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<H perÈ t¨ �lhje�a jewr�a t¬ màn qalep� t¬ dà ûad�a,shmeØon dà tä m t��x�w mhdèna dÔnasjai tuqeØn aÎt¨m te p�nta �potugq�nein, �ll�ékaston lègein ti perÈ t¨ fÔsew,kaÈ kaj�éna màn « mhjàn « mikrän âpib�llein aÎt¬,âk p�ntwn dà sunajroizomènwn g�gnesja� ti mègejo.Aristotèlh, Ta met� ta fusik�, 993b (30 − 34).
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EUQARISTIESApì th jèsh aut , oloklhr¸nonta th didaktorik  mou diatrib , epijum¸ naekfr�sw jermè euqarist�e ston Epiblèpont� mou k. Iw�nnh Maroul�, Ka-jhght  ston Tomèa Majhmatik¸n th Sqol  Efarmosmènwn Majhmatik¸n kaiFusik¸n Episthm¸n tou EjnikoÔ Metsìbiou Poluteqne�ou, gia th diark  bo -jeia kai kajod ghs  tou, me thn opo�a ègine dunat  h olokl rwsh th paroÔsadiatrib . Me ti polÔwre suzht sei kai analÔsei p�nw se ereunhtik� jèma-ta, ti idèe kai ti prot�sei tou, kaj¸ kai q�rh sthn amèristh upost rixhkai empistosÔnh pou èdeixe pro to prìswpì mou, up rxe polÔtimo bohjì sthnprosp�jei� mou. Idia�terh anafor� ax�zei na g�nei tèlo kai sth sumpar�stashkai enj�rruns  tou, ìqi mìno se episthmonikì, all� kai se proswpikì-anjr¸pinoep�pedo.Ep�sh, ja  jela na euqarist sw ton k. Iw�nnh Sarantìpoulo, Kajhght tou Tomèa Majhmatik¸n th Sqol  E.M.F.E., kaj¸ kai ton k. Panagi¸thYarr�ko, Anaplhrwt  Kajhght  th �dia Sqol , gia th summetoq  tou sthntrimel  sumbouleutik  epitrop  mou.Euqarist�e ep�sh ofe�lw pro ton Tomèa Majhmatik¸n th S.E.M.F.E.gia thn paroq  oikonomik  en�sqush (upotrof�a klhrodot mato Papakuria-kìpoulou) kaj�ìlh th di�rkeia ekpìnhsh th paroÔsa didaktorik  diatrib .Tèlo, ja  jela na mnhmoneÔsw to pneÔma sunadelfikìthta kai allhleggÔhpou epikratoÔse metaxÔ twn metaptuqiak¸n foitht¸n tou Tomèa Majhmatik¸n.Tou euqarist¸ gia ti endiafèrouse episthmonikè suzht sei, kaj¸ kai giato epoikodomhtikì akadhmaðkì kl�ma pou kallierg jhke an�mes� ma.G. Katsoulèa
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SUNOYH THS DIATRIBHS'Ena n×n p�naka A me stoiqe�a migadikoÔ arijmoÔ onom�zetai kanonikì,akrib¸ ìtan AA∗ = A∗A. An A ∈ C
n×n kai B ∈ C

(n−k)×(n−k), me 1 ≤ k < n,o p�naka B kale�tai emfuteÔsimo (imbeddable) ston A, akrib¸ ìtan up�rqeiisometr�a V ∈ C
n×(n−k) (dhlad  V ∗V = In−k), tètoia ¸ste V ∗AV = B.Sto deÔtero kef�laio th paroÔsa diatrib , odhgoÔmaste gia k > 1 seikanè kai anagka�e sunj ke prokeimènou oi p�nake A kai B na èqoun suneu-jeiakè idiotimè. W efarmog  tou apotèlesmato autoÔ, parousi�zoume �nwkai k�tw fr�gmata gia ton arijmì twn idiotim¸n tou emfuteÔsimou p�naka B pouan koun se èna kurtì sÔnolo, se sqèsh me to pl jo twn idiotim¸n tou A pou pe-rièqontai sto �dio sÔnolo. Epexergazìmenoi ti anagka�e sunj ke emfÔteushtwn Queiro-Duarte kai Carlson-de Sa gia kanonikoÔ p�nake, parousi�zoume thmetaxÔ tou allhloex�rthsh. Ep�sh, d�netai m�a ap�nthsh sto prìblhma pou tè-jhke sthn ergas�a [42℄ sqetik� me th gewmetrik  katanom  migadik¸n arijm¸n pouikanopoioÔn ti sqèsei θ-diaqwrismoÔ gia k�je gwn�a θ, sthn per�ptwsh kurt¸anex�rthtwn sunìlwn. Eidikìtera, gia k = 1, apodeiknÔetai ìti oi idiotimè twn

A, B pou ikanopoioÔn ti sunj ke twn Queiro-Duarte, e�te ti sunj ke twn
Carlson-de Sa, e�nai kat�an�gkh suneujeiakè kai diaqwrizìmene sthn euje�apou or�zoun.To tr�to kef�laio anafèretai kur�w se ermitianoÔ p�nake. JewroÔme dÔopragmatikè (peperasmène) akolouj�e {λj}n

j=1, {µj}n−k
j=1 pou ikanopoioÔn tianisìthte diaqwrismoÔ kai kataskeu�zoÔme m�a isometr�a V ∈ C

n×(n−k), tètoia¸ste oi p�nake A = diag {λj}n
j=1 kai B = diag {µj}n−k

j=1 na e�nai emfuteÔsimoi,dhlad  B = V ∗AV . Kat�arq�, parousi�zetai gia k = 1 m�a kainoÔria apìdeixhtwn anisot twn diaqwrismoÔ, basismènh sthn kataskeu  sustol¸n twn M. Ad�mkai I. Maroul� ([1℄), kai epiplèon d�netai m�a gewmetrik  kataskeu  gia thn i-sometr�a - genn tora V . Sth sunèqeia, parousi�zontai dÔo anex�rthte mèjodoigia thn kataskeu  tou V , gia k > 1. Tèlo, melet�tai h per�ptwsh pou A kai Be�nai kanoniko� kai emfuteÔsimoi kai diatup¸nontai sunj ke gia thn emfÔteushtou B ston A w pro ta pragmatik� kai ta fantastik� mèrh twn idiotim¸n tou.Oi sunj ke autè qrhsimopoioÔntai gia na apodeiqje� ìti oi anagka�e sunj ketwn Queiro-Duarte den e�nai kai ikanè.Sto tètarto kef�laio, dojènto kanonikoÔ p�naka A ∈ C
n×n kai shme�ou
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µ1 ∈ w(A)\σ(A), kajor�zoume ton el�qisto akèraio 1 ≤ k < n, tètoion ¸-ste h sqèsh V ∗AV = diag {µ1, µ2, . . . , µn−k} na ikanopoie�tai gia thn isometr�a
V ∈ C

n×(n−k) kai kat�llhla shme�a µ2, . . . , µn−k ∈ w(A)\σ(A). ApodeiknÔetaiìti prèpei k ≥ 2(n−1)
3

kai m�lista shmei¸netai antipar�deigma, ap�ìpou prokÔpteiìti to fr�gma autì e�nai genik� to kalÔtero dunatì. Epiplèon, gia to el�qisto
k, prote�netai m�a anadromik  diadikas�a gia thn kataskeu  n − k amoiba�w or-jog¸niwn kai A-orjog¸niwn monadia�wn dianusm�twn wj ∈ C

n (dhlad  tètoiwn¸ste w∗
i wj = w∗

i Awj = w∗
i A

∗wj = 0, gia i 6= j). Tèlo, parousi�zontai, wefarmog , endiafèrouse idiìthte tou an¸terou bajmoÔ arijmhtikoÔ ped�ou.Sto pèmpto kai teleuta�o kef�laio th diatrib  anaferìmaste se n×n analu-tikè, autosuzuge� sunart sei pin�kwn P (λ), ìpou λ ∈ R, dhlad  tètoie ¸ste
P (λ) = P ∗(λ) gia k�je λ, kai melet�me arqè metabol  gia ti idiosunart sei
µj(λ) tou P (λ). Eis�gonta th lexikografik  di�taxh twn µj(λ) apì thn isodÔ-namh èkfras  tou w dunamoseirè gÔrw apì k�poio shme�o λ0, epitugq�noumethn èkfrash aut¸n w sup-inf   inf-sup th posìthta x∗(λ)P (λ)x(λ), giakat�llhla monadia�a dianÔsmata x(λ). Oi arqè metabol  gia idiosunart seisundèontai sth sunèqeia me ti klasikè arqè metabol  gia ti idiotimè ermi-tian¸n pin�kwn kai efarmìzontai, ¸ste na d¸soun qarakthrismoÔ akrot�twngia ti idiotimè uperbolik¸n poluwnumik¸n pin�kwn. Tèlo, anamorf¸noume giati µj(λ) anisìthte pou isqÔoun gia ti idiotimè ermitan¸n.
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ABSTRACT OF Ph.D. THESIS

An n × n matrix A with complex entries is normal, exactly when AA∗ = A∗A,

where A∗ denotes the conjugate-transpose of A. Considering the pair of normal

matrices A ∈ C
n×n and B ∈ C

(n−k)×(n−k), with 1 ≤ k < n. the matrix B is

imbeddable in A, if there exists an isometry V ∈ C
n×(n−k) (i.e. V ∗V = In−k),

such that V ∗AV = B.

In the second chapter of this dissertation, we consider conditions for interlac-

ing for normal matrices. Initially, futher elaboration of a Theorem by Jiang-Kuo

in [32, Thm. 2.13], leads us to generalize Thm. 2 in [14] for normal matrices

with groups of collinear eigenvalues and k > 1. As a consequence of this, we

present upper and lower bounds on the number of eigenvalues of the imbeddable

matrix B that lie in a closed, convex set, with respect to the number of eigenval-

ues of A in the same set. In addition, we review and elaborate on the necessary

imbedding conditions of Queiro-Duarte ([42, Thm. 4.1]) and Carlson-de Sa ([7,

Thm. 2.3]) and provide the links between them. Moreover, we give an answer

to a problem posed in [42] considering the geometric configurations of sets of

complex numbers satisfying [42, Thm. 4.1] in the case of convexly independent

sets. In particular, for k = 1, we prove that sets satisfying either [42, Thm. 4.1]

or [7, Thm. 2.3] are collinear and interlacing on their common line.

In the third chapter, we consider mainly hermitian matrices and in particular

are concerned with the sufficiency of the interlacing inequalities. Hence, letting

the interlacing sequences {λj}n
j=1 and {µj}n−k

j=1 , we construct an isometry V ∈
C

n×(n−k), such that A = diag {λj}n
j=1 and B = diag {µj}n−k

j=1 are related via

B = V ∗AV . Our approach is realized in two steps. Initially, a new proof

of the interlacing inequalities for k = 1 is given, based on the construction of

compressions of normal matrices by M. Adam and J. Maroulas in [1]. Futher, we

provide two independent methods for the construction of V for k > 1. The case

when A and B are normal is then considered and a new set of conditions for the

determination of an isometry V is presented, in the case B is imbeddable in A,

in terms of the real and imaginary parts of their eigenvalues. These conditions

are quite technical, but nonetheless are used to disprove a natural conjecture

concerning the sufficiency of [42, Thm. 4.1].

In the fourth chapter, considering a normal matrix A ∈ C
n×n and a point
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µ1 ∈ w(A)\σ(A), we determine the minimum integer 1 ≤ k < n, such that

the relationship V ∗AV = diag {µ1, µ2, . . . , µn−k} is satisfied, for an isometry

V ∈ C
n×(n−k) and suitable points µ2, . . . , µn−k ∈ w(A)\σ(A). It turns out

that k ≥ 2(n−1)
3

and moreover, a counterexample shows that this bound is the

best possible for an arbitrary normal A. In particular, a recursive procedure to

produce (n − k) mutually orthogonal and A-orthogonal unit vectors wj ∈ C
n

(i.e. w∗
i wj = w∗

i Awj = 0, for i 6= j) is proposed for the smallest k. The

resulting isometry V =
[

w1 w2 · · · wn−k

]

∈ C
n×(n−k) is generating for a

diagonal matrix B = V ∗AV , which is a matrix of maximum order imbeddable

in A. Furthermore, some useful properties derived from the imbeddability of

diagonal matrices are presented.

Finally, in the fifth and last chapter we consider n × n analytic, selfadjoint

matrix functions P (λ) of a real parameter λ, i.e. P (λ) = P ∗(λ) for every λ,

and study variational principles for their eigenfunctions µj(λ) according to a

suitable order for real analytic functions: the lexicographic order of the infinite

series of coefficients in the analytic expressions of µj(λ) in a neighbourhood of

some λ0. Thus, a characteristic expression of the eigenfunctions as inf-sup or

sup-inf of the quantity x∗(λ)P (λ)x(λ) for suitable unit vectors x(λ) is attained.

The variational principles for eigenfunctions are then connected with the clas-

sical variational formulae for eigenvalues of hermitian matrices and are applied

to prove extremal characterizations for the eigenvalues of hyperbolic polyno-

mial matrices. Finally, we reform for µj(λ) known interlacing inequalities for

eigenvalues of hermitian sums and submatrices with respect to the lexicographic

order.
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Kef�laio 1EISAGWGH'Ena n × n p�naka A me stoiqe�a migadikoÔ arijmoÔ onom�zetai kanoni-kì, akrib¸ ìtan AA∗ = A∗A, ìpou me A∗ shmei¸netai o anastrofosuzug tou A. An o p�naka A èqei pragmatik� stoiqe�a, profan¸ o orismì peri-or�zetai sthn isìthta AAT = AT A, ìpou AT e�nai o an�strofo p�naka tou
A. H melèth twn kanonik¸n pin�kwn èqei apodeiqje� idiaitèrw paragwgik .To fasmatikì je¸rhma, sÔmfwna me to opo�o èna kanonikì p�naka A e�naiorjomonadia�a diagwnopoi simo, d�nei stou kanonikoÔ p�nake m�a eÔqrhsthdom , h opo�a antanakl�tai kai se pollè isodÔname sunj ke tou orismoÔ thkanonikìthta. O anagn¸sth mpore� na brei sunolik� 89 ikanè kai anagka�esunj ke sti ergas�e [20℄ kai [31℄. Profan¸, h kl�sh twn kanonik¸n pin�kwnperilamb�nei tou ermitianoÔ, tou orjomonadia�ou, all� kai tou pragmatikoÔsummetrikoÔ p�nake.Sumbol�zonta me C

m×n to q¸ro twn m × n pin�kwn me migadik� stoiqe�akai jewr¸nta tou kanonikoÔ p�nake A ∈ C
n×n kai B ∈ C

(n−k)×(n−k), me
1 ≤ k < n, o p�naka B kale�tai emfuteÔsimo (imbeddable) ston A,  sustol  (compression) tou A, akrib¸ ìtan up�rqei isometr�a V ∈ C

n×(n−k)(dhlad  V ∗V = In−k), tètoia ¸ste V ∗AV = B.An me σ(·) or�soume to sÔnolo twn idiotim¸n enì p�naka, t�jetai to prìblhmath diasÔndesh twn fasm�twn σ(A) = {λi}n
i=1 kai σ(B) = {µi}n−k

i=1 twn A kai
B, prokeimènou o B na e�nai emfuteÔsimo ston A.Eidikìtera, gia A kai B ermitianoÔ p�nake to prìblhma apant jhke to 1957apì tou K. Fan kai G. Pall sthn ergas�a [14℄. Sthn per�ptwsh aut , ikan  kai1



anagka�a sunj kh gia thn emfÔteush e�nai na isqÔoun oi anisìthte diaqw-rismoÔ (interlacing inequalities) gia ti idiotimè twn A kai B:Je¸rhma 1.1 (Fan-Pall). An A ∈ C
n×n kai B ∈ C

(n−k)×(n−k) ermitiano� p�-nake me idiotimè {λj}n
j=1, {µj}n−k

j=1 antisto�qw se mh fj�nousa seir�, tìte o Be�nai emfuteÔsimo ston A an kai mìnon an
µj ∈ [λj, λj+k], gia j = 1, . . . , n − k. (1.1)H sun jh apìdeixh gia to anagka�o twn sqèsewn diaqwrismoÔ (blèpe [3℄kai [33℄) prokÔptei w sunèpeia twn arq¸n metabol  (variational prin-

ciples:)

λj = min
S⊂Cn

dimS=j

max
x∈S

‖x‖
2
=1

x∗Ax = max
T ⊂Cn

dimT =n−j+1

min
x∈T

‖x‖
2
=1

x∗Ax,ìpou {λj}n
j=1 oi idiotimè tou ermitianoÔ A se mh fj�nousa seir�. H kateÔjunshaut   tan gnwst  apì palaiìtera kai gi�autì oi sqèsei (1.1) anafèrontai sthbibliograf�a w anisìthte diaqwrismoÔ Cauchy. Apì thn �llh, h apìdeixh touJewr mato 1.1 gia to ikanì sthn ergas�a [14℄ e�nai algebrik  kai, w ek toÔtou,den asqole�tai me thn kataskeu  th isometr�a V , ¸ste na parousiaste� m�agewmetrik  ermhne�a tou allhlodiaqwrismoÔ twn idiotim¸n sthn (1.1).To ant�stoiqo prìblhma melet jhke gia ti migadikè idiotimè twn kanonik¸npin�kwn A kai B apì tou K. Fan kai G. Pall sthn �dia ergas�a, sthn per�ptwsh

k = 1. Sumbol�zonta me zw to eujÔgrammo tm ma sto C me �kra ta z, w èqoume:Je¸rhma 1.2 (Fan-Pall). 'Estw oi kanoniko� p�nake A ∈ C
n×n kai B ∈

C
(n−1)×(n−1) me f�smata σ(A) = {λj}n

j=1 kai σ(B) = {µj}n−1
j=1 antisto�qw. An oiidiotimè {λj}q

j=1 kai {µj}q−1
j=1 e�nai diakekrimène kai den an koun sto σ(A)∩σ(B),tìte o p�naka B e�nai emfuteÔsimo ston A an kai mìnon an oi idiotimè {λj}q

j=1kai {µj}q−1
j=1 e�nai suneujeiakè se m�a euje�a L kai diaqwrizìmene, dhlad  gia

j = 1, . . . , q − 1, µj ∈ λjλj+1.To prohgoÔmeno endiafèron apotèlesma de diereun jhke idia�tera gia k >

1. Pro thn kateÔjunsh aut , orismène anagka�e (all� ìqi ikanè) sunj kediatup¸jhkan to 1984 apì tou D. Carlson kai E. Marques de Sa sthn ergas�a[7℄ (Prìtash 2.6 gia z = 0 kai φ = 0) kai to 2009 apì tou J.F. Queiro kai A.L.

Duarte sthn ergas�a tou [42℄ (Je¸rhma 2.4).2



Anoiktì prìblhma sundedemèno me thn idiìthta th emfÔteush enì kanoni-koÔ p�naka B ston A e�nai h kataskeu  mia isometr�a V tètoia ¸ste V ∗AV =

B. Autì odhge� sto na jewr soume m�a gen�keush tou prìsfata diatupwmènouant�strofou prìblhmato gia to arijmhtikì ped�o.Upenjum�zoume sto shme�o autì ìti to arijmhtikì ped�o p�naka A ∈ C
n×ne�nai to sumpagè kai kurtì uposÔnolo tou migadikoÔ epipèdou

w(A) = {x∗Ax : x ∈ C
n, ‖x‖ = 1} .Eidik�, ìtan A e�nai kanonikì, to sÔnolo w(A) sump�ptei me thn kurt  j khtwn idiotim¸n tou, dhlad  w(A) = co {σ(A)}. Gia k�je shme�o µ ∈ w(A), ènamonadia�o di�nusma x ∈ C

n kale�tai di�nusma - genn tora (generating

vector) gia to µ, an x∗Ax = µ. Prìsfata, sthn ergas�a [44℄ melet jhke to ant�-strofo prìblhma th eÔresh enì dianÔsmato - genn tora x gia k�poio dojènshme�o µ ∈ w(A). To prìblhma autì sundèei thn eikìna w(A) th tetragwnik apeikìnish
x ∈ C

n, ‖x‖ = 1 → x∗Ax ∈ Cme to ped�o orismoÔ th, th migadik  monadia�a sfa�ra S = {x ∈ C
n : ‖x‖ = 1}kai m�lista èqei apodeiqje� apì ton R. Carden sthn ergas�a [5℄ ìti up�rqoun ngrammik¸ anex�rthta dianÔsmata-genn tore gia k�je shme�o µ ∈ int {w(A)}.Algìrijmoi gia thn eÔresh dianusm�twn-gennhtìrwn diatup¸nontai sti ergas�e[5℄, [10℄ kai [44℄.Sthn paroÔsa diatrib , eis�goume to akìloujo genikeumèno ant�strofo prìblh-ma, pou anafèretai se pl jo shme�wn tou w(A): dojèntwn shme�wn µ1, . . . , µn−k ∈

w(A) kai jètonta B = diag {µj}n−k
j=1 , na exetaste� h Ôparxh isometr�a V ∈

C
n×(n−k), tètoia ¸ste B = V ∗AV , kai na kataskeuaste� sthn per�ptwsh pouup�rqei. H isometr�a V ja anafèretai w isometr�a - genn tora gia ton Bston A. Autì to prìblhma èqei melethje� sthn eidik  per�ptwsh ìpou B = λIn−kmèsw twn arijmhtik¸n ped�wn an¸terou bajmoÔ
Λn−k(A) = {µ ∈ C : PAP = µP gia k�poia orj  probol  P bajmoÔ-(n − k)}

= {µ ∈ C : µIn−k e�nai emfuteÔsimo ston A} ,pou èqoun prìsfata brei efarmogè sth Fusik  sth diìrjwsh laj¸n kbantik¸nplhrofori¸n (blèpe [9℄ gia ermitianoÔ kai [8℄ gia orjokanonikoÔ kai kanoni-3



koÔ). Sth diatrib  aut , ja asqolhjoÔme me to prìblhma autì gia ermitianoÔkai kanonikoÔ p�nake.M�a diaforetik  prosèggish tou probl mato emfÔteush èqei g�nei mèsw twnupokanonik¸n (subnormal) telest¸n, tou opo�ou ìrise o P.R. Halmossthn ergas�a [22℄. An H e�nai q¸ro Hilbert kai H0 kleistì upìqwrì tou, ènafragmèno grammikì metasqhmatismì T apì ton H0 ston H kale�tai upokanon-ikì, an èqei kanonik  epèktash ston H. Jewr¸nta th di�spash tou q¸rou weujÔ �jroismaH = H0⊕H⊥
0 , tìte gia k�je x ∈ H0 h eikìna ekfr�zetai monadik�w Tx = y+z, ìpou y ∈ H0 kai z ∈ H⊥

0 . M�lista, mporoÔme na gr�youme y = Bxkai z = C∗x, ìpou B e�nai telest  ston H0 kai C∗ fragmèno telest  apì ton
H0 ston H, ¸ste T na anapar�statai w sÔnjeto p�naka st lh T =

[

B

C∗

]. O
Halmos sthn anwtèrw ergas�a èdwse qarakthrismoÔ gia tou upoermitianoÔ,upoorjomonadia�ou, upojetikoÔ kai upoprobolikoÔ telestè. Apotelèsmatasqetik� me to qarakthrismì twn upokanonik¸n telest¸n perilamb�nontai sthnergas�a [15℄.To anwtèrw prìblhma sundèetai me th sumpl rwsh upokanonik¸n pin�kwn T ,ìpou B ∈ C

(n−k)×(n−k) e�nai kanonikì kai C ∈ C
(n−k)×k, ¸ste o ektetamènop�naka A =

[

B D
C∗ F

]

∈ C
n×n na e�nai kanonikì. Sthn per�ptwsh aut , m�aisometr�a - genn tora gia thn emfÔteush tou B ston A e�nai V =

[

In−k

0k,n−k

].Epiplèon, apì th sqèsh th kanonikìthta AA∗ = A∗A èqoume CC∗ = DD∗, kaiapì thn idi�zousa paragontopo�hsh C = M∗ΣN kai D = M∗ΣN̂ , sumpera�noumeìti D = CU , ìpou U = N∗N̂ ∈ C
k×k e�nai orjomonadia�o. Ekfr�sei gia touupìloipou upop�nake C, D kai F sti peript¸sei k = 1, 2 èqoun doje� apì tou

K.D. Ikramov kai L. Elsner sthn ergas�a [30℄. Ep�sh, oi C.-C. Jiang kai K.-H.

Kuo diatÔpwsan ikanè sunj ke sthn ergas�a tou [32℄ w pro th dom  tou C,prokeimènou na up�rqei kanonik  epèktash tou T , qwr� ìmw na lamb�noun up�ì-yin tou to f�sma tou prokÔptonto kanonikoÔ p�naka A. Sugkekrimèna, sumbo-l�zonta me Eλ(·) ton idioq¸ro p�naka pou antistoiqe� sthn idiotim  tou λ ∈ σ(·)kai EL(·) = ⊕λ∈σ(·)∩LEλ(·), ìpou L euje�a sto migadikì ep�pedo, prokÔptei ìtio p�naka [B

C∗

]

∈ C
n×(n−k) èqei kanonik  epèktash an up�rqoun euje�e {Lj}r

j=14



(r ≤ n − k) tètoie ¸ste σ(B) ⊂
(
∪r

j=1Lj

), oi upìqwroi {ELj
(B)
}r

j=1
na e�naiamoiba�w orjog¸nioi kai oi st le tou C na an koun ston ELj

(B) gia k�poia j.Sto deÔtero kef�laio th paroÔsa diatrib , epexergazìmenoi to parap�nwapotelèsma twn Jiang-Kuo, odhgoÔmaste gia k > 1 se m�a epèktash tou Jewr -mato 1.2. W efarmog  tou apotèlesmato autoÔ, parousi�zoume �nw kai k�twfr�gmata gia ton arijmì twn idiotim¸n tou emfuteÔsimou p�naka B pou an kounse èna kurtì sÔnolo, se sqèsh me to pl jo twn idiotim¸n tou A pou perièqontaisto �dio sÔnolo, genikeÔonta kat� ton trìpo autìn èna prìsfato apotèlesmatou R. Horn. Epexergazìmenoi ti anagka�e sunj ke emfÔteush twn Queiro-

Duarte kai Carlson-de Sa pou anafèrjhkan prohgoumènw, parousi�zoume thmetaxÔ tou allhloex�rthsh. Ep�sh, d�netai m�a ap�nthsh sto prìblhma pou tè-jhke sthn ergas�a [42℄ sqetik� me th gewmetrik  katanom  migadik¸n arijm¸n pouikanopoioÔn ti sqèsei θ-diaqwrismoÔ gia k�je gwn�a θ, sthn per�ptwsh kurt¸anex�rthtwn sunìlwn. Eidikìtera, gia k = 1, apodeiknÔetai ìti oi idiotimè twn
A, B pou ikanopoioÔn ti sunj ke twn Queiro-Duarte, e�te ti sunj ke twn
Carlson-de Sa, e�nai kat�an�gkh suneujeiakè kai diaqwrizìmene sthn euje�apou or�zoun.To tr�to kef�laio anafèretai kur�w sti ikanè sunj ke (1.1) tou Jew-r mato 1.1 gia ermitianoÔ p�nake. Jewr¸nta dÔo pragmatikè (peperas-mène) akolouj�e {λj}n

j=1, {µj}n−k
j=1 pou ikanopoioÔn ti anisìthte diaqwrismoÔ(1.1), kataskeu�zetai m�a isometr�a V ∈ C

n×(n−k), tètoia ¸ste oi p�nake A =

diag {λj}n
j=1 kai B = diag {µj}n−k

j=1 na e�nai emfuteÔsimoi, dhlad  B = V ∗AV .Kat�arq�, parousi�zetai gia k = 1 m�a kainoÔria apìdeixh tou Jewr mato 1.1,basismènh sthn kataskeu  sustol¸n gia kanonikoÔ p�nake twn M. Ad�m kaiI. Maroul� sthn ergas�a [1℄, kai epiplèon d�netai m�a gewmetrik  kataskeu  giathn isometr�a - genn tora V . Sth sunèqeia, parousi�zontai dÔo anex�rthte mè-jodoi gia thn kataskeu  tou V , gia k > 1. Tèlo, melet�tai h per�ptwsh pou Akai B e�nai kanoniko� kai emfuteÔsimoi kai diatup¸nontai sunj ke gia thn emfÔ-teush tou B ston A w pro ta pragmatik� kai ta fantastik� mèrh twn idiotim¸ntou. Oi sunj ke autè qrhsimopoioÔntai gia na apodeiqje� ìti oi anagka�esunj ke tou Jewr mato 2.4 twn Queiro-Duarte den e�nai kai ikanè, sÔmfwname to diatupwmèno er¸thm� tou.Sto tètarto kef�laio, dojènto kanonikoÔ p�naka A ∈ C
n×n kai shme�ou5



µ1 ∈ w(A)\σ(A), kajor�zoume ton el�qisto akèraio 1 ≤ k < n, tètoion ¸-ste h sqèsh V ∗AV = diag {µ1, µ2, . . . , µn−k} na ikanopoie�tai gia thn isometr�a
V ∈ C

n×(n−k) kai kat�llhla shme�a µ2, . . . , µn−k ∈ w(A)\σ(A). ApodeiknÔetaiìti prèpei k ≥ 2(n−1)
3

kai m�lista shmei¸netai antipar�deigma, ap�ìpou prokÔpteiìti to fr�gma autì e�nai genik� to kalÔtero dunatì. Epiplèon, gia to el�qisto
k, prote�netai m�a anadromik  diadikas�a gia thn kataskeu  n − k amoiba�w or-jog¸niwn kai A-orjog¸niwn monadia�wn dianusm�twn wj ∈ C

n (dhlad  tètoiwn¸ste w∗
i wj = w∗

i Awj = w∗
i A

∗wj = 0, gia i 6= j). H kataskeu  aut  bas�zetaise gen�keush apotelèsmato twn M. Ad�m kai I. Maroul� sthn ergas�a [1℄ kaiodhge� sthn kataskeu  dianusm�twn - gennhtìrwn gia auja�reta shme�a µ1 ∈
int {w(A)}. H prokÔptousa isometr�a V =

[

w1 w2 · · · wn−k

]

∈ C
n×(n−k)e�nai mègisth di�stash genn tora diag¸niou p�naka B(= V ∗AV ), emfuteÔsi-mou ston A. Tèlo, parousi�zontai, w efarmog , endiafèrouse idiìthte touan¸terou bajmoÔ arijmhtikoÔ ped�ou.To pèmpto kai teleuta�o kef�laio th diatrib  anafèretai se n × n analu-tikè, autosuzuge� sunart sei pin�kwn P (λ), ìpou λ ∈ R, dhlad  tètoie ¸ste

P (λ) = P ∗(λ) gia k�je λ. E�nai gnwstì apì to je¸rhma tou Rellich [19℄ ìtigia λ ∈ R, h sun�rthsh P (λ) e�nai diagwnopoi simh tautoqrìnw gia ìla ta λ.Eidikìtera, up�rqoun bajmwtè analutikè sunart sei µ1(λ), . . . , µn(λ) kai m�a
n × n orjomonadia�a sun�rthsh p�naka U(λ), me thn idiìthta

P (λ) = U(λ)diag {µ1(λ), . . . , µn(λ)}U∗(λ). (1.2)Sthn (1.2), oi µj(λ) kaloÔntai idiosunart sei. Lamb�nonta up�ìyin ìti apìto je¸rhma diagwnopo�hsh ermitian¸n pin�kwn aporrèoun oi arqè metabol idiotim¸n kai apì autè me th seir� tou oi anisìthte diaqwrismoÔ (1.1), ka-j¸ kai ìti m�a parìmoia akolouj�a apotelesm�twn kai apode�xewn metafère-tai kai stou kanonikoÔ p�nake, ìpw parousi�sthke apì tou Queiro-Duarte[42℄, melet�me sto kef�laio autì arqè metabol  gia ti idiosunart sei µj(λ).Eis�gonta th lexikografik  di�taxh twn µj(λ) apì thn isodÔnamh èkfras  touw dunamoseirè gÔrw apì k�poio shme�o λ0, epitugq�noume thn èkfrash aut¸nw sup-inf   inf-sup th posìthta x∗(λ)P (λ)x(λ), gia kat�llhla monadia�a dia-nÔsmata x(λ). Oi arqè metabol  gia idiosunart sei sundèontai sth sunèqeiame ti klasikè arqè metabol  gia ti idiotimè ermitian¸n pin�kwn kai efarmì-zontai, ¸ste na d¸soun qarakthrismoÔ akrot�twn gia ti idiotimè uperbolik¸n6



poluwnumik¸n pin�kwn. Tèlo, anamorf¸noume gia ti µj(λ) anisìthte pouisqÔoun gia ti idiotimè ermitan¸n.Apì th diatrib  aut  èqoun prokÔyei oi akìlouje episthmonikè ergas�epou èqoun upoblhje� pro kr�sh se ègkrita episthmonik� periodik�:1. Variational Characterizations for Eigenfunctions of Analytic Self-adjoint Ope-

rator Functions,2. Links on Imbedding Conditions for Normal Matrices,3. The Isometry for Imbedding Hermitian and Normal matrices,4. Diagonal Imbeddings in a Normal matrixkai epimèrou apotelèsmata twn ergasi¸n 1 kai 2 èqoun parousiaste� me omil�esta sunèdria1. Haifa Matrix Theory Conference, 18-21 Maòou 2009, Min-max Theorems for

Analytic Self-adjoint and Normal matrices,2. Braunschweig, ILAS, 22-26 AugoÔstou 2011, Links on Imbedding Conditions

for Normal matrices.

7





Kef�laio 2SUNJHKES EMFUTEUSHSKANONIKWN PINAKWNSthn eisagwg , sto Je¸rhma 1.2 twn Fan-Pall perigr�fontai ikanè kaianagka�e sunj ke, prokeimènou èna (n − 1) × (n − 1) kanonikì p�naka nae�nai emfuteÔsimo se ènan kanonikì p�naka di�stash n × n. Profan¸ èpetaiìti h emfÔteush e�nai efikt , ìtan oi A kai B èqoun thn eidik  morf 
A = z0 In +

(

eiφ H ⊕ diag {λj − z0}n
j=q+1

)

, (2.1)
B = z0 In−1 +

(

eiφ Q ⊕ diag {λj − z0}n
j=q+1

)

, (2.2)ìpou oi p�nake H ∈ C
q×q, Q ∈ C

(q−1)×(q−1) e�nai ermitiano�, tètoioi ¸ste Qna e�nai emfuteÔsimo ston H kai to shme�o z0 ∈ R ∩ L, ìpou L h euje�a mekl�sh ω ∈ [0, 2π), p�nw sthn opo�a katanèmontai oi idiotimè twn A, B. Apì tianisìthte (1.1) gia ti idiotimè twn H kai Q, h emfÔteush e�nai efikt  akrib¸ìtan
e−iω(λi − z0) ≤ e−iω(µi − z0) ≤ e−iω(λi+1 − z0),gia i = 1, . . . , q − 1, en¸ oi upìloipe idiotimè λi, µi−1 ∈ σ(A) ∩ σ(B) (i =

q + 1, . . . n) taut�zontai.
9



2.1 Diaqwrizìmene idiotimè kanonik¸npin�kwnPeraitèrw èreuna basismènh sthn eidik  morf  kanonik¸n emfuteÔsimwn pin�-kwn sthn ergas�a [32℄ odhge� sthn akìloujh gen�keush tou Jewr mato 1.2. Ed¸me |·| sumbol�zoume thn plhjikìthta enì peperasmènou sunìlou kai me zw toeujÔgrammo tm ma me �kra ta z, w. Ep�sh, upenjum�zoume ìti Eλ(·) e�nai oidiìqwro p�naka pou antistoiqe� sthn idiotim  tou λ ∈ σ(·) kai gia k�je euje�a
L sto migadikì ep�pedo sumbol�zoume EL(·) = ⊕λ∈σ(·)∩LEλ(·).Je¸rhma 2.1. 'Estw oi kanoniko� p�nake A ∈ C

n×n, B ∈ C
(n−k)×(n−k) me f�-smata σ(A) = {λi}n

i=1, σ(B) = {µi}n−k
i=1 kai |σ(A) ∩ σ(B)| = s. JewroÔme ep�shti euje�e Lj (j = 1, . . . , r(≤ n−k)) tou C ¸ste (σ(A) ∪ σ(B)) \ (σ(A) ∩ σ(B)) ⊂

(
∪r

j=1Lj

)
\
(
∩r

j=1Lj

) kai sumbol�zoume ta sÔnola
σj(A) = {λℓ}n−s

ℓ=1 ∩ Lj ≡
{
λj

i

}nj

i=1
,

σj(B) = {µℓ}n−k−s
ℓ=1 ∩ Lj ≡

{
µj

i

}nj−kj

i=1
, j = 1, . . . , r,me ∑r

j=1 nj = n − s, ∑r
j=1 kj = k sta opo�a diamer�zontai oi diakekrimèneidiotimè twn A kai B. Ta stoiqe�a twn σj(A) kai σj(B) diaqwr�zontai sthn Lj,me thn ènnoia ìti

µj
i ∈ λj

iλ
j
i+kj

, gia i = 1, . . . , nj − kj,an kai mìnon an o p�naka A e�nai th morf  [B D

C∗ F

], ìpou1. C =
[

C1 · · · Cr

], me Cj ∈ C
(n−k)×kj ,∑r

j=1 kj = k kai oi st le twn upo-pin�kwn Cj an koun stou ELj
(B) = ⊕µ∈σ(B)∩Lj

Eµ(B) gia j ∈ {1, . . . , r},2. F = ⊕r
j=1diag

{
zj

i

}kj

i=1
, me zj

i ∈ Lj (i = 1, . . . , kj) kai3. oi C kai D sqet�zontai apì thn ex�swsh D = CU , ìpou o orjomonadia�o
U = ⊕r

j=1e
−2iθjIkj

me θj ∈ [0, 2π), tètoia ¸ste oi euje�e eiθjLj (j =

1, . . . , r) na e�nai par�llhle ston pragmatikì �xona.10



Apìdeixh. 'Estw Vj =
[

uj
1 · · · uj

nj−kj

]

∈ C
(n−k)×(nj−kj) (j = 1, . . . , r), ìpouoi st le uj

i (i = 1, . . . , nj − kj) e�nai idiodianÔsmata tou B ant�stoiqa twnidiotim¸n tou µj
i sthn Lj. Epiplèon, an oi st le tou p�naka Vr+1 ∈ C

(n−k)×se�nai orjokanonik� idiodianÔsmata tou B pou antistoiqoÔn sti koinè idiotimètwn pin�kwn A, B, o orjomonadia�o V =
[

V1 · · · Vr Vr+1

]

∈ C
(n−k)×(n−k)diagwnopoie� ton B, dhlad  B = V DBV ∗, ìpou DB = ⊕r+1

j=1∆j, me ∆j =

diag
{
µj

i

}nj−kj

i=1
, j = 1, . . . , r kai ∆r+1 = diag {µi}n−k

i=n−k−s+1. Sunep¸, apì thn
A =

[

V DBV ∗ D

C∗ F

]

=

[

V 0

0 I

][

DB V ∗D

C∗V F

][

V ∗ 0

0 I

]e�nai emfanè ìti to je¸rhma arke� na apodeiqje� gia kanonikoÔ p�nake thmorf 
A =

[

DB V ∗D

C∗V F

] (2.3)Oi q¸roi EL1
(B), EL2

(B), . . . , ELr
(B) e�nai ana dÔo orjog¸nioi, ètsi ¸ste

C∗
j Vi = 0 gia k�je i 6= j ∈ {1, . . . , r} kai tìte èqoume

C∗V =







C∗
1...

C∗
r







[

V1 · · · Vr Vr+1

]

=
[

⊕r
j=1C

∗
j Vj 0k×s

]

∈ C
k×(n−k), (2.4)

V ∗D = V ∗CU =

[

⊕r
j=1

(
V ∗

j Cj

)

0s×k

]

U.Epeid  U = ⊕r
j=1e

−2iθjIkj
, sumpera�noume
V ∗D =

[

⊕r
j=1

(
e−2iθjV ∗

j Cj

)

0s×k

] (2.5)kai apì ti (2.3), (2.4), (2.5) kai th morf  tou p�naka F , èqoume
A =

[

DB V ∗D

C∗V F

]

=







⊕r+1
j=1∆j

[

⊕r
j=1

(
e−2iθjV ∗

j Cj

)

0s×k

]

[

⊕r
j=1

(
C∗

j Vj

)
0k×s

]

⊕r
j=1diag

{
zj

i

}kj

i=1







. (2.6)Sunep¸, qwr� bl�bh th genikìthta jewroÔme ton p�naka A sth (2.6).Metajètonta grammè kai st le, parathroÔme ìti o A e�nai orjomonadia�a ì-11



moio me ton
(

⊕r
j=1

[

∆j e−2iθjV ∗
j Cj

C∗
j Vj diag

{
zj

i

}kj

i=1

])

⊕ ∆r+1,me zj
i ∈ Lj. Lamb�nonta up�ìyin ìti µj

i , (i = 1, . . . , nj−kj) kai zj
i , (i = 1, . . . , kj)e�nai stoiqe�a th Lj, mporoÔme na gr�youme

µj
i = cj + e−iθjmj

i kai zj
i = cj + e−iθjf j

i ,me mj
i , f j

i ∈ R kai cj ∈ Lj. Sunep¸, gia j = 1, . . . , r èqoume
[

∆j e−2iθjV ∗
j Cj

C∗
j Vj diag

{
zj

i

}kj

i=1

]

=

[

diag
{
cj + e−iθjmj

i

}nj−kj

i=1
e−2iθjV ∗

j Cj

C∗
j Vj diag

{
cj + e−iθjf j

i

}kj

i=1

]

= cjInj
+ e−iθj

[

diag
{
mj

i

}nj−kj

i=1
e−iθjV ∗

j Cj

eiθjC∗
j Vj diag

{
f j

i

}kj

i=1

]

= cjInj
+ e−iθjΩj.Profan¸, o pragmatikì kÔrio upop�naka diag

{
mj

i

}nj−kj

i=1
e�nai emfuteÔsimoston ermitianì Ωj ∈ C

nj×nj kai tìte apì thn (1.1),
mj

i ∈ [ωj
i , ω

j
i+kj

], gia i = 1, . . . , nj − kj, (2.7)ìpou ωj
i (i = 1, . . . , nj) e�nai oi idiotimè tou Ωj. Epeid  σ

([

∆j e−2iθjV ∗
j Cj

C∗
j Vj diag

{
zj

i

}kj

i=1

])

=

cj + e−iθjσ(Ωj) =
{
λj

i : i = 1 . . . , nj

} kai σj(B) = cj + e−iθj
{
mj

i

}nj−kj

i=1
=

{
µj

i : i = 1 . . . , nj − kj

}, tìte λj
i kai µj

i (j = 1, . . . , r) e�nai suneujeiakè kaidiaqwrizìmene, ìpw kai oi mi, ωi sth (2.7). Sunep¸, ta sÔnola σj(A) =

σ(A) ∩ Lj, σj(B) = σ(B) ∩ Lj èqoun ti epijumhtè idiìthte.Antistrìfw, apì th suggrammikìthta twn stoiqe�wn twn σj(A) kai σj(B)(j = 1, . . . , r), prokÔptei ìti λj
i = cj +e−iθjsj

i kai µj
i = cj +e−iθj tji , ìpou cj ∈ Lj,

sj
i ∈ R, gia i = 1, . . . , nj kai tji ∈ R, gia i = 1, . . . , nj − kj. Jewr¸nta thnar�jmhsh tj1 < · · · < tjnj−kj

kai sj
1 < · · · < sj

nj
, lìgw tou egkleismoÔ µj

i ∈
λj

iλ
j
i+kj

, èpetai ìti tji ∈ [sj
i , s

j
i+kj

], gia i = 1, . . . , nj − kj. Kat� sunèpeia, apìthn (1.1) up�rqoun zeÔgh ermitian¸n pin�kwn Gj ∈ C
(nj−kj)×(nj−kj) kai Hj ∈

C
nj×nj , me ton Gj emfuteÔsimo ston Hj, ¸ste σ(Gj) =

{
tji
}nj−kj

i=1
kai σ(Hj) =

{
sj

i

}nj

i=1
gia j = 1, . . . , r. Qwr� bl�bh th genikìthta, mporoÔme na èqoume Gj =12



diag
{

tj1, . . . , t
j
nj−kj

} (j = 1, . . . , r) kai jewroÔme thn isometr�a Vj ∈ C
nj×(nj−kj)gia thn opo�a Gj = V ∗

j HjVj. Jètonta Ĥj = W ∗
j HjWj, ìpou Wj =

[

Vj Uj

]

∈
C

nj×nj e�nai orjomonadia�o, profan¸ o Gj apotele� kÔrio upop�naka tou Ĥj kaiepomènw, o diag¸nio p�naka Tj = cjInj−kj
+e−iθjGj e�nai kÔrio upop�naka toukanonikoÔ Sj = cjInj

+ e−iθjĤj. Epeid  o U∗
j HjUj e�nai ermitianì, jewroÔme thdiagwnopo�hs  tou U∗

j HjUj = XjYjX
∗
j , ìpou Xj ∈ C

kj×kj e�nai orjomonadia�okai Yj = diag
{
f j

i

}kj

i=1
∈ R

kj×kj . Tìte Yj = (UjXj)
∗Hj(UjXj), ìpou UjXj ∈

C
nj×kj e�nai isometr�a me thn idiìthta V ∗

j (UjXj) = 0. Sunep¸, e�nai dunatì naèqoume Wj =
[

Vj UjXj

] kai antikajist¸nta ston Sj, prokÔptei
Sj = cjInj

+ e−iθjĤj =

[

cjInj−kj
+ e−iθjV ∗

j HjVj e−iθjV ∗
j HjUjXj

e−iθjX∗
j U∗

j HjVj diag
{
cj + e−iθjf j

i

}kj

i=1

]

≡
[

Tj D̂j

Ĉ∗
j Fj

]

.Oi p�nake Fj kai Tj e�nai diag¸nioi me stoiqe�a sthn Lj, ìpw kai eke�na tou
Sj. Epeid  h kanonik  b�sh {eℓ}nj−kj

ℓ=1 tou C
nj−kj apotele� kai to sÔnolo twnidiodianusm�twn tou Tj, saf¸ ELj

(Tj) ≡ C
nj−kj kai ìle oi kj st le tou Ĉj =

eiθjV ∗
j HjUjXj ∈ C

(nj−kj)×kj an koun ston ELj
(Tj), gia j = 1, . . . , r. Epiplèon,

D̂j = e−2iθj Ĉj. Jewr¸nta tou kanonikoÔ p�nake
S =

(
⊕r

j=1Sj

)
⊕ diag {λi}n

i=n−s+1 kai T =
(
⊕r

j=1Tj

)
⊕ diag {λi}n

i=n−s+1 ,profan¸, katìpin kat�llhlwn metajèsewn, o p�naka T mpore� na metateje� sto�nw aristerì �kro tou S, dhlad  o S e�nai metajetik� ìmoio me ton p�naka sth(2.6):
A =







⊕r
j=1Tj 0 ⊕r

j=1D̂j

0 diag {λj}n
n−s+1 0

⊕r
j=1Ĉ

∗
j 0 ⊕r

j=1Fj







Parat rhsh 2.1. Sto Je¸rhma ??, an r = 1, kajèna apì ta sÔnola σ(A) kai
σ(B) apotele�tai apì m�a om�da suneujeiak¸n kai diaqwrizìmenwn idiotim¸n sthn
L, ìpw sth (2.1). Ep�sh èqoume B = cIn−k + eiθH, ìpou H ∈ C

(n−k)×(n−k)e�nai ermitianì, c ∈ L kai θ e�nai h kl�sh th L. Apì ti upojèsei gia ton
A, èqoume A =

[

B D

C∗ F

], ìpou F = diag {zi}k
i=1 me zi ∈ L (i = 1, . . . , k)13



kai D = e−2iθC. Sunep¸, o p�naka F mpore� na grafe� w F = cIk +

eiθdiag {fi}k
i=1, me fi ∈ R (i = 1, . . . , k) kai A = cI + eiθ

[

H eiθD

e−iθC∗ diag {fi}k
i=1

],ìpou [ H eiθD

e−iθC∗ diag {fi}k
i=1

] e�nai ermitianì.Gia k = 1 kai r = 1, to Je¸rhma ?? an�getai sto Je¸rhma 1.2. Sthnper�ptwsh aut , èqoume A =

[

B d

c∗ f

], ìpou c, d ∈ C
n−1 kai f ∈ C kai apìthn kanonikìthta tou A, ìpw sthn ergas�a [30℄, sumpera�noume ìti d = zc (me

|z| = 1) kai c, d e�nai idiodianÔsmata tou B, ìpw epib�lloun oi upojèsei touJewr mato ??. Tìte kai ta dÔo Jewr mata sunep�gontai ìti ta stoiqe�a twn
σ(A) kai σ(B) diaqwr�zontai ep� euje�a me kl�sh arg(z)/2.Epiplèon, shmei¸noume ìti gia A =

[

B D

C∗ F

] me F diag¸nio, h ex�swsh
A∗A = AA∗ d�nei CC∗ = DD∗ kai C∗C = D∗D, apì ti opo�e prokÔptei ìti
C = D.Efarmìzonta to Je¸rhma ??, apodeiknÔetai h epìmenh Prìtash, pou d�neifr�gmata gia ton arijmì twn idiotim¸n twn A kai B se m�a kleist , kurt  perioq 
D.Prìtash 2.2. 'Estw A ∈ C

n×n kai B ∈ C
(n−k)×(n−k) kanoniko� p�nake tètoioi¸ste A =

[

B D

C∗ F

], ìpou C, D kai F èqoun th dom  sto Je¸rhma ??. 'Estw
D kleist , kurt  perioq  pou tèmnei ìle ti euje�e Lj (j = 1, . . . , r), sti opo�ekatanèmontai ta f�smata twn pin�kwn A, B, ¸ste to sÔnolo (σ(A) ∪ σ(B)) \ (σ(A) ∩ σ(B))na perièqetai sto (∪r

j=1Lj

)
\
(
∩r

j=1Lj

).I. 'Estw |σ(A) ∩ D| = p (≥ k + 1), tìte
p − k ≤ |σ(B) ∩ D| ≤ p + k.II. An |σ(B) ∩ D| = s (≥ k + 1), tìte
s − k ≤ |σ(A) ∩ D| ≤ s + k.Apìdeixh. 14



I. An |σ(A) ∩ σ(B) ∩ D| = t(≤ p) o arijmì twn koin¸n idiotim¸n twn pin�-kwn A, B mèsa sto kurtì sÔnolo D kai |(σ(A)\σ(B)) ∩ Lj ∩ D| = pj, pro-fan¸ p = t +
∑r

j=1 pj. Tìte, apì to Je¸rhma ?? ta sÔnola (σ(A)\σ(B))kai (σ(B)\σ(A))
(
⊂ ∪r

j=1Lj

) diamer�zontai sta xèna metaxÔ tou sÔnola σj(A),
σj(B), apoteloÔmena apì diaqwrizìmene idiotimè se k�je euje�a. Epeid  nj−kjidiotimè tou B diaqwr�zontai me nj idiotimè tou A sthn Lj, toul�qiston pj − kjidiotimè tou B an koun sto Lj ∩ D. Sunep¸,

|σ(B) ∩ D| = |σ(B) ∩ σ(A) ∩ D| +
r∑

j=1

|σj(B) ∩ D|

≥ t +
r∑

j=1

(pj − kj) = p − k.An gia k�poion de�kth q èqoume {µj
q, µ

j
q+1, . . . , µ

j
q+pj+kj

}

⊂ σj(B) ∩ D (dhlad 
|σj(B) ∩ D| ≥ pj + kj + 1), tìte apì to Je¸rhma ??, ta µj

i diaqwr�zontai mestoiqe�a tou σj(A), dhlad 
µj

i ∈ λj
iλ

j
i+kj

, gia i = q, . . . , q + pj + kj.Eidikìtera, oi akra�e idiotimè ikanopoioÔn tou egkleismoÔ µj
q ∈ λj

qλ
j
q+kj

kai
µj

q+pj+kj
∈ λj

q+pj+kj
λj

q+pj+2kj
ant�stoiqa, ap�ìpou prokÔptei ìti λj

q+kj
λj

q+pj+kj
⊂

µj
qµ

j
q+pj+kj

⊂ D. 'Omw, sto eujÔgrammo tm ma λj
q+kj

λj
q+pj+kj

an koun (q +

pj + kj) − (q + kj) + 1 = pj + 1 idiotimè tou A, to opo�o sunep�getai ìti
|σj(A) ∩ D| ≥ pj + 1, �topo. Epomènw, to sÔnolo Lj ∩D mpore� na perièqei topolÔ pj + kj idiotimè tou B kai kat� sunèpeia,

|σ(B) ∩ D| ≤ t +
r∑

j=1

(pj + kj) = p + k.II. An |σ(A) ∩ D| < s − k, tìte sÔmfwna me thn prohgoÔmenh per�ptwsh
|σ(B) ∩ D| < (s − k) + k = s, �topo. 'Ara, |σ(A) ∩ D| ≥ s − k. Apì thn�llh, an jewr soume |σj(B) ∩ D| = sj kai |σ(A) ∩ σ(B) ∩ D| = t, tìte èqoume
∑r

j=1 sj + t = s kai |σj(A) ∩ D| ≤ sj +kj, kajìson gia |σj(A) ∩ D| ≥ sj +kj +1,ja �sque |σj(B) ∩ D| ≥ (sj + kj + 1) − kj = sj + 1, to opo�o e�nai adÔnaton.15



Sunep¸,
|σ(A) ∩ D| =

r∑

j=1

|σj(A) ∩ D| + |σ(A) ∩ σ(B) ∩ D|

≤
r∑

j=1

(sj + kj) + t = s + k.

Sthn per�ptwsh k = 1 kai r = 1, shmei¸noume to epìmeno eidikì apotèlesma.Pìrisma 2.3. 'Estw oi kanoniko� p�nake A ∈ C
n×n kai B ∈ C

(n−1)×(n−1) meton B emfuteÔsimo ston A kai ep�sh D ⊂ C èna kleistì kurtì sÔnolo pou dene�nai monosÔnolo.I. An |σ(A) ∩ D| = p (≥ 2), tìte
p − 1 ≤ |σ(B) ∩ D| ≤ p + 1.II. An |σ(B) ∩ D| = s (≥ 2), tìte
s − 1 ≤ |σ(A) ∩ D| ≤ s + 1.To pìrisma autì epekte�nei prìsfato apotèlesma tou R. Horn [27℄, ìpoumìno ta k�tw fr�gmata tou Por�smato 2.3 apode�qjhkan, qrhsimopoi¸nta to[25, Je¸rhma 4.3.21℄ gia ènan kleistì d�sko D me mh kenì eswterikì. Profan¸,sto Pìrisma 2.3 isqÔei D ∩ L 6= ∅, diìti diaforetik� |σ(A) ∩ D| = |σ(B) ∩ D|.2.2 Entopismì idiotim¸n emfuteÔsimwnkanonik¸n pin�kwnTo prìblhma th emfÔteush twn kanonik¸n pin�kwn prosegg�sthke prì-sfata apì tou Queiro kai Duarte sthn ergas�a [42℄ apì m�a diaforetik  skopi�.Eke� oi suggrafe� je¸rhsan th lexikografik  di�taxh sto C, gia na diatup¸-soun m�a diaforetik  sunj kh diaqwrismoÔ. H lexikografik  di�taxh qarak-thr�zetai apì to jetikì th k¸no

J = {a + ib : a > 0, e�te a = 0 kai b > 0} ,16



ìpou ja èqoume w < z akrib¸ ìtan z − w ∈ J . Genikìtera, gia auja�reto
θ ∈ [0, 2π) or�zetai h olik  di�taxh ≤θ sto C apì to jetikì k¸no eiθJ , sÔmfwname thn opo�a

w ≤θ z ⇔ e−iθw ≤0 e−iθz.Profan¸, oi diat�xei ≤θ e�nai sumbatè me thn prìsjesh kai ton pollaplasia-smì me jetikoÔ. Shmei¸noume ìti h anisìthta z1 ≤0 w ≤0 z2 ikanopoie�tai apìk�je w ∈ C sth z¸nh
〈Re z1,Re z2〉 \ ({w : w = Re z1 + iy, y < Im z1} ∪ {w : w = Re z2 + iy, y > Im z2}) .Sto epìmeno sq ma apeikon�zontai ta sÔnola {w : z1 ≤0 w ≤0 z2} (arister�) kai
{
w : z1 ≤π/6 w ≤π/6 z2

} (dexi�):

Kat� sunèpeia, èqoume:
⋂

θ

{z ∈ C : z1 ≤θ z ≤θ z2} ≡ z1z2 . (2.8)To akìloujo je¸rhma diatup¸nei anagka�e sunj ke (all� ìqi ikanè) prokei-mènou èna kanonikì p�naka B na e�nai emfuteÔsimo se kanonikì A, se sqèshme th θ-lexikografik  di�taxh twn idiotim¸n tou:Je¸rhma 2.4 (Queiro-Duarte [42℄). 'Estw oi kanoniko� p�nake A ∈ C
n×n kai

B ∈ C
(n−k)×(n−k) me idiotimè {λi}n

i=1 kai {µi}n−k
i=1 ant�stoiqa se mh fj�nousa

θ-lexikografik  di�taxh gia k�poio θ ∈ [0, 2π). An B e�nai emfuteÔsimo ston
A, tìte

λi ≤θ µi ≤θ λi+k, i = 1, . . . , n − k. (2.9)17



An {λi}n
i=1 se mh fj�nousa θ-lexikografik  seir�, gia i < j, sumbol�zoumeth z¸nh

Zθ(i, j) = {z ∈ C : λi ≤θ z ≤θ λj} .Lamb�nonta up�ìyin ìti σ(B) ⊂ w(A), lìgw th emfÔteush, oi sunj ke (2.9)tou Jewr mato 2.4 anadiatup¸nontai isodÔnama w:
µi ∈ Zθ(i, i + k) ∩ w(A), i = 1, . . . , n − k (2.10)Parìmoia me to Je¸rhma 2.4 e�nai h akìloujh Prìtash, anaferìmenh staor�smata twn idiotim¸n. Kai ta dÔo apotelèsmata apoteloÔn sunèpeie twn arq¸nmetabol  gia ti idiotimè ermitian¸n pin�kwn, akolouj¸nta entel¸ an�logab mata, ìpw sthn apìdeixh [33℄ gia to anagka�o twn sunjhk¸n (1.1). Anafè-roume qwr� apìdeixh to akìloujo L mma [23℄:L mma 2.5. 'Estw o kanonikì p�naka A ∈ C

n×n kai ta or�smata twn idiotim¸ntou se mh fj�nousa seir�:
φ ≤ arg(λ1) ≤ arg(λ2) ≤ · · · ≤ arg(λn) < φ + πTìte, gia k�je 1 ≤ i ≤ n,

arg(λi) = min
dimS=i

max
x∈S,

‖x‖
2
=1

arg x∗Ax = max
dimT =n−i+1

min
x∈T ,

‖x‖
2
=1

arg x∗Ax.Prìtash 2.6. 'Estw oi kanoniko� p�nake A ∈ C
n×n kai B ∈ C

(n−k)×(n−k), ìpou
B e�nai emfuteÔsimo ston A me idiotimè {λi}n

i=1 kai {µi}n−k
i=1 ant�stoiqa. Giak�je z /∈ w(A), jewroÔme th di�taxh

φ ≤ arg(λi(z) − z) ≤ arg(λ(i+1)(z) − z) < φ + π; i = 1, . . . , n − 1, (2.11)
φ ≤ arg(µi(z) − z) ≤ arg(µ(i+1)(z) − z) < φ + π; i = 1, . . . , n − k − 1. (2.12)Tìte,

arg(λi(z) − z) ≤ arg(µi(z) − z) ≤ arg(λ(i+k)(z) − z), gia i = 1, . . . , n − k.Apìdeixh. 'Estw N = span
{
v1(z), . . . , vi(z)

}
⊂ C

n−k, ìpou vr(z) ta idiodia-nÔsmata tou B pou antistoiqoÔn sti idiotimè tou µr(z) (r = 1, . . . , i). Tìteapì th (2.12), èqoume arg(µi(z) − z) = maxx∈N arg x∗(B − zI)x. Jewr¸nta18



thn isometr�a V ∈ C
n×(n−k) tètoia ¸ste B = V ∗AV kai ton upìqwro V N =

{V y : y ∈ N} ⊂ C
n, tìte gia ti diatetagmène idiotimè tou p�naka A − zI sth(2.11), apì to L mma 2.5 kai èneka th isìthta dimV N = dimN = i, èqoume

arg(λi(z) − z) = min
dimS=i

max
x∈S,

‖x‖
2
=1

arg x∗(A − zI)x ≤ max
x∈V N
‖x‖

2
=1

arg x∗(A − zI)x

= max
y∈N ,
‖y‖

2
=1

arg y∗(B − zI)y = arg(µi(z) − z),ìpou x = V y.O max-min qarakthrismì sunep�getai th deÔterh anisìthta.Profan¸ gia z = 0, φ = 0 kai antistrèyimo A, sumpera�noume to Je¸rhmatwn Carlson-de Sa sthn ergas�a [7℄.To Je¸rhma 2.4 d�nei gia k�je θ ∈ [0, 2π) diaforetikè z¸ne egkleismoÔ giati idiotimè tou B, me sunèpeia na prokÔptei to er¸thma {poiou periorismoÔepib�lloun oi sunj ke ≥θ-diaqwrismoÔ tou Jewr mato 2.4 sti sqetikè jèseitwn idiotim¸n twn A kai B}. To prìblhma autì tèjhke sthn ergas�a [42℄ kaied¸ d�noume m�a ap�nthsh, ìtan to σ(A) e�nai kurt¸ anex�rthto, dhlad  ìtan
λj /∈ co {λi}n

i=1,i6=j gia k�je j. Upenjum�zoume ìti gia ènan kanonikì p�naka A, hkurt  anexarths�a twn idiotim¸n tou shma�nei ìti to w(A) apotele� kurtì n-gwno.Dojèntwn dÔo diakekrimènwn idiotim¸n λi, λj tou A, to sÔnolo
H(i, j) =

{
z ∈ C : Im

(
(λ̄j − λ̄i)(z − λi)

)
≥ 0
}

=
{

z ∈ C : Re
(
e−iφz

)
≤ Re

(
e−iφλi

)
, ìpou φ = arg (λj − λi) −

π

2
(mod 2π)

}or�zei to aristerì kleistì hmiep�pedo me sÔnoro thn euje�a pou en¸nei ta λi kai
λj. Jewr¸nta φ = arg (λj − λi)− π

2
(mod 2π) kai λi ≡ λτ(φ) se mh fj�nousa φ-lexikografik  di�taxh, e�nai fanerì ìti oi z¸ne Zφ(ℓ, τ(φ)) ⊂ H(i, j) gia ìloutou de�kte ℓ gia tou opo�ou λℓ ≤φ λτ(φ).Sumbol�zonta me m(θ) kai M(θ) ton el�qisto kai mègisto de�kth antisto�qwtwn stoiqe�wn enì sunìlou Γ ⊂ σ(A) sÔmfwna me th θ-lexikografik  di�taxh,profan¸ M(θ) − m(θ) ≥ |Γ| − 1 kai h isìthta isqÔei mìnon ìtan gia k�poio θìloi oi de�kte stoiqe�wn tou Γ e�nai diadoqiko�. To akìloujo L mma prosdior�zeito polÔgwno coΓ w tom  zwn¸n, genikeÔonta th (2.8).L mma 2.7. 'Estw Γ ⊆ σ(A), ìpou o p�naka A ∈ C

n×n e�nai kanonikì. Tìte:19



I. coΓ =
⋂

θ∈[0,2π)

{
z ∈ w(A) : λm(θ) ≤θ z ≤θ λM(θ)

}
=
⋂

θ∈[0,2π) Zθ(m(θ),M(θ)).II. An to sÔnolo Γ me |Γ| = ℓ apotele�tai apì diadoqikè idiotimè tou sunìrou
∂w(A), tìte up�rqei φ ∈ [0, 2π) tètoio ¸ste coΓ = Zφ(1, ℓ) ∩ w(A).Apìdeixh.I. Gia θ ∈ [0, 2π), o orismì twn m(θ) kai M(θ) profan¸ sunep�getai th sqèsh
coΓ ⊆ Zθ(m(θ),M(θ)), ap�ìpou sumpera�noume

coΓ ⊆
⋂

θ∈[0,2π)

Zθ(m(θ),M(θ)).Gia ton ant�strofo egkleismì, an to Γ den e�nai kurt¸ anex�rthto, epilè-goume èna mègisto kurt¸ anex�rthto uposÔnolo autoÔ E ⊂ Γ. 'Estw E =

co {λi1 , . . . , λiℓ}, ìpou ℓ ≤ |Γ| kai oi de�kte e�nai tètoioi ¸ste oi idiotimè na e�naiantiwrologiak� diatetagmène sto coE. To polÔgwno coE taut�zetai me to coΓkai ekfr�zetai w tom  twn hmiepipèdwn {H(ij, ij+1)}ℓ
j=1, me λiℓ+1

≡ λi1 . Pro-fan¸ oi egkleismo� Zθj
(m(θj),M(θj)) ⊂ H(ij, ij+1) isqÔoun gia j = 1, . . . , ℓkai θj = arg

(
λij+1

− λij

)
− π

2
(mod 2π), me sunèpeia

⋂

θ∈[0,2π)

Zθ(m(θ),M(θ)) ⊆
ℓ⋂

j=1

Zθj
(m(θj),M(θj)) ⊆

ℓ⋂

j=1

H(ij, ij+1) = coE.II. An Γ = {λ1, . . . , λℓ} apotele�tai apì idiotimè pou e�nai diadoqikè, antiwrolo-giak� diatetagmène sto sÔnoro ∂w(A), tìte h pleur� λ1λℓ e�nai h monadik tou coΓ pou den an kei sto ∂w(A). Gia φ = arg (λ1 − λℓ) − π
2

(mod 2π),anadiat�ssonta sÔmfwna me th φ-lexikografik  di�taxh ta stoiqe�a tou Γ w
Γ =

{
λ1(φ), . . . , λℓ(φ)

}, èqoume coΓ = Zφ(1, ℓ) ∩ w(A).T¸ra mporoÔme na d¸soume m�a gewmetrik  perigraf  twn sqetik¸n jèsewntwn idiotim¸n twn A kai B sto migadikì ep�pedo, anex�rthta apì th sunj kh
θ-diaqwrismoÔ (2.10), ìtan to f�sma tou A e�nai kurt¸ anex�rthto.Prìtash 2.8. 'Estw A ∈ C

n×n kai B ∈ C
(n−k)×(n−k) kanoniko� p�nake me idi-otimè σ(A) = {λ1, . . . λn} kai σ(B) = {µ1, . . . , µn−k}. An B e�nai emfuteÔsimoston A kai to f�sma tou A e�nai kurt¸ anex�rthto, tìte h kurt  j kh k�jeuposunìlou Γ ⊂ σ(A), me |Γ| = k + 1, perièqei toul�qiston m�a idiotim  tou B.20



Apìdeixh. 'Estw Γ = {λi, . . . , λi+k} gia i ∈ {1, . . . , n} kai λi ≡ λi−n gia i > n,ìpou ta λ e�nai diadoqik� shme�a sto sÔnoro (A). Profan¸, h pleur� λiλi+ktou coΓ den an kei sto ∂w(A). An θ0 = arg (λi+k − λi) − π
2
(mod 2π), anadia-t�ssoume ta stoiqe�a twn σ(A), σ(B) se aÔxousa θ0-lexikografik  seir�, ¸ste

Γ =
{
λ1(θ0), . . . , λ1+k(θ0)

}. Profan¸, apì th (2.10) kai to L mma 2.7 (II), èpetaiìti
µ1(θ0) ∈ Zθ0

(1(θ0), 1 + k(θ0)) ∩ w(A) = co
{
λ1(θ0), . . . , λ1+k(θ0)

}
= coΓ,to opo�o apodeiknÔei ton isqurismì sthn per�ptwsh aut .An ta stoiqe�a tou Γ den e�nai diadoqik� sto ∂w(A) kai oÔte e�nai diadoqik�gia k�poia θ-lexikografik  di�taxh, ta stoiqe�a tou sunìlou σ(A)\Γ diamer�zo-ntai se om�de P1, . . . , Pk+1 diadoqik¸n koruf¸n, èstw Pτ =

{
λiτ+1, . . . , λiτ+1−1

}(τ = 1, . . . , k + 1), ìpou ik+2 ≡ i1 + n kai ìpw parap�nw λi ≡ λi−n gia de�kte
i > n. ParathroÔme ìti |Pτ | ≡ pτ = iτ+1−iτ −1 kai∑k+1

τ=1 pτ +(1+k) = n. Sum-bol�zonta Πτ = co
(
Pτ ∪

{
λiτ , λiτ+1

})
\
{
λiτ , λiτ+1

}, ta stoiqe�a tou sunìlou
σ(A)\Pτ sÔmfwna me th θτ = arg

(
λiτ+1

− λiτ

)
− π

2
(mod 2π)-lexikografik di�taxh e�nai diadoqik�, dhlad  σ(A)\Pτ =

{
λ1(θτ ), . . . , λ(n−pτ )(θτ )

}. Tìte, apìth (2.10) èqoume tou egkleismoÔ
µi(θτ ) ∈ Zθτ

(i(θτ ), (i + k)(θτ )) ∩ w(A) ⊂ Zθτ
(1(θτ ), (n − pτ )(θτ )) ∩ w(A)

= co
{
λ1(θτ ), . . . , λ(n−pτ )(θτ )

}
= w(A)\Πτ ,gia i = 1, . . . , n − pτ − k. Epomènw {µ1(θτ ), . . . , µ(n−pτ−k)(θτ )

}
⊂ w(A)\Πτ ,ap�ìpou prokÔptei ìti sto Πτ an koun ìqi perissìtere apì pτ idiotimè tou B.Kat� sunèpeia, sto polÔgwno coΓ = w(A)\

(
⋃k+1

τ=1 Πτ

) èqoume
|σ(B) ∩ coΓ| = |σ(B)| −

k+1∑

τ=1

|σ(B) ∩ Πτ | ≥ (n − k) −
k+1∑

τ=1

pτ = 1,sÔmfwna me ton isqurismì.Parat rhsh 2.2. To sumpèrasma th Prìtash 2.8 den isqÔei gia |Γ| < k + 1.Gia par�deigma, sthn per�ptwsh (n, k) = (4, 2), an A = diag {0, 1, i,1 + i} kai
B = diag

{
5+8i
10

, 5+2i
10

}, �mesa elègqetai ìti o B e�nai emfuteÔsimo ston A mèswth isometr�a V = 1√
10

[

1 1 2 2

2 −2 −1 1

]T . Einai fanerì ìti ta sÔnola σ(A) kai21



σ(B) ikanopoioÔn ti sqèsei θ-diaqwrismoÔ (2.9) gia ìla ta θ kai epiplèon ìtito σ(A) e�nai kurt¸ anex�rthto. Ep�sh, parathroÔme ìti sto eswterikì k�jetrig¸nou me korufè sto σ(A) an kei toul�qiston m�a idiotim  tou B (Prìtash2.8). En toÔtoi, den up�rqei kam�a idiotim  tou B sto eswterikì opoioud poteeujÔgrammou tm mato me �kra idiotimè tou A, dhlad  ìtan |Γ| = 2.Sthn per�ptwsh k = 1, h anagka�a sunj kh θ-diaqwrismoÔ gia k�je θ odhge�sto akìloujo Pìrisma.Pìrisma 2.9. 'Estw oi kanoniko� p�nake A ∈ C
n×n kai B ∈ C

(n−1)×(n−1), mef�smata σ(A) = {λ1, . . . λn}, σ(B) = {µ1, . . . , µn−1} kai ton B emfuteÔsimoston A. Oi epìmenoi isqurismo� e�nai isodÔnamoi:I. Oi sqèsei θ-diaqwrismoÔ λi ≤θ µi ≤θ λi+1 (i = 1, . . . , n − 1) isqÔoun giak�je θ, ìpou ta λ kai µ jewroÔntai se mh fj�nousa θ-lexikografik  seir�.II. H kurt  j kh k�je uposunìlou Γ ⊆ σ(A), me |Γ| = 2 perièqei toul�qistonm�a idiotim  tou B.Apìdeixh. [I. ⇒II.℄ 'Estw ta shme�a λi, λj kai θ0 = arg (λi − λj)− π
2

(mod 2π).Oi de�kte m(θ0), M(θ0) twn λi kai λj sÔmfwna me th θ0-di�taxh e�nai to polÔdiadoqiko� kai tìte, toul�qiston èna stoiqe�o tou σ(B) an kei sto eujÔgrammotm ma Zθ0
(m(θ0),M(θ0)) = λiλj.[II. ⇒I.℄ An σ(A)\σ(B) = {λi}n−q

i=1 se mh fj�nousa θ-lexikografik  seir�, toeswterikì k�je eujÔgrammou tm mato λiλi+1 gia i ∈ {1, . . . , n − q − 1} perièqeitoul�qiston èna stoiqe�o tou σ(B), èstw to µi. 'Ara µi ∈ λiλi+1 ⊂ Zθ(i, i + 1)(i = 1, . . . , n − q − 1). Anadiat�ssonta koinè kai mh koinè idiotimè se mhfj�nousa θ-lexikografik  seir�, èqoume to sumpèrasma.2.3 Sunj ke emfÔteush gia k = 1Sto ed�fio autì, gia k = 1 susqet�zoume ti sunj ke twn Jewrhm�twn twn
Fan-Pall (Je¸rhma 1.2), Queiro-Duarte (Je¸rhma 2.4), th Prìtash 2.6 kaitou Por�smato 2.3. 'Opw e�dame sthn enìthta 2.1, to Pìrisma 2.3 apode�qjhkeme efarmog  tou Jewr mato 1.2. Oi upìloipe sunepagwgè pou apeikon�zontaisto gr�fhma ja apodeiqjoÔn sth sunèqeia.22



1. [Je¸rhma 1.2, h anagkaiìthta℄ ⇔ [Je¸rhma 2.4, gia k = 1℄Apìdeixh. Apì thn isodunam�a tou Por�smato 2.9, parathroÔme ìti ta eujÔ-gramma tm mata me �kra idiotimè sto σ(A)\σ(B) e�nai kat�an�gkh suneujeiak�.Sunep¸, to Je¸rhma 2.4 sunep�getai to Je¸rhma 1.2. Ant�strofa, èstw oidiakekrimène idiotimè {λi}q
i=1 kai {µi}q−1

i=1 twn A kai B pou diaqwr�zontai sth-n euje�a L. An z0 = R ∩ L, tìte ta sÔnola {λi − z0}q
i=1 kai {µi − z0}q−1

i=1apoteloÔntai apì diaqwrizìmenou migadikoÔ se euje�a (par�llhlh th L) poudièrqetai apì thn arq . Gia θ ∈ [0, 2π) tou jewroÔme diatetagmènou seaÔxousa lexikografik  seir�. 'Etsi, apì ti sqèsei θ-diaqwrismoÔ pa�rnoume
λi − z0 <θ µi − z0 <θ λi+1 − z0 kai lìgw th sumbatìthta th sqèsh <θ me thnprìsjesh, èqoume λi <θ µi <θ λi+1, gia 1 ≤ i ≤ q − 1. Anadiat�ssonta koinèkai suneujeiakè idiotimè se mh fj�nousa θ-lexikografik  seir�, katal goumesto zhtoÔmeno.2. [Je¸rhma 2.4, gia k = 1℄ ⇒ [Pìrisma 2.3℄Apìdeixh.I. Upojètoume ìti |σ(A) ∩ D| = p kai ep�sh ìti to pl jo twn koin¸n idiotim¸ntwn A kai B sto D e�nai |σ(A) ∩ σ(B) ∩ D| = t. Tìte |(σ(A)\σ(B)) ∩ D| = p−tkai èstw λ1 <θ λ2 <θ · · · <θ λp−t. Apì to Pìrisma 2.9 II sto eswterikì twntmhm�twn λiλi+1 ⊂ D, gia i = 1, . . . , p − t − 1, an kei toul�qiston m�a apì tiidiotimè tou B. Sunep¸,

|σ(B) ∩ D| ≥ t + (p − t − 1) = p − 1.Gia to �nw fr�gma, ìpw prohgoumènw, parathroÔme ìti ta eujÔgramma tm mata
λiλi+1 ⊂ D, gia i = 1, 2, . . . , p − t − 1 me �kra idiotimè sto σ(A)\σ(B) prèpei23



kat�an�gkh na e�nai suneujeiak� kai kat� sunèpeia, to D mpore� na perièqei topolÔ (p − t − 1) + 2 idiotimè tou σ(B)\σ(A), dhlad :
|σ(B) ∩ D| ≤ t + (p − t + 1) = p + 2.II. 'Estw |σ(B) ∩ D| = s. Upojètonta ìti |σ(A) ∩ D| ≥ s+2, (  |σ(A) ∩ D| ≤

s − 2), tìte apì to I pa�rnoume |σ(B) ∩ D| ≥ s + 1, (  |σ(B) ∩ D| ≤ s − 1), toopo�o e�nai �topo.3. [Prìtash 2.6, gia k = 1℄ ⇒ [Pìrisma 2.3℄Apìdeixh. Entel¸ an�logh th prohgoÔmenh.Profan¸, to Pìrisma 2.3 e�nai adÔnamo apotèlesma kai h ant�strofh sune-pagwg  den isqÔei (e�te gia thn Prìtash 2.6 e�te gia to Je¸rhma 2.4).4. [Je¸rhma 1.2, to anagka�on℄ ⇔ [Prìtash 2.6, gia k = 1℄Apìdeixh. 'Estw ta diakekrimèna sÔnola {λi}q
i=1 kai {µi}q−1

i=1 me stoiqe�a suneu-jeiak� kai diaqwrizìmena sthn euje�a L kl�sh ω, en¸ λi = µi−1 gia i =

q + 1, . . . , n. 'Opw sthn Prìtash 2.6, jewroÔme èna shme�o z /∈ w(A). An
z ∈ L\w(A), tìte h isqÔ th Prìtash 2.6 e�nai �mesh, afoÔ arg(λi − z) =

arg(µi−1 − z) = ω (  ω + π), gia i = 1, . . . , n. An z /∈ (w(A) ∪ L), tìte z an keise èna hmiep�pedo pou or�zetai apì thn L kai isqÔoun oi anisìthte arg(λi−z) <

arg(µi − z) < arg(λi+1 − z), e�te oi arg(λi − z) > arg(µi − z) > arg(λi+1 − z),gia i = 1, . . . , q − 1 kai arg(λi − z) = arg(µi−1 − z), gia i = q + 1, . . . , n.Diat�ssonta koinè kai suneujeiakè idiotimè maz�, ìpw sti (2.11), (2.12),katal goume sto zhtoÔmeno.Ant�strofa, upojètoume ìti h Prìtash 2.6 isqÔei kai jewroÔme ìti {λi}q
i=1,

{µi}q−1
i=1 e�nai oi mh koinè idiotimè twn A kai B. Isqurizìmaste ìti se k�je euje�apou en¸nei dÔo diakekrimène idiotimè tou A an kei toul�qiston m�a idiotim  tou

B. Pr�gmati, gia λi, λj (1 ≤ i < j ≤ q) or�zoume thn euje�a Lij sto C kaièstw z ∈ Lij\w(A). Tìte apì thn Prìtash 2.6 up�rqei toul�qiston èna apì ta
µ (idiotim  tou B) pou diaqwr�zei ta λi kai λj me thn ènnoia

arg(λi − z) ≤ arg(µ − z) ≤ arg(λj − z).Epeid  arg(λi−z) = arg(λj −z), tìte σ(B)∩Lij 6= ∅. Mènei na deiqje� ìti ìleoi mh koinè idiotimè {λi}q
i=1 e�nai pr�gmati suneujeiakè. Gia q ≥ 3, an autì24



de sumba�nei, tìte up�rqei k�poia idiotim  λk (k ∈ {1, . . . , q}) pou den an keisthn L, ìpou an koun oi upìloipe diakekrimène idiotimè tou A. Tìte or�zoumeti q − 1 euje�e Lki (i ∈ {1, . . . , q} \ {k}), se k�je m�a apì ti opo�e an keitoul�qiston èna apì ta µ. 'Etsi, pa�rnoume
|σ(B)| = |σ(B) ∩ σ(A)| +

q
∑

i=1
i6=k

|σ(B) ∩ Lki| + |σ(B) ∩ L|

≥ (n − q) + (q − 1) + 1 = n > n − 1,to opo�o profan¸ e�nai �topo.Sumbol�zonta me L thn euje�a sthn opo�a an koun ta {λi}q
i=1 kai epilègonta

z ∈ L\w(A), h Prìtash 2.6 sunep�getai ìti oi {µi}q−1
i=1 e�nai suneujeiakè sthn

L. Ep�sh, gia opoiod pote z /∈ L∪w(A), prokÔptei ìti ta suneujeiak� stoiqe�atwn sunìlwn {λi}q
i=1 kai {µi}q−1

i=1 ikanopoioÔn e�te ti anisìthte arg(λi − z) <

arg(µi − z) < arg(λi+1 − z), e�te arg(λi − z) > arg(µi − z) > arg(λi+1 − z), gia
i = 1, . . . , n − q − 1, dhlad  e�nai diaqwrizìmena sthn L.
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Kef�laio 3ANTISTROFO PROBLHMASTHN EMFUTEUSHERMITIANWN PINAKWNGia thn kataskeu  th isometr�a V pou emfuteÔei ton p�naka B ston A, ìtan
A, B ermitiano�, arke� na epikentrwjoÔme se pragmatikoÔ diag¸niou p�nake,lìgw th diagwnopo�hsh twn ermitian¸n mèsw orjomonadia�wn. Sunep¸, giadÔo sÔnola pragmatik¸n arijm¸n {λj}n

j=1 kai {µj}n−k
j=1 ⊂ R se mh fj�nousa seir�pou ikanopoioÔn thn (1.1), jewroÔme A = diag {λj}n

j=1 kai B = diag {µj}n−k
j=1 .Ja kataskeu�soume orjokanonik� dianÔsmata {vj}n−k

j=1 ⊂ C
n pou na ekfr�zountou arijmoÔ µj = v∗

j Avj, gia j = 1, . . . , n−k, w kurtoÔ sunduasmoÔ twn λjkai tètoia ¸ste gia thn isometr�a V =
[

v1 v2 · · · vn−k

]

∈ C
n×(n−k) na isqÔeiepiplèon

V ∗AV = B, (3.1)dhlad  v∗
i Avj = 0, gia i 6= j. Ta dianÔsmata {vj}n−k

j=1 ja anafèrontai wdianÔsmata-genn tore twn {µj}n−k
j=1 kai h sqèsh emfÔteush (3.1) ja sumbol�ze-tai B

V∼ A.Xekin�me me thn kataskeu  th isometr�a sthn per�ptwsh k = 1 kai akoloÔ-jw ja proqwr soume gia megalÔtera k.
27



3.1 Kataskeu  th isometr�a V , gia k = 1Parousi�zoume m�a nèa apìdeixh tou Jewr mato 1.1 twn Fan-Pall, basismènhse m�a kataskeu  sustol¸n gia kanonikoÔ p�nake, pou parousi�sthke sthnergas�a [1℄:Je¸rhma 3.1 (Fan-Pall). An A ∈ C
n×n kai B ∈ C

(n−k)×(n−k) e�nai ermitiano�p�nake me idiotimè {λj}n
j=1, {µj}n−k

j=1 antisto�qw se mh fj�nousa seir�, tìte o
B e�nai emfuteÔsimo ston A an kai mìnon an

µj ∈ [λj, λj+k], gia j = 1, . . . , n − k. (3.2)Apìdeixh. 'Opw ja anaferje� sthn enìthta 3.3, arke� na apode�xoume to Je¸rhmagia k = 1. Apì thn (3.2) gia k = 1, èqoume µj ∈ [λj, λj+1] kai, ìpw anafèrjhkeeisagwgik�, upojètoume A = diag {λj}n
j=1 kai B = diag {µj}n−1

j=1 me λj, µj ∈ R.H sunj kh e�nai anagka�a: Gia ton ermitianì p�naka A, jewroÔme toarijmhtikì tou ped�o w(A) = co {σ(A)} = [λ1, λn] w tetrimmèno n-gwno me sug-grammikè pleurè λ1λ2, λ2λ3, . . . , λn−1λn, λnλ1. Efarmìzonta th diadikas�a,ìpw sto [1, Je¸rhma 1℄, kataskeu�zoume m�a isometr�a V ∈ C
n×(n−1), tètoia ¸-ste to arijmhtikì ped�o w(V ∗AV ) na ef�ptetai se ìle ti pleurè tou n-g¸nou

w(A). Qwr� bl�bh th genikìthta mporoÔme na upojèsoume ìti o V e�nai tè-toio, ¸ste B = V ∗AV = diag {µj}n−1
j=1 , ìpou µ1 ≤ µ2 ≤ · · · ≤ µn−1 oi idiotimètou. Tìte èqoume

[µ1, µn−1] = w(B) =
{
(V y)∗A(V y) : y ∈ C

n−1, ‖y‖ = 1
}
⊂ w(A). (3.3)'Opw sto [1℄, to arijmhtikì ped�o w(B) ef�ptetai se ìle ti pleurè tou w(A),dhlad  up�rqoun shme�a cj ∈ w(B) ∩ [λj, λj+1], gia j = 1, . . . , n − 1. Kat�sunèpeia, apì thn (3.3) e�nai fanerì ìti λ1 ≤ µ1 ≤ c1 ≤ λ2 kai λn−1 ≤ cn−1 ≤

µn−1 ≤ λn.Gia ti upìloipe idiotimè, arke� na deiqje� ìti µj ∈ [λj, λj+1], gia j =

2, . . . , n − 2. Pr�gmati, sthn ant�jeth per�ptwsh, pou k�poia apì ta parap�-nw diast mata den perièqoun idiotimè tou B, se �lla diast mata an koun peris-sìtera tou enì apì ta µj. A upojèsoume ìti to pr¸to tètoio di�sthma [λt, λt+1]gia t ∈ {2, . . . , n − 2}, e�nai tètoio ¸ste σ(B) ∩ [λt, λt+1] = ∅. Sta proh-goÔmena apì autì (t − 1) diast mata [λi, λi+1], gia i = 1, . . . , t − 1 an koun28



akrib¸ t − 1 idiotimè tou B, dhlad  {µj}t−1
j=1 ⊂ [λ1, λt]. Diamer�zonta ton

A = diag {λj}t
j=1 ⊕ diag {λj}n

j=t+1 ≡ A1 ⊕ A2 kai lamb�nonta up�ìyin ìti
B = diag {µj}t−1

j=1 ⊕ diag {µj}n−1
j=t ≡ B1 ⊕ B2, kajìson o B e�nai emfuteÔsi-mo ston A, tìte o B2 ja èprepe na e�nai ep�sh emfuteÔsimo ston A2. Autìapotele� ant�fash, afoÔ tìso o B2 ìso kai o A2 e�nai di�stash (n− t)×(n− t).H sumplhrwmatik  per�ptwsh, ìpou to pr¸to tètoio di�sthma apì ta arister�pro ta dexi� e�nai tètoio ¸ste na perilamb�nei perissìtere th m�a idiotimètou B, antimetwp�zetai analìgw, afoÔ tìte up�rqei k�poio di�sthma [λσ, λσ+1]me thn idiìthta [λσ, λσ+1] ∩ σ(B) = ∅.H sunj kh e�nai ikan : 'Estw ìti oi pragmatiko� arijmo� {λj}n

j=1,
{µj}n−1

j=1 ikanopoioÔn ti sqèsei µj ∈ [λj, λj+1], gia j = 1, . . . , n−1 kai jewroÔmethn per�ptwsh pou ìla ta λj e�nai diakekrimèna. An jewr soume to di�nusma
x = (x1, . . . , xn) ∈ C

n me suntetagmène
|xj|2 ≡

∏n−1
k=1(λj − µk)

∏n
k=1,k 6=j(λj − λk)

≥ 0,tìte det(λI−B)
det(λI−A)

=
∑n

j=1
|xj |2
λ−λj

kai, w ek toÔtou, to x e�nai monadia�o.'Opw sto [1℄, jewroÔme thn isometr�a V ∈ C
n×(n−1), ¸steR(V ) = span {x}⊥,ìpou me R(·) sumbol�zoume to ped�o tim¸n enì p�naka, kai sun�ma ton orjomona-dia�o W =

[

V x
]

∈ C
n×n. Tìte gia λ /∈ σ(A) èqoume

x∗diag

{
1

λ − λj

}n

j=1

x =
n∑

j=1

|xj|2
λ − λj

=
det(V ∗(λI − A)V )

det(W ∗(λI − A)W )kai kat� sunèpeia diapist¸noume ìti oi p�nake V ∗AV kai B èqoun to �dio f�sma.Diagwnopoi¸nta ton ermitianì V ∗AV , sumpera�noumeM∗V ∗AV M=(V M)∗A(V M) =

B, dhlad  B
V M∼ A.Parat rhsh 3.1. An λτ = λτ+1 gia k�poio de�kth τ ∈ {1, . . . , n − 1}, tìte h(3.2) gia k = 1 d�nei λτ = µτ = λτ+1. Jewr¸nta ta stoiqe�a twn sunìlwn
{λj}n

j=1 \ {λτ : τ tètoio ¸ste λτ = λτ+1} ≡
{

λ̂j

}n−s

j=1

{µj}n−k
j=1 \ {µτ : τ tètoio ¸ste µτ = λτ} ≡ {µ̂j}n−s−1

j=1 ,

29



profan¸ λ̂j < µ̂j < λ̂j+1 gia j = 1, . . . , n − s − 1. Epomènw, o p�naka
B1 = diag {µ̂j}n−s−1

j=1 e�nai emfuteÔsimo ston A1 = diag
{

λ̂j

}n−s

j=1
kai oi p�nake

A = A1 ⊕ diag {λτ : τ tètoio ¸ste λτ = λτ+1} ,

B = B1 ⊕ diag {µτ : τ tètoio ¸ste µτ = λτ}èqoun ti epijumhtè idiìthte.W sunèpeia th parap�nw apìdeixh, èqoume m�a èkfrash gia thn isometr�a
V ∈ C

n×(n−1) pou or�zei thn emfÔteush B
V∼ A.Prìtash 3.2. 'Estw oi pragmatiko� p�nake A = diag {λj}n

j=1 kai B = diag {µj}n−1
j=1tètoioi ¸ste

λ1 ≤ µ1 ≤ λ2 ≤ · · · ≤ λn−1 ≤ µn−1 ≤ λn.An |σ(A) ∩ σ(B)| = 0, jewroÔme to monadia�o di�nusma x = (xj)
n
j=1 ∈ C

n, me
|xj|2 =

∏n−1
k=1(λj − µk)

∏n
k=1,k 6=j(λj − λk)

. (3.4)Tìte opoiad pote orjokanonik  b�sh tou upìqwrou span {x}⊥ or�zei m�a isometr�a
V ∈ C

n×(n−1) gia thn emfÔteush B
V∼ A.An |σ(A) ∩ σ(B)| = s > 0, tìte B

V∼ A, ìpou h isometr�a V ∈ C
n×(n−1) or�ze-tai apì ton tÔpo V = P ∗

1 (V1⊕Is)P2, ìpou P1 ∈ R
n×n kai P2 ∈ R

(n−1)×(n−1) e�nai p�-nake met�jesh pou or�zoun ti omoiìthte A = P ∗
1 [A1 ⊕ diag {σ(A) ∩ σ(B)}] P1,

B = P ∗
2 [B1 ⊕ diag {σ(A) ∩ σ(B)}] P2 antisto�qw kai V1 ∈ C

(n−s)×(n−s−1) e�naih isometr�a gia thn emfÔteush B1
V1∼ A1, pou or�zetai apì ti diaqwrizìmeneidiotimè twn A1 kai B1.Apìdeixh. Arke� na deiqje� h deÔterh per�ptwsh, sthn opo�a |σ(A) ∩ σ(B)| = s >

0. Tìte oi p�nake A kai B e�nai ìmoioi me tou Â = A1 ⊕ diag {σ(A) ∩ σ(B)}kai B̂ = B1 ⊕ diag {σ(A) ∩ σ(B)} mèsw twn metajèsewn P1, P2 ant�stoiqa kaioi A1 ∈ R
(n−s)×(n−s) kai B1 ∈ R

(n−s−1)×(n−s−1) èqoun diakekrimène kai dia-qwrizìmene idiotimè. 'Opw sthn pr¸th per�ptwsh, o B1 e�nai emfuteÔsimoston A1 mèsw th isometr�a V1 ∈ C
(n−s)×(n−s−1). Tìte èpetai ìti B̂

V1⊕Is∼ Â kaikat� sunèpeia B
P ∗

1
(V1⊕Is)P2∼ A. 30



Shmei¸noume ìti gia thn eidik  morf  emfuteÔsimwn kanonik¸n pin�kwn Bkai A sti (2.1) kai (2.2) ìpou Q
W∼ H, èqoume ìti B

K∼ A mèsw th isometr�a
K = W ⊕ In−q kai h isometr�a W mpore� na kataskeuaste� ìpw sthn Prìtash3.2.3.2 H per�ptwsh k > 1Sto ed�fio autì, jewroÔme dÔo mh fj�nouse akolouj�e pragmatik¸n arij-m¸n {λj}n

j=1 kai {µj}n−k
j=1 ⊂ R, ìpou k > 1, pou ikanopoioÔn thn (3.2) kai or�zoumetou ermitianoÔ p�nake A = diag {λj}n

j=1 kai B = diag {µj}n−k
j=1 .Diamer�zonta ta sÔnola {λj}n

j=1 kai {µj}n−k
j=1 se zeÔgh upakolouji¸n

Pj ≡ {λj, λj+k, λj+2k, . . . } (3.5)
Qj ≡ {µj, µj+k, µj+2k, . . . } , j = 1, . . . , k, (3.6)me plhjikìthte |Pj| = nj, |Qj| = nj − 1 ant�stoiqa, tìte ∑k

j=1 nj = n.ParathroÔme ìti apì thn (3.2) èqoume
λj ≤ µj ≤ λj+k ≤ µj+k ≤ λj+2k ≤ . . . (3.7)gia j = 1, . . . , k kai metonom�zonta ta stoiqe�a twn sunìlwn Pj, Qj, oi anisì-thte (3.7) gr�fontai isodÔnama

λj
1 ≤ µj

1 ≤ λj
2 ≤ µj

2 ≤ · · · ≤ λj
nj−1 ≤ µj

nj−1 ≤ λj
nj

.Autì sunep�getai ìti ta stoiqe�a twn Pj kai Qj ikanopoioÔn thn upìjesh diaqw-rismoÔ gia k = 1. 'Ara gia tou p�nake
Aj = diag

{

λj
1, . . . , λ

j
nj

} kai Bj = diag
{

µj
1, . . . , µ

j
nj−1

}

,mporoÔme na kataskeu�soume, ìpw sthn enìthta 3.1, isometr�e Wj ∈ C
nj×(nj−1)tètoie ¸ste Bj = W ∗

j AjWj.Profan¸ gia thn isometr�a
Y = ⊕k

j=1Wj (3.8)èqoume (⊕k
j=1Bj

)
= Y ∗ (⊕k

j=1Aj

)
Y . AfoÔ oi p�nake A kai B e�nai ìmoioi metou (⊕k

j=1Aj

) kai (⊕k
j=1Bj

) mèsw twn metajèsewn P kai P̂ antisto�qw, tìte31



B = V ∗AV , ìpou V = P ∗Y P̂ ∈ C
n×(n−k). H parat rhsh aut  oloklhr¸nei thnanagwg  tou probl mato sthn per�ptwsh k = 1.Epiplèon, ja anaferjoÔme sth sunèqeia sthn per�ptwsh gia k ≥ ⌈n

2
⌉ =

min
{
r ∈ Z : r ≥ n

2

}. Tìte n − k < 1 + k, me sunèpeia to sÔnolo {λj}n
j=1 nadiamer�zetai sti akìlouje om�de:

Pj = {λj, λj+k} , gia j = 1, 2, . . . , n − kkai
Pj = {λj} , gia j = n − k + 1, . . . , k.Ed¸ µj ∈ [λj, λj+k] kai profan¸ Qj e�nai monosÔnola, dhl. Qj = {µj}, j =

1, . . . , n − k. Jewr¸nta tou kurtoÔ sunduasmoÔ
µj = c2

jλj + (1 − c2
j)λj+k,ìpou cj ∈ [0, 1], j = 1, . . . , n − k, to monadia�o di�nusma

vj =



0, . . . , 0
︸ ︷︷ ︸

j−1

, cj, 0, . . . , 0
︸ ︷︷ ︸

k−1

, (1 − c2
j)

1/2, 0, . . . , 0
︸ ︷︷ ︸

n−j−k





T

∈ C
n (3.9)e�nai genn tora tou µj = v∗

j diag {λ1, . . . , λn} vj, gia j = 1, . . . , n−k kai epiplèon
v∗

j vi = v∗
j diag {λ1, . . . , λn} vi = 0, gia i 6= j ∈ {1, . . . , n − k}. Sunep¸,

diag {µ1, . . . , µn−k} = V ∗diag {λ1, . . . , λn}Vìpou
V =

[

v1 . . . vn−k

]

. (3.10)W apl  sunèpeia twn prohgoumènwn, prokÔptei m�a enallaktik  apìdeixhm�a sunj kh sto [9, Je¸rhma 2.4℄ sqetik� me to an¸terou bajmoÔ arijmhtikìped�o ermitian¸n pin�kwn
wk(A) = {λ ∈ C : PAP = λP gia k�poia orj  probol  P , bajmoÔ-k}

= {λ ∈ C : λIk e�nai emfuteÔsimo ston A} .Pìrisma 3.3. Gia ènan ermitianì A ∈ C
n×n me idiotimè λ1 ≤ λ2 ≤ · · · ≤ λn kai

k ∈ {1, 2, . . . , n}, ìpou k ≥ ⌈n
2
⌉, tìte wn−k(A) 6= ∅ kai epiplèon [λn−k, λ1+k] ⊆

wn−k(A). 32



Apìdeixh. Pr�gmati, h anisìthta k ≥ ⌈n
2
⌉ e�nai isodÔnamh me k + 1 > n − k kaitìte gia ènan arijmì α sto di�sthma [λn−k, λ1+k] oi egkleismo� α ∈ [λj, λj+k],

j = 1, . . . , n−k e�nai profane�. Jètonta µ1 = µ2 = · · · = µn−k = α, prokÔpteiìti o αIn−k e�nai emfuteÔsimo ston A, to opo�o shma�nei ìti α ∈ wn−k(A), ìpwisqurizìmaste.3.3 Anadromik  kataskeu  tou V , gia k > 1Sthn enìthta aut , parousi�zoume m�a enallaktik  kataskeu  gia isometr�e
V ∈ C

n×(n−k) pou or�zoun thn emfÔteush B
V∼ A, ìtan k > 1. Prin peri-gr�youme th diadikas�a, e�nai qr simo na parathr soume ìti h sqèsh ∼ e�naimetabatik . Pr�gmati, èstw ta sÔnola pragmatik¸n {τ1, . . . , τt}, {µ1, . . . , µm}kai {λ1, . . . , λℓ} me plhjikìthte t < m < ℓ pou or�zoun tou p�nake T =

diag {τj}t
j=1, M = diag {µj}m

j=1 kai Λ = diag {λj}ℓ
j=1. Tìte, an T

W∼ M kai
M

V∼ Λ gia k�poie isometr�e W ∈ C
m×t kai V ∈ C

ℓ×m, profan¸ T
V W∼ Λìpou V W ∈ C

ℓ×t e�nai ep�sh isometr�a.JewroÔme, ìpw prohgoumènw, tou pragmatikoÔ p�nake A = diag {λj}n
j=1kai B = diag {µj}n−k

j=1 , me k > 1, ìpou ta diag¸nia stoiqe�a e�nai se mh fj�nousadi�taxh kai ikanopoioÔn thn (3.2). 'Estw ep�sh oi akolouj�e pragmatik¸n Λℓ =
{
λℓ

1, . . . , λ
ℓ
n−k+ℓ

} (ℓ = 0, 1, 2, . . . , k) me λ0
j = µj kai λk

j = λj, tètoie ¸steta stoiqe�a opoiwnd pote diadoqik¸n akolouji¸n na diaqwr�zontai, ìpw sthn(3.2) gia k = 1, dhlad 
λℓ+1

1 ≤ λℓ
1 ≤ λℓ+1

2 ≤ λℓ
2 ≤ . . . λℓ+1

n−k+ℓ ≤ λℓ
n−k+ℓ ≤ λℓ+1

n−k+ℓ+1. (3.11)Saf¸ e�nai epitreptì na epilèxoume λℓ
j tautizìmena me opoiad pote apì ta µj  

λj. Epiplèon, h sqèsh (3.2) gia k = 1, sunep�getai ìti
µj ≡ λ0

j ∈ [λ1
j , λ

1
j+1] ⊆ [λ2

j , λ
2
j+2] ⊆ · · · ⊆ [λk

j , λ
k
j+k] ≡ [λj, λj+k].H parat rhsh aut  exhge� giat� arke� to Je¸rhma 1.1 na apodeiqje� sthn pe-r�ptwsh k = 1, ìpw anafèrjhke sthn enìthta 3.1. 'Etsi, sumbol�zonta me

Aℓ = diag {Λℓ} ∈ R
(n−k+ℓ)×(n−k+ℓ) tou ant�stoiqou diag¸niou p�nake, èqoumeìti
B(≡ A0)

V1∼ A1
V2∼ A2

V3∼ · · · Vk∼ A(≡ Ak),33



ìpou Vℓ+1 ∈ C
(n−k+ℓ+1)×(n−k+ℓ) (ℓ = 0, . . . , k−1) e�nai isometr�e kataskeu�simesÔmfwna me thn Prìtash 3.2 kai or�zoun ti emfuteÔsei Aℓ

Vℓ+1∼ Aℓ+1. Tìte
B = V ∗

1 A1V1 = V ∗
1 V ∗

2 A2 V2V1 = · · · = V ∗
1 V ∗

2 · · ·V ∗
k−1V

∗
k A VkVk−1 · · ·V2V1dhlad  B

V∼ A, ìpou V = VkVk−1 · · ·V2V1.EÔkola epibebai¸netai ìti h basismènh sti kurtè ekfr�sei (3.2) kataskeu th isometr�a V sthn enìthta 3.2 e�nai eidik  per�ptwsh aut  pou parousi�zetaied¸. Pr�gmati, parathroÔme ìti Λ0 = {µ1, . . . , µn−k} = ∪k
j=1 {µj, µj+k, µj+2k . . . } ≡

∪k
j=1Qj kai Λk = {λ1, . . . , λn} = ∪k

j=1 {λj, λj+k, λj+2k . . . } ≡ ∪k
j=1Pj, ìpou tasÔnola Pj kai Qj or�zontai ìpw sti (3.5) kai (3.6) kai ta stoiqe�a tou e�naidiaqwrizìmena. Tìte gia thn eidik  epilog  endi�meswn diaqwrizìmenwn akolou-ji¸n

Λℓ =

(
ℓ⋃

j=1

Pj

)

∪
(

k⋃

j=ℓ+1

Qj

)

, gia ℓ = 1, . . . , k − 1, (3.12)to ginìmeno twn isometri¸n Vk · · ·V2V1 isoÔtai me thn V sthn (3.10). Upenjum�-zoume ìti nj = |Pj| = |Qj| + 1 kai ìti gia tou p�nake Aj = diag {Pj} kai Bj =

diag {Qj} isqÔei h sqèsh emfÔteush Bj
Wj∼ Aj mèsw isometr�a Wj ∈ C

nj×(nj−1)kataskeu�simh sÔmfwna me thn Prìtash 3.2. Tìte gia Λℓ sthn (3.12), èqoume
diag {Λℓ}

Vℓ+1∼ diag {Λℓ+1} (ℓ = 0, 1, . . . , k − 1), ìpou oi isometr�e
V1 = W1 ⊕ IPk

j=2
(nj−1),

Vℓ+1 = IPℓ
j=1

nj
⊕ Wℓ+1 ⊕ IPk

j=ℓ+2
(nj−1) ∈ C

(n−k+ℓ+1)×(n−k+ℓ) kai (3.13)
Vk = IPk−1

j=1
nj

⊕ Wk,gia ℓ = 1, . . . , k − 2. Epomènw, (⊕k
j=1Bj

) V1∼ diag {Λ1} V2∼ diag {Λ2} V3∼ · · · Vk∼
(
⊕k

j=1Aj

) kai apì thn (3.13) katal goume sthn VkVk−1 · · ·V1 = ⊕k
j=1Wj = Y ,ìpou Y e�nai h isometr�a sthn (3.10). Kaj¸ oi p�nake B kai A e�nai ìmoioi metou (⊕k

j=1Bj

) kai (⊕k
j=1Aj

) mèsw twn metajèsewn P̂ kai P antisto�qw, telik�èqoume B
P ∗(Vk···V1)P̂∼ A. ParathroÔme ìti sthn per�ptwsh k ≥ ⌈n

2
⌉, ìpw kaisthn enìthta 3.2, èqoume P̂ = In−k.Apì thn kataskeu  pou parousi�zetai ed¸, prokÔptei gia ìle ti diaforetikèepilogè endi�meswn akolouji¸n Λℓ (ℓ = 1, . . . , k−1) sthn (3.11) kai ant�stoiqwnisometri¸n Vℓ (ℓ = 1, . . . , k), exart¸menwn apì thn epilog  twn akolouji¸n34



Λ1, Λ2, . . . , Λj−1 (j = 2, . . . , ℓ), m�a oikogèneia isometri¸n me thn idiìthta B
V∼ A.Kat� ton trìpo autì, lamb�noume ìle ti isometr�e V = VkVk−1 · · ·V2V1, ¸ste

B
V∼ A.Oloklhr¸noume aut n thn enìthta me m�a parat rhsh sqetik� me to or-jog¸nio sumpl rwma tou ped�ou tim¸n th isometr�a V = Vk · · ·V2V1.Prìtash 3.4. 'Estw V = Vk · · ·V2V1 ∈ C

n×(n−k), ìpou Vℓ ∈ C
(n−k+ℓ)×(n−k+ℓ−1)e�nai isometr�e, kaj¸ kai ta monadia�a dianÔsmata wℓ =

(
wℓ

j

)n−k+ℓ

j=1
me stoiqe�a

∣
∣wℓ

j

∣
∣
2

=
Qn−k+ℓ

τ=1
(λℓ

j−λℓ−1
τ )Qn−k+ℓ+1

τ=1,τ 6=j
(λℓ

j−λℓ
τ )

(j = 1, . . . , n − k + ℓ), tètoia ¸ste w∗
ℓVℓ = 0, gia

ℓ = 1, . . . , k. Tìte ta dianÔsmata {Vk · · ·Vj+1wj, wk : j = 1, . . . , k − 1} apoteloÔnm�a orjokanonik  b�sh gia to q¸ro R {V }⊥ kai h isometr�a V = Vk · · ·V2V1efarmìzetai sthn emfÔteush B
V∼ A.Apìdeixh. Arke� na parathr soume ìti o n × n p�naka

U =
[

Vk · · ·V2V1 Vk · · ·V2w1 Vk · · ·V3w2 · · · Vkwk−1 wk

]e�nai orjomonadia�o.Par�deigma 3.1. Gia na epexhg soume ìti oi isometr�e pou parousi�sthkansthn enìthta 3.2 apoteloÔn eidik  per�ptwsh th mejìdou pou prote�netai ed¸,jewroÔme thn per�ptwsh (n, k) = (8, 4) kai or�zoume ta sÔnola Pj = {λj, λj+4}kai Qj = {µj} (j = 1, 2, 3, 4). Tìte epilègoume Λ0 = {µ1, µ2, µ3, µ4}, Λ1 =

{λ1, λ5, µ2, µ3, µ4}, Λ2 = {λ1, λ5, λ2, λ6, µ3, µ4}, Λ3 = {λ1, λ5, λ2, λ6, λ3, λ7, µ4}kai Λ4 = {λ1, λ5, λ2, λ6, λ3, λ7, λ4, λ8}, ìpw sthn (3.12). W ek toÔtou, oi kur-to� sunduasmo� µj = c2
jλj + (1 − c2

j)λj+4, me cj ∈ [0, 1], or�zoun ta monadia�adianÔsmata
ṽj =

(
cj, (1 − c2

j)
1/2
)T ∈ R

2, (j = 1, 2, 3, 4) (3.14)pou e�nai genn tore twn µj = ṽ∗
j diag {λj, λj+4} ṽj. Profan¸, efarmog  thmejìdou th enìthta aut , gia B = diag {µj}4

j=1, A = diag {λj}8
j=1 kai Aj =

diag {Λj} (j = 1, 2, 3, 4) d�nei
B(≡ A0)

V1∼ A1
V2∼ A2

V3∼ A3
V4∼ A4,ìpou oi isometr�e Vj = diag {I2j−2, ṽj, I4−j} ∈ R

(j+4)×(j+3). Efìson B
V4V3V2V1∼

A4, ìpou V4V3V2V1 = diag {ṽ1, ṽ2, ṽ3, ṽ4} ∈ R
8×4 kai ṽj ta dianÔsmata sthn35



(3.14), parathroÔme ìti
B

P ∗V4V3V2V1∼ A, me P ∗V4V3V2V1 =

[

diag {cj}4
j=1

diag
{
(1 − c2

j)
1/2
}4

j=1

]

,ìpou P =
[

e1 e3 e5 e7 e2 e4 e6 e8

] h met�jesh mèsw th opo�a A4 =

PAP ∗. Shmei¸noume ìti P ∗V4V3V2V1 =
[

v1 v2 v3 v4

], ìpou vj e�nai ta dianÔ-smata sthn (3.9).Sthn per�ptwsh (n, k) = (8, 5), jewroÔme Λ0 = {µ1, µ2, µ3}, Λ1 = {λ1, λ6, µ2, µ3},
Λ2 = {λ1, λ6, λ2, λ7, µ3}, Λ3 = {λ1, λ6, λ2, λ7, λ3, λ8}, Λ4 = Λ3 ∪ {λ4} kai
Λ5 = Λ4 ∪ {λ5}. Tìte

B(≡ A0)
V1∼ A1

V2∼ A2
V3∼ A3

V4∼ A4
V5∼ A5,ìpou Vj = diag {I2j−2, v̂j, I3−j} ∈ R

(j+3)×(j+2) (j = 1, 2, 3), V4 =

[

I6

0

]

∈ R
7×6 kai

V5 =

[

I7

0

]

∈ R
8×7 me ta monadia�a dianÔsmata v̂j (j = 1, 2, 3), ìpw sthn (3.14),na or�zontai apì ti kurtè ekfr�sei µj = c2

jλj +(1− c2
j)λj+5. ParathroÔme ìti

B
V5V4V3V2V1∼ A5, ìpou V5V4V3V2V1 =







V3V2V1

0

0







=







diag {v̂1, v̂2, v̂3}
0

0






∈ R

8×3, kai
A5 e�nai ìmoio me ton A mèsw th met�jesh P̂ =

[

e1 e3 e5 e7 e8 e2 e4 e6

]kai kat� sunèpeia B
P̂ ∗V5V4V3V2V1∼ A.Fusik�, up�rqei m�a polÔ megalÔterh epilog  dunat¸n endi�meswn akolou-ji¸n, ìpw sto akìloujo par�deigma:Par�deigma 3.2. JewroÔme B = diag

{
1
2
, 1

2

} kai A = diag {0, 0, 1, 1}. Pro-fan¸ µj ∈ [λj, λj+k], gia j = 1, 2, ¸ste o p�naka B na e�nai emfuteÔsimo ston
A. SÔmfwna me thn kataskeu  sthn enìthta 3.2, èqoume µj =

λj+λj+k

2
, j = 1, 2kai tìte B

V∼ A mèsw th isometr�a
V =

1√
2









1 0

0 1

1 0

0 1









.36



Prokeimènou na efarmoste� h prohgoÔmenh mèjodo, jewroÔme thn endi�meshakolouj�a Λ1 = {λ1
1, λ

1
2, λ

1
3} kai ton ant�stoiqo diag¸nio p�naka A1 = diag {Λ1}¸ste

B
V1∼ A1

V2∼ A.Sunep¸, èqoume λ1
1 ≤ 1

2
≤ λ1

2 ≤ 1
2
≤ λ1

3 kai e�nai tìte anagka�o na epilèxoume
λ1

2 = 1
2
. Ep�sh, h emfÔteush A1 ∼ A shma�nei ìti 0 ≤ λ1

1 ≤ 0 ≤ λ1
2 ≤ 1 ≤ λ1

3 ≤
1, dhlad  prokÔptei ìti λ1

1 = 0, λ1
3 = 1 kai tìte h monadik  dunat  epilog  e�nai

Λ1 =
{
0, 1

2
, 1
}. Gia thn emfÔteush B

V1∼ A1, ekfr�zonta µ1 = 1
2

= 1
2
(λ1

1 + λ1
3),

µ2 = 1
2

= λ1
2 kai gia thn A1

V2∼ A parathr¸nta ìti λ1
1 = 0 = λ1, λ1

3 = 1 = λ3 kai
λ1

2 = 1
2
(0 + 1) = 1

2
(λ2 + λ4), mporoÔme na epilèxoume ti isometr�e
V1 =







1/
√

2 0

0 1

1/
√

2 0







kai V2 =









1 0 0

0 1/
√

2 0

0 0 1

0 1/
√

2 0









,oi opo�e d�noun thn prohgoÔmenh V2V1 = V . Shmei¸noume ed¸ ìti, lìgw tou ìti
R {V1} = span {w1}⊥ kai R {V2} = span {w2}⊥ me w1 = 1√

2
(1, 0,−1)T kai w2 =

1√
2
(0, 1, 0,−1)T , �mesa epibebai¸netai ìti R {V } = span {V2w1, w2}⊥, ìpw sthnPrìtash 3.4. En toÔtoi, aut  den e�nai kai h monadik  per�ptwsh, afoÔ oi kurtèekfr�sei µ1 = 1

2
= 1

10
λ1

1+ 8
10

λ1
2+ 1

10
λ1

3 kai µ2 = 1
2

= 4
10

λ1
1+ 2

10
λ1

2+ 4
10

λ1
3 odhgoÔnsthn emfÔteush B

V̂1∼ A1 mèsw th
V̂1 =

1√
10







1 2

−
√

8
√

2

1 2







kai analìgw epilègonta V̂2 =









4/
√

5 −3
√

2/10 0

3/
√

5 4
√

2/10 0

0 1/
√

2 0

0 0 1









,

gia thn emfÔteush A1
V̂2∼ A, èqoume B

W∼ A mèsw th W = V̂2V̂1 = 1√
10









2 1

−1 2

−2 1

1 2









.
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3.4 H isometr�a gia emfuteÔsimoukanonikoÔ p�nakeSto ed�fio autì, melet�me to ant�stoiqo prìblhma th kataskeu  m�a i-sometr�a V , tètoia ¸ste B
V∼ A gia kanonikoÔ p�nake A kai B. Sthnper�ptwsh, ìmw, aut  den èqoun akìma diatupwje� ikanè kai anagka�e sun-j ke sqetikè me ta f�smata twn A, B prokeimènou h emfÔteush na e�nai e-fikt , kat�antistoiq�a me ti anisìthte (3.2) sthn per�ptwsh twn ermitian¸n.An σ(A) = {λj}n

j=1 kai σ(B) = {µj}n−k
j=1 , lìgw th diagwnopo�hsh twn kano-nik¸n pin�kwn, mporoÔme kai p�li na jewr soume ìti A = diag {λj}n

j=1 kai
B = diag {µj}n−k

j=1 , me migadikè plèon idiotimè.AkoloÔjw, gia ènan p�naka A, sumbol�zoume me H(A) = A+A∗

2
kai S(A) =

A−A∗

2i
to ermitianì kai to antiermitianì tou mèro ant�stoiqa. Ep�sh, eis�goumetou sumbolismoÔ λj = ℓj + isj, µj = mj + itj kai jewroÔme tou p�nakemet�jesh P , Q ∈ R

n×n kai P̂ , Q̂ ∈ R
(n−k)×(n−k), ¸ste ta diag¸nia stoiqe�atwn Ĥ(A) = P ∗H(A)P , Ĥ(B) = P̂ ∗H(B)P̂ kai Ŝ(A) = Q∗S(A)Q, Ŝ(B) =

Q̂∗S(B)Q̂ na e�nai se mh fj�nousa seir�. To epìmeno Je¸rhma perigr�fei ikanèkai anagka�e sunj ke gia thn Ôparxh m�a isometr�a V .Je¸rhma 3.5. 'Estw oi kanoniko� p�nake A ∈ C
n×n kai B ∈ C

(n−k)×(n−k).Tìte B e�nai emfuteÔsimo ston A mèsw th isometr�a V ∈ C
n×(n−k) an kaimìnon an gia ta pragmatik� kai fantastik� mèrh twn idiotim¸n twn A kai Bup�rqoun ant�stoiqa mh fj�nouse akolouj�e pragmatik¸n arijm¸n

Lr =
{
ℓr
1, . . . , ℓ

r
n−k+r

} kai Sr =
{
sr
1, . . . , s

r
n−k+r

}
(r = 0, 1, 2, . . . , k),ìpou ℓ0

j ≡ mj, ℓk
j ≡ ℓj kai s0

j ≡ tj, sk
j ≡ sj, tètoie ¸ste ta stoiqe�a twndiadoqik¸n akolouji¸n Lr kai Lr+1, Sr kai Sr+1 na diaqwr�zontai kai oi orizìmene

(n− k + r)× (n− k + r− 1) isometr�e Vr, Wr (r = 1, . . . , k) gia ti emfuteÔsei
Ĥ(B)(≡ diag {L0}) V1∼ diag {L1} V2∼ · · · Vk∼ (diag {Lk} ≡)Ĥ(A) (3.15)kai
Ŝ(B)(≡ diag {S0}) W1∼ diag {S1} W2∼ · · · Wk∼ (diag {Sk} ≡)Ŝ(A) (3.16)38



na ikanopoioÔn thn isìthta
Vk · · ·V1 = R(Wk . . . W1)S, (3.17)ìpou R = P ∗Q kai S = Q̂∗P̂ p�nake met�jesh diast�sewn n kai n − k ant�-stoiqa.Apìdeixh. Profan¸ B

V∼ A an kai mìnon an B∗ V∼ A∗. Tìte,
H(B) =

B + B∗

2
= V ∗A + A∗

2
V = V ∗H(A)Vkai

S(B) =
B − B∗

2i
= V ∗A − A∗

2i
V = V ∗S(A)Vkai oi emfuteÔsei H(B)

V∼ H(A) kai S(B)
V∼ S(A) sunep�gontai ti Ĥ(B)

P ∗V P̂∼
Ĥ(A) kai Ŝ(B)

Q∗V Q̂∼ Ŝ(A) ant�stoiqa. Apì thn anadromik  kataskeu  em-futeÔsewn sthn enìthta 3.3, sumpera�noume ìti up�rqoun oi endi�mese mh fj�-nouse pragmatikè akolouj�e Lr kai Sr gia ta pragmatik� kai fantastik� mè-rh ant�stoiqa twn idiotim¸n twn A kai B sÔmfwna me thn upìjesh. Tìte apìti emfuteÔsei (3.15) èqoume Vk · · ·V1 = P ∗V P̂ kai ant�stoiqa apì ti (3.16),
Wk · · ·W1 = Q∗V Q̂. Sundu�zonta ti isìthte autè, prokÔptei h (3.17).Ant�strofa, an up�rqoun akolouj�e Lr kai Sr ¸ste ta stoiqe�a twn Lr kai
Lr+1 (Sr kai Sr+1) na diaqwr�zontai, apì ti emfuteÔsei Ĥ(B)

Vk···V1∼ Ĥ(A) kai
Ŝ(B)

Wk···W1∼ Ŝ(A) kai thn (3.17) sumpera�noume ìti H(B)
V∼ H(A) kai S(B)

V∼
S(A), ìpou V = P (Vk · · ·V1)P̂

∗ = Q(Wk . . . W1)Q̂
∗. Tìte B = H(B)+ iS(B) =

V ∗[H(A) + iS(A)]V = V ∗AV , dhlad  B
V∼ A.Prìtash 3.6. 'Estw oi kanoniko� p�nake A = diag {λj}n

j=1 kai B = diag {µj}n−k
j=1 ,¸ste o p�naka B na e�nai emfuteÔsimo ston A. Tìte mj kai tj, gia j =

1, . . . , n − k, dÔnantai na ekfrastoÔn me ton �dio kurtì sunduasmì twn {ℓτ}n
τ=1kai {sτ}n

τ=1 ant�stoiqa.Apìdeixh. Apì to Je¸rhma 3.5, o p�naka B e�nai emfuteÔsimo ston A an kaimìnon an isqÔoun oi emfuteÔsei H(B)
V∼ H(A) kai S(B)

V∼ S(A), ìpou h iso-metr�a V qwr� bl�bh th genikìthta mpore� na èqei pragmatik� stoiqe�a (enìth-ta 3.2). Sunep¸, apì ti sqèsei H(B) = V ∗H(A)V kai S(B) = V ∗S(A)VprokÔptei ìti oi kurtè ekfr�sei twn mj kai tj, w pro ta ℓτ kai sτ (τ =

1, . . . , n) taut�zontai. 39



Parat rhsh 3.2. Shmei¸noume ed¸ ìti oi sunj ke th Prìtash 3.6 den anti-strèfontai. Gia par�deigma, an A = diag {0, 1, i} kai B = diag {1/2, i/2}, è-qoume tou �diou kurtoÔ sunduasmoÔ:
m1 =

1

2
=

1

2
ℓ1 +

1

2
ℓ2 + 0ℓ3, t1 = 0 =

1

2
s1 +

1

2
s2 + 0s3,

m2 = 0 =
1

2
ℓ1 + 0ℓ2 +

1

2
ℓ3, t2 =

1

2
=

1

2
s1 + 0s2 +

1

2
s3.Epeid , ìmw, ta shme�a 0, 1, i, 1/2, i/2 den e�nai suggrammik�, sÔmfwna me toJe¸rhma 1.2 o B den e�nai emfuteÔsimo ston A.Sqetik� me ti isometr�e VH , VS gia ti emfuteÔsei H(B)

VH∼ H(A) kai
S(B)

VS∼ S(A) pou kataskeu�sthkan gia k > 1 sthn enìthta 3.2, prokÔptei toer¸thma kat� pìson oi emfuteÔsimoi p�nake V ∗
HAVH kai V ∗

S AVS e�nai kanoniko�.KalÔptoume pr¸ta thn per�ptwsh k ≥ ⌈n
2
⌉.Prìtash 3.7. 'Estw oi kanoniko� p�nake A = diag {λj}n

j=1 ∈ C
n×n kai B =

diag {µj}n−k
j=1 ∈ C

(n−k)×(n−k) me B ∼ A, k ≥ ⌈n
2
⌉ kai VH , VS ìpw parap�nw.Epiplèon, èstw λj = ℓj + isj, µj = mj + itj. Tìte oi p�nake V ∗

HAVH kai V ∗
S AVSe�nai diag¸nioi me migadik� stoiqe�a pou an koun sta eujÔgramma tm mata λijλij+kkai λσj

λσj+k
(j = 1, . . . , n − k), ìpou oi de�kte ij, σj, ρj kai τj anafèrontai stimh fj�nouse akolouj�e {ℓij

}n

j=1
, {sσj

}n

j=1
, {mρj

}n−k

j=1
kai {tτj

}n−k

j=1
. Ep�sh,to ρj-stì (τj-stì) diag¸nio stoiqe�o tou V ∗

HAVH (V ∗
S AVS) ekfr�zetai w kurtìsunduasmì twn {λij , λij+k

}
(
{
λσj

, λσj+k

}
), pou taut�zetai me eke�non gia tonpragmatikì mρj

∈ [ℓij , ℓij+k
] (tτj

∈ [sσj
, sσj+k

]), gia j = 1, . . . , n − k.Apìdeixh. 'Estw H(B)
VH∼ H(A) kai S(B)

VS∼ S(A). An {ℓij

}n

j=1
, {mρj

}n−k

j=1
e�naiarijmhmènoi se mh fj�nousa seir�, tìte ìpw sthn (3.2),

mρj
∈ [ℓij , ℓij+k

], j = 1, . . . , n − kkai jewroÔme tou p�nake met�jesh P kai P̂ diast�sewn n kai n−k antisto�qw,me thn idiìthta
P ∗H(A)P = diag

{
ℓij

} kai P̂ ∗H(B)P̂ = diag
{
mρj

}
.'Opw sthn enìthta 3.2 gia k ≥ ⌈n

2
⌉, mporoÔme na kataskeu�soume m�a isometr�a

X ∈ C
n×(n−k) tètoia ¸ste diag

{
mρj

} X∼ diag
{
ℓij

}. Upenjum�zoume ìti sthn40



per�ptwsh aut  oi st le tou X =
[

v1 . . . vn−k

] èqoun th dom  sthn (3.9) gia
j = 1, . . . , n− k. Tìte h isometr�a VH gia thn emfÔteush H(B)

VH∼ H(A) d�netaiapì th sqèsh VH = PXP̂ ∗. ParathroÔme ìti, lìgw th eidik  morf  tou X,ta mìna mh mhdenik� stoiqe�a sth ρj-st  st lh tou VH br�skontai sti jèsei ijkai ij+k.Analìgw, gia ta fantastik� mèrh, or�zoume p�nake met�jesh Q kai Q̂ ¸ste
Q∗S(A)Q = diag

{
sσj

} kai Q̂∗S(B)Q̂ = diag
{
tτj

}, ìpou {sσj

}n

j=1
, {tτj

}n−k

j=1se mh fj�nousa seir�. Apì ti sqèsei tτj
∈ [sσj

, sσj+k
], gia j = 1, . . . , n −

k, kataskeu�zoume m�a isometr�a Y ∈ C
n×(n−k) me thn idiìthta diag

{
tτj

}
=

Q̂∗S(B)Q̂
Y∼ diag

{
sσj

}
= Q∗S(A)Q kai sumpera�noume ìti S(B)

QY Q̂∗

∼ S(A).ParathroÔme ìti ta mìna mh mhdenik� stoiqe�a sthn τj-st  st lh tou VS = QY Q̂∗e�nai eke�na sti jèsei σj kai σj+k. Lìgw twn ekfr�sewn twn VH kai VS, oip�nake V ∗
HAVH kai V ∗

S AVS e�nai diag¸nioi kai ikanopoioÔn tou isqurismoÔ thPrìtash.Par�deigma 3.3. 'Estw oi kanoniko� p�nake A = diag {0, i, 1, 1 + i} kai B =

diag
{

5+2i
10

, 5+8i
10

}. Gia ti isometr�e VH kai VS, parathroÔme ìti ρj = τj = j(j = 1, 2), ij = j (j = 1, 2, 3, 4) kai σ1 = 1, σ2 = 3, σ3 = 2, σ4 = 4, me sunèpeia
P̂ = Q̂ = I2, P = I4 kai Q =

[

e1 e3 e2 e4

]. Efarmìzonta th diadikas�asthn enìthta 3.2, prokÔptoun oi isometr�e
X =

1√
2









1 0

0 1

1 0

0 1









kai Y =
1√
10









√
8 0

0
√

2√
2 0

0
√

8









,kai tìte
VH = PXP̂ ∗ = X, VS = QY Q̂∗ = QYor�zoun ti emfuteÔsei H(B)

VH∼ H(A) kai S(B)
VS∼ S(A) ant�stoiqa. Epomènw,sÔmfwna me thn Prìtash 3.7,

V ∗
HAVH = diag

{
1

2
,
1

2
+ i

} kai V ∗
S AVS = diag

{
2

10
i, 1 +

8

10
i

}e�nai diag¸nioi me stoiqe�a pou an koun sta eujÔgramma tm mata λijλij+2
kai

λrj
λrj+2

(j = 1, 2) ant�stoiqa. 41



Epiplèon, sÔmfwna me to Par�deigma 3.2, efarmìzonta th mèjodo th enìth-ta 3.3 gia ta ermitian� mèrh twn parap�nw pin�kwn prokÔptoun endi�mese dia-qwrizìmene akolouj�e, ¸ste h emfÔteush H(B)
V∼ H(A) na e�nai dunat ,ìpou V = V̂2V̂1 = 1√

10









2 1

−1 2

−2 1

1 2









. Ant�stoiqa, gia tou Ŝ(B) = S(B) kai
Ŝ(A) = Q∗S(A)Q me diag¸nia stoiqe�a ta fantastik� mèrh twn idiotim¸n twn Bkai A se mh fj�nousa seir�, b�sei th �dia mejìdou prokÔptei ìti

Ŝ(B) ≡ diag {2/10, 8/10} W1∼ diag {0, 1/2, 1} W2∼ diag {0, 0, 1, 1} ≡ Ŝ(A),ìpou W1 = 1
5







4 1

−
√

8
√

8

1 4






, kajìson R(W1)

⊥ = span
{

2
10

(√
8, 3,−

√
8
)} (Prì-

tash 3.2). Epiplèon, epilègonta W2 = 1√
10









3 1/
√

2 0

−1 3/
√

2 0

0 3/
√

2 1

0 −1/
√

2 3









èqoume Ŝ(B)
W2W1∼

Ŝ(A) , ìpou W2W1 = Q∗V . Sunep¸, gia thn isometr�a V , katal goume sthn
B

V∼ A (Je¸rhma 3.5).Shmei¸noume ìti oi kurtè ekfr�sei m1 = 1
2

= 4
10

ℓ1 + 1
10

ℓ2 + 4
10

ℓ3 + 1
10

ℓ4 kai
t1 = 2

10
= 4

10
s1+

1
10

s2+
4
10

s3+
1
10

s4 taut�zontai, ìpw anamenìtan apì ti anagka�esunj ke th Prìtash 3.6. Omo�w gia m2 = 1
2

= 1
10

ℓ1 + 4
10

ℓ2 + 1
10

ℓ3 + 4
10

ℓ4 kai
t2 = 8

10
= 1

10
s1 + 4

10
s2 + 1

10
s3 + 4

10
s4.An k < ⌈n

2
⌉,   n−k ≥ k +1, h Prìtash 3.7 epekte�netai mìno se peript¸seiom�dwn suggrammik¸n idiotim¸n. Pr�gmati, èstw {λij

}n

j=1
kai {µρj

}n−k

j=1
oi meta-jèsei twn λj kai µj se seir� mh fj�nonto pragmatikoÔ mèrou. SÔmfwna me thn(3.9), ta mh mhdenik� stoiqe�a sti st le ρj, ρj+k, . . . tou VH e�nai eke�na sti jè-sei ij, ij+k, ij+2k, . . . kai profan¸ h emfÔteush V ∗

HAVH den apotele� en gèneikanonikì p�naka. Tìte, V ∗
HAVH e�nai diag¸nio, an oi idiotimè k�je sunìlou

{
λij , λij+k

, λij+2k
, . . .

} e�nai suneujeiakè, gia j = 1, . . . , k. Kat� sunèpeia:Prìtash 3.8. 'Estw oi kanoniko� p�nake A = diag {λj}n
j=1 kai B = diag {µj}n−k

j=1me ton B emfuteÔsimo ston A kai èstw H(B)
VH∼ H(A) kai S(B)

VS∼ S(A). An42



ta stoiqe�a k�je sunìlou {λij , λij+k
, λij+2k

, . . .
}

(
{
λσj

, λσj+k
, λσj+2k

, . . .
}
) e�naisuneujeiak� gia j = 1, . . . , k, ìpou {λij

}n

j=1
(
{
λσj

}n

j=1
) h met�jesh twn λj, ¸-ste ta pragmatik� (fantastik�) mèrh tou na e�nai mh fj�nousa akolouj�a, tìteo p�naka V ∗

HAVH (V ∗
S AVS) e�nai diag¸nio.H Prìtash 3.7 apotele� eidik  per�ptwsh th Prìtash 3.8, kaj¸ opoiod -pote zeÔgo diakekrimènwn idiotim¸n tou A or�zei m�a euje�a sto C.Sqetik� me ti anagka�e sunj ke gia emfÔteush kanonik¸n pin�kwn twn

Queiro-Duarte sth (2.9) gia k�je θ ∈ [0, 2π), basizìmenoi sthn Prìtash 3.6,mporoÔme na kataskeu�soume èna antipar�deigma pou de�qnei ìti den e�nai kaiikanè.Antipar�deigma: JewroÔme tou diag¸niou p�nake A = diag {0, i, 1, 1 + i}kai B = diag
{

5+2i
10

, 1
2

+ i
}. EÔkola elègqetai ìti ta diag¸nia stoiqe�a twn A,

B e�nai θ-diaqwrizìmena gia k�je θ ∈ [0, 2π) ìpw sth (2.9), kaj¸ se k�jetr�gwno sto migadikì ep�pedo me korufè sto σ(A) an kei akrib¸ m�a apì tiidiotimè tou B. An h emfÔteush B
V∼ A  tan efikt  gia k�poia isometr�a V ,tìte kat�an�gkhn oi emfuteÔsei

H(B) = diag

{
1

2
,
1

2

}

V∼ H(A) = diag {0, 0, 1, 1}kai
S(B) = diag

{
2

10
, 1

}

V∼ S(A) = diag {0, 1, 0, 1}ja èprepe ep�sh na isqÔoun. Sumbol�zonta me v1, v2 ti st le tou V , apì tiexis¸sei H(B) = V ∗H(A)V kai S(B) = V ∗S(A)V prokÔptoun:
v∗

1H(A)v1 = m1 =
1

2
v∗

2H(A)v2 = m2 =
1

2

v∗
1S(A)v1 = t1 =

2

10
v∗

2S(A)v2 = t2 = 1.Lamb�nonta up�ìyin ìti ‖v1‖ = ‖v2‖ = 1, sqhmat�zoume ta grammik� sust mata






ℓ1 ℓ2 ℓ3 ℓ4

s1 s2 s3 s4

1 1 1 1















ci
1

ci
2

ci
3

ci
4









= bi, ìpou bi =







mi

ti

1







(i = 1, 2),
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me lÔsei {c1
j

}4

j=1
=
{

3
10

+ c, 2
10

− c, 1
2
− c, c

} kai {c2
j

}4

j=1
=
{
0, 1

2
, 0, 1

2

} anti-sto�qw. Or�zonta v1 =
(√

3
10

+ c,−
√

2
10

− c,
√

1
2
− c,

√
c
)T kai v2 = 1√

2
(0, 1, 0, 1)T ,epeid  V =

[

v1 v2

] e�nai isometr�a, ta dianÔsmata v1 kai v2 prèpei na e�nai k�je-ta, ap�ìpou sumpera�netai ìti c = 1
10

kai, w ek toÔtou, v1 = 1√
10

(2,−1, 2, 1)T .Tìte gia na isqÔei B V∼ A, ta mh diag¸nia stoiqe�a tou p�naka B = V ∗AV prèpeina e�nai mhdenik�. Epeid  v∗
1Av2 = 1

2
√

5
(λ4 − 2λ2) 6= 0, katal goume se �topo.
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Kef�laio 4DIAGWNIES EMFUTEUSEISSto kef�laio autì, jewroÔme ènan kanonikì p�naka A ∈ C
n×n kai èna shme�o

µ1 ∈ w(A)\σ(A) kai epidi¸koume na kajor�soume ton el�qisto akèraio 1 ≤ k <

n, ¸ste na isqÔei h sqèsh V ∗AV = diag {µ1, µ2, . . . , µn−k}, gia m�a isometr�a
V ∈ C

n×(n−k) kai kat�llhla shme�a µ2, . . . , µn−k ∈ w(A)\σ(A). Eidikìtera, giaton el�qisto k ja kataskeu�soume n− k amoiba�w orjog¸nia kai A-orjog¸niamonadia�a dianÔsmata wj ∈ C
n (dhlad  tètoia ¸ste w∗

i wj = w∗
i Awj = w∗

i A
∗wj =

0, gia i 6= j) pou or�zoun thn isometr�a V =
[

w1 w2 · · · wn−k

]

∈ C
n×(n−k).Tìte, B = diag {µj}n−k

j=1 e�nai èna p�naka mègistwn diast�sewn emfuteÔsimoston A kai sthn V ja anaferìmaste w isometr�a-genn tora gia to diag¸nio Bston kanonikì A.4.1 Mègisth di�stash diag¸niou p�nakaemfuteÔsimou se kanonikì'Estw o kanonikì p�naka A ∈ C
n×n kai èna shme�o µ1 ∈ w(A) pou dene�nai idiotim  tou. Sthn enìthta aut , melet�me to prìblhma th eÔresh touel�qistou akera�ou 1 ≤ k < n kai m�a isometr�a V ∈ C

n×(n−k) me thn idiìthta
V ∗AV = diag {µ1, µ2, . . . , µn−k} gia kat�llhla shme�a µ2, . . . , µn−k ∈ w(A)\σ(A).Sthn per�ptwsh pou oi idiotimè {λj}n

j=1 tou A e�nai suneujeiakè, to polÔgw-no w(A) ekful�zetai se eujÔgrammo tm ma. An me L sumbol�zoume thn euje�ap�nw sthn opo�a an koun oi idiotimè tou A, φ ∈ [0, 2π) e�nai h kl�sh th Lkai z0 ∈ R ∩ L, tìte o p�naka A isoÔtai me z0 In + eiφ H, ìpou o p�naka45



H ∈ C
n×n e�nai ermitianì. 'Etsi, me m�a metafor� kai m�a peristrof , o A qwr�bl�bh th genikìthta mpore� na jewrhje� pw e�nai ermitianì me pragmatikèidiotimè {λj}n

j=1. Sthn per�ptwsh aut , h el�qisth tim  tou k e�nai k = 1 kaioi idiotimè λj, µj e�nai diaqwrizìmene. An to arijmhtikì ped�o e�nai èna mhekfulismèno polÔgwno, jewroÔme ìti n ≥ 4, kajìson apì to Je¸rhma 1.2 gia
n = 3 èna p�naka B = diag {µ1, µ2} me µ1, µ2 /∈ σ(A) e�nai emfuteÔsimo sekanonikì A ∈ C

3×3 an kai mìnon an oi idiotimè λ1, λ2, λ3 ∈ σ(A) kai µ1, µ2 e�naisuggrammikè kai diaqwrizìmene.To epìmeno Je¸rhma perigr�fei orismènou periorismoÔ gia thn Ôparxh or-jog¸niwn kai A-orjog¸niwn monadia�wn dianusm�twn {wℓ}j+1
ℓ=1, ìtan j+1 ≤ n−k,oi opo�oi odhgoÔn ston kajorismì th el�qisth tim  tou k.Je¸rhma 4.1. 'Estw o kanonikì p�naka A ∈ C

n×n me n ≥ 4 kai o jetikìakèraio j ∈ [1, n−1
3

], tètoio ¸ste h isometr�a Vj =
[

w1 . . . wj

]

∈ C
n×j naemfuteÔei ton diag {µ1, . . . , µj} ston A, ìpou µ1, . . . , µj ∈ w(A)\σ(A). Tìteup�rqei èna shme�o µj+1 = w∗

j+1Awj+1 /∈ σ(A), ¸ste
diag {µ1, . . . , µj, µj+1} = V ∗

j+1AVj+1,ìpou Vj+1 =
[

Vj wj+1

]

∈ C
n×(j+1) e�nai isometr�a.Apìdeixh. ParathroÔme ìti oi upìqwroi Sj,1 = Ker(V ∗

j ), Sj,2 = Ker(V ∗
j A) kai

Sj,3 = Ker(V ∗
j A∗) èqoun mh tetrimmènh tom , lìgw th anisìthta diast�sewn

dim (Sj,1 ∩ Sj,2 ∩ Sj,3) =
3∑

i=1

dimSj,i − dim (Sj,2 + Sj,3) − dim ((Sj,2 ∩ Sj,3) + Sj,1)

≥ 3(n − j) − 2n = n − 3j ≥ 1.Sumbol�zonta me wj+1 ∈ Sj,1 ∩ Sj,2 ∩ Sj,3 to di�nusma-genn tora gia to shme�o
µj+1 = w∗

j+1Awj+1, tìte profan¸ o p�naka Vj+1 =
[

Vj wj+1

] e�nai isometr�a,kaj¸ wj+1 ∈ Sj,1. Ep�sh, èqoume
V ∗

j+1AVj+1 =

[

V ∗
j AVj V ∗

j Awj+1

w∗
j+1AVj w∗

j+1Awj+1

]

=

[

diag {µ1, . . . , µj} 0

0 µj+1

]

,ìpw e�nai epijumhtì, efìson wj+1 ∈ Sj,2 ∩ Sj,3.46



Sqetik� me thn el�qisth tim  tou k, to Je¸rhma 4.1 sunep�getai gia j + 1 =

n − k ìti
k ≥ 2(n − 1)

3
, (4.1)dhlad  èna �nw fr�gma gia th di�stash enì diag¸niou p�naka diag {µ1, . . . , µn−k}emfuteÔsimou ston A e�nai n − k ≤ n+2

3
.An parale�youme thn upìjesh ìti µ1 ∈ w(A)\σ(A) sto Je¸rhma 4.1 kaiupojèsoume gia par�deigma ìti µ1 ≡ λ1, shmei¸nonta x1, . . . , xn ta orjokanoni-k� idiodianÔsmata tou A pou antistoiqoÔn sti idiotimè tou λ1, . . . , λn, �mesaelègqetai ìti oi p�nake diag {λ1, . . . , λj} e�nai emfuteÔsimoi ston A mèsw twnisometri¸n Vj =

[

x1 . . . xj

], gia j = 1, . . . , n − 1. Sthn per�ptwsh aut ,
Sj,1 = Sj,2 = Sj,3 = span {xj+1, . . . , xn}, dhlad  dim (Sj,1 ∩ Sj,2 ∩ Sj,3) = n − j,epibebai¸nonta me autìn ton trìpo ìti h mègisth tim  tou j e�nai n− 1. TètoieemfuteÔsei e�nai profane� kai de ma apasqoloÔn akoloÔjw.Ep�sh, shmei¸noume ìti, an up�rqoun shme�a {µj}n−k

j=1 ⊂ w(A) tètoia ¸ste op�naka diag {µ1, . . . , µn−k} na e�nai emfuteÔsimo ston A, tìte gia to an¸teroubajmoÔ arijmhtikì ped�o diapist¸noume ìti wn−k(A) 6= ∅. Pr�gmati, gia n ≥ 4h (4.1) sunep�getai n
3

+ 1 > n − k kai tìte sumpera�noume [36, Je¸rhma 1℄ ìti
wn−k(A) 6= ∅. Oi peript¸sei gia n ≤ 3 epibebai¸nontai �mesa.To fr�gma gia to j sto Je¸rhma 4.1 e�nai to kalÔtero dunatì gia ènan au-ja�reto p�naka A t�xh n kai shme�o µ1 ∈ int {w(A)} \σ(A), ìpw sumpera�noumeapì thn epìmenh parat rhsh. H per�ptwsh µ1 ∈ ∂w(A)\σ(A) antimetwp�zetaisthn Prìtash 4.5.Parat rhsh: A upojèsoume ìti o periorismì gia to j sto Je¸rhma 4.1den ikanopoie�tai. Sthn per�ptwsh aut , an o p�naka diag {µ1, . . . , µj}, me µ1 ∈
int {w(A)} \σ(A), e�nai emfuteÔsimo ston A ∈ C

n×n mèsw k�poia isometr�a
Vj ∈ C

n×j, ja de�xoume ìti genik� den up�rqei µj+1 = w∗
j+1Awj+1 /∈ σ(A) kaiisometr�a Vj+1 =

[

Vj wj+1

], tètoia ¸ste diag {µ1, . . . , µj+1} = V ∗
j+1AVj+1.An j = n

3
∈ Z (dhlad  n

3
= ⌈n−1

3
⌉), jewroÔme ton n × n kanonikì p�naka

A = Ij ⊗ D; D = diag {0, 1, i}. (4.2)Gia ta shme�a µℓ ∈ w(A) = w(D) = co {0, 1, i}, gia ℓ = 1, . . . , j, èqoume µℓ =

ŵ∗
ℓDŵℓ, ìpou ŵℓ ∈ C

3 e�nai monadia�a dianÔsmata kai sunep¸
diag {µ1, . . . , µj} = ⊕j

ℓ=1 (ŵ∗
ℓDŵℓ) =

(
⊕j

ℓ=1ŵ
∗
ℓ

)
A
(
⊕j

ℓ=1ŵℓ

)
,47



dhlad  Vj = ⊕j
ℓ=1ŵℓ ∈ C

n×j. A upojèsoume ìti up�rqei shme�o µj+1 =

w∗
j+1Awj+1 ∈ int {co {0, 1, i}} tètoio ¸ste gia thn isometr�a Vj+1 =

[

Vj wj+1

]na èqoume diag {µ1, . . . , µj+1} = V ∗
j+1AVj+1. Profan¸, ja prèpei wj+1 ∈

Sj,1 ∩ Sj,2 ∩ Sj,3,   isodÔnama,
w∗

j+1

(
⊕j

ℓ=1ŵℓ

)
= w∗

j+1

(
⊕j

ℓ=1Dŵℓ

)
= w∗

j+1

(
⊕j

ℓ=1D
∗ŵℓ

)
= 0. (4.3)Diamer�zonta wj+1 =







y1...
yj






, ìpou yℓ ∈ C

3 (ℓ = 1, . . . , j), apì thn (4.3) èqoume
⊕j

ℓ=1y
∗
ℓ ŵℓ = ⊕j

ℓ=1y
∗
ℓ Dŵℓ = ⊕j

ℓ=1y
∗
ℓ D

∗ŵℓ = 0.An ŷℓ = yℓ

‖yℓ‖ , sumpera�noume ìti [ŷℓ ŵℓ

] e�nai isometr�a me thn idiìthta
[

ŷ∗
ℓ

ŵ∗
ℓ

]

D
[

ŷℓ ŵℓ

]

=

[

ŷ∗
ℓ Dŷ∗

ℓ 0

0 µℓ

]

≡ Cℓ; ℓ = 1, . . . j,dhlad  oi 2×2 p�nake Cℓ e�nai emfuteÔsimoi ston D. Kaj¸ µ1 ∈ int {w(A)}, taf�smata twn C1, D e�nai xèna metaxÔ tou kai apì to Je¸rhma 1.2 katal goumese ant�fash, kaj¸ oi idiotimè tou D den e�nai suneujeiakè.Tèlo, sthn per�ptwsh j > n
3
, jewroÔme ènan kÔrio upop�naka Â ∈ C

n×ntou A ∈ C
3j×3j sthn (4.2) tètoion ¸ste o p�naka diag {µ1, . . . , µj} na e�naiemfuteÔsimo ston Â. Tìte o E = diag {µ1, . . . , µj, µj+1} den e�nai emfuteÔsimoston Â, kaj¸ lìgw th metabatik  idiìthta th emfÔteush, o E ja  tanep�sh emfuteÔsimo kai ston A.4.2 Kataskeu  tou p�naka isometr�aSto ed�fio autì, anaptÔssoume kat�arq� m�a diadikas�a gia na br�skoumedianÔsmata-genn tore gia èna dosmèno shme�o µ ∈ w(A) = co {λj}n

j=1, ìtan to
w(A) e�nai mh tetrimmèno polÔgwno. Upenjum�zoume ìti x1, . . . , xn e�nai ta orjo-kanonik� idiodianÔsmata tou kanonikoÔ p�naka A pou antistoiqoÔn sti idiotimètou λ1, . . . , λn. Sunep¸, lìgw kurtìthta:

µ =
n∑

j=1

|τj|2 λj, me τj ∈ C kai n∑

j=1

|τj|2 = 1 (4.4)48



kai tìte saf¸ èna di�nusma-genn tora gia to µ e�nai
x =

n∑

j=1

τjxj. (4.5)Gia µ ∈ int {w(A)}, h èkfrash (4.4) den e�nai monadik  kai oi suntelestè τjmporoÔn na epilegoÔn mh mhdeniko�.H epìmenh Prìtash apotele� m�a epèktash th [1, Prìt. 1℄.Prìtash 4.2. 'Estw A ∈ C
n×n kanonikì p�naka me monadia�a idiodianÔsmata

{xj}n
j=1 pou antistoiqoÔn sti idiotimè tou {λj}n

j=1. An jewr soume ta monadia�adianÔsmata {uj}j∈N
kai {vj}j∈N

tou C
n pou or�zontai anadromik� apì ti sqèsei

uj = ajvj−1 + bjuj−n+1 kai vj =
|bj|
|aj|

ajvj−1 −
|aj|
|bj|

bjuj−n+1, (4.6)ìpou v0 ≡ x1, uj−n ≡ xj (j = 2, 3, . . . , n) kai aj, bj ∈ C, ¸ste |aj|2 + |bj|2 = 1,tìte oi p�nake Uj =
[

uj uj+1 · · · uj+n−2 vj+n−2

] e�nai orjomonadia�oi gia
j ∈ N.Apìdeixh. ParathroÔme ìti o p�naka U1 =

[

u1 u2 · · · un−1 vn−1

] e�nai or-jomonadia�o, ìpw sto [1℄. Epagwgik�, upojètonta ìti o p�naka Uj−1 =
[

uj−1 uj · · · uj+n−3 vj+n−3

] e�nai orjomonadia�o, autì e�nai ep�sh alhjègia ton Uj =
[

uj uj+1 · · · uj+n−2 vj+n−2

]. Pr�gmati, apì thn kataskeu sthn (4.6) èqoume
u∗

j+n−2vj+n−2 = (aj+n−2v
∗
j+n−3 + bj+n−2u

∗
j−1)(

|bj+n−2|
|aj+n−2|

aj+n−2vj+n−3 −
|aj+n−2|
|bj+n−2|

bj+n−2uj−1)

= |bj+n−2| |aj+n−2| − |aj+n−2| |bj+n−2| = 0.Analìgw, gia ℓ = j, . . . , j + n − 3

u∗
ℓuj+n−2 = aj+n−2u

∗
ℓvj+n−3 + bj+n−2u

∗
ℓuj−1 = 0kai

u∗
ℓvj+n−2 =

|bj+n−2|
|aj+n−2|

aj+n−2u
∗
ℓvj+n−3 −

|aj+n−2|
|bj+n−2|

bj+n−2u
∗
ℓuj−1 = 0,kajìson ta dianÔsmata uj−1, vj+n−3 kai uℓ (ℓ = j, . . . , j +n−3) e�nai orjog¸nia,w st le tou Uj−1. 49



Gia k ≥ 2(n−1)
3

kai µ1 ∈ int {w(A)}, parousi�zetai sth sunèqeia m�a mèjodogia thn eÔresh mia isometr�a V =
[

w1 . . . wn−k

], tètoia ¸ste V ∗AV =

diag {µ1, µ2, . . . , µn−k} gia kat�llhla shme�a µ2, . . . , µn−k ∈ w(A)\σ(A). Upen-jum�zonta tou sumbolismoÔ sto Je¸rhma 4.1 kai ìti R(·) e�nai to ped�o tim¸nenì p�naka, èqoume:Prìtash 4.3. 'Estw oi isometr�e Vj =
[

w1 . . . wj

] gia thn emfÔteush tou
diag {µ1, . . . , µj} ston kanonikì p�naka A. Tìte oi upìqwroi R(Vj) kai R(Wj)e�nai orjog¸nioi (dhlad  V ∗

j Wj = 0), ìpou
Wj =

[

u(j−1)(n−1)+1 . . . u(j−1)(n−1)+n−j−1 v(j−1)(n−1)+n−j

] (4.7)gia j = 1, 2, . . . , n − k − 1.Apìdeixh. Gia j = 1, jewroÔme èna eswterikì shme�o µ1 ∈ w(A)\σ(A) sthn (4.4)kai w1 =
∑n

j=1 τjxj ∈ C
n ant�stoiqo di�nusma-genn tora, ìpou τj ∈ C\ {0}. Apìthn (4.6) anadromik� gia q = 1, . . . , n − 1, èqoume

uq =

(
q−1
∏

ℓ=1

|bℓ|
|aℓ|

aℓ

)

aqx1 −
(

|a1|
|b1|

b1

q−1
∏

ℓ=2

|bℓ|
|aℓ|

aℓ

)

aqx2 −
(

|a2|
|b2|

b2

q−1
∏

ℓ=3

|bℓ|
|aℓ|

aℓ

)

aqx3−

− · · · −
( |aq−2|
|bq−2|

bq−2
|bq−1|
|aq−1|

aq−1

)

aqxq−1 −
( |aq−1|
|bq−1|

bq−1

)

aqxq + bqxq+1.Sunep¸ gia q = n − 1 kai arg (bℓ) = π (ℓ = 1, . . . , n − 2), èpetai ìti
un−1 =

(
n−2∏

ℓ=1

|bℓ|
|aℓ|

aℓ

)

an−1x1 +

(

|a1|
n−2∏

ℓ=2

|bℓ|
|aℓ|

aℓ

)

an−1x2 +

(

|a2|
n−2∏

ℓ=3

|bℓ|
|aℓ|

aℓ

)

an−1x3+

+ · · · +
(

|an−3|
|bn−2|
|an−2|

an−2

)

an−1xn−2 + |an−2| an−1xn−1 + bn−1xn (4.8)kai antikajist¸nta ti posìthte
bn−1 = τn, an−1 = |an−1| eiarg(τn−1), an−2 =

|τn−1|
|an−1|

eiarg(τn−2)−iarg(τn−1)kai aℓ =
|τℓ+1|

|an−1|
∏n−2

i=ℓ+1 |bi|
eiarg(τℓ)−iarg(τℓ+1) (ℓ = 1, . . . , n − 3)sthn (4.8), sumpera�noume un−1 =

∑n
j=1 τjxj = w1. Sunep¸, gia ton upì-qwro Ker (V ∗

1 ) = (span {w1})⊥ = (span {un−1})⊥ = span {u1, . . . , un−2, vn−1}50



or�zetai m�a orjokanonik  b�sh, kajìson o U1 =
[

u1 . . . un−1 vn−1

] e�naiorjomonadia�o.Gia j = 2, jewroÔme ton orjomonadia�o Un−1 =
[

w1 un . . . u2n−3 v2n−3

]

≡
[

w1 Q1

] kai parathroÔme ìti w2 ∈ (span {w1})⊥ = R(Q1), dhlad  w2 =

Q1

[

r1 . . . rn−1

]T . Anadromik� sthn (4.6), gia arg (bℓ) = π (ℓ = n, . . . , 2n−3)èqoume
u2n−3 =

(
2n−4∏

ℓ=n

|bℓ|
|aℓ|

aℓ

)

a2n−3vn−1 +

(

|an|
2n−4∏

ℓ=n+1

|bℓ|
|aℓ|

aℓ

)

a2n−3u1 + · · ·+

+

(

|a2n−5|
|b2n−4|
|a2n−4|

a2n−4

)

a2n−3un−4 + |a2n−4| a2n−3un−3 + b2n−3un−2,ap�ìpou or�zoume u2n−3 = w2, ìtan
b2n−3 = rn−1, a2n−3 = |a2n−3| eiarg(rn−2), a2n−4 =

|rn−2|
|a2n−3|

eiarg(rn−3)−iarg(rn−2)kai aℓ =
|rℓ−n+2|

|a2n−3|
∏2n−4

i=ℓ+1 |bi|
eiarg(rℓ−n+1)−iarg(rℓ−n+2) (ℓ = n, . . . , 2n − 5).'Etsi, gia ti isometr�e V2 =

[

w1 w2

] kai W2 =
[

un . . . u2n−4 v2n−3

],prokÔptei ìti Ker(V ∗
2 ) = (span {w1, w2})⊥ = R(W2).Gia j = 3 kai a2n−2 = 0, b2n−2 = 1 sthn (4.6), èqoume u2n−2 = a2n−2v2n−3 +

b2n−2u(2n−2)−n+1 = un−1 = w1 kai jewroÔme ton orjomonadia�o
U2n−3 =

[

w2 w1 u2n−1 . . . u3n−5 v3n−5

]

≡
[

w2 w1 Q2

]

.Profan¸ w3 ∈ Ker(V ∗
2 ) = (span {w1, w2})⊥ = R(Q2), dhlad w3 = Q2

[

t1 . . . tn−2

]Tkai, ìpw sta prohgoÔmena b mata, or�zoume gia kat�llhle epilogè paramè-trwn {aℓ, bℓ}3n−5
ℓ=2n−1 sthn (4.6), u3n−5 ≡ w3. Tìte oi isometr�e V3 =

[

w1 w2 w3

]kai W3 =
[

u2n−1 . . . u3n−4 v3n−5

] e�nai orjog¸nie, dhlad  Ker(V ∗
3 ) =

(span {w1, w2, w3})⊥ = R(W3).Suneq�zonta omo�w, epibebai¸noume gia j = 1, . . . , n−k−1 kai gia kat�llh-le epilogè twn {aℓ, bℓ}(j−1)(n−2)+n−1
ℓ=(j−1)(n−2)+1 ìti oi orjomonadia�oi U(j−1)(n−2)+1 èqounthn èkfrash

U(j−1)(n−2)+1 ≡
[

u(j−1)(n−2)+1 . . . u(j−1)(n−2)+n−1 v(j−1)(n−2)+n−1

]

=
[

wj−1 wj−2 . . . w1 u(j−1)(n−1)+1 . . . u(j−1)(n−1)+n−j−1 wj v(j−1)(n−1)+n−j

]

,51



ìpou wj = u(j−1)(n−1)+n−j(= ujn−(2j−1)) kai to apotèlesma èpetai.Prìtash 4.4. 'Estw o n× n diagwnopoihmèno kanonikì p�naka A = UDU∗kai V ∗
j AVj = diag {µ1, . . . , µj}, ìpou Vj =

[

w1 . . . wj

] e�nai isometr�e, gia
j = 1, . . . , n − k − 1 me k ≥ 2(n−1)

3
. Jewr¸nta thn isometr�a Wj = UΣj ∈

C
n×(n−j) sthn (4.7) kai (cj,1, . . . , cj,n−j)

T m�a merik  lÔsh tou grammikoÔ sust -mato
[

2H(D)Σj

2iS(D)Σj

]







cj,1...
cj,n−j






−
[

Σj

Σj

]







dj,1...
dj,n−j






−
[

Σj

−Σj

]







fj,1...
fj,n−j







= 0 (4.9)me 3(n− j) agn¸stou, tìte to di�nusma Wj

[

cj,1 . . . cj,n−j

]T e�nai orjog¸niokai A-orjog¸nio ston R(Vj).Apìdeixh. Ja prosdior�soume èna mh mhdenikì di�nusma ξj+1 ∈ Sj,1 ∩ Sj,2 ∩
Sj,3,   isodÔnama èna di�nusma ξj+1 ∈ Sj,1 = Ker(V ∗

j ) tètoio ¸ste Aξj+1 kai
A∗ξj+1 na an koun ep�sh ston Sj,1. Gia k ≥ 2(n−1)

3
(  isodÔnama j ≤ n−1

3
),h Ôparxh enì tètoiou dianÔsmato exasfal�zetai apì to Je¸rhma 4.1. Sum-bol�zonta ξj+1 = Wj

[

cj,1 . . . cj,n−j

]T , h sqèsh Aξj+1 ∈ Sj,1 sunep�getai
AWj

[

cj,1 . . . cj,n−j

]T

= Wj

[

dj,1 . . . dj,n−j

]T , ap�ìpou, emplèkonta th dia-gwnopoihmènh morf  tou A, èqoume
DΣj

[

cj,1 . . . cj,n−j

]T

− Σj

[

dj,1 . . . dj,n−j

]T

= 0. (4.10)Omo�w, apì th sqèsh A∗ξj+1 ∈ Sj,1 sumpera�noume
D∗Σj

[

cj,1 . . . cj,n−j

]T

− Σj

[

fj,1 . . . fj,n−j

]T

= 0. (4.11)Oi exis¸sei (4.10) kai (4.11) e�nai isodÔname me to grammikì sÔsthma (4.9) me
3(n − j) agn¸stou {cj,ℓ, dj,ℓ, fj,ℓ}n−j

ℓ=1 . Epeid 
rank

[

2H(D) −In −In

2iS(D) −In In

]

(I3 ⊗ Σj) = 2nkai j ≤ n−1
3
, to sÔsthma e�nai sumbibastì, h de lÔsh tou sust mato perilamb�nei

n − 3j paramètrou. Or�zonta {cj,ℓ}n−j
ℓ=1 apì thn (4.9), èqoume to di�nusma52



ξj+1 = Wj

[

cj,1 . . . cj,n−j

]T me ti epijumhtè idiìthte, opìte wj+1 ≡ ξj+1

‖ξj+1‖ ∈
Sj,1 ∩ Sj,2 ∩ Sj,3 e�nai genn tora tou shme�ou µj+1 = w∗

j+1Awj+1 kai gia Vj+1 =
[

Vj wj+1

] katal goume sthn V ∗
j+1AVj+1 = diag {µ1, . . . , µj+1}.An sthn ex�swsh (4.9) èqoume ìti {cj−1,ℓ}n−j+1

ℓ=1 ⊂ R\ {0} gia k�poio j ∈
{1, . . . , n − k − 1}, h isometr�a Wj sthn (4.7) mpore� na ekfraste� gia kat�llh-le timè twn paramètrwn aℓ kai bℓ w Wj = UΣj, ìpou h isometr�a Σj e�naipragmatik . EÔkola epibebai¸netai tìte ìti to sÔsthma

DΣj







cj,1...
cj,n−j






− Σj







dj,1...
dj,n−j







= 0e�nai isodÔnamo me to (4.9) gia pragmatikè lÔsei.To akìloujo par�deigma e�nai endeiktikì th efarmog  twn Prot�sewn 4.3kai 4.4.Par�deigma 4.1. 'Estw A = diag {0, 1, i, 1 + i} kai to shme�o µ1 = 1
2

+ 2
10

i ∈
int {w(A)}. Ekfr�zonta µ1 ∈ co {0, 1, i, 1 + i}, lamb�noume akoloÔjw ènadi�nusma-genn tora w1 =

∑4
j=1 cjej, ìpou {ej}4

j=1 h sun jh b�sh tou C
4 kai

cj ∈ R\ {0}. Jètonta sthn (4.6) (a1, b1) =
(

1√
2
, 1√

2

), (a2, b2) =
(

1
3
, 2

√
2

3

) kai
(a3, b3) =

(
3√
10

, 1√
10

), tìte
u1 =

1√
2

(e1 + e2) =
1√
2

(1, 1, 0, 0)T , v1 =
1√
2

(e1 − e2) =
1√
2

(1,−1, 0, 0)T ,

u2 =
1

3
v1 +

2
√

2

3
e3 =

1

3
√

2
(1,−1, 4, 0)T , v2 =

2
√

2

3
v1 −

1

3
e3 =

1

3
(2,−2,−1, 0)T ,

u3 =
3√
10

v2 +
1√
10

e4 =
1√
10

(2,−2,−1, 1)T , v3 =
1√
10

v2 −
3√
10

e4 =
1

3
√

10
(2,−2,−1,−9)T .Gia to di�nusma w1 = u3 = 1√

10
(2,−2,−1, 1)T èqoume µ1 = w∗

1Aw1 = 1
2

+ 2
10

ikai (span {w1})⊥ = span {u1, u2, v3}. Shmei¸nonta thn isometr�a W1 = Σ1 =

1√
2










1 1
3

2
3
√

5

1 −1
3

− 2
3
√

5

0 4
3

− 1
3
√

5

0 0 − 3√
5










(Prìtash 4.3), o p�naka tou grammikoÔ sust mato sthn
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(4.9) e�nai
[

2H(D)Σ1 −Σ1 −Σ1

2iS(D)Σ1 −Σ1 Σ1

]

=
1√
2





















0 0 0 −1 −1
3
− 2

3
√

5
−1 −1

3
− 2

3
√

5

2 −2
3

− 4
3
√

5
−1 1

3
2

3
√

5
−1 1

3
2

3
√

5

0 0 0 0 −4
3

1
3
√

5
0 −4

3
1

3
√

5

0 0 − 6√
5

0 0 3√
5

0 0 3√
5

0 0 0 −1 −1
3
− 2

3
√

5
1 1

3
2

3
√

5

0 0 0 −1 1
3

2
3
√

5
1 −1

3
− 2

3
√

5

0 8
3
i − 2

3
√

5
i 0 −4

3
1

3
√

5
0 4

3
− 1

3
√

5

0 0 − 6√
5
i 0 0 3√

5
0 0 − 3√

5





















.

Tìte gia (d1,1, d1,2, d1,3) =
(
f 1,1, f 1,2, f 1,3

)
=
(

1
2
√

5
, 1

6
√

5
(1 − 8i),−2

3
(1 + i)

), lam-b�noume thn pragmatik  lÔsh (c1,1, c1,2, c1,3) =
(

1√
5
, 4

3
√

5
,−2

3

) ap�ìpou (Prìtash4.4) or�zetai to di�nusma
w2 = Σ1







c1,1

c1,2

c1,3







=
1√
5
u1 +

4

3
√

5
u2 −

2

3
v3 =

1√
10

(1, 1, 2, 2)T .Sunep¸, gia to shme�o µ2 = w∗
2Aw2 = 1

2
+ 8

10
i kai thn isometr�a V =

[

w1 w2

]

=

1√
10

[

2 −2 −1 1

1 1 2 2

]T katal goume sth sqèsh emfÔteush
diag {µ1, µ2} = diag

{
1

2
+

2

10
i,

1

2
+

8

10
i

}

= V ∗AV.Eidik� sthn per�ptwsh pou to dosmèno shme�o µ1 an kei sto sÔnoro tou mhtetrimmènou polug¸nou w(A), sumbol�zonta me zw to eujÔgrammo tm ma sto Cme �kra z kai w, parousi�zoume thn akìloujh idiìthta.Prìtash 4.5. 'Estw A ∈ C
n×n kanonikì p�naka me f�sma σ(A) = {λj}n

j=1kai èna shme�o µ1 ∈ int λ1λ2, ìpou λ1 kai λ2 e�nai diadoqikè korufè tou mhtetrimmènou polug¸nou w(A). An V ∗AV = diag {µ1, µ2, . . . , µn−k} gia k�poiaisometr�a V ∈ C
n×(n−k), tìte µ2, . . . µn−k ∈ co {λj}n

j=3.Apìdeixh. Upenjum�zoume ìti {xj}n
j=1 e�nai ta monadia�a idiodianÔsmata tou Apou antistoiqoÔn sti idiotimè tou {λj}n

j=1 kai jewroÔme to di�nusma-genn tora54



u1 =
√

ax1 +
√

1 − ax2 gia to µ1(= u∗
1Au1), me a ∈ (0, 1). Tìte to monadia�odi�nusma v1 =

√
1 − ax1−

√
ax2 e�nai orjog¸nio sto u1 kai or�zei to shme�o ν1 =

v∗
1Av1, dhlad  to summetrikì tou µ1 w pro to mèson tou eujÔgrammou tm mato

λ1λ2, kajìson µ1 + ν1 = λ1 + λ2. Ep�sh (span {u1})⊥ = span {v1, x3, . . . , xn}kai gia ton orjomonadia�o U =
[

u1 v1 x3 . . . xn

], èqoume
U∗AU =







[

µ1 u∗
1Av1

v∗
1Au1 τ1

]

0

0 diag {λ3, . . . , λn}







,ìpou v∗
1Au1 = u∗

1Av1 =
√

a(1 − a)(λ1 − λ2) 6= 0. An gia thn isometr�a V =
[

u1 R
]

≡
[

u1 w2 . . . wn−k

] isqÔei h sqèsh emfÔteush diag {µ1, µ2, . . . , µn−k} =

V ∗AV , gia kat�llhla shme�a µ2, . . . , µn−k ∈ w(A), èpetai ìti
V ∗AV =

[

µ1 u∗
1AR

R∗Au1 R∗AR

]kai kat� sunèpeia u∗
1AR = u∗

1A
∗R = 0. Ekfr�zonta wj = c2v1 +

∑n
ℓ=3 cℓxℓ, h

(j − 1)-h sunist¸sa tou dianÔsmato u∗
1AR isoÔtai me

u∗
1Awj = u∗

1

(

c2Av1 +
n∑

ℓ=3

cℓλℓxℓ

)

= c2u
∗
1Av1kai profan¸ e�nai mhdenik , mìnon ìtan c2 = 0. Tìte wj ∈ span {x3, . . . , xn}gia k�je j = 2, . . . , n − k kai epeid  R∗AR = diag {µ2, . . . , µn−k}, h sqèshegkleismoÔ {µj}n−k

j=2 ⊂ co {λj}n
j=3 isqÔei.Par�deigma 4.2. 'Estw A ∈ C

4×4, tou opo�ou to arijmhtikì ped�o e�nai èna mhtetrimmèno tetr�pleuro kai èstw µ1 ∈ λ1λ2. Sthn per�ptwsh aut , sÔmfwna methn Prìtash 4.5, opoiod pote shme�o µ2 ∈ λ3λ4 apotele� lÔsh gia to prìblhm�ma. Pr�gmati, jètonta µj = w∗
jAwj (j = 1, 2), ìpou w1 =

√
a1x1 +

√
1 − a1x2kai w2 =

√
a2x3 +

√
1 − a2x4 gia a1, a2 ∈ [0, 1], tìte V =

[

w1 w2

] e�nai hapaitoÔmenh isometr�a.Gia A kanonikì, e�nai gnwstì o qarakthrismì tou bajmoÔ-k arijmhtikoÔped�ou [37℄
wk(A) =

⋂

Γ⊂σ(A),|Γ|=n−k+1

coΓ. (4.12)55



En suneqe�a, parousi�zoume m�a idiìthta gia to wk(A) kanonik¸n pin�kwn, pouden èqei emfaniste� sth bibliograf�a.Prìtash 4.6. 'Estw o kanonikì p�naka A ∈ C
n×n me idiotimè σ(A) =

{λj}n
j=1 kai wk(A) 6= ∅. An gia r > k, {λr+1, . . . , λn} ⊂ int {wk(A)}, tìte

wk(A) = wk(Ã), ìpou Ã = diag {λ1, . . . , λr}.Apìdeixh. MetaxÔ twn sunìlwn H = {Γ ⊂ σ(A) : |Γ| = n − k + 1} kai G =
{

Γ̃ ∪ {λr+1, . . . , λn} : Γ̃ ⊂ σ(Ã) me ∣∣∣Γ̃∣∣∣ = r − k + 1
}, emfan¸ isqÔei o egklei-smì

G ⊆ H (4.13)kai apì thn (4.12) èqoume
{λr+1, . . . , λn} ⊂ int {coΓ : Γ ∈ H}gia k�je Γ ∈ H. Sunep¸,

co {λr+1, . . . , λn} ⊂ int {coΓ : Γ ∈ H}kai eidikìtera apì thn (4.13), gia ta stoiqe�a tou G èqoume
co {λr+1, . . . , λn} ⊂ int

{

co
{

Γ̃ ∪ {λr+1, . . . , λn}
}}

,dhlad  co {λr+1, . . . , λn} ⊂ int
{

coΓ̃ : Γ̃ ∪ {λr+1, . . . , λn} ∈ G
}. 'Ara,

wk(A) =
⋂

Γ⊂σ(A),|Γ|=n−k+1

coΓ ⊆
⋂

Γ̃⊂σ(Ã),|Γ̃|=(n−k+1)−(n−r)

{

co
{

Γ̃ ∪ {λr+1, . . . , λn}
}}

=
⋂

Γ̃⊂σ(Ã),|Γ̃|=r−k+1

coΓ̃ = wk(Ã).Apì thn �llh pleur�, o egkleismì wk(Ã) ⊆ wk(A) e�nai �meso.
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Kef�laio 5METABOLESIDIOSUNARTHSEWNANALUTIKWN AUTOSUZUGWNSUNARTHSEWN PINAKWNSto kef�laio autì, ja ekjèsoume sqetik� apotelèsmata me ti arqè me-tabol¸n idiosunart sewn gia n × n analutikè sunart sei pin�kwn P (λ) miapragmatik  metablht  λ, oi opo�e e�nai autosuzuge�, dhlad  P (λ) = P ∗(λ)gia k�je λ ∈ R. E�nai gnwstì apì to je¸rhma tou Rellich [19, sel.394℄ ìti hsun�rthsh P (λ) e�nai diagwnopoi simh gia k�je λ ∈ R kai eidikìtera ìti up�r-qoun bajmwtè analutikè sunart sei µ1(λ), . . . , µn(λ) kai n×n orjomonadia�asun�rthsh p�naka U(λ), me thn idiìthta
P (λ) = U(λ)diag {µ1(λ), . . . , µn(λ)}U∗(λ). (5.1)Sthn (5.1), oi idiosunart sei µj(λ), j = 1, . . . , n apoteloÔn r�ze th ex�swsh

det (Iµ − P (λ)) = µn + p1(λ)µn−1 + · · · + pn−1(λ)µ + pn(λ) = 0, (5.2)ìpou oi suntelestè pj(λ) e�nai sunart sei pragmatik  metablht  λ kai oist le uj(λ) tou U(λ) =
[

u1(λ) . . . un(λ)
] e�nai idiodianÔsmata tou P (λ) pouantistoiqoÔn sti µj(λ), j = 1, . . . , n. Epeid  h sun�rthsh P (λ) e�nai auto-suzug , oi analutikè idiosunart sei µj(λ) e�nai pragmatikè kai mporoÔn na57



ekfrastoÔn w dunamoseirè tou λ − λ0 se m�a geitoni� tou λ0:
µj(λ) = aj,0 + aj,1(λ − λ0) + aj,2(λ − λ0)

2 + . . . (5.3)ìpou aj,i ∈ R, i = 0, 1, 2, . . . ; j = 1, . . . , n. Sthn per�ptwsh pou ta µj(λ) e�naipolu¸numa bajmoÔ 1 to polÔ, to pencil P (λ) èqei thn idiìthta L kai di�foraapotelèsmata sthn kateÔjunsh aut  parousi�zontai sti ergas�e [16℄ kai [41℄.5.1 Fasmatik  an�lush poluwnumik¸npin�kwnSthn enìthta aut , ent�ssoume orismène basikè ènnoie kai apotelèsmatapou aforoÔn sth fasmatik  an�lush poluwnumik¸n pin�kwn. 'Estw o poluwnu-mikì p�naka P (λ) =
∑m

i=0 λiAi, ìpou Ai ∈ C
n×n, i = 0, . . . ,m kai λ ∈ R.'Ena arijmì z0 ∈ R kale�tai idiotim  tou P (λ) an P (z0)x0 = 0 gia k�poio mhmhdenikì di�nusma x0 ∈ C

n. To di�nusma x0 kale�tai dex� idiodi�nusma tou P (λ)pou antistoiqe� sthn idiotim  z0. To sÔnolo ìlwn twn idiotim¸n tou poluwnumikoÔp�naka P (λ) e�nai to f�sma σ(P ) = {λ ∈ R : detP (λ) = 0}.'Estw λ1, λ2, . . . , λr ∈ σ(P ) oi idiotimè tou P (λ). Upojètoume ep�sh ìtigia λj ∈ σ(P ) up�rqoun dianÔsmata xj,0, xj,1, . . . , xj,sj−1 ∈ C
n me xj,0 6= 0 pouikanopoioÔn

P (λj)xj,0 = 0

P
′

(λj)

1!
xj,0 + P (λj)xj,1 = 0...

P (sj−1)(λj)

(sj − 1)!
xj,0 +

P (sj−2)(λj)

(sj − 2)!
xj,1 + · · · + P

′

(λj)

1!
xj,(sj−2) + P (λj)xj,(sj−1) = 0,(5.4)ìpou oi anwtèrw de�kte shmei¸noun ti parag¸gou tou P (λ) kai sj e�nai mikrì-tero   �so th algebrik  pollaplìthta tou λj. Tìte to di�nusma xj,0 e�naiidiodi�nusma pou antistoiqe� sthn λj kai xj,1, xj,2, . . . , xj,(sj−1) e�nai ta genikeumè-na idiodianÔsmata kai sunistoÔn m�a alus�da Jordan m kou sj tou P (λ) pouantistoiqe� sthn λj (de [19℄). 58



Ta uperbolik� polu¸numa apoteloÔn m�a eurèw melethmènh kathgor�a au-tosuzug¸n poluwnumik¸n sunart sewn (de [38℄). Aut� ikanopoioÔn tou peri-orismoÔ ìti o megistob�jmio suntelest  Am > 0 kai ìti to bajmwtì polu¸nu-mo πx(λ) := x∗P (λ)x pou or�zetai gia k�je mh mhdenikì x ∈ C
n èqei m pragma-tikè kai diakekrimène r�ze. Sumbol�zoume me {ρi(x)}m

i=1 ti r�ze tou polu-wnÔmou πx(λ) se mh fj�nousa seir�. Ta sÔnola ∆i := {ρi(x) : x ∈ C
n\ {0}},

i = 1, . . . ,m kaloÔntai z¸ne riz¸n (root zones). Profan¸ ∆i e�nai to ped�otim¸n tou sunarthsiakoÔ ρi(x) kai e�nai mh kenì di�sthma. Sto pla�sio autì,h ènnoia twn <<tÔpwn idiotim¸n>> e�nai jemeli¸dh. 'Ena pragmatikì arijmì
z0 lègetai pw èqei orismèno (jetikì   arnhtikì) tÔpo an h tetragwnik  mor-f  π

′

x(z0) = x∗P
′

(z0)x e�nai orismènh (jetik�   arnhtik� orismènh, antisto�qw)ston pur na KerP (z0). IsodÔnama, z0 e�nai jetikoÔ   arnhtikoÔ tÔpou, an hsun�rthsh πx(λ) e�nai aÔxousa   fj�nousa sto z0 ant�stoiqa.E�nai gnwstì [38℄ ìti oi z¸ne riz¸n twn uperbolik¸n poluwnÔmwn e�nai xènemetaxÔ tou, dhlad  ∆i ∩ ∆j = ∅ gia i 6= j ∈ {1, 2, . . . ,m}. Kat� sunèpeia,up�rqoun pragmatikè idiotimè a1 ≤ b1 < a2 ≤ b2 < · · · < am ≤ bm tou P (λ),tètoie ¸ste k�je di�sthma ∆i = [ai, bi] na perilamb�nei akrib¸ n idiotimè tou
P (λ) (me pollaplìthta), pou e�nai ìle tou �diou (jetikoÔ   arnhtikoÔ) tÔpou.Oi idiotimè se diadoqikè z¸ne ∆i, ∆i+1 (i = 1, . . . ,m−1) e�nai ant�jetou tÔpou[34℄.5.2 Lexikografik  di�taxhidiosunart sewn'Opw anafèrjhke sthn arq  tou kefala�ou, skopì ma e�nai na melet soumearqè metabol  gia ti idiosunart sei µj(λ). Kat� sunèpeia, e�nai anagka�o naeisaqje� m�a kat�llhlh di�taxh gia pragmatikè analutikè sunart sei. Autìmpore� na epiteuqje� mèsw th lexikografik  di�taxh th �peirh seir� sunte-lest¸n (aj,0, aj,1, . . . ), j = 1, . . . , n sti analutikè ekfr�sei (5.3) twn µj(λ) segeitoni� tou λ0. Eidikìtera lème:

µi(λ) ≺ µj(λ) ⇔ ∃ σ ∈ N, tètoio ¸ste ∀ ℓ ∈ {0, 1, . . . , σ − 1}èqoume ai,ℓ = aj,ℓ kai ai,σ < aj,σ. (5.5)59



Se autì to shme�o ton�zoume ìti e�nai saf  h di�krish twn sumbìlwn � kai
≤. H sqèsh µi(λ) � µj(λ) isqÔei anex�rthta tou λ kai de sunep�getai ìti
µi(λ) ≤ µj(λ) gia auja�reto λ. Gia par�deigma, oi idiosunart sei µ1(λ) = λ kai
µ2(λ) = 3− λ ikanopoioÔn th sqèsh µ1(λ) � µ2(λ), all� apì thn �llh den e�naialhjè ìti µ1(λ) ≤ µ2(λ) gia k�je λ.ParathroÔme ìti h parap�nw di�taxh twn suntelest¸n odhge� se m�a olik di�taxh sto sÔnolo twn analutik¸n sunart sewn. Pr�gmati, a jewr soume
f(λ) =

∑
ak(λ−λ0)

k m�a mh mhdenik  analutik  sun�rthsh me ap > 0 ton pr¸tomh mhdenikì suntelest  th seir�. Profan¸, gia λ → λ+
0 , to ìrio f(λ)/(λ −

λ0)
p e�nai jetikì kai h f e�nai jetik  se k�poia dexi� geitoni� tou λ0. Sunep¸,gia dÔo diakekrimène pragmatikè analutikè sunart sei f(λ) kai g(λ), h sqèsh

f ≺ g me th lexikografik  ènnoia shma�nei ìti h f br�sketai k�tw apì thn g se m�adexi� anoikt  geitoni� tou λ0, dhlad  ìti f(λ) < g(λ), gia k�je (λ0, ǫ) kai ǫ > 0.An dÔo analutikè sunart sei f kai g sump�ptoun se opoiod pote di�sthma, tìteprèpei na taut�zontai se olìklhro ton pragmatikì �xona. 'Etsi, dojèntwn dÔopragmatik¸n sunart sewn pou den taut�zontai, k�poia e�nai megalÔterh apì thn�llh se k�poia dexi� geitoni� tou λ0. 'Ara apì thn (5.5) èqoume m�a di�taxh twnidiosunart sewn µj(λ), j = 1, . . . , n tou P (λ) se m�a geitoni� tou λ0 kai èstw
µ1(λ) � µ2(λ) � · · · � µn(λ). (5.6)5.3 Arqè metabol¸n idiosunart sewnAkoloÔjw jewroÔme ti idiosunart sei {µj(λ)}n

j=1 diatetagmène lexiko-grafik� sÔmfwna me to an�ptugm� tou gÔrw apì to λ0 = 0 sthn (5.3) kai semh fj�nousa seir� ìpw sthn (5.6).L mma 5.1. 'Estw oi idiosunart sei µj(λ) sthn (5.6) kai µ(λ) ∈ co {µi(λ), . . . , µk(λ)}gia 1 ≤ i < k ≤ n. Tìte µi(λ) � µ(λ) � µk(λ).Apìdeixh. Kat�arq�, ja apode�xoume ìti µ(λ) � µk(λ) gia k�je 1 < k ≤ n.Epagwgik�, gia k = 2 èqoume µ(λ) = tµ1(λ) + (1 − t)µ2(λ), gia t ∈ [0, 1]. Tìteapì thn (5.3),
µ(λ) = (ta1,0 + (1 − t)a2,0)+λ (ta1,1 + (1 − t)a2,1)+· · ·+λτ (ta1,τ + (1 − t)a2,τ )+. . . .60



An µ1(λ) = µ2(λ), den èqoume na apode�xoume t�pota kai mporoÔme na upojèsoumeìti µ1(λ) ≺ µ2(λ). Tìte up�rqei èna de�kth p ∈ N tètoio ¸ste a1,p < a2,pkai a1,ℓ = a2,ℓ (ℓ = 1, . . . , p − 1), ¸ste profan¸ a1,ℓ = ta1,ℓ + (1 − t)a2,ℓ = a2,ℓ(ℓ = 1, . . . , p − 1) kai ep�sh
a1,p < ta1,p + (1 − t)a2,p < a2,p.Sunep¸, µ1(λ) � µ(λ) � µ2(λ). AkoloÔjw, upojètoume ìti gia k�je 2 ≤

k − 1 < n, h sqèsh
k−1∑

j=1

tjµj(λ) � µk−1(λ), (5.7)ìpou ∑k−1
j=1 tj = 1, tj ∈ [0, 1], e�nai alhj . An µ(λ) =

∑k
j=1 sjµj(λ), ìpou

s1, . . . , sk ∈ [0, 1] kai ∑k
j=1 sj = 1, gia tj = sj (j = 1, . . . , k − 2) kai tk−1 =

sk−1 + sk, apì thn (5.7) èqoume
k−1∑

j=1

sjµj(λ) � (1 − sk)µk−1(λ) � (1 − sk)µk(λ)kai kat� sunèpeia katal goume sth sqèsh µ(λ) =
∑k

j=1 sjµj(λ) � µk(λ).Omo�w, sumpera�noume ìti µ(λ) � µi(λ), to opo�o oloklhr¸nei thn apìdeixh.AfoÔ k�je monadia�o di�nusma x(λ) ∈ C
n ekfr�zetai x(λ) = U(λ)

[

x1 . . . xn

]T ,ìpou U(λ) o orjokanonikì p�naka idiodianusm�twn tou P (λ), x(λ)∗P (λ)x(λ) =
∑n

j=1 |xj|2 µj(λ) kai profan¸ gia thn posìthta x(λ)∗P (λ)x(λ) èqoume
µ1(λ) � x(λ)∗P (λ)x(λ) � µn(λ),dhlad  to sÔnolo {x(λ)∗P (λ)x(λ) : x(λ) ∈ C

n, ‖x(λ)‖2 = 1} e�nai fragmèno wpro th lexikografik  di�taxh.Apì th di�taxh twn idiosunart sewn µj(λ) kai thn prohgoÔmenh parat rhshodhgoÔmaste sto qarakthrismì twn µj(λ) w sup-inf ekfr�sei, genikeÔontakat� ton trìpo autìn ant�stoiqou qarakthrismoÔ gia ti idiotimè ermitian¸npin�kwn [3℄, [33℄.Je¸rhma 5.2. 'Estw h n × n analutik  autosuzug  sun�rthsh P (λ) kaièstw µj(λ) (j = 1, . . . , n) oi idiosunart sei th se mh fj�nousa seir� ìpw sthn61



(5.6) sÔmfwna me to an�ptugm� tou se dunamoseir� gÔrw apì to λ0 = 0 sthn(5.3). Tìte
µj(λ) = inf

S(λ)⊂Cn,
dimS(λ)=j

sup
x(λ)∈S(λ),
‖x(λ)‖

2
=1

x(λ)∗P (λ)x(λ) (5.8)
= sup

T (λ)⊂Cn,
dimT (λ)=n−j+1

inf
x(λ)∈T (λ),
‖x(λ)‖

2
=1

x(λ)∗P (λ)x(λ).Apìdeixh. QrhsimopoioÔme an�loge idèe, ìpw sto je¸rhma twn Courant-Fi-

scher. 'Estw J upìqwro tou C
n di�stash j kai Tj(λ) ≡ span {uj(λ), . . . , un(λ)},ìpou uℓ(λ) e�nai ta orjokanonik� idiodianÔsmata tou P (λ) pou antistoiqoÔn stiidiosunart sei µℓ(λ), (ℓ = j, . . . , n). Epeid  J ∩ Tj(λ) 6= {0} gia k�je λ, jew-roÔme x(λ) ∈ J ∩ Tj(λ), me ‖x(λ)‖2 = 1. Sunep¸, to di�nusma x(λ) mpore� naekfraste� w

x(λ) =
n∑

ℓ=j

cℓuℓ(λ) me n∑

ℓ=j

|cℓ|2 = 1kai tìte
x(λ)∗P (λ)x(λ) =

[

cj . . . cn

]







u∗
j(λ)...

u∗
n(λ)







P (λ)
[

uj(λ) . . . un(λ)
]







cj...
cn







[

cj . . . cn

]







u∗
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u∗
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U(λ)diag {µ1(λ), . . . , µn(λ)}U∗(λ)
[

uj(λ) . . . un(λ)
]







cj...
cn







=
[

cj . . . cn

] [

0n−j+1,j−1 In−j+1

]

diag {µ1(λ), . . . , µn(λ)}
[

0j−1,n−j+1

In−j+1

]







cj...
cn







=
n∑

ℓ=j

|cℓ|2 µℓ(λ) ∈ co {µj(λ), . . . , µn(λ)} . (5.9)'Etsi, apì to L mma 5.1 èqoume µj(λ) � x(λ)∗P (λ)x(λ) kai kat� sunèpeia
µj(λ) � sup

x(λ)∈J
‖x(λ)‖

2
=1

x(λ)∗P (λ)x(λ),62



ap�ìpou sumpera�noume thn èkfrash
µj(λ) � inf

J⊂Cn

dimJ=j

sup
x(λ)∈J ,

‖x(λ)‖
2
=1

x(λ)∗P (λ)x(λ), (5.10)epeid  o upìqwro J (dimJ = j) e�nai oiosd pote. 'Ena j-di�stato upì-qwro e�nai ep�sh o Sj(λ) ≡ span {u1(λ), . . . , uj(λ)}, ¸ste mporoÔme na epi-lèxoume J ≡ Sj(λ). Tìte gia k�je monadia�o di�nusma x(λ) ∈ Sj(λ) isqÔeiìpw prohgoumènw x(λ)∗P (λ)x(λ) =
∑j

ℓ=1 |cℓ|2 µℓ(λ) ∈ co {µ1(λ), . . . , µj(λ)}.Sunep¸, apì to L mma 5.1 prokÔptei ìti x(λ)∗P (λ)x(λ) � µj(λ) kai tìte
sup

x(λ)∈Sj(λ)
‖x(λ)‖

2
=1

x(λ)∗P (λ)x(λ) � µj(λ).Epilègonta x(λ) = uj(λ), katal goume sthn
µj(λ) = sup

x(λ)∈Sj(λ)
‖x(λ)‖

2
=1

x(λ)∗P (λ)x(λ).Gia thn eidik  aut  epilog  upìqwrou Sj(λ), sumpera�noume thn isìthta sthn(5.10), dhlad 
µj(λ) = inf

S(λ)⊂Cn

dimS(λ)=j

sup
x(λ)∈S(λ),
‖x(λ)‖

2
=1

x(λ)∗P (λ)x(λ).Suneq�zoume me ton �dio trìpo gia ton sup-inf qarakthrismì tou µj(λ).ParathroÔme ìti gia tou upìqwrou Sj(λ) = span{u1(λ), . . . , uj(λ)} kai
Tj(λ) = span {uj(λ), . . . , un(λ)}, ìpou 1 ≤ j ≤ n, h parap�nw apìdeixh odhge�sto sumpèrasma

µj(λ) = sup
x(λ)∈Sj(λ)
‖x(λ)‖

2
=1

x(λ)∗P (λ)x(λ) = inf
x(λ)∈Tj(λ)
‖x(λ)‖

2
=1

x(λ)∗P (λ)x(λ). (5.11)Parat rhsh 5.1. Profan¸ to Je¸rhma 5.2 isqÔei ep�sh kai gia th di�taxh twnidiosunart sewn sÔmfwna me to an�ptugm� tou gÔrw apì opoiod pote λ0 ∈ R.Oi tomè twn grafhm�twn twn idiosunart sewn µ1(λ), . . . , µn(λ) me thn euje�a
λ = λ0 or�zoun ti idiotimè {µj(λ0)}n

j=1 tou ermitianoÔ P (λ0). Sthn per�ptwsh63



aut , apì th lexikografik  di�taxh twn idiosunart sewn sÔmfwna me ta anaptÔg-mat� tou se dunamoseir� gÔrw apì to λ0

µj(λ) = aj,0 + aj,1(λ − λ0) + aj,2(λ − λ0)
2 + . . . , j = 1, . . . , nèqoume µj(λ0) = αj,0 kai profan¸ h lexikografik  di�taxh µ1(λ) � µ2(λ) �

· · · � µn(λ) e�nai sumbat  me th di�taxh µ1(λ0) ≤ µ2(λ0) ≤ · · · ≤ µn(λ0) twnidiotim¸n tou ermitianoÔ P (λ0). Jètonta λ = λ0 kai antikajist¸nta min ìpou
inf kai max ìpou sup sti arqè metabol¸n tou Jewr mato 5.2, oi lexiko-grafikè autè isìthte metatrèpontai se arijmhtikè, dhlad  sti klasikè ar-qè metabol¸n gia ti idiotimè tou ermitianoÔ P (λ0).Sthn per�ptwsh pou P (λ) =

∑m
i=0 Aiλ

i e�nai autosuzug  poluwnumikì p�-naka me λ ∈ R, m�a enallaktik  perigraf  tou f�smatì tou se sqèsh me tiidiosunart sei e�nai
σ(P ) = {λ ∈ R : up�rqei j ∈ {1, 2, . . . , n} tètoio ¸ste µj(λ) = 0} ,afoÔ oi idiotimè tou P (λ) or�zontai w oi tomè twn idiosunart sewn µ1(λ),

µ2(λ), . . . , µn(λ) me ton pragmatikì �xona λλ
′ . Apì thn analutikìthta tou idio-dianÔsmato uj(λ) pou antistoiqe� sthn idiosun�rthsh µj(λ), mporoÔme na jew-r soume to an�ptugm� tou se dunamoseir� gÔrw apì to λ0:

uj(λ) = uj,0 + uj,1(λ − λ0) + uj,2(λ − λ0)
2 + . . . (5.12)Upenjum�zoume ìti m�a sun�rthsh x(λ) pou e�nai analutik  se geitoni� tou

λ0 kale�tai [28℄ sun�rthsh-genn tora (generating function) gia to P (λ) t�xh
p sto shme�o λ = λ0 an P (λ)x(λ) = O(|λ − λ0|p).Prìtash 5.3. 'Estw P (λ) =

∑m
i=0 Aiλ

i autosuzug  n × n poluwnumikìp�naka me λ ∈ R kai h idiotim  tou λ0 ∈ σ(P ) e�nai r�za th idiosun�rthsh
µj(λ) gia k�poio j ∈ {1, 2, . . . , n} algebrik  pollaplìthta s. Tìte uj(λ) e�naisun�rthsh-gennn tora tou P (λ) t�xh s sto shme�o λ0.Apìdeixh. M�a dianusmatik  sun�rthsh x(λ) =

∑∞
i=0 xi(λ − λ0)

i apotele� su-n�rthsh-genn tora tou P (λ) t�xh p sto shme�o λ0 [38, L mma 11.3℄ an kaimìnon an ta dianÔsmata x0, . . . , xp−1 sunistoÔn m�a alus�da Jordan tou P (λ)pou antistoiqe� sto λ = λ0. Sunep¸, arke� na de�xoume ìti oi suntelestè64



uj,0, uj,1, . . . ,uj,(s−1) sthn (5.12) apoteloÔn m�a alus�da Jordan pou antistoiqe�sthn idiotim  λ0 tou P (λ). Paragwg�zonta th sun�rthsh uj(λ) sthn (5.12) stoshme�o λ = λ0 èqoume
u

(t)
j (λ0) = t!uj,t, 0 ≤ t ≤ s − 1. (5.13)Ep�sh, paragwg�zonta t forè thn ex�swsh P (λ)uj(λ) = µj(λ)uj(λ) sto λ = λ0èqoume

t∑

i=0

(
t

i

)

P (t−i)(λ0)u
(i)
j (λ0) =

t∑

i=0

(
t

i

)

µ(t−i)(λ0)u
(i)
j (λ0) = 0,afoÔ µj(λ0) = µ

′

j(λ0) = · · · = µ
(s−1)
j (λ0) = 0. Sundu�zonta thn teleuta�asqèsh me thn (5.13), prokÔptei ìti

t∑

i=0

t!

(t − i)!
P (t−i)(λ0)uj,i = 0, 0 ≤ t ≤ s − 1. (5.14)Upenjum�zonta ton tÔpo (5.4) gia ta genikeumèna idiodianÔsmata, profan¸ apìthn (5.14) sumpera�noume uj,t = xt (t = 0, 1, . . . , s− 1), ìpou {x0, . . . , xs−1} e�naim�a alus�da Jordan pou antistoiqe� sthn idiotim  λ0.Apì thn Prìtash 5.3, profan¸ an λi apotele� r�za twn idiosunart sewn

µi1(λ), . . . , µik(λ) me pollaplìthte si1 , . . . , sik , tìte ta genikeumèna idiodianÔ-smata xi,0 ∈ span {ui1,0, . . . , uik,0}, . . . , xi,sr
∈ span {ui1,sr

, . . . , uik,sr
} me sr =

min {si1 , . . . , sik}.Sth sunèqeia, anaferìmaste se uperbolikoÔ poluwnumikoÔ p�nake P (λ) =
∑m

i=0 λiAi me λ ∈ R, gia tou opo�ou me efarmog  tou Jewr mato 5.2, odh-goÔmaste se qarakthrismoÔ metabol¸n gia ti idiotimè tou w pro ti r�ze
{ρi(x)}m

i=1 twn bajmwt¸n poluwnÔmwn πx(λ) = x(λ)∗P (λ)x(λ). Qreiazìmasteto akìloujo L mma.L mma 5.4. 'Estw o n×n uperbolikì poluwnumikì p�naka P (λ) =
∑m

i=0 λiAime z¸ne riz¸n {∆±
i

}m

i=1
, ìpou to prìshmo sumbol�zei to e�do twn idiotim¸n tou

P (λ) pou perilamb�nontai sthn ek�stote z¸nh. Tìte gia λ ∈ ∆+
i (∆−

i ) isqÔeiìti
λ > ρi(x) ⇔ πx(λ) = x∗P (λ)x > (<)0,

λ < ρi(x) ⇔ πx(λ) = x∗P (λ)x < (>)0,65



gia k�je mh mhdenikì x ∈ C
n.Apìdeixh. AfoÔ P (λ) e�nai uperbolikì poluwnumikì p�naka, o megistob�j-mio suntelest  x∗Amx tou bajmwtoÔ poluwnÔmou πx(λ) e�nai jetikì gia k�jemh mhdenikì x ∈ C

n. Sunep¸, limλ→−∞ πx(λ) = −∞, an m e�nai perittìkai limλ→−∞ πx(λ) = ∞, an m �rtio. Sthn per�ptwsh pou m e�nai perittì(�rtio), to polu¸numo πx(λ) aux�nei (fj�nei) sto ρ1(x) kai epiplèon h z¸nh
∆+

1 (∆−
1 ) perièqei idiotimè jetikoÔ (arnhtikoÔ) tÔpou. Kaj¸ oi tÔpoi idiotim¸nenall�ssontai, to genikì apotèlesma èpetai se k�je per�ptwsh.Shmei¸noume ìti oi anwtèrw sullogismo� m� epitrèpoun na kajor�soume toutÔpou twn idiotim¸n se diadoqikè z¸ne riz¸n, dhlad  an m = 2k, tìte oi z¸ne

∆−
i gia i = 2ℓ + 1 (ℓ = 0, 1, . . . , k − 1) perièqoun idiotimè arnhtikoÔ tÔpou, en¸oi ∆+

i gia i = 2ℓ (ℓ = 1, . . . , k) jetikoÔ. Gia m = 2k + 1, ta prìshma stiz¸ne enall�ssontai. O qarakthrismì autì m� odhge� na prosdior�soume tiidiotimè λi se k�je z¸nh riz¸n ∆±
i mèsw min-max ekfr�sewn.Prìtash 5.5. 'Estw o n × n uperbolikì poluwnumikì p�naka P (λ) =

∑m
i=0 λiAi me idiotimè {λj}mn

j=1 se mh fj�nousa seir�. Tìte gia λj ∈ ∆±
i (i ∈

{1, . . . ,m}) èqoume
λj = max

T ⊂Cn

dimT =n−k+1

min
x∈T
x 6=0

ρi(x) = min
S⊂Cn

dimS=k

max
x∈S
x 6=0

ρi(x), (5.15)ìpou j ≡ k (mod n), ρi(x) e�nai h r�za tou poluwnÔmou πx(λ) pou or�zei th z¸nhriz¸n ∆±
i = {ρi(x) : x ∈ C

n\ {0}}.Apìdeixh. Gia to qarakthrismì th λj se k�poia z¸nh riz¸n ∆+
i (i ∈ {1, . . . ,m}),jewroÔme th di�taxh twn idiosunart sewn µ1(λ) � µ2(λ) � · · · � µn(λ) sÔmfw-na me ti analutikè tou ekfr�sei gÔrw apì to λj. Upenjum�zoume ìti h di�taxhaut  sump�ptei me eke�nh twn idiotim¸n tou P (λj), dhlad  µ1(λj) ≤ · · · ≤ µn(λj).AfoÔ j ≡ k (mod n), tìte oi idiotimè (se mh fj�nousa seir�) tou poluwnumikoÔp�naka P (λ) sth z¸nh ∆+

i pou den e�nai megalÔtere apì th λj ≡ λ(i−1)n+k(dhlad  oi λ(i−1)n+1 ≤ λ(i−1)n+2 ≤ · · · ≤ λ(i−1)n+k−1) e�nai r�ze twn idio-sunart sewn {µn−k+2(λ), . . . , µn(λ)}, kaj¸ autè e�nai oi mìne idiosunart -sei pou lamb�noun jetikè timè sto shme�o λ = λj. Profan¸ λj e�nai r�za tou
µn−k+1(λ) kai eidikìtera
µ1(λj) ≤ µ2(λj) ≤ · · · ≤ µn−k(λj) ≤ µn−k+1(λj) = 0 ≤ µn−k+2(λj) ≤ · · · ≤ µn(λj).66



'Opw fa�netai sthn apìdeixh tou Jewr mato 5.2, èqoume thn èkfrash
µn−k+1(λ) = sup

x(λ)∈Sn−k+1(λ)
‖x(λ)‖

2
=1

x(λ)∗P (λ)x(λ),ìpou Sn−k+1(λ) = span {u1(λ), . . . , un−k+1(λ)}. Antikajist¸nta λ = λj prokÔptei
0 = µn−k+1(λj) = max

x(λj)∈Sn−k+1(λj)
‖x(λj)‖2

=1

x(λj)
∗P (λj)x(λj) = max

x∈Sn−k+1(λj)
‖x‖

2
=1

πx(λj),to opo�o sunep�getai ìti 0 ≥ πx(λj) gia k�je x ∈ Sn−k+1(λj). Efarmìzonta toL mma 5.4 èqoume
λj ≤ ρi(x) gia k�je x ∈ Sn−k+1(λj) ⇒ λj ≤ min

x∈Sn−k+1(λj)
x 6=0

ρi(x)kai sunep¸,
λj ≤ max

T ⊂Cn

dimT =n−k+1

min
x∈T
x 6=0

ρi(x). (5.16)Apì thn �llh pleur�, afoÔ gia k�je (n − k + 1)-di�stato upìqwro T ⊂ C
nèqoume T ∩ Tn−k+1(λ) 6= {0}, ìpou Tn−k+1(λ) = span {un−k+1(λ), . . . , un(λ)},up�rqei k�poio monadia�o di�nusma x̃(λ) ∈ T ∩ Tn−k+1(λ) gia to opo�o profan¸isqÔei ìti µn−k+1(λ) � x̃(λ)∗P (λ)x̃(λ). 'Ara, gia λ = λj èqoume

0 = µn−k+1(λj) ≤ x̃(λj)
∗P (λj)x̃(λj) ≤ max

x∈T
‖x‖

2
=1

πx(λj).Jewr¸nta x0 ∈ T , gia to opo�o lamb�netai to max x∈T
‖x‖

2
=1

πx(λj), tìte to L mma5.4 sunep�getai ìti λj ≥ ρi(x0), ap�ìpou katal goume sto sumpèrasma
λj ≥ min

x∈T
x 6=0

ρi(x) ⇒ λj ≥ max
T ⊂Cn

dimT =n−k+1

min
x∈T
x 6=0

ρi(x). (5.17)Profan¸, apì ti (5.16) kai (5.17) sumpera�netai h pr¸th isìthta sthn (5.15).Suneq�zoume omoiotrìpw gia tou upìloipou isqurismoÔ.Oi qarakthrismo� th Prìtash 5.5 epekte�noun eke�nou sto [13, Je¸rhma2.1℄, ¸ste na peril�boun ti idiotimè uperbolik¸n poluwnumik¸n pin�kwn. Ed¸to polu¸numo πx(λ) èqei m diakritè pragmatikè r�ze kai den ikanopoie� tiupojèsei sthn ergas�a [13℄.Exeid�keush th Prìtash 5.5 gia uperbolik� grammik� polu¸numa P (λ) =

A − λB (gia ta opo�a B < 0) d�nei to akìloujo pìrisma:67



Pìrisma 5.6. Gia ti idiotimè λ1 ≤ λ2 ≤ · · · ≤ λn enì uperbolikoÔ pencil

P (λ) = A − λB (ìpou λ ∈ R kai B < 0) isqÔoun
λj = max

T ⊂Cn

dimT =n−j+1

min
x∈T
x 6=0

x∗Ax

x∗Bx
= min

S⊂Cn

dimS=j

max
x∈S
x 6=0

x∗Ax

x∗Bx
, j = 1, 2, . . . , n,anexart tw tou tÔpou th idiotim  λj.Genikìtera, gia èna grammikì polu¸numo P (λ) = A − λB sto R, me B ≥ 0,

A ∈ C
n×n ermitianoÔ p�nake, oi arqè metabol¸n tou Jewr mato 5.2 odhgoÔnsthn akìloujh prìtash. Gia ènan ermitianì p�naka A kai k�je di�sthma I sum-bol�zoume

LI(A) = span {x : x e�nai idiodi�nusma tou A pou antistoiqe� se λ ∈ σ(A) ∩ I} .Prìtash 5.7. Gia ti idiotimè λ1 ≤ λ2 ≤ · · · ≤ λr tou P (λ) = A− λB isqÔei
λj = min

S⊂Cn

dimS=kj

max
x∈S

x∗Bx>0

x∗Ax

x∗Bx
(5.18)

= max
T ⊂Cn

dimT =n−kj+1

min
x∈T

x∗Bx>0

x∗Ax

x∗Bx
,ìpou kj = dimL(−∞,0](P (λj))Apìdeixh. Gia thn idiotim  λj (j ∈ {1, 2, . . . , r}) tou P (λ) = A − λB, jewroÔmeth di�taxh twn idiosunart sewn µ1(λ) � µ2(λ) � · · · � µn(λ) sÔmfwna me tianalutikè tou ekfr�sei gÔrw apì to λj kai upojètoume ìti h λj apotele� r�zath idiosun�rthsh µk(λ) gia k�poio k ∈ {1, 2, . . . , n}. 'Opw prohgoumènw,gia ton upìqwro Sk(λ) = span {u1(λ), . . . , uk(λ)} èqoume ìti 0 = µk(λj) =

maxx∈Sk(λj)
‖x‖

2
=1

πx(λj) = maxx∈Sk(λj)
‖x‖

2
=1

[x∗Ax − λjx
∗Bx], ap�ìpou prokÔptei ìti

λj = max
x∈Sk(λj)
x∗Bx>0

x∗Ax

x∗Bx
. (5.19)Apì thn �llh pleur�, gia k�je k-di�stato upìqwro S ⊂ C

n, èqoume 0 =

µk(λj) ≤ max x∈S
‖x‖

2
=1

πx(λj) kai epilÔonta w pro λj,
λj ≤ max

x∈S
x∗Bx>0

x∗Ax

x∗Bx
⇒ λj ≤ min

S⊂Cn

dimS=k

max
x∈S

x∗Bx>0

x∗Ax

x∗Bx
. (5.20)H isìthta (5.18) e�nai sunèpeia twn (5.19) kai (5.20).Ant�stoiqa, gia thn �llh isìthta. 68



An�logo gia mh fragmènou telestè A, B se ènan apeirodi�stato q¸ro
Hilbert H me diaforetik  apìdeixh e�nai to apotèlesma [13, Prìtash 2℄.5.4 Sqetik� apotelèsmataOi qarakthrismo� tou Jewr mato 5.2 èqoun w sunèpeia ti akìlouje sqè-sei pou diaplèkoun ti idiosunart sei mia n × n autosuzugoÔ sun�rthsh
P (λ) me eke�ne mia emfuteÔsimh sthn P (λ) sun�rthsh Q(λ) = V ∗P (λ)V ,ìpou V ∈ C

n×(n−k) isometr�a. H parak�tw prìtash apodeiknÔetai me an�logotrìpo, ìpw sthn per�ptwsh twn ermitian¸n ([3℄ kai [35℄).Prìtash 5.8. 'Estw oi analutikè autosuzuge� sunart sei P (λ) kai Q(λ)diast�sewn n×n kai (n− k)× (n− k) ant�stoiqa, ìpou Q(λ) emfuteÔsimh ston
P (λ), λ ∈ R kai 1 ≤ k < n. An

t1(λ) � t2(λ) � · · · ≺ tn−k(λ)e�nai oi idiosunart sei tou Q(λ), tìte gia 1 ≤ j ≤ n − k,
µj(λ) � tj(λ) � µj+k(λ).Apìdeixh. Apì to je¸rhma tou Rellich èqoume

Q(λ) = W (λ)diag {t1(λ), . . . , tn−k(λ)}W ∗(λ), (5.21)ìpou W (λ) e�nai (n − k) × (n − k) orjomonadia�a sun�rthsh, gia k�je λ ∈ R.An V ∈ C
n×(n−k) h isometr�a gia thn emfÔteush tou Q(λ) ston P (λ), profan¸

diag {t1(λ), . . . , tn−k(λ)} = W ∗(λ)V ∗P (λ)V W (λ). Gia 1 ≤ j ≤ n−k, jewroÔmeton upìqwro S̃(λ) = span {r1(λ), . . . , rj(λ)}, ìpou {rℓ(λ)}n−k
ℓ=1 oi st le thisometr�a V W (λ). Tìte apì to Je¸rhma 5.2,

µj(λ) = inf
S(λ)⊂Cn

dimS(λ)=j

sup
x(λ)∈S(λ),
‖x(λ)‖

2
=1

x(λ)∗P (λ)x(λ) � sup
x(λ)∈S̃(λ),
‖x(λ)‖

2
=1

x(λ)∗P (λ)x(λ)kai antikajist¸nta sthn teleuta�a x(λ) = V W (λ)

[

x̃

0n−k−j

], ìpou x̃ ∈ C
jmonadia�o, katal goume sthn

µj(λ) � sup
x̃∈Cj ,
‖x̃‖

2
=1

[

x̃∗ 0∗n−k−j

]

diag {t1(λ), . . . , tr(λ)}
[

x̃

0n−k−j

]

= tj(λ).69



Gia th deÔterh anisìthta qrhsimopoioÔme ton sup-inf qarakthrismì tou µj+ksto Je¸rhma 5.2, anaforik� me ton upìqwro T̃ (λ) = span {rj(λ), . . . , rn−k(λ)}kai proqwroÔme analìgw.Prìtash 5.9. 'Estw oi n × n analutikè, autosuzuge� sunart sei P1(λ),
P2(λ) kai R(λ) = P1(λ) − P2(λ). Sumbol�zonta me (µℓ(λ), uℓ(λ)), (tℓ(λ), vℓ(λ))kai (sℓ(λ), wℓ(λ)), ℓ = 1, . . . , n ta ant�stoiqa idiozeÔgh twn P1(λ), P2(λ) kai R(λ)kai jewr¸nta k�je om�da idiosunart sewn se mh fj�nousa lexikografik  seir�,tìte

sj(λ) � µi(λ) − tn(λ), gia i ≤ j,

sj(λ) � µi(λ) − t1(λ), gia i ≥ j.Eidikìtera gia i = j,
µj(λ) − tn(λ) � sj(λ) � µj(λ) − t1(λ).Apìdeixh. Gia j ≥ i jewroÔme tou upìqwrou J1(λ) = span {ui(λ), . . . , un(λ)},

J2(λ) = span {vj−i+1(λ), . . . , vn(λ)}, J3(λ) = span {w1(λ), . . . , wj(λ)} kai tomonadia�o di�nusma y(λ) ∈ J1(λ) ∩ J2(λ) ∩ J3(λ), afoÔ h tom  twn upìqwrwnaut¸n e�nai mh tetrimmènh. Epeid  y(λ) ∈ J1(λ), apì to L mma 5.1 èqoume µi(λ) �
y(λ)∗P1(λ)y(λ) � µn(λ) kai epiplèon, kaj¸ y(λ) ∈ J2(λ), tìte tj−i+1(λ) �
y∗(λ)P2(λ)y(λ) � tn(λ). Sunep¸, èqoume

sj(λ) = sup
x(λ)∈J3(λ)

x∗(λ)R(λ)x(λ) � y∗(λ)R(λ)y(λ)

= y∗(λ)P1(λ)y(λ) − y∗(λ)P2(λ)y(λ) � µi(λ) − tn(λ).Gia thn per�ptwsh j ≤ i, èstw J̃1(λ) = span {u1(λ), . . . , ui(λ)}, J̃2(λ) =

span {v1(λ), . . . , vn−i+j(λ)} kai J̃3(λ) = span {wj(λ), . . . , wn(λ)}. Omo�w, giato monadia�o y(λ) ∈ J̃1(λ) ∩ J̃2(λ) ∩ J̃3(λ) sumpera�noume
sj(λ) = inf

x(λ)∈J̃3(λ)
x∗(λ)R(λ)x(λ) � y∗(λ)R(λ)y(λ) � µi(λ) − t1(λ).

Epiplèon, diathr¸nta tou sumbolismoÔ th Prìtash 5.9 èqoume:70



Prìtash 5.10. 'Estw µj(λ), tj(λ) (j = 1, . . . , n) oi diatetagmène idiosunart -sei twn n × n analutik¸n, autosuzug¸n sunart sewn P1(λ) kai P2(λ) anti-sto�qw. An gia thn el�qisth idiosun�rthsh tou R(λ) = P2(λ) − P1(λ) isqÔei
s1(λ) � 0, tìte µj(λ) � tj(λ), gia j = 1, . . . , n.Apìdeixh. Apì ta idiodianÔsmata vℓ(λ) tou P2(λ) jewroÔme ton upìqwro Sj(λ) =

span {v1(λ), . . . , vj(λ)}. Upenjum�zoume ìti gia k�je j-di�stato upìqwro S(λ)to sÔnolo {x∗(λ)P1(λ)x(λ) : x(λ) ∈ S(λ), ‖x(λ)‖2 = 1} e�nai fragmèno sÔmfwname th lexikografik  di�taxh. 'Etsi, jewroÔme monadia�o di�nusma y(λ) ∈ Sj(λ)tètoio ¸ste
y∗(λ)P1(λ)y(λ) = sup

x(λ)∈Sj(λ)

x∗(λ)P1(λ)x(λ).Tìte, apì to Je¸rhma 5.2 èqoume
µj(λ) = inf

S(λ)⊂Cn

dimS(λ)=j

sup
x(λ)∈S(λ)
‖x(λ)‖

2
=1

x∗(λ)P1(λ)x(λ)

� sup
x(λ)∈Sj(λ)
‖x(λ)‖

2
=1

x∗(λ)P1(λ)x(λ) = y∗(λ)P1(λ)y(λ)kai ep�sh apì thn (5.11),
tj(λ) = sup

x(λ)∈Sj(λ)
‖x(λ)‖

2
=1

x∗(λ)P2(λ)x(λ) � y∗(λ)P2(λ)y(λ).Epeid  gia k�je monadia�o di�nusma x(λ) ∈ C
n isqÔei ìti x∗(λ)R(λ)x(λ) ∈

co {s1(λ), sn(λ)} kai epiplèon s1(λ) � 0 , profan¸ x(λ)∗R(λ)x(λ) � 0, to opo�oeidikìtera sunep�getai ìti y∗(λ)P2(λ)y(λ) � y∗(λ)P1(λ)y(λ) kai kat� sunèpeia
µj(λ) � tj(λ).'Estw

sj(λ) = sj,0 + λsj,1 + λ2sj,2 + . . . , j = 1, . . . , noi analutikè ekfr�sei twn idiosunart sewn th analutik , autosuzugoÔ su-n�rthsh R(λ) = P2(λ)−P1(λ) se m�a geitoni� tou λ0 = 0. Profan¸ gia λ = 0,oi suntelestè sj,0, (j = 1, . . . , n) e�nai oi idiotimè tou ermitianoÔ p�naka R(0)se mh fj�nousa seir�, dhlad 
−‖R(0)‖2 ≤ s1,0 ≤ s2,0 ≤ · · · ≤ sn,0 ≤ ‖R(0)‖2Qrhsimopoi¸nta thn Prìtash 5.10, diatup¸noume to epìmeno Pìrisma.71



Pìrisma 5.11. 'Estw oi n × n analutikè, autosuzuge� sunart sei P1(λ),
P2(λ) kai R(λ) = P2(λ) − P1(λ). An R(λ) èqei idiosunart sei

−d � s1(λ) � · · · � sn(λ) � d,ìpou d = ‖R(0)‖2, tìte
µj(λ) − d � tj(λ) � µj(λ) + d.Apìdeixh. Profan¸ oi idiosunart sei tou P2(λ) − P1(λ) + dI e�nai sℓ(λ) + d(ℓ = 1, . . . , n) kai m�lista 0 � s1(λ) + d. Tìte, apì thn Prìtash 5.10 èqoume

µj(λ) − d � tj(λ).Omo�w, oi idiosunart sei th P1(λ) − P2(λ) + dI e�nai −sℓ(λ) + d, gia thnel�qisth apì ti opo�e, −sn(λ) + d, isqÔei 0 � −sn(λ) + d. Sunep¸, apì thnPrìtash 5.10 katal goume sto sumpèrasm� ma.
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Abstract of Thesis:

Spectral analysis for imbedded normal

matrices

An n × n matrix A with complex entries is normal, exactly when AA∗ =

A∗A, where A∗ denotes the conjugate-transpose of A. If the entries of A are real

numbers, clearly the above definition reduces to AAT = AT A, where AT denotes

the transpose matrix of A. The study of normal matrices has been distinctly

successful. The spectral theorem, according to which a normal matrix A is

unitarily diagonalizable, gives the normal matrices a concrete structure, which

is reflected in the various expressions that are equivalent to the definition of

normality. The interested reader can find a list of 89 such expressions in the

papers [20] and [31]. Moreover, the class of normal matrices arises frequently in

applications, including as it does the subclasses of hermitian, unitary and real

symmetric matrices.

In this thesis, we denote by C
m×n the space of m×n matrices with complex

entries and consider the pair of normal matrices A ∈ C
n×n and B ∈ C

(n−k)×(n−k),

with 1 ≤ k < n. The matrix B is imbeddable in A, or a compression of A, if

there exists an isometry V ∈ C
n×(n−k) (i.e. V ∗V = In−k), such that V ∗AV = B.

Denoting by σ(·) the spectrum of a matrix, a natural question is to in-

vestigate how the spectra σ(A) = {λi}n
i=1 and σ(B) = {µi}n−k

i=1 of the normal

matrices A and B respectively are involved, so that B is imbeddable in A.

In the special case where A and B are hermitian matrices, this problem

has been solved by K. Fan and G. Pall in the paper [14]. In this case, the

necessary and sufficient condition is that the interlacing inequalities for the

(real) eigenvalues of A and B are fulfilled. More specifically, if A ∈ C
n×n and
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B ∈ C
(n−k)×(n−k) are hermitian matrices with eigenvalues {λj}n

j=1, {µj}n−k
j=1 in

non-decreasing order respectively, then B is imbeddable in A if and only if

µj ∈ [λj, λj+k], for j = 1, . . . , n − k. (5.22)

The corresponding problem for A and B normal was studied by K. Fan and

G. Pall in the paper above, only in the case k = 1: If A and B are normal of

dimensions n×n and (n− 1)× (n− 1) respectively, the imbedding B = V ∗AV ,

with V ∗V = In−1, is satisfied if and only if the distinct eigenvalues of A and B

are collinear and interlacing. This interesting result was not followed by further

analysis about what occurs for larger k. In this direction, some necessary (but,

not sufficient) conditions have been proved by D. Carlson - E. Marques de Sa

in [7, Thm. 2.3] and J.F. Queiro - A.L. Duarte in [42, Thm. 4.1].

In the second chapter of this dissertation, we consider conditions for interlac-

ing for normal matrices. Initially, futher elaboration of a Theorem by Jiang-Kuo

in [32, Thm. 2.13], leads us to generalize Thm. 2 in [14] for normal matrices

with groups of collinear eigenvalues and k > 1. As a consequence of this, we

present upper and lower bounds on the number of eigenvalues of the imbeddable

matrix B that lie in a closed, convex set, with respect to the number of eigen-

values of A in the same set, generalizing thus a recent result by R. Horn in [27].

In addition, we review and elaborate on the necessary imbedding conditions of

Queiro-Duarte in [42, Thm. 4.1] and Carlson-de Sa in [7, Thm. 2.3] and provide

the links between them. Moreover, we give an answer to a problem posed in [42]

considering the geometric configurations of sets of complex numbers satisfying

[42, Thm. 4.1] in the case of convexly independent sets. In particular, for k = 1,

we prove that sets satisfying either [42, Thm. 4.1] or [7, Thm. 2.3] are collinear

and interlacing on their common line.

In the third chapter, we consider mainly hermitian matrices and in particular

are concerned with the sufficiency of (5.22). Hence, letting {λj}n
j=1, {µj}n−k

j=1

satisfying (5.22) we construct V ∈ C
n×(n−k), such that A = diag {λj}n

j=1 and

B = diag {µj}n−k
j=1 are related via B = V ∗AV . Our approach is realized in

two steps. Initially, a new proof of (5.22) for k = 1 is given, based on the

construction of compressions of normal matrices, presented by M. Adam and

J. Maroulas in [1]. Hence, a geometric profile of the generating isometry V

appears from the sufficiency of (5.22). Futher, we provide two methods for the
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construction of V for k > 1, based on the procedure for the case k = 1. The case

when A and B are normal is then considered and a new set of conditions for the

determination of an isometry V is presented, in the case B is imbeddable in A,

in terms of the real and imaginary parts of their eigenvalues. These conditions

are quite technical, but nonetheless are used to disprove a natural conjecture

concerning the sufficiency of [42, Thm. 4.1].

In the fourth chapter, considering a normal matrix A ∈ C
n×n and a point

µ1 ∈ w(A)\σ(A), we determine the minimum integer 1 ≤ k < n, such that

the relationship V ∗AV = diag {µ1, µ2, . . . , µn−k} is satisfied, for an isometry

V ∈ C
n×(n−k) and suitable points µ2, . . . , µn−k ∈ w(A)\σ(A). It turns out

that k ≥ 2(n−1)
3

and moreover, a counterexample shows that this bound is the

best possible for an arbitrary normal A. In particular, a recursive procedure to

produce (n−k) mutually orthogonal and A-orthogonal unit vectors wj ∈ C
n (i.e.

w∗
i wj = w∗

i Awj = 0, for i 6= j) is proposed for the smallest k. Our construction

is based on a generalization of a result of M. Adam and J. Maroulas in [1],

which yields a method for obtaining generating vectors for arbitrary points

µ1 ∈ int {w(A)}. The resulting isometry V =
[

w1 w2 · · · wn−k

]

∈ C
n×(n−k)

is generating for a diagonal matrix B = V ∗AV , which is a matrix of maximum

order imbeddable in A. Furthermore, some useful properties derived from the

imbeddability of diagonal matrices are presented.

Finally, the fifth and last chapter is motivated by the observation that,

given the standard diagonalization theorem for hermitian matrices, the well-

known variational principles for their eigenvalues follow easily, which in turn

imply the interlacing inequalities. This sequence of results and proofs carries

over for normal matrices, as presented in [42]. Here we consider n× n analytic,

selfadjoint matrix functions P (λ) of a real parameter λ, i.e. P (λ) = P ∗(λ) for

every λ. It is well known by Rellich’s theorem [19, p. 394] that for λ ∈ R, P (λ)

is diagonalizable for all λ and precisely that there exist scalar analytic functions

µ1(λ), . . . , µn(λ) and an n×n unitary matrix function U(λ) in H, which possess

the property

P (λ) = U(λ)diag {µ1(λ), . . . , µn(λ)}U∗(λ). (5.23)

In (5.23), µj(λ) are the eigenfunctions of P (λ). We study variational princi-

ples for the eigenfunctions µj(λ) according to a suitable order for real analytic75



functions: the lexicographic order of the infinite series of coefficients in the

analytic expressions of µj(λ) in a neighbourhood of some λ0. Thus, a char-

acteristic expression of the eigenfunctions as inf-sup or sup-inf of the quantity

x∗(λ)P (λ)x(λ) for suitable unit vectors x(λ) is attained. The variational princi-

ples for eigenfunctions are then connected with the classical variational formulae

for eigenvalues of hermitian matrices and are applied to prove extremal char-

acterizations for the eigenvalues of hyperbolic polynomial matrices. Finally, we

reform for µj(λ) known interlacing inequalities for eigenvalues of hermitian sums

and submatrices with respect to the lexicographic order.
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