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Abstract

The appeal of multistep methods lies in their ability to bypass the need for intermediate stage calcula-
tions while achieving high-order convergence in time. Additionally, these methods significantly reduce
computational costs.

This study presents a stability and error analysis of the implicit—explicit (IMEX) two-step backward
differentiation formula (BDF) for a parabolic semi-linear convection-diffusion equation. The analysis
focuses on the time-discrete aspects of the semi-linear convection-diffusion equation, but the findings are
also applicable to fully discrete BDF schemes.

Subsequently, for the simpler heat equation on an open bounded polygonal domain with homogeneous
Dirichlet boundary conditions, the backward Euler and BDF2 finite element methods are constructed
and analyzed. FError bounds and stability are proven for both methods. For comparative purposes,
both methods are implemented in MATLAB on an L-shaped domain. The BDF2 method demonstrates
second-order convergence with respect to the time step size, enabling the use of larger time steps and
thereby reducing computational costs while maintaining the same level of accuracy as the backward
Euler method.

For completeness, this study also includes the formulation of the linear system in the finite element
method (FEM), along with the assembly of the associated matrices.



Hepirndn

H Snuogiiio twv moAuBnuatixdy uedddnv €yxeital oTny IXavOTNTd TOUG VoL THRUXAUTTOUY TNV avayXn Yl
UTOAOYLOUOUS OE EVBLEUES OTEBLO, ETUTUYYEVOVTAS TaUTOYPOVa GUYXALOY LPNATC TédEne oto ypdvo. Emi-
A0V, oL UEVOBOL QUTES UELDVOUY CNUAVTIXG TO UTOAOYLOTIXO X6OTOC.

H napoloa epyooio apyixd mapousidlel v avdiuon evotddeios xar opdhpatos e dueonc-éupeons (I-
MEX), BDF2 ped6d0u ot évo topaBohxd nurypopupixnd tedPinua didyuone. H uéhétn emevipdveton ot
YEOVIXA BLaXELTY| Lop®Y TOU TEOBAAUATOSC, KO TOCO0, Tol EVPNUATA EIVOL EQUPUOCLUN Xal O TARPWC BLUXELTA
TpoBAAUTAL.

YN ouvéyela, yioo TNy aniovotepn eloworn YepudTToC o8 AvoLXTé TOAUYWVIXG Ywelo Ue ouoyevelc ou-
voploxéc cuviixeg Dirichlet, xataoxeudlovton xou avahbovton ot yédodol Euler xou BDF2 nenepacpévwv
otoyelwv. Amodevbovton enlone 1 euotdielor xoodg xou Tar QPEAYUNTE GPIAUATOC TwV B0 uedddwy. Ta
Aoyoug abyxpiong, xau ol 8o pédodol uhonololvtan atoMatlab oe ywplo oyuatoc L. H yédodoc BDF2 no-
pouctdlel olyxhon dedtepng TdENg ot oyéon pe To uéyedog Tou Ypovixol BAUaTog, EMTEETOVTOS TN YEeYoN
HEYUADTERWY YPOVIXODY BNUTWY X0l UEWWGVOVTAS £TOL TO UTOAOYLOTIXG XOOTOE, DATNRMVTIS TUpdAANAL TO
(Sio eninedo axplfBetac ye tn uédodo backward Euler.

T Adyoue mAnpdntag, 1 mapovoa Yerétn nepthapBdvel enione tov unoloylopd (assembly) tou ypoput-
%00 cucthuatoc oty pédodo nencpacpévey ototyelwy (FEM), xadde enlong xo pe tn cuvapuoléynon
(assembly) TV OYETXOV TUVAXOV.



1 Implicit-Explicit Two-Step BDF Method

1.1 Introduction

We aim to develop and analyze an implicit-explicit multistep method for the following initial and bound-
ary value problem: find a function u : {2 x [0,T] — R satisfying

ug —eAu~+ V- (ub(z,t)) + c(z, t)u = f(u,z,t) in Qx(0,7),
u=0 on 00 x (0,7, (1.1)
u(+,0) =1ug in Q.

Here, Q C R? represents a bounded domain, Q and 9§ are the closure and the boundary of €2, respec-
tively, 7" and € are given positive numbers, and

d

V- (ub) := Z(blu)w

i=1

The convective coefficient b, the coefficient ¢, the initial value wug, and the forcing term f are given
functions. We assume the vector-valued function b : Q x [0,7] — R? is continuously differentiable,
c:Qx[0,T] — R is continuous, up € L3(2), and f : R x Q x [0,7] — R is globally Lipschitz continuous
in its first argument, uniformly with respect to its second and third arguments,

JL>0 VzeQ Vte|0,7] Vyi,y2 €R |f(y1,2,t) — f(ya,z,t)| < Llyl — y2|, (1.2)

and such that f(0,-,¢) € L?(Q) for all t € [0,T]. It follows straightforwardly that f(v,-,t) € L?(Q) for
any v € L%(Q) and all ¢ € [0,T]; indeed, using the Lipschitz condition and elementary inequalities, we
have

[f(v(@), 2, 0) < 2/f(v(@), 2,t) = £0,2,6)* + 2 (0, 2,8)]* < 2L%|v(@)|* + 2| £(0,z, ) *.

This proves our assertion.

We assume that the initial and boundary value problem (1.1) admits a sufficiently smooth solution
u.

Let us consider now («, 8) to be a strongly A(0)-stable g-step scheme and («, ) be an explicit g-step
scheme, which is characterized by three polynomials «, 8 and ~. [1]

q q q—1
a(Q) =D ¢’ B =D B 1) =D Bl
i=0 i=0 i=0
We shall also assume that the order of both g-step schemes, the implicit («, 8) and the explicit («,7), is

p, i-e.,
q q q—1
S oita; =1 T8 =1 iy, 1=0,1,.,p (1.3)
1=0 =0 1=0

For an example of schemes satisfying the above assumptions we mention the implicit-explicit BDF meth-
ods, described by the polynomials

q

0(0) = 32T 1P, BO) = ¢ 2O = = (-1 (1.4)
j=1

The implicit («, 3)-schemes correspond to the BDF (Backward Differentiation Formula) methods which
are strongly A(0)-stable for ¢ = 1, ....., 6; with their order being p = ¢. For a given a, the («, v)-scheme
is the unique explicit g-step scheme of order p = q. Consequently, the implicit-explicit BDF methods
satisfy the order conditions (1.3) with p = q.



Let N € N, k := T/N be the constant time step, and ¢, := nk, n = 0,..., N, be a uniform parti-
tion of the interval [0,T]. We assume that starting approximations Uy, ...,U,_1 are given, so that we
shall proceed with g-step schemes for (1.1).

We rewrite the differential equation in (1.1) as follows

up + Au+ C(t)u = B(t,u(t)), te(0,7), (1.5)

where the operators A, B, and C' are chosen appropriately for out purpose. The numerical scheme relies
on the specific choice of the operators A, B, and C in (1.5). The operators A and C are discretized
implicitly, by the implicit scheme («, 3), while the operator B explicitly, by the explicit scheme (a, 7).
This approach allows us to construct approximations U,, to the nodal values w,, := u(-,t,,) of the exact
solution by

q q—1
S el + ki (A+ CE™ )] U =k > %BE", U, n=0,...,N—q. (1.6)
1=0 =0

In order to derive optimal order consistency estimates, we need an appropriate representation of the
consistency error of the implici-explicit scheme (1.6). The consistency error E™ of the scheme for the
solution u of (1.1), is the amount by which the exact solution fails to satisfy (1.6) and is given by [1]

q q—1
kE™ = Z [l + kB; (A+ C(t" )] u — k‘Z’yiB(t"“,u"“), (1.7)
i=0 i=0

n=0,...,N —q.

where

q
E{l = Z [aiun+i - kﬂiut(tTH% 9 g = Z thrZ n+i)’

1=0 i=0

with v, := 0, and using the differential equation in (1.5), we deduce that

kE™ = ET + E3 (1.8)
Via a Taylor expansion around t”, leading terms of order up to p — 1 cancel, and we obtain

n—+1
t oty

p' Z/t (" — 5P [y (£ — s) — pkBi] W(s) ds, (1.9)

_]‘51)' Z(ﬁz - ’Yi)/ - (tnyi — s)p_lgB(s, u(s)) ds.

i=1 tn

Let ¢* be a fixed positive number and assume operator C in (1.5) is zero. We define the operators A
and B as Av := —eAv + c¢*v and B(t,v) := f(v(-),-,t) — V- (vb(t)) + (¢* — ¢(t))v. Under this particular
splitting, the scheme (1.6) is reformulated as:

q q—1
S (il + kBA) V™ =k B, V), n=0,...,N —q. (1.10)
1=0 =0

To compute the unknown U™ "4, we need to solve one linear equation, with the same operator for all time
levels. That operator is self-adjoint and positive definite: The approximate solutions are well defined.
Notation and Lipschitz Conditions

We let H := L?(Q) and denote by (-,-), || - || its inner product and norm, respectively. The operator
A:D = H?*Q)N HQ) — H is linear, self-adjoint and positive definite. We denote by V’ the dual of
V, with respect to the pivot space H, i.e., V' = H~(Q). We also introduce the norms [|-| and ||-||, in



V and V’ respectively by

X " 1/2
llol] = | AY20]| = (—e(Av, v) + ¢ (v,0)/? = (el Vo||? + ¢*lvl|?)/?,

1/2
lloll, := 14720 = (v, (~ea + 7).

The operator A can be extended from V to its dual space V' in a standard manner. Additionally, the
notation (+,-) will denote the duality pairing between V' and V. The operator B(t,-) : D(A) — H can
also be viewed as a mapping from V into V.

For simplicity, we decompose the operator B into two components, B = By 4+ Bs, defined by:

Bi(t)v :== =V - (vb(t)), Ba(t,v):= f(v(-),t)+ (" —c(t))v.
Useful Estimates for ||v||,

We have the estimate:

(v, )

sup )
weV\{0} (e]| V|2 + ¢*||u|2)"?

llolll, =

which leads to:

1 1
ol < min {2 loll, Sz ol }. (1)

Indeed, first,

00 ol al
wev\{oy Ver|lul| T uevyioy Ver|ull

llolll, <

which gives:

[[v]]

N

llolll, < (1.12)

Further,

(v, u) [vl[z=2 [Vull _ llvllz—
lofl, £ sup —=="+ < sup <
wev\{oy VEIVull T ueviioy  VEIVull Ve

First, for v,0 € V, we have:

d
(Bi(t,v), D) :/ub(-,t)~Vq7da::ZAbi(~7t)u(ﬁ)zi dr,
i=1

Q

which in combination with:

b:= max max |b(x,t)],
1<i<d 4eQ, 0<t<T

gives the bound:

d d 1/2
(Bi(t,0),0)] < 5IIUIIZ 1(8)z, | < bVd|Jo] (Z 1(2)a, 2) = bV/d||o||| V3.

i=1

Since /&||[Vo|| < [|9], we have:

V. (1.13)

, b
VeI, Yo eV, B, < ol with = —



Moreover, with:

¢:= max |c" —c(x,t)],
T€Q, 0<t<T

and given the Lipschitz condition (1.2), for v,7 € V, we obtain:

1B2(t, v) = Ba(t, 9)|* < /Q (L +&)o(x) —5(x)[]* dz = (L +&)*[lo — 3%,

whence, according to (1.12),

- 1 ~ L+e¢ -
I B2(t, v) = Ba(t, )l < 7”32(7570) — By(t,0)]| < lv =2, (1.14)

Ve Ve

or:

L+e¢

vVt €[0,T], Vv, 0 € V, ||Ba(t,v) — Ba(t,0)||, < pallv—"2|, where py:= T

Combining (1.13) and (1.14), we derive the global Lipschitz condition:

vt e [O7T}7 Vv, 0 €V, H‘B?(tvv) - B2(t77~})|”* < MHU - 77”7 (1'15)

with the constant p := 1 + o,

(1.16)

Consistency
Based on the expressions for the consistency error given in (1.8) and (1.9), and assuming standard reg-
ularity conditions, we directly arrive at the optimal order consistency estimate desired.

e (B, (1.17)
where ||-|]l, is the norm in H=(Q). The coefficient ¢ depends on the diffusion parameter e, through

appropriate norms of the exact solution u.

Stability
Let us consider two sequences, U™, V™ € V,m = 0, ..., N, which satisfy equation (1.10) and the differ-
ence 9" :=Um — V™ m=0,...,N. Then, the following stability estimate holds:

n q—1
o2+ > 190 < ¢ 3 (112 + kI[)17) . n=a—1,....W, (1.18)
0 =0

m=

where C' is a constant that does not depend on U™, V'™,

Error estimates
Theorem 1.1 (Error Estimate) Let (o, ) be a strongly A(0)-stable g-step scheme, and (a,7) be
an explicit g-step scheme. Let us assume both schemes (a, 8) and («,~) have order p. Given starting

approximations U°, U, ..., U9~ € V approximating u°,...,u9"! such that:
max (||u3 — U7 + kl/Q‘Huj - UJHD < ckP. (1.19)
0<j<q-1

Defining U™ € V,n = ¢,..., N, recursively through equation (1.10). Let ¢" = ™ —U",n =0,..., N,



be the approximation error. Then, there exists a constant ¢, independent of & and n, which depends
exponentially on b2 /e, such that:

q—1

n n—q
e+ 8 3 el < e (S (e + kllle?][*) + 6D NEL ) s n=a=1,.., N (1.20)
1=0 =0

=

Consequently, using equations (1.19) and (1.17), we derive:

Y _ Ut < ekP .
pnax lu(®™) = U™ < ck (1.21)
In the estimate (1.20), E' is the consistency error of the scheme. ]

In the case the method (1.10) is the implicit-explicit g-step BDF method we can relax the condition
(1.19) concerning the starting approximations U, ...,U9~!. To be more precise, the statement of Theo-
rem (1.1) is valid in this case under the assumption

max ||u! — U7|| < ckP.
0<j<q-1

Low order schemes
We now turn our attention to lower order time stepping schemes. Our main goal is to derive error

estimates using energy techniques.

Considering again the initial and boundary value problem given in (1.1) and assuming that

1 _
c(x,t) + 5V b(z,t) > b VYreQ, tel0,T], (1.22)

holds for some positive b. Notice that this condition can always be satisfied by either adding a term
au with a sufficiently large coefficient a to both sides of the differential equation or by performing the
change of variables @ := e~%u. It is important to note that this adjustment affects the constant in the
error estimate.

To simplify our notation, we define the operator A(t) : H?(Q) N H}(Q) — L*(Q) =: H, for t € [0,T], by:

Alt)v := —eAv 4+ V - (vb(z,t)) + c(z, t)v.

Note, however, that A(t) is generally not self-adjoint and may be time-dependent. Clearly, A(t) can
also be extended to an operator from V := H}(Q) to its dual V' = H=1(Q).

Taking the duality pairing with v and integrating by parts, we find:

(A(t)v,v) = &|Vo|]? + (V- (vb(z, ) + c(z, t)v,v) = || Vv||® + ((c + %V -b)v,v).

Thus, in view of condition (1.22), A(t) is coercive:
(A(t)v,v) > ¢||Vo||2 + bo||v]|> Vv eV = H(Q). (1.23)

1.2 G-Stability

The first stability results for non-linear differential equations and multistep methods are quite old. In
fact they precede similar studies for Runge-Kutta methods. A great breakthrough took place in 1975,
when Dahlquist proposed the following non-linear problem [5]



u = f(t,u) (1.24)

which satisfy a one-sided Lipschitz condition

(f(t.u) = f(t,2),u—2) < vllu— 2| (1.25)

or in the case the functions are complex-valued,

Re (f(t,u) — f(t, 2),u — 2) < v|ju— z|? (1.257)

The study of non-linear stability for multistep methods is simplified, if a specific class of methods is
considered - the so called one-leg (multistep) methods.
Let us consider the following linear g-step method

q q
> Ut =k gt Ut (1.26)
i=0 i=0

with the generating polynomials

q 4 q 4
p(C) =Y ail’, () =) Bi’ (1.27)
i=0 i=0

having real coefficients and no common divisor whatsoever. We also assume a global normalization

o(1) =1 (1.28)

Then, the corresponding one-leg method (multistep) is defined by

q q q
> Ut =kf (Z Bit" > @U”“) (1.29)
=0 =0 =0

The analysis is much easier with this method, as the derivative f is evaluated at one point only. For the
BDF methods, there is always only one f-value in the multistep-version, thus equations (1.26) and (1.27)
are the same.

On condition that the differential equation satisfies the one-sided Lipschitz condition (1.25") with v = 0,
then the exact solutions are contractive. Provided that the numerical value U,y, depends on all
Untg-1,.---,Un we have to consider the method as a mapping R™? — R™9. Let us introduce the
notation

y" =yt L ymT (1.30)

and consider inner product norms on R"?
a q . .
Y™z = Z Zgij (Yt yr (1.31)
i=1 j=1
where < -,- > is the inner product on R™, same as the one used in (1.25), and the g-dimensional matrix
G = (gij)i,j:L...,q
is considered to be real, symmetric and positive definite.

Definition (Dahlquist 1975). The one-leg method (1.29) is called G-Stable, if there exists a real, sym-
metric and positive definite matrix G, such that for two numerical solutions U™ and U™ we have

10



|l =0l < U™ - U"|q (1.32)

for all step sizes 7 > 0 and for all differential equations satisfying (1.25) with v =0

Example [5] Let us consider the 2-step BDF method

3 1
§U"+2 — U™ ¢ §U" = kf(t"t2, U""?) (1.33)

We shall consider a second numerical solution U™ and denote its difference to U™ as AU™ = U™ — U™,
If we insert (1.33) into out previous assumption (1.25)

Re <f(tn+2’ Un+2) _ f(tn+27 Un+2), Un+2 _ 0n+2> <0

we obtain

E = Re <ZAU”+2 —2AU™ %AU”, AU”+2)> <0 (1.34)

Our purpose is to subtract from this inequality a well-chosen quadratic term [|ag AU 2 4+ a1 AU +
o AU™||? in order to derive it to the form required by (6.15). Having AU™ = (AU™*!, AU™)T this means

E = |AU Y% — |AUZ + [|a AU 2 + oy AU + g AU™||? (1.35)
with a positive definite matrix
G — (911 921>
g21 G922

By multiplying and comparing the coefficients of Re (AU*, AU7) in (1.34) and (1.35) gives the following
six relations

3
g =gntas, O0=gn—gn+ai, 0=—gn+ag (1.36a)
1
—2= 2921 + 20&20&1, 5 = 20&20&0, 0= 72g21 + 20&10&0 (136b)

By adding all six equations we obtain 0 = (cg + a1 + az)?, so that ag + a3 + as = 0. Combining this
with (1.36b) determines the a; as o = i%, o = £1, ap = i%. Inserting that into (1.36) yields the

positive definite matrix
1/5 =2
“=1 (—2 1 )

By (1.34) E < 0, and by (1.35) it follows that the 2-step BDF method is G-Stable, meaning it is stable
under the norm defined by the G matrix.

11



1.3 Consistency

With starting approximation U° := u°, we first perform one step of the implicit—explicit Euler scheme
to compute U!, i.e., we let U! be given by

U' + kAU = U + kf(U°, -, 1Y), (1.37)
and then let the approximations U?, ..., U be given by the implicit-explicit two-step BDF scheme,
3 1
§U"+2 —ountt 4 iU” + EA@" ) U2 = 2k f(UTE, T — kf (U, - ), (1.38)

n=0,...,N —2. Given the condition in (1.23), it is straightforward to verify that the numerical ap-
proximations are properly defined.

The consistency error F,, of the implicit—explicit BDF scheme (1.38),

3 1
kE, = iu"” — 2"t 4 iu” + EAE ) a2 = 2k f (w4 4 R f (w7, (1.39)
n=20,...,N — 2, can be written in the form

kE,=FE! + E2

with

gntl

E! = —/
n 4n
d2

d
E2 — 9k tn+1 _ el . / n+2 el
e [t g sk [ @0

tn+2

(tn+1 — s)2uttt(8) ds + Z /

tn

4
("2 —s) (1" — 5 — gk)um(s) ds,

tn+1 tn+2 2

(u(s), -, s)ds;
Starting with the first integral in E}, we perform integration by parts
gt e d(s — tn1)2

- /t (" — 5)2upy(s)ds = [—(¢"T — s)2utt(s)]i:+l + /tn T)utt(s) ds

tn+1

n+1
=0 — ku, + / 2(s — t" Ny (s) ds = —kug, + [2(s — t"”q)]; — 2/ ue(s) ds
tn tn
= —ku?, + 2kul — 2u"T 20"

We shall split the second integral of E}

tn+2
3

4
e n+2 n+2 _ o _ =
1 /t (t s)(t s 3k;)

tn+2

gnt2
4
</ ("% — 5)%usi(s) ds — gk/ ("2 = s)upn(s) ds)
t tn

n

3
4

+2
g2 "

<[—(tn+2 _ S)QUtt(S)]tn +2 /tn (t" 2 = s)uy(s)ds + [—(t"1? — s)utt(s)]i:“ +/t 2 () d8>

> w

n

12



tn+‘2
tn+2

(—4/@%;; + 20" =), + / 2uy(s) ds + 0 — 2kuly + up ™2 — un)
t’n

> w

t

> w

8 4 4
(—4/4;2uﬁ5 — 4kul + 2u"? — 2u" + nguz - gku;"ﬂ + Sku?)

3 3
= —k2ul, — 2kul — Su” + Su? — ku

Combining the two integrals of E} we have

1 3
—_ §un _ 2un+1 4 §un+2 _ ku?+2
For E2, we work as follows

gt g2

2 d2
B =2k [ ) G ds k[ =) (o), ) d

tn+1

:—%([(tn+1—s>ft(s>}ii“+ / ﬂ(s)ds)+k<[<t"+2—s>ft<s>]ii”+ / ft(S)d8>

= 2k f} = 2k T 4 2k — 2K ] 4+ kTR — kT

= 2kt L kf 4 k2

Adding E? and E! we conclude that

1 3
kE, = iu" —2untt 4 5u”“ — kul? = 2k T R g ke fn T2 (1.40)
From the differential equation at "2 we have
kup ™ 4 kA" T2)um 2 = k2 (1.41)

—kupt? = +EA(tVT?) — kT
Finally, by substituing (1.40) in (1.41) and rearranging we have indeed

1
kE" = %u”” —2u™ ¢ Fu"+ EA™T2) — 2k fm Tt 4k fm

Under the following regularity assumptions
d2
lluee @)l < e and H@f(u(t)’ SO < e,

13



for all t € [0, T], we conclude that

max || E}|| <2¢k? and max || E?| < 2cok?.
0<n<N—2 0<n<N-2

Thus, we yield the desired estimate for the consistency error E,,

max || E,| < Ck2.
0<n<N-2

1.4 Stability

Let U%, ..., UN € V satisfy (1.37) and (1.38), and VO,... VN € V satisfy

1
gvnﬂ =2V SV R A(tn2) VI = 2R (VI T — RV 7,

n=0,...,N —2. Let
9" =U"-V™ and b= fU™, ") - fF(V™,tT), (1.42)
m =0,...,N. Subtracting (1.42) from (1.38), we obtain
gm“ — 29t 4 %19" + kA9 2 = 2kp" T — kb (1.43)
Now, we observe the identity
(‘219n+2 —ogntl 4 ;ﬂn’ﬁnw) _ Z‘wn—&-QHQ — [ - iHﬂnHQ
- ((19””,19”“) - (19”“719")) + iHﬁ”” — 29" 4 9m |2 (1.44)

It is important to observe that equation (1.44) originates from the G-stability of the BDF method («, 3)
which is associated with the positive definite symmetric matrix G [5]. See Example in subsection G-

Stability.
1 /5 =2
“=1 (—2 1 ) ’

Taking the inner product with 9”2 in (1.33) and using (1.34) as well as the coercivity of operator A,
we have

2P — 0 — (07, — 00
T I e i e i [P B (1.45)

Now, in view of the Lipschitz condition (1.2), we have

1ol < L0, (1.46)

therefore, from (1.45) we have

) n n 1 n n n n n
i e i ] (L e (AR A R CAa D)
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+ ke[ VIR 4+ k0|97 < 2Lk (9" [[97 2+ L9 |92 (1.47)
From Young’s Inequality for the right hand side of (1.47) we have
1
2LE[™ 197 2] < 2Lk (107 + (1072 )
n n 1 n n
LR [0 < L (19711 + 19" (%)
Also, using a standard Poincare-Friedrichs inequality ||v]|? < cpr|Vol|?,
n+2 1 n+2
—ke[|[ V" < = ——ke[|[9"7]
Cpr

Now, (1.47) yields

5 n n 1 n n n n n
IR = R = gl = (09 = (0 9m)

1 n n n 1 n n
< - gkl T Lk (O A 197 ) + L (197117 + [197]7)

P

After rearranging, we have

5 n n 1 n n n n n n
7 212 = o2 12) + o (1012 = 0 17) = (072,07 — (07, 0m))
3L Lk
< (5= 0) o+ oo+ S o (148)
where § = z=—. Summing in (1.48) from n =0 to n =, for the first term of the left-hand side we have

(™21 = 119*1%)

] ot

>

=0

(P11 = 1911%) + -+ 5 (10212 = 0" 1%)

=~ ot 3

5
(19217 — 19* 1) + ;

= | Ot

Most term will cancel out in a telescopic manner, leaving

(72112 = 119*]1)

| Ot

Similarly, for the second and third term of the left-hand side of (1.48) we have respectively

l
o2 (P = o) = 7 (19012 = 19°)1%)
n=0

e
e

l
Z _ ((19n+2719n+1) _ (ﬁn+1719n)) - _ ((19I+2,’l9l+1) _ (191’190))

n=0
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Now, for the right-hand side of (1.48)

( _ 5) kz 9722 = ( - 5) k§ 192 — ( ) B (1011 + 119*11%)

1+2
Lk Z 9" |2 = Lk Y 9"||* — LE|[0°)|* — Lk|[0"+2||?
n=0
Lk &2
Z 971> = Z [0"(|* — W“HQ +[9"+2)1%)

Rewriting (1.48), we have

1
(7212 = oH1%) + 5 (P = 0°)1%) = (@72, 977 = (97, 9%)

NI

3L 42
< (o g+ )R~ (5 o) k(1 + 1)

Lk
—LK[|0°|[* = LE[[9™2)2 = == (I + [19"%)]%)

After omitting the negative terms and rearranging we yeild

5 1
7 (22 = 91 2) 4 5 (2 = 19°)1%) — (02,94
1+2
< BL=0k > [l0"]* - (0",9°)
n=0

For the term (9+2 9'*1) we will perform the following process

1 1 1
(912,950 = (02, 29 < 5 ( 1072117 + = WIQ)

Now, we have

) 1422 12 1 1+1)12 012 12l22 1 +1)2
= (19202 = 9112) + 7 (19712 = [19°12) = 3¢ 212 — 55 191
+2
<BL=8kY_[0"]* - (9",9°)
n=0

Combining terms and using the inequality (¢*,9°) < 3 ([[9*]|? + [|¢9°]|?) we have

3 (
5 1 1
(4 _ 2 ) ||19l+2||2 (4 ) Hﬁl-HHQ

I+2
iz D 1 1
< (31— 0)k 3 9712 + 02 + %112 + 5 (1912 + [19°)2)

On condition that €2 = 2, we have

142
N 1 1
||19”2||2 +0<(BL-d)k IW 1 + ||191||2 + 21907 + 5 (1912 + [19°]1%)
4 2
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Therefore, we set [ < [ — 2 and by multiplying by 4, we get

l

[91* < 4L = &)k Y [[9™]1* + 7[[0"]1* + 3]19°* (1.49)
n=0
for I = 2,...., N. For a small k, we will employ the discrete Gronwall inequality to obtain the desired local
stability estimate.
-1
191> — 4(3L — 8)k[|9"|* < 4BL — 6)k D [9"|* + T[[0"||* + 3[[9°||?
n=0
-1
[9']1% (1 = 4(8L — 6)k) < 4(3L — )k Y [[0"[|* + 79" (| + 3[|9°|*
n=0

71911 + 3[9°|2 ABL—0)k <

W < S4B o0 T T 4B

So, we have

1 < 7||ﬁ1||2+3\|00\\2 o3 ABL 0k
(1—-4(3L -9k = 0 (1 —4(3L - d)k)
Noting that we have | additions of the same quantity

TP + 3]0°) 1BL — o)k
" < AL - oy O (( —4BL - D)) l)

Giving
197112 < e ([[9H]1* + 19°11%) (1.50)

Taking into consideration the stability property of the implicit-explicit Euler method, ||| < c¢|[9°]|, as
well as the result above we obtain our final stability estimate

max_[|[9"] < c||190|| (1.51)
1<n<N

1.5 Error Estimates

Let the implicit-explicit BDF2 approximations U?, ..., U be given by (1.37) and (1.38). We also assume
that the solution itself of (1.1) is sufficiently smooth, such that the estimate for the consistency error
be valid. Then, combining stability and consistency we can establish the following optimal order error
estimate

| ax, u(t™) —U™|| < ck? (1.52)
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2 Backward Euler Finite Element Method

Let © ¢ R4, d = 2,3 be am open bounded polygonal /polyhedral domain and time interval I := (0,T¢] C
R.
We examine the Cauchy problem for the heat equation, subject to boundary conditions:

ug—Au=f, for (t,z) eI xQ,
u(t,z) =0, for (t,x) € I x 09, (2.1)
u(0,2) = up(x), forx e,

where u; denotes du/Ot, A the Laplacian, f : I x  — R, for which we assume f € L?(I; L?(Q2)), and
uo(z) a known function.

The initial step in formulating a finite element method is to express Problem 1 in its weak form by
applying the divergence theorem. We restrict the solution space to a narrower class of functions. The
solution space is then defined as: V = H{(Q2), and we multiply the PDE by test functions v € V. Then,
we integrate over the domain (2, giving:

/utvdV—/AuvdV: fvdV
Q Q Q

Now, performing integration by parts in d dimensions (using the divergence theorem on the second inte-
gral on the left-hand side), we get:

/ude—!—/ Vu-ﬁvdS—/Vu-VvdV:/fvdV,
Q a0 Q Q

with 7 denoting the unit outward normal vector to 9. Since v = 0 on 9N for all v € V|

/utvdV—F/Vu-VvdV:/fvdV
Q Q Q

Hence, the heat problem transforms to the following problem in weak form:
For eacht € (0,T¢], findu(t,-) € V s.t.

/utvdV+/Vu~VvdV=/fvdV, for allv e V. (2.2)
Q Q Q

The next step in defining the finite element method is to define an approximation to the problem (2.2).
In this text, we shall consider only the case d = 2, i.e., when the 2 is a bounded set on the plane.

We employ a finite difference approximation for the time derivative ws, by backward Euler method.
To achieve this, we take an equally spaced subdivision of the interval [0,T%] to < t; < --- < ty_1 < ln
each at distance 7 between them, such that

O=ty, ti=tg+7, to=t1+71, ..., tNt:tNtfl'f'T:Tf,

where 7 = N% is the time step.

Approximating u; using backward difference for the time derivative

u(t,x) —u(t — 7,x)

u(t, ) ~ o u(t,x) =

and for t = ¢, we choose u™(z) to be the approximations of u(¢,,x) for z € . Hence, the heat problem
is “approximated in time” by the family of problems in weak form

For eachn=1,..., Ny, findu™ €V s.t.
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u” — un—l
/7UCZV—&—/V?/“VUde/fvdV7 for allv € V, (2.3)
Q Q Q

T

To approximate the problem in the spatial domain as well, we will limit the set of possible solutions
to a smaller subset of functions, V. We split the domain €2 into finite elements T € 7. Let Vj be
the known functions that are piecewise linear/affine with respect to a given mesh 7 of €2, in complete
analogy to the elliptic problems. Assume the mesh covers Q but does not include the boundary 0.
Suppose the triangulation contains N, nodes that are not on the boundary 92. We then arbitrarily
assign a numbering to each element within this set 1, ..., N, for the nodes, Let ¢; be the “pyramid” basis
functions for each node i = 1,..., N,.

Therefore, the approximate problem in “space” and “ time” is

For eachn=1,..., Ny, finduy €V}, s.t.
n_ ,n—1
/ wa dV —|—/ Vuy - Vo, dV = / fopdV, for all vy, € V}, (2.4)
Q Q Q

where uf(x) = wug(x), which is approximated by either projection or interpolation. This is the finite

element method with backward Euler time-stepping or backward Euler finite element method. Vari-
ous selections of divided differences for the time derivative, different mesh configurations, and different

choices of basis functions result in distinct finite element methods. For the finite element method above,

for each time level n, the approximation uzfl will be known from the calculation of the previous step.

We can rearrange the approximate problem as
For eachn =1,..., N, findup €V}, s.t.

/uﬁvth—i—T/ VuZ~VUth:T/ fvth—i—/ u;’*lvth for all v, € Vj,,
Q Q Q Q

Therefore, since every v, € V}, can be expressed as a linear combination of “pyramid” functions, we can
alternatively and equivalently have

For eachn=1,...,Ny, finduy €V}, s.t.
/ up ¢ dV + 7'/ Vo, Vo, dV = 7-/ fo; dV +/ UZA(Z% dV  for all vy, € Vj,
Q Q Q Q
Moreover, since uj € V},, too, we have uj = Z;V:zl Ul'd;, for some U;" € R and, thus the problem becomes

For eachn=1,..., Ny, findU}', j=1,...,N, s.t.

N N
Z(/ ¢j¢idV)+TZUJn/V¢i-V¢jdV/(TeruZ_l)qZSidV, foralli=1,...,N,
= \Ja = Q Q

Thus, to determine u} for every n = 1,..., Ny, we have to solve a linear system of N, equations with
N, unknowns. This system can be represented in matrix form as:

(M +7AU" = G",

for M = [mij]gjl':l and A = [a;;]N

x
ij=1

Un:(Un,'“vU]\L,)TandG”:( ?,...,G%)T,Where
mij:/gqmjdV, aij:/gv@.v@dv, and G;L:/Q<Tf+uzfl)¢idv.

After computing the coefficients U™ ! in the previous step, we obtain
Ny
Gp = /wa +up g do = T/Qf% do+) U™ /Q ;i dz,
j=1
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with F" := [, f"¢; dz and thus, setting F™ := (F{", ..., F{ )T, we showed the identity

G"=7F"+MU""},

so the Backward Euler Method for each time step results from solving the linear system

(M +7A)U" =7F"+ MU" ™,

for n = 1,..., N;. The matrix M is referred to as the mass matrix of V}, as each term corresponds to
the local correlation in the L2-inner product of the basis functions of Vj,.

Note that the matrix M + 7A is as sparse as the stiffness matrix A is, as m;; # 0 when a;; # 0. An
interesting but not obvious property is that the mass matrix M usually has a much better condition
number than the stiffness matrix A. Consequently, the condition number of M + 7A is usually better
than that of A, especially for sufficiently small 7.

2.1 Stability and Error Analysis
We will prove now an error bound for the backward Euler finite element method. But first, we shall
prove the stability of the method. To that end, we shall show directly that for the heat equation without
forcing, the solution remains bounded.
Starting from (2.4), we set f = 0 and by multiplying by 7, we have [2]
/ (uft — u Mo dV + T/ Vup - Vo, dV =0 (2.5)
Q Q

for all vy, € V},. Setting now vj, = uj}, we arrive at
/ (up —up ™) updv + 7'/ |Vuj[2dV =0 (2.6)
Q Q

Using the identity

(o — Bla= (a - B+ (« 6)2) , valid for any o, 8 € R, (2.7)

l\')\»—l

equation (2.6) can be rewritten as:
1 n|2 n—112 1 -1 n|2

= [ (upl” = [up = )aV + = [ |up —up ‘ dv +r1 |Vuh\ dv =0. (2.8)

2 Ja 2 Ja

Since the second and third terms on the left-hand side of (8.8) are non-negative, we can drop them to

deduce

1 " n_112
5 [l = [ Phav <o,
Q

/|u;;|2dvg/ g v,
Q Q

for every n = 1,. . Therefore, we have, respectively,

/|uh| dV</ =1 | dV</ = \deg...g/ 92 v
Q

i.e the numerical solution u} remains bounded by the L?-norm of the initial condition for all n, and
hence, the method is unconditionally stable.

or
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To establish an error bound, we will employ a similar strategy, but this time focusing on the error of the
method rather than the numerical solution itself. An important property that will be fundamental in
the subsequent analysis is Galerkin orthogonality. We shall first split the error e} := u(t,) — u} at the
n-th time step, where u™ := u(t", ), as follows

=~ = (W~ )+ (]~ ),
=:p" ="

where u} € V}, is the multidimensional version of the linear interpolant. Hence, e” = p™ + 9" and, most
importantly, 9" € V}, for all n =1,..., N;. Our goal is to derive an equation for 9" whose stability will
allow us to manage this unknown quantity, representing the remaining error p” can be estimated by best
approximation estimates as for the case of elliptic problems.
The PDE (8.2) in weak form at ¢t = ¢, for v = ¢¥" reads
Findu" € V s.t
/ ug(tn, - )9"dV + / Vau' - VIrdV = / frondv. (2.9)
Q Q Q

Also, using the abbreviation

the n-th timestep of the backward Euler finite element method (4) for the uy, = 9" is
find up € V3, s.t ; Oupy"dV + . Vuy - VY"dV = ; frondv. (2.10)
Subtracting (8.10) from (8.9), we deduce
/Q (ue(tn, ) — Oup) 9"dV + /Q Ve - Viy"'dV = 0. (2.11)
In this context, the final identity represents a version of Galerkin orthogonality and is equal to

/aenendv+/ |V19”\2dV:/(3uI — wy(tn, )0V — /vp”-wndv,
Q Q Q Q

where 99" = Ou} — Ju}. Multiplying by 7 and using again (2.7), we have

/(9” _ghygray 4 T/ V92V = 7/ QU — wy(tn, )0"dV — 7 [ Vo VIV,
Q Q Q Q

1

2/ (wn e 19”*1|2) dv+7/ﬂ\vz9”|2dV:T/Q(au, —ug (", )9 dV — T/Vpn~V19ndV

Ignoring the non-negative term % fQ |19” —ynt |2 dV', which reflects the numerical diffusion present in
this method, and rearranging, we have

/|19”| dV+7’/ IVor2dV < = /;ﬂ" y dVJrT/(au?—ut(t”,~))19"dV—T/Vp”~V19"dV.
Q Q

for any n =1, ..., N;. The next step would be to sum up the first m terms [2]. The terms % fQ |19"\2 dv,
and %fQ ‘19”_1 |2 dV when expanded, look like

/|191| av + - /|192| dV+ ..+ /|19m VAV - /wm|2dv
0|2 112 m—112
75/Q|z9|dvf§/ﬂ|q9|de...fi/Q\ﬁ 2av.
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Most terms will cancel out in a telescopic manner deducing the bound to

/|z9m| dV+Z /|w"\ dv < = /}190} dVJrZ /auI w (¢, ) 9" dV — Z /Vp NVIdV

n=1 n=1 n=1
(2.12)

By utilizing the Cauchy-Schwarz inequality we are able to further estimate the last two integrals of the
right-hand side of (2.12).
Starting with the first integral, we have

ZT/ (8’&7} — ’U/t(tn ))19"dV < ZTH@uI — Ut( )||L2(Q)||19 ||L2 Q)
n=1 Q n=1

m i/m 3
< (ZTlau}’Ut(t"w)lliz(m) (ZTHﬂnFL?(Q)) (2.13)

n=1 n=1

And since the Poincare inequality is valid

[[v]lz2@) < CplIVVl[L2(0) (2.14)

for all v € H}(Q), for some constant Cp > 0 independent of v. In our case, we have

IVol|L2) = ZH%HB

Then, noticing that 9" € V = H}(Q2) for all n, we can use (2.14) on the last term of the right-hand side
of (2.13) to deduce

ZT/Q(C’)U? — u(t",))0"dV < Cp <ZTII8U}‘ —u(t", ~)|i2(9)> <ZTIW”IIQLz<Q)> (2.15)
n=1

n=1 n=1
- n n 1 - n
<Cp Y rllouf — wi(t", ) |72 () + 1 > IV [Za ey
n=1 n=1

utilizing the identity ab = 2a% < a® + %
For the second integral of the right-hand side of (2.12), we employ a similar strategy via the discreet and
continuous versions of the Cauchy-Schwarz inequality:

/VP VItV < ZTHVP 2@ [[VI"|[L2(0) < (ZTHVPnH%z(Q)) (ZTHVW’@%Q))
n=1 n=1 n=1

or, using again the identity ab = Qa% <a’+ bz, we establish the bound

m

/Vp" VoAV < 3 7l By + DV e (2.16)

n=1 nl

Making use of (2.15) and (2.16) to further bound the right-hand side of (2.12), we deduce

m m m

1 m 1 n n n 7
§|\19 ||2L2(Q) T3 ZT||V19 HL2(Q) ||190\|L2(9) +Ch ZTHauz —u(t 7')||2L2(Q) + ZTHVP ||%2(Q)
n=1

n=1 n=1

or, upon multiplication by 2

||19m||%2(9) + ZT||V19nHL2(Q) s H'&O”L?(Q) +2C% ZTHaU? - ut(tnv')HQLQ(Q) + QZTHVPnHQB(Q)
n=1 n=1 n=1

(2.17)
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Since e = p™ 4 9™, triangle inequality implies
m m m 2 m m
lle ||2L2(Q) < (HP L2 + [V ||L2(Q)) <2[lp ||% + 2[|[9 ||2L2(Q)7

where the second inequality makes use of the identity (a + b)? < 2a? + 2b%, then

m

STV o <23 TV + 2 IV e g,

n=1 n=1 n=1

which, in conjunction with (2. 17), give the bound

||€m||%2(9)+z THV‘in”%z(Q) < 2[|p™||L2() +6 Z 7'||Vpn||i2(ﬂ) +2||"90H%2(Q) +4C3 Z T]|Out —ue (t", ')H2L2(Q)
n=1 n=1 n=1

(2.18)

To finalize the error bound, we need to further estimate the terms on the right-hand side of equation
(2.18).
To achieve this, we start by assuming that the best approximation estimates

lw™ = w}ll L2 () < Crh*[w"|m2(q) (2.19)

and [|V(w" —wi)|z2) < Cohlw"|g2 ()

hold for any w € H2(Q) := {v € H'(Q) : Vo € [H,(Q)]?}, with C;,C, > 0 constants independent of h
and of u”, where h := maxrc7hr, and

d 3
|w|g2(0) = (Zﬂwxm %2(9)) .

i=1

Thus, based on the last two estimates in equation (2.19), we obtain:

™l L2(0) < C%h4|um|§{2(n)» and ZTHVPHH%%Q) < 022]12 Zﬂunﬁﬂ(g) (2.20)
n=1 n=1

Moreover, in the typical scenario where the initial condition is approximated by its interpolant within
the finite element space, we deduce that:

[9°] 20y = |[u] — up |2 = l1(uo)r — (uo)rl|r2() =0

Finally, to further estimate the last term on the right-hand side of equation (2.18), we proceed as
follows:

||3u? —ut(t", )HL‘Z(Q) = Hau’} —8u" +8u” —’U,t(tn, )HLQ(Q) S ||8U? —8u"||L2(Q) + ||8u" —Ut(tn7 )||L2(Q)
(2.21)

Assuming that u is twice differentiable with respect to t, for the second term of the right-hand side
of (2.21) we have,
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10w — wn(t, )2y = /Q (" (z) — us(t", 2))? da

whence Taylor expansion with an integral remainder yields

/ (Ou”(x) — u(t", 3))° da < /
Q
applying the Cauchy-Schwarz inequality. In conclusion we have

tn
0" — (" ey <7 [ IR, oy
1

tho

from Fubini’s theorem. Also for the first term on the right-hand side of (2.21), from the linearity of the
interpolant and the second estimate in (2.19) we have

tn
10u™)1 = Ou"|[22(q) = [10uf — Ou"||72(q) < CTRHOU" |2 < th‘*lfl/ ur (1), 0

tn—1
tn % tn % h4 tn
< it (/ dt) (/ |ut|2dt> ey = O [ it
n—1 n—1 n—1

from Taylor’s theorem with integral remainder for n=0, the Cauchy-Schwartz inequality and Fubini’s
theorem respectively. Combining the last three estimates and using (a + b)? < 2a? + 2b%, we have

m m m
D Tloup —ug(t®, )Fa0) <2)TOU" —uh(t”, )20y +2 D TI(OU™) — 0|72 0
n=1 n=1 n=1

m tn m tn
<237 [ a0l eyt +2 3 Ot [l
n=1 n—1 n=1

tn—1

Combining the above estimates, we finally arrive at the error bound [2]

Hem||2L2(Q) + Z T||Ven||%2(9) < 2012h4\um|%{2(9) +6C5h? Z T|””\%{?(Q)
n=1 n=1
m tn m tn
237 [ Ol ot +2 30 O [l
n=1 n—1 n=1 n—1
Hem||2L2(Q) + Z T||V€n||%2(9) < 2012h4\um|§{2(9) +6C5h? Z T|“"\%{2(Q)
n=1 n=1
+27—2Hutt(t)H%Q([O,tl];L2(Q)) + 2012h4|ut\2L2([0¢z];H2(Q)) (2.22)
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3 BDF2 Finite Element Method

Let Q C RY, d = 2,3 be a polygonal /polyhedral domain and time interval I := (0, Ty¢] C R We consider
the parabolic heat problem with initial /boundary conditions:

up—Au=f, for (t,z) € I xQ,
u(t,z) =0, for (t,x) €I x 09, (3.1)
u(0,2) = up(x), forx e,

where u; denotes du/0t, A the Laplacian, f : I x  — R, for which we assume f € L?(I; L?>(Q2)), and
uo(z) a known function.

The first step in defining a finite element method is to rewrite the problem 1 in weak form, using the
divergence theorem. We limit the solution space to a smaller family of functions. We define the solution
space V = Hg (), and we multiply the PDE by test functions v € V. Then, we integrate over the

domain 2, giving:
/utvdV—/AuvdV:/fvdV
Q Q Q

Now, performing integration by parts in d dimensions (use the divergence theorem on the second integral
on the left-hand side), we get:

/utvdV—F/ Vu-ﬁvdS—/Vu-VvdV:/fvdV,
Q 1) Q Q

with 7 denoting the unit outward normal vector to 9. Since v = 0 on 9N for all v € V|

/utvdV—F/Vu-VvdV:/fvdV
Q Q Q

Hence, the heat problem can be transformed to the following problem in weak form:
For each t € (0,T%], find u(t, ) € V s.t.

/utvdV+/Vu~VvdV:/fvdV, for allv e V. (3.2)
Q Q Q

The next step in defining the finite element method is to consider an approximation to the problem (8.2).
In this text, we shall consider only the case d = 2, i.e., when the 2 is a bounded set on the plane.

We consider an equally distributed subdivision of the interval [0, Tf] to <t <---<ty_1 <ty each at
distance 7 between them, such that

O0=ty, ti=tg+7,ta=t1+71, ..., tNt:tNtfl‘f'T:Tf,

where 7 = N% is the time step.

Approximating u; using the formula

Su(t,z) — 2u(t — 7,2) + Ju(t — 27, 2)
T

ug(t,x) ~

and for t = t,,, we set u™(z) to be the approximations of u(t,,x) for x € Q.
Also, the term in the right-hand side of (3.2) can be approximated by

tn+2

[ swutdt~r @i et - fope),
tn
Hence, the heat problem is “approximated in time” by the family of problems in weak form

For eachn=1,..., Ny, findu" € V s.t.
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3 n+2_2 ”+1_|_l n
/ 24 “ 24 vdV+/Vu"+2-VvdV:/ (27 (") — 7f(, ")) vdV  for allv € V,
Q T Q Q

(3.3)

To approximate the problem in space too, we shall restrict the family of eligible solutions to a smaller
family of functions, Vj,. We split the domain €2 into finite elements T' € 7. Let V}, be the known functions
that are piecewise linear/affine with respect to a given mesh T of €2, in complete analogy to the elliptic
problems. Assume the mesh covers € but does not include the boundary 0€2. Suppose the triangulation
contains N, nodes that are not on the boundary 9. We then choose (arbitrarily) a numbering between
1,..., N, for the nodes, Let ¢; be the “pyramid” basis functions for each node i =1,..., N,.

Therefore, the approximate problem in “space” and * time” is

For eachn =1,..., Ny, finduy € Vj s.t.

Sunt2 oyt 4 Lyn
/ 2 h h 2R ), dV+/ V2.V, dV = / 2rf(, ") —7f(, ")) vpdV  for all vy, € Vj,
Q Q Q

-
(3.4)
g/szu2+gvhdv+7/§quz+2V1};LdV:/Q (2Tf(~,t”+1)—7-f(.7t”)) vy, dV
1
+2/ ul oy, def/ ufvy, dV (3.5)
Q 2 Jo

since every v, € Vj can be written as a linear combination of “pyramid” functions, and also, since
N.
up € Vi, too, we have uj, = ijl Ulgj, for some Ul € R and, therefore the problem becomes

N N

3

§§ U;’+2/Q¢j¢idv+f§ U;L”/ijv(pidvz
j=1

j=1

N 1 N
Y (7)) e d nit gy L n [ gobid ,
[ Crtety = rpem) o V230 [ ety Q;UJ/QW Vo (36)

3 L1
unt? (2M + TA) =2rF"t s F" 4+ M (QU"+ — 2U") (3.7)

3.1 Stability
Starting from (3.4), we set f = 0 and multiplying by 7

3 1
/ <2uz+2 —2uptt 4 2uﬁ> v dV + T/ Vut? . Vo, dV =0 (3.8)
Q Q
Setting now vy, = uZ”, we arrive at
3 n+2 n+1 1 n n+2 n+2 n+2
UL~ 2up ™ + SUh | Up av+r1 [ Vup™* - Vu, ™ dV =0 (3.9
Q Q

Again, we observe the identity [5]

3 1 5 1
(2un+2 ount1 2un7un+2) 1Hun+2”2 sk Z||unH2
1
((un+27un+1) (un+17un)) Z||un+2 2un+1 un||2;

Observing that the terms +3[|u"*? — 2u™*! + (|2 and 7 [, Vut? - Vu "> dV is non-negative we can
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drop them to deduce

5 1
e 2P = Ml T = P = (@) = (@ ut)) <0 (3.10)

After rearranging we have

5 1
7 (202 = Q02 4 2 (™2 = ) = (@2, u ) = (@ um) <0 (3.11)
Summing up from n = 0 to n = [, we obtain

5

1
7 (202 = 1t 12) + 5 (a2 = 1) = @2, ) < = uf) (3.12)

For the term (u!*2 u!*1) we will perform the following

1 1 1
(ul+2,ul+1) _ (eul+2, 7ul+1) S 5 (62 ||ul+2H2 + ? ||ul+1||2>
Consequently, we have
o +2)2 112 1 +1)2 012 1 2 +2)12 1 412
2 (202 = )2) 4 5 (a2 = J0)2) = S 212 = 55
S _(ul’UO)

Combining terms and using the inequality (u',u®) < 1 (||lu||* + [[u®]|?) we have

5 12 14212 1 1 1+12 512 ]‘02 1 112 0112
(3-3¢) bmr+ (5 - 5 ) 1o12 < St 0012 + 5 P+ 1))

On condition that €2 = 2, we have

1 5 1 1
2 40 < 2t 1l + 5 ([P + [a)?)

Therefore, we set [ < [ — 2 and by multiplying by 4, we get

lufl* < 7lJut]* + 3w

'] < e (a1 + u°]1?)
Taking into consideration the stability property of the implicit-explicit Euler method, |Ju!]| < c|lu°]], as
well as the result above we obtain our final stability estimate

max |[|u”]| < c|[u]|
1<n<N
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3.2 Error Analysis
We shall first split the error e” := u(t,) — u} at the n-th time step, where u” := u(¢", -), as follows

=t = = ("~ )+ (),
——
=:p" ="
Our strategy is to find an equation for ¥" whose stability will give us control of this unknown quantity;
the remainder of the error p™ can be estimated by best approximation estimates as for the case of elliptic
problems.
The PDE in weak form at ¢t = t"12 for v = 972 is

Find u™*2 € V s.t

/ ug (82, )92 gV + / Va2 . vt av = / frr2gntaqyv (3.15)
Q Q Q

Also, using the abbreviation

3, n+2 n+1 1, n
su —2u + su
8uZ+2::2 h 2 n=1,...,N,,
T

the n — th timestep of the BDF2 finite element method for v;, = 9712 reads
Find UZH €V st

/ 6UZ+219n+2 dV + vuz-&-Q . vﬂn+2 dV =2 fn+1,0n+1 dV — fn,ﬂn dv (316)
Q Q Q Q

Subtracting (3.16) from (3.15), and - for simplicity reasons - omitting the f terms, we deduce

/ (we(t™F2,) — Qupt?) 9" H2av + [ Vet vty = 0.
Q Q

The last identity is a form of Galerkin orthogonality in this context and can be modified

/ (wt(tng2, ) — Oupt?) 9" 24V + / V(p" 2 49" F2) . V9" T2av = 0.
Q Q

/ (we(tngo, ) — Qup ™) 9" t2dv + [ Vp"t2.ve"t2.qv + [ Vo2 vty = 0.
Q Q Q

/ (D9 F2)9™ 4 (ug(tnso,-) — Dul2)9"+2) AV + / Vo' VOV + / Vo2V = 0
Q Q Q

/ VT2 T2qY 4+ / |V 212V = / (U2 — wy(ty g0, -))0" 2V — / Vo't vy t2qy,
Q Q Q Q

3 +2 +1,1
fﬂ" _ogn +§19n
T

where 992 = 9u}t? — Guj 2. Multiplying by 7 and substituting 99" +? = , we have
3 1
/ (219"“ — 29"t 4 219") I"T2AV 4 | VIR AV = / (OuF 2~y (tnra, )0 2V — / V2. vynt2qy,
Q Q Q Q

Making use of the identity, we have

§ n+2 n+1 1 n gqn+2 _§ n+22 _ n+1 2_1 n|2
L e e Y s A
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1
_ ((§n+2, 19n+1) o (1971+1’,l9n)) + ZH,L9n+2 o 219n+1 + 19n||2

2RI = TP = l9m = (09 — (90T 9m) 4 [0 — 207 40 ?
T / V9" T22av =1 / (U] — uy(tnga, )" 2dV — 7 / V2 vont2ay,
Q Q Q
Observing that the term +3|¢9" 2 — 29™+! 4+ 9"||2 is non-negative, we can drop it to deduce
5 n n 1 n n n n n
L [l i et L e (G A B CA )
+T/ |V19"+2‘2 av < 7_/ (8U7Il+2 _ Ut(tn+2a ,))9n+2dv _ 7_/ Vpn+2 . Vﬂ"+2dv,
Q Q Q

Rearranging

1
(212 = 94 2) 4 (19 = [[972) = (072,07 F) = (om L, 0m)

W | ot

+T/ |V19n+2‘2 v < 7_/ (au?—ﬂ _ Ut(tn+27 .))0n+2dv _ 7_/ vpn+2 . Vﬁ”“dV,
Q Q Q

Upon summation up from n = 0 to n = [, we obtain

5 1
7 (722 = 002) + 3 (01 = 10°])%) = (02,07

l
t+ Z /IW”+2I2dV< (9',9°) Z (/ (O — w(tnsa, ))9”+2dv—7/vpn+2 Vﬁ"“dV)

Whence, easily,

l
Ly gi2)2 / n+2|2 5p01y2 4 Lyg02 1 40
- < Z Z —
LA +nZT IVorRave < gl g IR = (07, 9)

l
+ ZT (/ (U2 — wy(typa, )" T2V — 1 [ Vpmt2. w"+2dv> , (3.17)

Q

The last two integrals on the right-hand side of (3.17) can be further estimated using the C-S inequality
as follows. For the first one, we have

Z / (Quf? —uy (172, ))9mH2aV < Zrnau"“ (42,2 (10722 (o) (3.18)
n=0
1 1
l 2 1 2
< (Z:TWU"Jr2 t(t"+27')||2L2(Q)> (ZT||19"+2|2L2(9)>
n=0 n=0

And since the Poincare inequality is valid
lvllL2@) < Cpl[Vol[L2(@), (3.19)
for all v € H}(), for some constant Cp > 0 independent of v. In our case, we have

d

IVollz2) = D llve, I3

L2()
i=1
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Then, noticing that 9" € V = Hi () for all n, we can use (3.19) on the last term of the right-hand side
of (3.18) to deduce

l l 2 l 2
> T/ (Qup ™2 —uy (172, )97 2dV < Cp <Z TOuy ™ — e (t"2, ')||2L2(Q)> (Z TIIW”“I%z(Q))
n=0 Q

n=0 n=0

I I
n 1 Xt
< CP Y rllouft? —w(t"F2, ) [0y + 1 > TV g (3.20)

n=0 n=0

utilizing the identity ab = 2(1% <a’+ %.

For the second integral of the right-hand side of (3.17), we employ a similar strategy via the discreet and
continuous versions of the Cauchy-Schwarz inequality

1 1
l ! l 3 /0 2
ZT/Q Vp RV AV <3 7|V | 2o [V | L2 ) < (Z T|Vpn+2||%2(9)> (Z 7'||V19n+2|%2(9)>
n=0 n=0 n=0 n=0
or, using again the identity ab = 2(1% <a’?+ %, we conclude the bound

l l l
1
Sor [V vy < 3wV g + 1 XTIV (3.21)
n=0 Q

n=0 n=0
Using now (3.20) and (3.21) to further bound the right-hand side of (3.17), we deduce

l
1 422 / n+2|2 ) 12 1 0112 1 q0
- < Z - _
{04 D07 IV v < G IR - 01,00

! !
" 1
+C3 Z T|0u]? — uy ("2, )1 320 + 1 Z 7|V 22 )
n=0 n=0

l l
n 1 n
+ ZTHVP +2H2L2(Q) + 4 ZTHVﬁ +2||2L2(Q)

n=0 n=0

Which gives after rearrangement,
1 1 o 5 1
R+ 5 o [ e R ay < 0t R+ 71900 - (070°)
n=0

! !
+Ch Z T|0uf*? = up (872, )220y + Z IV 320

n=0 n=0
or, upon multiplication by 4,

l
022 +23 / COmRR AV < 5002 + 9002 — 40, 9°)
n=0

l l
HACE Y 7l0uf™? — w2, ) ey + 4D TV R e (3.22)

n=0 n=0

l

Since et? = p!*+2 4 9!*2_ triangle inequality implies,

2
121122y < (1022 + 1972 llL2())” < 2002122 () + 201972122 ()
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where the second inequality makes use of the identity (a + b)? < 2a? + 2b%, then

l 1 1
ZT||V€n+2||%2(Q) < 2ZT||VP”+2||2L2(Q) + 22 |\V19n+2||%2(9)7

n=0 n=0 n=0

or, upon multiplication by 2,

l ! !
o3 AT gy < 43 ATy + 4300

n=0 n=0 n=0

Giving the bound,

. l
e 212 +2 > lIVe 2 ey < 22 Bay + 4D AV

n=0 n=0

!
+2/[0 2|72 0y +4 D 1IVIH2 |72

n=0
Or, in conjunction with (3.8) if we multiply the latter by 2,

l l
212 +2 ) Ve 2oy < 20072 e + 4 ) TlIVE R0

n=0 n=0
l l
H10][9 7 + 2[00 = 8(9, 9°) +8CE Y rlouft —wi(t™2, T2y + 8D TIIVA P72y (3:23)

n=0 n=0

To conclude the error bound we can further estimate the right-hand side of (3.23)
Therefore, we have,

l
Ie11® +2 )~ 7lIVe|lay < 2ll0'l[F2q) + 101101 + 2([9°]] - 8(9", 9°)
n=0
l l
+8C% Z T|0u} — ue(t™,)]|72(q) + 12 Z 7V o[22 (0 (3.24)

n=0 n=0

To that end, we begin by assuming that the best approximation estimates

Hw" — w7||L2(Q) S Clh2|wn|H2(Q) (325)

and [|V(w" —wi)|r2) < Coh|w"|g2 ()

hold for any w € H2(Q) := {v € HY(Q) : Vv € [H1(Q)]*}, with C;,C, > 0 constants independent of h
and of u", where h := maxrc7hr, and

d 2
|w|g2(0) = <Z|wmimi %2(9)) .

=1

Consequently, we have

l m
P> < CPR ! 32y, and Z 7||Vp"||F2q) < C3h° Zﬂ“"\%ﬂ(ﬂ)
n=0 n=1
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4 Implementation

4.1 Introduction - Assembling of the matrices

For simplicity we consider the Poisson problem with homogeneous Dirichlet boundary conditions on an
open, bounded domain Q C R%, where d = 2,3

—Au=f, for (z,y) € QCR?
u(z,y) =0, for (z,y) € 09, (4.1)
(4.2)

where f :  — R is a known function. For simplicity, we shall assume that the boundary 92 of the
domain W consists of a series of connected line segments (i.e., 99 is a polygon)

Figure 1: A mesh in two dimensions

We rewrite the problem in weak form

Find w € H} such that:
/Vu~VvdV=/fvdV, Vv e H)
Q Q

We then split the domain 2 into triangles T' € 7. Suppose the triangulation contains N nodes that are
not on the boundary 9€2. We consider the family V}, C H{ to consist of the functions that are continuous
and linear on every element T' € T.

Vi ={veC(Q):wlr € Py, VT € T, wlaq = 0}.

where P; is the space of linear polynomials
Therefore, instead of solving the problem (7.11), we solve the approximate problem:
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Find up € Vy, s.t:
/Vuh-Vvth:/fvth, for all vy, € Vy;
Q Q

It must be noted that, any function wy, € V}, that is continuous in W and linear on each element T € T

can be therefore written as N
wy =Y Wi
i=1

with W; € R being the “height” of the function at node i. Thus, since every v, € Hy can be written as

a linear combination of “pyramid” functions, the problem becomes

Basis function overlap

Triangular elements

Figure 2: Basis functions

Find up € Vy, s.t:
/Vuh-Vq’)idV:/f@dM foralli=1,...,N.
Q Q

Note that for each vertex v; of T, ¢; is the piecewise linear function such that ¢;(v;) =1 and ¢;(v;) =0
if j # 4. In that case, one can easily observe that V), is spanned by {qﬁi}]}[:l. Also, since up, € Vy, we

have up, = E;\il U;¢;, for some U; € R, and, therefore, the problem becomes:

Find Uj,j=1,...,N, s.t:

N

ZUj/V¢j-V¢idV:/f¢id\/, foralli=1,...,N.
= Q Q

This is a linear system of N equations with N unknowns of the form AU = F where

U= (Uy,...,UN)T, F=(F,...,Fy)7T,

A= a1,
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and
ai; = [ V¢o;-V¢;dV, Fy= [ fo;dV.
Q Q

We will now engage in the assembling of the -following the terminology of elasticity - stiffness matrix A.
Inserting our domain in a mesh-generation software, we should be able to export two arrays/matrices.
The matrices node (1:N,1:d) and elem(1:NT,1:d+1) represent a d-dimensional triangulation embedded
in R?. N is the number of vertices/nodes - including those on the boundary - and NT is the number of
elements (triangles, tetrahedrons, etc). They stand for two different structure of a triangulation: elem
for topology and node for the geometric embedding. The numbering of the matrix node is called the
global index set of nodes since the mesh-generation software produces random numbering of the nodes.
The i-th row of node contains the coordinates of the node i. Considering a global numbering of the
elements here as well, 1,..., NT, the k-th row of elem contains the indices of the nodes (with respect to
their numbering in the node matrix) of that particular k-th element. For each elem(t,:) the vertices will
always be ordered such that the signed area is positive. In 2-D for example, three vertices of a triangle
would be ordered counter-clockwise.

The two matrices are given as an example in fig, node and elem matrices for a triangulation of an
L-shaped domain (—1,1)?\(0,1) x (—1,0)

4 5 2

@ @ 11110
2 11 1 [1T278
® © 3001 2 [3]872
4 (111 3835
5 8 1 51-1]10 4 141513
6 | -1]-1 50786
® 7 [0 -1 6563
® 810]0 1 2 3

1 2 elem
6 7 node

Figure 3: Triangulation, node and elem matrices

A key concept [2] in implementing the Finite Element Method, which is highly efficient in terms of
computational economy, is the use of the so-called reference element T° when calculating the required
integrals. The domain of the finite reference element is

T:{mER2:0§$1+...+xd§1}

Ifd=1, 7T = [0,1], while if d=2, we obtain the right-angled triangle with vertices at the points (0.0),
(1,0) and (0,1). In that case, every element of the triangulation T' € T is obtained as the image of the
affine mapping Fr : R — R - i.e linear with the zero element not necessarily being mapped to the zero
element - which maps the reference element T to T,

Fr(T)=T, VT €T
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) uE)
(0,1 Fr

/\

X2

X1

~,
s

(1,0)‘1%1 X1

Figure 4: Reference element mapping

The basis functions of the reference element (for d=2) are
V121, 22) = 21, a(dh, 22) = 22, and Y321, 22) =1 — 21 — 2o,

One can easily observe that 7 equals 1 at (1,0) of T and zero elsewhere. In accordance, ¥, equals one
only at vertex (0,1) while 3 equals one only at (0,0) and zero at the other two vertices.

If we now consider the restriction of the basis function ¢;|7, which corresponds to node i in T, we
observe that it is a linear/affine function of d variables. Consequently, the function ¢; o Frp : T — R,
fori=1,...,d+ 1, is also affine on T. Moreover, since each ¢; equals one at node ¢ and zero at the
other nodes, ¢; o Fr will be one at one of the vertices of the reference element and zero at the others.
Therefore, each ¢; o Fr must be equal to one of the 1, where k =1,...,d+ 1. To determine which
corresponds to ¢; o Frr, we refer to the row of the elem matrix that corresponds to the element T' (which
has its vertex on nodei). Then, k is equal to the column index in the elem matrix that contains the index i.

To sum up, by making use of the affine mappings Fr we are able to map any arbitrary element to
the reference element.

To compute the integrals that form the entries of the stiffness matrix A, we begin by performing a
change of variables using the mappings Frr. For the case of d = 2, first, we determine the expression for
Fr. For convenience, we change the notation of the coordinates to x; = (z;,¥;), for i« = 1,2,3, which
represent the three vertices of the triangle T' corresponding to three rows in the node matrix. We will

construct the mapping Fr such that it maps the vertex (1,0) of Ttox,inT, (0,1) of T to o, and the
vertex (0,0) of 7' to 3. Thus, for & := (2,9)" € T, we define:

FT(iﬁ) = Bz + s,

where matrix B € R?*? is given by:

bir b1z
B =
(bzl bzz) ’
such that F((0,0)") = x3. Requiring

(y) — Fr((1,0)) = (‘;;) n (y) |

we find that b1, = x1 — x3 and by; = y; — y3. Similarly, requiring

(y) — Fr((0,1)7) = (g;;) . (z) |
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we obtain bjs = x2 — x3 and boy = yo — y3. Therefore, we conclude that:

-~ Tl — T3 T2 — T3\
Fr(z) = T+ x3.
(&) (Z/lys y2y3> 3

Let now w : T — R. We define v : T — R by v(#) := w(Fr(&)). If V denotes the gradient with respect
to the variables z, we have:

@’U _ (’U}$xj + wai) _ Bva7
WXy + WylYy

since ggzz; = BT. We want to compute the terms

aij =Y | Vé;-Ve;dudy,
TeT’T

which, after the change of variables @ := (z,y) " > & := (#,9) ', gives for each T,

/TV@-V@ da dy =/ (B‘ij(FT(:i:))) : (B—Twi(FT(:;:))) det(B) di dj =: Tr,

T

since det (ggfzg) =det(B") = det(B).

Thus, to compute the integrals in the above equation for each i,j = 1,..., N, when i, j are nodes of the
same triangle, it suffices to calculate the values

Ir= /T (B*T@W) : (B*ka) det(B) di dy, |

since ¢;(Fr(&)) = 1 for some £ = 1,2,3 and ¢;(Fr(&)) = ¢y for some k =1,2,3. A direct calculation
gives:

/T (B7TVwe) - (B~TV) det(B) didj = (Ar)e.e, (8.29)

where A7 € R3*3 is the so-called local stiffness matrix for the finite element T, given by:

T 24etB) \ (4 ) (o) 1) (ma-w)-(m—w) o aef

We observe that A7 is symmetric in this case since a;; = aj; for the stiffness matrix under consideration.
The second key idea for assembling the matrix A, given the local stiffness matrices Ar, is to transfer the
values of the integrals (8.29) to the appropriate entries of the global stiffness matrix A. For this purpose,
we use the elem matrix as follows: iterating from 1 to N7, i.e., for all finite elements T', we set:

aij — aij + (Ar)k, e,

where k is the column index of node i in the row of the elem matrix corresponding to the element T, and
¢ is the column index of node j in the row of the elem matrix corresponding to 1. The stiffness matrix
A, constructed above, is of size NV x N and includes the terms corresponding to the boundary nodes.
The aforementioned process of constructing the stiffness matrix A also demonstrates its sparsity: the
term a;; # 0 if and only if the nodes x; and x; are adjacent. Thus, we conclude that the number of
non-zero elements in each row (and consequently in each corresponding column, due to the symmetry of
A) depends linearly on the number of neighboring finite elements.

To compute the terms

Fl-:/quSidx,
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of the load vector, we usually need numerical integration rules if f is an arbitrary function. The accuracy
of the numerical integration rules we use must be sufficient so as not to affect the convergence rate of the
Finite Element Method (FEM). For piecewise linear/affine finite elements, for example, it is sufficient to
use the Gauss rule with one point, i.e., the generalization of the midpoint rule to multiple dimensions,
which is defined for integrals over the reference element 7' as

/ w(@) di ~ w(d) [T| = d~ w(b),
T

where b = £(1,...,1)T € R% is the centroid of the reference element T, and |T'| = d~! is its size (area

for d = 2). Thus, a change of variables, as above, gives
/ v(x)de = / v(Fp(&)) det(B) d& ~ v(Fp (b)) d~* det(B) = v(b)|T.
T T

where b is the centroid of T, since an affine mapping Fr preserves the centroid, and it also holds that
det(B) = d|T|. The rule (8.31) integrates exactly polynomials in d variables of at most first degree, as,
for example, when d = 2, we have
1
/ lde = =
e 2

1 17I1 1 1 1
/xld:f::/ I </ dil?Q)dl’l/ 1'1(171'1)(&1':*:*'
T 0 0 0 6 2

which means that (8.31) is satisfied with equality. Similarly, we have

1
/"Egd:ﬁ:*,
7 6

so we conclude that (8.31) is satisfied with equality for all linear polynomials in 2 variables.

To implement the homogeneous Dirichlet condition v = 0 on the boundary 92 , we need to "remove"
the indices of the boundary nodes from the linear system. There is no unique way to do this. A popular
method is as follows: given the global numbering of the nodes, if node k£ is a boundary node, we delete
the k-th row and column from the stiffness matrix A and the k-th component from the load vector F'.
Usually, boundary nodes are numbered after the interior nodes by the mesh-generation software, so that
if N = Ny 4+ Np with N; being the number of interior nodes and Np the number of boundary nodes,
then the numbering is ¢ = 1, ..., Ny for the interior nodes and ¢ = Ny + 1, Ny +2,..., Ny + N = N for
the boundary nodes.

Now, consider a non-homogeneous boundary condition: u(xz) = g(z), for z € 99, and let V), be the finite
element space including the basis functions at the boundary nodes. Then, the approximate solution is
given by

and

1
3’

N N
un =Y Ui+ Y g(@;)e;.
=1 J=N11

Thus, the finite element method is formulated as follows: find uj, € V,, with up(x;) = g(x;), for
j=N+1,...,N, such that

a(up,vp) = L(vy), Yo, € Vi N HY(Q),

or, expanding in terms of the basis functions: Find U; € R, j = 1,..., Ny, such that

ZUN(‘%@) =U(¢i) — Z g(xzj)a(d;, ¢5), i=1,...,N5.
j=1 j=Ni+1
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A popular, but not necessarily computationally optimal, way to implement the above condition is as
follows:

e Replace each row of the stiffness matrix A corresponding to a boundary node with the corresponding
row of the identity matrix, and

e Replace each entry of F' corresponding to a boundary node with the corresponding boundary value
at the node.

Thus, the linear system to be solved becomes

(5 ) (@)= (6)

0 Inyxng/) \Us) \g)’

where A; 1 = {aij}ﬁlf:l, Arp = {aij}f\;ﬁ’éyz’l, Ing, xNp is the identity matrix, Uy and U g are the interior
and boundary values, respectively, F; = {F;}" and g := {9} n, 41

Sparse Matrices in Matlab

Matrices can be handled element-by-element, similar to low-level programming languages like Fortran
or C [3]. However, it is more effective to manipulate entire matrices at once, a method referred to as
high-level coding style. This approach leads to more concise code and generally enhances efficiency.

A key advantage of finite element methods is the sparsity of the matrix produced through discretization.
Although the matrix has dimensions N x N = N2, it contains only c¢/N nonzero entries, where ¢ is a small
constant. To leverage this sparsity, a sparse matrix data structure is used. Sparse matrix algorithms
reduce computational time by skipping operations on zero entries, and they require less memory by not
storing the numerous zero elements.

There are various data structures for representing sparse matrices. All of these structures follow the
same basic principle: use a single array to store all nonzero elements and two additional integer arrays
to record their indices.

One intuitive scheme, known as the coordinate format, involves storing both the row and column indices.
Let’s assume A is an m X n matrix containing only nnz nonzero elements. Consider the following simple
example:

S oo =
o o N O
O O = O
S
I
DN = DN
<
Il
W NN =
®
Il
= O N =

In this example, the vector i stores the row indices of the nonzero elements, j stores the column in-
dices, and s stores the values of the nonzero elements. All three vectors have the same length, nnz.
However, the two index vectors ¢ and j contain redundant information. To compress this data, we can
reduce the column index vector j to a column pointer vector of length n + 1. The value j(k) represents
the pointer to the start of the k-th column in the vectors ¢ and s, and j(n + 1) = nnz.

For instance, in the Compressed Sparse Column (CSC) format, the vector to store the column pointers
would be:

ji=[ 3 4.

This approach, known as the CSC scheme, is utilized in the MATLAB sparse matrix package. Compared
to the coordinate format, the CSC format saves storage space for nnz — n — 1 integers, which can be
significant when the number of nonzero elements greatly exceeds the number of columns.

Now, lets recall the local stiffness matrix

For each simplex 7, we define the local stiffness matrix A, = (a;—j)(d+1)><(d+1) as:

a; ;. = / VA -V dx, forl<i, j<d+1.
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The computation of a;; is then broken down into calculating the local stiffness matrices and summing
over all elements. Here, we utilize the fact that, when restricted to a single simplex, the basis function
¢i is equivalent to A; . The subscript in a;_; refers to the local index, whereas in a;;, it represents the
global index. The assembly process involves distributing quantities associated with the local indices to
those with the global indices.
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4.2 The Poisson problem
We consider the IBVP:

where Q = (—1,1)%\ (0,1) x (—1,0). The initial mesh is shown in figure 5.
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u =0,
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Figure 5: Initial Mesh

The Finite Element Method for this problem would be:

Find U;, j=1,...,N, s.t:

N
ZUj/v¢j.v¢idV:/1o¢idv, foralli=1,...,N.
j=1 79 Q

This is a linear system of N equations with N unknowns of the form AU = F where

and

A= agl

7,7=1>

U=(Uy,...

40
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Figure 6: Solution of the Poisson problem

The solution is

SO DODDODDODDODODDODDODDODO OO OO

o

0.9135
1.1538
1.2019
1.1538

09135

4.3 The heat equation

Implicit Fuler
Let us consider again the heat equation with Dirichlet boundary conditions

uy — Au =10, for (t,x) € I xQ,
u(t,z) =0, for (t,z) €I x IQ,
u(0,z) = up(x), forx €,

41
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Let Q Let the same L-shaped domain used in the Poisson problem, and we will also use the previously
considered mesh [4].

uo(z,y) = zy(z+1) (y+1)x (1,002 (@, y)+oy(1—2)(1=y) x 0,12 (2, y)+xy(@+1) (Y= x— 1oy x 0.0 (%, ¥),  (z,y) € Q,

where x4 denotes the characteristic function of the set A C R2.

The approximate problem would be

For eachn=1,..., Ny, find uj, € V}, s.t.

/ upvp dV + 7‘/ Vuy - Vo, dV = 7'/ 10v, dV +/ u;flvh dV for all vy, € Vy,
Q Q Q Q
which is equivalent to

Foreachn=1,..., Ny, find U}, j=1,..., N, s.t.

N N
Z(/ ¢j¢>idv>—l—TZUJn/V(bi~V¢)jdV=/(Tlo+uZ_l)¢idV, foralli=1,...,N,
: Q =1 Q Q

Jj=1

Solution to the Parabolic Equation at Different Times

Figure 7: Solution of the implicit scheme
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Ezxplicit Euler

Figure 8: Solution of the explicit

t=0
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0
t=0.5
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Figure 9: Solution of the explicit scheme - refined mesh
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BDF2

Figure 10: Solution of the BDF2 fem method

A  Greek Summary
A.1 BDF IMEX péd0dog 800 Bnudtwny

O otéyoc pog etvan var avantdZouye xon vo avolloouvye o implicit-explicit toAuBnpoatiny pédodo yio to
TOEAX AT TEOBANUOL 0EY LUV XL CUVORLIXDY TULOV.

Bpeg pia owvdptnon u: Q x [0,T] = R t.o:

up — eAu+ V- (ub(z,t)) + e(z, t)u = f(u,z,t) v Qx(0,T),
u=0 ov 002 x (0,7, (1.1)
u(-,0) =ug v Q.
Q C R? avuinpoownetel éva ppaypévo yopto, Q and 90 ebvor 1 xhelotdTNTe XU T0 5GVORO Tou , avtioTol-
yo. T, € didovtou.

d

V- (ub) := Z(blu)z

i=1
O ouvteheatig Bidyuong b, o cuvtehea g ¢, N aEy W’ cuVInum ug, f eivon Boouéves cuvapTtioeC.
Avagopd pe v suctddeiar Tng pedodou xon cUUPWVL UE TNY aVIAUCT) TN Tapaypdgou 1.4 xatahryoupe

oto e&fc Qpdyua: ) » -
™ [1? < e (lut |2+ [|u°]]) (1.50)

"Eneita, hapPdvovtag unddn tny evotddeir e éupeone pedodou Euler , [0 < c[d?]], émwe xou tou
TUEATAVE PEAYUATOS HATUATYOUUE
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max_ |97 < c |90 (1.51)
1<n<N

"Eote ot ot npooeyyioe U, ..., UN didovton ané tic oyéoewc (1.37) xon (1.38). Yrodétouye enione ot
N Aon e (1.1) elvon emopxdc opoly, €ToL OOTE Ko TPOGEYYION TOL CYEAUATOC VoL xooTorTon EyXupn).
Téte Yo 1oylel:

ny _gn| < 2 .
12}%XN||U(15 )—=U"|| < ck (1.52)

A.2 BDF2 yédodog nencpacuévwy ocTolyeiny

Eotww @ C R, d = 2,3 éva tohuywvixd yoplo xow o ypovixd dbotnual := (0,Tf] C R Ocwpolpe tnv
napaBoiiny| e€lowomn VepudtnToc Ye apyxéc xou cUVORLIXES CUVIAXES:

u—Au=f, qop (t,x) €I xQ,
u(t,z) =0, qop (t,x) €I x 0L, (A1)
u(0,2) = up(x), @op x € £,

6mov uy oupPolilet du/dt, A v Aamhaociovi, f: I xQ — R, yio v onola unodétouye f € L2(1; L*(Q)),
%o ug(T) YVWo T cuvdpeTNoN.

AopBdvovtac unddy v evatddeio tne éupeonc-dueonc uedédou Euler [[ull] < c||u?||, nodpvouue v
TOEOXATE TEAXT EXT(UNON euo Tdlelog

max |[|u”]| < ¢|[u]|
1<n<N

Avopopnd ue To QEAYH TOL CYENUATOS, TUPUTEUTOUNE ot oyéon (3.24).

A.3 TYlomnoinon

Me 1 Bofdeio tov MATAAB oty vhonoinon twv petddwy Implicit/Explicit Euler, napatnefiooue ot
n uédodoc BDF2 napoucidler obyxhion debtepne td€ng oe oyéomn pe to péyedog tou ypovixol Bruatog,
ETUTEENOVTAG TN YENON UEYUADTERWY YPOVIXWY BNUATWY Xl UEWIVOVTOS £TOL TO UTOAOYIOTIXG x00TOC, Slo-
eovToC ToedAAnia to (Blo eninedo axpifetac e tn uédodo backward Euler.

B Matlab Codes

the Poisson problem

elem = [2 16 1; 16 2 17; 3 17 2; 17 3 4; 17 15 16; 15 17 18; 4 18 17; 18 4 5; 19 15 18§;

15 19 14; 20 18 5; 18 20 19; 12 14 19; 14 12 13; 11 19 20; 19 11 12; 6 20 5; 20 6 21;
721 6; 217 8; 21 11 20; 11 21 10; 8 10 21; 10 8 9];

load myelem.dat

1; -0.5 -1; 0 -1; 0 -0.5; 0 0; 0.50; 1 0; 10.5;11; 0.51; 01; -0.51

0.5; 0 0.5; 0.5 0.5];

load mynodes.dat

/A creating the [p,e,t] triplet mesh data
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p = node.';

es=[1201110;2301210; 34
2

01310,4501410;,56015
910019160; 1011 011010; 1112011

10; 67
110; 121301121 0; 13140 1 1

q
13 1 ¢

e = es.';

ti=[216 1 1; 16 2 17 1; 3 17 2 1; 17 3 4 1; 17 15 16 1; 15 17 18 1; 4 18 17 1; 18 4
18 20 19 1; 12 14 19 1; 14 12 13 1; 11 19 20 1; 19 11 12 1; 6 20 5 1; 20 6 21 1; 7 21

t =ti.';

bdFlag = [1 1 0; 000; 010; 100; 100; 000; 000; 100; 000; 010; 000
010;100; 000; 010; 000; 110];

totalEdge = [elem(:,[2,3]);elem(:,[3,1]1);elem(:,[1,2]1)];

Dirichlet = totalEdge(bdFlag(:) == 1, :);

/ assembling process
global NT

N = size(node,1); NT = size(elem,1);

ii = zeros(9*NT,1); jj = zeros(9x*NT,1); sA = zeros(9#NT,1);
ve(:,:,3) = node(elem(:,2),:) - node(elem(:,1),:);
ve(:,:,1) = node(elem(:,3),:) - node(elem(:,2),:);
ve(:,:,2) node(elem(:,1),:) - node(elem(:,3),:);

global area

area = 0.5%abs(-ve(:,1,3).*xve(:,2,2)+ve(:,2,3).*ve(:,1,2));

assemblingsparse(node,elem) ;

/4 right hand side/load terms

global area

global N

global A

midl = (node(elem(:,2),:) + node(elem(:,3),:))/2;

mid2 = (node(elem(:,3),:) + node(elem(:,1),:))/2;
mid3 = (node(elem(:,1),:) + node(elem(:,2),:))/2;
btl = area.*(f(mid2)+f(mid3))/6;

bt2 = area.*(f(mid3)+f (mid1))/6;
bt3 area.*(f(mid1)+f (mid2))/6;

b = accumarray(elem(:), [bt1;bt2;bt3], [N 1]1);

%4 Homogenous Dirichlet
isBdNode = false(N,1);
isBdNode(Dirichlet) = true;
bdNode = find(isBdNode) ;
freeNode = find(“isBdNode) ;
u = zeros(N,1);

u(bdNode) = 0;

/ numerical solution
u(freeNode) = A(freeNode,freeNode) \b(freeNode) ;
save 'solution.dat' u -ascii

46
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71

72

/4 graphical representation of the solution
pdesurf (p,t,u)
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Implicit Euler for the hear equation

elem = [2 16 1; 16 2 17; 3 17 2; 17 3 4; 17 15 16; 15 17 18; 4 18 17; 18 4 5; 19 15 1§
15 19 14; 20 18 5; 18 20 19; 12 14 19; 14 12 13; 11 19 20; 19 11 12; 6 20 5; 20 6 21;
721 6; 217 8; 21 11 20; 11 21 10; 8 10 21; 10 8 9];

4 load myelem.dat

node = [-1 -1; -0.5 -1; 0 -1; 0 -0.5; 0 0; 0.50; 1 0; 10.5; 11; 0.51; 01; -0.51
-0.5 0; -0.5 0.5; 0 0.5; 0.5 0.5];

% load mynodes.dat

bdFlag = [1 1 0; 000; 010; 100; 100; 000; 000; 100; 000; 010; 000
100; 010;000; 010; 100; 000; 010; 000; 110];

totalEdge = [elem(:,[2,3]);elem(:,[3,1]);elem(:,[1,2]1)];

Dirichlet = totalEdge(bdFlag(:) == 1, :);

M = sparse(size(node,1),size(node,1));

T=1; dt = 0.01; Nt=T/dt;

U_euler = zeros(size(node,1),Nt+1);

global NT

N = size(node,1); NT = size(elem,1);

ii = zeros(9#NT,1); jj = zeros(9*NT,1); sA = zeros(9*NT,1);
ve(:,:,3) node(elem(:,2),:) - node(elem(:,1),:);
ve(:,:,1) = node(elem(:,3),:) - node(elem(:,2),:);
ve(:,:,2) node(elem(:,1),:) - node(elem(:,3),:);

global area

area = 0.5*abs(-ve(:,1,3).*ve(:,2,2)+ve(:,2,3).*ve(:,1,2));

/ assembling process
assemblingsparse(node,elem) ;

/A assembling of M
for j = l:size(elem,1)

M(elem(j,:),elem(j,:)) = M(elem(j,:),elem(j,:)) + (det([1,1,1;node(elem(j,:),:)"]
end

/4 Initial condition function

initialCondition = @(x, y) x .*y .x (x + 1) .* (y + 1) .x ((x >= -1 & x <= 0) & (y >%

X.*y.*(l-X) .*(1—y) .*((X>=O&X<=1)&(y>=0
x ky ox (x+1) x(y -1 % (x> -1&x<=0)& (y > (
initialConditionl = @(x, y) 1; / Set initial condition to 1 everywhere
4 Get = and y coordinates of the nodes
x = node(:,1);
y = node(:,2);

4 Apply initial condition
U_euler(:,1) = initialCondition(x, y);

/A timesteps
time_points = [0, 0.1, 0.5, 1]; / Times at which to plot the solution

time_indices = round(time_points / dt) + 1; / Corresponding time step indices

for n = 2:Nt+1
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b = sparse(size(node,1),1);

4 right hand side/load terms

global area

global N

global A

midl = (node(elem(:,2),:) + node(elem(:,3),:))/2;
mid2 = (node(elem(:,3),:) + node(elem(:,1),:))/2;
mid3 (node(elem(:,1),:) + node(elem(:,2),:))/2;
btl = area.*(dt*f(mid2)+ dt*f(mid3))/6;

bt2 area.*(dt*f (mid3)+ dt*f(midl))/6;

bt3 area.*(dt*f (mid1)+ dt*f(mid2))/6;

b = accumarray(elem(:), [bt1l;bt2;bt3], [N 1]);
4 previous timestep
b =b + MxU_euler(:,n-1);

4 Homogemous Dirichlet
isBdNode = false(N,1);
isBdNode(Dirichlet) = true;
bdNode = find(isBdNode) ;
FreeNode = find(~isBdNode) ;
u = zeros(N,1);

u(bdNode) = 0;

b=Db- (dt *x A+ M * u;

/. mumerical solution
u(FreeNode) = (dt*A(FreeNode,FreeNode)+M(FreeNode,FreeNode)) \b(FreeNode) ;
U_euler(:,n) = u;

end

p=node.';

/# Plot the solution at specified times in one window
figure;
for t = l:length(time_points)
subplot(2, 2, t); / 2z2 grid of subplots
trisurf(elem, p(1, :), p(2, :), U_euler(:, time_indices(t)), 'FaceColor',
xlabel('x'); ylabel('y'); zlabel('u');
title(['t = ', num2str(time_points(t))]);
colorbar;
view(3); /7 3D view
end

"interp
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Ezxplicit Euler for the heat equation

tic;

/ Initial mesh nodes and elements

node = [-1 -1; -0.5 -1; 0 -1; 0 -0.5; 0 0; 0.50; 1 0; 10.5; 11; 0.51; 01; -0.51
-0.5 0; -0.5 0.5; 0 0.5; 0.5 0.5];

elem = [2 16 1; 16 2 17; 3 17 2; 17 3 4; 17 15 16; 15 17 18; 4 18 17; 18 4 5; 19 15 18§;

14 12 13; 11 19 20; 19 11 12; 6 20 5; 20 6 21; 7 21 6; 21 7 8; 21 11 20; 11 21
global A

% Refine the mesh times
for i = 1:2

[node, elem] = refineMesh(node, elem);
end

% Plot the refined mesh

figure;

trimesh(elem, node(:,1), node(:,2), 'Color', 'k');
title('Refined Mesh');

xlabel('x');

ylabel('y');

X Explicit Euler solwver

4 Calculate boundary flags for refined mesh

tol = 1e-10;

bdFlag = zeros(size(elem));

boundaryNodes = find(abs(node(:,1) + 1) < tol | abs(node(:,1) - 1) < tol |
abs(node(:,2) + 1) < tol | abs(node(:,2) - 1) < tol |
(node(:,1) >= 0 & node(:,1) <= 1 & abs(node(:,2)) < tol) |
(node(:,2) >= -1 & node(:,2) <= 0 & abs(node(:,1)) < tol));

boundaryEdges = [];

for i = 1:size(elem, 1)
for j = 1:3
edge = sort([elem(i, j), elem(i, mod(j, 3) + 1)1);
if ismember(edge(1l), boundaryNodes) && ismember (edge(2), boundaryNodes)
bdFlag(i, j) = 1; / Dirichlet condition
boundaryEdges = [boundaryEdges; edgel;
end
end
end

Dirichlet = unique(boundaryEdges, 'rows');

M = sparse(size(node,1), size(node,1));
T =1; dt = 0.00125; Nt = T/dt;

U = zeros(size(node, 1), Nt+1);

global NT

N = size(node,1); NT = size(elem,1);

ii = zeros(9#NT,1); jj = zeros(9*NT,1); sA = zeros(9*NT,1);
ve(:,:,3) node(elem(:,2),:) - node(elem(:,1),:);

ve(:,:,1) = node(elem(:,3),:) - node(elem(:,2),:);

ve(:,:,2) node(elem(:,1),:) - node(elem(:,3),:);

global area

area = 0.5*abs(-ve(:,1,3).*ve(:,2,2) + ve(:,2,3).*ve(:,1,2));
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/ Assembling process
assemblingsparse(node, elem);

A Assembling of M
for j = l:size(elem, 1)

M(elem(j,:), elem(j,:)) = M(elem(j,:), elem(j,:)) + (det([1,1,1; node(elem(j,:),
end

A Inttial condition function
initialCondition = @(x, y) x .* y
x oxy .ox (1 -x) .x (1 -y) .x ((x>0¢&x<=1) & (y >
X .k y

NS

Get = and y coordinates of the nodes
x = node(:, 1);
y = node(:, 2);

4 Apply initial condition
U(:, 1) = initialCondition(x, y);

/ Define the function f
f = e(x) 10;

A Timesteps
time_points = [0, 0.1, 0.5, 1]; / Times at which to plot the solution
time_indices = round(time_points / dt) + 1; / Corresponding time step indices

2:Nt+1
sparse(size(node,1), 1);

for n
b

4 Right-hand side/load terms

midl = (node(elem(:, 2), :) + node(elem(:, 3), :))/2;
mid2 (node(elem(:, 3), :) + node(elem(:, 1), :))/2;
mid3 = (node(elem(:, 1), :) + node(elem(:, 2), :))/2;
btl = area.*x(dt*f(mid2) + dt*f(mid3))/6;

bt2 = area.*(dt*f(mid3) + dt*f(midl))/6;

bt3 area.*(dt*f(midl) + dt*f(mid2))/6;

b = accumarray(elem(:), [btl; bt2; bt3], [N 11);
/ Previous timestep
b=b+ M- dt * A) * U(:, n-1);

4 Homogemnous Dirichlet
isBdNode = false(N, 1);
isBdNode(Dirichlet) = true;
bdNode = find(isBdNode) ;
FreeNode = find(~isBdNode) ;
u = zeros(N, 1);

u(bdNode) = 0;

b=Db- (dt * A + M) * u;

/4 Numerical solution
u(FreeNode) = M(FreeNode, FreeNode) \ b(FreeNode);
U(:, n) = u;

end

k(x+ 1) x (y+ 1) ok (x> -1 &x<=0) & (y>F

H(x+ 1) ok (y - 1) ok ((x>= -1 &x<=0) & (y>F
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p = node.';

/# Plot the solution at specified times in one window
figure;
for t = l:length(time_points)
subplot(2, 2, t); / 2z2 grid of subplots
trisurf(elem, p(1, :), p(2, :), U(:, time_indices(t)), 'FaceColor', 'interp');
xlabel('x'); ylabel('y'); zlabel('u');
title(['t = ', num2str(time_points(t))]);
colorbar;
view(3); /7 3D view
end

sgtitle('Solution to the Parabolic Equation at Different Times');
toc;

/# Function to add a new node tf it <s not already in the list of nodes
function [nodes, idx] = addNode(nodes, newNode)
tol = 1le-10; / Tolerance for comparing nodes
idx = find(all(abs(nodes - newNode) < tol, 2));
if isempty(idx)
nodes = [nodes; newNode];
idx = size(nodes, 1);
else
idx(1);

idx
end
end

/ Function to refine the mesh
function [newNodes, newElements] = refineMesh(node, elem)
midpoint = @(pl, p2) (pl + p2) / 2; / Define midpoint function
newNodes = node;
newElements = [];
for i = 1:size(elem, 1)
nl = elem(i, 1);
n2 = elem(i, 2);
n3 = elem(i, 3);

pl = node(nl, :);
p2 = node(n2, :);
p3 = node(n3, :);

m12 = midpoint(pl, p2);
m23 = midpoint(p2, p3);
m31 = midpoint(p3, pl);

[newNodes, idx12] = addNode(newNodes, ml12);
[newNodes, idx23] addNode (newNodes, m23);
[newNodes, idx31] addNode (newNodes, m31);

newElements = [newElements; nl idx12 idx31; n2 idx23 idx12; n3 idx31 idx23; id
end
end

function A = assemblingsparse(node,elem)
global A

N = size(node,1); NT
i = zeros(9*NT,1); j

size(elem,1);
zeros(9#NT,1); s = zeros(9*NT,1);

52

1x12 idx23 idx:



index = 0;

for

end
A =
end

t = 1:NT
At = localstiffness(node(elem(t,:),:));
for ti = 1:3

for tj = 1:3

index = index + 1;
i(index) = elem(t,ti);

j(index) = elem(t,tj);
s(index) = At(ti,tj);
end

end

sparse(i,j,s,N,N);
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BDF2 method for the heat equation

elem = [2 16 1; 16 2 17; 3 17 2; 17 3 4; 17 15 16; 15 17 18; 4 18 17; 18 4 5; 19 15 1§
15 19 14; 20 18 5; 18 20 19; 12 14 19; 14 12 13; 11 19 20; 19 11 12; 6 20 5; 20 6 21;
721 6; 217 8; 21 11 20; 11 21 10; 8 10 21; 10 8 9];

node = [-1 -1; -0.5 -1; 0 -1; 0 -0.5; 0 O;

0.50; 10;10.5;11; 0.51; 01; -0.51
-10.5; -10; -1 -0.5; -0.5 -0.5; -0.5 0; -0.50

.5; 0 0.5; 0.5 0.5];

bdFlag = [1 1 0; 000; 010; 100; 100; 000; 000; 100; 000; 010; 000
000;000; 110, 000; 100, 0610, 000; 010; 100; 000; 010; 000; 1

totalEdge = [elem(:,[2,3]);elem(:,[3,1]);elem(:,[1,2]1)];
Dirichlet = totalEdge(bdFlag(:) == 1, :);

M
T

sparse(size(node, 1) ,size(node,1));
1; dt = 0.01; Nt=T/dt;

U = zeros(size(node,1),Nt+1);
global NT

N = size(node,1); NT = size(elem,1);

ii = zeros(9#NT,1); jj = zeros(9*NT,1); sA = zeros(9*NT,1);
ve(:,:,3) = node(elem(:,2),:) - node(elem(:,1),:);
ve(:,:,1) = node(elem(:,3),:) - node(elem(:,2),:);
ve(:,:,2) node(elem(:,1),:) - node(elem(:,3),:);

global area

global A

area = 0.5*abs(-ve(:,1,3).*ve(:,2,2)+ve(:,2,3).*ve(:,1,2));

/ Assembling process
assemblingsparse(node,elem) ;

/A Assembling of M
for j = l:size(elem,1)

M(elem(j,:),elem(j,:)) = M(elem(j,:),elem(j,:)) + (det([1,1,1;node(elem(j,:),:)"]
end

/4 Initial condition function

initialCondition = @(x, y) x .*x y .*x (x + 1) .x (y + 1) .x ((x >= -1 & x <= 0) & (y >F

x oy .x (1 -x 1 -y) x ((x>0&x<=1) & (y
x dy ox (x+1) % (y-1) . (x> -18&x<=0) & (y
initialConditionl = @(x, y) 1; / Set inttial condition to 1 everywhere
4 Get = and y coordinates of the nodes
x = node(:,1);
y = node(:,2);

4 Apply initial condition
U(:,1) = initialCondition(x, y);

Z Call compute_implicit_euler_step function to compute U(:,2)
f_constant = @(x, y) 10; / Constant source term of 10
U(:,2) = compute_implicit_euler_step(U(:,1), elem, node, bdFlag, M, A, dt, f_constant

% Source term function
f =0(x, y, t) 10 * ones(size(x)); / Constant source term

A Time-stepping loop
for n = 3:Nt+1
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b = sparse(size(node,1),1);

/4 Right-hand side/load terms

midl = (node(elem(:,2),:) + node(elem(:,3),:))/2;
mid2 = (node(elem(:,3),:) + node(elem(:,1),:))/2;
mid3 = (node(elem(:,1),:) + node(elem(:,2),:))/2;

f_tonpl = f(mid1(:,1), mid1(:,2), (@-1)*dt); / f at t~(n+1)
f_tn = £f(mid1(:,1), midi(:,2), (n-2)*dt); A fat t°n

btl = area.*(dt*f_tnpl + dt*f_tn)/6;
bt2 = area.*(dt*f_tnpl + dt*f_tn)/6;
bt3 area.*(dt*f_tnpl + dt*f_tn)/6;

lon
I

accumarray(elem(:), [bt1l;bt2;bt3], [N 1]);

4 Two-step BDF right hand stide
b =b + 2«M*xU(:,n-1) - 0.5%M*xU(:,n-2);

4 Homogenous Dirichlet
isBdNode = false(N,1);
isBdNode (Dirichlet) = true;
bdNode = find(isBdNode) ;
FreeNode = find(~isBdNode) ;
u = zeros(N,1);

u(bdNode) = 0;

b=>b- ((3/2) * M + dt * A) * u;

/A Numerical solution

u(FreeNode) = ((3/2)*M(FreeNode,FreeNode) + dt*A(FreeNode,FreeNode)) \ b(FreeNode);

U(:,n) = u;
end

/# Plot the solution at specified times in one window
time_points = [0, 0.1, 0.5, 1]; / Times at which to plot the solution
time_indices = round(time_points / dt) + 1; / Corresponding time step indices

p = node.';

figure;
for t = l:length(time_points)
subplot(2, 2, t); / 2z2 grid of subplots
trisurf(elem, p(1, :), p(2, :), U(:, time_indices(t)), 'FaceColor', 'interp');
xlabel('x'); ylabel('y'); zlabel('u');
title(['t = ', num2str(time_points(t))]);
colorbar;
view(3); 4 3D view
end

Asgtitle('Solution to the Heat Equation at Different Times');
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function to compute via implicit euler the 1st step of BDF2 scheme

function U_next = compute_implicit_euler_step(U_prev, elem, node, bdFlag, M, A, dt, f
4 Function to compute the next step using the implicit Euler method

end

4 Inputs:

4 U_prev - Previous solution vector
4 elem - Element connectivity matriz
/4 mode - Node coordinates matriz

4 bdFlag - Boundary flag matriz

A M - Mass matriz

4 4 - Stiffness matriz

4 dt - Time step size

4 f - Function handle for the right-hand side/load terms

totalEdge
Dirichlet

totalEdge (bdFlag(:) == 1, :);

N = size(node, 1);
global area

b = sparse(size(node, 1), 1);

/4 Right hand side/load terms
midl = (node(elem(:, 2), :) + node(elem(:, 3), :)) / 2;

mid2 = (node(elem(:, 3), :) + node(elem(:, 1), :)) / 2;
mid3 = (node(elem(:, 1), :) + node(elem(:, 2), :)) / 2;
bt1l = area .* (dt * f(mid2(:,1), mid2(:,2)) + dt * f(mid3(:,1), mid3(:,2))) / 6;
bt2 = area .* (dt * f(mid3(:,1), mid3(:,2)) + dt * f(mid1(:,1), mid1(:,2))) / 6;
bt3 = area .* (dt * f(mid1(:,1), mid1(:,2)) + dt * f(mid2(:,1), mid2(:,2))) / 6;

b = accumarray(elem(:), [btl; bt2; bt3], [N 11);
b b + M * U_prev;

4 Homogenous Dirichlet
isBdNode = false(N, 1);
isBdNode (Dirichlet) = true;
bdNode = find(isBdNode);
FreeNode = find(“isBdNode) ;
u = zeros(N, 1);

u(bdNode) = 0;

b=Db- (dt * A+ M * u;

/A Numerical solution

u(FreeNode) = (dt * A(FreeNode, FreeNode) + M(FreeNode, FreeNode)) \ b(FreeNode);

U_next = u;
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Code for the calculation of errors at different time steps

/ Load the data
load('U_euler.mat'); / U_euler
load('U_bdf2.mat'); 4 U_bdf2

% Define the exact solution
U_exact = [0; 0; 0; 0; 0; 0; O0; O0; O0; O; O; 0; O0; O0; O0; 0; 0.9135; 1.1538;

/4 Calculate errors at different time steps
errors_euler = zeros(100, 1);
errors_bdf2 = zeros(100, 1);

for n = 1:100
/4 Calculate the L2 norm of the errors
errors_euler(n) = norm(U_euler(:, n) - U_exact, 2);
errors_bdf2(n) = norm(U(:, n) - U_exact, 2);

end

/% Plot errors over time steps
figure;

semilogy(1:100, errors_euler, '-o
hold on;

semilogy(1:100, errors_bdf2, '-o', 'DisplayName', 'BDF2');
xlabel('Time step');

ylabel('Error (L2 norm)');

legend;

title('Error vs. Time Step');

grid on;

, 'DisplayName', 'Implicit Euler');

1.2019;

1.
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Local stiffness matriz assembling

function [At, area] = localstiffness(p)
At = zeros(3,3);
B = [p(1,:) - p(3,:); p(2,:) - p(3,:)];
G=[[1,0]", [0,1]", [-1,-11'];
area = 0.5 * abs(det(B));
for i = 1:3
for j = 1:3
At(i,j) = area * ((B\G(:,1))' = (B\G(:,j)));
end
end
end

Global stiffness matriz assembling

function A = assemblingsparse(node, elem)
global A
N = size(node, 1); NT = size(elem, 1);
i = zeros(9 * NT, 1); j = zeros(9 * NT, 1); s = zeros(9 * NT, 1);
index = 0;
for t = 1:NT
At = localstiffness(node(elem(t, :), :));
for ti = 1:3
for tj = 1:3
index = index + 1;
i(index) = elem(t, ti);
j(index) = elem(t, tj);
s(index) = At(ti, tj);
end
end
end
A = sparse(i, j, s, N, N);
end
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