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YrebOuvy SHAWoM Yidt AOYOXAOTY| %o YL XAOTY TVELUATIXNAG LBLoxTNoiag:

‘Eyw Swfdoet xan xatavorioel ToUg XUVOVES YLol TN AOYOXAOTH o TOV TEOTO
OWOTAS AVUPORAC TV TNYWY TOU TEPLEYOVTUL GTOV 00NY6 cLYYEuPHc Almhwud-
oy Bpyaodv. Andodve 6T, amd doo yvwellw, To TEPLEYOUEVO TNE TUEOLCUC
Ammiwpatinig Epyaotog efvar mpoidy g pou epyasiag xon untdpyouv ovapopés
0€ OAEC TIC INYEC TIOU YETOLUOTOMOo0.

Ov amdeic xan o oUPTERPAGUTA TOL TEPIEYOVTOL OE auTH TN AlmAwuatixny epyacio
elvon Tou ouYYpapEa xaL OEV TEETEL VoL EQUNVELTEL OTL AVTITPOCWTEVOLY TIC ETIGTUES
Véoeic e Uyohric Mnyoavordywy Mnyavixdv 1 tou Edvixold Metodfiou IToaute-
Y Vetou.
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Abstract

This thesis focuses on the development of a versatile and efficient simulation code for the
Peters-He finite-state dynamic inflow model. The inflow model will be integrated with Blade
Element Theory (BET) to analyze helicopter performance in both forward flight and hover
conditions. The performance of this model will be evaluated by comparing it to a free wake
lifting line model, which offers higher fidelity but is computationally intensive and unsuitable
for real-time applications.

The aim is to demonstrate that increasing the number of states in the Peters-He model allows
for performance predictions in helicopters that closely match those of a free wake lifting line
model, while significantly reducing computational demands. This makes the method potentially
suitable for real-time applications, such as flight dynamics simulations and control systems
assessment studies.

Although similar code models have been developed, they are often part of proprietary or
restricted university code bases, limiting their accessibility. To address this significant gap, the
code, and simulations developed in this thesis are made open-source, to benefit the broader
academic and engineering community.
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ITepiAndn

Auth 1 SimhwpaTin epyacion EMXEVTIPMVETAL GTNV AVATTUEN EVOS EVEALXTOU X0l ATOBOTIXOU
XOOXA TPOGOUOIWONE Yol TO BUVOIXO HOVTENO OEQOBUVOLXNG ETUYWYHC TETEQUOUEVCY XAUTO-
otdocwy Peters-He. To yovtého yia tov urtohoyiopd tou opdpeou Vo evowuatondel ye tn Yewpla
Blade Element yta tnv avdiuon tng anddoone EAXOTTERWY TOGO GE EUTEOGUIN TTHCT OGO %ol
oe awenon. H andédoon autod tou yoviéhou Yo cuyxprdel ye Evo LoOVTERO YeaUURG GVmOoTg EAE-
Olepou oudppou, To onoio Tpoopépel ulMAdTERT axplBelar CAAG Elvor UTOAOYLO TIXG OTOUTNTIXG X ol
OXATIAANAO YOl EQUPUOYES TIOL ATAUTOUV UTOAOYLOUOUS OE TEOYUATIXG YEOVO.

O otdyoc ebvar v amodetydet 611, pe v adinon tewv Boduny eheudeplac oto povtéio Peters-
He, eftvar Suvatd va emiteuy ol amoteAéouato TapoUoLa UE AUTE TOU UOVTEAOU YROUUNG dvLong
eheepou OpOEEOL, UANS UE ONUUVTIXS PELWUEVES UTOAOYIOTIXEC amanTAoELS. O UELWUEVES YPO-
VIXEC QMOUTHOELS OUVATOL VO XUTAC TACOLY TOV XWOLXA XATIAANAO YId EQUOUOYES OF TEOYUAUTINO
YPOVO, OTKC, Yo TURADELY U, UTONOYIOUOL BUVOIXAC TTHONG %ot OELOAOYNOT CUOTNUATOV ENEY-
YOU.

Av xan mopouota utohoyloTixd Yovtéda €youv avantuyVel, dev elvon Stodéotua ot yYeEVIXN
EMOTNUOVIXT] xoWoTNTaL Lot TNV avTWETOTIOT aUTOV TOU GNUAVTIXOU XEVOU, Ol TEOCOUOLOOELS
TOL VUTTUYOTMay yiot qUTHY T OIMAGUATIXY gpyacio elvar avolyToU xWOWa, UE TNV TedleoT va
eVl TNV €UPUTEET oxadNUAiXY XOWVOTNTA.
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1 Introduction

A helicopter is a rotorcraft that uses one or more horizontally rotating rotors to generate
lift. This configuration allows the aircraft to take off and land vertically (VTOL), hover in
place, and fly forward, backward, and laterally. Unlike fixed-wing aircraft, which rely on the
magnitude of forward velocity to achieve liftoff, helicopters use their rotors to generate lift
directly, giving them exceptional maneuverability and versatility.

This capability makes helicopters invaluable for critical missions such as rescue operations
during fires, earthquakes, and floods. They can transport people to hospitals, quickly deliver
medical supplies or other essentials, and land on hospital roofs to provide immediate assistance.
Their ability to function in challenging or inaccessible environments significantly increases their
importance in emergency response and other vital engineering applications.

1.1 Motivation

Although they are highly beneficial, helicopters presented the engineering community with
exceptionally challenging problems. Their complexity arises from the rotating blades and sig-
nificant mass. In general, rotor efficiency is closely tied to the taper ratio of the blades, which
suggests that the blades should be long with a relatively small chord. This results in the blades
experiencing very high speed and pressure variations, leading to significant dynamic loading.
To address this issue, hinges and flexible blades are introduced; without these features, the
blades would break under extreme loads. Thus, the hub and tips experience intense loading,
leading to the formation of strong vortices that dominate the wake and interact with other
blades. This interaction causes fluctuations in the aerodynamic forces produced by the rotor.
Therefore, accurately modeling the induced velocity field or inflow distribution is crucial for
predicting the helicopter’s flight dynamics and performance.

1.2 Background

Many helicopter simulators typically use relatively simple inflow models, as obtaining a
higher fidelity solution (using vortex or CFD models) for the induced velocity field is very
slow with current computational capacities. High-fidelity methods provide detailed results,
but are computationally expensive and time consuming. In contrast, simpler methods reduce
computational costs, but do not capture essential wake characteristics. Therefore, developing
a computationally efficient and relatively accurate model is vital for faster simulations needed
for real-time state prediction, generating numerous flight states before take-off, or combining
flight dynamics equations with control theory or machine learning techniques. For example,
more sophisticated inflow models, such as the Peters-He finite-state inflow model, can offer
more accurate predictions without significantly increasing computational costs. As described
in [13], using it alongside Blade Element Theory can yield fast and precise predictions.

1.3 Objectives

The scope of this thesis is to develop a versatile and fast simulation code for helicopter
forward flight and hover analysis using the finite-state dynamic inflow model by Peters-He [5]
and Blade Element Theory(BET). The code can also be adapted for multicopters by including
additional rotors in the configuration, such as quadrotors, using the Peters-He inflow model
[15].

Monday 14" October, 2024 1
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Currently, there are no open-source implementations of the Peters-He model, which made
the development of this particular model especially challenging. Constructing it from the
ground up was not an easy task, particularly without access to intermediate results or any
existing reference code. Therefore, the goal of this thesis is to make the code developed for this
thesis available on an open source platform, utilizing open source tools, so that it can be made
accessible to the entire academic community.

In a nutshell, the key objectives of this thesis are the following:

1. Develop a Versatile Simulation Code: Create a simulation code that accurately
models helicopter forward flight dynamics using the Peters-He finite-state dynamic inflow
model and Blade Element Theory.

2. Open Development: All development stages will be documented using a git versioning
system, allowing users to trace the model development step by step.

3. Open source code: Make the simulation code available as a free and open source
package, allowing researchers and students to integrate it into their simulators or use
it to compare intermediate results. This approach will allow them to concentrate on
other aspects of rotorcraft design and control, such as control modeling and algorithm
development, without having to develop the code for an advanced inflow model from
scratch.

4. Simulations and Validations: Perform simulations to verify the accuracy of the de-
veloped simulation model by comparing it with an existing lifting line free wake model
developed at the Aerodynamic Laboratory of the National Technical University of Athens
[16] using the BO-105 helicopter.

In a nutshell, the ultimate goal is to provide an accurate and efficient open-source tool
for helicopter flight dynamics inflow simulation with the Peters-He model that is accessible to
researchers and developers.

1.4 Organization of the thesis

In Chapter 1, an overview of the research objectives, the importance of developing a versatile
and efficient simulation code for helicopter performance analysis, and the motivations behind
choosing the Peters-He model and Blade Element Theory (BET) are provided. The challenges
addressed by the research and the potential impact of the open-source code are also outlined.

In Chapter 2, a comprehensive review of the literature on inflow models is presented. This
includes a detailed discussion of the Pitt-Peters and Peters-He inflow models as well as the
limitations of existing models.

In Chapter 3, the theoretical foundations of the Peters-He model and its integration with
the Blade Element Theory are discussed. The chapter covers the mathematical formulations
used, the derivation of key equations, and the iterative methods applied to resolve the interde-
pendencies between the inflow distribution and the blade loading.

In Chapter 4, the development and implementation of the simulation code are detailed.
This includes software architecture, coding strategies, and the use of open source tools. The
challenges encountered during implementation and how they were overcome are also discussed.

In Chapter 5, the validation of the developed simulation code is discussed. The chapter
presents the results of the simulations using the BO-105 helicopter and compares the perfor-
mance of the Peters-He model with a free wake lifting line model to evaluate accuracy and
fidelity of the developed codebase.

Monday 14" October, 2024 2
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In Chapter 6, the key findings of the thesis are summarized. The chapter highlights the
contributions made to the field of helicopter performance analysis and reflects on the importance
of open source code. Suggestions are also provided for future research.

Monday 14" October, 2024 3
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2 Literature review

As rotor system models have advanced, it has become evident that aerodynamic models
must also be more detailed. A crucial aspect of helicopter aerodynamics is the induced velocity
in the main rotors, which refers to the airflow generated by the rotating blades. Accurately
modeling the distribution of induced velocity is essential for predicting the aerodynamic forces
and moments acting on the rotor, as it significantly influences the lift distribution along the
blades and, consequently, the overall performance of the helicopter.

In the early stages of developing inflow models, a uniform induced velocity model, based on
momentum theory, was utilized [9]. This approach offered simplicity and reduced computation
time, but significantly compromised accuracy, especially under certain conditions.

Promptly, it became clear that different helicopter flight conditions, such as hover, vertical,
low-speed, and high-speed forward flight, required different modeling approaches. For instance,
while the assumption of uniform inflow was adequate for hovering, it proved to be particularly
inaccurate for forward flight, highlighting the need for a more sophisticated and detailed ap-
proach. This section will detail how researchers addressed these issues in their models while
maintaining low computational costs [2].

In particular, advances in finite-state inflow models and computational power have facil-
itated more realistic modeling of inflow variations and rotor wake dynamics. A finite-state
inflow model is a mathematical modeling approach used to describe the velocity field induced
by the rotor wake. This model reduces the complex, time-varying nature of wake dynamics into
a simplified form that still effectively captures the key aspects of the induced flow, but with a
limited number of states or degrees of freedom. This enhancement is important as it improves
the accuracy of helicopter models, leading to better predictions of helicopter performance and
efficiency, as well as more accurate and versatile control models.

Thus, after initially relying on the uniform induced velocity assumption, the first non-
uniform finite-state inflow model was developed. Specifically, in 1926, Glauert [8] introduced a
straightforward non-uniform first-harmonic inflow model to address the discrepancies between
experimentally observed and theoretically calculated data. This model produces an induced
velocity field defined in Eq.(1).

w(r,v) = wo(l + 7K. cos) (1)

Subsequently, Wheatley [22] built on Glauert’s work by aligning the gradient value K. = 0.5
with flight test data from an autogyro. He concluded that the motion of the blade was highly
dependent on the distribution of induced velocities across the rotor disc. Wheatley’s findings
highlighted the importance of accurately determining the induced flow for accurate helicopter
flight modeling.

In 1945, Coleman [3] analytically determined the parameter K.. Specifically, he used a
cylindrical wake model. In the end a simple Eq.(2) was derived.

K. = tan(x/2) (2)

Over the years, several authors have developed other formulae for K. and K . Some of
these, recast as an explicit function of wake skew angle, are summarized in Table (1).

In 1945, Drees [6] proposed that the circulation varies sinusoidally with azimuth and intro-
duced the parameter K in the inflow calculation Eq.(3).

w(r,v) = woll + 7(K.costp + K sin )] (3)

Monday 14" October, 2024 4
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Year Author(s) K. K,
1945 Coleman et al. [3] tan(x/2) 0
1949 Drees [6] 2(1— 1.8p2) tan(x/2) —2pu
1959 Payne [18] ) 0
1979  Blake and White [23] V2sin(x) 0
1981  Pitt and Peters [21] 2% tan(x/2)a 0
1981 Howlett [11] sin?(x) 0

Table 1: First Harmonic Inflow Model Coefficients [2]

Subsequently, a new era in inflow models began as the first dynamic inflow model was
introduced. In 1953, Carpenter and Fridovich [1] proposed the first dynamic inflow model to
investigate the transient rotor thrust and the inflow variation in a maneuvering flight.

In 1971, Curtiss and Shupe [4] extended Glauert’s model to include inflow perturbations
from pitching and rolling moments in hingeless rotors.

After almost two decades, in 1972, the work on dynamic inflow models was continued by
Ormiston and Peters [17]. A first harmonic inflow model was developed using a simple vortex
theory, where they expressed the dynamic inflow model in state-space form for the first time
and used a Fourier series to model the inflow distribution. Their model is briefly summarized
in [13].

Specifically, the inflow at any point on the rotor disk was modeled as a combination of
uniform, longitudinal, and lateral components, with the inflow dependent on the position on
the disk (given by the radial location r and the azimuthal angle v). This relation is represented
by Eq.(4).

A= Ao+ Agrsiny + \.r cos (4)

The coefficients Ao, A;, and A. are affected by the aerodynamic forces that act on the
rotor, such as lift C'r, roll Cg, and pitch moment C);. The relationship between inflow and
aerodynamic loads can be described using parameters like the lift curve slope and rotor solidity,
as outlined in Eq.(5).

d\ d\ d\
dXo d(c%&m d(%@/ﬁma) i /Gy | [d(Cr/Cra0)
dAs| = |y a/élao) ACn ’/&QU) acr oy | | ACr/Cla0) (5)
X, Ao A, dAc d(Crr/Crar)

d(Cr/Cla0)  d(Cr/Ciac)  d(Cr/Ciao)

Here, r and 1 denote the radial location and azimuthal angle, respectively. The coefficients
Ao, As, and A, are considered linear combinations of the first-order effects of aerodynamic loads,
including rotor lift C'r, roll moment C'z, and pitch moment Cj,. This relationship is captured
in Eq.(4), where {d\} represents changes in inflow coefficients, C, is the slope of the lift curve,
and o is the rotor solidity.

Consequently, the governing equation becomes {dA} = [L]{dF'}, and the task is to deter-
mine the values in the matrix [L]. Ormiston and Peters’ method for solving [L] relied on the
assumption of a simple non-uniform inflow, utilizing the horseshoe vortex method that con-
nects the longitudinal component of the induced velocity to the circulation strength I'. This
relationship is described in Eq.(5).

Vo = —— (5)
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The force distribution was calculated as T' = 2pU, 'R, which was then used to derive the
thrust, roll moment, and pitch moment coefficients in the matrix. With the known values of
{d\} and {dF'}, the elements within [L] could easily be determined.

Compared with the experimental data, the simple inflow model was found to only predict
general trends in the responses of the blades. However, the empirical induced flow model pro-
vided significantly better results. As a result, researchers recognized the necessity of developing
a more precise dynamic inflow model that would be built upon this generalized blade response
equation.

In 1974, Peters [20] extended prior research by creating a more comprehensive dynamic
inflow model for hovering, integrating the effects of unsteady inflow into Eq.(6).

dF = 2QRuvin + 2QRidm (6)

Here, © represents the time derivative of the inflow velocity. With this addition, the gener-
alized harmonic response of the blade can be expressed as Eq.(7).

dXo d)o d(Cr/Cia0)
[M] |dA.| + [VI[L]™" |dAc| = | d(Cr/Cila0) (7)
d\s d)\s d(Cr/Cla0)

Peters’ model was validated against wind tunnel data and demonstrated strong performance
in hovering conditions. However, it was less suitable for forward flight. Despite incorporating
unsteady inflow into the generalized response equation, theoretical inflow models failed to match
the accuracy of empirical models for blade response. Consequently, research has shifted toward
refining theoretical dynamic inflow models instead of continuing to explore blade aeroelasticity.

Subsequently, the Pitt and Peters model [21], introduced in 1981, became an important
tool for analyzing rotorcraft aerodynamics. This model is applicable for both forward flight
and hovering, as it includes unsteady aerodynamic effects. It has found extensive application
in stability and control analysis, as well as in real-time aerodynamic simulations. Their theory
was developed to derive the matrices L and M in Eq.(7) from a theoretical point of view.

However, the Pitt-Peters model has a limitation: it primarily focuses on low aerodynamic
frequencies, since it only includes the first two harmonics of the blade response. This focus on
low frequencies makes it less suitable for studying high-frequency dynamics, such as vibrations
in aeroelastic systems, which are critical for helicopter design and analysis. Furthermore, the
model was shown to be not reliable for the wake skew angle o < 10°, which is the case for
high-speed forward flights [13]. Lastly, the model using the actuator disk theory could not
include the finite number of blades.

In 1989, the Peters-He finite-state method was introduced [5]. It significantly advanced the
Pitt-Peters dynamic inflow model by allowing for more accurate representation of rotor wake
dynamics. This new approach expanded the model to handle a range of wake skew angles from
0° to 90° , incorporate higher harmonic blade responses, and account for a finite number of
blades. Specifically, this method used a discretization of the blade sections, with each section’s
inflow state calculated iteratively. Moreover, it incorporated three-dimensional potential flow
equations, which allowed the derivation of closed-form solutions. Furthermore, the fidelity of
the model is designed to improve significantly by increasing the number of states, with up to
a hundred used in high-fidelity simulations [12]. These inflow states are expressed azimuthally
using Fourier series and radially through Legendre functions, with a fully closed-form solution
derived for practical use.

It is well worth mentioning that in 1991 Peters and He compared their model with experi-
mental data [19]. Specifically, the model predictions demonstrated strong agreement with the

Monday 14" October, 2024 6
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laser velocimeter measurements of inflow distribution performed in the US Army laboratory
[7]. This validation confirmed the accuracy of the Peters-He model under different operating
conditions, establishing it as a reliable tool for analyzing the performance of the rotorcraft in
both hover and forward flight.

Lastly, the model was incorporated into flight dynamics codes such as FLIGHTLAB and
RCAS, where it demonstrated practical effectiveness, receiving positive feedback from test
pilots.

Monday 14" October, 2024 7
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3 Technical Background

3.1 Peters-He finite state dynamic inflow model

This theory is initially presented in [5], and after being structured and summarized in [13],
[10], and [12].

The Peters-He theory begins with the continuity and momentum equations for an incom-
pressible potential flow across the rotor disk in Eq.(8).

gii =0
gi — VooQi,E =-9

(8)

In this formulation, ¢ represents the velocity component, where the first equation captures
the spatial derivatives of these velocity components. The second equation reflects the local
acceleration, ¢, combined with the convective acceleration in the freestream direction, denoted
as £&. The term & is the non-dimensional pressure across the rotor disk, which essentially
represents the momentum equation in the absence of viscous effects.

The pressure ® in the momentum equation can be decomposed into two parts: The com-
ponent due to momentum flux (®") and the component due to acceleration (®4). The same
holds for differentiating with respect to the variable 7.

O =" + o4
& = Viogie + (—di) (9)
;= oY + o

This decomposition helps to separate the effects of steady and unsteady aerodynamics. Each
component satisfies the Laplace equation, which ensures that the flow remains irrotational.

To solve the Laplace equation, the separation of variables technique is applied. This method
breaks down the problem into simpler parts by assuming that the solution can be written as a
product of functions, each depending on a single coordinate.

Specifically, the pressure discontinuity across the rotor disk, responsible for generating lift,
is modeled using the Kinner potential functions.

The solution for the acceleration potential ® involves associated Legendre functions P (v)
and Q™ (in) of the first and second kinds. These functions are used when solving partial
differential equations in spherical or ellipsoidal coordinates.

The general solution for the acceleration potential is given in Eq.(10)

¢ = > Pre)Q(in) [Cy cos pp + Dy sin )] (10)
n,m;n>m,n+m odd

Here, v, 7,1 are ellipsoidal coordinates and C]* and D] are arbitrary time-dependent coef-
ficients.

The lift generated by the rotor is calculated by evaluating the difference in pressure between
the upper and lower surfaces of the rotor blades. The resulting expression for the lift involves
summing up contributions from the Legendre functions and the pressure coefficients 7' and
7%, which represent the cosine and sine components of the inflow.

The method then connects the inflow distribution to the blade loads by integrating the
pressure term ®Y along the freestream direction, the inflow distribution can be expressed as a
function of azimuthal harmonics and radial distribution functions.

Monday 14" October, 2024 8
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wr . t) =3 > ¢5(1)ej(t) cos (re) + B} (t) sin (r¢)] (11)
r=0 j=r+1,r+3,...

This Eq.(11) captures the inflow as a series expansion in terms of azimuthal and radial
functions, with coefficients o and 3] that depend on time.

This equation indicates that the inflow, which depends on the radial and azimuthal position,
can be expressed using the induced flow coefficients o and 3. These coefficients are presented
in vector form.

The induced flow coefficients can be calculated from the Eq.(12). Note that {a}} and {3"}’
are time derivatives. These equations relate the induced flow coefficients 7, to the rotor loading
coefficients through constant matrices, for a specific flight condition, [L¢],[L*], and [M].

) | {apy |+ 127 | {a} | = | e
L oL - (12)

| Loy | et e | = |

The terms {a}}' and {8"}’, along with the matrix [M], are used to introduce coefficients for
unsteady flow conditions. These coefficients are essential for accurately modeling scenarios such
as start-up, acceleration, and maneuvering. However, since this thesis is centered on trimmed
forward flight, which is treated as quasi-static, the unsteady terms can be neglected.

Consequently, the equations are rearranged as presented in Eq.(30)-(31).

WED) =YY Gl cos(r0) + Fsin rv)] (13)

far} | = (zmpe | (e
- : - - : - (14)

ey | = wme |y

This means that an explicit solution can be found for the induced velocity coefficients by
finding the inverse of the matrix [L].

The radial shape function ¢(7) is defined in Egs.(15)-(16). It depends only on the non-
dimensional radial position and a specific polynomial and harmonic number j and r, which is
selected by the designer, depending on how much states one wants to use.

. : - (=DEP3 g
%) = WZ (4 —j)!!<)q+r>!!fj =T (15)

. Gta- DG g1
A T PR

(16)
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In Eq.(31), harmonic numbers, denoted by r and m, correspond to different modes of
oscillation within the rotor system, where r relates to the induced velocity coefficients and
m to rotor loading coefficients. These harmonic numbers facilitate the decomposition of the
complex inflow pattern into simpler sinusoidal components that capture the sine and cosine
waves.

Furthermore, the polynomial coefficients j and n represent the indices of the shape functions
within each harmonic, reflecting how inflow or loading varies along the radial position of the
rotor blade.

The matrix [L] is subdivided into smaller submatrices corresponding to specific harmonic
combinations of r and m. The matrix structure allows the exponent of each element to indicate
its submatrix grouping, with cosine terms represented by [L7"']¢ and sine terms represented
by [L;Z“]S. This separation facilitates independent tracking of contributions from the cosine
and sine components in the overall inflow and loading pattern. The indexing for the harmonic
numbers r and m follows a specific pattern: the cosine terms are indexed with r =0,1,2,3,...
and m = 0,1,2,3,..., while the sine terms start from » = 1,2,3,... and m = 1,2,3,.... The
polynomial indices j and n increase by 2 (e.g., 1, 3, 5,...), corresponding to the harmonic pairs
(r,m). This organized matrix structure is essential for efficiently solving the system of equations
that govern induced flow and rotor loading.

As noted previously, the designer selects the maximum number of harmonics and the number
of shape functions per harmonic. However, to ensure accurate predictions while keeping com-
putational costs low, Peters and He recommended choosing these values based on the guidelines
provided in Table (2).

Max Polynomial @) of Max Harmonic Number M Total inflow states

0O 1 2 3 4 5 6 7 8
0 1 1
1 1 1 3
2 2 1 1 6
3 2 2 1 1 10
4 3 2 2 1 1 15
5 3 3 2 2 1 1 21
6 4 3 3 2 2 1 1 28
7 4 4 3 3 2 2 1 1 36
8 5> 4 4 3 3 2 2 1 1 45

Table 2: Number of shape functions per harmonic

The variable ) corresponds to the highest power (j—1) of the dimensionless radial parameter
7, which appears in Eq.(15). The variables m and r represent the harmonic numbers, with M
being the maximum required number of harmonics. These numbers serve as parameters within
the program.

An example of the [L7] matrices for M = 3 and @ = 4 is shown in Tables (3)-(4).

The matrices [L] can be written as:

where [L] will be calculated based on Eq.(18).
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00 00 00 01 01 02 02 03
e e el B B
Lop Las Lag | Lo Lap | Loy Lo | Lo
L51 L53 L55 L52 L54 L53 L55 L54

10 10 10 11 11 12 12 13
L21 L23 L25 L22 L24 L23 L25 L24

10 10 10 11 11 12 12 13
L41 L43 L45 L42 L44 L43 L45 L44

20 20 20 21 21 22 22 23
e EIEEIEEIE
L51 L53 L55 L52 L54 L53 L55 L54

30 30 30 31 31 32 32 33
L41 L43 L45 ‘ L42 L44 ‘ L43 L45 ‘ L44

Table 3: Matrix [L77] for M = 3,Q = 4
Wony| Lk L |
Ly Ly | L Ly | Li

21 21 22 22 23
L32 L34 L33 L35 L34

21 21 22 22 23
L52 L54 L53 L55 L54

31 31 32 32 33
L42 L44 ‘ L43 L45 L44

Table 4: Matrix [L}7]* for M = 3,Q =4
2077 = X7

[Lym)e = (Xmrl o (=) X [ (18)
[L5e = (X! — (=1)iXm ) [0

—tan(! )

where [ = min(r,m) and

(19)
= arctan <’ D
(e 2\/(271 +1)(2j +1)
R /7 VR ) (Ve e e
n J
— T sign(r — m) (20)

e = - ,forr+modd, |j—1/=1
o JHmH (2n+1)(2)+ 1) =1

[ =0, forr +modd, [j—1]#1

The diagonal matrix [V] includes non-dimensional velocity terms [V™]. Specifically, when
=0, [V"] = Vp, and when m # 0, [V.*] = V. These velocity terms are detailed in Eq.(21).

A AR (21)

Here, X represents the total non-dimensional inflow, which consists of two components: one
from the forward velocity A, and another from the momentum that produces the thrust A,,.
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This component can be determined using the Eq.(23), derived from the theory of uniform
inflow.

A=A+ Am
voo Sin<ashaft) (22)
Ay = s Cshalt)
QR

The mean inflow A, can be determined using Eq.(23), derived from the theory of uniform
inflow.

Am = V3N (23)

The coefficient )\ is calculated using momentum theory and a Newton-Raphson iterative
procedure. The iteration scheme is presented in Eq.(24).

A

C
F(o) = Ao — ptan(cgpae) — d

20/1% + N

(17 + 207N

(24)

fl()\0> =1 + 621T

The loading coefficient matrices referenced in Eq.(12) and Eq.(31) are determined using
Eq.(25). Here, g denotes the blade index corresponding to azimuthal positions, while ¢ repre-
sents the index of the blade element corresponding to the radial positions. The normal force
acting on the rotor element, L?, depends on both the radial and azimuthal positions. The shape
function used is the same as in Eq.(15), but with r and j replaced by m and n, respectively.

Oc . Lq m
Tn 27TpQQR4 qz:l ; ¢ )]
1 Ny [ N |
7me = m qz:l ; LI (1) | cos(ma) (25)

N;

- 1 Nq m( .
S P 2 | O | sinGme)

=1 | =1

3.2 Blade element theory

The normal blade sectional force in Eq.( 25) is calculated using the Blade Element Theory.

Calculating the normal sectional force of the blade, as required in Eq.(25), is performed
using the Blade Element Theory. The blade section, along with local velocities and forces, is
depicted in Fig. (1).

Based on Fig. (1), the angle of attack is calculated by Eq. (26).

=0y — ¢ = by — tan™? (g;) (26)

Thus, the tangential velocity Ur, the perpendicular velocity Up and the freestream velocity
U, all derived from the dynamic inflow model, are expressed by Eq.(27).
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VICTORIA MALYSHKINA
A
dL

Figure 1: Blade element diagram
(27)

Ur(r,v) = Qr + Vy,siney
Up(r,v)) = (Ac + w(r,1))QR + rB(1) + nQRB(¥) cos
(r, ) = \/Up(r, )2 + Ur(r, 9)?
(28)

U(r,
Consequently, the normal force dF, and the tangential force dF} acting on the blade section
can be calculated using Eq.(28). For the sake of simplicity, the tip and root losses are neglected.

dF, =dLcos¢ —dDsing = L}

dF, = dLsin ¢ 4+ dD cos ¢
The lift dL and drag dD forces per unit length are derived from the polar data of the airfoil,
(29)

as indicated in Eq.(29).
L o Lo
dL = ipU cCi(a)dr dD ipU cCy(a)dr
Since polar data usually only cover angles of attack up to the stall point, rotor blades in

forward flight may encounter higher angles due to effects like up-wash and reverse flow. To
address this, an extrapolation method is used to estimate the lift and drag coefficients in a 360

degree range of angles of attack.

13
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4 Method

In general, it is important to note that Object-Oriented Programming (OOP) was used
in the creation of the simulation source code. It was done to improve code organization,
reusability, and maintainability. By encapsulating related variables and methods into classes,
the code becomes modular and easier to manage. This approach also allows reuse of common
functionality and makes it easier to extend the simulation by adding new features or components
in the future.

4.1 Parameters Initialization

At the beginning of the simulation, the geometry and operating conditions are parsed and
wrapped into class variables. In addition, some simple preliminary calculations required for the
simulation are performed.

4.2 General Algorithm Description

The algorithm described below is visualized in Figure 2.

The simulation begins with the calculation of uniform inflow using simple Blade Element
Theory, as described by Eqs. 26-29. Initially, the program assumes a value of A\g = 0.01. It is
important to initialize this parameter with a reasonable value to avoid convergence issues and
accelerate the overall process.

Next, uniform inflow is assumed across all radial and azimuthal positions, and the loading
is calculated based on known velocities. Once the thrust coefficient, Cr, is determined, the
updated value of )y is found using the Newton-Raphson method, as described in Eq. 24.
The process then repeats, recalculating C'r with the new Ay and continues until convergence is
achieved.

The Newton-Raphson method usually converges rapidly, requiring fewer than 20 iterations.
However, if the iteration count exceeds this limit, the initial guess may be unsuitable as the
algorithm is sensitive to initial conditions. A possible solution to this problem is the relaxation
technique.

Once the uniform inflow solution is obtained, the influence matrices, [i;ff]cvs, are calculated.
These matrices, based on the mean inflow value, are computed only once and do not require
further recalculations.

With the converged uniform inflow solution, the loading coefficients, [7"“®], can then be
calculated. These coefficients are used to iteratively compute the inflow distribution w(7, ).

In the following sections, a more in-depth discussion of the basic algorithm components will
be provided. However, no detailed information on the uniform inflow calculation using simple
BEM theory will be provided, as it primarily involves two loops iterating through all radial
and azimuthal positions to compute the element velocities and loads, as outlined in the Eqgs.
26-29. This process is straightforward. The choice of radial positions is up to the designer, with
increased discretization improving accuracy at the expense of additional computational time.
The azimuthal positions correspond to the blade locations within the rotor’s rotating frame.

4.3 Influence Matrices [i;gl]” Calculation Algorithm

The calculation of [E;;”]CS is performed only once, immediately after the uniform inflow
reaches convergence.
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‘ Parse Geometry and Operating Conditions ’

‘ Initialize \g ’

—»{ Calculate Cr for uniform inflow ’

‘ Solve Eq.24 using Newton-Raphson for \g ’

Loop to converge Crp ’ Converged?

(6]

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

‘ Calculate Influence Matrices [L77]**

4{ Calculate Loading Coefficients [7]*

‘ Calculate Induced Velocity w(7, 1)) ’

Loop to converge [77“*] }(N_ Converged?
0

Figure 2: Basic Peters-He algorithm

The first step is to calculate the wake skew angle, x, which serves as the primary variable
for determining the elements of the matrices [f);f{‘]‘:’s.

To aid in the calculation of the matrix elements, a helper vector is introduced, referred to
as the "shape vector." There are two types of shape vectors: the cosine shape vector and the
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sine shape vector, denoted as Vgpapec and Vgnape s, respectively.

These vectors are defined using Table 2, which correlates the row indexed by the polynomial
number () with the columns ranging from 0 to M for the harmonic number in Vgyape o, and from
1 to M for Vgnape,s-

For example, when M = Q) = 3:

Vshape,c = [2 21 1]T

Vshape,s — [2 1 1]T

These vectors are derived from the user inputs for M and ), which are stored as constants
in the singleton initialization class, along with the operating conditions and rotor geometry, as
mentioned above and used throughout the simulation. The size of the loading matrices is equal
to the sum of the shape vector elements.

In addition, it is crucial to establish the definition of the submatrices. The size of each
submatrix can be determined using the shape vector, as it corresponds to the maximum number
of polynomial terms that can be derived for a given harmonic number, based on the constraint
Q+ 1.

Moreover, a few observations can be made about the polynomial and harmonic parameters
in the [E;ZL]CS matrix:

e In each row of the matrix, the parameters m and n remain constant.
o In each column of the matrix, the parameters r and j are constant.
o Within a given submatrix, both m and r are constant.

o For a given submatrix, 7 and n vary according to the maximum number of polynomial
terms that can be derived for the corresponding harmonic number, under the constraint
Q+ 1

Based on these observations, helper vectors that will be used specifically for this algorithm
are introduced to represent the pattern that the parameters m and n follow in the columns.
These vectors will be referred to as Vong arg and va, 4rg, Which correspond to the column
indices for the m and n values, respectively.

To derive these vectors, two simple loops are used:

1. Outer loop: This loop iterates over 0 < m < M. Before entering the inner loop, n is
set to m + 1.

2. Inner loop: This loop iterates through the m-th element of the vector veyapec. For each
distinct value of m, the inner loop runs a number of times as specified by the corresponding
element of the shape vector. For example, if m = 0 and M = ) = 3, the inner loop will
run twice.

The resulting vectors would be:

Vond arg = [0 011237
Vith arg = [1 324 3 4]F

The algorithm then proceeds by looping through the columns of the influence matrix. In
each column, the loop iterates over 0 < r < M. Before starting the inner loop, the polynomial
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number is set j = 7 4+ 1. The inner loop then iterates through the r-th element of the vghape.c
vector.

Within the inner loop, elements [i;:?] can be calculated using Eqn.18. The values for r and
j are defined in the outer loop, while m and n are assigned the elements of vo,q arg and Vi, arg,
respectively, using a counter that tracks the number of inner loop iterations. The maximum
counter value should match the number of rows (or columns) in the influence matrix. Lastly,
inside the inner loop, j is incremented by 2 after each iteration, and the row index is also
incremented by 1.

It is important to note that the calculation of [IN/;ZL] for the cosine and sine terms is different,
and this is taken into account using a switch case.

The final inflow then can be easily calculated using Eq. 17.

The algorithm described in this section is visualized in Figure 3.

4.4 Loading Coefficients [7)"|* Calculation Algorithm

n

First, the previously derived loading coefficients and influence matrices will be used to
calculate the induced velocity coefficients o and 57 according to Eq. 31.

The algorithm begins by looping through each azimuthal position. For each blade position,
a nested loop iterates over the radial positions. Similarly to the calculation of the loading
coefficients, the algorithm then runs over 0 < r < M. Before the inner loop starts, the
polynomial number j is set to  + 1. The inner loop then iterates through the r-th element of
the Vghapec vector. Inside these loops, the inflow distribution is calculated using Eq.30.

The algorithm described in this section is visualized in Figure 4.
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‘ Calculate Wake Skew Angle y ’

‘ Define Shape Vectors Vgnapec and Vgnape s

| Loop over [L] columns ncols ’

ILoopoverO§m<M’

n=m-+1 ’

—»{ Iterate through vamapec(m) ’

‘Calculate [[N/;T] elements’

‘j:j—i—QANDrow:row—l—l’

l

Vshape,c(€nd)?

ncols(end)?

Yes
End

Figure 3: Influence Matrices [E;Z””]C’S Calculation Algorithm
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Calculate Loading Coefficients and Influence Matrices

I Loop over Azimuthal Positions ’

I Loop over Radial Positions ’

Loopover0§r<M’

Set Polynomial Number: j =r +1 ’

I Iterate through Vasapec(r) ’

Calculate Inflow Using Eq. 30 ’

J

Vshape,c(€nd)?

l Yes

Y ==27

Yes
| End

Figure 4: Inflow Distribution w(7, ) Calculation Algorithm

Monday 14*" October, 2024

19



VICTORIA MALYSHKINA DipLomMmA THESIS

5 Results

5.1 BO-105 helicopter model description
This section contains the model description of the BO-105 helicopter.

Variable Name Notation Value Units
Rotor radius R 2 m
Number of blades N, 4 -
Rotor rotational speed Q 109.9557 rad/s
Blade sectional chord length c Table 7 m
Blade twist angle O Table 7 deg
Airfoil - Appendix A -
Coning angle Bo 2.5 deg

Table 5: BO-105 helicopter specifications

Table 5 provides the geometric specifications of the helicopter, while Table 6 outlines the
operating conditions determined by the trimming process, along with external factors such as
air density and speed of sound. There will be two cases examined for different advance ratios.

Variable Name Notation Value Units
Advance ratio 1 0.13 and 0.26 -
Shaft angle Qshaft -7.46 deg
Collective pitch angle 0o 6.5 and 8.5 deg
Longitudinal cyclic pitch angle 01 2.2 and 0.4 deg
Lateral cyclic pitch angle 015 -1.5 and -2.5 deg
Air density 0 1.202 kg/m?
Speed of Sound Veound 347.219 m/s

Table 6: BO-105 helicopter operating conditions

The chord and twist angles are given as functions of the radial position of the blade section
in Table 7.

5.2 Peters-He and Free Wake Lifting Line model results comparison

The BO-105 helicopter model, which was described in detail in the previous section, will be
used to compare the rotor inflow distribution calculated using the Peters-He finite state inflow
model with the distribution calculated using the free wake lifting line model [16].

The rotor is examined under two conditions with different advance ratios, p = 0.13 and
w=0.26.

The Peters-He simulation uses a polynomial and harmonic number of M = @) = 3, a design
decision made to balance accuracy and computational efficiency. This combination was selected
to accurately capture the inflow distribution without significantly increasing the compilation
time, in hopes of making it suitable for real-time applications.

The variables used for the comparisons are:
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Radius position r (m) Chord ¢ (m) Twist angle 6;, (deg)

0.250 0.121 -4.200
0.433 0.121 -4.200
0.497 0.121 -3.995
0.617 0.121 -3.535
0.745 0.121 -3.025
0.873 0.121 -2.515
1.000 0.121 -2.005
1.128 0.121 -1.495
1.256 0.121 -0.985
1.383 0.121 -0.475
1.511 0.121 0.035
1.639 0.121 0.545
1.767 0.121 1.055
2.000 0.121 2.000

Table 7: BO-105 helicopter blade chord and twist angle distribution as a function of radius

The non-dimensional inflow, wi, fiow

Normal loading coefficient distribution, C'y

Local blade element velocity distribution, U in m/s

Angle of attack distribution, « in deg

Contour plots that illustrate the distributions of these variables across the rotor disc for
an advance ratio of u = 0.26 are shown in Figures 15-15, while those for an advance ratio of
1= 0.13 are shown in Figures 19-22.

o
X (m)

(a) (b)

(a) Derived from Peters-He Theory for M = 3, (b) Derived from free wake lifting line model
Q=3

Figure 5: BO-105: Inflow distribution wjy fie for p = 0.26
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Y (m)

05 o
X (m)

()

(a) Derived from Peters-He Theory for M = 3, (b) Derived from a free wake lifting line model
Q=3

Figure 6: BO-105: Normal loading coefficient distribution C'y for u = 0.26

o
X (m) o
x(m)

(a) (b)

(a) Derived from Peters-He Theory for M = 3, (b) Derived from a free wake lifting line model
Q=3

Figure 7: BO-105: Local velocity distribution U for u = 0.26

In addition, plots for the same variables and advance ratios, as a function of the azimuth
angle at 7 = 0.5, are presented in Figures 23-24.
Some general observations can be made:

1. The wind velocity is aligned with the X-axis, pointing to the right.

2. The inflow plot shows that the front region, with the advancing side (0° < ¢ < 180°)
experiencing a greater inflow compared to the retreating side (180° < v < 360°).

3. As expected, the velocity is significantly higher on the advancing side and lower on the
retreating side due to the rotation of the rotor.

4. As a result of the velocity difference, the angle of attack distribution plot shows that
the advancing side of the rotor has a smaller angle of attack than the retreating side. To
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Y (m)

05 o
X (m)

(a)

(a) Derived from Peters-He Theory for M = 3, (b) Derived from a free wake lifting line model
Q=3

Figure 8: BO-105: Angle of attack distribution « for p = 0.26

o
x(m) o
X (m)

(@) (b)

(a) Derived from Peters-He Theory for M = 3, (b) Derived from a free wake lifting line model
Q=3

Figure 9: BO-105: Inflow distribution wjy, o, for g = 0.13

compensate for this difference, the negative value of the longitudinal cyclic pitch angle 6
adjusts the pitch of the rotor blade. On the advancing side, the blade pitches downward,
reducing the angle of attack, while on the retreating side, it pitches upward, increasing
the angle of attack.

From the plots, one can conclude that the distributions, although not identical, follow a
similar pattern. The free wake lifting line method offers higher fidelity and can model the
inflow more accurately, but it is time-consuming and not suitable for real-time applications.
Nevertheless, the distribution generated by the Peters-He simulation model, while not capturing
all the phenomena, seems satisfactory for its intended purpose.
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¥ (m)

o
X (m)

(b)

(a)
(a) Derived from Peters-He Theory for M = 3 (b) Derived from a free wake lifting line model

Q=3
Figure 10: BO-105: Normal loading coefficient distribution Cy for = 0.13

@ o
x
(m) X (m)

(@) (b)

(a) Derived from Peters-He Theory for M = 3, (b) Derived from a free wake lifting line model
Q=3

Figure 11: BO-105: Local velocity distribution U for g = 0.13
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(a) Derived from Peters-He Theory for M = 3,

Q=3

¥ (m)

s

(b) Derived from a free wake lifting line model

Figure 12: BO-105: Angle of attack distribution « for p = 0.13
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Figure 14: Results for p = 0.13 and 7 = 0.5 as a function of azimuthal position
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6 Conclusions

The primary objective of this thesis was to study the Peters-He finite-state inflow model,
develop an open-source simulation code [14], and evaluate its potential for real-time applica-
tions, such as control systems. To assess the model’s accuracy and computational efficiency,
comparisons were made with a higher-fidelity model, the Free Wake Lifting Line Theory. The
BO-105 helicopter model was used as a case study to examine the inflow distribution, the
loading distribution, and the aerodynamic behavior under forward flight conditions.

The findings demonstrate that the Peters-He model offers advantages over simpler inflow
models by incorporating higher harmonic responses and capturing more complex wake dynam-
ics. However, the trade-off between computational cost and accuracy is evident. While the
Peters-He model is computationally efficient and performs well in forward flight, it does not
achieve the same level of accuracy as the Free Wake Lifting Line Theory, which offers greater
fidelity but is far more resource-intensive.

Additionally, the model’s assumptions of quasi-static conditions mean it may not fully
capture the intricate details of highly dynamic flight maneuvers. Despite this, the Peters-He
model remains suitable for practical applications, especially for real-time simulations, where a
balance between speed and accuracy is required.

In conclusion, the open-source simulation code developed in this thesis demonstrates the
potential of the Peters-He model for real-time rotorcraft aerodynamics simulations. Although
further refinements may be needed in the future to handle more dynamic flight conditions and
fast maneuvering, the model balances computational efficiency and sufficient accuracy, making
it well-suited for a range of real-time applications.
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Nomenclature

[M]  Apparent mass matrix

[L]  Influence matrix

o) Angle of attack, deg

ashare Shaft angle of attack, deg

r Non-dimensional blade section radial location, r/R
16 Blade flapping angle, deg

Bo Coning angle, deg

B Longitudinal cyclic flapping angle, deg
B1s  Lateral cyclic flapping angle, deg

X Wake skew angle, deg

K Induced power factor

A Total inflow ratio, Ay + A\,

Ao Uniform inflow ratio

Ae Climb ratio, V./QR

Voo Sin(ashaft)

Af Free-stream inflow ratio, %

Ai Inflow ratio

Am  Mean inflow in momentum expression
1 Advance ratio

Q Rotational speed, rad/s

) Inflow angle, deg

Os Shaft side tilt angle, deg

Q" Radial expansion function

Y Azimuth angle, deg

Loading coefficients

0 Blade pitch at radial position 7
0o Collective pitch angle, deg

0y_75 Blade collective pitch angle at 7 = 0.75, deg
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910
915
etw

Up
Ur
Voo

Longitudinal cyclic pitch angle, deg
Lateral cyclic pitch angle, deg
Blade twist (root-tip), deg

Blade sectional chord length, m
Sectional drag coefficient

Sectional lift coefficient

Sectional tangential force, N
Rotor normal force on a section, N
Blade sectional span, m

Factorial combination

Blade section index

Polynomial number (shape function index)

Ratio of cosine component to mean value of the first harmonic inflow

Ratio of sine component to mean value of the first harmonic inflow

Lift on the ¢-th blade i-th section, N
Elements in the [L] matrix

Number of sections per blade

Number of blades

Highest power of 7

Blade index

Harmonic number

Rotor radius, m

Blade section radial position, m

Blade sectional free-stream velocity, m/s
Blade sectional perpendicular velocity, m/s
Blade sectional tangential velocity, m/s

Forward speed, m/s

w(r, 1) Inflow ratio, V;/QR
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A Appendix: BO-105 helicopter polar data

AoA (deg) Mach 0.00 Mach 0.20 Mach 0.40
Cr Cb Cu Cr Cp Cu Cr Cp Cu
-20 -0.7495 0.3272  0.0900 -0.7495 0.3272  0.0900 -0.7495 0.3272  0.0900
-14 -1.1167 0.0264 0.0010 -1.1167 0.0264 0.0010 -0.9000 0.0200  0.0600
-11 -1.0500 0.0149 0.0005 -1.0500 0.0149 0.0005 -0.8600 0.0120 0.0230
-9 -0.8433 0.0120 -0.0013 -0.8433 0.0120 -0.0013 -0.7500 0.0115 -0.0150
-7 -0.6300 0.0092 -0.0040 -0.6300 0.0092 -0.0040 -0.5800 0.0115 -0.0100
-4 -0.2845 0.0081 -0.0071 -0.2845 0.0081 -0.0071 -0.3316 0.0113 -0.0069
-2 -0.0717  0.0080 -0.0079 -0.0717 0.0080 -0.0079 -0.1030 0.0104 -0.0073
0 0.1230  0.0062 -0.0077 0.1230 0.0062 -0.0077 0.1256 0.0106 -0.0077
2 0.3338  0.0067 -0.0077 0.3338 0.0067 -0.0077 0.3542 0.0105 -0.0087
4 0.5446  0.0072 -0.0077  0.5446 0.0072 -0.0077 0.5828 0.0108 -0.0099
6 0.7590  0.0083 -0.0078  0.7590 0.0083 -0.0078 0.8114 0.0120 -0.0092
8 0.9770 0.0102 -0.0079  0.9770 0.0102 -0.0079 1.0400 0.0133 -0.0076
9 1.0860 0.0112 -0.0079 1.0860 0.0112 -0.0079 1.1543 0.0137 -0.0058
10 1.1950 0.0121 -0.0080 1.1950 0.0121 -0.0080 1.2500 0.0153 -0.0034
11 1.2875 0.0141 -0.0002 1.2875 0.0141 -0.0079  1.3500 0.0175 0.0010
12 1.3800  0.0160  0.0077  1.3800 0.0160 -0.0077  1.4250 0.0205 0.0041
13 1.4200 0.0180 0.0077  1.4200 0.0180 -0.0077 1.3950 0.0283 -0.0052
14 1.5000  0.0210 -0.0077  1.5000 0.0210 -0.0077 1.1400 0.1183 -0.0565
15 1.5500  0.0315 -0.0600 1.5500 0.0316 -0.0600 1.0300 0.2250 -0.1080
16 1.5132  0.0663 -0.0937 1.5132 0.0664 -0.0937 1.2000 0.3400 -0.1100
20 0.7497  0.3272 -0.0900 0.7497 0.3272 -0.0900 0.7496 0.3272 -0.0900

Table 8: Aerodynamic Coeflicients C, Cp, and C); for Mach 0.00, 0.20, and 0.40
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AoA (deg) Mach 0.50 Mach 0.60 Mach 0.70
&) Cp Cu &) Cp Cu &) Cp Cu
-20 -0.7495 0.3272  0.0900 -0.7495 0.3272  0.0900 -0.7495 0.3272  0.0900
-14 -0.8560 0.0948 0.0448 -0.8000 0.2450 0.0500 -0.7724 0.2806  0.0525
-11 -0.9040 0.0342 0.0142 -0.8225 0.1077 0.0230 -0.7840 0.2260  0.0300
-9 -0.8800 0.0133 -0.0110 -0.8350 0.0460 0.0035 -0.7920 0.1480  0.0100
-7 -0.7450  0.0240 -0.0130 -0.8000 0.0700 -0.0100 -0.7067 0.0953  0.0013
-4 -0.3600  0.0141 -0.0105 -0.4160 0.0181 -0.0188 -0.4980 0.0268 -0.0181
-2 -0.1060  0.0104 -0.0071 -0.1030 0.0106 -0.0073 -0.1226 0.0107 -0.0120
0 0.1376  0.0103 -0.0084 0.1540 0.0101 -0.0089 0.1708 0.0102 -0.0093
2 0.3812  0.0104 -0.0092 0.4110 0.0106 -0.0093 0.4642 0.0186 -0.0076
4 0.6248 0.0111 -0.0094 0.6680 0.0131 -0.0057 0.6700 0.0483 -0.0224
6 0.8684 0.0125 -0.0075 0.9050 0.0292 0.0000 0.7700 0.1000 -0.0508
8 1.1120  0.0153 -0.0003  0.9900 0.0662 -0.0107  0.8900  0.1730 -0.0650
9 1.2000  0.0210  0.0056  1.0200 0.0920 -0.0231 0.9000  0.2200 -0.0700
10 1.2700  0.0300 0.0124  1.0680 0.1300 -0.0315 0.8900  0.2590 -0.0735
11 1.2900  0.0482 0.0140  1.0690 0.1875 -0.0383  0.8800  0.2980 -0.0770
12 1.2100  0.0850  0.0037  1.0700  0.2450 -0.0450 0.8667  0.3387 -0.0790
13 1.1800  0.1650 -0.0186  1.0200 0.2983 -0.0513 0.8533 0.3793 -0.0810
14 1.1500  0.2450 -0.0438 0.9700 0.3517 -0.0577  0.8400  0.4200 -0.0830
15 1.1350  0.2925 -0.0719  0.9200 0.4050 -0.0640 0.8249  0.4045 -0.0842
16 1.1200  0.3400 -0.1000  0.8859  0.3894 -0.0692 0.8098 0.3891 -0.0853
20 0.7496 0.3272 -0.0900 0.7495 0.3272 -0.0900 0.7495 0.3272 -0.0900

Table 9: Aerodynamic Coefficients Cy,, Cp, and C); for Mach 0.50, 0.60, and 0.70
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AoA (deg) Mach 0.80 Mach 0.85 Mach 0.90
&) Cp Cu &) Cp Cu &) Cp Cu
-20 -0.7495 0.3272  0.0900 -0.7495 0.3272  0.0900 -0.7495 0.3272  0.0900
-14 -0.7724  0.2806  0.0525 -0.7500 0.2520 0.0680 -0.7274 0.2521  0.0765
-11 -0.7840  0.2260  0.0300 -0.7500 0.1850  0.0390 -0.7125 0.2058  0.0673
-9 -0.7920  0.1480 0.0100 -0.7500 0.1403 0.0197 -0.6975 0.1633  0.0578
-7 -0.7067 0.0953 0.0013 -0.6550 0.1225 0.0465 -0.6075 0.1980  0.0448
-4 -0.4980 0.0268 -0.0181 -0.4760 0.0580 0.0242 -0.2820 0.0700  0.0088
-2 -0.1226  0.0107 -0.0120 -0.1180 0.0110 -0.0096 -0.1600 0.0138 -0.0142
0 0.1708 0.0102 -0.0093 0.1840 0.0132 -0.0082 0.2290 0.0287 -0.0330
2 0.4642 0.0186 -0.0076 0.4860 0.0383 -0.0253 0.3500 0.0660 -0.0514
4 0.6700  0.0483 -0.0224 0.5650 0.0741 -0.0523  0.4500 0.1000 -0.0579
6 0.7700  0.1000 -0.0508 0.6600 0.1118 -0.0669 0.5400 0.1370 -0.0720
8 0.8900 0.1730 -0.0650 0.7500 0.1520 -0.0730 0.6000 0.1760 -0.0800
9 0.9000 0.2200 -0.0700 0.7500 0.1712 -0.0752 0.6217 0.1973 -0.0815
10 0.8900 0.2590 -0.0735 0.7500 0.1903 -0.0773  0.6433 0.2187 -0.0830
11 0.8800  0.2980 -0.0770  0.7500 0.2095 -0.0795 0.6650 0.2400 -0.0845
12 0.8667 0.3387 -0.0790 0.7500 0.2287 -0.0817 0.6867 0.2613 -0.0860
13 0.8533 0.3793 -0.0810 0.7500 0.2478 -0.0838 0.7083 0.2827 -0.0875
14 0.8400 0.4200 -0.0830 0.7500 0.2670 -0.0860 0.7300 0.3040 -0.0890
15 0.8249 0.4045 -0.0842 0.7499 0.2770 -0.0867 0.7332 0.3079 -0.0892
16 0.8098 0.3891 -0.0853 0.7498 0.2871 -0.0873 0.7365 0.3117 -0.0893
20 0.7495 0.3272 -0.0900 0.7495 0.3272 -0.0900 0.7495 0.3272 -0.0900

Table 10: Aerodynamic Coefficients Cp,, Cp, and C); for Mach 0.80, 0.85, and 0.90
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H mopoloo SImAeUaTiy epyaolo ETXEVIPOVETOL OTNV AELOOUVAULXY) OVIAUCT TNG DUVOUIXTHC
TTAONG TOV EAMXOTTEQWY YENOWOTOWWVTAS TO UOVTEAD AEQOOLVAULIXNG ETUYWYNC TETEQUOUEVHV
xatootdoewy Peters-He.

H ypron evog poviehou mou amodidel ue emopxr) axplBeior TNV ovopoLOUop@n XATAVOUT| TKV
ETOYOUEVOY TUYLUTHTWY OE Evay Bpouéa eEAxontépou elvor {wTixrg onuactauc yia Tnv opl1] uovTe-
Aomoinon tng eunpociag TThoNG, xadde 1 Topadoy ) OTL 1 poY| eivor a€ovoCUUNETELXT 00TYEL OF
ONUOVTINE GOANIATO. GTOUS UTOAOYLOUOUC.

To Sradéotpo utoroyio txd povtéla, dnwe 1 utohoyto Tt peuotoduvauxt (CED) xou ot yédo-
dot ouvoplaxmy ototyeiwy (panel methods), eivon e€ounpetixd LTOROYIOTIXG amOUTNTIXGL, YEYOVOS
Tou Ta Mo TE oxatdAANAaL Yiol EQUPUOYES OE TEUYUATIXG Ypovo. Avtideta, 1 yeron evog Uo-
VTEAOU TETEPUOUEVWV XATAC TUCEWY Yol TOV UTOAOYLIOUO TG EMUYOUEVNS POTC OUVATOL VO TIOREYEL
Lo LoopEOTNUEVT A)OT), AMOTUTIOVOVTAS UE ETUEXT axpiBelo TNV xatavouy| TNg pote, eV TaedAN A
amoutel GUPMS PXEOTERO UTOROYLo TG x00ToC. 'Eva tétolo povtého Yo unopoloe vo etval xatdh-
ANAO YlaL EQUOUOYES OF TEAYHATIXG YPOVO, OTWE EIVAL OL TOOCOUOLWOELS TNG DUVOUIXTC TTACTC %o
1 0&LOAOYNOT TWV CUCTNUATWY EAEYYOU.

O otéyo¢ g dimhwpatinig epyaciog ebvon 1 dnuoupyior eVOg YR YOPOU o EVEMXTOU Ep-
yarelou, To onolo yenoudomolel T0 LOVTEAD AEPOBUVOXTG ETAY WY TS TETEQUOUEVHY XAUTAC TUCEWY
Peters-He oe cuvduaoué ue tn Yewpio Blade Element yio Ty avédhuon tne amdd00mg EAMXOTTEQRY
1600 o€ eumEOcUia TTHOT OGO XoL GE oUWENOT).

H amédoom autol tou yoviehou Yo cuyxpriel ue Eva povtero ypouuric dvwong ehebiepou oude-
eov, To omoio TpocPépel LUPMAGTERT axp{Belar OAAG Elvol UTOAOYLO TIXG. OTOUTNTIXG XOL OXATIAATAO
YL EQUPUOYES TIOU ATAUTOUY UTOAOYIOUOUE OE TEAYHATIXG YPOVO.

Me v adinon twv Baduny eieudeplac oto yovtého Peters-He, etvor duvatd va mopoatneroet
xavelc 6T d0vaTon var emteLy Yol ATOTEAECUATO TOUPOUOLNL UE QUTE TOU HOVTEAOU YROUUNS AVLoNS
eAeOUEQOU OUOPEOV, UANS UE OTUAVTIXG UELWUEVES UTOAOYIOTIXES amauThoels. Ol UELWPEVES YpOo-
VIXEC AMOUTHOELS OUVATOL VO XUTAC TACOLY TOV XWOLXA XATIAANAO YId EQUOUOYES OF TEOYUAUTIXG
YeOVvo.

Av xau mapouota utoloyloTnd Yovtéda €youv avamtuyVel, dev elvon Stodéotua ot YEVIXN
EMOTNUOVIXT] xoWoTNTaL Lot TNV avTWETOTIOT qUTOV TOU GMUAVTIXOU XEVOU, Ol TEOCOUOLOOELS
oL oV TUY ey yior qUTHY TN BITAWUATIXY epyaocio elvar ovoly ol xwdxa, UE TNV TEdVesT) va
OQEANUEl TNV €UPUTERT) aXABNUALXT XOWVOTNTA.

To Suvopxd HoVTELD TEMEQUOUEVLY XATAC TAoEWY oUbppou Peters-He eqopudlet tn Saxpito-
Tolnon TV ntepuyiny, 6Tou N enayduevn pon Yo xdie Turua UToAOYIEToL UEGL ETMOVOANTTIXAC
otdwactog. Tapdhhnia, ewodyovton morhamhol Boduol ehevdepiog 1 xoTUCTACES ENAYOUEVNS PO-
¢, oL omoiol cuVBUGLoVTaL GTO TENOC Yol TOV UTOAOYLOUS TNG TEANC xatavouhc Tne pofc. Kaldde
au&dvovton ot Boduol eheudepiog, BeATidvetar xan 1) axp{Bela TOU UTOAOYIOUOU TNG XATUVOURS TNG
emaryopevng poric. Autég ol xataotdoelg exppdlovton aliwovdaxd péow oetprv Fourier xon oncti-
vixd péow ouvaptioewy Legendre.

LUYHEXQWEVA, 1) XAUTAVOUT TWV ETAYOUEVODY TUYLTATWY ¢ GUVIETNCT NS aloutioxic xal
axtvixic Véone meptypdgetar and Ty e€iowon 30. Twodeteiton 1 mapadoyr| 6Tt To MEdlO TOV
ToyLTATWY ebvor ave€dpTnTo TOu YpdVou.

0.] o
w(m )= > #i(F)[a]cos (1) + B sin (rih)] (30)
r=0 j=r+1,r+3,...
H e&iowon 30 umodetnviel 6TL 1) ETayOUEVT 0T} SUVOTAL VoL AVATHEOC TOVEL UECE TWV GUVTEAE-
oToV emayouevng poric {af} xou {7}, ot omolot epgavilovia oe Blavuouatind pop@r.
O ouvteheoTtéc emaryduevng poNg UTOPOVY VoL UTOAOYIGTOUV YENOULOTOWWVTAS TIC EELOWOELS
31. Autéc ol e€ionoeg cuoyeTi{ouV TOUC CUVTEAEOTES ENMAYOUEVNC PO UE TOUC GUVTEAECTEC
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6pTionc Tou pdtopa {77148 Léow Twv otadepdy TVdXwyY [LTM% o1 onolol e€apTvTon and TIC
m in ’
ouvirxec TTHONC.

{ar} | = (mpe | (e
L L (31)

oy | =L | e

[t Ty avamTuén Tou XOOWXOL YENOWOTOUINXE 1) TEYVIXT] TOU AVTIXEWEVOO TEEQT| TROYPOU0-
Tiopol(Object-Oriented Programming). Auth 1 teyvin| emdéydnxe ye otéyo ) Behtioon tng
0PYAVWONE oL TNG ETAVOLYENOLUOTOINGNE TOL xMOWX. Me TNy eVowudTtenon cuvapoy UETABANTOY
xou UEVOBWY OE HAJCELS, 0 XMOLXAC Xord{oToTon To SOUNUEVOS Xou EUXONOC 6TY dlayeloton. Auti 7
TEOGEYYLON ETUTEETEL ENIONG TNV ETAVOLYENOWOTONGT XOWVMY AELTOURYLOY Xl XoG TE O EUXOAN
TNV EMEXTAOT] TN TROCOUOIWONG UE TNV TPocH7xn VEWY Pedodwy 6To PEANOV.

Téhog, yivetar olYXQION TWV ATOTEAEOUATWY TNG TEOCOUOIONS YENOWOTOWMVTAS TO HOVTENO
Peters-He ye éva undpyov povtého yoouung dvworng ekedicpou oudppou mou €yel avortuydel oTto
Eeyaotrpo Agpoduvouxfic tou Edvixold MetooBlou Hohuteyvelou, yonoluomodvTag To YEWUE-
TEWE Yoo TNEIG Td Tou eAxomtépou BO-105.

E&etdlovtal 8uo TEPITTWOELS UE BlapopeTxolg Adyoug tpomdnong, i = 0.13 o 1 = 0.26.

H npocoyuolwor ye to poviého Peters-He ypnouomotel moAuwmvuuixd xon apuovixd aprdud M =
Q = 3. O ocuvduaouodg TV apiudy autoy opilouy Toug Paduolc eeudepiog TNE TEOCOUOIWOTC.

Ou tég mou emAEyUNxaY amOTENODY Lol GYEDLIC TIXH ATOPACT) TOU TEPUNXE YLdL VO LOOPEO-
mhoel TNy oxp{Bela xan TNV uTohoylo T ToAumhoxotnTa. O cuVBLACHOS AVTOC ETAEYUNXE DOTE
VO OMOTUTIWVEL UE oxEif3etor TNV xatavoun Tng Emayouevng poNg Yweic vor auEdvel onuavTixd Tov
YEOVO EXTENECTC TOU TPOYPEUUUUTOS, UE OTOYO TNV XATUAANAGTNTO TOU UOVIEAOU YO EQUOUOYES
O TEAYUATIXG YPOVO.

Ou petafPAntéc mou yernolonotodvIaL Yo Tic ouyxploeic ebvou:

e O adldoTUTEG EMAUYOUEVES TOYUTNTES, Win flow

« H xotavouy| tou cuvteheoth xdietne gpoptiong, Cy
o H xotavour| tne tomic tayvtntac, U o m/s

o H xotavour| tne ywviog mpooforrc, a oc deg

Tot SrorypduuTar XATAVOUNS VTV TwV UETIBANTOY GToV 6ioxo Tou dpouéa TapouatdlovTol oTa
Eyuortor 19-22.

Emniéov, Swrypdupato yio Tic (Bieg uetoffAntéc xan Adyoug mpohdnong, we cuvdptnom Tng
altpoutoxic Véong otny adldototn axtvixn Véorn 7 = 0.5, mopouctdlovtar ota Ly fuota 23-24.

Mepueg yevixég mapatnenoelc unopolv va yivouv:

1. H taydtnto tou avéuou elvon euduypauiogévn e tov d&ovo = xou xatevdivetal Tpog To
oetid.

2. To dudrypappo TN emAYOUEVNS POHC Oy Vel OTL 1) eumpdodior TEpLoy Y| Xt 1) TAELES TEAWONG
(0° <4 < 180°), napouctdlet ueyahiTeRN ETOYOUEVT POT| OE GUYXELON UE TNV OTLoVOY (EO-
Voo mhevpd (180° < ¢p < 360°).
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VICTORIA MALYSHKINA DipLomMmA THESIS

Y (m)

¥ (m)

(o) Peters-He yio M =3, Q =3 (B) Movtého ypappric dvwong

Yyfua 15: BO-105 @ ASwdotatn enayouévn ToyOTNTo, Win fiow YO ft = 0.26

¥ (m)
Y (m)

05

[
X (m)

(b)

o
X (m)

@
(o) Peters-He yio M =3, Q =3 (B) Movéro ypauyric dvwong

Lyfuo 16: BO-105 : Yuvteheotric xdetng @optiong Cn Yy = 0.26

3. 'Onwg avopevotay, 1 oy TNt eivon onuovTind UEYAAITERT OTNY TASLEE TEOWOTG KoL YT
Aotepn oty omoYoyweoloa TAELEd AOYw TN TEPLOTEOPNS TOU BEOMEA.

4. Q¢ amotéheoua TNG OLUPORAC TaYUTNTUS, TO OLdyEUUU XoTovoung TN Ywviag TeocBolrg
OElyVEL OTL 1) TAEURE TTEOWONE TOU POTORN EYEL UXQPOTERT YwVia TEOGBoAAC amd TNy omicYo-
Y ©p0Voo TAEUEA.

Amé o SorypdupoaTor, UTOREL Vor GUUTERAVEL XAVELS OTL OL XUTOVOPES, oV X0 BEV Vol TOUTOCNHES,
axohovoLy éva mapouoto wotifo. To povtéro yeauuhc dvwong eAeliepou oudEEoU TEOGHEREL
ueYohUTeR axpifelo xou UTOpEL Vo ATOTUTCEL TNV ERAYOUEVY] POT) UE UEYOAUTERT axp{Beta, oahhd
elvor YpovoPopo ot oxaTdAANAO YLl EPUPUOYES OE TEAYUTIXO YpOVo. (26TOCO, 1 XATAVOUY| TTOU
TPOXUTTEL amd To UovTiélo Tpocouolwong Peters-He, av xau 0ev amoTtunmvel Oha To QouvOUEva,
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o
x(m)

(b)

o
X (m)

(@)

(o) Peters-He yio M =3, Q = 3 (f") Movtédo ypopprc dvwone

Eyfuo 17: BO-105 @ Tomx toybtnto U vy o = 0.26
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X (m)

b;
a ®

(o) Peters-He yio M =3, Q = 3 (") Movrého ypapurhc dvewone

Yyfuo 18: BO-105 : T'wvia tpocforfc o vy = 0.26

QAEVETOIL LXOVOTIOUNTIXT YIol TOV OXOTO Tou TpooplleTal.

Ev xatoxheldl, oe authy TN Simhopotiny gpyocio uehethdnxe to Yovtélo oudppou TETEQI-
ouévwy xataoTtdoeny Peters-He, xon avamtiydnxe évag avolytog xhHdxag Tpocouoiwong Tou yo-
viéhou autol. Ta v adlohdynon tng axpifelag Tou xWoxa, €yvay cuYXpEIoES e €val LOVTEROD
YEUUUAC dvwong eheblEpou OUOEEOU YENOWOTOWWVTAS T YewpeTpla Tou ehixontépou BO-105 .

To amoteréopota 6etlave 6Tt To povtého Peters-He mpoogéper onuavtind mheovextiuata oe
OYEOT PE AMAOVGTEPN UOVTEAN OUOPEOU, EVOWHUATMYOVTAC LUIMAGTERES OPUOVIXESC AMOXPICELS %ol
xoTarypdpovTag mo cUVIETH xaTavour| Tou oudpeou. doTtéo0o, 1 cuufiBacTing oyéon uetall Tou
UTOAOYLO TIX00 XOGTOUG Xat TNG oxeifetog etvan epgavig, agol to woviého Peters-He dev emituy-
YGveL To (Bto eninedo oxplBelag ue To povTEro Ypouug dvwong ereliicepou oudppou.

Emniéov, ol napadoyéc mou Eyvay Tepl yeovixnd aveZdeTtntwy ouvinxwy teptoptlouy Ty egap-
noy” tou povtéhou. o mapdderyya, yior Tn HovIEAOTOINGT EAMYUOY Vol YEEWOTEL 1) EVOWUATOON
EVOC BUVOULXOU 60U OTIC EELOWOELS YO VoL TETOYEL XOVEIC AMOTEAEGUOTA UE TNV TEOUTOUTOUUEV
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(o) Peters-He yio M =3,Q =3 (B) Movéro ypauyric dvwong

Yyfua 19: BO-105 : Adidototeg enayOUeveS Ty UTNTES, Winfiow Yl 4 = 0.13

() Peters-H M3 03 (B") Movtélo ypauuhic dvwone
o4 eters-rie ywau =3, —

YyAua 20: BO-105 : Yuvteieotrc xdetng goptiong Cy yio = 0.13

axpBeta. Evtoltolg, o x@owag mou avartuydnxe yio to yovtého Peters-He mapouéver xatddin-
AOG Y10l TPOXTIXEG EPUPUOYES, IOLTERX YId TPOCOUOWWOELS OE TRUYUATIXG YEOVOo, OTou amanTeiton
1ooppomio PeTah ToryOTNTAG Xou oxpiBeLag.
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¥ (m)

o
X (m)

(b)

(o) Peters-He yio M =3, Q =3 (B") Movero yeoppic dveore

Yyfua 21: BO-105 : Tomx toydtnra U gop p = 0.13

o
X (m)

(b)

o
X(m)

(a)

(o) Peters-He yio M =3, Q =3 (") Movtédo ypapprhc dveong

Syfuo 22: BO-105 : T'wvia tpocforrc a v p = 0.13

14 Oxtwppelov 2024 vi



VICTORIA MALYSHKINA

DipLomMmA THESIS

-0.005 [
-0.01r>

—~-0.015F

-0.025 \

Inflow (non-dim

-0.03 F e "
\

-0.035 -

-0.04 - v

-0.045 t . . .
0 50 100 150 200

Azimuth (deg)

250

300 350

(o) AdudoTorTn emoryouévn o UTNTo Wip, fiow

180 : : [Fgure |

160 - LTS

Peters-He

50 100 150 200
Azimuth (deg)

250

300 350

(v") Tomuxh taydtnra U

e
o

I
)
o

e
]

o
=
@

I
=)

e
o

I
=
[l

Normal loading coefficient (non-dim.)
o
{42l
w

@
~

I
w
@

AoA (deg)

e
w

100

150 200 250 300 350
Azimuth (deg)

(B") Xuvteheothic xdetne poptione Cn

6

Peters-He

100

150 200 250 300 350
Azimuth (deg)

(8) I'wvia mpooPorfc a

Yo 23: Amoteréopata v o= 0.26 xou 7 = 0.5 w¢ ouvdptnorn tng alwoudionc Véong
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Yyfua 24: Aroteréopata v = 0.13 xou 7 = 0.5 w¢ ouvdptnon g altpovthaxhc Véong
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