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Viability Control For Nonholonomic Systems. Application to the
Compensation of Disturbances for Underwater Robotic Vehicles.

ABSTRACT

This thesis presents a framework on the state feedback control design for a class of under-
actuated systems that are subject to nonholonomic constraints, state constraints and additive
bounded disturbances. The framework is based on concepts from viability theory, as well as
on a novel method on the state feedback control design for nonholonomic systems. The overall
idea is that the control design for such problems is recast into designing feedback control
laws so that system trajectories always remain viable in the set K defined by state (viability)
constraints and furthermore converge to a goal set G in K.

In particular, the main components and developments are:

B A novel method on the state feedback control design for a class of n-dimensional nonholo-
nomic systems, which is based on the novel concept of a family of N-dimensional reference
vector fields, where N < n, and their connection with Pfaffian nonholonomic constraints.

The proposed method comprises a control strategy which brings a uniform logic into the
control design for a wide class of n-dimensional nonholonomic systems. The main idea is that,
given an n-dimensional (kinematic) nonholonomic system, subject to x Pfaffian constraints
A(q)q = b(q), one can define a smooth N-dimensional reference vector field F(-) on a subspace
L of the configuration space C, which is non-vanishing everywhere except for the origin of the
local coordinate system on L. The origin is by construction the unique critical point of F(-)
of dipole type, which implies that all integral curves begin and end at the origin.

The dimension N of the vector field F is specified by the explicit form of the Pfaffian constraints
in the following sense: depending on the column structure of A(q), the configuration space
C is trivially decomposed into £ x T, where £ is the "leaf" space, T is the "fiber" space,
n=dim L+ dim7, N = dim £. The local coordinates = € RN on £ are called leafwise states
and the local coordinates ¢ € R™™N on the fiber are called transverse states. The vector field
F is defined in terms of the leafwise states x, tangent to the leaf space £, and is non-vanishing
everywhere on L except for the origin & = 0. The characteristic property of the vector field
F(-) is that the origin & = 0 is a dipole, which implies that all integral curves begin and end
at the critical point.

The vector field F serves as a velocity reference for the system; this means that at each
configuration g € C the system vector field ¢ € T,C is steered to be made parallel to F. This
is codified by defining the output h(q) = A(q)F(-), which expresses the "misalignment" of
the system vector field with the vector field F(-), and choosing the control inputs such that
h(q) — 0. In this sense, instead of trying to stabilize the system to the origin, one can use
the available control authority to steer the system vector field onto the tangent bundle of the
integral curves of F and "flow" along the reference vector field on its way to the origin. These
two objectives suggest the choice of particular Lyapunov-like functions in terms of the leafwise
states and the transverse states, and enable one to establish convergence to the origin based
on standard techniques.

vi



The method has been applied to the control design of kinematic nonholonomic systems in
chained form, and extended to a class of dynamic nonholonomic systems with drift, describing
underactuated marine vehicles. Robustness with respect to unknown, bounded disturbances
has been also addressed.

B A viability-based switching feedback control approach for a class of nonlinear systems that
are subject to inequality state constraints. The approach is based on concepts from viability
theory. State constraints are realized as viability constraints defining a closed subset K of
the state space, called the viability set K. Using tools from viability theory, in particular the
concept of tangency to a set K of inequality constraints, which is realized via the contingent
cone to the set K, the necessary and sufficient conditions for selecting viable controls are given.

Furthermore, the state feedback nonholonomic control solutions resulting from the vector field
approach described above are redesigned by means of switching control, so that nonholonomic
system trajectories starting in a set K are always viable in K and converge to a goal set G in
K. A switching signal orchestrates the switching among viable in K controls and convergent to
G controls, based on the value of the constraint functions. The approach can be applied, but is
not limited to, the class of problems whose objective can be recast as to control a nonholonomic
system so that resulting trajectories remain forever in a subset K of the state space, until they
converge into a goal set G.

The method has been applied to the design of viable feedback control laws for an underactuated
marine vehicle in a constrained configuration set K; the set K essentially describes the limited
sensing area (in terms of position and orientation) resulting from a vision-based sensor system
with limited range and limited field-of-view. Moreover, its robustness has been considered for
bounded external perturbations.

The method has been also used for the cooperative motion planning and control design for a
leader-follower formation of two nonholonomic mobile robots in obstacle environments, under
visibility constraints. Visibility constraints arise due to the limited sensing of the follower
(limited sensing range and limited field-of-view) and are realized as nonlinear inequality state
constraints which determine a visibility set K. Maintaining visibility is thus translated into
controlling the robots so that system trajectories starting in K always remain in K. The
necessary conditions under which visibility is maintained are given, as well as a control scheme
that forces the follower to converge and remain into a set of desired configurations with respect
to the leader, while maintaining visibility. A cooperative control scheme for the motion of the
formation in a known obstacle environment has been also developed, so that both collision
avoidance and maintaining visibility are ensured. The control schemes are decentralized, in
the sense that there is no direct communication between the robots, nor global state feedback
is available to them.

vii



Contents

1 Extended Abstract / Overview . . . . . . .. ... ... 1
1.1 Control of nonholonomic systems . . . . . . ... .. ... ... ......... 1
1.2 Nonholonomic control design for robotic applications . . . . . . .. .. .. ... 2

1.2.1  Dynamic positioning of underactuated marine vehicles . . . . . . . . .. 3
1.2.2  Underactuated systems under configuration constraints . . . . . . . . .. 5
1.2.3  Control of Leader-Follower formation in environment with obstacles 7

2 Control Design using Dipole-like Vector Fields: Motivation and Preliminary
Results . . . . . . o o o e e e e e 9
2.1 Pfaffian Constraints . . . . . . . . . . . . ...

2.2 The Dipole-like Vector Field . . . . . . . . .. .. .. ... ... ... ...... 10
2.2.1 The Electric Dipole . . . . . . . . . ... 11
2.3 Dipole-like Fields and Nonholonomic Systems . . . . . . ... ... . ... ... 14
2.3.1 The Unicycle . . . . . . . 14
2.3.2  Brockett’s Nonholonomic Double Integrator . . . . . . ... . ... ... 17
2.4 Conclusions . . . . . . . . e 20

3 Practical Stabilization of a Unicycle with Drift via Switching Control .. 21

3.1 Problem Formulation . . . . . . . .. ... 22
3.2 Switching Control Strategy . . . . . . . . . . . . ... 25
3.3 Control Design . . . . . . . . . e 28
3.3.1 Design of the control law w =1(q) . . . . . . . . .. ... ... ... . 28
3.3.2  Design of the control laws u = ¥2(q),u =s3(q) . . . . . . .. .. ... 31
3.3.3 Stability of the switched system ¢ = fo(q,%s) . . . . . . . .. .. ... 33
3.3.4 Robustness consideration . . . . . .. ... . 0oL 34
3.4 Simulation Results . . . . . . . . ... 35
3.5 Conclusions . . . . . . . . 36

viii



4 Nonholonomic Control Design via Reference Vector Fields and Output Reg-

ulation . . . .. L e e e e e e e e e e e e 40
4.1 Vector Fields and Isolated Critical Points . . . . .. .. ... ... ... .... 44
4.1.1 Critical Points of Vector Fields . . . . . . .. .. ... .. ... ..... 45
4.1.2 The critical point of the 2-dimensional dipolar vector field . . . . . . .. 47

4.2 Systems with a single Pfaffian constraint . . . . . . . .. ... ... 0L 48
4.2.1 The unicycle: a first example . . . . . . . ... ... .. ... 49
4.2.2  Brockett’s Nonholonomic Double Integrator . . . . .. ... .. .. ... 53

4.3 Chained Systems . . . . . . . . . .. e 56
4.3.1 Example: Thecasen =3 . . .. . . . .. ... ... ... ..., 57
4.3.2 Chained systems with more than 3 states . . . . ... .. ... ... .. 58

4.4 Nonholonomic systems with drift . . . . . . . ... ... ... ... ... ... 60
4.5 Conclusions . . . . . . . . .. 65
4.6 Appendix . . . ... 66
5 Viable Control Design for Nonholonomic Systems . .. ... ... ... .. 67
5.1 Nonholonomic Control Design . . . . . . . . . ... ... ... ... .. ..... 70
5.2 Tools from Viability Theory . . . . . . . . . . ... ... .. 71
5.3 Viable Nonholonomic Controls . . . . . . . . .. .. .. ... .. .. ...... 72
5.4  An underactuated marine vehicle with limited sensing . . . . . . . .. ... .. 74
5.4.1 Mathematical Modeling . . . . . . . ... .. ... ... ... ... .. 75
5.4.2 Nonholonomic control design . . . . . . ... .. ... ... .. ..., 76
5.4.3 Viable nonholonomic control design . . . . . . .. ... .. ... ... .. 81

5.5 Viable control under a class of bounded disturbances . . . . . . ... ... ... 87
5.5.1 Robust nonholonomic control design . . . . . ... ... ... ... ... 87
5.5.2  Viable controls in the set K . . . . . . . . .. .. ... ... ... ... 93

5.6 Conclusions . . . . . . . .. 97

6 Maintaining visibility for leader-follower formations in obstacle environ-

MENtS . . . . o i e e e e e e e e e e e e e e e e e e e e e e e e e e e e e 98
6.1 Introduction . . . . . . . . . . L 98
6.2 Mathematical Modeling . . . . . . . .. ... 99
6.2.1 Leader-Follower Kinematics . . . . . . .. .. .. ... ... ... .... 99
6.2.2 Visibility constraints . . . . . .. ... L oL Lo 100
6.3 Control Design for the Nominal System . . . . . . ... ... ... .. ..... 101
6.3.1 Convergence to a desired configuration . . . . .. ... ... .. .. ... 101

ix



6.3.2 Maintaining Visibility . . . . . .. .. oo oo 102

6.4 Control Design for the Perturbed System . . . . . . ... ... ... ... .... 106
6.4.1 Ultimate boundedness . . . . . . . . . . ... ... ... ... 106

6.4.2 Maintaining Visibility . . . . ... ... o o 109

6.5 Motion Planning in Obstacle Environments . . . . . . . ... .. .. ... ... 110
6.5.1 Control design . . . . . . . ... 110

6.5.2 Simulation Results . . . . . . . .. ... 114

6.6 Discussion . . . . . . .. 116
6.7 Proof of Theorem 1. . . . . . . . . . . .. .. 117

7 A Viability Formulation based on Optimal Control . . . . . . ... ... .. 118
7.1 Problem Formulation into Viability Theory . . . . . .. ... .. ... .. ... 118
7.2  Mathematical Modeling . . . . . ... ... 119
7.2.1 Modeling of Viability Constraints . . . . . .. .. ... ... ... .... 121

7.3 Viability Analysis . . . . . . . .. 122
7.3.1 An Optimal Control Problem related to Viability . . . . . ... ... .. 122

7.3.2 Reachability Analysis . . . . . .. . ... ... 124

7.3.3  Viability Analysis using a Differential Game Formulation . . . ... .. 126

7.4 Computational Results . . . . . ... ... 127
7.5 Conclusions . . . . . .. L 129

8 AppendiX . . . . . .o e e e e e e e e e e e e e e e e e e e e 131
Bibliography . . . . . . . . L e e e e e 133



List of Figures

1.1

2.1
2.2
2.3
24

2.5

2.6

2.7

2.8

3.1

3.2

3.3

3.4
3.5

3.6

The considered scenario: The unicycle-like marine vehicle should be driven and
remain into a neighborhood of the origin gg = 1[0 0 O]T, despite the effect of
the current disturbance v . . . . . . ...

Field lines and Equipotential lines of the Electric Dipole . . . . . . . . ... ..
Flow lines of the Electric Point Dipole. . . . . . . . . .. .. ... ... .....
The vector field Fq(z,y) and the dipole-like vector field F(z,y) . . . . . . . ..

The configuration of a unicycle-like mobile robot with respect to (w.r.t.) a global

The hyperplane V serves locally as the n — k dimensional constraint surface at
the goal configuration qg, whose normal is the constraint vector a'(qg). The
allowed generalized velocities q at gg lie tangent to V. . . . . . . .. ... ...

At each g € C, the control design idea for the unicycle is to force the system
vector field ¢ € T4C to align with the vector field F(g). When the system is
aligned with F, the output h(q) £ (a',F) is equal to zero. . . . . . . . .. ...

Closed loop behavior of a unicycle, initialized at (z,y,6) = (0.1,0.5, =% ), with
a control law forcing it to follow the flow lines of a dipole-like vector field.

The hyperplane V serves locally as the n — x dimensional constraint surface at
the goal configuration qg, whose normal is the constraint vector a' (qg). The
allowed generalized velocities q at gg lie tangent to V. . . . . . . . . .. .. ..

The considered scenario: The unicycle-like marine vehicle should be driven and
remain into a neighborhood of the origin gg = [0 0 O]T, despite the effect of
the current disturbance v . . . . . . .. .. L L

The hyperplane that lies tangent to the subspace V serves locally as the n —x =
2 dimensional constraint surface at the goal configuration qg, whose normal is
the constraint vector a'(gg). The allowed generalized velocities ¢ form the
affine subspace V; of Ty, (C) and do not lie tangent to the constraint surface.

The fields Fp,(z,y) and Fp(z,y) for A = 3, p, = [pl O]T, Pp = [pl vy]T
p1 = vy = 1 m/sec, v, = 1 m/sec. The flow lines converge to (z,y) = (0,0)
with the direction ¢,, and ¢, of the vectors p,, and p,, respectively. In the case
of the perturbed system, the flow lines can not converge to (0,0) with ¢, =0,
since vy, 0. . ..

)

Operating regions and system description w.r.t. frame G . . . . . . .. .. ...
System configuration w.r.t. the dipole-like field (3.4) . . . ... ... ... ...
System response for known v = [—0.1 0.2] T

X1

15

19

24



3.7
3.8

4.1

4.2

4.3
4.4

4.5

4.6

4.7
4.8

4.9

4.10
4.11
4.12

4.13

4.14

5.1

5.2
5.3
5.4
5.5

5.6
5.7

5.8

System response for unknown v = [—0.1 0.2] T

System response for unknown v under measurement noise . . . . . . . . . ...

A curvilinear sector (left) and a hyperbolic sector (right). Images are taken

from [TSHOO|. . . . . . . .

A parabolic sector (left) and an elliptic sector (right). Images are taken from
[TSHOO|. . . . . o

A typical isolated critical point. Image taken from [Hen94]. . . . . ... .. ..
Vector Field F(-) for (a) p = [10] (left) and (b) p = % [11] (right). . . .. ..
The vector field F(q) is by definition restricted to lie in the tangent space TS C
T4C, foreach g € S. . . . . . ..

The foliation F of the 3-dimensional configuration space C of the unicycle into
C=RIxSh

The vector field F(r) in the case of the unicycle. . . . . . ... ... ... ...

Closed-loop system response for the unicycle and the nonholonomic double in-
tegrator (NDI). . . . . v v vt

The vector field F(q) on R? for the NDI, given by (4.16). . . .. ... .. ...
The trivial R? x R foliation F for a 3-dimensional chained system. . ... . ..
The state trajectories of a 3-d chained system for k1 =1, ko =2.5. . . . . . ..

The state trajectories of a 4-d chained system for k; = 1, ko = 10, kg = 42,
k4 = 75. The eigenvalues of the matrix Aq(z1) are —4.2819, —2.8591 + 3.05644.

The system (4.31a)-(4.31c), (4.31e) as an interconnection of two input-to-state
stability (ISS) subsystems. . . . . . . . ...

The system trajectories x(¢) under the control laws (4.38), (4.34), (5.21). . . . .

Any control law v(-) = (71(*),--.,Ym(-)) : R" — R™ such that v(z) € U(z),
2=>",09i(2)7() € (CNTk(z)) is also viable at z € 9K, bringing the system
trajectories into the interior of K. . . . . . . . . ... ... L.

Modeling of the state constraints . . . . . . . . . .. .. ... ... ... .. ..
Response of the system trajectories x(¢). . . . . . . . .. ... .. ... ... ..
The resulting control inputs and thrust forces. . . . . . . . ... ... ... ...

A convergent solution 7(t) given by the control law (5.18) may violate viability
during some (finite) time interval. . . . . . . . .. ...

The switching signal oj(c;). . . . . . ... ... Lo

The path z(t), y(t) under the control scheme (5.29). The vehicle converges into
a point of the goal set G. . . . . . . . . . ...

The value of the constraints remains always negative. . . . . . . . . . . ... ..

xii

85



5.9 The vehicle starts moving under the control law (5.27) where o* = 1, i.e. the
convergent control law (5.18) is active (green path). When the constraint cy(-)
is nearly violated the corresponding switching signal o9 becomes < 1 for some

time interval (red path). The vehicle eventually converges to ng = [~0.5 0 0] .

5.10 The marine vehicle is controlled so that it aligns with the direction ¢ and flows
along the integral curves of the vector field F(-), until its trajectories 7(¢) remain
bounded into a ball B(rg,ro) and approach the ball B(rg, 7). . . . . . . .. ..

5.11 The path z(t), y(t) under the control scheme (5.40). The vehicle converges into
a point of the goal set G. . . . . . . . ...

5.12 The value of the constraints remains always negative. . . . . . . . . . . ... ..

5.13 The vehicle is forced to converge into a goal set G C K, defined as the union of
the balls B(rq,70), where rq belong to the circle C. . . . . . .. ... ... ...

6.1 The system setup in an obstacle environment. . . . . . . ... ... ... ...
6.2 Determining the vector p and the desired position 7g on R®> . . . . . . . . ...

6.3 In an obstacle-free environment, the viability constraints are nearly violated on
the boundary of the cone of view (visibility at stake) . . . . . ... .. .. ...

6.4 In an obstacle environment, the "viability" constraints are active on the bound-
ary of the cone of view (visibility at stake) and on the boundary of the inflated
obstacles (safety due to collisions at stake) . . . . . . ... ... ... ... ...

6.5 The leader L moves through the successive cells 7, i+ 1 under (6.23), tracking the
vector fields shown in the free space. Nevertheless, it is likely that the resulting
trajectory q,(t) will force the follower F to eventually collide with obstacles.
For this reason, L, F should move with minimum turning radii Ry,, Rr around
COTTIETS. & v v v v e e e e e e e e e e e e e e

6.6 After exiting cell 7, the leader should move in cell ¢ + 1 along a circle of radius
Ry, that satisfies (6.25). . . . . . . . .

6.7 The system initiates on a configuration g € C on the boundary of the obstacles,
where the second visibility constraint is active for F. . . . . . . .. .. ... ..

6.8 Visibility is always maintained, since the value of the visibility constraints is
always negative. . . . . . . . L

7.1 Viability set K and the Capture Basin of goal set Gin K . ... .. ... ...
7.2 Current velocity and direction . . . . . . . ..o
7.3 Modeling of the State Constraints imposed by the Sensor System . . . . .. ..
7.4 Cost Function £(z,y) . . . . . . ..
7.5 Reach(t, N)=(Inv(t,N))¢ . . . . . .
7.6 Forward Reachable Sets for T=5 and T=8 sec and . =7/2 . . . . . ... ...
7.7 Safe Set S and Discriminating Kernel Disc(S) at t=3sec . . . .. .. ... ..
7.8 Projection of S and Disc(S) on the z —y plane for . =7n/2 . . .. ... ...

xiii

88

92



7.9 Discriminating Kernel Disc(S) at t=3 sec for f. € [—m,@w]. . . . . .. ... ... 129
7.10 Vector field of closed-loop system for ¢y =0. . . . .. .. ... ... ... .... 130
7.11 Control input » > 0 in Red Area and r < 0 in Blue Area.. . . . . . . ... ... 130

X1V



CHAPTER 1
Extended Abstract / Overview

1.1 Control of nonholonomic systems

From a theoretical viewpoint, nonholonomic control has been and still remains a highly chal-
lenging and attractive problem. Related research during the past two decades has attributed
various control design methodologies addressing stabilization, path, and trajectory tracking
problems for nonholonomic systems of different types, which nowadays feature a solid frame-
work within control theory.

It is well known that nonholonomic systems do not satisfy Brockett’s condition [Bro83|, and
therefore can not be asymptotically stabilized by continuously differentiable, time-invariant
state feedback control laws. In fact, nonholonomic mechanical systems can not be asymp-
totically stabilized to a single equilibrium using any control method that employs smooth, or
even continuous, time-invariant feedback [BRM92|. Indicative of the peculiarity of the case
of stabilization to the origin using time-invariant feedback is the careful way in which asymp-
totic stability is defined in [LS93], which involves neighborhoods of the equilibrium rather than
balls as in the classical asymptotic stability definition in the Lyapunov sense, since arbitrarily
small perturbations in initial conditions around the equilibrium might require some extensive
maneuvering to bring the system back to rest.

To overcome the limitation pertaining to the nonexistence of a continuous time-invariant
feedback stabilizing controller, research has focused on solutions that can be broadly clas-
sified into two groups: those that employ time-varying feedback, either smooth [Pom92,
TMW95, Sam95, Jia99, TL02, MS03, MS09| or non-smooth w.r.t. the state [SE95, MS96, GE97,
MM97, MS00,0V05], and those that use time-invariant, non-smooth state feedback. The lat-
ter approach includes piecewise continuous [BRM92, tdWS92|, discontinuous [Ast96, BD96,
TTRI7b, TTRI7a, BDK98, LT98, WHX99, XM01, MA03|, and hybrid/switching control solu-
tions [LO96, KRM96, KM96, HM99, SGHLO1,CAP05]. Among the variety of nonholonomic sys-
tems encountered in real world applications, the class of n-dimensional chained systems [MS93]
has received special attention.

Among the existing control solutions, those which employ non-smooth feedback can yield
exponential convergence in the chained system states, and may therefore be preferable from
an application standpoint. In this case, the control design often employs nonlinear state
transformations [Ast96, TTR97a, WHX99, Jia99, SGHL00, XM01, MA03|, and the control laws
are extracted in the new coordinate system using either linear [Ast96], nonlinear [TTRI7b|, or
invariant manifold based techniques [TTR97a|. However, the coordinate transformations are
not always straightforward and thus the derivation of the control law remains non-trivial.



Contribution

In Chapter 4, we present one of the main contributions of this thesis, which is the intro-
duction of a uniform logic into the control design of n-dimensional nonholonomic systems.
The proposed control strategy comprises formal guidelines for the construction of state feed-
back (discontinuous) control laws for n-dimensional nonholonomic systems, subject to either
kinematic, or dynamic Pfaffian constraints. The approach is based on a geometric view and
generalization of one of our earlier control designs for the steering of the unicycle to the origin,
described in Chapter 2, which has been inspired by the Dipolar Navigation Function, originally
introduced in [TKO00].

Compared to existing methods, the novelty of the proposed approach is that it recasts the initial
problem of steering the state to the origin into an output regulation problem. The regulated
output expresses the misalignment of the system vector field w.r.t. a reference vector field,
which by construction has a unique, isolated critical point of rose type.! Thus, the geometric
generalization relies on the consideration of higher dimensional systems and the regulation of
an output vector to zero, which along with a suitably selected Lyapunov-like function is used to
establish formal convergence of the system trajectories to the origin. The proposed formulation
and design methodology offers justification for the choice of control law, which carries over to a
variety of nonholonomic systems subject to kinematic (first-order), or dynamic (second-order)
nonholonomic constraints.

In some of the case studies analyzed, the controllers obtained are similar to existing ones; for
instance, in the case of chained systems (Section 4.3), the obtained controllers are similar to
those proposed in [Ast96]. However, the main difference between our approach and the one in
[Ast96] is that the control design takes place in the initial system coordinates, without the need
to apply the o-process of [Ast96], by using a vector field as a reference and by completing the
convergence analysis using a singular-perturbation argument. The rather broad applicability
of the proposed design strategy leads us to believe that the structure of nonholonomic systems
subject to Pfaffian constraints can afford a common approach.

Furthermore, although preserving the nonholonomic nature and the structural complexity of
the original formulation, the new one offers a more intuitive treatment of the inputs w.r.t.
the controlled states, and allows a uniform stability analysis with standard tools. The new
geometric perspective also exposes the interdependence of the state variables and highlights
a time-scale decomposition, which permits the use of additional analysis techniques, such as
those related to singular perturbations and slowly varying systems. W

1.2 Nonholonomic control design for robotic applications

From a practical viewpoint, nonholonomic systems have been of particular interest within the
fields of robotics, mechatronics and multi-agent control systems, in part since they model a wide
class of mechanical systems, including mobile robots with trailers, snake robots, underactuated
robotic manipulators, unmanned vehicles (aerial, underwater, ground), surface vessels and
spacecraft, as well as the manipulation of objects with multi-fingered robotic hands.

L An isolated critical point is called a rose if it has elliptic type of sectors only, i.e. if in a neighborhood
around it, all integral curves begin and end at the critical point; an example is the dipole [Hen94].



The literature is abundant in control solutions for nonholonomic systems with catastatic Pfaf-
fian constraints®. In this case, control laws are usually designed under the assumptions that
no model uncertainty and/or no additive disturbances apply to the system.

However, these assumptions are usually unrealistic for real world applications, since the con-
trol design in this case pertains to realistic, complex systems, which should perform efficiently
and reliably. Therefore, robustness of control solutions w.r.t. uncertainty and additive distur-
bances is an important parameter which highly affects the performance, or even safety, of the
considered systems.

In part for this reason, the development of robust nonholonomic controls has received special
attention. Robust controllers with regard to model parametric uncertainty, either adaptive or

switching, have been proposed in [BR95, CBG98, HLM99b, DXH00, DDZB01, MTX02].

The regulation of nonholonomic systems with additive (external) disturbances, which may
be either vanishing [tdWK95, Jia00, DDZB01, LAN03, GWL03, PA03, Guo05, WZ08| or non-
vanishing [CLO99, GWLZ01, LO01, MS03, FBP03, VA03, ZDCHO07| at the origin, has also re-
ceived special attention. Non-vanishing perturbations are typically more challenging, in the
sense that a single desired configuration might no longer be an equilibrium for the sys-
tem |[Kha02]. In this case, one should rather pursuit the ultimate boundedness of state trajec-
tories; this problem is often addressed as practical stabilization. In the case of non-vanishing
perturbations, it is usually assumed that the disturbances are small and bounded, or that the
perturbation vector field satisfies certain conditions; for instance, in [FBP03] the perturbation
vector field belongs into the subspace spanned by the control vector fields. In a similar context,
the development of ISS as a fundamental concept of modern nonlinear feedback analysis and
design, has allowed the formulation of robustness considerations for nonholonomic systems into
the ISS framework [LSWO02, Tan04, LA05, AHPO7D].

1.2.1 Dynamic positioning of underactuated marine vehicles

An interesting problem where additive disturbances serve as non-vanishing perturbations at
a desired configuration is the dynamic positioning of underactuated marine vehicles (ships,
surface vessels, underwater vehicles) in the presence of environmental disturbances. Dynamic
positioning typically refers to a computer controlled system, in order to automatically maintain
a vessel’s position and heading by using its own propellers and thrusters. The dynamic posi-
tioning control problem thus reduces into finding a feedback control law that asymptotically
stabilizes both position and orientation of the vessel to desired constant values.

In general, the control design for underactuated underwater vehicles and surface vessels has
received great interest over the past fifteen years, motivated by their extensive use in oil indus-
try, scientific explorations, search and rescue missions, etc. The design of stabilizing controllers
for this class of vehicles is challenging, since they usually exhibit second-order nonholonomic
constraints and therefore can not be stabilized by continuous, time invariant state feedback
control laws [Bro83|. Furthermore, their dynamics include nonlinear, complex hydrodynamic
terms which should not be neglected during the control design. Finally, environmental dis-

2Pfaffian constraints are of the form A(q)g = b(q), where g € R" is the system state vector, A(q) € R**"
and b(qg) € R”. If b(q) = 0 the constraints are called catastatic, whereas if b(q) # 0 the constraints are called
acatastatic



-—mo o> -

Figure 1.1: The considered scenario: The unicycle-like marine vehicle should be driven and
remain into a neighborhood of the origin g = [0 0 O]T, despite the effect of the current
disturbance v

turbances should be also considered so that the closed-loop system performs efficiently in real
environmental conditions.

Various control strategies have been proposed for the stabilization of underactuated marine ve-
hicles. Pioneer work has been done in [WSE95a]|, where a smooth state-feedback law stabilizes
an underactuated ship to an equilibrium manifold. Smooth, time-varying controllers yielding
asymptotic stability to the origin are proposed in [PE99, PF00, DJPN02, DG05| whereas dis-
continuous controllers in [Rey96, FLMP00, AP01, GMBD06, CYZ02]. Hybrid control schemes
have been also presented in [KBH02, AP02b, GHOS].

None of the aforementioned studies takes into account the influence of environmental distur-
bances. To the best of our knowledge, pioneer work in this direction was presented in [PNOO],
which considers the dynamic positioning of a ship. The proposed time-varying control law
provides semi-global practical asymptotic stability. In [AP07| the dynamic positioning of an
underactuated AUV in the presence of a constant, unknown current is considered. An adap-
tive controller yields convergence to a desired target point, whereas the final orientation is
aligned with the direction of the current. The same philosophy regarding the final orientation
is adopted in [PDS08|, which addresses the station-keeping for a surface vessel in the presence
of wind disturbances. In [AHP07a| a switching feedback control law stabilizes an underactu-
ated AUV around a small neighborhood of the origin, yielding input-to-state practical stability
in the presence of disturbances and measurement noise.

Despite these contributions, it is generally accepted that the stabilization of underactuated
underwater vehicles in the presence of disturbances has only been partially addressed and is
still open in many respects.

In principle, allowing the desired orientation of the marine vehicle to be ruled by external
disturbances, as done, for instance, in [PF00, PN01,PDS08] is not acceptable in many marine
applications, either for safety or for performance reasons. One such example is the case of a
unicycle-like underwater vehicle or surface vessel, under the presence of a current disturbance
v, which is used to inspect a stationary target through its onboard camera, see Fig. 1.1. For the
inspection task to be effective, the vehicle is required to converge to the origin qg = [O 0 0] T
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of the global frame G. However, the perturbation induced by the current is non-vanishing at
gg, and thus the origin is not an equilibrium point. Consequently, it is meaningless to search
for control laws that yield the system asymptotically stable at gg. Instead, one can aim
at rendering the system uniformly ultimately bounded within a set that contains the origin,
addressing thus the practical stabilization problem.

Contribution

In Chapter 3, we propose a hysteresis-based switching control strategy which yields global,
practical stability for a unicycle-like marine vehicle, under current-induced, non-vanishing per-
turbations. Under the proposed control scheme, the vehicle converges and remains into a set
G around the origin. The resulting performance is achieved via state-based switching among
three controllers. The first controller is active outside the set GG, and drives the system tra-
jectories into G using a dipole-like vector field [PTK10|. The other two controllers are active
inside GG, and alternately regulate the position and the orientation of the vehicle. The switched
system is shown to be robust, in the sense that the system trajectories enter and remain into
G even when only a maximum bound ||v||max on the current disturbance is given.

Compared to earlier relevant work on dynamic positioning which drop the specification on the
desired orientation, the proposed control strategy allows also for the regulation of the vehicle’s
orientation to zero, during the time intervals when the corresponding controller is active.
This feature, along with the robustness property, renders the proposed solution suitable for
applications where both the position and orientation of a robot are critical, e.g. for inspection

tasks. H

1.2.2 Underactuated systems under configuration constraints

From a practical viewpoint, one furthermore should not overlook that control systems are
subject to (hard) state constraints, encoding safety or performance criteria. An illustrative
paradigm is the classical motion planning problem, involving one (or more) agent(s) moving
in obstacle environments while avoiding collisions; the obstacle space represents a subset of
the configuration space where the agent(s) should never enter, and can thus be codified via
inequality configuration constraints, which should never be violated. This problem has been
widely addressed and various methodologies have appeared [CLHT05].

Another example of hard state constraints is encountered in the case of agents that have limited
sensing capabilities while accomplishing a task. For instance, consider an underactuated robotic
vehicle equipped with sensors (e.g. cameras) with limited range and angle-of-view, which has
to surveil a target of interest; the requirement of always having the target in the camera field-
of-view (f.o.v.) imposes a set of inequality state constraints, which should never be violated
so that the target is always visible. This problem, often termed as maintaining visibility,
applies in leader-follower formations where the leader is required to always be visible to the
follower [DFK*02,CSVS03,MBP11], in landmark-based navigation [KR05, BMCHO07,LK07], in
autonomous inspections where an underwater robotic vehicle is used to inspect a (stationary)
target in the presence of environmental disturbances [PMS*09], or in visibility-based pursuit-
evade problems, see [DFB10] and the references therein. Similar specifications in terms of state



constraints apply in maintaining connectivity problems, involving n nonholonomic agents with
limited sensing and/or communication capabilities that have to accomplish a common task
while always staying connected [BCMO09.

It is noteworthy that all the above mentioned control problems of various formulations and
objectives have in common that the control design pertains to nonlinear systems which are
subject to both nonholonomic and state constraints.

Contribution

In Chapter 5 we propose a control design methodology for a class of nonholonomic systems
which are subject to hard state constraints. The state constraints are realized as nonlinear
inequalities w.r.t. the state variables, which constitute a closed subset K of the state space O.
The set K is thus the subset of state space in which the system trajectories should evolve V¢ > 0.
System trajectories which either start out of K, or escape K for some t > 0 immediately violate
the state constraints and thus are not acceptable. Therefore, the control objective reduces into
finding a (possibly switching) state feedback control law, so that system trajectories starting
in K converge to a goal set G in K without ever leaving K.

The proposed approach combines concepts from viability theory® and results from our work
on the state feedback control of n-dimensional nonholonomic systems with Pfaffian constraints
(Chapter 4). In the sequel, following [Aub91]|, state constraints are called wviability constraints,
the set K is called the wviability set of the system, and system trajectories that remain in K
Vt > 0 are called viable.

In particular, we adopt the concept of tangency to a set K defined by inequality constraints
[Aub91], and provide the necessary conditions under which the admissible velocities of a kine-
matic nonholonomic system are viable in K, as well as the necessary conditions for selecting
viable controls. In addition, given the control solutions in Chapter 4, we propose a way of
redesigning them by means of switching control, so that the resulting trajectories are viable in
K and furthermore converge to a goal set G C K.

As a case study, we consider the motion planning for an underactuated marine vehicle which
is subject to configuration constraints because of limited sensing; the onboard sensor system
consists of a camera with limited angle-of-view and two laser pointers of limited range. The
task is defined as to control the vehicle so that it converges to a desired configuration w.r.t. a
target of interest, while the target is always visible in the camera f.0.v.; in that sense, this is
also a problem of maintaining visibility. The visibility maintenance requirement, along with
limited sensing, impose a set of configuration constraints that define a viability set K. The
robustness of the proposed control approach under a class of bounded perturbations is also
studied.

Compared to similar existing approaches, let us mention that the problem formulation is similar
to the characterization of viable capture basins of a target set C'in a constrained set K [Aub01],
which is based on the Frankowska method that characterizes the backward invariance and
(local) forward viability of subsets by means of the value function of an optimal control problem.

3Viability theory describes the evolution of systems under the consideration that for different reasons, not
all system evolutions are acceptable or possible. The system must obey state (viability) constraints, and system
solutions should be viable in the sense that they must satisfy, at each time instant, these constraints [Aub91].



However, we rather address the problem in terms of set invariance [Bla99, BM08|, where the
objective is to render the viability set K a positively invariant (or controlled invariant) set,
and the goal set G the largest invariant set of the system by means of state feedback control.

The notion of controlled invariance for linear systems has been utilized for the control design of
systems with first-order (kinematic) nonholonomic constraints, after linearizing the nonlinear
system equations around the equilibrium [MBP11]; compared to this work, here we present
a method which addresses a wider class of constrained underactuated systems, including the
class of nonholonomic systems with second-order (dynamic) nonholonomic constraints, without
the need for linearizing the system equations, but rather working in the initial coordinates.

Finally, the motion control of underactuated marine (underwater, surface) vehicles and ships
has been treated in the past using various control design techniques, see for instance [Leo95,
PE99,PF00,AP02a,DJPN04[; however, to the best of our knowledge, none of the relevant work
considers any additional state (configuration) constraints on the system. B

1.2.3 Control of Leader-Follower formation in environment with obstacles

The control design proposed in Chapters 4, 5 can be applied to other applications as well. To
illustrate this, in Chapter 6 we consider the case of two mobile robots with unicycle kinematics
that have to operate in a leader-follower fashion in a known environment with obstacles, while
communication between them is not available. We assume that one of the robots (the leader
L) is given a high-level motion plan for moving from an initial to a goal state in the free
space, while the task for the second robot (the follower F) is to move while keeping a fixed
distance and orientation w.r.t. L, using the information from an onboard camera only, while
also avoiding collisions. Since explicit communication is absent, the robots can stay connected
if and only if L is always visible in the f.o.v. of F. The latter specification imposes a set
of visibility constraints, which should never be violated so that F always maintains visibility
with L. Furthermore, avoiding collisions with obstacles, as well as between robots should be
guaranteed.

Contribution

In Chapter 6 we propose a cooperative control scheme for the motion of the formation in a
known obstacle environment, so that both collision avoidance and maintaining visibility are
ensured. Following the approach described in Chapters 4, 5, visibility constraints are realized
as nonlinear inequalities in terms of the system states, that determine a closed subset K of the
state space, called the visibility set K. Maintaining visibility is thus translated into controlling
the robots so that system trajectories starting in K always remain in K. Thus, inspired by ideas
from viability theory and using the notion of dipolar vector fields, we provide the conditions
for visibility maintenance, as well as a control scheme that forces F to converge and remain
into a set of desired configurations w.r.t. L while maintaining visibility. Furthermore, based on
a tractor-trailer consideration, we propose a cooperative control scheme for the L — F motion
in a known obstacle environment, so that both collision avoidance and maintaining visibility

4The viability property has been introduced as “controlled invariance" for linear and smooth nonlinear
systems [Aub91].



are ensured. The proposed control schemes are decentralized, in the sense that there is no
direct communication between the robots, nor global state feedback is available to them. The
follower is localized w.r.t. L, however is aware neither of the leader’s navigation plan, nor of
its velocities at each time instant. The leader is not aware of the follower’s state, but rather
moves in a way that indirectly ensures collision avoidance for both of them. The efficacy of
our algorithms is evaluated through simulations. B

Finally, in Chapter 7 we present a viability formulation which is based on optimal control, for
the control of an underactuated underwater vehicle under the influence of a known, constant
current and state constraints. The overall control problem is described by three problems in
terms of viability theory. We present a solution to the first problem which addresses the safety
of the system, i.e. guarantees that there exists a control law such that the vehicle always
remains into the safe set of state constraints. In particular, we have adopted the theoretical
results of [Lyg04|, which connect viability with optimal control. Then, considering a safe set
of state constraints, resulting from the task specifications and the limited sensing capability of
the vehicle, we investigate whether there exists a control law that keeps the vehicle in this safe
set, despite the influence of the current. The resulting "bang-bang" control law guarantees
that the vehicle will remain in the safe set. In order to overcome the computational limitations
due to the high dimension of the system we develop a two-stage approach, based on forward
reachability and game theory. The control law is thus the safety controller when the system
viability is at stake, i.e. close to the boundary of the safe set. The viability kernel and the
control law are numerically computed.



CHAPTER 2

Control Design using Dipole-like Vector Fields: Motivation and
Preliminary Results

Abstract

This chapter introduces a preliminary form of dipolar vector fields, which we call the dipole-
like vector fields, originally appeared in [PTK10]. We present the analytical construction of
the dipole-like vector fields, which is inspired by the form of the flow lines of the electric
point dipole. This preliminary form served as the basis for later introducing the family of
dipolar vector fields, presented in detail in Chapter 4. Moreover, a preliminary connection
between a dipole-like vector field and a single Pfaffian constraint is presented, which motivates
the introduction of a framework of formal guidelines, that guide the design of discontinuous
state feedback control laws for nonholonomic systems; this framework is described in detail
in Chapter 4. In this chapter, these preliminary guidelines are applied to the state feedback
control design for the unicycle and for the NDI. The efficacy of the derived control laws is
demonstrated through simulation results.

The chapter is organized as follows: Section 2.1 provides a brief introduction on Pfaffian
constraints. Section 2.2 describes the electric point dipole and the proposed dipole-like vector
field. In Section 2.3 the connection between a single nonholonomic Pfaffian constraint and
the dipole-like vector field is presented, and state feedback controllers for the unicycle and of
the nonholonomic double integrator are proposed. Preliminary conclusions and thoughts on
possible extensions are summarized in Section 2.4.

2.1 Pfaffian Constraints

Let us consider the class of nonlinear systems described by

d:.f(qau)7 (21)

where q € C is the configuration vector, C C R™ is the configuration space, u € U is the vector
of m < n control inputs, Y C R™ is the control space, f : R" x R™ — R" is a vector-valued
map describing the system dynamics. The configuration vector q = [ql qn]T is the
vector of generalized coordinates |[Blo03].

Let us assume that (2.1) is subject to k < n constraint equations. Each constraint i is of the

form
Z?:l aij(Qh -5 Qqn, t)Qj + bi(q17 -5 Qn, t) =0. (22)
The differential or Pfaffian form of (2.2) is
Z?:l aij(q17 c oy Qn, t)dQJ + bi(Qla cv s Qn, t)dt - 07 (23)



and represents a restriction on the amount by which the generalized coordinates may change
in a time interval dt.

If a constraint equation (2.2) is integrable, i.e. if it can be expressed in terms of the generalized
coordinates only, i.e. as
hi(qh s 7qn7t) = 07

it is called a holonomic constraint. Otherwise, the constraint is nonholonomic. Holonomic
constraints may explicitly depend on ¢ (rheonomic), or may be time-independent (scleronomic).
A constraint equation (2.2) can be also classified according to the coefficient b;(q,t). If bi(q,t) =
0 then the constraint is catastatic, whereas b;(q,t) # 0 implies that the constraint is acatastatic
[Gin95|.

In general, a constraint equation represents a restriction on the values that the configuration
vector ¢ € R™ may have. A holonomic constraint implies that the configuration vector g
must lie on the (n — 1) dimensional surface defined by the constraint equation. The constraint
also requires that any new point that results from a displacement in the configuration space
should also be on the constraint surface. The corresponding Pfaffian form (2.3) of the con-
straint equation implies that the infinitesimal displacement of the system must be along the
plane in the configuration space that is tangent to the constraint surface. Any other type of
displacement would move the point in the configuration space off the constraint surface.

However, when the constraint is nonholonomic, it is not possible to identify a constraint
surface of the form h;(qq,...,qn,t) = 0. Nevertheless, the effect of the Pfaffian constraint
equation is to restrict the infinitesimal displacements of the system to lie on a common tangent
plane that is dictated by the current state of motion. Such a plane may be considered to be a
local manifestation of a constraint surface [Gin95|.

Nonholonomic constraints in mechanical systems typically arise due to the condition of rolling
without sliding, which results in first-order (also called kinematic or velocity) constraints, i.e.
constraints on the generalized velocities g, or due to underactuation, which results in second-
order (also called dynamic or acceleration) constraints, i.e. constraints on the generalized
accelerations ¢, see for instance the case of underactuated robotic manipulators [ON91| and
underactuated underwater vehicles [WSE95b].

In this chapter, we consider a class of nonlinear systems described by (2.1), which are subject to
x = 1 kinematic nonholonomic, time-independent constraint of the form (2.2). We describe the
inspiration for and the construction of the family of 2-dimensional and 3-dimensional dipole-
like vector fields and their connection to systems with catastatic Pfaffian constraints, where

b(q) =0.

2.2 The Dipole-like Vector Field

The analytical construction of the proposed 2-dimensional and 3-dimensional dipole-like vector
fields is inspired by the vector field of the point electric dipole in a Euclidean workspace W.
The characteristic property of the vector field of the point electric dipole, which serves as the
motivation for the construction of the dipole-like vector fields and the proposed control strategy,
is that all flow lines converge to a specific position in W, tangent to a specific direction.
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2.2.1 The Electric Dipole

The physical electric dipole (Fig. 2.1) is a pair of point charges of equal magnitude but
opposite sign, Q1 = +Q, Q2 = —Q, separated by a distance 2a, where a > 0. Let us consider
an electric dipole in a workspace W C R?, with the charges located at rQ, = [a O]T and
rQ, = [—a 0] i respectively, where rg, € R? is the position vector of the charge i with respect
to the origin. The dipole moment p of the physical dipole is defined as p = Q17rg, + Q2rg, =

Blue: Equipotential Lines
Brown: Field Lines

Figure 2.1: Field lines and Equipotential lines of the Electric Dipole

Q(rg, —rg,) = Qd, where d is the vector from the negative to the positive charge.

The point dipole is an idealization of the physical dipole, obtained as the distance between
the charges tends to zero, d — 0, while the dipole moment p is kept constant.

Using polar coordinates, the (electrostatic) potential Vgip(7) at a point A in the workspace W,
due to a point electric dipole at the origin, is given as [Gri99|

1 -7 1 cos
Vaip(7) P = b

= = 2.4

dmeg 12 dreg 12 (2:4)
where (r,0) are the polar coordinates of the position vector r of the point A, # is the unit
vector along the direction of r, and ¢y is a constant.

The electric vector field Eqip(7) of the point dipole is defined as the negative gradient of the
electric potential Vgip (1), Eqip = —V Vaip. The intensity of this electric field at the point A is
written in polar coordinates as [Gri99]

. A 2pcos @ psing \ A
Eg; 0)=F Ey0 = — )0 2.5
dip (1 0) o7 Lo ( Amegrs > T <47r€07‘3> ’ (25)

where 7, 6 are the unit vectors along the directions of the polar coordinates (r, @), respectively.
The flow (or field) lines are curves that are tangent to the vector field Eqip at each point of
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Figure 2.2: Flow lines of the Electric Point Dipole.
the workspace; in other words, the tangent unit vector dl = [dr rd@]T of a flow line at each

point of the workspace satisfies: dl x E = 0, where the symbol x stands for the cross product.
From the definition of a flow line one has

dr E. dr  2cost

1 2cos 0
Y T gy = —dr = dd = Inr = 21In(sind tant =
rdd  Ey rdf sin 0 r " sin 0 nr n(sin @) + constan

In7 = In(sin?6) +In R =
Inr = In(Rsin?#) = r = Rsin?6,

where R > 0 is a constant associated with the particular flow line [dWO01|. Thus, as the distance
to the origin tends to zero, r — 0, then sinf — 0 =60 — 0ifx > 0,or 0 — 7wif x <0, ie.
the flow lines of the point dipole converge to the origin with direction parallel to z-axis, see
Fig. 2.2. Similarly one can show that the flow lines of a point dipole having a moment p of
polar coordinates (p,6;) always converge to the origin with direction parallel to p, since they
are described by r = Rsin?(6 — ;).

In general, the field of the electric point dipole, defined by a dipole moment p € R? in a
workspace W C R? is [Gri99)

B 1
"~ Awegr3

(30 - #)7 —p) — 7—p0(r), (2.6

Ey;
dp(r) 3,

where 63(-) is a 3-dimensional Dirac function. Using spherical coordinates, one can show that if
the field is axial-symmetric, then the flow lines converge to the origin, parallel with the dipole
moment p.

Motivated by and following (2.6), we propose the class of dipole-like vector fields

F1(q) F2(q)
’_/% 7 _\2
F(q) =\(p-q)g—p+pexp 19", (2.7)

where g € R™ is a vector of generalized coordinates, p € R™ is the dipole moment vector, | q||
is the Euclidean norm of g and A > 2 is a constant.
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To illustrate the properties of the dipole-like vector fields (2.7), let us take g = [:17 y]T € R?,
where z, y are the position coordinates w.r.t. a cartesian frame G in a workspace W C R2,

A=3and p= [1 0] T The analytical expression of (2.7) then reads F(z,y) = F, & + Fy 7,
where
F, =322 — 1 + ¢ @*H9°), (2.84)
F, = 3xy. (2.8b)

The vector field (2.8) is illustrated in Fig. 2.3(b). Note that the dipole-like vector field (2.8)
vanishes only at the origin, i.e. F(q) = 0 if and only if ¢ = 0. One can verify this by setting
F, = F, = 0, which holds if and only if z = y = 0. The origin is thus the unique critical (or
singular) point of the vector field.

Note also that it is the vector field Fa(q) that actually establishes the desired convergence
properties near the origin (0,0); to verify this, consider the Fig. 2.3(a), which depicts the
2-dimensional vector field Fq(x,y). The flow lines of F1(z,y) are similar with those of the
physical electric dipole (Fig. 2.1). Thus, the influence of Fa(x,y), when added to Fq(z,y),
is what produces the flow lines of the desired convergence properties near the origin (0,0), as
shown in Fig. 2.3(b). A more detailed analysis regarding on the type of the critical point and
the local behavior of the flow lines in a neighborhood around it is given in Chapter 4.
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Figure 2.3: The vector field F1(x,y) and the dipole-like vector field F(z,y)

The behavior of the flow lines of the dipole-like vector field (2.8) around the origin (0,0) is
the motivation for the control strategy adopted for the unicycle, see Section 4.7. To get an
early grasp of the control design idea, assume that a dipole moment vector p = [px py] € R?
is assigned at a goal position rg = [mG yg]T such that its direction ¢, = atan2(p,,p.)
coincides with a desired orientation #g. Then, the resulting flow lines converge to the goal
position rg with direction ¢, £ &m, £ = 0,1. Then, one could claim that the control objective
for the unicycle reduces into designing a state feedback control law such that the system reaches
the desired configuration g = [:EG e Gg]T by following the flow lines as reference

paths.
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Figure 2.4: The configuration of a unicycle-like mobile robot w.r.t. a global frame G.

2.3 Dipole-like Fields and Nonholonomic Systems

Given the n-dimensional dipole-like field (2.7), we would like to investigate whether there
exists a possible relevance between the convergence properties of its flow lines, and the (single)
Pfaffian constraint of a kinematic nonholonomic system. To do so, we first study the unicycle,
which is frequently used to model the kinematics of underactuated systems such as wheeled
mobile robots.

2.3.1 The Unicycle

Consider the motion of a robot in a workspace W C R?, which is described by the unicycle
kinematics

T cos 0 0
g = |sin | u; + |0] us, (2.9)
0 0 1

where g = [w Y 9] T €CcR3is the configuration vector, C is a smooth manifold denoting
the configuration space of the robot, z, y are the position coordinates and 6 is the orientation
of the robot with respect to a global cartesian coordinate frame G. The control inputs of
the system are the linear velocity w; and the angular velocity us of the robot, expressed in

the body-fixed frame B. Denote u = [ul uz]T € U C R? the vector of control inputs, and
g1(q) = [cosf sind O]T, gz2=[0 0 1]T the control vector fields.
The system (2.9) is subject to x = 1 nonholonomic catastatic constraint
by
[sin —cosf 0] |y| =0=a'(q)g =0, (2.10)
0

a’(q)

which essentially expresses that the linear velocity of the robot along the body-fixed yp axis,
i.e. perpendicular to the wheels, is always equal to zero. This results from the assumption
that the wheels are only rolling without slipping.

14



The Pfaffian form of the constraint equation implies that the vector of infinitesimal displace-
ments dg should lie tangent to the local manifestation of the constraint surface, whose normal
is the constraint vector a'(q). Recall from Linear Algebra that the kernel (or null space) of
a k x n matrix A is the set of all x € R™ such that Ax = 0. If the matrix A has linearly
independent rows and k < n, then the dimension of the null space of A is dim(ker A) = n — k.
Thus, the constraint equation implies that the subspace of the infinitesimal displacements dq
at a fixed q is given as the kernel of a ' (q).

Let us now assume that the goal configuration gqg is the origin, g¢ = 0. The constraint
equation at qg reads

[0 —1 0] |9 =0= (a'(gc),d) =0, (2.11)
ﬁ,—/ 9

a'(qc)

where (-,-) stands for the inner product. Then, the constraint equation (2.11) implies that
the vector of generalized velocities ¢ at the goal configuration qg is restricted to lie in the
n — k = 2 dimensional subspace (hyperplane) V of the tangent space Tg,(C) of C at gg. In
other words, the hyperplane V is the set of all ¢ = [:17 0 6] satisfying the constraint at
the goal configuration gg, see Fig. 2.5. Thus, only the n — k components of ¢ can be chosen

a (qc) 7
2-Dimensional
Constraint
T lc R3 Surface at q¢

Figure 2.5: The hyperplane V serves locally as the n — k dimensional constraint surface at the
goal configuration qg, whose normal is the constraint vector @' (gg). The allowed generalized
velocities g at qg lie tangent to V.

independently, whereas the remaining x need to be set to satisfy the Pfaffian constraints
[LaV06].

Having a geometric interpretation of the Pfaffian constraint, one is interested in designing a
dipole-like field F(q), given by (2.7), such that its flow lines

e converge to the goal configuration qg,

e are consistent with the constrained dynamics.
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We call a flow line consistent if its tangent vector satisfies the Pfaffian constraint. For the
unicycle, one has that the flow lines of a dipole-like vector field, taken out of (2.7) as F(z,y,6) =

~

F.2 + Fyg + Fp0, should satisty

Fu
[sinf —cos# 0] |Fy| =0=Fgsinf —Fycosf = 0. (2.12)
Fo

a'(q)

Note that the Fg component of the vector field does not affect whether the constraint is satisfied.
Therefore, in this case one can define an N = 2 dimensional dipole-like field, in terms of F,,
F, only, with Fg = 0. (This decision is system-dependent.)

The vector field F(+) is generated by a dipole moment vector p € RN. The vector p is required
to lie on the (local manifestation of the) constraint surface at g¢, in order to be consistent
with the Pfaffian constraint, which reads:

Pz
(a"(gg),p) =0 = [—sin(0) cos(0) 0] [p,| =0, (2.13)
Po

where we can directly set py = 0, for the same reason that Fy can be set to zero. The condition
(4.9) is satisfied for any p, € R and for p, = 0, but since p needs to be nonzero, we have to
set p £ [ z O] T with pe # 0. Typically, one can set p, = 1.

Thus, one can take a dipole-like vector field out of (2.6), for p = [1 0] T and by ignoring the

47r€107‘3 factor, to get the following simple analytical expression in polar coordinates:

F, = 2cos? ¢ — sin® ¢, F, =3sin¢cos¢p, Fg=0, (2.14)

1 dr 2r cos ¢

with (r,¢) being the polar representation of (x,y)." The flow line equation is W= s
and assuming that the unicycle vector field is initially aligned to the flow line tangent vector,
implying 3zycos @ + (y?> — 222)sinf = 0, we can verify that the flow line is consistent, by
computing the derivative of the above condition and verifying that the choice of inputs

uy = —y[(y? — 22?) cos  — 3xysin f — 42 sin f cos 6],
uy = 222 sin® 6 + y? cos? 6 + 1 # 0,

keeps the system on the flow line.

Having the dipole-like vector field (2.14) at hand, one would like to design a control law so that
the unicycle aligns with the dipole-like vector field, and follows the flow lines until converging
to (0,0). To do so, let us first express the misalignment of the unicycle vector field ¢ € T4(C)
with the vector field F(q) via the projection of the vector field F(q) on the constraint vector
a(q), and define the system output:

h(q) £ (a',F) = 0.5[3sin(2¢ — 0) — sin6)].

'The representation in polar coordinates in this example was chosen just to simplify the expression of the
vector field F(+), and to offer a more intuitive treatment of the control problem. The same steps can be done
using cartesian coordinates as well, as shown in Chapter 4.
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Then, the control design reduces into seeking a control law that stabilizes h(q) to zero, which
implies that the system vector field § is aligned with F(q), see Fig. 2.6. To do so, one can
require that the closed loop dynamics of h(q) are exponentially stable: h = —kh. After some
algebra, one can verify that the choice of us

B 2kh(q) ~ buy(wsinf — ycos ) cos(2¢ — 0)
"7 3 cos(2¢ — 6) + cos 0 r2(3cos(2¢ — 0) + cos 6)

: (2.15)

with & > 0, yields h = —kh. Note that in (2.15), the term 3cos(2¢ — 6) + cos 6 appearing in

Integral curve

Figure 2.6: At each g € C, the control design idea for the unicycle is to force the system vector
field ¢ € T4C to align with the vector field F(q). When the system is aligned with F, the
output h(q) £ (a',F) is equal to zero.

the denominator may become zero. To avoid this singularity one may resort to switching and
set:

r2(3 cos(2¢p—0)4cos 0)
k(04—0), |3 cos(2¢p—0)+-cos 0| <e,

vy — { Zkh(q)76u1'r72(z sin 0 —y cos 0) cos(2¢>79)’ |3COS(2¢—9)+COS€|>E (216)
where 6, denotes the direction of F, and € is a small constant. Setting arbitrarily a constantly
positive forward speed for the unicycle, u; = tanhr,? one obtains a closed loop system that
converges to gg = 0 following the flow lines of F (see Fig. 2.7).

2.3.2 Brockett’s Nonholonomic Double Integrator

Given the class of n-dimensional dipole-like vector fields (2.7), the procedure of defining an
N = 2 dimensional dipole-like vector field for the unicycle, and the proposed control strategy
for the unicycle, we would like to investigate whether this control design idea can be applied
to other kinematic nonholonomic systems as well. Let us consider the nonholonomic double
integrator

T 1 0
To| = 0 up + | 1| usg, (2.17)
Lig —xI2 I

2Although it is possible to set u; as proportional to 72, to cancel the effect of 72 in the denominator of
(2.15), the choice made here yields faster convergence.
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Figure 2.7: Closed loop behavior of a unicycle, initialized at (z,y,0) = (0.1,0.5, =% ), with a
control law forcing it to follow the flow lines of a dipole-like vector field.

where g = [ml T9 azg]T is the state vector, g1(q) = [1 0 —azg]T and ga(q) = [O 1 xl]T
are the control vector fields. The system is subject to x = 1 nonholonomic constraint given as

11

[JEQ —T1 1] To :0:>(a
~—_—— |
a(q) =

"(q).4) =0. (2.18)

The constraint vector at the origin gg = 0 reads aT(qg) = [O 0 1]. Thus, the generalized
velocities ¢ are restricted to lie in the n — x = 2 dimensional hyperplane V of the tangent
space Ty (C) at gg, which is the set of all g = [a’;l ) O]T that satisfies (2.18), see Fig. 2.8.
As done in the unicycle case, a dipole-like vector field F(q) = Fy, &1 + Fy, &2 + Fo &3 should
satisfy the constraint equation

Fu,
(22 —x1 1] |Fay| =0= Fp 20 — Fpyaq + Fay = 0. (2.19)
———"|F,,

a'(q)

In this case, all the vector field components F,, j = 1,2, 3, appear in (2.19). Thus, contrary
to the unicycle case, here we can not drop any of the vector field components, and need to
define an N = 3 dimensional dipole-like field in terms of F,,, Fy,, F,,, dependent on the full
state vector q.

The vector field will be generated by a dipole moment vector p satisfying the nonholonomic
constraint at the goal configuration qg, which reads: <aT(qg), p) = 0. This condition holds
for p = [pl P2 O]T, where p1,p2 € R. Let us take p = [1 0 O]T and A = 1, then one has
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Figure 2.8: The hyperplane V serves locally as the n — xk dimensional constraint surface at the
goal configuration qg, whose normal is the constraint vector @' (gg). The allowed generalized

velocities g at gg lie tangent to V.

out of (2.7) that: F,, = 22 — 1+ eXp_(x%”%”%), F., = z129, Fuy = z123. The condition
(2.19) can serve as an output to be regulated to zero, h(q) — 0, so that the system vector field
is aligned with the dipole field. By substituting the field components Fy,, Fy,, Fy, in (2.19)
one has

_(x%—l—x%-i-mg)]

h(q) = r123 — 22[1l — exp

This condition suggests that the system can be controlled with a strategy that brings first
x3 — 0 and then x5, 1 — 0, i.e. in a way such that xs converges faster than x1, xs to zero.
This is consistent with other relevant control designs for Brockett’s integrator [BD96, Ast97].

However, in this particular case the expression of h(q) is quite complex and makes it difficult
to derive a control law so that h(q) = —k h(q). For this reason, we consider a simplified vector
field of the form F(q) = A(p- q)q, where A = 1, F,, = 23, F,, = 2129, Fyy = 2123, in order to
enable an easier controller design, since now the output to be regulated reads: h(q) = z1x3.

Following the strategy presented in the previous section, one would like to derive a control law

so that h = —kh, k > 0, which reads

T1x3 + 183 = —kr123 = T3u1 + 21 (—22U) + T1U2) = —kT123 =
(x3 — wowy)ug + x%u2 = —kxyx3. (2.20)
Note that the condition (2.20) includes both control inputs u;, uy. Therefore, one can set the

control input w1 = —kjx1, k1 > 0, in order to directly regulate z; — 0. The control input wus
is then given out of (2.20) as

x T3 — Tok x T3 — Tok x
ug = —k’—3 — 37221U1 = —k‘—g + ]{71M = —(k‘ - k’l)—3 — k‘ll‘Q,
T :El I I T
where k > ki, x1 # 0.
Consequently, the condition (2.20) suggests that one can choose us = —k;—f — B=22 g, where
1
1 #0, k>0, and u; = —kix1, k1 > 0. Finally, since 1 = 0 results in F = 0, a switching
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strategy can be formulated as:

o —klazl, if Tl 75 0
i { gz, if @y = 0 (2.21a)

af (2.21b)

u —k;—? — 7:03_9622:0111,1, if Tl 75 0
2 = .
—kgxg, if T = 0

where ko, k3 > 0.

2.4 Conclusions

The goal of this chapter is to present preliminary ideas on a framework for motion planning and
control of systems with kinematic nonholonomic Pfaffian constraints, in which guidelines for
the control design can be established in a uniform way across different dynamics. The control
law examples presented, therefore, are preliminary and may not claim performance but rather
demonstrate that the same design rules can be used for different systems. The basic idea is
that one can define a dipole-like vector field, which is used as a reference for the system, and
regulate to zero an output expressing the misalignment between the system vector field and
the dipole-like field. Preliminary work also suggests that this idea may be compatible with
artificial potential field methods used for robot navigation, in which case the development of a
new, unified framework for control under combined holonomic and nonholonomic constraints
may be feasible.

The systems studied in this chapter fall into the class of drift-less kinematic nonholonomic
systems with catastatic Pfaffian constraints. The proposed guidelines, however, can be as well
used for the control design of a class of kinematic nonholonomic systems with drift, which are
subject to acatastatic Pfaffian constraints. Such an example in presented in Chapter 3.
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CHAPTER 3

Practical Stabilization of a Unicycle with Drift via Switching
Control

Abstract

This chapter presents a state feedback solution for the problem of controlling a unicycle-like
robot that is subject to a non-vanishing drift vector field. The motivation for studying this
problem mainly comes from the dynamic positioning ! problem for underactuated marine
vehicles (ships, surface vessels, underwater vehicles), under the influence of slowly-varying
environmental currents. Although the modeling in this chapter has been chosen to be simplified
and to rely on the system kinematics only, the applicability of the proposed feedback control
solution is not limited, in the sense that it can be used as a velocity reference to be tracked by
the system dynamics via standard techniques, like feedback linearization and backstepping.

In this chapter, we present a control solution for the dynamic positioning of a unicycle-like
marine vehicle under environmental disturbances by means of switching control. Switching and
hybrid control has seen an increasing amount of interest from many viewpoints, featuring thus
a solid framework in control theory [YMH98, Bra98, Lib03|. When it comes to nonholonomic
stabilization, hybrid controllers that combine a discrete event supervisor and a family of low-
level, time-invariant feedback controllers have been presented in [BRM92,0BNtdW95 KRM96],
whereas switching among time-varying feedback controllers has been presented in [SE95, KM95,
KMO96]. In [Mor98, HM99], nonholonomic stabilization is addressed in terms of supervisory
control using logic-based switching, whereas [HLM99a, HLM02, HLM03| address the control of
uncertain nonholonomic systems in the aforementioned framework. A similar approach where
the switching strategy depends on the value of a Lyapunov function is given in [CAPOS|.

Typically, a switching control system consists of a family of candidate controllers and a switch-
ing signal (switching function) that specifies, at each time instant, the active controller that
is currently being followed. Thus, switching between the candidate controllers results in a
so-called switched system. From a control perspective, the term switched systems has been
established in the past few years to differentiate this class of continuous-time systems with
(isolated) discrete switching events from the wider class of hybrid systems, which are charac-
terized by an interaction between continuous and discrete dynamics [Lib03].

The proposed feedback solution involves a hysteresis-based switching control strategy, which
renders the system globally practically stable to a set G around a desired position. The control
scheme consists of three control laws; the first one is active out of the set G and drives the
system trajectories into G, based on a dipole-like vector field. The other two control laws are

!The term dynamic positioning refers to a computer controlled system in order to automatically maintain
a vessel’s position and heading by using its own propellers and thrusters. The dynamic positioning control
problem thus reduces into finding a feedback control law that asymptotically stabilizes both position and
orientation of the vessel to desired constant values.
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active in the set G and alternately regulate the position and the orientation of the vehicle, so
that the switched system is practically stable around the desired position. The overall system
is shown to be robust, in the sense that the vehicle enters and remains into G even if the
external current disturbance is unknown and only its maximum bound is given. The efficacy
of the proposed solution is demonstrated through simulation results.

The chapter is organized as follows: Section 3.1 gives the problem formulation and Section
3.2 presents the switching control strategy. The analytic construction of the control laws,
the stability analysis of the switched system and the robustness consideration are given in
Section 3.3. Section 3.4 includes the simulation results. The conclusions and thoughts on
future research are summarized in Section 3.5.

3.1 Problem Formulation

Modeling

Let us consider a marine vehicle which has two back thrusters for the motion on the horizontal
plane, but no thruster along the lateral degree-of-freedom (d.o.f.). In general, the modeling
and control of this class of marine vehicles does not rely on kinematic considerations only, since
the effect of the unactuated lateral d.o.f. is often not negligible, as it is in principle assumed
for wheeled mobile robots. Nevertheless, in order to get some first intuition and to simplify
the control design, we preliminarily model the vehicle as a unicycle.

Let us also assume that the vehicle moves under the influence of an non-rotational current v,
with components v,, v, w.r.t. a global cartesian coordinate frame G. Note that this is standard
modeling for current-induced effects [Fos02|. The equations of motion on the horizontal plane
are given as:

§g=v+G(Qu= |yl = |vy| + [sind 0

T Vg cosf 0 [
0 0 0 1

”1] , (3.1)

u2

T . . o .
] € R" is the system configuration vector, z, y are the position coordinates

where q = [m y 0
of the vehicle and 6 is the orientation of the vehicle w.r.t. G, u = [ul u2]T is the vector of
control inputs, u, us are the linear and the angular velocity of the vehicle in the body-fixed
frame B respectively, and v = [vx Uy O]T is the drift (or perturbation) vector field, see Fig.
3.1.

The system (3.1) can be seen as a perturbation (or perturbed system [Kha02|) of the unicycle
(2.9), with v being the perturbation term, and the unicycle being the nominal system. Note
that the perturbation term is non-vanishing at the origin gg = 0, since v(t,qg) # 0 Vt €
[0, 00).
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Figure 3.1: The considered scenario: The unicycle-like marine vehicle should be driven and
remain into a neighborhood of the origin g = [0 0 O]T, despite the effect of the current
disturbance v

The perturbed system is nonholonomic

The xk = 1 Pfaffian constraint of the system reads:
x
[—sinf cosd 0] Y| = —vgsinb + vy, cos 0 = a'(q)d = b(q), (3.2)
0

a’(q)

The constraint (3.2) is acatastatic, since b(q) # 0. One can verify that the constraint is
non-integrable by using the Frobenius theorem [BLO5|.

Theorem 1 (Frobenius) A non-singular smooth distribution® is integrable if and only if it is
involutive’.

Corollary 1 The perturbed system (3.1) is nonholonomic.

Proof Consider the distribution of the & = 3 smooth system vector fields v, g;1(q), g2, that
is A(q) = span{v,g1(q),g2}. The dimension of A(q) is the rank of H(q) = [v g1(q) 82|
The rank of the matrix H(q) is rank (H(q)) = 3,Yq € C. Since dim(A) = k,Vq € C, the
distribution A is non-singular. To determine whether A is involutive, one has to calculate the
Lie brackets for v, g1, g2: [g1,82) = [sinf —cosf O]T, [v,g1] = [v,82] = [0 0 O]T. Since

[g1,82] ¢ A, the distribution A is not involutive and thus (3.1) is nonholonomic. M

The drift vector field violates the catastatic constraint of the unicycle

Furthermore, the term b(q) # 0 can be seen as a violation of the catastatic constraint (2.10)
of the unicycle. To illustrate this, let us consider the constraint equation evaluated at the goal

2Consider a distribution A of k smooth vector fields w;(q), 1 < i < k, over a smooth manifold C C R",
A(q) = span{wi(q),...,wk(q)}. The distribution is said to be non-singular (or regular) if dim (A(q)) =
dim(A) =k, Vg € C.

3 A non-singular distribution A of k smooth vector fields w, A = span {ws, ..., ws}, is said to be involutive
if for all w;, w; € A, 1 <4,j <k, it follows that [w;, w;] € A, where [w;, w;] is the Lie bracket of w;, w;.
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0=k

Figure 3.2: The hyperplane that lies tangent to the subspace V serves locally as the n — k =
2 dimensional constraint surface at the goal configuration q¢g, whose normal is the constraint
vector a'(gg). The allowed generalized velocities ¢ form the affine subspace V; of Ty (C) and
do not lie tangent to the constraint surface.

configuration gg = 0, that reads
x

[—sin(0) cos(0) 0] z =, = a' (0)§ =v,,

a’(0)

which is satisfied for all g = [m Uy H]T The generalized velocities ¢ at the origin form an
affine subspace V; of the tangent space Tg,, (C) at the goal configuration gg, see Fig. 3.2. Note
that the subspace V; is obtained by translating the null space V of the constraint vector a ' (gg),
given as V = {q € Ty, (C) | (a'(gg),q) = 0}, by the fixed vector x; = [0 v, O]T € V1.
Note also that V is the subspace of the generalized velocities ¢ that satisfy the corresponding
catastatic constraint (i.e. for b(0) = 0) at qg. Equivalently, V; is the set of all x; + v, where
v € V, and has the same dimension with V, dimV; = dim V, where dimV =n — k = 2.

Recall that, in general, a nonholonomic constraint implies that it is not possible to identify
a constraint surface. However, for a system subject to a catastatic nonholonomic constraint
(b(g) = 0), the kinematically admissible virtual displacement dq should satisfy a'(q) - g =0
[Blo03|. This is a statement that at each g, the virtual displacement vector must lie in a
plane whose normal is the constraint vector aT(q). This plane can be interpreted as the
local manifestation of a constraint surface at fixed g [Gin07]. Note also that the subspace V =
{G € Tes(C) | (a"(gc),q) = 0} of the allowed generalized velocities is by definition tangent to
the hyperplane that is normal to aT(qg); thus, this hyperplane serves as the local constraint
surface at gg. Then, the condition (a'(gg),q) = b(gg) # 0 implies that the vector of
generalized velocities g at the goal configuration qg is not tangent to the (local manifestation
of the) constraint surface, see Fig. 3.2. This remark actually verifies the characterization of
the term b(qq) as a violation of the catastatic constraint.
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Equilibrium Point, Stability and Ultimate Boundedness

The constraint equation (3.2) implies that a configuration g = [:1:6 Ye 96] Tis an equilibrium
point of (3.1), i.e. that g = 0 if and only if

b(ge) = 0 = —vysiné, + v, cos b, = 0.

This condition is consistent with what one would expected from physical intuition, i.e. that
the orientation 6. at the equilibrium is dictated by the external disturbance v = [vm vy]T
Furthermore, the origin gg = [O 0 O]T is an equilibrium point of (3.1) if and only if v, = 0.
In other words, if v, # 0 the origin gg is no longer an equilibrium point of (3.1), and therefore
the trajectories of the closed-loop system can only be uniformly ultimately bounded in a

neighborhood of the origin [Kha02].

Nevertheless, allowing the desired orientation to be ruled by external disturbances is in general
not acceptable for various applications, e.g. for inspection tasks (Fig. 3.1), in the following
sense: assume that the marine vehicle is equipped with an onboard camera and is used to
inspect a stationary target. For the inspection task to be effective, the vehicle is required to
converge to the origin gg = [0 0 O]T w.r.t. the global frame G. However, the perturba-
tion induced by the current is non-vanishing at qg, and thus the origin is not an equilibrium
point. Consequently, it is meaningless to search for control laws that yield the system asymp-
totically stable at gg. Instead, one can aim at rendering the system uniformly ultimately
bounded within a set that contains the origin, addressing thus the practical stabilization prob-
lem. Therefore, the control problem can be formulated as follows:

Problem Statement: Given the nonholonomic system (3.1), which is subject to a non-
vanishing perturbation v, design a switching signal o(-) : R® — Z = {1,2,...,x} and x
feedback control laws u = v, (¢, q), so that the closed-loop system is e-practically asymptoti-
cally stable around the origin, in the sense that for given € > 0 and any initial gy the solution
q(t) = q(t, qo,u) exists V¢t > 0, and furthermore q(t) € B(0,¢), Vt > T, where T' = T'(qg) > 0.

3.2 Switching Control Strategy

Dipole-like Vector Fields for the Nominal and the Perturbed System

The control design employs the concept of dipole-like vector fields (2.7). Recall from Chapter
2 that one can define a 2-dimensional dipole-like vector field F,, for the unicycle, and control
the system so that it follows the flow lines as reference paths, which converge to (z,y) = (0,0)
with orientation ¢, — 0. The vector field F,, = F,,, & + F,,,, y is shown in Fig. 3.3(a) and its
analytical expression is given by:

Foz = A\p122 — ;1 —I—ple_(mzﬂﬂ), Frny = Ap12y. (3.3)
Following the ideas presented in Chapter 2, one can construct a dipole-like vector field F, for
the perturbed system (3.1), so that the flow lines converge to the equilibrium point g.. The
vector field F, is generated by a dipole moment vector p, € R? that satisfies the constraint
equation (3.2) at the desired configuration g = 0, which reads: [0 1] Pp = vy. This condition
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(a) The nominal field F, (b) The perturbed field Fp

Figure 3.3: The fields Fp(z,y) and Fp(z,y) for A = 3, p, = [pl O]T, Pp = [pl Uy]T,

p1 = vy = 1 m/sec, v, = 1 m/sec. The flow lines converge to (z,y) = (0,0) with the direction
¢n, and ¢, of the vectors p,, and p,, respectively. In the case of the perturbed system, the flow
lines can not converge to (0,0) with ¢, = 0, since v, # 0.

holds for pp, = [pl vy]T, where p; € R. Furthermore, note that for p; = v,, the direction of
the dipole moment is 0, = arctan(:j—z) = 0.

Consequently, taking p, = [vx vy] T results in a vector field F, whose flow lines converge to
the equilibrium of the perturbed system (3.1). The vector field Fp, is shown in Fig. 3.3(b) and
the analytic form of F,, F, are given by (2.7) as:

Fpo = Mgz + vyy)z — vy + vpe~ @YY, (3.4a)

Fpy = AMugz + vyy)y — vy + vye_(”c2+y2). (3.4b)

Following the Vector Field F,

Given the vector field Fp, (3.4), one can design a state feedback control law u = 1)1(q) that
forces (3.1) to follow the flow lines. Let us denote the closed-loop system (3.1) under the control
law 1)1 (q) as the subsystem ¢ = f1(q,1). Note that by forcing the system to follow the flow
lines of F,, the position r = [:17 y] i converges to the origin (0,0), however the orientation
converges to the orientation ¢, of the vector field F,.

Let us denote q = [rT Q}T. Inspired by [AHPO7b|, we say that the subsystem f;(q, 1)
is stable w.r.t. 7 and unstable w.r.t. #, in the sense that 6 does not converge to the desired
value §; = 0. In fact, since gg = 0 is not an equilibrium point of (3.1), it follows that forcing
0 — 0 via a (different) control law u = tp2(q) will result in a subsystem ¢ = fa(q, ¥2) of
stable 6, but unstable 7. In other words, one needs to make a trade-off between regulating
the position r to a desired value r4 and regulating the orientation € to a desired value 6. In
this sense, one may resort to a switching control strategy between the subsystems fi(q, 1),
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Figure 3.4: Operating regions and system description w.r.t. frame G

f2(q, 1), to alternately force either the position 7, or the orientation 6 to the corresponding
desired values, to eventually get an e-practically stable system. For a thorough introduction
to switching control, the reader is referred to [Lib03].

Switching Control Strategy

In order to design a (state-dependent) switching control strategy, and under the assumption

4

. T . L. .
that the disturbance v = [vx vy] is known®, we partition the configuration space C C

R? x[0,27) into the operating regions K and G, such that K = {[TT H]T ec||r| > 7’0}
and G = C\ K, see Fig. 3.4.5

The region K is divided into A = {q eK | (r,v) > 0} and B = {q eK ‘ (r,v) < O}, with
K =(AUB,).

The region G is divided into G and G, where G; = {q € G | (r,v) >0}, G2 ={q € G | (r,v) < 0}
and G = (G1UG2). The division of G is inspired by the following consideration: When q € Gy,

the disturbance v forces the position trajectories 7(¢) of the (uncontrolled) system (3.1) away
from the desired value (0,0), whereas when g € G, the disturbance forces the position trajec-
tories 7(t) towards the desired value (0,0).

The main idea for the control design is that if ¢ € K, then a control law based on the dipole-
like field (3.4) drives the system trajectories into the set G that contains the origin gg. Then,
while g € G, the system switches to a control law that regulates the orientation § — 0.

However, since the regulation of # may yield instability w.r.t. the position r, it is preferable to
control § when v forces r towards the origin, i.e. when q € G5. Thus, if the system trajectory
q(t) enters G after leaving K, an additional control law is needed to drive g(¢) into G2. This
consideration results into switching among x = 3 candidate controllers ¥,(q), o € {1,2,3}.
Briefly,

4This assumption is later dropped, and only the maximum bound of v is considered to be known.

®The radius 79 > 0 needs to satisfy the conditions (3.6) and (3.7), which guarantee that the system
trajectories r(t) starting in K enter the ball B(0,70) around the origin, i.e. enter in the set G; the detailed
analysis is given in Section 3.3.1.
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1. the control law ) (q) forces the system into G, yielding stable position r and unstable
orientation that converges to the orientation of the vector field Fp, i.e. 0 — ¢,

2. the control law 1pa(q) forces the system into Gg, in the case that r has reached G,
yielding unstable both r and 6 — 6, where 6, = arctan(z—z),

3. the control law 1p3(q) regulates § — 0, in the case that r has reached Gs, yielding
unstable r and stable 6.

More specifically, we propose the following hysteresis-based switching logic.

e If q(0) € K, then o(q(0)) =1, else o(q(0)) = 3.

For all ¢ > 0,
o If q(t) € K and o(g(t")) = 1, then o(q(t)) = 1.
o If q(t) € Gy and o(q(t™)) = 1, then o(q(t)) = 2
o If q(t) € Gy and o(q(t™)) = 1, then o(q(t)) = 3
o If q(t) € G and o(g(t")) = 2, then o(g(t)) = 2.
o If q(t) € B and o(q(t~)) = 2, then o(q(t)) = 3.
o If q(t) € B and o(q(t™)) = 3, then o(q(t)) = 3
o If g(t) € G and o(g(t™)) = 3, then o(q(t)) = 3.
o If q(t) € A and o(g(t™)) = 3, then o(q(t)) = 1.

This switching logic results in a hybrid closed-loop control system, with ¢ being the discrete
state, since the value of o is not determined by the current value of g(t) alone, but is also
depended on its previous value, 0 = ¢(q,0 ) [Lib03]. The hysteresis-based logic prevents the
appearance of chattering when the state crosses the switching surfaces.

3.3 Control Design

After having defined the switching strategy, we now need to design the candidate state feedback
controllers ¥, (-), o € {1,2,3}.

3.3.1 Design of the control law u = v,(q)

The control law 1p1(q) forces the system to align with the vector field (3.4) while converging

to the desired position (0,0). Define the dipole moment vector pp, = p = [pl pg]T. Note
that we would like the direction of the flow lines at (0,0) to be 6, € [-7/2,7/2], so that the
vehicle faces to a target of interest as shown in Fig. 3.1. Thus, we need a vector p such that

pT:i:g > 0 = p; > 0. Therefore, we take p = [vx sgn(vy) vy sgn(vx)]T, which implies that if
v > 0, then p = v, whereas if v, < 0, then p = —
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Theorem 1 The position r = [m y]T of the perturbed system (3.1) enters a ball B(0, () of

the origin for any 7(0) ¢ B(0, 7o), under the control input %1 = [u1  us] T,
uy =~k sgn (r7 [5:8] ) Ir] = sgn(rTv)sgn(p " r)]0]. (3.50)
ug = —ka(0 — ) + ¢, (3.5b)

where ky, ky > 0, ¢ = atan2(F,,, F},;) is the orientation of the vector field (3.4) at (z,y), sgn(-)
is defined as

1, ifa>0,
sgn(a) =\ 1 2o

and rg is chosen to satisfy the conditions (3.6) and (3.7).

Proof Define the orientation error 7 = ¢ — ¢, where ¢ is the orientation of the field (3.4) at
(z,y), and consider the error dynamics 77 =60 — ¢ = 1 = uz — ¢. Substituting the control law
(3.5b) yields 7 = —ko (0 — )+ ¢ — @ = 1 = —kaon, which implies that 6 converges exponentially
to .

To study the convergence of the trajectories 7(t) into a ball B(0, (), consider the Lyapunov
function V = (a: + y?), which is positive definite, radially unbounded and of class C'' and
take the derlvatlve of V' along the trajectories of (3.1),

w1 sin 6+vy sin 6

V =VV [Z/’] = [gc y] |:’U41C(.)SG+’Uzi| _ T‘T [Cps@] w4 T‘T [Zz] .
Substituting the control law (3.5a) yields

V=—FK (TT [gfgg]) sgn (’I"T [‘S’ﬁfz]) |lr]| — <rT [gfgg]) sgn(r ' v)sgn(p r)|v|| + 7 v =

V=—FK ‘r [cosé] ‘ |7 + sgn(r " v) "I"T’U‘ - <rT [C059]> sgn(rv)sgn(p ' r)||v|.

sin 0 sin 0

Check the sign of V by considering the following cases.
C1. sgn(p'r) = —1 and sgn(r 'v) = 1, see Fig. 3.5. Then,

Vo= =k [rT (8] Irll+ 7o+ (r7 [20]) Dol

sin 6 sin 6

Moreover, since under (3.5b) one has 77 = —kgn, one can argue that by choosing ks > 0 large
enough, the orientation error n — 0 = 6 — ¢ fast enough, compared to the rest (slow)

dynamics. In this case, r ' [gfjj] < 0. Thus,

Vo= =k [rT [ el + |r o) = [T (S]] ol = = |77 [SmZ] | Galrl + ol + | o).
After some algebra one can verify that

T Fpz — T
[T LR = IEI [T (R ]| = 1 e el i,
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Figure 3.5: System configuration w.r.t. the dipole-like field (3.4)

where y1(||7])) = A|7||2 — 1+ e~ I7I” is of class Ko for A > 2, the norm ||F|| = |Fp|l of the
field is zero only at (z,y) = (0,0) and

IF| = \/ AT o) (Alr[2-2(1-e=171) ) o2 (1-e=1717) .

Then,

V =

TTU‘ (L= IF I 1 el Rl + [o1)
where the second factor is negative for
IFI~ (7l (Kl + [lo]]) > 1. (3.6)
C2. sgn(p'r) = —1 and sgn(r 'v) = —1. Then,
Vo= =k |rT [t Il = [ To = (r7 [58]) ol

Considering 0 = ¢, in this case r ' [Z?EZ] < 0. Then,
V= —ku |rT ]|l = rTo| + [T (&2 ol = = r T [25]] Galirl = 1ol = |7 To.
Following the same analysis as above,
V== |rTo| (1 + IFI () (il = flol))
where the second factor is positive for
I (el (Ralle | = [lol) > 1. (3.7)
C3. sgn(p'r) =1 and sgn(r "v) = 1. Then,

V=—k ‘rT [cose]‘ || + ‘ﬂv‘ (v [cose}) o).

sin 6 sin 6
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Considering 0 = ¢, in this case r ' [C(-)w] > 0. Then,

sin
V= ki |rT (]|l + rTo| = [T [RE] ol = = |r T [RE]| Galirl + 1ol + 7o)

i.e. V is the same as in C1, thus it is < 0 if (3.6) holds.
C4. sgn(p'r) =1 and sgn(r "v) = —1. Then,

V= —k "r [cos] ‘ 7| — ‘TTU‘ n (rT [COSOD ]].

sin 6 sin 6

Considering # = ¢, in this case ' [C(-)Sw] > 0. Then,

sin @
V==t [T [ el = [r o) + [T [0 2]] Ioll = = |rT [22]| Galirl = ol = |r o]

i.e. V is the same as in C2, thus it is < 0 if (3.7) holds.

In summary, one has that V/ § 0 for any r that satisfies (3.6) and (3.7), and that V = 0 if and
only if 7Tv = 0. Thus, for 7" v # 0, any initial 7(0) and any 0 < 7o < [|7(0)|| that satisfy (3.6)
and (3.7), V is negatlve in the set {r | 3102 < V(||lr|)) < &[|r(0)||*}, which verifies that r(t)
enters the set {r | V(r 7’02} or equivalently, r(¢) enters the ball B(0, 7). Equivalently, if
7o is chosen to satlsfy both (3 6) and (3.7), the system trajectory enters a ball B(0, rg) starting
from any initial condition r(0) ¢ B(0,rp), under the control law (3.5a), as long as 6 converges
exponentially to ¢ under the control law (3.5b). Note that the case r v = 0 does not affect
the convergence of the system into B(0,7p). W

3.3.2 Design of the control laws u = 15(q), u = ¥3(q)

Denote Xy the boundary of a set X w.r.t. a neighbor set Y. Once q(t) has entered G = {q =
[T H]T € B(0,79) x [0,27)}, consider the following two cases:

1. Assume that g € G; = {G | (r,v) > 0}, i.e. that g(¢) has entered G, where the external
disturbance v drives the system away from the origin.

Theorem 2 The system trajectory q(t) enters Go, where (r,v) < 0, under the control
T
law 1/)2 = [ul UQ] s

uy = —kgsgn(vg)||v|, w2 = —ks(6 —6p), (3.8)

with k3 > 1, kg > 0.

Proof Under the control law (3.8) the system trajectory hits the boundary (‘9G1G2 and
then the boundary 0G»,.

To verify the first argument, i.e. that the system trajectory hits the boundary 8G1G2,
consider

1
Vor=1'v+ = (9 0p)? —xvx+yvy+§(0—6p)2,
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which is positive for » € G; and zero on (‘9G1G2 with § = 0, and take its time derivative
along the system trajectories:

Vo = [z vy ] [0059] up + [v= vy ] [gayv] + (0 — Op)ug =

sin 0
= —v' [©f] kysen(v) o] + [[v]|* = ka(0 — 0p)*.
Take sgn(v,) = —1 and assume that the system has reached Gj with v' [cosb] < 0.

Then,

sin 0
= ol (lloll = ks |07 [528]]) = ka6 — 6,

where the first term is < 0 for ||lv|| < ks|v' [€58]| = ks > 1. Morcover, one has

sin 0

Vor =0 & {ks =1 and § = 6, }. Therefore, for k3 > 1 the system trajectory starting in

G enters the region Gy. Similarly one can verify the case sgn(v,) = 1, for v’ [g?ﬁg] > 0.

Var = —ks 0" [528]] 0]l + 0] = ks (6 = 6)? =

For the second argument, i.e. that the system trajectory hits the boundary 0Gs,,, con
sider:

Voo =19 — |[r||* = ro® — (2 + ¢*),

which is positive for » € Gy and zero on dG5,. The time derivative of V53 along the
system trajectories is

Vgg = —2r" [gfgg] UL — 2r .
For sgn(v,) = —1: 7w < 0and r' [€9] > 0. Then,
Vag = —2kgr T [030] ||v]| — 27 v = —2ky ‘r [c0s0] ( o] + 2( (

sin 0 sin 0

< —2k [rT [529]] ol + 20 lo) = 200 (Il — B [r T [5201])

which is < 0 for [|7[| < ks|r" [¢9]| < |lr|| = ks > 1. Thus, for k3 > 1, the system

sin 0

trajectory hits the boundary 0Gs, and enters B.
For sgn(vx) =L r'v<Oandr’ [g‘l’sz] < 0. Following the same procedure, one has
that Voo < 0= k3 >1. N

. Assume that g € G2 = {G | (r,v) < 0}, i.e. that g(¢) has entered G, where the external
disturbance v drives the system towards the origin. Then r(t) enters G; under the control
law

¢3 = [0 UQg]T, where u93 = —k59, ks > 0. (3.9)

Proof To verify so, consider the function V31 = —r " v, which is positive for r € Gy and
Z€ero on 8G2G1. The time derivative along the system trajectories is

Va1 = —vg(ug cos b + vy,) — vy (ug sinf + vy) = —v,% — vy2 <0,

which verifies that the system trajectory enters G;. W

32



3.3.3 Stability of the switched system ¢ = f,(q,,)

Stability analysis in the case of state-dependent switching is often facilitated by the fact that
properties of each subsystem f,(q) are of concern only in the regions where this system is
active, and that the behavior of f,(q) in other parts of the state space has no influence on the
switched system. [Lib03]

Following [Bra98|, let us consider a strictly increasing sequence of times

T ={to,t1,--ybnye-vy by

the interval completion I(T) = (J,,enlton, t2n+1) of T, and the switching sequence

Y ={qo; (t0,t0), (t1,t1)s -y (tnstn)s- - | tn € Z,n € N},

where t( is the initial time, qq is the initial state and N is the set of nonnegative integers.

For t € [tg,tx+1), one has o(t) = t, that is the ¢x-th subsystem is active. For any j € Z,
denote

2 ’ j = {tjl,tj1+1,tj2,tj2+1, “e . ,tju,tju+1, . }

the sequence of switching times when the j-th subsystem is "switched on" or "switched off",
with

El|lj={tj.tjs,---,tj,...}

being the "switched on" times of the j-th subsystem.

Theorem 2 [ZHO08, Thm 3.9] Assume that for each j € I, there exists a positive definite
generalized Lyapunov-like function® V;(q) with respect to f;j(q,0) and the associated trajectory
q(t). Then the origin of the system ¢ = f»(q,u,), with u, = 0, is stable if and only if there
exist class GKCT functions o satisfying

Vi(a(tin)) = Vi(a(t) < ai(llqol), k=1, j=1,2,....x. (3.10)

This theorem states that stability is ensured as long as V; (q(tj,.,)) — V; (q(t;,)), i.e. the
change of V; between any "switched on" time ¢;, ., and the first active time ¢;,, is bounded by
a class GIC function, regardless of the initial value Vj (g(t;,)) at the first active time.

Collorary 2 The position r of the switched system ¢ = f,(q, %), where 0 € Z = {1,2,3},
under the proposed switching logic, is Lyapunov stable.

5A continuous function V : R™ — [0, 00) is called a generalized Lyapunov-like function for the vector field
f and the associated trajectory g(t) over a strictly increasing sequence of times T, if there exists a continuous
function ¢ : [0,00) — [0,00) with ¢(0) = 0, such that V(q(t)) < ¢(V(g(t2n))), for all t € (ton,tant+1) and all
n € N [ZHO08]

TA function a : [0, 00) — [0,00) is called a class GK function if it is increasing and right continuous at the
origin with a(0) = 0 [ZHO08]
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Proof The correctness of the proposed lemma can be verified by a direct application of The-
orem 2. Note that the initial condition r(0) may either be in K or in G, and that all the

switchings occur when the state g crosses the switching surface S : ||| = 9.
For each subsystem o € {1,2, 3}, consider the generalized Lyapunov-like function V,(r) = ||r||.
Note that V, serves as a generalized Lyapunov-like function even when ¢ = 2 or ¢ = 3

is the active subsystem, i.e. when r(t) € G, since its value is bounded in the sense that
Vo(r(t)) < 6 (Ve (r(ty))) = 6(r0), where ¢ € [tx, tys1) and 6(-) = ]|

At any "switched on" time instant ¢,, with n > 1, (that is, for any "switched on" time instant
after the first switch has occurred at t,1), one has that V,(r(tsn)) < 75, where ro = ro + €,
and €, > 0 can be chosen arbitrarily small. Then, for any first active time ¢,1, where clearly
Vo (r(ts1)) > 0, one has Vi (r(ton)) — Vo(r(ts1)) < 7o, that is, any growth of each V, is always
bounded. W

In summary, the proposed switching control strategy guarantees that the trajectory r(¢) of the
perturbed system (3.1) is e-practically asymptotically stable around the origin, with € = 7,
in the sense that r(¢) converges into a ball B5(0,r;) around the origin, where 71 = ro + €, and
€ > 0 is arbitrarily small, and remains into the ball for ¢ > T, whereas the orientation 6 is
regulated to zero, 8 — 0, during the time intervals that the subsystem f3(q,)3) is active.

3.3.4 Robustness consideration

The control design and stability analysis has been based on the assumption that the current
disturbance v is known. However, this is quite unrealistic in general, since on-line measure-
ments of the current velocity can not be easily acquired. An estimation of the current velocity
v = [f}m @y] Tis usually obtained using nonlinear observers, see for example in [AP07, RSP07],
and then employed into the control design. However, this approach complicates the design and
analysis of the overall closed-loop system, since both the estimation error © = v — v and the
state vector q are required to be stable at zero.

Therefore, guaranteeing the robustness of the switched system in the case that the current
disturbance is unknown is meaningful for the class of problems considered here. Robustness
reduces into guaranteeing that the system trajectories enter and remain into a ball 5(0,¢) of
the origin.

Let us assume that only a maximum bound ||v||pmax on the disturbance is known, i.e. that the
magnitude of the current velocity ||v|| = \/vz% + vy? < ||v||max, While the current direction
. = atan2(vy,v;) is unknown. In this case, the vector p, which generates the vector field
can not be a priori determined; let us therefore consider the nominal vector field F,, = F,
generated by a vector p,, = p = [p 0] T, where p > 0. Then, applying the proposed switching
control strategy is not straightforward, since the terms sgn(r ' v) and sgn(v,) are unknown.

Nevertheless, regarding the control law w = 11(q), one can verify that by following the same
analysis as in Section 3.3.1, still gets the four cases in terms of sgn(r ' v) and sgn(p '), which
end up in the conditions (3.6) and (3.7). These conditions can be combined to yield

[[El
loll = < kalr], (3.11)
7))
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which effectively means that whatever the term sgn(r ' v) might be, if the radius r( is chosen
to satisfy (3.11), the system trajectories enter B(0,rp). In other words, the position 7 of
the system robustly converges into B(0,7p) under any current disturbance v such that ||v]| <
|lvmaxl|, as long as rg satisfies (3.11).

However, controlling the switched system while being in B(0,79) depends on both the sgn(r " v)
and the sgn(v,), which is included in w = 1p2(q). Still, the same idea on the control design
while into B(0,rg) can be used, where now the linear velocity controller depends on the sign of
the coordinate x;, where the vehicle enters B(0,7g): while in B(0, (), the vehicle is controlled
with linear velocity u; = — sgn(zin)ks||v|lmax > 0 and angular velocity ug = —k40, kg > 0,
until it reaches the boundary of B(0, 7). In both cases, a high gain k3 > 1 on the linear velocity
u1 is needed to counteract the destabilizing effect of the unknown lateral velocity induced by
the current. At any case, even if the vehicle exits B(0,rg), the control law u = 1)1 guarantees
that it will re-enter.

3.4 Simulation Results

The efficacy of the switching control strategy has been verified through computer simulations.
Consider the red triangle in Fig. 3.6(b), 3.7(b) as a unicycle-like underwater or surface vehicle
(e.g. an underactuated Remotely Operated Vehicle or a hovercraft), that is moving on the
horizontal plane under the influence of an environmental disturbance v. The goal configuration
gq is the origin and the black line centered at (0.5,0) is a point of interest, e.g. a target that
the vehicle has to inspect through an onboard camera.

Two cases are considered; in the first one, the disturbance is known, equal to v = [—0.1 0.2] T
m/sec; thus p = [0.1 —O.2]T. In the second one, the same disturbance v is used for the
simulation, which is assumed to be unknown; the only information which is available to the
switching controller is the bound ||v|max. The region G is defined as the ball B(0,7), where
ro = 0.1 m satisfies the conditions (3.6) and (3.7). In both cases, the trajectories x(t), y(t)
converge into B(0,7p) and remain bounded into the ball B(0,r;), where 1 = 79 + €, with €
being a small positive number, see Fig. 3.6(a), 3.6(c), 3.7(a), 3.7(c).

The main difference between the two cases is the evolution of the orientation 6(¢); when the
current disturbance is known, and the system has entered the set G, 6 is alternately regulated
between zero (when the control law 13 is active) and the direction 6), of the vector p, which
coincides with the orientation 6, at the equilibrium (when the control law )5 is active). Clearly,
the smaller the component |v,| is compared to |v,|, the less oscillation occurs for . On the
contrary, when the current disturbance is unknown, the orientation 6 is still regulated to zero
when the system has reached G, but oscillates with higher frequency. This behavior is due
to the fact that the system switches more frequently between the control laws 1 and 3, since
the destabilizing effect of the current-induced motion along the unactuated d.o.f. drives the
vehicle faster out of the set GG, compared to the first case. Still, the hysteresis-based switching
prevents the appearance of chattering when crossing the switching surface.

A drawback of state-dependent switching control is that it is sensitive to measurement noise.
Figure 3.8 depicts a scenario where the sensed state variables are subject to zero-mean, uniform
random noise. The system still converges into B(0,7(), however chattering occurs during
some time intervals around the switching surface. The measurement noise also affects the
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angular velocity ug, which depends on the vector field orientation (z,y); for these reasons,
the evolution of € is quite oscillatory compared to the noise-free cases. Still, using some
additional control logic, for instance to sample and hold each value of the controls for a long
enough period of time, in order to move sufficiently away from the switching surface, may also
offer robustness w.r.t. measurement errors.

The difference in the trajectories r(t) near the set G is due to the second term of the control
law 1, that is —sgn(r v)sgn(p'r)|v||. More specifically, in the first case the vehicle moves
with linear velocity u; > 0 and has to counteract the current effect at the origin with u; = ||v||,
whereas in the second case, the vehicle moves with u; > 0 and has to counteract the current
effect at the origin with u; = —|[|v||. Furthermore, the smaller the component |v,| is compared
to |vg, the less oscillation occurs for 8. Then, it remains a trade-off for the control designer to
choose rg, in order to at least specify a smaller or larger region in which 6 is close to zero.

3.5 Conclusions

This chapter presented a switching control approach for the practical stabilization of a unicycle-
like marine vehicle, under non-vanishing, current-induced perturbations. The control scheme
is a hysteresis-based switching among three control laws.

The first control law employs a dipole-like vector field and drives the system trajectories into
a set G around the origin. The other two control laws are active in G; switching between
them renders the position of the vehicle practically stable, while the orientation is regulated to
zero during some time intervals. The switched system is robust in the sense that the system
trajectories converge and remain into the set G, even if only a bound ||vmax| on the current
velocity is given.

This work is extended to the state feedback control design for a class of nonholonomic systems
under the consideration of input constraints (i.e. thrust saturation) and state constraints
(induced by limited sensing, i.e. limited camera field-of-view), using concepts and tools from
viability theory, see Chapter 5.
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CHAPTER 4

Nonholonomic Control Design via Reference Vector Fields and
Output Regulation

Abstract

This chapter presents a control strategy comprising formal guidelines for the construction of
state feedback controllers for driftless, kinematic nonholonomic systems, as well as dynamic
nonholonomic systems with drift.

The main idea is that, given an n-dimensional kinematic nonholonomic system subject to k
Pfaffian constraints, one can define an N-dimensional (N < n) reference vector field F(-) on a
subset L of the configuration space C. The vector field F(-) is taken out of the family of vector
fields

F(x) =\ <pTac> T—0p (a:Tac> ,

where N < n, € RN is a sub-vector of the configuration vector g € R”, p € RN is the dipole
moment vector, and A > 2, see Section 4.2. The vector field F(-) is by construction nonsingular
everywhere on L except for the origin & = 0 of the local coordinate frame on L; the origin
x = 0 is thus the unique, isolated critical point of the vector field F(-), and is by construction
of dipole type. This further implies that all integral curves of the vector field F(-) begin and
end at the critical point; in this sense, any of the integral curves offers a path to = 0.

The subspace £ C C on which the vector field F(-) is defined is dictated by the structure of
the constraint matrix A(q). In particular, the zero columns of A(q) induce a trivial foliation
of the configuration space C into the leaf space £ and the fiber space 7, and characterize
the configuration variables ¢ € R™ into leafwise coordinates @ € R"™"° and transverse
coordinates t € R™. The vector field F(-) is then defined on the leaf space £, in terms of the
leafwise coordinates @ only.

Having the vector field F(-) at hand, the idea for the control design is that, at each g € C, the
system vector field ¢ € T,C is controlled to "align with" the vector field F(-), i.e. is forced into
the tangent space of the integral curve of F(-) at g € C.

For a nonholonomic system subject to a single Pfaffian constraint, the "misalignment" between
the system vector field ¢ and the reference vector field F(-) is codified via the output h(q) =
(a(q),F(-)), where (-,-) is the inner product. Then, forcing the system vector field ¢ € T,C to
align with F(-) is codified by requiring that h — 0. This condition offers a way of choosing at
least one of the control inputs u;, as long as the system has relative degree 1 for the output h.

Similarly, for x > 1 Pfaffian constraints, the misalignment of the system vector field with
the vector field F(-) is codified via the (vector) output h(q) = A(q)F(-), and the condition
h(q) — 0 is enforced, by requiring that all x elements of the output vector h(q) vanish as
t — o0.
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In other words, the vector field F(-) provides a reference direction gyef for the system vector
field at each g € C; this condition, along with the foliation of the configuration space into £
and T suggests a choice of Lyapunov-like functions, which are further used into the control
design to formally establish convergence of system trajectories g(t) to the origin g = 0.

In this sense, the proposed approach recasts the original nonholonomic control problem into
an output regulation problem, which although nontrivial, can more easily be tackled with
existing design and analysis tools. Furthermore, the new perspective brings forth an interde-
pendence between the convergence of the state variables and exposes a potential time-scale
decomposition.

The methodology is also extended to the control design for a class of underactuated mechanical
systems with drift, subject to dynamic Pfaffian nonholonomic constraints.

Organization and Notation

The chapter is organized as follows: Section 4.1 gives a brief introduction on vector fields and
isolated critical points. In Sections 4.2 and 4.3 we consider the control design for kinematic
nonholonomic systems with x Pfaffian constraints, which fall into the class of n-dimensional,
drift-free systems

m

q=>_ giqQu, (4.1)

i=1

where g € C is the configuration vector, or the vector of generalized coordinates, C is the

configuration space, and for ¢ € {1,...,m} we have the control inputs u;, and the control
vector fields g;(q). The considered nonholonomic constraints are of the form
A(q)g =0, (4.2)

with A(q) € R"*", and ¢ € T,C is the vector of generalized velocities.!

In particular, in Section 4.2 we present the construction of the N-dimensional vector field F(-)
and the control design for the cases of the unicycle and Brockett’s NDI, which are examples
of kinematic systems subject to a single Pfaffian constraint equation, whereas Section 4.3
illustrates how the proposed framework extends to n-dimensional chained systems, where k > 1
constraints apply. Numerical simulation examples are given alongside the technical discussion,
both for the single constraint examples as well as the multiple constraint cases.

Finally, in Section 4.4 it is shown how the proposed methodology for kinematic n-dimensional
nonholonomic systems can be extended to the control design of control affine underactuated
mechanical systems with drift:

X =f(x)+ Y gi(x)u, (4.3)
=1

'In general, kinematic nonholonomic constraints can be written in Pfaffian form as A(q)¢ = b(q), where
g € R" is the vector of generalized coordinates, A(q) € R**™ and b(q) € R*. If b(g) = O the constraints are
called catastatic, otherwise they are called acatastatic.
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where x = [qT 'UT}T € R?" is the state vector including the generalized coordinates g € R”
and the system velocities v € R", f(x) is the drift vector field and u;, g;(-) are the i-th control
input and control vector field, respectively. This class of systems is subject to second-order
nonholonomic constraints, which essentially refer to non-integrable acceleration constraints of
the form a(v)?d = b(v). As a case study we treat the control design for the motion of an

underactuated marine vehicle on the horizontal plane.

Our conclusions and our plans for future extensions are summarized in Section 4.5.

Overview of the Approach

The main idea of the approach is that, given an n-dimensional, kinematic nonholonomic system,
one can define a smooth N-dimensional reference vector field F : £ — TL on a subset £ of
the configuration space C, chosen from the family of vector fields (4.6), which are non-singular
everywhere on £ except for the origin @ = 0, which serves as the unique, isolated critical point
of dipole type (see also Section 4.1).

The vector field F(-) serves as a velocity reference for (5.1). This means that, at each q € C,
the system vector field ¢ € T,C is controlled to be made parallel to F(-), i.e. is forced into the
tangent space of the integral curve of F(-) at q.

This in turn implies that the constraint equations (4.2) (for the closed-loop system) take the
form A(q)F(q) = 0; we say in this case that F(q) satisfies, or is consistent with, the constraints
at g € C.

Definition 1 A wvector field> F : C — TC will be said to be consistent with the nonholonomic
constraints (4.2) at a point q € C, (or that it satisfies the consistency condition at q) if

A(q)F(q) = 0. (4.4)

In fact, the explicit form of the condition (4.4) dictates the subset £ of the configuration space
C on which the vector field F(-) is defined, and affects the analytic form of F(-). To see how,

consider the vector field F = Z;-L_l F; 8%-7 where {6%1’ ey %} are the unit basis vectors of
— ; -

the tangent space T4C, and the resulting linear (in terms of F;) system:
a1 F1+apsFo+... + a1, Fp, =0,
as1 F1+awFo+...+ao, Fp, =0,

ak1 F1 +aga Fo+ ... + axp Fry = 0;

then, if for example A(q) contains one zero column, i.e. if [a1;(q) ... aﬁj(q)]—r = 0 for some
Jj€{1,...,n}, the corresponding component F; of the vector field does not affect whether the
consistency condition (4.4) is satisfied or not, because the linear map always sends F; to zero.

2Given an n-dimensional smooth manifold A, a smooth vector field F : A’ — TA is a function which,
at each x € N, assigns a vector F(x) that is tangent to A/, F(x) € TN, whose components in the frames
of any local coordinates (U, ¢) are smooth functions on the domain U of the coordinates. A point x € N at
which F(x) = 0 is called a singular point of the vector field, otherwise it is referred to as regular [Boo86]. The
consistency condition (4.4) is trivially satisfied at singular points.
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One could therefore define a vector field F in which F; = 0. Since reference vector field F has
no component along ¢;j, may just as well be independent of this variable.

In this sense, if A(q) has 0 < ng < n zero columns, the dimension of the vector field F can
be set equal to N = n — ng. We refer to the n — ngy coordinates ¢;, i € {1,...,n}, whose
generalized velocities ¢; are associated with the non-zero columns of A(q) as leafwise states
x, and to the remaining ng states whose generalized velocities are associated with the zero
columns of A(q) as transverse states t. The configuration space C is then trivially foliated
as C = L x T, where L is the submanifold of the leafwise states x, T is the submanifold of the
transverse states t, dim £ = n — ng, dim 7 = ng.

The vector field F(+) is then defined on the N-dimensional leaf space £, in terms of the leafwise
variables @, and is non-vanishing everywhere on L except for the origin & = 0 of the local
coordinate system. The singularity & = 0 is the unique, isolated critical point of the vector
field F(-), and is by construction a rose, i.e. all integral curves begin and end at the critical
point; in that sense, any of the integral curves of F(-) offers a path to = 0.

Thus, in the case that the constraint matrix A(q) has no zero columns, one takes N = n and
x £ q, i.e. the leaf space £ coincides with the whole configuration space C. Then, the vector
field F(-) is defined on the whole configuration space C and vanishes only at the origin ¢ = 0,
see the case of NDI in Section 4.2.2.

On the other hand, if A(q) has ng zero columns, one can pick N = n—nyg, F(+) is defined on the
leaf space £ C C in terms of the n — ng leafwise variables &, and is singular on a submanifold
A ={q € C | x = 0} that contains the origin ¢ = 0. Note, however, that this simplification
comes at a cost: since dropping some of the configuration variables from the definition of F
permits the latter to vanish on a whole submanifold A which contains the origin ¢ = 0, one
may be forced to use switching control for the cases where the system is initiated on this
submanifold, see the case of the unicycle in Section 4.2.1.

Input discontinuities are assumed to yield a closed loop vector field in (5.1) which is piecewise
continuous. Solutions are then understood in the Filippov sense, i.e. ¢ € F(q), where § is a
set valued map given by

5(q) 2o {jlig}o;gz(q])uz q; — q,q; ¢ Sq} :

and S, is any set of measure zero.

In this sense, the main idea of the approach is that instead of trying to stabilize (5.1) to the
origin, one can use the available control authority to steer the system vector field onto the
tangent bundle of the integral curves of F(-), and "flow" along the reference vector field on its
way to the origin ¢ = 0. In the sections that follow we show that these two objectives suggest
the choice of particular Lyapunov-like functions in terms of the leafwise states © € RN and
the transverse states t € R"™N, and enable one to establish convergence to the origin based on
standard techniques.

Thus, the control strategy we consider involves two steps:

1. find an N-dimensional vector field F(-) : £ — T'L, the integral curves of which contain
the origin & = 0 of the local coordinate system on L;
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2. design a feedback control scheme to first align the system’s vector field ¢ € T4C with
F(.), and "flow" along F(-) ensuring that ¢ is non-vanishing everywhere but the origin
qg=0.

Guidelines for Control Design

For kinematic nonholonomic systems in particular, the above process can be described in more
detail as follows: Given (5.1) subject to (4.2),

e Consider the constraint matrix A(q) € R"*", which has 0 < ng < n zero columns, where
n is the number of generalized velocities ¢. Refer to the n — ng states (coordinates) g;,
i € {1,...,n}, whose generalized velocities ¢; are associated with the non-zero columns
of A(q) as leafwise states @, and to the remaining ng states whose generalized velocities
are associated with the zero columns of A(q) as transverse states t.

e Foliate? the configuration space C as F = £ x T, where £ is the submanifold of the
leafwise states @, T is the submanifold of the transverse states ¢, and dim £ = n — ng,
dim 7T = nyg.

e Pick a reference vector field F(+) from the family of vector fields given by (4.6), dependent
only on the leafwise states @, so that its tangent vectors are tangent to £ C C.

e Verify that all integral curves of F(-) contain the origin & = 0 of the local coordinate
system of the leafwise submanifold L.

e Define a k-dimensional system output as h(-) = A(q) F and force the right hand side of
(5.1) to align with F by selecting control inputs to make all elements of h(-) converge to
zero. To do this, you may want to define a number of "consistency error"’ variables s,
that measure how far away the components of h are from zero.

e Establish formally convergence of the trajectories of (5.1) to the origin by selecting
a Lyapunov-like function V' of the form V = %(2;21 si2 + ...+ ||z|[?), or employ a
singular perturbation analysis considering the dynamics of ¢ as part of the boundary
layer subsystem.

4.1 Vector Fields and Isolated Critical Points

As already mentioned in Chapter 2, our inspiration for addressing the steering problem of the
unicycle to the origin using a reference vector field comes from the form of the integral curves
of the electric point dipole.

3An m-dimensional foliation F of an n-dimensional manifold N is a collection of disjoint, connected,
immersed m-dimensional submanifolds of A (called the leaves of the foliation), whose union is A/, with the
following property: Every point in A has a neighborhood U and a system of local coordinates = = (z*,...,2") :
U — R" such that each leaf of the foliation intersects U in either the empty set, or a countable union of m-
dimensional slices of the form z™"' = constant,...,z™ = constant [Lee02]. Intuitively, an m-dimensional
foliation F of N looks locally like a decomposition N' = B x F', where B C R™ and I C R" ™. The set B is
spanned by all "leafwise" directions while the set F' is spanned by the "transverse" directions.
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In order to formally describe the behavior of the integral curves of a vector field, let us first
briefly mention some related notions. For more information please refer to [Boo86, Hen94,
Lee02].

4.1.1 Ciritical Points of Vector Fields

Definition 1 A wvector field on an open subset U C R"™ is a function which assigns to each
point p € U a vector X, € T,,(R™). A wvector field on R™ is C* (smooth) if its components
relative to the canonical basis are C° functions on U.

Definition 2 Given a (smooth) vector field X on R"™, we say that a curve t — F(t) defined
on an open interval J of R is an integral curve of X if % = Xp() on J.* By definition, an
integral curve is connected.

Remark 1 A point p of U at which X, = 0 is called a singular, or critical point of the
vector field, and any other point is referred to as regular.

In the neighborhood of a regular point the integral curves are - within diffeomorphism - the
family of parallel lines 22 = ¢?,...,2" = ¢" in R”, where (z',22,...,2") is a (local) coordinate
frame in U [Boo86]. On the other hand, the pattern of integral curves at an isolated singularity

can take many forms, even in the two-dimensional case.

Singular points are typically distinguished to those that are reached by no integral curve (called
center type) and those that are reached by at least one integral curve (called non-center

type).
In the case of a center type singularity, one can find a neighborhood of the singular point

where all integral curves are closed, inside one another, and contain the singular point into
their interior. A focus is an example of a center-type singular point.

In the case of non-center type singularities, one actually has that at least two integral curves
converge to the singular point. To analyze the local structure of non-center type singularities,
one has to consider the behavior of all the integral curves that pass through the neighborhood
of the critical point [TSHOO]. This neighborhood is typically made of several curvilinear sectors;
a curvilinear sector is defined as the region bounded by a circle C' with arbitrary small radius,
and two integral curves, S and S’, which both converge (for either ¢ — 400, or t — —o0)
towards the critical point O (Fig. 4.1(a)). Then, one considers the integral curves passing
through the open sector g, in order to distinguish between the following three possible types
of curvilinear sectors.

1. S tends to O for t — +oo and S’ tends to O for t — —oo, and every integral curve
through the open sector g leaves g for both t — +o00 and t —+ —oo. Then, the sector is
called a hyperbolic sector (Fig. 4.1(b)).

2. S and S’ both tend to O for t — 400 (resp. t — —o0), and every integral curve through
the open sector g tends to O for ¢t — oo (resp. t — —o0) without leaving g, and leaves g
for t — —oo (resp. t — 00): Then, the sector is called a parabolic sector (Fig. 4.2(a)).

4The same definition holds in general for a vector field X on a manifold M.
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(a) A curvilinear sector (b) A hyperbolic sector

Figure 4.1: A curvilinear sector (left) and a hyperbolic sector (right). Images are taken from

[TSHO0].

3. S and S’ are two semi-integral curves on the same integral curve: All the paths through
a point inside this loop form nested loops tending to O for both t — oo and t — —oc:
Then, the sector is called an elliptic sector (Fig. 4.2(b)).

(a) A parabolic sector (b) An elliptic sector

Figure 4.2: A parabolic sector (left) and an elliptic sector (right). Images are taken from

[TSHO0].
In other words, a critical point of non-center type may be made up of either:

e clliptic sectors, where all paths begin and end at the critical point,
e parabolic sectors, where just one end of the path is at the critical point, and

e hyperbolic sectors, where the paths do not reach the critical point at all.

A typical (non-center) critical point might have sectors of all three types (Fig. 4.3). The paths
that separate each sector from the next are called separatrizes. It may happen that a critical
point has only one type of sector.
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Elliptic sector
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Hyperbolic sector

Figure 4.3: A typical isolated critical point. Image taken from [Hen94|.

e A critical point with only parabolic sectors is called a node.
e A critical point with only elliptic sectors is called a rose; an example is the dipole.

e A critical point with only hyperbolic sectors is called a cross point; saddle points are
cross points with four sectors.

4.1.2 The critical point of the 2-dimensional dipolar vector field

As mentioned in Chapter 2, the point electric dipole in a 2-dimensional Euclidean space is
realized as a physical electric dipole of two opposite charges of equal magnitude, which lie at
an infinitesimal distance between them. The vector field of the physical electric dipole has two
critical points (nodes); one stable (the negative charge) and one unstable (the positive charge).
As the distance between the charges tends to zero, the nodes of the original vector field join to
form a single critical point, which is a dipole [Hen94|. Since the critical point of the resulting
vector field is of elliptic type, all integral curves begin at, and end at, the critical point. In
this sense, any of the integral curves offers a path to the critical point.

Inspired by the expression of the vector field of the point electric dipole in a 2-dimensional
Euclidean space, we introduce the dipolar vector field:

F(r)=Ap'r)r—p(r'r), (4.5)

where r = [m y} T is the vector of position coordinates w.r.t. to a frame G in R?, and p stands
for the dipole moment vector, which can be thought as the quantity that generates the field.

The vector field components F,, Fy of F = F, 6% +Fy 6% for p = [1 O]T read:

F,=(\—1)z? — 92
Fy = Azy.

For A # 1 the vector field F(-) is non-vanishing everywhere but the origin » = 0, which is the
unique, isolated critical point of the vector field, while for A > 1 the critical point » = 0 is a
dipole, see Fig. 4.4(a).
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Figure 4.4: Vector Field F(-) for (a) p = [1 0] (left) and (b) p = % [11] (right).

Furthermore, the integral curves are symmetric with respect to the axis of the vector p, see
Fig. 4.4(b) the vector field F(-) given by (4.5), for A =2, p = % 1 1]T
of the integral curves of F(-) offers a path to » = 0, while p dictates the orientation of the
integral curves w.r.t. the global frame G.

. In that sense, any

Thus, the idea for the control design of the unicycle is, at each q € C, to force the system
vector field ¢ € T,C to "align with" the dipolar vector field F(-), which by construction offers
a path to the critical point » = 0. Furthermore, note that by picking a (unit) dipole moment
vector p that satisfies the constraint equations at the origin, i.e. such that A(0)p = 0, one gets
a dipolar vector field F(-) whose integral curves can serve to indirectly control the orientation
of the unicycle as well, since they converge to & = 0 parallel to the z¢g axis.

Inspired by this, we propose the following general class of N-dimensional vector fields
F(x) =\ (pT:c> x—p (wTaz> , (4.6)

where N < n, & € RY is the vector of the leafwise states, p € RN such that A(0)p =0, and
A > 2. In the following sections, we show that (4.6) can be used to design controllers for a
wide class of nonholonomic systems.

4.2 Systems with a single Pfaffian constraint

In this section we present the construction of the reference vector field and the proposed control
strategy for two systems that are subject to a single Pfaffian constraint, namely the unicycle
and the NDI.

Although the unicycle and the NDI are globally diffeomorphic, we use both examples to demon-
strate how the approach applies in any given coordinates, without the need of finding trans-
formations into new, convenient coordinates, as often encountered in the literature. Moreover,
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the NDI case is indicative of how the approach applies to a system where the constraint matrix
A(q) in the given coordinates has no zero columns.

4.2.1 The unicycle: a first example

To illustrate the proposed control strategy, let us first consider the unicycle, given by

T cos 0 0
y| = |sinf| ui+ |0 ug, (4.7)
0 0 1

where g = [m Y H]T € C is the configuration vector, C is a 3-dimensional smooth manifold
denoting the configuration space, x, y, 0 are the generalized coordinates with x and y being
the position coordinates and 6 the orientation with respect to some global cartesian coordinate
frame G, and uj, ug are the control inputs. The x = 1 nonholonomic constraint for (4.7) is
written in Pfaffian form as
x
[—sinf cos® 0] |yl =0 & (a
0

a’(q)
where (-, -) stands for the inner product.’

For a vector field F = F, 8% +Fy 6% + Fy % to satisfy the consistency condition (4.4) at a
point g, it needs to be orthogonal to a(q):

Fe

[—sinf cos# 0] |F,| =0=F,cos — F,sinf = 0. (4.8)
Fg

a'(q)

In this case, the constraint matrix (vector) a'(q) contains ng = 1 zero column (element) and
thus the component Fy does not affect whether the consistency condition (4.8) is satisfied.
Thus, one can define Fy = 0, and search for an N = n—ny = 2 dimensional vector field F(-), in
terms of I, F,, only. The position coordinates x, y are the leafwise states, and the orientation
0 is the transverse state.

From a geometric point of view, setting Fy = 0 implies that, for each g € C, the vector field
F(-) should lie in the subspace W = {w ETLC | w=[w, wy O]T} of the tangent space T4C
of C. The vector field F(-) should be tangent to the submanifold® S = R? at q, (Fig. 4.5).7

®The notation (w,v) := w(v), where w(-) € W*, v € W and W* is the dual space of the vector space
W, stands for the duality pairing, that is a bilinear map (-,-) : W* x W — F, where F is a (real or complex)
field. Nevertheless, it often occurs in the literature that the "value" of the linear functional w(-) at v € W is
represented by an inner product [Isi95]. Here we adopt this notation and treat w(-) as co-vectors rather than
linear maps.

SA subset M C N, where N is a smooth manifold of dimension n, is said to have the submanifold property
if there exists an integer 0 < m < n such that for each p € M there is a coordinate neighborhood U and a
(local) coordinate function ¢ : U — R™ of A such that ¢(p) = (0,0,0,...,0),o(UNM) ={z € o(U) | Tmt1 =
Tmg2 = ... =z, =0} if m < n, or (UNM) =U if m =n [Boo86]. A subset M C N with the submanifold
property for some m < n is a (regular or embedded) submanifold of N of dimension m and of codimension
n —m |[Lee02].

7 A vector field X on N is said to be tangent to S if X, € T,S C TN, for each p € S [Lee02].
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Figure 4.5: The vector field F(q) is by definition restricted to lie in the tangent space TyS C
T4C, for each g € S.

Leafwise
O ot Transverse
/direction _-

direction

> _y

Figure 4.6: The foliation F of the 3-dimensional configuration space C of the unicycle into

C = R? xS

The submanifold S is a 2-dimensional leaf of a codimension-1 foliation F = £ x T of the
configuration space into ¢ = R? xS! (Fig. 4.6). Consequently, as expected, the vector field
F(-) is tangent to the leafwise directions £ = R? of F. Its analytic form is given out of (4.5),
where the vector p is selected based on the structure of a(q) at the origin: p is required to lie
on the (local manifestation of the) constraint surface at the origin, in order to be consistent
with the constraints:

Pz
(@™ (0),p) = 0= [—sin(0) cos(0) 0] [py| =0, (4.9)
Po

where pp = 0, for the same reason that Fy can be set to zero. Condition (4.9) is satisfied for

any p, € R and for p, = 0, but since p needs to be nonzero we have to set p = [ z O]T with
pz # 0. For p, =1 and X = 3, the vector field components F,, F,, in (4.5) take the form

F, =222 —y? =327 — (2* +¢?), F, = 3ay. (4.10)

The resulting field is shown in Fig. 4.7(a). Since Fyp = 0, the vector field (4.10) on C does not
vary along the transverse direction of the foliation F, see Fig. 4.7(b).

Given the decomposition F = £x T and the vector field F(-) : £ — T'L, the control objective is
thus to find a control law u = ~(q) such that, starting from any initial configuration q; € C, the
system trajectories q(t) evolve along both the transverse direction and the leafwise direction,
until they converge to the origin ¢ = 0. We refer to the evolution along the transverse direction
as motion from leaf to leaf, and the evolution on the leafwise direction as motion on the leaf.
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(a) The vector field F(r) on R? (b) The vector field F(7) on C

Figure 4.7: The vector field F(r) in the case of the unicycle.

At this point, note also that for each # € S!, the condition (4.8) is a linear equation in F, and
F,. We can set F, = [|[F||cos ¢ and F, = ||F| sin ¢, where ||F|| is the Euclidean norm of the
vector field at g € C, and ¢ is the direction of the vector F(q) with respect to a global frame
G. The consistency condition (4.8) then becomes

(a'(q),F) = |F|/sin(¢ — ) = 0. (4.11)

For a nonsingular vector field F, the consistency condition (4.11) holds as long as sin(¢ — 6) =
0= ¢—0=¢&m, with £ € Z, i.e. as long as the system vector field ¢ w.r.t. the global frame G
is collinear (or aligns) with the vector field F(-).

To enable the alignment of the system’s vector field with (4.10), we define the map A(:) : C — R

h(g) = (a'(q),F). (4.12)
When h(q) = 0, F(q) is in the null space of the constraint co-vector a'(q) at g, and can be
locally realized as a linear combination of the control vector fields g;(g). We treat h(q) # 0 as

an error variable, or output which should be regulated to zero. For a nonsingular vector field

F, h(q) =0 (4<':1>1) {§ —¢p=0 or 6§ —¢ = +mn}. In this case, the orientation @ of the unicycle is

tangent to the integral line of the vector field (4.10).

Getting h(q) — 0 in the case of the unicycle is realized by making 0 — ¢ + &, £ € Z. Let us

define the consistency error s = 6 — ¢ and force the dynamics $ = —ks, k > 0, by choosing uo
0—¢ = —k(0 — ¢) = ug = —k(6 — ¢) + ¢. (4.13)

With this choice of us, the dynamics of the reference vector field F orientation angle, ¢ become

p 47 ByFr —4xFy)cosd + (3zF, +2yF,)sin 6 "
B F,” +F,? "
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The quantity ¢ is not defined when |F|| = 0, i.e., at the singular points of F on the submanifold
A={qecla=[0 0 0]} oes

Thus, if q(0) € A, a different control law should be applied; for instance, one can set u; = 0,
up = —k 6. Note that this choice renders A positively invariant and forces the system to
approach the origin exponentially while staying in A. No control switching is needed.

The conditions (4.12), (4.13) determine the motion of the system in the transverse direction.
With the choice of (4.13), the unicycle aligns itself with F as it moves from leaf to leaf. Along
the leaves, on the other hand, the system should be driven to the origin of each local (z,y)
coordinate system. In order to analyze the dynamics on the leaves, we consider a smooth,
positive definite function V' in terms of the leafwise states x, y and the consistency error s

V= %(m2+y2+s2) = % (22 + 42+ (0 — ¢)?),
and take its time derivative along the system trajectories,
V = (zcosf +ysin@)uy + (6 — @) (ug — ¢) = (zcos b + ysinO)u; — k(6 — ¢)2.
Then, choosing the control input u; as

uyp = —kysgn(xcos @+ ysinb)|r|, ki >0, (4.14)

where sgn(a) = 1 for a > 0, and sgn(a) = —1 for a < 0. This choice of input renders the right
hand side of (4.7) piecewise continuous, and solutions are considered in the Filippov sense:

cos 0; 0
g €co lim |sin6; | ui(gi)+ [0 ualqi) : @i — q,q; ¢ S,
0 1

If we now define the set-valued (time) derivative of V' as [BC99|
f/é{aGREIUGS(q):vT'VV:a} ,

we can invoke the nonsmooth version of the invariance principle of [BC99, Thm 3| to conclude
that g(t) — 0 as t — oo.

To this end, note first that away from the discontinuity one has V = —ki(z cos 0+y sin 0) sgn(x cos 0+
ysin0)||r||—k(@—¢)? < 0. Theset Q = {q € C| V(q) = 0} is given as the union Q; U, where
O ={qeC|{xcosO+ysind =0} AN{0=0¢}} and Qs = {geC|{x=y=0} AN{0=0¢}}.

After some algebra, and since ¢|x=0 y—o = 0, one gets ) = {geC|{x =0} AN{0 =n}}, and
]T

Qs = {g = 0}. One can easily verify that  is not an invariant set, since for q; = [O y
the system has w1 # 0 and thus escapes €21, whereas {25 is an invariant set.

On the other hand, at the discontinuity we can write uy = —ki||7| ¢, for some ¢ € [—1,1].
Then, since x cos  +ysin @ = 0 there, we can verify that V' remains a singleton and is equal to
—k(0—¢)? for any ¢ € [~1,1].8 Note now that when § = ¢, and therefore at the discontinuity, it
should be x cos ¢+ ysin ¢ = 0. It can be verified that F satisfies this only along the hyperplane
z = 0, and that the largest invariant set there is the origin. Recall now that V' is positive
definite, which implies that its level sets are compact, and with V' < 0 they are also positively
invariant. This completes the convergence proof. The closed-loop trajectories are depicted in

Fig. 4.8(a).

8This is because it is the same ¢ that appears in all the terms when Vs expanded.
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Figure 4.8: Closed-loop system response for the unicycle and the NDI.

4.2.2 Brockett’s Nonholonomic Double Integrator

In this section we implement the strategy to the case of the NDI. Although the unicycle and the
NDI are globally diffeomorphic, we use this example to demonstrate how the approach applies
in any given coordinates, without the need of finding transformations into new, convenient
system, as often encountered in the literature. Moreover, this case is indicative of how the
methodology applies to a system where the constraint matrix A(q) in the given coordinates
has no zero columns. The dynamics of the integrator is

T 1 0
To| = 0 w4+ | 1] ug (4.15)
T3 —Xx9 T

where q = [3:1 To :Eg]T € R3 is the state vector and u1, ug are the controls. The nonholo-
nomic constraint (k = 1) is

T
[:L'g —I1 1] | =0 & (a
~—— i3

(@), q) =

a'(q)

In this case, for a reference vector field F(-) to satisfy the consistency condition (4.4) the
following equation should hold

Fa,
(@2 —x1 1] |Fay| =0=Fy 29 — Fpyay +Fapy =0,
—_——
a’(q) Fag
The constraint vector a'(g) contains no zero elements and consequently, all the components

0

93 affect the consistency

of an N = 3 dimensional vector field F(-) = F,, 8%1 +Fa, 6%2 +F,
condition and all the system states are leafwise.
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To select F from the family of vector fields defined by (4.6), one needs to first pick p so that

p1
-
(@' (0),p) =0=1[0 0 1] |p2| =0=p=[p1 p2 0] ,
p3
where p1, po € R. Take p = [1 0 O]T and let A = 3. Then,
Fup, = 2012 — 29% — 3%, Fuy = 3120, Fyy = 37123 (4.16)

The vector field F(q) on R? is shown in Fig. 4.9, and is axial-symmetric with respect to the
x1 axis. For z3 = 0, F(q) is as shown in Fig. 4.7(a), with z; = z and zy = v.

Figure 4.9: The vector field F(q) on R? for the NDI, given by (4.16).

To align the system’s vector field with the reference field F, let us consider the map h(-) :
R? — R, given as

hq) = (a'(q),F) = 3z123 — 23 (11° + 22° + 23°) (4.17)

where h(q) # 0 is an error which should be regulated to zero, so that the consistency condition
is satisfied. By an appropriate choice of one of the control inputs, it is possible to set the
dynamics of h to h(q) = —k h(q); however, in this particular case, h(q) is quite complex and
makes it difficult to derive the control law for the other input.

Alternatively, one can still guarantee that h(q) — 0 by making first 23 — 0, and then let z9, z;
tend to zero. To do this, define the consistency errors s; = x3 and s9 = w9, since if s1 = 59 =0
then automatically h(q) = 0, which means that the consistency condition is satisfied. Now
choose uq, so that s; — 0 exponentially: $; = —kysy, for k1 > 0. This is achieved by solving
the following equation for u;:

r3 = T1

—xoul + T1us = —k1rg & up = ki— + —uo. (4.18)
Ty T2
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To design the other control input ug so that both sy and the the remaining (leafwise) states
converge to zero, consider a smooth function V', similar in form to the one used in the case of
the unicycle,

1
V= (ZE12 + 812 + 822) = B (3312 + 3332 + 3322) .

DO =

The time derivative of V' along the system trajectories is

2

. (4.15),(4.18) - x3 X1
= V=Fk—x1+—us + z2us — k1x32.
T2 T2

V =VVq

Then, choosing

3,1

= —koxo — k1—5—— 4.19
Uz 22 =R (4.19)
results in
(4.19) T3T2
=" —k ki——— 4.20
uq 21 + 122 + 252 (4.20)

and yields V. = —koz12 — koxo? — kyz32. Control law (4.19)-(4.20) is not defined on the
submanifold A = {q € R? |q = [O 0 azg] T With this noted, the closed loop system reads

xT3T2
212 + 1%’

Tr3x1

1 = —kax1 + k1 Tg = —kowo — k1 T3 = —k1x3,

x12 + 22
verifying that xs is exponentially stable to zero, irrespectively of 1, x5. For initial conditions
q; ¢ A, one can invoke once more the invariance principle to establish that the system trajec-
tories converge to the largest invariant set contained in the set 2 = {gq € C | V = 0}, which is

the origin ¢ = 0.°

For initial conditions g; € A one needs to use a different strategy to steer the system away
from A, and then switch to the control law given by (4.20), (4.19) [Lib03]; one option is
ui(t) = ua(t) = —kxs(t) # 0 for t < T, T > 0. Chattering does not occur, since once q ¢ A,
the system is guaranteed to converge to the origin. Note also that the second consistency error
converges exponentially once the first one settles, since once z3 = 0, (4.19) yields us = —kows.
The closed-loop trajectories are depicted in Fig. 4.8(b).

Is also of interest that this system can be decomposed into two subsystems with different
time scales, with the 23 £ z dynamics in the role of the boundary-layer (fast) system, and

[a;l azg]T £ w in that of the reduced (slow) system. Assuming that k; > ko and defining

€= %, we can rewrite the closed-loop dynamics as

32
$12 + $22 ’

371

o1 = —koxy + k1 To = —koxo — k1 , El3 = —x3 .

12 + 192
The equilibria of the boundary layer system are given for £ = 0; thus, the unique equilibrium
of the fast system is 23 = 0. The reduced system then reads &1 = —ksx1, &2 = —koxo, which
is exponentially stable as well.

9Lyapunov’s second method should not be used because the origin is not stable in the sense of Lyapunov.
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4.3 Chained Systems

Consider the n-dimensional chained system

I 1 0
T2 0 1
T3l = | a9 uy + 0 U, (4.21)
_i'n_ | Tn—1] _0_
where q = [ml To I3 ... xn]T € R" is the state vector and w1, us are the control inputs.
The system is subject to kK = n — 2 nonholonomic constraints, written in Pfaffian form
—xo 0 1 0 ... O] |21 0
—XI3 0O 01 ... 0 ig 0
: e . =00 (4.22)
—Zp—1 0 0 0 ... 1| |2 0
A(g)

where A(q) € R(M=2)X"  This constraint matrix has ng = 1 zero column, associated with the
generalized coordinate xo. In this case, one can define F,, = 0, and look for an N = (n — 1)
dimensional vector field F(-), in terms of F;, where j € {1,3,...,n}. The configuration space

of (4.21) will then be foliated into RN x R, where [ml T3 ... xn]T e RN are the leafwise
states and xo € R is the transverse state (Fig. 4.10).

Transverse
- direction
]\ X2
o ; Le;afwise
/ ' direction
A

Figure 4.10: The trivial R? x R foliation F for a 3-dimensional chained system.

For p € RN to satisfy the constraints at the origin,

0010 ...0 %1 0
0001 0 0
Do . B = e F0 p3=. o =pa =0,
0000 ... 1|]|" 0
| P
A(O)ERan
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where by definition po = 0. Take p = [1 0 ... 0] T and A\ = 3; then (4.6) yields

2 2 2 2
Foo=221" —23" — 24" — ... — 2,7,

F(Eg = 33313337

F., = 3z12,.

Define the x = (n —2) maps hi(-) : R” — R as hg(q) = (a}, (), F), where a] (q), k=1,...,x
are the constraint vectors. This results to

hl(q) = —X9 le —|—Fw3, - ,h,i(q) = —Tp_1 le +Fxn .

Each hi(q) # 0 is an output which should be regulated to zero. This can be achieved if
Tp_1 — FZ?’ Vn > 3.

4.3.1 Example: The case n =3

The derivation of the control laws w1, us can be simplified if one considers the analytic expres-
sions of the outputs hi(q). Take for instance the n = 3 dimensional chained system, and the
corresponding kK =n — 2 = 1 map

hi(q) = =3w1 (129 — x3) + zo(21” + 23%) (4.24)

As in the case of the nonholonomic double integrator, one can require that each one of the terms
of hi converges to zero. This occurs if, for instance, s; £ z129—x3 — 0 and s9 2 12 +232 — 0.
Then, one can define a continuously differentiable function of the errors si, s and the leafwise
states'? T1, T3 as

1

1
V= B (r1m9 — 333)2 + 5 (3312 + 3332) .

The time derivative of V' along the system trajectories is

. . . . . . (4.21)
V = (2129 — x3) (122 + 2182 — &3) + 2181 + 2383 = x1(2122 — 23)us + (21 + 2322)U7.

We would like to render V negative semidefinite, and render the origin the largest invariant
set contained in the set Q = {q € R? | V= 0}. Then convergence of the system trajectories
to the origin can be established via LaSalle’s invariance principle [Kha02], with the following
caveat: the use of the invariance principle requires that system trajectories evolve in a compact
invariant set. In this case this condition is not automatically satisfied, since the level surfaces
of V are not compact sets: for x1 = x3 =0, |z2| = 0o =V = 0.

However, V' is in indeed radially unbounded so long as 1 remains nonzero. Thus, if 21(0) # 0,
and the system is controlled so that x; maintains its sign and varies at a much slower time
scale compared to x3, x3, then the negative definiteness of V ensures the inclusion of the
trajectories in some compact set (i.e. a level set of V for x1 # 0). Note that the requirement
for a slowly-convergent x; is frequently used in the literature of chained systems [LOS98, MA03|.

0Here the error sy directly includes the quadratic terms of the leafwise states z1, 3.
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With z; assumed nonzero along the trajectories of (4.21), the following positive definite func-
tion V4 on R3\ {q: 71 = 0} can be used instead

1 1,

Vi= 5 (xla:g — LE3)2 + 5%3 , (4.25)
whose time derivative along the system trajectories is
: . . . . (4.21)

Vi = (mixg — x3)(E122 + x189 — &3) + 2383 = x1(T122 — T3)U2 + T3T2U7. (4.26)

Then, if the control inputs uy, us are chosen so that the state x1 converges to zero slowly and
Vl = —kg(xlxg — x3)2 — k3$32, (4.27)
for &1 # 0 and ko, k3 > 0, then the set where V; vanishes is

le{q\xlxgza;g/\xgzO}@Ql:{q]xgza:g:O}.

To this end, one can first choose uy = —kjx1, where ky is a small positive scalar, and then pick
ug by combining (4.26) and (4.27):

l‘l(l‘ll‘Q — l‘3)’LL2 + T3T2U1 — —k’g(l‘liﬂg — l‘3)2 — k‘3l‘32 =

vy, kiws(zizs — Pas)

=—k - — 4.28
" 2(2 961) " z1(v172 — X3) (4.28)
With k3 = k1, (4.28) further simplifies to
ug = —koxa + (ko + k‘l)?, for x1 # 0. (4.29)
1

Given x1(0) # 0, and with x1 converging to zero slower than zo, one can show that g(t)
converges to 1. To pick the gains ki, ko so that this condition applies, consider that the
derivative (4.27) for the closed loop system (ks = k;) reads

Vl = —kg(xgxl — x3)2 - k‘1$32 < -2 min{k27 kl}vlu

while the dynamics of x1 read #1 = —kjx1. Thus picking ko > kq ensures that 17 vanishes at
least twice faster than z.

If 1(0) = 0, then one needs to switch to a different control strategy to drive the system away
from the z; = 0 surface; for instance use u; = const, uy = 0 for some time ¢t < 7T just as
in the case of the NDI, and then apply the scheme described above. The closed-loop system
trajectories of the three-dimensional chained system are shown in Fig. 4.11.

4.3.2 Chained systems with more than 3 states

The same guidelines can be followed for systems with x > 1 constraint equations. Consider
the n = 4 dimensional chained system, and the N = n — 1 = 3 dimensional vector field
_ 0 o) o)
F() =Fo, dz1 +Fay Ox3 +Fa, Oz’

2 2 2
Fxl = 2%1 — T3 — T4, Fxg = 3%1%3, Fx4 = 3%1%4.
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Figure 4.11: The state trajectories of a 3-d chained system for k1 = 1, ky = 2.5.

Then, the corresponding kK = n — 2 = 2 maps are

hi(q) = —3z1(z122 — 23) + 2212 + 237 + 247),

hg(q) = —33:1(351&33 — x4) + xg(x12 + x32 + x42).

Recalling the (simpler) structure of the outputs hy in the n = 3 dimensional case, one could
try to design a stabilizing control law by exploiting the existing lower dimensional solution.
Note that for 2, = 0, hi(q) reduces to (4.24), while ha(q) becomes —x3(2x12 — x32); then
xg — 0 implies that hy — 0. Consequently, one could resort to finding a way to force x4 — 0,
while keeping the same structure of the control law as in the n = 3 case.

For the convergence of 4 to zero, one can require that @4 = —kgx4, kg > 0. Then (4.21) implies
x3u1 = —kgxy, which for the control input u; = —kyx1 reads kiz3zy = kqzy. Assuming zq # 0

just as in n = 3 case, one gets kli—i = /<;4;%; if this condition holds, then x4 — 0.

The objective of the control can then be to bring the "error” s = k:li—‘:’ — k:4£% to zero, while
letting x1 converge slowly using u; = —kjx; with a small k; > 0. Let us use the same control

architecture as in the three-dimensional case, and take ug|p,—4 = ug|p=3 + s:

X X X
Uy = —koxo + (k‘g + kl)—3 + kl—g — k4;42 =
€ € X1
Uy = —koxo + kgﬂ — k‘4x—42, for 1 75 0, (4.30)
I I

where ky > k3 > ko. Then one has the lower dimensional chained system, perturbed by
€T

—hagk

In order to study the convergence of the overall system to the origin one can employ a singular

perturbation argument, and think of the system as decomposed into two subsystems with

different time scales, where the states z = [3:2 3 3:4] T constitute the boundary-layer (fast)

system, and the state & £ z; constitutes the reduced (slow) system. Then, the closed-loop
dynamics of the overall system can be written as a singular perturbation model by considering
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the (small) parameter € = é as

Eig = —(1 — CL1€)$2 + (1 — a2€) ﬁ — l‘_42
T T
€i‘3 = —6]{712171332
EfE4 = —Eklxlxg
&y = —ki@,

where ko = k4 —aq, k3 = k4 —ao, and aq, as are positive constants. The boundary-layer system

has one isolated root, given for ¢ = 0 as x5 = ;—f — ;—142. Taking y = x9 — (ﬁ—? — ;%“2), one

can easily verify that % = —y, which implies that xo converges exponentially and at a very
fast time scale (significantly faster than xs, z4), to £ — £4 . The remaining dynamics of the

1 T
boundary layer system then read

i3 = —kzi1re = —ki12y (E - x_42> = —kizs + k12, &4 = —kes;
X1 T Ty
for 1 # 0 a "frozen" parameter, the resulting linear subsystem of x3, x4 has eigenvalues
of negative real part, which are independent of xy. Thus, with an appropriate choice of the
control gains where ky sufficiently large so that € — 0, one has that the (reduced) boundary
layer system states converge to zero. To tune the control gains, one can write the dynamics of
the boundary-layer states in matrix form

. k k

B [k B ) [n

3| = | k121 0 0 r3| = 2= A1(21)z,
T4 0 —kix1 0 Ty

and choose ky, ko, k3, k4 so that Aq(x1) is a Hurwitz matrix, and its eigenvalues are sufficiently
small compared to the eigenvalue of the slow subsystem.'! The closed-loop system trajectories
are shown in Fig. 4.12. Note that the same procedure applies for V n > 4 as well.

4.4 Nonholonomic systems with drift

This section demonstrates how the proposed methodology for kinematic nonholonomic systems
can be extended to the control design of a class of dynamic nonholonomic systems with drift.
As an example, we consider the motion control on the horizontal plane for an underactuated
marine vehicle, which has two back thrusters for moving along the surge and the yaw degree
of freedom, but no side (lateral) thruster for moving along the sway degree of freedom.

Following [Fos02], the kinematic and dynamic equations of motion are analytically written as:

"'Note that a direct application of slowly-varying system approach [Kha02| is not possible due to the un-
boundedness of the slowly varying term in the neighborhood of the origin.
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Figure 4.12: The state trajectories of a 4-d chained system for k; = 1, ko = 10, k3 = 42,
k4 = 75. The eigenvalues of the matrix Aq(z1) are —4.2819, —2.8591 =+ 3.0564.

& =wucost —vsiny (4.31a)
Y = usiny +vcos (4.31b)
p=r (4.31c)
X X 1
=20 4 2y 2y (4.31d)
miy mii mii miy
Y, Y,
L Y At L (4.31e)
ma22 maz M2y
- N, N 1
g TR e e — (4.31f)
mas msz  Mmg33 mas

where q = [:E Y ¢]T is the pose vector of the vehicle with respect to a global frame G,
v = [u v T]T is the vector of linear and angular velocities in the body-fixed coordinate
frame B, mq1, ma2, ms3 are the inertia matrix terms (including the "added mass" effect) along
the axes of the body-fixed frame, X, Y, N, are the linear drag terms, Xy, Y|, Ny|,| are
the nonlinear drag terms, and 7,, 7, are the control inputs along the surge and yaw degree of

freedom.

The system (4.31) falls into the class (4.3) of control affine underactuated mechanical systems
with drift:

m

x = f(x) + Zgi(x)u,-,

i=1

where here x = [a: y v ou v 7’] T is the state vector, including the generalized coordinates
g and the body-fixed velocities v. The dynamics (4.31e) along the sway degree of freedom
serve as a second-order (dynamic) nonholonomic constraint, which involves the velocities v of
the vehicle, but not the generalized coordinates q. Since the constraint equation is not of the
form aT(q)q = 0, the approach presented so far can not be directly applied.
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However, if we only consider the kinematic subsystem for a moment, we see that (4.31a),
(4.31b) are combined into

b
[—Sin¢ cos 0] y =v=a
(G

(@)g =, (4.32)

a’(q)

which for v # 0 can be seen as a non-catastatic Pfaffian constraint on the unicycle. Equation
(4.32) implies that g = 0 is an equilibrium point if and only v |q—0 = 0, i.e., when (4.32) turns
into catastatic constraint at g = 0.

With this insight, one can try to steer the kinematic subsystem augmented with the constraint
(4.31e) to ¢ = 0 using the velocities u, r as virtual control inputs, while ensuring that the
velocity v along the sway degree of freedom vanishes at ¢ = 0. The constraint equation (4.32)
can now be used to apply the steps of the methodology presented in Section 4.2: similarly to
the unicycle case, the structure of the vector a'(q) implies that z, y are the leafwise states
and v is the transverse state. Thus, an N = 2 dimensional reference vector field given by (4.6)

can be defined, where x = [m y] T, A=2and p= [1 O] T; the vector field components F,
F, read

Fo=a”—y?, Fy=2uy. (4.33)
To enable the alignment of the system’s vector field with (4.10), we define the output
h(q) = (a'(q),F) = —siny F, + cos F,

and require that h(q) # 0 should be regulated to zero, which for a non-vanishing vector field
F(-) reads h(q) = 0 = ¢ = arctan g—: £ ¢, where ¢ is the orientation of the vector field F(-)
with respect to the global frame G.

In order to design a feedback control law r = ~5(+) for stabilizing the consistency error s = ¢p—¢

to zero, one can require that § = —kos, where ko > 0, that reads
c (4.31¢) .
YV—¢=-ke(—9¢) = r=—k(Y—-9)+0¢ (4.34)

Then, one can take a function V in terms of the leafwise states x, y and the consistency error

s=1 — ¢ as
($2+y2+(¢_¢)2)7

N

1
V:§(:L"2—|—y2+s2):

which is positive definite with respect to [m Y 8] T and radially unbounded, and take its time
derivative as

V= [z y] [Zi)jz} u+ [z y [—C(s)iang/z} v — kos®. (4.35)

The behavior of V' depends on the velocity v. If v is seen as a bounded perturbation that
vanishes at [m Y 8] o 0, then this point is an equilibrium of the kinematic subsystem (in

the sense that, at =y = 0, one has s = 0 = ) = ¢[—y=0 = 0).
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With this insight, consider in isolation the subsystem (4.31e) with ur in the role of input, and
apply the following ISS argument: take V,, = %1)2 as an ISS-Lyapunov function, and expand

its time derivative Voo
. Y,
2

ma ma ma
h " _ 2 Yol 2 : s
where by definition Y, Y, < 0, and w(v) = 7Zv* + S22 [v[v® is a continuous, positive

definite function. Take 0 < 6 < 1, then V,, = —™Ly(ur) — (1 — O)w(v) — bw(v) =
ma22

V, < —(1—0)w(v), Yo: —@v(ur) — fw(v) <0.
ma2

If the control input ¢ = ur is bounded, |{| < (3, then
: miy
Vo < —(1 = 0)w(v), V|| : |Yy|lv] + ’YU‘U‘H’UP > TQ,.

Then, the subsystem (4.31e) is ISS [Kha02, Thm 4.19]. Thus, for any bounded input ¢ = ur,
the linear velocity v(t) will be ultimately bounded by a class K function of sup,q [((t)]. If
furthermore ((t) = w(t)r(t) converges to zero as ¢ — oo, then v(t) converges to zero as

well [Kha02].

Consequently, if the control inputs u = 71 (-), r = ¥2(-) are bounded functions which converge
to zero as t — oo, then one has that v(t) is bounded and furthermore, v(t) — 0 as t — oc.

For analyzing the behavior of the kinematic trajectories x(t), y(t), ¥ (t), let us define the
metric [Tan04]

2 2
1
it S} (4.36)

v o— 1
" 2cos?(arctan(¥)) 2

and take its time derivative as

2 2 9 9
A - . .ot
Vi = Ty ((@® = ay?)i + 22%yy) + 55 = x4y 23 — 2?22y [gggﬂ u
2., .2 .
+ Z ;y [333 — xy? 2332y] [—Cg;nwdf] v — kos>. (4.37)

Then, one can pick the control law u =~ (-) as
u = —kysgn(z) ((z* — y*) cosp + 2zysiny)) (4.38)

which basically projects the vector field F(-) on the vehicle’s direction, and assigns the sign
based on the side of the x axis: if the vehicle is on the right, it goes to zero in reverse; otherwise
it goes forward. Then, the time derivative of V,, reads:

2, 2 5 o
; r+ 2 x4 .
Vo= =g (=9 2m] [(0]) — ks + = [0 e 20] [0
(4.39)
Take 6 € (0,1), then one has
' : 2 492 2
Vi < ~ha(1 = 0)3 ~ kafsin® s — g (a2 =92 2a] [20])
z? 492 L
+ x4y [:173 — zy? 2x2y] [ Ci;“f] v.
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Substitute s =9 — ¢, cos ¢ = ||E;‘m|

2xy
2 +y2 b

then one has:

. ko0 _ 2
Vi s =005 - g (I 2l [27])
2+ 2 cos 2 2+ g —sin
_kl% ([x2 —y2 2xy] [sin:ﬁD + a: x4y T —xy2 2w2y} { COSJ}} )
. ko0 2+ y?
S k(1= 6)s" - mm{(w? jy2)2’ - \x!3y } I P+

z? +y — i
+ Ty 2wy [0

kof 2 + 2

= —ky(1 — 0)s* — min { (

22 +42)2’ 1 EE

($2 + y2)2

v, aV,\|I?
ox’ Oy

.Z' + —sin
+ $4y (a3 —zy? 227y [ COSJ}]U
k 3

=ttt -0 i {2 2| (5 )|

.Z' +y —sin
n o [J} _g;y 2$2y] |: cosww] v

kobz®  ky|z|3 } 2ty
e —k 1 - 9 - '
2( )s* — min { (22 +y?)* 22 +y? | cos? (arctan(¥)) :

LT ;y (2% —zy?  227y] [_Ciisnf] v

Vu < —Qmm{kz(l - 9)7 (ZE2 +y2)4’ II)‘2 +y2

6 3
Hkgx kl\x] }Vu—l-

2., ,2
Y o3 2 5.2 1 [—siny
o (2% —zy® 22 y][ s }v,

cos

A

where A < £ +y |z ||F | vp| = (x—'i'#> |z||vp|. Then, the trajectories of the kinematic subsys-
tem are ISS w1th respect to the metric V), and the input v(t) [Tan04].

Consequently, the system (4.31a)-(4.31c), (4.31e) can be seen as an interconnection of the
kinematic subsystem (4.31a)-(4.31c) and the subsystem (4.31e) (Fig. 4.13), where each one
of the subsystems is ISS. This suggests that the coupled system is ISS. Then, applying

Closed-loop
kinematic
subsystem

Un-actuated
d.o.f.

x(r)
¥(1)
(1)

Figure 4.13: The system (4.31a)-(4.31c), (4.31e) as an interconnection of two ISS subsystems.

[HWO07, Thm IV.1| one can conclude that for suitable gain selection (see Appendix 4.6), the
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interconnected system is globally asymptotically stable with respect to the metric V,,, i.e. the
trajectories x(t), y(t), ¥(t), v(t) globally asymptotically converge to zero. Note that the choice
of the metric V), is critical, since a typical one equivalent to the Euclidean would not work.

Finally, for the design of the control inputs 7,, 7, one can use a feedback linearization trans-
formation for the dynamic subsystems (4.31d), (4.31f) given as

Ty = M1 — maavr — Xyu — Xy |ulu, (4.40a)
T = mg3f — (ma1 — mag)ur — Npr — Ny |7, (4.40b)

that yields © = «, # = 3, where «, 8 are the new control inputs. Thus, the system should be
controlled so that the velocities u, r track the virtual control inputs 71 (+), y2(+). To design the
control laws «(-), B(+), consider the candidate Lyapunov function
1 1
V=g =m0 + 5 (= 10))

and take its time derivative as
V= e (= S20) 4 (=0 (7~ G20
Then, under the control inputs

o . 02 .
= —ku(u— () + T, B = —ke(r () +
a (uw=m())+ o' P (r—72()) + an "
where ky, k. > 0, one gets Vi = —ky(u — 71(:))? — kr(r — 42(-))?, which verifies that the
velocities u, r are globally asymptotically stable to v1(+), 72(+), respectively.

The system trajectories z(t), y(t), ¥(t), u(t), v(t), r(t) under the control laws (4.38), (4.34),
(5.21) are shown in Fig. 4.14. The inertia and hydrodynamic parameters of the system’s
dynamic model were taken from [WCO06].

4.5 Conclusions

This chapter addressed the control design for a class of n-dimensional nonholonomic systems,
subject to kK > 1 constraints in Pfaffian form, within a unified framework.

In this framework, one designs an N-dimensional vector field F(-) of the general form (4.6), and
then aligns the system vector field with F(-). In this way the problem of steering the states to
the origin is reduced into an output regulation problem, in which the outputs are functions that
quantify the "misalignment" between F and the system’s vector field. The outputs can directly
suggest Lyapunov-like functions V' that are employed into the control design and analysis.

The control laws derived unavoidably have singularities, which necessitate switching to alter-
native control functions when the system is initialized on the singularity manifolds, but away
from the latter there is no need for switching. The proposed methodology offers a uniform logic
into the control design of n-dimensional nonholonomic systems, by providing guidelines for the
construction of state feedback controllers, and leads to control designs which may be prelim-
inary, but form a good basis for further refinement. The unicycle, the nonholonomic double
integrator, the n-dimensional chained systems and an underactuated marine vehicle have been
considered as illustrative examples, and feedback control laws have been constructed following
the same guidelines.
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Figure 4.14: The system trajectories x(¢) under the control laws (4.38), (4.34), (5.21).

4.6 Appendix

The subsystem (4.31e) describing the dynamics of v is ISS from input ¢ = u(z,y, ) r(x,y, 1)
to state v with ultimate bound 71 (|¢|) = “4*|¢|. For the subsystem describing the evolution

of the kinematic states x, y, 1, consider (4.40a): given a 6; € (0,1) and that k; << ks, one
kq|x|?

has that Vu < -2(1- 91)x2+y2 V, as long as

2
(x2+y2)3 1 1

vV, > = ’

) \va‘j = 26, kq 26 \v\ 2191910036(&‘62111(%))’”’

3 2 2
_291/?1’1" Vo< _ < +y
2 + y2 H—= 2

Note that as (z,y) — (0,0) one has cos(arctan(£)) — 1. Thus the kinematic subsystem is ISS

xT

from input v to the metric V,, with ultimate bound v, (|v|) = 2k}91 CosS(atlan(H)) [v].

Consequently, the interconnected system is asymptotically stable with respect to the metric
Vy, for y2(71(r)) < r, Vr > 0, which yields ﬁm% < ky.
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CHAPTER 5

Viable Control Design for Nonholonomic Systems

Abstract

This chapter addresses the feedback control design for a class of nonholonomic systems which
are subject to inequality state constraints defining a constrained (viability) set K. Based
on concepts from viability theory, the necessary conditions for selecting viable controls for a
nonholonomic system are given, so that system trajectories starting in K always remain in K.
Furthermore, a class of state feedback control solutions for a class of nonholonomic systems are
redesigned by means of switching control, so that system trajectories starting in K converge
to a goal set GG in K, without ever leaving K. The proposed approach can be applied in
various problems, whose objective can be recast as controlling a nonholonomic system so that
the resulting trajectories remain for ever in a subset K of the state space, until they converge
into a goal (target) set G in K. The motion control for an underactuated marine vehicle in a
constrained configuration set K is treated as a case study; the set K essentially describes the
limited sensing area of a vision-based sensor system, and viable control laws which establish
convergence to a goal set G in K are constructed. The robustness of the proposed control
approach under a class of bounded external perturbations is also considered. The efficacy of
the methodology is demonstrated through simulation results.

Contributions

Control of systems which are subject to both nonholonomic and state (configuration) con-
straints is a challenging problem, often encountered within the fields of robotics and multia-
gent systems, ranging from the classical motion planning problem [CLH'05] to maintaining
connectivity in robotic networks [BCMO09].

This chapter proposes a control design methodology for a class of nonholonomic systems which
are subject to hard state constraints. The state constraints are realized as nonlinear inequalities
w.r.t. the state variables, which constitute a closed subset K of the state space Q. The set K
is thus the subset of state space in which the system trajectories should evolve Vt > 0. System
trajectories which either start out of K, or escape K for some t > 0 immediately violate the
state constraints and thus are not acceptable. Therefore, the control objective reduces into
finding a (possibly switching) state feedback control law, so that system trajectories starting
in K converge to a goal set G in K without ever leaving K.

The proposed approach combines concepts from viability theory! and results from our earlier
work on the state feedback control of n-dimensional nonholonomic systems with Pfaffian con-

Viability theory describes the evolution of systems under the consideration that for different reasons, not
all system evolutions are acceptable or possible. The system must obey state (viability) constraints, and system
solutions should be viable in the sense that they must satisfy, at each time instant, these constraints [Aub91].
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straints [PTK11| (Section 5.1). In the sequel, following [Aub91l], state constraints are called
viability constraints, the set K is called the wviability set of the system, and system trajectories
that remain in K V¢t > 0 are called viable (Section 5.2).

In particular, we adopt the concept of tangency to a set K defined by inequality constraints
[Aub91], and provide the necessary conditions under which the admissible velocities of a kine-
matic nonholonomic system are viable in K, as well as the necessary conditions for selecting
viable controls (Section 5.3). In addition, given the control solutions in [PTK11], we propose
a way of redesigning them by means of switching control, so that the resulting trajectories
are viable in K and furthermore converge to a goal set G C K. As a case study, we consider
the motion planning for an underactuated marine vehicle which is subject to configuration
constraints because of limited sensing (Section 5.4); the onboard sensor system consists of a
camera with limited angle-of-view and two laser pointers of limited range. The task is defined
as to control the vehicle so that it converges to a desired configuration w.r.t. a target of inter-
est, while the target is always visible in the camera f.o.v.; in that sense, this is also a problem
of maintaining visibility. The visibility maintenance requirement, along with limited sensing,
impose a set of configuration constraints that define a viability set K. The robustness of the
proposed control approach under a class of bounded perturbations is studied in Section 5.5.
Our conclusions and plans for future extensions are summarized in Section 4.5.

The problem formulation is similar to the characterization of viable capture basins of a target
set C' in a constrained set K [Aub01|, which is based on the Frankowska method that charac-
terizes the backward invariance and (local) forward viability of subsets by means of the value
function of an optimal control problem. However, in this paper we rather address the problem
in terms of set invariance [Bla99, BMO08|, where the objective is to render the viability set K
a positively invariant (or controlled invariant) set, and the goal set G the largest invariant set
of the system by means of state feedback control.?

The notion of controlled invariance for linear systems has been utilized for the control design of
systems with first-order (kinematic) nonholonomic constraints, after linearizing the nonlinear
system equations around the equilibrium [MBP11]; compared to this work, here we present
a method which addresses a wider class of constrained underactuated systems, including the
class of nonholonomic systems with second-order (dynamic) nonholonomic constraints, without
the need for linearizing the system equations, but rather working in the initial coordinates.

The motion control of underactuated marine (underwater, surface) vehicles and ships has been
treated in the past using various control design techniques, see for instance [Leo95, PE99,
PF00, AP02a, DJPNO4]|; however, to the best of our knowledge, none of the relevant work
considers any additional state (configuration) constraints on the system. Furthermore, in this
paper we present a novel motion control scheme for the considered class of underactuated
marine vehicles, based on our methodology for the state feedback control for n-dimensional
nonholonomic systems [PTK11].

In relation to our prior work in [PMS*09], here we do not adopt an optimal control formulation,
and propose control solutions that not only remain in K, but also converge to a goal set G C K.
Compared to [PK11], we consider a wider class of viability constraints, while we further address
the viable robust control design of underactuated systems w.r.t. a class of bounded external
perturbations.

2The viability property has been introduced as “controlled invariance" for linear and smooth nonlinear
systems [Aub91].
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Overview

We consider the class of nonlinear systems described by

q= f(‘Lu)’ u < U(Q)’ (5'1)

where g € Q is the state vector, @ C R" is the state space (a normed space), u € U is the vector
of m < n control inputs, 4 C R™ is the control space, U : Q ~» U is a feedback set-valued
map associating with any state q the (possibly empty) subset U(q) of feasible controls at g
and f : Graph(U) — Q is a continuous single-valued map, which assigns to each state-control
pair (q,u) € Graph(U) the velocity f(q,u) of the state, i.e. the (tangent) vector ¢ € Q.

Nonholonomic constraints

The system (5.1) is subject to x < n nonholonomic constraint equations.® Each constraint
i€ {l,...,k} is written in Pfaffian form as

> i-1aij(@)d; = 0= (ai, q) =0, (5.2)

where (-, -) stands for the duality pairing, a bilinear map (w,v) € Q* x Q — (w,v) := w(v),
where Q* is the dual space of Q, w € Q* is a linear functional w : Q@ — R and v € Q [AF90].
Since any element w € O is a linear map from the n-dimensional space Q to the 1-dimensional
space R, it can be represented by means of a row vector [Isi95]. In this sense, the value (a;, )
of the functional a;(-) at g is given by the dot product a;qg = Z?:l a;j(q)d; = aiT(q)(j, where
T

a; (q) = [aii(q) aix(q) ... ain(q)] is called the constraint vector. Thus, a nonholonomic

constraint (5.2) can be written as

q1
[ai1(q) - ain(q) | [ : ] =0=a;(q9)§ =0,
SN— .

aj (@) o

while x > 1 constraints are written in matrix form as
A(q)g =0, (5.3)

where A(q) € R"*". Each row i of the constraint matrix A(q) is a constraint vector a (q).

State (viability) constraints

The system (5.1) is additionally subject to u nonlinear inequalities w.r.t. the state variables.
Consider the continuous map ¢ = (c¢i,¢2,...,¢,) : @ — R¥; then, the subset K of Q) defined
by the inequality constraints

K:={qeQ|cla) <0, j=1.2,....pu}, (5.4)

is the viability set of the system, where J(q) = {j = 1,2,...,1 | ¢j(q) = 0} is the subset of
active constraints.

3Typically, kinematic nonholonomic constraints can be written in Pfafian form as A(q)g = b(q), where
g € R" is the vector of generalized coordinates, A(q) € R**™ and b(q) € R*. If b(g) = O the constraints are
called catastatic, otherwise they are called acatastatic.
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5.1 Nonholonomic Control Design

The control design is based on our methodology [PTK11]| (Chapter 4) on the state feedback
control for drift-free, kinematic nonholonomic systems of the form

m

q=>_ gilqu, (5.5)

i=1

which are subject to kinematic Pfaffian constraints (5.3), where the state vector ¢ € R"
includes the system generalized coordinates, g;(q) are the control vector fields and wu; are the
control inputs.? Recall that the main idea of our approach is to define a smooth N-dimensional
reference vector field F(-) for (5.5), given by

F(x)=\ <pTac> x—p (a:Tac> , (5.6)

where N <n, A >2 xRV isa (particular) subvector of the configuration vector ¢ € R"
and p € RY is a vector that "generates" the vector field F(-), defined such that A(0)p = 0.

The dimension N of the vector field F(-) is specified by the explicit form of the constraint
equations, in the following sense: depending on the structure of A(q), the state space Q is
trivially decomposed into £ x T, where L is the “leaf" space, T is the “fiber" space, dim £ = N,
n = dim £ 4+ dim 7. The local coordinates & € RN on the leaf are called leafwise states and
the local coordinates t € R"™N on the fiber are called transverse states. The vector field F(-)
is defined tangent to £ in terms of the leafwise states @, and is non-vanishing everywhere on
L except for the origin & = 0, which is of dipole type by construction; thus, all integral curves
of F(x) begin and end at the origin & = 0.

In the case that A(q) has at least one zero column, i.e. in the case that N < n, the vector
field F(-) is singular (vanishes) on the subset A = {g € R" | & = 0}; this singularity may
necessitate switching for initial conditions g¢ € A.Input discontinuities are assumed to yield a
closed loop vector field in (5.5) which is piecewise continuous. Solutions are then understood
in the Filippov sense, i.e. ¢ € F(q), where § is a set valued map given by

A = : . . ey .
S(q) =co {jlggo;gz(qg)uz 1qj —q,q; ¢ Sq}

and S, is any set of measure zero.

Away from the singularity subset A, F(-) serves as a velocity reference for (5.5). This means
that, at each g € Q, the system vector field ¢ € T,Q is controlled to "align with" F(-), i.e. is
forced into the tangent space T4 L of the integral curve of F(-) at g € Q.

In this sense, one can use the available control authority to steer the system vector field into
the tangent bundle of the integral curves of F, and "flow" in the direction of the vector field
on its way to the origin. In [PTK11| we show that these two objectives suggest the choice of
particular Lyapunov-like functions V', and enable one to establish convergence of the system
trajectories q(t) to the origin based on standard design and analysis techniques. In particular,

4The method can be extended to the control of underactuated systems with dynamic Pfaffian constraints
as well, see Section 5.4.
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one can find a smooth function V(q) : R" — R of compact level sets, and a state feedback
control law y(-) = (71(:), ..., ym(+)) : R™ — R™ such that

V<0 & VVG=VV Y gilam() <0, (5.7)
i=1
where VV £ g—;ﬁ % the gradient of V' at q. Then, using standard tools, one can

formally establish the convergence of the system trajectories g(t) to the origin.’

5.2 Tools from Viability Theory

This section gives a brief description of concepts from viability theory [Aub91, AF90]| that are
used in the chapter.

Consider the dynamics of a system described by a (single-valued) map f from some open subset
Qof X toX, f:Qr— X, where X is a finite dimensional vector space, and the initial value
problem associated with the differential equation:

Vi€ [0,T], @(t) = f(z(t)), x(0)=wo. (5.8)

Definition 1 (Viable Functions) Let K be a subset of X. A function z(-) from [0,7] to X is
viable in K on [0,71], if z(t) € K Vt € [0,T].

Definition 2 (Viability Property) Let K be a subset of . K is said to be locally viable
under f if, for any initial state xy € K, there exist T'> 0 and a viable solution on [0, 7] to the
differential equation (5.8) starting at xq. It is said to be (globally) viable under f if T' = co.

The characterization of viable sets K under f is based on the concept of tangency: A subset K
is viable under f if at each state x of K the velocity f(z) is “tangent" to K at x, for bringing
back a solution to the differential equation inside K. An adequate concept of tangency is
realized via the concept of the contingent cone.

Definition 3 (Contingent Cone) Let X be a normed space, K be a nonempty subset of X
and x belong to K. The contingent cone to K at x is the set

Ty (z) = {’U € X | limint K& M) _ 0},
h—0+ h

where dg (y) denotes the distance of y to K, di(y) := inf.ex ||y — 2z||. Note that V = €
Int(K), Tk (z) = X. Thus, if K is an open set, the contingent cone Tk (z) to K at any x € K,
is always equal to the whole space.

5The convergence to the origin under the control law ~(q) holds for “almost all" initial conditions, in the
sense that v(q) is undefined on particular singularity subsets .A.
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(Contingent Cone at a Fréchet differentiable point) Consider the continuous real-valued map
g=1(91,92,-..,9p) : X = R? and the subset K of X defined as

K={reX|g@)>0, i=12...,p} (5.9)
where g;(-) are Fréchet differentiable at x. For x € K, denote
I(z) ={i=1,2,...,p| gi(x) = 0} (5.10)

the subset of active constraints. The contingent cone Tk (x) to K is Tx(x) = X whenever
I(z) = 0, otherwise

Tk(z) ={ve X |Viel(z), (§j(z),v) >0},

where ¢(z) € X* is the gradient of g; at z, and (-,-) stands for the duality pairing.

Definition 4 (Viability Domain) Let K be a subset of £, then K is a viability domain of the
map f:Q— X ifVzeK, f(x) € Tk(x).

Definition 5 Consider a control system (U, f), defined by a feedback set-valued map U : X ~
Z, where X the state space and Z the control space, and a map f : Graph(U) — X, describing
the dynamics of the system:

&(t) = f(x(t),u(t)), where u(t) € U(x(t)).
We associate with any subset K C Dom(U) the regulation map Rg := K ~» Z defined by
Ve € K, Rig(x):={uecU(x)| f(z,u) € Tk(x)}.
Controls u belonging to Ri () are called viable, and K is a viability domain if and only if the
regulation map Ry (x) has nonempty values.
If the subset K is given by (5.9), the set of active constraints is as in (5.10), and for every
x € K, Juy € X such that Vi € I(x), (g.(z),vo) > 0, then the requlation map Ry (x) is

Ry (z) :={u € Ulx) | Vi € I(x), (gi(x), f(z,u)) = 0}.

5.3 Viable Nonholonomic Controls

Consider a nonholonomic system of the form (5.5) subject to p inequality state constraints
determining a viability set K of the form (5.4), where ¢;(-) : Q — R are continuously differen-
tiable maps, j € J = {1,...,u}.

Assume that at some g € K one has that J(q) = 0, i.e. none of the constraints is active; then
obviously g € Int(K), and the contingent cone of K at g coincides with the state space @,
Tx(q) = Q.% This implies that the system can evolve along any direction ¢ € T, q@ without
violating the viability constraints. For a nonholonomic system (5.5) with Pfaffian constraints

8If K is a differentiable manifold, then the contingent cone Tk (q) coincides with the tangent space to K
at q.
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(5.3), the admissible velocities ¢ € T4Q belong into the null space of the constraint matrix
A(g), which is an (n — k) dimensional subspace of the tangent space T4(@). Thus, at each
q € Int(K), the viable admissible velocities ¢ for a nonholonomic system are tangent to an
(n — k) dimensional subspace of the contingent cone Tk (q).

Assume now that the j-th constraint becomes active at some point z € 0K: ¢;j(z) =0, j € J.
The viable system velocities belong into the contingent cone of K at z, 2 € Tk (z), which now
is a subset (not necessarily a vector space but rather a cone) of the tangent space T,Q. Thus,
an admissible velocity for a nonholonomic system (5.5) is viable at z if and only if

se <Null(A(z)) N TK(z)> £ 0.
Based on these, we are able to characterize the conditions for selecting viable controls (if any)
for the system (5.5).
For g € Int(K), an admissible control w = (uq,...,uy) : R" — R™ for (5.5) is viable at q if
and only if

uweU(q), g= Zgi(Q)ui € T(q) = TqQ,
i=1

which essentially implies that a control law w(-) is viable at g as long as the control inputs w;
belong into the subset U(q) of feasible controls.

Assume now that z € 0K so that a single constraint is active: ¢j(z) = 0 for some j € J. The
map of viable controls for a system (5.1) at z is:

R (z) ={u e U(z) | (cj(2), f(z,u)) <0},

where ¢ is the gradient of ¢;(-) at z, and (-,-) is the duality pairing. Following [Isi95], the
value of the duality pairing at z can be essentially expressed by the dot product Ve; f(z,u),

where Ve; = [g—z %] at z € 0K. The regulation map then reads:

Rik(z) ={ucU(z) | Vec;f(z,u) <0}.

Thus, an admissible control w = (u1,...,uy) : R" — R™ for (5.5) is viable at z € K if and
only if
u(z) € U(z), [gT 37] 3 gi(z)u; < 0. (5.11)
i=1

It immediately follows that if more than one constraints c;(-) : Q@ — R are simultaneously active
at some z € JK, then a control law w(-) is viable at z if the condition (5.11) is satisfied for
each one of the active constraints. If all pu constraints are active at z, the viability conditions
are written in matrix form as
m
u(z) eU(z), Jc(z) Zgi(z)ui <0, (5.12)
i=1

where J.(z) is the Jacobian matrix of the map ¢ = (ci(:),...,cu(:)) : @ — R¥, evaluated at
z € OK.
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Figure 5.1:  Any control law v(-) = (71(),...,7m () : R® — R™ such that v(z) € U(z),
2=>3",9i(2)v() € (CNTk(2)) is also viable at z € JK, bringing the system trajectories
into the interior of K.

Consequently, a control law v(-) = (71(+),...,ym(-)) : R® — R™ is viable at z € 9K if and
only if

1z) e U2), |55 ... %}Zgi(z)%(z)go, (5.13)
i=1

for each one of the active constraints ¢;(z) = 0, where U(z) C R™ is the subset of feasible
controls at z.

To illustrate the viability condition (5.11) let us consider the case when a single constraint
is active: ¢;(z) = 0, z € 0K (Fig. 5.1). The viable system velocities Z belong into the
contingent cone Tk (z) at z; thus, any control w = (uq,...,u,) € U(z) such that 2 =
>, 9i(z)u; € Tk (z) is viable. Furthermore, following [PTK11]|, the system velocities that
establish asymptotic convergence to the origin define the subset C = {2 € T,Q | VV 2 < 0}.
Thus, a convergent control law ~(-) is also viable at z € 0K if and only if v(z) € U(z) and
furthermore the system velocity 2 = Y, g;(2)7:(z) belongs into the intersection (C () Tk (2));
if this intersection is empty, then any convergent solution ~(-) steers the system trajectories
out of K.

Therefore, given the state feedback control solutions in [PTK11], the idea for designing viable
feedback control laws for the class of nonholonomic systems (5.1) reduces into redesigning (if
necessary) the convergent control laws ~(:) : R™ — R™ by means of switching control, so that
they yield viable control inputs u(z), Vz € OK. The proposed control design is illustrated via
the following example.

5.4 An underactuated marine vehicle with limited sensing

We consider the motion control on the horizontal plane for an underactuated marine vehicle
subject to configuration constraints, which mainly arise because of the onboard vision-based
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sensor system. The sensor suite consists of a camera and two laser pointers mounted on the
vehicle, and provides the vehicle’s position and orientation (pose) vector n = [m Y w] w.r.t.
a global coordinate frame G, which lies on the center of a target on a vertical surface (Fig.

5.2). The target and the two laser dots projected on the surface are tracked using computer

Camera Field of View

f "

Figure 5.2: Modeling of the state constraints

vision algorithms and this information is used to estimate the pose vector n [KPKO06|. Thus,
the target and the laser dots should always be visible in the camera f.o.v., for the sensor system
to be effective.

These requirements impose a set of nonlinear inequality constraints w.r.t. , which are treated
as viability constraints that define a viability set K for the system. The control objective
is thus defined as to control the vehicle so that it converges into a set G C K of desired
configurations ng € G, while the system trajectories n(t) never escape K.

5.4.1 Mathematical Modeling

The marine vehicle has two back thrusters for moving along the surge and the yaw d.o.f., but
no side (lateral) thruster for moving along the sway d.o.f.. Typically, the motion along roll and
pitch d.o.f. is negligible for this class of vehicles, since roll and pitch angles are stable because
of the mass configuration. The vehicle is assumed to move on the horizontal plane; thus the
heave d.o.f. is not taken into account. Following [Fos02] the kinematic and dynamic equations
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of motion are analytically written as:

T = ucosty — vsiny (5.14a)
1 = usiny + v cos Y (5.14b)
b=r (5.14c¢)
X, X
im Dy Ko Ky, T (6.149)
mi1 mi1 mii mi1
Y, Y,
D=L . + Lo+ il lv] v (5.14e)
mo9o ma2 ma2
_ N, N
_ mu m22uv+ L rr| |r|r + lj (5.14f)
ms3s3 ms3 ms33 ms3

where 1) = [TT w]T = [a: Y w]T is the pose vector of the vehicle w.r.t. the global frame
T
G, r=l[z y
[u v T]T is the vector of linear and angular velocities in the body-fixed coordinate frame
B, mi1, maa, ma3 are the inertia matrix terms (including the "added mass" effect) along the
axes of frame B, X, Y, N, are the linear drag terms, X, |, Yyjs|, Nyjr are the nonlinear

drag terms, and 7,, 7, are the control inputs along the surge and yaw d.o.f.. Furthermore, the
thrust allocation implies that

Tu:Fp+Fst and Tr :l(Fp—FSt),

is the position vector and ) is the orientation of the vehicle w.r.t. G, v =

where F), € [—fp, fpl, Fst € [—fst, fst) are the port and starboard thrust forces, respectively,
fps fst > 0 are the bounds of the thrust forces and 21 is the distance between the two thrusters.

5.4.2 Nonholonomic control design

The system (5.14) falls into the class of control affine underactuated systems with drift:
m
x = f(x)+ Zgi(x)u,-,
i=1

T . . . . .
where x = [m y Y u v r] is the state vector, including the generalized coordinates n
and the body-fixed velocities v, and u; = 7,, us = 7. are the control inputs, respectively.

The dynamics of the sway d.o.f. (5.14e) serve as a second-order (dynamic) nonholonomic con-
straint, which involves the velocities v, but not the generalized coordinates 7. Since the
constraint equation is not of the form a'(n)n = 0, the approach in [PTK11] on the control
design for kinematic systems can not be directly applied.

System decomposition into subsystems >, 3o

Nevertheless, if we only consider the kinematic subsystem for a moment, we see that (5.14a),
(5.14b) are combined into —&siny + ycos = v =
T
[—SiHT,Z) cos 0] y =v=a
(U

Tmn=v, (5.15)

a’(n)
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which for v # 0 can be seen as a non-catastatic Pfaffian constraint on the unicycle. The
constraint equation (5.15) implies that 17 = 0 is an equilibrium point if and only if v |p—0 =0,
i.e. if and only if (5.15) turns into catastatic at the origin = 0.

With this insight, one can try to steer the kinematic subsystem augmented with the second
order constraint (5.14e) to the origin 7 = 0, using the velocities u, r as virtual control inputs,
while ensuring that the velocity v vanishes at n = 0.

Thus, the system (5.14) can be divided into two subsystems ¥;, Yo, where 3, consists of
the kinematic equations (5.14a)-(5.14c) and the sway dynamics (5.14e), while the dynamic
equations (5.14d), (5.14f) constitute the subsystem Y5. The velocities u, r are considered as
virtual control inputs for X1, while the actual control inputs 7, 7 are used to control .

The constraint (5.15) can now be used to apply the steps presented in Chapter 4, in order to
design the virtual control inputs for ¥;: based on the structure of the constraint vector a ' (n),

T . . .
the states r = [a: y] £ z are the leafwise states while 1) is the transverse state. Thus, an

N = 2 dimensional reference vector field F(-) = F, 8% +Fy a% can be picked out of (4.6), in
terms of the leafwise states z, y. For A =3 and p = [1 0] T, the vector field components read:

F, =22? —y? F,=3zy. (5.16)

The vector field (5.16) is non-vanishing everywhere in R? except for the origin » = 0 and
has integral curves that all converge to » = 0 with direction ¢ — 0. Thus, the idea for
the kinematic control design is that the vehicle can be controlled so that it "aligns with" the
direction and flows along the integral curves of the vector field F(-), until it converges ton = 0.
Finally, since in the considered scenario the desired configuration ng = [md Yd O] T does not
coincide with the origin i = 0, the reference vector field F(-) is defined out of (4.6) in terms of

the position error 71 = 7 — rg; thus, the integral curves converge to r4. Then, for p = [1 0] !
and A\ = 3 the vector field components read:

Fm = 2:1712 - y12, Fy == 33)13/1, (517)
where 7, = [ml yl]T, T1=2—2g, Y1 =Y — Yd-
We are now ready to state the following theorems, which establish the asymptotic convergence
of system trajectories x(t) to the desired state xq = [md yg 0 0 0O 0] T

Control design for the subsystem 3;

Theorem 1 The trajectories n(t) = [z(t) y(t) ¥(t)] " of the subsystem X; globally asymp-

totically converge to the desired configuration ng = [md Yd O]T under the control laws
w= (), r = () given as
N() = —kusgn (rf |50 ]) tanh (ullr ) (5.18a)
() = —ka(¢ — ¢) + 6, (5.18b)
where ki, k2 > 0, ¢ = atan2(F,,F;) is the orientation of the vector field (4.33) at (z,y) and
. . 1, if a >0,
the function sgn(-) : R — {—1,1} is defined as: sgn(a) = { 1, ifa<o.
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Proof of Theorem 1
Let us first prove the following lemma:

Lemma 1 The orientation error e = 1 — ¢ is exponentially stable to zero under the control
law (5.18b).

Proof Take the positive definite, radially unbounded function V, = %62, then its time deriva-
tive reads (1310) (5.15b)

. . (4.31c -\ (518

Ve=eé = (p=9)r—0) = —k(—¢)? = —2kVe.
Thus, the v is globally exponentially stable to the orientation ¢(x,y) = atan2(F,,F,) of the
vector field F(-), where F, F;, are given by (5.17). W

In order to study the convergence of the trajectories n(t) to ng, one can take a function V' in
terms of the position errors x1 = x — x4, y1 = y — yq and the orientation error e = — ¢ as

which is positive definite w.r.t. [a;l Y1 e] T and radially unbounded, and take its time deriva-
tive as

VeVitee (5.14),(5.18b)

—koe® + (21 1] [Z?jﬂ u+ (21 oy [_Czisnf] v. (5.19)
The behavior of V depends on the velocity v. If v can be seen as a bounded perturbation that

vanishes at [a;l Y1 e]T = 0, then this point is an equilibrium of the kinematic subsystem
Y1, (in the sense that, for 1 = y; = 0, one has e = 0 = ) = @[3, =y, =0 = 0) and therefore it is
meaningful to analyze its (asymptotic) stability. Since v comes from the control input ¢ = ur,
one should study its evolution in an ISS framework.
With this insight, consider the candidate ISS-Lyapunov function
1
Vv = 5?)2

and take its time derivative:

. Y, Y,
V, = —@v(ur) - <Mvz + —’ ol ] v2> ,
2

ma2 ma2 ma

where by definition Y,, Yy, < 0 and w(v) = %02 + \YT:L_\;;H |v|v? is a continuous, positive
definite function. Take 0 < 6 < 1, then:

V= o) — (1 — 0)w(v) — fw(v) =

ma2
: mii
Vy < —(1 = 0)wv), Yv: ———wv(ur) — w(v) < 0.
ma2

If the control input ¢ = ur is bounded, || < (3, then

. m
Vo € (1= 0)u(v), Vol : [Yallel + Vol lof? > Z226.
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Then, the subsystem (5.14e) is ISS [Kha02, Thm 4.19]. Thus, for any bounded input { = ur,
the linear velocity v(t) will be ultimately bounded by a class K function of sup,q [((t)]. If
furthermore ((t) = w(t)r(t) converges to zero as ¢ — oo, then v(t) converges to zero as

well [Kha02].

Consequently, if the control inputs u = 71 (+), r = 72(+) are bounded functions which converge
to zero as t — oo, then one has that v(¢) is bounded and furthermore, v(t) — 0 as t — oo.
Therefore, first note that the control input u(t) is bounded by construction. Furthermore, one
has out of (5.18b) that the control input r(¢) is bounded as well, since e, ¢ are bounded. Thus,
v(t) is bounded: |v(t)] < vp.

Going back to (5.19), substituting u = 1 (z,y) by (5.18a) yields:

V=V — kge? = —y ([331 ] [g;)j;f] ( tanh(ullre]) + [z1 w] [((:Z))] W(t) = koe?.

Since |v(t)| < vy, the derivative V reads:

V< ki |fer w] [t ] [ranhulie ) + o, — o

Thus, a sufficient condition for V; < 0 can be taken as:
Irallen < ko [rd [ ot ] tanh (ulira ) < ke | tanh (ufira]) =

1
vp < ky tanh (pl[r]]) = el > —artanh(%),
H 1

(5.20)
where artanh(-) is the inverse hyperbolic tangent function. This condition essentially expresses
that V4 < 0 for any position vector rq = [:1:1 yl]T that satisfies (5.20).

Consequently, for any initial position 71 (0) and for any 0 < o < [jr1(0)| that satisfies (5.20), V;
is negative in the set {ry | 2102 < Vi([ra])) < 3llm1(0)[|?}, which verifies that the trajectories
71(t) enter and remain bounded in the set {r1 | Vi(r1) < 3%}, i.e. that ri(f) enters and
remains into the ball B(0,r(); equivalently, the trajectories 7(¢) enter and remain into the ball

B(Td, 7‘0).

Note also that within the ball B(rg, 7o) the solution 7(¢) is bounded and belongs into B(rg, 7o)
Vt > t1. Then, it follows that its positive limit set L™ is a non-empty, compact invariant set;
furthermore, r(t) approaches Lt as t — oo [Kha(02, Lemma 4.1].

Lemma 2 The trajectories 1)(t) of the kinematic subsystem X1 globally asymptotically converge
to the equilibrium 1. = 0 under the control law (5.18b).

Proof Consider the time derivative Ve = —kye? <0, and denote

Q={e|Ve=0}=Q={c|v=0o(zy)}
Then, the trajectories e(t) converge to the largest invariant set M included in Q.

To identify the largest invariant set M in €2, note first that the control input r = ~2(-), given
by (5.18b), vanishes for ¢ = 0, given that the tracking error e = ¢ — ¢(z,y) is globally
exponentially stable to zero.
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The dynamics of ¢ = arctan< z) is ¢ = 81, (:1: y)T + 8y (m y)y. One can verify out of the
analytic expressions of g¢, gz that ¢ vanishes at the set M = (M3 V My Vv M3), where:

MlZ{X’l’l:?41:0/\1/1:@1,1:04/1:0 :O}v
My ={x[z1#0Ay1 =0Ay =0},
M3:{x|y17é0/\x1:0/\:i7:0}.

For angular velocity r = 0, the sets further read:

My={x|z1=y1=¢v=0Au=v=0},

My={x|z1#0Ay1 =0AY=0Av =0},

Ms={x|y1 #0Ax1 =0A¢Y =7 Au=0}
However, if the system trajectories start on or enter the set M3, one has u = () # 0, which
implies that the trajectories escape M3. On the other hand, it is easy to verify that the sets

M, My are invariant w.r.t. the trajectories 1(t); the set M; corresponds to the trivial solution
x(t) = 0, whereas My corresponds to the system moving along the x¢ axis with v # 0, r = 0.

Thus, (b vanishes at the set (M; V My). Consequently, the largest invariant set M in € reduces
to (My V My), where the orientation 1 = 0, since in any other case the control input (5.18b)
yields r # 0, which implies that ) = ¢(z,y) does not identically stay in 2. Consequently, the
orientation trajectories ¥ (t) globally asymptotically converge to ¢ =0. W

Going back to the evolution of the position trajectories r(t), note that, within the ball B(rg, o),
the control input ¢ = ur vanishes as r — 0. According to the above analysis, the control input
r(t) vanishes as (¢ — ¢(x,y)) A (¥ — 0). Since the dynamics of the linear velocity v are ISS,
one has out of ((t) — 0 that v(t) — 0 as well.

Consequently, one gets out of (5.20) that the system trajectories 7(t) approach the ball B(rq, )

of radius: .
rp = — artanh <@> ,
1 k1

where 7}, is the ultimate bound of the system, r, < rg.

Then, as v(t) — 0, one also gets that the ultimate bound r, — 0, i.e. that the trajectories
r(t) > rqg. W
Control design for the subsystem >

Finally, the control inputs 7,, 7 of the subsystem X9 should be designed so that the actual
velocities u(t), r(t) track the virtual control inputs v (+), vy2(+).

Theorem 2 The actual velocities u(t), r(t) globally exponentially track the virtual control
inputs y1(+), 72(+), respectively, under the control laws 7, = &1 (+), 7 = &2(+) given as:

Ty = M1 — Mogvr — XU — Xu|u‘|u|u, (5.21a)

Ty = m33ﬁ — (m11 — TTLQQ)’LL’U — Nrr — NT|T||T’|T‘, (5.21b)
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where

a=—ky(u—"(0))+ (Vy)n, k,>0, (5.22a)
B =—ke(r—m()) +(Vy2)n, k>0, (5.22b)

and Vo = % % %—YZ‘ is the gradient of v, k =1, 2.

Proof of Theorem 2

Proof Under the feedback linearization transformation (5.21) the dynamic subsystem (5.14d),
(5.14f) reads @ = «, 7 = [, where a, [ are the new control inputs. Consider the candidate
Lyapunov function:

1

Ve =5 0= mm)* + 5 = 2nm)?,

and take its time derivative as

Ve = (u—m()) (@— (Vy)n) + (r — y2(n) (F = (Vy2)1) ,

where V4, = % %—2‘ %—ZZ , k = 1,2. Under the control inputs (5.22) one gets

V’r = _ku(u - 71('))2 - kr(r - 72('))2 < _2min{kw kT}VT?

where k,, k., > 0, which verifies that the actual velocities u, r globally exponentially track the
virtual controls ~1(+), 72(+), respectively. W

The system trajectories x(t) under the control law (5.21), (5.22), (5.18) are shown in Fig. 5.3,
whereas the control inputs 7,, 7 and the resulting thrust forces Fj,, Fy are shown in Fig.
5.4(a) and Fig. 5.4(b), respectively.

5.4.3 Viable nonholonomic control design

The viability set K of the system (5.14) is determined by the following requirements (Fig. 5.2):

e The target should always be in the camera f.o.v., [—yr,yr] C [f2, f1], so that sensing is
effective.

e The laser range L,, must be within given bounds, Ly, < Ly, < Lax, so that the laser
dots on the surface can be effectively detected.

These specifications impose p = 4 nonlinear inequality constraints of the form ¢;(x,y,v) <0,
jeJ=1{1,2,3,4}, written analytically as

c:ry—axtan(y — o) +yr <0, (5.23a)
coryr —y +xtan(y + o) <0, (5.23b)
T

Lo 4+ —— <0, 5.23

cs + P 0 (5.23c)
T

D= — Lmax <0. 5.23d

“ cos Y 0 ( )
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Figure 5.3: Response of the system trajectories x(t).

Note that the control law (5.18) yields solutions that, starting from any initial configuration 7
in K converge to (any) desired configuration ng in K. Nevertheless, the convergent trajectories
n(t) may not be viable in K, in the sense that the control inputs may steer the trajectories
n(t) out of K during some finite time.

Such an example is shown in Fig. 5.5. Assume for now that only the constraint ¢i(-) given
by (5.23a) is of interest. The vehicle starts on a configuration ng € K; however, tracking
the reference vector field F(-) under the control law (5.18) on its way to ng = [-0.5 0 O]T
implies that the convergent trajectories 1(t) are driven out of K for some finite time, where the
target is no longer in the camera f.o.v.. More specifically, the constraint ¢;(-) becomes active
when the target lies on the left boundary of the f.o.v., where fo = —yr (Fig. 5.5, dashed line).
This condition defines a subset 21 = {z € 0K | ¢1(-) =y — ztan(y) — a) + yr = 0} of OK.

From the definition of the regulation map Rx(-) (Section 5.2) one has that the viable system
@
velocities at z € Z satisfy Ve12 < 0 = [—tan(y—a) 1 —zsec?(y—a) ] {y] < 0. Substituting the
(4
system equations yields:
[~ tan(¢ — @) cos 1) + sin )] u + [tan(y) — @) sin) + cos ] v — wsec’ (P — a)r < 0. (5.24)
The viability condition (5.24) verifies that the control inputs (5.18) violate the constraint
c1(z) = 0: at z € 21 the vehicle moves with u,r,1) > 0, thus the first and third term are
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Figure 5.4: The resulting control inputs and thrust forces.

> 0, whereas the (in general indefinite) velocity v is not negative enough to satisfy (5.24).
Therefore, the control laws u = 71(+), 7 = 72(-) should be redesigned so that (5.24) holds
Vz € Z.

To this end, the condition (5.24) offers the way to select viable control inputs when z € Z;.
If the system starts at z with zero linear and angular velocities, then a viable option is to set
u(z) = 0 and r(z) < 0; then, one has v = 0 since (5.14e) reduces to ¥ = 0, and the condition
(5.24) is satisfied, since always = < 0.7

For picking a viable control input r(z), one can choose to regulate the orientation v of the
vehicle to the angle ¢y = atan2(—y, —z), which essentially is the orientation of the vector —n
that connects the vehicle with the target via the angular velocity ryip, = —k(¢ — ¢¢). In this
way, the system is controlled so that target is centered in the camera f.o0.v., avoiding thus the
left boundary.

Similarly, the viability conditions when the remaining constraints become active at some Z; =

{z | ¢j(z) =0}, j € {2,3,4}, are analytically written as:

Vean) <0 = [tan(¢+a) —1 xsec?(y +a)] 7 <0 (310

[tan(y) 4 @) cos i — sin ] u + xsec? (Y + a)r — [tan(yh + a)siney + cos ] v <0, (5.25a)

Vesn <0 = [secyy 0 x]ﬁ§0(5'21>4)u+wr—tan¢v§0, (5.25b)
VC47'7§0:>[—secw 0 —w]ﬁ§0(5£1>4)tan1/1v—u—xr§0, (5.25¢)

and indicate how to select viable control laws for the case that the corresponding constraint
becomes active.

Thus, if z € 25, i.e. if the target is adjacent to the right boundary of the f.o.v., the system can
be as well controlled so that the target is centered in the camera f.o.v. via ryiap, = —k(1) — ¢1);
in this case the resulting angular velocity is r,qp, > 0; given that x < 0 and by choosing the

"This is not the only viable option; any control input [u r] Te U (z) such that Vei12 < 0 implies that the
constraint c¢1(z) is not violated.
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Figure 5.5: A convergent solution 7(¢) given by the control law (5.18) may violate viability
during some (finite) time interval.

control gain k large enough, the term involving r is negative and dominates the remaining
terms in (5.25a).

In the same spirit, for the remaining constraints one can verify that by setting ry;qp; , = 0 and
Uyiabs , Dy (5.18a) the term involving u is negative, implying that viability is maintained.

Thus, for redesigning the control laws (5.18) so that they are viable at z € Z;, j € J, one can
consider the continuous switching signal

0, if Cjmin < Cj <0
N Cj—Cj max e . e
oj(cj) = 5 min—Cj max’ if ¢jmax < ¢ < Cjmin (5.26)
1, if Cj < Cjmax

shown in Fig. 5.4.3, and use the control law:
u = 05(¢;)tcony + (1 = 5(¢5)) tvian, (5.27a)
r=0j (Cj)rcmw + (1 - O-j(cj))rviabjy (5.27b)
where ¢jmin, ¢jmax are a priori defined values for the constraint ¢;(), @conv; Teonv are the

convergent to the origin control laws given by (5.18) and Wyiab;» Tviab; are viable control laws
at z € Z;. Then, if ¢j(2) = 0 one has 0;(c;) = 0, which ensures that the control laws given by

(5.27) at z € Z; are viable.
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Figure 5.6: The switching signal o;(c;).

Under this control setting, if the system trajectories n(t) evolve away from the subset Z; € 0K
so that ¢;(n(t)) < ¢jmin(n(t)) Vi € J Vt > 0, then the viable controls are never activated and
the system is guaranteed to converge to the desired configuration 14 under the convergent
control law (5.18).

On the other hand, if the switch o;(-) is activated at some ¢ > 0, then the vehicle does not track
the convergent to (x,y) = (0,0) integral curves of the vector field F during the time interval
that o;(c;) # 1. If furthermore the corresponding viable control laws are not convergent to
N4, then the system is no longer guaranteed to converge to ng. In this case, one can relax the
requirement on the convergence to a single point, and rather choose to establish convergence
to a goal set G C K of desired configurations, given as

G={nae K |z +ys® = d* ¢q = atan2(—yq, —z4) } ,

where d is a desired distance w.r.t. the target. The viable linear velocity controller is given as
woiar = ~krsgn ([e1 w1] [0 ]) tanb(uflra ), (5.28)

T .
where 71 = [z1 w1] , 21 = @ — 2, y1 = Y — Ya, g = dcostpg, ya = dsintpg, Yg =
atan2(—y, —x).

The orchestration of the switching between convergent and viable control laws taking into
consideration all j constraints can be implemented by replacing the switching signal o;(c;)
with the switching signal ¢* := min(o;), j € J;

u = min(o;)ueony + (1 — min(o;))wpiap, , (5.29a)
r=min(o;)reony + (1 — min(aj))rmabj, (5.29b)
In this way, the system switches when necessary to the viable controls Uyiab; , Tviab, that cor-

respond to the constraint j which is closer to be violated.

Finally, note that the control gains ki, ko, ky, k. can be properly tuned so that the virtual
control inputs wu, r correspond to thrust forces Fj,, Fi; that belong into the compact set U =

[_fpa fp] X [_fsta fst]'

To evaluate the efficacy of the methodology, let us consider the scenario shown in Fig. 5.7.
The vehicle initiates on a configuration 19 where both the constraints cy(-), c4(+) are active.
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Thus, a viable control law that does not violate both (5.25a), (5.25¢) is active at ¢ = 0; in this
case, we chose to use the convergent control law (5.18) as a viable control law, with the control
gains k1, ko tuned so that none of the constraints is violated. The vehicle moves towards the
nominal desired configuration 14 under (5.29); note that the constraints c4(), ¢;1(+) become
nearly active during some time intervals, activating the corresponding viable control laws. The
vehicle approaches the goal set G under (5.29) for j = 1, i.e. by regulating the orientation 1
so that the target is always visible (red path). In this scenario the effect of the viable control
law for ¢1(-) does not vanish, and thus the vehicle does not converge to ng = [—0.5 0 O]
but rather to a configuration in G. Finally, to ensure that the vehicle will stabilize at some
point in G, the system switches to the viable control law corresponding to 7 = 1 in a small
ball around 74 (blue path).

The evolution of the constraint functions c¢;(n(t)), j € J is shown in Fig. 5.8; the value of
cj(+) is always non-positive which implies that viability is always maintained.

=] o f : ............. b
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— cantrol around 1, %
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Figure 5.7: The path x(t), y(t) under the control scheme (5.29). The vehicle converges into a
point of the goal set G.

Finally, Fig. 5.9 shows the resulting path under (5.29) for a case that the vehicle starts on
a point in K, so that the viable control laws are not active (green path). As the vehicle
moves towards 7mg the switching signal ¢* = o9 becomes < 1, activating the corresponding
viable control law for some finite time interval (red path). The vehicle moves away from the
corresponding boundary Zs of the set K, yielding ¢* = 1, and thus eventually converges to ng
under the convergent control law.
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Figure 5.8: The value of the constraints remains always negative.

5.5 Viable control under a class of bounded disturbances

5.5.1 Robust nonholonomic control design

Let us now assume that the vehicle moves in the presence of an irrotational current of velocity
V. and direction B, w.r.t. the global frame G. As it will be shown later, the current V., 3. does
not have to be explicitly known or constant, but rather to correspond to a class of bounded
perturbations so that the velocity is at most equal to a known upper bound.

Following [Fos02|, the kinematic and dynamic equations of motion are rewritten including the
current effect as:

T = Uy costY — v, sin + V. cos . (5.30a)
U = upsin 4 v, cosp + V. sin G, (5.30b)
Y=r (5.30¢c)
X X
dp = T2y g D,y el 4 T (5.30d)
mii mii mii mii
Y. Y,
Op = —@urr—i— o+ vl |vr| vy (5.30e)
ma2 ma2 ma2
_ N, N,
pomarTme, o N o I+ I (5.30f)
mss3 ma33 ma3 m33
where v, = [uT Uy T]T is the vector of the relative velocities in the body-fixed frame B,

Vp V-1, and v, = [VC cos(Be — ) Vesin(fBe. — ) O]T are the current velocities w.r.t.
frame B.

The system is written as a control affine system with drift vector field f(x) and additive
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Figure 5.9: The vehicle starts moving under the control law (5.27) where ¢* = 1, i.e. the
convergent control law (5.18) is active (green path). When the constraint cy(-) is nearly
violated the corresponding switching signal o9 becomes < 1 for some time interval (red path).
The vehicle eventually converges to ng = [—0.5 0 0]".

perturbations &(-) as
) + Z gi(x)u; +0(-

where x = [nT VT]T

T
. = [w y v our v r] is the state vector, g;(-) are the control

vector fields and §(-) = [VC cos B. VesinfB. 04 X4]T is the perturbation vector field.

Note that one gets out of the dynamic nonholonomic constraint (5.30e) that xe = 0 is an
equilibrium point of (5.30) if v, = 0 and u,r = 0. The first condition reads v = v.. Then, given
that the linear velocity v of the vehicle along the sway d.o.f. should be zero at the equilibrium,
it follows that v, = 0 = V.sin(B. — ¥e) = 0 = V. = 0 or ¢ = . + k7, k € Z. Thus, the
desired orientation 1. = 0 can be an equilibrium of (5.30) if V. = 0, which corresponds to the
nominal case, or if 8. = 0, i.e. if the current is parallel to the z-axis of the global frame G.

Consequently, in the general case that . # 0, the current serves as a non-vanishing perturba-
tion at the equilibrium n = 0, and therefore the closed-loop trajectories of (5.30) can only be
rendered ultimately bounded in a neighborhood of 1, = 0.

Thus, the control design for (5.30) reduces into addressing the practical stabilization problem,
i.e. to find state feedback control laws so that the system trajectories n(¢) remain bounded
around the desired configuration ng. Following the control design ideas used in the nominal
case, the system (5.30) is divided into two subsystems X, Yo, where X1 consists of the kine-
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matic equations (5.30a)-(5.30c) and the sway dynamics (5.30e), while the dynamic equations
(5.30d), (5.30f) constitute the subsystem Y. The velocities u,, r are considered as virtual
control inputs for the subsystem 1, while the actual control inputs 7,, 7 are used to control
the subsystem 3s.

We are now ready to study the robustness of the control laws for the nominal system, under
the class of bounded velocity disturbances d(-).

Control design for the subsystem 3

Theorem 3 The trajectories r(t) = [() y(t)]T of the subsystem >; approach the ball
B(rg, ), while the trajectories ¥ (t) globally asymptotically converge to the equilibrium ), =
Be + k7, k € Z, under the control law u, = v1(+), 7 = 72(-) given as:

N() = —kusgn (r] [ Sat] ) tanh (ulira ), (5.31a)
—ka(vp — ¢) + &, (5.31b)

Y2(")

where 7y, is the ultimate bound given by (5.35).

Proof of Theorem 3

Proof The analysis on the trajectories of the perturbed system is along the same lines as the
one for the nominal one. First, let us prove the following lemma:

Lemma 3 The orientation error e = ¢ — ¢ is exponentially stable to zero under the control

law (5.31Db).

Proof Take the positive definite, radially unbounded function V. = %62; then its time deriva-

tive reads V, = eé (6.30c) (Y — ) (r — ) (5.510) —ko(1p — ¢)? = —2kyV,. Thus, ¢ is exponentially

stable to the orientation ¢(z,y) of the vector field F(r). W

To study the behavior of the system trajectories r(¢) under (5.31), consider the Lyapunov
function candidate

1

Ve =3 (0 =2+ (y — wa)%) =

: (212 +11?), (5.32)

N |

which is positive definite, radially unbounded and of class C*°, and take the derivative of V..
along the trajectories of (5.30), given that 4 = 0, g4 = O:

Vo=lon ol (S0 ]w ot o w] [0 o b e ] [R5 ] Ve (639)
The behavior of V, depends on the linear velocity v, along the sway d.o.f., as well as on the

external perturbation. Since v, comes from the control input ¢ = wu,r, one should study its
evolution in an ISS framework.
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With this insight, consider the candidate ISS-Lyapunov function V, = %vrz and take its time

derivative Yo
. m Y,
V, = —ivr(urr) — (‘ v v+ vl [vr| vr2> .
ma2 ma2 ma2

Following the same analysis as in the nominal case, and given that the control input ( is
bounded, |¢| < ¢, one eventually gets for some 0 € (0, 1) that:

. m
Vo < =(1 = 8)u(e), ¥ior] s Wallor |+ Yap o = T2,

Thus the subsystem (5.30e) is ISS w.r.t. ¢ [Kha02, Thm 4.19], which essentially expresses that
for any bounded input ¢ = w,r, the linear velocity v, (¢) will be ultimately bounded by a class
K function of sup,~g|¢(t)|. Furthermore, if ((t) = w,(t)r(t) converges to zero as t — oo, then
vy (t) converges to zero as well [Kha02].

Remark 2 Note that the control input {(¢) should vanish at the equilibrium ne = [me Ye Ue
which is dictated by the direction (. of the external disturbance, since ¢, = 8. + k7, Kk € Z.
Nevertheless, assuming that the current V., B. is known and constant is unrealistic; thus,
knowing a priori the equilibrium 7, is in general infeasible. For this reason we assume that
only the bound ||d]|max of the current velocity is known, while the direction 3. is arbitrary, so
that

6] = \/(VCCOSﬁC)z + (Ve Sin50)2 = Vo] < 10| max-

This practically means that the current disturbance can be of any, not necessarily constant
direction S, as long as |V| < ||0]|max-

Substituting the control law (5.31a) into (5.33) yields

Vo= =k ol [cong ]| tanh (uliral) + (o0 o] [ ] or + [0 ] [0 ] Ve =

Ve <=k o [cont ]| tanh (ulira) + | (o + 18]

where v, is the ultimate bound of the linear velocity v,. Thus, a sufficient condition for V, < 0
can be taken as

Il orn + 18ma) < B [ [25] [tand (e} < ol | ()

Urp + ||5HmaX>

5 (5.34)

1
= Upp + [|0]|max < k1 tanh (pl|r1]]) = ||r1]| > ; artanh <

where artanh(-) is the inverse hyperbolic tangent function.

This condition essentially expresses that one has V; < 0 for any position vector r1 = [ml yl] T
that satisfies (5.34). Thus, for any initial position 71 (0) and for any rg < ||r1(0)| that satisfies
(5.34), V. is negative in the set {r; ! 210% < Vi(|lr1]]) < 3[71(0)||?}, which verifies that the
trajectories r(t) enter and remain bounded into the ball B(rg, 7).

Note also that within the ball B(rg, 7o) the solution 7(¢) is bounded and belongs into B(rg, o)
Vt > t1. Then, it follows that its positive limit set L* is a non-empty, compact invariant set;
furthermore, r(t) approaches Lt as t — oo [Kha(02, Lemma 4.1].
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Lemma 4 The trajectories 1(t) of the subsystem X globally asymptotically converge to the
equilibrium . = . £ m under the control law (5.31b).

Proof To verify the argument, consider the time derivative V, = —koe? < 0 of the positive

definite, radially unbounded function V, = %62. Denote

Q={e|Ve=0}=Q={e|v=0o(zy)}
Then, the trajectories e(t) converge to the largest invariant set M included in €.

For identifying the largest invariant set in €2, note first that the control input (5.31b) vanishes
when ¢ = 0, given that the tracking error e = 1) — ¢(x,y) is globally exponentially stable
to zero. Taking the dynamics of ¢ = arctan(g—?;) yields that ¢ = fi(z,y)t + f2(z,y)y. The
functions fi(x,y), fo(x,y) vanish only at x = x4, y = yg; nevertheless, it was shown that
the system trajectories r(t) never reach the desired position rg, unless the perturbation is
vanishing. Thus, ¢ vanishes only when & = ¢ = 0, i.e. at the equilibrium of (5.30), at which
the vehicle’s orientation is ¢, = . & w. Therefore, the largest invariant set M reduces to
e = Be £ 7, since if Y = ¢(x,y) # e, the control input (5.31b) yields r # 0, which implies
that ¢ does not identically stay in 2. H

Going back to the position trajectories r(t), one has that within the ball B(rg,79) the control
input ((t) = u,(t) r(t) vanishes as r(t) — 0.8 According to the above analysis, this occurs
when {¢ = ¢(x,y)} N {1y = B. £ 7}, i.e. when the orientation 1 of the vehicle is aligned with
the direction of the current, at a point (x,y) where the reference orientation ¢(z,y) coincides
with the direction of the current as well; then out of (5.31b) one has r = 0. Since the dynamics
of v, are ISS, it follows that as ((¢) — 0, then v,(¢) — 0 as well.

Consequently, one gets out of (5.34) that the system trajectories r(t) eventually approach the
ball B(rg,ry) of radius r, < rg, given as:

1 ”‘ﬂ‘max)
r, = — artanh , 5.35
= = antau (12 (53)

where 4 is the ultimate bound of the system.

Note that the ultimate bound r;, depends on the norm of the perturbation ||d||max, as well as
on the control gain k; on the linear velocity, as one would expect from physical intuition. H

At this point, recall that the evolution of the trajectories n(t) should respect the configuration
constraints imposed by limited sensing, for the sensor system to be effective. Thus, for the
scenario considered here, the vehicle is restricted to move on the left hyperplane w.r.t. the
global yg axis (see Fig. 5.10), while its orientation 1 (¢) should (roughly) be in [—%, %], SO
that the vehicle faces the target.

In this sense, consider the case in Fig. 5.10, where rirrd > (. Then:

e Under the control law (5.31a), the vehicle tracks the vector field F(-) and enters the ball
B(rg,70), with linear relative velocity u, > 0 and 7] [Zﬁ?z} < 0.

8Tt is easy to verify that w.(t) given by (5.31a) never vanishes, since 71 (t) does not converge to zero.
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Figure 5.10: The marine vehicle is controlled so that it aligns with the direction ¢ and flows
along the integral curves of the vector field F(-), until its trajectories 7(¢) remain bounded into
a ball B(rq,r) and approach the ball B(rg, ).

e According to Lemma 4, within the ball B(rq,ro), the orientation trajectories 1(t) con-
verge to the equilibrium 7.

e The linear velocity of the vehicle along the surge d.o.f. at the equilibrium is « = 0, which
out of u, £ u — u, yields: u, = —u. = -V, cos(fBe. — ).

e The control input u, given by (5.31a) at the equilibrium should be > 0 as well; otherwise
one has out of (5.31a) that ] [gﬁf:ﬁ:] > 0, i.e. that the vehicle does not face towards
the target, which is undesirable.

e Then, it follows that cos(f8. — 1) < 0. Given that 1. = f. + km, this further reads:
cos(Be — Pe) = —1 = cos(fBe — Ye) = cOST = e = P — T.

e Consequently, in order to have: 1, € [—%, g], so that the vehicle faces the target, it

follows that (. € [%, 37”], i.e. that r{ [cos B, sin ,BC] > 0.

Remark 3 In the remaining of the paper we consider the class of bounded perturbations
0= [VCCOS,BC V. sin B, 01X4] 10l < 110]|max, such that rlT [cosﬂc sinﬂc] >0,

as the one shown in Fig. 5.10. For rIrd > 0 in particular, i.e. for the vehicle starting at a
position r1 “behind" the desired position rg, it follows that the current direction should be so
that cos 5. < 0.
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Control design for the subsystem 3o

Theorem 4 The actual velocities w,.(t), 7(t) globally exponentially track the virtual control
inputs v1(+), 72(+), respectively, under the control laws 7, = & (-), 7 = &2(+) given as

Tu = M11@ — MoVt — Xty — Xyjo||[Ur Uy, (5.36a)
7 = m33f — (M1 — mag)upvy — Npr — Ny 7|7 (5.36b)
where
a=—ky(u, —71(-)) + (Vy)n, ke >0, (5.37a)
B =—kp(r—m20) + (Vy2)n, k>0 (5.37b)

Proof of Theorem 4

Proof Under the feedback linearization transformation (5.36), the corresponding dynamic
equations (5.30d), (5.30f) read u, = «a, 7 = (3, respectively, where «, 8 are the new control
inputs.

Consider the candidate Lyapunov function

Ve = g (=) + 5 (= 2())?

and take its time derivative as

V= (i =) (i = Gt ) (=) (- G20
Then, under the control inputs (5.37) one gets

V, = —ku(ur —71())? = ke (r —72(-))* < —2min{ky, b}V,

which verifies that the actual velocities u,(t), r(t) are globally exponentially stable to the
virtual velocities v1(-), 72(), respectively. W

5.5.2 Viable controls in the set K

Assume that the vehicle is at a configuration z € Z; where Z; = {z € 0K | ¢;(-) = 0}, i.e.
that j-th constraint becomes active. The map of viable controls at z € Z; is given as

Ric(2) = {r € T(2) | Vey() 0 < 0},
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oc; ooy 0] T

where V¢;(-) = [% or 39
selecting viable controls when the j-th constraint becomes active are analytically written as:

is the gradient of ¢j(n). Thus, the necessary conditions for

Ven<0= [—tan(¢ —a) 1 —zsec’*(¥ —a)|n <0 (5:20 [— tan(y) — ) cos ¢ + sin ] u,

— zsec’(1) — a)r + [tan(y) — a) siny) + cos Y] v, — tan(yp — @)V, cos fBe + Vesin B, < 0,
(5.382)

Veen < 0= [tan(¢ + @) —1 zsec* (¥ + )| 7 <0 (520 [tan (i) + «) cos ¢ — sin ] u,

+ zsec?(y + a)r — (tan(vp + ) sin v + cos ) v, + tan(y) + )V, cos f. — V. sin 3. < 0,
(5.38b)

(5.30)

Vesn <0 = [secw 0 x]ﬁgO ur +x r —tany v, + secypV, cos . < 0, (5.38¢)

(

Vean < 0= [— sectyy 0 —az] <0 5':3>0) tan v, — u, —x 1 —secpVecos B < 0. (5.38d)

Given that the velocities w,, r serve as the control inputs, one should check whether the
convergent control law (5.31) satisfies the viability conditions (5.38) at z € Z;. If this is not
the case, then the control law should be re-designed so that the viability conditions are met
at z € Z;. Clearly, if more than one constraints become active at the same time at some
FAS mje 7 Zj, the corresponding conditions should hold at the same time.

The conditions (5.38) offer the way to select viable control inputs at z € Z;. Consider, for
instance, that z € Z1, which corresponds to the target being adjacent to the left boundary of
the f.o.v.; then one can choose to regulate the orientation 1) to the angle ¢, = atan2(—y, —x)
via the angular velocity 7yia, = —k(¢) — ¢¢), as one did for the nominal case. In this way, the
vehicle is controlled so that target is centered in the camera f.o.v.. To select the gain k in a
robust, yet conservative, way one can resort to picking k so that the resulting r,;45, dominates
the worst-case remaining terms in (5.24), i.e. the worst-case terms involving the upper bounds
|tr|, v, [|8]]. Similarly, if z € Z3, i.e. if the target is adjacent to the right boundary of the
f.o.v., the system can be as well controlled so that the target is centered in the camera f.0.v.,
via Tyiab, = —k(1) — ¢¢). In the same spirit, for the remaining constraints and for the class of
perturbations considered in this paper (see the previous section) one can verify that by setting
Tviabs, = 0 and Up yiabs 4, bY (5.31a), where k1 > V., the term involving w, is negative and
dominates the worst-case term involving V., implying that viability is maintained.

Therefore, for redesigning the control laws (5.31a), (5.31b) so that they are viable at z € Z;
one can consider the continuous switch (5.26) and use the control law

Ur = 05(¢j)ur.conv + (1= 05(¢5))rviab; (5.39a)

r= O-j(cj)rcomi + (1 - Uj(cj))rviabjy (5.39b)

where Uy cony; Tconv are given by (5.31), and U viab; s Tviab; are control inputs satisfying the cor-

responding condition out of (5.25) at z € Z;. The orchestration of the switching between con-

vergent and viable control laws taking into consideration all j constraints can be implemented

similarly to the nominal case, by replacing the switching signal o;(c;) with o* = min(o;),

1€ J:
Up = Min(0;) Uy cony + (1 — min(aj))ummbj, (5.40a)

7= min(o;)reony + (1 — min(o;))rviab, , (5.40b)
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Figure 5.11: The path z(t), y(t) under the control scheme (5.40). The vehicle converges into
a point of the goal set G.

so that the system switches when necessary to the viable controls U viab; s Tviab; that correspond
to the constraint 7 which is closer to be violated.

In the case that the control laws tuy yigh, Tviah are not convergent into the ball B(rg,79), the
switching control law (5.39) does not any longer guarantee the convergence of the system
trajectories 7(t) into B(rg,ro). In this case, one can relax the requirement on the convergence
into B(rg,ro) where r4 a single point, and rather consider a set C' C K of desired configurations
as

C={nae K|z +ys®=d* ¢qg = atan2(—yq, —z4)} ,

where d is the desired distance w.r.t. the target, which define a circle of center (x,y) = (0,0)
and radius d. Then, the vehicle can be controlled to converge into the set G, defined as the
union of the balls B(rq,ro), rq € C (Fig. 5.13). To do so, the viable velocities in (5.39) are
chosen as

Uy pigh = —k1 580 (7‘1 [gﬁfz]) tanh(p||r1])), (5.41a)
Tviab = —k(1/1 - ¢t)7 (541b)

where ¢, = atan2(—y, —x), ©1 = & — x4, £q = dcosg, Y1 = Y — Y4, Y4 = dsinty. Following
the analysis in the previous sections, one has that the vehicle approaches the ball of radius

rp, = L artanh IOllmax ) ayound some rq € C. If the current direction (. belongs into the cone
iz k1
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Figure 5.12: The value of the constraints remains always negative.

of angle 0 shown in Fig. 5.13, then the vehicle converges into the “nominal" ball B(rq,70),
shown in red.

Figure 5.13: The vehicle is forced to converge into a goal set G C K, defined as the union of
the balls B(rq,79), where r4 belong to the circle C.

Finally, the control gains ki, ko, ky, k, can be properly tuned so that the “virtual" control
inputs u,, r correspond to thrust forces F,, Fy; that belong into the compact set U = [— f,, fp] X

[ fst, fst]-
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5.6 Conclusions

This chapter presented a method for the feedback control design of nonholonomic systems which
are subject to state constraints defining a viability set K. Using concepts from viability theory,
the necessary conditions for selecting viable control laws for a nonholonomic system were given.
Furthermore, a class of nonholonomic control solutions were redesigned in a switching control
scheme, so that system trajectories starting in K converge to a goal set G in K, without ever
leaving K. As a case study, the control design for an underactuated marine vehicle subject
to configuration constraints due to limited visibility, as well as to a class of bounded external
disturbances, was treated. Viable state feedback control laws in the constrained set K, which
furthermore establish convergence to a goal set G C K were constructed. Future extensions
include the consideration of a wider class of external perturbations.
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CHAPTER 6

Maintaining visibility for leader-follower formations in obstacle
environments

Abstract

This chapter addresses the problem of controlling a leader-follower formation of two unicycle
mobile robots, that move under visibility constraints in a known obstacle environment. Visibil-
ity constraints are realized as nonlinear inequality state constraints, that determine a visibility
set K. Maintaining visibility is thus translated into controlling the robots so that system
trajectories starting in K always remain in K. We provide the necessary and sufficient condi-
tions under which visibility is maintained, as well as a control scheme that forces the follower
to converge and remain into a set of desired configurations with respect to the leader, while
maintaining visibility. Based on these results, we also propose a cooperative control scheme for
the motion of the formation in a known obstacle environment, so that both collision avoidance
and maintaining visibility are ensured. The proposed control schemes are decentralized, in the
sense that there is no direct communication between the robots, nor global state feedback is
available to them. The efficacy of our algorithms is evaluated through computer simulations.

6.1 Introduction

Control of leader-follower (L —F) formations has seen an increasing interest during the past
few years, stimulated in part by the recent technological advances in communications and
computation, which have allowed for the development of multi-agent systems that accomplish
tasks effectively and reliably. Within the field of mobile robotics in particular, L — F formations
arise in applications ranging from surveillance and inspection to exploration and coverage.
From a practical point of view, the case when limited sensing and/or limited communication
among the robots are imposed is of particular interest; for instance, a very likely scenario for
mobile robots operating in indoor environments is that global state feedback is not available
to all robots, or that communication among them is restricted. These specifications impose
various types of constraints to each robot, extending to the whole system, and should be taken
into account during the control design.

In this chapter we consider the case of two mobile robots with unicycle kinematics that have
to operate in a known environment with obstacles, while communication between them is not
available. Assume that one of the robots (the leader L) is given a high-level motion plan
for moving from an initial to a goal state in the free space. The task for the second robot
(the follower F) is to move while keeping a fixed distance and orientation w.r.t. L, using the
information from an onboard camera only, while also avoiding collisions.
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The problem of maintaining formations using vision-based control is quite popular in the
literature |[DFKT02, CSVS03, MMP'09]; in these contributions the robots are assumed to
have omnidirectional cameras, and that the leader’s linear and angular velocities are either
communicated to, or estimated by the follower.

However, when communication is absent and the onboard sensors have limited capabilities
(e.g. limited range and/or angle-of-view), the robots can stay connected if and only if L is
always visible in the f.o.v. of F. The latter specification imposes a set of visibility constraints,
which should never be violated so that F always maintains visibility with L. The problem
of controlling a nonholonomic robot so that it maintains visibility with either a fixed target
(e.g. a landmark), or a moving target (e.g. an agent), has recently seen an increasing interest,
see [KR05, BMCHO07,SFPB10, MBP11| and the references therein. Moreover, when the robots
have to operate in obstacle environments, avoiding collisions with obstacles, as well as between
robots should be guaranteed.

This chapter proposes a feedback control solution for an L — F formation of two unicycle mobile
robots, that move in a known obstacle environment under visibility constraints and without
explicit communication between them. Visibility constraints are realized as nonlinear inequal-
ities in terms of the system states, that determine a closed subset K of the state space, called
the visibility set K. Maintaining visibility can thus be translated into controlling the robots
so that system trajectories starting in K always remain in K (Section 6.2). Inspired by ideas
from viability theory [Aub91], we provide the conditions for visibility maintenance, as well as a
control scheme that forces F to converge and remain into a set of desired configurations w.r.t. L
while maintaining visibility (Sections 6.3, 6.4). We also propose a cooperative control scheme
for the L — F motion in a known obstacle environment, so that both collision avoidance and
maintaining visibility are ensured (Section 6.5). The proposed control schemes are decentral-
ized, in the sense that there is no direct communication between the robots, nor global state
feedback is available to them. The follower is localized w.r.t. L, however is aware neither of
the leader’s navigation plan, nor of its velocities at each time instant. The leader is not aware
of the follower’s state, but rather moves in a way that indirectly ensures collision avoidance
for both of them. The efficacy of our algorithms is evaluated through simulations.

6.2 Mathematical Modeling

6.2.1 Leader-Follower Kinematics

Consider two unicycle mobile robots moving in L — F formation. The motion of each one of
the robots L, F, w.r.t. a global frame G is described by

T; cos@; O w
G = G(q;)v; = yZ = [sinf; O [wl} , (6.1)
0; 0o 1t

j T . , T .
where i € {L,F}, ¢; = [mz Yi Hi] is the configuration vector of i, r; = [a:, y,] is the
position vector and 6; is the orientation of ¢ w.r.t. frame G, u;, w; are the linear and angular

velocity of ¢ in the body-fixed frame (£ or F).
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To describe the motion of F w.r.t. the leader frame £, consider the position vector r = [3: y} !
of F w.r.t. £, given as r = R(—6L,) (rp — rL), and take the time derivative as

.

7 =R(—00) (rp — rr) + R(—01) (*F — L) , (6.2)
where
oy [cos(=6L) —sin(—6L)] _ [ cosf sinfy
R(=0u) = [sin(—@L) cos(—f) | |—sinfy cosfy, (6:3)
is the rotation matrix of the frame £ w.r.t. frame G, and
. - 0 wL_
R(-6y) = |:—’lUL 0| R(—6L). (6.4)
Substituting (6.3), (6.4), (6.1) into (6.2) and after some algebra one eventually gets
] |-1 y | |u cos(fr — 61)
[y] n [ 0 —az} [wL] - [Sin(ﬁp —0r) - (6.5)
Define g = 0p — 0r,; then differentiating w.r.t. time yields
B =6p— 0L = wp — wr. (6.6)
Combining equations (6.5) and (6.6) yields the system equations
T cosfB 0 -1 y
j| = [sinp 0 [ZF} +10 -z [:ﬂ (6.7)
B 0 1 0o —1|Lt*
Fla.vr) g(q,vL)
where g = [a: Y B]T € C is the state vector, including the position r = [x y]T and

orientation 8 of F w.r.t. the leader frame L, C is the state space, vp = [uF wF]T € Up
is the vector of control inputs, Up C R? is a compact set denoting the control space, and
g(q,vy) € R3 can be seen as a perturbation vector field, where vy, = [uL wL] T eU, Cc R?is
the vector of control inputs of L.

Note that the perturbation is vanishing if and only if g(q,vy,) = 0, which occurs if and only if
vy, = 0. Consequently, the motion of L can be thought as a non-vanishing perturbation to F.

6.2.2 Visibility constraints

The follower F is assumed to have an onboard camera with angle-of-view 2o < m, and that
it can reliably detect objects which are within a maximum range Ls as shown in Fig. 6.1.
These specifications define a "cone-of-view" for F, which essentially is an isosceles triangle (in
obstacle-free environments). Assume also that F is localized w.r.t. L, i.e. that the distance
r = /22 + y?, as well as the bearing angle ¢ € (—m, 7| are measured. Consequently, at each
time instant ¢, F' can detect L if and only L is in the cone-of-view, i.e.

_ Lscosa

|| <a and 7 < Ly(¢) = e (6.8)
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Figure 6.1: The system setup in an obstacle environment.

These constraints define a closed subset K of C, given as

where h; = |¢| — o and hy = r — Ls(¢), which we call the visibility set K. The set K includes
every configuration q for which visibility is maintained. Then, controlling F, L so that the
resulting trajectories g(t) never escape K, implies that visibility is always maintained.

Consequently, the problem of maintaining visibility for (6.7) reduces into finding control inputs
vp € Up for F, such that the visibility constraints (6.8) are met V¢ > 0, despite the (non-
vanishing) perturbation g(g,vy,) that is induced by L.

6.3 Control Design for the Nominal System

Consider the nominal system (6.7), given for g(q,vy,) = 0, i.e. for up, = wy, = 0, in an
obstacle-free environment. Setting the global frame G £ £ yields qr, £ 0, ¢ = qr.

The task for F is defined as to converge to a distance ry w.r.t. L with angle ¢ = 0, where
2rg < rq < Lgcosa, rq is the radius of the robots; in that way, L is centered in the camera
f.o.v.. This requirement specifies a manifold M of desired configurations: gq = [md Yd Hd]T
for F,

M = {qd eC | 42+ ya® = rqg%, 04 = atan2(yg, v4) + sign(yd)ﬂ} .

Thus, the control design for F reduces into finding a feedback control law vg = ~(gq) such
that F converges to the manifold M, while the trajectories q(t) = qp(t) satisfy the visibility
constraints (6.8) V¢ > 0, so that they always remain into K.

6.3.1 Convergence to a desired configuration

A control solution yielding global asymptotic convergence to a desired configuration gq € M
for the unicycle can be given using the concept of dipolar vector fields. A dipolar vector field
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F : R? — R? has integral lines that all lead to the origin (x,y) = (0,0) of the global frame G,
is non-vanishing everywhere in R? except for the origin, and is given as

F(r)=Ap'r)r —p'r), (6.10)

where A > 2, p € R? and r = [m y]T is the position vector w.r.t. G.

The main characteristic of a dipolar vector field (6.10) is that its integral lines converge to the
origin (0,0) with the direction ¢, of the vector p. Then, choosing the vector p = [px py]T

such that ¢, = atan2(p,,p,) £ 0,4, reduces the orientation control of the unicycle into forcing
it to align with the integral curves of the dipolar vector field.

Thus, if the vector p is assigned on a desired position rq = [a:d yd]T € M, then one gets a
dipolar vector field whose integral lines converge to r4 having the desired orientation ¢, 29,

The analytic form of F = F,, % +F, a% for p=[p. py] Tis given by (6.10) and reads:

Fy = 2p,21° — payn® + 3pyx1y1, (6.11a)
F, = 2pyy12 _py$12 + 3pLT1Y1. (6.11b)

where r in (6.10) has been substituted by r; = [a;l yl] T, rTL=T—T4.

Theorem 1 The trajectories q(t) = [z(t) y(t) 6p(t)] " of the nominal system (6.7) globally
asymptotically converge to the desired configuration qg under the control law vg = [up wp] T
given as

ur = —kysgn (v | S0 ] ) Il (6.12a)
Wp = —kg(eF — (,D) + ¢, (6.12b)

where ki, ko > 0, ¢ = atan2(F,,F,) is the orientation of the vector field at (x,y), sgn(-) is
defined as sgn(a) =1, if a > 0 and sgn(a) = —1, if a < 0. The proof follows the same pattern
as in the case of the unicycle in Chapter 4.

6.3.2 Maintaining Visibility

The control law (6.12) forces F to converge to a desired configuration gg € M, which belongs
to the visibility set K. However, the trajectories g(t) do not necessarily belong to the visibility
set K Vt > 0, i.e. L may not be visible to F at least during some finite time interval. This
mainly depends on the choice of gq € M, which specifies the vector p for the reference vector
field (6.10), i.e. the reference orientation ¢(t) that the robot has to track via (6.12b).

Thus, given an initial condition gr(0) € K, one should first select a gg € M that ensures
visibility maintenance under (6.12). In this respect, note that not all possible desired positions
rq belong to the cone-of-view at each time instant ¢; see Fig. 6.2 and assume that t = 0: the
desired positions r4 € R? belong to the circle ¢ = {r € R? | 2 + y?> = r4%}, centered at
the origin (i.e. at L); however, only the positions on the arc V shown in bold belong to the
cone-of-view of F. Thus, it makes sense to pick some rq € V.
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Furthermore, out of the available options, it makes sense to pick the position r4 € V which
lies on the line that connects the two robots. In this case, the orientation error to be regulated
via the control input wr is e = Op — ¢(z1,y1), where p(x1,y1) = ¢p = 04 (Fig. 6.2), while
¢ = ¢, — 0p = —e. Moreover, one has that e is exponentially stable to zero, since

. . (6.12b)

é=0p —¢p = —ko(Or —@p) = —kae,
which in turn implies that ¢ = —kop. Consequently, by choosing the desired configuration
qq as described above and under the control input (6.12b), any initial angle ¢(0) € K is
exponentially stable to ¢ = 0. This condition is substantial for ensuring that visibility is
maintained, since it implies that the constraint h(-) < 0 is forced to its minimum.

Figure 6.2: Determining the vector p and the desired position rq on R?

In order to ensure that the system trajectories g(t) never escape the visibility set K, one
has to consider how the system behaves on the boundary 0K of K, where at least one of
the constraints becomes active: hi(g) = 0 for some k. In particular, for ¢ € 0K one has
to check whether the system vector field ¢ = G(q)vr(q) is "tangent" to K, for bringing the
solution q(t) back in the interior of K.' Thus, given that the constraints hy(-) : R®> — R are
continuously differentiable functions, one has thus to check whether

hi(q) = Vhi(q)d = Vhi(q)G(q)vr(q) < 0, (6.13)

for the points where hx(q) = 0, for each k. If (6.13) holds, then the value of hi(q) is forced
to decrease, bringing the trajectory g(t) into the visibility set K.? In other words, visibility is

'This "tangency" condition is the main concept in viability theory, and is realized via the concept of the
contingent cone Tk () to a set K defined by inequality constraints [Aub91, AF90].

2For linear and smooth nonlinear systems, the viability property has been introduced as "controlled invari-
ance". The reader is referred to [Aub91] for a thorough introduction to viability theory.
If (6.13) holds with < instead of <, then the system trajectories are forced either on the boundary, or in the
interior of K.
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maintained if and only if the condition (6.13) holds Vk. Consequently, if (6.13) does not hold
for some k, switching to a different control vp(q) that satisfies (6.13) should occur.

Similarly, the necessary conditions for maintaining visibility when all the constraints are active
at the same time are written using the Jacobian matrix Jp(q) of the map h = (hi(-), ha(+)) :
R3 — R? as

ohy  Oh Ok
Jn(q)g < 0, where Jp(q) = % % gzg ) (6.14)
ox oy 00p

Figure 6.3: In an obstacle-free environment, the viability constraints are nearly violated on the
boundary of the cone of view (visibility at stake)

The first visibility constraint is active: hi(-) =0

To illustrate this, consider the boundary configurations of the system shown in Fig. 6.3. The
first visibility constraint is active when hi(q) = 0 < ¢ = *q; in this case, the leader L lies on
either the side AF, or the side BF of the cone of view. The second visibility constraint is active
when ho(q) = 0 & r = L% in this case, L lies on the side AB. The visibility constraints

cos ¢’
are both active at the same time when L lies on either A or B.

In order to determine the conditions under which the first visibility constraint hi(q) = |¢| — «
is not violated, consider ¢ > 0 and take the time derivative as

up cos O u
hy = —;frfyg ;frfyg —1| | upsinOp :m(xsmﬁp—ycosﬁp)—wp. (6.15)
wg
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Substituting the control law (6.12) into (6.15) yields

0
—kysgn (rg [O° F}) r
P 158 <1[s1n9F Il @ 9] cos(fp — 5) kb
' 22 4+ y? sin(fr — 5) 20~ Pp

where the first term is > 0 and —ka¢ —¢p < 0. Thus, the control gains k1, kg should be chosen
so that hy < 0. Similarly, one can verify the same result for ¢ < 0.

The second visibility constraint is active: ha(-) =0

For the second visibility constraint, take the time derivative of ho(q) = r — ngig for ¢ > 0, as

up ( ]|:COSQF:| Lcosatan ¢ [ ][—sinQF}) L cosatan ¢

/22 1 42 sin O + /22 + 42 cos ¢ v cos O cos ¢

ilg == WE.
(6.16)

Substituting the control law (6.12) into (6.16) yields

—k sgn<[$ ] [COSHF}> vl
. ! LU sin O ! cos O Lcosatan ¢ — sin Op L cosatan ¢
"o U= ol [Snon) 7 = ][t )

. x W
/22 1+ 42 sin O x? + y?) cos ¢ cos O cos ¢ '
—_———
<0 <0 >0

and the control gains ki, ko should be such that 712 < 0.

Finally, if both constraints are active, one has to pick the control gains so that (6.14) is satisfied,
as follows:

Both visibility constraints are active: hi(-) =0A ha(-) =0

Assume that the system starts on an initial position so that L lies at point A (Fig. 6.3), where
¢ =a, 224+ y*> = L2, ||ri] = Ls — 14, ¢p = 0. The first visibility condition reads

] (V ] [;O;gg;:g;}) — kot

L
k k(L. —
< 1] V2 +y? — koo = M —koa=k (1- Td) _ koor.
x? + y2 Ly L
Thus a sufficient condition so that the constraint hy(-) = 0 is guaranteed not to increase is:
oy <1 - E) < kya. (6.17)
L

The second visibility condition reads:

hy = Eylfr ]| [3: ] |:COS€F:| Lgtan [ ] [—sinﬁp

} +Lgtan o koav =
—_——

22 + o2 sinfp | (22 4+ y?) v cos O -
V >
<0 <0
L Lgt — si
=l g [oote] 4 Bty [ e b
/22 + 42 sin O (x2 + y?) cos g
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Thus a sufficient condition so that the constraint hs(-) = 0 is guaranteed not to increase is:

ky||7r]| ] cos O i Lgtan o [ ] —sinfp
/22 1 42 Y1 | sin O (22 +y?) Y cos O

kil|r Lgt
< Sl < R e v \/w2+y2>
Va2 + 2 (2 +y?)

Litan a koo <

Ls—
:M(Ls—l—tana):kl 1 (Ls+ tana) =
Ly Ly
rq \ Ls +tana
koa <k |l—— | ——u. 6.18
20 = 1< L8> Lgtan o (6.18)

Combining (6.17) and (6.18) yields:

T4 rq\ Ls+ tana
ki{l—— ) <ka<k(|(l-— ] ———.
1( Ls> == 1< Ls> Lgtan o

Note that this condition is sufficient for maintaining visibility for the worst-case initial con-
figuration (i.e. on the boundary of the visibility set K where both constraints are active).
Thus, picking the control gains ky, ko so that this condition holds implies also that visibility
is maintained for any other initial configuration as well.

6.4 Control Design for the Perturbed System

Let us now consider the perturbed system (6.7), where L is moving with up, # 0, wy, # 0 in an
obstacle-free environment. Assume that F is still localized w.r.t. the L, i.e. the position (z,y)
and orientation S w.r.t. the leader frame L is available to F; however F is neither aware of the
leader’s navigation plan, nor of the velocities ur,(t), wr,(t) at each time instant ¢.

Therefore, it is reasonable to assume that F has some "a priori" knowledge on the velocity
bounds wup, v, wrm of L, in the sense that L is restricted to move at most with velocities
lur| < upm, [wi| < wpm-

Furthermore, since the perturbation g(q, vy,) is non-vanishing Vq € C, the desired configuration
g4 € M is no longer an equilibrium point of (6.7). In that case, the best one can hope for is
that the system trajectories q(t) will be ultimately bounded by a small bound, given that the
perturbation is small in some sense [Kha02].

Therefore, the task for F is defined as to converge and remain into a ball B(rg,€,) of radius
€. > 0 around the nominal desired position r4, where rq4 € M. The control design is based

on the same ideas as for the nominal system: at each time instant ¢, a vector p = [ - py]
is assigned on the position rq4 € V which lies on the line that connects the two robots, such
that ¢, = atan2(py,p;) = 0. F is then controlled to align with and flow along the integral
lines of the resulting vector field, until it converges into B(rq,¢€,). Clearly, €, depends on the
perturbation norm ||g(q,vr)||.

6.4.1 Ultimate boundedness

Theorem 2 The trajectories r(t) = [(t) y(t)]T of the perturbed system (6.7) enter and
remain into a ball B(rg4,€,) around the desired position r4 (Fig. 6.3), under the control law
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Vp = [up wF]T where

up = —k1 sgn <r1T [ZTE gD 1]l — sgn( T )uL (6.19a)
wp = —k2(8 — ) + ¢, (6.19b)

where ky,ko > 0, ¢ = atan2(Fy, F,) is the orientation of the vector field at (z,y), ur, v is the
|wi|

VEiks '
can be taken for the bound wr, ) of the leader’s angular velocity. Note also that if wy, — 0,

then €, — 0 as well.

upper bound of the leader’s linear velocity, and ¢, > A (conservative) estimation for e,

Proof of Theorem 2

Proof Consider the function V' of the nominal system in terms of the position errors x; =
T — x4, Y1 =y — yqg and the orientation error n = 8 — ¢, as

1 1 1
V=V1+§(ﬁ—ﬁﬁ)2 =3 (212 + 11?) +§(ﬁ—<ﬁ)2,

and take its time derivative along the system trajectories as

v & z1(up cos B — ur, + ywr,) + y1(up sin f — 2wy) + (8 — ¢)(wp —wr, — @) =
—uL + ywrL
= [z1 1] [Z:ﬂ up + [r1 Y1 B— ¢ —wul}UL +(B—p)(wr —¢) =
—wr,

6.19b cos
CE T [Sing] ur + qi g(q, vL) —k2 (8 — ¢)%,

P(q1)

T T
where r1 = [ml yl] , g1 = [rlT b — gp] .
Note that in this case, the dynamics of the orientation error n = 8 — ¢ read
N=F—¢=i=wr—w, =i =k~ wr.

Thus, if wy, = 0, it follows that n — 0 exponentially, i.e. that 5 — . However, wy, is not in
general equal to zero.? Let us assume that wy, is slowly-varying, i.e. that wr, is continuously
differentiable and |lwy|| is sufficiently small [Kha02|. Then, wy, can be treated as a frozen

parameter, and the frozen system 0 = —kon — wy, has a continuously differentiable isolated
root n = _k_lng = h(wry,), for which ”aaThLH = % < K. To analyze the stability properties
of the frozen equilibrium z = n + %wL, take 2 = —ko(z — k—12wL) — wy, = —koz. Then, 2 is

exponentially stable, i.e. n — —k—12wL.
Then, the term P(qy) in V reads

(6.19a)
Plar) =~k [l [ 2] [l = sente ol lr] [527] + al g(a,v0).

31t can be set though very small by forcing the leader L to move in obstacle environments as described in
Section 6.5.
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where

q, 9(q,vL) = —zuL + (21 y1] [_yx] wy, — (B — )wr.

For n = —k%wL one has:

1
tth(q, VL) = —TuL + k_2wL27

since [ml yl] [_?J:J = 0. Then, one gets:

. w2 w2
q, 9(q,vp) = [21 1] [_ZfL] + T < |lr1|||us| + T
To check the signum of P(q), consider the following cases:
Cl. sgn(p'ry) = —1 and r{ [Z?jg} < 0. Then,
P(ar) == |ri [ 8] Gallrall + fus)) + af gla,v1)
T | cos B wL2
< e [ ]] Gallrall + o) 4 e e |+ =

The term P(q;) is < 0 if

2
wr,
e [28]| Geallral + ) >l e | + 5= =

sin 8 k72
2 w?
killrall” + [lralluc] > flrafffuc] + T
2
2 WL |wi |
r1||° > —— = ||r1|| > . 6.20
IralP > 12 = | > L (6:20)
Note that (6.20) is sufficient, not necessary.
C2. sgn(p'ry) = —1 and ] [Z?ﬁg} > 0. This case can be dropped, since it violates the
visibility constraints.
C3. sgn(p'r1) =1and r] [Z‘lﬁg] > (. Then,
Play) = = [r] [S8]] (oullrall + s ) + a gla. or).

and thus a sufficient condition for P(g;) < 0 is acquired as in case C1.
C4. sgn(p'ry) = 1 and r{ [gﬁg] < 0. This case can be dropped, since it violates the
visibility constraints.

Consequently, one has P(q;) < 0 for any 71 that satisfies (6.20), yielding
V= P(q1) — k(8 — ¢)* <0.

Consequently, for any initial 71 (0) and any 0 < €, < ||r1(0)|| that satisfies (6.20), V is negative
in the set

fru| 56 < Vilimal) < g lm O)),
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which verifies that 71 (t) enters the set {ry | V/(r1) < 16,2}, or equivalently, rq(t) enters the
ball B(0, ¢,).

Equivalently, if €, is chosen to satisfy (6.20), the system trajectories (¢) enter and remain into
the ball B(rq,€.). A conservative estimation for €, can be taken for |wy,| = wr,m. Note also
that if wy, — 0, then ¢, — 0 as well. W

6.4.2 Maintaining Visibility

Visibility is maintained for the perturbed system as long as the condition (6.13) holds at
q € 0K, Vk.

To illustrate this, consider the time derivative of hi(-) for ¢ > 0, that reads:

= [ty oty 1] |V | =
1= 224y? 22442 F L =

WE —Wr,
Up ) yuL
= ————=(xsinf —ycosfP) —wp + ——5, 6.21
2 + y2 ( B Y /8) F 2 + y2 ( )
and the time derivative of ha(-) for ¢ > 0, that reads
. w Ls cos atan ¢ — si
= 7 (1) [Sng] + s fon) [0 +
R R o e (6:22)

Then, the control gains k1, ko should be chosen such that the constraints are not violated in
the worst-case scenario, where both constraints are active. This in turn yields the following
sufficient condition:

UM Sin o U
A+L§wFSA+72 F |z cos 8 + ysin 3| —
Ly L,°tan o
—UL%M, WhereA:u—FLz:sinﬁ—ycosﬂ.
Lgsina L2

Remark 4 The above discussion implies that if the control gains k1, ko in (6.19) are such that
hk(q) <0, Vq € 0K, Yk, then F is guaranteed to maintain visibility w.r.t. L, and furthermore
to converge and remain into the ball B(rq,€.). The orientation control (via wg) for F ensures
that ¢ is exponentially stable to —k%|wL|, which can be tuned to be < a, i.e. hi(-) is always
forced to be megative. This in turn implies that the system trajectories are forced as far as
possible from the boundary of K that corresponds to hy = 0. Furthermore, one has from the
convergence analysis of the system trajectories into the ball B(rg,€,) that Vi is negative in the
set {r1 | se.2 < Vi(ral) < 3lra(0)|?}, where Vi = (x4 + y12), which implies that the
distance ||ry1]| decreases under the control law up; this implies that ha(-) is forced to decrease.
These two conditions verify that if F starts somewhere in the interior of K, or on the boundary
0K, it never reaches again the boundary OK on its way to rq. Finally, collision avoidance

between the two robots is ensured since Vi is negative out of the ball B(rg,e).
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6.5 Motion Planning in Obstacle Environments

The L —F formation is assumed to move in a structured workspace W C R? with known
obstacles (e.g. an indoor corridor environment), where F is controlled by the control law
(6.19). Note that the obstacle environment may affect the cone-of-view at each time instant
(Fig. 6.4), limiting thus the valid initial conditions in the sense that if L is not visible to F at
t = 0, then no solution exists.

The motion of both robots is restricted due to the obstacles, and therefore the trajectories
qL(t), gr(t) should be collision-free. Given that the robots can be represented as circular disks
of radius rg, the obstacles are inflated as shown in Fig. 6.4. Then, the dark grey region around
each obstacle reduces the free space of the robots, while it does not affect visibility; F can still
detect L through this region, but both F, L should not enter into it. This requirement can be
encoded as additional constraint inequalities, so that the same analysis on the boundary of the
viability (safe) set can be applied, as for the visibility constraints.

Consider for instance the boundary AB in Fig. 6.4. The trajectories of F remain safe as
long as F does not cross AB, which reads zp < —(b+ r(), encoded as the constraint hg; =
xp+ b+ 19 <0, b > 0. Thus, if hgy = 0, safety w.r.t. collision is ensured as long as hor <
0 = i&p = upcosfp < 0. If costr <0, ie. if [cos O sinHF] n > 0, where n = [—1 O]T
is normal to (A_B), the system should be controlled so that up > 0. This condition reads
[uF cosfp wupsin HF] n>0= [azp yp] n > 0 = (rp,n) > 0, which expresses that the safe
system velocities 7*g should point towards the obstacle-free space. Similarly, if cos g > 0, i.e. if
[cos Op sin 91:] n < 0, the constraint is not violated for up < 0, which also reads (#*p,n) > 0.3

The worst-case initial condition for the system would be to lie on the boundary of the viability
set where all constraints are active; in that case, one has to pick the control inputs vy, vy, for F,
L such that J,(g)g < 0, where Jy,(q) is the Jacobian matrix of the map v = (hi(-), ha(:), ho;) :
R3 — RI*+2, ho;(-) are the j active constraints due to obstacles. If no control inputs satisfy
this condition, then the system should not be allowed to start from, or reach these points.

6.5.1 Control design

In order to design a state feedback control scheme for an L — F formation that has to move
through a corridor environment, we first decompose the free space into rectangular cells. L is
assigned a global high-level discrete motion plan, which indicates the successive order of cells
that L has go through in order to converge to a goal state qq1,. Then, a dipolar vector field
(6.10) of certain desired properties is defined into each one of the cells. The desired properties
are specified by the motion plan: the vector field in a cell 7 is constructed so that its integral
curves point into the interior of the successor cell 7 + 1 on the exit face of the cell 7, while
pointing into the interior of the cell i on each one of the remaining faces (Fig. 6.5). This
approach is similar in spirit with the one in [LL09|. The difference is that the vector fields
defined in each cell i are dipolar, so that the integral curves converge to the midpoint of the
exit face of cell 7.

3In general, the safe system velocities on the boundary of obstacles should satisfy m#g > 0, where n is
the normal vector to the supporting hyperplane of the boundary, which reads Vhg;7r < 0. This condition
represents the contingent cone at the boundary of the safe set.
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Figure 6.4: In an obstacle environment, the "viability" constraints are active on the boundary
of the cone of view (visibility at stake) and on the boundary of the inflated obstacles (safety
due to collisions at stake)

The feedback plan for L is defined as to orient with and flow along the integral curves of the
vector field in each cell. To do so, the control inputs for L are defined as

ur, = const < ug, M, (6.23a)
wr, = =k (0, — ¢Li) + PLis (6.23b)

where ¢r,; is the orientation of the vector field in cell ¢, kr, > 0. Collision avoidance for L is
ensured since by definition each vector field points into the interior of the free space.

The trajectories of L essentially dictate the desired position r4(t) € V (Fig. 6.2) that F has
to track at each t; clearly r4(t) should always lie in the free space. To see if this is always the
case, let us first assume that L, F start in the same cell 7, at initial distance r > ry4. Initial
configurations that violate visibility are excluded. In the worst case, both robots start on the
boundary of the free space. It is easy to verify that if the initial orientations 6r,, g point
into the interior of the cell 4, then under the control laws (6.23), (6.19) both robots move into
the cell 4, and thus collisions with obstacles are avoided. Inter-robot collision avoidance is
also guaranteed, as shown in Section 6.4; therefore, their motion in cell i is guaranteed to be
collision-free.

However, when L enters cell ¢ + 1 while F is still in cell i, it is likely that the trajectory gr,(t)
will force the desired position r4 to eventually enter the obstacle space. To see how, consider
Fig. 6.5: if L is allowed to accurately track the vector field in cell ¢ + 1 after exiting cell i, it
will move in the free space but very close to the obstacle, forcing F to eventually collide with
the obstacle.

This remark implies that L should move with a minimum turning radius Rj, when entering
into cell 7 + 1, such that the trajectories qr(t) do not enter the obstacle space. Note also that
after F has converged into B(rg,€,), where ¢, — 0, the L — F formation essentially behaves as
a tractor (L) pulling a trailer (F) with axle-to-axle hitching of length ry [BMSS94].> Then, if L

5Equivalently, the formation can be kinematically seen as a front-wheel driven car, where 8 = 0r — 0y, is
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p1‘+1
-

Figure 6.5: The leader L moves through the successive cells 7, ¢ + 1 under (6.23), tracking the
vector fields shown in the free space. Nevertheless, it is likely that the resulting trajectory
qy,(t) will force the follower F to eventually collide with obstacles. For this reason, L, F should
move with minimum turning radii Ry, Rr around corners.

starts moving along a circle of center C' and radius Ry, when it enters cell ¢4 1, it immediately
follows that F will move on a circle of the same center C' and radius Rp = \/RL> — r42.

In order to get an estimate for picking a safe Ry, consider Fig. 6.6: Assume that at time
instant ¢*, L is at the midpoint of the cell ¢ (driven there by (6.23)) and starts moving in cell
1+ 1 along a circle of radius Ry, while F is at a distance r4 w.r.t. L; given that F kinematically
behaves as a trailer, it starts moving along a circle of radius Ry = \/Rp,?> — r42. The radius Rp
is depicted in Fig. 6.6 equal to the critical value R cri¢ for which the trajectories of F remain
collision-free. The center of rotation C remains constant, and its position at time t* w.r.t. the
(time-varying) leader frame L is

zo(t*) = zp(t*) + Ry sin(5(t)),
yo(t) = yr(t) — Rp cos((t*)).

The coordinates of the critical point Z w.r.t. the leader frame £ at time t* are

rovV 2 wW; roV 2
0;/_740’ yz(t*):*?lﬂL 0;/_

R rit =\ (z0(t) — 22(t)? + (yo () — ya ().

xy(t%) = — ro. Thus,

the steering angle and r4 is the wheelbase.
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Note also that the smallest critical value R ¢t corresponds to the worst-case scenario shown
in Fig. 6.6, where F is on the boundary of the free space.® At this point, one has zp  (t*) =

2_ w2
rg2 — wf, yr, (%) = =%, cos(Bw(t*)) = 7”” L sin(Bw (7)) = 2“’72. Then, after some

algebra one can verify out of Rp, oit = Rp, that the worst-case safe Ry, is

2
(#vE-ro+ r2 =22 + (3vE-r)’

)
w; 2 wi? | wirg (V2 1) _ 210 2 wi? (V2 _
rq 4 + (2 1> rq 4 3 1

Td Td Td

Ry (6.24)

w —

. . .y _ 9 2 .
where the denominator is positive for %\/rd wl +20 \/ ra %(1—@)%”;—;0(1—@) )

As one would expect from physical intuition, the Crltlcal turning radius for F depends on the
robots’ dimension rg, the distance r4 between them and the width w; of the cell i. Thus,

if L moves with turning radius Ry, > /4% + RFW2, it follows that the trajectories of F are
collision-free. Moreover, one can easily verify out of Fig. 6.6 that the motion of L within cell

» 27‘d +1\/ra? — . In summary, a safe Ry, for
w2
\/73+ Rp,? < Ry, <w2+1+RFw2 +14/r2 _IZ (6.25)

where Ry, is given by (6.24), and ensures that the trajectories g, (t), gr(t) are collision-free.
Note that this is a conservative condition, in the sense that Rp _ is computed for the worst-
case scenario, since we assumed that L has no information on the position of F at time t*.
Nevertheless, given rg, g and the cell decomposition, it is easy to a priori check whether a
safe Ry, exists for each one of the transitions between cells that are realized as turning around
corners.

i+ 1 is collision-free as long as Ry, < w;y1 + Ry
L should satisfy

Given that a safe Ry, exists, the control input (6.23) for L is modified as follows: On the
zo(t*) _
S ye®) T

exit face of cell 4, L orients with the tangent A\; to the radius C'L, given as A\ =

_ 2Ry () + Rpy, sin(Bw(t*))

e (P =R cos(Bu(E)) and moves into cell 7 + 1 with

. ur,

WL, e = 81gn(wL)R—L,

where wr, is the angular velocity that is dictated by the vector field in cell ¢ + 1. The angular
velocity wry,. should be kept until L reaches the point E shown in Fig. 6.6, so that F is
guaranteed to enter safely in the cell ¢ + 1. The coordinates of E w.r.t. the initial frame at
time t* are xg = x¢ + Ry, cos 0y, yg = yo — Ry, sin 0y, where 0y, is the current orientation of L
w.r.t. a global frame, which is online available. After L has reached E, then both robots are
in cell i 4+ 1, with F pointing into the interior of the free space. Thus, L keeps moving under
(6.23), tracking the vector field in cell i+ 1, on its way to the exit face of this cell; as discussed
above, under these conditions the motion of the robots within the cell 7 4+ 1 is collision-free.

Remark 5 Clearly, the worst-cases calculations for picking safe Ry,, Ry may produce excessive
curvature than actually required. This could be avoided if L had access to the position of F at

5This holds for the leader taking a right turn. Similarly one can treat the case for a left turn.
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time t* that L is on the exit face of cell i. Then, L could online calculate the actual Rp,_,,,
taking into account the actual zp(t*), yr(t*), and would end up with picking a safe Ry, that
would be less conservative than the one derived for the worst-case scenario.

Figure 6.6: After exiting cell 7, the leader should move in cell i + 1 along a circle of radius Ry,
that satisfies (6.25).

6.5.2 Simulation Results

The efficacy of the proposed motion planning and control scheme has been evaluated through
computer simulations. A decomposition of the free space in rectangular cells is known to L.
The robots start in the same cell ¢, so that L is visible to F. Initial conditions such that the
robots are in different cells should be avoided, in the sense that they may violate the curvature
around corners that the robots have to follow.

In the case shown in Fig. 6.7 the robots initiate on the boundary of the obstacle, so that the
second visibility constraint is active for F and so that they do not face out of the free space.
The follower F is localized w.r.t. to L, but is neither aware of its high-level motion plan, nor
of its velocity at each time ¢; only the bound wuy,, is available.

The leader L moves with constant linear velocity ur, < uy,m, and tracks the vector field in cell
i under (6.23), on its way to the midpoint of the exit face of i. Note that on the boundary of
the obstacles, the vector field forces L to move into the interior of the free space.

At the same time, F moves under the control law (6.19), where the control gains are selected
such that the visibility constraint ha(g(0)) = 0 is not violated at ¢t = 0, and converges into a
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neighborhood around the desired configuration gg (the red mark) w.r.t. L. The motion of F
in cell 7 is also collision-free, for the reasons explained in section 6.5.1.

When L reaches the exit face of cell i, it is forced to follow a bounded curvature within cell
i+ 1 to move around the corner, under the angular velocity wy,. = sign(wL)}ﬁ—E, where wy, is
the angular velocity specified by the vector field in cell ¢ + 1, and Ry, is the safe turning radius
calculated as above. At the same time, F behaves like a trailer and starts moving along a circle
of radius Ry, which is guaranteed to be collision-free. As soon as L reaches the "exit point" E,
shown in Fig. 6.6, it continues moving under the angular velocity wy, dictated by the vector
field ¢ + 1, until it reaches the exit face of cell 7 4+ 1, and so on. The resulting trajectories are
collision-free, as shown in Fig. 6.7, while the value of the constraints hi(z,y, ), k = 1,2 is
always non-positive (Fig. 6.8), which implies that visibility is always maintained.

oL
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Figure 6.7: The system initiates on a configuration ¢ € C on the boundary of the obstacles,
where the second visibility constraint is active for F.
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Figure 6.8: Visibility is always maintained, since the value of the visibility constraints is always
negative.

6.6 Discussion

This paper presented a feedback control solution for an L — F formation with visibility con-
straints in an environment with obstacles. Visibility constraints arise due to the limited sensing
of F, and are realized as nonlinear inequality state constraints that constitute a closed visibility
set K. The visibility set K contains all system configurations where L is visible to F. The task
is to control F w.r.t. L, so that system trajectories starting in K always remain in K. Inspired
by ideas from viability theory, the necessary conditions for maintaining visibility were given,
as well as a control scheme that forces F to converge and remain into a set of desired configu-
rations w.r.t. L without violating visibility. We additionally proposed a way of controlling L in
a known obstacle environment, so that both obstacle avoidance and visibility maintenance are
ensured. The proposed control schemes are decentralized, in the sense that there is no direct
communication between the robots, nor global state feedback is available to them. Computer
simulations demonstrate the efficacy of our algorithms.
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Finally, it is worth to mention that the proposed control design ideas are not restricted to the
scenarios presented in this paper. In the case of more complex, polygonal obstacle environ-
ments, it immediately follows that the collision-free motion control for L can as well be based
on the idea presented here: given a cell decomposition of convex polygonal cells, L can be
controlled to move from cell ¢ to cell ¢+ 1 by tracking a dipolar vector field in cell i, defined so
that its integral curves converge to the midpoint of the exit face of cell 4, while pointing into the
interior of the cell 7 on the remaining faces; if the vector field does not by construction point
towards the free space, it can easily be modified to do so by properly blending it with a viable
vector field on the boundary. For ensuring the collision-free motion of F as it moves from cell
i to cell 1+ 1, one can similarly employ the tractor-trailer paradigm, and pick a safe turning
radius Ry, for L by computing the worst-case safe turning radius Rp,, for F', which corresponds
to F being on the boundary of cell ¢ at the time that L exits i. Clearly, Rp, depends on the
geometry of cell i, and its analytical expression is in general different from the one given by
(6.24), which holds for a rectangular cell ¢; nevertheless, its "a priori" computation for any
transition 4 to ¢ + 1 is feasible, given that the decomposition is known.

The tractor-trailer paradigm can be also used to extend the formation control in the case of
N > 2 robots that move in a chain formation, in the sense that if the tractor (L) moves along
a circle of center C' and radius Ry, then the N —1 trailers (the followers F;, j =1,...,N—1)
move along circles of center C' and radii Ry;; thus, one can compute a (conservative) condition
on a safe Ry, so that the (worst-case) turning radius Ry, for the j-th follower, j =1...,N —1,is
collision-free. Finally, the assumption on the sensor footprint being an isosceles triangle is not
restrictive, since the conditions on maintaining visibility apply to any closed convex footprint.

6.7 Proof of Theorem 1

Proof Take a continuously differentiable function V' in terms of the position errors x1 = x—x4,
y1 =y — yq and the orientation error Op — ¢, as

1
V= 3 (12 + 1% + (Or — ©)?),

and take its time derivative along the system trajectories
V = (21 cos O + yy sin Op) up + (Bp — @) (wp — @),
where 5 = 0, 3 = 0. Under the control law (6.12), one gets
V = —ki|xy cos O + y sin Op|||r1]| — ko(OF — @) < 0.

According to LaSalle’s invariance principle, and given that V' is positive definite, the system
trajectories converge into the largest invariant set Z contained in the set Q = {q € C | V= 0}.
The set Q is given as Q = Q V Qo, where Q; = {{z1cosbp + y1sinfp = 0} A {0 = ¢}}
and Qs = {{z1 =y1 =0} A{0r = ¢}}. The set £ is not invariant under the control inputs
(6.12), since for ¢ € Qq one has up # 0, i.e. the state trajectories depart 1, whereas the
set Qo = {{z1 =91 =0} A {0p = Y|g1=y,—0 = 0q}} is invariant, since for g € s one has
up = wp = 0. Therefore, the largest invariant set is the singleton {gg}; thus, the system
trajectories globally asymptotically converge to the equilibrium gg = [a:d Yd Hd]
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CHAPTER 7

A Viability Formulation based on Optimal Control

Abstract

In this chapter we present a viability formulation for the control of an underactuated under-
water vehicle under the influence of a known, constant current and state constraints, based
on optimal control. The overall control problem is described by three problems in terms of
viability theory. We present a solution to the first problem which addresses the safety of the
system, i.e. guarantees that there exists a control law such that the vehicle always remains into
the safe set of state constraints. In order to overcome the computational limitations due to the
high dimension of the system we develop a two-stage approach, based on forward reachability
and game theory. The control law is thus the safety controller when the system viability is at
stake, i.e. close to the boundary of the safe set. The viability kernel and the control law are
numerically computed.

The chapter is organized as follows; Section 7.1 presents a framework for the stabilization
problem based on viability theory. Section 7.2 presents the mathematical modeling of the
system and state constraints. Section 7.3 gives the viability analysis and Section 7.4 the
computational results. The conclusions are summarized in Section 7.5.

7.1 Problem Formulation into Viability Theory

Viability theory [Aub91] describes the evolution of systems under the consideration that for
different reasons, not all system evolutions are feasible. The system must obey state constraints,
called viability constraints and system solutions should be viable in the sense that they must
satisfy, at each instant, these constraints. Viability theorems characterize the connections
between the system dynamics and the constraints, for guaranteeing the existence of at least
one viable solution starting from any initial state. They also provide the regulation processes
(feedbacks) that maintain viability, or even improve the state according to some preference
relation; for example, viability theory provides tools for regulating system evolutions that are
viable in a set of state constraints, until they reach a target [Aub03].

The problem of stabilizing an underactuated underwater vehicle in a goal set under state
constraints and current disturbances is described by the following viability problems, see also
Fig. 7.1. Consider a control system described by

i(t) € F(2(t)) with F(z(t)) = {f(z(t),u)|u e U}, (7.1)

where z(-) C R" is the state vector, v € U C R™ is the control vector, U C R™ is compact,
f:R"xXR™ — R" is the bounded, uniformly continuous single-valued map of system dynamics
and F(z(t)) is the set of available velocities.
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Figure 7.1: Viability set K and the Capture Basin of goal set G in K

1. Given a set S of viability constraints, describing that the target must always be in the
camera field of view, determine a set of initial states K C S such that for every initial state
xo € K there exists at least one solution to (7.1) starting at zp which remains for ever
in S, keeping the target in the camera field of view. We say that K is a viability domain
of the system. We would like to determine the maximal viability domain contained in .S,
known as the viability kernel of S, Viabg(S).

2. Given the viability kernel K of (7.1) and a goal set G C K, describing that the target is
near to the center of the camera field of view, determine the set of initial states © € K
such that there exists at least one solution to (7.1) starting at x that reaches the goal set
G in finite time, without leaving S. This set is called the capture basin of the goal G in

K, Capt(G).

3. Finally, determine a control law such that the solutions to (7.1) starting at x5 € G remain
for ever in GG, i.e. once the system reaches G, it is then stabilized in it. In that case, G
is a viability domain of (7.1).

In this chapter, we consider the first of the three parts, known as the safety problem.

7.2 Mathematical Modeling

We consider the 3-d.o.f. motion on the horizontal plane of an underwater vehicle with two back
thrusters but no side thruster; this is a common configuration for marine vehicles. Roll and
pitch angles remain always very close to zero, ¢ &~ 0 and 0 = 0 respectively, because of the
vehicle’s mass configuration. The position and orientation vector of the vehicle w.r.t. a global
coordinate frame G is defined as
-
n=I[z y ¢

and the linear and angular velocity vector is defined in the body-fixed coordinate frame B as

u:[u v r]
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Figure 7.2: Current velocity and direction

Following |Fos02| the 3-d.o.f. kinematic equations are:

T cosy —siny 0| |u
n=JWr < y| = |siny cosyp Of [v],
b 0 o 1] |r

and the 3-d.o.f. dynamic equations of motion are:
Mv+Cw)v+ D) =1+ 1E,

where M = MT > 0 € R3*3 is the inertia matrix including added mass, C(v) = —CT(v) €
R3*3 is the matrix of Coriolis terms including added mass, D(v) > 0 € R3*3 is the damping
matrix, 7 € R? is the vector of control inputs and 7 € R? is the vector of environmental
disturbances due to waves, currents and cable effects.

The vehicle is assumed to move under the influence of a known, non-rotational, constant
current, with velocity V. and direction 8. w.r.t. the global frame G, see Fig. 7.2. The effect
of current-induced forces and moments is modeled in terms of the body-fixed relative velocity

Vr =V — v, [Fos02], where v = J= () VE and V§ = [V.cos B, V.sin . O]T.

. . . T
The kinematics are then written w.r.t. v, = [ur Uy r] as:

T cosy —siny 0| |u, V. cos S,
n=JW), + VCG = |y| = [sin¢  cosyp 0| |vp| + |VesinBe|,
) 0 0 1 | 0

whereas the dynamics are [Fos02]

Mv + Crp(v)v+ Ca(vy)vy + D(|ur|)ur =T,

m—X; 0 0 0 0 —mo 0 0 Yiur
where M = [ 0 m-Y, 0 } Crp(v) = [ 0 0 mu } Calvy) = [ 0 0 _qur],
0 0 I.—N; mv —mu 0 Yy Xyur 0
—X, 0 0 _Xu\u”u'f‘ 0 0 m
Dy = [ 0 -Y _Yr:|, DNL(\I/,«D = 0 —Yypulvel 0 , T = [0 }, m is the mass
0 —Ny —Np 0 0 - r\r\‘r‘ 2

and I, is the moment of inertia with respect to z axis of the vehicle, X;,Y;,N; are the added
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Figure 7.3: Modeling of the State Constraints imposed by the Sensor System

mass terms, X,,Y,,Y,, Ny, N, are linear drag terms, Xj,,Y, . Nyr| are nonlinear drag terms,
71 and 7o are control inputs in surge and yaw d.o.f..

Under the substitution v = v,. + v, the kinematic and dynamic equations are rewritten as:

M4 i Uy COS Y — vy sin + V. cos [, 1 0 7 [0
7 Uy sin 1 + v, cos Y + V. sin S, 0 0
v r N 0 _— 0
Uy N m m22UrT uUr wlu| |Ur| Ur sin (S oo

- == ( + Xty + Xy [tr| ur + X Vesin (Be — ) r) L 0
Oy T ( muuer + Your + Yor + Yy |vp| v — Y5 Vecos (B — 1) r) 0 0
L7 I m133 ((m11 — ma2) upvy + Nyvyp + Ny + Ny 7] 1) | 0 _m%,)?)
=& =f(x,Ve,8) + Y giis (7.2)

1=1,2

where x = [n v, | is the state vector, f(x, V., 3.) is the drift vector field, g1, g- are the

control vector fields, mi1 = m — Xy, mos = m — Yy, mg3 = I, — N;.

T T]T

Moreover, the thrust allocation implies that 74 = Fp + Fsp and 79 = D (Fp — Fgr), where
Fp € [-F,,F,], Fst € [—Fg, Fy] are the port and starboard thrust forces and 2D is the

distance between the two thrusters. Thus, u = [F 'p FST] T € U C R? is the vector of control
inputs for (7.2), where U = [—F,, F},| X [—Fg, Fs].

7.2.1 Modeling of Viability Constraints

We consider the set of state constraints that result from a vision-based sensor system, which
employs the onboard camera and two laser pointers mounted on the vehicle [KPK06]. The
sensor system provides the vehicle’s pose vector np w.r.t. the global frame G on the center of
a target, which is assumed to lay on a vertical surface A, see Fig. 7.3. The target and the
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two laser dots projected on the surface are tracked using computer vision algorithms and this
information is used to estimate the pose vector 7.

We define the safe set of the system as the set S such that

1. The target and the laser dots must always be in the camera field of view, i.e. [—yp,yr] C

[fo; il and [l h] C [fo, fi1]-

2. The ranges Ly, Ly must be less than a critical range L.

3. The distance between the laser dots on the image plane must be greater than a minimum
distance ¢, so that they do not overlap and are effectively detected.

4. The width of the target on the image plane must be greater than a critical value 9, so
that the target is sufficiently visible.

These specifications impose k nonlinear inequality constraints c;(z,y,¢) < 0, 7 = 1,...,k
determining the safe set S. The vector n must always remain in S for the sensor system to
be effective. The analytical expression of ¢;(x,y,v) < 0, j = 1,...,k is omitted here in the
interest of space.

7.3 Viability Analysis

We are interested in determining the viability kernel of S, Viab(S) under (7.2) and a control
law which guarantees that the system trajectories starting in the kernel will remain for ever
in it. We adopt the approach presented in [Lyg04| which relates viability with minimum-
cost optimal control, coding the viability kernel as the level set of the value function of an
appropriate optimal control problem.

7.3.1 An Optimal Control Problem related to Viability

Consider the control system (7.1) and let Uy ) denote the set of Lebesgue measurable functions
u(+) : [0,T] = U, with T' > 0 an arbitrary time horizon. Given a set of state constraints S, the
control input u(-) € Uy, 7] should be selected so that the viability constraints are met at each
time instant ¢ € [0, 7.

Let us define a cost function £(-) : R™ — R of the state z, over the time horizon [0, T, such that
l(xz) >0 for x € S and ¢(x) <0 for x ¢ S. Then, the objective for the control input u(-) is to
maximize the minimum value attained by the cost function £(-) along the state trajectory z(t)
over the horizon [0,7]. The value function of this optimal control problem (SUPMIN problem)
is defined as
V(z,t)= sup min ¢(z(1)).
u(-)EUjo, 1) te[0,T]

One can show [Lyg04] that the set {x € R™|V (z,t) > 0} is precisely the set of states for which
there exists a control input u(-) € U7y such that z(t) € S for all £ € [0,T7], i.e. the viability
kernel Viab(S).
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Moreover, using dynamic programming, it can be also shown [Lyg04]| that V' (x,t) is the unique,
bounded and uniformly continuous viscosity solution to

v
o )4 min fo.sup 5 (0.0)f (5.0} =0,
with V (z,T) = ¢(x) over (z,t) € R" x [0,T], where the Hamiltonian function is defined as

Hy =supp' f(z,u).
uelU

Thus, in our case we encode the viability constraints as the cost function £(-) : R — R such
that €(n) > 0 for n € S and £(n) < 0 for n ¢ S. An illustration of £(n) for orientation angle
1 = 0 is given in Fig. 7.4. The region in black color is where £(x,y) > 0, i.e. the safe state
space on the x — y plane for ¢ = 0.

b &

Cost Function I(x,y)
&

-0.5
0 Y axis
G

-0.5

X . axis
G
Figure 7.4: Cost Function £(x,y)

Substituting (7.2) into the Hamiltonian yields:

Hq1 = sup (p1 (uy cos ) — vy sin ) + Ve cos B.) + pa (uy sint) + v, cos ) + Vesin B.) + p3r+
ueclU

1
+ P4 <m— (magvrr + Xyu, + Xl [ur] v + X Vesin (Be — 1)) r)) +
11
1
+ p5 <m— (=maruer + Yyue + Yor + Yy [vp] v — Y Ve cos (Be — ¥) 7’)) +
22

1
+ p6 <m—33 ((m11 — ma2) wvr + Npvp + Npr + Nypyy 7| T)> *

1 D ~ 1 D .
+\Pa— +p6— | u1 + p4— —P6— Uz)
mi mss miy ms33

where p; = %, i =1,...,6, u; = Fp and us = Fgp. From this, we can conclude that the

optimal controls which ensure that the viability constraints are met whenever possible are:

o d B lfngfl—i—pﬁgzo P I i P6§>0
—F, if B 4= <’ —F, if 24 _ BsZ

mi1 ms33 mi1 m33

(7.3)
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whereas the viability kernel Viab(S) is given as the set of states for which V'(n,t) > 0.

However, the existing computational tools for time-dependent Hamilton-Jacobi PDEs are ef-
fective for low-dimensional problems (1-4 dimensions).

7.3.2 Reachability Analysis

In order to overcome the computational limitations due to the high dimension of the system,
we split (7.2) into:

T V. cos 3, cos Y 0 — sin 1

g = |VesinB.| + |siny| u. + [0 7+ | cosvy | v (7.4)

) 0 0 1 0
" r 0 0
Uy - i (m22vr7‘ + Xyur + Xu\u| |ur| Uy + Xy Vesin (50 - ¢) T‘) 4 lel Fp+ mill F
by = (—mantyr + Yo, + Yor + Y [or| v — Yo Ve cos (B — ¢) 7) o " 0| "
7 mL“ ((mll _m22)urvr +var+Nr7‘+Nr|r| |T|T) mA“ ( 77_)1_3

7.5

At this point, the consideration of (7.4) and (7.5) inspires us

1. to investigate the forward reachability of subsystem (7.5) over the time horizon [0, 77,
i.e. to compute the set F of states xg = [¢, uy, v, T]T which the system trajectories can
reach starting from an initial set . In this way, we acquire an estimation for the bounds
of u,,v.,r that can be reached from an initial set during the system evolution, so that

2. further on, to investigate the viability of subsystem (7.4), considering the relative veloc-
ities u,., as the control inputs along the two actuated d.o.f. and the relative velocity v,
as a disturbance along the unactuated d.o.f..

The concept of reachability is mostly used for the safety analysis of continuous and hybrid
systems. Given an initial set of states N, the forward reachable set F is the set of states
that can be reached at time t € [0,T] by the system trajectories starting from N, whereas the
backward reachable set B is the set of states from which start the system trajectories that can
reach the set A at time ¢ € [—T,0], T > 0 is an arbitrary time horizon.

We consider the relation between reachability and minimum-cost optimal control [Lyg04].
Given the control system (7.1) and a set of states N, the reachable set is

Reach(t,N') = {x € R"|3u(-) € U7 3t € [0,T] x(t) e N'} .

This definition coincides which the one for the backward reachable set B, taking into account
that t € [-T,0]. Furthermore, one can show the connection between the reachability problem
and the invariance problem. The invariant set of (7.1) is defined as

Inv(t,N) = {z € R“|Vu(-) € Uy Vt € [0,T] x(t) € N},
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Inv(A©)

Figure 7.5: Reach(t,N)=(Inv(t,N¢))°

i.e. as the set of initial states from which all the system trajectories remain for ever in N. It
is easily verified that

Reach(t,N') = (Inv(t,N°))°,
where N is the complement of N; see Fig. 7.5. The invariance problem is formulated as an
optimal control problem (INFMIN problem) [Lyg04]. The control objective is to minimize the
minimum value of the cost function ¢(-) defined such that ¢(z) > 0 for x € N and £(x) < 0 for
x ¢ N, over the time horizon [0,7]. The value function

Va(z,t)= inf min £(x(t
2 (1) o T, (x (1))

is proven to be the unique, bounded and uniformly continuous viscosity solution to
A4
ot
with Va (x,T) = ¢ (z) over (z,t) € R" x [0,T], where the Hamiltonian function is defined as
Ho = Jlellfjpr(x,u).

The invariant set of (7.1) is Inv(t,N) = {z € R"|Va(x,t) > 0}. Consequently, if the cost
function of the INFMIN problem is defined as ¢(z) > 0 for x € N¢ and ¢(x) < 0 for ¢ N, the
solution of the above PDE yields the invariant set Inv(t,N°) = {x € R"|Va(z,t) > 0}. Then,
the (backward) reachable set is Reach(t,N') = {z € R"|Va(z,t) < 0}.

Therefore, by considering the INFMIN problem for (7.5) we determine the backward reachable
set for an initial set of states 3 € NV. Finally, we consider the connection between forward and
backward reachability [Mit07a|, which states that the forward reachable set of a control system

. . OVa B
(xat) + min {07;25 %(1’70](. (.’L’,U)} - 07

H is the same with the backward reachable set of the system ﬁ with inverse dynamics. Thus,
by substituting (7.5) with inverse dynamics in the Hamiltonian, Ho = infU (—pT f2(a:2,u)),
ue

where p; OV i =1,..,4 and fo the drift vector field of (7.5), we can conclude that the

= Dway’
optimal control inputs for the forward reachability computation are:

) F, if 22 42D Fy if 22 2D >
Uy = 2 =

mi1 m, — , Uy = mi1 m% —
_ e D2 P4 _ ‘e D2 pa
F, if P + s < 0 Fy if T e < 0

The computational results are given in Section 7.4.
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7.3.3 Viability Analysis using a Differential Game Formulation

Given the estimation for the bounds of w,, v., r as u, = [Upm, Urrs], Vr = [Vpm, Upng], 7 =
[Fm, ] we investigate the viability of the subsystem (7.4) in the safe set S, where x; =
[a: Y w]T € R3 is the state vector, u; = [ur T]T € U; C R? are considered as the bounded
control inputs, v, € V. C R is considered as a bounded disturbance in the unactuated d.o.f.,
Uijo,1) is the set of Lebesgue measurable functions w1 (-) : [0,7] — Uy and V(g 7y is the set of
Lebesgue measurable functions v,(+) : [0,T] — V.

We follow the formulation of a differential game with two players [KL05|. The control input
w1 (+) is the first player who tries to keep the vehicle into the safe set S, whereas the disturbance
vy(+) is the second player who tries to drive the vehicle out of S. Furthermore, it is important
to define what information the players know about each other’s decisions. A state feedback
strategy, i.e. allowing both players to choose their actions based on the current state, is
the most appropriate for the problem considered here. However, state feedback is not easily
formulated into Hamilton-Jacobi PDEs [MBTO05|. Besides, it is preferable to underapproximate
the viability kernel rather than overapproximate it. Therefore we give the advantage to the
disturbance v,.(+), which tries to make the viable set larger, by allowing the control input w1 (-)
to use only non-anticipative strategies, as presented in [KLO05|.

Consequently, computing the viability kernel for (7.4) is equivalent with computing the set of
initial states for which the control input w(-) wins the game. This set is called the discrimi-
nating kernel of S,

Disc(t,S) ={x1 € Rg‘EI nonant/ve y(-) Vv, € Vyp, 1 V1 € [t,T] z1(t1) € S}
One can show [KLO05| that
Disc(t,S) = {x1 € R*|Vy(z1,t) > 0}
where Vi (x1,t) is the value function

Vi(wa,t) = sup inf min £(xq(t
1( 1 ) nonant/ve ul(')vr(-)evr[tyT] t1€[t,T} ( 1( 1))

of a SUPMIN problem with cost function £(-) : R®> — R defined in Section IV-A. Moreover,
Vi(21,t) is shown to be the unique, bounded and uniformly continuous viscosity solution to
\ %1

oV 0
Tt (21,t) + min{0 inf =L (zq,t D} =0
o (®1,1) + min{ L (z1,t) fi(e1, us,00)}

over t € [0,T] with V1 (x1,T) = £(x1). Thus, the solution of this PDE yields the discriminating
kernel of (7.4) and an optimal control law which guarantees that the trajectories of (7.4)
starting in Disc(t, S) will remain for ever in S, despite the effect of the current disturbance.
In order to derive the optimal control law we consider the Hamiltonian:

Hz = sup ig{/ (p1Vecos B + p2Vesin B + pat + (p1 cos i + pasin ) i, + (—p1siny + pa cos ) ;)
uypelUy Ur&Vr
(7.6)
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where p; = OVi ;i —1..3. The optimal control inputs are:

= G,
o = Jurm if (p1 cos®p + pasiny)) >0 s Jru if p3 >0 (77)
" \upm if (prcost +posineg) <0 0 |y ifps <0 '

whereas the disturbance input is selected such that it has the worst possible impact on the
system, as 0, = Upy, if (—p1siny + pacostp) > 0 and 0, = v,y if (—p1siny + pa costp) < 0.
Thus we have a robust estimation of the discriminating kernel Disc(S), since at each time
instance ¢t we consider the effect of the worst-case disturbance v,., i.e. of the worst-case linear
velocity in the unactuated sway d.o.f.. The computational results are given in Section 7.4.

So far we have assumed that the current has known, constant direction .. In order to determine
viability in a more robust manner, we would like to characterize the discriminating kernel of
(7.4) which is irrelevant to the current direction (.. Thus, we consider the angle (. as an
additional disturbance input, which is trying to minimize the Hamiltonian 3, i.e. minimize
the term hs(5.) = p1Vecos Be + paVesin B.. The minimum value of hs(f.) is attained for
B = arctan2(pa,p1) + 7 if p2 < 0, and for f. = arctan2(pe,p1) — 7 if po > 0. Thus, for
the computation of Disc(t,S) we consider the worst-case current direction [.(p1,p2) at each
iteration. The computational results are given in Section 7.4.

7.4 Computational Results

The forward reachability computation for the system (7.5) was performed on a 26 x 26 x 26 x 26
grid of the state space using the Level Set Methods Toolbox [Mit07b]. The initial set N was
defined as a cube centered at the origin. The velocity and direction of the current were selected
as V. = 0.5 m/sec and 3, = 7/2. The dynamic parameters in (7.5) were chosen to resemble the
vehicle properties. The computations were performed for different values of the time horizon
T, see Fig. 7.6. We found out that for each time horizon and for all values of angle 1, the

Time Horizon T = 5 sec Time Horizon T = 8 sec

r (rad/sec)
r (rad/sec)

3«/"'{:1 ur (m/seC) vl‘ (mfseoc) \.\1\/é/r/‘r:1 “]‘ (mISEC)

0\,
=1 2

¥ (m/sec)

Figure 7.6: Forward Reachable Sets for T=5 and T=8 sec and (3. = 7/2

resulting reachable sets of wu,, v,, r were practically the same. This is justified since the -
dependent terms are negligible compared to the other dynamic terms. Furthermore, after a
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time horizon the state vector saturates and the reachable set does not expand any more, since
the damping forces counterbalance thrust. Since the reachable sets for T' = 5 sec and T' = 8
sec are practically the same, it is safe to choose the bounds of w,, v, r. To further justify this,
we performed computations for various angles ., which verified that the reachable sets do not
differ at 7" = 5 sec.

The viability computation for system (7.4) was performed on a 51 x 51 x 51 grid of the state
space with V. = 0.5 m/sec and 8. = m/2 rad. The safe set S is given in Fig. 7.7 on the
left side. As it was expected, S is shrinking as ¢ increases until a time horizon T' ~ 2.5 sec.
The discriminating kernel Disc(S) at time ¢ = 3 sec is given in Fig. 7.7, on the right. Their

Safe Set (t = 0 sec) Discriminating Kernel (t = 3 sec)
14 1
= =
=
= 0.5 E 0.5
= >
g o .S 0-
3 z
T 0.5 = 05
£ 2
= =
I 4l
2 2

1]
0 positiony [m] 25

0
position y [m] 27 0

A A
position x [m] position x [m]

Figure 7.7: Safe Set S and Discriminating Kernel Disc(S) at t=3 sec

projections on the x — y plane are given in Fig. 7.8. The shape of Disc(S) is consistent with
physical intuition, i.e. Disc(S) depends on the current direction .. The lack of symmetry
means that there is no control input (7.7) that can prevent the current to drive the states on
the right side out of the Disc(S). Moreover, the Disc(S) for current direction 8. € [—7, 7]

Safe Set (t = 0 sec) Discriminating Kernel (t = 3 sec)

0-

£ E 05

ae -

= £ 4}

= =

= =

2 g 15

-9 -9

@ A 0 1 2 5 A 0 1 2
position y [m] position y [m]

Figure 7.8: Projection of S and Disc(S) on the x — y plane for 8. = 7/2

and velocity V., = 0.5 m/sec is depicted in Fig. 7.9. This is the set of initial states for which
the control law (7.7) ensures that the viability constraints are met for all possible current
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position y [m]
Figure 7.9: Discriminating Kernel Disc(S) at t=3 sec for §. € [—m, 7.

directions. As one would expect, it is smaller than the one computed for fixed angle 8.. The
vector field of system (7.4) under (7.7) for . = 7/2 and ¢» = 0 is given in Fig. (7.10). It
verifies that the system is forced into the Disc(S) when the state is close to its boundary, see
the velocity vectors on the bound parallel to y axis. Moreover, the velocity vectors close to the
other two sides of Disc(S), along with the corresponding control input r, see Fig. 7.11, imply
that the state remains into Disc(S) with ¢ # 0, since Disc(S) either expands to the left with
¥ > 0 (red boundary, 1/ > 0) or to the right with ¢/ < 0 (green boundary, 1 < 0).

7.5 Conclusions

In this chapter, we presented a viability formulation based on optimal control, for the problem
of controlling an underactuated underwater vehicle w.r.t. a target, in the presence of a known,
constant current disturbance and under state constraints. Considering a safe set of state con-
straints resulting from the task specifications and sensor limitations, we investigated whether
there exists a control law such that the vehicle remains for ever in this set, despite the influence
of the current. This analysis, based on an approach connecting viability and optimal control,
yields the viability kernel and an optimal control law that maintains viability. To overcome the
computational limitations due to the high dimension of the system, we presented a two-stage
analysis, based on forward reachability and game theory. The computation of the viability
kernel is necessary so to further proceed to the design of control laws that steer the vehicle
into a goal set. The derivation of the safety controller is important, since this control law can
be used when viability is at stake, i.e. close to the boundary of the safe set.
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Figure 7.10: Vector field of closed-loop system for ¢ = 0.
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Figure 7.11: Control input 7 > 0 in Red Area and r < 0 in Blue Area.
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CHAPTER &
Appendix

Definition 1 A continuous function o : [0,a) — [0,00) is said to belong to class K if it is
strictly increasing and «(0) = 0. It is said to belong to class Koo if a = 00 and a(r) — oo as
T — 00.

Definition 1 A continuous function 5 : [0,a) x [0,00) — [0,00) is said to belong to class KL
if, for each fized s, the mapping B(r,s) belongs to class K with respect to r and, for each fized
r, the mapping B(r, s) is decreasing with respect to s and 3(r,s) — 0 as s — co.

Definition 1 The solutions of ¢ = f(t,q) are said to be uniformly ultimately bounded with
ultimate bound b if there exist positive constants b and c, independent of to > 0, and for every
a € (0,c) there is T = T(a, b) > 0, independent of to, such that

lg(to)ll < = llg@)] < b, ¥Vt =to +T. (1)

Moreover, they are said to be globally uniformly ultimately bounded if (1) holds for arbitrarily
large .

Definition 1 The system (5.1) is input-to-state stable (ISS) if there exist a class KL function
B and a class K function v such that for any initial state g(0) € R™ and any control input
u € LT, the solution q(t) = q(t,q(0),u) exists Vt > 0 and furthermore it holds that ||q(t)|| <

B UlaO), 1) + 7 (lullzeo) , VE = 0.

Definition 1 A smooth, proper and positive definite function V : R™ — R is an ISS Lyapunov
function for (5.1) if there exist two class Koo functions v and & such that

VV(q) - f(gq,uw) < v([u®)]) —£Mla@), Vg, w.

Definition 1 Consider the system q = f(q) where f is a continuous vector field, and let
r > 0. A function V : B, — R is called a generalized weak Lyapunov Function (LF) in the
small if it fulfills the following properties: (i) V(0) = 0, (ii) for each solution q(-) of the system
defined on some interval T and lying in B,, the composite map t — V(q(t)) is non-increasing
onZ, (ui) for some n <r and for each o € (0,n) there exists A > 0 such that V(q) > X\ when
o <|qll <n, (iv) V(q) is continuous at g = 0.

Theorem 5 Let D C R" be a domain containing the origin and f : [0,00) x D — R" be
piecewise continuous in t and locally Lipschitz in q. Let V : [0,00) x D — R be a continuously
differentiable function such that

Wi(q) < V(t,q) < Wa(q), (2a)
ov oV

- _ < — >
5 T 94 f(t,q) < —Ws(q), V|lq|| > pn >0, (2b)
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YVt > 0, Vg € D where Wi(q), Wa(q) and W3(q) are continuous positive definite functions on
D. Take r > 0 such that B, C D and suppose that p is small enough such that

max Wa(q) < min Wi(q).
lqll<p lall=r

Let n = max Wa(q) and take p such that
lgll<p

n < p < min Wi(q).
lqll=r

Then, there exist a finite time t; (dependent on q(to) and p) and a class KL function [(-,-)
such that ¥Yq(to) € {q € B, | Wa(q) < p}, the solutions of ¢ = f(t,q) satisfy

lg@®)ll < Blq(to)ll, ¢ — to), Vio <t <11, (3a)
q(t) € {g € B, | Wi(q) <n}, Vt > 1. (3b)

Moreover, if D = R"™ and W1(q) is radially unbounded, then (3) hold for any initial state q(to)
and any L.
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