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ITepiindn

H mpocopolnon tng poric peuctol 6 cwhnVvoeldelc YewUeTpleg elval Uio amopolTnTr CUVLOTOG
TNC UTOAOYLO TIXNG PLOTUTEIXNAC UNYOVIXAC, EYOVTAS EQPUPUOYY| 0T PEUGTOUNYOVIXT ovaAUoT
LY YELOXY X0l AVATVELG TIXDY 000V, Axpifelc oupoduvouixol utohoyiouol lvor avoryxolot yia
NV xaTovonoT TN coBupdTNTug TwV AGVEVELDY, TNE PUCLOAOYING TWV QUVOUEVWY UETAUPORAS
XL TNG UUETOWONG xaddE XAl TWV LTIV Tou TeoxalolvTal xou eEehicoovtal ol acVEVeleS.
Yuvidog, n dladwacta auTH TEpLABAVEL TNV EEAYWYY| TNS AVATOUXAC YEWUETEIOG amod Lo-
TEWEC ATELXOVIOELS %ol T1) DIEVEQYELN TPOCOUOLOCEMY UTOAOYIC TG pEVC TOdLVAULXTC. (20TOCO,
TOEE TNV AmodoTIXOTNTA TNE, 1 dLadixacia auty| e&oxohoudel vo amantel onuavtixd ypedévo un-
ohoytopoU, o omolog unopel vo xugalveton and weeg Eng Nuépes. Emmiéoy, auth 1 dwodixacio
ETAVAAAUPBAVETOL YLl YEWUETPIES UE OVUTOUIXT) OUOLOTNTA, UE AMOTENECUA TNV TEPAUTER ADENGT
TOU GUYOAIXOU LUTOAOYIGTIXOU %66TouG. 'ETol, 1 emTdyuvor TV TEOCOUOLOCENDY VLol TNV
ToEOY ) ANOOEWY GE TEAYHATIXO YEOVO uTtopel var eviapplvel TN YeNoT TOUS TNV XALVLXY| EQUE-
woY 1.

To Nevpwvixd Aixtuo evipepwpévo and v puowt| (Physics-Informed Neural Networks
- PINNs) éyouv mpbogata tpaffiiet Ty mpocoyh Aoyw tne iavotnTtds toug va tpooeyyilouv
TN CUUTERLPOEE. TOADTAOXWY, U1 YEUUULXWY QUOLXOY CUCTNUATKOY. AuTtd Ta dixTua Yenol-
HomoloLY TIg VEUEALMDELS 0EYESC TNS PUOLXAC X TIC CUVOPLIXES CUVITAXES EVOC GUCTHUOTOC,
EMTEENOVTAS TOUC Vo mpooeYyilouy Aoelg Ue younhd opdipata. Iapdha autd, to amhd
PINN anoutel Eeywptoth exnaldevon yia xdle véo cboTnua, Ye amoTEAEOUA Wi SLodLxaoia
ToU €lvar TLo YpovoBdpa oe GUYXELON UE TIC GLUBUTIXES pEUCTOUNYAVIXES TpoGopoLwoE. [
VO AVTWETOTIOTEL auTé To (ATNUA, €YEl TEOTOWEL ULol OTEUTNYLXY TOAMATADY TEQLTTWOOEWY
PINN (multi-case PINN). Autf n mpocéyyion nepthaufdvel v napopetponoinon dlapope-
TIXOV TEPITTWOEWY YEWUETEIOG X poYig xou TNV Tpo-exnaldeuor toug oto PINN, emtpénov-
Tag TNV Toyelar Toparywyr) ADoewy ot Véeg uehéteg. Auth 1 Simhouotixy epyoasio oToyelel Vo
AVOADOEL XL VoL GUYXEIVEL DIUPORETIXES OPYLTEXTOVXES OIXTOWY UE OXOTO 1 PeATioTOTONON

tou multi-case PINN péow meipoudtonv tou da dieCoydolv ot 1dcatéc 2D otevioelc.

AéCeic KAeowk

Avyyeuanéc Ltevooelg, Awoduvouxr Ipocouoinwaor, Troxotds tota poviéha, Bahd Mdinon,
Nevpwvixd Alxtua Evnuepnuéva and tn Puown.



Abstract

Simulating fluid dynamics in tube-like structures is an essential component of computa-
tional biomedical engineering, having important applications in vascular and airway fluid
dynamics. Accurate fluid dynamics computations are necessary to comprehend disease
severity, perfusion and transport physiology, and the biomechanical triggers that cause
diseases to start and progress. Typically, this process entails extracting anatomical ge-
ometry from medical imaging and conducting computational fluid dynamics simulations.
However, despite its efficiency, this process still requires a considerable amount of compu-
tational time, which can range from hours to days. Additionally, this procedure is repeated
for anatomically similar geometries, resulting in an increase in the overall computational
cost. Accelerating fluid dynamics simulations to provide real-time solutions may encourage
clinical usage and lead to advancements in disease assessment and decision-making.

Physics-informed neural networks (PINNs) have recently attracted attention for their
ability to approximate the behavior of intricate, non-linear physical systems. These net-
works utilize the fundamental principles of physics and the governing equations of a system,
enabling them to approximate solutions with low errors. Nevertheless, single case vanilla
PINN requires separate training for every new case, resulting in a more time-intensive
process compared to conventional fluid dynamics simulations. In order to tackle this issue,
a multi-case PINN strategy has been suggested. This approach involves parameterizing
different geometry and flow cases and pre-training them on the PINN. This enables rapid
production of flow solutions in new case studies.This thesis aims to analyze and compare
different network architectures so as to optimize the multi-case PINN through experiments

conducted on idealized 2D stenotic tubes.

Keywords

Vessel Geometries, Hemodynamic Simulation, Surrogate models, Deep Learning, Physics

Informed Neural Networks
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Chapter 1

Basics of neural networks

1.1 Introduction to neural networks

Artificial Neural Networks (ANNs) are adaptive systems inspired by the functioning
of the human brain. These systems can modify their internal structure to achieve specific
functional objectives, making them particularly effective at solving nonlinear problems by
reconstructing the fuzzy rules that govern optimal solutions. In Fig. 1.1, the comparison

between a biological and an artificial neuron is displayed.

dendrites

cell axon
terminals

body

gaxon

nucleus

b

Figure 1.1: Comparison between a biological neuron and an artificial neuron [1].

More specifically neural networks are complex functions characterized by the weights of
connections between neurons and the biases of these neurons. Let’s represent these weights

as W and the biases as b, with the complete set of parameters denoted as 6 = {W,b}.
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1.1 Introduction to neural networks

Every neuron in the network calculates the weighted average of its input neurons and their
accompanying weights. It then adds its bias to the result and passes the resulting value via
a nonlinear activation function, which we refer to as «. Let x represent the inputs. The
given notation represents a neural network that defines a function f(z;6). This function f
has the same dimension as the number of neurons in the output layer and can be a vector.
The most basic arrangement of deep neural networks (DNNs) is known as the multilayer
perceptron (MLP). In the case of these neural networks, the neurons are organized in
sequential layers, and each neuron is linked to all the neurons in the adjacent layers. In

Fig. 1.2, an example of a neural network with 3 hidden layers is demonstrated.

Layer sizes: 10, 16, 16, 16, 2

Q

Weights: 704 8
Biases: 50 Q
3

P 3:

arams 754 5

O

O

O

00/010101010]0]1010101010)010)0)

0.0:00/00/0/01010101010:0:0:0)

01010/0/0][0/0]0]0]10)0]00)0)0.0)
ole;

Figure 1.2: Ezample of a neural network with 8 hidden layers [1].

By employing vector notation, we represent the output of the i layer as f; and the
biases as b;. The weight connecting the (i — 1) layer to the it" layer is denoted by the
matrix W;. The input layer is designated with the index 0, whereas the output layer is

designated with the index k. Thus the output of the i" layer is determined as follows:

x ifi=0
fz(x) = O'(Wififl(aj‘)—l—bi) ifi=1,2,...,k—1 (1.1)
Wifi_l(a:) + b; ifi=k

where o is the vector that contains the outputs of the applied activation function. Also in

this way, in Fig. 1.3 the output of the network can be given as fi(x):
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Chapter 1. Basics of neural networks

Weight Bias

b
TG — Wi Activation
Function
To wa /\E/ o Output

r3 — W3

Input

Figure 1.3: A neuron taking an input feature of dimension d = 3.

1.2 Fundamentals of activation functions

Each neuron’s computation in an ANN is divided into two stages. In the first stage,
the input value is multiplied by a weighted value. In the second stage, an activation
function determines whether the neuron should be activated based on a threshold value,
thereby facilitating the network’s ability to recognize patterns between inputs and outputs
accurately. Consequently, the activation function is crucial for neuron activation. In this

section we will highlight some of the most important properties of activation functions:

e Non-linearity: Activation functions are vital for managing non linearity. Without
them, data would only move through the network’s nodes and layers using linear
functions, resulting in linear outputs regardless of the number of layers, as the com-

posite of linear functions remains linear.

e Computational Cost: The computation of activation functions should be straightfor-

ward.

e Differentiability: This property ensures a function is differentiable at every point in a
specific domain, allowing for easy calculation of gradients and optimization of neuron

weights. Complex activation functions can slow down computation.

e Vanishing Gradient: This problem occurs when the gradient diminishes significantly
during backpropagation, causing a loss of information. An effective activation func-

tions should mitigate this issue.

e Saturation: This term refers to the gradient approaching zero at certain points,

making it difficult to adjust parameter values.

e Monotonicity: The function’s graph should have no local minima, and the function’s

derivative should maintain a consistent sign.

e Less Parameterization: Most activation functions do not require additional parame-

ters, simplifying the computational calculations of the neuron model.

For this reason we have to employ various activation functions for different applications.
Thus, the understanding of their mechanisms can be helpful for the selection of the most

suitable ones for the task.
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1.3 Common activation functions

1.3 Common activation functions

In this section some of the most commonly used activation functions are explained.
Sigmoid

The Sigmoid activation function, Eq.1.2, is continuous and constrained between 0 and
1. Its gradient also falls within the range of 0 to 1. However, in practice, the gradient often
becomes zero in complex neural networks. As a result, error information cannot effectively
propagate through the neurons during backpropagation, which reduces the network’s per-

formance.

1
sigmoid(z) = e (1.2)

Sigmoid Activation Function

1.0

0.8

0.6

Output

0.2

0.0

-6 —4 -2 0
Input

Figure 1.4: Plot of Sigmotd activation function.

Hyperbolic tangent activation function

The hyperbolic tangent (tanh) activation function, Eq.1.3, is a modified variant of the
sigmoid function. It has the same S shape and it is continuous within the range of -1
and +1. When the input data consists of high positive or small negative numbers, the

tanh activation function will become saturated and cease to respond to minor changes in
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Chapter 1. Basics of neural networks

the input data, as it also experiences the gradient disappearing issue. Consequently, the
weight will remain unchanged and the gradient will gradually diminish, rendering the DNN
incapable of completing its training.

e2r — 1

Hyperbolic Tangent Activation Function

1.00 A

0.75 7

0.50

0.25 4

0.00

Output

—0.25 7

—0.50 T

—0.75 7

—1.00

T
—& —4 —2 |nput 2 4 6

Figure 1.5: Plot of tanh activation function.

Rectified Linear Unit

The Rectified Linear Unit (ReLU), Eq.1.4, is a fast and effective activation function for
training complicated neural networks. Compared to the Sigmoid and tanh activation func-
tions, it provides superior performance in deep learning. The ReLU function preserves
the fundamental properties of linear models, which allows for straightforward optimization
using gradient descent methods. This is due to the fact that the ReLU function closely
approximates the linear function. The ReLLU activation function performs a threshold op-
eration on each input element as it assigns a value of zero to negative arguments and retains
the original value for positive arguments. Despite the fact that it offers certain benefits, it
suffers from the "dying ReLLU” problem. More specifically several neurons during training
always output zero and do not contribute to the learning process, causing reduced model

capacity and slower convergence.

20



1.3 Common activation functions

ReLU(z) = max(0, z) (1.4)

RelLU Activation Function

T

Figure 1.6: Plot of ReL U activation function.

Leaky ReLU

Leaky ReLU, Eq.1.5, is an early rectified-based activation function that was created based
on ReLLU. The LReLLU was developed as a potential solution to address the potential prob-
lems of the ReLU mentioned before. It allows a small negative input to generate a large
gradient. Yet, LReLU functions in a manner that is nearly identical to regular rectifiers. It
has a negligible impact on network performance. Its linearity prevents its usage in complex
tasks. In specific application circumstances, it exhibits inferior performance compared to
Sigmoid and tanh.

T ifxz>0
Leaky ReLU(z) = (1.5)

ar ifzxz<0
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Leaky RelLU Activation Function

6 4+ — alpha=0.01
alpha=0.1

—— alpha=0.2
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Figure 1.7: Plot of Leaky ReLU activation function.
Exponential Linear Unit

The Exponential Linear Unit (ELU), Eq.1.6, is an activation function that maintains the
input’s value when it is positive, but assigns non-zero values to negative arguments. As

denoted below, « is a hyper-parameter that determines the value for negative inputs.

ELU(2) x ifx>0 (1.6)
x) = :
ae®—1) ifz<0
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1.3 Common activation functions

ELU Activation Function

-6 -4 -2 Input

Figure 1.8: Plot of ELU activation function.
Sigmoid-weighted Linear Unit

In the Sigmoid-weighted Linear Unit (SiLU), Eq.1.7, the input is multiplied by the output
of the sigmoid function. The SiLU function exhibits smoothness, non-monotonicity, and is
bounded below while being unbounded above. For large input, the SiLU activation func-

tion behaves similarly to the ReLLU activation function.

- T
Cl4e®

SiLU(z) = x - sigmoid(x) (1.7)
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Chapter 1. Basics of neural networks

SiLU Activation Function

T T T T
—6 —4 -2 0 2 4 6
Input

Figure 1.9: Plot of SiLU activation function.

1.4 Loss functions

While neural networks offer appealing features in theory, their practical implementa-
tion is not simple. Finding sets of weights that yield correct approximations has proven
to be highly tough. There appear to be no straightforward methods for determining these
weights. Nevertheless, the task of determining optimal weights for neural networks can be
formulated as a minimization problem by defining an error measure between the parame-
terized function given by the neural network and the desired function to be approximated.
These error measures are commonly known as loss functions. Since, a regression task is

investigated in this Thesis, the mean squared error (MSE) loss is the suitable loss function,

L) = D (F(w0) — )’ (18)

where f(;, g) is the neural network’s approximation and y; is the ground truth.
The optimizers are responsible for identifying the ideal parameters that minimize the loss

function. This process in the context of neural networks is called training.
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1.5 First order optimization algorithms

1.5 First order optimization algorithms

The first order optimization algorithms use the first order derivative of the loss func-
tion and by gradually decreasing it, converge to the desired loss level. They are widely
used in machine learning applications with the most popular being the Stochastic Gradient
Descent (SGD) algorithm and the Adam algorithm.

Stohastic Gradient Descent

The SGD algorithm first calculates the first partial derivative of the loss function with
respect to its parameter vector and then subtracts this number multiplied by a learning
rate from the parameter values. This process is repeated until a local or global minimum
of the function is found. It is true that for small values of the learning rate more iterations
occur until the minimum is found, while for large values there is the risk of not finding
or jumping out of that minimum since the slope of the function is constantly changing.
Historically SGD refers to an optimizer that fits a single sample at the time and should
not be confused with Batch Gradient Descent and Mini-batch Gradient Descent which fit

a whole dataset at once or batches respectively.

ALGORITHM 1.1: Stochastic Gradient Descent.

Input: Learning rate 7, initial parameters 6y, number of epochs E
Output: Optimized parameters 6

1: Initialize parameters 6 < 6y
2: for epoch =1 to E do
3 for each training example (z;,y;) do
4 Compute the gradient: g; = VoL (0; x;, yi)
5: Update parameters: 6 < 0 —n - g;
6 end for
7: end for
8: return 0
AdaGrad

The AdaGrad is an abbreviation of "Adaptive Gradient" and is a method that imposes a
separate learning rate on each parameter instead of a single one shared by all parameters.
An advantage of this method is the normalization of the updates made to the parameters,
since, during the training, the values of some weights may increase significantly compared
to other weights and thus, not all the neurons of the model are used effectively. AdaGrad

accomplishes this by maintaining a history of previous updates which works as follows:
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ALGoRITHM 1.2: AdaGrad.

Input: Learning rate 7, initial parameters 8y, number of epochs F, small constant e
Output: Optimized parameters 6
1: Initialize parameters 0 < 6
2: Initialize accumulated gradients G < 0
3: for epoch =1 to F do
4 for each training example (z;,y;) do
5: Compute the gradient: g; = VoL (6; x5, y;)
6 Accumulate the squared gradient: G + G + gf
7 Update parameters: 6 < 6 — \/%% - i
8 end for
9: end for
10: return 6

Root Mean Square Propagation
RMSProp, which stands for Root Mean Square Propagation is another adaptation of SGD.
RMSProp, like AdaGrad, calculates an adaptive learning rate for each parameter, but it

employs an alternative method for updating the parameters.

ALGORITHM 1.3: RMSProp.

Input: Learning rate n, initial parameters 6y, number of epochs E, decay rate p, small
constant e
Output: Optimized parameters 6

1: Initialize parameters 0 < 6

2: Initialize squared gradient moving average E[g?] + 0

3: for epoch =1 to F do

4 for each training example (z;,y;) do

5: Compute the gradient: g; = VoL (6; x4, y;)

6 Update the moving average: E[g?] < pE[¢?] + (1 — p)g?
7 Update parameters: 6 < 0 — m - gi

8 end for

9: end for

10: return 0

Adaptive Momentum

Adam, short for Adaptive Momentum, is currently the most widely-used optimizer. It
builds upon RMSProp by incorporating the momentum concept from SGD. This means
that instead of directly applying current gradients, Adam applies momentums as in SGD
with momentum, followed by a per-weight adaptive learning rate using the cache, similar
to RMSProp. Additionally, Adam includes a bias correction mechanism (not to be con-
fused with the layer’s bias). This mechanism is applied to both the cache and momentum

to correct for their initial zero values, which can skew results in the early training steps.

26



1.6 Second order optimization algorithms

ALGORITHM 1.4: Adam.

Input: Learning rate 7, initial parameters 6y, number of epochs F, decay rates (1, o,
small constant €
Output: Optimized parameters 0
1: Initialize parameters 6 < 6,
2: Initialize first moment vector mg < 0, second moment vector vg < 0
3: for epoch =1 to E do
4 for each training example (z;,y;) do
5: Compute the gradient: g; = Vo L(0; x;,v;)
6 Update biased first moment estimate: my < 51 - my—1 + (1 — 31) - g;
7 Update biased second moment estimate: vy < B2 - vi—1 + (1 — B2) - g7
8
9

Compute bias-corrected first moment estimate: m; < 1Tfat
1
Compute bias-corrected second moment estimate: 0y < #
2
) . . Ty
10: Update parameters: 6 < 6 — 7 o e
11: end for
12: end for

13: return 6

1.6 Second order optimization algorithms

In addition to using derivatives to find parameters that minimize error, second-order
optimization methods utilize the Hessian matrix, or variations therefore, to determine the
curvature of the cost function. Generally, second-order optimization methods have not yet
proven to be as effective as first-order methods, primarily due to their significant compu-

tational burden.

Broyden—Fletcher—Goldfarb—Shanno algorithm

The Broyden—Fletcher—-Goldfarb—Shanno (BFGS) algorithm is one of the optimization al-
gorithms designed to exploit the advantages of the Newton-Raphson method without the
computational complexity required to create the Hessian matrix. The Newton method
calculates the Hessian matrix of the error function, which consists of the second partial
derivatives of the function. This calculation, along with inverting the matrix for each
iteration, is both time-consuming and computationally intensive. Instead of calculating
the Hessian matrix in every iteration, the BFGS algorithm approximates it, avoiding the
explicit computation of all second derivatives of the cost function. Consequently, it creates
Hessian matrices with elements corresponding to the parameters of the neural network.
However, a disadvantage of the BFGS algorithm is the need to store the matrix from the
previous iteration to compute the next one. It becomes clear that for training an NN
with a large number of parameters (weights and thresholds), storing the matrix between
iterations is infeasible. The Limited-memory BFGS (L-BFGS) algorithm addresses this
problem by simulating BFGS while using limited memory. Specifically, L-BFGS stores a
limited number of vectors that represent the Hessian approximation, making it suitable for

optimization problems with a vast number of variables.
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ALGORITHM 1.5: L-BFGS.

Input: Initial parameters 6y, number of epochs E, small constant e, history size m
Output: Optimized parameters 6

1: Initialize parameters 0 < 6

2: Initialize empty lists for storing past updates: S «— {} and Y < {}

3: Initialize gradient V Ly < V L(6p)

4: for epoch t =1 to E do

5: Calculate search direction: dy < —Hy - VL(0)

6: Perform line search to determine step size oy

7 Update parameters: 0 < 0 + oy - d;

8: Compute new gradient: VL1 <— VL(0)

9: Store update differences: sy <— 01 — 0y, Yy < VL1 — VI
10: Update history: Append s; to S, y: to Y

11: if history size > m then

12: Remove the oldest entry in S and Y

13: end if

14: Update Hessian approximation H; using the stored S and Y
15: end for

16: return 0

1.7 Adaptive activation functions

During the training of neural networks, it is possible to increase the convergence and
accuracy of the model by learning both linear and nonlinear transformations. This can
be achieved by utilizing global adaptive activation functions, as suggested by Jagtap and
Karniadakis [9]. Global adaptive activations involve a trainable parameter that is multi-
plied by the input to the activations to adjust the steepness of the activations. Thus, a

non linear change at the layer ¢ will be expressed in the following form,

N (HZ_I;G,CL) =0 (aﬁz <H£_1>) , (1.9)

where A is the nonlinear transformation at layer ¢, H¢ ! is the output of the hidden
layer £ — 1, 0 is the set of model weights and biases, a is the global adaptive activation
parameter, o is the activation function, and £ is the linear transformation at layer .
Like the network weights and biases, the global adaptive activation parameter a is also a

trainable parameter. These trainable parameters are optimized by:

0*,a* = argmin L(6, a). (1.10)

0,a
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Physics informed neural networks

2.1 Introduction to Physics informed neural networks

Over the past 20 years, deep learning has proven to be highly effective in various appli-
cations, including computer vision and natural language processing, through the utilization
of DNNs. Although deep learning has achieved significant success in these and related do-
mains, its adoption in the field of scientific computing remains limited. Recently, there has
been a development in solving partial differential equations (PDEs) using deep learning
techniques. This new sub-field, known as Scientific Machine Learning (SciML), involves
solving PDEs in either the traditional differential form or the integral form. Specifically, we
can substitute conventional numerical discretization techniques with a neural network that
provides an approximation of the solution. In order to acquire an approximation solution
of a PDE using deep learning, a crucial step is to restrict the neural network in such a way
that it minimizes the residual of the PDE. Additionally it should be highlighted that deep
learning offers a mesh-free approach that differs from standard approaches like the finite
difference method (FDM) and the finite element method (FEM) as it utilizes automatic

differentiation to overcome the curse of dimensionality.

2.2 PINNSs for solving PDEs

Let’s examine the following PDE parameterized by A for the solution u(x) with x =
(x1,...,2q) defined on a domain Q C R%:

ou ou 9%u 9%u
e . . = Q 2.1
! <X’ Ox1’ " Oxq’ 0x10x1 " Ox10xg’ ’)\> 0, xef, (2.1)

with boundary conditions

B(u,x) =0 on 0%, (2.2)

where B(u,x) can take on any of the following boundary conditions: Dirichlet, Neumann,
Robin, or periodic. In the context of transient problems, we treat time ¢ as a distinct
element of x, and () represents the temporal region. The initial condition can be regarded
as a specific form of Dirichlet boundary condition applied to the spatio-temporal domain.

For the solution of the PDE using PINNs it is necessary to follow the methodology as
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Chapter 2. Physics informed neural networks

described below [2]:

1. Create a neural network tig with parameters ©.

2. Define the training sets 7y and 7, for the PDE and boundary/initial conditions,

respectively.

3. Formulate the loss function £7(0) by combining the weighted MSE losses from the
PDE and the boundary/initial condition residuals.

4. Optimize the neural network by minimizing the loss function £7(©).

To illustrate the above points we use the schematic of a PINN solving the diffusion
equation %7; = )\% with mixed boundary conditions (BC) u(z,t) = gp(z,t) on I'p C 9
and %(w,t} = gr(u,z,t) on I'r C 0. The initial condition (IC) is treated as a special
type of boundary condition and 7; and 7, denote the two sets of residual points for the

equation and BC/IC respectively:

_________________________

b C e
i(z,t) — gp(z,t) P Lc@M'"—'m'zf

Ot !

on (@, t) — gr(u,z,t)

Figure 2.1: Schematic of a PINN solving the diffusion equation [2].

The computation of partial derivatives is crucial for solving the PDE. Through the
utilization of AD, we can obtain the derivatives of any order of our network g with respect
to all related input variables, regardless of the programming code’s structure. Therefore, we
may incorporate the PDE residual into our calculations without requiring a computational
mesh, as is typically done in the finite element approach. This inclusion is achieved by
considering two subsets of the training data 7 C Q. The set T C Q) contains points within
the domain while 7; C 9 contains points on the boundary and initial data. It should be
emphasized that the training points are spread randomly throughout the domain.

In order to quantify the difference between the neural network approximation 4 and
the constraints, we utilize a loss function that is defined as the weighted sum of the L?

norm of the residuals for both the equation and boundary conditions.

LO;T) =wrLs(0;Ts) + wpLlp(0; Ts), (2.3)
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2.3 Automatic differentiation

where

o1 on 0% 0%
Ef(e,,]}) XGT Hf( 8:131 ’8xd’83018:61"“’8:10183005"“’)\)

2

2

Ly(0;T) = Z 1B, )3, (2.5)

xET

and wy and wy are the weights. The loss pertains to derivatives, such as the partial
derivative 0u/0x; or the normal derivative at the boundary 94/0n = V4 - n, which are
computed with the help of AD.

Lastly our model is ready to enter the phase of training, similarly to classic neural
networks. Due to the non-convex nature of the optimization problem, there is no theoretical
assurance that this approach will converge to the global minimum. However, in their
work Raissi, Perdikaris, and Karniadakis [8] highlight that if a given PDE is well-posed,
the method of PINNs can provide accurate predictions by using a sufficient number of

collocation points inside the domain 7.

2.3 Automatic differentiation

When using PINNs, it is necessary to calculate the gradients of the network outputs
in relation to the network inputs. There are four potential approaches for calculating the

derivatives [10]:
e Manually calculating the derivative using analytical methods
e Approximating the derivative using finite differences or other numerical techniques

e Using symbolic differentiation in software programs like Mathematica, Maxima, and
Maple

e Employing AD, also known as algorithmic differentiation

In deep learning a particular technique of AD is used, to evaluate derivatives, called back-
propagation. Given that the neural network functions as a composition, the chain rule is
applied iteratively by AD to calculate the derivatives. AD involves two distinct steps: a
forward pass to calculate the values of all variables, and a backward pass to calculate the
derivatives. In order to illustrate the concept of AD, we examine a Fully Connected Neural
Network (FCNN) that consists of a single hidden layer with two input variables, x; and

x2, and one output variable, y:

v = —2x1 4+ 3z2 + 0.5,
h = tanh(v),
y=2h—1.

The Table 2.1 illustrates the process of performing the forward pass and backward pass of

AD to calculate the partial derivative g— and ax at (z1,22) = (2,1)
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Chapter 2. Physics informed neural networks

Table 2.1: Ezample of AD to compute the partial derivatives %’1 and %’2 at (x1,x2) = (2,1)

/s].

Forward pass Backward pass
r =2 =1
o = 1
v =—2x1 + 322+ 0.5 = —0.5 % —9
h = tanhv ~ —0.462 ; %z@a—zg—v—Z sech?(v) ~ 1.573
y=2h—1=-1.924 Tyla:a%aava_1573><( 2) ~ —3.146
a—yza—y ﬁ—1573x3“’4719

It is evident that AD simply demands a single forward pass and a single backward pass
to evaluate all the partial derivatives, regardless of the input dimension. On the other hand,
when employing finite differences to calculate each partial derivative % it is necessary
to compute two function values: y(x1,...,2;,...,2q4,,) and y(z1,...,z; + Az, ..., 2q,,),
where Ax; is a small quantity. Consequently, a total of d;, + 1 forward passes are needed
to assess all the partial derivatives. Therefore, AD is significantly more effective than finite
difference when the input dimension is large.Additionally AD can be recursively applied n
times to compute n'"® order derivatives. Nevertheless, using a nested technique can result
in inefficiency and numerical instability. As a result, other methods such as Taylor-Mode

AD have been developed to address these issues [11].

2.4 FError analysis in PINNs

Previous study [8] has shown that feed-forward neural networks with a sufficient num-
ber of neurons have the ability to accurately and consistently approximate any function,
as well as its partial derivatives. Still, neural networks implemented in real-world scenarios
are constrained by their finite capacity. Let F represent the set of all functions that may
be expressed using our selected neural network architecture. The solution u is improba-
ble to be a member of the family F. We define ur as the argument that minimizes the
difference between the functions in F and u, denoted as ur = argminscr || f — ull.
training the neural network on the training dataset 7, we can define us as the neural
network that minimizes the loss function uy = argminscz L(f; 7). To elucidate, we make
the assumption that u, ur, and wy are clearly formulated and distinct. Minimizing the
loss to find uy is typically expensive to compute and as a result our optimizer provides an

approximate answer, denoted as @7. The total error £ can be analyzed as it follows:

&= [lar —ull < a7 —url| + lur — uFl| + [Jur —ul|. (2.6)
N N——r
gopt ggcn gapp

The approximation error £,pp quantifies the degree to which ur can accurately ap-
proximate u. The generalization error gy is dependent on the amount and distribution
of residual points inside 7 along with the capacity of the family F. Neural networks with
greater complexity exhibit reduced approximation errors, but may also result in increased

generalization errors, a phenomenon known as the bias-variance tradeoff. Overfitting arises
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when the generalization mistake becomes predominant. Furthermore, the optimization er-
ror Eqpy emerges from the intricacy of the loss function and the configuration of the opti-
mization process, including the learning rate and the number of epochs. Currently, there

is no error quantification available for PINNs.

F
i U uFr U
[ 2 — - > - - > - - =
Optimization Generalization Approximation
error Egpt error Egen error Epp

Figure 2.2: lllustration of errors of a PINN.

2.5 Comparison between PINNs and FEM

To clarify the concepts behind PINNs and make them more accessible to those familiar
with FEM, a point-by-point comparison between PINNs and FEM is offered [§]:

e In FEM, the solution u is usually represented by a piecewise polynomial, whereas in
PINNS, a neural network serves as the surrogate model, parameterized by its weights

and biases.

e FEM demands the construction of a mesh, while PINNs are entirely mesh-free, al-

lowing for the use of either a grid or randomly distributed points.

e FEM transforms a PDE into an algebraic system by utilizing stiffness and mass
matrices, whereas PINNs incorporate the PDE and boundary conditions directly

into the loss function.

e In the final step, FEM solves the algebraic system using a linear solver, while in

PINNSs, the network is trained via a gradient-based optimization algorithm.

Fundamentally, PINNs offer a nonlinear approximation of the function and its deriva-

tives, while FEM provides a linear approximation.

Table 2.2: Comparison between FEM and PINNs.

FEM PINN
Basis function Piecewise polynomial (linear) Activation function (nonlinear)
Unknowns Nodal values Weights and biases
Spacial discretization | Computational mesh Scattered points (mesh-free)
PDE embedding Algebraic system Loss function
Solver Linear solver Gradient-based optimizer
Errors Approximation/quadrature errors | Eupp, Egen, and Egpt
Error bounds Partially available Not available yet
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Chapter 3

Nvidia Modulus Sym

3.1 Introduction to Nvidia Modulus Sym

Nvidia Modulus Sym is a deep learning framework that integrates the power of physics
and PDEs with Al to create more resilient models for enhanced analysis.

Machine learning (ML) and deep learning models can be applied to physics-based sys-
tems in various ways, depending on the availability of observational data and the depth
of understanding of the underlying physics. Based on these factors, ML /DL methodolo-
gies can be generally categorized into three types: forward (physics-driven) approaches,
data-driven approaches, and hybrid approaches that combine both physics and data as-

similation.

3.2 PINNs in Nvidia Modulus Sym

Modulus Sym has an alternative approach to calculating losses, which differs from the

traditional method outlined in section 1.4. The losses are expressed in integral form, and

2 R
82
dr ~ /dm) H
2 < Q |7}|

Following that, the integral is approximated using Monte Carlo integration. Thus,

Eq.1.8 can be represented as:

ot Aa?a 2

Ly= | 13t ~ a2

(3.1)

Eq.3.1 is derived in a manner that is equivalent to Eq.1.4, but with the additional consid-
eration of scaling by the area/volume of the domain, to preserve consistent loss per area
across all domains. The losses associated with the boundary conditions are handled in a

similar manner.

3.3 Nvidia Modulus Sym building blocks

Nvidia Modulus sym is neural network framework built on Pytorch. It offers APIs that

enable the user to develop his own applications using the pre-existing modules.

Geometry and data
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3.3 Nvidia Modulus Sym building blocks

The geometry module in Modulus Sym allows users to create a geometry from scratch using
basic shapes or to import an existing geometry from a mesh. For data-driven problems,
Modulus Sym provides various methods for accessing data, including standard in-memory

datasets and lazy loading techniques for handling large-scale datasets.
Nodes

In Modulus Sym, Nodes represent elements that are executed during the forward pass in
training. A Node can encapsulate a torch.nn.Module and includes additional information
about the required input and output variables. This enables Modulus Sym to construct
execution graphs and automatically add missing components to compute necessary deriva-
tives. Nodes can include built-in PyTorch neural networks, user-defined PyTorch networks,

feature transformations, models, functions, or even equations.
Constraints

Constraints refer to the specific objectives that are set for training in Modulus Sym. A
Constraint comprises the loss function and the group of Nodes that Modulus Sym use
to construct a computational graph for execution. Several physical problems require the
inclusion of many training objectives in order to establish a clear and precise definition of

the problem. Constraints serve as the mechanism to define such problems.
Domain

The Domain contains all Constraints along with other essential components for the train-
ing process, such as Inferencers, Validators, and Monitors. In Modulus Sym, user-defined

Constraints are added to the training Domain, forming a set of training objectives.
Solver

A Solver is the core Modulus Sym trainer responsible for the implementation of the opti-
mization loop and management of the training process. It utilizes a defined Domain and
invokes the Constraints, Inferencers, Validators, and Monitors as needed. During each iter-
ation, the Solver calculates the global loss from all Constraints and optimizes any trainable

models within the Nodes specified by the Constraints.
Hydra

Hydra is a configuration package integrated into Modulus Sym. It allows users to set
hyperparameters, which define the neural network’s structure and govern its training, us-
ing YAML configuration files. Hydra is the initial component activated when solving a

problem with Modulus Sym and directly influences all other components.
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Chapter 3. Nvidia Modulus Sym

Inferencers

An Inferencer executes only the forward pass of a group of Nodes. Inferencers can be
utilized during the training process to evaluate training quantities or obtain predictions
for the purpose of visualization or deployment. Hydra configuration options dictate the

frequency at which Inferencers are invoked.
Validators

Validators function similarly to Inferencers, except they additionally incorporate valida-
tion data. The accuracy of the model is quantified during training by validating it against

ground truth data obtained by an alternative method.
Monitors

Monitors function similarly to Inferencers, but they estimate specific measures rather than

fields. These metrics can refer to global quantities, such as the total energy of a system.

3.4 Modulus Sym workflow

The figure below depicts a standard workflow for development in Modulus Sym. While
not all problems will necessitate this identical approach, it can be used as a general guide-

line. The essential stages of this procedure comprise:

e Initialize Hydra: Use the Modulus Sym main decorator to load the YAML config-

uration file.
e Load Data: Import datasets if necessary.
e Set Geometry: Define the system’s geometry if required.
e Create Nodes: Establish any necessary Node, such as the neural network model.
e Establish Domain: Generate a Domain object for training.

e Add Constraints: Develop each of the N, Constraints sequentially and integrate

them into the Domain.

e Include Validators, Inferencers, and Monitors: Generate any Inferencer, Val-

idator, or Monitor as required and incorporate them into the Domain.
e Initialize Solver: Create a Solver using the training Domain.

e Execute Solver: Run the Solver. The training process will optimize the neural

network to solve the physics problem.
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3.4 Modulus Sym workflow

~
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Figure 3.1: A typical workflow in Modulus Sym [3].

e Modulus allows for complex problems to be described
through sets of constraints (training objectives)

e Multiple nodes/models can be combined in constraints
for learning different data-driven or physics-based loss (e
functions PR

e Exporting results of the trained model to visualization .- -
software is then effortless with Modulus P

Modulus
Trainer

.'-

/ Node Execution Graph \\

p
.
A prwses
fe— Training /
\Out / v,,"‘\\' M?é?éﬁ%e Utils
Constraint o "’

Figure 3.2: Modulus Sym training algorithm [3].
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Chapter 4

PINNs in Hemodynamics

The study of Hemodynamics is crucial for the clinical identification and treatment of
cardiovascular diseases such as aneurysms and stenosis. Hemodynamic modelling relies on
CFD, which often demand expertise and significant amount of computational resources.
However, PINNs have recently emerged as an innovative approach for addressing those
issues by including physics laws into the training algorithm of deep learning models, en-
abling real time flow predictions even with limited data.

One of the foundational studies showcasing the utility of PINNs in hemodynamics was
presented in the study by Raissi et al. [4]. The single case PINN proposed leverages the
spatio-temporal visualizations of a passive scalar to inference the velocity and pressure
fields. In this scenario, the passive scalar refers to the bolus dye commonly delivered into
the bloodstream aiming to facilitate blood flow monitoring and medical imaging. It should
be noted that this methodology does not need the implementation of initial and boundary
conditions as the algorithm is agnostic to geometry and only utilizes the conservation laws.
This early study paved the way for the wider adoption of PINNs in hemodynamics and

served as a source of inspiration for many later investigations.
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Figure 4.1: 2D channel flow over an obstacle [}]: A representative snapshot of the input
data on the concentration field within the training domain is plotted in the top left panel
alongside the prediction of our algorithm. The algorithm is capable of accurately recon-
structing the velocity and the pressure fields without having access to any observations of
these fields (shown in the second and third rows). Furthermore, no boundary conditions are
specified on the boundaries of the training domain including the physical wall boundaries.
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Figure 4.2: A 8D intracranial aneurysm [4]: Contours of the exact fields and model pre-
dictions are plotted on two perpendicular planes for concentration c, velocity u, v, w, and
pressure p fields in each row.

Another critical advancement is the use of PINNs in combination with high-speed an-
giography (HSA) for neurovascular hemodynamics estimation by Williams et al. [5]. Like
[4], it predicts velocity and pressure fields by utilizing the convection equation, without
needing a predefined inlet velocity function. However, unlike [4] it enforces no slip bound-
ary condition at the walls. Despite the fact that the PINN is single case and needs to
be retrained for each new input model, the mean time for convergence was 23 minutes

including all the time needed for the pre-processing of the data.

Tergpurally-Averaged Angiographic Acquisition . Arterial Mask . Sobel-Filtered Arterial Mask

Figure 4.3: Pre-processed 1000 fps HSA acquisition (left), its corresponding binary mask
used to define the vessel lumen (middle), and the Sobel-filtered binary mask, used to define
the walls of the model (right) [5].
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Figure 4.4: Spatial sampling at one time step showing vessel lumen in blue, and vessel walls
in green (left). Spatial sampling is then extended temporally for both the vessel lumen and
vessel wall (vessel wall omitted) (right) [5].

Velocity Magnitude
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Figure 4.5: n vitro HSA image sequence (left four images) compared to the normalized mag-
nitude image (right) generated by the image-assisted PINN. Red arrows show progression
of contrast media edges [5].

In the study by Garay et al. [6], a PINN architecture was demonstrated that could
predict blood flow by coupling a reduced order model with Navier-Stokes in 3 dimensions.
By utilizing geometry data and the inlet velocity profile obtained from simulated 2D MRI
images, a mean pressure curve measured at the left-subclavian artery, the no slip boundary
condition at the walls, 3D Navier-Stokes equations and the equations of the 3 element
Windkessel model, the PINN successfully solved the coupled system. It not only succeeded
to solve the steady problem but also the transient despite the huge computational cost.
Moreover at the end of the training process the network accurately identified the most
suitable physical parameters that correspond to the proximal and distal resistance of the
vasculature and the distal’s vessels compliance. In summary the suggested architecture
offers an innovative approach to personalized hemodynamic models based on patient’s

clinical data.
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Figure 4.6: Feed-forward neural network architecture used for the transient problem. After
physics-informed training, the output of the network is used for reconstruct the 3D wvelocity
field and the Windkessel parameters of all the domain outlets [6].
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(a) Reference (&t = 0.12 s) (b) PINNs (¢t =0.12 s) (¢) FEM with estimated
params. (t=0.12s)

(d) Reference (t = 0.45 s) (e) PINNs (t = 0.45 s) (f) FEM with estimated
params. (t = 0.12s)

Figure 4.7: Velocity streamlines of the transient problem for the reference solution (a and
d), the mean estimated velocity estimated by the PINNs (b and e), and the velocity obtained
after a FEM simulation using the found parameters (¢ and f) at two time instants: t =
0.12 s, which correspond to peak systole, and at t = 0.45 s, during mid diastole [6].
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Figure 4.8: Mean absolute relative error of the parameter estimation using the Kalman
filter approach (ROUKF) and PINNs [6].

The work by Zhang et al. [7], introduces a deep learning framework designed to map
the 4D hemodynamic profile (3d space and time) of blood flow in morphologically diverse
arteries. The framework integrates vessel structure and time series data with Navier-Stokes
equations to predict velocity and pressure fields. This implementation of PINN exhibits
superior performance and accuracy compared to previous deep learning studies. However
this architecture is still not yet ready for clinical use, primarily due to the fact that it
needs patient’s specific boundary conditions obtained by 4D flow MRI or particle image

velocimetry experiments to replace the CFD simulations, that do not represent the real

flow field.
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Figure 4.9: Visual comparison of hemodynamic calculation results between CFD simulation
and deep learning method [7].
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Lastly the study by Wong et al. [12]| that inspired the current thesis, explored a multi
case PINN approach for modelling fluid dynamics in idealized geometries. It employed
an unsupervised method by just enforcing the Navier-Stokes equations along with the
boundary conditions to the network’s loss function, demonstrating very low errors despite
the fact that it was not informed with data from simulations. As such, they can not be

used for clinical applications but the strategies identified are crucial for the future 3D scale

up.
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Chapter 5}

Hemodynamic predictions in 2D vessel stenoses using

PINNs

5.1 Problem definition

Computational fluid dynamics (CFD) for tubular geometries play a vital role in hemo-
dynamic assessments in vessels. PINNs are a potential substitute for conventional CFD
techniques. Nevertheless, vanilla PINNs typically require extended training durations com-
pared to traditional CFD techniques for individual flow scenarios, hence restricting their
extensive adoption. In order to tackle this issue, a multi-case PINN strategy has been sug-
gested. This approach involves parameterizing different geometric cases and flow conditions
and pre-training them on the PINN. This allows for quick computation of hemodynamic
results in unseen geometries at different Reynolds numbers.

This study aims to find the steady-state solutions for the flow of incompressible fluid
(blood) in idealized 2D stenotic vessels (channel with a narrowing in the middle). The ge-
ometric shape of the stenosis and the flow conditions are described by a parameter called

A. The equations that govern this problem are as follows:

V-u=0, x€Q, AeR" (5.1)
1 2 n
(u'V)u:—;VerVV u, x€Q, AeR (5.2)
u=0, atx=Tyu (5.3)
p=0, atx="Tguet (5.4)
Y2
U = Umax * (1 — 2) , v=0, atx=TI, McER"” (5.5)
Ry

where p = p(x, ) is the fluid pressure, x = (z,y) is the spatial coordinates and u =
u(x, \) = [u(x, \),v(x,\)]’ denotes the fluid velocity with components v and v in  and y
direction respectively across the fluid domain €2 and the domain boundaries I'. A parabolic

velocity profile is prescribed at the inlet and a zero pressure condition at the outlet. A is
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Chapter 5. Hemodynamic predictions in 2D vessel stenoses using PINNs

an n-dimensional parameter vector, consisting of two case parameters, fc (severity of the
stenosis) and umax (maximum inlet velocity). Ry is the radius of the vessel away from the

stenosis.

Ry, for —4-Ry<zx<-2-Ry
R(z) = ¢ Ry (1—fc(1 + cos(am)), for —2-Ry<x<2-Ry (5.6)
Ry, for2- Ry <x<4-Ry

where R(z) is the radius of the vessel with respect to its length.

(a) (b)
Figure 5.1: Ezample of 2 stenotic geometries, with (a) fc = 0.1 and (b) fc = 0.3.

We can define A, as the stenosis percentage of the cross section:
Ap = (1—n)-100% (5.7)

where n is the ratio A5/ Ag, with A being the cross section at the point where the maximum

stenosis appears (x = 0) and A the cross section of the vessel away from the stenosis.

As=Ag-n=>b-ds=b-dy-n=>ds=dy-n=>Rs=Ry-n=>Rs/Ry=1-2-fc=n

(5.8)
where b is the depth of the vessel geometry, d; is the diameter at the point where maximum
stenosis appears and dg is the diameter of the vessel away from the stenosis. So A with

respect to fc can be described as:
Ap=2- fe-100% (5.9)

The blood was defined as a fluid with density p = 1060 Kg/m?® and dynamic viscosity
uw=10.004 Kg/(m-s). For the training of the multi-case PINN, the fc parameter was set
to vary from 0.1 and 0.3, and w4, from 0.38 to 1.52 m/s, resulting at a Reynolds number
range of 500-2000. Firstly the problem was selected to be dimensional however the results

did not yield the expected accuracy and the problem was non dimensionalized with:

e length scale = 0.1 m (dp)
e velocity scale = 1.52 m/s (Umax)
e density scale = 1060 K g/m? (blood density)

e kinematic viscosity scale = length scale - velocity scale

All the x,y coordinates that compose the geometry were divided by the length scale
of 0.1m. Each inlet velocity was divided by the velocity scale of 1.52m/s (umax). To
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5.2 Network architecture

instantiate the Navier-Stokes module in Modulus, we set the fluid density to a value of 1.
To find the kinematic viscosity, we divided the dynamic viscosity by the density and then
non-dimensionalized it by dividing it with the kinematic viscosity scale. In Eq 5.10 we get

the non dimensionalized radius of the vessel geometry with respect to x.

0.5, for —2<zx< -1
R(z) = € 0.5 (1—fc(1 + cos(xm)), for —1 <z <1 (5.10)
0.5, forl<z <2

5.2 Network architecture

In this thesis, we employ PINN to solve the above system of PDE. The predictions of
the variables u and p are expressed as a constrained optimization problem. The network is
then trained, without the use of labeled data, using the governing equations and specified
boundary conditions. The loss function L(#) for the physics constrained learning is defined

as follows:

‘C(a) = thysics['physics + wheLBC (511)
0" = arg migl(ﬁ(@)) (5.12)

where W and b refer to the weights and biases of the fully connected neural network.
Lphysics represents the loss function over the entire domain for the parameterized Continuity
and Navier-Stokes equations, and Lpc represents the boundary conditions loss. wpnysics
and wy. are the weights parameters for the terms and both take the value of 1. The loss

expressions can be described as:

NDom NDom 1 2
Lphysics = V- a-V)a+-Vp—vVia 5.13
physics = NDomaln Zz: ’ |Q NDomaln ; ( ) p p 0 ( )
wall Nout
£BC - Z | ‘Fwall Z | ‘Foutlct
wall i—1 outlet i—1 14
1 Nzn 2 2 (5 )
u—u 11— =
Nlnlet ; ax < R2> Finlet 1nlet Z | ‘leet

where Npomain, Nwails Nintets Noutier 18 the number of randomly selected points inside
the domain, at the walls, at the inlet and at the outlet respectively.

The PINN was trained and tested using a single GPU (Nvidia RTX 3070). In this study,
a feedforward FCNN called fy was utilized where the surrogate network model is built to
approximate the solutions, § = [i(x, \), 5(x, A), p(x, A)]*. In the FCNN, the output from
the network (a series of fully connected layers), §(1; ), where ¢ represents the network

inputs, was computed using trainable parameters 0, consisting of the weights W; and biases
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b; of the i-th layer for n layers, according to the equation:

9(1);0) = Wy (Pp—10Ppn0---0®) () + by (5.15)

(I)i:a(I/Vi (‘I’ifl)—l-bi), for2<i<n-—1 (5.16)

where ®; represents the nodes of the ith layer in the network and « is the activation
function. AD is used to compute partial differential operators and all networks and losses

were constructed using NVIDIA’s Modulus framework.
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Figure 5.2: The FCNN of our problem with 4 hidden layers and 16 nodes per hidden layer.

5.3 Tube specifc parameters

When addressing the fluid dynamics of biomedical tube-like flows, such as vascular
flows, it is crucial to consider tube-specific parameters as they directly affect it. These
parameters include the distance along the tube, the centerline and the distance from the
tube walls. For instance, at regions near the wall, solutions with low velocity magnitude
are expected because of the physics of the no slip boundary condition. Additionally, it is
expected that the fluid pressure will drop along the tube, as a result of energy losses in
the flow. Therefore, it is proposed that incorporating those parameters as inputs into the
tube flow PINN will improve its accuracy [12].

Thus we incorporated eight tube-specific parameters, referred to as TSPs into the PINN

as inputs.

1. Normalized centerline distance, ¢ € (—1,1).
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5.4 Computational Fluid Dynamics simulations in COMSOL

2. Normalized width, L,, € (—1,1).

3. dsqg=1-L2

6. ¢ X dsq
7. ¢x L,

8. L, X dsq

5.4 Computational Fluid Dynamics simulations in COMSOL

CFD ground truth data of the training and prediction geometries were generated using
COMSOL laminar flow steady state study. The problem was non dimensionalized as
described before so that the exported data is suitable for evaluating the performance of
PINNS.

The first step was the creation of the geometry. For the creation of the geometry, 4

parametric curves were defined, to generate 2 solid surfaces, that were subtracted from
the rectangle 2 x 1 with the help of the boolean operations that are offered in COMSOL
Multiphysics v6.2.
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v 0 m
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Rotation: 0 s 05] —_—

~ Advanced Settings

Figure 5.3: Ezxample of a parametric curve used to simulate the blood flow in a stenosis
with fe=0.17.

The next step was the definition of the fluid properties as shown in Fig. 5.4
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Figure 5.4: Definition of fluid properties.

To define the BCs, we selected the section of the geometry, where the BCs are enforced
as shown in Figs 5.5, 5.6 and 5.7.
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Figure 5.5: Inlet parabolic velocity profile with a maximum value of 0.46 m/s.
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5.4 Computational Fluid Dynamics simulations in COMSOL
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Figure 5.7: No slip conditions at the walls.

After the formulation of the constraints, the mesh was generated. COMSOL gives the
option to simplify the process of creating a mesh by either allowing the software to do
it automatically or by manually constructing a customized mesh. This is achieved using
either a physics-controlled ora user-controlled mesh sequence type, accordingly. No matter
which type of mesh sequence the user selects, there exist numerous options, settings, tools,
and generators that can be employed to generate an ideal mesh for the given geometry and

analysis.
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Figure 5.9: Ezxtraction of COMSOL data.

The relative error tolerance was set to 107 and a mesh independence analysis was
performed to reach the final accepted CFD solution. To compare the CFD and PINN
solutions, we applied post-processing to transform the computational mesh grid points from
COMSOL for proper PINN inference. Notably, the input parameters in the PINN model,
aside from the other parameters, are the z and y coordinates of a channel without stenosis.
Based on the fc parameter, the geometry is then transformed during inference to represent
a stenotic vessel. Therefore, the COMSOL computational mesh, representing a vessel
with a given stenosis severity, must first be transformed into a non-stenotic vessel before
being submitted to the PINN model. This "antistenosis" transformation (see Appendix

A) ensures that the comparison between CFD and PINN solutions is conducted using
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5.5 Evaluation of errors

consistent coordinates, obtaining more precise error measurements.

5.5 Evaluation of errors

To quantify the errors between the COMSOL values, 4™ = [u, v, p] ,and PINN values,

yPINN = [4, 9, p], we used normalized root mean squared error (Norm RMSE).
RMSE
Norm RMSE = —rr— Com (5.17)
ymax ymzn
where RMSE is the root mean squared error,
5N PINN _ , Com)2
RMSE =, | - D (yPINN — gy Com) (5.18)

i=1

Norm RMSE is typically used to measure accuracy in regression models.

from 0 to 1 and closer to zero means that the model is more accurate.

It takes values
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Chapter 6

Study of different parameters

6.1 Advantages of tube specifc parameters

To test the performance of the PINN when employing TSPs, a network that consists

of 6 hidden layers and 512 neurons per hidden layer was used. The activation function

selected is SiLU and Adam algorithm is chosen as the optimizer.
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Figure 6.1: Total loss for the 2 networks.
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Figure 6.2: Time per step for the 2 networks.

As observed the employment of TSPs not only reduces the total loss (Fig. 6.1), but also
lowers significantly the calculation time needed for each step (Fig. 6.2). More specifically
the total loss achieved when employing TSPs is 70% lower compared to the network’s loss
without TSPs and the time per step is decreased from 0.18 seconds per step to 0.12 seconds

per step. For the accuracy comparison, 3 random case studies were picked.

Table 6.1: The parameters of the 3 case studies for the evaluation of the TSPs implemen-
tation errors.

Study | fc | Umaz(m/s) | Reynolds
1 0.24 0.62 816
2 0.11 1.1 1447
3 0.17 0.7 921
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6.1 Advantages of tube specifc parameters

PINN U

01

PINN U

01

(b)

comsoLu

01

()

Figure 6.3: Prediction of u velocity in Study 1 (Table 6.1) using: (a) PINN without TSPs,
(b) PINN with TSPs, (c) FEM in COMSOL.

I
vimis)

’
- i
(a)
. 5
’ :
- m
(b)
»
’ i
(c)

Figure 6.4: Prediction of v velocity in Study 1 (Table 6.1) using: (a) PINN without TSPs,
(b) PINN with TSPs, (¢c) FEM in COMSOL.
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Figure 6.5: Prediction of pressure in Study 1 (Table 6.1) using: (a) PINN without TSPs,
(b) PINN with TSPs, (¢c) FEM in COMSOL.
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Figure 6.6: Prediction of u velocity in Study 2 (Table 6.1) using: (a) PINN without TSPs,
(b) PINN with TSPs, (¢) FEM in COMSOL.
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Figure 6.7: Prediction of v velocity in Study 2 (Table 6.1) using: (a) PINN without TSPs,
(b) PINN with TSPs, (c) FEM in COMSOL.
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Figure 6.8: Prediction of pressure in Study 2 (Table 6.1) using: (a) PINN without TSPs,
(b) PINN with TSPs, (¢c) FEM in COMSOL.
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Figure 6.9: Prediction of u velocity in Study 3 (Table 6.1) using: (a) PINN without TSPs,
(b) PINN with TSPs, (¢c) FEM in COMSOL.
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Figure 6.10: Prediction of v velocity in Study 3 (Table 6.1) using: (a) PINN without TSPs,
(b) PINN with TSPs, (¢c) FEM in COMSOL.
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Figure 6.11: Prediction of pressure in Study 3 (Table 6.1) using: (a) PINN without TSPs,
(b) PINN with TSPs, (¢c) FEM in COMSOL.
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Table 6.2: Errors for the 2 networks

Study | Network | RMSE w | Norm RMSE u | RMSE v | Norm RMSE v | RMSE p | Norm RMSE p
1 TSPs 0.0354 0.0491 0.007 0.0236 0.0111 0.0855
1 NO TSPs | 0.0367 0.0509 0.0067 0.0229 0.0125 0.0961
2 TSPs 0.0366 0.0453 0.0041 0.0331 0.0256 0.3694
2 NO TSPs | 0.0363 0.0449 0.0040 0.0322 0.0258 0.3717
3 TSPs 0.0280 0.0465 0.0042 0.0244 0.0143 0.2032
3 NO TSPs | 0.0289 0.042 0.00247 0.0249 0.0149 0.2123

The error measurements summarized in Table 6.2 clearly demonstrate that the use
of TSPs significantly reduces the Norm RMSE of pressure when comparing the PINN
and CFD solutions across all three case studies (Table 6.1), indicating an improvement in
pressure accuracy. However, the impact on velocity errors is minimal, as these errors are
already quite low. Given the reduced computational time per step and the improvement

in pressure accuracy, T'SPs are utilized in all subsequent studies in this thesis.

6.2 Activation functions

The selection of the activation function has a substantial influence on the effectiveness
of training. When training using the backpropagation algorithm, it is necessary to compute
the derivative of the loss function with respect to the weights and biases of each layer. As
the studies have shown [13], training a neural network with multiple hidden layers may
not be effective if the derivative of the activation function has a small range.

When it comes to Modulus Sym, SiLU is the default activation function, yet in this
Thesis, we employed and evaluated the effects of the other activation functions discussed
in section 1.2 on the rate of convergence. All the experiments were performed using Adam
optimizer and a PINN with 4 hidden layers and 256 neurons per layer. It should be
highlighted, that the training was discontinued when the total loss was stabilized, which

is why certain trainings present with a lower number of epochs.
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6.2 Activation functions
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Figure 6.12: Total loss for different activation functions.
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Figure 6.13: Continuity loss for different activation functions.
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Figure 6.14: x-momentum loss for different activation functions.
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Figure 6.15: y-momentum loss for different activation functions.
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Based on the data presented above it is evident that SiLU and tanh exhibit lower overall

loss compared to the other AFs while Sigmoid possesses the largest total losses.
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6.3 Number of layers and number of neurons per layer

6.3 Number of layers and number of neurons per layer

In this section, we analyze how the the various combinations of number of layers and
neurons per layer affect the total loss and computation time for each run. Again the
optimizer used was the Adam with SiLU activation function. Firstly, we increased the

number of neurons per layer while keeping a fixed layer size.

10!
= 4 Layers-256 Neurons per layer

—— 4 Layers-512 Neurons per layer
—— 4 Layers-1024 Neurons per layer

1072 1

Total loss

B R

0 100000 200000 300000 400000 500000 600000 700000 800000
Step

Figure 6.16: Total loss for different numbers of neuron per layer.

It is evident that the architectures of 256 neurons per layer and 1024 neurons per
layer perform slightly better than the network with 512 neurons per layer. However if we
analyze the plot of total loss with respect to wall clock time (Fig. 6.17), it is obvious that

the architecture with 256 neurons per layer achieve the same total loss levels much faster.
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Training Loss over Time
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Figure 6.17: Total loss for different numbers of neuron per layer with respect to wall clock
time.

To test how the number of layers influence the performance of the PINN, we increased

the number of layers, while maintaining a constant number of neurons per layer.
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Figure 6.18: Total loss for different number of layers.
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Figure 6.19: Total loss for different number of layers with respect to wall clock time.

As it can be observed in Figs 6.26 and 6.19, the network with the 4 layers does not
manage to reach a satisfying loss level. Additionally we can observe that the most efficient
architecture is the one with the 6 layers, as it achieves the lowest total loss in the least

amount of time.

Comparison between all different architectures
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Figure 6.20: Total loss for the different architectures.
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Total loss

Continuity loss
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Figure 6.21: Total loss for the different architectures with respect to wall clock time.
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Figure 6.22: Continuity loss for the different architectures.
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Figure 6.23: x-momentum loss for the different architectures.
T T T |
—— 4 Layers-256 Neurons per layer
—— 4 Layers-512 Neurons per layer

1071 4 —— 4 Layers-1024 Neurons per layer |

—— 6 Layers-512 Neurons per layer
—— 8 Layers-512 Neurons per layer

._.
1)
s

. y-momentum loss
=
o
&

1074 4
1075 §
1076 T T T T T
0 100000 200000 300000 400000 500000 600000 700000 800000
Step

Figure 6.24: y-momentum loss for the different architectures.

The network with the 6 hidden layers and 512 neurons per layer manages to achieve
the lowest total loss and the lowest individual losses. Therefore, we chose this architecture

to evaluate the accuracy of our trained model in comparison with the CFD validation data
provided by COMSOL.
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6.4 Optimizers

In this section we investigated how various optimizers influence the different losses in
our model. The optimizers are selected with their default hyperparameters from Nvidia
Modulus Sym and the network deployed, is a PINN with 4 hidden layers and 256 neurons

per layer. The selected activation function is SiLU.

— Adam
—— Adagrad
—— Rmsprop
1071 1 — sgd
w
8 10723
-
: ] "mﬂh\nu
1 Il
| Ao rfﬂ“q‘
R U
1074 T T T T T T T
0 50000 100000 150000 200000 250000 300000

Step

Figure 6.25: Total loss for different optimizers.

It appears that SGD and AdaGrad get stuck in a local minimum and do not manage to
reach a lower total loss level (Fig 6.25). Moreover we observe that RMSProp surprisingly
succeeds in obtaining better convergence rate than Adam but with higher computation time
per step. The time required for each step in the Adam, AdaGrad, and SGD optimization
algorithms is nearly the same (Fig 6.26).
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Figure 6.26: Time per step for different optimizers.
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Figure 6.27: Continuity loss for different optimizers.
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Figure 6.28: xz-momentum loss for different optimizers.
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Figure 6.29: y-momentum loss for different optimizers.

It is noticeable that SGD and AdaGrad have almost no fluctuations in their loss values

compared to the other 2 optimizers.
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6.5 Adaptive activation functions

6.5 Adaptive activation functions

To investigate how adaptive activation functions influence the accuracy and the con-
vergence, we tested the performance of 2 neural networks architectures with and without
adaptive activation functions. The architectures selected are one network with 4 hidden
layers and 256 neurons per layer and one network with 6 hidden layers and 512 neurons

per layer. All networks are trained with Adam optimizer and use SiLU as the activation

function.
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Figure 6.30: Influence of adaptive activation functions.

It is evident that using adaptive activation functions does not always reduce the total
loss. To be more precise, enabling adaptive activation functions effectively reduces the
total training loss for the network with 4 layers and 256 neurons per layer. However, in
the larger network with 6 layers and 512 neurons per layer, it not only fails to reduce the

loss but actually increases it.
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Figure 6.31: Influence of adaptive activation functions on time per step.

As it was expected the utilization of adaptive activation functions leads to an increase
in the duration of each step. However the small network experiences much bigger rise in
time per step, in comparison to the bigger network that the increase in time per step is
only noticeable after the 100k steps.

For the accuracy test we picked 3 random pairs of fc and upqy.

Table 6.3: The parameters of the 3 case studies for the accuracy evaluation of the adaptive
activation functions.

Study | fc | umaz(m/s) | Reynolds
1 0.256 1.111 1462
2 0.212 0.389 512
3 0.162 0.925 1217
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Figure 6.32: Prediction of u velocity in Study 1 (Table 6.3) using: (a) PINN without, (b)
PINN with adaptive activation functions, (¢) FEM in COMSOL.
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Figure 6.33: Prediction of v velocity in Study 1 (Table 6.3) using: (a) PINN without, (b)
PINN with adaptive activation functions, (¢) FEM in COMSOL.
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Figure 6.34: Prediction of pressure in Study 1 (Table 6.3) using: (a) PINN without, (b)
PINN with adaptive activation functions, (¢) FEM in COMSOL.
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Figure 6.35: Prediction of u velocity in Study 2 (Table 6.3) using: (a) PINN without, (b)
PINN with adaptive activation functions, (¢) FEM in COMSOL.
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Figure 6.36: Prediction of v velocity in Study 2 (Table 6.3) using: (a) PINN without, (b)
PINN with adaptive activation functions, (¢) FEM in COMSOL.
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Figure 6.37: Prediction of pressure in Study 2 (Table 6.3) using: (a) PINN without, (b)
PINN with adaptive activation functions, (¢) FEM in COMSOL.
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Figure 6.38: Prediction of u velocity in Study 3 (Table 6.3) using: (a) PINN without, (b)
PINN with adaptive activation functions, (¢) FEM in COMSOL.
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Figure 6.39: Prediction of v velocity in Study 3 (Table 6.3) using: (a) PINN without, (b)
PINN with adaptive activation functions, (¢) FEM in COMSOL.
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Figure 6.40: Prediction of pressure in Study 3 (Table 6.3) using: (a) PINN without, (b)
PINN with adaptive activation functions, (¢) FEM in COMSOL.
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Accuracy of big network (6 layers-512 neurons per layer)
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Figure 6.41: Prediction of u velocity in Study 1 (Table 6.3) using: (a) PINN without, (b)
PINN with adaptive activation functions, (¢) FEM in COMSOL.
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Figure 6.42: Prediction of v velocity in Study 1 (Table 6.3) using: (a) PINN without, (b)
PINN with adaptive activation functions, (¢) FEM in COMSOL..
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Figure 6.43: Prediction of pressure in Study 1 (Table 6.3) using: (a) PINN without, (b)
PINN with adaptive activation functions, (¢) FEM in COMSOL.
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Figure 6.44: Prediction of u velocity in Study 2 (Table 6.3) using: (a) PINN without, (b)
PINN with adaptive activation functions, (¢) FEM in COMSOL.
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Figure 6.45: Prediction of v velocity in Study 2 (Table 6.3) using: (a) PINN without, (b)
PINN with adaptive activation functions, (¢) FEM in COMSOL.
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Figure 6.46: Prediction of pressure in Study 1 (Table 6.3) using: (a) PINN without, (b)
PINN with adaptive activation functions, (¢) FEM in COMSOL.
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Figure 6.47: Prediction of w velocity in Study 3 (Table 6.3) using: (a) PINN without, (b)
PINN with adaptive activation functions, (¢) FEM in COMSOL.

83



Chapter 6. Study of different parameters

PINN v

77777

nnnnn

uuuuu
PINN v

77777
-0z

nnnnn

uuuuu

comsoL v

77777
-0z

nnnnn

uuuuu

Figure 6.48: Prediction of v velocity in Study 3 (Table 6.3) using: (a) PINN without, (b)
PINN with adaptive activation functions, (¢) FEM in COMSOL.
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Figure 6.49: Prediction of pressure in Study 3 (Table 6.3) using: (a) PINN without, (b)
PINN with adaptive activation functions, (¢) FEM in COMSOL.
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6.6 Number of sampling points

Table 6.4: Errors for the different networks and studies.

Study Network RMSE u | Norm RMSE v | RMSE v | Norm RMSE v | RMSE p | Norm RMSE p
1 Small 0.0893 0.0676 0.0153 0.0233 0.0666 0.1243
1 Adapt small | 0.0799 0.0606 0.0138 0.0212 0.0479 0.0893
1 Big 0.0776 0.0588 0.0064 0.0098 0.0224 0.0418
1 Adapt big 0.0808 0.0612 0.0071 0.0108 0.0197 0.0368
2 Small 0.0374 0.0984 0.0038 0.0260 0.0106 0.2608
2 Adapt small | 0.0314 0.0826 0.0038 0.0259 0.0082 0.2007
2 Big 0.0240 0.0630 0.0026 0.0180 0.0061 0.1505
2 Adapt big 0.0246 0.0647 0.0028 0.0192 0.0064 0.1560
3 Small 0.0475 0.0612 0.0048 0.0215 0.0257 0.2238
3 Adapt small | 0.0461 0.0594 0.0058 0.0264 0.0248 0.2155
3 Big 0.0382 0.0492 0.0041 0.0189 0.0210 0.1826
3 Adapt big 0.0406 0.0523 0.0042 0.0191 0.0217 0.1885

As summarized in Table 6.4, the big network (6 hidden layers and 512 neurons per
layer) with adaptive activation functions is associated with higher errors, while the small
network is performing better (lower errors) in all 3 case studies (with parameters defined

in Table 6.3) compared to to small network

6.6 Number of sampling points

In this section, the number of sampling points and its impact on the convergence rate
and accuracy is studied. We examine if the small network (4 hidden layers with 256 neurons
per hidden layer) with enabled adaptive activation functions of the section 6.5 can further
reduce its total loss and improve its accuracy by sampling more points. To record the
errors, we reuse again the 3 previous case studies (Table 6.6) .

A batch size of 1000 was consistently utilized in all trainings, resulting in a total of
3.84 million spatial points per epoch for sampling 1 and 5.92 million for sampling 2, since

in each training iteration 3840 batch points and 5920 were used accordingly.

Table 6.5: Number of points for the 2 samplings.

Geometry | Sampling 1 | Sampling 2
Inlet 160 160
Outlet 160 160
Up wall 160 300
Down wall 160 300
Interior 3200 5000

Table 6.6: The parameters of the 8 case studies for the accuracy evaluation of different
samplings.

Study fe | Umaz(m/s) | Reynolds
1 0.256 1.111 1462
2 0.212 0.389 512
3 0.162 0.925 1217
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Figure 6.50: Total loss for the 2 Samplings.

As expected the total loss is lower on sampling 2 but with slightly highercomputation

time per step.
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Figure 6.51: Time per step for the 2 Samplings.
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6.7 Single-case PINN vs multi-case PINN

Table 6.7: Errors for the 2 samplings.

Study Network RMSE v | Norm RMSE v | RMSE v | Norm RMSE v | RMSE p | Norm RMSE p
1 Sampling 1 | 0.0799 0.0606 0.0138 0.0212 0.0479 0.0893
1 Sampling 2 | 0.0798 0.0605 0.0107 0.0162 0.0190 0.0355
2 Sampling 1 | 0.0314 0.0826 0.0038 0.0259 0.0082 0.2007
2 Sampling 2 | 0.0314 0.0825 0.0034 0.0232 0.0080 0.1965
3 Sampling 1 | 0.0461 0.0594 0.0058 0.0264 0.0248 0.2155
3 Sampling 2 | 0.0467 0.0602 0.0055 0.0249 0.0255 0.2215

In Study 1 with the implementation of sampling 2, all errors decrease with a particularly
significant reduction in the pressure error. In Study 2, all errors show a slight decline.
Interestingly, in Study 3, only the error in v velocity decreases, while u velocity and pressure

errors experience a modest increase.

6.7 Single-case PINN vs multi-case PINN

In this section difference in losses and accuracy between single-case PINN and multi-
case PINN is investigated. Both networks consist of 6 hidden layers and 512 neurons per
hidden layer, the activation function selected is SiLU and Adam optimizer are used. The
single-case PINN is trained for fc = 0.2 and Reynolds number approximately 1315, and

its errors are compared with the multi-case architecture for the same case.
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Figure 6.52: Total loss for the 2 networks.
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Figure 6.53: Time per step for the 2 networks.

As we see, total loss for the single-case network is much lower with smaller time per
step. That was totally expected, since the multi-case Pinn has two additional dimensions
fc and Upqsz, making it is much more difficult for the network to learn the hidden fluid

mechanics.

COMSOL u
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Figure 6.54: Prediction of u velocity using: (a) Single-case PINN, (b) Multi-case PINN,
(¢) FEM in COMSOL.
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Figure 6.55: Prediction of v velocity using: (a) Single-case PINN, (b) Multi-case PINN,
(¢) FEM in COMSOL.
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Figure 6.56: Prediction of pressure using: (a) Single-case PINN, (b) Multi-case PINN, (c)
FEM in COMSOL.
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Table 6.8: Errors for different networks.

Network | RMSE v | Norm RMSE u | RMSE v | Norm RMSE v | RMSE p | Norm RMSE p
Single-case | 0.0468 0.0462 0.0081 0.0240 0.0167 0.0824
Multi-case | 0.0483 0.0477 0.0079 0.0236 0.0238 0.1174

Upon observation, it is seen that errors in the w velocity do not reduce significantly
in the single-case architecture. However, errors in the v velocity partially increase, while

errors in pressure noticeably decrease.
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Chapter 7

FEM vs. multi-case PINN

7.1 Introduction

In this chapter, we examine the accuracy of the multi-case PINN vs. FEM ground
truth data and investigate how severity of the stenosis and Reynolds number influence the
different errors. The PINN used, had 6 hidden layers, 512 neurons per hidden layer, SiLU

as the activation function and Adam algorithm as the optimizer.

7.2 Case study 1: Re=500, fc =0.1
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Figure 7.1: u velocity in multi-case PINN vs FEM for Re=500 and fc=0.1.
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Figure 7.2: v velocity in multi-case PINN vs FEM for Re=500 and fc=0.3.
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Figure 7.3: pressure in multi-case PINN vs FEM for Re=500 and fc=0.3.

As illustrated in Fig.7.1, the PINN manages to accurately represent the u velocity field.
However, in Fig.7.2, it is noticeable that deep learning is not able to capture the gradient
of the v velocity after the stenosis. When it comes to pressure field Fig.7.3, the PINN can

not display the pressure drop, that is expected at the stenosis, as a result of the energy
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7.3 Case study 2: Re=500, fc =0.2
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7.3 Case study 2: Re=500, fc =0.2
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Figure 7.4: u velocity in multi-case PINN vs FEM for Re=500 and fc=0.2.
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Figure 7.5: v velocity in multi-case PINN vs FEM for Re=500 and fc=0.2.
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Figure 7.6: pressure in multi-case PINN vs FEM for Re=500 and fc=0.2.
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As observed in Fig.7.4, deep learning finds it difficult to represent the u velocity gradient
after the stenosis. In Fig.7.5, the PINN displays very low errors at the v velocity field.
Regarding the pressure field, Fig.7.6, the PINN can not display the gradual pressure drop.
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7.4 Case study 3: Re=500, fc =0.3
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Figure 7.7: u velocity in multi-case PINN vs FEM for Re=500 and fc=0.3.
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Figure 7.8: v velocity in multi-case PINN vs FEM for Re=500 and fc=0.3.
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Figure 7.9: pressure in multi-case PINN vs FEM for Re=500 and fc=0.3.
As observed in Fig.7.8 and Fig.7.9, deep learning manages to capture accurately the v

velocity and pressure fields. When it comes to u velocity field, again the errors are very

low, yet, the gradient after the stenosis is not depicted correctly.
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7.5 Case study 4: Re=750, fc =0.1

7.5 Case study 4: Re=750, fc =0.1
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Figure 7.10: w velocity in multi-case PINN vs FEM for Re=750 and fc=0.1.
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Figure 7.11: v velocity in multi-case PINN vs FEM for Re=750 and fc=0.1.
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Figure 7.12: pressure in multi-case PINN vs FEM for Re=750 and fc=0.1.

As displayed in Fig.7.10, the PINN manages to accurately represent the u velocity field.
However, in Fig. 7.11, it is noticeable that deep learning is not able to capture the gradient
of the v velocity after the stenosis. When it comes to pressure field Fig.7.12, the PINN

can not depict the pressure drop, that is expected at the stenosis.
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7.6 Case study 5: Re=750, fc =0.2

7.6

Case study 5: Re=750, fc =0.2
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Figure 7.13: u wvelocity in multi-case PINN vs FEM for Re=750 and fc=0.2.
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Figure 7.14: v velocity in multi-case PINN vs FEM for Re=750 and fc=0.2.
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Figure 7.15: pressure in multi-case PINN vs FEM for Re=750 and fc=0.2.

As observed in Fig.7.13, deep learning can not accurately represent the u velocity
gradient after the stenosis. In Fig.7.14, the PINN displays very low errors at the v velocity
field. Regarding the pressure field, Fig.7.15, the PINN can not display the gradual pressure
drop.
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7.7 Case study 6: Re=750, fc =0.3

7.7 Case study 6: Re=750, fc =0.3
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Figure 7.16: wu velocity in multi-case PINN vs FEM for Re=750 and fc=0.3.
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Figure 7.17:

v velocity in multi-case PINN vs FEM for Re=750 and fc=0.3.

u (mys)

°
W
u (mys)

0.20

0.15

0.10

0.05

0.00

v (mjs)

—0.05

—0.10

-0.15

-0.20

0.20

0.15

0.10

0.05

0.00

v (m/s)

—0.05
-0.10
—0.15

-0.20

101



Chapter 7. FEM vs. multi-case PINN

COMSOL p

0175
0.4 0.150
0.125
02
0.100

0.075

p (Pa}

0.050

0.025

0.000

—0.025

0175
0.4 0.150
0125
02
0.100

0.075

p (Pa)

0.050
0.025
0.000

-0.4
-0.025

Figure 7.18: pressure in multi-case PINN vs FEM for Re=750 and fc=0.3.
As illustrated in Fig.7.17 and Fig.7.18, deep learning manages to capture accurately

the v velocity and pressure fields. When it comes to u velocity field, again the errors are

very low, yet, the gradient after the stenosis is not depicted correctly.
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7.8 Case study 7: Re=1000, fc =0.1

7.8 Case study 7: Re=1000, fc =0.1
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Figure 7.19: w velocity in multi-case PINN vs FEM for Re=1000 and fc=0.1.
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Figure 7.20: v velocity in multi-case PINN vs FEM for Re=1000 and fc=0.1.
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Figure 7.21: pressure in multi-case PINN vs FEM for Re=1000 and fc=0.1.

As observed in Fig.7.19, the PINN manages to accurately represent the u velocity field.
However, in Fig.7.20, it is noticeable that deep learning is not able to capture the gradient
of the v velocity after the stenosis. When it comes to pressure field Fig.7.21, the PINN can
not display the pressure drop, that is expected at the stenosis, as a result of the energy

loss.
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7.9 Case study 8: Re=1000, fc =0.2

7.9 Case study 8: Re=1000, fc =0.2
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Figure 7.22: u wvelocity in multi-case PINN vs FEM for Re=1000 and fc=0.2.
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Figure 7.23: v velocity in multi-case PINN vs FEM for Re=1000 and fc=0.2.
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Figure 7.24: pressure in multi-case PINN vs FEM for Re=1000 and fc=0.2.

As illustrated in Fig.7.22, deep learning finds it difficult to represent the w velocity
gradient after the stenosis. In Fig.7.23, the PINN displays very low errors at the v velocity
field. Regarding the pressure field, Fig.7.24, the PINN can not display the gradual pressure
drop.
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7.10 Case study 9: Re=1000, fc =0.3

7.10 Case study 9: Re=1000, fc =0.3
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Figure 7.25: w velocity in multi-case PINN vs FEM for Re=1000 and fc=0.3.
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Figure 7.26: v velocity in multi-case PINN vs FEM for Re=1000 and fc=0.3.

107



Chapter 7. FEM vs. multi-case PINN

COMSOL p

0.35
0.4 0.30
0.25
024
0.20

0.15

p(Pa)

0.10

0.05

0.00

—0.05

0.35
0.4+ 0.30
0.25
0.2 4
0.20

0.15

p (Pa)

0.10

0.05

0.00

—0.05

Figure 7.27: pressure in multi-case PINN vs FEM for Re=1000 and fc=0.3.
As observed in Fig.7.26 and Fig.7.27, deep learning manages to capture accurately the

v velocity and pressure fields. When it comes to u velocity field, again the errors are very

low, yet, the gradient after the stenosis is not depicted correctly.
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7.11 Case study 10: Re=1250, fc =0.1
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Figure 7.28: w velocity in multi-case PINN vs FEM for Re=1250 and fc=0.1.
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Figure 7.29: v velocity in multi-case PINN vs FEM for Re=1250 and fc=0.1.
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Figure 7.30: pressure in multi-case PINN vs FEM for Re=1250 and fe=0.1.

As illustrated in Fig.7.28, the PINN manages to accurately represent the u velocity
field. However, in Fig.7.29, it is noticeable that deep learning is not able to capture the
gradient of the v velocity after the stenosis. When it comes to pressure field Fig.7.30, the
PINN can not display the pressure drop, that is expected at the stenosis, as a result of the
energy loss.
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Figure 7.31: w velocity in multi-case PINN vs FEM for Re=1250 and fc=0.2.
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Figure 7.32: v velocity in multi-case PINN vs FEM for Re=1250 and fc=0.2.
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Figure 7.33: pressure in multi-case PINN vs FEM for Re=1250 and fc=0.2.

As observed in Fig.7.31, deep learning finds it difficult to represent the u velocity
gradient after the stenosis. In Fig.7.32, the PINN displays very low errors at the v velocity
field. Regarding the pressure field, Fig.7.33, the PINN displays the gradual pressure drop

more accurately compared to the other case studies with the same fec.
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Figure 7.34: w velocity in multi-case PINN vs FEM for Re=1250 and fc=0.3.
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Figure 7.35: v velocity in multi-case PINN vs FEM for Re=1250 and fc=0.3.
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Figure 7.36: pressure in multi-case PINN vs FEM for Re=1250 and fc=0.3.
As displayed in Fig.7.35 and Fig.7.36, deep learning manages to capture accurately the

v velocity and pressure fields. When it comes to u velocity field, again the errors are very

low, yet, the gradient after the stenosis is not depicted correctly.
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Figure 7.37: u wvelocity in multi-case PINN vs FEM for Re=1500 and fc=0.1.
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Figure 7.38: v velocity in multi-case PINN vs FEM for Re=1500 and fc=0.1.
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COMSOL p

Figure 7.39: pressure in multi-case PINN vs FEM for Re=1500 and fc=0.1.

As illustrated in Fig.7.37, the PINN manages to accurately represent the u velocity
field. However, in Fig.7.38, it is noticeable that deep learning is not able to capture the
gradient of the v velocity after the stenosis. When it comes to pressure field Fig.7.39, the
PINN can not display the pressure drop, that is expected at the stenosis, as a result of the

energy loss.
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Figure 7.40: w velocity in multi-case PINN vs FEM for Re=1500 and fc=0.2.
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Figure 7.41: v wvelocity in multi-case PINN vs FEM for Re=1500 and fc=0.2.
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Figure 7.42: pressure in multi-case PINN vs FEM for Re=1500 and fc=0.2.

As observed in Fig.7.40, deep learning finds it difficult to represent the u velocity
gradient after the stenosis. In Fig.7.41, the PINN displays very low errors at the v velocity
field. Regarding the pressure field, Fig.7.42, the PINN displays the gradual pressure drop
accurately.
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Figure 7.43: w velocity in multi-case PINN vs FEM for Re=1500 and fc=0.3.
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Figure 7.44: v velocity in multi-case PINN vs FEM for Re=1500 and fc=0.35.
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Figure 7.45: pressure in multi-case PINN vs FEM for Re=1500 and fc=0.3.
As displayed in Fig.7.44 and Fig.7.45, deep learning manages to capture accurately the

v velocity and pressure fields. When it comes to u velocity field, again the errors are very

low, yet, the gradient after the stenosis is not depicted correctly.
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Figure 7.46: w velocity in multi-case PINN vs FEM for Re=1750 and fc=0.1.
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Figure 7.47: v velocity in multi-case PINN vs FEM for Re=1750 and fc=0.1.
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Figure 7.48: pressure in multi-case PINN vs FEM for Re=1750 and fe=0.1.

As illustrated in Fig.7.46, the PINN manages to accurately represent the u velocity
field. However, in Fig.7.47, it is noticeable that deep learning is not able to capture the
gradient of the v velocity after the stenosis. When it comes to pressure field Fig.7.48, the
PINN can not display the pressure drop, that is expected at the stenosis, as a result of the

energy loss.
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7.18 Case study 17: Re=1750, fc =0.2
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Figure 7.49: w velocity in multi-case PINN vs FEM for Re=1750 and fc=0.2.
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Figure 7.50: v velocity in multi-case PINN vs FEM for Re=1750 and fc=0.2.
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Figure 7.51: pressure in multi-case PINN vs FEM for Re=1750 and fc=0.2.

As observed in Fig.7.49, deep learning finds it difficult to represent the u velocity
gradient after the stenosis. In Fig.7.50, the PINN displays very low errors at the v velocity
field. Regarding the pressure field, Fig.7.51, the PINN can not display the gradual pressure
drop.
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7.19 Case study 18: Re=1750, fc =0.3
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Figure 7.52: w velocity in multi-case PINN vs FEM for Re=1750 and fc=0.5.
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Figure 7.53: v velocity in multi-case PINN vs FEM for Re=1750 and fc=0.3.
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Figure 7.54: pressure in multi-case PINN vs FEM for Re=1750 and fc=0.3.
As displayed in Fig.7.53 and Fig.7.54, deep learning manages to capture accurately the

v velocity and pressure fields. When it comes to u velocity field, again the errors are very

low, yet, the gradient after the stenosis is not depicted correctly.
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7.20 Errors PINNs vs FEM

Table 7.1: Errors for the different studies.

Study | Re | fc | RMSE u | Norm RMSE u | RMSE v | Norm RMSE v | RMSE p | Norm RMSE p
1 500 | 0.1 0.0147 0.0548 0.0016 0.0427 0.0019 0.2246
2 500 | 0.2 | 0.0203 0.0576 0.0027 0.0222 0.0060 0.1893
3 500 | 0.3 0.0356 0.0636 0.1893 0.0197 0.0101 0.0997
4 750 | 0.1 0.0180 0.0444 0.0021 0.0387 0.0050 0.2830
5 750 | 0.2 | 0.0266 0.0497 0.0035 0.0189 0.0091 0.1339
6 750 | 0.3 0.0480 0.0573 0.0073 0.0170 0.0149 0.0667
7 1000 | 0.1 0.0227 0.0418 0.0026 0.0362 0.0097 0.3299
8 1000 | 0.2 0.0347 0.0476 0.0044 0.0173 0.0136 0.1153
9 1000 | 0.3 | 0.0660 0.0607 0.0062 0.0101 0.0078 0.0184
10 1250 | 0.1 0.0272 0.0403 0.0031 0.0348 0.0158 0.3424
11 1250 | 0.2 0.0459 0.0503 0.0046 0.0138 0.0161 0.0812
12 1250 | 0.3 | 0.0808 0.0599 0.0072 0.0093 0.0106 0.0161
13 1500 | 0.1 0.0319 0.0393 0.0035 0.0322 0.0229 0.3531
14 1500 | 0.2 0.0550 0.0500 0.0055 0.0135 0.0211 0.0746
15 1500 | 0.3 | 0.0947 0.0588 0.0085 0.0091 0.0195 0.0206
16 1750 | 0.1 0.0363 0.0382 0.0040 0.0309 0.0311 0.3581
17 1750 | 0.2 0.0660 0.0512 0.0069 0.0144 0.0273 0.0714
18 1750 | 0.3 0.1085 0.0579 0.0103 0.0095 0.0526 0.0410
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Figure 7.55: Norm RMSE in u velocity.
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Figure 7.56: Norm RMSE in v velocity.
Normalized RMSE of p
0.35
1600 -
0.30
1400 |
0.25
[=%
. L
1200 020 B
s
& o
:
1000 015 =
800 - 0.10
600 4 0.05

T T T T T
0.200 0.225 0.250 0.275 0.300

fc

T T T T
0.100 0.125 0.150 0.175

Figure 7.57: Norm RMSE in p pressure.

In general, errors in the velocity fields were very low. As it was observed u velocity
errors slightly increase at higher Reynolds numbers and degrees of stenosis, while v velocity

errors seem to increase at lower Reynolds numbers and degrees of stenosis. Additionally
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7.20 Errors PINNs vs FEM

results indicate that pressure prediction accuracy drops for bigger Reynolds numbers but
increases for bigger degrees of stenosis. It should be considered that errors in general were
slightly bigger than expected from the bibliography and that is because of the extended
range of Reynolds numbers and degrees of stenosis that the network had to learn to predict.
Moreover, it should be noted that the inspiration study [12], which exhibits very low errors,
investigates a multi-case PINN, that predicts the velocity and pressure fields for a constant
low Reynolds number and for gradual stenoses that do not reach high degrees of stenosis,
as opposed to our work. It is important to mention that the inaccuracies in velocity and
pressure fields seem to be consistent and appear at the same regions. More specifically it is
evident that while the degree of stenosis grows, the gradient of u velocity at the height of
the stenosis seems to be increasingly ignored after the narrowing. Regarding the pressure
it is observable that at low degrees of stenosis the network fails to represent the pressure

drop precisely.
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Conclusion

Vascular hemodynamics are often studied in similar patient-specific anatomies. Follow-
ing the conventional methodology, a separate CFD simulation must be performed for every
case. Despite being a well-optimized and accurate procedure, it still takes several hours to
prepare the geometry, create a mesh, setup and perform the numerical simulation. This
Thesis explores a special category of neural networks that integrate PDEs into the training
process, known as PINNs. Specifically, we investigated whether PINNs can be generalized,
so that they can predict the solutions of a PDE for different boundary conditions and in
different geometries, without the need for training data. We employed multi-case PINNs to
solve the 2D Navier—Stokes equations in simplified stenotic vessel geometries with varying
degrees of stenosis and for different Reynolds numbers, creating surrogate models of blood
flow. We analyzed how different activation functions, optimizers, network architectures
and point samplings influence the accuracy and performance of the multi-case PINNs. Ad-
ditionally, we examined how adaptive activation functions and TSPs could enhance these

models. The main findings of the Thesis are:

e Implementing T'SPs improves accuracy and reduces computation time per step.
e SiLLU and tanh produce the lowest overall loss compared to other activation functions.

e The most efficient architecture is a network with 6 hidden layers and 512 neurons

per hidden layer, achieving the lowest loss in the shortest time.

e While RMSProp offers better convergence rates, its high computation time makes

Adam the most practical optimizer.

e Adaptive activation functions do not consistently improve performance, as their ef-

fectiveness depends on the network architecture.

e A higher number of sampling points improves convergence but increases the time per

step.

e Single-case PINNSs are less effective than CFD simulations due to worse convergence

rates.

e Multi-case PINNs, while generally performing worse than CFD simulations, enable

real-time predictions.

e Velocity errors are very low overall.

u velocity errors increase with higher Reynolds numbers and degrees of stenosis.
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e v velocity errors increase at lower Reynolds numbers and lower degrees of stenosis.

e Pressure prediction accuracy declines at higher Reynolds numbers but improves with

greater degrees of stenosis.

In summary, multi-case PINNs enable a single training process to handle various ge-
ometries and flow conditions, offering real-time predictions. Future work should extend
these models to 3D dimensions using patient-specific vascular models and explore advanced
unsupervised learning techniques that could surpass the performance of the PINNs used

in this study.
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Appendix A

Python code

class Stenosis(torch.nn.Module):
def __init__(self, r, 1):
super () . __init__Q)
self .register_buffer ("r", torch.tensor(r), persistent=False
)
self .register_buffer ("1l", torch.tensor(l), persistent=False
) # length of line

def forward(self, x):
x_ref = x[..., 0:1]
y_ref = x[..., 1:2]
fc = x[..., 2:3]

# Transform z_ref to range [-1, 1] for the cosine function
x_ref_transformed = 2 * (x_ref - self.l1/8) / (3*self.1/8 -
self.1/8) - 1

# Create masks for the piecewise function
(x_ref >= -self.1/2) & (x_ref < -self.l / 8)
(x_ref >= -self.1 / 8) & (x_ref < self.l / 8)

Il

maskl

mask?2

# Compute y_case based on the interval
y_case = torch.where(
mask1,
y_ref,
torch.where (
mask?2,
y_ref x (1 - fc * (1 + torch.cos(x_ref_transformed
* torch.pi))),
y_ref

return torch.cat((x_ref, y_case), -1)

Listing A.1: Stenosis tranformation class
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Appendix A. Python code

With the help of the Stenosis class we can define the different stenosis geometries with

respect to fc.

class GE(torch.nn.Module):
def __init__(self, r, 1):
init__ Q)

r = torch.tensor (r)

super () . __
self .register_buffer("r", r, persistent=False)

1 = torch.tensor (1)

self .register_buffer("1l", 1, persistent=False) # length of

line

def forward(self, x):
x_case = x[..., 0:1]
y_case = x[..., 1:2]
fc = x[..., 2:3]

# Transform z_ref to range [-1, 1] for the cosine function
x_ref_transformed = 2 * (x_case - self.1/8) / (3*self.l/8 -
self.1/8) - 1

# Create masks for the piecewise function
maskl = (x_case >= -self.1/2) & (x_case < -self.l / 8)
mask2 = (x_case >= -self.l / 8) & (x_case < self.l / 8)

radius = torch.where(
maskl1,
y_case / self.r,
torch.where (
mask2,
y_case / (1 - fc * (1 + torch.cos(x_ref_transformed
* torch.pi))) /self.r,

y_case / self.r

cline = 2. * x_case / self.1l

return torch.cat((cline, radius), -1)

class Dissq(torch.nn.Module):
def __init__(self):

super () . __init__(Q)
def forward(self ,x):
return 1.-x[...,0:1]*%x2.
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class warped(torch.nn.Module):
def __init__(self):
super () . __init__()
def forward(self ,x):
return x[...,2:4]-x[...,0:2]

class Newcoord(torch.nn.Module):
def __init__(self,s):

super () . __init__ Q)

s=torch.tensor (s)
self .register_buffer("s", s, persistent=False)
def forward(self ,x):

return self.sxx[...,0:3]

Listing A.2: Classes that produced the tube specific coordinates

By utilizing the above classes we could enter as extra input to our network the tube specific

coordinates.

class NavierStokes_CoordTransformed (PDE) :

name = "NavierStokes_CoordTransformed"

def __init__(self, nu,case_coord_strList=None,
case_param_strList=None, rho=1, dim=3, time=True, mixed_form
=False):

# set params

self.dim = dim
self.time = time
self .mixed_form = mixed_form

if case_param_strList is None:
case_param_strList={}

if case_coord_strList is None:
case_coord_strlist=["x_case","y_case","z_case"

if (case_coord_strList)==
case_coord_strList=case_coord_strList+["y_case","z_case

"]

elif (case_coord_strlist)==2:
case_coord_strList=case_coord_strList+["z_case"

# coordinates

t= Symbol("t")

X

¥
z = Symbol(case_coord_strList [2])

Symbol (case_coord_strList [0])
Symbol (case_coord_strList [1])

input_variables = {case_coord_strList[0]: x,
case_coord_strList[1]: y, case_coord_strList[2]: z, "t":

t}
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for key in case_param_strList:

input_variables [keyl=case_param_strList [key]
if self.dim == 2:

input_variables.pop("z_case")
if not self.time:

input_variables.pop("t")

# wvelocity componets

u = Function("u") (*input_variables)
v = Function("v") (*input_variables)
if self.dim == 3:
w = Function("w") (xinput_variables)
else:
w = Number (0)

# pressure

p = Function("p") (*input_variables)

# kinematic wviscosity
if isinstance(nu, str):

nu = Function(nu) (*input_variables)
elif isinstance (nu, (float, int)):

nu = Number (nu)

# demnsity
if isinstance(rho, str):

rho = Function(rho) (*input_variables)
elif isinstance(rho, (float, int)):

rho = Number (rho)

# dymamic viscosity

mu = rho * nu

# set equations
self.equations = {}
self.equations["continuity"] = (
rho.diff(t) + (rho * u).diff(x) + (rho * v).diff(y) + (
tho * w).diff(z)

if not self.mixed_form:

curl = Number (0) if rho.diff(x) == 0 else u.diff(x) + v
Ldiff (y) + w.diff (z)

self.equations ["momentum_x"] = (
(rho * u).diff (t)
+ (

u * ((rho * u).diff(x))
+ v * ((rho * uw).diff(y))
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+ w * ((rho * u).diff(z))

+ rho * u * (curl)

+

p.diff (x)

- (-2 / 3 * mu * (curl)).diff(x)
- (mu u.diff(x)).diff (x)
u.diff (y)).diff (y)
u.diff (z)).diff (z)
(curl) .diff(x))

*
- (mu =*
- (mu *
- (mu *
)
self.equations ["momentum_y"] = (

(rho * v).diff (t)

+ (
* ((rho * v).diff(x))
v * ((rho * v).diff (y))
w * ((rho * v).diff(z))

rho * v *x (curl)

+ + + g

<5

p.diff (y)
- (-2 / 3 * mu * (curl)).diff (y)
- (mu * v.diff(x)).diff (x)
- (mu * v.diff(y)).diff(y)
- (mu * v.diff(z)).diff (z)
- (mu * (curl).diff(y))
)
self.equations ["momentum_z"] = (
(rho * w).diff (t)
+ (
* ((rho * w).diff (x))
v * ((rho * w).diff (y))
w * ((rho * w).diff(z))

rho * w * (curl)

+ + + £

+

p.diff (z)

- (-2 / 3 * mu * (curl)).diff(z)
- (mu * w.diff(x)).diff (x)
w.diff (y)).diff (y)
w.diff (z)) .diff (z)
(curl) .diff (z))

- (mu

- (mu

* ¥ ¥

- (mu

if self.dim == 2:

self .equations.pop("momentum_z")

elif self.mixed_form:

u_x = Function("u_x") (*input_variables)
u_y = Function("u_y") (*input_variables)
u_z = Function("u_z") (*input_variables)
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Function("v_x") (xinput_variables)

Function("v_y") (xinput_variables)

= Function("v_z") (xinput_variables)

if self.dim == 3:
w_x = Function("w_x") (*input_variables)
w_y = Function("w_y") (*input_variables)
w_z = Function("w_z") (*input_variables)
else:
_x = Number (0)
_y = Number (0)
_z = Number (0)
_z = Number (0)
_z = Number (0)
curl = Number (0) if rho.diff(x) == 0 else u_x + v_y +
W_z
self.equations ["momentum_x"] = (
(rho * u).diff(t)
+ (

* ((rho * u.diff(x)))
v * ((rho * u.diff(y)))
w * ((rho * u.diff(z)))

rho * u * (curl)

+ + + £

+ p.diff (x)
- (-2 / 3 * mu * (curl)).diff (x)
- (mu * u_x).diff (x)
- (mu * u_y).diff (y)
- (mu * u_z).diff (z)
- (mu * (curl).diff(x))
)
self.equations ["momentum_y"] = (
(rho * v).diff (t)
+ (
u * ((rho * v.diff(x)))
+ v *x ((rho * v.diff(y)))
+ w * ((rho * v.diff(z)))
+ rho * v *x (curl)
+ p.diff (y)
- (-2 / 3 * mu * (curl)).diff (y)
- (mu * v_x).diff (x)
- (mu * v_y).diff (y)
- (mu * v_z).diff (z)
- (mu * (curl).diff (y))
)
self .equations ["momentum_z"] = (
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191

192

193

194

195

196

197

198

)

self
self
self

self

(

+

+

rho * w).diff (t)
(
* ((rho * w.diff (x)))
v * ((rho *x w.diff (y)))
w * ((rho * w.diff(z)))

rho * w * (curl)

+ + + ¢

p.diff (z)
(-2 / 3 * mu * (curl)).diff(z)

(mu * w_x).diff (x)
(mu * w_y).diff (y)
(mu * w_z).diff (z)
(mu * (curl).diff(z))

.equations["compatibility_u_x"]

.equations ["compatibility_u_y"]

.equations["compatibility_u_z"]
self.
self.

equations ["compatibility_v_x"]

equations ["compatibility_v_y"]

.equations ["compatibility_v_z"]

self.

self.

self.

self.
u_y.diff (x)

self .equations ["compatibility_u_xz"]
u_z.diff (x)

self.equations ["compatibility_u_yz"]
u_z.diff (y)

self .equations ["compatibility_v_xy"]
v_y.diff (%)

self .equations["compatibility_v_xz"]
v_z.diff (x)

self .equations ["compatibility_v_yz"]
v_z.diff (y)

self .equations["compatibility_w_xy"]
w_y.diff (x)

self .equations ["compatibility_w_xz"]
w_z.diff (x)

self.equations["compatibility_w_yz"]
w_z.diff (y)

equations ["compatibility_w_x"]
equations ["compatibility_w_y"]
equations["compatibility_w_z"]

equations ["compatibility_u_xy"]

if self.dim == 2:

self.equations.pop("momentum_z")

Ldiff (x) -
Jdiff(y) -
.diff(z) -
Ldiff(x) -
Ldiff (y) -
.diff (z) -
.diff(x) -
Jdiff(y) -
.diff(z) -
u_x.diff (y)

u_x.diff (z)
u_y.diff (z)
v_x.diff (y)
v_x.diff (z)
v_y.diff (z)
w_x.diff (y)
w_x.diff (z)

w_y.diff (z)

self.equations.pop("compatibility_u_z")

self .equations.pop("compatibility_v_z")

self .equations.pop("compatibility_w_x")

self .equations.pop("compatibility_w_y")
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self
self
self

.equations
.equations
.equations
self.
self.
self.
self.
self.

equations
equations
equations
equations

equations.

.pop("compatibility_w_z")

.pop("compatibility_u_xz")
.pop("compatibility_u_yz")
.pop("compatibility_v_xz")
.pop("compatibility_v_yz")
.pop("compatibility_w_xy")
.pop("compatibility_w_xz")

pop("compatibility_w_yz")

Listing A.3: The Navier Stokes Equations class

Navier Stokes class that allows the user to implement the conservation of mass and mo-

mentum into his loss function.

channel = Channel2D_centerfocused (
(channel_length_nd [0],
(channel_length_nd[1],

parameterization=pr,

inlet_2d = Line(

(channel_length_nd [0],
(channel_length_nd[0],

normal=-1,

parameterization=pr,

outlet_2d = Line(

(channel_length_nd[1],
(channel_length_nd[1],

normal=1,

parameterization=pr,

wall_btm = HLine(

(channel_length_nd[0],
(channel_length_nd[1],

normal=-1,

parameterization=pr,

wall_top = HLine(

(channel_length_nd [0],
(channel_length_nd[1],

normal=1,

parameterization=pr,)

channel _width_nd [0]), #z1,y!
channel _width_nd[1]), #z2,y2

channel _width_nd [0]), #z1,yl
channel_width_nd [1]), #rl,y2

channel _width_nd [0]), #z2,y!
channel_width_nd[1]), #z2,y2

channel_width_nd [0]), #xl1,
channel_width_nd [0]), #z2,

channel _width_nd[1]), #z1,y2
channel_width_nd [1]), #r2,y2

Listing A.4: Creation of the domain in Nvidia Modulus Sym

To define the domain in Python we used the built-in features of Nvidia Modulus Sym.
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Stenosis_coordTransform=CustomModuleArch (
[Key ("x"), Key("y"),Key("fc")1],
[Key("x_case"), Key("y_case")],
module=Stenosis_2(channel_radius_nd,channel_length_nd[1]-
channel_length_nd [0])

ge_net=CustomModuleArch (
[Key("x_case"), Key("y_case"), Key("fc")],
[Key("cline"), Key("radius")],
module=GE (channel_radius_nd,channel_length_nd[1]-
channel_length_nd [0])

warp=CustomModuleArch (
[Key (’x’) ,Key(’y’) ,Key("x_case"), Key("y_case")],
[Key ("warpx"), Key("warpy")],
module=warped ()

)

ns = NavierStokes_CoordTransformed (nu=nu_nd, rho=rho_nd, dim=2,

time=False)

normal _dot_vel = NormalDotVec (["u", "v"])

Dissq_net=CustomModuleArch(
[Key("radius")],
[Key("dissq") ],
module=Dissq ()

)

incrorder NN = CustomModuleArch(
input_keys=[Key("cline") ,Key("radius") ,Key("dissq")],
output_keys=[Key("cline_sq") ,Key("radius_sq") ,Key ("
cline_radius") ,Key("cline_dissq") ,Key("radius_dissq")],
module=incrorder (),

)

Listing A.5: Creation of list of nodes to unroll graph on in Nvidia Modulus Sym

By using the custom classes we created before, we created the nodes for our problem.

flow_net = instantiate_arch(
input_keys=[Key("x_case"), Key("y_case"),Key("cline"), Key(
"radius") ,Key("dissq") ,Key("cline_sq") ,Key("radius_sq"),

Key("cline_radius") ,Key("cline_dissq") ,Key("radius_dissq
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"),Key("fc"),Key("inlet_u")],
output_keys=[Key ("u"), Key("v"), Key("p")1,
cfg=cfg.arch.fully_connected,
activation_fn=Activation.RELU,

Listing A.6: Creation of the network

For the creation of the network we had to define the input and output keys of our prob-

lem,the type of the neural network and the activation function used.

# anlet
inlet = PointwiseBoundaryConstraint(
nodes=nodes,
geometry=inlet_2d,
outvar={"u": inlet_parabola, "v": 0},
batch_size=cfg.batch_size.inlet*batchsizefactor,

parameterization=param_ranges,

)

domain.add_constraint (inlet, "inlet")

# outlet

outlet = PointwiseBoundaryConstraint (
nodes=nodes,
geometry=outlet_2d,
outvar={"p": outlet_p},
batch_size=cfg.batch_size.outlet*batchsizefactor,
parameterization=param_ranges,

)

domain.add_constraint (outlet, "outlet")

# mo slip

no_slip_wall_btm = PointwiseBoundaryConstraint (
nodes=nodes,
geometry=wall_btm,
outvar={"u": noslip_u, "v": noslip_v},
batch_size=cfg.batch_size.walls*xbatchsizefactor,
parameterization=param_ranges,

)

domain.add_constraint (no_slip_wall_btm, "no_slip_wall")

no_slip_wall_top = PointwiseBoundaryConstraint (

nodes=nodes,

geometry=wall_top,

outvar={"u": noslip_u, "v": noslip_v},
batch_size=cfg.batch_size.walls*batchsizefactor,

parameterization=param_ranges,
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)

domain.add_constraint (no_slip_wall_top, "no_slip_wall")

# anterior contraints

interior = PointwiselInteriorConstraint (
nodes=nodes,
geometry=volume_geo ,
outvar={"continuity": O, "momentum_x": O, "momentum_y": 0},
batch_size=cfg.batch_size.interior*batchsizefactor,
bounds=Bounds ({x: channel_length _nd, y: channel_width_nd}),
parameterization=param_ranges,

)

domain.add_constraint (interior, "interior")

Listing A.7: Definition of constrains in Nvidia Modulus Sym

The constraints used to define the loss function were the 2D Navier Stokes equations at
the computational domain as well as the boundary conditions at the inlet, outlet and the
walls.

In order to be able to start the running process we have to additionally use a configuration

file in which basic parameters of the training are defined.

defaults
- modulus_default
- arch:

- fully_connected

- optimizer : adagrad

- scheduler : tf_exponential_lr
- loss : sum

- _self_

arch:
fully_connected:
layer_size: 256
nr_layers: 4

jit: false

scheduler:

decay_rate: 0.95
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decay_steps: 2000

training:
rec_validation_freq: 1000
rec_inference_freq: 1000
rec_monitor_freq: 1000
rec_constraint_freq: 2000
max_steps: 2000000

batch_size:

inlet: 160
outlet: 160
walls: 160

no_slip: 320

interior: 3200

Listing A.8: A basic configuration YAML file

file_path = "/data/Specific/Tube3_stenosis.csv"
if os.path.exists(to_absolute_path(file_path)):

mapping = {”X”: ”X”, llyII: llyll, Ilull: llull’ ”V”: "V", Ilp”:

upn}

stenosis_var = csv_to_dict(to_absolute_path(file_path), mapping

)

# Update with comstant control factors

stenosis_var.update({"fc": np.full_like(stenosis_var["x"],
0.17)1})

stenosis_var.update({"inlet_u": np.full_like(stenosis_var["x"],
0.7}

stenosis_invar_numpy = {

key: value for key, value in stenosis_var.items ()

[”X", Ilyll, Ilfcll, Hinlet_ull]

print ("File found and processed.")

stenosis_inferencer = PointwiseInferencer (
nodes=nodes,
invar=stenosis_invar_numpy,

output_names=["u", "v", "p",

"transformed_x", "
transformed_y"]

)

if key in

domain.add_inferencer (stenosis_inferencer, "StenosisInference")

else:

print (f"File not found: {to_absolute_path(file_path)l}")

Listing A.9: Inferencing in Nvidia Modulus
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class AntiStenosis (torch.nn.Module):
def __init__(self, r, 1):

super () . __init__()
self .register_buffer("r", torch.tensor(r), persistent=False
)

self .register_buffer ("1l", torch.tensor(l), persistent=False
) # Length of Line

def forward(self, x):
x_ref = x[..., 0:1]
y_case = x[..., 1:2]
fc = x[..., 2:3]

# Transform z_ref to range [-1, 1] for the cosine function
x_ref_transformed = 2 * (x_ref - self.l / 8) / (3 * self.l
/ 8 - self.1 / 8) -1

# Create masks for the piecewise function
maskl = (x_ref >= -self.l / 2) & (x_ref < -self.1l / 8)
mask2 = (x_ref >= -self.1l / 8) & (x_ref < self.l / 8)

# Compute y_ref based on the interval
y_ref = torch.where(
maskl,
y_case,
torch.where(
mask?2,
y_case / (1 - fc * (1 + torch.cos(x_ref_transformed
* torch.pi))),

y_case

return torch.cat((x_ref, y_ref), -1)

Listing A.10: The Anti-Stenosis class used to transform Stenosis x,y from COMSOL to

non Stenotic channel x,y
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