 = 0, i2 = 3, i3 = 0), (i1 = 1, i2 = 0, i3 = 9), (i1 = 1, i2 = 1, i3 = 4).

Now a good question to ask is how can we find these in optimal values that minimize

the Accuracy Cost. To help us answer this question we must first observe that for the

pyramid graph occurs something similar with the result of Lemma 20 of the undirected

graph. That is the fact that the closer the
∑

ℓ

n=1
insn gets to the new target value: C =

(LB + σ
2

B
)/(LA + σ

2

A
+ L

B + σ
2

B
), the closer we are at the Accuracy Cost minimum. This can

be easily seen from Lemma 22 (4.4) where the form of Cost
A

can be written as an always

positive parabola. As such even if the target C value cannot be reached from the sum:∑
ℓ

n=1
insn, we know that the best combination of in values is the one that reaches the

closest to it.

Based on this observation we can again propose, as in the previous subsection, one
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exhaustive and one greedy algorithm in order to find the in values. The exhaustive search

algorithm simply checks all the possible combinations of in, which are bounded and can

take the values: i1 = {0, 1}, i2 = {0, 1, . . . , k}, i3 = {0, 1, . . . , k
2}, . . . , iℓ−1 = {0, 1, . . . , k

ℓ−2},

iℓ = {0, 1, . . . , k
ℓ−1}. By knowing the sn values from the pyramid’s hyperparameters we can

check all the in combinations in the sum:
∑

ℓ

n=1
insn, and simply choose the one that is the

closest to the target C. Again however we can see that this method is very computationally

expensive especially in the case of pyramids with large values of ℓ, because for the last

layers the values of in get exponentially large.

To address this we can propose a greedy algorithm which is different from the one

used in the previous subsection. This time we can use the fact that the influence of the

agents in the top layers is bigger than the influence of the agents in the bottom layers:

s1 > s2 > s3 > · · · > sℓ−2 > sℓ−1 > sℓ

The greedy algorithm designed for approximating the target sum C works by iteratively

selecting integer coefficients in for a series of known values sn such that
∑

ℓ

n=1
insn is

as close to C as possible without exceeding it. The algorithm begins by initializing the

sum S to zero. It then processes each coefficient in starting from i1 and ending with iℓ.

For each in, it increments in from zero, adding it’s corresponding sn to S as long as the

resulting sum does not exceed C and in remains within its bounded range. If the sum

S surpasses C after an increment, the algorithm decrements in by one and adjusts S

accordingly. This process ensures that the sum S approaches C as closely as possible

without overshooting. Finally, the algorithm returns the set of coefficients i1, i2, . . . , iℓ

which represent the closest possible approximation to the target sum C using the given

values sn. This approach leverages the properties of greedy algorithms by making locally

optimal choices at each step. We can think of this approach as beginning with large steps

when using s1, s2 and as we get closer to the target C, we use smaller and smaller steps.

Figure 4.8. Example of applying the Greedy Algorithm in the case of the pyramid graph

with hyperparameters: k = ℓ = 3, γ = 2 and L
A = L

B
, σA = σB = 0. In this case we can see

that greedy does find one of the four optimal solutions

Conjecture 1 (Greedy Algorithm is Optimal). In order to find the steps in that minimize

the Pyramid graph’s Accuracy Cost (3.9) the proposed Greedy Algorithm is Optimal and

does find one correct set of in values if and only if C is reachable. C is defined as reachable

when there exists at least one combination of in that satisfy:
∑

ℓ

n=1
insn = C.
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Intuition It is easy see from Theorem 3 (3.6) that the step sizes: s2, s3 . . . sℓ−1, sℓ are

perfect divisors of one another. To be exact: sℓ−1 contains γ + k steps of size sℓ, sℓ−2

contains γ steps of size sℓ−1, sℓ−3 contains γ steps of size sℓ−2. This pattern continues

up to: s2 which contains γ steps of size s3. The only step which breaks this pattern

is s1, which can easily be written as an linear combination of the next ℓ − 1 steps, i.e.

s1 = as2 + bs3 + · · · + csℓ. These observations give us an intuitive understanding of why

when we choose the target to be reached with a combination of s2, s3 and s5 steps, the

greedy algorithm is able to reach it with a combination of s1, s2 and s6 steps.

The following pseudocode describes the greedy algorithm for approximating the target sum

C using the provided values sn and integer coefficients in. Running many simulations with

many different pyramid hyperparameters k, ℓ, γ and many different reachable targets C

we have consistently confirmed Conjecture 1.

1: Input: target C, values sn, parameter k, length ℓ

2: Output: coefficients i1, i2, . . . , iℓ or None if no solution is found

3: Initialize solution ← [0, 0, . . . , 0] (length ℓ)

4: Initialize current_sum ← 0

5: Initialize ϸ ← 1 × 10
−9

6: for i = 0 to ℓ − 1 do

7: for j = 0 to k
i − 1 do

8: if current_sum + si ≤ C + ϸ then

9: solution[i]← solution[i] + 1

10: current_sum ← current_sum + si

11: if |current_sum − C| < ϸ then

12: return solution

13: end if

14: end if

15: end for

16: end for

17: if |current_sum − C| < ϸ then

18: return solution

19: else

20: return None

21: end if

We can also answer this question from the point of view of the Disagreement Cost

(3.5). Again we keep the definition that in our network model, Disagreement happens

only between the agents that are directly connected in the graph i.e. they have an edge

that connects them directly. As such the results of Lemma 9 hold for the pyramid network

and the Disagreement Cost can be written as:

Cost
D =

2

|T |1+�

(
dAB(LA + L

B + σ
2

A
+ σ

2

B
) + dAAσ

2

A
+ dBBσ

2

B

)
Now in the pyramid network structure we must remind again that we do not have the

freedom to directly change the edges by connecting or disconnecting specific nodes since
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the network structure is rigid and predetermined. We have the power however to choose

in which positions agents of type A and type B go to. As such by optimally choosing the

positioning of the agents in the pyramid we can adjust the values of dAA, dBB and dAB.

Let’s think of the case where there is no noise in the predictions of the agents and as

such: σA = σB = 0. In this simplified case only connections between nodes of type A and

type B create Disagreement Cost and as such we must minimize the value of dAB. The

obvious solution that minimizes the Disagreement Cost in this case is when there are

only type A or only type B agents in the pyramid, however what happens when we must

position nA > 0 type A and nB > 0 type B nodes in the pyramid? The answer is that in

order to keep the Disagreement Cost at a minimum we must position the agents of the

same type at sub-pyramids, thus minimizing the value of dAB. This can be seen visually

for different values of nA and nB in Figure 4.9

Figure 4.9. Optimal Positioning of type A, B agents in k=ℓ=3 pyramid with only Disagree-

ment Cost (λ = 1). New nA agents position themselves inside a sub-pyramid

So now for the pyramid graph what occurs when we combine the Disagreement with

the Accuracy Cost? The total Cost, denoted as Cost
T

can be written as:

Cost
T = λ × Cost

D + (1 − λ) × Cost
A

= λ ×

(
2

|T |1+�

(
dAB(LA + L

B + σ
2

A
+ σ

2

B
) + dAAσ

2

A
+ dBBσ

2

B

))

+ (1 − λ) ×


 ℓ∑

n=1

insn


2

(LA + σ
2

A
) +

 ℓ∑
n=1

i
′
n
sn


2

(LB + σ
2

B
)


For this more complicated case again we choose to study the model without any noise on

the outcome functions (σA = σB = 0). As such from now on we will study Cost
T

in it’s
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simplified form as:

Cost
T = λ ×

(
2(LA + L

B)
|T |1+�

dAB

)
+ (1 − λ) ×

LA

 ℓ∑
n=1

insn


2

+ L
B

 ℓ∑
n=1

i
′
n
sn


2


Right away it is clear that for the pyramid graph we cannot try to find a theoretical solution

as we did in the previous sub-section for the undirected graph. This is because we are

not able to take derivatives of Cost
T

with respect to dAA, dBB, dAB since now the Accuracy

Cost term only considers the layer positioning of the agent types (in) and not their edge

connections. So we choose to deploy a pure algorithmic approach for the pyramid graph’s

Total Cost. We will deploy 3 algorithms: an Exhaustive, a Greedy and a Local Search.

The Exhaustive algorithm explores all possible 2
n

type combinations, where n is the

number of nodes in the k, ℓ pyramid. For each combination, it calculates the correspond-

ing Cost
T

and selects the one with the lowest value. As expected, this approach becomes

very computationally expensive as the pyramid graph grows larger. The Greedy algorithm

is the least computationally demanding. It starts by assigning the same type to all nodes

in the pyramid. Then, from top to bottom, it attempts to change the type of each node

one by one. Each change is kept only if it reduces the Cost
T
. It is important to note that

this greedy algorithm differs from the one described for the Accuracy Cost and shown in

Figure (4.8). In this case, we do not have a target value C to indicate when we overshoot,

so this greedy algorithm is not optimal, even when λ = 0 (i.e., when only the Accuracy

Cost is considered). The Local Search/Swaps algorithm begins by randomly assigning

types to all nodes in the pyramid graph. It then iteratively improves the assignment by

considering pairs of nodes with different types. For each pair, the algorithm swaps their

types and calculates the new cost. If the swap results in a lower cost, the change is kept;

otherwise, it is reverted. This process continues until no further improvements can be

found. The swaps algorithm is more computationally expensive compared to the greedy

algorithm but less so compared to the exhaustive search.

Figure 4.10. Cost comparison and cost ratio for Exhaustive, Greedy and Swaps algorithms

for different values of λ. Pyramid parameters: k = 3, ℓ = 3, γ = 2
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Figure 4.11. Cost comparison and cost ratio for Exhaustive, Greedy and Swaps algorithms

for different values of λ. Pyramid parameters: k = 2, ℓ = 4, γ = 2

The performance of the three algorithms is illustrated in Figures (4.10) and (4.11). These

figures compare the cost values obtained by the Exhaustive, Greedy, and Swaps algo-

rithms across a range of λ values. In both figures, the Greedy algorithm demonstrates its

effectiveness particularly for λ values close to 0 or 1, where it closely approximates the re-

sults of the Exhaustive algorithm. This suggests that the Greedy algorithm is well-suited

for scenarios where either the Accuracy Cost or the Disagreement Cost predominates.

Conversely, the Swaps algorithm often outperforms the Greedy algorithm at intermediate

λ values, showcasing its strength in balancing both costs. However, it is crucial to note

that the performance of the Swaps algorithm is highly sensitive to the initial random as-

signment of node types in the pyramid. Different random initializations can lead to varying

results, which highlights the algorithm’s dependence on its starting configuration.

Figure 4.12. Cost comparison and cost difference for Greedy and Swaps algorithms for

different values of λ. Pyramid parameters: k = 3, ℓ = 5, γ = 2

Figure (4.12) focuses on a larger pyramid structure with k = 3, ℓ = 5, resulting in 121

nodes. Due to the significant computational demands, the Exhaustive algorithm was not
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feasible for this case, and thus, only the results from the Greedy and Swaps algorithms

are presented. Remarkably, both algorithms yield very similar results, as evidenced by the

left plot where their lines almost overlap. The right plot, which shows the cost difference

between the two algorithms, indicates that their differences are on the order of 10
−4

. This

negligible difference underscores the efficiency of both algorithms in approximating the

minimal Cost
T
. For example, at λ = 1, where only the Disagreement Cost is considered,

both algorithms achieve values close to zero. The Greedy algorithm, in particular, reaches

exactly Cost
T = 0 since it starts with all nodes assigned the same type, reflecting its

effectiveness in this limit case.
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Discussion

5.1 Future Work & Limitations

Building on the research presented in this thesis, several avenues for future work can

be suggested to enhance and expand these findings. Firstly, the algorithms proposed,

although generally effective for large graphs, can perform poorly for specific hyperparam-

eter values, deviating significantly from the optimal value. Future work should focus on

developing more sophisticated algorithms to achieve optimal positioning in the pyramid

and optimal edge selection in the undirected graph. Additionally, proving Conjecture 1

remains a critical task for future research.

Moreover, our current models use fixed values for the weights in the edge connec-

tions between nodes, with the transition matrix T being constant in both cases. Future

research should explore integrating learning algorithms that allow the weights to adjust

dynamically as rounds of DeGroot or other learning processes occur. This approach would

result in a more dynamic graph, better reflecting the evolving relationships and interac-

tion dynamics within teams. Beyond the simplistic DeGroot learning process, where all

nodes converge to the same final opinion, future work could investigate other learning al-

gorithms. For instance, applying the Friedkin-Johnsen (FJ) model, where nodes converge

to different opinions, could provide a more generalized approach to the Disagreement

Cost term in the Total Cost function compared to our current model. This would enable

a richer understanding of opinion dynamics within teams.

Despite the advancements and findings presented in this thesis, several limitations

should be acknowledged. One critical limitation is the fundamental assumptions of the

base model presented in [9]. The base model assumes distinct features of a prediction

task that are uncorrelated, so that each type of agent (A, B, or potentially more types)

considers a specific subset of these features. However, in reality, it is more plausible

that there is some mixture of knowledge between different types of agents. This raises

questions about the realism of the model, as it may not fully capture the complexity and

interdependence of features in actual prediction tasks.

Another significant limitation lies in the intrinsic nature of modeling social environ-

ments. Unlike physical or biological sciences, which are deterministic, social sciences

involve human behavior, making them more stochastic and probabilistic. This intro-

duces a fundamental question: how do we know if teams actually operate in the manner
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our model suggests? Proving the validity of our model requires empirical experiments,

which present their own set of challenges. Determining which teams to study, the size of

these teams, and the appropriate methods for experimentation are complex issues that

must be addressed to validate the mathematical models beyond their theoretical elegance.

In summary, this thesis has provided significant insights into network team growth

dynamics through the development and analysis of various algorithms and models. How-

ever, the limitations discussed highlight the need for caution in interpreting the results

and underscore the importance of further empirical validation. Future work should aim

to address these limitations by developing more robust algorithms, incorporating dynamic

and adaptive modeling techniques, and exploring a broader range of learning processes.

Only through such continued efforts can we hope to fully understand the complex and

nuanced nature of team dynamics and opinion formation. By advancing the research

in these directions, we can move closer to models that not only exhibit mathematical

rigor but also capture the intricate realities of social interactions and team behaviors.

This ongoing quest for understanding will undoubtedly contribute to more effective team

management and optimization strategies in various organizational settings.
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Κεφάλαιο 6

Εκτεταµένη Περίληψη

Σε αυτό το κεφάλαιο ϑα παρουσιάσουµε στα ελληνικά τα ϐασικά αποτελέσµατα των κε-

ϕαλαίων 3 και 4, που αποτελούν τα καινοτόµα αποτελέσµατα αυτής της διπλωµατικής εργα-

σίας. Στόχος µας είναι να συνοψίσουµε τα κύρια ευρήµατα, λήµµατα και ϑεωρήµατα που

αναπτύχθηκαν και αποδείχθηκαν στα προηγούµενα κεφάλαια, χωρίς να επαναλάβουµε το

ϐασικό µοντέλο [9] το οποίο παρουσιάσαµε σύντοµα στο Κεφάλαιο 2. Παρόλο που ϑα ανα-

ϕερθούµε στα ϐασικά σηµεία και στα αποτελέσµατα των µαθηµατικών µας προσεγγίσεων,

δεν ϑα ξαναγράψουµε τις αποδείξεις, καθώς αυτές είναι ήδη καταγεγραµµένες αναλυτικά

στα προηγούµενα κεφάλαια. Με αυτόν τον τρόπο, προσφέρουµε µια συµπυκνωµένη επι-

σκόπηση των νέων γνώσεων στα ελληνικά, διατηρώντας την πλήρη επιστηµονική τεκµηρίωση

στο κύριο σώµα της διατριβής.

6.1 Θεωρητικές Επεκτάσεις

Στην ϐάση των ϑεωρητικών µας επεκτάσεων εξετάσαµε και αναπτύξαµε δύο διαφορετικές

δοµές γραφηµάτων, τον τυχαίο µη κατευθυνόµενο γράφο και τον πυραµιδικό γράφο. Ει-

σάγοντας αυτά τα γραφήµατα στο αρχικό µοντέλο σχηµατισµού οµάδας, το οποίο αρχικά δεν

περιλάµβανε καµία τέτοια δοµή, µπορέσαµε να γενικεύσουµε τη διαδικασία σχηµατισµού

άποψης µέσω της εκµάθησης DeGroot [12]. Επιπλέον η εισαγωγή αυτών των υποκείµενων

γραφηµάτων στο ϐασικό µοντέλο αλλάζει τον τρόπο υπολογισµού της διαφωνίας µεταξύ των

παικτών της οµάδας, όπως και την συνολική άποψη της οµάδας. ΄Ετσι το συνολικό κόστος

(Cost
T ) µιας οµάδας γενικεύετε.

Το συνολικό κόστος (Cost
T ) αποτελείται από δύο ϐασικά µέρη: το κόστος διαφωνίας

(Cost
D) και το κόστος ακρίβειας (Cost

A). Αυτά τα δύο µέρη συνδυάζονται µε έναν παράγοντα

λ, ο οποίος κυµαίνεται µεταξύ 0 και 1, και ορίζει τη σχετική ϐαρύτητα κάθε κόστους ως προς

το συνολικό. Ο συνολικός τύπος του κόστους δίνεται από τη σχέση:

Cost
T = λ × Cost

D + (1 − λ) × Cost
A

Ας µελετήσουµε τώρα πως αλλάζει κάθε επιµέρους όρος για τις περιπτώσεις των δύο γραφη-

µάτων που προτείναµε, ξεκινόντας από τον τυχαίο µη κατευθυνόµενο γράφο.
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Ο τυχαίος µη κατευθυνόµενος γράφος, που ϑα τον συµβολίσουµε ως G(nA, nB, p, q),
δηµιουργεί τις ακµές µεταξύ των κόµβων του ανεξάρτητα µε πιθανότητα 0 < p < 1 για

κόµβους ίδιου τύπου και 0 < q < 1 για κόµβους διαφορετικού τύπου. Αλλάζοντας τις

τιµές των p και q µπορούµε να προσαρµόσουµε τη συνδεσιµότητα µεταξύ κόµβων ίδιου και

διαφορετικου τύπων. Κάθε κόµβος αρχικά έχει µια άποψη bi(0) = f
A,B(x) ϐάση του τύπου

του και µέσω της διαδικασίας εκµάθησης DeGroot όλοι οι κόµβοι συγκλίνουν σε µια τελική

κοινή άποψη που ϑα ορίσουµε ως τη συγκεντρωτική άποψη G
nA,nB

G
(x). Κάνοντας χρήση µιας

συγκεκριµένης εκδοχής εκµάθησης DeGroot µπορούµε να αποδείξουµε ότι η συγκεντρωτική

άποψη της οµάδας για τον µη κατευθυνόµενο γράφο είναι :

G
nA,nB

G
(x) =

(
dA

D

)
f

A(x) +
(
dB

D

)
f

B(x)

όπου dA =
∑

i∈NA
di , dB =

∑
i∈NB

di και D = dA+dB, µε NA, NB να είναι τα σύνολα των κόµβων

τύπου Α,Β και di οι ϐαθµοί των κόµβων αυτών. Απευθείας µπορούµε να παρατηρήσουµε πως

η επέκτασή µας αλλάζει τον απλό υπολογισµό συγκεντρωτικής γνώµης που χρησιµοποιεί το

ϐασικό µοντέλο. Υπενθυµίζουµε εδώ πως στο ϐασικό µοντέλο [9] η συγκεντρωτική γνώµη

της οµάδας υπολογιζεται ϐάση του Tullock Aggregate [10] και δίνεται από την σχέση:

Gα

nA,nB
(x) =

(
n

α

A

n
α

A
+ n

α

B

)
f

A(x) +
(

n
α

B

n
α

A
+ n

α

B

)
f

B(x)

όπου nA, nB ο αριθµός των κόµβων τύπου Α και Β και α ∈ [0,∞). Στην περίπτωσή του

τυχαίου µη κατευθυνόµενου γράφου λοιπόν έχουν αντικατασταθεί τα nA, nB µε τους ϐαθµούς

των κόµβων dA, dB. Χρησιµοποιώντας αυτήν τη συνάρτηση υπολογισµού της συγκεντρωτικής

γνώµης, µπορούµε τώρα να υπολογίσουµε το νέο Κόστος Ακρίβειας το οποίο είναι :

Cost
A =

(
dA

D

)2

(LA + σ
2

A
) +

(
dB

D

)2

(LB + σ
2

B
)

Ας συνεχίσουµε αναλύοντας πώς αλλάζει το κόστος ∆ιαφωνίας µε την εισαγωγή του υ-

ποκείµενου γράφου. Χρησιµοποιώντας τη διαδικασία εκµάθησης DeGroot, όλοι οι παίκτες

ϕτάνουν στην ίδια τελική άποψη και αυτό αρχικά µπορεί να ϑεωρηθεί πως ακυρώνει τη δια-

ϕωνία εντός της οµάδας. Ωστόσο, ϑέλουµε να διατηρήσουµε την τριβή µεταξύ του κόστους

Ακρίβειας και του κόστους ∆ιαφωνίας όπως και στο ϐασικό µοντέλο [9]. Μια προσέγγιση

για να επιτευχθεί αυτό είναι να ορίσουµε ότι, για το εκτεταµένο µοντέλο µας, η διαφω-

νία εµφανίζεται µόνο µεταξύ παικτών που επικοινωνούν άµεσα, το οποίο στον υποκείµενο

γράφο σηµαίνει ότι οι κόµβοι τους συνδέονται απευθείας µε µια ακµή. Υιοθετώντας αυτό το

κριτήριο, µπορούµε να εισάγουµε τον όρο του κόστους ∆ιαφωνίας ως :

Cost
D =

2

|T |1+�
(dAB(LA + L

B + σ
2

A
+ σ

2

B
) + dAAσ

2

A
+ dBBσ

2

B
)

όπου dA = dAA + dAB και dB = dBB + dAB µε dAA, dBB να συµβολίζουν τις ακµές µεταξύ

κόµβων ίδιου τύπου (δηλαδή Α µε Α ή Β µε Β) και dAB να συµβολίζει τις ακµές µεταξύ

κόµβων διαφορετικού τύπου (δηλαδή από Α σε Β ή αντιστρόφως).
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Ας εξετάσουµε τώρα τη συµπεριφορά του δικτύου G(nA, nB, p, q) ως προς το Cost
A

και το

Cost
D

στις δύο οριακές του περιπτώσεις. Αυτές είναι για : p = q = 1 (πλήρης γράφος) όπου

όλοι οι κόµβοι είναι συνδεδεµένοι µε όλους και p = 1, q ≈ 0 (αποσυνδεδεµένος γράφος) όπου

οι κόµβοι ίδιου τύπου είναι πλήρως συνδεδεµένοι µεταξύ τους αλλά οι κόµβοι διαφορετικού

τύπου συνδέονται µεταξύ τους µόνο µε µια ακµή (dAB = 1).

Αρχικά στην περίπτωση του πλήρες συνδεδεµένου γράφου παρατηρούµε ότι το κόστος

ακρίβειας όπως και το κόστος διαφονείας επανέρχονται στην µορφή του ϐασικού µοντέλου.

Συγκεκριµένα όταν p = q = 1 τα δύο κόστη είναι :

Cost
A

(p=1,q=1) =

(
nA

nA + nB

)2

(LA + σ
2

A
) +

(
nB

nA + nB

)2

(LB + σ
2

B
)

Cost
D

(p=1,q=1) =
2

|T |1+�

(
nAnB(LA + L

B + σ
2

A
+ σ

2

B
) + nA(nA − 1)σ2

A
+ nB(nB − 1)σ2

B

)
Αυτό αποδεικνύει ότι η γενίκευσή µας για τον τυχαίο µη κατευθυνόµενο γράφο ενσωµατώνει

όλα τα αποτελέσµατα του ϐασικού µοντέλου στην περίπτωση του πλήρους γράφου [9]. Επι-

πλέον, µε την εναλλαγή των τιµών των παραµέτρων p και q, µπορούµε να επεκτείνουµε το

ϐασικό µοντέλο, ανοίγοντας τον δρόµο για νέες ερευνητικές δυνατότητες.

Εικόνα 6.1. ∆ιάγϱαµµα Ven που συµϐολίϹει ότι το ϐασικό µοντέλο εµπεϱιέχετε στον τυχαίο

µη κατευϑυνόµενο γϱάϕο στην πεϱίπτωση p = q = 1

Συνεχίζοντας στην περίπτωση του αποσυνδεδεµένου γράφου παρατηρούµε ότι το κόστος

ακρίβειας όπως και το κόστος διαφονείας αλλάζουν. Συγκεκριµένα όταν p = 1 και q ≈ 0 τα

δύο κόστη γίνονται :

Cost
A

(p=1,q≈0) =

(
nA(nA − 1)

nA(nA − 1) + nB(nB − 1)

)2

(LA + σ
2

A
) +

(
nB(nB − 1)

nA(nA − 1) + nB(nB − 1)

)2

(LB + σ
2

B
)

Cost
D

(p=1,q≈0) =
2

(nA + nB)1+�

(
L

A + L
B + σ

2

A
+ σ

2

B
+ nA(nA − 1)σ2

A
+ nB(nB − 1)σ2

B

)
Αυτά τα νέα αποτελέσµατα δείχνουν ότι η γενίκευσή µας για τον τυχαίο µη κατευθυνόµενο

γράφο επεκτείνει το ϐασικού µοντέλου, παρέχοντας σηµαντικά διαφορετικές εξισώσεις τόσο

για το κόστος Ακρίβειας όσο και για το κόστος ∆ιαφωνίας.
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Συνεχίζοντας µε την εισαγωγή του πυραµιδικού γράφου, ϑέλουµε να εισαγάγουµε µια

ιεραρχική δοµή εντός της οποίας να λειτουργεί η οµάδα µας. Προηγουµένως, στον τυχαίο

µη κατευθυνόµενο γράφο, τη µεγαλύτερη επιρροή είχε ο κόµβος µε το µεγαλύτερο ϐαθµό.

Τώρα το γράφηµά µας ϑα ορίζεται όχι µε τις παραµέτρους πιθανότητας p και q, αλλά µε

τις παραµέτρους k, ℓ και µε τον γράφο να συµβολίζετε ως G(nA, nB, k, ℓ, γ). Η παράµετρος

k ορίζει τον αριθµό των υφισταµένων που ϑα έχει κάθε κόµβος από κάτω του, ενώ το ℓ τον

αριθµό των επιπέδων της πυραµίδας. Στην παρακάτω εικόνα δίνετε ένα παράδειγµα.

Εικόνα 6.2. Παϱάδειγµα πυϱαµιδικού γϱάϕου µε ℓ=3 και k=4

Για να ενσωµατώσουµε τη δυναµική της ιεραρχικής επιρροής µέσα στη δοµή της πυραµίδας,

εισάγουµε την υπερπαράµετρο γ. Σε αντίθεση µε το τυχαίο µη κατευθυνόµενο γράφηµα,

όπου κάθε κόµβος ακούει ισάξια την άποψη κάθε κόµβου µε τον οποίο συνδέετε, τώρα η

επιρροή κάθε κόµβου εξαρτάται από τη ϑέση του στην ιεραρχία. ΄Ετσι για παράδειγµα στην

παραπάνω εικόνα οι κόµβοι του 2ου επιπέδου ϑα ακούσουν εξίσου τους 4 υφισταµένους τους,

τον προϊστάµενό τους κόµβο γ ϕορές περισσότερο, όπως επίσης και τον εαυτό τους κατά ϸ

προκειµένου να διατηρηθεί η απεριοδικότητα του γράφου. Βάση αυτών των παραµέτρων

µπορεί να υπολογιστεί το νέο διάνυσµα επιρροής s που δίνεται από την σχέση:

s = [ kγ
ℓ−2︸︷︷︸

1ος Κόµβος

γ
ℓ−3(γ + k)︸       ︷︷       ︸

2ο Επίπεδο k κόµβοι

γ
ℓ−4(γ + k)︸       ︷︷       ︸

3ο Επίπεδο k
2

κόµβοι

. . . γ(γ + k)︸   ︷︷   ︸
k

ℓ−3
κόµβοι

(γ + k)︸  ︷︷  ︸
k

ℓ−2
κόµβοι

1︸︷︷︸
k

ℓ−1
κόµβοι

]s

= [ s1 s2 s3 . . . sℓ−2 sℓ−1 sℓ ]

Ας αναλύσουµε τώρα το πώς αλλάζει το Κόστος Ακρίβειας στο πλαίσιο του πυραµιδικού

γράφου. Για να υπολογίσουµε το Κόστος Ακρίβειας (Cost
A
) πρέπει πρώτα να υπολογίσουµε

την συγκεντρωτική άποψη των κόµβων της πυραµίδας η οποία δίνεται από την σχέση:

G(x) = (i1s1 + i2s2 + · · · + iℓ−1sℓ−1 + iℓsℓ) f
A(x)

+
(
i
′
1
s1 + i

′
2
s2 + · · · + i

′
ℓ−1

sℓ−1 + i
′
ℓ
sℓ

)
f

B(x)

΄Οπου in, i
′
n
∈ N µε το n ∈ N να αντιπροσωπεύει το επίπεδο. Πρέπει να ισχύει ότι : i1 + i

′
1
= 1,

i2 + i
′
2
= k, i3 + i

′
3
= k

2
, . . . , iℓ−1 + i

′
ℓ−1
= k

ℓ−2
, iℓ + i

′
ℓ
= k

ℓ−1
. ΄Οπου οι παράµετροι in δείχνουν

τον αριθµό των τύπου Α κόµβων σε κάθε επίπεδο και i
′
n

τον αριθµό των τύπου Β κόµβων.

Βάση αυτης της συγκεντρωτικής άποψης λοιπόν µπορούµε να υπολογίσουµε το νέο
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κόστος Ακρίβειας για τον πυραµίδικό γράφο που δίνεται από την σχέση:

Cost
A = (i1s1 + · · · + iℓsℓ)2(LA + σ

2

A
) + (i′

1
s1 + · · · + i

′
ℓ
sℓ)2(LB + σ

2

B
)

Επιπλέον το κόστος ∆ιαφωνίας πάλι ορίζεται όπως και στον τυχαίο µη κατευθυνόµενο

γράφο. ∆ηλαδή ορίζουµε ξανά πως το ϕαινόµενο της διαφωνίας εµφανίζεται µόνο µεταξύ

παικτών που επικοινωνούν άµεσα, το οποίο στον υποκείµενο γράφο σηµαίνει ότι οι κόµ-

ϐοι τους συνδέονται απευθείας µε µια ακµή. Υιοθετώντας αυτό το κριτήριο, µπορούµε να

εισάγουµε ξανά τον όρο του κόστους ∆ιαφωνίας ως :

Cost
D =

2

|T |1+�
(dAB(LA + L

B + σ
2

A
+ σ

2

B
) + dAAσ

2

A
+ dBBσ

2

B
)

Πρέπει να σηµειώσουµε εδώ ότι, σε αντίθεση µε τον µη κατευθυνόµενο γράφο, ο πυραµι-

δικός δεν επιτρέπει τον ορισµό πλήρες συνδεδεµένων και αποσυνδεδεµένων περιπτώσεων.

Αυτό οφείλεται στη σταθερή δοµή και τις προκαθορισµένες ακµές που είναι εγγενείς στη

δοµή του πυραµιδικού γράφου. Εποµένως, το µόνο που µπορούµε να προσαρµώσουµε σε

αυτη την περίπτωση είναι η τοποθέτηση των παικτών τύπου Α ή Β εντός της δοµής του δι-

κτύου. Η κατανόηση της ϐέλτιστης τοποθέτησης των µελών της οµάδας εντός της ιεραρχικής

δοµής είναι ένα πολύ ενδιαφέρον πρόβληµα ϐελτιστοποίησης που ϑα αναλυθεί στην επόµενη

ενότητα.

6.2 Αποτελέσµατα Προσοµοιώσεων

Σε αυτή την τελευταία ενότητα ϑα παρουσιάσουµε τα αποτελέσµατα των προσοµοιώσεων

και των αλγοριθµικών αναλύσεων που εφαρµόσαµε µε στόχο να αποσαφηνιστεί η δυναµική

του εκτεταµένου µοντέλου που προτείναµε. Θα διερευνήσουµε την αλληλεπίδραση µεταξύ

των δοµών της οµάδας και των διαδικασιών λήψης αποφάσεων, εστιάζοντας σε τρείς πτυ-

χές : τη ϐέλτιστη σύνθεση της οµάδας, τη συνδεσιµότητα του δικτύου της οµάδας και την

τοποθέτηση των µελών τύπου Α ή Β εντός της οµάδας.

Ας ξεκινήσουµε αναλύοντας τη ϐέλτιστη σύνθεση της οµάδας ως προς το κόστος Ακρίβειας

για τον ϐασικό όπως και για τον επεκτεταµένο µοντέλο στην περίπτωση του τυχαίου µη

κατευθυνόµενου γράφου. Ως προς το ϐασικό µοντέλο γνωρίζουµε πως το κόστος Ακρίβειας

ελαχιστοποιείται όταν ισχύει η σχέση:

n
∗
B
= nA

(
L

A + σ
2

A

LB + σ
2

B

)1/α

Για την επέκταση του τυχαίου µη κατευθυνόµενου γράφου γνωρίζουµε πως η ίδια σχέση

ισχύει και για τον πλήρες γράφου (p = q = 1) µιας και σε αυτη την περίπτωση διατηρείται το

ϐασικό µοντέλο. Επιπλέον έχει ϑεωρητικό ενδιαφέρον να δούµε πως αλλάζει αυτη η σχέση

για την περίπτωση του αποσυνδεδεµένου γράφου (p = 1, q ≈ 0), η οποία γίνετε :

n
∗
B
=

1

2
+

1

2

√
1 + 4nA(nA − 1)

LA + σ
2

A

LB + σ
2

B
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Με στόχο την επιβεβαίωση και ανάλυση αυτών των δύο ϑεωρητικών αποτελεσµάτων ϑα

εκτελέσουµε προσοµοιώσεις ανάπτυξης οµάδας. Τα αποτελέσµατα που παρουσιάζονται στις

Εικόνες 6.3 και 6.4 δηµιουργήθηκαν χρησιµοποιώντας τις ακόλουθες συνθήκες : Κάθε κα-

τάσταση x περιλαµβάνει 10 χαρακτηριστικά xi , το καθένα από µια τυπική κανονική κατανο-

µή µε µέση τιµή 0 και τυπική απόκλιση 0.1 έτσι ώστε cov(xi , xj) = 0 για όλα τα i, j. Συνολικά

δηµιουργούµε 10.000 καταστάσεις x από 10 χαρακτηριστικά η κάθε µια που µας δίνει έναν

πίνακα 10 επί 10.000. Επιπλέον, για να έχουµε τα επιθυµητά L
A

και L
B

δηµιουργούµε

κατάλληλες τιµές των θ
A

και θ
B

µε το κάθε ένα να επιδρά στα µισά χαρακτηριστικά.

Εικόνα 6.3. Πϱοσοµοίωση της ϐέλτιστης σύνϑεσης της οµάδας µε το ϐασικό µοντέλο στα δεξιά

και τον µη κατευϑυνόµενο γϱάϕο στα αϱιστεϱά. Εδώ το γϱάϕηµα είναι πλήϱες, p = q = 1 και

τα πϱάσινα κελιά αντιπϱοσωπεύουν τα 50 (nA, nB) σηµεία µε τις χαµηλότεϱες τιµές.

Εικόνα 6.4. Πϱοσοµοίωση ϐέλτιστης σύνϑεσης οµάδας µε το ϐασικό µοντέλο στα δεξιά και τον

µη κατευϑυνόµενο γϱάϕο στα αϱιστεϱά. Εδώ το γϱάϕηµα είναι αποσυνδεδεµένο, p = 1, q ≈ 0

και τα πϱάσινα κελιά αντιπϱοσωπεύουν τα 50 (nA, nB) σηµεία µε τις χαµηλότεϱες τιµές.

΄Εχοντας ορίσει τα ϑεµελιώδη στοιχεία της προσοµοίωσης, προχωράµε στην κατασκευή

του µη κατευθυνόµενου γράφου. Χρησιµοποιώντας το πακέτο NetworkX [18], δηµιουργούµε

ένα µη κατευθυνόµενο γράφηµα µε nA κόµβους τύπου Α και nB κόµβους τύπου Β, οι οποίοι
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συνδέονται µε ακµές ϐάσει των πιθανοτήτων p και q. Είναι κρίσιµη η διασφάλιση ότι το

γράφηµα παραµένει ισχυρά συνδεδεµένο για οποιαδήποτε πιθανή τιµή των p και q, ώστε να

εξασφαλιστεί η σύγκλιση της διαδικασίας εκµάθησης DeGroot.

Υπολογίζουµε τις τιµές του κόστους ακρίβειας για διάφορους συνδυασµούς των nA και nB

(που κυµαίνονται από 1 έως 40) και τις οπτικοποιούµε στους ϑερµικούς χάρτες των Εικόνων

6.3 και 6.4. Επιπλέον, σε κάθε εικόνα, παρουσιάζουµε και τον ϑερµικό χάρτη των τιµών

κόστους ακρίβειας που ϑα προέκυπταν από το ϐασικό µοντέλο. Σύµφωνα µε την Εικόνα 6.3,

το πλήρες δίκτυο διατηρεί τα αποτελέσµατα του ϐασικού µοντέλου, ενώ το αποσυνδεδεµένο

δίκτυο στην Εικόνα 6.4 ϕαίνεται να αποκλίνει. Επιπλέον, για ενδιάµεσες τιµές του q ∈ (0, 1),
παρατηρούµε τη µετατόπιση της πράσινης γραµµής του ελαχίστου µεταξύ αυτών των δύο

ακραίων σηµείων, υποδεικνύοντας πώς η τιµή του q επηρεάζει και αυτη τη ϐέλτιστη σύνθεση

των οµάδων.

Είναι αξιοσηµείωτο να εξεταστεί η ϑεωρητική διαφορά µεταξύ των τιµών n
∗
B

για πλήρη και

αποσυνδεδεµένα γραφήµατα. Γνωρίζουµε πως για το ϐασικό µοντέλο η ϐέλτιστη ακρίβεια

σύνθεσης ως προς το n
∗
B

δίνεται µέσω µιας γραµµικής σχέσης ως προς το nA, µε κλίση
LA+σ

2

A

LB+σ
2

B

.

Οµοίως, για τον αποσυνδεδεµένο γράφο έχουµε µια σχεδόν γραµµική σχέση µεταξύ n
∗
B

και

nA. Κατά τη σύγκριση όµως µεταξύ διαφορετικών τιµών της αναλογίας
LA+σ

2

A

LB+σ
2

B

, παρατηρούµε

ότι το αποσυνδεδεµένο γράφηµα τείνει περισσότερο προς τη γραµµή n
∗
B
= nA σε σύγκριση µε

το πλήρες γράφηµα. Αυτή η τάση του αποσυνδεδεµένου γράφου µπορεί να αποδοθεί στην

απουσία ακµών dAB, απαιτώντας έτσι είτε περισσότερους «κακούς» παίκτες (µε µεγαλύτερο

L) είτε λιγότερους «καλούς» παίκτες (µε χαµηλότερο L) για να επιτευχθεί το ελάχιστο κόστος.

Αυτό συµβαίνει επειδή η διάδοση πληροφοριών εντός του αποσυνδεδεµένου δικτύου δεν είναι

ϐέλτιστη.

Ας προχωρήσουµε τώρα στην περίπτωση του πυραµιδικού γράφου και συγκεκριµένα

στην ϐέλτιστη τοποθέτηση των µελών τύπου Α ή Β εντός της οµάδας. Ο πυραµιδικός γράφος

δεν επιτρέπει την αλλαγή των ακµών λόγω της άκαµπτης δοµής του. Εποµένως, το πεδίο

των ϱυθµίσεων µας περιορίζεται στη ϑέση των παικτών τύπου Α ή Β εντός του δικτύου.

΄Ετσι, ένα ϕυσικό ερώτηµα που προκύπτει είναι : δεδοµένου ενός γραφήµατος πυραµίδας

G(nA, nB, k, ℓ, γ), ποιος είναι ο ϐέλτιστος τρόπος να τοποθετηθήσουµε τους παίκτες τύπου Α

και Β εντός της πυραµίδας προκειµένου να ελαχιστοποιηθεί το Κόστος. Ας αρχίσουµε να

απαντάµε σε αυτό το ερώτηµα δίνοτας την συνθήκη κάτω απο την οποία το Κόστος Ακρίβειας

του γραφήµατος πυραµίδας ελαχιστοποιείται :

ℓ∑
n=1

insn = (LB + σ
2

B
)/(LA + σ

2

A
+ L

B + σ
2

B
)

Η εξίσωση αυτή έχει ℓ αγνώστους, οι οποίες είναι οι τιµές των in ∈ N. Υπενθυµίζουµε

εδώ πως τα in είναι ϕυσικοί αριθµοί και µπορούν να λάβουν τις εξής τιµές : i1 = {0, 1},

i2 = {0, 1, . . . , k}, i3 = {0, 1, . . . , k
2}, . . . , iℓ−1 = {0, 1, . . . , k

ℓ−2}, iℓ = {0, 1, . . . , k
ℓ−1}. Επίσης,

πρέπει να ισχύει ότι : i1 + i2 + · · · + iℓ = nA καθώς και ότι : i
′
1
+ i
′
2
+ · · · + i

′
ℓ
= nB. Λόγω αυτών

των περιορισµών, η εξίσωση µπορεί να έχει πολλές ή καµία λύση. Μπορεί να µην υπάρχουν

λύσεις στην περίπτωση που οι παράµετροι L
A
, L

B
, σA, σB και sn δεν µπορούν να παράγουν

συνδυασµούς των in που να ϕτάνουν τον στόχο: C = (LB + σ
2

B
)/(LA + σ

2

A
+ L

B + σ
2

B
), όπως
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επίσης µπορεί να υπάρχει µεγάλος αριθµός λύσεων όταν αρκετοί διαφορετικοί συνδυασµοί

των in ικανοποιούν την εξίσωση.

Τώρα, ένα καλό ερώτηµα που προκύπτει είναι το πώς µπορούµε να ϐρούµε αυτές τις

ϐέλτιστες τιµές in που ελαχιστοποιούν το Κόστος Ακρίβειας. Για να µας ϐοηθήσει να απα-

ντήσουµε σε αυτό το ερώτηµα, πρέπει πρώτα να παρατηρήσουµε ότι στο γράφηµα πυραµίδας

συµβαίνει εξής : ΄Οσο πιο κοντά πλησιάζει το
∑

ℓ

n=1
insn στην τιµή στόχου: C =

L
B+σ

2

B

LA+σ
2

A
+LB+σ

2

B

,

τόσο πιο κοντά ϐρισκόµαστε στο ελάχιστο του Κόστους Ακρίβειας. ΄Ετσι, ακόµη και αν η τιµή

στόχος C δεν µπορεί να επιτευχθεί από το άθροισµα:
∑

ℓ

n=1
insn, γνωρίζουµε ότι ο καλύτερος

συνδυασµός των τιµών in είναι αυτός που πλησιάζει περισσότερο σε αυτήν.

Βάσει αυτών των παρατηρήσεων, µπορούµε να προτείνουµε αρχικά έναν εξαντλητικό

αλγόριθµο προκειµένου να ϐρούµε τις ϐέλτιστες τιµές των in. Ο εξαντλητικός αλγόριθµος

ελέγχει όλους τους δυνατούς συνδυασµούς των in, οι οποίοι είναι περιορισµένοι και µπορούν

να λάβουν τις εξής τιµές : i1 = {0, 1}, i2 = {0, 1, . . . , k}, i3 = {0, 1, . . . , k
2}, . . . , iℓ−1 =

{0, 1, . . . , k
ℓ−2}, iℓ = {0, 1, . . . , k

ℓ−1}. Γνωρίζοντας τις τιµές των sn από τις υπερπαραµέτρους

της πυραµίδας, µπορούµε να ελέγξουµε όλους τους συνδυασµούς των in στο άθροισµα:∑
ℓ

n=1
insn, και απλώς να επιλέξουµε αυτόν που είναι πιο κοντά στην τιµή στόχου C. Ωστόσο,

µπορούµε να δούµε πως αυτή η µέθοδος είναι υπολογιστικά ακριβή, ειδικά στην περίπτωση

πυραµίδων µε µεγάλες τιµές του ℓ.

Για να αντιµετωπίσουµε αυτό το πρόβληµα, µπορούµε να προτείνουµε έναν άπληστο

αλγόριθµο. Μπορούµε να χρησιµοποιήσουµε το γεγονός ότι η επιρροή των πρακτόρων στα

ανώτερα επίπεδα είναι µεγαλύτερη από την επιρροή των πρακτόρων στα κατώτερα επίπεδα:

s1 > s2 > s3 > · · · > sℓ−2 > sℓ−1 > sℓ

Ο άπληστος αλγόριθµος C λειτουργεί επιλέγοντας επαναληπτικά ακέραιους συντελεστές in

για µια σειρά γνωστών τιµών sn έτσι ώστε
∑

ℓ

n=1
insn να είναι όσο το δυνατόν πιο κοντά στο C

χωρίς να το υπερβαίνει. Ο αλγόριθµος ξεκινά µε την αρχικοποίηση του αθροίσµατος S στο

µηδέν. Στη συνέχεια, επεξεργάζεται κάθε συντελεστή in ξεκινώντας από το i1 και καταλήγο-

ντας στο iℓ. Για κάθε in, αυξάνει το in ξεκινόντας από το µηδέν, προσθέτοντας την αντίστοιχη

τιµή sn στο S εφόσον το προκύπτον άθροισµα δεν υπερβαίνει το C και το in παραµένει εντός

των ορίων του. Αν το άθροισµα S υπερβεί το C µετά από µια αύξηση, ο αλγόριθµος µειώνει το

in κατά ένα και προσαρµόζει το S αναλόγως. Αυτή η διαδικασία διασφαλίζει ότι το άθροισµα

S πλησιάζει όσο το δυνατόν πιο κοντά στο C χωρίς να το υπερβαίνει. Τελικά, ο αλγόριθµος

επιστρέφει το σύνολο των συντελεστών i1, i2, . . . , iℓ που αντιπροσωπεύουν την πλησιέστερη

δυνατή προσέγγιση στο άθροισµα στόχο C χρησιµοποιώντας τις δεδοµένες τιµές sn. Αυτή η

προσέγγιση εκµεταλλεύεται τις ιδιότητες των άπληστων αλγορίθµων κάνοντας τοπικά µυωπι-

κές ϐέλτιστες επιλογές σε κάθε ϐήµα. Μπορούµε να σκεφτούµε αυτή την προσέγγιση σαν να

ξεκινά µε µεγάλα ϐήµατα όταν χρησιµοποιούµε τα s1, s2 και καθώς πλησιάζουµε στον στόχο

C, χρησιµοποιούµε όλο και µικρότερα ϐήµατα.

Εικασία Για να ϐρούµε τα in που ελαχιστοποιούν το Κόστος Ακρίβειας του γράφου Πυρα-

µίδας, ο προτεινόµενος ΄Απληστος Αλγόριθµος είναι Βέλτιστος και ϐρίσκει παντα ένα σωστό

σύνολο in αν και µόνο αν το C είναι επιτεύξιµο. Το C ορίζεται ως επιτεύξιµο όταν υπάρχει

τουλάχιστον ένας συνδυασµός των in που ικανοποιεί :
∑

ℓ

n=1
insn = C.
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Μπορούµε επίσης να απαντήσουµε αυτό το ερώτηµα κοιτάζοντας µόνο το Κόστους ∆ια-

ϕωνίας. Ορίζουµε στο µοντέλο του δικτύου µας πως η ∆ιαφωνία συµβαίνει µόνο µεταξύ των

πρακτόρων που είναι άµεσα συνδεδεµένοι στο γράφηµα, δηλαδή έχουν µια ακµή που τους

συνδέει άµεσα. ΄Ετσι, για το δίκτυο πυραµίδας το Κόστος ∆ιαφωνίας µπορεί να γραφτεί ως :

Cost
D =

2

|T |1+�

(
dAB(LA + L

B + σ
2

A
+ σ

2

B
) + dAAσ

2

A
+ dBBσ

2

B

)
Με την κατάλληλη επιλογή της τοποθέτησης των παικτών τύπου Α ή Β στην πυραµίδα, µπο-

ϱούµε να προσαρµόσουµε τις τιµές των dAA, dBB και dAB. Ας εξετάσουµε την περίπτωση όπου

δεν υπάρχει ϑόρυβος στις προβλέψεις των πρακτόρων: σA = σB = 0. Σε αυτήν την απλου-

στευµένη περίπτωση, µόνο οι συνδέσεις µεταξύ κόµβων τύπου Α και τύπου Β δηµιουργούν

Κόστος ∆ιαφωνίας και έτσι πρέπει να ελαχιστοποιήσουµε την τιµή του dAB. Η προφανής

λύση που ελαχιστοποιεί το Κόστος ∆ιαφωνίας σε αυτή την περίπτωση είναι όταν υπάρχουν

µόνο πράκτορες τύπου Α ή µόνο πράκτορες τύπου Β στην πυραµίδα. Ωστόσο, τι συµβαίνει

όταν πρέπει να τοποθετήσουµε nA > 0 κόµβους τύπου Α και nB > 0 κόµβους τύπου Β στην

ίδια πυραµίδα· Η απάντηση είναι ότι για να διατηρήσουµε το Κόστος ∆ιαφωνίας στο ελάχιστο,

πρέπει να τοποθετήσουµε τους πράκτορες του ίδιου τύπου σε υποπυραµίδες, ελαχιστοποι-

ώντας έτσι την τιµή του dAB. Αυτό µπορεί να ϕανεί και οπτικά για διάφορες τιµές των nA και

nB στην Εικόνα 6.5.

Εικόνα 6.5. Βέλτιστη τοποϑέτηση παικτών τύπου A και B σε πυϱαµίδα µε k = ℓ = 3 όπου

υπάϱχει µόνο Κόστος ∆ιαϕωνίας (λ = 1). Οι νέοι παίκτες nA τοποϑετούνται εντός υποπυϱαµίδας.

Τι συµβαίνει λοιπόν στον πυραµιδικό γράφο όταν συνδυάζουµε το Κόστος ∆ιαφωνίας µε

το Κόστος Ακρίβειας· Για αυτήν την πιο περίπλοκη περίπτωση επιλέγουµε να µελετήσουµε

το µοντέλο χωρίς κανένα ϑόρυβο (σA = σB = 0). Ως εκ τούτου, από εδώ και στο εξής ϑα
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µελετάµε το Cost
T

στην απλουστευµένη του µορφή ως:

Cost
T = λ ×

(
2(LA + L

B)
|T |1+�

dAB

)
+ (1 − λ) ×

LA

 ℓ∑
n=1

insn


2

+ L
B

 ℓ∑
n=1

i
′
n
sn


2


Αµέσως γίνεται σαφές ότι για την συγκεκριµένη συνάρτηση κόστους δεν είναι εφικτό να ϐρο-

ύµε µια ϑεωρητική λύση. Αυτό συµβαίνει διότι δεν είµαστε ικανοί να πάρουµε παραγώγους

του Cost
T

ως προς τα dAA, dBB, dAB καθώς τώρα ο όρος Κόστος Ακρίβειας λαµβάνει υπόψη

µόνο την τοποθέτηση του τύπου παικτών στα επίπεδα in και όχι τις µεταξύ τους συνδέσεις.

΄Ετσι, επιλέγουµε να αναπτύξουµε µια καθαρά αλγοριθµική προσέγγιση για το Συνολικό

Κόστος του πυραµίδικού γράφου. Θα αναπτύξουµε 3 αλγόριθµους : έναν Εξαντλητικό, έναν

΄Απληστο και έναν Τοπικής Αναζήτησης.

Εικόνα 6.6. Σύγκϱιση κόστους και λόγου κόστους για τους αλγόϱιϑµους: Εξαντλητικής,

΄Απληστης και Τοπικής αναϹήτησης για διαϕοϱετικές τιµές του λ. Παϱάµετϱοι πυϱαµίδας:

k = 3, ℓ = 3, γ = 2.

Εικόνα 6.7. Σύγκϱιση κόστους και λόγου κόστους για τους αλγόϱιϑµους: Εξαντλητικής,

΄Απληστης και Τοπικής αναϹήτησης για διαϕοϱετικές τιµές του λ. Παϱάµετϱοι πυϱαµίδας:

k = 2, ℓ = 4, γ = 2.
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Ο Εξαντλητικός αλγόριθµος εξετάζει όλους τους 2
n

δυνατούς συνδυασµούς τύπου Α ή Β

εντός της πυραµίδας, όπου n είναι ο αριθµός των κόµβων στην G(nA, nB, k, ℓ, γ) πυραµίδα.

Για κάθε συνδυασµό, υπολογίζει το αντίστοιχο Cost
T

και επιστρέφει στο τέλεος το συνδιασµό

µε το χαµηλότερο κόστος. ΄Οπως αναµένεται, αυτή η προσέγγιση γίνεται αρκετά υπολογι-

στικά δαπανηρή καθώς ο γράφος της πυραµίδας µεγαλώνει. Ο ΄Απληστος αλγόριθµος από

την άλλη είναι ο λιγότερο απαιτητικός υπολογιστικά. Ξεκινά αναθέτοντας τον ίδιο τύπο (Α

ή Β) σε όλους τους κόµβους της πυραµίδας. Στη συνέχεια, από την κορυφή προς τα κάτω,

προσπαθεί να αλλάξει τον τύπο κάθε κόµβου έναν προς έναν. Κάθε αλλαγή διατηρείται µόνο

αν µειώνει το Cost
T
. Είναι σηµαντικό να σηµειωθεί ότι αυτός ο άπληστος αλγόριθµος δια-

ϕέρει από αυτόν που περιγράφηκε προηγουµένως αποκλειστικά για το Κόστος Ακρίβειας.

Αυτο συµβαίνει διότι για τη γενική περίπτωση, δεν έχουµε τιµή στόχου C για να υποδείξει

πότε υπερβαίνουµε το όριο, οπότε αυτός ο άπληστος αλγόριθµος δεν είναι ϐέλτιστος, ακόµη

και όταν λ = 0 (δηλαδή, όταν λαµβάνεται υπόψη µόνο το Κόστος Ακρίβειας). Ο αλγόριθµος

Τοπικής Αναζήτησης ξεκινά αναθέτοντας τυχαία τύπους σε όλους τους κόµβους στον γράφο

της πυραµίδας. Στη συνέχεια, ϐελτιώνει επαναληπτικά την ανάθεση εξετάζοντας Ϲεύγη κόµ-

ϐων µε διαφορετικούς τύπους. Για κάθε Ϲεύγος, ο αλγόριθµος ανταλλάσσει τους τύπους των

δύο κόµβων και υπολογίζει το νέο κόστος. Αν η ανταλλαγή έχει ως αποτέλεσµα χαµηλότε-

ϱο κόστος, η αλλαγή διατηρείται. ∆ιαφορετικά, επανέρχεται στην αρχική κατάσταση. Αυτή

η διαδικασία συνεχίζεται µέχρι να µην µπορούν να ϐρεθούν περαιτέρω ϐελτιώσεις. Ο αλ-

γόριθµος τοπικής αναζήτησης είναι πιο υπολογιστικά ακριβός σε σύγκριση µε τον άπληστο

αλγόριθµο, αλλά λιγότερο ακριβός σε σύγκριση µε την εξαντλητική αναζήτηση.

Η απόδοση των τριών αλγορίθµων απεικονίζεται στις Εικόνες 6.6. και 6.7. Σε αυτά

τα σχήµατα συγκρίνονται οι τιµές κόστους που λαµβάνονται απο τους 3 αλγόριθµους για

ένα εύρος τιµών του λ. Και στα δύο σχήµατα, ο άπληστος αλγόριθµος δείχνει την αποτε-

λεσµατικότητά του ιδιαίτερα για τιµές του λ κοντά στο 0 ή 1, όπου προσεγγίζει αρκετά τα

αποτελέσµατα του αλγορίθµου Εξαντλητικής Αναζήτησης. Αυτό υποδηλώνει ότι ο άπληστος

αλγόριθµος είναι κατάλληλος για σενάρια όπου είτε το Κόστος Ακρίβειας είτε το Κόστος ∆ια-

ϕωνίας επικρατεί. Αντίθετα, ο αλγόριθµος Τοπικής αναζήτησης συχνά υπερέχει του άπληστου

αλγορίθµου για ενδιάµεσες τιµές του λ, επιδεικνύοντας τη δύναµή του στην εξισορρόπηση

και των δύο κόστων. Ωστόσο, είναι σηµαντικό να σηµειωθεί ότι η απόδοση του αλγορίθ-

µου Τοπικής αναζήτησης είναι αρκετά ευαίσθητη στην αρχική τυχαία κατανοµή του τύπου

των κόµβων της πυραµίδας. ∆ιαφορετικές τυχαίες αρχικοποιήσεις µπορούν να οδηγήσουν

σε ποικίλα αποτελέσµατα, γεγονός που αναδεικνύει την εξάρτηση του αλγορίθµου από την

αρχική διαµόρφωση της πυραµίδας.

Η Εικόνα 6.8. επικεντρώνεται σε µια µεγαλύτερη πυραµίδα µε k = 3, ℓ = 5, η οποία έχει

121 κόµβους. Λόγω των σηµαντικών υπολογιστικών απαιτήσεων, ο αλγόριθµος Εξαντλητικής

Αναζήτησης δεν είναι εφικτός για αυτή την περίπτωση, και έτσι παρουσιάζονται µόνο τα

αποτελέσµατα των αλγορίθµων ΄Απληστης και Τοπικής αναζήτησης. Είναι αξιοσηµείωτο πως

και οι δύο αλγόριθµοι παράγουν παρόµοια αποτελέσµατα, όπως ϕαίνεται από το αριστερό

διάγραµµα όπου οι γραµµές τους σχεδόν επικαλύπτονται. Το δεξιό διάγραµµα, που δείχνει

τη διαφορά κόστους µεταξύ των δύο αλγορίθµων, υποδεικνύει ότι οι διαφορές τους είναι της

τάξης του 10
−4

. Αυτή η αµελητέα διαφορά υπογραµµίζει την αποτελεσµατικότητα και των δύο

αλγορίθµων στην προσέγγιση του ελάχιστου Cost
T
. Για παράδειγµα, όταν λ = 1, όπου µόνο
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Κεϕάλαιο 6. Εκτεταµένη Περίληψη

το Κόστος ∆ιαφωνίας λαµβάνεται υπόψη, και οι δύο αλγόριθµοι επιτυγχάνουν τιµές κοντά

στο µηδέν. Ο ΄Απληστος αλγόριθµος, ειδικότερα, ϕτάνει ακριβώς στο Cost
T = 0 καθώς ξεκινά

µε όλους τους κόµβους να έχουν τον ίδιο τύπο, αντανακλώντας την αποτελεσµατικότητά του

για αυτή την οριακή περίπτωση.

Εικόνα 6.8. Σύγκϱιση κόστους και διαϕοϱάς κόστους για τους αλγοϱίϑµους ΄Απληστης και

Τοπικής αναϹήτηης για διάϕοϱες τιµές του λ. Παϱάµετϱοι πυϱαµίδας: k = 3, ℓ = 5, γ = 2
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