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Abstract
The appeal of multistep methods lies in their ability to bypass the need for intermediate stage calcula-
tions while achieving high-order convergence in time. Additionally, these methods significantly reduce
computational costs.

This study presents a stability and error analysis of the implicit–explicit (IMEX) two-step backward
differentiation formula (BDF) for a parabolic semi-linear convection-diffusion equation. The analysis
focuses on the time-discrete aspects of the semi-linear convection-diffusion equation, but the findings are
also applicable to fully discrete BDF schemes.

Subsequently, for the simpler heat equation on an open bounded polygonal domain with homogeneous
Dirichlet boundary conditions, the backward Euler and BDF2 finite element methods are constructed
and analyzed. Error bounds and stability are proven for both methods. For comparative purposes,
both methods are implemented in MATLAB on an L-shaped domain. The BDF2 method demonstrates
second-order convergence with respect to the time step size, enabling the use of larger time steps and
thereby reducing computational costs while maintaining the same level of accuracy as the backward
Euler method.

For completeness, this study also includes the formulation of the linear system in the finite element
method (FEM), along with the assembly of the associated matrices.
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Περίληψη

Η δημοφιλία των πολυβηματικών μεθόδων έγκειται στην ικανότητά τους να παρακάμπτουν την ανάγκη για

υπολογισμούς σε ενδιάμεσα στάδια, επιτυγχάνοντας ταυτόχρονα σύγκλιση υψηλής τάξης στο χρόνο. Επι-

πλέον, οι μέθοδοι αυτές μειώνουν σημαντικά το υπολογιστικό κόστος.

Η παρούσα εργασία αρχικά παρουσιάζει την ανάλυση ευστάθειας και σφάλματος της άμεσης-έμμεσης (Ι-

ΜΕΧ), BDF2 μεθόδου σε ένα παραβολικό ημιγραμμικό πρόβλημα διάχυσης. Η μέλέτη επικεντρώνεται στη
χρονικά διακριτή μορφή του προβλήματος, ωστόσο, τα ευρήματα είναι εφαρμόσιμα και σε πλήρως διακριτά

προβλήματα.

Στη συνέχεια, για την απλούστερη εξίσωση θερμότητας σε ανοικτό πολυγωνικό χωρίο με ομογενείς συ-

νοριακές συνθήκες Dirichlet, κατασκευάζονται και αναλύονται οι μέθοδοι Euler και BDF2 πεπερασμένων
στοιχείων. Αποδεικνύονται επίσης η ευστάθεια καθώς και τα φράγματα σφάλματος των δύο μεθόδων. Για

λόγους σύγκρισης, και οι δύο μέθοδοι υλοποιούνται στοMatlab σε χωρίο σχήματος L. Η μέθοδος BDF2 πα-
ρουσιάζει σύγκλιση δεύτερης τάξης σε σχέση με το μέγεθος του χρονικού βήματος, επιτρέποντας τη χρήση

μεγαλύτερων χρονικών βημάτων και μειώνοντας έτσι το υπολογιστικό κόστος, διατηρώντας παράλληλα το

ίδιο επίπεδο ακρίβειας με τη μέθοδο backward Euler.

Για λόγους πληρότητας, η παρούσα μελέτη περιλαμβάνει επίσης τον υπολογισμό (assembly) του γραμμι-
κού συστήματος στη μέθοδο πεπερασμένων στοιχείων (FEM), καθώς επίσης και με τη συναρμολόγηση
(assembly) των σχετικών πινάκων.
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1 Implicit-Explicit Two-Step BDF Method

1.1 Introduction
We aim to develop and analyze an implicit-explicit multistep method for the following initial and bound-
ary value problem: find a function u : Ω× [0, T ]→ R satisfying


ut − ε∆u+∇ · (ub(x, t)) + c(x, t)u = f(u, x, t) in Ω× (0, T ),

u = 0 on ∂Ω× (0, T ),

u( · , 0) = u0 in Ω.

(1.1)

Here, Ω ⊂ Rd represents a bounded domain, Ω and ∂Ω are the closure and the boundary of Ω, respec-
tively, T and ε are given positive numbers, and

∇ · (ub) :=
d∑

i=1

(biu)xi
.

The convective coefficient b, the coefficient c, the initial value u0, and the forcing term f are given
functions. We assume the vector-valued function b : Ω × [0, T ] → Rd is continuously differentiable,
c : Ω× [0, T ]→ R is continuous, u0 ∈ L2(Ω), and f : R×Ω× [0, T ]→ R is globally Lipschitz continuous
in its first argument, uniformly with respect to its second and third arguments,

∃L ≥ 0 ∀x ∈ Ω ∀t ∈ [0, T ] ∀y1, y2 ∈ R |f(y1, x, t)− f(y2, x, t)| ≤ L|y1− y2|, (1.2)

and such that f(0, ·, t) ∈ L2(Ω) for all t ∈ [0, T ]. It follows straightforwardly that f(v, ·, t) ∈ L2(Ω) for
any v ∈ L2(Ω) and all t ∈ [0, T ]; indeed, using the Lipschitz condition and elementary inequalities, we
have

|f(v(x), x, t)|2 ≤ 2|f(v(x), x, t)− f(0, x, t)|2 + 2|f(0, x, t)|2 ≤ 2L2|v(x)|2 + 2|f(0, x, t)|2.

This proves our assertion.

We assume that the initial and boundary value problem (1.1) admits a sufficiently smooth solution
u.
Let us consider now (α, β) to be a strongly A(0)-stable q-step scheme and (α, γ) be an explicit q-step
scheme, which is characterized by three polynomials α, β and γ. [1]

α(ζ) =

q∑
i=0

αiζ
i, β(ζ) =

q∑
i=0

βiζ
i, γ(ζ) =

q−1∑
i=0

βiζ
i

We shall also assume that the order of both q-step schemes, the implicit (α, β) and the explicit (α, γ), is
p, i.e.,

q∑
i=0

ilαi = l

q∑
i=0

il−1βi = l

q−1∑
i=0

il−1γi, l = 0, 1, ..., p (1.3)

For an example of schemes satisfying the above assumptions we mention the implicit-explicit BDF meth-
ods, described by the polynomials

α(ζ) =

q∑
j=1

1

j
ζq−j(ζ − 1)j , β(ζ) = ζq, γ(ζ) = ζq − (ζ − 1)q (1.4)

The implicit (α, β)-schemes correspond to the BDF (Backward Differentiation Formula) methods which
are strongly A(0)-stable for q = 1, ....., 6; with their order being p = q. For a given α, the (α, γ)-scheme
is the unique explicit q-step scheme of order p = q. Consequently, the implicit-explicit BDF methods
satisfy the order conditions (1.3) with p = q.
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Let N ∈ N, k := T/N be the constant time step, and tn := nk, n = 0, . . . , N , be a uniform parti-
tion of the interval [0, T ]. We assume that starting approximations U0, . . . , Uq−1 are given, so that we
shall proceed with q-step schemes for (1.1).
We rewrite the differential equation in (1.1) as follows

ut +Au+ C(t)u = B(t, u(t)), t ∈ (0, T ), (1.5)

where the operators A,B, and C are chosen appropriately for out purpose. The numerical scheme relies
on the specific choice of the operators A,B, and C in (1.5). The operators A and C are discretized
implicitly, by the implicit scheme (α, β), while the operator B explicitly, by the explicit scheme (α, γ).
This approach allows us to construct approximations Um to the nodal values um := u(·, tm) of the exact
solution by

q∑
i=0

[
αiI + kβi

(
A+ C(tn+i)

)]
Un+i = k

q−1∑
i=0

γiB(tn+i, Un+i), n = 0, . . . , N − q. (1.6)

In order to derive optimal order consistency estimates, we need an appropriate representation of the
consistency error of the implici-explicit scheme (1.6). The consistency error En of the scheme for the
solution u of (1.1), is the amount by which the exact solution fails to satisfy (1.6) and is given by [1]

kEn =

q∑
i=0

[
αiI + kβi

(
A+ C(tn+i)

)]
un+i − k

q−1∑
i=0

γiB(tn+i, un+i), (1.7)

n = 0, . . . , N − q.

where

En
1 =

q∑
i=0

[
αiu

n+i − kβiut(tn+i)
]
, En

2 = k

q∑
i=0

(βi − γi)B(tn+i, un+i),

with γq := 0, and using the differential equation in (1.5), we deduce that

kEn = En
1 + En

2 (1.8)

Via a Taylor expansion around tn, leading terms of order up to p− 1 cancel, and we obtain

En
1 =

1

p!

q∑
i=1

∫ tn+i

tn
(tn+i − s)p−1

[
αi(t

n+i − s)− pkβi
] ∂p+1u

∂tp+1
(s) ds, (1.9)

En
2 =

k

(p− 1)!

q∑
i=1

(βi − γi)
∫ tn+i

tn

(tn+i − s)p−1 d
p

dtp
B(s, u(s)) ds.

Let c⋆ be a fixed positive number and assume operator C in (1.5) is zero. We define the operators A
and B as Av := −ϵ∆v + c⋆v and B(t, v) := f(v(·), ·, t)−∇ · (vb(t)) + (c⋆ − c(t))v. Under this particular
splitting, the scheme (1.6) is reformulated as:

q∑
i=0

(αiI + kβiA)V
n+i = k

q−1∑
i=0

γiB(tn+i, V n+i), n = 0, . . . , N − q. (1.10)

To compute the unknown Un+q, we need to solve one linear equation, with the same operator for all time
levels. That operator is self-adjoint and positive definite: The approximate solutions are well defined.
Notation and Lipschitz Conditions
We let H := L2(Ω) and denote by (·, ·), ∥ · ∥ its inner product and norm, respectively. The operator
A : D = H2(Ω) ∩H1

0 (Ω) → H is linear, self-adjoint and positive definite. We denote by V’ the dual of
V, with respect to the pivot space H, i.e., V ′ = H−1(Ω). We also introduce the norms |||·||| and |||·|||⋆ in
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V and V’ respectively by

|||v||| := ∥A1/2v∥ = (−ε(∆v, v) + c∗(v, v))
1/2

=
(
ε∥∇v∥2 + c∗∥v∥2

)1/2
,

|||v|||⋆ := ∥A−1/2v∥ =
(
v, (−ε∆+ c∗I)

−1
v
)1/2

.

The operator A can be extended from V to its dual space V ′ in a standard manner. Additionally, the
notation (·, ·) will denote the duality pairing between V ′ and V . The operator B(t, ·) : D(A) → H can
also be viewed as a mapping from V into V ′.
For simplicity, we decompose the operator B into two components, B = B1 +B2, defined by:

B1(t)v := −∇ · (vb(t)), B2(t, v) := f(v(·), ·, t) + (c∗ − c(t))v.

Useful Estimates for |||v|||⋆
We have the estimate:

|||v|||⋆ = sup
u∈V \{0}

(v, u)

(ε∥∇u∥2 + c∗∥u∥2)1/2
,

which leads to:
|||v|||⋆ ≤ min

{
1√
c∗
∥v∥, 1√

ε
∥v∥H−1

}
. (1.11)

Indeed, first,

|||v|||⋆ ≤ sup
u∈V \{0}

(v, u)√
c∗∥u∥

≤ sup
u∈V \{0}

∥v∥ ∥u∥√
c∗∥u∥

which gives:

|||v|||⋆ ≤
∥v∥√
c∗
. (1.12)

Further,

|||v|||⋆ ≤ sup
u∈V \{0}

(v, u)√
ε∥∇u∥

≤ sup
u∈V \{0}

∥v∥H−1 ∥∇u∥√
ε∥∇u∥

≤ ∥v∥H
−1√
ε

.

First, for v, ṽ ∈ V , we have:

(B1(t, v), ṽ) =

∫
Ω

vb(·, t) · ∇ṽ dx =

d∑
i=1

∫
Ω

bi(·, t)v(ṽ)xi
dx,

which in combination with:

b̂ := max
1≤i≤d

max
x∈Ω, 0≤t≤T

|bi(x, t)|,

gives the bound:

|(B1(t, v), ṽ)| ≤ b̂∥v∥
d∑

i=1

∥(ṽ)xi
∥ ≤ b̂

√
d∥v∥

(
d∑

i=1

∥(ṽ)xi
∥2
)1/2

= b̂
√
d∥v∥∥∇ṽ∥.

Since
√
ε∥∇ṽ∥ ≤ |||ṽ|||, we have:

∀t ∈ [0, T ], ∀v ∈ V, |||B1(t, v)|||⋆ ≤ µ1∥v∥, with µ1 :=
b̂√
ε

√
d. (1.13)
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Moreover, with:

ĉ := max
x∈Ω, 0≤t≤T

|c∗ − c(x, t)|,

and given the Lipschitz condition (1.2), for v, ṽ ∈ V , we obtain:

∥B2(t, v)−B2(t, ṽ)∥2 ≤
∫
Ω

[(L+ ĉ)|v(x)− ṽ(x)|]2 dx = (L+ ĉ)2∥v − ṽ∥2,

whence, according to (1.12),

|||B2(t, v)−B2(t, ṽ)|||⋆ ≤
1√
c∗
∥B2(t, v)−B2(t, ṽ)∥ ≤

L+ ĉ√
c∗
∥v − ṽ∥, (1.14)

or:

∀t ∈ [0, T ], ∀v, ṽ ∈ V, |||B2(t, v)−B2(t, ṽ)|||⋆ ≤ µ2∥v − ṽ∥, where µ2 :=
L+ ĉ√
c∗

.

Combining (1.13) and (1.14), we derive the global Lipschitz condition:

∀t ∈ [0, T ], ∀v, ṽ ∈ V, |||B2(t, v)−B2(t, ṽ)|||⋆ ≤ µ∥v − ṽ∥, (1.15)

with the constant µ := µ1 + µ2,

µ =
b̂
√
d√
ε

+
L+ ĉ√
c∗

. (1.16)

Consistency
Based on the expressions for the consistency error given in (1.8) and (1.9), and assuming standard reg-
ularity conditions, we directly arrive at the optimal order consistency estimate desired.

max
0≤n≤N−q

|||En|||⋆, (1.17)

where |||·|||⋆ is the norm in H−1(Ω). The coefficient c depends on the diffusion parameter ε, through
appropriate norms of the exact solution u.

Stability
Let us consider two sequences, Um, V m ∈ V,m = 0, . . . , N , which satisfy equation (1.10) and the differ-
ence ϑm := Um − V m,m = 0, . . . , N . Then, the following stability estimate holds:

∥ϑn∥2 + k

n∑
m=0

|||ϑ|||2 ≤ C
q−1∑
j=0

(
∥ϑj∥2 + k

∣∣∣∣∣∣ϑj∣∣∣∣∣∣2) , n = q − 1, . . . , N, (1.18)

where C is a constant that does not depend on Um, V m.

Error estimates
Theorem 1.1 (Error Estimate) Let (α, β) be a strongly A(0)-stable q-step scheme, and (α, γ) be
an explicit q-step scheme. Let us assume both schemes (α, β) and (α, γ) have order p. Given starting
approximations U0, U1, . . . , Uq−1 ∈ V approximating u0, . . . , uq−1 such that:

max
0≤j≤q−1

(
∥uj − U j∥+ k1/2

∣∣∣∣∣∣uj − U j
∣∣∣∣∣∣) ≤ ckp. (1.19)

Defining Un ∈ V, n = q, . . . , N , recursively through equation (1.10). Let en = un − Un, n = 0, . . . , N ,
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be the approximation error. Then, there exists a constant c, independent of k and n, which depends
exponentially on b2/ε, such that:

∥en∥2 + k

n∑
l=0

∣∣∣∣∣∣el∣∣∣∣∣∣2 ≤ c
q−1∑

j=0

(
∥ej∥2 + k

∣∣∣∣∣∣ej∣∣∣∣∣∣2)+ k

n−q∑
l=0

∣∣∣∣∣∣El
∣∣∣∣∣∣2

⋆

 , n = q − 1, . . . , N. (1.20)

Consequently, using equations (1.19) and (1.17), we derive:

max
0≤n≤N

∥u(tn)− Un∥ ≤ ckp (1.21)

In the estimate (1.20), El is the consistency error of the scheme. □
In the case the method (1.10) is the implicit-explicit q-step BDF method we can relax the condition
(1.19) concerning the starting approximations U0, ..., Uq−1. To be more precise, the statement of Theo-
rem (1.1) is valid in this case under the assumption

max
0≤j≤q−1

∥uj − U j∥ ≤ ckp.

Low order schemes
We now turn our attention to lower order time stepping schemes. Our main goal is to derive error
estimates using energy techniques.

Considering again the initial and boundary value problem given in (1.1) and assuming that

c(x, t) +
1

2
∇ · b(x, t) ≥ b2 ∀x ∈ Ω, t ∈ [0, T ], (1.22)

holds for some positive b. Notice that this condition can always be satisfied by either adding a term
au with a sufficiently large coefficient a to both sides of the differential equation or by performing the
change of variables ũ := e−atu. It is important to note that this adjustment affects the constant in the
error estimate.

To simplify our notation, we define the operator A(t) : H2(Ω)∩H1
0 (Ω)→ L2(Ω) =: H, for t ∈ [0, T ], by:

A(t)v := −ε∆v +∇ · (vb(x, t)) + c(x, t)v.

Note, however, that A(t) is generally not self-adjoint and may be time-dependent. Clearly, A(t) can
also be extended to an operator from V := H1

0 (Ω) to its dual V ′ = H−1(Ω).

Taking the duality pairing with v and integrating by parts, we find:

(A(t)v, v) = ε∥∇v∥2 + (∇ · (vb(x, t)) + c(x, t)v, v) = ε∥∇v∥2 + ((c+
1

2
∇ · b)v, v).

Thus, in view of condition (1.22), A(t) is coercive:

(A(t)v, v) ≥ ε∥∇v∥2 + b2∥v∥2 ∀v ∈ V = H1
0 (Ω). (1.23)

1.2 G-Stability
The first stability results for non-linear differential equations and multistep methods are quite old. In
fact they precede similar studies for Runge-Kutta methods. A great breakthrough took place in 1975,
when Dahlquist proposed the following non-linear problem [5]
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u′ = f(t, u) (1.24)

which satisfy a one-sided Lipschitz condition

⟨f(t, u)− f(t, z), u− z⟩ ≤ v∥u− z∥2 (1.25)

or in the case the functions are complex-valued,

Re ⟨f(t, u)− f(t, z), u− z⟩ ≤ v∥u− z∥2 (1.25’)

The study of non-linear stability for multistep methods is simplified, if a specific class of methods is
considered - the so called one-leg (multistep) methods.
Let us consider the following linear q-step method

q∑
i=0

αiU
n+i = k

q∑
i=0

βif(t
n+i, Un+i) (1.26)

with the generating polynomials

ρ(ζ) =

q∑
i=0

αiζ
i, σ(ζ) =

q∑
i=0

βiζ
i (1.27)

having real coefficients and no common divisor whatsoever. We also assume a global normalization

σ(1) = 1 (1.28)

Then, the corresponding one-leg method (multistep) is defined by

q∑
i=0

αiU
n+i = kf

(
q∑

i=0

βit
n+i,

q∑
i=0

βiU
n+i

)
(1.29)

The analysis is much easier with this method, as the derivative f is evaluated at one point only. For the
BDF methods, there is always only one f-value in the multistep-version, thus equations (1.26) and (1.27)
are the same.
On condition that the differential equation satisfies the one-sided Lipschitz condition (1.25’) with v = 0,
then the exact solutions are contractive. Provided that the numerical value Un+q depends on all
Un+q−1, ....., Un we have to consider the method as a mapping Rm·q → Rm·q. Let us introduce the
notation

Y n = (yn+q−1, ..., yn)T (1.30)

and consider inner product norms on Rm·q

∥Y n∥2G =

q∑
i=1

q∑
j=1

gij
〈
yn+i−1, yn+j−1

〉
(1.31)

where < ·, · > is the inner product on Rm, same as the one used in (1.25), and the q-dimensional matrix

G = (gij)i,j=1,...,q

is considered to be real, symmetric and positive definite.
Definition (Dahlquist 1975). The one-leg method (1.29) is called G-Stable, if there exists a real, sym-
metric and positive definite matrix G, such that for two numerical solutions Un and Ûn we have
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∥Un+1 − Ûn+1∥G ≤ ∥Un − Ûn∥G (1.32)

for all step sizes τ > 0 and for all differential equations satisfying (1.25) with v = 0

Example [5] Let us consider the 2-step BDF method

3

2
Un+2 − 2Un+1 +

1

2
Un = kf(tn+2, Un+2) (1.33)

We shall consider a second numerical solution Ûn and denote its difference to Un as ∆Un = Un − Ûn.
If we insert (1.33) into out previous assumption (1.25’)

Re
〈
f(tn+2, Un+2)− f(tn+2, Ûn+2), Un+2 − Ûn+2

〉
≤ 0

we obtain

E = Re

〈
3

2
∆Un+2 − 2∆Un+1 +

1

2
∆Un,∆Un+2)

〉
≤ 0 (1.34)

Our purpose is to subtract from this inequality a well-chosen quadratic term ∥α2∆U
n+2 + α1∆U

n+1 +
α0∆U

n∥2 in order to derive it to the form required by (6.15). Having ∆Un = (∆Un+1,∆Un)T this means

E = ∥∆Un+1∥2G − ∥∆Un∥2G + ∥α2∆U
n+2 + α1∆U

n+1 + α0∆U
n∥2 (1.35)

with a positive definite matrix

G =

(
g11 g21
g21 g22

)
By multiplying and comparing the coefficients of Re

〈
∆U i,∆U j

〉
in (1.34) and (1.35) gives the following

six relations

3

2
= g11 + α2

2, 0 = g22 − g11 + α2
1, 0 = −g22 + α2

0 (1.36a)

−2 = 2g21 + 2α2α1,
1

2
= 2α2α0, 0 = −2g21 + 2α1α0 (1.36b)

By adding all six equations we obtain 0 = (α0 + α1 + α2)
2, so that α0 + α1 + α2 = 0. Combining this

with (1.36b) determines the αi as α0 = ± 1
2 , α1 = ±1, α2 = ± 1

2 . Inserting that into (1.36) yields the
positive definite matrix

G =
1

4

(
5 −2
−2 1

)
By (1.34) E ≤ 0, and by (1.35) it follows that the 2-step BDF method is G-Stable, meaning it is stable
under the norm defined by the G matrix.
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1.3 Consistency
With starting approximation U0 := u0, we first perform one step of the implicit–explicit Euler scheme
to compute U1, i.e., we let U1 be given by

U1 + kA(t1)U1 = U0 + kf(U0, ·, t0), (1.37)

and then let the approximations U2, . . . , UN be given by the implicit–explicit two-step BDF scheme,

3

2
Un+2 − 2Un+1 +

1

2
Un + kA(tn+2)Un+2 = 2kf(Un+1, ·, tn+1)− kf(Un, ·, tn), (1.38)

n = 0, . . . , N − 2. Given the condition in (1.23), it is straightforward to verify that the numerical ap-
proximations are properly defined.

The consistency error En of the implicit–explicit BDF scheme (1.38),

kEn =
3

2
un+2 − 2un+1 +

1

2
un + kA(tn+2)un+2 − 2kf(un+1, ·, tn+1) + kf(un, · , tn), (1.39)

n = 0, . . . , N − 2, can be written in the form

kEn = E1
n + E2

n

with

E1
n = −

∫ tn+1

tn
(tn+1 − s)2uttt(s) ds+

3

4

∫ tn+2

tn
(tn+2 − s)(tn+2 − s− 4

3
k)uttt(s) ds,

E2
n = −2k

∫ tn+1

tn
(tn+1 − s) d

2

dt2
f(u(s), ·, s) ds+ k

∫ tn+2

tn
(tn+2 − s) d

2

dt2
f(u(s), ·, s) ds;

Starting with the first integral in E1
n, we perform integration by parts

−
∫ tn+1

tn
(tn+1 − s)2uttt(s) ds =

[
−(tn+1 − s)2utt(s)

]tn+1

tn
+

∫ tn+1

tn

d(s− tn+1)2

ds
)utt(s) ds

= 0− ku2tt +
∫ tn+1

tn
2(s− tn+1)utt(s) ds = −ku2tt +

[
2(s− tn+1)

]tn+1

tn
− 2

∫ tn+1

tn
ut(s) ds

= −ku2tt + 2kunt − 2un+1 + 2un

We shall split the second integral of E1
n

3

4

∫ tn+2

tn
(tn+2 − s)(tn+2 − s− 4

3
k)

=
3

4

(∫ tn+2

tn

(tn+2 − s)2uttt(s) ds−
4

3
k

∫ tn+2

tn
(tn+2 − s)uttt(s) ds

)

=
3

4

([
−(tn+2 − s)2utt(s)

]tn+2

tn
+ 2

∫ tn+2

tn
(tn+2 − s)utt(s) ds+

[
−(tn+2 − s)utt(s)

]tn+2

tn
+

∫ tn+2

tn
utt(s) ds

)

12



=
3

4

(
−4k2untt +

[
2(tn+2 − s)

]tn+2

tn
+

∫ tn+2

tn
2ut(s) ds+ 0− 2kuntt + un+2

t − unt

)

=
3

4

(
−4k2untt − 4kunt + 2un+2 − 2un +

8

3
k2untt −

4

3
kun+2

t +
4

3
kunt

)

= −k2untt − 2kunt −
3

2
un +

3

2
un+2 − kun+2

t

Combining the two integrals of E1
n we have

E1
n =

(
2

1
− 3

2

)
un − 2un+1 +

3

2
un+2 − kun+2

t

=
1

2
un − 2un+1 +

3

2
un+2 − kun+2

t

For E2
n, we work as follows

E2
n = −2k

∫ tn+1

tn
(tn+1 − s) d

2

dt2
f(u(s), ·, s) ds+ k

∫ tn+2

tn
(tn+2 − s) d

2

dt2
f(u(s), ·, s) ds;

= −2k

([
(tn+1 − s)ft(s)

]tn+1

tn
+

∫ tn+1

tn
ft(s) ds

)
+ k

([
(tn+2 − s)ft(s)

]tn+2

tn
+

∫ tn+2

tn
ft(s) ds

)

= 2k2fnt − 2kfn+1 + 2kfn − 2k2fnt + kfn+2 − kfn

= −2kfn+1 + kfn + kfn+2

Adding E2
n and E1

n we conclude that

kEn =
1

2
un − 2un+1 +

3

2
un+2 − kun+2

t − 2kfn+1 + kfn + kfn+2 (1.40)

From the differential equation at tn+2 we have

kun+2
t + kA(tn+2)un+2 = kfn+2 (1.41)

−kun+2
t = +kA(tn+2)− kfn+2

Finally, by substituing (1.40) in (1.41) and rearranging we have indeed

kEn =
3

2
un+2 − 2un+1 +

1

2
un + kA(tn+2)− 2kfn+1 + kfn

Under the following regularity assumptions

|||uttt(t)|||⋆ ≤ c1 and || d
2

dt2
f (u(t), ·, t) || ≤ c2,
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for all t ∈ [O, T ], we conclude that

max
0≤n≤N−2

∥E1
n∥ ≤ 2c1k

2 and max
0≤n≤N−2

∥E2
n∥ ≤ 2c2k

2.

Thus, we yield the desired estimate for the consistency error En,

max
0≤n≤N−2

∥En∥ ≤ Ck2.

1.4 Stability

Let U0, . . . , UN ∈ V satisfy (1.37) and (1.38), and V 0, . . . , V N ∈ V satisfy

3

2
V n+2 − 2V n+1 +

1

2
V n + kA(tn+2)V

n+2 = 2kf(V n+1, ·, tn+1)− kf(V n, ·, tn),

n = 0, . . . , N − 2. Let

ϑm := Um − V m and bm := f(Um, ·, tm)− f(V m, ·, tm), (1.42)

m = 0, . . . , N . Subtracting (1.42) from (1.38), we obtain

3

2
ϑn+2 − 2ϑn+1 +

1

2
ϑn + kA(tn+2)ϑn+2 = 2kbn+1 − kbn. (1.43)

Now, we observe the identity(
3

2
ϑn+2 − 2ϑn+1 +

1

2
ϑn, ϑn+2

)
=

5

4
∥ϑn+2∥2 − ∥ϑn+1∥2 − 1

4
∥ϑn∥2

−
(
(ϑn+2, ϑn+1)− (ϑn+1, ϑn)

)
+

1

4
∥ϑn+2 − 2ϑn+1 + ϑn∥2; (1.44)

It is important to observe that equation (1.44) originates from the G-stability of the BDF method (α, β)
which is associated with the positive definite symmetric matrix G [5]. See Example in subsection G-
Stability.

G =
1

4

(
5 −2
−2 1

)
;

Taking the inner product with ϑn+2 in (1.33) and using (1.34) as well as the coercivity of operator A,
we have

5

4
∥ϑn+2∥2−∥ϑn+1∥2 − 1

4
∥ϑn∥2 −

(
(ϑn+2, ϑn+1)− (ϑn+1, ϑn)

)
+ kε∥∇ϑn+2∥+ kb2∥ϑn+2∥2 ≤ 2k∥bn+1∥∥ϑn+2∥+ k∥bn∥∥ϑn+2∥. (1.45)

Now, in view of the Lipschitz condition (1.2), we have

∥bm∥ ≤ L∥ϑm∥, (1.46)

therefore, from (1.45) we have

5

4
∥ϑn+2∥2−∥ϑn+1∥2 − 1

4
∥ϑn∥2 −

(
(ϑn+2, ϑn+1)− (ϑn+1, ϑn)

)
14



+ kε∥∇ϑn+2∥+ kb2∥ϑn+2∥2 ≤ 2Lk∥ϑn+1∥∥ϑn+2∥+ Lk∥ϑn∥∥ϑn+2∥. (1.47)

From Young’s Inequality for the right hand side of (1.47) we have

2Lk∥ϑn+1∥∥ϑn+2∥ ≤ 2Lk
1

2

(
∥ϑn+1∥2 + ∥ϑn+2∥2

)

Lk∥ϑn∥∥ϑn+2∥ ≤ Lk 1
2

(
∥ϑn∥2 + ∥ϑn+2∥2

)
Also, using a standard Poincare-Friedrichs inequality ∥v∥2 ≤ cPF ∥∇v∥2,

−kε∥∇ϑn+2∥ ≤ − 1

CPF
kε∥ϑn+2∥

Now, (1.47) yields

5

4
∥ϑn+2∥2 − ∥ϑn+1∥2 − 1

4
∥ϑn∥2 −

(
(ϑn+2, ϑn+1)− (ϑn+1, ϑn)

)

≤− 1

CPF
kε∥ϑn+2∥+ Lk

(
∥ϑn+1∥2 + ∥ϑn+2∥2

)
+ Lk

1

2

(
∥ϑn∥2 + ∥ϑn+2∥2

)
After rearranging, we have

5

4

(
∥ϑn+2∥2 − ∥ϑn+1∥2

)
+

1

4

(
∥ϑn+1∥2 − ∥ϑn∥2

)
−
(
(ϑn+2, ϑn+1)− (ϑn+1, ϑn)

)

≤
(
3L

2
− δ
)
k∥ϑn+2∥2 + Lk∥ϑn+1∥2 + Lk

2
∥ϑn∥2 (1.48)

where δ = ε
CPF

. Summing in (1.48) from n = 0 to n = l, for the first term of the left-hand side we have

l∑
n=0

5

4

(
∥ϑn+2∥2 − ∥ϑ1∥2

)
=

5

4

(
∥ϑ2∥2 − ∥ϑ1∥2

)
+

5

4

(
∥ϑ3∥2 − ∥ϑ2∥2

)
+ · · ·+ 5

4

(
∥ϑl+2∥2 − ∥ϑl+1∥2

)
Most term will cancel out in a telescopic manner, leaving

5

4

(
∥ϑl+2∥2 − ∥ϑ1∥2

)
Similarly, for the second and third term of the left-hand side of (1.48) we have respectively

l∑
n=0

1

4

(
∥ϑn+1∥2 − ∥ϑn∥2

)
=

1

4

(
∥ϑl+1∥2 − ∥ϑ0∥2

)
l∑

n=0

−
(
(ϑn+2, ϑn+1)− (ϑn+1, ϑn)

)
= −

(
(ϑl+2, ϑl+1)− (ϑ1, ϑ0)

)
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Now, for the right-hand side of (1.48)(
3L

2
− δ
)
k

l∑
n=0

∥ϑn+2∥2 =

(
3L

2
− δ
)
k

l+2∑
n=0

∥ϑn∥2 −
(
3L

2
− δ
)
k
(
∥ϑ0∥2 + ∥ϑ1∥2

)
Lk

l∑
n=0

∥ϑn+1∥2 = Lk

l+2∑
n=0

∥ϑn∥2 − Lk∥ϑ0∥2 − Lk∥ϑl+2∥2

Lk

2

l∑
n=0

∥ϑn∥2 =
Lk

2

l+2∑
n=0

∥ϑn∥2 − Lk

2

(
∥ϑl+1∥2 + ∥ϑl+2∥2

)

Rewriting (1.48), we have

5

4

(
∥ϑl+2∥2 − ∥ϑ1∥2

)
+

1

4

(
∥ϑl+1∥2 − ∥ϑ0∥2

)
−
(
(ϑl+2, ϑl+1)− (ϑ1, ϑ0)

)

≤
(
3L

2
− δ + L

2
+ L

)
k

l+2∑
n=0

∥ϑn∥2 −
(
3L

2
− δ
)
k
(
∥ϑ0∥2 + ∥ϑ1∥2

)

−Lk∥ϑ0∥2 − Lk∥ϑl+2∥2 − Lk

2

(
∥ϑl+1∥2 + ∥ϑl+2∥2

)
After omitting the negative terms and rearranging we yeild

5

4

(
∥ϑl+2∥2 − ∥ϑ1∥2

)
+

1

4

(
∥ϑl+1∥2 − ∥ϑ0∥2

)
− (ϑl+2, ϑl+1)

≤ (3L− δ)k
l+2∑
n=0

∥ϑn∥2 − (ϑ1, ϑ0)

For the term (ϑl+2, ϑl+1) we will perform the following process

(ϑl+2, ϑl+1) = (ϵ ϑl+2,
1

ϵ
ϑl+1) ≤ 1

2

(
ϵ2 ∥ϑl+2∥2 + 1

ϵ2
∥ϑl+1∥2

)
Now, we have

5

4

(
∥ϑl+2∥2 − ∥ϑ1∥2

)
+

1

4

(
∥ϑl+1∥2 − ∥ϑ0∥2

)
− 1

2
ϵ2 ∥ϑl+2∥2 − 1

2ϵ2
∥ϑl+1∥2

≤ (3L− δ)k
l+2∑
n=0

∥ϑn∥2 − (ϑ1, ϑ0)

Combining terms and using the inequality (ϑ1, ϑ0) ≤ 1
2

(
∥ϑ1∥2 + ∥ϑ0∥2

)
we have(

5

4
− 1

2
ϵ2
)
∥ϑl+2∥2 +

(
1

4
− 1

2ϵ2

)
∥ϑl+1∥2

≤ (3L− δ)k
l+2∑
n=0

∥ϑn∥2 + 5

4
∥ϑ1∥2 + 1

4
∥ϑ0∥2 + 1

2

(
∥ϑ1∥2 + ∥ϑ0∥2

)
On condition that ϵ2 = 2, we have

1

4
∥ϑl+2∥2 + 0 ≤ (3L− δ)k

l+2∑
n=0

∥ϑn∥2 + 5

4
∥ϑ1∥2 + 1

4
∥ϑ0∥2 + 1

2

(
∥ϑ1∥2 + ∥ϑ0∥2

)
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Therefore, we set l← l − 2 and by multiplying by 4, we get

∥ϑl∥2 ≤ 4(3L− δ)k
l∑

n=0

∥ϑn∥2 + 7∥ϑ1∥2 + 3∥ϑ0∥2 (1.49)

for l = 2, ...., N. For a small k, we will employ the discrete Gronwall inequality to obtain the desired local
stability estimate.

∥ϑl∥2 − 4(3L− δ)k∥ϑl∥2 ≤ 4(3L− δ)k
l−1∑
n=0

∥ϑn∥2 + 7∥ϑ1∥2 + 3∥ϑ0∥2

∥ϑl∥2 (1− 4(3L− δ)k) ≤ 4(3L− δ)k
l−1∑
n=0

∥ϑn∥2 + 7∥ϑ1∥2 + 3∥ϑ0∥2

∥ϑl∥2 ≤ 7∥ϑ1∥2 + 3∥ϑ0∥2

(1− 4(3L− δ)k)
+

4(3L− δ)k
(1− 4(3L− δ)k)

l−1∑
n=0

∥ϑn∥2

So, we have

∥ϑl∥2 ≤ 7∥ϑ1∥2 + 3∥ϑ0∥2

(1− 4(3L− δ)k)
exp

(
l−1∑
n=0

4(3L− δ)k
(1− 4(3L− δ)k)

)

Noting that we have l additions of the same quantity

∥ϑl∥2 ≤ 7∥ϑ1∥2 + 3∥ϑ0∥2

(1− 4(3L− δ)k)
exp

(
4(3L− δ)k

(1− 4(3L− δ)k)
l

)

Giving
∥ϑn∥2 ≤ c

(
∥ϑ1∥2 + ∥ϑ0∥2

)
(1.50)

Taking into consideration the stability property of the implicit-explicit Euler method, ∥ϑ1∥ ≤ c ∥ϑ0∥, as
well as the result above we obtain our final stability estimate

max
1≤n≤N

∥ϑn∥ ≤ c ∥ϑ0∥ (1.51)

1.5 Error Estimates
Let the implicit-explicit BDF2 approximations U0, ..., UN be given by (1.37) and (1.38). We also assume
that the solution itself of (1.1) is sufficiently smooth, such that the estimate for the consistency error
be valid. Then, combining stability and consistency we can establish the following optimal order error
estimate

max
1≤n≤N

∥u(tn)− Un∥ ≤ ck2 (1.52)
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2 Backward Euler Finite Element Method
Let Ω ⊂ Rd, d = 2, 3 be am open bounded polygonal/polyhedral domain and time interval I := (0, Tf ] ⊂
R.
We examine the Cauchy problem for the heat equation, subject to boundary conditions:

ut −∆u = f, for (t, x) ∈ I × Ω,

u(t, x) = 0, for (t, x) ∈ I × ∂Ω, (2.1)
u(0, x) = u0(x), for x ∈ Ω,

where ut denotes ∂u/∂t, ∆ the Laplacian, f : I × Ω → R, for which we assume f ∈ L2(I;L2(Ω)), and
u0(x) a known function.

The initial step in formulating a finite element method is to express Problem 1 in its weak form by
applying the divergence theorem. We restrict the solution space to a narrower class of functions. The
solution space is then defined as: V = H1

0 (Ω), and we multiply the PDE by test functions v ∈ V . Then,
we integrate over the domain Ω, giving:∫

Ω

utv dV −
∫
Ω

∆u v dV =

∫
Ω

fv dV

Now, performing integration by parts in d dimensions (using the divergence theorem on the second inte-
gral on the left-hand side), we get:∫

Ω

utv dV +

∫
∂Ω

∇u · n⃗v dS −
∫
Ω

∇u · ∇v dV =

∫
Ω

fv dV,

with n⃗ denoting the unit outward normal vector to ∂Ω. Since v = 0 on ∂Ω for all v ∈ V ,∫
Ω

utv dV +

∫
Ω

∇u · ∇v dV =

∫
Ω

fv dV

Hence, the heat problem transforms to the following problem in weak form:

For each t ∈ (0, Tf ], find u(t, ·) ∈ V s.t.∫
Ω

utv dV +

∫
Ω

∇u · ∇v dV =

∫
Ω

fv dV, for all v ∈ V. (2.2)

The next step in defining the finite element method is to define an approximation to the problem (2.2).
In this text, we shall consider only the case d = 2, i.e., when the Ω is a bounded set on the plane.

We employ a finite difference approximation for the time derivative ut, by backward Euler method.
To achieve this, we take an equally spaced subdivision of the interval [0, Tf ] t0 < t1 < · · · < tN−1 < tN
each at distance τ between them, such that

0 = t0, t1 = t0 + τ, t2 = t1 + τ, . . . , tNt = tNt−1 + τ = Tf ,

where τ = 1
Nt

is the time step.
Approximating ut using backward difference for the time derivative

ut(t, x) ≈ δ−τ u(t, x) =
u(t, x)− u(t− τ, x)

τ

and for t = tn, we choose un(x) to be the approximations of u(tn, x) for x ∈ Ω. Hence, the heat problem
is “approximated in time” by the family of problems in weak form

For each n = 1, . . . , Nt, find un ∈ V s.t.
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∫
Ω

un − un−1

τ
v dV +

∫
Ω

∇un · ∇v dV =

∫
Ω

fv dV, for all v ∈ V, (2.3)

To approximate the problem in the spatial domain as well, we will limit the set of possible solutions
to a smaller subset of functions, Vh. We split the domain Ω into finite elements T ∈ T . Let Vh be
the known functions that are piecewise linear/affine with respect to a given mesh T of Ω, in complete
analogy to the elliptic problems. Assume the mesh covers Ω but does not include the boundary ∂Ω.
Suppose the triangulation contains Ne nodes that are not on the boundary ∂Ω. We then arbitrarily
assign a numbering to each element within this set 1, . . . , Nz for the nodes, Let ϕi be the “pyramid” basis
functions for each node i = 1, . . . , Nx.
Therefore, the approximate problem in “space” and “ time” is

For each n = 1, . . . , Nt, find unh ∈ Vh s.t.∫
Ω

unh − u
n−1
h

τ
vh dV +

∫
Ω

∇unh · ∇vh dV =

∫
Ω

fvh dV, for all vh ∈ Vh, (2.4)

where u0h(x) = u0(x), which is approximated by either projection or interpolation. This is the finite
element method with backward Euler time-stepping or backward Euler finite element method. Vari-
ous selections of divided differences for the time derivative, different mesh configurations, and different
choices of basis functions result in distinct finite element methods. For the finite element method above,
for each time level n, the approximation un−1

h will be known from the calculation of the previous step.
We can rearrange the approximate problem as

For each n = 1, . . . , Nt, find unh ∈ Vh s.t.∫
Ω

unhvh dV + τ

∫
Ω

∇unh · ∇vh dV = τ

∫
Ω

fvh dV +

∫
Ω

un−1
h vh dV for all vh ∈ Vh,

Therefore, since every vh ∈ Vh can be expressed as a linear combination of “pyramid” functions, we can
alternatively and equivalently have

For each n = 1, . . . , Nt, find unh ∈ Vh s.t.∫
Ω

unhϕi dV + τ

∫
Ω

∇ϕi · ∇vh dV = τ

∫
Ω

fϕi dV +

∫
Ω

un−1
h ϕi dV for all vh ∈ Vh,

Moreover, since unh ∈ Vh, too, we have unh =
∑Nz

j=1 U
n
j ϕj , for some Un

j ∈ R and, thus the problem becomes

For each n = 1, . . . , Nt, find Un
j , j = 1, . . . , Nz s.t.

N∑
j=1

(∫
Ω

ϕjϕi dV

)
+ τ

N∑
j=1

Un
j

∫
Ω

∇ϕi · ∇ϕj dV =

∫
Ω

(τf + un−1
h )ϕi dV, for all i = 1, . . . , Nx

Thus, to determine unj for every n = 1, . . . , Nt, we have to solve a linear system of Nx equations with
Nx unknowns. This system can be represented in matrix form as:

(M + τA)Un = Gn,

for M = [mij ]
Nx
i,j=1 and A = [aij ]

Nx
i,j=1, U

n = (Un, . . . , Un
N )T and Gn = (Gn

1 , . . . , G
n
N )T , where

mij =

∫
Ω

ϕiϕj dV, aij =

∫
Ω

∇ϕi · ∇ϕj dV, and Gn
i =

∫
Ω

(τf + un−1
h )ϕi dV.

After computing the coefficients Un−1 in the previous step, we obtain

Gn
i =

∫
Ω

(τf + un−1
h )ϕi dx = τ

∫
Ω

fnϕi dx+

Nx∑
j=1

Un−1
j

∫
Ω

ϕjϕi dx,
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with Fn
i :=

∫
Ω
fnϕi dx and thus, setting Fn := (Fn

1 , . . . , F
n
Nx

)T , we showed the identity

Gn = τF n +MUn−1,

so the Backward Euler Method for each time step results from solving the linear system

(M + τA)Un = τF n +MUn−1,

for n = 1, . . . , Nt. The matrix M is referred to as the mass matrix of Vh, as each term corresponds to
the local correlation in the L2-inner product of the basis functions of Vh.
Note that the matrix M + τA is as sparse as the stiffness matrix A is, as mij ̸= 0 when aij ̸= 0. An
interesting but not obvious property is that the mass matrix M usually has a much better condition
number than the stiffness matrix A. Consequently, the condition number of M + τA is usually better
than that of A, especially for sufficiently small τ .

2.1 Stability and Error Analysis
We will prove now an error bound for the backward Euler finite element method. But first, we shall
prove the stability of the method. To that end, we shall show directly that for the heat equation without
forcing, the solution remains bounded.

Starting from (2.4), we set f = 0 and by multiplying by τ , we have [2]∫
Ω

(unh − un−1
h )vh dV + τ

∫
Ω

∇unh · ∇vh dV = 0 (2.5)

for all vh ∈ Vh. Setting now vh = unh, we arrive at

∫
Ω

(
unh − un−1

h

)
unhdV + τ

∫
Ω

|∇unh|2dV = 0 (2.6)

Using the identity

(α− β)α =
1

2

(
α2 − β2 + (α− β)2

)
, valid for any α, β ∈ R, (2.7)

equation (2.6) can be rewritten as:

1

2

∫
Ω

(|unh|
2 −

∣∣un−1
h

∣∣2)dV +
1

2

∫
Ω

∣∣unh − un−1
h

∣∣2 dV + τ

∫
Ω

|∇unh|
2
dV = 0. (2.8)

Since the second and third terms on the left-hand side of (8.8) are non-negative, we can drop them to
deduce

1

2

∫
Ω

(|unh|
2 −

∣∣un−1
h

∣∣2)dV ≤ 0,

or ∫
Ω

|unh|
2
dV ≤

∫
Ω

∣∣un−1
h

∣∣2 dV,
for every n = 1, . . . , Nt. Therefore, we have, respectively,∫

Ω

|unh|
2
dV ≤

∫
Ω

∣∣un−1
h

∣∣2 dV ≤ ∫
Ω

∣∣un−2
h

∣∣2 dV ≤ ... ≤ ∫
Ω

∣∣u0h∣∣2 dV
i.e the numerical solution unh remains bounded by the L2-norm of the initial condition for all n, and
hence, the method is unconditionally stable.
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To establish an error bound, we will employ a similar strategy, but this time focusing on the error of the
method rather than the numerical solution itself. An important property that will be fundamental in
the subsequent analysis is Galerkin orthogonality. We shall first split the error enh := u(tn) − unh at the
n-th time step, where un := u(tn, ·), as follows

en := un − unh = (un − unI︸ ︷︷ ︸
=:ρn

) + (unI − unh︸ ︷︷ ︸
=:ϑn

),

where unI ∈ Vh is the multidimensional version of the linear interpolant. Hence, en = ρn + ϑn and, most
importantly, ϑn ∈ Vh for all n = 1, . . . , Nt. Our goal is to derive an equation for ϑn whose stability will
allow us to manage this unknown quantity, representing the remaining error ρn can be estimated by best
approximation estimates as for the case of elliptic problems.
The PDE (8.2) in weak form at t = tn for v = ϑn reads

Find un ∈ V s.t∫
Ω

ut(tn, ·)ϑndV +

∫
Ω

∇un · ∇ϑndV =

∫
Ω

fnϑndV. (2.9)

Also, using the abbreviation

∂unh ≈
unh − u

n−1
h

τ
, n = 1, . . . , Nt,

the n-th timestep of the backward Euler finite element method (4) for the uh = ϑn is

find unh ∈ Vh s.t
∫
Ω

∂unhϑ
ndV +

∫
Ω

∇unh · ∇ϑndV =

∫
Ω

fnϑndV. (2.10)

Subtracting (8.10) from (8.9), we deduce∫
Ω

(ut(tn, ·)− ∂unh)ϑndV +

∫
Ω

∇en · ∇ϑndV = 0. (2.11)

In this context, the final identity represents a version of Galerkin orthogonality and is equal to∫
Ω

∂θnθndV +

∫
Ω

|∇ϑn|2dV =

∫
Ω

(∂unI − ut(tn, ·))θndV −
∫
Ω

∇ρn · ∇ϑndV,

where ∂ϑn = ∂unI − ∂unh. Multiplying by τ and using again (2.7), we have

∫
Ω

(θn − θn−1)θndV + τ

∫
Ω

|∇ϑn|2dV = τ

∫
Ω

(∂unI − ut(tn, ·))θndV − τ
∫
Ω

∇ρn · ∇ϑndV,

1

2

∫
Ω

(
|ϑn|2 −

∣∣ϑn−1
∣∣2 + ∣∣ϑn − ϑn−1

∣∣2) dV+τ

∫
Ω

|∇ϑn|2 dV = τ

∫
Ω

(∂unI−ut(tn, ·))ϑndV−τ
∫
Ω

∇ρn·∇ϑndV.

Ignoring the non-negative term 1
2

∫
Ω

∣∣ϑn − ϑn−1
∣∣2 dV , which reflects the numerical diffusion present in

this method, and rearranging, we have

1

2

∫
Ω

|ϑn|2 dV + τ

∫
Ω

|∇ϑn|2 dV ≤ 1

2

∫
Ω

∣∣ϑn−1
∣∣2 dV + τ

∫
Ω

(∂unI − ut(tn, ·))ϑndV − τ
∫
Ω

∇ρn · ∇ϑndV.

for any n = 1, ..., Nt. The next step would be to sum up the first m terms [2]. The terms 1
2

∫
Ω
|ϑn|2 dV ,

and 1
2

∫
Ω

∣∣ϑn−1
∣∣2 dV when expanded, look like

1

2

∫
Ω

∣∣ϑ1∣∣2 dV +
1

2

∫
Ω

∣∣ϑ2∣∣2 dV + ...+
1

2

∫
Ω

∣∣ϑm−1
∣∣2 dV +

1

2

∫
Ω

|ϑm|2 dV

−1

2

∫
Ω

∣∣ϑ0∣∣2 dV − 1

2

∫
Ω

∣∣ϑ1∣∣2 dV − ...− 1

2

∫
Ω

∣∣ϑm−1
∣∣2 dV.
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Most terms will cancel out in a telescopic manner deducing the bound to

1

2

∫
Ω

|ϑm|2 dV+

m∑
n=1

τ

∫
Ω

|∇ϑn|2 dV ≤ 1

2

∫
Ω

∣∣ϑ0∣∣2 dV+

m∑
n=1

τ

∫
Ω

(∂unI−ut(tn, ·))ϑndV−
m∑

n=1

τ

∫
Ω

∇ρn·∇ϑndV

(2.12)

By utilizing the Cauchy-Schwarz inequality we are able to further estimate the last two integrals of the
right-hand side of (2.12).
Starting with the first integral, we have

m∑
n=1

τ

∫
Ω

(∂unI − ut(tn, ·))ϑndV ≤
m∑

n=1

τ ||∂unI − ut(tn, ·)||L2(Ω)||ϑn||L2(Ω)

≤

(
m∑

n=1

τ ||∂unI − ut(tn, ·)||2L2(Ω)

) 1
2
(

m∑
n=1

τ ||ϑn||2L2(Ω)

) 1
2

(2.13)

And since the Poincare inequality is valid

||v||L2(Ω) ≤ CP ||∇v||L2(Ω), (2.14)

for all v ∈ H1
0 (Ω), for some constant CP > 0 independent of v. In our case, we have

||∇v||L2(Ω) =

d∑
i=1

||vxi
||2L2(Ω)

Then, noticing that ϑn ∈ V = H1
0 (Ω) for all n, we can use (2.14) on the last term of the right-hand side

of (2.13) to deduce

m∑
n=1

τ

∫
Ω

(∂unI − ut(tn, ·))ϑndV ≤ CP

(
m∑

n=1

τ ||∂unI − ut(tn, ·)||2L2(Ω)

) 1
2
(

m∑
n=1

τ ||∇ϑn||2L2(Ω)

) 1
2

(2.15)

≤ C2
P

m∑
n=1

τ ||∂unI − ut(tn, ·)||2L2(Ω) +
1

4

m∑
n=1

τ ||∇ϑn||2L2(Ω)

utilizing the identity ab = 2a b
2 ≤ a

2 + b2

4 .
For the second integral of the right-hand side of (2.12), we employ a similar strategy via the discreet and
continuous versions of the Cauchy-Schwarz inequality:

m∑
n=1

τ

∫
Ω

∇ρn · ∇ϑndV ≤
m∑

n=1

τ ||∇ρn||L2(Ω)||∇ϑn||L2(Ω) ≤

(
m∑

n=1

τ ||∇ρn||2L2(Ω)

) 1
2
(

m∑
n=1

τ ||∇ϑn||2L2(Ω)

) 1
2

or, using again the identity ab = 2a b
2 ≤ a

2 + b2

4 , we establish the bound

m∑
n=1

τ

∫
Ω

∇ρn · ∇ϑndV ≤
m∑

n=1

τ ||∇ρn||2L2(Ω) +
1

4

m∑
n=1

τ ||∇ϑn||2L2(Ω) (2.16)

Making use of (2.15) and (2.16) to further bound the right-hand side of (2.12), we deduce

1

2
||ϑm||2L2(Ω) +

1

2

m∑
n=1

τ ||∇ϑn||2L2(Ω) ≤
1

2
||ϑ0||2L2(Ω) + C2

P

m∑
n=1

τ ||∂unI − ut(tn, ·)||2L2(Ω) +

m∑
n=1

τ ||∇ρn||2L2(Ω)

or, upon multiplication by 2

||ϑm||2L2(Ω) +

m∑
n=1

τ ||∇ϑn||2L2(Ω) ≤ ||ϑ
0||2L2(Ω) + 2C2

P

m∑
n=1

τ ||∂unI − ut(tn, ·)||2L2(Ω) + 2

m∑
n=1

τ ||∇ρn||2L2(Ω)

(2.17)
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Since en = ρn + ϑn, triangle inequality implies

||em||2L2(Ω) ≤
(
||ρm||L2(Ω) + ||ϑm||L2(Ω)

)2 ≤ 2||ρm||2L + 2||ϑm||2L2(Ω),

where the second inequality makes use of the identity (a+ b)2 ≤ 2a2 + 2b2, then

m∑
n=1

τ ||∇en||2L2(Ω) ≤ 2

m∑
n=1

τ ||∇ρn||2L + 2

m∑
n=1

||∇ϑn||2L2(Ω),

which, in conjunction with (2. 17), give the bound

||em||2L2(Ω)+

m∑
n=1

τ ||∇en||2L2(Ω) ≤ 2||ρm||L2(Ω) +6

m∑
n=1

τ ||∇ρn||2L2(Ω) +2||ϑ0||2L2(Ω) +4C2
P

m∑
n=1

τ ||∂unI−ut(tn, ·)||2L2(Ω)

(2.18)

To finalize the error bound, we need to further estimate the terms on the right-hand side of equation
(2.18).
To achieve this, we start by assuming that the best approximation estimates

∥wn − wn
I ∥L2(Ω) ≤ C1h

2|wn|H2(Ω) (2.19)

and ∥∇(wn − wn
I )∥L2(Ω) ≤ C2h|wn|H2(Ω)

hold for any w ∈ H2(Ω) := {v ∈ H1(Ω) : ∇v ∈ [H1(Ω)]
d}, with C1, C2 > 0 constants independent of h

and of un, where h := maxT∈T hT , and

|w|H2(Ω) =

(
d∑

i=1

||wxixi
||2L2(Ω)

) 1
2

.

Thus, based on the last two estimates in equation (2.19), we obtain:

||ρm||L2(Ω) ≤ C2
1h

4|um|2H2(Ω), and
m∑

n=1

τ ||∇ρn||2L2(Ω) ≤ C
2
2h

2
m∑

n=1

τ |un|2H2(Ω) (2.20)

Moreover, in the typical scenario where the initial condition is approximated by its interpolant within
the finite element space, we deduce that:

||ϑ0||L2(Ω) = ||u0I − u0h||L2(Ω) = ||(u0)I − (u0)I ||L2(Ω) = 0

Finally, to further estimate the last term on the right-hand side of equation (2.18), we proceed as
follows:

||∂unI −ut(tn, ·)||L2(Ω) = ||∂unI −∂un+∂un−ut(tn, ·)||L2(Ω) ≤ ||∂unI −∂un||L2(Ω)+ ||∂un−ut(tn, ·)||L2(Ω)

(2.21)

Assuming that u is twice differentiable with respect to t, for the second term of the right-hand side
of (2.21) we have,
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||∂un − ut(tn, ·)||2L2(Ω) =

∫
Ω

(∂un(x)− ut(tn, x))2 dx

whence Taylor expansion with an integral remainder yields

∫
Ω

(∂un(x)− ut(tn, x))2 dx ≤
∫
Ω

(∫ tn

tn−1

|utt(t)| dt

)2

dx ≤
∫
Ω

∫ tn

tn−1

1 dt

∫ tn

tn−1

|utt(t)|2dtdx = τ

∫
Ω

∫ tn

tn−1

|utt(t)|2dtdx

applying the Cauchy-Schwarz inequality. In conclusion we have

||∂un − ut(tn, ·)||2L2(Ω) ≤ τ
∫ tn

tn−1

∥utt(t)∥2L2(Ω)dt

from Fubini’s theorem. Also for the first term on the right-hand side of (2.21), from the linearity of the
interpolant and the second estimate in (2.19) we have

||(∂un)I − ∂un||2L2(Ω) = ||∂u
n
I − ∂un||2L2(Ω) ≤ C

2
1h

4|∂un|2H2(Ω) ≤ C
2
1h

4|τ−1

∫ tn

tn−1

ut(t)dt|2H2(Ω)

≤ C2
1h

4|τ−1

(∫ tn

tn−1

dt

) 1
2
(∫ tn

tn−1

|ut|2dt

) 1
2

|2H2(Ω) = C2
1

h4

τ

∫ tn

tn−1

|ut|2H2(Ω)dt

from Taylor’s theorem with integral remainder for n=0, the Cauchy-Schwartz inequality and Fubini’s
theorem respectively. Combining the last three estimates and using (a+ b)2 ≤ 2a2 + 2b2, we have

m∑
n=1

τ∥∂unI − ut(tn, ·)||2L2(Ω) ≤ 2

m∑
n=1

τ ||∂un − ut(tn, ·)||2L2(Ω) + 2

m∑
n=1

τ ||(∂un)I − ∂un||2L2(Ω)

≤ 2

m∑
n=1

τ2
∫ tn

tn−1

∥utt(t)∥2L2(Ω)dt+ 2

m∑
n=1

C2
1h

4

∫ tn

tn−1

|ut|2H2(Ω)dt

Combining the above estimates, we finally arrive at the error bound [2]

||em||2L2(Ω) +

m∑
n=1

τ ||∇en||2L2(Ω) ≤ 2C2
1h

4|um|2H2(Ω) + 6C2
2h

2
m∑

n=1

τ |un|2H2(Ω)

+2

m∑
n=1

τ2
∫ tn

tn−1

∥utt(t)∥2L2(Ω)dt+ 2

m∑
n=1

C2
1h

4

∫ tn

tn−1

|ut|2H2(Ω)dt

||em||2L2(Ω) +

m∑
n=1

τ ||∇en||2L2(Ω) ≤ 2C2
1h

4|um|2H2(Ω) + 6C2
2h

2
m∑

n=1

τ |un|2H2(Ω)

+2τ2∥utt(t)∥2L2([0,tl];L2(Ω)) + 2C2
1h

4|ut|2L2([0,tl];H2(Ω)) (2.22)
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3 BDF2 Finite Element Method
Let Ω ⊂ Rd, d = 2, 3 be a polygonal/polyhedral domain and time interval I := (0, Tf ] ⊂ R We consider
the parabolic heat problem with initial/boundary conditions:

ut −∆u = f, for (t, x) ∈ I × Ω,

u(t, x) = 0, for (t, x) ∈ I × ∂Ω, (3.1)
u(0, x) = u0(x), for x ∈ Ω,

where ut denotes ∂u/∂t, ∆ the Laplacian, f : I × Ω → R, for which we assume f ∈ L2(I;L2(Ω)), and
u0(x) a known function.
The first step in defining a finite element method is to rewrite the problem 1 in weak form, using the
divergence theorem. We limit the solution space to a smaller family of functions. We define the solution
space V = H1

0 (Ω), and we multiply the PDE by test functions v ∈ V . Then, we integrate over the
domain Ω, giving: ∫

Ω

utv dV −
∫
Ω

∆u v dV =

∫
Ω

fv dV

Now, performing integration by parts in d dimensions (use the divergence theorem on the second integral
on the left-hand side), we get:∫

Ω

utv dV +

∫
∂Ω

∇u · n⃗v dS −
∫
Ω

∇u · ∇v dV =

∫
Ω

fv dV,

with n⃗ denoting the unit outward normal vector to ∂Ω. Since v = 0 on ∂Ω for all v ∈ V ,∫
Ω

utv dV +

∫
Ω

∇u · ∇v dV =

∫
Ω

fv dV

Hence, the heat problem can be transformed to the following problem in weak form:

For each t ∈ (0, Tf ], find u(t, ·) ∈ V s.t.∫
Ω

utv dV +

∫
Ω

∇u · ∇v dV =

∫
Ω

fv dV, for all v ∈ V. (3.2)

The next step in defining the finite element method is to consider an approximation to the problem (8.2).
In this text, we shall consider only the case d = 2, i.e., when the Ω is a bounded set on the plane.
We consider an equally distributed subdivision of the interval [0, Tf ] t0 < t1 < · · · < tN−1 < tN each at
distance τ between them, such that

0 = t0, t1 = t0 + τ, t2 = t1 + τ, . . . , tNt
= tNt−1 + τ = Tf ,

where τ = 1
Nt

is the time step.
Approximating ut using the formula

ut(t, x) ≈
3
2u(t, x)− 2u(t− τ, x) + 1

2u(t− 2τ, x)

τ

and for t = tn, we set un(x) to be the approximations of u(tn, x) for x ∈ Ω.
Also, the term in the right-hand side of (3.2) can be approximated by∫ tn+2

tn
f(x, y, t) dt ≈ τ

(
2f(x, y, tn+1)− f(x, y, tn)

)
,

Hence, the heat problem is “approximated in time” by the family of problems in weak form

For each n = 1, . . . , Nt, find un ∈ V s.t.
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∫
Ω

3
2u

n+2 − 2un+1 + 1
2u

n

τ
v dV +

∫
Ω

∇un+2 · ∇v dV =

∫
Ω

(
2τf(·, tn+1)− τf(·, tn)

)
v dV for all v ∈ V,

(3.3)

To approximate the problem in space too, we shall restrict the family of eligible solutions to a smaller
family of functions, Vh. We split the domain Ω into finite elements T ∈ T . Let Vh be the known functions
that are piecewise linear/affine with respect to a given mesh T of Ω, in complete analogy to the elliptic
problems. Assume the mesh covers Ω but does not include the boundary ∂Ω. Suppose the triangulation
contains Ne nodes that are not on the boundary ∂Ω. We then choose (arbitrarily) a numbering between
1, . . . , Nz for the nodes, Let ϕi be the “pyramid” basis functions for each node i = 1, . . . , Nx.
Therefore, the approximate problem in “space” and “ time” is

For each n = 1, . . . , Nt, find unh ∈ Vh s.t.∫
Ω

(
3
2u

n+2
h − 2un+1

h + 1
2u

n
h

τ

)
vh dV+

∫
Ω

∇un+2
h ·∇vh dV =

∫
Ω

(
2τf(·, tn+1)− τf(·, tn)

)
vh dV for all vh ∈ Vh,

(3.4)
3

2

∫
Ω

un+2
h vh dV + τ

∫
Ω

∇un+2
h ∇vhdV =

∫
Ω

(
2τf(·, tn+1)− τf(·, tn)

)
vh dV

+2

∫
Ω

un+1
h vh dV −

1

2

∫
Ω

unhvh dV (3.5)

since every vh ∈ Vh can be written as a linear combination of “pyramid” functions, and also, since
unh ∈ Vh, too, we have unh =

∑Nz

j=1 U
n
j ϕj , for some Un

j ∈ R and, therefore the problem becomes

3

2

N∑
j=1

Un+2
j

∫
Ω

ϕjϕi dV + τ

N∑
j=1

Un+2
j

∫
Ω

∇ϕj∇ϕi dV =

∫
Ω

(
2τf(·, tn+1)− τf(·, tn)

)
ϕi dV + 2

N∑
j=1

Un+1
j

∫
Ω

ϕjϕi dV −
1

2

N∑
j=1

Un
j

∫
Ω

ϕjϕi dV (3.6)

Un+2

(
3

2
M + τA

)
= 2τFn+1 − τF n +M

(
2Un+1 − 1

2
Un

)
(3.7)

3.1 Stability
Starting from (3.4), we set f = 0 and multiplying by τ∫

Ω

(
3

2
un+2
h − 2un+1

h +
1

2
unh

)
vh dV + τ

∫
Ω

∇un+2
h · ∇vh dV = 0 (3.8)

Setting now vh = un+2
h , we arrive at∫
Ω

(
3

2
un+2
h − 2un+1

h +
1

2
unh

)
un+2
h dV + τ

∫
Ω

∇un+2
h · ∇un+2

h dV = 0 (3.9)

Again, we observe the identity [5](
3

2
un+2 − 2un+1 +

1

2
un, un+2

)
=

5

4
∥un+2∥2 − ∥un+1∥2 − 1

4
∥un∥2

−
(
(un+2, un+1)− (un+1, un)

)
+

1

4
∥un+2 − 2un+1 + un∥2;

Observing that the terms + 1
4∥u

n+2 − 2un+1 + un∥2 and τ
∫
Ω
∇un+2

h · ∇un+2
h dV is non-negative we can
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drop them to deduce

5

4
∥un+2∥2 − ∥un+1∥2 − 1

4
∥un∥2 −

(
(un+2, un+1)− (un+1, un)

)
≤ 0 (3.10)

After rearranging we have

5

4

(
∥un+2∥2 − ∥un+1∥2

)
+

1

4

(
∥un+1∥2 − ∥un∥2

)
−
(
(un+2, un+1)− (un+1, un)

)
≤ 0 (3.11)

Summing up from n = 0 to n = l, we obtain

5

4

(
∥ul+2∥2 − ∥u1∥2

)
+

1

4

(
∥ul+1∥2 − ∥u0∥2

)
− (ul+2, ul+1) ≤ −(u1, u0) (3.12)

For the term (ul+2, ul+1) we will perform the following

(ul+2, ul+1) = (ϵ ul+2,
1

ϵ
ul+1) ≤ 1

2

(
ϵ2 ∥ul+2∥2 + 1

ϵ2
∥ul+1∥2

)
Consequently, we have

5

4

(
∥ul+2∥2 − ∥u1∥2

)
+

1

4

(
∥ul+1∥2 − ∥u0∥2

)
− 1

2
ϵ2 ∥ul+2∥2 − 1

2ϵ2
∥ul+1∥2

≤ −(u1, u0)

Combining terms and using the inequality (u1, u0) ≤ 1
2

(
∥u1∥2 + ∥u0∥2

)
we have(

5

4
− 1

2
ϵ2
)
∥ul+2∥2 +

(
1

4
− 1

2ϵ2

)
∥ul+1∥2 ≤ 5

4
∥u1∥2 + 1

4
∥u0∥2 + 1

2

(
∥u1∥2 + ∥u0∥2

)
On condition that ϵ2 = 2, we have

1

4
∥ul+2∥2 + 0 ≤ 5

4
∥u1∥2 + 1

4
∥u0∥2 + 1

2

(
∥u1∥2 + ∥u0∥2

)
Therefore, we set l← l − 2 and by multiplying by 4, we get

∥ul∥2 ≤ 7∥u1∥2 + 3∥u0∥2

∥ul∥2 ≤ c
(
∥u1∥2 + ∥u0∥2

)
Taking into consideration the stability property of the implicit-explicit Euler method, ∥u1∥ ≤ c ∥u0∥, as
well as the result above we obtain our final stability estimate

max
1≤n≤N

∥un∥ ≤ c ∥u0∥
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3.2 Error Analysis
We shall first split the error en := u(tn)− unh at the n-th time step, where un := u(tn, ·), as follows

en := un − unh = (un − unI︸ ︷︷ ︸
=:ρn

) + (unI − unh︸ ︷︷ ︸
=:ϑn

),

Our strategy is to find an equation for ϑn whose stability will give us control of this unknown quantity;
the remainder of the error ρn can be estimated by best approximation estimates as for the case of elliptic
problems.
The PDE in weak form at t = tn+2 for v = ϑn+2 is

Find un+2 ∈ V s.t ∫
Ω

ut(t
n+2, ·)ϑn+2 dV +

∫
Ω

∇un+2 · ∇ϑn+2 dV =

∫
Ω

fn+2ϑn+2 dV (3.15)

Also, using the abbreviation

∂un+2
h :=

3
2u

n+2
h − 2un+1 + 1

2u
n

τ
, n = 1, . . . , Nt,

the n− th timestep of the BDF2 finite element method for vh = ϑn+2 reads
Find un+2

h ∈ Vh s.t∫
Ω

∂un+2
h ϑn+2 dV +

∫
Ω

∇un+2
h · ∇ϑn+2 dV = 2

∫
Ω

fn+1ϑn+1 dV −
∫
Ω

fnϑn dV (3.16)

Subtracting (3.16) from (3.15), and - for simplicity reasons - omitting the f terms, we deduce∫
Ω

(
ut(t

n+2, ·)− ∂un+2
h

)
ϑn+2dV +

∫
Ω

∇en+2 · ∇ϑn+2dV = 0.

The last identity is a form of Galerkin orthogonality in this context and can be modified∫
Ω

(
ut(tn+2, ·)− ∂un+2

h

)
ϑn+2dV +

∫
Ω

∇(ρn+2 + ϑn+2) · ∇ϑn+2dV = 0.

∫
Ω

(
ut(tn+2, ·)− ∂un+2

h

)
ϑn+2dV +

∫
Ω

∇ρn+2 · ∇ϑn+2 · dV +

∫
Ω

∇ϑn+2 · ∇ϑn+2dV = 0.

∫
Ω

[(∂ϑn+2)ϑn+2 + (ut(tn+2, ·)− ∂un+2
h )ϑn+2] dV +

∫
Ω

∇ρn · ∇ϑndV +

∫
Ω

|∇ϑn|2dV = 0

∫
Ω

∂ϑn+2ϑn+2dV +

∫
Ω

|∇ϑn+2|2dV =

∫
Ω

(∂un+2
I − ut(tn+2, ·))θn+2dV −

∫
Ω

∇ρn+2 · ∇ϑn+2dV,

where ∂ϑn+2 = ∂un+2
I − ∂un+2

h . Multiplying by τ and substituting ∂ϑn+2 =
3
2ϑ

n+2−2ϑn+1+ 1
2ϑ

n

τ , we have∫
Ω

(
3

2
ϑn+2 − 2ϑn+1 +

1

2
ϑn
)
ϑn+2dV+

∫
Ω

|∇ϑn+2|2 dV =

∫
Ω

(∂un+2
I −ut(tn+2, ·))θn+2dV−

∫
Ω

∇ρn+2·∇ϑn+2dV,

Making use of the identity, we have(
3

2
ϑn+2 − 2ϑn+1 +

1

2
ϑn, ϑn+2

)
=

5

4
∥ϑn+2∥2 − ∥ϑn+1∥2 − 1

4
∥ϑn∥2
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−
(
(ϑn+2, ϑn+1)− (ϑn+1, ϑn)

)
+

1

4
∥ϑn+2 − 2ϑn+1 + ϑn∥2

5

4
∥ϑn+2∥2 − ∥ϑn+1∥2 − 1

4
∥ϑn∥2 −

(
(ϑn+2, ϑn+1)− (ϑn+1, ϑn)

)
+

1

4
∥ϑn+2 − 2ϑn+1 + ϑn∥2

+ τ

∫
Ω

|∇ϑn+2|2 dV = τ

∫
Ω

(∂un+2
I − ut(tn+2, ·))θn+2dV − τ

∫
Ω

∇ρn+2 · ∇ϑn+2dV,

Observing that the term + 1
4∥ϑ

n+2 − 2ϑn+1 + ϑn∥2 is non-negative, we can drop it to deduce

5

4
∥ϑn+2∥2 − ∥ϑn+1∥2 − 1

4
∥ϑn∥2 −

(
(ϑn+2, ϑn+1)− (ϑn+1, ϑn)

)
+ τ

∫
Ω

|∇ϑn+2|2 dV ≤ τ
∫
Ω

(∂un+2
I − ut(tn+2, ·))θn+2dV − τ

∫
Ω

∇ρn+2 · ∇ϑn+2dV,

Rearranging

5

4

(
∥ϑn+2∥2 − ∥ϑn+1∥2

)
+

1

4

(
∥ϑn+1∥2 − ∥ϑn∥2

)
−
(
(ϑn+2, ϑn+1)− (ϑn+1, ϑn)

)

+ τ

∫
Ω

|∇ϑn+2|2 dV ≤ τ
∫
Ω

(∂un+2
I − ut(tn+2, ·))θn+2dV − τ

∫
Ω

∇ρn+2 · ∇ϑn+2dV,

Upon summation up from n = 0 to n = l, we obtain

5

4

(
∥ϑl+2∥2 − ∥ϑ1∥2

)
+

1

4

(
∥ϑl+1∥2 − ∥ϑ0∥2

)
− (ϑl+2, ϑl+1)

+

l∑
n=0

τ

∫
Ω

|∇ϑn+2|2 dV ≤ −(ϑ1, ϑ0)+
l∑

n=0

τ

(∫
Ω

(∂un+2
I − ut(tn+2, ·))θn+2dV − τ

∫
Ω

∇ρn+2 · ∇ϑn+2dV

)
,

Whence, easily,

1

4
∥ϑl+2∥2 +

l∑
n=0

τ

∫
Ω

|∇ϑn+2|2 dV ≤ 5

4
∥ϑ1∥2 + 1

4
∥ϑ0∥2 − (ϑ1, ϑ0)

+

l∑
n=0

τ

(∫
Ω

(∂un+2
I − ut(tn+2, ·))θn+2dV − τ

∫
Ω

∇ρn+2 · ∇ϑn+2dV

)
, (3.17)

The last two integrals on the right-hand side of (3.17) can be further estimated using the C-S inequality
as follows. For the first one, we have

l∑
n=0

τ

∫
Ω

(∂un+2
I − ut(tn+2, ·))ϑn+2dV ≤

l∑
n=0

τ ||∂un+2
I − ut(tn+2, ·)||L2(Ω)||ϑn+2||L2(Ω) (3.18)

≤

(
l∑

n=0

τ ||∂un+2
I − ut(tn+2, ·)||2L2(Ω)

) 1
2
(

l∑
n=0

τ ||ϑn+2||2L2(Ω)

) 1
2

And since the Poincare inequality is valid

||v||L2(Ω) ≤ CP ||∇v||L2(Ω), (3.19)

for all v ∈ H1
0 (Ω), for some constant CP > 0 independent of v. In our case, we have

||∇v||L2(Ω) =

d∑
i=1

||vxi
||2L2(Ω)
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Then, noticing that ϑn ∈ V = H1
0 (Ω) for all n, we can use (3.19) on the last term of the right-hand side

of (3.18) to deduce

l∑
n=0

τ

∫
Ω

(∂un+2
I −ut(tn+2, ·))ϑn+2dV ≤ CP

(
l∑

n=0

τ ||∂un+2
I − ut(tn+2, ·)||2L2(Ω)

) 1
2
(

l∑
n=0

τ ||∇ϑn+2||2L2(Ω)

) 1
2

≤ C2
P

l∑
n=0

τ ||∂un+2
I − ut(tn+2, ·)||2L2(Ω) +

1

4

l∑
n=0

τ ||∇ϑn+2||2L2(Ω) (3.20)

utilizing the identity ab = 2a b
2 ≤ a

2 + b2

4 .

For the second integral of the right-hand side of (3.17), we employ a similar strategy via the discreet and
continuous versions of the Cauchy-Schwarz inequality

l∑
n=0

τ

∫
Ω

∇ρn+2·∇ϑn+2dV ≤
l∑

n=0

τ ||∇ρn+2||L2(Ω)||∇ϑn+2||L2(Ω) ≤

(
l∑

n=0

τ ||∇ρn+2||2L2(Ω)

) 1
2
(

l∑
n=0

τ ||∇ϑn+2||2L2(Ω)

) 1
2

or, using again the identity ab = 2a b
2 ≤ a

2 + b2

4 , we conclude the bound

l∑
n=0

τ

∫
Ω

∇ρn+2 · ∇ϑn+2dV ≤
l∑

n=0

τ ||∇ρn+2||2L2(Ω) +
1

4

l∑
n=0

τ ||∇ϑn+2||2L2(Ω) (3.21)

Using now (3.20) and (3.21) to further bound the right-hand side of (3.17), we deduce

1

4
∥ϑl+2∥2 +

l∑
n=0

τ

∫
Ω

|∇ϑn+2|2 dV ≤ 5

4
∥ϑ1∥2 + 1

4
∥ϑ0∥2 − (ϑ1, ϑ0)

+C2
P

l∑
n=0

τ ||∂un+2
I − ut(tn+2, ·)||2L2(Ω) +

1

4

l∑
n=0

τ ||∇ϑn+2||2L2(Ω)

+

l∑
n=0

τ ||∇ρn+2||2L2(Ω) +
1

4

l∑
n=0

τ ||∇ϑn+2||2L2(Ω)

Which gives after rearrangement,

1

4
∥ϑl+2∥2 + 1

2

l∑
n=0

τ

∫
Ω

|∇ϑn+2|2 dV ≤ 5

4
∥ϑ1∥2 + 1

4
∥ϑ0∥2 − (ϑ1, ϑ0)

+C2
P

l∑
n=0

τ ||∂un+2
I − ut(tn+2, ·)||2L2(Ω) +

l∑
n=0

τ ||∇ρn+2||2L2(Ω)

or, upon multiplication by 4,

∥ϑl+2∥2 + 2

l∑
n=0

τ

∫
Ω

|∇ϑn+2|2 dV ≤ 5∥ϑ1∥2 + ∥ϑ0∥2 − 4(ϑ1, ϑ0)

+4C2
P

l∑
n=0

τ ||∂un+2
I − ut(tn+2, ·)||2L2(Ω) + 4

l∑
n=0

τ ||∇ρn+2||2L2(Ω) (3.22)

Since el+2 = ρl+2 + ϑl+2, triangle inequality implies,

||el+2||2L2(Ω) ≤
(
||ρl+2||L2(Ω) + ||ϑl+2||L2(Ω)

)2 ≤ 2||ρl+2||2L2(Ω) + 2||ϑl+2||2L2(Ω),
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where the second inequality makes use of the identity (a+ b)2 ≤ 2a2 + 2b2, then

l∑
n=0

τ ||∇en+2||2L2(Ω) ≤ 2

l∑
n=0

τ ||∇ρn+2||2L2(Ω) + 2

l∑
n=0

||∇ϑn+2||2L2(Ω),

or, upon multiplication by 2,

2

l∑
n=0

τ ||∇en+2||2L2(Ω) ≤ 4

l∑
n=0

τ ||∇ρn+2||2L2(Ω) + 4

l∑
n=0

||∇ϑn+2||2L2(Ω),

Giving the bound,

∥el+2∥2 + 2

l∑
n=0

τ ||∇en+2||2L2(Ω) ≤ 2||ρl+2||2L2(Ω) + 4

l∑
n=0

τ ||∇ρl+2||2L2(Ω)

+2||ϑl+2||2L2(Ω) + 4

l∑
n=0

||∇ϑl+2||2L2(Ω)

Or, in conjunction with (3.8) if we multiply the latter by 2,

∥el+2∥2 + 2

l∑
n=0

τ ||∇en+2||2L2(Ω) ≤ 2||ρl+2||L2(Ω) + 4

l∑
n=0

τ ||∇ρn+2||2L2(Ω)

+10||ϑ1||2 + 2||ϑ0||2 − 8(ϑ1, ϑ0) + 8C2
P

l∑
n=0

τ ||∂un+2
I − ut(tn+2, ·)||2L2(Ω) + 8

l∑
n=0

τ ||∇ρn+2||2L2(Ω) (3.23)

To conclude the error bound we can further estimate the right-hand side of (3.23)
Therefore, we have,

∥el∥2 + 2

l∑
n=0

τ ||∇en||2L2(Ω) ≤ 2||ρl||2L2(Ω) + 10||ϑ1||2 + 2||ϑ0||2 − 8(ϑ1, ϑ0)

+8C2
P

l∑
n=0

τ ||∂unI − ut(tn, ·)||2L2(Ω) + 12

l∑
n=0

τ ||∇ρn||2L2(Ω) (3.24)

To that end, we begin by assuming that the best approximation estimates

∥wn − wn
I ∥L2(Ω) ≤ C1h

2|wn|H2(Ω) (3.25)

and ∥∇(wn − wn
I )∥L2(Ω) ≤ C2h|wn|H2(Ω)

hold for any w ∈ H2(Ω) := {v ∈ H1(Ω) : ∇v ∈ [H1(Ω)]
d}, with C1, C2 > 0 constants independent of h

and of un, where h := maxT∈T hT , and

|w|H2(Ω) =

(
d∑

i=1

||wxixi
||2L2(Ω)

) 1
2

.

Consequently, we have

∥ρl∥2 ≤ C2
1h

4|ul|2H2(Ω), and
l∑

n=0

τ ||∇ρn||2L2(Ω) ≤ C
2
2h

2
m∑

n=1

τ |un|2H2(Ω)
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4 Implementation

4.1 Introduction - Assembling of the matrices
For simplicity we consider the Poisson problem with homogeneous Dirichlet boundary conditions on an
open, bounded domain Ω ⊂ Rd, where d = 2, 3

−∆u = f, for (x, y) ∈ Ω ⊂ R2,

u(x, y) = 0, for (x, y) ∈ ∂Ω, (4.1)
(4.2)

where f : Ω → R is a known function. For simplicity, we shall assume that the boundary ∂Ω of the
domain W consists of a series of connected line segments (i.e., ∂Ω is a polygon)

Figure 1: A mesh in two dimensions

We rewrite the problem in weak form

Find u ∈ H1
0 such that : ∫

Ω

∇u · ∇v dV =

∫
Ω

fv dV, ∀v ∈ H1
0

We then split the domain Ω into triangles T ∈ T . Suppose the triangulation contains N nodes that are
not on the boundary ∂Ω. We consider the family Vh ⊂ H1

0 to consist of the functions that are continuous
and linear on every element T ∈ T .

Vh = {v ∈ C(Ω) : w|T ∈ P1, ∀T ∈ T , w|∂Ω = 0}.

where P1 is the space of linear polynomials
Therefore, instead of solving the problem (7.11), we solve the approximate problem:
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Find uh ∈ Vh s.t : ∫
Ω

∇uh · ∇vh dV =

∫
Ω

f vh dV, for all vh ∈ Vh;

It must be noted that, any function wh ∈ Vh that is continuous in W and linear on each element T ∈ T
can be therefore written as

wh =

N∑
i=1

Wiϕi

with Wi ∈ R being the “height” of the function at node i. Thus, since every vh ∈ Hh can be written as
a linear combination of “pyramid” functions, the problem becomes

Figure 2: Basis functions

Find uh ∈ Vh s.t : ∫
Ω

∇uh · ∇ϕi dV =

∫
Ω

f ϕi dV, for all i = 1, . . . , N.

Note that for each vertex vi of T , ϕi is the piecewise linear function such that ϕi(vi) = 1 and ϕi(vj) = 0
if j ̸= i. In that case, one can easily observe that Vh is spanned by {ϕi}NI=1. Also, since uh ∈ Vh, we
have uh =

∑N
j=1 Ujϕj , for some Uj ∈ R, and, therefore, the problem becomes:

Find Uj , j = 1, . . . , N, s.t :

N∑
j=1

Uj

∫
Ω

∇ϕj · ∇ϕi dV =

∫
Ω

f ϕi dV, for all i = 1, . . . , N.

This is a linear system of N equations with N unknowns of the form AU = F where

A = [aij ]
N
i,j=1, U = (U1, . . . , UN )T , F = (F1, . . . , FN )T ,
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and
aij =

∫
Ω

∇ϕj · ∇ϕi dV, Fi =

∫
Ω

fϕi dV.

We will now engage in the assembling of the -following the terminology of elasticity - stiffness matrix A.
Inserting our domain in a mesh-generation software, we should be able to export two arrays/matrices.
The matrices node(1:N,1:d) and elem(1:NT,1:d+1) represent a d-dimensional triangulation embedded
in Rd. N is the number of vertices/nodes - including those on the boundary - and NT is the number of
elements (triangles, tetrahedrons, etc). They stand for two different structure of a triangulation: elem
for topology and node for the geometric embedding. The numbering of the matrix node is called the
global index set of nodes since the mesh-generation software produces random numbering of the nodes.
The i-th row of node contains the coordinates of the node i. Considering a global numbering of the
elements here as well, 1, ..., NT , the k-th row of elem contains the indices of the nodes (with respect to
their numbering in the node matrix) of that particular k-th element. For each elem(t, :) the vertices will
always be ordered such that the signed area is positive. In 2-D for example, three vertices of a triangle
would be ordered counter-clockwise.
The two matrices are given as an example in fig, node and elem matrices for a triangulation of an
L-shaped domain (−1, 1)2\(0, 1)× (−1, 0)

Figure 3: Triangulation, node and elem matrices

A key concept [2] in implementing the Finite Element Method, which is highly efficient in terms of
computational economy, is the use of the so-called reference element T̂ when calculating the required
integrals. The domain of the finite reference element is

T̂ = {x ∈ R2 : 0 ≤ x1 + ...+ xd ≤ 1}

If d=1, T̂ = [0, 1], while if d=2, we obtain the right-angled triangle with vertices at the points (0.0),
(1,0) and (0,1). In that case, every element of the triangulation T ∈ T is obtained as the image of the
affine mapping FT : Rd → Rd - i.e linear with the zero element not necessarily being mapped to the zero
element - which maps the reference element T̂ to T ,

FT (T̂ ) = T, ∀T ∈ T
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Figure 4: Reference element mapping

The basis functions of the reference element (for d=2) are

ψ1(x̂1, x̂2) = x̂1, ψ2(x̂1, x̂2) = x̂2, and ψ3(x̂1, x̂2) = 1− x̂1 − x̂2,

One can easily observe that ψ1 equals 1 at (1,0) of T̂ and zero elsewhere. In accordance, ψ2 equals one
only at vertex (0,1) while ψ3 equals one only at (0,0) and zero at the other two vertices.

If we now consider the restriction of the basis function ϕi|T , which corresponds to node i in T , we
observe that it is a linear/affine function of d variables. Consequently, the function ϕi ◦ FT : T̂ → R,
for i = 1, . . . , d + 1, is also affine on T̂ . Moreover, since each ϕi equals one at node i and zero at the
other nodes, ϕi ◦ FT will be one at one of the vertices of the reference element and zero at the others.
Therefore, each ϕi ◦ FT must be equal to one of the ψk, where k = 1, . . . , d+ 1. To determine which ψk

corresponds to ϕi ◦FT , we refer to the row of the elem matrix that corresponds to the element T (which
has its vertex on nodei). Then, k is equal to the column index in the elem matrix that contains the index i.

To sum up, by making use of the affine mappings FT we are able to map any arbitrary element to
the reference element.

To compute the integrals that form the entries of the stiffness matrix A, we begin by performing a
change of variables using the mappings FT . For the case of d = 2, first, we determine the expression for
FT . For convenience, we change the notation of the coordinates to xi = (xi, yi), for i = 1, 2, 3, which
represent the three vertices of the triangle T corresponding to three rows in the node matrix. We will
construct the mapping FT such that it maps the vertex (1, 0) of T̂ to x1 in T , (0, 1) of T̂ to x2, and the
vertex (0, 0) of T̂ to x3. Thus, for x̂ := (x̂, ŷ)⊤ ∈ T̂ , we define:

FT (x̂) = Bx̂+ x3,

where matrix B ∈ R2×2 is given by:

B =

(
b11 b12
b21 b22

)
,

such that F ((0, 0)⊤) = x3. Requiring(
x1
y1

)
= FT ((1, 0)

⊤) =

(
b11
b21

)
+

(
x3
y3

)
,

we find that b11 = x1 − x3 and b21 = y1 − y3. Similarly, requiring(
x2
y2

)
= FT ((0, 1)

⊤) =

(
b12
b22

)
+

(
x3
y3

)
,
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we obtain b12 = x2 − x3 and b22 = y2 − y3. Therefore, we conclude that:

FT (x̂) =

(
x1 − x3 x2 − x3
y1 − y3 y2 − y3

)
x̂+ x3.

Let now w : T → R. We define v : T̂ → R by v(x̂) := w(FT (x̂)). If ∇̂ denotes the gradient with respect
to the variables x̂, we have:

∇̂v =

(
wxxx̂ + wyyx̂
wxxŷ + wyyŷ

)
= B⊤∇w,

since ∂(x,y)
∂(x̂,ŷ) = B⊤. We want to compute the terms

aij =
∑
T∈T

∫
T

∇ϕj · ∇ϕi dx dy,

which, after the change of variables x := (x, y)⊤ ↔ x̂ := (x̂, ŷ)⊤, gives for each T ,∫
T

∇ϕj · ∇ϕi dx dy =

∫
T̂

(
B−⊤∇̂ϕj(FT (x̂))

)
·
(
B−⊤∇̂ϕi(FT (x̂))

)
det(B) dx̂ dŷ =: IT ,

since det
(

∂(x,y)
∂(x̂,ŷ)

)
= det(B⊤) = det(B).

Thus, to compute the integrals in the above equation for each i, j = 1, . . . , N , when i, j are nodes of the
same triangle, it suffices to calculate the values

IT =

∫
T̂

(
B−⊤∇̂ψℓ

)
·
(
B−⊤∇̂ψk

)
det(B) dx̂ dŷ, |

since ϕj(FT (x̂)) = ψℓ for some ℓ = 1, 2, 3 and ϕi(FT (x̂)) = ψk for some k = 1, 2, 3. A direct calculation
gives: ∫

T̂

(
B−⊤∇̂ψℓ

)
·
(
B−⊤∇̂ψk

)
det(B) dx̂ dŷ = (AT )k,ℓ, (8.29)

where AT ∈ R3×3 is the so-called local stiffness matrix for the finite element T , given by:

AT :=
1

2 det(B)

 |x2 − x3|2 (x2 − x3) · (x3 − x1) (x2 − x3) · (x1 − x2)
(x2 − x3) · (x3 − x1) |x3 − x1|2 (x3 − x1) · (x1 − x2)
(x2 − x3) · (x1 − x2) (x3 − x1) · (x1 − x2) |x1 − x2|2

 .

We observe that AT is symmetric in this case since aij = aji for the stiffness matrix under consideration.
The second key idea for assembling the matrix A, given the local stiffness matrices AT , is to transfer the
values of the integrals (8.29) to the appropriate entries of the global stiffness matrix A. For this purpose,
we use the elem matrix as follows: iterating from 1 to NT , i.e., for all finite elements T , we set:

aij → aij + (AT )k,ℓ,

where k is the column index of node i in the row of the elem matrix corresponding to the element T , and
ℓ is the column index of node j in the row of the elem matrix corresponding to T . The stiffness matrix
A, constructed above, is of size N ×N and includes the terms corresponding to the boundary nodes.
The aforementioned process of constructing the stiffness matrix A also demonstrates its sparsity: the
term aij ̸= 0 if and only if the nodes xi and xj are adjacent. Thus, we conclude that the number of
non-zero elements in each row (and consequently in each corresponding column, due to the symmetry of
A) depends linearly on the number of neighboring finite elements.
To compute the terms

Fi =

∫
Ω

f ϕi dx,

36



of the load vector, we usually need numerical integration rules if f is an arbitrary function. The accuracy
of the numerical integration rules we use must be sufficient so as not to affect the convergence rate of the
Finite Element Method (FEM). For piecewise linear/affine finite elements, for example, it is sufficient to
use the Gauss rule with one point, i.e., the generalization of the midpoint rule to multiple dimensions,
which is defined for integrals over the reference element T̂ as∫

T̂

w(x̂) dx̂ ≈ w(b̂) |T̂ | = d−1w(b̂),

where b̂ = 1
3 (1, . . . , 1)

⊤ ∈ Rd is the centroid of the reference element T̂ , and |T̂ | = d−1 is its size (area
for d = 2). Thus, a change of variables, as above, gives∫

T

v(x) dx =

∫
T̂

v(FT (x̂)) det(B) dx̂ ≈ v(FT (b̂)) d
−1 det(B) = v(b̂)|T |.

where b̂ is the centroid of T , since an affine mapping FT preserves the centroid, and it also holds that
det(B) = d|T |. The rule (8.31) integrates exactly polynomials in d variables of at most first degree, as,
for example, when d = 2, we have ∫

T̂

1 dx̂ =
1

2

and ∫
T̂

x1 dx̂ =

∫ 1

0

x1

(∫ 1−x1

0

dx2

)
dx1 =

∫ 1

0

x1(1− x1) dx =
1

6
=

1

2
· 1
3
,

which means that (8.31) is satisfied with equality. Similarly, we have∫
T̂

x2 dx̂ =
1

6
,

so we conclude that (8.31) is satisfied with equality for all linear polynomials in 2 variables.
To implement the homogeneous Dirichlet condition u = 0 on the boundary ∂Ω , we need to "remove"
the indices of the boundary nodes from the linear system. There is no unique way to do this. A popular
method is as follows: given the global numbering of the nodes, if node k is a boundary node, we delete
the k-th row and column from the stiffness matrix A and the k-th component from the load vector F .
Usually, boundary nodes are numbered after the interior nodes by the mesh-generation software, so that
if N = NI + NB with NI being the number of interior nodes and NB the number of boundary nodes,
then the numbering is i = 1, . . . , NI for the interior nodes and i = NI + 1, NI + 2, . . . , NI +NB = N for
the boundary nodes.
Now, consider a non-homogeneous boundary condition: u(x) = g(x), for x ∈ ∂Ω, and let Ṽh be the finite
element space including the basis functions at the boundary nodes. Then, the approximate solution is
given by

uh =

N∑
j=1

Ujϕj +

N∑
j=N+1

g(xj)ϕj .

Thus, the finite element method is formulated as follows: find uh ∈ Ṽh, with uh(xj) = g(xj), for
j = N + 1, . . . , N , such that

a(uh, vh) = ℓ(vh), ∀vh ∈ Ṽh ∩H1
0 (Ω),

or, expanding in terms of the basis functions: Find Uj ∈ R, j = 1, . . . , NI , such that

NI∑
j=1

Uja(ϕj , ϕi) = ℓ(ϕi)−
N∑

j=NI+1

g(xj)a(ϕj , ϕi), i = 1, . . . , NI .
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A popular, but not necessarily computationally optimal, way to implement the above condition is as
follows:

• Replace each row of the stiffness matrix A corresponding to a boundary node with the corresponding
row of the identity matrix, and

• Replace each entry of F corresponding to a boundary node with the corresponding boundary value
at the node.

Thus, the linear system to be solved becomes(
AI,I AI,B

0 INB×NB

)(
U I

UB

)
=

(
F
g

)
,

where AI,I = {aij}NI
i,j=1, AI,B = {aij}NB ,NI

i=1,j=1, INB×NB
is the identity matrix, U I and UB are the interior

and boundary values, respectively, F I = {Fi}NI
i=1, and g := {g(xi)}Ni=NI+1.

Sparse Matrices in Matlab
Matrices can be handled element-by-element, similar to low-level programming languages like Fortran
or C [3]. However, it is more effective to manipulate entire matrices at once, a method referred to as
high-level coding style. This approach leads to more concise code and generally enhances efficiency.
A key advantage of finite element methods is the sparsity of the matrix produced through discretization.
Although the matrix has dimensions N×N = N2, it contains only cN nonzero entries, where c is a small
constant. To leverage this sparsity, a sparse matrix data structure is used. Sparse matrix algorithms
reduce computational time by skipping operations on zero entries, and they require less memory by not
storing the numerous zero elements.
There are various data structures for representing sparse matrices. All of these structures follow the
same basic principle: use a single array to store all nonzero elements and two additional integer arrays
to record their indices.
One intuitive scheme, known as the coordinate format, involves storing both the row and column indices.
Let’s assume A is an m×n matrix containing only nnz nonzero elements. Consider the following simple
example:

A =


1 0 0
0 2 4
0 0 0
0 9 0

 , i =


1
2
4
2

 , j =


1
2
2
3

 , s =


1
2
9
4

 .

In this example, the vector i stores the row indices of the nonzero elements, j stores the column in-
dices, and s stores the values of the nonzero elements. All three vectors have the same length, nnz.
However, the two index vectors i and j contain redundant information. To compress this data, we can
reduce the column index vector j to a column pointer vector of length n+ 1. The value j(k) represents
the pointer to the start of the k-th column in the vectors i and s, and j(n+ 1) = nnz.
For instance, in the Compressed Sparse Column (CSC) format, the vector to store the column pointers
would be:

j =
[
1 3 4

]T
.

This approach, known as the CSC scheme, is utilized in the MATLAB sparse matrix package. Compared
to the coordinate format, the CSC format saves storage space for nnz − n − 1 integers, which can be
significant when the number of nonzero elements greatly exceeds the number of columns.

Now, lets recall the local stiffness matrix

For each simplex τ , we define the local stiffness matrix Aτ = (aτij)(d+1)×(d+1) as:

aτiτ jτ =

∫
τ

∇λjτ · ∇λiτ dx, for 1 ≤ iτ , jτ ≤ d+ 1.
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The computation of aij is then broken down into calculating the local stiffness matrices and summing
over all elements. Here, we utilize the fact that, when restricted to a single simplex, the basis function
ϕi is equivalent to λiτ . The subscript in aτiτ jτ refers to the local index, whereas in aij , it represents the
global index. The assembly process involves distributing quantities associated with the local indices to
those with the global indices.
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4.2 The Poisson problem
We consider the IBVP:

−∆u = 10, for (x, y) ∈ Ω ⊂ R2,

u = 0, for (x, y) ∈ ∂Ω, (4.3)
(4.4)

where Ω = (−1, 1)2 \ (0, 1)× (−1, 0). The initial mesh is shown in figure 5.

Figure 5: Initial Mesh

The Finite Element Method for this problem would be:
Find Uj , j = 1, . . . , N, s.t :

N∑
j=1

Uj

∫
Ω

∇ϕj · ∇ϕi dV =

∫
Ω

10ϕi dV, for all i = 1, . . . , N.

This is a linear system of N equations with N unknowns of the form AU = F where

A = [aij ]
N
i,j=1, U = (U1, . . . , UN )T , F = (F1, . . . , FN )T ,

and
aij =

∫
Ω

∇ϕj · ∇ϕi dV, Fi =

∫
Ω

10ϕi dV.
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Figure 6: Solution of the Poisson problem

The solution is

u =



0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

0.9135
1.1538
1.2019
1.1538
0.9135


4.3 The heat equation
Implicit Euler
Let us consider again the heat equation with Dirichlet boundary conditions

ut −∆u = 10, for (t, x) ∈ I × Ω,

u(t, x) = 0, for (t, x) ∈ I × ∂Ω, (4.5)
u(0, x) = u0(x), for x ∈ Ω,
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Let Ω Let the same L-shaped domain used in the Poisson problem, and we will also use the previously
considered mesh [4].

u0(x, y) = xy(x+1)(y+1)χ(−1,0)2(x, y)+xy(1−x)(1−y)χ(0,1)2(x, y)+xy(x+1)(y−1)χ(−1,0)×(0,1)(x, y), (x, y) ∈ Ω,

where χA denotes the characteristic function of the set A ⊂ R2.

The approximate problem would be

For each n = 1, . . . , Nt, find unh ∈ Vh s.t.∫
Ω

unhvh dV + τ

∫
Ω

∇unh · ∇vh dV = τ

∫
Ω

10vh dV +

∫
Ω

un−1
h vh dV for all vh ∈ Vh,

which is equivalent to

For each n = 1, . . . , Nt, find Un
j , j = 1, . . . , Nz s.t.

N∑
j=1

(∫
Ω

ϕjϕi dV

)
+ τ

N∑
j=1

Un
j

∫
Ω

∇ϕi · ∇ϕj dV =

∫
Ω

(τ10 + un−1
h )ϕi dV, for all i = 1, . . . , Nx

Figure 7: Solution of the implicit scheme
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Explicit Euler

Figure 8: Solution of the explicit scheme

Figure 9: Solution of the explicit scheme - refined mesh
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BDF2

Figure 10: Solution of the BDF2 fem method

A Greek Summary

A.1 BDF IMEX μέθοδος δύο βημάτων

Ο στόχος μας είναι να αναπτύξουμε και να αναλύσουμε μια implicit-explicit πολυβηματική μέθοδο για το
παρακάτω πρόβλημα αρχικών και συνοριακών τιμών.

Βρες μία συνάρτηση u : Ω× [0, T ]→ R τ.ω:
ut − ε∆u+∇ · (ub(x, t)) + c(x, t)u = f(u, x, t) ιν Ω× (0, T ),

u = 0 ον ∂Ω× (0, T ),

u( · , 0) = u0 ιν Ω.

(1.1)

Ω ⊂ Rd
αντιπροσωπεύει ένα φραγμένο χωρίο, Ω and ∂Ω είναι η κλειστότητα και το σύνορο του Ω, αντίστοι-

χα. T , ε δίδονται.

∇ · (ub) :=
d∑

i=1

(biu)xi
.

Ο συντελεστής διάχυσης b, ο συντελεστής c, η αρχική συνθήκη u0, f είναι δοσμένες συναρτήσεις.

Αναφορικά με την ευστάθεια της μεθόδου και σύμφωνα με την ανάλυση της παραγράφου 1.4 καταλήγουμε

στο εξής φράγμα:

∥un∥2 ≤ c
(
∥u1∥2 + ∥u0∥2

)
(1.50)

΄Επειτα, λαμβάνοντας υπόψη την ευστάθεια της έμμεσης μεθόδου Euler , ∥ϑ1∥ ≤ c ∥ϑ0∥, όπως και του
παραπάνω φράγματος καταλήγουμε
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max
1≤n≤N

∥ϑn∥ ≤ c ∥ϑ0∥ (1.51)

΄Εστω οτι οι προσεγγίσεις U0, ..., UN
δίδονται από τις σχέσεις (1.37) και (1.38).Υποθέτουμε επίσης οτι

η λύση της (1.1) είναι επαρκώς ομαλή, έτσι ώστε μια προσέγγιση του σφάλματος να καθίσταται έγκυρη.

Τότε θα ισχύει:

max
1≤n≤N

∥u(tn)− Un∥ ≤ ck2 (1.52)

A.2 BDF2 μέθοδος πεπερασμένων στοιχείων
΄Εστω Ω ⊂ Rd

, d = 2, 3 ένα πολυγωνικό χωρίο και το χρονικό διάστημαI := (0, Tf ] ⊂ R Θεωρούμε την
παραβολική εξίσωση θερμότητας με αρχικές και συνοριακές συνθήκες:

ut −∆u = f, φορ (t, x) ∈ I × Ω,

u(t, x) = 0, φορ (t, x) ∈ I × ∂Ω, (A.1)
u(0, x) = u0(x), φορ x ∈ Ω,

όπου ut συμβολίζει ∂u/∂t, ∆ την Λαπλασιανή, f : I×Ω→ R, για την οποία υποθέτουμε f ∈ L2(I;L2(Ω)),
και u0(x) γνωστή συνάρτηση.

Λαμβάνοντας υπόψιν την ευατάθεια της έμμεσης-άμεσης μεθόδου Euler ∥u1∥ ≤ c ∥u0∥, παίρνουμε την
παρακάτω τελική εκτίμηση ευστάθειας

max
1≤n≤N

∥un∥ ≤ c ∥u0∥

Αναφορικά με το φράγμα του σφάλματος, παραπέμπουμε στη σχέση (3.24).

A.3 Υλοποίηση

Με τη βοήθεια του ΜΑΤΛΑΒ στην υλοποίηση των μεθόδων Implicit/Explicit Euler, παρατηρήσαμε οτι
η μέθοδος BDF2 παρουσιάζει σύγκλιση δεύτερης τάξης σε σχέση με το μέγεθος του χρονικού βήματος,
επιτρέποντας τη χρήση μεγαλύτερων χρονικών βημάτων και μειώνοντας έτσι το υπολογιστικό κόστος, δια-

τηρώντας παράλληλα το ίδιο επίπεδο ακρίβειας με τη μέθοδο backward Euler.

B Matlab Codes
the Poisson problem

1 elem = [2 16 1; 16 2 17; 3 17 2; 17 3 4; 17 15 16; 15 17 18; 4 18 17; 18 4 5; 19 15 18;
2 15 19 14; 20 18 5; 18 20 19; 12 14 19; 14 12 13; 11 19 20; 19 11 12; 6 20 5; 20 6 21;
3 7 21 6; 21 7 8; 21 11 20; 11 21 10; 8 10 21; 10 8 9];
4

5 load myelem.dat
6

7 node = [-1 -1; -0.5 -1; 0 -1; 0 -0.5; 0 0; 0.5 0; 1 0; 1 0.5; 1 1; 0.5 1; 0 1; -0.5 1; -1 1; -1 0.5; -1 0; -1 -0.5; -0.5 -0.5;
8 -0.5 0; -0.5 0.5; 0 0.5; 0.5 0.5];
9

10 load mynodes.dat
11

12 % creating the [p,e,t] triplet mesh data
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13 p = node.';
14

15 es = [1 2 0 1 1 1 0; 2 3 0 1 2 1 0; 3 4 0 1 3 1 0; 4 5 0 1 4 1 0; 5 6 0 1 5 1 0; 6 7 0 1 6 1 0; 7 8 0 1 7 1 0; 8 9 0 1 8 1 0;
16 9 10 0 1 9 1 0; 10 11 0 1 10 1 0; 11 12 0 1 11 1 0; 12 13 0 1 12 1 0; 13 14 0 1 13 1 0; 14 15 0 1 14 1 0; 15 16 0 1 15 1 0; 16 1 0 1 16 1 0];
17

18 e = es.';
19

20 ti = [2 16 1 1; 16 2 17 1; 3 17 2 1; 17 3 4 1; 17 15 16 1; 15 17 18 1; 4 18 17 1; 18 4 5 1; 19 15 18 1; 15 19 14 1; 20 18 5 1 ;
21 18 20 19 1; 12 14 19 1; 14 12 13 1; 11 19 20 1; 19 11 12 1; 6 20 5 1; 20 6 21 1; 7 21 6 1; 21 7 8 1; 21 11 20 1; 11 21 10 1; 8 10 21 1; 10 8 9 1];
22

23 t = ti.';
24

25 bdFlag = [1 1 0; 0 0 0; 0 1 0; 1 0 0; 1 0 0; 0 0 0; 0 0 0; 1 0 0; 0 0 0; 0 1 0; 0 0 0; 0 0 0; 0 0 0; 1 1 0; 0 0 0; 1 0 0; 0 1 0; 0 0 0;
26 0 1 0; 1 0 0; 0 0 0; 0 1 0; 0 0 0; 1 1 0];
27

28 totalEdge = [elem(:,[2,3]);elem(:,[3,1]);elem(:,[1,2])];
29

30 Dirichlet = totalEdge(bdFlag(:) == 1, :);
31

32 % assembling process
33

34 global NT
35

36 N = size(node,1); NT = size(elem,1);
37 ii = zeros(9*NT,1); jj = zeros(9*NT,1); sA = zeros(9*NT,1);
38 ve(:,:,3) = node(elem(:,2),:) - node(elem(:,1),:);
39 ve(:,:,1) = node(elem(:,3),:) - node(elem(:,2),:);
40 ve(:,:,2) = node(elem(:,1),:) - node(elem(:,3),:);
41 global area
42 area = 0.5*abs(-ve(:,1,3).*ve(:,2,2)+ve(:,2,3).*ve(:,1,2));
43

44 assemblingsparse(node,elem);
45

46 % right hand side/load terms
47 global area
48 global N
49 global A
50 mid1 = (node(elem(:,2),:) + node(elem(:,3),:))/2;
51 mid2 = (node(elem(:,3),:) + node(elem(:,1),:))/2;
52 mid3 = (node(elem(:,1),:) + node(elem(:,2),:))/2;
53 bt1 = area.*(f(mid2)+f(mid3))/6;
54 bt2 = area.*(f(mid3)+f(mid1))/6;
55 bt3 = area.*(f(mid1)+f(mid2))/6;
56

57 b = accumarray(elem(:),[bt1;bt2;bt3],[N 1]);
58

59 % Homogenous Dirichlet
60 isBdNode = false(N,1);
61 isBdNode(Dirichlet) = true;
62 bdNode = find(isBdNode);
63 freeNode = find(~isBdNode);
64 u = zeros(N,1);
65 u(bdNode) = 0;
66

67 % numerical solution
68 u(freeNode) = A(freeNode,freeNode)\b(freeNode);
69 save 'solution.dat' u -ascii
70
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71 % graphical representation of the solution
72 pdesurf(p,t,u)
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Implicit Euler for the hear equation

1 elem = [2 16 1; 16 2 17; 3 17 2; 17 3 4; 17 15 16; 15 17 18; 4 18 17; 18 4 5; 19 15 18;
2 15 19 14; 20 18 5; 18 20 19; 12 14 19; 14 12 13; 11 19 20; 19 11 12; 6 20 5; 20 6 21;
3 7 21 6; 21 7 8; 21 11 20; 11 21 10; 8 10 21; 10 8 9];
4

5 % load myelem.dat
6

7 node = [-1 -1; -0.5 -1; 0 -1; 0 -0.5; 0 0; 0.5 0; 1 0; 1 0.5; 1 1; 0.5 1; 0 1; -0.5 1; -1 1; -1 0.5; -1 0; -1 -0.5; -0.5 -0.5;
8 -0.5 0; -0.5 0.5; 0 0.5; 0.5 0.5];
9

10 % load mynodes.dat
11

12 bdFlag = [1 1 0; 0 0 0; 0 1 0; 1 0 0; 1 0 0; 0 0 0; 0 0 0; 1 0 0; 0 0 0; 0 1 0; 0 0 0; 0 0 0; 0 0 0; 1 1 0; 0 0 0;
13 1 0 0; 0 1 0; 0 0 0; 0 1 0; 1 0 0; 0 0 0; 0 1 0; 0 0 0; 1 1 0];
14

15 totalEdge = [elem(:,[2,3]);elem(:,[3,1]);elem(:,[1,2])];
16

17 Dirichlet = totalEdge(bdFlag(:) == 1, :);
18

19 M = sparse(size(node,1),size(node,1));
20 T = 1; dt = 0.01; Nt=T/dt;
21

22 U_euler = zeros(size(node,1),Nt+1);
23 global NT
24

25 N = size(node,1); NT = size(elem,1);
26 ii = zeros(9*NT,1); jj = zeros(9*NT,1); sA = zeros(9*NT,1);
27 ve(:,:,3) = node(elem(:,2),:) - node(elem(:,1),:);
28 ve(:,:,1) = node(elem(:,3),:) - node(elem(:,2),:);
29 ve(:,:,2) = node(elem(:,1),:) - node(elem(:,3),:);
30 global area
31 area = 0.5*abs(-ve(:,1,3).*ve(:,2,2)+ve(:,2,3).*ve(:,1,2));
32

33 % assembling process
34 assemblingsparse(node,elem);
35

36 % assembling of M
37 for j = 1:size(elem,1)
38 M(elem(j,:),elem(j,:)) = M(elem(j,:),elem(j,:)) + (det([1,1,1;node(elem(j,:),:)'])*[2,1,1;1,2,1;1,1,2])/24;
39 end
40

41 % Initial condition function
42 initialCondition = @(x, y) x .* y .* (x + 1) .* (y + 1) .* ((x >= -1 & x <= 0) & (y >= -1 & y <= 0)) + ...
43 x .* y .* (1 - x) .* (1 - y) .* ((x >= 0 & x <= 1) & (y >= 0 & y <= 1)) + ...
44 x .* y .* (x + 1) .* (y - 1) .* ((x >= -1 & x <= 0) & (y >= 0 & y <= 1));
45 initialCondition1 = @(x, y) 1; % Set initial condition to 1 everywhere
46 % Get x and y coordinates of the nodes
47 x = node(:,1);
48 y = node(:,2);
49

50 % Apply initial condition
51 U_euler(:,1) = initialCondition(x, y);
52

53 % timesteps
54 time_points = [0, 0.1, 0.5, 1]; % Times at which to plot the solution
55 time_indices = round(time_points / dt) + 1; % Corresponding time step indices
56

57 for n = 2:Nt+1
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58 b = sparse(size(node,1),1);
59

60 % right hand side/load terms
61 global area
62 global N
63 global A
64 mid1 = (node(elem(:,2),:) + node(elem(:,3),:))/2;
65 mid2 = (node(elem(:,3),:) + node(elem(:,1),:))/2;
66 mid3 = (node(elem(:,1),:) + node(elem(:,2),:))/2;
67 bt1 = area.*(dt*f(mid2)+ dt*f(mid3))/6;
68 bt2 = area.*(dt*f(mid3)+ dt*f(mid1))/6;
69 bt3 = area.*(dt*f(mid1)+ dt*f(mid2))/6;
70

71 b = accumarray(elem(:), [bt1;bt2;bt3], [N 1]);
72 % previous timestep
73 b = b + M*U_euler(:,n-1);
74

75 % Homogenous Dirichlet
76 isBdNode = false(N,1);
77 isBdNode(Dirichlet) = true;
78 bdNode = find(isBdNode);
79 FreeNode = find(~isBdNode);
80 u = zeros(N,1);
81 u(bdNode) = 0;
82

83 b = b - (dt * A + M) * u;
84

85 % numerical solution
86 u(FreeNode) = (dt*A(FreeNode,FreeNode)+M(FreeNode,FreeNode))\b(FreeNode);
87 U_euler(:,n) = u;
88 end
89

90 p=node.';
91

92 % Plot the solution at specified times in one window
93 figure;
94 for t = 1:length(time_points)
95 subplot(2, 2, t); % 2x2 grid of subplots
96 trisurf(elem, p(1, :), p(2, :), U_euler(:, time_indices(t)), 'FaceColor', 'interp');
97 xlabel('x'); ylabel('y'); zlabel('u');
98 title(['t = ', num2str(time_points(t))]);
99 colorbar;

100 view(3); % 3D view
101 end
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Explicit Euler for the heat equation

1 tic;
2 % Initial mesh nodes and elements
3 node = [-1 -1; -0.5 -1; 0 -1; 0 -0.5; 0 0; 0.5 0; 1 0; 1 0.5; 1 1; 0.5 1; 0 1; -0.5 1; -1 1; -1 0.5; -1 0; -1 -0.5; -0.5 -0.5;
4 -0.5 0; -0.5 0.5; 0 0.5; 0.5 0.5];
5 elem = [2 16 1; 16 2 17; 3 17 2; 17 3 4; 17 15 16; 15 17 18; 4 18 17; 18 4 5; 19 15 18; 15 19 14; 20 18 5; 18 20 19; 12 14 19;
6 14 12 13; 11 19 20; 19 11 12; 6 20 5; 20 6 21; 7 21 6; 21 7 8; 21 11 20; 11 21 10; 8 10 21; 10 8 9];
7

8 global A
9

10 % Refine the mesh times
11 for i = 1:2
12 [node, elem] = refineMesh(node, elem);
13 end
14

15 % Plot the refined mesh
16 figure;
17 trimesh(elem, node(:,1), node(:,2), 'Color', 'k');
18 title('Refined Mesh');
19 xlabel('x');
20 ylabel('y');
21

22 % Explicit Euler solver
23

24 % Calculate boundary flags for refined mesh
25 tol = 1e-10;
26 bdFlag = zeros(size(elem));
27 boundaryNodes = find(abs(node(:,1) + 1) < tol | abs(node(:,1) - 1) < tol | ...
28 abs(node(:,2) + 1) < tol | abs(node(:,2) - 1) < tol | ...
29 (node(:,1) >= 0 & node(:,1) <= 1 & abs(node(:,2)) < tol) | ...
30 (node(:,2) >= -1 & node(:,2) <= 0 & abs(node(:,1)) < tol));
31 boundaryEdges = [];
32

33 for i = 1:size(elem, 1)
34 for j = 1:3
35 edge = sort([elem(i, j), elem(i, mod(j, 3) + 1)]);
36 if ismember(edge(1), boundaryNodes) && ismember(edge(2), boundaryNodes)
37 bdFlag(i, j) = 1; % Dirichlet condition
38 boundaryEdges = [boundaryEdges; edge];
39 end
40 end
41 end
42

43 Dirichlet = unique(boundaryEdges, 'rows');
44

45 M = sparse(size(node,1), size(node,1));
46 T = 1; dt = 0.00125; Nt = T/dt;
47

48 U = zeros(size(node,1), Nt+1);
49 global NT
50

51 N = size(node,1); NT = size(elem,1);
52 ii = zeros(9*NT,1); jj = zeros(9*NT,1); sA = zeros(9*NT,1);
53 ve(:,:,3) = node(elem(:,2),:) - node(elem(:,1),:);
54 ve(:,:,1) = node(elem(:,3),:) - node(elem(:,2),:);
55 ve(:,:,2) = node(elem(:,1),:) - node(elem(:,3),:);
56 global area
57 area = 0.5*abs(-ve(:,1,3).*ve(:,2,2) + ve(:,2,3).*ve(:,1,2));
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58

59 % Assembling process
60 assemblingsparse(node, elem);
61

62 % Assembling of M
63 for j = 1:size(elem, 1)
64 M(elem(j,:), elem(j,:)) = M(elem(j,:), elem(j,:)) + (det([1,1,1; node(elem(j,:), :)'])*[2,1,1; 1,2,1; 1,1,2])/24;
65 end
66

67 % Initial condition function
68 initialCondition = @(x, y) x .* y .* (x + 1) .* (y + 1) .* ((x >= -1 & x <= 0) & (y >= -1 & y <= 0)) + ...
69 x .* y .* (1 - x) .* (1 - y) .* ((x >= 0 & x <= 1) & (y >= 0 & y <= 1)) + ...
70 x .* y .* (x + 1) .* (y - 1) .* ((x >= -1 & x <= 0) & (y >= 0 & y <= 1));
71

72 % Get x and y coordinates of the nodes
73 x = node(:, 1);
74 y = node(:, 2);
75

76 % Apply initial condition
77 U(:, 1) = initialCondition(x, y);
78

79 % Define the function f
80 f = @(x) 10;
81

82 % Timesteps
83 time_points = [0, 0.1, 0.5, 1]; % Times at which to plot the solution
84 time_indices = round(time_points / dt) + 1; % Corresponding time step indices
85

86 for n = 2:Nt+1
87 b = sparse(size(node,1), 1);
88

89 % Right-hand side/load terms
90 mid1 = (node(elem(:, 2), :) + node(elem(:, 3), :))/2;
91 mid2 = (node(elem(:, 3), :) + node(elem(:, 1), :))/2;
92 mid3 = (node(elem(:, 1), :) + node(elem(:, 2), :))/2;
93 bt1 = area.*(dt*f(mid2) + dt*f(mid3))/6;
94 bt2 = area.*(dt*f(mid3) + dt*f(mid1))/6;
95 bt3 = area.*(dt*f(mid1) + dt*f(mid2))/6;
96

97 b = accumarray(elem(:), [bt1; bt2; bt3], [N 1]);
98 % Previous timestep
99 b = b + (M - dt * A) * U(:, n-1);

100

101 % Homogenous Dirichlet
102 isBdNode = false(N, 1);
103 isBdNode(Dirichlet) = true;
104 bdNode = find(isBdNode);
105 FreeNode = find(~isBdNode);
106 u = zeros(N, 1);
107 u(bdNode) = 0;
108

109 b = b - (dt * A + M) * u;
110

111 % Numerical solution
112 u(FreeNode) = M(FreeNode, FreeNode) \ b(FreeNode);
113 U(:, n) = u;
114 end
115
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116 p = node.';
117

118 % Plot the solution at specified times in one window
119 figure;
120 for t = 1:length(time_points)
121 subplot(2, 2, t); % 2x2 grid of subplots
122 trisurf(elem, p(1, :), p(2, :), U(:, time_indices(t)), 'FaceColor', 'interp');
123 xlabel('x'); ylabel('y'); zlabel('u');
124 title(['t = ', num2str(time_points(t))]);
125 colorbar;
126 view(3); % 3D view
127 end
128

129 sgtitle('Solution to the Parabolic Equation at Different Times');
130 toc;
131

132 % Function to add a new node if it is not already in the list of nodes
133 function [nodes, idx] = addNode(nodes, newNode)
134 tol = 1e-10; % Tolerance for comparing nodes
135 idx = find(all(abs(nodes - newNode) < tol, 2));
136 if isempty(idx)
137 nodes = [nodes; newNode];
138 idx = size(nodes, 1);
139 else
140 idx = idx(1);
141 end
142 end
143

144 % Function to refine the mesh
145 function [newNodes, newElements] = refineMesh(node, elem)
146 midpoint = @(p1, p2) (p1 + p2) / 2; % Define midpoint function
147 newNodes = node;
148 newElements = [];
149 for i = 1:size(elem, 1)
150 n1 = elem(i, 1);
151 n2 = elem(i, 2);
152 n3 = elem(i, 3);
153

154 p1 = node(n1, :);
155 p2 = node(n2, :);
156 p3 = node(n3, :);
157

158 m12 = midpoint(p1, p2);
159 m23 = midpoint(p2, p3);
160 m31 = midpoint(p3, p1);
161

162 [newNodes, idx12] = addNode(newNodes, m12);
163 [newNodes, idx23] = addNode(newNodes, m23);
164 [newNodes, idx31] = addNode(newNodes, m31);
165

166 newElements = [newElements; n1 idx12 idx31; n2 idx23 idx12; n3 idx31 idx23; idx12 idx23 idx31];
167 end
168 end
169

170 function A = assemblingsparse(node,elem)
171 global A
172 N = size(node,1); NT = size(elem,1);
173 i = zeros(9*NT,1); j = zeros(9*NT,1); s = zeros(9*NT,1);

52



174 index = 0;
175 for t = 1:NT
176 At = localstiffness(node(elem(t,:),:));
177 for ti = 1:3
178 for tj = 1:3
179

180 index = index + 1;
181 i(index) = elem(t,ti);
182 j(index) = elem(t,tj);
183 s(index) = At(ti,tj);
184 end
185 end
186 end
187 A = sparse(i,j,s,N,N);
188 end
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BDF2 method for the heat equation

1 elem = [2 16 1; 16 2 17; 3 17 2; 17 3 4; 17 15 16; 15 17 18; 4 18 17; 18 4 5; 19 15 18;
2 15 19 14; 20 18 5; 18 20 19; 12 14 19; 14 12 13; 11 19 20; 19 11 12; 6 20 5; 20 6 21;
3 7 21 6; 21 7 8; 21 11 20; 11 21 10; 8 10 21; 10 8 9];
4

5 node = [-1 -1; -0.5 -1; 0 -1; 0 -0.5; 0 0; 0.5 0; 1 0; 1 0.5; 1 1; 0.5 1; 0 1; -0.5 1; -1 1;
6 -1 0.5; -1 0; -1 -0.5; -0.5 -0.5; -0.5 0; -0.5 0.5; 0 0.5; 0.5 0.5];
7

8 bdFlag = [1 1 0; 0 0 0; 0 1 0; 1 0 0; 1 0 0; 0 0 0; 0 0 0; 1 0 0; 0 0 0; 0 1 0; 0 0 0;
9 0 0 0; 0 0 0; 1 1 0; 0 0 0; 1 0 0; 0 1 0; 0 0 0; 0 1 0; 1 0 0; 0 0 0; 0 1 0; 0 0 0; 1 1 0];

10

11 totalEdge = [elem(:,[2,3]);elem(:,[3,1]);elem(:,[1,2])];
12 Dirichlet = totalEdge(bdFlag(:) == 1, :);
13

14 M = sparse(size(node,1),size(node,1));
15 T = 1; dt = 0.01; Nt=T/dt;
16

17 U = zeros(size(node,1),Nt+1);
18 global NT
19

20 N = size(node,1); NT = size(elem,1);
21 ii = zeros(9*NT,1); jj = zeros(9*NT,1); sA = zeros(9*NT,1);
22 ve(:,:,3) = node(elem(:,2),:) - node(elem(:,1),:);
23 ve(:,:,1) = node(elem(:,3),:) - node(elem(:,2),:);
24 ve(:,:,2) = node(elem(:,1),:) - node(elem(:,3),:);
25 global area
26 global A
27 area = 0.5*abs(-ve(:,1,3).*ve(:,2,2)+ve(:,2,3).*ve(:,1,2));
28

29 % Assembling process
30 assemblingsparse(node,elem);
31

32 % Assembling of M
33 for j = 1:size(elem,1)
34 M(elem(j,:),elem(j,:)) = M(elem(j,:),elem(j,:)) + (det([1,1,1;node(elem(j,:),:)'])*[2,1,1;1,2,1;1,1,2])/24;
35 end
36

37 % Initial condition function
38 initialCondition = @(x, y) x .* y .* (x + 1) .* (y + 1) .* ((x >= -1 & x <= 0) & (y >= -1 & y <= 0)) + ...
39 x .* y .* (1 - x) .* (1 - y) .* ((x >= 0 & x <= 1) & (y >= 0 & y <= 1)) + ...
40 x .* y .* (x + 1) .* (y - 1) .* ((x >= -1 & x <= 0) & (y >= 0 & y <= 1));
41 initialCondition1 = @(x, y) 1; % Set initial condition to 1 everywhere
42 % Get x and y coordinates of the nodes
43 x = node(:,1);
44 y = node(:,2);
45

46 % Apply initial condition
47 U(:,1) = initialCondition(x, y);
48

49 % Call compute_implicit_euler_step function to compute U(:,2)
50 f_constant = @(x, y) 10; % Constant source term of 10
51 U(:,2) = compute_implicit_euler_step(U(:,1), elem, node, bdFlag, M, A, dt, f_constant);
52

53 % Source term function
54 f = @(x, y, t) 10 * ones(size(x)); % Constant source term
55

56 % Time-stepping loop
57 for n = 3:Nt+1
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58 b = sparse(size(node,1),1);
59

60 % Right-hand side/load terms
61 mid1 = (node(elem(:,2),:) + node(elem(:,3),:))/2;
62 mid2 = (node(elem(:,3),:) + node(elem(:,1),:))/2;
63 mid3 = (node(elem(:,1),:) + node(elem(:,2),:))/2;
64

65 f_tnp1 = f(mid1(:,1), mid1(:,2), (n-1)*dt); % f at t^(n+1)
66 f_tn = f(mid1(:,1), mid1(:,2), (n-2)*dt); % f at t^n
67

68 bt1 = area.*(dt*f_tnp1 + dt*f_tn)/6;
69 bt2 = area.*(dt*f_tnp1 + dt*f_tn)/6;
70 bt3 = area.*(dt*f_tnp1 + dt*f_tn)/6;
71

72 b = accumarray(elem(:), [bt1;bt2;bt3], [N 1]);
73

74 % Two-step BDF right hand side
75 b = b + 2*M*U(:,n-1) - 0.5*M*U(:,n-2);
76

77 % Homogenous Dirichlet
78 isBdNode = false(N,1);
79 isBdNode(Dirichlet) = true;
80 bdNode = find(isBdNode);
81 FreeNode = find(~isBdNode);
82 u = zeros(N,1);
83 u(bdNode) = 0;
84

85 b = b - ((3/2) * M + dt * A) * u;
86

87 % Numerical solution
88 u(FreeNode) = ((3/2)*M(FreeNode,FreeNode) + dt*A(FreeNode,FreeNode)) \ b(FreeNode);
89 U(:,n) = u;
90 end
91

92 % Plot the solution at specified times in one window
93 time_points = [0, 0.1, 0.5, 1]; % Times at which to plot the solution
94 time_indices = round(time_points / dt) + 1; % Corresponding time step indices
95

96 p = node.';
97

98 figure;
99 for t = 1:length(time_points)

100 subplot(2, 2, t); % 2x2 grid of subplots
101 trisurf(elem, p(1, :), p(2, :), U(:, time_indices(t)), 'FaceColor', 'interp');
102 xlabel('x'); ylabel('y'); zlabel('u');
103 title(['t = ', num2str(time_points(t))]);
104 colorbar;
105 view(3); % 3D view
106 end
107

108 %sgtitle('Solution to the Heat Equation at Different Times');
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function to compute via implicit euler the 1st step of BDF2 scheme

1 function U_next = compute_implicit_euler_step(U_prev, elem, node, bdFlag, M, A, dt, f)
2 % Function to compute the next step using the implicit Euler method
3 % Inputs:
4 % U_prev - Previous solution vector
5 % elem - Element connectivity matrix
6 % node - Node coordinates matrix
7 % bdFlag - Boundary flag matrix
8 % M - Mass matrix
9 % A - Stiffness matrix

10 % dt - Time step size
11 % f - Function handle for the right-hand side/load terms
12

13 totalEdge = [elem(:,[2,3]); elem(:,[3,1]); elem(:,[1,2])];
14 Dirichlet = totalEdge(bdFlag(:) == 1, :);
15

16 N = size(node, 1);
17 global area
18

19 b = sparse(size(node, 1), 1);
20

21 % Right hand side/load terms
22 mid1 = (node(elem(:, 2), :) + node(elem(:, 3), :)) / 2;
23 mid2 = (node(elem(:, 3), :) + node(elem(:, 1), :)) / 2;
24 mid3 = (node(elem(:, 1), :) + node(elem(:, 2), :)) / 2;
25 bt1 = area .* (dt * f(mid2(:,1), mid2(:,2)) + dt * f(mid3(:,1), mid3(:,2))) / 6;
26 bt2 = area .* (dt * f(mid3(:,1), mid3(:,2)) + dt * f(mid1(:,1), mid1(:,2))) / 6;
27 bt3 = area .* (dt * f(mid1(:,1), mid1(:,2)) + dt * f(mid2(:,1), mid2(:,2))) / 6;
28

29 b = accumarray(elem(:), [bt1; bt2; bt3], [N 1]);
30 b = b + M * U_prev;
31

32 % Homogenous Dirichlet
33 isBdNode = false(N, 1);
34 isBdNode(Dirichlet) = true;
35 bdNode = find(isBdNode);
36 FreeNode = find(~isBdNode);
37 u = zeros(N, 1);
38 u(bdNode) = 0;
39

40 b = b - (dt * A + M) * u;
41

42 % Numerical solution
43 u(FreeNode) = (dt * A(FreeNode, FreeNode) + M(FreeNode, FreeNode)) \ b(FreeNode);
44 U_next = u;
45 end
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Code for the calculation of errors at different time steps

1 % Load the data
2 load('U_euler.mat'); % U_euler
3 load('U_bdf2.mat'); % U_bdf2
4

5 % Define the exact solution
6 U_exact = [0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0.9135; 1.1538; 1.2019; 1.1538; 0.9135];
7

8 % Calculate errors at different time steps
9 errors_euler = zeros(100, 1);

10 errors_bdf2 = zeros(100, 1);
11

12 for n = 1:100
13 % Calculate the L2 norm of the errors
14 errors_euler(n) = norm(U_euler(:, n) - U_exact, 2);
15 errors_bdf2(n) = norm(U(:, n) - U_exact, 2);
16 end
17

18 % Plot errors over time steps
19 figure;
20 semilogy(1:100, errors_euler, '-o', 'DisplayName', 'Implicit Euler');
21 hold on;
22 semilogy(1:100, errors_bdf2, '-o', 'DisplayName', 'BDF2');
23 xlabel('Time step');
24 ylabel('Error (L2 norm)');
25 legend;
26 title('Error vs. Time Step');
27 grid on;
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Local stiffness matrix assembling

1 function [At, area] = localstiffness(p)
2 At = zeros(3,3);
3 B = [p(1,:) - p(3,:); p(2,:) - p(3,:)];
4 G = [[1,0]', [0,1]', [-1,-1]'];
5 area = 0.5 * abs(det(B));
6 for i = 1:3
7 for j = 1:3
8 At(i,j) = area * ((B\G(:,i))' * (B\G(:,j)));
9 end

10 end
11 end

Global stiffness matrix assembling

1 function A = assemblingsparse(node, elem)
2 global A
3 N = size(node, 1); NT = size(elem, 1);
4 i = zeros(9 * NT, 1); j = zeros(9 * NT, 1); s = zeros(9 * NT, 1);
5 index = 0;
6 for t = 1:NT
7 At = localstiffness(node(elem(t, :), :));
8 for ti = 1:3
9 for tj = 1:3

10 index = index + 1;
11 i(index) = elem(t, ti);
12 j(index) = elem(t, tj);
13 s(index) = At(ti, tj);
14 end
15 end
16 end
17 A = sparse(i, j, s, N, N);
18 end
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