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̈ΙΛ΅ΕΗΘϟΉΖ

̆΅ ΘΑ ΉΎΔϱΑΗ ΘΖ Δ΅ΕΓϾΗΖ ΈΔΏΝΐ΅ΘΎφΖ ΉΕ·΅Ηϟ΅Ζǰ Ό΅ φΌΉΏ΅ Α΅ ΉΎΚΕΣΗΝ
ΘΖ ΉΙΛ΅ΕΗΘϟΉΖ ΐΓΙ ΗΘΓΙΖ Δ΅Ε΅ΎΣΘΝǱ

Ȋ ̖ΓΑ ΉΔΆΏνΔΓΑΘ΅Ύ΅Ό·ΘφΐΓΙΎǯ ̋ΉϱΈΝΕΓ̄ΏΉΒϱΔΓΙΏΓǰ ΘϱΗΓ·΅ ΘΑ΅ΑΣΌΉΗ
ΘΖ Δ΅ΕΓϾΗ΅Ζ ΔΘΙΛ΅ΎφΖ ΉΕ·΅Ηϟ΅Ζ ϱΗΓ Ύ΅ ·΅ ΘΑ ΗΙΐΔ΅ΕΣΗΘ΅Η Ύ΅ ΘΖ
ΔΓΏϾΘΐΉΖ ΗΙΐΆΓΙΏνΖ ΘΓΙ Ύ΅ΌϱΏ Θ ΈΣΕΎΉ΅ ΘΖ ΉΎΔϱΑΗΖǰ ·΅ ΘΖ ·ΑЏΗΉΖ
ΔΓΙ νΛΝ ΅ΔΓΎΓΐφΗΉ ΈΓΙΏΉϾΓΑΘ΅Ζ ΎΓΑΘΣ ΘΓΙ Ύ΅ ·΅ ΘΖ ΉΙΎ΅ΕϟΉΖ ΔΓΙ ΐΓΙ νΛΉ
ΈЏΗΉǯ

Ȋ ̖ΓΙΖ·ΓΑΉϟΖ ΐΓΙǰ ̆Ε·ϱΕΎ΅̙ΕΗΘϟΑ΅ǰ ΘΓΑ΅ΈΉΕΚϱΐΓΙ̕Θ΅ΐΣΘ·΅ ΘΖ ΗΙΐΆΓΙΏνΖ
Ύ΅ ΘΑ Ύ΅ΌΓΈφ·Η ΘΓΙΖ Ύ΅ ·΅ ΘΓ ϱΘ φΘ΅Α ΈϟΔΏ΅ ΐΓΙ ϱΏΉΖ ΘΖ ΗΘ·ΐνΖǯ ̇Ή Ό΅
ΐΔΓΕΓϾΗ΅ Α΅ ΉϟΛ΅ ΊΘφΗΉ Ύ΅ΏϾΘΉΕ ΓΎΓ·νΑΉ΅ǯ

Ȋ ̖ΓΙΖ ΗΙΐΚΓΘΘνΖ Ύ΅ ΚϟΏΓΙΖ ΐΓΙǯ

Ȋ ̌Έ΅ϟΘΉΕ΅ ΉΙΛ΅ΕΗΘЏ ΘΑ ΎΓΔνΏ΅ ΐΓΙǰ ̄··ΉΏΎφǰ ΔΓΙ φΘ΅Α ΈϟΔΏ΅ ΐΓΙ ΗΙΑνΛΉ΅ǯ
̕Θ΅ Ύ΅ΏΣǰ ΅ΏΏΣ ΔΉΕΗΗϱΘΉΕΓ ΗΘ΅ ΣΗΛΐ΅ǯ ̆΅ ΘΑ ΙΔΓΐΓΑφ ΘΖ ΔΓΙ ΅Ύϱΐ Ύ΅
ΗΘΖ ǻΔΉΕΓΕΗΐνΑΉΖǼ Έ΅ΎΓΔνΖ ΐ΅Ζǰ Ή·Џ ΈΓΙΏΉΙ΅ Ύ΅ ΘΑ ΅ΑΓΛφ ΔΓΙ ΈΉϟΛΑΉ ϱΘ΅Α
ΈΉΑ Ήϟΐ΅ ϱΔΝΖ Ό΅ νΔΕΉΔΉ Α΅ Ήϟΐ΅ǯ

ś



���� ���� ������������¢ ���� �����



̓ΉΕϟΏΜ

̒ΗΙΗΛΉΘϟΗΉΖ ����Ȭ�������� ΅ΔΓΘΉΏΓϾΑ νΑ΅΅Δȇ Θ΅ΔΓ Λ΅Ε΅ΎΘΕΗΘΎΣ΅ΔΓΘνΏΉΗΐ΅
ΘΝΑ ΗΛΙΕЏΑ ΅ΏΏΏΉΔΈΕΣΗΉΝΑǯ ̕ΘΑ Δ΅ΕΓϾΗ΅ ΔΘΙΛ΅Ύφ ΉΕ·΅Ηϟ΅ ΐΉΏΉΘΓϾΑΘ΅
ΗΙΗΛΉΘϟΗΉΖ ����Ȭ�������� ΈΉϾΘΉΕΖ Ύ΅ ΅ΑЏΘΉΕΖ ΘΣΒΖΐΉ ΈΉΈΓΐνΑ΅΅Δȇ ΘΓΑ΅ΑΛΑΉΙΘφ
�����ǯ ̄Α΅ΏϾΓΑΘ΅∼ 106 p− p ΅ΏΏΏΉΔΈΕΣΗΉΖ ΉΑνΕ·Ή΅Ζ ΗΘΓ ΎνΑΘΕΓ ΐΣΊ΅Ζ

√
s = 7

���ǯ
̄Δϱ ΘΑ ΎΆ΅ΑΘΓΐΛ΅ΑΎφ ·ΑΝΕϟΊΓΙΐΉ ΔΝΖ ΅Α ΉΑ΅ΏΏΣΒΓΙΐΉ ΈϾΓ ΅Δϱ � ΐΔΓΊϱΑ΅ǰ

ΈΉΑ ΅ΏΏΣΊΉ  ΎΙΐ΅ΘΓΗΙΑΣΕΘΗ ΔΓΙ ΔΉΕ·ΕΣΚΉ ΘΑ Ύ΅ΘΣΗΘ΅Η ΘΝΑ ΐΔΓΊΓΑϟΝΑǯ
̄ΙΘφ  ΈϱΘΘ΅ ΘΖ ΗΘ΅ΘΗΘΎφΖ ����Ȭ�������� Ηΐ΅ϟΑΉ ΔΝΖ  Ύ΅ΘΣΗΘ΅Η Ψ νΛΉ ΘΑ
ΈϱΘΘ΅

Ψ(1, 2, ..., N) = Ψ(2, 1, ..., N)

 ΓΔΓϟ΅ ΓΈ·Ήϟ ΗΘΑ ·νΑΑΗ ΓΐΓϟΝΑ ΐΔΓΊΓΑϟΝΑǯ
̊ ΔΌ΅ΑϱΘΘ΅ Α΅ Δ΅Ε΅ΘΕφΗΓΙΐΉ ΈϾΓ ΗΝΐ΅ΘϟΈ΅ ΐΉ ΓΕΐφ k1 Ύ΅ k2 ΉϟΑ΅

P (k1,k2) =
∫
|ψ1,2|2|ρ(r1)|2|ρ(r2)|2�3r1�3r2

ϱΔΓΙ ψ1,2 = ψ1,2(k1k2, r1r2)  ΎΙΐ΅ΘΓΗΙΑΣΕΘΗ ΘΝΑ ΈϾΓ ΗΝΐ΅ΘΈϟΝΑǯ
̆΅ ΈϾΓ Θ΅ΙΘϱΗΐ΅ ΐΔΓΊϱΑ΅  ΗΙΐΐΉΘΕΎφ ψ1,2 νΛΉ Θ ΐΓΕΚφ

ψs
1,2 =

1√
2

[
ei(k1·r1+k2·r2) + ei(k1·r2+k2·r1)

]

Ύ΅Θ΅Ώφ·ΓΑΘ΅Ζ ΗΘΓ

|ψs
1,2|2 = 1 + ��� [(k1 − k2)(r1 − r2)] = 1 + ��� [∆k(r1 − r2)] .

̙ΕΗΐΓΔΓЏΑΘ΅Ζ Θ΅ Δ΅Ε΅ΔΣΑΝ ΓΕϟΊΓΙΐΉ Θ ΗΙΑΣΕΘΗ ΘΖ ΗΙΗΛνΘΗΖ ΈΉϾΘΉΕΖ
ΘΣΒΖ

C2(∆k) = 1 + |ρ(∆k)|2.
̕ΘΖΔΉΕΗΗϱΘΉΕΉΖ ����Ȭ�������� ΅Α΅ΏϾΗΉΖ ΛΕΗΐΓΔΓΉϟΘ΅ ΅Α΅ΏϾΝΘΔ΅ΕΣΐΉΘΕΓΖ

Qǰ ΔΓΙ ΓΕϟΊΉΘ΅ ΝΖ Q2 = Q2
2 = −(q1 − q2)2 = M2

2 − 4m2ǰ ϱΔΓΙ m  ΐΣΊ΅ ΘΝΑ
ΗΝΐ΅ΘΈϟΝΑǯ q1ǰ q2 Ύ΅ M2

2 ΉϟΑ΅ Θ΅ ΘΉΘΕ΅Έ΅ΑϾΗΐ΅Θ΅ Ύ΅  ΅Α΅ΏϾΝΘ ΐΣΊ΅ ΗΘΓ
ΘΉΘΕΣ·ΝΑΓ ΈϾΓ Θ΅ΙΘϱΗΐΝΑ ΐΔΓΊΓΑϟΝΑ ΐΣΊ΅Ζ µǯ ̗ΔΓΌνΘΓΑΘ΅Ζ ΉΔϟΗΖ ϱΘ Δ·φ
ΐΔΓΕΉϟ Α΅ ΔΉΕ·Ε΅ΚΉϟ ΅Δϱ ΐ΅ ΗΙΐΐΉΘΕΎφ ΗΚ΅ΕΎφ ·Ύ΅ΓΙΗ΅Αφ ΗΙΑΣΕΘΗ

ρ(r) = ρ(0)e−r20/2r
2
0

ŝ



������ ŗǱ ̎ϱ·ΓΖ ΓΐϱΗΐΝΑȦΉΘΉΕϱΗΐΝΑ ΊΉϾ·ΝΑ ΔΓΑϟΝΑ ·΅ ΈΉΈΓΐνΑ΅ Ύ΅ �����
�����ǯ

ΘϱΘΉ  ΗΙΑΣΕΘΗ ΗΙΗΛνΘΗΖ ����Ȭ�������� Δ΅ϟΕΑΉ Θ ΐΓΕΚφ

C2(Q) = 1 + e−r2GQ2
.

̆΅ ΘΐνΘΕΗ ΘΓΙΚ΅ΑΓΐνΑΓΙ����Ȭ�������� ΛΕΗΐΓΔΓφΌΎ΅Α ΈΉΈΓΐνΑ΅΅Δȇ ΘΓΑ
΅ΑΛΑΉΙΘφ �����ǯ ̄Α΅ΏϾΌΎ΅Α ΔΉΕϟΔΓΙ 106 ·Ή·ΓΑϱΘ΅ Θ΅ ΓΔΓϟ΅ ΅ΑΘΗΘΓΛΓϾΑ ΗΉ 109
ΊΉΙ·ΣΕ΅ ΓΐϱΗΐΝΑ ΔΓΑϟΝΑ Ύ΅ 109 ΊΉΙ·ΣΕ΅ ΉΘΉΕϱΗΐΝΑ ΔΓΑϟΝΑǯ ̉ΘΓϾΐΉ ϱΏ΅ Θ΅
ΗΝΐ΅ΘϟΈ΅ Α΅ νΛΓΙΑ ΘΓΙΏΣΛΗΘΓΑ Ř ��¡�� Ύ΅ Ř ��� ���� ΐΉ pT > 200 ��� Ύ΅ |η| <
2.5ǯ ̈ΔϟΗΖ ΔΕνΔΉ Α΅ Ύ΅Ό΅ΕΗΘΉϟ ΘΓ ������ ΅Δϱ ΈΉΙΘΉΕΓ·ΉΑφ ΔϱΑ΅ǰ ϱΔΝΖ ΅ΙΘΣ ΔΓΙ
ΔΕΓνΕΛΓΑΘ΅ ΅ΔΓ ΗΝΐ΅ΘϟΈ΅ ϱΔΝΖ Θ΅ K0

s Ύ΅ Λǯ
̒ Ύ΅Θ΅ΑΓΐνΖ ·ϟΑΓΑΘ΅ ę� ΐΉ ΈϾΓΗΙΑ΅ΕΘφΗΉΖǯ ̖Α 1+λe−rQ2 Ύ΅ Θ

(
1 + λe−rQ2

)
/(1+

δQ2)ǯ
̊ ΐνΘΕΗ ΅ΙΘφ ·ϟΑΉΘ΅ Ύ΅ ·΅ Ŝ �����������¢ ����ǯ ̙ΝΕϟΊΓΙΐΉ ΘΓ ������ ΗΉ Ŝ

ΙΔΓȬ������� ΅ΑΣΏΓ·΅ ΐΉ Θ �����������¢ ΘΓΙ �����ǯ ̖΅ ΅ΔΓΘΉΏνΗΐ΅Θ΅ Κ΅ϟΑΓΑΘ΅ ΗΘΓΑ
Δ΅Ε΅ΎΣΘΝ ΔϟΑ΅Ύ΅

̄ΔΓΘΉΏνΗΐ΅Θ΅ ΘΝΑ ę�� ΗΉ ΈΉΈΓΐνΑ΅ ΉΑνΕ·Ή΅Ζ ŝ ���
�����������¢ λ τ ǻ��Ǽ

ŘȬş 0.862± 0.022 0.570± 0.014
ŗŖȬŗŚ 0.566± 0.019 0.605± 0.018
ŗśȬŗş 0.455± 0.015 0.620± 0.019
ŘŖȬŘş 0.382± 0.009 0.640± 0.014
řŖȬřş 0.298± 0.008 0.657± 0.011
ŚŖȬŝş 0.247± 0.004 0.728± 0.010



������ ŘǱ ̕ΙΑΣΕΘΗ ΗΙΗΛνΘΗΖ ·΅ ΓΐϱΗΐ΅ Ύ΅ ΉΘΉΕϱΗΐ΅ ΊΉϾ· ΔΓΑϟΝΑ ·΅ ΈϾΓ
Έ΅ΚΓΕΉΘΎΣ ��� ΅Α΅Ώϱ·ΝΖ ΘΖ �����������¢ ΘΓΙΖ ǻ2 ≤ N < 40 ��� 40 ≤ N < 80Ǽǯ

̕Θ ΗΙΑνΛΉ΅ ν·ΑΉ Ύ΅ ΐΉΏνΘ ΘΙΛЏΑ ΗΙΗΘΐ΅ΘΎЏΑ ΔΓΙ ΔΕΓΗΔΓΓϾΘ΅Α ΘΓ Ηφΐ΅ǯ
̈Δ΅Α΅ΏΣΆ΅ΐΉ ΘΑ ϟΈ΅ ΅ΑΣΏΙΗ ΗΉ ΈϟΓ Έ΅ΚΓΕΉΘΎΣ ������� ΉΎ ΘΝΑ ΓΔΓϟΝΑ ΗΘΓ
νΑ΅ ǻΓΐϱΗΐ΅ ΊΉϾ· ΅Δϱ ΘΓ ϟΈΓ ·Ή·ΓΑϱΖ ΔΕΓΖ ΓΐϱΗΐ΅ ΊΉϾ· ΅ΔΓ Έ΅ΚΓΕΉΘΎΣ
·Ή·ΓΑϱΘ΅Ǽ  ΎΆ΅ΑΘΓΐΛ΅ΑΎφΔΕΓΆΏνΔΉ ����Ȭ�������� ΗΙΗΛΉΘϟΗΉΖ Ύ΅ ΗΉ νΑ΅ ΈΉϾΘΉΕΓ
ǻΉΘΉΕϱΗΐ΅ ΊΉϾ· ΅Δϱ ΘΓ ϟΈΓ ·Ή·ΓΑϱΖ ΔΕΓΖ ΉΘΉΕϱΗΐ΅ ΊΉϾ· ΅ΔΓ Έ΅ΚΓΕΉΘΎΣ
·Ή·ΓΑϱΘ΅Ǽ ·΅ ΘΓ ΓΔΓϟΓ ΈΉ ΔΕΓΆΏνΔΉǯ

̈ΔΆΉΆ΅ЏΗ΅ΐΉ ϱΘ ΈΉΑ νΛΓΙΐΉ ΗΙΗΘΐ΅ΘΎΣ ϱΔΝΖ Κ΅ϟΑΉΘ΅ ΗΘΓ ΗΛφΐ΅ǯ



������ řǱ σȇ� ΘΝΑρ ΝΖ ΗΙΑΣΕΘΗ ΘΖ pT

̕Θ ΗΙΑνΛΉ΅ ΛΕΗΐΓΔΓΓϾΑΘ΅ Έ΅ΗΔΣΗΉΖ ΘΓΙ ΐΔΓΊΓΑϟΓΙ Z0 ΗΉ µ+µ− ·΅ Θ
ΐΉΏνΘ ΘΖ ΅ΔϱΈΓΗΖ ΘΓΙ Κ΅Ηΐ΅ΘϱΐΉΘΕΓΙ ΐΓΑϟΝΑǯ

̄ΚΓϾ Ύ΅Θ΅ΗΎΉΙΣΗΓΙΐΉ νΑ΅ ������ ΅ΔΓ Z0 Θ΅ ΓΔΓϟ΅ Έ΅ΗΔΓϾΑΘ΅ ΗΉ ΐϱΑ΅ǰ
ΐΉΏΉΘΓϾΐΉ ΘΑ ΓΕΐφΔΓΙ Ύ΅Θ΅·ΕΣΚΉΘΉ ΗΘΓ ΉΗΝΘΉΕΎϱ ΅ΑΛΑΉΙΘφ Ύ΅ ΘΓ ΗΔΉΎΘΕϱΐΉΘΕΓ
ΐΓΑϟΝΑǯ ̗ΔΓΏΓ·ϟΊΓΙΐΉ ΘΑ ΔΓΗϱΘΘ΅

ρ =
pID − pMS

pID

Ύ΅ Θ ΛΝΕϟΊΓΙΐΉ ΗΉ ş pT ����ǯ ̕Θ ΗΙΑνΛΉ΅ ΉΚ΅ΕΐϱΊΓΙΐΉ νΑ΅ ·Ύ΅ΓΙΗ΅Αϱ ę� ΗΘΖ
Ύ΅Θ΅ΑΓΐνΖ ΅ΙΘνΖ Ύ΅ Δ΅ϟΕΑΓΙΐΉ ΘΓ σǯ

̍΅Θ΅Ώφ·ΓΙΐΉ ΗΘΓ ���������� ΘΓΙ ΐΓΑΎΓϾ ΗΔΉΎΘΕϱΐΉΘΕΓΙ ϱΔΝΖ Κ΅ϟΑΉΘ΅ ΗΘΑ
Δ΅Ε΅ΎΣΘΝ ΉΎϱΑ΅ǯ



̕ΘΓ ΘΉΏΉΙΘ΅ϟΓ ΎΓΐΐΣΘ ΘΖ ΉΕ·΅Ηϟ΅ΖΔ΅ΕΓΙΗΣΊΓΑΘ΅ ΈϾΓΐνΈΓΌΓ ·΅ ΘΑ΅Α΅Ύ΅Θ΅ΗΎΉΙφ
ΗΘϱΛΓΙ ΐΉ Θ ΛΕφΗ ΘΓΙ ΅ΑΛΑΉΙΘφ �������	��ǯ ̖΅ ΈΉΈΓΐνΑ΅ ΔΓΙ ΅Α΅ΏϾΌΎ΅Α
Ύ΅Θ΅·ΕΣΚΎ΅Α Ύ΅ΘΣ Θ ΈΣΕΎΉ΅ ΘΓΙ ̌ΓΙΏϟΓΙ ΘΓΙ ŘŖŗŗ ΗΘΓ 
Ŝ �������� �������¢ ΘΓΙ
���� ΐΉ ΈνΗΐΉΖ ΔΓΑϟΝΑǯ

̙ΕΗΐΓΔΓφΌΎ΅Α ř ΅ΑΛΑΉΙΘνΖ ǻ�ŗŚǰ �ŗş� Ύ΅ �ŗş	Ǽǯ

������ ŚǱ ̖Γ ����� ΘΝΑ ΅ΑΛΑΉΙΘЏΑ �������	�� �ŗŚǰ �ŗş� ��� �ŗş	ǯ

̏νΌΓΈΓΖ �
̋ΉΝΕϟ΅

̙ΕΗΐΓΔΓΓϾΐΉ ΘΖ ΌνΗΉΖ ΘΝΑ �������� ΘΝΑ ΘΕЏΑ���������� ·΅΅Α΅Ύ΅Θ΅ΗΎΉΙΣΗΓΙΐΉ
ΘΓ ΗΐΉϟΓ ·Ή·ϱΑΓΘΓΖǯ ̆΅ ΎΣΌΉ ΊΉΙ·ΣΕ ΅Δϱ �������� ǻ΅Δ΅ΘЏΑΘ΅Ζ ΘΓΙΖ �������� Α΅ ΉϟΑ΅
ΗΉ Έ΅ΚΓΕΉΘΎΓϾΖ ��������Ǽǰ ΅Α΅Ύ΅Θ΅ΗΘΉΙΣΊΓΙΐΉ ΘΓ ΗΐΉϟΓ ΘΓΐφΖ ΘΖ ΉΙΌΉϟ΅Ζ ΔΓΙ
ΉΑЏΑΉ Θ΅ ΈϾΓ �������� ΐΉ Θ ·Ε΅ΐΐφ ΘΖ ΈνΗΐΖǯ

̖Γ ΗΐΉϟΓ ΅ΙΘϱǰ xvǰ ΈϟΑΉΘ΅ ΅Δϱ ΘΓΑ ΘϾΔΓǱ

xv =
xj(m)zi(n)− xi(n)zj(m)

zi(n)− zj(m)
ǻŗǼ

ϱΔΓΙ (zi(n), xi(n)) , (zj(m), xj(m)) ΉϟΑ΅ Γ ΗΙΑΘΉΘ΅·ΐνΑΉΖ ΘΓΙ ������� nǰ ΗΘΓ ΉΔϟΔΉΈΓ
iǰ Ύ΅ ΘΓΙ ������� m ΗΘΓ ΉΔϟΔΉΈΓ jǰ ΅ΑΘϟΗΘΓΛ΅ǯ ̎΅ΐΆΣΑΓΑΘ΅Ζ ΙΔϱΜΑ Θ Έ΅ΎΕΘΎφ



������ śǱ ̇ϾΓ �������� ΗΉ ΈϾΓ �������� Ύ΅ Γ ΓΕΗΐϱΖ ΘΝΑ zv Ύ΅ (AB)ǯ

Ύ΅ΑϱΘΘ΅ ΘΓΙ ������� ���������� ·΅ Θ΅ ���� ΅ΙΘ΅ǰ νΑ΅ �������� (AB) ΘΓΙ xv ΐΔΓΕΉϟ
Α΅ ΓΕΗΘΉϟ ΝΖǱ

(AB) = 2σ
zi(n) + zj(m)

|zi(n)− zj(m)| ǻŘǼ

ϱΔΓΙσ ΉϟΑ΅  Έ΅ΎΕΘΎφ Ύ΅ΑϱΘΘ΅ ΘΓΙ �������ǯ ̏΅�����ĵ���Li,j(n,m)Ύ΅Θ΅ΗΎΉΙΣΊΉΘ΅
·΅ Θ΅ ΈϾΓ ΅ΙΘΣ ��������

Li,j(n,m) =
1

(x− xv)2 + (AB)2/4
ǻřǼ

ϱΔΓΙ zv Ύ΅ (AB) ΓΕϟΊΓΑΘ΅ ϱΔΝΖ Δ΅Ε΅ΔΣΑΝǯ ̊ Έ΅ΈΎ΅Ηϟ΅ ΅ΙΘφ ΉΔ΅Α΅Ώ΅ΐΆΣΑΉΘ΅
·΅ ΎΣΌΉ ΊΉϾ·ΓΖ΅Δϱ �������� ΔΓΙΆΕϟΗΎΓΑΘ΅ ΗΉ Έ΅ΚΓΕΉΘΎΓϾΖ ��������ǯ ̄ΌΕΓϟΊΓΑΘ΅Ζ
ϱΏΉΖ ΅ΙΘνΖ ΘΖ ΗΙΑΉΗΚΓΕνΖ ǰ Li,j(n,m)ǰ ·΅ ϱΏΓΙΖ ΘΓΙΖ ΔΌ΅ΑΓϾΖ ��������ǰ ΓΕϟΊΓΙΐΉ Θ
ΗΙΑΣΕΘΗ G(x) ϱΔΓΙ ΔΉΕ·ΕΣΚΉ Θ Δ΅ΌΑϱΘΘ΅ ΘΓΙ �����¡ �����Ǳ

G(x) =
3∑

i

3∑

j

Ni∑

n

Nj∑

m

Li,j(n,m) ǻŚǼ

ϱΔΓΙ Ni Ύ΅ Nj ΉϟΑ΅ Γ ΅ΕΌΐΓϟ ΘΝΑ �������� ΗΘΓΙΖ �������� ǻi = 1,ǳ, 3Ǽǰ ǻj = 1,ǳ, 3Ǽǰ
΅ΑΘϟΗΘΓΛ΅ǯ ̖Γ ΐν·ΗΘΓ ΘΖ ΗΙΑΣΕΘΗΖ G(x) ΓΕϟΊΉ ΘΓ �����¡ ΘΓΙ ·ΉΑΓΑϱΘΓΖ ����� xgǯ
̊ ΉΎϱΑ΅ ǵǵ ΈΉϟΛΑΉ ΘΑ ΅Α΅Ύ΅Θ΅ΗΎΉΙφ ΘΓΙ ����� �����¡ ·΅ ·Ή·ΓΑϱΘ΅ ΐΉ ΚΓΕΘΗΐνΑ΅
ΗΝΐ΅ΘϟΈ΅ǯ

̄ΚΓϾ ΆΕΉΌΉϟ ΘΓ xv ΛΕΗΐΓΔΓΓϾΐΉ ΘΑ ϟΈ΅ ΐνΌΓΈΓ ·΅ Α΅ ΆΕΓϾΐΉ ΘΓ zvǯ



������ ŜǱ �Ȭ������� ΗΐΉϟ΅ ΛΕΗΐΓΔΓΓϾΑΘ΅ ·΅ ΘΑ ΅Α΅Ύ΅Θ΅ΗΎΉΙφ ΘΓΙ �����
�����¡ ΉΑϱΖ ΘΙΔΎΓϾ ·Ή·ΓΑϱΘΓΖ ΐΉ ΔΓΏΏΣ ΚΓΕΘΗΐνΑ΅ ΗΝΐ΅ΘϟΈ΅ǰ ΛΕΗΐΓΔΓЏΑΘ΅Ζ
Θ ΐνΌΓΈΓ ̄ǯ

̄ΔΓΘΉΏνΗΐ΅Θ΅
����� �����

̊ ΅Α΅Ύ΅Θ΅ΗΎΉΙφ ΘΓΙ �����¡ �����ǰ xgǰ ΐΉΏΉΘφΌΎΉ ΛΕΗΐΓΔΓЏΑΘ΅Ζ ����� �����
ΐΉΌϱΈΓΙΖǯ ̕ȇ΅ΙΘϱ ΘΓ���������� ǰ Δ΅ΕΣ·ΓΙΐΉ ΓΐΓϱΐΓΕΚ΅νΑ΅Α΅ΕΌΐϱ΅ΔϱΗΝΐ΅ΘϟΈ΅
ΔΓΙ ΔΕΓνΕΛΉΘ΅ ΅ΔΓ νΑ΅ ΎΓΑϱ �����¡ �����ǰ xgenǯ ̍ΣΌΉ ΗΝΐ΅ΘϟΈΓ ΓΈ·ΉϟΘ΅ ΗΘΓΙΖ
΅ΑΛΑΉΙΘνΖ ·΅ Α΅ ΔΕΓΗΓΐΓΝΌΓϾΑ Γ ��������ǯ ̖Γ �����¡ǰ xrec ΅Α΅Ύ΅Θ΅ΗΎΉΙΣΊΉΘΉ ΅Δϱ
ΘΓΙΖ ΔΕΓΗΓΐΓΝΐνΑΓΙΖ �������� ΛΕΗΐΓΔΓЏΑΘ΅Ζ ΘΑ Δ΅Ε΅ΔΣΑΝ ΐνΌΓΈΓǯ ̘΅ϟΑΉΘ΅
ϱΘ  ΐνΌΓΈΓΖ ΅ΙΘφ ΅Α΅Ύ΅Θ΅ΗΎΉΙΣΊΉ ΘΓ �����¡ �����ǰ xgǯ

̈Κ΅ΕΐΓ·φ ΗΉ ΈΉΈΓΐνΑ΅

¡ȬΣΒΓΑ΅Ζ

̙ΕΗΐΓΔΓΓϾΐΉ ΘΑ ΐνΌΓΈΓ ΓΔΙ ΔΉΕ·ΕΣΚΎΉ Δ΅Ε΅ΔΣΑΝ ΗΉ Ś Έ΅ΚΓΕΉΘΎΣ ���
ΈΉΈΓΐνΑΝΑǯ ̖Εϟ΅ ���� ΔΓΙ ΔΉΕΏ΅ΐΆΣΑΓΙΑ ·Ή·ΓΑϱΘ΅ ΐΉ ΘΓ ΗΘϱΛΓ ΐΉΘ΅ΒϾ ΘΓΙ ΗΝΏφΑ΅
ΘΖ ΈνΗΐΖ Ύ΅ ΘΝΑ ΅ΑΛΑΉΙΘЏΑ ǻΗΉ ΅ΔΓΗΘΣΗΉΖ ŗǯŚř�ǰ ŗ� Ύ΅ Ŗǯś�Ǽ Ύ΅ νΑ΅ ���
ΈΉΈΓΐνΑΝΑ ΔΓΙ ΔΉΕΏ΅ΐΆΣΑΓΙΑ ΈΉΈΓΐνΑ΅ ΔΓΙ Ύ΅Θ΅·ΕΣΚΎ΅Α ΛΝΕϟΖ ΗΘϱΛΓǯ

̈Κ΅ΕΐϱΊΓΑΘ΅Ζ Θ ΐνΌΓΈΓ ΗΘ΅ ·Ή·ΓΑϱΘ΅ ΛΝΕϟΖ ΗΘϱΛΓ ΆΏνΔΓΙΐΉ ΘΓ ΔΕΓΚϟΏ ΘΖ ΈνΗΐΖ
ϱΔΝΖ Κ΅ϟΑΉΘ΅ ΗΘΑ ΉΎϱΑ΅ ǵǵǯ

̈Κ΅ΕΐϱΊΓΑΘ΅Ζ Θ ΐνΌΓΈΓ ΅ΙΘφ ΗΉ ΈΉΈΓΐνΑ΅ ΔΓΙ Ύ΅Θ΅·ΕΣΚΎ΅Α ΐΉ ΗΘϱΛΓǰ ΘΓ ΔΕΓΚϟΏ



������ ŝǱ ̖Γ ΔΕΓΚϟΏ ΘΖ ΈνΗΐΖǯ

ΘΖ ΈνΗΐΖ·ϟΑΉΘ΅Κ΅ΕΈϾΘΉΕΓǰ ΔΕΣ·ΐ΅ΔΓΙ΅Α΅ΐΉΑϱΘ΅ΑΎ΅ΌЏΖ Θ΅ΗΝΐ΅ΘϟΈ΅ΗΎΉΈΣΊΓΑΘ΅
ΗΘΓ ΗΘϱΛΓǯ

ǻ�Ǽ ̒ ΗΘϱΛΓΖ ΘΓΔΓΌΉΘΐνΑΓΖ
Ŗǯś� ΅Δȇ ΘΓΙΖ ��������ǯ

ǻ�Ǽ ̒ ΗΘϱΛΓΖ ΘΓΔΓΌΉΘΐνΑΓΖ
ŗǯŖ� ΅Δȇ ΘΓΙΖ��������ǯ

ǻ�Ǽ ̒ ΗΘϱΛΓΖ ΘΓΔΓΌΉΘΐνΑΓΖ
ŗǯŚř� ΅Δȇ ΘΓΙΖ ��������ǯ

������ ŞǱ ̖Γ ΔΕΓΚϟΏ ΘΖ ΈνΗΐΖ ·΅ ΘΕϟ΅ ��� ·Ή·ΓΑϱΘΝΑǰ ΐΉ ΘΓ ΗΘϱΛΓ ΘΓΔΓΌΉΘΐνΑΓ
ΐΉΘ΅ΒϾ ΘΝΑ �������� Ύ΅ ΘΖ ΈνΗΐΖ ΗΉ ΘΕΉΖ Έ΅ΚΓΕΉΘΎνΖ ΅ΔΓΗΘΣΗΉΖǯ

£ȬΣΒΓΑ΅Ζ

̙ΕΗΐΓΔΓЏΑΘ΅Ζ ΘΑ ϟΈ΅ΐνΌΓΈΓǰ νΛΓΑΘ΅Ζ ΆΕΉ ΘΓ xv ΔΕΓΗΔ΅ΌΓϾΐΉΑ΅ ΉΑΘΓΔϟΗΓΙΐΉ
ΘΓ zvǯ ̈Κ΅ΕΐϱΊΓΑΘ΅Ζ Θ ΐνΌΓΈΓ ΅ΙΘφ ΗΘ΅ ΈΉΈΓΐνΑ΅ ΔΓΙ νΛΓΙΑ Ύ΅Θ΅·Ε΅ΚΉϟ ΛΝΕϟΖ
ΗΘϱΛΓ ΔΉΕΐνΑΓΙΐΉ Α΅ ΈΓϾΐΉ ΐ΅ ΉΔϟΔΉΈ Ύ΅Θ΅ΑΓΐφǰ ϱΔΝΖ Κ΅ϟΑΉΘ΅ Ύ΅ ΗΘΑ ΉΎϱΑ΅
ǵǵǯ



������ şǱ ̈ΔϟΔΉΈ Ύ΅Θ΅ΑΓΐφ ΘΓΙ zv ΉϟΑ΅ ΅Α΅ΐΉΑϱΐΉΑǰ Ύ΅ΌЏΖ ΈΉΑ ΙΔΣΕΛΉ Γ ΗΘϱΛΓΖ
ΐΉΘ΅ΊϾ ΘΖ ΈνΗΐΖ Ύ΅ ΘΝΑ ��������ǯ

̄Α΅ΏϾΓΑΘ΅Ζ Θ΅ ΈΉΈΓΐνΑ΅ΐΉ ΘΓΗΘϱΛΓΐΉΘ΅ΒϾ ΘΖ ΈνΗΐΖ Ύ΅ ΘΝΑ ��������Δ΅Ε΅ΘΕΓϾΐΉ
νΑ΅ ΔΏΉϱΑ΅Ηΐ΅ ·Ή·ΓΑϱΘΝΑǰ ΘΓ ΓΔΓϟΓ ΙΔΓΈΉΎΑϾΉ ΘΑ ϾΔ΅ΕΒ ΘΓΙ ΗΘϱΛΓΙǯ ̄ΙΘϱ
Κ΅ϟΑΉΘ΅ ΗΘΖ ΎΣΘΝΌ ΉΎϱΑΉΖǯ

ǻ�Ǽ ̒ ΗΘϱΛΓΖ ΆΕϟΗΎΉΘ΅ Ŗǯś�
΅Δȇ ΘΓΙΖ ��������ǯ

ǻ�Ǽ ̒ ΗΘϱΛΓΖ ΆΕϟΗΎΉΘ΅ ŗǯŖ�
΅Δȇ ΘΓΙΖ ��������ǯ

ǻ�Ǽ ̒ ΗΘϱΛΓΖ ΆΕϟΗΎΉΘ΅ ŗǯŚř�
΅Δȇ ΘΓΙΖ ��������ǯ

������ ŗŖǱ ̏ΔΓΕΓϾΐΉ Α΅ Δ΅Ε΅ΘΕφΗΓΙΐΉ νΑ΅ ΔΏΉϱΑ΅Ηΐ΅ ·Ή·ΓΑϱΘΝΑ ΗΘΓΑ £ȬΣΒΓΑ΅ǰ
νΑΈΉΒ ΘΖ ϾΔ΅ΕΒΖ ΘΓΙ ΗΘϱΛΓΙ ΐΉΘ΅ΒϾ ΘΖ ΈνΗΐΖ Ύ΅ ΘΝΑ ��������ǯ

̏νΌΓΈΓΖ �

̋ΉΝΕϟ΅
̙ΕΗΐΓΔΓЏΑΘ΅Ζ ΐ΅ ΐνΌΓΈΓǰ Δ΅ΕϱΐΓ΅ ΐΉ ΘΑ �ǰ ·΅ ΈϾΓ ΊΉϾ· ΅Δϱ ��������

ǻ΅Δ΅ΘЏΑΘ΅Ζ Γ �������� ·΅ ΎΣΌΉ ΊΉϾ·ΓΖ Α΅ ΆΕϟΗΎΉΘ΅ ΗΉ Έ΅ΚΓΕΉΘΎΓϾΖ ��������Ǽ
Ύ΅Θ΅ΗΎΉΙΣΊΓΙΐΉ ΐ΅ ΈΙΈΣΗΘ΅Θ ·Ύ΅ΓΙΗ΅Αφ ΗΘΓ ΗΐΉϟΓ ϱΔΓΙ Γ ΘΕΓΛνΖ ΅Δȇ ΘΓ ΎΣΌΉ
ΊΉϾ·ΓΖ ΘΝΑ �������� ΗΑ΅ΑΘΓϾΑΘ΅ ΗΘΓ x − z ΉΔϟΔΉΈΓǯ ̙ΕΗΐΓΔΓЏΑΘ΅Ζ Θ ΐνΌΓΈΓ
΅ΙΘφ ΐΔΓΕΓϾΐΉ Α΅ ΆΕΓϾΐΉ Θ ΌνΗ ΘΝΑ xv Ύ΅ zvǯ



������ ŗŗǱ ̖΅ ΗΐΉϟ΅ �Ȭ������� ΛΕΗΐΓΔΓΓϾΑΘ΅ ·΅ Α΅ Ύ΅Θ΅ΗΎΉΙΣΗΓΙΐΉ ΘΓ �����
�����¡ ΉΑϱΖ ΘΙΔΎΓϾ ·Ή·ΓΑϱΘΓΖ ΐΉ Θ ΛΕφΗ ΘΖ ΐΉΌϱΈΓΙ �

̄ΔΓΘΉΏνΗΐ΅Θ΅
����� �����

̍΅Θ΅ΗΎΉΙΣΗ΅ΐΉ ΐ΅ ΔΕΓΗΓΐΓϟΝΗ ����� �����ǰ ΐΉ Ζ ϟΈΉΖ ΗΙΑΌφΎΉΖ ϱΔΝΖ Ύ΅
ΗΘΑ ΔΕΓ·ΓϾΐΉΑ ΐνΌΓΈΓǯ

̄Δϱ Θ ΈΙΈΣΗΘ΅Θ ·Ύ΅ΓΙΗ΅Αφ Δ΅ϟΕΑΓΙΐΉ ΘΖ ΔΕΓΆΓΏνΖ ΗΘΓΑ ΓΕΊϱΑΘΓ Ύ΅ ΘΓΑ
Ύ΅Θ΅ΎϱΕΙΚΓ ΣΒΓΑ΅ǯ ̆΅ Θ΅ ��� ΈΉΈΓΐνΑΝΑ ΛΝΕϟΖ ΗΘϱΛΓ ΔΉΕΐνΑΓΙΐΉ ΐ΅ ΉΔϟΔΉΈ
Ύ΅Θ΅ΑΓΐφ ΗΘΓ z ΉΑЏ ΗΘΓ x ΔΉΕΐνΑΓΙΐΉ Α΅ ΈΓϾΐΉ ΘΓ ΔΕΓΚϟΏ ΘΖ ΈνΗΐΖǯ

̈Κ΅ΕΐϱΊΓΑΘ΅Ζ Θ ΐνΌΓΈΓ ΗΉ ��� ΈΉΈΓΐνΑΝΑ ΐΉ ΘΓ ΗΘϱΛΓ ΘΓΔΓΌΉΘΐνΑΓ ΐΉΘ΅ΒϾ ΘΝΑ
΅ΑΛΑΉΙΘЏΑΎ΅ ΘΖ ΈνΗΐΖΔνΕΑΓΙΐΉ νΑ΅Κ΅ΕΈϾΘΉΕΓΔΕΓΚϟΏ ΈνΗΐΖΎ΅ νΑ΅ΔΏΉϱΑ΅Ηΐ΅
·Ή·ΓΑϱΘΝΑ ΗΉ νΑ΅ ΗΐΉϟΓ ΗΘΓΑ z ΣΒΓΑ΅ǰ νΑΈΉΒ ΘΖ ϾΔ΅ΕΒΖ ΘΓΙ ΗΘϱΛΓΙǯ

¡ȬΣΒΓΑ΅Ζ

̈Κ΅ΕΐϱΊΓΑΘ΅Ζ Θ ΐνΌΓΈΓ ΗΉ νΑ΅ ��� ·Ή·ΓΑϱΘΝΑ ΛΝΕϟΖ ΗΘϱΛΓǰ Δ΅ϟΕΑΓΙΐΉ ΘΓ ΔΕΓΚϟΏ
ΘΖ ΈνΗΐΖǰ ϱΔΝΖ Κ΅ϟΑΉΘ΅ ΗΘΑ ΉΎϱΑ΅ ǵǵǯ



������ ŗŘǱ ̖Γ ΔΕΓΚϟΏ ΘΖ ΈνΗΐΖǯ

ǻ�Ǽ ̕ΘϱΛΓΖ ΘΓΔΓΌΉΘΐνΑΓΖ
Ŗǯś� ΅Δȇ ΘΓΙΖ ��������ǯ

ǻ�Ǽ ̕ΘϱΛΓΖ ΘΓΔΓΌΉΘΐνΑΓΖ
ŗǯŖ� ΅Δȇ ΘΓΙΖ ��������ǯ

ǻ�Ǽ ̕ΘϱΛΓΖ ΘΓΔΓΌΉΘΐνΑΓΖ
ŗǯŚř� ΅Δȇ ΘΓΙΖ ��������ǯ

������ ŗřǱ ̖Γ ΔΕΓΚϟΏ ΘΖ ΈνΗΐΖ ·΅ ΘΕϟ΅ ��� ΈΉΈΓΐνΑΝΑǰ νΛΓΑΘ΅Ζ ΘΓΔΓΌΉΘφΗΉ ΘΓ
ΗΘϱΛΓ ΐΉΘ΅ΒϾ ΘΖ ΈνΗΐΖ Ύ΅ ΘΝΑ ΅ΑΛΑΉΙΘЏΑ ΗΉ ΘΕΉΖ Έ΅ΚΓΕΉΘΎνΖ ΅ΔΓΗΘΣΗΉΖǯ



£ȬΣΒΓΑ΅Ζ
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Chapter 1

Theory

This chapter briefly reports the theoretical framework underlying the Bose-Einstein cor-
relations (BEC).

1.1 Hanbury-Brown and Twiss E�ect

The main idea of the "second-order interference", or Bose-Einstein correlation was first
suggested in radioastronomy by R. Hanbury-Brown and R. Twiss in 1954 as a method
of measuring the radii of distant stars. The Bose-Einstein phenomenon is caused by the
ambiguity in the path of two identical boson particles (photons) considered:

• The direct amplitude due to the particle produced by source S1(S2) hitting detector
D1(D2), respectively and,

• The exchange amplitude due to the particle produced by source S1(S2) hitting de-
tector D2(D1), respectively.

The above two amplitudes overlap, and the probability of detecting a coincidence be-
tween the signals in D1 and D2 contains an interference term which depends on the
dimensions of the source. This can be seen as follows:

Consider two points S1 and S2 on a source as shown in figure 1.1, each of which emits
an infinitely long train of monochromatic photons with momenta |p1| = |p2| = k and
two detectors, D1 and D2 , measuring the intensity of the photons at distant points. The
total amplitude A of this experiment can be written as a sum of the two above described
amplitudes, (direct and exchange amplitude):

A ⇠ eika1eikb1 + eika2eikb2 , (1.1)

where k is the momentum of the monochromatic photons, and a2, a2, b1, and b2 are
the lengths of the four possible paths: a1 = |r1 � x1|, a2 = |r2 � x1|, b1 = |r2 � x2| and
b2 = |r1 � x2|. After some algebra the probability of observing the two photons is given
by:
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Figure 1.1: Two pions emitted from a pion source.

|A|2 ⇠ 1 + cos(kR✓), (1.2)

where R is the separation distance between the two source points r1, r2 and ✓ is
the angular separation of the two detector points x1 and x2. A measurement of this
probability or correlation function, |A|2, as a function of the angular separation, ✓, will be
maximum at:

kR✓

2⇡
= 0, 1, 2, ..., n (1.3)

Thus, by measuring the the angular separation, ✓, of the two detector points x1 and
x2 an estimation can be made of the separation distance between the two source points
r1, and r2, as shown in Figure 1.1.

The extension of the above phenomenon to high energy physics was confirmed by Gold-
haber. This first experimental evidence for Bose-Einstein correlation in particle physics
goes back to 1960, when an enhancement at small angles in like-sign pion pairs was
observed in pp̄ annihilation at 1.05 GeV/c in a hydrogen bubble chamber. No similar
e�ect was found in unlike-sign pairs. This enhancement was in contradiction with the
statistical model, which could not predict this correlation in the opening angle of a pion
pair. The reactions studied were of the form:

p̄+ p ! n+⇡+ + n�⇡� + n0⇡0, (1.4)
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where n+, n� and n0 are the number of produced positive, negative and neutral pions,
respectively.

In order to explain the above observed result, Goldhaber had to symmetrize the wave
function that characterized the production of the n-pion state.

In the Fermi statistical model, the wave function of an n�pion state can be expressed
as:

 n ⇠ ei
Pn

i=1 pi·ri (1.5)

where pi is the momentum vector of the i�th particle. The probability of observing the
n�pion state created in an interaction region ⌦ is given by:

Pn ⇠
Z

⌦

| n|2dr1...drn (1.6)

The only modification required by Goldhaber in order to explain the observed angle of
the like sign pion pair was the explicit symmetrization of the wave function:

 n ⇠
X

�

ei
Pn

i=1 p�(i)·ri (1.7)

where �(i) is the i-th element of the permutation � on n objects.
Many people followed Goldhaber in studying the correlation of the opening angle pion

pairs.
An enhancement in the production of pairs of like charge and similar momentum

has been observed in a variety of experiments including hadronic reactions, heavy-ion
collisions, e+e� interactions , and µ-hadron collisions. As the energy of the interaction
increased, more complicated dynamics created limitations on the direct application of the
Goldhaber results. The di�culty was created by the inability to calculate the probability
Pn. For the case of the two-pion state, Kopylov and Cocconi derived probability P2. They
used the fundamental work of R. Hanbury-Brown and R. Twiss as a guide in their work.
The derivation of the probability function is given in the next section.

1.2 Bose-Einstein Correlations

1.2.1 The Bose-Einstein Correlation of Two Hadrons

As it is well known in quantum mechanics the interchange of two out of N indistinguish-
able bosons does not change the wave function describing this multi-boson state. This
feature of the Bose-Einstein statistics means that the state  has the property that

 (1, 2, ..., N) =  (2, 1, ..., N)

which leads to an interference term in | |2 that enhances near in time-phase space the
production of indistinguishable bosons. Let us first consider a source of discrete emission
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points, ⇢i, each characterized by a probability amplitude Fi(r) in the 3-vector ri phsase
space

Fi(r) = ⇢i�
3(r � ri)

Next we introduce the central assumption pertaining to the BEC e�ect namely, the
chaotic or the total incoherence limit, which corresponds to the situation where the phases
of the production amplitudes wildly fluctuate in every point of space. In this limit all the
phases can be set to zero. If  k(r) is the wave function of the emitted particle, then the
total probability P (k) to observe the emission of one particle with a 3-momentum vector
k is given by summing up the contributions from all the i points, that is

P (k) =
X

i

|⇢i (ri)|2 .

For simplicity we will further use plane wave functions  k / ei(k·r+�) where in the inco-
herent case we can set � = 0. Next we replace the sum by an integral so that

P (k) =

Z
|⇢(r)|2d3

r

The probability to observe two particles with momenta k1 and k2 is

P (k1,k2) =

Z
| 1,2|2|⇢(r1)|2|⇢(r2)|2d3

r1d
3
r2

where  1,2 =  1,2(k1,k2, r1, r2) is the two-particle wave function.

Taking incoherent plane waves, then for two identical bosons the symmetrised  1,2 is
of the form

 s
1,2 =

1p
2

⇥
ei(k1·r1+k2·r2) + ei(k1·r2+k2·r1)

⇤

so that
| s

1,2|2 = 1 + cos [(k1 � k2)(r1 � r2)] = 1 + cos [�k(r1 � r2)] .

Using the above equations one can define a second order correlation function

C2(k1,k2) ⌘
P (k1,k2)

P (k1)P (k2)
= 1 +

R
cos [�k(r1 � r2] |⇢(r1)|2|⇢(r2)|2d3

r1d
3
r2

P (k1)P (k2)
, (1.8)

where �k = k1 � k2. Assuming that the emitter extension ⇢r is localised in space and
time then it follows that when �k = 0 the last term of (1.8) can vary between the values
0 to 1. From (1.8) one obtains after the Fourier transformation

C2(�k) = 1 + |⇢(�k)|2 .

In many of the two-boson one dimensional BEC analyses one uses the Lorentz invariant
parameter Q, defined as Q2 = Q2

2 = �(q1 � q2)
2 ⌘ M2

2 � 4m2, where m is the mass of
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the particles . Here q1, q2 and M2
2are respectively the 4-momentum vectors and invariant

mass squared of the two identical bosons of mass µ.

Thus one obtains
C2(Q) = 1 + |⇢(Q)|2

Assuming further that the source is described by a spherical symmetric Gaussian density
distribution of emitting centres

⇢(r) = ⇢(0)e�r2/2r20

then the Bose-Einstein correlation function assumes the form

C2(�k) = 1 + e�r20�k2

In terms of the variable Q and the dimension rG, introduced by Goldhaber et al., the
correlation function in the completely chaotic limit is equal to

C2(Q) = 1 + e�r2GQ2
(1.9)

In the completely coherent case it can be shown that C2(Q) = 1. In order to accommo-
date those cases where the source is not completely chaotic one introduces a chaoticity
parameter �2 which can vary between the value 0, corresponding to a complete coherent
case, to the value 1 at the total chaotic limit. Thus (1.9) is transformed to the form

C2(Q) = N
⇣
1 + �2e

�r2GQ2
⌘

(1.10)

where N is added as a normalisation factor. Since the strength of the BEC e�ect
depends also on the experimental data quality, like the purity of the identical boson
sample, �2 is often also referred to as the BEC strength parameter. In the following,
unless otherwise stated, we will deonote by r the dimension values obtained from BEC
analyses which used the GGLP (Goldhaber, Goldhaber, Lee and Pais) parametrisation,
that is r ⌘ rG.

1.2.2 Higher Order Bose-Einstein Correlations

A Bose-Einstein correlation enhancement is also expected to be present in identical boson
systems of more than two particles when they emerge from the interaction within a small
time- space region. In the search for these so called, higher order BEC enhancements,
one has to di�erentiate between those produced from the lower BEC order(s) and those
who are genuine correlations. The normalised over-all inclusive correlations of n identical
bosons is given by

Rn =
⇢n(p1, p2, ..., pn)

⇢1(p1)⇢1(p2)...⇢1(pn)
= �n�1 dn�

dp1dp2...dpn

�✓
d�

dp1

d�

dp2
· · · d�

dpn

◆
(1.11)
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where � is the total boson production cross section, ⇢1(pi) and d�/dpi are the single-
boson density in momentum space and the inclusive cross section, respectively. Sim-
ilarly ⇢n(p1, p2, ..., pn) and d�/(dp1dp2...dpn) are respectively the density of the n-boson
system and its inclusive cross section. The product of the independent one-particle den-
sities ⇢1(p1)⇢1(p2)...⇢1(pn) is referred to as the reference density distribution, or reference
sample, to which the measured correlations are compared to. Specifically the inclusive
two-boson density ⇢2(p1, p2) can be written as

⇢2(p1, p2) = ⇢1(p1)⇢1(p2) +K2(p1, p2)

where ⇢1(p1)⇢1(p2) represents the two independent boson momentum spectra and K2(p1, p2)
desscribes the two-body correlations. In this simple case of two identical bosons the nor-
malised density function R2 defined by (1.11), already measures the genuine two-body
correlations which here is referred to as the C2 correlation funciton. Thus one has

C2 ⌘ R2 = 1 + eK2(p1, p2)

where eK2(p1, p2) = K2(p1, p2)/[⇢1(p1)⇢1(p2)] is the normalised two-body correlation term
which in the GGLP parametrisation is equal to �2e�Q2

2r
2
2 .

The inclusive correlation of three identical bosons, ⇢3(p1, p2, p3), includes the three in-
dependent boson momentum spectra, the two-particle correlation K2 and the genuine
three-particle correlation K3, namely

⇢3(p1, p2, p3) = ⇢1(p1)⇢1(p2)⇢1(p3) +
X

(3)

⇢1(pi)K2(pj, pk) +K3(p1, p2, p3)

where the summation is taken over all the three possible permutations. The normalised
inclusive three-body density, is then given by

R3 =
⇢3(p1, p2, p3)

⇢1(p1)⇢1(p2)⇢1(p3)
= 1 +R1,2 + eK3(p1, p2, p3)

Here

R1,2 =

P
(3) ⇢1(pi)K2(pj, pk)

⇢1(p1)⇢1(p2)⇢1(p3)

and
eK3(p1, p2, p3) =

K3(p1, p2, p3)

⇢1(p1)⇢1(p2)⇢1(p3)

represent the mixed three-boson system in which only two of them are correlated and the
three- boson correlation. In analogy to C2, one defines a correlation function C3 which
measures the genuine three-boson correlation, by subtracting from R3 the term which
contains the two-boson correlation contribution. Thus

C3 ⌘ R3 �R1,2 = 1 + eK3(p1, p2, p3)
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which depends only on the genuine three-boson correlation. For the study of the three-
boson correlation one often uses the variable Q3 which, analogous to the varialbe Q2

2, is
defined as

Q2
3 =

X

(3)

q2i,j = M2
3 � 9µ2

where the summation is taken over all the three di�erent i, j boson-pairs. Here M2
3 is the

invariant mass squared of the three-boson system and µ is the mass of the single boson.
From the definition of this three-boson variable it is clear that as Q3 approaches zero so do
all the three related qi,j values which eventually reach the region where the two-boson BEC
enhancements are observed. It has been shown that the genuine three-pion correlation
function C3(Q3) can be parametrised by the expression

C3(Q3) = 1 + 2�3e
�Q2

3r
2
3

where �3 is the chaoticity parameter which may assume a value between zero and one.
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1.3 Standard Model Physics

The Standard Model describes the behavior of matter and it’s interactions. This theoretical
framework managed to give a unified description of strong, electromagnetic and weak
interactions but the gravity, describing the matter as point-like spin-1/2 fermions and
the interactions as spin-1 gauge bosons.

The model is based on the gauge symmetry group

SUC(3)⇥ SUL(2)⇥ UY (1) (1.12)

where the first factor describes the strong colour interactions, carried by 8 gluons, while
SUL(2)⇥UY (1) is the symmetry group of unified electro-weak interactions, carried by the
photon and the Z0 and W± bosons.

In gauge theories all the gauge bosons should be massless, but experimentally the weak
W± and Z0 bosons, have mass. The Standard Model solves this problem introducing a
scalar particle, the Higgs boson, which couples to massive particles and gives them masses
through a spontaneous symmetry breaking mechanism. To our experimental knowledge
there are three families of fermions, each containing two quarks, a charged lepton and a
neutrino. Fermion masses are also obtained by the Higgs mechanism through Yukawa
couplings between the fermion and the Higgs.

The Standard Model has been extensively tested in the last decades at LEP and Teva-
tron and it turned out that it successfully explains most of the known phenomena in
elementary particle physics. Nevertheless a number of open questions are still left which
need for further studies to be done.

There is, for example, evidence that neutrinos have non-zero masses, which the SM
does not allow. The measurement of the ordinary matter density in our universe gives
a hint that physics even beyond the SM should exist. Astrophysics observations make
it clear for example that either our understanding of gravity based on Einstein’s theory
of General Relativity is wrong, or that particles forming dark matter, which have so far
escaped our detection, must exist, and the SM does not furnish any viable candidate.
Moreover the observed matter-antimatter asymmetry is not explained in the SM frame-
work.

There also are theoretical motivations for thinking that the SM needs to be extended.
One such example is the hierarchy problem concerning the quadratically divergent fermion
loop corrections to the Higgs boson mass. New physics is required to happen at the TeV
scale to constrain the Higgs mass in the area of a few hundred GeV and thus make the
SM consistent with recent W and top mass measurements. The unification of the gauge
couplings is something which is aimed but it does not happen in the SM. In addition the
unification of gravity with the other forces is still missing.

The Large Hadron Collider has been built, with its four experiments, ATLAS, CMS,
LHCb and ALICE, to answer this kind of questions. The composite nature of the proton-
proton collisions, despite of the di�cult experimental environment which generates, opens
a wide range of exploration possibilities, from the precise measurements of Standard Model
parameters to the search for new physics phenomena up to the TeV scale.
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Figure 1.2: Feynman graph for the Z0 ! µ+µ� process

Nevertheless, all these searches should be preceded by the measurement of the well
known Standard Model processes. These can be used as standard candles both for the
detectors understanding and performance assessment, and the theoretical predictions
tuning at a new unexplored energy. Particularly suitable to this extent is the study of the
production of the W± and Z0 bosons, because the theoretical predictions have a small
uncertainty. They have also been measured at LEP and at Tevatron with big precision.

1.3.1 W± and Z0 Boson Physics: the Drell-Yan Process

The Drell-Yan process is likely to be the standard candle which is both theoretically
calculable and experimentally measurable with highest accuracy at hadron colliders, in
particular at the LHC. It consists in the production of a neutral or charged lepton pair, ll̄
or l⌫̄, in the collision of two initial hadrons H1 and H2:

H1(p1) +H2(p2) ! l(k1) + l̄(k2) +X(q) (1.13)

H1(p1) +H2(p2) ! l(k1) + ⌫̄(k2) +X(q) (1.14)

where pi are the momenta of the incoming partons, ki are the momenta of the outgoing
partons and X is the entire set of other hadronic objects produced in the event. In the
parton model, the generic di�erential cross-section for the process is

d�(p1, p2) =
X

i,j

Z 1

⌧

dx1

Z 1

⌧/x1

dx2f
(1)
i (x1)f

(2)
j (x2)d�̂ij(x1p1, x2p2), (1.15)

where f
(H)
i (x) are the parton density functions of parton i in the initial hadron H, carrying

a momentum fraction x, and ⌧ = M2/s. d�̂ij(p̂1, p̂2) is the parton-level cross-section,
which depends on the initial parton momenta p̂1, p̂2 and on the parton species i, j. The
sum extends to all quarks and gluons in the initial hadrons.
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Figure 1.3: µ+µ� invariant mass using ATLAS data

At leading order in both electroweak and QCD the partonic process consists of a quark
and an antiquark annihilating into a virtual vector boson �, Z0 or W±, which subsequently
decays into the lepton pair. At this order all the available partonic center-of-mass energyp
ŝ,

ŝ = x1x2s, s = (p1 + p2)
2 , (1.16)

goes into the lepton pair invariant mass M ,

M2 = (k1 + k2)
2 . (1.17)

When QCD correction on the initial partons are considered, real emission of gluons
and quarks must be taken into account, in order to remove infrared divergences coming
from virtual corrections. These emissions can be soft (hence undetectable, making this
process indistinguishable from the process with no emission) or hard (producing jets). In
this case the available partonic center-of-mass energy is no longer equal to the final state
mass.

The current QCD theoretical accuracy for this process is NNLO, both for the integrated
cross-section and the rapidity-distributions.

A large number of events collected at the LHC, combined with a very precise theoretical
determination of the process, can be a very useful test of perturbative QCD. Moreover,
the high LHC energy will allow for detailed measurements at a previously unexplored
kinematic domain of low parton momentum fraction at a high energy scale, significantly
improving the precision on the determination of the PDFs.
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(a) ⌘ distribution of the muons coming from the Z0. (b) � distribution of the muons coming from the Z0.

(c) pT distribution of the muons coming from the
Z0.

Figure 1.4: Distributions of the muons coming from the Z0.
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Chapter 2

LHC Accelerator and the ATLAS
Detector

This chapter will give an overview on the LHC and a description of the ATLAS detector.

2.1 The Accelerator

The LHC consists of two rings with counter-rotating beams. The LHC is constructed in the
26.7 km circular tunnel of the LEP at CERN in Geneva, Switzerland. In the LHC bunches
of protons are injected from the Super Proton Synchrotron (SPS) with an energy of 450
MeV and then accelerated using a system of eight superconducting cavities per beam. The
proton energy is determined by the given curvature of the LHC tunnel and the maximum
field of the dipole magnets responsible for bending the beam.

Bending, steering and focusing of the proton beam is controlled with over 9000 mag-
nets. The 1232 dipole magnets responsible for the bending are supported by multipole
corrector magnets (sextupoles, octupoles and decapoles) to stabilise the beam. The 392
main quadrupole magnets and the associated corrector magnets (dipoles, sextupoles and
octupoles) are responsible for the beam focus. The final focusing of the beams around the
four interaction points is caused by dedicated high aperture triplet quadrupoles.

Along with the beam energy the second parameter crucial for the LHC is the luminosity,
which in principle defines the number of collisions per time interval for a given cross
section. A high luminosity can be reached by colliding beams with a high number of
protons per beam on a small area with a high frequency. Luminosity can be expressed by
the following term:

L =
N2

b nbfrev
4⇡�⇤

x�
⇤
y

F , (2.1)

where Nb is the number of protons per bunch, nb is the number of bunches per beam, frev
is the revolution frequency and �⇤

x,y the RMS of the transverse beam size at the interaction
point in x� and y�direction. Often the beam size is written as a product of the two beam
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Figure 2.1: Schematic overview of the Large Hadron Collider.

parameters, the transverse beam emittance that corresponds to the phase space covered
by the beam ✏ and the betatron function �⇤. Due to the crossing angle at the interaction
point ⇥c the luminosity is decreased by the geometric luminosity reduction factor F :

F =

 
1 +

✓
⇥c�z
2�⇤

◆2
!� 1

2

(2.2)

where �z is the RMS of the bunch length in beam direction and �⇤ the RMS of the trans-
verse beam size.

2.2 The ATLAS Detector

The ATLAS detector is a general purpose detector. The main motivation might be the
unraveling of the electroweak symmetry breaking and the discovery of the Higgs boson,
but the collaboration cover a broad range of searches within the standard model and
beyond (CP violation, supersymmetry, remnants of dark matter, etc.).

The detector layout consists of detector components arranged in layers concentrically
around the collision point. The layer closest to the interaction point is the Inner Detector,
dedicated to the measurement of charged particle tracks, allowing the reconstruction of
the particles charge, momentum and production vertex. The next two layers are designed
to measure the energy deposit of electrons and photons, the electromagnetic calorimeter,
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Figure 2.2: Schematic overview of the ATLAS Inner Detector.

and of hadrons in the hadronic calorimeter. The outermost layer is the muon spec-
trometer, which is responsible for the large size of of the ATLAS detector. In the muon
spectrometer the muons momentum can be measured at high precision.

Inner Detector

The Inner Detector of the ATLAS experiment has three main detector parts. The three parts
are separated in a barrel and two end-cap regions. In the barrel region, the innermost part
closest to the collision point is a silicon pixel detector, with a total number of three layers
of silicon pixel modules with radial distances between 50.5 mm and 122.5 mm. Following
the same physical principle, a silicon microstrip detector (Semiconductor Tracker SCT)
provides four additional layers at radii between 299 mm and 514 mm. The Transition
Radiation Tracker (TRT) is the outermost layer of the Inner Detector, starting at radius
554 mm up to 1082 mm. Its dimension defines the total diameter of the Inner Detector of
approximately 2.1 m.

In order to provide a good coverage in pseudo-rapidity, end-cap disks of the Pixel
detector and SCT are designed to cover particle tracks up to a pseudo-rapidity of |⌘| = 2.5.
The TRT end-cap can cover particles up to approximately |⌘| = 2.0. Including all of the
supporting structure, the cylindrical envelope holding the Inner Detector in total has a
length of 7.0 m.

The inner solenoidal magnet system surrounding the Inner Detector is creating an
axial symmetric magnetic field of 2 T bending charged particles into the R � � plane due
to the Lorentz force. This allows the measurement of the particles transverse momenta
down to a minimum of pT = 0.5 GeV. Particles with a pT lower than 0.5 GeV are bended
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Figure 2.3: Schematic overview of the ATLAS calorimeter.

to very small radii, preventing the particles to leave the Inner Detector. Additional, at low
momentum the e�ciency is reduced due to large material e�ects.

Calorimeter

In general, the energy of all stable particles but muons and neutrinos can be measured in
a calorimeter. A particle entering a calorimeter looses all its energy in a particle shower.
The total particle energy is reconstructed by measuring ionization, scintillation light or
Cherenkov radiation.

In the ATLAS detector the calorimetry system is divided into a number of sampling
detectors dedicated to the measurement of the particles energies. In principle particles
entering a calorimeter transfer their energy to the detector material, producing new parti-
cles by interactions with the detector material in the calorimeter. Typical interactions are
e.g. the production of new photons due to bremsstrahlung or the creation of an electron
positron pair due to the interaction of a photon with the coulomb eld of an atom. These
secondary new particles interact themselves with the calorimeter, creating new particles
until the particles energy is too low to create new particles. Due to this cascade one
particle entering the calorimeter leaves a shower of particles, each with low energy. By
measuring the total energy of all particles created in this shower, the initial particles
energy can be reconstructed.

One of the main requirements of the calorimeter is the hermeticity in order to measure
missing transverse energy ET,miss at a good resolution. The ATLAS calorimeter fulfills
this requirement with a coverage over the whole range of � and up to a pseudo-rapidity of
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Figure 2.4: Schematic overview of the ATLAS muon spectrometer.

|⌘| = 4.9. Surrounding the Inner Detector and solenoidal magnetic system, the calorimeter
itself is split into several parts, depending on the type of interactions particles undergo in
the detector material and the position within the detector.

The separation due to the interaction allows the di�erentiation into two groups of par-
ticles. In the electromagnetic calorimeters electrons (positrons) and photons are detected,
in the hadronic calorimeters particles interacting mainly via the strong force are mea-
sured. The electromagnetic calorimeter is required to provide a fine segmentation for a
precise measurement of electrons and photons. As the hadronic calorimeter mainly aims
at the reconstruction of jets and the measurement of missing energy, the granularity is
more coarse.

In the barrel region the innermost part of the calorimetry system is the LAr electro-
magnetic barrel surrounded by the hadronic Tile barrel. In the end-cap region, a LAr
electromagnetic end-cap (EMEC) is followed by a LAr hadronic end-cap (HEC). In addi-
tion, covering the region close to the beam pipe, the forward calorimeter FCal detects
electromagnetically interacting particles at large pseudo-rapidity.

Muon System

Over a large area of pseudo-rapidity up to |⌘| < 2.7, the muon track coordinates are
measured by monitored drift tubes (MDT). In the barrel region, the MDT chambers are
aligned in three layers: the innermost layer surrounding the tile calorimeter, one layer
between the barrel toroid BT and the outermost layer enclosing the BT.

In principle, the measurement of the muons momenta is a measurement of the parti-
cles trajectory at three spacepoints. While in the barrel region one layer of muon chambers
is placed within the toroidal magnet system, in the end-caps the toroid is placed between
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the first and the second layer. Hence, the measurement principle di�ers in these two
regions. In the case of the barrel region, the muons momentum is reconstructed from the
measurement of the trajectories deviation of a straight line, the so called sagitta s, and the
direct distance L between the two measurement points in the first and third layer. Taking
into account the magnetic field B, the transverse momentum is calculated as

pT =
L2B

8s
(2.3)

In the case of the end-caps, the trajectory is bent between the first two layers of
muon chambers, but a straight line between the second and the third layer. Hence, the
reconstruction of the muons momentum depends on a point angle measurement.

The muon system is able to perform a stand-alone reconstruction of muons momentum
at a resolution of 10% for tracks with a momentum of 1 TeV. It is capable to measure muon
tracks with a momentum of a few GeV, also standalone.
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Chapter 3

ROOT and the Athena Framework

3.1 ROOT

Root is a powerful data analysis framework developed for CERN, the international physics
organization behind the Large Hadron Collider particle accelerator experiment in Switzer-
land that aims to find the theoretical Higgs Boson. Because of the massive amounts
of data the LHC will generate in searching for the Higgs boson and new physics, CERN
scientists required a new, more powerful framework to handle the analysis of the large
datasets from the particle collision experiments the LHC is expected to carry out in the
coming years.

Root is an object-oriented framework developed in C++, the language used by most of
the LHC experiments, including the CMS (Central Muon Solenoid) project, in which the
Purdue Physics Department is an active participant and contributor. An integral part of
Root is CINT, its dynamic C++ interpreter which drives its computations and powerful
programming capabilities. Because of its close relationship to C++ and its development
for CERN as a data analysis framework that must be easily and readily distributed to
thousands of scientists worldwide for physics analyses for the output of the LHC, Root
is run as a Unix program, which may be unconventional for statisticians who are more
familiar with applications like SAS and R. However, the advantage is that much of Rootâ™s
capabilities accessible in ways familiar with anyone with experience in C++ programming
or using other Unix-based applications.

Because Root is being developed for high energy physics (HEP), most of its capabilities
are strongly directed at analyzing the output of such experiments like the LHC, often at the
expense of many other basic statistical functionality that a statistician will have come to
expect as standard. Particle accelerator experiments generate data that made up of large
amounts of noise and small amounts of signal. The primary aim of Root is to identify that
signal data, which may indicate important and elusive particles. As such, the majority of
Root is devoted to univariate data.

41



3.2 Athena Framework

O�ine computing covers all processing from storing raw data up to the final analysis,
as well as Monte Carlo generation, detector simulation and event display. Athena is the
general framework for the ATLAS o�ine software, based upon the Gaudi architecture. The
Athena code is based on the C++ language and uses all of its object oriented features.

Athena can be seen as a skeleton which provides most of the common functionalities
and into which the developers can insert their own code. This way, the software devel-
oped in Athena can use many useful background classes (physical units manipulation,
geometry entities, etc.), using prepared services for things such as loop over events.

ATLAS software is organized into a hierarchical structure of projects and packages. All
packages are stored in an o�cial CVS repository, which enables e�cient sharing of source
code among the members of a distributed development team. Each package has a Tag
number which distinguishes between di�erent versions. A project consists of a complete
collection of tagged packages and it is identified with a release number.

A Configuration Management Tool (CMT) is used to manage, build (compile and link)
and run ATLAS software. The information needed to build or run a package is grouped in a
single requirements file, from which CMT sets automatically the configuration parameters
required to operate the packages.

The Athena framework distinguishes between data objects and algorithm objects very
strictly. A quantity- like entities (hits, points, tracks, digits, raw channels, etc.) should be
implemented by deriving their class from the DataObject base class. On the other hand
anything like a procedure should be designed as a child class of the Algorithm base class.
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Chapter 4

Event Selection

4.1 Event Selection Criteria for Bose-Einstein Correla-
tions

The data used for this analysis consist of about 106 events recorded by ATLAS in March,
April and May 2010 with a minimun-bias trigger, using about 584 µb�1 of 7TeV centre
of mass energy proton-proton collisions provided by the LHC. A MinBias MC sample was
also produced with Pythia, using the full detector simulation.

We require all tracks to have at least 2 Pixel and 2 SCT hits with pT > 200 MeV and
particle pseudorapidity to be |⌘| < 2.5. We exlude secondary particles coming from the
decay of long-lived hadrons (K0

s , ⇤, etc.) and apply a cut of �2/Ndof < 5. Finally, we
excluded all pion pairs with relative angles less than 15o in order to reduce e+e� pairs.

4.2 Armenteros-Podolanski Analysis

To ensure that our samples were free from pions coming from K0
s or ⇤ we used the

Armenteros-Podolanski plot (see appendix B). The Armenteros plot is used in the analysis
of the dynamics of two-body V decays.

For the three boson correlations we used the method of event mixing because we
needed a sample free from any correlations and resonances. We applied an extra cut and
accepted only events with a relative charge balance of |(n+�n�)|/(n++n�) < 0.25, where
n+ and n� are respectively the observed numbers of positevely and negatively charged
tracks.

4.3 Coulomb Corrections

The final state of a charged pion pair is a�ected by the Coulomb force. Two like-charged
pions experience Coulomb repulsion, producing fewer pairs in the region of small relative
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Figure 4.1: Q distributions of pion pairs. Continuous line corresponds to pairs from data,
dashed to pairs from Monte Carlo. All distributions are normalized to number of entries.

Figure 4.2: Curves for ⇤, ⇤̄ and K0
s from ATLAS data.
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Figure 4.3: ⇤ mass spectrum in data.

Figure 4.4: K0
s mass spectrum in data.
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momenta. Unlik-charged pions will produce extra pairs. The correction factor for this
e�ect follows the Gamow factor. The ratio of the corrected like to corrected unlike pairs
then repsresents R in the absence of the Coulomb interaction.

For like and unlike charged pairs the inclusive distribution in the presence of the
pair Coulomb interactions is given by Pl(k1, k2) = Gl(⌘)Pn(k1, k2) for like and Pu(k1, k2) =
Gu(⌘)Pn(k1, k2) for unlike pairs, where Pn(k1, k2) is the pair inclusive distribution in the
absence of the Coulomb force, and

Gl(⌘) =
2⇡⌘

e2⇡⌘ � 1
, (4.1)

Gu(⌘) =
2⇡⌘

1� e�2⇡⌘
, (4.2)

⌘ =
↵m⇡

|k1 � k2|
(4.3)

Here, ↵ = 1
137 and k1 and k2 are pion four-momenta in the pair center-of-mass frame,

so ⌘ = ↵m⇡p
Q2

.

Since we use three kinds of charged particles the Gamow correction is given by

C1 = Gl(⌘12)Gl(⌘23)Gl(⌘31) . (4.4)

The unlike sample (±±⌥) triplet is corrected using

C2 = Gl(⌘12)Gu(⌘23)Gu(⌘31) . (4.5)

So we correct each like-charged triplet with 1/C1 and each ±±⌥ triplet with 1/C2.

4.4 Event Selection Criteria for Z0 ! µ+µ� Candidates

Collision events are selected by requiring at least one reconstructed primary vertex (PV)
with a position |zPV | < 100 mm and |d0PV | < 50 mm relative to the nominal interaction
point and at least 3 inner detector tracks associated with the PV. Each of the 3 tracks
should have at least 1 hit in the pixel detector and at least 6 hits in the SCT.

To select collision events with muon final state we require combined muons with at
least 1 hit in the pixel detector, 6 hits in the SCT and 1hit in the TRT. Pseudorapidity
|⌘| < 2.5.

The selection of the Z0 ! µ+µ� decays is done by requiring two combined muons, with
opposite electric charge, each satisfying the criteria above. Finally each of the selected
muons should have a transverse momentum pT > 20 GeV and be isolated1 and a direction
within the same ⌘ region.

1A muon is considered isolated if the sum of the transverse momenta of the (non-muon) tracks in a cone
of
p
�⌘2 +��2 = 0.4 around the muon is less than 20% of the muon pT .
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Figure 4.5: µ+µ� invariant mass using ATLAS data. The distribution is fitted with a triple
gaussian for the signal (marked with red), a gaussian for the radiative tail (marked with
orange) and a polynomial for the background (marked with blue).

4.5 Fit Models

4.5.1 Bose-Einstein

The resulting Bose-Einstein ratio is fitted with two functions, whose parameters r and �
describe the particle source. All data samples were fitted with the following functions:

1. 1 + �e�rQ2,

2.
⇣
1 + �e�rQ2

⌘
/ (1 + �Q2)

All fits are binned maximum likelihood fits.

4.5.2 Z0 ! µ+µ�

For the µ+µ� invariant mass spectrum a three gaussian distribution was used for the
signal, a polynomial for the background and a gaussian for the radiative tail on the left of
the peak.

The ⇢ distributions are fitted with simple gaussians.
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Chapter 5

Results

5.1 Bose-Einstein Correlations

5.1.1 Two Pion Model

We used another three procedures to create di�erent reference samples. All three of them
were applied to same sign pion pairs from di�erent events. The first reference sample
contains pion pairs, with the three momentum of one of particles inverted, ( ~E, ~p) changed
to ( ~E,�~p). The second contains pion pairs coming from events where the invariant mass
of all charged particles was similar to the events used for the signal sample. Last we used
pairs coming from events with similar charged track multiplicity.

Using the function energy di�erence, described above, and the the fit function C2 =
1+ �e�↵q20 , where ↵ = ⌧ 2/~2c2, we measured the lifetime ⌧ . We examined the behaviour of
⌧ for di�erent multiplicities.

⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠:p1 + p2
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Figure 5.1: Total momentum ~p, ~qt and ~ql vector definitions of a ⇡⇡ pair.
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Figure 5.2: Ratio of like/unlike-sign pion pairs from both data and Monte Carlo.

Results of fits to 7TeV data
Multiplicity � ⌧ (fm)

2-9 0.862± 0.022 0.570± 0.014
10-14 0.566± 0.019 0.605± 0.018
15-19 0.455± 0.015 0.620± 0.019
20-29 0.382± 0.009 0.640± 0.014
30-39 0.298± 0.008 0.657± 0.011
40-79 0.247± 0.004 0.728± 0.010

5.1.2 Higher Order Model

Results of fits to 7TeV data
Fit Function Order of Correlation � r (fm) �(GeV �1)

Second 0.379± 0.003 1.443± 0.008 -
I Third 1.077± 0.012 0.934± 0.046 -

Fourth 1.866± 0.025 0.605± 0.031 -
Second 0.342± 0.003 1.267± 0.016 �0.008± 0.000

II Third 1.038± 0.014 0.887± 0.049 �0.010± 0.000
Fourth 2.359± 0.032 0.668± 0.003 �0.002± 0.000

5.1.3 Multiplicity Dependence

The multiplicity dependence of the obtained HBT radius was examined by studying events
with track multiplicity: (a) two to ten tracks, (b) ten to fifteen, (c) fifteen to twenty, (d)
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Figure 5.3: Ratio of like-sign pion pairs from save event to pairs from di�erent events
using di�erent reference samples. Top left: Inverted three momentum, Top Right: Pairs
from events with similar multiplicity, Bottom: Pairs from events with similar invariant
mass.
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Figure 5.4: Relation of q0 versus ql

twenty to thirty, (e) thirty to fourty and (d) fourty to eighty.

Results of fits to 7TeV data
Fit Function Multiplicity < Ntracks > � r (fm) �(GeV �1)

2-9 5.3 1.192± 0.031 0.888± 0.017 -
10-14 11.9 0.860± 0.024 0.985± 0.020 -

I 15-19 16.9 0.722± 0.020 1.054± 0.021 -
20-29 24.1 0.678± 0.014 1.279± 0.018 -
30-39 34.2 0.560± 0.013 1.451± 0.022 -
40-79 55.6 0.436± 0.007 1.582± 0.016 -
2-9 5.3 1.171± 0.031 0.787± 0.018 �0.050± 0.002

10-14 11.9 0.847± 0.021 0.822± 0.017 �0.039± 0.002
II 15-19 16.9 0.703± 0.018 0.889± 0.018 �0.028± 0.001

20-29 24.1 0.572± 0.012 0.958± 0.036 �0.020± 0.002
30-39 34.2 0.516± 0.010 1.162± 0.018 �0.017± 0.000
40-79 55.6 0.414± 0.006 1.408± 0.017 0.006± 0.000

5.1.4 Systematic Checks

In order to check if the enhancements we have measured are not the result of a systematic
analysis error, we have applied our analysis to another data sample. The same procedures
and data cuts were used as described in 2.1.

We used pion pairs of unlike sign (⇡+⇡�) in both the same event and di�erent event
combinations. This study was performed to two di�erent sets of samples; one with charged
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Figure 5.5: Lifetime as a function of charged particle multiplicity. Fitting functions shown
are 1 + �e�↵q20
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Figure 5.6: Gaussian lifetime (⌧ ) conjugate to q0 as a function of charged particle multiplic-
ity per unit of pseudorapidity (dN/d⌘). Measurements from E735 and ATLAS experiment.

Figure 5.7: 3rd order boson correlations.
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Figure 5.8: 4th order boson correlations.

Figure 5.9: Value of � parameter as a function of the correlation order.
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Figure 5.10: Value of r parameter as a function of the correlation order.

Figure 5.11: Charged particle multiplicty normalized to number of entries.
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Figure 5.12: Second order correlations for di�erent charged particle multiplicities. Fitting
functions shown are (1 + �e�rQ2

)(1 + �Q2)
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Figure 5.13: Value of r parameter as a function of the charged particle multiplicity.

Figure 5.14: Value of � parameter as a function of the charged particle multiplicity.
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Figure 5.15: Correlation function for like and unlike sign pion pairs for two set s of
multiplicities (2  N < 40 and 40  N < 80). Analysis applied to data and Pythia MC
with Bose-Einstein correlation.
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track multiplicty between two and fourty and one with track multiplicity between fourty
and eighty. None systematic enhancement was observed. We performed the same technic
of mixing events for like sign pion pairs (⇡+⇡+ + ⇡�⇡�) were we expected and observed
Bose Einstein correlations.
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Figure 5.16: ⇢ distributions for various pT ranges

5.2 Muon Spectrometer Performance Studies with Z0 !
µ+µ�

A way of measuring the muon momentum resolution is to use the redundancy in the
ATLAS tracking systems, by comparing the independent momentum measurements for
events with single muons. A relative di�erence in momentum is defined as

⇢ =
pID � pMS

pID
, (5.1)

where pID denotes the momentum measurement in the ID and pMS the momentum
measured by the MS and extrapolated to the interaction point, taking energy loss into
account. As a result the expectation value for ⇢ is 0. Depending on the region of the pseu-
dorapidity and the range of pT, this quantity is dominated by the ID or MS contribution.

To extract the resolution as a function of the muons pT the ⇢ distribution is fitted with
a gaussian distribution. Having the advantage of large statistics (3.24 fb�1) we perform
the fitting procedure in nine pT bins: 20 � 25 GeV, 25 � 30 GeV, 30 � 35 GeV, 35 � 40
GeV, 40 � 45 GeV, 45 � 50 GeV, 50 � 60 GeV, 60 � 70 GeV and > 70 GeV. By fitting the
distributions of ⇢ we plot the �’s and the µ’s of the fits as a function of pT .
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Figure 5.17: �’s of the distributions of ⇢ as a function of pT

Figure 5.18: µ’s of the distributions of ⇢ as a function of pT
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Chapter 6

Conclusions

The ATLAS experiment measured Bose-Einstein correlations in proton proton interactions.
The results emerging from our analysis show that the size of the pion source is about 1 fm
and depends on the charged track multiplicity, (it’s value rises as the event multiplicity
rises). Lifetime (⌧ ) also measured around an approximate value of about 0.6 fm and
behaves likewise with r. The strength of the chaoticity e�ect (�) is almost the same when
is determined by fits either for r or ⌧ and decreases as the multiplicity increases.

A comparison of our results with those of other experiments shows a good agreement,
demonstrating that the features of the final state hadronization processes have little de-
pendence on the type or energy of the interacting particles.
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Figure 6.1: The multiplicity dependence of the radius r from hadronic collisions measured
by STAR, ALICE, E735 and ATLAS.
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Chapter 7

Target Reconstruction with the
MicroMeGas Detector

In this chapter I apply two methods using clusters at three MicroMeGas chambers (R14,
R19M and R19G) for target reconstruction.

7.1 Event Selection

The data analyzed were gathered in CERN’s test beam facility (H6) during June 2011.
In this test beam three MicroMeGas chambers were used (R14, R19M and R19G) in the
setup as shown in fig 7.1. The trigger logic that was used to record the events from the
pion beam can be found in figure ??.

The characteristics of each chamber can be found in table 7.1. The gas that was used
was Ar : CO2, 93 : 7.

Name Width
[mm]

Length
[mm]

Height
[mm]

Amplification
Gap [µm]

Drift
Gap
[mm]

Strip
Pitch

Strip
Width

Strip
Length

R14 200 200 20 128 5 250 150 80
R19M 200 200 20 128 5 x:350

u:900
v:900

x:300
u:100
v:100

80

R19G 200 200 20 178 5 x:350
u:900
v:900

x:300
u:100
v:100

100
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Figure 7.1: Setup of the R14, R19M and R19G MicroMeGas chambers.

7.2 Method A

Theory

We use cluster positions in three MicroMegas Chambers to reconstruct the event vertex.
For any pair of clusters (requiring the clusters to be in di�erent chambers), we reconstruct
the intercept of the line that connects these two chamber clusters with the beam line.
This intercept, xv, is given by:

xv =
xj(m)zi(n)� xi(n)zj(m)

zi(n)� zj(m)
(7.1)

where (zi(n), xi(n)) , (zj(m), xj(m)) are the coordinates of cluster n, in plane i, and cluster
m in plane j, respectively. Taking into account the chamber resolution for these two hits,
a smearing (AB) of the intercept xv can be defined

(AB) = 2�
zi(n) + zj(m)

|zi(n)� zj(m)| (7.2)

where � is the chamber cluster resolution. A Lorentzian function Li,j(n,m) is constructed
for these two chamber clusters

Li,j(n,m) =
1

(x� xv)2 + (AB)2/4
(7.3)
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Figure 7.2: Trigger logic used for the test beam.
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Figure 7.3: Two hits in the chamber and the definition of zv and (AB).

where zv and (AB) are defined as above. This procedure was repeated for each pair of
clusters which were in di�erent chambers. By summing all contributions, Li,j(n,m), for
all possible clusters, we define a global function G(x) which is the probability of the vertex
point:

G(x) =
3X

i

3X

j

NiX

n

NjX

m

Li,j(n,m) (7.4)

where Ni and Nj are the number of clusters in the chamber plane (i = 1, , 3), (j = 1, , 3),
respectively. The maximum of the global function G(x) defines the vertex of an event
xg. Figure 7.10 show the reconstruction of the event vertex for charged track multiplicity
events.

After determining the determination of the xv we use the same method in order to find the
zv.

7.2.1 Results

Monte Carlo

The determination of the vertex point, xg, was studied using Monte Carlo methods. In this
Monte Carlo simulation, a number of particles are generated uniformly and originating at
a common vertex point, xgen. Each particle is followed through the chambers to simulate
chamber clusters. The vertex, xrec is reconstructed from the simulated chamber clusters
(assigning ambiguity clusters too) using method above. Figure ?? shows the xgen � xrec

distribution for a radial cluster resolution of � = 0, 150, 300 and 500 µm. It seems this
method reconstructs the vertex point, xg. From this Monte Carlo study, one could con-
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Figure 7.4: X-chamber points used to reconstruct the event vertex of a typical high mul-
tiplicity event using method A

clude that the vertex xg or xrec can be located to within ±139.9 µm relative to the generated
vertex point.

Figure 7.5: xgen � xrec distribution using Monte Carlo data for chamber resolution � =
0, 150, 300 and 500 µm.

Data

x-axis

We used the method described above on four di�erent sets of data. Three data sets in-
cluding events with a target positioned between the beam pipe and the chambers (with
distances 1.43m, 1m and 0.5m) and one dataset including events taken without a target.
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Applying the method to the run without the target we get the beam profile, as seen in
picture 7.6.

Figure 7.6: Beam profile.

Applying the method to the runs with the target, the beam profile gets broader, some-
thing expected as the particles scatter from the target.

(a) Target positioned 0.5m from
the chambers.

(b) Target positioned 1.0m from
the chambers.

(c) Target positioned 1.43m from
the chambers.

Figure 7.7: Beam profile for three runs, having a target positioned between the beam and
the chambers in three di�erent distances.

z-axis

Using the same method, having found the xv we now try to point the zv. Applying this
method to the dataset without target we expect to see a flat distribution, as indeed is seen
in figure 7.14.
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Figure 7.8: Flat distribution on zv is expected, as there is no target between the beam and
the chambers.

Analyzing the datasets with the target between the beam and the chambers we see a
bump, indicating the existence of the target. This is show in the figures below.

(a) Target positioned 0.5m from
the chambers.

(b) Target positioned 1.0m from
the chambers.

(c) Target positioned 1.43m from
the chambers.

Figure 7.9: A peak starts to form in the scan of the z-axis, indication of the target that
was positioned between the beam and the chambers.

7.3 Method B

7.3.1 Theory

Using a similar method as A, for two pairs of clusters (requiring the clusters for each pair
to be in di�erent chambers) we now construct a 2d gaussian in the point where the tracks
from each pair intercept in the x � z plane. Using this method we can now define the xv

and zv position.
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Figure 7.10: X-chamber points used to reconstruct the event vertex of a typical high
multiplicity event using method B

7.3.2 Results

Monte Carlo

We created a Monte Carlo simulation, with the same conditions as in the previous method
(1.2). Figure 7.11 shows the xgen�xrec distribution for a radial cluster of � = 0, 150, 300, and 500 µm.
This method, as well as the first, reconstructs the vertex point, xg.

Figure 7.11: xgen � xrec distribution using Monte Carlo data for chamber resolution � =
0, 150, 300 and 500 µm.
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Data

From the 2D gaussian we take the projections on the horizontal and perpendicular axis.
For the runs without the target we expect a flat distribution for the z while for the x we
expect the beam profile.

Applying this method to the runs with the target positioned between the beam and the
chambers we get a wider beam profile and a bump in the z axis, indication of the target.

x-axis

Applying the method to the run without the target we get the beam profile, as seen in
picture 7.12.

Figure 7.12: Beam profile.

(a) Target positioned 0.5m from
the chambers.

(b) Target positioned 1.0m from
the chambers.

(c) Target positioned 1.43m from
the chambers.

Figure 7.13: Beam profile for three runs, having a target positioned between the beam
and the chambers in three di�erent distances.
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z-axis

Figure 7.14: Flat distribution on zv is expected, as there is no target between the beam
and the chambers.

(a) Target positioned 0.5m from
the chambers.

(b) Target positioned 1.0m from
the chambers.

(c) Target positioned 1.43m from
the chambers.

Figure 7.15: A peak starts to form in the scan of the z-axis, indication of the target that
was positioned between the beam and the chambers.
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Appendix A

Coordinate System and Nomenclature

The ATLAS experiment uses a right handed coordinate system, with the z�axis pointing
along the LHC beam pipe, and the plane perpendicular to the beam pipe defines the
x � y�plane. The positive x�axis is pointing from the interaction point towards the
centre of the LHC, the positive y�axis is going upwards. The positive side of the z�axis
is pointing towards the side A (direction Geneva) of the ATLAS detector, while negative
z�values are assigned to the side C (direction Jura).

Due to the cylindrical symmetry of the ATLAS detector, the use of cylindric coordinates
(�, ✓ and R) is useful. In this coordinate system the transverse distance to the z�axis
is defined as the radius R. The azimuthal angle � is measured around the beam axis,
starting with � = 0 on the x�axis and � = ⇡/2 on the y�axis. Usually the azimuthal
angle is defined within � 2 [�⇡, ⇡]. The polar angle ✓ is defined within ✓ 2 [0, ⇡], where
✓ = 0 is on the positive z�axis. In terms of the particles momentum components px, py
and pz, the two angles � and ✓ can be written as:

tan� =
px
py

tan ✓ =

p
p2x + p2y
pz

A more convenient way to express the polar angle ✓ is to use the pseudorapidity, which
either can be expressed in terms of the polar angle or in terms of the particles momentum:

⌘ = � ln

✓
tan

✓

2

◆
= �1

2
ln

✓
|p|� pz
|p|+ pz

◆

While the pseudorapidity is invariant under a Lorentz transformation, in the high energy
limit of massless particles (E >> mc2) the pseudorapidity becomes equal to the rapidity

y =
1

2
ln

✓
E � pz
E + pz

◆

75



which is Lorentz invariant under longitudinal boost. In addition, for the x� y�plane, ⌘ is
equal to zero, in beam direction ⌘ ! ±1 which corresponds to ✓ = 0 and ✓ = ⇡.

In hadron collisions the trajectory of a particle is defined by various kinematic vari-
ables. The projection of the initial particles momentum p on the x � y�plane is defined
as the transverse momentum pT and the projection on the z�axis corresponds to the
longitudinal momentum pL. In the same manner the energy E can be split into the two
components ET and EL. The transverse distance of the trajectories closest approach to
the beam axis is defined as the transverse impact parameter d0. Accordingly, the distance
along the z� axis to the closest approach to the interaction point is defined as longitudinal
impact parameter z0.
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Appendix B

Z0 Decay Properties

At leading order in electroweak perturbation theory, the partial width for the decay of the
Z0 boson into a fermion-antifermion pair

Z(q) ! f(p)f̄(p0) , (B.1)

is given in the Standard Model by

igW
2 cos ✓W

ū(p)�µ(Vf � Af�5)�(p
0)✏µ(q). (B.2)

The invariant matrix element squared for this process summed (averaged) over final
(initial) polarizations is given by

X
|M|2 = 8

3

GFM
4
Zp

2

�
|Vf |2 + |Af |2

�
. (B.3)

The sum over the three polarizations of the Z0 boson is performed using
X

i

✏(i)µ (q)✏(i)⇤⌫ (q) = �gµ⌫ +
qµq⌫
M2

Z

. (B.4)

The two-particle phase space is given by

d�2(P, p1, p2) =
1

8⇡

2|p1|
MP

d⌦

4⇡
, (B.5)

where p1 is the three-momentum of the decay products in the rest frame of the decaying
particle, which has mass MP and d⌦ is the element of solid angle.

The final result for the partial width is

�(Z0 ! ff̄) = C
GFM

3
Z

6
p
2⇡

�
|Vf |2 + |Af |2

�
= 332 C

�
|Vf |2 + |Af |2

�
MeV (B.6)

where C is a color normalization factor which is 1 for leptons and 3 for quarks.
Using the result for the partial width of Z0 we can calculate the branching ratio for the

various fermion-antifermion decay modes shown in the table below.
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Process Relative coupling Branching Ratio
Z ! ⌫e⌫̄e, ⌫µ⌫̄µ, ⌫⌧ ⌫̄⌧ 1/2 3⇥ 6.8%

Z ! e+e�, µ+µ�, ⌧+⌧� 1/4 + (1/2� 2 sin2 ✓w)
2 3⇥ 3.4%

There is also a large branching fraction of the Z0 boson into neutrinos, which are not
detectable. The measurement of the width for decay of the Z0 boson into invisible particles
counts the number of light neutrino species. The theoritical result for the ration of the
width into one species of neutrino, divided by the width into one species of lepton is

�(Z ! ⌫⌫̄)

�(Z ! ll̄)
=

2

1 + (1� 4 sin2 ✓W )2
⇡ 1.99 . (B.7)
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Appendix C

The Armenteros-Podolanski Plot

The features of the Armenteros-Podolanski plot can be completely understood by consid-
ering the kinematics of the decay of a neutral V 0 candidate into two charged particles
(⇤ ! p⇡�). This system has to be considered in both the laboratory system (in which
measurements are made) and in the centre of mass system (in which V 0 is at rest and
consequently the two charged particles must come o� back-to-back so as to conserve
momentum) as shown in figure C.2.

It is clear from figure ??b that in the centre of mass system the transverse and longi-
tudinal momenta, realitve to the direction in which the V 0 was moving in the laboratory
system, are defined

q⇤T = p⇤ sin ✓⇤ (C.1)

q⇤L = p⇤ cos ✓⇤ (C.2)

where all quantities in the centre of mass system are denoted by a ⇤.
To express these quantities in the laboratory system requires the use of the Lorentz

transformations ✓
E
qL

◆
=

✓
� ��
�� �

◆✓
E⇤

q⇤L

◆
(C.3)

where � = �/c: � is the velocity of the particle and c is the speed of light. � is defined as
� = 1/

p
1� �2.

When C.3 is expanded it will give a definition of qL in terms of q⇤L

qL = ��E⇤ + �q⇤L (C.4)

Using the above
qL = ��E⇤ + �p⇤ cos ✓⇤ (C.5)

Transverse momentum is Lorentz invariant and so

qT = q⇤T = p⇤ sin ✓⇤ (C.6)
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Figure C.1: The decay of a neutral V 0 into two charged tracks in (a) the laboratory system
and (b) the centre of mass system. In the latter system the two decay particles must come
o� back-to-back so as to conserve momentum.

Armenteros ↵ is defined

↵ =
q+L � q�L
q+L + q�L

(C.7)

Using the C.5 and given that cos(✓ + ⇡) = � cos ✓, the above becomes

↵ =
��(E⇤

1 � E⇤
2) + 2�p⇤ cos ✓⇤

��(E⇤
1 + E⇤

2)
(C.8)

assuming particle 1 is the positively charged particle and particle 2 is the negatively
charged one.

Now energy, E⇤, is conserved and so in the centre of mass system,

E⇤ = E⇤
1 + E⇤

2 (C.9)

where using the relativistic equation E2 = p2 +m2, E⇤, E⇤
1 and E⇤

2 are given by

E⇤ = m�, E⇤
1 =

q
p⇤2 +m2

1, E⇤
2 =

q
p⇤2 +m2

2 (C.10)

where in the centre of mass system the momentum of the V 0, p⇤�, is zero.
By substituting C.9 into C.10

E⇤
1 + E⇤

2 = m� (C.11)

The above can be used in C.8, along with the approximation that relativistically � ⇡ c and
so � ⇡ 1. The �s cancel and so C.8 becomed

↵ =
E⇤

1 � E⇤
2

m�

+
2p⇤ cos ✓⇤

m�

(C.12)

80



Figure C.2: Theoretical curves for ⇤, ⇤̄ and K0
s .

From the above the variables ↵̄ and a can be defined

↵̄ =
E⇤

1 � E⇤
2

m�

(C.13)

a =
2p⇤

m�

(C.14)

and so
↵ = ↵̄ + a cos ✓⇤ (C.15)

Using C.6 ✓
↵� ↵̄

a

◆2

+

✓
qT
p⇤

◆2

= 1 (C.16)

which is simply the equation of an ellipse.
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