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Στη γυναίκα µoυ, ′I%ις





Euqaristiec

Ja  jela na ekfr�sw tic euqaristÐec mou ston Epiblèponta Kajhght 
mou Iw�nnh Polur�kh, gia thn amèristh upost rixh kai ag�ph pou me pe-
rièbale kajìlh thn di�rkeia twn metaptuqiak¸n mou spoud¸n. EpÐshc ton
euqarist¸ gia thn kajod ghsh kai tic polÔtimec majhmatikèc gn¸seic pou
mou metèdwse kai gia thn kajoristik  sumbol  tou sthn exeÔresh qrhma-
todìthshc pou upost rixe thn ereun� mou. H dunatìthta pou mou èdwse
na summet�sqw sth diejn¸c anagnwrismènh èreuna tou pisteÔw ìti ja apo-
telèsei shmantikì efìdio gia thn metèpeita poreÐa mou. Akìmh aisj�nomai
thn an�gkh na tonÐsw ìti h sumbol  tou k. Polur�kh sthn paragwg  twn
apotelesm�twn aut c thc diatrib c up rxe ousiastik  kai kajoristik .

EpÐshc euqarist¸ to ereunhtikì èrgo ”Hr�kleitoc II” gia thn qrhmatì-
dothsh thc paroÔsac èreunac. Akìmh ja  jela na euqarist sw ton Tomèa
Majhmatik¸n gia to pneÔma sunergasÐac me to opoÐo me perièbale kai tic
gn¸seic pou apèkthsa se proptuqiakì kai metaptuqiakì epÐpedo.

Tèloc ja  jela na euqarist sw jerm� th mhtèra mou pou me bo jhse me
ìlec thc tic dun�meic gia na oloklhr¸sw me epituqÐa tic spoudèc mou.
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Perilhyh

H paroÔsa diatrib  qwrÐzetai se dÔo logikèc enìthtec. Sthn pr¸th logi-
k  enìthta, pou antistoiqeÐ sta kef�laia 2-3 melet�me thn dom  twn q¸rwn
Banach mèsw thc gewmetrÐac twn k¸nwn. Eidikìtera sto kef�laio dÔo,
dÐnoume kwnikoÔc qarakthrismoÔc thc anaklastikìthtac, twn q¸rwn pou pe-
rièqoun ton c0 kai twn q¸rwn Grothendieck. EpÐshc, apodeiknÔoume ìti k�je
diatetagmènoc q¸roc Banach me kleistì, normal k¸no kai diataktik  mon�da
pou èqei thn CIP eÐnai q¸roc Grothendieck. Sto kef�laio 3 eis�goume thn
ènnoia twn anaklastik¸n k¸nwn kai melet�me th dom  touc.

Sth deÔterh logik  enìthta, qrhsimopoioÔme thn jewrÐa twn jetik¸n
b�sewn kai twn lattice-subspace (kef�laio 4) pou èqei anaptuqjeÐ apì ton
Epiblèpwn I.A. Polur�kh, gia na melet soume to prìblhma tou replication
diakaiwm�twn se peperasmènec oikonomÐec (kef�laio 5).
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Abstract

The PhD thesis is composed of two parts. In the first part we study the
structure of Banach spaces through the geometry of cones. In particular, in
chapter two we give cone characterizations of reflexive spaces, spaces that
contains c0 and Grothendieck spaces. Also, we prove that every ordered
Banach space with closed, normal cone and an order unit that satisfies the
CIP is a Grothendieck space. In chapter three, we define the notion of
reflexive cones and study their structure.

In the second part, we use the theory of lattice-subspaces and positive
bases (Chapter 4), which has been developed by I.A. Polyrakis, in order to
study the problem of replication of options in finite markets (Chapter 5).
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Kef�laio 1

Diatetagmènoi q¸roi

1.1 Basikèc ènnoiec

Oi diatetagmènoi q¸roi èkanan thn emf�nish touc stic arqèc tou 20ou ai¸na
kai anaptÔqjhkan par�llhla me thn sunarthsiak  an�lush kai thn jewrÐa
telest¸n. Se autì to kef�laio ja d¸soume tic basikèc ènnoiec kai apotelè-
smata thc jewrÐac pou apaitoÔntai gia na diatup¸soume ta apotelèsmata thc
paroÔsac diatrib c. Sta epìmena upojètoume ìti X eÐnai grammikìc q¸roc.

Orismìc 1.1. 'Ena kurtì, mh kenì uposÔnolo P tou X lème ìti eÐnai k¸noc
an λx ∈ P gia k�je λ ∈ R+. An epiplèon P ∩ (−P ) = {0}, lème ìti o k¸noc
P eÐnai oxÔc.

O k¸noc P efodi�zei ton X, me thn akìloujh di�taxh

x ≥ y an kai mìno an x− y ∈ P.

H parap�nw di�taxh eÐnai mia grammik  merik  di�taxh, dhlad  gia k�je
x, y, z ∈ X kai λ ∈ R+ isqÔoun ta akìlouja:

• x ≥ x (anaklastik ),

• x ≥ y, y ≥ z ⇒ x ≥ z (metabatik ),
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18 Kef�laio1. Diatetagmènoi q¸roi

• x ≥ y ⇒ x+ z ≥ y + z, λx ≥ λy (sumbatìthta me th grammik  dom ).

An epiplèon o k¸noc eÐnai oxÔc, tìte h di�taxh eÐnai kai antisummetrik ,
dhlad  isqÔei:

• x ≥ y, y ≥ x⇒ x = y.

O X efodiasmènoc me thn parap�nw di�taxh, lème ìti eÐnai ènac diatetag-
mènoc q¸roc kai anaparÐstatai me to zeÔgoc (X,≥)   (X,P ). Sta akìlouja
o X ja jewreÐtai diatetagmènoc q¸roc.

'Estw x, y ∈ X, me x ≤ y, to diatetagmèno di�sthma me �kra x, y, eÐnai
to akìloujo sÔnolo tou X.

[x, y] = {z ∈ X | x ≤ z ≤ y}

'Estw e ∈ P , tìte sÔnolo Ie =
⋃∞
n=1[−ne, ne], eÐnai to principal ideal

pou par�gei to e. 'Otan Ie = X, tìte lème ìti to e eÐnai diataktik  mon�da
tou X. O k¸noc P , lème ìti eÐnai generating ston X, an P − P = X. EÐnai
�meso ìti an o P èqei diataktik  mon�da, tìte eÐnai generating ston X, to
antÐstrofo den isqÔei.

Orismìc 1.2. 'Estw A ⊆ X kai x ∈ X. An to x eÐnai �nw(k�tw) fr�gma
tou A kai gia k�je �nw(k�tw) fr�gma y ∈ X tou A, isqÔei x ≤ y(x ≥ y), tìte
lème ìti to x eÐnai el�qisto �nw(mègisto k�tw) fr�gma tou A kai gr�foume
x = sup(A)(x = inf(A)).

Xeqwrist  jèsh sthn jewrÐa twn diatetagmènwn q¸rwn, katèqei h kath-
gorÐa twn vector lattices   Riesz spaces. O X lème ìti eÐnai vector lattice,
an gia k�je x, y ∈ X up�rqei to sup{x, y} kai to inf{x, y}. Q�rin eukolÐac
sta vector lattices, qrhsimopoioÔme touc akìloujouc sumbolismoÔc.

x ∨ y = sup{x, y}, x ∧ y = inf{x, y}, x+ = x ∨ 0, x− = (−x) ∨ 0,

|x| = x ∨ (−x).
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Orismìc 1.3. 'Enac diatetagmènoc q¸roc (X,≥), lème ìti èqei Riesz De-
composition Property(RDP) an gia k�je x, y, z ≥ 0 isqÔei:

0 ≤ x ≤ y + z ⇒ x = x1 + x2, ìpou x1, x2 ∈ X, me 0 ≤ x1 ≤ y, 0 ≤ x2 ≤ z.

K�je vector lattice, èqei thn Riesz Decomposition Property. To antÐ-
strofo den isqÔei, sugkekrimèna up�rqoun q¸roi pou èqoun thn RDP kai
den eÐnai vector lattice. H akìloujh idiìthta eÐnai isodÔnamh thn RDP.

Orismìc 1.4. 'Enac diatetagmènoc q¸roc (X,≥), lème ìti èqei Interpola-
tion Property(IP) an gia k�je A,B peperasmèna sÔnola tou X isqÔei:

A ≤ B ⇒ A ≤ x ≤ B, ìpou x ∈ X.

Sthn par�grafo 2.3, ja qrhsimopoi soume thn arijm simh ekdoq  tou
parap�nw orismoÔ.

Orismìc 1.5. 'Enac diatetagmènoc q¸roc (X,≥), lème ìti èqei Countable
Interpolation Property(CIP) an gia k�je A,B arijm sima sÔnola tou X
isqÔei:

A ≤ B ⇒ A ≤ x ≤ B, ìpou x ∈ X.

Tèloc anafèroume tic akìloujec ènnoiec diataktik c plhrìthtac, pou ja
qrhsimopoi soume sta akìlouja. 'Enac diatetagmènoc q¸roc (X,≥), lème
ìti eÐnai Dedekind complete, an gia k�je aÔxon kai �nw fragmèno dÐktuo
{xa}a∈A, up�rqei to supa∈A{xa}. An ston parap�nw orismì antikatast -
soume to dÐktuo {xa}, me thn akoloujÐa {xn}, tìte lème ìti o (X,≥) eÐnai
σ− Dedekind complete.

1.2 B�seic K¸nwn kai duðkìthta

'Estw (X,P ) diatetagmènoc q¸roc kai f grammikì sunarthsiakì tou X. An
f(x) ≥ 0 gia k�je x ∈ P to f eÐnai jetikì kai an f(x) > 0 gia k�je
x ∈ P \ {0}, to f eÐnai austhr� jetikì. Shmei¸noume ìti an o P , èqei
austhr� jetik� sunarthsiak�, tìte eÐnai oxÔc k¸noc.
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Mia sun�rthsh f : P → R, lème ìti eÐnai jetik� omogen c kai prosjetik 
an f(λx+ µy) = λf(x) + µf(y), gia k�je x, y ∈ P kai λ, µ ∈ R+. Aut� ta
sunarthsiak�, mporoÔme na ta blèpoume san grammik� sunarthsiak� tou X,
sugkekrimèna isqÔei to akìloujo:

Je¸rhma 1.6. 'Estw P k¸noc tou X kai f : P → R, jetik� omogen c kai
prosjetik , tìte h f epekteÐnetai se grammikì sunarthsiakì tou X.

Shmantikì stoiqeÐo thc jewrÐac twn k¸nwn eÐnai h ènnoia thc b�shc tou
k¸nou.

Orismìc 1.7. 'Estw P k¸noc touX. To mh kenì sÔnolo B ⊆ P onom�zetai
b�sh tou k¸nou P , an to B eÐnai kurtì kai gia k�je x ∈ P \ {0}, up�rqei
monadikìc arijmìc λx > 0 ¸ste λxx ∈ B.

H Ôparxh miac b�shc tou k¸nou sundèetai �mesa me thn Ôparxh austhr¸n
jetik¸n sunarthsiak¸n.

Je¸rhma 1.8. ([9], Theorem 1.47) 'Estw P k¸noc tou X kai B ⊆ P .
To B eÐnai b�sh tou P an kai mìno an up�rqei austhr� jetikì grammikì
sunarthsiakì f tou X ¸ste

B = Bf = {x ∈ P | f(x) = 1}.

Gia ta akìlouja jewroÔme, ìti o (X,P ) eÐnai efodiasmènoc me mÐa nìrma
|| · ||, sto ex c me ton ìro fragmèno sÔnolo, ennooÔme || · ||-fragmèno sÔnolo.
H Ôparxh fragmènhc   mh fragmènhc b�shc gia ton k¸no P , ìpwc ja doÔme
parak�tw, mac dÐnei shmantikèc plhroforÐec gia thn gewmetrÐa tou P , all�
kai gia olìklhro ton q¸ro X. Gia aut  thn melèth, ja qrhsimopoi soume
ton akìloujo orismì, pou èqei dojeÐ sto [24].

Orismìc 1.9. 'Ena austhr� jetikì sunarthsiakì f tou P , lème ìti eÐnai
uniformly monotonic ston P , an up�rqei a > 0 ¸ste

f(x) > a||x|| ∀x ∈ P \ {0}

Prìtash 1.10. ([49], Proposition 2)'Estw Bf b�sh tou P , pou orÐzei to
sunarthsiakì f . Tìte hBf eÐnai fragmènh an kai mìno an to f eÐnai uniformly
monotonic ston P .
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An oX eÐnai peperasmènhc di�stashc kai P kleistìc k¸noc touX me b�sh
B, tìte h B eÐnai autìmata fragmènh([49], Proposition 3), k�ti tètoio den
isqÔei genik� an oX eÐnai apeirodi�statoc, wstìso up�rqoun apeirodi�statoi
k¸noi me fragmènh b�sh.

Orismìc 1.11. O k¸noc P tou (X, || · ||),eÐnai well-based, an up�rqei f ∈
X∗, pou orÐzei fragmènh b�sh Bf ston P .

O parap�nw orismìc, ìpwc parathreÐtai sto [24] eÐnai isodÔnamoc me thn
Ôparxh mia fragmènhc b�shc B tou P , ¸ste 0 6∈ B.

Orismìc 1.12. 'Estw P k¸noc tou (X, || · ||). O duðkìc k¸noc P 0 tou P
ston X∗, eÐnai to sÔnolo twn jetik¸n suneq¸n grammik¸n sunarthsiak¸n
tou P , dhlad :

P 0 = {x∗ ∈ X∗ | x∗(x) ≥ 0 ∀x ∈ P}.

An 〈E,F 〉 , duðkì sÔsthma kai P k¸noc tou E, tìte an�loga me ton
parap�nw orismì orÐzetai o duðkìc k¸noc P 0 tou P ston F , dhlad :

P 0 = {y ∈ F | y(x) ≥ 0 ∀x ∈ P}

Se autì to genikì plaÐsio, isqÔoun ta akìlouja qr sima je¸rhmata gia
touc duðkoÔc k¸nouc:

Je¸rhma 1.13. ([9], Theorem 2.13) 'Estw 〈E,F 〉 , duðkì sÔsthma kai P
k¸noc tou E, tìte isqÔoun ta akìlouja:

• O P 0 eÐnai σ(F,E)-kleistìc.

• O P 0 eÐnai oxÔc k¸noc an kai mìno an o P − P eÐnai σ(E,F ) puknìc
ston E.

• An o P eÐnai σ(E,F )-kleistìc kai oxÔc k¸noc, tìte o P 0 − P 0 eÐnai
σ(F,E) puknìc ston F .

Je¸rhma 1.14. ([51], Theorem 11) 'Estw 〈E,F 〉 , duðkì sÔsthma, ìpou
E,F q¸roi me nìrma. An P eÐnai k¸noc tou E kai f ∈ P 0, tìte
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• An E eÐnai norming ston F kai Bf fragmènh b�sh tou P , tìte f ∈
int(P 0).

• An F eÐnai norming ston E kai f ∈ int(P 0), tìte Bf eÐnai fragmènh
b�sh tou P .

'Ena grammikì sunarthsiakì f tou X eÐnai diataktik� fragmèno , an gia
k�je diatetagmèno di�sthma [x, y] h eikìna

f([x, y]) = {f(z) | z ∈ [x, y]},

tou [x, y] eÐnai fragmèno uposÔnolo tou R. To sÔnolo twn diataktik� frag-
mènwn grammik¸n sunarthsiak¸n tou X, sumbolÐzetai me X∼ kai onom�zetai
diataktikìc duðkìc tou X. O X∼ eÐnai efodiasmènoc, me thn di�taxh tou
k¸nou twn jetik¸n grammik¸n sunarthsiak¸n, dhlad  gia k�je f, g ∈ X∼,
èqoume f ≥ g an kai mìno an f(x) ≥ g(x) gia k�je x ∈ X+. 'Otan o (X,≥)
èqei thn RDP kai generating oxÔ k¸no, tìte oX∼ eÐnai vector lattice, sugke-
krimèna isqÔei, to akìloujo je¸rhma pou eÐnai gnwstì wc Riesz-Kantorovich
fìrmoula.

Je¸rhma 1.15. ([9], Theorem 1.61) An o (X,≥) eÐnai diatetagmènoc q¸-
roc me generating oxÔ k¸no kai èqei thn Riesz Decomposition Property, tìte
o X∼ eÐnai Dedekind complete vector lattice. Epiplèon gia k�je f, g ∈ X∼
kai x ∈ X+ oi lattice telestèc orÐzontai wc akoloÔjwc:

(f ∨ g)(x) = sup{f(y) + g(z) | y, z ∈ X+ kai y + z = x},

(f ∧ g)(x) = inf{f(y) + g(z) | y, z ∈ X+ kai y + z = x},

|f |(x) = sup{f(y) | − x ≤ y ≤ x}.

1.3 Diatetagmènoi q¸roi Banach

H sumbatìthta thc diataktik c dom c me thn topologik  dom  tou q¸rou,
ekfr�zetai mèsw thc ènnoiac tou normal k¸nou. O orismìc autìc dìjhke, apì
ton Krein, gia q¸rouc Banach kai argìtera genikeÔthke gia topologikoÔc
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grammikoÔc q¸rouc. Parak�tw dÐnoume ton orismì sthn perÐptwsh pou o X
eÐnai q¸roc me nìrma.

Orismìc 1.16. O k¸noc P tou (X, || · ||), eÐnai normal, an up�rqei c > 0,
¸ste:

0 ≤ x ≤ y ⇒ ||x|| ≤ c||y||.

Apì ton parap�nw orismì eÐnai profanèc ìti k�je normal k¸noc eÐnai
oxÔc. EpÐshc èqoume ìti:

Prìtash 1.17. ([24], Proposition 3.8.2)K�je well-based k¸noc tou
(X, || · ||) eÐnai normal.

Gia ton akìloujo orismì, eis�goume to sumbolismì B+
X . An P k¸noc tou

X, sumbolÐzoume me B+
X = BX ∩ P , to jetikì tm ma thc monadiaÐac mp�lac

tou X.

Orismìc 1.18. 'Estw P k¸noc tou (X, || · ||), lème ìti o P dÐnei open
decomposition ston X an to sÔnolo B+

X −B
+
X eÐnai perioq  tou mhdenìc.

Gia touc kleistoÔc kai generating k¸nouc q¸rwn Banach, isqÔei o akì-
loujoc qarakthrismìc

Je¸rhma 1.19. ([9], Theorem 2.37)'Estw P kleistìc k¸noc tou q¸rou
Banach X, tìte ta epìmena eÐnai isodÔnama:

(1) O P eÐnai generating ston X,

(2) O P dÐnei open decomposition ston X.

Stouc diatetagmènouc q¸rouc Banach, oi idiìthtec tou generating kai
normal k¸nou eÐnai duðkèc. Sugkekrimèna isqÔei to akìloujo Je¸rhma, pou
ofeÐletai ston Krein.

Je¸rhma 1.20. ([9], Theorem 2.40) 'Estw P kleistìc k¸noc tou q¸rou
Banach X, tìte ta epìmena eÐnai isodÔnama

(i) O P eÐnai normal,
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(ii) O P 0 eÐnai generating ston X∗.

Je¸rhma 1.21. ([9], Theorem 2.8) 'Estw P kleistìc k¸noc tou q¸rou
Banach X kai e ∈ P , tìte ta epìmena eÐnai isodÔnama

(i) To e eÐnai diataktik  mon�da tou P ,

(ii) To e eÐnai eswterikì shmeÐo tou P .

'Estw (X, || · ||) diatetagmènoc q¸roc Banach me kleistì oxÔ k¸no X+

kai e ∈ X+, tìte to e orÐzei thn akìloujh order-unit nìrma([9], Theorem
2.55(2 a)) ston Ie:

||x||e = inf{λ > 0 | x ∈ [−λe, λe]}.

Shmei¸noume, epÐshc ìti o k¸noc I+
e = Ie ∩ P eÐnai || · ||e-kleistìc ([9],

Theorem 2.55(2 c)). Gia thn plhrìthta tou q¸rou, (Ix, || · ||), isqÔei to
akìloujo apotèlesma, pou ofeÐletai ston Ando:

Je¸rhma 1.22. ([9], Theorem 2.60) 'Estw P kleistìc oxÔc k¸noc tou
q¸rou Banach X, tìte ta epìmena eÐnai isodÔnama:

(i) O P eÐnai normal,

(ii) Gia k�je x ∈ P o q¸roc (Ix, || · ||x) eÐnai q¸roc Banach.

Eidikìtera sthn perÐptwsh pou Ix = X, isqÔei to akìloujo apotèlesma:

Je¸rhma 1.23. ([9], Theorem 2.63) 'Estw P kleistìc oxÔc k¸noc tou
q¸rou Banach (X, || · ||) kai e diataktik  mon�da tou X, tìte ta epìmena
eÐnai isodÔnama:

(i) O P eÐnai || · ||-normal,

(ii) Oi nìrmec || · ||e kai || · || eÐnai isodÔnamec,

(iii) O q¸roc (X, || · ||e) eÐnai q¸roc Banach.
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Kentrikì rìlo sthn jewrÐa twn Diatetagmènwn q¸rwn Banach, èqei to
akìloujo Je¸rhma sunèqeiac twn jetik¸n grammik¸n telest¸n, to opoÐo
ofeÐletai ston Lozanovsky. An X,Y , diatetagmènoi q¸roi, lème ìti o tele-
st c T : X → Y eÐnai jetikìc, an T (X+) ⊆ Y+.

Je¸rhma 1.24. ([9], Theorem 2.32) 'Estw X,Y diatetagmènoi q¸roi Ba-
nach me kleistoÔc oxeÐc k¸nouc X+, Y+ antÐstoiqa. An o X+ eÐnai generating
ston X, tìte k�je jetikìc grammikìc telest c apì ton X ston Y eÐnai sune-
q c.

Parak�tw ja melet soume touc k¸nouc pou par�gontai apì Schauder
b�sh. H {xn}, lème ìti eÐnai Schauder b�sh tou X an k�je x ∈ X gr�-
fetai kat� monadikì trìpo sthn morf  x =

∑∞
n=1 anxn. H {xn} lème ì-

ti eÐnai basik  akoloujÐa tou X, an eÐnai Schauder b�sh tou [{xn}]. H
Schauder b�sh {xn} tou X, lème ìti eÐnai shrinking an ta sunarthsiak� sun-
tetagmènwn {x∗n} thc {xn}(dhl. x∗n(xm) = δnm) eÐnai Schauder b�sh tou
X∗. H {xn} lème ìti eÐnai boundedly complete, an isqÔei h sunepagwg :
sup{||

∑n
i=1 aixi|| : n ∈ N} < +∞ ⇒

∑∞
i=1 aixi ∈ X. EpÐshc h {xn} lème

ìti eÐnai unconditional an gia k�je x =
∑∞

n=1 anxn h sÔgklish thc seir�c
eÐnai unconditional.

An {xn} Schauder b�sh tou X, tìte o k¸noc K{xn}, pou par�gei h
{xn},eÐnai to akìloujo uposÔnolo tou X:

K{xn} = {x =
∞∑
n=1

anxn | ai ≥ 0 ∀i}.

EÐnai eÔkolo na doÔme ìti o K{xn} eÐnai kleistìc kai oxÔc k¸noc. O diate-
tagmènoc q¸roc Banach X, lème ìti èqei jetik  Schauder b�sh an up�rqei
{xn} Schauder b�sh tou X ¸ste X+ = K{xn}. Aut  h kathgorÐa k¸nwn
èqei apotelèsei èna apì ta basik� pedÐa èreunac tou Epiblèponta([44], [29],
[42]). Anafèroume parak�tw k�poia kentrik� apotelèsmata thc jewrÐac.

Je¸rhma 1.25. ([59], Proposition 10.1, p.321) An {xn} Schauder b�sh
tou X, tìte:

• OK{xn} èqei mh-fragmènh b�sh pou orÐzetai apì sunarthsiakì tou X∗,



26 Kef�laio1. Diatetagmènoi q¸roi

• int(K{xn}) = ∅.

Je¸rhma 1.26. ([59], Theorem 16.3, p.473) An {xn} Schauder b�sh tou
X, tìte ta epìmena eÐnai isodÔnama:

• O K{xn} eÐnai generating kai normal,

• H {xn} eÐnai unconditional b�sh tou X.

H oikogèneia twn Banach lattices eÐnai h plèon ploÔsia se idiìthtec kath-
gorÐa diatetagmènwn q¸rwn diìti se aut  up�rqei pl rh sumbatìthta metaxÔ
diataktik c kai topologik c dom c.

Orismìc 1.27. 'Estw E diatetagmènoc q¸roc Banach ¸ste o E eÐnai vector
lattice kai gia k�je x, y ∈ E, èqoume:

|x| ≤ |y| ⇒ ||x|| ≤ ||y||,

tìte o E onom�zetai Banach lattice.

An X diatetagmènoc q¸roc Banach me jetik  Schauder b�sh {xn}, tìte
o X eÐnai Banach lattice wc proc mia isodÔnamh nìrma an kai mìno an h {xn}
eÐnai unconditional b�sh tou X([36], Theorem 4.2.22).

An E Banach lattice, lème ìti o E eÐnai AM -q¸roc, an gia k�je x, y ∈ E
me x ∧ y = 0, isqÔei ||x ∨ y|| = max{||x||, ||y||}. O E eÐnai AL-q¸roc an gia
k�je x, y ∈ E me x∧y = 0, isqÔei ||x+y|| = ||x||+ ||y||. AutoÐ oi q¸roi eÐnai
duðkoÐ, sugkekrimèna, o E eÐnai AL-q¸roc (ant. AM -q¸roc) an kai mìno an
o E∗ eÐnai AM -q¸roc (ant. AL-q¸roc)([7], Theorem 12.22). Se aut  thn
kathgorÐa q¸rwn isqÔei to akìloujo Je¸rhma anapar�stashc pou ofeÐletai
ston Kakutani.

Je¸rhma 1.28. ([7], Theorem 12.26 kai 12.28) O Banach lattice E eÐnai
AM -q¸roc me diataktik  mon�da e, efodiasmènoc me thn || · ||e an kai mìno
an eÐnai diataktik� isometrikìc me k�poion q¸ro C(K), ìpou K sumpag c,
Hausdorff topologikìc q¸roc.

O Banach lattice E eÐnai AL-q¸roc an kai mìno an eÐnai diataktik� iso-
metrikìc me k�poion q¸ro L1(µ).
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An E eÐnai Banach lattice, tìte o diataktikìc duðkìc E∼ tou E sumpÐ-
ptei me ton topologikì duðkì E∼ = E∗([7], Corollary 12.5). EpÐshc an E
eÐnai diatetagmènoc q¸roc Banach me kleistì, normal kai generating k¸no
pou èqei thn RDP, tìte o E∗ eÐnai Banach lattice, wc proc mia isodÔnamh
nìrma([9], Theorem 2.47, Exercise 17,p.98). Eidikìtera, an o E èqei epiplèon
diataktik  mon�da, tìte o E∗ eÐnai AL-q¸roc.

Gia peraitèrw melèth thc jewrÐac twn diatetagmènwn q¸rwn kai twn e-
farmog¸n touc anafèroume ta biblÐa [37], [7], [9], [6], [24] kai [3].
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Kef�laio 2

K¸noi kai gewmetrÐa
q¸rwn Banach

2.1 K¸noi kai anaklastikoÐ q¸roi

'Enac q¸roc Banach X, lème ìti eÐnai anaklastikìc, an X̂ = X∗∗, ìpoû
h kanoniklh emfÔtesh tou X ston X∗∗. Sthn bibliografÐa up�rqoun di�-
foroi qarakthrismoÐ anaklastik¸n q¸rwn. Sthn paroÔsa par�grafo, ja
melet soume kwnikoÔc qarakthrismoÔc thc anaklastikìthtac. Sugkekrimè-
na ja qarakthrÐsoume thn anaklastikìthta enìc q¸rou Banach mèsw twn
idiot twn twn k¸nwn tou q¸rou.

Orismìc 2.1. 'Estw X,Y q¸roi Banach kai P,Q kleistoÐ k¸noi tou X,Y
antÐstoiqa. Lème ìti oi k¸noi P,Q eÐnai isomorfikoÐ(P ' Q), an up�rqei
telest c T : P → Q, tètoioc ¸ste:

• T eÐnai èna proc èna kai epÐ,

• T (λx+ µy) = λT (x) + µT (y) ∀x, y ∈ P, λ, µ ∈ R+,

• T, T−1 suneq c wc proc tic epagìmenec topologÐec twn P,Q.

Me thn parap�nw ènnoia lème ìti o P emfuteÔetai ston q¸ro X, an
up�rqei kleistìc k¸noc Q tou X pou eÐnai isomorfikìc me ton P . 'Opwc èqei

29
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parathrhjeÐ sto [49], eÐnai eÔkolo na doÔme ìti an T isomorfismìc metaxÔ
twn P,Q, tìte apì thn sunèqeia tou telest  sto mhdèn, up�rqoun A,B > 0
ètsi ¸ste:

A||x|| ≤ ||T (x)|| ≤ B||x||, gia k�je x ∈ P

Apì ta �rjra [58], [39], [38], èqei prokÔyei o akìloujoc endiafèrwn qa-
rakthrismìc twn anaklastik¸n q¸rwn, o opoÐoc eÐnai o pr¸toc kwnikìc qa-
rakthrismìc pou parousi�sthke sthn bibliografÐa.

Je¸rhma 2.2. (Milman-Pelczynski-Singer)'EstwX q¸roc Banach, tìte o
X eÐnai mh anaklastikìc an kai mìno an o jetikìc k¸noc `+1 tou `1 emfuteÔete
ston X.

Sto �rjro [43], tou I. Polyrakis èqoun dojeÐ qarakthrismoÐ twn k¸nwn
pou eÐnai isìmorfoi me ton `+1 (Γ). Eidikìtera anafèroume ton akìloujo qa-
rakthrismì pou ja qrhsimopoi soume sto kef�laio 3 thc paroÔsac diatrib c.
Gia ton orismì kai tic basikèc idiìthtec thc Continuous Projection Property,
parapèmpoume ton anagn¸sth sthn par�grafo 3.4.

Je¸rhma 2.3. (I. Polyrakis, [43], Theorem 4.1) 'Estw X q¸roc Bana-
ch diatetagmènoc apì ton apeirodi�stato kleistì k¸no P . An o P èqei thn
Continuous Projection Property. An o P èqei thn Krein-Milman Property
oi isqurismoÐ (i)-(iv) eÐnai isodÔnamoi. An o P èqei thn Radon Nikodym
Property ta epìmena eÐnai isodÔnama

(i) O P eÐnai isìmorfoc me ton `+1 (Γ).

(ii) O P èqei kleÐsth kai fragmènh b�sh.

(iii) sep(Bf ) 6= ∅ gia toul�qiston mia b�sh tou Bf tou P , ìpou f ∈ X∗.

(iv) 0 ∈ sep(P ).

(v) O P èqei dentable b�sh pou orÐzetai apì f ∈ X∗.

(vi) O P eÐnai dentable.

(vii) sep(K) 6= ∅ gia k�je kleistì kÔrto uposÔnolo K tou P .



2.1. K¸noi kai anaklastikoÐ q¸roi 31

O Singer, melèthse pìte ènac k¸noc pou par�getai apì Schauder b�sh
eÐnai isìmorfoc me ton `+1 . Gia aut  thn melèth, èdwse ton akìloujo orismì:

Orismìc 2.4. 'Estw {xn} basik  akoloujÐa tou q¸rou Banach X, lème
ìti h {xn} eÐnai tÔpou `+ an eÐnai fragmènh kai up�rqei c > 0, ¸ste

||
n∑
i=1

aixi|| ≥ c
n∑
i=1

ai,

gia k�je n ∈ N kai ai ≥ 0.

Gia tic basikèc akoloujÐec tÔpou `+, isqÔei o akìloujoc qarakthrismìc,
pou antistoiqeÐ sta Theorem 10.1, sel.316 kai Theorem 10.2, sel.323 tou
[59].

Je¸rhma 2.5. 'Estw {xn} fragmènh basik  akoloujÐa tou q¸rou Banach
X, tìte ta epìmena eÐnai isodÔnama:

(i) H {xn} eÐnai tÔpou `+.

(ii) Up�rqei x∗ ∈ X∗ tètoio ¸ste x∗(xn) ≥ 1, gia k�je n ∈ N.

(iii) K{xn} ' `
+
1 .

(iv) O K{xn} eÐnai well-based k¸noc.

'Eqontac wc kÐnhtro thn axioshmeÐwth idiìthta tou `+1 , pou perigr�fthke
sto Je¸rhma 2.2, ta epìmena qrìnia melet jhkan kwnikoÐ qarakthrismoÐ thc
anaklastikìthtac. Sugkekrimèna to 1984, o I. Polyrakis sto ([40], Theorem
1) apèdeixe ìti se anaklastikoÔc q¸rouc oi kleistoÐ kai normal k¸noi den
èqoun kleist  kai mh fragmènh b�sh pou na eÐnai dentable. To 1987 o V.M.
Kadec sto [27] , qrhsimopoi¸ntac to Je¸rhma 2.2 , apèdeixe ìti to ([40],
Theorem 1) apoteleÐ qarakthrismì twn anaklastik¸n q¸rwn Banach. Me-
tèpeita to 2001 o I. Polyrakis sto [47], apèdeixe thn isqÔ tou ([40], Theorem
1), qwrÐc thn upìjesh ìti o k¸noc eÐnai normal kai ètsi apèdeixe ton isqu-
rìtero qarakthrismì thc anaklastikìthtac, pou antistoiqeÐ sto akìloujo
je¸rhma
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Je¸rhma 2.6. (I. Polyrakis) O q¸roc Banach X eÐnai anaklastikìc an
kai mìno an den perièqei kleistì k¸no P me mh fragmènh kleist  kai dentable
b�sh.

To 2001, o J. H. Qiu ergazìmenoc se probl mata dianusmatik c beltisto-
poÐhshc apèdeixe sto ([53], Theorem 1) ton akìloujo kwnikì qarakthrismì
thc anaklastikìthtac

Je¸rhma 2.7. (J.H. Qiu)'EstwX q¸roc Banach tìteX mh anaklastikìc
an kai mìno an up�rqei well-based k¸noc P tou X∗, ètsi ¸ste int(P0) = ∅.

To 2008, o I. Polyrakis sto [49], melèthse to utility maximization pro-
blem kai apèdeixe to akìloujo apotèlesma:

Je¸rhma 2.8. (I. Polyrakis) 'Estw X q¸roc Banach kai < X,X∗ >
oikonomÐa antallag c tìte o X eÐnai anaklastikìc an kai mìno an gia k�je
k�je austhr� monìtonh grammik  kai suneq  sqèsh protÐmhshc pou orÐze-
tai sto sÔnolo katan�lwshc P to opoÐo èqei fragmèno sÔnolo proôpologi-
smoÔ(fragmènh b�sh) up�rqei bèltisth epilog  gia ton katanalwt .

Sto [49], epÐshc apodeÐqthke to akìloujo Je¸rhma DiqotomÐac twn b�se-
wn twn k¸nwn, to opoÐo apoteleÐ thn b�sh gia thn melèth pou èqei gÐnei sto
�rjro [16] kai gia ta apotelèsmata tou kefalaÐou 3 thc paroÔsac diatrib c.

Je¸rhma 2.9. (I. Polyrakis)'Estw 〈X,Y 〉, duðkì sÔsthma. An X eÐnai
q¸roc me nìrma kai P eÐnai σ(X,Y )-kleistìc k¸noc tou X, ¸ste B+

X eÐnai
σ(X,Y )-sumpag c, tìte: EÐte k�je b�sh tou P , pou orÐzetai apì sunarth-
siakì tou Y eÐnai fragmènh   k�je tètoia b�sh tou P den eÐnai fragmènh.

Empneusmènoi apì to parap�nw Je¸rhma, sto [16] oi Casini, Miglierina
ìrisan thn ènnoia tou mixed based k¸nou. 'Enac k¸noc, P tou X eÐnai mixed
based k¸noc, an èqei tautìqrona fragmènh kai mh fragmènh b�sh pou orÐzetai
apì sunarthsiakì tou X∗. Qrhsimopoi¸ntac aut  thn ènnoia apèdeixan ton
akìloujo kwnikì qarakthrismì thc anaklastikìthtac.

Je¸rhma 2.10. (E. Casini, E. Miglierina) 'Estw X q¸roc Banach, o X
eÐnai mh anaklastikìc an kai mìno up�rqei kleistìc k¸noc P tou X pou eÐnai
mixed based.
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Shmei¸noume ed¸, ìti to parap�nw apotèlesma, apodeÐqthke anex�rthta
apì to [16], sthn metaptuqiak  ergasÐa [1].

Sta akìlouja ja d¸soume mia merik  lÔsh sto akìloujo prìblhma pou
èjese o J.H. Qiu sto [53]:

Prìblhma 2.11. Up�rqei se k�je mh anaklastikì q¸ro Banach X klei-
stìc k¸noc P , tètoioc ¸ste int(P ) = ∅ kai o P 0 na eÐnai well-based k¸noc?

Ja d¸soume jetik  ap�nthsh sto parap�nw prìblhma, sthn perÐptwsh
pou o X eÐnai diaqwrÐsimoc. Eidikìtera, ja apodeÐxoume ìti se aut  thn pe-
rÐptwsh isqÔei k�ti isqurìtero, ja deÐxoume ìti mporoÔme na broÔme kleistì
k¸no P , ètsi ¸ste int(P ) = ∅ kai o P 0 na eÐnai isomorfikìc me ton `+1 .
Epomènwc, stouc mh anaklastikoÔc duðkoÔc q¸rouc me diaqwrÐsimo produ-
ðkì, mporoÔme na broÔme èna k¸no isìmorfo me ton `+1 me k�poiec epiplèon
idiìthtec, dhlad  na eÐnai w∗-kleistìc kai int(P0) = ∅.

Gia thn apìdeixh autoÔ tou apotelèsmatoc, ja qrhsimopoi soume thn èn-
noia thc w∗-basik c akoloujÐac pou orÐsthke sto [26] apì touc W.B. John-
son, H.P. Rosenthal. UpenjumÐzoume ìti h akoloujÐa {(xn, yn)} ⊆ X ×X∗
eÐnai disorjog¸nio sÔsthma an yn(xm) = δnm gia k�je n,m ∈ N.

Orismìc 2.12. 'Estw X q¸roc Banach, h akoloujÐa {b∗n} tou X∗ eÐnai
w∗-basik  akoloujÐa, an up�rqei akoloujÐa {cn} ston X ¸ste {(cn, b∗n)} eÐnai
disorjog¸nio sÔsthma kai gia k�je x∗ ∈ [b∗n]

w∗
, èqoume ìti:

n∑
i=1

x∗(ci)b
∗
i
w∗−−→ x∗.

An h {b∗n} eÐnai w∗-basik  akoloujÐa, tìte h {b∗n} eÐnai basik  akoloujÐa
ston X∗([26], Proposition II.1). EpÐshc anafèroume, dÔo basik� Jewr mata
sthn jewrÐa twn Schauder b�sewn, pou ja qrhsimopoi soume.

Je¸rhma 2.13. ([39], A. Pelczynski) 'Estw X q¸roc Banach. An o upì-
qwroc G tou X∗ eÐnai norming ston X kai {xn} eÐnai akoloujÐa thc mona-

diaÐac sfaÐrac SX tou X tètoia ¸ste xn
σ(X,G)−−−−→ 0, tìte up�rqei upakoloujÐa

{yn} thc {xn} pou eÐnai basik  akoloujÐa stou X.



34 Kef�laio2. K¸noi kai gewmetrÐa q¸rwn Banach

Je¸rhma 2.14. ([26], W.B. Johnson-H.P. Rosenthal) 'Estw X diaqwrÐ-

simoc q¸roc Banach. An {x∗n} akoloujÐa tou X∗ tètoia ¸ste x∗n
w∗−−→ 0 kai

infn∈N{||x∗n||} > 0, tìte up�rqei up�rqei upakoloujÐa {b∗n} thc {x∗n} pou eÐnai
w∗-basik  akoloujÐa.

Sundu�zontac ta parap�nw, prokÔptei to akìloujo Je¸rhma.

Je¸rhma 2.15. 'Estw X q¸roc Banach kai {y∗n} kanonikopoihmènh a-

koloujÐa tou X∗, ¸ste y∗n
w∗−−→ 0, y∗n 6

w−→ 0, tìte up�rqei upakoloujÐa {b∗n}
thc {y∗n}, pou eÐnai basik  tÔpou `+ kai {cn} akoloujÐa tou X ètsi ¸ste
{(cn, b∗n)} eÐnai disorjog¸nio sÔsthma. An epiplèon o X eÐnai diaqwrÐsimoc,
tìte h {b∗n}, mporeÐ na epilegeÐ ètsi ¸ste na eÐnai w∗- basik  akoloujÐa.

Apìdeixh. Epeid  y∗n 6
w−→ 0, up�rqei f ∈ X∗∗ kai upakoloujÐa {b∗n} thc {y∗n},

tètoia ¸ste f(b∗n) ≥ 1 gia k�je n ∈ N. Epeid  b∗n
w∗−−→ 0, mporoÔme na epi-

lèxoume upakoloujÐa thc {b∗n} pou sumbolÐzoume, p�li me b∗n, ètsi ¸ste na
eÐnai basik  akoloujÐa tou X∗. Tìte apì ta parap�nw, èqoume ìti h {b∗n}
eÐnai basik  akoloujÐa tÔpou `+, pou eÐnai w∗-mhdenik . 'Estw Y o kleistìc
upìqwroc tou X∗, pou par�getai apì thn akoloujÐa {b∗n} kai Z kleistìc dia-
qwrÐsimoc upìqwroc tou X, me thn idiìthta ìti ||y∗|| = sup{y∗(x) |x ∈ BZ}
gia k�je y∗ ∈ Y . Tìte apì to Je¸rhma 2.14, up�rqei upakoloujÐa thc {b∗n}
pou sumbolÐzoume, p�li me b∗n ètsi ¸ste na eÐnai σ(Z∗, Z)-basik . Epomè-
nwc up�rqei akoloujÐa {cn} tou Z ètsi ¸ste {cn, b∗n} eÐnai disorjog¸nio
sÔsthma kai gia k�je x∗ pou an kei sto σ(Z∗, Z) kleÐsimo tou [b∗n], èqoume
x∗ =

∑∞
i=1 x

∗(ci)b
∗
i sthn σ(Z∗, Z) topologÐa tou Z∗. An upojèsoume, ìti

o X eÐnai diaqwrÐsimoc, tìte mporoÔme na upojèsoume ìti Z = X, epomènwc
se aut  thn perÐptwsh èqoume ìti h {b∗n} eÐnai w∗-basik  akoloujÐa tÔpou
`+.

Prìtash 2.16. 'Estw {x∗n} basik  akoloujÐa tou X∗ me x∗n
w∗−−→ 0. An

P = K{x∗n} kai infn∈N{||xn||} > 0, tìte int(P0) = ∅.

Apìdeixh. 'Estw x ∈ int(P0). Apì to Je¸rhma 1.14, èqoume ìtiBx fragmènh
b�sh tou P , �ra to x eÐnai uniformly monotonic. Epomènwc up�rqei a > 0

ètsi ¸ste x∗n(x) ≥ a||x∗n|| > 0 gia k�je n ∈ N, �topo diìti x∗n
w∗−−→ 0.
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Je¸rhma 2.17. K�je diaqwrÐsimoc, mh anaklastikìc q¸roc Banach X,
perièqei ènan kleistì k¸no P tètoio ¸ste:

int(P ) = ∅ kai P 0 ' `+1 .

Apìdeixh. 'Estw X diaqwrÐsimoc, mh anaklastikìc q¸roc Banach, tìte u-
p�rqei kanonikopoihmènh kai w∗-mhdenik  akoloujÐa {b∗n} tou X∗. SÔmfwna
me to Je¸rhma 2.15, mporoÔme na upojèsoume ìti h b∗n eÐnai w∗-basik  a-
koloujÐa tÔpou `+. Jètoume K = K{b∗n}, tìte o K eÐnai well-based kai
K0 eÐnai kleistìc k¸noc tou X, epÐshc apì thn Prìtash 2.16 èqoume ìti
int(K0) = ∅. AkoloÔjwc, ja deÐxoume ìti o K eÐnai w∗-kleistìc. Ar-

qik� parathroÔme ìti K
w∗

= (K0)0. 'Estw x∗ ∈ K
w∗
, epeid  h b∗n eÐnai

w∗-basik  akoloujÐa, up�rqei (cn, b
∗
n) ∈ X × X∗ disorjog¸nio sÔsthma

tètoio ¸ste:
∑n

i=1 x
∗(ci)b

∗
i

w∗−−→ x∗. H akoloujÐa {
∑n

1=1 x
∗(ci)b

∗
i } eÐnai

w∗-sugklÐnousa, epomènwc || · || fragmènh. 'Estw M > 0, tètoio ¸ste
||
∑n

i=1 x
∗(ci)b

∗
i || ≤M gia k�je n ∈ N. ParathroÔme ìti ci ∈ K0 gia k�je i

kai epeid  x∗ ∈ Kw∗
= (K0)0, èqoume ìti x∗(ci) ≥ 0 gia k�je i. Epomènwc∑n

i=1 x
∗(ci)b

∗
i ∈ K gia k�je n ∈ N. Epeid  h {b∗n} eÐnai tÔpou `+ up�rqei

isomorfismìc T tou `+1 epÐ tou K, me T (en) = b∗n gia k�je n ∈ N kai èstw
ìti:

A||ξ|| ≤ ||T (ξ)|| ≤ N ||ξ||,

gia k�je ξ ∈ `+1 . Epomènwc,

||
n∑
i=1

x∗(ci)ei|| ≤
1

A
||

n∑
i=1

x∗(ci)b
∗
i || ≤

M

A
, gia k�je n ∈ N.

H b�sh {en} tou `1 eÐnai boundedly complete, �ra
∑∞

i=1 x
∗(ci)ei ∈ `+1 ,

epomènwc x∗ =
∑∞

i=1 x
∗(ci)b

∗
i ∈ K. Sunep¸c o k¸noc P = K0 ikanopoieÐ to

zhtoÔmeno.
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2.2 H emfÔteush tou k¸nou c+
0

Se aut  thn enìthta, ja apodeÐxoume ìti o c+
0 se antÐjesh me ton `+1 , pou

emfuteÔetai se ìlouc touc mh anaklastikoÔc q¸rouc, èqei thn Ðdia sumperi-
for� me ìlo ton c0. Sugkekrimèna, ja apodeÐxoume ìti o c0 emfuteÔetai ston
q¸ro Banach X an kai mìno an o c+

0 emfuteÔetai ston X kai ja melet soume
touc q¸rouc pou emfuteÔetai o c0, sto pneÔma autoÔ tou qarakthrismoÔ.

Prin proqwr soume sto basikì apotèlesma aut c thc enìthtac, me thn
parak�tw prìtash ja diapist¸soume ìti h idiìthta tou normal k¸nou meta-
fèretai metaxÔ isomorfik¸n k¸nwn.

Prìtash 2.18. 'Estw X,Y q¸roi me nìrma diatetagmènoi apì touc k¸nouc
P,Q antÐstoiqa. An oi k¸noi P,Q eÐnai isomorfikoÐ, tìte èqoume: o P eÐnai
normal an kai mìno an o Q eÐnai normal.

Apìdeixh. 'Estw T : P → Q ènac isomorfismìc tou P epÐ tou Q kai P
normal k¸noc me stajer� c kai A,B > 0 ¸ste A||x|| ≤ ||T (x)|| ≤ B||x|| gia
k�je x ∈ P . O T mporeÐ na epektajeÐ se grammikì telest  apì ton P − P
ston Q−Q mèsw thc sqèshc:

T (x− y) = T (x)− T (y),

gia k�je x, y ∈ P . 'Estw T (x), T (y) ∈ Q me

0 ≤ T (x) ≤ T (y).

Tìte 0 ≤ x ≤ y, epomènwc ||x|| ≤ c||y||. 'Ara lìgw tou isomorfismoÔ T ,
èqoume:

||T (x)|| ≤ B||x|| ≤ Bc||y|| ≤ Bc

A
||T (y)||,

epomènwc èqoume ìti o Q eÐnai normal.

Je¸rhma 2.19. Se k�je q¸ro Banach X, ta epìmena eÐnai isodÔnama

(i) O c+
0 emfuteÔetai ston X,
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(ii) O c0 emfuteÔetai ston X.

Apìdeixh. Mìno h kateÔjunsh (i) ⇒ (ii), qrei�zetai apìdeixh. 'Estw X
diatetagmènoc apì ton k¸no P kai T : c+

0 → P isomorfismìc apì ton c+
0 epÐ

tou P , me bi = T (ei) gia k�je i. Tìte up�rqoun A,B > 0 tètoioi ¸ste

A||ξ|| ≤ ||T (ξ)|| ≤ B||ξ||,

gia k�je ξ ∈ c+
0 . Epomènwc

||
n∑
i=1

bi|| = ||T (

n∑
i=1

ei)|| ≤ B||
n∑
i=1

ei|| = B.

Epiplèon ||
∑n+m

i=n bi|| = ||T (
∑n+m

i=n ei)|| ≥ A||
∑n+m

i=n ei|| = A. 'Ara h ako-
loujÐa

∑n
i=1 bi den sugklÐnei. Gia k�je x∗ ∈ X∗, jetikì ston P , èqoume:

0 ≤ x∗(
n∑
i=1

bi) ≤ ||x∗||||
n∑
i=1

bi|| ≤ B||x∗||.

Epeid , h akoloujÐa
∑n

i=1 x
∗(bi) eÐnai aÔxousa, èqoume ìti

∑∞
i=1 x

∗(bi) ∈ R+.
EpÐshc o k¸noc P eÐnai isomorfikìc me ton c+

0 , �ra apì thn prohgoÔmenh
prìtash eÐnai normal. Apì to je¸rhma tou Krein(Je¸rhma 1.20), èqoume
ìti o P 0 eÐnai generating. 'Ara gia k�je x∗ ∈ X∗, èqoume ìti x∗ = x∗1 − x∗2
ìpou x∗1, x

∗
2 ∈ P 0. Sunep¸c

∑∞
i=1 |x∗(bi)| ≤

∑∞
i=1 x

∗
1(bi) +

∑∞
i=1 x

∗
2(bi), �ra∑∞

i=1 |x∗(bi)| ∈ R. 'Ara o c0 emfuteÔetai ston X([7],Theorem 4.49).

AkoloÔjwc dÐnoume ènan isodÔnamo metasqhmatismì, gia jetikoÔc sunte-
lestèc ai, tou klassikoÔ qarakthrismoÔ thc isodÔnamhc Schauder b�shc me
thn kanonik  b�sh tou c0.

Je¸rhma 2.20. (Bessaga-Pelczynski, [13])H Schauder b�sh {xn} enìc
q¸rou Banach X eÐnai isodÔnamh me thn kanonik  b�sh {en} tou c0 an kai
mìno an infn∈N{||xn||} > 0 kai up�rqei c > 0 ¸ste:

||
n∑
i=1

aixi|| ≤ cmax{a1, ..., an} gia k�je ai ≥ 0 kai n ∈ N. (2.1)
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Sto [13], sto parap�nw apotèlesma, h sunj kh (2.1) èqei thn akìloujh
morf 

||
n∑
i=1

aixi|| ≤ cmax{|a1|, ..., |an|} gia k�je ai ∈ R kai n ∈ N. (2.2)

Oi sunj kec (2.1) kai (2.2) eÐnai isodÔnamec. Pr�gmati, an upojèsoume
ìti h (2.1) isqÔei kai {ai} akoloujÐa pragmatik¸n arijm¸n tìte, an gia k�je
n jèsoume F+ = {i = 1, ..., n | ai ≥ 0}, F− = {i = 1, ..., n | ai < 0} èqoume:

||
n∑
i=1

aixi|| ≤ ||
∑
i∈F+

aixi||+ ||
∑
i∈F−

aixi|| = ||
∑
i∈F+

aixi||+ ||
∑
i∈F−

−aixi||

≤ c(max{ai | i ∈ F+}+ max{−ai | i ∈ F−}) ≤ 2cmax{|ai| |i = 1, ..n},

�ra h (2.1) sunep�getai thn (2.2).
'Estw {xn} basik  akoloujÐa tou q¸rou Banach X kai P = K{xn} o

jetikìc k¸noc pou par�getai apì thn {xn}. An gia k�je akoloujÐa jetik¸n
pragmatik¸n arijm¸n {ai ≥ 0 ∀i ∈ N}, isqÔei:

sup
n∈N
||

n∑
i=1

aixi|| < +∞⇒
∞∑
i=1

aixi ∈ X,

lème ìti h basik  akoloujÐa {xn} eÐnai boundedly complete ston P   jetik�
boundedly complete . H summing b�sh tou c0 eÐnai èna par�deigma mia b�shc
pou eÐnai jetik� boundedly complete kai ìqi boundedly complete ston X.

O James apèdeixe sto [23], ìti an X eÐnai q¸roc Banach me unconditio-
nal kai ìqi boundedly complete Schauder b�sh, tìte o c0 emfuteÔetai ston
X. 'Opwc èqoume parathr sei, se orologÐa k¸nwn mia Schauder b�sh {xn}
eÐnai unconditional an kai mìno an o K{xn} eÐnai generating kai normal. To
akìloujo apotèlesma eÐnai an�logo me tou James. Sugkekrimèna se sqèsh
me to Je¸rhma tou James, èqoume asjenèsterh sunj kh apì thn unconditio-
nal b�sh, apait¸ntac o K{xn} na eÐnai mìno normal, all� apaitoÔme thn pio
isqur  sunj kh h {xn} na mhn eÐnai jetik� boundedly complete. H apìdeixh
tou parak�tw eÐnai to kwnikì an�logo thc antÐstoiqhc apìdeixhc sto [23].
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Prìtash 2.21. 'Estw X q¸roc Banach me Schauder b�sh {xn}. An o
k¸noc K{xn} eÐnai normal kai h b�sh {xn} den eÐnai jetik� boundedly com-
plete, tìte up�rqei mia block basik  akoloujÐa {yn} thc {xn}, pou proèrqetai
apì jetikoÔc grammikoÔc sunduasmoÔc thc {xn}, pou eÐnai isodÔnamh me thn
kanonik  b�sh tou c0.

Apìdeixh. Epeid  h {xn} den eÐnai jetik� boundedly complete, up�rqei ako-
loujÐa {ai} jetik¸n pragmatik¸n arijm¸n, tètoia ¸ste

||
n∑
i=1

aixi|| ≤M, gia k�je n ∈ N,

kai h seir�
∑∞

i=1 aixi den sugklÐnei. 'Ara up�rqei austhr� aÔxousa akoloujÐa

{qn} tou N tètoia ¸ste infn∈N ||
∑qn+1−1

i=qn
aixi|| = d > 0. An c eÐnai h stajer�

tou normal k¸nou P , èqoume:

||
q2−1∑
i=q1

aixi|| ≤ c||
q2−1∑
i=1

aixi||,

epomènwc mporoÔme na upojèsoume ìti q1 = 1. Tìte h akoloujÐa yn =∑qn+1−1
i=qn

aixi, eÐnai block basik  akoloujÐa thc {xn}, me

||
n∑
i=1

yi|| = ||
qn+1−1∑
i=1

aixi|| ≤M,

gia k�je n ∈ N. Epomènwc gia k�je n ∈ N kai β1, ..., βn ∈ R+ èqoume:

0 ≤
n∑
i=1

βiyi ≤ max{β1, ..., βn}
n∑
i=1

yi,

�ra

||
n∑
i=1

βiyi|| ≤ cmax{β1, ..., βn}||
n∑
i=1

yi|| ≤ cM max{β1, ..., βn},

kai apì to Je¸rhma 2.20, èqoume ìti h {yn} eÐnai isodÔnamh me thn kanonik 
b�sh tou {c0}.
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'Estw {xn} akoloujÐa se ènan q¸ro Banach X. To sÔnolo

cone{xn} = {
n∑
i=1

λixi | n ∈ N, λi ∈ R+}

eÐnai o k¸noc pou par�getai apì th {xn} kai o cone{xn} eÐnai o kleistìc k¸-
noc pou par�gei h {xn}. H akoloujÐa y1 = x1 kai yn+1 = xn+1−xn gia k�je
n ≥ 1 eÐnai h akoloujÐa diafor�c thc {xn}. 'Estw {xn} basik  akoloujÐa, lè-
me ìti h {xn} eÐnai tÔpou p, an infn∈N ||xn|| > 0 kai supn∈N ||

∑n
i=1 xi|| < +∞

kai ìti h {xn} eÐnai tÔpou p∗ an ta sunarthsiak� suntetagmènwn {x∗n} thc
{xn} basik  akoloujÐa tÔpou p. An supn∈N{||xn||} < ∞, tìte h {xn} eÐnai
tÔpou p∗ an kai mìno an h akoloujÐa diafor�c thc {xn} eÐnai tÔpou p([59],
Chap. II, Theorem 9.2). H {xn} eÐnai strongly summing, an eÐnai w-Cauchy
kai gia k�je akoloujÐa pragmatik¸n arijm¸n {ci}, èqoume ìti:

sup
n∈N
||

n∑
i=1

cixi|| < +∞⇒
∞∑
i=1

ci up�rqei.

Shmei¸noume, ìti k�je strongly summing basik  akoloujÐa {xn} eÐnai tÔpou
p∗, epeid  h akoloujÐa diafor¸n thc {xn} eÐnai tÔpou p([55], Proposition 2.1,
Definition 2.1-2.2).

Sthn apìdeixh tou akìloujou apotelèsmatoc qrhsimopoioÔme, ta klas-
sik� `1 kai c0 Jwr mata tou Rosenthal([54], [55]) kai epÐshc to akìloujo
apotèlesma twn Casini, Miglierina apì to [16]: An o P eÐnai kleistìc k¸noc
enìc q¸rou Banach kai eÐnai isomorfikìc me ton `+1 , tìte o P eÐnai mixed
based k¸noc.

Je¸rhma 2.22. 'Estw T isomorfismìc tou `+1 epÐ tou kleistoÔ k¸nou P ,
enìc q¸rou Banach X kai xn = T (en) gia k�je n. An o kleistìc k¸noc
pou par�gei h akoloujÐa diafor�c {yn} thc {xn} eÐnai normal, tìte o c0

emfuteÔetai ston X.

Apìdeixh. Epeid  o T eÐnai isomorfismìc tou `+1 epÐ tou P , tìte up�rqoun
A,B > 0 tètoioi ¸ste
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A||ξ|| ≤ ||T (ξ)|| ≤ B||ξ||, gia k�je ξ ∈ `+1 ,

epomènwc A ≤ ||xn|| ≤ B gia k�je n. Ja deÐxoume arqik� ìti h {xn}
den eÐnai w-sugklÐnousa. Upojètoume ìti xn

w−→ x0. Tìte x0 ∈ cow{xn} =
co{xn}, �ra T−1(x0) ∈ co{en} kai co{en} eÐnai to jetikì tm ma thc sfaÐrac
tou `1, �ra x0 6= 0. SÔmfwna me to ([16], Theorem 4.5), up�rqei x∗ ∈ X∗,
pou orÐzei mia mh fragmènh b�sh ston P . Tìte epeid  x∗(xn)→ x∗(x0) > 0,
èqoume ìti x∗(xn) ≥ a > 0 gia k�je n, epeid  x0 ∈ P \ {0} kai x∗ austhr�
jetikì ston P . Gia k�je x = T (ξ) ∈ P , ìpou ξ = (ξi) ∈ `+1 , èqoume
x =

∑∞
i=1 ξixi, epomènwc

x∗(x) = x∗(

∞∑
i=1

ξixi) ≥ a
∞∑
i=1

ξi = a||ξ|| ≥ a

B
||x||.

'Ara to x∗ eÐnai uniformly monotonic ston P , epomènwc apì thn Prìtash
1.10, to x∗ orÐzei mia fragmènh b�sh ston P , pou eÐnai �topo. Sunep¸c h xn
den eÐnai w- sugklÐnousa. Apì to `1 kai c0 Je¸rhma tou Rosenthal, èqoume
ìti, èna apì ta akìlouja isqÔei:(i) h {xn} èqei upakoloujÐa isodÔnamh me thn
kanonik  b�sh tou `1,   (ii)h {xn} èqei mia strongly summing upakoloujÐa,  
(iii) h {xn} èqei mia kurt  block basik  akoloujÐa isodÔnamh me thn summing
b�sh tou c0. Sthn perÐptwsh pou isqÔei, to (iii), tìte o isqurismìc eÐnai
alhj c. An to (i)   to (ii) isqÔei, tìte up�rqei upakoloujÐa {xkn} thc {xn},
pou eÐnai tÔpou p∗. An zn eÐnai h akoloujÐa diafor�c thc {xkn}, tìte h
{zn} eÐnai basik  akoloujÐa tÔpou p. EpÐshc, parathroÔme ìti K = K{zn}
perièqetai ston cone{yn}, diìti:

zn = xkn − xkn−1 =

kn∑
i=kn−1+1

yi ∈ cone{yn},

gia k�je n, epomènwc o K wc upok¸noc tou normal k¸nou, cone{yn}
eÐnai normal. AkoloÔjwc, ja deÐxoume ìti h {zn} eÐnai isodÔnamh me thn
kanonik  b�sh tou c0. Pr�gmati, infn∈N ||zn|| > 0 kai ||

∑n
i=1 zi|| ≤ M, gia

k�je n, diìti {zn} eÐnai basik  akoloujÐa tÔpou p. 'Ara gia k�je n ∈ N kai
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a1, ..., an ≥ 0 èqoume:

0 ≤
n∑
i=1

aizi ≤ max{a1, ..., an}
n∑
i=1

zi,

ìpou ≤ eÐnai h di�taxh pou dÐnei o k¸noc K, �ra

||
n∑
i=1

aizi|| ≤ cM max{a1, ..., an},

diìti o K eÐnai normal. Apì to Je¸rhma 2.20, èqoume to zhtoÔmeno.

2.3 K¸noi kai q¸roi Grothendieck

'Estw X q¸roc Banach, lème ìti o X eÐnai Grothendieck, an k�je w∗ mh-
denik  akoloujÐa tou X∗ eÐnai w mhdenik . O orismìc autìc dìjhke proc
tim  tou Alexander Grothendieck, o opoÐoc sthn prwtoporiak  ergasÐa [22],
èbale ta jemèlia gia thn melèth aut¸n twn q¸rwn. Gia thn sqèsh metaxÔ
twn asjen¸n sumpag¸n telest¸n kai twn q¸rwn Grothendieck anafèrou-
me thn diplwmatik  ergasÐa [2]. Profan¸c k�je anaklastikìc q¸roc eÐnai
Grothendieck q¸roc kai k�je mh anaklastikìc diaqwrÐsimoc q¸roc, den eÐnai
Grothendieck. Sthn paroÔsa par�grafo ja d¸soume ènan kwnikì qara-
kthrismì twn q¸rwn Grothendieck sto pneÔma twn kwnik¸n qarakthrism¸n
thc anaklastikìthtac kai ja apodeÐxoume thn Grothendieck idiìthta gia mia
sugkekrimènh kathgorÐa diatetagmènwn q¸rwn Banach. To apotèlesma autì
genikeÔei to basikì apotèlesma tou [57], se diatetagmènouc q¸rouc pou den
èqoun lattice dom .

Gia thn diatÔpwsh tou kwnikoÔ qarakthrismoÔ twn q¸rwn Grothendie-
ck, ja qrhsimopoi soume mia hminìrma pou orÐzetai apì k¸no, thn opoÐa ja
melet soume akoloÔjwc.

'Estw X q¸roc me nìrma, P k¸noc tou X∗, B+
X∗ = BX∗ ∩ P to jetikì

tm ma thc monadiaÐac mp�lac tou X∗ kai V = co(B+
X∗ ∪ (−B+

X∗)). Gia k�je
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x ∈ X, jètoume
dP (x) = sup

x∗∈V
x∗(x).

Epeid  V eÐnai uposÔnolo thc BX∗ , èqoume ìti dP (x) ∈ R kai

dP (x) ≤ ||x|| gia k�je x ∈ X.

EÐnai eÔkolo na deÐxoume ìti

dP (x) = sup
x∗∈B+

X∗

|x∗(x)|.

H sun�rthsh dP eÐnai mia hminìrma ston X. H dP exart�tai apì ton k¸no P ,
gia autì ja lème ìti h dP eÐnai hminìrma pou orÐzetai apì ton k¸no P . An h
dP eÐnai nìrma ston X ja thn sumbolÐzoume me || · ||P .

Prìtash 2.23. 'Estw dP hminìrma tou X pou orÐzetai apì ton k¸no P ⊆
X∗, ta epìmena eÐnai isodÔnama:

(i) dP eÐnai nìrma tou X.

(ii) o upìqwroc Y = P − P tou X∗ diaqwrÐzei ta shmeÐa tou X.

Apìdeixh. Gia k�je x ∈ X èqoume:

dP (x) = 0⇔ x∗(x) = 0 gia k�je x∗ ∈ B+
X∗ ⇔

x∗(x) = 0 gia k�je x∗ ∈ P ⇔ x∗(x) = 0 gia k�je x∗ ∈ Y,
epomènwc ta (i), (ii) eÐnai isodÔnama.

Prìtash 2.24. 'Estw P k¸noc tou X∗. An Y = P − P eÐnai norming
ston X kai o P dÐnei open decomposition ston Y , tìte h dP eÐnai nìrma tou
X, isodÔnamh me th nìrma tou X.

Apìdeixh. O Y diaqwrÐzei ta shmeÐa tou X, epeid  eÐnai norming ston X, �ra
dP eÐnai nìrma tou X. An ρBY ⊆ B+

Y −B
+
Y , tìte gia k�je x ∈ X èqoume:

ρ sup
x∗∈BY

x∗(x) ≤ sup
x∗∈B+

Y

x∗(x) + sup
x∗∈(−B+

Y )

x∗(x) ≤ 2 sup
x∗∈B+

Y

|x∗(x)|,

�ra ρ||x|| ≤ 2||x||P , epomènwc oi nìrmec eÐnai isodÔnamec.
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Sto akìloujo par�deigma oi || · || kai || · ||P den eÐnai isodÔnamec.

Par�deigma 2.25. 'Estw X = `1, tìte X
∗ = `∞, h akoloujÐa bn =∑n

i=1 ei eÐnai basik  akoloujÐa tÔpou `+ ston `∞ kai èstw P o k¸noc pou
par�getai apì thn {bn}, tìte to sÔnolo

B = {x∗ =

∞∑
i=1

ξibi | ξ ∈ `+1 , ||ξ|| = 1},

eÐnai mia fragmènh b�sh tou P kai parathroÔme ìti B = S+ eÐnai to jetikì
komm�ti thc monadiaÐac sfaÐrac tou X∗. EpÐshc parathroÔme ìti Y = P −P
diaqwrÐzei ta shmeÐa tou X, �ra h dP eÐnai nìrma ston X, pou thn sumbolÐ-
zoume me || · ||P . Tìte ||x|| ≥ ||x||P gia k�je x ∈ `1. 'Estw ìti oi nìrmec eÐnai
isodÔnamec. Tìte up�rqei A > 0 ètsi ¸ste

||x||P ≥ A||x|| gia k�je x ∈ `1.

Gia k�je x∗ =
∑∞

i=1 ξibi ∈ B èqoume ìti x∗ = (
∑∞

i=n ξi)n∈N ∈ c
+
0 . EpÐshc

gia k�je x = (xi) ∈ `1 èqoume ìti:

x∗(x) =

∞∑
n=1

(

∞∑
i=n

ξi)xn = (

∞∑
i=1

ξi)x1 + (

∞∑
i=2

ξi)x2 + ...

Epeid 
∑∞

i=1 ξi = 1, èqoume:

x∗(x) = x1 + (1− ξ1)x2 + (1− (ξ1 + ξ2))x3 + ...

=
∞∑
i=1

xi − (
∞∑
i=2

xi)ξ1 − (
∞∑
i=3

xi)ξ2 − ...

= (

∞∑
i=1

xi,

∞∑
i=2

xi,

∞∑
i=3

xi, ...) · (1,−ξ1,−ξ2, ...) = ζ(η),

ìpou ζ ∈ c0 kai η ∈ `1. Sunep¸c |x∗(x)| = |ζ(η)| ≤ ||ζ||||η|| = 2||ζ||, �ra

|x∗(x)| ≤ 2 sup
n∈N
{|
∞∑
i=n

xi|}.
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Apì ton orismì thc || · ||P , gia k�je x ∈ `1 up�rqei x∗ =
∑∞

i=1 ξibi, ìpou
ξ ∈ `+1 , ||ξ|| = 1, ètsi ¸ste

2 sup
n∈N
{|
∞∑
i=n

xi|} ≥ |x∗(x)| ≥ A||x||.

'Estw ìti x = ( (−1)i+1

ωi
)i∈N = (xi) ∈ `1, ìpou ω ∈ (1, 2). Tìte ||x|| = 1

ω−1 kai
gia k�je n ∈ N èqoume ìti:

|
∞∑
i=n

xi| = |
∞∑
i=n

x+
i −

∞∑
i=n

x−i | =
1

ωn−1(ω + 1)
.

Epomènwc èqoume supn∈N{|
∑∞

i=n xi|} =
∑∞

i=1 xi = 1
ω+1 . 'Ara

2
1

ω + 1
≥ A 1

ω − 1
⇒ 2

A
≥ ω + 1

ω − 1
gia k�je ω ∈ (1, 2).

Sunep¸c 2
A = +∞, �topo.

'Estw X diatetagmènoc apì ton k¸no K. Lème ìti to x0 ∈ K eÐnai quasi
interior point tou X wc proc thn dP an to ide¸dhc ∪∞n=1[−nx0, nx0] pou
par�gei to x0, eÐnai dP -puknì ston X. SumbolÐzoume me QP (K) to sÔnolo
twn quasi interior points tou X wc proc thn dP .

Prìtash 2.26. 'Estw X q¸roc me nìrma, P k¸noc tou X∗ kai X diate-
tagmènoc apì ton k¸no P0. An x0 ∈ QP (P0), tìte to x0 eÐnai austhr� jetikì
ston P .

Apìdeixh. 'Estw x∗(x0) = 0 gia k�poio x∗ ∈ B+
X∗ , x

∗ 6= 0. Tìte gia k�je
x ∈ X kai ε > 0 up�rqei y ∈ [−nx0, nx0] ètsi ¸ste dP (x − y) < ε, �ra
|x∗(x− y)| < ε apì ton orismì thc dP .

'Ara èqoume ìti |x∗(x)| ≤ |x∗(x − y)| + |x∗(y)|. To x∗ eÐnai jetikì ston
P0, epomènwc epeid  −nx0 ≤ y ≤ nx0 èqoume ìti x∗(y) = 0. 'Ara |x∗(x)| ≤ ε
gia k�je ε > 0, dhlad  x∗(x) = 0 gia k�je x ∈ X, �topo diìti x∗ 6= 0.
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Sto epìmeno apotèlesma dÐnoume ènan kwnikì qarakthrismì twn Gro-
thendieck q¸rwn. Gia to eujÔ komm�ti thc apìdeixhc qrhsimopoi same mia
teqnik  tou I. Polyrakis pou qrhsimopoi jhke sto [41] kai gia to antÐstrofo
to Je¸rhma 2.15.

Je¸rhma 2.27. O q¸roc Banach X den eÐnai Grothendieck an kai mìno
an up�rqei well-based k¸noc P tou X∗ ¸ste

int(P0) = ∅ kai QP (P0) 6= ∅.

Apìdeixh. 'Estw ìti up�rqei well-based k¸noc P tou X∗ tètoioc ¸ste
int(P0) = ∅ kai QP (P0) 6= ∅. Epeid  o P eÐnai well-based, up�rqei f ∈
int(P 0), tìte h b�sh Bf tou P pou orÐzetai apì ton P eÐnai fragmènh.

Ja deÐxoume ìti 0 ∈ Bf
w∗
. An upojèsoume ìti 0 6∈ Bf

w∗
, tìte up�rqei

x ∈ X pou diaqwrÐzei to 0 kai to Bf . EÐnai eÔkolo na deÐxoume ìti to x eÐnai
austhr� jetikì ston P kai ìti h b�sh pou orÐzei ston P eÐnai fragmènh, tìte
x ∈ int(P0) = ∅, to opoÐo eÐnai �topo. Ja deÐxoume ìti up�rqei akoloujÐa

{x∗n} ⊆ Bf tètoia ¸ste x∗n
w∗−−→ 0. 'Estw x0 ∈ QP (P0), epeid  0 ∈ Bf

w∗

èqoume ìti 0 ∈ nBf
w∗

gia k�je n ∈ N, �ra up�rqei y∗n ∈ nBf me y∗n(x0) < 1.

Tìte x∗n = y∗n
n ∈ Bf . Ja deÐxoume ìti x∗n

w∗−−→ 0. 'Estw x ∈ X kai ε > 0.
Epeid  x0 ∈ QP (P0), up�rqei n0 ∈ N kai z ∈ [−n0x0, n0x0] tètoio ¸ste
dP (z − x) < ε. Tìte parathroÔme ìti gia k�je n ∈ N èqoume ìti |x∗n(z)| ≤
n0x

∗
n(x0) ≤ n0

n . Epomènwc katal goume ìti

|x∗n(x)| ≤ |x∗n(x− z)|+ |x∗n(z)| ≤ dP (x− z) +
n0

n

< ε+
n0

n
gia k�je n ∈ N.

'Ara x∗n
w∗−−→ 0. Epeid  f(x∗n) = 1 èqoume ìti o X den eÐnai Grothendieck.

'Estw ìti o X den eÐnai Grothendieck. Tìte apì to Je¸rhma 2.15 up�rqei
(c∗n, b

∗
n) disorjog¸nio sÔsthma me cn ∈ X, b∗n ∈ X∗, tètoio ¸ste {b∗n} eÐnai

kanonikopoihmènh basik  akoloujÐa tÔpou `+ me b∗n
w∗−−→ 0. 'Estw P = K{b∗n},

apì thn Prìtash 2.16, èqoume ìti int(P0) = ∅. Epeid  h {b∗n} eÐnai tÔpou `+,
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up�rqei isomorfismìc T tou `+1 epÐ tou P me T (ei) = b∗i , èstw ìti A||ξ|| ≤
||T (ξ)|| ≤ M ||ξ|| gia k�je ξ ∈ `+1 . Tìte h B = T (S+

`1
), eÐnai fragmènh b�sh

tou k¸nou P me A ≤ ||x∗|| ≤M gia k�je x∗ ∈ B. 'Estw

x0 =

∞∑
i=1

ci
2i||ci||

.

Ja deÐxoume ìti x0 ∈ QP (P0). 'Estw x ∈ X kai ε > 0. Gia k�je y∗ =∑∞
i=1 aib

∗
i , èqoume ìti

∑∞
i=1 ai = 1. Epeid  b∗n

w∗−−→ 0, up�rqei n0 ∈ N, ¸ste
|b∗n(x)| < ε gia k�je n ≥ n0. Jètoume

y =

n0∑
i=1

b∗i (x)ci.

Tìte eÐnai eÔkolo na doÔme ìti y ∈ ∪∞n=1[−nx0, nx0] kai ìti |b∗i (x − y)| < ε
gia k�je i ∈ N. Gia k�je y∗ =

∑∞
i=1 aib

∗
i ∈ B èqoume ìti

|y∗(x− y)| = |
∞∑
i=1

aib
∗
i (x− y)| ≤

∞∑
i=1

ai|b∗i (x− y)| < ε

∞∑
i=1

ai = ε.

Epomènwc supy∗∈B |y∗(x − y)| ≤ ε. Epeid  A ≤ ||y∗|| gia k�je y∗ ∈ B
up�rqei y∗ ∈ B tètoio ¸ste x∗ = λy∗ ìpou 0 < λ ≤ 1, �ra dP (x − y) < ε

A
kai x0 ∈ QP (P0).

Pìrisma 2.28. 'Estw X AM -Banach lattice. An int(X+) = ∅ kai o X+

èqei quasi interior points wc prìc thn norm topologÐa, tìte o X den eÐnai
Grothendieck.

Apìdeixh. O jetikìc k¸noc P = X∗+ eÐnai well-based k¸noc epeid  X∗ eÐnai
AL-q¸roc. Tìte P0 = X+. SÔmfwna me thn Prìtash 2.24, oi ||·||, ||·||P eÐnai
isodÔnamec, �ra o X+ èqei quasi interior points wc prìc thn || · ||P kai �ra
apì to prohgoÔmeno Je¸rhma èqoume ìti o X den eÐnai Grothendieck.

O Alexander Grothendieck apèdeixe sto [22], ìti an E = C(K), ìpou K
sumpag c, Hausdorff kai Stonian q¸roc, tìte k�je w∗ mhdenik  akoloujÐa
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tou E∗ eÐnai kai w mhdenik , epomènwc ìpwc eÐpame sthn arq  thc paragr�fou
o E sthn shmerin  orologÐa eÐnai q¸roc Grothendieck. SÔmfwna me to Je¸-
rhma anapar�stashc tou Kakutani(Je¸rhma 1.28, [37], Proposition 2.1.4) to
parap�nw apotèlesma mporeÐ na diatupwjeÐ wc ex c: K�je Dedekind com-
plete AM -Banach lattice me diataktik  mon�da eÐnai q¸roc Grothendieck. O
Seever apèdeixe sto [57] ìti k�je AM -Banach lattice me diataktik  mon�da
pou èqei thn Countable Interpolation Property eÐnai q¸roc Grothendieck.
Sugkekrimèna o Seever, beltÐwse to apotèlesma tou Grothendieck, antikaji-
st¸ntac thn Dedekind complete idiìthta tou q¸rou me thn asjenèsterh CIP.
EpÐshc o Lotz, sto �rjro [35] tou 1986, pou eÐde to fwc thc dhmosiìthtac
prìsfata, antikatèsthse thn Ôparxh diataktik c mon�dac sto apotèlesma
tou Seever me k�poiec asjenèsterec sunj kec gia thn nìrma ton E. Sta [15]
kai [18] oi Burkinshaw kai Dodds, antÐstoiqa èqoun melet sei thn σ(E∼, E)
akoloujiak  sÔgklish ston diataktikì duðkì tou vector lattice E. Sta akì-
louja, [50], Je¸rhma 2.37, ja deÐxoume ìti to apotèlesma tou Seever isqÔei
qwrÐc na upojètoume ìti o E èqei lattice dom . Sugkekrimèna ja deÐxoume
ìti k�je diatetagmènoc q¸roc Banach me kleistì kai normal k¸no pou èqei
diataktik  mon�da kai thn CIP eÐnai q¸roc Grothendieck. EpÐshc sto Par�-
deigma 2.40, ja deÐxoume thn Ôparxh enìc diatetagmènou q¸rou Banach, pou
ikanopoieÐ tic upojèseic autoÔ tou apotelèsmatoc kai den èqei lattice dom .

Se aut  thn enìthta ja sumbolÐzoume me E ènan diatetagmèno q¸ro. H
ènnoia thc l1-akoloujÐac tou E kai tou equi-l1 continuous uposunìlou tou
E∼ orÐsthke apì ton O. Burkinshaw sthn perÐptwsh pou o E eÐnai vector
lattice. Sta akìlouja ja qrhsimopoi soume autèc tic ènnoiec sthn perÐptwsh
pou o E eÐnai diatetagmènoc q¸roc.

Orismìc 2.29. Mia akoloujÐa {xn} ⊆ E, lème ìti eÐnai l1 akoloujÐa an
up�rqei x ∈ E+ kai {bn} ⊆ E+ tètoia ¸ste −bn ≤ xn ≤ bn kai

∑n
i=1 bi ≤ x

gia k�je n ∈ N.

Gia k�je σ(E∼, E)-fragmèno sÔnolo A tou E∼, sumbolÐzoume me ρA(x)
thn akìloujh hminìrma ston E:

ρA(x) = sup{|y(x)| | y ∈ A}, gia k�je x ∈ E.
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Orismìc 2.30. To A ⊆ E∼ eÐnai equi-l1 continuous an to A eÐnai
σ(E∼, E)-fragmèno kai lim

n→∞
ρA(xn) = 0 gia k�je l1-akoloujÐa {xn} tou E.

Prìtash 2.31. 'Estw A eÐnai σ(E∼, E)-fragmèno uposÔnolo tou E∼. An
lim
n→∞

ρA(xn) = 0 gia k�je jetik  l1 akoloujÐa {xn} tou E, tìte to A eÐnai

equi-l1 continuous.

Apìdeixh. 'Estw {xn} l1-akoloujÐa tou E. Tìte up�rqei {bn} ⊆ E+ kai
x ∈ E+ tètoia ¸ste −bn ≤ xn ≤ bn kai

∑n
i=1 bi ≤ x gia k�je n ∈ N. EpÐshc

{xn + bn} eÐnai mia jetik  l1-akoloujÐa, giatÐ
∑n

i=1(xi + bi) ≤
∑n

i=1 bi +x ≤
2x, gia k�je n ∈ N. Epomènwc ρA(xn) = ρA((xn+bn)−bn) ≤ ρA(xn+bn)+
ρA(bn) kai apì thn upìjesh mac èqoume ìti lim

n→∞
ρA(xn) = 0.

An E eÐnai vector lattice to solid hull enìc sunìlou A tou E, Sol(A),
eÐnai to el�qisto solid sÔnolo tou E, pou perièqei to A. To sÔnolo B tou
E eÐnai solid an x ∈ B, |y| ≤ |x| ⇒ y ∈ B.
Prìtash 2.32. 'Estw E = E+−E+ èqei thn Riesz Interpolation Property.
An A uposÔnolo tou E∼ kai Sol(A) eÐnai σ(E∼, E)-fragmèno, èqoume ìti:
To sÔnolo A eÐnai equi-l1 continuous an kai mìno an to Sol(A) eÐnai equi-l1

continuous.

Apìdeixh. An to B = Sol(A) eÐnai equi-l1 continuous, tìte to A eÐnai equi-l1

continuous. 'Estw ìti A eÐnai equi-l1 continuous kai to B den eÐnai equi-l1

continuous, tìte apì thn prohgoÔmenh prìtash up�rqei {xn}, jetik  l1-
akoloujÐa tètoia ¸ste ρB(xn) > ε gia k�je n ∈ N, �ra up�rqei {zn} ⊆ B
tètoia ¸ste |zn(xn)| > ε gia k�je n. Epeid  B = Sol(A), up�rqei akoloujÐa
{yn} tou A tètoia ¸ste |zn| ≤ |yn|, epomènwc

|yn|(xn) ≥ |zn|(xn) ≥ |zn(xn)| > ε,

apì thn Riesz Kantorovich fìrmoula, èqoume:

|yn|(xn) = sup{yn(u) | − xn ≤ u ≤ xn}.
'Ara up�rqei {un} akoloujÐa tou E tètoia ¸ste −xn ≤ un ≤ xn kai

yn(un) ≥ ε gia k�je n. Autì eÐnai �topo, diìti {un} eÐnai l1 akoloujÐa kai
A eÐnai equi-l1 continuous.
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Prìtash 2.33. An A ⊆ E∼ kai A eÐnai σ(E∼, E) fragmèno, ta epìmena
eÐnai isodÔnama

(i) A eÐnai equi-l1 continuous,

(ii) K�je diataktik� fragmènh kai aÔxousa akoloujÐa tou E eÐnai
ρA-Cauchy.

Apìdeixh. (i) ⇒ (ii) :'Estw ìti h (ii) den isqÔei. Tìte up�rqei diataktik�
fragmènh kai aÔxousa akoloujÐa {xm} tou E pou den eÐnai ρA-Cauchy. 'Ara
up�rqei ε > 0 kai austhr� aÔxousa akoloujÐa {mn} tou N tètoia ¸ste:

ρA(xmn+1 − xmn) > ε gia k�je n ∈ N (2.3)

'Estw ìti h {xm} kuriarqeÐte apì to x. H akoloujÐa yn = xmn+1−xmn eÐnai
l1 akoloujÐa diìti 0 ≤

∑n
i=1 yi = xmn+1 − xm1 ≤ x− xm1 , gia k�je n. Apì

thn (2.3), èqoume ìti ρA(yn) > ε gia k�je n, to opoÐo eÐnai �topo.
(ii) ⇒ (i) :'Estw {xn} jetik , l1 akoloujÐa. Tìte h akoloujÐa yn =∑n
i=1 xi eÐnai diataktik� fragmènh kai aÔxousa, epomènwc apì thn (ii) eÐnai

ρA-Cauchy. Epomènwc èqoume lim ρA(xn) = lim ρA(yn − yn−1) = 0, �ra to
A eÐnai equi-l1 continuous.

O topologikìc duðkìc tou `∞ eÐnai to eujÔ �jroisma

`∗∞ = `1 ⊕ `d1,

ìpou `d1 eÐnai to diataktik� orjog¸nio sumpl rwma tou `1 ston `
∗
∞. 'Ara k�je

x ∈ `∗∞ eÐnai to �jroisma x = x1 + x2, ìpou to x1 ∈ `1 kai to x2 ∈ `d1. Apì
to l mma tou Phillips( [7], Theorem 4.67) èqoume ìti an {xn} akoloujÐa tou

`∗∞ me xn
w∗−−→ 0, tìte x1

n
||·||−−→ 0.

Je¸rhma 2.34. 'Estw E diatetagmènoc q¸roc Banach me kleistì, normal
kai generating k¸no E+. An o E èqei thn Countable Interpolation Property

kai {x∗n} eÐnai akoloujÐa tou E∗ tètoia ¸ste x∗n
w∗−−→ 0, tìte to sÔnolo A =

{x∗n} eÐnai equi-l1 continuous.
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Apìdeixh. ParathroÔme ìti E∼ = E∗ kai ìti to A eÐnai fragmèno. 'Estw ìti
to A den eÐnai equi-l1 continuous, tìte up�rqei jetik  akoloujÐa l1, {xn}
tou E ¸ste ρA(xn) > ε gia k�je n. Epeid  {xn} eÐnai jetik  l1 akoloujÐa,
up�rqei x ∈ E+, tètoio ¸ste

0 ≤
n∑
i=1

xi ≤ x gia k�je n. (2.4)

EpÐshc apì thn sqèsh ρA(xn) > ε gia k�je n up�rqei fusikìc arijmìc kn
¸ste |x∗kn(xn)| > ε. Bebai¸noume ìti to sÔnolo K = {kn | n ∈ N} eÐnai
�peiro, epeid  an upojèsoume ìti eÐnai peperasmèno prokÔptei �topo, diìti:
0 ≤ |x∗kn |(

∑n
i=1 xi) ≤ |x∗kn |(x), �ra lim

i→∞
|x∗kn |(xi) = 0 gia k�je kn. 'Ara

up�rqei i0 ∈ N ètsi ¸ste |x∗kn(xi)| ≤ |x∗kn |(xi) < ε gia k�je i ≥ i0 kai
kn ∈ K. 'Ara to K eÐnai �peiro, epomènwc up�rqei upakoloujÐa thc {x∗n}
pou sumbolÐzoume p�li {x∗n} tètoia ¸ste:

|x∗n(xn)| > ε, gia k�je n. (2.5)

'Estw

φ =
∞∑
i=1

|x∗i |
2i
,

Iφ = ∪∞n=1[−nφ, nφ] to ide¸dhc pou par�getai apì to φ kai M = {x ∈
E |x∗(x) = 0 , gia k�je x∗ ∈ Iφ}. Ja orÐsoume akoloÔjwc ènan jetikì
telest  T : `∞ → E/M . Gia k�je a = (ai) ∈ `+∞ jètoume fan =

∑n
i=1 aixi

gia k�je n ∈ N. Apì thn sqèsh (2.5), fan ≤ ||(ai)||x, epomènwc to sÔnolo
twn �nw fragm�twn

Ua = {w ∈ E | fan ≤ w gia k�je n}

tou {fan} eÐnai mh kenì. Ja deÐxoume ìti to φ periorismèno sto Ua paÐrnei
el�qisth tim  se èna uposÔnola Sa tou Ua kai gia k�je A ⊆ Ua peperasmèno,
up�rqei v ∈ Sa me A ≥ {v}. Pr�gmati, an {gn} ⊆ Ua tètoio ¸ste

inf{φ(gn) | n ∈ N} = inf{φ(w) | w ∈ Ua},
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apì thn CIP up�rqei u ∈ E me fan ≤ u ≤ gn gia k�je n, epomènwc u ∈ Sa.
EpÐshc gia k�je A ⊆ Ua èqoume A ∪ {u} ≥ {fan}, ìpou u ∈ Sa epomènwc
up�rqei v ∈ E tètoio ¸ste A ∪ {u} ≥ {v} ≥ {fan}, �ra v ∈ Sa. 'Estw
π : E → E/M me π(x) = x+M h apeikìnish phlÐko. Gia k�je a = (ai) ∈ `+∞,
jètoume

T (a) = π(u), ìpou u ∈ Sa.

Ja deÐxoume ìti π(u) = π(v) gia k�je u, v ∈ Sa, epomènwc o T eÐnai kal�
orismènoc. Arqik� parathroÔme ìti Ker(φ) ∩ E+ = M ∩ E+ kai ìti Sa ⊆
E+. Epeid  u, v ∈ Ua up�rqei w ∈ Sa me u, v ≥ w. 'Ara u − w, v − w ∈
Ker(φ) ∩ E+ ⊆M , epomènwc u− v = (u− w)− (v − w) ∈M kai o T eÐnai
kal� orismènoc. Ja deÐxoume ìti o T eÐnai jetik� omogen c kai prosjetikìc.
'Estw

a = (ai), b = (bi) ∈ `+∞, T (a) = π(u), T (b) = π(v) kai T (a+ b) = π(z).

EÐnai eÔkolo na deÐxoume ìti Uλa = λUa gia k�je λ > 0, epomènwc o T
eÐnai jetik� omogen c. Epeid  Ua + Ub ⊆ Ua+b, èqoume ìti u + v ∈ Ua+b,
�ra φ(u + v) ≥ φ(z). EpÐshc z ≥ fan + f bm gia k�je n,m giatÐ an n ≥
m, z ≥ fa+b

n = fan + f bn ≥ fan + f bm. Epomènwc up�rqei h ∈ E tètoio ¸ste
z − fan ≥ h ≥ f bm gia k�je n,m. 'Ara h ∈ Ub, epomènwc up�rqei w ∈ Sb,
tètoio ¸ste z− fan ≥ h ≥ w gia k�je n. 'Ara èqoume z−w ≥ fan gia k�je n,
epomènwc z−w ∈ Ua kai �ra up�rqei p ∈ Sa tètoio ¸ste z−w ≥ p. Sunep¸c
èqoume φ(z) ≥ φ(w) + φ(p) = φ(u + v). 'Ara T (a + b) = T (a) + T (b). Gia
k�je a ∈ `∞, jètoume T (a) = T (a+) − T (a−). To π(E+) eÐnai kleistì,
epeid  h apeikìnish phlÐko eÐnai anoikt . EpÐshc to π(E+) eÐnai oxÔc k¸noc,
diìti an upojèsoume ìti ±w ∈ π(E+), tìte èqoume ìti w = π(x),−w = π(y),
ìpou x, y ∈ E+, tìte π(x + y) = π(0). 'Ara èqoume ìti x + y ∈ M ∩ E+,
epomènwc φ(x + y) = 0 to opoÐo sunep�getai ìti φ(x) = φ(y) = 0 giatÐ
x, y ∈ E+. 'Ara x, y ∈ Ker(φ) ∩ E+ = M ∩ E+ kai w = π(x) = 0. Apì
to je¸rhma tou Lozanovsky, èqoume ìti o T eÐnai suneq c. EpÐshc gia k�je
n ∈ N èqoume ìti T (en) = π(xn). Oi q¸roi (E/M)∗ kaiM⊥ eÐnai isometrikoÐ
me x∗(π(x)) = x∗(x) gia k�je x∗ ∈ M⊥. Shmei¸noume ìti x∗n ∈ M⊥, diìti
|x∗n|
2n ≤ φ gia k�je n kai Iφ ⊆ M⊥. EpÐshc T ∗(x∗n)

w∗−−→ 0, epeid  o T ∗ eÐnai
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w∗ − w∗ suneq c. Apì to l mma tou Phillips èqoume ìti

(T ∗(x∗n))1 ||·||−−→ 0, (2.6)

�ra èqoume:

x∗n(xn) = T ∗(x∗n)(en) = (T ∗(x∗n))1(en) + (T ∗(x∗n))2(en) = (T ∗(x∗n))1(en),

giatÐ (T ∗(x∗n))2(en) = 0 gia k�je n. Apì thn (2.5), èqoume ìti
|(T ∗(x∗n))1(en)| > ε to opoÐo antibaÐnei me thn (2.6).

L mma 2.35. 'Estw E diatetagmènoc q¸roc me thn CIP kai {xn} akoloujÐa
tou E+.

(i) An h akoloujÐa {xn} kuriarqeÐte apì to x ∈ E, up�rqei aÔxousa ako-
loujÐa {un} tou E+, tètoia ¸ste:

{x1, ..., xn} ≤ un ≤
n∑
i=1

xi, x gia k�je n. (2.7)

(ii) An {yn} eÐnai akoloujÐa tou E tètoia ¸ste {x1, ..., xn} ≥ {ym | m ≥ n}
gia k�je n, up�rqei fjÐnousa akoloujÐa {wn} tou E+, tètoia ¸ste

{x1, ..., xn} ≥ wn ≥ {ym | m ≥ n} gia k�je n. (2.8)

Apìdeixh. (i)Jètoume u1 = x1. Tìte x1, x2 ≤ x1 + x2, x kai apì thn
CIP up�rqei u2 ∈ E tètoio ¸ste x1, x2 ≤ u2 ≤ x1 + x2, x. 'Eqoume ìti
x1, x2, x3, u2 ≤ x1+x2+x3, x �ra up�rqei u3 ∈ E tètoio ¸ste x1, x2, x3, u2 ≤
u3 ≤ x1 + x2 + x3, x kai suneqÐzontac kat� autì ton trìpo, èqoume ìti h
(2.7) isqÔei.

(ii){0} ∪ {ym | m ≥ 1} ≤ x1, �ra up�rqei w1 me {0} ∪ {ym | m ≥ 1} ≤
{w1} ≤ {x1}. Epomènwc {0} ∪ {ym | m ≥ 2} ≤ {w1} ∪ {x1, x2} kai apì
thn CIP up�rqei w2 ∈ E tètoio ¸ste {0} ∪ {ym | m ≥ 2} ≤ {w2} ≤ {w1} ∪
{x1, x2} kai suneqÐzontac kat� autì ton trìpo, èqoume ìti h (2.8) isqÔei.
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Je¸rhma 2.36. 'Estw E q¸roc Banach me kleistì, normal kai generating
k¸no E+. An o E èqei thn CIP, tìte gia k�je equi-l1 continuous A ⊆ E∗,
gia k�je x ∈ E+ kai gia k�je ε > 0 up�rqei y∗ ∈ E∗+ tètoio ¸ste:

(|x∗| − y∗)+(x) < ε,

gia k�je x∗ ∈ A.

Apìdeixh. EÐnai arketì na deÐxoume to Je¸rhma, upojètontac ìti to A eÐnai
solid, epeid  apì thn Prìtash 2.32 èqoume ìti A eÐnai equi-l1 continuous
an kai mìno an Sol(A) eÐnai equi-l1 continuous. 'Estw ìti A eÐnai equi-l1

continuous kai ìti to Je¸rhma den isqÔei. Tìte up�rqei ε > 0 kai x ∈ E+

¸ste gia k�je y∗ ∈ E∗+ up�rqei x∗ ∈ A, tètoio ¸ste:

(|x∗| − y∗)+(x) > 2ε (2.9)

'Opwc ja deÐxoume parak�tw, up�rqei akoloujÐa {x∗n} tou A+ = A∩E∗+
¸ste:

(x∗n+1 − 2n−1
n∑
i=1

x∗i )
+(x) > 2ε gia k�je n. (2.10)

Pr�gmati, an upojèsoume sthn (2.9) ìti y∗ ∈ A+ kai jèsoume x∗1 = y∗ kai
x∗2 = |x∗|, tìte x∗2 ∈ A+ diìti x∗ ∈ A kai to A eÐnai solid, �ra h (2.10) eÐnai
alhj c gia n = 1. An sthn (2.9), jèsoume y∗ = 2(x∗1+x∗2) kai x∗3 = |x∗|, tìte
èqoume ìti x∗3 ∈ A+, �ra h (2.10) eÐnai alhj c gia n = 2 kai suneqÐzontac
kat� autì ton trìpo èqoume ìti h (2.10) eÐnai alhj c gia k�je n. Apì thn
Riesz Kantorovich fìrmoula, èqoume ìti (z∗)+(x) = sup{z∗(y) | y ∈ [0, x]}
gia k�je z∗ ∈ E∗, epomènwc apì thn (2.10), up�rqei akoloujÐa {yn} tou
[0, x] tètoia ¸ste

(x∗n+1 − 2n−1
n∑
i=1

x∗i )(yn) > 2ε gia k�je n. (2.11)

Gia k�je n ∈ N, {yn+k | k ∈ N} eÐnai akoloujÐa tou diast matoc [0, x]
tou E, epomènwc apì to L mma 2.35 mia aÔxousa akoloujÐa {unk | k ∈ N}
up�rqei ¸ste:
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yn, yn+1, ..., yn+k ≤ unk ≤
n+k∑
i=n

yi, x, gia k�je k. (2.12)

Epeid  {unk} eÐnai aÔxousa akoloujÐa tou [0, x], apì thn Prìtash 2.33,
èqoume ìti eÐnai ρA-Cauchy, �ra up�rqei fusikìc arijmìc kn tètoioc ¸ste

ρA(unk − unkn) < 2−nε gia k�je k ≥ kn. (2.13)

'Estw m ≥ n. Tìte gia k�je k ≥ m, kn èqoume ym ≤ unk, �ra

ym − unkn ≤ unk − unkn kai unk − unkn ≥ 0.

Epomènwc up�rqei znm ∈ E+ tètoio ¸ste

{0, ym − unkn} ≤ {znm} ≤ {unk − unkn | k ≥ m, kn}. (2.14)

'Ara èqoume orÐsei mia dipl  akoloujÐa {znm | n ∈ N,m ≥ n} tou E+ gia
thn opoÐa èqoume

x∗n+1(zin) ≤ ρA(uik − uiki) ≤ 2−iε, (2.15)

gia k�je i ≤ n kai k�je k ≥ n, ki. Apì thn (2.14), gia k�je j = 1, 2, ..., n
kai m ≥ n, èqoume

ujkj ≥ ym − zjm, �ra ujkj ≥ ym −
m∑
i=1

zim.

Apì to L mma 2.35, up�rqei fjÐnousa akoloujÐa {wn} tou E+ tètoia ¸ste

{ym −
m∑
i=1

zim | m ≥ n} ≤ {wn} ≤ {u1k1 , u2k2 , ..., unkn} gia k�je n ∈ N.

(2.16)
Tìte {w1 − wn} eÐnai aÔxousa akoloujÐa pou kuriarqeÐte apì to w1 kai

sÔmfwna me thn Prìtash 2.33, {w1−wn} eÐnai ρA-Cauchy. Autì eÐnai �topo,
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diìti ìpwc ja deÐxoume akoloÔjwc {w1 − wn} den eÐnai ρA-Cauchy. 'Ara to
je¸rhma isqÔei.

Ja apodeÐxoume autì ton isqÔrismo, wc akoloÔjwc: Gia k�je n èqoume
wn ≥ yn −

∑n
i=1 zin, �ra

x∗n+1(wn) ≥ x∗n+1(yn)− x∗n+1(

n∑
i=1

zin).

Apì thn (2.11) èqoume

x∗n+1(yn) > 2ε (2.17)

kai apì thn (2.15),
∑n

i=1 x
∗
n+1(zin) ≤ ε

∑n
i=1 2−i, �ra èqoume

x∗n+1(wn) ≥ 2ε− ε
n∑
i=1

2−i > ε, gia k�je n. (2.18)

EpÐshc gia k�je wr, èqoume:x∗n+1(wr) ≤ x∗n+1(urkr) kai apì thn (2.12),

èqoume ìti urkr ≤
∑r+kr

i=r yi, �ra

x∗n+1(wr) ≤ x∗n+1(

r+kr∑
i=r

yi) ≤
∞∑
i=r

x∗n+1(yi).

Apì thn (2.11) èqoume ìti x∗i (yn) ≤ 2−n+1x∗n+1(yn) gia k�je n ≥ i. 'Ara
an M eÐnai to topologikì fr�gma tou A kai c eÐnai h stajer� tou normal
k¸nou E+, èqoume:

x∗i (yn) ≤Mc||x||2−n+1, gia k�je n ≥ i,

diìti {yn} akoloujÐa tou [0, x]. Epomènwc

x∗n+1(wn+1) ≤
∞∑

i=n+1

x∗n+1(yi) ≤
∞∑

i=n+1

2−i+1M ||x||c = 2−n+1Mc||x||, ∀n.

(2.19)
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'Ara apì ton orismì tou ρA kai apì tic (2.18), (2.19) èqoume ìti

ρA(wn − wn+1) ≥ x∗n+1(wn − wn+1) ≥ ε− 2−n+1M ||x||c,

gia k�je n, �ra {w1 − wn} den eÐnai ρA-Cauchy kai to Je¸rhma isqÔei.

Je¸rhma 2.37. 'Estw E diatetagmènoc q¸roc Banach me kleistì kai
normal k¸no E+. An o E èqei diataktik  mon�da e kai o E èqei thn Countable
Interpolation Property, tìte o E eÐnai q¸roc Grothendieck.

Apìdeixh. SÔmfwna me to Je¸rhma 1.23, mporoÔme na upojèsoume ìti o E
eÐnai efodiasmènoc me thn || · ||e, pou akoloÔjwc sumbolÐzoume me || · ||. 'Estw
A = {x∗n} ⊆ E∗ kai x∗n

w∗−−→ 0. Apì to Je¸rhma 2.34 to A eÐnai equi-
l1 continuous, �ra sÔmfwna me to Je¸rhma 2.36, gia k�je ε > 0 up�rqei
y∗ ∈ E∗+ tètoio ¸ste

||(|x∗| − y∗)+|| = (|x∗| − y∗)+(e) < ε, gia k�je x∗ ∈ A.

Epomènwc èqoume ìti

|x∗| = |x∗| ∧ y∗ + (|x∗| − y∗)+ ∈ [0, y∗] + εBE∗ ,

�ra apì to Dunford-Pettis Je¸rhma([37], je¸rhma 2.5.4), to A eÐnai sqetik�

asjen¸c sumpagèc sÔnolo tou AL-q¸rou E∗. An upojèsoume ìti x∗n 6
w−→ 0,

up�rqei upakoloujÐa {x∗kn} thc {x∗n} kai f ∈ E∗∗, ¸ste inf{f(x∗kn)} > 0.
H {x∗kn} èqei w-sugklÐnousa upakoloujÐa, tìte to w-ìrio thc eÐnai 0, diìti

x∗n
w∗−−→ 0, autì ìmwc eÐnai �topo, diìti inf{f(x∗kn)} > 0. 'Ara x∗n

w−→ 0 kai o
E eÐnai q¸roc Grothendieck.

'Estw K mh kenì, sumpagèc kurtì uposÔnolo tou topik� kurtoÔ Haus-
dorff topologikoÔ grammikoÔ q¸rou . Tìte o q¸roc A(K) twn suneq¸n,
afinik¸n pragmatik¸n sunart sewn sto K, efodiasmènoc me thn shmeiak 
di�taxh kai thn supremum nìrma eÐnai ènac diatetagmènoc q¸roc Banach
pou èqei thn stajer  sun�rthsh 1 wc diataktik  mon�da. Genik� o A(K)
den èqei lattice dom . K�je diatetagmènoc q¸roc Banach me kleistì, normal
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k¸no kai diataktik  mon�da eÐnai diataktik� isomorfikìc me ènan A(K) q¸ro,
ìpou K ìpwc parap�nw.([34], Theorem 6, p.16, Je¸rhma 1.23). Epomènwc,
to Je¸rhma 2.37, mporeÐ na diatupwjeÐ isodÔnama, wc akoloÔjwc:

Je¸rhma 2.38. K�je A(K) q¸roc me thn Countable Interpolation Pro-
perty eÐnai q¸roc Grothendieck.

'Estw E,F diatetagmènoi q¸roi Banach, sumbolÐzoume me Lr(E,F ) to
q¸ro twn regular telest¸n, dhlad  touc fragmènouc telestèc apì ton E
ston F , pou gr�fontai san diafor� jetik¸n telest¸n. An E,F eÐnai Bana-
ch lattice, tìte o q¸roc Lr(E,F ), efodiasmènoc me thn nìrma twn regular
telest¸n, ||T ||r = inf{||S|| | S ∈ L+(E,F ) | |T (x)| ≤ S(|x|) ∀ x ∈ E+}
eÐnai q¸roc Banach kai o jetikìc k¸noc Lr+(E,F ) eÐnai generating, || · ||r-
normal kai || · ||r-kleistìc.

Pìrisma 2.39. 'Estw E,F Banach lattices. An o Lr(E,F ) èqei thn CIP,
tìte gia k�je T ∈ Lr+(E,F ), o q¸roc (IT , || · ||T ) eÐnai Grothendieck.

Apìdeixh. Arqik� parathroÔme ìti o IT èqei thn CIP. O jetikìc k¸noc I+
T =

IT ∩ Lr+(E,F ) eÐnai || · ||T kleistìc kai o q¸roc (IT , || · ||T ) eÐnai Banach,
sÔmfwna me to Je¸rhma 1.22, epÐshc o I+

T eÐnai || · ||T - normal, �ra sÔmfwna
me to Je¸rhma 2.37, o (IT , || · ||T ) eÐnai q¸roc Grothendieck.

Oloklhr¸noume thn melèth me èna par�deigma enìc q¸rou IT pou den
eÐnai vector lattice. Epomènwc o (IT , || · ||T ) eÐnai èna par�deigma enìc diate-
tagmènou q¸rou Banach, pou ikanopoieÐ tic upojèseic tou Jewr matoc 2.37
kai den eÐnai vector lattice. Sto Example 3.2 tou �rjrou [60] tou Wick-
stead parathreÐte ìti an F = C(K) kai o F èqei thn CIP, qwrÐc na eÐnai
σ-Dedekind complete, tìte apì to ([4], Theorem 3.10), o Lr(c, C(K)) den
eÐnai vector lattice �lla èqei thn CIP sÔmfwna me to ([60], Theorem 3.1).
An K = β(N) \ N, ìpou β(N) eÐnai h sumpagopoÐhsh tou N, tìte o q¸roc
C(K) èqei thn CIP, qwrÐc na eÐnai σ-Dedekind complete([57]).

Par�deigma 2.40. 'Estw E = Lr(c, C(K)), ìpou K = β(N) \ N Tìte
up�rqei T ∈ E, tètoio ¸ste to supremum to {T, 0} den up�rqei ston E. An
T = T1−T2, ìpou T1, T2 ∈ E+ kai L = T1+T2, I = IL, tìte to supremum tou



2.3. K¸noi kai q¸roi Grothendieck 59

{T, 0} den up�rqei ston I. Pr�gmati an upojèsoume ìti G eÐnai to supremum
to {T, 0} ston I, tìte autì eÐnai to supremum tou {T, 0} ston E, diìti an
T ′ ∈ E me T ′ ≥ T, 0 tìte T ′, L ≥ T, 0 kai apì thn CIP up�rqei G′ ∈ E tètoio
¸ste

T ′, L ≥ G′ ≥ T, 0

Apì ton orismì tou I èqoume ìti G′ ∈ I �ra T ′ ≥ G′ ≥ G. Epomènwc èqoume
ìti to G eÐnai epÐshc to supremum tou {T, 0} sto E, �topo.

KleÐnoume aut  thn enìthta me to akìloujo apotèlesma sto opoÐo dÐnoume
mia kl�sh q¸rwn regular telest¸n pou èqoun thn CIP.

Je¸rhma 2.41. 'Estw E diatetagmènoc q¸roc Banach, me jetik  b�sh
{xn} kai generating jetikì k¸no E+. An F eÐnai diatetagmènoc qwroc Ba-
nach, me kleistì, normal k¸no F+ kai o F èqei thn CIP, tìte o Lr(E,F )
èqei thn CIP.

Apìdeixh. 'Estw {Vp}, {Wq} akoloujÐec telest¸n sto q¸ro Lr(E,F ) tè-
toiec ¸ste Vp ≤ Wq gia k�je p, q ∈ N. Tìte Vp(xn) ≤ Wq(xn) gia k�je
p, q ∈ N kai apì thn CIP tou F , èqoume ìti up�rqei {yn} akoloujÐa ston F ,
¸ste:

Vp(xn) ≤ yn ≤Wq(xn) gia k�je p, q kai n. (2.20)

Gia k�je x =
∑∞

n=1 anxn ∈ E+, h akoloujÐa {an} eÐnai jetik  kai èqoume:

u = V1(

n∑
i=m

aixi) ≤ v =

n∑
i=m

aiyi ≤ w = W1(
n∑

i=m

aixi).

An c eÐnai h stajer� tou normal k¸nou F+ tìte èqoume 0 ≤ u − v ≤
w − u, �ra ||u − v|| ≤ c||w − u||, apì to opoÐo paÐrnoume ìti ||u|| ≤ 2(c +
1) max{||w||, ||u||}. Epomènwc èqoume,

||
n∑

i=m

aiyi|| ≤ 2(c+ 1) max{||V1||, ||W1||}||
n∑

i=m

aixi||,
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�ra
∑∞

n=1 anyn ∈ F . Gia k�je x =
∑∞

n=1 anxn ∈ E+, jètoume

T (x) =

∞∑
n=1

anxn.

Tìte o T eÐnai jetik� omogen c kai ajroistikìc ston E+, epomènwc mpo-
roÔme na epekteÐnoume monadik� ton T se ìlo ton E me ton tÔpo T (x) =
T (x1)− T (x2), ìpou x = x1 − x2. Apì thn sqèsh (2.20), èqoume ìti

Vp ≤ T ≤Wq,

gia k�je p, q. Epeid  Wq − T ≥ 0, eqoume ìti

T = Wq − (Wq − T ) ∈ Lr(E,F ).



Kef�laio 3

AnaklastikoÐ k¸noi

Se autì to kef�laio eis�goume thn ènnoia twn anaklastik¸n k¸nwn kai ja
meletoÔme th dom  aut c thc kathgorÐac k¸nwn.

Orismìc 3.1. 'EstwX q¸roc Banach. O k¸noc P ⊆ X eÐnai anaklastikìc
an to sÔnolo B+

X = BX ∩ P eÐnai w- sumpagèc, ìpou BX h monadiaÐa mp�la
tou X.

Parat rhsh 3.2. Oi akìloujec idiìthtec, èpontai �mesa apì ton parap�nw
orismì:

(1) 'Enac anaklastikìc k¸noc eÐnai autìmata kleistìc. Pr�gmati, an xn ∈
P kai xn → x, tìte up�rqei ρ ∈ R+ : xn ∈ ρB+

X gia k�je n ∈ N,
epomènwc x ∈ ρB+

X ⊆ P .

(2) K�je kleistìc k¸noc, enìc anaklastikoÔ q¸rou eÐnai anaklastikìc. To
antÐstrofo, ìpwc ja diapist¸soume parak�tw den isqÔei genik�. An
ìmwc, o q¸roc Banach X èqei ènan generating kai anaklastikì k¸no
tìte, apì to Je¸rhma 1.19 prokÔptei ìti o X eÐnai anaklastikìc.

To akìloujo apotèlesma mac deÐqnei ìti ènac anaklastikìc k¸noc, èqei
thn Ðdia sumperifor� me touc anaklastikoÔc q¸rouc ìso anafor� ton deÔtero
duðkì.

61
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Je¸rhma 3.3. 'Enac kleistìc k¸noc P enìc q¸rou Banach X eÐnai ana-
klastikìc an kai mìno an

P̂ = P 00.

Apìdeixh. Upojètoume ìti o k¸noc P ⊆ X eÐnai anaklastikìc. Tìte, to

sÔnolo B̂+
X eÐnai w∗-sumpagèc ( [36], Proposition 2.6.24), epomènwc gia k�je

a > 0, to sÔnolo P̂ ∩ aBX∗∗ = aB̂+
X eÐnai w∗-kleistì sÔnolo. SÔmfwna,

me to je¸rhma Krein-Smulian([36], Theorem 2.7.11) o P̂ eÐnai w∗-kleistìc
k¸noc tou X∗∗. Epomènwc P 00 = P̂ , giatÐ sÔmfwna me to Je¸rhma 1.13,
èqoume ìti o P 00 isoÔtai me to w∗-kleÐsimo tou P .

Gia thn �llh sunepagwg , upojètoume ìti P 00 = P̂ . Apì to Je¸rhma
Alaoglu, èqoume ìti to sÔnolo

P̂ ∩BX = P̂ ∩BX∗∗ = P 00 ∩BX∗∗ ,

eÐnai w∗-sumpagèc.

AkoloÔjwc, apodeiknÔoume ìti o trÐtoc duðkìc enìc anaklastikoÔ k¸nou
P tou q¸rou Banach X, mporeÐ na diaspasteÐ me parìmoio trìpo, ìpwc kai
o trÐtoc duðkìc tou X. Sugkekrimèna gia ton X∗∗∗ gnwrÐzoume ìti, [19],
Lemma I.12:

X∗∗∗ = X̂∗ ⊕ (X̂)⊥ (3.1)

Je¸rhma 3.4. An P eÐnai ènac anaklastikìc k¸noc tou q¸rou Banach X,
tìte

P 000 = P̂ 0 + (X̂)⊥.

Epiplèon, k�je p∗∗∗ ∈ P 000, èqei mia monadik  graf , p∗∗∗ = x∗∗∗ + y∗∗∗,

ìpou x∗∗∗ ∈ X̂∗ kai y∗∗∗ ∈ (X̂)⊥.

Apìdeixh. Arqik� ja deÐxoume ìti P 000 ⊆ P̂ 0 + (X̂)⊥. Apì thn (3.1), k�je
p∗∗∗ ∈ P 000 èqei monadik  anapar�stash

p∗∗∗ = x∗∗∗ + y∗∗∗,
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ìpou x∗∗∗ ∈ X̂∗ kai y∗∗∗ ∈ (X̂)⊥ kai upojètoume ìti x∗∗∗ = x̂∗, ìpou x∗ ∈
X∗. Gia k�je p∗∗ ∈ P 00, èqoume

0 ≤ p∗∗∗(p∗∗) = x∗∗∗(p∗∗) + y∗∗∗(p∗∗).

Epeid  o P eÐnai anaklastikìc, èqoume ìti P 00 = P̂ , epomènwc up�rqei p ∈ P
tètoio ¸ste p̂ = p∗∗. 'Ara èqoume

0 ≤ p∗∗∗(p∗∗) = x∗∗∗(p̂) + y∗∗∗(p̂) = x∗∗∗(p̂) = x∗(p), (3.2)

gia k�je p ∈ P . Epomènwc x∗ ∈ P 0 kai x∗∗∗ ∈ P̂ 0, �ra

P 000 ⊆ P̂ 0 + (X̂)⊥.

Gia to antÐstrofo, upojètoume ìti p∗ ∈ P 0 kai y∗∗∗ ∈ (X̂)⊥. Epeid  o P
eÐnai anaklastikìc, k�je p∗∗ ∈ P 00 eÐnai thc morf c p∗∗ = p̂, ìpou p ∈ P ,
�ra èqoume

(p̂∗ + y∗∗∗)(p∗∗) = (p̂∗ + y∗∗∗)(p̂) = p∗(p) ≥ 0.

Apì thn parap�nw sqèsh, prokÔptei ìti P̂ 0 + (X̂)⊥ ⊆ P 000

Je¸rhma 3.5. 'Enac q¸roc Banach eÐnai anaklastikìc an kai mìno an
up�rqei kleistìc k¸noc P touX, tètoioc ¸ste o P kai o P 0 eÐnai anaklastikoÐ.

Apìdeixh. An o X eÐnai anaklastikìc, tìte to zhtoÔmeno eÐnai �meso. Upo-
jètoume ìti up�rqei k¸noc P ⊆ X, tètoioc ¸ste P kai P 0 eÐnai anaklastikoÐ.
Apì to Je¸rhma 3.4, èqoume ìti

P 000 = P̂ 0 + (X̂)⊥. (3.3)

Epiplèon apì to Je¸rhma 3.3, èqoume ìti

P 000 = P̂ 0. (3.4)

Epeid  h anapar�stash k�je stoiqeÐou tou P 000 eÐnai monadik , apì tic (3.3),
(3.4), èqoume ìti (X̂)⊥ = {0}, �ra X∗∗ = X̂.
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Apì to parap�nw Je¸rhma, sumper�noume ìti se k�je mh anaklastikì
q¸ro, ènac anaklastikìc k¸noc den mporeÐ na èqei duðkì anaklastikì k¸no.
To akìloujo par�deigma, apoteleÐ mia tètoia perÐptwsh.

Par�deigma 3.6. 'Estw X = L1([0, 1]), Y eÐnai o kleistìc upìqwroc tou
X pou par�getai apì tic Radamacher sunart seic {rn} kai P o jetikìc k¸noc
pou par�getai apì tic {rn}. UpenjumÐzoume ìti {rn} eÐnai basik  akoloujÐa
ston L1([0, 1]), isodÔnamh me thn kanonik  b�sh tou `2, epomènwc o Y eÐnai
isomorfikìc me ton `2 kai o k¸noc P eÐnai anaklastikìc. Oi Radamacher
sunart seic, san stoiqeÐa tou L∞([0, 1]) apoteloÔn ta sunarthsiak� sunte-
tagmènwn thc {rn} kai epomènwc èqoume ìti

P 0 = {f ∈ L∞[0, 1] | f =

∞∑
i=1

λiri λi ≥ 0, gia k�je i},

ìpou to �jroisma upologÐzetai sthn σ(L∞, Y ) topologÐa tou L∞([0, 1]). Apì
to Je¸rhma 3.5, èqoume ìti o P 0 den eÐnai anaklastikìc k¸noc.

Sto epìmeno dÐnoume, èna par�deigma anaklastikoÔ k¸nou P , o opoÐoc
eÐnai puknìc ston L1([0, 1]).

Par�deigma 3.7. 'Estw X = L1([0, 1]) kai

D = {d ∈ L1([0, 1]) : 0 ≤ d ≤ 1, ||d|| ≥ 1

2
},

ìpou ≥ eÐnai h sun jhc di�taxh tou L1([0, 1]) kai 1 ∈ L1([0, 1]). Tìte to D
eÐnai kleistì kai fragmèno sÔnolo, �ra o k¸noc P tou L1([0, 1]), pou par�getai
apì to D eÐnai kleistìc. Gia k�je x ∈ P ∩ BX èqoume ìti x = λd, d ∈ D

ìpou λ = ||x||
||d|| ≤ 2, epomènwc P ∩ BX eÐnai kleistì kai kurtì uposÔnolo tou

diataktikoÔ diast matoc [0, 21]. UpenjumÐzoume ìti k�je diataktikì di�sthma
tou L1([0, 1]) eÐnai w-sumpagèc, giatÐ o X èqei order continuous norm, [6]
, Theorem 12.9. Epomènwc to sÔnolo B+

X eÐnai w-sumpagèc kai epomènwc o
k¸noc P eÐnai anaklastikìc. Epiplèon, parathroÔme ìti P − P = L1([0, 1]).
Pr�gmati, an {Ii} eÐnai h akìloujh akoloujÐa diasthm�twn, I1 = [0, 1

2), I2 =
[1
2 , 1], I3 = [0, 1

4), I4 = [1
4 ,

1
2), I5 = [1

2 ,
3
4), I6 = [3

4 , 1], ... tou [0, 1], I ′i eÐnai to



3.1. B�seic anaklastik¸n k¸nwn 65

sumplhrwmatikì tou Ii sto [0, 1] kai XI′i eÐnai h qarakthristik  sun�rthsh
tou I ′i, tìte XI′i ∈ D gia k�je i. Epiplèon k�je stoqeÐo thc Haar b�shc
tou L1([0, 1]) mporeÐ na grafteÐ san diafor� sunart sewn thc morf c XI′i ,
epomènwc P − P eÐnai puknì ston X. Tèloc, eÐnai eÔkolo na doÔme ìti o P
eÐnai normal kai ìti h stajer  sun�rthsh 1 orÐzei fragmènh b�sh ston P .

3.1 B�seic anaklastik¸n k¸nwn

Se aut  thn par�grafo meletoÔme anaklastikoÔc k¸nouc pou èqoun b�sh
pou orÐzetai apì suneqèc sunarthsiakì. Aut  h kathgorÐa k¸nwn eÐnai polÔ
meg�lh, ìpwc ja doÔme parak�tw. Parìla aut� up�rqoun k¸noi pou den
èqoun b�sh pou orÐzetai apì suneqèc sunarthsiakì. Sugkekrimèna, an Γ
uperarijm simo sÔnolo, tìte gia k�je 1 < p < ∞, èqoume ìti `+p (Γ) eÐnai
anaklastikìc k¸noc, qwrÐc kamÐa b�sh.

Se sqèsh me touc anaklastikoÔc k¸nouc, apì to Je¸rhma DiqotomÐac
tou I. Polyrakis (Je¸rhma 2.9), èqoume ìti:

Je¸rhma 3.8. 'Estw P anaklastikìc k¸noc tou q¸rou Banach X, tìte o
P den eÐnai mixed based k¸noc.

To antÐstrofo tou parap�nw den isqÔei kaj¸c o c+
0 eÐnai par�deigma enìc

k¸nou pou den eÐnai oÔte mixed based, oÔte anaklastikìc. Sto akìloujo
apotèlesma, dÐnoume mia ikan  sunj kh gia na eÐnai ènac k¸noc anaklastikìc,
basizìmenh sthn upìjesh ìti oi b�seic tou k¸nou eÐnai fragmènec.

Prìtash 3.9. 'Estw X q¸roc Banach kai P kleistìc k¸noc tou X. An o
P èqei b�sh pou orÐzetai apì sunarthsiakì tou X∗ kai k�je tètoia b�sh eÐnai
fragmènh, tìte o k¸noc P eÐnai anaklastikìc.

Apìdeixh. Epeid  k�je b�sh tou P pou orÐzetai apì sunarthsiakì tou X∗

eÐnai fragmènh, èqoume ìti P 0s = int(P 0), sÔmfwna me thn orologÐa tou [16].
Epomènwc apì to ([16], Lemma 3.4), èqoume ìti k�je b�sh Bx∗ tou P , ìpou
x∗ ∈ X∗ eÐnai w-sumpag c. 'Estw x∗ > 0, epeid  to Bx∗ den perièqei to 0,
up�rqei ρ > 0 tètoioc ¸ste ρBX ∩ Bx∗ = ∅. EÐnai �meso, ìti to sÔnolo⋃

0≤a≤1 aBx∗ eÐnai w-sumpagèc sÔnolo pou perièqei to ρBX ∩ P . Epomènwc
o k¸noc P eÐnai anaklastikìc.
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To antÐstrofo thc parap�nw prìtashc den isqÔei. Gia par�deigma o `+2
eÐnai anaklastikìc k¸noc kai k�je b�sh tou eÐnai mh fragmènh.

Sto akìloujo apotèlesma qarakthrÐzoume touc anaklastikoÔc k¸nouc
apì thn mh emfÔteush tou `+1 kat�nalogÐa me touc anaklastikoÔc q¸rouc
Banach. H apìdeixh mac basÐzetai sthn kÔria apìdeixh tou [39].

Je¸rhma 3.10. 'Enac kleistìc k¸noc P enìc q¸rou Banach X eÐnai ana-
klastikìc an kai mìno an o P den perièqei ènan kleistì k¸no isomorfikì me
ton `+1 .

Apìdeixh. 'Estw P anaklastikìc, tìte k�je kleistìc upok¸noc tou P eÐnai
anaklastikìc. An upojèsoume ìti up�rqei Q ⊆ P kleistìc k¸noc isomor-
fikìc me ton `+1 , tìte sÔmfwna me to ([16], Theorem 4.5) o Q eÐnai mixed
based k¸noc, to opoÐo eÐnai �topo sÔmfwna me to Je¸rhma 3.8. 'Ara o P den
perièqei kleistì k¸no, isomorfikì me ton `+1 .

'Estw ìti o P den perièqei kleistì k¸no, isomorfikì me ton `+1 . Upo-
jètoume ìti o P den eÐnai anaklastikìc, tìte to B+

X den eÐnai w sumpag c,
epomènwc up�rqei akoloujÐa {xn} ⊆ B+

X tètoia ¸ste den èqei w sugklÐnousa
upakoloujÐa. Epeid  o P den perièqei ton `+1 , apì to `1-Je¸rhma tou Rosen-
thal, èqoume ìti up�rqei w-Cauchy upakoloujÐa thc {xn}, pou sumbolÐzoume
ek nèou me {xn}. Apì to ([17], Theorem 1.1.10) mporoÔme na upojèsoume ìti
h {xn} eÐnai basik  akoloujÐa. H {xn} den sugklÐnei w sto 0, epomènwc u-
p�rqei x∗ ∈ X∗ kai {xnk} upakoloujÐa thc {xn}, ¸ste x∗(xnk) ≥ 1 gia k�je
k ∈ N. 'Ara apì to Je¸rhma 2.5, h {xnk} eÐnai basik  akoloujÐa `+-tÔpou.
Epomènwc K{xnk} ' `

+
1 , to opoÐo eÐnai �topo.

'Ameso apì to prohgoÔmeno Je¸rhma eÐnai to akìloujo Pìrisma.

Pìrisma 3.11. 'Estw P ⊆ X,Q ⊆ Y kleistoÐ k¸noi twn q¸rwn Banach
X kai Y antÐstoiqa. An oi k¸noi P kai Q eÐnai isomorfikoÐ kai o Q eÐnai
anaklastikìc tìte kai o P eÐnai anaklastikìc.

Apìdeixh. 'Estw T isomorfismìc tou P epÐ ton Q. An o P eÐnai mh anakla-
stikìc k¸noc, tìte o P perièqei èna kleistì k¸no R isomorfikì me ton `+1 ,
epomènwc T (R) eÐnai kleistìc k¸noc tou Q isomorfikìc me ton `+1 , �topo.
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Ta epìmena dÔo apotelèsmata, aforoÔn thn eswterik  dom  enìc anakla-
stikoÔ k¸nou, k�tw apì thn upìjesh ìti o k¸noc èqei fragmènh b�sh   mh
fragmènh b�sh.

Je¸rhma 3.12. 'Estw P anaklastikìc k¸noc enìc q¸rou Banach X. An
o P èqei fragmènh b�sh pou orÐzetai apì x∗ ∈ X∗, tìte o P den perièqei
basik  akoloujÐa.

Apìdeixh. 'Estw {xn} ⊆ P basik  akoloujÐa. Tìte h yn = xn
x∗(xn) eÐnai

basik  akoloujÐa me x∗(yn) = 1 gia k�je n. Apì to Je¸rhma 2.5, èqoume
ìti h yn eÐnai basik  akoloujÐa `+-tÔpou. Epomènwc K{yn} ' `+1 , to opoÐo
sÔmfwna me to Je¸rhma 3.10, eÐnai �topo.

Je¸rhma 3.13. 'Estw P anaklastikìc k¸noc enìc q¸rou Banach X. An
o P èqei mh fragmènh b�sh pou orÐzetai apì to x∗ ∈ X∗, tìte o P perièqei
kanonikopoihmènh basik  akoloujÐa, pou sugklÐnei w sto 0.

Apìdeixh. Apì tic upojèseic, mporoÔme na broÔme akoloujÐa {yn} ¸ste yn ∈
Bx∗ gia k�je n ∈ N kai ||yn|| → ∞. Epeid  o P eÐnai anaklastikìc, h
kanonikopoihmènh akoloujÐa xn = yn

||yn|| èqei w-sugklÐnousa upakoloujÐa

pou sumbolÐzoume ek nèou me xn. Tìte xn
w−→ 0, pr�gmati èstw xn

w−→ x0,
tìte x0 ∈ P kai

x∗(x0) = limx∗(xn) = 0,

epomènwc èqoume ìti x0 = 0, diìti x∗ eÐnai austhr� jetikì ston P . Oloklh-
r¸noume thn apìdeixh, efarmìzontac to gnwstì apotèlesma twn Bessaga-
Pelczynski, apì to opoÐo prokÔptei ìti h {xn} èqei basik  upakoloujÐa.

AkoloÔjwc exet�zoume thn sqèsh metaxÔ anaklastik¸n k¸nwn me mh
fragmènh b�sh kai anaklastik¸n upoq¸rwn enìc q¸rou Banach X. Arqik�
parathroÔme ìti h Ôparxh ston X enìc anaklastikoÔ k¸nou me mh fragmènh
b�sh, eÐnai anagkaÐa sunj kh gia thn Ôparxh apeirodi�statou anaklastikoÔ
upoq¸rou. Pr�gmati an V apeirodi�statoc anaklastikìc upìqwroc tou X
kai {xn} basik  akoloujÐa ston V , tìte o k¸noc K{xn} eÐnai anaklastikìc
k¸noc me mh fragmènh b�sh pou orÐzetai apì sunarthsiakì tou X∗.
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Apì thn �llh pleur� to Je¸rhma 3.13, mac dÐnei th dunatìthta na deÐ-
xoume ìti h Ôparxh enìc anaklastikoÔ k¸nou me mh fragmènh b�sh ston X
sunep�getai thn Ôparxh apeirodi�statou anaklastikoÔ upoq¸rou ston X,
sthn eidik  perÐptwsh pou o X èqei unconditional Schauder b�sh. Sugke-
krimèna, isqÔei to akìloujo:

Je¸rhma 3.14. 'Estw X q¸roc Banach me unconditional Schauder b�-
sh. An P anaklastikìc k¸noc me mh fragmènh b�sh, pou orÐzetai apì su-
narthsiakì tou X∗, tìte o P − P perièqei ènan apeirodi�stato anaklastikì
upìqwro.

Apìdeixh. 'Estw P anaklastikìc k¸noc me mh fragmènh b�sh, pou orÐzetai
apì sunarthsiakì tou X∗. Apì to Je¸rhma 3.13, o P perièqei mia kano-
nikopoihmènh basik  kai w-mhdenik  akoloujÐa {xn}. SÔmfwna me to ([36],
Theorem 4.3.9) mporoÔme na upojèsoume ìti h {xn} eÐnai unconditional ba-
sik  akoloujÐa ston X, tìte o K{xn} eÐnai generating ston [{xn}], epomènwc
apì thn Parat rhsh 3.2 èqoume ìti o [{xn}] eÐnai anaklastikìc upìqwroc
tou X.

EÐnai gnwstì ìti oi c0, `1 èqoun unconditional Schauder b�sh, all� den
perièqoun apeirodi�stato anaklastikì upìqwro. Epomènwc, èqoume ìti:

Pìrisma 3.15. An X = c0   X = `1, tìte o X den perièqei anaklastikì
k¸no me mh fragmènh b�sh pou orÐzetai apì sunarthsiakì tou X∗.

3.2 Isqur� anaklastikoÐ k¸noi

Se aut  thn enìthta, ja epikentr¸soume thn prosoq  mac se mia upokathgo-
rÐa anaklastik¸n k¸nwn. Sugkekrimèna, touc anaklastikoÔc k¸nouc, ìpou
to B+

X eÐnai norm sumpagèc.

Orismìc 3.16. 'Enac k¸noc P , enìc q¸rou Banach X eÐnai isqur� ana-
klastikìc, an to sÔnolo B+

X = BX ∩ P eÐnai norm sumpagèc.

Parat rhsh 3.17. 'Estw P isqur� anaklastikìc k¸noc enìc apeirodi�-
statou q¸rou Banach. Tìte èqoume, ìti:
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(1) O P den eÐnai generating ston X. Pr�gmati an P eÐnai generating, tìte
apì to Je¸rhma 1.19 o P dÐnei open decomposition ston X, epomènwc,
h BX eÐnai norm sumpag c kai �ra o X eÐnai peperasmènhc di�stashc.

(2) O P den èqei eswterik� shmeÐa. An upojèsoume ìti èqei eswterik�
shmeÐa, tìte apì to Je¸rhma 1.21, o P eÐnai generating.

Xekin�me thn melèth twn isqur� anaklastik¸n k¸nwn anakal¸ntac, èna
gnwstì apotèlesma([5], Theorem II.2.6).

Je¸rhma 3.18. (Klee) O oxÔc k¸noc P enìc topik� kurtoÔ Hausdorff
q¸rou èqei sumpag  perioq  tou mhdenìc an kai mìno an o P èqei sumpag 
b�sh.

Apì to prohgoÔmeno Je¸rhma èqoume ìti: 'Enac oxÔc k¸noc P se ènan
q¸ro Banach eÐnai isqur� anaklastikìc an kai mìno an èqei norm sumpag 
b�sh. Basizìmenoi sto parap�nw, diatup¸noume dÔo basikèc idiìthtec twn
isqur� anaklastik¸n k¸nwn.

Je¸rhma 3.19. An P eÐnai isqur� anaklastikìc kai oxÔc k¸noc enìc q¸-
rou Banach X, tìte èqoume:

(1) O P èqei b�sh pou orÐzetai apì sunarthsiakì tou X∗ kai k�je tètoia
b�sh gia ton P eÐnai sumpag c,

(2) o P eÐnai normal.

Apìdeixh. 'Estw P isqur� anaklastikìc kai oxÔc k¸noc tou X. Tìte apì to
parap�nw Je¸rhma, èqoume ìti o P èqei sumpag  b�sh B. Epomènwc up�rqei
x∗ ∈ X∗, to opoÐo diaqwrÐzei to 0 kai to B kai x∗(x) > 0 gia k�je x ∈ B
kai h b�sh Bx∗ tou P eÐnai kleist  kai fragmènh. Epomènwc eÐnai �meso ìti
h Bx∗ eÐnai sumpag . Epeid  o P den eÐnai mixed based k¸noc, èqoume ìti
k�je b�sh pou orÐzetai apì sunarthsiakì tou X∗. EpÐshc o P eÐnai normal,
epeid  eÐnai well-based k¸noc.

Sto akìloujo Je¸rhma, dÐnoume mia mèjodo, me thn opoÐa mporoÔme na ka-
taskeu�soume ènan anaklastikì k¸no, mèsw thc qr shc mia w-sugklÐnousac
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akoloujÐac. Apì aut  thn kataskeu  sumper�noume ìti k�je apeirodi�statoc
q¸roc Banach perièqei ènan apeirodi�stato anaklastikì k¸no, me fragmènh
b�sh pou orÐzetai apì sunarthsiakì tou X∗.

Je¸rhma 3.20. 'Estw {xn} akoloujÐa tou q¸rou Banach X, h opoÐa eÐnai
w mhdenik , x0 ∈ co{xn} kai D = co{xn} − x0. An P = cone(D) eÐnai
o k¸noc pou par�getai apì to D, tìte o k¸noc P eÐnai anaklastikìc, me
fragmènh b�sh pou orÐzetai apì sunarthsiakì tou X∗. Epiplèon, isqÔoun ta
akìlouja:

(1) An ||xn|| ≥ δ > 0 gia k�je n, tìte o P den eÐnai isqur� anaklastikìc.

(2) An lim ||xn|| = 0, tìte o P eÐnai isqur� anaklastikìc.

Apìdeixh. To sÔnolo {xn} eÐnai sqetik¸c asjen¸c sumpagèc kai apì to
Krein-Smulian Je¸rhma([36], Theorem 2.8.14), co{xn} eÐnai w sumpagèc.
'Ara to D eÐnai kurtì, fragmèno kai sumpagèc sÔnolo, tètoio ¸ste 0 ∈
D. 'Einai �meso ìti o P = cone(D) eÐnai kleistìc, epeid  D kleistì kai
fragmèno. 'Estw 0 < ρ < m = inf{||y|| | y ∈ D}. Tìte:

P ∩ ρBX ⊆ ∪0≤λ≤1λD,

epomènwc P ∩ ρBX eÐnai w-sumpagèc kai o P eÐnai anaklastikìc k¸noc. E-
peid  0 6∈ D, up�rqei x∗ ∈ X∗ tètoio ¸ste to x∗ diaqwrÐzei to D kai to 0 kai
x∗(x) > 0 gia k�je x ∈ D. EÐnai �meso, ìti to x∗ orÐzei mia fragmènh b�sh
ston P . An upojèsoume ìti ||xn|| ≥ δ > 0 gia k�je n, to sÔnolo P ∩ ρBX
den eÐnai norm sumpagèc, giatÐ h {xn − x0} den èqei norm-sugklÐnousa upa-
koloujÐa. Epomènwc o P den eÐnai isqur� anaklastikìc. An upojèsoume ìti
lim ||xn|| = 0, tìte epanalamb�nontac thn parap�nw diadikasÐa kai qrhsimo-
poi¸ntac to Je¸rhma tou Mazur([36], Theorem 2.8.15), prokÔptei ìti to D
eÐnai sumpagèc kai �ra o P eÐnai isqur� anaklastikìc.

DÐnoume t¸ra ènan qarakthrismì twn q¸rwn Banach me thn idiìthta
Schur. 'Enac q¸roc Banach, èqei thn idiìthta Schur, an k�je w sugklÐ-
nousa akoloujÐa ston X eÐnai || · || sugklÐnousa. An o X, èqei thn idiìthta
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Schur, eÐnai profanèc ìti k�je anaklastikìc k¸noc tou X eÐnai isqur� a-
naklastikìc. To endiafèron komm�ti tou epìmenou qarakthrismoÔ eÐnai to
antÐstrofo.

Je¸rhma 3.21. 'Enac q¸roc Banach X èqei thn idiìthta Schur an kai
mìno an k�je anaklastikìc k¸noc me fragmènh b�sh eÐnai isqur� anaklasti-
kìc.

Apìdeixh. 'Estw ìti o X den èqei thn idiìthta Schur, tìte mporoÔme na

broÔme kanonikopoihmènh akoloujÐa {xn} sto X me xn
w−→ 0, tìte apì to

prohgoÔmeno Je¸rhma, mporoÔme na kataskeu�soume anaklastikì k¸no me
fragmènh b�sh pou den eÐnai isqur� anaklastikìc.

AkoloÔjwc dÐnoume dÔo paradeÐgmata isqur� anaklastik¸n k¸nwn. To
pr¸to eÐnai genikì par�deigma. Sugkekrimèna, dÐnoume èna trìpo me ton o-
poÐon mporoÔme na kataskeu�soume ènan isqur� anaklastikì k¸no pou pe-
rièqetai ston jetikì k¸no enìc Banach lattice me jetik  Schauder b�sh.

Je¸rhma 3.22. An X Banach lattice, me jetik  Schauder b�sh, tìte o
X+ perièqei ènan isqur� anaklastikì k¸no P , me P − P = X.

Apìdeixh. 'Estw {ei} jetik  kanonikopoihmènh Schauder b�sh tou X, jew-
roÔme ton k¸no

P = {x =
∞∑
i=1

xiei | 0 ≤ xi ≤ axi−1, gia k�je i > 1},

ìpou a ∈ (0, 1) eÐnai ènac stajerìc arijmìc. Tìte eÐnai �meso ìti P ⊆ X+

kai ìti y =
∑∞

i=1 a
i−1ei ∈ X. EÔkola mporoÔme na doÔme ìti gia k�je x ∈ P ,

èqoume ìti xi ≤ ai−1x1 gia k�je i > 1. Epomènwc, sumperaÐnoume ìti

0 ≤ x ≤ x1y,

ìpou ≤ eÐnai h di�taxh tou X. Apì thn jetikìthta thc b�shc {ei}, gia k�je
x ∈ P , èqoume ìti

0 ≤ x1e1 ≤ x,
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�ra
x1||e1|| ≤ ||x|| ⇒ x1 ≤ ||x||,

epomènwc apì ta parap�nw, paÐrnoume ìti

0 ≤ x ≤ x1y ≤ ||x||y ∀x ∈ P.

Apì autì katal goume, ìti P ∩ BX ⊆ [0, y]. Apì to ([59], Theorem 16.3),
èqoume ìti k�je Banach lattice me jetik  Schauder b�sh èqei norm-sumpag 
diast mata, �ra to [0, y] eÐmai norm-sumpagèc kai o k¸noc P eÐnai isqur�
anaklastikìc. EpÐshc o P eÐnai oxÔc, epeid  perièqetai ston X+. Tèloc ja
deÐxoume ìti P − P = X. ParathroÔme ìti e1 ∈ P kai ìti

ei =
1

ai−1
(e1 + ae2 + ...+ ai−1ei)−

1

ai−1
(e1 + ae2 + ...+ ai−2ei−1) ∈ P −P,

gia k�je i ≥ 2. Epomènwc P − P = X.

Par�deigma 3.23. 'Estw I1 = [0, 1], I2 = [0, 1
2), I3 = [1

2 , 1], I4 = [0, 1
4),

I5 = [1
4 ,

1
2), I6 = [1

2 ,
3
4), I7 = [3

4 , 1], ... akoloujÐa upodiasthm�twn tou [0, 1].
'Estw X = L1([0, 1]) kai T : `1 → X pou orÐzetai wc akoloÔjwc

T (ξ) =
∞∑
i=1

ξiXIi ,

ìpou XIi eÐnai h qarakthristik  sun�rthsh tou II kai ξ = (ξi) ∈ `1. Tìte T
eÐnai grammik  kai suneq c me ||T (ξ)|| ≤ ||ξ||. 'Estw η = (1, a, a2, a3, ...) ∈
`+1 , ìpou a ∈ (0, 1) kai

K = {ξ = (ξi) ∈ `+1 | ξi ≤ ξ1a
i−1}.

Tìte apì to prohgoÔmeno Je¸rhma, o K eÐnai isqur� anaklastikìc k¸noc
tou `1. 'Estw Q = T (K) kai P to kleÐsimo tou Q ston L1([0, 1]). Gia k�je
ξ ∈ K, èqoume:

ξ1XI1 ≤ T (ξ) ≤ ξ1T (η),

ìpou ≥ eÐnai h kanonik  di�taxh tou L1([0, 1]). Epomènwc èqoume

ξ1 ≤ ||T (ξ)|| ≤ ξ1||T (α)||.
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'Estw x ∈ P , tìte up�rqei akoloujÐa {ξn} ⊆ K, tètoia ¸ste x = limT (ξn).
Epiplèon an M = 2||x||, mporoÔme na epilèxoume thn akoloujÐa {ξn} ¸ste
||T (ξn)|| ≤M gia k�je n. 'Ara èqoume

ξn1 ≤ ||T (ξn)|| ≤ 2||x||,

gia k�je n ∈ N. Epeid  to diataktikì di�sthma [0, 2η] tou `1 eÐnai sumpagèc
to D eÐnai sumpagèc kai x ∈ D. Epomènwc P ∩ BX ⊆ D eÐnai sumpagèc
kai o k¸noc P eÐnai isqur� anaklastikìc. Tèloc, parathroÔme ìti XI1 =
T (e1),XI2 = 1

a(T (e1+ae2)−T (e1)) kai suneqÐzontac, èqoume ìti XIi ∈ P−P
gia k�je i. Sunep¸c o P − P eÐnai puknìc ston X, kaj¸c h Haar b�sh tou
L1([0, 1]) apoteleÐtai apì diaforèc twn XIi([36], Example 4.1.27).

Oloklhr¸noume aut  thn enìthta, k�nontac mia anafor� stic idiìthtec
pou apoktoÔn oi jetikoÐ telestèc ìtan paÐrnoun timèc se ènan q¸ro pou
diat�ssetai apì anaklastikì k¸no.

Je¸rhma 3.24. 'Estw E,X diatetagmènoi q¸roi Banach me jetikoÔc oxeÐc
k¸nouc E+ kai X+. An o E+ eÐnai kleistìc kai dÐnei open decomposition ston
E kai oX+ eÐnai anaklastikìc (ant. isqur� anaklastikìc), tìte k�je jetikìc,
grammikìc telest c T : E → X eÐnai asjen¸c sumpag c (ant. sumpag c).

Apìdeixh. 'Estw T : E → X jetikìc, grammikìc telest c. SÔmfwna me to
Je¸rhma 1.24, o T eÐnai suneq c. To sÔnolo T (B+

E ) ⊆ X+ eÐnai fragmèno
, epomènwc w sumpagèc, diìti X+ eÐnai anaklastikìc. Apì tic upojèseic,

W = B+
E − B

+
E eÐnai perioq  tou 0. To sÔnolo T (B+

E ) eÐnai w sumpagèc,

sunep¸c to sÔnolo T (W ) ⊆ T (B+
E ) − T (B+

E ) eÐnai w sumpagèc. Epomènwc
o T eÐnai asjen¸c sumpag c. H perÐptwsh tou sumpagoÔc telest  eÐnai
an�logh.

Apì to parap�nw, prokÔptei to akìloujo apotèlesma sthn perÐptwsh
pou o telest c dr� p�nw se ènan Banach lattice.

Pìrisma 3.25. K�je jetikìc, grammikìc telest c apì ton Banach latti-
ce E se ènan diatetagmèno q¸ro Banach X, me anaklastikì(ant. isqur�
anaklastikì) jetikì k¸no X+ eÐnai asjen¸c sumpag c (ant. sumpag c).
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3.3 AnaklastikoÐ k¸noi kai Schauder b�seic

Se aut  thn enìthta, meletoÔme thn anaklastikìthta tou jetikoÔ k¸nou
pou par�getai apì mia Schauder b�sh tou X, se sqèsh me tic idiìthtec thc
b�shc. To kÐnhtro gia aut  thn melèth eÐnai ta klassik� apotelèsmata tou
James([23]). Se aut  thn enìthta upojètoume ìti o X eÐnai q¸roc Banach
me Schauder b�sh {xn} kai {x∗n} ta sunarthsiak� suntetagmènwn thc {xn}.
EpÐshc sumbolÐzoume me P ton k¸no pou par�getai apì thn {xn}.

O James, sto [23], apèdeixe ìti o X eÐnai anaklastikìc an kai mìno an h
{xn} eÐnai shrinking kai boundedly complete. Sta akìlouja ja melet soume
pwc h idiìthta ìti h {xn} eÐnai jetik� boundedly complete susqetÐzetai me
thn anaklastikìthta tou P .

Je¸rhma 3.26. An o P eÐnai anaklastikìc tìte h {xn} eÐnai jetik� boun-
dedly complete.

Apìdeixh. 'Estw {an} akoloujÐa mh arnhtik¸n pragmatik¸n arijm¸n kai
sn =

∑n
i=1 aixi tètoia ¸ste ||sn|| ≤ M gia k�je n ∈ N. Epeid  o P eÐ-

nai anaklastikìc, up�rqei upakoloujÐa skn thc {sn} tètoia ¸ste skn → x,
ìpou x =

∑∞
i=1 x

∗
i (x)xi. Tìte x∗i (x) = limn→∞ x

∗
i (skn) = ai, gia k�je i, �ra

x =
∑∞

i=1 aixi ∈ P kai sunep¸c h {xn} eÐnai jetik� boundedly complete.

Je¸rhma 3.27. An h {xn} eÐnai shrinking kai jetik� boundedly complete
tìte o P eÐnai anaklastikìc.

Apìdeixh. Ja deÐxoume ìti P̂ = P 00. Gia k�je x∗∗ ∈ P 00 èqoume ìti x∗∗ =∑∞
i=1 x

∗∗(x∗i )x̂i sthn w
∗ topologÐa tou X∗∗, epeid  h {xn} eÐnai shrinking.

Sunep¸c èqoume:

sn =
n∑
i=1

x∗∗(x∗i )x̂i
w∗−−→ x∗∗.

'Ara up�rqei M > 0 tètoio ¸ste ||sn|| = ||
∑n

i=1 x
∗∗(x∗i )xi|| ≤ M gia k�je

n. Epiplèon x∗∗(x∗i ) ≥ 0 gia k�je i, epeid  x∗∗ ∈ P 00, �ra

x =

∞∑
i=1

x∗∗(x∗i )xi ∈ P,
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epeid  {xn} eÐnai jetik� boundedly complete kai apì thn monadikìthta tou
w∗-orÐou èqoume ìti x∗∗ = x̂ ∈ P̂ , �ra o P eÐnai anaklastikìc.

Oloklhr¸noume aut  thn enìthta me èna par�deigma enìc mh anakla-
stikoÔ q¸rou X me shrinking Schauder b�sh pou eÐnai jetik� boundedly
complete kai ìqi boundedly complete.

Par�deigma 3.28. 'Estw J o q¸roc James. Dhlad  J eÐnai o q¸roc twn
akolouji¸n {an} me lim an = 0 kai

sup{
n−1∑
j=1

(akj − akj+1
)2}

1
2 < +∞,

ìpou to supremum upologÐzetai ìtan to parap�nw �jroisma upologÐzetai gia
k�je n ∈ N kai gia k�je aÔxousa akoloujÐa k1 < k2 < ... < kn sto N. H
nìrma ||{an}||J orÐzetai wc autì to supremum. EÐnai gnwstì ìti h kanonik 
b�sh {en} eÐnai shrinking b�sh(bl. [19]). EÐnai eÔkolo na diapist¸soume ìti
h {en} den eÐnai jetik� boundedly complete. EpÐshc apì thn sqèsh (a−b)2 ≤
2a2 + 2b2 gia k�je a, b ∈ R, èqoume ìti k�je akoloujÐa {ai} tou `2 an kei
ston J , me

||{ai}||J ≤ (2
∞∑
i=1

a2
i )

1
2 .

JewroÔme thn akoloujÐa xn = (−1)n+1en. H {xn} eÐnai shrinking b�sh tou
J . Ja deÐxoume ìti h {xn} eÐnai jetik� boundedly complete. 'Estw {λn}
akoloujÐa mh arnhtik¸n arijm¸n, tètoioi ¸ste ||

∑n
i=1 λixi||J ≤M gia k�je

n ∈ N. Jètoume ìti ai = λi an i eÐnai perittìc kai ai = −λi an i eÐnai �rtioc.
Tìte supn ||

∑n
j=1 ajej ||J ≤M . Akìmh, èqoume:

(ak − ak+1)2 = (|ak|+ |ak+1|)2 ≥ a2
k,

an k eÐnai perittìc kai

(ak − ak+1)2 = (−|ak| − |ak+1|)2 ≥ a2
k,
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an k eÐnai �rtioc, epomènwc

0 ≤
n∑
k=1

a2
k ≤

n∑
k=1

(ak − ak+1)2 ≤M2.

Sunep¸c {an} ∈ `2, �ra

∞∑
i=1

aiei =
∞∑
i=1

λixi,

up�rqei ston J kai h {xn} eÐnai jetik� boundedly complete. 'Ara apì to Je¸-
rhma 3.27, èqoume ìti o k¸noc pou par�getai apì thn {xn} eÐnai anaklastikìc.
Epeid  h {xn} eÐnai Schauder b�sh tou J kai o J den eÐnai anaklastikìc, è-
qoume ìti h {xn} den eÐnai boundedly complete.

3.4 Di�taxh kai anaklastikoÐ k¸noi

Se aut  thn enìthta ja melet soume idiìthtec pou apokt� ènac diatetagmènoc
q¸roc ìtan diat�ssetai apì anaklastikì k¸no.

'Estw (X,P ) diatetagmènoc q¸roc me norm, to shmeÐo x0 eÐnai extremal
shmeÐo tou P , an x0 ∈ P \ {0} kai 0 ≤ x ≤ x0 ⇒ x = λx0. SumbolÐzoume, me
Ep(P ) to sÔnolo twn extremal shmeÐwn tou P . An o X eÐnai vector lattice
kai up�rqei a > 0, ¸ste an x, y ∈ X me |x| ≤ |y| ⇒ ||x|| ≤ a||y||, tìte lème
ìti o X eÐnai locally solid vector lattice.

Epeid  ènac q¸roc me generating anaklastikì k¸no eÐnai anaklastikìc,
to epìmeno apotèlesma prokÔptei �mesa apì to ([9], Corollary 2.48).

Je¸rhma 3.29. 'Estw q¸roc Banach X, diatetagmènoc apì ènan normal,
generating kai anaklastikì k¸no, tìte o X èqei thn Riesz decomposition
property an kai mìno an eÐnai vector lattice.

Je¸rhma 3.30. K�je q¸roc Banach, diatetagmènoc apì ènan anaklastikì
kai normal k¸no eÐnai Dedekind complete.
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Apìdeixh. 'Estw (xa)a∈A aÔxon dÐktuo tou X, tètoio ¸ste xa ≤ x gia k�je
a ∈ A. EÐnai arketì na deÐxoume ìti sup{xa | a ≥ a0}, gia k�poio a0, kaj¸c
tìte sup{xa} = sup{xa | a ≥ a0}. Gia k�je a ≥ a0, èqoume ìti 0 ≤ xa −
xa0 ≤ x− xa0 , �ra ||xa− xa0 || ≤M gia k�je a ≥ a0, diìti o P eÐnai normal.
Gia k�je x∗ ∈ P 0, x∗(xa − xa0) eÐnai aÔxousa kai fragmènh apì to M ||x∗||,
epomènwc lima x

∗(xa− xa0) up�rqei kai sumbolÐzoume autì to ìrio me f(x∗).
Apì to Je¸rhma 1.20, èqoume ìti o k¸noc P 0 eÐnai generating stonX∗ epeid 
o P eÐnai normal. Sunep¸c k�je x∗ ∈ X∗ gr�fetai sthn morf  x∗ = x∗1−x∗2,
ìpou x∗1, x

∗
2 ∈ P 0 kai orÐzoume f(x∗) = f(x∗1)−f(x∗2). EÐnai eÔkolo, na doÔme

ìti h f eÐnai kal� orismènh kai f(x∗) = limx∗(xa−xa0). ParathroÔme, tìte
ìti f ∈ P 00. Apì thn anaklastikìthta tou k¸nou, èqoume ìti P̂ = P 00, �ra
up�rqei y ∈ P tètoio ¸ste f(x∗) = x∗(y) gia k�je x∗ ∈ X∗. EÐnai eÔkolo

na doÔme, ìti xa− xa0
w−→ y. Epeid  {xa− xa0} aÔxon, eÐnai eÔkolo na doÔme

ìti y = sup{xa | a ≥ a0}.

SuneqÐzoume thn melèth mac, me thn ènnoia thc continuous projection
property, pou orÐsthke apì ton I. Polyrakis sto [43]. 'Estw (Y, P ) diate-
tagmènoc q¸roc me nìrma. To x0 ∈ Ep(P ), lème ìti dèqetai jetik  probol ,
an up�rqei grammik  jetik  suneq c probol  Px0 apì ton Y sto [x0] tètoia
¸ste Px0(x) ≤ x gia k�je x ∈ P . Lème ìti o Y èqei thn continuous proje-
ction property, an k�je x0 ∈ Ep(P ), dèqetai jetik  probol . EpÐshc sto
[43], apodeÐqthke ìti an Z = P − P kai o P eÐnai kleistìc, tìte:

(i) O Y èqei thn continuous projection property an kai mìno an o Z,
diatetagmènoc apì ton P èqei thn continuous projection property kai

(ii) An o Z eÐnai locally solid vector lattice, tìte o X èqei thn continuous
projection property.

'Ara h continuous projection property, exart�tai apì ton k¸no P , epomènwc
mporoÔme na poÔme ìti o P èqei thn continuous projection property.

'Opwc shmei¸netai sto [43], an o Y eÐnai q¸roc Banach, P eÐnai kleistìc
kai generating kai o Y èqei thn Riesz Decomposition Property, tìte o Y
èqei thn continuous projection property, epomènwc se ènan q¸ro Banach
diatetagmèno apì ènan kleistì kai generating k¸no h continuous projection
property eÐnai asjenèsterh apì thn Riesz Decomposition Property.
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Parajètoume akoloÔjwc èna par�deigma enìc anaklastikoÔ generating
kai normal k¸no P enìc anaklastikoÔ k¸nou me fragmènh b�sh, pou den
èqei thn Riesz Decomposition Property.

Par�deigma 3.31. ([43], Example 4.1)'Estw B mia b�sh tou `+p pou
orÐzetai apì to f ∈ `+q . Tìte B eÐnai kleist  kai mh fragmènh. 'Estw
x0 ∈ B, ρ ∈ R+ me ρ > ||x0||, Bρ = {x ∈ B | ||x|| ≤ ρ} kai P = {λx | λ ∈
R+ kai x ∈ Bρ}, tìte o P eÐnai anaklastikìc me fragmènh b�sh Bρ. 'O-
pwc shmei¸netai sto [43], o P eÐnai generating ston `p kai o P den èqei thn
continuous projection property.

Je¸rhma 3.32. An P anaklastikìc k¸noc enìc q¸rou Banach X me klei-
st  kai fragmènh b�sh B, tìte o P den perièqei apeirodi�stato kleistì k¸no
K me thn continuous projection property.

Apìdeixh. ParathroÔme pr¸ta ìti h b�sh B tou P èqei thn Krein-Milman
idiìthta, dhlad  k�je kleistì, kurtì kai fragmèno uposÔnolo C tou B eÐnai
h kleist  kurt  j kh twn akraÐwn shmeÐwn tou. Pr�gmati, gia k�je C ⊆ B,
kleistì kurtì apì to Je¸rhma Krein-Milman, èqoume ìti C = cowext(C) =
coext(C), ìpou me ext(C) sumbolÐzoume to sÔnolo twn akraÐwn shmeÐwn
tou C. An upojèsoume ìti K ⊆ P eÐnai kleistìc k¸noc me thn continuous
projection property, tìte apì to Je¸rhma 2.3, o K eÐnai isomorfikìc me ton
`+1 (Γ), epomènwc o `+1 emfuteÔetai ston K. Autì ìmwc eÐnai �topo, giatÐ o
K eÐnai anaklastikìc.

Apì to parap�nw Je¸rhma kai tic parap�nw parathr seic, prokÔptoun
ta akìloujo PorÐsmata:

Pìrisma 3.33. An P eÐnai anaklastikìc k¸noc enìc q¸rou Banach X,
me kleist , fragmènh b�sh B, tìte o P den perièqei apeirodi�stato kleistì
k¸no K, ¸ste o q¸roc Y = P − P , diatetagmènoc apì ton k¸no K na eÐnai
locally solid vector lattice.

Pìrisma 3.34. K�je anaklastikìc kai generating k¸noc enìc apeirodi�-
statou q¸rou Banach X, me fragmènh b�sh den mporeÐ na eÐnai vector lattice.



Kef�laio 4

Lattice-subspaces kai
Jetikèc b�seic

4.1 Eisagwg 

'Estw E vector lattice kai X upìqwroc tou E . O X jewreÐtai wc merik�
diatetagmènoc grammikìc q¸roc tou E me thn epagìmenh di�taxh pou sumbo-
lÐzetai me ≥X wc ex c:

x ≥X y ⇔ x ≥ y, gia k�je x, y ∈ X.

ìpou ≥ eÐnai h sqèsh merik c di�taxhc ston E. Epomènwc o jetikìc k¸noc
X+ tou X eÐnai X+ = X∩E. An gia k�je x, y ∈ X,x∨y ∈ X kai x∧y ∈ X,
lème ìti o X eÐnai sublattice tou E. SumbolÐzoume me S(X) ton el�qisto
sublattice tou E pou perièqei ton X.

To supremum tou {x, y} ston X, an up�rqei sumbolÐzetai me supX{x, y}
kai orÐzetai wc ex c: z = supX{x, y} an kai mìno an z ∈ X kai gia k�je
w ∈ X ¸ste w ≥ x, y ⇒ w ≥ z. An�loga orÐzetai to infimum tou {x, y}
ston X kai sumbolÐzetai me infX{x, y}.

An gia k�je x, y ∈ X up�rqoun ta supX{x, y}, infX{x, y}, tìte lème ìti
X eÐnai lattice-subspace tou E . An o X eÐnai lattice-subspace tou E, tìte
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gia k�je x, y ∈ X isqÔei:

sup
X
{x, y} ≥ x ∨ y ≥ x ∧ y ≥ inf

X
{x, y}.

K�je sublattice tou E eÐnai lattice-subspace tou E. To antÐstrofo, den
isqÔei p�ntote, to sÔnolo twn sublattices tou E eÐnai gn sio uposÔnolo twn
lattice-subspaces tou E.

Sto parìn kef�laio, ja melet soume ta peperasmènhc di�stashc sublat-
tice kai lattice-subspace tou E = C(Ω), ìpou Ω, sumpag c Hausdorff topo-
logikìc q¸roc. O C(Ω) eÐnai efodiasmènoc me thn shmeiak  di�taxh, dhlad :

C+(Ω) = {x ∈ C(Ω) | x(t) ≥ 0 ∀ t ∈ Ω}

O C(Ω), efodiasmènoc me aut  thn di�taxh eÐnai vector lattice. 'Estw X
peperasmènhc di�stashc upìqwroc tou C(Ω). H b�sh {b1, ..., br} tou X lème
ìti eÐnai jetik  b�sh tou X an

X+ = {x =

r∑
i=1

λibi | λi ≥ 0 ∀i}.

An o X èqei jetik  b�sh tìte h b�sh aut  eÐnai monadik  me thn ènnoia
twn jetik¸n pollapl�siwn thc. Parìlo pou o X èqei �peirec b�seic, h
Ôparxh jetik c b�shc den eÐnai bèbaih. Sugkekrimèna isqÔei to akìloujo
apotèlesma:

Je¸rhma 4.1. ([45], Proposition 1.1) 'Estw X peperasmènhc di�stashc
upìqwroc tou C(Ω) tìte o X eÐnai lattice-subspace tou C(Ω) an kai mìno an
èqei jetik  b�sh.

An {b1, ..., br} eÐnai jetik  b�sh tou X kai x =
∑r

i=1 λibi, y =
∑r

i=1 µibi,
tìte

sup
X
{x, y} =

r∑
i=1

(λi ∨ µi)bi, inf
X
{x, y} =

r∑
i=1

(λi ∧ µi)bi
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Je¸rhma 4.2. (Polyrakis, [45], Proposition 2.2)'Estw X peperasmènhc
di�stashc upìqwroc tou C(Ω) tìte o X eÐnai sublattice tou C(Ω) an kai mìno
an èqei jetik  b�sh {b1, ..., br} me thn idiìthta b−1

i (0,+∞)∩b−1
j (0,+∞) = ∅

gia k�je i 6= j.

Sthn perÐptwsh pou Ω = {1, ...,m}, tìte C(Ω) = Rm. SumbolÐzoume
me 1 = (1, ..., 1), to stajerì monadiaÐo di�nusma tou Rm. An x = (xi), y =
(yi) ∈ Rm, tìte èqoume:

x+ = (max{xi, 0}), x− = (max{−xi, 0}), |x| = (|xi|)

x ∨ y = (max{xi, yi}), x ∧ y = (min{xi, yi})

An x = (xi) ∈ Rm, o forèac (support) tou x eÐnai to sÔnolo supp(x) =
{i ∈ {1, 2, ...,m} | xi 6= 0}. To x lème ìti eÐnai duadikì di�nusma, an den
eÐnai stajerì kai xi = 1   xi = 0 gia k�je i. Ta dianÔsmata {x1, ..., xr} tou
Rm+ lème ìti eÐnai diamèrish thc mon�dac an supp(xi)∩ supp(xj) = ∅ gia k�je
i 6= j kai 1 =

∑r
i=1 xi. EÐnai eÔkolo na doÔme ìti sthn parap�nw perÐptwsh

k�je xi eÐnai duadikì di�nusma. Apì to Je¸rhma 4.2, èqoume to akìloujo
apotèlesma gia ton Rm

Je¸rhma 4.3. (Polyrakis)'Estw X sublattice tou Rm. An 1 ∈ X, tìte o
X èqei jetik  b�sh {b1, ..., br}, pou eÐnai diamèrish thc mon�dac.

4.2 O algìrijmoc tou Polur�kh

'Estw z1, ..., zr grammik� anex�rthta kai jetik� dianÔsmata tou C(Ω) kai
X = [z1, ..., zr]. Se aut  thn enìthta ja melet soume thn lÔsh pou èdwse o
I. Polyrakis([45],[46]) sto akìloujo prìblhma:

K�tw apì poiec sunj kec o X eÐnai lattice-subspace   sublattice tou C(Ω)?

H lÔsh sto parap�nw prìblhma thc jewrÐac twn diatetagmènwn q¸rwn
èdwse shmantikèc efarmogèc sta qrhmatooikonomika ([32], [48], [28], [30],
[52], [33]) kai sthn paroÔsa diatrib  eÐnai to basikì ergaleÐo tou kef�laiou
5.
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Sthn perÐptwsh pou o X den eÐnai lattice-subspace, ja melet soume an o
X perièqetai se peperasmènhc di�stashc elaqistikì lattice subspace   an o
S(X) eÐnai peperasmènhc di�stashc.

H sun�rthsh

β(t) = (
z1(t)

z(t)
,
z2(t)

z(t)
, ...,

zr(t)

z(t)
), gia k�je t ∈ Ω, me z(t) > 0,

ìpou z = z1 + z2 + ... + zr onom�zetai basik  sun�rthsh twn z1, ..., zr.
SumbolÐzoume me R(β) to pedÐo tim¸n thc β kai me card(R(β)) ton plhj�rijmo
tou R(β).

Je¸rhma 4.4. (Polyrakis, [46], Theorem 3.6)An Z eÐnai upìqwroc tou
C(Ω) pou par�getai apì ta z1, ..., zr kai β h basik  sun�rthsh twn z1, ..., zr,
èqoume ìti Z eÐnai sublattice tou C(Ω) an kai mìno an card(R(β)) = r.

An R(β) = {P1, ..., Pr}, h jetik  b�sh {b1, ..., br} tou Z dÐnetai apì tÔpo

(b1, b2, ..., br)
T = A−1(z1, z2, ..., zr)

T , (4.1)

ìpou A eÐnai r × r pÐnakac ìpou h i st lh eÐnai to di�nusma Pi gia k�je
i = 1, ..., r kai (b1, b2, ..., br)

T , (z1, z2, ..., zr)
T eÐnai pÐnakec me grammèc ta

dianÔsmata b1, b2, ..., br kai z1, z2, ..., zr antÐstoiqa.

Je¸rhma 4.5. (Polyrakis, [46], Theorem 3.7)'Estw Z sublattice tou C(Ω)
pou par�getai apì ta z1, ..., zr kai µ ∈ N. An β h basik  sun�rthsh twn
z1, ..., zr oi isqurismoÐ (i),(ii) eÐnai isodÔnamoi:

(i) dim(Z) = µ

(ii) R(β) = {P1, ..., Pµ}

An to (ii) isqÔei, tìte o Z kataskeu�zetai sÔmfwna me ta akìlouja:

(a) AparijmoÔme to R(β) ètsi ¸ste ta r pr¸ta dianÔsmata na eÐnai grammi-
k� anex�rthta( ìpwc èqei apodeiqjeÐ sto [46], tètoia aparÐjmhsh up�r-
qei p�nta). SumbolÐzoume p�li me Pi, i = 1, 2, ..., µ th nèa aparÐjmhsh
kai jètoume Ir+k = {t ∈ Ω | β(t) = Pr+k} gia k�je k = 1, 2, ..., µ− r.
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(b) OrÐzoume ta dianÔsmata zr+k, k = 1, 2, ..., µ− r wc akoloÔjwc:

zr+k(i) = z(i) an i ∈ Ir+k kai zr+k(i) = 0 an i 6∈ Ir+k,

ìpou z = z1 + ...+ zr.

(g) Z = [z1, z2, ..., zr, zr+1, ..., zµ]

(d) H jetik  b�sh {b1, b2, ..., bµ} tou Z kataskeu�zetai wc akoloÔjwc:

'Estw γ h basik  sun�rthsh twn z1, z2, ..., zr, zr+1, ..., zµ kai upojè-
toume ìti

{P ′1, P ′2, ..., P ′µ}

eÐnai to pedÐo tim¸n thc γ ( to pedÐo tim¸n thc γ èqei akrib¸c µ shmeÐa).
Tìte

(b1, b2..., bµ)T = D−1(z1, z2, ..., zµ)T , (4.2)

ìpou D eÐnai µ× µ pÐnakac me st lec ta dianÔsmata P ′1, P
′
2, ..., P

′
µ.

H ènnoia thc b�shc probol c , orÐsthke sto [48]. 'Estw {y1, ..., yr} gram-
mik� anex�rthta dianÔsmata tou C(Ω) kai L = [y1, ..., yr] ⊆ W , ìpou W
lattice-subspace peperasmènhc di�stashc tou C(Ω). H b�sh {b̃1, ..., b̃r} eÐ-
nai b�sh probol c tou L an ta stoiqeÐa thc eÐnai probol  twn stoiqeÐwn thc
jetik c b�shc touW . Sthn perÐptwsh pou Z = S(L) eÐnai peperasmènhc di�-
stashc, b�sh probol c tou L mporeÐ na oristeÐ me an�logo trìpo, paÐrnontac
thn probol  thc jetik c b�shc tou Z ston L.

Je¸rhma 4.6. (Polyrakis, [48], Theorem 9)'Estw Z sublattice tou C(Ω),
pou par�getai apì ta {z1, ..., zr}, grammik� anex�rthta kai jetik� dianÔsmata
tou C(Ω) kai èstw dim(Z) = µ. AkoloujoÔme ta b mata kai touc sum-
bolismoÔc tou (ii), tou Jewr matoc 4.5 gia ton prosdiorismì thc jetik c
b�shc {b1, b2, ..., bµ} tou Z pou dÐnetai apì ton tÔpo 4.2. 'Estw β h basik 
sun�rthsh twn dianusm�twn z1, z2, ..., zr kai P1, P2, ..., Pr, Pr+1, ..., Pµ mia
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aparÐjmhsh tou R(β) ¸ste ta dianÔsmata P1, ..., Pr na eÐnai grammik� ane-
x�rthta kai èstw zr+1, zr+2, ..., zµ ta nèa dianÔsmata tou (b), tou Jewr matoc
4.5. An L = [z1, z2, ..., zr], tìte:

(i) Z = L⊕ [zr+1, zr+2, ..., zµ],

(ii) {br+1, br+2, ..., bµ} = {2zr+1, 2zr+2, ..., 2zµ},

(iii) An bi = b̃i + b′i, me b̃i ∈ L kai b′i ∈ [zr+1, zr+2, ..., zµ] gia k�je i =
1, 2, ..., r, tìte {b̃1, b̃2, ..., b̃r} eÐnai b�sh tou L, pou thn onom�zoume b�sh
probol c tou L kai dÐnetai apì ton tÔpo:

(̃b1, b̃2, ..., b̃r)
T = A−1(z1, z2, ..., zr)

T , (4.3)

ìpou A eÐnai n× n pÐnakac, ìpou h i st lh eÐnai ta dianÔsmata Pi, gia k�je
i = 1, ..., r. Aut  h b�sh èqei thn idiìthta: Oi r pr¸toi suntelestèc k�je
stoiqeÐou x tou L sthn b�sh {b1, ..., bµ} tautÐzontai me touc antÐstoiqouc
suntelestèc tou x wc proc thn b�sh probol c, dhlad :

x =

µ∑
i=1

λibi ∈ L⇒ x =
r∑
i=1

λib̃i. (4.4)



Kef�laio 5

Anaparagwg  dikaiwm�twn
se agorèc axiogr�fwn

5.1 To Majhmatikì montèlo

Sto qrhmatooikonomikì montèlo pou melet�me, jewroÔme mia agor� axiogr�-
fwn dÔo-periìdwn me peperasmèno sÔnolo katast�sewn Ω = {1, 2, ...,m}
thn hmèra 1 kai peperasmèno arijmì prwtarqik¸n axiogr�fwn twn opoÐwn
oi apodìseic dÐnontai apì ta grammik� anex�rthta dianÔsmata x1, ..., xn tou
q¸rou apodìsewn Rm. Qartoful�kio eÐnai èna di�nusma θ = (θ1, θ2, ..., θn)
tou Rn, ìpou θi eÐnai o arijmìc twn mon�dwn apì to i axiìgrafo. Tìte
T (θ) =

∑n
i=1 θixi ∈ Rm eÐnai h apìdosh tou θ. Epeid  o telest c T eÐnai

"1-1", tautÐzei ta qartoful�kia me thn apìdosh touc. Ta dianÔsmata x1, ..., xn
ja anafèrontai wc prwtarqik� axiìgrafa kai o upìqwroc

X = [x1, x2, ..., xn],

tou Rm, pou par�getai apì ta dianÔsmata xi wc agor� twn x1, ..., xn. To
akÐnduno omìlogo 1 eÐnai to di�nusma tou Rm, me monadiaÐec suntetagmènec.
To di�nusma x ∈ Rm, lème ìti anapar�getai apì thn agor�(eÐnai replica-
ted) an x ∈ X. DikaÐwma agor�c pou eggr�fetai sto di�nusma x me tim 
ex�skhshc a eÐnai to di�nusma c(x, a) = (x − a1)+ tou Rm. DikaÐwma p¸-
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lhshc pou eggr�fetai sto di�nusma x me tim  ex�skhshc a eÐnai to di�nu-
sma p(x, a) = (a1 − x)+ tou Rm. IsqÔei ìti x − a1 = c(x, a) − p(x, a).
An c(x, a) > 0 kai p(x, a) > 0, lème ìti to dikaÐwma agor�c c(x, a) kai to
dikaÐwma p¸lhshc p(x, a) eÐnai mh tetrimmèno kai epÐshc ìti h a eÐnai mh te-
trimmènh tim  ex�skhshc gia to x. SumbolÐzoume me Kx, to sÔnolo ìlwn
twn mh tetrimmènwn tim¸n ex�skhshc tou x. An c(x, a) ∈ X lème ìti h a
eÐnai call-replicated tim  ex�skhshc tou x kai an p(x, a) ∈ X lème ìti h a
eÐnai put-replicated tim  ex�skhshc tou x. An c(x, a), p(x, a) ∈ X lème ìti
h a eÐnai replicated tim  ex�skhshc tou x. An 1 ∈ X, tìte c(x, a) ∈ X an
kai mìno an p(x, a) ∈ X. Se aut  thn enìthta den upojètoume genik� ìti
1 ∈ X. H pl rwsh thc agor�c F1(X) me diakai¸mata eÐnai o upìqwroc tou
Rm, pou par�getai apì ìla ta diakai¸mata pou eggr�fontai se stoiqeÐa tou
X. 'Ena apì ta basik� probl mata thc jewrÐac eÐnai o prosdiorismìc tou
F1(X). To 1976, o Ross sthn prwtoporiak  tou ergasÐa [56], apèdeixe ìti
F1(X) = Rm an kai mìno an o X èqei apotelesmatikì omìlogo(to e ∈ Rm
eÐnai apotelesmatikì omìlogo an e(i) 6= e(j) gia k�je i 6= j). Sta qrìnia
pou akoloÔjhsan, arketoÐ ereunhtèc asqol jhkan me autì to prìblhma. Sto
[10], oi Arditti kai John apèdeixan ìti an o X èqei apotelesmatikì omìlogo
tìte sqedìn k�je qartoful�kio( me thn ènnoia tou mètrou Lebesque sto X)
eÐnai apotelesmatikì omìlogo. Sto [25], melet�tai h perÐptwsh pou h upì-
jesh tou Ross gia Ôparxh apotelesmatikoÔ omolìgou den ikanopoieÐtai kai o
F1(X) eÐnai gn sioc upìqwroc tou Rm. Se autì to �rjro, o John ìrise thn
ènnoia tou megistikoÔ apotelesmatikoÔ omolìgou kai apèdeixe ìti o F1(x)
par�getai apì ta diakai¸mata agor�c kai p¸lhshc pou eggr�fontai se èna
megistikì apotelesmatikì omìlogo. 'Opwc epishm�netai sthn ergasÐa [21]
twn Green, Jarrow kai sthn ergasÐa [14] twn Brown,Ross k�je diakai¸mata
agor�c kai p¸lhshc gÐnetai replicated apì thn agor� an kai mìno an o X
eÐnai sublattice tou Rm. Sthn ergasÐa [11] tou Baptista, ta apotelèsmata
tou Ross, epekteÐnontai gia montèlo agor�c axiogr�fwn, poll¸n periìdwn.
Sthn ergasÐa [20] thc Galvani, ta apotelèsmata tou Ross meletoÔntai sthn
perÐptwsh twn Lp-q¸rwn.

To 2006, sthn ergasÐa [31], oi C. Kountzakis kai I. Polyrakis, èlusan to
prìblhma thc pl rwshc thc agor�c me diakai¸mata, dÐnontac mia pl rh mè-
jodo pou upologÐzei thn jetik  b�sh tou F1(X). Aut  h mèjodoc basÐzetai
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sthn jewrÐa twn lattice-subspaces kai twn jetik¸n b�sewn pou anaptÔqjhke
apì ton I. Polyrakis kai parousi�sthke sto prohgoÔmeno kef�laio. Aut  h
jewrÐa eÐnai to basikì ergaleÐo, gia thn melèth pou ja k�noume stic epìme-
nec paragr�fouc. AkoloÔjwc, perigr�foume thn mèjodo prosdiorismoÔ tou
F1(X).

SÔmfwna me aut  thn mèjodo, jewroÔme to sÔnolo

A = {x+
1 , x

−
1 , x

+
2 , x

−
2 , ..., x

+
n , x

−
m,1},

K�je megistikì uposÔnolo {y1, y2, ..., yr} grammik� anex�rthtwn dianu-
sm�twn tou A onom�zetai basikì sÔnolo thc agor�c. Shmei¸noume ìti to
basikì sÔnolo, den eÐnai aparaÐthta monadikì, ìla ìmwc ta basik� sÔnola
èqoun plhj�rimo r. 'Opou r eÐnai h di�stash tou upìqwrou tou Rm pou
par�getai apì to A kai k�je basikì sÔnolo thc agor�c eÐnai b�sh tou upo-
q¸rou autoÔ. To epìmeno je¸rhma apodeÐqthke se apeirodi�statec agorèc.
Sthn perÐptwsh mac eÐnai:

Je¸rhma 5.1. (Kountzakis, Polyrakis,[31], Theorem 11)F1(X) eÐnai o su-
blattice tou Rm, pou par�getai apì èna basikì sÔnolo thc agor�c.

'Epeita apì autì, to apotèlesma, qrhsimopoioÔme thn jewrÐa twn lattice-
subspaces kai twn jetik¸n b�sewn. Epeid  F1(X) eÐnai sublattice tou Rm
pou perièqei to 1, èqoume sÔmfwna me to Je¸rhma 4.6 ìti o F1(X) èqei
jetik  b�sh {b1, ..., bµ} pou eÐnai diamèrish thc mon�dac, dhlad  supp(bi) ∩
supp(bj) = gia k�je i 6= j kai 1 =

∑µ
i=1 bi Opìte isqÔei to akìloujo:

Je¸rhma 5.2. F1(X) èqei jetik  b�sh {b1, ..., bµ} pou eÐnai diamèrish thc
mon�dac.

Gia ton prosdiorismì thc jetik c b�shc {bi} tou F1(X), pou eÐnai diamè-
rish thc mon�dac, ja akolouj soume ta b mata tou Polyrakis-Algìrijmou,
ìpwc perigr�fthke sto prohgoÔmeno kef�laio. Sugkekrimèna, an {y1, ..., yr}
eÐnai èna basikì sÔnolo thc agor�c, tìte h basik  sun�rthsh twn y1, ..., yr
eÐnai h akìloujh:

β(i) = (
y1(i)

y(i)
,
y2(i)

y(i)
, ....,

yr(i)

y(i)
), gia k�je i = 1, 2, ...,m, me y(i) > 0,
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ìpou y = y1 + ...+ yr. Akolouj¸ntac ton algìrijmo, prosdiorÐzoume mia
jetik  b�sh {d1, ..., dµ} tou F1(X) apì ton tÔpo (4.2). Ta stoiqeÐa aut c
thc b�shc èqoun xènouc foreÐc kai k�je di eÐnai stajerì ston forèa tou.
Kanonikopoiìntac th b�sh {di} prosdiorÐzoume thn jetik  b�sh {bi} tou
F1(X), pou eÐnai diamèrish thc mon�dac. Apì to Je¸rhma 4.6, sumper�noume
ta akìlouja gia thn di�stash tou F1(X).

Je¸rhma 5.3. H di�stash tou F1(X) eÐnai Ðsh me thn plhjikìthta tou
R(β), epomènwc èqoume:

(i) F1(X) = X an kai mìno an card(R(β)) = n,

(ii) F1(X) = Rm an kai mìno an card(R(β)) = m,

(iii) F1(X)  X an kai mìno an card(R(β)) < m,

5.2 Agorèc pou anapar�goun lÐga diakai¸ma-

ta

Se aut  thn enìthta, ja suneqÐsoume thn melèth twn �rjrwn [12] kai [8],
pou anafèrontai se agorèc pou anapar�goun lÐga dikai¸mata. Arqik�, ja
melet soume tic agorèc pou den èqoun duadik� dianÔsmata, dhlad  dianÔsma-
ta, pou èqoun suntetagmènec 0   1. Sto Je¸rhma 5.5, ja apodeÐxoume ìti
se autèc tic agorèc X, gia k�je x ∈ X, to sÔnolo Kx perièqei to polÔ
k − 3, timèc ex�skhshc pou anapar�gontai apì thn agor�, ìpou k ≤ m kai
m o arijmìc twn katast�sewn. To apotèlesma autì belti¸nei aisjht� to
apotèlesma tou Baptista, ìpou sto [12], eÐqe apodeÐxei ìti to sÔnolo twn mh
tetrimmènwn tim¸n ex�skhshc pou anapar�gontai apì thn agor� eÐnai mètrou
mhdèn. Sth sunèqeia, ja genikeÔsoume ton orismì kai ta apotelèsmata pou
eÐqan d¸sei gia tic strongly resolving agorèc oi Aliprantis kai Tourky sto
[8]. Sugkekrimèna, jewroÔme ton pÐnaka apodìsewn twn prwtarqik¸n axio-
gr�fwn, wc proc thn jetik  b�sh {bi} tou F1(X) kai orÐzoume thn ènnoia
twn strongly resolving agor¸n, wc proc autì ton pÐnaka. Sto Je¸rhma 5.9,
epekteÐnontac to antÐstoiqo apotèlesma tou [8], apodeiknÔoume ìti se autèc
tic agorèc an n ≤ µ+1

2 , ìpou n o arijmìc twn prwtarqik¸n axiogr�fwn kai µ
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h di�stash tou F1(X), tìte kanèna mh tetrimmèno dikaÐwma den anapar�getai
apì thn agor�.

Gia ta akìlouja, jewroÔme thn agor� X = [x1, ..., xn] kai {b1, b2, ..., bµ}
  {bi} thn jetik  b�sh tou F1(X), pou eÐnai diamèrishc thc mon�dac. Gia k�je
x =

∑µ
i=1 λibi ∈ F1(X), λ1, λ2, ..., λµ eÐnai oi suntelestèc tou x wc proc thn

b�sh {bi}. Jètoume

a1 = min{λi | i = 1, 2, ..., µ} kai Φ1 = {i | λi = a1},

a2 = min{λi | λi > a1} kai Φ2 = {i | λi = a2},

kai suneqÐzontac kat� autì ton trìpo, paÐrnoume touc pragmatikoÔc arij-
moÔc a1, a2, ..., ak kai ta uposÔnola Φ1,Φ2, ...,Φk tou {1, ..., µ}. Oi arijmoÐ
a1, a2, ..., ak ja kaloÔntai ousi¸dhc suntelestèc kai ta sÔnola Φ1,Φ2, ...,Φk

ousi¸dhc sÔnola katast�sewn tou x, wc proc thn b�sh {bi}. Oi ousi¸-
dhc suntelestèc eÐnai se aÔxousa seir� kai gia to pl joc k twn ousi¸dec
suntelest¸n isqÔei k ≤ µ ≤ m.

Prìtash 5.4. Gia k�je x =
∑µ

i=1 λibi ∈ F1(X), èqoume:

(i) c(x, a) =
∑µ

i=1(λi − a)+bi kai p(x, a) =
∑µ

i=1(a− λi)+bi,

(ii) An a1, a2, ..., ak eÐnai oi ousi¸dhc suntelestèc tou x, to di�sthma Kx =
(a1, ak) eÐnai to sÔnolo twn mh tetrimmènwn tim¸n ex�skhshc tou x.

Apìdeixh. (i): H b�sh {bi} eÐnai diamèrish thc mon�dac. 'Ara bi(j) = 1 gia
k�je j ∈ supp(bi). Epomènwc èqoume c(x, a) = (x − a1)+ = (

∑µ
i=1 λibi −

a
∑µ

i=1 bi)
+ = (

∑µ
i=1(λi − a)bi)

+. Epeid  h b�sh {bi} eÐnai diamèrish thc
mon�dac, gia k�je j ∈ supp(bi), èqoume ìti h j-suntetagmènh tou c(x, a) wc
proc thn kanonik  b�sh tou Rm eÐnai (λj −a)+, �ra eÐnai eÔkolo na deÐxoume
ìti c(x, a) =

∑µ
i=1(λi − a)+bi. H apìdeixh gia to dikaÐwma p¸lhshc eÐnai

an�logh.
(ii):An a ≤ a1, tìte (a−λi)+ = 0 gia k�je i, �ra p(x, a) = 0 diìti a1 eÐnai

o el�qistoc suntelest c λi tou x. 'Ara a eÐnai tetrimmènh tim  ex�skhshc. An
a ≥ ak, ìmoia èqoume ìti (λi−a)+ = 0 gia k�je i, �ra c(x, a) = 0 kai a eÐnai
tetrimmènh tim  ex�skhshc. Gia k�je a ∈ (a1, ak) èqoume ìti (λi − a)+ > 0
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gia toul�qiston èna i kai epÐshc (a−λj)+ > 0 gia toul�qiston èna j. Epeid 
h b�sh {bi} eÐnai jetik , èqoume c(x, a) > 0 kai p(x, a) > 0, �ra a eÐnai mh
tetrimmènh tim  ex�skhshc.

Je¸rhma 5.5. 'Estw ìti h agor� X den èqei duadik� dianÔsmata kai x eÐnai
mh stajerì di�nusma tou X. An a1, a2, ..., ak eÐnai oi ousi¸dec suntelestèc
tou x wc proc thn b�sh {bi}, tìte:

(i) An k = 2, k�je mh tetrimmèno dikaÐwma agor�c tou x eÐnai nonrepilca-
ted. An k > 2, k�je di�sthma (a1, a2), [a2, a3), ..., [ak−2, ak−1) perièqei
to polÔ mia call-replicated tim  ex�skhshc, �ra up�rqoun to polÔ k−2
call-replicated timèc ex�skhshc tou x.

(ii) An k = 2, k�je mh tetrimmèno dikaÐwma p¸lhshc tou x eÐnai non-
repilcated.An k > 2, k�je di�sthma (a2, a3], ..., [ak−2, ak−1), (ak−1, ak)
perièqei to polÔ mia put-replicated tim  ex�skhshc, �ra up�rqoun to
polÔ k − 2 put-replicated timèc ex�skhshc tou x.

(iii) An upojèsoume ìti 1 ∈ X, èqoume: An k = 3, k�je mh tetrimmè-
no dikaÐwma tou x eÐnai nonrepilcated. An k > 3, k�je di�sthma
(a2, a3), [a3, a4), ..., [ak−2, ak−1) perièqei to polÔ mia replicated tim  e-
x�skhshc, �ra up�rqoun to polÔ k− 3 call-replicated timèc ex�skhshc
tou x.

Apìdeixh. 'Estw x ∈ X,x 6= λ1, x =
∑µ

i=1 λibi kai a1, a2, ..., ak eÐnai oi
ousi¸dec suntelestèc tou x kai Φ1,Φ2, ...,Φk eÐnai ta ousi¸dec sÔnola ka-
tast�sewn tou x. Epeid  upojèsame ìti to x den eÐnai pollapl�sio tou
akÐndunou omolìgou, sumper�noume ìti k ≥ 2. Tìte

x = a1

∑
i∈Φ1

bi + a2

∑
i∈Φ2

bi + ...+ ak
∑
i∈Φk

bi (5.1)

Jètoume, bj =
∑

i∈Φj
bi, j = 1, 2, ..., k kai parathroÔme ìti k�je tètoio

di�nusma eÐnai duadikì di�nusma. EpÐshc èqoume:
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x =
k∑
j=1

aj b̄j .

To sÔnolo twn mh tetrimmènwn tim¸n ex�skhshc tou x eÐnai to di�sthma
Kx = (a1, ak). Gia k�je a = (a1, ak), èqoume:

c(x, a) =
k∑

j=r+1

(aj − a)b̄j ,

ìpou r = 1, an a ∈ (a1, a2) kai r = ν an a ∈ [aν , aν+1) gia ν = 2, 3, ..., k− 1.
An a ∈ [ak−1, ak) tìte c(x, a) = (ak − a)b̄k eÐnai jetikì pollapl�sio enìc
duadikoÔ dianÔsmatoc, �ra c(x, a) 6∈ X. Epomènwc gia k�je a ∈ [ak−1, ak) to
c(x, a) eÐnai nonreplicated. Autì shmaÐnei ìti an k = 2, tìte k�je dikaÐwma
agor� tou x den anapar�getai apì thn agor�.

'Estw a, a′ diaforetikèc timèc ex�skhshc pou an koun sto Ðdio upodi�-
sthma (a1, a2), [a2, a3), ..., [ak−2, ak−1) tou (a1, ak). Tìte èqoume

c(x, a)− c(x, a′) =
k∑

j=r+1

((aj − a)− (aj − a′))b̄j = (a′ − a)
k∑

j=r+1

bj .

An upojèsoume ìti c(x, a), c(x, a′) ∈ X tìte

(a′ − a)

k∑
j=r+1

b̄j ∈ X,

to opoÐo eÐnai �topo, giatÐ
∑k

j=r+1 b̄j eÐnai duadikì di�nusma. 'Ara to polÔ
èna apì ta c(x, a), c(x, a′) anapar�gontai apì thn agor�. Epomènwc k�je
upodi�sthma (a1, a2), [a2, a3), ..., [ak−2, ak−1) tou (a1, ak) perièqei to polÔ
mÐa call-repliacted tim  ex�skhshc, �ra sunolik� up�rqoun to polÔ k − 2
call-repliacted timèc ex�skhshc kai o isqurismìc (i) eÐnai alhj c. H apìdeixh
tou (ii) eÐnai an�logh.
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An upojèsoume ìti 1 ∈ X kai isqÔei c(x, a) ∈ X   p(x, a) ∈ X, tìte èqou-
me ìti c(x, a) ∈ X kai p(x, a) ∈ X. Epomènwc an 1 ∈ X, apì to (i) kai to (ii),
èqoume ìti up�rqoun to polÔ k−3 timèc ex�skhshc pou anapar�gontai apì thn
agor� kai sugkekrimèna k�je upodi�sthma (a2, a3), [a3, a4), ..., [ak−2, ak−1)
tou (a1, ak) perièqei to polÔ mia replicated tim  ex�skhshc.

An h di�stash tou F1(X) eÐnai to polÔ trÐa, tìte gia k�je x ∈ X, oi
ousi¸deic suntelestèc tou x eÐnai to polÔ treÐc. Epomènwc apì to parap�nw
je¸rhma, èqoume:

Pìrisma 5.6. 'Estw ìti h agor� X den èqei duadik� dianÔsmata, tìte:

• An dim(F1(X)) = 2, k�je mh tetrimmèno dikaÐwma pou eggr�fetai se
stoiqeÐo tou X den anapar�getai apì thn agor�.

• An dim(F1(X)) = 3 kai 1 ∈ X, k�je mh tetrimmèno dikaÐwma pou
eggr�fetai se stoiqeÐo tou X den anapar�getai apì thn agor�.

To epìmeno par�deigma eÐnai mia efarmog  se èna trisdi�stato upìqwro
X tou R8, pou den èqei duadik� dianÔsmata. Ja prosdiorÐsoume mia jetik 
b�sh {b1, b2, b3, b4} tou F1(x) kai ja broÔme èna x ∈ X, pou èqei 4 ousi¸deic
suntelestèc (k = 4) kai mia tim  ex�skhshc pou anapar�getai apì thn agor�.
Autì to Par�deigma deÐqnei ìti to �nw fr�gma k − 3, tou Jewr matoc 5.5,
den mporeÐ na beltiwjeÐ.

Par�deigma 5.7. 'Estw x1 = (1, 1, 2, 2, 0, 0, 0, 0), x2 = (0, 0, 0, 0, 3, 3, 4, 4),
x3 = (1, 1, 1, 1, 1, 1, 1, 1) ta prwtarqik� axiìgrafa thc agor�cX = [x1, x2, x3],
eÐnai eÔkolo na doÔme ìti o X den èqei duadik� dianÔsmata.

Akolouj¸ntac thn mejodologÐa prosdiorismoÔ tou F1(X), xekin�me me
ton prosdiorismì enìc basikoÔ sunìlou thc agor�c kai brÐskoume ìti
{y1, y2, y3} = {x1, x2, x3} eÐnai basikì sÔnolo. Gia na prosdiorÐsoume mia
b�sh akoloujoÔme ta b mata tou Jewr matoc 4.5. Epomènwc prosdiorÐzoume
thn basik  sun�rthsh β twn y1, y2, y3 kai brÐskoume ìti:

β(1) = β(2) =
1

2
(1, 0, 1) = P1, β(3) = β(4) =

1

3
(2, 0, 1) = P2
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β(5) = β(6) =
1

4
(0, 3, 1) = P3, β(7) = β(8) =

1

5
(0, 4, 1) = P4.

Epomènwc card(R(β)) = 4, �ra dim(F1(X)) = 4.
Ta dianÔsmata P1, P2, P3 tou (R(β)) eÐnai grammik� anex�rthta, epomènwc
krat�me thn Ðdia arÐjmhsh gia to (R(β)). SÔmfwna me ton algìrijmo, I4 =
β−1(P4) = {7, 8} kai orÐzoume to nèo di�nusma y4 = (0, 0, 0, 0, 0, 0, 5, 5). Sth
sunèqeia prosdiorÐzoume thn thn basik  sun�rthsh γ twn y1, y2, y3, y4 kai
brÐskoume ìti:

γ(1) = γ(2) =
1

2
(1, 0, 1, 0) = P ′1, γ(3) = γ(4) =

1

3
(2, 0, 1, 0) = P ′2

γ(5) = γ(6) =
1

4
(0, 3, 1, 0) = P ′3, γ(7) = γ(8) =

1

10
(0, 4, 1, 5) = P ′4.

Mia jetik  b�sh tou F1(X), dÐnetai apì ton tÔpo (d1, d2, d3, d4)T =
A−1(y1, y2, y3, y4)T , ìpou A eÐnai o pÐnakac me st lec ta dianÔsmata P ′i , i =
1, ..., 4. BrÐskoume ìti

d1 = (2, 2, 0, 0, 0, 0, 0, 0), d2 = (0, 0, 3, 3, 0, 0, 0, 0),

d3 = (0, 0, 0, 0, 4, 4, 0, 0), d4 = (0, 0, 0, 0, 0, 0, 10, 10).

Kanonikopoiìntac ta parap�nw dianÔsmata, paÐrnoume thn akìloujh jeti-
k  b�sh tou F1(X) pou eÐnai diamèrish thc mon�dac.

b1 = (1, 1, 0, 0, 0, 0, 0, 0), b2 = (0, 0, 1, 1, 0, 0, 0, 0),

b3 = (0, 0, 0, 0, 1, 1, 0, 0), b4 = (0, 0, 0, 0, 0, 0, 1, 1).

JewroÔme to qartoful�kio x = −x1 + x2 = (−1,−1,−2,−2, 3, 3, 4, 4).
To x, wc proc thn b�sh {bi}, gr�fetai: x = −b1 − 2b2 + 3b3 + 4b4 kai
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a1 = −2, a2 = −1, a3 = 3, a4 = 4. SÔmfwna me to Je¸rhma 5.5, to x
èqei to polÔ mÐa replicated tim  ex�skhshc a ∈ (−1, 3). 'Estw a ∈ (−1, 3),
replicated tim  ex�skhshc, tìte èqoume

c(x, a) = (3− a)b3 + (4− a)b4 ∈ X.

Tìte

c(x, a) = ρ1(b1 + 2b2) + ρ2(3b3 + 4b4) + ρ3(b1 + b2 + b3 + b4).

BrÐskoume ìti ρ1 = ρ3 = 0, 3ρ2 = 3−a, 4ρ2 = 4−a, �ra a = 0. Pr�gmati
c(x, 0) = 3b3 + 4b4 = x2 ∈ X kai p(x, 0) = b1 + 2b2 = x1 ∈ X.

Sta epìmena ja melet soume tic strongly resolving agorèc. Oi ago-
rèc autèc melet jhkan sto [8] apì touc Aliprantis kai Tourky. An xi =
(xi(1), xi(2), ..., xi(m)) tìte o pÐnakac apodìsewn twn prwtarqik¸n axiogr�-
fwn eÐnai

A(xi, ei) =



x1(1) x2(1) ... xn(1)
x1(2) x2(2) ... xn(2)
. . .
. . .
. . .

x1(m) x2(m) ... xn(m)

 ,

Mia agor�, sÔmfwna me to [8] eÐnai strongly resolving an k�je n × n
upopÐnakac tou A(xi, ei) eÐnai antistrèyimoc. Sta akìlouja ja genikeÔsoume,
autì ton orismì. 'Estw xi =

∑µ
j=1 x

b
i(j)bj , eÐnai h graf  tou xi, wc proc

thn b�sh bi. Tìte o µ× n pÐnakac

A(xi, bi) =



xb1(1) xb2(1) ... xbn(1)
xb1(2) xb2(2) ... xbn(2)
. . .
. . .
. . .

xb1(µ) xb2(µ) ... xbn(µ)

 ,
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onom�zetai pÐnakac apodìsewn twn prwtarqik¸n axiogr�fwn wc proc thn
b�sh {bi}.

Orismìc 5.8. An k�je n× n upopÐnakac tou A(xi, bi) eÐnai antistrèyimoc,
tìte h agor� X eÐnai strongly resolving wc proc thn b�sh {bi}.

Sto epìmeno Je¸rhma ja apodeÐxoume ìti an F1(X) 6= Rm, h agor� den
mporeÐ na eÐnai strongly resolving. 'Ara an h agor� eÐnai strongly resolving,
tìte F1(X) = Rm, epomènwc oi dÔo orismoÐ eÐnai isodÔnamoi. 'Opwc ja
deÐxoume, me to Par�deigma 5.12, eÐnai dunatìn mia agor� na eÐnai strongly
resolving wc proc thn b�sh {bi} kai ìqi strongly resolving. Epomènwc o
Orismìc 5.8 genikeÔei ton orismì twn strongly resolving agor¸n.

Je¸rhma 5.9. An n ≥ 2 kai F1(X) 6= Rm, tìte h agor� X den eÐnai
strongly resolving agor�.

Apìdeixh. Epeid  F1(X) 6= Rm, èqoume ìti µ < m, �ra up�rqei br, tètoio
¸ste card(supp(br)) ≥ 2. 'Estw i1, i2 ∈ supp(br). Gia k�je xi, èqoume
xi =

∑µ
j=1 x

b
i(j)bj , �ra xi(i1) = xbi(r)br(i1) = xbi(r), diìti br(i1) = 1. 'Omoia

èqoume ìti xi(i2) = xbi(r), �ra gia k�je di�nusma xi èqoume xi(i1) = xi(i2).
Autì shmaÐnei ìti h i1 kai i2 grammèc tou A(xi, ei) sumpÐptoun kai to Je¸rhma
eÐnai alhjèc.

Gia k�je x ∈ F1(X), me x =
∑µ

i=1 λibi, sumbolÐzoume me suppb(x) =
{i|λi 6= 0} kai zerosb(x) = {i|λi = 0}, epÐshc me #suppb(x) kai #zerosb(x)
ton plhj�rijmo twn sunìlwn suppb(x) kai zerosb(x).

Je¸rhma 5.10. 'Estw ìti 1 ∈ X. An h agor� X eÐnai strongly resolving
wc proc thn b�sh {bi} kai n ≤ µ+1

2 tìte k�je mh tetrimmèno dikaÐwma pou
eggr�fetai se stoiqeÐo tou X den anapar�getai apì thn agor�.

Apìdeixh. 'Estw x =
∑µ

i=1 λibi ∈ X kai y = c(x, a) =
∑µ

i=1(λi − a)+bi
mh tetrimmèno dikaÐwma agor�c. Tìte y > 0 kai epÐshc z > 0, ìpou z =
p(x, a) =

∑µ
i=1(a− λi)+bi. 'Estw

#suppb(y) = β,#zerosb(y) = γ,#suppb(z) = β′,#zerosb(z) = γ′.
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Ja deÐxoume ìti:

max{γ, γ′} ≥ µ

2
.

EÐnai eÔkolo na doÔme ìti i ∈ suppb(y)⇒ i ∈ zerosb(z) kai i ∈ suppb(z)
⇒ i ∈ zerosb(y), epomènwc γ′ ≥ β kai γ ≥ β′. EpÐshc β + γ = β′ + γ′ = µ.
An β ≥ γ tìte β ≥ µ

2 �ra γ′ ≥ µ
2 . An γ ≥ β tìte γ ≥ µ

2 kai o isqurismìc eÐnai
alhj c. Epeid  to akÐnduno omìlogo an kei ston X, èqoume ìti tautìqrona
ta y, z anapar�gontai apì thn agor�   den anapar�gontai. 'Estw ìti y, z ∈
X. Tìte ìpwc ja apodeÐxoume, toul�qiston èna, gia par�deigma to y èqei
arijmì mhdenik¸n suntelest¸n wc proc thn b�sh {bi} megalÔtero   Ðso tou
µ
2 , dhlad  γ ≥

µ
2 . 'Estw y =

∑n
i=1 ρixi, tìte



(λ1 − a)+

(λ2 − a)+

.

.

.
(λµ − a)+

 =



xb1(1) xb2(1) ... xbn(1)
xb1(2) xb2(2) ... xbn(2)
. . .
. . .
. . .

xb1(µ) xb2(µ) ... xbn(µ)





ρ1

ρ2

.

.

.
ρn

 . (5.2)

Apì tic upojèseic mac n ≤ µ+1
2 , èqoume ìti n ≤ µ

2 + 1
2 ≤ γ + 1

2 , �ra
n ≤ γ. Epomènwc toul�qiston n suntelestèc tou y wc prìc thn b�sh {bi}
eÐnai mhdenikoÐ kai èstw (λi1 − a)+ = (λi2 − a)+ = ... = (λin − a)+ = 0.
Tìte: 

xb1(i1) xb2(i1) ... xbn(i1)
xb1(i2) xb2(i2) ... xbn(i2)
. . .
. . .
. . .

xb1(in) xb2(in) ... xbn(in)





ρ1

ρ2

.

.

.
ρn

 =



0
0
.
.
.
0

 , (5.3)

ìpou (ρ1, ρ2, ..., ρn) 6= (0, 0, ..., 0), diìti y > 0. To opoÐo eÐnai �topo diìti
o pÐnakac tou sust matoc (5.3), eÐnai antistrèyimoc. 'Ara kanèna apì ta y, z
den an koun sto X
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'Estw x ∈ X kai a1, a2, ..., ak eÐnai oi ousi¸dec suntelestèc tou x kai
Φ1,Φ2, ...,Φk eÐnai ta ousi¸dec sÔnola katast�sewn tou x. Gia k�je r =
1, 2, ..., k sumbolÐzoume me cx(r) = card(Φ1∪...∪Φr) kai px(r) = card(Φr+1∪
... ∪ Φk).

Prìtash 5.11. 'Estw agor� X, strongly resolving wc proc thn b�sh {bi},
x ∈ X kai a1, a2, ..., ak eÐnai oi ousi¸dec suntelestèc tou x, tìte

(i) An cx(r) ≥ n, to di�sthma [ar, ar+1) den perièqei call-replicated tim 
ex�skhshc gia to x.

(i) An px(r) ≥ n, to di�sthma (ar, ar+1] den perièqei put-replicated tim 
ex�skhshc gia to x.

(iii) An 1 ∈ X kai max{cx(r), px(r)} ≥ n, to di�sthma [ar, ar+1] den periè-
qei replicated tim  ex�skhshc gia to x.

Apìdeixh. 'Estw cx(r) ≥ n kai a ∈ [ar, ar+1) mia call-replicated tim  ex�-
skhshc gia to x. Tìte

y = c(x, a) =
k∑

j=r+1

(aj − a)b̄j ∈ X,

ìpou b̄j =
∑

i∈Φj
bi gia k�je j = 1, 2, ..., k.

AnaptÔssoume to y sthn b�sh {x1, ..., xn} touX kai èstw y =
∑n

i=1 λixi,
epÐshc upojètoume ìti xi =

∑µ
j=1 x

b
i(j)bj . Apì tic upojèseic mac èqoume ìti

#zerosb(y) = cx(r) ≥ n, epomènwc toul�qiston n suntelestèc ξi tou y wc
proc thn b�sh {bi} eÐnai mhdenikèc kai èstw ìti eÐnai oi ξi1 , ξi2 , ..., ξin . Autì
mac odhgeÐ sto sÔsthma

xb1(i1) xb2(i1) ... xbn(i1)
xb1(i2) xb2(i2) ... xbn(i2)
. . .
. . .
. . .

xb1(in) xb2(in) ... xbn(in)





λ1

λ2

.

.

.
λn

 =



0
0
.
.
.
0

 .
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Epeid  X eÐnai strongly resolving wc proc thn b�sh {bi}, èqoume ìti to
sÔsthma èqei monadik  lÔsh λ1 = λ2 = ... = λn = 0, �ra y = c(x, a) = 0
pou eÐnai �topo. H apìdeixh tou (ii) eÐnai ìmoia kai to (iii) prokÔptei apì tic
(ii) kai (i).

Par�deigma 5.12. 'Estw

x1 = (4, 4, 3, 3, 2, 2, 1, 1), x2 = (1, 1, 2, 2, 3, 3, 4, 4),

kai X = [x1, x2], tìte 1 ∈ X diìti x1 + x2 = 51. O pÐnakac apodìsewn

A(xi, ei) =



4 1
4 1
3 2
3 2
2 3
2 3
1 4
1 4


,

perièqei 2×2, mh antistrèyimouc upopÐnakec, �ra h agor� den eÐnai stron-
gly resolving. H jetik  b�sh {bi} tou F1(X) eÐnai

b1 = (1, 1, 0, 0, 0, 0, 0, 0), b2 = (0, 0, 1, 1, 0, 0, 0, 0),

b3 = (0, 0, 0, 0, 1, 1, 0, 0), b4 = (0, 0, 0, 0, 0, 0, 1, 1),

Epomènwc o pÐnakac apodìsewn wc proc thn b�sh {bi} eÐnai:

A(xi, bi) =


4 1
3 2
2 3
1 4

 .
ParathroÔme apì ton parap�nw pÐnaka ìti h agor� eÐnai strongly resolving

wc proc thn b�sh {bi} kai epÐshc ìti n = 2 ≤ µ+1
2 = 5

2 , epomènwc apì to
Je¸rhma 5.9, èqoume ìti k�je mh tetrimmèno dikaÐwma pou eggr�fetai se
stoiqeÐo tou X den anapar�getai apì thn agor�.
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5.3 Megistikèc upoagorèc pou anapar�goun

k�je dikaÐwma

Se aut  thn enìthta ja melet soume thn ènnoia twn replicated upoagor¸n
tou X, dhlad  twn upoq¸rwn Y tou X, ìpou k�je dikaÐwma pou eggr�fe-
tai sto Y anapar�getai apì thn agor� X. Epomènwc mèsa se autoÔc tou
upoq¸rouc to prìblhma thc timolìghshc twn dikaiwm�twn lÔnetai me ton
klassikì trìpo, diìti k�je dikaÐwma timologeÐtai apì to qartoful�kio pou
anapar�gei to dikaÐwma. Qrhsimopoiìntac thn jewrÐa twn lattice subspaces
kai twn jetik¸n b�sewn ja prosdiorÐsoume to sÔnolo twn megistik¸n re-
plicated upoagor¸n. Sugkekrimèna gia k�je megistik  replicated upoagor�,
ja prosdiorÐsoume mia jetik  b�sh tou q¸rou. Epiplèon ja deÐxoume, ìti h
ènwsh ìlwn twn megistik¸n replicated upoagor¸n eÐnai to sÔnolo ìlwn twn
axiogr�fwn x ∈ X, tètoia ¸ste k�je dikaÐwma pou eggr�fetai sto x gÐnetai
replicated apì thn agor�.

Sthn enìthta aut  upojètoume ìti X = [x1, ..., xn], ìpou x1, ..., xn gram-
mik� anex�rthta dianÔsmata tou Rm pou antiproswpeÔoun ta n arqik� axiì-
grafa kai ìti 1 ∈ X.

L mma 5.13. An a = max{||xi||∞ | i = 1, 2..., n}, tìte toul�qiston èna apì
ta parak�tw sÔnola jetik¸n dianusm�twn tou X eÐnai grammik� anex�rthto.

{yi = a1− xi | i = 1, ...,m} kai {zi = 2a1− xi | i = 1, ...,m}.

Apìdeixh. Apì ton orismì tou a, èqoume −a1 ≤ xi ≤ a1. Epomènwc ta
yi, zi eÐnai jetik� dianÔsmata tou X gia k�je i. EÐnai eÔkolo na deÐxoume
ìti ta dianÔsmata wi = λ1− xi, i = 1, ..., n eÐnai grammik� anex�rthta an kai
mìno an λ1 an kei sthn afinik  j kh twn {x1, ...xn}. Epomènwc, mia apì tic
oikogèneiec apoteleÐte apì grammik� anex�rthta dianÔsmata.

Apì to parap�nw l mma, èqoume ìti se autèc tic agorèc mporoÔme p�nta
na upojètoume ìti ta arqik� axiìgrafa x1, ..., xn eÐnai jetik� kai ìti apote-
loÔn èna basikì sÔnolo thc agor�c. 'Estw Z o sublattice pou par�getai apì
ton X , tìte Z = F1(X) me dim(Z) = µ, β h basik  sun�rthsh twn dianu-
sm�twn xi kai P1, P2, ..., Pn, Pn+1, ..., Pµ aparÐjmhsh tou pedÐou tim¸n thc β,
ètsi ¸ste ta pr¸ta n dianÔsmata, P1, ..., Pn na eÐnai grammik� anex�rthta.
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AkoloujoÔme to b ma (ii) tou Jewr matoc 4.5 prosdiorÐzoume mia jetik 
b�sh {d1, d2, ..., dµ} tou F1(X). SÔmfwna me to Je¸rhma 4.6, an

(d̃1, d̃2, ..., d̃n)T = A−1(x1, x2, ..., xn)T , (5.4)

ìpou A eÐnai n × n pÐnakac ìpou h i-st lh eÐnai ta dianÔsmata Pi, tìte
(d̃1, d̃2, ..., d̃n) eÐnai b�sh tou X, pou onom�zetai b�sh probol c tou X, sÔm-
fwna me to [48]. Aut  h b�sh, èqei thn idiìthta: Oi n pr¸toi suntelestèc
k�je x ∈ X wc proc thn b�sh {d1, d2, ..., dµ} tautÐzontai me touc suntelestèc
tou x wc prìc thn b�sh probol c, dhlad :

x =

µ∑
i=1

λidi ∈ X ⇒ x =

n∑
i=1

λid̃i (5.5)

'Estw ìti {ui} eÐnai jetik  b�sh tou F1(X), me ui = θidi, ìpou θi > 0,
gia k�je i. EÐnai eÔkolo na deÐxoume ìti {ũi = θid̃i} eÐnai b�sh tou X
me thn idiìthta: Oi n pr¸toi suntelestèc k�je x ∈ X wc proc thn b�sh
{u1, u2, ..., uµ} tautÐzontai me touc suntelestèc tou x wc prìc thn b�sh
{ũ1, ũ2, ..., ũn}. Pr�gmati an x =

∑µ
i=1 λiui ∈ X, èqoume:

x =

µ∑
i=1

λiθidi, �ra x =

n∑
i=1

λiθid̃i =

n∑
i=1

λiũi.

Epomènwc, {ũi} eÐnai mia b�sh probol c tou X kai ja thn apokaloÔme
b�sh probol c tou X wc prìc thn b�sh {ui}. Apì ta parap�nw prokÔptei h
akìloujh Prìtash:

Prìtash 5.14. 'Estw {di} b�sh tou F1(X), pou dÐnetai apì thn sqèsh
(4.2) kai {d̃i} b�sh probol c tou X wc prìc thn b�sh {di}.

Tìte {bi = di
||di||∞ | i = 1, 2, ..., µ} eÐnai jetik  b�sh tou F1(X) pou eÐnai

diamèrish thc mon�dac kai {b̃i = d̃i
||di||∞ | i = 1, 2, ..., n} eÐnai b�sh probol c

tou X wc prìc thn b�sh {bi} tou F1(X).

Orismìc 5.15. 'Estw Y upìqwroc tou X. An F1(Y ) ⊆ X, lème ìti h
Y eÐnai anaparagìmenh(replicated) agor� kai an epiplèon gia k�je upìqwro
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Z tou X, me Y  Z, èqoume X  F1(Z), lème ìti o Y eÐnai megistikìc
replicated upìqwroc   megistik  replicated upoagor� tou X.

Prìtash 5.16. O upìqwroc Y tou X eÐnai megistikìc replicated upìqwroc
tou X an kai mìno an o Y eÐnai megistikìc sublattice tou Rm pou perièqetai
sto X me 1 ∈ Y .

Apìdeixh. 'Estw ìti o Y eÐnai megistikìc replicated upìqwroc tou X. Tìte
Y ⊆ F1(Y ) ⊆ X. EpÐshc Z = F1(Y ) eÐnai sublattice tou Rm pou perièqetai
stoX kai 1 ∈ Y . An p�roume thn pl rwsh tou Z, tìte Z = F1(Z), epomènwc
o Z eÐnai replicated upìqwroc tou X. Epeid  Y eÐnai megistikìc replicated
upìqwroc tou X, èqoume ìti Y = Z, �ra o Y eÐnai sublattice tou Rm pou
perièqetai sto X kai 1 ∈ Y . EpÐshc o Y eÐnai megistikìc sublattice, diìti gia
k�je sublattice W tou Rm, me 1 ∈W kai Y ⊆W ⊆ X, o W eÐnai replicated
, �ra Y = W .

Gia to antÐstrofo upojètoume ìti Y eÐnai megistikìc sublattice tou Rm
pou perièqetai sto X kai 1 ∈ Y . An upojèsoume ìti o Y den eÐnai megistikìc
replicated upìqwroc tou X, up�rqei Z ⊆ X, me Y  Z kai F1(Z) ⊆ X.
Tìte F1(Z) eÐnai sublattice, pou perièqei to 1, �topo. Epomènwc Y eÐnai
megistikìc replicated upìqwroc tou X.

Orismìc 5.17. 'Estw {bi, i = 1, ..., µ} jetik  b�sh tou F1(X), pou eÐnai

diamèrish thc mon�dac kai èstw {b̃i| i = 1, ..., n} h b�sh probol c tou X wc
proc thn b�sh {bi, i = 1, ..., µ}. Mia diamèrish δ = {σi| i = 1, ..., κ} tou
{1, ..., n}, lème ìti eÐnai kat�llhlh an gia k�je r = 1, 2, ..., κ, to di�nusma

wr = Σi∈σr b̃i eÐnai duadikì, me Σκ
r=1wr = 1. An epiplèon δ eÐnai megistikì

wc proc thn sqèsh egkleismoÔ, dhlad  den up�rqei kat�llhlh diamèrish
φ tou {1, ..., n} austhr� leptìterh apì thn δ, lème ìti h δ eÐnai megistik 
kat�llhlh diamèrish tou {1, ..., n}.

Parat rhsh 5.18. Mia diamèrish φ = {ωi| i = 1, ..., τ} eÐnai leptìterh
apì thn δ = {σi| i = 1, ..., κ}, an k�je ωi eÐnai uposÔnolo k�poiou σj . Gia
k�je kat�llhlh diamèrish ta dianÔsmata wr èqou xènouc foreÐc, diìti eÐnai
duadik� dianÔsmata me Σκ

r=1wr = 1.
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Prìtash 5.19. Gia k�je kat�llhlh diamèrish δ tou {1, ..., n} up�rqei
megistik  kat�llhlh diamèrish leptìterh apì thn δ. Toul�qiston mia megi-
stik  kat�llhlh diamèrish tou {1, 2, ..., n} up�rqei.

Apìdeixh. 'Estw {σi| i = 1, ..., κ}, kat�llhlh diamèrish tou {1, ..., n}. Lème
ìti to uposÔnolo σ tou {1, ..., n} eÐnai �tomo, an den up�rqei mh kenì uposÔ-

nolo ω  σ, tètoio ¸ste
∑

i∈ω b̃i kai
∑

i∈σ\ω b̃i na eÐnai duadik� dianÔsmata.
K�je σi eÐnai peperasmèno sÔnolo, epomènwc mporoÔme na diasp�soume k�je
σi se mègista sÔnola atìmwn. Me aut  thn diadikasÐa mporoÔme na broÔme
megistik  kat�llhlh diamèrish tou {1, ..., n} leptìterh apì thn δ. Tèloc,
parathroÔme ìti Ðdio to sÔnolo {1, ..., n} eÐnai kat�llhlh diamèrish, diìti∑n

i=1 b̃i = 1, epomènwc mia megistik  kat�llhlh diamèrish tou {1, 2, ..., n}
p�nta up�rqei.

Je¸rhma 5.20. 'Estw δ = {σi|i = 1, ..., k} kat�llhlh diamèrish tou

{1, ..., n} kai yr =
∑

i∈σr b̃i gia r = 1, ..., k. Tìte o q¸roc Y = [w1, ..., wk]
eÐnai sublattice tou Rm pou perièqetai sto X kai {w1, w2, ..., wk} eÐnai jetik 
b�sh tou Y pou eÐnai diamèrish thc mon�dac. Onom�zoume ton Y sublattice
tou Rm pou par�getai apì thn δ kai sumbolÐzoume ton Y me Yδ. Gia k�je
kat�llhlh diamèrish ϕ tou {1, ..., n} austhr� leptìterh apì thn δ, Yδ eÐnai
gn siwc upìqwroc tou Yϕ.

Apìdeixh. 'Estw δ = {σi|i = 1, ..., k} kat�llhlh diamèrish tou {1, ..., n}.
Tìte wr =

∑
i∈σr b̃i eÐnai duadikì di�nusma gia k�je r. Ta wr èqoun xènouc

foreÐc kai apoteloÔn diamèrish thc mon�dac. 'Ara Yδ = [w1, ..., wk] eÐnai
sublattice tou Rm pou perièqetai ston X, me 1 ∈ Yδ kai {w1, w2, ..., wk} eÐnai
jetik  b�sh tou Yδ pou eÐnai diamèrish thc mon�dac. An upojèsoume ìti ϕ =
{ωi| i = 1, ..., τ} eÐnai kat�llhlh diamèrish tou {1, ..., n} leptìterh apì thn
δ èqoume: K�je σr diasp�tai se peperasmèno arijmì atìmwn ωr1 , ωr2 , ..., ωrν ,

epomènwc wr = vr1 + vr2 + ... + vrν ìpou vrj =
∑

i∈ωrj
b̃i. An Yϕ eÐnai o

sublattice pou par�getai apì ta vj =
∑

i∈ωj b̃i, j = 1, 2, ..., τ èqoume wj ∈ Yϕ
gia k�je j = 1, 2, ..., k, �ra Yδ ⊆ Yϕ. Epeid  ϕ eÐnai leptìterh apì thn δ,
toul�qiston èna yr diasp�tai se perissìtera apì èna di�nusma vj , epomènwc
Yδ eÐnai gn siwc upìqwroc tou Yϕ.
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Je¸rhma 5.21. 'Estw {bi, i = 1, ..., µ} jetik  b�sh tou F1(X), pou eÐnai

diamèrish thc mon�dac kai èstw {b̃i| i = 1, ..., n} h b�sh probol c tou X wc
proc thn b�sh {bi}.

An Y eÐnai sublattice tou Rm pou perièqetai ston X me 1 ∈ Y kai
{w1, w2, ..., wk} eÐnai jetik  b�sh tou Y , pou eÐnai diamèrish thc mon�dac,
tìte mia kat�llhlh diamèrish δY = {σi| i = 1, ..., κ} tou {1, ..., n} up�rqei
¸ste wr =

∑
i∈σr b̃i gia k�je r, �ra o Y eÐnai o sublattice pou par�getai apì

thn diamèrish δY . Aut  h diamèrish δY eÐnai monadik .
Gia k�je sublattice Z tou Rm pou perièqetai stonX me Y $ Z h diamèrish

δZ eÐnai austhr� leptìterh apì thn δY .

Apìdeixh. H jetik  b�sh {w1, w2, ..., wk} tou Y eÐnai diamèrish thc mon�dac,
�ra supp(wi) ∩ supp(wj) = ∅ gia k�je i 6= j kai

∑k
r=1wr = 1. EpÐshc ta

dianÔsmata wr eÐnai duadik�. 'Estw wr =
∑

i∈Φr
bi ìpou Φr ⊆ {1, 2, ..., µ},

eÐnai h an�ptuxh tou wr wc proc thn b�sh {bi}. Epeid  {b̃i} eÐnai b�sh

probol c tou X wc proc thn b�sh {bi}, èqoume wr =
∑

i∈σr b̃i, ìpou σr =
Φr ∩ {1, 2, ..., n}. K�je wr wc di�nusma thc jetik c b�shc tou Y eÐnai mh
mhdenikì, epomènwc σr 6= ∅ gia k�je r = 1, 2, ..., k. EpÐshc k�je wr eÐnai
duadikì di�nusma, �ra δ = {σr|r = 1, 2, ..., k} eÐnai kat�llhlh diamèrish
tou {1, 2, ..., n}. Apì to prohgoÔmeno Je¸rhma, Y eÐnai o sublattice pou
par�getai apì thn diamèrish δ. EpÐshc h diamèrish δ eÐnai monadik , diìti h

èkfrash wr =
∑

i∈Φr
b̃i eÐnai monadik  kai sumbolÐzoume aut  thn diamèrish

me δY .
'Estw Z sublattice tou Rm tètoioc ¸ste Y ( Z ⊆ X. Ja deÐxoume ìti

δZ eÐnai austhr� leptìterh apì thn δY . 'Estw {z1, ..., zλ} jetik  b�sh tou Z
pou eÐnai diamèrish thc mon�dac. Upojètoume ìti δZ = {ω1, ω2, ..., ωλ}. Tìte
zr =

∑
i∈ωr b̃i gia k�je r = 1, 2, ..., λ. Epeid  Y  Z, èqoume ìti λ > k kai

ìti k�je wr mporeÐ na anaptuqjeÐ wc proc thn b�sh {zi} tou Z. 'Estw ìti
wr =

∑
i∈Ψr

zi ìpou Ψr ⊆ {1, ..., λ}, eÐnai h an�ptuxh tou wr wc proc thn
b�sh {zi}. Tìte {Ψr|r = 1, ..., k} eÐnai diamèrish tou {1, ..., λ}. 'Ara èqoume:

wr =
∑
i∈Ψr

zi =
∑
i∈Ψr

(∑
j∈ωi

b̃j
)
,

epomènwc σr = ∪i∈Ψrωi. 'Ara, k�je ωi perièqetai se k�poio σr. Epiplèon
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autìc o egkleismìc eÐnai gn sioc gia toul�qiston èna i, dÐoti o Y eÐnai gn sioc
upìqwroc tou Z, �ra h δZ eÐnai austhr� leptìterh apì thn δY .

Qrhsimopoi¸ntac ta parap�nw Jewr mata, èqoume ìti:

Je¸rhma 5.22. 'Estw {bi, i = 1, ..., µ} jetik  b�sh tou F1(X) pou eÐnai

diamèrish thc mon�dac kai {b̃i, i = 1, ..., n} h b�sh probol c tou X wc proc
thn b�sh {bi}. An Y eÐnai upìqwroc tou X. Tìte ta epìmena eÐnai isodÔnama:

(i) Y eÐnai megistikìc replicated upìqwroc tou X,

(ii) up�rqei megistik  kat�llhlh diamèrish δ = {σi| i = 1, ..., κ} tou{1, ..., n}
tètoia ¸ste Y = Yδ.

To sÔnolo twn replicated upìqwrwn tou X eÐnai mh kenì.

Orismìc 5.23. H ènwsh ìlwn twn megistik¸n replicated upoagor¸n thc
agor�c, onom�zetai replicated kernel thc agor�c.

Prìtash 5.24. To replicated kernel thc agor�c eÐnai to sÔnolo ìlwn twn
x ∈ X me thn idiìthta ìti k�je dikaÐwma pou eggr�fetai sto x gÐnetai repli-
cated apì thn agor�.

Apìdeixh. SumbolÐzoume me R to sÔnolo ìlwn twn x ∈ X me thn idiìthta
ìti k�je dikaÐwma pou eggr�fetai sto x gÐnetai replicated apì thn agor� kai
me F , thn oikogèneia twn megistik¸n replicated upoagor¸n thc X. 'Estw
y ∈ Y kai Y ∈ F . Tìte Y eÐnai sublattice pou perièqetai sto X me 1 ∈ Y .
An [y] eÐnai o upìqwroc pou par�getai apì to y, tìte h pl rwsh thc agor�c
[y] me dikai¸mata eÐnai o sublattice pou par�getai apì to [y]∪1, �ra perièqetai
sto Y kai F1([y]) ⊆ Y ⊆ X. Epomènwc k�je dikaÐwma pou eggr�fetai sto y
anapar�getai apì thn agor� , �ra ∪Y ∈FY ⊆ R.

Gia to antÐstrofo upojètoume ìti y ∈ R. Tìte Y = F1([y]) eÐnai sublat-
tice tou Rm pou perièqetai sto X, me 1 ∈ Y . Apì to Je¸rhma 5.21 o Y
par�getai apì mia kat�llhlh diamèrish δY tou {1, ..., n} kai apì thn Prìtash
5.19,h δY perièqetai se mia megistik  kat�llhlh diamèrish δ tou {1, ..., n}.
'Ara o Y perièqetai se mia megistik  replicated upoagor� Yδ tou X. 'Ara
y ∈ F kai to Je¸rhma isqÔei.
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EÐnai fanerì ìti o monodi�statoc upìqwroc [1] eÐnai replicated sublattice
pou perièqetai se k�je replicated upoagor� Y tou X. EpÐshc k�je dikaÐwma
pou eggr�fetai sta stoiqeÐa tou [1] eÐnai tetrimmèna, gi�utì ja kaloÔme thn
[1] wc thn tetrimmènh replicated upoagor� tou X. AkoloÔjwc ja d¸soume
ènan qarakthrismì twn agor¸n qwrÐc duadik� dianÔsmata se sqèsh me touc
replicated subspaces pou perièqoun.

Je¸rhma 5.25. H agor� X den èqei duadik� dianÔsmata an kai mìno an h
X den èqei mh tetrimmènh megistik  replicated upoagor�.

Apìdeixh. 'Estw ìti X den èqei duadik� dianÔsmata. An Y eÐnai mh tetrim-
mènh megistik  replicated upoagor� thc X, tìte Y eÐnai sublattice tou Rm
pou perièqei to [1] wc gn sio upìqwro. An {z1, z2, ..., zr} eÐnai jetik  b�sh
tou Y pou eÐnai diamèrish thc mon�dac, tìte r ≥ 2, �ra k�je zi eÐnai dua-
dikì di�nusma. Autì eÐnai �topo, �ra h X den èqei mh tetrimmènh megistik 
replicated upoagor�.

Gia to antÐstrofo, upojètoume ìti o X den èqei mh tetrimmènh megistik 
replicated upoagor�. An upojèsoume ìti y ∈ X eÐnai duadikì di�nusma,
tìte z = 1 − y, eÐnai epÐshc duadikì di�nusma kai eÐnai eÔkolo na doÔme ìti
Y = [y, z] ⊆ X eÐnai sublattice pou perÐeqei to 1. Apì to Je¸rhma 5.21, Y
par�getai apì mia kat�llhlh diamèrish δY tou {1, ..., n}. Apì thn Prìtash
5.19, up�rqei megistik  kat�llhlh diamèrish δ leptìterh apì thn δY . Apì
to Je¸rhma 5.22, up�rqei megistik  replicated upoagor� Z, pou perièqei thn
Y . Epeid  Y 6= [1] h Z eÐnai mh tetrimmènh, �topo.

Sto epìmeno par�deigma upologÐzoume thn oikogèneia twn megistik¸n re-
plicated upoagor¸n kai to replicated kernel thc agor�c, akolouj¸ntac ta
parak�tw b mata:

(1) ProsdiorÐzoume èna basikì sÔnolo thc agor�c {y1, ..., yn} kai èpeita
upologÐzoume mia jetik  b�sh {d1, ..., dµ} tou F1(X) sÔmfwna me to
Je¸rhma 4.5.

(2) SÔmfwna me to Je¸rhma 4.6, prosdiorÐzoume thn b�sh probol c

{d̃1, ..., d̃n} tou X.
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(3) ProsdiorÐzoume thn jetik  b�sh {b1, ..., bµ} tou F1(X) pou eÐnai diamè-

rish thc mon�dac kai thn antÐstoiqh b�sh probol c {b̃1, ..., b̃n} tou X.

Eidikìtera, èqoume: bi = di
ρi

ìpou ρi = ||di||∞ kai b̃i = d̃i
ρi

gia k�je i.

(4) ProsdiorÐzoume tic megistikèc kat�llhlec diamerÐseic tou {1, ..., n} kai
gia k�je tètoia diamèrish upologÐzoume thn maximal replicated upo-
agor� sÔmfwna me to Je¸rhma 5.22. H ènwsh ìlwn twn maximal
replicated upoagor¸n eÐnai to replicated kernel thc agor�c.

O parap�nw algìrijmoc èqei ulopoihjeÐ sthn gl¸ssa Matlab sto [28].

Par�deigma 5.26. 'Estw h agor� X = [x1, x2, x3, x4], ìpou

x1 = (1, 1, 1, 1, 2, 1), x2 = (2, 3, 1, 1, 1, 1),

x3 = (2, 2, 2, 1, 3, 1), x4 = (1, 1, 1, 2, 0, 2).

ParathroÔme ìti 1 = x3+x4
3 ∈ X. To sÔnolo {x1, x2, x3, x4} eÐnai basikì

sÔnolo thc X. H basik  sun�rthsh β twn {x1, x2, x3, x4} eÐnai:

β(1) =
1

6
(1, 2, 2, 1) = P1, β(2) =

1

7
(1, 3, 2, 1) = P2, β(3) =

1

5
(1, 1, 2, 1) = P3

β(4) = β(6) =
1

5
(1, 1, 1, 2) = P4, β(5) =

1

6
(2, 1, 3, 0) = P5.

ParathroÔme ìti card(R(β)) = 5, �ra dim(F1(X)) = 5 . Ta dianÔsma-
ta P5, P2, P3, P4 eÐnai grammik� anex�rthta, �ra me aparijmoÔme to (R(β))
kai èqoume: R(β) = {P5, P2, P3, P4, P1}. Tìte I5 = β−1(P1) = {1} kai o-
rÐzoume to nèo di�nusmax5 = (6, 0, 0, 0, 0, 0). H basik  sun�rthsh γ twn
{x1, x2, x3, x4, x5} eÐnai:

γ(1) =
1

12
(1, 2, 2, 1, 6) = P ′1, γ(2) =

1

7
(1, 3, 2, 1, 0) = P ′2,

γ(3) =
1

5
(1, 1, 2, 1, 0) = P ′3



5.3. Megistikèc upoagorèc pou anapar�goun k�je dikaÐwma 107

γ(4) = γ(6) =
1

5
(1, 1, 1, 2, 0) = P ′4, γ(5) =

1

6
(2, 1, 3, 0, 0) = P ′5.

Mia jetik  b�sh tou F1(X) upologÐzetai apì thn sqèsh
(d1, d2, d3, d4, d5)T = D−1(x1, x2, x3, x4, x5)T ìpou D eÐnai pÐnakac me st lec
P ′5, P

′
2, P

′
3, P

′
4, P

′
1 kai brÐskoume:

d1 = (0, 0, 0, 0, 6, 0), d2 = (0, 7, 0, 0, 0, 0), d3 = (0, 0, 5, 0, 0, 0)

d4 = (0, 0, 0, 5, 0, 5), d5 = (12, 0, 0, 0, 0, 0).

H b�sh probol c tou X , dÐnetai apì ton tÔpo:
(d̃1, d̃2, d̃3, d̃4)T = A−1(x1, x2, x3, x4)T , ìpou o A èqei st lec ta dianÔsmata
P5, P2, P3, P4 kai brÐskoume:

d̃1 = (0, 0, 0, 0, 6, 0), d̃2 = (3.5, 7, 0, 0, 0, 0), d̃3 = (2.5, 0, 5, 0, 0, 0)

d̃4 = (0, 0, 0, 5, 0, 5).

Tìte h jetik  b�sh tou F1(X) kai h antÐstoiqh b�sh probol c eÐnai:

b1 =
1

6
d1 = (0, 0, 0, 0, 1, 0), b2 =

1

7
d2 = (0, 1, 0, 0, 0, 0),

b3 =
1

5
d3 = (0, 0, 1, 0, 0, 0)

b4 =
1

5
d4 = (0, 0, 0, 1, 0, 1), b5 =

1

12
d5 = (1, 0, 0, 0, 0, 0).

kai

b̃1 =
1

6
d̃1 = (0, 0, 0, 0, 1, 0), b̃2 =

1

7
d̃2 = (0.5, 1, 0, 0, 0, 0),
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b̃3 =
1

5
d̃3 = (0.5, 0, 1, 0, 0, 0), b̃4 =

1

5
d̃4 = (0, 0, 0, 1, 0, 1).

ParathroÔme ìti r1 = b̃1 = (0, 0, 0, 0, 1, 0) kai
r2 = b̃2 + b̃3 = (1, 1, 1, 0, 0, 0), r3 = b̃4 = (0, 0, 0, 1, 0, 1)., �ra {1}, {2, 3}, {4}
eÐnai megistik  kat�llhlh diamèrish tou {1, 2, 3, 4}.
'Ara o Y1 = [(0, 0, 0, 0, 1, 0), (1, 1, 1, 0, 0, 0), (0, 0, 0, 1, 0, 1)] eÐnai o monadikìc
megistikìc replicated upìqwroc tou X.



Euret rio

σ− Dedekind complete, 19
Countable Interpolation Property, 19
Dedekind complete, 19
Interpolation Property, 19
Riesz Decomposition Property, 18
Schauder b�sh, 25

jetik , 25
Schur, idiìthta, 70
extremal, shmeÐo, 76
lattice-subspace, 79
principal ideal, 18
quasi interior point, 45
regular, telest c, 58
solid hull, 49
strongly resolving, 94

wc proc thn b�sh {bi}, 95
sublattice, 79
uniformly monotonic, 20

b�sh probol c, 83
b�sh tou k¸nou, 20
basik  akoloujÐa

w∗, 33
boundedly complete, 25
shrinking, 25
strongly summing, 40

unconditional, 25
jetik� boundedly complete, 38
tÔpou p, 40
tÔpou p∗, 40

basik  sun�rthsh, 82
basikì sÔnolo, 87

diataktik  mon�da, 18
nìrma, 24

diatetagmèno di�sthma, 18
dikai¸mata

agor�c, 85
p¸lhshc, 85
pl rwsh thc agor�c, 86

duadikì di�nusma, 81

grammikì sunarthsiakì
austhr� jetikì, 19
diataktik� fragmèno, 22
jetikì , 19

grammikìc telest c
jetikìc, 25

jetik , b�sh, 80
jetikì tm ma, monadiaÐac mp�lac, 23

k¸noc
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generating, 18
mixed based, 32
normal, 22
well-based, 21
anaklastikìc, 61
isomorfikìc, 29
isqur� anaklastikìc, 68

kanonik  emfÔteush, 29

megistik  replicated upoagor�, 100

q¸roc
Grothendieck , 42

Banach lattice, 26
AL, 26
AM , 26
anaklastikìc, 29

qartoful�kio, 85

tim  ex�skhshc, 85
call-replicated, 86
put-replicated, 86
replicated, 86
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