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Prìlogo
H paroÔsa diatrib  ekpon jhke sto Ergast rio Autom�tou Elègqou tou Tomèa Mhqanologi-k¸n Kataskeu¸n kai Autom�tou Elègqou th Sqol  Mhqanolìgwn Mhqanik¸n tou EjnikoÔMetsob�ou Poluteqne�ou, apì to Noèmbrio 2006 èw ton Apr�lio 2012.Ja  jela na ekfr�sw ti jermè kai eilikrine� mou euqarist�e ston Epiblèponta Kajhght Kwnstant�no I. Kuriakìpoulo, gia thn ousiastik  kai polÔtimh kajod ghsh kai sumpar�stashpou mou prosèfere kajìlh th di�rkeia twn proptuqiak¸n kai metaptuqiak¸n spoud¸n mou stoErgast rio Autom�tou Elègqou. Oi idèe tou kat� ti suneqe� ma suzht sei kai o enjousia-smì pou p�ntote mou emfusoÔse gia thn ep�teuxh ìso pio uyhl¸n stìqwn up rxan didaktik�,epoikodomhtik� kai katalutik� stoiqe�a gia thn olokl rwsh aut  th prosp�jeia. Ex�soueuqarist¸ ta �lla dÔo mèlh th trimeloÔ epitrop , tou Kajhghtè E. Papadìpoulo kai N.Krikèlh.Ep�sh, ja  jela na apeujÔnw ti jermè euqarist�e mou ston Kajhght  Herbert G. Tanner,gia thn prìsklhs  tou na episkefj¸ to University of Delaware kai na ergast¸ maz� tou gia tian�gke enì ereunhtikoÔ progr�mmato kat� to Earinì Ex�mhno 2009, all� kai gia th mèqris mera sunergas�a ma. H sumbol  tou sth diamìrfwsh twn teqnik¸n kateujÔnsewn kai twngn¸se¸n mou up rxe kajoristik  gia thn exèlixh kai thn olokl rwsh aut  th prosp�jeia.Omo�w, euqarist¸ ton kajhght  Vijay Kumar, gia thn prìsklhs  tou na episkefj¸ to U-
niversity of Pennsylvania kai na sunergast¸ me thn om�da tou sto pla�sio enì ereunhtikoÔprogr�mmato kat� to Qeimerinì Ex�mhno 2010.Ja  tan par�leiyh na mhn anaferj¸ sth sumbol  twn mel¸n tou Ergasthr�ou Autom�tou E-lègqou sth dhmiourg�a enì epoikodomhtikoÔ kai euq�ristou kl�mato ergas�a kai sunergas�aìla aut� ta qrìnia. Kur�w ja  jela na euqarist sw ìsou me st rixan enìsw briskìmoun stodÔskolo st�dio tou xekin mato aut  th peripèteia.Tèlo, epijum¸ na afier¸sw thn prosp�jeia aut  sthn oikogènei� mou’ ton patèra mou, Gi�nnh,th mhtèra mou, 'Elsa kai ton adelfì mou, K¸sta. Qwr� thn ag�ph, thn katanìhsh kai thnamèristh sumpar�stas  tou ìla aut� ta qrìnia, tìso thn ulik  all� kur�w thn hjik , e�naibèbaio ìti de ja e�qa ft�sei sto shme�o pou br�skomai s mera. Tou euqarist¸ eilikrin� pou meèmajan na mhn egkatale�pw potè ton ag¸na, par� ti ìpoie duskol�e, pou sthr�zoun èmpraktakai ousiastik� k�je mou egqe�rhma, kai pou p�ntote e�maste enwmènoi san groji�, akìma ki ìtanbriskìmaste makri�, sta tèssera shme�a tou or�zonta.Aj na, Apr�lio 2012
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ELEGQOS BIWSIMOTHTAS SE MH OLONOMIKASUSTHMATA. EFARMOGH STHN ANTISTAJMISHDIATARAQWN UPOBRUQIWN ROMPOTIKWN OQHMATWNPERILHYHH paroÔsa diatrib  eis�gei èna pla�sio sqed�ash elègqou gia m�a kl�sh upo-epenergoÔmenwnoqhm�twn pou upìkeintai se mh-olonomikoÔ periorismoÔ k�nhsh, se periorismoÔ sunart seitwn metablht¸n kat�stash kai se epiprìsjete fragmène diataraqè. To pla�sio bas�zetai seènnoie apì th jewr�a biwsimìthta susthm�twn kai se m�a nèa mèjodo sqed�ash elègqou giamh-olonomik� sust mata. H sunolik  idèa sun�statai sto ìti to arqikì prìblhma elègqou giaupo-epenergoÔmena sust mata pou upìkentai se periorismoÔ kat�stash an�getai sth sqed�ashelègqou ètsi ¸ste oi troqiè tou sust mato na paramènoun sto uposÔnolo K tou q¸roukat�stash pou or�zetai apì tou periorismoÔ kat�stash, kai na sugkl�noun se èna uposÔnolo
G tou sunìlou K. Pio sugkekrimèna, oi sunist¸se kai ta basik� epiteÔgmata th diatrib sun�stantai se:
� M�a kainotìmo mèjodo gia th sqed�ash elègqou se m�a kl�sh n-di�statwn mh-olonomik¸nsusthm�twn, h opoi�a bas�zetai afenì se m�a kainotìmo ènnoia kai kataskeu  N-di�statwndipolik¸n dianusmatik¸n ped�wn, ìpou N ≤ n, afetèrou sth diasÔndes  twn dianusmatik¸nped�wn me tou mh-olonomikoÔ periorismoÔ se Pfaffian morf .H basik  idèa th mejìdou e�nai ìti, dojènto enì n-di�statou kinhmatikoÔ mh-olonomikoÔ su-st mato pou upìkeitai se κ Pfaffian periorismoÔ A(q)q̇ = b(q), or�zetai èna N-diastatodianusmatikì ped�o F(·) se ènan upìqwro L tou q¸rou par�stash C, to opo�o den mhden�zetaise kanèna shme�o tou q¸rou L ektì apì thn arq  twn axìnwn tou topikoÔ sust mato sun-tetagmènwn ston L. H arq  apotele� sunep¸ to monadikì kr�simo shme�o tou dianusmatikoÔped�ou F(·), to opo�o e�nai dipolikoÔ tÔpou ek kataskeu , k�ti pou sunep�getai ìti ìle oigrammè ro  sugkl�noun sthn arq  twn axìnwn.H di�stash N tou dianusmatikoÔ ped�ou F kajor�zetai apì th morf  twn Pfaffian periorism¸nkat� thn akìloujh ènnoia: me b�sh th dom  twn sthl¸n tou p�nakaA(q), o q¸ro par�stash CanalÔetai w L×T , ìpou L e�nai o q¸ro twn fÔllwn (leaf space), T e�nai o q¸ro twn in¸n (fiber
space), n = dimL + dim T , N = dimL. Oi suntetagmène x ∈ R

N tou q¸rou L onom�zontai
leafwise suntetagmène, kai oi suntetagmène t ∈ R

n−N tou q¸rou T onom�zontai transversesuntetagmène. To dianusmatikì ped�o F or�zetai sunart sei twn leafwise suntetagmènwn x,efaptìmeno sto q¸ro twn fÔllwn L, en¸ den mhden�zetai se kanèna shme�o tou L ektì apì thnarq  x = 0. H basik  idiìthta tou dianusmatikoÔ ped�ou F(·) e�nai ìti to shme�o x = 0 e�naikr�simo shme�o dipolikoÔ tÔpou, pou sunep�getai ìti ìle oi grammè ro  tou ped�ou sugkl�nounsto shme�o x = 0.To dianusmatikì ped�o F(·) qrhsimopoie�tai w anafor� gia to mh-olonomikì sÔsthma: se k�jeshme�o q ∈ C tou q¸rou par�stash, o èlegqo sqedi�zetai ètsi ¸ste to dianusmatikì ped�otou sust mato q̇ ∈ TqC na g�netai par�llhlo me to dianusmatikì ped�o F. H sqedi�ash aut pragmat¸netai me ton orismì th exìdou h(q) , A(q)F(·), h opo�a ekfr�zei thn apìklish toudianusmatikoÔ ped�ou tou sust mato se sqèsh me to dianusmatikì ped�o F(·), kai thn epilog 1



twn eisìdwn elègqou ètsi ¸ste h(q) → 0. 'Etsi, to arqikì prìblhma th od ghsh twn mh-olonomik¸n troqi¸n se shme�o anadiatup¸netai w èna prìblhma rÔjmish exìdou. Kat� aut nthn ènnoia, oi e�sodoi elègqou sqedi�zontai ¸ste to sÔsthma na exel�ssetai sthn efaptìmenhdèsmh tou dianusmatikoÔ ped�ou F(·), èw ìtou sugkl�nei sthn arq . H kataskeu  tou ped�oukai th exìdou h(·) upodeiknÔoun thn epilog  sugkekrimènwn sunart sewn tÔpou Lu�pounof,pou qrhsimopoioÔntai sthn apìdeixh th sÔgklish twn troqi¸n sthn arq  me qr sh klassik¸nteqnik¸n an�lush kai sqediasmoÔ elègqou.H mèjodo èqei efarmoste� sth sqed�ash elègqou gia kinhmatik� mh-olonomik� susthm�ta sealusidwt  morf , kai epektaje� ston èlegqo upo-epenergoÔmenwn dunamik¸n susthm�twn (mo-ntèlo k�nhsh upo-epenergoÔmenou jal�ssiou oq mato). H eurwst�a twn elegkt¸n w pro�gnwste, fragmène diataraqè èqei ep�sh melethje�.
�Mia prosèggish diakoptìmenou elègqou (switching control) , b�sei th jewr�a biwsimìthta,gia mia kl�sh mh-olonomik¸n susthm�twn pou upìkeintai se anisotikoÔ periorismoÔ kat�sta-sh. H mèjodo bas�zetai se ènnoie apì th jewr�a biwsimìthta. Oi anisotiko� periorismo�qarakthr�zontai w periorismo� biwsimìthta kai or�zoun èna kleistì uposÔnolo K tou q¸roukat�stash (sÔnolo biwsimìthta). Oi lÔsei pou prokÔptoun apì thn parap�nw prosèggishepanasqedi�zontai mèsw diakoptìmenou elègqou, ¸ste oi troqiè pou xekinoÔn sto sÔnolo Kna paramènoun p�ntote sto K kai epiplèon na sugkl�noun se èna uposÔnolo G tou sunìlou
K. To s ma diakoptìmenou elègqou pou kajor�zei thn enallag  metaxÔ bi¸simwn lÔsewn kailÔsewn pou sugkl�noun sto G exart�tai apì thn tim  twn sunart sewn periorism¸n. H prosèg-gish mpore� na efarmoste� gia ti kl�sei twn problhm�twn ìpou oi troqiè enì mh-olonomikoÔsust mato prèpei p�ntote na exel�ssontai mèsa se èna uposÔnolo tou q¸rou kat�stash, èwìtou sugkl�noun se èna sÔnolo G.H mèjodo efarmìzetai sth sqed�ash tou elègqou th k�nsh enì upo-epenergoÔmenou ja-lass�ou oq mato entì enì sunìlou katast�sewn K, to opo�o perigr�fei ti epitrepìmenekatast�sei (sunart sei th jèsh kai tou prosanatolismoÔ) tou sust mato, exait�a enìsust mato aisjht rwn me periorismènh embèleia kai periorismènh gwn�a jèash. Epiplèon,melet�tai h eurwst�a twn lÔsewn w pro m�a kl�sh �gnwstwn, fragmènwn diataraq¸n.H mèjodo qrhsimopoie�tai ep�sh ston sunergatikì programmatismì th k�nhsh kai ton èlegqoenì sqhmatismoÔ hgèth - opadoÔ, o opo�o kine�tai se èna perib�llon me empìdia upì periori-smoÔ oratìthta. Oi periorismo� oratìthta prokÔptoun èneka th periorismènh dunatìthtaa�sjhsh tou opadoÔ, kai montelopoioÔntai w mh grammikè anisotikè sqèsei w pro ti me-tablhtè kat�stash tou sust mato, oi opo�e or�zoun to sÔnolo oratìthta K. H diat rhshth optik  epaf  metaxÔ tou hgèth kai tou opadoÔ diatup¸netai w o èlegqo tou sust -mato ètsi ¸ste oi troqiè pou ekkinoÔn entì tou K na paramènoun gia p�nta sto eswterikìtou sunìlou K. To kef�laio parousi�zei analutik� ti anagka�e kai ikanè sunj ke gia thdiat rhsh th optik  epaf , kaj¸ kai èna sq ma elègqou pou exasfal�zei thn od ghsh touopadoÔ se mia perioq  w pro ton hgèth, me tautìqroh diat rhsh th optik  epaf . Epi-plèon, parousi�zetai èna sq ma sunergatikoÔ elègqou gia thn k�nhsh tou sqhmatismoÔ mèsa seèna gnwstì perib�llon me empìdia, pou exasfal�zei amfìtere th diat rhsh th optik  epaf kai thn apofug  sugkroÔsewn. Oi nìmoi elègqou e�nai apokentrwmènoi, upì thn ènnoia ìti denup�rqei euje�a epikoinwn�a metaxÔ twn rompìt.
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'Elegqo Biwsimìthta se Mh Olonomik� Sust mata. Efarmog sthn Antist�jmish Diataraq¸n UpobrÔqiwn Rompotik¸n Oqhm�twnEKTETAMENH PERILHYH / EPISKOPHSHApì jewrhtik  apìyew, o èlegqo mh-olonomik¸n susthm�twn èqei up�rxei kai exakolouje� naapotele� èna idiaitèrw endiafèron kai apaithtikì ereunhtikì antike�meno. H sqetik  èreuna kat�ti dÔo teleuta�e dekaet�e èqei suneisfèrei poik�le mejodolog�e sqed�ash gia ton èlegqomh-olonomik¸n susthm�twn, oi opo�e antimetwp�zoun probl mata ìpw h stajeropo�hsh kai hakoloÔjhsh troqi� kai pore�a gia mh-olonomik� sust mata, kai oi opo�e s mera sunistoÔnèna sumpagè pla�sio sth jewr�a elègqou mh grammik¸n susthm�twn.W gnwstìn, ta mh-olonomik� sust mata den ikanopoioÔn th sunj kh tou Brockett, kai sune-p¸ den mporoÔn na stajeropoihjoÔn se shme�o (kat� thn ènnoia tou Lyapunov) me an�drashkat�stash suneq¸ paragwg�simh kai qronik� mh-metaballìmenh. Endeiktik  per�ptwsh thidiaiterìthta me thn opo�a antimetwp�zetai to prìblhma th stajeropo�hsh se shme�o gia mh-olonomik� sust mata ,apotele� o orismì th asumptwtik  eust�jeia kat� [LS93], o opo�operilamb�nei perioqè tou shme�ou isorrop�a kai ìqi sfa�re, ìpw ston klassikì orismì thasumptwtik  eust�jeia kat� Lyapunov.O periorismì pou aporrèei apì thn sunj kh tou Brockett, dhlad  h mh Ôparxh suneq¸n kaiqronik� mh metaballìmenwn lÔsewn gia th stajeropo�hsh mh-olonomik¸n susthm�twn, antime-twp�zetai me lÔsei oi opo�e genik� taxinomoÔntai se dÔo kathgor�e:1. se lÔsei oi opo�e perilamb�noun qronik� metaballìmenh an�drash, e�te omal (smooth) w pro ti metablhtè kat�stash [Pom92,TMW95,Sam95,Jia99,TL02,MS03,
MS09], e�te mh-omal  (non-smooth) w pro ti metablhtè kat�stash [SE95, MS96,
GE97,MM97,MS00,OV05],

2. se lÔsei oi opo�e perilamb�noun qronik� amet�blhth, mh-omal  an�drash sunar-t sei twn metablht¸n kat�stash. H kathgor�a aut  perilamb�nei lÔsei kat� diast matasuneqe� [BRM92,tdWS92], asuneqe� [Ast96,BD96,TTR97b,TTR97a,BDK98,LT98,W-
HX99,XM01,MA03] kai lÔsei mèsw ubridikoÔ   diakoptìmenou elègqou [LO96,KRM96,
KM96,HM99,SGHL01,CAP05].H kl�sh twn alusidwt¸n susthm�twn (chained systems) [MS93] èqei apasqol sei idiaitèrw thnereunhtik  koinìthta, kur�w epeid  montelopoie� thn kinhmatik  diafìrwn rompotik¸n susthm�-twn, ìpw: ta troqofìra rompìt me diaforik  od ghsh, ta opo�a montelopoioÔntai w monìkukla(unicycles), ta autok�nhta, kaj¸ kai ta rompotik� oq mata pou fèroun rumoulkoÔmena (tractor-

trailer systems). Epiplèon, oi lÔsei pou perilamb�noun qronik� amet�blhth, mh-omal  an�drashw pro ti metablhtè kat�stash mporoÔn na apod¸soun ekjetik  sÔgklish twn metablht¸nkat�stash, kai ètsi e�nai sun jw pio kat�llhle gia praktik  efarmog  kai ulopo�hsh, sesqèsh me ti lÔsei pou perilamb�noun qronik� metaballìmenh, omal  an�drash, pou sugkritik�parousi�zoun polÔ pio arg  sÔgklish.Wstìso, h sqed�ash tou elègqou sthn pr¸th per�ptwsh sun jw perilamb�nei mh-grammikoÔmetasqhmatismoÔ twn metablht¸n kat�stash, [Ast96,TTR97a,WHX99,Jia99,SGHL00,XM01,3



MA03], kai oi nìmoi elègqou or�zontai sti nèe suntetagmène qrhsimopoi¸nta e�te teqnikègrammikoÔ elègqou [Ast96], e�te mh grammikoÔ elègqou [TTR97b], e�te teqnikè basismène sthnènnoia th amet�blhth pollaplìthta (invariant manifold) [TTR97a].Wstìso, h eÔresh enì kat�llhlou metasqhmatismoÔ suntetagmènwn den e�nai sun jw mia apl diadikas�a, kai sunep¸ h sqed�ash tou elègqou genik� den e�nai as manth apì pleur� duskol�a.Suneisfor�To Kef�laio 3 perigr�fei m�a apì ti basikè suneisforè th paroÔsa diatrib , h opo�aègkeitai sthn eisaswg  mia omoiìmorfh logik  kai strathgik  elègqou gia mia eure�a kl�shmh-olonomik¸n susthm�twn.H strathgik  elègqou perilamb�nei sugkekrimène kateujunt rie grammè (control design gui-
delines) gia th sqed�ash qronik� amet�blhtwn, asuneq¸n nìmwn elègqou gia n-diastata mh-olonomik� sust mata, pou upìkeintai e�te se kinhmatikoÔ, e�te se dunamikoÔ periorismoÔ semorf  Pfaffian (Pfaffian constraints). H mèjodo bas�zetai se mia gewmetrik  �poyh tou probl -mato th od ghsh tou monìkuklou se shme�o, kai sth gen�keush mia prokatarktik  sqed�ashelègqou gia to monìkuklo, h opo�a perigr�fetai sto Kef�laio 1. H prokatarktik  aut  sqe-d�ash bas�sthke sth morf  th Dipolik  Sun�rthsh Plo ghsh, h opo�a or�zetai gia pr¸thfor� sto [TK00℄.Se sqèsh me �lle mejìdou gia th sqed�ash mh olonomik¸n elegkt¸n, h basik  kainotom�a thmejìdou ma e�nai h anadiatÔpwsh tou probl mato th od ghsh enì mh-olonomikoÔ sust ma-to se shme�o, se èna prìblhma rÔjmish exìdou (output regulation). H rujmizìmenhèxodo ekfr�zei thn apìklish tou dianusmatikoÔ ped�ou tou sust mato se sqèsh me èna dianu-smatikì ped�o anafor�, to opo�o ek' kataskeu  èqei èna monadikì, memonwmèno kr�simo shme�odipolikoÔ tÔpou. Sunep¸, h gewmetrik  gen�keush ègkeitai sth je¸rhsh susthm�twn uyhlìte-rh t�xh kai sth rÔjmish enì dianÔsmato exìdou sto mhdèn, h opo�a qrhsimopoie�tai maz� memia kat�llhla epilegmènh Lyapunov-like sun�rthsh, sthn apìdeixh th sÔgklish twn troqi¸ntou sust mato sto shme�o isorrop�a. H proteinìmenh diatÔpwsh tou probl mato kai h mèjo-do gia th sqed�ash tou elègqou prosd�dei mia gewmetrik  aitiolìghsh sthn epilog  twn nìmwnelègqou, h opo�a metafèretai omoiìmorfa se èna pl jo mh-olonomik¸n susthm�twn, ta opo�aupìkeintai e�te se kinhmatikoÔ (pr¸th t�xew) e�te dunamikoÔ (deÔterh t�xew) periorismoÔ.Se k�poie apì ti peript¸sei pou analÔontai sth diatrib , oi nìmoi elègqou pou prokÔptoune�nai parìmoioi me �llou sthn  dh up�rqousa sqetik  bibliograf�a. Gia par�deigma, sthn per�-ptwsh twn alusidwt¸n susthm�twn (Par�grafo 3.3), oi nìmoi elègqou moi�zoun me th mèjodopou prote�netai sthn ergas�a [Ast96]. Wstìso, h mèjodo [Ast96] qrhsimopoie� èna metasqhma-tismì suntetagmènwn, gnwstì w σ process, en¸ me th dik  ma prosèggish o sqediasmì twnelegkt¸n lamb�nei q¸ra sti arqikè suntetagmène, qrhsimopoi¸nta èna dianusmatikì ped�oanafor� kai mia teqnik  singular perturbations .H m�llon eure�a efarmosimìthta th proteinìmenh strathgik  kai sqed�ash elègqou maodhge� sto sumpèrasma ìti h dom  twn susthm�twn pou upìkeintai se Pfaffian periorismoÔmpore� na apodèqetai èna enia�o pla�sio sqed�ash elègqou. �Apì th skopi� twn praktik¸n efarmog¸n, ta mh-olonomik� sust mata tugq�noun idia�terouendiafèronto sta ped�a th rompotik , th mhqanotronik  kai twn polu-praktorik¸n susth-m�twn (multi-agent systems), en mèrei epeid  montelopoioÔn mia eure�a kl�sh mhqanik¸n susth-4



m�twn, ìpw ta troqofìra rompìt me rumoulkoÔmena, ta rompotik� f�dia, upo-epenergoÔmenourompotikoÔ braq�one kai upo-epenergoÔmena mh-epandrwmèna oq mata (enaèria, upobrÔxia, ed�-fou), jal�ssia oq mata kai diasthmik� oq mata, all� kai to qeirismì antikeimènwn me rompotik�qèria.Sth bibliograf�a sunant¸ntai �fjone ergas�e kai lÔsei gia mh-olonomik� sust mata pou u-pìkeintai se katastatikoÔ Pfaffian periorismoÔ. 1 Sthn per�ptwsh aut , oi nìmoi elègqousqedi�zontai sun jw me thn upìjesh ìti to sÔsthma den upìkeitai se abebaiìthta montelopo�-hsh kai se epiprìsjete exwterikè diataraqè.Wstìso, oi upojèsei autè sun jw apoteloÔn shmantik  aploÔsteush gia èna polÔplokopragmatikì sÔsthma. Sunep¸, h eurwst�a tou sust mato kleistoÔ brìqou w pro exw-terikè diataraxè kai w pro thn parametrik  abebaiìthta sth montelopo�hsh apotele� m�ashmantik  par�metro, h opo�a ephre�zei èntona thn ep�dosh,   akìma kai thn asf�leia, tousust mato. En mèrei gi' autìn to lìgo, h an�ptuxh eÔrwstwn mh-olonomik¸n elegkt¸n è-qei ex�sou apotelèsei antike�meno ektetamènh èreuna. H parametrik  abebaiìthta antimetw-p�zetai e�te me prosarmostikì, e�te me diakoptìmeno èlegqo (switching control) sti ergas�-e [BR95,CBG98,HLM99,DXH00,DDZB01,MTX02].Epiplèon, o èlegqo mh olonomik¸n susthm�twn pou upìkeintai se epiprìsjete (exwterikè)diataraqè èqei proselkÔsei to endiafèron th ereunhtik  koinìthta; lÔsei gia peript¸seipou oi diataraqè mhden�zontai sto epijumhtì shme�o isorrop�a vanishing perturbations parou-
si’azontai stis ergas’ies [tdWK95, Jia00, DDZB01, LAN03, GWL03, PA03, Guo05, WZ08], en¸peript¸sei pou oi diataraxè den mhden�zontai non-vanishing sto epijumhtì shme�o isorrop�aantimetwp�zontai sti ergas�e [CLO99,GWLZ01,LO01,MS03,FBP03,VA03,ZDCH07].H per�ptwsh twn non-vanishing diataraq¸n jewre�tai tupik� pio dÔskolh, upì thn ènnoia ìtièna epijumhtì shme�o leitourg�a mpore� plèon na mhn e�nai shme�o isorrop�a tou sust mato
[Kha02]. Se aut n thn per�ptwsh, kane� prèpei na epidi¸kei th sqed�ash elègqou ¸ste oi troqiètou sust mato na paramènoun fragmène se mia perioq  tou epijumhtoÔ shme�ou leitourg�a;to prìblhma autì suqn� sunant�tai kai w praktik  stajeropo�hsh (practical stabilization).Oi sqetikè ergas�e sun jw jewroÔn ìti oi diataraqè e�nai mikrè kai fragmène,   ìti todianusmatikì ped�o th diataraq  (perturbation vector field) an kei sto dianusmatikì q¸ro poukalÔptetai apì ta dianusmatik� ped�a elègqou (control vector fields).Tèlo, shmei¸netai ìti h an�ptuxh th ènnoia th eustajoÔ kat�stash apì e�sodo (input-
to-state stability) w mia jemeli¸dou ènnoia gia thn an�lush kai sqed�ash elègqou se mh-grammik� sust mata, èqei epitrèyei, metaxÔ �llwn, th diatÔpwsh problhm�twn eurwst�a giamh-olonomik� sust mata, blèpe sti ergas�e [LSW02,Tan04,LA05,AHP07b].'Ena endiafèron praktikì prìblhma ìpou oi exwterikè diataraqè droun w non-vanishing per-
turbations se èna epijumhtì shme�o leitourg�a sunant�tai sto prìblhma th dunamik  topo-jèthsh (dynamic positioning) upo-epenergoÔmenwn jal�ssiwn oqhm�twn (plo�wn, skaf¸n,upobruq�wn oqhm�twn), upì thn ep�drash periballontik¸n diataraq¸n.H dunamik  topojèthsh tupik� anafèretai se èna sÔsthma autìmath diat rhsh th jèsh kaitou prosanatolismoÔ tou oq mato, me qr sh twn phdal�wn kai twn propel¸n. Supen¸, apìpleur� elègqou h dunamik  topojèthsh an�getai se èna prìblhma eÔresh nìmwn elègqou gia1Oi Pfaffian periorismo� d�nontai w A(q)q̇ = b(q), ìpou q ∈ R

n e�nai to di�nusma twn metablht¸n kat�sta-sh, A(q) ∈ R
κ×n kai b(q) ∈ R

κ. 'Otan b(q) = 0 oi periorismo� onom�zontai katastatiko�, en¸ ìtan b(q) 6= 0oi periorismo� onom�zontai mh-katastatiko�. 5



thn asumptwtik  stajeropo�hsh th jèsh kai tou prosanatolismoÔ tou oq mato se epijumhtèstajerè timè.O èlegqo twn upo-epenergoÔmenwn jalass�wn oqhm�twn èqei melethje� arket� ta teleuta�a15 qrìnia, me basikì k�nhtro thn ekten  qr sh tou sth biomhqan�a exìruxh petrela�ou, seepisthmonikè apostolè sqetikè me thn wkeanograf�a, th gewlog�a, th jal�ssia biolog�a, thnèreuna en�liwn arqaiot twn, se apostolè èreuna kai di�swsh, klp. H sqed�ash elègqougia th stajeropo�hsh aut  th kl�sh twn susthm�twn jewre�tai apaithtik , kur�w epeid ta upo-epenergoÔmena oq mata upìkeintai se deÔterh t�xew mh olonomikoÔ periorismoÔ, kaisunep¸ den ikanopoioÔn th sunj kh tou Brockett. Epiplèon, oi dunamikè exis¸sei k�nhshperilamb�noun mh-grammikoÔ, polÔplokou udrodunamikoÔ ìrou, oi opo�oi den prèpei na ame-lhjoÔn kat� th sqed�ash tou elègqou. Tèlo, oi periballontikè diataraqè prèpei ep�sh nalamb�nontai upìyh sth sqed�ash tou elègqou, ¸ste h sumperifor� tou sust mato kleistoÔbrìqou na e�nai ikanopoihtik  se pragmatikè sunj ke leitourg�a.H stajeropo�hsh upo-epenergoÔmenwn jalass�wn oqhm�twn èqei antimetwpiste� me di�forestrathgikè elègqou. Prwtopìro ergas�a  tan h [WSE95], ìpou me qr sh omal  an�dra-sh twn metablht¸n kat�stash, èna upo-epenergoÔmeno plo�o stajeropoie�tai se mia pol-laplìthta isorrop�a (equilibrium manifold). To prìblhma th asumptwtik  stajeropo�h-sh me qr sh omal , qronik� metaballìmenh an�drash antimetwp�zetai sti ergas�e twn
[PE99, PF00, DJPN02, DG05], en¸ asuneqe� nìmoi elègqou prote�nontai sti ergas�e twn
[Rey96, FLMP00, AP01, GMBD06, CYZ02]. Tèlo, oi ergas�e [KBH02, AP02b, GH08] qrh-simopoioÔn sq mata ubridikoÔ elègqou.Wstìso, kam�a apì ti parap�nw melète den lamb�nei upìyh thn ep�drash twn periballontik¸ndiataraq¸n. Prwtopìro ergas�a se aut n thn kateÔjunsh  tan h [PN00], h opo�a pragmateÔ-etai thn dunamik  topojèthsh enì plo�ou, kai parousi�zei ènan qronik� metaballìmeno nìmoelègqou pou apod�dei hmi-olik  praktik  eust�jeia sto sÔsthma. H ergas�a twn [AP07] prag-mateÔetai th dunamik  stajeropo�hsh enì upo-epenergoÔmenou AUV upì thn ep�drash enìstajeroÔ, �gnwstou reÔmato. Me qr sh prosarmostikoÔ elègqou to ìqhma sugkl�nei se miaepijhmht  jèsh, en¸ o telikì prosanatolismì tou oq mato eujugramm�zetai me th dieÔjunshtou reÔmato. H �dia filosof�a anaforik� me ton telikì prosanatolismì tou oq mato su-nant�tai kai sthn ergas�a twn [PDS08] , h opo�a pragmateÔetai th diat rhsh th jèsh enìsk�fou epifane�a upì thn ep�drash diataraq¸n lìgw tou anèmou. Sthn ergas�a twn [AHP07a]prote�netai èna sq ma diakoptìmenou elègqou b�sei twn metablht¸n kat�stash (state-based
switching control), to opo�o stajeropoie� èna upo-epenergoÔmeno AUV gÔrw apì mia perioq tou epijumhtoÔ shme�ou isorrop�a, apod�donta praktik  eust�jeia apì e�sodo (input-to-state
practical stability) upì thn ep�drash diataraq¸n kai jorÔbou sti metr sei.Par� th shmantik  suneisfor� twn parap�nw ergasi¸n, e�nai koin  omolog�a ìti h stajeropo�hshtwn upo-epenergoÔmenwn upobruq�wn oqhm�twn upì thn ep�drash diataraq¸n èqei antimetwpiste�merik¸ èw t¸ra, kai ìti paramènei anoiqtì prìblhma apì pollè apìyei.Gia par�deigma, o kajorismì tou telikoÔ prosanatolismoÔ tou oq mato me b�sh th dieÔjunshtwn exwterik¸n diataraq¸n, ìpw sumba�nei sti ergas�e [PF00,PN01,PDS08] mpore� na mhne�nai apodektì se di�fore efarmogè, e�te gia lìgou asf�leia tou sust mato, e�te gialìgou apodotikìthta. 'Ena endeiktikì par�deigma e�nai h per�ptwsh enì upobrÔqiou oq mato,  enì sk�fou, pou diajètei dÔo prowuht re gia thn k�nhsh sto orizìntio ep�pedo, upì thnep�drash enì reÔmato v, to opo�o epijewre� ènan stìqo mèsw th k�mera pou diajètei, blèpeSq ma 1. 'Estw ìti gia thn apotelesmatik  epije¸rhsh tou stìqou, to ìqhma prèpei na odhghje�6



Sq ma 1: To ìqhma prèpei na odhghje� kai na parame�nei se mia perioq  gÔrw apì to shme�o
qG = [0 0 0]⊤, par� thn ep�drash tou reÔmato vsthn arq  twn axìnwn qG =

[
0 0 0

]⊤ enì adraneiakoÔ sust mato suntetagmènwn, ìpwfa�netai sto sq ma. 'Omw, h diat�raxh (perturbation) pou ofe�letai sto reÔma v e�nai non-
vanishing sto shme�o qG, kai sunep¸ to shme�o qG den e�nai shme�o isorrop�a. 'Ara, e�nai�skoph h anazht sh nìmwn elègqou gia thn asumptwtik  eust�jeia tou sust mato w pro toshme�o qG. Ant' autoÔ, kane� mpore� na stoqeÔsei sth sqed�ash elegkt¸n pou kajistoÔn titroqiè tou sust mato fragmène se mia perioq  tou epijhmhtoÔ shme�ou, lÔnonta ètsi ènaprìblhma praktik  stajeropo�hsh.Suneisfor�To Kef�laio 2 parousi�zei mia strathgik  diakoptìmenou elègqou me ustèrhsh (hysteresis-
based switching control strategy), h opo�a epifèrei olik , praktik  stajeropo�hsh gia èna u-pobrÔqio ìqhma pou montelopoie�tai w monìkuklo, upì thn ep�drash enì stajeroÔ reÔmato.To ìqhma sugkl�nei kai paramènei se èna sÔnolo G gÔrw apì thn arq  qG = 0. H epijumht sumperifor� tou sust mato epitugq�netai mèsw diadoqik¸n allag¸n (switching) metaxÔ tri¸nelegkt¸n. O pr¸to elegkt  e�nai energì ektì tou sunìlou G, kai odhge� ti troqiè tousust mato sto eswterikì tou G qrhsimopoi¸nta èna dipolikì dianusmatikì ped�o. Oi �lloidÔo elegktè g�nontai energo� mèsa sto sÔnolo G, kai enall�x rujm�zoun th jèsh kai ton pro-sanatolismì tou oq mato. To sunolikì sÔsthma apodeiknÔetai eÔrwsto, upì thn ènnoia ìtioi troqiè tou sust mato odhgoÔntai kai paramènoun sto G akìma kai sthn per�ptwsh pou htaqÔthta kai h dieÔjunsh tou reÔmato e�nai �gnwsta, arke� na e�nai gnwstì to �nw fr�gma ‖v‖.Se sÔgkrish me prohgoÔmene ergas�e pou aforoÔn sth dunamik  topojèthsh upo-epenergoÔmenwnoqhm�twn, oi opo�e den exet�zoun th rÔjmis  tou telikoÔ prosanatolismoÔ se mia epijumht tim , h paroÔsa strathgik  elègqou epitrèpei kai th sÔgklish tou prosanatolismoÔ sto mhdènkat� ta qronik� diast mata pou o ant�stoiqo elegkt  e�nai energì. To qarakthristikì autì,maz� me thn eurwst�a w pro th jèsh tou oq mato, kajistoÔn thn proteinìmenh lÔsh kat�l-lhlh gia efarmogè ìpou tìso h jèsh, ìso kai o prosanatolismì tou rompìt e�nai shmantik�,p.q. se diadikas�e epije¸rhsh upojal�ssiwn kataskeu¸n. �Apì praktik  skopi� epiprosjètw, kat� kanìna ta sust mata elègqou upìkeintai se aniso-tikoÔ  /kai isotikoÔ periorismoÔ sunart sei twn metablht¸n kat�stash, pou kwdikopoioÔndi�fora krit ria apìdosh   asf�leia. 'Ena qarakthristikì par�deigma e�nai to klassikì prì-
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blhma programmatismoÔ th k�nhsh enì (  perissotèrwn) rompìt se èna q¸ro ergas�a meempìdia, me tautìqronh apofug  sugkroÔsewn. O q¸ro twn empod�wn anaparist� èna upo-sÔnolo tou sunìlou par�stash (configuration space) tou sust mato, sto opo�o oi troqiètou sust mato (dhlad  to rompìt) den prèpei potè na brejoÔn. 'Etsi, o q¸ro twn empod�wn(  ant�stoiqa o eleÔjero q¸ro tou sust mato) mporoÔn na kwdikopoihjoÔn me anisotikoÔperiorismoÔ sunart sei twn metablht¸n kat�stash, oi opo�oi prèpei na ikanopoioÔntai p�ntotekat� thn exèlixh tou sust mato. Gia to prìblhma tou programmatismoÔ th k�nhsh rompotik¸nsusthm�twn, h bibliograf�a e�nai ploÔsia kai perilamb�nei di�fore mejodolog�e [CLH+05].'Ena �llo par�deigma sust mato pou upìkeitai se anisotikoÔ periorismoÔ sunart sei twnmetablht¸n kat�stash e�nai h per�ptwsh rompìt pou prèpei na oloklhr¸soun èna èrgo dia-jètonta periorismène dunatìthte a�sjhsh. Gia par�deigma, èstw èna upo-epenergoÔmenorompotikì ìqhma pou fèrei aisjht re (k�mere) me periorismènh embèleia kai gwn�a jèash,to opo�o prèpei suneq¸ na epijewre� èna stìqo. H apa�thsh aut , dhlad  ìti o stìqo prèpeip�ntote na br�sketai sto optikì ped�o th k�mera, epib�llei èna sÔnolo anisotik¸n periorism¸nsunart sei twn metablht¸n kat�stash sto sÔsthma, oi opo�oi prèpei p�ntote na ikanopoioÔn-tai. Autì to prìblhma, pou sun jw diatup¸netai w diat rhsh oratìthta, sunant�tai sesqhmatismoÔ hgèth-opadoÔ (leader-follower formations), ìpou o hgèth prèpei p�ntote na e�naioratì ston opadì, [DFK+02,CSVS03,MBP11], sthn plo ghsh b�sei ìrash mèsw diakritik¸nshm�twn (landmark-based navigation) gia rompotik� oq mata [KR05,BMCH07,LK07],   se pro-bl mata katad�wxh-diafug  b�sei oratìthta [DFB10]. Parìmoie prodiagrafè sunant¸ntaise probl mata diat rhsh sundesimìthta pou perilamb�noun rompìt me periorismène dunatì-thte a�sjhsh  /kai epikoinwn�a, ta opo�a prèpei na oloklhr¸soun èna èrgo en¸ tautìqronaparamènoun sundedemèna [BCM09℄.E�nai axioshme�wto ìti ìla ta parap�nw probl mata, ta opo�a anafèrontai se diaforetik� su-st mata kai stìqou, èqoun w koinì qarakthristikì to ìti h sqed�ash tou elègqou anafèretaise mh grammik� sust mata pou upìkeintai se mh-olonomikoÔ periorismoÔ kai se anisotikoÔperiorismoÔ sunart sei twn metablht¸n kat�stash.Suneisfor�To Kef�laio 4 parousi�zei mia mejodolog�a elègqou gia mia kl�sh mh-olonomik¸n susthm�twnme periorismoÔ sunart sei twn metablht¸n kat�stash. Oi periorismo� ekfr�zontai w anisì-thte sunart sei twn metablht¸n kat�stash, oi opo�e or�zoun èna kleistì uposÔlono K touq¸rou kat�stash Q. Sunep¸, to sÔnolo K anaparist� to uposÔnolo tou q¸rou kat�stashmèsa sto opo�o prèpei na exel�ssontai oi troqiè tou sust mato, gia k�je t ≥ 0. Oi troqiètou sust mato pou e�te xekinoÔn ektì tou K, e�te diafeÔgoun apì to K gia k�poio t > 0parabi�zoun tou periorismoÔ, kai sunep¸ den e�nai apodektè. 'Etsi, to prìblhma elègqouan�getai sthn eÔresh enì sq mato elègqou me an�drash metablht¸n kat�stash, ètsi ¸ste oitroqiè tou sust mato pou xekinoÔn mèsa sto sÔnolo K na sugkl�noun se èna sÔnolo G ⊂ K,qwr� na diafeÔgoun apì to K.H prosèggis  ma sundu�zei ènnoie apì th jewr�a biwsimìthta susthm�twn (viability theory)kai th mejodolog�a ma gia th sqed�ash elègqou gia n-diastata mh-olonomik� sust mata (Kef�-laio 3). Sth sunèqeia, akolouj¸nta th shmeiograf�a twn [Aub91], oi periorismo� sunart seitwn metablht¸n kat�stash onom�zontai periorismo� biwsimìthta, to sÔnolo K onom�zetai to8



sÔnolo biwsimìthta tou sust mato, kai oi troqiè tou sust mato pou paramènoun p�ntotesto K onom�zontai bi¸sime.Pio sugkekrimèna, uiojetoÔme thn ènnoia th efaptomènh se èna sÔnolo K pou or�zetai apìanisotikoÔ periorismoÔ, kai d�noume ti anagka�e sunj ke upì ti opo�e oi apodektè lÔseienì kinhmatikoÔ sust mato e�nai bi¸sime sto sÔnolo K, kaj¸ kai ti anagka�e sunj kegia thn epilog  bi¸simwn eisìdwn elègqou. Epiplèon, prote�noume m�a mèjodo anasqed�ash twnlÔsewn pou prokÔptoun apì th mejodolog�a sto Kef�laio 3, ¸ste oi troqiè tou sust matona e�nai bi¸sime sto K kai epiplèon na sugkl�noun se èna telikì sÔnolo G mèsa sto K.H mèjodo efarmìzetai sthn per�ptwsh tou programmatismoÔ th k�nhsh enì upo-epenergoÔmenoujal�ssiou oq mato, to opo�o upìkeitai se periorismoÔ sunart sei twn metablht¸n par�stash(configuration constraints) exait�a th periorismènh dunatìthta a�sjhsh, w ex : Upojè-toume ìti to diajèsimo sÔsthma aisjht rwn apotele�tai apì m�a k�mera me periorismènh gwn�ajèash kai dÔo probole� laser (laser pointers) me periorismènh embèleia. To zhtoÔmeno e�naio èlegqo th k�nhsh tou oq mato ètsi ¸ste to ìqhma na sugkl�nei se m�a epijhmht  uèshme epijumhtì prosanatolismì w pro èna stìqo, o opo�o prèpei na paramènei p�ntote oratìsto optikì ped�o th k�mera; upì aut n thn ènnoia, to prìblhma mpore� na qarakthriste� kaiw prìblhma diat rhsh oratìthta. H diat rhsh th oratìthta me to stìqo, se sunduasmìme tou periorismoÔ apì to sÔsthma aisjht rwn tou oq mato epib�lloun èna sÔnolo aniso-tik¸n periorism¸n sto sÔsthma, oi opo�oi or�zoun to sÔnolo biwsimìthta K tou sust mato.H eurwst�a tou proteinìmenwn lÔsewn w pro m�a kl�sh fragmènwn exwterik¸n diataraq¸nexet�zetai ep�sh sto tèlo tou kefala�ou.Shmei¸netai ìti h diatÔpwsh tou probl mato e�nai paremfer  me to qarakthrismì twn bi¸simwn
capture basins enì sunìlou C mèsa se èna sÔnolo periorism¸n K [Aub01], o opo�o bas�zetaisth mèjodo Frankowska pou qarakthr�zei thn anexarths�a uposunìlwn kai thn biwsimìthta mèswth sun�rthsh ax�a (value function) enì probl mato bèltistou elègqou. Wstìso, h dik ma prosèggish qrhsimopoie� thn ènnoia th anexarths�a sunìlou kat� [Bla99,BM08], en¸ ostìqo e�nai na sqediaste� èna sq ma an�drash metablht¸n kat�stash, ¸ste afenì to sÔnolobiwsimìthta K na kataste� èna jetik� anex�rthto (  anex�rthto mèsw elègqou) sÔnolo, kaiafetèrou to sÔnolo G na kataste� to megalÔtero anex�rthto sÔnolo tou sust mato.H ènnoia th anexarths�a enì sunìlou mèsw elègqou gia grammik� sust mata èqei qrhsimo-poihje� sthn ergas�a [MBP11] sto sqediasmì tou elègqou enì mh-olonomikoÔ sust mato mepr¸th t�xew (kinhmatikoÔ) periorismoÔ, me grammikopo�hsh tou arqikoÔ sust mato w proto shme�o isorrop�a. Se sqèsh me aut n thn ergas�a, h proteinìmenh mèjodo mpore� na qrhsi-mopoihje� se m�a eurÔterh kl�sh upo-epenergoÔmenwn susthm�twn me periorismoÔ kat�stash,sumperilambanomènh th kl�sh twn mh-olonomik¸n susthm�twn me periorismoÔ deÔterh t�-xew, d�qw na apaite�tai h grammikopo�hsh tou sust mato gÔrw apì shme�o.Tèlo, o èlegqo th k�nhsh upo-epenergoÔmenwn jal�ssiwn oqhm�twn èqei antimetwpiste� medi�fore teqnikè elègqou sti ergas�e [Leo95, PE99, PF00, AP02a, DJPN04], wstìso kam�aapì autè den lamb�nei upìyh th epiprìsjetou periorismoÔ kat�stash. �H sqed�ash elègqou pou parousi�zetai sta Kef�laia 3, 4 efarmìzetai kai se �lle peript¸seielègqou k�nhsh. Endeiktik�, sto kef�laio 5 parousi�zetai h per�ptwsh dÔo troqofìrwn rompìtme diaforik  od ghsh, ta opo�a montelopoioÔntai kinhmatik� w monìkukla, kai ta opo�a kinoÔntaise sqhmatismì hgèth-opadoÔ se èna gnwstì perib�llon me empìdia, en¸ tautìqrona den up�rqeiepikoinwn�a metaxÔ tou. Upojètoume ìti o hgèth diajètei èna sqèdio uyhloÔ epipèdou gia9



thn k�nhs  tou apì mia arqik  se m�a telik  jèsh ston eleÔjero q¸ro, en¸ o opadì prèpeina kine�tai mèsa ston eleÔjero q¸ro diathr¸nta stajer  apìstash kai prosanatolismì wpro ton hgèth, apofeÔgonta ti sugkroÔsei, qrhsimopoi¸nta an�drash kat�stash apì thnk�mer� tou mìno. Efìson den up�rqei epikoinwn�a metaxÔ twn rompìt, ta rompìt paramènounsundedemèna an kai mìno an o hgèth e�nai oratì ston opadì. H apa�thsh aut  epib�llei ènasu'nolo periorism¸n oratìthta, oi opo�oi den prèpei na parabi�zontai ¸ste o opadì na mpore�p�ntote na diathre� thn oratìthta me ton hgèth. Epiplèon, h apofug  sugkroÔsewn metaxÔ twnrompìt, all� kai me ta empìdia tou q¸rou, ja prèpei na exasfaliste� gia thn k�nhsh kai twn dÔorompìt.Suneisfor�Sto Kef�laio 5 parousi�zetai èna sq ma sunergatikoÔ elègqou gia thn k�nhsh enì sqhmatismoÔhgèth-opadoÔ se èna gnwstì perib�llon me empìdia, pou eggu�tai thn apofug  sugkroÔsewnkai th diat rhsh th oratìthta metaxÔ twn rompìt. Akolouj¸nta th mèjodo pou parousi�-zetai sta Kef�laia 3, 4, oi periorismo� oratìthta montelopoioÔntai w mh-grammiko� anisotiko�periorismo� sunart sei twn metablht¸n kat�stash, pou or�zoun èna kleistì uposÔlono K touq¸rou kat�stash. H diat rhsh th oratìthta anadiatup¸netai w èna prìblhma elègqou twndÔo rompìt ètsi ¸ste oi troqiè tou sust mato pou xekinoÔn mèsa sto K na paramènoun giap�nta sto K. Qrhsimopoi¸nta ènnoie apì th jewr�a biwsimìthta kai thn ènnoia tou dipolikoÔdianusmatikoÔ ped�ou, afenì diatup¸nontai oi sunj ke gia th diat rhsh th oratìthta, afe-tèrou anaptÔssetai èna sq ma elègqou pou odhge� ton opadì se èna sÔnolo epijumht¸n jèsewnkai prosanatolism¸n w pro ton hgèth, me tautìqronh diat rhsh th oratìthta. Epiplèon,me qr sh tou montèlou k�nhsh enì oq mato me rumoulkoÔmeno, parousi�zetai èna sq ma su-nergatikoÔ elègqou gia thn k�nhsh tou sqhmatismoÔ se èna gnwstì perib�llon me empìdia, poueggu�tai thn apofug  sugkroÔsewn kai th diat rhsh th oratìthta. Oi nìmoi elègqou e�naiapokentrwmènoi, upì thn ènnoia ìti den up�rqei euje�a epikoinwn�a metaxÔ twn rompìt, en¸ ohgèth den gnwr�zei thn kat�stash tou opadoÔ. �Tèlo, sto Kef�laio 6 parousi�zetai mia diatÔpwsh tou probl mato biwsimìthta w enìprobl mato bèltistou elègqou, me efarmog  ston èlegqo enì upo-epenergoÔmenou upobrÔqiouoq mato upì thn ep�drash enì gnwstoÔ, stajeroÔ reÔmato. H lÔsh pou prote�netai uiojete� tajewrhtik� apotelèsmata th ergas�a [Lyg04], h opo�a ekfr�zei th biwsimìthta enì sust matomèsw enì kat�llhla diamorfwmènou probl mato bèltistou elègqou. H lÔsh pou prokÔpteie�nai th morf  bang-bang optimal control.
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Kefalaio 1Sqed�ash Elègqou me Dianusmatik� Ped�a DipolikoÔTÔpou: K�nhtro kai Prokatarktik� Apotelèsmata
Per�lhyhTo parìn kef�laio parousi�zei thn analutik  kataskeu  mia prokatarktik  morf  twn di-polik¸n dianusmatik¸n ped�wn, h opo�a bas�zetai sth morf  twn gramm¸n ro  tou shmeiakoÔhlektrikoÔ dipìlou. H morf  aut  qrhsimeÔei w h b�sh gia ton orismì twn n-di�statwn dipoli-k¸n ped�wn sto Kef�laio 3. Epiplèon, parousi�zetai mia pr¸th diasÔndesh metaxÔ tou dipolikoÔdianusmatikoÔ ped�ou kai enì mh-olonomikoÔ periorismoÔ se Pfaffian morf , h opo�a dra w tok�nhtro gia thn peraitèrw gewmetrik  gen�keush th idèa kai th strathgik  elègqou, pouparousi�zetai sto Kef�laio 3. Se autì to kef�laio, oi prokatarktikè kateujunt rie gram-mè gia to sqediasmì tou elègqou efarmìzontai sto monìkuklo kai ston diplì oloklhrwt  tou
Brockett .1.1 Periorismo� se Pfaffian morf 'Estw h kl�sh twn mh-grammik¸n susthm�twn pou perigr�fontai w

q̇ = f(q,u), (1.1)ìpou q ∈ C to di�nusma twn metablht¸n par�stash, C ⊆ R
n o q¸ro par�stash, u ∈ Uto di�nusma twn m < n eisìdwn elègqou, U ⊂ R

m o q¸ro elègqou, f : Rn × R
m → R

nmia dianusmatik  sun�rthsh pou perigr�fei th dunamik  tou sust mato. To di�nusma twnmetablht¸n par�stash q =
[
q1 · · · qn

]⊤ onom�zetai kai di�nusma twn genikeumènwn sunte-tagmènwn [Blo03].'Estw ep�sh ìti to sÔsthma (1.1) upìkeitai se κ < n isotikoÔ periorismoÔ. K�je periorismì
i gr�fetai sth morf 

∑n
j=1 aij(q1, . . . , qn, t)q̇j + bi(q1, . . . , qn, t) = 0. (1.2)H diaforik    Pfaffian morf  th sqèsh (1.2) d�netai w

∑n
j=1 aij(q1, . . . , qn, t)dqj + bi(q1, . . . , qn, t)dt = 0, (1.3)kai anaparist� ton periorismì sth metabol  twn genikeumènwn suntetagmènwn sto qronikì di�-sthma dt.
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1.2 To Dianusmatikì Ped�o DipolikoÔ tÔpouH analutik  èkfrash twn proteinìmenwn 2-di�statwn kai 3-di�statwn dianusmatik¸n ped�wndipolikoÔ tÔpou e�nai empneusmènh apì to dianusmatikì ped�o tou shmeiakoÔ hlektrikoÔ dipìlouse ènan Eukle�dio q¸ro W : H qarakthristik  idiìthta tou dianusmatikoÔ ped�ou tou shmeiakoÔhlektrikoÔ dipìlou, h opo�a apotele� to k�nhtro gia thn proteinìmenh strathgik  elègqou,e�nai to gegonì ìti ìle oi grammè ro  sugkl�noun se mia sugkekrimènh jèsh sto q¸ro W ,efaptìmene se mia sugkekrimènh dieÔjunsh.1.2.1 To Hlektrikì D�poloTo hlektrikì dianusmatikì ped�o Edip(r) tou shmeiakoÔ dipìlou or�zetai w h arnhtik  kl�shtou hlektrikoÔ dunamikoÔ Vdip(r), Edip = −∇Vdip. H èntash tou ped�ou sto shme�o A gr�fetaise polikè suntetagmène w [Gri99]

Edip(r, θ) = Err̂ + Eθθ̂ =

(
2p cos θ

4πε0r3

)

r̂ +

(
p sin θ

4πε0r3

)

θ̂, (1.4)ìpou r̂, θ̂ e�nai ta monadia�a dianÔsmata kat� th dieÔjunsh twn polik¸n suntetagmènwn (r, θ),ant�stoiqa.Oi grammè ro ,   grammè ped�ou, e�nai kampÔle efaptìmene sto dianusmatikì ped�o Edip sek�je shme�o tou q¸rou. Apì ton orismì th gramm  ro , prokÔptei ìti:
dr

rdθ
=
Er
Eθ

⇒
dr

rdθ
=

2cos θ

sin θ
⇒

1

r
dr =

2cos θ

sin θ
dθ ⇒ ln r = 2 ln(sin θ) + constant ⇒

ln r = ln(sin2 θ) + lnR⇒

ln r = ln(R sin2 θ) ⇒ r = R sin2 θ,ìpou R > 0 mia stajer� pou sqet�zetai me mia sugkekrimènh gramm  ro  [dW01]. 'Etsi, gia
r → 0, prokÔptei ìti sin θ → 0 ⇒ θ → 0 e�n x ≥ 0,   θ → π e�n x < 0, dhlad  ìti oi grammèro  tou shmeiakoÔ hlektrikoÔ dipìlou sugkl�noun sthn arq  twn axìnwn (x, y) = (0, 0) medieÔjunsh par�llhlh ston �xona x, blèpe Sq ma 1.1. Omo�w apodeiknÔetai ìti oi grammèro  enì shmeiakoÔ dipìlou me dipolik  rop  p, ìpou (p, θ1) oi polikè suntetagmène toudianÔsmato p, sugkl�noun sthn arq  (x, y) = (0, 0) me dieÔjunsh par�llhlh sto di�nusma p,efìson perigr�fontai apì thn ex�swsh r = R sin2(θ − θ1).Genik�, to dianusmatikì ped�o enì shmeiakoÔ hlektrikoÔ dipìlou pou or�zetai apì th dipolik rop  p ∈ R

3 se èna q¸ro W ⊂ R
3 d�netai w [Gri99]

Edip(r) =
1

4πε0r3
(
3(p · r̂)r̂ − p

)
−

1

3ε0
pδ3(r), (1.5)ìpou δ3(·) e�nai mia 3-diastath sun�rthsh Dirac.Me b�sh thn ex�swsh (1.5), prote�noume thn kl�sh twn dianusmatik¸n ped�wn dipolikoÔ tÔpou:

F(q) =

F1(q)
︷ ︸︸ ︷

λ(p · q)q − p+

F2(q)
︷ ︸︸ ︷

p exp−‖q‖2 , (1.6)12



Sq ma 1.1: Oi grammè ro  enì shmeiakoÔ hlektrikoÔ dipìlou.ìpou q ∈ R
n e�nai to di�nusma twn genikeumènwn suntetegmènwn, p ∈ R

n e�nai to di�nusma thdipolik  rop , ‖q‖ e�nai h Eukle�deia nìrma tou dianÔsmato q kai λ ≥ 2 mia stajer�.Gia thn anapar�stash tou dipolikoÔ ped�ou (1.6), èstw q =
[
x y

]⊤
∈ R

2, ìpou x, y oi sunte-tagmène jèsh w pro èna kartesianì sÔsthma suntegmènwn G se èna q¸ro W ⊂ R
2, λ = 3and p =

[
1 0

]⊤. H analutik  èkfrash tou (1.6) d�netai w F(x, y) = Fxx̂+ Fyŷ, ìpou
Fx = 3x2 − 1 + e−(x2+y2), (1.7aþ)
Fy = 3xy. (1.7bþ)To dianusmatikì ped�o (1.7) apeikon�zetai sto Sq ma 1.2(bþ), kai mhden�zetai mìno sthn arq  twnaxìnwn, dhlad  F(q) = 0 an kai mìno an q = 0. Me �lla lìgia, h arq  q = 0 e�nai to monadikìkr�simo shme�o tou dipolikoÔ dianusmatikoÔ ped�ou.H morf  twn gramm¸n ro  tou dipolikoÔ dianusmatikoÔ ped�ou (1.7) gÔrw apì thn arq  (0, 0)apotele� thn idèa gia th strathgik  elègqou pou efarmìzetai sto monìkuklo.'Estw ìti mia dipolik  rop  p =

[
px py

]
∈ R

2 or�zetai sthn epijumht  jèsh rG =
[
xG yG

]⊤ètsi ¸ste h dieÔjunsh φp = atan2(py, px) tou dianÔsmato p na sump�ptei me ton epijumhtìprosanatolismì θG. Sunep¸, oi grammè ro  sugkl�noun sth jèsh rG me dieÔjunsh φp ± ξπ,
ξ = 0, 1.Sunep¸, o èlegqo k�nhsh gia to monìkuklo an�getai sth sqed�ash enì sq mato elègqou mean�drash metablht¸n kat�stash ètsi ¸ste to sÔsthma na sugkl�nei sthn epijumht  kat�stash
qG =

[
xG yG θG

]⊤ akolouj¸nta ti grammè ro  w pore�e anafor�.
13
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Sq ma 1.2: To dianusmatikì ped�o F1(x, y) kai to dipolikì dianusmatikì ped�o F(x, y)1.3 Dipolik� Ped�a kai Mh-Olonomik� Sust mata1.3.1 MonìkukloH k�nhsh enì rompìt pou montelopoie�tai kinhmatik� w monìkuklo perigr�fetai w:




ẋ
ẏ

θ̇



 =





cos θ
sin θ
0



u1 +





0
0
1



u2, (1.8)ìpou q =
[
x y θ

]⊤
∈ C ⊂ R

3 to di�nusma par�stash, C o q¸ro par�stash, x, y oisuntetagmène jèsh kai θ o prosanatolismì tou rompìt w pro èna kartesianì adraneiakìsÔsthma suntetagmènwn G, kai u1, u2 h grammik  kai h gwniak  taxÔthta tou rompìt, ant�stoiqa.To sÔsthma (1.8) upìkeitai se κ = 1 mh-olonomikì periorismì:
[
sin θ − cos θ 0

]

︸ ︷︷ ︸

a⊤(q)





ẋ
ẏ

θ̇



 = 0 ⇒ a⊤(q)q̇ = 0, (1.9)o opo�o ekfr�zei ìti o upìxwro twn epitrepìmenwn genikeumènwn taqut twn q̇ se k�poio shme�o
q isoÔtai me ton pur na tou a⊤(q), ker (a⊤(q)), ìpou dimker

(
a⊤(q)

)
= n− κ.'Eqonta upìyh th gewmetrik  ermhne�a tou periorismoÔ, zhtoÔme na sqedi�soume èna dipolikoÔ-tÔpou ped�o F(q) (1.6), ètsi ¸ste oi grammè ro 

• na sugkl�noun sto epijumhtì shme�o qG,
• na e�nai sunepe� me ton periorismì. 14



M�a gramm  ro  kale�tai sunep  me ton periorismì se k�poio shme�o q ∈ C an to efaptìmenodi�nusma se auto to shme�o ikanopoie� ton periorismì. Gia to monìkuklo, oi grammè ro  enìped�ou (1.6) pou or�zetai w F(x, y, θ) = Fxx̂+Fyŷ+Fθθ̂ ja prèpei na ikanopoioÔn thn ex�swsh:
[
sin θ − cos θ 0

]

︸ ︷︷ ︸

a⊤(q)





Fx
Fy
Fθ



 = 0 ⇒ Fx sin θ − Fy cos θ = 0. (1.10)ParathroÔme ìti h sunist¸sa Fθ den ephre�zei to an o periorismì ikanopoie�tai, ki ètsi mporoÔmena or�soume èna ped�o di�stash N = 2, sunart sei twn Fx, Fy, ìpou Fθ = 0.To dianusmatikì ped�o F(·) or�zetai apì to di�nusma th dipolik  rop  p ∈ R
N, to opo�oprèpei na ikanopoie� ton mh-olonomikì periorismì sto shme�o qG:

〈a⊤(qG),p〉 = 0 ⇒
[
− sin(0) cos(0) 0

]





px
py
pθ



 = 0, (1.11)ìpou jètoume pθ = 0, gia ton �dio lìgo pou jèsame Fθ = 0. H sunj kh (3.9) ikanopoie�tai giak�je px ∈ R kai gia py = 0. Jètoume p , [
px 0

]⊤, ìpou px 6= 0.Sunep¸, or�zoume to dipolikì ped�o apì thn oikogèneia (1.5) gia p =
[
1 0

]⊤ kai amel¸ntaton par�gonta 1
4πε0r3

, ¸ste na èqoume thn akìloujh èkfrash se polikè suntetagmène:
Fx = 2cos2 φ− sin2 φ, Fy = 3 sinφ cosφ, Fθ = 0, (1.12)ìpou (r, φ) oi polikè suntetagmène tou shme�ou (x, y).Dedomènou tou dianusmatikoÔ ped�ou (1.12), sqedi�zoume èna nìmo elègqou ¸ste to monìkuklona eujugrammiste� me to ped�o kai na akolouj sei ti grammè ro  èw ìtou sugkl�nei stoshme�o (0, 0). Gia na to epitÔqoume autì, ekfr�zoume thn apìklish metaxÔ tou dianusmatikoÔped�ou tou monìkuklou q̇ ∈ Tq(C) kai tou dipolikoÔ ped�ou F(q) mèsw th probol  tou ped�ou

F(q) p�nw sto di�nusma a(q), kai or�zoume thn èxodo tou sust mato:
h(q) , 〈a⊤,F〉 = 0.5[3 sin(2φ− θ)− sin θ].'Etsi, h sqed�ash tou elègqou an�getai sthn eÔresh enì nìmou elègqou pou stajeropoie�thn èxodo h(q) sto mhdèn, to opo�o sunep�getai ìti to sÔsthma eujugramm�zetai me to ped�o

F(q). 'Etsi, epib�lloume h dunamik  tou h(q) na e�nai ekjetik� eustaj : ḣ = −kh, to opo�oepitugq�netai mèsw th eisìdou elègqou:
u2 =

2kh(q)

3 cos(2φ− θ) + cos θ
−

6u1(x sin θ − y cos θ) cos(2φ− θ)

r2(3 cos(2φ − θ) + cos θ)
, (1.13)gia k > 0. Sthn per�ptwsh pou o ìro 3 cos(2φ − θ) + cos θ ston paranomast  g�nei �so memhdèn, kane� mpore� na qrhsimopoi sei th strathgik  elègqou:

u2 =

{
2kh(q)−6u1r

−2(x sin θ−y cos θ) cos(2φ−θ)

r2(3 cos(2φ−θ)+cos θ)
, |3 cos(2φ−θ)+cos θ|>ǫ

k(θd−θ), |3 cos(2φ−θ)+cos θ|≤ǫ,
(1.14)ìpou θd h dieÔjunsh tou F, kai ǫ m�a mikr  stajer�. Epiplèon, kane� mpore� na or�sei m�asuneq¸ jetik  taqÔthta gia to monìkuklo, u1 = tanh r, kai na sugkl�nei sto shme�o qG = 0akolouj¸nta ti grammè ro  tou F. 15



1.3.2 Diplì Mh-Olonomikì Oloklhrwt  tou BrockettSto shme�o autì, dedomènh th kl�sh twn n-di�statwn ped�wn (1.6), th diadikas�a gia ton o-rismì tou N = 2-di�stasou ped�ou gia to monìkuklo, kai th proteinìmenh strathgik  elègqou,anazhtoÔme e�n oi idèe autè mporoÔn na efarmostoÔn kai se �lla (kinhmatik�) mh-olonomik�sust mata. 'Estw o mh-olonomikì diplì oloklhrwt 




ẋ1
ẋ2
ẋ3



 =





1
0

−x2



u1 +





0
1
x1



u2, (1.15)ìpou q =
[
x1 x2 x3

]⊤ to di�nusma kat�stash, g1(q) = [
1 0 −x2

]⊤ kai g2(q) = [
0 1 x1

]⊤ta dianusmatik� ped�a elègqou. To sÔsthma upìkeitai ston κ = 1 periorismì
[
x2 −x1 1

]

︸ ︷︷ ︸

a⊤(q)





ẋ1
ẋ2
ẋ3



 = 0 ⇒ 〈a⊤(q), q̇〉 = 0. (1.16)'Opw parap�nw, anazhtoÔme èna ped�o F(q) = Fx1x̂1 +Fx2x̂2 +Fx3x̂3 ètsi ¸ste na ikanopoie�th sunj kh:
[
x2 −x1 1

]

︸ ︷︷ ︸

a⊤(q)





Fx1
Fx2
Fx3



 = 0 ⇒ Fx1x2 − Fx2x1 + Fx3 = 0. (1.17)ParathroÔme ìti se aut n thn per�ptwsh ìle oi sunist¸se Fxj , j = 1, 2, 3, emfan�zontai sthnsqèsh (1.17). Sunep¸, or�zoume èna N = 3-di�stato ped�o sunart sei twn Fx1 , Fx2 , Fx3 ,dhlad  sunart sei ìlwn twn metablht¸n kat�stash q.H dipolik  rop  p ∈ R
3 or�zetai ¸ste na ikanopoie� ton mh-olonomikì periorismì sto shme�o

qG: 〈a⊤(qG),p〉 = 0, pou sunep�getai ìti p =
[
p1 p2 0

]⊤, ìpou p1, p2 ∈ R. 'Estw p =
[
1 0 0

]⊤ kai λ = 1, tìte: Fx1 = x21 − 1 + exp−(x21+x
2
2+x

2
3), Fx2 = x1x2, Fx3 = x1x3.Antikajist¸nta ti sunist¸se Fx1 , Fx2 , Fx3 sthn ex�swsh (1.17) èjoume:

h(q) = x1x3 − x2[1− exp−(x21+x
2
2+x

2
3)].H sunj kh upodeiknÔei ìti to kane� mpore� na efarmìsei mia strathgik  ¸ste x3 → 0 kaikatìpin x2, x1 → 0, dhlad  ètsi ¸ste h metablht  x3 na sugkl�nei grhgorìtera apì ta x1, x2sto mhdèn [BD96,Ast97].Wstìso, h èkfrash th parag¸gou ḣ(q) duskoleÔei thn eÔresh elègqou ¸ste ḣ(q) = −k h(q).JewroÔme to aploÔsterh morf  ped�o F(q) = λ(p · q)q, ìpou λ = 1, Fx1 = x21, Fx2 = x1x2,

Fx3 = x1x3, ¸ste h èxodo pou prèpei na rujmiste� sto mhdèn na prokÔptei �sh me: h(q) = x1x3.Sunep¸, apaitoÔme: ḣ = −kh, k > 0, to opo�o sunep�getai ìti
ẋ1x3 + x1ẋ3 = −kx1x3 ⇒ x3u1 + x1(−x2u1 + x1u2) = −kx1x3 ⇒

(x3 − x2x1)u1 + x21u2 = −kx1x3. (1.18)16



H sunj kh (1.18) sumperilamb�nei kai ti dÔo eisìdou u1, u2. Sunep¸, jètoume thn e�sodo
u1 = −k1x1, k1 > 0, ¸ste x1 → 0, en¸ h e�sodo u2 prokÔptei apì th sqèsh (1.18) w

u2 = −k
x3
x1

−
x3 − x2x1

x21
u1 = −k

x3
x1

+ k1
x3 − x2x1

x1
= −(k − k1)

x3
x1

− k1x2,ìpou k > k1, x1 6= 0. Tèlo, efìson gia arqikè sunj ke ìpou x1 = 0 èqoume èna idiìmorfoped�o F = 0, mporoÔme na qrhsimopoi soume th strathgik :
u1 =

{
−k1x1, ìtan x1 6= 0
−k3x3, ìtan x1 = 0

(1.19aþ)
u2 =

{

−k x3
x1

− x3−x2x1
x21

u1, ìtan x1 6= 0

−k2x2, ìtan x1 = 0
(1.19bþ)ìpou k2, k3 > 0.

17



Kefalaio 2Praktik  Stajeropo�hsh enì Monìkuklou upì ReÔmamèsw Diakoptìmenou Elègqou
Per�lhyhTo parìn kef�laio parousi�zei m�a lÔsh gia to prìblhma tou elègqou enì rompìt me kinhmatik monìkuklou upì thn ep�drash enì non-vanishing drift vector field. To k�nhtro gia th je¸rh-sh autoÔ tou probl mato ègkeitai sth dunamik  topojèthsh upo-epenergoÔmenwn jal�ssiwnoqhm�twn upì thn ep�drash arg� metaballìmenwn jal�ssiwn reum�twn. H lÔsh bas�zetai semejìdou diakoptìmenou kai ubridikoÔ elègqou kai perilamb�nei mia strathgik  ustèrhsh, hopo�a apod�dei praktik  stajeropo�hsh sto sÔsthma mèsw tri¸n diaforetik¸n nìmwn elègqou.Epiplèon, to kef�laio exet�zei thn eurwst�a tou sust mato kleistoÔ brìqou ènanti agn¸stwn,fragmènwn diataraq¸n.2.1 DiatÔpwsh Probl mato'Estw èna jal�ssio ìqhma me dÔo prowjht re gia thn k�nhsh sto orizìntio ep�pedo kai d�qwegk�rsio prowjht ra gia thn k�nhsh kat� ton egk�rsio �xona. Arqik�, jewroÔme ìti to ìqhmamontelopoie�tai w monìkuklo. 'Estw akìma ìti kine�tai upì thn ep�drash enì astrìbiloureÔmato v me sunist¸se vx, vy w pro èna adraneiakì sÔsthma suntetagmènwn G [Fos02]. Hk�nhsh sto orizìntio ep�pedo perigr�fetai w:

q̇ = v +G(q)u⇒





ẋ
ẏ

θ̇



 =





vx
vy
0



+





cos θ 0
sin θ 0
0 1





[
u1
u2

]

, (2.1)ìpou q =
[
x y θ

]⊤
∈ R

n to di�nusma par�stash, x, y oi suntetagmène jèsh kai θ oprosanatolismì tou oq mato w pro to G, u =
[
u1 u2

]⊤ to di�nusma twn eisìdwn elègqou,
u1, u2 h grammik  kai gwniak  taqÔthta w pro to swmatìdeto sÔsthma B ant�stoiqa, kai
v =

[
vx vy 0

]⊤ e�nai to dianusmatikì ped�o tou reÔmato (  th diat�raxh).To sÔsthma (2.1) apotele� m�a diat�raxh (perturbation [Kha02]) tou monìkuklou (1.8), ìpou ve�nai non-vanishing at the origin qG = 0, efìson v(t, qG) 6= 0 ∀t ∈ [0,∞).O κ = 1 Pfaffian periorismì tou sust mato gr�fetai:
[
− sin θ cos θ 0

]

︸ ︷︷ ︸

a⊤(q)





ẋ
ẏ

θ̇



 = −vx sin θ + vy cos θ ⇒ a⊤(q)q̇ = b(q), (2.2)18



kai e�nai mh-katastatikì, efìson b(q) 6= 0. EÔkola diapist¸netai mèsw tou jewr mato Frobe-
nius [BL05] ìti o periorismì e�nai mh-oloklhr¸simo.H ex�swsh (2.2) sunep�getai ìti èna shme�o qe =

[
xe ye θe

]⊤ e�nai shme�o isorrop�a tou(2.1), q̇e = 0, an kai mìno an
b(qe) = 0 ⇒ −vx sin θe + vy cos θe = 0.Sunep¸, h arq  qG =

[
0 0 0

]⊤ e�nai shme�o isorrop�a (2.1) an kai mìno an vy = 0. Me �llalìgia, an vy 6= 0 tìte h arq  qG den e�nai shme�o isorrop�a tou (2.1), kai sunep¸ oi troqiètou sust mato mporoÔn mìno na e�nai omoiìmorfa ultimately bounded [Kha02] se mia perioq th arq .Wstìso, o epijumhtì prosanatolismì den e�nai p�ntote apodektì na kajor�zetai apì ti exw-terikè diataraqè, ìpw p.q. se efarmogè epije¸rhsh stìqwn. 'Etsi, efìson h diat�raxhsto sÔsthma e�nai non-vanishing sto shme�o qG, kane� prèpei na epidi¸xei thn praktik , kai ìqiasumptwtik , stajeropo ish tou sust mato. Sunep¸, to prìblhma elègqou diatup¸netai wex :DiatÔpwsh Probl mato: Dojènto tou mh-olonomikoÔ sust mato (2.1), na sqediaste�èna s ma diakoptìmenou elègqou σ(·) : R
n → I = {1, 2, . . . , χ} kai χ nìmoi elègqou u =

ψσ(t, q), ¸ste to sÔsthma elègqou kleistoÔ brìqou na e�nai ε-praktik� asumptwtik� eustajègÔrw apì thn arq , upì thn ènnoia ìti dojènto ε > 0 kai gia opoiad pote arqik  sunj kh
q0, h lÔsh q(t) = q(t, q0,u) na up�rqei ∀t ≥ 0, kai epiplèon q(t) ∈ B(0, ε), ∀t ≥ T , ìpou
T = T (q0) > 0.2.2 Strathgik  Diakoptìmenou ElègqouH sqed�ash elègqou bas�zetai sthn ènnoia twn dipolik¸n dianusmatik¸n ped�wn (1.6). To dia-nusmatikì ped�o Fn = Fnxx̂ + Fnyŷ gia to monìkuklo apeikon�zetai sto Sq ma 2.1(aþ), kai hanalutik  tou èkfrash d�netai w:

Fnx = λp1x
2 − p1 + p1e

−(x2+y2), Fny = λp1xy. (2.3)Ant�stoiqa, or�zetai èna dianusmatikì ped�o Fp gia to sÔsthma (2.1), ètsi ¸ste oi grammè ro na sugkl�noun sto shme�o isorrop�a qe. To ped�o Fp apeikon�zetai sto Sq ma 2.1(bþ) kai hanalutik  èkfrash twn sunistws¸n Fpx, Fpy d�netai apì thn oikogèneia (1.6) w:
Fpx = λ(vxx+ vyy)x− vx + vxe

−(x2+y2), (2.4aþ)
Fpy = λ(vxx+ vyy)y − vy + vye

−(x2+y2). (2.4bþ)Dojènto tou ped�ou Fp (2.4), sqedi�zoume èna nìmo elègqou u = ψ1(q) ¸ste to sÔsthma (2.1)na akolouje� sti grammè ro . Onom�zoume to sÔsthma kleistoÔ brìqou (2.1) upì to nìmoelègqou ψ1(q) w to uposÔsthma q̇ = f1(q,ψ1).'Estw q =
[
r⊤ θ

]⊤. Me b�sh thn ergas�a [AHP07b], lème ìti to uposÔsthma f1(q,ψ1)e�nai eustajè w pro r kai astajè w pro θ, upì thn ènnoia ìti to θ den sugkl�nei sthnepijumht  tim  θd = 0. M�lista, prokÔptei ìti h rÔjmish tou θ → 0 mèsw enì nìmou elègqou19



(aþ) To ped�o Fn (bþ) To ped�o FpSq ma 2.1: Ta ped�a Fn(x, y) kai Fp(x, y) gia λ = 3, pn =
[
p1 0

]⊤, pp =
[
p1 vy

]⊤,
p1 = vx = 1 m/sec, vy = 1 m/sec.

Sq ma 2.2: Perioqè leitourg�a w pro to sÔsthma suntetagmènwn G.
u = ψ2(q) apod�dei èna uposÔsthma q̇ = f2(q,ψ2) eustajoÔ θ, all� astajoÔ r. Me �llalìgia, apaite�tai èna sumbibasmì metaxÔ th rÔjmish th jèsh r se mia epijumht  tim  rd kaisth rÔjmish tou prosanatolismoÔ θ se mia epijumht  tim  θd. Upì aut n thn ènnoia, anazhtoÔmemia strathgik  diakoptìmenou elègqou metaxÔ twn uposusthm�twn f1(q,ψ1), f2(q,ψ2), ¸steenall�x na rujm�zetai e�te h jèsh r, e�te o prosanatolismì θ sti epijumhtè tou timè, ¸stetelik� na apodoje� èna ε-praktik� eustajè sÔsthma.Gia th sqed�ash mia strathgik  diakoptìmenou elègqou b�sei twn metablht¸n kat�stash,kai me thn upìjesh ìti h diataraq  v =

[
vx vy

]⊤ e�nai gnwst 1, diairoÔme to q¸ro par�stash
C ⊆ R

2×[0, 2π) sti perioqè leitourg�a K and G, ¸ste K =
{[
r⊤ θ

]⊤
∈ C

∣
∣ ‖r‖ > r0

}kai G = C \ K, bl. Sq ma 2.2. H perioq  K diaire�tai se A =
{
q ∈ K

∣
∣ 〈r,v〉 ≥ 0

} kai
B =

{
q ∈ K

∣
∣ 〈r,v〉 < 0

}, ìpou K = (A ∪B).H perioq  G diaire�tai se G1 kai G2, ìpou G1 = {q ∈ G | 〈r,v〉 ≥ 0}, G2 = {q ∈ G | 〈r,v〉 < 0}1H upìjesh aut  exale�fetai sth sunèqeia. 20



kai G = (G1 ∪G2). H dia�resh th perioq  G bas�zetai sthn akìloujh skèyh: 'Otan q ∈ G1,h diataraq  v exanagk�zei ti troqiè r(t) tou sust mato (2.1) makri� apì thn epijumht  tim 
(0, 0), en¸ ìtan q ∈ G2, h diataraq  exanagk�zei ti troqiè r(t) pro thn epijumht  tim  (0, 0).H basik  idèa gia th sqe'diash elègqou e�nai h ex : 'Otan q ∈ K, tìte èna elegkt  basismènosto dipolikì ped�o (2.4) odhge� ti troqiè tou sust mato mèsa sto sÔnolo G. 'Otan q ∈ G,o èlegqo all�zei se ènan elegkt  pou rujm�zei ton prosanatolismì θ → 0. Wstìso, efìsonh rÔjmish tou θ mpore� na apofèrei ast�jeia w pro th jèsh r, sqedi�zoume ton èlegqo ètsi¸ste to θ na elègqetai ìtan h diataraq  v exanagk�zei th jèsh r tou oj mato pro thn arq ,dhlad  ìtan q ∈ G2. 'Etsi, an oi troqiè q(t) sugkl�noun mèsa sto G1, afìtou egkatale�psounto sÔnolo K, tìte apaite�tai èna akìma nìmo elègqou, ¸ste na odhg sei ti troqiè q(t) mèsasto G2. Telik�, me aut  th je¸rhsh èqoume enallag  χ = 3 elegkt¸n ψσ(q), σ ∈ {1, 2, 3}, hopo�a perigr�fetai w:1. o nìmo elègqou ψ1(q) wje� to sÔsthma sto sÔnolo G, apod�donta eustaj  jèsh r kaiastaj  prosanatolismì, o opo�o sugkl�nei ston prosanatolismì tou ped�ou Fp, dhlad 

θ → φ,2. o nìmo elègqou ψ2(q) wje� to sÔsthma sto sÔnolo G2, sthn per�ptwsh pou h jèsh rbr�sketai sthn perioq  G1, apod�donta astaj  jèsh r kai astaj  prosanatolismì θ → θp,ìpou θp = arctan(
vy
vx
),3. o nìmo elègqou ψ3(q) wje� θ → 0, sthn per�ptwsh pou h jèsh r br�sketai sthn perioq 

G2, apod�donta astaj  uèsh r kai eustaj  prosanatolismì θ.H parap�nw idèa pragmat¸netai me thn akìloujh strathgik  diakoptìmenou elègqou me ustè-rhsh.
• An q(0) ∈ K, tìte σ(q(0)) = 1, alli¸ σ(q(0)) = 3.Gia k�je t > 0,
• An q(t) ∈ K kai σ(q(t−)) = 1, tìte σ(q(t)) = 1.
• An q(t) ∈ G1 kai σ(q(t−)) = 1, tìte σ(q(t)) = 2.
• An q(t) ∈ G2 kai σ(q(t−)) = 1, tìte σ(q(t)) = 3.
• An q(t) ∈ G kai σ(q(t−)) = 2, tìte σ(q(t)) = 2.
• An q(t) ∈ B kai σ(q(t−)) = 2, tìte σ(q(t)) = 3.
• An q(t) ∈ B kai σ(q(t−)) = 3, tìte σ(q(t)) = 3.
• An q(t) ∈ G kai σ(q(t−)) = 3, tìte σ(q(t)) = 3.
• An q(t) ∈ A kai σ(q(t−)) = 3, tìte σ(q(t)) = 1.H strathgik  aut  apod�dei èna ubridikì sÔsthma kleistoÔ brìqou, ìpou to σ e�nai h diakrit metablht  kat�stash, efìson h tim  th metablht  σ den kajor�zetai mìno apì thn trèqousatim  th kat�stash q(t), all� exart�tai kai apì thn prohgoÔmenh tim  th.21



2.3 Sqed�ash ElègqouDedomènh th strathgik  diakoptìmenou elègqou, sth sunèqeia sqedi�zoume tou epimèrouelegktè ψσ(·), σ ∈ {1, 2, 3}.2.3.1 Sqed�ash tou nìmou elègqou u = ψ1(q)O nìmo elègqou ψ1(q) exanagk�zei to sÔsthma na eujugrammiste� me to dipolikì ped�o (2.4)en¸ sugkl�nei pro thn epijumht  jèsh (0, 0).
Theorem 1 H jèsh r =

[
x y

]⊤ tou sust mato (2.1) sugkl�nei se m�a sfa�ra B(0, r0) gÔrwapì thn arq  gia opoiad pote r(0) /∈ B(0, r0), upì thn ep�drash tou nìmou elègqou ψ1 =
[
u1 u2

]⊤,
u1 = −k1 sgn

(

r⊤
[
cos θ
sin θ

])

‖r‖ − sgn(r⊤v) sgn(p⊤r)‖v‖, (2.5aþ)
u2 = −k2(θ − ϕ) + ϕ̇, (2.5bþ)ìpou k1, k2 > 0, ϕ = atan2(Fpy,Fpx) o prosanatolismì tou ped�ou (2.4) sto shme�o (x, y), hsun�rthsh sgn(·) or�zetai w

sgn(a) =

{
1, an a ≥ 0,
−1, an a < 0,kai h akt�na r0 or�zetai ¸ste na ikanopoie� th sunj kh (??).H apìdeixh tou jewr mato perilamb�netai sthn agglik  èkdosh th paroÔsa diatrib .2.3.2 Sqed�ash twn nìmwn elègqou u = ψ2(q),u = ψ3(q)'Estw ∂XY to ìrio enì sunìlou X w pro èna geitonikì sÔnolo Y . E�n oi troqiè q(t)brejoÔn sto G = {q =

[
r⊤ θ

]⊤
∈ B(0, r0)× [0, 2π)}, jewroÔme ti ex  peript¸sei:1. 'Estw ìti q ∈ G1 = {G | 〈r,v〉 ≥ 0}, dhlad  ìti to q(t) br�sketai sto G1, ìpou hdiataraq  v odhge� to sÔsthma makri� apì thn arq .

Theorem 2 Oi troqiè q(t) tou sust mato eisèrqontai sthn perioq  G2, ìpou 〈r,v〉 <
0, upì thn ep�drash tou nìmou elègqou ψ2 = [u1 u2]

⊤,
u1 = −k3 sgn(vx)‖v‖, u2 = −k4(θ − θp), (2.6)ìpou k3 > 1, k4 > 0.H apìdeixh d�netai sthn agglik  èkdosh th diatrib .2. 'Estw ìti q ∈ G2 = {G | 〈r,v〉 < 0}, dhlad  ìti to q(t) br�sketai sto G2, ìpou h exw-terik  diataraq  v odhge� to sÔsthma pro thn arq . Tìte h troqi� r(t) eisèrqetai sthnperioq  G1 upì thn ep�drash tou nìmou elègqou
ψ3 = [0 u23]

⊤ , where u23 = −k5θ, k5 > 0. (2.7)H apìdeixh d�netai sthn agglik  èkdosh th diatrib .22



2.3.3 Eust�jeia tou diakoptìmenou sust mato q̇ = fσ(q,ψσ)H eust�jeia tou diakoptìmenou sust mato pou prokÔptei me thn parap�nw strathgik  elègqoubas�zetai sto Ue¸rhma [ZH08, Thm 3.9]. H analutik  aitiolìghsh d�netai sthn agglik  èkdoshth diatrib .Sunoptik�, h strathgik  elègqou eggu�tai ìti h troqi� r(t) tou sust mato (2.1) e�nai ε-praktik� asumptwtik� eustaj  me ε = r1, upì thn ènnoia ìti h troqi� r(t) sugkl�nei sthsf�ira B(0, r1), ìpou r1 = r0 + ǫ kai ǫ > 0 auja�reta mikrì, kai paramènei sthn perioq  gia
t > T , en¸ par�llhla o prosanatolismì θ rujm�zetai sto mhdèn, θ → 0, kat� ta qronik�diast mata pou o elegkt  f3(q,ψ3) e�nai energì.2.3.4 Eurwst�a tou sust mato kleistoÔ brìqouH melèth th eurwst�a tou diakoptìmenou sust mato e�nai idiaitèrw shmantik  gia thn kl�shtwn problhm�twn ìpou h ekt�mhsh,   h mètrhsh, twn exwterik¸n diataraq¸n e�nai dÔskolh,e�te anèfikth. Upojètoume ìti mìno èna fr�gma ‖v‖max th diataraq  e�nai gnwstì, dhlad ìti gnwr�zoume to mètro th diataraq  ‖v‖ =

√

vx2 + vy2 ≤ ‖v‖max, en¸ h dieÔjunsh toureÔmato θc = atan2(vy, vx) e�nai �gnwsth. UewroÔme ep�sh ìti èqoume mìno to onomastikìdipolikì ped�o Fn = F, pou or�zetai apì th dipolik  rop  pn = p =
[
p 0

]⊤, ìpou p > 0,efìson h dieÔjunsh th diataraq  e�nai �gnwsth. Gia thn an�lush th exèlixh twn troqi¸ntou sust mato se aut n thn per�ptwsh, o anagn¸sth parapèmpetai sthn agglik  èkdosh thdiatrib .2.4 Apotelèsmata Prosomoi¸sewn tou Sust matoGia thn axiolìghsh th strathgik  elègqou, parat�jentai ta akìlouja apotelèsmata apì thnprosomo�wsh tou sust mato.H analutik  perigraf  twn peript¸sewn pou perigr�fontai sta graf mata d�netai sthn agglik èkdosh th diatrib . To tr�gwno sto Sq ma 2.3(bþ), 2.4(bþ) anaparist� èna upobrÔqio ìqhmapou kine�tai sto orizìntio ep�pedo upì thn ep�drash enì reÔmato v.
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(gþ) To sf�lma jèsh e(t) =
√

x(t)2 + y(t)2.Sq ma 2.3: Apìkrish tou sust mato gia gnwstì v =
[
−0.1 0.2

]⊤.24
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(gþ) To sf�lma jèsh e(t) =
√

x(t)2 + y(t)2.Sq ma 2.4: Apìkrish tou sust mato gia �gnwsto v =
[
−0.1 0.2

]⊤25



Kefalaio 3Sqed�ash Mh-OlonomikoÔ Elègqou me qr sh Dipolik¸nDianusmatik¸n Ped�wn Anafor� kai RÔjmish Exìdou
Per�lhyhTo parìn kef�laio parousi�zei mia omoiìmorfh logik  kai strathtik  elègqou gia mh-olonomik�sust mata, h opo�a pragmat¸netai mèsw kateujunt riwn gramm¸n gia th sqed�ash qronik� ane-x�rthtwn, asuneq¸n elegkt¸n. H mèjodo efarmìzetai se sust mata me kinhmatikoÔ   dunami-koÔ periorismoÔ se morf  Pfaffian.H basik  idèa th mejìdou èqei w ex : dojènto enì n-diastatou kinhmatikoÔ mh-olonomikoÔsust mato, or�zetai èna N-diastato (N ≤ n) dianusmatikì ped�o anafor� F(·) se ènan upìqwro
L tou q¸rou par�stash C. To dianusmatikì ped�o an kei sthn oikogèneia twn dianusmatik¸nped�wn

F(x) = λ
(

p⊤x
)

x− p
(

x⊤x
)

,ìpou N ≤ n, x ∈ R
N e�nai èna di�nusma pou perilamb�nei k�poie apì ti metablhtè kat�stash

q ∈ R
n (blèpe parak�tw), p ∈ R

N e�nai to di�nusma th dipolik  rop , kai λ ≥ 2, blèpePar�grafo 3.2. To dianusmatikì ped�o F(·) e�nai ex' orismoÔ mh idiìmorfo pantoÔ sto q¸ro Lektì apì thn arq  x = 0 tou topikoÔ sust mato suntetagmènwn sto q¸ro L; sunep¸, harq  x = 0 to monadikì idiìmorfo (  kr�simo) shme�o tou dianusmatikoÔ ped�ou F(·), kai e�nai ex'orismoÔ èna kr�simo shme�o dipolikoÔ tÔpou. H idiìthta aut  sunep�getai ìti ìle oi grammèro  tou ped�ou F(·) xekinoÔn kai katal goun sto kr�simo shme�o, kai upì aut n thn ènnoia,apoteloÔn pore�e pro to shme�o x = 0.O upìqwro L ⊆ C ston opo�o or�zetai to dianusmatikì ped�o F(·) kajor�zetai apì th morf tou p�naka A(q), w ex : oi mhdenikè st le tou p�naka A(q) or�zoun m�a fÔllwsh tou q¸roukat�stash C sto q¸ro twn fÔllwn (leaf space) L kai sto q¸ro twn in¸n (fiber space)
T , kai epiplèon diaqwr�zoun ti metablhtè kat�stash q ∈ R

n sti leafwise suntetagmène
x ∈ R

n−n0 , kai sti transverse suntetagmène t ∈ R
n0 . To dianusmatikì ped�o F(·) or�zetaisto q¸ro twn fÔllwn L, sunart sei twn leafwise x.Dedomènou tou dianusmatikoÔ ped�ou F(·), h idèa gia th sqed�ash elègqou an�getai sto ex :se k�je shme�o q ∈ C, to sÔsthma elègqetai ètsi ¸ste to dianusmatikì ped�o tou sust mato

q̇ ∈ TqC na eujugrammiste� me to ped�o F(·), dhlad  wje�tai ston efaptìmeno q¸ro th gramm ro  tou ped�ou F(·) sto shme�o q ∈ C.Gia mh-olonomik� sust mata pou uf�stantai ènan Pfaffian periorismì, h apìklish metaxÔ toudianusmatikoÔ ped�ou q̇ kai tou dianusmatikoÔ ped�ou anafor� F(·) kwdikopoie�tai mèsw thexìdou h(q) = 〈a(q),F(·)〉, ìpou 〈·, ·〉 to eswterikì ginìmeno dÔo dianusm�twn. Sunep¸, heujugr�mmish tou dianÔsmato q̇ ∈ TqC me to di�nusma F(·) kwdikopoie�tai mèsw th rÔjmish26



th exìdou h → 0. H sunj kh aut  apotele� ènan odhgì gia ton orismì toul�qiston m�a ektwn eisìdwn elègqou ui, arke� to sÔsthma na èna sqetikì bajmì �so me 1 w pro thn èxodo h.Omo�w, gia κ > 1 periorismoÔ, h apìklish tou susthmikoÔ dianÔsmato me to di�nusma ana-for� F(·) kwdikopoie�tai mèsw th (dianusmatik ) exìdou h(q) = A(q)F(·), en¸ h sunj kh
h(q) → 0 efarmìzetai apait¸nta (dhlad  elègqonta to sÔsthma) ètsi ¸ste ìla ta κ stoixe�atou dianÔsmato h(q) na mhden�zontai.Me �lla lìgia, to dianusmatikì ped�o F (·) parèqei mia dieÔjunsh anafor� q̇ref gia to susthmikìdianusmatikì ped�o, se k�je q ∈ C; h sunj kh aut , sunduasmèna me th fÔllwsh tou q¸roupar�stash stou q¸rou L kai T upodeiknÔei thn epilog  mia sun�rthsh tÔpou Lyapunov ,h opo�a qrhsimopoie�tai peraitèrw sth sqed�ash tou elègqou, ¸ste na apodoje� h sÔgklish twntroqi¸n tou sust mato q(t) stnn arq  q = 0.Upì aut n thn ènnoia, h proteinìmenh mèjodo anadiatup¸nei to arqikì prìblhma th sqed�ashmh-olonomikoÔ elègqou se prìblhma rÔjmish exìdou, to opo�o mpore� na antimetwpiste� pioeÔkola me ergale�a an�lush kai sqediasmoÔ mh grammikoÔ elègqou. Epiplèon, to pr�sma thnèa mejìdou ekjètei th dunatìthta th je¸rhsh mia qronik  aposÔnjesh (decomposition)tou sust mato, h opo�a efarmìzetai se di�fore peript¸sei me qr sh teqnik¸n an�lush pousqet�zontai me arg� metaballìmena sust mata kai idiìmorfwn diatar�xewn (singular perturba-
tions). H mèjodo efarmìzetai ep�sh sth sqed�ash elègqou gia upo-epenergoÔmena mhqanik�sust mata pou upìkeintai se dunamikoÔ periorismoÔ.Org�nwsh kai Shmeiograf�aTo kef�laio dome�tai w ex : H par�grafo 3.1 parousi�zei mia sÔntomh eisagwg  sti idiìthtetwn dianusmatik¸n ped�wn dipolikoÔ tÔpou. Oi par�grafoi 3.2 kai 3.3 parousi�zoun sunoptik�th sqed�ash elègqou gia mh-olonomik� sust mata me κ Pfaffian periorismoÔ, ta opo�a an kounsthn kl�sh twn n-diastatwn susthm�twṅ

q =

m∑

i=1

gi(q)ui, (3.1)ìpou q ∈ C to di�nusma par�stash,   di�nusma genikeumènwn suntetagmènwn, C o q¸ropar�stash, ui oi e�dosoi elègqou kai gi(q) ta dianusmatik� ped�a elègqou, i ∈ {1, . . . ,m}. Oimh-olonomiko� periorismo� e�nai th morf 
A(q)q̇ = 0, (3.2)ìpou A(q) ∈ R

κ×n, kai q̇ ∈ TqC to di�nusma twn genikeumènwn taqut twn.Tèlo, sthn par�grafo 3.4 h mèjodo epekte�netai sth sqed�ash upo-epenergoÔmenwn oqhm�twnth morf :
ẋ = f(x) +

m∑

i=1

gi(x)ui, (3.3)ìpou x =
[
q⊤ v⊤

]⊤
∈ R

2n to di�nusma kat�stash pou perilamb�nei to di�nusma genikeumè-nwn suntetagmènwn q ∈ R
n kai to di�nusma taqut twn v ∈ R

n, f(x) to drift vector field kai ui,27



gi(·) h i-sth e�sodo elègqou kai dianusmatikì ped�o elègqou, ant�stoiqa. Ta sust mata aut�upìkeintai se mh-olonomikoÔ periorismoÔ deÔterh t�xew, pou anafèrontai se mh oloklhr¸-simou periorismoÔ epit�qunsh th morf  a(v)v̇ = b(v). Ta sumper�rasmata d�nontai sthnpar�grafo 3.5.Episkìphsh th MejìdouH basik  idèa th mejìdou e�nai ìti, dojènto enì n-diastatou, kinhmatikoÔ mh-olonomikoÔsust mato, or�zetai èna N-diastato dianusmatikì ped�o F : L → TL se ènan upìqwro L touq¸rou par�stash C. To dianusmatikì ped�o F(·) epilègetai apì thn oikogèneia twn dianusma-tik¸n ped�wn (3.6), ta opo�a e�nai mh-idiìmorfa pantoÔ sto q¸ro L ektì apì to shme�o x = 0,to opo�o apotele� to monadikì kr�simo shme�o dipolikoÔ tÔpou.To dianusmatikì ped�o F(·) dra w anafor� gia to sÔsthma (3.1), dhlad  se k�je shme�o q ∈ C,to sÔsthma elègqetai ¸ste to susthmikì di�nusma q̇ ∈ TqC na g�netai par�llhlo me to di�nusma
F(·). Sunep¸, oi exis¸sei twn periorism¸n (3.2) gia to sÔsthma kleistoÔ brìqou gr�fontaisth morf  A(q)F(q) = 0; se aut n thn per�ptwsh, lème ìti to di�nusma F(q) ikanopoie�,   ìtie�nai sumbatì me, tou periorismoÔ sto shme�o q ∈ C.Orismì 1 'Ena dianusmatikì ped�o F : C → TC onom�zetai sumbatì me tou mh-olonomikoÔperiorismoÔ (3.2) se èna shme�o q ∈ C, (  isodÔnama ikanopoie� th sunj kh sumbatìthta stoshme�o q) e�n

A(q)F(q) = 0. (3.4)M�lista, h analutik  èkfrash th sunj kh (3.4) kajor�zei ton upìqwro L tou q¸rou par�-stash C ston opo�o or�zetai to ped�o F(·) kai thn analutik  morf  tou ped�ou F(·), w ex :'Estw èna ped�o F =
∑n

j=1Fj
∂
∂qj

, ìpou {
∂
∂q1
, . . . , ∂

∂qn

} e�nai ta monadia�a dianÔsmata b�sh touefaptìmenou q¸rou TqC, kai to prokÔpton grammikì (w pro ti sunist¸se Fj) sÔsthma:
a11F1 + a12F2 + . . .+ a1nFn = 0,
a21F1 + a22F2 + . . .+ a2nFn = 0,...
aκ1F1 + aκ2F2 + . . .+ aκnFn = 0;tìte, an, gia par�deigma, o p�nakaA(q) perièqei m�a mhdenik  st lh, dhlad  an [a1j(q) . . . aκj(q)

]⊤
=

0 gia k�poio j ∈ {1, . . . , n}, tìte h ant�stoiqh sunist¸sa Fj tou dianusmatikoÔ ped�ou den e-phre�zei to an h sunj kh (3.4) ikanopoie�tai, efìson h ant�stoiqh grammik  apeikìnish stèlneip�ntote to Fj sto mhdèn. Sunep¸, mpore� na oriste� èna dianusmatikì ped�o F tètoio ¸ste hsunist¸sa Fj = 0.Kat� aut n thn ènnoia, e�n o p�naka A(q) èqei 0 ≤ n0 < n mhdenikè st le, h di�stash touped�ou F or�zetai �sh me N = n−n0. Onom�zoume ti n−n0 suntetagmène qi, i ∈ {1, . . . , n}, twnopo�wn oi genikeumène taqÔthte q̇i sundèontai me ti mh-mhdenikè st le tou A(q) w lea-fwise metablhtè x, kai ti upìloipe n0 suntetagmène, twn opo�wn oi genikeumène taqÔthtesundèontai me ti mhdenikè st le tou A(q) w transverse metablhtè t. H di�krish aut or�zei mia fÔllwsh tou q¸rou par�stash C w C = L × T , ìpou L o upìqwro twn leafwisemetablht¸n x, T o upìqwro twn transverse metablht¸n t, dimL = n− n0, dim T = n0.28



To dianusmatikì ped�o F(·) or�zetai sto N-dimensional q¸ro L, sunart sei twn leafwise me-tablht¸n x, kai e�nai mh-idiìmorfo pantoÔ ston L ektì tou shme�ou x = 0 w pro to topikìsÔsthma suntetagmènwn. To idiìmorfo shme�o x = 0 e�nai to monadikì kr�simo ped�o tou dia-nusmatikoÔ ped�ou F(·), kai e�nai ex' orismoÔ d�polo, pou sunep�getai ìti ìle oi grammè ro arq�zoun apì kai katal goun sto kr�simo shme�o; �ra, opoiad pote apì ti grammè ro  tou
F(·) apotele� m�a pore�a pro to shme�o x = 0.An o p�naka A(q) den èqei mhdenikè st le, tìte ex' orismoÔ èqoume N = n kai x , q,dhlad  o q¸ro twn fÔllwn L sump�ptei me ton q¸ro par�stash C. Se aut  thn per�ptwsh todianusmatikì ped�o F(·) or�zetai se olìklhro to q¸ro par�stash C kai mhden�zetai mon�qa sthnarq  q = 0, blèpe thn per�ptwsh tou nonholonomi double integrator (ndi) sthn par�grafo3.2.2.Alli¸, an o p�nakaA(q) èqei n0 mhdenikè st le, or�zoume N = n−n0, to dianusmatikì ped�o
F(·) or�zetai sto q¸ro twn fÔllwn L ⊂ C sunart sei twn n− n0 leafwise metablht¸n x, kaie�nai idiìmorfo se èna uposÔnolo A = {q ∈ C | x = 0} pou perièqei thn arq  q = 0. Wstìso,h aplopo�hsh aut  mpore� na apait sei th qr sh diakoptìmenou elègqou sthn per�ptwsh pouoi arqikè sunj ke tou sust mato brejoÔn se autì to uposÔnolo, blèpe thn per�ptwsh toumonìkuklou sthn par�grafo 3.2.1.Oi asunèqeie sthn e�sodo elègqou apod�doun èna dianusmatikì ped�o gia to sÔsthma (3.1) toopo�o e�nai suneqè kat� diast mata, kai sunep¸ oi lÔsei jewroÔntai kat� thn ènnoia tou
Filippov, dhlad  q̇ ∈ F(q), ìpou:

F(q) , co

{

lim
m∑

i=1

gi(qj)ui : qj → q, qj /∈ Sq

}

,kai Sq èna sÔnolo mhdenikoÔ mètrou.Sunep¸, h basik  idèa th mejìdou e�nai h od ghsh tou susthmikoÔ dianusmatikoÔ ped�ou sthnefaptìmenh dèsmh twn gramm¸n ro  tou F(·), èw ìtou oi troqiè sugkl�noun sto shme�o q = 0.H idèa aut  upodeiknÔei thn epilog  sunart sewn tÔpou Lyapunov pou qrhsimopoioÔntai meklassikè teqnikè an�lush kai sqed�ash elègqou gia th apìdeixh th sÔgklish twn troqi¸nse shme�o. Pio sugkekrimèna, h strathgik  elègqou perilamb�nei ta akìlouja b mata:1. Epilog  enì N-diastatou dianusmatikoÔ ped�ou F(·) : L → TL, oi grammè ro  touopo�ou sugkl�noun sto shme�o x = 0 tou sust mato suntetagmènwn sto q¸ro L;2. Sqed�ash enì nìmou elègqou ¸ste to susthmikì dianusmatikì ped�o q̇ ∈ TqC na euju-gramm�zetai me to dianusmatikì ped�o F(·), kai na akolouje� ti grammè ro  tou F(·),exasfal�zonta ìti to q̇ den mhden�zetai poujen�, par� mìno sto shme�o q = 0.Kateujunt rie Grammè gia th Sqed�ash Mh-OlonomikoÔ ElègqouGia kinhmatik� mh olonomik� sust mata, h parap�nw diadikas�a elègqou perigr�fetai pio ana-lutik� w ex : Dojènto (3.1) kai (3.2),
• JewroÔme ton p�naka twn periorism¸n A(q) ∈ R

κ×n, o opo�o èqei 0 ≤ n0 < n mhdenikèst le, ìpou n to pl jo twn genikeumènwn taqut twn q̇. Onom�zoume ti n − n0 meta-blhtè kat�stash qi, i ∈ {1, . . . , n}, twn opo�wn oi genikeumène taqÔthte q̇i sundèontai29



me ti mh-mhdenikè st le tou A(q) w leafwise metablhtè x, kai ti upìloipe n0 me-tablhtè kat�stash, twn opo�wn oi genikeumène taqÔthte sundèontai me ti mhdenikèst le tou p�naka A(q) w transverse metablhtè t.
• JewroÔme th fÔllwsh tou q¸rou par�stash C w F = L × T , ìpou L o upìqwro twn

leafwise metablht¸n x, T o upìqwro twn transverse metablht¸n t, dimL = n − n0,
dim T = n0.

• Epilègoume èna dianusmatikì ped�o anafor� F(·) apì thn oikogèneia twn dianusmatik¸nped�wn (3.6), sunart sei twn leafwise x, efaptìmeno sto q¸ro L ⊆ C.
• Epibebai¸noume ìti oi grammè ro  tou F(·) perièqoun to shme�o x = 0 tou q¸rou twnfÔllwn L.
• Or�zoume w èxodo tou sust mato to di�nusma h(·) , A(q) F, kai exanagk�zoume todexiì mèlo th ex�swsh (3.1) na eujugrammiste� me to di�nusma F epilègonta eisìdouelègqou ètsi ¸ste ìla ta stoiqe�a tou dianÔsmato h(·) na te�noun sto mhdèn. Gia toskopì autì, or�zoume metablhtè sj , oi opo�e kwdikopoioÔn to pìso makri� apì to mhdènbr�skontai oi sunist¸se tou h.
• ApodeiknÔoume th sÔgklish twn troqi¸n tou sust mato (3.1) sthn arq  qrhsimopoi¸ntam�a sun�rthsh tÔpou Lyapunov V th morf  V = 1

2(
∑κ

j=1 sj
2 + . . .+ ‖x‖2),   qrhsimo-poioÔme an�lush idiìmorfwn diatar�xwn, jewr¸nta ti metablhtè t sto uposÔsthma touoriakoÔ str¸mato.3.1 Dipolik� Dianusmatik� Ped�a'Opw anafèrjhke  dh sto Kef�laio 1, h èmpneush gia thn od ghsh tou uniyle sthn arq twn axìnwn bas�sthke sth morf  twn gramm¸n ro  tou dianusmatikoÔ ped�ou enì shmeiakoÔhlektrikoÔ dipìlou. Sthn agglik  èkdosh th diatrib  anafèrontai oi basikè ènnoie kaiidiìthte twn kr�simwn shme�wn gia dianusmatik� ped�a. O anagn¸sth parapèmpetai epiplèonsth bibliograf�a [Boo86,Hen94,Lee02].3.1.1 Idiìthte tou Kr�simou Shme�ou enì DipolikoÔ DianusmatikoÔPed�ouMe b�sh thn analutik  èkfrash tou dianusmatikoÔ ped�ou tou shmeiakoÔ hlektrikoÔ dipìlou seènan 2-diastato Eukle�deio q¸ro, or�zoume to dipolikì dianusmatikì ped�o:

F(r) = λ(p⊤r)r − p(r⊤r), (3.5)ìpou r =
[
x y

]⊤ to di�nusma twn suntetagmènwn jèsh with respet to (w.r.t.) w proèna sÔsthma G ston R
2, kai p h dipolik  rop , h opo�a mpore� na jewrhje� w h ontìthta hopo�a par�gei to dianusmatikì ped�o. Oi sunist¸se Fx, Fy tou ped�ou F = Fx

∂
∂x

+ Fy
∂
∂y

gia
p =

[
1 0

]⊤ isoÔntai me:
Fx = (λ− 1)x2 − y2,

Fy = λxy.30



Gia λ 6= 1 to dianusmatikì ped�o F(·) e�nai mh-idiìmorfo pantoÔ ektì apì to shme�o r = 0,to opo�o e�nai to monadikì kr�simo shme�o tou dianusmatikoÔ ped�ou, en¸ gia λ > 1 to kr�simoshme�o r = 0 e�nai d�polo, blèpe Sq ma 3.1(aþ).
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Sq ma 3.1: To dipolikì dianusmatikì ped�o F(·) gia (a) p = [1 0] (arister�) kai (b) p = 1√
2
[1 1](dexi�).Epiplèon, oi grammè ro  e�nai summetrikè w pro ton �xona tou dianÔsmato p, blèpe stoSq ma 3.1(bþ) to dianusmatikì ped�o F(·) (3.5) gia λ = 2, p = 1√

2

[
1 1

]⊤. 'Etsi, k�je gramm ro  tou F(·) dra w pore�a anafor� pro to shme�o r = 0, en¸ to di�nusma p kajor�zei tonprosanatolismì twn gramm¸n ro  w pro to sÔsthma suntetagmènwn G.Sunep¸, h idèa gia th sqed�ash elègqou gia to monìkuklo an�getai sto ìti, se k�je shme�o
q ∈ C, to susthmikì dianusmatikì ped�o q̇ ∈ TqC mpore� na eujugrammiste� me to dianusmatikìped�o F(·), to opo�o ex' orismoÔ apotele� m�a pore�a anafor� pro to shme�o r = 0. Epiplèon,parathroÔme ìti h epilog  enì (monadia�ou) dianÔsmato p pou ikanopoie� tou mh-olonomikoÔperiorismoÔ sto epijumhtì shme�o q = 0, dhlad  tètoiou ¸ste A(0)p = 0, apod�dei èna dianu-smatikì ped�o F(·) me grammè ro , oi opo�e emmèsw mporoÔn na qrhsimopoihjoÔn ston èlegqotou prosanatolismoÔ tou monìkuklou, efìson sugkl�noun sto shme�o r = 0 par�llhla me ton�xona xG.Me b�sh aut n thn parat rhsh, or�zoume thn kl�sh twn N-diastatwn dianusmatik¸n ped�wn

F(x) = λ
(

p⊤x
)

x− p
(

x⊤x
)

, (3.6)ìpou N ≤ n, x ∈ R
N to di�nusma twn leafwise metablht¸n, p ∈ R

N tètoio ¸ste A(0)p = 0,kai λ ≥ 2. Sth sunèqeia, h morf  (3.6) qrhsimopoie�tai sth sqed�ash elegkt¸n gia m�a eure�at�xh mh-olonomik¸n susthm�twn.
31



3.2 Sust mata me ènan mh-olonomikì periorismì3.2.1 MonìkukloJewroÔme w pr¸to par�deigma to monìkuklo, to opo�o montelopoie�tai w




ẋ
ẏ

θ̇



 =





cos θ
sin θ
0



u1 +





0
0
1



u2, (3.7)ìpou q =
[
x y θ

]⊤
∈ C to di�nusma par�stash, C m�a 3-diastath pollaplìthta pou anapa-rist� to q¸ro par�stash, x, y, θ oi genikeume'ne metablhtè par�stash, u1, u2 oi e�sodoielègqou. O κ = 1 mh-olonomikì periorismì (3.7) gr�fetai se morf  Pfaffian w
[
− sin θ cos θ 0

]

︸ ︷︷ ︸

a⊤(q)





ẋ
ẏ

θ̇



 = 0 ⇔ 〈a⊤(q), q̇〉 = 0,ìpou 〈·, ·〉 to eswterikì ginìmeno dianusm�twn.'Ena dianusmatikì ped�o F = Fx
∂
∂x

+Fy
∂
∂y

+Fθ
∂
∂θ

ikanopoie� th sunj kh sumbatìthta (3.4) seèna shme�o q an e�nai orjog¸nio w pro to di�nusma a(q):
[
− sin θ cos θ 0

]

︸ ︷︷ ︸

a⊤(q)





Fx
Fy
Fθ



 = 0 ⇒ Fy cos θ − Fx sin θ = 0. (3.8)Sthn per�ptwsh aut , to di�nusma a⊤(q) perièqei n0 = 1 mhdenik  st lh (stoiqe�o) kai sunep¸h sunist¸sa Fθ den ephre�zei thn ikanopoi sh th sunj kh (3.8). Sunep¸, or�zoume Fθ = 0,kai anazhtoÔme èna N = n − n0 = 2 diastato ped�o F(·), sunart sei twn Fx, Fy. Epiplèon,oi suntetagmène x, y e�nai oi leafwise metablhtè, en¸ o prosanatolismì θ e�nai h transversemetablht .
Sq ma 3.2: To dianusmatikì ped�o F(q) e�nai ex' orismoÔ efaptìmeno ston upìqwro TqS ⊂ TqC,gia k�je q ∈ S.Apì m�a gewmetrik  skopi�, o orismì Fθ = 0 sunep�getai ìti to dianusmatikì ped�o F(·) or�zetaiefaptìmeno ston upìqwro W =

{

w ∈ TqC | w =
[
wx wy 0

]⊤} tou efaptìmenou q¸rou TqCtou q¸rou par�stash C, dhlad  ìti to dianusmatikì ped�o F(·) e�nai efaptìmeno ston upìqwro
S = R

2 sto shme�o q, blèpe Sq ma 3.2 kai Sq ma 3.3. Sunep¸, to dianusmatikì ped�o F(·)32



Sq ma 3.3: H fÔllwsh F tou 3-diastatou q¸rou par�stash C gia to monìkuklo, F = R
2 ×S

1.or�zetai efaptìmeno sti leafwise dieujÔnsei L = R
2 th fÔllwsh F = R

2×S tou q¸roupar�stash. H analutik  èkfrash tou ped�ou d�netai apì th sqèsh (3.5), ìpou to di�nusma pexart�tai apì th morf  tou dianÔsmato a(q) sthn arq  q = 0, w ex : to di�nusma p prèpeina an kei sthn (topik  ekd lwsh th) epifane�a periorismoÔ sto shme�o q = 0, ¸ste na e�naisumbatì me tou periorismoÔ:
〈a⊤(0),p〉 = 0 ⇒

[
− sin(0) cos(0) 0

]





px
py
pθ



 = 0, (3.9)ìpou pθ = 0, gia ton �dio lìgo pou h sunist¸sa Fθ t�jetai �sh me mhdèn. H sunj kh (3.9)ikanopoie�tai gia k�je px ∈ R kai gia py = 0, kai efìson to di�nusma p prèpei na e�nai mhmhdenikì, or�zoume p , [
px 0

]⊤ ìpou px 6= 0. Gia px = 1 kai λ = 3, oi sunist¸se Fx, Fy toudianusmatikoÔ ped�ou (3.5) gr�fontai w
Fx = 2x2 − y2 = 3x2 − (x2 + y2), Fy = 3xy. (3.10)To dianusmatikì ped�o apeikon�zetai sto Sq ma 3.4(aþ). Efìson Fθ = 0, to dianusmatikì ped�o(3.10) sto q¸ro par�stash C den metab�lletai kat� thn transverse dieÔjunsh th fÔllwsh

F , blèpe Sq ma 3.4(bþ).Epiplèon, gia k�je θ ∈ S
1, h sunj kh (3.8) e�nai èna grammikì sunduasmì twn sunistws¸n

Fx kai Fy. Jètoume Fx = ‖F‖ cos φ kai Fy = ‖F‖ sinφ, ìpou ‖F‖ h Eukle�deia nìrma touped�ou sto shme�o q ∈ C, kai φ h dieÔjunsh tou ped�ou F(q) w pro èna sÔsthma anafor� G.H sunj kh sumbatìthta (3.8) gr�fetai w
〈a⊤(q),F〉 = ‖F‖ sin(φ− θ) = 0. (3.11)Gia èna mh-idiìmorfo ped�o F, h sunj kh (3.11) e�nai alhj  efìson sin(φ−θ) = 0 ⇒ φ−θ = ξπ,ìpou ξ ∈ Z, dhlad  efìson to susthmikì dianusmatikì ped�o q̇ w pro to sÔsthma G e�naisuggrammikì (  eujugrammiste�) me to dianusmatikì ped�o F(·).Sunep¸, gia na epib�lloume thn eujugr�mmish tou susthmatikoÔ dianÔsmato me to di�nusma(3.10), or�zoume thn apeikìnish h(·) : C → R

h(q) = 〈a⊤(q),F〉. (3.12)33
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(aþ) To dianusmatikì ped�o F(r) ston R
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(bþ) To dianusmatikì ped�o F(r) ston CSq ma 3.4: To dianusmatikì ped�o F(r) gia ton monìkuklo.Gia h(q) = 0, to di�nusma F(q) an kei sto mhdenoq¸ro tou dianÔsmato a⊤(q) sto shme�o q, kiètsi topik� mpore� na qarakthriste� w èna grammikì sunduasmì twn dianusm�twn elègqou
gi(q). Sunep¸, h èkfrash h(q) 6= 0 mpore� na antimetwpiste� w èna sf�lma (  w mia èxodo)pou prèpei na odhghje� sto mhdèn. Gia èna mh idiìmorfo dianusmatikì ped�o F, èqoume ìti:
h(q) = 0

(3.11)
⇔ {θ − φ = 0 or θ − φ = ±π}. Sthn per�ptwsh aut , o prosanatolismì θ toumonìkuklou e�nai efaptìmeno me th gramm  ro  tou dianusmatikoÔ ped�ou (3.10) sto shme�o

q ∈ C.'Ara, sthn per�ptwsh tou monìkuklou èqoume h(q) → 0 efìson θ → φ+ξπ, ξ ∈ Z. Or�zoume tosf�lma sumbatìthta s = θ − φ kai apaitoÔme ṡ = −ks, k > 0, epilègonta thn e�sodo elègqou
u2 w

θ̇−φ̇ = −k(θ − φ) ⇒ u2 = −k(θ − φ) + φ̇. (3.13)Tìte, h par�gwgo th gwn�a prosanatolismoÔ φ tou ped�ou F gr�fetai w
φ̇

(3.7)
=

(3yFx − 4xFy) cos θ + (3xFx + 2yFy) sin θ

Fx
2 + Fy

2 u1.H posìthta φ̇ den or�zetai gia ‖F‖ = 0, dhlad  sto kr�simo shme�o tou ped�ou F, to opo�o an keiston uposÔnolo
A =

{

q ∈ C | q =
[
0 0 θ

]⊤}
, θ ∈ S

1.Sunep¸, an q(0) ∈ A, kane� prèpei na epilèxei èna diaforetikì nìmo elègqou gia thn e�sodo u2;gia par�deigma: u1 = 0, u2 = −k θ. Me thn epilog  aut  to sÔlono A e�nai jetik� anex�rthtokai to sÔsthma te�nei ekjetik� sthn arq  q = 0 en¸ paramènei sto A; den apaite�tai dhlad qr sh �llou elegkt    diakoptìmenou elègqou.34



Oi sunj ke (3.12), (3.13) kajor�zoun thn k�nhsh tou sust mato kat� thn transverse dieÔjunshth fÔllwsh; o nìmo elègqou (3.13), eujugramm�zei to monìkuklo me to dipolikì dianusma-tikì ped�o F, kaj¸ to sÔsthma kine�tai metaxÔ twn fÔllwn. Kat� th dieÔjunsh twn fÔllwn,epiplèon, to sÔsthma prèpei na odhghje� sthn arq  tou k�je topikoÔ (x, y) sust mato sun-tetagmènwn. Gia thn an�lush twn troqi¸n tou sust mato kat� th dieÔjunsh twn fÔllwn,jewroÔme mia jetik� orismènh sun�rthsh V sunart sei twn leafwise metablht¸n x, y kai tousf�lmato sumbatìthta s
V =

1

2
(x2 + y2 + s2) =

1

2

(
x2 + y2 + (θ − φ)2

)
,kai jewroÔme th qronik  par�gwgo kat� ti troqiè tou sust mato,

V̇ = (x cos θ + y sin θ)u1 + (θ − φ)(u2 − φ̇) = (x cos θ + y sin θ)u1 − k(θ − φ)2.kai epilègoume thn eisìdo elègqou u1 w
u1 = −k1 sgn(x cos θ + y sin θ)‖r‖, k1 > 0, (3.14)ìpou sgn(a) = 1 gia a ≥ 0, kai sgn(a) = −1 gia a < 0. To dexiì mèlo th ex�swsh (3.7)g�netai suneqè kat� diast mata, kai oi lÔsei ermhneÔontai kat� thn ènnoia tou Filippov:

q̇ = co






lim
i→∞





cos θi
sin θi
0



u1(qi) +





0
0
1



u2(qi) : qi → q, qi /∈ Sq





H an�lush th sÔgklish twn troqi¸n tou sust mato sthn arq  q = 0 d�netai sthn agglik èkdosh th diatrib . Oi troqiè tou sust mato kleistoÔ brìqou apeikon�zontai sto Sq ma3.5(aþ).
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na apaite�tai h eÔresh nèwn, bolik¸n suntetagmènwn, ìpw suqn� sumba�nei sth bibliograf�a.Epiplèon, to par�deigma e�nai endeiktikì th per�ptwsh ìtan o p�naka A(q) sti dedomènesuntetagmène den èqei mhdenikè st le.H analutik  parous�ash tou sust mato kai th sqed�ash elègqou mèsw th mejìdou d�nontaisto ant�stoiqo kef�laio th agglik  èkdosh.3.3 Alusidwt� Sust mataH mèjodo efarmìzetai kai sthn per�ptwsh perissotèrwn tou enì periorism¸n, ìpw katadei-knÔetai gia thn kl�sh twn alusidwt¸n susthm�twn. H an�lush d�netai sto ant�stoiqo kef�laioth agglik  èkdosh.3.4 Mh-olonomik� Sust mata me Drift Vector FieldH mèjodo epekte�netai sth sqed�ash elègqou gia dunamik� mh-olonomik� sust mata. Sto an-t�stoiqo kef�laio th agglik  èkdosh parousi�zetai h efarmog  th mejìdou gia ton èlegqoth k�nhsh enì upo-epenergoÔmenou upobrÔqiou oq mato sto orizìntio ep�pedo.3.5 Sumper�smataSto kef�laio autì parousi�sthke m�a mèjodo gia th sqed�ash elegkt¸n gia n-diastasta mh-olonomik� sust mata, upì to pr�sma mia omoiìmorfh, enia�a strathgik  elègqou. H idèa e�naiìti or�zoume èna N-diastato dianusmatikì ped�o F(·) th morf  (3.6), kai elègqoume to sÔsthma¸ste na eujugramm�zetai me to dianusmatikì ped�o F(·). 'Etsi, to prìblhma th od ghsh thkat�stash tou sust mato se epijumhtì shme�o an�getai se èna prìblhma rÔjmish exìdou, stoopo�o oi èxodoi e�nai sunart sei pou posotikopoioÔn thn apìklish an�mesa sto dianusmatikìped�o F kai sto susthmikì dianusmatikì ped�o. Oi èxodoi upodeiknÔoun sunart sei tÔpou
Lyapunov , oi opo�e qrhsimopoioiÔntai sth sqed�ash kai an�lush tou elègqou.Oi nìmoi elègqou anapìfeukta èqoun idiìmorfa shme�a, ta opo�a epib�lloun th qr sh diako-ptìmenou elègqou sthn per�ptwsh pou oi arqikè sunj ke tou sust mato sump�ptoun me tipollaplìthte twn idiomorfi¸n tou elègqou, all� makri� apì aut� ta shme�a den up�rqei perai-tèrw an�gkh gia qr sh diakoptìmenou elègqou. H mèjodo prosd�dei mia omoiìmorfh logik  sthsqed�ash elègqou gia n-diastata mh-olonomik� sust mata, parèqonta kateujunt rie grammègia th sqed�ash nìmwn elègqou. W parade�gmata efarmog  melet jhkan o monìkuklo, odiplì mh-olonomikì oloklhrwt , h kl�sh twn n-diastatwn alusidwt¸n susthm�twn kai ènaupo-epenergoÔmeno ìqhma, kai oi nìmoi elègqou se k�je per�ptwsh proèkuyan akolouj¸nta ti�die kateujunt rie grammè sqed�ash.
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Kefalaio 4Sqed�ash Elègqou gia Mh-Olonomik� Sust mata mePeriorismoÔ b�sei th Jewr�a Biwsimìthta
Per�lhyhTo parìn kef�laio pragmateÔetai th sqed�ash elègqou gia m�a kl�sh mh-olonomik¸n susth-m�twn pou upìkeintai se anisotikoÔ periorismoÔ sunart sei twn metablht¸n kat�stash, oiopo�oi or�zoun èna sÔnolo K (sÔnolo biwsimìthta). Me qr sh ergale�wn kai ennoi¸n apìth jewr�a biwsimìthta susthm�twn, afenì d�nontai oi anagka�e kai ikanè sunj ke gia thnepiolg  bi¸simwn eisìdwn elègqou gia èna mh olonomikì sÔsthma, ètsi ¸ste oi troqiè tou su-st mato pou ekkinoÔn sto sÔnoloK na paramènoun sto sÔnoloK. Afetèrou, oi nìmoi elègqoupou parousi�zontai sto kef�laio 3 anasqedi�zontai mèsw diakoptìmenou elègqou, ètsi ¸ste oitroqiè tou sust mato pou ekkinoÔn sto sÔnolo K na sugkl�noun se èna uposÔnolo G tou
K, qwr� na diafeÔgoun apì to K. H prosèggish aut  mpore� na qrhsimopoihje� se di�forepeript¸sei, sti opo�e to prìblhma tou elègqou mpore� na anadiatupwje� w h sqed�ash enìsq mato elègqou, ètsi ¸ste oi troqiè tou sust mato na paramènoun se èna uposÔnolo Ktou q¸rou kat�stash, èw ìtou sugkl�noun se èna uposÔnolo G tou K.W par�deigma melet�tai o programmatismì kai èlegqo th k�nhsh enì upo-epenergoÔmenoujal�ssiou oq mato mèsa se èna sÔnolo parast�sewn K, to opo�o kwdikopoie� ton periorismènoq¸ro (sunart sei th jèsh kai tou prosanatolismoÔ) tou sust mato, èneka periorismènhdunatìthta a�sjhsh. H mèjodo apod�dei th sqed�ash bi¸simwn nìmwn elègqou sto sÔnolo
K, pou tautìqrona eggu¸ntai th sÔgklish twn troqi¸n tou sust mato se èna sÔnolo Gmèsa sto K. Exet�zetai ep�sh h eurwst�a twn lÔsewn elègqou w pro m�a kl�sh fragmènwndiataraq¸n, kai h apìkrish tou sust mato axiologe�tai mèsw prosomoi¸sewn tou sust mato.Suneisfor�To kef�laio parousi�zei m�a mèjodo gia th sqed�ash elègqou gia m�a kl�sh mh-olonomik¸nsusthm�twn pou upìkeintai se periorismoÔ kat�stash. Oi periorismo� kat�stash anapari-st¸ntai w anisotiko� periorismo� w pro ti metablhtè kat�stash, oi opo�oi or�zoun ènakleistì uposÔnolo K tou q¸rou kat�stash Q. To sÔnolo K apotele� kat� aut n thn ènnoiato uposÔnolo tou q¸rou kat�stash mèsa sto opo�o epitrèpetai sti troqiè tou sust mato naexel�ssontai. Oi troqiè tou sust mato pou e�te ekkinoÔn ektì tou sunìlou K,   diafeÔgounapì to K th qronik  stigm  t > 0 parabi�zoun tou anisotikoÔ periorismoÔ kai gi' autì tolìgo den e�nai apodektè. Sunep¸, to prìblhma elègqou an�getai sthn eÔresh enì (pijan¸diakoptìmenou) sq mato elègqou, tètoiou ¸ste oi troqiè pou ekkinoÔn sto K na sugkl�nounse èna uposÔnolo G tou sunìlou K, qwr� potè na diafeÔgoun apì to K.H mèjodo sundu�zei ènnoie apì th jewr�a biwsimìthta susthm�twn kai lÔsei apì th mejo-dolog�a gia th sqed�ash elègqou se n-diastata mh-olonomik� sust mata pou perigr�fetai sto37



Kef�laio 3. Sth sunèqeia, uiojet¸nta th shmeiograf�a tou [Aub91], oi anisotiko� periori-smo� onom�zontai periorismo� biwsimìthta, to sÔnolo K onom�zetai sÔnolo biwsimìthta tousust mato, kai oi troqiè tou sust mato pou paramènoun sto K ∀t ≥ 0 onom�zontai bi¸sime.Pio sugkekrimèna, uiojetoÔme thn ènnoia th efaptomènh se èna sÔnolo K pou or�zetai apìanisotikoÔ periorismoÔ [Aub91], kai d�noume ti anagka�e kai ikanè sunj ke ¸ste oi troqièenì kinhmatikoÔ mh-olonomikoÔ sust mato na e�nai bi¸sime sto K. Epiplèon, anasqedi�zou-me m�a kl�sh lÔsewn pou parousi�zontai sto Kef�laio 3 mèsw diakoptìmenou elègqou, ètsi¸ste oi troqiè tou sust mato na e�nai bi¸sime sto K ki epiplèon na sugkl�noun se ènasÔnolo G ⊂ K. W par�deigma, jewroÔme ton èlegqo th k�nhsh enì upo-epenergoÔmenoujal�ssiou oq mato pou uf�statai anisotikoÔ periorismoÔ sunart sei th jèsh kai tou pro-sanatolismoÔ, èneka periorismènh embèleia tou sust mato twn aisjht rwn. To sÔsthma twnaisjht rwn apotele�tai apì m�a k�mera me periorismènh gwn�a jèash kai dÔo probole� lèhzerme periorismènh embèleia. To prìblhma pou antimetwp�zoume e�nai o èlegqo th k�nhsh touoq mato, ètsi ¸ste na sugkl�nei se mia jèsh kai prosanatolismì w pro èna stìqo, en¸ ostìqo paramènei p�ntote oratì sto optikì ped�o th k�mera. H apa�thsh gia th diat rhsh thoratìthta kai h periorismènh embèleia tou sust mato twn aisjht rwn epib�lloun èna sÔnoloperiorism¸n sunart sei twn metablht¸n par�stash, pou or�zoun to sÔnolo biwsimìthta Ktou sust mato. Epiplèon, exet�zetai h eurwst�a twn lÔsewn w pro m�a kl�sh fragmènwndiataraq¸n.Shmei¸netai ìti h diatÔpwsh tou probl mato e�nai paremfer  me to qarakthrismì twn bi¸simwn
capture basins enì sunìlou C mèsa se èna sÔnolo periorism¸n K [Aub01], o opo�o bas�zetaisth mèjodo Frankowska pou qarakthr�zei thn anexarths�a uposunìlwn kai thn biwsimìthta mèswth sun�rthsh ax�a (value function) enì probl mato bèltistou elègqou. Wstìso, h dik ma prosèggish qrhsimopoie� thn ènnoia th anexarths�a sunìlou kat� [Bla99,BM08], en¸ ostìqo e�nai na sqediaste� èna sq ma an�drash metablht¸n kat�stash, ¸ste afenì to sÔnolobiwsimìthta K na kataste� èna jetik� anex�rthto (  anex�rthto mèsw elègqou) sÔnolo, kaiafetèrou to sÔnolo G na kataste� to megalÔtero anex�rthto sÔnolo tou sust mato.H ènnoia th anexarths�a enì sunìlou mèsw elègqou gia grammik� sust mata èqei qrhsimo-poihje� sthn ergas�a [MBP11] sto sqediasmì tou elègqou enì mh-olonomikoÔ sust mato mepr¸th t�xew (kinhmatikoÔ) periorismoÔ, me grammikopo�hsh tou arqikoÔ sust mato w proto shme�o isorrop�a. Se sqèsh me aut n thn ergas�a, h proteinìmenh mèjodo mpore� na qrhsi-mopoihje� se m�a eurÔterh kl�sh upo-epenergoÔmenwn susthm�twn me periorismoÔ kat�stash,sumperilambanomènh th kl�sh twn mh-olonomik¸n susthm�twn me periorismoÔ deÔterh t�-xew, d�qw na apaite�tai h grammikopo�hsh tou sust mato gÔrw apì shme�o.Tèlo, o èlegqo th k�nhsh upo-epenergoÔmenwn jal�ssiwn oqhm�twn èqei antimetwpiste� medi�fore teqnikè elègqou sti ergas�e [Leo95, PE99, PF00, AP02a, DJPN04], wstìso kam�aapì autè den lamb�nei upìyh th epiprìsjetou periorismoÔ kat�stash.4.1 'Ennoie apì th Jewr�a BiwsimìthtaH par�grafo perigr�fei ti ènnoie apì th jewr�a biwsimìthta [Aub91,AF90] pou qrhsimo-poioÔntai sto parìn kef�laio.'Estw h exèlixh enì sust mato pou perigr�fetai apì m�a apeikìnish f apì èna anoiqtì uposÔ-nolo Ω tou q¸rou X sto q¸ro X, f : Ω 7→ X, ìpou X èna dianusmatikì q¸ro peperasmènh38



di�stash, kai to prìblhma sunoriak¸n tim¸n pou sundèetai me th diaforik  ex�swsh:
∀t ∈ [0, T ], ẋ (t) = f

(
x(t)

)
, x(0) = x0. (4.1)Orismì 1 (Bi¸sime Sunart sei) 'Estw K èna uposÔnolo tou X. M�a sun�rthsh x(·) apìto di�sthma [0, T ] ston X e�nai bi¸simh sto K sto di�sthma [0, T ], e�n x(t) ∈ K ∀t ∈ [0, T ].Orismì 2 (Biwsimìthta) 'Estw K èna uposÔnolo tou Ω. To sÔnolo K onom�zetai topik�bi¸simo gia to sÔsthma pou perigr�fetai apì thn apeikìnish f an, gia k�je arqik  sunj kh

x0 ∈ K, up�rqei èna T > 0 kai m�a bi¸simh lÔsh sto di�sthma [0, T ] th diaforik  ex�swsh(4.1) pou xekin� sto shme�o x0. To sÔnolo K onom�zetai olik� bi¸simo gia to sÔsthma f an
T = ∞.O qarakthrismì bi¸simwn sunìlwn K gia to sÔsthma f bas�zetai sthn ènnoia th efaptomènh:'Ena uposÔnolo K e�nai bi¸simo gia th sun�rthsh f an, gia k�je x tou sunìlou K, h taqÔthta
f(x) e�nai efaptìmenh sto K sto shme�o x, ¸ste h lÔsh th diaforik  ex�swsh na an kei stoeswterikì tou sunìlou K. Mia epark  ènnoia gia thn efaptomènh d�netai mèsw tou contingent
cone.Orismì 3 'Estw X èna dianusmatikì q¸ro efodiasmèno me nìrma, K èna mh kenì uposÔ-nolo tou X kai x an kei sto K. O contingent k¸no tou K sto x e�nai to sÔnolo

TK(x) =

{

υ ∈ X | lim inf
h→0+

dK(x+ hυ)

h
= 0

}

,ìpou dK(y) h apìstash tou y w pro to K, dK(y) := infz∈K ‖y − z‖.'Estw h suneq  apeikìnish g = (g1, g2, . . . , gp) : X → R
p kai to uposÔnolo K tou X pouor�zetai w

K = {x ∈ X | gi(x) ≥ 0, i = 1, 2, . . . , p}, (4.2)ìpou gi(·) Fréchet diafor�sime sto x. Gia x ∈ K, onom�zoume
I(x) = {i = 1, 2, . . . , p | gi(x) = 0} (4.3)to uposÔnolo twn energ¸n periorism¸n. O ontingent k¸no TK(x) tou K e�nai TK(x) = X gia

I(x) = ∅, alli¸
TK(x) =

{
υ ∈ X | ∀i ∈ I(x), 〈g′i(x), υ〉 ≥ 0

}
,ìpou g′i(x) ∈ X⋆ to gradient th gi sto x, kai 〈·, ·〉 to duikì zeÔgo.Orismì 4 (Ped�o Biwsimìthta) 'Estw K uposÔnolo tou Ω, tìte to K e�nai ped�o biwsimì-thta th sun�rthsh f : Ω 7→ X e�n ∀ x ∈ K, f(x) ∈ TK(x).Orismì 5 'Estw èna sÔnolo elègqou (U, f), pou or�zetai apì th set-valued sun�rthsh U :

X  Z, ìpouX o q¸ro kat�stash kai Z o q¸ro elègqou, kai m�a sun�rthsh f : Graph(U) →
X, pou perigr�fei th dunamik  tou sust mato:

ẋ(t) = f(x(t), u(t)), ìpou u(t) ∈ U(x(t)).Gia opoiod pote uposÔnolo K ⊂ Dom(U) or�zetai h sun�rthsh rÔjmish RK := K  Z w
∀x ∈ K, RK(x) := {u ∈ U(x) | f(x, u) ∈ TK(x)}.39



Oi e�sodoi elègqou u pou an kou sto RK(x) onom�zontai bi¸sime, kai to K e�nai ped�o biwsi-mìthta an kai mìno an to ped�o tim¸n th sun�rthsh RK(x) den e�nai kenì.An to uposÔnolo K d�netai apì th sqèsh (4.2), to sÔnolo twn energ¸n periorism¸n d�netaiapì to (4.3), kai gia k�je x ∈ K, ∃υ0 ∈ X tètoio ¸ste ∀i ∈ I(x), 〈g′i(x), υ0〉 ≥ 0, tìte hsun�rthsh RK(x) d�netai w:
RK(x) := {u ∈ U(x) | ∀i ∈ I(x), 〈g′i(x), f(x, u)〉 ≥ 0}.4.2 Bi¸sime Mh-olonomikè E�sodoi'Estw èna mh-olonomikì sÔsthma th morf 

q̇ =

m∑

i=1

gi(q)ui, (4.4)pou upìkeitai se µ anisotikoÔ periorismoÔ K th morf 
K := {q ∈ Q | cj(q) ≤ 0, j = 1, 2, . . . , µ}, (4.5)ìpou cj(·) : Q→ R suneq¸ paragwg�sime sunart sei, j ∈ J = {1, . . . , µ}.'Estw ìti gia q ∈ K isqÔei ìti J (q) = ∅, dhlad  ìti kanèna periorismì den e�nai energì;tìte q ∈ Int(K), kai o ontingent k¸no tou K sto q sump�ptei me to q¸ro kat�stash Q,

TK(q) = Q. Sunep¸, to sÔsthma mpore� na exeliqje� pro opoiad pote kateÔjunsh q̇ ∈ TqQqwr� na parabi�sei tou periorismoÔ. Se k�je q ∈ Int(K), oi bi¸sime lÔsei q̇ gia èna mholonomikì sÔsthma e�nai efaptìmene se ènan (n− κ) diastato upìqwro tou k¸nou TK(q).'Estw ìti o j-sto periorismì g�netai energì se k�poio shme�o z ∈ ∂K: cj(z) = 0, j ∈ J .Oi bi¸sime lÔsei tou sust mato an koun ston ontingent k¸no K sto z, ż ∈ TK(z), oopo�o e�nai èna uposÔnolo tou efaptìmenou q¸rou TzQ. Sunep¸, h lÔsh enì mh olonomikoÔsust mato (4.4) e�nai bi¸simh sto shme�o z an kai mìno an
ż ∈

(

Null(A(z))
⋂

TK(z)
)

6= ∅.Gia q ∈ Int(K), m�a lÔsh u = (u1, . . . , um) : R
n → R

m gia to sÔsthma (4.4) e�nai biw'simh sto
q an kai mìno an

u ∈ U(q), q̇ =

m∑

i=1

gi(q)ui ∈ TK(q) , TqQ,pou sunep�getai ìti h e�sodo u(·) e�nai bi¸simh sto q efìson oi e�sodoi ui an koun sto upo-sÔnolo U(q) twn epitrept¸n eisìdwn.Gia z ∈ ∂K, èstw èna periorismì g�netai energì: cj(z) = 0 gia k�poio j ∈ J .Sunep¸,  e�sodo elègqou u = (u1, . . . , um) : R
n → R

m gia to sÔsthma (4.4) e�nai bi¸simh sto z ∈ ∂Kan kai mìno an
u(z) ∈ U(z),

[
∂cj
∂q1

. . .
∂cj
∂qn

] m∑

i=1

gi(z)ui ≤ 0. (4.6)40



Sq ma 4.1: 'Ena nìmo elègqou γ(·) = (γ1(·), . . . , γm(·)) : Rn → R
m tètoio ¸ste γ(z) ∈

U(z), ż =
∑m

i=1 gi(z)γi(·) ∈ (C
⋂
TK(z)) e�nai bi¸simo sto z ∈ ∂K.An perissìteroi tou enì periorismo� cj(·) : Q→ R e�nai tautìqrona energo� sto z ∈ ∂K, tìteo nìmo elègqou u(·) e�nai bi¸simo sto z an kai mìno an h sunj kh (4.6) ikanopoie�tai gia k�jeènan apì tou periorismoÔ. An ìloi oi µ periorismo� e�nai energo� sto z, oi sunj ke gr�fontaise mhtrwik  morf  w

u(z) ∈ U(z), Jc(z)

m∑

i=1

gi(z)ui ≤ 0, (4.7)ìpou Jc(z) h Iakwbian  th apeikìnish c = (c1(·), . . . , cµ(·)) : Q→ R
µ, sto shme�o z ∈ ∂K.H sunj kh (4.6) gia ènan energì periorismì apeikon�zetai sto Sq ma 4.1.4.3 'Elegqo UpoepenergoÔmenou Upobruq�ou Oq matome Periorismènh Dunatìthta A�sjhshJewroÔme to prìblhma tou elègqou th k�nhsh enì upoepenergoÔmenou upobruq�ou oq mato,to opo�o upìkeitai se anisotikoÔ periorismoÔ pou prokÔptoun apì thn periorismènh embèleiatou sust mato aisjht rwn. To sÔsthma a�sjhsh apotele�tai apì m�a k�mera kai dÔo probole�lèhzer topojethmènou sto ìqhma, kai parèqei th jèsh kai ton prosanatolismì tou oq mato

η =
[
x y ψ

]⊤ w pro èna adraneiakì sÔsthma suntetagmènwn G, to opo�o br�sketai stokèntro b�rou enì stìqou, ìpw fa�netai sto Sq ma 4.2. O stìqo kai oi koukk�de twnlèhzer pou prob�llontai sthn epif�neia tou stìqou entop�zontai mèsw algor�jmwn ìrash, kaih plhrofor�a qrhsimopoie�tai ston upologismì tou dianÔsmato η [KPK06]. 'Etsi, to sÔsthmaaisjht rwn paramènei leitourgikì an kai mìno an o stìqo kai oi koukk�de lèhzer paramènounp�ntote oratè sto optikì ped�o th k�mera.Oi apait sei autè or�zoun èna sÔnolo anisotik¸n periorism¸n w pro to di�nusma par�stash
η, oi opo�oi antimetwp�zontai w periorismo� biwsimìthta pou or�zoun to sÔnolo biwsimìthta41



Sq ma 4.2: Montelopo�hsh twn periorism¸n èneka tou sust mato a�sjhsh
K tou sust mato. To prìblhma elègqou diatup¸netai w o èlegqo tou oq mato ètsi ¸steoi troqiè na sugkl�noun se èna sÔnolo G ⊂ K qwr� potè na diafeÔgoun apì to sÔnolo K.4.3.1 Montelopo�hshMe b�sh th bibliograf�a [Fos02] oi kinhmatikè kai dunamikè exis¸sei k�nhsh gr�fontai w:

ẋ = u cosψ − v sinψ (4.8aþ)
ẏ = u sinψ + v cosψ (4.8bþ)
ψ̇ = r (4.8gþ)
u̇ =

m22

m11
vr +

Xu

m11
u+

Xu|u|
m11

|u|u+
τu
m11

(4.8dþ)
v̇ = −

m11

m22
ur +

Yv
m22

v +
Yv|v|
m22

|v| v (4.8eþ)
ṙ =

m11 −m22

m33
uv +

Nr

m33
r +

Nr|r|
m33

|r| r +
τr
m33

, (4.8�þ)ìpou η =
[
r⊤ ψ

]⊤
=

[
x y ψ

]⊤ to di�nusma jèsh kai prosanatolismoÔ w pro to adra-neiakì sÔsthma G, r =
[
x y

]⊤ to di�nusma jèsh kai ψ o prosanatolismì tou oq mato wpro to G, ν =
[
u v r

]⊤ to di�nusma grammik¸n kai gwniak¸n taqut twn w pro to swma-tìdeto sÔsthma suntetagmènwn B, m11, m22, m33 oi ìroi tou mhtr¸ou adr�neia, Xu, Yv, Nroi ìroi grammik  apìsbesh, Xu|u|, Yv|v|, Nr|r| oi ìroi mh-grammik  apìsbesh, kai τu, τr oie�sodoi elègqou.
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4.3.2 Sqed�ash mh-olonomikoÔ elègqouAposÔnjesh tou sust mato sta uposust mata Σ1, Σ2JewroÔme to kinhmatikì uposÔsthma tou sust mato, kai parathroÔme ìti o sunduasmì twnexis¸sewn (4.8aþ), (4.8bþ) apod�dei th sqèsh −ẋ sinψ + ẏ cosψ = v ⇒

[
− sinψ cosψ 0

]

︸ ︷︷ ︸

a⊤(η)





ẋ
ẏ

ψ̇



 = v ⇒ a⊤(η)η̇ = v, (4.9)h opo�a gia v 6= 0 apotele� ènan mh-katastatikì periorismì tou monìkuklou. H ex�swsh (4.9)sunep�getai ìti to shme�o η = 0 e�nai shme�o isorrop�a an kai mìno an v |η=0 = 0 , dhlad  ankai mìno an o periorismì (4.9) g�netai katastatikì sto shme�o η = 0.Sunep¸, diairoÔme to sÔsthma (4.8) sta uposust'mata Σ1, Σ2, ìpou to Σ1 perilamb�nei tikinhmatikè exis¸sei (4.8aþ)-(4.8gþ) kai th dunamik  ex�swsh (4.8eþ), en¸ oi dunamikè exis¸sei(4.8dþ), (4.8�þ) apoteloÔn to uposÔsthma Σ2. Oi taqÔthte u, r apoteloÔn ti eikonikè eisìdouelègqou gia to uposÔsthma Σ1, en¸ oi pragmatikè e�sodoi τu, τr elègqoun to uposÔsthma Σ2.O periorismì (4.9) qrhsimopoie�tai sthn efarmog  twn bhm�twn pou perigr�fontai sto kef�laio3, gia th sqed�ash twn nìmwn elègqou gia to uposÔsthma Σ1: me b�sh th dom  tou dianÔsmato
a⊤(η), oi suntetagmène r =

[
x y

]⊤
, x e�nai oi leafwise metablhtè kat�stash, kai hmetablht  ψ i h transverse metablht  kat�stash. Sunep¸, or�zoume èna N = 2 diastatodianusmatikì ped�o anafor� F(·) = Fx
∂
∂x

+ Fy
∂
∂y

apì thn oikogèneia (3.6), sunart sei twnmetablht¸n x, y. Gia λ = 3 kai p =
[
1 0

]⊤, oi sunist¸se tou dianusmatikoÔ ped�ou gr�fontaiw:
Fx = 2x2 − y2, Fy = 3xy. (4.10)To dianusmatikì ped�o (4.10) e�nai mh-idiìmorfo pantoÔ ston R

2 ektì tou shme�ou r = 0 kaiìle oi grammè ro  sugkl�noun sto r = 0 me dieÔjunsh φ → 0. Sunep¸, o kinhmatikìèlegqo ègketai sth sqed�ash nìmwn elègqou tètoiwn ¸ste to ìqhma na eujugramm�zetai me thdieÔjunsh tou ped�ou èw ìtou sugkl�nei sto shme�o η = 0. Ep�sh, sth sugkekrimènh per�ptwshto dianusmatikì ped�o F(·) or�zetai sunart sei tou sf�lmato jèsh r1 = r− rd, ¸ste ìle oigrammè ro  na sugkl�noun sto rd. 'Ara, gia p =
[
1 0

]⊤ kai λ = 3 èqoume ti sunist¸se:
Fx = 2x1

2 − y1
2, Fy = 3x1y1, (4.11)ìpou r1 =

[
x1 y1

]⊤, x1 = x− xd, y1 = y − yd.Sqed�ash Elègqou gia to UposÔsthma Σ1Theorem 1 Oi troqiè η(t) = [
x(t) y(t) ψ(t)

]⊤ tou Σ1 sugkl�noun asumptwtik� sto shme�o
ηd =

[
xd yd 0

]⊤ upì thn ep�drash th eisìdou u = γ1(·), r = γ2(·)

γ1(·) = −k1 sgn
(

r⊤1
[
cosψ
sinψ

])

tanh (µ‖r1‖) , (4.12aþ)
γ2(·) = −k2(ψ − φ) + φ̇, (4.12bþ)43



ìpou k1, k2 > 0, φ = atan2(Fy,Fx) o prosanatolismì tou ped�ou (??) sto (x, y) kai h sun�rthsh
sgn(·) : R → {−1, 1} or�zetai w: sgn(a) = {

1, if a ≥ 0,
−1, if a < 0. .H apìdeixh d�netai sthn agglik  èkdosh th diatrib .Sqed�ash Elègqou gia to UposÔsthma Σ2Theorem 2 Oi taqÔthte u(t), r(t) sugkl�noun sti eikonikè eisìdou elègqou γ1(·), γ2(·),ant�stoiqa, upì thn ep�drash twn nìmwn elègqou τu = ξ1(·), τr = ξ2(·):

τu = m11α−m22vr −Xuu−Xu|u||u|u, (4.13aþ)
τr = m33β − (m11 −m22)uv −Nrr −Nr|r||r|r, (4.13bþ)ìpou

α = −ku(u− γ1(·)) + (∇γ1)η̇, ku > 0, (4.14aþ)
β = −kr(r − γ2(·)) + (∇γ2)η̇, kr > 0, (4.14bþ)kai ∇γk = [

∂γk
∂x

∂γk
∂y

∂γk
∂ψ

] to gradient th sun�rthsh γk, k = 1, 2.H apìdeixh d�netai sthn agglik  èkdosh th diatrib .Oi troqiè tou sust mato x(t) upì ton èlegqo (4.13), (4.14), (4.12) apeikon�zontai sto Sq ma4.3, en¸ oi e�sodoi elègqou τu, τr kai oi dun�mei twn prowjht rwn Fp, Fst apeikon�zontai stoSq ma 4.4(aþ) kai Sq ma 4.4(bþ), ant�stoiqa.4.3.3 Sqed�ash Bi¸simwn Elegkt¸nTo sÔnolo biwsimìthtaK tou sust mato (4.8) kajor�zetai apì tou akìloujou periorismoÔ:
• O stìqo prèpei na br�sketai p�ntote sto optikì ped�o th k�mera, [−yT , yT ] ⊆ [f2, f1],¸ste na up�rqei mètrhsh apì to sÔsthma aisjht rwn.
• H apìstash twn lèhzer Lm apì thn epif�neia prèpei na ikanopoie� sugkekrimèna ìria,
Lmin ≤ Lm ≤ Lmax, ¸ste oi koukk�de na e�nai oratè kai na entop�zontai apì toualgor�jmou teqnht  ìrash.Oi pro:upojèsei autè epib�lloun µ = 4 mh grammikoÔ periorismoÔ th morf  cj(x, y, ψ) ≤ 0,

j ∈ J = {1, 2, 3, 4}, pou gr�fontai analutik� w:
c1 : y − x tan(ψ − α) + yT ≤ 0, (4.15aþ)
c2 : yT − y + x tan(ψ + α) ≤ 0, (4.15bþ)
c3 : Lmin +

x

cosψ
≤ 0, (4.15gþ)

c4 : −
x

cosψ
− Lmax ≤ 0. (4.15dþ)44



0 10 20 30
−1.5

−1

−0.5

0

t [sec]
x

(t
) 

[m
]

0 10 20 30
−0.2

0

0.2

0.4

0.6

t [sec]

y
(t

) 
[m

]

0 10 20 30
−1.5

−1

−0.5

0

0.5

t [sec]

ψ
(t

) 
[r

ad
]

0 10 20 30
−0.06

−0.04

−0.02

0

0.02

t [sec]

v
(t

) 
[m

/s
ec

]
0 10 20 30

0

0.1

0.2

0.3

0.4

t [sec]

u
(t

) 
[m

/s
ec

]

0 10 20 30
−0.5

0

0.5

1

t [sec]
r(

t)
 [

ra
d

/s
ec

]

Sq ma 4.3: Oi troqiè x(t) tou sust mato kleistoÔ brìqou.O nìmo elègqou (4.12) apod�dei lÔsei pou apì k�je η0 sto K sugkl�noun sto shme�o ηd sto
K. Wstìso, oi troqiè mpore� na mhn e�nai bi¸sime sto K, efìson mpore� na brejoÔn ektì tou
K gia peperasmèno qronikì di�sthma, blèpe Sq ma 4.5: To ìqhma xekin� apì η0 ∈ K, wstìsooi troqiè η(t) odhgoÔntai ektì tou K, kai o stìqo den e�nai oratì sto ped�o th k�mera.Pio sugkekrimèna, o periorismì c1(·) g�netai energì ìtan o stìqo breje� sto aristerì mèrotou optikoÔ ped�ou th k�mera, ìpou f2 = −yT , dhlad  sto uposÔnolo Z1 = {z ∈ ∂K | c1(·) =
y − x tan(ψ − α) + yT = 0}.Oi bi¸sime lÔsei gia to sÔsthma sto z ∈ Z1 ikanopoioÔn th sunj kh∇c1ż ≤ 0 ⇒ [− tan(ψ−α) 1 −x sec2(ψ−α) ]

[
ẋ
ẏ

ψ̇

]

0. Antikajist¸nta ti exis¸sei tou sust mato èqoume:
[− tan(ψ − α) cosψ + sinψ] u+ [tan(ψ − α) sinψ + cosψ] v − x sec2(ψ − α)r ≤ 0. (4.16)Sunep¸, h sunj kh (4.16) upodeiknÔei thn epilog  bi¸simwn elegkt¸n sto z ∈ Z1.M�a bi¸simh epilog  r(z) e�nai h rÔjmish tou prosanatolismoÔ ψ tou oq mato sth gwn�a

φt = atan2(−y,−x), ¸ste o stìqo na kentrariste� sto optikì ped�o th k�mera.Sunep¸, oi nìmoi elègqou (4.12) anasqedi�zontai ¸ste na e�nai bi¸simoi sto z ∈ Zj , j ∈ J ,jewr¸nta to s ma diakoptìmenou elègqou
σj(cj) =







0, if cjmin < cj ≤ 0
cj−cj max

cj min−cj max
, if cjmax ≤ cj ≤ cjmin

1, if cj < cjmax

(4.17)
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(bþ) Dun�mei PrìwshSq ma 4.4: Oi e�sodoi elègqou kai dun�mei prìwsh.(Sq ma 4.3.3), kai to nìmo elègqou:
u = σj(cj)uconv + (1− σj(cj))uviabj , (4.18aþ)
r = σj(cj)rconv + (1− σj(cj))rviabj , (4.18bþ)ìpou cjmin, cjmax timè th sun�rthsh periorism¸n cj(·), uconv, rconv oi lÔsei elègqou (4.12)kai uviabj , rviabj bi¸sime lÔsei z ∈ Zj . 'Etsi, an cj(z) = 0 èqoume σj(cj) = 0, kai �ra he�sodo pou d�netai apì th sqèsh (4.18) sto z ∈ Zj e�nai bi¸simh.Gia thn axiolìghsh th mejìdou, jewroÔme to sen�rio sto Sq ma 4.7. To ìqhma xekin� a-pì arqikè sunj ke η0 ìpou oi periorismo� c2(·), c4(·) e�nai energo�. Epilègoume ton nìmoelègqou (4.12) w m�a bi¸simh lÔsh, me ta kèrdh k1, k2 tètoia ¸ste kane� periorismì na mhnparabi�zetai. To ìqhma kine�tai pro to epijumhtì shme�o ηd upì to nìmo elègqou (??), en¸oi periorismo� c4(·), c1(·) te�noun pro to mhdèn se k�poia qronik� shme�a, energopoi¸nta ètsitou ant�stoiqou bi¸simou nìmou elègqou. To ìqhma prosegg�zei to sÔnolo G under (??) gia

j = 1; dhlad  h ep�drash tou c1(·) paramènei energ , ki ètsi to ìqhma den sugkl�nei sto shme�o
ηd =

[
−0.5 0 0

]⊤, all� se k�poio shme�o sto G. Gia th stajeropo�hsh tou sust mato seshme�o mèsa sto G, to sÔsthma elègqetai me ton nìmo elègqou pou antistoiqe� sto j = 1 se miamikr  perioq  gÔrw apì th jèsh rd (mple pore�a).H qronik  exèlixh twn sunart sewn cj(η(t)), j ∈ J apeikon�zetai sto Sq ma 4.8; h tim  twn
cj(·) paramènei p�ntote mh jetik , pou sunep�getai ìti h biwsimìthta diathre�tai.Tèlo, to Sq ma 4.9 apeikon�zei thn pore�a tou sust mato u'po to nìmo elègqou (??) giamia arqik  sunj kh sto K, tètoia ¸ste oi bi¸simoi nìmoi elègqou e�nai anenergo� (pr�sinhpore�a). Kaj¸ to ìqhma sugkl�nei pro to shme�o ηd to s ma elègqou σ∗ = σ2 g�netai <
1, energopoi¸nta ètsi ton ant�stoiqo bi¸simo elegkt  gia k�poio qronikì di�sthma (kìkkinhpore�a). To ìqhma apomakrÔnetai apì to ìrio Z2 tou sunìlouK, apod�donta σ∗ = 1, kai telik�sugkl�nei sto shme�o ηd.
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Sq ma 4.5: H lÔsh η(t) upì ton èlegqo (4.12) mpore� na parabi�sei th biwsimìthta tou sust -mato.
cj

−∞ cjmax

σj

1

+∞0cjminSq ma 4.6: To s ma diakoptìmenou elègqou σj(cj).4.4 Sqed�ash Bi¸simwn Elegkt¸n sthn Per�ptwsh Frag-mènwn Exwterik¸n Diataraq¸n'Estw ìti to ìqhma kine�tai upì thn ep�drash enì reÔmato me taqÔthta Vc kai dieÔjunsh βcw pro to adraneiakì G. Melet�me thn eurwst�a twn elegkt¸n pro m�a kl�sh fragmènwndiataraq¸n pou prokÔptoun apì th sugkekrimènh je¸rhsh, tètoia ¸ste h taqÔthta tou reÔmatona e�nai to polÔ �sh me èna gnwstì �nw fr�gma.H an�lush th eurwst�a twn elegkt¸n parousi�zetai leptomer¸ sthn agglik  èkdosh thdiatrib .
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Sq ma 4.7: H pore�a x(t), y(t) tou sust mato upì to nìmo elègqou (??). To ìqhma sugkl�neise èna shme�o tou sunìlou G.4.5 Sumper�smataTo parìn kef�laio parous�ase m�a mèjodo gia th sqed�ash elègqou se mh olonomik� sust matapou upìkeintai se periorismoÔ kat�stash pou or�zoun èna sÔnolo biwsimìthta K. Me qr shennoi¸n apì th jewr�a biwsimìthta, d�nontai oi anagka�e kai ikanè sunj ke gia thn epilog bi¸simwn lÔsewn. Ep�sh, m�a oikogèneia mh-olonomik¸n lÔsewn anasqedi�zetai mèsw diakoptì-menou elègqou, ¸ste oi troqiè tou sust mato na sugkl�noun se èna sÔnolo G qwr� potè nadiafeÔgoun apì to K. Exet�sthke h per�ptwsh enì upo-epenergoÔmenou upobrÔqiou ox matopou upìkeitai se periorismoÔ par�stash kai se exwterikè fragmène diataraqè.
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Sq ma 4.8: H tim  twn sunart sewn periorism¸n paramènei arnhtik .

Sq ma 4.9: To ìqhma kine�tai upì to nìmo elègqou (4.18) ìpou σ∗ = 1. 'Otan o periorismì
c2(·) te�nei sto mhdèn, to s ma elègqou σ2 g�netai < 1. To ìqhma sugkl�nei telik� sto ηd =
[−0.5 0 0]⊤.
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Kefalaio 5Diat rhsh Oratìthta se SqhmatismoÔ Hgèth-OpadoÔse Perib�llonta me Empìdia
Per�lhyhTo parìn kef�laio prote�nei m�a lÔsh sto prìblhma tou elègqou enì sqhmatismoÔ dÔo tro-qofìrwn rompìt, ta opo�a montelopoioÔntai w monìkukloi, ta opo�a kinoÔntai se èna gnwstìperib�llon me empìdia me periorismoÔ oratìthta. Oi periorismo� oratìthta montelopoioÔntaiw anisotiko� periorismo�, kai or�zoun to sÔnolo oratìthta K. To prìblhma th diat rhshth oratìthta anadiatup¸netai w o èlegqo twn rompìt ètsi ¸ste oi troqiè tou sust matopou ekkinoÔn sto sÔnolo K na paramènoun sto K. Parousi�zontai oi sunj ke diat rhsh thoratìthta, kaj¸ kai èna sq ma elègqou ¸ste o opadì na sugkl�nei kai na paramènei se ènasÔnolo jèsewn kai prosanatolism¸n w pro ton hgèth, en¸ tautìqrona diathre� thn optik epaf  me autìn. Me b�sh autì to sq ma elègqou, prote�netai ep�sh èna sq ma sunergatikoÔelègqou gia thn k�nhsh tou sqhmatismoÔ mèsa se èna perib�llon me empìdia, to opo�o eggu�taithn apofug  twn sugkroÔsewn kai th diat rhsh th optik  epaf . Oi lÔsei e�nai apoken-trwmènou elèqgou, me thn ènnoia ìti den up�rqei euje�a epikoinwn�a metaxÔ twn rompìt. Oialgìrijmoi axiologoÔntai mèsw prosomoi¸sewn.5.1 Majhmatik  Montelopoi sh5.1.1 Kinhmatik  Montelopo�hsh Hgèth-OpadoÔ'Estw dÔo troqofìra rompìt, pou montelopoioÔntai w monìkukloi, pou kinoÔntai se sqhmatismì
L−F. H k�nhsh tou opadoÔ F w pro ton hgèth L d�netai w





ẋ
ẏ

β̇



 =





cos β 0
sin β 0
0 1





[
uF
wF

]

︸ ︷︷ ︸

f(q,vF)

+





−1 y
0 −x
0 −1





[
uL
wL

]

︸ ︷︷ ︸

g(q,vL)

, (5.1)ìpou q =
[
x y β

]⊤
∈ C to di�nusma kat�stash, pou perilamb�nei th jèsh r =

[
x y

]⊤ kai oprosanatolismì β tou F w pro to swmatìdeto sÔsthma tou hgèth L, C o q¸ro kat�stash,
vF =

[
uF wF

]⊤
∈ UF to di�nusma twn eisìdwn elègqou, UF ⊂ R

2 o q¸ro elègqou, kai
g(q,vL) ∈ R

3 èna dianusmatikì ped�o diatar�xewn, ìpou vL =
[
uL wL

]⊤
∈ UL ⊂ R

2 todi�nusma twn eisìdwn elègqou tou hgèth L. To dianusmatikì ped�o diatar�xewn mhden�zetai ankai mìno an g(q,vL) = 0, to opo�o isqÔei an kai mìno an vL = 0. 'Ara, h k�nhsh tou hgèth Lapotele� m�a diat�raxh sthn k�nhsh tou opadoÔ F.50
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Sq ma 5.1: To sÔsthma mèsa se èna perib�llon me empìdia.5.1.2 Periorismo� OratìthtaTo rompìt F diajètei m�a k�mera me gwn�a jèash 2α < π, kai mpore� na diakr�nei antike�mena taopo�a br�skontai entì mia mègisth embèleia Ls ìpw fa�netai sto Sq ma 5.1. Oi periorismo�auto� or�zoun ènan k¸no oratìthta gia to rompìt F. Upojètoume ep�sh ìti o F qwrojete�taiw pro ton L, dhlad  ìti h apìstash r = √

x2 + y2, kai h gwn�a φ ∈ (−π, π] e�nai gnwstè apìto sÔsthma a�sjhsh. Sunep¸, se k�je qronik  stigm  t, o F mpore� na entop�sei ton L an kaimìno an o L br�sketai ston k¸no oratìthta, dhlad  an
|φ| ≤ α and r ≤ Ls(φ) =

Ls cosα

cosφ
. (5.2)Oi periorismo� auto� or�zoun to uposÔnolo K tou 'qwrou kat�stash C, pou or�zetai w

K = {q ∈ C | hk(q) ≤ 0, k = 1, 2} , (5.3)ìpou h1 = |φ| − α kai h2 = r − Ls(φ), to opo�o onom�zoume sÔnolo oratìthta K. To sÔnolo
K perilamb�nei to sÔnolo twn katast�sewn q gia ti opo�e diathre�tai h oratìthta. Sunep¸,elègqonta ta rompìt F, L ètsi ¸ste oi troqiè q(t) na paramènoun p�ntote sto K, sunep�getaiìti h oratìthta diathre�tai p�ntote.5.2 Sqed�ash Elègqou'Estw to sÔsthma (5.1), ìpou o L kine�tai me uL 6= 0, wL 6= 0 se èna perib�llon qwr� empìdia. O
F qwrojete�tai w pro ton L, dhlad  h jèsh (x, y) kai o prosanatolismì β w pro to sÔsthmasuntetagmènwn tou L e�nai gnwst� ston F. Wstìso, o F den gnwr�zei to sqèdio plo ghsh tou
L, oÔte ti taqÔthte uL(t), wL(t) se k�je qronik  stigm  t. JewroÔme ìti o F gnwr�zei ta �nwìria twn taqut twn uLM, wLM tou L.Zhte�tai o F na sugkl�nei se mia perioq  B(rd, ǫr) akt�na ǫr > 0 gÔrw apì m�a epijumht  jèsh
rd, ìpou rd ∈ M. 51



Theorem 1 Oi troqiè r(t) = [
x(t) y(t)

]⊤ tou sust mato (5.1) eisèrqontai se mia perioq 
B(rd, ǫr) gÔrw apì thn epijumht  jèsh rd (Sq ma ??), upì to nìmo elègqou vF =

[
uF wF

]⊤ìpou
uF = −k1 sgn

(

r⊤1

[
cos β
sin β

])

‖r1‖ − sgn(p⊤r1)uLM, (5.4aþ)
wF = −k2(β − ϕ) + ϕ̇, (5.4bþ)ìpou k1, k2 > 0, ϕ = atan2(Fy,Fx), uLM to �nw fr�gma th grammik  taqÔthta tou L, kai

ǫr >
|wL|√
k1k2

.H apìdeixh d�netai sthn agglik  èkdosh th diatrib .5.2.1 Diat rhsh oratìthtaH oratìthta diathre�tai efìson isqÔei h sunj kh
ḣk(q) = ∇hk(q)q̇ = ∇hk(q)G(q)vF(q) < 0, (5.5)gia k�je q ∈ ∂K, ∀k. H analutik  aitiolìghsh d�netai sthn agglik  èkdosh th diatrib .5.3 Programmatismì k�nhsh se perib�llonta me empì-dia5.3.1 Sqed�ash ElègqouGia thn k�nhsh tou sqhmatismoÔ L−F se èna domhmèno perib�llon diadrìmwn, pr¸ta diairoÔmeto q¸ro se orjogwnik� keli�. O L diajètei èna sqèdio k�nhsh pou upodeiknÔei th diadoqik seir� twn keli¸n apì ta opo�a ja dièljei, èw ìtou sugkl�nei se èna telikì shme�o qdL. Se k�jekel� i or�zetai èna dipolikì ped�o (??), ètsi ¸ste oi grammè ro  na sugkl�noun sto eswterikìtou diadoqikoÔ kelioÔ i+ 1.H idèa e�nai parìmoia me thn prosèggish th ergas�a [LL09].O L elègqetai ¸ste na prosanatol�zetai kai na kine�tai kat� m ko tou dianusmatikoÔ ped�oumèsa se k�je kel�. Oi e�sodoi elègqou gia ton L or�zontai w

uL = const ≤ uLM, (5.6aþ)
wL = −kL(θL − ϕL i) + ϕ̇L i, (5.6bþ)ìpou ϕL i o prosanatolismì tou dianusmatikoÔ ped�ou sto kel� i, kL > 0. H apofug  twnempod�wn gia ton L e�nai exasfalismènh efìson to dianusmatikì ped�o de�qnei to eswterikì toueleÔjerou q¸rou.Oi troqiè tou L kajor�zoun thn epijumht  jèsh rd(t) ∈ V gia ton F. Profan¸, h jèsh rd(t)prèpei na br�sketai p�ntote ston eleÔjero q¸ro.Gia na exasfal�soume aut  th sunj kh, epib�lloume ston L na kinhje� me m�a el�qisth akt�nastrof  RL apì to kel� i sto kel� i + 1, ¸ste oi troqiè qF(t) tou F na mhn eisèrqontai sto52



q¸ro twn empod�wn. O sqhmatismì L−F tìte sumperifèretai w èna ìqhma (L) pou sÔreièna rumoulkoÔmeno (F) [BMSS94]. Sunep¸, an o L kine�tai se kÔklo me kèntro C kai akt�na
RL ìtan mpei sto kel� i + 1, tìte o F ja kinhje� se kÔklo me to �dio kèntro C kai akt�na
RF =

√

RL
2 − rd2.H an�lush gia thn epilog  mia asfaloÔ akt�na RL (Sq ma 5.2) d�netai sthn agglik  èkdoshth diatrib . H sunj kh gia thn akt�na RL prokÔptei w:

√

r2d +RFw2 ≤ RL ≤ wi+1 +RFw wi2rd
+

√

r2d −
w2
i

4
, (5.7)

Sq ma 5.2: Afìtou exèljei apì to kel� i, o hgèth kine�tai mèsa sto kel� i+ 1 kat� m ko enìkÔklou me akt�na RL pou ikanopoie� (5.7).5.3.2 Apotelèsmata Prosomoi¸sewnOi proteinìmenoi algìrijmoi axiologoÔntai mèsw prosomoi¸sewn. To sÔsthma apofeÔgei tisugkroÔsei me ta empìdia tou q¸rou, ìpw fa�netai sto Sq ma 5.3, en¸ oi timè twn periorism¸n
hk(x, y, β), k = 1, 2 paramènoun arnhtikè (Sq ma 5.4), to opo�o sunep�getai ìti h oratìthtadiathre�tai p�ntote.H analutik  perigraf  tou senar�ou th prosomo�wsh d�netai sthn agglik  èkdosh th diatri-b .
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i = 0

Sq ma 5.3: To sÔsthma ekkine� apì èna shme�o q ∈ C sto ìrio tou eleÔjerou q¸rou, ìpou odeÔtero periorismì oratìthta e�nai energì gia ton F.
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Kefalaio 6DiatÔpwsh Biwsimìthta mèsw Bèltistou Elègqou
Per�lhyhTo parìn kef�laio parousi�zei mia diatÔpwsh tou probl mato biwsimìthta gia èna upo-epenergoÔmeno upobrÔqio ìqhma upì thn ep�drash stajeroÔ, gnwstoÔ reÔmato kai periorism¸nkat�stash, pou bas�zetai se èna prìblhma bèltistou elègqou. H prosèggish uiojete� ta jewrh-tik� apotelèsmata th ergas�a [Lyg04] kai upolog�zei ton pur na biwsimìthta tou sust mato,kaj¸ kai èna nìmo elègqou pou eggu�tai ìti oi troqiè tou sust mato pou ekkinoÔn apì tonpur na ja paramènoun gia p�nta bi¸sime.H an�lush tou probl mato kai th proteinìmenh lÔsh perigr�fetai leptomer¸ sthn agglik èkdosh th diatrib .
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