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Abstract

Fluid flow models are frequently described using the two-dimensional (2-D) Shallow
Water Equations (SWEs) in a variety of applications such as oceanographic, river, and
coastal engineering applications. These equations take into consideration the impact of
topography and are crucial for simulating occurrences like flooding, dam breaks, and
waves. They are derived from the conservation laws of mass and momentum. However,
because accuracy and stability are required, numerical solutions to the SWEs can be diffi-
cult, particularly when working with complicated geometries and discontinuous topogra-
phies. In an effort to address these challenges, this thesis investigates the development
and implementation of a well-balanced scheme for solving the 2-D SWEs on unstruc-
tured triangular grids. The well-balanced scheme is an essential property to accurately
preserve steady-state solution, especially when dealing with complex bathymetry. The
Finite Volume Method (FVM) is used for special discretization, guaranteeing the local
conservation of mass and momentum. Flux calculations at cell interfaces are performed
using the approximate Hart - Lax - van Leer (HLL) Riemann solver. Time integration is
carried out through the Explicit Euler scheme, offering a simple but efficient mechanism
for temporal discretization. The primary goal of this study is to develop a robust numeri-
cal solver that preserves balance in wet-dry states under various topographical conditions.
Thus, the developed code is tested against benchmark test cases from established studies
to validate its performance in terms of accuracy and computational efficiency.
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Chapter 1

Introduction

1.1 Motivation

In geophysical and engineering applications, the mathematical and numerical modeling

of �uid dynamics relies heavily on Free Surface models. These models track the free

surface as a functionh (x;y;t), rather than capturing overturning or breaking waves as

Volume of Fluid (VOF) methods do [1]. Unlike VOF, which diffuses the interface over

multiple grid cells, Free Surface models maintain a sharp interface representation. Hy-

draulic engineering problems as well as simulating oceanic �ows depend on these models.

Among them, the Shallow Water Equations (SWEs) stand as a cornerstone in connecting

various modeling approaches, such as non-hydrostatic and multilayer approximations.

The SWEs, derived under the hydrostatic assumption, provide a reliable and effective

framework for modeling large-scale geophysical �ows. While they assume a depth-

averaged velocity and pressure distribution, their applicability can be extended through

more advanced formulations. One such extension is the multilayer-SWEs, which intro-

duce multiple vertical layers to better capture vertical strati�cation effects and variations

in velocity pro�les [2]. In coastal and oceanic simulations, multilayer-SWEs enhance

the representation of vertical velocity structures and improve the accuracy of wave dis-

persion properties, bridging the gap between simple depth-averaged models and fully

three-dimensional approaches [3]. This approach serves as an intermediate step between

the classical SWEs and the more complex non-hydrostatic Boussinesq equations, which

fully account for vertical accelerations and pressure variations in ocean modeling [4, 5].

1



Chapter 1.Introduction 2

The Table 1.1 below indicates the interaction just described, representing how SWEs are

a building block to move to more complex and accurate models.

TABLE 1.1: SWEs and their expansions

Hydrostatic Non-hydrostatic

1 Layer SWEs Boussinesq approximation

N Layers multilayer-SWEs Free Surface Euler models

Furthermore, applications of SWEs fall into two main categories: (1)

1) Global-scale geophysical �ows, which are typically approached using conservation

principles and entropy-based formulations.

2) Hydraulic problems, which are usually solved with Finite Volume Method (FVM).

During these problems, it is essential to accurately capture wetting-drying interfaces,

which are prevalent in numerous hydraulic applications such as �ood modeling, river

hydrodynamics, and dam-break simulations [6]. The Finite Volume Method (FVM)

has been widely adopted for solving the SWEs in such cases due to its ability to han-

dle complex topographies and boundary conditions while maintaining local conservation

properties [7]. Beyond localized hydraulic applications, the SWEs are also highly ef-

fective in modeling large-scale geophysical �ows, such as ocean circulation and plane-

tary atmospheres. This effectiveness stems from the fundamental assumption underlying

the SWEs: they are valid when the horizontal length scales of interest are signi�cantly

greater than the �uid depth, i.e., when the depth-to-length ratio is small(H=L << 1).

This assumption holds true in both nearshore and large-scale oceanic settings, where the

horizontal �ow dominates over vertical accelerations, allowing the SWEs to provide a

computationally ef�cient yet accurate approximation of �uid motion.

As an alternative to FVM in geophysical applications, Ringler [8] introduced a uni�ed

approach focusing on energy conservation and potential vorticity dynamics for structured

and unstructured grids. Unlike �nite volume methods, which are well-suited for captur-

ing shocks and discontinuities, these geophysical models prioritize long-term stability
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and conservation of all frequency energy and enstrophy, which are crucial for accurately

simulating large-scale �ows over extended time periods. Because shock waves are gen-

erally not a primary concern in planetary-scale �ows, these methods avoid the need for

explicit shock-capturing techniques, instead emphasizing numerical schemes that ensure

physically consistent energy transfer across scales. Moreover, for planetary atmospheres,

the equations are often adapted to a rotating frame, enabling their application in global

climate and weather simulations. Ricardo's publication [9] demonstrates how conserva-

tion laws and entropy-based formulations help preserve numerical stability for spherical

SWEs, which are vital for accurate climate and weather modeling.

It goes without saying that research on improving computational techniques to solve

SWEs is present. More attention is focused on well-balanced schemes that reliably

preserve steady-state solutions, while being robust when discontinuous topographies are

present.

1.2 Review of numerical methods

During the years, the Finite Volume Method (FVM) has become one of the most pop-

ular numerical technique for solving the SWEs. Speci�cally, this method ensures local

conservation properties, making it a recommended option for hyperbolic conservation

laws-problems [10, 11]. Moreover, there are two primary ways within the FVM frame-

work, a cell-centered and a node-centered approach. It has been demonstrated that the

cell-centered method, which is also employed in this thesis, provides solid numerical

stability and accuracy in handling complex geometries [12, 13]. Additionally, the cell-

centered technique ensures higher stability and conservation properties, as the computa-

tion of �uxes is being made directly across the control volume interface. On the other

hand, node-centered method requires interpolation to assess the numerical �uxes.

Meanwhile, a major challenge in this �eld is the presence of source terms originating

from bottom topography variations. In order to address this issue, well-balanced schemes

have been proposed by several researchers [14, 15], and they guarantee that their meth-

ods can preserve steady-state solutions, such as the lake at rest case. Using such schemes

prevents numerical oscillations, which could lead simulations to lose in terms of accu-

racy. One of the most common strategies in well-balanced schemes is the hydrostatic

reconstruction, which explicitly accounts for the source term's effects by modifying the



Chapter 1.Introduction 4

�uxes [16]. On top of that, modi�cations to the Riemann solver, such as �ux difference

splitting, have been employed to improve numerical suggestion, as Kurganov suggests

[17].

Another important feature that has to be considered while resolving the SWEs is shock

formation. For the purpose of capturing the right wave structure in �ow discontinuities,

such as those seen in dam-breaks situations, robust Riemann solvers must be used. The

Hart - Lax - van Leer (HLL) solver [18] is one example of an approximate Riemann solver

that has shown ef�cacy in managing these shocks while maintaining numerical stability.

The HLL solver is particularly advantageous, due to the fact that it provides accurate

approximations of shock waves, without requiring complex characteristic decompositions

[17]. In the wake of this, variants of the HLL solver, such as Hart - Lax - van Leer -

Contact (HLLC), have been developed to increase the resolution of contact discontinuities

and shear waves.

In addition to the above features, another signi�cant issue that need to be handled is the

wetting - drying interactions. The main challenge lies in tracking moving boundaries

with precision and without causing any numerical instability. In an attempt to address

this problem, numerous techniques have been proposed, such as slope limiting, positivity

- preserving method or �ux reconstruction [19, 13]. Through those techniques, the phys-

ical validity of such numerical solutions is ensured. Moreover, there have been presented

advanced techniques with higher order numerical schemes, for instance the reconstruc-

tion - based central upwind scheme, proposed by Liu [15]. Such advance methods have

shown increased stability and better handling of wetting and drying fronts.

Before moving on to the structure of the thesis, it is worth mentioning that this thesis is

based on the approaches covered in this literature review. This study attempts to create a

well-balanced Finite Volume Method with a robust wetting - drying treatment and an ap-

proximate Riemann solver, to achieve a reliable numerical scheme for solving the SWEs

on unstructured grids.
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1.3 Thesis outline

The structure of the following chapters is as follows:

Chapter 2 states the mathematical equations governing the present problem.

In Chapter 3, the topography and topology of the unstructured grids used are described,

and the numerical discretization of the problem is presented.

Chapter 4, �rstly contains two test cases carried out to validate the developed code, fol-

lowed by simulation results carried out to compare with existing literature.

Chapter 5 provides a summary and a brief commentary of the results, as well as several

future recommendations.



Chapter 2

Problem Formulation

The mathematical and physical framework of the 2-D Shallow Water Equations (SWEs)

is thoroughly examined in this section.

z= � B(x;y)

z= h (x;y)

H(x;y)

z

y

x

FIGURE 2.1: Physical domain of the model

The physical domain used for the SWEs is depicted in the Fig. 2.1. It represents a three-

dimensional body of water with a discontinuous bottom topography in a two-dimensional

cross-section.

6



Chapter 2.Problem Formulation 7

2.1 Governing equations

The SWEs are derived from the 3-D Navier Stokes equations for incompressible �ows.

Integrating over a water column and neglecting the vertical accelerations, the resulting

system consists of three coupled equations, which represent the mass conservation and

the conservation of momentum in x- and y- directions, as follows:

¶H
¶t

+
¶(Hu)

¶x
+

¶(Hv)
¶y

= 0; (2.1)

¶(Hu)
¶t

+
¶(Hu2 + 1

2gH2)
¶x

+
¶(Huv)

¶y
= gH

¶B
¶x

+ t bx; (2.2)

¶(Hv)
¶t

+
¶(Hvu)

¶x
+

¶(Hv2 + 1
2gH2)

¶y
= gH

¶B
¶y

+ t by; (2.3)

where

• H(x;y;t) is the water depth,

• u(x;y;t) andv(x;y;t) are the velocity components in thex andy directions, respec-

tively.

• g is the gravitational acceleration

• B(x;y) is the bottom topography

• t bx; t by are the bottom friction terms, which can be expressed as:

t bx = Cf � u�
p

u2 + v2 (2.4)

t by = Cf � v�
p

u2 + v2 (2.5)

with

Cf =
g� n2

m

h1=3
; (2.6)

the bottom coef�cient andnm, the Manning roughness coef�cient.

Let us denote here that the total water heightH(x;y;t) is the vertical distance between the

bottom topographyB(x;y) and the free surface elevationh (x;y;t).
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Mathematically, it is expressed as:

H(x;y;t) = h (x;y;t) + B(x;y) (2.7)

A number of crucial elements that characterize the �uid �ow dynamics are included in the

equations. Advection of momentum by the moving water is captured by the convective

�ux terms, such as those involving(hu2;huv) and(hv2;hvu). The water column's pres-

sure is taken into account through the pressure gradient term,( 1
2gH2), which illustrates

how the �uid's depth affects the dynamics of the system. Lastly, the impacts of bottom

topography, B(x,y), are incorporated into the source terms on the right-hand side. These

components work together to create a solid basis for understanding �uid behavior in the

speci�ed system.

The system is often written in a compact vector form to highlight its structure as a system

of conservation and balance laws:

¶U
¶t

+
¶Fx(U)

¶x
+

¶Fy(U)
¶y

= S(U); (2.8)

where the vector of conserved variablesU is:

U =

0

B
@

H

Hu

Hv

1

C
A (2.9)

The �ux vectorsFx(U) andFy(U) are:

Fx(U) =

0

B
@

Hu

Hu2 + 1
2gH2

Huv

1

C
A ; Fy(U) =

0

B
@

Hv

Huv

Hv2 + 1
2gH2

1

C
A (2.10)

The source termS(U), which includes the effects of bottom topographySb and friction

Sf, is:

S(U) = Sb + Sf =

0

B
@

0

gH¶B
¶x

gH¶B
¶y

1

C
A +

0

B
@

0

t bx

t by

1

C
A ; (2.11)
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2.2 Hyperbolic nature of the 2-D SWEs

The set of equations in Eq.(2.5) describes a general 2-D system of balance laws, which

can be reduced to a system of conservation laws if the source termS(U) is neglectedS�

0. In order to be this system hyperbolic, the x- and y- directional Jacobians¶Fx(U)=¶U

and¶Fx(U)=¶U must have real eigenvalues [10].

¶Fx(U)
¶U

=

0

B
@

0 1 0

c2 � u2 2u 0

� uv v u

1

C
A and

¶Fy(U)
¶U

=

0

B
@

0 0 1

� uv u v

c2 � v2 0 2v

1

C
A (2.12)

where c suggests the wave speed and is de�ned as:

c =
p

gH (2.13)

However, instead of calculating the Jacobian matrices separately for the two directions, it

would be feasible to directly compute the Jacobian matrixJ of the normal �ux and then

derive its eigenvalues.

The Jacobian matrix of the normal �uxJ is assessed as

J =
¶Fx(U)

¶U
� nx +

¶Fy(U)
¶U

� ny )

J =

0

B
@

0 nx ny

(c2 � u2) � nx � uv� ny 2u� nx + v� ny u� ny

(c2 � v2) � ny � uv� nx v� ny u� nx + 2v� ny

1

C
A (2.14)

wherenx andny are the components of the outward-pointing unit normal vectorn in the

x- and y-direction, respectively.

Ultimately, the eigenvalues of the above matrix are obtained and presented below:

l 1 = unx + vny � c; l 2 = unx + vny; l 3 = unx + vny + c (2.15)

In fact, the above expressionunx + vny draws the normal velocityunormal.
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The main characteristic of hyperbolic systems is that any change in the solution propa-

gates with a �nite velocity, which is limited by the minimum and maximum value of the

eigenvalues. In the present problem, this means that the solution propagation speed is

betweenl min = junormalj � c andl max = junormalj + c. As will be demonstrated below,

it is the nature of these equations that make approximate Riemann solvers particularly

effective for such problems.



Chapter 3

Numerical Implementation

3.1 Description of the interface

An effective and adaptable computational grid is necessary for the numerical solution of

the 2-D SWEs in order to properly describe the actual domain. This section discusses

the generation of the unstructured triangular mesh used in the solver with the connectiv-

ity matrices and various properties of the mesh, which are considered necessary for the

application of the SWEs.

3.1.1 Mesh generation

As stated earlier, the grids used in this study are unstructured triangular grids. This type

of grid offers �exibility in handling complex geometries and provides better adaptation to

local features, such as coastlines and riverbeds, compared to structured grids. TheANSA

software [20] was chosen to create the grids used for all the test cases conducted in this

thesis. This software was preferred because of its many features, as well as because it

is user-friendly. It provides powerful tools for both automatic and manual mesh gener-

ation, allowing the construction of grids suitable for various geometries and simulation

requirements. Once the domain is de�ned, the meshing process begins. The domain

was discretized into triangular elements, with the grid size carefully chosen to balance

resolution and computational ef�ciency.

11
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A typical mesh generated according to the process just described can be seen in Fig. 3.1

FIGURE 3.1: A typical mesh, generated with ANSA software

In the end, the �nalized mesh was saved inCGNS format [21]. This format was chosen

for the simple reason that it effectively organizes the grid data, such as the coordinates of

the nodes and the connectivity of the elements. These features are particularly important,

as through them all connectivity matrices and various other grid features are extracted,

which are necessary for the development of the algorithm for the �nite volume method.

3.1.2 Connectivity matrices and geometric characteristics

Having now stored the grid in the desired format, the next step is to extract the necessary

information from it. In other words, a subroutine had to be created that would ”read”

the mesh and extract the connectivity matrices and other topological and geometric pa-

rameters that form the basis for the development of the numerical scheme. The selected

connectivity matrices are speci�cally tailored for the operations required in the Finite

Volume Method (FVM) and well-balanced discretization of the Shallow Water Equations

(SWEs).
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It is important to clarify why we use these particular connectivity matrices and not others,

such as Node-to-Cell. The reason is that the required numerical operations—�ux compu-

tations, solution updates, and source term discretization—can be ef�ciently handled with

the following four connectivity matrices:

• Cell-to-Node: For 2-D linear triangular elements (denoted as TRI3 in the CGNS

notation), this connectivity matrix de�nes how the vertices (nodes) of the triangles

are connected. Each triangular element in the unstructured grid is de�ned by a set

of three nodes, forming a matrix that contains the indices of these nodes for all

triangles (cells) in the domain.

• Cell-to-Face:This matrix identi�es the faces that consist of each cell. It is obvious

that since the grid is triangular, every cell is formed by three faces. It is essential

for �ux calculations, because the �ux across each face directly contributes to the

update of the conserved quantities within the associated cell.

• Face-to-Cell:The present connectivity matrix associates each face j of a cell i with

a unique value (n) called face ID. Those values are not being assigned arbitrarily.

Instead, there is a search for matching faces between adjacent cells. Before we

continue with this process, it deemed necessary to clarify what a matching face is.

Two cells can be called as neighbors if they share two nodes. The edge created by

these two nodes is called matching face. So, if such faces are identi�ed, the same

�ux ID is assigned to both cells. On the other hand, if there is no match between

two cells, this means that this particular face is regarded as boundary. In order to

make it simple to establish whether a face is boundary of the domain or not, the

value -1 is set for such cases.

• Face-to-Node: The last connectivity matrix determines which nodes each face

connects. This knowledge is useful for computing geometric parameters, such as

outward normal vectors, face lengths or the cell area.
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What has been described above is illustrated schematically in Fig. 3.2, below.

Cells Faces

Nodes

cell2face

face2cell

cell2node face2node

FIGURE 3.2: Visual interpretation of relation between nodes, cells and faces of the mesh

Since different variables in the discretization are de�ned at different locations within the

grid, the following Table 3.1summarizes their placement and the corresponding connec-

tivity matrices used:

TABLE 3.1: Connectivity matrices and their roles in the numerical scheme

Grid Location Associated Variables Required Connectivity Ma-
trices

Purpose

Cell Center H;u;v - Finite Volume method dis-
cretization

Face Fluxes (F � n) Face-to-Cell, Cell-to-Face Riemann solver, Green-
Gauss theorem for integrals

Node Bottom topographyB Cell-to-Node, Face-to-Node Compute bottom slopes and
average topography

This distinction is crucial because each connectivity matrix serves a speci�c computa-

tional purpose, ensuring that all necessary values are correctly evaluated during the nu-

merical scheme's execution. These relationships will be further detailed in the following

sections, demonstrating how they connect in the overall discretization process. Clearly

de�ning these associations now provides a structured foundation for understanding their

role in the numerical implementation.

In addition to the connectivity tables, as mentioned, it was necessary to calculate some

additional geometric characteristics of the grid cells. Starting with the exterior normal

vectors for each side of a cell, these vectors are deemed necessary for the calculation

of the �ows, but also of the normal velocities, as shown in the corresponding section of
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Chapter 2. Assuming a counter-clockwise ordering of the vertices (consistent with CGNS

notation as shown in Fig. 3.3), the normal vector for an edge between nodesi and j can

be calculated as follows:

ni j =
1

jr j � r i j

 
y j � yi

x j � xi

!

wherer i = ( xi ;yi) andr j = ( x j ;y j ) are the coordinates of nodesi and j.

Finally, the centroid of each cell i and its area are calculated according to the coordinates

of the 3 three nodes of each triangular element, as presented below:

xc(i) =
x1 + x2 + x2

3

yc(i) =
y1 + y2 + y3

3

cell area(i) =
1
2

j(x2 � x1) � (y3 � y1) � (x3 � x1) � (y2 � y1)j

Again, what has just been analyzed is graphically illustrated in Fig. 3.3.

N1 (x1;y1)

N2 (x2;y2)

N3 (x3;y3)

Centroid

(xc;yc)

~n12

FIGURE 3.3: A 2-D triangular element with the normal vector~n drawn at the midpoint
of the edge between node 1 and node 2, in accordance with the CGNS notation



Chapter 3.Numerical Implementation 16

3.2 Numerical discretization of the SWEs

During this section, the numerical discretization of the equations developed and analyzed

in Chapter 2 is provided. In the next �gure (Fig. 3.4), an example of an unstructured tri-

angular grid is illustrated, highlighting some characteristic variables for each cell, which

are essential for the development of the Finite Volume Method (FVM) presented in the

following.

k
=

1

k = 2

k
=

3

Wi

Cell i

Cell j

jDlkj

~nk

FIGURE 3.4: Cell-centered �nite volume approach
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3.2.1 Finite volume method

Let us denote the computational domain with the letterWand assume that this domain

is discretized into triangles of areaWi , as it is depicted in Fig. 3.4. Now, the SWEs are

integrated over the whole domain under the assumption of a cell-centered approach of

the �nite volume method [11, 17]:

Z

W

¶U
¶t

dW+
Z

W

¶Fx(U)
¶x

dW+
Z

W

¶Fy(U)
¶y

dW=
Z

W
S(U) dW (3.1)

The computational domain is split into a set of �nite volumesWi , and the divergence

theorem is applied to the �ux terms, turning the surface integrals into line integrals along

the cell borderGi :

Z

Wi

¶U
¶t

dW= �
Z

Gi

(Fx(U)nx + Fy(U)ny) dGi +
Z

Wi

S(U) dW; (3.2)

which can be rewritten into:

Z

Wi

¶U
¶t

dW= �
Z

Gi

F(U) � ndGi +
Z

Wi

S(U) dW; (3.3)

where as it is mentioned,Gis the boundary of the control cell i,n denotes the unit out-

ward normal vector andF(U) � n; (= Fx(U)nx + Fy(U)ny) is the �ux matrix normal to the

boundary.

The above relationship is interpreted in the physical world as follows: the rate of change

of the conservative variables is equal to the sum of the net �ux to the inside of the cell

plus any variation created by the source term.

Supposing that the mesh is “frozen” in space and the coordinates of the nodes are time-

invariant, then the temporal derivative is constant and thus it can go out of the surface

integral. This results in:

¶Ui

¶t
= �

1
jWi j

Z

Gi

F(U) � ndGi +
1

jWi j

Z

Wi

S(U) dW (3.4)



Chapter 3.Numerical Implementation 18

3.2.2 The HLL Approximate Riemann Solver

The solver used in this study is the HLL Solver (named after Harten, Lax, and van Leer)

[18]. The HLL solver is a well-known approximate Riemann solver that computes the

numerical �uxes at the cell interfaces based on the characteristic wave speeds in the

system.

As it has been outlined in section 2.2, the equations governing the 2-D SWEs are hy-

perbolic in nature and can be effectively described by the wave propagation structure.

Thus, the choice of this speci�c approximate Riemann solver is particularly suitable for

our problem. Based on the HLL solver, the system can be characterized by a two wave

structure in which the intermediate state between the left- and right-moving waves (SL

andSR) is constant in space and time, as it has been thoroughly described in Toro's book

[22]. This constant state is denoted asUHLL and represents the averaged state within the

wave fan.

HLL Assumption: U (x;t) =

8
>>><

>>>:

UL if x=t < SL;

UHLL if SL � x=t � SR

UR if x=t > SR

(3.5)

where the intermediate stateUHLL along with the two speed wavesSL, SR are calculated

as follows:

UHLL =
(SRUR � FR) � (SLUL � FL)

SR � SL
(3.6)

SL = min
�

unormal(L) �
p

gHL;unormal(R) �
p

gHR

�
;

SR = max
�

unormal(L) +
p

gHL;unormal(R) +
p

gHR

� (3.7)

Since we have obtained an explicit relation for the intermediate state, we can now calcu-

late the Godunov �ux:

FHLL =
SRFL � SLFR � SRSL (UR � UL)

SR � SL
(3.8)

Figure 3.5 illustrates the wave structure of the HLL solver and it helps visualize how the

solver de�nes the �uxes based on these simpli�ed wave interactions.
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SL SR

x

t

UHLL

UL UR

0

FIGURE 3.5: The HLL Approximate Riemann Solver

A more thorough examination of this solver's application and the process for computing

the numerical �ows at the cell interfaces will be provided in the upcoming section.

3.2.3 Interface �ux calculation

In the �nite volume method, the �ux term is integrated along the edges of each triangular

cell, expressed as:
Z

Gi

F(U) � ndGi =
3

å
k= 1

sikFk(U) � nk jDlkj; (3.9)

where

• nk is the unit normal vector to face k,

• lk is the length of face k

• sik is the sign indicating whether we are to the left or right of face k

sik =

8
<

:
+ 1 if i = L(k);

� 1 if i = R(k);
(3.10)

The inclusion ofsik is necessary because the Green-Gauss theorem requires outward-

pointing normal vectors when computing surface integrals. However, in our formulation,

the unit normal vectorsnk follow a global orientation convention rather than being locally

de�ned per cell. This means that, depending on whether a cell is on the left or right side

of a face, the normal vector may point in the opposite direction relative to the required
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outward orientation. The role ofsik is to correctly adjust the sign of the �ux contribu-

tion at each face, ensuring consistency with the Finite Volume Method's conservation

properties.

Let us clarify that indexi denotes the current cell, while indexj denotes the cell located

on the other side of the facek. This can be understood from Fig. 3.5 below.

k
th

edge

Wi

Left Cell i

UL

Right Cell j

UR

FIGURE 3.6: Graphical representation of the two neighboring cells i and j

In �nite volume schemes, the numerical �ux at each interface must be determined based

on the left and right states (UL andUR). Due to the discretized nature of the solution,

these states are generally different, and the choice of �ux computation method signi�-

cantly affects stability, accuracy, and the correct propagation of physical waves. Simply

averaging the �uxes from both sides would not properly account for the hyperbolic nature

of the shallow water equations, potentially leading to incorrect wave speeds and numeri-

cal instabilities.

To ensure physically consistent �ux calculations, a Riemann solver is employed. The

HLL approximate Riemann solver is particularly well-suited for this task, as it considers

two characteristic wave speeds,SL andSR, which de�ne the range within which informa-

tion propagates across the interface. This formulation ensures that:

• The numerical �ux respects the characteristic wave structure of the shallow water

equations.

• Discontinuities, such as shocks and rarefactions, are captured correctly without

introducing excessive numerical dissipation.

• Stability is preserved, particularly in scenarios involving wetting-drying fronts or

complex topographies.
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Thus, to approximate the integral over the edges of each triangular cell, we employ the

HLL approximate Riemann solver, as introduced in Section 3.2.2. The interface numeri-

cal �ux is computed as:

FHLL =

8
>>><

>>>:

FL ; SL � 0;

FR; SR � 0;
SRFL � SLFR+ SLSR(UR� UL )

SR� SL
; otherwise,

(3.11)

where:

• SL;SR are the two wave speeds, as have been presented in the section 3.2.2 with

the only difference that we add a value,cmin =
p

ewet, in order to avoid a possible

collapsing of the eigenvalues in case of dry cells.

SL = min
�

� cmin; unormal(L) �
p

gHL; unormal(R) �
p

gHR

�
;

SR = max
�

cmin; unormal(L) +
p

gHL; unormal(R) +
p

gHR

�

• FL = Fk(UL ) � nk is the �ux for the left state.

• FR = Fk(UR) � nk is the �ux for the right state.

• UL andUR are the conservative variables on the left and right sides of the edge,

respectively.

For stability and accuracy, the valuesUL andUR should include corrections based on the

bottom topography. Thus, we calculate a modi�ed height of the water, which takes into

account the difference between the edge topography and the cell-averaged topography.

This is known as hydrostatic reconstruction, and we apply it to ensure the scheme is

well-balanced. The modi�ed height of the water is calculated as:

Ĥi = Hi � B̄i + B̂i j (3.12)

where:

B̄i =
1
Wi

Z

Wi

BdW�
Bi1 + Bi2 + Bi3

3
; (3.13)

B̂i j =
1

Gi j

Z

Gi j

BdG�
Bi j (1)+ Bi j (2)

2
(3.14)
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This correction is important for maintaining a well-balanced scheme in the presence of

complex bottom topography. The concept of well-balanced schemes is central to accurate

simulations, particularly in cases with wet and dry regions [14, 15]. We will discuss this

in more detail in the following section 3.2.4, where we will introduce the well-balanced

source term.

The modi�ed conserved variables for each side of the edge are then:

UL =

2

6
4

Ĥi

Ĥiui

Ĥivi

3

7
5 ; UR =

2

6
4

Ĥ j

Ĥ ju j

Ĥ jv j

3

7
5 (3.15)

Finally, the discretized �ux term is:

Z

Gi

F(U) � ndGi �
3

å
k= 1

FHLL ;kDlk (3.16)

3.2.4 Well-balanced discretization of the source terms

3.2.4.1 Geometric Slope

In the discretization of the source term, great importance must be given to how the effect

of the bottom topography is introduced so that the numerical scheme is characterized as

well-balanced. A numerical scheme is considered to be well-balanced, when it preserves

exactly the steady states on a discrete level. In the present study, we focus solely on

maintaining the lake-at-rest steady states, in which the free-surface is �at (H � B̄= const:)

and the �uid is stagnant (u = v = 0) [23]. So according to the lake-at-rest conditions, the

interface variables and the �ux term will be:

(
Hi � B̄i = C

ui = vi = 0

)

) ÛL=R =

2

6
4

C+ B̂i

0

0

3

7
5 ; Fk =

2

6
4

0
g
2(C+ B̂i)2

g
2(C+ B̂i)2

3

7
5 (3.17)

For these reasons, we should approximate the source term in such a way that it negates

the pressure �uxes. The source term has the following form:

S= gHÑB = g(H � B) ÑB+
g
2

Ñ(B2); (3.18)
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So, the approximation of the bottom topography source term will be:

1
jWi j

Z

Wi

Sb(U) dW= Si = g(Hi � B̄i) gradB̄+
g
2

grad(B̄2); (3.19)

where:

grad(B̄) =
1
Wi

å
k2faces(i)

sikB̂knkjDlkj; (3.20)

grad(B̄2) =
1
Wi

å
k2faces(i)

sikB̂2
knkjDlkj (3.21)

3.2.4.2 Friction Slope

Regarding the friction term, the contribution of this term to the integral of the source term

is evaluated by averaging the friction term over the cell. This source term represents the

bed friction stresses, which account for the resistance the �ow experiences as it moves

across the bed. The inclusion of this term is crucial for modeling the effects of bed rough-

ness, which directly in�uence the �ow dynamics, particularly in shallow water systems.

Without this frictional resistance, the Shallow Water Equations (SWEs) would fail to ac-

curately represent the real-world behavior of water bodies, as friction is a fundamental

physical process in natural �ows [24], [10].

The discretized form of the bed friction stresses is analyzed below to show how this term

is incorporated into the numerical solution. This ensures that the model maintains realis-

tic �ow characteristics, including the damping of velocity and the stabilization of water

depth, particularly in cases involving steady-state �ow or wetting and drying phenomena.

According to Eq. 2.4 and 2.5, for every cell i we have:

t bx(i) = Cf ui

q
u2

i + v2
i ;

t by(i) = Cf vi

q
u2

i + v2
i ;

(3.22)

with Cf given by the Eq. 2.6 Finally, the discretized friction term is:

1
jWi j

Z

Wi

Sf(U) dW�
g� n2

m

H � 2:33
i

q
(Hiui)2 + ( Hivi)2

2

6
4

0

Hiui

Hivi

3

7
5 (3.23)
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3.2.5 Time integration

For the time integration, the explicit Euler scheme is used. However, as far as the friction

term is concerned, it is implicitly introduced in the update of the variables. The mathe-

matical explanation is given below:

Let us denote as,

R(Un) =
1

jWi j
å

k2faces(i)

(sikF�
k � nkjDlkj) + Sn

bi; (3.24)

the term, which includes the total �ux and the slope source term. The friction source

term, which was described and given by the Eq. 3.23 consists of a part, calculated at the

time n and it is applied to the vector of the conserved variables at the next timen+ 1.

Thus, it can be written as,

Sf(U) � � A(Un) � Un+ 1 (3.25)

Finally, the update of the conserved variables is made as follows:

Un+ 1 � Un

Dt
= R(Un) � A(Un) � Un+ 1 )

Un+ 1 = Un + Dt � R(Un) � Dt � A(Un) � Un+ 1 )

[1+ Dt � A(Un)] � Un+ 1 = Un + Dt � R(Un) )

Un+ 1 =
Un + Dt � R(Un)
1+ Dt � A(Un)

(3.26)

3.2.5.1 Time-step calculation

The calculation of the time stepDt is implemented by using a local time stepping method,

which is useful to accelerate the convergence toward the steady solution. The chosen local

time-step method within each cell is:

Dt = CFL�
Wi

å 3
j= 1

�
jui � n

i j
x + vi � n

i j
y j + c

�
Dl i j

; (3.27)

where CFL is the Courant number, which has a range of values from 0 to 1 (0< CFL� 1).

In this study, due to the order of the numerical scheme, the value of CFL was chosen to

be equal to 0.9.
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3.2.5.2 Draining time-step method

In the Eq. 3.26, it is notably that the �ux term isn't the one that has been calculated above.

Instead, it is modi�ed due to the fact that in partially �ooded cells, the positivity of the

Hn+ 1
i may not be satis�ed. Moreover, for very smallHn

i , the upper bound of the time-step

Dt can also be arbitrarily small. Thus, the “draining time step”Dtdrain is introduced [14,

15], which represents the minimum time needed for the celli to be completely drained,

and it is computed as:

Dtdrain =
Wi � Hi

å 3
k= 1max(0;sikF(1)

k )
(3.28)

In this way, the modi�ed �ow term will take into account when updating the conservative

variables the case where we may have a cell drainage.

limitF = min(Dtdrain=Dt;1) (3.29)

F�
k = limitF � Fk (3.30)

Through Figure 3.7, the operation of the method just described is represented. In partic-

ular, it can be seen that if we do not take into account the rate at which the middle cell

empties, then there is a possibility that it will end up in the next time step with a negative

value in the water level. This will result in a numerical failure. However, by using the

draining time-step method, this risk ceases to exist, since as shown in the right �gure, the

neighboring cells will get the exact amount of water they need so that the middle cell will

be emptied.
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Without draining time-step With draining time-step

Negative water height

FIGURE 3.7: Virtual representation of the draining time-step implementation

3.2.5.3 Water depth tolerance

The time integration is completed with the updating of the conservative variablesU =

[H Hu Hv]T . However, the primitive variables,[H u v]T , must also be renewed. Thus, it

is important to take care that this updating is done correctly. As already mentioned there

are cases of dry cells, or cells that become drained which means that the water level is

quite low. This can lead to errors and possibly instability of the solution. For this reason,

we introduce a tolerance limit for the water column in order to avoid any division by a

very small number, which is close to zero. This limit is calledewet and in case where

the water column takes a value less than this limit then automatically the corresponding

horizontal u and vertical v velocity of the speci�c cell are set equal to zero.

u =

8
<

:
Hu=H; i f H � ewet;

0; otherwise,
(3.31)

The same applies to the vertical velocity v. As for the limit e, a value of 10� 4 was chosen.
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3.2.6 Boundary conditions

We conclude this chapter with the boundary conditions of the problem, which are de�ned

by calculating the �ows at the boundary. It should be mentioned that for the sake of

convenience only boundary conditions of solid boundary type were implemented. Setting

solid boundary conditions automatically means that the �uid velocity is zero (u = v = 0),

therefore the �ows are calculated directly as:

Fk =

2

6
4

0
g
2Ĥ2

i � nk
x

g
2Ĥ2

i � nk
y

3

7
5 (3.32)



Chapter 4

Results Analysis

Moving at this point to the �ndings of the work, this chapter is divided into two main

sections. First, two simulations were performed to con�rm that the developed code main-

tains the lake-at-rest steady states, and that the draining time step is used correctly. Then,

several test cases, replicated from relevant literature [19, 15, 12, 25, 13], are presented in

order to compare the results. For two test cases, the comparison is made directly with the

corresponding analytical solution, while the remaining cases are compared with experi-

mental and simulation results.

4.1 Validation of code properties

4.1.1 The lake-at-rest case

This test is designed to demonstrate the preservation of the C-property (consistency) the

corresponding discretization of the source term. In this case, we consider a computational

domain [0,1m] x [0,1m], divided into 9800 triangular cells. The bottom topography has

an exponential shape of:

B(x;y) = 0:05e� (r=0:3)2
; (4.1)

wherer =
�
(x� 0:5)2 + ( y� 0:5)2

� 1=2

28
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The initial conditions for the primitive variables are:

H(x;y) = 0:01m+ B̄(x;y)

u(x;y) = v(x;y) = 0
(4.2)

In �gures 4.1 and 4.2, we display the three-dimensional (3-D) picture of the still water

surface that results from computing the solution at time t = 10 sec. Also, for visualization

purpose and only, the z-axis is scaled 5 times. Throughout the simulation, the water's

surface remains intact. Furthermore, the next two �gures show the horizontal (Fig. 4.3a)

and vertical (Fig. 4.3b) velocity �elds, respectively.

FIGURE 4.1: Water surface of the lake-at-rest case for t=10 sec

FIGURE 4.2: Water surface of the lake-at-rest case for t=10 sec (different angle)
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a) b)

FIGURE 4.3: Horizontal (a) and vertical (b) velocity �eld

In addition to the visualized result, the following table (Table 4.1) contains the maximum

and minimum value recorded for the water height variable H, but also for the horizontal

u and vertical velocity v. The table reveals that indeed the velocities along and across the

entire �eld remain zero.

TABLE 4.1: Minimum and maximum values for the primitive variables H, u and v

Variables Minimum value Maximum value

H 1:02� 10� 2 5:99� 10� 2

u � 9:18� 10� 9 9:28� 10� 9

v � 9:20� 10� 9 9:21� 10� 9

4.1.2 The utilization of draining time-step

The next case concerns the application of the draining time step method, presented in

detail in paragraph 3.2.5.2. The purpose of this test case is to highlight the importance of

this property for the overall methodology that was developed. For this to happen, a bench-

mark test was set up and the percentage change in mass was calculated and compared,

with and without the use of the above method. In particular, the same computational do-

main was chosen as before, i.e. [0,1m] x [0,1m] and the same number of cells (9,800).
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Regarding bathymetry, a Gaussian topography was preferred, while for the initial con-

ditions of our key variables, conditions corresponding to a dam case were chosen. In

particular, the velocity �eld was set to zero (u = v = 0), while regarding the water height

H, it was set to 0:03m for x-axis values less than 0:1m and 0m everywhere else. Finally,

the Manning coef�cient was set to 0:011 and the CFL was set to 0:9. The mathematical

expressions of what has just been described are given below.

B(x;y) = � 0:01e� (r=0:3)2
; (4.3)

wherer =
�
(x� 0:5)2 + ( y� 0:5)2

� 1=2

H(x;y) =

8
<

:
0:03m+ B̄(x;y); if x � 0:1m;

0:0m+ B̄(x;y); otherwise,

u(x;y) = v(x;y) = 0:

(4.4)

The simulation lasted 10 seconds (t = 10s), calculating and monitoring the total mass of

water in each iteration:

Masstotal =
nCells

å
i= 1

Hi �Vi (4.5)

Below are some snapshots of the water height at various times, followed by a diagram

showing the time history of the mass with and without the use of the draining time-step

method. This time, the z-axis is scaled 10 times.

a)
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b)

c)

d)

FIGURE 4.4: Water height elevation at: (a)t = 0s, (b) t = 1s, (c) t = 2:5s, (d) t = 10s
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FIGURE 4.5: Temporal evolution of the mass with and without the draining time-step
method

As shown above in Figure 4.5, by using the draining time-step, the total mass of the

system is conserved. In contrast, if this option is not enabled, the mass does not remain

constant, but increases over time. In particular, according to Table 4.2, without the use of

this method, there is an increase of 0.97% for this period.

TABLE 4.2: Mass change rate values

Draining time-step method on Draining time-step method off

Initial mass 2:927� 10� 3 2:927� 10� 3

Final mass 2:927� 10� 3 2:955� 10� 3

Mass change rate 0:0 % 0:97 %
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4.2 Test cases

As mentioned above, this section includes 5 benchmark tests that have already been stud-

ied in existing literature [12, 13]. The presentation of the results starts with two cases,

which have an analytical solution. This is followed by two dam-break cases studied by

Nikolos [12] and Hou [13], in order to make a direct comparison with their �ndings.

4.2.1 2-D Frictionless parabolic bowl

The present test case can reveal by its nature, how the developed model performs in

wetting and drying conditions. The function describing the bottom topography of the

parabolic bowl, as developed by Sampson et al. [26], is the following:

b(x;y) = h0
�
(x� x0)2 + ( y� y0)2�

=a2; (4.6)

where(x0;y0) the center of the computational domain,h0 = 10m and a = 3000m are

constants of the problem.

The analytical solution of the frictional �ow depends on the relationship between the bed

friction parametert and a peak amplitude parameterp,

p =
q

8gh0=a2 (4.7)

For t < p, the theoretical 2-D solution is:

h (x;y;t) = h0 �
1
2g

B2e� t t

�
1
g

Be� t t=2
h� t

2
sinst+ cosst

�
(x� x0) �

� t
2

cosst+ sinst
�

(y� y0)
i

u(t) = Be� t t=2sinst

v(t) = � Be� t t=2cosst;

(4.8)

whereB is constant ands=
p

p2 � t 2=2.
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The initial conditions to our model are given by Eq. 4.8, whent = 0s and alsot = 0s� 1,

as we examine the frictionless case. Ultimately, the initial conditions are set, as follows:

B(x;y) = � h0
�
(x� x0)2 + ( y� y0)2�

=a2; (4.9)

where(x0;y0) = ( 4000;4000), h0 = 10m anda = 3000m.

H(x;y) = h0 �
1
2g

B2 �
1
g

Bs(x� x0) + B̄(x;y)

u(x;y) = 0

v(x;y) = B

(4.10)

where the constants are set toh0 = 10m, a = 3000m andB = 5m=s.

The computational domain spanned from [0, 8000m] x [0, 8000m], having 4 solid bound-

aries, and was discretized into a total of 200,000 triangular cells. The simulation lasted

a total of two periods(T = 1345:71s) and the CFL number was set equal to 0.9. Below

are some snapshots of the water height at two different times, followed by corresponding

diagrams showing and comparing the analytical solution with the numerical results. The

comparison of the two solutions is made along the diagonal. Figure 4.6 shows exactly

this cross-section on the diagonal. In this snapshots, the z-axis is scaled 100 times.

a)

FIGURE 4.6: Cross-section on the diagonal of the domain
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a)

b)

FIGURE 4.7: Water height elevation at: (a)t = 200s, (c) t = 400s

In the next page, the water level and the unit-width discharges, calculated along the diag-

onal, are displayed in Figs. 4.8 and 4.9. It is clear, that the computed variables correspond

rather well with the exact ones. Furthermore, the method seems to prevent any spurious

high velocities or negative water depths, so there are not any noticeable distortions found

close to the wet and dry interfaces.
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a) b)

FIGURE 4.8: Analytical and numerical results att = 200s: (a) Water level and (b) Fluxes
hu=hv

a) b)

FIGURE 4.9: Analytical and numerical results att = 400s: (a) Water level and (b) Fluxes
hu=hv
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4.2.2 Thacker's curved solution

Another case that was examined, was Thacker's curved solution [25]. In particular,

Thacker presented a series of exact solutions for non-linear shallow water wave equa-

tions. The examined analytical solution is part of these and concerns processes of up-

stream and downstream of shallow water waves in a parabolic bowl. The herein problem

is described by the following equations:

b(x;y) = � h0

�
1�

r2

a2

�
; (4.11)

wherer =
p

(x� x0)2 + ( y� y0)2 is the distance from the center point,h0 = 0:1m is the

initial depth of the water anda = 1m is the distance from the center to the zero elevation

of the bottom.

The analytical form of the water level and the velocities, omitting the friction, is given by

the following equations:

h (x;y;t) = h0

" p
1� A2

1� A� coswt
� 1�

r2

a2

�
1� A2

(1� Acoswt)2

�
� 1

#

u(t) =
1

1� A� coswt

�
1
2

w(y� y0)Asinwt
�

v(t) =
1

1� A� coswt

�
1
2

w(y� y0)Asinwt
�

;

(4.12)

wherew =
p

8gh0=a, is the frequency of the system andA = a2� r2
0

a2+ r2
0
, with r0 expressing

the distance from the center point to the point where the shoreline is initially located.

This test case was studied in a similar way to the previous one. That is, a simulation

was performed, which had a total duration of two periods(T = 2:24s) and correspond-

ing graphs were extracted in order to compare the numerical results with the analytical

solution again.

Before presenting the results it is worth mentioning that the initial conditions are obtained

from Eqs. 4.11 and 4.12, setting time t equal to zero. So, it follows:

B(x;y) = � h0

�
1�

r2

a2

�
; (4.13)
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where(x0;y0) = ( 2;2), h0 = 0:1manda = 1m.

H(x;y) = h0

" p
1� A2

1� A
� 1�

r2

a2

�
1� A2

(1� A)2

�
� 1

#

+ B̄(x;y)

u(x;y) = 0

v(x;y) = 0

(4.14)

This time, the computational domain had dimensions [0, 4m] x [0, 4m] and was dis-

cretized into a total of 160,000 triangular cells. Similar to before, 4 boundaries were

assumed to be solid walls. Below are snapshots and diagrams for two different time

moments.

a)

b)

FIGURE 4.10: Water height elevation at: (a)t = 0:3T, (c) t = 0:75T
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(a) (b)

(c) (d)

(e) (f)

FIGURE 4.11: Analytical and numerical results for the water level and �uxes att = 0:3T:
(a) Water level, (c) Flux Hu, (e) Flux Hv and att = 0:75T: (b) Water level, (d) Flux Hu,

(f) Flux Hv

Looking at the plots in Fig. 4.11, we notice that the computed results are in good agree-

ment with the analytical solution. It is easy to ascertain that there are no strange patterns

near wet-dry fronts nor negative water depths during the simulation. However, a slight

discrepancy is observed in the diagram 4.11(a) and in the water surface mapping.
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4.2.3 2-D Partial dam-break

The present test case is one of the most popular benchmark tests for evaluating numerical

schemes in shallow water equations, as described by Nikolos [12]. It is of particular

interest that in this test case Nikolos considers not only a second-order numerical scheme,

but also a �rst-order one. Therefore, a direct comparison of the results with our model,

which is also of �rst-order, can be made. This test consists of a computational domain

occupying the space [-100, 100m] x [-100, 100m]. Symmetrically from the y-axis (x=0),

there is an opening of total length 10m with respect to the x-axis and 75m with respect

to the y-axis. This opening is 30m from the left bank and 95m from the right bank. As

far as the boundary conditions are concerned, the boundary is considered to be a solid

wall, with the exception of the opening at the middle of the domain(x = 0m), which is

transmissive. This computational domain just described was discretized into a total of

about 15,800 triangular cells. The simulations had a duration of 7.2 seconds and the CFL

number was chosen to be equal to 0.8. Moving at this point to the initial conditions, it is

assumed that the water depth downstream is eitherh = 5min a wet case scenario orh = 0

in a dry case, whereas the water depth upstream of the dam ish = 10m. Additionally, the

bottom is considered to be �at(B(x;y) = 0) and frictionless(nm = 0). The mathematical

expression of the initial conditions is given below:

B(x;y) = 0; (4.15)

H(x;y) =

8
<

:
10m; if x � 0m;

5m (wet case) or 0m (dry case); otherwise,

u(x;y) = v(x;y) = 0:

(4.16)

In the next pages are the results extracted from the simulations, comparing them alongside

Nikolos' results. Figs. 4.12 present the results in terms of velocity �eld and water depth

for the wet case, there the water height in the right side of the dam is 5m. Also, both

of those numerical schemes are �rst-order. On the other hand, in Fig. 4.13, the same

comparison is made, although in this case the right side of the dam is considered to be dry

(H = 0m). Furthermore, the numerical scheme of Nikolos in the dry case is second-order.

Following the results shown on the next page, one can observe that the results obtained

from our �rst-order numerical scheme are in good agreement with those of Nikolos.




	Acknowledgements
	List of Figures
	List of Tables
	Abbreviations
	1 Introduction
	1.1 Motivation
	1.2 Review of numerical methods
	1.3 Thesis outline

	2 Problem Formulation
	2.1 Governing equations
	2.2 Hyperbolic nature of the 2-D SWEs

	3 Numerical Implementation
	3.1 Description of the interface
	3.1.1 Mesh generation
	3.1.2 Connectivity matrices and geometric characteristics

	3.2 Numerical discretization of the SWEs
	3.2.1 Finite volume method
	3.2.2 The HLL Approximate Riemann Solver
	3.2.3 Interface flux calculation
	3.2.4 Well-balanced discretization of the source terms
	3.2.4.1 Geometric Slope
	3.2.4.2 Friction Slope

	3.2.5 Time integration
	3.2.5.1 Time-step calculation
	3.2.5.2 Draining time-step method
	3.2.5.3 Water depth tolerance

	3.2.6 Boundary conditions


	4 Results Analysis
	4.1 Validation of code properties
	4.1.1 The lake-at-rest case
	4.1.2 The utilization of draining time-step

	4.2 Test cases
	4.2.1 2-D Frictionless parabolic bowl
	4.2.2 Thacker's curved solution
	4.2.3 2-D Partial dam-break
	4.2.4 2-D Dam-break over a dry bottom sill


	5 Conclusions and future work
	5.1 Conclusions
	5.2 Scope for future work


